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The diffraction of superluminal radiation fields in crystal lattices is studied. The negative mass-square of
the tachyonic wave modes affects the modulation function of diffraction gratings and the scattering
amplitude. The Bragg condition for tachyon diffraction as well as the longitudinal and transversal cross
sections are derived. Scalar and vectorial Kirchhoff identities for superluminal Proca fields are obtained
from Sommerfeld’s dipole functionals, in analogy to electromagnetic theory. These surface-integral rep-
resentations of the tachyon potential and the tachyonic field strengths are used to calculate the asymp-
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1. Introduction

We investigate the diffraction of superluminal wave modes,
outlining a theory of tachyon diffraction based on Kirchhoff’s sur-
face-integral representation of Proca fields. We work out two spe-
cific examples, diffraction at plane apertures such as diffraction
gratings, and tachyonic Bragg scattering in crystal lattices. The for-
malism is developed in close analogy to electromagnetic diffrac-
tion theory, even though there are substantial differences owing
to the negative mass-square of tachyons [1-5] and the occurrence
of longitudinally polarized modes [6-8].

The negative mass-square refers to the radiation rather than the
source. This in strong contrast to the traditional approach based on
superluminal source particles emitting electromagnetic radiation
[9]. The tachyonic radiation discussed here implies superluminal
energy transfer, the radiation quanta moving faster than light, in
contrast to the rotating superluminal light sources studied in Refs.
[10-12] and the vacuum Cherenkov radiation suggested in [13-
16]. Tachyons are radiation modes, a kind of photons with negative
mass-square, coupled by minimal substitution to the electron
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current, cf. Section 2. The tachyonic Maxwell equations admit a
static potential analogous to the Coulomb potential, but oscillating
because of the negative mass-square, and much weaker due to the
small tachyonic fine structure constant [17]. Photons can only be
radiated by accelerated charges, in contrast to tachyonic quanta,
where the emission rate primarily depends on the electronic Lor-
entz factor rather than on acceleration [18]. Here, we investigate
how the intensity peaks and scattering cross sections are affected
by the tachyon mass, and study the effect of diffraction on the
polarization of superluminal modes. We disentangle the transver-
sal and longitudinal polarization components in the spectral maps
of the BL Lacertae objects H2356 — 309, 1ES 1218 + 304, and 1ES
1101 — 232, and show that the TeV spectra of these blazars can
be fitted with tachyonic cascades radiated by the thermal electron
plasma in the active galactic nuclei. In the spectral maps, the tach-
yon-electron mass ratio enters in the cutoff energy of the cascades.

In Section 2, we discuss the tachyonic Maxwell equations in
Fourier space, including the material equations relating tachyonic
inductions and field strengths. We calculate the superluminal radi-
ation fields generated by dipole currents, and introduce dipole
functionals to derive the Kirchhoff identities for the scalar and vec-
tor potentials as well as the tachyonic field strengths. In Section 3,
we study tachyon diffraction at a plane aperture, calculate the
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asymptotic diffracted wave modes in the far-field regime, and
assemble the intensity ratios determining the conversion efficiency
from transversal to longitudinal radiation and vice versa. In Section
4, we consider the specific case of a grating aperture, and calculate
the modulation function, from which the intensity peaks of the dif-
fracted superluminal wave fields can be read off. We discuss Bragg
diffraction of tachyons in crystal lattices, in particular the effect of
the negative mass-square on the transversal and longitudinal scat-
tering cross sections. In Section 5, we perform tachyonic cascade
fits to blazar spectra, separate the transversal and longitudinal flux
components, and derive estimates of the electronic source popula-
tions in the active galactic nuclei. In Section 6, we present our con-
clusions with regard to tachyonic X-ray spectra obtained with
Bragg gratings.

2. Superluminal radiation fields
2.1. Proca equation with negative mass-square

The tachyonic radiation field in vacuum is a real vector field
with negative mass-square, satisfying the Proca equation
(0"0y + md)A, = —Jju» subject to the Lorentz condition A, =0]6].
my is the mass of the superluminal Proca field A,, and q the tachy-
onic charge carried by the subluminal electron current j* = (p,j).
In the Proca equation, the mass term is added with a positive sign,
and the sign convention for the metric defining the d’Alembertian
09, is diag(—1,1,1,1), so that m? > 0 is the negative mass-square
of the radiation field. The 3D version of Proca’s equation is a set of
Maxwell equations,
divB(x,t) =0, rotE+ dB/dt =0,
divE = p — m?A,, rtotB — 9E/dt = j+ m?A,
where the field strengths are related to the potential by
E=VAy—0A/ot and B=rotA. The Lorentz condition, divA —
0Ao/ot = 0, follows from the field equations and current conserva-
tion, divj +dp/ot=0.

In a permeable medium, the potential and field strengths in the
inhomogeneous vacuum equations are replaced by inductions,
(Ao,A) — (Co,C), (E,B) - (D,H), defined by material equations
[19-21]. We will mostly consider monochromatic waves,
A(x,t) = A(X, w)e "t + c.c., and analogously for the scalar poten-
tial Ao, the current, charge density, field strengths, and inductions.
Fourier amplitudes are denoted by a hat. The tachyonic Maxwell
equations (2.1) read in Fourier space as

2.1)

rotf:: - le = O divAl? =0, ) ) 22)
rotH + iwD = j+m?C, divD = p — m?Co,

supplemented by material equations,

A@) = 1o(@)C(),  Co(e) = so()Ao(), 23)

DX, w) = ¢(w)EX, w), B(X,w)= u(w)HX, ).

The inductive potentials (Co, C) as well as D and H are related to the
primary fields by frequency-dependent dielectric and magnetic per-
meabilities. In an anisotropic medium, we have to use tensorial per-
meabilities, e.g. A = ,uov,-kﬁ,(. The Fourier amplitudes of the field
strengths and potentials are connected by E =iwA + VA, and
B = rotA. Current conservation, divj = iwp, implies the Lorentz
condition divA + isguoa)Ao = 0. In a dissipative medium, the per-
mittivities (&p,¢) and permeabilities (uo, i) are complex, resulting
in exponential attenuation of the wave fields [22].

2.2. Tachyonic dipole fields
We substitute the potential representation of the field strengths

into the inhomogeneous field equations in (2.2), and make use of
the Lorentz condition to find

& . 1.
(A + &olo®* + —Omt2>Ao ==p,

3 € (2.4)
no5\a e u g 3 '
A+ guw* +-—m )A+ (777 )levA: —j.

( s Ho éo Ho H
We identify &, =¢ and o = y, otherwise different dispersion rela-
tions are obtained for the scalar and vector potentials, implying dif-
ferent group velocities of the transversal and longitudinal modes.
On the left-hand side of (2.4), we can thus identify the squared
wave number as

K = e(w)u(w)w? +m?. (2.5)

We consider real &, i, and a positive k?; the permeabilities may even
be negative [23], but then we restrict to a frequency range with po-
sitive squared wave numbers. The Green function inverting the
wave equations (2.4) is

(4+ K*)G(x, %03 ) = —3(x — Xo),

exp(ik|x — x
G(X, Xo; ) = 74137(1_‘)1 - x0|0|)

(2.6)

. k=\/e(w)pu(w)w? +mi. (2.7)

Here, Rek > 0, so that G(x,xo; @) gives retarded solutions,

(afr.0).Ax. ) = [ Gxxs ) (=5 Pl o) pix, ) ) x.
258)

We will exclusively use the whole-space Green function (2.7), sym-
metric with respect to the first and second argument.

The field strengths are found via the potential representation
stated after (2.3). We define the bivector

010k )G(X,X’; ),

T (2.9)

(X, X;0) = <5il< +
where both derivatives refer to x (although we may switch to the x’
gradient if convenient, by substituting 9, — —d}), and obtain

Ei(x,0) = i,uw/gik(x,x’;w)jk(x’,w)d3x’7 (2.10)

B(x,w) = fu/j(x’,w) x VG(x,x'; 0)d’x'. (2.11)
The gradient V refers to x, but we may replace VG - —V’'G, where
the prime indicates x differentiation. The dx integration extends
over the whole space. G satisfies the radiation condition
ik —nV)G =G, and G = O(1/r), with r=|x — x| and n = (x — x)/r.

We consider a dipole current and the corresponding charge
density,

500 = Pt~ o), px) = - (V)3 o). 212)

where p denotes an arbitrary constant vector (possibly depending
on Xg), the charge density being obtained from the continuity equa-
tion, cf. after (2.3). The gradient in (2.12) refers to x, but we may
substitute V — —V, where Vj is the x, gradient. The correspond-
ing scalar and vector potentials are

Ao(x,) = — (PV)G(X,X0; W), A(x, ) = UG(X,Xo; w)P. (2.13)

A
&
The E field generated by the dipole is E;(x, ®) = ipiwg;py, or

. . pV

Eix.0) = i1 (PGl 0) + b VGl 0) ) (2.14)
and the magnetic counterpart reads

B(x,) = —p x VG(X, Xo; ) = Urot(pG(x, Xo; )). (2.15)

(The dipole vector p is independent of x.) By making use of wave
equation (2.6) for G(x,xo; ), we write the dipole field E(x, ) in
(2.14) as
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E(x,w) = ﬁ (uew? + Vdiv)(pG)

= % ((rot rot — m2)(PG(X,Xo; ®)) — 3(X — Xo)P). (2.16)
The substitutions V — —V, and rot - —roty can be performed
whenever convenient; the subscript zero denotes differentiation
with respect to argument Xg in the Green function. We write E[p]
for the field (2.14) generated by a dipole p, and analogously B[p]
in (2.15). If q is another arbitrary constant dipole vector, then
qE[p] = pE[q], and the same holds true for A[p] in (2.13). We also
note the anti-symmetry qB[p] = —pB|q]. If the dipole vectors q
and p depend on x rather than xq, these symmetries remain valid,
provided that the gradients and rotors are replaced by the substitu-
tions indicated after (2.16).

2.3. Kirchhoff representation of the tachyon potential and the field
strengths

We denote the singular dipole current (2. 12) and the dipole
fields (2.13)-(2.16) by a subscript §, e.g. j; and E;, and consider a
closed surface S around the dipole at xo. An independent second
set of fields, E, B, A, and Ay, solves the free tachyonic Maxwell equa-
tions (2.2) inside the cavity defined by S. (These fields are supposed
to be generated by a current distribution outside the enclosure S,
but we will only be concerned with the fields in the interior.) We
define the flux functional [24,25]

2
F; := 1(E x By — Ey x B) + ' (Ao, — A A) (2.17)

K n

(as suggested by analogy to the tachyonic Poynting vector, cf. after
(3.3)), and apply the field equations as well as the potential repre-
sentation of the field strengths to find divF; = f]::j(; inside the cav-
ity. The integration of the divergence over the cavity can be
expressed as a surface integral, [, divF;d*x = — [ FsndS', where n
is the inward-pointing surface normal, and dS =ndS the surface
element. The volume integration of the § current j; gives
—E(xo, w)p, cf. (2.12). As for the surface integral, we substitute the
identities

(E x B;[p))n = (n x E)B;[p] = —pB;[n x EJ,
(E; x Blp])n = —(n x B)E;[p] =

Here, n(x'), E(X', @), etc., depend on a point x on the boundary S. The
Green’s function G(x,xo; @) is symmetric with respect to an inter-
change of ¥ and xo. It is also assumed that the substitutions
V — —Vj and rot —» —rot, are performed in the dipole fields. Final-
ly, we write x for xo (an arbitrary point inside the cavity), and drop
the scalar multiplication with the arbitrary dipole vector p, to ob-
tain the surface-integral representation

—pE;[n x B]. (218)

E(x, o) = —rot/ G(x,x; w)E(X, ) x dS’

_ wLw(rot rot — /G x,X;0)B(X, ) x dS'

2
mt
usa)

+mt/G(x,x’;w)AO(x’,w)dS’.
S

V/Gxx w)AX, w)dS'
(2.19)

Here, dS =n(x)dS, where n(x) is the unit normal vector pointing
into the interior of the cavity, and the integration dS is over the
closed boundary surface S. The field strengths and potentials satisfy
the free field equations (2.2) and (2.3) (with ¢ = € and po = p) inside
the cavity, that is, with zero current and charge density. G(x,x ;w) is
the Green function (2.7), where x ranges inside the cavity, and the

integration is over the surface variable x. The rotor and gradient re-
fer to x. The potentials A(x, @) and Ao (x', @) in the surface integrals
can be replaced by field strengths (via substitution of the field equa-
tions), and the operator (rot rot — m?) by (uew? + Vdiv), cf. (2.16).

We use Ay = —(1/m2)divE to obtain the Kirchhoff identity for
the scalar potential,

Ao(x, ) = —u‘%wdiv /S G(x,X; 0)B(X, ) x dS

—div/G(x,x’;w)AO(x’,w)dS/

| / G(x,X; w)A(X, w)dS. (2.20)
usw

The differential operators rot, div, and V refer to variable x in the
Green’s function. The I(irchhoff identity for the vector potential is
found by means of iwA = E — VA,,

Ax,0) = —rot/ G(x,x; w)E(X, ) x dS’
/Gxx ®)B(X, w) x dS’
—V/G(&x’;a))[\(x’,w)ds’
N

- % (rot rot — pec?) / Gx,x; w)A(x, w)dS',  (2.21)
S

where we may substitute (m? + Vdiv) for (rot rot—uew?). The anal-

ogous surf;}ce—intggral representation of the magnetic field is ob-

tained via B = rotA,

B(x,w) = érot rot/S G(x,x; w)E(X, w) x dS’

- rot/ G(x,X; w)B(X,w) x dS'
N

,émfrot/sG(x,x’;w)Ao(x’,w)dS’, (2.22)
where rot rot = (k? + Vdiv). These identities follow from the electric
field strength (2.19), by applying the field equations or potential
representation, without actually solving differential equations. We
also note that the Green function in these identities is the whole-
space Green function (2.7), and is not required to satisfy any partic-
ular boundary conditions on the closed surface S, for technical sim-
plicity. Therefore, these identities are only valid for solutions of the
field equations, so that the boundary values cannot be arbitrarily
prescribed. In the next section, however, we will prescribe bound-
ary conditions, and convince ourselves that the fields calculated
by means of the above Kirchhoff identities are asymptotic solutions
of the free tachyonic Maxwell equations (2.2). This is in fact the
practical use of these identities: Even though they will not give ex-
act solutions for arbitrary boundary values, the resulting fields may
well be approximate solutions in the far-field regime, which has to
be checked on a case-by-case basis, by substitution into the field
equations.

3. Fraunhofer diffraction of superluminal radiation at a plane
aperture

3.1. Tachyonic energy flux

As in Section 2.2, we put & = ¢ and Yo = y. When studying dif-
fraction in the far-field limit [26,27], it suffices to use the dipole
approximation |x — x| ~ (1 — nx/r), where r= x| and n=x/r, so
that (for large r and |x| = 0(1))

G(x,x; ) ~ 1 exp(ik(w)(r — nx)),

e VG ~ iknG. (3.1)
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We consider an enclosure defined by a hemisphere in the upper
half-space. The radius of this hemisphere will ultimately be ex-
panded to infinity, so that the enclosure is just the upper half-space,
bounded by the (x,y) plane with inward-pointing normal vector
e; =(0,0,1). We consider an aperture A in the (x,y) plane, centered
at the coordinate origin, and an incoming plane-wave propagating
in the lower half-space towards the aperture. The wave diffracted
through the aperture into the upper half-space is obtained from
the Kirchhoff identities Eq. (2.19)-(2.22), where we identify the
(x,y) plane with the boundary surface S. At the perfectly conducting
boundary, the complement of the aperture, we assume zero poten-
tials and field strengths, and in the aperture A we use the incoming
plane wave as boundary value. The mentioned hemisphere (defin-
ing a finite cavity as an intermediate step) does not give a contribu-
tion to the surface integrals when expanded to infinity, as the
Green'’s function satisfies the radiation condition, cf. after (2.11).
To find the energy flux carried by polarized superluminal modes
incident upon the aperture, we use a plane-wave ansatz in the
tachyonic Maxwell equations (2.2) (with vanishing charge and cur-
rent, as well as go=¢ and o = p), AX, ) = A(k)e!™*, and analo-
gously for the scalar potential and the field strengths. Here,
= k(w)Ko, where k is the wave number in the Green function
(2.7), and Ky a constant unit vector. The transversality condition
is Ako =0, and the set of transversal modes reads

kA" =0, Al=0, E =iwA", B =ik(w)k, x A". (3.2)

If the product Ak, does not vanish, then the modes are longitudinal,

Al — (A'ko ko, Ang‘( JioAl, B - AL B _0
EUWD iepw

(3.3)

We substitute these plane-wave solutions into the tachyonic Poyn-
ting vector S = E x H + m?A,C [28], and perform a time average, to
obtain the transversal and longitudinal components of the energy
flux,

2k m

7 o ATk (3.4)

2k -
(8 =~ wlAT’ko, ()=
u
Here, real permeabilities and a positive wave number k(w) are
implied.

3.2. Polarized superluminal modes: conversion of transversal into
longitudinal tachyons by diffraction

We consider an incident transversal plane wave, propagating in
the lower half-space toward the aperture A in the (x,y) plane. The
Fourier amplitude of the vector potential is AT = Al e®™ Al k, = 0
cf. (3.2). By making use of the Kirchhoff identity (2.19) and the lim-
it procedure outlined after (3.1), we find the leading asymptotic or-
der (r — oo, Fraunhofer regime [29]) of the diffracted wave in the
upper half-space as

ikr

Bou(x, ) ~ kM2 ((esm)A], — (ALn)es + (esko)A,
~ (©ATKo + (&AL om)n — (esko) (AL
O e (AT o) (esk) AL
(AL 35)

The notation is explained in Section 3.1; the modulation factor is
M := / exp(ik(ko — n)x')dx'dy’, (3.6)
A

where X = (x,y,z =0) [20]. The scalar potential reads, cf. (2.20),

. ik’M eikr T T T
Aoautt ) w2 (@A) — (ko) (€5A7) -+ (NAL) (€3ko).
(3.7)
and the vector potential, cf. (2.21),
. . eikr T T T
Aoyt (X, ) ~ —ikM m((e3n)Ain — (Ajn)es + (esko)A;,
— (e3A})ko + (€3A],)n). (38)
The magnetic field strength is found as, cf. (2.22),
R ikr
Bout (X, ) 47 (€ X A — (&5 x Ajm)n
+ (N x Ay (e3Ko) — (1 x Ko) (€3Ay,)). 3.9

When calculating the intensity of the diffracted superluminal flux,
we need the transversal and longitudinal projections of the vector
potential, that is sji\out and nA,, respectively. Here, g and n=x/r
constitute the orthonormal triad defining the outgoing linear polar-
izations, n being the unit wave vector of the outgoing spherical
wave. The incident transversal wave is linearly polarized,
Al = gy;Al; the transversal linear polarization vectors €, and €
of the incoming wave are real and define with its unit wave vector
Ko an orthonormal triad, so that kg = €1 x €9 cyclically.

As for the outgoing transversal polarization vectors g; of the dif-
fracted wave in the upper half-space, we choose two real vectors
€1, orthogonal to n, so that g lies in the plane generated by n
and the incident unit wave vector Ko,

n x Ko ko — n(nky)
In x Ko|’ T nx Ko

(3.10)

) =

We note n=g; x &, and |n x Ko|?> =1 — (nko)?. The scalar products
of the transversal polarization vectors of the incoming and outgoing
waves read

Nnép
|n X l(0| ’

Z &igox” = 1+ (ko)*.
ik

&801 = &8y = —
2601 |n kl 2602

(ngg;)(nko)
In x Kol

(3.11)
818 = —

The longitudinal polarization vectors of the in- and outgoing waves
are the unit wave vectors Ko and n, respectively. The angular
parametrization of these products is done with polar coordinates
in the coordinate frame defined by the right-handed triad &1,
€02, and ko of the incoming wave. Thus, nkg = cos0, ngg; = cos @
sinf, and ngp, =sin¢siné, and dQ =sin6déd¢ is the solid angle
element. Accordingly, |n x ko| = sin6, and

€181 = —C0OSOCOS(p, & &2 = —CosOsing,

. (3.12)
&8p1 =SINQ, &8y = —COS Q.

The e; projection of the outgoing polarization triad is related to the
e; projection of the incoming triad as

ne; = & 1€;3 Sin 0 cos ¢ + & ;€3 sindsin ¢ + Kye; cos 0,
€183 = —§1€3 C0S 0COS (¢ — &y2e3cos Osin ¢ + koes; sin 6,
&€3 = g 1€3Sin @ — & 2€3COS (.

(3.13)

The angular parametrization of the polarized components of the dif-
fracted wave (3.8) can readily be performed by substitution of these
scalar products. The transversal €; projections of (3.8) read

eikr
s]Aout(x W, &) ~ —1kMAln4 ((80,&)(e3n + e5Ko)
— (&,m)(e38)) — (£0€3)(Kog;)). (3.14)
The polarization vector of the incident wave, Al, = &A[,, is indi-

cated as argument. The longitudinal projection of the outgoing
wave (3.8) is
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i kr
1kMAT

nAuut(X7 w, 80,1’) in 4

(80','63)(1 - l(on)).
(3.15)

We consider the special case where the incoming wave vector is
normal to the plane of incidence. As Kkq = e, the angular parametri-
zation of the cross sections greatly simplifies, but the above param-
etrization of the polarization triads can be used for any other
incident wave vector as well. On performing the average over the
initial transversal polarizations and a summation over the transver-
sal outgoing polarizations, we obtain, cf. (3.14),

((go,m)(e3ko) +

|
|A|TﬁT 3 Z ‘%Aout (x,® 801)| ~ HL(] + cos 0)

(4nr)
(3.16)
where we used
D " ((20:8)(1+ kom) — (g0m)(Kog;))* = 2(1 + cos 0)*. (3.17)

ij
The angular parametrization of the longitudinal outgoing compo-
nent (3.15) at normal incidence kg = e5 reads

k2
z:|nAOut (x, 0, &) ~

A2, = m2 0. (3.18)

(4nr)2
These averages suffice to calculate the intensity ratios determining
the conversion efficiency, cf. (3.25).

In the far-field limit, the outgoing spherical waves are struc-
tured as [28]
1 . < 1
AlL(x, @) ~ e exp(ik(w)nJ (x, ) + o<r—2), (3.19)
where nJT = 0 and J* = n(nJ!). The amplitudes J7* are slowly vary-

ing in the space coordinates, so that we find the leading asymptotic
order of the tachyonic field strengths and the scalar potential as

E lwA—zl)-ut Aout ikn x Aoutv A(T),out ~0(1/r%),
m? 1 ko . (3:20)
E]c;ut lwetu Alc;utv B]c;ut 0 (,Tz) ’ A(]i out ™ 0)78/1 nAIc;ut'

The transversal component A’ , is an arbitrary complex linear com-
bination of the two linear polarization components sj(sj[\out), cf.
(3.14). The plane-wave counterpart to (3.20) is stated in (3.2) and
(3.3). The time-averaged superluminal flux vectors (S™*) can be
assembled with these asymptotic spherical waves as done in (3.4)
for plane waves. The transversal and longitudinal components of
the diffracted energy flux are

<Sz“t> :zﬁkw‘sj out(€0)[°M, <S](;ut> 2k mt

% o InAouc(£0:)° 1,
(3.21)

where we substitute the amplitudes (3.14) and (3.15). The sub-
scripts i and j refer to the respective incoming and outgoing trans-
versal polarization states. These averages are obtained from the
asymptotic time-averaged Poynting vectors, cf. after (3.3),
(S ~ (1/WE" x B™ +c.c., (84 ~ —(m?/u)AA" + c.c.

The diffracted flux components are to be compared to the flux car-
ried by the incident transversal plane wave, cf. (3.4),

(s} =S olmef

(3.22)

Ko. (3.23)

n

As for the outgoing flux vectors (3.21), we perform the same aver-
age/summation over the transversal polarizations as done in

(3.16) and (3.18). The ratio of the outgoing flux transversally or lon-
gitudinally diffracted into the solid angle element dQ2 and the trans-
versal flux incident upon the aperture area is found as

< Out> nr2dQ < 0ut> nr’dQ
<SiTn>e3area(A) <SiTn>e3area(A) '
These are dimensionless intensity ratios, cross sections divided by
the aperture area. On substituting the averages (3.16) and (3.18),

we find the intensity ratios for the diffraction of transversal
radiation,

dO'T_,T = s dUT_,L = (324)

~ 2 ~ 12
‘A‘ r2dQ m2 ‘A’ r2dQ
dor.r = B#, dor,=——t % (3.25)
T HEW? | 41
‘Am area(A) | area(A)

Diffraction of transversal wave fields generates longitudinal modes,
the conversion efficiency being determined by the ratio dor_i/
(dor_r+dor_y).

3.3. Intensity ratios for the conversion of longitudinal into transversal
radiation

We consider an incident longitudinal plane wave,
AL — Al el Al — kAL, cf. (3.3), and proceed analogously to the
transversal case in Section 3.2. Employing the surface integrals
(2.19)-(2.22), we find the diffracted electric field strength in the
Fraunhofer regime,

. m2kM ek
Eout(X, ) ~ — ,utsw 4m((e3n)AiLn — (At n)e; + (e3A- )n+ (KoAL )es),
(3.26)
the scalar potential,
. ik’M eikr
Aoaue(, ) ~ o0 s (@) + (o) (esm)), (3:27)
the vector potential,
R ikr
Aouc(x, ) ~ 4/<M% ((esA-)n + (koA )(esn)n)
.mZkM elkr L L
1 MEO)Z 47.Cr((e3n)Ain - (Ainn)e3
+ (koAj,)es — (oAj,) (esm)m), (3.28)

and the magnetic field strength

m2k’M el
uew? 4mr

(€3 x Aj, — (€5 x Aj,)m)n+ (N x e3) (KoAy,)).
(3.29)

The transversal polarization components of the diffracted vector po-
tential Aoy in (3.28) read, cf. (3.14),

mszA elkr
uswz 4nr

Bout (%, ) ~ —

ngout (X w ko)

((esn)(kog;) + (e38))(1 — kom)),

(3.30)
where we explicitly indicate the incoming longitudinal polarization
Ko as argument. The outgoing longitudinal component is
kr

(esko + esn).

NA. (X, @, Ko) ~ —ikMA (3.31)

ll'l4

The angular parametrization is explained in (3.11)-(3.13). At
normal incidence kg = e3, we find &A.,: = 0 and, cf. (3.16),

|2 . m4k?
‘A’ = |&1Aouc(X, 0, Ko)|* ~ 2

.2
L T sin” 6. (3.32)

(4mr)?
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The transversally diffracted radiation is thus linearly polarized. The

squared longitudinal component (3.31) is parametrized as, cf.
(3.18),

2

"l

~ 12 ~ 2 2 |M| in
‘A’ = [MAoue(x, @, Ko)|* ~ K2 — 1

2
o any (TS0 G

Regarding the energy flux, we note the polarized outgoing Poynting
vectors, cf. (3.21),

2k . 2k m?2 .
(Stur), = Olea(lo)n,  (Shue) =57 70~ I (o) ',
(3.34)
the incoming longitudinal flux vector, cf. (3.4),
2k m? 2
(Sh) = 7 o An| Ko (3.35)

and the intensity ratios for the conversion of longitudinal radiation,
cf. (3.24),

<S§ut > nr2dQ
<s}n>e3area(A)

<Sﬁm>nr2d9

dor:= W.

s dO']_ﬁL = (336)

The conversion efficiency of longitudinal radiation into linearly
polarized transversal tachyons is thus determined by the ratios,
cf. (3.25),

~ 12
jewr Al rde )
m ‘AiLn zarea(A)7 Ao )AAL

~ 12

‘A’L erdQ
Sl (337)
area(A)

dor =

mn

with the squared amplitude projections
substituted.

(332) and (3.33)

4. Tachyonic Bragg scattering
4.1. Diffraction gratings: negative mass-square and Bragg condition

We start with a grating defined as an array of 2N + 1 slits paral-
lel to the e, axis (y coordinate). The slits are rectangles of (large)
height 2b and width 2a. The x coordinate along e; ranges in equi-
distantly spaced intervals [nd — a,nd + a], where n= —N,...,0,..,N,
and d > 2a. The y coordinate of this grating aperture ranges in
[—b,b], and the modulation function (3.6) factorizes accordingly as

b N
M = / , exp(ikg;y)dy > /
J— n—nN Jn

d—a

nd+a

exp(ikqg,x")dx’, (4.1)

where q;, := (ko — n)e; . We note the identity

sin(n(2N + 1))

siny ’ (4.2)

i exp(2inn) =

n=-N

as well as two Ilimit definitions of the delta function,

312X, b = ) = 5(x), where

X 1 [ ... sin(bx) n sin” (bx)
5 (x.b) ::ﬁ/f ae= . G xb) = oty () =
(4.3)

The modulation factor of the grating can thus be written as

sin((2N + 1)) sin(2an/d)
siny 2an/d

M = 47a 6y (kqy, b), (4.4)
where 7 := kq;d/2. In the squared modulation factor, we substitute
5(21) = (b/m)d)(kq,,b). The area of the aperture is 4(2N+ 1)ab. In
the intensity ratios (3.25) and (3.37), the b factors in area(A) and

5(2]) cancel, so that the height of the slits only enters in d.)(kqy,b).
Thus the b — oo limit is well defined and gives 6(kq,). The principal
maxima of M? are determined by the interference factor, the square
of the first ratio in (4.4). They are located at # = nx for integer n. In
between the principal intensity maxima, there are secondary ones,
separated by zeros located at n = n7/(2N + 1), where n is integer but
not a multiple of 2N + 1. The square of the second ratio in (4.4)
attenuates the maxima at large #. However, since 2a/d < 1, it does
not significantly affect the location of the maxima. The principal
maxima occur at 5 = nz, which we may write, with k=2n/4, as a
Bragg condition koe; — ne; =n//d. We consider normal incidence
Ko = e3, and choose the transversal polarization vectors along the
coordinate axes, €g; = e;. In the (e1,ko) plane orthogonal to the slits,
we then have ¢ = 0 and ne; = sin0, so that the principal maxima are
recovered at scattering angles defined by \/w? +m? sinf = 2nn/d,
with integer n.

4.2. Tachyon diffraction in crystal lattices: transversal and longitudinal
scattering cross sections

We consider a monochromatic superluminal radiation mode,
E(x,t) = E(X,w)e* + c.c., hitting a crystal lattice, and apply this
field to the electron density of the crystal. This generates a tachy-
onic current j(X,t) = gne(x)v(t), where ng(x) is the periodic electron
density in the crystal lattice. The velocity of the electrons carrying
tachyonic charge q is determined by mv = gE. (In the Heaviside-
Lorentz system, q2/(4mhc) ~ 1.0 x 1073, estimated from Lamb
shifts in hydrogenic ions [17].) In dipole approximation, we may
neglect the spatial dependence of the amplitude E, so that
v(t) = V(w)e "t 4 c.c. with V(w) = iqE/(wm). We thus find the
Fourier amplitude of the current j(x, t) :je*‘“f +c.c.as [19]

$ iqz S
i(x,0) = ne(XE(X, ). (4.5)

The inhomogeneous field equations in (2.2) read
rotB + iwE = j + m?A, divE = p — m?A,, (4.6)

where we have put ¢g=¢=1 and yo = p = 1 (vacuum permeabilities
in the Heaviside-Lorentz system). The charge density follows from
current conservation, p = —(i/w)divj. The tachyonic radiation
fields generated by current (4.5) in the crystal lattice can be split
into transversally and longitudinally polarized components AL, like
the diffracted waves (3.19). We are interested in the asymptotic
radiation fields outside the crystal, determined by the current trans-
form [28]

Jx, ) = / dx’j(x’, w) exp(—ik(w)nx), (4.7)

where k(w) = /@? + m? is the tachyonic wave number (2.5). The
projections of J(x, w) onto a right-handed triad of polarization vec-
tors €;, and n of the radiation field are

TO(x, 0) = &(eJ(x,0), J'(x):=]O0 ]

A . L . (4.8)
Jx o) :=nmx w), J=J+]J"
Here, n=x/r is the coordinate unit vector used as longitudinal
polarization vector, and &; - 1(X) are real transversal polarization
vectors defining two degrees of linear polarization, so that € and
n constitute an orthonormal triad, which we choose as in (3.10).
The outgoing transversal and longitudinal field components are sta-
ted in (3.19) and (3.20), where we put ¢ = u = 1, replace the super-
script T by T(i), and substitute JT0L as defined in (4.7) and (4.8).

We further specify the wave field incident upon the crystal as a
plane wave E(x, ) = E;,(K)e™™, cf. before (3.2), generating the cur-
rent j(X, ) in (4.5). The polarized components JTOL(x w) of the
current transform (4.7) are thus found as
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Jo :EF(R n)(Eq&)e, J- :EF(R n)(E;,n)n
mao l ner (R} mao ol 1n )

i (4.9)
T 4 - _ (E.

J' = o o Fl,m)(Eiy — (Eun)n),

where F(k,n) denotes the scattering amplitude

F(k,n) := /dx’ne(x’) exp(i(k — k(w)n)x'). (4.10)

By making use of (3.19) and (3.20), we obtain the asymptotic outgo-
ing field strengths,

AT q2 eik(w)r
Eofllt) (x7 CU) ~T F(k l‘l) (Einsi)8i7
m 4nr (411)
L qZ th eik()r I .
Eout( ) E E anr F( K, ﬂ)(Einn)n.

As for the cross sections, we start with the transversal and longitu-
dinal flux vectors <ST(”‘L> in (3.22), and substitute the scattered

fields (3.19) and (3.20),

i 2wk(w 2m2
T() () Lo\ L
(S} ~ 20O fjrof'n, (sk) ar KOl pfn a12)
The squared current amplitudes (4.9) read
2 4 4
o~ 4 2E o2 itz 4 2E 2
I 2\ s PP Enei, U ~ —— |FI*|En?, a3
T 2 2 2
0" ~ 3 IFI* (Bl — [EanP).

The total transversal flux (S') is obtained by adding the transversal
polarization components (S'"), which amounts to replacing the lin-
early polarized current transforms ‘]T } in (4.12) by ‘]T’ in (4.13),
according to (4.8).

We also need the flux density of the incident plane wave,
A(X,») = A (K)e* E(x, ) = Ei,(K)e®™, decomposed into trans-
versal and longitudinal components, cf. (3.2) and (3.3). The flux

carried by the transversal component, koAT = 0, ET = iwAT, reads,
cf. (3.4),

2 w 2
(Sh) = 20k(@) A}, —)‘1-:3“ ko (4.14)

The longitudinal energy flux is determined by the amplitudes
Al = (A'ko)ko and E' = fimzAL/w

(st) =2m? "%’) AL 2 k(o

(4.15)

The transversal cross section for superlummal Bragg diffraction is
thus found as

T 1o
daT_‘<<SS°£t>> rzdgw(f;)z;_'; 1_"EE”;"2 de, (4.16)
n

where the solid angle element d is centered at the outgoing wave

2
Ei,| ) by
sin?9, where 6 is the angle between E}, and K. If the incident trans-
versal radiation is unpolarized, we have to replace sin0 by the aver-
age (1 +cos?9)/2, where ¢ is the scattering angle between the in-
and outgoing wave vectors k and K. In the longitudinal cross
section,

vector K = k(w)n. We may replace the factor (1 — ‘EiTnn

2
L
E,n
2 b

erQ ~ q4 m4 |F‘

w* m?
™

(4.17)
(S

we may replace the Ef, ratio by cos?#.

In the scattering amplitude F(k,n), cf. (4.10), we write K for
k(w)n, and substitute the Fourier series n.(x) = 3 ncel® over the
reciprocal lattice G,

F(k,n) = Z ng / dx’ exp(i(G + k — K)X)). (4.18)
G
We may replace G by —G in the individual terms. The integrals in
(4.18) are taken over the crystal volume, and give a sizeable contri-
bution only if k — K very nearly coincides with a reciprocal lattice
vector. We thus arrive at the Laue condition k — K =G, so that the
respective integral just gives the crystal volume. We square
=k — G to arrive at 2kG = |G|?, which is the diffraction condition
for the incident wave vector. Alternatively, |G|=|K —Kk|=
2k sin(¥/2), with scattering angle ¥ as above. The parallel lattice
planes of the direct lattice orthogonal to a fixed G are equidistantly
spaced, at distance d = 27/|Go|, where Gy is the shortest reciprocal
lattice vector parallel to G, the latter being an integer multiple of
Go, |G| = n|Go, cf., e.g., Ref. [30]. Replacing the wave number by fre-
quency via the dispersion relation k = \/@? + m¢, we find the Bragg
condition for tachyon diffraction,

dsind— " (4.19)

2" Voriml
The angle 9/2 is the glancing angle between lattice plane and wave
vector; incidence and reflection angle coincide as in the electromag-
netic case, irrespectively of the polarization. Owing to the negative
mass-square, tachyonic Bragg diffraction can only occur at wave-
lengths 4 = 27/k < 2d, where d is usually a few A. This matches well
with the tachyonic Compton wavelength of 27/m.~ 5.7A [17],
which is the maximal wavelength attainable by tachyonic vacuum
modes.

5. Tachyonic flare spectra of TeV blazars

Figs. 1-3 depict tachyonic cascade fits to the TeV spectra of the
v-ray blazars H2356 — 309, 1ES 1218 + 304, and 1ES 1101 - 232,
obtained with imaging air Cherenkov telescopes [31]. The cascades
are plots of the E2-rescaled flux densities

2dN™ o
dE  4nd’
where d is the distance to the source, and (p™'(w = E/h)) the tachy-
onic spectral density of a uniformly moving charge [8],

o Mo, 1m 2 I
P w1 g -1
(5.2)

P (w)), (5.1)

2
OlgME
? + m?

pH(w) =

averaged over a thermal electron distribution. The superscripts T
and L indicate the transversal and longitudinal polarization compo-
nents defined by A" =1 —m2/(2m?) and 4" =0. 7 is the electronic
Lorentz factor, and «q the tachyonic fine structure constant. We
use the Heaviside-Lorentz system, so that oq = gq?/(4mhc) ~
1.0x10™" and m¢~2.15keV/c?, as inferred from Lamb-shift
estimates [17]. The tachyon-electron mass ratio is m¢/m ~ 1/238,
and a spectral cutoff occurs at

5 1m 1 m?
(Dmax(y):mt<:ut Vz_]_jﬁtﬂ)v U= +ZW (5:3)

Only frequencies in the range 0 < ® < wmax(y) can be radiated by a
uniformly moving charge, the tachyonic spectral densities p™(w)
being cut off at the break frequency wmax. A positive @wmax(y) re-
quires Lorentz factors exceeding the threshold ;.

The average (p"“(w)) defining the differential flux (5.1) is
taken over thermal ultra-relativistic electron distributions dp
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Fig. 1. Spectral map of the BL Lac object H2356 — 309. HESS data points from Ref. [31]. The solid line T + L depicts the E*-scaled differential tachyon flux dN™/dE, obtained by
adding the flux densities p; , of two electron populations, cf. (5.1). The transversal (T) and longitudinal (L) flux densities dN""/dE add up to the total unpolarized flux T + L. The
exponential decay of the cascades p; , sets in at about Eqyc &~ (m/m)kT, cf. after (5.2), implying cutoffs at 0.84 TeV for the p; cascade and 92 GeV for p,. The x? fit is done with
the unpolarized tachyon flux T + L, and subsequently split into transversal and longitudinal components. Temperature and number count of the electron populations are

recorded in Table 1.
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Fig. 2. Spectral map of the blazar 1ES 1218 + 304. MAGIC data points from Ref. [35], VERITAS points from Ref. [36]. The upper flux limit in the 0.1-0.2 TeV interval is based on
STACEE observations in 2006 and 2007 [37]. The spectral fit T + L = p; + p, is performed with the electron distributions quoted in Table 1; the polarized flux components are
labeled T and L. The p, cascade is cut at E., ~ 0.28 TeV, and p, at 46 GeV. Comparing to the BL Lac in Fig. 1, located at a lower redshift, there is no indication of absorption in
the spectral slope. The electron densities generating the cascades p are thermal in either case. The spectral curvature is intrinsic, caused by the Boltzmann factor of the

electron populations in the galactic nucleus.

e ?/y2 —1ydy, B = m/(kT). The least-squares fit is performed
with the total unpolarized flux density dN™! = dNT + dN™. The cas-
cades are labeled p » in the figures, and the parameters of the elec-
tron populations generating them are listed in Table 1. The details
of the spectral fitting have been explained in Ref. [32]. The electron
count is calculated as n¢ ~ 5.75 x 10°°Ad*[Mpc], where 7 defines
the tachyonic flux amplitude extracted from the fit. The cutoff
parameter of the thermal cascades is related to the electron tem-
perature by kT[TeV] ~ 5.11 x 10~7/B, and the internal energy esti-
mates of the source populations in Table 1 are obtained from
Ulerg] ~ 2.46 x 10~%n°/g. The distance estimates of the active

galactic nuclei are based on d ~ cz/Ho, with c/Ho ~ 4.4 x 10> Mpc.
Hence, d[Mpc] ~ 4.4 x 10°z, and n¢ ~ 1.1 x 10%*7z2, cf. Table 1.
Fig. 1 shows the tachyonic spectral map of the blazar
H2356 — 309 at redshift z~ 0.165 [31]. TeV y-ray spectra of bla-
zars are usually assumed to be generated by inverse Compton scat-
tering, which results in a flux of TeV photons thought to be
partially absorbed by interaction with infrared background pho-
tons, so that the intrinsic spectrum has to be reconstructed on
the basis of intergalactic absorption models. By contrast, the extra-
galactic tachyon flux is not attenuated by interaction with the
background light, there is no absorption of tachyonic y-rays.
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Fig. 3. Spectral map of the BL Lac object 1ES 1101 — 232. HESS flux points from Ref. [38]. The plots are labeled as in Figs. 1 and 2. The p; cascade is cut at 1.6 TeV and p; at
0.21 TeV. The parameters of the electron populations are listed in Table 1. The spectral slope is steeper than that of 1ES 1218 + 304 in Fig. 2, even though these blazars have
almost identical redshifts, which suggests that the shape of the plotted density E2dNT*Y/dE is intrinsic rather than affected by intergalactic absorption; tachyonic y-rays do not

interact with background photons.

Apparently, the curvature present in the TeV spectra of blazars is
not correlated with distance, at least there is no evidence to that
effect if we compare the spectral slopes in Figs. 1-3 to the spectral
maps of other flaring active galactic nuclei such as the BL Lacertae
objects (BL Lacs) H1426 +428 (z~0.129, 570 Mpc) and 1ES
1959 + 650 (z~0.047, 210 Mpc) in Ref. [33], the blazars 1ES
0229 +200 (z=~0.140, 620 Mpc) and 1ES 0347 — 121 (z~0.188,
830 Mpc) in Ref. [32], and the quasar 3C 279 (z~ 0.538, 2.4 Gpc)
in Ref. [34]. Fig. 2 shows the tachyonic spectral fit of the BL Lac
1ES 1218 +304 at z~ 0.182 [35-37], and Fig. 3 the spectral map
of the blazar 1ES 1101 — 232 at z~ 0.186 [38]. There is no correla-
tion between redshift and spectral curvature visible. The curvature
in the spectral maps of BL Lacs is intrinsic, generated by the super-
luminal spectral densities of the thermal electron plasma in the ac-
tive galactic nuclei [39].

6. Conclusion: tachyonic X-rays and Bragg spectrometers

We have outlined a diffraction theory of superluminal wave
fields based on Kirchhoff identities, cf. Section 2, and discussed

Table 1

Electronic source distributions p; generating the tachyonic cascade spectra of the
active galactic nuclei in Figs. 1-3. Each p; stands for a thermal ultra-relativistic
Maxwell-Boltzmann density with cutoff parameter § in the Boltzmann factor, cf. after
(5.3). i determines the amplitude of the tachyon flux generated by the electron
density p;, from which the electron count n® o« d? is inferred at the indicated distance.
d is the distance to the blazar, estimated from the redshift z. kT is the temperature and
U the internal energy of the electron populations p; cf. Ref. [42]. The distance
estimates do not affect the spectral maps in Figs. 1-3, but the electronic source count
n®. Each cascade depends on two fitting parameters $ and #, extracted from the y? fit
T+ L in the figures.

B fl d (Mpc) i kT (TeV) U (10%° erg)

H2356 — 309

p1 25x107° 46x10° z~0165 14x10° 200 14

p2 23x10% 36x10* 730 1.1 x10% 22 1.2

1ES 1218 + 304

p1 77x10° 37x10* z~0182 14x10°® 66 45

ps 47x10% 29x103 800 1.1x10®° 11 5.8

1ES 1101 — 232

pr 13x10° 32x10° 2z~0186 1.2x10° 390 2.3

pa 10x10% 21x10* 820 8.0x10°7 51 2.0

the specific case of tachyonic Bragg diffraction, first with regard
to a grating aperture and then in crystal lattices, cf. Section 4.
We analyzed the effect of diffraction on the polarization of tach-
yons, cf. Section 3, and separated the transversal and longitudinal
flux components in the spectral maps of y-ray blazars, cf. Section
5. A more detailed summary is given in the Introduction. Here,
we briefly sketch how the negative mass-square shows in tachyon-
ic X-ray spectra obtained with Bragg spectrometers.

Tachyonic spectral fits are based on the E"-scaled flux density,
cf. (5.1),

pdV_ o
dE  4nd’
where (p(w)) is the unpolarized tachyonic spectral density p" + p" in
(5.2), averaged over thermal [40,41] or nonthermal [42,43] elec-
tronic source populations. The exponent n is a conveniently chosen
real power: Observational spectra are usually plotted as differential
count rate dN/dE (counts per unit time, unit area, and unit energy),
or differential energy flux EAN/dE (which gives the power radiated if
integrated over the respective energy band), or as E2-rescaled differ-
ential flux E2dN/dE (energy per unit time and unit area, adopted in
Section 5). If a Bragg spectrometer is used, the primary quantity
measured is the flux depending on wavelength rather than energy
[44]. The energy parametrization in experimental plots is done with
the assumed photonic relation 4 = 27/, which substantially differs
from the tachyonic dispersion relation 1= 27/\/w? +m? in the
X-ray bands, due to the tachyon mass of 2.15 keV. Therefore, we
have to reparametrize the experimental spectra with the tachyonic
dispersion relation before comparing to E"dN/dE in (6.1).

To this end, we start with an experimental plot of the (assumed
photonic) spectral density dP/d/ = pP"(1), parametrized by wave-
length as inferred from the Bragg condition 2dsin(J/2) = ni. The
power radiated over a finite range of wavelengths is
P={ “max 5ph(7)d 1. We reparametrize with energy via the photonic

“min

dispersion relation 4 = 27/wpp,

{p(w)), (6.1)

@ph, max

27
P= pph(wph)dwpln pph(wph) = prph(zn/wph)v (62)

+/ Wph, min ph

where Wph,min = 27/Amax, and analogously for wppmax. (Photon fre-
quencies are denoted by a subscript ph, to distinguish them from
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their tachyonic counterpart.) By contrast, if the tachyonic dispersion
relation /. = 27//w? +m? is used for the energy parametrization,
we find P = [ p(w)dw, where

p(w) =

21w o 27
(@ +my?" \ Vo +m?
W R
:\/ﬁpph( m. ©

This observationally determined tachyonic spectral density p(w) is
to be fitted with the tachyonic spectral average (p(w)) in (6.1). More
generally, if the photonic spectral density ff™(wyp) :== ! PPN (@pn)
is plotted, the tachyonic density fy(®) := @™ 'p(w) is recovered as

filw) = L)mﬁ“(\/ 0+ md). (6.4)

(w? + m?

Tachyonic and photonic frequencies are related by w = wgh —mz.
This apparently requires w,, > my, which is not a severe restriction,
as the condition A < 2d for Bragg scattering in a crystal amounts to
roughly the same, cf. the end of Section 4.2.

We consider a set of photonic data points (coph_,-,f,fh(wpm)) la-
beled by index i. These flux points are inferred from Bragg diffrac-
tion, that is, from the wavelength of the incident quanta, and
subsequently parametrized by frequency via the photonic disper-
sion relation. If a tachyonic spectral fit based on density (6.1) is
performed, we have to use instead the tachyonic dispersion rela-
tion for the energy parametrization. In effect, the photonic data
points (ph, f,‘fh(wph,,-)) are mapped into tachyonic points (w;,
ful@i)) by

;= Ophjy/1 =M/,

Fulon) = (1 =mg jary, )" *fP"(@pn,)- (6.5)
This rescaling applies to X-ray spectra obtained from diffraction
gratings. Regarding the spectral maps in Figs. 1-3, there is no need

for a rescaling of the flux data, as the negative mass-square in the
dispersion relation is negligible in the y-ray bands.
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