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Solutions which seem as the dual solutions to the original solution of the Maxwell equations for chiral
nihility medium are listed. Using operators composed of fractional curl, solutions to the Maxwell equa-
tions which may be regarded as intermediate step between the original solution and dual to the original
solution are determined. Dual solutions which are not valid have been pointed out.
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1. Introduction

Lakhtakia introduced the term nihility for such medium, whose
� ¼ 0;l ¼ 0 [1]. Tretyakov et al. extended the nihility concept to
chiral medium and introduced the concept of chiral nihility [2].
Chiral nihility is a medium with following properties of the consti-
tutive parameters at certain frequency [2]

� ¼ 0; l ¼ 0; j–0

where j is chirality parameter of the medium. Thus the resulting
constitutive relations for an isotropic chiral nihility medium reduce
to [2,3]

D ¼ �jj
ffiffiffiffiffiffiffiffiffiffi
�0l0

p
H

B ¼ jj
ffiffiffiffiffiffiffiffiffiffi
�0l0

p
E

Taking time dependence as expðjxtÞ, the Maxwell equations for chi-
ral nihility medium can be written as

r� E ¼ k0jE ð1aÞ
r �H ¼ k0jH ð1bÞ

where k0 ¼ x=c is the wavenumber in vacuum. It must be noted
that electric and magnetic fields in a chiral nihility medium are
not independent but are related through the wave impedance

g ¼ g0 lim
�!0;l!0

ffiffiffiffi
l
�

r

This means impedance of chiral nihility medium is close to imped-
ance of the free space g0.

According to the duality principle for ordinary isotropic med-
ium, if ðE;g0HÞ is one solution to the Maxwell equations then
ðg0H;�EÞ is another solution to the Maxwell equations. Solution
ðg0H;�EÞ is termed as dual solution to the original solution
ðE;g0HÞ, because the Maxwell equations remain unchanged for
ll rights reserved.
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both solutions. It is obvious from Eq. (1) that if ðE;HÞ is one solu-
tion to the Maxwell equations then other solutions for which Max-
well equations remain unchanged are ð�H;�EÞ; ð�E;�HÞ, and
ð�H;�EÞ. Here a question occurs, whether all these solutions
may be regarded as the dual solutions to the original solution
ðE;HÞ? It is required to discern which solutions are valid and which
are not.

For an isotropic and homogeneous medium, the solution which
may be regarded as intermediate step between the original and
dual to the original solutions may be obtained using the following
relations [4]

Efd ¼
1
ðjk0Þ

a ðr � ÞaE

g0Hfd ¼
1
ðjk0Þ

a ðr � Þag0H

where ðr � Þa means fractional curl operator and a is the fractional
parameter. It may be noted that fractional parameter a may attain
any value but for our discussion a varies between zero and one.
k0 ¼ x ffiffiffiffiffiffiffiffiffiffil0�0

p
is the wavenumber and g0 is impedance of the med-

ium. It may be noted that fd stands for fractional dual solution. It
is obvious from above set of equations that for a ¼ 0,

Efd ¼ E; g0Hfd ¼ g0H

and for a ¼ 1

Efd ¼ g0H; g0Hfd ¼ �E

which are two solutions to the Maxwell’s equations. The solution
which may be regarded as intermediate step between the above
set of two solutions may be obtained by varying parameter a be-
tween zero and one. Various contributions related with the research
appeared in the published literature. Naqvi and Rizvi [5] deter-
mined the sources corresponding to fractional dual solution. Naqvi
et al. [6] extended the work [4] and discussed the behavior of
fractional dual solution in an unbounded homogeneous chiral med-
ium. Lakhtakia [7] derived theorem which shows that a dyadic
operator which commutes with curl operator can be used to find
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new solutions of the Faraday and Ampere–Maxwell equations. Naq-
vi and Abbas studied the behavior of complex and higher orders
fractional curl operator [8] and determined fractional dual solution
for metamaterial having negative permittivity and negative perme-
ability [9]. Fractional transmission lines, fractional waveguides, and
fractional cavity resonators were discussed by Naqvi and coworkers
[10–19]. Few other interesting contribution are reported in [20–23].

Naqvi et al. [20] derived fractional dual fields and correspond-
ing sources for bi-isotropic medium. Their work contains four
cases, depending upon different combinations of the phase veloci-
ties of the wavefields as:

(I) Both wavefields in bi-isotropic medium are traveling with
positive phase velocity.

(II) Both wavefields are traveling with negative phase velocity.
(III) First wavefield is traveling with positive phase velocity

while second wavefield is traveling with negative phase
velocity and vice versa.

Under chiral nihility condition, one out of two wavefield be-
comes backward mode (mode with negative phase velocity). Pres-
ent situation differs from a previous situation [20] in a sense that
under nihility condition Maxwell equations can yield more than
one dual solutions. So, present work may be considered as exten-
sion of a particular case of a previous discussion [20] taking chiral
nihility condition.

For chiral nihility medium, in order to find fractional dual solu-
tion between the original solution and dual to the original solution
we have to describe very clearly which pair (original solution,
dual to original solution) of solutions is under discussion. This
is because there exist more than one dual solutions. Change in dual
to the original solution changes the operator which connects the
two solutions forming the pair. Although each operator cause rota-
tion in the original solution in order to map it onto the dual to ori-
ginal solution but level and/or sense of rotation is different for
different operators. Purpose of the discussion is to find connecting
operator/operators and derive the corresponding fractional dual
solution for each case. All five dual solutions have been discussed
one by one.

2. Fractional dual solutions

According to field decomposition, in an isotropic chiral medium
total electric and magnetic fields may be decomposed into wave-
fields [2]. That is

E ¼ Eþ þ E� ð2aÞ
H ¼ Hþ þH� ð2bÞ

Each wavefield ðE�;H�Þ sees chiral medium as an ordinary isotro-
pic medium. Each wavefield must satisfy the Maxwell equations,
that is

r� E� ¼ k0jE�
r �H� ¼ k0jH�

Fields which may be regarded as intermediate step between the ori-
ginal solution and dual to the original solution are termed as frac-
tional dual solution and they must also satisfy the Maxwell
equations

r� E�fd ¼ k0jE�fd ð3aÞ
r �H�fd ¼ k0jH�fd ð3bÞ

where fractional dual solution between the original solution ðE;HÞ
and dual to the original solution ðH;�EÞ may be determined using
operator ðr�Þa

ð�jk0jÞa
as [3]
E�fd ¼
1

ð�jk0jÞ
a ðr � ÞaE�

H�fd ¼
1

ð�jk0jÞ
a ðr � ÞaH�

where a is the order of fractional curl operator. The discussion re-
lated to the pair ððE;HÞ; ðH;�EÞÞ of solutions has been termed as
Case 1.

Even for the case of chiral nihility, both wavefields are circularly
polarized but one of the wavefields is backward wave. Therefore
for plane waves above equations simplify to

E�fd ¼ ðĵ� ÞaE� ð4aÞ
H�fd ¼ ðĵ� ÞaH� ð4bÞ

where ĵ is unit vector in the direction of propagation. For a ¼ 0

E�fd ¼ E�
gH�fd ¼ gH�

For a ¼ 1

E�fd ¼ �jE� ¼ gH�
gH�fd ¼ �jgH� ¼ �E�

Consider propagation of plane wave in chiral nihility medium along
z-axis. Fields in terms of wavefields may be written as

E ¼ Eþ þ E�

¼ e0

2
ðx0 � jy0Þ expð�jjk0zÞ þ e0

2
ðx0 þ jy0Þ expðjjk0zÞ ð5aÞ

gH ¼ gHþ þ gH�

¼ j
e0

2
ðx0 � jy0Þ expð�jjk0zÞ � e0

2
ðx0 þ jy0Þ expðjjk0zÞ

h i
ð5bÞ

Application of operator ðr�Þa
ð�jk0jÞa

on above expressions yields following
result for Case 1

Efd ¼ ðþjÞa e0

2
ðx0 � jy0Þ expð�jjk0zÞ þ ð�jÞa e0

2
ðx0 þ jy0Þ expðjjk0zÞ

¼ e0 x0 cos jk0z� ap
2

� �
� y0 sin jk0z� ap

2

� �h i
ð6aÞ

gHfd ¼ j ðþjÞa e0

2
ðx0 � jy0Þ expð�jjk0zÞ � ð�jÞa e0

2
ðx0 þ jy0Þ expðjjk0zÞ

h i

¼ je0 �jx0 sin jk0z� ap
2

� �
� jy0 cos jk0z� ap

2

� �h i

¼ e0 x0 sin jk0z� ap
2

� �
þ y0 cos jk0z� ap

2

� �h i
ð6bÞ

It is obvious from above results that

Efdða ¼ 0Þ ¼ E
Efdða ¼ 1Þ ¼ gH

and

gHfdða ¼ 0Þ ¼ gH
gHfdða ¼ 1Þ ¼ �E
Case 2: Fractional dual solution between ðE;HÞ and ð�H;EÞ may
be determined using operator ðr�Þa

ð�jk0jÞa
as

E�fd ¼
1

ð�jk0jÞ
a ðr � ÞaE�

gH�fd ¼
1

ð�jk0jÞ
a ðr � ÞagH�

and the resulting fractional dual solution is

Efd ¼ e0 x0 cos jk0zþ ap
2

� �
� y0 sin jk0zþ ap

2

� �h i

gHfd ¼ e0 x0 sin jk0zþ ap
2

� �
þ y0 cos jk0zþ ap

2

� �h i
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Case 3: Fractional dual solution between ðE;HÞ and ð�E;�HÞ
may be determined using operator ðr�Þa

ð�k0jÞa
as

E�fd ¼
1

ð�k0jÞa
ðr � ÞaE�

H�fd ¼
1

ð�k0jÞa
ðr � ÞaH�

and the resulting fractional dual solution is

Efd ¼ e0½x0 cosðjk0z� apÞ � y0 sinðjk0z� apÞ�
gHfd ¼ e0½x0 sinðjk0z� apÞ þ y0 cosðjk0z� apÞ�

Case 4: Fractional dual solution between ðE;HÞ and ðH;EÞmay be
determined by using two operators ðr�Þa

ð�jk0jÞa
; ðr�Þ

a

ð�jk0jÞa

� �
as

E�fd ¼
1

ð�jk0jÞ
a ðr � ÞaE�

H�fd ¼
1

ð�jk0jÞ
a ðr � ÞaH�

and the resulting fractional dual solution is

Efd ¼ e0 x0 cos jk0z� ap
2

� �
� y0 sin jk0z� ap

2

� �h i

gHfd ¼ e0 x0 sin jk0zþ ap
2

� �
þ y0 cos jk0zþ ap

2

� �h i

Case 5: Fractional dual solution between ðE;HÞ and ð�H;�EÞ
may be determined by using two operators
ðr�Þa
ð�jk0jÞa

; ðr�Þ
a

ð�jk0jÞa

� �
as

E�fd ¼
1

ð�jk0jÞ
a ðr � ÞaE�

gH�fd ¼
1

ð�jk0jÞ
a ðr � ÞaH�

and the resulting fractional dual solution is

Efd ¼ e0 x0 cos jk0zþ ap
2

� �
� y0 sin jk0zþ ap

2

� �h i

gHfd ¼ e0 x0 sin jk0z� ap
2

� �
þ y0 cos jk0z� ap

2

� �h i

It is noted that in order to find fractional dual solutions for Case 4
and Case 5, we have to deal electric and magnetic fields indepen-
dently which as described above is not allowed. Therefore two solu-
tions ð�H;�EÞ out of five dual solutions are not valid dual solutions.

3. Conclusions

In an ordinary chiral medium, only one dual solution to the
Maxwell equations exists when one mode travels with the positive
phase velocity while other travels with the negative phase velocity.
Under nihility condition, although one mode travels with positive
phase velocity while other travels with negative phase velocity
but there appears more than one dual solutions to the Maxwell
equations. That is, there are five dual solutions to the Maxwell
equations for which these equations remains unchanged. It is con-
cluded that three out of five solutions are valid dual solutions to
the original solution ðE;HÞ of the Maxwell equations. As electric
and magnetic fields cannot be treated independently so rest of
the two solutions are not valid solutions. Operator which links
the original solution with dual to the original solution is different
for each case. Fractional dual solutions for all combinations of
the original solution and dual to the original solution are deter-
mined. In order to map original solution ðE;HÞ to different dual
solutions, fractional operators cause different rotation in the
wavefields.
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