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Magnetopolaron-induced increase of the efficiency in two-LO-phonon Raman scattering
from quantum wells
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The magnetopolaron wave function and energy for resonantly coupled electronic and vibrational excitations
in a quantum well are derived and used to evaluate the efficiency of Raman scattering by two LO phonons. A
strong increase of the scattering intensity along with the splitting of Raman peaks is predicted in the magne-
topolaron regime.@S0163-1829~96!03848-9#
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I. INTRODUCTION

Raman scattering from semiconducting low-dimensio
structures provides information on the spectrum of electro
and lattice excitations1 and is used along with many othe
techniques for sample characterization. Over the past y
the process of one-LO-phonon Raman scattering in quan
wells has attracted considerable attention from both exp
mentalists and theorists.2–4 However, less attention was pa
to the multiphonon processes because of difficulties in
measurement and the interpretation of the data. To
knowledge, there are only a few investigations of th
kind.5–14

In this paper we develop a theoretical model for the m
netopolaron effect~Johnson-Larsen effect15–17! in two-
phonon Raman scattering from semiconductor quantum-
structures. The Johnson-Larsen effect appears when the
ergy separation of a pair of Landau levels becomes clos
the energy of an optical phonon

n\veH.\vLO , ~1!

whereveH5ueuH/(mec), n is an integer,e is the charge of
the electron,H is the magnetic field,me is the electron ef-
fective mass, andc is the speed of light. An initial investi-
gation of the effect by Johnson and Larsen15–17 was per-
formed for bulk semiconductors. Korovin and Pavlov18 have
shown that in this case the magnetopolaron splitting
;a3/2\vLO , wherea is the Fröhlich19 electron-phonon cou
pling constant~for a review see also Ref. 20!. This estimate
changes to;a1/2\vLO in the case of quantum wells.21 The
magnetopolaron effect in two-dimensional and quasi-tw
dimensional systems was also investigated in Refs. 22–

The appearance of magnetopolaron effects in Raman s
tering has been studied theoretically in Refs. 9–11 and
32. The corresponding splitting of a one-phonon Raman p
540163-1829/96/54~24!/17768~11!/$10.00
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in bulk semiconductors was investigated in Refs. 28 and
both for Fröhlich and deformation potential interactions. A
initial theoretical approach to two- and three-LO-phonon R
man scattering from quantum wells in the magnetopola
regime was discussed in Refs. 9–11 under the approxima
of infinitely high barriers and heavy holesmh@me . The
dipole-forbidden one-LO-phonon process was studied
Refs. 30 and 32.

In this paper we derive analytical expressions for t
magnetopolaron wave function and apply the results to
culating the scattering efficiency of Raman scattering by t
LO phonons. We show that the resonant coupling betw
pure electronic and mixed electron-phonon states results
strong increase of the scattering intensity and a splitting
the Raman peaks. The paper is organized as follows.
model is given in Sec. II. The polaron wave function a
energy are calculated in Sec. III for the caseveH;vLO and
the results are used to calculate the two phonon scatte
efficiency in Sec. IV. Section V is devoted to the discuss
and the main conclusions of the work.

II. MODEL

Let us consider a semiconductor quantum well~QW!
structure of type I with energy gapEg and barriersDEc and
DEv for electrons and holes, respectively. The magnetic fi
is directed perpendicular to the QW plane~in thez direction!
and the corresponding vector potential is taken as

A5A~0,xH,0!. ~2!

The width of the barriers is assumed to be large enough
neglect tunneling of electrons and holes outside the well. T
laser frequency will be taken within the interval where on
the discrete part of the QW electron and hole excitation sp
17 768 © 1996 The American Physical Society
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trum is relevant for intermediate states in the two LO-phon
Raman scattering. The electron wave function is then gi
by

Cn,ky ,m
e ~x,y,z!5Fn~x1aH

2 ky!
1

ALy
eikyywm

e ~z!, ~3!

where

Fn~x!5
1

Ap1/22nn!aH
Hn~x/aH!expS 2

x2

2aH
2 D ,

aH5Ac\

eH
,

Hn(t) is a Hermite polynomial, andwm
e (z) the normalized

electron wave function of themth discrete state33 in a one-
dimensional QW, which can be written as

wm
e ~z!5Cmexp~kmz!3H cos~kmd/2!, m51,3,5, . . .

2sin~kmd/2!, m52,4,6, . . .

for z<0,

wm
e ~z!5Cm3H cos@km~z2d/2!#, m51,3,5, . . .

sin@km~z2d/2!#, m52,4,6, . . .

for 0<z<d and,

wm
e ~z!5Cmexp@2km~z2d!#

3H cos~kmd/2!, m51,3,5, . . .

sin~kmd/2!, m52,4,6, . . .
~4!

for z>d, whered is the QW width,

Cm
2 5

2km

11kmd6cos~kmd!6~km /km!sin~kmd!

is the normalization constant with upper~lower! sign for the
odd ~even! levels,

km5A2me«m
e /\2, km5AQe

22km
2 , Qe5A2meDEc /\

2,

andkm for themth level is found from the equations

cott5
t

Abe
22t2

, tant52
t

Abe
22t2

for odd and even states, respectively;t5kd/2 and
be5Qed/2. There are no states fort50, while the level
m51 always exists independent of the width and depth
the QW. The existence of all other levels is subject to
conditionkm,Qe . The electron energy calculated at the b
tom of each QW band is

En,m
e 5~n11/2!\veH1«m

e . ~5!

Similarly, the wave function of the hole is

Cn,ky ,m
h ~x,y,z!5Fn~x2aH

2 ky!
1

ALy
eikyywm

h ~z!, ~6!
n
n

f
e
-

wherewm
h (z) can be obtained from thewm

e (z) through the
substitution (me ,DEc)→(mh ,DEv). The energy of the hole
is

En,m
h 5Eg1~n11/2!\vhH1«m

h , vhH5
eH

mhc
. ~7!

III. POLARON WAVE FUNCTION

Let us assume that the magnetic-field strength lies in
interval whereveH.vLO . We do not take into account th
phonon dispersion and broadening and we assume tha
energy separation of different phonon modes is larger t
the polaron splitting so that in the theory we only have
consider one phonon mode at a time. The energy separa
of size quantized levels in the electronic subsystem is
sumed to be larger than both\vLO and\veH , which allows
us to consider only one specific QW level. The energy sp
trum of the system consisting of~i! one electron in the Lan-
dau leveln corresponding to some size quantized statem and
~ii ! N LO phonons is shown in Fig. 1, where the origin
electron energies is taken to be«m

e . The electron-phonon
interaction results in the splitting of degenerate states a
crossing points and double, triple, and higher polarons
pear in the energy spectrum. In this paper we are intere
mainly in the effects related to the degeneracy of the t
states (n51, N50) and (n50, N51) at the magnetic field
veH5vLO . For the polaron wave function we use the ans

Q~x,y,z,b!u0&5(
ky

a0~ky!C1,ky
~x,y,z!u0&

1 (
ky ,n

a1~ky ,n!C0,ky
~x,y,z!bn

†u0&,

~8!

FIG. 1. Schematic representation of the energy states of
electron and phonon subsystems shown as a function of mag
field ~normalized to the cyclotron frequency of the conduction el
trons!. Double and triple polaron splitting appears in the vicinity
points where either two or three branches cross atveH5vLO , re-
spectively. The splitting atveH5vLO/2 is not shown in the figure.
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17 770 54I. G. LANG et al.
where the superscripts~subscripts! e (m) of the electron
wave functions have been omitted,bn

† (bn) is the creation
~destruction! operator for the phononn, and u0& is the pho-
non vacuum. The first and the second terms in the w
function of Eq. ~8! correspond to the statesN50 and
N51, respectively. The indexn labels the phonon states an
consists of the quantum numbersq' and j , whereq' is the
in-plane wave-vector component andj corresponds to the
phonon size quantization. In the limit of three-dimension
phonons the indexj has to be substituted by the wave-vec
componentqz . The approximation of dispersionless phono
is well justified for the quasi-two-dimensional modes
GaAs–AlAs structures whend.50 Å. Our approach is valid
for wide enough QW’s, where interface phonon effects
not important in the polaron regime. Their role in the ma
netopolaron effect in narrow QW’s has been studied in R
24.

Let us substitute Eq.~8! into the Schro¨dinger equation

HQ5EQ, ~9!

where

H5H01Ve, H05He1Hph, ~10!

He (Hph) is the Hamiltonian of electrons~phonons!, and
Ve is the electron-phonon Fro¨hlich interaction. It is easy to
see that

HeC0,ky
5@«m

e 1~1/2!\veH#C0,ky
,

HeC1,ky
5@«m

e 1~3/2!\veH#C1,ky
,

Hphu0&50, Hphbn
†u0&5\vLObn

†u0&. ~11!

From here on, the electron energy is calculated with the
ergy «m

e as the origin and the notationS0[\veH/2,
S1[3\veH/2 is used.

We take the interactionVe in a general form

Ve5(
n

@Cn
e~r' ,z!bn1Cn

e* ~r' ,z!bn
†#, ~12!

where

Cn~r' ,z!5Cqe
iq'•r'jn~z!,

with jn(z)5exp(iqzz) for three-dimensional and
jn(z)5hq' , j (z) for quasi-two-dimensional phonons. Fo
Fröhlich interaction19 with three-dimensional phonons

Cq52 i\vLOS 4pa l 3

V0
D 1/2 1ql , l5A \

2mevLO
,

a5
e2

2\vLOl
~«`

212«0
21!, ~13!

whereV0 is the normalization volume and«0 («`) the static
~high-frequency! dielectric constant. The actual form of th
functionhq' ,i(z) can be found in Refs. 34–36.

To calculate the double polaron wave function~see Fig. 1!
and the corresponding energy splitting, we take into acco
only the coupling between two states: (n50, N51) and
e

l
r
s

e
-
f.

n-

nt

(n51, N50). All other possible transitions lead to corre
tions of higher order ina whenveH.vLO .

22,23 Therefore

Vebn
†u0&.Cn~r' ,z!u0& ~14!

and

Veu0&5(
n

Cn* ~r' ,z!bn
†u0&. ~15!

The derivation of the polaron wave function and energy
formally the same for three- and quasi-two-dimensio
phonons. Using Eqs.~8!, ~11!, ~14!, and ~15!, the Schro¨-
dinger equation may be written as

~E2S1!(
ky

a0~ky!C1,ky
u0&1~E2S02\vLO!

3(
ky

C0,ky(n
a1~ky ,n!bn

†u0&

2(
ky

a0~ky!C1,ky(n
Cn* ~r' ,z!bn

†u0&

2(
ky

C0,ky(n
a1~ky ,n!Cn~r' ,z!u0&

50. ~16!

Let us multiply the above equation on the left-hand side
^0u and ^0ubn8. Making use of the orthonormality of the
phonon states, we arrive at the system of equations

~E2S1!(
ky

a0~ky!C1,ky
2(

ky
C0,ky

3(
n

a1~ky ,n!Cn~r' ,z!50,

~E2S02\vLO!(
ky

a1~ky ,n!C0,ky
2(

ky
a0~ky!

3C1,ky
Cn* ~r' ,z!50. ~17!

In order to eliminate the dependence on the electron coo
nates, we multiply the first equation byC1,k

y8
* and the second

by C0,k
y8

* and integrate overr . The following matrix element

appears

E d3rC0,k
y8

* Cn*C1,ky

5dk
y8 ,ky2qy

expS i2 aH2 qx~ky1ky8! DU10* ~n!, ~18!

where
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U10* ~n![U* ~n!5M* ~n!Cq*K10~aHqy ,2aHqx!,

Knm~p!5Knm~px ,py!

5Fmin~n!,m! !

max~n!,m! !G 1/2i un2muS p

A2D
un2mu

expS 2
p2

4 D
3exp@ i ~f2p/2!~n2m!#Lmin~n,m!

un2mu ~p2/2!, ~19!

and

M2D~q' , j !5E
2`

`

dz@wm~z!#2hq' , j~z!,

M3D~qz!5E
2`

`

dz@wm~z!#2exp~ iqzz!

~20!

for two- and three-dimensional phonons, respectively;p is a
two-dimensional vector,p5Apx21py

2, f5arctan(py /px), and
Lm
n (t) is the Laguerre polynomial. Using Eq.~18! we arrive

at the system of equations

~E2S1!a0~ky!2(
n

a1~ky2qy ,n!

3exp@2 iaH
2 qx~ky2qy/2!#U~n!50,

~E2S02\vLO!a1~ky ,n!2a0~ky1qy!

3exp@ iaH
2 qx~ky1qy/2!#U* ~n!50. ~21!

Finally, substitution of the coefficienta1(ky ,n) from the sec-
ond equation in Eq.~21! into the first one results in the
equation for the polaron energy

E2S12
A2

E2S02\vLO
50, ~22!

where

A25(
n

uU~n!u2. ~23!

Equation~22! has two solutions

Ea,b5
S11S01\vLO

2
6AS S12S02\vLO

2 D 21A2,

~24!

where the indicesa andb correspond to the upper and low
signs, respectively~see Fig. 1!. Using the result of Eq.~24!,
we find the polaron wave function

Qpu0&5(
ky

a0p~ky!FC1,ky
1(

n

exp@ iaH
2 qx~ky2qy/2!#

Ep2S02\vLO

3U* ~n!C0,ky2qy
bn
†G u0&, ~25!

wherep is a or b. Direct calculation shows that wave func
tions of the two branches are orthogonal*d3rQb*Qa50.
From the normalization condition*d3rQp*Qp51 we find
that
(
ky

ua0p~ky!u25F11
A2

~Ep2S02\vLO!2G
21

. ~26!

Let us choose the coefficienta0p(ky) as

a0p~ky!5dky ,ky8F11
A2

~Ep2S02\vLO!2G
21/2

, ~27!

so that the polaron wave functions are characterized by
quantum numberky . Substitution of Eq.~27! in Eq. ~25!
results in the final expression for the polaron wave functio

Qpky
u0&5F11

A2

~Ep2S02\vLO!2G21/2

3FC1,ky
1(

n

exp@ iaH
2 qx~ky2qy/2!#

Ep2S02\vLO

3U* ~n!C0,ky2qy
bn
†G u0&, ~28!

which are orthonormal*d3rQp8,ky8
* Qp,ky

5dp,p8dky ,ky8. Under

conditions of exact resonanceveH5vLO we have
Ea,b
res5S16A and the splittingDEres5Ea2Eb52A is pro-

portional toAa, a characteristic feature of the quasi-tw
dimensional systems, as has been shown by Korovinet al. in
Ref. 21 ~see also Refs. 22 and 23!. According to the calcu-
lations of Ref. 24, the magnetopolaron splitting in GaA
AlAs QW’s is;0.2\vLO . In the limit ky50 the wave func-
tion of Eq. ~28! is reduced to the one in Eq.~15! of Ref. 23,
where the two-phonon term has also been taken into acco
Note that the two-phonon contribution is not important f
the calculation of the magnetopolaron splitting to the low
order ina.

We proceed to estimate the magnetopolaron splitt
DE52A for Fröhlich interaction with three-dimensional LO
phonons. Using Eqs.~19! and ~13! we obtain

DE3D52\vLOAa l

p F E
0

`

dxxexp~2x!

3E
2`

`

dqz
uM3D~qz!u2

2x1aH
2 qz

2 G1/2, ~29!

wherex5aH
2 q'

2 /2. For quasi-two-dimensional phonons

DE2D52F S

~2p!2
E dq'exp~2aH

2 q'
2 /2!

aH
2 q'

2

2

3(
j

uCqu2uM2D~q' , j !u2G1/2, ~30!

whereS is the normalization area. The polaron wave fun
tion under conditions of exact resonance can be written
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Qpky
~veH5vLO!u0&

5
1

A2 FC1,ky
6
1

A(
n

exp@ iaH
2 qx~ky2qy/2!#

3U* ~n!C0,ky2qy
bn
†G u0&. ~31!

Since bothA andU* are of orderAa, the two component
(n51, N50) and (n50, N51) are equally represented i
the polaron state.

Finally, we give below the expressions for the magne
polaron energy and wave function far from the resona
where

A!\uveH2vLOu. ~32!

The results are different for lower~left! and higher~right!
magnetic fields~see Fig. 1!. In particular,

Ea,r5Eb,l.
3

2
\veH1

A2

\~veH2vLO!
,

Qaky ,r
u0&5Qbky ,l

u0&

.FC1,ky
1(

n

exp@ iaH
2 qx~ky2qy/2!#

\~veH2vLO!

3U* ~n!C0,ky2qy
bn
†G u0&; ~33!

Ea,l5Eb,r.
1

2
\veH1\vLO1

A2

\~vLO2veH!
,

Qaky ,l
u0&5Qbky ,r

u0&

.F AC1,ky

\~vLO2veH!
1
1

A(
n

exp@ iaH
2 qx~ky2qy/2!#

3U* ~n!C0,ky2qy
bn
†G u0&. ~34!

Equations~34! coincide with the results of the lowest ord
perturbation theory when only (n50, N51)→(n51,
N50) transitions are taken into account. The statesQaky ,r

andQbky ,l
are formed mainly by the staten51, N50 with

a small admixture of statesn50, N51, whereas the oppo
site is true for the statesQaky ,l

and Qbky ,r
. The energy

corrections are of first order ina and corrections to the wav
functions are of the orderAa. However, these results are n
accurate23 since all corrections to the wave functions a
energy of the same order ina related to transitions into othe
states of the system have been neglected.

IV. TWO-PHONON RAMAN SCATTERING

In order to calculate the scattering efficiency we use
connection between the light-scattering tensor37,38Sagbl and
the normalized probabilityW̄s per one incident photonl to
-
e

e

emit the quantums of scattered light:

esa* esbelgell* Sagbl5
V0c

2nlns
~2p!3ulusvsv l

W̄s , ~35!

wherev l , el , nl , andul (vs , es , ns , andus) are the fre-
quency, polarization, refractive index, and group velocity
incident ~scattered! light. Using Fermi’s golden rule,

W̄s5
2p

\ (
f

z^ f uHu i & z2d~Ei2Ef !, ~36!

^ f uHu i &5(
b,g

^ f uUsug&^guVub&^buUl u i &
~Ei2Eb!~Ei2Eg!

. ~37!

In Eq. ~37!, Ul (Us) corresponds to the interaction of ele
tronic subsystem with incident~scattered! light. The ground-
state wave function of the crystal can be written as

C i5d~r12r2!u0&, ~38!

where r1 (r2) is a coordinate of electron~hole!. Similarly,
the wave function of the final state in the process of Ram
scattering by two LO phonons is

C f5d~r12r2!bn1

† bn2

† u0&. ~39!

The matrix elements ofUl andUs in Eq. ~37! include the
constantsMl andMs :

Ml ~s!52S p\1/2

V0
D e

m0
~el ~s!pcv!S ul ~s!

cnl ~s!v l ~s!
D 1/2, ~40!

wherepcv is the interband matrix element of the momentu
operator. The interaction of the electronic subsystem w
phononsV5Ve1Vh has been defined in Eq.~12!, where one
has to substituteCq

h52Cq
e for holes.

Since we are interested only in the process of reson
two-LO-phonon Raman scattering involving a double ma
netopolaron~see Fig. 1!, a constrain on the incident ligh
frequencyv l has to be imposed so that the direct creation
the real triple and higher polaron states will be impossible
the vicinity of veH5vLO this results in the condition

\v l,\v l05Eg1«e1«h1~5/2!\veH1~5/2!\vhH .
~41!

It will be shown below that both incoming and outgoin
resonances in two-LO-phonon processes are formed with
participation of only double polaron states whenv l,v l0.
We also assume thatmh.me .

All calculations below are carried out in terms of magn
topolaron states. However, the selection of important con
butions to the scattering efficiency seems to be easier w
the scattering process is considered on the basis of bare
tronic excitations. In Fig. 2 we show four diagrams for t
scattering amplitude that give the main contribution f
veH.vLO . In the diagrams, solid lines above~below! the
dash-dotted line correspond to electrons~holes!, dashed lines
to phonons, and dotted lines represent photons. Only
Landau number of electronic excitations are shown. Verti
sections 1, 2, and 3 correspond to the three intermed
states. At first, let us neglect the polaron effect. This is
same as neglecting the dressing of the electronic propaga
n51, which occurs through the resonant transitions into



n
ta-
te
d in
ns
o-

t

54 17 773MAGNETOPOLARON-INDUCED INCREASE OF THE . . .
FIG. 2. Diagrams for two-LO-phonon Rama
scattering amplitude in the basis of bare exci
tions. The vertical sections 1, 2, and 3 indica
intermediate states. The diagrams are selecte
such a way that all of them describe contributio
with two real intermediate states: 1 and 2 for pr
cesses with direct creation (a andc) and 2 and 3
for processes with direct recombination (b and
d). The polaron effect is taken into accoun
through dressing (e) the electron linesn51 by
resonant transitions to the staten50 with emis-
sion of LO phonons.
fo

ich
t r
3
th
f
in
av
ng

th
i
e

of

c-

in

. 3.
ron
ction
gh
u-
ve
le
nd-
staten50 with emission of LO phonons~seee in Fig. 2!.
For bare electronic propagators it is easy to see that
veH5vLO the states 1 and 2 in diagrama of Fig. 2 can be
simultaneously real while the state 3 is then virtual, wh
corresponds to the doubly resonant process with indirec
combination. For the processb in Fig. 2, the states 2 and
can be real while the state 1 virtual, corresponding to
process with indirect creation. Similarly, the diagrams oc
and d of Fig. 2 show the doubly resonant processes of
coming and outgoing character, respectively. Thus we h
selected all of the most important contributions. Now taki
into account the infinite series of the diagrams ine in Fig. 2
with the help of the Dyson equation, one can calculate
scattering amplitude for two-LO-phonon Raman scattering
the polaron regime. This approach has been used in R
r

e-

e

-
e

e
n
fs.

9–11, 28, 29, and 32. Note that in this case all vertices
interaction with light ~empty circles! and phonons~filled
circles! are calculated with the wave functions of bare ele
trons and holes from Eqs.~3! and ~6!, respectively.

Another equivalent way to do the calculation is to work
the polaron basis, which is assumed in Eq.~37!. Let us define
the intermediate statesb and g in Eq. ~37!. All important
contributions to the scattering amplitude are shown in Fig
The double solid lines in the diagrams represent pola
propagators. The empty squares correspond to the intera
with light. Note that creation of a polaron and a hole throu
the absorption of the incident light quantum occurs via co
pling to the pure electronic component of the polaron wa
function in Eq.~28!. However, the process of polaron-ho
recombination can take place in two different ways: depe
in
or-
t
ex-
ve
e
tes
FIG. 3. Same as in Fig. 2, but represented
the polaron basis. Empty and filled squares c
respond to the vertices of interaction with ligh
and phonons, respectively. The corresponding
pressions have to be evaluated with the wa
functions of a double polaron shown by th
double lines. There are two intermediate sta
b andg instead of the three states in Fig. 2.
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ing on the electronic component of the polaron wave fu
tion that couples to the hole, the recombination results i
scattered photon alone or accompanied by one phonon
shown in~b! and in ~a! and ~c!, respectively, of Fig. 3.

It is worth noting that the electron-phonon interaction c
be separated into two parts: resonant and nonresonant
call the interaction resonant if it leads toreal transitions of
the electron with emission of a LO phonon. ForveH5vLO
this means that the resonant part of interaction is represe
by matrix elementŝn21uCn

e* un& from Eq. ~12!, wheren is
the Landau number. This part has been taken into acc
exactly in the calculation of the polaron states. The res
the interaction ~nonresonant! can result in the polaron
polaron transitions with emission of LO phonons. In the d
grams of Fig. 3, the vertices of the nonresonant polar
phonon interaction are shown as filled squares. Note that
precisely the nonresonant character of all transitions w
phonons involving polaron states that allows us to calcu
the scattering amplitude via perturbation theory, whereas
infinite series of contributions has to be taken into acco
for resonant transitions ofe in Fig. 2.

We proceed to calculate the scattering amplitude tak
into account the three contributions of Fig. 3, which a
equivalent to the four diagrams of Fig. 2 with the dress
lines representing the electronic staten51. Let us consider
each contribution separately.

~i! Diagrama in Fig. 3 is equivalent to the sum of the tw
diagramsa andb and in Fig. 2. In the polaron basis the sta
b in Eq. ~37! consists of the polaron (p,ky) and the hole
(n8,ky8), and the matrix element of transition (i→b) is given
by

^buUl u i &5MlPF11
A2

~Ep2S02\vLO!2G
21/2

dk
y8 ,2ky

dn8,1 ,

~42!

where

P5E
2`

`

dzwe~z!wh~z!

andw(z) has been defined in Eq.~4!. The transitionb→g
consists in the emission of a phononn[(qx ,qy , j ) by the
hole that ends in the state (n9,ky8),

^guVub&5Pn
h*Kn8,n9~2aHqy ,2aHqx!

3exp@2 iaHqx~ky82qy/2!#dk
y9 ,ky82qy

, ~43!

where

Pn
h~e!5Cq

h~e!Mh~e!~n!. ~44!

Finally, the transitiong→ f may be represented as

^ f uUsug&5^ f uUsug&11^ f uUsug&2 , ~45!

where
-
a
as

e

ted

nt
f

-
-
is
h
te
e
t

g

d

^ f uUsug&1

5F11
A2

~Ep2S02\vLO!2G
21/2

3
MsPd2k

y9 ,ky2q1y
dn9,0dnn2

Ep2S02\vLO
Pn1

e*K10~aHq1y ,2aHq1x!

3exp@ iaH
2 q1x~ky2q1y/2!#, ~46!

and ^ f uUsug&2 differs from ^ f uUsug&1 by the substitution
n2→n1. Evaluating sums overb[(p,ky ,n8,ky8) and
g[(n9,ky8,n) in Eq. ~37!, we find

^ f uHu i & I5HI11HI2 , ~47!

where

HI15B~v l ,H !MlMsP
2
LxLy
2paH

2Pn1

e*K10~aHq1y ,2aHq1x!

3Pn2

h*K10~2aHq2y ,2aHq2x!dq1'1q2' ,0 , ~48!

B~v l ,H !5(
p

F11
A2

~Ep2S02\vLO!2G
21

3@\v l2Eg2«e2«h2Ep2~3/2!\vhH#21

3~Ep2S02\vLO!21@\v l2Eg2«e2«h2Ep

2~1/2!\vhH2\vLO#21, ~49!

andHI2 differs from HI1 by the substitutionn1↔n2. We
have used also the relation

(
ky

exp@ iaH
2 ky~q1x1q2x!#5

LxLy
2paH

2 dq1x1q2x ,0
. ~50!

Note thatB(v l ,H) contains two energy denominators d
pending on the incident light frequencyv l . They correspond
to the incoming and outgoing resonances, each one b
split into two peaks. The factor (Ep2S02\vLO)

21;A21

for veH;vLO leads to an increase of the scattering e
ciency.

All the selection rules that follow from the matrix ele
ments of Eqs.~42!, ~43!, and ~46! have been taken into ac
count when drawing diagrama of Fig. 3. The two contribu-
tions in Eq. ~47! correspond to the exchange of all thre
quantum numbers (qx ,qy , j )↔(2qx ,2qy , j 8) between the
two phonons in the diagram. Such substitution is necess
in order to take into account the interference effects in
scattering efficiency. Thus the three diagrams of Fig. 3 h
to be complemented by three additional diagrams with
changed phonon indices.

~ii ! This is the case of the diagrams inb in Fig. 3 andc in
Fig. 2. In this case both phonons in a scattering process
emitted by the polaron. The stateb is the same as in case~i!.
However, in the stateg there are two phonons, a polaro
and a hole.

The final expressions for case~ii ! becomes

^ f uHu i & II5HII11HII2 , ~51!



f

la
is

e
f
d
o

in
th

s

n

t-
lit-

54 17 775MAGNETOPOLARON-INDUCED INCREASE OF THE . . .
where

HII15Z~v l ,H !MlMsP
2
LxLy
2paH

2Pn1

e*K10~aHq1y ,2aHq1x!

3Pn2

e*K01~aHq2y ,2aHq2x!dq1'1q2' ,0

3(
p8

F11
A2

~Ep82S02\vLO!2G
21

3@\v l2Eg2«e2«h2Ep8

2~3/2!\vhH22\vLO#21, ~52!

Z~v l ,H !5(
p

F11
A2

~Ep2S02\vLO!2G
21

3~Ep2S02\vLO!21

3@\v l2Eg2«e2«h2Ep2~3/2!\vhH#21,

~53!

andHII2 can be obtained fromHII1 through the exchange o
the phonon indices. The last energy denominator in Eq.~53!
describes an incoming resonance. It is clear from the
denominator in Eq.~52! that outgoing resonance from th
contribution is impossible whenv l,v l0. We can then sub-
stituteEp8→(3/2)\veH and use the fact that(p8@ #2151.

~iii ! In this case stateb consists of the electron and th
hole in the Landau leveln50 with the opposite sign o
ky , as shown inc Fig. 3. In stateg there is a phonon emitte
by the electron, a polaron, and a hole. This contribution c
responds to diagramd in Fig. 2. We find

^ f uHu i & III5HIII11HIII2 , ~54!

HIII15X~v l ,H !MlMsP
2
LxLy
2paH

2Pn1

e*K01~aHq1y ,2aHq1x!

3Pn2

e*K10~aHq2y ,2aHq2x!dq1'1q2' ,0

3@\v l2Eg2«e2«h2~1/2!\veH2~1/2!\vhH#21,

~55!

X~v l ,H !5(
p

F11
A2

~Ep2S02\vLO!2G
21

3~Ep2S02\vLO!21

3@\v l2Eg2«e2«h2Ep

2~1/2!\vhH2\vLO#21. ~56!

The last energy denominator corresponds to the outgo
resonance. The total matrix element for transition into
final statef with phononsn1 andn2 is

^ f uHu i &5^ f uHIu i &1^ f uHIIu i &1^ f uHIII u i &. ~57!

Let us substitute Eq.~57! into Eq. ~36!. The sum over final
states in Eq.~36! runs over all combinations of two phonon
st

r-

g
e

( f•••5($n1 ,n2%
•••5 1

2 (n1 ,n2
•••. To calculate the prob-

ability W̄s we use the following properties of the functio
Kmn(px ,py):

Kmn~px ,py!5Knm~2px ,py!,

Knm* ~px ,py!5Knm~px ,2py!.

Finally, with the help of Eq.~35!, we find

esa* esbesgesl* Sagbl52Kd~\v l2\vs22\vLO!(
q'

B01
2 ~q'!

3(
j , j 8

u@A~v l ,H !1C~v l ,H !#

3Pq' , j
e P2q' , j 8

e
1B~v l ,H !

3~Pq' , j
e P2q' , j 8

h
1P2q' , j 8

e Pq' , j
h !/2u2,

~58!

where

K5
P4

~2p!2
S2

V0aH
4

\e4

m0
4

uelpcvu2uespcvu2

v l
2vs

2 ,

B01~q'!5uK01~2aHqy ,aHqx!u25
aH
2 q'

2

2
expS 2

aH
2 q'

2

2 D ,
A~v l ,H !5~\v l2ẼgH2\vmH22\vLO!21Z~v l ,H !,

C~v l ,H !5~\v l2ẼgH!21X~v l ,H !, ~59!

ẼgH5Eg1«e1«h1~1/2!\vmH ,

vmH5veH1vhH5
eH

mc
, m5

memh

me1mh
.

The results of the sums inZ(v l ,H), X(v l ,H), and
B(v l ,H) are

Z~v l ,H !5@~\v l2\V in!
22~D/2!2#21,

~v l ,H !5@~\v l2\Vout!
22~D/2!2#21,

B~v l ,H !5~2\v l2\V in2\Vout!

3Z~v l ,H !X~v l ,H !, ~60!

where

\V in5ẼgH1\vhH1\~veH1vLO!/2,

\Vout5ẼgH1\vLO1\~veH1vLO!/2,

D52AS \veH2\vLO

2 D 21A2. ~61!

Note thatV in andVout correspond to the incoming and ou
going resonances in the limit of zero magnetopolaron sp
ting.
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V. DISCUSSION AND CONCLUSIONS

The magnetopolaron effect results in~i! a strong increase
of the scattering intensity and~ii ! a splitting of the incoming
and outgoing resonances for two-LO-phonon Raman sca
ing into two doublets. The first doublet appears around
frequencyV in at \vR in65\V in6(D/2) and corresponds to
the incoming resonance when the energy of the initial stat
equal to the energy of the first intermediate stateb with a
hole n51 and a double polaron in an uppera or lower b
energy branch ~see Fig. 1!. The second doublet a
\vR out65\Vout6(D/2) is close to a frequencyVout and
corresponds to the outgoing resonance when the initial s
energy equals the energy of the second intermediate stag
consisting of the holen50, the upper or lower polarons, an
the LO phonon. Since we assumedmh.me , the difference

Vout2V in5vLO2vhH ~62!

is positive, butVout,v l0, wherev l0 corresponds to the di
rect creation of a triple polaron~see Fig. 1! as defined in Eq.
~41!. In Refs. 9–11 the approximationmh→` has been
used. In this casevhH50 andVout5v l0, which means that
one cannot neglect the contribution of the triple polaron.

Our result in Eq.~58! is valid for veH.vLO , v l.V in ,
andv l.Vout. First let us consider the range

uv l2V inu;A, uveH2vLOu;A. ~63!

SubstitutingA, C, andB in Eq. ~58!, we find that close to the
incoming resonance

esa* esbesgesl* Sagbl.2KZ2~v l ,H !d~\v l2\vs

22\vLO!(
q'

B01
2 ~q'!

3(
j , j 8

U Pq' , j
e P2q' , j 8

e

\v l2ẼgH2\vmH22\vLO

1
~Pq' , j

e P2q' , j 8
h

1P2q' , j
e P2q' , j 8

h
!/2

\v l2ẼgH22\vLO
U2.

~64!

The first and the second term in vertical bars correspon
the processes where both phonons are emitted by the ele
and where one phonon is emitted by the electron and ano
by the hole, respectively. The energy denominators in ve
cal bars describe virtual intermediate states for correspo
ing processes and cannot be equal to zero for laser frequ
close to the incoming resonance. In order to analyze the r
nance behavior of the scattering efficiency we introduce
nite lifetimes for resonant states. Then the functi
Z2(v l ,H) from Eqs.~60! and ~64! is transformed into

Z2~v l ,H !5u\v l2\vR in12 i\G ina/2u22

3u\v l2\vR in22 i\G inb/2u22.

For both components in the doublet we have

Z2~vR in6 ,H !5S \G

2 D 22FD21S \G

2 D 2G21

, ~65!
r-
e

is

te

to
ron
er
i-
d-
cy
o-
-

whereD;Aa. Far from the points of anticrossing the po
laron effect is not important and conditions for double res
nance cannot be realized. Only single resonance is pos
and instead ofZ2(v l ,H) a factor

S \G

2 D 22

~DE!22

appears in the scattering efficiency whereDE is the energy
detuning. Thus the polaron effect corresponding to the c
ditions of a double resonance leads to the increase of
scattering efficiency by the factor (DE/D)2 when D
@(\G/2). Since D;Aa, the scattering efficiency in the
magnetopolaron regime is of ordera and of ordera2 other-
wise.

Note that the result of Eq.~65! has a general character an
can be applied to all cases of double resonance where
crossing of energy branches results in the splitting o
double resonance peak. Neglecting the splittingleads to an
incorrect estimatefor scattering efficiency;(\G/2)24,
which follows from the simultaneous vanishing of the tw
out of three energy denominators corresponding to the in
mediate states. This estimate is immediately obtained if
resonant coupling between the states (n51, N50) and
(n50, N51) leading to the thick dressed lines for electro
~see Fig. 2! is incorrectly neglectedunder the resonant con
ditionsveH5vLO .

In a similar way, close to the outgoing resonance

uv l2Voutu;A, uveH2vLOu;A, ~66!

one finds

esa* esbesgesl* Sagbl

52KX2~v l ,H !d~\v l2\vs22\vLO!

3(
q'

B01
2 ~q'!(

j , j 8
UPq' , j

e P2q' , j 8
e

\v l2ẼgH

1
~Pq' , j

e P2q' , j 8
h

1P2q' , j
e Pq' , j 8

h
!/2

\v l2ẼgH2\vmH
U2, ~67!

where

X2~v l ,H !5u\v l2\vR out12 i\Gouta/2u22

3u\v l2\vR out22 i\Goutb/2u22.

On the right-hand side of Eqs.~64! and ~67! one can easily
separate the contributions of processes of type~i!, where one
phonon is emitted by the electron and another by the h
and types~ii ! and ~iii !, where both phonons are emitted b
the electron. ForveH5vLO the energy detuning in the onl
virtual state for process~i! is \vLO2vhH , whereas for~ii !
and ~iii ! it is 2\vLO for both incoming and outgoing reso
nances. Thus the processes of type~i! are more effective in
the Raman scattering and should give the main contribu
for the case involving the light holes in GaAs.
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In Fig. 4 we show the results of calculations of the res
nant profile for two-LO-phonon Raman scattering in the p
laron regime whenveH5vLO . The profile is the same fo
both incoming and outgoing resonances showing the do
polaron splitting of the peak. The dashed line shows dir
contributions from the two polaron branches, whereas
dash-dotted lines represent their interference. The sum
shown as a solid line. We have used a phenomenolog
broadening of 0.1D in the calculations. Note that exactly i
the middle between two peaks the interference contribu
is equal to the direct one, whereas it is not important clos
both resonances.

Double resonance conditions cannot be satisfied in
case of one-LO-phonon Raman scattering via the intrab
Fröhlich interaction because of the Landau number con
vation in interaction with light.28–30Although there is a mag
netopolaron splitting of the Raman peak, there is no incre
in the scattering efficiency. Nevertheless, double resona
in a one-LO-phonon Raman scattering can be realized
interband transitions via deformation potential or in the el
tric field.28–30

Now we discuss qualitatively the role of higher polaro
~see Fig. 1! in Raman scattering. Atv l5v l0 the direct cre-
ation of a triple polaron becomes possible. Triple polaro
appear as a result of strong interaction between the s
(n52, N50), (n51, N51), and (n50, N52) when
veH.vLO . Under such conditions a three-LO-phonon R
man scattering might be triply resonant. In terms of b
excitations this means that three out of four intermedi
states in the scattering process can be real. Using the ba
magnetopolaron intermediate states, one can say that the
cess takes place via real states of a triple polaron. The s
tering efficiency is proportional toa and the triple resonanc
splits into three peaks.9–11All higher-order Raman processe

FIG. 4. Magnetopolaron-induced splitting of the incoming or t
outgoing resonance profile in two-LO-phonon Raman scatter
The dashed curve corresponds to the direct contribution from lo
and higher polaron branches, whereas the dash-dotted line s
their interference. The solid curve is the total scattering efficien
A phenomenological broadening of 0.1D has been used in the ca
culation. Far from the magnetopolaron resonance both peaks sh
be reduced by the factor;(DE/D)2, whereDE is the energy de-
tuning andD the magnetopolaron splitting.
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can be described qualitatively in a similar way. This mea
that under resonant conditions with respect to the incid
light frequency and the magnetic-field strength the scatte
efficiency ofN-LO-phonon Raman scattering is of the ord
of a for anyN. One can say thatN out ofN11 intermediate
states in the scattering process are real and only one sta
virtual. However, it is more correct to say that all real inte
mediate states represent the real state of a magnetopo
with multiple splitting. This qualitative picture may brea
down for higher-order processes when the Landau levels
not equidistant, e.g., because of nonparabolicity effects.
viously, this is not the case for two-LO-phonon proce
where only the energy separation of one pair of Landau l
els is important, which can be tuned by the magnetic-fi
strength.

Finally, we analyze qualitatively the role of phonon di
persion in the growth direction. For narrow QW’s (d,50 Å
in GaAs! the characteristic separationDv j of quantized pho-
non modes may be larger than their broadening. Then e
quantized phonon mode results in a double magnetopola
at the magnetic field strength to be found from the condit
veH5v j . Then one has to distinguish between two phono
in the final state, which can be of a different frequency.
test double polaron states, we need at least one of th
phonons to be in resonance with the electron cyclotron
quency. This is easy to achieve by tuning the magnetic fi
Another phonon can be either from the same or from so
other size quantized mode. All equations obtained above
directly applicable to the case when both phonons co
spond to the same branch. Then we have to substi
vLO→v j and(n→(q' in all equations. Let us assume th
the magnetopolaron splitting 2Aj52(q'uU( j ,q')u2!Dv j .
We consider the incident light frequencyv l.V j in and
v l.V j out, where

\V j in5ẼgH1\vhH1~\veH1\v j !/2,

\V j out5ẼgH1\v j1~\veH1\v j !/2.

The two peaks in the resonant profile split into two doubl
at v l5V j in6(D/2) andv l5V j out6(D/2), where

D j52AS \veH2\v j

2 D 21Aj
2.

The generalization to the case of two different phonons
the final state is rather straightforward and consists of eli
nating one of the two contributions to each of three mat
elements in Eq.~57!. The exchange of the phonon indices
Eqs. ~48!, ~52!, and ~55! does not lead to equivalent contr
butions anymore. One of the two contributions in each pai
always nonresonant and can be neglected. The other
2Aj@Dv j is more complicated and we leave its analysis
future work.

To summarize, the wave function and energy spectrum
a double polaron has been derived for resonantly coup
electron and phonon subsystems of a quantum well.
magnetic-field range both in resonance and far from re
nance has been analyzed. In the nonresonant range o
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magnetic-field strength the results coincide with those
lowest-order perturbation theory. The scattering efficien
for a two-LO-phonon Raman scattering has been calcula
in the vicinity of incoming and outgoing resonance with
double polaron. The splitting of the peaks in the Raman p
file is accompanied by a strong increase in the scatte
efficiency related to the doubly resonant character of
scattering process under conditions of a resonant pola
coupling.
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