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A model to describe fission on light actinides, which takes into account transmission through a triple-humped
fission barrier with absorption, is proposed. The fission probability derived in the WKB approximation within
an optical model for fission has been incorporated into the statistical model of nuclear reactions. The complex
resonant structure in the first-chance neutron-induced fission cross sections of 232Th and 231Pa nuclei has been
reproduced by the proposed model. Consistent sets of parameters describing the triple-humped fission barriers
of 233Th and 232Pa have been obtained. The results confirm the attribution of the gross resonant structure in the
fission probability of these light actinides to partially damped vibrational states in the second well and undamped
vibrational states in the third well of the corresponding fission barriers.

DOI: 10.1103/PhysRevC.74.014608 PACS number(s): 25.85.Ec, 24.10.−i, 24.60.Dr

I. INTRODUCTION

Scientific interest in the fission of light actinides is mainly
due to the effect known as the “thorium anomaly” [1]. It has
been demonstrated that in the thorium region, second-order
shell effects split the outer fission barrier giving the so-called
triple-humped structure. Triple-humped barriers, allowing the
existence of exotic hyperdeformed class III vibrational states,
could explain the significant structure in the fission cross
section of Th, Pa, and light U isotopes. Many theoretical and
experimental studies have been dedicated to this subject in
the last decades (e.g., Ref. [2–5]). Recently, a triple-humped
barrier was proposed to be used to describe neutron-induced
fission on 238U [6]. Different types of analysis resulted in
different predictions of the fission barrier parameters, but none
of these papers present calculations of the fission cross section
reproducing the resonant structure of the measured data in an
extended energy range. Additional motivation for our work
is the importance of light actinides for the accelerator-driven
system (ADS) and innovative fuel cycle concepts based on
thorium fuel [7]. Knowledge of accurate neutron-induced
fission cross sections is crucially important for the design of
various reactor systems. During recent years, several studies
of neutron-induced reactions on thorium and protactinium
are being discussed in the framework of the on-going IAEA
Coordinated Research Program [7], including those published
by Maslov [8] and Han and Zhang [9], who used the triple-
humped fission barrier. However, uncoupled fission barriers
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were employed, meaning that the resonant structure present in
the experimental data could only be reproduced on average.

The aim of this paper is to propose a fission formalism
based on the optical model for fission [3,10] extended to
include triple-humped barriers. A consistent way to integrate
this formalism, needed for light actinides, within the statistical
model of nuclear reactions will be presented. Its capabilities
to provide information on the fission barrier parameters and to
accurately predict fission cross sections will be tested on the
first-chance neutron-induced fission on even-even 232Th and
odd-even 231Pa targets.

Section II of this paper provides a general description
of the fission model for light actinides and its integration
within the statistical model of nuclear reactions. Expressions
used for fission barrier parametrization, fission coefficients
corresponding to different transmission mechanisms, and
decay probabilities for fission and competing processes are
given. Section III describes the application of the model to
neutron-induced fission on thorium and protactinium up to
about 5 MeV neutron incident energy. Finally, Sec. IV presents
our conclusions.

II. FISSION MODEL FOR LIGHT ACTINIDES

The optical model for fission was developed to describe
the resonant structure of the fission cross section at subbarrier
excitation energies. The structure appears because of resonant
transmission through vibrational states in the second well of
a double-humped fission barrier. In this model, the damping
of the class II vibrational states and their coupling to class I
states (i.e., the absorption of the incident flux in the isomeric
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FIG. 7. (Color online) Neutron-induced fission cross section of
232Th from 0.5 to 5.9 MeV. Experimental data were taken from
EXFOR [55–61].

(iii) Wide resonances below 1.1 MeV which could be
associated with partially damped vibrational states in
the second well.

(iv) A fission threshold around the neutron incident energy
of 1.5 MeV, suggesting a height of the outer barriers of
6.3 ±0.2 MeV.

(v) The positions of the resonances assumed to be related to
the class II and class III states and the rising smooth part
between them (from 1.1 to 1.5 MeV) indicating that the
excitation energy ranges of the vibrational states in the
two wells do not overlap (see Appendix A and region IV
in Fig. 2).

The best description of the experimental data was obtained
by using fission barrier parameters in perfect agreement with
these assumptions (see Table I). The inner barrier parameters
(VA = 5.82 MeV, h̄ωA = 1.00 MeV) are supported by some re-
cent calculations [5] and differ from earlier predictions [2,15],
indicating a lower and wider inner hump. The parameters of
the second well were deduced from the position of the wide
resonances at low energies related to the class II vibrational
states. The experimental data are scarce in this energy range,
so we adopted values typical of actinides: VII = 2.12 MeV
for the depth (defined with respect to the ground state) and
h̄ωII = 1.00 MeV for the width. For the heights of the
second and third hump, the values of VB = 6.35 MeV and
VC = 6.45 MeV were adopted. The widths of these humps
(h̄ωB,C = 1.30 MeV) were deduced from the slope of the
fission barrier at excitation energies above the inner barrier.
The parameters of the third well represent a controversial
subject: early calculations predicted a rather shallow well with
a depth of 0.2–0.5 MeV accommodating undamped class III
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FIG. 8. (Color online) Neutron-induced fission cross section of
232Th near the fission threshold. Experimental data were taken from
EXFOR [55–61].

vibrational states, while more recent experimental [62] and
theoretical [63] studies support the idea of a much deeper
well with a depth of up to 3 MeV, which might require
a partial damping. Independently of the depth of the third
well, however, we expect in general that class III resonances
should be less damped than class II resonances, since the
main microscopic source of damping is the coupling to
class I compound states. This coupling is much less likely
in the third well, where the nucleus is reflection asymmetric
and strongly elongated, than in the second well, where the
nucleus is reflection symmetric and less deformed, and thus
closer to the characteristics of the first well. The fact that the
present formalism does not allow for the damping of class III
vibrational states might affect the shape, but not the positions
of the resonances. Our calculations show that a deep third well
gives rise to a resonant structure, especially at energies below
the threshold, while a shallower well produces resonances in
the plateau region. The measured thorium fission cross section
would indicate a shallow third well, although resonances below
1.1 MeV could also be related to partially damped class III
vibrational states in a deeper third well. The best description
of the data was obtained using the depth of around 0.7 MeV
(VIII = 5.65 MeV) and the width h̄ωIII = 1.00 MeV. One can
notice that the bottom of the third well is close to the top of
the first hump, indicating that the positions of the class III
vibrational states correspond to excitation energies for which
the class II vibrational states are almost completely damped.
Therefore, there is no interference among the resonances due
to the states in the two wells, confirming our initial hypothesis.

The parameters of the barriers associated with the discrete
transition states presented in Table II have been deduced from

TABLE I. Parameters of fundamental triple-humped fission barrier (in MeV) for 233Th and 232Pa.

Compound nucleus VA h̄ωA VII h̄ωII VB h̄ωB VIII h̄ωIII VC h̄ωC

233Th 5.82 1.00 2.12 1.00 6.35 1.30 5.65 1.00 6.45 1.30
232Pa 5.92 0.50 1.90 1.00 6.30 1.20 5.40 1.00 6.34 1.10
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TABLE II. Transition bandheads (keV) for 233Th.

Kπ εA εII εB εIII εC Kπ εA εII εB εIII εC

1/2+ 200 100 100 180 200 1/2− 200 300 100 200 300
1/2+ 300 500 500 450 600 1/2− 300 800 400 500 350
1/2+ 400 700 600 750 650 1/2− 500 850 500 800 600
1/2+ 500 900 650 800 700 1/2− 700 900 550 850 650
3/2+ 200 250 300 300 500 3/2− 200 650 300 300 350
3/2+ 300 760 600 550 600 3/2− 300 700 600 600 650
5/2+ 0 0 0 0 0 5/2− 100 180 100 50 0
5/2+ 250 800 500 650 600 5/2− 300 850 600 700 600

fit, considering also the asymmetry of the third well. For the
widths, very similar values to those of the fundamental barrier
have been used, therefore they are not included in the table. The
strength of the imaginary potential in the isomeric well was
chosen to fit the width of the wide resonances at subbarrier
energies (0.8, 1.0 MeV) and to assure a complete damping
close to the top of the inner barrier.

The contribution of the continuum to the fission coefficients
is calculated using an equivalent double-humped fission barrier
(see Sec. II and Fig. 1). The parameters of the equivalent
outer barrier are Veq = 6.64 MeV and h̄ωeq = 0.75 MeV.
For the description of the continuous part of the fission
transition spectra the same level density formalism as for the
normal states was used. It is based on the superfluid model
below the critical excitation and the Fermi gas model above,
and includes deformation-dependent collective effects [22].
The shell correction, pairing, and asymptotic value of the
level density parameter at each saddle have been calculated
following RIPL-2 recommendations [64]. For the studied
nuclei, the impact of the level density parameters on the
description of resonant structure near the fission threshold is
relatively small.

As demonstrated in Figs. 7 and 8, the optical model for
fission with the barrier parameters discussed above provides a
very good description of the available experimental data of the
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FIG. 9. (Color online) Neutron-induced fission cross section of
231Pa from 0.1 to 5 MeV. Experimental data were taken from
references [65–71].

first-chance fission of 232Th. It is worthwhile to mention that
the optical model for fission was also shown to give a good
description of photon-induced fission on 232Th as can be seen
in Fig. 8 of Ref. [23], where preliminary results of the present
work were presented.

B. 231Pa(n, f ) reaction

The measured neutron-induced fission cross section of the
231Pa nucleus has a complicated structure (see Figs. 9 and 10).
Analyzing it we can notice the following features concerning
the fission barrier parameters:

(i) As in the 232Th case, a pronounced resonant structure
above the fission threshold indicates a triple-humped
barrier.

(ii) Unlike the 232Th case, a superposition of wide
(En = 0.185, 0.315 MeV) and sharp (En =
0.155, 0.173, 0.370 MeV) resonances in the subthresh-
old region indicates a coexistence of class II and III
vibrational states in this excitation energy range (see
Appendix A and region III in Fig. 2).

(iii) There is no obvious change of slope, but above 0.4 MeV
neutron incident energy, there are no more wide reso-
nances (presumptively related to the partially damped
class II vibrational states), meaning that the height of
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FIG. 10. (Color online) Neutron-induced fission cross section of
231Pa. Experimental data were taken from references [65–73].
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TABLE III. Transition bandheads (keV) for 232Pa.

Kπ εA εII εB εIII εC Kπ εA εII εB εIII εC

0+ 20 100 80 80 100 0− 20 30 100 70 100
0+ 80 200 180 100 200 0− 100 100 120 100 150
0+ 100 400 200 250 250 0− 120 150 500 200 400
1+ 10 30 50 20 50 1− 100 100 50 50 150
1+ 100 150 80 40 100 1− 70 250 100 90 150
1+ 150 160 100 250 100 1− 100 400 120 200 250
1+ 160 300 170 500 200 1− 130 480 200 500 200
1+ 200 400 200 650 200 1− 300 550 220 700 300
2+ 10 60 30 10 30 2− 0 0 0 0 0
2+ 50 130 80 50 100 2− 40 40 60 50 150
2+ 100 210 100 160 150 2− 90 150 100 120 100
2+ 150 300 150 300 200 2− 200 200 150 320 250
2+ 200 350 300 420 400 2− 220 250 300 370 350
3+ 100 260 400 550 400 3− 200 400 500 520 450
3+ 130 300 450 600 400 3− 300 480 550 580 500
3+ 210 400 500 650 600 3− 400 550 600 700 600

the inner barrier would be 5.9 ± 0.2 MeV (the neutron
separation energy in 232Pa is 5.55 MeV).

(iv) The fission threshold around 0.5 MeV neutron incident
energy suggests heights of the outer barriers of 6.1 ± 0.2
MeV.

(v) The sharp resonances below the threshold, assumed to
be related to class III vibrational states, would indicate
a deeper third well.

Again our calculations are fully consistent with these
assumptions. The best description of the fission cross section
was obtained when using for the fundamental barrier the
parameters in Table I. They are similar to those obtained
for thorium, with two exceptions: the smaller width of
the first hump (h̄ωA = 0.5 MeV) needed to reproduce
the relatively low value of the protoactinium fission cross
section at low energies and, as expected, the lower value
of the third well bottom (VIII = 5.40 MeV) allowing
the description of the sharp resonances at subthreshold
energies.

The parameters of the barriers associated with discrete
transition states presented in Table III have been deduced
to fit the resonances. The calculations show that in the
protactinium case, resonances produced by vibrational states
in the isomeric well are strongly influenced by positions
of corresponding transition states in the third well. This
could explain why the fissioning compound nucleus 232Pa
has such spectacular resonant structure as observed in
Fig. 10, which is partially related to the vibrational states
in the isomeric well, despite the fact that it is doubly odd.
It is known that the neutron-induced fission cross section
of the odd-even targets [e.g., 241Am(n,f ) cross section] is
usually smooth, without any resonant structure. This is related
to the complete damping of the vibrational states in the
isomeric well, explained by the small distance among the
class II vibrational and nonvibrational states compared to their
widths, specific for doubly-odd nuclei. The atypical behavior
of the 231Pa(n,f ) cross section could be explained by the

coexistence of the second and third wells in the fission barrier.
Therefore, the penetrability through the class II vibrational
states is being “triggered” by the class III vibrational states.
Of course, the possibility that all the resonances are related to
class III vibrational states cannot be completely ruled out;
further studies of the fission transition state spectra are
warranted.

The strength of the imaginary potential in the isomeric
well was chosen to fit the width of the wide resonances at
subbarrier energies and to ensure a complete damping close to
the top of the inner barrier. The contribution of the transition
states in continuum to the fission coefficients was calculated
following the same procedure as for 232Th. The parameters
of the equivalent outer barrier used in calculations are Veq =
6.05 MeV, h̄ωeq = 0.50 MeV.

A good agreement of the 231Pa(n,f ) calculated cross section
with the experimental data is demonstrated in Figs. 9 and 10.
Further refinement of the calculation will be possible after the
evaluation of competing particle emission channels is finished.

IV. CONCLUSIONS

A model to describe fission in light actinides, which takes
into account transmission through a triple-humped fission
barrier with absorption, has been developed. This formalism
is capable of interpreting complex structure in the light
actinide fission cross section in a wide energy range. It
can be applied at sub- and overbarrier energies for neutron-
and photon-induced fission. The fission probability derived
in the WKB approximation within optical model for fission
has been incorporated into the statistical model of nuclear
reactions. The complex resonance structure in the first-chance
neutron-induced fission cross sections of 232Th and 231Pa
nuclei has been well reproduced by the proposed model.
Consistent sets of parameters describing the triple-humped
fission barriers of 233Th and 232Pa have been obtained. A
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0.7 (0.9) MeV shallow third well is obtained for thorium
(protactinium) allowing us to neglect damping in this well.
Calculations confirm the attribution of the gross resonant
structure in the fission probability of these light actinides to
a combination of partially damped vibrational states in the
second well and undamped vibrational states in the tertiary
well of the fission barriers.

We are aware that (n,f ) cross sections alone do not permit
the unique determination of the fission barrier parameters of
superdeformed and hyperdeformed states. Additional experi-
mental data, such as angular distributions of fission fragments,
would be useful. It is our intention to analyze them, once they
are available, using a more refined theoretical model, including
direct evaluation of fission barriers [74] as well as theoretical
parametrization of transition states by means of a suitable
collective model of nuclear structure.
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APPENDIX A

The general relations for the direct transmission coefficient
[Eq. (10)] and for the absorption coefficient in the isomeric
well [Eq. (14)] take the following particular forms in the
excitation energy regions indicated in Fig. 2:

(i) Region I corresponds to excitation energies lower than
the isomeric well. The fission coefficient Tf is calculated
by numerical integration as the transmission coefficient
through the whole fission barrier.

(ii) Region II corresponds to excitation energies higher
than the isomeric well and lower than the outer
well. The fission coefficient is calculated as in the
case of a double-humped barrier, whose WKB for-
mulas were first derived in Ref. [16] for a real
barrier and in Ref. [15] for a more general case
of a complex potential in the intermediate well,
that is,

Tdir = TATB

e2δ + 2(1 − TA)1/2(1 − TB)1/2cos(2ν1) + (1 − TA)(1 − TB)e−2δ
, (A1)

Trefl = Tdir

TATB

[e2δ(1 − TA)

+ e−2δ(1 − TB) + 2(1 − TA)1/2(1 − TB)1/2cos(2ν1)],

(A2)

Tabs = 1 − Tdir − Trefl = Tdir
e2δ − (1 − TB)e−2δ − TB

TB

. (A3)

In the present case, TB is replaced with the transmission
through the outer humps TBC , calculated by numerical
integration through the outer barriers B and C.

(iii) Region III corresponds to excitation energies higher
than the outer well and lower than the first hump. In
this energy range, class II and class III states coexist.
The direct and absorption coefficients are calculated
using the relations (10) and (14). This region is key
to the successful description of neutron-induced fission
on 231Pa.

(iv) Region IV appears when the height of the first hump
is lower than the outer well, and the excitation energy
is higher than the height of the first hump. This case
corresponds to a two-humped barrier with full absorption
in the isomeric well (Tabs → TA → 1, Tdir → 0, Trefl →
0) and the transmission through the outer humps TBC ,
calculated numerically. It is worthwhile to point out the
difference between the transmission coefficient through
the barrier T = Trefl + Tdir + Tabs → 1 and the fission
coefficient (4), which at overbarrier energies, where
Tγ II → 0 and the full damping limit is reached, becomes

Tf = TATBC

TA + TBC

(A4)

and tends to 1/2.
(v) Region V is similar to Region IV (Tabs → TA, Tdir → 0)

except that TBC refers to the direct transmission (with-
out absorption) through the second and third humps,
which is

TBC = TBTC

1 + 2[(1 − TB)1/2(1 − TC)1/2cos(2ν2) + (1 − TB)(1 − TC)]
. (A5)
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