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C. H. BAPAHOB

PEAJIN3ALIHSAA CHCTEMbI
CUMBOJIbHBIX BbIYHCJIEHHA MHHHCAK
HA A3bIKE ®OPT

1. BBexenne

B oOcHOBY JHaHHOH peaNH3audH IOJIOKEHAa HM3BECTHAs CHCTeMa
cuMBoJIbHBIX BoryucaeHui CAK-2 [1], npexnasHavenHas asis pa6orsi
€ NOJMHHOMAaMH OT MHOTHX II€DEMEHHBIX HaJ, KOHEUHbIMH MOJISIMH.
Anroputmuueckoe HamosHeHne cucreMsl CAK-2 copepuT cBbilie
500 aaropurMoB (npouefyp H (yHKIHH), peajH3yIOIUX DPa3JHYHbIC
JAefCTBUSL HAJ MOJHHOMAMH H CBSI3aHHBHIMHM C HHMH CTpPYKTypamu. Bce
3TH aJrOPUTMBI NPEACTABJCHBl B BUAE HCXOAHBIX TEKCTOB HA aJrOpHT-
MHYECKOM si3blke AJibliec, KOTOPHIH OTHOCHTCSL K KJaccy aJiroJio-
noJo6HEIX GecTHNOBLIX s3blKOB. Cucrema CAK-2 BKJouaer TpaHcis-
TOp, NepeBOASAIINI TeKCT ¢ fA3blKa Asbiec B craHgaprHuiii PoprpaH.
Tekcr 3T0r0 TpaHCAATOpa AaeTcd B ABYX aYTEHTHYHLIX BapHaHTax —
Ha a3bike dopTpaH U Ha sA3biKe Asbpaec. KOMOHHHPYSA HCNOJb30BaHHE
Anbpec-tpaHcnsropa cucremsl CAK-2 u craHmaptHOro tpascasrtopa
¢ s3bika PopTpaH, MOXKHO NEPEBECTH BCE ANTOPHTMHUYECKOE HATOJHE-
HHe CHCTeMbl B OHOJHOTEKY 3arpy3ouHRIX MOAyJeH AaHHOH 3SBM.

Hanbuefiiuas paGoTa NOJb30BaTesNd C CHCTEMOH BRITVIAJAT CJle-
IytomuM o6pa3oM. [IporpaMMHCT NUIIET IPOrpaMMy Ha fi3bike AJbaec,
B KOTOpPOH HMEIOTCS OGpamleHds K TeM HJIH HHBIM MOAYJISM H3 aJro-
puTMHUYecKOro HanosHeHusd. TpaHcJaHpys 3Ty nporpaMmy H 3areM
NPUCOEAHHAA K HeH Heo6XOaHMble MOAYJH U3 aJrOPHFTMHYECKOro Ha-
NIOJIHEHH S, MOXXHO INOJYYHTb paGouyio Nporpammy, Kotopas 3arpy-
JKaeTcsi B MaMATh H HCIOJNB3YeTCS /51 PacyeToB.

+ OnycaHHblii TOAXOA WpHEMJEM MNPH HCNOJb30BAHHH GOJIbIIMX
SOBM, HO COBepIIEHHO HE TOAUTCA JJS CPEAHHX NepcoHalbHbiX IBM
knacca EC-1840 mn3-3a cBOMX BBICOKMX TpeGOBAaHHI K ONEepaTHBHOM
namatd. Hanpuwmep, Ha EC 3BM cpeauuit o6vem paGoueii mporpaMmsl
upu ucnosb3oBanuu cucreMsl CAK-2 cocrasasier okoso 400 K Gaiir,
He CYHTAas MaMfATH, HEOGXOAUMOM I/ pa3MelleHus: paGounX 3HaUYCHUH
nporpaMmel BO Bpemsi cuera. Ha Ham B3risf, takoe «pasbyxaHue»
pa6oueii MporpaMMH CBA3aHO, C OJHOH CTOPOHBI, C ABYXCTYINEHYaTOH

© C. H. Bapauos, 1990
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TpaHcasnueil uepe3 PopTpaH B KauecTBe NPOMEKYTOYHOrO s3LIKA
M, C JpYyroi#i — HECOBEPIUIEHCTBOM HCXOAHOTO AJbiec-TpaucasTopa.

B paspabareiBaemoit aBropoM Bepcuu cucremnl CAK-2 mis nep-
coHaJbHBIX DBM, Kortopass noayunmnaa Ha3zBanne MHUHUHCAK, s ka-
YyecTBe INPOMEKYTOYHOrO si3bika BhiGpaH He PoprpaH, a Popr [21]
u caM AJsbJec-TpaHCIATOP NepenHcaH Ha 3TOM SI3blKe C NPHUMEHEHHEM
0c060H TeXHHKH TPAHCJALMM, NO3BOJHUBIUEH DE3KO COKPATHTb €ro
o6reM. HcxomHwiii BapuaHr TtpaHcasropa (1500 crpok Ha s3bike
Anbpnec) B nBonudom Kojze Ha EC 3BM cocraBiaser 420 K Gaiit u
Tpe6yer AJsA CBOel paGOTHl OTPE3Ka ONMepaTHBHON NaMATH pa3MepoM
500 K, B To Bpemsa Kak Aubpec-tpaHcasrop cucreMmsi MMHMCAK
(800 ctpoxk Ha s3vike POpPT) B OTTPAHCIHPOBAHHOM BHIE 3aHHMAaET
25 K 6Gaiir u BMmecte ¢ mojiepxuBaiomeit ero doprt-cucremolr [31
TpeGyeT oTpe3ka onepaTtHBHO# namartH meHee 100 K Gaiir.

Kak mu3BecTHO, KaXKAblH TPAHCJAATOP COAEPKHT B TOH MM HHOR
¢opMe TpH OCHOBHBIX KOMIIOHEHTA: JIEKCHUYECKHH aHAIU3aTOp, CHHTAK-
CHYECKHUHA aHA/NH3aTOp U reHeparop kojaa. Beibop sisbika doprt B Ka-
yecTBE HHCTPYMEHTAJbHOTO CPEACTBA CYLIECTBEHHO MOBJIHSJ Ha CIO-
co6 pelleHHsl 3THX 3aja4y NpPH CcO3JaHHH Aubaec-rpaHcasTopa CH-
cremol MUHHUCAK. Jlafee ONHCHIBAIOTCH TEXHOJOTHUECKHE aCNEKThE
_peanM3andi C TOYKH 3PEHHUS] HCIOJIb30BaHHS 3TOTO $3BIKA,

2. Jlexcnyeckuii akaam3arop

3agnaueil JJeKCHYECKOTO aHAJHM3aTOPa SIBJSETCS BhIAEJNEHHE JEKCeM
A3blKa M3 NPEACTAaBJEHHOTO BXOJHOrO TeKCTa. [TOCKOJbKY B AaHHOM
clyyae TPaHCHATOp sBasercss pacuupeHnem Popr-cHcTeMbl (T. €.
HaJCTpauBaeTcsi Hal Hel), TO HauGoJiee €CTECTBEHHOE pelLIeHHe CO-
CTOMT B HENOCPEJCTBEHHOM HCINOJb30BAHHH TEKYIUEr0 BXOXHOTO
notoka dopT-cHCTEMbl B KauyecTBe BXOAa TpaHcasitopa. IIpu Takom
NOAXOJe HHUKHUA YpOBEHb JIEKCHYECKOTO aHa/Iu3aTopa BBIMJIAJHUT
JOCTaTOYHO KOMIIAKTHO:

. KOHEII—TEKCTA ( C : IMTEPA———T : [IPU3HAK)
IF — 1 EXIT THEN QUERY O;
: BBECTU—JIUTEPY ( ———) TIB SIN@ + C@ HERE]
. Cl >IN +1;
: MIPUHATb—J/IUTEPY (———) 1 ALLOT BBECTU—JIUTEPY;
. BEPHYTb—JIUTEPY ( ———) —1 >IN +1:

"CanoBo  KOHEII—TEKCTA Bui3biBaer BBOJ OuepefHOH CTPOKH
npu ucuepnaHuH Tekymel, BBECTU—J/IMTEPY BruiGupaer ouepen-
HYIO JINTEPY U3 TeKylleH CTPOKH U NOMellaeT ee Ha BepIUHHY CJIOBaps
no agpecy HERE. Caoso TMPUHATb—J/IUTEPY npoaBuraetr Ha
eJUHHUILY yKa3are/Jb BEpPLIMHBI CJOBaps, 3alllulllas TeM CaMbiM HaXo-
IsILIYIOCS TaM MOCJEJHIO BBEIEHHYIO JIUTEPY, U BBOAUT CJeLYIOLLYIO.
Takum o6pa3oM, B pe3yJbTaTe HCHOJHEHHSI 3TOr0 CJOBa (TOUHee,
COOTBETCTBYIOLIEH ONepannu) HeCKOJILKO pa3 MOAPAL U jajee HUCIOJ-
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HeHuss cjaoBa BEPHYTb—JIUTEPY HenocpenctBeHHO noA Bep-
IUHHOA cJoBaps OyjAer copMHPOBAHO BHElHEE NpeEACTaBJAEHHE Ove-
penHoit sekceMbl. Ecau nepex HavasoM Takoil mnocsefoBaTeNbHOCTH
JNeHCTBHH MOMECTUTh Ha CTEK TeKylllee 3HAUeHHE yKa3aTeJs BepIUHHb
cnoBapss M 3areéM OTBecTH OAuH Gait mox cuetyuk AauHel HERE
1 ALLOT, 10 no ee 3aBeplieHHH MOXKHO MNOJYYHTb Ha BEpIUHHE
CJIOBapsl TEKCTOBYIO CTPOKY CO CUETYHKOM, KOTOpas YIOBJETBOPSET
TpeGoBaHHsAM DOpPT-CHCTEMBl H SIBJSETCS BHEIUHHM MNpeJACTaBICHHEM
JAaHHOH JI€KCEeMBI:

HERE OVER — 1 — OVER C! DP!

C nomomwpio crnenxadbHOH TAGIHILI, 3aBHCAIIEH OT MPHHATOM
CHCTEMbl KOJMPOBaHHS, JEKCHUECKHH aHaJH3aTOp OnpefeJsieT KJacc
(omnH u3 yeThIpex) KaxAOH BBOAMUMOMH JuTepHl: OyKBa, nudpa, cnen-
3HaK, nycto. PacrnosHaBaHHe OYepeHOH JIEKCEMbl HAUHHAETCS C Mep-
BOH JIMTEPHI, HMEIOIEH HENYCTOH KJAacc, H NPOAOJIKAETCS MO-Pa3HOMY
B 3aBHCHMOCTH OT HEro. '

Ecnau nepBas smrtepa oOKasajach 6yKBOf, TO BhIGHpaloTcsi Bce
clefylolire 3a Hel GYKBH H IU(QpPHI; TaK pacnosaercs uleHTHPHKA-
top. Ecan nepBasi smrepa — uudpa, T0 BIOHpAIOTC BCe NMOCAENY-
omHe nupel; TaK pacrno3Haercs yucao. Hakowen, ecaH mepsast ju-
Tepa 0KasaJjach CIEN3HAaKOM, TO U3 BXOJHOrO NOTOKA BHIOHPAeTCs ee
OJHa JIuTepa H NOJyYeHHEIE JBe JIUTEPHl CPaBHHBAIOTCA ¢ o6pasnaMu
JBYXJIMTEPHBIX HHINKAHTOB, HMEIOLIMXCS B sA3biKe. [IpH OTCyTCTBHH
COOTBETCTBYIOIEr0 oOpa3na Bropasi JHTepa CHOPMHPOBAHHOM JIEK-
ceMbl BO3Bpallaercss 06parHO BO BXOJHOH NOTOK H JaHHAas JIeKceMa
paccMarpHBaeTcsl Kak ONHOJHTEPHBIH HHIHKAHT.

Ias nekceM — HIEHTHPHUKATOPOB M HHAMKAHTOB — BhLINOJIHAETCS
NOHCK B CNENHAJbHBIX TabJHIAX, KOTOpLIE NPEeACTaB/JE€HBl CIIHCKAMH
CJIOB M onpejeseHsl uepe3 craHgaptHoe ®opt-cioBo VOCABULARY.
Ecaun unenrudukarop He HaljeH B tabaune K/IIOUEBBIE—CJIOBA,
10 OH Bo3Bpamaercs Kak Jekcema UIEHTHUOUKATOP. Ecau
HHauKaHT He Haiged B tabanne MHIAWKAHTBI, to Buigaercs coo6-
meHHe 06 OmHOKe — HeNONYCTHMOH JIMTepe BO BXOAHOM IOTOKE.
Ecan xe nomck okasajicsi yCHEeIIHBIM, TO HCIOJHSIETCS HaHJCHHas
CJIOBapHas CTaTbsl, KOTOPAsi MOMKET BEPHYTb CNELHAJbHBIA JEKCH-
uyecKHH KJacc JaHHOTO KJIOYEBOTO CJIOBA MJH HHAHMKAHTA WJH BHINOJ-
HHTb Kakoe-JauGo nHoe gefictBue. IMeHHO TakHM 06pa3oM, HanpuMep,
OCYILECTBJSAETCA PACNO3HABAHHE TEKCTOBBIX CTPOK H KOMMEHTapHEB,
KOTOpbE B si3blKe AJbJieC HAYMHAIOTCS C ABYXJHTEDHOIO HHIMKAHTA
«1 (», 3aKAHYMBAKOTCS OJHOJHTEPHBEIM HHINKAHTOMK)» ¥ BHYTPH JOJIHKHBI
ObITb «ypaBHOBEILUCHEKI» 10 HCNOJb30BAaHHUIO JIEBLIX H INPaBhIX CKOGOK.
CnoBapHasi crathsi Ans cjaoBa X ( B cnucke caoB MHIAWKAHTDBI
BoIOHpaeT M3 BXOAHOrO NMOTOKA Bce MNOCJEAYIOIHE JHTEPhl (BbI3bIBas -
IpH €ro HCYepNaHHH BBOJ CJeAyIOLIEH NOPUMH TEKCTa) A0 TeX NOp,
noka He OyJeT CYHTAaHO YpaBHOBEIIEHHOE CKOOOUHOE BBIpAMKEHHE.
$IcHO, YTO BKJ/IOWATh 3TH JCHCTBHS B OOLYI0 CXeMy JEKCHYECKOTO
aHa/JN3aTopa HELeJaecoo6pasHo.



3. CuHTakcH4ecKkmii aHanu3aTop

B mnpaKTHKe NOCTPOCHHS TPAHCJASTOPOB yXKe CTal0 TpaiuuHei
CTPOHTb CHHTaKCHYECKHH aHa/M3aTOpP aBTOMAaTHYECKH MO rpaMMaTHKe
KOHTEKCTHO-CBOGOJHOH cOCTaBJsIOLe BXOAHOrO s3bika [4]. 3rtor
NI0AX0J, NpUMEHEH M B NAHHOH peasH3alyu, OJHAKO B LEJAAX JOCTH-
JKEHHS MaKCHMaJIbHO KOMIIAKTHOCTH aHaJIM3aTOpa rpaMMarHKa si3blka
3ajaBajlacb He B TpajHIHOHHOA ¢dopMe bakyca—Haypa, a B BuIe
PEryJsipHHX BbIPaXKeHHH. )

OnpenesnM TpH OmepanyH Haj JMIOOBIMM MHOXKECTBAMH LEMOYEK
H3 JeKCeM Hallero f3blKa, BKJIOYas I1yCTO€ MHOXKeCTBO. Omnepanus
KOHKaTeHalluH MHoxectB A u B, 3anuceiBaemass Kak AB, ompege-
JISIeT MHOKECTBO BCeX IiernoueK Buia xy, rae x € A n y € B. Onepa-
LU pas3BeTBIEHHS MexAy MHoxectBamu A W B, sanuchiBaeMmas
Kak A; B, onpepenser MHOMecTBO, cOBmajaioiiee JuGo ¢ A, ju6o
¢ B (3Ta onepauus uMMeeT MpaKTUYECKHH CMEICA B TOM CJy4ae, €CJH
MHoxeetBa A U B He nepecekatorcs). HakoHen, onepauus pekypcuu,
3anuceiBaeMasi kak A s B, omnpeiejser GeCKOHEYHOE MHOXKECTBO
uenouek A; ABA; ABABA; .... B uyacrHoM cJjyvae, ecJH JeBbli
omepaHA PeKypPCHH — IyCTO€ MHOXKEeCTBO, TO omepanus = A 03Ha-
YaeT MHOXKECTBO LENOYEK (COCTABJIEHHLIX H3 3JIEMEHTOB MHOXeCTBa A),
BKJIIOYAIOIee MYCTYI0 IENOYKYy — nmoBTopeHHe A HyJb H GoJee pas.
Ecan xe npaBelff onepaHi peKypcHH OKasbIBaeTCSl NMYCTHIM MHOXKe-
CTBOM, TO 3anuCh A* O3HayaeT NOBTOpPEHHE 3JIEMEHTOB MHOXKeCTBa A
OIVH HJu OoJiee pas.

B rpaguueckoil ¢opme BBeJEHHBIE ONEpallMH HaJ, MHOXKECTBAMH
MOXKHO INPEICTaBHTh CJACAYIOUHM 00pasoM:

AB — A e f B KOHKAMEHAYUA,

N
TN

A XY o EA-—»—\vf—l pexypeus. -

A;8 et pa3beménenue,

Kaxzapli H3 mpeiacraBiieHHLIX IpagoB HMeeT OAMH BXOJ M OJHH
Buixox. I[Tponiecc NOpoKACHUS 3JE€MEHTOB MHOXKECTBA, ONpelesseMoro
Ka)kIOM M3 NEpPeyHCNeHHBIX OmepalnHi, nporeKaer Tak. B kauecTse
TeKyIleH LenoyKH OGepeTca mycras Lenoyka H OCYLIECTBJASETCS Npo-
X0XKZeHHe uepe3 JaHHbIA rpag OT ero Bxoja K BeIxoAdy. [IpoxoxaeHue
4epe3 BeplLUHHY, COOTBeTCTBYIOLLYIO MHOXECTBY — ONEpaHLy AaHHOH
onepaKHH, CONpPOBOXKIAETCA BLIOOPOM KaKOro-HHOyIbL 3JeMEeHTa H3
3TOr0 MHOXKECTBA H NPHIHCHLIBAHHEM €rO CIpaBa K TeKylueH uenouke.
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TTo nmocrHxeHHH KOHIA JaHHOTO rpaga TeKymas Nenoyka ApejcTaB-
AsieT COGOM ONMH W3 3JIEMEHTOB Pe3y/bTHPYIOMEro MHOKECTBA.

Pery/nsipHeIM BbipaXkeHHEM HAa3LHIBaeY¥es NPABHIbHOE CKOBOUHOE
BHIpaxkeHHEe, B KOTOPOM B KauecTBe ONepanuii HCrnoJab3yloTcs BBEAEH-
Hble " BhIILIE TPH ONEpAanHH Haj MHOMECTBAMM, a B KadecrBe ONEepaH-
IOB — 0GO3HaYeHHST MHOXKECTB HMJIH peryJspHble BhlpaxkeHHs. Dylem
3alHUCHIBATh OMNPEJCJICHHSI MHOMKECTB 4Yepe3 peryJsipHhE BhIpAa’KeHHA
caeayiolumM o6pasom: .

MHO)XECTBO : PETVYJ/ISIPHOE BbIPA)KEHHE.

Torna, HanpHMep, CHHTAKCHC BRIpaXKeHHS B Si3blKe AJIbJEC MOXHO
3ajath TakK:

BBIPA)KEHHE : (» «x3HAK—OIEPALIMH» OTIEPAHJ)
~ » («SHAK—OIEPALIMH»; «=»).
OTEPAHL : «<UHUCJIO» ; <(UAEHTHUO®UKATOP» («(»
(BBIPA)KEHHE * «,»; ) «)»;
«CTPOKA»; « (» (BBIPA)KEHHE;) « )».

3nece «HUCJIO», <UAEHTHUOUKATOP», «CTPOKA», «(», «)»,
¢=», «, » 1 «3HAK — OTIEPALIMH» 0Go3HaualoT JIEKCEMHl SI3bIKa
Anbnec U OJHOBpPEMEHHO OJHO3JEMEHTHbIE MHOXECTBA IENOYEK, CO-
CTOALIMX H3 OJHOH TakoH JeKceMsl. Ilycroe MHOXecTBO 0603HaYaerTcs
OTCYTCTBHEM COOTBETCTBYIOILETO OmnepaHia. B TeopuH TpaHCAAUHK
MHOJKECTBAa B ONpPEIEJCHHOM BhIllle CMBICJE HAa3bIBAlOTCS HETEPMHHa-
JaMH, a JeKceMBl, U3 KOTOPHIX COCTaBJAIOTEA HENOYKH Sf3blKa, —
TEpMHHAIaMH. Ecan BBecTH JonosHUTeNbHOe 06Go3Hauenne [A] ana
yacTo BCTpedalollerocsi pasperBieHus (A; ), TO npaBuJao s ome-
paHia OYJRET elle Kopoue:

OMEPAH: «UUCJIO» ; «UNEHTUDPUKATOP» [« (» [BBIPA-
JKEHHUE* « »] ¢ » |;
«CTPOKA»; « (» [BBIPA)KEHHE] «) ».

JlaHHOe TNpaBHJIO TOBOPHT, YTO ONEPAHAOM BLIPAXKEHHS MOXET
ObITb OIUH H3 YeThIpEeX OOBEKTOB: YUCJ0, HACHTHDHKATOP, 3a KOTOPLIM
MOXET C/eJ0BATh CIIHCOK BBIPAXKCHHUH Uepe3 3anfTyio, 3aKJIOYEHHBI
B KpYIJBIe CKOOKH (4TO COOTBETCTBYET YyKasarealo (yHKIHH CO
CnHUCKOM (paKTHUYECKHX NapamMeTpOB HJH NEPEMEHHOH C HHAEKCaMH),
CTPOKAa U BbIpa)K€HHE B KPYIJbiX CKOGKax. Ecsn BhipakeHue BHYTPH
CKOGOK OTCYTCTBYET, TO KOHCTPYKIHA ( ) paccMaTpHBaeTcs Kak mpej-
CTaBJICHHE CIIEHHAJLHOTO 06BEKTa — MYCTOrO CIHCKA, KOTOPLIf Takke
MOXKeT ObITb ONepaHaoM BeipakeHus. [IpaBusio A/ BeIpaxkeHHs ompe-
JeJsieT ero uepe3 pPeKypcHio OT ONepaHAa, KOTOPOMY MOMKET mnpel-
IIECTBOBATh HECKOJbKO 3HAKOB OJHOMECTHOHM OmepaiyH, HCIoJb3ye-
MBIX HyJb UM OOJsee pa3 M 3HAKa JABYXMECTHOH oOmnepaunuH HJH
paBeHCcTBa. To, YTO 3HaK paBHO HMeeT OCOObIA JIeKCHYeCKHH KJacc,
CBSI3aHO C €r0 UCMNOJIb30BaHHEM B JPYTHX KOHCTPYKUHAX, HANpPHMED:

MNMPUCBAUBAHME : (UAEHTUOUKATOP» [« (»
BBIPA)KEHHME &« «,« «) » ]
«=» BBIPA)KEHHUE.



3xech BbipaXEHHE CNpaBa OT 3HAKA PAaBHO MpPEACTaBJAsET HCTOYHHK
NPHCBANBAHUS, 8 KOHCTPYKIHSA C€Ba — MNOJy4aTe/ib, KOTOPHIA MOXKET
ObiTh JIH60 MPOCTOH NEPEMEHHOM, NPEACTAaBJEHHON OILHMM HAEHTHOH-
KatopoM, JIHOO mepeMeHHOH ¢ HHIEKCaMH, M TOrja nocje HACHTHH-
Karopa cJjeflyeT HenmycToM CNHCOK MHIEKCOB Yepe3 3amsaTylo, 3aKJio-
YeHHBIH B KPYTIJibie CKOOKH. Bee 3HaKu onepaimnii HMEIOT OJHH JIEKCH-
YeCKMH KJacc; pacnosHaBaHHe OJNHOMECTHbIX M  ABYXMECTHBIX OIe-
pauMi, KOTOpbi€ MPEACTABJAIOTCA OAHHM H TeM K€ 3HAaKOM (Ha-
npHMep, MHHYCOM), NPOHCXOAMT MO MECTy HX HCIOJb30BaHHS B
COOTBETCTBHH -C NPHBEJEHHBIM NPABHJOM.

[NonHbiit cHHTaKcHe s3biKa Asbfec 3afiaetcsi ¢ noMombio 12—15
fIpaBHJI, aHAJOTHYHBIX NMpHBEICHHLIM Bbiie. Ecan BepHyThCA K rpa-
({HyecKoil MHTEpPNpETalHH PETYJSPHBIX BBIPAXEHHH, TO 3TOT Habop
NpaBHJ 3ala€T HEKOTOPHIH OpPHEHTHPOBaHHLIA rpad ¢ ONHHM BXOIOM
H OJHHMM BHIXOZOM. [Ipomecc pacnosHaBaHHMsl LENOYKH JIEKCEM Ha
NPHHALJIEKHOCT S3bIKY, ONpefesaseMOMy AAaHHOH rpaMMaTHKOM, cO-
CTOHT B NPOXOXKAEHHH 4epe3 3TOT rpad OT ero HayaJjga K KOHLY C OTO-
KIECTBJEHHEM Ka)kIOH OvepelNHOH nOANOC/]eI0BaTEeJbHOCTH JIEKCeM
M3 NPEACTABJCHHON. LENOYKH C 3JEMEHTOM MHOXKECTBA, YKa3aHHOIO
B BEpIINHE, 4epe3 KOTOPYIO BLINOJIHAETCS NpPOXOXKAEHHE. 31ech Ccy-
IIECTBEHHbIM OKasbiBaeTcsl COOJIOfAeHHE TNPHHLIHMINA OXHO3HAUHOCTH
[IDH Pa3BETBJCHHH (MHOXKECTBA — ONEPaHbl pa3BETBJIEHHS He T0JIKHBI
fiepeceKkarbCcsl) M 3aBEpPIIAEMOCTH pEKYpcHH (mpH o6xole Jo6oro
LHKJIa B rpade NOMKHO MMETh' MECTO NPOJBHIKEHHE IO aHaJIH3Hpye-
MOH menoyke xoTsi Obl Ha OLHY JEKceMy).

PaccmaTtpuBas npoumecc aHannM3a Kak NPOXOXAEHHe 10 rpady,
MOXKHO BHECTH B 3TOT rpad AOMOJHHTENbHbIE 3JIEMEHTBI: MOMETHTb
JIyTH rpada HMeHaMH cnenyajbHbIX NPOLEAYpP, KOTOpHIE GyAeM Hasbl-
BaTb CEMaHTHKAaMH, C T€M, 4YTOObI NMPH MPOXOKAEHHH NO OTMEYEHHOH
Jyre aBTOMATHYECKH BBIMOJIHAJCA BbI30B COOTBETCTBYIOLIEH CeMaH-
THKH. B MOMEHT HCNOJIHEHHMs CEMaHTHKH CHHTaKCHYeCKHil aHajn3a-
TOP «NOMHHMT» XapaKTePHCTHKH MNOCJTeJHEHl NpPHHATOH JIeKCeMul: ee
JIEKCHYECKH# KJacc, BHeElIHee MpeiCTaBJeHHE M T. A. OTH 3HaueHHs
MOTYT GbITb HCNOJL30BaHEI B CEMaHTHKe KaK mapaMerpel. CeMaHTHKH
B Inpefesiax OJHOTO MpaBHJa MOTYT mnepefaBaTb HHPOpPMaLHIO APyr
APYry uepe3 rJjobalbHbie NepeMEHHbe HJIH, YYHTHIBas BO3MOXKHOCTb
PEKYpCHH, Yepe3 cTeK. B 3TOM cilyyae KOMIJIEKC CEMaHTHK B pPaM-
Kax OJHOTO ONpeJe/eHHs MOXXHO paccMaTpHBaThb KakK OAHY MHOTO-
BXOJIOBYI0 NpOLEAYpY, COGCTBEHHbIE JaHHbIE KOTOPOH PacroJaramTcs
Ha creke. O603Hauyasi CEMaHTHKH 4Yepe3 HAEHTH(HKATOPbl CO 3HAKOM
BOMpoca, MNepenuiieM CHHTaKCHYeCKHE INpaBHJa /s BbipaxeHHs,
JOTOJIHMB HX MMEHaMH CEMaHTHK, HCIOJHAEMBIX 10 XO4y pasfopa:

BbIPA)KEHHE : ?®1 ( « (*IMECTH «3HAK—OIIEPALIMH»)
OIMNEPAHI) » (?2MECTH «3HAK—OITEPAIIMW» ;
?2MECTH «=») ?®2.
OIMEPAH : *UHUCJIO «UUCJIO», U «<MWAEHTUOHUKATOP»
(PHUI1 « (» [BBIPA)KEHUE ?CUETUHK) « «,»] PUIO2 «)»; PU3);
?CTPOKA «CTPOKA»; « (» RITIYCT«)» ; BBIPA)XEHHE «)» ).
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[IpnMeHss H3BECTHYIO TEXHHKY NpPeo6pa30BaHMs HHOHKCHBIX dop-
MyJ K OOpaTHOM MNOJBCKOH ¢opMme € HCNOJIb30BAHHEM OTIEJLHOTO
CcTeKa omnepauuf, MOKHO 3ajaTh 3TH NEHCTBHA BHYTDH BBEIEHHBIX
CEMaHTHK M TeM CaMbiM NpPEBpPaTHTh AAHHBIH aHAJN3aTop B TPaHCJS-
TOp "(HJIH MHTEPNpPETaTop) apHpMETHUECKHX BbIpaxKEeHHH. DleMeHTaMu
BCIIOMOTATe/IbHOIO CT€KAa Omnepanuil sIBAIOTCS NApbl 3HAYCHHH: HC-
NOJTHUTENbHBIA KOJ, JaHHOH omepamuy (Ha 3TOM yPOBHE OJHOMECTHbIE
M IBYXMECTHBIEC OMNEPAalHH C OJWHAKOBBIM BHEIIHUM IIPEICTABJCHHEM
JOJIKHEL pas3finuathes) U ee mpuopurer. Cemanruka ?®1, ¢ koropoii
HAaUYMHAETCS PAaclNO3HAaBaHUE BhIPAXKEHHS, KJAJET Ha CTeK onepanui
HEKOTOPLI OrpaHHUHTe]b (HalnpHMep, YHCJO HYJIb); OH AOJKEH ObiTh
MeHbIue npuopHtera JioGoit omepauuu. Cemantuka ?IMECTH mnpo-
Bepser, YTO TeKyllas JeKceMa fBJSETCS JOMYCTHMBbIM 3HAKOM OIHO-
MECTHOHM omepamnuH (€CJH 3TO He TaK, TO BBAAETCA COOOLIEHHE 06
omnbKe), HAXOAUT HUCNOJHUTENbHBIA KOA JAaHHON Omepauvu U KJauer
€ro Ha CTeK onepanuii BMecre ¢ MaKCHMAJbHBIM IPHOPHTETOM
(o6b1uHO 9). Cemantnka P2MECTH ananornuno cemanruke ? IMECTH
NpoBepsAeT, YTO TEKymas JeKceMa SBJAETCs AONYCTHMBIM 3HAaKOM
JBYXMECTHOH OmepanuH, HaXOOUT €€ HCHOJHHTEJbHBIH KOA H NpH-
OpHUTeT (YHCJO0 B AuanasoHe oT 2 o 8), a 3aTeM KJafeT MX Ha CTeK
onepanuii, BHITAJKHBas OTTYJa BCe ONEPALUH C HE MEHbLIINM IpH-
OpHUTETOM. BRITOJIKHYTBEIE OMEpPamHH HCMOJHSAIOTCA HJAH KOMIMJIH-
pylotcsi. HakoHen, cemaHTHKa ?®2, 3aBepmaroilasi pacnosHaBaHHe
dopMyJibl, KJAaleT Ha CTEK (HKTHBHYIO ONepanHio ¢ mpHopHreToMm I,
KOTOpLI JOJKeH ObiTh MeHbIle NPHOPHTeTa J000H omepaluy, HO
GoJsibllle OrpaHHuMTeN sl cCeMaHTHKH ?®P1, BeITalKHBasg NpPH 3TOM BCe
onepanMH C He MEHbIUNM IPHOPHTETOM. B pesysbrare Ha BepuiMHe
CTeKa OMNepaiHil OCTaHeTCs TOJLKO 3TA Onepanuss H OrpaHH4YHTENb,
HOJIOKEHHBIA CeMaHTHKOH ?®1, KOTOphIe yIassiloTcs CO CTeKa.

CemaHTHKH, CTOSIIIME B NpPaBOM YacTH MNpaBuja JJs OnepaHia
BbIpaxK€HHsl, NPOrpaMMHPYIOT (MJH HCNOJHSAIT) COOTBETCTBYIOMIHE
HJedcrBua Hal 3HadeHusaMu. Hampumep, ecan *HHUCJIO, U u
Jpyrue CeMaHTHKHM /sl ONEpaHAa BbIBOAAT BHENIHEE INpelCTaB/eHHE
TeKyuie# JeKceMbl B BLIXOJIHOH NMOTOK, 4 OMHCAaHHOE BHILIE BLITAJIKH-
BaHHE ONEpalMH COCTOMT B TOM, YTO B BBIXOJHOH NOTOK BBIBOAHTCS
0603Ha4YCHHEe ee HCIOJHHTENLHOrO KOJa, TO JAaHHBIH aHAJH3aTop SB-
JsieTcsl YHCTBIM INpeobpasoBareseM HHOHKCHBIX (pOpMyJ K 0OpaTHOM
NOJILCKOH ¢opMe.

UcnosnbsoBanne Popra B KayecTBe HHCTPYMEHTAJbHOTO sI3blKa
NpOrpaMMHPOBAHHS B ONHCHIBAEMOH CHCTEME MO3BOJISET OYEHb NPOCTO
CTPOHTb CHHTAKCHYECKHH aHAJM3aTOp MO 3aNHCH I'DPaMMAatHKH BXOI-
HOrO s3blKa. EC/AH eTPYKTypHble 3JE€MEHThl, M3 KOTOPHIX CTPOSATCS
3TH NpaBu/a (Ha3BaHHA JIEKCEM-TePMHHAJIOB, MHOXECTB-HEeT€DPMHHa-
JIOB, CEMAHTHK, CKOOKH, JIBOETOYHE, TOUKA, TOYKA C 3anATol H 3Be3-
JIOYKa), paccMarpuBaTh KakK OTAEJbHHIE CJOBa, T. €. pa3iesATh Npo-
GesamMe, TO Ha TaKYI0 3alIHCh MOXKHO CMOTPETh KaK Ha TEKCT Ha fi3blKe
®opt, 3ajamomnii TpeGyeMblii CHHTaKCHYeCKHi aHannsatop. CKOGKH
M ONEpalyH HaJ MHOMKECTBAMH HAaJ0 pPaccMarpHBaTh Kak CTPYKTYpHI
yIpaBJCHHs, AHAJOTHYHO pas3BeTBJAEHHSAM M LHKJIaM s3plka dopr,



a KaxJoe NpaBHJIO JJI1 HEeTePMHHAJA CYNTATh AHAJOTOM ONpENE/CHHS
uepe3 nBoeroune. Hcnosb3oBaHne HMeHH HeTepMHMHaja B IpPaBOH
YacTH TNpaBHJa MNPHBOJMT K KOMOMJSIMH BhI30Ba JAHHOTO CJIOBA;
€ro HCIOJIHEHHE COCTOMT B pacno3HaBaHHM ¢parmeHTa IENOYKH B CO-
OTBETCTBHH C 3aJaHHbIM CHHTaKCHCOM.

[IpuMeneHne s3pika POpPT no3BOJAET CYIECTBEHHO CONTHMH3H-
poBaTh ME€XaHH3M Mepeiay ynpaBJeHHs B Takoil crpykrype. [leno
B TOM, YTO HETEPMHHAJ MOXKET HE TOJbKO Pacrno3HaThb ONpeae/sieMblii
€ro CHHTaKCHCOM ¢parMeHT HENOYKH OT TeKYILEro Mecra, HO H OTBepr-
HYTb 3TOT (PArMeHT, €C/IH OH HE YAOBJETBOPSIET 3aJlaHHOMY CHHTAaK-
cucy. Ecan Takoe orBepxeHHE NPOHUCXOJHT IOCJE NPOABHXKEHHS IO
IleNIoYKe XOTSl Obl Ha OJHY JIEKCEMY, TO paboTa aHasJH3aropa Npekpa-
maercsi ¢ BeJau€il cooluieHusi o6 OWMGKe: ouyepenHasi JEKceMa He
NOAXOANT MO CHHTAKCHCY HaHHOH KOHCcTpykKumH. Ecam ke npoasu-
JKEHHE 110 LEMNOYKE JIEKCeM HE NMpPOM30LIO H3-3a TOro, YTO y¥Ke mep-
Basi JIEKCeMa He NOAXOAHT AJIS JAHHOTO HETEPpMHHaJa, TO OLIHMGKH
HeT, M HYXHO MNEPeHTH K cJeAylolell MO MOPSAKY aJbTepPHaTHBe
B Pa3BeTBJEHHH, TEKYIIEH aJbTePHATHBON KOTOPOro ABJSETCS NAHHBIH
HerepMHHaJ. OTBepiKeHHE BO3HHKAeT B TOM cJjydae, €cJH JaHHas
anpTepHaTtHBa Obl1a mocjaenHei. TakuM o6pasoM, AJsi KaxJOro He-
TepMHHa/Za BO3MOXKHHI JBa 3aBepLICHHS: INPHHATHE, NPH KOTOPOM
[pOM30LIO NPOABHKECHHE 110 BXOJAHOM IIENOYKE JICKCEM B COOTBET-
CTBHM C 33JdHHbIM CHHTAKCHCOM, M HENPHHATHE, NPH KOTOPOM IIpoO-
JBUXKEHHE He npoucxoaur. OnTHMH3auHuag TaKHX BbI3OBOB COCTOMT
B HCIOJb30BAHHH YIIPOLIEHHOTO MEXaHM3Ma HCKJIOYHTENbHEIX CH-
TyauMii: OPH HENPHHATHH BO3BPAT YIPaBJECHHS IPOHCXOAUT IO
CChLJIKE Ha CJEAYIOLLYIO aJbTEPHATHBY, KOTOPAsi KOMIHJIHPYeETCS BCJe]
3a BbI30BOM JAHHOTO HETEPMHHasla, a NpH INPHHATHH — MO ajpecy
BO3Bpara IVIIoC 2, yToGhl 060TH 3Ty cChIKY. [IpH KaxaoM o6patie-
HHH. K NpOrpaMMme HeTepMHHa/ja (OPMHPYETCS CBOH CYETYHK NpHHS-
TBIX JIEKCEM; B CJy4ae HOPMaJIbHOTO 3aBEPLUCHHS CUETYHK HETepMH-
HaJla, BbI3BABIIETO NAHHBIA, NPOJABHIaeTCsi HA YHCJIO NPHHATEIX HM
JIEKCEM; TIPH BLIXOZE N0 HEMPHHATHIO OCYILECTBJISIETCSI KOHTPOJb TOTO,
YTO TEKYIIMH CYETYHK IPHHATBIX JIEKCEM PaBeH HYJIO.

C 37Ot TOUKH 3pEHHS JIEKCEMBbI-TEPMHHAJIBI, HCIIONIb3yeMBIE B Ipa-
BLIX YacTSX NPaBHJ, PAcCCMaTPHBAIOTCS KaK HETEDMHHAJbl C TaKoMH
fipOrpaMMoi: ecJIM TEeKyllas JIeKCeMa COBMAajaeT C JAaHHbIM TEPMHHa-
JIOM, TO OHa IPHHHUMAETCS C IPOJBHKEHHEM CUCTUHKA IPHUHSATHIX JIEKCEM
Ha eJUHHULY, €CJH HeT, — TO He NPHHHUMaercs.

[Ipn 0oGHApYKEHHH CHHTAKCHYECKON OIINOGKH H3-3a HENPHHATHSA
fOCNEIHAIM ONpPOGOBAHHEIM TEPMHHAJIOM TEKYIUEH JEeKCEMBl MOXKHO
BBIAATh MPOTPAMMHCTY AONOJIHHTE/AbHYIO HHQODMALMIO O TOM, Kakas
HMEHHO JIeKCceMa OXKHAAaJach B JAHHOM MecTe. JTO OAMH M3 TeX Tep-
MHHAJIOB, KOTODbl€ INPOBEPAJNHCh MOCJAE MNPHHATHA NpeablayLedn
snekcembl. Hampumep, npm aHaause Aubaec-nporpammsr TECT.
X 4+ 1 = 2.. Bhaercsi cooOllEHHE:

JIEKCEMA «+4+» HE TIOAXOIOHWT; OXHIAJIACb OJHA
U3 JIEKCEM: «=» « (» «» «..».
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Takoe ycoBepLIeHCTBOBaHHe TPAHCJAATOPA 3aMETHO MOBHILIAET €ro
yA06CTBO AJsi mporpamMHcTa.

HaxkoHeu, nporpaMmsl CeMaHTHK IOJIKHBI HCNOJIHATLCS He B MO-
MEHT NpOXOXIeHHs 4Yepe3 COOTBETCTBYIOIIMH BEI3OB, a B MOMEHT NpH-
HATHA OdYepelHOro TepMHHasa M3 BXOZHOH LenoukH. Kaxpoe pas-
BeTBJIEHHE B rPaMMaTHKe NOJIKHO «OYHILATb» O4Yepelb CeMaHTHK, OXKH-
JAIOIUX MCAOJHEHHs, a CKOMNHJHMPOBAHHBIA BHI30OB CEMaHTHKH —
CTaBHTb ee B KOHel 3TOH ouepeau. B MOMeHT NpHHATHA TepMHHaJa
HaKONMHUBIUHECS] CEMAHTHKH HUCNOJHAIOTCS, H BCs Ouyepelb BHOBb OYH-
maeTcs.

Peanusauusa onucaHHOro MexaHusMa ¢ NOAPOGHBLIMH KOMMEHTa-
pUsAMH 3aHuMaeT NpuMepHO 8 3KpaHOB Ha s3biKe PopT; K KauecTBe
BHYTPeHHero creka nporpamMmbl HeTepMHHAJOB HCHOJB3YIOT CTEK
BO3BpAaTOB, NpeNOCTaB/asAs CTeK MAaHHLIX B IOJHOE pacnopsiKeHHe
ceMaHTHK. HekoTopbelM HeZOCTaTKOM TAaKOro pelleHHs1 sBJAAeTCA
HEOOXOIHUMOCTb HMeThb HeoOwhYaiHO O60JbLIOH CTEK BO3BPATOB (A0
400 6aiiT u GoJible) B 3aBHCHUMOCTH OT IMYOHHBl BJIOMKEHHOCTH AJS
aHaJH3UpyeMbIX KOHCTPYKIHH fA3bIKa.

4. Ienepatop KoRa

Pe3ysbTaToM paGoOTel TpaHCJAATOpa SBASETCS HEKOTOPHIH TeKCT,
KOTOpbI#, KaK M B cJyyae 3anHCH TIPaMMAaTHKH BXOJHOTO s3bIKa
B Pery/spHBIX BblpaxKeHHsIX, MOXKHO CUHTaTb TEKCTOM Ha si3blKe
®opT, NOCKOJbKY OH COCTOMT M3 CJIOB, pa3fiesleHHbX npotesnamu. ITo
CYILECTBY 3TOT BLIXOJ TPaHCAATOpa NpeAcTaBiseT cO00H 3amuch CHH-
TAKCHYeCKOTO JepeBa BXOZHOH AuJblec-nporpammel, Ije Kaxjas
BepIUHHAa — KOHCTPYKUHs si3blKa AJibJlec — npeAcTaBleHa crelnab-
HBIM CJIOBOM HJIH TPynmo# cJoB.

Bynem oGo3Hauath cnenHajbHble CJI0Ba, COOTBETCTBYIOLIME KOH-
CTPYKUHSIM #3blka Ausbgec, PoprT-cI0BaMH, HAYHHAIOLIUMHCA CO
3Haka Bompoca. Torma, Hanpumep, Aubpec-teker X = F (1, A)
nepexofuT B TNOCJeNOBaTeNLHOCTb CJIOB:

PLIT 1 A F?TO X .

Caoso ?LIT paccMaTpuBaer ciefyioliee Kak 3amuch YHCJIOBOH
KOHCTaHTBI, 3HaueHHe KOTOPOH MNOJKHO OBITh MOJIOMKEHO Ha CTeK.
Caenytomee cjoBo A, ofo3Hauaiollee nepeMeHHy0 B Anbnec-npo-
rpamme, B JaHHOM @opt-TeKcTe 0603HayaeT CJAOBApHYIO CTaThlo,
HCNOHeHHe KOTOPOH KJIAJIeT Ha CTeK 3HauyeHHe NAaHHOH nepeMeHHOH.
AnasoruyHo ¢/10B0 F, coorBetcTByIomee HEKOTOPOH GYHKLHUHU C ABYMSF
napameTpami, oGO3HauaeT CJOBApHYIO CTaThi0, NOCTPOEHHYIO s
310/ (QYHKIHH; ee HCIONHEHHE CHUMAET CO CTeKa JBa 3HayeHus (napa-
MeTphl) H KJaJeT Ha cTeK pesysbrtar. CiyxeGHoe caoBo ?TO pac-
CMaTpHBaeT cJefyjoilee KaK MMs CIOBAPHOH CTAaTbH AJA NepeMeHHOk
H reHepHpyeT NpPHCBaHBaHHe 3TOH NepeMEeHHOH 3HayeHHs, KOTOopoe
CHHMaercsl CO CTeKa.

[lopoxeHre BBIXOAHOTO TEKCTa OCYILECTBJSIOT CEMAHTHKH, BHI-
NOJIHfieMBle B mpolecce CHHTAKCHYeCKOro aHagau3a. OpHako s

13



OCHOBHBIX €IHMHHIl TPAHCJASLHH — aJrOpUTMOB — MNPSIMOE TNOPOXKJe-
HHe HeBO3MOXXHO, TNOCKOJIbLKY HH(OpMaius, KOTOPYIO KeJaTe/bHO
foOMeIaTs NpH Havaje aiaroputMa (YUCJIO JOKAJbHBIX TNepeMeHHBIX
B €r0 TeJje T. 1.), CTAHOBHUTCSI H3BECTHOM TOJBKO MO JOCTHIKEHHH €ro
KOHIa. B cuay sToro ¢akra nopoxiaeMblfi ceMaHTHKaMHM TEKCT Ha-
npasJisieTcsl B cnenuajbHeiil 6ydep (OH mpeicraBiaser co6of mocJeno-
BaTeJbHOCTb CCHIJIOK Ha TEKCTOBble (parMeHTH), KOTOPbIH 0CBOGOXK-
JlaeTcsi MO 3aBeplUeHHH TPaHC/ASLHH Kaxaoro ajaropurma. Bwmecte
C 3THM TeKCTOM B KauecTBe napametrpoB K ciaoBy ?DEF, HaunHalomemy
onpefeJieHHe aJrOPHTMA, BLIBOAATCA: YHUCJO JIOKAJbHBIX IepeMeH-
HBbIX, CTIHCOK HX HMEH ¢ YKa3aHHeM JONOJHHUTE/NbHBIX aTpPHOYTOB, YHCJIO
napameTpoB, IJy6GHHA BJIOXKEHHOCTH HHKJOB H T. 1.

IlpumeHeHHe sa3pika POpT nO3BOJMIO OpPraHH30BaTh NOPOXKIA-
IOIYI0 YacTh TPAHCJAATOPA OYeHb KOMNAKTHLIM 00pa3oM 3a CyeT LIH-
POKOr0 HCNoJIb30BaHHs MeXaHH3Ma AHHaMHYeCKOH HIeHTH)HKaIHH,
KaK NpaBHJIO, HEJOCTYNHOTO MJIH He3(p(deKTHBHOTO B APYrHX fI3bIKaX.
Ero ocHoBHas uzess B nmpHMeHeHMH K JaHHOH 3ajaye COCTOHT B cJe-
aytomeM. Ta6auna naeHTHUKAUMH, T. €. CTATHYECKHH KOHTEKCT NpH-
TPAHCJASALHMH NPOTPaMMbl, NPEACTABJAETCH OCBIYHBIM CIIHCKOM CJIOB,
onpenesenHbiM 4epes VOCABULARY. Kaxnasa craTess B 3TOM
CIIMCKe, COOTBETCTBYIOLlAasi KaKOMY-JIHO0 HAEHTHPHUKATOpy B Mpo-
rpamMMe, COJEPKHT B CBOEM MOJie napaMeTpoB BXOJ B elle OAHH CIH-
coK crarefi — cBoif THn. OKasajoch HEOGXOAHMBIM pa3jHyarth 8 pas-
HBIX THNOB: Npoueaypsi, GYHKUHH, NPOTPAMMbl, KOHCTAHTHI, JIOKaJb-
Hble M TJ06a/bHble mepeMeHHbie H MacCHBbl. KaKABlH THI CONEPIKHT
CTaTbH AJis AEHCTBHH mepHoja KOMOHMJSIHMH, KOTOpbie MOXKHO BBINOJI-
HATb HajJ HAeHTHOHKATOpaMH, OTHOCSALIMMHCA K MAAHHOMY THOY,
fPH 3TOM B KauyecTBe OJHOr0 M3 NMapaMeTpOB KaKJOH TakoH mpole-
Iype mepenaetcsi ajpec craTbH A/ HAeHTHuKaropa. HMmeHa crarteii-
JeACTBHH B CINHCKAaxX-THNMAX YacTHYHO MEpeceKaroTcs; BCe 3TH CIHUCKH
6a3sUpyIOTC Ha OJMH M TOT Ke HCXOAHBIH, B KOTOPOM OmnpejeseHbl
JIONOJIHUTE/IbHBIE JEHCTBHA TaK, YTOOBI MOHMCK JIOOOTO AEHCTBHA H3
00BeIMHEHHA BCeX THNOB BCerja 3aKaHYMBaJIC YCNEIHO, BbiAaBas
JHO60 «HACTOSAILYIO» CTAaThl0 M3 JAHHOrO THUNA, JHOO «3amacHylo»
CTaThbiO C TEM Ke HMeHeM H3 6a30BOr0 CNHMCKA, ecJH B JAHHOM THOE
TaKasi CTaTbs OTCYTCTBYET.

Tako#i nomxon no3BoJsieT CyLleCTBEHHO COKpamarbh o6beM JIeH-
CTBHH, KOTOPBI/I HEOOXOAUMO 3anpOrpaMMHPOBATh B CeMaHTHKax AJs
aHa/M3a KOHKpeTHoH cutyamuu. IlycTh, Hanpumep, «Harpy:KeHHoe»
CeMaHTHKaMHM NpPaBWJIO AJs NPHCBaHBAaHWA BBHITVISIHT CJEAYOMHM
obpasoM:

[TPUCBAUBAHUE : *TIPUCBg «<UIEHTHO®UKATOP»
(?TIPHUCB1 « (» (BBIPA)KEHHE *MHAEKC) % ¢« » «)»
?TTPHICB3) «=» BBIPA)KEHUE ?ITPUICB4 .

Torna cemantrka ?PTIPHCBg mmer AaHHBIH HAeHTHPHKATOP B Te-
Kywe# Tabaune HaeHTHPUKALMH M BO3BpallaeT ajpec €ro CTaThH,
AH60, €cJM 5TO BHepBble BCTPETHBLIMHCS HAEHTH(HKATOp, CO3Aaer
HOBYIO CTaThi0 C THIOM «JOKaJbHas nepeMeHHas» (A3MK AnAnxee,
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xak dopTpaH, paspeiiaeT He ONHCHIBATh JIOKAaJbHbIE NepeMeHHBIE).
Cemantuka ?IIPHCBl ucinoaHsiercsi B TOM cjayvae, €cjiH BCJIeJ 3a
HJeHTHOHUKATOPOM BO BXOJHOM TEKCTe HJeT OTKPBIBAIOWLASL KpYyTJas
CKOGKa. Jra CHTYallUsi COOTBETCTBYeT IPHCBAHBAHHIO 3HAYEHHs 3Je-
MEHTy MaccHBa. BMecTo mpoBepKH TOro, YTO NaHHBIA HIEHTHpHKATOP
onucaH Kak MaccuB, cemaHtHka PIIPHICB1 ucnosHsieT cnenmasbHyIo
npouenypy HAU—MACC, nouck KoTopo#t ocyulecTB/iserca IHHa-
MHYECKH B THIE JaHHOro HaeHtHdukaTtopa. IlJs JIOKAJIbHOrO HJIH
rJ106aJbHOTO MacCHBOB 3TOT MOHCK BEpPHET «HACTOSLULYIO» NPOLEAYPY,
KoTOpasi cOPOCHT B HYJb CUETYHK HHJEKCOB B MOCJEAYIOIEM BhIpa-
KEHHH:

: HAU—MACC (A——A,0)0 ;

KOTOpBIH OyJleT yBeJHUHBAaTbCA HAa €IHHHIY TPH KaXAOM HCNOJHEHUH
cemantikn PMHIEKC:

t PMHIEKC ( K—K + 1) 1 45

. s Bcex oCTasbHBIX THNOB HHAEHTH(PHKATOpPA NOMCK NPOUEAYPHI
HAY—MACC 3akoHuHMTCSI B 6a30BOM CIIHCKE CJIOB, B KOTOPOM IIpO-
Hefypa ¢ 5THM MMeHeM BbLIAeT cOooblieHHe O HEIONYCTHMOM HHAEKCH-
pOBaHHH J@aHHOTO HIeHTH(¢HKaTOpa:

t HAU—MACC (A——) CR .« HEOOITYCTHUMOE
HUHIE KCUPOBAHUE »
DUP « THUII» BBIIT ». >NAME ». ABORT ; .

3nech caoeo BbIIT ocymecrsnsier nouck mpouenypst THUIT B cnmcke
CJI0OB, KOTOPHIfI HM3BJe€KaeTcsl M3 CTAaThH C ajpecoM A AJnA JaHHOTO
HIeHTHOHKaTOpa, H HCmosHsAeT ee. KaIpli THO COIEPIKHT TaKylo
NpoueaAypy, KOTopas BbllaeT afpec TeKCTOBOH CTPOKHM C HMeHeM THNa
B POAMTEJBLHOM mafiexke, 4ToGwl ero yzo6Hee OwlJI0 O6BeIUHATEL C APY-
THMH CJOBaMH B COOOIIEHHAX Ha pyccKoM fA3bike. Hanpuwmep, and
JIOKa/IbHOH mepeMeHHOH TaKoe omnpejeJieHHe BHIIVIAJHT CJeLYIOMHUM
obpasowm:

: TUIT (A==—Al) DROP <« JIOKAJIbHO!M MMEPEMEHHOM » ;

B pesyJabrate ucnonHenue BhimenpupefeHHO# npouexypst HAU—
I 10KaabHOH nepeMeHHOH X BbIJACT COOOIIEHHE:

HEOOIMYCTHUMOE HWHIEKCHPOBAHHE
JIOKAJIbHOM TIEPEMEHHON X

H 3aKOHUYHT paGory TpaHcasitopa dYepesd cnosa ABORT, Ecim xe
TaKHM 0Gpa3oM peasiH30BaHHBIE NPOBEPKH INPOILIH YCHEIUHO, TO
K MOMeHTy ucnosHeHus ceMaHTHKH PTIPHMICB2 Ha creke Haxomurcs
ajpec craThH A JaHHOTO HAeHTHHUKATOpa JOKAJBHOrO HJH [JO-
6a/IbHOrO MacCHBOB M HaKONHMBIUMECS CUeTYHK HHAeKCOB., CeMaHTHKa
IPHUCB2 ocymecTeasieT nOHUCK M HCHOJHeHHe mpouexypst KOH—
MACC, kotopas npoBepseT cOBnajieHHe UHCJa HHACKCOB B XaHHOM
NPHMEHEHHH C OnucaHHeM MaccHBa.
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Cemantka *ITPHMICB3 wucnoJHsieTcsi B TOM cJaydae, €CJH BCJeR
3a HAEHTHOHKATOPOM cpa3y chaexyeT 3HakK mnpHcBauBanusi. OHa
JOJKHA TPOBEPHTh JONYCTHMOCTh NpHCBaMBaHHA. [lJsi 3TOro OHa
OCYIIECTBJ/ISIET MOKUCK U HcnoJsHeHHe npouenyp AJIP B KOHTEKCTe JaH-
HOro HjeHTHHKATOpa:

: ?[IPUCB2 ( A——A) DUP « AIP» BHIIT ;

HOas JokadbHOM M rJoGajJbHON mnepeMeHHBIX 3Ta TNpouelypa
OYeBMJHA:

a Jns BCeX OCTaNbHBIX THIIOB OHAa COCTOMT B Bblfade COOOIIEHHS
06 ommOke, HanpuMep:

HEJOIMYCTHUMOE HCITIOJIb3OBAHHE
" I'VIOBAJIbHOI'O MACCHBA MTK

(3mece MTK — uneHTHdUKaTOp MaccHBA) M NPOrpaMMHpYeTCsl aHa-
JOTHYHO BHILUENPHBEJEHHOMY «3allacHOMY» BapHaHTy [pPOUELYDH
HAY—MACC. 3aBepiuatouiasi npucBauBanue ceMaHtuka ?IIPHICB4
NIOPOXKAAeT TEKCT

?TO A ,
rie A — ums CTaThH, COOTBETCTBYIOIeH MepeMeHHOH HJIH MacCHBY.

Xors a3wik Asnbrec siBasercsi GeCTHNOBHIM, TeM He MeHee HEKOTO-
pPHIfi KOHTPOJIb THNOB 3HaueHHH B HeM HeoOxoxuM. B sA3bike pasnn-
YaloTCsl BBIPAXKEHUSA IJIf 1eJIbIX 3HaYeHHH, CrHeKOB, OyJeBCKHX 3Ha-
YeHHH M ajfpecoB. YUYeT 3TUX pa3JUYUl M CBOeOOPa3HbIfi KOHTPOJb
THIOB BBINOJHSAIOTCA 4Yepe3 yrpolieHHwli MexaHH3M 3anpocoB [4].
Kaxpnasi KOHCTpYKuHS B Hayajle CBOero mporpaMMHPOBaHHS BblaeT
3anpochl Ha NpPOrpaMMHpOBaHHe CBOMM MNOJAKOHCTPYKIMAM 10 HX
3aBepLIEHHH NpPOrpaMMHpyeT COOGCTBeHHble NeHCTBHA B 3aBHCHMOCTH
#OT NOJTYHeHHOTO BHEIIHero 3anpoca. [lJ1s nepefauy 3anpoeeB CBEPXy—
BHH3, OT KOHCTPYKUHA K NOAKOHCTPYKIHMAM, H OTBETOB CHH3y—
BBEpX, OT MNOAKOHCTPYKIHH K OOBEMJIOIUM KOHCTPYKUUAM, HCIOJMb-
3YIOTCSl cnelHasbHbIe CTeKH,

B naHHO# peasusanuy ucnogbsyiorcs 4 3anpoca: (ITYCT) — 3Ha-
yeHHe He TtpeGyerca, (HEMEJLJI) — 3HaueHne (0GbIYHO, YHCJIO)
JOJIKHO OBITb BBIYHCIEHO BO BpeMmsa TpaHcasaumuu, (AIP) — 3ampoc
Ha BbiuHcsaeHHe aapeca u (3HAUY) — sanpoc Ha BuUMCJeHHe 3Hauye-
HHS. B paccMOTpeHHOM BhllIe NMPHCBaMBaHHM ceMaHTHKH PIIPHICBI
u PTIPUCB3 Boinator 3anpoc (3HAU) Ha 3HaueHus BhipaxeHHH, BXO-
ASAUWHMX B MHAEKCH M B NpaByl0 4acTb npHcBauBaHusg. CeMaHTHKH
PHMHIEKC, ?ITPUCB3 u ?PITPHICB4 nposepsior TO, YTO THN 3Hade-
HHSl, BBIYHCJ/ISIEMOTO 3ampOrpaMMHpPOBAHHBIM BbIp aXKEHHEM, NONMYyETHM
B IaHHOH KOHCTPYKIHMH (YHCJIO IJIsl HHAEKCA, YHCJIO MJIH CNHCOK JJIn
npaBofi YaCTH NPHCBaHBaHHS).
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5. CuHTe3 paoueit mporpaMmu

CreHepHpOBaHHHIH B pe3yJibTaTe TPaHCJASIHMH AJbaec-nporpaMmel
DopT-TEKCT 3anUChHIBaeTCSI BO BHEINHIOK NAMATh CTAHAApPTHHIM AJs
s3pika PopT-06pazoM — B BHAe Dopr-3kpaHoB. HUx TpaHcmsauua
C IeJIbIO MOJIyYeHHs] HCnOJHAeMOH paGoveil MporpaMMbl BHIOJHSIETCS
CHHTE3HpYIOLIEH 4acThIO TPAHCAATOpPAa, KOTOpAs COJAEPKHUT onpefese-
HHA cnenHaibHbix Popt-caoe ?TO, PDEF u apyrux, nopoxmaeMsix
B BBIXOJHOM TEKCTe aHaau3Hpylollell 4acTelo. B OKOHYaTe/qLHOM BHIE
paboyasi mporpaMMa npeAcTaB/sieT cCO60H 3aKOHYEHHbIH NpOrpaMMHBIA
OpOAYKT, NOCTPOEHHBIH KakK 3aMKHyrtad ®opr-cHcreMa 6e3 TeKCTo-
BOTO HHTepnpeTaTopa. [IBOHMYHEIH MOAYJb COJAEPIKHUT COGCTBEHHOE
dopT-A1p0, BKJOUalOllee afpecHbli MHTEPNpEeTaTtop H peasH3aiuio
B MalIMHHBIX KOZaX psAfa 6a30BbiX omnepaiud, 3a KOTOPHIM CJejfyeT
wHTeE Koj [5] — pesysbrar TpaHCAANMH MCXOAHBEIX aJrOPHTMOB.
O6pem sapa — okoso 1.5 K GafiT, H 3TO eJUHCTBEHHBIH MaIIHHHO=
3aBUCHMBII KOMIOHEHT CHCTEMHI.

TpaHcnsnuwo sfgpa U3 HCXOAHOTO TeKCTa B MalIMHHBIA KOj BHI-
nosMHseT HeGO/bIIOE paclIHpeHHe Haj BCTPOeHHbM dopt-accemOie-
pOM — HenpeMeHHHIM KOMIOHeHTOM pa3BuToll opt-cucremb [5].
B pesynbrare TpaHCASAIMH, IOMHMO COGCTBEHHO JBOHYHOTO Koja fAApa,
CTPOHUTCS CIOMCOK TOYEK BXOJa B HEro ¢ COOTBETCTBYIOUIHMMH ajpecaMH.
OTH 3HaueHHs HMCNOMB3YIOTCA B CHHTE3HUPYIOUIEH YacTH ISl reHepa-
LMH CCHLIOK B SIAPO M3 CO34aBaE€MOTO LIHTOTO KOAa.

OraenbHble TOACHCTEMBl aATOPUTMHYECKOTO HANOJHEHHA Xpa-
HATCA B BHIE OTTPAHCAMPOBAHHHIX ¢ f3blKa Asbjaec DOpPT-TEKCTOB
B ONMCAHHEIX Bhille corjameHUsiXx. X MoxkHo f06aBasiTh B pabouyio
nporpaMMy 10 Mepe HamoGHOCTH, TpaHCIHpPYS CHHTe3Hpylolled
vacteio. OBwHUi o6veM paBouero MOAYJMsl, COAepKallero Bce ajJropHr-
MHYEeCKOe HanoJHeHHe, cocTaBasieT okKoso 75 K O6aifit. Ilockoabky
3TO mpeBbIlIaeT CTAaHAAPTHHIAI pa3Mep axpecHoro dopT-mpocrpaH-
ctBa — 64 K 6afit, To 3mech HCnosb3yeTcs CBEpHYTHIH IIHTHIH KOJ,
B KOTOpOM Bce ajpeca XpaHATCS B BHJe 3HaUeHHH, Je/leHHbIX Ha JBa.
3r0 cpasy yBeIMUMBaeT AHanasoH ajpecoB o 128 K GaféiT npH ycno-
BHH, UTO B afpecHHl HHTeprnparaTtop AoGaBjsiercs KOMaHAa COOTBET-
CTBYIOUIEr0 YBEJIHUEHHS KaKIOH H3BJIEKaeMOH CCBIJIKH.

CKOMNHJIHPOBAHHHHA paGouuil KOJ MoxeT OhITh HCNOJHEH myTeMm
nepefays eMy ynpaBJeHHS H3 BHemHel DopT-cHCTEMB KaK «HyKOMY»
MOJYJIIO 1O CTAHAAPTHLIM COTJIAIISHHAM O CBA3sAX. [IpH 3TOM BHemHAA
dopr-cucTema ofecneudBaeT CBA3b paGouero MOAYJAS ¢ BHEIIHHM
OKDYKeHHeM, B3auUMOfeHCTBHe C NpPOrpaMMHCTOM H pa3JHyHhIe JHa-
JIOTOBblE CpPeACTBa OTJaAKH.
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A. I1. BEJIBTIOKOB

MAUWKWHHO-HE3ABHCHMOE ONMUCAHHE KJIACCA 3AMNPOCOB,
NOAAEP)KUBAEMBIX B PEAJIbHOE BPEMS

_ B cratee [1] maercs Mopmenb 6as HaHHBIX, YAOGHBIX AJISi PaGOTHL
¢ HempouefypPHbIMH fI3bIKAMH ONHCAHHS JAHHBIX BBICOKOTO YPOBHS.
3TH 3BIKH NMO3BOJISIIOT HE HCNOMb30BaTh fI3BIK 3aNPOCOB KaK TakKoBOil,
onHchiBasl J0G0H kKeslaeMblil BLIYHCJANMBIA pe3yabTaT NYTeM 3afaHUs
XapaKTepHCTHK BbIXOAHBIX HaHHHIX. Mopenb fBAsETCA HOCTAaTOYHO
ofuet.

B Hacrosimell cTaTbe HCC/IeRyeTCsl Kaace TaKHX 3amnpocoB K Ga3am
AaHHeiX THna [1], KoTopele MOTYT noOAIepKHBATLCS ONpefeJeHHBIMH
THNAMH BBIYHCIHTEIBHBIX MAIIHH B pealbHOE BpeMsi, T. e. Mo Mepe
noctynJeHuss HHPOPMalUHU O HEKOTOPHX H3MeHeHHsX B 0a3e JaHHBIX
TaKasl MallHHA HaXOJUTCA B NMOCTOSIHHOH TOTOBHOCTH 3a OrPaHHYEHHOe
KOHCTAHTOH YMCJIO IIaroB PaGoThl BhIJATh OTBET Ha 3afaHHbIA 3amnpoc.
[Ipu 3TOM uMc/a0 WAroB paboThl MAUIMHBEI MeXIY NOPUHUAMH HHpOpMa-
UM 06 M3MeHEHHUAX B 0a3e JaHHLIX TaKkKe OrPaHHUYEeHO KOHCTAaHTOMH.
H3meHeHns, BHOCHMbIe, COIVIaCHO OJHOH TaKOH NOpIHH, B 6a3y
JaHHBIX, HMMeIOT JIOKaJbHbIA XxapakTep. MHdopMamusa o KaxkIoM H3
HUX 3ajaeTcsl BeKTOPOM (GHKCHPOBAHHOH [JIHHBI.

OcHOBHOH pe3yJsbTaT PaboTel — MAaLIMHHO-HE3aBHCHMoOE oOmHca-
HHe KJiacca 3anpocoB K 6a3aM JaHHBIX, NOJJEPKUBAaEMBbIX B peanbHoe
Bpemsi. OnHcaHHe JaeTcsi Ha CHHTAKCHYeCKOM YPOBHe, T. €. YCTaHOB-
JIEHO, KaKHe ONepalud ¢ JaHHBIMH H B KaKoM NOpPfAAKe HYXHO pas-
pemuTh npu GHoOpMYJHPOBKE 3anpocoB, 4TOObl MOJNYYHTb BeChb KJacce
3ampocoB, OTBEThl Ha KOTOpble MOXKHO 0e3’3anep:eKk HeorpaHUUYEHHO

~IOJITO MOAEepPKHBaTh Ha MalIMHAaX HEKOTOPOro AOCTaTOYHO LIHPOKOTO
KJacca 1o Mepe BHeCeHHA M3MeHeHHH B 6a3y JaHHHIX,

1. Mogeap 6a3 maHHBIX

[Ipexne Bcero onpefenuM, 4To Mbl OyleM noHUMarb noj Gasoft
JaHHBIX.

Onpepenenune 1. MyJpTHMHOXECTBOM Ha3mlBaercs IleJo-
yucAeHHass ¢GyHKuusa [, 3ajaHHas Ha HEKOTOpOM MHoxecTBe X.
Ecin x € X, To f (x) HasbiBaeTcsl KpAaTHOCTBIO 3/1EMEHTA X B MYJIbTH-
MHoOxecTBe [. ByjeM gnomyckarb MYJbLTHMHOMXKECTBA C OTpHIATENb-

© A. I. BennTiokos, 1990
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HBIMH KDaTHOCTfIMH 3/1eMeHTOB. EC/JH KpaTHOCTb 3JieMeHTa MYJbTH-
MHOXKECTBAa PaBHa HYJIO, TO CYMTAETCH, YTO 3TOT NIEMEHT He mpH-
HaJUIeXXUT JaHHOMY MHOXKecTBY. MyJbTHMHOM@eCTBA CUHMTAIOTCA paB-
HBIMH, €CJIH OHH COZepKaT OfHH H Te XKe 3JIeMEHThI C OJHHMH H TeMH ke
KPaTHOCTAMH. 3JIeMeHTbl ¢ HYJeBOH KPaTHOCTbIO NpPH CPaBHEHHH
MYJbTHMHOXECTB He YYHTHIBAIOTCA. MyJbTHMHOXKECTBO Ha3blBaeTcs
NVCTHIM, €CJIM B HEM HeT 3JIeMeHTOB C HeHYJeBOH KpaTHOCTHIO.

Uepes T, GyneM 0603HayaTh KJacc (GUHHTHBIX (KOHEUHBIX, 3aflaH-
HbIX SIBHBIM N€peuHC/IeHHEeM) MYJLTHMHOXKECTB KOpTexel, COCTOSILHX
H3 n ueablx yucea. Kmace T, ecTeCTBEHHO OTOXKIECTBHTH C LEJBIMH
YHCJIaMH, TaK Kak Ty — MYJIbTUMHOXKECTBa, COAepKalllie JHIUb OIHH
nyCcTofl KOpTeX ¢ paBHBIMH KpaTHocTaMH. [lycrofi snement T, oToX-
nectBasiercs ¢ yucaom 0.

[Tycroe MynbtuMHOKecTBO THna T, 6yneM o6o3Hauath 4yepe3 0,.
A1 MyNbTHMHOXKECTB €CTECTBEHHHIM o6pa30M onpeneseHs! onepantH
CJI0OMEHHS, BBIYUTAHHS W YMHOXEHHS Ha IleJoe 4HcI0, o603Hadae-
Mbleé 3HAKaMH -, — H ., ITH omepaunHH CBORATCS K COOTBETCTBY-
IOUHM onepauysaiM Hal KPaTHOCTSIMH 3/1€MEHTOB MYJbTHMHOMXECTB.
MyJbTHMHOXKECTBO, coCTosAllee U3 €IHHCTBEHHOTO 3J€MeHTa X ¢ KpaT-
HocThio k, OyZeM oGo3Hauatbh uepe3 k {x}.

Onpenenenue 2. TunoM Ga3bl NaHHBIX GyJeM HasblBaTh
KopTex 7 BHAA (fq, ..., 1), TO€ Iy, ..., '} — LeJble HeOTpHIATEIbHEIE
uydcna. UHeno ! Ha3biBaeTcs KOJIMYECTBOM KOMIIOHEHT Ga3bl JaHHBIX.
CocrosinMeM 6a3bl JaHHBIX THHA 7 = (ry, ..., 7;) OyleM Ha3blBaTh
KOpTeX (S, ..., 5), rne s; € T; npnn i =1, ...,

Ecnu | npnﬂaﬂnemm kaaccy T, mpun > 0, 1o yepe3 [f], Gynem
0603Ha4yaTh TaKoe MYJbTHMHOMXKECTBO KopTexeH kKuaacca Tp_;, 4TO
[/1x (¥) = f (k, X). 3necb HeompeJe/neHHble 3HaueHHs (YHKIHA OTO-
KIECTBJAIOTCA ¢ HyJMeBhIMH. MysbtuMuoxkectBo [f], HasbiBaercs
Cpe3oM MyJbLTHMHOXKeCTBa f 1O KOMIIOHeHTe k.

Onpenemneunne 3. MyabrumHomectBo [’ GyZeM Ha3bBaTh
JOKaJbHBIM H3MeHeHHeM MYJbTHMHOXKecTBa [, ecad [’ oTnaH4aeTcs
OT f KpaTHOCTbIO He GoJjiee 4eM OIHOTO 3JeMeHTa f. JlioGoe mesoe
YHCMO KaK 3jeMeHT T, IpPH 3TOM eCTeCTBEHHO CUHTaThb JIOKaTbHBIM
H3MeHeHHeM JII06Oro APYroro LeJoro 4Hucia.

KonoM nokanbHOro HaMeHeHHsi [’ MyJbTHMHOxecTBa [ Gylem
Ha3blBaTh TaKOM KopTex (f, k), uto f' = [ + k {¢}. KomoM sokasb-
HOro H3MeHeHHsi ' sneMeHTa f M3 MHoxectBa T, (uenslx uHcen),
clleloBaTe/IbHO, SIBASIETCA pa3HOCTb [ —

CocrosiHne Gasbl JaHHbIX 8’ THna r 6yneM HasblBaTh JIOKaJbHBIM
H3MEeHEeHHeM COCTOSAHHSA 0a3bl JaHHBIX § THHAF, €CJH MYJbTHMHOXKe-
CTBO §; — JIOKalbHOe H3MeHeHHe MYJbTHMHOXKECTBA §; IS KaXk-

joro i or 1 no n, rae r = (rq, ..., I'y).

Onpenenenune 4. KomoM JOKaJbHOrO H3MeHeHHs §' =
= (S, ..., Sn) COCTOSIHHA 6asbl S = (S, ..., Sp) THHa (ry, ..., ’1)
OyzeM HasblBaTb KOPTE€X {(Q&, ..., %), TAe O; — KOI JOKaJbHOTO
H3MeHeHHS s; MYJbTHMHOXKeCTBA §; npu { = 1, ..., L.

[lyctb ¢4, ..., ¢4 — KOJABI JOKAJbHLIX H3MeHEHHHI cOCTOSHHSA 6asbl
JaHHwiX TtHna r. Yepes ¢ || ... | ¢, OydeM o0603Ha4arh CrenjeHHe
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KopTexei C1s ...y Cx, T. €. BBHINUCAHHBIE NOAPAJA COCTaBAAIOLIIHNE HX
qgucaa. ’

nyCTb 8§ — cocTosiHHe 6ashbl JaHHBLIX THIIA f, ¢ — KOJ JIOKAJbHOI'O
H3MEHEHUSs] COCTOAHHA OGa3bl JaHHBIX THna 7. Torna yepes § x €
6yueM 0603HauaTh JIOKalbHOE H3MeHeHHe §' COCTOSIHHA § ¢ KOIOM C.
3anuch § % Cy % ... % Cp CJHYXHT COKpalUl€eHHeM AJA 3alHCH:

(... (s*c))®,..)*cp,

UYepes A, 6yieM o603HauaTh cocTosiHHe 6a3bl AaHHLIX THOA 7,
BCe KOMMNOHEHTH KOTOPOTrO MYCTHI.

BBeneHHEIe Bhillle MOHSTHS THIA M COCTOSIHHSA 6Gas3bl NAHHHBIX JO-
CTaTOYHO TNOJHO OTPa)KalT CHTYalHIO, HMEIOIYI0 MeCTO B peasbHBIX
CHCTeMaX peJSiMOHHBIX 6a3 NaHHBIX, eClH y4YecTb, UTO Bce MPaKTH-
YeCKH HCroJib3yeMble JaHHble MOXKHO 3aKOJHPOBATh LE/bIMH YHCJIaMH.
MysbTUMHOXKeECTBa, MOMHMO TOTrO, YTO B PeaJbHbIX 6a3aX faHHLIX OHH
NoJIe3HEl caMH mno cebe, 3ie¢h MO3BOJST NPOLIE ONUCATH HCCAEAYEMBIH
KJacC 3anpocos.

2. MamuHa ¢ BHEEKCHBIM XOCTYNOM

OnpenenuM Mozmedb aGCTPaKTHOH BHIYHCAMTENbHOH MAlIMHBbI, KO-
TOpasi MOXKeT 3a OJMH LIar paGoThl BHINOJHATH ONEPAalHI0 PaBHOLO-
CTYMHOH afipecHO MAIUMHBI HJIM HEKOTOpOe 3JeMeHTapHoe NeicTBHe,
BBLINOJIHAEMOe OOGBIYHO npH paboTe peanbHbIX mporpamm 3BM c paH-
HbIMH, HMEIOIHUMH TaK Ha3biBaeMyl0 HHAEKCHO-NIOCJEN0BATENbHYIO
OpTraHHU3alHuIo. -

OnuckiBaeMasi a6CTpaKTHasi MallliHa, Ha3biBaeMasi B JajibHefIueM
MalIMHON ¢ HHAEKCHHIM foctynoM (/AM), cocTOMT U3 NaMATH, YCTPOii-
CTBa ynpaBJieHHsl, yCTPoicTBa BBOAA H BhiBoAa HHopMammH. [TaMsare
npeAcTaBaseT cob6oil NOTEHHHAJbHO GeCKOHEUHYIO CHCTeMY OJHHAKO-
BoiX siveeK. Kaxkpas sivefika OfNHO3HAYHO ompenejsieTcsl ee aApecoM,
NpeACTaBASIOUIHM co60fi YnopsifioueHHYI0 napy uennix gucena. Copep-
KHMoe suefiKH ¢ aapecoM (a, b) O6yaeM oGo3HauaTb 4epe3 |a, b].

Pa6oTa MalIMHBI npeacTaBisieT co6oll nocjefoBaTeIbHOCTh LIATOB,
NPOHYMEPOBAHHBIX HATYPa/bHEIMH YHC/IAMH — MOMEHTaMH BDEMEHH.
IIpu Kamno# Tako# paboTe B Kaxablii MOMEHT BpeMeHH Kaxjas suefika
COZIEPKHUT 1LieJIoe YHCI0. B HayajbHBH MOMEHT BPEMEHH Bce siueliKu
copepxat Hyau. B npouecce pa6orsi [AM ycrpoiicTBo ynpaBieHHs
COZIep2KHT HEKOTOPYI0 He MeHsomyiocsl mporpammy. [Iporpamma —
3T0 KOHeuHas II0C/eJOBaTeIbHOCTL KOMAaHJ, ONHCHBAaeMblX HHKe,
Kaxnas xomaHna npencrasiaser co6oit napy CODE OP, rae CODE —
kop, onepauuH, OP — onepaHa UM cepHus onepaHnoB. [IpH onHcaHuH
OnepaHfioB MCNOJb3yeM CJeAYIollHe COorJalleHHs.

KoMnoneHTo#i ajpeca OGyneM HasbiBaThb Hejoe YHCJO HJH 3amHch
Buna (&, k), rae k;, k, — Ueanle uncaa. Bo BTOPOM ciyuae 3amuch
(k,, k,) 03HauaeT TO YHUCJO, KOTOPOEe HAXODHUTCS B sidefiKe C ajpecoM
(ky, k). KoMnoneHTHl afipeca 6yjnem o603HauaTh GYKBOH a ¢ HHAEK-
caMu. Yucnao, obo3HauaeMoe KOMI‘IOHeHTOﬁ a, OymeM 3anHchiBaTh
B BUIE |a].
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OnepannoM paHHBIX GyneM HaswBaTh LEJO€ YHUCJIO HJIH 3anHch
BHAa (@, @,), Tle a,, a, — KOMIOHEHTH afipeca. Bo BTOpoM ciyuae
3anuch (a;, a,) 03Hau1eT leJoe YHCI0, Haxoadileecss B Aiuefike, ajpec
KOTOPOH 3ajaH KOMNOHEHTaMH a; U a,. OmnepaHipl AaHHLIX GyneM
o6o3nauarb 6yKBoH x. BykBoil i GyneM oGo3HauaTh HOMepa KOMaHJ,
NPOrpPaMMHI.

B Kaxfplfi MOMEHT BpeMeHH ycrpoiictBo ympaBnenuss [AM Ha-
XOJMTCS B ONpeNeIeHHOM COCTOSIHUH. COCTOSIHHE — 3TO HOMEpP BhINOJ-
HseMo#i KoMaHJbl nporpaMMel. BeinosHEeHHe KOMaHIbI COCTOMT B He-
KOTOPOM H3MeHEHHH COMEPKHUMOTO sf4eeK NaMsTH H COCTOSHHUS yCT-
poiicTBa ynpaBieHusi. [Ipu 3ToM MoryT BoBJeKaTbcsi B paGoTy ycr-
poficTBa BBOJA M BbiBOJa. ECIH HOMep BHINOJHSEMOH KOMaHIbl Ha
ouepesHOM I[uare paGoThl He M3MEHMJICS, TO K CJeLylolleMy Iuary
OH yBeMMuHTCS Ha eaunuuy. [locmenued nosxHa ObITH KOMaHAa,
BCerja HaMeHsollasi COCTOsSIHHE YCTpoficTBa ympaBieHusl (KOMaHIa&
nepexofa JUMP, cm. Huxe).

[IpuBeneM cnucok KomaHp IAM.

1. Komanga LOAD x noMemaer 4ucio, o6o3HauaeMoe omepaH-
IoM x, B A4efiky ¢ agpecom (0, 0) — akkymyaaTop. Crapoe comepKH-
MOe aKKyMyJsiTopa cTHpaercs.

2. Komanna STORE (a,, a,) mnoMemaeT COAEPKHMOE aKKyMy-
JAATopa B fAYEHKY, afpec KOTOpo#l 3ajaercsi KOMIOHEHTaMH @, Q.
Crapoe comepxuMoe 3TOH SIUEHKH CTHpaerc.

3. Komauaw! cnoxenuss ADD x, sbiuutaHus SUBT x, yMHOxe-
Huss MULT x, nenewuss DIV x BHINOJHAIOT COOTBETCTBYIOLIHE Jeil-
CTBHUsA, Gepsl mepBHIH apryMeHT H3 aKKyMyJaaTopa, a B KauecTBe
BTOPOro apryMeHTa — 4HcJo, o603HauyaeMoe onepanjoM x. Pesyib-
TaT omepamMH noMemiaercss B akkymyasarop. [Ipu JejeHuH ocTaTok
orbpaceiBaercs. [enenne Ha 0 paer O.

4. KoMaHpa HaxoxaeHud caenyiomieil 3anaroi sveilku NEXT (a,,
@) [ moMeljaeT B aKKyMYJATOP Takoe HaHMeHblee IeI0e YHCIO K,
uto k£ > |la,] u Lle.d, k] = 0. KoMaHaa HaxoxkIeHHS npenbigyluei
3aHAToll suelikh PREV (a,, a,) { noMemjaeT B aKKyMyJATOP TaKoe:
HauGonbilee 1enoe yuciao k, uto k<|la]l w |lad, k] 0.
Ecnn ykasaHHOe yHuc10 He HafleHO, TO COAEPKHUMOe aKKyMyJsATopa
He MeHsieTcA M ynpaBleHHe Hepefaerc KOMaHAe ¢ HOMepoM i, T. e.
YHCJIO { CTAHOBHUTCS HOBBIM COCTOSIHHEM YCTPOHCTBa ynpaBJjeHHS.

5. Komanzas GesycnoBHoro nepexofa J UMPi, nepexona no HYJIO:
JZEROi, nepexoma mno mnoJoxuTeabHoMy uucay JGTZi u3MeHSIOT
HOMep BBINOJIHAIEMOH KOMaHAHl Ha i B clefyiomux cayvaax: JUMP —
Bcerla, JZERO — npH HyJeBOM COJNEPKHMOM aKKyMyJAaTopa,
JGTZ — npH noJoKHTeJbHOM COAEPKHMOM aKKyMyaATopa. B ocrass-
HBIX CJIyYasx BbINOJHSIeTCS cJjepyioliasg KoMaHza. '

6. Komanna READ (a,, a,) 4yuTaeT oyepefHOe YHUCJO C IOMOILbIO-
YCTPOHCTBa BBOJA H moMelllaeT ero B siuedKy, ajpec KOTOpo# 3anaercs
KOMIIOHEHTaMH a; H a,.

MamnHa He HMeer cnenuanbHOH KOMaHAH BhiBoja. MeHsiomuecs
BBIXOJHBE JaHHblEe NMOCTOSHHO HaXoAATCs B sA4YeHKaX ¢ (QUKCHPOBaH-
HbIMH aflpecaMH. PaGoTa Befercsi B pexuMe on—Iine, npH.KOTOPOM

2 19



K MOMEHTY BBOAa OdepelHOH mNOPIHMH JaHHBIX [OTOBO 3HayeHHE BHI-
yHcasfeMoii (QYHKIMH Ha BBEJEHHOM K S5TOMY MOMEHTY HayaJbHOM
OTpe3Ke BXOAHBIX AaHHbIX. TakuM ob6pasoM, /A M npucnocobneHa ais
BLIYHC/IEHHS] LeJOYHCJIeHHBX (YHKIMH Ha uejoYHC/AeHHHIX mnoc/e-
JlOBaTeJbHOCTAX.

3. 3anmpocbl M HMX TOAIEPKKA

3anpocoM THma r — p 6GyneM HasbiBaTb OTOOpakeHHe, CTapsllee
B COOTBETCTBHE COCTOSHHAM 6asbl’ JaHHBIX THOA 7 HemycThleé PeKyp-
CHBHO-TIePeYHCIHMbie MHOXeCTBa COCTOSIHMA 6a3bl JaHHBIX THHa p.
MHoxecTBeHHOCTb pe3yJsibTaTa 3ampoca OYAeM TPaKTOBaTb KaK BO3-
MOXKHOCTb HECKOJbKHX pa3/HyHbIX oTBeToB. Ha 3ampocax ecrecTBeH-
HbIM 00pa3oM ompejesieH YacTHYHBI mopsfoK. 3ampoc f THDa r — p
CYHTaeTcsl He MeHee ONpejle/IeHHBIM, 4eM 3amnpoc g TOro ke THIA,
ec/H 17151 J0Goro cocTosiHUA Gasbl§ THNA r MHOXKECTBO [ (8) sBasercs
NOAMHOXKECTBOM MHOXecTBa g (S).

3anpoc THma r — (0) OyneM HasbiBaThb CKaJSPHEIM 3amnpoCoM.
CKanapHuifi 3anpoc COCTOSIHHAIM Ga3bl JAHHBIX CTaBHT B COOTBETCT-
BHe MHOXecTBa LeJblx 4uces. B panbHeiimreM 6yseM paccMaTpHBaTh
BbiuHc/eHHe Ha [AM B OCHOBHOM CKaJIfIpHBIX 3ampocoB. BriunciaeHHe
JPYTHX 3anPOCOB MOXKHO CBECTH K BHIMHCJEHHIO CKaldApHbIX. [lefcTBH-
TeJIbHO, OTBeT Ha 3anpoc (cocTosiHHe 6a3bl) MOXKHO HaKONHUThb B 3aKo-
JUDOBAHHOM BHJe B NMaMSITH H BHJATh JIOOYI0O ee YacTb, BBeAs BO
BXONHYI0 6a3y NONOJHHTEJNBHYIO CTPYKTYPY, YKa3sblBawollyio, KaKo#
3JIEMEeHT 3anpoca HeoOXOAHUMO BLIBOAHMTb. TeM He MeHee A1l JoKa3a-
TeIbCTBa MOHAJOOHTCS BpeMeHHO 3aHKCHpPOBaThb cJefylollee onpe-
JiesleHHe.

OnpeneaeHnune 5. BygeM cunrarh, YTO fYefiKa MalUMHBI
COMlep2KUT mpejcTaBJieHHe 3jeMeHTa y KJacca Ty, ecau:

1) npu { = 0 31a AyeliKa CONEPKHUT LeI0e YHCIO Y;

2) npu i >0 ¥ nycToM x 3Ta Aveiika cofepkHT yHcao 0;

3) mpu i > 0 H HenmycToM x 3Ta sA4efika cofepKHT uuciao [ >0,
P[l .;uo6aa Avefika ¢ aapecoM (l, k) couepHT mpeicTaBjieHHe cpe3a
Xlp.

ByneM cuHTaTh, 4To MamHHa coXpaHsieT B npoiecce paboThl mpea-
CTaBJieHHe 3/1eMeHTa THna T; B siueiike ¢, e¢nu [ = 0, uau npu i > 0;

1) comepxumoe ! siuefiku ¢, He paBHOe HYJO, He MeHseTcs, eCJ/H
XoTs Obl onHa siuefika ¢ ajapecoM BHAA (l, k) HMeeT HeHyJieBoe COAEp-
HKHUMoe;

2) a1 HOBOrO HEHyJIeBOrO CoepKHMoOro ! suefiKH ¢ Bce fUeHKH
¢ ajpecaMH BHia (I, k) ceaepxkar HyJH;

3) MallMHa coXpaHfieT cojepKHMoe siueeK C aapecaMH (I, k),
NIOKa HeHyJieBoe cofiep:KuMoe suefikH ¢ ecThb [.

ITonuepkHeM, YTO mpejcTaB/ieHHe 3jeMeHTa THma Ty Bceraa co-
XpaHsieTcs B J1060# sAuelike TAM.

Ilyctb M — mammHa tHDna [AM, x,, ..., X, — nocjenoBaTeAb-
HOCTb NeJBIX yucead, (py, ..., Pn) — THN OasH JaHHHX. Yepes
M (x,, ..., xk)(pl, s PR 0003HaYUM KOpTeX (Sy, ..., Sp) 3JIEMEHTOB
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KaaccoB Tp, ..., T, COOTBETCTBEHHO, NpEJCTaBJEHHS KOTOPHIX CO-
Aepxatcs B Aderkax ¢ ajgpecamu (0, 1), ..., (0, n) COOTBETCTBEHHO
K MOMEHTy BHINOJHeHHS MaumnHo# M k + 1-ii onepauun READ.

Onpenenenue 6 Mamuna M tuna IAM nopnepxusaer
3anpoc ¢ THNa r — p, €I AJs J060f LEeNnoYKH KoJA0B H3MEHEHHH
£y, ..., Cx 0a3bl JAaHHHIX THNOA r

M. - Jen) EQ(Arker® ... *cy)

¥ aas Jwoboro sneMeHTa x € ¢ (§) HafiieTcs Takasi Lenoyka KoOJI0B
Y3MEHEHHH ¢, ... ¢, 0a3pl AAHHBIX THOA 7, YTO

s:Ar*cl*...*Ck H x=M(Clu...”Ck).

JlanHas MamuHa M HenpepeIBHO MOJJEepXKHBaeT YKa3aHHHBIH 3a-
1npoc, ecqd OHa coxXpaHsieT B sueilkax ¢ ajgpecamu (0, i) npH i =
=1, ..., | p| anementsl THnOB Tp, B npouecce Bceil cBoedl paGoTHI.

3aMeTHM, 4TO B CHJY JAHHBIX OMNpeleaeHHi Mo6oH CcKasspHBIHA
3anpoc MoOXeT MOZEepPKHUBATbCA TONBKO HeEIPEPHIBHO.

JlononHUM npefbiAyinee omnpejgelenne. byaem cuuTaTh, 4TO Ma-
wwHHa M nojjepXuUBaeT 3amnpoc @ B pealbHOe BpeMsi, €C/IH YHCJIO
IIaroB MeXAY IMOCJeA0BaTeNbHBIMH BHINOJHEHHSAMH KoMmaHawl READ
OTPaHHYEHO CBepPXY KOHCTaHTOH.

4. CpexctBa ¢OpMy HpPOBKH 3alpocoB

Uepes O" 6yaeM o6o3HauaTh KOPTEX H3 n HyJel.
Onpenenenune 7. HcXofHbIMH 3anpocaMH Ha3HBaIOTCH

caeyiomue;

1) sampochl tuna (0, 0) — (0): ¢dyHKuMu +, —, -, /, BHIIOMHSA-
Iolliie onepanud caoxeHHs (x 4 y), BHUHTaHHA (X — y), yMHOXKe-
HHS (X-y), BHIUMC/IEHHS LEJOH YacTH yacTHoro [x/y], npuuem [0/0]

nonaraercss pasHbeM 0,
2) 3anpoc tuna ( ) — (0): KoHcTaHTa 1, oToOpaxaiwinasi OycToH

KOpPTEX B HeN0e YHCao 1;

3) sanpoc tuna {0) — (0): dyHkuus abs, oTobpaxkarollas Lenable
Yhcsa B HX aGCOMOTHRIE BeNHYHHBI;

4) 3anpoc [; THna r — r;, rae r = (ry, ..., In), i < n, etobpa-
XKawomuil Koprexu BuAa (Xq, ..., X,) B X;, rle x; umeeT THN T;

5) sampocet N,, P, u K, tuna (T,, 0%) - (0), rae n >0,
orobpaxaroll e Koptex (x, f) B Lejl0e YHCIO:

K, (x, ) — xpaTHocTb KoOpTexa f B MYJbTHMHOXECTBE X, T. €,

x (8);
min {k|k >, K(x, t, k)>0},
N, (x, ¢, t,) ={ €c/u Takoe k cyliecTsyer,
t, uHaue,
max {k|k <ty K(x, t, k)>0},
P.(x, t, t)) = €clH Takoe k cywecrsyer,
{, UHaue;
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6) sanpoc G, tHna (T,, 0"+2) — (T,), orobpaxawIuii KopTex
BHAa (x, f, k) B MyJbTHMHOXeCTBO x —+ k {£}.

MHoxecTBO HCXOAHBIX 3ampocoB OyaeM B JanbHeiiiieM 00o03Ha-
uyaTh OykBoii B.

Onpepnenenune 8. Ilyctb h — 3ampoc tHHa p —> ¢, g —
3anpoc THna ¢ —r. Toraa cynepnosuuueii 3anpocoB g U h Hashl-
BaeTcs 3allpoc geoh THma p — r, ompelelsieMblii pPaBEHCTBOM:

goh(s) =g (),

rie g B IpaBoii YacTH NpUMEHsIeTCS KO BceM 3jemMeHTaM A(S) ¢ o6beu-
HeHHeM pe3y/bTaToB.

[Tyets h — 3anpoc THna p — ¢, g — 3anpoc THna p — r. Torzna
KOHKaTeHaluHedl 3anpocoB g ¥ h HasmBaeTcs 3ampoc g Il A THNa
P — q |l r, onpejensieMblfi paBeHCTBOM:

gllih(s) = gs)llals),

rie KOHKaTeHauus B NpaBOil 4yacTH IpHMeHsieTCs K BCEBO3MOMXHEIM
napaM 3/1eMeHTOB g (S) u A (S).

MuoxecrBo { o3 i}, cocTosimee H3 omnepauuii Cyneprno3uuuH M
KOHKaTeHalUH 3anpocos, OyleM o6o3HauaTb GYKBo# S.

Onpepnenenue 9. Onepanueir HenapamerpU3oBaHHON OJHO-
BpeMeHHO!N peKypCHH HajJ 3ampocamd HasuBaercsi oroGpaxeHue RO,
cTaBsilliee B COOTBETCTBHE COCTOSIHHIO ¢ GasH JAaHHBIX THOA (Ty) H
sanpocy h THna (0!, T,) — (T,) HanGolee oNpejeNieHHbIR
3anpoc f tuna r — (Ty), YIOBNETBOPSIOUIHH CAEAYIOLIHM YCJIOBHAM:

c€f(Ay),
hl(tl, kl, ceny tn, kn’ f(xl, ey xn))Cf(xl+k1 {tl}’ e (1)
o Xn 4 ky {£:]),

rie h npumeHsierci K MHoxecTBY [ (x) nos;iemeHTHO. Uepes Rc (f)
6yneM 0603HauaTh- MHOXKECTBO R, 1S BceX BO3MOXKHBIX C.
Tlocnennee onpeneneHne HyKAaeTcs B 0GOCHOBaHHH CBOoell Kop-
PEKTHOCTH: cjefyeT JAoKa3aTb, 4To (GYyHKUHA [ cyllecTByeT H eau-
CTBEHHA.
JdokasarteaserTBso. CooTHomeHud (1) HetpyAHo nepecgop-
MyJIHpOBaTb B BHJE:

c€f (An), (2

eclti 7 € h (ty, Ryy ooy Eny Rny y) M Y €[ (Xq, <.y xp), TO
ZEf(x1+k1 {tl}b ceey Xn +kn{tn})- (3)
3amMeTHM, UYTO MHOXKEETBO HCTHHHRIX NpeNIOXKEeHHH BHAAa 2 €
€h(t, ki ..., tn, ky, y) NepeurcIuMO (B CHY oONpefieNeHHS IO-

HATHA 3anpoca). Torjga npennoxenus (2) u (3) onpenensitor Hcuucae-
HHe, NOpOXJAlollee MNepeuHCTHMOe MHOXKECTBO MNpeIoKEeHHH BHIa

r€f(xy, ..., x,). HerpyaHo Bujerh, uTO, NOJNOXHB [ (X) paBHEIM
2l 2€f (%1, ..., x5)}, monyuum TpeGyeMHli MUHHMAJ/JbHBIH 3a-
npoc.
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5. XapaxTepH3alHs Kjacca 3ampocos,
NOAACPKHBAEMbIX B peatbHOE Bpems

Ins ¢GopMyNHPOBKH OCHOBHOTO pe3y/bTaTa BBENEM CJEAYIOLLIHE
cokpameHus. Ilyetb X — HeKoTopoe MHoXecTBO 3anpocoB, O —
MHOXKECTBO oOlepanuili WM onepaunus Haj 3anpocamH. Yepes O0X
0003HayHM MHOXKECTBO pe3y./IbTaTOB OJHOKPATHOrO NPHMEHEHHs olle-
panuit O kK 3nementam X, uepes O* X — MHOXKECTBO pe3y/nbTaToOB
MHOTOKpaTHOro NpHMeHeHHS omnepauuii O K 3jgemeHTaM X H CaMHX
3/eMeHToB X.

Teopema. MHoxecTBo 3ampocoB, HeNmpepbIBHO NOAEPKHBae-
MBIX MamuHaMH THna /AM B peainbHoe Bpemsi, paBHO MHOMECTBY
T = S8* (RS*B U S*B), ApyrdMH C/IOBAMH, MHOMECTBY 3alpoCOB,
110/1y4aeMbIX H3 HCXOAHBIX MHOTOKPATHBIMH NPHMEHeHHSMH olepanHi
CYNepnosHuyy, KOHKaTeHauuH W HemapaMeTpH30BaHHOH NPUMHUTHB-
HOH peKypcHH, TpHYEM MNOCIEAHSA ONepands NPHMEHSeTCH «HeBJO-
KeHHO», T.e, He NPHMEHSeTCS K 3ampocaM, COJIepXKallHM pe3y.ib-
TaTbl ee NPHMEHEHHS.

Jloka3aTe/IbcTBO TEOPEMBl OCHOBBIBAeTCS Ha HECKONbKHX MpH--
BelleHHHX HuXe sneMMax. OG03HauUM MHOMKECTBO 3alpocoB, Helpe-
peIBHO mopjep:kuBaeMbix IAM B peanbHoe Bpemsi, uepe3 Rjap.
Takum o6pa3om, Teopema yTBepKAaeT, 4T0 T = Rjap. Hns ee
JIoKa3aTellbcTBa, KpoMe MOHSITHSA NOJJEPXKKH 3dmpoca, noTpeGyercs
TIOHSITHe BHIYHCJEHHS 3ampoca.

Onpeneanenune 10. 3anpocsl tHna r — (T;) GyneM Hashl-
BaTh OJHOKOMINOHEHTHBIMH. 3ampoc [ THHA (7q, ..., Tp).—> (Tn,1)
HasblBaeTcsl CHABbHO BBHIUHCAHMBIM, €cld HaHAyTcs TakHe Lejble He-
OTpHUaTeNbHRle uHcaa [ << n+ 1 u kB, a Takxe MamHHa M Tuna
IAM, wurto rp,; = r; 1 mawnHa M, HauaB paboTy ¢ mpejcTase-
HHAMH 3J1eMEHTOB Xq, ..., Xp, Xpu1 (xn+1 = anu) tana Ty, ...,
T, T.,, B sueiixax c agpecamu (0**+L1), ..., (0, n+ 1)
COOTBETCTBEHHO, He Gosiee uyeM yepe3 k I11aros BHINOJHSAET KOMaHAY
READ, umes B siueiike (0, n + 1) npeacraBneHue 3iemeHTa f (x4, ...,
Xp) — X; THIA T.,, ., TpHYeM IpeICTAaBIEHHS 3/1eMEHTOB B siyeikax
¢ agpecamu (0, 1), ..., (0, n) coxpausilorca B mnpouecce paboTol
Hel3MeHHBIMH.

Jlemwma 1. Bce ofHOKOMNOHEHTHBIE 3anmpockl H3 S*B cH/IBHO
BBIYHCIHMBI.

JdokasaTeabcTBO BeleTcd HHAyKIHeH IO INOCTPOEHHIO
kKnacca S*B. CuabHasd BbIUHCAMMOCTH 3ampocoB +, —, o, [/,
1, abs oueBHiHa, TaK KaK OHH BRINOJIHSAIOTCA TPHBHANbHHIMH MpoO-
rpaMMami M pa6oTaioT JHIIb C LeJbIMH YHCJIaMH, NpeACTaB/eHHS
KOTOpbIX BCeraa coxpaHsiorcsi. 3anpoc I; CHIbHO BRIYHCTHM IIpOrpam-
Mo#i, cocrosiieli JaHb U3 KomaHAsl READ. Tlporpammbl, CHJIBHO
BbluHcAsomMe 3anpockl N, P, u K,, HeTpyJHO MOCTPOUTD, TaK Kak
HX pesy/abTaThl — Leflble Yucla. B MepBHIX ABYX caydafx caeiyer
Hcronb30BaTh cooTBercTBeHHO Komavan NEXT u PREV. Herpynso
TaKe MOCTPOUTH INpOorpaMMmy, CHJABHO BbUHCAfOmMYI0 3anpoc Gn.

23



Mpencrapnende pedysabrata 3tofi  nporpamMmoil  oGecrnedHBaeTCs
B sAYeiike c ajpecoM (0, 1). Takum o6pa3om, Bce HCXOAHBIE 3alpOChHI
CHJIbHO BBIYHCJIHUMEI.

Knacc oHOKOMNOHEHTHBIX 3anpocoB U3 S*B MOXHO NOCTPOHTH
H3 KJlacca MCXOAHHIX 3alpOCOB C NOMOILbIO OlNepandH KOMIIO3HIHH,
cTapsfiillel B COOTBeTCTBHE (QYHKUMAM A, g4, ..., §» (YHKHHIO f, OI-
pelle/iieMyl0 paBeHCTBOM:

fx)=h(g1(x), ..., gxn(¥))-

Ecnu sanpoce A, ¢q, ..., @ CHABHO BRIUHC/JIHMBI, TO MOXHO IO-
CTPOHTb POrpamMy, CHJIBHO BRIUHCAAIOIWYO 3anpoc f. JleficTBUTeNbHO,
nporpaMMmsl g, ..., @ MOXKHO NepelienaTb Tak, YToObl OHH, He Mellas
Apyr JApyry, MOIJIM IOoc/JelloBaTe/lbHO BHIIIOJHATHCA, HaKamnahsas
B pasiuyHbIX siveiikax TpeGyemble H3MeHeHHS BXOJHBIX IHaHHBIX.
3areM MoAHGHLHPOBAHHAS mnporpamMma fAls f, MCNONB3Ys HCXOJHHIE
IanHble H HHGopManHio 06 HX H3MeHeHHsX, BEIpabaThiBaeT TpeGyeMbli
pesyabTar. Jlemma JoKa3aHa.

Jlemma 2. RS*B=T.

JdokasateabcTBo. B cuny nemmbl | jocTraToyHo JoKa-
3aThb, UTO_€C/IH [ — cunbHO BRIUHCAHUMEIN 3anpoc, To R, (f) — 3anpoc,
nojjepKHBaeMHi B peanbHoe BpeMs. IlporpamMma Aas NoffepKKH
3anpoca | HayWHaeT paboTy c reHepaudH B NMaMATH MpeJicTaBeHHs
HCXOAHOH KOHCTAaHTH C. 3areM HHKJ/JIHYECKH BBINOJHAKTCS KOMaHHIbI
YTeHHs KoJa H3MeHeHHs cOCTOsIHHS $asbl H MoAH(HIHMPOBAHHAS IPO-
rpamMMa CHJIbHOI'O BRIUHC/EHHS f, BHOCALLAs B NpeAcTaB/eHHe pe3yb-
TaTa 3anpoca R, (f) Heo6xoaumble H3MeHeHHsI. B HTore B 3aBHCUMOCTH
OT NOps/IKa BHECEHUS H3MeHEeHHH MallHHa NOPoXKJAaeT BCe BO3MOXKHbIE
3JIeMeHThl 3HaueHHs 3ampoca.

Jlemm a 3. MHOxecTBo T 3aMKHYTO OTHOCHTe/NbHO omepanui S.

JokaszaTeabcTBo. HerpuBHanbHOH YacThl0 JoKa3aTeb-
GTBA cJeJyeT CUHTATh JO0Ka3aTeNbCTBO 3aMKHYTOCTH T OTHOCHTENbHO
onepauyH cynepno3uluH. [locneaHss 3aMKHyTOCTb cJjefyeT U3 TOTO
3aMeyaHus, YTo MallHHY, INOANEpPKHBAIILYIO 3anpoc B peajbHoe
BpeMsl, MOXXHO MOJH(HUIHPOBATh TAKUM 00pa3oM, uToGhl OHA BhIAaBajla
[0C/Iel0BAaTeNbHOCTL KOJIOB H3MEHEeHHi pe3yJ/bTaTa 3TOro 3amnpoca.

Jlemma 4. Jlwboii 3anpoc, HempephiBHO MNOAJEPIKHBAEMBIH
B peasbHoe BpeMsi, NpEJCTaBHM B BHJe CyNepHo3WLHH 3aNpocoB U3
S*B u RS*B.

JokasaTeabCcTBO COCTOUT H3 apudMerHsauuu [AM.
Mpexne Bcero caenyer mopuduuuposats nporpammy [AM, BhIYHC-
JSIOLLYIO 33JIaHHBIH 3anpoc, 4ToGhl Bce Nepefayd ynpas/eHHs Hasaj
(Ha npepaecTByIOUME KOMAaHAbI) OBLIH BO3MOXHBI JIHIIL HENOCPeX-
CTBEHHO nocnae cepud KomaHi READ, sBopsieil KoA H3MeHEeHHs
COCTOSIHMS 6a3bl JaHHBIX. 3aTeM MOMKHO JOOHTbCS Toro, uTOOBI BCe
3TH Nepefayd ynpas/leHHsl Ha3aj BelH K NepBOil KOMaHJe NporpaMmsl,
Bce conepxkumoe namsatH IAM MOXHO CUMTaTh MpejJCTaBleHHEM
MYJBTHMHOXECTBA Nap LeJBIX YHCesa, T.e. 3jeMeHTa Kjaacca Tg.
Taknm o6Gpasom, MOKHO CUHTaTh, YTO MallHHA NOANEPKHBAET 3aNpoc
tHna r — T,. [To MmopuduuHpoBaHHO# NporpaMme MamHHbl HETPYJAHO
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TIOCTPOUTH TaKOH 3ampoc | H KOHCTaHTY ¢, YTO NOXHep:KHBaeMblii 3a-
npoc 6ynem umets BUA R, (f), a f Oyxer mpuHamnexartpb Kaaccy S*B.

3aBepiuaeT JOKa3aTeNbCTBO JIeMMbl 4 IOCTPOEHHE FTaKHX 3aPOCOB g,
tina Ty — p;, UTO NMOAKEpKHBAEMHI# 3anpoc A THNA ¥ — (Py, ..., Pr)
npeacrasnsiercs B BHJE:

h:(gly e ey gk)oRc(f)

3anpoc g; No coliep:KUMOMY NaMATH (371eMeHTy THna T,) HaAXOAHT
snemenT THna T, , NpejcTaBieHHe KOTOPOro COAEPXKHTCS B siuefike
¢ axpecom (0, i).

TpyzHocTs B MOCTpoeHHH 3ampoca g; C NOMOILbi0 omepatopa R
COCTOHMT B TOM, UTO He BCe JIOKa/lbHble H3MEHEHHSI COCTOSIHHS NMaMsATH
NPHBOAAT K JIOKANbHEIM H3MEHEHHSIM NpeJICTaBeHHH 3/eMeHToB T,

Jas npeojosneHHs 3TOr0 NpPensTCTBUS JOCTAaTOUHO MOAH(PHIHUPOBATh
HCXOJHYIO MAaLIHHY TaK, YTOGHl, KpOMe MpeANOXKEHHHIX HaMH MNpej-
CTaB/N€HUH MYJBTHMHOXECTB, OHA COJepXKaja B NaMATH NpeicTaBile-
HHS, OCHOBaHHBIE Ha cnapHuBawmUX QyHKOHAX KauHH, npH KOTOPHIX
Bcsl HHGOpMALUs O MPeACTaB/IseMOM MHOXKeCTBe pa3MelllaeTcsl B OXHOM
«cjloe» MaMsATH, a MecTo JJ/1 XpaHeHHS KPaTHOCTH KaXKAOro KopTexa
OnpefieeHo OAHO3HAYHO. DTO MOXKHO CleNaTh, MOCKONbKY HCXOAHas
MaluMHa HeNpepeIBHO NOAAepXKHBaeT 3anpoc H, clefoBaTe]bHO, BHO-
CHT B ero pe3yJ/bTaT JHLIb JOKalbHble H3MEeHEeHHs, 32 KOTODHIMH caMa
B 'COCTOSIHHH TNPOC/]EHTb, NOMETHB KaKHM-1HG0 CrnocoGoM 3/7eMeHTHI
pe3yabTHpYloiieli HHQOPMAIHH.

JJoKa3aTenbCTBO TEeOPeMbl HENOCPEACTBEHHO CJeRyeT
U3 jgemm 2, 3 4 4.

B 3akJjoyeHHe 3aMeTHM, YTO NPH yAaNeHHH U3 onpepeneHus [AM
koMaHng PREV u NEXT, a u3 ucxoiHnx 3anpocos P, u N, ocHOB-
Has TeopeMa ocTaercsi HCTHHHo#. Mamuuel /AM B 3ToM cayudae
npespamanTcs B OJHY H3 Pa3sHOBHUAHOCTEH paBHOAOCTYMHHIX ajpec-
HBEIX MallHH.

JIureparypa

. Beavmioxos A. IT. Ba3bl JaHHBIX, OPHEHTHPOBaHHbIE Ha PabOTy € MOMOLLbIO HENpo-
ueflypHoro sisbika//CunTes nporpamM: Te3HCH AOKJALOB LIKOJBI-CEMHHapa.
Yetuuos, 1985, c. 57—59.



A. 5. BOJIBIIEPT *

KAYECTBEHHOE M3YYEHHE OJHOTO KJIACCA
CHCTEM MACCOBOTO OBCJY)KHBAHHA

1. BBegeHnne

CraTbsl NocBsillleHa MaTeMaTHYECKOMY MOJETHPOBAHHIO ClelHalbs
HBIX 3TanoB BBIYHCAHTENBHHIX NPOLECCOB, KOTOPHe 06pasyioT rpynny
3ajlay /11 HEKOTOpPOH MYJBTHNPOrpaMMHON ollepanHOHHOH CHCTeMBbE
(OC). PaccmarpuBaemble 3Tanbl XapaKTepH3YIOTCA HHTEHCHBHHIM HM-
(opManHOHHHIM OOMEHOM MeX/y [pPOLHEcCOPOM H COBOKYIHOCTHIO
nepudepHiHbIX YCTPOHCTB, cOCTaB KOTOPHX B Npolecce paGothl He
u3MeHsiercsi. KaxJIoMy ycTpoHCTBY IMocCTaBJleHa B COOTBETCTBHH
3ajaua OC, sanmyckaeMasi Ha cueT NMpH cpaGaTHIBaHHH YCTPONACTBAa H
B CBOIO ouepe]b MO 3aBeplleHHH OGPaGOTKH MNOJYyuYeHHBIX AaHHBIX
3anyckawomas yctpoiictBo. Takasi cHTyauHs BecbMa XapaKTepHa A1s
H3MEepHTeJbHO-BRIUHCAHTENBHEIX H YNpaBASioWMX cucTem. OTAHYH-
TeNbHBIMH 4YepTaMH ceTed MaccoBoro ob6cayxuBaHusi (CMO), BO3HH- -
KalmUX NPH MOJENHPOBAHHH ONHCAHHBIX CHCTEM, SIBISIIOTCA: LHK-
JIHYHOCTh MapUIPYTOB OTAEJNBbHBIX 3aIBOK, MOCTOsIHHAs (WIH cJjabo
BapbHpYIOWMAsAcs) AJHTENbHOCTb HCTOJHEHHS OTAeNbHBIX paGoT B MO-
HOMOJIbHOM /19 JaHHO# 3asBKH pexxuMe. Kak nokasano B paGoTe, A1
CHCTeM ¢ ABYMs 3asiBKaMH MOCTOSIHCTBO 3THX JJIMTEJIbHOCTEH MOXKET
COBMelllaTbcsl B 3aBHCHMOCTH OT JHUCHHNJHHBL KaK ¢ JleTepMHHHPOBaH-
HbIM, TaK H CO C/yYaiiHbIM NoOBeJIeHHeM CHCTeMH. B JaHHo# paGoTe
AN KauecTBEHHOrO H3YUeHHS 3THX CHCTEM HCIONb3YIOTCA pe3yJlb-
TaThl 3PFOJMYECKOl TEOPHH B COUYETaHHH c Gosee 3/eMeHTapHBIMH Me-
tofamu. [IpH paccMoOTpeHHH JAHHAMHYECKHX CHCTEM, BO3HHKAIOLIHX
B xojie aHaau3a CMO, B Tex cayuasix, Korja 3to ofjeryaer Hccaeno-
BaHHe, OrpaHMYHMCS pacCMOTpeHHeM HaGopoB MapamMeTpPOB 3THX
CHCTEM, HaxoASUIHXCS B OOWEM IONOXKEHHH.

* ¢ npusuatesed M, V. TopAHHY, yKa3aBlleMy MHe Ha BO3MOXHOCTb H3YYeHHS
CMO ¢ nomowplo TEOPHH AHHAaMHYECKHX CHCTEM H OKa3aBlleMy NOMOIUb B Mpollecce
paboTul Haj craTbefl.
© A. B. Boaunept, 1990
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2, OnucaHHe'macca HCCIENYEMBIX CHCTEM

PaccMoTpuM cocTosiylo H3 Tpex npuGopos 3amkHyTyio CMO,
B KOTOpoHl o6CnyxHBaloTcs jaBe 3aaBkH (puc. 1). OOGcayxHBaHHE
3asaBKH ¢ HoMepoM i (i € {1, 2}) COCTOHT B LIHK/IHYECKOM HCIONHEHHH
pabor p;, a;, nepBasi U3 KOTOPBIX BBHINOJHSETCA Ha OGC/YXKHBAIOLIEM
npu6bope I1, a BTopasi — Ha o6cayxuBatolem npubope A;. Onpenenus
TaKHM o6pasoM paboTel H MaplUPYT KaKAOH U3 3asiBOK, AJS MOJHOTO
onHcaHus anaropurma -pabotel CMO cnepyer 3anaTh TPYAOEMKOCTH
KaXJofl U3 paboT H AHCUMIJHHY OOC1YyXHBaHHsS npHGopom [I, rae
-HMeeT MecTO KOHKypeHHHUS 3asBOK. [IpeamosioxuM, yTo Kaxjas H3
paboT HMeeT mnocTOsSIHHYI0 TpyfRoeMkocts T (c), rae cE€ {a;, a,,
P1, P»}. Kak npaBuso, Kaxnaas paboTa B JM06G0H MOMEHT BpeMeHH
aub0 He HCIOJHAETCA BOBCE, JHOO HCHOJHSAETCS € €IHHHYHOH CKO-
pocTeio. Takasa cucTeMa MOXKeT ObITh 3aflaHa MOCPEACTBOM HaJlOXKEHHS
OTpaHHYEHHs Ha COBMEeCTHYI [AHHAMHKY 3afBOK, HHAHBHAyalbHad
JHHAMHKa KaXJOH U3 KOTOPBIX NpeJcTaBiaserTcs ABHXKEHHeM C eJH-
HHYHOH CKOPOCTBIO IO pa3MeuyeHHO#H OpHEHTHPOBAHHOH OKDYMHOCTH,
JUIMHBL IYT KOTOpO# paBHH TpyjAoeMKocTsM pabot (puc. 2). [IpocTpan-
CTBO COCTOSIHHH CHCTeMBbl JBYX 3asiIBOK NPH OTCYTCTBHH KOHKYpPEHIHH
B npubope /I sBasinoch Obl MPSIMBIM MPOH3BEJEHHEM HX MPOCTPAHCTB
COCTOSIHHII (IBYMEpPHBIM TOPOM) ¢ COOTBETCTBYIOUIMM 3aKOHOM JBHXKe-
HUs. YueT B3aUMOJAEHCTBHSA 3asBOK, T. €. NHCHHIJIHHBI 06CJYKHUBAHHS
ux npubopoM [I, NpHBOAUT K HeoOGXOAHMOCTH paccMartpuBaTh OoJee
CNIOXHBIE MPOCTPAHCTBA COCTOSIHHH H 3aKOHHBI JIBHKeHHs (BeKTOpHbIE
noasi) Ha HUX. Huxe paccmarpuBaroTcsi cHCTeMBl, B KOTOPHIX o6cay-
JKHBaHHe 3asBOK npuHOopoM [ nonuuHsieTcs OJHOH M3 ClefyIOLHX
aucuunaud: FCFS (First come first served) — o6GcnyxuBaHue B no-
psake nocrynnenus 3asasok u LCFS (Last come first served) — o6eay-
JKHBaHHe B NopfAJKe, o6paTHOM NOPSAKY NOCTYIIEHHSA 3aABOK, ¢ Ipe-
priBaHHeM oOC/1yKHBAHUS 3asABKH H COXPaHEHHeM MOJIyueHHOro el
o6cnykHBaHuA. Hackolbko H3BECTHO aBTOPY, BIepBble H3/jaraeMbli
noaxox Gei1 npuMeHeH mas uccaegaosahus CMO B [1]. Iloaxox K Jgo-
Ka3aTe/bCTBY TeopeMbl | B HeckoJabKo OoJjiee oflieM caydae, YeMm
paccMoTpeHHBIl B cTaTbe, Obl1 HameueH B [2].

O6o3HaueHu si. B pabore 6yayT BcTpeuaTbesi AHHaMHYe-
ckHe cHcrembl caeaywomux tpex tHmos: FCFS, LCFS u St (tun St
COOTBETCTBYET OTCYTCTBHIO KOHKYpeHLHH B npuGope [I uaH, NpH
Jpyroii HHTepNpeTalHH, HAAHYHIO Y KaXAOH 3asiBKH CBOEro TaKoro

” P

: 7(p:) T(e;)

Pmuc. 1, PHc. 2.
27



npubopa). KonkperHasi cucrema 3afaercsi TunoM H Habopom (T (a,),
T (p1), T (a;), T (ps)) € R4 mnuTeNbHOCTEH HCNONHEHHS OTAENbHBIX
pabotr. OGo3HauaeTcss Takasi cucrema ueped 0 (T (ay), T (p1), T (&), -
T (p;)), rne O € {FCFC, LCFS, St}. TlpocTpaHcTBO COCTOSIHHI

cuctembl o6o3HauaeTcsi uepe3 [§. [na tuma S? ykaxeM cpasy, 4To
nox T%: noapasymeBaeTcsi AByMEepHbIH TOp, Y KOTOporo ¢pMKCHpPOBaHO
ero npejicTaBleHHe B BHJe NpPOH3BENEHHS ABYX OKPYKHOCTEH (cM.
puc. 2), T. e. mpoeKUHH Ha Kaxaylo H3 HuX. Ilpeamonaraercs, urto
OKDYXKHOCTH CHaGXeHbl opHeHTalHeH, MeTpHKOH H pasmeTko#i. Co-
OTBETCTBHE MEXJy COCTOSIHHEM CHCTEMBl H COCTOSIHHSIMH ee KOMIO-
HeHT (3afiBOK) ycTaHaB/HBaercs NMpH MoMolld npoeKuuii. [uHamuka
cHcTembl Sf 3ajiaeTcsi BEKTOPHBIM TOJEM Ha | §¢, MPOEKTHPYIOUHMCS
B OMHUCaHHble BbIlle eJHHHYHblE MO/ CKOPOCTeHl Ha COMHOXHTeNAX
(Tak HasblBaeMblii MpocTeiuHii MOTOK Ha Tope). [ oCTalbHBIX
CHCTeM NPOCTPAHCTBO COCTOSIHHH H JHHaMHYeCKHe CHEeTeMbl Ha HHX
OynyT omucaHbl HHXKe. [N 3THX CHCTeM, TeCHO CBSI3aHHHIX C JBY-
MepHBIM TOpOM, GYAYT, Kak H /151 cHCTeMHl Sf, CyIleCTBOBATh MpPOEK-
IMH Ha NPOCTPAHCTBO COCTOSIHHI OTAENBHBIX 3asBOK.

3. Tpaektopun auHamH4eckHx cuctem FCFS
H HX 3aBHCHMOCTb OT ITlapaMeTpoB

PaccmoTpum cayuail, koria B npHbope /I Hcmonbayercss AUCLHUII-
auHa FCFS. TlpoctpaHctBo coctosiHuit CMO ¢ nByms 3asiBkamMH H
Takol MHCLHMNAHHON NpeAcTaBaAsieT Co00H ABYMepHHIH TOp, H3 KOTO-
poro BbIpe3aHa BHYTPEHHOCTb npﬂmoyro.nbnnxa LK,0"K, (puc. 3).
Yucna T (a;), T (p;), i€ {1, 2} — 310 TpyRoemkocTH paboT i-ii
3asiBKH, MCIOJIHSEMHIX COOTBETCTBEHHO B npHGopax A; u I1. B nps-
moyroabHHke 0'00"0" cl1efyeT Mbic/IeHHO OTO)K,IleCTBHTb Kaxayio
TOUKYy ero BepxHeii croponhl 0’0" ¢ jexaiell noj Hell TOYKOH
HHXHeH cTopoHbl 00", a KaXaylo TOYKY JeBoii cropoHbl 00’ — c qe-
Kalllel Ha ofiHOM c Heli BbIcOTe TOYKOH mpaso#i croponsl 0"0".
[Ip# 3TOM, B YacTHOCTH, cOBNAAyT TOYKH, 0GO3HaueHHBIE OJHHAKO-
BbIMH OyKBaMH. Pe3y/bTaT OTOXAECTBNIE€HHS CTOPOH — JABYMepHHIH
Top. Beeniem Ha Tope ocu koopauHat OO’ u 00", BHUHC/ISAEMBIX COOT-
BeTCTBEHHO 110 Moay/io T (ay) + T (p,) 1 no mopymo T (@) + T (py).
JBHkeHHe Touyek BO BHYTPEHHOCTH yKa3aHHOro MPOCTPaHCTBA M Ha
orpeskax K;0" u K,0' ocymecTBiasieTcsi BAONb HHTErpPaNbHBIX KpH-
BBIX YKa3aHHOTO Ha pHc. 3 BEKTOPHOrO MOJsi, BCe BEKTOPH KOTOPOrO

HMeIOT eflHHHYHble NIPOEKLHH Ha 00e

o Ky o/l OCH. JlBuxkeHHe Ha oTpeskax KL
1 'K,L uMeeT ToNbKO OJHY HeHYy.e-
T(pz) / j,L(K,) BYIO NPOEKLHIO BEKTOpa CKOPOCTH,
K= ———— i l.(K; K2 npuyeM Ha K;L — 3To npoekuHs
: 2 Ha ocb 00’, a uHa K,L — 310
T(z,) / |/ npoekuust Ha O00". JIMHAMHKY B
| ” TouKe L ompelesHM Takum o6pasoM,
ik p ) yTOGBl BEKTOD CKOPOCTH HMeJ eJH-
(@) K T(p, HUYHYI0 TmpoekuHio Ha 00" u HyJe-

Puc. 3, ByI0 Npoekuuio Ha 00’.
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3ameuaHnHue |.BekropHoe nose Ha APOCTPaHCTBE COCTOSIHHI
3ajlaeT OTBEYalIlyl0 eMy’ MOJYTPYINy CABHIOB BJIOJb TPaeKTOPHH
BeKTOpHoro mnoas {6'}, 1€ R,. O6buHO {6/} HasblBalOT noay-
TIOTOKOM.

3ameuanue 2. HeobxoguMocTs JoonpesieeHHs AHHaMHKH
B Touke L o6yc/aoB/jeHa TeM, 4TO AHCHHIJIHHBI B TEOPHH MAacCOBOTO
o6cNyKUBaHHSI He ONpeNe/SOT JOIHKY OGCJYXKHUBAHHS NPH OAHO-
BpeMEHHOM MNOsBAeHHH coGuITHi [3],

3anannas takuMm o6pasoM cuctema FCFS (T (ay), T (py), T (ap),
T (p,)) moJHOCTBIO onpeaensieTcss 3HaueHHSIMH NapaMeTpoB. 3aMeTHM,
yTo paccMaTpiiBaeMas JHHaMHuecKasi CHcTeMa HeoOpaTuma, T. e,
ISl NpOU3BOJILHOH TOYKH OAHO3HAYHO OMNpefe]eHo JHUllb ee «Oyny-
mee» H, GbITh MOXKET, OTPE30K «IpPOILIOro» (A0 MONajaHHUs HCXOAfl-
el U3 NaHHOW TOYKH OOGpallleHHOH BO BPEMEHH TPaeKTOPHH CHCTEMBI
St(T (a)), T (py), T (a5), T (ps)) B npsmoyromsHuk LK,0"K,).
Huxe Gynem HccaejoBaTh BONPOC O TOM, Kak 3aiaHHBI HaGop uHcen
ompenenasieT XapakTep TPaeKTOPHH B OMNHcaHHON IHHAMHUECKOH CH-
cTeMe M TepHoAbl 3THX Tpaektopuii. Kak useectHo {4], B cucreme
St(T (a)), T (py), T (@), T (p;)) npu panHoHaNbHOM OTHOLIEHHH
uucen T (a;) + T (py) u T (a;) + T (p;) (uepes p/q Gynem o6GosHa-
yaTh HecOKpaTHMoe MNpeAcTaBieHHe 3TOr0 OTHOIUEHHs) Bce TpaeKTo-
puu nepuoauuHel. TakuMm o6pasom, eciH B cucteMe St (T (ay), T (py),
T (a;), T (p,)) cymecTByeT XOTsl OBl OJ|HA NIepHOAHYECKAsi TPaeKTOpHS,
He 3ajJeBaiollas 3aMKHYTHI mnpsMoyronsHHK LK;0"k,, TO cylle-
CTBYeT Liejloe ceMeHCTBO TaKHX TpaeKTopHiH. Bce oHH uMmeloT ofuHa-
kosuift nepod T = p (T (a;) + T (p2) = ¢ (T (@) + T (py)). Ecam
Xe TpaekTopuil, He 3ajeBaromux LK,0"K,, HeT, TO mpejelbHoe MO-
BeJieHHe J1060H TpaeKTOpHH COBNAfaeT C MOBeJeHHeM OAHON H3 TO-
uek K; unu K,. IlpoaHanu3aupyeM BO3MOXKHBIE THNBI NpEAEJbHOTO
noBeJieHHs 3THX ToueK. TpaekTopusi ToOukH K, NpH NEepBOM CBOEM
BO3BpallleHHH MOXeT mnepeceyb oTpe3ok LK; (3fecb H HHXKe CM.
puc. 3), a TpaekTopus ToukH K, — orpesok LK,. Haszoeem 3toT
cnyuail npefefibHBIM NoBefeHHeM THna 1. HMMeercsi BO3MOXKHOCTB
TOro, YTO TPAeKTOpPHH 06eHX TouekK K; U K, momajmaloT mpH nepBbIX
CBOMX BO3BpalleHHSAX Ha OJUH H TOT ke oTpe3ok LK; (uau Ha LK,).
3To — npejenpHoe moBefeHHe THNA 2. HakoHen, mpejiesbHEIM IOBe-
JleHHeM THIa 3 Ha3oBeM Takoe mpejeabHoe nosejeHHe Touek K; u K,
KOTZAa OHH JeXXaT Ha OJIHOH TpPaeKTOPHH. 3aMeTHM, YTO MpPHMEpHI
cucteM FCFS ¢ npenenbHBIM NoBeJeHHeM THINOB 2 H 3 CTpoATcH
Jerko. JloKaxeM, 4YTo ToJbKO NpH TakHX HaGopax uucen T (q,),
T(p), T (@), T (py), korma (T (a) + T (p AT (a2) + T (p))
panuoHannsHo, B FCFS uMeeT MecTo mpejenbHoe mosefieHHe THNa 1.
Jns nokasarenbcTBa HEOGXOAHMO MOHSITHE CNENHATBHOTO NPeACTaBJIe-
Husl noJsynotoka. PaccMoTpuM npeoGpasoBaHHe T; Ha MHOXeCTBe
M, f > 0 — dbyskuus Ha M,;. Ilycte M — npocTpaHcTBO, TOUKaMH
KOTOpOro cJayxaT mapbl (x, S8), rie x€ M;, 0 <s< | (x). [Tapy
BHja (x,f (x)) oroxxpectBuM ¢ napo#i (I, x, 0). BeexeM noanynotok
{6} Ha M, nox neficTBHeM KoToporo (x, §) ABHXeTCS BePTHKAJIbHO
BBepPX C eJHHHYHOI, CKOPOCTbIO 0 NOCTHXXEeHHS rpaduka ¢GyHKUHH f,
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nocjle yero MrHoseHHo nepeckakusaeT B Touky (T;x, 0) u mpojoa-
¥aeT cBoe ABH)KeHHe BBepX. DopMaibHO NOJNYNOTOK 3ajaeTcs cpop-
My.J10ii:

8 (x, s) = (Ti'x, s+t— éof (T'fx)) ,

rae n ONHO3HAYHO oOIlpele/aAeTcA H3 HepaBeHCTBaA:

n—l

S () <stt< 3 f (Thx).
k=0 k=0

Onpenenenne l. Ilonynorok {60!} HasbiBaeTcsl cneuuasb-
HBIM MOMYTOTOKOM, NOCTPOEHHBIM MO npeo6pasoBaHHiI0 T; H (yHK-
uuu f; a T; — GasucHbBIM mpeoGpasoBaHHeM MoaynoToka. ITonynorok
JonycKaeT crendajibHoe MpejicTaBleHHe, ecld OH H3omopdeH (B ecTe-
CTBEHHOM CMBIC/IE) CIeUHalbHOMY MOYMOTOKY.

dameyaHue 3. OGuuHO MHOXKeCTBO M; HajeJeHO HEKOTOPOIt
JONOJIHUTENBbHOH CTPYKTYpO#l (H3MEepPHMO HJH SBAAETCA TOMOJOTH-
YeCKHM MPOCTPAHCTBOM HJIH MPOCTPAHCTBOM ¢ Mepoii), a Ty 3Ty CTPYK-
Typy coxpaHsieT. Toraa ¥ nmoJymnoToK B JIeTKO YTOYHSIEMOM CMEIC/€
coxpaHsieT 3Ty cTpykTypy. Ham npujercss umers jeno ¢ curyauuef,
Korga M; — orpesok, T;H f— KycouHo-l1uHeiliHble GYHKHHH, YTJ10-
Bble KoatuuueHTel KoTopeix pasHbl O unu 1. IlogpoGHoe omucaHHe
HYXKHERIX KOHCTPYKUHH B CHTyauu#, korga T; — coxpaHsioliee Mepy
obpatMoe npeobpa3oBaHHe, Xopollo u3secTHo [6]. OGoGuieHue
Ha HeoGpaTHMble mpeoGpas3soBaHUs AOCTaToOuHO oueBHAHO. Heckonbko
CcoXHee OGCTOHT Jie/I0 C TOMOJIOTHYECKHMH Bompocamu. PaccmatpH-
BaeMble MOJNYINOTOKH H mpeoGpa3oBaHHs OKashIBAIOTCS, KaK MpaBHJO,
pa3pbiBHEIMH. Doslee neJlaHTHYHOE paccCMOTpPeHHe 3THX BOIPOCOB Tpe-
6yeT BBeleHHS CNEHHANbHBIX IOTOKOB HajJl HEKOTOPHIMH (yXKe He-
NpepHBHEIMH) NpeoGpa3oBaHHSAMH KOMNAKTHBIX NpOCTpaHcTB (Kak
MpaBH/O, BIOJHE HECBSI3HBIX). DTHMH NpeoOpa3oBaHHSIMH «HAKpHI-
BAaIOTCH» B €CTECTBEHHOM CMBIC/Ie NOSBJSIOLUIHECS HHXKe «repek/ajibl-
BaHHS oOTpe3KoB». [IpH 3ToM TOMOJOTHUECKYI0 YacThb TEOPHH
nepek/ajbIBaHHA TPUXOAUTCA BHOBb JIOKA3BIBATh A/ 3THX HAaKpHI-
BamomuXx mnpeoGpasoBaHuii. B craThe HcMoNb3yercss nMyTh KOMIIpOMHC-
coB, YTOOHl BOCIO/NB30BATLCA pe3yJabFaTaMH O IepeKaafblBaHHAX
(cMm. 3ameuaHue 4).

Ilepefiiem K /lOKa3aTebCTBY . Ha puc. 3 BuaHo, uto Ans JjoGo#
TOYKH MHAMHYECKO# CHCTEMbI HMeeTcs ee npooGpa3 Ha pa3spese 0’00,
TaKoH, YTo NaHHas ToYKa MoXeT GhITb MoJydyeHa U3 CBOEro npoo6pa3a
JleficTBieM MoTOKa AuHamuyeckoll cucteMsl S{. Kpome Toro, kaxnas
Touka «yraa» 0'00" nox peiictBuem cHcrembl FCFS cHoBa Korja-
Hu6y1p nepeceder 0'00". Otciona caenyer, uto 0'00” moxer GbITh
BbIOpaHO Ga3HCHBIM MHOXECTBOM 1Sl CIeHHaNbHOrO MpejCcTaBleHUA
nuHamnueckoit cucrembl FCFS. T'paduk GasvcHoro npeoGpa3oBaHHA
(wnu npeoGpasoBaHHsi MOCKENOBAHHS) CrIEUHATBHOTO MPE/CTABNCHHS
u3obpaxeH Ha puc. 4, 6. BasucHoe npeo6pasosaHue Ha 0'00" —
GyKeTe OKpYXKHOCTeHl MOXKeT GHITh COMOCTaBleHO NpeoGpa3oBaHHIO HA
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OPHEHTHPOBAHHOH OKDYKHOCTH C JUIHHOM, paBHOH JVIHHe OoTpe3ka
0’00”, koropyio 6yneM o6osHauath uepes 0. Bpexem oro6paxeHnue
000" — D Takum odpasou, uTOGRl OHO COXPAaHH/IO MeTPHUECKHE
oTHoweHusi Ha 0'00" (Ha 0 AnHHA OTPE3KOB BBOAUTCS B HanpasJie-
HHH OpHEHTAllHH, H HaYa/0 KOOPIHHAT COOTBETCTBYET TOUKE o' (0" .
Toraa 6asicHoe npeobpasosatue Ha 0'00" moc/ie yKasaHHOrO B oOlpe-
Jle/leHHH CchnelHalbHOTO MOJYINOTOKAa OTOXAECTBJEHH 3KBHBANTEHTHO
B CMBIC/IE H3YUYeHHS acCHMOTOTHYECKOro noBefieHHst Ga3ucHOMY mpeol-
pasoBaHuio Ha (), ecAu Ha noc/ie/iHe i IleHCTBy}OT cienyiolye npeot-
pasoBaHHsi: Ha qyre (7 (K))'O' (r (K5))' capur Ha Ayry AJIMHB o =
= min (T (&) + T (m), T (@) + T (p,)); nyra (r (Ky))' (7 (L))" mepe-
xomuT B Touky Ki, a ayra (r (L)) (r (K,))' nepexomut B Touky K.
O6pa3 ToukH y MOA JeliCTBHEM CJIBHra ompejensiercs Kak [ (y) =
=T+ lmoap e p = T (@) + T (p) + T (@) + T (ps). Ipen-
MIOJI0XKHM, UTO IpejesbHBIH THN MoBeleHHs Touek K; U K, MepBHIii,
T. e. TpaekTopus Toukd K; momagaer B Touky [ (K;), a Toukd K, —
B Touky [ (K;). B cuay 3Toro mpejmnoJioxkeHHs CYLLECTBYET TaKoe n,
uto (I (K»))" = ["(K2) nm (I (Ky)) = [* (K1), npuuem yi <n ' (Ki),
FE(KS) € (r (KoY (r (LY (r (Ka))', tre (r (KoY (r (L)Y (r (Ko)) —
cootBercTBytomas ayra 0, Hpe;mo.no;xuM ISl OTpeJe/ e HHOCTH
7 (Ki) = (1 (Kp))'. Tak kak | ((K,))' (! (Ko))' | <| KiKe |, rae| | —
AnuHa ortpe3ka, f—" ((I (K.))') € K; ‘K2 4, caeloBartesbHO, JHGO
(l (K;))’ = Kz, nubo cymectByer i < n, Takoe, uto uau f' ( Ki) =
= (I (Ky)', uau ft (K3) = (I (K,))’, uTO TNpPOTHBOPEYHT BHOOPY n.
Onnako u npu panuoHanbHoM otHoweHuu (T (@) + T (p))(T X
X (a;) + T (p.)) He Bcersia BO3MOXKeH MEPBHIH TUI NPefieIbHOTO MoBe-
neHus K, u K, (a cieloBatesqbHO, He BCerja CYLIECTBYeT ceMEHCTBO
nepHoaunueckux tpaekropuii ¢ nepuogoM T = HOK (T (a;) + T (p1),
T (a;) + T (py))). JomoJHHTeNbHHIM Yy€JOBHEM CYLIeCTBOBAHHS Ta-
KOro THNA MpejieIbHOTO MOBeleHHS TpaeKTopuil Touek K; U K, fB-
JISIeTCS TO,YTO MeXK/Jy HUMU MOXKHO BIHCaTh npsaMoyroabHuk LK,0" K,.
3710 o03Hauaer, YTO AJHHA OTpe3Ka MeXxAy NpooGpasaMH 3THX TOYEK
Ha mnoayuHtepBase 0'00” nonxua 6uTh paBHa T (py) + T(pz)
3TO BO3MOXKHO B TOM CJydae, €CJH IJIOIAJb, MOKPhIBaeMas MOJIOCOMH
MeXAy TpaeKTOpHsMH Touek K; H K,, MeHbllle HJIH paBHA IVIOLLAJH
MOBEPXHOCTH COOTBeTCTBYIoWero U3¢, T. e. ecau T (T (p,) +
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+ T (p2)) < (T (a) + (T (p)) (T (@) + T (p,)), rae T — nepuog,
<JIeA0BaTEeJIbHO:
T <T@ +T () (T @) +T (p)
S T (1) + 7 (Ps) .

Takum oGpasoM, AOKa3aHO CJeAYylOLIee:

Teopema 1. lna nuHamuyeckoii cucremnt FCFS (T (ay),
T (p1), T (ay), T (ps)) BepHO caenyiomtee: 1) ecau otHowenue (T (a;) +
+ T (p) (T (@) + T (p,)) paunonansko u HOK (T (ay) + T (py),

T T T
T (@) + T (pa)) <-TQIETEDCLITTED 1oy cucrems

HMeIOTCSl TOJIbKO MpeJiesibHble NePHOAUYECKHe TpaeKTOpHH, NEePHOR
kotopeix BbiuHcasiercsi Kak HOK (T (a;) 4+ T (py), T (@) + T (ps);
9) ecu ornowenne (T (a)) + T (p))(T (@) + T (py)) Hppano-
HaJbHO HJHM ecJdH oHo panuoHanbHo, Ho HOK (T (a;) + T (py)

(T (a1) + T (p1) (T (a2) + T (p2))
T () + T (p)) > o) T T () , TO HMeeT MecCTo

HIH Tpefie/lbHOE NOBEJEHHe THMa 2, HAM MNpefenbHOe [MOBEACHHE
THNa 3.
MoxHO M0KasaTb cJenylouiee.
YrBepxpaenue |1, CyuecrByer CXOASUHACH aJTrOPHTM,
KJIaCCHQULUP YIOWHi THIIB NPEJebHOTO NOBeJeHHsI HA TFcrs H BH-
YHCJIAIOWAA NepHOABl MpPEJEJNbHBIX TPaeKTOpUi,

4.§Tpaextopun puHamuueckoii cuicteMu LCFS
H HX 3aBHCHMOCTb OT [1apaMeTpoB

PaccmoTpuM cayuail, koraa obeayxuaHde npubopom I1 npous-
BOOHTCS B COOTBETCTBHH ¢ jHcuuniuHoii LCFS. JlpoctpaHcTBO
COCTOSIHHII TakKOH CHCTeMbl C ABYyMsl 3asiBKaMH mnpejcTaBiseT coGoil
ABYMEpHHIi TOp, M3 KOTOpOro Beipe3aH mpsimoyroJbHUK LK,0"tK,
¢ nocJeyoueld 3akaefiKoil 3TOro NpsiMOYroJibHOrO OTBEPCTHS JBYMSA
reoMeTpHYECKH paBHBLIMH BHIpE3aHHOMY MNpPSIMOYroJibHHKaMH. OJIHH
H3 3THX NpPSIMOYTOJILHHKOB NOJAKJeeH ctopoHamu K;L u O"K, u
umeet Kpa# LK,, Ho sueH Kpas O"K,, a apyro#i nojakneeH K LK,
u 0"K, u umeer kpail 0" K,, HO nuiueH kpas LK,. Bynem HaseBaTh
3TH NPSIMOYTOJIbHHKH COOTBETCTBEHHO BEPXHHM M HHIXKHHM JIHCTaMH.
H3o6paxeHne Ha pHc. D5 mpejcraBiasieT co0oil pasBepTKy, NOJyYeH-
HYIO, KaK H BBIiLie, pa3pe3aHHeM TOpa € JBax/Abl 3aKJ/JeeHHBIM MpPsMO-
YroJIbHHKOM M0 OKPYKHOCTSIM, NepBasi H3 KOTOPHIX NPOXOAHT 4epes
JuHHI0 BKkJAeHKH O"K; HHXHEro JUcTa, a BTOpasi — 4epe3 JIHHHIO
BkJeliku O"K, Bepxnero nucra. Kak H panee, BBe/ieM Ha TOpe KOOp-
auHatHele ocH OO0’ u 0O0". [IBHXeHHE Ha NOCTPOEHHOM OGBEKTE
onpejeNiseTcsi CTAHAAPTHHIM IMOTOKOM Ha YacTH, OCTaBiuefics OT
OGRIYHOrO TOpa, a Ha BKJEHKaX MOXET ObTb ONHEAHO C/EAYIOUHM 006-
pasoM: Ha BepXHeM JIHCTe MPOeKuHs BeKTopa ckopoctH Ha 00’ paBHa
0, a mpoekuusi Ha 00" paBHa 1. Ha HHXKHeM JIHCTe NPOEKIHsI BEKTOpa
ckopoctd Ha 00’ paBHa 1, a npoekuusi Ha 00" paBHa 0. B onpeaesnen-
HOM TaKHM 00pa3oM AMHAMHYECKOH cHcTeMe 1oJie B TOUKe L coBnagaer
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C NOJIeM, OTIpeJieIeHHbIM /ISt BepX-
HEero JIMCTa, YTO JOMYCTHMO B CHJY
samevanuss 1. Kak BuaHo u3 on-
pelenenusi, cucrema LCFS o6pa-
THMa, [03TOMY MOJYrpymna CcABH-
roB BJIOJIb TPaeKTOPHH BEKTOPHOrO

mons {0}, {C€ R sBisercs B

JAaHHOM cJayuyae rpynmoéi. [pymny - n

{67} npuHATO Ha3pIBaTh NOTOKOM. ¢ r(z,) * r(P4)0
Herpyano mnposeputs, uro cy- Puc. 5.

ILECTBYEeT Mepa, COXpaHsieMasi moTo-
KoM B LCFS. Tako#i mepoii siBasiercs OOGbIUHAs IJIOWAJb C yYETOM
TOTO, YTO MpsMoyroabHUK LK,0"tK, npeicTaBjeH B CHCTEME ABaXKAbl,
3ameuanune 4. B LCFS nosefenue TOUYKH K, OT/IHYaeTcs
OT COIJIacYIOLIerocsi Co 3ApaBhIM CMBICJIOM IIOBEJIEeHHS] paccMaTpHBae-
Mot CMO B cOOTBETCTBYIOILIEM COCTOSIHHH. B camom Jese, pa6ota p;
3aBeplleHa, OJHAaKO 3asBKa | ocraercs B mpHGope Il po Tex mop,
MoKa 3aBeplUHTCSl paboTa p,, U JuIUb 3aTeM 06Ge 3afBKH MOKHAAIOT
npubop Il. Takoe ompejeneHue cBf3aHO ¢ HAIUHM HaMepeHHeM BOC-
M0JIb30BATLCS H3BECTHBIMH pe3yJ/bTaTaMH, OTHOCAIIMMUCA K TOIMOJIO-
THYeCKOil AHHAMHKE H 3ProfHYecKOll TEOPHH «MepeKJaAblBaHHH OT-
pesKoB», H MO3BOJIsIeT OGOHTHCE 6€3 MOAH(HKALHH STHX pe3yJ/bTaToB,
B KOTOPHIX BC€ paccMaTpHBaeMble OTPe3KH CUMTAIOTCA COJEpXKallHMH
CBOH JIEBbIE KOHIBI H He COJepiKallHMH NpaBhe (MOXKHO, pasyMeeTcs,
NOMEHSITh HX POJISIMH OXZHOBpPEMEHHO /s BceX HHTepBaJioB). lleHO¥H
yCJI0KHeHH s GOPMYJNHPOBOK pe3y/IbTaTOB MU MOAHMPUKAUMH J0Kasa-
TeJIbCTB MOXKHO, [0-BHAUMOMY, IOJYYHTh CHMMETPHUHYIO (opMy
HYJKHBIX pe3yJbTaToB, KOTOpas cHsJa Obl 1po6JeMbl, CBSI3aHHBIE
C HeecTecTBeHHOCTBIO OmpefieleHHA AHHAMHKH YIJIOBRIX TOYEK MpsIMO-
yroasHuka LK;0"tK,. IlpeanoururesnpHee, 0JHaKO, MOAHDHIHPOBATD
B OJHOH TOYKe JAHHAMHKY Haluleii cHcteMbl. B Bompocax xke, Jomy-
cKawluX mnpeHeGpexeHHe MHoxecTBaMH Mepel 0, mNpou3BefeHHas
MoauduKkanus noeefieHuss CMO BooGuie He Hrpaer poJid (CM. 3ame-
dyaHue 3).

B mnoc/ienymwoHX pacCyXJAeHHAX CYIUeCTBeHHasi poJib OTBOAHUTCSA
nepeK/aJblBaHHSIM OTPE3KOB, M03TOMY IpHBEJieM OINpejie/ieHHe nepe-
KJaJpIBaHHSl H DS pe3yJbTaToB, OTHOCAIHUXCA K HuM. [lycte M =
= [0, I[; § = (Ay, ..., A;) — pas6uene M Ha r, 2 < r << o He-
nepeceKaoHXcsl MOJYHHTEpBANOB, 3aHYMePOBaHHHBIX C/I€Ba HalpaBgo,
n = (7, ..., %) — HEKOTOpas NepecTaHOBKa uucen 1, ..., r.

Onpenenenune 2 [5). IlpeoGpasoBanue 0 : M — M, sB-
Jsolleecss CABHIOM Ha KaJIOM H3 mosayuHTepBasoB A, 1 i,
H Takoe, 4To A; nepecraBJ/sieTcsi B COOTBETCTBHH C €PeCTaHOBKOM I,
T. e. NOJyHHTepBaJabsl A; = OA; NpUMBIKaIOT APYT K APYTy B NOPsJKe
Az, ..., Az, HasbiBaeTcsi NepeKJaABIBAHHEM, COOTBETCTBYIOUIMM Ie-
pectaHOBKe m H pas36HeHuio §. IlepecTaHoBKa ; Ha3biBaeTCs MPHBO-
aumodt, ecan = ({1, 2, ..., j}) = {1, 2, ..., j} npu HekotopoM j, 1
< j < 'r. Tlotox HaselBaeTCsi CTPOrO 3ProiH4YecKHM, eC/JH HOPMHPO-
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BaHHasi HHBapHaHTHasi OTHOCHTEJbHO IMOTOKa GopeJseBckas Mepa
eJHHCTBEHHA.

Teopema 2[5, 7). Cnenyrouiie cBoHcTBa nepekJ/jaAnBaHHs 0
5KBHBaJIeHTHH: 1) 6 — amepHoauyHO (0 He HMeeT NEePHOAHYECKHX
TOYekK); 2) O — TOMOJIOrHYeCKH TPaH3HTHBHO (O HMeeT BCIOAY MJOT-
HYI0 TpaekTopHio); 3) 0 — MHHHMAaJbHO (BCE TPAaeKTOPHH BCIOAY
IJIOTHBI); 4) TPa€KTOPHH TOYEK paspbiBa O GeCKOHEUHBI H AJISi Pa3HBIX
TOYEK paspbiBa He MepeceKaloTcsi Mexay coGoi.

Bynem sagaBath BcsiKOe mepekJajpiBaHHe mapo#l (A, m), rae A —
BeKTOp A = (A, ..., A)), A; > 0, cocrosiiiuii U3 AMHH TpeACTaBJsie-
MBIX TOJIYHHTEPBAJOB, a 7 — MepectaHoBKa. OGO3HaUYHM 3TO Mepe-
KJaaJpiBaHue 0y, ;.

Teopema Buua—Masypa [8 9]. Ilycte r>2
mepecTaHOBKa 7 — HempuBoguMa. Torja MHoxecTBO A€ RY, aas
KOTOpHX 03, x He CTPOro 3proJM4HO, HMeeT HyJeByl0 Mepy JleGera.

Ilepeiinem k LCFS. Ha puc. 6, a u3oGpaxeH GyKeT OpHEeHTHPOBaH-
HBIX OKpYXKHoCTe#l, KOTOpHIfl Ha pHc. 5 H3oGpaxaetcst Kak 00" u 00",
OpueHTauus 3ajaercs npoekuueii BekTopHOro nossi. Ms puc. 5 oue-
BHJHO, UYTO 3TOT GYKeT OKPYXKHOCTEH sBJseTcs CeKymed s
LCFS (T (a1), T (p1), T (@), T (p,)). Kak Bupuo us puc. 5, 0'00”
HaXOJMTC B KAHOHHYECKOM COOTBETCTBHH C CekymeH Ha pHc. 6.
[TosToMy B KauecTBe Ga3HCHOTO MHOXECTBA /IS CIEIHANBHOTO MpeJ-
CTaBJIeHHs1 MOTOKa {07} MoxkHO B3sTh moayuHtepBas O'00". IIpoo6-
pasel touek K,;, L, K, Ha O'00" B LCFS 3apnaior pas6uenune O'00"
Ha MOJIyHHTepBaJbl (pHC. 6, 6). DTOT e PHCYHOK HJJIIOCTPHUPYET
nepexoj MoJyHHTepBasoB A;, i < 4 B moJyHHTepBasnl A;. 3HaueHHe
GyHKuuH [ crnenHaJbHOrO mpeicTaBleHHSs B Toyke y € A; paBHO
BpeMeHH nepexofia y B y' € A;. Ha puc. 6, ¢ npuBesieH rpaguk Gasuc-
HOrO aBTOMOp(H3Ma clenyajbHOro mnpeAacraBieHus {07}, M3 sroro
pHCYHKa BHAHO, uTO Oa3ucHBIM aBTOMOp¢usMoM LCFS sBasiercs
nepekJiajplBaHHe OTPe3KOB, a mepecraHoBka = ({1, 2,3, 4}) = {3, 1,
4, 2} — wenpuBoauma. Orciona, mo TeopeMe Buua—Masypa, cue-
AyeT, 4to Ga3HCHBIH aBTOMOpP(H3M CrenHaJbHOro mortoka {0%}, no-
cTpoerHoro no LFCS, cTporo 3profHyeH AJsi MOYTH BCEX IO Mepe
Jle6era Ha RY HaGopoB uucen T (a;), T (p1), T (a)), T (p.). Hna
LCFS HeTpyaHO npoBepHTb CJefyiollde (akThl: 1) ecan 6GasHCHBIH
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aBTOMOP(H3M .crelHaJbHOrQ moToKa {6} cTporo aprojaHyeH, TO
u notok {0;} cTporo aproiuueH; 2) ecqH Ga3HCHhII aBTOMOpPGHH3IM
crienHaJ/IbHOrO NoToka {6} MuHHMaJeH, To H MOTOK {07} MHHHMaJeH.
Takum o6pasom, U3 TeopeMbl Buua—Masypa H c/ie/IaHHBIX 3aMeyaHHH
BBITEKAeT cJefyiollasi Teopema.

Teopema 3. [las mouru Bcex HaGopoB uucen T (a;), T (p1),
T (ay), T (p,) no mepe Jlebera na R4 notok {0} Ha Ticrs MHHHMa-
JIeH, CTPOTO 3proiHueH U eAMHCTBeHHAsl CoXpaHsieMasi UM Mepa — HOp-
MHpOBaHHasi MJIOLIAMb.

3aMeuanue 5 IlpeGbiBaHHe 3asiBOK B COCTOSIHHH HCIIOJIHE-
HHSl KaX/IOTO M3 BO3MOXKHBEIX COYeTaHHH paGOT Ha30BeM AHCKDPETHBIM
cocTosiHHeM. BysieM pasnnuath AUCKpPETHOE COCTOSIHME, KOTJa HCIMOJ-
HseTcs paGoTa p,;, a HCIOJNHEHHe pPaGoOTHl p, HayaTO, HO MpepBaHO
Ha BpeMsl UCTOJNHeHHs paGoThl p,, OT JUCKPETHOTO COCTOSIHHS, KOrja
ucnoJiHsieTcsl paGota p,, a HUCNOJIHEHHe paboThl p; HayaTo, HO mpe-
pBaHO Ha BpeMs HCIOJHeHHS paboTel p,. BeposiTHOCTH mpeGhiBaHHS
CHCTEMBI B DasJHYHBIX AHCKPETHBIX COCTOSIHHSIX, MpeJCcTaBJsIoLLHe
NpaKTHYeCKHH HHTepec, MOryT GHITb pPacCUHTaHbl MO CJEAYIOLL UM
dopMysaM (HymepauHsi COCTOSIHHH JAaHa pHC. D):

P, — T (a,) T (a,)
LT T@+TE)T@)+T @) +T@E)T (pa) °
Por = . T (a) T (p2)
D= T @) +T@E)(T@) FT@)F+T )T (p)’
T (a) T (py)
(T(a) + T (PD)) (T(az) +T(p)) + T (P T (p2) '

P — Py T (p1) T (ps) .
WEINVET @)+ T o) T @) +T () FT (e T (a)

HHTtepecHo, uyto 3TH Xe ¢opmyasl coorBetcTBylor CMO c¢ namc-
uuniadHod LCFS M 3KCNOHeHNMaNbHO paclpefie/IeHHBIMH BpeMeHaMH
HCMOJIHeHHS paboT, ecJH cpefHHe 3HaYeHHs 3THX BpeMeH COBMAAAIOT
CO 3HAYEHHSIMH apaMeTPOB paccMaTpHBaeMOH HaMu CHCTEMBI.

PIII=

3akJoueHne

[Ipuemsl, cBAi3aHHbIE ¢ U3yYeHHEM CNELHAJbLHOIO NpeJCTaBJeHHS,
MOTYT GBITh MOJIE3HH! NMPH H3YyuUeHHH APYTHX BapHAHTOB CHCTEM B CJY-
yae JIBYX 3afBOK. YJaeTcsl mpoaHaJH3HPOBAThb CHCTEMBI C NPHOPHUTET-
HOM IHCUHMIIHHON o6GcnyxuBaHus B npHGope IT (cM. [31). Ilpoctpan-
CTBO COCTOSIHHH CHCTEMBI C JIByMsl 3asiBKaMH CXOJHO C H30GpakKeHHHIM
Ha puc. 5. OfHaKO B 3TOM cJy4Yae BbIPE3aHHBHIH NpPSIMOYTrOJbHHK
LK,0"tK, 6e3 kpasi O"K, 3aK/ieeH reOMETPHYECKH PaBHbIM €My INps-
MOYIroJIb HHKOM, MOJKJeeHHHM K cropoHam K,L, K,L, 0"K,, a Bek-
TOPHOE 1OJIe Ha HEM HMeeT eJUHHYHYIO npoekuHio Ha 00" u HYJeByIO
Ha 00'.

Teopema 4. [lns HaGopOB NOMApHO HECOM3MEPHMBIX YHCeJ
T (ay), T (py), T (a), T (p,) B OnHcaHHOK AMHAMHYECKOH cHcTeMe
HMeeTCsl eIMHCTBeHHasi NpeJesbHasi NepHOAHYecKas TPaeKTOpHS.
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H3ayuenuio noanaercs cyuiecTBeHHuH ¢ TOUKH 3peHus teopud CMO
cayyaif, Korja JHcHHUIJIHHA 06GCayXKHBaHUsL B npHGope I1 — pasgeJe-
Hue BpeMeHH. C yyetoM o6miyHOro Assi teopudn CMO ponymeHnus,
3aKJII0YaloLlerocsi B TOM, 4YTO BpeMsi NepekJoueHHA ¢ paGoTh Ha pa-
GOTY CTPEMHTCS K HYJIO, POCTPAHCTBOM COCTOSIHHH TaKOH CHCTEMBi
siBJIfIeTCS OOBIUHBIA TOp, AMHAaMHKa Ha Bcel MOBEPXHOCTH KOTOPOrO,
kKpome npsMoyrosbHHKa LK,0"tK,, onpenensiercsi kak B St (T (ay),
T (p1), T (a), T (p,)), a Ha yKa3aHHOM NpPSIMOYTOJIbHHKE BEKTOpPHOE
noJie HampaBJ/eHO TakK e, Kak B Sf, HO HMeeT 3HAYeHHs MPOEKLHH
BEKTOPa CKOPOCTH Ha 06e ocH, paBHue 0,5.

Teopema 5. [das HaGopoB MOMapHO HECOH3MEPHMBIX YHCEJ
T (ay), T (p1), T (a3), T (p,) NOTOK Ha MPOCTPAHCTBE COCTOSIHHH 3TOMH
CHCTEMBI CTPOrO 3ProJiHUYeH H COXpaHseT OGHIUYHYIO HOPMHPOBaHHYIO
/0 AjAb, B3SITYIO C YYeTOM YJBOEHHS MJIOWAfH NPAMOYroJbHHKA
LK,0"K,.

IlepeHoc nosyuyeHHBIX pesyJibtaTroB Ha CMO c Tpems u GoJee
3asiBKaMH{ NPUBOJHT K HENPEOAOJHMHBM B JaHHEIH MOMEHT TP YAHOCTSIM.
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B. H. TOPOJELIKHHA, A. 0. TAPAKAHOB

MJIAHUPOBAHUE BBIYMCJIIEHUA HA OCHOBE BbIBOJA
B ATPHBYTHbIX KC-TPAMMATHKAX

1. BBenenue

K ducay KnioueBeiX nNpoGAeM CO3JaHHS 3KCNEPTHHX CHCTEM
(3C) oTHocuTcA mpo6sieMa IVIAHHPOBAHHS BBIYMC/IECHHH TpH MNOHCKe
OTBETOB Ha TaKHe 3ampochl NOJIb30BaTeNsl, KOTOphie TPeGYIOT CHHTE3a
nporpaMM Ha OCHOBe cojepKHMOro 6asmt 3HaHuit (B3).

B pa6ore [1] paccMoTpeH moaxoja K NpeACTaB/EHHIO 3HaHHHA Ha
ocHoBe (opManu3Ma aTpuOYTHRIX rpaMMaTHK. B pamkax 3Toro moj-
X0Ja OKa3BIBAeTCS BO3MOXHEIM MOCTPOHTH 3((EKTHBHBIE aJTOPUTMEBI
MJIaHUPOBAHHUSA BBIYHCJEHHH 32 CYET TOTO, YTO MJIAHHPOBAHHE CBOAUTCS
K MOMCKY BBIBOJA B KOHTeKcTHO-cBOGOAHOH (KC) rpammaruke. Ilpu
3TOM BO3MOXKHO pelueHHe psifia AOMOJHHUTENbHBX 3afa4, B YaCTHOCTH
TaKHX, KaK aHaJH3 KOPPEKTHOCTH 3anpoca MoJb30BaTe/Is U peaJsu3a-
U (QYHKUMHA [OJACKA3KH MO BapHaHTaM 3aJaHusl HEeJOCTAIOUIHX
JaHHBIX [PH HEKOPPeKTHOM 3amnpoce, 3ajaya aBTOMAaTHYeCKOro CHH-
Te3a aJrOPHTMHYECKOH H3GHITOYHOCTH B LleJNSiX obecneYeHHs CEMaHTH-
YecKOH HaJIeXKHOCTH BBIYHCJEHHR H pAX APYTHX.

IlpeanaraeMelfi BapHaHT NOCTPOEHHS aJrOPHUTMOB HJaHHPOBaHHS
BBIYHCJEHHH fABJIAETCA aJbTEPHATHBOH TPaJAHMIHOHHOMY NOAXOAY Ha
OCHOBE METOZOB JIOTHYECKOTO BHBOJa B HCUHCJEHHSIX HpPeJUKAaTOB.

2. BbipasuTelibHble BO3MOXHOCTH
atpubyTHeix rpammatuk ¢ KC-szpom

AtpubytHoii rpammarukoit ¢ KC-siipom NpHHATO Ha3bBaTh M-

TepKy BHAa [21]:
GA=<VT1 Vﬂy P1 Sl At)!

rfie V, — MHOXECTBO TEepMHHAJbHBIX CHMBOJIOB, Vy — MHOXECTBO
HeTepMHUHAaJbHBIX CHMBOJIOB, P — MHoxecTBo KC-nmpaBus BhIBOJa
(nopctaHoBkH) Bupa Y;—>a; rtme Y, €Vy, oa;€ (Ve U V¥,
S — akcuoma, S €V, At— arpu6yTHas KOMIOHEHTa Trpamma-
THKH G,. He BaaBasich B JieTajJd BO3MOMHBIX 3aJlaHHH aTpUOYTHOH
KOMNOHeHTH A#, OTMETHM, UTO B Hee BXOAAT MHOXECTBO CHMBOJIOB

© B. WU. Topomeuxkuin, A, O. Tapakaros, 1990
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atpH6yTOB, MpaBHJIa CONOCTaBJdeHHs aTPHOYTOB CHMBOJIaM IpaMma-
TUKH H3 ajdaButa V. | Vg, a Takke NpaBHJa BHIYHCJECHHS 3Haue-
HHH aTpHOYTOB B KaXKJIOM NpaBHJIE BHIBOJAa MHOXecTBa P.

BripasuTe/ibHple BO3MOXKHOCTH aTPHUGYTHHIX IpaMMaTHK OIpefe-
JAI0TCA CJAeAYIOUHM HaGopoMm yTBep:KIACHHIL.

YrBepxnenue 1. Ilyctb Gp — AByXypOBHEBasi rpamma-
THka A. BaH Beiirapnena (3, 4). Ilo nioGo# Gp-rpaMmatiike MOXKeT
ObITb NOCTPOEHA 3KBHBaJeHTHasi ed aTpubyTHas rpamMmatHka G,
¢ KC-anpom.

YrBepxnenue 2. I[lo mo6oit popmanbHOil rpammatike G
NpPOH3BOJILHOTO BHAA MOXeT ObITh IOCTPOEHA 3KBHBaJeHTHasA e
Gp-rpamMarHKa.

CaencrBu e. o ao6oit popmansHOH rpaMMaTHKe NMPOHU3BOJIb-
HOTO BHMJAa MOXET OHITb MOCTpPOeHa 3KBHBaJIeHTHasi el arpubyTHas
rpaMmmatika G, ¢ KC-sgpom.

[TepBoe u3 yTBepxKAeHHUI JOKA3LIBAETCS MyTeM yKa3aHHsi KOHCTPYK-
THBHOTO crnocoGa NOCTPOeHHs rpaMMaTHKH G, no rpamMmaruke Gp,
BTOpO€ JN0Ka3aHo B pa6ore [5], cieacTBHe siBJsieTCS TPaH3HTHBHBIM
3aMblKaHHeM - yTBepxjeHui 2 u 1.

Us caencteus BeiTekaer, uto ¢ momoinbio G,-rpammartiku ¢ KC-
APOM MOXHO 3aJaTb JIOGOH peKypCHBHO-NEPEYHC/HMBIH SA3bIK. 310
03HayaeT, YTO MO CBOUM BbIPA3HTEJLHBIM BO3MOXKHOCTSM METOJBI
npejcTaBJeHHs] 3HaHHH Ha ocHoBe (opMmajiu3Ma G4-rpammaTtuk ¢ KC-
SIAPOM He YyCTymalT npefukaTHRIM sisblkaM. OJHAaKO NpeHMYLIECTBa
TAaKOTO OMHCAHHS MO CPaBHEHHIO C MpeJHKATHLIMH fi3blKaMH 06YCJIOB-
JIeHbl TeM (paKTOM, UTO CYLIECTBYIOT 3(ppEeKTHBHBIE aJTODHTMHI MIOHCKa
BeIBOJa B rpamMathkax ¢ KC-sapoM. MmMeHHO 3TH anropuTMel H co-
CTaBJISIIOT CYWECTBO MNpeAJaraeMelX JaJjee Mpoueiyp NJaHHPOBaHHs
BHIUMCJIEHHH. 3amMeTHM, 4To B GOJILIUHHCTBE CJYyYaeB NpH OMHMCAaHHH
nponeAypHoH KOMNOHeHTH B3 MOXHO OorpaHH4YHTBHCS YacTHBIMH CJy-
uyasgmd KC-rpamMmaTHK, HanpuMep TakMMH, Kak LL (k)- uau LR (k)-
rpammarikaMi (6] BmjoTh 0 aBTOMaTHBIX I'paMMaTHK, 4TO eme Go-
Jiee ynpoilaeT 3ajauy obGecnedyeHust 3(PpeKTHBHOCTH MJaHHPOBIIHMKA
BBIYHCJIEHHH,

3. KOMNOHEeHTH H CTPYKTypa OMHCaHHSA
npoueaypHux 6a3 3HaHHM i

Tlpu dopmasin3anuu CEeMaHTHKH npexMETHOH 06/acTH ¢ npOLEeRyp-
HOM KOMMOHEHTOH HeoOXOAHUMO MpeAycMaTpPHBaTh CPeJCTBa OMHCAHHA
3HaHHIl CJeAYIOIKUX THNIOB: O BHIYHCJAHMOCTH OXHHX MHOXKECTB Xapak-
TEPHCTHK Yepe3 ApYTHe H O CTPYKTYype 3THX 3HaHHi B BHJE BbIUHCJIH-
TeJbHBIX MofeJeii (BM); o cTpykType cBsiseii Ha MHoxecTBe BM;
0 mporpaMmax, peajH3ylomHX KOMNOHeHTH BM.

B Mozeau mpoueaypHuix B3 a/s onucaHHS mepeuyHCJ/IEHHBIX KOM-
noHeHT GyjJeM HCIOJIb30BaTh cJjefyiouHe 6GasOBblE MOHATHS.

1) Mogesb 3anauu (M3), koTopasi 3afaercsi HMeHeM, yKasaHHEM
MHOXKECTB MMEH BXOJOB H BBIXOJOB, clenH(HKalUeid BXOJOB H BHIXO-
JIOB H CCHIJIKO# W60 Ha BM, B KoTopyio AaHHass M3 norpyxeHa, Ju6o
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Casasu Mojesell 3afay

MoN:.nu Cnenu- s Crneun- Ne Crenn- Ne Cnenu-
sagaqu $ukaung ';‘;’fj;‘,‘: dukauusa ;;Zﬁeqﬁ" dukanusa ';;’;‘:f,',‘: $ukauusn
cBasu M3 cBa3u M3 cBA3M M3 cBA3H
1 BM3 8 fa 15 fs 22 fo
2 BM3 9 BM5 16 fs 23 fa
3 BM3 10 BM6 17 fa 24 fs
4 BM4 11 fa 18 BMé6 25 fs
5 f1 12 fa 19 fa 26 fa
6 f2 13 Is 20 fs 27 fo
7 BM3 14 fe 21 fo 28 fa

Ha NporpaMMHEIA MOJyJ/b, KOTOPHI SBJASETCS MPOrpPaMMHO# peasusa-
uuein sroii M3

2) BrluncauTe/IbHAS MOAENb, KOTOpas XapaKTEpHU3YeTCs MHOXKe-
CTBOM MOTEHIHANbHBIX BXOZOB X H BHIXOJOB Y, MHOXKecTBOM M3,
‘BXOAAUIUX B coctaB BM, onucaHueM cTpykTypel BM Ha MHOXKecTBe
M3, a Takxe Tabauueit cBsizeil M3.

3) Peanusanus M3, 3anaBaeMas uUMeHeM NpOLEAYpPHI, MHOXe-
CTBOM (POPMaJIbHBIX NapaMeTPOB BXOJAOB H BHIXOJOB, a TaKKe TEKCTOM
nporpamMmbl peilleHHsl 3aJaud Ha HEKOTOpPOM f3blKe.

OTHX KOMIIOHEHT JOCTAaTOYHO AJ OTMHCaHHS 3HAHMH BceX pakee
yKasaHHhX THNOB. YTO KacaeTcsi JeK/apaTHBHOH KOMNOHeHTH B3
¥ OpraHyH3anyy paGoTh C HHMH, TO 3TH BOIIPOCH OTHOCHTENBLHO XOPOLIO
HCCJIEJIOBaHBl, @ HX MOJAKJIOUeHHEe K NPOLEAYyPHOH KOMIOHEHTe CBf-
3aHO C peilleHHeM OOBIYHBIX NMPOGJEM CHCTEMHOTO MPOrpaMMHPOBaHHUSA .

Ha puc. 1 u B Tabnuue npuBelieH NpUMep ONMHCAHHS CTPYKTYPHI
npouenypHoil KOMNOHeHTH B3 B TepMHHaXx BBeJeHHBIX GasOBHIX I10-
HATHII. B Tabnuue conepxutcsa HHPOpMauus o cBa3ax M3 ¢ apyrumu
BM unu peanuszanusMu coorBercTBytoutux M3. Ee u GyZneM, Haswl-
BaThb Ta6nuueii cBsiseil M3.

4. PopmanbHoe onucaHHe Ga3bl 3HAHHK

Ons ¢opmanpHoro onucaHus b3 6yneM HCno/ab30BaTh annapar
atpubyTHEIX rpaMMaTiK ¢ KC-aapoM. C moMolIpio TaKHX IPaMMaTHK,
KaK yxe ObLJIO MOKa3aHO, MOXKHO 3a/aTh J060H peKypCHBHO-Nepe-
YHCJIHUMBIA  SA3BIK.

ConocraBum kKaxnpoi BM atpubyTHyio rpaMmatuky G, chelyro-
wmuM o6pasom. MHOxecTBy X NOTeHUHaJAbHBIX BXOZOB BM mocraBuM
B COOTBETCTBHE MHOXECTBO TEPMHHANBHBIX CHMBOJOB V., = {x,,
X2y ..oy Xm}, X; € X, MHOXKECTBY Y — MHOXeCTBO HeTepMHHaJbHBIX
cuMBOJIOB Vy = {Y,, V,, ..., Y, }. MHOXecTBY M3, BXoassmux B BM,
II0CTaBHM B COOTBETCTBHE MHOXECTBO aTpuGyToB {(M3.i)}, i€ [ (BM),
rfie [ (BM) — unzekcHoe MHOxectBo M3, Bxojasmux B BM.

Mycts (M3.i), i €1 (BM) — HekoTOpasi Mojenb 3ajaud U3 BM.
OHa xapaxkTepH3yeT OTHOILIEHHe BBIYHCIHMOCTH:

gn = (MB. 0y (Kip» Xip - Xz,). (1)



3anuiueM 3TO OTHOLUEHHE B BHMJE CJENYIHOLIEro NpaBu/a MHOACTa-
HOBKH C aTpHOYTOM:

yk (whs) —_> Yilytz “ee Yir (M3. i) (Pks == (M3 l), (2)

rae’ Y, — HeTepMHHAJ, COMNOCTaBJEHHBIN BeJHUYHMHE Yy, a Y[l, Yfﬂ,
.-, Yi — HETEpMHHaJIbl, CONOCTABJEHHbIE APryMeHTaM Xi, Xi, ...,
Xi BBIYHCAHTEJNbHOH MoJenH. BeipaxeHne (2) osHauaeT, uto Y,

BLIBOAHMO (B HALUEM cJyyae BbIYHCJIHMO) M3 BeJHYHH, OTBEYAIOMIMX
HetepMuHanaMm Y, , Yy, ..., ¥; c nomoubio yHKUMH @, KOTOpas
B JA@HHOM cJyuae OTBeuaeT npeoOpas3oBaHHio, 3anaBaeMoMy (M3.i).
[MTopsiioK c/eloBaHMS CHMBOJIOB B NMOACTAHOBKE (2) HOJ/IKEH COBNAajaTh
¢ NOPSAKOM cJefoBaHusi aprymeHToB B ¢opmyaqe (1). Kpome Toro,
KaxK10#l BeJIMUMHE M3 MHOXKECTBA  NOTEHIHAJbHBIX BXOAOB IOCTaBUM
B COOTBETCTBHe Ge3aTpHOYTHYIO MOACTAHOBKY Y; — X;, 4TO 03Hauaer,
YTO COOTBETCTBYIOMM{l NOTEHUHANBHBIA BXOA MOXKET GbITh M UCXOJHBIM
JaHHBIM.
Hanee noacraHoBKM BuAa (2) 6yAeM 3anuChiBaThb B BHJE:

Yk‘—> <M3. I:) Yilyi2 [N Yir' (3)

¥Mesi B BHAY, 4TO cUMBOJ (M3.i) siBasiercsi aTpuOyTOM. DTO OKa3bl-
BaeTcsi YJAOGHBIM B JajbHeillleM NpH aJropUTMH3alMM TNPOLECCOB
NJIaHHpPOBaHUs BeIYHCAeHHH. MraK, OCHOBHBHIE KOMNOHeHTH BM omnu-
caHel B TepMHMHax rpammatvku G4 (BM).

Hnsi kaxaoit BM u3s B3 moxer 6biTh cpopMynupoBaHa 3ajaua
Buja: jaHo X, Hadith Z;, rge X, < X (BM), Z, < Z (BM). He kax-
Aasi M3 TaKHX 3ajau paspewmnma. Hepaspemwnmocts 3jech 06ycaoB-
JUBaeTCsi BO3MOXHON HEJNOCTaTOUHOCTBIO MCXOAHBIX AAHHHIX JJIs%
nosyueHusi pesyJabtatoB. [loatomy aas Jio6oH 3apayd B paMmKax
KOHKpeTHo! BM Heo6xoauMmo peluarts caefyioiine noasanauu: 1) gop-
PEKTHO JM TNOCTaBJeHAa 3ajaua; 2) ecau He KOPPEKTHO, TO KaKHuX
JAaHHBIX He XBaTraeT jAJIsi Pa3pelMMOcTH; 3) ecsaM 3ajaya KOppeKTHa,
TO KaK HalTH IJan ee pelueHHs. _

CdopMyaupoBaHHBIE BOIPOCH JAOJXKHBI PellaThcsi B Mpouecce
GYHKUMOHUPOBaHUST cucteM (GOpPMHPOBaHHSI OTBETOB Ha 3ampochl,
T. €. OTBeTH Ha 3TH BONPOCH — (PYHKLHs CPEACTB CHCTEMBHI yNpaBJe-
Husi B3. OJHakO MOCKOJBLKY paccMaTpUBaeTCsi KOHUENMUS €JHHOM
AJrOPUTMHYECKOH OCHOBBI AJsI TNpPEeACTaBJeHHs] 3HAHUM U METOLOB
paboThl ¢ HUMH, TO 3ajauyy ¢popMaJH3alH¥ M NpeACTaBJCHHS 3HAHUH
HeoGXOANMO pellaTh ¢ Y4eToM yAo0CTBa pelleHHsi TeX 3aiay, KOTOpHE
TPaAHLMOHHO OTHOCATCS K cucTeMe ynpasiaeHus B3.

S¢ddeKTHBHbIE aJNTOPHTMbI pelIeHHs] 3THX MNOA3aAay MOTYT GHITh
NOJTyYyeHbl NPH UCNOJb30BaHHH anreGpavueckoro NoAxoAa K 3aflaHUIO
A3blKa, B KOTOPOM IpaMMaTHKH PacCMaTPHBAIOTCH KaK reHepaTophbl
¢opMasbHBIX CTENEHHBIX PSNOB B HEKOMMYTATHBHBIX NepeMeHHBIX H3
andasuTa TepMHHAALHEIX CHMBOJIOB [7—9 ]. [Ipu stom s3mIK 3ajaercs
B BHJie CHCTEM® ypaBHEHHH OT nmepeMeHHHX — HeTe;mHHaJ0B, a KC-
rpaMMaTHKe ¢ 7 HeTepMHHaJaMH COOTBETCTBYeT CHCTEMa M3 n ypaBHe-
HHHl C NOJOXHTEJbHHIMH KO3(¢HIHEeHTaMH, KOTopas HMeeT eJuH-
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CTBEHHOE pelleHHe B BHJe n CTeNeHHbIX psijoB. Kaxjuoe Takoe perue-
HHe Ha3plBalOT CHHTAaKCHYECKHM KJIaCCOM rpaMMaTHKH. YpaBHEHHsA
IJsi s3blKa I0JYYaloTCsl Ha OCHOBE MpPEeACTaBJEHHs TPaMMaTHKH -
B BEKTOPHO-MaTpHuHOM Buae [7]:

Y=AY +F, 4

rae Y — BekTop HerepmuHasoB rpamMmatHkH, A u F — cootser-
CTBEHHO MaTpHLAa H BeKTOp LenoyeK B aldasure V. |J Vi, onepaunus
NpPOH3BeIEHUs] MOHMMAeTcsi KaK ONepalMs KOHKaTeHAlUH Lenouek
CHMBOJIOB TPaMMaTHKH, a CJOXeHHe — KaK TeOPeTHKO-MHOXKeCTBeH-
Hoe oGnennHeHHe nenouek. [TokaxkeM, KaKMM 06pa3oM MOXKHO MOJy-
4uTh NMOJ0GHOe (opMaJsibHOEe OomHcaHHue Ha npumepe BMI, cTpyKTypa
KoTopo# npejcrtasjeHa Ha puc. 1. Has G, (BMI) nmeem:

Ve=1{x1, x5 ..., X}, Vu=1{Y1, Yo ..., Y3},
P={Y;—>{M3.5)Y Y, Y;—>M3.1)Y,Y, V,»~(M3.2)Y,,
Yy—>(M3.3) Y Y, Y¢—>(M3.4)Y,V,, Y,—>(M3.6)Y,,
Yio>x;,, Yoox, Ys—ouxs, Yiox, Yioxs Yeorx)}

B BekTOpHO-MaTpHuHOH ¢opMe rpamMaTHKa G, (BMI) nmeer
Takoir BHUA:

g o g @ GMISY, I|[V]| |
g g g @ @ O B Ya| | %
MY, @ @ F S| Vs |
Y=g M3.2) @ @ @ O B || Y|+ %
g @ @MY,z O S Y| | %
g @ MY, g G S| Ve| | %
8% o %) %) @ (M3.6) @ ||.Y.| [@&.
()

B BrIpaxkeHuH (5) CHMBOJ J 03HayaeT HyJb aJre6pbl GopMabHEIX
CTENEHHBIX PSIIOB MO OTHOIUEHHIO K OMepauHH KOHKaTeHauuH. Ilpun-
uun ¢opMHpoBaHMS MaTpuuel A M3 3TOro mpHMepa YJaBJHBaeTcs
OYeHb MPOCTO, a BeKTop F cocTaBisieTcs Ha OCHOBE MOJACTAHOBOK
M3 MHOXKecCTBa P, KOTOphHe He COJepaT ClpaBa HeTepMHHAJOB.

5. IlaapupoBanHe BbIYHCJAEHHH

PaccMoTpuM 0GOCHOBaHMEFH caM aJrOPHTM IJIaHHPOBAaHHS BbI-
uuCJIeHHH B npejesax oaHOA BM. DTOT aaropuTM OCHOBBIBaeTCs Ha
HEKOTOPBIX CBOMCTBAX MaTPUUHHIX HTEPAlHil B rpaMMaTHKe, 3aJaHHOi
B (opme (4).

BBICOTOH LEMOYKH TEPMHHANOB OyAeM Ha3blBaThb BBICOTY JAepeBa
BhiBOja 3Toi Lenouku [5]. OGosHaunM cumBoJoMm X (1) BeKTOp Bcex
TepMHHA/bHBIX LENMOYeK, BBIBOAMMEIX B FpaMMaTHKe 3a OJMH Luar.
Ilycts

X AX®)x® 1 x® XD =F, k=1,2,.... (6
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CBo#icTBa MaTpHuHBIX MTepauuil Buja (6) ¢opMyanpyiorcs B cJe-
AYIOIHX TeopeMax.

Teopema |. IlepeuncsneHre BCeX TepMHHAJBHHEIX LENOYeK
rpammatukd G4 (BM) ¢ KC-sinpoM 3apaercs urepauusmu (6).

CaenctrBue. Ecanm Y; — KOHeuHr1 (HepeKyDCHBHBI) CHH-

o k k+1
TaKCHUeCKHi Kaacc rpammaTHku G4 (BM), To X' = XD npu-
yeM k < n.

Teopema | poKasbiBaeTcsi METOJOM MAaTeMATHYECKOH HHIYKIMH,
3aMeTHM, YTO cJeACTBHE JiaeT JHIUb Heo6XOaHMoe YCJOBHE.

KOHCTPDYKTHBHBIH MeTOJ BbiieN€HHS MYCTHIX (HENpOHM3BOASILIHX)
HETEpMHHAJIOB JlaeT cJefyiollas Teopema. -

Teopema 2. Ilyectb Ry — uucao KoopauHat BekTopa XA,
umeiownx 3navenne . Ecan R,y = R, As Hekotoporo k < n, TO
Ry, = Ry nas gwboro [ =1,2,....

Teopema 2 pnokaswiBaercsi uHAyKRuue#t no [. IlpakTtnueckoe ee
3HayeHHe B TOM, YTO C TIOMOIUbIO COAEpIKallerocss B Heil pesyJ/bTara
MOXKHO TNOCTPOHTBL 3((PeKTHBHBII aJrOPHTM aHaJM3a KOPPEKTHOCTH
3ampeca MoJb30BaTeNsl Ha pelueHHe 3ajaul.

O6uiasi cxeMa aJropuTMa IJIaHHPOBaHUS BBIUMCJAEHHH H306paXkeHa
Ha puc. 2. [Ipexze ueM JaTh ero KpaTKylo XapaKTepHCTHKY, 3aMETHM,
4TO AJMA KaXJAOro 6snoKa adaroputMa HMmeeTcs sdxpeKTHBHasi alropuT-
MH3anMs. 3Jechb K€ H3JarawTcs JHillb caMble o6liHe HJAeH 3TOH aJ-
TOPHTMH3alHH. '

[TnaHnpoBaHHe HAUNHACTCS C BRINOJHEHMs NOAAJATOPHTMA «Y paB-
JIEHHEe CHHTE30M I1J1aHa BLIUHCJIEHHi», IeJlb KOTOPOTO — MO BXOAHOMY
3a/laHNI0 NIOCTPOMTL peNyLHPOBAHHYIO TPAaMMATHKy AJs HCHOJb3ye-
Mot BM. Peaykuusi coCTOMT B TOM, YTO B MHOMKecTBe V. ocTaiorcs
TOJBKO CHMBOJIBI, COOTBETCTBYIOLIHE BXOAHBIM JaHHBIM, a B MHO-
KectBe V, — TOMBKO TaK Ha3biBa€Mble AaKTHBHble HeTepMHHAJbI.
[TokaxeM, KakuM 06pa3oM OHH ONpPEAEJAIOTCS.

BBenem nBa GuUHapHBIX OTHOleHMs. OOHO M3 HHUX OnpejesHM Ha
JIeKapTOBOM npousBefieHuH V, X M, rne M — mHoxecTBo M3 pac-
cMaTpuBaeMoii BM. B wHero BkJjiwuatotes Bce napm (Y;, M3.J),
B KOTOPBIX Y; cooTBercTByeT Bbixoly Mogenn M3.J. O6osHaunm
3TO OTHOLUIEHHE M €ro MaTpHIy CcMeXHOCTH cuMBosoM MY. Btopoe
OTHOLUEHHE OnpefeqMM Ha JAeKapTOBOM TpOH3BeAeHHH M X V.
B Hero BkaiouuM Te mapbl {M3.J, Y,), ana kotopeix Y; cooTBeT-
CTBYET BXOAYy MoJeay 3agaud M3.J. 3TO OTHOLUEHHE H €ro MaTpHLy
CMEXHOCTH 0603HayMM cHMBoJOM YM.

HasoBeM akTHBHBIMM HeTepMHHaJBl, BXOJAsIIHE B TPAH3HTHBHOE
3aMblKaHHe KOMNosuIMH oTHoweHH# YMoMY, mnoerpoenHoe anas
TOr0 nojMHoxkectBa Y (1) u3 V,, KOTOpOe COOTBETCTBYeT HCKOMBIM Be-
JuynHaM. TpaH3UTHBHOE 3aMbIKaHME CTPOHUTCH C TMOMOLILI0 KOHeu-
HOTO uHMc/aa yMHOKeHMH Buaa: M® = MY.Y® Y& _ ym.m*,
npuueM 1 < k < n, Y() — BeKTOp, cOCTAaB/JEHHbII M3 KOMMIOHEHT
MHOXKecTBa Y(!), a uTepauuu npojoJxkaiotrcss A0 TeX HOp, NOKa Ha
ABYX TOCJeAyIOIUX arax He COBHNAAYT MHOXeCTBa HeHYJeBhIX
KOMIIOHEHT BekTopoB Y y Y*+1)| Herepmunan Y € V, 6yzmer
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AKTHBHBIM, €CJIH €My COOTBETCTBYeT BeJMYMHA X pPaccMaTpHBaeMoil
BM, KoTopas TMNOTEHIHAJBLHO MOMXKET YYacTBOBATH B HEKOTOPOH
CXeMe BBIYHCJEHHMH IJIST TONYYeHHS] HCKOMBIX BeJIMYHH.

Bropo# war peaykuuv rpammatuku G, (BM) cocToHT B ylasneHHH
M3 ONHCHIBAIOLIEH €e MaTpHUBI CTPOK M CTOJOILOB, OTBEYAIOLIHX «He-
aKTUBHBIM HeTepMHMHaJaM». AHaJOorHYyHOe BBHINOJIHSIETCS M0 OTHOLUE-
Huio K BektopaM X ¢ F B npejcraBiieHyy (4).

[TycTs Vi — MHOXKECTBO aKTHBHBIX HETEPMHHAJOB, Vi — MHO-
JKECTBO HeTepMMHaJ0B, OTBeYalollMX BXOAHBIM JaHHBIM 3ajauH,
a Vi"* — BuxoAHBIM aaHHbIM. OueBHaHO, Vi* < Vi, a Vi\V?
3ajlaeT MHOXKECTBO TeX JaHHHX, KOTOpble He GYAyT HCNOJb30BaHbI
B CXeMe pelleHHsl 3ajaud. DTH JaHHble SIBJSIOTCS M3OBITOUHBIMH, HX
NOUCK OCYINECTBJASiIETCS Ha BTOPOM [Uare IJIAHHPOBAaHHS BBHIYHC-
JIeHHH .

AHanu3 pa3peluMMOCTH MOCTaBJEHHOH 3aflaud OCYILEeCTBJseTCS
nyTeM BBIIOJMHEHHMS] MaTPHUHbIX HTEPAUHil B peylH pOBaHHO#H rpaMma-
tuke G% (BM) ¢ Hcnosnb3oBaHHEM TeOopeMul 2.

TIpu HaAMYMY HEKOPPEKTHOCTH MOCTAHOBKH 3aJauM MJaHHPOBILHK
N0 crnenHaJpbHOMy adropuTMy, GasupyioleMycsi Ha COBMECTHOM Hc-
noJIb30BAHHH MAaTPUYHOTO TPEACTaBJEHHST TPaMMAaTHKH M MaTpHILL
cvexxHoett ¥YM u MY, ycraHaBinBaerT Bce BO3MOXKHBIE CIIOCOGH J0-
onpeJiesieHHs] HCXOAHHBIX NaHHBIX, KOTOpble 0GECNeyHBalOT pa3peLlH-
MOCTh 3ajauM.

B cayyae KOpPPEKTHOCTH IOCTAaHOBKH 3aJlayd OCYLiecTBJsETCS
NOCTPOEHHE MJIaHA BBHIYMCJEHMH Ha OCHOBE MaTpHYHBIX HTepanHit
BHAa (6) B pexyuupoBaHHo# rpammaTtHke G% (BM). I[TokaxkeMm
3TO Ha npuMepe 3ajauu, chopMymHpoBaHHO#M ajass BMI (cm. puc. 1),
HCXO/IHAsl TpaMMaTHKa KOTopoi#i MMeer npeictaBieHHe (5). Paccwmo-
TPHM 3ajjauy, B KOTOPOH 3aJiaHbl BeJHUHHBI X,, X5, @ HAHTH Tpebyercs

BeJIMUMHBL X3 M Xg. Oaisi Hee Vi = [V, Y, Vi, V,, Vi, Ve, Vi =
= {%,, x5}, a npeicraBnenne Gj (BM) umeer BHA:

] ] 1%} ] g (M3.5)Y; || 1, %}
1%} %} 1%} %} %} %} Y, X
y_ @ M3.1Y, & 1%} %} 1o} Y, n 1%}
| g M3.2) o %) 1%} 1%} Y, a\
%] [} I (M3.3) Y, @ %) Y X5
R %} g M3.4)Y, g g || Y| 19

[Ipexne uem peluaTh NOCTaBJEHHYIO 3ajady, ciesgaeM 3aMeuaHue
OTHOCHTENIbHO ypaBHeHHsi (6). Ecau HekoTopas TepMHHaJbHas IUe-
[0OYKa MOSIBJSIETCSI B HTepalHH ¢ HOMEpPOM k, TO JAaJjee oHa Oyjaer
MOSIBJAATLCS BHOBb M B Kamaol mnocjenyiomed urepauuu. YUtolwi
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HCKJIOUYHTh MOBTOPEHHE, JOCTATOYHO BMecTo (6) MCNOJIBb30BATh TaKyio
CXeMy HTepauui:
AX®D = A (AXP) X®D + A(XP) AXP,

X(k+]) - X(k) + Ax(k+]), (7)

npu 3toM X = F, X2 u AX® nosxkHbl GbITb NOJYYEHBl H3 YpaB-
HeHus (6), a uTepanyu no cxeme (7) — BBINOJHATLCA AJsi B = 3,4, ... .

B npumepe XV = F = (JF, x,, &, &, x5, )7, nocae nepBoi
UTepaluy No ypaBHeHHWi0 (6) mosyyaewm:

AXD =<z, &, &, (M3.2x, &, B,
X(Q): <Q) x21 Q: f;', x5, Q)T’
X3 = (M3.2) x, 8)
a X4 creflyeT paccMaTpHBaTh KaK MeTacMMBOJ rpaMMaTHkH G4 (BMI).
[lepBast utepauus no cxeme (7) Aaer:
AXD =g, &, &, &, T, (M3.4) %),

X® =D, x5 &) Far Xe» Ee)»
xo = <M3. 4) xZX4. (9)

I[aJlee NoCJ/IeN0BATE/JMbHO MOJYyYaeM:

AX® = (M3.5) %3 &, &, &) T, )
X = (&, x5, B, %a, X5, E&)"»
%y = (M3. 5) x;%,, ) (10)
AX® =(F, &, (M3. 1) 3o, &, &, &)7s
X® = (%), % %3 Fa» X %)
%3 = (M3. 1) %1x,. (1

Ha nsroit utepauyyu Ha nosuuusax ¢ Homepamu 3 H 6 B BekTope X9
NOSIBUJINCh BBIPAXKEHUS, OTJHYHBIE OT CHMBOJIA £F, TaK YTO HTepalllH
Ha 3TOM MOXKHO mNpekpaiwiatb. [1n1aH BelYMC/IeHHHA 3ajaercsi MOCJe0-
BaTeJbHOCTbIO GopMmya (8)—(11).

6. MHoroypoBHeBas cxeMa IJIAHHPOBAHHS BBIYHCJEHH H

Hrepanuy no ypasHeHuio (1) uav mo cxeme (7) onpefessilorT nJjaH
BRIYKCJEHHH B npefedax oaHoii BM. Heo6GxoaumocTh AasbHeHIuei
JeTaNu3alyy NJaHa BHIYMCJAEHHH OnpejessieTcsi HA OCHOBaHMH CBs3eil
M3 kaxpoit BM ¢ apyrumu BM uau peanusauuamMu M3, onucaHHBIX
tTabauuelt cesizeit M3 (cM. Tabauny).

ANropuUTM NJIaHHPOBaHHUS BBIYHCJIEHHUH B 3TOH CHUTyallHH B NPHH-
IIUNTHAJbHOM OTHOLUEHHH npocT. [1ycTh nosyyeH HEKOTOPHLIH NJAH Bbl-
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qucJeHHil B mpejenax KoHkperHoi#t BM (cm. pasn. 5). danbHeiiiuast
JeTaJNn3anysa NJjaHa cBsidaHa C MOcJeJ0BaTeNbHbIM aHaau3oM GopMy.a,
COCTaBJSIOIINX yXKe NOJYyYeHHH nJaH. B Kaxayio M3 3THX dopMyd
BXOJIUT, H IIPUTOM TOJILKO OJHO, UM M3 (uMss M3 — 3T0 BhIpaxeHHE
M3.i, rne { — Homep 3anaum). [ Hero no Tabauue cBsseir M3
omnpejenasiercst JH60 M BM, B KOTOpoH 10JXKHa JAeTaJH3HpPOBAThCA
ata M3, n160 UMsA Npouenyphl, ABJAsIOLEACS ee peanusaunnei. B no-
cJefiHeM CJydae Ha MecTo MMeHH M3 B NoJIyYeHHOM IJlaHe BBIYHCJEHH
NOJACTaBJASeTC MMS  mpoueiype, (opMaJbHBIMM TmapaMeTpamu
(BxOlaMHM) KOTOpO#l SIBJISIIOTCS MMEHA COOTBETCTBYIOMUX apTyMEHTOB
M3, a BHIXOZOM — J€Basi yacTb aHaJu3HpyeMoit ¢opMyJibl mJaaHa
BHIYHCJEHHH. B mepBoM ke caydae ¢popMyJHpyeTcs HoBasi 3ajaua,
aHaJIorMyHasi PacCMOTPeHHO# B pa3jl. b mMpUMEHHTEJnHO K TOoi BM,
KOTOpasi TOCTaBJeHa B COOTBETCTBHe paccMaTpuBaemoit M3 B Tab-
Jauue cBssed. Takoil mpouecc mpofoJikKaercss A0 TeX MOp, MOKa Ha
MecTO Bcex HMeH M3 B nJaHe BbIYHCJEHHH He GyAyT MOACTaBJEHBI
MMEHa MX peaJiu3auMi.

[TosicHUM CyTb 3TOH YacCTH aJrOpUTMa MJAAHHPOBAHUS BbIYHCJAEHH
Ha npuMepe jetanusanuu njaHa (8)—(11). B Hem anas cooTHomeHu
(8)—(10) GyayTt cdopMyJaHpOBaHEL COOTBETCTBEHHO TaKHe HOBBIE
3ajauu: 1) paHo x,, Haiith x, (mas BM.3); 2) naHo x,, x,, HAliTH X,
(nast BM.4); 3) naHo x,, x,, HaliTu x5 (anss BM.3). Uto kacaetcs ¢op-
myast (10), To pasi Bxoasiueit B Hee M3.5 nMmeercsi peanusanusi (cM.
Ta6JsKIly), KaKOBOH SIBJsIeTCsi NPOLeAypa ¢ UMeHeM f,. PelueHne 3Tux
3a7lay BHINOJIHAIETCS MO ykKe HM3J0XKEHHOH cxeMme.

3akJioueHue

[IpennaraeMblii aJropuTM MNJaHUPOBAHHSl BBIUMCJAEHUH o6gaajiaer
pPAIOM JIONIOJIHUTEJILHEIX OCOGeHHOCTeH. Bo-mepBbIX, mJaH BeIYHCJIE-
HUil mosyuaetcs B sIpycHO-mapaJJesnbHOH ¢opMe, 4YTO JOCTaTOYHO
ya06HO B CBSI3H C aKTHBHHIM pa3BuTHeM JBM c mapansenbHHMH Bbi-
YHCJNEHUSIMH. Bo-BTOpBIX, €cJH MAJs HEKOTOPHIX BhluHcJeHHH B3
NI03BOJISIET MOJIYUYHTh HECKOJbKO Pa3JMUHBIX aJTOPHUTMOB, TO BCE OHH
GyAyT aBTOMATHYECKH CHHTE3UPOBAaHBI B pPaMKaX pacCMOTPEHHOTO
noJAxoja. 3T0 03HAYaeT, YTO C MOMOILbIO NMPEJJOKEHHOH CXEMbl MOXKET
peliatbcsi npo6JeMa aJrOpPHTMHYECKOH H3OBLITOYHOCTH IS TPEeoJo-
JIEHUS] TPYAHOCTEH CO3JaHHUs YCTOHYHMBOTO K c6osM IBM, owmbkam
aJIrOPUTMHUCTA W MPOTPAMMHCTA NMPOTPAMMHOIO 06eCNieYeHH s, a TaKkKe
HEKOTOphle BONpPOCH BepHU¢HKaLMH aJrOPUTMOB M Nporpamm. 3ame-
THM, UTO B TOM NpHMepe, KOTOPBIH OblJ paccMOTPEH, Ha OuyepeaHOH
(wectoit) uTepauuu O6bl1 6bl MOJYYEH BEKTOP:

AX(6)=<Qy Qy Q, Q, 25=<M33))_€3)_€4’ Q)T,

T. €. ObII0 OBl MOJIy4eHO 3HaueHHe X5, KOTOPOE NMPH HEKOTOPHIX yCJIO-
BHSIX MOXET paccMaTpUBaThCs KaK KOHTPOJIBHOE COOTHOLUEHHE AJsi
NpPOBEPKH BCEil LEMOYKH BBIYUCAEHHH OT HCXOAHBIX JAHHBIX X, X
JO pe3yJbTaTa Xs.
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E. J. EBHEBHY

CTATUCTUYECKHUH METOA
CHUHTE3A [CMEWIAHHOTO AJITOPUTMA,
ONTUMAJILHOTO MO YCTOMYUBOCTH

1. B BHacrosilllee BpeMsi cO3JaHO 60JIbIIOE KOJIHYECTBO GHOJHOTEK
Y TIaKeTOB NpOrpaMM, BCJEACTBHE YEro JJIsi pelUeHHs] OAHOH U TOH ke
(c TOUKM 3peHHs MaTeMaTHYECKOM MOCTAaHOBKH) 3aJaud HepepKo
MMeeTcsi HeCKOJILKO MPpOrpaMMHEIX BEpCHH, peasM3yIoliuX pa3sIHuHbIE
aqropuT™Mbl. BeIGOp OfHOM M3 HHMX MOXKET NOAYMHATBHCA Pa3JHYHBIM
TpeGOBaHHSIM B 3aBHCHMOCTH OT TOrO, KakKHe KauecTBa aJiropHTMa
Hau6oJsiee BaxKHbI JAJS1 TN0JIb30BATEJsI: YCTOHYMBOCTh K MOTPELIHOCTSM
HCXOJHBIX JAHHBIX, TOYHOCTb, OLICTPOTA MCHOJHEHus W T. 4. [lpH
3TOM /51 pas3JMYHbIX MCXOJHBIX AAHHBIX 3aJaud JYYIIHMH MO Ka-
KOMY-JH60 M3 BHILUENIEPEUHCTCHHBIX KPHTEPHUEB MOTYT OKa3blBaThCs
pa3JuyHele NpOrpaMMbi. [loaToMy HMeeT cMbica pa3butb 06JacTH
UCXOJHBIX JAaHHBIX Ha TakHe NOAMHOXKEeCTBa, NMPHHAJJIEKHOCTb Kax-
JOMY M3 KOTOpPbIX O3HauaJja 6nl MpeAnodYTeHHe ONpejesIeHHOTO aJjro-
pUTMa, U, TaKHM o6pa3oM, Ha Bceill 06/acTH JaHHBIX AeHCTBOBAJ Ohl
cMellaHHbI# (KOMGHHUpOBaHHRIH) anropuT™M. Kpome TOro, xenatesbHo,
4yTOObl CTPYKTypa pa3bveHus (M, CJ€JOBaTeJbHO, NPOBEPKA MpH-
HaJJIe;KHOCTH 3JIeMEeHTaM 3TOTO pa3GueHHus) ObljJa JAOCTATOYHO MpPO-
croit. Bosee noapo6Ho U GopMaNH30BAHHO 3TH BOMPOCH PacCMOTPEHH
B paGote [1], B KOTOpo# B KauecTBé KpHUTEpHsI MPEANOUTEHHS aJro-
pHTMa NpHHATA TOYHOCTh. B HacToswe#H cTaThe npejJaraercs cnoco6
BHIGOpA OJHOTO H3 KOHKYPHPYMIOIIHMX aJrOPHTMOB B 3aBHCHMOCTH
OT MOAMHOXKECTBa, KYyJa MONAjaloT HUCXOJAHbIE AaHHble 3ajauM, T. €.
cnocof NOCTpoeHUsI CMEIIaHHOTIO aJropHTMa Ha Beell 06J1acTH JaHHBIX.
[Ipn 3TOM MOJ cTOXacTHYeCKOH MepoH HeyCTOMUHBOCTH O6yJIeM Mo-
HUMaTb, rpy6o TOBOpsi, OTHOLUEHHE CTeNeHH pa3bpoca pe3yJbTaTa
paBoThl aJTOPUTMa K CTeNeHH pas3bpoca BXOAHBIX AAHHBIX, OTPAHHYH-
Basichb CJyuYasiMH, KOTJa NOCJeAHHH MaJ.

2. YTOYHMM NOHSITHE CTeNeHH HEeYCTONYHBOCTH.

Onpenmeanenue 1. Ilyctb f— BellecTBeHHO3HauHasi Mpo-
uepypa-byHkuus, fAefcrBylomas B objactH napamerpos G < R7,
X = (x4, ..., Xp) €G, &, ..., &, — He3aBUcUMbIe cJayyaiiHbie BeJH-
uMHBI, TaKue, uto E§; = 0, DE; =1 (i =1, ..., n).

© E. JI. Esnesuu, 1990
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JlokanbHO# CTeneHbi0 HEYCTOMYMBOCTH [ B TOYKe X Ha30BeM:.

v

Uf(-x) =1imVDf(x1+0E1v s Xn+0kn) .
o0 Y

ameuanue 1. U;— dysruua G— R*.

Sameuvanue 2. Cayyall HeOJMHAKOBHIX JAHCTepcHil Tpupa-
IEHHH JerKO MOXKeT ObIThb CBeleH K pacCMOTPEHHOMY C IMOMOIbIO
3aMeHbl NepeMeHHOH.

OnpepneanedHue 2. [lycets || - | — HekoTOpasi HopMa B mpo-
cTpaHcTBe GYHKIMH, 3afaHHBIX Ha G. [o6anbHOi cTeleHbiO He-
_yeroituuBoctH f B obaacth G HasoseM Beauuuny | Uy||.

ITpuwmep bi. B KauecTBe HOPMSI || - | MOXKHO paccMOTpeTb HOPMY
npocTpancTBa HempepbiBHBIX ¢yHRuuitt C: | U;| = sup Uy (x) —

*e

TorAa rJao6asibHas HEeyCTOHYHMBOCTb B 06JIaCTH HMEET CMbICJA MaKCH-
MaJIbHOH JIOKaJbHOH HeyCcTOHYHBOCTH, JUGO HOPMY MpocTpaHcTBa L;:

| Us| = S Uy (x) dx/mes (G) — u Torja rao6anpHasi HeyCTOHYMBOCTD
&

HMeeT CMBICJ ycpeJHEeHHOH JIOKaJbHOH HeycTOHYMBOCTH M T. 0.

SamMeuanue 3. [loHATHA cTeneHH HEyCTOHYHBOCTH MOXKHO
ompeJeNHTh He TOJMBbKO AJsi NpoueAyp-GyHKUHH, HO U AJS NpOLeAyp
oflero Bujaa, KOTOpPhlE MOXKHO TPaKTOBaThb KakK OTOGpaxeHHe HeKOTO-
poit o61actu napametpoB G < R" Ha HEKOTOpPYio 06JIacTh NapaMeTpoB
H < Rm.

3ameuanue 4. bonee ycToiuuBLIM (B TOUKE HJH B 06J1aCTH)
CuMTaeTcsi aJroputM, obJajamlolMi MeHblue# (JOKaJbHOM WM TJO-
6aJbHOM) cTeNeHbl0 HeyCTONYMBOCTH.

3. JTem™ma. Ecan f auddepeHurpyemMa B OKPECTHOCTH TOUKH X

H 151 JOCTATOYHO MaJbiX O cJydallHblii BEKTOp OF NpHHAMJEXKHT

atoit okpectHoctH, T0 U (x) = | (grad f) (x) |[.

~ HdokasaTteasncTso.Ilyers | - |, — eBkauaosa nopma B R2
Ecau [ nuddepennupyema u § = (&, ..., &), To, mouTH HaBepHoe,
npu ¢ - 0

3

Fex+08) =1 (0 +0 3 5L+ o @5,

=1

YuuTHIBasi, YTO OCTATOYHBIM 4YJEH — 3T0 cJydaiiHas QyHKUHA
aprymeHTta o, paBHOMEDHO HHTerpHpyemasi o BepPOSTHOCTHOH Mepe
B OKpecTHocTH Touku 0 = 0, npu ¢ — 0) HmeeM

Ef? (x + 08) = [* (x) + o®[(grad f) (x)I* + 0 (o),
(Ef (% +- oB))* = [*(x) + 0 (d?),
OTKyJa

Df (x +- o§) ='0|(grad ) (¥)* +- 0 (0”).



4. Onpeneanenue 3. Ilycts f, u f — anropuT™Mel, peanusyio-
mue BbluHcaeHHe ¢yHKuuMu f B obmacth G, S < G. CMmemaHHbIM
aJTOPHTMON Ha30BeM

] S»
o (%) = { fi(x), x¢

f2(x), x€G\S.

O6aacTb S HazoBeM 06J1acTbi0 MPEANMOUTEHHST aJrOpUTMA f;.

B TepMHHax BBeleHHbIX OmpeleseHHH 3ajaua MOCTPOeHHs] Ham-
GoJiee YCTOHYMBOrO B 06JacTH G cMEIIAHHOTO aJAropuTMa, T. €. aJro-
pHTMa, HMEIOLIET0 MHHHMAJIbHYIO TJI06a/NbHYIO CTeneHb HeycTOHuM-
BOCTH, TiepeOpMyJHpyeTcsi CeAyIolHUM o6pa3oM: mycTb [y, fy —
Te Xe, | - | — mekoTopass Hopma B mpocTpaHcTBe pyHKUME G — R.
TpeGyercss mocTpouTh 06Jacth S < G Takyio, uToOwl | Usg| Gbiia
MHHHMMaJbHA. i

Kak ropopusoch paHee, S 10/KHA HMeTb JAOCTAaTOYHO MPOCTYIO
CTPYKTYPY, 4TOObI YHCJIO Onepauuii AJsi MPOBEPKH NPHHAIJNEKHOCTH
X € S 6bL1I0 OTpaHHUEHO HEKOTOPOil BEJMUHHOM, He 3aBHcSLLEl OT X.
STa BeJHUMHA MOXKET 3ajJaBaTbCsl MoJb3oBareseM. CTporoe ompejese-
HHE CJIOXKHOCTH CTPYKTYpbl mpHBOAMTCs B pabore [1].

5. OrpaHuunMcs paccMOTpPEeHHEM TpHUMEpPA MOCTPOEHUs 06JacTH S
suaa f{a, b] X lc, dI. Pacemorpum ¢yHRumio f (x5, x): G—>R #u
ABe TpoueAypui-GYHKIMH f; H f,, peanu3yioumHe BbIUKCJAEHHE f ¢ He-
KOTOPbIMH MNOTPEIIHOCTAMH, KOTOpbi€ B HallleM HpHMepe MOzeJu-
PYIOTCSl HCKYCCTBEHHBIM J06aBJeHHeM K 3HaueHHio HyHKIHH HeGOoJb-
wux Bo3myueHui. IlpsmoyroabHuk G pasbuBaercs Ha N X N oam-
HakoBbIX mpsiMoyroabHHKoB II;; BHaa la&;, a;41 x 1bj, b;,,1, rae

b—a

gj=at+-—F7-@—=1) i=1 ..., N,

d—c,. .
bj=c+~G—1, j=1, ..., Ny

O6nactb S crpoutcs B Buae o6nrennHennsi NRT < N XN nps-
MoyroabHKHKOB II;;. Torna npoBepka X = (x;, X,) € S COCTOMT B mpo-
BepKe HEKOTOPOrO KOJMYeCTBa HEPaBEHCTB THMA! X; > a;, X; < Qi1
Xy > bj, %, < bj,;. DTO KOJHUECTBO NMPOBEPOK HepaBeHCTB BO Bes-
KoM ciyuae <C4NRT u Moxer GbITb YMEHbIIEHO € y4eTOM TOrO, UTO
HeKoTOphle mpsiMoyrosbHukH II;;, BXoasimue B S, MOryT HMeTb 06-
mwue cropoHbl. Kak yxke oTMeuanoch, YMCIO NMPOBEPOK MOXKeT GHITh
OTPaHHYeHO BeJMUYMHOM, 3ajaHHOM mNojb3oBartesneM. [Iyctb 3Ta Beam-
yHHa 3ajaHa 1 paBHa K. IlpuBegeM o6uiyio cxemy ajropuTMa noMucka
o6Jactu S Tako#, 4TOGHI ” Usg || 6blla MMHHMaJbHa, epein Bcex 006-
aacreit Buaa U II,;, AJasi KOTOPBIX MpOBepKa NPHHAAJNEXKHOCTH X € S

TpebyeT He GoJsee K nmpoBepoK HepaBeHCTB AJs JioGoro Xx € G.
Iar 1. Buuncasiores raoGajbHble CTeNeHH HEYCTONYHUBOCTH

| Us, || m | Us, | B8 RaxmoM npsiMoyromsuuke Il (i, j = 1, ..., N);
dopmupyioTest cooTsercTByiowe Maccusel alpha {i, jl = | Uy, |m, M
‘beta [i, jl1 = | Uy, ||nU. PaccMaTtpuBaioTcss ABa BapuaHTa HOPMBI
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c , @, |- | MakcumanbHasi B MPSIMOYroJb-

I .
, \\\\\ \\\\\ \\\ Moyrontkiky TLy cTenenn Heycrofi-
I: \\\\\\\\\ \\ upBoctH. HaxoxjeHue MaKcuMyMa
2 &\\\\\\ M yCPEAHEHHS NPOHSBOAMTCS IO

/

5 \ cayyaitHoM BBIGOPKe {X)} /=1 M3 1ps-
3.8 moyrogabHHKa II;;, cocrosiiet wu3
% NP touek. MakcuMajbHasi cTelleHb
Puc. 1 HEyCTOHYHBOCTH C YY€TOM JIEMMH
T BBIUHCJIsiETC [0 opMyJe:
[Un, oln, = ,_max Up ()= max  gradf)(x),
CpeaHss:

|Un, 2”11 = Z Up, ,(x)/NP = El \(grad fr,) (%1)|/N P.

Bhluncasietcst Takke MaccHB:
gamma {i, j]1 = alpha {i, j| — beta {i, jl.

OueBnpiHo, anropuT™ f; NpeANoOUTHTENEH B TeX MPSIMOYrOJbHH-
kax II;;, rme gamma i, j1 0.

Il ar 2. Ecan pas6uenne {I1;;17 j—1 o6nacTu G CMIIKOM MeJKoe
H, CJeJ0BaTe/IbHO, MOXHO OXMJAaTbh, YTO YHMCJIO MPOBEPOK OKaMercs
ABHO GoJiblllero MOpsiika, yeM 3ajaHHoe orpaHuueHuwe K, To mpous-
BOJHUTCA YKpPyNHeHHe pa36ueHHs c liaroM step o6benHeHHeM B OfMH
npsamMoyro/ibHuK step X step cocennux II;;. Ilnst HOBOTO pasGueHus
BHIYHC/IAETCS aHAJIOT MY HBLI MacCHBY gamma {i,’ 1maccuB ans cpaBuu-
TeJIbHOH XapaKTepUCTHKH HEYCTOMUHBOCTH f; H f,. DJeMeHTHl ero Io-
JyuaioTcsi ycpeaHeHnem gamma ii, j1 mo Bcem II;; coctaBasiomuM
NPSIMOYTOJbHHK HOBOro pas6ueHHsi. 3a MPSAMOYTOJbHHKAaMH HOBOTO
pa36HEHHH W COOTBETCTBYIOIHM MacCHBOM MOXHO 6e3 yuiepba Agas
a/bHeLIHX paccyXIeHHH coxpa}m'rb o6osHauenus I1,; 1 gamma {i, j
cooTBeTcTBEHHO, rae i, j =1, ..., M; M = [N/stepl.
1, gamma [i, j]1 <0

0, gamma {i, j]>0’
» j =1, ..., M. MaccuBy z cTaBuTCs B COOTBETCTBHE 06JacTh S,
=_ [Ll} | H,,, KoTopasi siBJisieTcsl Q6J1acTbio MPeATNOYTEHHS f1
i, j:2 j1=

ar 4. IloacynThiBaeTcsi uyHCAO TpPOBEPOK HEPABEHCTB JJIsI
yCTaHOBJIEHHs TpHHaLJexHocTH obsaactu S,. Mcnonb3yeTesi cnoco6
NPOBEPKH NMPHHAIEKHOCTH N0 BEDPTHKAJbHBIM HJIH TOPH3OHTAJbHBIM
cJIOSIM  pa3bueHusi, IMpeANoJaralmui MeHbllee YHCJIO0 [POBEPOK
HepaBeHCTB, UeM MpH [POBEPKe MPHHAIIEXHOCTH KaXAOMYy MO OT-
JenbHoctH II;; < S,. Hampumep, npoBepka NpHHAMJIEKHOCTH X =
= (x4, x3) € S;, (o6nactb S; unsobpakeHa Ha puc. | M COCTOMT M3
12 npsimoyrosbHHKOB II;;) ocyliecTBsieTcst MO CAeAYIOWEMY PaBHIY!

(xg € la, by] and x; € la, a4)),

or (x, € by, byl and x; € lay, a3)),

or (x, € [bs, byl and(x; €[a, a;]lor x, €{as, a,l)).

Il ar 3. ®opmupyercst Maceus z li, j1 = {



[IpoBepka NpHHANJIEXKHOCTH B AAHHOM cJy4yae NPOH3BOAUTCS IO
FOPH30HTAJbHRIM CJOSIM, YHCIO NPOBEPOK HepaBeHCTB paBHO 14.
Ecay nonyueHHoe 4MclIo He NMPEeBOCXOAMT 3ajaHHoro K, To S, —
HCKoMasi o6JacTb. BbluMcasieTcss COOTBETCTByIOILAsl cyMMapHasi Xa-
PaKTEepPHCTHKA HEyCTOHYMBOCTH CMELIAHHOTO aJropuIMal

M
sum, = X z[i, jlXgammafi, ]] = X gammali, j].
i, 7=l 6T,

Ilar 5. Ecau yucio npOBepOK HepaBeHCTB AJasi S; Gojee K,
TO HIIETCS MAacCHB Y M COOTBETCTBYIOWLAs 06JacTb S, 6GoJiee MpocToil
CTPYKTYpHI (4ncio npoBepok <K), HMelowasi B TO x(e BpeMsI MHHH-
MaJIbHYI0 XapaKTepHCTHKY sum, = > gamma i, j|. B nactos-

' i Iycs,
IeM NpHMepe MOMCK BefeTcs JuGO MOJHHIM IepeGOpoM BceX MaccCH-
BoB y [, jl(i,j =1, ..., M) co sHaueHusiMu O u 1, nn6o nepeGopom
HEKOTOpPOM cJy4yailHO# BRHIGOPKM M3 4YMc/Jda TaKHX MaccuBoB. s
KaXJIOTO M3 HHX BBIYHCJASIETCS SUmM, M YUCJIO NPOBEPOK HEPABEHCTB
Aasi Sy; U3 Bcex Sy, yIOBJETBOPSIOLMX OTPaHHYEHHIO Ha CJIOXHOCTb
MpOBEPKH MPHHALJIEKHOCTH, HCKOMOH 06J1acTbi0 MpeANOYTEHHS aJro-
puT™Ma f; siBAsieTcss obJacTb, HMe}O].U.aH MHHHMAaJIbHYI0 XapaKTepH-
CTHKY Sumy.

6 ‘-IncneHHbIﬁ akcnepumem. PaccMotpuM pyHRuHIO f (X1, X5) =
= xi + x, B npsamoyroabnnke G = [—1.0, 1.0] x (—0.2, 0.81].
[TycTh uMeoTCS ABa aNropuT™a fy U fy NpHGAHKEHHOr O BbIYHCAEHHUS f
COOTBETCTBEHHO ¢ olun6KaMu 8; u 8,, U MoBeaeHKe OLIHGOK MOXKET GhITh
OIHCAaHO BbIPAXKEHHUAMH:

8, (x1, x5) = 0.01 sim (4x;) + 0.001 cos (8x,),
8, (x1, x2) = 0.001 cos (8x,) + 0.01 sim (2x,).

O6nacte G pas6uBaeTcss Ha 16 OJMHAKOBBIX MPSIMOYTOJbHHKOB,
B KaXIOM M3 KOTOPHIX BBIUHCJSETCS - yCPeAHeHHas rjaobajbHasi cTe-
NeHb HEYCTOMYMBOCTH Aas f, ¥ f,. BHUHCASIOTCS TaKXe cpefHHe
riaoGajbHble CTeNeHH HeycTOHYMBOCTH f; M f, BO Bceit obaacti G
(onn oGosHauensl U; u U,). Has f, (a Takxe ans f,) dopMupyercs
MaccuB 2, onpeiensiioliuil obmactb S; npeanoutenust f; (uam S,
s f,) M cOOTBETCTBYIOIIMA cMellaHHbI/i ajaroput™. Jasi npoBepku
NpHHAlJIEXXHOCTH S; M S, TpeGyeTrcsi NpPOBEPHTb COOTBETCTBEHHO
12 u 8 HepaBeHcTB. IIpoBepKy NpPHHANJEXKHOCTH B OGOHX caydyasix
3KOHOMHee OCYILIEeCTBJISITb MO FOPH3OHTANbHBIM c/10SIM. BhluncasieTcs
cpeaHsisi raobasnbHasi cTeleHb HEYCTOMYMBOCTH CMELIaHHOTO aJro-
put™Ma U nmix.

Ecau TpebGyercs, 4ToObl NMPHHAMIEKHOCTb S; H S, ompefensiach
C TOMOIIbI0 MEHbIlEro YHcJaa IPOBEPOK HEPaBEHCTB, TO CTPOSATCS
ynpolieHHble 06/1acTH (OHH COOTBETCTBYIOT MAacCHBY Y), AJsSl KOTOPBIX
TpebyeTcsi NpoBepHTb 4 HepaBeHcTBa. [/ CMEIUAHHOTO aJropHTMa,
COOTBETCTBYIOILETO YNPOIEHHBIM 06J1acTAM, TaKXe BHYHCIAETCS
cpefHssl rJjob6ajbHasi cTelleHb HeycTOHYHBOCTH. PesysbTaThl paGoThl
nporpaMMbl [OKa3aHbl Ha pHC. 2, Te KOHTYpPOM OOBeIeHbl 06JacTH
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1 1 1 1 1 1 1 1

1 1 1 0 1 1 1 1

1 1 1 1 1 1 1 1

Maccub 2 Maccub y
Puc. 2.

NpeANoYTeHHsl TNepPBOTO AaJrOpHTMa. B  wacTHoCTH, TJ06ajbHBIE
(cpennue) cTemeHH HeyCTOHYMBOCTH MEPBOrO H BTOPOro aJropHTMOB
COOTBeTCTBEHHO paBHbl 1.483490 u 1.491946. Ilpu orpaHuueHHH Ha
4ucIOo NPOBepsieMBIX HEpPaBeHCTB, PABHOM 12, HeycTOHYHBOCTL CMe-
IIaHHOTO anroputMa paBHa 1.477987, a npu orpaHHueHuH, paBHOM 4,

oHa cocraBasier 1.478347.

JluTepatypa

1. Jlawenko H. H., Eenesuy E. JI. CraTucTHuecKHe 3ajlaui BEI6Opa H CHHTE3a ON TA
MaJbHHX anroputmos//3an. uayu. cemun. JIOMH. 1988. T. 166. C. 72—90.



0. HEKOJIECHHKOBA; H. H. JIALIEHKO

HCMOJIb30BAHHE WU ABTOMATHYECKHH CHHTE3
AW PEPEHIIHAJIBHBIX KOPPEKTOPOB

IlanHast paGoTa MOCBsIlEHAa PacCMOTPEHHIO CHCTEMHBIX M COAEp-
areJbHBIX aclleKTOB aBTOMAaTH3alMH BhIGOpPA M TOCTPOEHHS OMTH-
MaJbHBIX TpoueAyp O6paGOTKH JaHHBIX (HalpHMep, CHUTHAJOB).
[Ipennaraercsi HCNO/b30BATh NpeicTaB/eHHe MpeoGpa3oBaHuil B BHJE
KOMIMO3HIHK CTAHAAPTHOTO NpeoOpa3oBaHHsl U KOPPEKTOpa, ajalTH-
pyeMoro K 4acTHOMY KJjaccy 3anay. [IpumeHeHHe ¥ cHHTe3 KOppeKToO-
POB HJUIIOCTPHPYIOTCS Ha MpuMepe 3ajayu MYJbTHIIHKATHBHOH
$UAbTPALHH.

B pa6ore ucnodbaylorcsl clefyiolliye ob6o3Hauenus: R — mHoxe-
CTBO IEHCTBHTENBHBIX YHCeJ, Sqr — ONMepaTop BO3BeJeHHsI B KBajpart,
& — ToXJIecTBeHHOe OTOGpaxKeHHe Ha OOyCJOBJIEHHOM MHOXECTBE
$yHKUME, @ — M03JeMEeHTHOe yMHOXeHue 3HayeHu#, e (¢f) = ¢ (€
€R), *}— 3Hak cBepTku™nocienoBaresbHOCTeH.

Beenenune

TIpu NMpOEKTHPOBaHHH KOMIbIOTEDHBIX CHCTEM O6pPaGOTKHM JaHHBIX
4acTO BO3HHKaeT HeOGXOJUMOCTh CHaGUThL MOJIb30BaTeNs cpeJIcTBaMH
ONTHMH3allMM HCIOOJAb3yeMBIX UM npeo6pasoBanuil. Tak, peluas
3ajiayy ¢UABTPALMHK CHTHAJOB Ha GoHe MoMeX, IPHUXOAUTCS BHIGHPATh
ONTHMAaJbHBIE WX GJAH3KHE K HUM (QUJABTPHI ¢ NOMOLLbIO HEKOTOPHIX
MCXOJHBIX (ampHOPHHIX HJH CTaTHCTHYECKHX) JaHHBIX O IUyMaXx;
3aHHUMasiCh cesieKlMell onpejesieHHbIX Jeraned M306paxeHHsl, CTPOSIT
OlTHMaJbHbBE (IONMyCTHMBIE) ceseKTophl M T. . [Ipu 3TOM 3a aocTH-
)eHHe ONTHMANTbHOCTH NMPHUXOAUTCS MJATHTh 3HAYHTeJbHBIM yBeJHYe-
HHeM OGHOJHOTEKH NpouelAyp 0O0pabOTKH M CJIOXKHOCTbIO peanu3anuy
CaMMX CpPeICTB ONTHMAJbHOTO BHIGOpA MPOLENYP.

Boo6iie roBopsi, cpeiM cTpaTerHd IMOBeleHHS pa3paGoOTYMKOB
CYLIeCTBYIOT JIB€ KpaiiHHe TeHJAeHUHH! NepBasg COCTOUT B CTpeMJEeHHH
K yHHMBEpCaJbHOCTH OXBara cpeicTB 06paGoTKH B yiuep6 pasHoos-
pasuio pellaeMBiX 3ajaay (HampuMep, TONbKO (QUAbTpamusi, HO 3aTO
BCEBO3MOXHBIMH crioco6aMu), BTopasi — B BbIGOpe KaHOHMYECKHX
peaju3anuii MeTOJAOB pellleHHsl NpH 6OJbIIOM pasHooOpasvu pelllae-

© 0. H. Konecuukosa, H. H. Jlamenko, 1990
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£ MBIX 3afiay. MOXHO CTPEMHTbCS
F y u*  cpasy K 0GeMM IeJsiM, YBeJHYH-
3 Basg TPOMO3JAKOCTb CO3]aBaeMoH

CHCTeMBl, HO, NPHHSIB OrpaHHye-

HHS Ha ee CJOXKHOCTb, Mbl BHIHYX-

JeHbl HATH Ha ollpefie/IeHHbIH KOM-

npoMHce MexAy ABYMS KpanHo-

CTSIMH.

[:l Dj B pnanHolt pabore onuchiBaer-
£ f | csl MOAXOA K MOCTPOEHHI0 CHCTEM
06paboTKK, KOTOPHIt MO3BOJISIET
J06HTbhcsl 3HaYUTeNbHOH FHOKOC-

Iz TH C TOYKH 3p€HHS] ONTHMH3AaLMH
Puc. 1 He B ymep6 KOMHAKTHOCTH CHC-
) TeMbl M IUMpPOTe Kpyra npeobGpa-
30BaHH.

CyTb moixona cocTOMT B caefyioueM. [IycTy As onpefeneHHOCTH
pelaercs 3ajaya guabTpanuu curHazaa U, McKaXeHHOro noMexoil §
C 3aKOHOM B3auMojeiicteus @ (pacmpocTpaHeHHbie cayyau: U 4 E,
UE, U (1 4 §)). ITpeanonoxum, 410 B HallleM pacrnopsixKeHHH HMeTCs
HEKOTOpHie NpeABApHTENbHbIE CTATHCTHYECKHE CBEJEHHNSI O XapaKrepe
lyMa HJH e BO3MOXHOCTb B TeUeHHE HEKOTOPOro BpeMeHH HalJio-
JaTh 4YucTH 1WyM. Toraa npeasnaraeMbli crnoco6 0O6paGOTKH MOMKeT
ObITb H300paxkeH cxemoit (puc. 1), KoTOpas mHpeaycMaTpuBaer IBa
srana paboTH. ‘

Ha mnepBoM »3rane Ha6/ionaeMbiii YHCTHIE IUYM NOCTyNaer Ha
BXoj I/, a Ha BXOJA 2 NOAaeTcsl 3TaJOHHHH MCKYCCTBEHHBIH CHIHaJM v,
Baok C ocyuecTBasieT HX B3aHMOAEHCTBHE 110 3aKOHY @, a 6ok A
OCYLIECTBJISIET OCHOBHOE INpeoGpasoBaHue (HampuMep, (GHAbTPALHMIO)
[0 HEKOTOPOMYy 3apaHee BbIGPaHHOMY aJropuTMy. IJTOT aJrOpPHTM
ODHEHTHPOBAH Ha AOBOJBHO LIHPOKMHA KJacc NMoMeX M B JaHHOM
KOHKPETHOM c/ly4ae MOXeT GHiTb AajdeK OT ONTHMAaJbHOro, NMO3ITOMY
OH HYXJaeTcs B KOPPeKUHH. PesyabTar ¢uabTpanyHy f nocrymaer Ha
Bx0J, 6/0Ka D, Ha Apyro# BxoJ Toro xe GJOKAa nojaercs 3TaJOHHBIH
curHan. Baok D npubanxeHHbIM 06pa3oM CTPOUT oneparop, mnepe-
Boaswui f B v. OnepaTop MoxeT BbIGHpaThbCcsi H3 KOHEYHO-Tapame-
TPHYECKOTO CEMEHCTBA, TOTAA NOCTPOEHHE ONepaTopa CBOAUTCH K BhI-
yHcaAeHHI0 BeKTopa KoadduuuenroB a. Ha 3ToM nepBblil 3Tan 3akas-
yupaercsi. byjseM cuutath, YTO NMpoM3BeA€HA HACTPOMKa KOoppeKkTopa
(McnpaBasiolwero oro6paxeHns). 3aMeTHM, UTO BMECTO YUCTOrO IIyMa
Ha 1nepBOM 3Talle Ha BXOA / MOXHO MOAABaThb HCKYCCTBEHHBIH CHTHaJ,
CreHepHPOBaHHbIH B, COOTBETCTBHH C 3aAdHHBIMH CBEAEHHMSIMH O pac-
npefiesIeHHs X. '

Ha BTOpoM 3Tane npoucxoiuT co6cTBeHHO puabTpanus. Ha sxon 7
nojaercsi 3sallymieHHwmi# curdHan P. OH ¢uabTpyercss 6a0KoM A,
a peayJabrar QuabTpaurH f nogaercs Ha BXoJ Koppekropa B. byok D
nepefaetr B B BeKTOp K03(QpHLUHEHTOB @ (HJIH TEKCT NPOLEAYPbl NPH
HerapaMeTpHYECKOM 3allaHHH onepartopa). KoppeKTop mnpHMeHsieT
MCHpaBJSIOIIMI OnepaTop K CHrHaMy f M BblJaeT B KavecTBe OKOKYa-

I-s
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TeJIbHOrO pe3yJbrata cMTHan U*, npuHMMaeMmblii HaMH 3a CTaTHCTH-
YecKyi0 OLEeHKY HCTHHHOFo curHama U (Bbixon J).

ToT e NOAXOA MOXKET NPHUMEHATbCS AJI pelueHHs APYrux 3ajay,
HanpuMep KJaccupHKauMH, KOCBEHHBIX H3MepeHHil, .pOrHO3HpoBa-
Hu M T. A. [lonb3ysice moxxopsimeil cucteMoil KOppeKIHH, MOXHO
3HAYHTEJIbHO YMEHBbIUHTb KPYr OCHOBHBIX Ipeo6paszoBaHHi 0e3 cy-
IeCTBEHHOTO INpOMIphlla B KauecTBe o6paGoTkn. OcHoBHBIE IIpO-
671eMBI, pasyMeercsl, COCTOSIT B BLIOOPE KOPPEKTHPYIOLIHX ONepaTopoB
M TOCTPOEHHHM aJrOPUTMOB HAacTpOfiKH. 3Jech BO3HHMKaeT 3ajaya
NAeHTH(HKALMK  ONepaTopoB, paccMaTpPHBaBluasicsi ¢ Ppas3fMYHBIX
TOYEK 3PeHHst HcclefoBaTessiMH, paboTaBIIMMH B 0GJACcTH aBTOMATH-
yeckoro BbiGopa Mojeneil (cM., Hanpumep, [1]).

2. dopMasibHbIH acClIeKT

JI0BOMILHO IUMPOKHIl KJacC KOPPEKTHPYIOLIMX ONepaTOpoB MOXKET
ObITh ONHCaH caepylomnM obpasoM. [lyctb H — HopMHpOBaHHOE
¢yHKUHOHANbHOE MpocTpaHcTBO, M; — omepatopel w3 H 8 H (j =
=1, ..., n). Ha6op onepatopos M; GyneM Ha3blBaThb MOPOXKAAIOLUINM
Ha6opoM, a B KauecTBe ceMeiicTBa KOPPEKTOPOB cHayajla paccMOTPHM
KJacc:

n—l1
Q= _Zoa,-MjlajER}. 4}

f=

Econ LEQu uv=Lf, 10
n—1 n—1
v ='f§0 a;M;f = EO a;f;, tae f; = M;f. )
Takum 06pasoM, oTbicKaHHEe KOPPEKTOPA COCTOMT B JINHEHHOM pas-
dal

JoxeHnn sranoda U, no cucteme {f/}. Ecan, nanpumep, M; =

_ il ’
TO KOppeKTHpYyiollee NpeofpasoBaHHe MMeEeT BHA:
n—1

d
Uo=aof+017f—[—‘--—}—an_1dt7_, )

T. e. sBJAsieTcs AuddepeHuHaNbHEIM ONEepPaToOpoOM ¢ NMOCTOSTHHBIMH KO-
d
sppunmentamu. Ecam n =3, Mg =&, M, = sqr, M, =

d @
v =aof+alf2+azd_,f
¥ KOPpPeKTOp NpeAcTaBJsieT co6oil HemuHellHbll AuddepeHunanbHbli

oneparop. [lomarass n =4, My =&0 = M, = dit ®e, M, =

) M d? ,
= 3§ = T noJay4yaem:

T
v =qff + (ait + ay) [ 4 asf” n 1. 1.

3aMeTuM, YTO caMa KOppeKlHsl B OMHCAHHOM cJyqae NMPOBOAUTCS
AOBOJIbHO GBICTPO, B TO BpeMsi KaK HacTpofika oKasblBaeTcsi GoJsiee
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€MKOHl NO BpeMeHH H He MOXeT GbiTh (XOTSl Obl YaCTHYHO) MpOJieNaHa
3apaHee, MOCKOJbKY HyXJAaeTcs B 3HaHHH f.

MeTton, ocHOBaHHHII Ha HcrmosbsoBaHMM Kaacca (1), HasoBeM
npsiMoii Koppekuueil. Hapsay ¢ stum paccMoTpuM 06GpaTHyo Xop-
PEeKLHIO, OCHOBAHHYIO Ha Ppas3JOoXeHHH!

f= El bju;, vyem M;u, (3)

M pelleHHH ypaBHeHHs (3) OTHOCHTENbHO HEH3BECTHOH (YHKUMH U.
OueBuaHO, TaKo#l MOAXOJ NMPHBOAKT K yBENHYEHHIO CJIOXKHOCTH KOp-
PEKLHH H B TO e BpeMsl K YIpOIIeHHI0 (YCKOPEHHIO) HacTpO#KH,
TaK KaK cHCTeMa U; H3BECTHA 3apaHee W Bce IpeJBapHTENbHbIE BhI-
YHCJEeHN S, 3aBHCSALLNE TONBKO OT Hee (HanpuMep, ofpalleHHe MaTpHIbL
MEeTO/la HaHMeHbIUMX KBaApaTOB M T. I.), MOTYT TaKxe ObITb INpo-
JieJlaHbl NpeABapHTENbHO.

CnrenaHHble HAMK 3aMedyaHHs! oNpelensitoT o6JacTH NpeANOoYTeHHS
JBYX MOAXONOB. YHAauHoi#l Oblia Gbl TaKasl CHTyalusi, B KOTOPOH M3
pasioxeHus (3) MPOCTHM cOCOGOM MOXKHO MOJNYYHTD pasioxeHue (2),
TOrja MNosiBuJach GObl BO3MOXHOCTb COEIHHHTb JOCTOMHCTBA O6OMX
noaxofos. HMHrepecHo, YTo B psile ciayyaeB Takash BO3MOXHOCTb
HMeeTco.

PaccMOTPHM HECKOJIbKO YTBEPXKIEHHil O cBSI3H NpsIMOTO H o6part-
HOTO CIIOCO60B KOPPEKUHH.’

Teopewma 1. Ecau M; — nuHeiiHble omepaTopel, TO Heo6-
XOJAHMBIM YCJIOBHEM COBMECTHOTO CYLIECTBOBAHHS IpeJACTaBJIEeHHH
(2) u (3) aABasiercs ycJoBHe: U — HENMOABMXKHAS TOYKa ollepaTopa

n-1

c; MM
i.k2=0 3, k1§ g,

rre C;» €ER.
NokasateabctBo. Ecm f= 2 b;Mp nv=Zkathf,
!

TO B CHJy JHHeliHocTH M

0= 3 My (SoMUs) = (3 banM,My) .

k, j

Tenmepb JocratoyHo NOJOXHTb Cj . = bjax. [
Teopema 2. Ecau S — smuelinnit onepatop v M; = S/,
TO Heo6x011an1M YCJIOBHEM COBMECTHOTO CYILECTBOBaHHs MpelcTaBJe-
Hu#l (2) u (3) SIBJISIETCS yCJOBHE! U — HENOABHXHasi TOYKa omepa-
2n-—2
Topa X p,S'.
r=0
Eciy 370 ycJoBHe BHIMOJHSETCS, TO JOCTaTOYHBEIM YCJIOBHEM
BOCCTAHOBJIEHHS 4 Mo b ABJSeTCA Pa3pellMMOCTb JHHEHHOH cHCTeMbE
a x b = p OTHOCHTEJIbHO aj.
JokasaTeabcTs o. YTBepKIeHHe OUEBHIHBIM 06Pa3OM BHI-
TeKaeT M3 TeopeMmnl 1. [

58



3ameuanue 2.1. 3 TeopeMnl 2 BhITeKaeT MpoCTOil aarOpuTM™M
fIpoBepKH «oO6paTHMocTH». EcaM v NpHHamJeXHT Kaaccy pelleHHH
ypaBHeHHUH

2n—2
. (Zp,S’—é”)v=0
r=0

H HaM H3BeCTHbl KO3(ppHuMEHTH by B pasjoxeHnH (3), TO MepBbIH
1ar COCTOHT B BBIYHCJEHMHM BEJIHYHH ay, ..., Qn_; N0 NPaBHJaM!

] m
ay=1/by, =790 (Pm+1 - Z a,-b,,“_l_,) .
j=0
BTopoii 1iar sakmaoyaercsi B NMOACTAHOBKE INOJYYeHHbIX 3HAYeHHH
B # — 2 COOTHOILUEHHS:
n—1
by = s (=1 osy n—2). (4)
=
Ecan (4) BBIMOAHSAIOTCSA, TO @ SIBJASIIOTCS MCKOMBIMH peLUeHHSIMH.
d
MMpumep 1. Ilycrs S = —7, Toraa npeacraeinenne (3) npu

n = 2 nmeer BuA: f = bev 4 b v', a mpeacraBnenne (2): v = q,f +
+ a,f’. U3 o6paTiMOCTH BLITEKAET, YTO 3TAJIOH U SIBJIseTcS pelleHHeM
HEKOTOPOTO OAHOPOAHOTrO AW(pepeHINaTbHOTO yPaBHEHHS BTOPOTO
nopsiika ¢ NMOCTOSTHHBIMM Koadduumentamu. Ilyers (pg') v + pyv” +
"+ p0” =0, TorAa AOCTAaTOYHBIM YCJOBHEM OOGDATHMOCTH GYJeT co-
OTHOLUEHHE!

P1by Pob? _

b, b5 P2

(cM. 3amedanne 1). O

3. JKCHEPHMEHTH 1O MYJAbTHIMVIHKATHBHON (HALTPaLHH

Ha ocHoBe n3/0xxeHHOro Bhille MOAXO0AA aBTOPHI IPOBOAMJIH SKCIle-
PHMEHTHI 0 KOPPEKIMH MYJbTHINIMKAaTHBHLIX PuabTpoB. Ilenb s3Kcme-
PHMEHTOB COCTOSJIa B CPABHEHHH Pa3/MYHBIX KOPPEKTOPOB (HJbTPOB.
HcxoiHblli «HAealbHBIH» CHrHal TpeAcTaBAsia COGOH JIOPEHLEBY
KPHBYIO!

~—
S{t)=((R*+v#) *, R=25 (M), v=13 (w/c), t€0, 80] (o).

Hcnonb3oBascsi raycCcoOBCKHIl HEKOPPEIHPOBAHHBIH LIYM, MYJbTH-
TVIMKaTHBHO B3aWMOAEHCTBOBABIUHH € «HAEAJbHBIM» CHTHAJOM, HMeB-
LIIHM CcTaHAapTHOe oTKJoHeHHe (.2. 3allyMJeHHBII cHrHaJ MOABEp-
rajics NpeABapUTEIbHOMY MNSITHKPAaTHOMY CIJIaXXHBaHHUIO CpeaHe-
KBaJipaTHYeCKUM (QHILTPOM C TNPSMOYTONBHBIM OKHOM, PaBHBIM 5.
PesyabratoM sBJAsiica criaaxeHHulil curHan F.

-PaccMarpHBagvce ABa BHAA KOPPEKTHPOBKH (PMJBTPOB: MNpsIMOe
BOCCTaHOBJIEHHE (pasJloxeHHe «HAeajbHOrO» CHTHaja IO ONpefeseH-
HoMy 6asucy) H o6paTHoe BoccTaHOBJeHHe, JI/si pelleHHst NOCTaBJIeH-
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. Ta6aunma }
Pe3yJIbTaTH 3KCIIEPHMEHTOB KOPPEKTHPOBKH (pHJILTPOB

Cpepxexsa-
Cnoco6 KOppPeKTHPOBKH ApaTHuecKas
omnbKa
IlpsiMmoe BoccTanOBJIEHHE
JInneitnoe pasnoxeuue:
1-ro mopsinka S = ayF - ayF’ 0.0422
2-ro nopsiaka S = ayF -+ axF’ 4 asF” 0.0422
Hemuueitnoe S = ayF 4 a,F% 4 a3F’ 0.0300
O6parHoe BOCCTaHOBJIEHHE
Pexyppeutuniii Meton, l-ro mnopsaka F = a;S 4 a,§’ 0.0433
Htepaunonunit meroxn:
" 1-ro nopsiaka F = a,S 4 a,S’ 2 urepanuu 0.0431
2-ro nopsaka F = a,S + @S’ 4 agS” 2 urepauun 0.0282

HO¥M 3ajaYy HCNOJb30BAJHCh CJAEAYIOIIHE METOAb! BHIYHCJEHHE Npo-
U3BOAHOH OT AMCKPeTHOH (YHKLUHMH ¢ NOMOWbI0 MNpHOAHKEHHO!
dopMyabl AJS OATH Y3J0B; ofpalieHHe MaTpHLibl; KBajpaTHYecKoe
pasjoxeHHe IO 3ajaHHOMYy O6asucy; pelueHve AnddepeHLHaNbHBIX
ypaBHeHHil MetonoM Jiljiepa (PeKyPPEHTHBIM) H HTepalHOHHBIM.

PeayabraTel NpoBefleHHBIX 3KCIIEPHMEHTOB cBelleHbl B Taba. 1.
B KadecTBe KpHTEpHsl OLEHKH pacCMaTpHBaeMblX KOPPEKTOPOB BbI-
6paHa cpelHeKkBajpaTHuecKas OlUMGKa BoccTaHOBJEHHs. [asi Kaxk-
IOro cmnocofa BOCCTAHOBJIEHHS TNPHBENEH HCXOAHBI «HAeabHBII»
curHan 1 v BocCTaHOBJIEHHBIH MOcsie NpeABapHTeNbHOH (uJbTpa-
uun 2 (puc. 2—5, I.y — VHTEHCHBHOCTb CHTHaMa).

CpaBHHTe/IbHBIH aHaJM3 Ha OCHOBAHHM IpPHBEAEHHHIX OLUHGOK
BOCCTAHOBJIEHHS MO3BOJISIET NMpeANouecTb UTEPalHOHHEI MeTOA MNpH
06paTHOM BOCCTAHOBJIEHHH CHTHaJa, KOTAA NpPeABapHTEbHO CIVIaXKeH-
HBIi CHTHaJ packJajbiBaercss 10 6asHcy, BKJIOYAOILEMY BTOPYIO
MPOH3BOJIHYIO «HJeaJbHOTO» CHTHaJa (OluMGKa BOCCTAHOBJIEHH S paBHa
0.0282). T'papuueckuit Marepuas, JawoWHi BO3MOXHOCTb OLEHHTDb
KayeCcTBEHHYIO NMOXOXeCTb BOCCTAHOBJIEHHOrO H HJeallbHOTO CHTHaJa,
pPaHXHpYeT oNpoGOBaHHBIE METOJbl TAaK e, KaK M BeJHYHHA OLIHGKK
BOCCTAHOBJIEHHS .

KOpoTKO 0 cTpyKType NpOrpaMMHOrO OGecleyeHHsi, NMOALEPHKH-
BaBllero INpoBeJeHHE ONHCAaHHBIX 3KcnepuMeHToB. OcHOBHasi Mpo-
rpaMMa COJIEDXKMT aJbTepHATHBHHI BbI30B MOAYJeH (MOANpOrpamm),
COOTBETCTBYIOIIM X BbIOPAHHOMY CHOCO0Y KOPPEKTHPOBKH!

schl — mocsiel0BaTeILHOCTL BLI3OBOB TNPOLEAYP AJS PEKYpPpPEHT-
HOTO cnoco6a BOCCTAHOBJIEHHS;

sch2 — ofecneyeHne HTEepaLMOHHOTO MeTOlAa pelUeHHS 3ajau;

sch3 — pellleyne 3ajauyy NpPsSIMOro BOCCTAHOBJIEHHS CHIHAJA.

Cpenn HauGosee BaKHHX HCNOJb3YeMBIX MpOLELYyp OTMeTHM
caenyomue:

sumbsig — reHepauus MCXOAHOTO HA€AJBLHOTO CHIHAJa;
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Ieyr

—y
i
m——
Puc. 2.
Teur 1
2
|
|
\
\
/N
ry ™
'__’___:g-—'—':#.- {::’ .\:\—\:‘"‘\,
‘ = S,

Puc. 3.

noisegen — reHepauus liyMa 3aJaHHOTO BHJAA M YKa3aHHBIX Na-
pameTpoB;

sigoper — BhlYHCJEHHE 3allyMJEHHOTO CHTHaja Mo 3ajaHHOMY
TUNY B3aUMOJEHCTBUSA MeXIYy HJIeaJbHBIM CHIHAJOM M LIYMOM;

filtr — oGecrneueHre MHOroKpaTHoi#l cpefHeKBaApaTHYeCKOH (UJIb-
Tpauuu (TMpeABapHTeNbHOH) 3allyMJIEHHOTO CHrHaJja;

basform — ¢opmupoBaHne Ga3uca pasjokeHus (siBJseTcsl BCIO-
MoraTeJIbHOH AJIsi TNpOUEAYPh! BbIUHCJIEHHS Ko3(pdHLUMEHTOB pasJto-
XKeHHs);

61



our

Teur

Puc. 5.

inver2 — ofpameHde MaTpuubl (HcmoJdb3yeTcs  Hpoluexypoit
surfit);

surfit — cpenHekBaapaTHuecKoe pasJjioxkeHue no Gasucy;

recrec — o6paTHoe BOCCTAHOBJIEHHE DPEKYPPEHTHBIM METOJIOM;

iterrec — o6paTHoe BOCCTAHOBJIEHHE HTEPALHOHHBIM METOIAOM;

rightrec — npsimoe BoccTaHOBJIEeHHeE.

[lporpaMmmMa u moamporpaMmsl peaJju3oBaHbl Ha s3blke Pascal
B cucreMe TURBO—Pascal Ha nepcoHanbHoM KommbloTepe. OO6Liui
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Taganua 2
Bpems paGoTw mporpamMm

Haspann Yncao BpeMs
npolieAypu S pagoTH, €
mbsi 4.2
it 15
- 6
basform o.0
surfit 2 7.0
surfit 3 13.2
recrec 2 . 4.0
iterrec 2 20.0
iterrec 3 30,4
rightrec 2 1.8
rightrec 3 1.

06beM HMCXOAHOrO TeKcTa cocTaBasa 46 192 6Gapra. KoA 3anuMan
17 728 GaiitoB, pannsle — 3b 936 GaiitoB (mporpaMMa PaC.C““TaHaéia
pa6oTy ¢ CHTHa/laMH, HMeLEME A0 256 Touek oTC‘*e’éav "‘":gomca;
3HCHBIX (YHKLHMH He JO/KHO MpeBbuuaTh 4). B 1abi1. 2 NPHBOA
BpeMsi paGoThl HEKOTOPHIX NPOLERYP.

Jiurepatypa

erolaMu, M.
1. Xummesv6aay . Hccnenosanue mpoieccoB crarucruyeckKHMH MeTOL )
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B. . KPEHHOBHY

NMPEACTABJIEHHE 3HAHUHW Ob USMEPSIEMbIX BEJIUYHUHAX:
TEOPETUKO-TPYININOBOA MOAXOL

1. O6mas noctaHOBKAa 3aja4H

OpnHeM U3 OCHOBHBIX HCTOYHHKOB MH(OpMAaLMH O MHpPE SIBJSETCA
npolecc H3MepeHus pa3iHYHbIX BeauyuH. [1o3TOMy cylecTBeHHBIM
3/eMeHTOM OOLlled MOCTAHOBKH 3aflauyd MpelcTaB/eHHsl 3HAHWH §B-
JasieTcd 3ajaya MpeacTaBJeHUsl 3HAaHUH 00 U3MepsieMbiX BeJHYHHAX.
ATd 3HaHHA MOXHO paslequTb Ha ¢GOpPMajH30BaHHBE, T. €. CO0-
CTBEHHO pe3yJbTaThl H3MEPEHHWH U HHGPOPMALHIO, MOJYYEHHYIO NpH
o6pa6GoTKe pe3yJbTaTOB H3MepeHHH, M HedopMain3oBaHHble — 3Ha-
HUA, BblpaXKailllie OMBIT U UHTYHUHIO creluanucToB. Kak npefcras-
JAdTh 3TH 3HaHuA? [IpuMeHHTEIbHO K (OpMa/M30BaHHHIM 3HAHHSAM,
Kasajocb Obl, 0co60li NpoGJeMbl HET: NOCTATOYHO XPaHUTbL BCe pe-
3y/AbTaThl H3MepeHHi ¢ MOAPOOHHIM OMHCAHHEM COOTBETCTBYIOLIEH
H3MepuTeNbHOl npouenypsl. Ho an1si MHOrux 3sKcnepuMeHTalbHBIX
YCTaHOBOK (PaJuOTE/JeCKONOB, YCKODHTEJIEH H T. A.) NMOTOK H3MEpH-
TeJbHOH MH(QOpMALMK HACTOJBLKO BEIHK (MEraGuTH U Ja)Ke CHraGHTHI
B CEKYHAY), UTO Jake XpaHHTb BCe pe3y./bTaThl M3MepeHuil He mpef-
CTaBJsieTC BO3MOXHBIM, He TOBOPSl y2Ke O TOM, YTOOGBI HX HCIOJb30-
BaTh. Bo3HHKaeT 3ajjaua «CxKaTHA», KOMIAKTH(GHKALUH H3MEPUTEIbHOH
HHbopMauud. Bo3MOXHbI pasiuuHble BHIBI CXKATHS: HamNpuMmep,
BMECTO MacCHBa JAaHHBIX XpaHUTb Te HJIH MHbIE CTATHCTHYECKHE XapaK-
TEPUCTHKH 3TOTO MacCHBa (MJM, €CJH HMeeTcsi alpUopHas Moje/b
HceefyeMoro o6beKTa ¢ HeollpefieieHHbIMH NapaMeTpaMH, apaMeTphl
Mojiesid, Ompefie/ieHHble N0 pesysbTataM U3MepeHuii). Kakyio dopmy
KoMnakTHQUKauuu (MpeicTaB/eHHsl 3HaHHH) BeIGpaTh? AHaJOTHUHBIH
BONpOC BO3HHMKAaeT M NpPH NpeicTaBjieHHH HehopMaaU30BAHHLIX 3Ha-
HHH! KaK HX Jydlle IPeJCTaBJATh, T. €. KaKylo ¢popMy npeacTaBjaeHHs
3HaHWH BHIOpaTh, 4TOGhl 06JErYUTh UX XpaHeHHe M NOCJeayloliee
HCNOJIb30BaHUe?

Ecau naMepHTesbHasi CHCTeMa OpHEHTHPOBaHa Ha pelieHHe KOH-
KpEeTHOH TNpHKJaJIHOH 3ajauM (HampuMep, cocTaBasieT 4acTh ACY
TEXHOJIOTHYECKHM IIpPOlLieccoM), TO NpH BhiGope GhopMbl NpeACTABIEHH
3HAHHI eCTEeCTBEHHO UCXOAHTb M3 KpHUTepHS 3DPEKTHBHOCTH pelleHHs
3Toil mpuKJafHo# 3ajaud. Ho B GosblumHCTBe ciyuaeB Kpyr 3ajady,

© B. SI. Kpetinosny, 1990
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B KOTOPBIX B NMPHHLMIIE MQT'YT ObITh HCIOJb30BaHKl MOJAYYEHHEIE 3HA-
HHfl, 3apaHee HEU3BECTEH, NMO3TOMY HesiICEH M KDHUTEPHH ONTHMAJb-
HOCTH, B COOTBETCTBHH C KOTOPHIM MOXKHO Gbl/IO Gbl BHIGpATH ONTHMallb-
Hoe NpejcTaB/eHne 3HaHUH. Takum o6pasoM, 3anaua BHGOpa HaUAYd-
1Iero NpeAcTaB/JeHHs 3HAHHH OTHOCHTCS K KJaccy 3ajad ONTHMH3a-
LMH B YCJOBUSIX HeollpefleJleHHbIX KDHTEPHEB ONTHMAJIbHOCTH. B cTaTbe
ONHCAH NOAXOA K peleHHI) 3TOro KJjacca 3ajay, OCHOBAHHBLIH Ha
HCIOJIb30BAHHH CHMMeTpHil 3ajauu (aHoHcupoBauuelit B [1, 21).

. 2. OcHOBHble HIEH TEOPeTHKO-TPYNIIOBOTo MOAXOAA

PaccmoTpuM mpocTeiiliyio CHTyauuio, MpH KOTOpoil BO3HHUKAaeT
Heo6XOAMMOCTb B CXKATHH H3MepUTeIbHOH HHbopMauud. Hanpumep,
UMEIOTCS IaHHBIE Xy, ..., X, MHOTOKPATHOI'O H3MEpPEHHs OAHOH U TOH XKe
BeJHYHHBI X. B peaysbTaTte cxkaTHsa HeoGXOJHMMO 7 OLEHOK MCTHHHOTO
3HaueHUs 3TOH BEJHYMUHBI 3aMEHHThb OJIHOH OlieHKOH. B ciayuae, eciu
U3BECTeH 3aKOH pacnpejeseHusi NMOrPelHOCTH X; — X, TO B KauyecTBe
TaKoOH OLiEHKH HeoOXOJHMO HCHOJb30BaTh HauboJiee BepOsiTHOE 3Ha-
YyeHue X, T. €. B CTATHCTHYECKHX TepMHUHAX 3HaueHHe, MOJYy4YeHHoe
C NOMOILBI0 METOJa MAaKCHMaJIbHOTO NpaBJonofo6Hs:

|I§1 f (xy — x) = max,

rie f — NJIOTHOCTL pacnpefeseHusi MOrPEIHOCTH. 3aMeTHM, YTO B pe-
aJbHBIX BBIYMC/IEHHSIX HCNONb3YIOT PaBHOCHJBHYIO (opMmyay:

2 (x; — x) = min, (1)

rie p = —In f, a pemeHHe 3Toi MUHMMHM3AUUOHHOH 3a7aud OGLIYHO
OCYIIECTBJISIETCS 33 CUET pelleHHs ypaBHEHHs, KOTopoe MoJydaercs
NpH [NpPUPABHUBAHHH IIPOM3BOJAHOH HYJIIO:

2’ (x;—x) =0 (2)
(lTpUX O03HauaeT NPOU3BOJHYI0). B uacTHocTH, B ciayuae HOpMaJabHOrO
3aKkoHa ¥ (x) = x%, u peiieHHe ypaBHeHus (2) — cpenHee apH(MeTH-
yeckoe x = l/n 2x;.

OnHako B peanbHBIX H3MEPHTEJIbHBIX CHTYalUHAX TOUYHbIH BHI
3aKoHa pacnpefieieHusl NorpeiiHocTH HeusBecTeH. Takue cuTyauuH
Ha3blBalOTC POOACTHHIMH, a METOJbl BHIYHCJIEHHS OLEHKH X Mo 3Ha-
YeHUAM {x;} — pobacTHbMH Mertogamu. ONBIT NpUMEHEHHs pa3Jjuy-
HbIX POOAcCTHBIX METOAOB NOKaskiBaeT, 4To HaHGosee 3bhdeKTHBHBIMU
SIBJASAIOTCA TaK HasbiBdemble M-MeTozbl, KOTOPHIE COCTOAAT B HCIIOJb30-
BaHHM BhIpaxeHus (1) c HeKoTopoil 3apaHee 3ajaHHOI ueTHOH QyHK-
uuedt P. Kakywo ¢ BHOUpATH?

TanuuuoHHasA MOCTAHOBKA ONTHMU3ALMOHHHIX 3a/1a4 COCTOHT B TOM,
yTo6bl BbIGpaTh QyHKuUMOHAA J H ucKaTh P, A1 Kotoporo J () —
— min. Ho Bei6op J B aaHHOM cyyae JOCTaTOYHO NPOH3BOJIEH,

a ecqM M Apyroro QyHKUHOHana J OyZeT ONTHMalbHOH Apyras

yHKIMA P, TO KaKyI0 HCMOAb30BaTh! b HaH p? UTo6b MOKas3aTh, Kak
MOXXHO HCIOJb30BaTh NMPHHUHIL CHMMETPUH AJsA Bhi6opa 1, cq>op-
MyJupyeMm 3ajadyy Bhi6opa Y B MaTeMaTHUYeCKHX TepMHHAaX.
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Onpeneaenune 1. Ilycth Y — npousBoibHas YeTHas He-
npepeiBHas (pyHKLUs, MOHOTOHHO He yO6bBamomas nmpu x >0, He-
npepreiBHO audpepenuupyemas npu x = 0 4 OTJHYHASA OT KOHCTAHTHI.
M-MeTonoM, COOTBETCTBYIOIMM 1, Ha30oBeM oToGpaxeHue (Booblie
roBopsi, MHOTO3HaYHOE), KOTopoe HAGOpY Xi, ..., X, COIOCTaBJSET
MHOXECTBO BceX peltieHuii ypaBHeHus 2§’ (x; — x) = 0.

3ameuaHue 1. OrpaHuueHde TJIagKuMH GyHKUHSAMH 1 CBS-
3aHO C TeM, 4To OGRIYHO B KauecTBe ¢ 6epyT —In f A1a cTaHAapTHBHIX
IJIOTHOCTEH BepOSITHOCTH, KOTOphle OMUCHIBAIOTCA (YHKUUAMH, [Val-
KHMH npH x = 0. B npuHuune MoxHo 6b10 661 paccMoTpeTh U GoJiee
o6kl caydyail HempephIBHBIX ¢, onpejensisi M-MeTon Kak oroGpaxe-
HHE Xy, ..., X, — arg min 2¢ (x; — x). Ho Tak Kak uenp Hacros-

X

eH craThd — NPOJEMOHCTPHPOBATh HOBHIH MOJAXOZ, TO OTpaHHUYUMCS
H3JI0XKeHHeM HauGoJjiee NMPOCTOM CHUTyauuu (TJafKoll ), B KOTOpO#
paccyXfeHusi, CBsi3aHHble C HCIOJb30BaHHEM 3TOTO MoAXoja, Io-
CTaTOYHO HPOCTHl H HAIVISJHHL.

3aMeuaHue 2. Bo3MOXHOCT MHOTO3HAYHOCTH OTOGPaXKEHHS
BIOJIHE peaJjibHA! HANpUMeEp, I P (X) = | X[ H X, << X3 << X3 < X4
MHOXECTBO pellleHHi — Bech uHTepBad [x,, Xx3l.

3aMmeuaunue 3. I[IpeanosoxeHHsi 0 MOHOTOHHOCTH GYHKUMH
H O TOM, 4TO P 5% const, cOOTBETCTBYIOT (ec/H BCNOMHHTh, 4TO P =
= —In f) BnoJIHe ecTecTBeHHOMY JOMYIIEHHIO, UTO GOJblilasi MOrpelL-
HOCTb HMEeT MEHbILUYI0 BEepPOSITHOCTb.

HanomuuMm, uTo oTHoweHnem (4acTHYHOro) NMpeAnoOpsiiKa Hasbl-
BaeTcsi NMPOU3BOJIbHOE TPaH3MUTHBHOE OTHolleHHe. OTHoluleHHe Tpen-
nopsifika 0603Hayaercsi oObIYHO yepes < Ui <. Ilpu sTOM OTHOILEHHE
« < b u b < a» obo3HauaeTcs oObIYHO uepe3 a ~ b, OTHolleHHE
«@a <bwu He a ~ b» — uepe3 a < b.

Onpeneanenue 2. Ilyctb A — Npou3BOJbHOE MHOMXKECTBO.
Kpurtepuem oNTHMalbHOCTH Ha MHOXKecTBe A Ha3oBeM OTHOILEHHE
YyacTHYHoOro npeanopsizka < Ha A. Bygem cuurath, uTo @ Jayuiue b
(B cMbIC/Ie NaHHOTO KPHUTEpHsi), €CiM @ >> b, H UTO a pPaBHOLEHHO b,
ecid a ~ b. dnemedT a € A Ha30BeM ONTHMAJbLHBIM (B CMBIC/E KPH-
TepUs =), eciu a = b mas Beex b € A.

3ameuanue 4. OrpanuuuMcs B JanbHeiiiieM M-metosamu,
YOBJIETBOPSIOUIMMH HEKOTOPbIM €CTeCTBEHHbIM ycjaoBUAM. [as ux
($OpMYJHPOBKH HeoOXOoAMMbl HEKOTOphle BCIOMOraTesbHEe 0603Ha-
YEeHHSA .

O6osnauenue. Ilyctb a-— M-Meros, COOTBETCTBYMOIIH
¢yukunn . Torma M-Meron, cooTBeTcTByHOWMH GYHKUMH 1, Trhe
VP (x) = ¥ (Ax), Gyzem oGosHauaTb uepe3 A (a).

Onpenenenue 3. Kputepuit onTHMalbHOCTH Ha MHOXECTBE
BceX M-MeTol0B Ha3oBeM KOPPEKTHBIM, €C/IH BBIMOJHEHH Caelyloluue
ycloBusa: a) eciu a < b, A >0, To A (a) < A (b); 6) KpuTepHil BhI-
Jenser eIMHCTBEHHbIH ONTHMAaJbHBIH METOA.

KoMMeHTapuii. YcioBue a) o3Hayaer, YTO pe3ynbTaT
CPaBHEHHS JBYX METOJIOB He MEHsSieTCsi IpH 3aMeHe €JUHHIL, B KOTOPhIX
BhIpaXKaloTCsl H3MEpeHHble 3HAUeHHs X;; ycJoBue 6) o3Hayaer, 4TO
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KPHTEpHH JOCTaTOYHO CHJIbHBIA: eciM Obl KPHTEPHHl He HO3BOJAJM
BbIIEJIMTh €AMHCTBEHHbI ONTHMAaJbHbI M-MeTol, TO CpelH ceMeilcTBa
METOJ0B, pPaBHOLUEHHBIX C TOYKH 3peHHs1 BHIGPAHHOTO KpHUTEpHS,
MOKHO 6blJ10 Obl IPOBECTH JaJbHEHlIHii OT6OP MO KaKOMY-TO APYyromy
[oKa3aTeJlo; ecJH TakKod KOMOHMHHPOBAHHMIN KPUTEpUH He YJOBJETBO-
psier ycaoBuio 6), TO MOXHO NMpOBeCTH JajbHelmui or6op, H T: A.
AT IBa YCJOBHS €CTECTBEHHH,, HO Ha NePBBIA B3IVIAL KaXKyTcs
QueHb c1abbiMH. B camoMm mesie, cymecTByeT orpoMHOe YHCJIO PasjHy-
HbIX KPHTEPHEB ONTHMAJbHOCTH, YJIOBJETBOPAIONHUX YCAOBUAM a), 6).
OnHako yYTo Kacaercsi BbiGopa ONTHMAaJbHOTO MeTOAa, TO 3A€Ch Mpo-
H3BOJI ropasno MeHbuie. TouHee, HMeeT MecTo cJelylolmias TeopeMa.
Teopewma 1. Ina n1060ro KOpPEeKTHOrO KPUTEPHSI ONTHMAJb-
HOCTH HaHJeTcs BellleCTBEHHOE YHCJIO p TaKoe, 4TO ONTHMAaJbHBIH
M-Meton cooTBercTByer (yHKUMH P (x) = | x |P.
3aMeuyaHue 5. UncreHHble 3KCNEPHMEHTH C pa3JHYHBIMH
KPUTEPHAMH ONTHMAJbHOCTH, NpoBefeHHbe B 70-e roibl U B HauaJe
80-x ronoB [3—51], npuBenu K aHaMOrHYHOMY BhIBOAY 00 ONTHMAaJb-
HOCTH OLEHKH ¢ P (x) = | x [P (ee Ha3biBaloT ele [P-oleHKOH).
Hrak, onHoro TonbKo TpeGoBaHHS MHBApHAHTHOCTH OTHOCHTEJBHO
HEKOTOpOH TpyNNbl CHMMETPHH (B paccMaTpPUBaeMOM CJlyyae IpyMMbl
MaciutaGHbIX npeo6pa3oBaHHf) NOCTATOYHO AJs TOTO, YTOOBl NMPOH3-
BOJI B BHIGOpE ' CY3UThb [0 BO3MOXKHOCTH BbIGOpa NPOU3BOJLHOIO 3Ha-
4YeHHsl oJHOro mnapaMerpa p. TeM caMbiM NPOMJJIIOCTPHPOBaHa 3b-
(eKTHBHOCTb TEOPETHKO-TPYNINOBOTO MOAXOAA.

3. O6was ¢opMyJaHpOBKAa TEOPETHKO-rpyIIoOBOro NMOAXONA

ITyctb 3anaHo MHOXecTBo A, 3/eMeHTbl KOTOpPOro B JajbHeiieM
6ynem HasblBaThb METOJAMH NpeAcTaBJeHHs 3HAHUH, U Ha A 3anaHa
rpymia mnpeoGpa3oBaHuii G.

Onpeneanenune 4. Kpurepuil oNTHMaJbHOCTH Ha MHOXKe-
cTBe A Ha3oBeM KOPPEKTHBIM, €C/IH BHINOJHEHH CJelYIoUHe YCAOBHUS:
a)ecin a <bwu gcaG, to ga < gb; 6) KpuTepuii BhaeJseT eNHH-
CTBEHHBIH ONTHMAaJbHbII METON.

OnpeaeaneHune 5. Merojg npeicTaBieHHs 3HaHHWil a Haso-
BeM G-MHBapHaHTHBIM, e€ClH ga — a TpH Bcex g € G.

OcHoBHasa aeMMa. Jlaa 11060ro KOPPeKTHOrO KPUTEpUS
ONITHMANBbHOCTH ONTHMaNbHBIH MeToJ (-WHBapHAaHTEH.

B cuay sToit JeMMbl 175 HaxOXJIEHHS ONTHMAJbHOrO MeETOAA
npeAcTaBJeHHs1 3HaHUH J[OCTAaTOYHO OMNHCaThb BCe HHBApUAHTHHIE
MeToJhl.

4. [lpuMeHeHHe TEOPETHKO-IpPynnoBOro mnouxona
K (OpMaJH30BaHHBIM 3HAHHAM

1. B pa3n. 2 npuBeneH nmpuMep NpUMEHEHHs paccMaTpHBaeMOro
MoAX0oJa K MNpocCTeHlueMy cJyualr, KOrja TOYHOe 3HaHHe COCTOHT
B TOYHOM 3HaHHH OJHOTO BeUIeCTBEHHOrO NapaMeTpa HcCcJeNyeMoro
0o0BeKTa.
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2. EcrecTBeHHBIM 0GOCLIEHHEM 3TOH CHUTyauuH siBJseTcs cJaydaf,
Korja JJifi ONHMCAaHHUs OGBEKTA JO0CTATOYHO 3HATh KOHEUHOEe YHCI0
H3MepsieMbIX NapaMeTpoB, T. €. KOTAa UMEeeTCs KOHEeYHOe YHCJIO H3Me-
PHTEJNBHBIX NMPOUEAYDP, Pe3YyJbTaThl KOTOPLIX NO3BOJAIOT OJAHO3HAYHO
onucatb o6bekT. Ha 3tor cayuail Jierko o6obuiaercs OmHCAHHBIH
B pa3il. 2 [P-MeTO] KOMNAKTH(UKAUUH H3MEpPHUTEJbHOI uﬂcpopMaImu
HOCAIMN Ha3BaHue poGacrHoil perpeccuu [3, 6].

3. IlpuHuMnHabHO GoJiee CJIOKHAsi CHTyalUsi BO3HHKaeT B TOM
c/lyyae, KOTJla KOHEYHOro 4YHcJa H3MEPeHUH HeloCTaToYHo, T. €.
KOTJla MMEIOTCS M3MEpUTE/bHbIE NMPOUEAYPHl, [Js1 ONHCAHUS KOTOPBIX
B CBOIO oyepeflb HEOGXOAMMO 3afaThb 3HAYEHHs OJHOTO HJIH HECKOJIb-
KHX NapaMeTpoB; NpH 3TOM pe3yJbTaThl H3MEpeHHil, COOTBETCTBY-
IOIHe Da3JHYHHM 3HAaYEHHSIM napaMeTpoB, Boofle roBops, He3a-
BHCHMEI. B 3TOoM ciayuae pnjs 3ajaHds oOBeKTa HEO6XOQUMO 3afaTh
QYHKUKH, ONHCHIBAIOMINE 3aBHCHMOCTb H3MEpseMOH BeJHYHHBI OT 3THX
napameTpoB (HampHMep, sipKOCTH OT KOOpJAUWHAT MPH OMHCAHHH acTPoO-
HOMHYECKHX HCTOYHHKOB, CHI'HaJd OT BpEMEHH NpPU OMHCAHUH JHHa-
MHYECKHX CHCTEM H T. I.).

PaccMotpuM ast mpumepa mpocTediuuii cayvail QyHKUHH ORHOMH
nepeMeHHoil. 3Ty PyHKUHIO HEOGXOAUMO BOCCTAHOBUTH MO pe3yJbTa-
TaM H3MepeHHH. IJOCKOJNBKY HX KOJHYECTBO KOHEYHO, peub HMET
0 npu6/HXKeHHOM onucaHHH. OGHIYHO BBIGHPAIOT HEKOTOPOE CEMEHCTBO
6asucHbix ¢yHkuuit f (c, x), dim ¢ = m u UIYT HCKOMYIO GYHKLHIO

f(x) B Buge f(x)= Za;f (c'), x). Kaxce cemelicTBO 6a3HCHBIX
GyHKUHMA BBIGHpaTh? /s mpOCTOTHI aHa/lnW3a paccMOTpHM cayyadl
OJHO3HAYHBIX KOMIJIEKCHO-aHAJNUTHYECKHX (PyHKLHH.

Onpenenenue 6. Ilyewsf, g: C™ ® C— C — onHosHau-
Hble aHaJMTHYeCKHE (yHKUMHU. ByneM cuuTaTh, YTO OHH 3KBHUBAJICHTHH
(4/1H TOPOXKIAKT OJHO CeMeHCTBO), eciu g (¢, x) = A (¢) f (¢’ (c), x),
rae A u ¢’ — anajauTtuyeckue GyHkuuM, A %= 0 U oro6paxeHue ¢’ (c)
B3aHMHO OJHO3HAYHO; M-MepHbLIM CeMeHCTBOM Ha3oBeM KJjacc 3KBH-
BaJIEHTHOCTH IO 3TOMY OTHOIUEHHUIO.

IIpumeyuaHue DKBHUBaJeHTHHE [ (¢, x) U g (C, x) NOPOXKAAIOT
OHO U TO K€ MHOKECTBO JIMHEHHLhIX KOMOMHALU#.

Nyers G = {x - ax + b}.

3amMeuaHue 6. x — ax COOTBETCTBYeT H3MEHEHHIO €JHHHIbI
H3MepeHHUs, x — X -+ b — HU3MeHeHHIO HayaJja OTCYera.

Teopewma 2 [1,2]. Ilpu m = 0 He cymecTByeT KOpPEKTHBIX
KpPUTEpPHEB ONTHMAJbHOCTH Ha MHOXeCTBe Bcex ceMeicTB. [lpu m = 1
AJs JI060ro KOPpPEeKTHOrO KPHUTEpHSl ONTUMAJBbHOCTH BCSIKAasi KOMOH-
Hauus GyHKUHH ONTHMAJbHOrO CeMeHCTBa siBJsieTcs JHGO MHOrodJe-
HOM, JH6O Apo6HO-pauHOHAJbHOH (yHKuued, Ju60 CyMMOH 3Kcmo-
HEHT, JH60 TPHUTOHOMETPHYECKUM MOJHHOMOM, JHOO MpPOH3BEECHHEM
SKCMOHEHThl Ha CHHYCOUAy, JHGO JHHEHHOH KOMOMHAUHEH 3THX
GyHKUHA.

IHokaszaTeabcTBO OCHOBAHO HA HCNOJb30BaHHH OCHOBHOH
JIEMMB.

Tem cambIM moJyyeHO OGOCHOBaHUE OOLIYHO HCMOJb3YEMBIX alMpo-
KCUMHPYIOIIUX CEMEHCTB.
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4. MoxHO paccMoTpeTh emie GoJiee CJAOXKHBIA caydai, Koraa aJus
OMHCAaHHA H3MEPHUTENLHOH Npoueaypbl HEOGXOHMO 3a1aTh MPOHU3BOJIb-
Hylo ¢yHkuMio. Hanpumep, eciu o6GBEKT Hcc/aefoBaHUS — (pH3HYE-
CKOe mnoJsie, TO AJs 3KCTNePHUMEHTaJbHOTO HCCJENOBAaHHS ypaBHEHHS
3BOJNIIOLUMH HEOGXOAHMO HNpPOH3BOJBHEIM 00pa3oM 3ajaTh HayajabHOe
noJie f (X). B sToM cilyuae TeopeTHKO-IPYNNOBOil MOAXOX TAKkKe M03BO-
JsieT 000CHOBaTb OGLIYHO MCMOJb3yeMbleé MOJEJNH, B YAaCTHOCTH Bce
OCHOBHBIE (pyHJaMeHTa/lbHBIE (u3uyecKHe ypaBHeHus (7]

5. TeopeTHKO-rpynnoBoii NMOAX0A NO3BOJISET OMHCATh HE TOAbKO
ONTHMAJbHBIA CNnoco6 3aJaHHsi CaMHX OLEHOK, HO H .ONTHMAJbHBIHA
Crnoco6 omnuMcaHHA 06JacTH HeonmpejeseHHOCTH: HaHJYYLIHM OMHCa-
HHEM 3TOH 06JiacTH siBJsieTCs onUcaHue B Buae sJsuncouza (1, 2, 8].

5. llpHMeHeHHs TeOpPeTHKO-TPYNNOBOTO MNOAXOAA
K HedOpMaH3CBAHHBIM 3HAHUAM

YTBepXAeHHS, COCTaBJflouile HeOpMaln30BaHHblEe 3HAHHSA, Xa=
paKkTepH3YIOTCS TeM, YTO Yy 3KcmepTa HeT aGCoJIIoTHOH yBepeHHOCTH
HMU B HUX HCTHHHOCTH, HM TeM GoJsiee B HX JIOXKHOCTH. IlocKoJbKy
HauboJjiee pacnpocTpaHeHHas ¢opma npeicTaBAeHHs HHPOpMALUH
B 3BM — BemecTBeHHLIE YHCJA, TO CTE€AeHb YBEPEeHHOCTH OCHIYHO
npeacrasasercs yucaoM or O go 1. [lpu stoM Heo6XOQUMO peILMTH
ceaylollHe BOMPOCH: KaK Jyylle BCErO COMOCTAaBJATh CTENEeHb yBe-
PEHHOCTH HEYETKOMY YTBEpIKIEHHIO H KaK IO CTeneHsIM YBePeHHOCTH
OTAE/NBHBIX YTBEPXKAEHHH paccyuTaTh CTEMEHH YBEPEHHOCTH B HX
JIOTHUeCKO# KOMOHHALHUH? B CHJy OCHOBHOH JIeMMB! MOHCK ONTHMAaJb-
HOrO MeTojJa TNpeACTaBJeHHs 3HaHUil CBOJUTCS K MNOHCKY MeToaa,
HHBapHAHTHOIO OTHOCHTEJBHO HEKOTOpO# rpymnnsl cuMmerpuu G.
B naHHOM ciyuae (B OT/IHYHE OT pa3f. 2 H 4) HeT eCTeCTBEHHOH Ipy b
cuMMetpuH. OKasblBaeTcs, OHAKO, UTO JOCTATOYHO NpeAnoJoxXuTh (9]
CyllecTBOBAHHE TPYNNBI CUMMETPHH, NPH KOTOPOH BCe CTENEHH yBe-
PEHHOCTH, NpoMeXyTouHble Mexay O M 1, paBHOCHJIBHBI, KaK yxe
OoGHapyXHBaeTCs BO3MOXKHOCTb OrpaHHYEHHs KJacca pyHKUHH npeos-
pPA30BaHHA CTerneHell YBEPEHHOCTH KOHEUHO-NapaMeTPHUECKHM ceMel-
CTBOM TaKHX (YHKuMi. AHaJOTHYHO HCMOJb30BaHHE T'PYINI CHMMe-
TPHH TNO3BoJIsieT HalHTH onTuMaJbHOE TpeACTaBJAEHHE IS TaKHX
Hau6oJslee pacnpocTpaHeHHbIX SKCNEePTHBIX YTBepxKIEHHH 00 namepse-
MBIX Be[.rmqnﬂax, KaK «x TPHUMEpPHO paBHa @ C TOYHOCThbIO MOpPsAA-
ka o» [10].

6. JlokasaTeancTBa

HoxasatTenbcTBO TeopeMbl I,

OnpepneneHnwue 7. M-MeTod a HasoBeM MacmTaGHO-HHBA-
pUaHTHBIM, ecaH A (a) = a aasa Beex A > 0.

Jlemwma l. [lna n060ro KOppeKTHOrO KPHUTEPHSA ONTHMAJILHOCTH
onTUMaJbHBIAE M-Merol MaclTaGHO-HHBapHAHTEH.

1o yacTHRIN cayyali OCHOBHOH JleMMBbI, OKa3biBaéMOH HHXKe.



Jlemma 2. M-mertonml, COOTBETCTByWOUIHE GYHKUHUAM Y (X) H
(x), coBnajalT B TOM H TOJbKO B TOM cJydae, Korjga ¢ (x) =
by (x) + ¢ ans HeKOTOpHIX BelIECTBEHHBIX 4ucea b u ¢, b # 0.
HokasateanbcTBo. HerpyaHo nokasaTh, 4TO ecau P =
= by + ¢, To cooTBeTCTBYIOUHEe M-MeTOoAkI coBnajawT. [lycTh Tenepn
M-MeTonel coBmagaior. Jloka)keM cHauaJja, 4YTO eCJH OTHOlLEeHHe
P’ (x)/§" (y) — paunoHasbHoe 4ucao, T. €. Y (x)/¢' (y) = plg, rae p,
g —ueasie, p >0, ¢ >0, To$' (x)/P" (y) = ¥ (x)/¢’ (y). B camom
nesie, TaK Kak ' (x)/Y’ (y) = plq, 10 q¥' (x) — pY’ (y) = 0. 3Hauut,
B xyp=-+=x3=0, Xga= ‘' =Xqp = X+y  O6yner
2Y' (x; — x) = 0. Tak Kak M-MeToipl, COOTBeTCTBylowHe § u b,
coBnajamlt, T0 U NP (x; —x) =0, T.e. gp’ (x) —pd (y) =0,
otkyaa v’ (x)/b' (y) = p/g.
Pas6epem Tenepp nBa cayyas:

Dy ==Fkx +C,
©2) V() FE k() +C

B nepBoM cayuae ¢’ (x)/¢’ (y) = | npu Beex x, y > 0, noatromy

v () ) =1, 1 e. P’ (x) = const, orkyna ¢ (x) =k (x) + C
s HeKoTopuix B ¥ C, ¥ A 3TOro cJyvas JemMa JOKasaHa.

Bo BropoMm caydae §’ (x) = const. CnenoBaresbHO, €CTh 3Haue-
HHUS, TIPH KOTOPHIX P’ (x) 5% O (MHaye Obuio 6 Y’ (x) = 0). BossmeM
npou3BOJILHYI0O TOUKY x ¢ ¥’ (x) 5% 0. OgHo u3 ABYyX: a160 B HeKo-
TOPO#i OKPECTHOCTH 3TOH TOYKH Y’ (x) = const, 160 B CKOJb YTOAHO
'MaJIOH OKPeCTHOCTH 3TOil TOYKH X CYLIECTBYIOT TOYKH X ¢ |’ (%) =
= ' (x). B nepBom cayuae, nockoJbKy ' (x) = const, MOXKHO B3sTb
OJIHy U3 IpaHull HHTepBaJia, Ha KOTOpoM §' (¥) = }’ (x), ¥ OHa TaKxke
Oyner obmagath HyXXHbIM cBoiicTBoM. Mrak, B oboux cayyasx Haii-
‘IeTcsi ToYKa y, B KoTopoit ¥ (y) 5= 0, U B CKoJIb YTOAHO MaJioi OKpecT-
HOCTH ee eCThb TOYKH § ¢ ¥’ (§) %= ¥’ (¥). _ _

IMokaxem, uto Ads Bcex x 6ynpet ¢ (x)/Y" (y) = b (x)/}' (y).
Ecau 310 MOXHO J0Ka3aTh, To Toraa ¥’ (x) = const ¢’ (x) u, 3HauHT,
VP (x) = const P (x) + const,, T. e. neMMa GyneT nokasaHa.

B camoMm jpese, mycTb x — NpPOH3BOJIbHAsA TOYKa. B cayuae, ecan
oTHoweHue ' (x)/¢{’ (y) pauroHaJbHO, HCKOMOE PaBEeHCTBO yake JoKa-
3aHo. Ocrajloch paccMOTpeTh CJydail, KOrAa oTHoueHue ¥ (x)/§" (y)
HppaunoHadbHO. Bo3bMeM npoH3BoJbHOe HaTypaJfbHOe n. B cuay
BEIGOpa y B 2~ "-OKPECTHOCTH TOYKH y HaiiaeTcs Touka j ¢ §' (§) 7
% ' (y). Ilo onpepenenuio M-meTosa ¢(yHKuHus 1} (x) HempepriBHO
auddepeHurpyeMa, nostoMy Y’ (x) HempepelBHa, H, CJ/eJ0BaTeJbHO,
NpH z MEXIY y ¥ § ee 3HaueHHs 0OpasyloT LieJblii HHTepBaJ, CTaJo
ObITb, ¥ OTHOILEHHE }' (x)/}’ (2) NpHHHMaeT BCeBO3MOXKHbLIE 3HaYeHHs
113 HeKOTOpPOro HHTepBaJsia. B 4acTHOCTH, HafiJeTcsl ToYKa Yy, Ha 3TOM
HHTepBaJie (H TeM CaMbiM B 2~ "-OKPECTHOCTH TOYKH y), AJsi_KOTOPOH
oTHoweHue ¥’ (x)/Y’ (¥,) pauroHa/abHO, H, 3HAYHT, B (x)/D (¥,) =
= ¢ (x)/¥' (y»). Ilepexoas k mnpemeny n — oo, NOJYYHM HCKOMOE
paBeHcTBO. JlemMMa noKa3saHa.
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JlokaxeM Tenepb camy TeopeMmy. B cuay Jemm 1 u 2 nas pyHKuuu
¥ (x), cooTBeTCTBYylOLIeH onTHManbHOoMy M-Merony, mpu Bcex A > 0
Ha#aytes b (A) u ¢ (A) Takue, 4TO

. VY (Ax) =b}) ¥ (x) +c (). ©))

HokaxeM, uto ¢yHkuuu b (A) u ¢ (A) oaHO3HAYHO Ompene/ieHbt
u auddepeHuupyemer npu A > 0. B camoM znese, Tak kak P (x) 5=
s const, To Ha#finyTcs x M y Takue, 4T0 P (x) = ¢ (y). Toraa, BeluH-
Tasi paBeHCTBa (3) AN X H IJs Yy, NOJYUHM:

b)) = (¢ Ax) — b () (¥ (x) — ¥ &),

rae npaBasi YacThb OJHO3HAYHO ONpejeseHa W IJafKo 3aBHCHT OT A,
ac(h) =) —b(h)y(x).

Tak Kak 3aBucHMOCTb b M ¢ OT A rsafikasi, TO MOXHO npofudde-
peHuHpoBaTh o0e 4acTH paBeHCTBA (3) MO A H MOJOXUTb A = 1,
B pe3yJbTare noayuumm: xy’ (x) = by (x) + ¢, rae b = db/dh, ¢ =
= dc/dh. B cayuae, ecau b = 0, 6ymer ¢ (x) = clnx 4 ¢, uTo
NPOTHBOPEYUT APEANONONKEHHIO O HeNPepLIBHOCTU B HyJe. 3HAYHUT,
b = 0, otkyna ‘

dy/(by + ¢) = dx/x,
b1In(p +c¢/b) =Inx + ¢,
¥ (x) = —c/b + exp (¢,) x'/°.

CaenoBatesbHO, B CHJY JeMMel 2 M-MeToJ, COOTBETCTBYIOWIHHE VP,
coBnagaer c¢ [P-metonoM, rae p = b~l. Teopema mokasaHa.

3amedaHue7. Eciau orkasaTbCs OT YCJOBHS HeNpepbLIBHOCTH
Y (x) B HyJe, TO NONOJIHHTEJBHO BO3HHKHET BO3MOXKHOCTb VY (¥) =
= In (x). 3roT caydyaii, ogHaKo, HeHHTEpPeCeH, TaK KaK IpH 3TOM
ycaoBue ) ¥ (x; — x) — min ONHUCHIBaeT B TOYHOCTH X = Xy, ..., Xp,
T. €. 3lech cXaTHe HHpOpMaLHH NMPOUCXOIUT 3a cyeT Bbibopa NpPOH3-
BOJIbHOH OLUEHKH H3 4YHCJa pe3yJbTaTOB H3MepeHHH.

JloKa3aTeabCTBO OCHOBHONH JeMMBH (METOAOM
. «oT npoTruBHOro»). IlycTb a — onTuMajbHBIE MeTOA AJs KOpPpEKT-
HOTO KPUTepHs ONTHMANBHOCTH =<, & € G u ga ¥ a. [Tocko/bKy a —
ONTUMAJbHBEIH MeTOJ, TO a = ga, a TaK KaK a — eJUHCTBEHHBI
ONTHMAJbHBIH METOA, TO @ > ga. Tak KaK = — KOpPpPeKTHHIH KpH-
tepull, To oH G-MHBapHaHTeH, B YacCTHOCTH g™'a > g™'ga = a, urO
NPOTHBOPEYUT onTUMaJbHocTH a. [IpoTHBOpeune 3aBepiuaeT HOKa-
3aTeJIbCTBO JIEMMBI.
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H. HYJIALIEHKO

BE3BA3HUCHbIA [‘APMOHI/I‘-IECI{I’IH AHAJU3
W HWHBAPHAHTHBLIE ANNPOKCHUMALIUHU

Meroapl rapMOHHYECKOTO aHa/u3a, Kak M3BECTHO, 3aHHMAIOT 3Ha-
YyTeJbHOE MECTO B 00meM apceHalle CPeACTB H3YyYEHHs NPOLECCOB.
OpHako, HecMOTps Ha TiiaTeJbHYIO pa3paGOTaHHOCTh MHOIMX MOJ-
XOJIOB OT JasieKO HAYWHKX 0606meHHH 0 GHICTPHIX aJropUTMOB, CJa-
66iM MecTOM O60JbIIMHCTBA MeTOAHK KJaccuduKauuM, ¢uabTpaluu,
OUEHHBaHMA M T. . §BJfAETCS NpPOH3BOJbLHOCTL BhibOpa 6a3ucoB
pasJioxeHus .

B HacTosume# pa6ore KOHCTPYKTHBHO peliaeTcs 3ajaya O Haujayu-
mweM npubaHXeHHH NaHHOH ¢yHKuuu B L;, L, u M (eM. 06o3HaYeHHs
B pa3i. 2) nepuopuueckol ¢yHKuMeHd, nepuojy KOTOpoH HaXOAHTCH
B 3ajlaHHOM Jauana3oHe. PaccMaTpuBaloTcsi pasjuyHbie 06o6ieHHs
3TOH 3alayd Ha TEOpeTHKO-IPYNNOBOM YpOBHe.

1. TNocTaHOBKa 3ajaun

OcHoBHas 3ajaya paboTH COCTOMT B OTBICKAHMH (QYHKUHUH, HHBa-
pPUAHTHBIX OTHOCHTEJILHO JEeHCTBUS 3aJaHHOH rpyNnbl Ha apryMeHT
U HauaydmwuMm o6pa3oM annpoKCHMHDYIOUUX BHJEJEHHYIO (YHK-
uuio f B meTpukax Ly, L, uau B paBHOMepHOH MeTpuKe. PaccmaTpu-
BaeTCfi TaKXe BONpOC O HauJayumeM npubjamxeHuH [ cymmoil 3ajnaH-
HOro 4ucJa KOMIIOHEHT, HHBapHaHTHBHIX OTHOCHTEJbHO pa3jHYHHX
rpynn. Haubosabwu#l HHTEpec ¢ TOYKHM 3pEHHs NPHJOKeHHH, 1O0-BH-
IUMOMY, TNPEACTABJAIT IPYyNnbl CABHIOB. B sToMm ciayyae npuxo-
JIUTCA MMETh JIeJIO C BhiJeJieHHEeM MepHOJHYeCKHX KoMIoHeHT. OnHaKo,
KaK. MoKa3aHo B pa3i. 4 u 6, cymecTByloT NMpakTHYeCKHe 3ajaud,
Tpebylomue H3yyeHus Apyrux rpynn. [lpexae Bcero sto 3ajaum
yMeHbIleHHs1 YHCJa NepeMeHHbX B MOJessX, pelaloluX IpaBUJax
U T. 1., 3aJ]a4 yyeTa anpHopHoil HHGOpMaLKH B CHMMeTpusX. 3aya-
CTylO rpynna, ompefejsiolllass THI CHUMMeTDHH, He H3BecTHa TOYHO,
HO uMeeTcs HHGpOpMaLUs O KJjacce, KOTOPOMY OHa NPHHAZJIEXHUT.
B nmnpocreiinieM ciayyae 3To yKasaHHe Ha TIpaHHULbI NPOMEXYTKa,
coJieprKallero nepHoi  HCKOMOH NepHOAMYeCKOH anmnpokcumauud. Ta-
KUM o6pa3oMm, BCTaeT 3ahaya ONTHMAJbHOro npubauxeHus GyHkuuei,
HHBapHaHTHOH OTHOCHTEJIbHO ONHOH M3 IPYNN KJjacca.

© H. H. Jswenko, 1990
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HakoHen, oTMeTuMm, 4YTO NpakTHYecKHe COOOpaXKeHHsi HepeaKo
MPUBOJAT K AMCKPUMHHALMH TeX MJH HHHX NOAMHOXeCTB 06JacTH
onpefie/leHHs1 HCXOAHOH PYHKUHMY. B mono6GHBIX cayuyasix ecTecTBEHHO
onpefe/siTb MeTPHKH Tuna L, L, ¢ NOMOIBIO NOAXOAAIKM 06pa3oM
BLIOpaHHBIX BECOB HJH; Gojee 06O, Mep.

2. BcnoMoraTeabHbie CBeJeHHS

B paGote wucnoJb3yiorcs caepyiomue o6o3HayeHus. R — MHo-
JKecTBO JEeHCTBHTE/bHBIX uuces; R — MHOXecTBO HeOTpHLATeNbHBIX
JeficTBHTeJbHEIX 4Yucesa; R" — n-mMepHoe apupMeTHyeckoe npocT-
PaHCTBO; Z — MHOXECTBO LieJIbIX YHces; Z*— MHOXeCTBO HaTypa/b-
HbIX 4Yucet; Z;, — KOJbLO BbIYeTOB Mo MOAyJio m; 95— uHAHMKa-
Top (XapakTepucruyeckas ¢yHkuua) MHoxkecrBa S; HOK (a, b) —
HauMeHbInee obumee kpatHoe, a HOJM (a, b) — Hauboabuminii o6wui
HeJuTeNb ABYX HaTypasbHBIX YHcesa a W b; mes, — k-MepHas mepa
JleGera; ¥ — MHOXeCTBO BHINYKJBIX KOMNakToB B R*; & — enu-
HuuHas cdepa B R*; Sf (K, 0) — 3HaueHHe omopHOH ¢GYHKUHH KOM-
nakra K < R* B Touke 0 € ©; #; — NuHeliHOe MOAMPOCTPAHCTBO
T-nepuofnyecKux GyHKUHHE B ruab6epToBOM mpocTpaHcTee L, (X, p),
rae X — MHOXecTBo c O-aarebpoit I, a p — Mepa; pr (f| ) —
TIPOEKLHsi 3JeMeHTa f ruJbGepToBa NMpPOCTPAaHCTBAa Ha MOANMPOCTpPaH-
ctBo #; #, @ 4, — BeKTopHasi CymMma MOAMPOCTPAHCTB; Ang (u,
U) — yrosq Mexay 3JeMeHTaMH rujin0epToBa NPOCTPAHCTBA B MpOMe-
xytke (0, nl; & (S) — auneitHas o6Gosouka MHoxectBa S; G, G; —
rpynnsl, feficTByromue Ha X; G, — op6uta snementa x; M, M; —
MHOXKecTBa npefcraBuTeseii op6ut rpynn G u G; (npeanoJaraercs,
qro M, M; € T); v, — ycJOBHhIe pacApefiesleHHss Ha opbuTax, T. e.
Takue HOPMHpOBaHHHE Ha G, Mephl, 4TO AJs JiwoGoro A € T~

B (A) = [ v (A N Go) po(d),
M
roe po, — mepa Ha J |y (Ha cyxenuu 7 ); L, (X, p) — npocrpan-
CTBO cyMMupyembiX no mepe p ¢yHkuuit f: X - R; A (X) — mpo-
CTPAHCTBO OrpaHHYeHHHX Ha X GYHKUMA C paBHOMEpPHOH HOpMOIi;
Med (g | v«) — MennaHa GyHKLHH g OTHOCHTEJbHO MEPHl Vy.
B pa3sp. 3 6yayr Heo6XOnMMBI XOpOWIO H3BECTHBIE BCIIOMOTraTe/lb-
Hble YTBePXIEHHs, KOTOphIE HA30BEM JIEMMaMH.
Jlemma 1. Ecau 2 — HopMHpoBaHHasi Mepa Ha Y, a [ —

¢yukuus u3 L, (Y, #), To koHcTaHTa ¢y, = | f (x) # (dx) MHHHME-
Y

3upyeT ¢YHKUHIO r, 3a1aBaemylo ¢opMyJoi:

r(c) = S(f (x) — )2 P (dx).
Y

310 yTBEpXKAEHHE JIETKO BBITEKAeT M3 PaBEHCTBA r (€) = r (¢) +
+ (¢ — o)
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Jlemma 2. Eciu P — HopMHpoBaHHas Mepa Ha Y, a f¢€
€L, (Y, ?P), 10 Med (f | #) MUHEMH3HpYET

s@) = [1F() — ¢ 2 (dx).
Y

YTBep)KIleHPIe HENOCpeICTBEHHO BHITEKAE€T H3 OINpeAeJeHHsa Me-
JAHAHEI.

Jlemma 3. Ecau f — orpaHuueHHass ¢pyHKuus Ha Y, TO KOH-
1 . :
CTaHTa ¢y = (sup f + inf f) MHHHMH3HpYET
Y Y

g(c)=sgp|f(x)—c|.

YTBepxKIEHHE OUEBHIHO,

3ameuaunue 1. B page cayuaeB GyneM paccMaTpHBaTh me-
puoauyeckue GyHKUMH He ToJbKO Ha R mam 7, HO H Ha OTpesKax
(0, D] nan {1, n}. YtousuMm noHstie T-nepuopuyHOCTH ¢(yHK-
UMM h Ha MHoMecTee S R caenyomum o6pasoMm:

vx(x, x+TES=>h(x) =h(x+T)).
3. MaTemaTHueckoe pelieHHe OCHOBHBLIX 3ajay

ChopmyapyeM U JOKa)keM OCHOBHBIE YTBEpXIEHHS, HCIOJAb3Ye-
Mble B JajibHEHINeM 1Jl NMOCTPOEHUS AaJrOPUTMOB aNNpOKCHMALHH.
[lepBoe 1u3 HHX CBfI3aHO € KBaJpaTHYHOH METpPHKOH.

Teopewmal. Ilyers |f| < r, roe r — HekoTopasi G-HHBapHaHT-
Hasi ¢ynkuus u3 L, (X, p). Torma ¢opmyaa

hw = (@)@
GI

3ajaetr G-uHBapHaHTHyl0 ¢yHKuuio, Gamxafimyio K f B L, (X, p).
JJokaszaTeJdabcTBO. Bo-nepBux, 3aMeTuM, 4TO

1h@) ) =] (F@rve @] < (1F@Iva<
GI

Gy

< [r@v@)=r@v.G)=rm)

Gy

nostomy h € L, (X, p). Hdanee, ans Jo6oro sinemeHta g € G

h(gx) = jf (2) Vee (d2) = Sf (2) v2 (d2) = h (x)
gx
TaK uro h saBaserca G- HHBapHaHTHOH. Hakonen, mo jemme 1 ¢yHK-
uua h ABAAeTCA HauJAydiiuM npubauxenuem [ B L, (G, vx) cpenu
BCEX KOHCTaHT, T. €. I JI060H G-uHBapHaHTHOH QYHKUMH u U3 L,:

S(f (@) = h@va(d2) < S(f (@) — u (A vx (@2).
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[MpouHTerpupoBaB JeByl0 H NpaByl0 4YacTH MO Mepe p, Ha M,
fOMyYHM:

(¢ —repPrEn <[¢@—uw@yp@. O
X X

Btopoe -yTBepxaeHHe paccMaTpuBaeT anmpoKcumauuu B Lj.

Teopewma?2 Ilyers |f| < 7, rae r — HeKoTopas G-MHBapHaHT-
Hasa ¢yHKuua usz L, (X, p).

Torpa ¢opmyana

h(x) = Med (Flo,, %)

3anaet G-UHBapHaHTHyIO GyHKUMIo, Gnmxafimyio kK f B L; (X, p).
JokasaTteasbcTBo. OueBHIHO,

|h(x)| = | Med (flg,, vx)<Med(|fllg,, vs) < Med(rlg, vs) =r(x),
oTKyaa cjaenyer, uto h € L, (X, p). ITockosbky
h(gx) = Med (f |G.1:’ Vx) = Med (f |Gxo Vx) = h(x),

T0 h aBaserca G-uHBapHaHTHOR. Orciolla B CBOIO Oyepeflb BHITEKaeT,
4yTo h nocrossHHas Ha G, ¥ B CHJY JeMMbl 2 MHHHMH3HPYET

(17 @)= h@)ve(@2)
Gx

B KJacce KOHcTaHT Ha G,. Ocraercsi mOBTOPHTH NOCJELHEe paccyxje-
HHEe M3 J0Ka3aTeJbCTBa TeOpeMnl 1.

TpeTbe yTBepIeHHe OTHOCHTCA K 3ajaye paBHOMEpPHON ammpo-
KCHMALHH.

Teopewmad. Ilyers |f| < r, roe r — HekoTopas G-HHBapHaHT-
#Hasi ¢yHkuusa us A (X).

Torpa ¢opmyana

hw) = (up e+ inf 1))

3ajaeT G-uHBapuaHTHyI0 dyHKumio, 6amxafiwyio-K f B A (X).
JokasaTeancTBo. Tak Kak

10l < (sup [Pt @) <

<-—é—( sup r(2) + inf r(z)) :r(x)’,
2€ 0y 20y

To h € A (X).

G-MHBapHAaHTHOCTb h [OKa3blBaeTCs pPacCyXAeHHSAMH, aHaJOrHy-
HbHIMH JlOKa3aTeJbcTBaM TeopeM | u 2. OnTuManbHOCTH CcJeayeT
U3 JeMMbl 3.

Tenepp mepefinem k 3anave npubamxenus f B L, cymmamu Buia
h=~hy +---+hy, toe h; saBaserca G;HHBapHAHTHOH, NpHYEM
G; KOMMyTaTHBHa.
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kR k
O6osnauum yepes G = (] G;, G, = @ G;, H; — nunetinoe mox-
=1 i=1

npoctpaHcTBo Gj-MHBapHaHTHHX GyHKuui, H — npocrpancrso G-uH-
BapHaHTHHIX GyHKUME, Hy = Z (H, @ --- @ Hy).

B o6umem cayuae Bcerna Hy, < H, Ho dim H, MoxeT GhiTh MeHbILE,
uem dim H. PaccmaTpuBas HHIHMKATOpHl e — fe, ana x€M;
froJiyyaeM OpTOroHajbHuI 6asuc H;. Ho oéﬁennﬂeﬂne MHOXECTB

U; = {e,’c Ix EM } ABJSiETCS, Booéme roBopsi, 3aBUCHMOH cucre-
Moi. Nayuas nepeceveHnss npoctpaHcTB H;, MOXHO HCKJIOYHTB
k

JHUIIHHEe 3JeMeHThl M3 |J U; u chopoekTupoBaTh [ Ha JHHeHHYIO
=l :

0060JI0YKY MOJYYeHHOr0O MHOXECTBa. TaKOB ONHH H3 BO3MOXKHBIX

nyTeff pelleHHs 3alayu.

B Teopemax 4 u 5 paccMoTpuM GoJiee moApoGHO peasH3alHIo
9TOro mojxona Ajs k = 2 u rpynn cABUroB. B pe3sysabrare aHasiu3a
CTaHYT JOCTATOYHO SICHBIMH COOTHOLUEHHSI MEXAY JHHEHHBIMH MOJ-
MPOCTPAaHCTBAMH KOMIIOHEHT aNNpPOKCHMALHMH H MOSBATCA HEKOTOPhIE
aJrOPUTMBl BBIYHCJIEHHS KOMIMOHEHT. K coXkaseHuio, 3TH aJropHTMsI
He ABJAIOTCA A0CTaTOYHO 3¢heKTHBHBIMH (C TOYKH 3peHHs BpeMeHHOM
CJ0XKHOCTH), NO3TOMY 3aCJyXHBAlOT DPAcCMOTPEHHsl, GHITb MOXKeET,
MeHee NpsIMble U MPO3payHeie, HO 60Jleeé SKOHOMHbIE B BHIYHCJHTE/b-
HOM OTHOWeHHH nmoaxonanl. OnMH K3 HHUX NPONEMOHCTPHPOBaH B Teo-
peme 6.

Urak, HauHem c yacTHOro ciaydasi, B Koropom k = 2; G, G, —
rpynmne CABUroB Ha Z ¢ nepuogamu T, u T, € Z* (HOL (T, Ty) =
= 1), Q — m1oTHOCTL W.

Teopema 4. Ilyers f € L, (Z, ). Gy, G, — Tpynnsl CABH-
roB Ha Z, KpaTHuiX T; u T, coorBercTBeHHO, T; u T, B3aUMHO Tmpo-
ctel. Torga oThicKaHue HauJay4dilero B L, npuGnuxeHuss GyHKUuH [
cymmamu hy -+ h,, rae h; saBasierca GyuHBapuaHTHOH (T ;-mepuoauy-
HOMt), CBOANTCA K MPOEKTHPOBAHHIO f Ha MOANPOCTPAHCTBO, MOPOXKIEH-

1 1 2 2
Hoe T, + T; — 1 BekTopamu €, ..., €r,—1, €0, ..., €T,-2.
HJokasarteasbcrTBo. OueBuaHO, B KadecTBe M; MOXHO
B3Th MHOXecTBo {0, 1, ..., T; — 1} (j =1, 2). Ilycts G — rpynna

caBuroB Ha kRT.T, (k € Z) G, — rpynna Bcex ciaBuroB Ha Z. Io-
CKoJbKy H, = u H — nmoanpoctpanctBo T,T,-nepHOAHYECKHX
GbyHKUUH, To HCKOMOe npubJuxeHHe JO0CTaTOYHO BBIYMCJHTBL Ha MHO-

xecte {0, 1, ..., T'Ty — 1}. 3amerum, uTO feil0 < 1 < Ti},
{ei| 0 <! < Ty} —6asucer H, u H, cootBercTBenHo. Tak Kak
T,—1 T,—1 T,—1

T,—1
De=Dei=1 10 X ej— 2 ef=0,
1=0 1=0 1=0 =0

T. e. o6befuHeHHe 6Ga3ucoB — 3aBuUCHMasi cHcTeMa. B cuay Makcu-
maabHoctH G, dim (H, | H,) = 1. Hckaoyaem ofuH BeKTOp eQT,_l
U3 CIIUCKa U moJyyaeM 6asuc €0 ...,kelr,_l, e, ..., eQT,_Q us T1 +
+ T, — | 371emeHTOB.
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Bonee o6muit cayvait ¢ mpoussosbHeiM HOJI (T, T;) MoxHO
CBeCTH K pacCMOTPeHHOMY  ¢aKTopH3auueH, YYHTHIBas, 4YTO
#r,\ #r,=uon (r,, T,), rie Bt — npocTpaHCcTBO T-nepHOAHYe-
cKuX ¢yHKuuH. Pe3ynbTaToM siBHTCSH TeopeMa.

Teopema b. Ecau f €L, (Z, p), G, G — rpynns CABHIOB
Ha 7, KpaTHHX T, u T, COOTBETCTBEHHO, TO OTBICKAHHE HaHJYYIUEero
B L, npubnuxenus bynkuuu f cymmamu h = h, + h, (rne h; €
€ %T) CBOJHTCS K NPOEKTHPOBAHHIO f Ha nonnpOCTpaHCTBo no-
poxpeHHoe Ty + T, — 1T BeKTOpaMu eo, er,_l, e, ... er,_T
(v = HOL (T, Ty)).

3ameuvaHue 2. Tor ¢pakr, 4To u3 o6belAuHeHHs Ga3uCOB

{el]s€10, ..., Ty—1}, {e2[s€10, ..., To— 1}}
MO2XXHO 0T6POCH‘Tb T NMocCJIeJHHUX 3JIEMEHTOB, MOXKHO ObLJIO Ob1 yCTaHO-

BHTb M HEMOCPeJCTBEHHBLIM BHIBOJIOM ypaBHEHHi, CBSI3bIBAIOIHX 3Je-
MEHTH pPa3JIHYHBIX 6a3HCOB:

T/
21 e]st+u = eua
s=
rae j=1, 2, uel0, ..., v—1}; el — GasucHuli 3JeMEHT B

0 —
¥._ (o) () = ﬂ{x‘xEumod «)- TIpHpaBHKBasl AN KaXAOro 4 CYMMbL
Mo pa3JuHYHHIM f, HMeeM:

Ti/v Ti/v

21 Estqu = Zl =0, ..., v—1). O
= s=

CanencrtBue 1, Mckomas annpokcumanus h u3 TeopeMb 5
HMeeT BHA:

T, . T,—t
h= 2 eihlak“" Igl e’zTZ] QpaT o (1)

rae BekTop A = (ak),fo (r=T: + Ts— ) sBIdAeTcs peLIeHHEM

auneiiHolt cuctemol CA =R, C = BTQB, R = BTQF, B —
MaTpulia NOpPsiika 7 X r (n — YHCJI0 3JeMeHTOB HocuTeas @),
anemedTol B npu j < Ty umewor BHI by =1, ecau (i = j) mod Ty,
u 0 — B mpoTuBHOM cayyae; npu j > T, bU =1l,ecm (i =j—
— T))modT,, u 0 — B NMPOTHBHOM CJyYae; Q— JHarcHaJbHas
MaTpuua n X n ¢ snemerraMu Q (f); F — BekTop pasmepHOCTH n
¢ aneMeHTamu [ ().
3aMeTHM, YTO B CHJY AMAarOHaJbHOCTH MaTpHlbl Q

Z Q (k) bribrj, pj= Z Q (%) [ (k) br;.

Marpuua C uMeeT GMOYHHIN BHMA:
C(“) | ct12)
C= ( ch | cf22) ):
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2 12
npu stom C®V = (C")7, C"" guaronanbha, ee saements ¢t =
8/T 1—1

= Z Q (i + jTo); C Takme quaroHabHa C S/eMeHTaMH

8/T,—1

el = Z Qi+ iT>).

3pece 8 = HOK (T, T,). )
Komnonents: BekTopa P ans j < T, umelor Bun:

pr= "2 QRf(K)

(k=f) mod T,
a aaa j > T, oHu 3apaiorcs ¢GopMyJsoi:

pi = py QR (k). O

(k=j—T;)mod T,

3ameuanwue 3. [leppas cyMma B npaBoi YacTH (2) siBJasiercs
T,-nepuoanyeckoii ¢yHKumeit, a Bropas — T,-nepuoauyeckoii, Tak
gyro ¢opmyna (1) naer ogHo M3 BO3MOXKHBIX passoxeHHuit. SIcHo,
0[IHAKO, UTO CYINECTBYIOT Apyrue pasJjiokeHusi. Bce cemeificTBo pa3s-
JOXeHHH MOKeT ObITb ONMHCAHO C NOMOLIbI0 JHHEHHBIX KOMOMHANHH
BEKTOPOB, HCKJIOYEHHHX HaMH u3 Gasuca NOANpOCTpaHCTBa Jbr,
(cM. TeopeMy 5 u 3aMeuaHue 2).

JlokaxeM Tenepr Teopemy, jAawpoiylo Gosiee yAOGHHIH B YHCTO BHI-
YHCJUTENHLHOM OTHOLIGHHH CNoco6 annmpOKCHMAalUH CyMMoll JByX
KOMIIOHEHT M CBOJSIMHH 3afa4yy K OTHICKAHHIO OJMHOYHBIX aNNpOKCH-
MalHi.

Teopema6. Ilyets f €L, (Z, 1), ana T € 2ty — au-
HeliHoe npocTpaHcTBO T-mepuoaundeckux ¢ynkumit, T,, T, € Z*,
v = HOL (T, T2), # = L (#r, ® #r,), u =pr(f| ), u =
= pr (f—ul%r) (=1, 2,

(F —u) uy

R T

If—ul? —sf
C; = S§; S —_—
] J+ 3]V||f_ull2—s§_]s

TOoraa cnpaBeaJiiBO NpeacTtaB/IeHHE:
pr (f| 9) = cruy + ot + 4, 2)

npuueM, OYeBHIHO, Cjlj, U € %7 Gj=1,2).

lokasatTeancTso. Us NOCTPOEHHSA U (C YYETOM TOro, YTO
b, = 3., | #b-,) BoiTeKaeT CBOHCTBO [ — u | ., OTKylla B CBOIO
ouepelib

pr(f—u L 36) = py + ps,



rae p; € %r H p; = cjuy, rae ¢; > 0. Ecau f = u, yTBepxieHue
OYEBHIHO. Hpennonome uro [ s u, u o6osHauuM a; = Ang ‘p;,
f — u), Torna

n 5i
ajE[O, —2"‘], tj=cosaj=-———"f_u"

H, KpOMe TOrQ,
Ipslisin (o + @) = | f — ulsinas;,

]/ L—t3; B
V'f:?ta_,-k]/'l_ft‘g’—_;t, B

If—ul® —sj
=S ‘/Ilf—ull —2, H

3ameuanued. Kak yxe 66710 cKazaHo B 3aMedaHuu 3, mpef-
craBneHne npoekuuu pr (f| ) B Buge cymmbl ¢yHKumi u3 HMr,
u Jbr, He OfHO3HAuYHO. B ¢opmyse (2) TpeThe cJaraemoe U MOXeT
6bITh pa36uTO B CBOIO oYepeAb Ha JBa cjaraeMsix 4 == Au -+ (1 —
—A)u, rne A €R, ¥ B KauecTBe KOMIIOHEHT HCKOMOH ammpoKcHMa-
UMK B3ATHl QyHKUMH h; = cu; + A, Ay = cus + (1 — A) u.

B KOHKpeTHbIX NpPHJIOXKEHHSX BCTpevaloTcs TPH passuYHBIX Mpej-
noureHusi hopMbl npeacrasaenus pr (f | 6):

a) A = 1 — npucoeauHeHHe U K Cqldy;

6) A = 1/2 — MuUHHMH3auKsi CyYMMbl KBaapaToB HOpMm |h,|? <+
+ | ks |?, 06bIYHO HrpaloKX POJb 3HEPTHH;

B) OTHAe/ibHasi 3amUCh CJaraeMoro u# (B cJydYae KOMIbIOTEPHBIX
BBHIYHCJEHHH — OTJeJIbHOEe XpaHeHHe B NMaMSTH).

3amMeuaHue 5 AHamu3 nepeceveHuil NMORMpPOCTpaHCTB FHr,,

, %’rh no3BoJisieT 0606IHKTL METOJ, ONMHChIBaeMbIH TeopeMoil 6,

Ha cjydail k-KOMIOHEHTHOro Npub/MKeHus.

oTCroAa

| psl=If —ul

4. CnefcTBHSI H3 OCHOBHBIX TeopeM

Bcee 3apmaus, mnepeuucieHHble BO BBeleHMH U B pa3i. 1, moryr
ObITh pellleHbl C MOMOlIbIo TeopeM 1—6.

l.Mlepuoaunueckue dyskuuun Ha R, Ilyete f €
€L, (R, w), rie p abconOTHO HempephiBHAa mo Mepe JlebGera u 3a-
naeTcsi’ mJOTHOCTBIO Q : R —-» R§. 3apmaua orbickaHus T-nepuo-
Auueckoll ¢yHkuuu h € L, (R, p), Hamaydwmm o6pasom mpubiu-
xatomei f, coraacHo TeopeMe 1 pewaercs ¢opmy.ioit:

= 3 [(x+kT) Q* (x +kT), 3
KCZ

eciu B KavecrBe X B3aThb R, a B kauecrBe rpymnmal G — rpynmy
caBuros, KpatHux T, Q* (x + kT) = Q (x + kT)/ ZZQ (x + kT).
k€
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Ecau Hac uuTepecyer mnpHOanxKeHuwe B L,, TO pellieHHe MO TeO-
peme 2 3ajaercs GopMyJioii:
. 1
h(x) = mf{zl Q* (x - kT) > —2—}. (4)
. Rif(x+kT) < 2
1 paBHOMepHOH amNMpOKCHMAaUHH MO TeopeMe 3

h(w) = (sup /(x4 #T) i (x+ k). )

2. Tlepuogunueckne QGYHKIHH Ha OTpe3Kes
Bri6epeM B 3ajauax pa3z. 4.1 njaotHocts BuHIa Q (x) = 4o, n1,
D > 0. Toraa ¢opmyau (3) u (4) nanyT peleHHe 3ajgay o T-mepHo-
JuyecKoil amnpokcumauuu Ha [0, D] (cM. 3ameuanue 1).

3. MMepuogunueckue ¢yukuuu HazZ ulil, .., n}
®opmyJs (3)—(5) ocTaloTcsl CpaBefJHBEIMH B cayuae, ecH X = Z,
T €Z*. Ona ¢ynkuuit Ha {1, ..., n} B L, ¢ paBHOMEpHBIM BecoM

h()=Cy 3 fx+kT),
kcZ
rie
X n—=x n—x X -1
—r<e<t G- (- [-F])
Hdas ¢ysxkuuit Ha {1, ..., n} B L, ¢ paBHOMEpHEIM BeCOM

h (x) = inf {z]card (| (x+ kT) <z >—’;—}.

4. EfnHuuYHAA OKPYyXHOCTh. Ecau X = {ef®|0 €
€ [0, 2n(}, G — rpynna capuroB Ha X, 3ajaBaeMbIX apryMeHTAMMK
Buja 6 = ko, rge R€Z, a = 2a/p, p € Z*, TO NPHXOIUM K 3a-
Jaye anmpOKCHMAUHH 27-NIePHOLHYECKOH QYHKUHH QYHKIIHEH C MeHb-
KM nepHoioM. B L, ¢ paBHOMepHHIM BeCOM pelLleHHe HMeeT BHJ:

p

h (ele) — f (ei (e+ka))’

1
P =y

B O0LEeM cJy4yae
h (eze) — <kél f(ei_(e+ka))Q (el (6+ka)))/ él Q (el (e+ka))_

CooTBeTCTBYIOLHE H3MEHEHHSI NperephieBaioT ¢opMyJsl (4) u (5).
5. Konpbpuo B uerToB. [JHCKPETHHM aHAJOrOM 3aJdayd H3
pasj. 4 asaserca cayvait X = Z,,, G — ajiuTHBHAS MOATPYINA 7.
6. DPYHKUHH MEHBIIEro YHCJa NepeMeHHEH X.
B 3amavax ONTHMH3alHH YNpaB/leHHS MHOIONApaMeTPHYECKHMH CH-
CTEMaMH 4YacTO BO3HHKaeT HEOOXOIHMOCTb aNMPOKCHMHPOBATh (YHK-
uuio f: R* —-> R® ¢pyHKuMel, He 3aBHUCALIEH OT HEKOTOPHX Mepe--
MEeHHHX. JTa mpo6/jeMa CBOZHTCA K H3yueHHI0o cayuas X = R~,
G — rpynna BceX CABHIOB MO (HKTHBHHIM NepeMeHHbIM. PeneHn$
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«cpa3y cjenyiotT u3 teopeM |—3. Tak, aias L, ¢ paBHOMEpPHHM Ha
[0; 11" Becom 1y, ;o umeem:

! 1

h(x):g‘ Sf(xl, coey Xp)dxy, ..., dxp,
i i
[ —
k
€CJH Xy, ..., X — (QUKTHBHBIE nepeMeHHue. [asa L,
h(xy, ..oy Xpy Xpg1s ooy Xp) =
¥
. 1
=1nf{z|mesk{(x1, R ) T ST xn)<z}>—2—}.
s npoctpaHcTBa A
h(Xy, ooy Xny Xppts ooy Xp) =
1 .
=5 sup  flx, ..., X2)+ inf g, ..., X2\
Oy o0t xkgl 0<x, e xk<!

7. IlepHnoiunuecKHne MHOXecCTB a. B 3agauax pactpo-
BoH onTHKH [l, 2] npuXOIMTCS BOCCTAHAB/JHBATH [EPHOLHYECKHE
MHOXKECTBA (PAacTphl), HCKAaX€HHble INyMaMH. JTa 3ajauya CBOIHTCSA
K Y€ pAacCMOTPEHHBIM H K 3aMeHe MHOMECTB MX HHIHMKAaTOpaMH H
COOTBETCTBYIOIIHM BHIGOPOM Tpynmbl (OYeHb YacTO 3TO Ipynna CIBH-
roB Ha IVIOCKOCTH C ABYMS OGpPasyIOUHMH).

8. CHMMeTpHUHHEe BHINYKJABE MHOXECTBa.
AnmpoxkchHMauHs BeiykJoro kommakra K B R" ueHTpasbHO-cHMMe-
TPHYHBIM BHIYKJILIM KOMNAaKTOM K, B MeTpHKe Xayciopda CBOJHTCH
K DAaBHOMEDHOH aNNpOKCHMALHH OMNOPHOH (QYHKUHH S?(K, ) uet-
HOH QyHKuHel Ha equHHYHOMN cdepe. [Ipu 3TOM KBajpaTHyHas ammnpo-
KCHMAallHsl COOTBETCTBYET MPHOJNHIKEHHIO B KBaJpaTHYHOH METpHKe
Ha ¥. Takum o6pasoM, B KauvecTBe rpynnsl G MOXHO B3fiThb Tpymmy,
TIOPOXKIEHHYIO OTOGpaxkeHHeM o —> —a (a € G). Mcnonb3oBanne 6o-
Jiee 60raTelX MOATPYII CABHIOB NPHBOAHT K BBIYHCJEHHIO AMNPOKCH-
Manu#i K BHIYKJBIMH KOMIIAKTAMH C IIOBOPOTHOH CHMMeTpHeH 3alaH-
Horo mopsazxka. Tak, dopmyna

p
Ko = @ & (K),
f=l
rme p €Z2%, a = 2n/p, R — MOBOPOT Ha yros 6 BOKpyr HauaJa,

K € € (R*), ® — cioxeHHe Mo MHHKOBCKOMY, 3aJaeT HauJjyuilee
KBaJpaTHueckoe npubanxeHue K ¢ ycsoBueM NOBOPOTHOH CHMMETPHH
nopsiika p H PaBHOMEPHHM MO yIMy (M30TPONHEIM) BECOM.

AHaJIOTHYHEIM 06pa3oM MOXHO H3YyyaThb aKCHaJbHHE CHMMETPHH
H CHMMETPHH OTHOCHTEJHbHO apHHHHX MHOroo6pasuii GoJiee BHICOKHX
PasMepHOCTeH. -

9. YUeTHHe ¢yHKIHKH Hannydumee npubinkeHune QyHK-
uun f: R —> R verHo#t ¢yHkumell cooTBercTByeT BHGOpy X = R,

82



G = {x+—>x, x> —x|. [Ipn KBaJpaTHYHOH ONTHMH3ALHH pelle-
HHEM fABJAETCA (PYHKUHSA:

Q) f )+ Q (=) f(—%)
h)=""Fwrocn

rae Q = Op/0 mes,. Ecau myoTHocTe Q caMa sBJAsieTCS UeTHOH,
TO QYHKUHS A COBMAjaeT ¢ TaK Ha3kBaeMOH YeTHOM 4acThio f:

) = -+ @) + F ().

To xe pemenue (6) nonyuaeM AJs ONTHMH3aUWH B A, a ecam
Q ueTHa, TO OHO AIBJISIeTCS pellieHHeM B L,.

10. CYMMBH KOHEUYHOTrO YHCJAa NEeEPHOIHYECKHUX
¢y H K uH . Ipexnonoxum, uro f: Z — R u tpebyercs npu6/H-
3uth [ B Ly (Z, p) cymmoit hy, 4 hy, rie h; umeer nepuon T; €. Z
(j =1, 2). O6o3nauum t© = HOI (T, Ty).

Kak mokasaHo B TeopeMe 6, 1/ BHIUMCJIEHHS aNNPOKCHMAI[HH
caenpyert Haiitu 4 = pr (f | #6+), u; = pr (f — u | #67,), u, = pr (f —
— u | #67,). 3ameruM, uTOo U € M, (| b7,  NOSTOMY B CHJY JH-
HEHHOCTH MPOEKIIHH

u; = pr (f|#6r;) — pr (u|3zr,) = pr (f| 56r,) — u.

Orciofia BHIHO, YTO 3a OJHH MPOCMOTP MaccHBa 3HaueHHH# [ MOxHO
HaKOMHTb CYMMH, HeOGXOZHMEIE IJS1 BBIUHCJEHHS NpoeKuui [ Ha
#r,, b1, n #, (cM. atroput™ 6 B pasji. 5), mocje 4Yero JIErko BbI-
YHCJSIOTCA BCE HEOGXOAHMble KO3(HLHEHTHI.

I1l. AuTepBaa mepuojo B. 3ajaua HauJayuliero cpejHe-
KBajpaTHueckoro mpubamxenus f€ L, ({1, ..., n}, p) nepuoanue-
ckoit ¢pyHkume#t ¢ nepuogoM T € [T, T,] cBOOMTCA K HCIHTaHHIO
nozpsax nepuogoB T, T, 4+ 1, ..., T,. CoOTBETCTBYIOLUIHE BHIYHCJIE-
HHS MOXHO BBITMOJIHHTb 33 OJIHH NMPOCMOTP MAacCHBA 3HaueHHi [ (cM.
anroput™ 1). BooGiie roBopst, ec/iu CpeiH NMEPHOIOB HMEIOTCSH KpaT-
HblE, TO MOXXHO 6OJieeé SKOHOMHO BBIYHCJATH CYMMH, TPYNIHPYS HX

B yIo6HHE 6J0kKH. OIHAKO NPAKTHYECKH TaKash BO3MOXHOCTb BO3-
HHKaeT peJKo.

| 5. AJropHTMBbI

Vi3 TeopeMbl | HeTpyAHO H3BJeub AJTOPHTM CPeIHEKBAaJpaTHUe-
CKOTrO MNpuOIHXKEeHHS (QYHKUHeHl Ha Z C 3aJaHHBIM NEPHOIOM per.

PaccMoTpHM BHauasie CJyvail, KOrja Bec Q fIBJISIETCH HHIHKATOPOM
MHOXecTBa {I, ..., n}.

Aaropurml1

1. Bsog n, per; 5. KII i;

2. Beozx f [i] (i =1, n), 6. HIl j = 1, n;

3. HII { =1, per; 7. k < (j — 1) mod per 4 1;

4. S [i1+0; 8. S [kl <« S [kR] & [j];
6*
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9. KL j; 16. h [11 < S [k];

10. HI{ m = 1, per; 17. KU

11. norm <« trunc ((n — 18. dist <« 0;

— m/per) — trunc S—m/per); 19. HIL ¢ =1, n,

12. S [m] < S [ml/norm; 20. dist <« dist 4
13. KL m; - sqr (b [t] — f [¢]);
14. HI [ =1, n; 21. KII ¢

15. B« (I — 1) mod per 4 I;

3pecy marn | u 2 ONMHCHIBAIOT BBOJ HCXOAHBIX JAHHHX, 3—5 —
WHHUHANH3aUuio MacchBa S [...], mpeiHa3HaueHHOro I/l XpaHeHHS
3HauYeHHH AanmpOKCHMAaUHH Ha nepuoje, mari 6—I13 ocyuwecTsasior
BbIYHC/IeHHBIE aNmpoKcHMaun# Ha {1, ..., per}, mpuueM 6—9 Ha-
KaIlHBaoT Heo6X0AuMue cyMMbl, a 10—13 npesHasHavyeHsl AJS HOP-
MHpoBaHHA cyMM. OcrasbHble HIarH aJropHTMa SBJASAIOTCA GaKyJb-
TATHBHBIMH: Ha oTpe3ke 14—17 NpOHCXOIHT MOJIHOE BOCCTAHOBJIEHHE

annpokcuMauuu h [...] Ha muoxectBe {l, ..., n}, Ha oTpeske 18—
21 — Bbiuncaenue ||f — A |2
Ecan Beca mpousBosibHH H PaBHBl HyJIO BHe {1, ..., n}, TO BH-

YHCJIEHHSI HEMHOTO YCJIOXHSIOTCS.
Aanroputrm?2

1. Bsoa n, per; 12, HIL m =1, per;

2. Beoa fli], Qi1 =1, n); 13. S [m]l <« S [ml/nor [m];
3. HII i =1, per; 14. KL m;

4. S [i] < 0; 15. HIL { =1, n;

5. mor [i] «0; 16. k& <« (! — 1) mod per 4 1;
6. KL i 17. h [I]1 < S [k];

7. HOL j= 1, n; 18. KL ¢

8. k— (j— 1) mod per + 1; 19. dist < 0;

9. S [kl <« S [kl 4 [ [ = 20, HI ¢t =1, n;

* Q [j]; 21. dist < dist 4 sqr (4 [¢] —
10. nor [k] <« Q [jI; —ft) = Q [¢];

11. K1 j; 22, HII ¢.

TeopeMa 2 1aeT cmoco6 MOCTPOEHHS aJrOPHTMA MPHOJHIKEHH ST
fl 1 dynkuueit A [ 1 c nepuosom per B L,.

Jns annmpoKcHMalUHH C paBHOMEDPHHIM ‘BECOM MpeJHa3HayeH aJjro-
PHTM 3, a aJaropHT™M 4 OPHMEHHM K OOLIeH CHTYAaIlHH.

Anroputm3

1. Bsog n, per; 10. sort (&, R [k]);

2. Beog f [i] (i =1, n); 11. m <« R [k] div 2;

3. HIl i =1, n; 12. if odd (R [k] then S [k] «
4. k< (i — 1) mod per + 1; «~ple,m +1];

5. | « (i — 1) div per; 13. else S [k] « (p [k, m] +

6. ple, I1—>fILi]; 4 p k,m 4 1]) % 0.5;

7. R [k1 > ; 14. KII k&;

8. KL ¢; 15. HL j =1, n; ’

9. HIl & =1, per; 16. k< (j — 1) mod per 4 1;

o
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17. b [j1 < S [k];

18. KIL; 21. dist <« dist - abs (b [¢] —
19. dist < 0: 2—2f [¢]);
20. HIl ¢t = 1, n; - KIL ¢

3necs npouenypa sort (B, m) ocyumecTBisieT COPTHPOBKY OTpe3Ka
AJIMHBL m k-i CTPOKH MaccuBa p [ | M 3amuckiBaeT pesyJbTaT B Ty e
cTpoky. Ha orpeske 15—I18 nponcxoIuT moJIHOE BOCCTAHOBJEHHE
KOMIOHEHTBl, a mard 19—22 npenHasHauyeHbl JJs1 BBIYHCJEHHS
|k —f| B L,. Bcriomoraresbubii MaccuB p [ | nmeer paamepsl
1..per,0..ndivper 4 1].

Aaropurwm 4

1- BBox n, per; 15. w [j1 < w [j]1 * 0.5;

- Beon [ [il, Q [i] (i = 1, n); 16. KL j;

3. HI j = 1, per; 17. HI{ k = 1, per;

4. @ [jl < 0; 18. sort 2 (k, R [k]);

5. KL, j; 19. a<0; m = 0;

6- HI i =1, n; 20. while a <w [k] do 21—22;
7.k—>(z—1)modper—|—1 2. me<—m+1;

8- | — (i — 1) div per; 22. a<+—a-+ z [k, ml;

o R [A] < I; 23. S [kl —> (p [k, m — 11
10. p [k, U}« [ [i]; * z2[k,m— 114 p [k, m] *
11. z [k, 11 < Q [il; * 2 [k,ml/z [k,m — 1] +
12. w [kl < w [R] + Q [i]; + z [k, m]));

13. KiL i; 24. KII k;

14 HIL j = 1, per; 25. larn 15—22 anroput™a 3.

IMpouenypa sort 2 B anroputMe 4 coptupyer ctpoky p [ 1,
NPOH3BOJSI COOTBETCTBYIOILYIO NepPecTaHoBKY cTpoku 2 [ [. B anro-
putMe mpexnosaraercs, yro Ha {1, ..., n} Q [i] > 0.

Teopema 3 paer wWpocTofi crmoco6 mNepHOAHYECKOH paBHOMEPHOH
AMMPOKCHMAILIHH.

Aaropurm5b

1. Bsop n, per; 12. dist < 0;

2. Beox | [i] (i =1, n); 13. HII & = 1, per;

3. HII i = 1, per; 14. b [k] < (b [R] 4 a [R]) =
4, a lil<f i} * 0.5;

5. b [il <[ [i]; 15. dist « max (dist, (b [R] —
6. KII i; —a [k]) » 0.5);

7. HIY j = per + 1, n; 16. KII %;
8.k—>(}—1)modper—l—l 17. HUO; m = per + 1, n;

9. a [k] < min (a [k], f [j]); 18. | « (m — 1) mod per + 1;

10. b [k] < max (b [k] FLiD;  19.hIm]l<h 1]
11. KL j; 20. KL m.

[Haru 3—I11 anropuT™Ma 5 npeiHasHayeHsl IJS1 BRIYHCJEHHS MH-
HUMAJIBHEIX H MAaKCHMaJbHbIX 3HaueHHH [ Ha op6uTax (kJaccax Bel-
4eroB), 12—16 — 1/151 BHIYHCJEHHSI HAYaJIbHOTO OTPE3Ka arpOoKCH-
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MalHH JJIHHOH per W paccTosiHus oT A 1o f B MeTpuke p. Ha yuactke
17—20 npoHCXOAHT MOJIHOE BOCCTAHOBJIEHHE AMMPOKCHMALMH.

PaccmoTpuM anroputm 6, npenHasﬂaquHmﬁ Il BEIEJEHHS KOM-
[IOHEHT cpelHeKBaJpaTHUECKOH annpoKCHMallHH CyMMOH JIBYyX Iie-
PHOAHYECKHX (GYHKUHH M OCHOBAHHHH Ha Teopeme 6. 3ameTHM, 4TO
aaropuT™ 1 Mor 6bl GbITH HCIOJIB30BAH AJS MapasJjeJbHOTrO BblIeJje-
HHf KOMIIOHEHT C 3aJlaHHEIM CNHCKOM mnepHozoB. O603HAaYHM TaKylo
napajJjesbHyl0 MOAH(HKALHIO AJS TpeX KOMIIOHEHT uepe3 comp H
[pHBeJieM TEeKCT ajaropurMma 6.

Aaropurm6

kl « (i — 1) mod per 1 + 1; « SQRT (A1/A2);
B2~ (i — 1) mod per 2 4+ 1; 25. C2 « S2 + S1 =
k3 «— (i — 1) mod per 3+ 1; =* SQRT (A2/A1);
10. u [i1 < H3 [R3]; 26. dist « 0;

11. ul [i]l< HI [kl]—u [il; 27. HI j =1,

1. BBog n, per 1, per 2; 17. SC1 <« SC1 4+ A * ul [i];

2. Beoxa f [i]l (i =1, n); 18. SC2 «— SC2 -+ A * u2 [i];

3. per 3 «— HOJ (per 1, per 2); 19. K1 i;

4. H1, H2, H3 « comp (f, n, 20. S1 <« SCI1/SQRT (N1);
per 1, per 2, per 3); 21. 82 « SC2/SQRT (N2);

5. NA«<~ 0, Nl <0, N2« 0, 22. Al <« A—SQR (S1);
SCl « 0, SC2 « 0; 23. A2 <« A — SQR (52);

6. KL i =1, n; 24, Cl « S1 + S2 =

7.

8.

9.

12. u2 [i]l <« H2 [R2] — u [i];: 28. A «— u [j] = 0

13. A<} [il— H3 [i]; 29. h1<—Cl* l[]+

14. NA <« NA + SQR (A); 30. h2 «— C2 % u2 [ I+ A

15. N1 < N1 + SQR (ul [i]); 31. dist « dist + Q RT

16. N2« N2 + SQR (u2 [i]); ¢ i1 —hl [j1— A2 [j1);
: 32. KIL j.

3nece HOI — ¢pyHKuUHS, peanausyiouass ajAropuTM IBK/IHIA BH-
yHcJIeHHs HauboJsbinero obiuero aenurtensi; H1, H2, H3 — xoMmo-
HeHTHl (OZHOKOMIIOHEHTHOH 3ajauH) ¢ nepuojamu per 1, per 2, per 3
COOTBETCTBEHHO. 3ajaua pelnaercss JIJs Beca, PaBHOMEpPHOro Ha

{1, ..., n}, omHakKo BO3MOXHa mNpocTas MOAMGHKAUHS aJropHTMa
(cM., HanmpuMep, aJNTOPHTM 2), AeNAIOLLAs €ro MPHIOAHHIM AJs JI06oH
nosoxurenpHoit Ha {1, ..., n} BecoBOH GYHKIMH.

B COOTBeTCTBHH C 3aMeuaHHEM 5 MOXHO ObLIO Obl MOCTPOHTH
aJrOpHTM, M0 CTPYKTYpe CXOAHHIH C anroputMoMm 6, Insl pelleHHs
k-KOMIOHEHTHOH 3aJauH.

Bce mepeunc/ieHHHE aJTOPHTMBI MOTYT GBITb HCHOJb30BaHBI JAJ
napayie/IbHOrO pellieHHs 3aJayH CO CIHCKOM MePHOJOB H MOCJeny-
IOUHM BBIGOPOM MEPHOZOB, COOTBETCTBYIOUIHM HAHJYYLIHM amMpOKCH-
mauusM (no Besanuyune dist).

6. IpHMeHeHHe HHBapHAHTHBIX amNpPOKCHMAUHUM

MHoroo6pasue 3afay, CBA3aHHHIX C BHJIeJIeHHEM MEPHOJHYHOCTEH
(nam 6osiee o6LIO0 — CHMMETPHH Pa3JIHYHOTO POAd), XOPOILO H3BECTHO
cnennanncraM. Tem He MeHee NepeuHCJHM HeCcKOJbKO HanpasJeHHH,
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B KOTODHIX OIHCHIBAEMHIH 3IeChb MOAXOZ, IO-BHIHMOMY, OCOGEHHO
a(deKTHBEH.

IIpn pelieHHH 3a7ay KJacCHQUKALMH CHTHAJOB YacTO OKAa3H-
Baercsl, YTO XapaKTepHble KOMIIOHEHTHl NMEPHOZHYHBI HJH MOYTH [e-
PHOJHYHBI, [PHYEM TMEPHOIL JIEXHT B JOBOJBHO Y3KHX Mpejesax.
K ToMy e HepelKo creuupHUYeCKHE YepThl TAKHX KOMIOHEHT OMHCHI-
BAIOTCS JOBOJIbHO JKECTKHMH COOTHOILEHHSIMH MeXIY CIEKTPaJlbHBMH
COCTABJAUWMMHE. B 3TOM ciyuae ecTeCTBEHHO TPafHLHOHHHIH CIEK-
TPaJbHBIH aHAa/JH3 3aMEHHTb BBIIEJTEHHEM KOMIIOHEHT, OCHOBAHHBIM
Ha anropuTtMmax pasfi. 5. Oco6eHHO 3(QPeKTHBHBIM B BBHIYHCJIHTEIHHOM
OTHOLLEHHH 3TOT MOJXOJ OKaMeTcs B CJy4yasiX, Korja XapakTepHble
COCTABJALINE PACKIAABIBAIOTCA B MeMJIEHHO cXoAswmuiica pag dypre
(M3/IOMBI, aKyCTHYeCKHe IIEeJYKH, MHI000pasHble HMIYJbCHL H T. 1.).

CratucTHYecKass o6paboTKa pe3yJbTATOB BBIJIEJIEHHS] KOMIOHEHT
(B mpocrefinieM ciayuae ycpelHeHHe) IMO3BOJSET CTPOMTbH 6a3HCH pe-
IIAOMHX NPaBHJ KlaccHpUKAUHH 6e3 MPOMEeXYTOYHOro HCIOJb30Ba-
HHSl TPOH3BOJNBHBIX 6a3HCOB. AJIOpHTMBI WHBAPHAHTHON ammpoKcH-
MAlUHH MOTYT CJAYXHTb (PUABTPAaMH B TeX cJydyagx, KOria MoJe3HbIH
CHTHAaJ anpHOpH o06GJajaeT HEKOTOPHIMH CBOHCTBAMH CHMMETpPHH.

IIpn mnocTpoeHHH MHOTOKOMIIOHEHTHBIX MojJenell H3MepHTEebHBIX
CHCTEM, NPH ONTHMH3ALHH CTATHCTHYECKHX MPEIHKTOPOB MO CJIOXK-
HOCTH H B JPYIHX AHAJOTMYHBIX 33JauaX NPHHATHIH 3J4eCh MOAXOX
NI03BOJIAIET CTPOHTb HAWJyUIllHe B PA3JIHUYHBIX CMBICJAX NPHOJIHIKEHHSA
GYHKUHAMH MeHbLIero YucJa nepeMeHHHX (cM. pasn. 4.6). 3acnyxH-
BaeT BHHMAHHS TaKOro PoAd MOAXOJ H B IPHMeHEHHH K MHHHMH3ALHH
yHcJla MPU3HAKOB NIPH Pacno3HaBaHUM obpasoB. HakoHell, anmpoxcH-
MalHsl MHOMXECTB (PUI'ypaMH ¢ 33JaHHBIMH CBOHCTBAMH CHMMETDHH
OpeACTaB/sieT 3HAYMTENbHBIH HHTEpeC B CTATHCTHKe CAyuya#HBIX MHO-
3KeCcTB H TeXHOJOTHH 06paGoTKH H30GpaxeHHH (B YacTHOCTH, pacTpo-
BOIl ONTHKE).

Jintepatypa '
1. ®omossexmpuneckue npeobpaszoatent undopmanun/Tlon pen. JI. A, [Tpecuyxuua.

M., 1974, .
2. I'perandep Y. Jlexuuu no reopuu o6pasos. T. 1. M., 1979,



T. B. JIAIIEHKO

SIBHBIA METOJA PELUEHHUSI MHTErPAJIbHbIX YPABHEHWW
C ONEPALUMEH NEPEKJIIOYEHHUSA

HccnenoBanne HeNMHeHHBIX HHTErpaNbHBIX YpaBHeHHH B Hacro-
dlllee BpeMs [pHBJeKaeT BHHMaHHe MHOTHX HccleloBaresed. Iro
CBSI3aHO KaK C pa3Hoof6pasveM BO3HHKAIOMIMX MaTeMaTHYeCKHX Mpo-
671eM, TaK U C IHPOTOH 06JIACTH HX MPHJOXEHHH.

[To mocraHOBKe 3ajay W MeTOZaM HMX pelleHHs Hacrosmas pabora
NPHUMBIKaeT K HCCJeJOBAaHHAM aBTOpa, pe3yJ/bTaThl KOTOPHIX OMyG6JH-
KoBaHH B [3—6]. 3xecs paccmarpuBaercs MeTOZ MOCTPOEHHS HOPMYJT
obpaliends A5 OrNeparopoB, oNHCaHHWX B pabore [3]. Tlpuserem
BHayaJle HEKOTOpBIE CHTYalMH, B KOTOPHIX 3TH ONEpaTophl MOIVIH Obl
HalTH NpHMeHeHHe,

IpencraBuM ceGe CHCTEMY  aBTOMATHUECKOT'O peryJHpOBaHHs, CO-
CTOAILLYIO M3 ABYX GJIOKOB: yNpaBJSAIOILEro H yInpasiaseMoro. Ympas-
JseMbift 610K / (pHC. 1) MOXKeT HaXOAHThCS B PA3JHYHHIX COCTOSTHHAX,
OINHCBIBAEMBIX NApaMeTpoM 2. B 3aBHCHMOCTH OT COCTOSIHHSA 2 YNpab-
Jasomuil 670K 2 GopMupyeT yNpaB/sIoOWMK CHTHAT g (2). CDyHKLlHﬂ
g omnpejenser 3aKOH YIpaBJeHHS. ¢

PaccmarpuBaeMasi cHcTeMa JOJIXKHA YJOBJeTBOPAThH ABYM Tpe6o-
BaHHfM: JIErKOCTH MEPecTPOiKH 3aKOHA YIpaBJeHHs g B Ipejenax
HEKOTOpOro kJacca ( H OTCYTCTBHIO CHJIBHBHIX OTPAHHYEHHH HA CJOXK-
HOCTh (PYHKUHH M3 KJjaacca G. BrinonHeHHe 3THX Tpe6OBaHHiH, KakK
NpaBHJIO, CONPSXKEHO CO 3HAYHTEJbHBHIMH TPYJHOCTAMH, IOCKOJBKY
CHHTE3 CHCTEM C 33aJaHHBIMH JOCTAaTOYHO CJIOXKHBIMH XapaKTepHCTH-
KaMH «BXOJ—BHIXOJ» — TeXHHUeCKH HeTpHBHa/NbHasa 3ajaua. C apy-
roif CTOpPOHBI, H3BECTHO, YTO HAMHOro mpolle GOPMHPOBaHHE BpeMeH-
HBIX CHTHAJIOB, Ja)Ke 3HAYHTEJbHOH CJIO0XHOCTH.

PaCCMOTpPlM CTPYKTypy ympasasiouero 610ka (puc. 2), Koropas
MO3BOJISIET CBECTH 3344y MOJyYeHHs CJIOXKHHX XapaKTepPHCTHK K BbI-
pa6oTKe BpPeMEHHEIX CHTHAJIOB onpenejeHHo#l gopmul. 'enepatop 3
BolpabareiBaeT cHrHana [ (f), nocrynatouiuii B npeobpasoBaTenib 4,
XapaKkTepHCTHKa Kotoporo J (p, {) HMeeT 30HY HachileHHs (pHC. 3).
3neKTPOBaKyyMHbIe H IOJIYNPOBOJHHKOBBIE TPHOOPHL ¢ MOJAOGHBIMH
XapaKkTepHCTHKAMH IIHPOKO pacmpoctpaHensl (cM. [1, 21). Baok 4
npeo6pasyeT CHTHaJAH 2 H f ({) B CHTHaM

F,d=Jd(G@0,)=S@A[I®.
© T. B. Jawmenko, 1990
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Puc, 1. Cucrema aBTOMaTHYECKOTO perysinpoBauus.
] — ynpaBaseMnft 6J1oK; 2 — ynpaBjasiowni, 1

_HesaBucumo ot nmpeo6pasoparenisi 610K NMepekJio- z g(2)
yeHus I ompenensietr sequunHsl A (2) u B (2), mpex-
CTaBJsfOlUIHEe COGOH COOTBETCTBEHHO MOMEHTHI BKJIIO-
YeHHs W BHIKJIIOUEeHHs cHrHana F (¢, 2). MHTerpatop
2 BblpabGaTHBaeT YNPaBJSIOMIHA CHTHAN:

B {z)
F(t, 2)dt =g(2),

A (2)

OTKyJa
B (2)

SOAf@®)dt =g (). (1)
A iz)

Bapbupyst BpeMeHHOH CHTHaJs f, MOXHO 3aJaBaTh Pas3/IHuHbIE 3a;
KOHBI YIIpaBJ/ieHH s, He MeHss APYT'HX MapaMeTpOB CHCTeMbl. X apakTep
CBSI3H MeXAy g H [ 3aBucHT oT ¢oyHkuuit A u B. Huxe 6yner noka-
3aHO, UTO JOBOJILHO CJIOXKHEIE 3aKOHBI @ MOXHO MOJYYaTh C MOMOLILBIO
noAxoifAmux GyHKUMH f npu jgoBoabHO mpocthix A u B. B muane
NIpUJIOXKeHH# Hac OYyAyT HHTepecoBaTb B OCHOBHOM JIHHEHHBIE BO3-
pacraouye GyHKUHH A U B, Tak KaK OHH JIEFKO TeXHHYECKH peasH-
3yeMbl. B mMareMaTHuecKOM OTHOIUEHHH HX JHHEHHOCTb HCIOJb3YyeTcs
He B moJiHOH Mepe. [lanbHejilllne paccyxIeHHSI OYAYT OCHOBHIBAThCSA
Ha npejcraBieHHH GyHKuHi A u BBBHIe cO (2) +2(2 > Y€ [— o0,
+oo[), roe ¢ — peHCTBHTENBbHOE YHCIO, ® — TOJIOXKHTENbHAsA Hey6bl-
BalOLAsl HENpepHBHO AubdepeHunpyeMas ¢yHkuusa, o’ + 1 >0,
® (v +) = 0 npu KoHeuHoM y. Kuacc Takux QyHKuu# o6osHauum Y.
OueBHpHO, uTo J106as JHHefiHas HeyObiBamomas QyHKUHA obsaajgaeT
3THMH CBOHCTBaMH. .

PaccMoTpuM 3anauy OTHICKaHHS QYHKUHH [ MO 3aJaHHBIM QYHK-
uusaM g, A, B. Beenem ¢yHkunio ¢ (fg, 4,5), fBAALOUYIOCH MepoH
CJIOXHOCTH PeajiH3allii CHTHANA [g 4, 5. Beanunna sup ¢ (fg, 4, 5)

: g€G

z A(z) T

1 2

8(2)
10

Puc. 2. Cxema ynpasasiouero 6Joka.

1 — 60K mnepekJo4YeRHA: 2 — HHTerparop,
3 — renepatop; 4 — npeo6pa3oBarenb.



XapakTepH3yeT CJI0XKHOCTb
ynpaeJaeHusi A1 kKiaacca G.
ITpu NpoeKTHPOBAHHH CHCTEMBI
B KauectBe A H B ecrecTBeHHO
BHI6HpaTy PYHKUHH A, (2)
B, (2), MMHHMH3HpYIOIIHE CJO-
JKHOCTb YIIpaBJIeHHS:

Sup lp(fgo Am Bo) =
ece

Puc. 4.

= inf sup ¢ (fg, 4, B).
A, BCY g¢G
[Monoxum A (2) =aw (2) +-2, B() =bo () +2 S (=1,
Torja ypasHeHHe (1) MOKHO MpeICTaBHThL B BHJE:

(.0 (5) A FOdt = 2@ (2)
R

DByneM HckaTh HeoTpHUATesbHble pelleHHs1 ypaBHeHHs (2) npu
2¢ ly, +ool, yER.

Heo6xoanmocTe pewmars ypaBHeHHs BHAA (2) BO3HHKaeT, HAllpH-
Mep, NPH NPOEKTHPOBAHHH CHCTEM OMNTHYECKHX (HJIBTPOB, fABJfA-
IOUIMXCS YacThl0 ONTHYECKHX MAaTYHKOB mepeMellleHnii. Ha mnyTn
IVIOCKOTO CBETOBOT'O MOTOKA CTABATCA ABe NMpHJErapllie IPYyr K APYyry
MJIACTHHBl C OTBEPCTHSIMH — NPO3pPauyHbIMH ydYacTKaMH. BeJnuHHa
CBETOBOr'O IOTOKA, MPOXOASAILErO Yepe3 repeceueHHe OTBEPCTHH, ompe-
JessieTcsl IVIOUIAABIO HX MepeceyeHHs, KOTOPas 3aBHCHT OT (POPMBI
OTBEPCTHH H B3aHMHOrO cisHra (guJbTpoB. [IycTb B BHIGPaHHOH CH-
CTeMe KOOPJAHMHAT HHXKHHE Kpas OTBepCTHil O060OHMX (PHJIBTPOB JexaTr
Ha ocu 0X, a BepxHHe Kpas onpeleisioTCi ypPaBHEHHSAMH Yy =
= 161 (x) 1y = [ (x). Torna nyouags nepeceueHus g (2) pasHa
(puc. 4)

(an—2 Af@dr =g @
R

[IpH TpPOEKTHPOBAHHH CHCTEM ONTHYECKHX (UJABTPOB Tpebyercs
no 3afaHHO! ¢opMe OTBEpCTHH mepBoro ¢uJIbTpa HalHTH Takylo GopMy
OTBEPCTHH BTOpPOro GHJABTPA, YTOGH MJOLIALL [TepeceueHHsT OTBEPCTHH
060MX GHABTPOB 3aJaHHBIM 00pa3oM 3aBHceJla OT HX B3aHMHOrO
CIBHra.

B pa6ore chopmyJHpPOBAHE Heo6XoJHMble H JOCTATOYHBIE YCJIO-
BHSl CYLIECTBOBAHHS HEOTPHIATENBHOrO pellleHHs] ypaBHeHHs (2),
ONHCaHa CTPYKTYpa KJlacca BceX pellleHHH M yKasaH cnocof mocrpoe-
HHs J1o60oro pemeHusi. Kpome TOro, BbIAeNE€HH HEKOTOpPBIE HHTepec-
Hble B MPHKJAJHOM OTHOILEHHH YacTHBEIE CJydYaH, JJisi KOTOPHIX cdop-
MyJHPOBaHbl IIPOCTble JOCTAaTOYHblE YCJOBHS CYIIECTBOBAHHA pe-
IIeH HA.

IMycts B >y, Cp — MHOXecTBO QyHKUH#A H3 C Jy, +oo[ ¢ Ho-
cuteneM [P, +-oo [, C§ — MHOXKeCTBO HeOTPHUATEJbHBIX (PYHKIHH
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H3 Cg, 1, — HHIMKaTOp (XapakTepHCTHuecKas *© (QYHKUHA) MHO-

xectBa A, R — pacumpensasi aeiictBuTenbHas och, E (f) — MHO-

KeCTBO 3HaueHHH GYHKUHH f, fog — KoMNosHuuss PyHKUHHA [ H g.
Paccmotpum ypaBrenne:

(.0 (555 A dr=20), &)
R

riez € |y, +oo[, f — HenspectHast pyHKunss 3 CEy € R, b >a > y.
Jlem M a l. YpasHenue (3) umeer pemerne u3 C§, Toraa u ToJIbKO

TOT/Ia, KOrJ4a HMeeTcsi pelleHHe u3 C{, He MPeBOCXOAsllee €XHHHLbI.
JdokasatedabcrTso. [Togoxnm

\ Fo, f<1,
f("):{ 1, fe)>1.

Onepatop B 7eBoil yacTH (1) MpHHHMaeT OJHHAKOBHIE 3HAYeHHs
Ha [ u f* OTKyja c/efyeT yTBepXKIEHHE JEMMBbI.

Teopema 1. Ilycth © — HenpepsiBHO JHddepeHUHpyeMas
dynkumusg, © >0, o' >0, a0’ +1 >0, o (y+) =0 ana y€ R.

Hast Toro uto6el ypaBHeHue (3) umeso peimieHue H3 kjaacca Cf,
HEO6XOJMMO H JOCTAaTOYHO, YTOGHI BBHIMOJNHSJIHCH YCJOBHSI: a) g He-
npepeiBHO An¢xpepenunpyema Ha ly, +ool, 6) g€ C,-1 (B), B) 0 <
<o, rae

[ @] —1
Q= go Wouiil;loVouj‘
3zech
ug=1I, yu=u=@o-+0NoH? ..., Up==Uny0U,
H=bo+l, v=2o2Htl y_goil

Q¢ — y6biBalolasl HempepbiBHAs HHTEPMNOJSUHOHHAsS (QYHKUHSA AN
GYHKUHH g (1) = uy, (1).
HokasaTeabcTBO OCHOBBBaeTCS Ha psiie JIeMM.
Jlemma 2. Ecin B yc/IOBHSIX TeopeMbl ypaBHeHHe (3) HMeeT
pemenne u3 Cf, To (GYHKUHS g HenpepeiBHO AupdepeHLHpyeMa
Ha Iy, +oo[ u f* ynoenersopsier (pyHKUHOHANbHOMY YPaBHEHHIO,

PO=Fu@OVEO+WE tely, +ool 4)
Hokasateascrtso. [lycts f — pemenne us Cg, Toraa f*
noctpoeHHoe no f, Toxe pemenne U3 C§ n 0 < f* < 1. Toraa ypas-
HeHHe (3) MOXKHO MPEeACTaBHTb B BHJE:
bw (2)+2
ff(x)dx =g, zelh, +ool. ®)
aw (2)+z
Tak kak JeBas uyacTh HempephliBHO JudxpepeHuupyema (B CHJIY
HENpeprIBHOCTH f* W Hemp=pHBHOH AHndPepeHUHPYEeMOCTH ®), TO g He-
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npepeiBHO JAH(pdepeHunpyema. uddepenuupoanne (5) IaeT Ham
PaBeHCTBO:

f*(bo (@) +2) (bo' @)+ 1) — fFlav@) +2) (@' @+ 1) =g, (6)
OTKyZa, noJarasg { = H (2) u Belpaxas [* ({), moJayuynM paBeH-
ctBo (4). Tlo ycsioBHiO Teopemsl 1 aasi y € R (y+) = 0, nosTomy
H (y+) = v. U3 onpenenennss H caepyer, uro H (+o0) = +oo.

JlemMmma 3. Ecin B ycloBHsIX TeopeMbl ypaBHeHHe (3) uMeer
pemenne u3 C§, 10 g€ Cy-1 4).

JdokasateasbcTso. M3 nemmubl 2 cienyer, uto g Hempe-
peiBHa Ha ly, +oo[. KpoMe Toro, npomexxyTok HHTErDHPOBAHHSH
B JIEBOH vacTH ypaBHeHHS (D) He mepeceKaeTcsi ¢ HOCHTeNEeM (YHK-
unn f*, ecnmu H (2) < P. B cuay Bospacrauus ¢ynkuuit H u H™?
nocynejiHee HEPaBEHCTBO 3KBHBAJEHTHO HepaBeHCTBY 2z < H™1 ().
Takum obpasoM, g (2) = 0 ms z < H™' (B), orkyAa g € Cy-1 5.

JlemMma 4. Ecin B yclioBusx Teopembl | ypaBHeHHe (3) umeer
pemienne 3 C§ ¢ yenosueM f* < 1, To OHO uMeeT BHA [" = @ K
<o L.

HdoxkasarteuasbcrTso.[lokaxem, uto o67acTh 3HaueHH I HyHK-
LUHH U COJEPKHTCA B 06GJAacTH onpefleneHds] 3Tolt (yHKLHH, T. €.
u(f) > v. Pynkuus

u(t) =ao (H )+ H7 (@)

T

Tak Kak H(y+)=1v, H'(y+) =17v, o (v +) = 0. TTockonbky
¢yakunn H u H™', a ciemoBarteJbHO, H (yHKUHS 4 BO3pacTaioT,
To u (f) >y. TeM caMbM J0Ka3aHO CYIIECTBOBaHHE KOMIO3HIHMH
Up = Up_jou ana Bcex n. CopaBeliuBo HepaBeHCTBO u () < ! ans
Bcexj!, TaK Kak

u(l) =u(H @)= a0 (HHE)+ H(HE)=
=a0 (@ +2<bo(@+2z2=H@E =1
BoabMeM mpousBoibHOe { > f. B cuny HepaBeHeTBa u () <1

1oc/ef0BaTeNIbHOCTh [, = U, ({) MOHOTOHHO Yy6biBaeT. Kak 6bu1o
HOKa3aHo, u ({) > vy, mos3ToMy Ju6o f, — T aunbo 1, —_— d>v.

Honyctum 1, — d>vy, Toria u (tn)‘ =u (U () = Upa () =

= Ina — d. ®yHKuMs u HempepblBHA (KaK KOMIIO3HLHA Hemlpe-

PHBHBIX OYyHKUHH), OTKyza ciaepyer u (d) = limu (I,) = d, uro
- n

NPUBOAHT K IPOTHBOPEUHIO C IMPEANoJoxeHHeM TeopeMul u (1) < I
opu t =d, T.e. up (1) — 7

TakuM obpa3oM, ans Jjw6oro ¢ > B cymecrByer 2 € N Takoe,
4To Upyy (1) <P < up () 1 [* (Ursa (1)) = 0. Tlo dopmyse (4)

PO=Fu@OVO+WEH=>FFwO)VEO)+
k()

+WEOYVEO+WE= Eo W @)V @a(®) -.o V@)
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Beenem dyHkunio g; (n) = u, (1). OueBHIHO, 3Ty GYHKIHIO MOXKHO
HHTepno.nupOBaTb HenpepbIBHOH (pyHKUHel Q; (y) TaK, YTOGH ¢¢ (n) =
= Q¢ (n). HepaBeHctBo up,; (1) < P << uy (f) npeicraBuM c¢ mo-
MOILbIO BBeJeHHHX oGo3HaueHHi Q; (B 4 1) < P < Q¢ (k). U3 He-
NPephIBHOCTH Qp cJieflyeT, YTO CYLIECTBYeT TaKoe YHCJIO yo <
< Yo <k+ 1), uro t(yo)—ﬁ HQ(k+1) <Q(y) < Q: (),
oTkyaa k (1) = [yl = [QF' (B)].

Tak Kak f* € C§ n f* < l'roO <PP=¢eK 1.

IMepefineM K n0Ka3aTenbCTBY AOCTAaTOYHOCTH.

JlemM a5, Ecin BHNOJNHEHH YCAOBHA a), 6), B) H Npeanooxe-
HHS TeopeMsl 1, To @ € C§.

Hokaszatensctsno. O603HaYHM B={tk|Q;; B) = &}.
®yHKUHA @ HempepbiBHa Ha |y, H (4-00) [\ B. JlokaxeM, uTO @
HenpepbiBHA B TOUKax MHoXecTBa B. QOueBHIHO, 4TO @ HempepHBHA
caeBa:

k
Pt +) — 9 ) = W (H @ @) TV (0, @),

Uncantenn poipaxkeHust W (H™! (v, (x))) paseH
g (H(un (b)) = &' (H(Qt, () =
¢ (1 (0 (@ 0))) = (G 9) =0,

OTKyJa (PYHKUHS @ HENpepbiBHA B TOUKE .

Hakonew, no ycaosuio 6) a1s { < p pyukuus ¢ () = 0, nosromy
supp ¢ < [B, +ool, uro BMecre ¢ ycioBHeM ¢ > 0 u3 B) BJeuer
9 € Cg.

J] eMM a 6. Ecaiu BeInosiHeHH! yc/0BHs a), 6), B) H NMpelnoJoxe-
HHSl TeopeMsl |, To @ — peieHne ypaBHeHHs (3) u3 C§.

,U.OKa?.aTeJleTBO Mo nemMe 5 pyHkuust ¢ € Cj. Kpome
TOTO, @ MO MOCTPOEHHIO YJOBJIETBOPsieT ypaBHeHHIO (4), a cJjenoBa-
TeJIbHO, H >KBHBaJIeHTHOMY ypaBHeHHIo (6). lcxoas u3 3Toro m
YUYHTHBas, YTO IO yCJIOBHIO B) 0 < 9 < 1, nonyynm:

-,Eﬂ‘“ o (o) Needr=

bo (2)+2

=% | ewdr=90o@+20to @+1)—

aw (2)+2
—9@o@+2)@e’ @)+ 1)=2¢ ),

OTKYyZa
(1 0 (55 ) Nowdr=g@+C. ™
R

Tak kak @ € C§, 10 g z < H™' (B) neBas uvacte (7) paBHa
Hyao. B cuay ycnoBusi 6) mpu z < H' (B) pyHkuus- g (2) = 0.
Orkyza C = 0 u (7) npeBpauaercst B (3).
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OnuieM kJacc Bcex pelueHHit ypaBHeHus (3). s Jo6oit GpyHK-
unn h o6o3naunM A, (y) = {{|h ({) = y}. A1 n1pOH3BOIBHOIO
3aMKHyTOro MHOXectBa M < ly, +oo[ nmpumem:

SM)={$|veCly, +oo[&Ap()) DM}
Teopema 2. B ycioBusix TeopeMbl | KJacc Bcex pelleHHi
ypaBHeHHs (3) HMeeT BHI:

= {g+*|seS(As(1))}.

HJokasaTenscTBo. O6o3HauuM yepe3 T, MHOXKECTBO BcexX
petieHnit ypaBHeHus (3) u3 Cg. Ilo TeopeMe 1 MHoxectBO T\ %= .
JokaxeM, uto T = T,,.

BoasbMeM f € T,. Torza no sieMMe 1 MoxHO nocrpouts f* € To,
a no JseMMe 4 — PyHKIUHIO f* = @, NMO3TOMY CGYHKUHA Sy = f —
-06J1afaeT CJeAYIOIIHMH CBOficTBaMH: s, > 0, OTKyjga cJieayeT, 4TO
S, NpeicTaBUMa B BHIe Sy = S%, H Sy € C gy OTKYyJa BHTEKaeT, 4TO
sy € C ly, +ool; ecan (p(t);él TO S (1) =0, T.e. ecan ¢ €&

& A, (1), To 1€ A, (0). Takum obpasoM, Ag (1) = A (0). Tak
Kak MHoxecTBO A, (0) 3aMKHYTO BCJ/eICTBHE He[lpepblBHOCTH s, TO

A” (1) < A; (0). Otkyza no onpegeneHHio cuMBosna S (M) nonyuuM
s E S (4 (l)) Hrak, nokasaHo, uto f = f* + s, =¢ + 5% T.e.
teT.
Mycers fET, T.e. =09+ % raes€ S (Ap (1)). Toraa ecanu
1€A; (1), Tos(t) =0, otkyra f() = (), f) <1 n f* ’(t) =
=f({)=¢ (). Ectn xe 1 & Ay (1), 0 t€EAy (1), @ (f) =
F@=1 —I—s >, =1 —q>(t) Takum o6paaoM f* = (p
ITo TeopeMe 1, ecaH BHMOJNHeHBl ycJaoBusl a), 6), B), To @€ T,
TOrga Io JIeMMe 1 feT,.
3amMeuanue |. M3 neMMbl 4 BbiTeKaeT, 4To pellieHHe, MOJ-
ynHeHHoe ycioBuio 0 < f < I, eaHHCTBeHHO.
3aMeuaHHne 2. I/Ia TeopeMbl 2 clelyeT, uTO pellieHHe eIHH-
CTBEHHO B TOM H TOJIbKO B TOM cayuae, Koria Ag (1) = &.
3ameuanue3d. Ecin B npegnonoxenusnx teopemu 1 g' > 0,
To ¢ > 0. ' '
3aMeuaHHe 4. Ecin B npeanoioxenusix TeopeMn 1 supp g <
< [z, 2,1, To supp o = [H (2,), H (z)].
JokasateabcrtBo. M3 gokasaTelbcrBa TeopeMb | cue-
. AyeT, 4To
bo (2)+2
o (t)dt = g(2).

am (2)+2

Tak Kak, ¢ > 0, 70 ajs 2€ |—oo0, [ U 12,, + o [ @ (/) =0
Ha [ao (2) + 2, bo (2) + z]. CrenoBaTenbHo, supp @ < [bo (2,) +
+ 2y, a0 (2,) + 1< [H(z), H(z)]

3ameuanue 5. Ilycts copaBemIHBH NPEANOJONEHHS Teo-
peMpl 1 H, KpoMe TOTO, BHINOHEHbl YCJOBHA: 7 >0, o' <D,
supp g < [z, 2,1, g (z) C/ze, tHé p >1, C= (aD (aD +
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+ 1) v?))((@D + 1)+2 — 1), | — uenoe  uuciao, TaKoe, 4TO:
Uy (H(2,)) <PB. Torma'¢ < 1.

HokaszateabcTBo. M3 BospacTanus  cJjelyer, 4TO
H =bo" + 1. BoapaCTaHne H™ u ycnosde H (y+) = y npusomsar
K nHepaBeHCTBY H™! > y. ITostomy

['®] i~1
o= Y Ww®)[]vwe=
=0 j=0

[Q, ®]
2 g (H™ (u; (1)) l"l aw’ (H71 (4 (1)) +1
H(HT (uj (8))) H (H T (u;(t)))
[e7' @] [Qt ®]

i-1 iy
< Yy 2@lrh o S @+

- =
& (HIw )

Cnepcrteue l. Ilycte b >a >0, p > 0. das toro ytober
ypaBHeHHe

+oo
§ tan (L) N fwdx=g@), 2€10, + ool (8)
0

HMeJo peueHHe H3 C}, HeOGXOAHMO H JOCTATOYHO, UTOGBI BBHIMOJIHS-
JHCh YCJIOBHSA: a) g HempepblBHO AutbdepeHunpyeMma Ha 0, +oo[;
6) g€ Cpp; B) 0L o< 1, e

[ In (B/t) ]

Inx

Q= -’l)— 2 ®ig' (w't/b), = =ajb.

i—0
Kanacc Bcex pelmeHu#i 3TOro ypaBHeHHSI HMeeT BHI:
={p+s*|s€ S(4, ()}

HokxasateabcTBo. Tak Kak j1sa Jjwoforo 4Yueaa ¢
e, 07 () = Y{atq, +41 (* + g), TO JeBass uacTe ypaBHeHHa (8)
MOXeT GbITb NpeACTaB/leHa CJeAYIOUIHM 06pa3oM:

~+o0
S lia—1, 6—13 (%— 1) A F(x)dx,
0

H ypaBHeHHe NPHMET BHI:
+oo

g lig—1, 513 ( x:
0

Otkyza ciaenyer, uTo ypaBHeHHe (8) sIB/IsieTCSl YacTHBIM CJyYaeM
ypaBHeHus (3) mpu o (2) =2, y= 0.

2) A Fxde =g @).
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CnepgctBue 2. Ilycte b >au A = b—a. [landa Toro, uTo6H
ypaBHeHHE

Iﬂ[a,b](x—z)/\f(x)dx=g(z), Z€R, 9)
R

uMesio pemeHne H3 C§, HeOGXOIHMO H JOCTATOYHO, YTOOBI BHIMOJIHS-
JIHCh YCJOBHS: a) g HempepeiBHO IudxpepeHurpyeMa Ha R; 6) g€
€Chop; B) 0< 9 <1, e

3]
o()= 3 g t—b—it

Kanace Bcex pemenunit 3 Cj HMMeeT BHI:
T={p+s[s€S (A (N}

3To yTBepKIEHHE SABJACTCA CJEICTBHEM TeopeM | H 2 npH © (2) =
=2 9= —o00.

Ycnosus a) u 6) TeopeMbl | mpaKkTHYeCKH JIETKO MpPOBEPSEMEH,
TpyJHee POBEPHUTh YCJoBHE B). B uacTHBIX ciyuasix, pacCMOTPEHHBIX
B CJeICTBHAX | M 2, MOXHO yKasaTh MpOCThie JOCTaTOYHble MPH-
3HaKH CIOPaBeJ/IHBOCTH B).

3ameuanue6. Eciu g < b—a, 1o B cegerBun 1 ¢ < 1.

Hokasateasctso. [Tockomery g’ > 0, To ¢ > 0. Tak
KaK g' < b —a, TO

R\ b—a

Q) < 5 D wig (witfh) < =5

(=0 [}

wi — b—a 1

| ok
o
|
X
I
—

|
o

3ameuaHnue 7. Ecan g € Cap, g’<%, TO B cleicTsuu |

¢ < 1. 3xech
c_ B, ecqn ®e<<l,
Tl —BexInxn, ecam xne>1.
B

HokasateabcTBoO. Tak Kak g' > 0, To ¢ > 0. C gpyroii
CTODOHHI,

u(t)

o)< I =Suo+)<F(HEL ).

Inx
(=0

O603nauuM h (f) = %( In (B/1) + I). OueBHAHO, UYTO (YHKUUSA

In %
h (t) B TOuRe 1, = Pex JOCTHTHET MAaKCHMAJIbHOrO 3HaueHHs, MOITOMY
ecn xe << 1, T0 1, < P u TouKa {, He momajaer B MpPoMexyTok [P,
+oo [, Ha KOTOPOM (PYHKUHSA ¢ OTIHYHA OT HyJdA. [TostoMy cnpasex-
suBa oueHra @ (f) < h () < h (B) = 1. Ecan xe %% > 1,10 £, > B
He () <h(@) <h(h) =1

3ameuaHnue 8 Ecm gE€ Cpp, g’(z)<%, ree p >1,

To B caefctBuH 1 ¢ < 1. 3aecs C = f#/bP—L,
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"HokasaTeaAbcTBO.
u (t)

1 ,__C CoP—! (y« (D (=n) 1)
°() < 2 " (utt )n - ("

—1) ¢ <
=0 )
In (B/t)
oo (,, ('m—")““”_ 1)
= (=P —1) P
O6o3HaunM [nocsiefHee BHpaxeHne h (f). TaK Kak b’ <0, To
OyHRUMA h y6uBae'r Ho()K<hEA<K<h(P) K

3aMeanue9 l'lycn:ﬁ>b+A Ecnu 2€Chs, 8 (<

<— raep > 1, ToBcneactBuH 29 < 1. 3gecb C = A (p — 1) X

X (ﬁ—b—A)P~.
- JlokaszateascTtBO. Tak Kak g' > 0, 0o ¢ > 0. Kpome
TOTO,
[ 42 Ein
o) < ————\C =
& (t—b—iby ‘.5 (t—b—yA)”
t—b—A[-'Ai]
_ du C 1
=—C 2 AuP < Ap—1) B—b— Ay} <t

B kauecTBe mpuMepa pacCMOTPHM CHCTeMY aBTOMAaTHYeCKOTro pe-
TYJIHPOBAHHSA C 3aKOHOM YNpaBJIeHHS

g = (“‘%)2’ zel[2; 3],

0, zel0; 2[
u auanazonoM cocrosuuit [0; 3]. Ilycts G = {g}. Jns yno6crsa

aHaJ/n3a, pazyMeercs, MOXKHO NPOJOJIXKHTh g HA R ¢ nomoltibio Toro xe
AHAJVINTHYEeCKOT'O BBIPAXKEHHS.

ECJIH CHCTeMa OINHChIBAeTCH ypaBHel-meM
NMunc—2) Aodx=g@), z€R, (10)
R

TO, YUMTHIBasi peajibHHH AnanasoH cocrosHuit [0; 3]

; 31, nocrarouHo
HaliTH pelleHHe Ha npoMexyTke [1; 5]. Ilo ciencTBuio 2 pelileHne
CHCTEMBI HMeeT BHJ:

[2—4] -

0, <4,
q>(t>=2g'(t—2—i>={

4
- 4= 4<t<5.

Ecan x<e CHCTEMA OIHCHIBAETCSl yPABHEHHEM

Sin 2 (2) Ne@dr=g@, 2€10; + oo,

7 3akas 2051

(1)
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TO JOCTAaTOYHO HaHTH pemieHne Ha npomexytke [0; 61,
ITo cneacTBHiO 1 MOJYYHM pellleHHE CHCTEMHI:

e

’ t<4$
6= 2 L L)= t—4
¢ or & o 16155, 0<t<6.

(=0

BBeneHHe TOil HJAH HHOH Mephl CJO0XKHOCTH, MO3BOMAIIOLIeH mpex-
noyecTb OJHO pelieHHe APYroMy, 3aBHCHT OT cnoco6a peaslH3alHK
curHana. Hanpumep, eciu cuHTe3 CHTHajla OCHOBAaH Ha CJIOXEHHH
CHHYCOHJAJIbHEIX TapMOHHK, TO MepOil CJOXKHOCTH MOXET CJYXHTb
HaHMeHblllee KOJHYeCTBO IAPMOHHK, ZOCTAaTOYHOe L/ BOCNPOH3Bele-
HHSl 3aKOHA yMNpasJeHHA C 3ajJaHHOHl ToyHOCTbIO €. ITOCKOMBKY

oo oo
(e (EZE) Ae@dr— § 1o (E5) AR dr|<
v k4

<b—asupo@)lo—hk,

rie | o, — Hopma B npoctpaHctBe L, ([aw (c) + ¢; bo (d) + dl),
[c, d] — nnanasoH cocTosiHHil, TO yKa3aHHAs TOYHOCTb MOXeT OBITH
JOCTHT'HYTA NPH BHINOJHEHHH YCJIOBHS:

..

lo—@nle. < p—ayspom =9
4

e @ — pelleHHe YPABHEHHS, @, — ANNPOKCHMHpPYOULAs QyHKUUS,

paBHas OTpPe3Ky psaa CDypbe, COCTOfLILEMY H3 n NEePBbIX TAapMOHHK

Ha Supp @, H HYJIO BHE supp ¢. BBeeM Mepy C/I0XKHOCTH CJELYIOLLEro

BHAA:

Vi) =inf{n+ 1@ — gulho < 81,

rae| ¢ [, o —HOpMa B mpocTpancTBe L, ([aw (¢) +¢, b (d)-+d] ( supp ).
IMonaras e = 3-10°% nas cucTeMbl, onucbiBaeMo# ypaBHeHHeM (10),
8 = 3.1072, Mepa CJO0XHOCTH peasNH3allHH CHTHAJa B 3TOM cJyuae
paBHa 2. [lns cCHCTeMBl, onpejesieMoit ypaBHeHHeM (11), § = 1.5.107%
H Mepa caoxHocTH paBHa 20. TakuM o6pa3oM, NPH NpOeKTHPOBAHHH
cjeflyeT TPeAnoYHTaTh NEPBYIO CHCTEMY.
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H. H. JITIUEHKO, C. H. ®ELOPOB

AJITOPHUTM AHAJIM3A CTPYKTYPhHI
FPYNNOBbIX HCTOUYHHKOB CHUTHAJIOB

1. BeeneHue

B craThe mpoBOAMTCS aHANMH3 NMOAXOJOB K PEILEHHIO clexyioled
sagaun. [1yctb B Touke (0, R) Ha MIOCKOCTH PAaCNoOJIOXeH CKaJspHBIi
aKyCTHYeCKHIH NMPHEMHHK, MOJNYYaIoUHi CHI'HAJ OT FPYNINOBOTO HCTOY-
HHKAa, COCTOSILEr0 M3 7 JABHXKYUHXCS KOMIIOHEHT, NMpHYeM 3aKOH
nepeMelleHns k-#i KOMIOHEHTH HMeeT BH:

n)=v(t—m), U () =0.

Hanyuenne k-ii KOMIOHEHTH B TOYKE NpHEMA JeJaeT BKJaj
pr A (disty () Q (¢), rze p, — WHTEHCHBHOCTb KOMIIOHEHTH, @ —
HOPMHPOBAHHBIM IIYM, H3/1yuyaeMHi KoMmnoHeHTo#, dist, (f) — pac-
CTOsTHHE Mex1y TouKaMH (X (f), yx (f)) u (0, R), A (2) = 712,

B pesyabrate BO3ZeHCTBHS TPYINNOBOTO HCTOYHHKA NPHEMHHK
BOCTIPHHHMAeT CHTHAJ:

s(t) = El prA (disty (1)) Qs (2). (1

OCHOBHOI BOTpPOC 3aKJIOU3aeTCs B OLEHUBAHHH HEH3BECTHOT'O
4HcJa KOMIIOHEHT n 10 OTPe3Ky HaG/ioJaeMoro cHruana s nias
t € [0, T] npu ecrecTBEHHBIX NPEINOJOXKEHHAX O WIyMax Q.

OnHcHBaeM OCHOBHBE CNOCOOBI (HOPMAJTH3AUHM 33[auH, NepeyeHb
AHATHTHYECKHX TPYAHOCTeH, BO3HHUKAIOUIHX NPH €e pelleHHH, H BO3-
MOXHBIE TNYTH MX TpeogoseHus. IIpH NOCTPOEHHH aJTOPHTMA 4BTO-
paMH wu30paH 3MIHPHYECKHH TOAXO], OCHOBAHHBIH HA pe3yJbTaTax
MalUHHHHIX 3KCIIEPHMEHTOB C MOJEJbHHIMH H DealbHEIMH CHTHAJaMH
OT aKyCTHYeCKHX HCTOYHHKOB. B uacTHOCTH, TAKHM 06pa3oM BbIGDPaHbI
HEKOTOpHE NPOLeAyPbl PHABTPALHNH, SBASIOUIMECS COCTABHOM 4acThbio
Hallero Meroa. JTH NPOLEAYPH, IO-BHIUMOMY, HE ONTHMAJbHBHI,
M COOTBETCTBYIOULHE 33JayH ONTHMH3ALHNH elle XKAYT CBOETrO pelleHHs,
OJIHAKO JJ/Isi MHOTHX NMPHKJAAHBIX CHTYAUHil fBJSIOTCA IOMYCTHMBIMH
(B TOYUHOM MOHMMAHHH 3TOrO TEPMHHA).

HakoHerll, OTMETHM, YTO, HECMOTPSI HAa 3MIIHPHYECKOe NPOHCXOXKe-
tine JHEKOTODHX 3BEHbEB aNTOPHTMA, HX BBIGOP BCE JKe OCHOBAH Ha

© H. H. Jlauenxo. C, H. degopos, 1990
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psle aHaJHTHUECKHX cOOOpaxkeHHil M THIOTe3, MPHBOAHUMHIX HaMM
B JaJbHeHIIHX pasjenax.

2, BapHaHTH npejicTaBieHHN 3ajauH

Brpaxenue (1) yno6Ho npeo6pa3oBaTh, NMpeiCTABHB €ro B BHIe:
n
st)=1p, 1 () El peB (v (t — 7)) Qx (0), 2)

rae 1y — HHAuKaTOp MHOXectBa M, pp = ppR™Y, [B (2) = (1 +
|

+2)°7, 7= @R).

Hapsiny ¢ curHaaoM s, pacCMOTPHM ero «ujeajbHue» orubalolne:

w () =1, 11 () El PrD (v (1 — ) 3)
HJIH
4z (t) = 1o, 11 () 2 piD* (v (¢ — W), )

rage D — HeKoTopoe H3BecTHOe npeo6pa3oBanne B. OHu MOryrt GHTH
NOJIYYeHH € MOMOILBIO (HJIBTPOB, YCTPAHSIOUWHX MYJBTHIJIHKATHB-
Hble cOCTaBJsIolHe Qp H B TO XKe BpeMs COXPaHSIOUIUX ANNHTHBHYIO
CTPYKTYPY CHTHaJa S (MYJbTHIVIHKATHBHO-aARHTHBHBIE (HJBTPHI).
Ecan cooTBeTcTByIOIIAs (QUABTpALMs MpPOBeldeHA, TO 3ajaya CBO-
JUTCA K OTHICKAHHIO n H3 cooTHouleHHs (3) uau (4).

ITyeTs '

fl)= 'El prd (x — 1), )
Tornaa B
u(t) = R[ By (t — x)f (®) o, r1() dx, (6)

OTKyJa BHIHO, YTO Hallla 3anauya Tpebyer pelleHHs ypaBHeHHs dpex-
roapMa l-ro popa c¢ siapom B (y (I — x)) 1. r) (f), H3BeCTHHIM
JHIIb C “TOYHOCTHIO IO NapaMeTpa Y. Cc HeH3BeCcTHOW OyHKuueir f
Buaa (5). Ecan B HallleM pacnopsi’KeHHH HMeeTcsl JOMNOJHHTeNbHBIH
MeTOJ YTOYHEHHS Yy, TO OCHOBHAs MpoGJeMa COCTOHT B peryJspu3a-
UMM ypaBHeHHs. Ecin Ke, Kak 3TO uallle GbiBaeT, H3BEeCTeH JHIUb
JManasoH 3HaueHu# y: ¥ € [y;, ¥;1, To 3agaua MoxkeT OHITH cBeleHa
K pelleHHI0 YpaBHEeHHS:

Vs
u@)=[ | BoE—0.n0gk. Hdyds (7)
Y1
C Heu3BecTHOH ¢yHKIUHEH g BHAA:

gl x)=38@1—vy) El Prd (x — ).



3. MyasTHNAHKATHBHO-aJAHTHBHAA GHALTPAHHA

OrobpaxeHHe, CONOCTaBJfIOWEE CHTHANy (2) annpoKCHMauuio
curana (3), Ha30BeM MYJIbTHIJIHKATHBHO-aJAHTHBHRIM (MIBLTPOM.
PaccMOTpHM  HECKOJIBKO pea.;maauuﬁ TaKMX (PHJIBTPOB. 3a1we'mu
ApeXAe BCEro, 4To

0 =10, 3 ool (0 Q) Qi)

rae Ly () = B (v (I — ) B (v (1 — ™).

emMmMa 1. Ilyctb F — nuHeiiHbI orpaHHyeHHHII omepaTtop
u3 C [0, T] B C [0, T] co crofictBamus 1) jFI < 1; 2) IlJlil j€
€11, ..., m}, nabopa ¢; € C [0, T], ks I, |F(9QuQ)] < e
3) cqu,ec'rByeT Takas KoHcTaHTa ¢, uTo | F (9; (QF — ¢))| < e.
Ecin |Qil| < gm ¥ Ly, annpoKCHMHpYIOTCS NOAHHOMaMH Py, =
= Yi=1GjxP; C OLEHKaMH ||Lk1 — P < 6, |aju| < Aj, TO

=t Z piF (B*(y (t — w)) — ®
e
1HI<nt (o 3 4+ 0¢) + one. ©)
JoxaszaTeldbCTBoO.
n}
Fs* = R 21'=1 PrP1F (L1QrQu)-
Haa k=1
| F (LyiQrQ) | < F (Lyg — Pri) QuQi| +|F(thQth)|
I<q0+ I§l [ami] | F(9,QuQi) < ¢°0 +¢ I§1 A;. (10)

Ecnu B = [, T0O
 F(LuQeQi) =FB*(y (0 — ) Gk =cFB*(y (0 — w)) + J,

rae J = FB? (y (O — w)) (Q — ¢). ITpu 3toM [cuMBoa [] O3Hauaer
MECTO sl NMOCTAHOBKHM HE3aBHCHMOI nepeMeHHOi.
Hanee

WI<IF (B* (v (0 — %) — Pre) (Qk — o)) |+ | F (Pre (Qk — ) | <
fm
<L0(g+c)+e E} A

Cobupasi BMecTe NoJyueHHble OlLEHKH, npuxomzuM k (8) u (9)
Jlemma 2. Ilyers T > 0, Torza

1’—1—1’ <L
b(r)—supB(t—-t)B(t—l—r) (1
tER 21 > 1.
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HJdokaszateabcTBso. JudppepeHunpopanue pyHkuuH ¢ (f) =
= B (1 —'c) B (¢ + 7) noxasniBaeT, yTo 411 T < | OHa MMeeT elHH-
CTBEHHHI MakcHMyM mpu { =0, a an1a v > 1 — 1Ba MaKkcHMyMa

nmpu t=+V ¢ —1.'B nepBOM ciayvae
b(t)=B(—t)B(t)=B2(x) = (1 + #»)~L.
Bo BTOpOM cayuae

bR =BV v¥—T —’c)B(V’c“—'+’c)

— (4 —VED G VF D) T = T =
Jemma 3. :
| |4 Ln )] < Lua ).
HdoxkasateasbcrTBo. [udpdepeHunpoanue jaer:

L (1) = —Lu (1) (¢ — 0 B2 (¢ =) 4 (¢ ) B2 (¢ 7).
QOcraeTcsl 3aMeTHTb, YTO
sup [ xB%(x) | = %
JlemMma 4. Ecin o;epa'rop F o6nanaer cBOWACTBOM

| F(9QuQ)) | < &leysup || -+casup| @)
A k<=1 u ecnmu ana aw6oro B Ty, — T, > 2/y, To oueHka H
B JeMMe | MoxeT GhITb 3aMeHeHa OlIEHKo# mnopsika n In n.
JdokxasatenabcTBo. Tak xe, KakK H B Jemme 1,

k
Fs® = k§=1 PrPiF (LriQuQr)-
Ona k=1 ' )
d
| F (Lu@u@) < cre sup (Lu) +aae sup (4 Lu) <
< (61 4 ves) sup (L) < & (61 + cv)/| T -7 |-
Ilockoabky T — T, > 2|k — |/, TO
|F L@@ | < Esme,

1103TOMYy
2 prpiF (thQth)‘ =2 2 ProF (Lr1Qr Q)
Pyt Pyt
k<l
5 1
<2 Yy pr Aty =ovete Y=g, pi<e.
kk[<Tl k<l
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Ocraetcsa 3dME€THTb, UTO MNOCJEIHAA CyMMd paBHa:

n—l1 n—l1 ’

2 ";k =n2%.—n+l ~ nlnn.
k=1

k=1

C TNOMOLIBIO HECNOXKHBIX BBHIYHCJAEHHH MOXHO GhLIO Ohl NOJYYHTH
OLIEHKH JyIsl OTHOAIOMHKX THNA (3), HCNOJb3YS NOAXOAALIHE NPOLEAYPhI
CrJIaXXKHBaHHS. B 4acTHOCTH, po/ib TAaKHX NPOLENYP C YCNEXOM BhI-
NOJIHSAIOT CynpeMalibHble OKOHHblE GHJABTPH (HJIH GoJjee 06O —
KBaHTHJ/IbHBIE), @ TakKKe GUAbTPH Fi,,, OCHOBaHHHEe Ha CHJafH-
annpokCHMalUMsX NO 3KcTpeMyMaM (¢ OTGpaKoBKOA BEIOPOCOB HJIH
6e3 Hee).

4. AHANMTHUYECKHE HPEANOCHLUIKH AJrOPHTMA

PaccMOTpHM HIealM3HpOBaHHbII BapHaHT 3ajaud (5), nosyuae-
Muifi 3ameHost [0, T'] Ha R:

u(t) = i By (t — 0)f (x)dx.

OueBHJHO, 31eCb NPHMEHHM METOJi, OCHOBaHHbIA Ha Npeo6pa3oBa-
HHH, Dypbe:

w(p) == B* (£) P (o)

rae * osHauaer ¢ypbe-o6pas. CorsacHo (4), ¢yHKuMsa f* mpepcras-
JasieT cob0#i TPUIOHOMETPHUYECKHH NOJHHOM:

1 ()= 2 ppe "
k=1

B npuHsATO#l HaMu Mojenu B siBisercs ueTHO#, nostomy B* Be-
mectBeHHa. Ecau B* MelJleHHO MEHSETCs, TO OHA MOXeT OhITh BHI-
JeseHa U3 u* BHOOpDOM mHoOAXojsmed MNpPOLENYpPH NEeMOLYJSAIHH.
JeneHne Ha BhIeNeHHYI0 GYHKLUHIO H NpPHMEHeHHe 0OpaFrHOro mnpeol-
pasoBaHusl Pypbe JaeT CHI'HAN, MO CTPYKType ocoGeHHOcTel (IKCTpe-
MYMOB) KOTOpPOTO, OYEBHIHO, JIETKO ONpejessieTCs YUCAO 1.

TakuM o6pas3oM, [Ba CBSI3AHHBIX MEXAY co00#f nomymeHHs —
CYMMHpPYEMOCTb BpPeMeHHOH oru6aiouieii Ha BceHl BelleCTBEHHOH OCH
H MeJJieHHoe H3MeHeHHe B* — mo3Bo/fIOT HCNOJb30BaTh CpaBHH-
TeNbHO NPOCTON AaJrOPHTM BhljieleHHsT KOMIOHeHT. K coxaJseHHo,
o6a 3TH jomyuieHHs B JIEI:I(l:TBHTEJIbHOCTH He HMeloT MecTa. Bo-mep-

BuIX, B (y) = (1 + y*2) ? He npuHapaexur L, (R, dx). ITpeo6pa-
3oBaHHe Pypre B (yl), bopManbHO NMOACYHTAHHOE, PABHO:

P ~

¢ it _ cos pt 2 P
_Sm ViTes ) Ve 4 7K ($)s



rae K,, (x) — GecceneBnl ¢YHKIUHMH OT MHHMOLO apryMeHTa BTOPOTO
pona, K, (x) ~ ln% npu x — 0. Orciofa BHAHO, YTO BTOpOe Jomy-

IleHHe O <«MeAJeHHOM» H3MeHeHHH orubamwouei ¢ypbe-obpaza oT
B (y1) Tak xe He BHIMOJHSETCS.
HanuweMm BhipakeHne 1as ¢ypbe-o6paza cHrHana:

1
Vitea—wr
fIPENNOJIONKHB, YTO MHTepBah HabmogeHus [0, T'] mocraToyHo BeqHK

¥ «HHpOpMaTHBHAsA» YacTb CHTHaja s (I) CKOHIEHTPHPOBaHA OKOJO
ToukH [ = T/2. TouHee roBopsi, NPeANIONONKHM, YTO BEJNHUYHHBHI & =

T ,
= (T/2 — 1,)/T nocraTouno Manul. OGo3Hauas T, — - Uepes T,

s(f) = 1o, 11 (%) 2 Pk
k=1

UMeeM:

T
—t5r

T n
s* (p) = Ss(t) e—irtdt = 2 pre
0 k=1

e—ipt

V1+¥({E—)

tol*lL,} N’lNl
|

o

i s cos pt . R cos pt dt
=2 pue~ | | 2 J VIV at—2 5 Vit e +
| I
2

21 ¢ -§—+T; ipt
etP e tP .
+ ,S Vitee § vieer | |
T % T
=Y oue ™" {A (p) + An (D)} (12)
k=l

U3 (12) BHgHO, UTO B OTJHUYHE OT «HIeaJbHOH» CXeMbl, (BYHKLUHH

A (p) + A, (p), crosimue B cymme (12) npu e **k, pasamunel Aas
pasHBIX &k, XOTS M cojep:kaT ofliee cjaraeMoe:
° cos pt

o cos pt .
A(p)_2§v—l+v2t2 dt—2 | B dt =

T/2

[
_ cos pt

=7 (F) 2 |y

TEOPETH'IECKOE HccleJOBaHHE BJIHSTHHE «IOBECKOB»
T ’
-+

T/2 —zpt

An (p) = S VFW S Viees &




Ha OTKJIOHEHHE OT «HIeaNbHOM» CXEMHl SIBJSIETCS JOBOJBHO CJOXHOH
3ajauefi ¥ B MOJHOH MEpe HaMH He NPOBOAMJOCH. 31eCh eHle pas
YMEeCTHO HANOMHHTb, YTO pe3yJbTaThl Haiue#l paGoTH HOCAT 3MIHPH-
yeCKH# XapaKTep, H, KaK HaM KaxeTcs, B Ipoliecce 3KCIepHMeHTa
HaM yJaJoch CKOHCTPYHpPOBaTh nmpeoOpa3oBaHHe, NO3BoJIslollee B J0-
CTATOYHOH Mepe HEKJIOUHTbL BJHsSHHE «iopeckoB» Ay (p). KoHeuHo,
cpasy GpocaeTess B IJasa, 4ToO

T ’

1 7 T%
A<t I

b 2

- %

T. €. 3a eyeT YBeJHYEHHs HHTepBana HaGaofeHHs A, (p) MOXHO
cfieslaTh CKOJIb YrOAHO MaJhIMH paBHoMmepHo no k2. Ho pmeno B ToM,
uTO, CJEefysl «HIeaNbHOH» cXxeMe, HaM Hajo pasjesHTb $ypbe-06pas
HCXOZHOFO CHrHaJjla Ha ere orHGaioIyo, ABJISIOIYIOCA B ¢«HAealbHO»
cxeMe pypre-06pasoM «3TaJOHHOro cHrHana» B (yt) = (1 4+ y22)~'/2.
OkxasniBaeTcs, YTO Moc/e BHIIOJHEHHS YKa3aHHOTO fJeJleHHs, BIHAHHE
«foBeckoB» A, (p), no KpaiiHeii Mepe NpH yAaJeHHH OT TOYKH p = 0,
ABJse€TCA JOBOJBHO 3HAYHTENbHRIM. DoJjiee noapoGHO O BJHSHHH
A, (p) M Hale NOMbITKE €r0 HCKIIOUHTH GyJIeT CKa3aHO NPM ONHCAHHA
3MIHPHYECKOT'® aJropHTMA.

5. OnHcaHHe ajaropHT™Ma
IlepeiifeM K ONHcaHHIO CaMOro ajaroputMa. IlycTh, Kak M BhILIE

(em. (12)), s* (p) — dypbe-o6pa3 Hawero cHrHajga — orubawoouen,
nonyueHHofi nocne ¢uapTpauuuY(puc. 1).

T

PP S S A S b . PR R A T R b bbb
Pttt Pttt Pttt bttt

Pruc. 1. Oru6awmas MCXOAHOTO CHTHaMa OT 10-KOMNOHEHTHOro HCTOYHHKA.
105



I ar 1 — BhigeneHue «oruGarnomeit» | s* (p) |. «Orubaowasy o (p)
CTPOHTCS NyTeM NpHMeHeHus K |s* (p) | ¢uAbTpauHH, OCHOBAHHOM
Ha HHTEPNOJIALMH 0O JIOKAaJbHHIM 3KCTPeMyMaM (B JaHHOM cJyyae
MakcuMyMam). OGo3HauMB, KaK B pasj. 3, yKazaHHOe npeoGpa3oBaHHe
uepes Fonax, HMeeM:

o(p) = Fuu|* (0) |, 1(p) =S8,

IOl ar 2 — nocrpoenne npeoGpa3oBaHusi, «OThHILTPOBHIBAIO-
mero» OTKJOHEHHSI OT «HJeaJbHOMH» CXEeMbl, B YACTHOCTH BJIHSIHHE
«goBeckoB» A, (p). Ilpu cpaBHeHnu rpacdukoB ¢oyHkuuit Re (I (p)) u

- ,

Re 2 ppe” ‘™" 141 KOHKPETHHIX CHTHAJIOB cpa3y 6pocaiotcs B Iilasa
k=1

CyIeCTBEHHbIE OTJIHYHA, KOTOpBLIE CJAEAYET OTHECTH 3a CUET BJIHAHHA
n

«fioBecKoB» Ay, (p): dyuKums f (p) = Re X ppe”“»” sBaseTcst BHICOKO-
P

YacTOTHOH MOAYJ/sILHEN, LEHTPHPOBAHHOH OTHOCHTENLHO BelIECTBEH-
HOH OCH, B TOM cMuicie, 4TO Fmax (f (p)) = Fmax (—f (p)), T.e.
BEpXHAS H HHXHss orubaiounue y f (p) CUMMETPHUHH OTHOCHTENBHO
BeuiecTBeHHO# ocH. ¥ Re (I (p)) BbicOKOUacTOTHAasi MOAYJSILHS HMeeT
MECTO JIHLIb Ha HEKOTOpoM npoMexxytke [—M, M 1, npuuem Re (I (p))
He SBJSETCS LEHTPHPOBAHHOM.

Ilocne cpaBHEHHsI JOCTATOYHO GOJILILOTO KOJIMYECTBA BhIILIEYNOMS-
HYTHIX TpapHKOB aBTOPH NPHULIM K CJefyloumed 3MIHPHYECKO#H
rHnoTe3e OTHOCHTEJIbHO XapaKTepa OTKJOHEHHs Haiue# cXeMbl OT
«HjeansHOMy. IIpenosaraercs, uto BJAHsIHHE «10BecKOM» A, (p) mMeer
clefyomui BUA:

sc((:)) =1L(p) =(2 Phe_”“") fi—m, mi(@) o () +¥ (),  (13)

=1

rie ¢ (p) — nonoxutenbHass (GYHKIHs, MelJeHHO MeHsSowascsi Ha
unrepBane [ M, M], a { (p) — HH3KOYACTOTHAasE NO CPABHEHHIO C
n

S pue ™ mopynsums. Hexons us (13), Ha cleflyiomeM wmiare ajiro-
k=1

puTMa omnpejenum GyHKUHIO P (p).
Ilonaraem:

Re (p) = 5 (Fax (Re ( (9)) — Fanax (—Re (¢ ().
Im § (p) = 5 (Frax (I (£ (0))) — Fonax (—Im (L (p))).

Teneps dyHkuus I (p) = I (p) — ¢ (p) ABAAETCA UEHTPHPOBAHHOM
(meHTpHpOBaHH ee Re u Jm). BrijeneHne COMHOXHUTENS @ (p) MOKHO
NPOBECTH, HCNOJb3Ys, HalpuMep, HHTerpaJjoHuie (QHJILTPHI, TaK Kak
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. U 1'1; )
Dl o™ /\ AA‘ : }’sH /\ PN WA

Pre. 2. PesynnTaT BHINOJHEHHS TPETLErO LIara ajJropuTMa.

" .
kZ pre” "k’ — BRICOKOYACTOTHasA MOAYJSANMA, a @ (p) MELIEHHO Me-

1
Hserca Ha [—M, M]. TTockoJbKYy MOXHO CUHTaTh, 4TO

h
1 ipt, —ipt
—2'h— Se ke ldp=6hl,
—h

rpe 8, — cumBoa KpoHnekepa, a A — okKHO (HABTpaUMM, KOTOpOE
MOXHO BMGpaTh He CJHLKOM O6OJIbIIHM H3-32 BBICOKOYACTOTHOCTH

n
> ppe”F°, umeem:

k=1 N
pot+h

1
Fu @)=~ § 11()1Pdp =
pPo—h
) Poth / n z ) ]
~glo@) | (2 pke_““")( pke”k”) dp = (po)[* Y, oi-
k=1 k=1 k=1

po—h
Takum o6pasom, pasgenus I (p) Ha F 4(I) (p), coraacho (13),

NoJNyYHM:
n

I —
u(p) = 'qu(rL))(p) = 02 o **9r—m, a3 (p),

—1,2
rae ¢ =( > p%,) .
1

k=



HI a rJ{3 — o6paTHoe npeo6pasoBaHue Pypre.YBriuncasem aHa-
Jgor ¢yHkuuu f u3 (b) (puc. 2):

u’(p)= (C 2 Pke'"”"p) I—m. m (p)’ = 0(2 prd(t — Tk))* % sin Mt =

k=1 k=1

_ . sin M (¢ — tp)
—ng P (14)

IMMar 4 —oneHka 4YHCIa KOMNOHEHT. Pe3yJbTaToM paboThl
aJqrOpHTMa CYHTAeTCsl KOJIHYECTBO BhIXOJOB ¢yHKuMH (14) 3a HekoTo-
pHIi SMIIHPHYECKH BHIOPAHHEIAI YPOBEHb, UTO COOTBETCTBYET BhIfeJe-
HHMIO TJIaBHOTO MaKCHMyMa KaXJOoro M3 cjaaraeMuix B (14).

OnHcaHHBI aATOPHTM pe€aJH30BaH aBTOPaMH B BHJE JHAJIOTOBOIi
cucreMbl Ha sianike Turbo—Pascal IBM PC XT. Ias BeiGopa nopxo-
JAMHX NapaMeTpoB (PHABTPOB H BeJHUYHHBI NOPOra CYLIECTBEHHO HC-
N0JIb30BAJIHCh CPEJCTBA MALUMHHOH rpadukH.

Jiutepatypa

o« Tuxonos A. H., Apcenun B. 1. Metoapt pewiennst HexoppeTHbix 3afay, M.,1979,



B. M. HECTEPOB

Ob OIHOM OBOBIL{EHHWUW HWHTEPBAJIbHOI'O AHAJIM3A
M ETro0 NPUMEHEHHMH IJIA OLEHKH
MHO)XECTBA 3HAYEHHUHA &®YHKLUHU

K 3anaue oTbicKaHMsl XOpoiuel BepXHell W HHXKHell OLEHKM 3Haue-
HHI GYHKIMH IIpH 3aJaHHOHM 06J1aCTH H3MEHEHHs apTyMeHTOB BO3MO-
3KeH HeJqsl# paj noaxonoB. OfHH H3 HUX NPEJOCTaBJIseT HHTEP BA/IbHAIH
aHasu3 [1—12]. BosHHKHYB U3 cyry60 NpakTHYECKHX NOTpeGHOCTEH,
CBfI3aHHBIX C OpPraHH3alMell MalUHHHKLIX BHIYHCJEHHH C rapaHTHPOBAH-
HOH TOYHOCTBIO, HHTEPBAJIbHBIN aHAJH3 SBJSIETCS Pa3BHTOH TeopHeH,
NpHMEHsIEMOH He TOJIbKO AJISi MOCTPOEHHS! BHIYHCJ/IHTENbHBIX aJTOPHT-
MOB, HO H JJI NMOJIYYEHHs YHCTO TEOPETHUYECKHX PE3YJ/IbTATOB.

CyliecTBeHHBIM NPEHMYIIECTBOM NP HMEHEHHS] HHTEPBAJbHOrO aHa-
JH3a K 3ajave OLeHHBAHHs (QYHKUHH SBJSAETCS NPOCTOTA peasH3auuy
NOJIYYEHHBIX aJropuTMoB Ha 3BM. l3BecTeH ueJblii psll makeToB
nporpaMM AJisl HHTePBAJbHBIX BbluHCAeHHH. Cpelin HHX MOXHO OTMe-
tuth Interval [13], naker AJITOJI-nporpamM aas dBM Burroughs
B5500 [141], cucremy Triplex [15], a Takxe oTeuecTBeHHYIO paspa-
6otky aas 3BM BOCM-6 [16]. JocrtaToyHo moJiHbi 0630p BONPOCOB
peajiM3any¥ HHTepBaJbHBEIX BhIYHCJACHHH MOXXHO HANTH B CTaTbe
A.T. SIxoBneBa, nomemeHnHoi B Moorpaduu [2] B KauecTBe n06aBe-
HHS. °

OnHoit 13 nepBuIX pa6oT, B KOTOPOH paccMaTpuBaeTcsi yKasaHHas
3ajlaya, siBasercs MoHorpadus [11, nocayxuBias ocHOBO# AJst 60JIb-
IUHHCTBA JaJbHENIIHX HecaeJoBaHu# B JaHHOH obaactu. Ha pycckom
SI3bIKE CHCTEMaTHYeCKOe H3JIOKeHHe OCHOB HHTEpBaJbHOrO aHaJju3a
cofepxuTcsl B KHure [12], a Takxke B MoHorpaguu [2], nepeBos koTo-
poit BbIlIE] B CBET B NMEPHOJ NOATOTOBKH HACTOSIIEN CTATHH.

AnropuTtMbl oleHKH GYHKIHH, OCHOBaHHbIE HAa YKa3aHHKIX pa6oTax,
Kak OyJeT moKa3aHo, Haps Ay ¢ JOCTOHHCTBAMH, 06J1a4al0T HEKOTOPBIMH
cepbe3HbIMH HEJOCTATKaMH, YTO OrpaHHYHBAEeT 06JacTb HX NpHMeHe-
Husa. Huxe Oyaer mpeijiokeHo o600uieHHe HHTepBaJbHOrO aHaJu3a,
N03BOJIAIOM(Ee NOJYYHTh aJIOPHTM C CYIIECTBEHHO OoJiee IIHPOKOH
06/1aCTbI0 HCNOJIb30BAHHA.

IlomMuMo 3ajauu, KOTOpO# mocBsimieHa HacToswasa pagora, npeaJo-
JKeHHoe 0606IIeHHe MOXKET GbITh HCNOJB30BAHO B pslie IPYrHX pasje-

© B. M. Hecrepon, 1990
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JIOB HHTEPBAJILHOTO aHaaH3a. B yacTHOCTH, MOXKHO OTMETHTb, YTO NpH-
MeHeHHe ero NpH NOCTPOEHHH TeopHH npousBofAHoil [17, 12] u uHTe-
rpana [18, 12] uHTepBa/bHOI GyHKUHMHM O6EIaeT GbiTh NEPCNEKTHB-
HBIM.

1. OnpeneneHna H 0630p H3BECTHBLIX Pe3yAbTATOB

PaccmorpuM 3ajauy oneHuBaHHMs GYHKUHMH B NOCTaHOBKE, NPHHS-
TOH NpH MCNOJNb30BaHHH METOJOB HHTEPBaJsHOIO aHaiu3a. Ilycts
BelleCTBEHHAs GYHKUHA n nepeMeHHbIX [ (x), x € R™ 3ajaHa B CHM-
BOJILHOM BHJE, T. €. IpeACTaB/ieHa BhipaXkeHHeM T', KOTOpOE NOCTPOEHO
U3 QpyHKuHil f;, B3ATHIX U3 pUKcHpoBaHHOro MHoxectBa @ = {f;, ...,
fr}, nepeMeHHBIX Xy, ..., Xpn, (%1, ..., Xp) = X H BelECTBEHHbIX KOH-
crant. O6osnauum aro f = Sp (T, fy, ..., fr). Ilyctb, Kpome TOTO,
3ajaHo ycjaoBHe P (x), onpezaeasiomee oGjaacts B R". Heo6xoaumo
OTHICKaTb TaKHe 3HaueHusi B, u B,, uro P (x) = B; < f(x) < B,,
npHYeM JKeJaTebHO, YTOOBI BeJHUHHA

By~ sup f(x)+ inf f(x) — B,
xEM

xEM

rie M = {x| P (x)}, 6bl1a BO3MOXKHO MeHbILeH.
CraHzapTHblil HHTepBaJbHEI aHAJH3 N03BOJIET PeninTh 3ajauy B
cayvae, koria P (x) umeer BHI:

a<n<bh&. ... an<xn<bns, @, bER, a; by

3anauy B yKa3aHHOH NMOCTaHOBKE ¢ TaKUM P (x) 6yjaeM o603HaYath
Z,. B kauecrBe @ yvame Bcero [5, 7, 9, 14, 15] paccmatpuBaetcs
MHOXeECTBO {+, —, -, /}. DTO BBI3BAHO NPAKTHUECKOH BaXKHOCTHIO
_ aJArOpUTMOB OLEHHBAHHSA pPallHOHabHBIX GyHKUHE. MHora (6, 11, 13]
® ponoJHsierest GYHKUHAMH X%, eXxp, In, sim, cos, arcsin, arccos’s T. A.
®yukuuu 13 O 6yrem HaseiBaTh 6a30BbIMH. OGO3HAUUM:

Q1 = {([al’ bl]y ey [a1|1 bn]) Ilal’ biE R) ai<bi} UI{A}.

Q" npeacraBiser co60il MHOXKECTBO 3aMKHYTHIX 7-MEPHBIX napaJuieJie-
TNHNeJ0B, CPEIH KOTOPHIX €CTh U BolpoXKIeHHbe. CHMBOJIOM A 0603Ha-
yeH NycTOH napaJjilenenunef. Jlanee B KauecTBé CHHOHHMA CJOBZ
«rapaJuieJienunelly 6yieM HCIOJb30BaTh «HHTEPBAJy.

C ueJbio pemieHus 3agauu Z, 1as GyHKUUH f (x), x € R® ¥ HHTep-
Bana I € Q" crpouTcs HHTepBafbHoe pacumpeHue F (I), ynosaerso-
psioliee CBOHCTBY:

x €1 =f(x)€ F). (1)
Ias 6a30Boit QyHKUKH f (X), x € RS MOJOXKHM:
F(y={y|axgxel & fx) =y} }

rae I € Qs. Tlpu 3TOM OrpaHHYHMM 3HaYEHHs] apryMeHTa TakuM o6pa-
30oM, uto6bl F (/) € Q. Hanpumep, npu onpeaesieHHH HHTEp BaJbHOTO
nenenus I,/I, nonaraeM, uro 0 ¢ /.
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Ina pacuiMpeHU#t yKasaHHbIX Bbiile 0a30BbIX (YHKIHN JIEerKo
YKasaTb fIBHOE BhIpa)KeHué 4epe3 rpaHuLbl MHTEPBAJNOB, HallpuMep:

lay, b1]1 + lag, b,] = la, + a5, by + b2,
lay, by] lay, b] = [min (a,8s, @by, @by, biby), (2)
max (a:4,, a;b,, ayb,, b1b,)l,
exp(la, b]) = [e2, €].

3ameuanue 1. 3pech U Jajee OTHUMH U TEMU XKE CUMBOJAMH
0603HayeHbl pa3Hble (YHKIHH, HAanpuMep AEHCTBUTENBHOE U HMHTEp-
BanbHOE cJ0XMeHUs. KOHKpeTHBI! CMBICJ KaXKIbli pa3 omnpenensiercs
U3 KOHTEKCTa.

3amevyanue 2. EcrecTBeHHO CYHTaTh, YTO AAA Jwo6oil F
F (A) = A, mnostoMy npu omnpeieJeHHH HHTEpPBaJbHBIX -QYHKUMIH
cayuaiét [ = A cneuuanbHO He OroBapUBaeTcCs.

Insa ue6aszosoit ¢pyukuuu f = Sp (T, fy, ..., f) ee pacumpennem
ABJIAETCS UHTepBaJbHas (yHKuUMSA, 3ajaBaemasi BbipakeHuem T,
KOTopoe noayyaercss u3 T 3ameHoit Bcex f; Ha F;, T.e. F = Sp (T,
Fi, ..., Fy). dna KOppeKTHOCTH omnpejesieHusi HeOGXOAMMO, YTOGH! B
X0J€e BBHIYHCJIEHUS MHTEpPBaJbHOH ¢yHKUUHM F IS JIOGbIX BO3MOXHBIX
3HaYeHUH apTyMEHTOB He BO3HHMKAJIO HEJONMYCTUMBIX WUHTEPBAJbHBLIX
omepaiii, HanpuMep IeJeHUs Ha WHTEpBaJ, comepxkawwuii 0.

Onpenenenue 1. Bygem cuurars, 4TO f MMeeT HHTEpBab-
Hoe pacmmupeHue F Ha uHTepBaje [ € Q" (B 6asuce {f,, ..., fa}),
u 3anuceiBath [ € A, [I], ecmu: a) f =Sp (T, fy, ..., fr); 6) nan
J06oi GyHKIHUH g, ABAsIOUEHCS YaCThIO [ B TOM CMEICTE, YTO BhIpaXxe-
Hye, onpejiensioulee g, BXOIUT B 3anuch [ (3armumeM 310 g < f), u aas
amoboro I’ < I, I’ < Q" umeer mecro G (I') < Q, rze G — pacumpe-
Hue 1nasa g. (YciaoBue 3aMKHYTOCTH). -

3amevyanue 3. Eciu napannenenunes BbIpOXKIEH B OIHY
TOYKY X = (Xy, ..., Xn), T. €. 1 = (lxy, %11, ..., [xn, %, 1), TO OUeBUAHO
sninonHsiercs F (I) = [f (x), f (x)], uto u maer mpaBo ¢yHKRumio F
HasblBaTh HMHTEpPBaJbHLIM pacumpeHueM f. Jlio6oe neficTBUTELHOE
YUCJIO X OTOXKJAECTBJASETCH C WHTepBasoM [x, x], 4ro mo3Boaser, B
4acTHOCTH, B KauyecTBe apryMeHTOB HHTepBaJbHHIX (GYHKUHMH pac-
CMaTpUBaTh JEeACTBUTEJbHbIE YHCHA.

ITocTpoeHHOe BhiLIe pacuiMpeHue B OTJIHYHE OT APYrUX OyaeM Hashl-
BaTb ecTeCTBeHHBIM. [10 MOCTpOeHHUIO OYEBUIHO, YTO JJISl €CTECTBEHHOTO
pacuMpeHus BHINOJHAETCS CBOHCTBO (1), 4TO M naeT npocrefimui anro-
PUTM pelleHHs 3anauu Z,.

3aMeTHM, UYTO OIEHKA CYLIECTBEHHO 3aBHCHT OT (JOPMBI 3aMHCH
¢yukuuu. Hanpumep, nycrs f (x) = x (10 — x), g (x) = 10x — x?,
I = [3,5]. Torxaa

F ([3,5]) = 3,51 (10 — [3,5]) = [3, 5] [5,7] = [15, 35],

G ([3,5]) =10 [3,5] — [3,5]* = [30,50] — [9, 25] = [5, 411.
3ameTuM, 9YTO

inf f(x) =21, sup f(x) =25.
x€1 x€1
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Onpepenenue 2. [luamerpom napajjenenunesa / Hasbl-
Baercs BeauuuHa ¢ (I), Takas, uro: a) q([) = b—a, eciu I €
€Q, I =1la, bl; 6) q()= _ max q(l,) ecau 1 €Q n>1,

= 11XX 'In. .....
Onpepnenenue 3. byzem cuurats, yro F ynosJjerBopser

yenaosuto Jlunmuua-1 wa [ € Q" (o6o3Hauum st0. F € Lp, [1]),
ecau

Lyl I'c1&I'€Q = q(F (') < La(I').
O6o3nauum uepes H (f, I) unrepsan

[inf f(x), supf(x):].
x€1 x€1

H3 (1) cnepyer, 4TO MHTEPBAIbHOE PABEHCTBO MOXKHO 3aMHCaTh TakK:
F(y=H( 1)+ E(F, 1), @)
rae E (F, I) € Q.
3TO paBeHCTBO CJAYXHT onpejeneHueM unreppana E (F, I). IToso-
xuM o (F, I) = q (E (F, I)). Beauunna o (F, I) xapakrepusyer
TOYHOCTb OlEeHKH GYHKuuHu [ Ha uHTepBaje /. B siBHOM Buze

o(F, )= B(F(l))—SIéPf(x)—l-mff(X) A (F (1)),

rge F (I) = [A (F (1), B (F (I))1.
Teopema 1. Ecmu f€A, Il mw Felp, 1], 1€Q" 1O

IK ¥ I'cI& I €= o(F, I'N'<Ke(l'), (4)

T. e, omHOKa OneHKH PyHKIUU JUHEHHO 3aBUCUT OT MaMeTpa napaJJe-
Jienunesa, Ha KOTOPOM ITIPOU3BOJUTCH OIEHKa.

3ameuanue 4. Teopemn 1—3 npuBogsatcs 6e3 [oka3aresbCTB
BBUAY TOTO, YTO YTBepMKAEHHSH, CHOPMYTHPOBaHHBIE B HUX, XOPOLIO
H3BECTHBI B MHTEPBAaJbHOM aHaju3e. biu3kue no ¢opMynHpoBKaM
TeopeMbl JOKashlBaworcs B paGortax [1, 2, 6, 121

CyecTByeT ABa IyTH NOBHIIIIEHUS TOYHOCTH OLEHUBAHUSA (PYyHKIMH.
[lepBHiii NpefiycMaTpHBaeT MNOJyuYeHHe paculipeHHii, OTJIUYHBIX OT
ecTecTBeHHOTO, HO 006JafalollX OIEHKAMH OIMOKH, JYYLIMMH, 4eM
(4). Bropoii nyts npeanoxen B [1] u ocHoBaH Ha pa3GueHuu napasn-
Jlesenunesa Ha 4acTH M MOJY4YEeHUH OIEHOK I8 KaKIOU U3 3TUX vac-
teii. Ecnu ommn6ka XoTsa Obl JMHEHHO 3aBHEHT OT AuaMeTpa, AeJas
pasMepnl KaxJOH YacTH HCXOKHOTO mNapaJjeJienunena Bce MeHblle,
TO B MPHHIUIE MOXHO MOJYYHTb CKOJIb YLOJHO TOYHYIO OLEHKY pac-
cMaTpHBaeMoil (QYHKIHH.

OnpeneneHue 4. MeTomsl ONEHKH (QYHKUMH, OCHOBaHHBHIE
Ha pacumMpeHuu F,, KOTOpoe 006/azaeT CBOHCTBOM

Ly’ I'c I & I"€ Q= o (Fo I') < Lgs(I"),

GyneM Ha3biBaTh METOJAMHU TOPAIKA S, a Fy — pacumpeHHeM NOPSIKa
s Ha [.
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HurepBanbHOe pacumpeHue, naiouiee KBaApaTHUYHYIO OIEHKY TOY-
HOCTH M HasbiBaeMoe (opMoii ¢ cepeUHHLIM 3HaueHueM (M V-¢opmoii),
LIKPOKO paccmaTtpuBaercs B auteparype [1, 6, 8, 11, 12]. Ero ucnos-
30BaHHE OCHOBAaHO Ha CJeEIYIOMHX TeopeMaXx.

Teopema 2. Ilyctb pyHkuus f (x;, ..., x,) UMeeT HempephiB-
HBlE YaeTHHIE MPOU3BOIHBIE Gf)éx, = D;f ua untepBane I € Q", T. e.
f€C* (). Tlycts, kpoMe Toro, D;f € A, [I] u D;F 0603 HauaeT
ectecTBeHHoe pacmupenue D;f. [Tongxum

Fuy (I) = [ (m) + El D,F () (I; — my), (5)
rie m = (my, ..., My) — UEHTpaJbHasi TOYKa HHTepBana [, a [ =

= I;X ...X I,. Torga BeInoJHseTCA
x€1=>f(x) € Fuy(]).

[TpaBas 4acte (5) M Ha3biBaeTcss ¢opMOil C CepeIMHHBIM 3Haue-
HHEM,

Teopema 3. BycnoBusix npeaniayleii TEOpeMbI H CJIH, KpOME
toro, i D,F € Lp, [I], 10

Ly I'cI& I €Q = o (Fuy, I')< Lg2(I).

B pa6ore [10] mpemnaraiorcs uHTepBajbHBIE pacwMpeHus Gosee
BBICOKOTO nopsifika (3—6). Mx mocTpoeHne oCHOBaHO Ha aNmpOKCHMa-
1M GYHKIMM mnoJuHOMaMH. [IpakTuuecKoe HCIONb30BaHHE 3THX
pacuMpeHU BO3MOXKHO JIMUIb B CJy4ae OLeHHBaHUA QYHKHHUH OXHOrO
apryMeHTa.

PaccMoTpuM pa3Guenne unTepBasa Ha uactu [1, 5, 11, 12].
Bynem cuurath, uto f HenpephiBHa Ha [. [Tycts F — HeKoTOpoe pac-
mmpenue f. O603HaYMM

Falh= U F(ly.,),

PURRRL) ln

rae Iy, ..., i, — napanjesenuneinl PaBHOTO pasMmepa, NOJyYEHHbIE
pa36HeHHeM HCXOIHOTO Ha k" yacreii. 3aMeTHM, 4TO B CHJy HelpephiB-
Hoctu f Fp (I) € Q. Torga pns pacmupeHus F nepBoro mopsiika
HMeeM:
o(F, DK max o(F, I;,...)<
k

Boveer dp=la ey

<Lq(1y,....1,) = Lg(D/k,

OTKYJa OYEBHIHO, YTO AJs MOJYUYEHHs TOUYHOCTH € HEOGXOAUMO MpPOU3-
BecTu 0o6BeM BbluucaeHuit p = O (l/e"). Oas Metona mopsika s Ta
xe oneHka umeer BuA p = O (1/e™5), uro nokasbiBaeT BeCbMa BbICO-
KYIO TPYAOEMKOCTb aJrOpUTMa, OCOGEHHO AJs (GYHKIHMH 6OJbLIOro
4ucsaa apryMeHToB. TeM He MeHee pa3/MuHble JOMOJHUTEJbHBIE CO0G-
paxenus [5, 11] no3BoAsiOT MOCTPOUTL BeCchbMa COBEpUIEHHEIH aJro-
puT™, npuBefeHHbI B pa6ore [11]. Ero cj0XHOCTb, 10 HALIMM OIEH-
KaM, cocraBasier O (In"/s (1/g)).
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2. HemoctaTKH CyuiecTBYIOIHX METONOB

Y anaroputMOB OLEHKHM (YHKUHN, OCHOBAaHHBIX Ha CTaHIAPTHOM
HHTEep BaJbHOM aHaJ/M3e, MOXKHO BhIAENHTH JBa HeJgocTaTka. [lepBbiff —
[IPUHIUIIHA/IbHASL OrpaHUYeHHOCTh HHTEpBaJia, HaA KOTOPOM NpPOH3BO-
gutcs oneHka. Ha npakTuKe BecbMa 4YacTo BCTpedyaeTcsl CHTYALHUA,
KOrja HeKOTOpbIi apryMeHT M3MeHsieTCS B MpOMeXyTKe [a, oo) uau
{— oo, al. Bropoii, HauGoJee cyliecTBEHHHIH, HEIOCTATOK COCTOHMT
B OrpaHUYEHHOCTH MNPHUMEHEHHS MOJYUYEHHBIX aJroputMmoB. Jlejo B
TOM, YTO CYILECTBOBaHHE BCEX MHTEPBAJBHEIX PaciMpeHHil, paccMoT-
PEHHBIX BRILIE, 3aBUCUT OT yCJOBHS, KOTOPOE HE MOXeT GhiTh IpOBe-
peHo 10 Hayajo pa6oThl anroputMa. Hampumep, mpu HCHoJb30BaHUH
€CTECTBEHHOTO pacuMpeHus IJs oueHKH QYyHKUUM HA | HeoGXOZHUMO,
uto6hl f € A, [/], oaHako BemoJHEHHE ycJOBHs 6) omnpegeseHHs 1
yCTaHaBJUBaeTCA JULIb B pouecce paboThl aaropurma. 31o TeM 6oJiee
mioxo, uro npu f ¢ A; [/] Moxer umerr Mecro:

. vi feA (1],
rae I = U I,.
i=1

[Tpumep 1. Iycrs f(x) =1/ (x*—2x +1,8), I = [0, 1].
[Tonoxus g (x) = x* — 2x 4 1.8, 3aMeTuMm, 4TO AJs BHINOJHEHHS
yCJOBHS 3aMKHYTOCTH Heo6xoaumo, uto6el 0 ¢ G (/). Ho tak kak
G ([0, 1) =1[0, 1?—2-[0, 1]1.4+1.8=[—0.2, 28], 10 f €
¢ A, [[0, 1]]. Tem He menee, nonoxus I, = [0, 0.5] u I, = [0.5,
1] umeem:

G ([0, 0.5]) = [0.8, 2.05] u G ([0.5, 1]) = [0.05, 1.8],
OTKYyJa, Y4YUTbIBasi OYEBHAHOE CBOMCTBO €CTECTBEHHOI'O pacCUIMpEHHUS
I' @ I= F ') < F (I), noayuaem:

feA, [0, 05]1ufeA, [l05, 1] -

Ecau npu ucnosnb3oBaHUM aaropUTMOB C APOGJEHHEM HCXOIHOTO
fiapajiesiennunesa (a UMEHHO OHM SBJASIIOTCS €JUHCTBEHHO NOMYyCTH-
MBIMH C TOYKH 3PEHHs] TOYHOCTH OLEHKH) BCTpeTutcs curyauus f ¢
¢ A, [I], To Heab3s 3apaHee CKa3aTh, CYLIECTBYeT JH pasGHeHHe
I'=1U I, Takoe, uto y; f€ A, [I;]. B 3rom ciyuae npuxonurcs

L

fILITaThCA OLEHUBATh (PYHKIMK Ha Bce GoJiee MeNKUX pasbueHusix 6es
rapaHTHM KOHEYHOro ycnexa. AHaJlOrHuyHas CHTyauusi Habmomaetcs
M pPH pacuMpeHUsX, OTMYHBIX OT €CTeCTBEHHOTO.

B npuHnune MoxHo Obiio 6ol BeIOpaTh @ TakuM o6pa3oM, YTOGH
yCJOBHE 3aMKHYTOCTH BEIMOJHAJOCH aBToMatuuecku. [lpu stom @
MoxeT ObiThb Takum: @ = {4, —, -, exp, sin, cos, x* (a > 0)}.
OfHaKO HEBO3MOXHOCTb BKJIIOUEHHS TakuX ¢yHKuui, Kak Im, tg,
a rnaBHoe / (meneHue), nesaeT TAKOH BApMAHT HENPHUEMJIEMBLIM.

Hanee 6yznet npepoxeHa MoAu¢HKaLHsa HHTEP BaJbHOIO aHalH3a,
TO3BOJAKIAs N30aBUTbCS OT OFPaHHUYEHHOCTH WHTEPBAJOB, Ha KOTO-
PBIX MIPOM3BOIUTCA OllEHKA. JTa MOZH(HUKALNSA TAKKE MO3BOJUT BKJIO-
uuTh B MHOXecTBO D mpakTuyecKH Bce (YHKLHMH, BCTpeyalollHecs
B KayecTBe Ga30BbIX B Pa3/JHYHbIX NPHUJIOKEHHAX. YC/NOBHE 3aMKHY-
TOCTH TPH 3TOM OyJAeT BLINOJHATHCA ABTOMATHYECKH.
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3. 06Go0uieHe HHTEPBAALHOrO aHaNH3a

OcHoBHasi uzess 0GOGLEHHOrO HHTepBajpHOro aHanusza (OHA)
COCTOMT B cheayumem. Byaem paccMaTpuBaTh paculMpeHHs HAEACTBH-
TeNbHbIX (YHKUMI He Ha MHOXKECTBO MapaJjJieNienuneloB, a Ha MHO-
KECTBO

0" = {(lay, b1y ..., [@ns bal)|as, b €R} U {A},
e R=R U {oo}. '

Ecau b > a, 10 la, b] — o6biuHbiél uHTEpBaJ, ecau b < a, 10
[a,blectb] — oo, b] U la, 4 ool. B Buge la, co], [00,a] u [c0,00]
3aNMCHIBAIOTCS COOTBETCTBEHHO GECKOHEUHbie WHTepBaanl [a, -+ ool,
] —oo, al U ] — o0, 4 col. Snementnl Q" GygeM B HajbHeiieM
Ha3biBaTh OOOOIIEHHEIMH NapanjenenunejamMud (06GO6LIEHHBIMH HHTEp-
BaJlaMH). 3ameTuM, uro Q7 — Q7. Takum o6pas3oMm, nmoj 0GoGLIEHHBIM
napaJiieflenuIenoM NOHMMaeM AeKapTOBO MpOH3BeleHHe 060O6IIEeHHBIX
OJHOMEPHEIX HHTEpBaJIOB.

[Tyctb ana x = (X, ..., X,) 3aJaHO YCJOBHE:

P(X)=X)_E[a1, bl] & LI &an[an! bn]v

roe la;, b;] € QL
Ecnn ¢yHKuus f 3agmaHa B cumBoJbHOM Buae (B Gasuce @ =

= {fy, ..., fr}), TO 3amaua oreickanus B, B, E§ TaKHX, 4TO
P(x)=>f(x) E [Blv BZ]’

rie [By, B;] € Q!, HasoBeM 3anauei Z,.

[Togo6HO cayvalo CTaHIApTHOrO HMHTepBasbHOro aHanausa (CHA)
npu peuwleHHd Z, nas ¢yHKnuu f u ofobueHHoro uHTepBasaa I GyleM
CTPOUTb pacuiMpeHue F Ha MHOKecTBe 000OLIEHHBIX MapaJJesenumne-
JOB TaK, YTOORI BRIMOJIHAJOCH YCJOBHE:

x€l=>fX)EFU), I1€Qn (6)

PacuupeHue cTpoutcs aHajsoruuHo cayvaio CHA, T. e. aaa 6aso-
BhIX GYyHKuui:

F(ly=1{y|3x x€l & f(x) =y},

rae [J€ Qs.

Huxke BbIMHOIEM PaBeHCTBa, TMO3BOJIAIOLIME SIBHO BHIYHC/AATH 3HA-
YeHHs pacLIMPEHHE A/ HEKOTOPHIX Hau6oJjee YacTo yroTpe6JaseMbiX
GyHKIMA. ITH paBeHCTBA AOCTATOYHO MPOCTHI, XOTSH H HECKOJbKO GoJiee
rpomosakH, yeM B cayyae CHA (cp. c (2)).

Beenem cienyiompe o6osnavenus: Iy = lay, byl, I, = la,, b1,
Q} = {loo, b1|b€ER}, @] ={la, w1acR}, Qi={la bl|a,
bER & a>b} U {loo, o]}. _

OrmeTuMm, uro Jwo6oii uHTepBan I € QL €CTEeCTBEHHBIM o6pa3om
npeacrasuM B Buge [ = I' U I”, rpe I' €Q}, 1" € QL Oas onpe-
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JeleHHOCTH npeacTaBuM [oo, oo] Kak [c0, 0] U [0, oo ]. IIpu Beiunc-
JIeHUSIX 10 YKa3aHHBIM HHXe (opmysam OyneM ¢popMasbHO 1oJarars,
4ro] 111 C€ER ¢4 00 =00 +¢c=—o00=1/0 = 00, l/oo =0,

M CYHTaThb, YTO yyacTHe ¢ € R B 3aMHCH HepaBeHCTBA IpeinoJiaraet
¢ 7= oo. [lonoxuM Takxe aas ¢ <0 ud >0 umu d = oo min (...,
¢ 00, ...) = max (..., d-oo, ...) = co. Kpome Toro,

— la, b1 = [— b, —a];

[a1+as, bi+bs), ecn (I, LeQUQ UV
11+12:[ V(L €Q YV 1, €QY) & a; 4 a, > by 4 by),
[oo, oo] B OCTaJbHBbIX cJjyYyasix,

I, —1, = I, + (—1y),
B ecin a="b=0,
la, b] ={ [1/b, 1/a] B ocTajbHHIX CJayyYasix,
[min (@ya;, a1be, b1as, b1by), max (@1a,, arby, bias, biby)],
ecmu Iy, 1o€Q'U Q)
—(—5+1y), ecmn I, €Qp

Ii-1, = 0, =

—(I+-(—1y)), ecam I2€Qy

L1 U Ii1y ecn 1 €Qy Li=1 U I,

LI U L1y, ecmu I, €Q4 Io=1U I

/Iy =117,
[e2, €] ecw b> a,
[0, eb] U [e?, o], ecam a>0b,
exp (la, b]) =1 [0, ], eciu a=o00 &beER, (7)

[e?, oo], et a€R & b= oo,
[0, oo], ecit a=>b = oo.

Boo6ue rosopsi, c/ieayeT OrpaHHYMTLCS PaCCMOTPEHUEM JIHIIb TeX
3HaueHuil aprymentoB, npu KoTopeix F (I) €Q!. B uacTHocTH,
exp (la, bl) ¢ Q, ecan a > b. Kak usbexarTb 3TOro orpaHHYeHus,
NI0Ka3aHO HUXKe. 3aMeTHM JHIlb, YTO 3aMKHYTOCTh He UMeeT MecTa AJs
3HauuTeNbHO Goslee y3koro mo cpaBHeHHIo ¢ CHA kaacca ¢yHKumii.

Jas HeGasoBoit ¢yHKuuu pacmmupeHue B cMmbicie OMA cTpourcs
a”HasoruyHo cayvaio CHA, T.e. Kak cynepnosuuusi pacuiupeHHil
6a30BbIX (QYHKIUH.

Onpenenenue 5 Byxpem cuyuraTs, 4t0 aas f cywecrByer
MHTE pBaJIbHOe pacumpeﬂue F Ha untepsane | € Q" B cmbice OMA
(8 6asuce {fy, ..., fi}), u s3amucwiBate f€ A4, [/], ecnu: a) f =
=Sp (T, fu, - fh); Og<f=>(vl'l"'cl &I'eQr=>G(I')¢€
€ QY. (YcaoBue 3aMKHYTOCTH).
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Or™eTuM 1Ba OyeBUAHBIX cBodcTBa. [lycts I € Q7, Toraa
f€AN=[€ Al n F(I)=F().

Kak oTMedasnoch BbllU€, BECbMa JKejaTesibHO, 4TO6hl ycJosue O)
BRIMIOJHAJOCh A/ BceX 0a30BblX (QYHKIMA | L5 BCeX HHTepBaJOB

1€ Qn, HeTpyaHO mnpoBepuUTb, YTO OHO BBEIHOJIHSIETCH AJIS (pyHKIIHﬁ

®, = |+, —, -, /, sin, cos, tg, ctg, In, x* (ectu R\ {0} = dom (x%)),
abs}. Oco6ylo BaXHOCTb MMeeT ToT ¢akT, yro B cayyae @ = {4, —,
-, /} aaroput™, ocHoBaHHbI Ha OHA, npumeHnM K J1060# Xyﬂxuuu
f=Sp (T, 4, —, -, /), uto He umesno Mecra B cayyae CHA.

W3 uucna pyHKIHi, HCTIOJNB3YEMEIX B KayecTBe 6a30BEIX B GOJbILHH-
CTBe MPHJOXKEHHi, ycJaOBHIO 6) ompenejeHuss 5 He yHOBIETBOPAIOT
JHULIb €XP, a Takke QYHKIHA x%, €CJu OHA He OmpejeseHa Ajs OTPH-
nateJbHeIX yucen (Hanpumep, x!1/?). TeM He MeHee cywecTByeT BO3-
MOXHOCTb BKJIOYEHHS HA3BAHHBIX (YHKIHNIA B MHOXKECTBO (a30BBIX
6e3 HapyueHUs: YCJIOBHSA 3aMKHYTOCTH. PaccMOTpUM 3Ty BO3MOKHOCTDb

Ha npuMepe ¢yukuuu exp. IlycTs exp << f 1 eXp BXOAUT B BeIpak€HHE,
onpejensiiomee f, B Buie exp (g (r)). Torma, mst Toro uyro6ul [ €
€ A, [I], ueobxogumo G (I) ¢ D, rne D = {la, bl|a, bER,
a > b}, uro HemocpeACTBeHHO BHUAHO u3 (7). OnHAKO MHOXeCTBO €Xp
(la, b1), roe [a, b] € D MOXHO anmpoKCUMHPOBaTh 0GOGLIeHHBIM
uHTepBanoM [0, oo] nubo oGoGuweHHbIM HHTEpBaJoM [e?, eb]. Ilepe-
ompejesquM HHTepBaJpHOe pacuipeHue B cMeicjae OHMA pas QyHKIMH
exp, 3aMeHHB BapuaHT a > b B (7) nubo Ha [e?, e®], nu6o Ha [0, o ].
HerpyzaHo BHIeTh, 4TO B 3TOM CJydae paculMpeHHe eXp 3aMKHYTO
B cMbicie OMA. AuanoruyHasi npoueaypa npuMeHHMa u ajas x%,
Korga dom (x*) | Re” = (.

PaccMoTpum nmpumep QyHKIMH, KOTOpasi He MOXeT GbiTh oueHEHA
cpeactBamu CHA, ogHaKO Jlerko OLEHHWBaeTcsl MpH HCIOJb30BAHHH
OUA.

ITpumep 2. Ilycts

f(x, y)=———:x—, 1<x<3, y>2
yig—7—+1

F(l1, 3], [2, ool) =11, 31/([2, ool tg ((m/4)[1, 3]+ 1) =
=[1, 312, ool[l, —11+1) =1, 3)/[3, —1] =

OrMeTuM, 4TO HM3BECTHBI M Ipyrue 0GOOLIEHHS] HHTepBaJbHOTO
aHamm3a. B cratee [18] (cM. Takxke [12]) npuBoasTcs pacmmpeHHs
CHA nnsa paGorsl ¢ GeCKOHEYHBIMH MHTepBasaMH. JlomycTuMul HHTED-
Bannl (—oo, al, [a, 400) u (—oo0, 4o00). OnHAKO apudMeTUMECKHE
HHTepBaJbHLIE OTEpalH¥ B TOM BHJE, B KOTOPOM OHHU onpejeseHH B
Ha3BaHHOU pabore, He SIBJASIOTCS 3aMKHYTBIMH.

B apyrom o6o6uwennu [17] (cMm. Takxke [12]) mocrpoena cucTeMa,
3aMKHYTasi OTHOCHTEJbHO apudMeTHyecKHX omepauuiét. OgHakO TOT
¢dakr, yro CHUA gonmosaHsieTcsi JHub G€CKOHEYHEIMH M ToJyGecKOHEY-
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HBIMM MHTEDBaJaMH, IPUBOJUT K CMUIKOM rpyGoil OueHKe MHOXECTBa
3HaueHu#i ¢yHKuMH. B wacTHocTH, cuutaercs, 4to ecau [, U [, —
o6biuHEIe UHTepBaaW u 0 € I,, 10 I/l = (—oo +o0). B pa6orax
[17, 18] He paccMaTpuBatoTCs paclUMpeHUs A8 QYHKUHI, He SBIsIO-
LU XCSA panUOHaNbHEIMH.

Hau6osee 61u3KUM K BBeIeHHOMY B Hacrosiuleil pab6ore siBJjsfeTcs
o6o6uwenue CHA, npuseneHHoe B [19], rue comeputcs onpefeneHue
HHTEpBaJbHOMH apudmeTnku. Ec/in He npuHUMAaTh BO BHUMaHUe HEKOTO-
phle YacTHOCTH, 3Ta apudMeTHKa NOAOGHA TO#, KOTOPOU NOCBSIIEH
pasx. 3. OxgHako B paGore {19] aBTOp orpaHuuMBaeTess paccMoTpe-
HHEM JIMIIb OZHOMEPHOTO CJyvasi, pHYEM TOJBKO AJS palHOHAMbHBIX
GyHKIHUH.

Crnenyet Takxke ynoMsinyts o6o6uwenue CHA, npuseneHHoe B [20].
Muo2kecTBO Q" nomnosHseTCs MHOXKECTBOM UHTepBaJoB [a, b], B KoTo-
peix b < a. Tlpu sToM cMmbiCT, NpHUJaBaeMbli UM, He MMeeT HHYEro
o6LIero cO CMBEICIOM HHTepBaJoOB, BBOAHMHX B HacTosied CTaTbe.
OcHoBHOI Leblo 0606weHuss B [20] sBasercs ynpouleHue ¢GopMmy-

JUPOBOK M [0Ka3aTeJbCTB YTBepKAeHHH, OGRIYHO paccMaTpHBaeMbIX
B CHA.

4. OueHKa TOYHOCTH

paCCMOTpHM TOYHOCTb ouemm MHOXECTBA 3HauYeHUi (pyHKIIHP!

f(x): R"—>R npu x¢cl, Z¢€ Qn. IIpn 3TOM O6yneM cuMTaTh, 4TO
f ynoBneTBopsieT clefyIOIEMY YCJOBHIO:

vI'l 1 &I €@ ={y|qx x€l’ & f(x) =y} Q.

Onpegenenue 6. [uamerpoMm oGoGieHHOro HHTEepBana [
HazoBeM BeauuuHy ¢ (I), Takyio, 4TO:

arctgb—arctg a,ecmn b > a \/ (a € R&b = o0),
arctg b — arctg @ 4 n B ocTanbHBIX cayuasx;

6) g(I) = max §(I;),ecmu I =1y X ... X Ip.

=1y eey 1T

(TTonaraeM, uto arctg (o0) = n/2).

3ameuaHnue b 3xech u gaaee 115 OTOOpAXKEHHUS YHUCIOBOH
npsMoii B OTpe30K BhIOpaHa ¢yHKIHA y = arctg x. Boo6we rosops,
BMECTO apKTaHreHCca MOXKHO GblLJIO Gbl B3ATh J06YI0 GyHKuUMIO g : R —
— [a, b], qumb 6B OHa GblJ1a MOHOTOHHOM M JOCTATOYHO TJIAJKOM.

OnpeneneHue 7. Bygem cuurath, uro F yjnoBJeTBOpseT
yeaosuio Jlummuuna-2 wa I € Q" (F € Lp, [1]), ecnn

a) q ({a, b)) ={

gL yl' I'cl & I'eQr=>q(FUI') < Lg(l).
Beenem ¢yHkuuio @), Takyio 4TO

la, b] @ lc, d] = [tg (¢ + arctg a), tg (d -+ arctg b) ], )
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rze la, 5] €QY, [c,d] € QL (Cuntaem, uro tg (n/2) = tg (—n/2) =
= o0,) Yepes H (f, I), I € Q* o06o3nauum 0GOOLIEHHEIHI HHTEPBAJ
{y|3x x€1 & f(x) = y}. YuureiBas (6), MOXKHO 3amucarTh:

F(h=H( @ EF, I), )

rne E (F, 1) €Q.

9to paseHcTBO (aHasor (3) B cayyae CHA) cayxuT onpeneneHuem
unrepBana E. Bemuuuna o (F, I) = q (E (F, 1)) xapakrepusyer
omv;\éxy TnpH OLleHWBaHUM f Ha 0600LIeHHOM uHTepBaje | cpencTBaMu
OHA.

Teopema 4. Ilycre 1 €Q", f€ A, [I1, F€Lp, [I], toraa
oumbKa OLEHKH @ JMHEHHO 3aBUCHUT OT auamerpa [ B cMeicae OHA.

JelcTBUTENBHO, eCJIH 1_: €Lp, [1], 10

vI' 'l &I'e@r=qFI)<Lid),

Ho u3 (8) u (9) BumHo, wro o (F, I') < ¢(F (I')), cnenoparessHo,
o(F, I') <Lq (). )
OTMeTHM OJHO HempUATHOE o6cTosiTeNbCTBO. B cayuae CHA ycio-
pue Jlunummua-1 BeinmoJHSeTCd [JA MnoaaBjasouiero 60JbHIMHCTBA
¢GyHKIME, KOTOPhIE TEM CaMbBIM INONAajawT mnoj jAeficTBue Teopemsl 1.
YcnoBue JIunmuina-2 3HaYWUTENHHO CUJIbHEE OrpaHUYMBAET MpUMEHe-
Hue Teopemsl 4 (aHajora TeopeMsl 1). M XOTS MOXKHO moKasaTh, 4TO
ecau fEA, (1], 1€Q" 10 FC€Lp, Il FcLp, [I], TeM He
meHee ycJoBde JIUmmmia-2 4acTo He BHITIOJNIHSETCH B OKPECTHOCTH

Toyek x € R™\R". B KauecTBe MJJIIOCTPalMH OTMETHM, 4To -
¢ Lp, [/], ecnu [ = [a, bl X [c, d], a >b, c >d.

[octpoenHoe pacummmpeHre F paeficTButenbHo#t ¢yHKnuu f Ha
MHOxecTBe Q" no aHajsoruu ¢ CHMA HasoBeM ecrecTBeHHbIM. [loMumo
HEro, MOXKHO MPeJJIONUTb U APYTHe paciuMpeHUsi, OZHO U3 KOTOPHIX
paccMOTpeHO B clefyioueM pasaene. Teopema b cBssmBaer & (F, I)
U o (F, I) — BeauuuHBl, OTpaxalolye TOYHOCTb OLEHKH B CMBIC]E
CHA u OHA.

Onpepenenue 8. Ilyctb F — HekoTopoe pacmupeHue f.
Bynem HasbiBaTh ero pacuiMpeHueM nopsifka s Ha [ € Q" (B cMbicie
QHA), ecau

gL yl’' I'cl&I'eQr=0o(F, I''<S Lg&(). (10)

MeTogbl OLEHKH, OCHOBaHHLIE Ha TakoM F, 6ymeM Ha3blBaTb METO-
Aamu nopsiaka s (B cmeicae OHA).

Teopema 5. 3apukcupyem [ ¢ Qr. TIlyers F — HekoTOpOe
pacuuperue f B cmuicae OUA, ynosaersopsouee (6) u onpegeneHHoe
ansi seex I’ < I, I' < Q" rak, uro F (I') € QL. Torma F — pacuiu-
perue nopsigka S B cmbiciie OMA B ToM U TONBKO B TOM cJydae, ecu
OHO — pacumpeHne nopsigka S B cmeicae CHA.
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Jlewmwma. Tlyers [, € Q", Torga
a) ylo Io= Io & 1o € Q=G (l0) < q (o),
6) 3k wlo lo=lo & 1o € Q= (1) < kG (lo).

Hokaxem nemmy ans caydas n = 1. 3ametum, uto § ([a, b)] =
= arctg b — arctga = (b — a)/(1 + ¢?), rae c € [a, b], .nostomy
q(la, b) <b—a=q(a, b)),
g(la, b)> (b — a)/(1 + max(al, |b])) = (b — a)k =q(la, Bl)/k.

g (la, b]) (b—a)/(l +max®(a, b)) =(®—a)lk=
= ¢ ([a, bl)/k.

Has n > 1 yreepkieHHe JEMMBI HENOCPEICTBEHHO ClelyeT U3
paccMoTpeHHOro ciyyasi n = 1, 3aMeTuM, 4TO KOHCTaHTa k = k (/)
cBOfl s Kaxgporo /.

HoxasaTteabcTBoO Teo e Mbl. 3adukcupyem I, =
—F(I)IEQ1 IMyers 3L yl' 1 CI&I’EQ"=>(0(F Iy-<
< L@ (I'). Tonoxkum H.(f, I') = la, bl, E(F, I') = l¢,, dy],
E (F, I') = lc, dy). Hexons u3 (3), (8), (9), mmeem:

b +d, = tg (dy + arctg b),
a + ¢, = tg (¢, + arctg a).
Kpome Toro,
of, IY=di—c=d,+b—b+a—(a+c)=
=q (b, b +di)) +q(la +¢c, al),

HO TaK Kak [b, b +d,1 €/, u [a + ¢, al € 1,, To, npuHuMas_Bo
BHUMaHHe JOKA3aHHYIO JIEMMY, ’

(’)(F’ 1l)<k(11) ([i([b, b+d1]) + 6([‘1—"01’ a]» =
= k(I,) (arctg (b + d;) — arctg b + arctga — aretg(a 4 ¢1)) =
= k(l,)(d; - arctg b — arctg b + arctga — ¢, — arctga) ==
=k(l)(d— ) =k()O(F, IV Lk(I) g°(I'),
Ho G (I') < g (I'), cnepoBarenbHo, ‘
o(F, ISk () Lgs(I).
B ofHy CTOpOHY YTBepXKIEHHE TEOPEMHl 10Ka3aHO. B apyryio cro-
POHY [IOKa3aTe/JbCTBO MPOBOAMTCS aHajoruuHo. JlokazaHHas Teopema
NoKa3blBaeT 3KBHUBAJIEHTHOCTb METOIOB, OCHOBAHHBIX Ha CTaHIAapTHOM

H Ha 0600LEHHOM HHTEePBAJIbHOM aHaNH3€, B CJydae OIEHKH QYHKLIHHU
Ha OOLIYHBIX MHTepBaJaXx.

5. KBajgpaTHuHBIH MeTOJ

[pennaraercss MetTox BTOpPOro nopsiika Ajsi OUEHKH QYHKIMH Ha
060611IeHHOM HHTepBaJse. MeTox siBJIsSieTCS aHAJMOTOM OPMBI C CepeaHH-
HbIM 3HayeHHeM.
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Oyuxuuu u (I), 1€ é’} u atg (k, x), k, x € Rn OTpefeIuM CJle-
AYIOU[MMH DaBeHCTBaMH (OyneM cuHTaTh, 4yTo arctg (oo) = m/2):

[arctga, arctgb], ecmii b>a\/ (b= & a€R).
U ([a, b)) =[ larctga, arctgb + m), ecau b<<a,
[—mn/2, arctg b], €CJIH a = oo,
Ula, b, ..., [an, baD) = (U ([ay, i), ..., U(l@n, ba))).

Ecan k, x€ R, 10

to (b {arctgx, ecti x>hk\/ k=00 \/x = o0,
arclg (k, x) = n+ arctgx, ecnn x<<k.
Ecau &, x E?Q", k= (ky,....,Rp), x = (x4, ..., xp), TOatg (R, x) =

= (atg (kls xl)’ LRAE) atg (kn: xn))- —
[lycth Heo6xomumo ouenntb QyHxuuio f/ Ha [ € Q7. Tloctponm

¢yukuuo g Ha U (/). 3apukcupyem &, € R: ki¢ H(f, I) n k€

€R": k, ¢ I. Touxy k; MOXKHO BbIGDAThb Ha OCHOBe JIO60H I'py6oi
ouneHku [ Ha [. Tlosoxum g (y) = atg (kl, i(tg y)), rae y € U (]).

3zxech W nanee ps uurepBana [, = [a, bl,a < b, b —a < =n, 6ynem
C‘IHTaTb tg (I,) = [tga, tgbl u s BeKTOpa x = (X1, -ovy Xp) —
gx = (g x, .., tgx). Hpezmonome uto g€t [U (nl,

Vl DigecA, U], D,GeLlp, [U()], rae D,G— ecrecTBeHHOE
pacumupenne aas D;g B cMuicae CHA. Torna mo teopemam 2 u 3 pas
¢yuxunun g Ha U (/) cymectByer ¢opma C cepefHHHBIM 3HAYeHHEM

Gyy. MoxHo 3amucath aas qo6oro I' — I, I’ € Q™

Guay U () =g (U U"N) + 2 DGW (1) R, U I,

roe AJs uHtepBana | = ([al, b1, e lan, ba])
m(l) =((by+a)/2, ..., (bn+an)/2,
Ri(I) = [—(by — a))/2, (b; — ai)/2].
[Monoxum no onpexenenuto aas I' < I, I' € Qn
Fay (I') = 1€ (Guy (U (1)) (11)
Chnenylomasi TeopeMa mnoxaseiBaet, yto ¢opma (11) (Ha3oBem ee
NMV-¢opmoii) maet kBagpatuuHwuii (B cmbicie OMA) meton oueHku
(YHKLHH. —
Teopema 6. Ilyctb ¢opma Fuy onpesemeHa Ha [ € Q7
Torja: _
_1) ans noGoro I'yI'<I,I'eQ"u gaa moboro x¢€ I’ f(x)€
€ Fuy (I');
2) cywecryer koHcraHTa L TaKas, uro aas Jjoboro I' <1,
I' e Q" o (Fyy, I') < Lg* (I').
JdoxasateabcrtBo. 1) [lo onpegenennio g (y) nmeen
f(x) = tg (g ¥), rme y € U (1), npuuem
y=atg(ky, x)+v, v=(01, «+., Ug), v;€1{0, —m}, (12)
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HO g (y) € Gyy (U (I')) n, chepoBatesibHO,
fx) =tg g (y) € tg Gpy (U (I")) = Fpy (I').

2) MoxHno sametuth, uto ¢ (E (Fyy, I')) = q (E Guy, U (1))}
1, xpome toro, g (U (I')) = g (I’), noatomy

o (Favs I')=q(E Fuy, I') =4 (E Gy, U (1) <
LU ) =L WI).

Io xony nocTpoenus ¢opmbl Fpry GBIMH CHEJAHEI NPELTOJOKEHHS
0 cBo#icTBaX ¢yHKuUMH g. Hcxoms u3 onpeneseHHs g, HMeeM:

Dig (y) = Dif (x) (1 + /(1 +[* (x)),

rie x cBsidaH ¢ y cooTHoweHueM (12). Orcioga A KaxJI0H KOHKPETHOH
(GyHKHHH f MOXKHO MPOBEPHThL YCJOBHS, KOTOPHIM JOJ/KHA yAOBJETBO-
PATH COOTBETCTByIOHmIAs el (yHKUHA g.

-6. AsropHT™

[TycTh HEOGXOZMMO OLEHHTb MHOXKECTBO 3HaueHHHl ¢yHKuHMH [ Ha
o6o6uieHHOM WHTEpBaJe /. Huxe 6yaer npeacrasiieH HabpocoK aJro-
pHTMa, KOTOphIfi pemwaeTr 3ty 3agauy. OH mnoJyueH MoaupHKauuei
aaroputma Mypa [11] Ha cayuait OHA. IIpu 53TOM HEKOTOpBIE MOJE3-
Hble JeTa/i, CHHXKAIOIHE BLIYHCJIHTEJbHYIO CJIOXKHOCTH aJropHTMa,
IJIs IPOCTOTHI ONYILEHHI.

Bynewm cuurats, yto ans ¢yHKuuH f u moboro uurepBana I’ < I,
I' € Q" BHMNOJHSETCH YCJIOBHE:

pl3x xel' & f(x) =y} € QL

[lycTth, Kpome Toro, Aas f umeercs paciiHpeHne F, YAOBJIETBODSIIO-
iee YeJOBHIO MOHOTOHHOCTH IO BKaoveHnio: [, < I, = F (I;) <
< F (I,).

3ro ycaoBue siBJAsETCH 06GOGIEHHEM YyCI0BHA (6) M BhIMOJHAETCA
IJ1s1 GOJIbIUMHCTBA H3BEETHRIX HHTEPBAJILHBIX PacIUMpPEHHH, B TOM YHCIE
IJIST pacCMOTPEHHBIX B JaHHOH palore.

Jns maHHOro & HeoOXOZMMO HaiiTH a u.b Takue, uto H (f, 1)) <
< la, b1, 1. e. peuntsb 3afauy Z,, IpHYEM €CJIM CUUTATh, uTO [a,’b] =
= F, (Ip), T0 BomkHO BeIMOJHATbCS @ (Fp, [o) < e.

[locTpoum asnroput™M AJs HaxoxIeHHs a. Torga b HaxoguTcs
NPHMEHEHHEM 3TOrO K€ aJropuT™Ma K QYHKIHH —f. AJITOPUTM COCTOHT
H3 IBYX OCHOBHbIX Yacreii. [lepBasi yacTb peasiH3yeT MOHCK MHTEpBaJsa
F (I) no unrepBany [/ < [,. OpraHu3apusi TaKHX BbIYHCJEHHH IJIA
HEKOTODhIX HHTEpPBaJbHBIX paciuMpeHHil paccMoTpeHa Buine. Bropas
4acTb — ApoOJeHne HCXOZHOro nutepeana I, Ha wactu [y, I, = | I;

i

C TaKHM pacyeToM, 4To6kl MHHHMH3HPOBATb KOJHYECTBO MPHMEHEHHH
NepBOH 4YacTH aJrOpHTMa, HEOOXOEMUMBIX JIJIf HOCTHXKEHHs HAaHHOH
TOYHOCTH OLIEHHBAHUA €. -

122



Byznem cuutath, uto F (Iy) % oo, oo], u BoiGepem TOUKY R
¢ _F (/). Jleyio rpannny oGoGuieHHoro uureppana F (/) o6o3Hauum
AF (I). ’

Has ¢y, ¢, RE I’é, ¢y = k, ¢, 7= k 6yneM cuuTath, 4TO C, GOJbIIE
k

HJIH PaBHO C; OTHOCHTEJLHO R, H 3alHCHIBATb 3TO B BHJE Cy > C;, €CJH
l.k=o00o & ¢, >0y, 160 2. R, ¢;, ER & (R <y <L, V61 K
L <kVe <k <), mbo 3. RER & ¢; = o0 & ¢, <k, mub0
4. RER & cy =00 & (¢; >k \ ¢, = ). '

IToc/ie 10BaTeNbHOCTb {C;}i=1, €; € R HasoBeM k-ymnopsigoyeHHOH,
: k

ecau AAs moO6blX i, j, j > [ BBINOJHSETCA C; > C

B xozme paGothl ajaropuTMa.6yIeT MOANEPKHBAThCcs crnHcok list.
B Hem 6ynyt xpanutbes napwl (/;, AF (I;)), rae I; < I,. TlepBona-
yajbHO crnHcoK list comepxut auwb napy (/,, AF (I,)). IloBropsio-
H(MMCSl IIArOM aJjIfOPHTMA SIBJASIETCS PACKpbITHE TOJOBHOH maphl B
cnucke list.

Ilepen HauasoM pacKpBITHS CIHCOK Bcerha YAOBJIETBOPSET ABYM
cpoficTBaMm: 1) napel, cogepxkaiyecss B CIHCKe, R-yrnopsiLoYeHbl IO
3HaYeHHsIM CBOHX BTOPHIX 3JIEMEHTOB; 2) oGbefHHEHHe BCeX MEPBBIX
3JIEMEHTOB map, comepKaiuxcs B crnucke list, ectb /.

Texymum npubnuxeHvem A; x 3Hauennwo AH (f, I,) Gyner sp-
JATbCS BTOPOH 3JI€MEHT roJioBHO# naphr cnucka list. [leficTeuresibHO,

KOJIb CKOPO BbIrIOJ'IHﬂeTCﬂ CBOﬁCTBO 2 u aas Jo6oit napw (I, AF (1))

u3 crucka list A, << AF (I), 10 Ay < AH (f, I,). 3nech uepe3 AH(f, I
0603HaueHa JieBas rpaHuna 0GOGIEHHOrO HHTepBaJ'Ia 3Haqemm GyHK-
uuu f Ha uHTEepBase /.

PackpeiTHe ro/i0BHOfi mNaphl BKJIOYA€T CJEAYIOIHE OEHCTBHSA:
1) mpoBepKy YcCJOBHSI OKOHYAaHHsS paboOTH aJAropuTMa (CM. HHXKE);
€CJIH yCJIOBHE BBIMOJHEHO, TO aJrOpPHTM 3aKaHUMBaeT paboTy CO 3Haye-
HHEM BTOPOrO 3JIEMEHTa TOJIOBHOH maphl crmucka list; 2) uabstne us
CIIHCKA TOJIOBHOH naphl, o6o3HaueHHodt (/,, AF (I,)); 3) npeoGpasoBa-
uue I,. Ilyets [, = Iy X ... X Iy, rOe Bce [ ; — onXHOMEpHLIE
060611eHHbIE HHTEpPBaJbl. BbiGepeM /4, ; TakuM 06pasom, uTobsi § (1, ) =
= §(l,), pasgenum /I,  Ha ABa HHTepBana [, ;M [, Tak, 4TOGH
‘7 (12,3) = ‘7(13,8)' ITonoxum 12 = 11,1 X .o X 12.3 X ... X 11$n H
Iy =11,y X ... X Igs X ... X Iy,n. Tenepp Iy = I, U I35 4) Haxo-
xpeune AF (I,) u AF (I,) ¢ noMouibio pacwpenus F, T. €. npHMeHe-
HHUs NEpBO# yacTH aJroput™a; 5) BxJwoueHHe napul (/,, AF (Iy)) u
(14, AF (I5)) B cincox list Takum o6pasom, 4To6bl OH OCTaJCH k-ynops-
JIOYEHHLIM 110 3HAYEeHHSIM BTOPBIX 3JIEMEHTOB Iap.

PaccMoTpuM Bonpoc npeKpaiieHHs paboThl a.nropHTMa JlJas roJioB-

Ho# mapwl crucka list (I, AF (I,)) nmeem: AF (I)) < AH (f, Ty).

Ecau F siBNsieTcs HHTPBANbHEIM PAaCIIHPEHHEM MOPALKA S
¢ xoHcraHto#f L (cM. (10)), To

q (AF (1), AH(f, o))< Lg*(I,).
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3TO COOTHOIIEHHE HaeT yCJOBHE NpEKpaIHeHHS HTepalHil aJropHT-
Ma — NOCTAaTOYHO CcheJlaTh HHTEPBaJ, COOTBETCTBYIOMIH{ [OJOBHOM
nape, TakuMm, uro § (I,) << (2L)\%.

Ecan xoHcranra L HensaBecTHa (a MMEHHO TaK uaile BCero H 6biBaeT
Ha NPaKTHKE), BONIPOC OKOHYAHHS BbIYHCJAEHHHI CTAHOBHTCS CJIOXHBIM,
H €ro pacCMOTPEHHE BbIXOZHT 3a PaNKH Hacrosiue#l paboThl.

TocTpoeHHbI# BHILE aJrOPHTM NMO3BOJSET CHH3HTb 06BEM BHIUHCIE-
HHUA 3a eyeT ObICTPOM JOKaJM3auMH TOUYEK, Iie 3HaueHHs (GYyHKLIHH

6muskn x AH (f, Iy) n BH (f, 1,). Ipo6neHne uCXOMHOTO HHTEpBaJa,
NOJIyYeHHOe B XOh€ paGoThl alropHTMa, Mejbue BOJH3H 3THX TOYEK,
YTO JaeT RO3MOXKHOCTb HCKJIIOUHTb H3 PACCMOTPEHHS T€ 4acTH HCXOFH-
ro napaJjnesienyunesa, Ha KOTOPLIX 3HAYEHHsA (YHKIIHK 3aBeJOMO JaJje-

KM OT rpaHun uutepBana H (f, I,).
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M. C. HHKYJIHH

K OLUEHHUWBAHHUIO NMAPAMETPA CIABWUrA
OJlHOr0 CEMEHNCTBA PACIMPEJEJIEHUHA

1. Beenenne

B 1963 r. Bumjo uHTepeeHoe coobuenne M. Kenpanna [1],
nocBsimieHHoe uccaenoBanusiM . BepHyaau meroma MaxcHMasbHOroO
npaBnonofo6usi. ITo COOOGIEHHE COREPKHUT B cebe TaxkkKe paGoThi
camoro JI. Bepuyaau [2] u ero onnonenta JI. ditnepa [3]. Us pabot
[2, 3] BugHO, YTO y HMCTOKOB OXHOIO H3 CAaMBIX PaCHPOCTPAHEHHHIX
CTATHCTHYECKHX METOJOB OLlEHHBAHHS — METOJa MAKCHMAJIbHOIO MpaB-
Ronofobusi — crosia [, BepHyasu, xors paccMaTpuBaeMasi HM 3afaua
HOCHJIa OYeHb YaCTHHIl XapakTep: MO peaNH3alHAM HEe3aBHCHMBIX
cnydaiiueix BeanduH X;, X, ..., Xp, NORUHHSIOUWHXCS BEPOSITHOCT-
HOMY 3aKOHY C IJIOTHOCTbIO

Pix(0)=2VT—Gx—07, |x—0|<]l,

T - r
OueHHTb napamerp caBura 0, | 8| < oo,

B 1970 r. JI. H. BoJablues npeasoxua aBTOpy PaccCMOTpeTb 3Ty
3afauy, HO B GoJjiee ofieli MOCTAHOBKE, a HMEHHO M0 peasH3alHAM
He3aBHCHMHIX cayuafiHeix BeanuuH X;, X,, ..., X,, pacnpezneneHue
BEPOSAITHOCTEH KOTODBIX NPHHALIEKHT ceMeHCTBY {px (x| 0)}, | 0] <
< oo,

T (2k) 1
I— =0y, [x—08]< L,
T ()T (k) gF—1 [ (x ) [ x [< (1

0, [x—0]|>1,

OLEHHTb MapameTp CABHra O mpu ycJOBHH, YTO kR — 3afaHHOE YHCJIO
u3 uHrepBana [1; 2]. CemeiictBo (1) siBasieTcst HOBOABLHO GOraThIM.
B uactHocTH, npH & = 1 0HO comepXKHT Bce paBHOMEPHBIE pacipeeJe-
HHs ¢ HocutesasMu Buia 0 — 1 < x < 0 + 1. Tlpu & = 3/2 (cayuair
J. BepHyanu) rpadux mJOTHOCTH p3se (x| 6) mnpexcraBasier co6oit
BEPXHIOI Ayry 3JuIMnca ¢ napamerpamu a = | u b = 2/n, tax uto
B 3TOM CJyyae KacaTeJbHble K rpauKy MJIOTHOCTH B TOYKAX X =
=0 —1ux=0 4 1 nepneHauKyJsApHE ocH abcuucc. [Ipennara-
Jock, caenys ugesm J{. BepHyaau, Bocnosb30BaThCA METOAOM MaKCH-

pr(x]0) =

© M. C. Hukyauu, 1990
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MaJIbHOTO NpPaBAONOZOGHS IJs MOJydeHHs HanboJjiee npaBAONONOGHOH
oueHku 0, XoTopyIo AMa cayyas k = 3/2 u pexomerzgosan J1.Bepuy.iu
B pabore [2].

Hrak, nycrb

L) =TT p(X:19

— ¢(yHKUMA ApaBLONOJOGHs, MOCTPOEHHAs MO HabmofeHHAM X;, X,,
.., Xpn, 1 NycTh @ — OIEHKA MaKCHMaJILHOTO NPaBRONOAOGHS Mapa-
merpa 0, 1.e. L (8) = max L (8). Ouenxa & wumercs npH emuH-

18]<oo
CTBEHHOM YCJIOBHH COBMECTHMOCTH: max | X; —0| <1, t.e. 0K
< X(n) — X(l) <2, rme X(l) < X(Q) <L ... K X(n) — BapHamHoH-
HbIfl psif, MOCTPOEHHHH no HabuaogeHusim X;, X,, ..., X,. Bmecro
L (8) ymo6uee paccmarpuBarh In L (0), npuuem -

" 2%
InL(©) =(k— 1) 3 In[l — (X, — )]+ nln P—(k)ﬁ—ik)%m. @

i=l

Bymem uckath max In L(G) H3 ypaBHEHHS:

dej InL (8) =0. 3)
W3 ypaBHeHnuit (2) u (3) monyuaem ypaBHeHHE:
X;—8
T @

i=1

Kax BugHO, 3T0 ypaBHeHye He 3aBHCHT OT k. PemeHue ero u ects
OueHKa 0, xoropylo npejnaraa . Bepnyann. MoxHo noxasars, 4to
0 yROBIETBOPSET COOTHOILEHHIO!

n

2w )

== . (5)

Zl—&;w

i=

"TouHee roBopsi, ypaBHeHHe (5) ecTb (4), paspelueHHOE OTHOCH-
teapHO 0. CooTHOmEHHe (5) yIOGHO HCMOMBL30BATh LIS HAXOXKAEHHA 0
C TOMOIIbIO HTEPaNHil. ILa.nee Hapsiy ¢ BepHyanan sagauy oneHuBa-
HHs1 O paccMaTtpuBas Takxke Jitaep [3], Kotopwiit BMecTo (5) mpepso-
XKHJ OnEHKY 0%, ynoBJIeTBOPSIOILYIO COOTHOILEHHIO:

2 {1 — (X — 8] Xy}
0 = = . (6)
2 U —(X;— 677

i=l
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OueBnano, uto ouenxkn Beprymnn § u ditnepa 0* oranuamwtes
TeM, 4TO B oneHke bepHy/im npunuceiBatoTes 60/b1uKe Beca HaGJoae-
HHAM, KOTOpbie GIM3KH K KOHUam uHTepBaia [0 — 1; 0 4 1], B 10
BpeMsl XaK B OlleHKe Diisiepa Gosbiune Beca NpHNHCHIBaIOTCA Haboze-
HHUAM, JIeXKalluM oKoso 0. MHe Gbui0 NpEeNIOXEHO CPaBHHTb HX
C ecTecTBeHHOH oueHKON X5 = (X; + ... + Xn)/n. B KaibHeiimem

MOXXHO CYHTaThb, YyTo @ = 0. B Takom cydae 8, 0* u X, cyTb OLEHKH
HyJI41. .

2. ApudMeTHUecKoe cperHee
OueBngHo, uto EX; = 0, oTKygma cjegyer, 4TO X, fBIseTCs

HeCMeIleHHo#t oueHko# HyJas, npuyem DX; = EX}. Urto6bl BbluHC-

aute DX, wuaigem EX3™. 3ametum, uro EXi;™' = 0 npu mobom
HaTypaJbHOM .
Hrak, umeem (0 = 0):

EXP = iy (3) ¥ 0 )i
) (_;_)2/2—1.

M

I‘(k)I‘(m—f—%)
I‘(k)I‘(m-l-k—f—%

- el (1B 4. )=

U3 (7) monyuaem:

DX, —EX} — ‘;2;‘ rey @)
T (4T (k +-2-)

B uacrHocTH, ecan k = 3/2, T. e. B cayuae, paccMoTpeHHOM bBep-
HyAau H diiiepom, uveeM DX; = 1/4. U3 (8) crexyer, uto

DX, =L 1/%5 T (2k) —~ 9)
no2° I‘(k)I‘(k—f—?)

OTKyJa CJejyeT, uTo

v 1 < 1 3
DXn=-ﬁ npu k=1, DX,,=-4—n— npH k= —-,

1 (10)

D)_(,,=5—’z npu k=2,

Kpome Toro, corsacHo ueHTpajbHOH mpefesbHO#l Teopeme, NpH
mobom k€ [1; 2] n mobom x

< 1 n T (2%
Xn<x T-QV;: ( ) 3 =¢)(X),
. P(k)P<k+—2—)

lim P

n—+oo

127



rie @ (x) — yHKUMA pacrnpefesieHHs CTAaHZAPTHOTO HOPMAJBHOTO
3aKoHa.
3. Ouenka Jitaepa 6* (6 = 0)

U3 (6) nneem:

0" S[(1— XD +2X,0"— 0] =
- é {[(1 — X,)2 +2X,0* — 0*°] X;}. (11)

n
O603HauuM Xi = -I—E X%. OueBngpo, uto P.lim X, =0 u

n (=1 n—+oco

P.lim X3 = 0 u, xpome Toro, (8 = 0)

n—+-o0o

{ ecin k=1,

,  ecaHu k:%, (12)

P.lim X =EX?=

n—»oo

o= o] of-

ecin k=2. .

2

3pecs P.lim X, = 0 o3Hauaer, uto X, cxomurcs K 0 mo BepoAT-
n-—»00

HOCTH, T.€. JLJfl JIOOLIX TMOJIOKHTEJbHBIX € M O HalgeTcss Takoe
nyY(e, 8), uto mna Bcex n > n, (¢, 6) BHNOJNHAIOTCA HepaBeHCTBa:

P{X5| <8} >1—c¢. BiE)

¥Ypaenenue (13) ecth ypaBHeHHE TpeTbeil CTENEHH, I03TOMY HMeeTCs
70 KpadHeH Mepe ONUH BelleCTBeHHHH XopeHb. Tak kak u3 (12)
cJefyeT, uTo

P.lim (1 —3X7) =1—3EX; >0,

n-»oo
TO, mepexoass B (13) k npexeay rno n, noJydyuM ypaBHEHue:
(1 — 3EX3) * = (%)%,
KODHH KOTOPOIO CYyTh:
6 =0, §5=]/'1 —3EX:, Bi=—711-3EX}, (14

T.e. 0] He ABAAIOTCA CJAYYAHHBIMH. |

OueBHIHO, YTO HHTepecywllHe Hac KopHH 0] ypaBHeHus (12)
JieXXaT He oueHb JaJieKo OoT XopHe#t O, Tak xax P. lim 0} = 0°.
BosBpamasce eme pa3 K ypaBHeHuio (13), nosyuaem:

- . Va[(X,—X3)—3X,0**
Ve = “;ﬂ&w‘ . (15)
n 1
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OueBHIHO, 4YTO YHC/IHTe b (15) acMMNTOTHYECKH HOPMAJBHO pac-
npejejeH ¢ HyJeBuM cpeiHuM u Aucnepcueit E (X; — X3)?, B TO
BpeMsl Kak

, ecm k=1,

n—+oo

0
_ 1 3
Plim(1—3X2—0)=1—3EXi={7> &M k=5, (1)
’ %, et k=2,

HUrax, ecin k= 1, 10

0; = y/ —Xn + Xo+ 3X,0;° + 0 (1 — 3X2),

OTKyZa
n'%0: =y —Vn(Xa— Xa) + 30V 0 X+ V(1 — 3X3) 0.
YuutmBast, uro P.lim 6 = 0, P. lim 6;" = 0, nosnyuaem:
P.lim0*YnX,=0, P.limVn(l—3X7)0; =0

n—+»oo n-»o0o

H,:cnenosare.nbuo, HMmeeM:
lim P {n'"°0; < x} = lim P {}/n0;* < »°} =
n—+oo n—+»o0o

=limP{—Vn(X,— X)) <=0 .
lim P {— /7 )< ) (VE(Xi_X§)2
YuureBast, uro E(X; — X})? = EX} — 2EX} + EX}, ws (7)
nosayuaem:

(17)

%—5, ecin k=1,
E(X;— X3’ = %, ecau k=%, (18)
8

105°? ecin k=2.

Taxum obpasom, u3 (17) u (18) cnenyer, uto npu k = 1 craTucruka
n'/6 @} acHMNTOTHYECKH pacnpefeseHa mpu #—»oo KaK KOpeHb KyOu-
4eCcKHil M3 HOpPMA/JbHO pacnpefeNeHHOH CJay4aHHONH BEJHYHHBI C
HyJIeBbIM CcpeZHHM H aucnepcueit 8/105. Orciona ¢ mnomompio (16)
Cpasy e BbITEKaeT:

ey - s B | B T o<

T.e, npu k=1
E0:*=0 (7}) ) (19)

3peck @ (x) = D' (x). -
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Eciu xe 1 <k <2, o E(1 —3X3}) > 0 ucraTucruka Vnet
ACHMMATOTHYECKH HOPMAJIbHO pacrpepesieHa MPH 7 —> oo C HYJEBHIM

CPeIHHM M cTaHapTHHM oTKJoHenueM V' E (X; — X})*/E (1 — 3X3%).
B uactHoctH, u3 (16) u (18) nosayuaem:

]/E(xi—x‘})Q Lls/_{ls_:t:_lg_i’ eciu k=3/2,
(20)

2 =
I —3EX; VB0 _ /1051, ecn k= 2.

2/5

Cpasnus (20) u (10), noayunm, uto B caydasx k= 3/2u k=2
omeHka X, jydume oneHxd 0f Dfisepa (B cMbIcjie MHHHMyMa KBajpa-
THYHOTO pHuCKa). B ciyuae xe k = 1 oneHka Jiinepa Jyyie OueHKH

Xp, 4TO BNOJIHE eCTecTBeHHO, 60 mpH k = | uMeeM paBHOMEpHOe
pacnpefeJieHHe.

v

4. Ouenka 0 Beprynau (nanGonee npasaononoGHan ouLeHKa)

OueBHaHO, 4TO0 X(n) — 1 <6 < X + 1, npuuem ecan 1 <
<k<L2,10L (X(ny— 1) =L (Xq + 1) = 0. PaccMoTpHM OLIEHKY
T = 1/2 (X 4+ X(n)). OueBugHo, uto ET = 0 u, Kpome TOrO,

_ T(®)T (k4 1) J2/& 2 pef L
DT = 2[ e [P (F+1) =5+ 1) Jx
X nQL,k (1 +o(1). @1)
U3 (21) cnenyer, uto npu GoJbIUHX n

2/n?, ecn k=1,
DT ~3 1/18 3/2** [T (1/3) — T2(2/3)1n™*°,  ecn kR =3/2,
2/3(1 — n/4)1/n, ecnin k=2.
(22)

Tak kKak DX(ny = DXy = 0 (n—%%), 10 DO =0 (n—2*). Yuutbian
3710, a TaKxe cpaBHuBast (22) u (10), npHXOAMM X BBIBOAY, YTO OlEHKA

B BepHyuH Jydme oneHOK X, u 7. OueBnaHo, uro mpu 1 < kb << 2
Pa3yMHO MOJIb30BaThCS npocroﬁ oneHkoit T = (X + X(n))/2.

5. PaBHoMepHoe pacnpeaeieHHe

CHauaJsa ocTaHOBMMcH Ha caydae k = 1, xorga X, X,, ..., X5 —
He3aBHCHMHIE CJIydaiiHble BEJMYHHBI, PABHOMEPHO pacrpeae/eHHbe
Ha uHTepBate 0 — 1 < x<<O 41, |68]| <oo. B 3TOM Cilyuae B
KauecTBe OLEHKH napamerpa 6 HyxHO B3fith (cM., [5 — 8]) cra-
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tuctuky Jlmo#ina [4) T = (X + X))/2, KotOpas siBAsieTcs He-
CMeLIeHHOH OueHkol Ajasa 6, mpuuem

2
T =GFva+y-
Tenepn chesnaem 3ameuaHue K caydaio, korma X,, X,, ..., X,

CyTb HE3aBHCHMBIE CJydajiHhleé BeJIMUHHbI, PABHOMEPHO pacnpejeseH-
Hble Ha uHTepBase [—0; 0], 6 > 0. -3xech O sABAsSeTCA mapameTpom
Maciutaba, a MJIOTHOCTb BEPOSIFHOCTH CJy4aiiHOH BeNHYHHH X, €CTb

1/20, |x|<9,
p("le):{ 0 |x|;0.

B craructuueckoi suteparype (cm., Hanpumep, [4—81]) B ka-
yecTBe OLEHKH napamerpa Macumraba O pekomeHnayercs BhIGpaTh CTa-
THCTHKY

41
W= ‘2—’(1,,—:17 (Xm) — X))

KOTOpasi SIBJISIETCS HeCMEIeHHOH OLEeHKOH ansa O, npuuem

)} . —
(=D (n+2) "

Crartuctuka W ectb GyHKLHSI OT NOCTAaTOYHOH cTaTHCTHKH (X(1),
X(n)), KOTOpasi HE ABJAETCH MOJIHOHM CTaTHCTHKOH B 3afaye OLEHHBa-
HuA napaMerpa Macmra6ba 8. B cBsi3H ¢ 3THM pacCMOTPHM CJIEAYIOILYIO
npouenypy. Ilyets Y, = | X, |, Yy = | Xy |, ..., Yn = | Xpn|. Oue-
BHIHO, uT0 Y,, Y,, ..., Y CyTb He3aBHCHMbIE CJAyYaliHbie BEJHYMHHI,
paBHOMEpHO pacnpeneneHHbie Ha uHrepBane [0; 61 Hdanee, mycts
Yo <Y@ < ... <Y — BapuauuoHHbi#i psj, NOCTPOEHHBbIH IO
cJlyyaiiHbIM BesqH4HHaM Y,, Y,, ..., Y . OueBugno, uto Y (ny — moJ-
Hasi JOCTaTOYHasi CTaTHCTHKA B 3ajaue OlLEHMBaHHs MapaMeTpa Mac-
wra6a O, npuyeM NJOTHOCTb BEPOSITHOCTH h (y) CTaTHCTHKH Y (a)
3anaercs GopmyJoii:

B )_{ ny"'0™"  ecnn 0<y <0,
Y) = 0, B NIPOTHBHOM CJIy4ae,

SIcHo Takxe, uT0 Y (ny = max (| Xy |, | X(ny[). Jlerko yoe-
IuThCs B TOM, 4T0 EY (ny = n/(n + 1) 0, oTkyza caenyer, 4to Hecme-
IIEHHON OlEHKOH AN napamerpa Maciuraba 0 6GyxeT CTaTHCTHKA:
n+1

n

1
Yin = ’%— max (| Xay | | Xml),

t =
npuyem
02
Dt = Et2 — (Et)2 == m.
CpaBuuBas aucnepcuun Dt u DW oueHok ¢ u W, nonyuaem:
Dt n—1 1 ( 1
P _n=1__1(1— _) ,
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T. e. gucrnepensi Dt HenuHelHO#H (KaK QYHKLUHH OT MOPSLKOBRIX CTa-
THCTHK X (1), X(2), ..., X(n)) HECMEIIEHHO! OLEHKH f MOYTH B 2 pasa
MeHbIIe IUCTepCHH oueHku W. .

B 3akJi04€HHE OTMETHM, YTO OCHOBHbIE pPe3yJbTaThl COOOILEHHsE
HeoXHOKpaTHO mpuBoiuauch JI. Y. bosbmesbiMm 1 aBTOpOM BO Bpems
YTEHHs JIEKLHH [0 MaTeMaTHYECKOH CTAaTHCTHKE, 06CYXAAJHCh C KOJ-
JleraMH Ha CeMHHapax.
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M. C. HHK YJIHH

CTATHCTUYECKHH AHAJIU3 OAHON dU3HUYECKOH MOJEJIH,
HUCMOJIb3YEMOW B CNEKTPOCKOMHUH

[TosbimeHue pasperuaromnieii Cnoco6HOCTH CIEKTPaJbHBIX NMPHOOPOB
SIBJISETCS ONHOH M3 aKTyaJIbHEHIIHMX 3afay 3KCIePHMEHTaJbHOH (H-
3HKH. XOPOIIO H3BECTHO, YTO CNEKTpaJibHble JIHHHUH YIIHPAOTCA Gja-
rofaps 3aTyxaHuio KoJjiebaHuH aTOMOB, X OGECHOPSLOYHOMY TelJo-
BOMY JIBHXKEHHIO, CTOJKHOBEHHSM MEXZLy Cc0o00H, NPHBOASAILUM K
CpBIBY KoJe6aHuil, U BJAHAHHIO anmnapaTHo# ¢yHkuuu npubopa. Ilpu
3TOM MaTeMaTHYECKOE OMHCAaHHME MpoLecca pacUIMpeHHs] JHHHH OLHO
H TO K€ H IIPH KJACCHYECKOM U MPH KBAHTOBO-MEXAaHHUECKOM MOAXO0aX.

IIpene6Gperasi odyeHb MaJibiM B BHAMMOH YaCTH CIEKTPa €CTECTBEH-
HbIM YIUHPEHHeM JIHHHH, OGYCJIOBJEHHBIM 3aTyXaHHeM KoJieGaHHi
aTOMOB (HEONpEeRENEHHOCTbI0O B 3HEPTHH CTALHOHAPHBIX COCTOSHHA
NpH KBaHTOBO-MEXaHHYECKOM OIHCAHHH), MOXKHO BhIJEIHTh TPH OCHOB-
HRIX 3¢peKTa, MOAJNEHKAIHX TILATETbHOMY H3YUeHHIO: a) HOTJIEPOBCKOE
yIIHpEeHNe, COTNPOBOKAAIOIMIEE H3JIyYeHHE aTOMOB, HAaXOJSAUIUXCS B
TENJOBOM ABHXKEHHH, 6) JIOPEHIEBO yIuMpeHue, o6yCI0BIeHHOE B3aH-
MoJeficTBHEM aTOMOB, W B) YyILIMpPEHHE, CBs3aHHOE C ammnapaTHOH
¢yHKuueit npubopa [11].

Hab6sonaemMass Ha BBIXOAE CHEKTPOCKONAa JIHHHS BO3HHKaeT B
pe3yJibTaTeé COBMECTHOTO HEHCTBHSI BCeX 3THX (AKTOPOB, YTO 3aTpyh-
HfeT u3BjeueHne HHGopMaluu 06 HCXOLHOM CHEKTpe, T. €. NOHUKaeT
paspemarmiyio cnocobHoctb cucrembl. OfHAKO CTaTHCTHYeCKas obpa-
60TKa pe3yJ/bTaTOB HAOJMIONEHHIH MOXET €€ MOBLICHTb. TaK, CTATHCTH-
YEeCKHMH METORAMH MPOBEPKH T'HIIOTE3 MOXKHO BbIOPATh TEOPETHYECKYIO "
MOJEJIb YIUMPEHHs JHHUH, aJEKBAaTHYIO 3KCIIEPHUMEHTY, U OLEHHThb
napaMeTprl 3To# MoJeH. 3To MO3BOJIMT NPH pelueHrH o6paTHOH 3anayu
aKKypaTHee BbIEJHTb MOJIE3HYI0 HHGopMauuio. 3HaHHE MapaMeTPOB
MOZeJIM YIUHPEHHs JUHHH M03BOJAET He TOJbKO HaXOAUTh (HU3NYECKHE
napaMeTpbl IJaMeHH CIEKTpockona (KOHUEHTPAIHIO 3JIEKTPOHOB,
NIOCTOSIHHYIO BaH-JEepP-BaajlbCOBCKOTO B3aMMOJEHCTBMS W Jp.), HO H
KOHCTPYHPOBaTh 6oJiee COBepLIeHHble NPHOOPHI.

dta paboTa mMoCBsIlEHA 3afade CTATHCTHYECKOro pasjeseHHs 3¢-
¢exToB, 06yCNOBJIEHHBIX AOMJIEPOBCKHM, JIOPEHLEBLIM H annapaTHbIMH
yUHPEHHSIMH JIMHHH B paMKaxX ofHON ¢(H3HYeCKOHl MOMEJH CIIeKTpO-

© M. C. Huxyaun, 1990
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CKOIIa, a TaKKe NMOCTPOEHHIO CTATHCTHYECKOTO KPHUTEPHs A/ IPOBEPKHU
coTJlacHsi BHIOpaHHOM MOJEJH C 3KCNIEePHMEHTANbHbIMH JaHHBIMH.

1. MaremaTHYeCcKOHl MOAEJbIO JHHEHHOro (PHU3HYECKOTO IKCIEPH-
MeHTa, KaK MNpaBHJIO, CJYXHT HHTErpajbHoe mnpeoGpa3oBaHHe:

o~

T = | kx—gu@)dy (1)

-—0

[I0JIE3HOTO «CHrHaMa» u B Habmogmaemuil Tu.

®u3MYeCKHH CMHCA fAApa npeobpasoBaHUs k PaCKpLIBAETCH IIpH
noicraHoBke BMecto u ¢yHkuuu 6 (T6) (x) = k (x). Tak, B onTHye-
CKOM 3KCTepHMEHTE k (X) XapaKTepPH3HPYET pachpeie]eHHe sPKOCTH
H306pakeHHsl TOYEYHOTO HCTOYHHKA, KOTOpoe, BOOOIe TOBODS, yke
He sBJIsIeTCs TOUEYHbIM. S1Apo k (x) Ha3biBaeTCs MMMYJbCHOM mepexox-
HOH ¢yHKUHMEH npeo6Gpa3oBaHHs, a €CJH NpeoOpasoBaHHE OCYILIECT-
BJsieTCs1 npH6opoM — annapatHoil ¢yHKuHel storo mpubopa. QOue-
BHIHO, NPH TNOCJEXOBaTeJbHO OCYILUECTB/sSEMbIX Npeo6pa3oBaHHAX
BHZa (1) uMny bcHas nepexonHasi GpyHKIHS KOMNO3HUHH GyaeT npen-
CTaBJATb COGOH CBEPTKY mepexonaHblX ¢yHKuui Komnosesr. Ilpexmo-
JIOXKHM, YTO 3KCNIEPUMEHTATOpP HMEeT FunoTe3y H, OTHOCHTEJNbHO BHAA
nepexonHoii ¢yHKuuH k = [ * g * h cnekrpaabHoro npubopa, co-
TJIaCHO KOTOpOH

@

f(x]|a, 0) = 1 (x—-a)z}’ | x| << o0,

VﬁoeXp{_ 20% la] << oo, 0>0]

OTpa)kaeT JOMJEPOBCKOE YIIHPEeHHEe CNEeKTpaJbHbBIX JHHHH, Bceraa
CONMPOBOXKAAIOIIEE H3JIyYEeHHE aTOMOB, HAXOAMIUHXCA B TeNJOBOM
ILBHXKEHUH,

1 1

L2
XapaKTepH3yeT HX JIOPEHUEBO YIIHPEHHE, 0GYCJIOBEHHOe B3auMozieli-
CTBHEM aTOMOB, a
1 —R? 1 |x| < oo,
h(x|c, R) =1 | ——
2n 1 —2Rcos (x—¢) + R lc|<<oo, |R|<< o0

4)

ABNsieTCA anmnapaTHoH ¢yHKuueH, XxapakrepHoH AJs NEepHORMYECKOH
CTPYKTYpbl — AHGPaAKUMOHHONH pelmeTku (cM., Hampumep, [2]).
Ilyctb H, BepHa. ITocTaBuM 3ajauy CTaTHCTHYECKOrO pasfeseHus
3THX TpeX 3¢eKToB, BEAYIETO K MOBHILIEHHIO pa3pemaioes cnoco6-
HoctH npubopa.
Bameuanue 1. Tak kaK h (x|c, R) =h (x|c +a, —R)u

npu R=0h (x|c, Ry =h (xlc, %), 10 63 orpaHuYeHusl OOGIHOCTH
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MOXHO CYMTaTb, 4YTO 0\< R < 1. Tlpu TakoM mpeanosoxeHuu (4)
NPUHHMAET BHA:
h(x|c, R)= L l
! 2n 1 —2Rcos(x—c)+ R? >
[x|<oo, |c|<oo, BLRKLIL
3ameuanue 2. Ectu R =1, 10 q)yHKumo (4) ecTecTBeHHO CUMTATh
cymmoit 8-pyrkuui Ilupaxa

hix|e, 1)= Z 8 (x — c— 2mm).

m=—co

3ameuanue 3. OyHKuMM [ H g MOXKHO pacCMaTpHBAaThb KaK IJIOT-
HOCTH BEPOSITHOCTeH 'Ha YHCJIOBOH HPSAMO#l | ¥ | < oo; TOYHO TaK xKe
h — NOTHOCTL BEPOSITHOCTH HA OTpe3kKe —n < X < M.

3ameuanue 4. Paccmorpum ceeptky J (x|b, ¢; L, R) ¢yHKuuir
g U h Ha e€IUHHYHOH OKPYKHOECTH:

Jx|b, ¢; L, R)= Sg(ylb, LYk (x—yle, R)dy.

Ilonb3ysick ompeneneHuem (4), MOXHO yGeIHTbEss B CrpaBeiJIH-
BOCTH (GOpMYJIHL:
J(x|b, ¢; L, Ry=h(x|b+c, Ret). (5)

. Nycrs F (x| a, b, ¢; 6, L, R) — TpofiHasi cBepTka (YHKUHM
H h Ha eluHWYHOA okpyXHoctu. Tak kKak I =f* g *h =
* (@*h)=[=*J, aJ=g=*h BbpaxaeTcsi B TepMHHax h
. (5)), To mocratouHOo uccsaenoBaTh cBepTKy f * h. W3 dopmyan
(2) n (4) umeem:

frh= { fyla Oh(x—yle, R)dy.

dta ¢yHKIKMA nepuoguyHa C nepuHonoM 2n. Ee pasnoxkeHue B psax
dypbe HMeeT BUI:

frh= o +— 3 R"™%2 cos[n(x — a— c)). (6)

Ortciona u u3 dopmyanl (5) caenyer, 4to psax Pypbe Ajas TPoiHOLH
CBepTKH f * g * h moayuurcs M3 ¢opMyJbl (6) B pe3ysbTaTe 3aMeHb
cHab+cu R—Ha Re%:

I(x|a, b, c;0, L, Ry=f*g*h=

=1/2rn + 1/n il (Re 1) ™2 cos[n(x —a — b—c)]. 7

3. U3 dopmyanr (7) crexyer, uto MpH CrpaBeAAHBOCTH THIOTE3b
H, no skcnepumeHTaJbHHIM peanusauusM [ ¢yHkuuu / MOXHO ole-
HHUTb JiHIIb QYHKLHMH OT mapameTrpoB: a + b + ¢, o u Re— L.

Jns pasfeneHusi 3THX NapameTpoB, T. €. AJs OLUEHKH KaxXIAoH H3
BeJIMYMH @, b, ¢, R, L B OTOEJIbHOCTH, HYKHH ClelHaJbHble 3KCIEPH-
MEHThI.
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ITpexnonoxum, uto cymma a -+ b 4+ ¢ usBecrsa. [lonarasa y =
= x—a—b—c, nony4um u3 (7) HOBYI0 (pyHKIIHIO:

Iy(ylo, L, R) = 2n + = 2 (Re™)" &2 cos (ny)
# COOTBETCTBYIOLIYIO €fi 3KCIIEPHMEHTAJbHYIO pean3alHio;
70 =Tu(y+a“|‘b+c)-

Ilycts ¢y, €4, €3, ... — KO PDULHEHTH PyDPbe A5 QYHKUHH [y, T. €

—~ 1 -
Io(y) = g0 =5 = encos(ny) 8)

B Ttakom ciaydyae, mosaras o« = log (Re=L) u P = log e/,
a takxe I, = log c,, Mmeem:

=148 =R (E"D* (1+¢8), k=12 ..., n

(B BuAe MHoxHTened 1 + &, 3amucaHbl cJydaliHpie MOTPELIHOCTH,
BO3HHKAIOHIHE H3-3a OLIHGOK 3KCrepuMeHTa), MJH Tocje JorapudMmu-
POBaHHS M COXPaHEHHsl JHIUb TIJaBHHX 4/eHoB oT log (1 + &):

lo - lOgCO =§0,
lh:IOng=ka+k2ﬁ+§h, k=l, 2, P (B

[IpennosioxuM, 4To BCe &; HE3aBHCHUMBI, paclpee/ieHbl OXHHAKOBO
M HMMEIOT HyJIeBble CpefHHe 3HaueHus ([ocJefHee MpeAIoJoKeHHe
©O3Hayaer, YTO CHCTeMaTHYeCKHe OMUOKH OTCYTCTBYIOT). B 3ToM cayuae
JAJISl OLleHKH HEH3BECTHBIX ¢ M [} pa3yMHO BOCIOJIb30BaThCS METOAOM
Ha¥MEHbIUHX KBaApaToB. [IpuG/nikeHHbE 3Ha4eHUs & u P A1s Heus-
BECTHBIX @ H f 10 3TOMYy METOAY ONPEeIEJIAIOTCA KaK pelleHHe CHCTEMB
YPaBHEHHI:

b
to

n
2 kly

k=1
n n

2 kU kB 2 KA.
k=1

B sBHOM BHZE 3TO peme}me Bblpamae“rcn dopmyamu:
g 12[2@n 1)@ 43— ) A —15n(nt 1)d]
o= R —1)(n=2) (@3 +3n+2) o
B SO0 (at D ha k2@t 1)l ©)
T oam—1)(n+2)3n2+3n+2) ’

Il
=

B3R
k=1

Il
[~

||M= M=

rae
n n
M= 2 kly, he= 2 B,
k=1 k=1

Kaxk cayuaiiHbie Be/MYHHEI OUEHKH & W P BenyT cebs CJAEAYIOUHM
obpazom:
a) OHH JIMIUEHH CHCTEMATHYECKHX morpeuHocreii: Ed = e, Ep =

y
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6) MX DHCTEepPCHH (KBaApaThl CPEIHHX KBAaXPaTHYHbIX YKJOHEHHH)
BbIpaxkawTcsi GOpMyJaMH:

o . 24@2n+1)@Br*+3n—1) ¢ . 1
E@—of =rm—narnoeramro; (=0(%))

A 120 (2n + 1) o2 1
EG—P =imrnmiarrasy (=0(F)):

Kpowme Toro,

. A _ 180 (n + 1) o2 _n(.Ll
E@—oa)B-P=—rmHeroErramrd (_O(n"))'

3necks o® = EE} — nucnepcusi ciaydaiHbIX OWHGOK 3KCepHMEHTa.
Jls151 OLleHKH HEH3BECTHOTO 0 MOXKHO BOCMOJIb30BaThCA GOPMYJIOf:

-~ n A
Bxol =—1o 3 (I — kit — KPR
. k=l

4. IlpoBepum coryaene TeopeTnyeckoi GopMmyJibi H IKCIEPHMEHTa.
Jns npoBepKH runotesnl H, BbIYHCIHM €€ HECKOJIbKO KO3(dHIHEH-
ToB Dypbe naa smnupuueckoii ¢opmysnt (8), Hanmpumep Cn,y,
Cn,m- PaccMOTpHM pasHOCTH:

Apyr=logcn,, — (n+r)&—(n+r)2ﬁ=

aey

Lyy—(+na—@n+4+ng, r=12, ..., m
rae G u B — PpaHee BbIYHCJIEHHbIE OLEHKH N0 Popmye (9) (6e3 HenoJb-
30BAHUA Cp,iy Cnygs -oo» c,,+m) yers A = ||ag || — KBa;LpaTHaa
MaTpuua, 3JeMeHTH KoTopoil cyTb a;; = 1/0° EAp Ay, i, j=
1, 2, ..., m. B Takom cayuae kBajapatuuHas ¢opma ATAA, rpe
A = (A,M, ns2s ---s Dpym)T, MOXKET ObITh HCroJIb30BaHa A/1S1 MOCTpOe-
HHS HOBOTO npnﬁnnx{eﬂnoro 3HaueHusa IJas o
~2 v 4-1 2
o = m+|(AA A+ 13),
rae I, = log ¢,.
OrHoleHue
n
~ (m+1) X (I — ko — k2p)?
of _ k=1 -
o (n—1)(ATA7'A+ 1))

MOXeT GHTb MCIIOJNb30BaHO KAaK CTAaTHCTHKA KPHTEpHs B 3ajaue mpo-
BepkH runoreant H,. Craructuka F npu crnpasemiuBoctd Hg, T.e.
B CJlyyae COIJIaCHSl TEOPHH U SKCHEPHMEHTa, pacnpezesieHa 10 3aKOHY
Fcn—2um+4 1 crenensimu cBoGonwt (cM., Hanpumep, [31]).

B sauwsioueHHe aBTOp BbipaXkaeT npH3HaresbHocTh B. I'. BonHOBY
3a moJieaHble COBETH NpPH NOATOTOBKE HACTOsIEeH PaGOTH.

Jlutepatypa
. @puw C. 3. Ontruéckue cnexTpu atoMoB. M., JI., 1963.
2. dpuw C. 3. Texuuka cnekrpockonuu. JI., 1936,
. Huxyaun M. C. F-pacnpefienenue, ero CBOMCTBA H CBA3b C APYrYMH BEPOATHOCT-

HBIMH pacnpefenenusamu//Mapoua K., 3empou I1. TaGauun F-pacnpeﬁeneﬂuﬂ H
pacnpefesieHuH, €BA3AHHBIX C HHMH. M 1984.
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B. H. NOJHILUYK

BHHOMHAJIbHASL ACHMIITOTHKA

IMMocTanoBka 3ajgauu

IMox cucremodt (a, b) B-majbHeHIEM OHMMaeTCs YyNopsiLOYEHHas
cucTeMa IBYyX OGpasyiomuX KOMMYTaTHBHOIO KoJsblia A ¢ eIHHHLEH e,
a TNOL COCTOsIHWeM Cy — npoussenenue a” "b", rme 0 < n < N.
PaapexxeHue KpaTHOCTH k o3Hauaer nepexon k cucreme (a*, b*). Pac-
cMatpuBasi N Kak JHCKpeTHOe Bpemsi, Oylem HasbiBaTb 3BOJIOIHE}H
BCSKYIO HAYHHAIOMYIOCH C € NMOCJeN0BaTeJbHOCTL COCTOSIHHH, Kaxipoe
H3 KOTOPHIX MOJIy4aeTcsi YMHOXKEHHEM NpeNIIecTBYIOMEro Ha a HiH b.

[Tockoabky J1060€ H3 3THX OBYX YMHOMEHHMH MOPOXKAAeT NOTOK
CABHTOB MPOCTPAHCTBA COCTOSIHHMM, 3BOJIIOLHIO MOXXHO HHTEPIPETHPO-
BaTh KaK TPAGKTOPHIO JHHAMHYECKOH CHCTEMBI, IONEPEMEHHO ympasB-
JfieMOF JBYyMs JaHHbIMH NOTOKamHu. Ilepexofpl Takoi CHCTEMH YAOGHO
npencraBaath cethio Ilackans—IanbToHa (puc. 1), a 3BosouHI0 —
6GeckoHeYHOH JIOMaHOH, HCXOAsme# H3 BepmuHbl ceTH (puc. 2). Ecun
B HapylUeHHe CHMMETPHH 3BOJIIOUMIO a¥ cuuTaTh 3TajNOHHOH, a bV —
BO3MYIUEHHOH, TO MPOU3BOJbHYIO 3BOJIIOLHKIO CJEAYEeT TPAKTOBaTh KakK
BO3MYyILla€Myl0, BOoOmEe TroBopsi, GecrnopsAOYHBIMH CcOOSMH BHIA
d=b—a.

3aecp Hac 6yoyT HHTEpECOBaTb 3BOJIIOLHH, KOTOPbIE NPH 6OJbIIHX
3HaueHUAX N OKa3biBalOTCA B ONPEIEJEHHOM CMBICJIE HeuyBCTBHTEb-
HBIMH K c6010. B CBfI3H C 3THM OTIpaBHO#H OGBEKT H3yYeHHs — BapHa-
LMIO Uy — ONpENEJHM KaK PasHOCTb COCEIHHX MOJIOXKEHHH MOIBHXK-

Horo KoHua N-3BeHHO}i JomaHoh: v}, = ¢y —cf! (1 < n < N).
UTo6bl HMETh BO3MOXHOCTb CYAHTb 06 aCHMITOTHYECKOM MOBEIEHHH

c
0 70N 1
/ ' ’/ ~ 2
/ \ / 2\ z/ o3
/ \ ANV SN )
el ¢l ¢l el fe
Puc. 1. IlpocTpaHcTBO cocToAHHH.

© B. U. Homumyx, 1990
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3BOJIIOLIMH NPH BO3pacTa-
Huu N, 6yzeM npeznnosa- -
ratb, 4t0 B A 3ajaHa
KOJIbLIEBAasi HpEeLHOpMa,
T. €. HEeHyJeBoe orobpa-
XKeHHe a — |a| koabua
A BR, nas xoroporo npu
Mo6bix @ 1 b n3 A nue-
JBIX  HEOTpHUATeJbHBIX
n BLINOJIHEHbl YCJIOBHS:

la—b|<|a|+|b], lab|<|a||b], |na|=n]a].

CraHIapTHBIM pacCyKI€HHEM YCTaHABJAMBAIOTCH TAKHE CBOHCTBa
npefHOPME, KaK HEOTPHLATEJbHOCTh, CHMMETPHYHOCTb, HEPaBEHCTBO
1 < |e| u o6a HepaBeHCTBa TpeyroJibHHKA.

Bciony Huxe  — (GHKCHpOBaHHOE MOJIOXKHTEJNbHOE YHCJO H § =
=1 4 PB. Ilo onpezenenuio, cucrema (a, b) ycroiiuusa, ee/in orpaHu-
yeHa ABOHHAs MOCJELOBaTeNbHOCTD Ns|v';\, | [Tono6Hoe craruBaHHe
CeTH nepexonoB (puc. 3) BjeYeT «KOH(PHHAJIBHOCTBLY BCEX 3BOJIOLMI H,
B YaCTHOCTH, COLEPIKHT B ceGe TpeGOBaHHE OTPAHHYEHHOCTH NOCJENO-
BaTeJbHOCTH Nslv'NI. J1o (Gonee ciaGoe MO CPaBHEHHIO € YCTOHUH-
BOCTbIO CHCTEMBI) YCJIOBHE YCTOHUHBOCTH 3BOJIOUMH aV O3Hauaer ee
JHOCTaTOYHO ObICTpOe COJIMMKEHHe ¢ 3BoJjouHell a¥—1h, noayuaemoit us
3TaJIOHHOH € AMHHUYHBIM c6oeM, M3 yeTOAYHBOCTH 3TaIOHHON 3BOJIIOLHK
aV B CBOIO OYepefb BLITEKAET KOHEYHOCTb CyMMH S = % | o |.

B ocHoBe ciienyomero onpenesNeHuss — HEKOTOPOE YCHJEHHE OTMe-
YEeHHOTO CBOJCTBAa: GyfeM CYHTATh, YTO CHCTEMAa NOXYHHEHA YCJIOBHIO
3axBaTa, €CJAM 3Ta CyMMa CTPOrO MeHblI€ €IHHHIH, DTH YCJOBHSA
Tak MJIM HHAY€ XapaKTePHU3YIOT CKOPOCTh yOBIBaHHS BapHAlHH CO
BpemMeHeM. bojee moxpo6Hyio HHGOPMAlHIO O NMOBENEHHH 3BOJIOLHIA
npu 6oabiwinX N MOXKHO GyNeT H3BJeYb M3 PasjoOXKEeHHsi BapHalUH HO
CTeneHsIM BO3MYILEHHS d, €CJiH, KOHEUHO, 3TO Pa3JOXKEHHE OKaXKeTCst
acuMnroTHueckuM. HanomHuM cooTBeTCTBYyOIIeEe onpenenaeHue. [Tycts

- Puc, 2, dBosonus.

Puc. 3. dparmeHT yCTOHUYHBON CHCTEMBI X0 H MNOCHAE PaspexeHHs.



X — npou3BOMIbHOE HampaB/eHHOe MHOXECTBO, a (x), ap (x)(p =
=1, 2 ..) — ¢yHkuun Ha X co 3HaueHHsimH B A. BripaxkeHus
a (x) ~ ap, (x) o6pasyIoT noc/Ief0BaTeIbHOCTL ACHMITOTHYECKHX (Op-
MyJl OTHOCHTEJbHO IIKaJe cpaBHeHHs Hp (x) (x € X), ecin MOXHO
yKasaTb 4YHCJIOBYIO NotjefoBaTenbHOCTb Cp TaKylo, 4TO NPH Jo60M
¢ukcupoBaHHOM p |a (x) — a, (x) | < CpH, (X) paBHOMEpHO nO
x € X. CooTHoLIeHHE
a(x)~ 3 b, (x),

r>0

rae b, (x) — rakxke A-3HauHbie ¢GyHKuUMH Ha X, Ha3bIBaeTCs acCHM-
OTOTHYECKHM Da3JjioXKeHHeM B ukaje H, (x), eclu BbhipaxkeHus
p—l1

ax)~ EO by (x)

06pa3yIoT NOCAEN0BATENbHOCTh aCHMNTOTHYECKUX (GOPMYJT OTHOCHTEIb-
HO 3TOH LIKAaJBbl.

B 3apauy pa6oThl BXOZMT BHISIBJI€HHE CBfI3H MEXIY yCTONYHBOCTHIO
CHCTEMB! H BO3MOXKHOCTbIO aCHMITOTHYECKOTO NpPEACTaBJECHHs 3BOJIO-
LM KOMOGHHALHAMHU BBICOKHX CTENEHeH 3TaJIOHHOro 3jeMeHTa (Tpejs
foJlaraeMbpX JOCTYNHBIMH BHYHMCJEHHIO) H HadaJbHHIX creneHeii Jubo
Bo3MyLIeHUs d, THO0 COGCTBEHHO 3JeMeHTa b B 3aBHCHMOCTH OT TOTO,
4yTO yao6Hee B KOHKPETHOM NpuJoxeHuu. Kpome toro, pabora crtaBut
LeJbI0 HAHTH NPH3HAaK YCTOHYMBOCTH H aCHMNTOTHYECKOH NpenCcTaBH-
MOCTH, He TpeOyIoi Uil BHIYUC/IEHH S HEOTpPaHHYEHHO PacTYLIHX CTerne-
Hell BO3MYILEHHOro 3J€eMeHTa b UJM BO3MYLIECHHUS d.

[IpuBeneM OCHOBHOH pe3yJ/ibTaT, AOKAa3aTeJbCTBO KOTOPOro, pas-
6Ouroe 1)1 yRoOCTBa Ha pAJ MPOMEXKYTOUHHIX YTBEPKIEHU, H3J1araeTcs
B NOCJENYIOUHX pasjienax.

Teopema. PaBHOCHIBHH CJEAYIOUIME YTBEPXKAEHHS:

a) cucreMa yCTOHYHBa;

6) 3TajIOHHas 3BOJIIOLUS YCTOHYHMBA H MOCJE HEKOTOPOro paspexxe-
HHUS OKa3bpIBae€TCs BHINOJIHEHHHIM YCJIOBHE 3aXBarta;

By mpu 0 < m Ln< N uN— oo cooTHOLIEHHE

e 33w

ABJSETCS aCHMNTOTHYECKHM pa3joKeHHeM BIiKaae (n — m) N—1-bp,
B yacTHOCTH (ans m = 0, n = N) 6HHOMHAJbHOE Pa3JIOXKEHHEe

bN ~ 2 (If)draN—r

r>0

ABJSAETCA ACHMITOTHYECKHM B wmKaje N—PP («HbioTOHOBa» acummTo-
THKa);
r) apu 0 <m n< N u N — oo BHpaxeHus

p—jl /p—1 p—1
n m n—q m—aq\ r
N —ow Z(nr—q r—q )N

r=0 \¢g=0 q=0




(1po6H ¢ HyJIeBbIM 3HaMEHaTeJleM 3aMeHsIOTCA efHHHIel) 0o6pasyioT
nocJIeIOBAaTE/NbHOCTh aCHMIOTOTHYECKHX (POPMYJ OTHOCHTEJILHO IUKAJKI
(n — m) N—'=8r_ B yactHoctH (a1 m = 0, n = N) BepakeHHs

0o6pasyloT MocJe0BaTeJIbHOCTh AaCHMNTOTHYECKHX (OPMYJ OTHOCH-
TeJbHO IKaJu N—PP («JarpaHkepa» acHMNTOTHKA).

Takum o6pa3oM, HCKOMbIfi MPH3HAK BXOAHT B TEOPEMY B KauecTse
yc/oBHS 6) — ONHOBPEMEHHO HEOGXOJHMMOro H JAOCTAaTOYHOIO.

B caenyiomem pasjiesie 6e30THOCHTEJNILHO K MEPEUHCJEHHBIM 31eCh
YCJIOBHSIM MPOBOAATCA HOCTPOEHHS MpEeABapHTEJHLHOIO Xapakrepa.

2. Aare6pa Bunepa—Jlopana

O6o3Haunm uepe3 FA anare6py ¢opMaJbHbIX CTeNEeHHHWX pPAIOB

F(X)= 2 aX" (r€Z, a,cA)

HaJ KOJIbIOM A, COCTOAIYIO H3 PAJOB C KOHEUHRIM YHCJIOM HEHYJIeBHX
Ko3(pHIHEHTOB MNPH MOJIOXKHTEJbHHX cremeHsXx X M o6Jazgaiouiyio
enuuuneit E = eX?®.

[Ipeannoxeunne 1. Cnopasensusel chepyiompe yTeepxkKie-
HHUSA:

a) mpu moGoM a u3 A snemeHt eX — aE aare6ps FA oGparum,
npuYeM NPOU3BOJbHAs HaTypaJibHas cTeneHb 06parHoro ajieMenrta R,

HMeeT BHA!
r4+n—1
RI=R'(@ X)= ) :( - )a'X"'"; ()

r>0

6) npu Jo6om b us A snemeHt R, anre6pel FA pomyckaer mpex-
cTaBJieHHE

- k
Ry =Ry (X)=R(b; X)=R(t"; X) Z6'X™  (9)

C NpPOH3BOJILHHIM HaTypPaJbHHIM NapaMeTpoM K,

B) IVist OGLIX @ U b U3 A HMeeT MecTo «pe30JbBEHTHOE TOXKAECTBO»
Rs — Ry = (a - b) RqRy;

r) cemeiictBo R, (dR,)” (r =10, 1, 2, ...) saeMeHTOB ajreGpmnl
FA cymmupyeMo K 3JeMeHTy Rp.

HoxasateabcTBo. S

a) HemocpeacrTseHHasi mpoBepKa YMHOXKEHHEM [OKa3blBaeT, 4TO

(X —aE)Ry = (eX —aE) X a' X" =,

>0
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T.e. R, = (eX — aE)™; nanee, cornacHo H3BeCTHOMY CBO/CTBY GHHO-
MHAJMbHBX KO3(HLHEHTOB,

(X — aE) R™' = (eX — aE) Z (r—;— n) X

r>0
P () B el
n n
r>8
7. e. 1A POM3BOJBLHOrO HaTypainhoro n R,Ri = Rit' u (R,)" =

= RI.
6) YUrto6nl yGenutbcs B CrnpaBelJIMBOCTH pPaBeHCTBA, AOCTATOYHO
YMHOXHTb Ha eX — bE ero npaBylo YacTb:

R (% X*) ( b”"x"‘) (eX — bE) = R (b* X*) (eX* —b*E) = E
r=1

B) K pesosibBeHTHOMY TOXZECTBY NMPHXOIHMM, YMHOXas Ha RgRp
o6e yacTH paBeHetBa R;' — R;' = (a— b) E.

r) 3anuceiBasi pe30JbBEHTHOE TOXAeCTBO B BHIe Rp = R, +
+ dR,R,, a 3aTeM HTepHPYA ero, HaxomMM pasJioxKeHHe:

qg—1
Ry = 2 (dR,)" Ra + (dR,)' Re.
r=0
33M€THB, 4YTO MOPAILOK Q)OpMaJIbHOI‘O pAada RZ paBeH g, AeJlaéM

BBIBOJL O CyMMHpYyeMocTH ceMeiicTBa (dR,)" R, K 3JeMeHTY Rp.
MMpenanoxeunue 2. Ilyerv Fgo = RZ'Ry, Fya = R3'R.,

amMu n-— TNPOU3BOJbHEIE HATypaJIbHbIE YHC/IA. BrinosiHeHO TOXKIe-
CTBO
) m—1
T (- B e
n—1 ’ r) -
k>0 r=0

= d"R:""FasT nm (Fra)s

B KotopoM 75y, (X) — mosiuHOM, ompepensieMulit dopMmyJioi:
‘n—1

T (X) = ; (";'z_l 1) X".

HdJokasaTteancTtBo. Bymem paccMaTpuBath KaxIylo Tpae-
KTOPHIO (pPHC. 2) KaK 3JIeMEHTapHRIN HCXOJ, B CXeMe CJydaifHOro 6Jyx-
IaHHUs, IPUIHCHIBAs BEPOSATHOCTb P YMHOXKEHHIO HAa @ M JOMOJHHTEJIb-
HYIO BepOSITHOCTb § — YMHOXeHHI0 Ha b. TlockosbKy Besikasi Tpaek-
TOPHSI € HEOOXOIHMMOCTbIO MepeceKkaeT OAMH H3 3KpPaHOB a™b’ (r =
=0,1, 2, ...) umu ad* (r =0, 1, ...), npuueM coOTBETCTBYIOLIHE"
BEPOAITHOCTH NepeceueHUi paBHu p™Tnm (§) ¥ §*T pun (p), ONS JMOOKX
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HEOTPHUATENbHHX H B3aUMHO JOMOJHHUTEJbHHX A0 €IHHHIB YHUCE] p
¥ ¢ OKa3blBaeTCsl CMpaBejJUBHM PaBeHCTBO:

menm (q) +q"Tn (P) = 1.

BBuay LeJOYHCNIEHHOCTH YYacTBYIOIMIHX B HEM MHOTOYJIEHOB €ro
MOXXHO paccMaTpHBaTh Kak ¢yHKIHOHAIbHOE TOXK/eCTBO B anre6pe FA:

(E—Y)' Ton(Y)+Y"Tun(E—Y)=E (Y cFA).

[lpu Y = dR, oHO nepexoaut B cieayiomee 0606meHue pe3oinb-
BEHTHOT'O TOXKJECTBa:

Rg — Rngn (dRa) = dch'zn+ananm (Fba)’

#3 KOTOpPOro mnocjejHee mojyyaercs npu m = n = 1. Haiigem pasio-
KEHHE JIeBOM YacTH 3Toro ToXAaecTsa B psafx JlopaHa. HMcnosb3sys
ABHbIA BHJA MHorouneHa T, u pasjoxeHue (1) ana Rz, umeeM:

m—1

R.Tn (dR2) = E Z (’ t i_l 1) (i J::: 1_1 1) ralx-irn _

r=0 j>»0
m—1

SIS

r=0 k>r

ChnenoBateibHO, JieBasg 4acTh 0GOGIIEHHOrO Pe30JibBEHTHOIO TOX-
JecTBa MpeiCTaBHMa PALOM:

m—1

~n—1 2 : k
(k-f_n ) bk_ ( )drak—r X—k—n’
Z n—1 r
0

k>0 r=|

rie, Kak oO6bluHO, HYJIeBas CTeNeHb JI000ro 3JemeHTa KoJbua A
(B TOM uMcsIe ¥ HYJEBOro) NMpHHUMAaeTCs PaBHOW e€JUHHUIE, a OTpHIA-
TeJibHasl €ro CTeNeHb, B3ATas C HYJEBbIM KO3(DPHLHEHTOM, CUHTAETCS
paBHO#t Hymio. TeM caMbiM TpeGyeMoe COOTHOLIEHHE YCTaHOBJEHO.

O6osHauum yepe3 WA mHoxecTBO Tex sjeMmeHToB W anare6pu FA,

I KOTOPHIX KoHeuHa cymMma || F || = X |a,|.
r

Mpennoxeunue 3. [logMHOXKecTBo WA anre6pm FA sB-
Jasiercss ero mnopaare6poit (aare6pa Buuepa—JlopaHa), a dyHKuus
| F|| o6bnapaer BceMH HEOOXOAUMBIMH CBOHCTBaMH NpPEIHOPMbI B
koaple WA c enunuueidt E, K KOTOpEIM J06aBASIOTCH CJAEAYIOULHE
(cBa3aHHbe ¢ HajauuneM B WA 1OMOJNHHTENBHOH CTPYKTYphI) CBOIi-
cTBa:

a) npu mobeix @ u3 A 1 W u3a WA snement aW npHHamjIeXuT
anre6pe WA u ||aW | <|al| | W

6) npH JMOGHIX HATypaJbHHX 7, k BEINOJHEHO PaBEeHCTBO:

[w (X*)eX | =1 W (X); (3)
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B)-écit W, — cymmupyemoe k W cemeiictBo ssemenTos WA
H || Wy| < oo, To W — Takke snemenr WA, npuuem || W [|<
P

\<§II Wyl

JokasaTeabcTBoO. JIeHCTBUTENIbHO, MYCThb 3J€MEHThH
UX)= 2 aX" V(X)= 2 bX" npunagnexar WA. Torama, no
r r

cBOfiCTBAM MpefHOPMbI B KoJble A,
"U_V“=ZIar_br|<Z(Iar|+|br|)=||ull+||V||1
r
IUVI=Z| 3 apbe|<Z 3 lap|lbg|=U[IV]

r \ptg=r I r p+g=r

"aU"= 2 Iaar \ Z Ial lar|=|a| "U",
InU| = 3 |na,| = 3 nla,|=n|U]|.

r

TlockosbKy paBeHCTBO (3) COBEPILIEHHO OYEBH]JHO, OCTAeTCs MpOBe-
putb yrBepxaenue B). Ilycte W, (X) = % a,,X9, torna W (X) =
= (Z a,,q> X9, rje BHYTPEHHAA CyMMa COZEPKHT KOHEUHOe YHCJIO

q p

HEeHYJIeBbIX CJilaraeéMbiX. CﬂeIlOBaTeJleOZ

JNWsl= 3 lap|> ZIZ‘apq|=||W||~
] P, q e l»

lMpenanoxenue 4.Ilyecbl <K n K Nui—1,j— npous-
BOJIbHble HaTypaJjibHble uucaa. Ecan sneMeHThl Fgp, d'RiHN
anre6pu FA npuHapnexar nopaare6pe WA, to

i—1

n—
o | Z (r " 1) 4V <[ Fos R a N—n"n (F - ¥).

r=l1 r=0

JoxasatenbeTsBo. 3aMeTHM npexne Bcero, uto || Fgp || =
=|E +d || le| +||dRy || > 1, a Takxe, uro
j=1 +i
i r+i— _r
FapT 5 (Fpa) = E ( i1 ) FL'.
r=0

Orciola BHITEKaeT OlleHKa:
j—1
r+i— i+j—1
|FLaT 1 Feo)l <1 s S‘( P =rra (1T,
i— /
r=0
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YMHOXHB Hada® (s = 0, 1, 2, ...) 06€ yacT TOXJECTBA U3 Npe/JIo-
KEHHA 2, MOJy4YHMM HepaBeHCTBO:

m—1

k+ﬂ—l spk Z (k r+l _s+k-r
( n—1 )dab— (r)d a <

r=0
m+4n—1
<

o iFap e R,

M3 KOTOpOro 3aMeHoit n Ha j -+ 1, kHan— 1, m Hai —1 u s Ha
N — n nerko HaxoguM TpeGyeMylo OLEHKY.

3. CpaBHeHHe 3BOJIOLHI

B 3ak/0YHTEAbHOM pa3fesie MPOBOAUTCH JOKA3aTeJbCTBO OCHOB-
HOli TeopeMHl Mo cXxeMe a) => 6) => B) =>T) => a) U Ha OTHOCHTEJbLHO
MpPOCTOM MNpPHMEpe IEeMOHCTPHPYETCS TeXHHKa ee NPUMEeHeHHUs.

[Mpennoxenue 5 Ecau cucrema (a. b) ycroiunsa, TO
cyMma

Si= S|P - (@)

CTPEMHTCS K HYJIO C pocToM k.
HdoxasateabcTBo. [lo onpeneneHnIo yCTOHYMBOCTH CHC-
TeMbl (@, b) O HEKOTOPOrO MOJIOXKHUTEJLHOrO R paBHOMEPHO Mo 7

u N (1 <n< N) ssinoswero nepasencreo N°|vy | < R. Cueno-
BaTeJbHO:

|65 (@) — (@)Y = 3 |che— | =

N>l N3l

k
2 Uik
n=1

-3

N>1

<R ( > N‘S) [N}
N=>1

4TO U Tpe6oBaJOCh.

Y CcTOHYHBOCTD 3TAJIOHHOH 3BOJIIOLHH @V, KaK yxKe 0TMeYaJoch Npu
BBEJICHHH 3TOTO MOHATHSA, ABJSAETCA TPHBHAJbHBIM CJEICTBHEM YCTOMN-
ygBoCTH cucTeMbl. [loaTOMy mpejsoxxeHue 5 ycTaHaBIMBaeT HMILUIH-
Kaluio a) = 6) AJIA MepBRIX ABYX YTBepXKAEHHH OCHOBHOH TeOpeMbl.
UTo6Hn 10Ka3aTh UMMAMKALHIO 6) = B), HCOOJb3yeM cleaylouye Jse
HpOCThbIE OLEHKH.

[Tpennoxenue 6. Ecaussomouus a¥ ycroiiuusa, Tak ¥TO
Ns |daM—'| < R mpu Bcex HaTypaabHeiX N, TO /sl MPOHU3BOJIBHBIX
HatypaJbHbeIX m, N crpaBeiJHBO HepaBeHCTBO:

N3m~|dmaN-l l <mstm. (4)

HokasateanbcrtBo. llenoe HeorpuuateasHoe yucao N — 1
MOXHO mpejacTaBuTth B Buge N — 1 = (n — 1) m L r, roe n — Hary-
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panbHoe uyncnmo H 0 << m — 1. Torpa, ouesuauo, N < mn u,
CJIe10BaTeNbHO:

Nsm |dm N-1 | sm |(dan—l)m-1 dam»r—l l <
sm (ns Ida n-1 Dm—l dan+r—1 I <

\ mstm-l (n_i__r)s/danu—ll< sm m

[TpenmnoxeHnune 7. [1ns NPOU3BOJBHBIX MOJOXKHUTENbHBIX P, ¢
# JI060ro HaTypaJsIbHOrO /m BbIMOJIHEHO HEPaBEeHCTBO:

DU ermm 3y G o
r>»0

JokasaTeabcTBOo. A NoJOXHUTEAbHHX ¢ 0603HaUUM
u (1) = te* (¢ — 1) < 1 + £. OueBugnoe HepaperctBo I' (v + q) <
< ¢l (m +¢q) (0 <v < m) naer:

F(m+q)2( __11)(p+f)"""’=

r>0

= Se""t""u’" (tdt < Se""t"" (14-6"dt =
0

= Z ( P(v+g)p™I KT (m+q) p? Z (’:) pigm =

v>0 v>0

~rimta () (544)°

[Tpennoxenune 8. Ilycts Fyp € WA, sBosouus a¥ ycroii-

1
4YHBa, TaK 4YTO NSIUN|< R npu Bcex HarypaiabHHX N, v — npous-
BOJIbHOE HaTypaJibHOE YHCJIO H U — TaKoe OTJIHYHOE OT eJHHHUIIb HaTy-
panbHoe uHucio, uto 2v < fp. Torga pasHoMepHo mo 1 (1 < n < N)

n—1

n—1
d- (17 e <o, v,

r=1

N‘V

rae
v—1

(i, v) =e@Ru) | Fap [ T (u +-1).
r=0

JokasdateanbcTBo. O60o3Hauum p=N—n+12>1
qg = Pfp —v>v,m=pn -+ v. [locregoBaTesbHO MpUMeHs s HOPMYTY
(1) n ouenku (4) u (5), Haxo;UM:

plarsa-1=p 3 (71" ) leaeti<
r»0



<@ YT e rams

r>0
s v (1 1\m s\h 1\
<R P (5 +7)" < R (145)"
Tlockoabky N < np, U3 mnpejpnoxeHus 4 ciaexyer, yTo

u—I1

—1
3 B0 e

r=1

NY <

v—I1

<o lerrae || Ful | [ +n<

r=0

v—I1
<R (145 Y elFal [ lwn.

r=0

Mpennoxenue 9. Iycts Fg € WA, spomounss aV¥ yc-
ToilyuBa, Tak uyt0 N°|vNh|< R, p — mpousBoJIbHOE HaTypajbHoe
ypcno, | = W (p) — HaHUMeHbluee [eJoe YHCIAO, YIOBJETBOpsiolee
HepaBeHCTBY 2Pp + 4 < Pu, HakoHenm 2v = 2v (p) — HauMeHbIllee
ueTHOEe uHcJ0, MpUHamAexamee cermeHry [2Pp + 2, Pu). Toraa
mpu 1l <« n N

p—1

n—1 r N—r
%_Z(r— l>da

r=l1

N1+ﬂp <Cp,

u—l1

rae «mycTas» cyMma samensetcs Hyaem, aCp=C(u, v) + Z Rrrsr+v_
=p

JokasdarteabctBo. OuesugHo, p < p — 1. CoraacHo.

NPeasoKeHHI0 8 U OLeHKe M3 MpejIoxeHus 6:

p—1 u—1

v” . S‘ (n— l)draN—r <N’V vn . S‘ (n— l)d’aN”
N Ld\r—1 = N L \r—1

r=l1 r=1

NI+BP +

T

r=p r=p

rneg,(N)—OnpuN<r ampur< N gN)=NN-—-1).
. (N—r + 1) NP (N —r 4+ 1)
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IIpn mo6om ¢ukcupoBanHoM r mnocraeaosartesbHocTh g (N), rae

N=r,r+1,r +2,.., MmoHOTOHHO y6biBaeT. [eficTBUTENLHO, NOJIO-
kM n =N —r 4+ 1 < N, Ttoraa
| | 5 8r (N) =
1+—) [ 14—\
B (r-p)
A ",> =) ((+5) T eW+D>a W+
L+ L+
(Kaxzapli M3 TPeX COMHOXHTeNeli He MeHblue eauHHUH). [ToaToMy
n—1 n—l u—l
(’SR)r (’ R) FSTHY
o T &M< T &< 2 R
r=p r=p r=p

H OpeloXeHHe J0Ka3aHo.
ITpeanoxenne 10. [lyctb 1/ HEKOTOPOro HAaTYPaJbHOIro
k cucrema (a*, b*) noquuHeHa yciaosuio 3axBata S, < 1, a aTaJOHHas
sostouust aV¥ ycrosiuusa. Toraa F,, € WA, npuuem
E—1

I Farl < |e|—|_S(k)(l—Sh)-12 |61

rae yepes S (k) 0603HaueHa cyMmMa. (cxomsmerocs)) psaa X |olteq |-
r>0

HOKa3aleJIbClBO. OG6Go3HauuB ue es3 d a3HOCTb bk—
k
— a®, 3aMeTHM BHayaJje, 4To

=3 |dy, (@) =] dxR (a*; X).

CoraacHo m. r) (npeu.nmxeﬂnﬂ 1, B KotopoMm a, b, d 3aMeHeHH
COOTBETCTBEHHO Ha aF, b%, d,, ceMeicTBO (opMalTbHEX pPAAOB
dR (a*; X) d,R (a*; X))" (r=0, 1,2, ...) cymmupyeMo K dR (b%; X).
IlosToMy Ha OCHOBaHMH . B) npen.nomenuﬂ 3 u HepaBeHcTBa Sp < 1
3aKJIIoYaeM, 4To

IdR (8% X)|< ledR(a X) (&R (2% X))| <
<|dR (% x)|| 3 Si=S®(1— S

Haxkonell, ucrnosn3ys npenctasieHue (2) U paBeHCTBO (3), HaXOAUM
CeAYIOUYI0 OLEHKY:
k
[dR:| < Z [dR (6% X*) b*'X™ | <
k—1

k
<[dR (8" X)| 2 |6 Frz sk — Sy = |6l

OcraeTcsi y4ecTb COOTHOLIEHHE:
| Fasll = | E + dRy || = le| 4 [dRs |\
IIpepnoxxeHne no0KasaHo.
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[IpenaoxeHue 1l. Ecau sranonHas 3BoJouns ycTrofiuusa
| nocJie HeKOTOPOTO Pa3perKeHHs CHCTeMbl OKa3blBaeTCs BbINOJHEHHBIM
ycJOBHE 3aXBaTa, TO COOTHOIUEHHE

n m n (m r  N-r
cy— N~ r)_(r»da OLmKLnN)
r>0

sBAsieTCS aCHMNTOTHYECKHM pasioKeHHeM B wkane (n — m) N—1—8p,

JoKas3aTeaAbCTBO. YcIOBHA JOKa3shblBaGMOro MmpeJoxe-
HHA COBMAJAIOT C YCJOBHUSIMH mpeibipyuiero, nostoMy Fg, € WA u
MOXeT OhITb MPHMEHEHO mpejsioxeHHe 9, B cuay Kotoporo npu 1 <
< g < N ¥ npousBOJIbLHOM HaTypajJibHOM p

p—1

. —1

r=1

C.ne,nona‘renbﬂo, paBHOMEpHO no m, n, NOJYHHEHHBIM YKa3aHHOMY
B YCJIOBHH OrpaHH4Y€HHIO, BRIMOJHAETCS OLEHKA:

p—1

- B(0)-(ee]-

r=0
n p—1 n l
| S a8 B e
g=m-1 r=1 g=m+1
n p—1
. 9—=1\ , N -1-Bp
q=m+l r=1

B OTHOLLEHHH KOTOPOIi JOMIKHO GRITh COXPAaHEHO COTJIalleHHe O «MTyCTOH»
cymme. Mrak, npepnioxenune 11, a BMecTe ¢ HUM HCTHHHOCTb HMIUIHKa-
IHH 6) => B) TEOpPEMbI JOKA3aHBbI.

[Ipeannoxenue 12. Ecan cooTHomeHue

Cn m n m dr N-r
N—CN~ A\, a O<mnN)
r»0

ABJfeTCA aCUMNTOTHYECKUM pasjioXKeHHeM B IukaJje (n — m) N—1-8p,
TO BbIpaXKeHHUs

p—1 /p—1 p—1
» Y [— m—
-G~ I[]E=2— 9 ey
r—gq r—gq
r=0 \g=0 q=0

(Apo6y ¢ HyJIeBbIM 3HaMeHaTeJieM 3aMeHSIIOTCH eAUHHLel) o6pasyioT
nocJIe0BaTe/IbHOCTD ACHMNTOTHYECKUX (OPMYJ OTHOCHTEJILHO 3TOMH
HIKAJIBL.
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JdokasaTeabcTBso. QUKCHPYA NPOH3BOJbHOE HATypalb-
Hoe p ¥ N > p — 1, paccmoTpuM pBe ¢dyHkuuu Ha C3:°

p—1

Feo =D, (H)w—wa,

r=0
p~—1
N—r
G(x, y, Z)_z(‘] y l_lr_q
[lpu n =0, 1, 2, ..., p — 1 oueBHAHO paBEHCTBO:
p—1
[Mezz-s.
r—gq

=0

No3TOMYy AN TaKUX 3HAYeHHUH 7

n

F(x, y, n)= Z (':) (4 — x) AN Ny,

r=0

p—1

G(x, y, n)=2 Ny = XNy

r=0

H, nockoJbKy F u G — mosuHoMbl creneHn p — 1 nme z, OHH coB-
najawr. B uacTHocTH, Temepb yxxe mpH Jilo60M LEJOM HEOTPHLATENb-
HOM 71 OAHOpOjHble moauHoMH F (x, y, n) u G (x, y, n) crenenn N
COBNajaloT Kak (QYHKIHUH ABYX KOMIJEKCHBIX MEepeMeHHbIX, MpHYeM
Ko3(pHLUHEHTH mepBOro U3 HHUX, OuYeBHAHO, Ueanle. CienoBaTebHO,
KO3(QbUIIMEHTH BTOPOro TaKxke lejne, H 3TH NMOJHHOMH COBHAAAIOT
KaK (GYyHKUUH OT 3J1EMEHTOB MPOU3BOJBHOIO KOMMYTaTHBHOTO KOJblLa
¢ efuHULEeH, B KOTOPOM OKa3HBaercs COpaBe/VIMBBIM C/IEAIollee ToX-
ZectBo Hblorona—Jlarpanxa:

$()omsoe- Foeflazs wopmn
r=0 4=0

B nmpumenenun K Komblly A c x =a, y=b u 0 < n < N oHo
NpUHUMaeT BHA:

[N

p—1 p—1 p—1

Z( )d’”’ Zc?«n'r’:g.

r=0




[Tpu 31OM (€cau cuuTaTh, yTo Ochy = 0 aas mo6oro N) orpanu-
yeHHe Ha N cHUMaercd, Tak Kak npy 0 < n < N < p — | 3Haue-

HUe JeBOM YacTH
n

2‘\ n
(r> draN—r — aN-nbn =C1’\;

r=0
paBHO 3HAUEHHIO MNpaBoM:

p—1

r qr r
2 Cnbn = Ch-
r=0

ITo OMNpeAeJeHHI0 AaCHMITOTHYECKOrO pasJ/ioKE€HHA, BbIpaXXEHHUA

=1
a5 (0)- () v
r=0

06pa3yIoT MOC/HeN0BaTe/bHOCTh aCHMMTOTHYECKUX (OpPMYyJ OTHOCH-
TefbHO wKanel (n — m) N-'-BP, T[IpeoGpasysi MX mnpaBble YacTH
nocpeacTsoM Toxaecrsa HelotoHa—JlarpaHxa, npHXofuM K TpeGye-
MOMY 3aKJIOYeHHIO.

Jloka3anHoe mNpeiNoXeHHe YCTaHABJAWUBAeT HMIUIHKAUMIO B) = T)
TeopeMbl. VICTHHHOCTb UMIUIMKALUK T) =- a) oueBUHA. [leficTBUTENBHO
COIVIaCHO YCJIOBHIO T) ¢ p = | U m = n — 1, mocienoBaTeabHOCTD

N*|vy| = NPk —cR|; N =1, 2, ... orpanmuena paBHoMepHo

no n < N, a 370 U ecTb ycJoBHE a) YCTOHYHBOCTH CHCTEMBI.
TeopemMa pgokasaHa moJHocThio. Ee npuMeHeHHe NpPOHJIIOCTPH-
pyeM BBIUHCJIEHHEM HTepauuii omeparopa

BHw=[ox—nrwa
R

€ CHJABHO OCUMJIHPYIOIUM sapoM b (f) = (1/x) sin® (1/¢), xoTopbiit
6ynem paccmaTpuBath B npocrpaHctBe C (R) orpaHHueHHBIX Hemnpe-
phIBHBIX ¢GYHKUMH Ha R c paBHoMepHo# Hopmoi#i. Mcxops u3s coot-
Howenuss b (1) ~ (1/n) (1 + )™ ({ > o), Bo3bMEM B KayecTse
3TasloHHOro sjpa a ({) ero mpasyio yactb. O603HauuB yepes A HHTe-
rpanbHHil onepatop ¢ sAapoM a, a uyepes D — pasHocth B — A,
nposepuM ycroiyuBocTb cuctembl (A, B). CornacHo HepaBeHCTBY

Komun:
||D||2=(—,L§|sm2x—H’i—’,,2%)’< ’
(S12|b(t)—a(t)|dt)2=(%ysinzx—% “—xf)2<
2 -
\<%§((1—}—xz)sinzx—xz)z%g(l:_—xxz)z=;—ll5-
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Ilanee, yuuTHIBast CAaMOBOCIIPOM3BOAUMOCTD fIipa @, ({) NpH HTEpa-
uuAX oneparopa A M HcmoJb3ys, Hanpumep, dopmyay Tefinopa
C HHTErpajbHbIM OCTaTOYHbIM YJEHOM, HEeTPYAHO MOJNY4YHUTb Hepa-
BEHCTBO:

Ipa™ )< §12|b(t)—a(t)|dt§|a L0 df <
R
1 41 3V3
<5V s <2 — 11,
O3Haualollee YCTONYMBOCTb 3TaJOHHON 3BoJsiouuu AV ¢ nokasatesnem

p = 1. Ocraercsi nmpoBepHTb, BHINOJHEHO JH YCJOBHEe 3axBaTa IJifl
Kakoro-iu6o HaTypasnbHOoro k. Yxe mpu k = | oueHka

oo _ had 7 2
Nipar-j=pj+ pan <V &+ E <+
1 1

rapaHTHpyer 3TO BHIOJNHEHHe ¢ JocTaToyHbiM 3amacoM. Caenosa-
TeJIbHO, NpH GoNblUMX 3HayeHHAX N H, Hampumep, npu p = 2 id
urepauud BN mosyyaeM npejacTaB/ieHHe B BHIAE CYMMBI:

BN = (1 — N)A¥ 4+ NAN-1B 4 0 (N=9),

cjaraeMble KOTOPON JIErKO BBIYHCIASIOTCA MpH Jwo6GoM N.

PaccMoTpeHHas 3afiaya UMeeT YMCETO HJJIOCTPATHBHH Xapakrep
H, BEpPOATHO, MOXeT ObITh pelleHa 6e3 HCNo/ab30BaHHS GHHOMHAJNbLHON
acuMntoTuku. [IpencraBieHne o mpHMeHeHHH mocjenHell K OGosee
CofiepxKaTeNbHHM 3ajidayaM JaeT CJAeAVIOmIHHA pe3yJbrar.

[lyctb X — cenapabesbHoe TrHIbGEPTOBO MpOCTpaHCTBO, M —
anqre6pa orpaHHuYeHHbIX 3HAaKomepeMeHHbIX GopeseBcKHX Mep Ha X
CO CBEPTKOH B KauecTBe YMHOXEHHA H MOJIHON Bapuauueill B Kauecrse
HODMBI, W U Vv — IIEHTPUPOBaHHblE BEPOATHOCTHHE MepH Hz M c He-
BHIPOXKAEHHBIM KOPPEeJAIHOHHLIM omnepaTtopoM D. .

PaccMOTpHM 3anauy anmnpoKCHMalUHH CBEPTKH WV HeorpaHHYeHHO
pactymieii KpaTHocTd N 1eJOYUCJIEHHBIMH JHHEAHBIMU KOMOUHALHU-
fIMH CBepTOK BHAa pwV-", 0 < n < p (KpaTtHOCTH |4 B KOTOPbIX orpa-
HHYEHBI) JJIf1 C1yyas, KOrjaa Mepa p aGcosioTHO HepepHBHA M0 Mepe v,
npexnosnaraeMoil rayccosoéi. Bsemem cjepyromue o6o3Haqemm.
F, — cnexkTpanbHas GYHKLUMS MOJOXHTEJbHOro oneparopa D (pas-
JIOXKEHHe eNUHULBl); P, u, v — BCroOMOraTeJbHHE MapaMerphl, ompe-
JessieMbl€ COOTHOIUEHHSMH:

1 r—1 1
B=5+71 =——l5, v=—++8,
rae r — GUKCHpoBaHHOe uHcao, Gosbluee enuHUupbl. [lanee, T — He-
NPePHIBHLIA MOJMIOXKHUTENbHBI! oneparop, Takoil, 4To GYHKUHA [ (S) =
= s tr (F,DT) orpauuueHa Ha Rt, | x|y = V (Tx, x); HakoHeLu,

4 exp (—3/2) + 1
3o < 0.252

C =

— a6coJI0THAs TOCTOSIHHASA.
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CnipapefyinBo cJefyiouiee yTBEpKACHHE.

Ecan naorHocts [ (x) = (dp/dv) (x) TakoBa, 4TO mpH JIOOGBIX
gy X |[f()—1@|<@kx) +g®)|x—ylr, rae dyHk-
IMS g CyMMHpyeMa ¢ KBajpaToM 1O Mepe v, To Ju6O MpH J1060M
HaTypajibHOM N BHINOJIHEHO HepaBeHCTBO

[w¥ — vV [+ N-BRE (1 +B) > 1,

(8 xoTopo R = (afu)* (bjo)’; @ = 21/ 2 (sup £ (s) | g? (x) v (@dx))';
a §{ — ¢yskuus PuMana), nu6o npu /1060M HaTypaibHOM p HMeeT
MECTO aCHMNTOTHYECKOE COOTHOLUeHHE:

ﬂ—l p_l N
— — —q —
MN_E wN—n T — + O(N-B»),
n=0 —0
B dopmynax kKoa(hbHLHEHTOB KOTOPOro ApoGH C HyJieBHIM 3HaMeHa-
TeseM OMyCKaloTCH,

Meropn, HccnenoBaHHBII B HacTosime# pabGoTe, Mo3BOJISAET MOJY-
YHTh 10Ka3aTe/IbCTBO 3TOM K aHAJOrHYHbIX el TeopeM 06 anmnpokcHMa-
IMSIX CBEPTOK B APYIMX HOPMaX, PaBHO KaK M Ha JAPYruX, OTJHYHHX
or X, MeTpHYeCKHX rpymnnax.




H. H. IOHOMAPEHKO

06 UMINIPUMHTHBHOCTH OJHOI'0 KJIACCA S-KOJIEH

1. Beenenue

Psin HepelmeHHbIX npo6GJieM TEOPHUH CJOXHOCTH BBbIUMC/IEHHH CBf-
3aH ¢ pacrno3HaBaHHeM H3oMOpGhH3Ma KOHEYHBIX aJre6paudyeckux
M KOMOHHATOPHBIX 06bekToB. Hanbosee TpyqHOil cpean HUX siBIAETES
npobieMa usomopdusMa rpagos, KOTOPOH 3KBHBaNeHTHa mnpoGiema
H3oMopdH3Ma 06bEKTOB B KAaTEropuH BCeX KOHEYHH X ajrebpavuyecKux
cucrem [1]. TTocnenoBarenbHOe MpUMEHEHHe TEOPETHKO-IPYINOBOK
TeXHHKH [2, 3] mpHBeNnO K MOCTPOEHHIO aJroOpHTMa, Pacrno3Ham-
IEero H3oMOpdH3M JBYX MPOM3BOJLHHX 7-BEPIUMHHBIX rpPadoB 3a
O (n¥"71g ) maros [41.

B nmnpo6Gneme u3oMOpdH3Ma 3HAUHTENbHO MeEHbIUHIA mnporpece
AOCTHFHYT B OMNpPENEIeHHH CJO0XCHOCTH HAeHTH(UKAUUN OOBeKToB,
OTAMYHBIX oT FpadoB. Tak, B Hacrosuiee BpeMs CJIOXHOCTb HaHJ/yu-
IIero aJjropHT™Ma, nposepfiouiero H3oMoppH3M rpynmn mnopsiika n,
3ajaHHeIX Tabauuamu Kaau, He npesocxogutr O (nl°g") [5]. 3ra
OLEHKA SABJsETCA CJEACTBUEM TOro, YTO Kax<ias Ipynna nopsijaka rn
o6/afaeT MHOXECTBOM 0GpasyIolUMX, COCTOSLIUM H3 He Gojiee yem
log n anemeHTOB. AHaJlOrHYHHE COOGPaXKEHUS MPHBOAAT K a/rOpPHT-
MaM Cy63KCOHEeHIHANbHOH CJI0XKHOCTH, TPOBEPSIOMHUM H30MOpPGhUIM
JIATHHCKHX KBajAparoB, apdHUHHHX MJIOCKOCTeH M HEKOTOPHX APYrHX
KOMOHHATOpHBIX 00BeKTOB [5].

IIpoMexyToyHoe noJioXKeHHe Mexny rpadami, ¢ OLHOH CTOPOHHI,
H rpynnamMd 4 KOH¢UrypauWsMH, ¢ APYrof, 3aHUMAIOT TYPHHPBHI,
T. €. rpadsl, y KOTOPHX Kaxpaoil HeymopafoueHHOH mape pas3/HuHBIX
BEPIUHH COOTBETCTBYET eJHHCTBeHHOe opHUeHTHpoBaHHoe pe6Gpo. Kak
ykasaHo B [6], M3oMopdu3aM IBYX #n-BEPIUMHHHX TYPHHPOB MOXHO
nposeputh 3a BpeMs O (n!°€”), TeopeTHKo-rpynmnoBasi yacTb 3TOTO
ajqropHTMa HcnoJib3yeT ToT (hakT, yTo rpynmna aBToMOpPGH3MOB MPOHU3-
BOJILHOTO TYpHHpa paspemnMa. B ocHoBe ero koMO6UHaTOPHOH yacTH
JIEXXHT BapHaHT mpouefypH HaWBHOH KjaccHdbHUKalUHH BEPIUHH, BHI-
pa6aTuBaromuii no rpadgy I' kaerounoe kouabuo X (I') caenyromum
obpaszom [7].

PackpacuM ynopsimoueHHble mapu BepiunH rpada I' B pasinyHHe
uBeTa, COOTBETCTBYIOUIME MapaM OAUHAKOBBIX BepIUHH, pebpaMm H He-
pe6paM. YTOUuHUM pacKpacKy ¢ TakHM pacueToM, 4yToObl mapbl OAH-

© H. H. MNonomapenko, 1990
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HaKOBOI'O IBeTa OKa3ajJuCh MPHUHALJIEKAIUMH ONUHAKOBOMY YHCJIY
TPEYroJibHHKOB ¢ (PMKCHPOBAHHHIMH IBeTaMH cTOpOH. HreparusHoe
NPHMEHEeHHe TaKHM 06pa3oM onpeae/eHHOro YTOUHEHHS NpHBERET
K LBeTHOMY rpady, Y KOTOPOTO MHOMKECTBA OJHOLUBETHHX YMOpsAjo-
YEeHHbIX Mnap BepluMH WHAyuupywoor moarpadwer Ty, ..., T,. MoxHo
nokasats [7], 4To MaTPHUH CMEXHOCTH 3THX MOArPathOB MOPONKAAIOT
KJeToyHoe Koablo X (I'), comepxainee, B yaCTHOCTH, MaTpHIy CMeX-
HoctH rpada T'. .

PaccMOTPHM BO3MOXHYIO CX€MY MOCTPOEHHS FPYNMH aBTOMOPGHH3-
moB TypHHupa I', aHanoruyHyio [6]. B Heli Han6Gosee npocTHIM OKa3H-
Baercl cayuail, xorga kKoablio 2 (I') He sBAsieTcA KJAETKOH, T. e.
BeplIMHbl TypHHUpa I' nocje yTOyHEeHHUS pacKpacKH pas3bGuBaloTcsi Ha
6osiee yeM OMH IBETHOH KJacc. JleficTBHTeNILHO, B 3TOM cjyuyae Jo-
CTaTOYHO PEeKYPCHBHO NPUMEHHTb aJIFOPHTM K TYpHHpPaM, NOPOXIEH-
HHIM BeDIUMHAMH IBETHHX KJ/acCOB, H BOCHOJIb30BAThCA 3aTeM TeX-
Huko#i DBaBanm—Jlakca. 3ameTHM, 4TO BO3MOXHOCTL mocJsenHero o6y-
CJIOBJIMBAETCS Pa3peIUMMOCThI0 MOJNYYEHHHX Trpymnm.

Cnyuaii, korga kosbuo 2 (') okasnBaeTcsi KJETKoi, NPHBOZUT
K PacCMOTPEHHIO ABYX MOAC/AYYaeB B 3aBUCHMOCTH OT MPHMHTHBHOCTH
2 (T'). IMnpumuTHBHOCTL KJIeTKH X (I') O3Hayaer, yto oguH H3 Ga-
3icHbIX rpados I'; npeacrabasierc B BUAE OOBEIHHEHHS BePILHHHO-
Henepecekarouwnxcss TypHupoB [71. 310 obcTosiTenbeTBO CHOBA MO3-
BOJIA€T MPHMEHHTbL AJIFOPUTM PEKYPCHBHO.

OnHcaHHas cxeMa CBOZHMT 3ajayy MOCTPOEHHS PyNmbl aBTOMOP-
(¢HM3MOB MPOH3BOJNILHOTO TYPHHPA K COOTBETCTBYIOUIEH 3ajaue A/
TeX TypHHpoB I', y KotopHX koabuo X (I') sB/IsieTcss npUMHTHBHON
kjaetkoll. EcrectBeHHHM 06pasoM BO3HHKaiollas npd 3ToM npobJema
KJaccHDHUKAUHA NOCIEAHHX OKa3hiBaeTCs B HEKOTOPOM CMEIC/IE MPolle
OMHCAHHF BCeX NPUMHTHBHHX KJETOK, MOCKOJBKY KJETOUHbIE KOJIb-
na TYpHHPOB 06JaJaloT CJAeNVIOUIUM JOMOJHUTENbHBEIM CBOMCTBOM.
IMycts A — 6asucHan matpuua koanua > (I'). Torpa, mo ompegnene-
HHIO KJIETOYHOTO Koablia [7], MaTpuna A*, TpaHcnoHupoBaHHast K A,
TakXe siBafiercAd GasucHo# MaTpuueii Kossua X (I'). HerpyzHo mpo-
BePHUThb, yTo ecau ' — Typuup 1 A — GasucHasi MaTpHla, OTIHYHAA
oT exuHUuHOH, To A 54 A™. B Hacrosiuieli paGote menaercd mepBblf
IIar B HM3Y4EHHH KoJiell ¢ TAKHM CBOHCTBOM — paccMaTPHBAOTCH
KJIETOYHBlE KOJblla, MHAYLUPOBaHHbE TypHHUpaMH Kaau.

Typuup Kaau rpynnel G cTpoutcs caenyiomuM o6pasoM. IlycTs
H — nogMHoxecTBo 3JieMeHTOoB M3 G Takoe, yto H | H' = &.
BepmmHamn crposiuierocsi TypHHpa GyayT Bce 3/eMeHThl U3 G; OpHEeH-
THPOBaHHOe pe6Gpo (g, g.) moJyyaercss M3 napH g,, g, € G, 114
KoTopo#t g,-g;' € H. KuaetouHoe KoJbLo TypHHpa K3,aH OKashuBa-
ﬁrlm S-xonbnom Hag G (MAM B APYrod TEPMHHOJOTHH — KOJIbLOM

ypa).

2, OcHOBHBIE OmpeAcAcHHA

®uxcupopanHo#t 6yaem cumtath rpynny G mopsizka n. Ee rpyn-
noBoe KoJblo R (G) cocrouT H3 ¢opMaibHBIX CyMM BHAA (g,
rie ¢, € Z, HasnBaeMblXx BenMyHHaMH. OnepalHH CAOXEHHS H
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yMHOXeHHA B KoJble R (G) ompenensiorcsl ecTecTBEHHHM 00pa3oM:
ecmu U = Zcgg, V = Zcgg, 10

UtV =2 (et cp) 8, Uv = gZh (cech) gh.

Kosnbio R (G) uHTeprmperupyercsi Kak MOAyJab Haj Z, ecau AJs
d € Z nonoxuts dU = X (dc,) g. ,

Besuunna Xc,g HasbiBaercss mpocToil, ecaH ¢ € {0, 1} mas
BceX g€ G. Ecmu U = G, to yepes U 0603HauUM MOpPOCTYIO BeEJH-
yuHy Y g. o

ecu

Onpenenenune [8]. Ilogkoabuo X Kosabua R (G) Ha3uBa-
ercA S-KoJbLOM Haj (, ec/lH BbIMOJNHEHbl ClAelylollHe YCJAOBHUA:

a) 1 €% (1 — enunuyHet snemedT B G);

6) cywecrByer 6asuc KoJblla X, COCTOAILIMHA M3 MPOCTHX BeJIH-

yuH (Ha3blBaeMblX Ga3HCHBIMH), T. €. X = (LJD, U_l, ...,y,), rae
U= {1l 0 3 Ui =G
e 0= e

B) ecit U = Zceg €3, 10 U = g€ u dUEZD
s d € Z.

W3 ycnosus 6) cienyer, uto mas Kaxuoro g € G umeercss equH-
cTBeHHas OasucHas seanuMHa U;, nad koropoit g € U;. 3ta Be-
AuynHa obo3Havaercs TaKxe uepes U,

B nomosHeHue K omepauusM U3 B) Kaxpuoe S-KOJbLO 3aMKHYTO
OTHOCHTEJIbHO LHKJIHYECKOI'0 YMHOXEHHUS, ONPeae/fieMoro c1enyIomuM
o6pazom: ecmu U = Zcgg u V = Zggg, 10 UV = I (cotg) &.
I8 npocThiX BeNHYHH UHKJIHYECKOE YMHOXKEHHE YAOBJIETBOPAET
npaBUJY;

U-lI'=UnU".

Mo2KHO 1noKa3sath, 4To ecid X — S-Koablo Haf Gu | 1 Z — Z —
npou3poibHaf GyHKOHA, TO If (c;) g € T, KOJIb CKOpPo Zc,g € X
[81. Otciona cnepyer, uto ecan U € T, To u cymma U* Bcex ssieMeH-
T0B U3 G, Berpevaromnxces B U ¢ HEHYJIeBHMHU Ko3(xpHUHEHTAMHU, TaAKXKe
npuHagmexut X. 3aMeruM, uro eciu U — mpocras BeJqHUHHA, TO
Uutr=u.

Ilyetb U= Zc,g€Z u meZ. llonoxum UM = Zc,g™.

Jlemma Illypa—Bumnaunga [8]. Ilyctrb G — abenesa
rpynna, & — S-Koabuo Hag G u m € Z B3aumHO mpocto ¢ n. Torzaa
ectu UE X, o u Um ¢ X, DBosee Toro, ecnu U — 6a3ucHas
BeJIWuHHa, To B UM — GasnucHas BeJHYHHA.

Beanunna U = ( > U('"))*Hasblaaercn caefoM BeJHYHHBL U.

(m, n)=1
Kaxnoe S-konbuo ¥ Hag G comepxuT BesnuuHn U, u G, Ha3biBae-
MBe TpHBHAJbHBIMH. EclH ¥ CONEPXKHT HETPHBHANBHYIO MPOCTYIO
senuuuny U, pas kotopo#t U < G, 1. e. U — nogrpynna rpynnst G,

TO X Ha3blBaeTCAd HMIPHUMHTHBHBIM S-KoJsbllOM, a penuunHa U —
BepoxeHHol. He conepxxalee BEIPOXIEHHBIX BEJHUHH S-KOJAbLO
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Ha3hBaeTcsl MPUMHTHBHHM. B TakoM koambue U = {1} u U =G
SIBJSIOTCA EJMHCTBCHHBIMM TNOArpynmnamH, Aas koropux U € X.

O6o3HayuMm yepes f, (p — mpocroe yHca0) GYHKUHIO, CBA3BIBAIO-
IYI0O C LEJbIM YHCAOM €r0 HaWMeHbIUMH HEOTPHUATEJbHBIH BHUYET
no Moayawo p. Torma fp, (U] = Zf, (¢;) g€ X, ecmn U = Zcg €
€ 3. Tor ¢akr, yro y Besauuyud U, V € R (G) CcOOTBETCTBYIOLIHE KO-
3pdHLMEHTH CcpPaBHHUMBI O MOAYJIO p, GyAeM oTpaxaTb C MOMOLIbIO
sanucH U = V mod p. fIcHo, uto U = f, [U] mod p.

Jlemma Illypa [9]. Ilyctb ¥ — npuMuTHBHOE S-KOJbLO
Haj abeseBoit rpynmo#t G, p — npocroit aeautens n v U € . Torna
U®) = d-1 mod p a1 HEKOTOPOTro MOAXOASAIIEro UeJOro yucaa d.

Brepsue S-kosbua Guau seefeHsl M. llypom [9] ans usyuenus
FPYNN MEepPecTaHOBOK, COAEPKAUUX perynaspHele noarpynnd. I[lycTs
I' — rpynna nepecraHoBok Ha MHoxectBe A U G — moarpynma T,
peryasipHo aeficryiomas Ha A. Ot I'-geiicteus Ha A MOXHO mepeiitu
Kk I-npeficteuio Ha G, pas koroporo gh = gh npu g, h € G (uepe3 g*
o6o3HaueH 06pa3 3jeMeHTa g OTHOCHTENbHO MEPECTAHOBKH, COOTBET-
creytoueit £). O6o3naunm uepe3 1 = U,, ..., U, op6utu I'i-aefictpus
Ha G, rge I'; — noarpynna rpynnu I', octaBasiomas Ha MecTe €au-
Huny rpynne I'. MoxHo mokasatb, 4to ajemeHtH U, U,, ..., U,,
paccMaTpyBaeMble Kak MOpocTeHe BequuuHel u3 R (G), mopoxpaior
S-koanbuo Hag G. Iloayuaemble Takum o6pasoM S-koJbla MOTYYHJIH
Ha3BaHue WyposhX. CiaefyeT OTMeTHTb, YTO He Kaxmoe S-KOJbUO
siBasieTcA WYpoBHM [8].

Uccneposanus Illypa u ero yueHukoB, cBfizaHHHE ¢ S-KOJbUaMH,
KOHLEHTPHPOBAJHUCh Ha H3y4YeHHH cBoficTBa mpuMuTHBHocTH. Ham-
Gonee rayGOKHi pe3yabTar 3iech NPHHAMIEXHT BHianny, KOTOpHH
nokasaJg, yto S-Ko/blo Haj aGesneBolt rpymnnoi, uMeloLleil mo Kpaiueit
Mepe OAHY UHK/JIWYECKYI0O CHJOBCKYIO MOATPYINy, HE MOXeT OHTb
NPUMHTHBHEIM, eWIH TOPAAOK rpynnel — coctasHod [8]. B 3toit
CBAA3H BO3HUKAET €CTECTBEHHHH BOMPOC: JO/MXKHO JH OHTb HMIPH-
MHUTHBHHM S-KO/Ibll0 Haj abejeBoii Trpymnno#, MOPHJ0K KOTOpO# He
paBeH cTeneHH npocroro yucaa? B obueM caydyae oTBET HAa 3TOT BO-
npoc OTPUUlaTebHHH, KaK MOKa3blBaeT NpuMep S-kosblua Haf Zpq X
X Zpq, NOPOXKAECHHOTO Ga3uCHBIMU BeMuuHamMu {1}, {x, x2, ..., xPo—1,
Y, y2, ..., ypetY, xiyl i, j=1,..,pg— 1}, rae p, q— pas-
JIUYHBbIE MPOCTHIE YHCAa, a X, Yy — pa3nuuHble obpasyolue LHKIH-
YyecKHX MOArpynn nopsiaka pq [8].

B npuBeneHHoM npumepe Ass Kaxmod G6Ga3ucHoil penuuuHsl U
6u0 BHMOMHEHO cooTHomenue U — Ut-1). Kak mokasaHo B pasa. 3,
3TO OOCTOATENbCTBO ABJAETCA CYLIECTBEHHBIM MO KpafiHeli Mepe A
JaHHoro npuMepa. Ilostomy ecrecTBeHHO xkejaHue mepedopMyaHupo-
BaTh MOCTABJEHHHII BHILE BONPOC I S-KoJen Haj aGeseBHMH TPYII-
MamH, YAOBJETBOPSIOIUX CAEAYIOIEMY AOMOJHHUTENBHOMY YCIOBHIO:

r) ecnin U 5= | — 6asucHast BeauynHa, to U 54 UG-,

[IpH BHOONHEHHH YCIOBHA I) S-Kosbla OyAeM Ha3bIBATh HEYeT-
HeiMH. Takoe Has3paHHE OOGBLACHASTCA MPEXKAE BCErO TEM, YTO B TAKUX
KOJIblaX yHuc/I0 6GasuCHHX BEJHYHH HeyeTHo. Jipyroe o6nscHeHHe co-
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CTOMUT B TOM, YTO UMEHHO TakHe S-Kosblla MOJNYydYaloTcs B pe3yJibTaTe
npuMeHeHnst KoHcTpykuuu lllypa K rpynmam nepecraHOBOK Heyer-
Horo mnopsnaka, o6sajaioiuM peryJspHodt mnoarpymmoii. OtMmeTHM
HaKOHell, YTO HeueTHHe S-KoJblla BO3HHKAIOT B pe3yJbTaTe MpHMe-
HEHHA K TypHHpaM KaJiu BapHaHTa mpouenypbl HauBHOM KjaccHdHKa-
UMK BEPIUHH, PacCMOTPEHHOI0 BO BBEIEHHH.

3. Heuernble S-xombua Haj Zp, X Zm

ITycts G Gp X G, (G, 1 G; — 3neMeHTapHble a6esieBbl TPYyMIbl
nopsnkos p® u ¢* coomerrcrsenno, rae p, § — pas3/iuyHble HeyeTHHe
npoctHie yHcaa), a X — HeueTHoe S-Kosbuo Hajg G. O603HaunM
uepes M, COBOKYMHOCTb HETPHBHAJbHHX G6a3ucHHX BeaHuuH U,

aasi kotopuXx U oG, 5= 0. AHaJOrHYHO ONpeNeNHuM MHoXecTso 6a-

3HCHBIX BEJHYHH M.

Hasa g€G nonoxmm g* =1{g, g% ..., g%, rne s=|g
Muoxecrso U = G, — Ha30BeM p-3aMKHYThIM, ecan g* = U
Ans Kaxjoro g € 7 3ameHuB B MOCJIE[HEM OMpele]eHHH p Ha ¢
MONYYHM OMpEJeNieHHe §-3aMKHYTOTO MHOXECTBa.

Jlemma 1. M, N My, =g&.

HoxkasaTteans c T B o ITycTb, BOMpEKH yTBEpPKIEHHIO JieM-
MH, Hafgerca 6a3ucHas BeJHUMHA U B S-Kosblie X, MpHHaAJexalas
MHOXecTBy M, 1 M,. Torna MOXKHO BHOpaTh TaKHe 3/EMEHTH g,
he U, uto g E Gp u h € Gq HOCKOJIbe p M g — pasiHYHHE mpo-
CThle yHMcJa, TO, MO KHUTalckoi TeopeMe 06 ocraTkaX, Haijgercs uH-
¢lo {, YAOBJeTBOpAiOlUlee cpaBHeHHsaM: [= | (mod g, l=
= p — | (mod p). Cnemosarensho, U IA = he U, 1. e
U N U+ . Ho mo nemme llypa—Bunanna U®") — 6asucHasi
BeIMYMHA Kosblla ¥ M, 3Hauur, U = U,

C npyro#i croponn, U = U®" 3 g! = g—!. Takum 06pa30M,
g, £7'3 U, uto npoTHBOpPEUuMT HeueTHOCTH S-Koabpua .

Jlemma 2. Nlyerp U — GasucHass BenuuuHa S-Koapua X.

Torna:
a) ecnu U & M, U M,, 10 U= xgiVi = ;ZU/h‘,', roe Vi —

— g-3aMmkHyTO, U; — p-3amkHyTO H G U= Ggo U = o;
6) ecau {r,, rz} ={p, g} mUE M,l, TO

U=3 gL+ V)+ 3 U,
i€ i€s

me INJ=® n V, U;j— ry-3amxnytH, UG, = {g; : i€ I};
B) B 0603HaueHUsX 6), ecin ¥ — MPUMHTHBHO, TO
| Vil =ry— 1(mod (ry) (i € 1), |U,|50(mo.dr,)(jEJ).

HJokasaTteabcTso. Jlafd 10Ka3aTejbCcTBa a) [0CTAaTOYHO
npoBepuTh, yTo ecau g€ Gp, h€ G, u gh€ U, To KoahbUUHEHT,

C KOTOpHIM g‘h! BXOOMT B U, orauued oTr O mpu i = 1, ..., p— 1,
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i=1, ..., ¢g— 1. Ho, no kurafickoit TeOpeMe 06 OCTaTKaX, MOXHO
BHOPaTh Takoe Lenoe uucao #, yro ¢{= i (mod p), { = j (mod g).

[lo ompeneneHuio chaeaa, U(’)o U= U(’) H, 3HAyHT, BCE 3JEMEHTH

u3 U™ serpevarorcs B U C HEHyJ/eBHIMH KO3(xbHUHEHTaMH. 3TO OT-
HOCHTCH,, B YyaCTHOCTH, U K 3jeMeHty gih/ = g'h* € UM, uro 3a-
BEPIIACT J0Ka3aTeJLCTBO a).

3ameTuM, yTO B) €CTh HEMOCPEJACTBEHHOE CJEACTBHE YTBEPXKAE-
HuA 6) u Jemmu Illypa, U moromy A/ 3aBeplUeHHS JOKa3aTe/bCTBA
JEMMH JOCTaTOYHO TMPOBEPHTL CIPABEAJMHBOCTb YTBEPKACHHUA 6).
OHo B CBOIO Ouepelib BHIIOJHAETCH, €CJIH BMECTE C KaXKIbIM 3JEMEH-
ToM gh (g E Gp, h € Gy) mHOXecTBO U CONEPXHT KaXIbld 3JEMEHT
Buna ghi, i =1, ..., g — 1 (3mech, He ymanss OGLHOCTH, CUHTAEM,
yTo p = r,uq = r2). Ho u3 ycnosus U € M, crepyer, yTo Haiinercs
sneMeHT g € U (| Gp. TlosToMy eciiu ONpefieJMTh YHCIO [; YCJIO=
BUAMH ;=1 (mod p) u ;=i (mod ¢),i=1, ..., ¢g—1, T0
U(’ﬂ U, Tak Kak utt) 3 g‘t =gcU, a U®) — 6asucuas
BeJIHUMHA 110 Jlervme I.pra—BHJIaHJ.‘[a Takum obpasoM, gh! =

'ihi € Ut = i=1, ..., ¢g— 1, uro u TpeGopanoeb JOKa-
SaTb

B orauuue ot semm 1 u 2, cipaBefiuBHX B Gosee oflieM ciydae,
B I0OKa3aTeJqbCTBE CJEAYIOUIMX YTBEPXKASHHH CYINeCTBEHHO HCIOJb-
3yIOTCS OrpaHHuYeHHs Ha mopAaku rpynn G, u G,.

JlemMma 3. Ilyctb ¥ — npumutuBHOo M U — ero G6asHcHas

seanyuHa. Torma U-o (G, + G,) % 0.

3ameuyaHHue. YTBepXKICHHE JeMMH O3HAauaeT, YTO COBOKYIi-
HOCTh Ga3sHCHBIX BEJMYMH TPHMHTHBHOrO S-KOJbhla X HCYEpPIbIBa-
etcAd MHoxectsoM {1} U M, U M,.

HoxasaTteasncTBo. [TycTs, BonpekH yTBEPKACHHIO JEMMEL,
HaiinercA GasucHas BeauuyuHa U, ans xotopo#t U o (G, + Gg) = 0.
Torna u3 nemmsl 2, a) caeayer, utro U = ZgiV,. B cuny g-3aMKHyTOCTH
npocrasi BequudHa V; MoxeT GHTbL IPEACTABJICHA B BHJE:

ml
V‘ = Z h;. -~
- j=1

B cuny BuGopa U kasamil sjeMeHT h; oTauyeH oT 1 u moromy
| Vi|=m; (q—1). Tockombry V, =Gy — 1, 0 m (g — 1) <
q2 — 1, OTKyjaa BHTEKaeT HepaBeHCTBO:

m < g+ 1. (1)
Ilo BbiGopy Beamunun U cnpasepnnso pasenctso UoGy = 0
H, 3HayuT, no Jemme Illypa, | V;| = ga; ans HekoToporo HaTyp albHOTO

uyducna a;. Takum obpasom, m; (9 — 1) = ga; u nmotoMy my; IeauTcs
Ha ¢. [Tocneguee yrpepxpaeHHe BMecTe ¢ HepaBeHcTBOM (1) MPHUBOZHUT
+

K ToMy, uto m; = . Ilockombky |G, | = ¢, 10 G, =1+ 3 o},
=~ =1 =
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roe o) € G, nu o] op =0 npu j* k. CnenosaTeano, Halijerca
Tako# 3JeMeHT o; € G9, uTo V; =G, — o} — 1.

PaccMoTpuM GasuCHYIO BEIHYHHY Ugi Tlo nemme 2, 6), mpume-
Hsemoit ansi ry = p, moayuum U, =g, (1 + V) + Bi, rme B —

HekoTopas mpocrasi BeJHuHHa rpynmoBoro koanua R (G), B KoTopyio
Bce 3/IeMeHThl BHAA g;h (h € Gg) BXONAT C HyJeBHIMH KOS(xpuiHeH-

Tamu. MHoxectBo V/, Henycro M ¢-3aMKHYTO; NOSTOMY | 1| nenurcs
Hag— L. HV,UVieG —1uV, nV,=0, TaK Kak Uy,

o U=0.C IpYro#f CTOPOHBI, HCXOAS U3 JOKAa3aHHOr'o BHIIE, Vi =
= G, — o] — 1, u, cremoBarenvHo, V; = w}.
[TpuMeHsAsl aHaNOTMYHOE pacCyXIeHHe K TNPeCTaBNEHHIO BeJH-
o [}
uuHbl U B Buge U = 3 Ujhj (em. nemmy 2, a)), nonyyum U; = Gp —
. - 22

—¢j—1lmu U,. = (1 + ¢}) h; + y; 419 HekoTopo#l mpocTofi Be-
AManHE Y; € R (G) B KOTOPYIO Bce 3JeMeHTH BHAa gh; (g € Gp)
BXOAAT ¢ HyJeBHMH kodbduuHeHTaMu. TakuM o6pa3oM, BHMOJHEHB
C/e/yIoliHe PaBEeHCTRA:

U=3gt G —ot—1)=2G— ¢} — DA, @
i i

U =(1+odg+bs  Uy=(+oDh+v @
rae g, 9; € Gp, oy, hy € Gg, Bi, v; € R (G).
[IpennosioxxuM, yto Haijercsa 3JeMeHT o; (I = 1), aas Koroporo

[~}
o, 7 o;. Toraa g,0; sxogut B U ¢ HeHyJeBHM KO3(hGhHHLHEHTOM H
noToMy B CHJY (2) A/t HeKotoporo j o = hj. CHoBa Hcnonb3ys (2),
3akJwouaeM, yto @j = g;. Iloactasup B nepBoe M3 paBeHCTB (3)

3HaueHHe hj BMecTo ®; H ¢j BMeCTO g;, MOJYYHM: Ug, = (1 +
+ h}) ¢ + Pi. Orciona u M3 Broporo HepapeHcTsa (3) ciepyer, uTo
U, » g,,j # (0, TaK Kak h,(p, €EUg N U;. ., YTO TIPOTHBOPEUHT
Jemme 1. [MostoMy ©f = of 11 BCeX i M aHATOFHYHO o] = @i
18 Beex j. Takum o6pasoM, U = Go—oi — 1), (Gg—af —1)
H paBeHCTBA (3) MOXHO MPEICTaBHTDH C/IEAYIOUWHM 06pasom:
=1+ o0)g+BeUn=>01+0) A+ g€G—oi —1, (4
heG, — of — 1.
ITepsoe U3 paBeHcTs (4) U JemMa 2, 6), npUMeHeHHas K 6a3MCHOM
BesnuuHe Uy,, nokasuBawotr, urto Uy, = (1 + ¢i) o + v, rme

(v')* = V¥ € R (G) (3nech Hcrosb30Ba/cst TOT GaKT, uTo 1o Jaemme 1
Uy, o Ug = 0 pnst Beex g € Gp). AHalOrMuHO C MOMOULBIO BTOPOTO

U3 HepapeHcTB (4) ycraHasmuBaercs, uto Uy, = (1 + of) ¢ + B,
rie p'€R (G) u (B')* = P’. Orciona caenyer, uto Uy, o Uy, % O,
Tak Kak 0,¢; € Uy, (| Uq,, ¥ motoMy Uy, = U,, BompekH jemme 1,
IlonyueHHoe NPOTHBOpPeUHE 3aBEpIIAET JOKA3ATENbCTBO JEMMH.
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OCHOBHOIi pe3yJIbTaT MpPeJCTaBASETCs CeAYIOUWHM YTBEPK IEHHEM .

Teopewma He cymecTByer npUMHTHBHBIX HeYeTHHIX S-KoJell
Han rpynnoit Z,q X Z,q, TAe p, ¢ — pa3iuyHble HeyeTHble NMPOCThIE
qHcJIa.

NokasateanbctBo. Ilyetb {ry, 7} = {p, q}. DnemedT
g € G, Ha3oBeM r,-moiHbIM, eciH Ugn € M,, ana Bcex h€ G,
19 noKasaTe/ibCTBA T€OpEMbl JOCTATOYHO MPOBEPHTH CAeAylollee yT-
BepiKIeHHe: ecld 3 — NPUMHTHBHOe  HeyeTHoe S-Koabuo Hax G,
To B G CyWeCTBYIOT g-NOJIHBIE U p-NOJHBE 3jaeMeHTH. OGo3HAUMM
ero ().

HefictBuTenbHO, NycTh (%) JOKasaHo U g, h — p-NOJHBIA H ¢-
NOJTHbIH 3JieMeHThl cooTBeTcTBeHHO. Torpa Ugn € M, 1 Mg, uTO
IIPOTHBOpeYUT JemMe |. H JoKa3eiBaeT TpeGyeMoe yTBepKIeHHe.

IOns nokasatenbctBa (x) BbifepeM NpPOH3BOJBLHYIO Ga3HCHYIO
Benuudy U u3s M,,. Torna mo jemme 2, 6)

U—Zg,(1+V ? (5)

rie U; u V; — g-3amkHyThle npocThle BeiauuuHbl. Ecan J %= &,
To no iemme 2, B) | U;| = q (¢ — 1) nns scex j€ J. Orciona cienyer,
uto Upn, = h; (Gg — U;) + B, rae p — npocras Bemuuuna u3 R (G)
H, CJeJ0BATeNbHO, 3JeMEeHT h SBJSIETCS §-MOJHRIM.

Ecmu J = &, 1o mo (5) U Z‘, g: (1+V;). He ymansas ofw-

HOCTH, MOJKHO CUHTATh, UTO Y = G npu { € I (B IPOTHBHOM cayuae
HUMeeTCs ¢-NOJIHBIH a.neMeH'r) TaKHM obpasom, U = Z g, (1-+h3)

NS HeKOTOphX h; € G, no nemme 2, B).

[To HeueTHocTH X HMeeM HepaBeHCTBO g: 7= gj' npu i, j€I.
Orciona, ucnonb3dys Jgemmy 3, 3akmiouaeM, 4to U.U ecTh JHHeHHas
KoMOHHaUMs 6GasHcHBIX BeJqHYHH u3s M,. Eciu npu atom h} 5= hj
ISl HeKOTopbiX i, € I, To 3jeMeHT 8i8; AIBNAETCA ¢-NOJHHIM, IO-
ckobky UU = g,g,G + B, rme B” — BenunuunHa u3 R (G) ¢ He-
OTpHIIATeIbHBIMH  KO3(MHIHEHTaMH .

B cuny npoussosbHOCTH BbiGopa 6GasucHoit Benuuunsl U € M,
3aKJio4yaeM, YTO B X HeT §-NOJHBIX 3JIEMEHTOB TOJBKO B TOM CJyyae,
Korja kaxjas OasucHas BeauyuHa U € M, umeeT BHA

U=3gq(}h,

rie h = h (U) € Gg. 310, 0oAHAKO, NPOTHBOPEYHUT NPHMUTHBHOCTH
S-konpua X, mnockompky U = G, X (1 + h*) = G(U) <G. Tem
CaMuIM JIoKa3aHo, 4To B G PIMGIOTCH g-TOJIHbIE 3JIeMEHTHl. AHAJIOTHYHO
npoBepsieTcsl cyllecTBoBaHHe B (G p-MOJHBIX 3JieMeHTOB. TakKuM 06-
pasoM, YyTBepKIeHHe (%) JOKasaHo.
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C. B. COJIOBBEB

OB YCJOBHUSIX MOJIHOA KOTEPEHTHOCTH
B 3AMKHYTbIX KATEroPHsX

TeopeMbl KorepeHTHOCTH, corsacHo C. MakJeiiny [1], 3To Teopemst
0 KOMMYTaTHBHOCTH BCeX QHarpamM TOTO HJIM HHOTO Kjacca. Hanuuue
TaKHX TeopeM No3poJsisier 06XoAuThcs Ge3 BHIYMCJAEHHH NMPH NpOBEpKe
KOMMYTATHBHOCTH, HHBApHAHTHHIM 06Gpa3oM oONpejensTh onepauxH
B KaTeropufx u T. A.

Doabllioe BHHMaHHE yJAeAsioch H3yyeHHIO Mpo6sieMnl KOrepeHT-
HOCTH B 3aMKHYTHIX H, B YaCTHOCTH, B CHMMETpPHYECKHX MOHOHJAJ/b-
HbIX 3aMKHYTBIX kKarteropusXx (CM3K), K KOTOPBIM OTHOCATCS Kare-
ropvH BEKTOPHBIX NPOCTPAHCTB HaJ MOJISMH, BEKTOPHBIX paccjoeHHH,
MOAyJeH Hal KOJbLAaMH H T. A.

Dosbioit HHTepec BbI3LIBAIOT AHArpaMMbl TaK Ha3biBaeMBIX KaHO-
HHYECKHX eCTeCTBEHHBIX npeo6pa3oBaHHH, T. €. eCTeCTBeHHHIX Npeol-
pa3oBaHHii, NOCTPOEHHBIX H3 BhJeJNeHHBIX B cTpykrype CM3K, npu
nomoi ¢yHkTopoB ®, [ , 1 (BHyTpeHHero hom-pyHkTOpa) H
komnosHuuu. Jas CM3K [Ix. Keanu u C. MakseifiHoM 6blia JoKa-
3aHa OrpaHHyeHHasl TeopeMa KOrepeHTHOCTH, rpy6o roBops, yTBep-
JKpaiomas, 4YTo €CJH B JAHAarpaMMy KaHOHHYECKHX €eCTeCTBEHHBIX
npeo6pa3oBaHHil He BXOAAT BHpaxeHHs Buiaa [A, I, rne I — BH-
JleneHHBIH 00BeKT (/11 BEKTOPHHRIX MPOCTPAHCTB 3TO OCHOBHOE moJie),
TO avarpamma KomMmyrtatusHa [1]. [Ipu HapyuieHuu storo ycjosus
IHarpaMMbl KaHOHHYECKHX €eCTecTBeHHHIX npeobpasosanuii B CM3K
MOryT ObITh HeKOMMyTaTHBHHL. B kateropuu & ¢opMm (shapes) u ka-
HOHNYyeckux MopcusmoB (cBoGoxHoi CM3K c oauum o6pasyioiium)
cleayloliass auarpaMma He O6yneT KOMMYTAaTHBHOH (CM. PHCYHOK).

[[[2.0.0.1] ! ~[[[+,7,4.1]
o n(m(ec)>)  n(ec)

[+.1]

3fech T = qupc : Hom (A ® B, C) - Hom (A, [B, Cl) — u3so-
MOPGH3M COMpSIKEHHOCTH, € = eup : [A, Bl ® A - B — «BbluH-
© c. B. Conosnen, 1990
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CJIUTENbHBIH TOMOMOPH3M», ¢ = C45 : A ® B - B ® A — Koumy-
TAaTHBHOCTh T€H30pHOro npouseeleHus, (h) = e. (1 ® h).

Hunarpamma («) He GyjleT KOMMyTaTHBHA He ToJbkKo B F, HO
H B HEKOTOpHX KoHKpeTHeX CM3K, Hanpumep B KaTeropuu BEKTOp-
HBIX TNPOCTPAHCTB Haj Jo6uiM mosem /. B To ke BpeMs ecin A —
KOHEYHOMepHOoe NMPOCTPAHCTBO, TO (%) KOMMYTaTHBHA, H, TaKuM 00-
pasoM, paccMaTpuBaeMasi auarpamma KommyrtatuBHa B CM3K ko-
HEYHOMEPHBIX BEKTOPHBIX MpPOCTPAHCTB.

lenwio naHHOH paboThl SBJsAETCS NOJyueHHE HEKOTOPHIX YCJOBHIH
KOMMYTATHBHOCTH BCeX JUarpaMM KaHOHHYECKHX eCTeCTBeHHBIX
npeo6pasoBaHuii B jganHoii CM3K.

Kak Gyger nokasaHo, KOMMYTaTHBHOCTb fuarpaMMel («) B CM3K
V B COBOKYMHOCTH ¢ ellle OJHHM YCJOBHeM OoJiee cCnelLHasbHOTO
XapakTepa siBJsieTCsl HeOOXOAMMON M JOCTAaTOYHOHM I KOMMYTATHB-
HOCTH BCceX AHArpaMM KaHOHMYECKHX eCTeCTBeHHHIX NpeoGpa3oBaHHH
B V. Dosee cunbHoe (nocTaTtoyHoe) YC/JOBHE COCTOHT B TOM, 4TO
n(ec): A— [[A, I, Il siBasercs H30MOPHHU3MOM.

B paGorte 1mHMpoKo HCNosb3yioTcs pesyabTaThl [2] M HekoTophie
HJleH CTPYKTYPHOH TEOpHH 10Ka3aTesNbCTB, NpHCNocob6neHHble K pac-
cMaTpHBaeMOH CHTyaluH, B OCOOGEHHOCTH H3BEeCTHHIH MeTOJ MNOHHXKe-
HHS TayOGuHBl (OPMYJ B NpPOMNO3HUHOHAJBHOM HcuyHcaeHuHu. [lpu-
MEHHTEJbHO K JEKApTOBO 3aMKHYTHIM KaTeropHsM 3TOT METOA pac-
cmarpuBajcsi asropoM B [3]; cm. Takxke [4].

1. ITpuBezeM HeKoTOpHle CBeJeHHS, KOTOpble HEOGXOAMMBI IS
NOHUMaHHs paboTwl, H AaIUM (GOPMYJHPOBKY OCHOBHBIX Pe3yJ/bTaToB.

Kak ussectHo, CM3K MoxeT paccmaTpHBaThCsi KaK yMNOpsiJioueH-
Heii uabop: (V, I, ®, [, 1, a, b, ¢, a), rne V — kareropwus,
Ieob (V), :VxXxV->V ul , |:VPrX V>V — 6u-
cl)yHKTopbl; a = aupe : (4 ® Bl C>AQ®@ B®C(C), b=
_bA A®'1"’A C = Cap A®B’—)B®A, N = Napc -

Homv A ® B C — Homy (A [B, Cl) — ecrecTBeHHHE O
A B, C nsomop¢usmsl.
Yacro paccMaTpHBAIOTCSl TaKKe eCTecTBeHHble ToMOMOP(HU3MEHI:

€ =€ap = ﬂ[_A‘, B1aB(lfa, By) : [A, BI® A— B,
d=dap=napags (lags) : A—[B, AQ B]

(ectrectBeHHOCTb € 10 A ¥ d no B noHuMaetcsi B 060GLIEHHOM CMbIC/IE
u3 [5]). IlaHHsle momyMHSIOTCS PSAAY COOTHolueHHH [2], Hanpumep,
c.c=1, ¢t =c.

[Tycts I — kaTeropusi, eAMHCTBEHHBIM 0GBEKTOM KOTOPOH fIBJISETCS
I, a enuHctBeHHBIM MopduamoM 1y : [ —[. Ilyetb I:V —> 1T —
NOCTOSIHHBIA (pyHKTOP.

Kanounuyeckue ¢pyHkTOpel B V — 3TO (PpyHKTOPHI, KOTOpPEHIE MOTYT
GHITh moJiyyeHsl U3 1y u [ npu moMowy KoMnosuuuu ¢ @ u [
WNHaue roBopsi, OHH NPEACTABJSIOTCS OCMBICJEHHBIMH BbIP aXKEHHSIMH,
NOCTPOEHHBIMH M3 cumBoJoB ly, ®, [ , 1, I, BKiouas B cayvae
Heo6XOJMMOCTH TakKe CKOOKH. KaHOHHYecKHe ecTeCTBeHHbIe IIpe-
o6pa3oBaHufl — 3TO ecTeCTBeHHbIe NpPeoOpa3oBAHHSA, KOTOPhIE Mpel-
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CTABJISIIOTCS OCMBICJIEHHBIMH BBIpa)KE€HHSIMH, MOCTPOEHHBIMH H3 4,
b, ¢, a, b, m, n"! NpH NMOMOILH KAHOHHYECKHX QYHKTOPOB H KOM-
nosulHH. MoXKHO y6eauThCcsi, YTO KaTeropusi, OOGBEKTaMH KOTOpOi
ABJSIOTCS KaHOHHYeCKHe (YHKTOpPH, a MoOpdH3MaMH — KaHOHHYe-
CKHe ecTecTBeHHble mnpeobGpasoBaHus, ssiasercs CM3K [1, 21
HanoMHuM, 4TO ectecTBeHHoe mnpeo6GpasoBanue h: F — G, rae
F, G — MHoroMecTHble (YHKTOpBI, COCTOHT H3 ceMeicTBa Mopdus-
MOB (KoMIOHeHT h) M rpada I'h, pe6pa koTOoporo yKaseliBaloT, Kakue
napsl aprymeHTtoB ¢yHkTopoB F, G Jo/uKHH OBITb paBHHl NPH pac-
CMOTPEHHH KOMIIOHEHT; MO OTHOLIEHHI0O K 3THM NapaM apryMeHTOB
JOJDKHBI BBHIMOJIHATBCS TaKxkKe YCJIOBHA ecrecTBeHHoctH [51].
Hanpumep, m1s e: [ly, 1y1 ® 1y - 1y rpad umeer BHx:

(ly, Iyl @ ly— ly.
| | |

Ormerum, uto rpadp I'h ob6namaer nocrarouHo crenudHYECKHMH
CBOMCTBAaMH: B YAaCTHOCTH, Ka)K[as ero KOMIIOHEHTa CBSI3HOCTH fipej-
cTaBjsieT co6oif mapy BeplIHH, COeJIHMHEHHHIX peGpoM. ApryMeHTHI,
coe/lMHeHHble pe6poM, GyleM Has3biBaThb CONPSKEHHBIMH.

[To onpenenenuto, JABa ecTeCTBEHHHIX mnpeobpasoBaHus h, h' :
: F — G pasunl Torga 1 tToabko toraa, korga: 1) I'n = Th' u 2) ana
mo6oro BeiGopa apryMeHToB ¢yHKTOpoB F, G, COrJIaCOBAaHHOIO ¢
Th = Th' (c oxuHAKOBHIMH AapryMeHTaMH, COeLHHEeHHBIMH pe6GpaMH
rpada), COOTBETCTBYIOLIHe KOMMOHeHTH A u h’ coBnanaior. B uacT-
HOCTH, coBmnajeHHe rpadoB sIBASETCS HEOGXOIUMBIM YCJOBHEM pa-
BEHCTBA KaHOHHYECKHX €CTEeCTBEHHBIX mNpeobpa3oBaHuH.

B yxe ynomuHaBueicss paGore Keanu—MakaeifHa [1] pac-
CMaTpHBaeTCsi, NPH KaKHX YCJIOBHAX Ha KaHOHHYeCKHe (YHKTOPHI
(TouHee, HA mMpeiCTaBJAOIHE HX BbIPaXKeHHUs) coBmajeHHe rpagoB
KaHOHHYECKHX eCTeCTBeHHbIX npeo6pasoBauuit h, h' : F — G 6Gyner
JIOCTATOYHLIM yCJdoBHeM paBeHcTBa h = A’ B smoGoét CM3K.

B namux Teopemax | M 2 paccMaTpHBAIOTCH YCJIOBHS, KOTOPHIM
Jo/kHa ynosaetsopsiTb CM3K ans Toro, yTo6bl U3 paBeHCcTBa rpadoB
CJIe0BA/I0 PAaBEHCTBO KAHOHHYECKHX €CTEeCTBEHHBIX npeo6pasoBaHHi
h, h' : F — G (6e3 orpaHuueHH#l Ha ¢yHKTOpH F, G).

Teopema 1. Ecaim B CM3K V ww(ec) : 1y — [[1y, I1, I1
H30MOpPGH3M, TO AJS JMOGbIX KAHOHHYECKHX eCTeCTBEHHHIX MNpeobpa-
30BaHuit A, h : F— G, rne Th—>Th', h=H'.

Teopewm a2 [das Toro uto6sl B CM3K V s mio6oit napsl Ka-
HOHHYECKHX €eCTeCTBEHHBIX mnpeobpa3oBanuil h, h' : F— G c onuum
H TeM xke rpapom I'h = T'h’ umeno mecto paBeHcTBo h = h’, Heo6-
XOIMMO H JOCTATOYHO BBHIMOJHEHHE CJEAYIOIHUX [BYX YCJAOBHH:
a) xm(ec): [1y, I1— [[[1y, I1, I, Il u = ((x (ec))) : [[[ly, T1,
I, Il — [1,, I] — B3auMHO oOpaTHHE H30MOPGU3MBI (HJIH, UTO
3KBHBa/IEHTHO*, nuarpamma (=) KOMMYyTaTHBHA); 6) eciu [, g : F —
—> G — KaHOHHMYeCKHEe €CTeCTBEHHble NMpeo6pas3soBaHHs C OJHHM H TeM

xe rpapom I'f = Tg, 1o [ ([p, I) = g(lp, IN)=(p) =g (p),
* TlockoubRY 7t (<< 7 (ec) >) 7 (ec) = 1.
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rie p o6o3HayaeT napy CONpsiKEHHBIX apryMeHTOB, COOTBETCTBYHOLLYIO
npousBosibHOMY peGpy rpadpa I'f = I'g.

[TocMoTpuM, Kak cBsi3aHM TeopeMbl 1 u 2. U3 yciioBHsA TeopeMnl 1
clenyiotT ob6a ycaousi TeopeMnul 2. JleficTBHTeNbHO, eciH T (ec) : 1y —
— [[1ly, I, 1] — usomopduam, To u = (ec): [ly, I1— [[[ly,
11, I, Il — uzomopdusM. n ((n (ec))) obparTHuf K HeMy, Tak Kak
7 ((m (ec))).n (ec) = 1. 3ro naer a).

Uro Kkacaercsi ycaoBusi 6), To uMmaukauus f(p) = g (p) =
=f(lp, Il) = g (Ip, I]) umeer Mecto B JioGoii CM3K. B csoio
ouepens f ([p, I'l) =g (Ip, IN)=f ([lp, I}, I1 = g([lp, I1,11).
Jlanee Jserko nokasarb, uto, paccMmarpuBas Komnosuuuio [ ([[p,
I, I') u g (llp, I}, Il) c u3omopdu3MaMH, KOTOpHIE MOMKHO IO-
AyuuTh U3 k = m (ec) U k7' (oHH 3aBHcAT oT BHAA F u G pacnoJioxe-
HHSl CONMpPS’KEHHBIX AapPTyMEHTOB H HX KO- WM KOHTpPaBapHaHTHOCTH)
MOXKHO BepHyThca K [ (p) u g (p). Hanpumep, eciu f(p) g :
: F(p) > G (p), npuuem p xkosapuaured, 1o [ ([[p, I1], 1]),
g(llp, IV, Il)y:F(llp, I1,I))— G ([[p, I], I])u nerko nokasarp,
uto G (k‘l) f(llp, I, 1]) F (k) = f, u anajoruudo mas g. A sto
naet | ([lp, 11, Il) = g (llp, I, I1=1f(p) = g (p), oTKyna
f(lp, I) = g(lp, I)=1(p) =g (p).

Kak 6yner BUJHO H3 JajbHelero, ycJoBHe TeopeMsl 1 He caexyer
u3 a) & 6).

Ycnosue G) Hrpaer poJib «MOCTa», MO3BOJISIOLIETO NEpPeHTH OT
Goslee CUIbHOTO YCJaoBHSI Teopembl | Kk Gosee ciaGoMy YCJOBHIO a)
TeopeMbl 2. 3ameTHM, uTO C ajreGpaHyecKoil TOYKH 3peHHS yCJoBHe
TeopeMbl | MOXKHO TPaKTOBAaTh KAaK €CTEeCTBEHHYI0 H30MOp(HOCTh
NPOCTPaHCTBA H BTOPOTO CONPSI2KEHHOTO K HEMY, a YCJIOBHE a) TeOpeMbl
2 — KaK ecTeCTBEHHYI0 H30MOP(HOCTH NEPBOrO H TPEThero Ccomps-
JKEeHHBIX MPOCTPAHCTB.

2. Ilpupagum Tenepb TeopeMe 2 paBHOCHJIbHYIO, HO 6oJiee «CHHTAaK-
CHYECKYio» (OpMY, YTO MO3BOJIMT NEPEHECTH B KaTerOpHYIO CHTYalHIO
HJeH TEOpPHH N0KAa3aTe/bCTB, CYLIECTBEHHO HCMOJb3yeMble Jajblue.

[Tpusenem, B ocHoBHOM cienys [2], onucanue kareropun Qopm
(shapes) n kanonuueckux mopcuamos (allowable natural transforma-
tions between shapes).

®opwmul onpezensiioress HHAYKTHBHO. CuMBoanl 1 U I cyTh ¢opMHI,
eciu A u B cyts dopmu, 10 (A @ B), [A, Bl — ¢popmbi. Bee cum-
BOJIbI 1, KOTOpHE BXOAAT B (OPMY, HA3HBAIOTCH NepeMeHHbIMH (OHH
CYMTAIOTCS Pa3JHYHBIMH JUISl Pa3HBIX BXOXKJAEHHH), cuMBosibl [ Ha3bl-
BaioTcsl KoHcraHtamu. Ecam pana CM3K V, 1o kaxnas ¢opma A
onpenessier KaHoHHYecKui ¢yHkrtop | A |y: nepemenHble 3aMeHSIOTCS
Ha ¢yHkTOop ly, KOHCTaHTel Ha ¢yHKTOp /, @ M [, ] Takxke noHu-
MaioTCsi KaK (YHKTOPH H3 CTPYKTypH V. I"Iepemeuuble B A Ha3HBa-
I0TCSl KO- HJIM KOHTPaBapHaHTHBIMH, B 3aBHCHMOCTH OT KO- HJIH KOHTpa-
BapHaHTHOCTH COOTBETCTBYIOILErO apryMeHTa EyHKTopa [ A |y.

Tunom 6GyneM HaswiBaTh BhipakeHHe Buga A — B, rne A, B —
tdopmel. PopMa OyzneT Ha3bIBAThCS MPOCTOH, €CJIH OHA He HMeeT BHIA
C ® D. Bésikas ¢opma sBasieTcss TEH30PHBIM NPOH3BeeHHEM MNpPo-
CTHX ¢OpM.
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Ipadom § tuna A —. B (§: A — B) naswbiBaeTcs rpagd, BepluH-
HaMH KoToporo sBJsioTCS BXoxjeHuss 1 B A u B u Korophifi obaa-
JlaeT CJENyOIMUMH CcBoHCTBaMH: 1) B HeM HeT H30JHPOBaHHHIX Bep-
IHH; 2) KaxJas KOMIIOHEHTa CBSI3HOCTH INpeJCTaB/seT coGoH mapy
BepUIHH, CoeJMHEHHLIX peGpoM; 3) ec/iM BepLIMHBI CcBS3aHbl pe6poM
u obe Jexar B A uin B, To OHH HMEIOT MPOTHBOMOJIOXKHYIO BapHaHT-
HOCTb; 4) ec/H e onHa BepluHHa Jexur B A, a apyrags — B B, 10
HX BAPHaHTHOCTH COBIAJAIOT,

Ecin £:4 - B u n:C— D — rpapsi, 10 rpapsl (§ ® m) :
tAQ®C —> B®D u [ nw]: [B, Cl— [A, D] onpezensiorcs
NpOCTO KaK o6belnHeHHe CooTBeTCTBYoLUX rpadoB. Komnosuuus
rpados onpesensiercs 6osee cioxHO [1], HO HaM ToyHoe onmpesiesieHHe
He MOHAJOGHTCS; MOXKHO OTMETHUTh, 4TO GopMbl M rpadbl B KayecTe
mopdu3amoB obpasyior CM3K. Ompenenum HHIYKTHBHO Kiacc ¢op-
MaJlbHHX KaHOHHYeCKHX MOpP(H3MOB, KaHOHHYECKHe MOPHU3MBEI GYLYyT
onpenensThcs nyteM ero dakropusauuu. das nobeix popm A, B, C
tdopManbHBIMH KaHOHHYECKHMH Mop¢hH3MaMH SIBJISIIOTCA:

assc:(A®B)®C—>AQ®B®C), aasc:A®BRC)(ARB)RC,
ba:AQI—~A, bi:A—>ARI,
CAB‘:A®B‘—)'B®A, lA ::A"-)'A.

Ux rpadnl onpepensiioTct oueBHIHBIM C6pa3oM.

Eciu f: A - B, g : C - D — dopmaJibHble KaHOHHYECKHE MOp-
¢usme, To H f® g) : A Q® B)—> (C® D), If, gl:I[B, Cl—>
— [A, D] — ¢opmanpHbie KaHOHHYeckKHe MopduaMbl. Ecau f:
:A® B — C — dopmanbHblil  KaHOHWYeCKHH  MopdH3M, TO
Nagpc (f) : A —> [B, C]— dopManbHblii KaHOHHYECKHH MOphH3M;
aHanoryydo, ecau f: A — [B, Cl— qopManbHHE KaHOHHYECKHH
moppusM, 10 ¥ masc (f) : A ® B—> C — dopManbHbIi KaHOHHYE-
ckuii MopéduaM. Hakonen, eciu f:A—-> B u g: B—> C — ¢op-
MasbHble KaHOHHYeCKHe MOpPGH3MH, TO MX Komnosuuus (g-f) : A —
— C — ¢opMa/bHblii KaHOHHuecKHH MopduaM. Bo Bcex ciyuasx,
Kpome Komnosuuuu [11, npeo6pazoBanue rpadoB ompeseasieTcsi oue-
BHIAHBIM o6Gpa3oM. PopMmasibHble KaHOHHYeCKHE Mop¢H3MbI paccMma-
TPHBAIOTCS NPOCTO KaK CHHTaKcHYeckHe BbipaxeHus. CrenyeT oT-
MeTHTb, YTO MO 3amuCH (OpPMAJbHOrO KAHOHHYECKOro MopdHama
f: A — B MOXHO 0JHO3HAYHO YCTAHOBHTb, KaKH€ NEpPeMEHHbIe B HH-
Jekcax a, a’*, b, b4, ..., 1 «OTOXAECTBAAIOTCSA» C JAaHHOH NepeMeH-
HoH (mapoil conpsiKeHHBIX nepeMeHHHX) B A — B.

OnpenenuM Takxe onepaudio MOACTAHOBKH (OpPMBI BMECTO Maphl
CONpPSKEHHBIX MepeMeHHBIX B (GopMasbHbId KaHOHHYECKHH MOpGhH3M.
[Tycte f: A —> B — ¢opmanbHblii KaHOHHYecKHid MopdH3M c rpa-
¢om I'f. [Tycts C — ¢dopMa, a p o6o3HayaeT napy COnpsKeHHbIX Me-
pemeHHBIX (no oTHowenuio K rpapy I'f). Uepes f, {C} : A, {C} —
~ B, {C} GyneM oGosHauaTb opMasbHblli KAaHOHHYECKHH MOpGhH3M,
nosyyeHHblit 3ameHoll p B A u B Ha C u 3ameHoil Ha C TaKxke €OOT-
BETCTBYIOLIUX MEPEMEHHBIX B (GOPMaxX, BXOAALIHX B Bblpaxenue f
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B KauecTBe MHJekcoB. B T'f coorBeTcTByiolee pebpo 3aMeHsieTCsl Ha
«ny4oK» pebep C :=—— C.

Kareropuio & noayuuM, ¢akTopH3ysi MHOMKECTBO ¢hopMasbHbIX
KaHOHHYeCKHX MOP(H3MOB N0 HaHMeHbIleMy OTHOLUEHHIO SKBHBAJIEHT-
HOCTH, ofOecreyHBalolleMy: eCTeCTBEHHOCTb BCeX MOpP(H3MOB MO Kax-
Joll mape CONPsXKEHHBIX NepeMeHHBIX; KaTeropHmlie CBOHCTBa (acco-
UHATHBHOCTb KOMIMO3HLMH, CBOHCTBO eIHHHI|, (PYHKTOPHANBHOCTE @
u [, 1), a rakxke puimosHenne akcuom CM3K mas a, a’t, b, b3,
¢, m, nl. U3BecTHO, YTO 3T0 oTHOLIEHHe paspewuMo [6]. Kareropus,
O6BEKTaMH KOTOpOH SBJAIOTCS (OPMH, a MOphH3MaMH — KJacChl
3KBHBA/JEHTHOCTH (hOPMaJbHBIX KAHOHHYECKHX MOpP(HHU3MOB MO 3TOMY
oTHolueHHIo, 6yeT cBo6oaHoit CM3K c exuHCTBEHHBIM 06pa3yIioliiM 1.
dopMaJsibHbIe KaHOHHYECKHe MOpP(hH3Mbl, paccMaTpuBaeMbleé C TOY-
HOCTbIO 10 YKa3aHHOH BhIllle 5KBUBAJEHTHOCTH (0603HAYUM ee MPOCTO
yepe3 =), GyAyT HasblBaTbCs KaHOHHYECKHMH MopdH3mamu. Camo
OTHOIeHHe = OyJer HasblBaThCsl TaKike paBeHCTBOM. Bce cooTHo-

IIeHHSs, ONpeessiollHe =, HHBAPHAHTHHI OTHOCHTEJBHO MOACTAHOBKK

(GopM BMeCTO CONPSiKEHHHIX NepeMeHHbIX, nosToMy f = g=-f ¢E =
c

=gl

[Tycte KEII (V) — onucanHas Bbllle KaTeropusi KaHOHHYECKHX
(GYHKTOPOB H KaHOHHYECKHX ecTeCcTBeHHbIX npeoGpasoBanui. OHa
asnsercs CM3K [2]. WUmeercs epunctBeHunil ¢yukrop Fy : F —
— KEII (V), coxpansiomuit ctpyktrypy CM3K u nepeBoasmuit ¢op-
my | B ¢ynkrop ly. 3uauenne Fy (A) — 3TO He uTO HHOe, KaK (pyHK-
Top | Ay, paccmoTpenHmiii Builie. OH nepesomuT a, a™', b, b7%,
¢, m, n"1 B COOTBETCTBYIOLIHE ecTeCTBeHHble Npeo6pa3oBaHHs Karte-
ropur  KEIT (V), kaHouuyeckmit mopdusm f: A — B — B KEII
Fv():[Aly—|Bly.

OnpenesuM  OTHOWEHHe ~y YcCaoBHeM f~ypyg<o Fy (f) =
= Fy (g). OueBHAHO, ~y — OTHOILEHHE SKBHBAJEHTHOCTH HA KaHO-
HUYecKHX Mopdusmax. Pakrop-kareropus F /~y (Kareropus, ob6p-
€KTbl KOTOPOH COBNajaioT ¢ o6bvekTaMu F, a MoppH3MaMH SIBJISIOTCS
KJlacChl SKBHBA/JE€HTHOCTH KaHOHHYECKHX MOPGHU3MOB N0 ~y) TaKke
oyaer CM3K, oaHako B oTiinyHe oT & — He CBOOOAHOM.

Brlie 6b110 NOKa3aHO, YTO YCJOBHSI TeOpPeMH 2 cjenyeT H3 YCJO-
Busl TeopeMnl 1. [TosTomy pmocratouHo pokasaTh Teopemy 2. M3 Bcero
CKa3aHHOro SICHO, 4To TeopeMa 2 3KBHBAaJIeHTHA CJeAyiollel TeopeMme.

Teopema 2. f~yg a1a Bcex KaHoHHueckux] mopdH3MoB
{, g A — B coauum u TeM xe rpadom TOTAA U TOJNBKO Torja, Koraa
BBHIMOJIHAIOTCS  cjelyiole 1Ba ycaoBus: ak n (ec) : [1, I]1—
- [, I, I, Il uw =~ ((m(ec)y) « [LI1, 1,1, I, I1— [1, Il
— B3aUMHO o6paTHble H30MOppU3MbI B F [~y 6) 15 N00bIX KaHOHH-
yeCKHX MOp¢H3MOB A, h' ¢ onHHM U TeM ke rpadom & A, { [p, I1} ~y
~vhp{Ip, I} = h ~y K, rie p 0603HauaeT mepeMeHHbIe NPOH3BOJIb-
HOH CONpSIXKEeHHOH maphl.

3. 3ameuanue l. 3rece MOXKHO JIeTKO NOKa3aTh, YTO H3 yC-
JoBUH a) U G) TeopeMbl 2 He cienyeT ycjoBHe TeopeMbl 1. B camoMm
neJle, JIeTKO yKasaThb TaKoe OTHOLIeHHe ~, YTo B F/~ BbINOJNHEHH
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u a) u 6). Onnako mopduam n (ec) : 1 — [[1, 7], I'] He umeer o6-
paTHOro, TaK Kak BooOie He CYILeCTBYeT KaHOHHYeCKHX MOpP(pH3MOB
us [[1, Il, Il B 1.

[Ipexne Bcero chopMyaupyeM HeKoTopble (aKThl, HeO6XOAHUMble
npH JOKa3aresbCTBe.

1) Teopema korepeHtHoctH Kennn—Makneita. Ilycrs f, g :
: A - B — xaHoHuueckne wmopdusmbl, u I'f = I'g. Ecan dopwmnl
A, B ue cozmepxar noidpopm Buaa [€, DI, rae D nocrosiiHa, a C
He TIOCTOsIHHA, To [ = g.

2) KorepeHTHOCTb LeHTpalbHHX MopdH3aMoB. Kak  0OBIUHO,
neHTpanbHEIMH MopdHu3MaMH B & HasblBalOTCS MOpPGH3MbI, KOTOpHIE
nosyuaiorcs M3 a, a’l, b, b’', ¢, 1 nocpenctBoM mnpumeHeHHHA &,
[, ] n xoMnosuuun (6e3 MCnonb30BaHUS T U N'1).

Ecau f, g: A - B — uenrpanbHbie Moppuambl 1 I'f = I'g, 1o

g.
3) YcrpaHumocTh ceueHusl (B anarebpaHuecKodt ¢opMyJaHPOBKe).
Beskuil kaHoHudyeckuil Mopdusm | : A — B sBisieTcss neHTpalbHbIM
HJIM HMeeT OJMH U3 BUIOB: f = y (h ® g) x, rie x, y — ueHTpa/bHble
MOp¢H3Mbl, £ U g HeTpHBHa/JbHH (He HMeEIOT B KauecTBe 06J1aCTH
U Koo6JsacTH TeH3opHoro mnpouseefenus I); f = y (m (h)), roe y —
ueHTpaJbHbll Mopdu3aM; f = g ((h) ® 1) x, rie x — UeHTpaJbHbIH
Mop¢usM. '

4. IlepefineM K JIOKasaTenbCTBY TeopeMhbl. JloKa3aTesibCTBO HeOG-
XOIUMOCTH TpHUBHanbHO. IlycTh f ~ g Ans BceX KaHOHMYECKHX Mop-
¢usmos f, g : A — B c onHuM H Tem ke rpadoM. (31ech U jafee 6y-
JeM NHCaTb ~ BMECTO ~y, MOCKOJbKY KaTeropuio V MOXKHO CYHTATH
¢HKcHpoBaHHOM). 310 BJeYeT 3a co6oil a), NOCKO/IbKY a) 3KBUBAJNEHTHO
KOMMYTaTHBHOCTH aHarpammbl (#). Ecau rpadwl I'f u I'g paBHb 10
NOACTaHOBKH, TO OHH PaBHBl U MNOC/]e MOACTAHOBKH, TaKUM o6Gpa3oM,
JeBas W mpaBasi 4acTH 3KBHUBAJEHTHOCTH B 6) GYIYT HUCTHHHLIMH,
crenopaTenbHo, 6) Takxke Heo6xonumo. JlokasaresbCTBO JOCTAaTOY-
HOCTH 3aHMMaeT BCIO NOCJEAYIOLLYi0 YyacTb paboTel. BBuay ero ciox-
HOCTH, mNpHBeleM KpaTKHH MJaH.

i) Onupasice Ha HZel0 MOHHUKEHHUS TIMyOHHBI GOPMyJ, 3aHMCTBO-
BAHHYIO U3 TEOPHUH [0KA3aTeJNbCTB, TOKAaMKeM, YTO B JIOKAa3aTe/bCTBe
JOCTAaTOYHOCTH MOXHO OrpaHHYMTHCH PacCMOTPeHHEM KaHOHHYECKHX
MOP(H3MOB, THI KOTOPHIX HMeeT clelanbHblil BHI (CNpaBa OT CTPENKH
HMeeTcsl He Gosiee OJHOTO BXOxIeHHS @ uau [, ], B To ke Bpems
BCE MPOCThie TEH30pHBIE COMHOXHTENH CJeBa OT CTPEJKH COJepkar
He Gosee nBYyX BXoxkaeHHH ® uau [, 1). Takue Tunel HaspiBaiOTCH
lajlee 2-THIIAMH.

ii) Ucnonb3ys pesyabrathl [2], paccmaTpHBaeM, Kakyio CTPYK-
TYPY HMelOT nape KaHOHHYeckKHX MopdusmoB f, g: A — B, rae
A — B 2-tun, Tf =Tg, f# g u | u g UMeIOT MUHUMAJbHBIH paHr
(rpy6o roBopsi, HX THI HMeeT MHUHHMAa/AbHYIO AIHHY) B KJacce nap
KaHOHHYeCcKUX Mop¢Hu3MoB, 06.1a1ai0UHX COOTBETCTBYIOLIUMH CBOH-
CTBaMH, €cJIM 3TOT KJacc HemycT.

iii) B urtore ypaeTcss NOKas3aTb, 4TO THN TaKOH MHHHMAJbHOWM
Napel COIEPXKHUT CJeBa OT CTPeNKH TeH3OPHbIH COMHOXHTeNb BHAA
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((1, I, Il unu Buma [[1, 1], I], a copaBa oT crpeiku crour /.
Ho sTo Bezer K npoTHBOpeuHio, MOCKOJbKY, NMPHMeHSAs Mocie Mepe-
CTAHOBKH TEH30PHBIX COMHOXHTejeii M30MOPPH3IM T H HCMOJb3YSH
ycioBHe a) TeopeMbl 2 (ycsioBHe 6) TakxKe HCNOJAb3yeTcs B 3TOH H
B npeinaylled yacTH NOKasaTelbCTBa), YAaeTcs NMOJYYHTb Mapy He-
SKBHBA/EHTHbIX KAaHOHHYECKHX MOpP(GH3MOB MeHbluero panra. Takum
o6pasoM, KJjacc Nap HEeIKBHBAJEHTHHIX KaHOHHYECKHX MOpP(HH3MOB
f, g : A —> B, uMeiOlUX ONHH H TOT XKe rpad, LoJKeH GhTb MyCThbIM,
YTO [0Ka3nLiBaeT TEopeMy.

5. CumBonamu p, g, r O6yneM oGo3HayaThb Napbl CONMPSXKEHHBIX
nepeMeHHbIX. [IpH 3aNHCH COOTBETCTBYIOIIEro THHA (B NpeANofoxKe-
HHH, 4TO rpad ¢HKcHpoBaH) obe conpsikeHHBble NepeMeHHble 6YleM
0603HaYaTh TaKKe COOTBETCTBYIOLIHM CHMBOJIOM.

Jlemma 1. I[Tycts h, K’ : A - B — KaHoHUYecKHe MOP(HU3MBI,
'h = Th'. Tlyctb p — mpousBosbHAs Napa CONpSKEHHBIX Tnepe-
MeHHuX. Toraa ans JioGoit ¢opmbl C h ~ h' = h, {C} ~ hy {C}.

HokasateanbctBo. Ipapm T (B, {C}) m T (B, {C})
oueBHAHO cosnajgaioT. Kommoueutst Fy (b, {C}) u  Fy (hy {C})
MOTYT paccMaTpHBatbcs Kak KoMmnoHeHutsl Fy (h) u Fy (h'); pasen-
CTBO COOTBETCTBEHHbIX KoMnoHeHT Fy () u Fy (k') Bjewer 3a coGoi
u paBeHcTBO KomnoHeHT Fy (h, {Cl|), Fy (h, {C}). ITo onpenenenuio
OTHOIUEHHA ~ , moay4yaeM h, {C} ~ h, {C}.

JTemma 2. Ilycts f: A — B, g: B— C — HekoTOpHe KaHoO-
HUYeCKHe MOpGhH3Mbl, a NepeMeHHble CONPSXKEHHOH napbl p BXOAAT
ToabKO B f (Tonbko B g). Torma ans nioboit dopmul D (gf), (D} =
=g (f» D)) (cootsercrsenno (gf), {D} = (g, {D}) .

JJokasaTeJabCTBO. YTBepXKieHHE CJenyeT H3 onperee-
HHUS NONCTAHOBKH M CBOHCTB Kommosuuud [2]. O

Jlemma 3. CyuecTtByer egMHCTBEHHbIE KAHOHHYECKHH Mop-
¢u3M h, :a— [la, pl, pl u equHcTBeHHLI KaHOHHYECKHH MOphH3M
g : llg, ql, al — a. Tlpu stom gy-hy ~ 1,.

JJokasateabcTso .CymecTBoBaHHe MOppHU3Ma JIeTKO NPO-
Bepsiercs. Hanpumep, go = e ((la @ 7 (cqrby)) b3'), ho = 1 (€ap X
X Cq (a. p1). Ilo Teopeme Kennu—Makneiina go, ho eqHHCTBEHHBI.
ITo sroit ke TeopeMe gohy, = 1,, Tak Kak THI 3TOH KOMIIO3HLHH a —> a
(teM Gonee gohy ~ 15). O

O6o03nauum uepes hy (A), g, (A) cTpenku (hy). {A} H (g)a {4},
rie A — mpousBosibHas ¢opma:

hy (A) : A — [lA, pl, pl, g (4) : g, q], A1 > A.

Yepes h§ (A), g6 (A) OGymem o60o3HauaTb KaHOHHYECKHE MOP-
¢u3Mbl, nosyueHuble U3 hy (A), g, (A) moacraHoBkod A BMecTo p
H ¢ COOTBETCTBEHHO:

k3 (A) : A—[[4, Al, Al, gi(4):1l4, 4], A]-A.
JlemmMma 4. g§ (A) ho (A) ~ la.
HoxkxaszateabcTBo. [lo geMme 1. O

JlemMma 5. [Ing n00biX KaHOHHYECKHX MOPGH3MOB [y, f, : A —
=B, fy ~f, o h(B) } ~ hy (B) fs.
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HdokasarteapctBo. OueBuuHo, f, ~ f, = hy(B) X
~ hy (B) f,. TIycts hy (B) f, ~ hy (B) fy. D10 Brever (hy (B) X
X Pm 1Bl ~ (o (B) oy 1B] (£ = 10 9). 'Ho newe 2, (hy (B)
X h)p {B} ~ hy (B) i (i =1, 2). Hmeen:

ho(B) f1 ~ ho (B) fo=>h$ (B).fr ~ hs (B) fa=

= g3 (B)hs (B) fi ~ g8 (B)hs (B) f2= 15fs ~ 1afa <> fi ~ fa.
Hcnonwv3oBana nemma 4. [

JJemMma 6. [Ins m0o6HX KaHOHHYECKUX MOPPH3MOB [y, f, : A —
— B cymectByioT KaHoHHYeCKHe Mopduambl fi, f2 : A @ [B, pl—p
Takue, 410 fi ~ fo o fi ~ fa.

HoxaaaTeanTBo 3ameruM, uto Ay (B) - f; umeeT THR
A — [[B, pl, pl. MoxHo B3AThb:

fi=a='(ho(B)}:): A® (B, pl—>p (i=1, 2).

[To nemme 5, u Tak kak n~! — naomopduam (B ToM yucae B F/~),
h~foh~f O

6. Temma 7. CymecTByioT €AHHCTBEHHble KaHOHHYECKHE MOp-
$U3MBL;

hy:lp, b1®la, pl—la, bl,  hy:[b, p@cI®I[p, al > [b, a®c],

hs:[b,c @ pI®I[p, al—>[b, c®al, hy:[b,[p, cli®la, pl— b, la, cl,

hs:p, [b, c1®la, pl —[a, [b, ], hs:[b, [, PII®[p, al—[b, [c, all,

h:[b®p, 1 ®la, pl>[bQa,clhs:[p®b, c]®@~a, pl—>[a®b, c],

hy: ([, 1, P1®[p, a]—[[b, cl, al, ho: (b, P, c] ®la, p1—IIb, al, ¢,
hy : [lp, b], c1® [p, al—[[a, b], c]

Mg, ..gn Moo B; > B; ® [g, ql coorBerctBeHHO (rze B, =
= la, b1,B, = [b, a ® cl, ..., B;; = lla, bl, ¢l coorBerctBetHO,
T. e. B; — dopma, croswmas cnpaBa OT CTpeJKH B THUMle f;), TaKue,
4yTo higiN lBi (l = 1, ey 11).

HokxaszarteabcTBo. AHanorHuHo Jgemme 3. O

O6o31auuM yepe3 A; popMy, CTOSLILYIO C/I€Ba OT CTPEJKH B THIle ;.
Hanpumep, A, = [p, b1 @ la; pl, A, =1[b, p® cl1® Ip, al
U T. I

[Tycts A, B, C — npoussoJbHbie dopmbi. Uepes h; (4, B, C),
g (A, B, C),A; (A, B, C), B; (A, B, C) o6o3uauum (h;)s, », {4,
B’ C}r (gi)a, b.c {Av Bv C}’ (Ai)a, by ¢ {Ay B’ C}y (Bi)a, by ¢
B, C} coorserctBenHo (i = 1, ..., 11). Ecau i = 1, To TpeTH#
«aprymMeHT» B JeHCTBHTENbHOCTH (HPUKTHBHBIM:

h (4, B, C): Ip, Bl ® [4, pl - [A, Bl,
g (4, B, C): |4, Bl [A, BI® lg, ql,
h (A, B, C)y:[B, p®Cl®I[p, Al—>[B, AQC],
£:(4, B, C):[B, A®Cl—I[B, A®CI®Iq, q]
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hi(4, B, C): A;(A4, B, C)—B; (4, B, C),
g (A, B, C):Bt(A, B, C)»Bi(Aa Br C)®[q1 q]

ny6unoit ¢opmel D 6yleM Ha3wBaTb YHCJIO BXOXKAEHHH ® H
[, 1 B D. Ee npumapHoii ray6uHol GyaeM HasbiBaThb MAaKCHUMYM [Jy-
6UH BXOAALIMX B e€e COCTaB INpPOCTBIX TEH30PHBIX COMHOMKHTeJeH.
Cny6uny ¥ npuMapHyio ray6uny o6Go3Hauum yeped d (D) u dp (D)
COOTBETCTBEHHO.

[Iycte D — npocras dopma H d (D) > 2. PaccmoTpuMm CTPyK-
Typy D Gonee meTanbHo. JIerko BHIETh, YTO HMEIOTCS TOJBKO CJedyIo-
mue Bo3MoxkHocTH (B (1) — (11) nuxe A, B, C — dopwms, Takwue,
uyto d (A) > 1):

)D=I[A, Bl dB)>1, 2)D=[B, A®C]l, 3) D=I[B, CRA4],
NN D=[B®A,C], 8§ D=[A®B, C], 9 D=][[B, C], A},

OTtMeruM, uto ecaM D uMeeT BHJ, pacCMOTPeHHBIX B i),
0o D=B; (4, B, C) (1 < i< 11). B arux cayuasx A; (4, B, C)
HMeeT COOTBETCTBEHHO BHI: ‘
) ip, BI®IA pl, 2)[B,p®CIQIp, Al, 3)1B,C® pl®Ip, Al
4) [B, [p, CLI®[A, pl, B) Ip, [B, ClIQIA, pl,
6) [C, [B, plI®Ip, Al, 7) [B®p, CI®IA, p),
8) [p® B, C1®I4, pl, 9) 1B, Cl, pIQIp, Al
10) [(B, pl, C1®[A, pl, 11) [Ip, Bl, C1® [p, Al
Jlemma 8. [Ins mo6oit nmpoctoii popmel D, TakoH, uto d (D) =
= dp (D) >2 wumeiotcs i (1 <i<<1l) u popMa A, B, C Takue,
ytro D = B, (A, B, C) u dp (4, (A, B, C)) < dp (D).
I[oxasa'r'e.nbcmao. Hatinerca i (1 < i < 11), Takoe, uto
yto D = B; (A, B, C) u d(A)> 1 (a takxke d(B) > 1, ecan
i=1). Jlerko nposepsiercs, urto dp (4; (A, B, C)) < dp (B 4,
B, C)) = dp (D). O
Yepes ki (A, B, C), gt (A, B, C), At (4, B, C), B; (4, B, C)
0603HaYHM KaHOHHYecKHe MOpGhU3MBI H (POPMBI, IOJYuYeHHBle U3
h, (A, B, C), ..., B; (A, B, C) noacraHoekoii A BMecTo mepe-
MeHHHIX p, g (p —B A; u h,, g— B B; g).
Jlerko Bugers, uto A} (4, B, C) = B, (4, B, C) ® [A4, Al
(i=1, ..., 11)., Takum o6pa30M, HMeeM:
hi (A, B, C):B;(A, B, C)® [A, Al— Bi(A, B, C),
gi(A, B, C):B;(A, B, C)—B;(A, B, C)®[A4, A].
Jlemma9. Idns mo6oro { =1, ..., 11 A} (4, B, C) q; (4,
B, C) ~ 1B,(a. B, o).
JokasaTteabcTBo. [Io temme 1 u gemme 7. O
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Jlemwma 10. Ilyets fy, f, 'S - T — kaHOHHYeCKHe MOPQH3MBI
U CpelH NPOCThIX TeH30pHBIX coMHOXHTenel S umeercs ¢opma D =
= B; (A, B, C) nns uekortopbix popm A, B, C v uncaa i (1 < i<
<L 1), Ilyetb h — KaHOHHYecKMH MOpGhH3M, TNOJYYeHHHIH H3
hy (A, B, C): A; (A, B, C) —» B; (A, B, C) TeH30pHbIM JOMHOXe-
HUeM Ha eJMHHYHble MOP(HU3MH TakK, YTOGhl Gblia onpeflefieHa KOMIO-
sunua fh (=1, 2). Toraa f, ~ fy < A ~ foh.

JlokasaTeabcCTBO. AHaJOTHYHO JieMMe 5. [J

Jlemwma 1l. ITyers /4, f, : S = T — KaHOHHUecKHe MOP(hU3MBI.
Torna cyliecTByioT KaHOHHYECKHE MOPPU3IMBI fi, f2: 8" — T, rakue,
yto dp (8Y <2 U i ~fa> fi ~ fa.

HokaszateabcTso. Uaaykuus no dp (S). basa: dp (S) <
< 2 (TpuBHaJbHBIH cayyail).

HMupykunoHHslil nepexoj: ecau dp (A) > 2, To UMeloTcS NPOCTHIE
TeH30pHble COMHOXHTenH Dy, ..., Dy, rae dp (D,;) > 2. [To nemme 8
ans Besikoro D umerores yueno § (1 < i << 11) u dopmut 4, B, C,
Takue, yto D; = B; (A, B, Cyndp (A; (A, B, C))<dp(B; (4, B,
C)) = dp (Dy). Tenepb MOXHO paccMOTpeTb KOMMO3HIHH [, [, C noa-
XOASIMMH «paciupenusamu» h; (A, B, C) (nonyyeHHBIMH JOMHOXe-
HUEM Ha eJlUHHLbI, ecqH 3T0 Heo6xojumo). Beps komnosuuuu f, f,
C 3THMH MopdH3MaMH Juisi Kaxjaoro D; (NOpSfioK HecyLlecTBeH,
TaK Kak D; — pa3jHuHble TeH30pHble COMHOXHTEJH), NMOJYYHM He-
KOTOphle KaHOHHuecKHe Mopduambl fy, o : S —> T, rae f, ~ f, o
o f; ~ [, (no nemme 10) u dp (S) < dp (S). Tenepb MOXKHO NpHMe-
HUTb MNpeAnoJoxeHHe HHIAYKUHH. []

Jlemma 12, Ilyers [y, fo : S = T — HeKkoTOopbie KaHOHHYe-
ckie MoppH3mu. Toraa HMeloTcs KaHOHHYeCKHe MOpdH3MH fi, fo :

:S"— b, rne b — nepemenHas, dp (SY <2 u i~ foo fi ~ f2.

HokasatenbcTBoO. [lo nemme 6 u gemme 11. O

7. Ilycte B Tune S — T dopma T umeer BuA a, la, b] v a @ b,
a npocTble TeH30pHble COMHOXHTenH S umeioT BHA a, la, bl, [la,

cl, la® b, cl, la, @ cl, la, [b, cl], rre a, b — nepemenHbie
unu I. Torpa tun S — T 6yler HaswBaThcsl 2-THNoM. DyjaeM Takke
HasblBaTh 2-THNOM BCSKMH THN S’ — T, TaKo#, YTo MMeEIOTCS LEHT-
panbHeie Mmoppuambl S - S’ u T'— T, rae S - T ectb 2-Tun B
CMbIcsie, omHcaHHOM Bbile. KanoHuuyeckue mopuambl f:S — T,
rie S — T 2-tunm, 6yAyT HasbiBaTbCcA 2-MOpGH3MaMH.

3ameuatue?2 [loaemme 12 ans 061X KaHOHMYECKHX MOP-
dusmoB [, fo umerorcs 2-mopduambl fi, fi, Takue, uto fi ~ fo o
o fi ~ fa.

O6o3Hauum uepe3 % kJacc nap 2-MoppHU3MOB C OJHHM H TeM e
rpapom. DByameM HccneoBaThb CBOHCTBAa mnepeceueHuin #° (| B u
Hy B, rie # ecTb Kaacc nap f, f, : S = T kaHOHHYECKHX Mop-
¢HU3MOB ¢ OXHHM H TeM ke rpadoM, TakuX, uTo f, 5= f,, U #°, NOPOXK-
naer #° [2] (cMm. HEXe). YBHUAHM, uTO #° (| % COfepXKUTCH B MOA-
KJ1acce #°, nopoxieHHoM #°, (| % (TeM ke nyTeM, Kak B [2]).

HanomuuM onpenenenus. #°, — 370 kaacc tex nap (f,, f,) kaHOHH-
YyeCKHX MOp(}H3MOB, KOTOphie YAOBJIETBOPSIOT CJENYIOIHM YCJIOBUSAM:
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OHH HMeiOT OIHH U TOT K€ THII, OfHH H TOT ke rpad U MOryT OHITb 3a-
NHCaHbl NMPH NMOMOIILY OnepauHH () cleAylollUM o6pasoM:

h=S8-2 (B, Cl® )@ D% ceD % T,

—sZ B, CcleA)yeD 2% e LT,

rae x, x’ — ueHTpasbHHe MOpGH3MBI, Ay, H,, g, g — HEKOTOpHE
KaHOHHYeCKHe MOp(H3Mbl, H NpH 3TOM:

1) dopmpl B u B’ He sBASIOTCS NOCTOSHHBIMH;

2) Th, u Th, He MOTyT GbITh MpeACTaB/eHsl B BHJE TPadoB KaHO-
HHYecKHX MopduamoB Buia g () @ 1) y;

3) [B, CI COOTBETCTBYET HEKOTOPOMY ~IIPOCTOMY ~TeH30pHOMY
coMHOXKHTeMO A’ (uepe3 nocpeleTBo M3oMoppH3ama x'x71);

4) [B’, C'] COOTBETCTBYeT MPOCTOMY COMHOMKHTEIIO A uyepes
nocpeActso x (x')7%;

.5) HH f;, HH f, He MOTYT GHITHL 3aNHCaHBI B BHJie UEHTPaJbHBIX MOp-
($H3MOB, TEH30PHOTO NpOM3BeleHHs WJH pe3y/bTara NpUMeHeHHs &t
K KaKoMy-1HGO KaHOHHYECKOMY MopdH3My.

3necs #° ecTb HaHMeHbUINH KJace nap KaHOHHYEeCKHX MOP$H3MOB,
YJOBJIETBOPSIOWMI CAEAYIOMHM yCJIOBHSM:

#1) #, comepxuUTCS B 3TOM KJjacce;

#2) ecnn (fy, I, : T — S) conepxutcs B 37oM Kjaacce H 4 : T' —
—+ T, v:S8— S — uedrpaibhne, 10 (Vfu, vfu: T —S’),
JAEPXKUTCS B HeM;

#3) ecin no kpaiinei Mepe ogHa u3 nap (fi, fi:A—C) u
(f2, f2 : B— D) copmepxuTcs B 3ToM KJacce (npuueM ecaH (f;, [i)
He cofepxuTcst B Hem, Torna f; =fi), Tou (h @ fo, h ® h: A ®
® B - C ® D) conepxuTCcs B HeM;

#4)y eem (f, [:A ® B— C) couepxutrcs B 3TOM KJaacce,
10 1 (n (f), n(f) : A — [B, Cl) conepxurcsi B Hem;

#°5) ecnn no KpaiHe#t mepe oaHa u3 map (i, i:A— B) u
(fo» f2: C ® D — E) conepxutcs B 3ToM Kaacce (ecan (fi, i)
B HeM coaepxHuTcs, toraa f; = fi), 10 (fo- ((fiy ® 1); for ((}1)) @
® 1):([B, C1 ® A) ® D - E) colepXuTcsi B HeM.

3ameuanue 3. Kracc # He HU3MeHHTCH, ecqH B #°3 — #°5
paccmMaTpHBaTh TOJBLKO ciayyaii, Koraa f;, f; — HeTpHBHANbHH, NO-
CKOJIbKY €C/IH OJUH M3 HHX TpHUBHaJeH, T. e. uMeeT THN ([ ® ...) ®
®I > (I®..)® I, To MOXXHO NpPHUMeHHTb #°2.

B [2] nokasano, uto f, %[, (rAe f, [, A— B u T}, =T},)
TOrja U TOMbKO Torja, kKoraa (f,, f,) € #°. CrnenoBaresbHO, €CJH
h* fy 10 (fy, 1) € .

Jlemma 13. Ilycts (f, g)E€E# N B. Torna f, g mMoryt GHTH
npejcTapieHH B OJHOM H3 BHJOB, paccMOTpeHHHX B #°1—¥#°5, rue
(hy 1),y (f2, }2) € R (u, TakuM oGpa3oM, mo KpaiiHe# Mepe ofHa
w3 nap (h, h) (f, ) € N %).

JokasaTeJabcTBO, Jlerko NpoBepuUTs, 4TO ecaH THN f
H g eCcThb 2-THN M HMeeT OJMH M3 BHJIOB, PacCMOTpeHHHX B #°3—¥#°5
(cnyyau #°1, #°2 TpuBHaJbHB), TO THIH }i, fi, f2, fo HeoGXoaHmo
aBasiorcss 2-tunamu. Hanpumep, ecav (([B, C1® A)® D~ E
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ectb 2-Tun, T0 C® D - E u A — B cyTh 2-THNH (I€HCTBHTENLHO,
Ul C @ D, E u A aBTOMaTHYeCKH MOAMafaeT noj TpeGyeMbi ompe-
JlefeHHeM 2-THN, M JIerKO BHJIETh, PACCMATPUBAsi BO3MOXKHbBIE BHJbI
[B, Cl, uto B ectb a, la, b] unu a ® b u, crnenosatensio, A - B
TaKKe YAOBJETBOpSieT onpefeneHHio 2-THna). OcTajbHble CJaydaH
pAcCMaTpHBAIOTCS ellle INpolle.

Crnenys (2], BBegeM noHsitie paHra GopMbl, THNIA H KAHOHHYECKOTO
mopdu3ma. PaHr onpefesnsercs ciaefyiollUMH nmpaBujamu: r (1) = 1,
r(=0rSQT)=r(S)+r(T),r (S, T)=r(S)+r(T) +
+ 1. Ecan umeem ™in S — T, 10 par r (S - T) = r (S) + r (T);
r(f), rne f:S— T ectb 7 (S - T). Moppuam h : S - T HazuBa-
eTc TPHUBHaJBHBIM, ecad r (h) = 0.

Jlemma 14. Ecim x : A - B — uedTpanbHbiii MopdHsM, TO
r (A) = r (B).

Tun A — B Gynem HasuBaTh YHCTHIM, ecid B A, B Her noahopm
puia C @ D, rzne onHa u3 c¢op™m, C und D, — NoCTOsHHA.

Ecam S - T — Tun, To uUMeloTCA UeHTpaJbHble MOPGH3MBI X :
:S'"—> S, x':T— T, takue, uto S’ — T’ — YHCTHH THI.

bynem HasuBarh 2-THll § — T ~-MHHHMAJbHKIM, €CJH OH YHCTHIH
U HMeloTCS KaHoHHYeckue Mopduamsl f,, f, : S = T, rae I'f, = I'f,,
TaKue, 4TO f; % f,, HO aasi Bcex 2-TunoB S’ — T/, raer (S' > T') <
<r (S — T), u KadoHH4yecKHX MopdHu3aMoB_ fi, f; : S' — T’, TaKux,
yto I'fi = fo, umeer mecto fi ~ f3. [lapa KaHOHHYECKHX MOP(H3IMOB
(f1» f.) Takxke 6yleT Ha3LIBaTbCA ~ -MUHHMAJbLHOMH.

U3 ycaosuit a), 6) Teopemu 2’ ciaenyer, 4TO He CYIIECTBYET MH-
HHMaJbHBIX 2-THNOB M Nap KaHOHHYECKHX MOP(HU3MOB H, cCJeJ0Ba-
TeJbHO, BCEé KAHOHHYECKHe MOp(H3MbI OAHOTO THNA C OJMHAKOBHIMH
rpapaMU ~-3KBHBAJIEHTHHI.

H3yuyum Tenepn CTPyKTypy ~ -MHHUMAaJbHHX THIOB H nap (31ech
He npeanoJsiaraercs, YyTo a) U 6) 06s3aTeNnHO BHINOJHEHBI).

8 Jlemmalb, Ecmm (f, g) siBnsiercs ~ -MHHUMAaJbHOH napoii,
To (}, 8)€E#° N &.

HokaszartedascTso. OueBHiHo, f » g Breuer f = g. Cre-
noBarennHo, (f, g) € ¥ | B. Ecnu (f, g) & #°,, TO UMeIOTCS LEHT-
pa/bHbBle H30MOpGhH3MBI 4, U, TakHe, uTo napa (ufv, ugu) uMeeT OLHO
U3 npeiactaBieHuli #°3— #°5. Jlerko npoBepsiercsi (NpUHHMAasi BO
BHHMaHHe 3aMeyaHHe 3), UTO B 3TOM CJAyyae paHT KaHOHHYECKHX MOp-
dusvoB fi, fi, 2, [2, paccMOTpeHHBIX B #°3—#°5, MeHblile, yeM paHr |
H g. 3T0 N-OTHBOPEYHT runorese, yto (f, g) ecTb ~-MHHHUMAaJbHAS
napa.

Jlemma 16. Ecau (f, g : A > B) ectb ~ -MHHUMaJbHAs napa,
TO B ecTb nepemeHHass uau [. s

HoxasatenbcTBo. [lo onpefenennto knacca #°y, f, g
He HMeloT BHZIA «@ », «Jt» HJIH «ueHTpanbnHoro». Teopema 06 ycTpaHeHUH
CeyeHHS MpPHUBOJAUT Tenepbh K TOMY, YTO B He MoxeT UMeTh BHI B; ®
® B, wau [B,, B,]. A > B — uuctuii 2-tMm, H, CJ€I0BaTeJNBLHO,
OCTaIOTCS TOJBLKO JiB€ BO3MOMHOCTH: B ecTh nepemeHHast uau [.[]

9. B 3TOM pasjiesie MOKaxeM, 4TO B AeHCTBHTEILHOCTH B J0/KHO
coBnajate ¢ /. 310 GyleT cienoBaThb H3 ycJa0BHA 6) TeopeMbl 2'.
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Urobbl JI0Ka3aTh 3TO, BOCMNOJbL3YEMCS METOJOM HCKJIOUYEHHS mnepe-
MeHHHX, a TaKXe NOHHKEeHHs TJyGHHBl ¢opMmyJ, 3aHMCTBOBAHHBLIM
M3 TEOpPHH NOKa3aTesbCTB.

[Tycts A — dopMa, p — nepemennas B A. 3anuimeM 310 B BHjE
A (p). OnpenenuM KaHoHHuecKHl MopdHaM Ka (,) PEKypPCHBHO Ciie-
AyomuM obpasoM. Ecim p — koBapHaHTHa (KOHTpaBapHaHTHa) B
A (p), 10 Kaoy:A(I)® p—>A(p) (Kaiwy: A(p) ® p—>1I) co-
orBercTBeHHO. 3fece A (I) = A, {I}. Hcnons3yeM peKypcHio IO
npoueccy mnocrpoends A. Tlycts A = p. Tlonoxum K, = bycrp :
I ® p—>p.

Ecan A %= p, To A MoXeT HMeTh OJUH H3 BHIOB:

A (p)® 4, A, ® A, (p), (A, (p), A,], [A,, A, (P)],

rlle p — KO- HJiH KOHTpaBapHaHTHa. Huike x Gyzner o603HauyaTh NOJA-
XOASAMH UEHTPaJbHHE H30MOPhHU3M.

MMycte A=A, ® A, (p) ¥ nepeveHHas p — KoBapHaHTHa.
Torna

. 1®K 4,
Ka=(4®A:()® p =% A4, ® (A:(I) ® p) —> A, ® Ax(p).
Ecan p xoHTpaBapuantHa B A,, TO

' a 1®K 4,
Ki=(4,® A:(p) Qp— A, ® (A:(p) @ p) —A" A, ® Ax (D).

[Tono6HeiM o6pasom onpenensiercss Ky, aas A = A, (p) @ A,
(BMecTO0 a Gyaer Apyro# ueHTpajbHbBIA H30MOP(H3M).

[Tyete A = [A, (p), A,] u p — koutpaBapuautia B A (M Ko-
BapHaHTHa B 4,).

PaccMOTpUM KOMNO3HLHIO:

Ka=(A(p), A21®p) ® A, (I) =~ [Ai(p), A2) @ (A(1)® p
Teneps

K40, 4,

Ka=n(Ka)=n((l ®Ka,)x).

[Tycte p — KoBapuantHa B A M KoHTpaBapuaHtHa B A,. Pac¢!
CMOTPHM KOMIIO3HIIHIO:

Ka=(Ai(I), A1 ®p)® A1 (p) =>4, (]), A ®
K 1
® (A (7) ® p) 2

- A2
H noioxuM Ks = n (Kz) = n(e (1 @ Ka,) x),' Kak Bbie (x —
LeHTpaJbHE# H30MOPDU3M).
Iycts A = [A,, A, (p)]. Ecin p konTpaBapuantHa B A u A,,
TO BO3bMeM »

Ki= (41, A:()] ® p) ® A1=> (A1, A:(p)] ® A1) ®
e K 2
® p 2% Ay(p) @ p — As(])
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Ka=m(Kz)=n(Ka,(e® 1))

Ecnn p koBapnantHa B A u A,, TO MNOJOXKHM:
Ki= (4, A:(D1®p)® A == (1A, A:()1® 4) ®
e®1 KA:
®p— A()® p —= A;(p)

Ka=n(Kz)=n(Ka, (® 1)x).

JJemma 17. Ilyers y (p) : A (p) > A’ (p) — ueHTpaNbHHHA
usomopdu3sm. Toraa, eciH p KoBapHaHTHa B A, HMeeM:

Ka: A(D@ p—~>A(p)=y()Kaly* (@ 1) =

-1 K
=A@ pL 2L Ay® p—2 A(p) - A’ (p).

Ecau p koHTpaBapHaHTHa B A, TO
Ka : A(p)Q@p—>AN)=y(DKa(y*®1)=
, e K ay o,
=4 (M) ®p = A(p)® p—~ A(I) === A’ (I).
HokxaszaTteasctBo. [lo onperenennio Ky. [
Jlemma 18. Ilyctp p ABAsieTCS MPOCTHIM T€H3OPHHLIM COMHOXKH-
TeneM A (p). Torna K, : A(I) ® p— A (p) — ueHTpanbHH# H30-
MOpP(pH3M.
HokasateanbcTBo. [lo onpenenennio Ky. OO
Jlemma 19. Ilyety f: B ® p— A (p) — ueHtpanbHuHfi H30-
mopduam. Torga cyiectsyer fo : B — A (I), Tako#i, uto f = K,-
' fo®! - K
(@ D=BRp~=> A ()& p==A(p).
JdoxaszaTteanbcTBo. OyeBHIHO, p — NpPOCTOH TeH3OpHHIi
comHoxuTeab A (p). B kauectBe f, MoxHO B3aTb (f, {I}) b : B —
— A (I). Teneps Hcronb3yeM JeMMy 18 H KOrepeHTHOCTb LEHTpaJib-
HelX Mop¢Hu3MOB. [J
Jemma 20. [Ilyerb f: A () @ p—>C(J:BR®p—A(p) —
HeKoTOpHH KaHOHHYeckHfi Mopduam. Torpa

F—fKam A(R)®p ~2 A2 C

‘ @1 K4
(COOTBeTCTBeHHO f=Ks(fo®)=Bp—- A()Q@p — A (p)).

IdJoxasaTeanbCTBO HHAYKUHe#A 1o paHry f.

bBasa: nycts 7 (f) = 2. B 3tom cayyae [ MMeeT THn BHpa B &
®p— A (p) ¢ dopmoit A (p), u3oMopdHOH p, U nocTosiHHOH B.
OueBnpHo, [ — weHTpaibHBIH H30MOP(H3M, H MOKHO NPHMEHHTH
Jemmy 19.

MHAyKUHOHHEIH NepeX0oJ: pacCMOTPHM HeCKOJIbKO ciiyyaeB. B cuay
YCTPaHHMOCTH ceyeHHS [ ABJseTC LEHTPAJbHBIM HJH HMeeT OJHMH
u3 BHIOB: f = y (h @ g) x ¢ UeHTPaJbHEIMH X M y M HETPHBHA/b-
HoiMH A U g [ =y (n (B) c ueHtpansHuM y; f=g ((h) & 1) x.

12 3akas 205t 177



Ecnn f — ueHTpanbHHi M30MOPGH3M, MOXKHO NPHMEHHTb Jemmy 19.
PaccmoTpum ocranbHble cayyad. (EcaM paccMarpHBaeTcsi He OroBo-
peHHas 0co60 cneuuanM3auus BHJa f, TO OHA JIerKO MOXeT OblThb
nojfyyeHa NyTeM HCHONb30BAHHSA MNOAXOAALMX LEHTPaJbHBIX H30-
MOpq:)PISMOB).

Li=ytrhQg x, rie X, y — LeHTpaJbHble uaomopqmsMu
h®g

LLf=B® p=>B ® (B, ®p) —> A, ® A (p) > A (p).

[To npennonoxenuio HHAyKuuH, g¢ = Ka, (g, ® 1) ana Hekoro-
poro g, : B, - A, (I), 3pecp KA.- (1)®p—~4 (p)-

Hwveem rtakxe y () = y, {I}: ® A, (I) > A (I). Teneps
f[=yh®gx=yh@Ks (@@ x=y(1®Ks)h®@®1)x=

=y(1 @ Ka)a'(N@Nw(N@Na'h® (@ ®1)x=

=Ksy(H® Na'(h® (g: ® 1)) x).

B nocsieHeM p aBeHCTBe HCIOJB30BaH TOT GakKT, uto (1 Q K,,) a=
= Ka,@a, (1o onpenenennio Ka) 1 y (Ka,@a, (57 () ® 1) = Ka
(no nemme 17). Hcnonb3ysi ecTeCTBEHHOCTb @' M KOTepeHTHOCTb
LeHTpalbHBIX H30MOpdH3MOB (uTO AaeT a™lx = (x; ® 1) Ana Heko-
TOPOro LEHTPAJBLHOrO X,), NoJyyaem

Kag(N® Na'h®@ (@@ D x=Ka(w(Nh®@ &) @ Na'x =
=Kally(Nh®g) @ N1 @ ) =Ka((w(N(h ® )R 1.

B kauectBe f, MoxHo B3sTh y (I) (h Q) g,) x;l.'
12.f=A()®p > A4 ® A()®pH>CRC>C.
OrmeruMm, uto x =a(x, ® 1), rae x,: A (p) > A, ® A, (p).

[To npeanonoxeHuio MHAYKUHMH g = g,K,,. Tenepp
f=gh®@gx=yh®@Kas)a(x:i ®1)=
=yh®@g)(1®Ka)a( @)=y (h® g)Ka,ga, (01 ®1) =
=y @) a(Nxi" (NKaga, i @ )=y ®g)(x)(Ka

(nemma 17; xak Bbime, x, (I) = (x;) p {I}). MoxHo B3aTb f, =
=y (h® &) x ().

II. f=y =« (h), TAe y — ueHTpaJbHbIA H30MOpP(HH3M.

7t (h)

LLf = A @P®p— [0, CI>C (A ® nN®
& C,— Cy; MO)KHO cyHTath, 410 A = (A () @ p) ® C1 4P
RCHXp —-—*C2 (x,, =a1(1®c)a). Ilp npepnonoxenuio HH-
AykuuHM h; = hy Kagc,. Ilo ompenenenuio Ka H BBHAY KOrepeHT-
HOCTH LeHTpaJbHHX H30MOpHH3MOB Ka,@c, = (Ka & l¢,) .

CrnenoBarensho, h = hy, (K4 ® lg,), (k) = nu (b, (K4 ® 1¢)) =
= n (hy) K4 BBUAY ecTecTBeHHOCTH n. TakuMm obpasoMm, f =
= yn (hy) k4 U MOXHO MOMOXKHTH fo = ym (hy).

12. f=B pﬂ)—> [4,, A; (p)] > A (p) (p xoBapHaHTHO
Bxoqut B A,). 3pecs A: (B p) ® A, > A, (p). OuesugHo, h

178



MOXKHO paccMaTpUBaTh KaK KOMIO3HLHIO:
h=(B®p) &A™ (B® A) 8 p™ A(p) (1 = a (1 8 ) a).
[TpumeHsiss nNpeinooKeHHe HHAYKLHH, HMeeM:
hi =Ka, (ha ® lp), (he: BQ® A1— Ax(I), Ka,: A2 () @ p—> A2(p)-
Taxkum o6pasom,
h=rka, (he® 1,)x1, nu(h) =n(Ka,(ha ® 1,) x1) = 7 (Ka, (e (n () @
® 14,)) ® 1,) x1) = (3ameTum, uto Ao = nl(n(hy)) = e(n(h2) ® 14,))=
=n(Ka,(e® 1,) (7t (ho) @ 14,) ® 1,) x1) = (BBHAY ecTeCTBEHHOCTH
nux)=n(Ka®lp)x ((m(h) @ 1) = (¥ moayueHo  BbllLE
3ameHoll B Ha [A1, A2(p)] B x1) = K{a,, 4, () (@ (M) ® 1p),
[ =yKia., 4y 00 (70 (1) @ 1) = yKpa,, 4,17 (1) @ 1) X
X(y()yn(hy)) ® 1,) = Ka((w () m(ha)) ® 1))

(nemma 17). B kauectBe }, MoxHO B3fiTb Yy (I) m (h,). -
I1.3. f=B&®p zH [A (p), A,] %A (p) (p xoHTpaBapHaHTHO

BA), h:(BRp)R A, (p) > A,. MoxHO cyutath, 4TO A ecTb
KOMIIO3ULHS:

x hy
h=(B ® p)Ai(p) > (B ® Ai(p)) @ p— As,
h, = h,Ksga, 10 HHIYKLHOHHOMY INPENOJONKEHHIO.
3nece hy : BQ Ay (I) > Ap, Kpga, : (B A, () p—> B ®
® A, (), n (h) = =n (hKpga,x).
[To onpenenenmio K Ksga, = (s & Ka,) a. Takum oGpasom:
n(ho(lz ® Ka,)) = (kak B IL. 2, ho =e(n(hy) ® 14,)) =
=n(e(w(h) ®14)(1 ® Ka)ax) =n(e(1 ® Ka,) (7t (h) ®
® (lagp)) ax) = n((Ka,) ax ((n(h) ® 14,) ® 15)) =
(31€Ch HUCMOJIB3YETCS €CTECTBEHHOCTb @ H X; X MOJydYaeTcsi M3 X
3ameHoil B Ha [4;, Aj]) = n((Ka)ax)(n(h) ® 1) =
= (no onpegenenuio K) = K, (n(h) ® 1,).
MoxHO mnoJMOXUTE [, = au (hy).
II. f=g (K @ 1) x. e

L1 f = A (p) ® pi> ([B1, C,1® A)® D —> C, ®D_g’c-

II1.1.1. KoHTpaBapHaHTHOe BXOxfeHHe p jexuT B D. B 3ToM
clyuae KOBapHaHTHOe BXOXJeHHe p Takke JiexHuT B D (M3 paccMmoTpe-
HHs rpadoB f, g, A cienyer, YTO OHO He MOXKeT JexaTb B A,; fiCHO,
YTO OHO He MOxKeT JexaTb Takxke B [B;, C;]). Nmeem

f=A()®ps(By C1® A) ® (D1 (p) ® p)281-C, ®

® (D1 (p) ® p) £>C.
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[TpumeHsis npexpnosiokeHHe HHAYKUHH g, HMeeM:

g=281(le, ®Kp,); f=g1(lc, ® Kp,) ((B) ® 1) x =
=g ((h) ® lp, 1) (1 ® Kp,)x =g (¢h) @ 1p, (1)) (1 ® Kp,)aa™'x =
(3ametum, yto g = (ga)a* = (g1 (l¢,® Kp,)a)a* =
=g (Ke,@p)a) =g ((h) ® 1p, ) Ke, @0, (x1 @ 1) =
(3mech x; — UeHTpasbHEHA u3oMoppuaM, x;: A (p)— (B, C1]1 ® 4)®
® Di (p)) = gi¢hy ® lp, ) xi(N 57" (D Kc, b, (1 @ 1) =
= (no nemme 17) =g (<h) ® 1p, (n) X1 (1) K a.
MoxHo B3sTh g1 ((h) ® lp, (1)) xi (I) B KauecTBe fo.
I11.1.2. KoHTpaBapHaHTHOe BXOxJeHHe p JexuT B A;. B 3Tom

cllyyae KOBapHaHTHOe BXOXJEeHHe TaKxe JIexHT B A, (paccmMaTtpuBaeM
rpadst f, g, h). HNmeem:

f=A(p)® p=~(Bi, C1® (Ai(p) @ p) @ DEEL.C,@ DL.C.

3necs hi: A, (p) ® p— B,. Ilpumenss k h HHAYKUHOHHOE MNpenno-
JoxeHue, noiyyaeM h = h;.K,.. Tlockoabky <(h) = e(1® h),
HMeeM:

By =e(1®rKy))=e(l®h)(1®Ky) =(h)(1® K,
f=g(m@Dx=g(((h)(1®Ky)) ®1)x=
=g((h)@N((1®K,)®I)x=
=g(h)® N x(Nx () (1B Ky) @ )x =g ((h)®1)x () K.
(PaBencto x7 (I) ((1 ® K a) ® 1) x = K4 crepyer u3 onpefene-

HHS K,).

MoxxHo mnoJioxHTh g ((hy) ® 1) x (I) = f,.

I11.1.3. KouTpaBapHaHTHOe BXOxJIeHHe p JexHT B C,. B 3ToM
cllyyae KOBapHaHTHOe BXOXKJIeHHe JieXHT B D (paccmaTpHBaeM rpadsi
f, & h). Hmeem:

f=A(p)® p<= (B Ci(p)] ® 4) ® (D, ® p) 281 C, () ®

® (D1®p - C

Hcnosp3ys ApyrHe ueHTpajbHble H30MOP(H3MbI, [ MOXHO mpen-
CTaBHThL B BHJE:

F=A(p)®pEr(((B, Ci(p)] ® 4) ® p) ® D, KRBV, (€ (n)®
® p) ® D, £~C.

Bnecs g, (C () ® P)® Dy~ C. 8 = &2 = (C1 () @ p) ® Dy =
—(Cy(p) @ D) @ p—= C, g =g Kc,@p,2 = g2 (K¢, ® 1) (no
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onpenenenuio K). Kak u BBILUE, 1, =e(1®hQ1,),
f=282(Kc, ® 1p,) (e(1 ®A) @ 1,) ® Ip) x' =
=g2(Kc,(e(1 ®@h)®1p,)x" = g3((Kc, (e ® 1p) (1@ ®1,))®@1p,) x' =
=g (K €@ 1)y (1@ h) ® 1,) ® lp,) x' =
(3mech y: ([Bi, Ci] @ p) ® By — ([By, Ci] @ B) ® p)
=g (e (K8, ca® 15) 5" (1@ h) Q@ 1,) ® 1p,) x" =
(mo onpenenenuio K u )
= g2 (e (KB, c.1g8) (1 @A) @ 1) ® 1p,) x" =
(BBHAy ecrecTBeHHOCTH K mo aprymeHnty B)
= g2(e (1 @ h)) (K(8,. c.1@a.) X' = g2e (1 @ ) K 4.

MoxHo nosmoxuth gie (I ® h) Kak f,.

IT1.1.4. KontpaBapuaHTHOe BXOXJI€HHE p JeXHUT B B; (B B; oHo
KOBapHaHTHO). B 3ToM cayuae p nexur B A; (paccMaTpuBaeM rpadl).

MOXXHO Npeano/IoNIOKUTh (B clyyae HeoOXOJAMMOCTH MOXKHO  HC-
NoJb30BaTh MOJAXOAALIME LEHTPaJbHEE H3OMOP(HU3MBI), UTO

f=A(P)®p> (B:i(p) CI® (A4 ®p)®D 22 c,@D 54 C.

3nech h: A, ® p— B, (p).
[IpuMeHuB mnpeAnosoKeHHe HHAYKUMM K h, moJiyyae M:

B ® p =% B, (),

f=A4(p)® p>(B.(p), C1l® (A1 ® p) ® D —
1Q (h ®1 ®1 (1®K 1)®1
COCENS! (8, (o), Cil @ (B (1) ©7)® D (18X5) 8!
4
—([B1(p), C1l1® B: (p)) ® D 2, C,®D—C.

o ompemenenmio K e (1 ® Ks)y (KB, (0), ci1)s Y

(1B, (p), Gl ® p) ® By (1)~ (IB, (p) Cl® (B (N p))'
TaKHM obpasoMm:

[=g®DN(1®Kz)@N (1M 1,)®)x=
=g((e(1®Kp)y "' (1@ ® 1)) @ lp)x =
=g @ (Kis,(m. c) 0 (1 @ (11 @ 1,))) ® 1p) x =
= g€ KB, (0. ca®1la, )" (1 ® Q1)) ®1p,)x =
= g (K5, ). c.i@8. () a(1 @ (1 ® 1,))) @ 1p) x =
=g (1 ®h) (K, (p). c.194,) @) ® 1p) x =
=g (1®h)Ka.
MoxHo moNoXUTh fo = g (¢ (1 ® h)).
1.2, /= B® p 2B+ (1B, Ci] ® By) ® D) ® p 22 ((C; ®
® D) ® p) £ 4 (p). Tlpumensas mnpeanonoxKeHHe UHIAYKUMHK K g,
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nonyuaem g = Ka (p) (g; @ 1). Cnenoparensno, f= Ka () (81 (h) X) ®
® 1,). MoxHo B3aTh f, = g; (h) x. O

10. iemm a 21. Ilycrs fq, [, : A (p) > p — HeKoTOpble KaHO-
HuueckHe Moptduambl, f; » f,. Torza uMeloTcsl KaHOHHYECKHE MOP-
tdu3MbI g4, g, ¢ A (I) — I, Takue, 4TO g, x 'g, (B AOKa3aTebCTBE 5TOH
JeMMbl HCNOJB3YeTCA YCJIOBHE 6) TeOpeMHI).

Hoxasarteabctso. Monoxkum h; = a7 (f; (Ip, 1)), i =
=1, 2. Tlo ycaosuio 6) ¥ mockoabKy = — uszomopdusm, f; =
w fo=>hyx By by by i A (Ip, 11) @ p— I.Tlpumenss Jemmy 20,
umeeM: h; = giKa (. 11,81 A (U, Il)—> I,k x hy=> gl » g5.
B xauecTBe g; MOXHO B3fiITb KOMIO3MIUIO g7x, TAe x — NMOAXOAsALlee
p:ilcumpeﬂue usomopduama n (b)) : I — [1, Il, x:A () - A(l],
I). O

Jlemm™ a22. Ecaunapa (fy, f, : S > T) siBAgeTcd ~-MHHHMAJb-
HO#, TO T = I.

JdokasateabcTtBo. Ecimu T = I, To T ecTb nepeMeHHas,
u S - T B jeftcTBUTeNILHOCTH uMeeT BHA S (p) — p. [lo nemme 21,
fio v la=> g1 % 8y 1NN HEKOTOPHX g, &, :S (/) > I. I[lpu 3Tom
S (I)—> I ectb 2-tun, ecau S (p) > p — 2-tun. OueBHAHO, paHr
r(S (I) > I) meubwe, uem 7 (S (p) = p). O

11. Ecaun (fy, f, : S = I) ABasieTcs ~-MHHMMaJlbHOR MNapoy, TO
OHa NpHHALIEXUT #°, | #B (nemma 15), u, caegoBartenbHo, f, f,
HUMEIOT CJAEAYIOUIUH BUA:

x () 1 g
fi=S—(B, Cl® A)® D——=C @ D—1, @
P (h") ®! ’

=S (B, C1Q@AY®D —~C' @D ~~1I.

3nece S — I sto uwwcerm# 2-tum, [B, Cl, [B’, C'] asasorca
€ro MPOCTHIMM TEH30DHLIMH COMHOMHTEJNSIMH H, CJeJIOBaTelbHO (OTMe-
THM, UTO, COIVIACHO omnpefiesieHuIo #°,, ¢dopMel B u B’ He sBAsOTCS
NOCTOSIHHBIMH), B u B’ MOryT uMeTb OJAMH M3 BHIOB p, ¢ ® p,
[p, al, a C, C' — onun u3 BujoB d, [d, b] uau d ® b. 3necy p,
q — nepemeHHble, a b, a, d — nepeMeHHble HJH [.

Kak nokasbiBaer ciepyiomias JieMMa, JUIb OAHH U3 3THX CAyYaeB
BO3MOXKEH .

Jlemma 23. Eciu f:S — T — kaHoHuueckuil Mopdusm, T
UMeeT BUA a UMM a ® b (a, b — nepeMeHHBle UM [), a2 OLHH U3 MpoO-
CTHIX TEH30pHBIX coMHoXHUTeneir S umeer Bua [C, DI, rue C — He
NOCTOSIHHAsA ¢opMa, To f HMeeT THIl «( )». .

HokaszaTeaspbcTBo. OueBUHO, [ HE MOXKET ObITh LEHTPAlb-
HHIM H30MOp(HHM3MOM, [ TaKiKe He MoXeT ObITb THIA «7», TaK KaK B
3TOM cJlyyae ClpaBa OT CTpeaKH 6yjer croats [E, F 1. CregoBatenbHo,
f MOXKeT 6GbITh MHIUb THIA «®» HAH «{ )». Tenepb HCNOAb3yeM MHIYK-
IHI0O MO0 YHCJAY NPOCTHIX COMHOXKHTeNEH S, KOTOphe He SABAAKTCA
MIOCTOSAHHBIMH. -

Basa: ecau B S ToNIbKO OJHH COMHOXKHTENb, @ UMeHHO [C, D1, To
f Henb3sf mpeacTaBUTL B BHIE «@».
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VHAYKUMOHHEIM Tlepexoj: MNpeAnoJoXKHM, YTO
x f1®@ & Yy
f=S—EQF—~E' Q F—T.
[TockoabKy y — ueHTpaabHbI Mopdu3aM, a T ecTb @ UMK a @ b,
E’' u F' uentpanbHO u3oMopdHbl nepemeHHbM uaM [I. He Tepas
OO6LIHOCTH, MOXHO INpPEANOJIOXKHUTb, YTO OHM — mepeMeHHble HAH [.
Comuoxwurenb [B, C| ects npocroil comHoxuteas E uau F. Cnepo-
BaTe/JIbHO, NpeANoJNoXKeHHe WHAYKUMHM fpUMeHMMO K f; HaH g;. Pac-
CMOTPHM, HampHMep, NepBbIH cJayyal, KOria f; ecTb KOMIO3HLHA:
z () ®!1 i E'
fi=E—(Ey, E;]®E) QE, ~E,QE,~E -

Ho orciona cnenyer, uto u f UMeeT MNpeACTaBJeHHE B BUAE «( )»:
(f1)y !

f=S8"(Ew Edd ® E3) @ (E4 ® F)
a 1 ®e, ¥
—*(E:®@E)QF—~E'®QF —T. O

JJemma24. Ecau (fy, fo: S— I) € #°,. (teM Gonee, ecau 310
~-MHHMMaNbHasg napa), 1o [B, C] u [B’, C'] B (&) uMeoT BHJ
[lp, bl, ¢l u [[p’, b'], ¢'] cooTBercTBEHHO, TAE p, p’ — mepeMeH-
Hble, a b, ¢, b’, ¢’ — nepemeHHble MM /.

HNokxaszarteabctso. CormacHo onpeaenenuio #°,, h u h’'
B (o) He HMMeloT BHAA.«( )». CaeloBarennHo, mo Jemme 23, B u B’
He MOryT GHITb BHJIA a UMM a@ @ a’, rje a, a’ — nepeMeHHble HaH 1.
310 BaeyeT 3a coboit (0TMeTHM, uTo S — [ ecTh 2-THn), uTO0 B n B’
umeror BHA la, bl, rue a, b — nepemennble uau /. Ho a He Moxer
GbITh KOHCTAHTOi, NMOCKOJNbKY HMMescsi Gbl u3omopdusm z (b) : [ —
— [a, bl, nmostomMy, HcnoOAb3ys KOMNO3HUHMIO f,, f, C pe3yJabTaToM
JIOMHOX€EHHS 3TOro u3oMopdu3Ma Ha NOAXOASIIHE eJUHHLbI, MOXKHO
6610 66 MONYuuTh mapy (fi, f2) MeHblue paHra, TaKylo, uTo fi = fa.
Tenepp, nockoAbky S — [ ectb 2-Tun, dopmel C u C' aBTOMaTHYECKH
CyTb mepeMeHHble Hau [. []

12. Paccmorpum rpad £ :S; - S,, rue S; = S, — HeKoTophI#
THn. Bce mepeMeHHble, BXogduiue B S; — S,, paccMaTpHBAlOTCS Kak
pasJHyHble B COOTBETCTBHH C NOPSAKOM MX BXOxjeHuH. [Iycte T; —
— T, — Apyro# THN, NMOCTPOEHHKII 3 HEKOTOPHIX MEPEMEHHBIX, BXO-
Jamux B S; > S,. ByleM HaswiBaTh €ro coBMecTHMbIM ¢ §, eciau
umeercs noarpad &’ rpada &, &' : Ty - T,. 3T0 ycIOBHE JOTHUECKH
S5KBHBAJIEHTHO YCJOBHIO, YTO €CJH NepeMeHHas v BXOAHT B T, — T,,
TO nepeMeHHast v’, CONMpAXKEHHAas C U OTHOCHTENbHO §, TakkKe BXOJAMUT
B Ty = T, u v, v UMEIOT COOTBETCTBYIONIME BapHaHTHOCTH B T; — T,.

Sameuanue 4. Ecau nan tun T, — T, u cyuecrByer rpad &',
TO OH OfHO3HayHOo omnpefenserca no §. OueBHAHO, UTO OTHOLUEHHE
COBMECTHMOCTH THNAa ¢ rpagoM TPAH3UTHBHO B TOM CMBICJE, YTO
ecau tun Ty — T, coBmectuMm c Eu &’ : Ty - T, — COOTBETCTBYIOUHU I
noarpad &, To BcAKMi THm, coBMecTHMbI ¢ §’, coBMecTHM c &.

BepHeMcsl K PacCMOTPEHHIO ~-MHHUMaMbHOM mapH (fy, f,) (cM. (@)).
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[Iycte S; — TeH30pHOEe MNPOU3BEJEHHE BCEX MPOCTHIX TEH3OPHHIX
coMHOXHMTeIEH S, 3a uckaoueHueM [B, Cl u [B’, C'l, t. e. [lp,
bl, clu [p’, b'], ¢']. lopsanok coMHOXKMTENEH HecyliecTBeH. Kak
H paHblue, Bc€ MEepeMEHHbIE DPACCMATPUBAIOTCH KaK pasjHyHbIE,

[Tycte A, — TeH30pHOE NMpPOU3BeJeHHe BCeX OOLIMX MPOCTHIX TEH-
30pHBIX comHOXuTeN et A U A’; D, — TeH30pHOE NPOU3BEJIeHHE BCeX
O6IIMX TPOCTbIX coMHOXKHTenelt D u D’; E, — TeH30pHOe NpOM3Be-
JieHve BceX O6LUIMX MpOCTHIX coMHOXHTened D u A'; E, — TeH3op-
HOe IpOM3BeJEeHHe BCeX OGLIMX INPOCTBIX COMHOXHTedeidl A u D',

Jlerko Bujierb, uto A, D, E;, E, He uMeloT OOGLHX MPOCTHIX
comHoXuTesel, U ¢opmel A, A, D, D’, S; COOTBETCTBEHHO UEHT-
panpHo usoMopduel (A, ® E;) ® [lp', b'], '], (A, ® E;}) @
® [lp, bl, cl, E; ® Dy, E; ® Dy; ((Ap ® E;) ® E;) ® D,.

He Tepsa oO6LIHOCTH, MOXHO CYHTaThb (€CIH HeoOXOAMMO, TpHUMe-
HASl KOMIIO3ULIUIO HEKOTOPHIX MOP(GH3MOB C UEHTPaJbHBIMM H30MOp-
dusmamu), uTO

= (S1®[[p, b, c) ® [P bL, 1~ l[ps bl €] ® (A, ® Eal ®
S ([p's '], ¢']) ® Ex) ® Do i (¢ @ Ey) ® Dy~ 1,

fo= (S1®[[p. bl ) @117, 'L, 177 ([0, '), €18 (4, ® En®
& [[p, b1, ¢) ® Es) ® Do~ (' @ Ez) ® Dy~ 1.

B)
3[[er h:, (Ao ® Ez) ® [[p,) b,]) C,] - [p) b]t
h': (Ao ® E1) ® [[p, b, c]—I[p’, b'].

Jlemma 25. Ilycets § — rpad fq, fs.
Paccmotpum caenyioliye THIB MOP(H3MOB:

1) A, @ [lp', b1, 11— [p, bl, 2) A ® [lps bl, 11— [0, b,
3 ec®E,—~1I, 49 QE,—~1,5) Dy— 1,
6) E1 ® [[p, bl cl—[[p, b1, 11, 7) Ex ®[[p', '), ¢1—>[1p', b'), 1.

STH THUNB COBMECTHMBI ¢ &.

IlokasaTenbCTBO MOXeT GbIThb MONYYEHO M3 pAacCMOTpe-
HuA rpados A, h', g, g'. Hanpumep, eciu kKoHel pe6pa rpada JeKHUT
B A,, To JApyroit KoHen — 3t10 p, b, p’, b’ nnu nexur B A, (paccma-
TpuBaeM rpadsl Ay, h,, IpUHUMan Bo BHUMaHHe, yTo E; U E, He uMeloT
o6IIMX TepeMeHHBIX, Ja)e eCIM UX pacCMaTpUBaTh C TOYHOCTHIO [0
COTIP I2KE€HHOCTH).

I'pad & ompepensier rpadsi:

8 A ® ([P, 01, 11— I[p, b],

§7: E2 ®[[p’, b’]’ C’] _*[[p’, b’]) ]]'
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Jemma 26. Ilycts hy, h, — KaHoHUYecKHe MOPHU3IMH C OfI-
HUM M T€M e rpacdoM OJiHOTO M3 THIOB:

(Ao ® Ey) ® [P, b'], '1—>I[p, b],
(AO ® El) ® [[pv b]v C] - [p'o b’]: c ® (El ® DO) - I’
C’ ®(E2 ®Do)—>1.

Toraa hy ~ h,.

JokasaTeabcTBO. PaHr r(hl) r(h;,) <r(S—-717).
KpOM(;lTOI‘O, (f1, f») ABNACTCA ~-MHHHMAJILHOM Mapo#, CeOBATENbHO,
hy ~ hs.

Jemma 27. Ilyctb cymecTByer KaHOHHYECKHH  MOpdH3M
f:S,® S;— T. Ilycts tunel S; > I u S, - T coBMeCTHMBI ¢ rpa-
¢ov TI'f. Torpa cyuecTByloT kaHOHHYeckHe Mopduambl hy: S; — /1
v N,: Sy = T, rpadbt kotopbix ompenensiores I'f.

JokasatensbcTBo. HMuaykuuest mo paury S; ® S, »> T.

basza: ecin 7 (S; ® S, = T) = 0, To AieMMa TpUBHAJbHA.

WnpykuuoHnsiil nepexon: ecau 7 (S; ® S, = T) > 0, To MOXKHO
MCNO0/1b30BaTh YCTPAHHUMOCTL CEYEHMS.

Ecau f — uentpanbubiil H13o0Mopdu3M, To S; — nocrosiHHas ¢opma.
(Kaxxaasa nepemMeHHas B S; cBA3aHa pebpoM B rpade ¢ HeKoTopo#
nepeMeHHOH 3ToH Xe ¢(OpMbl B CHJY YCJIOBHH JeMMbI, Ho Kaxjias
nepeMeHHas B S; ® S, cBfizaHa TakXe c nepeMeHHo#l B T BBULY
ueHTpanbHocTH f. CaeloBaTesibHO, B S; BOOGUIE HET MEPEMEHHBIX).
Jlerko BUeThb, UTO TOTAA MMEIOTCA JBa LEHTpa/bHBIX H30MOpdH3Ma
h:8—>1unh:S,—>T.

[Tycts f umeer BuA:

$5:® 32 [T1, T.] =T,

[Tpeanonoxenne MHAYKUHMH mpHMeHHMO K (§; ® S,) @ Ty —» T,
(S1—> 1 u S; ® Ty > T, ynoBneTBopsaiOT ycnoBUAM JnemMbr). Ecau
hi:S8—1mwu hy:S, ® Ty > T, moJyyeHsl, TO MOXHO MOJOXKHTb
hl _ hl’ h'z =Yyn (h2)

[Tycte | umeer Buz:

L — 8:1Q8: Yy

$1®8:785®S—T,@T.—T
{x, y — uenrpanbHeie uzoMopdusmei). Ilycts S;; — TeH30pHOE mpo-
U3BefieHHe OOUIMX TPOCTHIX TEH30DHBIX COMHOXKHTeNeH S; u Sy,
812 — TaKoe NMpoH3BeJieHne AA S; M S,; aHAJTOTHYHO onpejielisieM Sy,
u S,;. Jlerko mpoBepuTh, 4TO THIBI S; — Ty, Syy— I, Su— T,
H S —> T, Si,— 1, Sy; > T, COOTBETCTBEHHO YJOBJETBOPSAIOT
YCJIOBHSAIM JIeMMbI (paccMaTpuBaeM rpadei I'gy: §; - T4, Tg,: S; = T,),
M MOKHO NPHMEHHMTb MHAYKIMOHHOE MpPELNoJioKeHHe (3aMeTHUM, UTO
g1, 82 HeTpUBHaNbHB). Ecau cTpenku Ayy: Sy — I, Ayt Sop = Ty,
hyy: Se1 = Ty, hyy: Sip — I yXKe TNoJSyyeHbl, MOXKHO MNOJNYYHTh h,y
U h, MpUMeHeHHeM ® M KOMIO3HLHeH C LeHTPaJbHbIMH H30MOPGH3-
MaMH .
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Hycts | umeer Bup:
x — = (h) 1 — ha
SI®SZ_-’([E7 F] ®Sl)® S2_—_’F ®S2—_’T’

rae hy: Sy ® Sor > E, Byt F @ (S12 @ So) > T ¥ Sy Sias Sans
S,, OmpejieJieHBl TaK e, KakK BhIILE.

Ecau [E, F] — npocroit TeH30pHbIH COMHOXHTENb Sy, TO Sy =
—-E, Sy—=> I, F® S;;,—~ I, S;; > T coemectuMbl ¢ rpadom If:
S: ® S, > T. Ecau [E, F] — npoctoit TEeH30pHBI!l COMHOXKHUTENb Sg,
0 Spy > E, Sy—=> 1, F® Sy~ T, S;; > I cosmectumnl ¢ If.
(3T0 caemyer M3 pacCMOTpPeHHs BO3MOXKHOI'O DPACIOJIOXKEHHS CONpf-
JKeHHBIX TNEePEMEHHbIX ¢ Yy4YeTOM COBMECTHMOCTH THmoB S;— I H
S, = T ¢ TYj).

IpeanonoxeHne HMHAYKUMM oGecrneyHBaeT CYLIECTBOBAHHE KaHO-
HHYECKHX MOP(H3MOB COOTBETCTBYIOUIMX THIOB M C COOTBETCTBYIO-
uMMH rpadamu. Mopdusmsl TunoB S; — I u S; & T MOXKHO NOCTPOUTH
M3 HUX, NpUMeHAs @, ( ) M KOMNO3HUMIO. []

JTemma 28. CyuecTByloT KaHOHHYeCKME MOpPGH3MBI THIOB
3)—7) c rpadamu E,—E,.

HJokasateabcTBo. [IpuMenuB seMMl 26 u semmy 24
Kgug B(p), nonyuum moppuamel lz: ¢ @ E; > I, l: ¢’ @ E; — 1,
Is: Dy— I, T.e. Mopbuambl THnoB 3) U 5). Mopdusmsl THNOB 6),
7) MOXHO TONYUYHTb H3 l;—I; NpUMEHEHHeM { ), 7T U KOMIO3HUHH
C LeHTpaJIbHBIMH H30MOp(H3MaMH:

ls = 7 (), Tae I = (E\ ® [[p, b, ) ® [p, b]— (([p, b], ] ®

e®! 1,
@Ip, b)) ® E, —¢c Q@ E,—1,
L=an(7), ree lf =(E2® [[p’, V'], ) ® Ip’, '] >

ca ) , , , , e@l | IR
—(p, &', 1@ Ip, ') ® Ea—=¢c ® E,~~1. O
Jlemma 29. CymecTByloT KaHOHHYeCKHE MOP(PHU3MH

11: Ao@ [[P', b’], 11— [P, b]’
n b A, ® llp, b1, 11— [p’, b'1.

HNokxasarteabctTBo. PaceMotpum h: (A, ® E,) ® [lp’,
b'l, ¢'1— Ip, bl. Tak xak tan ¢’ ® E, > I cosmectum ¢ If (u,
C/IeloBaTeNbHO, C Th), ¢’ cBA3aHa pe6poM rpada ¢ mepeMeHHo#l B E,
(ecmn ¢’ — mepemenHnas). Ecau ¢’ — nepeMeHHas, MOXKHO NPUMEHHTD
nemmy 27 x he {1} : (A ® (E2)c{1}) ® [lp, v'], 11> [p, b] wu
HnaM A, ® [[p , b1, I1->[p, bl u (E,)L{I}—> I. Tlonyyum,
B YaCTHOCTH, [;: 4, [[p b'l, 1]—» [p, b] (ecau ¢’ = I, To MoXKHO
MPUMEHHUTL JIEMMY 27 6e3 noncrax—tosxu), L: Ay ® [[p, bl, 11—
— [p’, b'] nonyuaerca u3 h: (A, ® E) ® [[p, bl, cl1—> [p'. b']
aHaJoruyHo. [ '

I'padbl [, u [, B npeapifynieil JeMMe onpejensloTcs OAHO3HAYHO
rpadamu T'h, Th' u, caenosarenbHo, rpajom T'f = Tf'.
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13. Tenepr MoxHO 3aBepLIHTH JI0Ka3aTeJbCTBO TeopeMbl. HamoM-
HUM, trro

ll 0 ® [[P v'bI]' 1]—>[P» b]’ 12: Ao ® [[p, b]’ 1]—*[P, blly
13: C® E1‘+1, 14: cl ®E2—>1, 15: D0—>1,

lg: E1 ® [lp, b, cl—(lp, b, I, l;: E; @ [[p’, b), c'1—I[[p’, b'), 1.
Paccmotpum h, h', g, g’ B (B). [lo nemme 26, umeeM: "

h~(la, ® )a, K ~ (2 (1a, ® L)) a,
g~b(lz® L), g ~b(ls s,
HH@b(L®l(hi(la,® b)a)y® 1) x,
fom8(s ® L) ((la(la, ® l)ay ® 1) ¥’

(x, ¥ — ueHTpaJbHbIE H30MOPGU3MbI K3 ®)).

MoxkHO MOJIyYHTh KaHOHHuecKHH MopdusM THna (S, ® [lp, b],
cl) ® Llp, b'], ¢'1 > I (u Tem xe rpadom, uto u I'f; = Tf,) us
H [, COOTBETCTBEHHO.

[Tonoxum:

fi=e(1@L)y: (Ao ®Illp, b1, I[P, 01, 11 (i=1, 2),
Tfie Y, U Y, — UEHTpaNbHEe H30MOPHHU3MH,
v1i: (Ao @ [lp, b1, 1) ® ([P, b, 11—
—[lp, b, 11 @ (A, ® [[p', b), 1)),
Y2: (Ao ® [[p, 01, 1) @ [[p", b1, N—I[[p", b'), 11 ® (Ao ® [[p, b1, 1).

U3 f, nerko noayuuTh KaHOHMYeCKHit MopdusM Ttuma (S; ® [[p,
bl el)-® [lp’, b'],c"1 > I (ucTeM ke rpadoM, uto H [, f,). MoxkHO
TNOJIOXKHUTb:

fi=e(1 @ L) y) (1 @ L) ® L) ® L)z,

2z (51 @ lp, b1, c)®IIP, b, 1>

—>((A @ (E1 ® [[p, b, c])) @ (E: R ([, b'], ¢'))) ® D,
eCTb LIEHTPaNbHBI H30MOP(HH3M.
Jemma 30. 6 (L Q® L) (La, @ L)ay® Nx= (e (I
@ Wy)b((1 @ L)L ® L)z,

bl @ lL)((L(1a4, @ )a)y @ 1) x' =
=(e(l @ L)yb (1 ® L) ® ) ® L))
HoxaszaTteabcTBo. Hcnonp3aysa ecrecTBEHHOCTb paccMa-
TPHUBaeMbIX MOPGHU3MOB U onpejenenus [,—I,, umeeM (cienyer yuectb,
yro iy, = a (¢ ® 1)):
1@Wy)b((l ®@ L)@ ) ® L) 2=
=1 ®alc@ NI L)L) ®L)z=
=b(e(1 ®Wae@N(1 L)@ L) ®l)z=
=b(e1 L) (L®(I®L)a(c® ) ®L)z=
—b(eteN(1®h(1@L)aCc® ) ®Lz=

rjae
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(cM. onpepenenus
=b((@ (@ GN1I L1 ®U)alc®)®L)z=
=b(lLARLUW)a(c®1)QLs)z=
(cM. ompezenenue [7)
=b(e® Nea(legmnna®h(®h)aE® ) i)z=
=0(L® L) (g na®h(1®h)®1z) caa(c®1)z=
DLRL)((1L(1Q0Mha)R1e (1®a)®)caa(c® 1) 2.

BBHy KOrepeHTHOCTH LEHTpaJbHbIX H3oMopdH3MOB ((1 ® a™!) @
® l)caa(c ® 1) 2= x. Ilo onpexenenuto omnepauuu ( ), e(l ®
@ LA L)a)=(L(1®L)a).

Takum o6pa3oM, uMeeM:

(Wb ((106)®LOL)z2=b(LR L) ((L(I1®La)®]) x

Bropoit cayuail paccmarpuBaercsl aHaJoruyHo. [

Takum obpasoM, [ ~ (1 @ L)@ L)® L)z (i=1, 2) u
ACHO, YTO €caH [y % fo, TO U }{ » f§. Tak kak (f;, };) —~-MHHH-
ManbHaf mnapa, f?, f§ umeror Tvn (A, ® [[p, b1, 1) @ [[p’, b'],
I1— I, To comHoxurenu E,, E, u D, B JAeHCTBHUTENBHOCTH OTCYT-
CTBYIOT, ¢, ¢’ cyTb I u (f{, }3) Takke ~-MHHMMaNbHAsl napa.

Paccmorpum comHoxuresb [[p’, b1, I']. Ecau b’ — koucranTa /[,
T. e. coMHoXuTenb umeer Bug [[p, 71, Il, 10 MOXHO mpuMenutp 7t
M NepeiliTH K KOMMO3MUHMM pe3yJbTaTa 3TOTO NpHUMEHeHHs ¢ k1 =
=n ({7 (ec)y) : [[lp, I, I1, I1— [p, Il, aBaAsIOmMUMCA H30MOp-
¢usmom B V. B pesysbrare noayuaeM mapy (k7w (fi), K lm (f9) :
(A, ® [lp, b], 11— [p’, I]) Menpwero paura, uem (ff, f3), u ta-
Kylo, uto k7ln (ff) » k7lm (f;). DTO NMpPOTHEOpPEUHT MHHHUMAJBLHOCTH
(11, f2).

Ecau b’ — nepeMeHHas, TO ee MOXXHO 3aMeHHTb (BMecTe C CONps-
xenHoit) Ha [b’, I]. Torma (f)s {[b', I1}:(4Ap ® Llp, b1, I) ®
® [[p', [b', I1], I1—> 1 (i = 1, 2) He ABAAOTCA ~ -3KBUBAJEHT-
HBIMH 10 YCJOBHIO 6) TEOPEMHI. '

dopma [[p’, [b', I1], I] usomopdua [[p’ @ b', I, I]. Tpu-
MEHHUB COOTBETCTBYIOUIHH H30MOpP(HU3M, 3aTeM 7 U B3SIB KOMIIO3H-
LU0 pe3yJbTaTa ¢ k™!, moJyyum:

R @), B3 (1 @ 1) : ((Ao)er {[6°, 11} @ [[p, 01, I)—>[p" @ V', I]).
3pecy t: [[p' @ ', I, 11— [[p’, [b°, I1], Il. BugHo, uro
I (1 ® 1) » K3 (1 ® 1), HO THO 3THX MOpGhH3MOB e€llle He
ecTb 2-tun. [IpuMenusB =™!, MoJyYMIHM ABa HEIKBUBAJEHTHBIX MOp-
dusma:
A (R @), aTH (R ® 1)) : ((Ao)er ([0, 11} @
Qllp, LI ® (P )~ 1.
Bocnonb3oBaBuinch JeMMoir 20, 4TOOGH HCKJAIOYHTh MepeMeH-
HYI0O b', MOXHO MOJNYYHUTh [Ba HEIKBUBAJEHTHbIX MopdH3Ma:

ity f2:((Ao)er {11, NN} @ [Ip, b, 1@ p" — 1.
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3amenus [/, ] na I (3Tu popMel H30MOPGHBI), NONYUHM HEIKBH-
paJleHTHEIe MOp(U3MHL:

A, f3* :((Aoer {1} @ llp, 0], N ® p" — 1.

HUx TN ecTb 2-THI; OHHM HMMEIOT MeHbIUMH paHr, ueM f‘l’, f‘g’.
[TpoTHBOpEeUHe. []
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C. B. POMHH

TEOPEMA JIBOUCTBEHHOCTH
Ansl YACTHYHO YNOPAAOYEHHBIX MHOXECTB:
AJITOPHTMbI

B pa6ore omnuchiBaloTCA 3(GeKTHBHbHIE aJrOPHTMbI pellleHHs
33JaYd O NOKPHITHH JAHHBIM KOJHUECTBOM lLienell (aHTHLeNel) Mma-
KCHMaJbHO BO3MOXHOrO YHCJA 3JIeMEHTOB KOHEWHOrO YacCTHYHO
yNOPANOYeHHOI'0 MHOXKEeCTBA.

1. OcHoBHBIE pe3yabTaThi

[Tyctb Y — KkOHeYHOe YACTHYHO YNOPAAOYEHHOE MHOMKECTBO
(KUYM). O6osnaunM uepe3 R; (CooTBeTCTBEHHO Q) HauboJbluee
KOJIUYECTBO 3JIEMEHTOB B €ro MOAMHOXECTBe, ABJAILIEMCH 06BHEIU-
HeHHeM k uemneil (COOTBETCTBEHHO aHTuuened), rae k =0, 1, 2, 3, ...
[onoxum x; = Ry — Rp_y, Yp = Qp — Qra-

Teopema 1 [1—3] (reopema JBOHCTBEHHOCTH).

1) %32 %2 %32 ooy Y122 Y 2> Y3 2> -5

2) mmarpamma IOxra A (Y) c juHaMM CTPOK X;, Xy, ... COBNAZaeT
¢ auarpammoit ¥OHra ¢ gJauHaMH CTOJGLOB Yy, Ysy --- -

C TeopeMoil JBOHCTBEHHOCTH CBSI3aHbl CJIEAYIOUIHE BBIYUCIHUTENb-
Hble 3aJ1aYH.

Samaua YOUNGDIAGRAM (Y). Ilo nanHomy KUYM wu3
n 31eMeHTOB nocTpouTh Auarpammy IOnra A (Y).

3apgaua CHAINSYSTEM (Y, k). Haittn Makcumanbuyto (oT-
HOCHUTENIbHO OOLIEro 4uc/ja 3/€MEHTOB) CHCTeMy M3 k& leneit B Y.

B nacrosnleit pa6oTe MOJYUYEHBI CJEAYIOUIHE PE3YJbTAThI.

Teopema 2. 3agauu CHAINSYSTEM (Y, k) (masa Bcex k£ —
gr 1 1o n) ¥ YOUNGDIAGRAM (Y) MOXHO pewHTh 3a BpeMs

(n*).

PasyMeercsi, BTOpas 4acTb 3TOTO YTBEepXKAEHHS CJeyeT M3 mep-
Boi. COOTBEeTCTBYIOUHH anropuT™M u3jaoxeH B m. 2. OH nocaenoBa-
TesibHO peluaer 3agaud CHAINSYSTEM (Y, k) nna k=1, 2, ...

3agaua YOUNGDIAGRAM (Y) Moxer GbiTh, KpOMe€ TOrO, pe-
IIeHa C MOMOUIbI0 CJAEAYIOLIEr0 PEKYPCHBHOTO ajropHTMa.

© c. B. domun, 1990
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Teopema 3. Ilycts {M,, ..., M} — MHOXKecTBO BCcex Ma-
KCHMaJ/bHBEIX 3JeMeHToB KUYM Y. Toraa:
ecan cpeau auarpamm A (Y N\ {M,}) ectb xors 6Bl JABe pas/MuHbIE,

10 A (Y) ecTb ux o6beauHEHHE;

aHadve A (Y) noayuaercs us muarpammsl A (Y \ {M;}) mo6apre-
HHEM KJETKHM B k-I0 CTPOKY.

(¥YTBepakpaercsi, B UaCTHOCTH, YTO yKa3aHHble ONlepalHH aBTOMATH-
YeCKH INPHBOJAT K MOCTPOEHHIO MHOMKECTBA KJETOK, fBJAIOLIErocs
Juarpammoit IOHra).

XoTsl onucaHHas peKypCHBHas MNpolleAypa laeT B HaHXyAlieM
c/lyyae 3KCNOHEHUHANbHYI0 BPEMEHHYIO CJI0XKHOCTh (NpU HeorpaHH-
YEHHOH NMaMATH), OHA NpeJACTaBJAseT MHTePeC B CHJAY CBOell NMPOCTOTHI.
Kpome Toro, sta npomeaypa MoeT TPaKTOBaTbCA M KaK He3aBHUCH-
Moe onpefienenue ¢yHknuoHana Y — A (Y).

UYro6el He Jy6aHpOBATh BBIYMC/IEHHA BEJHUYHH, MHOTOKDPATHO
BO3HMKAIOIIMX Ha DAa3JHYHbIX Da3BeTBJEHUAX PpEKYPCHH, MOXKHO
paccMoOTpeTb JAUCTPHGYTHBHYIO pelleTKy 2Y NOpAAKOBBIX HI€asoB
KUYYM Y u uHAYKTHBHO, PYKOBOJACTBYSICb TeopeMoil 3, NOCTPOHMTH
oro6paxenue (no trepmutoorud (4] — pocr) /+—> A (I) pemerkn 2V
B MHoXKecTBo auarpamm IOnra (rpa¢ IOura). Takum o6pasom, 3a
N = card (2Y) waroB, Ha KaXJ0oM M3 KOTOpPbIX NPOU3BOAMTCA MNpO-
cTeilluas mpoueaypa M3 TeopeMbl 3, MOXHO BBIYHCJAMTH 3HAYEHHS
orobpaxenus A Ha Bcex N uaeanax KUYM Y.

3ajaya MOCTPOEHHSI CHCTEMbl M3 JAHHOTO YHCJA Lened, NMOKPH-
Balollel HauGoJiblliee KOJHYECTBO 3J1EMEHTOB, BO MHOIOM aHaJOruyHa
3ajlaye 0 MAaKCHMaJbHOM NOTOKe, XOTSl M He CBOAMTCA K Heill Helo-
cpeactBeHHo. HeypuBurtenbno MNosToMy, 4YTo, Kak H B TeOpUH MNOTO-
KOB B CeTfiX, KJIOYEBYIO POJib MI'PAET 3JeChb HAesl «yBeJHYHBAIOLLETO
nyTH», cxoAHaa c¢ dopa-pankepcoHoBckoit. KorkpeTHsupyem.

Kaxnayio cucreMy neneit (IM3BIOHKTHEIX, YTO Jlajee KaXAbil pas
clellHanbHO He OroBapHBaeTCs) @ MOXHO paccMaTpMBaTh Kak Ha6op
pe6ep rpada oTHolieHus nopsiaka. [Tycte M — HekoTopbidt (GHITH
MOXeT, 3aMKHYTHIH) NyTb B 3TOM rpade, Tako#l, YTo ero Hamnpasie-
HHE corjacyercsi ¢ opHeHTauueil pebep, He BXOAALULUX B W, U He
corsacyercsl (IpoTHBOMNOJIOXKHO) C OpHEHTAlMell BXOAALHMX B w pebep.
O6pa3zyem MHoXKecTBo pe6ep w A («CHMMETPHYECKYIO Pa3HOCTbY),
BKJIOYMB B Hero pe6pa, NoKphiBaeMble JH60 CHCTeMORt w, JHGO NyTeM
M. TlocTpoeHHOE MHOXKECTBO MOXKET (XOTSl M HeoOf3aTe/NbHO) TaKKe
npejcTaBasATh coboil HaGop Leneil. OnucaHHas cxema SABJAETCH OCHOB-
HOl A/ aJrOPUTMOB H3 TeopeMbl 2.

BBenem o6o3nauenue: Hg (w) = N — ks, rie N — ofliee KoJH-
YeCTBO 3JIEMEHTOB, NOKPbIBAEMbIX CHCTeMOH ®@; kB — KOJIHMYECTBO Lie-
neit B atoit cucreme; s =0, 1, 2, ....

Teopema 4 (B [4] 6e3 mokasareanctBa). Ecan H, (w) <
< max H, To cyuectsyer Takoit nytb M, uto w’ = w AM — cu-
creMa ueneit, aas Kotopoit H, (w) < H, (w').

Teopema 5. Ilyte M (cM. Teopemy 4) MoOXKeT GEITH NOCTPOEH
3a Bpemsi O (n?).
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B M3/70XeHUH TeopeMbl JABOUCTBEHHOCTH H CMEXHBIX Pe3yJbTaToOB
B pabore [3] omymeHo TexHHueckoe J0Ka3aTelbCTBO JeMmMbl 7 (06
yBeTMYHUBAIOUIEM NYTH). ITOT Npoben GYAeT JUKBUAMPOBAH B Xoje
JIOKa3aTeJibCTBa TeOpeMH 4.

2. Jloka3aTeabcTBO TeopeMunl 4 m jJemmul 7 [3]

Cnenys [3], seeneM Bcnomoratenbnyio cets NW. Ee BeplunHamu
ABIAIOTCA BCEBO3MOXHbIE mapbhl Bujga (A, i), rme AcY, i =0,
I, ..., s, a TakxKe JBe BblJeJNeHHble BepUIMHbI — HUCTOYHHK N, H
ctok N,. Pe6pa (nyru) cetu NW; umeror Bun ((4, i), (B, i + 1)),
rie A < B, au6o Bup (No, (4, 0)) uiu ((4, s), N,). B kaxpoit
BeplIHHE CeTH MMeeTcsl orpaHuyeHue <1 Ha BeTUYHHY (LEJOYHC/IEH-
HOro) MoToka (MponyckHas cnoco6HocTh). C MPOU3BOJIBHOHN CHCTEMOoM

neneil w = {w;, ..., wy} MoXHo cBA3aTh NoTok II; (w) B omucaHHOM
ceTH. 3TOT NMOTOK Hacelmlaer Bce Ayr¥ Buga ((Piy, j— 1), (P, 1)),
rie P, u P; — 1Be mnocjefoBaTe/bHBE BepLIMHbI HEKOTOPOH LieNnu

PyP, ... Py, BXoAsillle# B CUCTEMY w; NPU 3TOM JOJKHbI OHTb BHINOJ-
HeHbl ycaoBMsl 1 < j i< j+ !l —s. Kpome ykasanHeIXx AyT,
notok Il (w) Hacwimaer ayru Buga (No, (P;, 0)), 0 i<l —3s
u (P, s), No), s << i<l HeTpyaHo BBMHCIUTb BeJIUYHUHY TIOTOKA
II; (w), xotopasa paBHa kak pa3 H; (w). W3 ycnoBus Tteopembr 4
1 1axe u3 Gosee caaboro yciosus gemmbl 7 [3] caepyer, uto B ceTH
NW; cymecrByer yBeauunBaioliuit (o oTHolleHHIo K noToky Il (w),
B cMuicae @opra—®Pankepcona) nyte N. Ha ocHoBe 3Toro nyTt M
6yZeT CTPOUTbCS HCKOMBIH (cM. Teopemy 4) nmyts .

(MoxHO ¢ caMoro Hayasja CYUMTaTh, YTO CHCTEMA @ He COMEPIKUT
Lenei U3 MeHee YyeM S 37€MeHTOB; HHaue NMOoJO06HYIO Liellb MOXKHO 6blI0
6bl ylaauTh U3 W, U 3HaueHHe dyHKUMOHana H, yBenuuunoce Obl).

[lyets M = MM, ... M, — HekoTopHit NyTh B Y, T.e. sJe-
MeHTHl M; u M;,, cpaBHuUMBI U He coBNafaiwT Ana i = 1, ..., D — 1.
Yepes Wgy (i) 6yneM ofo3HauaTh «HanpaBJeHue» pebpa MM, ,,
T.e. +1, ecnu M, < M,,;,, u—1, ectu M; > M,,;. Ecu nytb M
3aMKHYT, TO CuHTaeM, 4To Mp,; = M,;, U COOTBETCTBEHHO oIpefe-
nsieM Yap (D). Ecin n nyTh B rpade NWS, To nosoXXum VYo = Yoy,
rie M — npoekuusa N Ha Y.

BepHeMci K OCHOBHOH JIMHHM JOKAa3aTeJbCTBa. ¥ BeJHUUBAIOLLUMN
nytb N = NyN{N, ... NpN, 1o omnpefieseHuio o6Jsafaer  cJe-
JVIOUIUMH CBOMCTBAMH.

1°. Eciu ¥q (i) = 1, to ayra N;N,,, HeHacbllleHHas,, T. €.

no Heit notoxk II; (w) He npoxoaur. Eciu Wg (i) = —1, To nayra
N, N, HacHeHHaA.

2°. Ecnmu Yo (i) = Yo (¢ + 1) = 1, To Bepumna N,,; HeHa-
ChILIleHHAS.

[Tycte W — MHOXKecTBO BeplLUMH, MOKPbIBA€MBIX CHCTEMOH w,
M; =pryNy, M =pryR =M, ... Mp, ¥ =V =¥y, o=
=12 ¥ (1) + ¥ (D —1)). Haunem Moauduuupoars nyts N (aBTO-
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MaTHYeCKH MeHAA no xoay Aena M, ¥ u t.a.) cornacro caenyouemy
aNropuT™My. :

L1. Honoxute iy =0, i* =D + 1,
L2. Ecnu Her Takoro i, AJs KOTOporo i, < i < i°, BepwuHa N;
HeHaebllleHHa U M; € W, To nepeilTH K [_4A.

L3. Mycts Takoe i ecth; M, €w;¢w, N, = (M,, J). Ilotok
[T, (w) NpoXoAHT Yepes BepLIMHBI BUAA (M;, J'), rAe uuaekc J' mnpo-
GeraeT HEKOTOPHIH MHTepBaA A B HAaTypajbHOM pAAY; B STOT MHTEp-
Ba/1 uucao J He BXoautT. Ecim J nexur npaeee A, mepeittw k L3A;
ecau Jesee — K L3B.

L3A. Tlycrbs w; = PyPy ... P, My ~ P,. Bugousmenum nytb R,
nepeonpepesus Ny = (Pra, J + B, Nijp = (Prya, J + 2), )
Niysoy = (Pyys_ys 8), D = i+ s—J. HoBuii nyTh He JJHHHee
HMeBLUETOCSl U YAOBJETBOPAET YCAOBHuy 1°—2°. [losoxuth i° = i,
j° = j. Tlepeitu kK L2.

L3b. Ananoruuno L3A momuduumpepare M. [TonoxkuTh iy = i,
jo = j. TlepeitTu k L2.

L4A. Ecin i 5= D + 1, 7o, urHopypys pasencrso M = pryR,
3aMEHHTb KOHeuHH# oTpe3ok nyTH M (em. L3A) MpMioyy ... Mp
(n1m, uto TO XKe, Py ... Py, ;) Ha Py . P,P,.

L4b. Eciu iy % 0, To aHajloruuHg L4A moauduuMpoBaTh Ha-
yajgo M.

L5. KoHeu. AAropHTM KOHeueH, Tak Kak mocJe KaXkaoro Ipo-

XOX/IEHHSl LMKJA pasHocTh i — iy yMenpluaeTcss M He MOXeET CTaTh
oTpHIaTeNbHOH.

Tenepb a1t MOAMOHUUHUPOBAHHOrO nyTH N MMeeT MeCTO JeMMa.
Jlemma I.

L SW@>1+a— 1)
i=1

i=
)1.2. ¥ (i) = —1 = 3j: (M; u M;,; — cocenrue BEpIUMHBI LENH
Wj),
1.3. ¥ (1) = —1 = M; — MUHUMajLHBI  3J€MEHT HeKoTopo#
Lenu wj,;
1.4. ¥ (D — 1) ="—1 = Mp — MagcuMaibHbiil 3J€MEHT HeKo-
TOPOH Lenu Wjo,
15 ¥i—N=¥Y(@=1=>MgWw
HokaszaTeanbcTBoO. YTBepxneHue 1.2 caepayer us 1°,
1.3 1 1.4 — u3 xapakrepa MoiuduKayuit Ha warax L4A u L4b,
1.5 —u3 1°, 2° u Toro, YyTo B airOpyTMe peasH30BACA NeEPEXO]
L2 — L4A. Hokaxem 1.1. Ins ucXopporo nytH M cnpasBessHBO
paBeictBo X V¥ (i) =s =1 + @ (s —~]), xoropoe coxpaHsercs
BIOTh Jo L4A. B cnyuae mMoamdukauyy nytu Ha wmare L4A yucso
¥ (D — 1) cranoBUTCA paBHBIM —I1, a ¢ — papiuM 0. CymMma u3 1.1
yMmeHbwaercs Ha s — J + ¢ (eMm. L3A, [4A). Uro6h Teneps rapaH-
THpoBaTh 1.1, HYXHo npoBeputh, 4o s—J + 1 Ls— 1, T.e.
J >t + 1. TlocnenHee HepPaBEeHCTBO B TOUHOCTH COOTBETCTBYET
yCJOBHIO, NPH KOTOPOM NPOHMCXOAMT pepexos L3 — L3A. MHrak,
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1.1 cnpaBeasniuBo u nocie L4A. AHanoruyHo jJokasbiBaercsl, yto 1.1
BoimoaHsAercd u mocae L4B. O

K ycaoBusm 1.1—1.5 MoxHO J06aBuThH elle JABa:

1.6. ]Vl,'l = M‘a = M=>ME W,

1.7. M;, = /VI,'z = M; 1 5+ M.

HUnaue roeopsi, nyTe I MOKHO BHIOM3MEHHTh TaK, UTOOH OH He
cofiepkasl pebGepHbix camonepeceueHuit (1.7), a TakKe BepLIMHHbIX
camonepeceueHn it BHe MHoxXectBa W (1.6). [IpaBaa, Tenepb Bo3MoxeH
chayvait 3aMkHyToro nytu M. Ilpu 3ToM GyAeM cuuTaTh, uyto o = 0,
a ycaoBusi 1.3 u 1.4 — urHopupoBaTb. B03M0OXKHOCTb BKJIIOYEHHS
B CnHCOK ycaoBuH 1.6, 1.7 o6ycJioBjeHa TeM, YTO NpU HaJHYHH CaMo-
nepeceueHHUs oJHOr'o U3 yKa3aHHHIX THNOB NyTh IN patnajaerca Ha
JBa NyTH (OAMH M3 HUX — 3aMKHYTHIH), npuueM oba 3TH NyTH YAO-
BJIETBOPAIOT ycJoBuAM 1.2—1.5, H XoTa Obl OAMH M3 HUX (MO NMPHH-
uuny JHupuxae) — HepaBeHerBy 1.1. TloBTopAs B cayyae Hajaob-
HOCTH 3Ty NpoueAypY, NPHAEM K NyTH, yAoBaersopsiouemy 1.1—1.7;
COXpaHUM 1/ Hero o6o3HayeHue In.

Jlemma 2. Tlycrb cucrema ueneit @ u nytb M (3aMKHYTHI
WIM He3aMKHYTHI) TaKOBbl, YTo BhINMOJHAIOTCA yciaosus 1.1—1.7.
Torga cumMerpuyeckas pasHocTh @' = w A ABAfercA CHCTEMOM
ueneit, npuuem H, (w') > H, (w).

ITocko/bKy Bheille 6blJIO NOKa3aHO, YTO B YCJOBUSAX TeopeMbl 4
(umu nemmsl 7 [3]) Takoit nyte N Bcerma Cyuiectsyer, TO yTBep-
XJIeHHe 3TOH TeopeMbl (JIeMMbl) BHITEKAeT M3 JIEMMbl 2.

HJokaszateabcTBoO. To, uTo w' = w A aBasierca cH-
CTeMOl OM3BIOHKTHBIX Ienel, obecneyuBaeTcsi ycJaoBHUAMH 1.2—1.7;
COOTBETCTBYIOLLYIO PYTHHHYIO HpoBepKy onyckaeM. KoauuecTBo ne-
neii B w' paBHo k + a. UTo6bl moayuuth u3 1.1 ouenky H, (w') >
> H, (w), 3ameruM, uto -H, (w’) — H, (@) = 2¥ (i) — as + a.
HeiictBuTeNbHO (cM. onpeleneHue H, (w)), kak pa3 Te pebpa, Aas
kotopeix ¥ (i) = |, mo6aBasiorca K cuaeme w, a Te, AJASl KOTOpHIX
¥ (@) = —I, HCKMIOUAIOTCA M3 Hee; MOCKOJbKY Hac B JeHCTBUTEJb-
HOCTH MHTepecyioT He pebpa, a BepLUHHBI, NMOABJSAETCA AOBECOK +a,;
c/laraeMoe —a.s BO3HHKAaeT M3-32 U3MEHEHUS Ha a YHCJa Lenei B CH-
creme. [

3. Jloxa3aTeabCTBO TEOpPEeMBl 5

IlonuHOMUANBHBIA aNTrOPUTM JAJA pelleHUsl 3ajaydl MNOCTPOEHHS
YBEJHYHBAIOLIETO MYTH MOXHO OblJI0 Obl NOCTPOUTH HEMOCPEACTBEHHO
Ha OCHOBe J0Ka3saTesJbCTBa TeopeMbl 4. Takoi anroputMm Obl1 O,
O/IHAaKO, 3aBeJOMO HeONTUMaJleH Mo NMOpAAKY H, KPOMe TOro, BeCbMa
pacTouuTeNeH OTHOCHTeNIbHO maMaTH. PaccMoTpuM JApyro#ft moixof,
NpsIMO OCHOBaHHHIN Ha JemMe 2. 3ajaua nmocrpoeHus nytua I, yio-
BJerBopsiouiero 1.1—1.7, cBomuTcs, Kak OyAeT IOKa3aHO HHUIKe,
K 3ajlaue NMOHUCKA TNOJIOXKHTEJIBHOrO IHUKJAa B HEKOTOPOH BCIOMoOra-
TeabHoil ceTH /G (w), otauyHoit ot NW u 3aBucallel oT w, KoTopas
UrpaeTr poJib, aHaJOTHYHYIO «HHKpEMEHTaJbHOMY rpadys H3 NOTOKO-
BbIX aJroput™MoB [5].
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Trn pebpa CronMocTh

\ .
1
OM, e M€Y, M W — = (s—1

MO, tae MY, M& W — s—1D

c—1 -

C (M, 4-), rie M — maxcHMa/ibHbIH 3J1€MEHT OJHOM H3 Ie- +
neil CHCTeMbl @
+

o = ro] = o]

(M, —) O, rne M — MUHHMaJbHBIH 3JIEMEHT OJHOH M3 ILe- s—1)
neft CHCTeMb! W

(M,, B) (M, —), rie M; << M, — IBa nocJenoBaTebHbIX —1
anemeHTa ofnoOH H3 ueneid wy, P € {4, —}

A’llMg, rae Ml < Mg', Ml, ﬂ’rg 4

M, My, ), rne Mg W, My € W, My < M,
My, —YM,, tne M{ € W, Mg W, M, << M,
(M1, —) (Mg, +), rae My, My € W, M; < M,

overens

MHoxecTBO BepuinH rpada (cetu) /G (@) COCTOMT M3 BbieNe€HHOH
BepiwidHbl O, Bcex 3nemeHToB KUYM Y, He NOKphIBaeMbIX CHCTe-
MOt @, a TaKXKe BCEBO3MOXHEIX nap Bujia (M, f), rae Me W,
p€{+, —}; B nanbHeiueM GyneT BHJHO, YTO HEKOTOpbl€ M3 3THX
BepliMH 6e3 yulep6a /s KOHCTPYKUMH MOXHO yjaaauTb u3 /G (w).

Tenepbr onuiueM MHOXKeCTBO pebep OpPHEHTHPOBAaHHOTO Tpada
IG (w), compoBoxjasa ero YyKa3aHHUAMH Ha 3HaueHHs CTOUMOCTH
(ueHbl), comocTaBAfeMOlN KaXKJoMy pebpy.

CrouMocTbl0 npocToro (OpHeHTHPOBaHHOro) nytd B rpade /G (w)
HasbIBaeTCSl CyMMa CTOMMOCTEH BXOAALLMX B Hero pebep. Kamawii
Tako# NyTb MOXeT GBITh CPOEKTHPOBAH Ha Y (0T6GpachkiBalOTCA KOM-
noHentsl f u BepwuHa O). HemocpeiacTBeHHO#H npoBEpKO# MOMHO
y6euThcsl B CIPaBeJIMBOCTH CJaEAYIOLlero pesysbraTa, B pacuele
Ha KOTOphif, COGCTBEHHO, M KOHCTpyHpoBajcs rpad /G (w).

JlemMa 3. [lpoekuusi NpoCcTOro 3aMKHYTOTO OpPUEHTHPOBAH-
Horo nytu B /G (w), CTOMMOCTb KOTOpPOTO MOJIOXKHTE/NbHa, YAOBJe-
TBopseT ycaoBusim 1.1—1.7. Besakuil nyts B Y, ynoBJAeTBOpAOULH
1.1—1.7, MoxXeT O6bITb NoNyuYeH NOAOGHBIM NPOEKTHPOBaHHeM. []

3aBepwiUM JloKasaTenbCTBO TeopeMbl 5. Ecaum card'Y = n, ToO
B rpade JG (w) He Goaee 2n BeplwuuH. [IOHCK NOJOXKHTENBHOrO
IMKJIa B 3TOM rpade MoxeT ObITb OCYIIECTBJIEH € MOMOLLBIO aJro-
putMa ®uaoitna (cM., Hanpumep, [5]) 3a Bpema O ((2rn)?). I[lpoekTu-
poBaHHe 3TOro UMKJA Ha Y M MOAMPHKAUMA CHCTEMH Lemeid (CM.
neMMmy 2) TpeGylOT MEHbLIErO MO MHOPAAKY BpEMEHH.

3ameuaHnue Ecan B rpade /G (@) HET MONOKHUTENHHOTO
IMKAa, To 3TOT ¢aKT OyJeT YCTaHOBJEH B mpouecce paGoThl ajre-
purMa ®uaoitna. B sToM cayvae MOXKHO OyAeT cresiaTh BRIBOJ: 3Haye-
Hue H; (w) MakKcuUMa/lbHO CpeiM BceX cuUcTeM H3 k, B — 1 u &+ 1
nenei, a 3HauYUT (CM. TeopeMy 4), ¥ BooGlle cpey BCEX CHCTEM Lienei.
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WubiMu caoBamu, 3a BpemMsa O (n3) MOXHO YBEJIHYHTH 3HAYEHHE
¢yHkuvoHana Hg nu60 yCTAaHOBUTh, YTO TaKoe YyBeJHYEHHE HEBO3-
MOXKHO.

4, Jloxka3aTeabCTBO TeOpeMbl 2

Haiitu cucrembr w3 £ =1, 2, 3, ... neneit B Y, nokpsiBaiouiue
MakKCHMal/lbHoe, T. €. paBHoe Rj, KOJHYECTBO 3JIeMEHTOB (Takue
cucTeMbl 6yJZeM HasbiBaThb A-MaKCHMaJbHBIMH), MOXHO C IOMOLLbIO
C/leflyIOLIero aaropuTMa:
sk=n; k:=0; w:=;
repeat ‘

AinpUMEeHHTh aNTOPUTM H3 TeopeMbl 5 (CM. TakKe 3aMeyaHue B 1. 3);
iffyBeanuuBaomuit nyts cyumecrsyer
then begin MopudunMpoBaTh @ H COOTBETCTBEHHO K;
3aMOMHUTh W KaK k-MAKCHUMAaJbHYIO CHCTEMY
end "
Pelse s: =s—1 \
until‘w nokpeiBaet Y.

s nokasaTesbCTBa 3TOrO MOKaMeM, UTO NOCJe KaxAoro Npoxo-
KIEHHS IHMKJIa CIpaBeJIMBbl CAEAYIOIHE YTBEpXKACHHA:

a) cucreMa w fBJAfieTCA k-MaKCUMAJbLHOM;

6) xpa — 1 <s < xp (yeaoBumes, uro x, = +o00).

B HauanbHBIH MOMEHT 3To oueBMAHO. [IycTh a) M 6) cnpaBelHBEI
nocse oyepefHoro wara. Bo3aMoxHbl ABa cayuas. Ecaun xp,y, <s <
Kx, T Ryya—k—1)s=Ry —xp —ks+ s Ry— ks =
:Hs(w) H Rh+l—(k+1)5=Rk+xh+l—k5—3<Rh—
— ks = H, (w), T. e. yBennuutb H; nepexonoM faxe kK (k == 1)-Ma-
KCHMaJIbHbIM CHCTEMaM HeJb3f. 3HAYUT, B COOTBETCTBHH C aJIOpHT-
-MOM napaMeTp s yMeHbwiaerca Ha 1. Ilocne 3Toro mno-npexHeMy
BHINIONHAIOTCA ycaoBus (A) (cucteMa @ He u3MeHuJach) M 6) (Tak Kak
Nno NpeinoJoXeHHIO Xp,; < S). Bropo#t cayua#t: x5, — 1 = s. Kak
M paHble, Ry, — (¢ — 1)s < H; (w), Ho 3ato Tenepb Ry, —
—((k+ 1)s= H, (w) + 1. 310 o03HavaeT, uTO YyBeJHUYHBAIOUIUH
NyTh eCThb, NpHueM MoAubHuHpOBaHHasA cucreMa OyneT 06fA3aTeNbHO
(¢ + 1)-MakcumasbHoOil. YTBepxkiaeHue (A), TeM caMbiM, CnpaBef-
JIMBO, TaK Xe KaK M 6): Xpo — 1 < xpp0 — 1 = s < x40, Hrag,
JOKa3aHo (CM. a)), 4To BCe CHCTeMbl Ieneil w, noJyuyaemble B Xoie
paboTel aaroput™a, GYAYT MaKCHMaJbHBIMH.

Tlpy kKaXnoM NPOXOXKAEHHM IHMKJA IeJOYHCJEHHas BeJHUYHHa
H; (w), paBHafd B Haya/JbHbIl MOMEHT HYJIO, yBeJHuHBaeTcs (JAu60
3a cyeT MOAMPHKALHUH W, JHOO 32 CUET H3MEHEHHUS §) U He MOXKET npe-
B30iiTH n. OTCl0fa U U3 TeopeMbl 5 clenyer, YTo BpeMs pabOTHl MpH-
BEJIEHHOr'0 aNropMTMa OLIEHMBaeTCsA BeJMUMHOM mopsaka O (nf). O

5. Jloka3aTenbCTBO TeopeMbl 3

Kak nokasano B [3], ymaneHue .3KCTpeMaNbHOro 3/€MEHTa U3
KUYM Y npuBoAMT K yAaJ€HHIO OJHOH KJeTKH U3 auarpammbl IOHra
A (Y) (mokasaTeJbCTBO OCHOBaHO Ha TeopeMe 4 Hacrosule#l paGoThi).
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Orciona BbiTeKaeT NepBoe YTBepKAeHHEe TeopeMbl 3 (pa3BeTBJIEHHE
«to»).  [lpeanonoxum  Temneps, 4TO AYNIMY) = ... =
= A(YN{M})=A A(Y)=AU {A}. Heob6xomumo Takum 06-
pa3oM, noxasaTb, 9TO KJeTKa A pacrnoJioxeHa B k-if CTpoke.

[Tycte w — cucremMa u3 k& — 1 nussloHKTHBIX Lenei B KUYM)Y,
NOKPHIBAKOILASl MAKCUMAJbHOE KOJHYECTBO 3J1€MeHTOB. X 0TS Gbl OAMH
U3 3JeMeHToB M,, ..., M, He NpUHALJEXKUT HH OJHON IENnH CH-
crembl w. ClefoBaTeNbHO, YJaJ€HHE 3TOTO 3J€MEHTa He H3MEHHT
3HaueHHe ¢yHKuHMoHaNa Ry_;. Orciojla 3ak/aioyaeM, YTO KJaeTka A
He MOXeT pacroJiaraTteCl B IepBhiX B — | eTpokax. ‘

Ocraerc fokasaTb, YTo A He MoXeT GbITb pacHoJOXKeHa HHXKe
k-# ctpoku. TlpeanonoxkuM npoTHBHOE. 3TO 03HAYaeT, YTO yjajeHHe
Jn060ro M3 sneMeHToB M; He MeHsieT dyHKUMoHana R,. Hmnaue ro-
BOpA, AJNA NpousBoJbHOro i€ {1, ..., B} cymecrByer cucrema w'?
U3 k ueneit B Y, nokpoiBawlias R) 3JeMEHTOB M He cofepKauias M;.
Kak nokasano B [3] (teopema 2), 9i: Ry + Qu=n + ki, T.e.
MaKCHMaJbHafl CHCcTeMa M3 [ aHTHIENeH mepecekaeTcsl ¢ Jio6od Ma-
KCHUMaJbHO# cHcTeMOl U3 k neneit 1o kI sneMeHTaMm (M 5TH JBE CHCTEMBI
MOKpHIBAIOT Bce MHOMXKeCTBO Y). OGO3HAYMM ONHCAHHYIO CHCTEMY
aHTHUeneil uvepes v = {v,, U,, ..., u;}. Kak ormeueno B [1, 41,
CHCTEMY ¥ MOXHO CYUMTaTb YNOPAJOYEHHOH B CJelylolmieM CMbiCJe:

(pev & gev; & p <g=i <,
T. €. aHTHUENH «pacrnoaralorcst APYT noj Apyrom». $IcHo, 4To IpH
3TOM T€ U3 3/JIeMEHTOB M;, KOTOpbi€ NMOKPLIBAIOTCA CUCTEMOMH U, MOKHO
CYMTaTh NMpHHAJJEXAUUMHM aHTHIENH U; (MHAue MOXHO MpPOCTO mepe-
MECTHTb TaKOil 3JIeMEHT B 3Ty aHTHIIENb).

Bo3sbmeM Temepb NpPOM3BOJIBHBIM MaKCHUMaJbHbIH 3JeMeHT M;.
Tak kak M; He nokpbiBaercsi cucremoil w'®), Ho w!!) u v BMecTe Mo-
KpBeIBaloT Y, To M; NMOKphIBaeTcsl CHCTeMOR v M, 3HauuT, M; € v;.
TakuM o6pasoM, aHTHIENb U; COLEPIKUT BCe aJaeMeHTh M; H, caejo-
BaTeJbHO, TOJABKO MX (HamoMHuM: {M,, ..., M} — MHOXKecTBo Bcex
MakcuMaJbHBIX 3JeMeHToB KUYM Y). Kak yXe oTMeuasoCh, CHCTEMBI
v u w'Y) nepecekawTcss No kI 3jeMeHTaM, T. €. KaxJAafl aHTHULENb,
BXOASAILAfA B CHCTeMY U (M, B 4acTHOCTH, aHTHIENb v;), NlepecekaeTcs
CO BCeMH LeNsMH, BXoAsuuMH B w(). Orcroaa cieayer, uto v; NOKpHI-
Baerca cuctemolt w'”; Ho M, € v;, B To BpeMs KaK M; & w}". Ilo-
JlyyeHHoe NpPOTHBOpPEYHe 3aBeplideT A0Ka3aTeNbCTBO TeopeMbl 3. [

6. CBaA3b ¢ KJacCCHUECKHMH 3ajauaMH KOMOMHATODHOH ONTHMH3aUUK

Llens (aHTHLENb) YACTHYHO YMOPSAOYEHHOTO MHOMKECTBA MOXHO
onpeieNIfiTh KaK KJAHKY (He3aBUCHMOe MHOXeCTBO) B rpade oTHolue-
HUS CpaBHMMOCTH. TakKo¥ NOAXOA MO3BOJSeT paccMaTpHBaTh cdop-
MyJiHpoBaHHble B 1N. | 3ajauM KakK KOHKpeTru3auuu (Aas rpacdos
CpaBHUMOCTH) TPAJAHIUMOHHBIX 3aJay O MOKPHITHAX M pacKpackax.
Huxe ocHoBHble pe3yabraThl HacTosimed paGoThl GYAYT NPOKOM-
MEHTHPOBAaHbl C 3THX MO3HIHH, 4TO MoTpe6yeT HEeGObLIOTO M3MeHe-
HHUSl CTHJISl M CMelLleHHSA HEKOTOPbIX aKIEHTOB.
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[lycte Y — rpad ¢ n BepiunHamu. IloyioKHM:

R, = max {card A: A — Y, A nokpoiBaerc k K/IUKaMu},

Q; = max {card B: B Y, B nokpbiBaeTcs [ He3aBUCHMbIMH
nogiMHoxectBamu}, £ =0, 1, 2, ..., I =0, 1, 2, ... . B TepmuHax
BeMYMH R, U Q; Moryt GbiTb BhIpaXKEHbl TaKHe KJacCHYeCKHe Xa-
pakTepHCTHKH rpada, kKak Xpomaruueckoe uucao ¥ (Y) = min {/ :
: Q; = n}, KIMKOBoe uMca0 R,, uMc/l10 HesaBHUCHMMOCTH Q;. 3ajaua
O HaWMeHblLieM MNOKPHITHH (K/JIMKaMM) CBSi3aHa C BBbIYHCJIEHHEM Xa-
pakrepuctuku 8 (Y) = min {k: R, = n}.

IToutn oueBuAHO HepaBeHcTBO Ry + Q; < n + kI (kiuka u
«QHTHKJ/JHKa» — HE3aBUCHMOE MHOXKECTBO — He MOTYT UMeTb GoJee
ofiHoro o6uiero sJemenra). Orciosa

Rn<mliﬂ(n+kl—Ql), Q <mkiﬂ(ﬂ+kl—Rh)- (1)

B vacTHocTH, NpH k£ = | noayuaem: /
R, < mlin(n+l — Q) = min {}: Q, = n} =y (¥)

¥ aHajoruyHo Q; < 8 (Y). Pasymeercs, o6a 3TH HepaBeHCTBa XO-
poLio M3BECTHH (M TPUBHAJbHBI); XOTEJOCh JHUlIb HOJUEPKHYTh, UTO
OHHM AIBJAAIOTCA CJAEACTBUAMH Oosee obuiux HepaseHCTB (1).

OcHoBHo#t pesyabrar pabor [1—3] moxker 6bITb MHTEpIpPETH-
pOBaH Kak TeopeMa O NpeBpalleHHH oueHoK (1) B paBeHCTBa B TOM
ciyyae, Korfa Y sABasercs rpagoM CpaBHHMOCTH; paHee ObLJIO H3-
BEeCTHO, 4To A/ TakuX rpadoB R; = y (Y) (TpuBMasbHO) M Q =
= 8 (Y) (teopema Huayopca). Tenepb BoCHO/Nb3YyeMCH CJEIYIONIHUM
3/leMeHTapHEIM (haKTOM.

Jlemma 4. [lycTb HaTypajbHele uucia Ry, R,, R; ...
Q;, Q2 Qs, ... TaKOBBI, 4TO
Ry, = min (n+ kl — Q0), Q= min (n + 4l — Ry). @)
Torga cymecrByer Takasa Jauarpamma [OHra, urto uucna Ry,
R, — Ry, R3 — R,, ... — ANuHH ee CTPOK, a uucaa @, Q. — @,
Qs — Q,, ... — AJIHUHBL ee CTOJOLOB.

(Bepro u o6paTHoe yTBepkieHHue: ecin R, u Q, ompeienaTts
¢ mnoMollblo Hekoropo#t Auarpammbel IOHra, To BbinoaHserca (2)).

CHauaJsa J0Ka3blBaeTCsl MOHOTOHHOCTB NocJefoBaTesnpHocTel { Ry},
{Q}, {Run — Ru}, {Qui—Qi}, a satem n ocHoBHOe yTBep-
XJeHue JeMMbl. []

JleMMa 4 nokaseiBaer, yTo ofpaiieHne HepaBeHcTB (1) B paBeH-
cTBa (A1 rpadoB CpaBHUMOCTH) — 3TO YTBepKAEHHE, SKBUBAJEHTHOE
TeopeMe 1. OcTaeTcsl OTKpBITO# caelyiomas npo6Giema: oxapakTepH-
30BaTh (KOHCTPYKTHUBHO) rpadsel, ANl KOTOPHIX CIpaBeAJHBa TeopeMa
JIBOUCTBEHHOCTH (T. €. Mo cyuiecTBy (2)). 3toT Kaacc rpadoB cojep-
JKHT Bce rpacdbl CPaBHUMOCTH, a TaK¥Ke JONOJHUTeNbHbIE K HUM «Ipadsl
HeCpaBHUMOCTH», HO He HCUepNbIBaeTCsl YKa3aHHBIMM THNaMmu. [Ipu-
mep: rpadp c¢ MHoxkecTBoM BepuwuH {1, 2, 3, 4, 5, 6, 7} u MHOXe-
ctBom peGep {12, 23, 34, 45, 56, 67, 17, 14, 26, 36, 47}.
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Pa3/MYHBIMH aBTOPaMH MHTEHCHBHO H3yyaJjcfi, B TOM 4YHC]IE
M B aJITOPHTMHYECKOM acnekTe, GJAM3KUI MO CBOHCTBAM KJacC coBep-
weHHnX rpados (cM., Hampumep, (6] u npuBegennyio Tam 6ubauo-
rpaduio).

B Hawux TepMuHax coBepLIeHHHIM fiBJseTcsl rpad, AJsl KoToporo,
Kak W AAf Bcex ero noirpados, BuinosHseTcs paBeHeTBo Ry = y (V).
Teopema JABOACTBEHHOCTH JJ/151 COBeplLIeHHBIX rpacoB, Booblie rosops,
HeBepHa (M M3 Hee He BHITEKAeT «COBEpUIEHHOCTb»). [loIMHOMHANbHEIE
aJrOPUTMBl pelieHHsl TPAAUIMOHHBIX 3aflady O MOKPHITHUAX H pac-
Kpackax B cjlyyae coBeplueHHoro rpada 6biiu paspaGoraHbl I'pér-
wenem, JloBacom u IlpuitBepom B Hauase 1980-x rogos [6]. dtu
aJTOPUTMbl MOXKHO NpPHUMEHHTh, KOHEUHO, U B cJjyuae rpacdoB cpas-
HUMOCTH, XOTfl XOpOLUO H3BECTHH M 3HAUHTeNbHO GoJiee MNpOCThie
MeToAbl. ABTOpY He M3BeCTHEI, OJHaKO, paGoThl, B KOTOPHIX GblIH Obl
nocrpoedsl (Hanpumep, A/l 3TOro YacTHOro ciayuas) 3¢deKTHBHbIE
alropHTMH pelueHusl Haubosiee ofulell 3aflauyu — onpelesieHHsl Ma-
KCHMANbHOTO YHUCJA 3JIEeMEHTOB, NMOKPHIBaeMbIX JNAHHBIM KOJHYECTBOM
nenei (aHTuuened, KJHUK, HE3aBUCHMBIX MHOXKeCTB). 3TUM M MOTH-
BHpOBaHa Hacrofias ny6Gaukanus.

ABrop npusnarenen A. M. Bepuuky, a takxke [1. 0. I'puropreBy
u A. O. CianceHko 3a BHUMaHHe, NMpPosABIeHHOE K 3Toi paoTe, U NMOA-
JEpKKY.
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A.J.HHCTOB

BbIYUCIEHHUE TPYIMbl TAJYA
HAJL <& YHKUHWOHAJIbHBIM IMOJEM XAPAKTEPUCTHKH
HYJb C AJFEBPAHMYECKH 3AMKHYTBHIM [OJEM
KOHCTAHT 3A MNOJUHOMHAJIIbHOE BPEMS

BBenenue

B Hacrosiuieit pa6ore omnuchbiBaeTcsl aJrOpUTM NOJHHOMHAJIbHOH
CMOXKHOCTH L/l NOCTpoeHHs! obpasylomux rpynnel I'aiya moss pas-
JIOXKEHH Sl MHOTOUJIeHa Haj MoJeM 2 B NMpeAnosoXKeHHH, 4To note K;
AB/NSAETCS KOHEYHO-NOPOXKJAEHHbIM pacliMpeHHeM MoJis palHoHal b-
HBIX uucea Q, a nose Q — KOHEYHO-NOPOXKAEHHHIM pacliHpeRHEM
anre6pavyeckoro 3aMbikaHusl K; monas K;.

3ajaua BHIYHCIAEHHA IpyNnbl I'ajdya ABAfeTCA OLHOM M3 Ba’KHBIX
3ajlad BHIYMCIHTENbHOM ajre6pbi. Eif Bcerha yhessaoch MHOroO BHH-
MaHus pas3iuyHbIMM afre6pauctamu. llepsuift anroput Jis mo-
cTpoeHHsl rpynnbl lajya 6blJ1 NpeAJOKeH elle B IPOLIJIOM BEKe
Kponekepom [2]. B nocsieHue rofibl ¢ pa3BUTHEM TEOPHH CJ0XKHOCTH
BBIYHCJ/IEHH] TOABUJIOCH MHOT'O IDYTHX aJrOPpHUTMOB JAJsl 5TOH 3aJauH,
cM., Hanpumep, [13, 16, 7). OxHako Bce MOCTPOEHHBIE O HACTOSALLETO
BpEMEHH aJropuUTMb B oOLIeM cJyyae HMMeJH 3KCIOHEHLHaJbHYIO
C/IOXKHOCTb OTHOCHTEJNBHO JJMHHBI MCXOJHBIX JaHHbIX. Hckiiouenue
COCTaBJIfleT JIMIUb CJAy4Yall MHOrOYJEHOB HajJl KOHEUHBIM IoJieM, KOria
rpynna I'anya uukauveckas. Ilod cJOXKHOCTBIO BHIYHCJIEHH S, KaK 5TO
NPUHATO, NOHUMAaeTc YHCJIO0 HEeo6XOAMMBIX IJfl MOJy4YeHHsS OTBETa
5JIeMEHTapHHEIX 11aroB aJropuTMa, paccMaTpuBaeMoe Kak GyHKIUSA
OT JJIMHBI 3alHCH BXoJa 3afaud. B kauecTBe NMOHATHA ajroputMa
B JIaHHOM KOHTEKCTe MOXHO HCII0Jb30BaTh, HaNpUMep, MawMHy Thlo-
pMHra, ajpecHyio MamuHy ¥ T. . {1, 5]. Ecau cloXHOCTb BBIYHCITE-
HHSl OLIEHUBAETCSA cBep Xy NMOJHHOMOM OT AJMHBI BX0OIla, TO 3a/ia4a HMERT
NOJIMHOMHAJNBHYIO CJIO0XKHOCTb, WJIHM, YTO TO XKe caMoe, peluaercs/3a
noJMHOMHaNbHoe BpeMsl. Ecau ke njs BpeMeHH paGoThl a/irOpHTMA
UMeeTCl JMWb JOCTHIKHUMAas oOLeHKa CBepXy 3KCIOHEHIHaJbHOH
¢dbyHKuMER OT AJHHBI BXOJAHBIX AaHHBIX, TO CUHTAeTCH, YTO OH HUMeeT
SKCNMOHEHIHANbHYIO CJOXKHOCTb. AJITOPHTMBI, HMMeIOIHe 3KCIOHEH-
IHMAJNBHYIO CJAOXKHOCTb, ABJAIOTCA Heah()eKTUBHBIMH B -XYALIEM CcJHy-

© A. JI. Yucros, 1990
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yae. Korza ans sajnaym ¢ paHee H3BECTHBIMH /15l €€ pellleHHS aJro-
PHTMaMH JHIIb 3KCNOHEHNHAJLHOH COXKHOCTH YJAaercsi HaHTH aiaro-
pHTM, paboTaioWKil B NMOJHHOMHANbHOE BpeMsi, TO 3TO MOXKHO pac-
CMATPHBaThb KaK TNPHHUHNHAJBLHHH IIar HAa NYTH K NOCTPOEHHIO
JeHCTBHTEJNbHO 3(¢peKTHBHOrO ajJropHTMa.

[epeiineM k Gouee noapoGHOil GOPMYJHPOBKE OCHOBHOIO pe3yJb-
tata. [lycts mose anre6pamyeckux umcen k2 = Q [8], wmHorousen
heEQ [Z] (B pmanbHeiimeM X, Y, -Z 0603HayaloT He3aBHCHMLIE
nepeMeHHble) SBJASETC MHHMMAJbLHLIM J1s 3JeMedta 0. Ilose K; =
=k (4, ..., ;, M), TAe 3NeMeHTH I, ..., , (cuutaeM [ > 0) aare-
6paHyeckH He3aBHCHMEHI Haj k, a m, — anrebpaHyecKnii 3/JeMeHT Haj
k (1, ..., }) ¢ MHHMMaJbLHEIM MHOTOWJEHOM @, € kR (4, ..., 1) [Z].
Ilanee, nyctb 1,4, ..., ln,; (cuuTaeM n > l) aare6panyecku 'Hesa-
BHCHMBI Hafl nosieM K, ajieMeHT 1, anre6panyed Haf noneM K (4, ---»
Ina)s 92 € Ky (4515 -+os ny1) [Z] — MUHHManNBHEIE MHOTOWJEH AJIS1
Ny, nolte K = K; (4,1, -y lny1, Me)- Hakonen, nycrs f€ K [Y] —
He 006513aTe/IbHO HENMPHBOJHMEIYL MHOTOUJIEH.

Muorousnien f€ K [Y ] Moxer GbiTh mpefcTaBleH B BHIE:

f = % 2 V 2 2 szrm"lffléerym:

o
0<mgdegyf Or<degh 0<j<deg¢: 0<i<deg,

rne b, bijrm € Z 1y, ..., tn,1] A0S BCEX &, j, 7, m, IpPHYEM CTeNEHb
MHOTOYJleHa b W MOAYJH ero Ko3h(HIHEHTOB BLIOHPAIOTCS MHHH-
MaJbHO BO3MOXKHBIMH. [10J ATHHON 3amHCH LeN0T0 YHCJa NMOHHMaeM
KOJIHYeCTBO pas3psiioB B J[BOUYHOM TNPEACTABJEHHH 3TOro 4YHCJa
(omuH paspsp orTsomutcs Ags 3Haka). Uepes [ (b) (COOTBETCTBEHHO
I (bijrm)) 0603HAUYNM MaKCHMYM IJIMH 3anucell KO3(hGdHIHEHTOB MHO-
rouseHa b (COOTBETCTBEHHO b;jrp,) TPH MOHOMAX OT 1y, ..., Iny1;

nojoxuM I (f) =.miax {1 (bijrm), 1 (b)}. Hnuner 3anuceit waum pas-

mepel L (b), L (byjrm) MHOTOUNEHOB b, b;jrm ONpPENENHM COTIVIACHO
dopmynam:

L) = (1 -+ max degs (b))"+l L(b),

I<an-+1

L biyrm) = (14| _max deg, (bjrm))* T L (Bijrm)-

I<agn+
CreneHb OTHOCHTEJIbHO I, 3JeMeHTa [ omnpefesuM mno ¢opmyJe
deg f = max {degr (bijrm), deg, (b)}.

i, j.r.m

HakoHeu, nox anuHo#l 3anucH uau pasmepoM L (f) mHorounena f
6yAeM TNOHHMATb BEJHYHHY:

(1 + degy f)"+‘( -+ max+ deg:, f)"+' (1 + degz @i degz . degzh)L(f).

Takum o6pasoM, L (b), L (bijrm), L (f) nmo cMmbicay ecTb umncno
IBOHYHLIX Pa3psifoB, AOCTATOYHBIX JAJs 3alHCH BCeX LEJbIX Ko3ad-
(GHLHEHTOB MHOTOYJEHOB b, bjrm, [ COOTBETCTBEHHO. AHAJOTHYHBLIM
o6pasoM onpene/soTCs AJHHHE 3anHceH NpHHaANeXawHuXx Z. Koaddu-
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uneHToB ajeMeHToB Q [Z1, & (4, ..., 1) [Z], Ki(li41s -e» tawa) 2],
a TaKkKe CTENeHH OTHOCHTEJNbHO I; 3JeMeHTOB u3 k (1, ..., 4) [Z],
Kl (tl+1’ cue tn+l) [Z ] ; HallpHMeEp, onpeeJeHb l (h) l ((PI)o l (CP2) degfi P1,
1<i<l, degr, 9o, 1 < i<+ 1. Tlonoxum

L () = (1 + degzh) L (h),
L (@) = (1 + degz 1) (1 + max deg:, @)’ (1 + degzh) I (1),

1<i<i

L(cpz)=(1+degzq>z)( + max deg,, cp2>"+1 X

1<i<nt1

X (14 degzh degz ¢1) I (¢2).

B nanbHefimeM, He yMansis oGuUiHOCTH, GyJeM CYHTaThb, YTO CTe-
IIEHH paccMaTpHBaeMbIX 3J1EMEHTOB YJOBJETBOPSIOT HepaBeHCTBaM:

degr, o1 <di, 1 <i<<l degr, 2 <dy, 1<i<n+1, degzoi <di,
degzq>2<d1, deg, f<d2, | <ig<n+1, degyi <d, degzh<<ds

H LJs LJHH 3anmucelfl MX Koa(bq:HuHeHToa CrnpaBe]JINBbl HepaBeHCTBa:

L(p1) << My, 1(g2) << My, L(f) << My, () < Ms.

Taknm obpasoM, L (k) < Myds, L (@) < dit' dsMy, L (92) <
L diPdyM,, L (f) < (ddy)"t'd}d;M,, npuyeM BenHUMHBI B NpaBhiX
YacTsiX 3THX HEpaBEHCTB MeHbIlle HEKOTOPOro MOJHHOMA OT COOTBET-
CTBYIOIIMX BeJHYHH, CTOSIIIMX B JEBBIX YaCTAX 3THX HEepaBEeHCTB
(npu noaxozsiuieM BHOGOpe A, @4, Pg, [). STO 03HAYAET, YTO C TOYHOCTHIO
IO MOJIHHOMHaNbHOH 3KBHBajeHtHoctH [1] 3a L (g,), L (9,), L (h),
L (J/) MOXHO B3fiTb 3HAYeHHS B JIeBHIX YacTAX NPHBEJIEHHBIX He-
PaBEHCTB.

OcHoBHas TeopeMa, 'pynna Fanya G nons pasmoxe-

HHS MHOrousleHa f Hai nojeM = Kl (21415 ++es tny1, Me) peanusy-
ercs KaK NOArpynna CHMMeTpHYecko# rpynmul cTerneHH degyf. Cu-
cTeMy ofpasylomux rpynns G, cocTosimylo He Gosiee yeM H3 egyf
f10/ICTAHOBOK, MOXKHO TOCTPOHThL 3a NOJHHOMHaMbHOe oT L (h), L (¢,),
L (@), L (f) Bpems.
" Tlpocrefimuii ciyyait 3To# TeopeMbl moJiyyaercs, Korja rnose =
= Q (4;) —3mecb W B JaibHeiHIeM uepTa Haj noJjeM oGO3HauaeT
ero anre6panyeckoe 3aMblKaHHe. Y2Ke B 3TOM cayyae B KauectBe G
MOXKET MOJYUHTLCS TNPOH3BOJLHAS KOHeYHas rpynna.

Kak cJjeicTBHe OTMETHM, YTO OCHOBHAas TeopeMa IO3BOJIsieT Bbl-
YHCJHTh 3a NMOJHHOMHAJLHOE BpeMs TpyMny I‘anya KOMIO3HTa noJei
PA3JIOKEHHS MHOTOYJIEHOB [, f, Hal moJeM JleiicTBHTRNLHO,
IJiMHAa 3anucH npousseneHus L (f,f,) oueHnBaeTca caepxy TIOJTHHOMOM
or L (f), L(f), L(H), L (91), L (go).

Meton noKkasarenbCTBa TeopeMbl He 0GOGILaeTcs Ha I1OJsl HEHY-
JIEBOH XapaKTePHCTHKH HJH Ha NOJA C He3aMKHYTHIMH TOJISIMH KOH-
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CTaHT, NOCKOJbKY OH CYLIeCTBEHHO HCHOJNbL3yeT annapaT TeopHH
aHaJHTHYeCKHX QyHKUHHA, HanpHMep TeopeMy PuMaHa o0 MOHOADOMHH.

3ameuaHue |. HenpuBogumocts MHOrouseHoB Hh, @, @,
H3 YCJIOBHSl TeOpeMbl MOXKeT GbITh NpOBepeHa ¢ MOMOUIbI0 aJllOpPHTMA
u3 [7, ra. 1] 3a nonuHOMHaALHOe BpeMsi. MHOrouseH f MoxeT GbITb
pasNoXeH Ha HENMPHBOAMMBbIE Hal K MHOXHTENH TaKxke 3a NOJHHO-
muaiabHoe ot L (h), L (9,), L (9,), L (f) Bpemsa cormacuo [7, rai. 11
[1pn 3ToM cyllecTBeHHO, 4YTO B omnpeznejeHHH L (f) B3AT MHOXHTEJb
(1 + degyf)*t!, a He 1 + degyf. [locneaHee nosicHsieTcs ellle H TeM,
YTO ec/TH paccMaTpHBatoTcs MHorouseHnl [ u3 K [Y ], y KoTopbix oaHO-
BpeMeHHO CTeNeHH OTHOCHTeJbHO ¢;, Tae 1 < i < n + |, H Y MeHbne
dy, TO ecTeCTBEHHO CYHTAaThb [JHHOH HX 3amMHCH BeJHUHHY NopsiKa
nLt2 2 o
dy “didsM,, u torna L (f) okasbiBaeTcsi NMOJHHOMHAJNBLHLIM OT 3TOH
BEJHUYHHBI.

3aMeuaHue 2. Ecan B ¢opMynHpOBKe OCHOBHOH TeopeMEHl
creneny d, d;, d, 3aMeHHTb Ha BelHuHHY & (dd,d,), rie P o6GosHa-
YyaeT HEKOTOpPbiH TNOJHHOM, cTeneHb d; — Ha P (dd,d,d;), ZIJIHHE
3anucei peaelx KoapdbuuumeHtoB M,, M,, M; — Ha Beanuuny
My + My + My + n) P (dd,dyds), TO yTBepxKIeHHE TeOpeMbi He
H3MEHHTCS, T.e. BpeMsi GyjmeT nonHHOMHanbHEIM oT L (h), L (9,),
L (9,), L (f) B crapoM cMbicie. 3THM 3aMeuanHeM GyJeM MOJb30-
BaTbcl H B JanpHeifimeM. Ilonoxum M = (M; + M, + M; + n)
H dy = dd,dyd;.

OnuiueM Tenepb colepxkaHHe paGoOTHl MO pasjenaM, H3 KOTOPHIX
nepBHl U BTOPOH SIBJASIOTCA MOArOTOBHTENbHBIMH. B HHX pelnaercs
3a7laya TNOCTPOEHHs pHMaHOBoH noBepxuoctH W nonas anreGpauue-
cKuX GyHKUHHN OT 0fHOH mepeMeHHO#. Bosee TouHo, 0603HAUNM uepes
K’ none koHcTaHT mossi anreGpanueckux ¢yHkuuit K' (x, y) u k =
= K' [ Q, npuuyeM MuHuMadbHuii MuHOrouned @€ K' [X, Y],
3anatomuii cootHomenne O (x, y) = 0, HenpuBoauM Han K'. B pasn. |
dopMyJaupyercsi TeopeMa 1.1, cornacHo KoTopoii, ecin PpUKCHPOBaHO
BaoxeHne K — C u paccMarpuBaeTcsl ero npofoJiKeHHE [0 BJOXKe-
Husa K' < C, To pasBeTB/IeHHOE HaKpbITHE NMPOEKTHBHLIX KOMIJEKC-
HoiXx KpuBbix W — P! (C), cooTBeTcTBylOlllee BJIOXKEHHIO MOJei
C (x) = C (x, y), TomoJOrHYecKH He 3aBHCHT OT NpPOJAOJKEHHS
Bioxenus K' < C.

Sta TeopeMa NOKAasbIBaeT, YTO NPHBOAHMAS B pasf. 1, 2 KOHCTPYK-
IHS TONOJNOTHYeCKH HHBAapHAHTHA; B JajbHeHIleM TeopeMa HHIJe
He HCMOJb3YeTcsl, NMO3TOMY ee J0KasaTesbCTBO onyckaercsi. Jlanee
B pas3f. | cTpoutcsi BaoxeHue noJdell K' < C HEKOTOPHIM CrenHalb-
HbIM 06pasoM, uToGel ToukH BerBaeHns H3 P! (C) oroGpaxeHus
W — P! (C) 6Ghiin HOCTaTOYHO faJieKH JAPYr OT apyra.

B pasn. 2 crpourcsi coGCTBEHHO pa3BeTBJeHHOe HakKpbiTHe W —
— F! (C) n corsacoBaHHBIE OTHOCHTENILHO 3TOrO HAKPLITHSI TpPH-
aHryJasiuHH KoMnaekcHeix KpuBuix W u P! (C). B kauectBe Hero-
Cpe/CTBEHHOT'O CJIe/ICTBHSI TNOJyyaeM, 4TO reOMeTPHYECKHi pOJ moJjs
anreG6panueckHX GYHKUHH OT oJHOH nepeMeHHOH MoxKeT OHITL BHI-
YyHCIeH 3a NOJHHOMHAJLHOe BpeMs. BhuHcieHHe poja siBaseTcs
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camocTosATesibHOH 3ajayell. OHO CBOJAHTCS K HAXOXIEHHIO HHAEKCa
BETBJIeHHS e B TOUKe BeTBJEHHS, a 3TA 3aJjaya CBOJHUTCS K NOCTPOEHHIO
HayajbHOro oTpe3ka psna Ilionse anre6paHueckodl ¢YHKUHH y.
OnHako paHee 3TH TpH 3ajlauH He YJaBajioCh PELINTh 3a MOJHHO-
MHaJbHoe BpeMs [12]. Mcnonbays MeTox H3 pasi. 2, MOKHO 10Ka3aTb
HYXHBIl [JiS pelleHHs 3THX 3ajay pe3yJbTaT: KO3hGhHLHEHT npH
(x — a)N/¢e B psane ITioHse BHIYHCASIETCS 3a BpeMs, NMOJHHOMHAJbLHOE
OT JJIMHBl 3aNHCH HCXOAHRIX MaHHRIX H OT N7+!, rme r — creneHb
TPAHCUEHJEHTHOCTH NOJSi KOHCTaHT Haj TPHMHTHBHBIM TOZIOJIEM.

CrefyeT mnojuepKHyThb, yTo B cayyae, ecid node Q = Ky (4),
ceflyeM HIesAM KJacCHYecKOro ajiropHTMa [Jisl BBLIYHCJEHHS TPYMIBI
lFanya Han C (2) xak rpynnsl MOHOAPOMHH aJire6panyeckoll ¢YHK-
unn [6, 9). 3xech ocHOBHas TPYAHOCTb — peaiH30BaTh aJArOPHTM
3a TOJHHOMHadbHOe BpeMsi (cM. pasn. 1, 2).

B pasn. 3 pemaercs 3agaua noctpoeHus rpynnsl anya B cayuae,
ecjaH noJje K HMeeT creneHb TPAaHCUEHIEHTHOCTH | Hajx noJsieM KOH-
cTaHT (anreGpanyecKoe 3aMHKaHHe ITOJISi KOHCTAHT B 3TOM pasjelie

ectb k (4, ..., 1;)). Pesyabrar pasa. 2 nosBossieT 3[ech Henocpen-
CTBEHHO TNoCTpouTh rpynny lanya, ecan mose K 4HCTO TpaHCleH-
JeHTHO Haj noJjieM KoHcraHt. O6WHMil ciyyail CBOIHM K YHCTO TpaHC-
LEHJeHTHOMY NpPH NOMOIH CHT-anroput™Ma [4, 11] aas nocTpoeHus
o6pasyiollnX NOArPYNNn CcHMMeTpHueckodt rpynnel. Kpome Toro,
B pasl. 3 ONHCHIBaeTCA AaJTOPHTM JJs DasjoxkKeHHS MHOTOYJIEHOB
Hajx noJeM €, KOTOpblH Hcrnonp3yeT H o6oGuiaer Metox u3 [7, ra. 1]
Ha ciyya# noselt ¢ aidre6panyeckH 3aMKHYTHIM MOJieM KOHCTaHT.

Haxoneu, B pasz. 4 Buyuciasierca rpynna Fanya B ofuiem cayuae
H 3aBepllaeTCs XOKa3aTeJbCTBO OCHOBHOH TeopeMbl. 31eCh ONHCAHBI
nBa cBenéHus. CHayana oOWHi cayyall ¢ HENMPHBOAHMBIM MHOTrOYJe-
HOM [ CBOZHTCA K pacCMOTPEHHI0 HECKOJIbKHX (TOuHee MOJHHOMHAJMb-
HOTO YHCJa OT [AJIHHBl 3alHCH HCXOAHBIX [AaHHKIX) cJyyaeB, Korja
none K uMeeT cTeneHb TPAHCUEHIEHTHOCTH | HAjX 1107€M KOHCTaHT.
3areM omnHChIBaeTcf, KaK ajJrOpHTM /s NPHBOJIHMOIO MHOrouJieHa f
CBOAHTCS K PAacCMOTPEHHOMY CJyyalo HENpHBOJZHMOTrO f.

B HacTosimeii pa6oTe nNOCTOSIHHO HCNOJbL3YIOTCS pPe3yJbTaThl
O TOM, YTO 3HAYEHHS 3JeMeHTapHhIX (PYHKUHH MOryT OLITh BBLIYH-
CJeHbl C 3aJaHHOH TOYHOCTLIO 3a mNOJHHOMHalbHoe Bpems [10],
a Takxe, YTO KOPHH MHOrouJieHa C KOMIIEKCHBIMH Ko3¢dHLHeHTaMH
MOr'yT GHITh OTZeJieHbl APYT OT APYra H BBHIYUHCJEHHl C 3aJaHHOH TOY-
HOCTBIO 3a TNoJHHOMHajAbHOe BpeMs [15].

OGo3HaueHus tna a < b® (c), a < 2% () sKBUBaIEHTHEI TOMY,
YTO CyuecTByeT nojiuHoM P € Z [X] ¢ HeorpHuUaTeJbHBIMH Ko03¢-
GbHUHeHTaMH, AJs KOTOPOTO CrpaBelJIHBLI HanHCaHHHE HepaBeHCTBA.
Ecan Heo6XxonuMmMo 3adHKCHpoBaTh NOJHHOM £, To numeM a <
L bP; (0), a < P19 rpe # = P;, i — uHgekc. B panbmefimem
6yzeM HeONHOKpAaTHO TNOJiL30BaTbC TaKHUMH o0OCO3HaueHHSIMH, He
OoroBapHBasi HX crielHajsbHO. Bce nonnHoMBl & M P;, KoTOophie BCTpe-
4ajoTCcsl HHIKe, JerkKo MoryT GbiTh Ha#leHbl 3(peKTHBHO.
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1. MocTpoeHne romomopdH3Ma C NpeANHCAHHBIMH CBOACTBAMH,
3aJ1a101Eero pacluHpeHHe TNOoJS CKaJApoB

31ech noJie k TaKoe Xe, 4YTO H BO BBeJeHHH, a none K = & (¢4, ...,
1.) [ (x), rne n = 1, — anreGpaunueckHii aneMeHT Hag & (I, .., In)
¢ MHHHMAJbHEIM MHOTOYJIEHOM @ = @, H X = [,,; B 0GO3HaueHHAX
H3 BBeleHHsl. DyjmeM cuuTaTh, KpoMe Toro, 6e3 orpaHuyeHHs OOLI-
HOCTH, 4yTo MHorouneHol h€Z [Z], @€ Z (0] (¢, ..., 1] [Z]
H ¢, paccMaTpHBaeMEIH KaK MHOrOYJeH OT I, ..., l,, Z, abCOJIIOTHO

HENpHBOAHM, T.e. HenpuBoguM B Koabue Q [#, ..., 1., Z] (ecan
3TO He TaK, TO Ha OCHOBaHHH ajroputma u3 [7, ra. 1, § 3] MoxHO
Ha#iTH a6GCOMIOTHO HeNpPHBOAHMEIH MHOXXHTENL MHOTOYJIEHa ¢ H H3Me-
HHTDb 3JeMeHT 0 u none k). O603HaunM yepes K' none k& (1, ..., tn) (1]
M paccMOTpuUM moJe anreGpanueckux ¢yHkuuit K' (x, y), rae age-
MEHT Y YIOBJIETBOPSIET COOTHOIIEHHIO ajreGpaHuecKodl 3aBHCHMOCTH
@ (x, y) =0, npuueM D€K' [X, Y] — abconmorHo HenpHBOAH-
Mblii MHOTrouJseH, T. e. @ HenpuBoaum B kKoabue K' [X, Y 1. Muoro-
yned @ (x, Y) = @ (4,,1, Y) B 3TOM paspene urpaer Ty Ke poJb,
YTO H MHOTOUYJIEH [ M3 BBeJeHHs, AaHHa 3anucH L (D) = L (D (x, Y))
onpefeasiercsi nogo6Ho L (f). Kpome Ttoro, GymeM cuurtarh, 4TO
degy @ > 1, uckniouasi TpUBHANBHBIA AJAS1 Hac cayuya#t, koraa y €
€k (x), w urto ®cZ (0] [4, ..., 1] [m] [X, Y]. 3adukcupyem
HekoTopoe BJoxeHue noasi k B C M B nDanbHeiiluem 6yneM OTOXIe-
cTBAATH k ¢ noxanoteM B C npu nmoMowu 3toro BJaoxkeHus k < C.

[Mycts V — onpenenenHasi Hag noneM K' raajakas npoeKTHBHAs
KpHBasi, noje pauHOHANbHHIX GYHKuMi Han K’ Ha Kortopoil coBma-
naer ¢ K’ (x, y) (8 [8] V siBasiercs xpusoit B Pr (K’') nasi HekoTo-
poro r). [Tox KoMmJieKCHO# pHMaHOBO# noBepxHocThio noasi K' (x, y)
6yleM noxpasyMeBaTh BCSIKYI0O KOMILIEKCHYlo anreGpanyecKyio KpH-
Bylo W, Kortopas mosyyaeTcs M3 V pacIuHpeHHeM IOJsi CKaJsipOB
no C. PacmupeHne cKansipoB onpenensieTcsi BJOXKEeHHEM noJel
K =k, ..., &) Im] = C, toxnecrBeHHbIM Ha k. PasHbIM Takum
BJIOXKEHHSIM COOTBETCTBYIOT, BooGlle roBopsi, HeH3OMOp(HHIe aJre-
6panueckue Kpusble W, 0JHAKO TOTIOJIOTHUECKH BCE OHH 3KBHBAJIEHTHHI.
Cnpasepaus caenywomuil Gosee CHIALHBIH pe3yJ/bTar.

Teopema 1.1. Ilycts Bnoxkenuio noteir K' (x) = K' (x, y)
COOTBETCTBYIOT NPH ABYX pacliupeHHsiX noas ckaiaspoB K' 1o
Hay k MOpPPH3MEI TPOEKTHBHRIX KOMIJIEKCHBIX ajrebpaHyecKHX
KpuBbix p; : W; - P (C), i = 1,2. Torza cyuecTByloT TOMeo-
Moppuamut Y : P (C)—>P' (C) u v,:W,—> W, TakHe uro
Yo p, = Pao7¥:- (3lech paccMaTpuBaercsi KJaccuuecKasi TOMOJIOLHS).

Teopewma 1.1 nokasbiBaeT, 4TO ONHCHIBaeMasi HHIKE KOHCTPYK-
IUs TOMOJOrHYECKH HHBAapHaHTHAa. B JanbHeiineM 3Ta TeopeMa He
HCMOJb3yeTcsl, MO3TOMY ee J0Kas3aTelbCTBO ONycCKaercs.

3ameuaHue. HaBecTHoe aBTOpYy 70Ka3aTesqLCTBO TeopeMkr 1.1
He o6o6uiaercsi Ha cayyail, ec/id B YCJIOBHH TeOpeMbl paccMaTpHBAKOTCSA
pacmupennsi ckaaspos ¢ K' no C uan Q.

OCHOBHO# LeJIbI0 3TOTO0 H CJEAYIOUEero pasfiesioB SIBJASETCS OMH-
CaHHe aJrOpHTMa JJIsl MOCTPOEHHS KOMIJIEKCHO# pHMaHOBOH NOBepX-
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HoctH moas K’ (x, y), paGoramwouwero B nolHHOMHansHoe oT L (h),
L (¢), L (@) spems. Bonee TouHo, anroputM GyneT CTPOHTb HEKOTO-
poe BJoxeHue noneit K' — C, onpegmeasiomee Biaoxenne C (x) —
- C®k-K' (x, y u coorperctBylomee oroGpaxeHue p: W —
— P (C), xoropoe, corsacHo TeopeMe 1.1, TonosoruyeckH He 3aBH-
CHT OT pacIUMpeHHS TNOJASl CKalsipoB. AJITOPHTM HAXONUT TOUKH
BeTBJIEHHSI OTOGpa)KeHHSI p H CTPOHT HEKOTOpble TpPHAHTyJAAuHH T,
u T, kpusbix P! (C) u W coorBercTenHo. [Ipu 3TOM A5 Ka)kao0ro
cuMniekca s < W u3 tpuaHryasiuuu T, o6pa3 p (s') siBnseTcs CHM-
TJIEKCOM M3 TPHAHTYAANHH T,, BCce TOUKH BeTBJEeHHS OTOGpaxeHHs p
3 P! (C) (coorBerctBenno W) sBAsIOTCA BepLIHHAMH TPHAHTY-
asuuH - T, (coortBercTBeHHO T,), u ecan s < P! (C) — cumnaexc
M3 TpHAHTYJAAUHH T,, OTJAHYHBLIA OT TOYKH BETBJEHHs, TO p~ ! (s) =

= U s, rae s; — nonapHO pasjiHyHble CHMIJIEKChl H3 TpH-
1<i<degy®

auryasiunn T, u dims; = dims, | << i< degy®.

B Hacrosimem pasnene OMHCHBAeTcsl aJdrOPHTM [Jf TMOCTPOEHHS
Bloxenus K < C, takoro, uto Touku BerBienus u3z P! (C) oro-
6paxenuss p: W — P! (C) pocraTouHo pajekH apyr OT Jpyra.
Ilpexxpe Bcero npH MOMOILIM 3aMeHbl NMepeMeHHBIX, 3ajaolled aBTo-
Mopduam kpusoit P! (C), no6wemcsi, uto6el Touka oo = (0 : 1)
cTajla HepasBeTBJEHHOH /s oToGpakeHHs p. Il moCTpOeHHS HyX-
HOTO aBTOMOP(H3MAa BLIYHCJAHM JHCKDPHMHHAHT OTHOCHTENBHO Y
MHorousieHa @ Kak onpefienntedb Marpuubl CuabBecTpa MHOrouJe-
HOB @ u 0®/0Y [2]. 3nech W B manbHeHIeM onpeleHTENH BbIYH-
CISIIOTCS B NOJMHOMHAJLHOE BpeMsi Ha OCHOBe ajroputMa u3 [141],
cM. Ttakxe [7, r1. 1] u nemmy 1.1. Torpa stor muckpuMHHAHT 0 5=
#=D =Dy, .., In, 1, X)EK [X] u degy D < (2 degy (@) —
— 1) degy @. TIlepebupas umucaa 1, 2, ..., HaliieM wueJoe YHCJIO
a < degx (D) + 1, takoe, uto D (1, ..., I, W, @) = 0. Touka (a : 1)
Hepa3BeTBJeHA M5l oToGpaxeHus p [8, ra. 2, § 5]. HckoMeiM aBro-
MOpdH3MOM, TPH KOTOpOM oo — (a : 1), 6yzer X — aX/(X + 1).
3amensiev @ (X, Y) na wmHorounen (X + 1)™€x® @ (aX/(X + 1),
Y) (cM. 3ameuanne 2 u3 BBefeHHS).

Be3 orpannyenus o6UHOCTH H A1 yaoGCTBa GyneM CYUHTaTb, YTO
crapuune Koapduuuentnl Icz (h), lcz (9) u lcy (D) MHOrousneHoB A, @
npu Z u @ npu Y pasuwl |, HHAye, COrMIacHO 3aMeuyaHHIO 2 H3 BBeje-
HHSI, MOXHO 3aMeHHTb 0+ Ic; (h) 0, n—>lcz (¢) 1, y— (lcy D (x) y).
OrmeruMm, uyto mnose K’ (x, y) = K’ (x, (lcy @ (x) y), u nosro-
My otoGpaxeHHe p, TIOCTpOeHHOe 10 HoBoMy MuorouneHy O,
3KBHBAJIEHTHO OTOGpaXeHHI0 p, TNOCTPOEHHOMY IO CTapoOMY MHOro-
uyneHy @ (HoBoe p OTJNHYaeTcsl OT CTAPOro Ha H3OMOPGH3M HOBOH H
crapoii kpuBbix W). B uactHocTH, Touka oo € P1(C) Hepasser-
BleHa [/ HOBOTO OTOGpaKeHHs p.

Pa3noxumM B NOJMHHOMHAJNLHOE BpeMs Ha OCHOBAHHH aJrOpHTMa

w3 [7, r. 1] MHorounen D Ha HenpuBogumbie D = A Il Dji, rae
)

D;€Z 8][4, ..., tn, n] [X]— HenpusopuMbIe MHOTOYJI€ Hht
B K [X], 1<e€Z, 0s=AcK'. BuunciuM npoHaBeleHue
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A= HD OrMetuM, uto A€ Z [0] 1[4, ..., &, n]1 [X] B cuay

TOTO, q'ro CTapume Kosq)()uuuembl h u ¢ paBub 1. Jlanee HaiieM
Ao = Ay (ty, ...y Iy X) = Ng- (X} (g, enr ty) (X) (AN ez (0], ..,
] [X]— HOpMy [2] u3 noas K (X) B noae k(...
,) (X) MHorouneHa A (HOpMa BBIUHC/ASIETCS KaK OMNpeResHuTelb
MaTpHub & (4, ..., I,) (X)-auHeiinoro oro6paxenus K’ (X) — K’ (X)).
BbIYHCAHM RHCKDHMHHAHTH 8§, MHorouneHa A, OTHOCHTeJbHO X H
8, — MHorousneHa @ = ¢ (44, ..., In,-Z) OTHOCHTeNLHO Z H Hai/eM
ux npoussellenue 8; = 8,8, € Z (01 (¢, ..., 1,]. Bu6epem nocaejo-
BaTeJLHO LieJIble YHCAa by, ..., b,, TaKue, uto 1 < b; < degy, (63) + 1
u 8 (by, ...y by, i, ..., 1) 5= 0. neMent b; HaxoauM nepeGoOpPOM,
nocse TOro Kak HaijeHsl by, ..., b;_,. COrJlacHO MOCTPOEHHIO H CBO¥i-
cTBaM JHCKDHMHHAHTa, MHOTouJeHbl A, (X) = Ay (b, ..., bn, X) €
€Z [0l [X] u @ (by, ..., ba, Z)EZ [0] [Z] He wuMeloT KpaTHBIX
KopHeil.

Hanee Heo6XoauMH C/eRylOlIHe [BE JIEMMEI.

Jlemma 1.1. Ilyctb A — kBajgpatHasi MaTpHLa pasMmepa $XS
¢ KoadpHUHeHTaMH ap, U3 Koabla Z [{Xish<i<v, 1<i<p;], TAe BCe
3JeMeHTHl X;; aareGpanyeckH He3aBHCHMHEI Hal Z. Ilycte nanee
CTeneHH degx (aﬁv)< ry and Beex B, y, 1 <igwv, 1K<ji< Wy
H JNHHE 3armceu l ( ) < N and Bcex B, 7. Toraa Mbl HMeeM Hepa-
BEHCTBA degx (det A)) <sri mma Beex 1<<i<y, 1<ji<w
u 1 (det (4)) <s <log2s + N +| Z< u; log, ;

<Ii<V

JokKkasdaTenbcTBO. HepaBeHCTBa degx (det (A)) < sr;
oueBuAHEl. OueHka ans [ (det(A)) BeiTekaer H3 Toro dakra, y4ro
KoappHIHEHT NPH KaxaoM H3 MoHOMOB B det (A) ecTh cyMMa He GoJslee

st( IT A t) KO3(ppHIHEHTOB MNOAOGHBIX UJIEHOB, INOJYYaloWIHXCs
1<iv™’

nocie BhiyncaeHus det (A), W Kaxabli H3 Ko3(ppHLHEHTOB 3THX
NOJOGHKIX YJIEHOB MO MOAYJIO MeHbIle 25V,

Jemma 1.2, Tlyerb Q= Z [{Xijh<isv, 1<i<n;] — KOMBLO
MHOTOYJIEHOB M3 JeMMhl 1.1, nycTh H, ¥¢Q [Z], npnyem MHOro-
yneH ¥ HenpHBOAMM H cTapliHil KosbdpuuneHt 0 == Ic,¥ = Vo€ Q,
Janee, NycTb HMEIOT MeCTO OLEHKH degx H <s;, degx, J‘P <r;
A 1< i<y, 1< j<<pg; degzH <ss, degz‘P <r; l(H) < N’,
1 (‘l’)< N'. O6o3snauuM uepes H, € Q [Z] ocratok oOT peneHHus
MHorounena W{iez()—dez(Mhy ya ¥ Torma cnpasemnBh
cleflylollHe HepaBeHCTBa Ha cremeHn deg H, <7, degxin1 <
<sr; +s; ana Beex 1 i<y, 1 <j<< u; ¥ HA JJIHHY 3anu-
ch 1(H) <N + log,s-l— 2 wloges; +s(1+ N + logy r +

+ = wlogsn). =

Iisv

IlokasaTeabcTBoO. [lomoxum H® = H u HG) =
=Y HO — (Ic,HD) ¥, ecnin degzH' > deg,¥. Torma Muoro-
unen M, gaBasiomHiics KOHEYHRIM UJEHOM TOC/e40BaTeJbHOCTH

207



HO -HO) . coBnagaeT ¢ MHorouwieHoM H,. Ilo HHAyKUHH no.ny-
qaeM, yTO degx H(V) < vyr; +s; H, clen0BaTeNLHO, degxi H <

< sr; + s;. Takxe N0 MHAYKUHMH N0KAa3blBaeTCs, YTO MOLYJH K03d-'
buLHeHTOB H3 Z MHorouseHa H'Y) He npesocxomsar 2V tvHyN’ grv X

x [ (srt"), u, cnemosatenvho, I (H,;) yroBreTBopsieT —Tpe-
I<igy : .

6yeMoMy HepaBeHCTBY.

ByneM cuurats, uto deégy® < d,, deg:, @ < d,, i n,
degy® < d, [ (@) < M, (MHorounen @ 3nech Hrpaer poab f, CM.
BBefleHHe) H HalOMHHM, 4YTO ¢ = @,. Torza B cuay JemM 1.1 u 1.2
HMeeM (TIPHBOJAHM 3J1ech Aaxe GoJee ciaGuie HepaBeHcTBa) degyD <
< 2dd,, dege, D < 2ddydy, | < i< n,ul (D) <My + M, + M; +
+ (n + 1) log, d,) & (dd,d;), mockoibKy D noayyaercsi BhIYHCIHE-
HHeM onpefenuTenss MaTpuubl CHJIbBECTpa IHCKpHMHHAHTa C MOCJe-
AYIOIHM TpHBefileHHeM pe3yJabTata no mod ¢ 1 mod h. CorsacHo
[7, rn. 11, pns MuHorounsenoB D; GynyT cnpaBelJHBhH OUEHKH
deng < 2dd,, degtD < d, P (ddl) 1<j<nulD;) <M, +
+ M, + M; + (n + 1) dy) # (dd\ds). 3TH OLEHKH NoJyyaloTcs Ha
ocHoBaHHH JeMM 1.1 u 1.2 u Koucrpykuuu teopemsl 1.1 [7]. [Nanee,
onATh no JjemMmaM 1.1, 1.2 ans MHorousneHoB A H A, crnpasel/IHBHI
Te e caMble HepaBeHCTBa H AJs 8, BbinosHeHo degy,§y < o P (ddy),
1<i<n u (6 <M+ My + M+ (n+ 1) do) P (ddds).
AHaloruyHo J[OKasLBaeTcs, YTO deg;i (6, < o, 1<i<n n
1(6) <M, + My 4+ n) P (dds). CaenosatenbHo, IJ15  MHOTrO-
yseHa § cnpasesiuBhl oueHkH [ (8)<(M; + My, + My + (n + 1) dy) X
X P (ddyds), degrb6 < 3P (dd;) mas Beex 1< i< n:

O6o3HauuM 62 = 62 (il, ceey in) = ICX Ao = NK'/k (tyr --os t0) (ICKA).
[Ipn noacranoBke B Marpuuy CuabBecTpa i §, HyJas MHOrouJe-
Ha &, (4, ..., 1,) B Heil o6pasyercs HyJeBoil cronbel. CrefoBarenb-
Ho, &, (by, ..., b,) £~ 0.

B nancHefimeM 6GyneM HeOJHOKPAaTHO NOJb30BAThbCs CaeRylollei
JeMMOii.

Jdemma 1.3. Iyers ¢ = 2 $;Z¢ € C [Z] — mHOrousen

. o<<i<m
C KOMIIJIEKCHBIMH KO3(pHIIHEHTAMH Yy, ..., P, INPHYEM CTENEHb
degp =muz, ..., 2, — KODHH MHorquIeHa Y. Torzma cnpaBelHBHI

clefytolHe YTBepK/IeHHs.
() | 2] <max{ > |1Pz|/|1l9m| }=Czulﬂ Beex 1 < i m.
0<<i<m—

(ii) Ecau ¢, =0, TO |2 [ >|Pol/(C™ " | Ym|), B uacTHOCTH, ecsiu
0£<p€Z, 10 |2 >1(C [ Pn]), I<i<m

(iii) Ecnu 2; = 2; — ABa pas/NHYHBIX KOPHS MHOrou/jeHa P H
JIHCKPHMHHAHT R MHOroujsieHa { OTJHYeH OT HyJs, To |2 — ;|2 >
>| R|/(| Y [2m—'mm™ (2C)™ (m—1)—=2)_ B vyacrHocTH, ecin Y € Z [Z],
TO BMecCTO | R| B mocJjiefHeM HepaBeHCTBe MOXKHO B3fiThb 1.

(iv) O6osnauyum N = N (g, ..., apy) = 11 ( > a,z,) e

1<i<m \0gj<m
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g, --.» A1 €C. Tornal > a,-zfl > | N (g -+ am)|l(mmax|a,| X
0<j<m i

X Cm—1)ym—1 nnq peex 1 < i << m. B vacthocth, ecin Y € Z (Z]
HeNPHBOLHM, TO B 3TOM HepaBeHcTBe BMecTO | N (qy, ..., Qp,_;) | MOXKHO
B3ATb |y |~™+! ‘mpu (a, ..., Aua) += 0, ..., 0).

JokasateabcTBo. HepaseHctBa n. (i) u (ii) caenyior
u3 ¢opmys Buera, a HepaBeHcTBO m.(iii) H3 CBO#CTB AHCKpHMHHAHTA.
YtBepxaeHne n. (iV) BriTekaer u3 yTBepxkaeHus . (i).

Ha ocHoBanun nemmu 1.3 (iV), monaras ¢ = h, noayuaem, yto
| 8; (by, ..., by)| > 2~MP:1 ) j =0, 1, 2, 3(HanoMmuum: M = M +
+ My, + My + n, d, = dd,d,d;). 3amMeTHM, yTO HNJIMHBI 3anHcel
koadpduumentos I (8; (b, + 4y, ..., by + 1)) < MP (dy). Ilosromy
CyUIeCTBYeT TAKOH NOJHHOM P,, uTo ecH |x%;| < 2~MP: (), 1
<Li<n, 10 |8 (b + %y, ...y by + %) >27MPLO ] j =0, ],

Ilycrs @y, ..., o — n TepBHIX MNpPOCTHIX uHced. [lonokuM 7 =

= {([V gn] + 1)/10g2<1+2‘-"“’- (d«)/max b,-)] -+ 1, agece [ ] o6o-
. 1I<ign

3HayaeT LeJyl0 yacTb yHcna. B cuny BbiGopa 7 cymecTBYIOT TakHe

memie r;, uto b; < e V% < p 4 7MPE) | i < n Bu-

-

yucauM Bce 7;. OGO3HAYHM o = i Vi, Myets %, 1 <<iK
< degy A, — Bce KOpDHH, YUHTbIBasi KpaTHOCTH, MHOTOU/IeHa A, (2, ...
an, X). Moayan xoaddHuHeHTOB MHOrouseHa A, (o, ..., 0y,
OLIEHHBAIOTCS CBepXY BeJHUHHOH oMPn 4 [lex Ag (1, vevy On,
X)| > 9™M# ) cornacHO TONBKO UTO uaJjoxeHHoMy. [To memme 1.3 (i),
(iii) umeem | x| < 2MP ) 1nq Beex i, M ecaH x, # Xxj, TO | %, —
— x3| > 2—MPs (4D AnjanoruyHo JOKasbiBaeTcs, YTO AJsi Moayne#
pasHocreii KopHe#i MHoroujeHa ¢ (o, ..., @, Z) cnpaBelJIHBhHl Ta-
KHe JKe OLIeHKH CHH3Y, a JJ1s1 caMHX KOpHel 3TOro MHOrouJeHa HMeioT
MeCTO OlEHKH CBepXy TakHe XKe, Kak H LIf X;.

[Tos10:KHM & paBHEIM HEKOTOPOMY (PHKCHPOBAHHOMY KODHIO MHO-
rowieHa @ (%, ..., %,, Z). KopeHr a 3anaercsi 3¢¢peKTHBHO CBOHM
NpHOJIHKEHHEM ¢ ToyHocTblo (1/3) 2—MPs (4, OnpepensieM BJOXKe-
HHe K' — C Han noneMm k gopmytamuH ¢ — a;, 1<i<<n, n—a.
S/eMeHTH Qy, ..., &, € C anrebpanyeckH He3aBHCHMbI Hal Kk co-
riacHo TeopeMe JIuHaemaHa [31, mosToMy neficTBHTENbHO MOJyyYaeM
B1oXeHHe noseit. Uepes @, (X, Y) o6o3HayuM MHorouseH, KOTOPhIH
noayyaercsi mnojcraHoBko# B (D 3JeMEHTOB a4, ..., &,, O BMECTO
Ly «oes ln, M, M yepe3 y’' — KopeHb MHorouseHa @, (x, Y) € C (x)[Y].
Takum o6pasoM, onpegeneHo moJe ajare6paHyeckHX GYHKUHHA
C (x, y') Han C (namomuum, yto @ HenpuBoguM Haj K' W, cieno-
BaTesibHO, @; HenpusoguM Hax C).

B nanbHeiimem notpe6yercs elle oueHka cHH3y | (lcx A) (o, ...,
Qp, @) | > 9™MP ) Ona noaywaercs us Jemms 1.3 (iv) npu
i =a, p=9¢(, ..., &, Z) c yuetoM, uto |N|=|(lcx Ay) X
X (0, voey @) | > 2~M# @Y cornacho H3JIOKEHHOMY BHILE,

~—
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2. TocTpoeHHe PHMAHOBOH IOBEPXHOCTH nNOJaS
anreépanuecknx (QyHxuHit

[lepefinem Temepr K KOHCTPYKLUHH TPHAHTYJAsiUHH T; KOMILIEKC-
Hoit cdepet P! (C). Ilonoxum v = degyx A, (degx (A,) — 1). Bu-
YHUCJAMM 3HaueHHs arg (x; — X;) NMPH X; = X; ¢ ToyHocThio 1/(2v) <
< 1/4. O6o3HaunM 3TH l’IpH6J‘IH)KeHHbIe 3HaueHHsl B TMOpPSJKe Bo3pa-
craHus uepes 0 << P, < Py < ... < Py < 2m, KpoMe TOro, AJs
YIOGCTBA TONOKHM: 1|>0 0, Py,1 = 2n. Haiinem takoe 0 < ip < 9,
yTo Pippt — Py, > 5/v, H BeuHcauMm yucao a € C, Takoe, uTo
|arg (a) - (ll)io + l|'7t'o+|)/2| < 1/(2\’ ’ KpoMe Toro, a = @, + V—lam
a, 6, €Z u l(a), I(a,) <P (log,v). Conenaem 3ameHy nmepe-
MeHHBIX X — aX, T.e. BMecTo MHorousieHa @ (X, Y) 6yneM paccma-
TPHBaTh MHoroq.neH @ (aX, Y). Kopun mHorouneHa A, (o, ..., On,
aX) cyts alx;, 1 < i< degx Ay, nostomy | Im (a~ 1x, —aly) | =
=|a?t|x —x |L41n (arg (x; — x;) — arg (@) |[> | at||x; — x5 X
X sin (1/2v) > 2—MPi(d), QctaBuM 3a MHorouleHoM @ (aX, Y)
npexxHee oGosHaueHne @ (X, Y) u B gnanbHeiineM G6yaeM CYHTAThb
6e3 orpaHuueHus OOGWHOCTH, yTo |Im (x; — x;) | > 2-MP«(d) pagq
JIOOBIX JBYX PasJHYHLIX KODHeH x; H Xx; MHOrouseHa A, (o, ..., &y,
X). Hns ynoGcTBa clenaeM elle OXHY 3aMeHY MepeMeHHBIX X —s>
— X + V' —1b, b€Q, uTo6bl BHOBbL TOJyYeHHHIi  MHOTOUJIEH
A (ocl, very Oy &, X + Vlb) UMeJ KOPHH KakK C TMOJIOXKHTeNbHBIMH,
TaK H ¢ OTPHUATEJLHEIMH MHHMBIMH yacTsiMH. Takoe uHcsio b Bceraa
MOXKHO HaHTH, B CHJy TOrO 4YTO OToOpaxeHHe p HMeeT NO KpaiHei
Mepe nBe pas/jHyHble ToukH BeTBieHusi B P! (C). IIpu 3toM BhiGe-
peMm b Tak, uTobul [ (b) < MP (dy). Ecnn Heo6xonHMO, BOCCTaHOBHM
ley (@) = 1. .

Bcsikuit KopeHb MHorouseHa A (o, ..., @,, o, X) sBIsercs
KOpHEM MHorouseHa A, (04, ..., &,, X). [I0o3TOMy MOXKHO CUHTATh,
yto x;, 1 < j < degy A = p HABAAIOTCA KOPHSMH MHOTrodYJeHa
A (ay, ..., a5, a, X). HaiijneM npHGiHKEeHHble 3HAueHHsT BCeX KOp-
He# MHorousieHa A (@, ..., @,, &, X) C TOUHOCTbIO 10 (1/3) 2—MP4 (do),
a TaKxKe HEKOTOPOe LeJI0e YHCIO ¢, Takoe, yto ¢ — 1 > max |x;| >

I<i<

> ¢ — 3. CornacHo noKasaHHoMy, |c| < 2MP (4o, I-Iep’eau la, b]
6yneM o0003HauaTb 3aMKHYThIH OTpPe30K C KOHUaMH a, b, nanee la,
bl = [a, b1\ {a}.

B kauectBe BepIIHH TPHAHTYJSLHH Pt (C) Bo3bMeM  TOuky
oo €P1(C), a rtakxke crenyiomue toukn w3 C <= P! (C): 2,
c+V=TImx;, x5, —+V—TImx; ana seex 1 <j<p
Bynem cuutate Ge3 orpaHuueHust oOwHOCTH, yt0 Im %; > Im x, > ...
> Im x,. B KauectBe pe6ep (OAHOMEPHHIX CHMIJIEKCOB) TPHAHTYJs-’
UMM BO3bMEM Tenepb (CM. PHCYHOK) OTPE3KH TNpSIMbIX {2, ¢ +
+VTImx], [e +V—11myx; %1, [x;, —c + V—11m x]
aas Beex | < j<p [xy, %5a) [, ¢+ V—11Imx], [x,
—c 4+ V=TImx,l, [c+V—TImx; ¢+ V=IImx;l
[ +V=TImx;,—c+V—TImx;,] amascex1 <j<p—1
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2c

M JAyuH, COEJMHSIOUIHE TOUKY oo H TOUKH 2¢, ¢ + V' —I Im x,,
c+V=11mx, x, x,, —¢ +V —1 Imx; nas scex 1 <j<p
(yu, coeguHsIOWIHA TOUKY oo ¢ Toukoll ¥ € C ecTh mo onpeseieHHI0
MHOxecTBO {¢y:¢t> 1, t€R} U {oo}). Tlocne onpeneneHus Bep-
WHH H pe6Gep, AByMepHbIe CHMIJIEKChl TPHAHTYJISUHH OTpPeesOTCs
OHO3HAYHO (CM. PHCYHOK).

[MepefizeM k mnoctpoeHuio Tpuanryasuun T, kpusoit W. [lox
paspeaoM Bj, 1 < j < p chepu P! (C) 6yzem noHuMaTh 0GBEaHHe-
nue otpeskoB [2¢, ¢ + V —1Imx;] U [c +V —1 Imx;, x;]. To-
cJie TOro Kak ceJsaHul Bce paspeswt Bj, 1 < j < p, K cucTeMe OTKpHI-
THIX MHOXKECTB B KJaccHyeckoil Tonosoruu cheprt P! (C) no onpe-
JeNeHHI0 fo6aBasiiorcss MHoxectBa {z:d; < Rez <d, & 32, € B,
(Imz, <Imz2<Imz +¢ & Rez= Rez)} nnascex | <j<<py,
Rex; <d, <dy <2, ¢ >0 u MHomecTBa {2: |2 —2|<e &
Sarglc +V—T1Imyx,) < arg (2c—2) <arg c—V —1 .Im x,)
uan 2 = 2¢} gas Beex 0 <e < | (pyHKuus arg 3gecb NpHHHMaeT
3HayeHHA B npoMexyrtke |—mn, n]). INonoxkum U =C\( U B;U

I<ig
U {2c}) — 3T0 OTKpHITOE OJHOCBSI3HOE TMIOJMHOKECTBO B llﬂ ©).

Torza npooGpas p~ (U) = U W@, rpe W) — oTKpbiThie
l<i<degyd>

B KJIaCCHYECKOH TOMNOJIOTHH NONAapHO HenepeceKalolHecs NOJAMHOKe-
crBa W, Takue, yto orpaHuyenue p Ha W() sBasiercs roMmeomopus-
MOM p;: W) — U. OrmeruM, uTO0 MHOMXKecTBO W(Y) TOJHOCTbIO
onpegeasercs 3HayenueM y' (pi' (2¢ 4 1)) = &;, T. e. KOpHeM MHOro-
uneHa @, (2c + 1, Y). Aare6panueckasi piMaHOBa MOBepXHOCTb W
NoJIyyaeTcss HEKOTOPHM cKJeHnBaHueM degy @ sk3eMnjsipoB cdephl
P! (C) ¢ paspesamu Bj, 1 < j< p, Broab paspe3oB Bj. YTouHuM
Tenepb Crnoco6 CKIEHKH.

O6o3naunm uepea P! (C) cpepy P! (C) c paspesamu B;, 1 <
<j<nm, avyepes WO — j-i sksemmsp cpeput P1(C), | <i K
< degy ®. ByneMm cuurath, uto W o W o W, Yepes g;:
P! (C) > W  o6osHauum HernpephiBHylo ¢yHkuMio Ha P! (C),
KOTOpasi COBMajaer ¢ p;' Ha noaMHoxecrBe U. Takas QyHKuus g;
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CYIIeCTBYET H €IMHCTBEHHA B CHJY onpejenenus tonosorun B P! (C).

MuoxectBo W) = g, (P! (C)). TIpn aHAaJIMTHYECKOM NpOXOJIKEHUH
GYHKUHH y; = y' op7': U —C no 3aMKHYTOMY MNyTH, HAYyLLEMY H3
Touku 2¢ + | Bpoaw orpeskos [2¢ + 1, 2¢1, [2c, ¢ + V —I Im x,),
[c + V—11mx,, %, 4 e] (KOHuE oTpeskoB yKasaHel B NOpsiJKe
CNeOBaHHS TOYEK Ha NyTH), I'Ze & — JOCTaTOYHO MaJjoe YHCJO,
3aTeM IO OKPYXKHOCTH pajuMyca &, 06xoAsdumed B NOJOXKHTEJbHOM
HanpapJeHHH (NPOTHB YacOBOH CTPeJNKH) TOUKY X, M OOpPaTHO Mo
TOJILKO YTO YNOMSIHYTHIM OTpe3KaM B TOuky 2¢ 4 |, mosyuyaeM Heko-
TOpY!0o PyHKUHIO y; = y o pj' aaa nopxoxsmero ! < j < degy @,
NOCKOJLKY MPH aHAJHTHYECKOM MpPOJOJIKEHHH COXpaHseTcsi COOT-
HoweHue @, (x, y') = 0. B TakoM ciayuyae B MHoxXectBax W() H

W) oToxaecTBASIOTCA TOUKH q; (Xp) H ¢j (Xn,) U BEpXHHH 3aMKHYTHIA

Kpail paspesa B,, B W(/) cksenBaeTcs C HHKHHM OTKPHITHIM KpaeM
paspesa B, B W), [locneHee 5KBHBaJEHTHO TOMY, UTO €CJIH 2 € By,
TO BCAKasi OKPECTHOCTb TOYKH ¢; (2) HMeeT Henmycroe mnepeceyeHHe
¢ W), OnucaHHBIMH OTOXJECTBJEHHSIMH TpPH BCEBO3MOXKHBIX [, m
HCUepNBIBAIOTCS BCE CKJEHBAaHMA MeXay MHoxectBamMH W) n, cJae-
JOBaTeJbHO, 3ajaeTcsi puMaHoBa nosepxHocTs W (cp. [6, 91).

3amMeyaHusd. 2.1. BMecto paccMOTpeHHOTO Bhlllle 3aMKHY-
TOrO NYTH C HayaJoM B Touke 2¢ 4 | MOXKHO B3siThb JI06OH Apyroi
FOMOTOMHEIH €My 3aMKHYThIH nyTh Ha noBepxHocTH P! (C) \ {xy, ..
x,, oo} [6, 91].

amMmeuaHue 2.2, Bmecro TOueK X, SBJSAIOINHXCA KOp-
HSIMH AMCKPHMHHaHTa A (o, ..., Oy, O, X), MOXKHO B3fiTb B ONHCaH-
HOM KOHCTPYKUMH Jio6oe apyroe mnoamHoxectso C, cozepxaiee
MHOXKECTBO TOYeK BeTBJeHHs orobpaxeHus p [6, 9]

BriGepeM nyTh, HCNOMb3ysi 3amMeyaHHe | cneuuasbHeIM —06pa-
30M. l']zc'rb %m € Q [V —1] — BoiuncseHHBIE ¢  TOYHOCTBIO [0
(1/3) 2—MP4 (ds) mpuGMMIKEHHBIE 3HAYEHHS KOpHEH X, 1| < m < p.
[Tonoxum g, = (1/2) 2—MP.(d0) ByneM CTpOHTH aHAJMTHYECKOe mpo-
JIOo/KeHHe Baoab nytH I'y,, uaymero mno orpeskam [2¢ 4 1, 2c],
[2¢, ¢ +V —11Imyml, [c -V —1 Im %, %Am <+ &), 3aTem o06xo-
IAWero Ksaapar Q,, ¢ BEePIIHHAMH Xy, + € + V —ley, Ym — &0 +
+V —leg, Ym — 80— V —leg, Ym + 80— V—leo, HaYyHHas C TOUKH
Ym + € B HampaB/JeHHH MPOTHB YacoBOH CTpeJKH, M BO3Bpalla-
IoLIerocsi Hasaj B TOUKY 2¢ -+ | Mo yKa3aHHBIM TOJIbKO YTO OTpe3KaM.
‘Hocurens nyru T, o6ossauum Supp I';, = I';, (10, 11). Byzem
TakxXe cuMtath, uro I, : [0, 1] > C — KycouHo-nHHeliHOe OTO-
6paxenne u card (I'z' (2))< 2 ana Besikoro z € Supp I'y,, npHuYeM
card (T (2)) = 1, ecn 2 € Quy "\ {Xm + &ol-

Jasi NOCTpOEHHS AaHANUTHYECKOTO TPOJOJIKEHHS HeOOXOAHMbI

clieiyiolHe JeMMEL.
Jemma 2.1. Myctba € Supp T unyers 0 =2 @; (x—a)l —

i»0
pasJioKeHHe B CTeNEHHOH DSAX HEKOTOPOH (YHKUHHM ©, TaKO#, yTO
®;(x, © =0 R= min |a— x,| Torna cnpaseinuBsl CcJe-
I<sm<p
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Jylomie OLEHKH Ha KOI(HUUHEHTH CTENEeHHOro psiga |@;| <
< QMPs (dd) (—2— R)wi ans Beex > 0. ‘

Joxasareabcrtso. CorjacHo HHTerpajbHO# QopmyJe
Koun @; = (1/(2n V' —T1)) jo ® (2) dz/(z — a)'+!, rpne HHTerpan

Gepercsl MmO OKpyXKHocTH O pamuyca (3/4) R ¢ ueHTPOM B TOUKe 4.
CrepoBaresbHo, | ;| < max | @ (2) | (3R/4)—*. Tlyctsb
2¢O '

q) (Xy y) = 2 d)i (tly reey tm n) yiv

@; (¢4, ooy thy M) EZ [6] [y, ..., t,, 0]

Torzaa no semme 1.3 (i) BenosHeHo max | o (2) | < max X |®; (o, ..
z€o 2€0 ¢

Gn, @, 2)| < 2MPs(d) B COOTBETCTBMH C YCTAHOBJIEHHRIMHM BbILIE

BEDXHHMH OLeHKaMH Ha |o;|, | << n, |a| 1 Tem, uyto |2 | < 4c,

ecau 2 € 0. JleMmma jpoka3aHa.

JTemma 2.2. Ilycts z € C — Takoe yucao, yro min |2z —
l<ms<sp

— X | > (1/4) &, |2| < 4¢, u mycTs (cM. Bhme) y; (2), | < i<

< degy ® — Bce kopHu MHorouneHa @D, (z, V)€ C [Y]. Torgaa

AJs 06bIX PasJMYHEIX HMHIEKCOB [, j HMeeT MeCTO HepaBeHCTBO:

| 9: (&)= y; () | > 27MPe G0 = 3e,,
3z1ech 3e; — 0GO3HayeHue.
JokasateancTBo, HMmeem:
l9:(2) — y; P =] A (0. . ., &n,, 2)/ (11 (yp(2) — yy(2)) X

1<f <y< degy @
B, ) == (i, ), (Jo ©)

X (IC‘YA) (al, eeey Qp, a)2l""1 | >‘2-MP8 (dy)

CorlacHO BepXHHM oueHkaM |yg (2)|, |y, (2) |, |(lcx A) (@4, ..., %y,

a) | < oMP (dy) (cM. aemmy 1.3 (i), a TaKKe HUXKHeli OueHKe |A (a4, ..,

am a, 2)' = |(ICX A) (aly veey Oy a) I H |Z_xm| >2—M‘q}(da)’
1

sm<p
B KOTOpO#i wucrmosb3yercsi HepaBeHcTBO |(lcy A) (a4, ..., an, @) | >
> 2-M% (), ycTaHOB/IEHHOE B KOHIUE pasf. l.
JJemma 2.3. Myers g =2Zm 4 3 g,Zi — MHOrouneH cre-

0<i< .
neHu m > | ¢ KOMNJIEKCHBIMH KOS(l)q)HuHeHT:MH g, npuuem|g; | < N,
0<i<m, rne N> 1. Jlanee, nycts = > §,Z¢ — Takxe
<i<s
MHOTOYJNEH C KOMIIEKCHBIMH Ko3dpuuneHtamu ¢§;, 0 < i s
deg ¢ = s, npuueM |§;| < ¢ = min {max {l0m (N + 1), N }=—s/
/(10 (m +s)(s 4 1)), (e/(2m))™ (N +1) m—5(s+ 1))} ana secex 0<<i s,
rie N, >2 + 2 |gi| u 0 <e < |— npousBobHbE uYHCHA.
<i<m

.y

OGo3HaunM yepes 2;, | < i < m KOpHH MHOrouneHa g. Torga MoxHoO
TaK ynopsilOYuTb KOpHH Z; MHOrouJeHa g, = & + ¥, YTO 17 BCex
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1 < i< m Gyger BbinONHEHO |z; — Z | <& u, ecau s > m, 1A
Bcex m < i < 8 Gyzmer crnpaeepauso |Z;| > N;.
HokasateabctBo. [lycte N, = max {10m (N + 1), Nq}.
TTokaxeM, uTO B Kpyre, OrpaHuueHHOM OKpyXHocThio O paauyca N,
C IEHTPOM B HYJe, COJEPKHUTCS POBHO m HyJedl MHOTOWJeHa g; =
= g + ¢. HefictBuTebHO, YHCIO HyJe#t MHOrOuJeHa g; B 3TOM Kpyre

pasHo (1/(2n V' —T1)) J‘.og{ (2) dz/g, (2) u, cefoBaTe/ILHO, 3aKJIIOUEHO
Mexay uncaamu N, min | g1 (2)/g, (2) | u N, max |gi (2)/g;,(2)|. Ecan
z€o

z2€0, 10 =€o
l&i @lgr ) | =| (2 il +¥m) 2"+ m

D @RI b)) [(2( D ) 2

1 3 (@ + ¥m) 2| < (m 2] s — mIsNETme +
+2m(N + /N1 — 2|s — m| Ng—me’ — 2(N + 1)/N,) N,) <
< (m+2/5)/((1 — 2/(5m)) N2) < (m + 1)/N>.

Taxkum 06pa3oM, YUCJI0 KOpHEH MHOrOuJieHa g, B pacCMaTpHBaeMOM
Kpyre MeHbiuie m + 1. AHaJOTHYHO MOXXHO OLEHHTb CHH3Y
lgi (/g (2) 1> (m — 2/5)/(N, (1 + 2/(Bm)) > (m — 1)/IN,, 1. €.
YHCJIO KODHEl B paccMaTpUBaeMOM Kpyre 6ogbwe m — | H, 3HaUMT,
paBHO m.

B Kpyre paguyca N; C UEHTPOM B HyJie CONEPKHTCA He GOJbiue
m KOpHe#i MHOrOuJieHa g;, Tak Kak N, > N,. KopHu z; MHorousesa g
no MonyJio He mpesocxoxaT 1 + > | g:|. CnenoBatesibHO, 1OKasaB

o<i<m
MEepPBYIO YacTh YTBEPXKIEHHS JIEMMH, NOKaKeM, 4YTO B Kpyre pa-
Auyca N, c UEHTPOM B HyJe €CTb POBHO M KOpHeH, ¥ 3THM 3aBep ILHM
J0Ka3aTeJNbLCTBO JIEMMHI.
[TockonbKy oOTOGpaeHHe, KOTOpPOE CTaBHT B COOTBETCTBHE Ha-

Gopy uMces uy, ..., U, UX JEMEHTapHbe CHMMETpHYeCKHe (YHKUHH,
KOHEYHO, a MOTOMY H OTKPHITO B KJaccuuyeckofi tonosoruu [8],
TO 1151 JoGoro MHorousieHa ¢ € C [Z] cTeneHH % ¢ KODHAMH Uy, ..., Uy

u Jo6oro ¢ > 0 cymecryer &¢” > 0, takoe, uro ecau ¢, € C [Z],
deg g; <®» u mouyau KoappHUHEHTOB ¢; He MpeBOCXOAAT &,
To deg (3 + ¢;) = %, ¥ MOXKHO TaK yMNOPSAOYHTb KOPHH @, ..., Uy
MHOrou/seHa ¢ + ¢;, 4YTO OYAYT BBIMOJHATLCA HepaBeHCTBA |u; —
— ;| <e gas sBeex | < i <%

Myete A=1{2€C: |z—2| Le/@m), |l LiK<m} nu A=
= ( Ay, raie A; — KOMNOHEHTH CBSI3HOCTH A, KaXJas H3 KOTOpHIX

i€y
siBAsieTcsi oGBeMHEHHeM He GoJiee ueM m Kpyros paguyca &/(2m).

IMycts 0 < ¢ < 1. TMoxkaxeM Tenmepb, yto ecau z¢ A, 10 (€ +

+ ty) (2) ¥0. IIpemnonoxuM nporusHoe. Torpa (g + fy) (2) =0

H |z| < (N 4+ 1) m. CnegoBatennuo, |t (2) | << (¢/(2m))™. C apyroi

cTopoHHl, [ty (2) |=1g (?) | = 1 [H |2 —2;| > (¢/(2m))™, uto npwu-
<iI<
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BOJHT K NPOTHBOPEUYHIO- H NOKa3LiBaeT Haule yTeepxaeHue. M3 cgop-
MYJHPOBAHHOTO BhIllle YTBEPXKAEHHS O HEMpPEpLIBHON 3aBHCHMOCTH
KOpHe# MHOrousieHa OT KO3()pHLHEHTOB BHITEKAET, YTO YHCJO KOpHeH
(yuuTBIBaf HX KpaTHOCTH) MHOrouleHa g -+ £, cogmepKammxcs
B KOMIOHeHTe CBSA3HOCTH Aj, He 3aBHcHT OT f1pu 0 < £ < 1. Kpome
TOrO, M3 HHTerpa/jbHOi (hOpMyJbl AJS KOJHYECTBA HyJeil aHaJHTH-
yecKOH (QYHKUHH B 0GJIaCTH CJAejyeT, uTO NpH ¢, GAH3KHX K HyJIO,
3TO YHCJIO COBMAfaeT C YHUCJIOM KOpHEHR MHOrouJIeHa g B KOMIIOHeHTe A ;.
[TosToMy uHc/0 KOpHeRi MHoroujseHa g + b B A; Takxke coananae'r
C YHCJIOM KOpHe# MHorouneHa g B A; Orcioga BMTEKaeT, yTo MOKHO
TaK ynOpANOYHTE KODHH Z; MHOTOUJeHa g + 1p, uTO GyZET BHINOIHEHO
| 2, — % | < max diam A; < 2m (¢/(2m)) = 1<i<m, rae
1€y

diam A, 0603Haqae'r nuamerp A;. B nefcTBHUTEJILHOCTH HMEIOT MeCTO
CTpOTHE HepaBeHCTBA |2, — Z;| < &, TNOCKOJNbLKY HEpaBeHCTBa Ha
| ;| cTporue, uro 3aBepiuaeT JOKa3aTeNbCTBO JEMMHI.

Jlemma 24. Ilyetsv A = (ay) ¥ B = (b;;) — kBagpatHuie
MAaTpHUBl TOpsAAKa S, TNpHYeM ay, b;;€C [Z]’, deg a;; < m,
deg b;; < m, MonyaH KO3(pHLHEHTOB MHOTOYJIEHOB a;; He MpeBOC-
xomaT N, rge N > 1, a moaynn Ko3dppHLHEHTOB MHOTOUJEHOB b;;
He TNpPeBOCXOIAT &, = e/((2m)ss! Ns=!) nns Hekoroporo uyucaa 0 <
<e 1, Torma Moaynn kospdHUHEHTOB MHorouneHa det (A 4
+ B) — det (A) He npeBoCXOmAT €.

JokxasaTtedabcTBO. Packiagupasfg Kaxiyio CTPOKy omnpe-
nenutens det (A + B) B cyMMy CTPOKH M3 MaTpHUbl A H CTPOKH H3
MaTpuunl B u npexcrasisis TeM cambiM det (A 4 B) B BHAe cyMMbl 25
onpejesuresed, MOJYyYHM, UTG CyMMa Moayneil ko03ddHIHEHTOB

mHorousieHa det (A 4- B) — det (4) He npeBocxoaut Z (S>8L_’NS*" X

1<ig<s
X mss! < (2m)se, N5—1s! = g, oTKyJa H cJielyeT yTBepKIEHHE JEeMMBI.

O6o3nauum yepes ® nexoropuiii MHOrOuNeH Ha Q []/—1] [X,Y],
Takoit, uto degy @ = degy @, degx @ = deg, @, ley @ =1. Iycts
D = D (X) € Q[V—T1 [X] — muckpumunant muorourena @ or-
HocuteabHo Y n x;, €C, 1 i K deg D — xopHn muorounena D.
Ilpn ¢ukcuposanHom z € C uepes y; (z) 1 < j<degy® 6Gynem
0603HauaTh KOpHH MHorouneHa @ (z, V)€ Q [V —I, 21 [Y] (cp.

JemMMmy 2.2). 3mech 3apaHee He NpejnoJaraeM, uto y; (2) npH (HKCH-
pPOBaHHOM | sBJsIETCS aHaJHTHUecKOH ¢yHKUHEHA UJH jpaxKe Hemnpe-
pLIBHOH (yHKuMe#i or 2, IlycTh, HaKoHel, Zo @; (x — a)f — pas-
1>
JOXKeHHe B CTeneHHOM psa (cuMTaeM, UYTO 3TO pAa3JIOKEHHE Cylle-
cryet) B Touke a € Supp I'y, q)ym(mm &, Tako#i, uro ® (x, 6)) = 0.
Ilonosnum eme x,, ..., x, 10 cemeiictea x;, | < j<<degxD =y,
KOpPHEH C KpaTHOCTAMH AHCKpHMHHaHTa D (@4, ..., 0n, &, X) MHOrO-
ynena @, (X, Y).

Jlemma 2,5, CymeC'rByeT TaKo# mnOJHHOM P, UYTO ecJH Mo-
Ay/H KosppHiHenToB MHOrouteHa @; — @ Menbie ey = 2—MP; (do),
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TO CMpaBexJHBBl CJENYIONIHE yTBepKIeHHUS .

(i) MoxHO Tak ynopsjO4YHTb KOpHH X; MHOrouneHa D, uyro ajs
Beex | i< py Oyner BeinogHeHO |Xx; — %;| < &,/8 = (1/16) X
X 2—MPi(dy) (onpepeseHHe €, CM. BHILE) IS Bcex [ > wy Oyner
BBITOJIHEHO | %;| > 4¢ + 2.

(ii) das mo6oro z € C, Takoro, uro 1 min | 'z — x,, | > g4

<m<

H |2 <4c +2 <2MPs(d), MOXKHO TakK yn0ps{l310qmb 3HaYeHHUs
g, (2), uto Oynyt BHINOJHEHEI HepaBeHcTBA |y;(2) — 7;(2) | <
< (1/3) 27MPe(d) =g, (3mecb Pg M € H3 JeMMHl 2.2) nas Beex

< ] << degy @) = degy @.
(11 ) [Tycts pyHKUHH @ U & (pasnome}me 17151 @ 371eCh CYIeCTBYeT
B cu.rly (i)), Takue, uto @, = y; (@), & = §; (@) AN HEKOTOpOrO
1 < j<degy @, TonoxuM s = 2M (P (d4) + Py (dy)) + 10. Torpa
ana mo6oro 0 < i <'s BHINOJHAETCS HEPABEHCTBO | @; — @; | <
< (12 (s + 1! 2‘—M (P (de) +P 4 (d4) +2) 5+P4 (d))) = ey, (ompeneneHHe
P, cM. B nemme 2.1).

Hdokasarteabcrtso. [lyukre (i) u (ii) caenyior Henocpen-
CTBEHHO M3 JeMM 2.2, 2.3, 2.4 (npH 3TOM B ONpeje/IeHHH &3 MOMKHO
OblJI0 Gl B35Th B NOkasarene M, a He M?), Pagnyc cxomumoctu R
CTeNeHHOro psiia AJsi PyHKUHH @ He MeHbiue 2¢o/3 = (1/3) 2—MP.(dy)
COTJIacCHO ormpejesieHHIo 'y, H TOMy, YTO Ha OKPYKHOCTH Kpyra CXoO-
JHUMOCTH JOJIKHa ObiTb TOYKa BETBJEHHS ajireGpauyeckoil GyHKUMH
HUJIH ee MOJIIOC WJH ToJioc ¢ BerBJeHHeM. ClieoBaTesbHO, COTJIACHO

a. (i), paauyc cxomuMocTH R CTeNeHHOro psiia sl ® He MeHblie

R — (1/8) gy > (13/16) R > (13/24) ¢,. Tenepnb, Kak 4 B Jemme 2.1,
MOXKHO 3aNHCaTh:

o, — & = (120 70) [ (@ () — & (2) d2/(z — @)+
|

="

H| o — ;| < max | @ () — & ()| BR/4)~*
z¢

CorsacHo snemMam 2,2, 2.3, 2.4, cymecTByeT Takoil MOJHHOM P,,
YTO €CJH MOAYJaH Ko3(puiuHeHTOB MHOrouseHa O, — D MeHbLIe &g,
TO BHINOJIHsIOTCS yTBepKaeHus 0. (i) u (ii) H, kpome Toro, |y; (2) —

— §; (2)° (2/gg)® < g4y npHu lmm |z — xml> g/4 n |z | <4c +2

sm<
(OTMETHM, YTO COMHOXKHTEJb M? BOsHHKaeT B mOKasatese CTeNeHH
3a Cyer BO3BeJEHHS  BeJHMUYHHH TMOpALKa 2-M% ) B cre-
neHs s), B TakoM cJayvyae TakXe BBINOJHEHO max o (2) —
z€o

— ®(2) | (BR/4)~* < &4 ansa Beex 0 < 8. Ileﬁcmme.nbﬂo, (0 —
— @) — HenpepbiBHast ~ (QYHKUHS B prre {z:lz—a| < R —
— £,/8}. lazee, | @ (a) — (o (@) | < (8y/2)5 ey <&, mecau | @ (z(l))

— & (2M) | > (3R/4)! &4 > (60/2) g4 118 Hekoroporo 2z, Takoro,

ur0 |20 —a| < R — /8, 10, cornacHo jemme 2.1, nmeeM | @ (z(V) —
— ® (2™M) | > 2¢,. Torma nas HekOTOPO# -TOUKH 2(?, TaKoH, YTO
[2® —a| < R —¢/8, cnpaBegHBO  paBeHCTBO | @ (z("’)) —
— @ (29) | = 3¢,/2, uyro HeBO3MOXKHO B cHJy m. (ii).
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MosyyeHHOe mNpOTHBOpeuHe 3aBepiUaeT JOKA3aTeNLCTBO JEMMEHL.

JTemma 2.6 (I‘eH eas).- [lycts saeMentsl a, &, &, D, e,
TakHe Xe, Kak B aéMme 2.5, ducao a € Q [/ —I], nauna samucw
l{a) < MP (d,), Moz[y.nn KO3(HLHEHTOB MHOrounreHa @; — @
menbe &g 1 [ (D) < M2P (d,). Tlycts, nanee, &€ C — xopeHn
muorounena @ (a, Y), takoi, uro &, — &. Torma & € Q [V —I, &}
anst Beex [ > 0 u [ (&) < M2 (ds (¢ — 1)) (nmuHa 3anucu [ (&;)
OmpejeIsieTcst OTHOCHTENILHO pasfioxkeHus no Gasucy {&/, V' —I &/},
0<j< degy @ (a, Y), cM. BBenenne). dmement &; € Q [V —1, &l
MOXHO HaWTH 3a NOJHHOMHAaJbLHOE OT dy, [ U M Bpewms,

HokasateabcTBo. To, uto & € Q[V—I, &], Buite-
KaeT HeNoCpeJCTBEHHO M3 MpOlecca NOCTPOEHHS SJEMEHTOB ®; MO

nemve Tlenszens. 3nauenne (ID/AY) (a, &) =0 u [ ((0D/3Y) (a,

£) < M*#? (d,). B woabue Q [V —I, &] [[X —all [Y] wmHoroO-
YneHoB OT Y Haj KOJabuOM GOpPMajdbHBIX CTENMEHHbIX PAJOB OT X — @

Hag nonem Q [/ —I, E] uMeeT mecTo paBeHCTRO:

d= (Y t- 2o X —a) (d@V)¥ — 9+ Za(X—a)),

e g €QIVTI, E1IY] u deggy <degy®(a, ¥)—1 nasm
Beex i > 1. Mycts @ = Z D, (X —a), rie D, e QV=1]1Y].

Torma (Y —§&) g — ((D (a, Y)Y —§) & =D; +,, Zﬁ Kgﬂa)'v
v=t, B, )
nas Beex [ > 1. CrneposarenbHO, KO3(ppHIHEHTHI MHOTOYJEHOB g;

H @®; SBJAIOTCS HEH3BeCTHHIMM CHCTEMBI JHHEHHHIX YypaBHEHHH,
noJayuyaromencss NpHpaBHHBaHHEM KO3(D(HIHEHTOB NPH OXHHAKOBHIX
cTeneHsix Y B JIeBOH M NpaBOfi YacTAX NOCJEeJHero paBeHerBa. Ma-
TpHLA 3TOH cHcTeMbl ecTb Matpuua CHJbBecTpa AJs Pe3yJabTaHTa
MHOrouneHos Y — &, @ (a, Y)/(Y — ). Onpenenutenr ee pasen
+ (0®/3Y) (a, &). Ilpeanomoxkenuem, uro [I(g), -1(&;) < M? X
X Pg(dy ({ — 1)), 3aBepluMM N0Ka3aTeJbCTBO JJEMMH HHAYKLHEH NO |
(cp. [7]). 3nmecr cymecrseHHo, uro BhiGpaH Py (d, (i — 1)), a He
Py (d40 NOCKOJIBKY ! (gpddy,) < M?Py (d, ({ — 2)). Ilocse pemeHus
JHHeAHOH cHcTeMBl noayuuM [ (g;), 1 (@;) < M2 (Py(dy (( —2)) +
4 P (d,) log, i) < M?Py (d, (i — 1)) npu mopxofsimeM BbHIGOpe MO-
JHHOMa Py,

OnuiueM Termepb aJroOpUTM NOCTPOEHHs aHAJHTHYECKOTO MPOAOJI-
XKeHHs BRoJab nyTH I',, anreGpanueckoii QyHKUHH, YIOBJETBOpSOLIEH
ypaBHenuio D, (x, Y) = 0. Tlonoxkum £, =0, gy = 2¢ 4+ 1 u §O
pPaBHBIM HEKOTOpPOMY KOpHi0 MHOrousneHa @, (a,, Y), npuyeM kopeHb
3afiaeTcsi CBOMM mpu6anxkeHueM £ ¢ tounoctnio (1/5) €, = (1/15) x
X 2=MP¢(d) Tlycth yxe mocTpoeHnl TOukH ¢; € [0, 1], a; €
€ Supp I';,, Takwe, yro I',, (¢;) = a;, u IIOCTpoeHO NpHOAHXKEHHE E;
C TOUHOCTBIO €,/5 ' KOpHs §() muorounena @, (a;, Y) ans Hekoroporo
i > 0. Ecan a; = 2¢ 41 u i >0, TO npouecc nocTpoOeHHs1 3aKaH-
YHBzeTCS. B MPOTHBHOM C/lyuae MOCTPOMM iy, Qj4q H EUHD, EG+HD,
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Mycts p = min |a; — ¥Ym| (HANOMHHM, 4TO ¥, — MPHGAHIKe-
t<mg

"
HHE K X, C TOYHOCTbIO (1/3) 2—MP.(d) B kauyecrBe f;,; € [0, 1]
U a;,; €Supp I',, BO3bMEM TaKue 3J€MEHTH, YTO

I (fi1) =00 €Q vV —1j, (0 — Qeo/A)A < |y —a; | <
< (p == (2ed/3))/2, [ (@) < MP (dy) 1
T (It Lial) < {222 —ay | < (p — (280/3))/2},
NpHYEM, €CJIH MOXKHO B35AThb, COTIACHO 3THM YCAOBHSIM, a;,; = 2¢ + 1
HJIH 3TH YCJIOBHS He BHIMOJIHMMBI Ha TaHHOM iare, TO GepeM a;,; =
=2c+1, t;{,=1 (Ha nocregHeM 1iare MOMKeT He BBINOAHATHLCSH
JHWb yCHnoBUe |ap; — a;| > (p — (2€0/3))/4). lna  nocrpoenus
U+ yHajinem muOorouwteH @ € Q [V—l] [X, Y], Takoii, uyro mo-
Ay Koaddunuentos MHorounena @ — @, MeHbie g (cM. JeMmy 2.5)
ul ((~D)~< M?P (d,). BBIUHCIHM C TOYHOCTBIO €,/5 KODHM MHOTO-

yneHa O (a;, Y). Cpennt 3THX NpUOGAHKEHHBIX 3HAUeHUH KOpHEH Mo
nemme 2.2 u 2.5 (ii) Hafizercs equHCTBeHHOE (0G03HAUMM €r0 yepes §)

Takoe, yro |E — §<‘)| < 7e;/5. CooTBercTBYIOUMI NPHETHKEHHIO E
kopeHb MHorounena @ (a;, Y) 0603HauuM uyepe3 . Pas/omuM MHO-
rouned @ (a;, Y) Ha HenpuBoguMbIe MEOXHTeMM Haj noaeM Q (V —I1)
€ moMomibio anroputMa U3 [7, ra. 1] U cpean 3THX MHOXKHTeJEH Haii-
ZIeM TOT, KOpHEM KOTOPOTO SiBASIETCS 3JEMEHT § U TeM caMbiM 3a7ajuM

more Q[& V—I]. C nomompio neMMbl 2.6 HaiizeM cymMmy

0<?<s @; (X —a;), roe ;€ Q [E§], ® = & u yucJsI0 S UMEIOT TOT 2Ke

CMBIC, uTO U B JemMax 2.5, 2.6. Hdanee, suuucanm @, € Q [V —1I,
TaKue, 4to | @; — ®; | < g4 (cM. Jemmy 2.5 (iii)) u ! (@;) < M Pd,),
0 < j < s. [IpubnuxeHHble 3HaueHHs @; 1S ®; MOKHO HallTH B TIO-
JAHHOMHANbHOE BpeMsi, BLIYHCJAHB CHayaja C JOCTATOYHOH CTemeHblo
TOYHOCTH 3JieMeHT §, NMOCKOJBKY IJMHHBI 3anucell [ (®;) OorpaHHYeHH!
ceepxy (cM. nemmy 2.6). HakoHen, HaiizeM cyMMy O = OZi ®; X
<i<s
X (@i — @) €Q [V —I]." Beuucaum Takxe TNpuHGIHMEHHLIE 3HA-
yeHusi KopHell MHorouneHa @, (a;,;, Y) ¢ ToyHocTbiO 1O €,/5. ITokKa-
JKeM, YTO CpeXH 3THX NPHOGNHKEHHHIX 3Ha4YeHWH CYIEecTBYeT eadH-
cTBeHHOe (0603HauyuM ero uepe3 EC¢+D), takoe, yro | 0 — EU+D | <
< 6¢,/5. ﬂeﬁcmmenbﬂo

o — EU_H) = 2 ((')J - (')J) (a1+1 i)] + 0</2<s (G)J' - mf)(ai+1_ai)i+

0</<s
+ 2 oy (@ —a) + (Z 0j (@ —a) —8), @]
I>s
rie &; U ®; Takue Xe, Kak B Jemme 2.5 npu a = a;, @, = £,
@, = §. CorsacHo omnpejeJieHHI0 @; H no JemMMaM 2.5 u 2.1, moxyau
NIepBOrO, BTOPOTO H TPETLETO CJlaraeMblX B JIEBOH yacTH paBeHCTBa (2.1)
He TPEeBOCXOJSAT COOTBETCTBEHHO &,/4, &,/4 W €,/2. Mopy/b 4eTBEpPTOTO
cJ1araeMoro mJjisi BceX, KpoMe OmHOro, npubJuxKeHWH KOopHell Oyner
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Gosbie 14e,/5, a a1 OIHOTO, HMEHHO s EC+D, — MeHbine e,/5,
YTO W [OKa3biBaeT Haule YTBEpKIEHHE. B kauectBe §(*+!) BO3bMeM
OJHO3HAYHO COOTBETCTBYIOMIHH NpPHGAHMKeHHIO E(i+D KOpeHb MHOTrO-~
uieHa O, {a;,1, Y). Torna

B I I
>
+ ‘E(H‘” - 120 @5 (@i — @) l < 28,/5.

Mostomy EG+) = 3 @, (a;,; — a;)/ no nemme 2.2. [locrienHee
(>0

PaBeHCTBO O3HauaeT, yto EU+D) gmiseTcs 3HaueHHeM B TOUKE dj,,
TpeGyeMOro aHaJMTHUECKOTO NPOJOJIKEHHSA BIOJIb YacTH MyTH I'm
MCXOJHOA BeTBH aJjre6panyeckofi GyHKUMH y', KOTOpas 3anaBajach
pasJsioxeHHeM B CTeNeHHON psii B OKPECTHOCTH TOUKH 2¢ + 1. 3aKOH-
YeHO OMHCAHHEe aJrOpHTMAa JJil AaHAJUTHYECKOTO MNPOJOJKEHHS H
TEM CaMbIM TOCTPOEHHS PHMAHOBOH TNOBEPXHOCTH OTOGpaXKeHHUs p
u Tpuanryasiuuil T, u T,.

BpeMsi paGoTel anroputMa mOCTpOeHHs aHAJMTHYECKOrO NpOAOJI-
XeHHs] Ha OJIHOM ILare NpH nepexone oT ¢y, a;, () K ty4q, Appq, ECD
oueHuBaeTcs cpepxy noauHomMoM oT L (D), L (¢), L (k). Ocraercsa
TOJILKO OLEHHTh Oflllee YHCJIO IIATOB NpPH MOCTPOEHHH AaHaJHTHUe-
CKOrO MpOJOJIZKEHH S B,uo.nb nyta I'p,

[lyers J < {1, 2, ..., p} — NOIMHOXKECTBO MHIEKCOB, TaKHX,
uTO Re %; > Ym + & A8 j€ J,muyctsy; = Rey; —l—V—llmxm
— NpOEKUMS TOUYKH Y; HA OTPE3OK [Ym + &0 € + V —1 Imynl.
Bea orpaHuueHus o6mHOCTH GyIeM CUMTaTh, MEPEHYMEPOBAaB, €CJH
HeO6X0guMO, TOUKH X;, YTO J — HavyajJbHBLIA OTpPEe30K HaTypaJibHOro
paga (uam J MyCT0) H uTO~ Reyjs<Rey; mna j—1, jeJ.
[lyete V; = [%j — €, %A + &]. UHCIO TOueK a; Ha KaXIOM U3
OTpe3KOB V;, a Takke Ha CTOpOHax KBajpaTa Q, OrpaHH4YeHO KOH-
CTaHTOH, NMOCKOJLKY |y — a; | > (p — (2€4/3))/4 > ¢,/6. Pacemo-
TPUM Tenepb HEKOTOPLIH OTPe3oK [y;—1 + &, Xj — &, H TyCTb
3TOMY OTpe3Ky npHHaajexkaT TOUYKH a; npH P < i <y, npHYem
Re y;— ¢ > Reag > Reag,y > ... > Re ay > Re (x; + X]-l)/2 >
>Reay,; >... >Rea, > Re x,_l + e, llonoxum ag = ap +
+ (80/6). Torzla N0 HMHAYKIHMH  JIOKasbiBaeTcsi, 4To0 Re ag —
— Re a; > (5/4)=bB (¢¢/6) nmpu P < i <. AHAJOTHYHO JOKa3bl-
BaeTcsd, 4ro npH % < /\v BHIIOJIHEHO HepaBeHCTBO Re a; —
— Re 171 — (28/3) < (3/4)i* (Re (1; — 1;1) + (260/3))/2. Cure-
LoBaTesbHO, Ha oTpe3ke Iyj_1 + €, X; — €] comepXKuTCA He GoJee
O (1 +|log, & | + | log, Re (xj — xj—1) ) < M (d,) Tovex @, nan
KoTopuix Re a; > Re a;,,. AHaNOrHyYHBM OGPA30OM pacCMaTpHBAIOTCS
cJyyau TOueK a;, AN KOTopeix Re a;,; > Re a; (xoraa mnpoxoaum
3TOT OTPe30K B OGpAaTHOM HampaBJIeHHH), a TaKXKe CJyuYaH OTpe3KoB

i + 200 % — & X7 4 20, ¢ + V=T Imgnl, [km + €0, ¢ +

+ V=1 Im ynl (ecin TaKue nPOMEKYTKH BKJIOYAIOTCH B MHO-

KecTBO Supp I‘m\( U V,-)), [c + V=11Imuy,, 2], [2, 2c + 11
i€y
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B pesynbtaTe O6mee yuc/O IAroB orpaHuueHo MP (d,). ItuMm 3a-
BepIUaeTcs A0Ka3aTeJAbCTBO TOrO, YTO aArOpHTM, MpHBEJEHHLIA B Ha-
cTosimeM pasjene, pa6otaer B moJuAoMHanbHoe ot L (D), L (g),
L (h) Bpems.

CnencrtBue. Poxg pMMaHOBOH MOBEPXHOCTH MOJS aJjre6pau-
yeckHX ¢yHKuui K’ (x, y) MOXKeT GbiTb BLIYHCJIEH B NMOJHHOMHAJbLHOE
BpeMsi.

HoxasaTteabcTBO. HamMu 6bl1a mocTpoeHa TPHAHTYJsA-
uusa T, pUMaHOBOH MOBEPXHOCTH, H Temepb AOCTATOYHO BOCIOJIL30-
BaThCcsl dopMynod dfinepa 2 — 2¢ = e, — e; + €,, TAe e; — UHCIO
i-MepHHIX cHMMJIeKcOB TpHaHryasuud, 0 < [ < 2.

3. OcHoBHasi TeopeMa ISt NOJie# CTeNeHH TPAHCUEHAEHTHOCTH OJMH
HaJ MoJeM KOHCTAHT

PaccMOTpUM caiyyai M3 TMpeAbiAyIero pasjena. BuuHcanuM rpynmny
Fanya G noasi pasnoxenuss E muorouneHa @ (x,Y)¢€ K’ (x) Y]
Han nonem K’ (x). [TocrpoenHoe B pasn. | Bnoxkenue noneit K —C
TIPOJIOJIJKAeTCSL IO - BJIOKEHHs ajareGpanueckKoro saMbikaHua K' —C
(K' 6ynem oTOXI€CTBJIATL C ero o6pasoM B C), H mpH 3TOM B KOMIIO-
sure noneii EC (x) cmpaseamuBo paseHctBo E 1 C (x) = K’ (x).
HeficrBurensHo, ecau z € E, o P (2, x) = 0 ans HekoTOoporo He-
npuBoAuMoro mHorousneHa $ € K' [Z, X ], u paBeHcTBO § (2, x) = 0
aist z € C Bo3MOXHO, ecau Toabko ¢ € K' [Z] — nuHe#Hbl# MHO-
rouJieH, yro H TpeGoBasoch, npoeepuTh. CnexoBaredbHO, rpynna G
coBnajiaer ¢ rpynnofi [aanya moas pasnoxkenus E() = EC wmHoro-
yneHa @, (x, Y) Hag nonem C (x) (HanoMHuM, uro D; nosyyaercs
13 @ nopcTaHOBKOH @y, ..., O,, & BMECTO f1, ..., In, 1] COOTBETCTBEHHO).
TlocnexHsss B cBOIO Oyepeibp COBNafaeT € rPynnod MOHOAPOMHH
[6, 9] anre6panyeckoli gpyHKuuH y' (x), ABasiiomEeRcs KOpHEM MHOro-
yreHa @, (x, Y). Ilycers §&;, 1 < i < degy @ — Bce pasauyHnie
KopHH MHorouneHa @, (2c¢ 4+ 1, Y) (KopHH 3amaloTcsi CBOMMH MpH-
OIHKEHH SIMH, BLIYHCJIEHHBIMH B pa3i. 1)U yily =y opi' : U > C —
aHanMTHYecKHe QYHKUMH, TaKue, uTo y; (2¢ + 1) = &, u @, (x, y;) =
=0 (cM. pasa. 2). Ilyets yjly — QyHKuHMA, KOTopasi moJydaercs
TPH aHAJUTHYECKOM MpPOJOJNKEHHH (QYHKUHH Y|y BRoab nytu T,,.
HanomHuM, yro B pasn. 2 Obl1 HaWaeH HHIEKC j, TakKoH, Y10 §; =
= y; (2c 4 1). O6o3Haunm j = o, (). Toraa o, 3agaer noJACTaHOBKY
cHUMMeTpHueckoii rpynmbl S, creneHu y == degy @. ['pynna MoHo-
JAPOMHH (QYHKUHH Yy’ MOPOKAAETCS BCEMH Op, | < m < p = degy A
[6, 9]. Takum o6pasom, BhluHcaeHa rpynna aaya G = (0, : | <
< m < p) = S, 3a nornHoMuaabHoe ot L (D), L (¢) u L (k) Bpems.

B pmaabHefimeM mnoTpeGyeTcss aJropUTM AJsl pa3JioKeHHS MHOro-
YNe€HOB HaJ noJeM ¢ ajreGpanyecKH 3aMKHYTHIM MOJIeM KOHCTaHT.
Ilycts Teneps &, 6, A, Ky, M1, @1, Ko, Ma, @s, K, f, Q Takue ke, Kak
BO BBeJeHHH. Buanikajimei uesnbio siBaseTC ONHCAHHE AaJTOPHTMA AJs
pasJioxeHuss MHorouseHa f Hal mosem §2, paGoTalomero B MOJIMHO-
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MuaJabHOe ot L (h), L (¢,); L (¢s), L (f) BpeMa. B wactHoCcTH, 3TOT
aJiITOPUTM MO3BOJISIET TNpPOBEpSATh HENMPHBOAMMOCTb MHOTOYJIEHA Haj
noseMm .

.Ilogo6Ho TOMy, Kak 3To 6O B pasza. 1, 6ymeM cuutaTth Ges orpa-
HHYEHUS OOImHOCTH, YTO @ € & [tl, s 1 IZ), @€k [y, .. 8,
N1» tl+1’ frey n+l] [Z] fEk [tlr Ty n+1r M1, "12] [Z] M Ccrapune
Kosqxpuunembl Ic, (h) Icz (1), lcz (9g), ley (f) paBubr 1. TlocTporm
NPUMHTHBHBEIH 3JeMeHT 1) paciuvpenus K D k (fq, ..., t5,1) U MHHH-
MaJIbHBIH MHOTOUJIeH @ € k [t4, ..., th,y ] [Z] mns snemeHTa 1 Ha
OCHOBe KOHCTPYKuHMH U3 [7, ra. 1, § 3]. DneMeHT 1) BLIGHpaeTcsi B BUIE
My + Py, rie 0 <P < deg g, deg ¢;, v € Z, mostomy lcz @ = 1.
MHoOrousleH ¢, a TaKKe Bblpa)keHHd AJs 1); U 1), yepe3 1) CTposATcA
B noJivHoMHagsHoe ot L (h), L (¢,), L (¢,), L (f) Bpema mpu nomolnu
pelleHHs] CHCTeM JIMHEHHBIX ypaBHEHHH Hal moseM K (fq, ..., ln,1).
MMoabsysice aaroput™oM 3 [7, ra. 1, § 31, pa3noxum ¢, paccMaTpu-

BaeMbiil KaK MHOTOYJIEH OT Iy, ..., {p,1, Z, HA AGCOJIIOTHO HENpHBO-
JMMble MHOXHTENM Hajl moJeM k (¢, ..., {;). DTOT aJATOPHTM JaeT Ha
BLIXOJ€ HEKOTOPHIi alCOJIOTHO HEeNPHBOAUMBIA MHOXHUTENb ¢ =
= @ (141, --+» tny, Z) MHOTOYJIEHA @ (BCe TaKHE MHOXHTEJH COMpS-
XeHbl), a Takxe nompnonae K (ty, ..., t) [n;]l <k (¢4, ..., t;), nopo-
*KaeHHOoe Ko3duineHTaMH @; LJIS 1); CTPOUTCH MHHHMAJBHBIH MHOTO-
uneH @4 €k (¢, ..., ;] [Z],lc;9; = 1; monyyaeM TaKKe BhIpaXKeHHS

0as1 Ko3QpULMEeHTOB MHOTOUJIEHA @ uepe3s 1);. B nanbHeHueM OymeM
CYUTATh, YTO 1) ABJSIETCS TaKxke KOPDHeM ¢. BpeMs paboTwl ajJroputMa
noauHoMuanbHo ot L (h), L (¢,), L (¢), L (f).

Jlemma 3.1. B momxoasmeMm KoMmmo3uTe moJgeit k (fy, ..., t;)
u K uMeer MecTo paBeHCTBO K (fy, ..., 4;) 1 K = k (ty, ..., 8;) [n4],
"KpoMe Toro, deg;p = deg,¢ deg,qp;.

JdokaszarteanbcTBo. UHcao pas/MUHBIX BJOXeHHH mnoJs
k(ty, ..., ) Ing] B R (44, ..., t)) HAL R (24, ..., 1;) COBMAZlaeT C YHUCJIOM
deg, ¢/deg, @ abCOMIOTHO, HenMpHBOOUMBIX MHOXHTeJNefi  MHOro-
YJeHa ¢, TMOCKOJbKY BCe 3TH MHOXHTENH CONpsixeHbl Hax k (I,
..., 1;), OoTKyma H cJenyer mnocjeiHee yTBepxieHHe. O603HaYHM
Ko =K N k(t, ..., t). Onementor nin/, 0<i < deg; ¢,, 0K

< j < deg; @ mopoxknaaloT Kak JMHeHHOe MNPOCTPAHCTBO Han k (i,
oty tnyy) osie K [n,] o K. HOCKOJ'ley uXx yHcao deg; @; deg, § =
= deg; ¢, 0 K [n3] = Kuk(t, ..., t;) [ng] < K,. CnenosaresnsHo,
degz P < (K : Ko (tiyrs s tn+1)] < [K:k (t1, - n+1) [n:i]] =
= deg, @. OTciofa BbITEKaeT, 4TO Ko =k (ty, .-, 1)) [mgl.

Pa3sioxnuM MHorousieH f Ha HeNpHBOAMMBbIE MHOXHTEJH Haj mo-
neM K, nosab3ysick anroput™oM u3 [7, rai. 11, u B ganbHeiieM Ges
OrpaHHYeHusi OOHIHOCTH OyaeM CYHTaThb, 4TO f HenpHBOAHMM Hapg K.
CrenaeM B MHoOrouJeHe f 3aMeHy nepemeﬂﬂoﬁ Y—Y 4+ Bn, roe
f € Z c Takum pacyeroM, yto6el Beinoansjocs HOL, (F (Y _+ Pn),

fo (Y + Pn9) = 1 ans Bcex Baoxenuit ¢ noas @ 8 Q nan K, (141,
.oy tny1). s sTOro BeiuncauM D (Z)-IMCKPHMHHAHT OTHOCHTEIBbHO Y

HOpMEI N (f (Y+1]Z)) N Ko (Frgar v tpppr M Y Z)/Ro (¢ et

X
41’ Y, 2)
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X (f(Y +nZ) u3 monsa Ky (t1,1, .- tny, M, Y, Z). B 1m0OJ€
K, (t1,1, s tayy Y, Z) MHOTOUNeHA f (Y 4 mZ) (3mecb Z — HOBasi
nepeMenHasi). HopMa M AMCKPUMHHAHT BHIYMCJSIOTCS 33 TOJHHOMH-
anbHoe BpeMs (cM. [14] u memmur 1.1, 1.2). Ormerum, uto D (Z) %= 0
u degz D (Z) < 2 (deg; @ degy f)?, mnosToMy mnepeGOpoM  MOXHO
Haiith P €7Z, 0 < P < 2 (deg, ¢ degy f)?, Takoe, uro D (B) %O,
1 310 f Oymer uCKOMBIM. B pmasbHeiimeM 6Ge3 orpaHH4eHHs OOLIHOCTH
6ymeM cuutath, yro HOI (f, f°) = 1 B kosmbue K [Y] pas Bcex

BJIOXKeHHH 0 : Q — Q Hag K (141, ---r tna1)-
Pa3nioxuM Ha a6COJIOTHO HeNpHBOJMMBIE MHOXHTeqM Hal K,
muoroused N (f (Y)) € K, [#1,4, ..., tn,, Y1, nONB3ysACH anaropur-

MoM u3 [7, rar. 1, § 3. TlycTh g — OAMH H3 3THX aGCOJIOTHO HEMPHBO-
IUMbIX MHOXHTeselt u K, [n,] — nose, nopoxpeHHoe kosdpdrumer-
TaMu g Hag K,, @, €k [ty, ..., t;, N3] [Z] — MuHMManbHBIE MHOTO-
uyjeH Ans 1, Hag K,, npuueM lc, ¢, = 1. Torma MHOrouseHn ¢, He-
- npuBoauM Han K, tak kak K 1 & (¢1, ..., t;) = Ko, u f = HOI (g, /)
-(3necs HOJII Gepetcst B koabite K [n,] [Y ]) siBasieTcsi HenpHBOAHMBIM
Hal Q = Ko (1,1, -, tns1, Ma) MHOXHTeNIEM MHOTOUNeHA f. [leifcTBH-
teavto, HOIL (g, f°) = 1 ans HekoToporo BJOXKeHHST € : K — Q
Han Ko (¢4, .., tny), caepoBaressho, f = HOM (g, f) =1, mno-
CKOMbKY g9 = g. llpemnonoxuM, uto f = fOf@ rpe f f@ ¢
€Q [YV], HOL (f, f®) = 1. Torna HOL (N (fV), N (f®)) =1
B cuay Toro, yro HOJL (f, /9 = 1 ana Bcex BiOXKeHHHT 0 : Q — Q
Hap K, (t,1, .-, tn,1). OTkyaa Buitekaer, uro HOJL (g, Nf) =1
win HOI (g, ,’\f@)) =1, T. e. oguH W3 MHoroujeHoB f() uamu f(2)
ABJISeTCA KOHCTaHTOM, U f HeNpHBOAUM Haj Q, YTO M JOKa3bIBaeT Halle
yTBepxKIeHne. Bce HenpuBOAHMMEIE Haj 2 MHOXKHTeJH MHOrousesa f
conpsixeHsl ¢ f, Go/lee TOYHO — OHH COBMAAAIOT C.f¥, rae T mpoberaet

Bce Baoxenuss K [n,] > K Hag K. OnucaHHEIH aJqropuT™ JIsi pas-
JIOXKeHHs] MHOrouJieHa f Hajg moJeM 2 paGoTaer B MNOJHMHOMHAJLHOE
or L (f), L (g,), L (¢,), L (h) Bpems. Kpome Toro, cTeneHu u AJHHHI
3anuceit Ko3(pHiHEHTOB TOJNYYEHHbIX MHOTOYJIEHOB YIOBJIETBOPSIOT
cJ1e [y IOKUM HepaBeHCTBaM: L(9) < My + M3 + n) P (dd,),
degr, (9) < P (d1); L (9), 1 (§) < (My + My + n) P (dydy), degy, (),
degti @) <P d); L(gg), L(F) <My + My + My + (n+ 1) 2) X
X P (dd\d,), deg:, ¢4, deg:, [ < dyP (ddy) anst Beex 1 < i< n+1.
ITH OueHKH MOJYyYaloTcs Ha ocHoBaHuM [7, ra. 1] u jemMm 1 1, 1.2.
B nanbHeiilieM GyaeM CYHTATh, YTO MHOTOUJIEH [ HelpHUBOAUM Haxa Q
(obwmuit cayua#t 6yzer paccMoTpeH B pa3f. 4). INonb3ysck anropuTMoM
u3 [7, rn. 1, § 31, cmenaem sameHy nepeMmeHHmx Y —Y 4 fBn,
p €Z rakum o6pa3oM, yToGn KopeHb { MHoroudeHa f (Y 4 fBn)
OBl TPUMHTHBHBIM 3JieMeHTOM pacuwmperus K, (¢4, .., tny, M,
§) D k(t, ..., thy). CHOBA Ge3 orpaHuyeHHs oOOLIHOCTH OygeM CHH-
TaTh, YTO AJS KOPHA { MHorouseHa [ BuimosiHeHO K, (f1,1, ..., Eni1s
M, &) = k(t, ..., tnyy) [L] ¥ npH 3TOM BHIYHC/IEHO BhHIpAXKEHHE LA
saeMeHTa 1 = M (¢4, ..., lny1, C) B TONE K (fy, ..., t,,,) [C), msuna
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3allMCH KOTOPOro OueHHBaeTcs cBepxy nosauHomoM ot L (f), L (¢,),
L (9,), L(h) BoJee Toro, cnpaBensuBbl CJjenylollHe HepaBeHCTBA:
L(m(t, - n+1a ) < (Ml + My + M3+ (n41)dy)) P (dddy),
degs, m (¢, ..., tha, §)<d,P (ddy) mns Beex 1 <i<<n.
TlepefizeM K OMMCaHHIO aArOpHTMA MJS BBLIYUCJEHHS TPYMNMbI

Fanya nons pasyoxeHusa [ Hapg noJeMm & (fq, ..., t;) (fn,1 'q),_ npH
YCJOBHH, YTO f HEeNPHBOAHUM HaJ 3THM TI0JIeM, a MHOTOYJeH ¢ He-
NPHBOJHMM Haj moJeM k (i, ..., t,) (¢5,1). 3TO ycJOBHe mpoBepsercs

3a nosnHoMHaabHoe oT L (f), L (¢,), L (¢,), L (h) BpeMs ¢ momoubio
OTIHCAHHOTO BBHILIE AJIrOPHUTMA pasJiOXKEeHHS Ha HeNnpHBOJAMMEE HaJ
noJsieM € (B KauecTBe {2 31eCb Hafo B3ATL Apyrue noas k(ty, ..., tn)
(the1, M) H k(ty, -.., tp) (tn,1)). Dymem cuurath, utTO0 f e
e k(ty, ..., tp) [Z], Tak Kak HHaue rpynna ["anya eguununas. Haiinem
muoroused @ (t,,,, Y) = Mk(fl- s i) (g M Y)/R (o M) (P V) F
(cp. Beime). Muorounen @ € K, (t1,q, ..., tny1) [Y] HeNpHBOAHM
Haj noJaeM R (tq, ..., tp) (tn,1), NOCKOIBKY @ (£,,1, §) = 0, ssemeHT {
NPUMHTHBHBIH  OJA  pacwMpeHus R (fy, ..., tp) (fny, 7, O D
Dk(ty, ..., th) (tny) ¥ degy @ = degyfdeg, = [k (¢, ..., t2) (Eny1s
W, 0) 1 k(ty, ..., tn) (fn,1) ]. OGO3HAYUMM £,,, = X ¥ BEIYHCJIHM Ha OCHOBE
aaroput™a u3 pasg. 1, 2 rpynny Tanya G, moas pasnoxeHus F,
muorousesa @ (x, Y) € K, ({141, ..., tn) (x) [Y] Hag nosem k& (,,

t,) (x) (o6o3HaueHus G, U E; 6e3 THUIbAL GYAYyT HCIOJbL30BAaHEI
Huxke). JlonosHUTeNbHO GyieM CYHMTATh, YTO TOYKA ¢ € Z (HAalOMHUM,
u4TO 2¢ — OfiHA U3 BeplUMH TpHaHryasauuu T,, cM. pasa. 2) obnagaer
TeM  CBOHMCTBOM, 4YTO MHOrowieH @ (fy,q, ..., tn, 2c+1,2)€
€k(ty, ..., tn) |Z] He umeer KpaTHhIX KOpHei#l. Takyio HOBYIO TOUYKY
¢ € 7 MOXHO HaiiTH nepeGopoM, BLIYHCJAHB AHCKPUMHHAHT (D @) (¢4,
-+, tny1) MHOTOUJIEHA @ OTHOCHTEJbHO Z U B3fIB B KayecTBe ¢ HaMMeHb-
mwee neJoe y, Takoe, 4to (D@) (¢1,1, --., tn, 2y + 1) 20 u y Goablue
CTaporo 3HaueHHs ¢, OnpeJeseHHOro B aJropuT™e u3 pasg. 2. Ipu ta-
KOM H3MeHeHHH ¢ aJrOPHTM TOCTPOeHHS G, TNO-NIPEXHEMY GyaeT
pabotath B mosunoMHadbHoe oT L (f), L (¢,), L (9,), L (h) Bpewms.

HanoMuum, yto npu Bioxeuun K —C, moctpoeHHOM B pasf. 1

(B HaweM caydae K = K, (t;,1, ..., 1)), 3JeMeHTH [y, ..., 5, T4
MepexofiaT COOTBETCTBEHHO B o, ..., O, o. OO603HaYuMM uepe3 @,
MHOTOYJIeH, KOTOpHIH MoJiydyaercs M3 @ MOACTAHOBKOH o, ..., &L, &
BMECTO I, ..., tn, Ms. IlycTb @ = @ (¥) — KOpeHb  MHOrO4YJIeHa

¢, (x, Y), paccMarpuBaeMeif Kak aHajJHTHueckas ¢yHKuUMA Ha U
(cM. pasz. 2). Torma 3HaueHHe @, = a (2c + 1) nosHOCTbIO Ompefe-
aser a. Jlanee, corsacho jeMMme 1.3 (i), (iii), KopeHb @, MHOroujieHa
1 (2c 4 1, Y) 3amaetcs cBOMM NpuOGJ/IHKEHHEM C TOYHOCTBIO J0 &5 =

= 2= W +Motn+1) Pra (dids) . BRupcIHB 5TO npubIHKEeHHe, TeM ca-
MbIM 3aduKCHpyeM @, M @. O603HaumM uepe3 f, (x, Y) u @, (x, Y)
MHOTOYJIeHEI, KOTOpble MoJy4awTcsi u3 [ 1 @ COOTBETCTBEHHO MOJ-
CTaHOBKO# BMeCTO 1y, ..., t;, Mg, 7| 3JE€MEHTOB &4, ..., Oy, &, @. Bcakuit
KopeHb MHorouseHa f; (2c 4 1, Y) saBaserca KOpHeM MHOTO4YJIeHa
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@, (2c + 1, Y). Coraacro snemme 1.3 (i), (iii), paccTrofHHA MEXIy
pa3JMYHBIMM KOpHAMHM MHorouleHa @, (2¢ 4+ 1, Y) He MeHpue
Q—MP1: (d) — g, BpruucauB KopHH Muoroutenos @ (2 + 1, V),
fi (2c + 1, Y) ¢ ToyHOCTBIO 0 €4/6 M 3aHOBO ymopsAOYMB NpH He-
o6xoauMocTH KopHH E;, 1 < i < degy @ u muorousesa @ (2¢ + 1,
Y), 6e3 orpaHuueHus OGIIHOCTH GydeM CYMTaTb, YTO g, 1 <i K
< degy f; SIBJSIIOTCS KOPHAAMH MHOTOUJIEHA fi@Qc +1, Y). O6o3na-

4YuUM 4Yepes G, moarpynmny B (;, COCTOSIyl0 H3 BceXx 3JEMEHTOB O,
TakHX, 4TO O (M) = 1.

Jlemma 3.2. pynna G, coBnagaer ¢ rpynnoi [anya noJs pas-
noxenusi E; Muorounena @ (x, Y) Han k (¢, ..., t,) (x). BeAxuit aJe-
MeHT 6 € G, NepeBOIHT MHOMKECTBO {1, 2, ..., degy fi} B cebs, H,
C/lefloBaTe/IbHO, OnpejeneH roMoMopdusM u3 G, B CHMMETDHUYECKYIO
rpynny crenenn degy f; mo ¢opmyse ¢ —» 0 |, ... degyh,) (3AECE
BepTHKa/JbHafi Yepra O3HayaeT OrpaHHYeHHe MOACTAHOBKH Ha 1OA-
MHOXKeCTBO HHIeKcoB). O6pa3 G rpynns G, npu 3ToM FOMOMOPHH3Me
coBnagaer ¢ rpynmnoi Iadya mosisi pasioxenusy E mporouiena fg

€k (t, ..., tn) (tna, m) [Y ] Ham noneM & (£, ..., £,) (Frers M)-

JdoxkxasaTeanbcrTBo. [lepoe yTBep:KIeHHe JEMMbL ClENyeT
M3 OCHOBHOI TeopeMnl TeopHH ['anya [2]. PaccMoTpum ajiee KOMMY-
TAaTHUBHYIO IHarpaMMy BJIOXKeHHi noJeii:

k (tls SRR tn) (tn+1) ck (tlr L] tn) (tn+1) [C]’
n N '

Etn. - ) (tayts M) SR (En-- s Ln) (tners M [E1 = E < Ev

Sroit AMarpaMMe H30MOpdHa aHAJMOrMyHas AHAarpaMMa, B KOTOPO¥H
ti, .-y tn, M, fp,; 3aMeHEHbl COOTBETCTBEHHO Ha 4, :--» %n, &, X5

§ — Ha HeKOTOpHIH KOpeHb Y; MHOTOuJeHa f, (x, Y); F'n E, — Hamnoas
pasjoxenuss F u F; MHorouseHos f, u @, Ha® k (ag ---» %n) (X, @)
u k(ay, ..., a,;) (x) coorBercTBeHHO. [lose F; nopOXKAAeTcs Haa
k(% ..., &) (¥) PyHRuMAMH y;, | i< degy @y, M 3JEMEHT
¢ € G, IeficTByeT no TpaBUAY G (y;) = Yo (i) Man O (E) = &o (),
rie 3HauyeHue §; = y; (2¢ + 1) nosHocThio oHpenenseT QPYHKUHIO ;.

Ipymna G, = {6 €G,: o0& = @} oToxnecTBasieréd C TPYMNOM
Tanya noas F Haj k (04, ..., Gn) (X, @). Bcakuit 3aeMeHT 0 € G,
OCTaB/IfieT WHBADHAHTHBLIMM Kos(HiMeHTH MuorouseHa [ (x, V)
U, CJeJ0BaTe/IbHO, MePEBOAHT MHOMXECTBO KOpHeil 3TOr0 MHOrodJ€Ha
B ce6a, T.e. o({1,2, ..., degy fi}) = {1, 2, ..., degy f1}. Tloczex-
Hee yTBepxJeHHe JeMMHl cJeyeT H3 Toro, yro rpynmb ladya pac-
upenuit E Dk (ty, ..., tn) (tny, M) U F Dk (o, ---» %) (%, a)
M30MOp(HBI, a TaKXKe H3 TOTO, YTO BCsKHi1 snement O € Gy HHAY-
uupyer asroMopdusMm F — F Hag k (ay, ..., &) (¥, @), KO'{‘Oprf{
3ajaeTcs OorpaHH4YeHHeM ¢ |{1, coer degyfy}r Mo Hao6opoT, BCAKHH aB-
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tomoppuaM F — F Hap k (ay, ..., a,) (X, @) MOXKeT GbiTh NPOAOJIKEH
R0 aBromopdusMma F; — Fy Hag & (o4, ..., o;) (¥, @).

B cuay JemMbl 3.2 Tenepb JOCTATOYHO MOCTPOHMTHL CHCTEMY O6pa-
3yIOUKX FPynmbl Gy, M TIOC/E 3TOTO, B3SiIB HX OTPAHMUEHHS HA MHO-
xecTBo {1, 2, ..., degy f;}, monyuum cucteMy o6pa3yiomuX HCKOMO#H
rpynnsi G.

JlemMma 3.3. Iaa saemeHta o€ 61 ycJOBHEe, 4TO O € Gz,
MOXXHO TIPOBEpHTb B moJuHOMHadbHOe oT L (f), L (¢1), L (9,), L (h)
BpeMs. .

JJokasaTeabCTBO. DIEMEHT @ = 1 (Qy, ..., %n, X, Yj)
ans Hekotoporo 1 < j < degy fy, roe n (¢4, ..., tn,, §) — BoIpaxKe-
HHe 175 1 B noje R (¢, ..., tn,y, §). Ilpu sToM @, = n (@, ..., Op,

2% + 1, &;). Tlyerb m (¢4, ..., tnoa, §) = (1/4) ; u;Lt, rme u, u; €

€k lty, ..., th,a] (cp. BBemeHue). Be3 orpannyenus OGLUIHOCTH Gynem
CYHTaThb, 4TO |u (%, ..., Op, 2¢ 4+ 1) | > 2-M% (4 1pu Heobxo-
IUMOCTH M3MEHHB ¢, Kak BbIlle, U a,, ..., &, B pasi. 1, mosaaras tam
8y = 88,1 (21, ..., tny1, 2¢ 4 1). PaBeHCTBO o = 0 (@) 5KBHBaJIEHTHO
M (%, ..., %, 2c_+ 1, &) = n (g, ..., &, 2¢ + 1, Eo (;)). Borumc-
Jffl 3HAYEHHA Oy U M (A4, ..., An, 2¢ + 1, &), 1 < i< degyfy
C TOYHOCTBIO €5, COTJIaCHO JeMMe 1.3, MOXKHO HaiiTH HHJEKC j, a 3aTeM
YCTaHOBHTb, BEPHO JIH, YTO 1 (@4, ..., &y, 2¢ 41, &;) = 1 (@,
ey @p, 20 + 1, & (y). DTO 3aBeplIaeT [OKA3aTeNbCTBO JIEMMBL.
Has noctpoenuss rpynnst G, BOCNOJb3yeMCS Temnepb CHET-anro-
put™oM [4, 11]. Ilycrs 3agana nogrpynna A CHMMETpHYECKO# TpyMIIbl
crenehr v H nycte A, ={c€A:0() =] 1<j<i}—cra-
6unnsatop sJaemertoB 1, ..., i B noarpynme A. Cudr-aaroputm
N0 3ajaHHOM cHcTeMe ofpa3yiomux rpynnsl A 3a MoJHHOMHAJIbHOE
OT V H YHCJ1a 06pa3yIolHUX s BpeMsi CTPOHT T10CJIeJ0BaTeIbHO CHCTEMBI
npencrasuteneit of), 1 < i < %y JeBbIX CMeXHBIX KaaccoB Aj/A;,;,
0L j<v— 1. Kaxgwit snemMeHT o0 € A OIHO3HAYHO TIpeACTaB-
JfieTCs B BHJE aﬁ’cﬁf’-...-ag’j’. M Takoe mpeicTaBleHHe I/ Kax-
aoro o € A Moxet ObITb HalIeHO 3a NIOJIHHOMHAJBHOE OT V H S BpeMs.
Topsigok rpynner A, pasnbiit I1 x;, Takxe moxer 6uiTh Haiizen 3a

I<j<sv
NoJIHHOMHabHOe BpeMsi. Hakonen, ecnu 3ajana moarpynna B < A,

Takasi, 4yto HHAeKC (A : B) < £ (v), ¥ npHHamJexHOCTb GE€B
MOXHO pacnosHatb 3a BpeMs T, TO, MOJb3yACb CHQT-aJITOPHTMOM,
MOXHO TOCTPOHTb CHCTeMy O06pasylomMx rpynnst B, cojepxxaimyio
He GoJsbiue V2 3J/IeMEHTOB 3a MOJHHOMHA/bHOE OT v, s, T Bpems [4,
11]. Tlonb3ysick MOCJAEAHMM pe3yJabTaTOM, HAa OCHOBAaHHH JeMMbl 3.3
HalijeM cucremy o6pasYwomux rpynns G, 3a TOJHHOMHAJBLHOE OT
L), L (91), L (gs), L (h) Bpems. IruM 3aKOHYEHO OIHMCAHHE aJro-
pHTMa 1/ BBIYHCJeHHS! Tpynmel [asya moas pasjoxeHus [ Hapg
k(ty, ..., tz) ({n,1, M) DpH YCJAOBMM, YTO [ HeNpHBOOMM Hal 3THM
nojeM, a ¢ — Hag k(ty, ..., t;) (fn41)-
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4. Bmuucaenue rpynnmi Faaya
B 06weM cayyae OCHOBHOH TeOpeMbl

CHava/sa TpeamoJIoXKHM, YTO MHOrouJeH f HenmpHBOAMM Haj mo-
JeM Q. Berancsenue rpynnet I'anya G 1o/ pa3sioxeH!si MHOrouJsieHa f

Hag moseM R = k (i, ..., &) (¢1,4, .-, tnysM) CBEOEM K  BBIYHCJIE-
HHW rpynn lanya aas HeCKOJbKHX cJayyaeB M3 pasi. 3. IMmenno
3JIeMeHTH f;,y, ..., I, MOXHO 3aMEHHTb Ha JHHeHHbIe GOPMEL S),;, ...,
Sn OT f1,41y --y lny1 € KO3(MUHEHTAMH M3 7, TaKHe, 4TO S;,4, ...,

Sn, tny JUHEMHO He3aBHMCHMbI, M BHIYMCJAHTL rpynny [aaya G noas

Pa3NoXKeHHs [ Haf modeM k (ty, ..., L, Sistr -or Sn) (tny, M) = @
COrJIaCHO OMHCAHHOMY B pa3f. 3 aiaropuTMy. Besikas takas rpynna

lanya G ectecTBeHHHIM 00pa3oM BKJanbiBaercss B G. Huxke Oyner
NI0Ka3aHO, 4TO MOXHO BbLIGpAaTh JOCTATOYHBIH HAGOp ceMeiCTB JHHeH-
HHX ¢opM  {Si1, ..., Sp}, M3 KOTOPHIX NO KpaitHeil Mepe 1/ OLHOrO
u3 ceMeficTB {S,,,, ..., Sp} rpynna G 6yner coBnazate ¢ G, caeno-
BaTeJbHO, MHOTOUJIEH f HempuBoAMM Ham R (&, ..., ¢, Sy, -0 Sp)
(tny1, M) M MHOTOYJEH @ HeNpUBOOMM Haj mnoJseM (k (i, ...,
Sty o5 Sy) (tn+,).~BbI‘~IHCJIHB, COrJIACHO OMHCAHHOMY BBILUE aJIro-
pHMTMy, Bce rpynnsl G, COOTBeTCTByMollHe TeM ceMeficTBaM {S;,, ...,
S,}, aas KOTOprX f ¥ § HeMPHBOAMMEI COOTBETCTBEHHO Hapn k (f,, ..., I,
Siir s Sn) (bns, M) M kR (8, ..., &, S ..., S) (£n41), @ 3aTeMm,
BLIYMCAMB TOPSAKM G C TOMOMIBIO  CHAT- aiaropuT™a,  Hahzem

rpynny G HauGosbLIEro NOpsiiKa, KoTOpas 6yner conazath ¢ G.
O6o03HayuM NpH PUKCHPOBaHHLIX JHHelHHIX dopMax S, ..., S,

noJsa k(’t‘l, vy tl) (tl+1, einy n+1) Ql’ I}.(tl’ veey tl) Sl+19 ceny Sn)
(tn,) = 4, uepes E (coorBercTBeHHO E) — moJe pasJioKeHUs
MHoro4JIeHa f Hag noJsieM Q (cooTBeTcTBeHHO £2). AHasornyHo yepes E,

(cootBeTcTBeHHO E;) 0603HAYMM TOJIe pa3JioXKeHUs MHorouseHa Nf =
= O (cM. pa3x. 3), paccMaTpHUBaeMOro KakK MHoroujeH ot Y, Haj

noseM ; (CoOTBeTCTBeHHO £2,).
Jlemma 4.1. Tpexnonoxum uro rpynnet Faaya G, u G, pac-
uMpeHHuit cooTBerctBeHHo E; D Q, u E;. o> Q; cosnagaror. Torza

COBMafaloT Takxe rpynmsl [anya G u G pacumpennit E 5 Qu E > Q
COOTBETCTBEHHO M, KPOMe TOTO, MHOTOYJIEH ¢ HEeNpHBOAMM Haj 1oJeM

k(tl, feey tl, Sl+1, eruy Sn) (th+1). - - - -

JJokasaTtedabCTBO. Tona E, Q, E;, Q. k(t, ..., t,
Si45 -y Sp) (tn,1) MONYyHalOTCA B3ATHEM KOMIIO3HTa ¢ noJieM k (¢4, ...,

y 8, Sy, oo, Sp) momett E, Q, E;, Q, k(t1, ..., t) (f1;1, tns)
COOTBETCTBEHHO, TI03TOMY JleMMa CJleflyeT HeloCPeACTBEHHO M3 TeOpHH
TCanya [2]. :

Ilpeanonoxum Tenepb, YTO A/ GHUKCHPOBAHHOro Habopa JHHe#-
HRX dopM S;,4, ..., Sp rpynnel [anya G; v .G; u3 GOpMyJHPOBKH
JeMMbl 4.1 He coBMafaloT. TO 03HAYaeT, YTO CYIECTBYET HEKOTOPHIH
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sneMeHT © € (E; 1 Ko (Sia1y s Su)) \ Ko (f41s <oy tnya)  (HETOM-
HuM, uto K, = k ({1, ..., {;)). JIOMHOXKHMB TNpH HEOGXOAMMOCTH @
Ha TMOAXOAAMHMI HeHyneBOA 3eMeHT u3 K, [Sy,y, ..., Sp], Gyzem
CuMTaTh B JaJbHeillleM, YTO ® — LeJblit 3JeMeHT Hag K, (St - o
Snl (cM. [8]). O6oznauns qepes B (coorsetcreenno B,) uesoe 3a-
MblKaHHe Koabla Ko [£1,1, ..., tn,, §] (cootBetcTBeHHO K, [S),:, ..
Sp, ©]) B mose E; (COOTBeTCTBEHHO B I0JIE YaCTHHIX KOJIb].la
Ko [S1y1, -y Sn, ©)), nonoxum B, = K, lt1,1, ..., tna CL
O6o3unauuMm uepes V, V,;, V, adduHHbBIe MHOroOoGpasus, omnpeeseH-
Hple Hall nosieM K, KOJIblla pery/sipHbIX QYHKIHMI Ha KOTOPBIX COBMa-
JAIOT COOTBETCTBeHHO ¢ B, By, By, n nycts p : V « An—H1(K)),
pg: Vo> An—1+1(Kg) u py: Vi— A1 (K;) — MopdH3MbI addHHHBIX
MHOrooGpasui, IBOHCTBEHHbIE BJIOXKEHHAM Kq-anre6p Ko [Sii1. --s Sns
n+1] (e B Ko [Sz+1, veey Sn’ n+1] [ B2, ](70 (Sl+1, . S ] [ Bl
OG603HaYHM Yepes |, |y, Wy CTENEHH pacIMpeHHi no.neﬁ pauHoHaIb-
HbIX q)yHKu"" [KO(V) KO(tl+l? Ty Tl+1)] [KO(VI) KO (Sl+1’ rrey n)]
[Ko (Va) : Ko (t131, -y tns1)] cooTBercTBeHHO 1 uepes W, Wy, W, —
noaMHoxecrsa B A"—+1 (K;), A" (K,), A»—!+! (K,)) cooTsercTBen-
HO, TakKHe, 40 17 BCAKOH TOoukM w 3 W, W,;, W, cooTBeTCcTBEHHC
YHCJIO 3J1eMeHTOB npoobpasa o (w); (@), ps! (w) MeHbLle cOOT-
BETCTBEHHO W, [ty, MHo. )

B caenylome#t seMMe yTBepxKIeHHs, Kacatouuecs W,, cnpasen-
JIUBHl B TpeNJIOXKEeHHH, yTo G, ;&bl (yto6e1 W, ObliIO OmpeneseHo),
a yrBepxaeHus o W u W, — Ge3 3TOro npeinosioxeHHs.

JleMmma 4.2.

(i) W, W,, W, — 3aMKHyTHe B TONOJOTHH 3apHCCKOTO MOAMHO-
xectBa An—I+1 (K,), An—! (K,), An—!+! (K,) cooTBeTCTBeHHO;

(i) W < W,; _

(iify W > W, X Al (K,), ecan otoxaectuts A (K;) X AY(Ky) =
= An—i+ (K,) NpH_MOMOIK H30MOPGH3Ma KoJew KolSi1 .0S21®
® E. KO [tn+1] == KO [Sl+1» sy Sn’ tn+1];

(iv) paamepHocts W, paBHa n — [ — 1 H, cJeloBaTeJbHO, pas-
mepHocTs W paBHa n — [.

HdokaszateapbcTBO. (i) MopcpuaMbI P, 01, Py ABJAIOTCSA
KOHEYHBIMH, a MHOI‘006p33Hﬂ Ar—t+1 (K,), An—! (K, — HOpMaJb-
HbIMH. YTBepxaeuue n. (i) caeayer, nanpumep, u3 [8, ra. 2, § 51.

(ii) Ilyctb uHca0 3/M€MEHTOB p7" (w) paBHO Py, T. €. W & W,.
OGo3nauuM uepes T: B — K, HeKoTopoe MpOO/MIKEHHE TOMOMOp-
dusma Ko [Sy,1, ...y Sny tnyr 1 — K,, COOTBETCTBYIOIIErO TOYKE .
O6pa3bl mpH roMomopdusaMe T 3jemeHToB 0 (L), 0 € G; mnomapHo
pa3anuHel. CslefoBaTe/IbHO, BCe I‘OMOMOpq)HBMbI 100, 0 €G, Takxe
NONapHO pa3/MyHbl. JTO O3HayaeT, 4yTo P~! (w) cocToHT M3 card G, =
= W 3JIeMEHTOB, T. €. W ¢ W, 4TO H JIOKa3blBaeT yTBepxKaeHHe m. (ii).
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(iii) ViMeem caenylomye BKJIOYEHHS KOJeL Ro {Sia, -y Sa,
thal < B, [t,,1] © B. CaemoBatenbHO, MOpGH3M P MOXHO pas-
JOXHTb B KoMmosHuuio MopuamoB V'V, x Al (K) paXid
P At (R X AL(R) = v+ (Ky) (snecs  pg — oBoaa-
4eHHe nepBoro Mop¢usMa, a BTOpoM — coBmajaer ¢ p, X id, rue
id — ToxzgecTBenHoe oroGpaxenne Al (K;)). Muoroo6pasue V; X
x A' (K,) — HopMasbHoe, caepoBatensho, card p3' (v) < [Kp (V) :
: Ko (V1 X A (Kp))] = g (30€Ch pg 0603HAUACT CTENEHDb) /5 BCAKON
Toukn v € V; X A! (K,) cornacno [8, ra. 2, § 5]. TlosTomy ecaun
w € W,, 10 card o~ (W) < pycard p5' (@) < pghy = W, UTO U JO-
Ka3elBaeT yTBepxjaeHue m. (ili).

(iv) PaccMotpuM HekoTopoe BiioxenHe mojeit K, — C 1 MHOro-
obpasua V,; (C), W, (C), onpenenennnie Hag C M moJaydarouiuecs
u3 V,;, W, npu nomomu pacmmpenusi ocHosHoro moas K, po C [8,
ra. 51; nycrs pasee p, (C) : V; (C) - A (C) — mopdu3am, moay-

qatomuitcs U3 p; pacwmupenueM nodas K, mo C. JloctaTouHo foKasaTh,
yro dim W, (C) =n—1—1.

MuoxectBo W, (C) ectr MHOoxectBo Touek w € A"~ ((C), Ta-
KHxX, yro card p; (C)? (w) < p,. CrepoBatensHo, p; (C): V; (C)
N (P ()1 (W, (C))) » A1 (C)\. W, (C) — HaKpbITHE B KJacCH-
yeckoH Tomosioruu [8, ra. 2, § 5]. IlockosbKy HakpeiBalollee npo-
CTPaHCTBO CBsi3aHO[8, I1. 8] M cTeneHb HAKpHITHA By > 1 (IIOCKOJBKY
oe Ky [Si41, ..., Sp1), 10 6asa nakpwitus A"~ (C)\ W, (C) He
AIBJISETCA OJQHOCBA3HOM. DTO BO3MOXKHO TOJBKO B TOM CJyuae, eCc/H

dim W, (C) = n — 11— 1 (cM. [8]), uTo 3aBepiuaeT JOKa3aTe/bCTBO
JIEMMBI.

-

MuoxectBo W, chr'la;LaeT C MHOXKECTBOM HyJell NHCKPHMHHaHTa
Resy (O, 0®0/0Y) € K, [t,;, ..., tn,1], TOCKONBKY cTapuumit Ko3d-
¢unreHt lcy @ = 1. Crenenu deg,i Resy (O, 0®/0Y) pmas Bcex
Il +1 i< n+1 orpaunyenn cBepxy d, Py, (dd,d;) coraacho
gemmaMm 1.1, 1.2. CnemoBaTesbHO, MHOXkecTBO W,, a Takxke u W,
no semme 2.6 (ii), umeer He Gonee d, Py, (dd,d;) HeNpuBOAMMBIX

KOMIIOHEHT pa3MmepHocTH n — [. OmpegenumM Tenepb {S}Ql, ey Sflj’},
1 <j<(n—1)d, Py, (ddidy) + 1 Rak Ga3uc npoctpaHcTBa £; Jiu-
HefHbIX ¢opM S OT fy,4, ..., th,, TaKMX, uto S (1, j, f ...,

j"_’) = (0, OoJiee TOYHO, BO3bMeEM S}’L = j‘t,+1 — tgirr, 1 K
< i< n— 1 O6osnaunm uepes K, [Z;] anre6py noJHHOMHAL-
HBHIX QYHKUHE ¢ Kospduunentamu u3 K, OT JHHeHbIX GOpPM U3 Npo-
CTpaHcTBa Z;.

[lpepnonoxuM Tenepb, uto G ;eél VI Kaxaoro cemeicTBa
anneitnsix dopm {S{71, ..., SV 1 < j < (n — 1) dy Pyy (ddydg) 4 1.
CoraacHo JemMe 4.2 (iii), (iv), Aas KaX[AOro j cyuiecTByeT OTJHYHBIH
OT KOoHcTauTh M3 K, HempuBoiMMulii Muoroumen ¥;¢ K, [Z;],
MHOJKecTBO HyJieii koToporo cojepxutrca B W. [lanee, U3 ycTaHOB-
228



JNeHHOH TOJIbKO 4TO OIlEHKH HA YHCJIO HETPHBOAHMMBIX KOMIIOHEHT pas-
mepHocTH n — L B W c.neu,y'e'r YTO CYINECTBYIOT Pa3JIMYHbie HHIEKCHI
1 <jo <. <|Jna < (n— 1) dy Pyy (ddydy) + 1 n OTIMYHBEIR  OT
KOHCTaHTBl U3 K, senpuogumbiit Muorousen ¥ € K, [Z;,1 1 ... N

n K, [<},.,], MHOXeCTBO Hyseft KOTOPOro COJEPXKHTCS B W.
Ho, ¢ apyro# ctoponsl, K, [SP;] N...nkKi(Z,,]=K (£, N

n..nNn<L,,1= K, [{0}]1 = K,. HepBoe M3 3THX DaBEHCTB CJle-
;[yeT 3 06111er0 ¢akTa, 4TO nepeceueHue ABYX ajreGp NOJHHOMHAJb-
HBIX YHKLUHA HAa MPOCTpAHCTBAax JHHelHBIX GopM coBmajaer ¢ ajred-
po#t NOJIMHOMHAJLHBIX (PYHKIHMH Ha mepeceyeHHH TMPOCTPaHCTB, BTOpPOeE
paBEHCTBO CMpaBefJ/IHBO B CHJy BhIOOpa &;, TOCKOJBKY ONpeeH-
teas Baugepmonga det (j¥)o<y, p<ns 7= 0. B pesyabTare nosyyeno
npotuBopeune ¥ ¢ K,. CienoBaTesqpHO, no KpaiHeii Mepe st

omHoro u3 Habopos {S{,, ..., S’} rpynna G, = G, u Torza, mo
JemMe 4.1, rpynna G = G-u MHOrouJIeH § HenpHBOAWM Han k (fy,...
t, SEQI, oo ’(t,..H) Takum o6pa3oM, MOCTPOEH HCKOMBIH Haéop

ceMeiiCTB {SEQI, v S 1T (n— D) dPry (ddidy) + 1w
TeM CaMbIM 3aBeplUeHO JOKa3aTeJbCTBO OCHOBHOII TeopeMHl M3 BBefe-
HHA AJS cJay4dasi, KOrga MHOrouseH f HempHBOAMM.

PaccMoTpuM HakoHeu o6IiHil cjyuaft, Korfa MHorouseH [ moxer
ObiTb TPUBOAMMEIM. PasjioxxuB [ Ha HeNmpUBOAMMBIE MHOXKHTENH
f= H fi, lcyf, =1 Hag nonem K, coraacHo [7, ra. 1, § 31, 6e3 orpa-

t

HUYeHHs OGIHOCTH OyJeM CYHTaTh, YTO [ He CONEpPXKHT KpaTHHIX
MHOXHTeJIeH, T. e. Bce [ momapHo pasjauuyHH. Jlajee, KaxKablii M3
MHOTOYJIEHOB f; pa3JioXHM Ha HeNpHBOJAHMBIE MHOXHTEJH Hajl To-

neM Q corsacHo onucanHol Buime KouerpyKuun f; = I, loy fim =

1. O6osnaunm uepes '™ g™ GHm, G”'"r’n Gi'm, G{i'm,
gm EC™ W™y, 0. o6pexTs, COOTBeTCTBy}OLLlHe MHOTOYJIEHY fim
¥ aHaJorHuHble o6bekTaM @, Ys, G, Gy, G, Gy, G,, E, W u T. 1., cootT-
BETCTBYIOIMM [ (3TH OGBEKTHl MOTYT 3aBHCETb TaKXe OT j, €CJM pac-
CMaTpHBaeTCs CeMeiCTBO {Sfﬂ’.l, (”} Uepez ¢i? € k(ty, ..., 1)
[n3] [Z] oGosnaunm MHoroq.neH, KopHH KoToporo mi™ o6Janaiot
TeM CBOHCTBOM, 4YTO noJje & (¢y, ..., tn,1) [, nff”"] coBnagaeTr C [o-
JeM, TOpOXKIEHHBIM KO3(ppHuHeHTaMH MHorousneHa f;, € &k ({4, ...,
tna) Y1 Hanm K = k(ty, ..., tn,) [m] (Muorounen @i amamorn-
4eH ¢, CM. Bollle). Kak ¥ paHblue, MOXKHO CUMTATh, YTO KOpeHb (im)
MHOTOYJIeHa f;,, AABJASETCA MPUMHUTHBHBIM 1JIs pacluupeHHus k (i, .

CDI I

ey

(1 ‘m im .
tn+1: n4 m): Tla: n’ ;(‘ )):)k[tly seey tn+11 T]Sl" )) o BCexX ¢, m
H YTO MOCTPOEHBI BLIPAXKEHH S 3JIEMEHTOB 1), 13 B TI0J1e R (fq, ..., f5,1) X
< g™, L)

IMomxo6HO TOMY, KakKk 3TO OBLJIO MOKa3aHo AJfA HenpHuBOJIUMOTO
MHOrou4JieHa f, JOKasblBaeTCA, 4TO YHCJO HENpHBOAHMBLIX KOMIIOHEHT

229



pasmepHoeTH n — ! B MHOroo6pasmum {J W!m He npeBoCXOmMT
d,Py, (dd, d;). [anee pokasbiBaercd, L'K';K M BbILUE, YTO TOpenno-
JOXeHHe O TOM, uTO /1 KaXKJIOTo ceMeiicTBa AnHeHHbIX dopM {Si), .

SV}, 1 L j<(n— 1) dyPyy(ddyd;) 4 1 cymecTBylor i, m, Takue,
4TO G”m) = G{*™, npuBOAMT K mpoTHBOpeuHio. CJeIoBaTebHO,
no KpaiHell Mepe JJIs ONHOTO M3 TAKHX CeMefiCTB BBIMOJIHEHO G{iM) =
= G{i™ nas Beex i, m. Toraa, no semme 4.1, cnpasefnuBo GUm —
= GU™ u mHOrouseHs (/™) HempUBOAMMEI Haj mojeM & (i, ...,
t;, SB, ..., SP) (tny1). Kpome Toro, sto cemeircreo {S{)i, ...
s9} xapaKTepnsyeTca TeM CBOHCTBOM, YTO _H card (G'™) nns
Hero MakcuMaJspHO. CJIefoBaTeJIbHO, 3TO ceme%ic"'ll‘so MOXXHO HaHTH
3a NMOJMHOMHAJbHOE BpeMs. N

Tlycts o6osnavennst G, Gy, G, Gy, E, E;, E, E|, F, F;, &, D, A

COXpaHSIIOT TOT XK€ CMBICJ, 4TO M paHblue (31ecb MHOrouJeHu f u @
MOTYT 6bITb TPHBOAMMBIMH).

JlemMmma 4. 3 Ecau npu ¢pHKCcHpOBaHHOM ceMeHcCTBe {S,+1, .
Sy rpynnel Gi"™ — G{"™ pna Bcex i, m, To rpynmel G, = G,
uG=0G.

HdoxkxaszaTeabcTBo. JleMMa JoKasbBaeTcsi HHAYKuUHEH IO
YHCJy Tap MHAEKCOB i, m u3 cJjeayiomero- o6mero ¢akra. Ilyctb
Hy < H, v Hy © H, — pacumpenus l'anya u H, © H — pacumupe-
Hue noJel, Takue, 4yro AJs rpynn lajgya crnpaBenJsiMBel paBeHCTBa
Gal (H,/H,) = Gal (HH,/H) wu Gal (H,/H,) = Gal (HH,/H) (3mech
HH, w HH, — xomno3ute noJei). Torma Gal (H,H,/H,) =
= Gal (HH,H,/H). 3To yTBepxeHne ABJSETCH HENOCpeICTBEHHbIM
caeacTsueM teopuu [anaya. Jlemma pokasaHa.

IlocTponm 1 3adukenpyeM Tenepb HEKOTOPHIH roMOMOPGH3M noJei
k(t, ..o tny1s Ma {m["‘)}‘ m M) =k (%, ..., &) (x, @), npu
koTopoM t;—ay, 1| < i < thy —> X; S”»——>ai, lr1Ligm
My —> a; q—>a& (cp. pasa. 1, 3); ni"™ > a'“™ pas Beex i, m.
O6o3HauuM Dim) = DM (X) = Resy (D{™ (X, Y), ((0®{m™/aY)
(X, Y)) — DMCKpMMHHAHT OTHOcHTeNbHO Y  MHoroujera @(m)
u nyets £, 1 < s < degy D™ — Bce KopHM MHOrousena D™,
CorslacHO H3JIOKEHHOMY aJIrOpUTMY, Kaxjas o6pasyiomasi CpyImisl

ot ;
G{"™ cooTBercTByeT HekoTopomy KopHio x{™. O603HaumM 3Ty

o6pasylomylo uepes ai‘™.

Jlemwma 4.4. (i) I'pynna G, coBnajaer c NOArpyNnoil 1eKapToBa
NIPOH3BEeIeHHSA I1 Gf‘"", NOpOXKAEHHOH cucTeMo# 06pasyomHux

{(o”’"’),_ m €11 Giim 32€C (6™ £ 1= 35 (6™ = ol & x{'™ =
— )
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(ii) T'pynna G, coBnanaer ¢ noarpynmno#t B G,, coctosimefi U3 TakKux
3JIeMeHTOB 0 = (¢'/™), .. uro gl/™ (@) = @ /A BCeX MHIEKCOB i, m.
Kpome Toro, G, I1 G{'m.

i,m

(iit) Tpynna G coBnanaer ¢ o6pasom rpynnsi G, NP eCTECTBEHHOM

rOMOMop(puaMe IT Gyim — IT Gim, HHIYLUHPOBAaHHOM OMNHCAHHBIMH

iLm i,m

BbILE FOMOMOPQH3MaMH OI‘paHH‘IeHHﬂ TNOACTAHOBOK Ha MOAMHOXeE-
CTBO HHJEKCOB G“"‘) — Glim),

HokasarteabcTBo. (i) Kaxani#i snementr 0 € G; onpe-
JeJisieT TNepecTaHoBKY KopHeit MHorouseHa ®{™ nna Bcex f, m H,

CJIeI0BaTe/NbHO, HEKOTOPHIH  3JIeMEHT (o(""))i EHG”’"’ Takum

o6pasoM, onpeneneHo Biaoxenue Gy — IT G(im), Mﬂomecmo TOYeK
i, m

BeTBJIeHHs1 pacuupenus F; D k (ay, ..., a,) (X) COmEpXKHUTCA B MHO-
i

xectpe Touek {x{‘™}; ; m. DTO BBITEKaeT M3 TOro, UYTO MHOXECTBO

TOYeK BeTBJIEHHs KOMMO3HTa pacClIMpeHHit coBnajaer ¢ oObeHEHHEM

MHOXECTBA .TOUEK BETBJEHHS 3THX paclIHpeHuil; moje F; ecTb KOM-

no3uT noJgeit k (a, ..., o) (x, yﬁi"") OJI BCeX r, {, m; © MHOXeCTBO
TOUeK BETBJEHHS pPaCIUHpeHHs E (a, ..., o) (x, i) ok (oty, -y

a,) (x) comepxutcs B MHoxectBe {x{™} 1 s degy DU™.
[Tycte §, — NpUMHUTHBHBIL 31eMeHT Aas paciwuuperus F; D k (a4, ...,
an) (x). Fpynny Fanya noas F; = k (o, ..., &) (x, §;) Hag & (o, ...,
0t,) (X) MOXKHO MOCTPOMTb (OIHAKO, MOJKET GHITb, He 3a NMOJHHOMHAJb-
Hoe BpeMsl), MpHMEHAS aJropuTM M3 pa3f. 1—3 K 3TOMy pacluHpeHHIo
noJsieit. CorslacHo 3aMeuaHuio 2 M3 pa3i. 2, B KauecTBe BepIUHUH TpHaH-
ryasuun B P! (C) MOXHO B3fITb BMECTO TOWeK X, TOUKH xi'™ nns
Bcex s, i, m. IIpu aHaJMTHYeCKOM TNpojo/keHuu ¢yHKuun yi'™
BAOJb MNYTH, OCXOAALIEr0 BEpLIMHY TPHAHTYJAUMH 2, TOJyYaeM
$yHKIHIO o(y, ™) rge ob6pasyomas o € G1 coorsercTByeT 2. Ho,
C JIpyroii CTOPOHBI, pe3yJbTaT 3TOro npojo/ixenus ectb o™ (y!™),
ecmu z = x{™ pna mekoroporo s, u y'*™ — B NpoTHBHOM cayuae.
Orciofa ¥ BbITEKaeT yTBepxIeHue m. (i).

(ii), (iii). Caenylor HenocpeacTBeHHo u3 TeopuH Taaya (cm.

JemMmy 3.2).

[0 NOCTPOEHMIO aHAJOTHYHO TOMY, KAaK 3TO ObLIO BHIIE JJIf
HenpHBOAUMOTO f, ecan ase Toukn x\'™ u x°® pasnuumel, TO
| x{m — x| > 2-M# @) Tlostomy, Bwumcaus xi™ c pocra-

TOYHOJI TOYHOCTBLIO, HaiiieM BCe coBmajawinue cpexu Hux. [aJjee,
NpUMEHASl OMNHCAHHB Bblle aJATrOpHTM BblYHCJAeHHs rpynnel aaya
IJIS HeMpPUBOJAMMOTO MHOrOuYJIeHa, Ha OCHOBaHMH JeMM 4.3 u 4.4
BbiyucauM rpynny lanya G noasi pas/oxeHuss MHOrouJieHa [ B o6eM
cayuae 3a moauHoMHaabHoe oT L (f), L (¢,), L (gs), L (h) Bpems.
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PE®EPATDI!

YK 518.682

Bapanos C. H. Peaaysanis CHCTeMbl CHMBOJAbHLIX BmuHcjiennit MHHHCAK Ha
a3bike ®@OpT//MaTeMaTHUECKHEe METOAB NOCTPOCHHA H aHaJaH3a aaroputmos, JI.: Hayka, 1990.

OnHcbiBaeTc NOAXOJ, NO3BOJNHBUINHA «BTHCHYTb» AOBOJILHO Pa3BUTYIO CHCTEMY CHMBOJIb-
HLIX BHIYHCAEHHH B raGapHThbi cpefiHedl mepcoHanbHo# DBM. OcHOBOH peasH3alHH NOCAYIKHT
A3bik DOPT H aBTOMATH3HPOBaHHOE NOCTPOEHHE CHHTAKCHYECKOro aHajausatopa. B paGote
06CYyKAAIOTCA TEXHONOTHYECKHE acNeKThi peasiH3alHH, CBA3aHHbie C HCMOJb3OBaHHEM 3THX
HHCTPYMEHTaAbHBIX cpeXxcTB. Bu6a, 5 Hass,

VYAK 519.5

BeastiokoB A, Tl. MamHuHO-ue3aBHCHMoOe OTHCAHHE KXACCa 3aMPocos, NOAAEP-
XKHBaeMbIX B PeajibHOoe Bpems//MaTeMaTHYeCKHE METOAbI NMOCTPOEHHA H aHaJH3a aArOPHTMOB.
JI.: Hayka, 1990, C. 16 —23.

B cTaTbhe HCCNEAYETCA Kaanc 3aNpocoB K 6a3aM AaHHbIX, KOTOPbie MOTYT NOAAEPXKHBATLCH
onpefleIeHHbIMH THNAaMH BLIYHCJHTEJAbHBLIX MallHH B peasbHoe (T. €, OrPaHHYEHHOe KOHCTaH-
To#l) BpemA. UHCJI0 WaroB paGoThl MAalWIHHBI MEeXAY NOpuHAMH HHPOpMaUHH 06 H3MeHEeHHAX
B 6a3e AaHHBIX TaKiKe OrPaHHYEHHBIX KOHCTaHTOH., ViameHeHHA B 6Ga3e HMeIOT JIOKaJb HEIA Xapak-
Tep, HHPOPMaHHA O HMX 3a/laeTCi BEKTOPOM (HKCHPOBaHHOH AJHHM, OCHOBHOH pesyabTaTt
Pa6oThi — MaMIHHHO-HE3aBHCHMO® ONHCaHHe KJacca 3anmpocoB K 6Ga3e JaHHBIX, NOAAePKHBa-
eMbIX B peasbnoe BpeMA. OnncaHHe gacTcAd Ha CHHTaKcH4yeckoM ypopHe. Bu6a. 1 Hass,

YIOK 681.3.06: 681,518.3

Boasrneptr A. B, KauecTBeHHOe H3yueHHe OJHOro KJjacca CHCTEM MacCCOBOTo
oﬁc:(l)yxém;gﬂué/ﬁMaTeMa-ml{ecxue MeTOAbI TNOCTPOEHHA H aHaJH3a ajaropHtMos, JI.: Hayxka,
1990, C. 26 —36.

PaccMaTpHBaeTcH KJacc ceTell MacCOBOrO OGCIYXHBAHMA C NMOCTOAHHBIME BpeMeHaMH,
B KOTOPHIX OOCJYIKHBAlOTCA ABe 3aABKH. [10Ka3aHO, 4TO AJA ceTed, B KOTOPHIX 0OCAYKHBaHHE
NPOU3BOAMTCA B COOTBETCTBHH ¢ AHcuHnjuro# LCFS, xapakTeprb Takue cBoficTBa, Kak ofpa-
THMOCTb, CTpOrafl SprOAHYHOCTb H TONOJOrHYEeCKadA TPaH3UTHBHOCTb, a AJA ceTeH, B KOTOPbIX
o6cayKHBaHHE NPOH3BOAHTCHA B COOTBeTCTBMH ¢ AucuHnJHHO# FCFS, HMeer MecTO efHHCTBeH-
Haf TNepHOAHYecKas TpaeKTOopHsl, Bu6a. 9 Has3B., HJa. 6.

YAK 519.5

Fopopeukus B, U, Tapakaunos A, O, NMaanHpoBaHHe BuYHCJICHHH Ha
ocHoBe BbiBoAa B aTpubyTHbiXx KC-rpammaTHkax//MaTeMaTHUECKHE MeTOAB! NOCTPOGHHA H aHa-
JH3a aaropit™os. JI.: Hayka, 1990, C, 37—48,

Pa3spiBaeTcss NMOAXOA K NMOCTPOEHHIO aATOPHTMOB NJAaHHPOBAaHHS BLIYHCJIEHHRA HAa OCHOBE
TNOKHCKa BHIBOZla B KOHTEKCTHO-cBoGoaHbIXx (KC) rpaMMaTHKax, sBAAON(HACA aabTepHaTHBOA
TPaAKUKOKHOMY TNOAXOAY, O6asHpyloUleMycsi Ha MeTOAaxX HCUHCJAEHHS npeAHKaTtos. DBHOGX.
9 gass,
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VAK 519.95 + 519.6

EBbnepnu E. JI. CratHcTwmieckHl MeTOA CHHTe3a CMEIAHHOrO aArOPHTMA, ONTH-
MaabHOro mo ycroflympocrw//MaTeMaTHUeCKHe METOAB NOCTPOSHHS H aHa/lH3a aJrOPHTMOB.
JI.: Hayxka, 1990. C. 49—54,

OnHcaH MeToJ, aBTOMaTHYECKOTO aHaJH3a aJrOPHTMOB Ha cTeneHb HeYCTORYHBOCTH nO
OTHOWEHHIO K KoJe6aHHAM BXOAHBX AaHHHMX. PaccMaTPHBAIOTCA BONPOCH CHHTE33a ONTHMaJb-
HBIX MO YCTOAYHBOCTH KOMGHHHDOBaHHWX aArOpHTMOB, BHGa. 1 wmase., HA, 2.

VAK 621 + 519.24
Konecnusxosa O. H, Jamenko H. H. HcromssoBauHe H aBTOMaTH-

qecKHil cHHTe3 nHpdepeHnHAALHBIX xopgenopon//Mareua-rn-lecxne MeTOAbl MOCTPOEHHA H aHa-
au3a aaropHrtmos. JI.: Hayka, 1990, C. 55—63.

OnHcaH Meroj aBTOMaTHYECKOro CHHTe3a GHJALTPOB ¢ noMoubio AHbdepeHuHandbHORA
KOPPeKLHH, a TaKXe ero nporpaMMHas peaJH3auHfi. PaccMaTpHBalOTCH Pe3yJbTaThl MalIHH-
HHIX 3KcnepHMeHToB. Bn6a, | Hass., ua, 7, taba. 2.

VAK 519.7 -+ 512,54 + 519.2

Kpefinosnu B, S. MNpeacrapaenHe sananuifl o6 H3mepaembix BesHuHHax: Teope-
THKO-TpynnoBoi noaxon//MareMaTHYeCKHe MeTOAB INOCTPOEHHA H aHaJH3a aJjaroputos. JI.:
Hayka, 1990. C. 64—72,

B geraTbhe nokKasaHo, 4TO B YCJOBHAX, KOFAa Ha MHOXKeCTBE HCCNeAYEMLIX OGbeKTOB Aeit-
CTBYEeT HeKOTOpasi rpynna CHMMETPHH H MOXHO npeAnojlaraTh, WTO HEH3BeCTHHIH KpPHTepHH
ONTHMAJILHOCTH HHBapHaHTeH OTHOCHTEJABHO ee AeHCTBHA, ONTHMAaJbHLIA MeTOA MpPeACTaBJCHHA
3HaHHN TaK)Ke HHBapDHAHTEH OTHOCHTEJIBHO Hee. DTo Aaer oGUHA NOAXOA K NpPeACTaBJIEHHIO
3HaHH# B YCJIOBHAX anpHOPHOH HeoNpPeAeJIeHHOCTH, KOTODHA HJJIOCTPHPYeTcd Ha NpHMepe
Bu6opa po6GacTHOro Merofa B MarteMaTHYecKOA cTaTHCTHKe, Bb6OPa oOnTHMaJdbHOroe 6asHca
AAA npeAcraBieHHa GYHKuHA H T. 4. Bu6n. 10 Hass,

YAK 517.5 + 519.6 + 681.3

Jawenxo H., H, Besbaancunlit rapMoHnYecKHR aHaAN3 B HHBAPHAHTHME annpo-
ECHH&EHH//METQMBTH‘IQCKHC METOAN NOCTPOeHHA H aHanu3a aaropurtMon. JI.: Hayka, 1990.
.7

B paGore paccMaTpHBAIOTCH aJAropHTMbl NPHOAHIKeHHS NePHOAMUECKHMH OQYHKUHAMH,
a Taxkxke OGyHKUHAMH, O6JaARalOWHMH APYrHMH CPOHCTRAMH CHMMeTPHH. XapakKtepHas oco-
GeHHOCTb MOCTAaHOBOK OCHOBHBIX Saflau COCTOMT B OTCYTCTBHH 3afaHHs Kakoro-auGo Gasmca
AN napaMeTpH3alHH annNpPOKCHMHPYOUHX Kjaaccos. Bu6a. 2 wasB.

v

YAK 517.94

Jawenkxo T. B, fApumil MeTon pemtenHsi HuTerpanbHbiX ypaBuenHH c onepaiHef#
ngp%lullg‘lenﬂﬂ/ 'MaTeMaTHYECKHe METOAHN TNOCTPOEHHA H aHalH3a aaropHt™oB. JI.: Hayka,
1990. C., 88-—98.

HennHefinble HHTerpaJbHble ONepaToPnl ¢ ONepanHelt nNepekJIOYeHHS TNPHMEHHMbl AJs
ONHCaHHA MHOTHX TeXHHYECKHX CHcTeM. B paGoTe laHa AOCTaTOYHO OOHIas MEeTOAHKa TOHCKa
aHaNHTHYECKHX pewentit. TIpHBoAATCA siBHEle dopmynnl ofpauleHHs AAS WHPOKOro Kiacca
onepatopos. Bu6a. 6 wase., ua. 4.

YAK 621.391

Jawenko H H, ®Pepgopos C. H. AsropiTM ananHza CTPYKTYpu rpynno-
BLIX HCTOUHHKOB CHrHANOB//MaTeMaTHuUEeCKHe MeTOAbl TNOCTPOEHHA H aHaJH3a aAropHTMOB.
JI.: Hayxka, 1990. C, 99—108.

B paGore pacCMOTPeHbl aJTOPHTMbl aHanH3a NPOCTPaHCTBEHHOW CTPYKTYPH HCTOYHHKOB
AKYCTHYECKOro H3JyuYeHHA (3afaua cuera), a TaKxe BONPOCH nPOrpaMMHOR peaNH3anHH H
npHKNagHWe acnekrol. Bu6a. 1 Hass., Ha. 2.



YIK 519.677

Hectepos B, M, 06 ogHoM 060011eH HH HHTepBAALHOr0 AMAAH3a H €ro mMpHMeHe-
HHH Jaf OMEHKH MHOXECTBA 3HAYeHHH ¢pynxnuii//MaremaTHueCKHe MeTOAL! NOCTPOGHHA H aHa-
JH3a aaropHTMoB. JI.: Hayka, 1990, C. 109—124,

PaccmaTtpHBaercs 3aflaya OTBICKaHHA BepxHeH H HHXXHell OLEHKH MHOXecTBa 3HaueHHH
GYHKUHA TIDH 3aflaHHON O6G/MAaCTH H3MEHeHHS ee apryMeHToB. Jlaercs KpaTkHH o63op MeToAos
pelleHHA 3aflaiuH, Ga3HPYIOU(HXCA Ha NPHMEHeHHH HHTEPBaJbHOTrO aHalH3a, YKa3bBalOTCH
HX HeAocTaTKH. [Ipeanaraercs o6oGuieHHe HHTePBaJbHOro adaiH3a, No3pojsiouiee paGoTaTb
¢ GecKOHeYHEIMH HHTepBasiaMH. [IPHBOAATCA METOAB! OLEHKH QYHKLUHH, OCHOBaAHHbE Ha 0606-
L{€HHOM HHTEPBaJNLHOM aHajH3e, a TaKXe OLeHKa HX 3bdeKTHBHocTH., BHOA. 20 Ha3s.

YK 519.281

Hukyaunun M. C. K oueHHBaHHIO NapaMeTpa CABHra OAHOr0 ceMeificT®a pacnpe-
éenfgg{ﬁ/l/ggaremamqecxﬂe METOAB TNOCTPOeHHS H aHaJaH3a aaroputMoB. JI.: Hayka, 1990.

TMpoBogHTCA cpaBHeHHe CTATHCTHYECKHX OLEHOK MaKCHMaJbHOTO NpPaBARONOACOHA Jiaepa
cpennero apHQMeTHUECKOro AJA CeMeHCTBAa pacnpefesleHH# ¢ TNapaMerpoM CABHra, paccMo-
TpeHHoro B paGore J. Kenmaana [1]. Bu6a. 8 nasm,

YIOK 519.281

Huxyaun M, C. CrarHcTHueckHil awanHs oAHoOM @PH3HUECKON MORENH, HCMONL3Y~
eMoli B criekTpockonHH//MaTeMaTHYeCKHE METORB NOCTPOeHHS H aHaJH3a aidropHTMoB. JI.:
Hayka, 1990, C. 133—137,

CraThl NOCBANIEHA 3aflaue CTATHCTHYECKOro pasfieseHHs 3¢dekToB, o06YCHOBJAEHHBIX
ROMJEPOBCKHM, JOpPEHIeBHIM H annapaTHHIMH YIUHPEHHSAMH CIeKTPaJbHBIX JHHHHA B paMKax
onHoM GH3HYECKOA MOAENH CMEKTPOCKONAa, a TaKXKe MOCTPOEHHIO CTAaTHCTHYECKOrO KPHTePHSA
AJNA TIPOBEPKH COrJIacHA BHIGPaHHON MOAENH ¢ 3KCIePHMeHTaJbHBIMH RaHHBIMH, BHGJ, 3 Hass,

YIK 517.9

Moarnmyxk B, M. BHHOMHambHasm acHMnTOTHKa//MaTreMaTHUECKHe METOAB! MOCTPO-
eHMd H aHaJaH3a aaropHtmoB. JI.: Hayka, 1990. C. 138—153,

TMyeTs a¥ u 8N — ranonnans n «BO3MYLIEHHas» NOJYTPYynnbl cTeneHel ABYX nepecra-
HOBOYHKEIX 3JeMEHTOB HOPMHPOBAaHHOTO KoJblla (He 06f3aTeNbHO anare6pul). [Ipeaaaraercs
HeOOXOAHMEI#l H AOCTATOYHHH NPH3HAK YCTONUHBOCTH, HCNOJL3YIOUIHA JHIIL KOHeYHOe WHCJO
3JIeMEHTOB «BO3MYu[€HHOH» MOAYrpynnsl. M3 yCTOHYHBOCTH cJefyeT acHMNTOTHueCKad mnpen-
CTABHMOCTb BBICOKHX CTerieHeil 3jleMeHTa b NeJOYHCJEHHHMH JIHHeAHBMH KOMGHHALHAMH
MOHOMOB, COAePXauHX HayajJbHHE ero cCTeneHH. [IPHBOAATCA aCHMNTOTHYECKHe GopPMYyJH!
C OlleHKaMH I'PaHHYHBIX KOHCTaHT. BH6A. 1 Hass., HA. 3.

YIOK 518.5

Monomapenkxo HU. H, O6 HMNpUMHTHBHOCTH OAHOro Kaacca S-xomeu//Marema-
THYEeCKHe MeTOAH INOCTPOeHHs H aHahnasa ajaroputmon. JI.: Hayka, 1990, C. 154—162.

AHaJH3 CJIOKHOCTH aNrOPHTMOB HaHBHOH KJacCHPHKalHH AJA NPOBEPKH H3oMmopduama
K H3YHeHH10 cBOHCTB S-KoJgel (kKodgen llypa). Jlaa TypHEEpoB K3JH COOTBeTCTBYIONHE S-KOJIbIla
06/1a7a10T AOTOJNHHUTEJBLHMM CBOHCTBOM, OTPaXKalou{HM OTCYTCTBHE CaMOCMaPeHHHX OPGHT
y dHKcaTopa rpynnst nepecTaHOBOK HeueTHOro nopsgka. OcHOBHOH pes%mﬂa’r aGoTH CO-
CTOMT B JI0OKa3aTeJhLCTBEe MMINPHMHTHBHOCTH TaKHX S-KoOJel Haj rpynno# g X g’ Bu6a.
9 HasB. !

YIOK 512.58

Coaosnen C, B, 06 ycJOBHAAX TOJHOH KOrepeHTHOCTH B 3aMKHYTbIX KaTero-
Eus]xg/éMei-ls-guamqecxne MeTOAbl mNOCTPOGHHA H aHaJaH3a aaropHtMoB. JI.: Hayka, 1990.

B pa6oTe noKasaHO, YTO BCe AHAarpaMMbl KaHOHHUECKHX €CTeCTBEHHBX npeo6pa3oBaHHit
B CHMMETPHYECKOH MOHOHAAaNbHOH 3aMKHYTOH KaTeropHH KOMMYTAaTHBHE TOTAa H TOJbKO
TOrAa; KOTAa: a) AdsA Jwoboro o6bekTa A stoh kareropur [[[A, 1], 11, 1] xanonnueckn
n3oMopden LA, 11 b) f(lp, 1) g ([p, 1]) = 7 (P) ¢ g (p) ANA MOGHX ABYX KaHOHH-
YECKHX eCTECTBEHHBIX npeoGpasoBaHuit f, g IT0Ka3aHO, YTO ROCTATOYHWIM YCJIOBHEM KOMMYTa-
THBHOCTH BceX AMarpaMM sBJseTcs KaHOHH4YecKas naomoppmocts A m [[A, 1], 1] 3xecw
N — BHYTPeHHHH hom-QyHKTOP. DTH Pe3yJbTaTH AONOJHSAIOT H3BECTHYIO TeopeMy Kore-
PeHTHOCTH KenaH —MakaeitHa H TO3BOJAIOT B PsAe CJy4yaeB OGXORHTLCA 6e3 BhUHCIEHHA
NpH npopepKe KOMMYTaTHBHOCTH Auarpamm. Bu6a. 5 nasse., Ha. 1.
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YIOK 518.5

PoMuu C. B, TeopeMa fBOHCTBEHHOCTH AJifi YaCTHUHO YMNOPAAOUYEHHBLIX MHOMXECTB:
é.ll‘;)&;ﬁl]ﬂ;lg//Ma-rma-quecxHe METOAN MNOCTPPeRHA H aHaaw3a aaropuTmom. Jl.: Hayka, 1990,

B pa6ore onHchBalorcA 3bdeXTHBHBIE aNrOPHTMBE pelieHHA 3afauH O NMOKPHITHH AaH-
HbIM KOJIHWECTBOM lene#t (aHTHUeneH#) MaKCHMaJbHO BO3MOXKHOIO YHCJIA 3JI€eMEHTOB KOHEMHOro
YacCTHYHO YNOPAROYEHHOro MHoXecTBa. BH6A. 6 Ha3s,

VYAK 518.5 4 512.46

Uncron A, JI. BuuncaenHe rpynnm Faaya Hag GyHKUHOHAAbHBIM NojeM xapaKTe-
PHCTHKH Hyas € aare6paHuecKH 3aMKHYThIM noJieM KOHCTaHT 33 NOJAHHOMHAaJAbLHoOE BpeMs//MaTe-
MaTHYeCKHe MeTOAb NOCTPOeHHA H aHajaH3a aaropHtMoB. JI.: Hayka. 1990, C. 200—232,

B paGore onmcbiBaeTcs aJNropHTM NOJNHHOMHAJNBHOA CJONKHOCTH AJS NOCTPOeHHA o6pa-
sywomux rpynnel Fanya noas pasfioxeHHA MHOrouseHa HafZ, PYHKUHOHAJBHHM NOJEM Xapak-
TEePHCTHKH HYJAb C ajre6paHuecKH 3aMKHYThiM mnojiem KoHcraHt. IlpH 3rom rpynna Caaya
3ajjaeTcd KaK MOATpynna CHMMerpHuHOM rpynnbl NepecTaHOBOK KopHell, noje KOHCTaHT fAB-
JfieTc anre6paHYeCKHM 3aMbIKaHHEM KOHEUHO-TIOPOXJAEHHOro pacWIHpeHHS NOJS PalHOHAJb-
HBIX YHCeJl, QYHKIHOHaJbHOE Moje — KOHEYHO-TIOPOXKAEHHOe pacluHpeHue INOJNA KOHCTAHT,
caM MHOrouJieH HMeeT KO3hOHUHEHTH B KOHEUHO-NIOPOXKAEHHOM PAaCUWIHPEeHHH NMOJA pauHOHalb-
HHIX 4HceJ, BH6J. 16 Hass.



Hayurnoe usdanue

MATEMATHYECKHE METOAN
MOCTPOEHHA H AHAJIH3A
AJITOPHTMOB

Y meepacdeno K nedams
Jlenunepadckum uhcmumymom urnpopmamuxu
u asmomamusayuu AH CCCP

Xynoxuuk H. [1. Kpemaes
TexnHuecKH# pepaktrop JI. M. Kapsesa
Koppexktopnt A. X. Caamanaesa u I'. M. Cyeoposa

HUB Ne 44040

Cpano B waGop 23.10.89. IToanHcaHo K negaTH 22.02.90.
M-18075. dopmar 60X 90t/,,, Bymara KHHXHO-XXypHaJAbHas.
FapHHTypa JaHTeparypHas. ITeuaTb BuiCOKas.
Yea, new. a. 15.00. Yca. kp.-orr. 15.24. Vu.-H3g. a. 16.34.
THpax 24£0. Tun. 3ak, Ne 2051 Ilena 2p. 70 k.

Opaena Tpyaposoro KpacHoro 3HaMeHH H3jaTeabcTpo «Haykas,
JIeHHHI'PaACKOe OTZAeNeHHe,
199034, Jleunurpap, B-34, Menaeneepckas JHH., l.

Ha6paHo B THnorpadHH Ne 6 opaena Tpynosoro KpacHoro 3HaMeHH H3ZarTeqabCTBa
«MalHHOCTPOCHHe» NpH [ocyrapcTBeHHoM komvuTeTe CCCP no newarH.
193144, Jlenuurpagz, ya. Monceenko, 10.

Opgpena Tpygosoro KpacHoro 3namenH Ilepsas Tunorpadus
H3pateabcTBa «Hayka».

199034, Jlennwrpag, B-34, 9 smu., 12



KHHTH H3JATEJIbCTBA <«HAVYKA»
MO)XHO NPEABAPHTEJIbHO 3AKA3ATb
B MATA3WHAX HEHTPAJIbHOA KOHTOPbI <«AKAJEMKHHIA»,
B MECTHbIX MATA3SHHAX KHHUIOTOPIOB
WIH NOTPEBHUTEJBLCKOA KOOMEPALIMH.

Jlas noayuenus knue noymoti
3aKasut npocum Hanpasasms no adpecy:

117393 Mocksa, ya. Akafemuka IlumoruHa, 14, xopn. 2, Marasuu_«Knura,— nou-
Toft» LleHTpaJbHOA KOHTOpbI «AKaZeMKHHra»;
197345 Jlewmmrpan, Iletposasoackas ya., 7, Marasun «Kuura — nouroit» Cesepo-
3 anagHoil KOHTOPH «AKaJeMKHHIa»

u/zu:e b6auncadwul mazasun «Axademkruzar,
umerowuti omoea «Knuea—noumod»:

480091 Aama-Ara, ya., dypmanoBa, 91/97 (Kuura — novuroil);
370001 Baky, Kommyuucruueckas ya., 51 («KHura — novroit»);
232600 BusbMioc, ya. Yuusepcurero, 4;

690088 Baagusoctok, Oxeanckuit np., 140 («KHura — noutoi»);
320093 NuenponerpoBck, npe. I'arapuua, 24 («Kuura — novuroiiy);
734001 Aywanbe, np. JleunHa, 95 («<Kuura — nouroiis);

375002 Epesan, ya, Tymansua, 31;

664033 Hpkyrck, ya, Jlepmonrtora, 289 («KHHra — nouToii»);
420043 Kazaub, ya. HdocroeBckoro, 53 (<Kuura — nourofis);
252030 Kues, ya. Jlewuna, 42;

252142 Kues, np. Bepuanckoro, 79;

252025 Kues, ya. Ocunenko, 17;

277012 Kuwnmes, np. Jlewuna, 148 («Kuura — nouroiv);
343900 Kpamaropck Hdouneukopr 06a., ya. Mapara, 1 («<KHura — nouroi»);
660049 Kpacwosipck, np. Mupa, 84;

443002 Ky#6uimes, np. Jlennna, 2 (<KKHura — nouroi»);

191104 Jlemuwrpan, Jluteiusiit np., 57,

199164 Jlenuurpan, TamoxeHHb#i nep., 2;



194064 Jlenuurpan, Tuxopeukui np., 4;

220012 Muuck, Jlenunckuit np., 72 (¢Kuura — nourofir);

103009 Mocksa, ya. opbkoro, 19a;

117312 Mocksa, ya1. BaBsuaosa, 55/7;

630076 Hosocu6upck, Kpacuuii np., 51;

630090 Hosocu6upex, Mopckoit np., 22 (¢Kuura — nouroiis);
142284 TMportBuno Mockoscko#t o6a., ya. IloGenu, 8;

142292 TMywuuo MockoBckoii 06.1., MP «B», 1 (¢Kuura — nourofs);
620151 Ceeppsoscx, ya. Mamuna-Cubupsika, 137 («<Kuura — nouroin);
700000 Tawxkent, ya. JO. ®yunka, 1;

700029 Tawxkent, ya. JlenuHa, 73;

700070 TawxkenT, ya. lllota Pycrasenn, 43;

700185 TawkedT, ya. Jpyx6ul HapoioB, 6 («¢Kuura — nouroit»);
634050 Tomck, Ha6. pekd Yiwaiiku, 18;

450059 Y¢a, ya. P. 3opre, 10 (¢Kuura — nouroiis);

450025 Y¢a, ya. KommyuuctHueckas, 49;

720001 @pyuse, GyapB. [d3epxuHckoro, 42 (¢KHHra — nowToit»);
310078 Xapbkos, ya. Yepuniwenckoro, 87 (¢KHHra — nouTois).
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