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TITABA BOCbMAM4

TNEPBOOBPA3HAS ¢YHKUHUS
(HEONIPEAEJIEHHBII UHTETPAJ)

§ 1. Heonpenenenusii unTerpan u mpocreimue
NpHeMbl ero BbHIYKHCJICHHUR

263. Monatue mepBooGpa3noll dQyHkuuM (B HeompeleseHHOro
HHTerpaia). Bo MHOrnx BONpOCAaX HayKH M TEXHMKH NDUXOLUTCA HE M0
SalaHHON (YHKIMM HCKaTh €e. MPOu3BOAHYI0, 3 Hao60POT — BOCCTaHaB-
J¥BATb  (PYHKUHMIO MO ¥3BeCTHOH ee mnpoussoaHod. B 91, npennonaran
U3BECTHBIM yDAaBHEHHE [BHXKEHW S==g(f), T. € 3aKOH M3MEHEHUR MYyTH
C TEYEHMEM BPEMEHH, Mbl nyTeM NudPepeHUHMPOBAHWS HAILAM CHAYana

ds dv
CKOpOCTb ?=—-—_, 3 34TEM #H CKOpEeHue a=——= —. Ha nene, OAHAKo, ua-
ac ycxop a

CTO NPHXOAMTCA peilaTb O6paTHYIO 3anayy: YCKOpEeHue a 3alLaHo
B GYyHKIHU OT BpeMeHH L a=—a(f), Tpebyercn onpene-
AUTL CKOPOCTb © M NPOMAECHHMHE NYyTb § B 3aBUCHMO-
cTu oT {. Takum 06pa3oM, 34eCh OKAa3biBAETCHA HYXHLIM MO (YHKILAH
a==a(t) BOCCTAHOBUTb Ty (YHKUHIO D=7 (f), A9 KOTOPOW a sBaseTcH
NDOU3BOAHOR, a 3areM, 3Haf (PYHKUMIO U, HAUTH Ty QyHKuMio §=S({),
a9 Kotopoft mpoussomHO# Oyner w.

Hanum crepyioulee onpelefeHue:

Qynxyua F(x) 6 0aHHOM npomescymrie HQ3bI8AEMCH nep s ooo0-
pasnold pynxyueii 02 dynrxyun f(x) usn unmezpason om f(x),
ecau 6o gcem 3moxm npomexcymie f(x) séasemcs npou3soOnoil 0Af
dyuryguu F(x) uau, wmo mo e, f(x)dx caysum oan F(x) dugp-
deperyuaion

Fx)=f(x) wm dF(x)=f(x)dx*.

Paspickawwe nad  QyHKUMA BceX ee nepBooOpasHbIX, HasblBaeMoe
MHTETDHPOBAHMEM €€, M COCTAaBJRET ONHY H3 8alay UNIME2PANbHOZ0 NC-
YUCAEHUS, KAK BWIMM, 3TA 3afava ABJAKETCS OOGPaTHOW OCHOBHOH 3ajaue
ANPHEPEHUUANBHOIO HCURCAEHHS,

* B stoM cayuyae roBOpaT Takike, YTO (YHKuUHs F(x) ABASETCA NepBOOG-
Pa3HOf (Man WHTErpasoM) Ana AuddepesHurasbHoro Bupaxenua f(x) dx.
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Teopema. Ecau 8 HeKOMOPOM (KOHEUYHOM UM BECKONEHHOM,
3amKHymom uau Hem) nposmescymre X gyuxgus F(x) ecms nepgo-
oopasnas 0as pyuxgun f(x), mo u ynugusa F(x)-+C, 206 C—
a0an nocmosnnan, maxxce Cydem nepsoobpasnoli. Qbpamuo, K a x-
dana @yuryus, nepsoobpasnas dan f(x) 8 npomexncymrxe & moxcem
Obime npedcmasaena 8 smoli gopate..

DokxasaTrabcreo, To o6croarensbcrtso, uto, Hapsay ¢ F(x)
n FF(x)+ C ssasercs nepsooOpasuod mas f(x), snoaue ouesnano, néo
[F(x)4C) =F (x)=f(x).

ITycte Tenepe @ (x) OGymer a1 6an neppoobpasvas mas f(x) Qynx-
uus, TaK 4to B npoMexyrke 2

O (x) =/ (x).

Tak kax dynknuu F(x) n O (x) B paccMaTpuBaeMOM IPOMEWYTKE UMEIOT
OHY M Ty XK€ NPOU3BOJAHYIO, TO OHH pasHaTcsl Ha nocrosHuywo [131,
caencTeue]:

Q) =Fx)+C

UTO H TpeBoBanoCh AOKA3aTh.

M3 Teopembi caedyer, 4rO AOCTATOYHO 11aHTH A DaHHOR YyHKUMA
J (x) roasko omHy nepBooGpasuyio dyHkuuio F(x), uToBGb 3HaTh BCE
nepsoo6pasHbie, TaK KaK OHW OTJMYATCA APYT OT IpYra NMOCTOSHHHIMH
CAar aeMaIMH,

B cuny srtoro supascenue F(x)4C, 20e C— npoussoasnan no-
cmosnnnan, npedcmasasgem cololi o6uud sud Pynxyuu, Komopas
useem npoussoduyi f(x) uan dugepenyuan f(x)dx. 10 BHpawe-
HUE Ha3blBAETC HEONpeAeJEeHHbLM HMHTErpaaom f(x) u ofo-
3HA4aeTCH CHMBOJIOM

S f(x)dx,

B KOTODOM HesBHRM 00pa3oM yXe 3aK/IOUEHa NpOou3BOJbHaf MOCTOAHHAL.
IMpoussenenne f(x)dx HAa3mBaeTC? MOAUHTErpaJbHL M BB Paxe-
HueM, a dyuKuna f(x)—nNOAHHTErpaabHo# dyHKLHEHR.

Mpunmep. Iycrs f(x)==x% Torma, Kak HETPyIHO BHIETH, HEONpe-
OeNeHHbIR UHTErpaa 3TOH (pyHKuMH Oyner

Sx“dx={3i—|—c.

31O Jerko nposepHTb oOpaTHbIM AeHcTBueM — AnddepeHUHpoBaHueM,

OOpaulaeM BHHMaHHE uMTareis Ha TO, YTO NMOJ 3HAKOM «HHTErpafa»
Snm.uy'r avdpdepeHunan uckomMoh neppooOpas3nofl dyHKUMH, a e
npou3BonLHYy (B Hawem npumepe: x*dx, a we x*). Takolt cnocob
3anucH, Kak OyneT BHIACHEHO Huxe |294], c034anca HCTOPUUECKH; K TOMY
K€ OW NPENOCTaBAseT PAd NPEUMYWECTB, W €ro COXPAaHEHHE BnoAHE ue-
necooGpasHo,
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%3 onpeneneHna HeonpeaeneHHOro WHTEerpana HENOCPEACTBEHHO BHITE-
KalT caenywouire csolictea:

Lo d{f(x)de=f(x)dx

T. € SHaku d u S, K020a nepssil noimewecH neped BMODbLM, 83QNMHO
coKpaiao mesa.
2. Tak kak F(x) ectb nepsoofpasnas dyuxuus ana F'(x), 1o umeem

{F(x)dx=F(x)+C
4TO MOXeT ObITh nepeEnrcaHo TaK:

{dF(x)=Fx)+C

Ottiona suanM, uT0 3Haxu d u S, cmonwue neped F(x), coxpa-
waomen n moada, xKozda d cmoum nocae S, no moasxo Kk F(x) nyx-
HO npubasumes APOUIBOALHYIO NOCMOAHHYIO.

Bosspawasch K TOH MeXaHuyecKoH gamaye, KOTOPYO Mbi I1OCTABHJIN
BHauasne, Mbl MOXEM TeNepb HanmucaTh, YTO

v=\a(t)at

s_—_-Sv(t)dt.

IpeanonowuM naa ONpeneseHHOCTH, YTO MLl HMeeM [ea0 € PaBHOYCKO-
PEHHBIM NBUXEHHEM, HANpuMep nod AeHCTBHEM CHAKW  TRKECTH; TOrAad
a =g (€C/” HANpaBJEHHE MO BEPTHKA/JWH BHHU3Z CYUTATb MOJOKUTEALHHM)
M — KaK HeTpyAHO c000pa3uTh —

’U:Sgdt::gl+c.

Mol monyuuan ppipaxenue mAs CKOPOCTH U, B KOTOPOE, KpOvE ape-
MEHHM [, UBXOAMT ele W npoussosbHam nocTtosuuas C. [lpu pasanaumx
sHauennsx C Mol GyaeM noJyuarb W pa3/uyHble 3HAYEHUST IJ% CKOPOCTH
B OIMH M TOT XK MOMEHT BPEMEHH; CNENOBATE/IbHO, HMEIOWHXCA y Hac
LaHHBIX HENOCTATOYHO [JS NOMHOro pelends 3agaqn. UYrtoOu noayuuTsh
BIO/IHE ONpPENE/NEHHOE peleHHe 3alayy, AOCTATOYHO 3HATH BEMWYMHY
CKOpOCTH B OIMH KakoH-uuOydb MOMeHT spemeHd. Hanpumep, nycTb Ham
M3BECTHO, YTO B MOMEHT f=—=/{y CKOPOCTb U ==7, MOACTABMM 3TH 3Ha-
YEHH B [OJYYEHHOE BLIPAKEHHE L/ CKOPOCTH

Vo =gt + G,
OTKyZa

C=1y — gty,
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H TEeneph Hallle pEUIEHWE NPUHUMAET YXE€ BIIOJHE OHPGD.GJIGHHHH ;14018

v=2g(t—t)+ .
Hatnem, nanee, Bmpaxenue ana nyth s. Mmeem

s={lg(t —t)+ 1) dt =3 g(t — 1 + 05 (t — )+ C

(nucdepeHnpOBaHHEM JErKO NPOBEPHTb, uTO nNepBOOOpa3Has PyHKUUA
mower OhiThb B3RTa B TakoR Qopme). HeunssectHyio HaM HOBYIO MDOCTOsH-
Hylo C MOXHO ONpene/nTb, €CJAH, HaNpHMep, HAAHO, YTO NYyTb §=Sp
B MOMEHT t=tfy Hahaa, uto C'==s, nNepelnlleM pelleH#e B OKOHYa-
TENbHOM BHIE

s=a gt — )+t — t)+ 5

3nauenus £y, Sg, Uy YCNOBHO Ha3HIBAIOTCA HAa4Ya/JbHHMHM 3HAaUeE-
UWAMMK B&IAUUH §, S ¥ 7.

Mpt 3HaeM, 4T0 npou3BOAHan PyHKUMM y==F(X) naer yrionoM

KOS(PPUUMENT KacaTeabHOR K cooTBercrBytomleMy rpaduky. ITosromy

3amavy pa3biCKaHWA nepBoo6-

v g=hzpl pasucd F(x) 478 3anaHHOH

%'——m dyHxunn f(X) MOXHO HCTOJ-
¢ KOBATb TaK: mpelyemca Hal-

mu gpusyw y=—=1F(x), oan
Komopoll umer 0w Mecmo
3a0aHHBE 3QKOH U3MENHEHUSA
ye2a08020 Kodhgbuyuenma Ka-

camensHoll:
Y/ Z, z tga :f(x)
Puc. 1. Ecan y = F (x) ecTb oana -

U3 TaKHX KPUBBIX, TO BCE OC-
TanbHble MOryT GbITh NOAYYEHB U3 HEE NPOCTHIM CABUIOM (Ha TDOU3BOMLHMA
orpe3ok C) napaaaenvuo ocu y (puc.t). s Toro, utoOmM HHAMBUAYaAIH-
3MpOBAaTh KPUBYIO B 5TOM MHOXECTBE KPUBBIX, LOCTaTOUHO, HANPHMED,
33a0aTh TOYKY (Xp, Vo), UEPE3 KOTOPYIO KPHBaf LOMKHA NMPOHTH; Hauada b-
Hoe ycaosue yy=F(xs)4 C nactr C=y, — F (%)

264. UnTerpan u samaua o6 onpemenenun nnomann. [opaspo
BaXKHEE HWCTOJKOBaHWE NepBOOGPa3HOH (DYHKUMKM Kak IJOWLAAH KPUBO-
JannedHo# durypel. Tak Kak MCTOpUMECKHM NOHATHE nepsooOGpasHol QyHK-
uun 6b0 TecneHwiuM oO6pa3om c€BA3aHO C 3amauel 00 onpeaeseHHn
NJA0WLaaH, TO MH OCTAHOBHMCA Ha 3TOH Salaue yxe 3necb (moaw3yach
WHTYUTHBHRIM NpPEACTaBJEHHEM O MJIOWLAAX NJIOCKOR Qurypal U OTK/Jaam-
Bas TOUHYIO MOCTAHOBKY 3TOr0 BOmpoca A0 rhaass X).

[lycts mama B npomexyTke |a, b| nenpepuisuat dyukuus y = f(x),
NPUHAMAOWAS  JHWb  [OJOXHTE/bHHE (HEOTPHUATEAbHHE) SHAUYEHHA.
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Paccmotpum durypy ABCD (puc. 2), orpannuennyio Kpusoft y — f(x),
IBYMS ODAMHAaTaMM X=—@ M X=—=20 B OTpPe3KOM OCH X, 10106HyIO (u-
Typy Oynem HaswBaTb KpuHBOJUHeHHOR Tpameuneh Heaas
ONpeje/nTh BEMWYHHY Naowann P 3ToR ¢urypel, Mbl H3yYyuM MOBENEHHE
njiowann nepeMeHHol durypn AMND, 3ak/MOYEHHOH MexAy Ha-
YaabHOR oOpaWHAaTON X=—a # opauHaTO#, OTBEuaLIE# 1IPOHU3IBO/LHO
BubpaHHOMYy B npomexyTke [a, b]
sHauenmio x. IIpn usmenennn x sta
nocaenHss naowans OyneT COOTBeT-
CTBEHHO H3MEHSTbCH, IPHYEM Kax10-
My X OTBEYaeT BNOJHE OnpeneseH-
HOE €€ SHaueHHe, TaK YTO MNJIOLLafb
KpusosuHeftHo#t Tpameunn AMND
ABAAETCA HEKOTOpPOH dyHKumeR ot
X; ofosHauuMm ee uepes P(x).
Mocrasum cebe cHauana samaueft Puc. 2.
HAaTW NMPOH3BOAHY 3TOH
dyuknunnu C 9TOR ue/ b0 NPHAAIHM X HEKOTOPOE (CKaXeM, NOJOXKH-
TENBHOE) nphupauleHde Ax; Torfa niowmags P (x) noayunT npupawenue AP,
O603naunM uepes m u M, COOTBETCTBEHHO, HAMMEHbLIEE W HanboJb-
wee suaueHns dyuxuuu f(x) B npoMexyrtke [x, x -+ Ax] [85] n cpas-
HAM naowans AP ¢ naowagsMH NPAMOYrOJbHHKOB, MOCTPOEHHBIX HA
OCHOBaHMM AX n uMeloWwHX BHCOTH m u M. Ouesnano,

mAx < AP <MAx,

A M

r
" oa r Az §

OTKyZa
Ap
m <5 <M.

Ecam Ax—0, To, BC/eacTBME HenpepuHBHOCTH, m m M Oynyr crpe-
MuThCA K f(X), a Toraa w

. AP
Po=in =)

Takum o6pa3oM, MH NPUXOAMM K 3aMeuaTeJbHOR TeopeMe (OOhUHO
HasbiBaeMoOR meopenmoll Hewmona u JeliGruya)* npoussodnan
om nepemerrofi naowadn P(x) no wowewwol abcyucce X pasHa Ko-
Hewroll opduname y==f(x).

WubiMi crioBamH, nepemennas niowads P(x) npedcmasanem coloi
nepsoobpas3ny i Gynwyup 08 Oannoli @Gyrxguu y=f(x).
B pany apyrux nepBoofpasHmX sTa nepsoo0pa3Has BHAENSETCA 0O
TOMy TpM3HaKy, 4YTo oHa obpawaerca B 0 npu x==a. [oaToMy, ecau

* B [eACTBUTEALHOCTH 9TO NMpeNROXEHHE — XOTA W B APYrof qopme — oiry-
G6auxkosan ewme Bappoy (Is. Barrow), yuureas HowoTona,



16 [/, VI, NEPBOOBPA3HAS ®YHKUHUA I264

M3BECTH3 KaKas-n160 neppooOpasnan F(x) A dyuxunn f(x), u no
TeppeMe npeauiaymero n°

PxX)=F(x)+C
TO NOCTOAHHYIO C JACrKO OIPEAC/INTb, NOJOXHUB 31eCh X —Q

0=F()--C, T1ak uto C=— F(a)
OKOHYaTENbHO
P(x)=F (x)— F(a).

B yacrtHocTH, aa4 noayvyenuqa naowaan P pce#t xpusoauHeHHOH Tpa-
neunn ABCD nyxHo B3aTh x =5

P=F (b)— F(a).

B Buae npuMepa, Hahaem naomans P(x) durypws, orpaHHyeHHON
napaboaoft y:ax“, opanrHaTtoft, oTseuawomedl aanno# abcumncce x,
w otpeakoM ocu x (puc. 3); Tak kak wuapabosa nepecexaer oCb X B
Hayajle KOODAWMAT, TO HauvaabHoe 3Hauenne x 3specs 0. Jna dyuxwiu

f(x)=ax® aerko wahiTh nepsoOOPazHyIO:

Yy a
‘F(x)z[%. Jta ¢yHKUNA Kak pa3 n 00-

pawaerca 8 0 npn x=0, Tak urO

- _ax®*__xy
P(x)_F(x)_—7_§
[cp. 82, 4)].

Bauay Tol CBA3M, KOTOpaAs CyllecTByeT
MEXIAY BHYHCACHHEM HHTETPANOB H HAXOX-
NeHueM naoutaneH nAoCKUX (Guryp, T. €. Ksad-
paTypol uXx, CTa/i10 OOHIYHLIM H Camoe Bhl-
0 z oL uucaende WMTEIDajsOB HA3LIBATL KB A AP a-
TypoH.

Ilan pacnpoCTpaHeHus BCEro CKa3aHHOro
BLIWE Ha Cayuyall QYyHKUMM, NpHHUMaONIEN
W OTPUULATENLHLIE 3HAYEHWA, NOCTATOYHO YCJOBHTHBCA CYMTaTh OTpHUUA-
TEJAbHbB MY NJOLAAN YaCTEH (DUryphLl, PACNONOKEHHLIX N O A OCHIO X.

Taxum oOpasom, Kakosa Ok HH OHWJA HENDEPHBHAN B NDOMEXYTKE
la, b} dynxuns f(x), uuTaTe b BCErAa MOXET NPEACTaBHTL cebe nepso-
ofpasHylo A9 Hee QYHKUMIO B BuAE NEPEMEHHOH naowasy Guryphl,
orpannyeHHod rpacduxkom aanHo# oynkuun. OOHAKO CYMTATL 9Ty reomeTt-
PHUECKYIO MANIOCTP AU IO H0KA3ATENBCTBOM CYUI(ECTBOBAHHA NEpBOOO-
PasHON, pasyMEETCs, HEAb3A, NMOCKOAbKY CaMO€ MNOHATHE NJOULAfM €Lle
He 000CHOBaHO.

B creaywwmett raage [305] M cmOXeM gaTb CTPOroe ¥ NPUTOM
HUCTO aHA/MTHUYECKOE [OKA3aTeAbCTBO TOro BawHOro (hakra, uto xaxcoas

Puc. 3.
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HenpepeeHan 8 OaHHOM npomexcymie @ynxyus f(x) useem 8 nes
nepsoolpasny 0. IJT0 YTBEDMKAEHHE Mbl NPpHHUMAEM yxe celuac.

B wHacroswmed rnage Mbl GyaeM FOBOPWTb O NEPBOOOPAsHBLIX ANLIb
Ans HenpepbiBHHIX dyHkunf. Ecnou yHKIMA 3a4aHa KOHKDETHO U HMeeT
TOYKH pa3phiBa, TO paccMaTpUBaTh ee Oydem Jdliib B NPOMEXKYTKAX ee
HenpepuiBrocTH. TlosToMy, nonycruB ¢dOpMyAMPOBAHHOE BhILIE YTBEp-
KOeHWe, Mbl 0CBOCOMAAaEMCA OT HeOOXOAMMOCTY BCAKHH pa3 Oropapusarhb
CYMI€CTBOBAHUE MHTErpajsoOB: pacCMaTpUBAEGMBIE HaMWU HHTE-
rpajgso BCe CYIWECTBYIWOT

265. Ta6nuua OCHOBHBLIX HHTerpanoB. Kaxpmaa copmyra angde-
PEHLMANBHOI O HCUUCICHKA, YCTAHABAMBAIOWAS, UTO AR HEKOTOPOH (YyHK-
MK F(x) npoussonuol Gyaer f(x), HENOCPENCTBEHHO NPHBOAHT K CO-
OTHeTCIByIOWed (HOPMYAe UHTErPaNBHOIO MCUHCACHUA

{f(x)dx=F(x)+C
NepeGpas gopmyast n° 95, 10 KOTOPHM BHUUCANAACH MNPOM3BOMHKE Die-
MCHTAapHBIX (QYHKUuK, a TaKke HEKOTOpHEe (OPMYNbl, BLIBEACHHLIE 1a/b-
we (A9 runepGoauvecknx (GyHKUUA), Mbl MOMEM Teneps COCTaBUTH CJe-
ayouwyio Talanny WHTerpanios:
1. f0.ax=c

2.

1 d
dx:Sl_*_xxgzarctg x—+C.

Vi—xt

! dng—Lzarcsinx+C.
C ferdx=e"4C

8. {sinx dx=— cos x 4 C.

9. {cos xdx=sinx 4 C.

1 __ dx |
10. g ax={ g =—ctextc
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cos' x cos¥x

11 S—l——dx=S s =tgx+C.
12. {shxdr=chx+4C

13. {ehxdx=shx-+C.
14, S?H',de=—cth x+C.

15, S"c—ih?de=thx+c.

Mo nosoay dopmyan 4 caenaem noscuewwe, Oua npusioxuma B moGom
NPOMEXYTKE, HE coaepwkaeM Hynrs. HefcTBHTEAbHO, €Cad STOT NpoO-
MEXYTOK JEXMT BOPaBO OT HyJad, Tak 410 X >0, TO H3 u3BECTHOH

tdopmysn anddepesuvposarna [Inx] = % HENOCPEACTBEHHO CAEAyeT
S d;’t =Inx-C.

Ecan %e npoMexyTOK JexHuT BJAeBO OF Hyaa u x< 0, To nnddepeH-
uMpoBaHUEM Jerkc yOeAuTbCs B ToM, uTo [In(— x)]’:'}—, OTKyla

S‘L—’tzm(—x)-f-c.

QOGe st dopMyasl u ob6neauHeHn B Qopmyse 4.
PaMiy npuBefeHHOH Bhille TalJuLbl HHTErpajoR PpAa3ABUraIOTCA NPH
TOMOWK NMpaBWA WHTErPBPOBAHUA.

266. IpocTeiimine npaBnaa wuHrTerpHpoBanua. l. Ecan a-—no-
cTosHHas (@ 7= 0), 10

Sa-f(x) dx=—=a- Sf(x)dx.
NencrBrTensHo, nuddepesuupys BoipakeHHE CNPaBa, Mu noJyyum {106, I]
d[a-§f(dx|=a-d[{f(Ddx]=a-f(x)dx,

Tak YTO 3TO BHIpaXeHHe aBJdgercd nepeooOpasHoR ans auddeperunana
a-f{x)dx, 4. u tp. 0. Wrtak, nocmosHHbi MHONMUMEAs MONHCHO 8bi~
HOCUM® U3-nO0 3HAKQ UHME2Parq.

1. S[f(x)ig(x)ldx:&f(x)dxng(x)dx.
HuddepenunpyeM Buipawende cnpasa [105, II]:
d [S f(x)dxﬂg(x)dx]:
=d{/(x)dxEd{g(x)dx=|f(x)F g(£)]dx
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TaKUM O6pA3OM, OSTO BHIPAXKEHWE ABJSETCS nepsoobpasHol  dyHKIHeN
ans nocsenHero auddepenuuana, 4. u Tp. A Heonpedeaennsid uxme-
epan om cymms (paswocmu) ougbghepenyuaros pagen cymme (pa3nocmu)
unmeapano8 om Kkascdozo Ouggepenyuara 8 omadeasHoCmU.

3ameuanune. [lo noBoay 9THX ABYX GOPMYJ] BaMeTHM CAELYIOUIEE.
B HuUX BXOZAT HEONMpeJe/eHHble WHTErpaJnl, COAEPKAUlME KaxAbit mpous-
BO/MbHOE [OCTOAHHOE cararaemoe, PaseHcTsa nOROGHOTO THNA IMOHH-
MalOTCA B TOM CMBIC/AE, YTO Da3HOCTb ME¥AY MparOR M JeBOH yacTAMH
ero ecTb MOCTOfHHafA, MOXHO noHMMaTs 3TH paseHCTBa M GyKBaJbHO,
HO TOTAa O HMH H3 QUIYPHDYWOWMX B HHX MHTErpajioB mnepectaeT ObTh
NPOH3BOAbHOMN NEPBOOODPa3HOH: MOCTOAHHAR B HEM YCTaHaBJMBAETCA
notse BHGOPA MOCTOAHHLIX B [PYrMX MHTErpanax. OTO BaXHOE 3aMe-
YaHWe CleNyeT MMeTb B BHAY ¥ BMDEAb.

Il Ecan

{fyat=F®)+C
TO
{f(@x+b)dx——-F(ax+ 5+ C.
HelcTBuTENbHO, HAHHOE COOTHOWIEHHE DABHOCHJIBHO CJCAYIOULIEMY;

LFO=F O)=/().

Ho Toraa
2 Flax+b)=F (ax+b)-a=a-f(ax+b),
TaK 4TO
a%[}; F (ax 4 b)]:f(ax 46),

T. €. %F(ax -}-b) nmefictBuTedbHO OKa3pliBaeTcA nepsoo®paswolt  ans

pyHxunu f(ax -}~ b).

Oco6enno’ 4acTo BCTpEYaoTCA Cayuad, xorga a=1 wm b=0:
{fix+0)dx=F(x+84C,
[f(@x)dx =1 F()+ G

[Ha nene mpasuno Il ectb BecnMa yacTHhift cayyalt mpaBuna 3aMEHHN
[EPEMEHHON B HEOMPENEJNEHHOM HMHTErpate, o ueM Oyner peub Huxe, 268.]

267. Mprmepsr. S(b‘x‘—3x+ 5) dx.
Tloanaysc, npaenaamu Il w | (n popmynamu 3, 2), umeenm

S(Gx’—3x+5)dx=S6x’ dx —{ 3xdx 4 {5dx=
=6§x'dx-—3§xdx+5de=2x'—-—§—x’+5x+ C.
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2) Jlerko npouHTCrpUPOBATH MHOrOuMeH M B O6U(EM BHAE
S (@apx" +a, x4 . 40, x+a)dx=a, S xNdye 4+
+ale"“ a’x—}—...—}-a,,_ledx—f—a,lde:
_ 8o
PES
3) § @ 1 dx = { B 12¢* + 6x* + ) dx =

lI.‘H+ Loxn o, +a"lx2+anx+c (1, 1; 3,2

3

'7+%x"—}—2xa+x+ C. (npumep 2)

8
T
4 § 1+Vx)4da—5(1+4 VX 4+b6x+dx VX +x8)dx =

e

=\dx+4\ x dx+6 xdx+4\x?dx+\xtdx=
§ jo? J §

5
_x+—x 4 3x = x3+%x’+c. (1, I 3, 2)

5) (x + 1) (x*—3) _ xa+x2—3x—3
A 3x2? - 3x? .
C/1 (S B | 1 d
=5(?"JF@—?—?)“:?S”HgS"X—S =
(g Lo L RS .
{x dx= x4 gx—lnx+—-+C 1,324
S(x—Vx)(H—V _SxVx—Vx _
-_— dx = — i x =
Vx Vx
=Sx6dx—8x6dx=ﬁx Tx8HC 9
Haauwm pan npumepoB Ha npyMeHcune npasuna Il
' odx . .
7) (a) Sx_a_—_lnlx—a[-}—(,. an; 4
dx
(6) S m: S (x—a)*dx =
(k>
— ! —k+ —_ ! .
=9 l+c_—m+c (I 3)
8) (a) Ssin mxdx:—”]—l cos mx 4 C, (11 8)
m#0)
©) { cos mxdx:mlsm mx +C, (I1l; 9)

(8) 3 e dx = ——%e““ +C. i
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dx | dx X .
! I fic, @Ls
O Vo= 4 § = aresin GG (9
—(%)
a>0
d 1 d [ X .
(6) Sﬂ%z?g—x:;alctg;—}—c. (n; 5)

2

- (2)

Mpusteper Ha Bce npasuna:

10) S (ex — I)e(fz.¢+ D e — S (% —ex 1 1 — e ¥)de=

:%e“—e"%—x%—e‘v‘—}—c. 1, 1, 7,2)

ax -+ b
i Scx+d dx,

Pazgenns uucantenb Ha 3HamMeHaTeAb, NPEACTaBUM MOAHHTErpanabHOE BLipa-
WCeHHe B Bujie

a be — ad 1
Tt cx+d
OT1ciofla HCKOMBIA MHTErpan paBeH
L +”_C%_,f5‘1 Inlex+d|+C. LT, L 2, 4

12) S%i — S (2x—5+XL+lj dx =

=x*—5x+6In|x+1| +C.

WHTerpupoBanne APoGH €O CAOKHBIM 3HAMEHaTeICM yacTo obnervaercs pai-
NOWCHHEM €€ Ha CYyMMY ApoGei ¢ Gonee npocTbiMH 3HameHatensMH., Hanpuwcp,

L l N )
x*—a (x—a(x+a —271<x——a x+a)

nos3toMy [cm. npumep 7) (a))

13 dx | dx dx —]—In
) ,xz——a”‘??z[ x—a JYx+a]| 2a

Jlaa ppoGu 6oace obwero Buiua

X —a

x+a

+ C.

1
Graxto

MOXNO YKa3aTh, nanpumep, 7axkoit npueM. Oucsngho, (¥ +a)—(x+b) =
=a—»b. Torpa uveem TOXAECTBEHHO

] 1l (x4a)— (48 ] ( 1 1 )
CFaxtd as—b6 (xtalx+bd a—b
Takum ob6pazom,

dx 1
W § T = e

x4+ b x4a)’
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B vacthocTh,

R N e ==k
O §mryi—= ‘S—ﬁ—) db=s 1R
16) SW%C—(""" B — AC>0),

3HaMeHaTenp CAeSYIOHM O6Pa30M Da3MaraeTca Ha BElIeCTBEHHbIE MHONH-
Tenu: A (x —a) (x — f), rue

w. =B+ VB —AC g —B— VB —AC
A ’ A
A Torma, coraacHo npumepy l14), nonaras B HeM a=—B, b=-— @, QOAYYHM
S dx _ 1 I | Ax+B—V B —AC L
Ac*+Bx+C ~ 2y B —AC Ax+ B+ VB —AC

HexoTOpbIe TPUrOHOMETPHUECKHE BbIPaXKeHHs, [OCAe TeX KM UHBIX SAeMEeR-
T3pHLIX Npeo6pa3oBavHit, WHTErpUPYIOTCA TaKXe I[PH NOMOWH NPOCTEHINHX
IIPHEMOB,

OuyeBHAHO, HaNPUMeED,

cost my — L COSIMX 1 —cos2mx
2 2
OTKYJXA
17) (a) S cos® mx dx=%x + L sin 2mx 4 C,
4am, 0
) | (m7=0)
- 11
(6) g sin? mx dx= g X — g7 S0 2mx 4 C.

AHanoruyHbiM 06pa3oM, HMeeM

sin mx cos nx =% [sin(m 4 n) x 4 sin (m— n) x|,
cos mx cosnx=]7lcos(m+n)x+ cos (m-—n}) x|,

sin mx sinnx=%[cos (m — n) x — cos (m + n) x|.

Cuyutas m x n %0, MOTYYUM CAERYOLIHE HHTErPaisl
18) (a) S sin mx cos nx dx =

—~2(+—}—n) cos(m—}—n)x—ﬁ cos(m—n)x+C,

(6) S COs mx €os nx dx =

=2(m1+”) sin (m +n) x +2(m_5in(m—n)x+c,
(8) S sin mx sin nx dx =

=l—sin (m—n)x—msm(m—}—n)x.}_c‘

2(m—n)
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B 3axaoyenme paccMOTpUM HeMHOro Gonee CROXHBIA npumep,

sm 2nx

19 (a) dx (n=1,2,3,..).

Tak xak

n n
sin2nx == Y [sin 2%x —sin (2 —2) x] =2sinx } cos(2k— 1) ¥,
E=1 K=l

n
TO NMOAMHTErpPaT6HOE BLIPAXCEHHE NPHBOAUTCA K 2 Z cos(2k—1)x, B HCKO-
k=l

Mbif nHTerpan Gyler paseH
sin (2k —_ I) X
2 C.
Z +

Ananoruyso

© Ssin(2n+l)xdx=x+2 2 sinQ?:x +c.

sinx

k=1

" 268, UATerpuporanue nyrem 3aMeHH nepemeHHOH. W310xuM onuu
M3 CHIbHERUWNX NPUEMOB AN HHTErPYUPOBAaHMS (PYHKUNH — METOO 3aMeEeH N
NepeMeHHOMR HAH NOACTaHOBKH B ocHose ero JexnT caenywouee
NpOCTOEC 3aMeUaHUue:

eCcAll U38eCMHO, ¥mo

{gyat=aw)+C
mo mozda

{g(w @) o (x)dx=G(x)+C

[Bce durypupyiomne smecs ¢ynxkuun g(f), w(x), o (x) npernona-
raloTCA HeMpephBHbIMH. ]

DTO npAMO BHTEKAET u3 NpaBuaAa AMQQPEpPEHUHPOBaHUA  CJOXHOM
Pynkunn [98]

2 00(R)=0 (0 ()0 (x)=g( () o (x),

ecnn  yuecth, uto Q'(f)=g(f). To e MOXHO BHIPA3HTB M HHaYE,
€Ka3aB, YTO COOTHOLIEHHE

do@t)=g(t)dt
COXPaHAeT CcHAy W NpH SaMeHe HE3aBHCHMONW mnepeMeHHOR ¢ Ha ¢yHk-

ugio o (x) [106).
Ilycte TpeGyercs BBIUHCAHTD HHTErpan

{f(x)dx
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Bo wMuorux caywasx yRaercs B KauecTse HOBOW nepemeHHOH BnGpaTh
TaKy QyHKUM©O oT X! f==w(x), uTOOH NOJAMHTErpa/bHOE BHIPAXEHUE
NpeAaACTasuJI0oCL B BHAE

fw)de=g(o(x) o (x)dx, M

rae g(f)— Gonee ymoBHam AN WHTErpUpOBaHMs dyukuas, uyem f(x).
Torma, no ckasannomy BBIILE, LOCTaTOUHO HaHTH MHTErpal

feat=cw+c

utoBel M3 HEro nNOACTAHOBKOH f==w(X) NOJYYATb MCKOMHH HHTErpas.
OOrKHOBEHHO NULYT NPOCTO

[fyde={gat @

nolpasyMesas yxe, 4TO B (YHKUMH OT #, KOTOpas NpeACTaBJeHa HHTE-
rpajoM cnpasa, NpOW3BENEHA YKa3aHHAn 3aMeHa.
Hattaem, nanpumep, unterpan

Ssin“ xcosxdx.

Tak kak dsinx=cosxdx, 10, nonaras f==sinx, npeoBpasyem noa-
MHTErpabHOE BBIPAMEHME K BHAY

sin® x cos x dx = sin® x d'sin x = 3dt.
Vinterpaa OT NOCJAEOHErO BhIpaMEHUs BLIYKCITETCS JNErKO:
. £
S rat =51 c.
OcTaercs JMIUb BEPHYTHCA K NEpEMEHHOH X, MOACTaBJfAR Sinx BMecTo I

3 __sin'x
Ssm xcosxdx = 1 +cC

Ofpamaes BuMMaHWe YNTaTe/s HA TO, 4TO MpH BHIGODE MOACTAHOBKH
=w(x), ynpouawiuieHh TNOAMHTErPATLHOE BHIDAKEHHE, HYNKHO NOMHHT,
UTO © €ro cocTane JOJKEH HaHTHch MHOKUTeab o (x)dx, Aawouwmi
Aupeperas HosoR nepemennoft, df[cm. (1)]. B npexemywem -npu-
Mepe yZaua NOACTaHOBKM f=sinx o6ycn0BANBANACL HAIMYUEM MHOMKH-
Teas cosx dx==dl.

B sToft cBA3W nNOyuMTeJEH TpUMEp

Ssin“xdx;

30eCh NMOACTAHOBKA ! —Sinx Oblna Oul HENpAroAHa UMEHHO BBHAY OICYT-
CTBMS YNOMsiHYTOrO MHOXHUTeas. Ecan nonpoGoBaTh BBIACAWTH M3 TOAMH-
TErpaJbHOrO BHIpakeHUs B KauecTBe Anddepenunana HoBo# mepemernof
MHOAHMTENL Sinx dx Wau Jayywe -—sinxdx, TO 3TO NpuBedeT K NoA-
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CTZHOBKE f== COS Xx; TAX KaK OCTAIOLIEECH BHIPANEHNHE
— sin® x = cos® x — !

5TON MOACTaHOBKOH YNMpPOMAETCA, TO NOACTAHOBKA OMpaBaaHa, Mmeew

g sin“xdx—_:g(t"— Dat=" — -} c=2 % cos x-}-C

ITpu HeKOTOpOM HaBhiKE B NPOM3BOACTBE NOACTAHOBKH MOXKHO CaMOH
nepeMeHHo#t { M We nucatb. Hanpumep, B uuTerpane

S sin® x cosxdx:S sin® xdsin x

MLICTEHHO pacCMaTPUBAIOT §in X Kak HOBYIO .MEpEMeHiyio U cpasy
NEPEXOAAT K pe3yabTary. AHaJOrHUHO

X a —arcsinf—}—C
. Ve —x® ]/1_(“3)’! “ .
a
X
dx 1 7

l x
FraTu | wp T gadg s+ G
)+

X
IToacranonxa t==T- 3nech noapasyMeBaetcs.

UntaTens Bugmt Temepb, yro npasuao 111, 266, no cywecrtsy, Cso-
Aurca K AuHeHyo# nopcraHoske t=—ax - b:

[ |
Sf(ax—}— b dx— - Sf(ax+b)d(ax+ b= gf(t)dt.

WUno#t pas noacraHoBika npuMenserca B QopMe, OTHHuHOM OT ykasai-
1o#, WmenHo, B noAnHTerpanbHoe BhIpaxeHue f(x)dx HenocpescTBeHHO
MOACTABARIOT, BMECTO X, (PyHKUno x=¢ () OT HOBOH nepemeHHON !
H NOAYHAI0T B Pe3yabTaTe BLIPAWEHUE

FloW)e (Hdt=g(t)dl

QueBuaHO, €CAM B STOM BHIPAXEHHH TNPOM3BECTH NOACTAHOBKY = (X),
rre o (x) — dyHkuua, obparras A ¢ (f), TO BEPHEMCA K HCXOAHOMY
NOAWHTErpaibHoMy Bblpaxenuo f(x)dx. [TosToMy, Kak W npewxne, uweer
MECTO paBeHcTBO (2), rae CnpaBa, NOCAE BLIYMC/ICHMA HHTErpasa, cie-
AYeT MONOKHTL [==w (x).

Lna npumepa naiinem unterpan

S__dx_
Vx(d+yx)'
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Ecin nonowuts x==15 (4T06H BCE KOPHYU <HIBJAEKAUCH®), TO MOJYHHM
Vi==¢ yx=t, dc==6Fdt u

Ve =S e =e{§ o= ra)=
=6 —arctg)C.

o
Teneps ocraerca nepefiTh x nepeMenHo# x No dopmy.e t=v'x,
OKOHH4ATeMbHO

dx 8 ,— 8/ —
— T = — 6(]/-x —_— afctg ]/-x) + C.
\ D
Bosaee untepecer npusep
S Vo — tdx.

Pa3nocTh XBaApaTos TMOA KOpHEM (M3 KOTODHX TepBblfl MOCTOAHEH) MOX-
CKa3bIBAET HaM TPHTOHOMETPHYECKYIO TOACTAHOBKY x =asinf ¥, Mmveen

Va—x*—=acost, dx=acostdt
Sl/ a*—x"dx:a“Scos“tdt.
Ho mu yxe 3naem nHterpan
1 1
9 2 9
a co df = - — 2t
S s*¢ a[2t—{—4sln +C
y e X
[267, (17) (a)]. Hdaa nepexosa Kk X MOACTABASEM t=arcsm7; npeobpa-
S0BAHHWE BTOPOro cJjaraemMoro obJeruaercs TeMm, uto
@ Gin2f = asint-acostzlxl/a?—x2
4 2 2 :
OKoHYaTeNLHO
S E—1 1 g a? .
S Va—x° dx=7x]/a“——x’—}—~2—arcsm F+C'
YmeHbe pa3biCKMBATh BHrOAHBIE NMOACTAHOBKM CO3A3ETCH YHpaKHe-
nueM. XoTA OOUWIMX YKa3aHWd# MO STOMY NOBOAY AaTh HE/bL3H, HO OTAE/b-
HBIE YaCTHHE 8aMeuaHus, obJeruyawilge 3TO pPAa3hICKMBAHWE, UHTaTe b

HattzetT B creaytouem n° B kaHoHMHUECKHX C/IyuasX MOACTaHOBKH OyayT
NpoOCTO YKa3aHH B Kypce.

* YMeCTHO YKa3aTh, UYTO X Mbl CYWTA€M H3MEHAIOUIHMCA MEXAy — 4 4 4,

a ¢t mexay —-—"2— H % [NosToMy ¢ = arcsin %,



269] § 1. nPOCTEHIINE NPREMH BHIYACAEHHA 27
xdx x?

I S costx® ¥+

(a) PRmenrne Tonaran £ =x?, umeeMm dft =2x dx, Tak 410

Se"xdx:% S e‘dt=%e’+C=—;—ex’+C.

269. MMpHMeps!. 1)(a)Se"xdx, 6) S T

(6) Ykazanue Ta we noacragoBka. Omesem: % arctg x3 4 C. B o6omx

CIyyaax uHTerpasnl MMEAH BHA

Sg (x%) x dx——-—% Sg(x’) d(x*),

rie g— yao6Has A48 MHTErpHPOBaHMA (QYHKUHA; BIA TaKHX MHTErpanoB ecre-
CTBEHHA NOACTAHOBKa £==x*. AHaJOTMYHO WHTErpams BHAa

fewrsax—g (e aw

6epyTca noactaHoBxo#t £=4x® ® T. 4, [loa nocrexuvi THNM NORIOAWT TPeTHH
HHTErpan.

(8) Omeem: % tgxt4-C,

2 (@ 4Pt xdx (w£E—1).

PemeH ne MowHO Norowurs 3gecs f==x% HO mpouwe cpa3y B3AThL
u=—ax? 48, H60 MHONXUTENh X dX JAUIb YUCIOBHIM KOIPGHUUHCHTOM OTiU-
uaeTcA Of du==2a x dx. Mimeem, Takum o6pazom,

ot = - ! =
S (ax +ﬁ)“xdx_2—a S u“du—mul*+‘+c_

l 2 +1
=m(“x +pp+i4-C.

3)(a)g—dx ©) lenx’() len r2

Ykaaaune Bce stu unrerpans HMewT BHI
S g(lnx) d;’f = S g(inx)dinx
W 6epyTén nmoacTaHoBko# f==In x.
Omsem: (a) % Inx4-C; (6) Inlnx+C; (8) — T%r +C.
4) Wnterpanw BHIa

S g (sinx)cosx dx, S £ (cos x) sin x dx, S ggx) —5— cos’

OEpchn, COOTBETCTBEHHO, MOACTAHOBKAMH

t=sinx, u=cosx, v=Igx,
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Hanpnwvep,
cosx dx dt I :
(a) S o S E—E =arctg ¢ + C ==arctg sinx 4 C:

(6)Slgxa’x= S Sjl{a’x:-— S d—::——]nl;;[—{—C:——ln]cosxl—}—C;

cos X
dx

() . dx . cos’x du .
Atsin®*x 4 Bicosx ) Aigtx+ B2 ) AT L BT

! Av 1 A
= 75318 F +C=/—\§ arctg (B- tg x) +C.

2x d. X dx
5) (a) Sx‘L-}—vl‘ (6) gclgxdx, (8) geueﬁdx, (r) Sm.

PeEwenue (a) Ecaw nonowurs ¢=x*-4 1, 10 wucaurens 2x dx nact
B TOYHOCTH df; WHTErpan CBEAETCH K

dt ;
g T:ln;t|—}_—C=ln(x1+l)+C.
ameTus, uTO BCeErfa, KOrla NPEAAOKCHUBIE HHTErDan ¥meer BHI
t o (x df (x
o )dx:S /(0
fx) )
TaK YTO B NOAMHTErpanhHOM BBHIDAWCHHM YHUCAHMTEANs NpeacTasaaeT

cobofi nmppepeHurans 3HaMenaTeas, NOICTaHOBKA == f(x) cpasy
NPUBOAKT K LlenH

Sd-;=!n|t|+C=ln|f(x)\+C.

(To 3toMy o€pa3uy umeem

() gclgxd,v= dsislilnAfv=ln|sinx|+C lep. 4) (6)];
- de*+1) x
(B)gezx+l TZ"S . "‘2 InEe* 4+ 1H+G
dx
cos® x .
(r)g smxcosx_s tg x =Inftgx|+C.

6) 113 nocmeasero uHTerpana n€rxO NOJAYYAlOTCA NBA MOAC3HLIX M rerpana:

3 dx
dx ¥ x .
@ gsi—n?—j T_l“\‘gz !+C'
SN 5 COS 5
’ 2 2

ol ) e
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7) (a) S Varctg x. dx = S V arcig x darctgx*—w (arctg x) +C

[
e¥dx de¥
(6) Seu—i—xl = S (ex)2+l=arclgex+C;
dx 1 l 1
(B)Stg— ~2=—Stg;d—;=ln cos;\—i—C

[cwm. 4) (6)

ﬂamm] TEMEps HECKOALKO MNpUMEpos mlrerpnpoaaum BHIPAKENNIT, COLCP-
KALMX  ABYysenn BAa a® —x% x® 4 o® m x?¥—a® B 3TMX cayuaax o6miuyHO
6b1BaeT BLIFONHO 3aMCHATH X rpuronomerpnuecxon Wiy runepo6o-
AHYEeCKOH dyskurell OT HOBOH NEPEMEHHOH f, HCNOAL3YR COOTHAUIEHHA

sin?ftcos?t=1, | ftgit=sec’t=

cost ¢’
o 2 2, |
chit—shit=1, 1—th*t= 7,
dx
o g
Moncranoska: x =atgt*, dx= adt x’—i—a’—a—2 TaK 4TO
PAEAlRL =t = eostt’

S m:al“ S cosztdt.—_glw(t—i—sintcost)—i— C [ew. 267, 17) ()]

X .
Mepeiinem Temeps Kk nepeMeHHOR X, noiaras t=arctg; ¥ Bhpaxas sinf

X
B cost yepes Igt:;. OkoHuaTtensso

dx 1
T 3a~—a s v g arct C.
g (x*4a%? T 20° x“’—|—a‘ + 2a‘ £ 7 +
9) S di_x— -
an + g°
3nech ynoGHee npuMeHHTh runepGosuveckyio noacranosky. OcTanaBanBasch
038 NpUMePa, HA HHKHCM 3paxe, noJoxuM: x —=achf(npn x n t>0), dyv =
=ashtdt, YV x¥—a'=asht. HuTterpas npusemeTcs MpocTo K S dt =t + C.

Haa nepexola K X BCNOMHMM BuLIpaKEHHe O6DAaTHOH AN TFHUNEPGOIMYCCKOrO
Kocunyca dynkunn [49, 3)|

S]/x~—a m -1-1/ —1+c—|n(x+1/x2——a2)+c

fIDHYEM B MOCTORHHY IO C' Mbl BKMOWaeMm W cnaracMoe — Ina.

dx dx dx
10
) @ S (xﬁ__'_aﬁ)“/ﬁ' © S (x2__02)’/2’ S (a® — 3/2

k4 T
* (lpryem AOCTAaTOYHO NPEANONONKUTH ! MIMEHFIOWBMCA MCKIY —y Mo
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B namHoM cnywae OJMHAaKOBO MPOCTO NPHBOAAT K UeNH ¥ TPUrOHOMETPH-
yeckaa ¥ runep6oruueckas NOACTaHOBKW. [lid mpuMepa, BO BTOPOM HHTerpane

asintdt _ atgtdt

BO3bMEM X =dasec?, dx = torna x*—a*=a'tg*t #u

cos®f ~  cost '
dx 1 cost dt | 1 X
Sotam=a) S =—aam O s =t
dx
Ty g
) x Vat—xt

MoacraHoska: X ==asin¢, dx = acost df NpUBONUT STOT HHTErpaa K TaKOMY

fem. 6) (a)):
1 Si:llnitg%'-w.

a sint a
Ho
o Lo 1—cost  a— Va —x
g3 sint ’
TaK YTO OKOHYATEALHO

a—Va=x?

dx 1
S ——— =—1In +'C.
xVa—xf a
B 3akmiouenHe PpACCMOTPHM elle [JBAa (pPHMEPA HHTEI'DHPOBAHHA NyTeM
3aMCHBLI NEpeMeHHoH, r&e MNOACTaHOBKA He CTOaAb eCTeCTBeHHA, Kak B NMpeRbAy-
WMX CAyuadx, HO 3aTO GbLICTPO BeaeT K LefH.
dx
2 | 2= w20
Jd VYV atda

Monowum V¥V X*Fa=~£—x WM npumeM ¢ 32 HOByw© nepemennyw. f1pu Bo3-
BeAEHWH B KBaApaT, x* B 06GeHX YACTAX MOMHO ONYCTHTb, H B pe3yabTare

iz
= a
TaK YTO
t?—a ti4a Pt a
T gt — = = dt,
Vaifa=t——p 9 AT gy

OxoHuaTefbHO

4 (Yt C=l|x+ VTl +C
¢

Vxta

(Cp. 9)] J
13 —Tx— a .
7= A

MonokuM, x=¢ cos® ¢4 fsinfe (0 <o < —’2‘—) , [le ¢—HOBaA NepeMeHHasn;
TOra
x—oa=@-—a)sin’y, f—x=(f—0) cos’y,
dx==2 (8 —a)sin¢ cos ¢ dy.
Takem o6pazom,

dx . X —a
& 92\ do= =2 +C.
S Vo= t=2 S ¢ ==2¢ - C=2arctg ]/3 -
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270. Wurterpupoanue mno uactam. Ilycre u=f(x) n v=g(x)
6yayT ase QYHKUMB OT X, WMEOWHE HENpepbLBHHE MPOH3BOAHNE U =
=f'(x¥) n ¥=g (x). Torza, no mnpasuny IudpdepeHuupoOBaHNs Npo-
vssenenns, d(uv)—udv-}-vdu wm udv=d(uv)—vdu. Ira BH-
paxenun d(uv) nepsoolpasHol, oueBnaHO, OYNET MV, MOITOMY HMEET
MECTO (opMyna

Sudv=uv—{vdu 3)

ST1a popMysa BHPaXKaeT NPaBHUJIO UHHTEMPUPOBAHUA INO
vactaM OHO NpPUBOANT MHTErPUPOBAHHE BBIDAXEHHA udU==uv dx
K HHTErpUpOBaHWIO BIpaxeHns vdu=vu dx.

Ilyctb, HanpuMep, TpeGyeTca HatTH HHTErpan S x cos x dx. Tlonoxum,

u=—=ux, duv=cos xdx, TaKk uto du=—=dx, v==sinx%*

H, no (opmyne (3),
chosxdx=§xdsin x=xsinx—§sin xdx=

=uxsinx-}cosx-+4+C (4)

TaxuM o6pasoM, WHTErPHPOBAHWE NO HACTAM I[103BOJMAO 3aMEHHTb
CTOXHYI0 MOAHHTErPaNbHY0 (YHKUMIO X COS X Ha npocTylo sin x. [lo-
IYTHO JAJ8 DOJYYEHMS U MNPHUIJIOCh NPOMHTErPHPOBATbH  BHIPAXEHHE
€08 X dx — OTCIOAa W HA3BAHHE: MHTEPUPOBAHHE MO YacCTAM.

Ilpumenss dopmyay (3) K BHUUCJISHHIO NPEMJIONKEHHOrO HHTErpana,
NPHXOAYTCA Pa3buBarb NOAMHTErpajbHOE BHIDAXKEHHE HA [BAa MHOXUTENs:
u 1 dv=1"dx, u3 KOTOpPHX nepenfl AuddepeHuUpyercs, a BTOPOH HHTe-
rpHpyeTcA NpH mepexoAe K HHTerpany B npasol yactu. HyxHo crapaTbes,
yroOW uHTErpHpoBaHHe auddeperunana dv He NPEACTABNAIO TPYAHOCTEH
M yToOb 3ameHa # Hadu W dUHAUB COBOKYNMHOCTH BJEKIA 32 CO-
6o#f ynpolueHHe MNOAHHTerpanbHOro Bulpaxenud. Tak, B pasoOpaHHOM
npumepe O6pl10 OW ABHO HEBBIFOAHO B3AThb, CKaweM, xdx 3a dv, a
COS X 3a 4.

Ilpy HEKOTOpOM HaBbIKE HET HagoOHOCTH BBOAMTb OOO3HAYEHUT U,
U, ¥ MOXHO Cpa3y npHMeHaTb dopmyay [cp. (4)]

Tpampno MHTErpHpOBaHWA NO 4acTsM HMeeT 60J€€ OrpaHUYEHHYIO
o6nacTh NpHMEHEHHs, uyeM saMmeHa nepemeHHOH. Ho ecTb weame Kaaccw

* Tak kax p1s HaWHX uefeft NOCTATOUHO NPEACTaBHTb COS.X dX XOTh ONHHM
cnoco6oM B BHAe dv, TO HeT HaKOGHOCTH NHCAaTbh HauGonee obulee BLIPAWEHHE
I8 U, CONEPXauiee NPOH3BONLHYIO MOCTORHHEY0, JTO 3aMevanHe CAelyeT MMeTb
B BHAY M BNpEAb,
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MHTErpanoR, HanpuMep,
S xF1In™ x dx, Sx"’ sin bx dx, Sx" cos bx dx, Sx" e*dx wn ap.,

KOTOPBIE BHIUHCASIOTCS MMEHHO € 1OMOULBIO WHTErpHPOBAHMI NO uacTIM.

llosroproe npuweHeHue npPaBUAG MHTETPUDOBAHMA 0O YACTAM TIPU-
BOOWT K TaK HaswvaeMon 0600w enHoOM (GOpPMyne WHTEFrpHPO-
BaHH8 NO YacTaAM.

Ilpeancnoxum, uTo QyHKUWH U W U MMEIOT B PacCMaTPUBAEMOM NpO-
MEXYTKE HENPEPLIBHHE NPOUSBOAHDBIE BCEX NOPAAKOB, A0 (11— 1)-ro Bxiw-
umteasho: o', v, 1, v*, ..., u'®, v, \n) qinri),

3amenns B dopmyre (3) v na v\, Gynem umers

Slm‘”“’ dx = S ndo'™ = g\ — S v du = uvtt — S v\ dx,
Atiaaoruuno
Su'v"” dx=uv'"VY — S n” vV dx,
S WV dy =y oY — S W’ v d,

S u' Y de = 'y — S u"Vaydy

Vmiiowaa 3TH paBencTsa nmoouepeano wa -- | uam Ha,— | B Ckaa-
AMBA MX NOUNCHHO, N0 YHHUTOXEHHU ONUHAKOBLIX HHTErpajod B npasof
W JEBOH wacTaX NpHAEM K ynoMsnyTol (opmyJe:

S wo' M dp = '™ — ot ottt
+(— 1)y"u™ v (— D) Su"”“v dx. ()

OCOBEHRO BHIFOAHO MOJB30BATBCA STOM OPMYNOH, KOrAd OLRAM U3
MHOXUTEEH NOANHTErpadbHOR (PYHKUMYU CNYWUT LeALH MHOrounen. Ecam «
NpPeaCcTaBaneT CoGOW MHOrouaen n-B crenend, to u'™™' ToWmecTsenHo
PaBHO HYMO, ¥ MR NHTErpana B JEHOH YACTH MOAYYAETCH OKOHYAaTEb-
HOE€ BBIPAKEHHE.

fepefinem x npumepam.

271. Mpumepsnr. 1) ‘x”lnxdx.
Anddepenunporanue Inx NPUBORUT K YNPOUIEHHI, TOITOMY MOAAIACM

ax !
u=Inx, dv=x*dx, Tax uto du=—, v=—‘—1—x‘

1 1 1 1
3 —_— —_ B = x4 —— x!
gx Inxa/,\r_‘1 ‘inx 7] Sx a’x._‘1 xiinx o +C.

2

2) (a) Slnx dx, (6) Sarclg xdx, (B)- S arcsin x dx,
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MMpuuuman 8o BCEX cayuasx dx = dv, NoAyuuM
(a) Slnxdx:xlnx—Sxdlnx:xlnx—de—-:x(lnx—l)-{—C;
(6) Sarctgxdx=xarctgx—Sxdarchx:xarclgx-—

—Sﬁrdx=xarclg x—-;—ln x4+ D4 C |cn. 269, 5) (a);

B) S arcsin x dx = x arcsin x — S x darcsin x == x arcsin x —

— S %:xarcsinx+ Y 1—x* 4+ C |cw. 269, 2)L
—x

3) Sx’ sin x dx.
Hmeewm
S xid (— o8 X) = — x? co8 X — S (— cos x) dx® =
= — x® cos x 4+ 2 S X cos x dx,

Takum 06pa3oM, Mw NpPHBENH HCKOMbBIH MATErpan K yxke H3BeCTHOMY |270 (4)
[OACTABNAA €r0 3HaYEHWE, MOMYYUM

»

Sx’sinxdx:-—x”cosx+2(xsinx+cosx)+C.

B o6ulreit C10XHOCTH 30€Ch NPanUIO0 MHTErPHPOBAHHMA MO HacTAM (PHIUNOCH
NPUMCHUTH ABYKPATHO.

Tak ke, NOBTOPHWM NMPHMEHEHHEM STOrO NPAaBHIA, BLIYHCAAOTCA MHTErpann
SP (x) e** dx, SP (x) sin bx dx, S P (x) cos.bx dx,

rpe P (x) —ueabifi OTHOCHTENLHO X MHOFOYAEH.
4) Ecan BoCnons3osarscs 060GukeHHON GopMyNOR HHTErpPUPOBAHHA 00 YaCTAM,
TO MOXHO fOJYUMTIb CPa3y obuiMe BHPAWEHWA A8 HHTerpanos STOro Bpia.
[lonaraa v'**1 =% Bynem uMeTs

L,ax

X
gt =ea D —
a ! ai ’

eax
v"'"’=F R T. O

Nosromy, cyuraa P (x) MHOrOuleHOM n-H cTenedd, no dopmyae (5) noayuns

SP(x)e”-"dx:e“[gv—g+i;—...]+C.

AHanorMyHoO, ecay B3ATb ©A*Y —=sin bx, TO

o = — cos bx P — sin bx D — cos bx

b r bﬂ ) bl T

Orciona gopmyaa

\. P(x)sinbxdx:sinbx-[z—:—}::+....|—cosbx-[§——gs- +J +C.
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flono6HuiM we 0o6pasoM yCTaHaBIMBAeTCA I (opmyna
S P (x) cos bx dx =

—:_sinbx-[%-—— - +...]+cosbx [b’ —i::—'-i—...]-i—C.

5) Sx' In* x dx. Vimeenm

4 4

W Mu CBeaM eno k uHTerpany 1). OxoHuaTeaLHO

4 1 1 1 1
S It xdX = xt ln’x—j S x‘dln"x=~4—x‘ln"x-—§— S xtInxdx,

1 . 171
3 ® — 4 2 4
Sx In xdx___.4 xt1n X—5 (—4 X lnx—16

Tak, nocnegoBaTenbHO, BLIYHCAACTCA KHTErpad
S x*In™m x dx,

rne k— noGoe BeuiecTBenHoe wucao (k=£=—1), a m=1, 2, 3, ... Ecan npume-
HWTb K 9TOMY HHTErpany (OpMyny HHTEerpHpOBaHMA MO YacTAM, MONOXHB
u=1InM x, To nonyuynM pexyppeHTHYI0 GopMyny

! Xkt Inm o x — S xPInmlxdx,

EE1 k+1

no KOTOPO# BHIUMCNEHHE DaCCMaTPHBAEMOro MHTerpana CBONHMTCR K BBHINACIEHHIO
MHTErpana TaKOrO e THNa, HO C MeHbUIMM Ha eIHHHUY NokasaTereM fipy In x.
Brnpouewm, noacranoska t=Inx NPUBOJMT PacCMaTPHBAEMbill HHTErpan K BUAY

St'"e"‘“” dt, yxe usyuennomy 8 3) n 4).
6) JloGonbiTHLIA NpUMep NPeACTaBAAKXT HHTErpann

Sx"lnmxdx:_

S &% cos bx dx, S €3* sin bx dx.

Ecam K HuM NpPUMEHNTh HHTerpupoBaHHe MO yacTaM (B OGOHX Cnyuasax B3sB,

ckameM, do=e% dx, v= —‘ll e“") , TO MOAyyHM
1 b
£%% cos bx dx = - £%% cos bx + Y €% sin bx dx,
. 1 . b
€% sin bx dux = = e9% sin bx -2 % cos bx dx.

Taknum 06pa3oM, KakIbiA M3 STHX HHTErpaloB OKa3aaCA BHPAKEHHEM uepe3
ApYIon ¥,

* Ecau nol MHTerpanamMm pa3ymeTs onpefeneHHb € NepsooGpasHune
|cp. 3amevande B 266], TO, Xenan 80 BTOPOH QOpMyne uMeTb Te e (QYHKLME,
4uTO W B NepBOl, MK, CTPOro rosops, JOMkHbL OblJN CpaBa NMPHCOCAHWHNTH eile
HEKOTOpYI0 NOCTOAHHYO. KoHeyHo, oHa Ohaa Gw  1OFAOULEHA HOCTOAHHBIMHA
C 1 C’ B OKOHYATEAbHbIX BHPANEHHAX,
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Onnako ecnH B nepByio GOpMYRY NONACTABHTb BbIpaXeHHE BTOPOro WHTe-
rpana u3 BTOPOR QOPMY b, TO TPHAEM K YDaBHEHHI OTHOCHTEIbHO fep-
BOTO HMTErpana, M3 KOTOpPOro OH H ONpeleNuTCA:

bsin bx -+ acos bx .
S €% cos bx dx = R e - C.
AHanOTHYHO HAXONMM H BTOPOH HMHTErpan
ax o __asinbx—bcosbx .
Se smbxa'x————a._,_{_b2 x4 C,

7) B kauecTse mnocnelHero npuMepa NpHMEHEHHSl MeTONa HHTEerpPHPOBAaHHA
N0 YacTAM BhIBEJEM PEKYPPEHTHYI GQOPMYIY I8 BHUMCAEHHA HHTe-
rpaaa

S(x’+a9)" (n=1, 2, 3, ...).
lpumenum K Hemy dopmyny (3), nosaras
1 2nx - dx
=T dv=dx, TaK uTO du=~Tx_’—+—a“)W' D=1

Mbt nonyuum

x x*
Jn=m+2n S de.

[Mocnennunit MHTerpan MOMHO Mpeo6pa3oBaTh CAEAYIOULHM 06pasoM:
Xt (x® 4 a*) —a*
dx
a%)n =J,—a), .

= wrar — § wrm

Moncrasinn STO BHpaMeHHe B Mpelbiiyillee PABEHCTBO, NPHIEM K COOTHO-
UWeHHIO

X

Ja= TR + 2nJy —2natJ,,,,

OTKYyAa

2n—11
2n  a*

1 X
Javs =gp5 Gy g

-+ Ja (6)

TMonyuennas ¢dopmysa CBOOMT BHIYUCAEHHE HHTerpata J,,, K BHYHCIECHHIO
uHTerpana J, C MEHbIUMM Ha €JMHHUY 3HAaukOM, 3Haf HHTerpas

Ji= % arctg %

1267, 9) (6); Mm Oepesm ONHO M3 €ro 3HaueHWR], mo 3TOR ¢opmyne, upn n=1
HallneM

= 2a* xF ot + at t 2(1' arclg
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|4TO MW BWUIE MOAyuHan APYrMM nyTem, c¢M. 269, 8)). [lonaraa B gopmyac (6)
n=2, Mbl NONAYYHM Hajee
1 x 3
@ ey T T
1 x 3 x 3 X
T da? (x* F a2 + g T al gy e

Jy =

B 7. 4. Takum 06pasoM MOKHO BbIYHCAHTL MHTerpan J, Ias N060ro HaTypaib-
HOI'O [OKasaTens n.

§ 2. Uuterpuponanue pauHoOHAJILHLIX BbLIPAXEHU

272. MlocTranoska 3amay¥ WHTErpMpoBAHUR B KOHEYHOM BHIe. Mu
NO3HAKOMUANCH C BAEMEHTapHBLIMH NPHEMAaMH  BhIUMC/ICHUA HEONpedeneH-
UBIX . MHTErpanoB. 3JTH NDHEMbl HE NPEAONPENeARIOT TOYHO NYTH, NO
KOTOpOMY HAAJACXUT HATH, yTOOH BLIYHCJAUTL OaHHbIH WHTErpan, npeno-
CTaBASA MHOrOe WCKYCCTBY BHUMCAHTeas, B 5ToM W creaywowux napa-
rpadax Ml OCT@HOBHMCR NOADOOHEE Ha HEKOTOPHX BAXHBIX Kaaccax
dyHKIIMA ¥ 110 OTHOLIEHKIO K MX WHTerpafaM yCTaHOBHM BNOJHE onpe-
DNEeAEHHBH MOPAUOK BHYHCAEHHH.

Tenepb BBLIACHHM, 4TO HMEHHO Hac OydeT WHTEPEeCOBaTb NPU HHTe-
rPHPOBAHMM  (DYHKIUA YNOMSHYTBIX KJAaCCOB M MO KakOMy NpHHUMNY
OyleT TnpOM3BENEHO CAMOE HX BblAEJEHHE,

B 61 Ons0 oxapaxkiepu3oBaHO TO MHOroo0pasue: GyHKUUN, K KOTO-
pWM B NEpBYK OUEpeAb NPUMEHSETC aHaJu3; 3TO — TaK Ha3biBaeMhie
snemelTapibie QYHKUKK . M QYHKUMH, KOTOPBIE BHIDAKAWTCA HEDPE3 3/e-
MEHTAaDHbLIE C NOMOWbIO KOHEYHOT O uucaa apubMeTiueckux gef-
crenit u_cyneprosnumit (6€3 npeneasHOro nepexona),

B raase lil Mm Buaean, uto BCE Takue QYyHKUHHM AudDEpeHUUpYEMbI
¥ WX TPOM3BOAHBIE TNpPUHALJIEKAT K TOMy k€ MuHoroo6pasuio. Kuaue
0o6CTOUT [EeJ0 C WX WHTErpanaMu: OueHb YacTO OKAa3biBAETCH, 4TO HHTe-
rpan OT (GYHKUWH, NpUHALJEXaulell YNOMAHYTOMY KJacCy, <aM 3ToMy
KaacCy He TMPUHAANEKUT, T. € HE BHPAKEETCR UEPE3 3JEMEHTapHLIE
(YHKUMH C MOMOULLI0O KOHWEYHOTrO UYHCJa Ha3BAHHBIX BHILE Onepa-
untl, K uncay Takux 3aBEAOMO HEBH DAXKAWIIHKHXCA B KOHEUNOM
BHU ] € UHTErpasoB OTHOCATCH, HAaNpUMED,

Se“"2 dx, S sin x*dx, S cos X*dx,

Ssm x dx, S‘cosx’ dx, S‘ dx
X X

Inx’

gpyrve npumepsl nomoOhoro poaa Oyayt upkeedens Huxe [280, 289,
290 u cal

Baycho noddepKHyms, 4mo 8Ce MU UNMEPANs. PEANBHO C Y U} e-
cmsyiom®, HO ORIl AW npelcmMagafiom co008 COBEpUEHHO

* (M. CKadaliHoe NO 3ToMy nhosoay 8 264, M Bepuemcs K 9ToM) HUKeE,
s 305,
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KO BB e PYyHKyuL U He npusodaAmcas K meM PYNKUUAM, KOMOPHE Mb
HO3BAAU SNeMENMAPHELMU *,

M3BECTHB  CPaBHHTEABHO HeMHOrue oOulHe KriacCH (yHKuuhl, aia
KOTOPHIX WHTErPUDOBAHUE MOXET OHBTh BHIIONHEHO B KOHEUHOM BHAE;
3TUMH  KJacCaMu Mbl OamxadwnM oOpasom H 3aimemcs. Ha nepsowm
MECTE CpeAM HHX HAMJEKHT NOCTABHTb BAXHBM KAaCC pauuoOHalb-
HbiX PYHKUHUMH

273. Hpocthie npoGu B X uHTerpupoBanue. Tak KaK M3 HENPaBH.L-
HOM pauvoHaibHOA APOOM MOWHO HMCK/OUHTL LEAYIO 4YacTb, HHTErpH-
pOBaHHE KOTOPOH He NPENCTaBJseT TPYAHOCTEH, TO AOCTRTOYHO 3aHATHCA
MHTErPUPOBAHVEM TN PABHABHHNX apoObel (y KOTOPHX CTeneHb
YNCTUTEAS HUMXE CTENeHH 3HaMeHaTeas).

M3 HUX MB OCTaHOBMMCS 30€Cb Ha TdK Ha3HIBaEMHIX O PO GTH X
apo6sx; 5170 6yayT aApobu CJEAYOUIHX YETHPEX THIIOB:

LA no—4 M _Me+N v,  MxEN

T x—a’ To(x—ap T oxttpxdg? ) (X”+§X+(I)’"’
th=23 ... m=23,...

rie A, M, N, a, p, q— BelleCTBEHHbIE UKCNA; KPOME TOro, NO OTHO-

wenrtio K apobam syma Il n IV npeanonaraercs, 4YTO TpexuJen

x?+px |- g He UMEET BelleCTBeHHHX KOpHel, Tak uTo

2 2
%——q<0 Ham q—%—>0.
Dpobu supa I u [I mer yxe ymeem unrerpuposats 267, 7))

AS Y — Aln|x—al+G

x—a
dx A 1
AN =it C

Yro e wxacaerca apoGed supa Il m 1V, 10 HX uuTerpuposamue
obnervaercs  caepywowed NOACTaHOBKOH.  Bslaenum U3 BuIpaweHH#
X%+ px -} ¢ noiHmA KBaApaT AByu/aeHa

2 b
RAtprtg=rt2foxt () +[e—(5)]=
— LAY v
_(x+ 2) +(q— 4)'
* Jlna TOro YTO6H MOMOYL YUTATENO OCBOUTHCH C 3THM (AKTOM, HANOMHHM

eMy, UTO HHTerpaisi
41,_\7 dx
x° T4t

OT PauHOHAABHKWX QYHKUMA CaMH yXe He ABJAIOTCA PAUHOHANbHHIMU
Gynxudamu, Takum 06pa3oM, ecCnM 6bf N8 HAC ,91eMEHTapPHLIMU OwaH
JHillb  PAUHOHANbHLE (QYHKUHH, TO yX€ Ha3BAHHhIE HWHTErPanml OT ,3JemeHTap-
HBIX® QYHKHHR He BBIPAXaNHCh Obl yepes ,31eMeHTapHbie* QyHKUMH npedcTa-
BAAA COGOH ,HevneMeHTapHbe“ GYHKUMKH HOBOA MpHpOAn: Inx W arclg x!
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Tlocnensee BHpaxeHue B CKOOKaxX, IO NPEANONONKEHHIO, €CTh YHC/IO NOJO-
KHTE/LHOE, €r0 MOXHO IIONOXHTb DaBHBIM 4%, €CJ/U B3ATb

o= -l—]/q—’;.
Tenepp npubersem K IOACTAHOBKE
s+E&=t dx=dt,
2 ] 3 Mp
SLtpxtg==£+a, Mx+N=Mt+( _._2_),

B cayyae Il Oynem umeTsb

. M4 (N—22
ST s i

) =
= F @ +a)+4 (V=P actg £ ¢

uAW, BO3BpalasCb K X H IOACTABJAS BMECTO a4 €ro 3HauCHHE:

Mx+ N .
Sx’+px+q dx =
M 2N —M 2x 4]
=1 ) P t P
10 (2t px )+ 2= arctg S L
Ina cayyas 1V Ta ke nmoacraHOBKa AacT
{ o dz={ M——t+(N_T)dz—
(x*+px+ 9™ _m &+ am -
2t dt _Mp dt
7 wrar V=) S edam o

lepesi# M3 HMMTErpajioB CNpaBa JErk0 BHUUC/IAETCA NOACTAHOBKOH
L=y, 2tdt=du

2t dt ldu 1 1
Verar=\e=—s=rw+C=
T m=1 (t2+a’)”" ¢ @

BropoRt e 3 WHTErpajoB Cnpasa, npu moBOM m, MOXET OWTb BRIYHC-

nen 10 peKyppeHTHo# dopmyae (6) n° 271. 3aTeM OCTaHeTcs Jdub

2x+p
2

NOJ/IOXHTb B pesyJprare {=— , 4TOOBl BEPHYTBCA K NMEPEMEHHOR X,

3TUM HKCYEPIBIBAETCA BONPOC 00 MHTEFpHPOBAHHH IPOCTHIX ApOOed.

274. Pa3aowenue NpaBHAbHBIX ApoGeli Ha mpocThie. OcTaHoBHUMCA
T€neps Ha OAHOHM jfeopeme u3 ofsacti anrebpw, KOTOpPas, OAHAKO,
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nMeer (pyHOaMEHTaNbHOE 3HayeHWe B TEOPHM HHTErDHDOBAHUA DaAllMOHA/Ib-
HBIX Apobel: waowdan npasuisnas 0pols

P (x)
Q (x)

Moxcem Owvimb npedcmasiena 8 BuUle CYMMb KOHEYHO20 HUCAQ Npo-
cmox Opobedl. .

D10 pasnomeHde npasuabHOH ApoGu Ha nmpocree Apobu TecHeMIInM
obpasoM CBA33HO C pasnoxenuem ee 3HameHartens Q(x) Ha npocreie
MHOXHWTE/NH. KaK M3BECTHO, KaaABH# UeJbli MHOrOYJEH C BEUECTBEHHBIMU
Kosdipuumuerramy pasnaraercs (4 NPUTOM E€AHHCTBEHHBIM 0Opa3oMm) Ha
BEIIECTBEHHBE IKE MHOXHTENH THNA X—a »n X*—px-g; 11pu 3TOM
KBa/APaTHYHbIE MHOXHTEJN NPEANOJAraloTCA HE MMEIOUIMMH BEIeCTBEHHbIX
KODHEHR H, CJEA0BATEJbHO, HEPA3/NONUMBIMH HA BEUIECTBEHHBIE JMHEHHBIE
MHOXKUTEIH, OObenuHan ONMHAKOBHE MHOXHTENM (eC/d TaKOBblE MMEIOTCH)
W nonaras L1 TPOCTOTH CTapuim# KosdduumenT muorouneHa Q(x) pas-
HbIM €OMHHLE, MOXHO 8dflHCATb PA33JOKEHHE 3TOr0 MHOrOYJeHa CXEMaTH-
YeCKH B BHAE

Qu)=(x—af...(x* Fpx+™..., 3

rae R, ..., M, ... CYyTb HATYypaJbHHIE 4YHCIA.

3aMeTHM, uTO €C/AH CTeMeHb MHOrouwieHa @ ecTb 7, TO, OYEBUIHO,
CyMMa BCeX NOKasaTenel £k, cnoxeHHaa ¢ YABOEHHOHR cymwmoft Bcex
nokasatesett m, B TOYHOCTH OacT #:

Mke+2d m=n )

Ilns NOKa3zaTe/qbCTBA TEOpEMBl YCTAHOBUM NDEABAPHTE/BLHO CJERYIO-
WHE AB3 BCAOMOrATEJbHHX TNDEdJONEHHR:

1° PaccvorpaM kako#-uuOyab JuHeHHbIH MHOWHTENb X — @, BXOIdA-
IIMA B pasJOXEHWe 3HaMeHaTens ¢ ToKasareneM k=1, rak uro

Q) =(x—a)f Qu(x)

rae muorouien Q yxe Ha x-—a He menutca. Torada 0anNas npasias.

Has 0pols
Px) __ P

Q) (x—a)fQ, (0
Modcein Oums npedcmasaena 8 giude cyMmsl Npasitashox Opobed *

A ) Py (x)
= T x—a)fFTQ, (x)’

¥3 KOTODhIX NEpBAf ABJSETCA NP OCTOMR, a 3HaMeHaTelb BTOPOH comep-
KHT MHOXHTENb X — a B 00/ee HH3KOH CTENEHH, uYeM paHblle,

* Byksw P, @ (C pa3AMYHBIMM YKa3aTelaMmu) OGO3HaYalT 3AeCb ueaue
MHOUOYACHB, @ 6ykBbl A, M, NV — f0CTOAHHNE YHCIA.
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[lng moxa3zaTenbcTBAa AOCTAaTOYHO noaoBpaTe uuCaA0 A W MHOrouaeH

Py (x) 12K, 4T00E BHIOJHAIOCH TOX 1€ CTBO
P(x) — AQ (¥)=(x — a) Py (x).

Onpeneanm cHayana A Tak, 4ToObl Jesas uacTb AEAWJIach HZ X — q,
o8 uero A0CTaTouHo (no u3secTHOH Teopeme beszy), utobm ee 3Ha-
ueHue npH X ==a ObJO HyJeM; 35TO NMPUBOANMT K CJCAYIOLLEMY BEHIpaxe-
Hwo aaa A
P(a)

Q (a)°

OHO uMEeT CMHIC WMEHHO MOTOMY, uTO (Takke mo Teopeve Besy)
Q, (a) # 0. Tlpu yxasanHoM Bmbope A MHorounseH /P, onpeaenurca
NpocTo Kak 'acTHOE.

2° Tlycts temepp x® -} px -} ¢ Oymer kako#-uubyab M3 KsaapaTwu-
HLIX MHOXHTEJeH, BXOZAWMA B pas/oNEHHE 3HAMEHATE/IA C HOKasaTeneM
m =1, TaKk YTO Ha 3TOT Pa3 MOXHO IOA0KUTb

Q)= (" +px -+ 9)" Qi (x),
rae MHorousen Q; Ha TpexuseH x? —I—px—}—q He neautcs. Toraa dax-
Had npasuasnas pols

Pl _ P (x)

Q&) (K +px+9mQ, (%)
soxcem CGbime npedcmagaeHa 8 8ude CYyMMb npaguisHux 0pobeil

Mx 4+ N + P, (x)
(x4 px+ 9" i+ )" Q ()

Y3 KOTOpHX mepsas ywe OydeT MpOCTOMH, a8 BTOPas COAEPXKHT B 3Ha-
Menarte e ynoMaHyTHIA TpexujaeH CHOBAa — B HHU3WEH cTenenw.

Tlas gokazaTebcTBA AOCTaTOYHO nOROOPaTh uucaa M, N u MHOrouseu
P, (x) TaK, yTOBH HMEJI0 MECTO TOMWAECTBO

P (x) — (Mx + N) Q (x) == (5" + px + ) P, ().

OnpeaeauM M u N Tak, uToOH Ha 3TOT pa3 JeBas uyacTb HeaAnaach
na kpampaTHuit TpexuneH x®--px-+g. Tlycrs ocrarkamu OT genenus
P u @Q, Ha 3TOT TpexujeH Oynyr, cootsercTseHwo, ex—+8 n x4
Torma BONMpOC CBEAETCH K TOMY, u4tobm Ha x*4-px- ¢ aeamnocs
BbIPAXEHHE

ax B — (Mx—4N) (x+5 =
= — yMx*+ (0 — IM — 1N) x -+ (§ — 3N).
BuIOJHHB 30€Ch KEJEHUE, HAa CAMOM [ede, 8 0CTaTKe GyleM UMEeTh
1 —HM— N +-a] x4 [g1M — BN 48],

Mmu DOMKHE NPHPaBHATL Hyalo 00a 3T KkoadduiHeHTa B, TakuM o6pa-
30M, Aaq onpedeteHns M n N HOAYyYuM CHCTEMY U3 ABYX JIMHEHHBIX

A=
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ypaBHeHull; ee onpeaeantelb

PT=3 =1 _w
| =8 —rdtar

a1 -

oTauueH OT uysas. IleHcTsuTensho, npu 17 0 ero MOXHO Hanucath

b BHIE TQ[(_$>2+'D'(_$>+(]];

HO BBIpAXKEHUEC B KBAADATHBLIX cKOOKax ecTh 3HaueHue Hauiero TpEXuaeHa

2 )
x*+px g B TOUKE r=—q b Ce0BATE/bHO, HE MOKET ObiTh HyseMm,

60 TpexuseH STOT He KMEeT BewecTBeHHBX Kopuett. [Ipn =0 onpe-
nAenuTeas ceefercs K 8% a B 5TOM Cayuae 3 3aBEIOMO HE HYJAb, MOCKOJBKY
mHorounent Qy Ha x*-Lpx -+ g He neamtca

YcraHOBMB YKa3aHHbIM nyTeM 3Hadenus M u N, MuorowjseH Py u
8lech TaKxe onpelesny 6e3 Tpylda Kak 4acTHOE.

O6paruMcs Tenepb K AOKa3aTeNbCTBY BbHICKA3aHHOH BHauane TEOPEMBI.
OHo cBemeTcs K NOBTODHOMY TNpHUMEHEHHIO npeanoxeHdit 1° u 29 koto-
pble O06EeCneuuBaioT BO3MOXKHOCTh NOCJAEN0BATE/ALHOrO BRIAGAEHUA NP O-
cTHXx Apo6eHl w3 maHHOH mnpaBuabHOH NpoOu BNJAOTL MO ee ucuep-
NaHug.

Ecau muOoWutens x-—a Bxomnt B Q auWb B nepBol cTenenw, To,
B cuay 1° (nmpu k==1), MBI AOCTasuM €My B COOTBETCTBHE EINUHCTBEH-

HYI0 NpOCTY10 ApoOb BUAA
A

x—a’

B cayuae e, ecad nokasaTenb CTemeHn X —a ecTe k_> 1, To,
BhAeUB, Ha OCHOBaHMM 1% nmpocTtyto Apobb

Ap
(x—ay®’

Mbl K OCTasliefics ApoOGH CHOBAa nNpuMenuM 1°, BuOEAHM T POCTYIO
apobe
Aps
(x—a)f "

B T. O, TOKAa MHOXHTENb X —a BOBCE HE HCYE3HET W3 PA3NOKEHUS
sHaMeHaTens. TakuM o6pa3oM, B pacCMaTpUBAEMOM CJy4ae MHOXHTEMO
(x — a)® (> 1) Gyner oTBeuath rpynna w3 £ NpoCTHX Apobel

A As A .
T—I—a‘l"(x——a)?‘l“'”"*"m' )

Taxkoe ke pacCyXOEHHE Mbl NMOOYEPENHO NPUMEHMM ¥ K KAKIAOMY U3
OCTaBLIMXCA elle JUHeHHBIX MHOXHTeJeH, NOoKa 3HaMeHaTenb He ucyepna-

€TCs WJH B €ro pasjoXKEeBHW He OCTaHYTCA OAHU JiMiLb KBaApaTHUYyHBIC
MHOKHTEN., ’
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AHanorMuHo  3TOMy, NOJAb3yach 2°,  KBaAPaTHYHOMY  MHOWKHTENO.
x’+px+q Mbl {IOCTaBMUM B COOTBETCTBHE OIHY JWilb NPOCTYIO0
apo6b Buma

Mx 4+ N
X pxtq’
€CAM OH BXORWT B rnepBol CTENeHW, 4 rpynny U3 /.M NPOCTHX
npobed
M x4 N, o+ Mux + N, £ £ Mux + Ny 6
S dg ek T kg O
€CAH 3TOT MHOXKMTENb BXOLWT C nOKasatesem 7z > 1.

To e MOWHO CaenaTb W C MPOUUMHM KBALAPATAYHBLIMH MHOKHTEAAMH,

€CJI4 OHM elle MMEIOTCH; 3TUM W 3asepllaercf [N0Ka3aTeAbCTBO TEOPEMbI.

275. Onpepenenve ko3hduuuenToB. WuTerpupoBaHue npaBHb-
Huix apoGeil. Taxkuwm o6pas3oMm, 3Han pasnoxenve (3), Ml TEM CambiM
3HaEM 3HaMEHAaTEAH Tex npocteix Apolel, Ha KOTOpHE pa3aaraercs

P
ngannas 4pobb o OcrtanoBumca Ha Bonpoce o0 ONpeneseHun uuc-

aurenef, 1. e. xoshduunenror A, M, N Tak Kak uyMCAHTENH Tpynnu
apoGed (5) comepwar k Ko3(PUUHEHTOB, a YUCAUTENH TpymIn apobeh
(6) 2m xosdhduunenTos, To BBUAY (4) BCero ux Oymer n.

Das onpenesenusn ynoMaHyThiX KO3(QEPHUHEHTOB OOBLIMHO mpnberaioT
K METONLYy HeompeaeNeHHBX KO3(DPHUREHTOB, KOTOPLIA

CCCTOMT B caepyoutem. 3Has G opMy pasfoweHds apodu o OMuyT

ero ¢ OYKBEHHHMH KO3(pDUUNEHTAMHU B YHCAUTENAX ChpaBa.
OO6wHM 3HaMeHaTeneMm BCeX NpPOCThIX apobeH, oueBnaso, Oyner @ cxaa-
AKBAaf WX, NOJAyuuM npasuabhyio apobe ¥. Ecau orGpocurs Temeps
cheBa M ChpaBa 3HaMeHarteas (, TO NPHAEM K DaBEHCTBY IBYX MHOTO-
4J€HOB, (1 — 1)-A CTENmeHH, TOXAECTBEHHOMY OTHOCHTENbHO X. Kosddu-
LHEHTAMH [IPW Pa3MMUYHBIX CTENEHsiX MHOrOuY/EHa Cnpasa OyayT JWHeHHble
OHOPOAHKE MHOrOYJIEHB OTHOCHTENBHO /1 KO3((DUUHEHTOB, OGO3HAUECH-
HbX OYKBaMmH; NPHMPABHWBAA MX COOTBETCTBYIOUMM UYHCIEHHBIM KO3(Gu-
UUEHTAM MHOTOUJIeHa P, MOJAYuuM, HAKOHEW, CHCTeMY 7 JuHeHHbIK ypas-
HEHHY, M3 KOTOPHX OyKBEHHHE KO3MDPUUMEHTH K onpenetarca. Bsuay
TOrO, YTO BO3MOXHOCTb pA3/OKEHHA Ha NMPOCThe APOGH Hamepen ycra-
HOBJIEHE, YNOMAHYTas CHCTEMAa HMKOTJAa HE MOWET OKasaTbCAd NpoTH-
BOpPEUNBOH,

Bosbile TOro, Tak Kak YNOMAHYTas CHCTeMa ypasHeHuH HMeer
peuieHHe, KaKoB Gn HH Oba Habop CBOGOAHBIX UAEHOB (KOS(PQPHUAEHTOB
MHOroufeHa P), TO ee omnpeaenurens HeoO6xonuMo Oyser OTAMuUEH OT
Hyas. ViHbIMK  ClOBaMu, CcHCTEMa BCErna OKa3blBaeTCHs OMPpEne€ AeH-
HoH, DTO UPOCTOE 3aMEuaHHe [ONYTHO [OKAa3bBAET M €AUHCTB € H-

* Cymma npaBUAbHWX palUHOHAanbHbiXx Jpo6eRt sCerda npelcrasBaser CoGoA
NpaBHabHYI0 e ApoGb,
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HOCTb pa3omeHHs npasuabHolt Apo6u Ha npocTue aApodu. TToacHHM
CKa3aHHOE MPUMEDP OM,

204 2x+ 13
E= @ F
HMEETCA Pa3fioxeHue

224 2x 4+ 13 Bx+c Dx+E
B R = T T e T T
Koadpduuuentar A, B, C, D, E onpenenus, UCX0OAA U3 TOXNECTBA
2 -2+ 13= A+ 1)+ (Bx+O) (23 + 1) (x —2) 4 (Dx + E) (x —2).

MNpupashusan KO3IQOUUHEHTH MDH OOHHAKOBBIX CTENEHAX X CAE€BA H CIpasa,
npufieM K CHCTEMe W3 NATH ypaBHeHui

x4 A+ B=0,
x| —2B+C=0,
x? 2A+B—2C 4+ D=2,
x| —2B+C—2D+E=2,

[Mycr» pana npo6b Coraacuo ofuwlelt Teopeme, AAA Hee

x° A—2C —2E=13,
oTKyna
A=, B=+1, C=—2, D=—3, E=—4,
OkoHuaTeabHO
22418 1 Xx+2 3x 44

=20 — x=2 7 XFT (e

AsreGpanvecknfl (akT, KOTODHA Mbl TOJBKO YTO YCTaHOBHJH, HMeeT
HEMOCPEACTBEHHOE  NDUMEHEHHE K HHTErPUPOBAHHMIO palluo-
HaapHBIX Apofieh Kax mbl Bumeau B 273, mpocTee Hpobu uHTe-
TPUPYIOTCR B KOHEWHOM puge. Tenepn Msl TO Xe MOKEM CKa3aTb
0 Jofo#l paunonarbHOH ApoGu. Ecau ncMOTpeTvcst B Te (yHxuuy, yepes
KOTOPHE BHIPAWAIIOTCH MHTErPajsl OT LEJOrO- MHOMOYJIEHA W OT MpaBH/b-
HbiX APOGEH, TO MOMHO ChHOPMYANPOBATE GoJsiee TOUHBIA pe3yJbTar:

Himeepar om  a060li  payuonanswoil dynxyuu  swpaxcaemcs
8 KOHEHROM 8UOe — C HOMOULIO PABUOHQABHOL e BYHKLuN, A02a-
pugpma u apkmanzexca.

Hanpumep, BO3BDAWAACH K TOABKO YTO DPacCMOTPEHHOMY MPHMEDY M BLMO-
MUHan Qopmyabl n° 273, umeem
22426413 dx x+42 d
=t *= x—2 x=+1 x—=
3¢ 44 1 3—4x (x— )?

(X“Tl)”dx—2x°+l+ x’—{-l —4arctg x 4 C.

276. Buinenenwe paumonansuoll wactw unrerpasa. Cywecrtnyer
npuem, npuHamaexaunt M. B. OcTporpaackomy, ¢ NOMOWbO
KOTOPOrO HaXOXJAEHHEe WHTErpasia OT MPaBUIbHOA paUMOHaALHOA mpoGn
8HAUMTE/LHO YNpOWaAeTca. DTOT MpUeM MO3BOJSET YUCTO aJare6p ai-
YECKAM NYyTEM BHACIMTD PAUMOHAJNBHYIO 4aCTb WHTErpana.
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Mu Bugemn [273], 4TO pauuOHaNbLHBIE WJ/EHB! B COCTaBE HHTErpa’a
NoAy4yawTcs 1PY HMHTErpupoBaHuu npocTeix apoded Buaa I u IV,
B nepsom cayyae umHTErpaa cpasy MOWXKHO Harucarh

A A i
Smdx——f_—lm—FC M
YCTaHOBUM TEneph, KAKOX BMA UMEET PauMOHanbHad 4acTh HHTErpana

\ __ Mx+N Sy
\ Gt @ (m>1 = 5>0).

TIpuGernys K 3HaKOMOH yske HaM IOACTaHOBKE x+——§—=t, HCMOND -

syem pasedctsa (1), (2) wu copmynay npuseaenns (6) n® 271 qpn
n=m — 1. Ecan BepuyrbcA K nepeMeHHod X, TO ROJY4uM

S Mx+ N dx== Mx 4+ N + S dx
(F+px+q)m T (F+px+ g (<t px 4 gt
rae M, N » a 03H3U2IOT HEKOTODHE NOCTOAHHBE KOIMPULUEHTHL.

ITo sto#t xe Qopmyne, 3amenss m HAa m— 1, ANA [OCJACRHEr0 WHIt-
rpasa Halhaem (ecau m > 2)

S adx — M'x 4 N” + 8 S‘ dx
N e ) T px

W T. I, NOKA HE CBeaeM nokasareab Tpexwiena xi-f-px-¢ 8 uure-
rpase Cnpasa K eauHuue. Bce N0CAEA0BaTENbHO BHAEASEMHIE DALMOHAML-
Hble uneHnl CyTh npapuabHee apoGu. OBbeInHAs uX BMECTE, NoMyunM
pesy/abTaT BuAa

Mx 4+ N _ R (x) dx
| oo e =wrago M e ©

rae R(x)—uenmit MHOroui€H, CTENEHY HU3WEeR, ueM 3HaMeHareap *,
a A — NMOCTORHHAA.

P
ITycts umeem npaBussHylo npofp —=, KOTOpyw Oylem npeanoJarars

Q

HECOKPATUMOH, ¥ NyCTb 3HAamMeHaTeNb ee  Pas/omeH Ha NMPOCTHE MHO-
wurean [em. (3)]  Toraa wHrerpan oT 3Toft ApOOM  NpeAcTaBUTCS
B BMAE CyMMsl HHTerpanos or ppobe#t suna (5) uan (6). Ecau & (nau
m) GO/blIE eAMHHIb, TO MHTErpaaw Bcex gpofeit rpynns (3) [uan (6))
kpome nepsoH, npeoBpasyiorca no gopmyae (7) [uam (8)]. Ob6veaunuss sce
3ru PEe3y.AbTaTsl, OKOHYATEAbHO npuaem K ¢opmyse Bula

P, P | (Pulx) _
S ¥ =g, T S % ©)

* Cm. ciocky Wa CTp. 42,
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P
PaunonanbHag wactb AHTErpana =1 NOJAYy4eHa OT CJOXKEHUS BbIAENEHHBIX

Q:
BhIILIE PauHOHANLHBIX  yacreft; CAEA0BATEABHO, npexae BCEro OHa

ABAAETCA NpaBUAbHOMW Apo6bio, a ee sHameHatenb (@, MMeeT pas-
NOXEeHHe

Q) =(x—a)f" .. (S Fprtgm...

P,
Yro ke kacaercs apobu Oi, OCTaBlUeHCca NMOJ 3HAKOM MHTErpana, To OHa
2

noayumiack OT caoxeHus npobed suma | w |, tax uro oHa Takxe
HPaBUABHAA M

Qx)=(x—a)...(x*+px-tq)...

Ouesunno [cM. (3)], Q= Q,Qs.
®opmyna (9) u wasviBaercs gopauyaoil Ocmpozpadcrozo.
IuddepeHunpys, MONHO NPEACTaBATL €€ B  PABHOCHALHOH dopme

a=le]+5- (10)
Q Q Qs

Mu Bumean, 4To MHOrouleHel @, ¥ Qy JErko HaXxOmATCH, ecau
M3BECTHO paznoxenne (3) muorouneHa Q. Ho oum moryr Guith onpene-
sensl ¥ 6e3 3TOro pasaoxenda, [lecTBaTeNbHO, Tak Kak npoussogxan
COLEPXHT BCE NPOCTBIE MHOXWTENHM, Ha KOTODHE Dazaaraercs Q, HMEHHO
C MOKa3aTenaMH Ha EAMHULY MEHBIUUMH, TO Q, ABAAETCA HanbOABLIUM
obwuy nemutesem Q u Q, TaK 4TO MOKET OHITL ONPEAENEHO 110 ITUM
MHOTOYJ/IEHAM, Hanmpumep, no cuocofy NOCAEAOBATEALHOO  HEJEeHHS.
Ecau Q; wusBectHo, TO Q, onpemeaurca npocrhim Aeseudem Q Ha Q.

OGparumca x onpeneaexuio uncautened Py u Py, B dopmyne (10).
L1 5T0r0 TaKke noMbL3yeMca METONOM HEONPEAENEHH B X KO3 -
PUUUEHTOB,

OG6osHaunm uepes m, f,, My, COOTBETCTBEHHO, CTENEHM MHOrOUJCHOR Q,
Qi Qn TaK YTO -}y ==m; TOrAa CTENEHH MHOIOuJeHOB P, P, P,
Oynyr we suiwe n— 1, ny — 1, ny — 1. Tloncrasum B xauectse P, n P,
MHOrOUNEHB CcremeHeR 7y —1 H 7g—1 ¢ OGYyKBEHHHMH KO3 (-
QUUHEHTAaMuy;, BCEro 3TuX Koshuunentos OyaeT ) -} ny, TO ectb 7.
Bunoawum B (10) nuddepeHunposanne

P;Qx—Plo;_*_&_ﬂ
Qi Q. Q°

TMokaxem Temep,, 4TO Nepsyw Apolb BCErAa MOWHO NPUBECTH

K 3HaMEHaleMio Q, COXPAHAA UEJbIM 4HCAWTEAb. VIMEHHO

, Q0
Pio,—pPQ;_ P9 PGR  pio,— P

Qi Q.Q, - Q i
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ecan H 03Ha4aer 4acTHOe %02. Ho aTt0 uyacTtHOe MOXHO npeacraBuTh

1

B BUIE UeNOrO MHOrouneHa. Jleficteutensuo, ecau (x —a)f, npu k=1,
BXOOHT B cocTas Q,, TO (x — a)*™ sotaer B Q;, @ x —a B cocTas Qy
TAKOE KE SAKMOUEHHE MOXKHO CHEIaTh M O MHOXHTese suna (x* - px +¢)"
npu m>==1t. Cregosarenpito, uyucaurens H Haueaso HEAMTCA Ha 3Ha-
MeHaTeab, W BIPEAb 004 H MOXKHO pasyMeTb Uesblt MHOrouneH (cre-
newu ny — 1),

Ocsoboxaaach or o6wero 3Hamenaress @, NPHIEM K TOXAECTBY
ABYX MHOTOYJEHOB (crenewn n— 1)

P\Qy— PlH-PQ=P.

Orciona, Kak ¥ Bbille, AR ONPEAEJEHHA 71 BBEACHHBIX OYKBEHHHIX
KOS(PUUUEHTOB NMOMYUUM CUCTEMY U3 11 JnHENHBIX ypasHeHuf,

Tak KaK BO3MOXHOCTe pasnowenus (10) ycraHoBieHa, KakoBO Owl
Y Obiio P, TO ynoMsHyTas CHCTEMa JOMkHAa ObiTb COBMECTHOMH npu
moGuix cBoGoAHKX uneHax. Otciopa camo co60#f BEITEKaeT, 4TO ompe-
OeQuTeNb €€ OT/AWYEH OT HYJA, a 3HaunT — cucteMa HeoOXOAWMO OKa-
3biBaeTCl onpeneNeHHOM, u pasnoxenue (10)-—npu yKasaHHBIX
snavenartensx Q, w Q — BO3MOXHO /MW €AWHCTBEHHHM 006pasom *,

Mpusmep. MNycts Tpe6yercs BUIEIUTb PANHOHAIBHYIO YacTb HHTerpana

S 4xt 4 4x® 16 4+ 124 + 8
(x+ P4 1)* *

Wmeem
Q=0:=(x+N+)=x+x"+x+41,
4x‘+4x’+]6x‘+12x+8__[ ax® 4+ bx +¢ ]'_’_ dx®+ex + f
P T 1)F Tl x+1 B4+

oTKyna
Axt4xd 1650+ 120 + 8= (2ax + Y (P + P+ x + 1) —
—(ax? 4 bx 4+ o) @B+ 2x+ )+ (dxf4ex+ (P x4 x4 1),
MNpupasrnBan KOIGOUUNERTH NPH ONHHAKOBHIX CTEMEHAX X B O6EHX YacrTsx,

NIONYYHM CHCTEMY )’paBHeHHﬁ, M3 KOTOpbIX MW OMNMpEeAeNAICs HEH3IBECTHHE a,
b .

x° d=0 (8 nocrexywowem yxe d B paCueT He 6epeM),
x| —ade=4,

x| —264 e+ f=4,

X2 a—b—3cte+ f=16a=—1,b=1,c=—4,

xt 2a—2c+e+f=12, d=0, e=3, f=3.
X0 b—c4 =8

* Cp. aHanorMyHoe 3aMevyaHHe M0 MOBOXY PAa3NOXKEHHA MPaBMABHOA APOGH
Ha npocrme ApobH, cTp. 42.
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NTak, HCKOMBIR HHTerpan

S’ 4t axt 160 4 120 48 x4
G D et A1 T
+3Sx2‘:_tl=—xaj_;j_t:_1+3arctgx+c,

B 5TOM npHMmepe BbluMCHEHME MOCTEXHEr0 HHTErpasa 7erko GHAC NPOM3BECTH
cpasy. B apyrux cnyuvasax npuXOZMTCA CHOBa pasnaraTe Ha NpOCThie APOSH.
0XHO, BNPOYEM, H 3ITOT NPOuECcC O6BEANHHUTb C MPedblAYLIH M.

277, Mpumepsl. [lpusenesm nambHefillie npuUMepsl Ha HHTErpUpOBaHHE
PauUNOHENbHNX QYHKUME,
1 dx
(14 x%3

Pa3aowxeHne Ha npoCTuie OpPOGH 34eChb [OCTHrAETCH MYTEM HE3aMBIC/N0BATHX
npeo6pasoBanni: .

1 ) —x 1 I -
AU T AT T AN (T T
() —x 1 ] 1 1

LR R S AR N (L

1 I x 3
Omeem: —?—7m—-2~arctgx+c.

4x* 4 4 — 11 )
» { =Tt ey -
Nncem
1,1 f]
40 - 4x — 11 _ 7* +7x—§ _
Gr—N@xF3ayx—5 1 3 5\
—3)(r+7) (x—3)
B c
=] + PE + 5
7 Kty Ay

OTKYy#a Clefyer TOXIeCTBO
gt for (o= ol—d) ()
cofei) e+ 2.

Bumecto TOro uto6ui npupasHuBaTh KOIQQPHUHEHTH NPH ONMHAKOBBIX CTene-

HAX X CN€Ba H CNMPaBa, MOXHO MOCTYNHThL HHaye, [loJOMUM, B 3TOM TOXIECTBE

1 3 5. | B— I c¥3

10CAe10BATEILHO X==, —5 5 Cpasy noayumM A== —-, =—g.t=F
(0O BCHKMHA pa3 CupaBa OCTaHETCA AHMWb O 1 H O ClaraeMoe),



483 IJl. VIIl. TIEPBOOEPASHAA &YHKLUS (217

Omeﬂnx:—}r]n x—%i—%ln‘x—}—%‘—}—ilﬂ{x——«‘-{»c_
_ (2x —5)° -
§' Py l+c.
dx
3) gx‘—}—l
Tax kak

X l=( 2 D — 20t = (x* 1) (x} i=

=@ 4 xV 24+ )t —xV 241,
TO paanomeHMe UuieM B BHIE

| Ax4B Cx+D
X1 oV 24 —x V2410

M3 Toxaecrsa
l=(Ax+B) (x'—xV 24+ 1)+ Cx+ D)+ xV 2+ 1)
nony4zem CUCTEMY YPaBHCHHA
X8 A+ C=0,
x| —V2A4B+V2C+ D=0,
x! A—V 28B4+C+ VY 2D=0,
X0 B4+ D=1,

OTKYAa . |
—, B=D=,
2y 2" 2
Takum o6pa3om, N
S dx 1 S stV .1 S x—=V2
T2y 2 ) 4 xV 241 2V 2 J xt—xV 241

_ 1 x4+ xV 241 1 _
_4V_2_ln X"—XV_2+1+2V_2 arctg (x V' 24 1)+

A=—C=

x:

| —
—arctg (x YV 2—1 C.
+oyg M Vi-n+
Mcnonb3osas GopMynry CAOWEHHR MOS8 apkTaHreHcos |50, MoxHO 3TOT pe-
3yabTaT IPEACTaBHTbL U B TAKOK (opme:

1 x4+ xV 241 1 x V2 ,
4]/21 x—xl/2+1+21/2armg1 s+ C

Hy)KHO 3aMeTuTh, OfHAKO, UYTO 9TO BbLIPAXEHHE TrOOHTCR JAHIEb OTAE€ALHO

195 DPOMEXYTKOB (— oo, — 1), (— 1, 1), (I, 4 0), u6o B Toukax x == [ ono
1epaer cubica, [locrosuHan €' Ana STHX MPOMEMYTKOB, COOTBETCTBEHHO, paBHa
: T T
—_——, C, C 4 ——=.
2y 2’ 2V 2

Crauxkoo6pa3noe usMeHeHne NOCTOAHKOH KOMIEHCADYET PadpuBhl CaMoll PyRKUMH
upy x =+ 1.
4 2t — 4 4 244 — 400+ 20
=D& =2+ 2

dx

. 1
* QuesyuHo, nocrosnHas C' pasuurca or nocroarkHofi C Ha -3 In 2,
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lpruberneM K BbAEACHHIO PALUMOHANLHOW YacTH WHTErpana. Mmeem
Q=(x*—2x+2)%, Q=(x—1)(x*—2x+2)
Takum 00pa3om,
2xt —4x®4-24x% —40x 4-20
(x — 1) (x?—2x + 2)? -

ax® 4+ bx?* 4 ox + d ’+ e + fx+g
(x2—2x 4 2)? x— 1 x?—2x +2°
MpUUEM Mbl 320[HO YKe Pa3iaraeM Ha NpocTele APoGU TO BhipaxceHue, KOTOpOe
elie MOANEKHT WHTCFPUPOBANHIO (NOCIE BbIICAEHHA DPaLHOBAJLHON UACTH WH-

Terpana).
Toxnectso

2% — 4% 4 24x° — 40x 4 20 = (3ax? 4 2bx +-¢) (x* —2x - 2) (x — 1) —

—(axt bt ex+d) - 2(2x—2)(x— 1) +

e (X — 20 4 2 4 (fx £ ©) (0 — 1) (£ + 26 + 2)?

NPHBOMKT K CHCTEMC YPaBHCHHHA:

x e+ f=0,

xb | —a—6e—5/+4 g=0,

x'| —a—2b+418e 4 12/ —5g=2,

x* 8a 4 2b—3c— 32 — 16+ 12g=—14,

xt | —6a -+ 4b 4 5c —4d 4 36e - 12f — 16g =24,

x' | —4b 4 8d —24e — 4f 4 12g = — 40,

x| —2¢—4d 4 8¢ — 4g =120,

oTKyaa
a=2 b=—6,¢=8 d=—9, e=2, f=—2 g=4

208 —6xP+8x—9 (x—1)*
Omsem: T ox O +In X7 +42arctg(x—1)+C.

x°—x°+x‘+2x"+3x2+3x+3dx
e+ )PP+ 1) ’

Bhizenus DalUHOHANbRY!O YacTh uuTerpana. Vmeem

Q=+ D+ x+1P Q=+ +x+1).

Paanoxelne uuleM B BUle
ax' +bx* fox*fdxHe fx* - gxA-h

T | YA
Ws cucremu ypasheHHi:
x? =0
x| —a+4g=1,
x° a—2b+4+3g+h=—1,
x4 58 —b—3c+5g+3h=]1,
X3 44 4+ 3b—3c—4d 4+ 5g+ Sh=2,
x* 3b 4 ¢ —5d — 5e + 3g + 5h =3,
X! 20 —d—Te+ g+ 3h=3,
x° d—3e+h=3

5)
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Haxonnm
a=—1, 6=0, c=—2, d=0, e=—1, f=g=h=0.
Taknw 06pa3oM, 3fech HHTErpan BeCb CBOQMICA K PAUHOHANLHON (QyHKUHH
_ X' —2x% 1 +C
x+ D+ x4 1) ’

§ 3. MuTerpHpoBaHHE HEKOTOPHIX BBIpAXKEHHH,
COlEepNAMKX pPANUKANbI

278. U YAZES A

5 HTerpHpoBaHMe BbIpaweHsit Bupa R|.x, yi£6) -
TIpamepni. Bhilie MBI HayuHIUCb MHTErPUPOBATL B KOHEYHOM BAAE pa-
U#OHaAbHEE [ubdepenuuans., B HanbHERIEM OCHOBHHM TNPHEMOM HH-
TErPUPOBAHAA TEX WM APYrUX KMaCCOB KUPHEPEHUMANBHEIX BHPamWeHuH
6yneT paspiCKHBaHHE TaKHX MOACTAHOBOK f==w (X), KOTOpPHE NpUBE/K Obt
NOAHHTErpa/ibHOE BHIPAXEHHWE K DallMOHAJNBHOMY BHMAY M faan Ob BO3-
MOXHOCTb NPEACTABHTb MHTErPad B KOHEUHOM BMRE B (YHKUMM OT £,
Ecau npu sToM cama OyHKUMA ® (X), KOTOPYH HaZ/eKHT MNOACTAaBHTH
BMECTO I, BHPaXaETCA 4YEpPe3s SJEMEHTapHme (YHKUWK, TO MHTErpa
NPENCTABHUTCA B KOHEUHOM BMAEC ¥ B QYHKUMH OT X.

HazoseM 3TOT npuem MeTONOM DAUKOHAAM3AUMM [OLIMH-
TErpaabHOro BHPDAaMEHHUA,

B KauecTse nepporo npuMepa ero DPUMEHEHMS ~PACCMOTPHM MHTE-

rpajs suza -
frls /R

roe R 03HayaeT PaUHMOHaJAbHYI0 (YHKUMIO OT ABYX apryMeHTOB,
m — HaTypa/JbHOE uucao, a8 @, B, ¥, 8 — nocrosHHue.
Noaoxum

m/ax TP axdp . _um—g
:m(x):']/ s tm—1x+3' x_?(t)—w.

WuTerpan nepeiner B

fRe®, He't)ds;

3lect BHPADEPEHUNAN HMEET YK€ paUHOHANbHHN BHA, Tak Kak R, @,
9 — paunOHa/bHHE QYHKuMH. BelqucauB STOT HHTerpas N0 NpaBuJaam
npeawayuwiero maparpada, K CTapoH MEpPEeMEeHHOH BEpHeMCs, MNOACT4BHB
{=uw(x)

K wunterpany suna (1) coasrca u 6osiee obuive HHTErpael

(R(e (ZE0Y, (2Ll as,

* Ycnosnmca pas Hascerna OykBoM KR 0GO3HAYaTb PaUHOHAAbHY IO
QYHKLUHIO OT CBOHX apryMeHIos,
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rie BCe NMOKA3aTeNn r, §, ... PAUHOHANbHBL CTOMT JWlUb MPABECTH 3TH
nokasatead K ofmemy SHameHateq o 2, 4TOOB NOX 3HAKOM HHTErpana

nona /LB
Y4HTb PaLlMOHAJbHYIO (YHKLHIO OT X ¥ OT pajuKana O

1
[Mpumepwn. I) S(x—:/l;t—-llf_*_x—-—?ﬁdx'
x+B

x 43’

K annedHod Qydxuuu. Monaraew t =7V x4 |, dx =2t dt; Torna

- V4142 2 s\+2 _ 2t 42 _
5(x+1>'—'Vx+1dx‘ at=§ (7= t2+t+1j’”“
=1n (t'_l 2t+1

[EE Va

a.
3neco npoGHO-THHeEe HHas QYRKUUA 7 B YaCTHOCTH, CBENACH MPOCTO

rae OCTaeTca AHUIb MOACTaBUTH £==} x | L.

2| = IV e

x+1 t" £41 _ 6% dt
IMonaraem t= ]/x—l , gl dx =-— =17 3 TOraa

{7/ = ;i"’i=§(—&+$%)“=
el
roe t=|/3 %

= 2 —1
=? T + V 3 arctg VE

279. Unterpuposanue Gunomuaabubix Kuddepenunanos. pumepst.
BunomuanbHBIMA HaA3WBaOTCA AdddEpeHLnany puaa

x™ (a-}bx" dx,

+Cv

roe @, b— mofbhe MOCTOAHHLIE, d MOKA3aTeNd m, M, P — DAUMOHANBHHE
uMcaa, BHSCHUM Cayyan, KOrfa STH BHPAKEHHA MHTETPUPYIOTCA B KO-
HEUHOM BHAE.

Onun  Tako# cayuall sCen HENMOCPEACTBEHHO: €CAU Pp—UHACAO
nenoe (MONOXKUTEAbHOE, HYJb WIR OTPHUATE]BHOE), TO PACCMATPHBAEMOE
BHPaXEHHe OTHOCHUTCA K THMY, U3yueHHOMY B npelngywem n°, Wmenno,
ecan uepes A 0603HauUMTb HamMeHbilee oO6wee KPaTHOE BHaMeHaTesneh

A
apoGef m W n, TO MH WMEEM 31eCh BHpaxeHne Buaa R (Y x )dx, rak uro

‘ A
Aja pauvOHaJd3auMKd €ro JO0CTaroyHa noACTaHOBKa t=1/x
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IlpeoBpasyem Temepp [awHOE BhHIpaWeHHE TOACTAHOBKOW 2= x".

Torna
m+1 _

x™ (a—}—bx")”dx:ll—l(a—{— b2z n ‘dz

B, NMOJMOXHB 149 KPaTKOCTH

m4-1 _
n 1=
OyneM umeTsb
S x"(a—+ bx"Y dx= % S (e b2)? 29dz. 2)

Ecauw g—uncno uenoe, 10 Mbl CHOBAa NpPHXOAMM K BbIpaKe-
HUIO n3yuennoro tuna. JeAcTBHTENbHO, €CAn OOO3HAuNTL yepes v 3Ha-
MeHateab ApobW  p, TO npeoGpa3sOBAHHOE BBIDAXKEHHE HUMEET  BUIL

R(z v a=-bz). Pawonausaunn TNOAMHTEr PaAbHOTO BHIPAXKEHHS MONHO
ROCTWTHYTb M CPa3y — NOACTAHOBKOH

t=1v/a—|‘—b2=]v/a—f—bx".

Haxowuen, nepenniwem sropo#t us wurerpanos (2) Tax:
a4+ b2\P
S(—t—) 2P gz,

Jlerko ycMoTpeTh, uto mpu p-H ¢ UEAOM MH TaKKE HUMEEM H3yueH-

Yat b
HLN cayvyafl; npeo6pazoBAHHOE BHIPAXKEHHE HUMEET BUA R(z, ]/ t Z).

TloanHTEr panbHOE BLIPaXEHUE B. [AHHOM WHTEIPate pPaUHOHaAM3UPYETCs
W CPAa3y MNOACTalIOBKOH

t:]/atbzz ]y/ax_n—f—b.

Takum oOpazoMm, ofa uxmezpara (2) BHPAIKAIOMCA 6 KOHEHHOM
gule, ecal OKA3NBAEMCA UEABIM OOHO U3 HUCEA

vgrtq

Ay (4T0 TO XKe) 00HO u3 uicen

m41 m+l+p_

! n n

3TM Cayuam UHTErpUPYEMOCTH, MO CYWECTRY, U3BECTIH
Gwan ewe Hootouy. Oanako /Mbs B cepequne npoulIOro  CTOJETHA
Tl . YeObiwes ycTaHoBMA 3aMEUaTEAbHMA (axT, 4TO ApYyrux cay-
Yaes WHTErPUPYEMOCTH B KOHEYHOM Buie 044 OHHOMHAAbHHX OHDPEpeH-
UHE/I0B HET.
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PaccMOTpHM TpPHMED B,

Vi+vx -1 11
1)S~—_——dx=Sx 2(1—|—x4)adx
Vx
1 1 1
3ncch M=—, R=-p, p=-x; Tak KaK
1
m—4 1 —yt!
n 1 =2,
4

TO UMCEM BTOPOH Ciyuald HHTEerpupyeMocrtd. 3amcTHs, uro v==3,

(no o6weMy npabuay)

=|*’/1+,‘/;, X= (P — 1), doc= 2% (5 — 1) dt;

TOI'Aa

53

1OJOXHM

dx =12 S (t“—t‘)dt:%l"(4t“—7)+cu'r.n.

V
p 1
X )
2 =\ X2 (4 x! dx.
) S i S (4 <9
Ha stot pa3 m=0, n=4, p=—%; TPeTHIl CIy4Yail HHTEIPHPYEMOCTH, TaK KaK
m+l —]-p—z 4l=0. 3aech v=4; noA0KUM
1
1 4 x* ~7
=/ T 1] AR + , x=@—1) ¢
5
dx=—p @ —1) *a,
Taxk 4TO

e
=7
BT A
1
dx -3
) t=gx—‘ 1+ x5 dx.
Sle+x5 (149
3necb m=—1, n=35, p::——;—; BTOPO{ cayuait: m—’|1—1 =0;
NOKHM

1
_ = 3 _ 4
t=yT—x% x=@E—1)° de= ;@ —1) Saf

arctg t4C

v=3. [o-
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umeeM
LB LT B [ u—_E P
x/ T4+ 5 Jtd—1 5 t—1 4t
L =0 V3 26 41
Ol ‘2+t+1+—arctg V3 +C
WTOL

280. dopmyabl mpuBegeHus. Tak Kak HHTErpaa OT GCHHOMHMAJbHOrO
oudrpepeHunana Bceraa Moxer OuTh [cM. (2)] npeo6pasoBaH K Bumy

Jp. o=\ (a+b2)7 27 d2, (3)

TO B Ha/bHENIIEM OrpaHUYUMCA PaCCMOTDEHHEM MMEHHO STHX WHTErpajos,
YcTaHoBuM psd G OPMYJ NpPHUBENEHHs, C [IOMOUWbBIO KOTODHX
nuterpalt (3) Moxer Owbith, Boofule roBOps, BHIPaXEH uepe3 nodoGHbH xe
MHTErpan Jy o, Tl€ p° W g Pa3uaTcs OT p M ¢ HA NPOU3BOJBHLIE Le-
ABE uHCAA.
Wuterpnupys TomaecTsa

(a b2yt 29 =a(a—+ b2y 294~ b (a + bz)? 29,
2 (@4 b2) 2 = (1) b (@ 52)° 27 + (g + 1) (a + b2y 27,

HalieM
Jpn, g=0aJp o+ b4y 4u1s

(a+b2)p+12q+l—(l7+l)b‘] q+l+(q+1) L g

OTciofa NoJyualTcs nepssie ABe (GopMy.inl

o @hb)Tian | phgd2
® =T T w T Gy e
b prat?,
(“) Jp,q_ 0(q+l) l b a(q+l) D, g+
(q F# =1

KOTOpblE [O3BOJSIOT YBEJNHUUTH MOKAsaTelb p HJAM ¢ HA EOHHHLY
(€Cau TOABKO OH OT/IMuEH OT — 1).

Paspewias 3TH paBeHcTBA OTHOCHTEABHO Jpuy g Jp g 1 BaMeHns p
W ¢ COOTBETCTBEHHO Ha p—1 u ¢— 1, npuaem K Qopmyam

(a4 bz)P 297!

(1 I ET Y +p+q+1 bot.o
p+a+—
_ (a4 bz)Pr 24 aq
™ e R e e LT

KOTODHE NO3BOASIOT YMEHWDbII aTh [0OKA3aTeJb P HAM ¢ Ha ELMHHLY
(ec/ 10abKO CymMma p—-g¢ OTiMyHa or — 1),
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Eciu nu p, o g, v p—--q He Oyayr uenwM yucaom (Tak yTo
uHTerpan J, , HE BHIPAKAETCA B KOHEYHOM BHAE UYEPE3 3JEMEHTapHbe
GhyHKUKK), TO GOPMYJIBl NPHBEAEHUA MOTYT MOC/EA0BATENBHO NPUJIAraThCs
6e3 Bcakoro orpanpueHus. C MX NMOMOWBI0O MAapaMeTDH P U g MOTYT
OblTh CHE/aHbl, HaNpHMED, NPABHJbHBIMH ADPOOIMY,

OcTaHoBMMCA Ha 0OJee HHTEDECHOM [/ HAC CJAy4ae, KOLAa HHTErpaa
Oeperca B KoweuHoM puae. [Ipu 5TOM MOXHO NDEANOJONHTb, HTO LEIBIM
OKa3biBAeTCsi NOKa3aTeadb p Wad ¢, TaK Kak cJayua#h ueaoro p-fg noa-
CTaHOBKOMH z=% NPUBOOUT K CJYyualo LEJOro ¢,

Toraa nocneaoBaTEJbHOE NDUMEHEHHWE BLHIBEAEHHHX (ODPMYA MNO3BO-
J9eT CBECTH 3TOT LeJnf noxasatess, p Wi ¢, k 0 (ecay o Owi1 no-
JOMATEABHLIM) WA K — 1 (ecAr OH OB OTPHLATEJBHBIM). ITHM OOBLIYHO
nGO 3aKAHYMBAETCA HHTErpUpoBaHne, sHGO — BO BCAKOM CJAydae —— 3Ha-
YUTEJNBHO YMPOWLAETCA.

[Ipumepn. 1) PaccmoTpum uHTerpan *

m
Hyp= S T ax (m — nenoe).
yi—xt

1
3necs n=2 p:—-z—, MOSTOMY NpHU m HEYETHOM OKa3bHIBACTCA UEARIM YHCIOM
m+41 _m41 m+41 m—41 1 m
= —F & npy YeTHOM — YHCN0 ——— —_—— == -
) 2 pum TP 2 T= 9

TaK YTO BO BCEX CAyYasXx MHTerpan B KOHeyHOoM Buipe Gepercs. [loacTanosko#
z=x% cBefeM €ro K MHTerpany

I _l m—1 1

7, 2 _
75(1—2) z dz—7!_| m—1e
22
Ecan, cyutan m > 1, npUMeHUTb K ITOMY nocaexHeMy HHTerpany dgopmyay
(1V), 10 nonyunm
_l_ m—1

1—2)%2 2 m—1

+ J

|=—2(

3
3
I

HaH, BO3BPAULZACL K AAHHOMY MHTErpary,

Hpm=— - em=t Y Tt - 2

Hp s

Jta ¢;>fmyna, YMEHbIIAA 3HAYEHHE m HA 2, NOCAENOBATE/IbHO CBONHT Bhl~
yucnenne H, 1m6o K

dx —_3
H=\-"2%% — yT—F+cC
1 S }/I——xg V x4

* AHAJNOIMYHO MOXHO WCCIeI0BAaTh M MHTErpaast

§ o= (i
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Npy /M HevyeTHOM, AHGO Xe K

d. .
Hy= S —r::arcsmx—i—C
I — x?
NPH M 4eTHOM.
ycrs teneps m<<— I, 12K 10 m=—up, p> |, [IpuMeHuM Ha 3TOT pa3
dopmyny ()
1 m+1
G T2
J _sl—2"2 +m+ZJ
__l m—1" 1 1 ' m3-1»
T m+ mAl g A
OTKYR2
) AT
Hy=——— =7 -

C poMoiubio 3T10H cpop.\iynu Mbl ¥MEEM BO3MOXHOCTb YMEHbIIATb 3HAYEHHE [
Ha 2 ¥ NOCICNOBATENbHO CBECTH BhLIYUCIEHHE H—u. 260 K

dx 1—]/1 —x*
= i = ||+
Npu p HEYeTHOM, AnGo e K
d yi=x
H-z—SxZV——l_XE—_ x +C
npH |+ YEeTHOM.
2) Ecan x uHrerpaay *
1
— d.( p— l 2 —n+h —7 —
Jan= S ey 7 S (a* + z) z dZ—J_(n_H)’ _%
(n=1,2,3 .)

npunmenutb dopmyay (1):
(@+27:° 211

- b T —J
SPERI.. et T 2 a =Y

10, BO3BPaWtancs K Jp,, NOAYUUM yxe u3secTHylo Ham (271, (6)] dopuyay npu-
BCAEHNA

T = } x 2n—11

AT 204t (- af)h on @@

281. MuTerpupoBaHue BbIpaXkeHuil Buxa R(.’g,]/ax“+dx+c).
[Monctanosku diaepa. IlepexoanM K paccMOTPEHHIO OYEHb BAXHOroO

KJacca MHTErpasoB
SR(x,Vax“+dx—|—c ) d.x. 4)
* AHa/JOTHYHO MOXHO WCCACAOBAaTb M HHTErpan
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IlpeanonaraeM, KOHEYHO, UTO KBaJpaTHBIR TPEXUJEH HE HMeeT pPaBHBIX
KOpHEH, TaK YTO KODEHb M3 HEro He MOxer Obirb 3aMEHeH pallloHab-
HEIM BbDaXEHWEM, MH U3yuyuM TpW TOACTaHOBKH, HA3LIBAEMBIE 1O A~
cranoBkaMu DHaepa (L. Euler) ¢ nomMowbio KOTOpHIX BCeraa
MOXHO JOCTMUrHYTb 30€Cb PALNOHAM3aLMH NOJHHTErPaAbHOIO BBRIPAXEHHUS,

l moacrTanoBKanpuIoKnUua 8 ciydae, ecau ¢ >0. Torna noaaraor

VaxrFox Fc=t—Vax*
Bo3soas 3TO PaBEHCTBO B KBAAPaT, HaHAeM (N0 YHHUTONEHWH YJACHOB
ax® B ofeunx qacmx) bxt+c=£—2V atx, tak uro

Var' Foxfo= YAl t MV

21fat+1; 2Vat+b

doe =2 Vatr+bot+cV
QRVat+oby

Bce ocTpoyMue sHI€pOBOR MOACTAHOBKM HMEHHO B TOM, uTO AJA Ompe-
NeNeHNs X T0Jy4aeTCA ypaBHeHWe NepBOR CTENeHW, TaK 4TO X, a Of-
HOBPEMEHHO C HAM TaKXe H PpaanKan Vaxq—}—bx—f—c BBHIPAXAIOTCH
pPauMOHaNbHO uepes L

Ec/an nonyuyeHHble BuIDaXEHHS NOACTaBHTb B (4), TO BOMPOC cBeaercs
K HHTErPUPOBAHMIO PalMOHaAbHON dyukuumn ot f. B pesyabrare, Bos-
BpAWAAChb K X, HYXKHO OYJeT NONOKHUTDH t:Vax*+bx+c+Vgx,

Il nopcranoBka npuioxuma, eciy ¢ >0. B stom cnyuae mMoxuo
T10JI0XHTD

Vax*d-bxFec=xt+Vc **
Ecan BO3BECTH B KBAAPAT, YHHYTOXKUTB ¢ B OOGMX uacTIX M COKPaTHTDH
Ha X, TO noayuuM ax-b==xt*- 2y ¢t — cuora ypasuenne nepso#
ctenent otHocuteabHo x. Orciona

2 ct—b — T o T ctr— bt ca
= _]:-— -l/-ax2 + bx + ¢ = V—a-tj_—]/c’
ct2—bt+Vta
= 2 V—- .
dx @—y dt
TNoacrasuB 510 B (4), 0YEBUAHO, OCYILECTBAM PalMOHANH3AUMIO NOJMH-
TErpasbHOro BHPaXeHud. JIPOMHTErpupoBaB, B Pe3y.1bTaTe MOAOKHM

t=]/ax”+ bx Fe— Ve

X

* MowHo 610 Onl MOAOKUTL U
Vaxr' FboxFe=t+Vaux
# Uy Yol FoxFe=xt—VYc.
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3amruannae 1 Cnayuaw, paccmoTpenubie Bhme (@ >0 u ¢ >0),
NPUBOAATCA OMUH K APYroMy 1oactaHoskod x=—_. IlosToiy ncerza

MOWHO K30€XKaTbh NMONbL3OBAHUA BTOPOH MOACTAHOBKOH.

Hakoseu, Il noacranoBKa npurogna s TOM Cayuae, eCau KBai-
patnbift Tpexuied ax® 4 dx - ¢ useer (pasnuunble) BEUECTBEHHIE KOpHH
A u p. Torma 3TOT TpexufeH, KaK M3BECTHO, PA3NAraeTCA Ha JUHEHHBIE

MHOXHUTENH:
ax*+dxtc=a(c—N(x—p)

Vaxt4dx—+c =t(x—\.
Bossoas B KBaapar u COKpailas Ha X — A, MOAYYHM W 31eCh ypaBHEHUE
nepeoll crenenu a(x — p)=1£2(x —X), Tak uTo
— au - Ae?

e l/ax“‘—{-dx—f—'c =

L Za(p—M)t
RN CE

[Tonoxum

a{(l—up)t

X == 5
tt—a

dt
a T o

3ameuwanne I Tlpu caenasueix  npeanonoxenusx  paauxan
Vax—NE— ) (CUMTAA A4 OMpPEAEJCHHOCTH, CKaXEeM, X > A) MOXKHO

npeo6pasoBaTh K BHAY
e
(x_)) V a;_;ﬁv

TaK YTO B PACCMATPHBAEMOM C/yuae

R(x,l/axg—i—dx—i—c ):Rl(x, P futunl o

M Mbl, B CYILHOCTH, uMeeM ea0 ¢ AuddepeHunanoM uayyeHnoro s n° 278
tuna. [ll noacrakoska D nepa, KOTOPYIO MONHO 3allucaTs B (opme

— ol
t—Vax—)\’

TOWAECTBEHNA C TIOACTAHOBKOM, yxe yKasaHHOH B 278,

[Mokaxem Teneps, uto | u Il noncravosok I #aepa oauux aocra-
TOYHO A/ TOTO, UTOOB! OCYHIECTBHTL DALMOHANNU3AUMIO NOAUHTEr PAJIBHOFO
Boipaxenus B (4) BO BCeX BO3ZMOXKHKHB X cayuanax. [eHcrsureasno,
ecan Tpexuied ax®— dx - ¢ uMeeT BelleCTBEHHblE KOPHH, TO, KAK Mbl
sugeaw, npuaoxuma Ili noacraHoska. Ecau e seulecTBEHHBIX KOpHeh
Her, T. € b*— 4ac <0, TO Tpexusien

ax? bx 4 ¢ = - [(2ax + b+ (dac — 9]

Npv BCEX 3HAVEHHTX NepeMeHHOW x uMeer 3Hak a. Cayva#t a <0 wuac
He WHTepecyer, W60 TOraa paguKal BOBCE He HMMEJ Obl BELIECTBEHHBX
sHauerult, B cayuae we a >0 npumenuma I noscranosxa.
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DTH COOOpameHus NPUBOMAT BMECTE C TeM K OOIIEMY YTBEPKACHUIO:
unmezpars, muna (4) 8cezda Cepymcs 6 KonewHOM 68ude, npuiem 0in
npedcmasaekun ux, Kpome GYHKQUd, Heped KOmMOopsle Bupaical)mes
URMeE2paABL OM PALQUONAABHNX OUPHEPERBUAN0S, KYIHCHb euwe AUWb
K8aodpamusie KOPHIL.

282. eomeTpHueckas TPaKTORKA SiaepoBBIX MONCTAHOBOK. DHie-
POBbl MONCTAHOBKY, KAXYLUIHECH CTOJb HCKYCCTBEHHBIMM, MOryT OWTb BCe
NOMYYEHH U3 HArJfAHBIX reOMETPUYECKUX cOOOpaxeHHH.

PaccMOTpUM KPHBYK BTODOTrO NOPALKA

y==+V axr+bx+c nm yY=ax®++bxic
Ecau B3sTb Ha 3TON KPHBOM NMPOUBBOJBHYK TOUKY (X, ¥,) TaK 4TO
yi=axj+bx,+c (%)

TO NPOXOAALIan YEPE3 HEE CeKywas y — y,==1f(x — Xx,) Nepeceyer Kpn-
BYIO €Lle TOJbKO B OJNHOM# TOouke (X, y). KoopamuaTe nocnenHed wal-
NyTcs NpOCTHM BHuucaeHueM. Vlckmouas y u3 ypaBueHu#t KpuBOH u
cexyueh, noayunm

[y H+t(x— x)PP=ax®+ bx -,
oTKyHa, ¢ yuetom (D),
2yt (x — X))+ (x —x ) =a(x* — x4 b(x —x,)
MM — JI0 COKPALUEHUU Ha X — X, —

2yt + 2 (x — x)=a(x+ x)+ b

Takum oOpasom, alcuucca X, @ ¢ HEIO W ODAHHATA y BTOPON TOUKH

TIEPECEYEHNA BHIDAKAOTCA PAaNUOHaJbHHMU PYHKILUAMY OT Nepe-

MEHHOro yrjaosoro kosdduuuenta £ Ilpu 3TOM OueBHAHO, 4TO, Halhe-

WAE H3MEHRR ¢, MOXHO 3aCTaBUTb TOYKY (X, y) ONUCaTb BCIO KPHBYIO,
Tenepp $CHO, YTO 3aBUCHMOCTb

¥V oax* 4-bx+c—y,=t(x — x,)
R OMpENe/HT Ty NMOACTaHOBKY, KOTOPas 3aBeJOMO DPallMOHaAM3UPyeT Mod-
WHTErpanbHOE BbipaxeHHe B cayvae (4).

IMyctb Ttpexuned ax® --bx -+ ¢ UMEeT BeUlECTBEHHBIE KOPHM A U
5TO 8HAYAT, UYTO Hallla KDHBAas [epecekaer ocb x B Toukax (A, 0) u
(» O0), B3sB, Hanpumep, NEpPBY® U3 HHX 32 TOUKY (X, J,), NpHIeM
Kk lll noncraHoske DdHrepa

V ax*4+bx4c=t(x—)\).

Ecu ¢>>0, To KpuBas nepecexaer ocb y B Toukax (0, &= 1/ ¢}
B398 OOHY H3 HHX 33 TOUKY (X, ¥,), noayumm Il noacraHosky DHaepa

l/axs—{—bx+ci]/—c=tx.
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HakoHeu, B CYIIHOCTH, 8 TOM Xe MOpAAKe uie# noayuaercs u [ nmoa-
CTaHoBKa DHJaepa, Aub 33 TOUKY (X, ¥,) Mbl npuHumaem 6ecKo-
HEUYHO yMaheHHYIO Touky kpusoH. Hmenwo, npeanonaras a >0
(8 3TOoM cayyae kpuBas Oyaer runep6o/ofi), pacCMOTPAM aCHMITOTY
KpHBON y == 1= V' a xwucranen nepeceKaTh KPUBYIO NpambiMu y — £ 7= Vax,
napajaenbHeiMH  acuMnTore (oKW OyAyT NPOXOAMTb Yepe3 YMOMAHYTYIo
6eCKOHEUHO ydaneHHYI0O TOuKy). Kaxwnaas Takas npaMas nepece-
Kaer Kpusylo BO BTOPOH Touke (X, y), KOOpAMHATH KOTOPOH OyayT
pauvoHatbHHIMA (pyHKUUAMU OT £ OTCr04a MOACTaHOBKA

Vax*FoxFe=txV ax

283. Mpumepn. Ham yxe m3pectdn A8a 0CHOBH b X HrTerpana (269, 9)
u 12); 268|:

S—VTZ'XTGQ =In|x+ VY xtxa|+C,
dx X
SW——,\'Q:MCSIH 7-{-6,

OTHOCALMXCA K paccMatpusaemomy THny. OTOPaBAASCh OT HUX, MOXHO BHIUC-
HTb M APYIHUE HHTErpansl.

1 Sé [Tpy BHIYKMCHZEHHM 3TOrO WMHTerpana GyieM pa3nHuyaTthb iBa
Vax? +8
cnyvas: a>>0 u a<<0
Ecav a> 0, To HHTerpan aerko fpeodpa3yercs K OCPHOMY M3 OCHOBHBIX

B .
H ——==a
(np m + )
1 dx 1
V‘T S ——-:V__ In X+“/X2+%|+C.
a a
Xt 4 A
a
MowHO ewle YyMHOXHTL apryMeHT norapubMa Ha a, 4TO BBCAET AONMONHHTEAbHOE
cnaraemoe —Ina W, cnenosaTenbHo, OTpa3sATcA auwb Ha C. OKOHYAaTCALHO
a
nonyynu
dx ! PYPTTRE )
————=——lnjax 4V a(@x* +P) [+ C. ©
V ax? B V « (@>0)
Ecam e @ <0, Tak 4T0 @ ==— | a |, pannkan nepenitem B suae V' §— | a | x*.

Aas toro yro6bl paanKan BOOOLIE MOr MMETh BELIECTBEHHLIE 3HA4YEHHA, HEOBXO-
UMMO OpennonokuTbh sgech 3> 0. Wurerpas npeoGpasyerca xo sropomy H3 oc-
HOBHbIX HMHTErpanos | NpH l=a”> U

[a] ’

S%:ﬁ arcsin ( |'<§J x)+C. (;I)

@<
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K wunterpanam (6) u (7) ¢ NOMOWBIO TeMEHTAPHHIX NMPHEMOB MPHBOAATCA
muorne npyrue. Hampumep,

S V ax?4 B dx GepeTca WHTerpHpOBaHUEM MO YacTAM

S]/ax?—i—ﬁa’x:xl/ax?—}—ﬁ—S‘XJVW3=

Py _ — s (X +h—F .
_xVX—*—ﬁ SV.a 2+ﬁx XVX—*—ﬁ Vax2+ﬁ
—:.xVax‘—}—ﬁ—SVux +de+ﬁ§Vaf;+ﬁ

CnpaBa y Hac CHOBA MONYYHICA HCKOMbIH HHTErpal, NMepesocAa €ro Haneso
W pa3NenMB BCE PAaBEHCTBO Ha 2, Hafijiem

(Ve tha— gy Vartit ®

e

Jizs MONYYEeHNsl OKOHYAaTeNbHOIO Pe3ylbTaTa OCTAeTCA AMWIb BMECTO TMOCAEAHCTO
MHTErpana MOACTAaBHTL €ro svipawenne (6) wau (7), CMOTPA NO TOMY, 6yncT 1H
a>0 i a<<0.

dx dx dx
3 —_—— 6 —_— R kA S
) (a) S Vi 1s’ (6) S Ve 15 (8) S (ax® + 8)2

1
CBONATCA K YHE MIBECTHHIM WHTErpaZaM — NPOCTOH MONCTAHOBKOA X =--,

1
dx = -7 dt. Vimeem (Ins onpeleneHHOCTH, NyCTh x U t > O):

@ SXV:::"—i—S SVa+st*

— jafbHeilmee BHIYHCREHWE NPOW3BOAMTICA no dopmyne (6) mau (7), cMoTpa Mo
3naky 8. Ranee,

©) Sx’]/:::—i—@ —SVa—i—ﬁt‘

=—%VW+C=

Vax* £ 8
— =g +C
H aHANOTHYHO
dx _ tdt —

(B) S (ux +B)J/a - S Btg)x/a

1 1
= - -3 C=

FVeram ﬁ Ve r2+s+c

4) ToxpecTselHbe NMPCOGPa30BaHHA TOANHTErPanbHOrG BbIPAXEHHA MPHBO-
AT K YXE BbLIUMCICHHBIM CICAYIOUIHE, HAMDUMED, WHTerpann:

o xtdx * Y ax®t B x?
—— (6 ———d R
@ S Va4 3’ © S x oW S (ax 4 §)%/3 ax
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Hwveenm

(a)s o N W W Can ) et
Vadtg ¢ ) Ve +5

==-a_S VW“—%S%

HAH, BOCMOAL30BABIUHCL dopumynoh (8),

%:% YV ax? L8 _%S % W T I [cM. 1)]. 3atem
Sl/ij‘—adx: _g’_idx:
X xVax?+8

xdx
= { s e

nepsbii M3 MHTErpatos GepercA cpa3y, BTOpoft seiuncied B 3). Hakomey,

_x L _F
o { ey v S

fecm. 1) n 3)1

5) Ecau nox papikanoM CTOHT MOAHbIM KBaApaTHBd TpexXuUNeH ax®4bx +
4-¢, YacTo SBBIFOAHO AHMHEHHOH NOACTAHOBKOA CBECTH €r0 K ABYUIEHY.
Bu}le.’lﬂﬂ NoMHLI# KBappar

ax* 4 bx ¢ =4La [Qax + b)* + 4ac — 6%},

nonarawt f=2ax +b. Takum nyrem, Hanpumep, u3 dQopmyn (6) u (7) noay-
yaetca npy a >0

ll

In2ax+b+2Va(e Fbx+0|+C=

o l

S dx
Va fFbxte V

= |t L4 yaErTeato|+C, 6
Va 2

anpu a<<0

S = 1_ arcsin zg—*__b_ +C. (7%
V ax?4 bx ¢ Via] VY 5 —4ac
6) O6patuvcs Teneph K SHaepoBuHM NofcTaHoBxam B 269, 12)
Mu  (GaKTHYecKM npumendad | MOACTAaHOBKY K BHYHCACHHIO HHTerpara
S Codx
Veza

XoTa BTOpO#i OCHOBHOW HHTErpan

S dx
Vat —x3
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HaM H3BECTeH W3 9JMEMEHTapHHX coodpa)xeﬂnn, HO— AnA  yNpaxHeHHA — Mu
BCe Xe€& K HEMY NpHMEHUM SHHCPOBH MOACTaHOBKH.

(a) Ecau Bocnonbsopatbea cHavana Il nomctanoskon YV a®—x¥=
=t (a— x), 10

2—_

| __ datdt -— . 2at
t"+l ’ dx—-(li-i-l)z’ Va _t2+l

H
d dt
§ T =2 pfr=ruagetc=2aeg )/ (4

Tak Kak HMeeT MECTO TOXZECTBO

a4 x X L]
2 arctg ]/-a_x_arcsm ST (—e<x<a),
TO 9TOT Pe3yanTar NHiub G OPMOH PasHHTCA OT yke H3BECTHOrO HaM,
HYumameao u Bnpeds caedyem caumambes ¢ BO3MONCHOCMBIO Oasl uRme-
2paaa noay4amscsl 8 pPA3HBIX HOPM A X, 8 3aBUCUMOCME OM NPUMEHEHHO20
028 €20 8u4UCAERUR MemoDa.
(6) Bcam x TtoMy we wunTerpaily npumennts I noactamoBKY

V & — x'=xt —a, T0 aHaAOTHYHO NOAYYHM
dx dt
S Vﬁ—'—2 S t,—+l—_——2arctgt+C_

=_23rctgw+ C.

3nece MH  CTanKUBAEMCH ¢ IDYTHM  JNOGONBLITHMM OBCTOATENbCTBOM *, 9TOT
pe3ynbTar FOQHTCA OTAEAbHO NIA NpoMexyTKa (—a, 0) M 413 NpoMexyTka
(0, @), H60 B. TOuke x =10 Bnpamenue

a®— 3
-—_2 arctg .Lv-xa—x.

apweno cmblcna. Tipereaw srtoro Bupaxkenns npy x—-—0 a4 npy x— 40
Pa3'1¥YHBE: OHH PaBHbl, COOTBETCTBEHHO, ™ H — %; BEIGHPaA AR YIOMAHYTHX
NPOMEXYTKOB D A3 AHUYHbLI € WKe 3HAueHHA NocToaHHOR C TaK, 4TOGL BTOpOE
U3 HUX Obl10 RAa 2z 60Abe NePROTO, MOXKHO COCTaBUTL QYHKUMIO, HENPEPHIBHYO
BO BCeM NPOMExYTKe (— @, @), ecIH DPHHATH 33 ee 3HaueHne Npy x =0 oGwni
npexen ciepa W Cupasa.

W na 9TOT pa3s mb nONYuHAN OpexHHM PesyibTaT AMIB B APYrol G opue,
H60 HMEIT MecTO TOXIeCTBa

arc;inﬁ—n na 0<x<a
CREgE ] a ’
—2arg LV =X
x Lx
arcsin E+1: s —a<<x<O.
dx
7 S———_:.
@ x4+ YV —xF1

¢ Cp. npuwmep 3) n° 277,
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(a) Chavana npumennm | noacTtanosky: VYV xi— x 1=t —ux,

] et
=5 dx-Q_(Qt———l—)”—dt'
dx _far—22 (2 3
Sx+Vx—z—x+l— e N e e
3

( 3
=—5 g+ 2Initl—laje—1+C.

Ecan noacrasuth cioaa t=x -+ J/ xT— x4 1, T0 OKOHYaTEALHO MOAYHUM

S$=_i ! _
x-}—]/;"—x-}—l 2 %42y F—x+1—1
———an2x+2]/x_-—' X+ l—t{42ln|x+ VY E—xFi|+C

(6) Mpumecnny Tencps Il noacranosky: Vai—x + l=tx—|,
a1 ottt . _t—ttl
X———tﬁ, dx = Qﬂdty VX—X+1 Fr
x+]/x3———x+l=t__;l,

S dx _S;_2t9+2t—2 gt =
x+Vxr—x+1 L —1n)( 41>
= [;_i__i o3 ]d,___
2t—1 2t+1 (¢ 1)}
= +l+21n|t|——1nu—1|——ln\t+|v+(“'
2—
OcraeTcA NOACTaBHTbL €l0Aa tz—Vx—';L_H; n0C/AC OMEBHAHLIX yii-

POUIEHHA NOAYUHM
S dx — 3x
x+Vai—x 41 Vai—x+14+x+1

+2ln|]/x”—x+1+1|—%ln|Vx“—x-{— T—x+1]—

——g-ln;Vx*—x+l+x+1l+ch

DT0 BLIPIKECHHE XOTA H PA3HMTCA OT PaHEE NOAYUEHHOLO Mo G OPMe, HO upk

3
C=C +? OTOWIECTBAAETCA € HHUM,

8) S dx
(x2+ a®) ]/m'
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(a) Tak Kak KOpHY NOAKOPCHHOIMO BHIPaXKeHRs BCUIECTBEHMH, TO MOXNO

npusenuts Il moxctanonwky Va*—xi=t(@a—x);, 3qechb —a<x<a
¢ > 0. Wacem

e dat dt 2t L e 2084 1)
X_atz_}_ly dx—(m» Va —X TeF x4 et = e 1E
W

S dx _ 1 82[?—1—2 gt

(! a)Yat—xt 20° ) et 41

I 1 1
= 53 — - — dt =
2U'S[z2+t1/2+1 N tﬂ—tV2+1] ‘
|
aty 2

Kylda eule HYXHO NONCTaRKNTL LA N0AYUYCHHA OKOHYATEALHOrO pe3yabTraTd

=Y

Bocnoas3ogasuiucs GOPMYNOH AN CYMMHl apPKTaHICHCOB, @ TAKiHt OYCBMA-
HbIM COOTHOMICHHEM

larctg (¢ V 24+ 4+ arctg ¢ V 2 — D] +C,

arctg%:-—arctga i—;— (npn a=0),
MO¥HO npldaTL pe3yabTaTy 6oi1ce NpocTyio GopMy
I s V2

4
V’Z]'f_,\'z +Cx (l'lle C,——‘c—}-m)

(6) Ecau kK TOMYy ke wuTerpany npumennts Il moactamosxy

]/a‘ﬂ._,\ﬂ:t,r—a, TO 10ayuiM, Y10

fx ! > %
L _ Jarct 24 i)¢ 1 35— )| +C
S(xi-l-ai’)]/a*i_x s e 2 Deare (V I+

(= at+ Vaa— it .
- x

npu D101 pe3yapTat rOAMTCA B OTXE€AHLHOCTH INaa

npovewyTka (—a, 0) n ana npoamcwytka (0, a); aerxo CooGpa3uth, 4TO H3mc-
nas 3Hauckuc roctominof C' npw nepexome x yepes 0, moxuo caenaTb ero
LPHICMNBIM 8O BCCN npomewyTke (— a, u). Hakoneu, ecau npeoGpasosaTs cro
0o QOpMYAe JIIA TYmMbl 3PKTaHrCHCOB, TO OH OTOWAECTBMTCA C MPC/bIAYILHM
pe3y anTatom.

S_JL _
NV R

Il noncranoska: Va4 p=~t—x Wucew

‘___a.r*_zg 2t dt _
5 FERE Y7l FIE IV e r

__,ZS du
T 2@ —p et
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Taxim 06pa30,\1, BONPOC CBONMTCA K BHIUHCACHBIO SACMCHTIPHOrD HHTErpala;
B PDE3ynbTaTC HAARECHHT NOACTARHTbL

=t = (x + VR

284. Jlpyrne npuembl BblYMCIeHNR. XOTS NOACTaHOBKH DHaepa
NPHHIKNIHAJIBHO BO BCEX C/YuYaaX pelaioT BOMNPOC O BHUYHCJAEHHH WHTE-
rpana tuna (4) B KOMEUHOM BHAE, HO HHOM Pa3 — NPH KX NPUMEHEHUH —
Lawe npocTHe Av(GQPEpeHuran NPHBOLART K CJAOMHLIM BbIKIaAKAM. Beuay
BRXHOCTH MHTErPaiOB pacCMaTPUBaEMOTO THMA ML YKAKEM #  ADYIUe
UPHEMBE /111 UX BHIUMCACHIIA.

Ilas xpatkoctu noaowuy

Y=ax+bx+c u y=VV

Panonanvhas ¢yvxuna R (X, ¥) MoxeT ObiTb NPEACTaBAGH2 B BHIE
HacTHOrO [BYX LEJHX MHOTMOUYACHOB OTHOCHTEAbHO X W y. 3amenas y*
BCIOAY Ha Y, Mbl npusenem R(x, y) K wsuly

Pi(x)+Py(x)y

X, Y)=F T

RES D =p 0+ Py
roe P;(x)—neaune MHOroOUMEHb. YMHOMAE® WMCJIHTEIb U 3HaMeHaTelb

9TON npoGu Ha BhIpaxeHue Py(x)— Py(x)y (¥ cHopa samensd y* ua Y),
npuaem x HoBol dopme s R

R(x, v = Ry (%) 4 Ry (x) y.

Wnterpan oT nepsoro €/araeMoro COpaBa Mbl YKe YMECM BbiDawaTh
B KOHEUHOM BHAE: CJEAOBATEAbHO, HAM UALJEeXKHT 3aHATLCH JAUILD BTOPHIM
craraeMeiM. YMHOXas M €48 €ro Ha y, OKOHYATENbHO NOJY4HM TaKoe
BHIPANEHLE

R* (%) vsz* () -

ax* +bx ¢’
IIHTErPUPORAHHEM KOTOPOrO MLt B 3alMemMcs.

Tlpexae Bcero Bhaeaus u3 pawnonainHol dyukunnr R¥ (x) uenyio
uacrs P(x), a npasuaLHO-ApOGIYI0 4acTh NPEACTaBUM cede Pa3noKeHHoN
ia npoctoie gpofu |274]. B 1akoM caydyae nHTErpHPOBAHHE NOAYUEHHOIO
BHIDAKENNS CBEIETCH K BBIUMCACHNIO HUTErPajoB CACAYIOULHX TPEX TKIOL;

1. S P _
Vex*Fox+te
I S Adx -
(x— oV ax*Fbx fc’
. S M+ B = g
(x> px+agym Vax* + bxf ¢

rae Bce KO3(QHUMEHTH BEIECTBEHHH, 3 KOPHU Tpexunena x* |- px |+ g —
suuMele, OCTaHOBHMCA HA KAXAOM H3 HAX B OTAEALHOCTH.
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L Nonokum (amm m=0, 1, 2, ..)),

xm a’x

SVG,\, T by e —S

Jlerko ycTaHosnTh pexyppeHtiyio dopmyay s 9Thx uuterpanos. C sron
UEAbID, cyuTan # == 1, BO3bMEM MPOU3BOAHYIO

EY I == )Y Y+ D =

2V'Y
_2(m—Dxm*(ax¥ b o) - 77 (200 - b)
o 2 V?
< » —]—(nz el
-—ma—
VY / VY

¥ NPOMHTEFPHDPYEM INOJYUEHHOE TOMIAECTBO
"V V=maV, + m—-L\by G (n— eV
- m 2 g1 m-2
Bepa 3necs m =1, nakinem
ly/5 &
:;Vy“‘izz Vi
nosaaraa sarvest m=—=2 (n MCHOAB3Yya BuHIpakeHue fan V), moayuusm
! Y ! 3 .
Vi= ;5 (2ax — 30V Y+ o (3% — 4ac) V,
Nocrynaa Tak naaswe, npuaes Kk obueh dopmye

Vm = PVm-1 (x) V? *l_ )‘m Vn‘

rne p,_y{(x) ecrs muorounew (m — l)-A creneun, a ), =const. Taxuw
obpasowm, gce unmeepais. V, npusodamca k V. )
Ecau B wmnrerpase | muorouses P(x) Oyner n-ft creiedn, 0 3TOT

WHTErpas mpencrasit  cofoft  amneluyilo  KOMOWHAUMIO  HHTErpa.ios
Voo Vi, ooy V,, a s3nauur, no upeauaywielt  @opumyae, Hanuwerca
B BHAE

P(x)

Lax=QuV v+ | ©

VY vy
rae Q(x) — nexoropull mMuorousen (72— I)-# creneiw, a A== const.
Camoe onpeaeneHue muorounena Q(x) » nocroautof A oBp4HO
MPOM3BOAHTCA NO METOAY HEONMpEeAEeJNEHHB X KO3dpduuue-
ToB. Huddepenunpys (9) # yMHONKAA MONYUEHHOE DABEHCIBO HA VY,
noayuuM

Po)=Q (x)(ax’ 4 bx 4 ¢) 4 \7 Q%) Qax 4 b) -+
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Ecin emecto Q(x) noacrasure cioga MHorounen (n— 1)-# crenenn
¢ CGykueHHbiMu  KO3(dUuMenTamMu, T0 B 006edx uacTax Mw GyaeMm HMeTb
MHOrOYMeHbst n-f cTenedn. IlpupasunBas ux Ko3hhUUHEHTH, npHIeM
K cucteme n-F 1 aunedHnX ypaHenul, U3 KOTOPHIX U OMPEHEJAETCH
7 KO3((UILMEHTOB MHOrousena @Q(x) u nocrosuuas A%*.

3ameuanne. dopmyna (9) ocywecTBiseT BraefeHUe aare-
6pauvyecKOH yacrTu U3 HHTErpana

P(x
S (—_)dx.
VY
IMono6roe we BhineaeHne morno 6si OHTb NPOU3BEAEHO M NO OTHOLIE-

HHIO K uHTerpany obfuwero suna

S M dx,
VY
roe R —31aK npou3BOABHOH pauuoHatbHoh ¢yHkuun. Ha stom Mb ue

GCTaH3BJANBAEMCA.
1I. Unterpan

Fre:

NPHBOONTCHA -NOACTIHOBKOW X — a=—= K TOJbKO 4TO pPACCMOTPECHHOMY

o]

Tuny. JeficTBuTEIbHO, HMeEEM

dt

do=——, ax2+bx—}—c:(a“2+ba+c)t2+(2"“+b)t+a

t* !

Tak uTo (CuuTas ANA OlipeseneHnocTn x >a u L >0)

S' dx =___S 1 gt
J x—a®V ax*FbxFe¢ V (ae? +-baFe)ti Raa b)Y L F o

Ecau aa’z—}—ba—}—c:O, T. € 0 OKa3hlBaeTCA KOPHEM TpexuacHa Y, TO
AeJ10 eine yl'lpOLLlaeTCﬂZ MBI nonyuaem HHTera-’l TWIIa, paCCMOTpeHHOFO
y 278.

ILl. () O6pawascs X nocAeAHEMY HHTErpasly, paccMOTpuM 0C060
cayyalt, Koraa Tpexuaed ax®--bx ¢ JMLB MHOXKWTENEM a OT/IMYAEICH
or Tpexunena x?—4-px--q. Torza WCKOMbIH MHTErpai uMeer Bul

Mx 4+ N
m + i dx.

(axt+bx 4y *

¥ VI3 #0Ka38HHOro ABCTBYCT, YTO T3 CHCTEMA 6YACT COBMECTHOH NpH JOGHIX
3HaYEHNAX CBOOOAHLIX Y4EHOB, @ B TaKOM CIyuac eC¢ ONpejesHTenb HEOBXOAMMO
oTnuyes ot 0, U CHCTema OKa3piBacTCA Bcerfda ONpefesensHoti. ITHM MOMYTHO
}'CT%HBBJIHB&GTCH M EABHCTBEHHOCTL npeactapacsus (9). (Cp. crp. 42
n 496),
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284]
Ero serko mpencrasdte Kak CyMMy ABYX HMHTErpanos
M 20x 4+ b Mb dx
% Im 1 dx—+ (N_>_>S 2m 1
(ax? 4 bx+¢) R (ax® 4 bx +¢) ¢
U3 KOTOPHIX nepshit cpady Geperca MOACTaHOBKOW ¢==ax - bx
ﬂ.ﬂﬂ BLIYKCJICHKWE HHTErpa.na
dx _ dx
1y mAfl
(ax®*+bx +¢) 2 y 2
pcero ynobuee Tak HaswiBaémasn noacramoska A 6esna (N.-H. Abel)
b
ax + -+
2
t=V7y= S
2Vy Vaxt+bxtec
PaBeuCcTBO

Bossogsa B kBajpar M ymHOXas Ha 4Y, noayuns
48 = (V") = 4a’x* + dabx -+ b°,

KOTOPOE BBIUTEM H3 YMHOXCHHOro Ha 4a paBeHCTBa

=ax4+-bx+tc

B pesyasTate 10Jy4HTCs
4(a— ) Y=4dac— b
OTKyZAa
dac — b*\™ 1
=) ez

Jluddepenunpys Tenepb paBencTBO
{V Y=ax-+ -g—,

VYdt+fdx=adx,

Hallpem
TaK uTo
dx __ dt
Vy T a—t
Hs (11) u (10)
dx 4 m -
?m+l=(4ac—b“) (a—ymidt
Y'_Q—
W, Hakoneu,
dx 4 m -
S Gy ='(4ac—b2) S( —tf‘)”' Ldt.

(10)

(1
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Taxum 06pa3om, BeCb BONPOC CBOAMTCA K BHIYHCJCHUIO HWHTErpaja oT
MUOTOUNENA.
B uacrrocre, nanpumep, npn m==1 umeem

S dx 2 2ax + b
{ax® 4 bx o)~ dac— 8 YVaxr The o’

(0) B obuwem cayuae mas Goaplued cummeTpuu 0603HAUCHUH TONOKHM

axt - bx - c=a (& px-q),

IPHUEM TENEPb ML MOXEM nNpemion0¥uTh, YTO TPEXusJeH B CKOOKax
ne TOWAECTBEHEH ¢ Tpexuaenom x*—px—+q. Tlocrasum cefe 3amauett
npeo6pa3oBaTb nepeMeHHyi x Tak, urtobe B 06ouX TpeXuAeHax
ONHOBPEMEIHO HCIEIMM uJCHB NEPBOH CTEnCHH.

Ilycrs  chauwana ps£p. Torra HaweH wean MOXHO [AOCTHTHYTh
C NOMOWbI0 APOOGHO-AMHERHON MOACTAHOBKAH

bt
”\__t—i—l’ (13)

napaexauwe nono6pas koadupuiMenTsl pou v, Wmeen

p rll * 2py L v 2q1¢ v M
wtlepx b=t +ft({ﬁ>2)+ g1t + (* +p +9)

11 @HaaorHYHO — 18 BTOPOro Tpexujena. Wckomble KoadduuneHrs onpe-
ACAAIOTCA W3 YCAOBHH

23 b p b £ 20=0, 2w p (V)42 =0
nran

79— rq—pq
y:-—?—¥A V=7
v+ P =

Takum o0pa3oM, . U v CyTb KOPHH KBaAPaTIIOrO ypPagHEH!S
~n o2 ’ ’ "N
—M2+420—¢)z+W'q—rg)=0.
Jlaa Toro 4toGH 3T KOpHH Obiu BEWECTBEHHB M pazanunel * (1eobxo-
LHMO #1), NOCTAaTOUIIO YCIOBHE

(g—¢yY—p—r)0q—re) >0 (14)

YIOCTOBEPHMC 1B €ro BbINOAHEHHA.
[lepenuwem yc.osue B paBHoCUAbHOH Ppopme

12(94- ) — ' > (3¢ —p) (3¢ — p7). (14%)

3

Nano, uro 4¢—p* >0 (ubo Tpexunen x*--px—-g umeer MHuMNE
KODHK), TIOITOMY HepaBeucTso (14%) 3aBeaOMO BLINOJHAETCSH, €CAU OAHO-

* Ilpit p=v NOACTAOBKA TepaeT CMbICA, OO CBOAMICA K X = (.
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npeMelo 4(]’—p’2<0. Ocyeerca yCCAEMOBATL  Cayua#l, worga #
49 —p >0, Torma ¢>0, ¢ >0 u 4y g¢ >pr, w mu uueey
nocaenoBarensto ¥
1200+ ) —ppP=[4V 97 —pp'P=
- 2 - , ”‘
=Mg—p) (G =) F40Ve—rV =
2 ’ 4
=g —p) (A —0).
3mech MBawabl 3HaK HEPABEHCTBA COEAMHACTCA CO 3HAKOM panencrna, 1o
PaneHCIBO HE MOCT UMETL MECTO B oboux cayuaax 011[|onpe.\|e|mo: ccad
G 5£¢’, TO paBeHCTBa, HABEPHOE, HET B NEPBOM CAyuae, a npH qg==gq,
Hapeptioe, Her BO sropom. Taxum ofipasow, uepasencrso (14%), a ¢ nuy
u (14), nokasauo.
Beinoanus noactanosky, Msl npeo0pazyeM HCKOMHIHA WITErpal K By
g Pwa
J @40y a8
roe P (f) ects muorouseu cremenn 2m — | (1 A >0). Cnosa apuberiys
(apn m > 1) K Pa3AOKeHHIo NpaBubLHOH 1podu

_PO_
EN
f1a IpOCTHIE, MBI NPpHIEM K CyMMe HIITErpainoB Buiaa
AL+ B -
;__‘_a't (/C:l, 2. be ey ”l),
g (0 YV a* 3

B uciaovennom cayuae, korna p==p, YUHITOXKEHHE UACHOB MEPRON
CTeNeHH [OCTHUIAeTCA €ule MPOLUE — MOACTaHOBKOH x:t—»g«, WA

HENMOCPEeACTBEHHO NPUXOANM K HATErPAly TOJbKO 4TO YKasaHHOI'O
TER
[Monyuennsit WHTErpan, €CTECTBENIO, pPas3jaraercs a asa

A S at at 1B S a0
) @yl £ (@0 Y a3

TMepnutt n3 wax aerxo Geperca noxcranosxol =1/ af 3. Ko oro-
POMY KE MPHAOKHUMA YK€ 3HAKOMad Hav rnoacraqoska A Geun
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KPOME TOro, Kak /MErKO BHIMHUCIHTD,

o __ (B—a) P+t
Cd =" —

TlosTomy

dt om (a — u?)m-1
S(z2+)\)m Veargs S G— a0 rapr O

N MCKOMBEIH MHTETpas MPUBEJICT K WHTErPany OT DaUHOHAIbHOH (yHKIARN,

3AMEYAHKE [TOMEMO TOTO YTO MB B HacTOswieM n° ykasanu pan
HOBHIX NPHEMOB 178 BLIYMCAEHUS WHTETPajoB Tvna (4), COBOKYIHOCTDL
NPUBEAEHHBIX COOOpa<ennd N3ET HE33BUCHMOE OT IIPEWHEr0 AOKA3aTe/b-
CTBO yTBEPKAEHHS, CHOPMYAUPOBAHHOrO B KoHue n® 281.

\' 0t — x4 1

285. Tpumepsl - dx.
V 22 o2x 42

[Monaraem
xP—x 41 i e S dx
—————— dx = (ax* b ¢ g 2 =
SVx2+2x+2 F=(axttbx b Vg2 V arF2c+2
OTK Y12

2 —x+1=Qax + ) (x*+2x +2) + (ax* + bx J-¢) (x + 1)+ 0.
Cucrema ypaBHeHuit
3a=1, ba+2b=0, da+43b+c=—1, 2b4-c+0=1

1 5 1 5
MPUBOLHT K SHAUCHHAM =3, bz_F’ e=-g, a=7_ Taxum 06pa3om,

ecay yuwecTh nmpumep 5) n° 283, OKOHuATENLHO TOAYUHM

S l(2 tBbx )Y X F2xF 2+

+%1n(x+1+1/:\-‘-‘+24»+2)+c.

dx
2\ — S
) S (x— 1P Y xF—2c 27

Noncraioska x — 1= Lt (ecan, ckaweM, x >1 u ¢>0) npHBOOMT HITe-
rpan K BUAY
S t* dt
yi—ae®
DTOT MHTErpan Aerko GepeTcs SACMEHTaPHbIMH CpeicTBaMn [cuM. 283, 4)].

Omeen: % ty T—2028— arsint Y2 +C=

1
472
1 oy e
...T(x-—-—l)ﬂVx —2x—1—4V2_arc5|n;;T+C_

dx
3 P o S
) S Qxf —x 42)772 "
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[Moacranoska A6ens
[ = 4x—1
2y T —xF-2
npeo6pasyeT uuTerpak CIeaywmuy o6pasom:

64 &‘ B

mmz | (2 — )4t

3375 ) ( )*dt;

ngzi STOM MOXMHO 1M6O NOBTOPHTH AR WACTHOTO CAyYas OBIWHME BHIKAALKM o
284, 1l (a), 1M60 BOCRONB30BATHLCA FOTOBOH (opmynoit (12).

64 4x — | 1 (4x— 1y
Onsem: ,—{2- —_—
BB @xt—x 21 6 (2x“—x+2)3/3+
1 (dx— 1) } c
T % @x—x+42)™2 +
8 S‘ (x+Hdx
J e —x+ DV xEFxF1]
Hpo6Ho-aunelinan nogCcTaHOBKA
PO T ok
R
aaet
PSR (o TRl | Vo . Y R B e o G S ) I
- 17
Tpe6oBannn
v ok (1 4-9) +2=0
nm p+4v=0, pv=—1 yposieTsopsaiorca, Hanpwmep, npu p=1I, v=—1
Kveem
_t—1 L 24t 442 . _ 43
x—t——}-l' d’\_—(t—f—l)'“ x+3-—~7+-T, x x+l————(t+l),
n
R R
2 _ =r = T |
Vxr x4 1 1
ecny — A1 ONpenescHHocTn — cudtats £ 4 1 >0 (1. e. x << 1). Takum o6pasow,
g (x+3)dx . g (8¢ + 4) dt
KE—x+ DY XFTFxF1 J@e43y VY erF1T
Honyuenustit MATCrpan pa3GuBaeTCA Ha ABa:

tadt dt
e — 4 _—
85 EroyvETT S(t2+3)1/sﬁ+1

[Mepsblfl NErko BLIYHCAACTCA NOACTAHOBKOR u==V 3t F 1 u okazpiBaeTca pas-

- TR
noM VY 8arcig V i—j_—l—}—c Ko BTopomy npuMenHM RnoacTaHopky Abens

8
3t
0= -—
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KOTOPan MPHBCALT Cro K BHAY
IQS du__ 1 13y 342V 2u
=8 YE | 3Y3-2) 2u
OcraeTcs AL BEPHYTLCA K NCPEMCHUOW X,
2 2 - 8=
WDV EEEFI =1,
Ve fx+1—x
Y KA3AHUME [lpefcTaBuTs NOLNHTCrPanbHYIO (YUKIHIO B BHIe
20+ X0+ 267 1 25420 - 35— |

+C.

x+1 C+DVEFrF1
4 2 __. 3
= QX =5 8= iy - 2Xl;|—;§_:—_x-i—xl+ +

4
YV a1’
K TPCThEMY CRaracMOMY TNDPHMCHHTL MeTold n° 284, ], a k mocncanemMy — noi-
CTanosky x| =

+

§ 4. MuTerpupoBanue BbIpaeHHil, coaepamUx
TPUTOHOMETPUYECKHE M NOKA3aTenbHY (QyHKuWu

286. Wuterpuposanue auddepenuvanoe R (sinx, cos x) dx.
LMuddeperunannl 370ro0 BWAa BCEraa MOTYT OblTh pauMOHAaNU3UPOBalibI

NOACTAOBKON t=tg% (— ©<x <=x). HelicrButeabio,

x 2 X
sin x = Py — cosx—l—‘g 2 1=
B ) = T R
R Pl I
2 2
24t
x=2arctgt, dx= (L
TaK uTo
) ] 2t 1 —y 24t
R (sin x, cos x)dx =R ( T+ 156 T+6°
Takum oOpa’zom, uwimnezpanst muna
g R (sin x, cos x)dx 1

gce2la Gepymca 8 KOHEHHOM G10e 0AsL UX BbPAJKCHUS, Kpose (Byni-
yui, 6CMpetaruXcs npu URIMEPUPOBAHII PALNORAALHHX OUDgepeH-
LUAAOG, HYJCHBL AULG €UE MPUROHOMEMPULECKNE (BYHILI.
Ynomanyras UNOACTAHOBKA, #BAAIOUANCA YHUBEpPCaAbHON Aaa
uurerpana tuna (1), upusBOAMT WHOH PA3 K CAOKHLIM BhlJaakasm. Huwe
yKa3zaubl cAyyau, Korga teab mMoxeT OLiTb AOCTHUrHyTa ¢ nomowblo Oosee
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NPOCTHX NOACTaHOBOK. [lpessaputenbHo cAenaeM CACAYIOULHE 3AEMEHTAp-
NbIC 3amevanua n3 oGaactun aarebpel.

Eca nenas wan npobuas paumowaisnas dyuxuns R (v, v) re wedser
CUOEro 3HaEHUSE NPH H3MEHEHHU 311d1¢d OJHOrO U3 aPryMEHTOB, HAMPUMED, I
7. €. ecin

R(—u, v)=R(u, v),
TO OHa MOXWET OWThL NPUBEACHA K BHAY

R (x, ’()):Rl(llg, v),
CONEPXALIEMY JHUIL YE THBIE CTENEHH I,
Ecan xe, naoSopor, npu uamenenunn suaxa o pyuxuna R (i, v) Ta0xe
MEHHET 3HaK, T. €. €C/M
R(—u, v)=—R 4, v),
TO OHa MPHBOAMTCH K BHAY
R(u, v)==R,y (4% v«

3TO Cpa3y BBITEKAET H3 NpPEAbBAYUIero 3aMeuadnd, ecad ero npUMennTb
u, v
K QYHKUUHK %
. Iiycrs Tenmepy R (w, v) MewseT 3HaK npu H3MEHeHHH 3HaKa

TOT Aa

R (sin x, cos x)dx =R, (sin*x, cos x)sin xdx=
= — Ry (1 — cos?x, cos x)dcos x,

¥ DauMOHAAM3aUMA NOCTHraeTcss NMOACTANOBKON == cOS X.
LI Aranornuwo, ecir R (&, ¥) MEHTET 3HIK PN UIMEHCHWH 3HAKA T, TO

R(sin x, cos x)dx =R (sin x, cos? x) cos x dx =
= R¢ (sin x, 1 —sin®x)d sin x,

TaK uT0 37eCh HenecoofpazHa NoACTaHOBKA {=— sin X.
1. TIpennoaoxuM, HaKoHell, HTO GYHKUMsS R (11, U) HE MEHRET CBOEro
3H3Y€MA TPH OMHOBPEMEHHOM W3IMEHEHMH 3HAKOB U/ U U

R{—u, —v)=R(n, v).
i
B stom cayuae, samensis 1 la d 6yneM mmerh

u

u g
R (n, z;)——_—R<_—'u, 'u) = R* <—, '0).
v 4
ITo coolictay (pynxunn R, ecan u3MEHWTh 3HakM « W U (OvoWwe-

u
HHE —- NIDH 3TOM He U3MEIINTCS),
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[TosTomy

R (sin x, cos x)— R} (tg x, cos®x) =R} (tgx, T{Txl'gzx‘)’

T. €. ROMnpocTy
R (sin x, cos x) =R (tg x).

3uech mocTUraer ueaw noiacTauonka ! —=tg x <— —72‘—<x<%>, n6o

R (sin x, cos x)cix:f?(f)% T L

3ameuasuue HyxHo cxasaTb, 4ro KakoBO Ov HH ObJIO palyfo-
HanbHOe BrIpaxenne R (u, v), €ro BCerfa. MOXBO NPEACTaBUTb B BHAE
CyMMBl TPEX BbIDAXXEHWH DaCCMOTPEHHEIX Bhile uacTHuX THnos. Hanpuwep,
MOXHO NOJNOXHUTD

R, v)= R(un, v) —2R (—u, v) € R (—u, v) —-2R (—u, —1) +

s R(—u, —';H—R(u, v

HepBoe H3 3THUX Bblpa)i(EHMH MCHAET 3HaK ﬂp” W3MECHENHWH 3HaKa u, BTO-
poe MEHACT 3HAK ﬂpM W3MEHCI{MKM 3HAKa U, a Tperbe coxpanﬂer 3HaueHue
NpH ONHOBPEMEHHOM M3MEHEHWM 3Haka « w 7. Pa3buB BHpaXeHue
R(sin x, cos x) Ha COOTBETCTBYIOUIME C/AAFAEMBIE, MOXHO K LEDBOMY H3
HUX [DUMEHHTL NOIACTAHOBKY f==CO0S X, KO BTOPOMY — IOJACTaHOBKY
f=sin X W, wWakowen, K TpeTheMy — noacTanoBky f==1tgx. Taxum
00pa3om, AJ8 BHYMCJIEHNS WHTErpaJoB Tina (1) LOCTATOYHO 3THX Tpex
NOACTaHOBOK,

287. UnTterpupoBanue Boipawenuil sin’x.costx. ByaeM cumtarts v
M g PAUMOHAJLHRIMI UYHCJAMH, a IIEPEMEHHYIO X — H3MEHswueHcs B npo-
™ N N
MEXYTKE (O, 7). Toraa noacraHoska . z = sin®x, dz =2 sin x cos xd.<
A
naer
{ n—1
sim*x costx dx =5 sin" X (1 — sin® x) ? 2 sin xcos xdx=
—1 »—1
1 b

=5 (1—2) T 2T gy,

TaK UTO A€10 CBOLMTCA K MMTErPUPOBAHHIO OMHOMHAALHOI O AK -
depevunana |279]
1 p—=1 v—=1 1
Ssin‘x cos“xdx_—._—?s(l—z) 2z 2 clz=7 w1 v—1. (2)
7 2

Benomunan  cayvan  MHTErDUPYEMOCTH GHHOMHANbHBIX AHPHEPEHIMAI0B,

MKl BHIWM TENEPh, UTO mn'epecyloumﬂ Hac wuHrerpan 6ep€TCﬁ B KOHEY-
— 1 v—1

uom sume, 1) ecan ”—2«— (n.rm T) €CTb LEA0E uHCAO, T. € €CAH b
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(n18 v) ecTb HeueTHOE nenoe uucno, anbo ke 2) ecaw ’i—ztv eCcTL
UE/0e UMCNO, T. €. €CAM -V eCTb YUETHOEe Uuenoe uuc/o.

Crona ke, B YaCTHOCTH, OTHOCHTCA cayual, kKoraa o 6a nokasatens p
¥ v-—LeAanle; BHpOuEM, TOrAd BeIpaKenne sin®.x cos*x pauuonansHo
OTHOCHTENLHO Sin X © COS X, T. € IPHHAAJEWHUT KAACCY BbIPAXEHUH,
YK€ pacCMOTPEHHOMY B NpeabLaymem n°,

B stom cayuae, ecan noxasateap v (wau p) Gyner HEUYETHB M, TO
PauHOHaN3aIL KA CPa3y 10CTHrACTCS MOACTAHOBKOH £ ==co0s x (M/u £ =sin x).
Ecau e ofa nowasareas v u p ueTusie (a Talke ecan own oba ne-
YETHBE), TO MOKHO 419 TOH ke 1ead NPUMEHHTh NOACTAIOBKY { =—tg X
nm t=ctg x.

3aMeTuM, 4TO ecan mokasateam v v g 06a CyTb HOAONHTENbe
HB€ UETHBHE YHCAA,~TO NPEANOYTHTEIbIIEE APYrOHf npueM, ocCHoBaHubIH
Ha npuMeHeHu qopmya

sin 2. . a 1 —cos2x
sin*x =

| + cos2.x
2 2 : :

RV
COS* X = )

sin x cos x =

Wsenro, edmn v=—2n, p.==2m, To Npu vI=p TUUIYT

sin?" x cos?™ x = (sin x cos x)?sin? (" M ¢ —

_ (sin 2x 7 (J — €03 Zx)"""
2 2 ’

a npu v p

; . ; 2lm— sin2x\27 (1 4 cos 2.¢ \™ R
sin*?x cos®™x = (sin x cos x)" cos?'™ ’”x:(——) (+—j .

2 2

B PasBepHyTOM BUAE NOJYUMTCA CyMMa 4YJCHOB BUAA

Csin'2x cos* 2.x,

rne v -p <<ntm= Te wuJaenwpl, y KOTONBIX XOTb OLWH W3
| ] !

ot

5
nokasatesed v, ' €CTb HEGUYETHOE 4MCAO, JGIKO WHTCMPHPYIOTCA 1O
yKazaHHOMy sbiule 110co0y. (OCTajabHEE YIEHH TOABEPraeM NoaoGHOMY KE
pasnoxenuto, nepexoar K sin 4x u cos4x, u 1. A Taxk Kak npu Kaxaom
PasJoMEHNH CyMMa NOKasaTeneH ymelibllaeTcs, nMo KpaHHeH Mepe, BaBoe,
TO npouecc GHCTPO 3aBEPLIAETCA.

Bepuemcs K ycranosseuHoH Buiwe 3aBucumocty (2). Mul MOXEM Tenepb
BOCNOJIB30BaTLCA  POPMyAamu  Npubenenus OUHOMUAMBHBIX WHTErpanos
[280], uroGw, noaaras tam a=1, b=—1, p= "‘;] , g= v;l ,
YCIaHOBWTb. GOPMY Il NPUBEAEHHS A% HHIEIPa 0B PAacCMATPUBAEMOro THMa.
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Taxum nyrem noJyvarcs caenyioune popmyasl (KOTOPHIE, KOHEUHO,
¥OryT OniTb BGLIBEOEHBl W CaMOCTORTENLHO):

. sin®* ! cost ! x
1)) S sin"xcost xdx—=—>— =1

1
e d2 oGy cost e de (w7 — 1)
e+l

(n S sin” x cos? x dx =

_Sin"+1«\'(‘05"'ﬂ x v pt2 e » v 1
— S 4 i Ssm xcostxdx (v# )

(111)§ sin” x cos® x dx'=

viJ
= Sm":\,cmi—,—r”f’ vtp S sin> xcos* ?xdx (vp7#0)

v

(1V) { sin” x cos* x dx =

silt ™ xcost o v—1 . n
—_—— - — - — 1 h v w =~ 0).
i T S‘ sin*?xcostxdx (vt wz£0)

D1n popmyas BoOOWE NO3BOASIOT YBEAWUMTH HAM  YMENbLWINTH FiOKa3a-
TeAb ¥ AN W Ha 2 (32 yKazaHubimu Wciaouenusmu). Ecam oba nowasza-
TEJAN Y M P — LEAbe MHCaAd, 10 MOCAEAOBATEbHBIM NDAMEHEHREM (POPMY
NpHBEAEHHS MOMMHO CBECTM A0 K OAHOMY N3 ACBATH 3/EMEHTapHBIX
UHTErpanos (OTBENAIOWUX Pa3AMuHBIM  KOMOuHaLusM W3 3Havendh v uop,
pasibix — 1, 0 o 1)

1) Sa’x—_—x, 6) S Z'(:s/\\ dx=—In]|cos x|,
ax X
S cos x dx=sin x, 7) Ssim__ln‘tg—;z—
£ R (P— to(:‘i+1)‘ 8) { X gy =—1n|sin x|
Cus A &\ 2 4/ sin x !
ax ,
4) gsm xdx=-—cos x, 9) Sm;:m]lgx{.

sin? x
9) 5 sin xcos x dx = 5
288. MNpumepnt. 1) Vsin’ A cos® x dx, TMoannterpansioe BoPAKCHUE MCHACT
3HAK OT 3aMCHbl €Osx na— cos.x. [loactanonka f==sina:
I sin® x Sin® x

Co * _ oop _sivx )
Ssm Acos“xdx-—St(l Yy dt = 5 —i—C 3 5 +C.
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sin® ¢ [
2) cosTx dx. TTOAMHTCrpaabHOC BLIPAMCHHC MCHHET 3HAK OT 3aMelihl Sin.¥

na — sin x. [loacraHoska ¢ = cos x:

Cosinfx 1 — 2 4 | 2 |
§ g ar=— | e = T g o=

2 {
-_—.—cosx—c—os—x-{— 3cos’ x +C

dx
3) ——————— . [lomunTerpalbkoc BHPAWKEINE HE B3MEHACT CBOCIO
sin® x cos® x

31AUEHHA NpU 33MCHE SiN.X BHa —sinx W cosx na —cos.x. lloacTanosxa ¢ =
=1gx:

S dx S(l-{—t‘) At — 2 —I-+C—
: ;= = 3 =

sin® x cos® x th

= ng—?ctgx—%ctg"’x-{—C.

4) Ssingxcos‘xdx. 31ecs Npurolia Ta e NOACTAHOBKA, HO Npoule NOlbL-
30B4TbCH (DOPMYIaMU YNBOCHWUA Yyraa

sin?.¢ cos? x =% sin® 2x (cos 2.x 4 1) = % sin?® 2. cos 2.x + (l — cos 4.x)

1 I 1
- s ol .
S sin? x cos b 45 S0 2.r+—l6x — i sin 4.x + C.

3) L = -1— d—x . Mpurouna nojcranoBka & ==sin .y,
sinx sin 20 2 sin® x cos .x
HO nponie npubernyts ko Il dopmyre npnsegenun:
1¢ dx L 1 +L de
2 Jsin®xcosx 2sinx 2 ) cosx
1 1 (x L)
—_— =4 C.
2sin x F 7 In)te g + 4/.{‘ +
_dx
) o Mpuroana noacTanmoRKa ¢ =sin.x, HO DPOULE HBIAIBL NDI-

Geruyts k | (opyyle npusemeHus:

dx sin . 3 dx
A Ik

cos® x 4 cost x cos® x ?

B CBOIO OYepelb,

dx sin x 1 dx sin x 1 x n
S X~ Teowx T D S cosx — Zeowx TTIM|E <A24+7l')‘ 6
TdK NTO

dx sin x 3 sinx 3
S cos“x—4cos’x+ 8 cos® x +§ln

In (72 1‘-\ ‘ +C.
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cos' x
T ——— dx. [lpwroasa noncranoska f==C0SX, HO mpouf{e BOCIONb3O-

) sind x
Batuen Il n Il dopmyasamn npusenenua:
cos' x cos® x 3 " cos'x
N = — e — & - s
sin® x 2sin* x 2 ) sinx

* cost 2
‘S 9Sixa',\':i(:osi‘xﬂ—S cos” x dx=

sin x sin .y
=:]3—cos-’x+cos x4+ In lg-%’}ﬁ—c,
TaKk uTO (OCAE YMpOlaoUuIux npecGpa3osanui)
cos’ x cos x 3 X
Ssinax = ggwx Xl “gfhc'
8) S‘ - ax = - a’x“ . Tloacranoska ¢ ==cos.x:
sin x cos 2.x sin x (2 cos* x — 1)
S dx .t dt _
sinx (2cos*x —1) ) (I— (1 —2%)
! 14+¢tV2 | S -’
=——n — + In C=
V2 u_zva}*'2 et
= |V Zesr] e
V2 1 — ) 2cosx

‘s )
sin® x cos x :
) g ———————dx. Tak Kak 0py H3MCHCHHM 3HaKoB y sinx K COSX
J sinx 4 cosx
NORHNTErpansiloc BHIPAKCHHE He TEePHuT W3MeHCHHA, To npuroaHa noACTa-

HOBKa ¢ =1g x:

S sin? x cos x dr— S t*dt

sin x - cos x (l+t)(l+t2)3=
Lo *Jt~lljrt—l]m*
- 4T 46F1 "2@+F2l"
1 14t e _
__—4—Jn Vis R I TYE +C=
:Zl-lnlsinxﬂ—cosx\ ———}cosx(sinxﬂ—cosx)ﬂ—(].
10) dx npu AC — B* > 0. lpeanonaran
A cos® x 4 2B sin x cos x 4 C sin® x )

ks ™
—%<x<§, C 1IOMOIHbLI0 MOACTAHOBKH £==1g X NpuBexem HiTerpas K seiy

({t
SA+2M+CF'

reig SBX TS

Omeem: S S e
V AC — B*

1
—_——— a
YV AC—B®
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dt
W § arrgr = S ermors

t=1 ( - =
npu t=tgx ——2—<x<2).

Pa3naras Ha 1poCThie ApodH
1 Bt+C
RN a+ TFRT TR
11 onpejencnus xospouuuentos A, B, C noayunu ypaBHeHHA
A40B=0, aB+bC=0 A+aC=1,

b* b a

orsaa A= B=—aos C=apyE
a b a4 bt
—a2+b2 arctgt+ag+b2 Vl—}—t‘

Omgem:

+C=

lax 4+ binjacosx+ bsinx|]+ C'.

aa _+__ b2
12) K stoMy ®e uHTerpany npusoiaTcs CIelyOLIHE XBa:
T o= sin x dx T — cos x dx
Y Yacosx 4 bsinx? 27 ) acosx J-bsinx’

BI’IpO‘JEM, NpOLLE BHIYMCIUTL 11X, WCXOAA H3 CBA3LIBAOUIMX HX COOTHOWEeHNIT

0T, +aTy={dx=x+4C,

_ [ —asinx4bcosx .
—aT‘+bT2_Sacosx—+bsinde_

S‘ (a cos x + b sin x)

“acosxF bsinx =In|acosx + bsinx|+ C,,

OTKYAa H noayyacm

T,= [bx —alnjacosx 4 bsinx|]|+C,

J I b.,
T,=W]b3[ax+blnlacosx+bsinx[]+C’.

1 l—r®
13) -Z—S ma’x O<r<l, —n<<x <<n). [Ipumenunm agecn

YHUBEDPCANBHYIO MOJCTAHOBKY £ ==1tg 7. Mmeem

1r | —r ’ —
75 [—2rcosx Fr? dx=(l—r?) S —f—(l—f—r)‘t* -
)—Q—C-—arctg( muld

—-arctg( lg2)+C
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K 3ToMy nuTerpany npusoinTCA M TaKOH:

| —rcosx 1 — r
1—2rcosx+r2dxmg[ + 2 1—2rcos,\+r2]dx=

x—{—arc!g( +r

tg 2]+C

dx
H\ "= E = 8
1 )Sﬂ b cos s B MPEANONOREHUY, uTO la|==|b| (—= <x <)
Mycts cnepsa [a|> (6| u (10 He ymanser o6uiHoctn) a >0, [flopcra-

X
ROBKaA t=tg7, KaK ¥ B TOAbKO YTO pPAaCCMOTPEIIHOM YACTHOM cayuyac, NaeT

dx /a—b X
— g |+ C.
Sa—{—bcosx Vaz 2_arctg (] tl—i—bl[g2)_l
Moo npeoGpasosart 970 BupaxeuHe K BHAY

acosx -+ b
————arcsin +

Vaz a+bcosx+cl'

npuyeM Bepxmui 3Hak GepercA, corn O<Cx<m a HuwHU — eCan — 7 <

™
Va'—b*
x yepes 0,

[lycts Temepy |a|<<|b| n &> 0. Ta %e noicranosxa:

<< x =<0, ¥ snaucuue nocrosunnoit C' Bo3pacraeT Ha

npH  npoxose

dx . 2dt .
Sa—{—bcosx_g(b—}-a)—(b—a)ti'—
Vbitat+Vi—at]

= 1n
VE—a Vb—{—a—]/b—at‘+
| Vita+Vb—atgs
Vo —a | i ra_yVi—atg

DTO BBIPAWCHHE NCTKO NpCo6pasyeTcs K BULY

| ‘b—}-acos,\—{—]/lr—u qu\—{—C
Vo —at a -+ bcosx ’

dx o
Wnterpan —————  [PHBOAMTCA K  DPCALIAYILCM NOLCTAROBKOI
P a-+ bsinx P peabAy LMY

dx

15) Hakoneu, k unterpaty 14) npyBoauTca u uRTerpan S @ beosx -+ csinx’

Ecan BBecTH yron @ mox ycCiOBHeEM, YTO

b . ¢
s = —(———— sin a =
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TO HHTCrpaa NCPCNHLIETCA B Buie

S‘ dx .
a+ Vb cos(x—a)’

MOACTanoBKa £ = x —a. M 34cChb, KOHEYHO, HHTEPCCCH caywai |al = Vot

289. O630p mpyrux cayuaes. B 271, 4) mm yxe Bumesu, Kak
UHTErPUPYIOTCA BHIDAXEHUS BHIA
P(x)e**dx, P(x)sinbxdx, P(x)cosbxdx,
rae  P(x)— ueast MuOrouneH. JHoGOMBITHO OTMETUTB, uTO ApOGHBIE
BBID2XEHHUS

e~ sin x €os x
F dx, 7,1_ dx, o d

n=1, 2,3, ..)

yXKe HEe MHTEerpupyroTcs B KOHEUHOM BHIEC

C noMOWBIO HHTErPHPOBAHWS NO YaCTSM NErKO YCTAHOBUTh ANd M-
TErpazsoB OT 3TUX BLIPAXKEHWH pEKyppeHTHble (OpMyab W CBECTH UX,
COOTBETCTBEHHO, K TPEM OCHOBHBIM:

i ex *dy - , .
. ;dx = m_——_hy‘ («uHTEerpasbHLIft Jorapudgm» ),

sin x .
Il. S_X dx =six («HHTErpajbHblfl CHHYC»);
cos x . -
I, ST dx ==cix (<HHTErpabHBIH KOCHIIYC») ¥ ¥,
Mz snaen ywe (271, 6)] unterpanui

g €% sin by dop — NPT =D COS LT a0

a* + b*
bsinbx + acosbx
ax ax
e* cos bxdx = e e C.
S d a* 4 b -

OTnpapasace OT HuX, MOXHO B KOHEUHOM BHAEC HAHTH HITErpajiul

Sx"e"" sin bx dx, Sx"e“" cos bx dx,
rae n=1, 2, 3, ... MMCHNO, HuTErpupys TNO HACTAM, [OJYUHM

n asinbx —bcosbx .
% [ % [
a* 4 b*

n-1,ax o nb n-1,ax
Sx €% sin /;xdx-{—ms x"le* cos bxdx,

S x"e® sin bx dx = x
Y
a +b*
bsinbx 4 acos b s
a® 4-b*
S x" e sin bx dx —

S x"e* cos bxdx = x"

nb
@ F b?

na

pea ( X" e* cos bx dx.

* Tlonctanoska x—=1Iny.
*¥ Bnpoycw, BO BCeX TPCX CAYYasX HafNeWHT ewe (UKCHPOBATL LPOM3-
BOJBHYIO IOCTONHHYO; 3TO OYJeT CAelallo BUOCIEACTBHU.



84 . VUL NEPBOOBPA3HAS $YHKIHA [290

O pexyppeuTHse GOpPMY AL MOBOAAOT CBECTH HATEPECYlOltHE
HaC wwurerpanst K cayuaro n—_0.

Ecan nom P(...) no-npexuemy pasymers uesnbi MHOMOYJEH, TO, KaK
OKOHHATE/JBHbIA DE3y/bTAT, MOMHO Y¥BEDKAATb, UTO B KOHEUHOM BHAE
6epyTca WHTETpasbl

SP(x, ed’x, e’ . sinbx, sinb’x, ..., cosb'x, cosb x, ..)dx

rae a',a”, ¥, b", .., — nocTosHye,
ﬂeJ'IO CBOANTCS, OYEBMARO, K MHTETPDHDOBAHMIO BbIDaXEHUA

x"e® sin¥ b’ x sink" b'x ... cos™ b'x ...
Ecan ucnoansosar snemenTaphible TpHroHOMETpUuecKue GopMys

Sin? b — 1 —cos?bx’
2
sin b'x sin 6" x :% [cos (0" — b”) x — cos (&' + &) x]

I UM 10A0GHBIE, TO serko pa3GUTh PaCCMATPHBAEMOE BHIDAKEHHE Ha C/d-
raemuie THa Ax"e™ sin bx u Bx"e“¥ cos bx, ¢ KOTOPBIMH Mbl YXKe
YMEEM CMPaBJAATHCA.

§ 5. JaaMNTHYECKHE WHTerpaJsl

290. OGmve 3aMeuaHus M oOnpegeJeHus. PaccMOTPHM UHTErpan
onaa

{R(x, y)dx, (1

rae y ectb aAredpaunveckana pyHKUna or x, T. e [205} yno-
BAETBOPHET AAreBpanyeckoMy ypasHEHHIO

P(x, y)=0 (2)

(32€Ch P — nenpit OTHOCHTENBHO X Wy MHOrouseu), IlogoGHoro posaa
VHTErDaJlsl  NOJAYUM/IM Ha3BaHue afededoix unmezparos. K ux uuciy
OTHOCATCA MHTETPanbl, nuayuewssie B § 3,

(rR(=y/ jj;—if;) ax, {RGx VarTox T o

DedcTBuTenbho, dyHKiru
=i’/ax‘+§ =V ax*FbxFc
Y wry Y
YAOBAETBOPAIOT, COOTBETCTBEHHO, aArefpauueckuM ypaBHEHUsM

(x+ )Y —(ax+ =0, y*—(ax*+ bx+c)=0.
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Cranosach Ha EOMETPHUECKYIO TOuky apenusn, abenes uuterpan (1)
CYHTAIOT CBA3aMHHEIM C TOR aarefpavueckoH KPUBOM, KOTOpPaA
cipesenserca ypasuennem (2). [lampumep, wurerpan

(R(x Vax'fbx +c)dx (3)
Cuf3aH ¢ KpuBoH BToporo nopaaxa y*=—ax®-4-bx-|-c
Ecau wpusasn (2) woxcem Ouviine npedcmagaeHa napameirpuiecii
x=ry(l) y=n()

mag, wmo Gyuxyun ry(t) 1 rq(t) okasueanmes payuLonHarb b MU
(8 smosm cayuae K¥pusas Ha3pi6aEMCSL YHUKYPCAAbHOLT), Mo
8 unmezpane (1) cmano8uInca B03MONCHON PAUNOHAAUIARIS NOOUHMC~
2PANbHO20 BHPAINCEHI S NOACTAHOBKON X ==y ({) OHO NMpPUBGAATCA K BUAY

R (ry (8), ro (t)) 1 (£) di.

K sToMy Kaaccy u oThocdtca 06a ynoMaHyTble Belwe cayyas. B uacr-
HOCTH, BO3MOXHCCTL DallMOHaNMIAUMK  NOAWHTETPAJIBHOTO  BLIPAXENHHA
B HHTErpa’e Thna (3) CBs3aHa KMEHHO ¢ TeM (aKTOM, YTO KpHBas
BTOPOro nopfaka yHukypcaabna [28]1, 282]

OueBHAHO, YTO TNEPEMEHHbE X M f CBA3aHH aarefpauyeckuM ypas-
HEHUEM, TaK uTO [ sBjseTcs aarebpanueckol PyHKLUHEH OT X,
Ecan pacwupuTb KaacC ACMEHTAPHHLIX ()YHKLUP, BKAIOUMB B HETO W BCE
anredpanueckuie PYHKUMH, TO MCXKHO CKa3aTb, YTO 8 CAyHac YHUKYP-
caasnocmi xpusod (2), uxmezpar (1) scezda 6upaycaemcsa uepe3
daeMenmapHsle GYHKUUL 8 KGHEHHOAM B10E.

Oanako noaoGuoe oCCTOATEAECTRO SRARETCA B HEKOTOPOM CMEIC/AE
uckaouenvem. B oOweM cayuae xpusas (2) Me YHWKYpCanbHa, a TOTAa,
KaK MOXHO [OKa3aTh, unmezpas (1) 3agedomo He 6cezda, m. e. He
npu scakdi ywiyu R, mogcem Ovims 8upaxcen 6 KOHEHHOM 8UGE
(XOTH He MCKJI0UYEHA BO3MOMHCCTb STOrO MPM OVAEbHLIX KOHKDPETHEX R).

C 3TUM MBI CYaJKHBAEMCH YX€ NpPU DPICCMOTPEHHM EBAXHOro KJjacca
UHTEr palos

S R{x, Vax*4bxt+cx+0)dx,

4
S R(x, Vax"5box" - cx'--ox - e)dx, )

COAEPXAWMNX KBAAPATHLUIHA KOpeib w3 muoroudaenos 3-fi uau 4-H cremenu
W ECTECTBEHHO NPUMBLIKAOUIMX K uHterpanam (3). Mrmezpaan suda (4) —
KQK Npasui0 — yoKe He BupaANCArONCA 8 KOHEHHOM 8ude 4epe3 3ae-
MenmapHsie ByHKGIU NaXKe TPU PacliMPeHHOM TOHMMAWHWH 3STOrO Tep-
muna, T03TOMY 3HAKOMCTBO C HMMA Mbl OTHECAM K 33KJANUYATEALHOMY
naparpady, 4to6sl He NMPEpHBaTL OCHOBHOM JHHUM H3JOKEHNS HACTOSILCH

* MOXHO Jath M YHCTO TCOMETPHYECKYID X3PaKTEPHCTHKY YHUKYPC2IbHOH
KPHBOH, HO Mbl HZ 3TOM OCTAHABAMBATLCH HC OYICM.
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TN12Bbl, NOCBAILEHIION, FAaBHLIM O0pa3oM, M3YUEHHIO KJAACCOB HWHTErpa’ion,
Gepymuxcs B KOHEYHOM RHIE,

Muorouneust noa kopuem B (4) NpPeANOAaraloTC HMEIOWUMM  BEwLE-
croennsie koadduunenrs. Kpome toro, mbl Bcerga OyaeM CuMTaTh, 4TO
Y HHX HET KpAaTublX KOpHeH, n00 HMHaue MOXHO OO Obl BLIIECTH Jui-
HEHUBIA MHOKHTENb H3-NOL 3HAKa KOPHA; BOMPOC Coeacs Ol K HHTErpu-
pOBauMIO BBIDAKENHM ywe paHEe M2YYeHHBLIX THNOB, W HHTErpaj Bupa-
3cs Opl B Koweunom phuae. ITocrennee OGCTOATENLCTRO MOWET HMErh
MECTO MHOH pa3 W npH OTCYTCTBMM KPAaTHBIX KOpHeH; 11anpumep, Jerxko
POBCPHIb, UTO

| 4 x? dx
SI—XVI Vl_;quC
Sx% 41 VS Vo yr sy
SV?r“—{—ldx xVebL1d-¢

WMnterpansl oT Buipaweundt tuna (4) BooGule HA3LIBAIOT 2AANAMINLC-
CKnai {8 csa3y € TeM 0OCTONTENBCTBOM, 'TO BMEPBBIE C UMM CTOJK-
HYAMCh NIDH pelelry 3agaun o cnpamaenun saannca, 331, 8)]. Bnpouem
5TO Ha3BaHHE, B TOUHOM CMBICJEC, OTHOCAT OGBLIUHO UL K TEM U3 X,
KoTopue ne Oepyrcst B KOHEUIOM BHIE IAPYrue xe, Bpole
T0/bKO 'TO NPHBEAEHHDIX, HA3BIBAKT NCEE00IAAUNINULCCICU AL,

Usyuenne n tabyauposause (r. e. cocrapaeHue Tabaui 3Haueini)
HITErpaios OT BeipaxeHui (4) npu npowsBoiblibIX KO3M(HUNEHTAX q,
b, ¢, ..., pasymeercs, 3atpyanuTensno. 1103T0My €CTECTBEHHO IKesaine
CRBECTH BCC 37T NHTErpaJbl K HEMHOTIM MM Takumm, B COCTaB KOTOPHBX
BXOMI0 Obl MO DO3MONKHOCTH MEHb W E NPOM3BOJLHBIX KOSBduUHEeH-
TOB (napamMerpos).

D10 NOCTHraeTCsl ¢ MOMOIUBIO IJEMEHTAPHHIX Npeobpasosanull, KOTO-
pHi€ MBI paccmMoTpimM B nochAeny1omnx ﬂllo.

291. BcnomoraTenbHsie npeoGpasoeanus. 1° 3amerum, npexae
RCEro, Y10 A0CTarou¥o OrpalMuHIbLCR CAytaeM MHOrousnena 4-h crenenu
noj xopueM, w60 K nemy JErKO NPUBOZATCA ¥ Cayualh, kOria nOA Kep-
HCM MHOTousen 3-# crenenn, JlelCTBUTENLHO, MUOrOuneH 3-B CTenesH
ax’ -l bx*-fcx -0 c bewmecTnenun MU KOIPHHLMEHTAMHU HEOGXO-
MO UMECT BeutecTuenumit xopens |81], crkawes, A —n, CIeu0OBaTeALIO,
LONYCKACT LEUECTBEHHOE Pa3i0MKenue

ax* - bxt L cx 0 =a(x — 1) (4 px +-g).

Moncranorka X — A=1{ (han x — h==—1{?) n ocywmecrpanetr Tpelye-
MO€ npuBesenie

Bnp2np Mbl CTanem paccMarpusarh JAdilb  Avddepeutuanst, COAEPKaulHE
KOp€llb W3 MHOrousena 4-f creneHn,
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2°, Mo wu3tecruoft Teopeme aareGphl, MHOrouieM UETBEPTOH CTeneHu
C BelecTBeHHBIMN KoddpuuenTamu Moxer OslTb npeacranfiel 8 BHA
MPOU3BENEHHA NBYX KBIAPATHBIX TPEXUNEHOB C BELLECTBEHHBIMU KE KO3(-
(puumenTamu:

,
axt 4 0¥ bt - 0x e =a (P + px+ P+ @) (5)
IToctapaemca Teneps najiexanied MOACTAHOBKON YHHUTOXHTb B OCOMX
TPeXuJeHax Cpasy ufensl.nepsofi creneun. Mel wmean yxe 2en0 € no-
nobno#t e sapauett n 284, [l (6).
Ecau p==p’, 70 Hawa uenb AOCTHraeTCH, KaK YKA3bIRANOCh, NPOCTOH

NOACTEZHOBKOH x:t—%_ Ilycts Teneps p % p’; B 3TOM C/yyae Mbl

BOCNOAb3yeMCsl, Kak ¥ Bbe, ApOOHO-auHetiHofl noacTaHoBKON

wt v

: 410

BO3MOXHOCTb yCTaHOBHTbH BELIECTBEHHBIE M NPHTOM Da3iMuHBIE 3HAUEHHS

AA7 KOIPUUKEHTOB p U Vv, KaK MBl BHAEAU, OOYCAOBACHA HEPABEHCTBOM

e ~oor ,
@—9)V—@—"E9—pg) >0 (6)

Mn YKE AOKa3aad 3TO HEpaBel(CTBO B [IPEANIOSOWKEITNY, 4TO OAWn U3

pacCMaTPUBAEMbIX TPEXUJNCHOB UMEET MHU M b€ KOpHW, M 3TO Wrpano

CYUIECTBEHHYIO POAb B HalWux paccyxaennsx. [lycTs xe Temeps Tpex-

yaeHs (0) 06a UMRIOT EEIecTBelLe KOPHH, CKakeM, NEPBBIA — KOpIK &

v B, a Bropoit — kopur 7 u 8. Iloncravuss

p=—(@+B) g=d pP=—0q+3 =1
MOwHO nepenucats (6) 8 supe
E=1E—=9)E—-DE—3>0 (6)
a AAs  OCYIMECTR/EHHs 3TOr0 HEPADEHCTBA AO0CTaTOYHO MilWb 103abo-
THTHCA, YTOBbLl KODHH TPEXUJEHOB HE MEpeMexanucs, (iianpumep, 4To0sl
G110 o >8 >4 >38), uto B Hawe# Baacru ¥,

Takum o6pa3oM, Hajunexawe vubpas p U v, C NOMOULIO YKa3aHnoh
NOACTaHOBKH Mbl IIONyYHM

[R(e Var 1 )de=

o b4y VYV IMENE (M FNE)N p—v &t
- Vet1 ¢+ 1) )(H—l)"' ’

* 3aMeTuM NOMYTHO, uTO NpcuCTaBacnue uepaseuctsa (6) B dopme (6)
MOKCT GuITh MCHOAL30BAHO IAst NOKA33TEALCTBEA €r0 M B TCX CAYUAAX, KOCA2
KODHW @, B, ... heBelecTseHtbl. Ecan minub ucepBblilt TPexusncH HMeeT HCBewe-
CTBEHHLIC, T. €. KOMIIGCKCHLIC CONPAMXCHH b€ KOPHA a ¥ B, @ yucna y u 3
BCUIECTBEHHDL!, TO MHOMMTCAW a — Y W B—7 GYAYT COUPAMCHHGbLI MM, Tak
4TO HX npoussejfennce Oyler, KaK HIBCCTHO, IHOJNOKHTEAbHbLIM BCULCCTBCHHAIM
UHCIOM; TO e OTHOCHMTCA M K MHOWHTCAsM a — 8 M 3 — 3. Ecau we KaK KOPHH a,
fi, TAK # KOPHH §, 3 CYThL NOMAPHO CONPAKCHHBIC KOMNACKCHSEIC
UKCAA, TO COUPAMEHHLIMI KC GYAYT MHOWUTCIW o — 7 M g —3, a Takwe a« —3
B B— 7, H HX UPOM3BEACIiMA CHOBA JAAYT MOROKUTELHLIC BEULECTBEHHbIC YHCAd,

X ==
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YTO MOMHO T3Kxe (ecAn MCKAOUHTb CAYuYal BBIDOXKAEHUS, KOTAA Kakoh-
6o n3 kospduuuenros M, N, M, N' oxasbiBaetcs HyJem) NEpenucarhb
B BUue

(R, VAT F mtH)(14-m') dt,

npn A, m w m’ OTINYHBIX OT HYJs.

3% C nomouwbo “coobparxenutl, COBEPIIEHHO aWalOTHYHKK TeM, KOTO-
phie ObTi mpumenedsl B Hauane n® 284, MOWHO CBECTH 3TOT HWHTErpan,
€ TOYHOCTbIO [0 HMHTErpana OT PAaNHMOHAABLHOM (DYHKIMM, K TAKOMY:

R* (¢)
VANF me) (I +mes)
PasnoxnM Teneps paUMOHAILHYIO GYHKUMIO R*(£) Ha Apa ClaraeMmbix
. R* (¢ R* (—¢ R* () — R* (—¢
R* (1) = (H_Q‘ ( )+ 0] 5 ( )_

Tleproe 1e MeHseT CBOEro 3uauenus npa 3amene f Wa —¢, CAELOBa-
TeAbHO, CBOOMTCA K pauMoHaibhoit dymiuun or % Ry (1) BTOpOE Ke
NP yKasaHnOH B3aMeHe MEeHSCT 3HAK, a MNOTOMy mMeeT Bul Rg(f%)£*.
PaccMaTpUBaEMblif MHTErPaA NPEACTaBUTCA B (OPME CYMMbl UHTErpajsos

Ry (¢3) dt + S R, (£5) t dt
VAN + m) (1 +m'td) VAQG+me) (I +medy

Ho BTOpOH M3 HMX nOACTaHOBKOH u=—1¢% Ccpasy npuBOAMTCA K 3JeMen-
TapHOMY HHTErpany

1 S Ry (u) du
VAN Fmu) (14 mua)
n Gepercst B koueuHoM Biae. Taxkum ofpasom, pasabHelluiemy HcCaeno-
BAHUIO TOMJICKWT JHIbL MHTErpan

S‘ - R, (¢%) dt __ %)
V A A me2) (1 + m't?)

292, Ilpusenenue K KaHonuueckoil ¢opme. Tlokaxem, Hakoweu,
yTo Kawami uHrerpaa tana (7) Moxer OuTh npencrtasaen B ¢dopme

R(2%) dz 8
Vvt ®

1 —z%) (1 — k%2%) '

roe k ecTh HEKOTOpas MNOJOKWTeAbHas npasmibhas apobe: 0 < k<1
Hasosem 3Ty ¢opMy KanoHuYeCcKOH
[MTonoxuM A9 KPATKOCTH

y=V AU+ m)(Q +m't).

* Cp. saweyanua no anasoruysomy nosony B 286,




202 § 5. SAIUNTAYECKHE AHTECPASL 89

He ymanat oOwiHOCTH, HO03BOAMTENbHO CUHTATh 31ECH A== 1
KPOME TOrO, AJA ONpPEeAEesEHHOCTH OFPAHMUHMCH II0JIOKHTE/bIbIMI 3HAUC-
HUAMH £, Paccmo-rpum Terleph Pa3AMulbie BO3MONKHBE KOMOWHAWNKM 3HA-
KOB A, m, m W yKaxeM IJR Kax[Oro C/iyyas I[OACTAHOBKY, HEMOCpEA-
CTBEHHO NPUBOAALLYIO UHTErpar (7) x xavoHMueCKO} dopMe.

) A=-1, m=—"H, m' =—h* (R >HK>0). laa toro lITO6hl

paguKan WMeJ BEUIECTBEHHHIE 3HaueHWs, HY®HO, HTOOH 6b”10 t<h

Wi £ > }z_" Tonaraem

ht=2, roe 0<z<l nm z>I:—f.

Vﬁ—ml——ﬁy

n
TaK uTO 3a % 37eCb CACAYET MDPHHATH =
2 A=-1, m=—"H, m'=h? (h, ¥ >0). Idas TOro uToﬁu
paaMKal uMea BELEeCTBEHHBIC BHAUEHHs, OrpaHUuMMCA SHaYECHUAMU t< 7

Toraa

\<|°L

IToaaraem
h=V1—2% rne 0z
Torma
dt dz

v Vm #LV“ Ty

\ m+ﬁ2j
W MOMXHO B3ATb R— ———,
Vm+w

) A=-F1, m=hY, m' =Hh? (h™> K >0). Uameuenne ¢ nuuem ne
crecedo. Tlonaraem

ht = ——, 0=<z< 1.
h V= rae 2
B stom cayuae
l/(]—z) _hgz”)
k:@h_fﬂ_
) A=—1, m=—h%, m ' =n? (h, W >0). Usmenenne £ orpa-

1
HUYEHO HEPABEHCTBOM t>7. Bepem

1
ht=———, rne 0< 21,
Vi—z <<
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TaK uTO
ﬂ dz
Y yETe |/(1—~z)< — z?)
" k:——h—
5) A=— 1, m=—R, w=—Hh* (R>h>0). lepevenuan ¢

[Tonaraem

1 ]
MOMET H3MEHATHCH JMIUbL MEKILY w n e

r®
lzt.__]/l——] 2%, rne 0<Zz<L

Wneenm
dt daz

y ; e,
hV(\—z)(l—Tz>

ATum HCUEPNHIBAIOTCA BCE BO3IMOMNHBE CAYIaH,

o VE=I®
- h ’

1B0 B cayuae, koraa A= — 1 u 06a uucaa m, m’ >0, paauxas voofuie
He MOr 6l HMETL ReulecTBEHHbIX 3Hauenwtt, O muoxnrene Ry (%) wu
1 rOBOPHAY uMuero, wbo BO BCEX CAYyuanx OH, OUEBWIHO, npeobpaso-
BLIBAACA B PaLUOHANBHYIO DyHKUMIO OT 2%

OrmeTuM eule, uTo, paccvarpusas wnHTerpan (8), Mn MOkem orpa-

!
HUYHTLCSR 3HAUCHWAMA 2 I; cayuap 2 -— MNPHUBOAMUTCH K 3ITOM noa-
< I; cay 7

CTanoBro kz——.~, rne <L

293. daaunTHueckHe HuTerpans l-ro, 2-ro u 3-ro pona, Tenepo
OCTAeTCA M3yuuTh npocCTeHuiue W3 unterpasos ouia (8), K KoTO-
peIM MOran Ol GBITh Cuegensl BCe HHTerpaasl 3TOro kuaa, a Clenosa-
T€JAbHO, B KOHEUHOM CleTe, U BCe noobule IMIUNTHIECKHE nurerpanet

Bhineavum u3 pannonansioft dgyucann R (x), dwrypupyiomeh s nogf-
HUTErpanbuoN BHpakennu (8), ueayio uvacts P(x), a IpaBuabNO-LPOO-
HYIO €e uacTh pasnownyM Ha npocthie Apobu. Ecan we olrneannars co-
NPAKEHHBIE KOMIAEKCHHE KOPHH 3HaMeHaTend (Kax mbl 910 aenain s 274),
3 PaccMaTpUBaTL WX NOPO3BL, NOAOGHO BEWECTBEHIILIM KOPuaM, To R (x)
NPeNCTIBUTCA B BuRe CyMmul crenenelt x* (n=0, 1, 2, ...) n apoGed

BrAa S (m=1, 2, 3,..), rie a MoxeT ObITb W MHUMBHIM ul-

(.v—a)'"
C/IOM, YMHOWKEHHBIX Ra 4HCTOBhE KOdhduumenrs, Orciona acHo, 4o
wHterpan (8), B ofmem cayvae, sBJgercs JAHHCHUBIM arperatom  CJe-
AYIoUNX mn‘erpanon:

/ -—SL u H S daz
N By g ) m (z~——a)’"V(l——z)(l—/e
n=01,2 ..

(m=1, 2, ..)
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OctanoBiyxcs Ha wurterpaiax [, Ecad  nponurterpnposate (nerxo
NpOLEpPsIeMOe) TOKIECTLO

[V (=2 (L= D) = (20— 3) 2> /(T — &) (1 — k2T +
_an-a 2R — (R4 Dz
T = =k
(911—])149~2’1—(2n—~2) (k2L 1) 2272 4- (20— 3) 2

V=29 (1 —r2Y

TO TOAYUHTCH PEKYPPCHTHCE COOTHOLLEHHE
(2'1 - 1) k”n - (2” - 2) (k2 + l) Iu-l _{" (2'1 - 3) In—‘l:
YD, ©)

CRA3BIRAIONIEE TPH nOCAenCnaTesbHuX wHTerpana /. Tlonaras smece n—=2,
pupasnm [, vepes Jy W I;; ecau B3aTh N=—23 M DBMECTO [o MOACTABUTD
ero pelpaxenne uepes /, n [y, 10 ¥ [ BRIPA3UTCA GEPEs ITH WHTEr PAJIHL
Tlponomkas Tak manvwe, Jerko yOeauThCs, UTO Kawdelll M3 MINTErpa-
nos [, (n==2) mupixaercs vepez [, u [, u naxe, yunteisas (9), MOKHO
YCTaHOLKYb M EWA CBA3HIBAIOLIEN UX (POPMYJnl

= plo + pnll + Qo3 (2) 1/(1 —_ 22) (1 — quq)r

roe a, u B,—nocTosinibe, a @, 3(2) €CTb HEUETHH R MIOrouneH
crenenn 21— 3. Orciona acno, uro ecan P, (x) ecTb MHOrousei n-#
CTeNneHd OT X, TO

P, (2% dz

V (1 —2%) (i — k%%
rae au @ — nocrosuuse, a Q, o(X) €cTb HEKOTOPHH MHOrOuAen (72— 2)-#
crenenn ot x. Onpejenedde 5TUX IOCTOAHHBIX W KOI(PDHUIHENTOB MHO-
rousena Q mMoxer ObiTh 1POWZBEAEHO (€CAKM MHOrounen P KOHKperio
3alall No MCTONY HEONPEACNEHHLX KO>(d(pHuueHdTOn
fcp. 284, 1].

3ameruy, w10 13 (9) MOWuO Oblio Oul BHPa3uTL uepes [y u [ unre-
rpaap [, v npr OTPHUATEIbHL X 3Haveunsx (n=—1, —32, [ ),
TaK uyTO B HMHTErpanax FH, [OCTAaTOYIIO OrpaHMuMTLCA Cayuyaem a 7= 0,
MMepexona K wurerpaianm /4, (CKaeM, NPH BEULECTHEHHBLIX @), [10-
DOGHBIM Ke 00pa3oM YCTAHOBHM JUIs HUX PEKYDPPEHTHOE COOTHOWee

©m—2)[—a-+(&*+ 1)a* — L® H, —
—(Qm—3) [l —2a(k+ 1)+ 3k H, .+
- (2m — 4) (B - 1) — 3k%Q) Hiy o — (211 — B) k2 H py 4 =

=\;a)m1/(l— H(1 — k27,

=aly 4Bl 4 2Q, 2 (2% V(1 — 24 (1 — £%2%), (10)
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CNPabefi/InBOe M NpH OTPHLATEABHBIX W HYJEBOM 3Hauennax m. OTcC0Aa
BCE /1, BHIPA3ATCH uUEpe3 TPU U3 HUX:
dz
(Z—a) YV (=29 (1 —r%Yy’
dz
HU ST [01
V (l —2°) (1 —A&° 22)
22— a) dz

S Y ——z-) (I —&%2%)

:[l ——(l.[o,

T. €. OKOHyartenablio uepes [, I, u H,

[TopuepkHeM, uTO BCE HTO COXPAHNET CHMAY M NP MHH MBI X 3Haue-
HHMAX MapaMeTpa a; OAHAKO Mbl HE CTaHeM BXOAWTb B3AeCb B pasbAcCHe-
HUA MO 3TOMY TOBOAY, OTCHIas uyuTatens K § & raasm XL

MraK, B pesysbraTe BCEX HAWHUX PACCYKAEHUM MBI NPUXOAHM K TAKOMY
obweMy 3aKJIOUERHIO. 8Ce IAMMNMULECKUE UNMe2paib. € NOMOUSI0
SNEMEHINAPHBX NOGCHIAHOB0K — U € MOYHOCMSI0 00 CAQ2ALMBLX, 6bl-
PaHCAWUXCH 8 KOHCHHOM U, — NPUBOOAMCA ¥ K Caedy ouus mpest
CMAHOAPMHBLI 1HIME2PAAQM:

S z 2% dz
V=2 (1—r2%)’ S VI —2)(1 — ki)
H O<k<D)
dz
(L Azt V (T — 2B (T— k2%

(nocaennnf nosayuaeTcs u3 f, peeaexdem, B3ameH @ 7~ 0, HOBOro mapa-

1 .
MeTpa h:-—-7>. ITH uHTerpaasl, Kak noxasan Jimysuaan (J. Liou-

ville), B KoHeuHoM Bnae yxe ne Oepyrtca. Mx Jlewaunap HasBan saau-
AMUHECKILMIL UHINE2PAAAMY, COOTBEICTBEHHO, 1-20, 2-20 u 3-20 poda.
Ileppbie ABa comepxaT JAuWb ORMH NapaMeTp £k, a nocaemHul, Kpome
Hero, eule (KOMMIEKCHBA) napaverp h.

Jlewcauap BHeC B 3TW uHTErpadsl eme AajbHERIIME YNPOULEHHT,

. k1
BBHINOJAHUB B HUX NOACTAHOBKY 2 == Sin ¢ ((p uamennerca o1 0 no 5).

Ilpu 5TOM nepsnid M3 HUX HENOCPEACTBCHHO MEPECXOAHT B HHTErpaf

S S
S.Vl—k”smw (n

* XoTa Buille fadbl 1OCTATOUHHE YKA3aHHWa LI TOro, UTO6L BORPOC O MpH-
BEACHHN NPOM3BONALHOIO IMAHITHYECKOrO MHTEFPana X YNOMAHYTHIM TPeM MOT
CYHTATLCA NPHHUMUNHANbhHO PERUIEHHBHM, HO HAa NDPAKTHKE Ha 9STOM
YT MOryT BCTPETHTbCA TPYRHOCTH. B CleuHaabHbix MoHOrpadvax, nOCBALLEH-
HbIX SJUIMITHUECKHM HUTEIPasaM Y CMCXKHhM BORPOCAM, MOXHO HaHTH Apyrue
[PAKTHYECKH yAOGHKE NpHeMbl A4 3TOf Lenn.
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Bropo# npeobpasyercs Tak:
sin® ¢ dyp 1 S‘ dy 1 S‘ o
—_—— 3 —_——— — % 1 — &% sin d,
Vi—Esnte K ) Vi—ksng K 4 Pee
T. e NPUBOAMTCA K TNPEABIYUIeMY UHTerpaay M K HOBOMY WHTErpany
S;/l—k2 sin? ¢ do. (12)

Hakonen, TpeTHH WHTErpas npH yKa3aHHOW TMNOACTaHOBKE MEPEXOAHT B

§ A (13)
(W4 hsin?¢) YV 1 — k¥ sinto

Wuterpaan (11), (12) u (13) Takxe WasbiBAOTCH SAMMNMUHECKUMU UH=
mezpararsn 1-20, 2-20 1 3-20 poda — 8 dhopase Jlewandpa.

M3 uux 0cobyio BaXHOCTb M YAaCTOE NPHUMEHEHHE HMEIOT nepsble aBa.
Ecan cuntaTh, YTO 3T unterpans npu ¢=~0 oOpamaiorcs B Hy/b,
¥ TeMm (QUKCMPOBATh COMEPWKAUIMECS B HAX MPOHSBOJIBHLIE MOCTOAHNBIE,
70 MOJyuaTCs NBE BIOJHE ONMpEdescHHHE (YHKUWH OT ¢, KoTople Jle-
WaHOp 0603nauMn COOTBETCTBEHHO uepes F(k, ¢) n L (k, ¢). 3mecy,
KpOMe HEe3aBMCUMOH NepeMenHOH ¢, YKasaH Taioke napamveTp &, Hashbt-
BacMbIH MO LY €M, KOTOPHIH BXONHT B BHPaXEHHs ITUX ‘DYHKIMH.

Newxaunpom Ouim cocTasienn obwupHeie Tabaunsl  sHavetnh
9TUX (yHKUMH NPH PasAuulBlX ¢ W pasanunbix k. B HUX He TOJbKO
aprymeHT ¢, TPaKTyeMblfl Kak yroJ, BHPaXIeTcs B rpapycax, HO M
Mody b K (npaBu/bHas ApOOGb!) paccMaTpuBaeICA Kak CHHYC HEKOTOPOTO
yraa 6, koropbit M ykasnBaeTca B Tabauue BMECTO MOALYJs, M NPUTOM
TaKme B I'palycax.

Kpome Toro, xak Jlexauopom, Tak ¥ JPYIHMU yueHbiMA Obliu
usyuensl raybouatiuiue CBOMCTBAa 3TUX (PYHKUWMH, YCTaHOBJEH pAg OTHO-
CAlMXCA K HuM dopmya u T. A, Braropaps sromy dymkuun F ow E
Jlexanpgpa BOowAH B CeMbi0 QYHKUMHA, BCTPEUSOMWMXCA B aHaAU3e H
€ro NpPUJOKEHHSX, HA PaBULIX MPaBaX C SAEMEHTAPHBIMU (DYHKUHAMH.

Husiuas uyacTs MHTErpajibHOrO HCUMCAEHHH, KOTODOH B OCHOBHOM Mhl
BBIHYWIEHB 1OKA OrPAaHUUMTLCA, 3aHUMAETCA «HHTErpPUPOBAaHHEM B KOHEU-
HoM Buae». Oanako 66110 6nl OWHOOYHO AyMatlbh, UTO 3THM OrpaHuin-
BAOTCs 333Ul MHTEFPAJbHOIO NCUMC/IEHHS BOOOLLE: 3MJMMTHUECKHE HHTE-
rpansl £ a E #8As107Cq MpUMepaMn TakuX (yHKUAH, KOTOpbIE NA0NO-
TBODHO HM3YYalOTCA MO UX HWITETPaNbHBIM BLIDAKEHHAM H C YCIEXOM
NPHMEHAIOTCA, XOTH M HE MOryT OhTb NpPEACTaB/EHbl YEPE3 3Jemenrap-
HBE (YHKUMY B KOHESUIIOM Bdle.

Mmw eme Bepuemca k uuterpatav F u £ B caepywowel riase u
BooGule He pa3 Oyzem C HUMM BCTpPeuaTbCd B JdadbHEHILMX 4aCTAX Kypcd.




FTNTABA JEBATAS
ONPEJAEJEHHBIA UHTETPAJ

§ 1. OnpeneneHde W yCJOBUA CYLIECTBOBAHUA
onpefeseHHOro WHTErpasa

294, pyroit moaxoxm K 3ajaue O Imaomaad. Bepuemca k 3axaue
06 onpeaeneHun nJowann P kpusoauneloft tpanewnu ABCD (puc. 4),
KOTOPOR MBI yxe 3sanumaanch 8 264. Mo uaaowum cefvac Apyrof

nNOoALXOA K PpeuleHdio 3TOH 3a-
y nauu®,

Pasgenum ocHosauve AB Hawed
durypsl npousBosiblbIM 00pazom Ha
4acTH W 1IPOBEAEeM OpPAMHATH, CO-
OTBETCTBYIOLULHE TOUKAM AEJEHUS;
TOraa KpuWBOJHHEHHan  Tpamenua
pazobberca Ha pPsiA NOJMOCOK (CM.
PHCYHOK).

3amenny Teneps npuOINAKEUHO
Ka)KﬂyIO NoJIOCKY HEKOTOPOIM nps-
MOYIOJbUHKOM, OCHOBAHHE  KOTO-
poro TO ke, uTO H Yy NOJOCKH, 3 BLICOTa COBMagaeT ¢ OAHOW w3 OpAn-
HAT MOJOCKH, ckaweM ¢ kpahtued caepa. Tawum oOpasom, kpunosanteh-
Haa QUrypa 3aMenuTcs HEKOTOPOH cTyneHuaToR durypoll, COCTasNeHHOH
U3 OTAENbHLIX NPAMOYIOJbHUKOB.

O603naunn abCuiccy TOUEK AENeHUd uepes

xp=a<x <x<...<lx;<x<...x,=0b M

Ocuopauue i-ro npaMoyroashuka (i=0, 1, 2, ..., n— 1), ouesnuio,
pasHO PastOCTH X;,, — X; KOTOPYIo mul Oynev o0o3uauats uepes Ax;
UTo we KacaeTcs BLICOTBL, TO, O CKA3aHHOMY, OHa paBna y,-:f(x,-).
Mostomy muomalis i-ro npamoyroibHuka Oyaer y; Ax; =f(x;) Ax,.

* (0605Wan NPH 3TOM HACIO, YKC OIHAMNALI NPHMCHCUIYIO B YaCTHOM NOpH-
Mepe [32, 4).
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TTpocyMMHDPOBAB NJAOWAAM BCEX MPAMOYIOALHAKOB, NOAYYMM TP H-
6anxennoe 3HAYEnUE MIOWAAN P KPUBOAKKENHON Tpaneunu

n—1 n—1

P= >y, Ax; nan P= > fx)Ax,
i=0 i=0

MMorpemiocTs 5100 paseuctsa npu Gearpannuuom yGsiBauny Bcex Axy
crpeMuTcs K Hy 0. Tounoe 311aucHne naowaaun P noayynTcs Kak npeae

P=—lim Zyi Ax; = Ilim Zf(x,—) Ax,, (2)

B NPEANOAOKEHNH, 4TO BCe Jauubl Ax; ogHospemenno crpematcsd K O.
Tor e mnpueM npuMeHHM W K BbIYMCAEHMIO naoinaan P (x) du-
rypul AMND (puc. 2), auus  ApoOuTb Ha “acTH npuuiocs Obt OTpe-
3ok AM. 3ametum ewe, uro Ccayda#i, xorga y —f(x), npunumaer u
OTPHUATENbHAIC 3HAYEHHS, MCUEPNbIBAETCH 3aKaouenHsiM B 264 ycaosuem
CYMTATH MAONLAAW YacTefl GUIyps MOA OChO X — OTPHLATEABHHIMU.

Ins obosnaueHus cyMMbl Buma 3 y Ax (sepHee ciaszatb —npe-
DNeNAbHOro 3HaueHuys 3TOH cyMmsl) JledGuuiw wn BBea CUMBOI
Sydx, rae ydx HanoMUHAEeT THNUYHOE CJaraeMoe CyMMBl, a S ecTh
CTHAN30BaHHaA OYKBA S — HauasbHag OyKBa JaTMHCKOIO €10Ba «Summa»*.
Tax kak njaowaab, NpeacTapafionlan 3TO NPEAENbHOE 3HAUEHME, B TO Xe
BpeMs sBasercs nepBoobpasHoft 4 (YHKUHM Y, TO TOT e CHMBOJ
COXPaHUACS © A 0003nauenun nepsoobpazHoft ynxuun. Brocaeucrsuu,
C pregerieM (GyHKUHOHAAbHOrO 0003HaueHus, CTaJM NUCalb

Sf (x) dx,

ecayd pedb HEer O nepemenuol naouwlaad, u
b

{f(x)dx

a

— B cayuae nsoutagu Qurkcuponannolt urypsl ABCD, otsevaroinell u3-
MEHEHWIO X OT a 1o b.

Mbl BOCMO/BLZ0BAANCH WHTYWTHBNDLIM NPEACTasACHHEM O NAOUlanH,
y1o0bl €CTECTBEIHO MOAOHTH K DacCMOTPEHKIO NPEAENOB CBOEOBPA3HHIX
cymym Buaa (2) (KOTOpLIE HCTOPHMUGCKH # OnJW BBEJCHH! B CBA3M C 3a-
nauel 0 Bulyucaeunu naowtaan). Oanako camoe MOHATHE NAOULALN ITy-
®naeTcad B 0COCHOBAHMM, M — €CAM peub WAET O KpPHBOJAHHEHHOH Tpane-
LMK — OHO  AOCTHI3eTCA HMEHHO C [OMOWLLIO  YHOMSHYTBIX IPELenos.
Paaymeerca, 9r1oMy [0/KHO ObITH NPEANOCHIHO W3yuenue npenenos (2)

* Tepwun <unterpan» (OT aTUHCKOro integer — neanlit) 6b1a APENNONCH
YUeCHHKOM U croashxuukoM Jleil6unua Worannom Bepnyanau (loh Ber-
noulli); JTeft 6H 1L NepsoBaYANBHO M rOBOPHA «CyMMa»,
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camux no cefe, oTBJEKasCh OT reomerpuuecknx ccolpaxenntt, uemy
U NOCBsHLENa HaCTOAUlas raasa.

Npeseast sBuaa (2) vrpalor HCKAOMUTEALHO BAXHYIO POAb B MaT€ma-
THYECKOM aHanuse b B Pasyoo0pa3sbix ero npuaokeHusx. I roMy we
B DasaUuMBIX  BUAOM3MEHEHHAX pa3uupaeMble 34ech wiew OyAyT HEORHO-
KDarTio NOBTOPHTBCH Ha BCEM TMPOTRXKENUW Kypca.

295. Onpenenense. [Tycts dysxuns f(x) 3agana B HEKOTOPOM Npo-
mMexyTke [a, b]. PasobnbeM 3TOT NPOMERYTOK MPOMALOJLHBIM 00pPa3oM
Ha YaCTW, BCTaBMB Meway a ¥ & Touxku penedus (1), Haubonvwmyw
u3 pasnoctedt Ax;=ux,, —x; (i=0, 1, 2, ..., n— 1) Oyaem Bnpens
0003HayaTh uepes A, J

Bosbmem B kamaOM M3 UaCTHYHLIX NPOMENYTKOB [X;, X;,] 10 mpo-
U3BONY TOUKy Xx=§*

X =<t =<x;, (=01, ..., n—1)

W COCTaBUM CYMMY
n—1
o= Z fE)Ax,

i=0

lCosopar, ut0 cymma o npu h—>0 umeem (xomednsiif) npedea I,
ecau dan waxcdozo 4ucaa e >0 Halidemes maxoe 4ucaro 8>0, emo,
autus moasko A< ¥ (m. e. 0cHOBKOL npomescymor pasdum Ha 4acmit,
¢ Oaunamu Ax; < 8), Hepagencmago

jo—1I{< e
BHNOAHSCMCR NPU RW0COM Bbibope wicen &,

3anuceiBatoT 3TO Tak!

[=lima. (3)
A=0

IToMy OmMpeneneHuio «ua f3bke £-0», Kak 0OKYil0, UPOTHBONOCTA-
BASETCS ONpEACIEHHE «HA #3bIKE (OC/eAOBaTebHOCTEH». TIpencrasum
cebe, wro mpomewyToK [a, ] nocaenosarenbHO pasOMBAETCH 1A ¥acTh,
CHAuana OAHMM ClIOCOGOM, 3aTeM — BTODHIM, TpeTbum W T. 4. Tawyio no-
CNEACBATENLHOCTL pasbHenuil NpoMexKyTKa Ha 4acTH Ml OyJAeM Ha3hBarb
OCHOBHOMN, ecau COOTBETCTBYIOWIAR MOCJEA0BATEBIOCTL  3HAUECHUH
A==k, Ay kg ... CXOAMICH K HYJNIO.

Pasencreo (3) MCAKUO NOHMMAaTbL TCIEPb M B TOM CMBLICAE, 4TO [10-
CAEH0BAMENBHOCME 3HAYEHIL CYyMMbl O, Ontdedaruwas 2100084 0 ¢ HO 8-
HOG H0CACJ08AINENBROCIMI  PA3OUCHIE npomexymxa, 6ce2da cmpe-
Mumces k npedeay 1, xax Ost nir 8oiOupams npu 3mom &,

JloKa3a1eabCTBO PaBHOCHABHOCTM OBOMX onpefcsaerut mMower Obith
NPOBEACHO B TOM Xe nopsiaxe uiaeR, uro u v 53. Bropoe onpeneneniie

* Bpiwe Mol B Kauccrse § O6pain BO BCCX CAYuasnx HANMEHLUICC 3pavyec-
HHE X
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no3BOAAET NEPENECTH OCHOBHBIE NMOHATHS W NPENJONEHHR TEOPHR Dnpehe-
/0B M HAa STOT HOBHIR BUA pepena.

Koneunetii npedea | cymmer o npu A— 0 na3wtéaenca onpeoe-
AeHHw M unmeeparom pynrguu f(x) 8 npomexcymrxe om a

00 b un 00603u1auaerca CUMBOJOM
b

1=Sf(x)dx;
a
B CJyuae CylUIeCTBOBaHMA Taxkoro mnpepena diyuxuus f(x) Ha3biBaeTCd
WHTEerpupyeMmoh B npomexyrke [a, D).

Uncna @ # b HOCAT Haseawue, COOTBETCTBEHHO, HU K HEr O W Bep X-
HEro npeaenos uurerpansa. flpu nOCTOAHHBIX npeAesax OnpeaeneH-
HBI WHYErpaa npeacrasiaser coGoH NOCTOAHHOE UHCAO.

Mpusenennoe onpenenenue npunagiexmnt Pumany (B. Riemann),
KOTODBI# Brnepshle BblCkazad ero B obwe# dopme u nccaenosan o6aacTsy
ero npumenenus. KW camyio CyMMy 6 HHOraa Ha3wBalwT PUMaHOBOH
cymMoh® Mu ke OyleM NpeanoOyTHTENbHO HA3HIBATL €€ UHTET Pal b-
HOMHN cymmolt, 4TOObl TONYEPKHYTb €€ CBA3b € MHTErpajoM.

lMocrasum Tenepp ceGe 3anauell — BEIRCHHTL YCJAOBUA, NPH KOTOPHX
MHTErpajbHas CyMMa o MMEeT KOHEYHbH npeaes, T. €. CyUleCTBYET Onpe-
peneHibiy uHTerpaa (4).

llpexne BCero 3aMeTMM, 4YTO BBEICKA3aHHOE OMNpeEleneHWe B NeACTBU-
TENALHOCTH MOKET OHTb NPHAOKEHO AHWb K OTPAaHWYEHHOH# dyHKuuU,
B camom nene, ecan Ou dynxuus f(x) Gwnia B npomexyrre |a, b] neo-
rpaHuuena, 10 — npu s000M pa3BGHEHUM NPOMENYTKAa HAa 4acTW — OHa
coxpannna 6w nogobHoe cBOKCTBO XOTh B oaHOR w3 uacrefl. Toraa 3a
cuer BnbOpa B 3T0H uacTH TOUKW & MOwHO Onii0 68 caenars f(8),
ac HeH ¥ CyMMy o, — CKOJb YroaHo OOJbIUOR;- NIPH STUX YCJIOBUSIX
KOHEYHOrO npeaena AAd o, OYEBHAHO, CYLIECTBOBATb HE MOMJO Okl
Utak, unmezpupyesas @ynxyua neo0xoduso o2panuiena.

[losToMy B nanbHEReM nccaenonannk Met OyIeM Hanepes Mpearno-
Jarars paccMarpusaemyio QyHkouio f(X) orpaHuyeHHO#H

m<fx)<M (ecan a<< x << h).

296. Cymmb [ap6y. B kauectBe BCIOMOraTteanLHOro CPEACTBA WcCae-
HOBaHWA, Hapsily C HHTErPa/JbHbIMM CyMMaMH, BBEAEM B DAacCMOTDEHHE,
no npumepy dap6y, ewe apyrue, cXolHble ¢ HumH, HO GoJee mpo-
CTHIE CYMMBbL,

O603HauuM uepe3 m; W M, COOTBETCTBEHHO, TOUMbie HUKHIOIO H
BEPXHIOIO IpaHuLbl Gyukunu f(x) B {-M nOpomexyTtse [x; X;4] H
COCTABHM CYMMBI

n—1 a—1
s= Y miAx, §= > M Ax;.
i

—
=0 i=0

¥ Ha pmene eyle Kow W OTYUETAHBO nNONB30BANCA NPELEAAMH MONOSHAIX
CYMM, HO Nnille AAs CAy4as HElIPEPHBHOA (YHKUMH.
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D7H CYMMBl M HOCAT HA3BaHWE, COOTBETCTBEHHO, HM K HEH W BepxHel
MHTErpaabHbBX CyMM, uad cymm Jlap6y.

B wuwacthoM cayuae, xorsa f(x) HenpepmBHAa OHH SBIAIOTCA
MpocTOo HaumeHblueH W  HanboJbWER U3 UHTErpafibHbLIX CYyMM, OTBE-
YAIOWMX B3ATOMY pasbUEHMIO, TaK Kak B 9TOM cayuae oynxuus f(x)
B KaWIOM TDOMEXYTKE AOCTHI aeT CBOMX TOYHBIX FPaHHL, B TOUKH &
MOHO BBIOPATh Tak, UTOOK — MO KeaaHuo — Obl/Io

fGE)y=m; nan fE)= M,

[epexoma k ofmeMmy cayual, M3 Camoro ONPEAEACHMs HUKHEW 1
sepxHedt rpaqun MMeem

m<f &)< M,

YMHOMKHB 4ACHBl OGOWX STHX HEpaseHCTB Ha Ax; (Ax; NMOAOKHTEANLHO)
¥ NPOCYyMMUPOBAB NO I, moJayuum

s<Co=< S

[pu ¢ukcuposanHoM pasbuenun cymmpl § 0 S 6yayT nocTOsHubIMH
upCAaMH, B TO BPEMS KaK CyMMa da €ILe OCTaeTCA NEepPEeMeHuoH BBulLy
npouasoabHocTH uncen ;. Ho Jjerxo Bumers, yro 3a cuer smGopa §;
MOXHO 3HaueHust f(§;) cmenarb CKOAb YrOOHO OJAM3KMMH KaK K m1; TaK
K M; a SHAUNT — CYMMY ¢ CHeAaTb CKOIb yrogHo Giuskoh K § nan
k 8. A TOrja npeaslaylime HEPaBEHCTBA NPHBOIAT K CACAYIOMIEMY YXke
ofleMy 3aMeUaHnI0: npu 0QHHOAM PA3OUERUU NPOMENLYMKA CYMMbL
Hapby s u S cayacam modHb6 MU, COOMBEMCMEERHO, HUNCHED U
gepXHeld 2PARNLAMU OAR UHMEPANBHOLX CYHMAM.

Cymmsl [Lap 6y obnanaior caeayiowyumu npOCTLIMA CBOKCTBAMA!

l-e cBofcTBO. Ecau Kk umewuUMcA mo4Karm Oesexus 0Ooba-
8llMb HOBble MOMKU, MO HUNCHAR cymama [Japby Moncem om 3no20
pasge Alws BO3PACHMIU, Q BEPXHAN CYMMQ —pa3se Allis YMEHb-
UM ECA.

HNoxkasaTEabcTBO JIAA [OKaszarenabCTsa 3TOr0 CBOHCTBA AOCTA-
TOYHO OFPAHHUMTBLCH NPUCOENHHEHUEM K YXKE€ HMEOULHMCE TOuKaM [ene-
HRS eme OJHOH TOUKH OeneHHs X',

ITyctb 3Ta TOYKA TIOMALET MEXAY TOUKAMHM X, H Xy, TAK UTO

Xy <X < Xpp-

Ecan ueped S 0603HauuTh HOBY 0 BEPXHIOD CYMMY, TO OT TIpeX-
HeH S oma OymeT OTAMYATLCA TOABLKO 1€M, 4TO B cymsme § MpOMEXYTKy
[xs Xpu] OTBEUAno caaraemoe

My (Xt — X)

a B HOLOH cymme S’ 3TOMy NPOMEXYTKY OTBEYaET CyMMa NBYX Caarae-
MbIX

M/z (X' — x5) + ﬁk (Fpps — x),
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rae M, u M, CyTb TOYHbBIE BEpXHWe rpaHdus ¢yHkuny f(x) B npove-
wKyrkax |xp, X1 ow [xX, xp4] Tak kak 2rH OPOMENYTKH ADBAAIOTCS
4acTaMu MPOMEXYTKa (X, X4.], TO

My=<M,, M,<<M,,
TaK 4TO

My (X — X)) S My (" — x),

,

M, (Xt — XY S My (S — X)),

Ckaanwsas aTH HEPABEHCTBA MNOYACHIO, NMONYydYHUM

My (X' — x,) + M, (g — X)) < My (X400 — ).

Orciona u creayer, 410 S'<< S [as HwkHEH CyMMbl LOK33aTeAHCTBO
a1aaoruuio 3TOMY.

3amruaune Taxk xak paswoctu M, — M, u M, — M, ouesnmio,
ne npesocxonaT koaeBauus Q  yuxunu  f(x) BO BCEM NPOMEXYTKE
la, b], 70 pasuocth S-— 8§ He mOwerT npes3oHTH mpouzsenenus QAx,.
DT0 OCTAETCR CMPABEAAMBLIM M B TOM CJAyyae, €C/d B /-OM MPOMEXYTKE
B3ATO HECK O/ b KO HOBbIX TOUEK AEJeHUsf.

2-e csocrso. Kamcoan nuxcnaa cysma Hapby He npegoc-
xodum Kamucdoll BepxXHel cystsb, xomsa 6 omaeqanuel u 0py2oAty
PasBueHio NPOMedNCY MKQ.

Joka3aTeEabCcTBO., Pa3ofbeM NpPOMEXYTOK |a, &| NpPONU3RO/AbHKIN
00pasoM Ha uaCTW W COCTaBUM Aaf 3TOro pasduenus cyMmsl LapOy

s n S 0]

PaccMOTpuM TEnepb HEKOTOPOE APYroe, HMKAK HE CBA3AHHOE C nep-

BHM, pa3buenne npomexyrtka |a, b]. Emy rakke Oyayr orseuars ero
cymmol [lap6y

Se ¥ S an

Tpebyerca aowkasars, uto §, =<8, C 3TOH uenbio o6veauuum T1E u

NPYrue TOYKH AENEHHs; TOrAa NOJYyuduM HEKOTOPOE TPETbE, BCIOMOraTens-
noe, pasbuenue, KOTOpOMy OYAyT OTBEUATH CyMMH

s3 n S; (1L

Tperse pa3buedne Msl NOJAYYHId H3 nepBOro HoGaBAEHHEM HOBLIX
TOUEK JeJEHHS; TM03TOMY, HAa OCHOBAHWM [OKa3aHHOro 1-ro cso#cTpa
cymm [1ap6y, umeem

=<3,

Conocrasns Tenepn BTOPOE M Tperbe pasbHeHus, TOYHO TaK e
BAK/IHOUAEM, HTO
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Ho s,=58; Tak uTo H3 TOMBKO UTO IOJAYYEHHBIX HEPABEHCTB

EbBITEKAET
S]éSg,
yTOo H TpebOoBaNOCh 10Ka3aTh,

W3 10Ka3aHHOTO CcaAelyer, uTO BCE MHOXECTBO {S} HMXHUX CyMM
OrpaHHuYEHO CBEpXy, HanpuMep, 410604 Bepxhed cymmo#i S. B ‘Taxom
cayvae [11] 5TO MHOXECTBO HMEET KOHEUHYI0 TOUHY I BEPXHIOW
TpaHUIly

J.=sup {s}
Y, KpOME TOTO,
[ng)

*
xakosa Ob Hu Oblia Bepxuaa cymma §. Tak kax mHoxecTBO {S} Bepx-
HHX CYMM, TakuMm 00pasoM, OKa3HBAETCA OrPAHUIEHHLIM CHH3Y UMCJAOM
I, TO OHO MMEET KOHEYHYI0 TOUYHY 0 HUWHIOK TPalHLY

F=inf{S},
IpHyeM, OUeBHAHO,
<< I%
COHOCTHB.’IHH BCE CKasanuoe, umMeem
s<l,<IF<S (5)

29 moOkX HmKHeR M Bepxuel cymm [JapOy.
Uucua I, w ¥ HasbiBAIOT, COOTBETCTBEHHO, MUMNCHUM U 8EDXHUM
numeeparamu [dap6y [cp. nuxe 301].

297. YcioBue cymecTBOBaHHA HHTerpajsa. C noMowpblw Cymu
NapO6y renepb Jaerko CHOpMYJIHPOBATH ITO YCAOBHE.
Teopema. Ilan cyuwecmeosanun  onpedeseHHO20  UMME2PALQ
HEOOX00UMO U1 Docmamodno, 4mobei OblA0
lim (§ —s)=0. (6)
A0
Ckasannoe B 295 10CTaTOUHO st yACHEHMS CMBICAZ STOTO Mpeneda,
Haupusep, «Ha a3mike. e-8», ycaoene (6) o3Hauaer, uto mas moboro
e >0 uatzerca takoe 8 >0, uTo ummwb TOMLKQ A< 8 (T. € npoMewmy-
TOK pasbuT Ha uvacTy ¢ mauHamn Ax; <3), TOTYAaC BHIMOJHAETCA Hepa-

BCHCTBO
S—s<e

NoxasaTeabctBo. HEOBXOAUMOCTSL Ilpeanonoxus, uto
cywectsyer nuterpaa (4). Torma no moGoMy 3azaHHoMy & >0 Hakmercs
takoe & >0, uro auws TOaBKO Bee Ax; <3, TOTuaC

fo—1|<le wm [—e<a</+5s
Kak Ob MH HH BHOWpaan & B Npeaenax COOTRETCTBYIOUIMX MPOMEKYT-
koB. Ho cyMmMm s u S, npu 3amanHHOM pasOHEHMH NPOMEXYTKa,
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ARJAAIOTCA, K3K MKl ycranonmm, OA9 AHTErpajJbHbIX CYMM, COOTBETCTBEHHO,
TOUHBI MU HHXHEH W BepxXHe# rpaHdLaMu; [OSTOMY Mg HUX Oyrem
UMETHL
1—€<S<S<I+e,
TaK 4To
lims=/ IlimS=], @)
A0 A0
orkyna u caeayer (6).

HoctaTouHOCTh, [Ipeanorowum, urto yciaosue (6) BHIDOAHEHO;
toraa M3 (5) cpasy sncHO, 410 [, = I* n, ecan obosnauuts nx ofuwee
3Hauenne uepes I,

s=<I<< S (5*%)
Ecnm nod o pasyserh OAHO W3 3HAue€HM# MHTErpanbHo# CyMMbl, OTBe-
yaiouet ToMy ke pa3OueHHIO NpOMeKYTKa, uTO W CyMMsi §, S, TO, Kak
Mbl 3HaeM,

s<Zo=< S
CoraacHo ycnosuwo (6), ecau npeanosomurh Bce Ax; 10CTaTOYHO MaabMy,
cymMul § # S pasHATCA MEHbIUE, YeM Ha [POH3BOJBLHO B3aTOE & > O,
Ho B TaxoM cjAyuae 3710 CnpaBef/MBO H OTHOCHTEABLHO 3aRJIOUEHHKIX
MeXcly HHMH uHcer a u [

lo —1]<e,

taK yro [ ABASETCA npeaenoM AAs o, T. € ONpPeNe/eHHBIM HHTErpaaoM.
Ecan o0o3HaunTs Koaebawne M; — mz; dynkunnm B {-OM 4YaCTHUHOM

NpOMEKYTKE uepes w; 10 Oylem HMeTb

n—1 n—1

Y

S—s= Y (M;—m)Ax;= > o, Ax;,

i=0 i=0

M yC/JOBHE CYyUIECTBOBAHUA ONPENENEHHOr0 MHTErpala MOxer ObTh mepe-

NUCAHO Tax:
n—1

lim ) o; Ax; =0. (8)
A=0i=0
B sTo#f diopmMe OHO OObIUHO ¥ NMPUAMEHAETCA.

298, Knaccel nuuterpupyemsix @yHkunit, [Tpumennm HatgeHdbilt namu
HPH3HAK K YCT2HOBJEHHK HEKOTOPHIX KNaCCOB MHTErpHUpYyeMbl X
bynkunh.

. Ecau gpynxyua f(x) nenpepsena 8 npomexwcymre [a, b), mo
OHA NHmMezpupyea.

HoxkasaTeEabcTBO. Pa3 dyukuua f(x) HenpepsBHA, TO Ha OCHO-
BalMH CAeACTBUA N3 Teopemel Kautopa [87] mo 3amanHomy e >0
Bcerna natpercs Takoe 3 >0; uTO ML TOABKO NPOMEXYTOK |a, )
pasbut ua yacTd ¢ paduamy Ax; <3, 1o Bce w; < e Orcioaa

a—1 n—1

Db <le D) Ax;=c(b—a).
{0 i=0
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Tak xak b-—a ecrb NOCTORHHOE YHCJIO, a2 & MPOM3BOABHO Mano, 10
ychoBue (8) BHIINOAHSETCA, 4 M3 LEro W BbITCKAET CYWECTBOBAHWE HHTE-
rpaaa. Moo HECKOAbKO 00OGLINTL LOKA32HHOE YTBEPKAEHHE.

Il Ecau ozpanusennan Hynxyusg f(x) 8 [a, b] umeem auwwes
KOHEUHOE HUCAO MOYelc pa3psl8a, MO OHA UHIMEZpUupyea.

DoxasateEabcTso. ITycts Touku paspwpa Oyayr X, x7,..., x%%)
Bosbmem npoussoasHoe & > 0. OkpymuM TOUKM PaspbiBa OKPECTHOCTAMI

(x’_E‘, xr+e/)' (.XJ’—E", xrr+sr:)’ s (x(k) __s(l(), x(k)+€(k))

Tekum 00pasoM, uToObl RakHa. Kadao# Owina meublle & B ocraBwiuxcs
(3aMKHYTHIX) npoMexyrkax (ynkuua f(x) Oymer HenpepuiBHOM, M Mbl
MOKEM TPHMEHHTb K KAXAOMY M3 HUX B OTAEABHOCTH CJAEACTBUE U3
reopempl KanTopa W3 noayuenuslx no & uncesd & BHOEpEM HauMeHb-
wee (ero mpl Taioke Oynes o6osnauath Oykeo# 8). Torma ono Oyner
FOmMTBCA AR KAaXIAOrO H3 YKa3aHHBIX BbIWE MPOMEXYTKOB. HuuTo Ham
ne mewaer B3aTb npu 3ToM 8 < e PasoObem Tenepb Hawl NMPOMERYTOK
|a, &] ua wactu Tax, 4roGsl BX Aanun Ax; Bce Opian medbuwe 8. [loay-
YeHHbIE YCTHUYHLIE NMPOMEXYTKH OydyT ABYX DOLOB:

1) [TpomemyTKH, JACKaulMe UEJAAKOM BHE BBIAENEHHLIX OKDECTHOCTeH
OKO/O TOuex paspeiBa. B unx koaebanwe pyukuun w; <.

2) IlpomexyT#, An00 3aKNOUEHHbIE UEJAMKOM BHYTDH BbIAEJEHHBIX
OKpeCcTHOCTEH, IGO0 HacTbIO Ha 3TH OKPECTHOCTH Ha’eraliiue.

Taxk Kkak dywxums f(x) NPELNONOKEa OrpaliMyeHHON, TO Kojebanne
ee @ BO BCeM npoMexyTke [a, O] OymeT kouweuno; kosebanue xe
B MOOOM UYACTHYHOM [POMEKYTKE HEe NMpPeBocxoaut L.

Cymmy
Z“’iAxl
pazobpem 1a nBe:

ZU),W Ax;r H ZU);H Ax,'n,
i o

pacnpocTpaHenlibie, COOTBEICTBEHHO, HA MPOMEXYTKM NEPBOTO W RTO-
poro poaa.
Oan nepsod CyMmbl, KaK M B npeasayuledl Teopeme, Oynem umern

Z wpdxp < e Z Axp<e(b—a).

UYTo KacaeTcs BTOPOH CyMMBI, TO 3aMETHM, YTO MBI NPOMENYTKOB
BTOPOTO pOAa, LEJTHKOM MNONABLIKX BHYTDh BhLIENEHHBIX OKDECTHOCTEH,
b cymme < ke; NPOMENYTKOB e, /MWL Y4aCTHYHO HANErAIOUINX HA HHUX,
Mower Owrb He OGoabwe 2k, w cymma ux mamn <243, a 3nayur u
nosasno < 2ke. Cuenmosarensuo,

Z weAx < QZ Axpn < Qe 3ke,
g £
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Taknm 06pazom, oxouuateabio, npu Ax; <3 umeen

Diwbx;<e [(b—a)- 342}

DT0 ¥ [OKa3bBaeT Haule YyTBEPXkIEHWE, TaK KaK B KBAAPATHHIX
cKoBKax COAEPXHUTCH NOCTOAHHOE UUCAO, @ € NPOH3BOABLHO Mano.

Haxodeu, ykaxem euie ONMH TNPOCTOH KAACC HHTErpUPYEMLIX
DyHKUMH, HE NOKPHBAIOILMACA NPEABAYULHM.

1. Mowomonran ozpanudennas Gynxyua f(x) 6ce2da numeapu-
pyema.

Hoxa3ATEALCTBO. [IycTs f(X) — MOHOTOHHO BO3pAacTawwWan
tyuxuns. Torna ee xosebaumne B npoMexyrke [x; x;,| Oyaer

w; :f(x,-+|) —f(x,-).<

3agaanmca mobhm & >0 W 11050MHM

Kak toasko Ax; <3, totyac OyaeM umeTh
Dl obx <8 D f () — )l =3 [ () — f(a@)] ==,

OTKYAd M CNEAYET HHTErPUPYEMOCTb (YHKUHK.

299, Csoitctsa uHTerpupyemsix ¢yurunid. M3 npnsuaxa n® 297
MOMHO BHIBECTH W DAL OOWWX CBOHCTB WHTErpupyemnlx (pyHKun.

|. Ecan pynryusa f(x) unmezpupyesa 8 nposexcymre |a, b|, mo
u pynryuu | f(x)| u kf(x) (20e k==const) unmezpupyessr 6 3momn
npoMecymie. )

JokAa3ATEABLCTOBO nposeseM ans Qyukunn | f(x)|. Tax kak naa
M06hIX ABYX TOuek X, x npomemyTka [x;, x| uveem [17]

N — O < | () — f(x)

To M Konebaue of @yuxunn |f(x)| B 3TOM NPOMEXYTKE HE NPEROC-
xoauT w; |85]. Otciona

Z ofAx; << Z w;Ax;

Tak Kak N0CAegHast Cymma crpemutca Kk Wymo (npd A — 0), 10 nepsad
¥ NOAABHO, UTO BJENET WHTETPHPYEMOCTH Qyuxuun |f(x)|.

(. Ecau 0se dynruyuu f(x) u g(x) unmezpupyes 8 npomexcymie
la, b), mo ux cysma, paznocmes u npoussedenue MmMarsice UHmMe2pU~
DyeMol.

JLOKASATEALCTBO OrpaHnuuM cayuaesm upowssenenus f(x) g (x).

Mycrs | f(x)| =<K, |g(x)|<<L. Bs3as 8 npomexyrke [x, Xl
aobue ABe TOukd X, X, pacCMOTPWUM PAa3HOCTb

X ey —f (X)) g ()=
= [} (x)—f ()] g (X" )+ [8(X) — g ()} /().
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OueBuaHo,
If (£ g (x") — /(¥ g («)| << Loy 4 Koy,
ecan uepes w; w; 0603HAUUTL, COOTBETCTBEHHO, Koaebauna yuxkunft f(x),

g(x) B mpomexyTtke [x; X;4|. Ho Torma [85] w pnns xoaebanna 2,
dynkunn f(x) g(X) B 5TOM NpoOMexyTKe OyIeM uMeTb

Q; << Lu; -+ Ko,
OTKyla

DAk <L D odx;+ K Y whx;
Tak xak [BE TNOCJEAHHE CYMMbl CTPeMAaTCa K Hymo (npn A - 0), To
nepBas v IOAABHO, UTO H I0KA3bIBAET UHTETPHPYEMOCTb BYHKUHH [ (X) g (X).

WL Ecau gpynwuus [f(x) unmezpupyesa 8 nposexcymre |a, b),
mo ona unmezpupyema u 8 41000l wacmu |a, B] 3mozo npomesicy mia.
HaobGopom, ecau npomedicymox |a, b| pazaosicen na wacmu, ut 8 kaxcood
sacmu 8 omdeasnocmu Pyrxyun f(x) unmespupyesa, mo owa unme-
2pupyeMa 1 80 &cem npomedxcymre |a, b).

HoxasaTeawbcreo, Ilpeanonoxum, uro ¢yuxuuas f(x) uurerpu-
pyeMa B NpoMexyTke [a, b], u 110CTPOMM AAS 3TOrO NPOMENKYTKA CyMMy
ZwiAx,- (cyntan, 4to @ M 3 BXONAT B COCTaB TOYEK jeneHns). Aua-
JIOTHYHAs CyMMa [/ NPOMEXYTKa [a, B| NOAydHTCs OTCiond, €Ca ONYyCTHTL
pad (NOJOXHTEAbHBIX) CJaraeMbiX; OHa HABEDHO CTPEMHUTCH K  HYAIO,
€C/M CTPEMUTCA K HYNIO mepBas CyMmMa.

IlycTh Tenmepr npOMEKYTOK [@, b] Da3nOmKeH, CKaxeM, Ha [BE uacTn
la, ¢] u [c, b] (rae a<c<(bh), n B KakmoH u3 HuX dyukuns f(x)
uHTerpupyema. BosbMeM CHOBa CyMMy ZwiAx, 19 TpOMEXKYTKa |a, b},
€CAH TOYKa ¢ OKasajaCh B UKUCJAE TOUYEK HENEHHA, TO Ha3BaHHas Cymma
COCTaBUTCA H3 IBYX MOJOOHBIX K€ CyMM [ NPOMEKYTKOB {a, c] u [¢, b]
1 BMECTE C HHMH CTPEMHTCA K HYMO. 3aKk/JIOUEHHEe 3TO OCTAETCA B CHJe
M AR Cayuas, KOraa ¢ He fBJASETCA TOUKOH [NENEHHT: INPHCOENHHMB 3TY
TOYKY, Mbl M3MEHMM /b O AW H UNEH CYMMBI, KOTODhIH CaM, OueBHIHO,
CTPEMHTCH K HYJIO.

IV. Ecau udsmenumes 3nauenust unmezpupyesoil @yHKyun 8 KoHey-
HOM 4ucae (==Fk) moueKr, mo UAmezpupyemocms ee He HAPYUumcs.

JJOKASATENBCTBO OYEBURHO, HOO YNOMSHYTHIE W3MEHEHHS KOC-
nyTca uHe Gonee yeM A UJEHOB CYMMBI ZwiAx,-.

Jlerko nNOHATb, YTO W 3HAUYEHWE CaMOrO MHTErpala npu 3TOM He
NOTEPNUT U3MEHEHWA. DTO BHITEKAET M3 TOrO, 4TO B/ 00EUX (PYHKUUH —
HCXOOHOM W H3MEHEHHOH — Touku §; B HHTerpatsHOH cymMMe Bceraa
MOXHO BHIOMpaTh Tak, uTOOB OHM HE COBMAajald C TEMH TOuYKamu, A4as
KOTODBIX 3HaYEHUA UX PAaSHATCA.

3AMEUAHUE DBaaromaps 3TOMYy CBOHCTBY MH TOJYYaeM BO3MOX-

b

HOCTB FOBOPHUTB 00 uHTErpane Sf(x)dx Jaxe TOrjxa, KOraa (pyHK-
a
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una f(x) He OnNpeNeneHa B KOHEUHOM WYHCAE TOUYEK NpOMexXyTKa [a, b]
Ips 3TOM MOXHO MPMNUCATh B 5TUX TOYKax HaweR dynxuuu cosep-
IEHHO MPOW3RO/bHEIE 3HAUEHUs H PAaCCMATPHBATL HHTErpal OT (GYHKURWH,
onpenenennot Takum 00pasoM BO BCeM mpomexsyTke. Kax Mbl Buiean,
I CYyWeECTBOBAHWE STOr0 HHTErpana, H# BEJMUHHA €ro HE B3aBHUCAT OT
3R3ueHuH, NPUIMCAHHBIX (PYHKLMH B TOYKAX, TAe OHa ie Obiia onpeaenena,

300, Mpumepnl W gonosxenusl. B xauecTse ynpawHeHWA NPHBEACM eule
NpHUMEPH! NPAMCREHAA TpH3Haka n° 297 K KOHKPETHLIM (DYHKLHAM.

1) BepHemca ¥ @yHKuuH, paccvoTpennol B 70, 8): /’(x):—q~, ecid x eCTb

EECOKpaTHMas NpaBHAbiaa  npodb %, u pasHo O B MpPOuHX TOYKAaX Npome-

wytka [0, 1).

lycts npomexytok [0, I| pa3dnut Ha uwactv C aimHamu Ax; <A Bosbmew
npou3Boabroe HaTypanbHoe uncro N. Bce wactuunble nPOMENYTKH pacnpenesi
Ha gsa Knacea:

(a) K nepsoMy OTHeCEeM NpPOMEXYTKH, COAEPKaULIE HUCna 2 o snamena-

TeaAMM ¢ << NV; Tak KaKk TaKHX YHCeN CYU(eCTBYeT NMHUlb KOHe4HOe uucao k==k
TO W NPOMEXYTKOB NEPBOrO POA .GyleT He 6oabuie 2R, a CyMMa WX LauH He
npeszodfer 2RA.

(6) Ko BTOpPOMY OTHECEM NPOMEXYTKH, He CONEPKAUIHE YKa3aHHbIX ymces;

Dast HBX KoneGaHue i, OYEBUAHO, MEHbIUE N

F.CIH COOTBETCTBERHO ITOMY Pa3N0OXUIb CYMMY E w;Ax; Ha JBe ¥ OUEHHTb
KaXX1y10 NOpO3Hb, TO NOAYYUM B pe3yabTaTe

Yoix < orgh + =

2 e
B3ns cnavana N>E—, a 3aTem A <g-= 3, GyleM umeTb ZmiAxi <e, 4TO
N

JOKa3bIBaeT HHTErpHPYEMOCTb (YHKIHH.

Mpumep STOT MHTepeced TeM, uTO (GyHKUWA 3JeCb HmMeer Gecyucae -
Hoe MHOXECTBO TOYek pa3pbiaa M BCe e HHTerpupyema. |Bopoues, npuwmeps
TAKOI'O PON@ MOKHO MOCTPOMTL W Ha ocHoBe Teopemsr L]

2) Telepb paccMoTpuM sHOBL GyHKiMw Aupuxae [46; 70, 7) y(x)=1,
ecan X — paudonansHoe 4ucao, u 0, ecau x uppaunonasbHo. Tak Kak 8 1060f
wactn npomexyTka [0, 1| KoneGanne ITOM GyHknny w==1, T0 # E w;Ax; =1,

TaK 4TO (DYHKUHMA 3dBEAOMO '€ MHTErpHpyema.

3) KpHTepuii CywlecTBOBAHHs ONpeaeseHHOr0 UHTErpasa, BhisefleliHnil B 297,
MoweT OblTb NpeicTaBaeH B Caeaywouiel dpopme:

a8 cywecmsosanus onpe0eAeHHO20 URMEZPAAa Heobxo0usmo u docma-
nouKo, 4Mobs. no 3a0aundsim 4ucaam e>0 4 a>0 MoxucHO Obia0 Hadmu
maxoe 8> 0, 4mo, auwp moabko ce Axy <3, cymme

E Axy
4

OAUH meX NPOMEHCYMKOS8, KOMOPuM OM8e4aon Kore0anus -

W =6,

camna << s,
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HeoBX0aMMOCTbL #CHAa H3 HepaBeHCTBA
Z w;Ax; = 2 WX Z= e Z Ax;.,
i 3 i

ecal, 3a cyeT Bnifopa B, cacmaTh NepBylo CyMMy McHblUel uyeM :o,
JoCTATOUHOCTDb e BbITEKACT H3 OLEHOK:

Z 0 dx; = Z wubx, - Z Wi Bxp, < Q Z Axy e Z Ax;r < Qo H-e (b —a).
i i i i i

(3zcey Q, kax pcerpa, osnayaer xonc6anue QyHKUHWH BO BCEM PAaCCMATPHBACMOM
MPOMEXYTKC, 3HAUKOM i’ OTMEYeHbl YaCTHUYHbIE NOPOMEXYTKH, B KOTOPLIX KOne-
Ganna w,, < e.)

4) Ilpumennm KpuTepuit B 3TOH HOBOM (hopMe K JOKa3aTeabCTBY CACAY-
JOLLErO (PeATONCHHUIN,

Feau dynxyus f(x) unmezpupyena 8 npomexcymee |a, b}, npuuer
3HaUeHUst ee He 8uX00Am 3a npedeav. npomescymea |c, d|, 8 Komoporn He-
npepusHa Pynryus o (y), mo caoxcnas gynxuua ¢ (f (x)) maxxce unmezpu-
pyema 8 |a, b].

Bo3hbmem 0o npoussony uucra >0 n a>>0. [lo uucay e, B cuny Henpe-
PLIBHOCTH yHKUKMYM ¢ (y), HafgeTca Takoe % >=>0, 4To B NIOGOM NPOMEXYTKeE
3navennii y ¢ [aMnol << m kope6anne QyHKuUMH ¢ Gyder < e,

Beury HMHTerpupyemocrn Qyukuun f, 00 yuCriam v K ¢ Tcueph nafacica
TaKOE B, YIO AMUIb TOALKO NPOMEXYTOK Da3GHT Na yaCTH C AaMHamu Ax; << 9,
CyMMa Z Ax; BAMH TEX U3 HHX, KIf KOTODHIX KOMeOARHA QYHKUHH fiw, [f] =y,

5
cama Mesbiue o [cm. 3)]. [lan npouMX NpOMCKYTKOB HMeCM .. [f| <7, a caeno-
BaTeALHO, NO CaMOMY BbIGOPY YHCAZ 7, @ ¢ (f)] <<e. Taknm o6pasom, ans caox-
HOit QyHKUMK ¢ (f (X)) KOACGAaHHA MOLYT OKA3aThCA == ¢ NHWbL B HEKOTOPWX H3
NPOMEX YTKOB 11ePBOft IpyfIibl, CYyMMa QMMM KOTODbIX 3aBeloMo <Co. [lpuMenss
K C10XHON (YHKUMKM xpHTepn# 3), y6exmaemcs B €€ MHTErpUpyeMOCTH.

5) Ecan u oTHoCHTCRLHO YHKUMH ¢ DPELNONOKHTL JHIUL WHTETPHPYCMOCTSH,
TO CAoWIasi QYHKLH MOXET OKa3aTbCA W HeuHTerpupyemoi, Bor npumep:

B kayccTBe (yHKUHHM f(x) BO3bMCM Ty, KOTOPaA Obina ywe H3¥YUYEHa Bbitie
o 1), ona HuTerpnpyema B nposmexyrtke [0, 1], npnuem 3HaueHHs ee Takke He
BLIXOJAT 3a Npejiess STOro npomexyrtxa. Jlance, nycrs

e(y)=1 a3 O0<<ys=|

®yuxuusn ¢ (y) Takwe uHTerpupyema B (0, 1]

Caoxnan xe dyHkunst ¢ (f(x)), Kak nerko sufeTs, COBRafaeT € GyHKUMCH
JAupuxne [cm, 2)f: oHa ne uarerpupyema B [0, 1)

n

301. HuwHuit 1 BepxHU#i HHTerpansl Kak npeaensl.. B 3akatwuende Mol
BCPHEMCA K HMXXHEMY WM BEPXHEMY HHTerpanaM, koTopsie B 0° 296 Guiau onpe-
ZeNeHbl Kak TOUYHbBle rpaniuus cymm lap6y s u S, Mo nokaxem Temeps,
YTO BMECTe C TeM OHM ABNSIOTCS H NPeflenda MM Ha3BAHHBIX CYMM.

Teopema [ap6y. Kaxosa 6v. nu Ouiaa 02panudeHHas @ynxyus f(x),
a5 Hee acezda

le= lim s, [*=]lim §.
A—0 A0

JOKA3ATENLCTBO NPOBEAEM, HANDUMEP, ANA BEPXHHX CYMM,

[pewae Bcero, no xanepex 3ajaHHoMy &>>(0, BO3bMEM TaKoe pasGHeHue
npoMeXyTka |4, b], uTo AnA oTBewapouleil eMy sepxuelt cyMmmb S Gynmer

€

S <t 5 (O]
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9TO BO3MOXHO, TaK KaK /¥ CHNYWHT TO WY HOH N{WHeR rpanuueit 11s MHOWKCCTBA
Bepxuux cymm. [lycTh 2To pa3GHenHe CONCPMHT m' (BHYTDEHHHX) TOUEK
ZCHeHuA,
Monoxum Teneps
E

b=
2m'Q’

rae Q o3xavaeT KoneGatime yHkuunm f(x) BO BCCM TnpomexyTke [a, b|, u pac-
CMOTPUM MPOU3IBONbHOE Pa36HEHIE IPOMENKYTKA, 1A KOTOPOro sce Axy < 8
MyCcTb eMy OTBEYaeT Cymma S.

[as Ttoro uToGH OUEHMTHL DPa3HOCTL Meway S u /*, BBejem ewe Tpetve
pasfueHye HAlero NPOMEXYTKa, O6beAMHHB TOUKM JCREHUA TepBbIX ABYX
pazGuennit, Ecan cooTBeTCTBYwwasa eMy BePXHAA Cymma ecte S", 10, nO
1-my cBotictBy cymm [Jap6y [296), S” < S', Tak uTo M nomasno [cw. (9))

, N €

St < IF 4 5 (10)
C apyroil xe CTOPOHH, mo 3ameyannio n° 296 pasnocTs S —S” He npeBocxo-
JIHT NPOU3BENEHUA Q Ha CymMy Aauu Ax; Tex NPOMENKYTKOB BTOPOro pasbueiusn,
BHYTPL KOTODbIX MOMani TOMKM JencHust nepsoro pasbuenns. Ho umcno taxux
POMEMYTKOB He Goaulle m’, a NAHHA KAXKIOLO M3 HUX MeHbwe §, TaK 4TO

>

o on . €
NESN <m§26_2

otkyna, 8 csa3u ¢ (10),
S</*+te

Tak xaK, ¢ Lpyro#t cropousl, S == /¥, 10, sMiue TOIbLKO Ax; <38,
0 S— /% <,

TaK uTo, AEHCTBHTENLHO, S — /%,
M3 noKasaHHOR TeOpeMbl HENOCPENCTBEHHO ClelyeT, yTo BCer i a

Jim (S—s)=/*—1,.
A0

310 COOTHOIIENWE NO3BOJACT BLICKA3aTh KPHTEPHH CYNIECTBOBAHWA WHTErpana
B Caelywoweit gopme |cp. 297):

AR cywecmsosarua  onpedeseHHO20 UHMe2PAAd Heobx00uMo u  OGocma-
MOUHO, 4mobb HUdCHUE u 8epxHuil uumezpart [apby Oviau Mesxcdy co60il
pusHbL

le=1%,

Ipn BLINOAHENUM €ro, OYEBMAHO, Hx oOulee 3HaueHHe M JaeT BeAHUiHY Ofpe-
JICAEHHOrO MHTErpana.

HoBas diopMa yCNOBHA HMeeT HEKOTODOE RNPEMMYUIECTBO Nepen RpeHeil.
[na Toro wyro6m yOGeauTbCst B paBeHcTBe HHTerpanos Jlap 6y, mOCTaTOuHO
YCTaHOBHUTL, YTO HEPABEHCTBY

S—s<Ce
NpH NPOH3BONLHOM & YIOBIETBOPAEGT XOTb OAHa napa cymm s u S. Heiicrau-
T€AbHO, B cHny (J), Torma 6yneT Takme
0 /¥ — 1, <,
OTKYJa, BBHWAY NPOHU3IBOJLHOCTH €, H BbITeKaeT TpcbyemMoe PaBeHCTBO.

Jlergo €OO6PA3HTH, KaK B COOTBETCTBHM C BTHM MOXeET GbiTh O6NeryeHo u
yCNOBHE HHTErPHPYCMOCTH, BLICKAa3anHOE B npeabliyulem n° |cm. 3)).
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§ 2. CpoficTea onpeneseHHbIX HHTerpanos

302. UnTterpan mo opuenTHpoBaHHoMY npomexxyrtky. o cux nop,
ropops 06 «OMPENENeHHOM HHTErpafie B NPOMEXYTKe OTf a A0 b», Mu
BCErAa MOApa3yMeBand, uto a < b. YCTpanaM Tenepb 5TO CTECHUTENbHOE
orpasuueHue. _

C aroHl LEJbI0 Mbl, Mpexie BCEro, yCTpaHHM T[OHATHE HaMmpaB-
JEHHOFO MIM ODHEHTMPOBAHHOrO npomexyrka. [Jod opuen-
mupogannw M npomexcymeos |a, b] (rme moxer Obrh n a<b u
a>b) mu Oydesn pasyaems MHONCECILE0 3JHAHEHUE X, Y008AEINE0-
PAIOWUX HEPABEHCMEAM, COOMBEMCINEEHHO,

a<Sx<<b um az=x=0b

U PACNOAONCEHRHH X UM ynopadouerHs X OT a K b, T e
B NGpAAKe BO3pacraHua, ecaw a< b, wuau yOsiBauus, ecnd a > b.
Takum 00pa3oM, Mbl pas/nuaeM NPOMEXYTKH [a, b] u [b, a]: cosnanaa
10 cboeMy cOCraBy (KaK UYWCJIOBHE MHOXECTBA), OHH pAa3nATCA 1O
HanpaBJCHHIO.

To onpepenende nHTerpana, KoTopoe Oblao nano B 295, oTHOCHTCA
K ODHEHTUDPOBAHHOMY nRPOMEXYTKY [a, b}, HO auwb ana cayuas,
xoraa a<b.

O6patuMcs K ONpPefe/]eHUId HWHTErpasia B OPHEHTMPDOBAHHOM MpOMe-
MyTKE |a, b], B npemnmonoxenns, uro a_>b, MoxHo noBTOpuTH ANA
5T0rO CJayuyan oObluHbIH rnpouecc ApOGJEHHA NPOMEXYTKA NyTe€M BCla-
BJIEHMA TOUYEK JECJIeHUs, UAYUIHX B HANPDAaBJIEHHUHU OT a K b.

A=X) > X D> Xy D> > X D> Xy > > X, =b.

BrfipaB B Ka)»a0M YaCTHUHOM [POMEXYTKEe [x;, X;.] 1o Touke §, 7rax
uro X;==8; == X, COCTaBUM UHTETPDaNbHYO CyMMy

n—1

g = Z f(E,) Ax,,

i=0

rae — ua 3T0T pas — Bce Ax; = x; — x;< 0. Haxoweu, npenes sro#
cymMmb npu A=max |[Ax;|— 0 H TpuBEAET HAC K NOUATHIO WMIerpana

b
Sf(x) dx = limo.
3 A=0

Fcan paa npomexyrtkos [a, 6] u [b, a] (rne a<==b) B3ats Te xe
TOUKM J€NeHUA M TE e TOUKYW §, TO OTBEUAIOWLME MM HWHTErpalbHhie
cyMMB OyayT pasHuThCs JAdb 3HaKaMmu. OTciopa, nepexoas K upe-
A€/1aM, NONY43aeM TaKOe MPEANOKEHUE]
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1°. Ecan f(x) unmezpupyesa 8 nposescymre |b, al, mo ona
unmezpupyema u 8 npomeggymre [a, bl, npuses

b a

S'f(x) dx = — Sf(x) dx.

a b

BripoueM, MOxHO Oubi10 Obl UMEHHO 3TO PABEINCTBO NPUHATH 32 O N pe-
b

AeNeHue HMHTerpana S npu @ >b B NpPEANO.OXKEHHM, YTO HHIErpa

a
a

S CYU1eCTBYET.
b
3aMeTHM €lle, YTO 110 ONMpeneNEeHHU O KE NOAArawT

§f(x)dx=0.

a

303. CeoiicTBa, Bblpa)aeMbie paBeHCTBamu. Ilepenncaum npanb-
pefuide CBORCTBA CHPEAE/EHHBIX HWHTErpajos, BLIPAXaeMble D aB e H-
crpamMu®

2°. [Tyemes f(x) unmezpupyera 8 HauGoAbuies U3 NPOMENCY INKOE
la, &), [a, ] u [c, b]**. To20a owa uwmezpupyesa 8§ 08yx dpyaucx,
it UMeem Mecmo paseHCmso

b < b

§ f()de=\ f(x)dx +{f(x)dx,

a [

KaKo8o Obt KL GbLAG B3QUMHOE PACNOACIHCEHIE moxex a, b u c.

LokA3ATEABCTBO. IMTonoxum cuavana, uro a<c< b u dyuk-
UMA MHTErPUpPYEMa B NMPOMEXYTKE [a, b).

To, 4TO (yHKINS uHTErpHpyeMa B mpomexcyrkax f[a, ¢] u [¢, b),
caepyer u3 299, Il

PaccMoTpum pasbuenne NMpoMexkyYTKa [a, H] Ha uaCTH, IPHUEM TOUKY €
Gynmem cuntath O4HOH U3 TOuek Aenennsd. COCTaBAB HHTEMPAbHYIO CYMMY,
Oynem aMerb (CMbICA O00O3HAUCHWH aceH)

b < b
S /@ bx =3/ dx + 3/ Ax.

b
* 3pech W BEpelb, eCiH peub HaeT 00 HHTErpane S, MBI CYUMT3EM BO3MOK-

a
HeIM (0P OTCYTCTBHH ClHCUHalbHOR OrOBOpKH) 062 cnyyan: a <<b H
a>b.
¥ BMeCTO 3TOr0 MOXHO Obl10 6Bl HPEANONOMMUTL, YTO (YHKUMA f(Xx) HBTe-
rpupyeMa B KaKZOM U3 ABYX MEHbIUIHX TPOMEXKYTKOB: Torfa oHa Oniia Oul
HHTErpHpyeMa U B GobuieM.
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INepexons k npepeay npn A — 0, Mb M nosayuum TpeSyemMoe paBeHCTBO.

Jlpyrue cayyad pacnoJoXeHHs TOueK a, &, ¢ NpuBOAAICH K 3TOMY.
HNycrs, nanpumep, &< a<c n ¢yuxuua f(x) uHTerpupyeMa B npome-
®yTie [¢, ], waw —uTO0 TO Ke BeMIy 1°— B mpoMexyTke [b, ¢]. B aTOM
ciyuae, no Q0Ka3aHHOMY, OYAEM HMETb

a

Sf(x)dx:&f(x)dx—}—gf(x)dx,
b

b a

OTKYZDa, NEPEHOCs nepBbld ¥ BTOPOH HHTErpanl M3 OMIOH YaCTH paBeH-
crea B APYryl0o M MEpecTaBuB npeaenst (a OCHOBaHMM CvOftcTBA 17),
IPHIEM ONATb K MPEXHEMY COOTHOIUEHHIO.

3° Ecau f(x) unmeepupyenma 8 npomesxcymre |a, b), mo u kf(x)
(20e k== coust) maxce unmezpupyesa 6 3mor npoMENHCYMie, APULEA

4

b
VA () dx =k (f(x)dx.

a a

4°, Ecau f(x) u g(x)— obe unmezpupyess 6 nposescymre [a, b,
mo u f(x)d=g(x) maxace unmezpupyesa 8 3mor npOMEULYINKE,
npudem

b b b
(W) Egide={f(x)dx = [g(x)dx
a a

a

B ofoux Cayuyasx [0Ka3aTeIbCYBO CTPOMTCA  aHAJIOMHUHO, MCXOAs
M3 UHTErpajbHbLIX CyMM M nepexoas K npepeny. Ilposenes ero, nanpu-
Mep, AJ8 MMOC/JCAHEro YTBEDH(IEHHS,

PazobbeM npoMmexyrok [a, b] NPOY3BO/IBHO Ha uaCTH W COCTABUM
WHTErpabHble CyMMbL J/A BCEX Tpex uuterpanos. Ilpu atom Touku §;
B KaXIO0M YaCTHYIIOM MPOMEXYTKE BpIGUpDaeM NPOM3BOALHO, HO A/ BCEX
CYMM OAHM H T€ xe; Toraa OyleMm HMETb

Z [fE) = gE)]Ax; = Zf(ei) Ax; & Z g(&) dx;.

INycts reneps A -—0; tak Kak a8 ofeux CymM Chpapa npemseisl
CYWECTBYIOT, TO CYWECTBYeT TNpejen W An3 CyMMpl C/€Ba, yeMm ycrada-
pANBAaETCY MHTErpupyemocTh dynxunn f(x) = g(x). TIlepexoaa © npe-
LLIAYUIEM DEREHCTBE K MpeNenaM, MpUXoauM K TpefyemMoMy COOTHOWEHHIO.

3ameuaHng OOpawaemM BHUMaHUE HA TO, YTO NPH [40KA3aTEALCTBE
[BYX NOCAEIHUAX YTBEPXAEHHHA HE Obif0 HalOOHOCTH OlMPAaThCA Ha npei-
noxenus 299, 1 u 1. unrerpupyemocts Gynkuntt £f (x) v f(x) = g(x)
YCTaH2BANBAETCA HEMNOCPEICTBEHHO NEPEXOAOM K Npeaeny.

304. Cpo¥icTBa, Bbipawaemble HepaBeHcTBamu. [lo cux nop Mbl
paccMaTpuBaAM CBOHCTBA MHTErpasoB, BHIpajkaeMble DaBEHCTBaMM; Mepet-
ACM TENEPb K TAaKdUM, KOTODHIC BHPAXAIOTCA HEPABEHCTBAMA,
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5°, Ecau oymxyus f(x), unmezpupyemas 6 nposexcymye |a, bl
neompuyamenrsrna u a<lb, mo

b
{f(x)dx=0.

a

JOKA3ATEABLCTBO OUEBUAHO.

Tpyanee nokasate Gojee TOUHBIH pe3yabrar:

Ecau  pyuxngun f(x), unmezpupyesasn 6 nposescymue [a, bl
noaogcmensna 1t a<_b, mo

b

{f(x)dx>0.

a

JOKASATEABCTBO NPOBEAEM OT NPOTHBHOCO. ﬂ.OHyCTMM, YTO

b
{fxydx=0.

a

Torpa npu A — 0 u sepxusa cymma HapOy S Tame cTpeMnTea K nymo
[297 (7)). B3np npoussoabHoe & >0, MOMKEM CHEJaThb 3Ty CYMMy Melb-
wek uem ¢ {(b—a). Ilpy 3TOM XOTA OOHA M3 BEPXHMX rpannu M,
OKaMeTCA MEHbUeH €, MHBIMU C/IOBaMH, Hadmerca B [@, b] Taxas uacrb
la,, b,], B mpenesax xortopo# Bce sHauenns f(x)<e.
Tak kax u
oy
§ f(0)dx=0%,

a;

1O, aHasoruuuo, u3 [a,, &,] BbizeauTCA uacTb [ay by], B npedesax KoTo-
pott f(x)<gy, rae e — n060€ MONOKUTEALHOE 4ACAO <8, M T. L

B3aB NOCAENOBATEABHOCTb TOJOXHTEABHBIX uncen e, — 0, MOXIO
ONpEfenuTb TaKyld NOCAELOBATEALHOCTh BJAOXEHHBIX OQMH B ApPYro#
(1 — ecau yrogHo — yGuBaowinx no aauxe o 0) npomexyrtikos [ag, byl
U710

0<f(x)<lep ecmu ap=tx=<<b, (k=12 3,..)

¥ [ledcTBUTENLHO, NO 2%

b a by b a b
S:S—{—S—{—S d, Tak KaKSBO, 520,
a a a by a 1
10
by b
o<\ < \=0
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Torza no nemme n® 38 cyulectsyeT TOuka ¢, oOumas BCCM 3THM
NPOMEXYTKaM; A Hee NOMKHO OLiTh

0<f(e)<lep mpn k=1, 2, 3,.,,,

4TO HEBO3MOXHO, HO0 ¢, — 0. Teopema noxasawa.

IMpocTeiM crencTsueM otciona (1 n3 4°) asasercs

6° Ecau dse dynxyuu f(x) u g(x) unmezpupyesmsl 8 npoie-
acymice [a, b] u ecezda f(x)=<g(x) (uan f(x)<g(x)), mo u

b 5
S/(x) dx << Sg(x)dx [u/m S/(x)dx<§g(x)dx}

8 npednoaoscenuit, wmo a<_b.

HyXHO 1mibs NDUMEHHTS NTPebAyLIiee CBORCTBO K pasHocTH g(x) — f(x).
Tax e NEerko noJsy4aercs:

7°, ITyemes @ynxuyus f(x) unmeapupyesa 8 nposesxcymre |a, b| u
a < b, moz0a useer HepabeHcn 8o

b

Sf(x)dx S\f(x)|dx

CyecrpoBarine nocaeguero uurerpana caesyer uz 299, I. Ceotictoo
6° npumenseM 3aTeM K (yHKUHMAM

—f)==f(x)=<<|f(0))

Bnpouem HEpaBeHCTBO JIErkO NOAY4HTb W HEMOCPEACIBEHHO, UCXOOs
U3 WHTErpatbHHX CyMM¥

|3/

u nepexons K npenenam.
8% Ecau f(x) unmezpupyesa 8 |a, b], 20e a<b, u ecau 60 gcemn
SMOM NPOMENHCYMKE UMEEM MECmo Hepagercmeo

< I/ G) -Ax,

m=f(x)=M,
mo

mb—a) < Sf(x)dx M (b — a).

MOJXHO, npUMEHHTL CBOHCTBO 6° K (yHruusm m, f(x) 1 M, uo npowe
HenoCPeaCTEEHHO BOCIOAB3OBATHCS OYEBMIHHIMHM HEDABEHCTBAMH

m3N Ak N fE) D, =MD 0, *
¥ nepeHTH K npeneny.

* laxk xak a <<b, 10 BCE Ax; >0,
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JlokasaHHBIM COOTHOIUEHHAM MOXHO npuaath Gosee ygo06Hyw© ¢opmy
paBEHCTBA, OCBOBONIAACh B TO ke BpeMa OT orpauuueHus a<b.
9° Teopema o cpedren 3nauwenun. [lycme f(x) unmezpupyema
8 |a, b) (a==b6) u nycms 60 scenm smor nposexcymue m << f(x) << M;
mozda
b
{f(x)dx=p(®—a)
a
20e m<ip =S M.
HDokasateabcteo. Ecan a<bh, 10 mo csolcTey 8° Oynem umers
14
mb—a)<{f(x)dx<M@®—a),
a
OTKyAa
4
m< — S fx)dx< M.
a

b—a

Tosoxue
b

\ fde=s,

a

1

b—a

no/1yyaeM tpefyeMoe paBeHCTBO,
a
Iaa cayvas, korsa a’>b, NMpOBOAMM TO K€ pacCyxaeHwe A S,
o
a 3aTeM, MEPEeCTaBUB NPENEb, NPUXOAUM K NpexHeH (opmMyJe.

Tonbko 4TO NOKa3a8HHOE PaBEHCTBO NPHHUMAET OCOGEHHO NPOCTOH
BUL, KOTAA (yHKuUHA f(x) HenpepwsHa JeHCrBaTeNbHO, ecau
CuMTaTh, YTO M 1 M CyTb HauBOMBILEE U HAUMEHbILEE 3HAYECHHS QyHKIUM,
cywecTsyoume no rteopeme Be #-
epwrpacca 85, TO m npowme-
KYTOYHOE 3HAUEHHE W, MO Teopeme
Boavuano— Ko g, 82, nonxkuo
npuHUMaThes PyHKuMeR f(x) B He-
KOTOPOH TOUKe ¢ NpoMexyTKa [a, b].
Taxkum o6pasom,

b
{f(x)de=@®—a)f(c), 0
a Puc, 3.
rae ¢ coaepxkurea B [a, O]
[eomerpuveckult cmpica mocneaselt dopuyan sceH. Ilycts f(x) << 0.
Paccmotpum  Kpuosunednyio d¢urypy ABCD (puc. 5) mom Kpuso#
y=/f(x). Toria niowagb KpUBOIUHEHHOR QHrypH (DHpaxaeman
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ONpele/IeHHLIM HHTErpajsoM) paBHa MAOWAAN NPSMOYrOJBHHKA C TeM ke
OCHOBAHHWEM M C HEKOTODOH cpelued OpAMHAaTOH LA B KauecTse BHICOTHI,

10° O6o6wennan meopema o cpednes snauwenun. [Tycms 1) f(x)
u g(x) unmezpupyems. 8 nposmescymre [a, bl; 2) m=<f(x)<<M;
3) g(x) 60 Gcesn npomesxcymue e Mensem 3nara: g(x)==0[g(x) < 0].
To20a®

b b
(/) g)de=p{gx)dx,

20e m<<p<<M.

Ooxasatrabcrso. Ilycts chavana g(x)=0 n a<b; Ttorma
uMeeM

mg (x) < f (x) g(x) << Mg (x).

W3 310r0 wHepaBeHcTBA, Ha OCHOBanMM CBOMCTB 6° u 3° noayuaem

b b o
mSg(x)dngf(x)g(x)dngSg(x)dx.

Beuny npeanonoxenuss o @yuxuun g(x), no 3° umeem

b
Sg(x)dx>o.

a

Ecan 5TOT muTerpan paeeH Hyaio, TO M3 NPeLbLAYILHX HEPADEHCTB ACHO,
4TO ONHOBPEMEHHO TAaKXe

b
{0 g de =0,

a

B YTBEDXIOCHHUE TEOPEMbl CTAHOBUTCA OUYEBHIHbLIM. Ecmn xe HHTErpan
6oabiile HYyJs, TO, pAasAenuB Ha HEro BC€ 4aCTH M[OJYUE€HHOrO BHIWE
ABOHHOrO HEPABEHCTBA, NOJOKHUM

14

/g (x)ax
a =P‘

b
Sg(x) dx

a

u npuaem Kk tpebyemomy pesy/bTary.

* Camoe CyUlecTBOBaHKE HHTErpana oT npoulsefenus f(x)g (x) cnenyer
u3 299, [I. Bopouem, MOXHO Gbin0 Gbl BMECTO MHTErpHPYCMOCTH GBYHKUMHM f(X)
HENOCPEACTBEHHO NPERIONOKHTL  WHTETPHPYEMOCTb  CaMOrO  NPOMU3BENEHHH

f(x)-g (X
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Ot cayuas a<b Jerko rmepedTH K cayyawo @ > b, PaBHO KaKk OT
npesnooxenna g(x)==0— x npeanonoxeunuio g{x)=<0: nepecranoska
npeaenoB WM M3MeleHue 3HaKa g(Xx) He HapylwaT paBeHCTBa,

Ecim f(x) nenpephnBHa, TO 3Ta dopMyna Moxer OwlTb 3anucana
ciaeayounm o6pasom:

b b
Vf(0) gx)dx=1(c) Sg(x) dx,

a

rae ¢ cogepxutes B |a, b]

305. OnpenesieHHbI WHTerpas .Kax (yHKIUHSA BepXHero npenena.
Ecan dynkums f(x) auterpupyea B nposexyTke [a, b] (@==b), TO
[299, lll] oxa uuTerpupyeMa M B npoMexyTKe |a, x|, rAe x ecTb Joboe
anauenne u3 [a, b]. 3amenun npegen b ONpeNEsCHHONO MHATErpasa nepe-
MEHHOH X, MOAYuHM BhipameHue ®

X

o=/, (1)

KOTOPOE, OuYEBMIHO, ABJASETCA QYHKUMER OT x. IJTta QyHxuHa obramaer
CAeNYIOIMMH CBOHCTBaMu:
11° Ecau ¢pynryus f(x) uumezpupyesa 6 [a, b}, mo @ (x) 6ydem
Henpepsl8HOL PYHKYlteld OMm X 8 MOM JIKe NpoMeNcymKe.
Hoxaszareabctso. flpnias x mpou3so/bHOE NMpupautenne Ax =~h
(c Tem auwb, ¥4TOOBI X - A HE BHIXOAMIO 34 MpEAE/bl PACCMaTPUBAEMOrQ
APOMEXYTKA), NOAYYHM 11O BO e 3Hayenue QyHkuun (1)

x+h x x+h
Sx+h= | fyar={+ §

[em. 2°], Tak uto
x4+ h
P(x+h—0x)= { f()at.

X
TlpumennM K 3TOMY HHTErpajy Teopemy O cpeade 3nauennn 9°
D (x4 h) — D (x) = ph; @)

31ech b COAEDWUTCA MEXAY TOUYHLIMH rpaHnuamu 72 n M dyukuun f(x)
B npomexyTtke [x, X k], a cienosaTesbHo, M NOAABHO MEXLY (MOCTO-
ANHBIMH) FPAaHULAMH €e pz M M B OCHOBHOM NpPOMEXKYTKE [a, ] **.

* [lepeMeHHY HHTEIPUPOBAHHA Mbl OGO3HAUMAM 31eCh Yepes £, yTobwl Ie
CMEWHUBATL CE € BEPXHUM NPEALIOM X; PA3YMEETCA, H3menene 0603 HaAY e HH A
1EepeMEHHON HHTErPHPOBAHHH HE OTPAMAETCA Ha BENUYHMHE HHTerpana.

*% HanoMHuM, 4TO MHTerpupyemas QyHKUHA Orpanuyena [295].
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Ecnu ycTpeMuTs Tenepb h K HYJIO, TO, OYEBWAHO,
D(x~4-h)— Q)= 0 nm P (x~-h)— (),

UTO W [OKA3BIBAET HENPEepbIBHOCTb PyHkuun D (x).
12° Ecau gyuryiio f(t) npednonroscums nenpepb 8 Hod 8 mouke
t=x, mo 8 amoid mouxe Gynxyun ©{x) umeem npouzsodunyw, pas-

o f
e 7 Q" () =/S(x).

HokasaTeascTno. JeAcrsuTeanno, us (2) umeen

Eifltlgizlgif?::P, rae ”fsggxsézwf
Ho, BBuay wenpepuBrocTy (yukunn f(¢) npu {==x, no moGomy & >0
naftaercs takoe 3 >0, uro npu | k| <3

f(x) —e<SfO<S(x)-e

AAs Beex 3HaueHul ¢ B npomexyrke [x, x 4~ h]. B Takom caysae nmeor
MECTO M HepPaBeHCTBa

fl)—esm <psM=<f(x)+s
TaxK 4To
e — f(x) | <.
Tenepns 4cHO, uTO
O () =lim

M) —d(x)_
P h

lim p = f(x),
A0
yto M TpedoBaiOCL AOKA3aTh.

Mbl OpHIIM K 33KCTIOUEHNIO, MMEIOILEMY OFpOMHO€ NPUHOWNAAIBHOE
W mpukaagHoe 3Hauexne. Ecaw mpeanonoswuts dyukumio f(x) nenpe-
PBBHON BO BCeM mpomewxyTke [a, b], TO owa uHTerpupyema [298, I],
¥ MpeApAyulee yTBEPXAEHHE OKAa3LIBAETCRA MPUJIOKMMBIM K 1060 H
TOYKE X 3TOro MpOMEXyTKa: npou3sodnas om unmezpara (1) ro
nepeMenroOMy BepxHeMy npedeiy X 6e3de pasua 3uaxento f(x) nod-
unmezparsHol PYHKYIL HA 3mMos npedene.

Hrotmu cnosamu, 04n nenpeps 8rnoil 8 nposexcymie |a, b
pyneyun f(x) 8ce2da cywecmsyem nep8ooUipasHasd; NPUMEPOM  ee
aeasiemca  onpedenennstli  uwimezpar (1) ¢ nepemennsiM  8epXHIUM
npedenoAt.

Taknm 0O0pa3oM, Mbl, HAKOHEW, YCTAHOBWJIM TO MPEANOKEHHE, O KO-
TOPOM YNOMUHAIM ewe B 264, )

B vacthoctn, MBI Tenepn moxeM 3anucate yskunmn Fu E Jlewarapa
1293} 8 puge oMpeREAEHHBX HHTErpPasos

@

Fib, ¢)= § a8

¥
T k, = l —k2 i 2elie-
YV I—%k¥sin® b Eh 5) § 4 S
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Mo poxaszankoMy TOABKO uTO, 9T0 GYRYT N1€pPBOOGDA3HBIE QY HKLHH, COOTBETCTBENIIO,
s GyRkuMi
1

V1<-Esinte’

R nputom ofpawawourecs 8 0 npu o =20.

V1i—k¥sinfe

3AMEUYAHUE YTBEPKAEHHA, NOKA3AHIILIE B HACTOAWEM n°, JErko
pacnpoCTPAHAIOTCS Ha CayuaH unTerpajia € NEPEMEHHBIM H M XK HMUM Npe-
zenom, tak kak (1°)

4 x
{fWat= —(f@at
x b

ITpouseoaHas OT 3TOr0 MHTErpasia MO X, OYEBUAHO, PaBHa — f(x)
(echn X €CTb TOUYKA HENDPEPBIBHOCTH).

306. Bropas Teopema o cpexHeM 3HauyeHWH. B 3ak/oueHuwe ycra-
HOBHUM E€IlE OAHY TEOPEMY, OTHOCALLYIOCA K HMHTErpany OT NPOH3BEAEHHSH
ABYX QYHKUHA

b
I={f(gx)dx.

Ee npeacrasasor B pasHbix  Gopmax. Hauwem ¢ 1okaszareabcrna
CNEAYIOWErO MPEANOKEHH:

13° Ecau 8 nposescymue [a, b](a<b)[f(x) Mmonomonno yGeisaem
(xoma Obt 8 wupoKom cMucAe) u HeompuyamearsHa, a g(x) unmez-
pupyexsa, mo

b £
/() g dx=1(a)f g(x)dx, ®3)

20e & ecmb newomopoe 3nadenue U3 HA3BAKHO20 NPOMENCYMKa.
PasGus npomexyrox [a, b] npou3soabHblM 06pa3oM Ha 4acTH € mo-

Mowbo Touek AeneHns x; (i=0, 1, ..., n), npeacraBuM unterpaa |
B BUIE
—1%i4] n—\ *i41
2 { " Twe@)dx= Zof(x) { edx+
i=0 x5 i= ]
AV %iql
+ 2§ Ve —/Elewde=otr.

Ecnu yepes L 00603HaudT» BEPXHIOI0 TpaHumy ans dyHkmun | g(x)],
a uepes w; (Kak OOmYHO) KoaeGaHue (yHKunMW f(X) B i-OM NPOMEKYTKE
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|x; x;1] mamen Ax;, TO, OueBMIHO,

n—1%i41 n—1
lpl=s Z S [fx)—F(x)||g(x0)dx <L Z w;Ax;.
i=0 xy i=0n

Orciopa BBHAY wHTerpupyemoctn ¢yuxkuuu f(x) (298, 111} scuo, uro
p— 0 npy A—max Ax; > 0, Tak uro

I=Ilima.
A0

Beenem rtenepb ¢yHKUMIO

X

G(x)={g(t)dt

H C €€ NOMOoUlbI0 nepenuniieM CymMMy ¢ TaK:

n—1

o= Z F ) [G ) — Gy
i=0
WM, HAaKOHEL, PacKphBas CKOOKM W HHAue TPYMIUPYS CAArAEMHIE,

n—1

o= Z G (x) [f (xxi20) — S (2] - G(B) S (x0,0)-

i=1

Henpepoisuas ¢yukups G(x) [305, 11°], npu usmeunenus x B upo-
Mexyrke [a, b|, umeeT Kak HauMenbllee 3HaYeHHe M2, TaK W HanbGoJbluee
aHauenne M [85]. Tax kak BCe MHOXuUTENH

f(xi—l)—f(xi) (ﬂpH =12 ..., ﬂ—l) H f(anl))

B CHJY CHENaHHBIX OTHOCUTENbHO (YHKUHK f(x) mpennonoxeHuf, Heot-
puLaTefbHbl, TO, 3aMelifna 3HaueHus (G COOTBETCTBEHHO uepe3 m U M, Mu
NOAYYUM ABA YhCAa:

mf(@) w Mf(a),

MEXIY KOTODHIMM COINEpPKUTCA CcyMMa o, Meway TeMu e uucaaMa,
OueBMIAHO, CONEPKMTCA W uHTerpan | Kak mpenes 35TOH CyMMbl, han
uHaue

= l"‘f (a)y

roe m=<<p=cM. Ho, no nenpepmsroctn ¢ynxuun G(x), B mnpome-
3

xyTke [a, b] naitmercs Takoe 3nauenue %, uto p—G(§) (82]). Toraa
I=f(@G)

YTO paBHOCHABHO opmyJse (3).
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Auanoruuno, ecan ynxgun f(x), ocmasasncs weompuyamersrod,
AlOHOMOKKO B03DPACMAEM, MO llMeem Mecmo (HopryIa

b

b
(/e dx=/()[eg(x)ax
a £

rae a<<k=cb Dm Qopmyan o6HIuHO Ha3bIBAT gopmyrasmu Bonne
(O. Bonnet). Hakowneun,

14°. Ecan coxpaHime MOAGKO NPEONOAOHCEHIE O AOHOMOHHOC M
Pyurgun f{(x), ne mpebys ee HEOMPUUAMENSHOCHUI, MO  MONCHO
ymeepycoams:

b b

£
{f(gmdx=r(){gx)dx+[(6)|g(x)dx )
a a £
@=<t=<b).

JelcTBuTe bHO, NYCTh, HAaNpuUMep, GyHKUHs f(x) MOHOTOHHO YGbiBaeT;
TOIAd, OYEBMIHO, pasHOCTh f(x)—f(b)=0, ¥ CTOUT TOJBKO K STOH
(yHKuuM npumeHnth GopMyay (3), uToGn nocse nerxux lpeoGpasosanuit
noJyunTs (4).

[oka3zanHaa TEOpeMa W HOCHUT Ha3BaHHE 8/M0pOl meopems. 0 cpedres
sravenun |cp. 304, 10°].

Crenylolwee npocToe 3amedaHHe MO3BOJNET NPUAAT> el HECKOJBKO
Gonee obwyio copmy. Ecau usmenutb 3uauenus dysxuau f(x) B TOurax
a ¥ b, B3aB BMECTO HUX ao0bie uncia A w B MOA yCa1oBHEM auilb

A= f(a-}+0) u B<<f(b—0) (ecan f yGsisaer),
A<f(a+0) v Bz=f(b—0) (ecan f Bospacraer),
TO HE TOJBLKO B3HaueHWe HHTerpana [ HE W3MEHWTCRA, HO M COXPaHUTCA

MOHOTOHHOCTb (YHKUMH f(x), Tak uro no o6pasuy (4) MOXHO yTBep-
XAATh

b € b
{fexydx=A{g(x)dx+ B{g(x)dx. )
a a ¢
B uacrHoCTH,
b 3 b

{f(nex)dx=/a+0){g(x)dx+fo—0){g(x)dx. (5%
a* a £

3aech, Kak M Bowe, § 03HAYaET HEKOTOPOE UHCAO W3 MPOMEXYTKA
[a, &), HO OHO, BOOGuIE rOBOpS, 3aBACUT OT BuGopayncea Au B.
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§ 3. BriyuucaeHne W mpeoGpa3oBaHue ONpeleJeHHBIX
HHTErpajos

307, BrpiyncneHHe ¢ NOMONbIO HHTerpatbHblx cymMm. I[lpusenes
pAR NMPHMEPOB BLIUHCAEHHR OMNpEReReHHOrO HHIerpaJ/a, HenoCPEeACTBEHHO
KaKk npesena HHTErpajbHbLIX CYMM — B - COPJIACHH € €0 ONpeAeJieHHEM.
3Hasi Hanepeg, 4TO MHIErpas’ AR  HenpepbiBHOW (YHKUMH CYWECTBYET,
A8 BHIGMCAEGHUS €ro Mbl MOXeM BHOWpDaTbh pa3dueHue npoMexyrxa
® TOUKM §, DYKOBOACTBYSCh HMCKJIOUHTENbHO COOGpaXeHusmn yanoGersa,

b
1)) Sx"dx (a, b — npou3poabHBIE BeUIECTBEHHbIE YMCAA, a R — HAaTypaabHOC
pt .

uHCa0).
a

CHayana BHIYHCIUM WHTErpan Sx",dx (a#£0). Tposexyrtok [0, a) pazoGbenm
0
Ha N paBHBIX YacTefl, a B KaKAOM UACTHYHOM nNpOMexyTKe ¢yHKupp X7
BLIVMCINM [AA €ro npaBoro Kouua, eCin a>0, B ana nesoro— npu a <0,
Torga WHTerpanbHas Cymma

n
I \* a 18428 L 4 nk
a, = 2 (F_aj " = gk*t! e
i=1
W, €CIi yuecTb npuMep 14) n° 33,
a

kg . aktt
xkdx = lim ¢, = ———,
S P
Q
OT1croaa ywke HETPYAHO NOJAYYHTb H 06ulyt0 GopMyny
? b é BRt1 B+r
) —a
kax — — =
foaem - i
a 0 0

13
2) S xPdx (b > a> 0, p — 1pou3BOAbLKOE BEILECTBEHHOE YUCIO).

a N
Ha otor pa3 Mul pasoGbem npoMexyrox la, &) na wepasu e vacry,
a2 MMCHHO MCXAY a M b BcTaBum n— 1 CPENHHX reoMeTpuueckux, Mummu cio-

BaMy, NOJOWHB
)
qg=4qn= 7’

paccMoTpHM DAL uHCend .
a, ag, ..., ag*, ..., ag*=a=a.

3ameTuM, UTO NPH 7 — 0O OTHOUIEHHE ¢§=¢p,— 1, pasHocT ke ag'*' — ag!
BCEe MeHbille BeAHyuHbl b(g— 1)— 0.
Broyncana QyHKUKIO NIA 1€ B bl X KOHUOB, HMEEM
n—1 n—1

op= igo (ag')* (agi*! — ag) = a¥*! (g — ]).-Zb (@)
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Tpennosoxnm tenepn p 7= — 1; Toraa

(wa‘ g—1

an=akti (g — 1) = (Bp1— o>t

grrE—T] T

W, HCNOAL3YA Yxe u3BeCTRuM npéaea [npumep 3), (8), 77], noayuuw
3

. —1 Hrrt— gi Tt
xbdx = lim o, = (6 — a**1) lim 7 =

S noa ( )q—-l grtt—1, et

a
B cnyuae ke p=—1 Gynger

an=n<qn—1>=n(17§—lj,

W Ha OCHOBAHKYM NDPYIOro W3BECTHOrO pe3yinTaTa [taM we, (6))
° n
dx . . b
S = lim o= lim nu/:—l):lnb—lna.
X n—co n—co a
a

b
3) Ssinxdx. Pasneaus npoMexyToKk [a, ] Ha n paBHEIX YacTeir, MOTOWAM
a

b—a .
h:-n—; GYHKUMIO SiNX BWUMCIMM Ias8 NpaBbl X KOHUOB, eciu a<lb, H

N4 AeB X npu a> b Torna
n
ap==h Y sin (a4 ih).
i=1
HaﬁllEM CXAaToe BHIPpAXEHHE a1 CYMMBI CrpaBa. Y MHOXHB U pa3nenuB ce
Ha 2 Siﬂ7, a 3arem npeacTtasBiass BCE claraeMmbiec 8 BHAE PAa3HOCTH KOCHHYCOB,
ACTKO NONYUHUM

n n

2 sin (a -+ {h) =

1 . R
7 2sm(a+1/z)sm7-—

i=1 25in§1,=1
n —_— —_—
= ! 2 cos(a—%—i—ilz)—cos(a—*—i-*-ih) =
. h 2 2
2Slﬂ—i=|
2
cos(a—*—%h)—cos(a—%—n—%——%h)
2sin£ ) (
2
Taxum o6pasow,
L)
2 1 1
anzm—ﬁ[cos(a—{-?h)—-cos<b+7h)],

2
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Tak kak h— 0 npu n— oo, 10
b h
. . 2 ) Iy
sinxdx = lim cos(a—}——h)—cos (b—}———h\J:cosa—cosb.
r—s0 . h 2 27
Sifl -
bt 2
AHANOYYHO, UCXOIA U3 9AeMEHTAapHOR (opMyne *
“ sin(g—{—n—{—?lh)—sin(a—}——;-h)
cos (@ + ih)y = y; ’ @
. {3
= 2sin =

2
ACIKO YCTAHOBHTb, UTO

b
S cos x dx=sin b —sin a.
a

4) Utolbi NaTb MCHEE TPUBHAMbLHLIA MpUMEP, PaCcCMOTPHM HHTErpal

L3

§ In(l —2rcosx 4-r¥) dx,

o6biuno ceassisaemoull ¢ umenenm [Tyaccoma (S.-D. Poisson). Tak kax
(1—|r)P<l—2rcosx-r?
To, mpeanonaras |r| =1, BHAHM, YTO MOAMHTErPanbHAA (QYHKIHA HENPEPHIBHA,
M WHTerpaia CyluecTByert.
Paznenus npomexytok [0, =] Ha 7 paBHbIX yacTell, HMeeym
n
T T
o= — In 1 —2rcosk — 4-r*|=
"on 2 ( P
k=1
n—1

=%ln [(l+r)5]I(l—2rcosk :‘—l—}—rz)],
¥ =

roe I1 ectb 3Hak nmpoussegeHu A C Apyrok CTOPOHbLI, U3 anredpui HiueCTHO
pasnoweHde ¥*

n—\
z”‘—]:(z"—l):[_[(l —2zcosk7:£+ 12)_

k=1

¥ Kortopas noayuaetcst u3 (1) 3amenoit a Ha a—{—%,

** Y yuTbiBaA 3HAYEHHSI KOPHelH CTemeHH 21 U3 eAHHHULI, HMEeM Takoe pas-
noxenue z** — 1 na avHeiHble MHOXHTEIH:

n—1

2 — 1 = I I (z—coski—isink—ﬁ),
. n n

R=a—n
rae / eCTb MiMMaa eavuHuua.
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WMcioassys 310 TOMAECTBO NPU 2 =r, APEACTaBUM o, B BHIE

0y ="1n {:—i—l (r‘-”‘—])}.

n 1

fycts teneps |r| << 1, Torma r¥*—0 n
kd

gln(l—Qrcosx—{—r:') dx= lim ¢, =0,
0 n—o0
Ecan we {r|>1, 1o, ncpenncas o, Tax:

2
a,,:iln{r—*_lg}—{-?zln:r[,

n r—1 rn

Bangem
k4

\in(l—2rcosx +r)dx=2rln|r|
b

YuraTens BUIMT, 4YTO NpPAMOH Crnocol BHIYNCAEHUS ONpeNeNeHHOro
HHTErpania, KaK INpemesa cyms, r1pedyeT MJaxe B npoCTHX ClyyasX 3na-
UMTENBHBIX YCHAMH; HM 0OJb3YyIoTca peako. Haubosee mpaxruuueim sas-
JSeTCA MpHeM, u3naraeMull B cleaywoweM nc,

308. Ocnornas ¢ropmysia KHTErpanbHOro HCHYHCJIeHHsA. Mbl Bugenn
B 305, uT0 414 HempepuiBHO# B npomexyTke [a, &) dynkuun f(x) uure-

rpaa
E

D ()= f()at

a

oKasnpaeTca mepBooO6pa3Hof dyuxkunedr. Ecan F(x) ectvb awbasn
nepsoobpasuan  aas f(x) QyHxkuma (Hanpusep, HaHIEHHas METOAAMM
§§ 1 —4 npeasmiaywe#t raass), 10 [263]
D(x)=F(x)4C
[Mocrosunyto C Jerko ONpexeauTb, NOJOKHB 31ech X ==a, u6o
® (a)=0; Oynem nuersb
0=20(a)=F(a)4-C, orkyna C=— F(a).
OxoHuaTeAbHO
D (x)=F(x)— F(a).
Ecay BbILCAHTH MHOXHTEAM 2= 1 (OTBcyawowne k=—n u k=0) u
coGpaTb BMECTC COMPFIKEHMbIE MHOMXHICAM, TO MbI M NOXYUHM, UTO 2°#— | pagHo
n—1 2 2
o [ (ot = v oo g i) =
(z 1) .(z cos —isin ”)\z cos ”—{—zsmn =
B< |
n—1

=(zf»—1)]_[(l—2zcos%n+23).

=1
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B uactHoctH, npu x =»5 noayuum

b
O (b)={/(x)dx=F (b) — F (). )

a

D10 — OCHOBHAR BOPAMYAQ UHMEZPANSHORO UCHUCACHUA ¥,

WUTax, 3wanenue onpedeneHHO20 UHMEPAIQ  BHPAICAENCA
pasiocme) 08yx 3Hadennd, npu X==b u npu x==a, a000i nepso-
obpasnoil ynxyui.

Ecau npuMenuTs K WHTErpany teopemy o cpeanem [304, 9°] u Bcnom-
HUTb, uTO f(x)==F'(X), T0 NOAY4HM

F)—F@=f()(b—a)=F (c)-(b—a) (a<<c=b)

unTatenb y3HaeT B stom opmyay Jlarpanxa [112] aas dynkuny F(x).
TakuM 00pasoM, C NOMOWBIO OCHOBHOH (opmyibl (A) yCTaHaBiuBaercd
CBAI3b MEKAY TEOPEMaMu O CpelHeM B AW(QepeHUUanbHoM H UHTErpab-
HOM HCHMC/IEHHH.

dopmyaa (A) daeT 3hQEKTHBHOE M NPOCTOE CPEACTBO A% BHUUC/E-
HAR OTPele/IEHHOrO MHTErpaza OT HenpepuiBHOH dywkuun f(x). Beas
IS pRda OPOCTHX KJACCOB TaKuX (YHKIMH Mbl YMEEM BHDaWaTh NEPBO-
06pasHyld B KOHEUHOM BHIE UYEpe3 3JeMeHTapHble GyHkuud. B sTux
¢Ayuadx ONpeneneHHs! MHTErpad BHUYHCJAAETCS HENOCPEACTBEHHO 1O
OCHOBHOH pOopMyJe. 3aMETHM JHIIb, YTO Pa3HOCTb CnpaBa OOHMYHO K30-
OpaMar? CUMBOJIOM F(x)‘Z(«naoMHaﬂ NOACTaHOBKA OT @ 10 b») u dop-
MyJy OHWYT B BHAE

b
{f(x)dx=F(x) |f;. (A%)

a

Tax, nanpuMep, Cpasy Haxomum:

b putl__ gt
s w1

b
) S"”"x= — @#—1),

1

2) gd'(:lnxb=lnb—lna @>0, o>0),
. a

x

* D1y ¢opMysy HasmBaloT Takke @opmyaroi Howmona—Jeiio6-
#uy a. UnTateds BHIMT, YTO PaCCYXICHMA 3MECh BMOJAC aHAJIOIHYHB TeM, KOTO=
PHIMH M NOAb30BaiMCh B 264 npH Buhiuucaewuu @yukuun P(x) u nnowagu P.
Cama ¢opmyna (A) aerko moraa 6bl GbiTe NOAyyeHa CONOCIABAEHHEM PE3Yibe
TaToB nn° 264 u 294.
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3)

sin x dx == — cos x \Z =cosa—cos b,

cos x dx = sin x |° =sinb—sina
a

Rmy OO

— peayabTaTel, He 6e3 TpyAa MOJIyYeHHbie HaMy B mpemsrAyulem n’ [cp. mpu-
seper 1), 2), 3)]*.
309. TNpumepbt. [lpusencs JatbHehuide nNpHMEpsl  HCN01b30BaHMA Qop-
Mmyasl (A)
T

4) (a) 5 sinmx sin nx dx =
-7

=0, (nm)

_ i [sin(m—n)x_sin(m+n)x']

2 m—n m—-n

in2 4
[x_ﬂ‘%"’_x.] | == [cm. 67, 17), 18))

| —

L3
(6) S sinfmxdx =

AHaa0ruyHo

L3
(8) S sin mx cosnx dx = 0,

—-=

k]
(r) S cosmxcosnx dx=0 wuny =, cMOTpA mo TOMY 6yzer nu nz£m

—%

fap n=m.
5) Ha#iT 3nayeHua HHTErpanoB (/m, # — BaTypalibHbie 4HCIA);

dx

i
2
sin 2m —1) x
sin x

ol

© § (G e
0

Yxasanne (a) Uz dopmyswr (2), nonarags 8 mHeit 4=0, h=2xu
1= —1, MOKHO BbIBECTH, uTO

+ Z o8 2ix = sin(@m — 1) x

T 2sinx
i=1

* {ipumep 4) npensulyurero n° yxe He MO¥ET ObiTh HCYEPNaH Tak NpocTo,
60 COOTBETCTBYIOUIHI HEONPCAEAEHHBHE MMTErpal B KOHEYHOM BHAE HE Bhipa-
waerca,
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Orciona, Tak Kak OTAeAbHble Craraemble JCIrKO HHIErpupyworca no ¢gop-
myne (A), cpasy noayvactcda

T

s‘ sin(2r(z-— 1) x dx=",

. sin x 2

(6) U3 dopmyabl (1), monaras a=—x, h=2x, Halnem

n
— sin?
2 sin @m — 1) x — 1 c9s2nx ___sm nx.
2sinx sin x

m=1

OrTcioaa, ecad HCIIONb30BaTb npenbmyuuu"i pesyanTar,

sm nx n
X=N-—5,
smx 2

l~:>|

6) Boiuucautb MHTerpan

dx
V=2 YV I=2x

ree 0 <o, <1
Ecan B (popuyne 283 (6%))

ax—}-%—*—V’E Vax*fbx+c|+C

S _dx 1 In
YVa*+bx+c Va
OTOMIECTBHTb

ax? 4 bx + ¢ = (1 — 2ax +a?) (| — 28x + §),

10, sUddepeHunpya, naiuaem
ax = (1 — % 4 5 —B (1 — 2ux 03,

OTCI0OAa ACTKO BLIBCCTH, YTO NMpH X = | BLIPAXCHHE, CTOALCE NOA 3HAKOM JOCa-
pudma, MOMYUHT 3HAUEHHC

—a(l—f—8(l—ap+2Va(l—a)(—f) =

= (Vi(l—=p—Vid—af ==V +Vay
a npu x =— | 3navenne

—(VE—VErA—V AL,
TakuMm 06pa3oM, OKOHYATEAbHO [N HCKOMOrO MHTErpana NMONYyvyaerca fpocroe
BbIPAMEHHE _
' 14+ VB
Vai 1—Va’

3aBHCALLee TONbKO OT NPOM3BENCHHA af *.

* Hajup BLIKNAAKK O€3ynpeuHbl AHIUL NPH a 7P, HO Nerko BHAETH, YTO
pe3yabTat BepeH W npu a==f,
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33MeTUM, YTO NPH BBIBOLE OCHOBHOH (DOPMYaWl HaM Ha fenc He 6u110 HanoG-
HOCTH Tpe6oBaTh, 4TOOH (QyHKUMA F (x) Ouina gna f(x) nepaooépaaﬁon B 34 M-
KHYyTOM mpoMexyTke |a@, b]. Omupasce Ha caenctsue n° 131, nocraTouo
6u110 Gbl MPEANONOXHTL STO QA8 OTKPbLITOL O NPOMEXYTKa (a, b), Auws vt
moAbKO U Ha KOHyax €20 PyHryuf F(x) coxpausiaa Henpeppl8Hocms.

TosTomy, Hampusep, Mbl HMEeM RPaBO nucaTth [268]

a na®

—a 2

- 2
51/(12 x*dx_[——xV(r x—{—%arcsin%]

XOTR MpH x == * a BONPOC O MPOU3BOAHON HaWaeHHOH nepBooBpa3Hoil eule Tpe-
60Ban Gul MCCAENOBAHMA,
Hexoropoe 3aTpyaHcHHe Mbl BCTpEYaeM NP BbIUHCIEHHU HHTErpasna

t—r
8 Sl—?rcosx—l—rzdx O<r<i,

TaK Kak Hafizennan B 288, 13) nepsoo6pasnan

F{x)=2 arctg (l+rtg )

HE MMCET CMBICA2 NpH X — * . OnHaKO CyulecTBYOT, O4YeBHUINO, aperennl
lim Fx)y=—mn, lim F(x)=nm,

x— 0 x=>n -0

W €CRH, KK OGBIYHO, MONOKHUTL F'(— =) M F(n) PABHBIMH HMEHHO 3THM lpele-
naM, TO QYHKIHA F(x) 6yneT He TOJAbKO oOMpeNeneHa, HO W HEMpPepbIBHA HA
KOHUax npomexyrka. [Tostomy BCe we umeem

¢ | —r® =
S ma’x_F(x) _K_F(n)—F(—n)—.%.

9) AHaJNOrMUHO BLIYKHCIAETCH W WHTErpan

1
N
dx
A c0s” x +- 2B cos x sin x 4 C sin® x

(AC —B*>0).

[

Mor ywe uvenn |288, 10)] Boipaxenue mepsoo6pasuott

F= Vrcljz arclg ({/I/gag ==
NpUroanoe nis —7<x <-~ Orciona
7 . 770
SrAcos”x—f—ZBcosf’sinx—{—Csm"’x =F _% +0:Vﬁ’

z
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T ki
[IpHUEM 3HAYKH ——7—}—0,7——0 CHMBOAM3WPYIOT HEOOXOAMMOCTb 6paTs COOT-

BOTCTBYIOUWME TP e 1€ MbH bl € 3Hauenns Pyskunn F(x).
10) Ecnu npu BHIWHCAEHMH huTerpana

i

S x4
é—xwi dx

WCXOAHTL U3 QOPMANbHO BLIUHCICHIHONA 11CPROOGDAsHOl

_ rerg 3=
3 gx‘—4x"+1

H ROACTaBHTb Cloga x=0 W X =1, TO A3A HHTCrpafa MOJYYHTCA NAPANOKCaNh-
Hoe 3HaveHpe O (MHTerpan OT MONOXHTCAbLHON (YHKUAH HE MOMCT HMETb
HyneBoe 3Hayenuel).

Oumbka B TOM, YTO .9TO BbIpaweHHE HCNBLITHIBACT CKAYOK npH x =
= 1/2—V3:x0. EcAM nopo3Hb BHYMCIATL HHTerpaasi 0T 0 10 Xy U OT X,
10 1, TO NoayyuTCs MpasuibHbIA pe3yabrar

|

§=

11) Jlerko BHIYMCAHTL, ¢ NOMOULbIO NepBOOJpPa3nbIX, HHTErpanhl

1

x0+0_

xo—0

0

x
7

2
Sé—v:lnx‘ =12,
X 1

i

1

95 arctg x| ==
A I+x EX =17

Ecnn Bcnowuuts © CTPEMACHUH K HMM COOTBETCTBEHHBIX HHTErpPaibHBEIX CyMM, TO
MOXHO {IONY4YHTb, HANPHMEP, TaKHE NpeleibHble COOTHOUIEHWA.

. 1 1 |
ngn@(ﬂ_ '*‘l+"—+2+"'+"_2n):l”2'
Jhm (,12_*_—12+m+-..+-2i’12).n_ 4'

310. [Ipyroit BbBOX OCHOBHON (POPMYJNBL YCTaHOBMM TENEPH OCHOB-
uyo Gopmyay (A) mpu Gosee obwmx npeanoaoxenusx. Ilycre dyux-
uua f(x) MuTECpHpyEMA B NpOMENYTKe [a, b], a HenpepuBHad
B [a, b] dyuxuus F(x) nmeer f(x) csoed mMpOU3BOAHON

F(x)=/(x) 3)

nosciony B (@, #) WAM Oake Jub NOBCIOAY, HCKINYad KOHEYHOE
YHCNO TOUEK.
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Pazobbem npoMexyTox |a, b] npow3soJpHhM 0Opa3om Ha uyacra

TOUYKaMH
o=y < 2 < Xg<... ;< Xp1 ... Xp=0b

!nozaboruBlwinch AWWb O TOM, 4TOOB B WX uncae OHJIU BCE Te
TOYKH, TI€ HE UMEET MeCTa COoOOTHOWeHne (3), ecau Takue
Toukd ectb]. Ouesnano, Oynem uMeTsb

n—1

F)—F@)= D} [F(x)—F(x))
[==0
[Tpumenum x KaxooH W3 pasHoCTeH, CTOAUIUX MOA 3HAKOM CYMMH,

$OpMyny KOHEUHBLIX NPHPALIEHHH, — YCAOBUA LA €€ [PUMEHEHHS BCe
BuinoHeHs. Toraa noayunu

n—1
F(b)—F(@= D, FE)(xm—x)
=o

roe § ecTb HexOTOpoe onpeneneHHoe (XOTS HaM He W3BECTHOE) 3Haue-
HUE X ME@XAY X; @ X,y Tak Kak 418 310r0 3Hauenus F () =/ (%),
TO MH MOXEM HAlnCaTh
n—1
Wl
F(h)—F (@)=, fE)Ax,

i=0

Cnpasa noayunaacs HHTerpajibHas cymMMa o aas dyHxuud f(x).
Mp npeanonoxnau, uto Aas cymmbl o npu A — 0 cywecrsyer onpene-
Jeuusll mpenes, He saBHcawmd ot BoiGopa uucea §; CienosaressHo,
B 4ACTHOCTH, H4WIa CyMMa, COXpaHAowWas (Mpy yKasaHHOM BrGOpE 9TuX
YHMCEN) MOCTOSHHOE 3HJueHue, TAKXXKE CTPEMUTCH K HHTErpany, OTKyla
B BHTEKAeT, 4To

b
F(h)—F@={/(x)dx

a

B npennayiieM n° Mbl C NOMOUI6I0 OCHOBHOR (hOPMY/BI BHIUHCIAIN
onpenesenHeit uHrerpak. Ho owa moxer OuTb MC0/H30BAHA ¥ B ApY-
roM Hanpas/ieHuu. 3aMeHHB B OCHOBHOH dopmyste & Ha X, a f(x) Ha
F’(x), MOXHO HanucaTe €€ B Buie

F(x)=F(a) —}-§F’(t)dt.

a

Taxum 06pazoM, ¢ noMowlblo NpenelnHOro npouecca (W60 onpenese-
HhIl WMHTErpas’ ecTs mpened), No 3aAaHHOR npomsgodHoh F (x) «Boc-
CTaHaBJIHWBaETCA» nepBooOpasHas QyHKuus F(x).

BnpoueM, 3TO npegnonaraer, 4TO NpPOH3BOAHAS HE TOJIBLKO OFpaHu-
4YeHa, HO M HHTerpupyeMa B COrJacuu C PUMAHOBEIM ONDENEJEHHEM, 4TO
OCYIIECTB/IAETCA HE BCEraa.
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311. ®opmyas npusepenus. Mb Bugean, uTo ocHOBHam dopmyna
npu OJaroNpUATHRIX YCHOBHAX CpPa3y OaeT SHAYeHHe ONnpede/eHHOro MHTe-
rpana, C apyro# CTOpOMb,. C €€ NOMOWbIO pasiuyHble G OpPMY N B
OPHBEAEHHUS B TEOPHH HEONpeNeNeHHMX HHTErpaioB NpeobpasyroTcs
B aHAJOrHuHbie GOPMYAHL YK€ B ONPENE/JEHHBIX HHTErpanax, CBOAALLHE
BHIYUCJIEHHE ONHOFO ONPEAENEHHOrO HHTErpana K BHIUMC/EHHIO APYroro
(soofuie Gonee mpocToro).

Mu uMeem B BHAY Ipexae . BCero OpMyny MHTEr PUPOBAHHS IO YaCTAM

Sudv:uv—gvdu

u ee obobwenne [270 (3) u (9)], a Takwe mpyrue GOPMyas NPHBENE-
Hus [271 (6); 280; 287), uactuyno Ha HeH xe ocHoBaHyne, OGwaa gopma
HX TaKoOBa:

f)dx=0¢@x)— (g dx )

Ecnu oOsacTbio mpumeneHus noAoOHOH ¢GOpMynB gBASETCS HPOMEXY-
TOK [@, ], TO €d B onpeneieHHBX HHTErpazax oTseyaeT Gopmyna

b b
f(de=0p ) |, —[g(x)dx. ®)

a a

IIpu stom Qywkunn f, g 6ymem cuutath HENMpEpPH BHEBI M.
Ilas nokasareascTsa 0603HaunM nochenHUd HHTerpan B dopmyne (4)
uepes @ (x). Toraa
b
(f()ds=[¢ () — @) |s =7 ()]s — ()

a

b
2t

Tak kax, B TO ke BpeMms,

/]
feyax=0x|,,

a

TO MBI ¥ MPHXOMMM K NOKASHEAEMOH hOpMYJe.
B uacTHOCTH, GOPMy.la MHTErpHPOBAHMSA 1O YACTAM NPUMET Tenepb BRI
b .
b

Sudv=ttv|a—8vdu, 6)
a a

a0606mennas GopMyaa nepeHieT B Takywo:

4 -

uv ™™ dy = uo'™ — wo'™ VoA - (— 1) o] | -

o
H

+ (— N u Vv dx  (T)
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npu 3TOM NO-NPEXHEMY (YHKUMM 4, © B BCE BCTPEYAIOLINECH WX [POU3-
BOAHbIE MPENNOJaralTca HENpep HBHE MH.

®opmyna (5), yCTaHasaMBaoulas COOTHOLIGHHE MEXIY HMCJIaMu,
NPHRLIUITARILHO npowe Gopmyant (4), B KOTOPOR yuacCTBYIOT QY HKILH i;
OHa 0COOEHHO BHIrOAHA, €CH NBOHHAS NMONCTAHOBKA DaBHA HYJIO,

312, MNpumepst. 1) Boiugcnuts unrerpanu

Jn=

T
2z
sin™ x dx, J,= § cos™ x dx

o a] A

(NpH HaTypaabHOM m).
MuTerpupya no uacram, Haftdem

14
z

I =\ sin™ xd (—cosx) =
0

w0l a

T

. 2 R
= —sin™~! x cos X 0 +(m—1) \sin™ T x cos® x dx.

S

Dpofian nomcranoska o6pamaerca B Hyms. 3aMemsa cos?x uvepes 1 —sin® x
nonyuum

Inm=(n— D Jpny—(m—1)Jp,
OTKYla peKyppeHTHana dopMyra

m-—1

Im = Im_n

70 KOTOpPOR wHTerpan J, mnocaemoBaTedbHo NMPUBORMTCR K J, uam J,. Wmenno,
NpH m=2n umeem

2n—1)(2n —3) ... 3-1 =
2n-(2n—2) ... 4.2 2"

Jen=\ sin® x dx =

CLrs 0] A

ecan xe m=2n-}1, to

2n.-2n~2) .., 4.2
Rn+1)@2n—1)...3-1"

T
7

Jens = “ sin® ! x de =
b

Taxue we TOUHO DE3YALTATH NOAYHALTCA ¥ A4 J,.
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/las Gonee xOpOTKOM 3anucH HafileHHBIX BRIpAXeHUN BOCTMONb3YyeMCA CHM-
ponoM mil *, Toraa moxHO GyneT Hamucath

(m=Dn = npu m 4eTHOM
mll 2 ’

9
7
sin™ x dx = g cos?xdx=| (m— 1 @
Y —_— NpU m HEYETHOM.

Ste3iofa

mll

2) lloxa3zaTk ¢GOPMY b

cos™ x cos (m +2) x dx =0,

—
o
S o]

Oty o)

(6) \ cos™ xsin(m+2)xdx= AT
? sin ¢
() g Sm’"Xcos(m—l—Q)de:—m,
0
5 m
% ol —2‘”—
(r) \ sin™ x sin(m + 2) x dx =T
0

(rhe m— 110 60 € MONOWHUTENbHOE YHCIO).
Paccmotpum  uHTerpan

OE]

ey

cos™t? x cos (m +2) xdx

¥ NBAaXINbl NPOHIBEAEM B HCM HMHTEIpHPOBAHME (10 HACTAM:

cos”*2 x cos (m 42y x dx =

ol ol A

= _1_2 [cos™t2 x sin (n + 2) x — cos™*! x sin x cos(m + 2) x]

+

o oA

A

2
+ 3 lt_2 § [—(m 1) cos™ x sin® x - cos™"* x] cos (m + 2) x dx.
5

* Hanomnum, uTo m!! o3HavaeT MpOU3BENEHHEe HATYPalbHHX YUCEA, HE npe-
BOCXOAAWMX 1 M ONHOH CHUM YETHOCTH,
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lpotinas nogctaHoska obpawaerca 8 0. 3ameuas MON 3HAaKOM HHTerpana sin®x
uepe3 | — cos® x, npuaeM K PaBeHCTBY

1{2
\ cos™® x cos (m + 2) x dx ==
0
©/2 n/2
m+ 1 m +2 29 xd.
:_/n+2 cos™ x cos (m 4 2) x dx + \ cos™? x cos (m+2) x dx,
0 0

OTKYNa ¥ cienyert (a).
AHanoruyHo yCTaHABAHBAKTCA OCTajlbHble PaBeHCTBa.
3) Bmuyncauth (11pM HaTYypadbHOM 1) HHTerpaibl

g

x z
2 2

K,,=\ cos® x sin nx dx, L,l=\ cos” x cos nx dx.
0 0

Vinterprpys no uactam, 6ynem umeTb
x/2
Kp=—— S‘ cos®™* x sin x cos nx dx.

Ecau ® oBenm uacTam npu6asuTe no Kj,, TO npeo6pasys BblpawmeHHe noj
3HAKOM WHTErpana Crpasa, nerko NOAYYHTH

1 171
W=t Koy WA K=y (5 + Ko,
[lo sToit pexyppentHOlt dopMYyne ferko ywe Haftu

! 2 2% 22 n
Kn=—2,,T; <T+7+§+---+ —n—)
AwnanoruuHo ‘

T
= gpii -

Ly

4) Haiitu wnTerpan
1
Hy, =\ x* In™ x dx,
0

rie k>0, a m— HaTypaabHOe YHCJO,
WMuterpuposanne no vactam [cp. 271, 5)]

1
gxkln’“xdx:

1
_L & {nm-1
4o k+l§x1n xdx

i
xkrtinm x i
0

R4 1
NpHBOOHT K peKYppeHTHON dopmyre

m
le, m= k——}—_I Hy, m-n

OTKYAA M OOXyvaeTtcs
m!

Hk, o= (1" & F 1)m~?—T-
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Oco6eniocTh 3TOro mpuMepa B TOM, YTO B TOyke X =0 3HaueHHA KaK nMox-
WHTErpanbHbiX QYHKUMH, Tak W QyHKUMK nOld 3HaKoM MOLCTAHOBKH ONpeiaciaoTcs
Kak NpenenbHb € NpH x—-+0

5) Mo ¢opmyne (Ill) n° 280 wmeeM (CyHTas p U ¢ HATYPANbHHIMU UHCNAMU)

(1 — x)P x971

P
PR ES MRS S‘

YTO MPU nepexole K onpeleteKHbIM HHTerpanaM B NPOMEXYTKe OT 0 mo | naer

S (l—x)P x9dx= (I1—x)Pt x9dx,

g (I —x)P 1 x%dx.

1
_ __P
S(I )P xh dx p+q+lb

flocnenosatensHo npumenss 3Ty ¢opMyary, Moayuum

1 1
B _ pp—1 .1
.5“ "’p"”"—(p+q+1)(p+q)...(q+2).S"”x

H OKORYaTelnbHO

1
. . plg!
.5“ R PE sy

6) Ecan B dopmynax (IV) n° 287 npu natypanbubix . W v MepeHTH K onpe-
NefeHHHM MHTErpanaM, TO, HCMOAL3YS Pe3yIbTaT MpUMepa 1), MOXHO MONYYHTb
Gonee. obwylo dopmyny

% %(:)!Tl)”-%(npu YeTHH X £ HY),
sin¥ x cos* x dx = — M (e —
.§ (V(i)_:_——(:)ul)” (BO BCEX MpOYMX Cayuasx).

313. ¢opmyna 3ameHnl NepeMEHHOUl B ONpeResIeHHOM WHTerpaJje.
Ta xe ocHOBHaa dopMyJa (A) MO3BOJNT HaM YCTAaHOBHTH IIPABUJIO 3aMEHH
NepEMEHHON MOJ 3HAKOM ONPEICJEHHOrO MHTErpaja.
b

[ycrte TpeGyercd BHUHCJANTL HHTErpa’ S‘f(x) dx, rae f(x)— neupe-

a
pHBHAd B mpoMexyTke [a, b] ¢ynkums. Iloaowum x = ¢ (f), nomnuuu1s
¢ynxumio @ (f) ycaoBusaM:
1) ¢(f) ompemeneHa ¥ HEMpEpHBHa B HEKOTOPOM TpoMexyTke [a, f]
W HE BHIXOAMT 8a npelenn TPOMEXYTKa |[a, b]*, xorma { uaMensercs

8 [a, B;

* Moxer cayuuTbes, YTO QYHKUHA f(x) onmpeleneHa H HenpephiBHa B Gonee
JUMPOKOM, ueM [a, b], npomexyTke | A, B|, Toria JocTaTOYHO NOTpeGOBaTh, UTOOH
3HaueHHA ¢ (f) He BLIXOAMAHM 3a nmpelensl NPoMexyTka |A, B).
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2) p() =0, e()=2b
3) cymecrsyer B [a, B] HenpephiBHag npouasonHas ¢’ (f).
Torma umeer mecro dopmyana

b ]
(f (0 de={7 (e )¢ ()L ©)

a

Bsuay npeanosoXeHHO# HEnpepeBHOCTH MORHHTErpadbHHX (yHKuu#
CYWIECTBYIOT HE TOJbBKO B5TH OMNpENEJeHHHE WHTErpajsl, HO W COOTBET-
CTBYyIOlllME UM HeONpeJe/eHHbE, U B oBoux caysanx MOXHO BOCMNOJIb30~
BaTbCA OCHOBHOM (opmyJaot, Ho ecau F(x) OGymer oagHo#f 3 nepso-
ofpasubix 1A nepporc auddepenunara f(x)dx, 1o dyHkumua D (£)=
=F (9 (f)), kak wmbl 3Haem, Oyzer nepsooGpasHoft nas BTOPOro AH-
tepenunana f(p (1)) @' (£)dt [cp. 268]. IlosTOMY HMEEM OLHOBDEMEHHO

b
{f(x)dx=F () —F (@

a

8
ey mat=0@ —2@=

=F@)—F(e@)=F@®)—F()

OTKyda M BHTEKdeT NOKa3blBAEMOE DPaBEHCTBO.

3aMeEuaHuE OTMETUM OIHY BaXHylo OcoBeHHOCTh GopMyan (9).
B TO BpemMs Kak MnpM BHIYAC/JEHHH HEONPEAEJEHHOrO MHTErpajna ¢ no-
MOIIbIO 33aMEHH NEPEMEHHOM, NOJYUMB MCKOMYI (GYHKUHIO BRIDaXEHHOH
yepes nepeMeHHylo f, MH LOJKHBI ORIIM BO3BPaMlaThCs K CTapoi mepe-
MEHHO# X, 3JecChb B 3TOM HeT HaaoOHocTW Ecanm BHuHCIEH
BTODOH W3 onpenefeHHnx iuTerpanos (9), KoTopwft npeacrasiser cobod
YHCJ/A0, TO TEM CaMbiM BHUNCJAEH U NepBHfl.

a
314. lipumepsr. |) Hahpem unrerpan § YV a®*—x*dx ¢ TNOMOI(bIO NOLCTE-

T
HOBKH x=asint;, poab a # B 3xecb urpawTt 3Hauenus 0 n 5 HNmeen

a ®/2

§VF:Fm=w

%2 xqg?
0

a? sin 28
@ ) =%

5 COSztdt_——2 <t+ P

[cp. 268).
2) Boofule npu 7 HaTypalbHOM C NOMOW(bI0 TOW Xe NOACTAHOBKH TNONYUHM

a x/2 ol
y n!
3 nn — ginti 3n+1 —ginty ___
§ (B—x)dx=a S cos?titdt—=aq @ i
0



136 FJI, 1X. ONPEAEMEHHKE HHTEFPAJ 314

|eM. (8)], m ananoruuno
a 2n—1

2y 2 g epZn—DI n
§(“ A T dr=at o g
2a
Y]
3) S.}/Ax—‘adx'
2

Moncranoska x ==ascct; npemesaMm a n 2a nepeMeHHoOlt x OTBEYalT Mpe-
aenst 0 ¥ w/3 nepemennon f. Haxononm

=/3 3
1 L 1 sin*¢ |3 V3
o g sin“tcost dt = — 5 — o 8a*°

4) Paccmsorpum umTerpas
n -
X sin x
X,
g I+ cos® x
0

Moncranoska x=rn—¢ (rme ¢ usMmenscrcs oT = 10 0) TIPHBOAMT ¥ PaBCHCTBY

® . n .
S‘ X sin x S’(n—t)smtdt

] 4 cos® ¢ dX=b 1 4-cos®¢
0

i

kd n ’ k.1
X sinx sin ¢ tsint
e dx= — — dt.
S 1+cos2xdx T g 1 4 cos®t dt g 1 4 cos* ¢

0

[epencea mocnennnd wnTerpan (B XOTOpoM BMeCTO f CHOBA MOXHO HAMUCATh X)
HaacBo, Monyyacm

i k3
x‘ X sin x T S‘ sim ¢ n

v

e
1

I'4 cos® x *=5 dt=
0

I 4 cos®¢ 2
0

arcig (cos t) }; =

Cp. nuxe 11), rae stor npumep GymeT oSoSuicH.
]
_{in(d+4x
5) Buiyucants uuterpan J= g TFaT dx.

T
[MoncranoBka x=1g ¢ (rne ¢ u3menserca oT 0 Jo —4-) NCpesojMI  ero

w4

B §ln(l+tgzg)d¢p, Ho

V‘2sin<%+cp)

1+1ige= o5 ,
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Taxk 4710
/4 /4
T T
J=§]n2= S In sin (I—I-ij dq;—-g In cos ¢ d¢.
0 b

Tak Kax o6a HHTErpana pasHW (Hanpnmep, BTOpOn NPUBOIHTCA K NEPBOMYy Mol-

N 7 T
CTAHOBKOM ¢ = —-—{, npuuem ¢ u3mensaercs OT T R 0), TO OKOHYATENbLHO

J:%m 2.

1
arctg x

14 x

33METHM, UTO TO ¥e€ 3HAYeHHe HMeeT W HHTerpan S dx, B UCM

NIerKO YGeAHTHCR MHTETPHPOBAHMEM MO YACTAM.
6) Ycranosurs, uto
1 w/2

aragx o 1 t
S T-dx_7§ sz
b

t
Yk azanue [loacranoska x=1tg 5
7) NpeotGpasosats 0aUH B ADPYrOH MHTErpanm

= T

g(x+1/x‘~‘—1cos<g)"d¢=§ a8

5 (x —V xT—Tcost)r™

CUHTaR x> | ¥ n— HaTypanabHbIM,
370 pocTUraeTca nyTem npeo6pa3oBannA NMEpeMEenHOR no dopmyae

X+ Vx*—Tlcosg)(x— VY x* —Tcosl)=1.

Ortciona

— VY xT=T1+ xcosb

x—V x¥—T1cost

npuueM Bblpa)}(eHHe CnpaBa no asCOH’OTHoﬁ BCIWYHUHE HE NPEBOCXOAUT €AMHHULI,

n kawaomy 0 B npouexyTke [0, %] ONHOSHAUHO OTBEAET HEKOTODOE p I TOM e
npomexsytke, Tlpu 6 =0 uan = Takxke n ¢=0 uin = Hweem

sin 6 40

COSp ==

sin ¢ do = ——
P (x —V x*—1cosb)?
U TaK Kag
I sin 0 iy — a0
? x—V xT=Tcost ’ x—V x¥Z"Tcosh’
TaK YTO OKOHYATEABHO
db

x x3—1cosg)? dop= —
=+V 97 de (x — ¥V x¥T—1 cos B)n+!

OTKYAd M ClelyeT TpeGyeMoe PaBeHCTBO.
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[3ameTum, 9To 06a MuTerpana (C TOWHOCTBIO A0 MHOWHTENR ™) BHPAWAIOT
n-# MHorounen Jlewannpa P,(x), 118, 6).
8) Kakosa 6m nn G6maa uenpepsisHas B npomewyTxe |0, a] (8 > 0) Qynx~
uMA f(x), Bcerna
a a

éf(x)dx.:gf(a—t)dt

. ™
(noncraHoBka x=ga—¢, a = ¢ =0). B uacTHOCTH, TaK KaK cos X ==sin (7— x) ,
TO NpH M0G0k BenpepoiBHOA (QyHKuMH F (1) Gyaer

/2 x/2
§ F(sinx) dx = § F(cos x) dx.

9) Mycte f(x) HenpepviBHa B CHMMETPHMUHOM NpoMexyTke [— 4, a] (a > 0).
Torna B cayvae wetHsoft Qynxkuun [99, 25)|

a a
§ r0 dx‘=2§f(x)dx,
—a

a B CIyyae neyeTHOMN

§ fx)ydx=0.
—a

a
B o6oux cayuaax umTerpan S NpeACTaBAAETCA B BHIE CYMMhl MHTErPanoB
—a
0 a

S +§ M K MepBOMY M3 HUX NDHMEHAETCA NONCTAHOBKA X =—1.
-—a

10) IMycte umeem HenpepwBHY®0 nepuHOAMuECKYI0 (yHkunio f(x)
€ MePHOAOM w, TaK YTO Mpu n106oM x: f(x + «)==f(x). Torna B 110 6 bl X Npo-
MEXYTKAX C JIHHOH o, DaBHO{t NepuHoaY, HHTerpan OT STON QyHKUMH Hmeer
OIHO M TO Xe€ 3Hayenue

a4o @
s de=]70x)dx

a

ato 0 ) ai o
Nna moka3zatenncTBa pasparaem: =S +§ -+ 3 H, NPHMEHAR K TPETh-
a a o
eMy HHTerpany cnpaBa MOACTaHOBKY X =f - w, y6empaemca, 4TO OH JWILb 3Ha-
KOM Da3HHTCA OT NEPBOTO.
I1) Noxasars, yTo

T =
g x f(sinx) dx=~;— S £ (sin x) dx,

0 y

rae f(u) — nwobas HenpepsiBHaa B npomexytke [0, 1] dysxuma.
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Yxasanue Bocnoab3oBaThCs NOACTAHOBKOH X =1 —1.
12) Joxasats, uto

2r L]

§c9(acose+bsin0) dﬂ.—=2§zp(]f @ B coshydh,

rie ¢ (4) — moban dyHxuua, Henpeptsnaa 1A |#| <V @ F b
Onpenensa yroa a COOTHOWIEHRHAMH

a b

sing = ————

TVaetre! Vate’

Cosa
AMeeM
acos+ bsind =V a + 6% cos (0 —a).
B crny (10) moxHo HanucaTh
Pi3 et ®
§ ¢(acost+ bsind)dd = § ¢ (V @ F b° cos (6 — a)) df
0

a—x

AMH, €CAN TOAOKHTb § —a ==X u HcOOAb30BaTb 9),

§ ‘P(Va”-i—b'cosk)dh:ZScp(Va9+b'cos)\)d7\.

13) lokasars, ytO

n/2 /2
§ g (sin 2u) cos u du = § £ (cos® v) cos v dv,

rae g(z) — nto6an nenpepsiBHas dyHkuua ot z B npomewytxe [0, 1].
/2 x/4 /2
flpencraBus nepsuifi MHTErpan B BHXE CYMMbl MHTerpanos § =\ + S ,

L
MOACTaHOBKOR u=§—u’ OpUBOAMM M BTOPOH U3 HUX TOXE K NPOMEXYTKY

{0, n/4| u noayvaem
/4
tSg(s!n 2u) (cosu + sin &) du.

3nech MB genaeM 3aMeHY NePeMEeHHON, HCXOAA U3 COOTHOMEHWs sin2u =
=cos* v; sospacrandio 4 oT 0 00 n/4, OYCBUIOHO, OTBEYAaeT yGwBaHWe U OT x/2
10 0. [nddepenuupyem cos2u du == — sin v cos v dv; yyuTHBadA, 41O

cos2u=V T—sin®2u=V 1—cos*v=sinv ¥ 1 F cos? v

| 4-cos? v=1+ 2 sin u cos u = (sin « 4 cos u)*,

HaxoIuM OKOHYaTelbHO
(sin u 4 cos u) du = — cosv dv.

Tenepo yke HETPYRHO MOAYYUTb TpeGyembifi PE3ynbTart,
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14) B sakmouenvie BepHemcs & uHTerpany [lyaccora

r

I(r)=§|n(1——2rcosx—i—r’) dx

[cp. 807, 4)]. Mur ywe 3naeM, uro npyu |r |3 | nogunTerpaanHas GyHKUMSR HEMpe-
pbiBHAa M MHTErpan cyulecTByer. Mbl HaHOBO BBIYUHCIHUM €0 € NOMOUIbIO HEKOTO-
pOro HCKYCCTBCHHOrO TpWeMa, B KOTOPOM 3aMCHAa NepeMeHHoOH Gyler Hrparb
CYUIECTBEHHYIO PO.Ib.

3ameTHM NpeBapuTenbHO, YTO M3 OYEBHIHbLIX HEPABEHCTB

(l—r|)=sl—2rcosx+ri=s(141r|)3
norapudMHpya W 3aTCM HHTerpupya ot 0 no =, moayuacM (mpu |r|<<l).
2eln(l—|r|)</(r)<@2=In(l4|r|)

Orcrona scuo, yto npu r—0 u /(r)— 0.
Paccmotpuym Ttenepb HHTerpan

b

1(—r) =§1n(1 +2rcosx 4 rf) dx.

Ecau B STOM HHTErpane mofOXHTb X ==m -—f, NpuyeMm ¢ u3Mensercsa or = 1o 0,
TO OKaWETCsH, YTO

I(—r)=§ln(l+2rcos(n—t)+r2)d(n—t~)=

=§)ln(l—2r cost +r2ydt=1(r).

B takom cayuae
™

2(r)=1(r)+1(—r)={1In[(1 —2r cos’c+r*) (1 42r cosx + r¥)| dx
0
HIH

T
2/ (r):S In{(1 —2r®cos 2x 4 rf) dx.
V]

Monaras x =¢/2 (rae ¢ Menserca or 0 0o 2x), noayuum

2r . 2z

2 () = § In (1 — 2r% cos £ - %) df =5 §+% S
b

[TocnenHUit W3 MOMYyYeHHBIX HHTErpanoB MONCTAHOBKOH f=2rn—u (rIC u
MeHAeTca o w 10 0) mpHBOIMTCA K NEepBOMY, TaK YTO y HAC NOAYYaeTcH

2[(ry=1(r?, otxkyna l(r)=%l(r2).
3amenan 3jeco r Ha r®* y T.-4, 2€rko NOAYUMTH obulyio QopMyay

1(r)=2in1(r¥") w=1,23,..)
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n
Mycts Tencpe |r|<<l, tak uyto r* — 0 npu n— CO; TaAK KaK MpH 3TOM
n
(cornacyo 3avevanuio BHauane) / (r¥’) — 0, TO NOMMHLI HMETb TOK AECTBRHHO

[(ry=0 mnpn |r|i<<l
Jlerko Tenepb BHIYMCAUTBL 3TOT MuTerpan # npu |r|> 1. B camom aene

| —2rcosx 4-r2=r? (1——2.%.,;05,\; _{_%2)
"
ln(l——2rcosx+r5’)=21n[r|+ln(1—2.%.cosx+#)l
TaK uTO, MHTErpupys or 0 f0 m, Gynem nMeTb

l(r)=2nln|r\+l(%),

Ho, mo npexsinyutemy, I(%):O; cnefoBaTeabuo, OpH | r|> 1 umcesm
I(ry=2=ln|r|.
Te xe pesysbTaTel Mu monyuusn u B 307.

315. ®opmyna Faycca. lpeo6pasosanue Jlannena. B kavecTee eme onHoro
npUMepa Ha 3aMeHy nepeMeHHOW pacCMOTPHM 3aMevaTexbHylo ¢opmyny, ycTa-
HoBneHHyo Fayccowm (C. F. Gauss) naa npeo6pasoBanns MHTErpana

/2
3 de

a=\_—
p V a®cos® g 4- b2 sin g

TosoxuM 3gech

(a>b>0)

2asin b .
(a4 6)+ (3 —b) sin? 0

NerKo BHAETh, 4To npu u3menenwu 0 or O mo =/2 M ¢ paCTer B Tex xe npepnc-
nax. [uddepenunpyem

sing =

(a4 b)— (a—b)sin®0

cos g dg==2a (610 F@—B s 0F cos B df.
Ho
_V (@ 85)°—(a— b sin®6
8= B Fa—B)sirs =D
TaK uTO

(a4b)—(@—b)sin* 6 a9
@+8)+(@—=28)sin® Y (g1 b —(a—b)* s 6 -
C npyro#t CTOpOHH,

V a'costeF b2sind ¢ =a

dy=2a

(6 -+ 8) — (a — b) sin® §
(@-+b)-+(a—b)sin*0

M OKORYaTeIbHO
de d

T oot Y on? 3 :
VY dlcostot bsin’ ¢ l/(“‘;b) cos® B -} ab sin* 8
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a+t-b —
Ecan nonoxuts @, = at-b b, =V ab, 10

2 »
®/2 /2 0
dy d
e T . —— S | —
§ VY a%cos? p + b¥sint g p V a?cos® 0 6% sin®

310 ¥ ecth Popmuysa Taycca.
Tpumenans sTo npeo6pasosaHne MOBTOPHO, MOAYYHM, UTO

n/23
G= S 2_2d_“"2_T (n=1,2 3, ..),
3 ]/a,, cos? ¢ +- b2 sin® ¢

rie BapHAHTH dp, b, ONPENEeNANTCA PEKYPPEHTHBIMH COOTHOIIEHHAMM
8n_y+ bas —_—
an=f, b=V ay.1b,y.

Mo yxe 3Haem [35, 4], uTO 9TH BapHaHTH CTPEMATCA K HeXOTOpOMY ofuieMmy
npeneny p=up (@, b), KOTOP6IA Mbl HA3BaNH «CPEJHHM APUPMETHKO-reoMeTpHye-
cxuM> yucen a v b. M3 nerko monyyaemsix HepaBeHcTB

4 T
2—0"' << 2—01’
nepexoid K npeleny, HaxoAWM Temepb, YTO
G=rn=2pn(a, b), orxyma p(a, b)==/2G.

Takum o6pasom, kamaoe w3 umcen G M p MPOCTO BLIPAWAETCA OJHO yepes
apyroe. Ilycts, HanpuMep, TpefyeTca BLIYHCAUTb HHTErpa’

©/2 ®/2
S L[} S df
G = —— o —_
o VY T4 cos? 8 P V' 2 cos® 6 +-sin®
3pech a=7V 2 u b=1; Bapuantol a, W b,, OUpeNereHHLIE Bhille, CTPEMATCA

K ¢ 6BICTpPO: yxe a, n b, o6a npubGauxeHdHo pasubl 1,198140, 1 MOXHO
MOAOKHTL PABHHIM STOMY uyHcay. Torma moayuyaeM NMpUGIAHKEHHO

G =~ = 1,3110288.
2

O6patHo, uHTerpas ( NPUBOIATCA K NONHOMY* SNIUNTHYECKOMY HHTErpaay
nepsoro poaa
n/2

a=1] 2 _1(YT=E)
a a6 a a
¢ l/l—a—,,mn ¢

H Nerko MOXeT OblTb BBLIYHCIEH [0 Ta6nuuau; a y¥e OTCJa MONywaeTca pu.

*Moanwmmy HazwBawt wuterpanst F (R, 9) u E(k ¢) Jlexanapa
(293, 305] npn p=1=x/2: B 9TOM Ciyuae B HX 0003HAaYEHHH OOWYHO OMNYCKAWOT
BTOpORt apryment u ouwyt K(k), E (). lna noaumx WuTerpanos cywecrsyor
0cOGne TaGauunL,
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pﬂCCMOTpHM Tenep» fIONHBIA SANKOTHYECKHA HHTErpal NepBoro polka

®/2
de
K (&) = e ————
( ag YV 1—ERsin"g ’
npu n6oM 3HAYeHHH MOLX Y as kK OR monyyaerca u3 G npH

a=1 u b=V 1—F=r.
Yenas npumennts k nemy gopmyny I'aycca, Bauncasem Npemae BCero

— 3 p—
al=1+V1 k =]+k’ b‘=Vk'
2 2 ) »
_Va=5 _ 11—k 1
‘ax—_"‘;'l-”—-'l__w: E—'l+kn
TaK 9YTO
=/2 /2 2
dy
5 Y 1I—Fsn's (+h § V1 —kism®8
HIH

K(®)=(1 + k) K (&,).

dra Qopmyna, paBHocHabHas dopMyre [ aycca, Ha Rese 6Waa noayuesa
noFaycca M npeacraBaseT uacTHHA CAyyall Tak Ha3uBaeMOro npeo6pasoss-
nus Jlandena (Landen). [locnenoBaTensHO NPUMEHAR €€, NMOIYYHM

K ) =+ &) (1+ k) ... (1 + 2o K (R7),

CRe BapHaHT k, onpeferseTcs HHAYKTHBHO

. 1— VY T—r_,
T ViI—R_,’
TaK YTo 0<kn<1 Mk <khj_,, uem oGecneunBaerca 6HNCTpOE CTpe-
Mienue k; k¥ 0 npu n— co. B To we Bpems
®/2
d T
O<Kfy)———=\ — 2 T
Y2 Vi—kisnte 2
Y —_
S P Vg pomy T < | =Y T=F3

= —-:—d 5 T
V) Vicmeare 2 ViR

oTKyna K(k,,)—--;— npH 7 — cO H, HaKOHel,

K (%) =%n1me(l + k) (1 + k) oo (14 Ry). (10)

Ha 910M OCHOBbIBa€TCA METON NPHOJAMKEHHOrO Buuucaenua unterpaza K(k),
KOTOPHH — NpH J0CTaTOYHO GONLLIOM fi— MONPOCTY NONAralT PaBHbIM

K(B) = 5 (1 k) (L k) oo (1 - R

816. lpyrod#t muirox (OpMyJbl 3aMeHbn HepemeHHo#. Mu namum
Teneps Apyro#t BuiBod dopMyan (9) MpH HU3MEHEHHBIX NPEANOJOKEHHAX.
Mpexae BCEro (M 9TO — CaMO€ BAaXHOE) Mbl HE CTaHeM MPERNoJararhb
OyHKuato f(x) HenpepniBHOH, a TOJABKO JMlub RHTEFrpHPYyeMOR.
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3ato oT QyHKuun ¢ (f) MB KOmoAHMTENLHO moTpedyem, 4ToGH npH H3Me-
ueHnn ¢ oT o a0 § OHAa nepexoansia OT 3HAUEHMs @== ¢ (&) K 3HAUEHUIO
b=¢ (), MOHOTONHO H3MEHAACH,

Lasn onpenesennoctn ponycrnm, uro a< b v a <P, Tak ur0 yHK-
aus ¢ (f) MOHOTOHIIO BO3pacTaeT.

Pasofbem npomexyrox |a, 3] nponssonbto Ha 4aCT € MOMOUIbIO TOYEK

a=t, <t <to<l...<t;tin<...<t, =8

ecnd moaoxurb x;=¢(f;) (=0, 1, 2, ..., n), TO OLHOBPEMEHHO
OyxeM HMETb

a=x, X X< ..o <X <Xipy<... X,=0.
Ecan nanGospwas u3 aamn Af; =1{;,, —1, (06o3Hauum ee uepes A) cTpe-
MHTCA K HYMO, TO BBUAY (PaBHOMEDHOR) HENPEPBIBHOCTH (YHKUHH
x=¢(f) T0O xe OyneT COpaBed.MBO OTHOCHTE/JbHO HAHOO/bIIEH U3 LJHH
A= — X, =9 (t;x) — ¢ () [cm. 87)

BosbmeM Temeph MO NPOU3BOJY UHCAO T; B KAKAOM NPOMEXKYTKE
[£; ;4] m cocrasum wuuTErpaibHyl0 CymMMy IS BTOPOrO H3 MHTErpa-
a0 (9)

-l ,
":Lf(“P ()9 (x;) At
i

[Toaoxkum & =1 (z;), TaK uto X;=<<§; << X,y Ecam 1 dynxumm o (f)
B npomexyTKe |&;, £;,3] NPUMEHHTb (OPMYJYy KOHEUHHX NpUpALIEHUH,
TO NOJYYHM

By =Xy — X =0 (ty) — o (8) =¢' (7)) AL,

roe Takwe f;<T;<f;,, HO T; (HaM He u3BECTHOE) BOOOUIE OTAWYHO
OT HayJdayy B3ATOro 3ua4yeHus t;, Bmecre C TeMm WHTErpajbHOH CymMme
nas nepsoro M3 uuTerpanos (9)

3=\ f() A,
i
Tenepb MOXHO NpUNATh BHI
3= f(e =) ¢ () &t

i

Dra cymma npr A — 0, OueBMIHO, UMEET CBOUM NPENEIOM HHTErpas

Sf(x)a’x. Ias Toro uyrtoBbl noKazaTh, UTO K TOMY Ke Npejfeny crpe-
a
MUTC W CyMMa g, NOCTATOMHO YCTaHOBHTb, YTO PAa3HOCTb o —3 CTpE-
MHTCAi K HYJIO,

3aaasmuucs  NPOM3BOJBHEM 4ucaoM e >0, BBULY (paBHOMEpHOM)
HENPEPHBHOCTY (yHKUMH ¢ (f), MOXHO Halitn Takoe 8 >0, 4Tobsl mpH
A <8 BHIIOJHAMICL HEPABEHCTBA

9" (t) — ¢ (7)) | <e
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|cm. 87, caencrsuel. Torga

lo—7|=<< Z|f(‘+’(‘.')) | ¢ (x5) — & G AL < LB —a)e,

ecan yepes L 0603HayuTh BepxHIOlo rpawuuy mas |f(x)| u cymamy Z At

3aMeHuTh vepes B — a.
Tenepb sacxo, uto npu A— 0 cymMa o crpemuTca K npegeny

b #

Sf(x)dx, a2 3TO 3HAaYuT, YTO CYLIECTBYET UHTErpan Sf(cp(t))cp' (t) dt

a a

¥ umeeT mecto dopmyna (9). Hokaszatenbcrso sasepuueHo.
3aMeuanue IHoauepkuem 0coB0, UTO Ha OCHOBAHHH AOKA3aHHOMO

NpOCTHIE M 4acCro Iose3dbie  (OPMY.nl, YCTAHOBJIEHHHIE B ynpawiie-

suax 8), 9), 10) n® 314 pacnpocTpaHfiTca TEeps Ha cayvall nobod

HHTerpupyemo#t oyuxunn f(x).

§ 4. HexoTopble NPUIOKEHUS ONpENENEHHBIX HHTErpaJos

317. ®opmyna Bannuca, Va dopmyns (8) n° 312 merko BHIBECTH 3HAMEHH-
Ty dopmyay Bannuca (J. Wallis).
lpennonaran 0 << x < n/2, HMEeM HepPaBEHCTBa

sin?*! x < sin® x << sin?! x,

lpounterpupyem s1n nepaBescrsa B npomexyTke oT 0 10 m/2:

©/2 w/2 n/2
S sin?? 1 x gdx < S sin®® x dx < S sin®? ! x dx,
0 0 0

Otciona, B cuay (8), Haxomum
2n1 Cn—ND" =  (2n—2)1

Qe ST 2 T @i

K

2ni) ]2 1= 2! ]QL
Cn—D0| n+1°2 <|[@n=0n | 2"

Tax kak pasHocTb Mewny ABYMS KPaWHMMH BbipaXEHUAMH

! 2 P 1 =
2n(2n+l)[(2n——l)ll] <o 2

OYeBHLHO, CTPEMHTCS K O mpu 7 — 0O, TO n/2 ABNAETCH MX OGUMM NPELEIOM.

Hrak,
®_ lim[ 2n!! ]2 !
2 pal@n—D] 2n 41
Uiy
— lim 2.2-4.4 ... 2n-2n
oo 1°3:3:5...@2n—1)-2n+1)"

0l
.2>

10 1 ecTb Popmyaa Ba aauca Ona uMeeT HCTOPHYECKHMH HHTEPEC, Kak
NEPBOE NpeACTaBAEHHE UYHCAA © B BHIE IIPEJENa JerkO BEIYHCASEMOH pauuo-
HanbHOH BapHaHTLl. B TeOpeTHHeCKMX WCCIeIOBAHWAX €10 NOAb3YITCA H Ceduac
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[cu., nanpumep, 406]. Dan IPHOIAKEHHOrO BBIYNCAEHUS YHCHAa T Temeps Cyule-
CTBYIOT METOXbI, ropa3io 6oree GuCTpo Benymue x ueiu [410)

318. dopmyna Tennopa ¢ JONONHHTENbHBIM YJeHoM. [1ONONHM B 060G~
WEHHOH QopMyne MuTerpHposanua no wactam. (7) [311] v = (b — x)* Toraa

v=—nb—x)" v'=n(n—1)>b—x)"" ..,
V= (=1 n(n—1) ... 1, o=

Ipy x =104 Bce Qynkunu v, v/, ..., v ofpawmanrca B Aysb. [lodbaysch aaA
u, w, u', ... PYHKUHOHANLHBIM 06GO3HAYEHHEM f(x), f(x), f(x), ..., nepenu-
wes (7) B BULe

0=(— 1)"[nlf(b)—nlf(a)—nlf’ (a)(b—a)-—;—:f" (@) (b—a)*— ...

b
e =" (@) (B ——a)"] + (= 1)nt S FI (x) (b — X" de.

O1ciona noayvaercs gopmysa Te a0 pa C IONOIHUTENBHBIM YIEHOM B BHAE
OrNpefeneHHOro MHTErpana

ror=1@ +L 20— a4 LD —ap ...

b
A L § wam () (b —x)" dx.

Mepexons x  oBosnauenusam nn° 124—126, samewwm amecs b vuepes x,

a yepes x,
S (x0) (xp)

Fer=r) + L5 ) + L (i q

b TR ey L e ) — o

Hosoe Bupawenue 113 N0OMOIHUTENLHOrO YieHa, B OTAMUME OT H3YUEHHHIX
B 124 u 126, He CONCPHMT HMKAKUX HEH3BECTHHX YMCE.

Ecau yroaHo, ®s 3TOro BbIpameHMs MOXHO GhIO G BHIBECTH M ywe 3Ha-
KOMbie HaM ()OPMb!I JOMONHMTENBHOTO yiaeHa. Hampumep, BOCNO0ab30BaBIIKCHL TEM,
YTO MHOXMTEAb (X — f)® NONMHTErpalbHON (YHKUMH HE MEHAeT 3HakKa, MOXHO
MPUMEHHTL K NOCAeliHeMYy HHTerpany O6OGLUEHHYIO TeopeMy o cpeiHeM [304, 10°]

; 3 (1
r—lll— S SR () (x — )" dEt = ;lle(Il-H) (©) S (x—2t)" dt =j(;1Tl()c!)(x_x°)n+lv
Xy A

Tae ¢ conepxurcs B npomexyTke [x;, x]. Taxum o6pasom, Mp BHOBb TOAyuynIH
narpaHxesy GopMy AOMOJHHTENLHOTO YJEHA.

319. TpaucueugeHTHocTh 4Hcra e. Ta xe dopmyna (7) n° 311 mower
AOCNYWHTb OTMPAaBHBIM NYHKTOM [IJA JOKa3aTenbCTBa OAHOH 3aMeyaTeabHOM
TeopeMpl I P MM T a, OTHOCAUWEHCA K yHCaY e,

Bce Bewectsennme (a Takwe M BOOOIlE KOMNIEKCHBIE) uMcaa pacnpege-
JAIOTCA Ha JBa KnacCa—aareO6paMuyecKkue U TPAHCUEHIEGHTHHE.
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Uneno Ha3biBaeTcs anreSpavMueCKHM, ecad OHO ABaAeTCA .KOpHeMm anreG-
PaNyecKOro yPaBHEHHMS ¢ PAUMOHAMLHLIMH KO3(DdHIMEHTaMH (OYEBHAHO, HE yMa-
1A OBIIHOCTH, 3TH KOIDPUUHEHTH MOXHO CYHTATb UEAWMH); B NPOTHBHOM
cayyae YUCIO HA3bIBAIOT TPAHCUEHIEHTHDb M,

MpumeponM anreGpauyeckoro YHCAAa MOKET CayKHTb J1000e paunoHanbHOe
YHCIO HAH HYPPAUHOHANbHOE YMCIO, BHPAMawWeecs uyepe3 palHOHAaAbHbIE

B PA/MKANAX: WHCAO — 1= CHYKHT KODHEM ypasnenus 17x 4 11=0, a uucao

Vl + 18/ 2 —xopHeM ypaBHeHna x®—3x!43x*—3=0wur &
IPMHT yCTaHOBUA, UTO € ASASemcs MpPAHCHEeHOe H MR B K QUCAOM .
Mpr npuBenem Q0Ka3aTeabCTBO 9TOH TEOPEMBI
JonycTnm, uTo e CHNyXHT KOPHEM ypasHeRus
¢+ cetcge® 4 ... 4 cpeMm=0, (1)

rae Bce KOIDOUUHEHTH ¢, Cpp oo ¢, —Uenne yKciaa,

lycts B dopmyne (7) n° 311 u=f(x) 6yxer MPOHMIBOADbHHN A MHOro-
uned n-f cremenu, a v==(— l)**le~%; Torpa, ecau B3arb @==0, 312 popmyia
npumer BHI

b [

§f(X)e"‘dX=—8"‘[f(X)+f' @+ o+ £ ()] L

TaK Kak f1 (x) =0. lNonaras 1A KpaTKoCTH
f)+f )+ . + f P (x)=F(x),

HMeeM oTCiola

I}
PF0)=F(5) + e | f(x) e dx.
0

Bo3bmeM 3nech mocaeposateasho b==0, 1, 2, ..., m; YMHO¥aa noayuaemoie
PaBEHCTBA COOTBETCTBEHHO HA Cg, €y, Cgy -o. 5 Cpy W CKIANBIBAR, B CHAY (1), npunem
K OKOHYaTelIbHOMY PaBEHCTBY

m 1
O=cF O +aF )+ o +enF(m + 3 e Sf0erds, @
i= 0

KOTOpPOE, HAaNOMHUM 9TO, HOMKHO HMETb MeCTO 441 1106 0r o MHOrounena f(x).
Tenepr Mbl Mokawem, YTO 3TOT MHOrOYNeH MOXHO BbI6pParb Tak, YTOOH paBen-
CTBO (2) CTano HEBO3MONHBIM; 9THM TeopeMa M 6yueT AOKa3aHa.

[Tonoxum, c 3roft ueasio,

f(x)=ﬁxp-l (x—1)P (¢ —2)P ... (x —m)P,

rae p—npocroe uyHcao, Goabuiee m M | ¢y |. [Ipou3eonHbie STOrG MHOrOYIEHa
NMOPAAKA p H Bbllle MUMEKT UeAbie KOIPPHUMEHTH H NPHTOM AETRULHECA HA p, 3TO
BbITEKAET HENMOCPEACTBEHHO M3 TOro, YTO JIPOM3BENEHHE p NOCNENOBATeNbHbIX
HaTypanbHbiX uucen pgeautca Ha pl, TlosroMy npu n06oM uenOM 3HAYEHHH X
BCce 9TH MNpPOM3BOAHRIE HMEKT Leable 3HaueHns, Kpathme p. Tak kak npu

* Benen 3a stum Jluupeman (F. Lindemann) pgokazan TtpaHCueHheHT-
HOCTb YHCRA 7, YeMm BlIeP8bie YCTAHOBHA HEPAa3PeUIMMOCTb HCCTapH 3HAMEHHTOH
3ajayd O KBajpaType Kpyra.
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x=1,2, ..., m MHorouleH f (x) v ero nepswe p— | OPON3BONNBIX O6PAMATCA
8 0, T0 F(l), F(2), ..., F(m) 6ynyT uenbiMH YHCIaMy, KPATHBIMH p.

Wuaye o6ctout neno ¢ /(0). Tlpu x=0 muorousen f(x) obpautaerca B 0
IHWB € p— 2 CBOMMH NMPOM3BOAHBIMY, TaK uYTO

FO =710+ /7 (0)+ ...

Bce caaraeMbre, HauMHas €O BTODOTO. KaK Mbl BHIEJH, CyTh [enbe WHCIa, KpaT-
nHie p; HO fPN(0)=(— 1)P(m})P,ac nuM u F(0), Ha p He jeantca, Tak xak
NPH CHENaHHLIX OTHOCHTENBbHO P LPEINOAONEHHAX W ¢, He AeNHTCA Ha p, TO
NPHXONHM K 3aKIOUEHHI0, YTO MepBag CyMMa, CTOAas B paBeHCTse (2) Crpapa,
ecTh (le]0€ YHCI0, He Jenslleecds HA p M, CIeNOBaTeNbHO, 3aBEJ1OMO He-
paBHoOe Hynm.

O6patumcs ko BTOpOfi cymme B (2). B npomexmyTke |0, m], ouesniHo,

1 -1, p o mmp+P—1
|f(X)|<mm meme ... =m.
[Mostomy
! i
‘ gf(x)e-x dx‘<M S‘ e gy < TP
p (p—1 3 —N

u, ecan cymMy el 4| ¢; |+ ... 4 || 0603HauNTL vepes C,

m i
‘ .20 el S fx) e ¥dx | < Cem %: Ce™m™ %
i= 0

Ho mbl snaem [35, 1)], uTO moclelHW# MHOXHTedb NpPH p — co cTpeMuTcs ¥ 0,
Tak 4To BTOpas CyMMa B (2), NpH AOCTAaTOMHO 60aLIIOM p, 6yleT no a6conot-
HOH BeJuuMne MeHblle nepBod. B TakoM cayuae MX cymma He MOXeT paBHaTbes 0,
¥ MBI MPHILIH K NPOTHBOPEUHIO.

320. Muorounennt Jlexannpa. [locTaBum ceGe 3anauy-— HafiTH Tako#
MHOrouzen n-ii ctenmenu X, (x), yto6ul 1ga njo 6oro muoroumeHa Q(x) cre-
MeHU HUKe 71 BHIMOJHAJOCH PABEHCTBO

b
§ Xa (x) Q (x) dx =0, @)

rie @ ¥ b—npoH3BoNbHEE, HO GHKCHPOBAHH b € uHUCIa.

Kawabit MHOrouneH - creneHd X, (X) MOXHO paccMaTpuBaTh Kak n-io
NPOM3BOMHYI0 OT HEKOTODPOTO MHorounena R (x) crenend 2n, kKOTOphi# H3 X, (x)
MONyyaeTcas nN-KPaTHLIM ROCAEROBATENbHbIM HHTErpHpoBaHHeM. Ecau mpH xawmiaom
WHTErPHPOB2HHH NPOM3BOABLHYI0 NOCTOAHHYIO BHIGHpaTh TakK, YTOOu fpH x=2a
uaTerpan o6pamaincs B 0, To Aas MHorouaesa R (x) OKaXyTCs BBINOJHEHHBIMA
cule ycaoBus

R(@)=0, R (a)=0, ..., RV (a)=0. )

Wrak, 3alava Halla CBOAMTCA K HaXOXICHHIO TAKOro MHOroyneHa R (x) cre-
NCHY 21, YTOGH 6biN0

b
§ R (x) Q(x) dx=0 )

a
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1as a1060ro MHorownena Q(x) cTemenu nmxe n ¥, KpoMe TOro, BHINOJIHAMUCH
pasencrea (4). Ho no ¢opmyne (7) n° 311, ecan 3ameHuTb B HeH n Ha n— .

b
§ R (x) Q (x) dx=1[Q (x) R*™ (x) — Q (x) R (x) ... =

a

b
+ QU1 (x) R (x)] IZ = S QW (x) R (x)dx.

Ecan npuuath Bo BHuMmanue (4), a Takke TO, uto Q' (x) =0, T0 ycaosue (5)
npuseleTCA K BUAY

Q) RV (6) — @ (b) R (b) +-... = Q*7P (b)) R (b)) =0. ©)
Bsuny nonuo# mpousBonbHOCTH MHOrouwneHa (n— 1)-# crencan Q (x) 3na-
yenus Q(b), Q (b), ..., Q"1 (b) ITOrO MHOrOYIEHA H €ro MOCHeN0BaTENbHHX

NIPOH3BOAHBIX MPH X = § MOWHO pacCMaTpHBaTb KaK MPOH3BO N bHH € YHCIA,
a roraa ycnosue (6) paBHOCHIbHO CHEAYIOWHM:

R(b)=0, R (6)=0,..., R (6)=0. Q]

M3 (4) v (7) BuIxM, 41O MHOTOuleH R (x) DOMKEH MMETb yucia @ U b Kop-
HAMW n-fi KPaTHOCTH W, CICAOBaTeNbHO, NHLIb TOCTOAHHLIM MHOXHTENEM MOXET
OT/IHYaTbCA OT mpousBeleHHa (x — a)® (x — b)*. Takum 06pasoM, OKOHYATENbHO

X () = s 106 — @) (2 — "),

Ecau, B vactHoCTH, B34Tb a==—1 U b=+, TO mpuieMm K yxe 3HAKOMBIM
HaM MHOzo4neHaM Jlewandpa
dn (x®—1)n
Xp(X)=Cp————.

dx?
Mut yeroBuanch B 118, 6) o6o3nayate MHOrousedn JIe x aH I p a uepe3 Py(x),
€CIIH MOCTOAHHbIE ¢, BHODAHM TaK:

—_— l — l .
0 =aTnl T 2al

IIR 9THX MHorounenos wumeeM P,(1)=1, P,(—1)=(—1)®% O6uKHOBeHHO
nonarafor ewe P, (x)=1. Bce unenvr MHorouneHa P, HMEOT nOKazaTelH O4u-
HaKOBOH C 1 YETHOCTH.

Crapuruit X03Q(HUHEHT, oueBUIHO, 6yleT

m@n—1...(n4+1) _@n—DN
2nl! - n! .

ITo camomy OMNnpeleneHNo MHOTOY/ICHOB Jlexan Apa HUMeeM BCerixa
]
§ Pn(x) Q) dx =0, ®
-1

KaKoB 6bl HM Gbul MHOroumen @ (x) creueHu Huwe n, B uactHocTH, ecnut n H
m — (B2 HEPABHLIX HEOTPHUATENbLHLIX YHCH2, TO

1
§ Pp (%) Py () dx =0, ©
—1
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1
1
Hatinem awavewne wumrerpana g P2 (x) dx; on nnwb MHOXUTENEM % —(2’1“),
-1

OTAHY3€TCA OT HHTErpana

dh(xP— 1) gr(e? Iy
dx® : T

—1

Ecnn npumenuts Kk nocaennemy ceoBa dopmyny (7) no° 311, 3amenuB n Ha n—|
H NOJOXMB
an xi_l n
=—¥. v=(*—1),
dxn
TO OH CBejleTCs K MRTerpany
1 1

(—Dm S am e —1)n c(xP—1)rdx=2:2n! §(1—x’)”dx

T dxt

(BCE BHEMHTErpaJbHhie YMeHbl WMCHE3AoT, NOTOMY YTO (YHKUHA © M €€ MPOH3-
BONHEIE 1O (71— [)-H BKIOUMTESLHO npH x== A1 ofpawaiorcs 8 0). [lonaras
3qechb x—smt [cp. 314, 2), noxyunm

2nll 2
2.2n!- 7(2" T T @2nll)%,
TaK 4YTO OKOHYATENbHO
! 2
9 = _ [4)
_§P,,(x)dx TEaE (10

B 3akmouenue, ucnonsdys cpofictsa mHorowneHa Jiexk awnxpa, BuBSaeM
PeKYDPPERTHOE COOTHOLIEHHeE, CBA3NBAKUIEE TPH NOCAENOBATENLHLX TAKHK MHOfO-
ynena.

3aMeTHM NpPelBapHTEIbHO, YTO CTENEHb X™ MONET GhiTb NpeicTaBieHa B Buae
AMHEAHOH ONHOPOAHOW GYyHKUMM OT Py, Py, ..., P, ¢ NOCTOAHHLIMM KO3 DHIIHEH-
TaMH; TOTMla TO e CNpaBel.IMBO H JaA MOGOro MHOrouneHa crenexu n, floaTomy

xPp=0,Pp, 4+ 0 Pp+ a3Ps_y+ a3Pa g +...,

rAe @y, Gy, Gy, Gy, ...— NOCTOAHHbE KOIDPHuHeHTH. Jlerko yCTaHOBHTb, H4TO
a,=a,=..,=0. Hanpumep, uTo6n ONpeIemHTb G, YMHOXHMM 00e yacT{ 3TOro
paBeHcTBa Ha X,_, H MPOUHTErpHpyeM oT —1 1o

1 ] i .

\ PpoxPyydx=a, §PMP,.-2 dx 4 a, §P,,P,,_, dx +
-1 -

1 1
+ay { Py, Prydx+a, $ P _,dxt..
=1 -

Beuay (8) u (9) Bce muTerpansl, KpoMe ONHOro, GYNYT HYAAMH, H MM LOJAYuHAM

1
a, §P;_2dx=0, oTkyna a, =0,
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Kosdduunent a, takwke pasen 0, 60 neBas yacTb paBeHCTBA He CONEPHHT BOBCE
uneHa ¢ x". [lna ompeneneHHs a, npupasBHsaeM K03(@dHuUHeHTH Npu x?T1 B 06eHx
YacTAX paBeHCTBA
2n— NN 2n 4 1! n+41
¢ ) =ao( + D , OTKyna ao=—i.
nl (n+ 1) 2n4-1

Hakowneu, utoSu naitTh @, npupaBHsieM o6e yacTH paReHcTBAa mpH X ==l

l=a,4 a, 13k uto a;=1 ——ao—_—%%,
TMoncraBana HatineHHble 3HaueHua KO9P(HUUEHTOB, OKOHUATENLHO MOAYUAEM
(n41)Pypy —@2r 4 )xPp 4 nP,_, =0. an
3TO M eCThb HCKOMOE PeKyppeHTHOEe COOTHOLIEHHE, KOTOPOE MO3BOAAeT HAXONHTD
MHorouneHu Jle ) aH I pa nociefoBaTenbHo, OTNPABAAACh OT Py==1# P, =x:
3xt—1 Sx®——3x _ 35x1—30x2+3

PR=— P8=—-, P‘ g 3 eee

2 2

321. HuterpanbHbie HepaBeHcTBa, B n° 133 u 144 6un BuBeleH pan He-
PaBEHCTB AAS CY M M, MOKAaXeM TeNepb, KaK MOJOGHbIE 3Ke HEepaBeHCTBA MOryT
GbiTh yCTaHOBNEHB LIS MHTerpanos. Bce paccMatpuBaeMbie 3lech GYHKUHE p (X),
@ (x), § (x) 6ymeM cuuTaTh MHTErpHpyeMu MH¥,

1) B n® 133 Mm HMenn HepaBeHCTBO (4), KOTODOE MOMHO LEpEnucaTh Tak:

¥ plna;
=kl e -
ey Lﬁzai 12
e <. (12)
N

PaccMoTpum B npoMexyTKe [a, b] monoxHTeabHbie GyHKkuMu p(x) H ¢ (x).

PasnennB npoMexyToK TOuKamu
A=K T X< e X< << e < Xp=0b

Ha 4acTH, ¢ MIMHAMH Ax;= x;,, — X;, TONOXHM Tenepb B HAIHCAHHOM Hepa-
BeHCTBe py==p (x;)+ Ax;, a; =19 (X;}; MBI DOAYuYMUM

PIFIEASLTIEREA

Zp(xl).Ax Zp(xll?(xl) Bx;
e P gt PR
ZP(&) Axy

Bce cymmb 3mech MMEIOT BMa MHTerpanbHbBX CyMM npu Ax;— 0 cTpe-
MATCA K COOTBETCTBYIOIUMM HHTerpanam. Takum o6pa3om, B npelene i0ayuuM
<HHTErpaiLHbIA aHanor» HepaseHcTBa ([2): )

b

Jpxmexax

a

b b
Jpinax §p(x) ¢ x)dr
e a
e <« —5.
§p)dx

a

* M3 sTOrO0 mnpeanoiowenua BHITEKAET YKe HHTErpPHPYEMOCTh M JPYrHX
BCTPEUAMMXCA HHKE QYHKUHA: NIf OGOCHOBAHMA 9TOrO JNOCTATOYHO COCAATHCH
Ha n° 299, Il » n° 300, 4).
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B vactnoctn, npu p(x) =1, 6ymcm nmertn:

12
! I d
mg neix)dx | b
a
e é'b—_; Scp(x)dx.
a

Bripaxenne cnpasa HasbiBAETCA «CpenHUM apudMeTHUECKHM» 3Havenu#t dyHk-
UMK ¢ (x) B DpOMEXYTKe |a, |, a BbIpaxenue CIeBAd — HX <CPEARHM TeOMCTPH-
YeCKHM>».

2) BuibeneM Temepb nnTerpanplisie 3HAmOru HepaBeHcTB Kowu—TI € dib-
nepa u Muuxkosckoro [133, (5) u (D}

1 1
S ati= (S (S o 09
1 1 1
(D@4 o} < {3 af}F + {28} (14)
(kw>l_+y_g
[ycth B npoMexyTke |a, b] Raub nonowntenbHble Qynxunu ¢ (x) ¥ b (x);, pas-
NOXHB, KaK M BbllI€, 9TOT NPUMENKYTOK TOUKAMH X;, monoxum B (13):
1 1
a;==¢9(x,)- Axik, b=y (x)- Axf',
a B (l4):
1 L
a,=¢(x;)- Axf, b =¢ (x) ~Axf,

Dynem nmets:
1 1

Do) b () dx < { e et dx}F D )l - A}
1 1 L
{Zlotea+ 4 ealF- o} < {3le ())F- ax}* +{ D14 (xa]¥- Axi}F.
lMepexoaa x npeueny, npu Ax; — 0, monyyaem OKOHNATEIbHO

b b 2o0b L
qu-q/dx={s ok dx}k {S ¥ dx}”' (13%)
i ’
b L R L
{Slo+orax}t <{{erax}® +{{grax}t. (149

OTMeTHM YACTHbie CIyYaH 9THX HCPABEHCTB NPH R =k =72;

b
np Vdx < I/S?ﬂ dx l/s Yrdx 13)
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b b b
l/S [p+ ]2 dx él/grpgdx+l/5¢’dx . (147

Meproe u3 Hux npunapnexutr B. . Bynsxosckowmy. Bropoe nerxo upiso-
DOMTCA K MEpBOMY BO3BEJEHHEM B KBaipar.
3) Nepeitnem, nakonew, k nepasenctsy Meuncena [144 (12%)):

Pix; pi-f(x),
f(ZZ:Pi )s ZZP;‘ , (9)

amech GyHkuma f (x) NpeAnONaraeTcA BHI N Y K 8 O ff B HEKOTOPOM npomexyTtke 2,
KOTOPOMY NPHMHALNEXKAT TOYKH X p;— NOJNOXHUTENbHbIE uHcha. [I1ycTs B Hexo-
TOPOM MPOMEXYTKe |a, b] 3alana yHKUHA ¢ (x), 3HAYEHHA KOTOPOft colepxarca
B.Z,Hnonoxurteabnan QynkuHa p(x). Temepb x; 6YAYT O3HAYaTh TOUKH
HeNCHHA NPOMEXYTKA [a, §]; npexnue x; B (15) 3amcHuM Ha ¢ (x;), a p; nono-
WUM PaBHBMH p (x;) - Ax; Tlepexoms, Kkak M BHILe, OT HHTErpaibHBIX CYMM
K HHTErpanaM, NONYUHM UHMeZPAnbHOe Hepasencmeo H eHceH a:

b 14

§p ()¢ (x) dx Vo (0 fle(x)dx
f| 4 <t .

Sp(x)dx Sp(x)a'x

§ 5. MpuGaumxeHnoe BHIUHCNEHHE HHTErpasiom

322. [locranoBka 3apmauyd. PopMyibl NPAMOYTONbHHKOB H TpameiHH,
13
Ilycth TpeGycTcA BBIVHCAMTL ONpeleNeHHbIft UHTerpas Sf(x) dx, rae f(x) ects
a
HEeKOTOpas 3alaHHas B npoMmexyTtke [a, ] HenpepsiBHas dynkuua, B § 3 Mu
HMEIH MHOrO MPHUMEPOB BHIYHCNEHUA NMONOGHBIX UHTErpanoB, NHGO C IIOMOLLLIO
nepsoo6pasHoff, €cad OHAa BLIPAXAGTCA B KOHEYHOM BHIE, AUGO WKe — MHHYs
NnepBoOGPA3HYI0O — C NOMOLUBIO DAZNHYHBIX NPHEMOB, 60IbLUIER YAaCTHIO HCKYCCTBCH-
HbiX. HYXHO OTMETHTBb, OIHAKO, YTO BCEM STHM HMCYEPNLIBAGTCA MHWbL AOBOABHO
Y3KHR KARACC MHTErpanoB; 3a Cro npejenaMHd OGLIYHO NPHUGEralOT K DPa3NTHYHLIM
METORAM NMPHOGIHXKEHHOr O BHIYUUCAEHUA.

B nacroamem naparpade Mbl NO3HAKOMHUMCA C MPOCTEHILMMH M3 3THUX MCTO-
JI0B, B KOTOPHIX NMPHONH¥EHHbIE (POPMYILl IS HHTErPanoB COCTABAAIOTCS MO HC-
KOTODOMY YMCIY 3HAYyeHHH NONMHTErpaisHO# QYHKUHHM, BLIYHCIEHHLIX LAA pRAA
(06bIYHO PAaBHOOTCTOALMX) 3HAYEHHA HE3ABHCHMON lEpeMeHHON.

TlepBrie oTHOCAMMECA C0Aa (POPMYAB LPOLLE BCCI'O NOAYyYAOTCA W3 reoMCT-

b
PpHYECKHX coobpaxenuft, McTonkoBbBas onpepeneHHbIt HHTErpan Sf(x) dx Kak
a
NAoWafb HEKOTOPOH (Uryphl, OrpaHHYeHHON KpUBOH y= f(x) [204], MM K CTa-
BHM nepci coGoit 3afayy o6 onpeieireHHH STOR NIOWAlH.,
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npemne BCEro, BTOPHYHO HCNOAB3YA TY MDICIb, KOTOPAA NpHBERA K CaMOMYy
NOHATHUIO 06 OTMpeNeNeHHOM HHTerpafie, MOXHO pa30HTe BCIO ¢urypy (pHc. 6)

—a
Ha TONOCKH, CKaXeM, OXHOW U TOM we WHPUHLI* Ax;— ,a 3aTe€M KaX1YIo

NONOCKY TPHOJIUKEHHO 3aMEHHTh NMPAMOYrONLHMKOM, 33 BLICOTY KOTOpOro MpH-
HAT2 KaKaA-THOO W3 ee OPAHHAT, JTO NPUBOZUT HAC K ¢opmyne

13
L bh— .
VA0 e =222 L 60+ ) oot £ Gad))
. .
ree xp<<§<xy, (i=0,1,...,n—1). 3gec, wHcxomas niomagb KpPHBO-

JHHEAHOW QUryps 3aMeHseTCa NAOWANbI0 HEKOTOpO#t coctoAwledf H3 MpPp A MO- -
YyronbHHWKOB CTYNEHUATOH (uUrypn (MAM — eCAH  YrodHO — ONpeJeneHHbl
WHTErpa/l 3aMEHAETCA MHTErpajbHOM Cy M M o). 3Ta npuGIHmenHaa qop-
MYNa H Ha3biBaeTca POpMYAOl nparoyzoabHUK 08,

14 4

1
I
i
i
t
1
'
H

)

I T
or e kLl Ll ] Z L Ty ¢

Puc. 6. Puc. 7.

x4+ x;
Ha npaxtuke o6byHo Gepyt E,=%ﬂ=xi+,/2; €CJIH COOTBETCTBYIO-

uylo cpennmolo opaunary f(§;) =f(xi+1/n) 0003HaYHTL yepes Vi 10 dop-
Myna MepenuuIeTcA B BHAE

b
e =228y oy ot 3ary): )

Bnpenv, rosopa 0 dopmMyne NpAMOYTrONbHHKOB, MH OyIeM HMeTb
B BHIY HMEHHO STy Qopmyay.

[eomerprueckre coo6paweHusa eCTECTBEHHO NMPUBOIAT U K APYroi, 4acTo NpH-
MeHAeMoft, NpuGaMxeHron Gopmyne. 3aMeHHM JAHHYIO KPHBYIO BIHCAHHOK B nee
7OMaHOMt, C BEpIIHHAMK B TOuKax (Xy, y;), rae y;=F(x;) ({=0,1,...,n—1).
Torza Hamwa xpueoaunelHas @uUrypa 3aMeHHTCA ADYro#l, CcOCToAlleH H3 paAna
tpaneuu#t (puc.7). Ecau mo-mpexnemy cuuraTh, UTO NMpoMexyToK [a, b] pasbur
HAa paBHBE YACTH, TO NJIOMIAAH STHX Tpaneuu# GYAYT

b—ay,+y. b—ay + b—ayn.+tyn
» e 2 )

n 2 ' n 2 )

CraagbiBas, NPHAEM K HOBOH IPUGIHNKeEHHOR dopMyne
. .
. b—a
Vrears 2 (e gy gyt ). @

a

* Mu coxpaHseM 0Go3naueHns n° 294.
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JT0 Tak HaswBaemas gopmyaa mpaneguil.

MoxHO moka3aTh, YTO NPU BO3PACTAHMM 1t KO GECKOHEUHOCTH MOrpemHOCTH
(GOpMY N NPAMOYTOALHUKOB ¥ (POPMYLl Tpaneunit Gesrpannyro yomsawr. Takuu
o6pa3ox, MpH JOCTaTOYHO GonblIOM n 06e 3TH (opMynbl BOCMPOM3BOAAT HCKO-
MOe 3HayeHHe HHTerpana C NMPOH3BOALHOW CTENEHbIO TOYHOCTH.

Insi mpumepa BO3bMEM M 3B €CTHD | HaM MHTErpan

dx g
S = =0785308..
0

H NDHMEHUM X HeMy o6e npu6auxenHoie @opmyat, Gepa n==10 # BEIYACIAR
Ha yeTbipe 3HaKa.

flo bopMyde NnpaAMOYronbHHKOB HMeeM
X35, =005y, =09975
Xg;, =0,15 y;,, =0,9780
X5, =025 y,, =09412
x)/2 =035 y;, =0,8909
X, =045y, =08316 7,8562
Xipy, =055 y,,/2=0,7678 10
X1a;, =065 y,3,,=10,7030
Xis;, =015 yis,, = 0,6400
X177, =085 y,7,, =05806
K19, =095 yip/, = 0,5256

= 0,78562

cymsa 7,8562

Mo ¢popmyne me Tpanmeunut
x,=00 y,=1,0000 x,=01l y, =0,9901
xp=10 y,=05000 x,=02 y,=09615
m x3=03 y;=09174
x, =04 y,=0,862]
1—%(@—}—7,0998): X, =05y, =0,8000
Xg— 0,6 Ye=— 0,7353
x; =07 y,=0,6711
x5 =08 ys=0,6098
x3=0,9 y,=0,5525

=0,78498

cymma 17,0998

O6a nonyyeHHHX NPHOGIMKEHHbIX pe3yipTara OGNalawT NPUMEPHO OAWHA-
KOBOM CTENEHbI0 TOYHOCTH — OHH PA3HATCA OT HCTHHHOrO 3HAYEHWA (B Ty M B
npyra{llo cTopoxy) Mmenblie yem Ha 0,0005.

HTaTenb, KOHEYHO, XaeT ce6e OTYUET B TOM, YTO MOTPELIHOCTh Mbl CMOrIM
OLEHHTHL 3I€Ch IHMUlb NOTOMY, UTO Hanepel 3HanK TOYHOE 3HAYEHHE WHTer-
para. [las TOro ytol6bi Hawy (GopMyab Onad AeRCTBHTENbHO APHIOAHLI QAR
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NPHCIHKEHHBIX BLIUNCACHUH, HYXHO MMeTh yZOGHOE BBHIpAXKEHME Lns NMOrpell-
HOCTH, KOTOpOE MO3BOAANO 6bl HE TOJNLKO OUEHMBATh MOrPELUHOCTH NMPH JAHHOM
n, HO W Bu6HpaTh n, obecneuupapuiee TpeGyeMylo creneHs TouxocTH. K artomy
BONpPOCY MBI Bepuemca B 0° 325,

323. Mapa6oanuecKoe HHTEPNOAUPOBAHKE. [1A7 NPUOIMIKEHIOr0 BBIUHCICH
b

HHA HHTerpana Sf(x) dx MOXHO MONBITATBECA 3aMEHHTH QyHKuHIO f(x) <6au3-

a
KHM>» K HC{l MHOrOYJEHOM
y="Pp(x)=apx*4-ax* 1 ...t ap_ x+ap 3
U 0A0XKNTH
b b
§flx)dx = Py (x) dx.
a a

MHaye MOXHO CKa3aTh, YTO 31€Ch— NPH BHYHUCAEHWH NAOLLAAH — KAHHAS
<KpUBaA» y==f(x) 3ameHAETCA «napadonoft k-ro mopagkas (3), B CBA3M C Yem
STOT MPOLCCC NOAYYNA Ha3BAHHE napaboautiecKo20 UKMEPNOAUPOBAKUS.

Camblft BoIGOpP MHTEPNONAUHOHHOrO MHOrounena Pp (x) yanle Bcero npon3so-
AT cnenyomuM ob6pa3oM. B npomexyrtke [a, b| Gepyr k-4 | 3HaueHH#t He3aBHu-
CUMOM mepemeHHON &), &, ..., 6, M NOAOHPAIOT MHOrOuned Pp(x) Tax, HTOGHl
NpH B3ATbIX 3HAYEHHAX X €r0 3HAYCHHA COBNANANH CO 3HAUEHHAMH (PyHKUHH f{x).
dtum ycnosuenm, kak Mbi 3uaesm [128], muorounen Py (x) onpegenserca OLHO-
3HAYHO, M €ro BbiPaMeHHE NAeTCA HHTEepNONAWLHOHHOW GopMyaod
Jlarpawixa:

(e —E)(x—&)...(x—E&)
G —C) G —8) ... (& —8)

XfE)+... +

(X —6) (x—8) ... (x —&)
A e S T AT AT =)

(=) =) oo (x —Eyy)
o o o o e R

[py wMHTErpUpOBaHMH NKOAYYaeTCA MHHEe HHOeEe OTHOCHTENbHO 3HAUeHHH
(&), ..., f(E) Bbipaxkenue, x03(PUUMEHTHI KOTOPOro OT ITHX 3HAYEHWUH Yywe
HC 3aBUCAT. Boluucnus ko3dHUMEHTs pa3 HaBCeraa, MOXHO MMM TMOAb30BaTHCA
ana mo6oi ¢yHKUMM f(x) B JaHHOM NIpPOMEXYTKe (g, b].

B npocrefiiem cayyae npu k=0, @yHKuuA f(x) NONPOCTYy 3aMeHAeTCA
nocroanHo# f(§), rae & — nobags TOUKA B NpOMEXYTKe [a, b, CkameM,
a+

2

Pp(x)=

cpendan: &= , Torga npuHéAHMEHHO

b
Sf(x)dxi(b——a)f(a_;b>. @

CeomeTpruecky — maoladb KPHBOMHHEHHON QHIYpLl 3aMCHAETCA 3JeChb Mio-
Waabio MPAMOYIONbHHKA ¢ BLICOTOH, paBHO#t CpeJHedl ee OpIOMHaTe.

Tpu k=1 dynkuna f(x) 3aMenserca nMHe#iHON PyHKuuel P, (x), KoTopasa
HMEeT OIMHAKOBbIE ¢ Helt 3Havenus npu x =¢§ ¥ x=¢;. Ecau B3ate §=aq,
= b, 10

X —

P =""t r+5=o ) ©
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A, KaK JACTKO BLIYHCIHTL,

b
SPl () dx = (b— _f_(M@

Takum o6pasom, 31ech Mbl TPUGIMKEHHO TOAaraem

b
Sf(X)dxi(b_a)L(“)"’g—f(b). ©

a

Ha stor pa3 nrowans xpusonuuefiHo#t (GUIyphl 3aMeHAETCA TMOWANLIO Tpa-
netuu: BMECTO KPUBOH 6epeTcA XOpAa, COENMHAIOULAR €€ KOHLLL
Menee tpuBHaibHLIk peaynsTaT nonyyuwm, B3ns k=2. Ecan uoi0xuTs

s+b
§=a, ’c';—-——%, E,= 0, TO HHTEPNONAUMORHBIK MHOrOuaen P,(x) Oymer

HMEeTb BHJ
_( "5 =0
Py (x)= (a + )(a_b) fa)+
(x — a) (x — b) atb (x"“)(x_agb)
(a;—b_a)(a—zlr-b_b> ( 2 ) (b—a)(b—a"gb f®. O

C NoMOLLLIO 7€TKOro BLIMMCACHUA YCTAHOBUM
14 ( at+b

x (x—10) o
B s I

a

”;“] (x—b) dx=

. 2 (x—b*  b—a(x—b* b _b—a
_(b—a)”[ 3 + 2 2 ]a— 6
R aHAJOTHYHO
b
(x—a)(x—b) b—a
dx=4
g‘(a—f-b_a)(a-}-b_b) * 6
9y 2 2
fo—a(—252) .,
=
j (b—a)(b—a;}_b)
Taxkum oGpasom, npuxoaum K mpubIHKexHol dopsyne
gﬂnd»————Pwr+q(*”)+fwﬂ. ®
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3aecy ngowans GUrypel Mo NAHHOR KPHBOH 3aMEHAETCA NIOUIAAbIO hurypu,
OrpaHHYeHHO# OCGKLIKHOBEHHON NapaGoJiof (C BePTHKAJAbHOR OCb10), MPoOXOAALLEH
yepe3 KpaHHHEe M CPelHIOI0 TOukd KPHBOH.

YBsequunBas CTeneHb R HMHTEPNOAAUHOHHOTO MHOrOufeHa, T. €. TNpPOBOAA
napa6oay (3) uepes Bce Soibluee YUCAO TOUEK NAHHOW KPUBOH, MOXHO DaCcCuH-
THIBaTb JOOGHTbCA G0gbuied TouHOCTH. Ho Gonmee mpakTHUHLIM OKa3nliBaeTca ApYy-
To# nyTh, OCHOBAHHLIl HA COYeTAHHUH Hiew MapaloNMyecKOro MHTEPNONAHpPO-
BAHHA C MIeeH NpoOGNeHHA MPOMEMYTKa.

32‘;. Jlpo6GieHne NpoMeXYTKE HHTErpHPOBAHHA. [IpU BLIUNCICHHU HHTE-
rpana Sf(x) dx MOXHO HOCTYMHTb Tax, Paso6bem chauana npomMemyTok |a, ]
Ha Hex‘;ropoe YUCHO, N, PABHHIX MPOMEWYTKOB

[(Xor 1] [%0 Xaly veny [Xaiy, Xa] (Ho=a, x=10),

B CBA3KH C YeM HCKOMBIH HHTErpan NpejCcTaBUTCH B BHIE CYMMhI

VFax+ Fde .t {Fods ©

n-t

Temepb e ¥ KaXIOMY H3 9THXK NPOMEXYTKOB NPHUMEHHM napaGoNHyECKOEe HH-
TEPNONMDPOBAHHE, T. €. CTAHeM BBIUMCAATL MHTerpasu (9) no ogwo# w3 npubamn-
WeHHHX bopmya (4), (6), (8), ... .

Jlerko coo6pasuth, uro, Mcxoas w3 dopmyn (4) uan (6), MBI TakuM NyTEM
BHOBbL MOMYYHM Y)ke M3BECTHME HAM QOPDMYIH NPAMOYFONbBHHUKOBR U
tpaneunts, (I) u (2).

Mpumenum Tenepb K uuterpaiadm (9) dopmyay (8); npu 9TOM, A KPATKOCTH,
NONOXMMM, KaK W Bhille,

X X
flry =y, XL

Mu nonyunm

= X4 yp FACTNIYN =Yt 1y

TPy Pt 4
S flx)dx= W(”H’ Y15 T Y1

¥

X2

V7 ax= "2 (e, + v0)

*1

X

n b—a
§ ) e = (9 1+ 490 _1py + 90
*n.1
HakoHell, CkJaawBas MOYNEHHO 9T paBeHCTRa, mpuiem ¥ Qopmyne
b
b—a
§f (0 dxs == (Yo +30) +2 (3t s+ oo+ Ynt

e G TYRE B 7VNE, I o SN | N (1))
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Ona wocHT Hassanue gopsyan Cumncona (Th. Simpson); stod dopmynon
NOJb3YITCA 14 NPUBAWIKEHHOrO BBIYHCIEHHA WHTErpanoB yaite, vem dopMynsamy
NPAMOYIONLHUKOB M Tpameuull, n60 oHa —npH TOH ke 3aTpaTe Tpyma — jpact
06biYyHO 60Onee TOUHBI{l pe3yabrar. .

§1+xn

Myne Cumncowna Mo Bo3bMEM n1=2, TaK YTO YHCAO HMCNOAb30BAHHbLIX
OpIMNAT HAa ITOT pa3 GyNeT [awe MCHbLINM, YeM PpaHbiue. KMueem (BHuHCANA
Ha 0ATh 3HAKOB)

Jln8 CpaBHEHHA BLIUMCAWM CHOBA WHTErpan [ew, 322) no dop-

1
x4=0; K1y =1 H=, Ky, =

4
Yo=1; 4y, =376471; 2, =16 dy,, =256 y;=05.
]—’2 (1 4+ 3,7647( + 1,6 + 2,56 4 0,5) = 0,78539 ...

— BCe MATb 3H2KOB BCPRbI!

KoneyHo, no ornHowenno k dopmyne (10) MoryT 6biTb NOBTODEHH 3aMevya-
HWA, coedakHwe B koHue n° 322. K oleHKe NOrpellHOCTH NPUSIHWMEHHbIX (op-
Mya MM cefiyaCc W TepexoauMm.

325. JomonHHTenbHBI uieH (GOopMyJas npaMoyroibHHKoB. Haunem c
tdopmyan (4). Tlpeanoaoxum, 4T0 B NPpoMexryTKe [a, b] GYHKUMA f(x) HMEeT He-
IPEPhIBHbIE OPOM3BOLMbIE NEPBHIX [BYX NOPAXKOB. Toraa, pasnaras f(x) [no

dopmyre Te#nopa, 126 (13)] no cremenaM xsyuneHa x—=2

BMAOTH J10
2

KBajpara ero, 6yneM HMeTb 017 BCeX 3Hayenuit x B |a, ]
b\? =
re =15+ (=) r (S5 o (e =) O

a+b
2
Ecan mpouRTCrpHpOBaTh 9TO DaBEHCTBO B (POMEXYTKE OT & X0 b, TO BTO-
po#t yien cnpasa McyeaHeT, GO

S[x_“+”)dx=o. a

H 33aBUCHT OT X.

rae ’é CONEPMHUTCA MEXAY X H

Taxum oGpaaom nonyuaem

b
Sf(x) dx—(b—a)f<a+b) +% g 7@ <X—9i1-7) dx,

Ta4K YTO NORNONHUTEAbHBA UASeH ¢opMynu (4), BOCCTaHABAUBAOMWHA ee
TOYHOCTb, HMECT BUJ
b
, at+b
p=g § 17 @r=2E) s,
a

OGo3nayus uepes m H M, COOTBETCTBEHHO, HaWMeHblee M Hauboiabuiee
SHAYEHHA HempepHBHONM oymkuun f’(x) 8 npomewytke |a, b] |85] u
NOAb3YACE meAt, Ym0 8MOPOd MNONCUMENd NOOUNME2PAALHOZ0 BLLPANCENUA H e
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MeHsfem 3HaKa, no oBobumentofi Teopeme o cpeadem (304, 10°] momenm
pnanicats

1

b § e st

) 24

Ry

rie p copepxutca Meway m n M. [To #3BeCTHOMY CBOJCTBY HenpephBHOH PyHK-
unu |82, Hapgetca B [a, &) Takaa Touxa E¥, uTo p=f" (§¥), W OKOHuUATENbHO

b——a
p = =" S E. (12)
3aMeuannEe EcrecrBeHHO 6bi10 6bi, pasnarasa ¢yHxumwo f(xX) no crene-
a-t+b
H _—
AaM X I
Yynewa, T, ©. BOCNORL30Barhea (opMyaoH

Fo=r(*F2)+ (x =25 1.

JT0 TpHBCAO Gbl HAC, NMPH HHTCTPUPOBAHHYM, K DPABEHCTBY

o60pBaTh pa3nOKeHue YXKE Ha MepBof CTENEHH 9STOro [ABY-

b

Sf(x)w~<b—a>f(”+”)+Sf'(”a(x—fi—”) ,

TaKk 4TO AOMONHHUTEABLHBH YiaeH 8upPa3uiIcsa (131 HHTErpaiom

=§ @ (=08 ax,

COMEPXALHM AMIIL Me pB Yo npoussomuyio f (x). Ho 3necs smopod sruo-
JHCUMENb NOOURMEZPAALHOZO BOLPANICEHUR MEeMAEem 3HaK B TIPOMEXYTKE
|a, b|, n NpumeHenne 0GOGUIEHHON TEOPEMB O CpPEJHEM — B UENAX YNPOLLeHHA
BLIPAXCHHA AAAa p———OKa3bIBaCTCﬂ HEBO3MOKHbIM, ﬂponsnmerme B8 Tet’mopoaow
Pa3NOMNCHUM €Lie Ha OMH UjeH, B CBA3H C PABCHCTBOM (11), ofecmeunao Ham
ycnex.

Ecan Teneps pa3genuTs npomexmyTOK [a, b] Ha n paBHmX 4YacCTeidt, TO AJR
Kax/A0r0 HMaCTMYHOrO RPOMENKYTKA [X;, X;py] GyneM HMETb TOYHYIWO (QopMmyay

xi+1

b— —a)* ., . .
(x)dx__if(xi_'_w)—{- 24"5 i SEH s sx )
i
CaowuB 3tn pasexcTsa (npu i=0, 1, ..., n—1]) TOYAEHHO, NOJYYHM MPi
06bIUHbIX COKPalleHHBIX OBO3HaUEHHAX

13

{7 ax="72 0yt ot oot ya 1)+ R
€ BbipasenHe
b—ap I E) I ED ot S G

Ra= 24n? n
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H eCTh JONMOMHHTEALHBIH yneH QopMynuw npsamoyroabhukos (1), Tak xak Bhpa-

weHne
STED G )

n

TaKKe CONepPWUTCS MexaAy m U M, TO M OHO NpPEACTaBAfeT OZHO H3 3HAYEHHHA
QYHKIHH [ (x).
[To3TOMY OKOHUWATENbHO HMEEM

e
Rn=("24—n.§’)—f“ ® (a<si<b). (13)

1
[pu so3pacTanuu n 5TOT JOMOAHUTENbHBI YleH y6uBaeT N1pPHUME PHO KaK F*'
i
BepHemca faa DpuMepa K BLIYMCIEHHIO WHTerpana g

—dx NpON3BEALH:
I+x2° )

1
HoMy B 322. Ja8 NOAMHTCrpaibHOA (yHKUUN f(x):W
3x?—1

:271-_*_—/\_2)2—; sTa npoussomHan B npomexyrxe [0, 1] menser 3Hak, HO no ab-
COMOTHOW BeaHyHHe ocraerca MeHbued 2, Otcona, oo dopmyre (13) | Rl <<
<< 0,85-107%, Mpl BbIYHCAAAN OPAMHATHL HA YEThpe 3HAKa C TOYHOCTHH A0
0,00005; HeTpymHO BuaeTb, YTO MOrPELIHOCTb OT OKPYri€HHA OpRHHAT MOXeT
GMTh BKAIOYCHa B NpHBEAEHHYIO BHILe ouenxy. Mcrunpaa nmorpewmmHocTts, pefcr-
BUTEAbHO, MEHbllle 3TOR rpaHUubL,

HMeem f” (x) =

326. NlonoanuTeabubifi uneH dopmyasl Tpanenui. 3aimemca Tenepsb gop-
Myno#t (6) Npu npexHUX NPEASIONOKCHUAX OTHUCHTeNbHO GYHKumMH f(x). Boc-
NONbL30BABUINCH MHTEPNOAAUHOHHOMN Gopmysol Jlarpan ¥ a C TONOAHHTEAbHEM
yaeHoM |129 (7)), moxem HamHcaTb [cM. (D)]

F@O=P )+ f @) —a) (x—b), a<i<b),

Wuterpupysn 3ty dopmyay ot a Ao b, nainem
]

b
(roa=0—a L0 4 o (rae—aw—bax

a a

TaK YTO JOMOJHUTENbHLIH ujneH ¢gopumyns (6) Gyner

b
= | D= (s —b)dx.

Paccy®xnan, KaKk Bhe, ¥ NOAL3YACL TEM, HTO BMOPOd MHOXMCUMEAsL nod-
UHME2PAALHOL PyHKYUU U 30ech He MERAE M 3HAKA, Halllem

b
—a)d
=5 (—o =t =—CT L e <o

a

¥ Mpl roBopuMM: nmpuUMepHO, u60 H § MOXKET HM3MEHATLCA C H3MEHE-
HHeM 1, JTO CACAYyeT NOMHUTL H BIPENb,
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Haxouew, naa cnyuas nenenus npoMemyTKa Ha n paBHMX uacTeft
b — a)®
Ri=—CZ L pr) ey, (14

Takos pononnurenbHuil uncH dGopmysn Tpaneuntt (2). INpu Bo3pacTamuu n
OH Take YOhiBaeT NDHMEPHO Kak e Mb BHAHM, UTO npuMeHEHHe GOPMY Il

Tpaneunit NpUBOAMT K [OI'DEIIHOCTH TOrO e NOpALKAa, YTO M LAA (BOPMYasl
NPAMOYrOALHHKOB.

327. Nonoanurennubift uned ¢opmyam CHmncona, OGpaTHmcs, HakoHew
K Gopmyre (8). MOXHO 6bIIO 6bl, aHANOrHYHO TOMY, KAaK 3TO OHLIO CHEAAHO
TOAbLKO YTO, CHOBA BOCTIONbL30BATLCA HHTEPNONAUHOHHOR Gopmyaolk JlarpaH xka
€ JonoARMTENbRBIM yneHoM [129 (7] m nonoxuts [cM. (7))

r@=pPiw+ 0 v —0) (x— ) —ne<t<n 03

Ho Mbl CTadknBaeMCs 31eCb CHOBAa C TAKMM NONONEHHEM Beluel, Kakoe HMmenH
B 1n° 325- (cM. 3ameuande). VIMeHHO, NDOWHTErpuposas paBenctso (15), Mu
He MOray 6u yNMPOCTHTb WHTErpaibROE BbipaXeHHE ANs AONOAHHTEALHOIO YieHa

a-+t-b
C MOMOLKBIO TCOPEMH O CPeNHEM, TaK KaK 8spaxcerue (x — a) (x— o ) X

X (x —b) 8 nodunmezpanvroil PyHryuu yxce mMensem IHABK B npoMe-
wyTKe [a, b]. TlosToMy MBI mOCTYnuM Huavye,
Buipaxerne

R+ Ke—a)(:—2F) v,

a+tb
KaXxoBO 6N HHG6bMJIO YHCHO K, B TOYKAX z=a, —; , b npurumaer
TC € 3HAUEHHA, UTO M QyHXuMa f(z). Jlerko nonoGpatb Teneps uucao K Tax,

a
4yTO6H H DPOH3BONAHasA 3ITOro BbIPAXEHHUA NPH z= coBnaflana ¢ npo-

+

2
a+tb

H3BORHOM f' (——;—) Takum 06pa3oM, NPH 3TOM 3HAaUEHHH K, MB HMEEM B AHLE

HAanNCaHHOrO BLIPAXEHHA He UTO HHOE, KAaK HHTEPIIONAINHOHHBIY MHOrOYyieH Sp‘

a+b
MHTa [130|, oTBewaoWHA NPOCTHIM y3xaM a, b ¥ JABYKpatHOMy ysaiy %
Bocnons3oBaBuinch GopMynoi I pMHTa C 1ONOAHHTEAbHEM waeHOM [130 (11)]—
B NPENNONOMEHHH CYleCTBOBaHMA AN8 GYHKUMA f(X) DNPOM3BOAHKEIX 4O ueTBEp-
TOrO NOPAIK3 BKIOUHTENLHO — NONYYHM:

fO =P+ K —a) (x— T =) +
f (E)
+ 50

a4 b\? N
(x—a)(x—w —; ) (x—08 (e<<{ <))
Tenepn npouHTerpHpyem 370 paBEHCTBO OT a L0 b; Mbi Hahgem, uTo

§ e N e N o]+

+2L4 S?f““(z) (x —a) (x-—a_;__b)n(x_b)dx’
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TaK Kak
Sb(x——a) (X——a—';—b)(x—b)dx=
a

b

=_—&S‘ (x_“ ! ”) [(x_‘iﬁQT_b)z_(l’:J] dx=0.

Ecan npexnonowuts npon3sBogHyo f4’ (xX) HenpepbLIRHOA, TO, Kak ¥ B Mpedn-~
AYWHX CAY4aAX, AOMOAHUTENbHBIH 4aeH dopuyab (8)

>
pzflzi S SO0 (x—a) (x—a-;b)’ (x —b)dx,
a

NOAL3YACL TeM, UTO 8mOpOd MHOXCUMEAb 8 ROOUHME2PANLHOM BHPAXNCEHUL
He MeHAem 3HAKG, MOXHO NPEICTaBHTL B Takoft Qopme *:

[
3
p=g S () S x—a) (x_“;”b) (x —b)ydx =
a

- dore o o Tl =05 e
a
— o g

Ecnu npomexytox [a, b] pasmeneH Ha n paBHHIX uacTefi, TO — AR ¢op-
Myisl CUMNCOHZ (10) —NmoayynuM NOMOAHATENbHBIX YMEH B BHAE

(6—ay

Re =0 ar

0 (aslish (16)

1
[lpu BO3pacTaHWM 17 3TO BLIPAXEHWE YOHBAET NPUMEDHO KiK RIS

KM o6pasom,,; dopmyna CHMICOHaA nefCTBHTENbHO BUrOAHEE OBYX Mped-
iecTayouWHx Gopmym, .

OO6patnMca CHOBA K npUMeDpy HHTerpana s' Jna T0ro uTobH H3Ge-
b

dx
14 x2°
aTh BHIYHCAEHHA 4EeTBEPTOH MpPOU3BOAHOH, hUrypupyome# B dopmyne (16), Mu

3aMeTuM, YTO dYyHKUHA f(x)= cama AB/MAETCA MPOH3BOHHON OT y =

[
== arctg x, TaK, YTO Mh MOXEM BOCNONB3OBAaTLCA roTOBOA dopmynok us 116, 8).
B cornacun ¢ uelt

[ (x)=y'® =24cos® ysin5 (y + %) = 24 cos® y cos By;

¥ Ecnu f(x) ecTe MHOrousen cTemeHu He Boluie TperbeH, TO, OYEBHIHO,
p o6pamaetca B 0. 3mayur, pan rakoro mHorouwnena Qopmyaa (8) 6yaer Tou-
10 (B uem erko YGEAHTbCA H HENOCPEACTBEHHO).
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STO BbIpaxeine, No aGCOMOTHON! BenTHuyMHE, BE BPEBOCXOAMT 24, TaK 4TO 0O

dopmyne (16) |R21<T]20 << 0,0006. McTHnRrana forpeiHocTh, KaK Mbl BHICAH,

3HAYMTEILHO MEHbINE 3TOM rpaHWUbL,

3ameuaunne Ha stom npumepe GpocaeTcs B rja3a, ¥T0 rpanuna no-
rpCWIBOCTH, HahAcHHaA no Rawel GOpMYyne, OKa3biBAETCH [10BOALNO TPYGoi.
K coxanennioo — i B 3TOM NPaKTHYECKHiT HEAOCTATOK BLIBEACHHLIX (HOpMYR, —
nos06HOe 06CTOATENLCTBO BCTPEYACTCA HEPEedKo,

Tem ne Mence MMEHHO ¢ MOMOWbBIO 3THX (OPMYN, NO3BOAMIOWMX BCE KE
OUEHHBATL MOrPEWHOCTb HANEpPEeN, MOXKHO OCYILECTBAATH MNPHOAMKEHHOE BbIUN-
CACHHE ONpEeNCAeHilbIX HHTCrpanos. OGpaTHMCH K npHMmepaM,

2

=y

X

328. Mpumepsl. 1) Boruucaum uuterpan S‘ == In 2 ¢ TouHocThio 10 0,001,

1
BOCNOAb30BABWIKWCL GopMYynon NpAMOYrOoOabHHUKOB,

Tak xak 1as f(,\‘)=; uveem 0 << f” (x)_—_FsQ (ecnn lsKx=c2), 10
no qopmyne (13)

|
O\Rn<—1"2?.

Ecan Baatp n=10, To HONOAHMTenbHbIT uJeH Hawel Qopuyas Gymet

|
Rio <7305

3naucHUA (QYHKUMH; NOCTapaemcs, uTOGLI rpaHHiB 3TOM HOBOM NOIrpeiHOCTH
pasuuaHCh Mewbwe yem Ha 0,16-107%. C 9T0# ueabt0 NOCTATOUHO BHIYUCAATH

<<0,84-107%. Ham npueTca BHECTH €wWe NOrPEWHOCTb, OKPYrans

i
3HAYCHUR (DYHKUNH — © UCTLIPbAA 3HAKAMH, C TOWHOCTHIO 10 0,00005, Maees:

x,=4105  y,,=0,9524

X3, =115 y,, =0,8696

X, =12y, =08

Xy =135y, =0,7407

Xy, =145y, =0,6897

Ay, =155y, =0,6452 69284
%12, = 1,65 50, =0,6061 10
X1, = 1,15 yi5,,=0,5714

K17, =185y, =0,5405
X107, = 195 Y1y, =0,5128

cymma 6,9284

YuuThiBas, 4To NMONPaRKAa K KAaXIOH OpAuHaTE (a CREAOBATENLHO, M K MX
cpexneMmy apudsernyecxomy) comepxurca meway = 0,00005, a Takxe npuHuMan
BO BHHMaHHE OLEHKY HONONHUTENLHOIO YNeHa R, Hahxem, uTo In2 comepwurea
Mexny rpanuuamu 0,69279 = 0,69284 — 0,00005 u 0,69373 = 0,69284 -+ 0,00005 -
+-0,00084, a cnefosatenpHo, u nofasHo mexiuy 0,692 u 0,694. Takum o6pasow,
In 2=0,693 =+ 0,001.



328 § 5. NPUBIMKEHHOE BBHIUHCJIEHHE HHTETPAJOB 165

2) lpoBecT TO Xe BblyucaeHde no Gopmyne Tpaneunit,
B stoM cayuae fo dopmyne (14)

1
Rn<01 |Rn,<’6ﬁ-

Monpo6yeM ¥ 3aecs B3aTs n= 10, XO0TA TOrZa rapaHTHPOBAThb MOWKHO JHIib
yTO IR‘°[<60_0< 1,7.107%, OpanHatel (BHuHCACHHBIE C TOR e TOMHOCTbBIO,

YTO H Bblme) 6YRYT

=11 y,=0909]

X 12 y.— 08333

Y= 13y, =069 Xo=10  yo= 10000

=14y, =07143 Xig—=20 g =0,5000

x,=1,5  y;=0,6667 R

=16 y,=06250 "

I e SR A 5 cywwa 1,500

Xe=18  y,— 05556

=19  ys—=05263 1 15000
T 1_0( e 6,]877) =0,69377
cymma 6,1877

YuyutaiBaa BCE NONpaBkH, Hatines, yto In2 copepxUTCA MEXILY [PaHHNAMU
0,69202 = 0,69377 — 0,00005 — 0,00170 u 0,69382 = 0,69377 - 0,00003, T. e. cHoba
meway 0,692 u 0,694, u 1. 4.

3) C moMouwtpio dpopmyan CHUMNCOHA, NpU TOM XKe UYHCIe ODLHHAT,
MOXHO TNOAYYdTb Gonec TOuHbI# pe3yabTaT. Tax xax ueTBepras NPOM3BOAHAA

fIOAMHTErpanbHOi PYHKUHH €CTh /2‘%:, 10 no dgopmyae (16)
R <0

24 2
<o @mr = 5o
[pu n==>5 (TOrga YHCNO OpAMHAT 6yLeT TO xe, YTO MU B ADPCAbLIAYLIEM CAy~
yae) umeeM | Ry | << 1,4+107% BuuynCienne nosegeM Ha MATb 3HAKOB, C TOY-
Hoctbio o 0,000005:

[ Rn

x1=12 y,=0,83333 Xy =11 yiy,= 090909
Xy= 14  yy=0,71429 xay, == 1,8 yay,=0,76923
x,=16  yy=062500 X5y, =15 ys,, = 0,66667
x,=18 y,==055556 Xy =11y, ==0,58824

_— Ko, =19y, ==0,52632
cymma 2,72818 -2 /2 °2

cymma 3,45955 - 4

5,45636
13,83820

Xo=1,0 y,=1,00000
T X =20 v, = 050000

cymma 1,50000
3% (1,50000 4 5,45636 - 13,83820) = 0,693152,
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Orciona In2 comepxkHTCa MeXAy rpaHALAMK
0,693133 = 0,693[52 — 0,000005 — 0,000014

0,693157 = 0,693152 4 0,000005,

TaK YTO, HalpHMep, MOXHO MONOKHTb 1n2=0,69315, ¢ gop02-

B nefictBrTeabnocTd In2=0,69314718...,, ¥ HCTHHHaa MOrpemIHOCTb OKa-
3wBaerTcs Menbmiefl yem 0,000005 [cp. sameyanHe B KOHIe NpednIymero n°f.

4) lMocraBuM ceGe 3amayedl BHIYHCAHTD NMOJAHHWH 9SAJTHNTHYECKHH

#“HTErpadn 2-ro poaa
E(—) V]——Sln x dx

¢ toynocthio g0 0,001 no popmyase CuMncoHa.

Ol_,}w'a

Oaa dyHKOpH f(X)= 1——;—sin2x , Tps H3MeHenH# x ot 0 1o %,

umeeM | 14| << 12 ** mostomy [cM. (16)]

r3 5
|Rnl<i-2<2 ‘

1]
— * =—, TaK Kax (1) << 10.
180 - (2n)% 3 @2n) 2

BoabMeM n==3, Tak uto | R, | << 0,00052. Torna
X,=0 (0 o= 1,0000

Xy =155 4y, =V 12+ Y12 =39324
Xy = % (30°) 2y, = V T4/2=1,8708

x 154771
< e =1,35063...

Xy, = % 45°) 4y, =V 12=3,2641 5
x,—_—% (60°) 2y, =V 10,2 = 1,581]

Koy = 05)  dy,, =V 12—V T2 =216
xy= - (90°) yy=V 32=0,7071

cymma 15,4771

* CM. CHOCKY Ha cTp. 142, |
** QueBHAHO, y=f(X) = ﬁ; IuddepentHpys TOKIECTBO y’=l—7 sin? x,

Nerxo nocienoBaTeabHO TMOAYYHTb OUEHKH (CBEPXY) Aa6CONIOTHhX BEAHYRH NPO-
usBOLHHIX Y, ¥y ¥y Y
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K noayyeHHoMy peaynbTaTy, KpOMeé NOMPaBKH Ry, CAelyeT I0GaBHTb e€ule
(HeoTpHuUaTenbHYI0) TONPAaBKY Ha OKpyrieHue, KOTOpPasd He IMPEeBOCXOAHMT

,__o,oo;)g T <0,00003,
Taknu o6pasom,

1
135011 <E (—_ < 1,35118,
77)

1
H MOMHO YTBep¥IaTb, 4TO E(ﬁ)= 1,351 ¢ .0m-
(Ha mene B moayuenHOM pe3ynbTaTe BCe 3HAKH BEPHH.)
5) Buuucanute uHTErpan

W=§ " dx
0

¢ Tounoctso 0 0,000l mo popmMyne CuMncona.

HenocpexcTBeHHO BHIMHMCAHB YeTBEPTYIO NMPOH3BORHYIO OT MOGHHTErpaibHoH
¢GyHKUMY, Y6exRaeMcs, YTO 1O a6COMOTHOH BENHYMHE OHa He INPEeBOCXOMHT 12;
NOSTOMY

12
e | < 155y -

HocratouHo Baate n==>5, H6o | Ry| << 0,7 107", HUmeem

x,=00 y,=1,00000 Xy = 01  y.,, =0,99005,
xg=10 y,==0,36788 Xy, ==03  ys,,=0,91393
—_— Xoyy==05  y5,,=0,77680
cymma 1,36788 X2, =07y, =061263
KXoy, =09 y,, =0,44486
x=02 y, =096079 —_
xy==04 y,=0,85214 cymma  3,74027 - 4
X, =06 y,=069768 .
x,=08 y,=0,52729 14,96108
cymma 3,03790 -2 1,36788 -+ 6,07580 - 14,96108
e ‘ 30 -
6,07580 ‘ =0,746825

0,746813 << W << 0,746837
W =0,7468, o,ﬁooos-

((,” afech B TMOJYYEHHOM pe3yjabTare Bepusl BCe WIeCTbhb 3HAKOB!)
) Hatinem uurerpan

1
G=S arctg x dx
X
0
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[cp. 314, 6)] no popmyne CumMmncona, npH r=35, BLIUMCARA Ha NATDH
31aKOB:

yoe=1 91, = 0,90668
¥5 =0,78540 ya,, = 097152
cymma  1,78540 Y5, = 0,82730
Y1y, = 0,87246
y, == 0,98698 Voo == 081424 1,78540 4 7,36476 | 18,32880
¥y =0,95127 /2 ' 30
y5==0,90070 cymma 4,58220 .4 =0,915965.
v, = 0,84343 et
P 18,32880
cymma 3,68238.2 ’
7,36476

B nmoayucHHom pesyanTare BCe 3MaKM BepHb. [IpexocTaBAfeM UHTATENIO
OUCTINTD NOrPewHOCTL 110 Gopmyne (16).

3navyenne G wnHorna Ha3wiBawT nocmosnwoi Kamaanawa (E. Catalan)
lem. Takxe 440, 6) (a)).

3ameEvanuwe TloCAGAHNE TPM NPHMEPA HHTCPCCHBI B TOM OTHOLIEHHH,
YTO COOTBETCTBYIOUIHC T1€PBOOGPA3ibIE (YIKLUHH B KOHEYHOM BHIE }e Bbipa-
HWAKTCH, TAK YTO MMM BOCHOAb3OBATLCH JAA BbIYMCACHHN ONDPENENEHIbIX HHTCr-
panoB G6bino 6bl KCBO3MOMWHO,

Hao6opot, ecau sTH nepnooGpasitble NPCACTABHTL B BUIC ONPELEIEHHBIX
NHTCIPANOB C MEPEMENHBIM BEPXHHM NPEUENodM, TO MOXKIIO GbIN0 Ol BbIYMCIHTL
3HAUEHHs STHX MHTErPanoBs, OTBEYADILMX DALY 3HaYCHHi BCDXHEro npeacsa,
JTHM, C NPHHUMMHAABHOM CTOPOHDI, BLIACHACTCA BO3MOWIIOCTh COCTABAEHHS 1A
QYHKUMA, 3381aHHLIX THLWL HX HHTECPAfbLHLIMK BbIDAXEHHAMH, TAKHX Xe TaGaui,
KaKHC N3BCCTHBI YHTATENO JLIA 37EMEHTADPHBIX (YHKUMH,

Ha sTom nyTn mownO Tarsme 1OAYUMTE Has YNOMAHYTHIX GYHKUMA M NpH-
OAMKCHIBIC BBIPAXEHMS,



FTABA JECHATAA

NPUJNOXKEHUA WUHTErPAJILHOIO HCYHUCJIEHHS
K TEOMETPHUH, MEXAHHKE U ¢H3UKE

§ 1. MauHa ¥puBOH

329. Briuucnenne pauHbl Kpueo#. IlycTtb Ha nJaockocTd napamer-
PHUECKUMH YDaBHEHHAMA

x=9(), y=9() ()
(to=<t

=t=T)

3amaHa HenpepuiBHas mpocras xpusaa AB. B nepeom Tome [247] Oslno
YCTAHOBJIEHO TMOHATHE O JUHB KPHBOMW Kak TOYHOW BepxHeH rpa-
upub S NepuMeTpoB, BIMCAHHBLIX B KPHUBYIO JIOMaHBIX

S=sup{p}. @
B npeanonoxenny, 4to QyHiumnn (1) UMEIOT HenpephIBHEIE NPOW3BOJNBLE,
66110 10Ka3aHo [248], uTo KpuBaa cnpAMJaAd€eMa, T. € QOJAMHA [yru

KkoHeuHa Dboaple TOro, eciu pacCMOTPETL nepemeHuyio nyry AM,
rie M— mobas TOuKa KDPUBOH, OTBEUAIOILAH 3HAYEHWIO ! Napamerpa, TO
60 YCTaHOB/AEGHO, 4TO MJHHA

AM=s=3s(t)

ecTb Auddeperunpyemas ¢Gynxuns ot f, NPOH3BOAHAA KOTODOM BhIpa-

Kaercs Tak:
sO=VIyOF +1¥ OF
HJIH — KOpoye —
si=V & 4" )
[248 (10)] u, oueBHAHO, TONKE HEMpPEPHIBHA.

Bnages nOHATHEM MHTErpala Mo MOXEM Tenepb nepeith ¥4 K Bbl-

yucaeuno amuHe § kpusodt AB. Tlo ocHoBno# dopmyne uHTErpanb-
HOIO HCYUCJEHHS, CPasdy NOAy4uM
T
s(T)—s(t) =\ sidt

Lo
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uiay

7 7
AB=S=\V ' +yldt=\ Ve OFF [ OF dt. (4
fo fy

JlnvHa nepeMeHHOW AyrH AM, o KOTOPOK BhiUlE 1WJa peub, Kak
JNErKO MOHATb, BHIPA3HTCA (OPMYJOH

A7VI=s=s(t)=§ V xi it at. )

to

Moxer CcayuMThCf, YTO 33 HauaJbHyl0o TOUKYy oOTcueTta Ayr Oepercs
Kakaa-1b0 BHYTpeHHAs Touka M, Ecau f; no-npexuemy onpene-
JAET WMEHHO 3Ty TOUKy (B 9TOM cayuae [, yxe He OyAeT KOHUOM
NPOMEXYTKa, rAe uaMenserca f), To dopmyaa (5) [aeT, OYEBHAHO, Be-
AWuuHy OyrH AM CO 3HAKOM, UMEHHO, CO 3HAKOM INIOC, €CJH
t™>1, # Touka M JIEXMT C MOJOXHTENAbHOH CTOPOHH OT Hauajia
orcyeTta Ayr M, ¥ CO 3HakoM MHHyc, ecanm (<f u Touka M Jexur
C OTpMUATEAbHOH CTOPOHB OT M.

Ecin kpupas 3aZaHa SBHBI M yPaBHEHHEM B NPAMOYrOJBHHX KOOp-
aMHaTax

y=/(x) (xrp<<x<X),

TO, DpUHMMas X 33 MapaMeTp, M3 QopMyin (4), xaxk €e yaCTHbIH cAyuyah,
NoJMy4uM

X X
S={Vi4ylde={VTHF(x)Fdx (4a)
1] X9
Hakonen, ciyual no1apHOrM O 3ajaHus KPHBOH
r=g® (=<<6<8),

KaK M3BECTHO, TARXE MPHBOAMTCA K MAapaMETPHYECKOMY C IMOMOUIBIO
obuunpix GopMya mepexona

x=rcos 0=g(0)cosb, y=rsinf==g(0) sin 6

poab napamerpa ageck urpaer 0. Ius storo cayuas

e [}
S={V r+rd={Vig®OFF g OFdo. (46)
[ 8,

Jlerko 4/1s 5THX 0BYX YaCTHHIX CJYy4aeB 3ajaHns KPWBOH Hamucarhb

¥ BBIpAXEHWA 145 BeJMuMHB nepemenHod ayrn AM, ecau M oTseuaer
afcuucce X MaM noaspHomMy yray 6

AM=s=s(x)= Vl—{—yfdx (52)
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WM, COOTBETCTBEHHO,

8 S —
AM=s=sO =V r+r . (56)
6

(]

330. dpyroit mopxom K onpelejeHui0 MOHATHA OAUHB KPHEOWH
W ee BBYMCAEHHIO. [Ipu OmMpeneseHnH C€aMoro NOHATHA NJHHK Henpe-
PLHIBHOR NMpOCTOR KpuBOM (1) MBI ucxoAnmau u3 paseHcTBa (2). [oxaxem
Teneph, 4YTO — 8 CAyHae HE3AMKNYymoOl Kpusoli—ee Oauna S
ABAAEMCA He MOAbKO MO4Y KOl 6epxHeld 2panuyeil 0aa MHo-
ocecmea Oaun {p}, BNUCAHNBLX 8 KPUBYIO NOMANbLX, MO U NONPOCMY
npedenrom Oas p—npu ycaosuu, wmo cmpemameca k O O0aunbt
acex cmopon Aomanoll (p) (uau, mounee, dauna I* nauGosvweld u3
SMUX CHLODON):
S= lim p. (6)

A* 0

Bnpouem, ynoOnee ucxoanTtb W3 3HaueHuR mapamerpa f:

oty .., <ty <...lp=T, )

ONPEAENAOLIHX TIONOKEHAE HA KDPHBOR BEPUIMH JOMaHOH (p), W TNpeano-
AOXKUTb, UTO CTPEMATCA K HyMo BCE MNpupamtenda Af,=={; , —¢, (nm,
TOuHee, Hanboavlwee W3 nux A =—max A¢;). [ee aemmn 0° 245 obecue-
YHBAOT PABHOCHABHOCTH OOEHMX XaPaKTEPHUCTHK NPENEILHOrO Npouecca.
Hrak, noanexnT N0KasareabCIBY NPEAEALHOE COOTHOWEHHE

= lim p. (6%

A=0

CHauana OTMETHM CJENYIOILEEe BaX(HOE CBOMCTBO nepumerpa p. Ecaw
OH OTBEUAET HEKOTOpoMy CnocoBy (7) pasnoxeHHA npoMexyrka (&, T,
K 3aT€M Mbl BCTaBUM €LLE OAHY TOYKY nefeHus f:

<t <tesn

TO MEPUMETP P pasBE JHIIb YBEAWUNTCH, TPHUYEM YBEAHUEHAE €ro ne
npes3oOReT yABOEHHON Cymmsl KoaeBGanni dyHxusl ¢ (f) u ¢(¢) B npo-

MEXYTKE [l fh,q] [eHcrBurennwo, nobasieHne HOBOR TOUKM £ 3ames
HAET B CYMME p OJHO CAaraeMoe (AAHHY CTOPOHH):

V19 Cert) — @ (G 4 [9 o) — $ EP ©)]
cymMMofl nBYX CAaraeMulX (CyMMOR N/JHH HBYX CTOPOH)
Vie® — ¢ @l + 4@ — ¢ Gl -+

+ Vet — ¢ OF + 14 G — 4 OF, ()

KOTOP&n BO BCAKOM (/Ayyae HE MEHbLE, 4eM caaraemoe (8).
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C npyro#t cropousl, Bca cymma (9) HE NPEBOCXOMMT CYMMBI

o (D — ) |4 13O — ) |19 try) — 2B |19 trr) — $ B

W, CAEN0BATEJLHO, YBE N U YEHHE NEPUMETPAa p M NMOMABHO HE NPEBOCKO-
AT 3TOrO YMC/3, KOTOPOE, OUYEBUAHO, MEHbLIE YMOMSHYTOH YNBOEHHOMH
cyMMbl KoJeBGanntt,

B naspHedwinxX paccydaeHMAX OrpaHduydMCA CAyHaem KOHeuHoro S.
Jlns  npoussoabko manoro uncaa e >0, 1O oNpeseneHHI0 TOYHOH
BepXHeH rpanuilbl, Halaercs Tako# crnoco® pasbuenus npoMexyrxa |fy, T
Ha 4aCTd TO4YKAMH

=ttt =T, (10)

yTO 09 COOTBETCTBYIOWLETrO mnepumerpa p* OymeT BHINOMHATLCA HEpa-
BEUCTBO

Pr>S— . (10

Beuny paBHOMEDHOH HEMPepHBHOCTY (yHKUMB o (£) u ¢ (f) cywmecTsyer
cross manoe uucao >0, uro

o) —o®)<gm  19E) =) <g,

anwb toabko |7 — ¢ | <3, Pa3obbeM ke mpoMexytox [fy, 7] Ha wacrtu
Toukamu (7) NOA €NMHCTBEHHBIM yCaoBueM, uro A< 3 (1. e uyTO0 BCE
At; <8), » coCTaBuM COOTBETCTBYIOLLYIO CYMMY p.

Paccmorpum  tperuft  cnoco® npobaenus npomexytka [f, T] ua
yacTd, NPH KOTOPOM TOUKaMH OEJEHHA CAYXaT Kak BCe TOUKK £, Cro-
coba (7), Tax u BCe Toukw £f cnoco6a (10); mycTs emy OTBeyaeT nepu-
merp po. Tak xax 310T cnoco® moayued u3 (10) nyrem poGasaenus
HOBBIX TO4YEK, TO B CHJY CKa3aHHOro BHauane

poz=p*. (12)

C apyroB cropouel, TOoT e cnocol moayuen n u3 (7) noGasaeHnem
Touek £ JloGasaemue Kaxao# TOuk ff yBedHuHBaeT p e Goaee, uem

Ha YABOGHHYIO CYyMMY COOTBETCTBYIOWMX KO/e0aHuH dyHKunh ¢ (£) u ¢ (f),
€
T. € MeHbWe, YeM Hd s—. Tak Kak sTOT NMPOUECC NOBTOPAETCH MEHBILE,

€
4eM /m a3, TO po MPEB3OKAET p MEHBIIE YEM HA 5 :

po<lp 5 (13)
Hs uepaseucrs (13), (12), (11) caeayer, uto
p>S—s
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tak yro 0<(S—p<e, OTKyAa BHTEKaeT JIOKA3blBAEMOE YTBEDMIE-
nue (6%), a sHaunt H (6).

Tak wak u3 (6) obpatHo BmTexkaer (2), To paBeHCTBO (6) MOXHO
paccMaTpuBaTh KAk HOBOE ONPEREEHRE AJUHBI KDPUBOH, DaBHOCH/bHOE
npexuemy.

3ameuanue OnHako, KaK HETPYAHO BHAETb, B Cyude 3aMKHY-
TOH KPUBON TaKoe ONpene/ieHHe He MOXer ObTb MpuMeHeHo (e30roso-
POYHO: Bedb Aaxe npu cobuioneHuu
YKa3aHHOrO YCJOBUA HMYTO HE Me-
wano Obl  JTOMaHO# CTArUBATHCA
B TOYKYy, a €e IepUMeTpy CTpe-
mutbea Kk O (puc. 8). Cyrs pena
‘B TOM, YTO NP4 HE3aMKHYTOH
KPHBON OZHO YOHLIBAHHE BCEX 3BEHLEB
aomaHoN (p) O Hyas ywe obecne- Pue. 8.
yppaeT Bce 00JIee TECHOE MPUMbI-

Kauue UX K COOTBETCTBYIOUWLHM YaCTHYHBIM OYraM; MOSTOMY-TO H eCTecT-
BEHHO Tpenes ee nepuMeTrpa p NPHHATL 33 Aauny Bcel nyrn. B cayuae
KE 3AMKHYTON KpnBOH A€N0 OOCTOMT yxe He TaK.

[OrMerum, uTO ecau BMECTO CTpemieHds K O [JMH DCEX CTOpOH
1oMaHoH, notpe6oBarth TOFO Xe€ OTHOCUTENbHO AMAMETPOB COOTBETCTBYIO-
mux Ayr, TO HOBOE ompeneierue OG0 Obl B PaBHOH MEpe NPHUIOKHMO
KaK K HE3aMKHYTHIM, TaK W K 33MKHYTBIM KDHBHIM.]

ITokaxem Teneps, Kak u3 onpenenenus (6) waw —uto 10 We — (6*)
HEMOCPENCTBEHHO BBIBECTH BhIpaxeHue (4) mas aauusl S Kpusoft. DBynem
WCXONMTb W3 TOTOBOTO BHIDAXEHHS MAJI1 NEpUMETPa p  JOMaHoH
[eM. 248 ()]

n—1

p= ZOV [¢ ()P + (¢ P - AL,
i=

TAE t;, T; — HEKOTODHE 3HaueHua ¢ u3 mpoMexyTka [t f.4].

Ec/M SaMEHHTL BO BTOPOM CNaraeMOM [OJ 3HAKOM KODHA Be3ie T,
Ha T, TO MpeoOpa3oBaHHOE BHIPAWEHHE

n—1\

o= 120 VIY GoP [y ()] - ALy,

OuEBHWAHO, MPEACTaBHT COBOR HHTErpaiAbHYyl0 CYMMY Kak pas ans
uuterpana (4). Tlpn crpemaenun A K Hymo, 3Ta cyMmMa u Oymetr wumeTs
CBOMM npeseaoM ymoMauytsi# uHTerpas *. Ilns toro utoGel nOKasarb,
4TO K TOMY Xe MPEAeNy CTPEMUTCA H NMEPUMETD p JoMaHOH, KOCTaTOUHO
OGHapYXHUTb, YTO PA3HOCTb p — & CTPEMHUTICA K HY.JIO,

* CyulecTBOBaHHe ero He BbI3BHBAET COMBCHHY, HOO NOAHHTerpaabhHana Qymi-
UHA Henpepeisna 298, 1,
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C 3TOH UEeAb npousseneM OILEHKy aTOH Pa3sHOCTH
p—al< D|Vig P19 P~V GOF+ ¢ )P - Acy.
DNeMEeHTaPHOE HEepPAREHCTBO
V@0~V bi<|b—b| *

€C/H NDUMEHATh €ro K KawIomy ClaraeMomy HanucaHHoH BbllLE Cymmbl
B- OTOE€JALHOCTH, AACT HaM

lp—al<< D¢ () — ¢ ()AL,
i

Beugy wenpepuBrOCTH (pyHkunu ¢’ (), o nMoOOMYy 8amaHHOMY _a> 0
Hafinetca Takoe 8 >0, uto |¢' (£)— ¢ ()| <e, auwn TOBKO {£ — ¢ j<8.
Ecan saatn A<T8 (1. e Bce A%, <(®), 10 u |ty—r,{<3, Tak urO
W E)— ¢ (@16 n

|p—a|<ez At =e(T—1y).
i
910 nokaswiBaer dopumyay (4).

331, Mpumepnr. 1) LUennaa aunns: y=ach§ (puc. 9). Mot umean
yxe B 252, 1)

1% ]+y’§=ch%.

Torma no dopmyae (5a), ecnu 3a Hayano
OTCYETa YN TPHHATbL BEPIUHHY A KDPHBOA
X
- x
s= AM = g ch =
. a
0

dx =ash i.
a

x
Bcnowunan, uto igae=y. =sh e

Puc. 9 uMeeM Taxxke s=atga. TakuM oO6paszom,
e, 3. B AMPS (puc. 9) water MS=atga
B TOYHOCTH paBeH (o Anuue) ayre s. Mol
NoNy4una npocroft cnoco6 r?acpuqecxoro CIPANAEHHA UENHOA NHHHH.
2) MapaGona: =7
P : Y——2p~
* HepasencTso 9T0 ouennano npu ¢ =0; ecnru we a£0, To oHO Hemocpel-
CTBEHHO BBITEKAET M3 TOXKAECTBA

e Y e b+ 5,
Vat o — Vot = e (b — b))
Va+5 + Vet '
TaK KaK MHOXWTCAb NpH Pa3HOCIH B CKOBGKax no abCoMIOTHON HeNHYHHEe MeHblile
€AHHH UL
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331} § 1. nausA KpuBOH
MMpunas 3a Havyano otcuyeta Ayr Bepuuny O (x=0), K14 DPOH3BOALHOA

Toykr M c aBcumccoit x wnmeeM
X
s=O'M=% Q Vxi+pde=
0
Bl
—
]

f+VEFP
P

)

g VEFR + GV )

Xy mTa, P
QPVx +p+ 5 In

3) Actpouna x=acos't, y=asin’f,

Moabayach yue BbiUMCHeHHbIMYU (224, 4)] 3HAueHHAMH X: W y¢, UMeeM
Vx}2+y}2 =3asin cost (ec:m Ogté%)_

[lsuna 4eToepTH acTpowibm Meay Toukamn A(a, 0) u B0, a), no ¢op-

myne (4), pasua
3a

E—_
0

92

~ 3a
AB=3a sintcostdt=7sm9t

it Lk

Tak 4TO AnKHa Bcell Kpuso# Gyaer 6a.
4) Uukaounna x=—a(t—sing), y=a(l —cost).

3aecy (npu 0 <<t << 2m)
Vi £y =aV T=cos ) F st ¢ =2asin %;

AHHA OJHOM BETBH UMKIOMAHW, MO (opmyne (4), Gyaer
2
¢ |2*

2a S sin—t— dt=—=—4acos | ==8a.
2 o

2

5) dsoabBeHTa Kpyra: x==gqa(fsinf4cos¢), y=a(sint—~tcost).
Mueem (npu £>0)
V' 97 =aV Ccostp T Esin i) =at,

N’
1aKk yro nepeMeHHas nyra AM o1 touku A(t=0) o mo6oit Toyxn M >0)

ts

o

BbIPa3nTCA TaK:

e
AM=s=

09|

[lpu ¢ <0 B npeawecTsyiowed GopMyne CnpaBa HYXHO JHIGL NOCTAaBHTb

3HAK MHHYC.
6) Apxumenosa cnupanb: r=af.
[lo ¢opmyne (56), otcyuthiBas ayry ot momoca O go mwo6oi Toukn M

(orseuaoulen yray 0), goaywaem

]
§V1+e= de=-‘2’-[eV1_;-e’i +In@ 4 Y T30

e’
OM=a



176 P, X. TPAMOXKEHUS WUHTETPAJLHOrO HCUACHEHAS [331

r
JlioGonbITHO, YTO NMOACTABHB 3€ChH 0=?, MB  NpHIEM K BbIpaweHHwo, ¢Gop-

ManbHO CXONHOMY C BHIPaXEHWEM AJA LAKHbLI AYrH napaGonwt [cM. 2)).
7) JlorapugMuueckas conupanb: r=ae™ (puc. 10

’

1 . — .
g =My TO F=—or, W A1d AyTH MM mexny nsyms TOukamm

¢ KoopauHaramu (ro, 0,) u (r, 8) Gymem umeTh no To#t we dopmyne (56)

Tak kak r

] 8 P
S 2—_, l ’ 1
s:MDM:S Vet de=1/1+m—2 g rods= ]/1+,? (r—ry).
(1] []0

1
Ecan scmoMuuTs, uTo Aaa NOrapudMMuecKo#t cnmpannm g w=_-, TO nonyuex-
HbIff  peayanTaT MOMKHO HaNHCATL Tak:
S~ r—r
r=MM=—"22
Cos ®
[Tpn6aunan Touky M, k moawcy O,

T. € YCTPeMissa r, K HYMO # N DPHHu-
Mafa NOoNyuyaeMHun#i TNpH 9ITOM

—r
npepen navHe ayru MM 3a
AAauHy oyru OM, Mbl npugem k ewe
Gonee MIpOCTOMY pe3yabTaTy
= r
s=0M=—

T cosw *

C noxotubio 3Tolt opmyns uz A MOT
(CM. PHCYHOK) Ye J1erk0 yCMOTpeThb, 4TO
Jyra § paBHa TNONAPHOMY OTPE3Ky Kaca-
TEeNbLHOH fp:

Puc. 10. OM=TM*

Mbr noayuynau BecbMa NpoCToH ¢nocolb rpaduueckoro CNpAMIEHUA HAaWCH KPUBOLL.

2 3
x 0y
8) danunc =, +4-—-=1.
) et
Yno6nee, snpoueM, B3aTh ypasHEHWs SMAHMNCA B RapaMeTpHuecKoH topwme
x=asint, y=~acost. QyeBumHo,

VW:VH” cos? i 4 bEsint i=V &F — (@ — ) sin't =a VI —¢ sin 6,

-V'az_ b2
roe E=-—a— €CTb YHCACHHLIY HKCUEHTPUCHTET Saannca.

* DTO CBOWCTBO NOrapuQMHUYECKON CNUpanu N0380JAET [€rKO YCTAHOBUTL
TaKoe MpeNnOXeHne: KOrga 3Ta KpHBaf KaTurcs 6€3 CKOMNbXKEHHA N0 npa-
Mol MT, 10 momioc O (ecaW CYHTaTb €ro HEU3MCHHO CBA3AHHBIM C KDHBOMH)
OMUCHLIBAET HEKOTOpYIO MpaMmyio. [TpefocraBaseM YMTaTCai0 JOKAa3aTelbCTBO.
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Bulyncnna QauHy Oyru 9AMNCa OT BEPXHErO KOHUA Manoft ocH N0 DI060H
ero TOYKH B IEPBOM KBALPAHTE, MOJYuHM

14
s=a\VT—esin’tdt =aL (, ¢).
0

Takum o6pa3oM, NAMHA LYTH 3NIMNCA BHIPAXKALTCA 3ATHUNTHUYECHHAM HHTe-
rpagom 2-ro poma (293, cm. rakxke 305]; Kak YKasblBanoCh, 3TOT (aKT
HOCAYXKHI NMOBOLOM NAA CAMOTO Ha3BaHUA <«3AAHNTHYECKHil»,

B yacTHOCTH, ANKHA YyeTBePTH OGBOMA MNKIICA BBIPAXKAETCH uepe3 N O NH ul {
SAIUNTHYECKUA MHTerpan ¥

ol a

a§V1 —e¥sin®t dt =aE (2),

Janna ke pcero o6sona 6yner
S=4aE (e).

X
VluTepecHO OTMETHTH, YTO AR JINHMHBI ONHON BOMHBI CHHYCOHUZB! ¥ == sin -,

rie c==) a*—b® nomyuaeTcs B TOYHOCTH TaKOH e peayantat, I"eoMeTpHuecKkH
9TO COBnajeHHe OGDBACHUTL nerko, Boo6panm mpamo# KpyrosoH uUManHap;
B NEPECEUEHHH €r0 IMOBEPXHOCTH € NJIOCKOCTbIO, HAKNOHHOH K O6Pa3ywILHM,
nonyuutrca saaunc. Ecau paspesath nosepxXHOCT, LMAMHIPA NO O6pasyiwoied,
npoxogAmwed yepes BepPWIHHY MajxOH OCA, M pa3BepHyTh, TO O6Bod 3aaMnca
nepeffer B CHHYCOHLY.

AHanOrHYHO K 9NNHNOTHYECKHMM MHTerpanam (060Mx pONOB) npH-
BOAMTCA H BHIYMC/EHHE AYCH THINEp 60 A bl

9) Yautka r=acosh 4 b

3nech rg=—asind u

P4 ri? = a* 4+ 2abcos 0 4 b° = (a + b)? [l—zzﬂ_;ib—b)gsiﬂ'g—].

Mo3stoMy (npu &34 a) (nA gAMLl JYT# OT TOYKH, OAs KoTopo#t 8 =0, 10 Touku

¢ a6biM 0 <7 MOMYYyuM BBIPaMEHHE B BHIE 3AJHUTHYECKOIO HHTE~
rpafa (2-ro pona)

[}
5,0
s=(a+b)g V 1—(a:+"2smf7de=
0
]

o ~ dab 2V ab
_2(a+b)§]/1 ——(a+b)ﬂsmtd2—2(a+b)_E(-m, 7).
,DJIHHa Bceft Kp“BO“ BLIPDA3HTCA MOAH B M S3IIHNTHYECKUM HHTErpasoM;

S=4(a+b)E<2aVT‘abb).

¥ CMm. cHOCKY Ha cTp. 142,
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OIHAKO IA8 YACTHOrO CAyyan —KapDAHOHIb (b==a) Ae10 3HAYUTEAbHO
ynpowaercs. B stoM cayuae

r”+ré'=4a‘c‘os’%,
Tax yto (0 <B<<w) 6

0
s=20$cos%d0=4a sing.

Ecnu (puc. 1) 3 nonmoca O paauycoM 2a omucath RYFY AL 1o nepeceyenna
C npoJONKEHHbIM pamMycoM-BexTopom OM, 10 xopma AL, ouesmnHo, Gymer
paBna ayre s==AM.
Jauva Bcel xapiumouant Gymer 8a.
10) Jlemunuckara:
r?=2a® cos 28.
BhiyvcnnyM AaMHy AYrH NeMHHCKAThl OT BeDUIMHREI, OTBewawined 8=0, Oo

K
A060H TOYKH € NMOAAPHLIM yraom 8 << — .

4
Vimeem
rry=—2a%sin 26,
. 2a? sin 20
oTKYIA rg=— ————.

B taxom cnyyae

Vi =22V

T Yeos2s’
u no dopmyae (56)
[]
~ { db
s=a}2 \——-::
Vv chos?B

Puc. 11.

Mbl CHOBA MIPHXOAKM K 9nauMTuyeckomy Hurerpany (l-ro poga) Tax
KaK TaOGMHUbl BLIYUCACHH NS MHTErpanoB, B KOTOPbLIX MHOMMHTENb K* nipi sin® 0
MeHbILE eIHiHUbI, TO lIpHGeraem X 3ameHe nepesennon. [Toaoxum 2 sin® b =sin® ¢

rak xak 0 < 2, 10 2sin*f < I, ¥ yroa 01CI0Ja ONpefeNHTb NeHCTBHUIENbHO
’ y ?

MOXHO); TOrja

1 . 1
sin = ——=sing, c0s 0 d0 = ——=cos ¢ do,
V2 P VQ ¢ a9
dG:—l_—%, Y1 —2sinfg=cosy
V2 V 1 .,
1—75m [3

H OKQHUYATENbHO
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T k11
Monaras B npefe’abHOoM cayuyae * 6_—_7, 2 §=-, AMR JUMHH SeTBEpTH
JeMHUCKATH MOJAYYHM BHIPAKEHHE Yepe3 NONH W W 9ATUNTHYECKHH HHTErpax

w
|
[~]
e 1K

)
:ZQK —=
‘l/l__;_smﬂ? V2

nruHa Beel nemuuckar Gymer S==4aK (%)

3ameuarenbHO, YTO 33faya CIpAM/IeHHA Oyrd KpPHBOM CTOAL WAacTO MPHUBOAUT
HMEHHO K SAAMNTHYECKHWM HMHTEIpAamnaM.

11) B 3aknoueHue npUBeleM NpHMED HCMOAL3OBAHUST QOPMYIW 1R ANMHG!
Ryr# [pH NOCTPOGHHH 3BOAObBEeHTH Kpuso# [256]

PaccmoTpum LenHYy10o aAuHup. Ecin tekyume KOOpIMHATH, €€ TOYKH
0603HayHTL uvepes. £, v (npHMmenuTenbHO K o6o3HaueHHsM n°256), a ayry ee,
OTCUMTHIBAEMYIO OT BEPLIHHN, — Yepe3 g, TO YpaBHeHNe KPHBOR HAMHMILETCA B Buae

=uach 5,
a gyra npeacrasurca dopmyno# [cm. 1)]

¢=ash E—
a

OTCI0Aa MOXHO BbIDa3HTh £ W v HENOCPEACTBEHHO B (YHKUHH OT ot

t=alin(e+VEFa)—Ina, g=VoFa.

Teneps no dopmyaau (17) n° 256, yuntwsan, uto 3gech [cu. (18)]

cosf = a sinf = ‘
Veifat’ V4 a?’
MOXHO HANMCATb MAPAMETPHYECKHE YPABHEHHS MPOH3BOALHON 9BOALBEHTH
T a
=a[ln@+ VFat)—Inal + (¢ —0) ——
Veta’

T ]
y=VdFfa+(—a) —= -
Vd+ta
OCTaHOBUMCA HA TOH U3 9BOALBEHT, KOTOpaA OTBeyaeT C=0; OHA HCXOOHUT

U3 BepUIMHK UENHOW NHHHH ¥ HMeeT B Hefl Touky Bosspara (puc. 12). HMckmo-
yan o, 5Ty KPHBYIO (Ha3WBAEMYI0 TPAaKTpPH COH) MOXKHO BLIPA3HUThb H ABHHM

ypaBHeRHeM
2 ___ g2 -
x=t[a ln%—y-—]/a*—y’].

¥ Mil BbIHY®AeHH PACCMATPHBATL 9TOT ClNyyall HMEHHO KaK nHpeleabHuift,

k11 ~
nepexoas B MONYYE€HHOM BbIpaXEHHW Ans § K mnpeleny npu ﬁ—o—4—— HIH @ — 7’

n »
TaK Kak npH 8=T IPOM3BOLHAR F =CO M popmyaa (56) Hemocpen-
CTBCHIIO HEAPHNOKNMA,
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Ecan BCOMHHTL BoipaxceHue <OTpe3ka xacatenpbHofts [ 230 (4) |

dx \2

yl/ +\y)
TO OTCIOHA JICTKO MOMYYHTb, 4TO £ == a, DTAM BHIPAKEHO 3aMeyaTeAbHOE CBOHCTBO
TPaKTPUCH: OMpPE30K KacameavHod OAfl Hee UMEEN ROCMOAHHYIO 8EAUHURY®,

3TOT pesyabTaT Jerko MNOJYYaeTCs M HeMOCPeACTBEHHO M3 CBONACTB LERHOH
auHMH |cM, B 1) ee capasaenne, puc. 9.

4

t= ‘—“f—]/l——[—yE
Y

4 7
Puc. 12,

332. Harypanbuoe ypaBHedue nnockoil kpusoit. [lpeacrasnenne
KPHBOR C NOMOWbIO YDPABHEHMA MEXAY KOODIWHATaMM €€ Touek (1o
OTHOMIEHNIO K KaKOH-1u60 cHCTeME KOOPAMHAT), HECMOTPS Ha BCIO
NO/IE3HOCTb TaKOro TIPEACTABJEHYs, YaCTO HOCUT MCKYCCTBEHHBIH Xapakrep,
NOCKOJBbKY KOODAMHATH HE ABJAIOTCHA CYUWECTBEHHBIMM FEOMETDPHUYECKHMM
sseMeHTaMu KpuBOH. Taknmu CYWECTBEHHLIMH 3AEMEHTaMH, Haobopor,
ABAKIOTCA A YT @ KPUBOW S, OTCYMTHIBAEMAs B ONPEdENEHHOM HaNpaBJeHuH
OT HEKOTODOH HauaibHOH TOYKW, ¥ PAAMYC KPUBH3HH R (Man cama

KpHBY3HA k:}?) fem. 250, 251].

Ilns KawaOR KDUBOH MewAy 9THMH 3EMEHTAMH MOXHO YCTaHOBHTb
3aBUCMMOCTb BUAA

F(S, R) =0,

KOTOPAs W HA3bIBAETCA HAMYPAAGHOLM YPOABHEHUEM KDUBOR**,

* C 9THM CBA34HO W CaMoe HaspaliMe TpaKTpuca (MpoHcxonmaulee ot
AATHHCKOro raarosa trahere —BJaeub, TaULHTb): eCIH JBHXYILAACA NO TOPH-
30HTanM Touka T npu nomomu kHTH TM Tamut sa coboft Touky M, To mo-
cnenHaa GyNeT ONUCHBATL KaK pa3 TPaKTPHCY.

** [lepeson nemeuxoro TepmuHa: natirliche Gleichung: ne Menee BuipasuTe-
seH v GpaHuy3cKuit Tepmun: équalion intrinséque (T. €. <BHYTpeHRee ypaBHeHHe?),
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Iloxaxem, uTO Kpugsie, umeowue O00HO U MO e HANMYPAABHOE
ypagrenue, MO2YMm OMAUNAMECH MOABKO CBOUM NOAONUCEHUCH HA
naockocmit, Tak uTo GOPMY KPHUBOH HaTypajJsHOE ypasHenue onpene-
JIaeT BNnoOJAHe OJHO3HAYHO.

[ycrs ke ase kpussie (1) u (II) umetor omHO 4 TO e HaTypaJbHOE
ypasHeHHe, KOTODOE Mbl BO3bMEM B BHAE

& =8(5) (14)

Ilna TOro uroOnl AOKA3aTb HX KOHFPYEHTHOCTb, CHAYana MEPEHECeM OLHY
M3 KPUBHX T3K, UTOCBl COBMajW TOYKH, OT KOTOPHX Ha 00erX KpHBHIX
OTCYUTBIBAIOTCA AYrd, a 3aTeM [OBEepPHeM 3Ty KpUBYIO TaK, 4ToBHl
COBAJA TOJOKHTEJIbHBE HANDABJIEHNA KACATEIbHHX B 3THX TOYKAX.
Ormerum ykaszatensmu (1 ¥ 2) COOTBETCTBYIOUIHE OIHOMY H TOMY XKe

BHAYEHUIO § BJEMEeHThl O0eUX KPHBBIX:

KOODAKHATHL NMEPEMEHHONR TOYKM: (X, V1) U (X Vo),

Yrona KacaTeabHO# C OCbiO X: O; W dy;

paavyc KpuBu3He: R; U R,

1 1

B cnny (14) GymeM uMeTb npu pcex S "R=froTe (250, (2)]
1 3
da, _ da,
ds — ds ° (19)
Kpome Toro, Kak npeanoJomeno, npu s =0
X1 ==Xe, Yi1=VYe (16)
n
oy == 0. a7

W3 (15), no caencrsuio n® 131 BLITEKEET, YTO &; U Uy MOTYT PA3HHTHCH

JUs HA MOCTORHHYW, HO, KaK Mbl 8MAEJH, npu §=0 371 BeJRYHUHKI
COBNAJAT, CIEA0BaTENbHO paBeHCTBO (17) mmeer mecto BCeraa. B takom
Cry4ae Ias BCEX 3Hauenu#t s Oyaer [249, (15)]

dx, _ __ dx,
ds = COS &y ==c0s @y == T
ayi ___ ; dy,
ds —Slnal—sm%—T,

OTKYyOa aHaJOTrHYHHIM 00pPA3oM 33aKJOUaeM, uTO ¥ paBeHcTBa (16) umeior
MECTO BCEraa, T. €. KPHBble COBMAfaioT.
Tlokawem Tenmepb, Kak 110 HaTypaabHOMY ypaBHenmo (14) xpusoht
BOCCTaHOBHTL KOOPIWHATHOE TMpeacTaBaeHae ee. Ilpexae ncero us (14)
da
HMEEM Hs_:g(s)’ TaK uTo

a={g(s)ds -+ a, (18)

0
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rie % — NOCTOsHHAA. 3aTeM, MCXOAR M3 DABEHCTS

dx==cosads, dy=sinads, (19)
WHTETPHPYA, HAXOLHM
5 5
x=Scosads—|—xo, y=Ssinads—|—yo, (20)
0 0

TIe Xy H Yy — HOBbIE IOCTOSHHBIE,

Herpyaso noHaTb, UTO BpAUEHNE KPKBOM BseueT 332 cOGOH HameHe-
HUE NOCTONHHOR 0,y a Mapas/uIEAbHOE NMEPEHECEHHE ee CBA3AHO C H3MEHe-
HHEM NOCTOSHHBIX Xg Vo*. PABEHCTBO 5THX MOCTOSNHHKX HYJMO 03HA3uaeT,
OUEBUAHO, 4TO KDHUBAR pACMOMONEHA TaK, UTO Haya/JbHas TOUKA AAA
OTCUETa JYr COBMEWEHZ C HauaAoM KOODAHHAT, a MOJONKHUTEJbHOE Ha-
NPABJIEHNE KaCaTeJbHON B HEH CoBnadaeT ¢ NOJOXKHTEAbHMM Hanpasfe-
HUEM OCH X.

ITyctb Tenepsb ypaBueuue (14) B31TO MPON3BOBLHO [/MiLb QYHKUHIO g(S)
mbi Gyaem npeanoJsarate Henpe p o BHO#H|. Tornaa, onpeseans cHayana 2
dopmynoi (18), a 3atem x n y — ypasHenusmn (20), nosyuns napamerpn-
4eCcKOe MNpEeNCTaBJeHne HekoTopoH kpusol. Huddepenuupys (20), sep-
Hemcs K (19), OTKyAa nmpexiae BCEro ycMaTpHBAaeM, HTO

ds®* =dx" - dyb,

Tak uTO dS, AEHCTBUTE/ABHO, HBAAETCa Auddeperawasom #yrg  3ToH
KpuBOH, a §-— Ayroft (ecau Radnexanle BbIGPATH HaualbHYl0 TOUKY
orcuera). 3arem Te xe papeHcTBa (19) NMPUBOLAT K 3aK/IOYEHHIO, YTO &
CAYWHUT YrJoM KacaTeabHOH K TOH e KkpuBOW ¢ ocbio X. Hakowueu,
auddepenunpya (18), nattaem, uto kpususHa OyIET paeHa

da
45 = 8(5)

M, TakuM 0OpasoM, ypasHenue (14) AeHCTBUTENbHO OKa3HIBAETCA HAT Y-
pasibHBM ypaBHeHueM and vawel kpusof. WUrak, xajxcdoe ypas-
wenue guda (14), 20e ywryua g(S) xenpepvigua, moxcem Obiins pac-
CMQMpPUBREMO KA HAMYypPAAEHOE YPABHEKUE KEKOMOpOLL
xpugod.

O6pamwaeM BHUMaHUE 4ATaTE e} Ha TO, UTO 32 cueT Bufopa HauasibHOH
TOUKNA W HaNpaBJEHWst OTCUETa AYr HA KPHBOH B €€ HATYPANbHOE ypaBHEHHE
MOXHO BHOCHUTL (BMPOYEM HECYLLECTBEHHLIC) HIMEHEHHA.

¥ O6paias STH YTBEPWIEHHMA, 1erKO MONYYHUTb HOBOE JOKA3aTE€NLCTBO TOrO
npefsoXeHus, KOTOpPOe OhlA0 BLICKA33HO BHE,
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B 3akjoueHHe 3aMETHM elle, YTO ABe CHMMETPHYHO pacnoso-
WeHunle KpuBsie * (puc. 13) MMeloT HaTypaiabxble YypaBHeHHs Buaa (14),
PasHALIMECH JUIUb 3HAKOM INPaBON YACTH

%:g(g) n 71?—=—g(s). @n

JleAcTBATENBHO, DK COTNAaCHOM BHOOpE HAaya/lbHEX TOYEK M HAMPaBJEHHR
J19 OTCYeTa AYr Ha OOEHWX KPHBHIX, DaAMYChl KPHUBHSHBI MX OYAYT MMETb
npoTHBonoaoxHue 3Hakd. OO6paTHO, ABE KpHBHE, WMEIOWIHE, COOTBET-
CTBEHHO, YypasHenus (21), mnepensu-
KEHHeM 110 FNJAOCKOCTH MOryT ObTh
NpHBEAEHB B CHMMETPHUHOE MOJO- .
weude, MOXHO He CunTaTh © Takde
JiB€ KPHBBE CYWECTBEHHO PAasHAL(H-
MUCA N0 Gopwme.

333, Mpumepn. 1) Hafitu xpueyo,
OTBEYAIOLYI0 HATYPanbHOMY YyPaBHEHHIO
R":?as.

Hneem
da 1

s Vs’

YA _a,
a= = =g Puc. 13,

Tak 4T0 ds=aada. BmGupaa « B KayecTBe napamerpa, NONYYHM 3aTeM

dx = cosads=aacosada, dy = sin a ds = ga sin a da,
oTKyna
x=a(cosa-4asina), y=a(sina—acosa).

KpuBan oxasanacb 3BONbBBEHTOHR xpyra |225 8)].
2) To me nng HAaTYpaAbHOrO ypaBHeHUA R*-}- s*=164%, 3necs

da 1 .8 .
E—Vlb‘a?s" o = aresin ——, $=4dasina, ds=4acosada,

Torna
dx=cosa ds =4acos*a da, dy=sinads=4asinacosada

¥ OTCHa, HHTErPHPYH,

x=2a (a—i—%siﬂ?a):a(?a-{—sﬁn?a),
y=—acos2a=a—a (|l 4 cos 2a).

* COBMECTHTb WX REpeMelleHHeM MO NAOCKOCTH HEAp3A IAA STOTO
TIOHafo6uA0Ch Obl BpalieHHe B NPOCTPAHCTBRBeE.

** Tak KaK HAM HNYXHO BOCCTAHOBHTh XOTb ONHY KPHBY10, TO BuGHpaTs
AOCTOAHHbIE HHTEFDHPOBAHHA Mbl GyleM NHIUb.TO COOGDAKeHHAM YH06CTBa, ITO
3ameyaHde creflyeT MMETb B BHAY W BIIpelb.
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Ecanm nepedtn K nmapaMerpy £=2z—m, TO YPAaBHCHUA NONYYEHHOH KDPUBOH
NPHMYT BHI
x=ra-a(t—sint), y=a—a(l —cost),
W Mbl y3HacM Hukzxouny {225, 6)], suwb CABMHYTYIO # NEPEBepHYTyIo 1o
CPaBHEHHIO C OGBIUHBIM @€ PBCRONONCHUCM,
3) To e s HaTypalbHOro ypapHCHHs R = ms.

Quesuiho,
da 1 Ins
= —_ — gna — ma
ds = msr © o S= T ds = me™m* da,
dx = cos a - me™*da, dy = sina.mem*da
1, HaKoHel,
x:L(mCOSa—i—sina)e”‘" y='—"(msinaz—cosaz)rz’"‘z
|+ m* ! 1 -+ m? :

[Tepeiimem X noaapubiM koopiauHatam. Ilpewne scero
- " ma
r=V x4ty em—e———em
V14 m?

1
3ates, BEOAA NOCTOAMNBA YrOA © MO yCrosHeM Igo=—, GyneM uverb
[

1
. ga— —
y msina—cosa m

<= = =1g (a— ),
X mcosa - sina 1+71171ga

TAaK UTO MNOMADHBII yron 6 MOXHO NpPHHATL DaBHHIM a — ©, OTKYOa a==w -0,
OKOHYATCALHO OJSPHOE YPaBHEHHMe HaWIEHHOW KpPHUBOW OYNET TaxkoBo:
re— m emmemO;
Vit m?

sto—norapudpmMuyeckas coupans (226, 3)]. Bemiunna xospduumuenta
npu em¥ ponu We Mrpaer, ero MOXHO CBECTH K | NOBOPOTOM HONAPHON OCH.

4) 3aitmemcs Tenep, 3agauel ApYroro poja: CTaHCM NO 3alaHHOH KDPUBOH
yCTaHaBAMBATL €€ HAaTyYpPanbHOE YPaBHEHHE,

(a) Qns ucnmHO# AHHHH y:ach% umenu (331, 1); 252, 1)]

2

s:ash%:]/yzwag, R=

2

s2
orciona R=a- -

(6) Ans acTpoMOAw X=acos’t, y=asin®?, ecru 3a Hayalo uas oT-
cucTa Ayr BuOpaTe CepelMHy ce¢ BeTBM B NepsoM KBalpante, 6yaxet [cp. 331, 3)]

3a . 3a .
s=—2——sm2t—~4—, R = 3asint cost.
[TosTomy
3a 3a 3a 3a 9a?
1 — 4. sin?ft. — 2f— Putalt Ik — __ Al
RiP= 4 2smt 2cost 4<4 +s)<4 s) 3 4s
W OKOHYaTeJbHO HaTypaibHOe YDABHCHHE aCTPOMAN MOMET OhTb BaNUCAHO
9 2
p puge R 4s? :—a-,

4
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(8) B cayuac xapanoua s r=a(l+cos) y nac 6uno [331, 9); 252, 6) ]

.0 4 0
$ = dasin o, R=§a €0s 53
ouesuaHo, 9R? 4 s* = 16a*.

(r) Mlocnennne aBa peayabraTa CONEPXkarca Kak YAaCTHBIC CyyaH B Caedylo-
menm. Jas snu-u runounkaonan 225 7)) HatypaasHoe ypasHeHue Oyler
(0 +2m) k* + s* = 16m* (1 + m*)a®,

(r) HerpyaHo BHOBL NOAYUHTb HATypajblihie ypaBHeHHA 9BONbBEHT bl
Kpyra, UMKAOMIAHN M NOTrapHPMHYECKOHW COHUPaNH, HIBCCTHHE
nam u3 1) —3).

5) Tlo HaTypasbHOMY YPaBHEHHIC KPHMBOK MOMHO YCTaHOBHTb HaTypanbHoe
ypasHenue ee 3BonTH. MH umend cooTHoweHue |255, 15) |

dR
p=R-. 22)
Ecan Hayano fas oTcyeTa Ayr Ha 9BOMOTE BLIGPaTh Tak, uTo6H Obn0 R=gq
{ea. 255, 2°|, 1o, nckaoyaa R H S U3 9THX ABYX COOTHOWIEHMH M HATyPajlbHOrO
ypaBHeHUa JdaHHOH KPHBOM, NPHAEM K 3aBMCHMOCTM ME¥AY p H o, T. € K
HaTYypParbHOMY YPAaBHEHHIO 3BOJIOTEL
(3) s norapudMuuecCKOd cnupanm R=ms, Torna p=mR=nma,
C TOYHOCTbIO 1O OGO3HAYEHWUH Mbl BEPHYJIHCb K IPEWHEMY YPaBHEHMIO, OTCIOAA
3AK/I0YAEM, YTO IBONIOTON GYIET TakadA Ke aorapupmuyecxds Cnupajn, KOTOpPas
OT WCXOOHOM MOMET OTAMYATLCA ML MONOWKenHem [cp. 254, 5) }.
(6) Ana sBoAbBEHTH KpYyra
3
c= R= V2as s=—

2a "

arR a 1 _a A,
ds 2y e PTYET
(peaynbTaT, KOTOpPHIH C1€0BAN0 MPCABHAETD).

(8) Ecan waTypasshoe ypasnchHe KpHBo¥ numeer Bui R® 4 k%s?=c%, 10 ee
9B0MOTa OGyNeT TakO# Ixe KPHBOH, HO B R pa3 yBENMYEHHOH IO AUHCHHBIM
pasmepam,

JleilcTBHTEIbHO, HMEEM

o=R=V ¢ —ksT, ks=Vc—o,
dR _ ks _ kY=t
ds Yok °

W, HaKowel,

2 ___ 42 -
-kVCc—°=—k]/cz—a2 uin p? 4 k%2 = (ke)t.

p=—2a
OrtcCiola ¥ BuITEKaeT CHenaHHoe YTBCPXIAeHHe.

[NoayyeHHw pe3yanTaT NPHMEHUM K UHKJIOMAEe [cp 254, 4)], Kk anu-w
rUnouUMKAOMNE, B YaCTHOCTH, K KapAHOWNEe MW K acTpoupie
|cp. 254, 3)].

3AMEUAHHE YKa3aHHb MeTONL BO BCeX CIYYafsX NO3BOJAAET CYIHTH
AHWB 0 (G OPME IBONOTH, OCTABASAA OTKPBITHIM BONPOC 06 €e MONOXEHUH.

334, JInusa pxyru npocTpaHcTBeHHo# kpueoil. [lo orTHollenuio
K NDOCTON NPOCTDAHCTBEHHOW KPUBO#H

_x:\P(t), y:l{)(t)» Z—X(t)
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onpeneseHde AJMHW Oyrd MoxeT OWTb HAaHO B TaKOM K€ BHMIE, KaK H
ans naockod kpusoH [249, sameuanue]. 3aech Takxe A AJHHH AYrH
nonyuaercs opMyJ/a, aHanaoruuHasa (4),

T
s=AB= SVx‘""—{—y,"—{—z,'”dt
fo

W T. o, Ha storT cayual, mourd Ge3 H3MEHEHHH, NEPEHOCHTCS BCE CKa-
8aHHOE OTHOCHTENbHO CJyuyas TJOCKOH kpueoH. He samepxupasch Ha
3TOM, TpPHBENEM MPUMED H.

1) BUHTOBAaA JUHHA: x==acost, y=asint, z==ct.
Tak Kak 3pecb

ViZtyr+ar=Va+d,
TO QJWHA OYTH KpHBOH OT TouykH A (¢ =0) no toyku M (¢ — mo6oe) Gyner

{

S=AvM=§ Vatad=Y a+ct

— pe3yibTaT OYeBMIHHIR, eC1¥ BCMOMHUTb, UTO NPH pa3BOpayvBaHUM UHJIHHAPH-
yeCKO#l MOBEPXHOCTH BHMHTOBAA JMHMA Ha Hel nNpeBPaTUICA B HAKJOHHYIO
ApAMYIO.
12/1) Kpusasa Busuauu: x=Rsin*, y=Rsinfcost, z=R cost.
MeeM

VEr Ty +a=RY Tt

B TakomM cayvace HAHHA BceH KpHBOﬂ BHIPA3HTCA NOJAHHM SJAAHMNTHYE-
CKHM HHTErpaioM 2-ro pona

3 3
S=4R§ V1+sin2tdt=4R§V1 + cos®t dt =

]/1 — 4 sin® £ dt =4V IRE (%)

=4V2R

Pt 0]

§ 2. Muomanu u obbemsr

336. Onpenenenne nouATds miomann. CroicTBO anRHTHBHOCTH,
Muoroyroasnolh 064acCThi0, MIM-—KOPOUE—MHOTFOYroOJab-
HHKOM, MH 6y11eM Ha3blBaTh IMPOM3BOJBHYID KOHEUHYIO (503M0)-KHO, H
HECBSA3HYI0) NJOCKY!0 (Hrypy, OrDAaHHYEHHYI0 OAHOW WJIH HECKOJbKHMH
3aMKHyTHIMU JoManbiMd. [/ TakoH (urypel mowatue nmaoutaiu Ovio
JOCTaTOYHO HM3YYEHO B IUKO/JLHOM KypCEe TEOMETPHH, €ro Mhl NONOKKM
B OCHOBY.
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BosbMem tenepb TpousBOAbHYIO (urypy (P) Ha NJOCKOCTH, Npen-
CTaBAAOULYI0 CO60H OrpaHUMHEHHYIO H 3aMKHYTY0 o6nacrts. Ee
rpanuny uid Koutyp (K) mbl Bcerma O6yneM cefe NpPemCTaBaATh
B BUAE 3aMKHYTOH KDHBOH (WM HECKOJbLKHX TAKHX KPHBRIX) *.

CraneM paccMaTpHBATL BCEBO3MOKHEIE MHOTOYrOJbHukH (A), ueu-
KoM colepxamneca B (P), u muoroyroshukn (B), ueamkom B cebe
conepwamune (P) (puc. 14). Ecan A
n B 03HaualT, COOTBETCTBEHHO, HX
naowanw, To Bceraa A=< B. Mno-
wectBo uncen { A}, orpannuennce
csepxy /MmoGbiM B, uMEET TOUHY 1
BEpXHIOI0 rpanudy P, [11], npnuem
P,=<B. TouHO TaK Xe MHOXKECTBO
upces {B), orpasuuenHoe cHusy
HUCAOM P, MMEET TOUHYIO HHX-
HIOW rpanuny P* == P.. ITd rpanuisl Puc. 14.

MOXHO OnJO OW HasBaTb NEpBYI —
BHYTpEeHHEH, a BTOpyw-—BHEWHEeHN naowanspio Guryps (P

Ecau oGe zpanuybi

P.=sup{Ad} u P*=inf|B}

cosnadarom, mo oluee UX 3Hadenlle P HazwBaemcss naAouwad s 1o
guzyps (P). B aTom cayuae durypy (P) HaswmBawt x8adpupye moi.
Kax serxo BumeTs, 028 cyuecmsosanust naowadu HeolXodumo u
docmamotro, wnobs. 028 A06020 & >0 nawaucs maxue 08a MHOZO-
yaoasnura (A) u (B), umo B— A e
IleftcTBUTEIbHO, HEOOXOAMMOCTh 3TOrO YCJAOBHS BLITEKAET M3 OCHOB-
HHX CBOHCTB TOYHMX rpamuu (11} ecan miowass P cywecTsyer,

TO Hakaercs A > P-—% u B<P—{—-5~2—. Hocrarounocrs  cpasy e
CAeAyeT W3 HEePaBeHCTB

AP, <<P*<B.

Tlycte Tenep» gurypa (P) pasnoxena na ase qurypsl (P)) u (Py)**;
MOXHO cefe NpeACTaBHTh, HAMPUMEP, YTO 5TO OCYLIECTBJIEHO ¢ NOMOLLb IO
KPHBOH, COeauHdlomed NBE TOUKH €€ KOHTYPa, MAM LEeJHKOM Jexauied
sHyTpH (P) (puc. 15, a u 6), LoxaxeM, uto

* B 9Tom naparpade, roBops O KpHBOW, Mbi BCErga 6ydeM HMeTn B BHAIY
HeNpepHBHYIK NPOCTYD KPHUBYK, RONYCKAIOMYI0 NapaMETPUYECKOE NpeACTa-
Brende, Kax goxazaa Xopmau (C. Jordan), samkHyTas kpHBas STOro Thna
BCeraa pa3éuBaeT NAOCKOCT> Ha ABe OGAAaCTH, BHYTDEHHIOI W BHEIUHIOW, Aas
KOTODHX M CAYKHT OOGUIEH IpaHuued.

*¥ OHM MOTYT HMETh YaCTHYHO OGLLYI0 IPaHUUY, HO He HAAEer a T oana
Ha JPYry®w, T, €, He HMEIOT OOUHMX BHYTPECHHHUX TOYEK.
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Keadpupyesmocmes 08yx uz smux mpex duzyp (P), (Py), (P) 8ae-
wem 3a co0oil Keadpupyemocims mpemeseil, nputes 8cezia

P=P1+Pm: )

T. € nJomanb 06/afaeT CBOUCTBOM aZAMTHBHOCTH.
IIpennonoxkum I4a ONPENENEHHOCTH, YTO WMEIOT TJIOWANH (UrypEHl
(P1) v (P,). PaccMOTpHM COOTBETCTBYIOLIHE MM BXOMNSIUME M BHIXOIAULUE
MHOrOyroibHuKH (A;), (B)) u (Ag), (Bp). Vs B3auMHO HEHa/NeraoumMx
MHOrOYroabHukoB (Aj), (Ag) cOCTaBUTCA MHOTOYroibHag 00.acTb (A)
¢ naomaneio A= A; -} A,, ueankom coaepxauascs B o6JacTu (P). Hs

(@) )

(7)

Puc. 15,

MHOrOyro/ibHUKOB K€ (B;) n (B;), BO3MOXHO W B3aHUMHO HaJeramoulux,
cocrasutcs 001acTh (B) ¢ naowansio B << By -} B,, conepxaman B cede
obaacte (P). Ouesuano,

At Ay=A<<B=<B -+ By

TaK KaK npu 9TOM By oT A; u B; or Ay MOTYT OT/IMYaTbCA NPOU3BOJBHO
MaJo, TO 3TO XK€ CIDABEN/IMBO OTHOCHTENbHO B U A, OTKyda W BhITe-
KaeT KBanpupyemocts obnaactu (P).

C IpyroHl CTODOHEI, MMEEM ONHOBPEMEHHO

A+ A=A<P<B<B-+B

A+ A< P+ Py < B+ By

Tak yTO yucaa P u Py - P, comepxarcs MeXAy ONHUMH H TEMH Xe
NPUTOM NPOM3BOJILHO O/AM3KHUMK rpanuuamu A, -+ Ay u By -+ B, caeno-
BaTe/JbHO, 3TH YHC/A DaBHH, Y. M Tp. 1.

OrmMeTnm, B uacTHOCTH, uyTO OTCOAa P, < P, Tak uT0 4acme duzype
uMeem naouyale, MensuLyio Hes 8ca guaypa.

336. Mlnomans kak npeges. Ycjosue KBaApHPYEMOCTH, CPOPMY.U-
POBaHHOE B NpennAyuleM 1° Moxer ObTb nepedpazHpoBaHO Tak:

1) Hasn mozo 4mobea guzypa (P) Gsaa weadpupyema, Heobxo0uio
u docmamoqro, umosstl Cyusecmeosasu maxue d8e nocaedosamessnocmi
MHo2oyzonsnuros {(A,)} u {(By)} u coomsememsenno, codeprcamuxcs
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8 (P) u codepxcawiix (P), naowadu womopstx umean 661 06wl npe-
dea

lim 4, = lim B, = P. 2)

OToT mpepea, ouesunHO, M OyaeT maouw anbsio urype (P).

Mioraa BMECTO MHOrOYroJbHHKOB BbIFOLHEE HCNOAbL30BATL APYrue
DUTYPH, KBAADUPYEMOCTb KOTODHIX YiKE YCTaHOBAEHA:

2) Ecau das huzypst (P) soscno nocmpoums maxue 08e nocae-
dosamenshocmu Kadpupye s x ueyp {(Q)} u {(R,)}, coom-
semcmeenno, codepxcamnxcs 8 () u codepycawnx (P), naowadn
Komopux usteiom obuuid npedea

limQ,=limR,=2"~, (3)

mo ouypa (P) maxace K 8adpupyesa, nputest YnoMsaHymell npe-
Oen u Oydem ee naouw,adeio.

370 Cpasy BHITEKAET U3 NPEILIAYILErOo YTBEDMWAEHHSA, €CIM  3aMEHMTh
Kakayw ¢urypy (Q,) coaepxawmuMCa B HEA MHOIOYrodbHUKOM (A4,),
a ¢urypy (R,)— comepxammnm ee
MHOTOYFOAbHUKOM (B,), HaCTOJbKO r ”ZJ

OAM3KUMM K HHUM O nJjouiaar, 7
yToOW  OOHOBPEMEHHO  BHINOJNA- 2
/5

Jaocs 1 (2). ;

Xorst na npaxTuke BHOOD (pu- 7
ryp (An)’ (B/x)) (Qn)v (Rn)v yuo- [ 727 / 7 -
MHHABLIMXCA B OBYX CPOpMyJu- VA o ’
pOBaHHBIX BHIUE MPH3HAKAX, U He N ! /&
CO3M2ET 3aTPYAHEHHH, HO BCE We <
NPeACTABAAET [PHHUKNMAAbHBIA Hu- Puc. 16,
Tepec YyCTDaHEHHE CBA3aHHOK € 3THM
BufopoM Heonmpenenennocrn. C 3TOH UEAHIO MONKHO NOCTYMHT,
Hanpumep, Tak:

3aKAI0uNB PACCMATPHBAEMYIO QUrypy (P) BHYTDb HEKOTODOro Inps-
MOYroabHuKa (R) CO CTODOHAMHM, NapajiieabHBIMM KOODAMHATHBIM OCAM,
pasofbeM ero Ha uaCTM C NOMOWBIO pAla Napajaieneft ero CIOpOHaM.
M3 npAMOYroNbHHKOB, LEIUKOM COAeP)auwuXxca B o6aacTu (P), CocTaBum
Qurypy (A) (wa puc. 16 ouva 3alTpuxorana), a M3 NPAMOYFOJBHUKOB,
umeownx ¢ (P) obwiMe BHYTPEHHHE TOUKH, HO MOFYLIMX HaCTHUHO H
BBIXOAUTb W3 3TOR oOaacTH, cocTaBuM durypy (B). ST durypst npea-
CrasafioT, OUEBHUAHO, YaCTHEIY CAayuyalt TEX MHOrOyroabHUkos (A) u (B),
O KOTOpsIX Ohifa PeYb B ONPENE/NEHHH NOHATHA MJOWANH; HX MJIOLLALM
A v B 3aBucAT OT cnocofa Da3NoKeHHss Ha 4acry NpamMoyrodbuka (R).
Bynem uepes d oBoswauarb pauuy HauGoapuiel u3 auaroHaned uvactuu-
HLIX TIPAMOYrOJLHUKOB.

3) Ecau npu d—0 obe naowaon A u B cmpeMames K obuesty
npedery P, u moasKo 8 amom caytae, obaacmes (P) Oydem

S
A

SN
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KB8QOpUPYEMA; NPU BHLNOAHENUN SMO20 YCAOBUA Ynomanymuli npedes
u 6ydem naowadsio guayps (P).
YuraTenp Nerko caMm BHPA3HT NOHATHE npeaena, KOTOpoe 3aech . (u-
TypUpYyeT, KaK «Ha A3blKe &-8», TaK M <«HA A3hIKE NOC/EN0BaTENbHOCTEN».
B noka3aTesbCTBE HYX/IAeTCA TOMLKO HEOOGXOAMMOCTHb YKasaH-
Horo ycsosus. JlOmycTuM iKe, 4TO nJ0maas P CYUWECTBYET, H YCTaHOBHM,
4TO TOrAa
limA= lim B=PF. “)
d—0 d—0
ITo samannomy e >0 watayrca [335] Takue mHoroyroabhukn A u B,
uro B — A< e; npu 3TOM MOKHO NPEANOJOKHTb, YTO MX KOHTYDH
He uMmetT o6wMx Touek ¢ KoHTypoM (K) durypw (P). Obo-
SHA4YMM Yepe3 8 HauMe Hb Ul € e U3 PACCTORHHR MEXKAY TOYKAMH KOHTYDPOR
0601X MHOFOYTOJIbHMKOB, C OAHON CTOPOHM, X TOUKaMH kpusoh (K) — ¢ apy--
roi *, Ecan B3atb teneps d <3, TO KawAbA 4aCTHUHbIH [PAMOYIONbHHK,
x0T OB B OAHOH TOuKe 3ajeBatowMit Kpusyto (K), 3aBEIOMO JEXHT BHE
MHOTOYyroqbHHKa (A) M BHYTPH MHOrOyrossuuka (B). Otciona caenyer, 410

A<Ad<P<B<B,

tak yt0 P — A< e n B— P <¢, urd u npusomut x (4).

flcho, uTo na paseHcroe (4) MOxHO OHIO OB MOCTPOHTL W Camoe
OnpeacACHUe TMOHATHA IIJIOMRAAH, OYEBHAHO, PAaBHOCH/bHOE TMIPENHEMY.
Takoe ompeae/eHHe NPEACTABJSETCS BECbMAa MDOCTHIM W ECTECTBEHHHIM;
HEAOCTATKOM, OHAKO, SIBJSETCS €ro (KOHEUYHO, KaXyulasca) 3aBUCHMOCTb
OT OpHUEHTAaHK KOOPANHATHHX oced.

337. Kaaccst xsanpupyembix ofaactelt, Kpusas (K)-— KoOHTYp
obnactu (P)— urpaer CymeEeCTBEHHYIO DOJb B BOMDOCE O KBAaLpHpYye-
MocTu 3TOH ofaacTu.

Fcau KBagpUPYEMOCTb HaJMlO, TO, Kax Mbl bugean 8 335, no sapan-
nomy € >0 xpusas (K) moxer OwTb 3aK/IOUCHAa B HEKOTOPYIO MHOVO-
yroabuiylo 06aacts (8 — A), COAEPKAWLMYIOCH MEXLY KOHTYpaMmu 060uX
MuoroyroibHukos . (A) # (B) (cm. puc. 14) 0 uMeowyo 0a0ualb
B— A<

¥ [lycTb MMeeM XBE KOHeYHsle Hefpep bl BHBL € KPUBLIE HA MAOCKOCTH;
NPERNOAOKHM, HAMPHMED, YTO OHH 3ajaHbl NAPaMeTPUYECKH

() =30, y=4 O () x=g* @) y={* @,

rie o, ¢, o*, ¢* — Henpepsisubie GYHKUMH, Kawian OT csoero aprymenta, Torxa
PACCTOAHHE MWy ABYMA TPOM3BOSbHLIMH TOUKAMH ITUX KPHBWX

Vig® —¢* @F ¥ () —¢* @)
6ymeT HenpepuBHO# GYHkUMed OT (£, 4) B 3amruyToh obnactu [fy, T, uy, U] g,
CNeNOBaTEAbHO, OCTHraeT TaM CBOEro HauMeHnilero 3uavewua |173]. Ecau xpu-

BHIE HC TEPECEKAIOTCH, TO 9TO HaH MEH b Wi e e paccrosnuc Oyler OTARYHO OT
HY M8,
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Nonycrum teneps, o6patHO, uTo KOHTYP (K) MOxer ObITb 3aKJI0YEn
B MHoroyrobryto obaacte (C) ¢ naowamsio C< e, rae e— ao6oe Ha-
rnepen 3allaHHOE NOJOKHTEAbHOE uHcno. [lpn sToM, 6e3 ymanenus
OBIHOCTH, MOXXHO MPeanoaowHTh, 4uTo {C) He noxpeiBaer Bce#t durypu (P).
Torga u3 Toyexk obaactu (P), ne nomaaawowux BHYTpb (C), cocTaBHTCH
MHOroyroasHas o6aactb (A), cogepxauwasica B (P); ecam xe K (A) npu-
coenuHuth (C), TO NOAYWHTCS MHOroyrofbHas obnacts (B), yxe conep-
xawan B cebe (P). Tak kak pasHoctb B— A=C<e, 10— N0 Kph-
teputo n° 385 — orciona caeayer kBagpupyemocrb obuacti (P).

Ian  obaeryeHns peud yCJAOBHMCA [OBOPHTb, YTO (3aMKHyTas MW
He3aMKHYTas) KpuBasg (R) umeer maomads O, ecan ee MOKHO
NOKPHITE MHOrOYroJbHOH 00AaCTbIO € NPOHM3BOJbHO ManoOH NJOLIAABIO.
Torda npuBefeHHOE BbILIE PACCYXK-
JICHHE NO3BOJSET C¢ OpMYIHPOBATH y
creaylomee  yCcaoBHe  KBaa-
pUpyeMOCTH:

oas mozo wmobe uzypa (P)
Cuara K8adpupyema, Heo6X0dMO
u docmamouno, 4mobst ee KOH-
myp (K) umea naowads 0.

B cBast ¢ arum npuoGperaer
BaXHOCTb BHIAEAEHUE  LIWPOKHX Puc. 17
KJ1acCOB KPUBHX C raoutagbio O,

Tlpewge Bscero nerko mokasaTbh, 4TO 3TUM CBOHCTBOM O06GAZAAET JH0-
Gas HEMpephiBHaR KpPULas, BHIPAXAEMAs B H bI M ypaBHEHHEM BHia

y=J(x) nm x=g(y) %)
@< x=<b) c<sy=d

(f n g — uenpepoiBuble QYHKUUY),
flycts, nanpumep, Mbl uMeeM [€10 C [EPBHIM M3 BTUX ypaBHEHHH,
[To sanaunomy ¢ >0 MOXHO NPOMEXYTOK [@, b] pasnoxuTh Ha yacT
[%p X;4] (=0, 1, ..., n—1) raK, 4TO6K B KaXAOM M3 HUX KOJe-

€
Ganue w,; obyuxunn [ 6nlao <b—a [87]. Ecsu 0o603HauuTh, Kak 06bIuHO,
uepes m; u M; Haumeubuiee M HauGoJbluee 3HaueHus PyHKuud f B i-om

MPOMENKYTKE, TO BCA Halla KpHBas MOKPOETCs (UrypoR, cocTasieHHoH
H3 NpAMOYTOJbHUKOB

i Xiys mp M) (=01, ..., n—1)

(cm. pue. 17) ¢ obweH naoulazgsio
Z(Mi — m) (X _xi)_zwiAxl <= Z Ax;=s,

uto M TpeoBanoCh AOKa3aTh. 3HayHT, Kpupas (5) wumeer naowmaap 0.
Otcwona caenyer:
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Ecan cpuaypa (P) o2panuteHa HECKOAbKUMIL HENPEPbIBHLIMU KpU-
SbLMU, KANOAR U3 KOMODHLX .NOPO3H6 BLPANCAEMCS FBHHM YpasHe-
nues (5) (mozo uau Opyzozo muna), mo sma @uaypa Keadpupyesa.

J(eNCTBHTENBHO, NOCKOABbKY KaXAas U3 YNOMAHYTHIX KPUBBHIX HMEET NJIO-
waae 0, TO ¥ BeCh KOHTYp, OYeBMAHO, Takxe Oyaer uMeTs muowaas 0,

M3 3TOro KpuTEpPHS MOXHO MONYYuTb APYro#h, Gosee uyacTHbIH, KpH-
Tepull, KOTOPHIH Ha MNpPAaKTHKe, ONHAKO, OKa3eiBaeTc OGosee yROOHBIM,

HasoseM KpuBYyl0, 3alaHHYI0 NapaMETPUYECKUMH YPaBHEHHUSIMH

x=1¢(), )Tz)zq»(t), (6)

Yo=t=

raaaxkol, ecin 1) QyHKUUH ¢ ¥ ¢ HMEIOT HENMPEpBIBHBIE NDOW3BOAHbBIE
BO BCeM npoMexyTtke [fy, 7] w3meHenus napamerpa, H 2) Ha KpUBOH
HET HH KDAaTHBIX, HH BOOOWE OcOOmX TOuek., B cayuyae saaMKHyTO#H
KpiBo#, notpedyeM ewe paBeHCTBA

¥ (E)=9¢(T), ¢ )= (T)
YCTanoBny Tenepb, uTO rAaiKas KpuBas umeer maowans 0.

BosbMeM Ha KpnsoH 06yi0 TOuKy M, onpenenseMyio 3Hauenuem f
napamerpa. Tak Kak 3Ta TOuka — He ocofas, TO, KaK Mbl BHjgeau |223],
CyIeCTBYeT TaKO# MpOMEKYTOK:

o=(f—73, {49),
YTO COOTBETCTBYWOUIMH YuaCTOK KPHBO@ MOXET ObITh BHIDANEH M SBHBIM

yDaBHEHHEM,

[pumenunm Teneps Jemmy Bopens [88] kK mnpomexytky [f, 7] u
K TNOKDHIBAIOILEH €ro cucreme Z:{a} OKDECTHOCTE#}; BECb MPOMEKY-
TOK TEPEKPOETCH KOHEUHBIM YMCAOM TAKUX OKDECTHOCTEH, TaK YTO KpH-
Bas Dacnajgaercs Ha KOHEYHOe YHCA0 YacTeH, Kawiaas M3 KOTOPBIX BHpa-
JKAeTCH BHBIM ypaBHeHneM (B) (toro mau apyroro Thna). OCTaercs JMnb
cocnaThCs Ha JOKa3aHHOe Beiwie. Vrak,

ecan gpueypa (P) ozpanuvena OOHOL UAN HECKOASKUMU 2Aa0-
KU MU KpUBBLMU, MO OHA 3080040 K8alpupyema.

3akaoyeHue 3TO COXpaHseT CuJy Aaxe B TOM Chayvae, KOria Kpusas
HMEET KOHEYHOe YHCJIO OCOONX TOueK: BHIEJAHB 3TH TOYKH C IO-
MOLIBIO OKPECTHOCTEH NPOW3BO/ABLHO ManoB nJoulaid, Mo OyneM HMerb
JeN0 yXKe ¢ TAaAKUMH KPHUBHIMA.

338. Buipawenue nuomanu nurTerpanoM. OOpaTumca Tenepb K Bbl-
YUCAEHUIO NAOWAAZB NJOCKUX (PUrYp NMPH NOMOLIH HHTErpaJos.

Ha nepBoM Mecre pacCMOTDHM, 8nep8sie — 8 CIMPOZOM U3R0JCEHUU,
yXe€ BCTPEUaBIIYIOCA 1aM 3aayy 0O onpene/ieHHd nIowajd K pHBO-
suHelnol rpaneunun ABCD (puc. 18). Dta durypa orpannyena
cBepxy kpusofi DC, umeolel ypaBHEHHe

J =f(x)'
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rae f(x) ecTs MNOJOWUTENBHAS W HENpepmBHas B MNpoMexyTke [a, b
dyHKuuMs; cHu3y OHa orpaHuueHa otpeskom AB ocu x, a ¢ O6GOKOB —
asyma opausatamu AD u BC (Kaxaags U3 KOTOPHX MOXET CBECTHCh
k Touxe). Co6CcTBEHHO, CymecTBOBaHue niouaad P paccMaTpHBae-
MoH @urypsl ABCD caenyeT W3 OKa3auHOro B MPEAbAYIEM N°, W peub
MAET UL 00 €€ BHhUUCICHUA.

C sroft neabio pasoGbem mpomewyTOK (@, b], kak oObuHO, HA uacTy,
ECTaBHB MEXAY @ W b psl Touex

a=xy <2, < X< r. <2< X0 <...x=b.

O6o3nauns vepes m; u M; COOTBETCTBEHHO, HanMEHbLIEe N HauboJbluee
anaueHns dydxunn f(x) B i-oM npomexyrke [x;, x,.4] (=0, |, ...,
n— 1), cocrasum cymmel (Lap6y)

s=2m,—Ax;, S:Z MAx,

On#l, OuUEBMAHO, NPEICTABJAOT CO-
GOR naouiafM CTymeHdaTviX Quryp,
COCTABJICHHBIX, COOTBETCTBEHHO, U3
BXOMAMX K BHIXOAAWAX MNPAMO-
yroansukos (cM. pucyHok). flosromy

s< PS8

Ho npa crpemaenus k Hymo nauoabwel u3 pasHocred Ax; ofe cymmsl
b

UMEIOT CBOMM  [PEAE/]OM HHTErpal S/(x) dx *, CJAeAOBaTeNbHO, €My H
a
paBHa MCKOMas NJOLLAdb

b b
P:Sydx:Sf(x)dx. )

a

Ecan kpnsoavnettnan tpaneuus CDFE orpavnyena W CHusy
# cBepxy KpusmiMi (puc. 19), ypaBHeHus KOTOPHIX

n=fix) n p=f) @<r<b)

TO, paccMarpusas ee Kak pasHocTb Asyx ¢uryp ABEFE w ABDC, no-
JYudM NAOILANb HA3BAHHOM Tpaneuwd B Buae

b b
P={(ya—y)dx = |fa(x) — £, ()] dx. (8)

* B cuny 336, 1) 3to camo no cebe N0Ka3bIBAaeT KBAAPHPYEMOCTh KPHBOMH-
HehHO# Tpaneunn ABCD; 4ToGbl nosyuuTb YNOMHHABILMECS TaM MO C 1€ J O-
BATEAbHOCTH QHIrYyp, MOXHO OhRO Obl, HANDUMED, HEAHTb IDOMENXYTOK Ha
paBHbIE YaCTH.
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IMycte Tenepe man cextop AOB (puc. 20), orpaunueHHufl Kpu-
BOR AB u nByms panuycamu-sextopamn OA 4 OB (KaxAbH W3 KOTO-
pBHIX MOXET CBECTHCh M K Touke). Ilpuw stom kpueas AB 8apmaerca no-
AspHbiM ypasHenneM r =g (0), rae g(0) — nonoxurenpHas HenpepuiBHas
B mpomexyTke [«, B] ¢yukuus. W smecs BONpOC CTOMT JWIUb O B Bl Y H-
CAeHH M naomand P CeKTopa, Tak KaK CYIMECTBOBAaHHE NJOLAN
00yC/IOB/IEHO CBOHCTBAMH KOHTYDa (Hryphl.

Bcraus mexay a u 8 (CM. DHCYHOK) 3Hauenus

o= 0 <0 <Oy <...<l0; <0, <...<0,=5

NpOBEieM COOTBETCTBYIOLIME STHM yriaaM paluyCH-BeKTOpH. Ecan BBecTu
W 30eCb HaWMeHbliee M HaubGoabliee ©3 3sHaueHu# oyHkumn g (0)

T
¥

J

N
3

V
0
X

X'

77

RE
&
3

Puc. 19, Puc. 20.

B {0, 6;,4]: p; 0 M; TO Kpyrosbie CEKTODH, ONHCAHHHIE STHMHU DadUy-
camu, OyoyT, COOTBETCTBEHHO, BXOIAIUMMH W BBLIXOASIUUMH A8 (QUrYpHI
AOB. CocraBuM OTAENbHO M3 BXONALUIMX CEKTOPOB M K3 BHIXOAALIMX
CEKTOPOB AB€ (PUrYDH, NAOWANH KOTOPWX Oyayr

1 - [ | I
c=7Zp?A9, 0 L=§ZM;ABI

H, ouesuaHo, o < P<_ 3.

B stux cymmax ¢ u Y nerko ysuate cymMsl Jap6Oy mas uure-
rpana%S[g(B)]“dO; NpH CTPeMJEHHH K Hymo HanOoabwed u3 pas-
a

Hoctelt A; obe oHv uMeloT npeaenoM STOT MHTErpan*, Tak 41O o

g g
P S Pl = g lg O)]* . ©

* 3mech MOWHO 6bimo Gbl CHeNaTh 3aMeyanHe, AHANOTHYHOE 3aMeuaHuio Ha
cTp. 193, HO co ccuakolt Ha 336, 2).
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339. Mpumepwt. 1) Onpexennts naowanys P Qurypw, orpaHvuenHo# ‘ue n-

X
HOW AuMHUeH y=a ch—a—, 0CbI0 X W ABYMA  OpInHATaMu, OTBEYAMOIU(WMH
abcunccam 0 n x (pnc. 9).

Hmeem
¥
P= \ach—’E dx=a25h£=as,

A a a

0
roe 8§ —nauna nyru AM uenno#t au-
Huy |331,1)]. Takum o6pa3om wuckomas
naowat AOPM oxka3zanach pasHOM
NAOWAAH NPAMOYrOAbHHMKA, MOCTPOEH-
Horo #a orpeskax PS n SM (u6o
SM = AM).

2 2
2) danw 9snnunc %2-}—-;))—,:1

Puc. 21.

M Touka M (x, y) Ha Hem (puc. 21). Onpenesntb naouranb KpHUBONMHEAHOH Tpa-
neurd BOKM w cextopa OMB,

V3 ypasreHusa snaunca uMmeem y=~z— V o —x2, 1ak uto no dopmyae (7)
9
P, =u1. BOKM = zs % V@ dx =

_ab X b = __ab XXy
_?GICSIH-E-—‘}-Q—(Z—XVH — =g arcsin -+

Tak wak nocnegHee cnaraeMoe npeactasaser naowans A OKM, 10, OTHu-
M28 ee, 1% NAOULANU CEKTOPA IONYYHM BHIDAKEHHE

ab . X
P,=na, OMB =  arcsin =,
2 a
ra
Mpu x=a ana naouwaan uyeTBEPTH SANMNCA HaHpeM 3naueHMe —» Tak uro
nnouwans scero saannca P==nab. Jaa Kpyra a=~0=r ¥ nOayvyaeTca H3BECT-
Hag (opMmyna P==nr*
2 4
x
3) Myctb mavw runep6Gona —,—y—,=l ¥ Ha Heit Touka M(x, )
a b
8uc. 22). Onpegeauth nuowans KpupoauHeinmx ¢uryp AKM, OAM n
AML,

W3 ypasHenus runepbonni Hmeem y:% V x¥—a?, n—no dopuyne (7) —

X
P, =nn, AKM:%B YV —Fdr—

a
- 2 _ 7
A TSy -

| ab, xF+VYi—a
._-—2—xy~——2—ln a2 .
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2 2
x*—a
V—a—_—%, TO 9STO BbHIPAX(CHHE MONHO MpeNcTasuts B Gonce

CHMMCTPHUHOM Qopme

Tak xak

1 I x ¥
Pl_?’(y_? ab In (7 4 —b—),
OtcroNa Y®e 7CrKO MOJyuYuTh
o __ab Xy
P,—u, OAM__71n<7+ b),
= 1 1 X,y
Py=n3. OAML= xy+ - abn (7+ b).

3aMeEuAHUNE TMonyueHHbli peayabTaT MO3BOTHT HAM HECKOJILKO YrAyGuTh
dHANOTHMI0 MEMAY TPHIOHOMETPHUCCKHMU (KPYTOBBIMH) W THOCPOOAHUCCKUMH

N 4
\\
\
N L
\ W' e TOE
\ ‘ RN
Ji 7 MK z
’
//
/
d
’/
v
Puc. 22.
Gyvxuusmu, ConoctasuM kpyr paamyca 1@ x*4y?=1 u pasBHOGOUNYIO
runepboay: x*—y*=1 (puc. 23, a u 6). DTH KDHBbLIE NaPaMETPHUCCKH
MOTYT GbiTh NMPEACTABNEHbI TaK:
048 kpyea: OP = x=cost, PM=y=sint{,

o0as eunepboavt; OP=x=cht, PM=y=sht.

Ho o To Bpems xak B ciyuae Kpyra sCHa [EOMCTPHUECKAA pOAL f— 9To
< AOM, nna runep6oasl Tak HMCTOAKOBaTb YHCAOBOH mnapameTp f HEBO3MOXKHO.
MoxHo, 0fIHAaKO, ANf KpYra AaTh W APYroe HCTOAKOBAHWE NapameTpa f, HMEHHO:
tecTb yasoenHaa naowmanb cexktopa AOM (umm nromamh Cex-
topa M'OM). OxazpgaeTcss, uTO 3 TO HCTOJKOBAHHE NEPEHOCHTCA M Ha Cayuad
1unep6obl.

B camom Imene, ecru koopau:aTte Touku M cyTh

¢ -t ¢ —t
et te el —¢
=chf{=-"——— ES {—=————
x 5 sh 5
10 x+y=¢t v t=In(x+y). EchH BCNOMHWTb HatiICHHYIO BbIUC A P,
GOpMYY W NOAOKMTL B HeH a=Db=1, TO MOJyunM, 4TO £ PaBHO Y ABOCH-

HOK maomanu cextopa AOM (kak w ana Kpyra).

Mrak, 8 kpyre orpeskn PM n OP npeacrasnasiior KpyroB bl e CHHYC
M KOCHHYC OT YNBOGHHOM MNAOIaAH Kpyrosoro ccktopa AOM, a s
runep60ab aHANOFHYHBIE OTPE3KM BbHIPAXawT runepbonHuUeCKHE
CHHYC ¥  KOCHHYC OT YNBOCHHOW MNIOWaiM T[HOep6ONHYECKOro
cektopa AOM. Poab runep6oanueckux (yHKUHA 0[O OTHOWEHHIO K (M-
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nepfione BNOAHE aHAJOIMYHA DPORH KDPYrOBbHIX (TPUrOHOMEeTpHueckHx) (YyRKIMA
N0 OTHOWCHUIO K KPyUY.

q

>

16
Puc. 23,

C yKa3aHHBIM UCTOAKOBAHMEM apryMenra rumepSoauueckux @yHKUMA, Kak
HeKkoe# faou(afh, CBA3aHl ¥ 0603HAUeHUA OGDAaTHbIX WM QyHKUHA [CcM.
49, 3) 4 4)],

Arshx, Archx n 1. o

BykBel Ar aBasoTCA HavanbMsIMM OT AaTHHCKOrO cnoBa Area, O03HAYamwero
«MICULaLbY,

4) Halty naowtaas P ¢mrypel, orpa-
HHYEHHOH OCAMM KOODAHHAT M napaGono#

Vi+Vy=Va (@>0.

Omeem: P—= S ydx=-23~a’. (Ynra-
‘0
TeMO CaMoMy fIpefoCTaBAseTcA  chaenath
YepTew.)

3) Ormpenennts nuollags  QUrYypwl,
JAKMOUCHHOH MEWIY ABYMA KOHIDYEHT-
HeIMH napabonamy y?=2px n x*=2py
(puc. 24).

OueBnaHo, HYWHO BOCMOAL30BATLCA
dopmynoit (8), Doaaras Tam

X P ——
v =5 y.=1V 2px. Puc. 24.

Ona yCTaHOBACHHA NPOMEXYTKA HHTErPUPOBAHUA DEUIMM COBMECTHO NaHHLIE
vpasHeHHa u Hattnem abcunccy Touku M mepeceyenus o6eHX mapaboa, OTHHYHOH
OT Hauaia: OHa paBHa 2p. Wmeem

2p

3
P (V= o= (3 VB -5 =

— pd

0o 3P

p
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6) Hatitu naowans P snaannca, 3a0aHHOro ypasHeHHeM
Ax* 4 2Bxy4+Cy*=1 (AC—B">0,C>0). (10)
Pewenune U3 storo ypasheuus

—Bx— Y Bx*—C (Ax"—1)
Y= C )

—Bx+ VB2 —C (AxtT=1)
Y= C ’

npHueM Y1, Vg TONYUAIOT BELWLECTBEHHLIE 3HAYEHHA AHIUL 1aA X, ynos:leTsopmo-
ILUX HepPaBeHCTBY
C—(AC—BY) x* <0,

[
T. €. CONePHalUUXCa B DPOMENYTKe [—a, a], rie a= ]/W
Torga kckomas naowanb 6yner

P={i—wa=% (ve=tac=mwa—

a

—2 n&‘ S iy = A VA Lt
._.CVAC-—B \ Va xdx—-CVAC B QKG_sz'

-
7) Mycrsb, HaxkoHew, 9AAHOC 3afaH O G UL U M YPaBHEHUEM
ax? 4-2bxy - ¢yt 4 20x +-2ey 4 f=0
Tpeﬁgetm Ha#TH ero naowans P.
aflaya 9Ta MOmeT ObITh CBelleHa K Npeabiaylied.

Ecan neperectu nauano s uenrp (§, %) sanunca, onpeneasemsi, Kak wu3-
BCCTHO, M3 YPaBHCHHUH

at - by 4 0 =0, )
W4t e=0,
TO yp2BHeHHe NpumeT sUI
ax® 4 2bxy + cy* 4 f =0,
rae
Etendf=r. (12
Vickatoyan &, 1 H3 pasencrs (11) u (12), Hallaem
a b 0 )
b ¢ e =0,
0 e f—fr
oTKYyna
a b 0
f'=ac—ib’—’ rae A=|b ¢ e (¥
0 e f

* OvyesunHo, f M A OTPHUATENbHBI (HHAYe YDaBHEHHE He¢ BHIPAKANO Obl
BCUIECTBEHHON KPHBOH).
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MonyueHHoe ypaBHeHHe 1erko MPHBOLHTCA K BHIY, PACCMOTpEHHOMY B 0),
€can RONO¥HUTH

a b 4
A = — B = — C = — .,
f! ? fl I f'
3nauur, naollagb sanunca Gymer
pe_" 1 — na i
Vac—5 (ac — 5%’

8) dopmyaa (7) Moxer OuiTb HCNOAb30BAHA W B TOM Cayuae, €CIH KpHRad,
OrpaHMUMBaIOLIAA KPUBOJIHHENHYI0 Tpanenyio, 3alaHa nNapaMeTpuueckH uad ypas-
HenuaMy suia (6). [lpoussenn 3ameHy nepeMenHoW B HWHTerpane (7), nonyunw
(B MpeNOoAOKEeHUH, UTO X =@ NpH L =1{, U x=bunmt=T)

T 1
pP—= ; yx;d:=gq, &) ¢ (&) dt. 13
[ o

Fciu, Hanpumep, NPY BHIYACIEHHM NIOUIAAM SA AW O C3 UCXONHUTH H3 €ro
MapaMeTPHUECKOro NpeaCcTaBaeHdn

x=acost, y=bsint

W yuecTb, yTo x Bo3pacraeT or —a Ko a, Korma ¢ y6mBaer o7 = 10 0, 10
Hafnem

0 3
P=2Sbsint-(—-asint)dt:ZabSsin*tdt:r_:ab.
® 0

Mur BMUYHCAMAY 30eChb N/10NLalb BEPXHEH MOJOBWHLI 3M1THACA H YRBOHIU €€
9) AHANOIMYHO BRIYHCAXCTCA NROUWLAObL (Urypbl, OrPAHHYEHHOR WU KA OH-
AOH x=a(t—sint), y==a (|l —cost). Umeem no dopmyre (13)

2r
P= § a* (1 —cost)* dt =a* {%1—2 sint—l—%sin 2!)‘

2
== 3na’.
0
Takum 06pa3oMm, UCKOMan MAoMadb OKa33NaCb PaBHA YTPOEHROA mIouAIW
ofpaayioliero Kpyra,
10) Haltu naomans ognoro sMTKa apiuMeloBofl cnupaad r=av

(puc, 25).
Umeem no gopuyne (9)

2%

1 a? § 6246 =

g2
= al o, e 4

8,3
P 5 o =3 =*a?,
B TO BpeMR KaK niomlans Kpyra pamuyca 2ma Symer 4xba’, [Jaowads eumxa
cnupaau pasHe mpema nAOWA0u Kpyea (ITOT pesyrbTaT Geli H3BeCTeH elle
Apxumeny).

MpenocrasaseM YHTaTea MOKa3aTh, YTO MAOIMAAM QHIYP, 3aKTOUEHIMIX
MEXHIY NOCNeAOBATECIbHLIMH BUTKAMH, COCTaBAAIOT apucpmemuecxym IIpOl‘peCCHlO
C pa3HOCThio 8nia’.

1) Hality naomage y auTKM

r=acost+b npu H<<a.
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Wueem no dopmyne (9)

2n
P=%\(acosﬂ+b)’d6=
¢
I [l‘“‘ 22V 0+ Lot sinon - 2ab sin 0| [ = I (a0 + 207
5 +>+Tasm -+ 2ab sin ’0_—-2—( 20%).

=7

3 2
B wacTHoCTH, nnoane X apAHOM AL (b=a) pasHa 7na .

12) Hality uaowaus aemuwuckarts r’=2a%cos28,

Puc. 25.

Hocratouno YABOWTbL HAOULAAbL NPABOr0 0BaNa, KOTOPOMY OT8C'MACT H3IMCHC-

nve yiaa ¥ or il T
b — = 10
’ 4 4

2

cos 20 d0 == 4a* \ cos 20 20 = 24"

_— 1 2
P=2.52%

Sl s n

.nl:a“”“l"

13) Hatitu naomane nexaprosa ancra x4 3 —3axy=0.
KoopauHaram. [lonaras B ypaBHeHWH KPUBOW

[Tepefines Kk noaApHbiM
y=rsinb,

x =rcost,
NO COKPAWCHKHH Ha r* npuAesM K TakOMY NOAAPHOMY YPaBHEHHIO:

;e 3a sin 0 cos 6
" sin® 0 J-cos? 0"
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ki
Tak kak caMmft BUTOK KDPUBOH OTBEwaeT naMesenuio yrna 8 or 0 go -, 10 110

o
dopmyne (9)
k4
02 T sin®0cos®
a sin® 0 cos
P_h2_ \‘ (sin® B 4 cos? )2 as.
o

3aMenns sin® uepes tg 0cosl, npusenemM NOMMHTErpalbHOE  BbIPAMCHIE
K BHLY

'g*bdig
T+
OTKyla CpPa3y HaXxOAMTCA NEPBoOGPa3Has PYHKUMA
1 ! _ cos® f
3 T41g38 3 sind8+cos?0®
Taknd o6pasow,
pPe— 3a® cos® 0 % 3a®

2 st cosi0lo 2"

14) Pewwuts 3agayy 6) HAHOBO, BOCNOJb3OBABIUNCH MOJAAPHBIMK  KOODAH-
HaTamu.

PEMEHHKHE BBOIA ROAADHLIC KOOPAMHATL, MpeAcTaBuM ypasuenne (10)
9MAHNCA B BHAE
1
Acos® 0+ 28 cos0sin0 4 Csin®0 °

Toraa no ¢opmyse (9) cpa3y nonyuaen [308, 9)|

di 4

p=2- Acos® 04 2B cosOsin 4 Csin 0 :VAC—B"

1
Z

vl eI

Maowans BCErO SAMMNCA MBI 31€Ch NPHPABHALH YABOCHHOM NJAOWALM TOH
cro yactH, kotopaa aexur B | W IV xoopannaTumx yraax. Kakue 3atpyasenus
BCTPETHANCH Gl NPH HCNOSb30BaHWH pe3yasTara 10) 288 ana seruncaenus seno-
CPEACTBEHHO BCEH MiOWamy 3asnunaca?

15) Popmysy (9) MOXHO NPUCHOCOGHTL K CaYuaio, KOrJa KpHBas 3anana
CBOMMH llapaMeTpHueckimH ypasreHusmu supa (6). Tak kax

P ¥ e
r=atyh t=aag s w0 =—gr,
10

1 1 . ,
5 rrdl= 5 (xy; — x;y) dt.
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Ecnn uaMeHeHHIo yraa 6 oT a 1o B oTBCuaeT H3MEHEHHe napameTpa £ OT f,
no 7T, to

T T
Py {wi—xma=3 (vovo—soroie o
ly fo

Beuiy Oonnwed CHMMETPHYHOCTH 9Ta (IOPMysa 32yacryio NPHBOIHT kK Gonee
NpOCTHIM BbikAaakaM. Hanpumep, ecan mo veft BbluyCAHTH nOUladb 3AAMMCa,
MCXOAA M3 Cro NapaMeTPHYECKHX YpPaBHEHWA x=acosf, y-=—=2~0sinf, T0 no-
ny4uM

2x 2r
P=% S (@acost.bcost+asint-bsin t)dt:%abdgdt:mb.
0

16) Buuscaum euwe no dopmyae (14) nrowags acCTPOHAW X =—acost,
y=asin®t. Umeenm

2
1

P=§ g[acosf’t-3asin'tcost+3ac052tsint-asin’tldt=
0
3 2 3 ) 3
S | i 2 — 2 a0 _fﬂﬂ) 9 s
=54a Ssmtcostdt_lsa (t v o =g "
0

340. Onpenenenne nondatra obvema. Ero cwoitcTea. HanonoGue
TOro, kak 8 335, WMCXOMA M3 MOHATHA NOWAAH MHOrOyroJbHUKa, GblJ10
YCT2HOBAEHO NMOHATHE NAOMLAAW I8 TNPOH3BOJABHOR TNAOCKOH uryps,
MH ceHuac paadM onpeapenenne oOGbema Tena, Onupasch na ofveM
MHOTOrPaHHUKaA.

Wrak, nycts nano npoussosshod dopmul Teno (V), T. e. orpauu-
YEHHasA 3aMKHyTas 006/acTh B TpexMepHOM npocrpancTee. ['panuieit (S)
T€na MYCTb CAYWUT 3aMKHYTas MOBEPXHOCTb ¥ (MM HECKONBKO TaKHX M0-
BEPXHOCTEH).

Mu 6ynem paccmarpusars MHOrorpanuukd (X) obuvema X, ueauxom
COAEPKAUMEC B HAWIEM TeJe, W MHOrorpaHHuku (Y) obbvema Y, conep-
wampe 8 cebe sTo Teno. CymecTsyer Bcerga TOUHas sepxuss rpanuua V,
ans X M TOYHAs HHWXKHAR rpandua V¥ aaa Y, npuuem V<< V¥ ux
MOXHO OblNo OB Ha3BaTb, COOTBETCTBEHHO, BHYTPEHHUM M BHELW-
HuM oGbemaMu Teaa

Ecan obe 2panuye

Ve=sup{X} n V*¥=inf{}}
cognadarwom, mo ux ofuee 3Hauenlie V Ha3bigaemcss o006se MO M

mena (V).
B sTom cayuae Teno (V) uHOraa HaselBalOT KyOupye Mol M.

* Mbl MMeeM B BHIY HENDEPHIBHYIO MOBEPXHOCTb, AOIYCKAIOULYIO NapaMeTpi-
yeckoe MpeacTaBaeHue,
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W 3snecb nerko BAaeTs, uTO 047 Cyw,ecmE08aHUS 005EMA HEOOXO0-
ouMo u docmamourno, 4mobs. 041 2106020 e>0 HawAuce maxue 08a
mrozozpannura (X) u (Y), 0an womopux Y — X <e.

Haaxee:

Ecau meao (V) pasaosceno na 08a measa (Vi) u (Vy), mo us cy-
wecmeosanun obsema 04t 08yX U3 3mux mpex mea 8somexaem
cymecmeoganue obsema 0as mpemeezo. [lpu smonr

V= V4V

T. & B o6bem o6sagaeT CBONCTBOM aJAHWTHBHOCTH.

Jlerko nepegpasnposaTs Aas obbeMos © Te npedaoxedus 1), 2), 3),
KoTopne B 336 Ouian OOKasaHL A nJoulafeh.

1) dasg mozo uwmobu meao (V) umeno obsem, HeoGX00UMO U 00-
cmamouno, 4mobsl Cywecmeosanl maxue 0ge nocaedo8amenbHOCMU,
COOmBemcingenno, 8xo0Auux u Baxodnuux muozozpannuicos {(X,))
u {(Y,)} obsemsr xomopeix umeau 6ot oGuwyuil npedeas

limX,=limY, = V.

BDror npesen u Syner o6bemom rteaa (V).

TTonesHo OTMETHTb ¥ Takoe NPEAJOXEeHHe, TIe BMECTO MHOTOrpaH-
HHKOB (DUrypHPYIOT NPOM3BOAbHHE TeAd, 3aBEAOMO HMEtouHe OOBEMBL

2) Ecau dan mena (V) Moxcno nocmpoums maxue 06e nocaedo-
8QAMENBHOCHIN, COOMBEMCMBERHO, BX00AWUX U B6.X00AUUX MEA
{(r)} u {(Uy)}, womopme umerom obsemsr, npusem smu 065ers
cmpeMAMca £ obuweMy npedeay

lim 7,=1limU,=V,

mo u meao (V) umeem o0sem, paguotii YNOMAHYMOMY npedeay.

B sax/ouenie ynoMaHeM O BO3MOXHOCTH BHOMDAaTb MHOrOrpaHHUKH,
npubMKAOLIMECH K DaccMaTPUBAEMOMY Teay, <«CTaHAAapPTHbIM» 0Opasom.
3akNouMB TEAO0 BHYTPb HEKOTOPOrO NPAMOYrOJBHOrO MapaJs/enen-
nena (W) ¢ rpaunsimd, napaanensHHIMA  KOODAMHATHBIM  MJIOCKOCTSIM,
pa3o6beM ero Ha 4YacTH C NOMOWbK psifa [JIOCKOCTEH, mNapaiiesbHbiX
ero rpausM. M3 uactuuumx napaasiesnenunmenos, BxoaswuHx B (V), co-

cTapuM Teno (X), a NPUCOEAMHHB K HHUM U 4ACTHUHO BbixOAsulde u3 (V)

napasnienenunenst, NOMyuUM Teao ¥. D1u Tena npenCTaBASIOT YACTHLIE CAY-
uan Tex MHororpaHHukos (X) u(Y), o koropwmx Oblna peub Buwe. bynes
0603HauaTh uepe3 d HaubGO/MLWYIO H3 ANMAroHaje# Tex NpPRMOYroJbHBIX
napannefenynenos, Ha koTopele Oua passoxen napaanenenunen (W),

3) Ecau npu d -0 oba o6senma X u Y cmpemamca k obueny
npedeay V u moasxo 8 amom caysae meao (V) Oyoem
umems 00BeM; NPU BHLNOAHEHUN dMO20 YCAOBLS YNOMAHY ML npeden
u swpasum obsem meaa (V).

Iloka3saTesbcTBO BCEX STHX YTBEPWAEHMA MH NDPENOCTABJIAEM uMTa-
TeJlo; HX JErkO CKONMPOBaTh € paccyxnennt n° 336.
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341, Knacewl Tes, nmeronux o6bembl. Kak u B cayvae nJjouland,
cyulecTBoBaHue o0bema s Tena (V) 3aBUCUT UeIMKOM OT CBONCTB rpa-
wuisl (S) atoro rena. Jlerxo [cp. 338| ycraHoBuTb TakoH Kputepui: das
cyuecmeoganun o0sesa meae (V) Heo0xodumo u 00Cmamouro, 4moos
ezo epanuga (S) umesa obsem 0, T. e. ur06sl 3Ty rpaHuly MOXIO
ObIJ10 33aK/MOYUATL B MHOTOTP2ZHHOE TENO € MPOU3BOJILHO MAaJhM 00DBEMOM.

K uucay nosepxuocteit ¢ ob6bemom 0, npexne Bcero, IpuHagiexar
NOBEPXHOCTH, BLIPAXKAEMbIE SIBHBIM YDasHEHWEM ONHOTrO H3 TPEX THIIOB

2=f(x,y), y=g(z x), x=h(y 2),

rae f, g h—wuenpepoBHble QYHKUHH OT ABYX apryMEHTOB B HEKO-
TOPBIX OrPAaHUUCHHBIX 00MACTAX.

Ilycts, cxaxewm, [QaHO ypaBHeHue mnepBoro Tuma B ofaactu (P),
Kxotopas coaepwurcs B npsmoyroaeiuke (R). Ilo Tteopeme 1°174,
KaKoBO Obl HH Obi0 & >0, MOXHO pasOKUTb 3TOT NPAMOYrO/NbHHUK
1a CTob Majsie mpamoyroasHukn (R;) ({=1, 2, ..., n), utOOH KOJE-
Gaune Qynxunu f B ToH uacru (P;) obnactu (P), KOTOpas COLEPKHUTCH

B (R;), On10 <LR Ecmn m; u M; — vaumeHbwee u Hauboabitee U3

suaueHndl yuxkuun f B (P;), TO BCA Haula NOBEPXHOCTb MOXET OhTb
3aKJ/iOUEHa B MHOUOFPAHHMK, COCTABJEHHBIl U3 MPAMOYrOJbHbBIX mapaJ-
JeAeNUnenos ¢ MJIOWLAfAMU OCHOBaHuR R, u mecoramn o, = M;— m,
O6beMm 510r0 MHOrorpanHuka Oyaer

Zw1R1<%ZRi:9- u. " Tp. L

TMosTtomy, ecant meno (V) 02paHUYEHO HECKOALKUMU HENpepul 8-
HELMU NOBEPXHOCMAMU, KANCOAN U3 KOMOPHX NOPO3IHE BEDANCALMICSA
AGHHM ypagHeHles (00HO20 U3 mpex MUNOS), MO S5m0 Mmeao lUiseem
00BeM.

Y1o6u1 parb OOWYHO NpUMEHseMblll HAa NPAKTHKE uacTHBIA KpUTepuh,
YCTaHOBUM NOHATHE [JA2AKOHR MOBEPXHOCTH.

ITycTb MOBEPXHOCTb BHIPAXKAETCH MapaMETPUUYCCKHMU yDaBHEHUAMU

X=9(, v} y=¢@ v, z=y @ V)
rie QysKudu ¢, ¥, $ HEnpepeIBHE BMECTE CO CBOMMM YaCTHBIMH MPO-
M3BONHBIMH B HEKOTODPOH OrpaH@ueHHOR 3aMKHYTOH oOjactu (Q) Ha nuio-
ckocty uv, I'panuny s10# ofaactu (L) Mbl npencraBuM ceGe cocrosuied
M3 raaaxunx kpuselX. Hakodew, npeanonoxum, 4To MNOBEPXHOCTH
e MMEET HU KPaTHBIX, HU APYrux ocoObix Touek. [Ipn coGnogeHnd scex
9TUX YC/I0BHH NOBEPXHOCTB M HA3BLIBACTCA A anKoH.

[Mycte M — nofas TOUKa INOBEPXHOCTH, ONPENE/NAEMAN SHAYEHUAMH

M=—u, V=T [3apameTpos; TaK Kak OHa-—ue ocolad, TO MOKHO
[cm. 228) * okpymnTb TOYKY (i, V) Ha NIOCKOCTH (U TAKOH OKPECTHOCTHIO

S —3, 4T 58 54,
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4TOOB COOTBETCTBYIOWMA Y4acCTOK NMOBEDPXHOCTH BBIPAMANCA ABHLIM Ypab-
HeHueM, OCTaeTcs Adlb OPUMEHNTb K 3aMkHyTo#f OGaactu (Q) m K no-.
KPHBAOIEHA €€ crHcTeMe OKpecTHOCTeH Z.—_{o} nemMy Bopens [175],
YTOGLl YCTAHOBHTB BO3MOWHOCTb Pa3/0XEHHA paccMaTpHBaeMOH riagkoH
NMOBEPXHOCTH Ha KOHEYHOE YHCJO YacTel, KamAay W3 KOTOPbIX BhIpamaercd
ABHLIM YpaBHEHWEM OQHOTO M3 TpeX Tunos., OTCl00a — MO NpeabliyleMy —
Cneayer, uTO raajfgKkas NMOBEPXHOCTHL umeeT o6bem O

Teneps scHo, uTO

meno, 0ZPAHUYEHHOE OOHOIL UAL HECKOALKUMIL 2AQ0KNMU nosepx-
HOCMAMU, 3080040 umeen 00BEM.

HonycTumo, srnpoueMm, ¥ Ha/iMuke HAa OFPaHHUMBAIOLLEH TeAO MOBEpX-
HOCTH KOHEYHOro ukc/ia 0CO0O b X TOUEK, KOTOpble MOryTr OblTo Boite-
JIEHE! OKPECTHOCTSIMM C NPOM3BOJLHO MaasiM O0BEMOM.

342. Buipawenune ofGnema uaTerpanoM. Haudem ¢ moutu ouesma-
HOTO 3aMeyaHus: npamold yuaundp ssiconmer H, ocrogarues Komopozo
cayxum readpupyenan niockan guzypa (P), umeem obzes,
PABHuLA npou3sedenitio naowadl oCHOSarUA Ha 8sucomy. V= PH.

Bosbmem [336, 1)] muoroyrosphuku (A,) u (B,), COOTBETCTBEHHO
conepwammecs 8 (P) u comepxamne B cebe (P), Tak, yToOut HMX nJO-
waau A, u B, crpemuance k P. Eca Ha 3THX MHOTOYTrOJbHHKAX
nocTpours npsimeie npusmel (X,) u (Y,) BeicoTal f4, TO ux 06nembl

X,=A,H n Y,=B,H

O6ynyt crpemuteea K O6memy mnpemeny V==PH, xoropuft B cuay 1)
1°340 u Oyner oGBEMOM HaIlero LHAMHADPA.

Paccmorpum  tenmeps  (puc. 26) wekoropoe Tesno (V) comepwa-
Ieecs MEWAY MJIOCKOCTAMM X==a M X==0, W CTaHeM paccexaTb €ro

* Ecnn Touka (£, v) NewuT Ha rpannue (L) obnactu (Q), T0 MO OTHOWEHHIO
K He# Cneayer MMETb B BHAY CKa3aHHoe B 262,
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NJIOCKOCTAMH, NEPNeHAUKyaspHblMy K ocu x. lonmycTnm, yTo BCE 3TH Ceue-
HUA KBaldpUpyemb, W nNycrb MJOMaAb CEYEHHA, OTBEYAIOLIEro
abcuucce x, — oGo3naunM ee yepes P (x)— Oyder HEnpepuiBHOH QyHK-
unet o1 X (AN a =< x << b).

Ecan  cnpoexkrupoBats (6€3 MCKaxeHns) B2 NOJOOHBIX  CEUEHHUA
H2 Kakyw-1u060 nJOCKOCTb, NMEPIEHAUKYIAPHYIO K OCH X, TO OHH MOTYyT
mbo  coaepxarbcs O4HO B ApyroM (Kak Ha puc. 27, a), qmbo ua-
CTHYHO OHO HA ApYroe Hajderarb WJH JeXaTb OAHO BHE Apyroro (CM.
puc. 27, 6, 8).

‘l I/ ,I
; e’
II
- (6)
(@) ()

Puc. 27.

Mpt ocTawoBMMCR CHAauana Ha TOM CJayuyae, KOr[d IRA PAa3JHUHBIX
CeueHns, OyAyuyH CNpOEKTHPOBAHHl H3 NJOCKOCYb, HEPNEHANKYAAPHYIO
K OCH X, OKa3hBawTCa BCe€rga COoOA€pXamHuMHcCs OILHO
B IpYyrom,

B 3TOM npeanoniokeHHH MOXHO yTBepwaarb, 410 TeAo (V) umeer
o6LeM, KOTOpPHIH BbIpaXaerca GOPMYAOH

b
Ve S P (%) dx. (15)

a

Hns pokasarenpcrsa pasoGuhem orpesox [a, b] wa oCH X TOYKAMAM

a=xy<x)<...< X< x0<...<x,=0b
Ha 4acT¥ MW Pa3JOXUM NJIOCKOCTAMM X =—=.X; TNPOBEIEHHBIMH uepes
TOUKH JeneHns, Bce Teao Ha cuaon. Paccmorpum [-H cao#, comepxa-
IHACa Mexay nJIOCKOCTAMM

X==X; B X=X, (i=0,1, ..., n—1)

B npomexyrke [x;, ;4] dyskuus P(x) wumeer HaubGoabliee 3Haue-
HHE M; W nanvedblllee 3HAYEHHWe #2; €CAU CEYeHHs, OTBEYAIILHe pas-
JMYHBIM 3HAYEHHAM X B ITOM [IPOMEXYTKE, NMOMECTHTb Ha OAHY IJO-
CKOCTb, CKaXeM, X==JX; TO BCE OHM (1IpH CHEJIaHHOM HPENANONONKEHHH)
GynyT comepxarbCi B HanbosblueM, uMetoweM niowanb M; n conep-
KaTb B cefe Hanmewbuiee, ¢ naowansio ;. Ecan na 3tnx, nanboapwem
M HauMeHbllleM, CEYEeHUSX TOCTPOMTb  NpAMBIE UMAHHAPH  BBHICOTHI
Ax;=x;1— X;, 10 OO0bwnn u3 wnx Oyner comepwarb B cebe pac-
CMaTpuBaeMnlff CJOH Halero 1€na, a MeHpwn# cam Oyaser conepxarbes
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B 3TOM ¢Jj0e. Ha OCHOBaHMM CAENaHHOrO BHayane 3aMeuauus OGBEMBI ATHX
UHAKMKHAPOB OyayT, COOTBETCTBEHHO, M,Ax; u m;Ax;.

W3 BXxoAswMx UMAMHADOB cocraBurcs Teno (7T), a U3 BHXOAALMX —
treno (U), ux oO6beMs paBHH,
COOTBETCTBEHHO,

DMidx; w YimAx
7 7

¥, KOrla CTPEMUTCA K HYJIO
A= max Ax;, umeior o6wui npe-
aea (15). B cuny 340, 2) raxos
we Oyzer u obwvem Tena (V)*,

Baxunil  uacTHMR  cayuatl,
KOrja 3aBEefOMO  BBHIIOJHAETCH
YKa3aHHOE BHIHIE NPENOJ0KEHHE
O B3aUMHOM DACIOJOXKEHHH Cceue-
HHH, DPEACTaBAAIOT TeJaa Bp a- A z
ure Hu 4. Boobpasnm Ha na0CKo-
CTH Xy KDUBYIO, 3alaHHYIO ypaB-
Henuem y=F(x) (@< x=<Cb),
rie f(x) venpepsiBHa W NEOTPH-
NaTEe/IbH3; CTaHEeM BpallaTb Or-
PaHUUEHHYIO €10 KDHBOJHHeH-
HYIO Tpaneudilo BOKPYr OCH X
(puc. 28, a u 0). TloayyenHoe
Teno (V), oueBuaHO, MOAXOAWT MOA paccMaTpuBaeMbift cayualh, ubo ceue-
HMA €r0 NPOEKTHPYIOTCA Ha NEPNEHIUKY/APHYIO K OCH X MJIOCKOCTb
B BHAE KOHUEGHTDHYECKUX KPYros. 3mech

P(x)=ay' == [f(x)]},

Puc. 28.

TaxK 4Tto
b

b
V=r{ytdx=n{[/(0)Pdx (16)
a a
Ecau kpusosnunelnan Tpaneuwus OrpaHMyeHa U CHH3Y M CBepXy Kpu-
BWMH 3y = fy (X) ¥ Yo =/3(X), TO, OUEBHOHO,

b b
V=r{[y§—yllde=n= {{{/; ()] — /i ()]} dx, (17)

X0TA NPEANOJOXEHHE O CEUEHMHX 30eCh MOXET M HE BBHINOAHAThCH.
Boofuie nOKasaHHBIA pe3yJabTaT JErko PacnpoCTPAHAETC HA BCE TaKue

¥ [lens, Hanpumep, TPOMEXYTOK HA DPABHbBIE 4YacCTW, A€rKO BHIAENHTH Te
NocCnenosBarTenbHOCTYH BXONAWMX H BHXONAWMX TeN, O KOTOPaIX I'0BO-
PUTCA B LUMTHPOBAHHOM NPENTOXEHUM.,
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T€Na, KOTOPHIE NOJYY3OTCH NYTEM CJOXKEHUS HAM BBIUMTAHHA M3  Ted,
YIAOB/CTHOPAOIIKX YIOMAHYTOMY NPELNOJIOKEHHIO,

B ofwem cayyae MOXKHO yTBEPXKAATh JHWb  CJEAYIOLLee:  ecal
meao (V) umeem obsen ™, mo on esipascaemcs hopmyaoti (15).

B camom nene, 3apasuiuch NPOH3BOJbLHBIM & >0, MB MOXEM MEWIY
NAOCKOCTSMH X==a M x==Db NOCTPOMTh Takne isa Texa, (X) u (Y),
CoOCTaB/JeHHHE U3 napaJdaedenunenos, uroGsl Nepsoe CoO-
IEpXanoch B (V), a Bropoe coaepkanto B cebe (V), u nputoMm 6blao
y— X<e Tax kak K 3TUM TesaM (OPMysa Hawa, OYEBHIHO, MPUJIO-
*HuMa, TO, o003nauus uvepes A(x) ¥ B(x) DAOWAAH UX [ONEPEUHBIX
ceueHnlt, OyreM uMeThb

b b
X={Awdx, Y={B(x)dx
a a

C apyro#t croponn, Tak kKak A(x)<< P(x)<< B(x), 10 u

b b b
X={A@dx<{P(x)dx<{B(x)dx=7,

b
Tak uro ob6wveM V © Hurerpan SP(x)dx o6a cogepxarca Mexay
a

y OJHMMH ¥ TeMM ke rpanuuamu X
w ¥, DasHSLLUMUCA MEHblUe, ueM
Ha e. Orciona n BHTekaer Tpebye-
A MOE 3aKJI0YEHHE.

z

343. Ilpumepor. 1) Buuncauts
o6beM V KpyroBoro konyca ¢ pa-
OHYCOM OCHOBAHHMA I W BLICOTON /.
[TpoBenes yepes oCb KOHYCA-CCKY-
Puc. 29, L1YI0 MAOCKOCTh M BhiGEPEM 3Ty OCb 3a
0Cb X, CUMTaA HAYaXbHON TOYKOH Bep-
1HHY KOHYCa; OCb y NPOBEHEM TepPHeHIMKYAAPHO K OCH KoHyca (pHC. 29).
YpasHenHe oGpasyrouleft Konyca 6ynet

u— no dopmyne (16) — noayuum

C/r nrt x8 |k l
V= — = Z = nrt
nS(hx) dx = W3 o 31:r/1.
a

Peaynmar STOT H3BCCTEH HHTATEII0 H3 IUKOJALHOLO KYypca.

* Tak Gyner, HampuMep, €CAd TeNO OrpPaKMYeHO OAHOA HAM HECKONbKIMH
rsaj KMy nosepxyoctamu [341).
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. x? 2
2) Mycre snnunc F—|—“};—2=1 spaulaercss Bokpyr ocu x, Tak xak

L
y=a— ),

TO 1A 06beMa- SANMNCOMAA BpAaWeEeHHUs HaldeMm

d b b* J
V=1r.5 EE((ﬂ—x"’)dx:Qu;§ g(a"‘——x‘)dx=
“a b

a i nab?,

2 3
=2 22 (a“x —_ x—)
a [}

3

Ananoruyno aas ofbema Tena, MOJYUCHHOFO OT BPAULEHHA BOKDYr OCH Y,

# 4 tp. 11 — b=
nafinem smpaenne — na'h, Mpeanonarad xe & STHX popMynax a==bi=r, Mul

4
noayyMMm s o6beMa 11apa pPafMyca r M3BECTHOC 3HayeHHe Eﬂr“.
3) Onpegenitb o6beM Tena, MOAYUEHHOrO OT BpamieHHs HEeNMH O AuHUHM
x ’ )
y=uach <7 BOKPYT OCH X, MEXAy CEUCHHANH, COOTBETCTBYIOWHMH TouKam 0 u x.

Mmeenm
K N 2
_ s 2 X 2 - X .
V_na‘SCh adx_zvca S (1—|—cha)dx_
0 0
1, a . 2x\__ 1 x X
=7na <x+7sh7)_—2—wa(ax—|—ach7-ash a)'

Benomunan {331, 1)], uro ash% eCTb AAMHA [Yyrd S HAaWeid KPHBOH, OKOHYa-
TeNbHO MORYUHM
V= —;— wa (ax 4 sy).
4) To ke — gns BETBM LH KA OH b

x=a(t —sinft), y=a(l —cost) (0 <<t << 2m).

MapameTpuueckue ypaBHeHHs KPHBOI OGMEryaioT BbIMONHEHUE MOACTAHOBKH
x=a({—sint), dx=a(l—cost)dt B popmyne
ra

V=n= S y*dx.
U

Wmenno:

2%
R 3 2
V=mna* | (1 —cost)® at = na? (% t—d4sint+ T sin 2 4 % sin® zj IO" —5nta,
U
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2 2 2
5) To we nan actpounm x3 4 yd=g3"
Hmeem
2 2,3 ays 2 248
—(ai—xi):)’ V=n (a3 3) d =2 a®
y= = —_X x—-l—osn .
-a

lpennaraerca mOBTOPUTL BHIYHCAEHHA, MCXOMA H3 MAPAMCTPUYECKHX ypaB-
HEHHA aCTPOMAW W NPHGErHYB K 3aMeHe NEPEMEHHOH (KaK B npeawayuieH
sanaye).

6) Haiitn . o6bem o6uieft vactw na pa6ononaa 2ez=x"+4 y* u
chepn x4 y%4 22 =342

PeweHuE Bmecre ¢ 060MMHM STHMHM TesaMH M 06mas YacTh HX 6yner
Te€noM BpameHHA BOKPYyr ocH z. [lepeceyeHne yka3aHHHIX NOBepXHOCTEW
NPOHUCXOAHT N0 NAOCKOCTH z == 4.

[lnockocTH, nepneHuHKynapHbie K OCH 2z, NMepeCeKAlOT paccMaTpHBaeMoe
Te10 10 KpYraM; KBaApaTW PaiHyCOB STHX KPYroB DaBHbl 2az, NOKa 2<.4, H
3a® — 2% aMub TONLKO 2z CTAaHOBMTCA > a. [loab3ysick GOPMYJOH, aHanOrHy-
Ho# (16), Gynem umers

(:afﬂ—z*’)zjz:’igE 6V 3—5).

7) Haittu o6bem oGuieit vactu chepo x®-fy?+4+22=R? u KoHycCa
xt=y? 22 (x=0). R
Y xasaHHE Iepeceyenne nosepxHOCTEH TPOUCXORHUT NO NAOCKOCTH X =——

7

Hmeem
R
V2 R .
Ve 5 xidx+n \ (R — x?) dx=r'3R e—VD.
¢ R
V2

o cux nop MBI paccMaTpUBand NpUMePH NPUMEHEHHA acTHOH dopMynst (16).
Hepeiinem teneps k oGuieit popmyane (15). Tak kak camoe Cyum ecTBOBaHHU e
00beMa BO BCEX CHYUaAX NETKO MOXET OnTbh OGOCHOBAHO, HampuUMep, HCXOLA
13 coobpaxieHnit n° 341, TO Mbl Ha 3TOM OCTAHABIMBATBLCA He GyAeM H 3aiMeMcs
2L BRUHCAEHHEM 06beMa.

8) Onpenesnts 06beM UHMIUHAPHUUECKOrOo oTpesaka TaKk Ha3bi-
BAlOT reOMEeTPHYECKOE T€NO, OTCEKAEMOE OT NPAMOro KPyrosoro UHWAMHAPA INJIO-
CKOCTbIO, NPOXOaAUiE yepe3 nHameTp OCHOBaHUA (pHC. 30).

Honoxum, uto ocnoBanne UMAKHIApA eCTb KPYF pamuyca a:

Xyt <a?,

M YTO CEKyWas NioCKOCTb NPOXONHMT uepe3 aHameTp AA’ M COCTaBAAET yron a
C NIOCKOCTbIO OCHOBAHWA. OnpelenHM NIONIAb CEYEHHA, NEPNEHAHKYNAPHOrO
K OCH X M nepecexkawoulero ee B Touke M(x). D10 cevenue GymeT N pH M O-
YL ONbHBM TPEYrOAbHHKOM, OYEBHIHO,

P (x)=nn MNPz—é—y" tga= %(a*—x’) 1g a,
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Tax uto no dopmyne (15)

a
_1 $__ 8 _2 8 __.3 2
V_—é-tga S(a x)dx——a*a tga_—aah,

—a
rae h==KL ectb BbLICOTAa UMAMHIPUYECKOrO OTPE3Ka.
VIHTEepecHO OTMETHTb, YTO TOT e OGDBEM MOXHO 6O 65l TNOTYUHTH,
3aCTaBMB OChb y Hrparh TY pOMb, KaKyw [0 CHX MOp Hrpafa och x, T. €.
_paccekaa TeNo MJOCKOCTAMH, NEpHeHIHKYAspHuMH ocu y (puc. 31). Takan

Puc. 30. Puc. 31.

MI0CKOCTh, TpOBeNeHHadA. uepe3 Ttouky M ¢ opauHarodl y, nepeceyer Hauwe
TeNo no npaMOoyroabBUuKy SQ, 1nomans xoroporo Gyser :
P(y)=2xyiga=2tga-yV " —y~
Ioatomy, ananoruuyno (15),
a

V=21ga \‘

.

3
yV ¥yt dy=%tga(a‘ —yt)? ::%—aatga.

9) Hafith o6beM TpexocHoro 9 nAMNCOMAA, B3aUAHHOTO KAHOHMYECKHM
ypaBHeHHeM

x? yi Z! _
Tt ta=l
(puc. 32).
NjockocTb, NMepneBANKYAADHAS K OCH X W TMpoxofAilas uepe3 Touxy M (x)

Ha 9TOA OCH, MepeceyeT SANMICOMA MO SNIUMCY; YPABHEHUE NPOEXUHHM ero (6e3
HCKAaWEHHA) HA TINOCKOCTb yz OYAeT TaKoBso:

yi
w—5] i3

Ortciona ACHO, 4TO nOAyOCH ero 6ydyT, COOTBETCTBEHHO,

xt x?
bl/l—a—, H cl/_l————;,,

22

=1 (x=const),




212 I X, NPUJOKEHHS WHTEFPAMBHOIO HCUNCAEHHA [343

a naowans [cM. 339,2), 8), 15)] serpasurca rax:

2
P (x) =rbc <I ——;Lg) :%{_E (@®— x9).
Takum oBpazou, no dopmyae (13) uckommit o6ben
b a
V:TLQC S (a®* —x*%) dx :%wabc.
—a

10) Haiith o6beM 3 maM N COM A, OTHECEHHOrO K UEHTPY,
Ax? - 2Bxy - Cz® 4 2Fyz 4 2Gzx - 2Hxy = 1.

Puc. 32,

Prwenne. Eciy (uKkcupoBats 2z, TO YPaBHEHHE COOTBETCTBYMOILErO

CeycHUA (MM — BEpHee ~— ero MpOeKUNH Ha MIOCKOCTb Xy) 6yaer
ax? 4 2bxy + cy? -+ 2dx 4 2ey + f=0,
riae MONoXeHo
a=A, b=H, ¢c=B, d=Gz, e=Fz, f=Cz*—1.
Mo 339, 7), naoiwale 3TOIO CeYEHHA paBHa
mA*
PO=— g gn

(AB—H?®™/2

ccad vepe3 A* 0603HAUHTL onpeacnuTeNb
A H Gz
H B Fz = Az —(AB — H?),

Gz Fz Cz*-—1
roe

=9
Il
QI >
o X
SRR

TMoacrasans, nogyuns

P(z)=— |Az2 — (AB — H%)).

-
(AB — H*)™/s
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O‘leBHHHO, 2 MOYET W3MEHATHLCA MWL B npeuensax
o AB—H' n AB—H
T A A

WUHTErpHpysa B STHX NpeAenax, HahgeM OKOHYAaTEIbHO

S

1
Va
11) PaccMoTpumM 1Ba KpYroBolX UHMJAMHApPA PpaiHyca r, OCH KOTOPHLIX mepe-
CEKAIOTCA MOL NMPAMBIM Yr/IOM, W OuUpeensM o6beM Tena, OrpaHMyeHHOrO HMH.
Teno OQABCD, usofpaxenHoe Ha pUCYHKe 33, COCTaBIAET BOCbMYIO YacTh
unTepecyowero Hac texa, Ocb x npoBeleM vueped Touky O mnepeceveHus
OCe#t UMAHHADOB  neprnenauKyIApHO K 00e-
umM ocaM. Torga B cevennu tena OABCD
NAOCKOCTbIO, MPOBEAEHHON HA DPACCTORMMH X
ot O, nepnesgnuky AApHO K OCH x, NOAYYATCA
kBagpar KLMN,cropoHa koroporo MN =
=} T —% 1ak uto P (x)=r? —x* Torga
10 gopmyne (15)

V=§r.

3

,
V=28 g (r”—x"’)dx:ﬁr”.
o

12) Peuny, B 3akmioueHHe, Ty xe 3a-
lauy, HO B NPEANONOKEHNH, YTO UHIHHIPLI
HMEIOT PAa3AMYHbL € Paguycel: r 1 R>r.

Pa3HHua, M0 CPAaBHEHHIO C M[PEXHHM,
6ymeT muWb B TOM, YTO, BMECTO KBajpara,
B CEYEHMH pACCMAaTPUBAEMOro TEaa 1NOC-
KOCTbIO Ha paccTosHnH x 0T O NONyYHTCA M1 P 5i-
MOYToabHHK co croponamu VY ri—xt
W YV R "X Takum oBpa3zoMm, B 9TOM cayyae o6bvem V' BmipasuTca yme 9 a-
AHNTHUECKHNM HHTErpanowm

r
V=8V R —x(rF—x%)dx
0

Puc. 33.

. r
HAH, €CAH CAENATb MOACTAHOBKY X =/r SIN$ H MOJOXKHTL k=§—'

b

F)
V=8Rr*{ cos’y- V' T—k%sin® p do==8Rr*./,
Q

3afimemca cBeseHneM HHTerpasa / K MOJHBIM 3NAMRTHYECKHM HHTErpasam
ofoux BuaoB. [lpexpe Bcero

cos’ ¢

sin® ¢ cos® ¢
YV T—Fksintg

dg—pe | S eCOSe
? VI—Fisng

dop=1,+.1,

© Gy o} A

~
f
Owu{a
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1 —sin®e d =k'—l

d
——— a7 Iy ?
V 1—%sin? ¢

Vi—FEsie +

=~

i
et TN E
e e YU

0

R

4o \ V T=Fsitede = (1——;2-) K(k)+—k]T E (4).

L o

C npyro#t cTOPOHbI, MHTETPHPYA MO YacTaM, HMEeM

1
13=§‘

k3
i J—
0

sin2¢d V' 1— k¥sinfp = —é—sin ¢V 1I—Fkisin?e

[ T

T
=

—_ S‘ cos2 - VI—Esinffgdp=
o

2
= s. (1 —2costq) YV 1 —k%sin® 9dp=E(k)— 2/
‘0

Orciona
1 i 1
1=+ [(—, + 1) E (%) —(E” — 1) K (k)].
Takum o6pasom, okoHuatenbHo

V=-8$|(1 + B E (k) — (I — ) K (B)].

344, Maomans noeepxuoct¥ EBpameHus. [lycts umeeMm Ha mnJao-
CKOCTH Xy (MMEHHO, B BEpXHEH# MOJYNIOCKOCTH) HEKOTOpYio Kpusyw AB
(puc. 34), samawnywo ypabuenusMu muma (6), rae ¢, ¢ — HEnpepHBHHE
GYHKUMH € HempepusiBHBIMM ke npoussoaHsiMu ¢, ¢ Tlpenmonaras
OTCyTCTBHE OCOBBIX M KpaTHHIX TOUYEK Ha KPHBOM, Mbl MOXEM BBECTH
B KauecTBe NapaMeTpa Iyry S, OTCUdThHBaeMyio OT Toukr A (f), #
nepefiTH K NPeaCTaBIeHUIo

x=0(), y=¥(s). (18)

TapameTrp s wusmenserca smecb ot 0 no S ecau uepes S 0003HaYHTL
IAMHY BCeRt xpusoi AB.

Ecau BpamwaTh KpPUBYIO BOKDYr OCH X, TO OHa OIMIIET HEKOTOPYIO
noBepXHOCTb Bpamennda Jloctasum csoeHd 3amauelt — BHIUNCAUTD
naomalb 3TOR NMOBEPXHOCTH.

Mb AHUIEHH BOSMOMHOCTH YCTaHOBHTb 3jechb B OOILEM BHIE MOHATHE
NAOUIAAM «KPHBOM» (T. € HenaoCKOM) noBepxHocrw; sT0 Oyaer
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coenaro B Ttpetbem Tome, CeHuac e MW OMpeseadM STO TNOHATHE
CMIeMasbHO I/ NOBEPXHOCTW BPALLEHUS W HAYUMMCH BHUHCJATL €€
naouagb, npuyeM OyOeM UCXONWTb W3 NAHHHIX €lle B HIKOJbHOM Kypce
npaBua BHYUCIEHH OOKOBHX MOBEPXHOCTEH UHJAMHAPA, KOHyCa W yce-
YEHHOrO KOHyCa. Brocaedcmeuu mb  Y0eOUMCS, HMO NOAYLEHHAS
CHamu opmyra sxodum Kax dacmusii cayial 8 oluyio Hopmyay
048 naowadu Kpusol nosepxHocmil.

BosbMeM ua kpusoH AB B HanpasieHun oT A K B pal Touek
(cm. puc. 34)

A=Ay, Ay, Ao Ap Alnovs b0 Ag=28 (19)

W paccMoTpum aoManyie AA; ... A, 4B, snucannyo B kpusyo. CraHem
BMECTE C KDHBOW BpaWaTb BOKPYr OCH X 5Ty JIOMaHyl, OHA OMUIUET
HEKOTOPYI0O MOBEPXHOCTb, NJOIIAAb KOTOPOH MH YMEEM OMNDENE]ATH MO
NpaBUAaM SIEMEHTPHON TeOMEeTpHH. 4
Yecnosumca nog naomanpio
NOBEPDXHOCTH, ONHCAHHOMN
kpusoft, pasymerb npenen P
naomann Q NOBEPXHOCTH,
ONHCAaHHON JNOMaHOl, UpH
CTPEMJIEHHH K Hya0 HauboJblieh
H3 YaCTH4HRIX Ayr. 3TO onpegene- A,
HUE NJIOIAAN MOBEPXHOCTH Bpalle-
HUA 3T HAaM K04 K €e Bblyuc-
NEHNIO, g z
Mbl yxe sHaeM, yro psx TO- Puc. 34.

uek (19) moxer O6biTb noayuen,

MCXOAS M3 PAa BO3PACTAIOLIMX 3HAaUeHHWH S, BCTaBNEHHHIX Mexay O u S

=50 553 8 8y e Sy < 8, =S,

Kaxnoe 3BeHO /OMaHOW mpu BpalleHUH BOKPYF ocH x OydeT ONuCHBaTh
NOBEPXHOCTL yceueHHoro wouyca ™, Ecan 0603HayuTh OPIUHATH TOWEK
A;m Ay COOTBETCTBEHHO uepes y; W y;.,, a AMWHy 3seHa A4,
Yepes /;, TO naowWagb NOBEPXHOCTH, OMUCHIBAEMOH I-M 3BEHOM, OyreT

1%

on i '*‘Q_Vin L,

[Tnowane xe nMOREPXHOCTH, onuchiBaemoH BCeH nOMaHoR auumed, Gymer
n—1
— i+ Y1y
Q==2r Z a2 A
i=0
* B 4acTHOCTH, 3Ta NMOBEPXHOCTh MOXET BBIDOJAHTLCR B MOBEPXHOCTL KOHYCA

HAH UMAMRADA; NIOWAAb €€, ONHAKO, H B 3TOM CAYYae MOKHO BLIYHCAUTbL MO
obuel Gopmyse Nis NOBEPXHOCTH yCEYEHHOTO KOHYCa.
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IToayuennyro cymmy MomHO pasbGurb Ha OBE CYyMMB CAGRYIOLIMM 00pasoM:

n—1 n—1
Q=2 Y yili+m D Vi —y) i
i=o i=o

Tax wak dyHxuus y =W (s) HenmpeprBHa, TO (MO CBOHCTBY paBHO-
MEpHOH HenpepuBHOCTH) MOXHO NpPEANONOXHUTb Hallly KPHBYIO PpasJfo-
HEHHOH Ha CTOJAb MEJKHE 4YacTH, 4TO BCE pa3HOCTH Yy, 4 —¥; 7O
aGCOMOTHOH BENUUMHE HE MPEB30HAYT MNPOHU3BOJLHO MAJOro [10J0XN-
TEJAbHOrO 4Hcaa e. Tornaa

n—1 n—1

® 3 (i —y) | <Ser Y L<<enS;
=0

i=0

OTCIOfa CJAEOYET, YTO 5TA CyMMa CTPEMUTCS K Hymo npu max As, — 0.
Y10 Kacaercs CyMMbi:
n—1

2w Z vl

i=0
TO €€ MOXHO pPasJOXHUTb Ha OB CyMMBI

n—1 n—1

2n 3] yids;—2m D)y (As,— 1)
i=o izo

Tax kak dyukuns W (s) HenpepwBHa, TO OHa OrpPaHUYEHa, TAK YTO BCE
|y;| << M, roe M — HekoTopoe nocrosHxoe uncao, OOCosHavas nocnen-
HIOI0 CYMMY Ue€pe3 T, HMEeM

|=|=2=x

n—1
ZJ’:‘(AS.'—'/;')
i=0

< 2tM (S— i 1,.).

\ i=0

Mpu apoGaeuuu xpuoil Ha Bce Gonee u 0oaee MEAKHE 4acTH pas-
HOCTb
n—1

S— 4

i=0

MO ONpeAeneNuio NJAMHW AYTFH, Kak [Mpelena NepuMerpa BOHCaHUOH
nomaHo#l *, no/mKHa CTpeMuThC K Hymo. Ho Torma w v—0.
Ocraswasics cymMa
n—1

6=2n Z yils,
=0

* 370 HEenOCPeNCTBEHHO ClelyeT W3 ONpefefeHds AHMb 1A NMPOCTOR He-
3aMKHYTOM KDMBOf, HO 3aTeCM JErko mOAyyaeTcs u Qnsi TPOCTO# 3 a-
MKHYTO# KPHBOH, NyTeM pasioXeHWsa HA [BE HE3AMKHYTHIE KPHBLIC,
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SIBAAETCH Hurerpanbuoﬁ CYMMOH ANs HHTErpaJa

s
‘NSde,
0

KOTOpHH BCAENCTBHE nenpepuprocTn Gyuxunn y =W (§) cyuiectoyer,
TaK uTo npn max As; — 0 cymma o CTPEMHUTCA K 3TOMY HHTErpasy.

Mb noayyaem OKOHUBTENbLIO, UYTO — ApPH  CAEAAHHBX TIPEANOJONe-
HWEX — NJIOULab NOBEPXHOCTH BPAILEHUA CYWECTBYeT M BbIPamaercs
¢opmynoi

S S
P=2r{yds=2x{ ¥ (s)ds. (20)
4] 1]

Ecan Bepuyrbcs &k oOieMy napameTpuueckoMy 3anandio (6) nawest
KPUBOW, TO, NPOM3BENS B NPEJIIECTBYIOLIEM HHTErpae 3saMeiy nepe-
menHo#t [cM. 313, (9)), npeobpasyem ero x Bumy

T T
P=2={yyVx Fyrdt=2x{ 9O VI OF -y OF dt. (21)

fo fo

B uacTHOCTH, €CAM KpHMBas 3alaua SBHBIM  ypaBueHnem y == f(X)
(@ =< x << b), Tak yTO B POAM MNapaMeTpa OKasniBaercs x, Oylem uMeTs

b b
ey VT Fyide=2={/()VIF1F(OFdx. (22

345. TMpumepsnl. 1) Oupexenauts naotallb MNOBEPXHOCTH W apPOBOTO
nosca. [lycts noaykpyr, OUMCaHHBIl OKOMO HAuana PaiHycoM r, Bpauwlaercs

BOKpyr ocu x, W3 ypasuenus xkpyra umeewm y=V r* —x% nanee,

V== Vr-— s VT2 V"Z =, yV1HyF=r.

B takoM cayuae naowaldb TOBEPXHOCTH MOAC3, ONUCAHHOINO [IYrod, KOBRIbI
KOTOPOH MMEIOT aGCupcchl X, ¥ X, > X,, o dopmyne (22) Symer

X3
P=2nr S rdx=2xr (x,— x,)=2nrh,

Xy

rie h ectb BhicoTa nosca. TakuMm 0o6pa3oM, NAOIAKL [1OBEPXHOCTH MIAapoBOro
NoAca paBHa [IPOU3BEREHMIO OKPYKHOCTH GOABLUIONO Kpyra Ha BhICOTY mnosaca.

B yactsocTH, npu x,=-—r, x,=17r, T. C. 0pH A=2r, nONyuaemM Na0wWaleb
BCeHd 11apoBo# nouepxaocm P =drr2,

2) Haptn lUlOLuallb 10BEPXHOCTH, 06Pa30BaAHHON BPALWIEHHEM AYIH UC M HOMA

AHHHH y=a ch -, KOHIbI KOTOPOl MMewT abcurccen O # X,
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Tar xax ]/1—}-y"‘f =ch %, T0 no dopmyre (22)

v,

ol

X
P=2n S cht X gy =
a
u

rae V' —ofneM cooTBeTcTBYyiOWero Tena Bpawexna [cM. 343, 3)).
3) To e 1A acTpOUAL x=acos’t, y==asin®¢,
JocraTouro yABOMTbL NJAOILaAb fIOBEPXHOCTH, ONHCAHHOWK AYroff acTpomis,

aewawe#t B 1 kBagpante (Ostg %) My nMean ywxe
V xi¥ +y;i=3asint cost;

B TaKOM Cayuae no ¢opmyae (21)

n
2
P=2-2n5asin’t-Sasintcostdt'z
0
T
: in* ¢ 12
= [2rat S sint¢ costdt=12na® S0 t|3 =% rav,
5 1y 5
0
4) To we an8 WHKAOMIO M xXx=a(f-—sint), y=a(l — cost).
Tak kak y=72asin* —é—, ds = 2asin 5 dt, To
2 7T
P=2nr S 4a?sin® 12 df = |6na? S sin® u du =
0 0
3 )
= |6na? (COZ % cos u) |; =%4 na®,

5) Hatitw nnomans mosepxHOCTH, 03pa303aHHON BpaUleHHeM KApPIOAN OW T &
r=a (1 + cos0) Bokpyr noaspuofi ocu.
Caenyer B oCHOBHOW dopMyne (21) nepeiiTd K NOAAPHHIM KOOPRHHATaM:

N
P=2n§yds=2n§rsmeVrﬂ+révde. (23)
0 a

B nawes cnyvae a =0, f=mn, u

y=rsind=a(l 4 cosl)sinb =4a cos"%sin-gv, ds=2a cos%dﬁ,
O9TOMY '
¢ 0 8 32
o . 3 4~ oin Y 2
P=2n.8a Scos o sin 3dﬂ sna.
0
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6) To ke ang neMHHUCKATH r*==2a%cos20.
ay 2

Baecb y=a ' 2 V cos 20 sin 0, ds =
oY Vv V cos 26

d9, tak urto no dopuyre (23)

L
4

P=2.2x.2a S sin 8 d = 8xa? (1 —%9‘) = 7,361 at.
0

Hakowuen,
7) onpenenuM nOBerHOCTb saaunconaasB p duleHHA KaK BbITﬂHyTOI‘O,
TaK ¥ COKaTtoro (cepowaa),
+ 2

X
Ecnw 9nnunc F'{_%?:l BpallaeTCA BOKPYr OCH X, H a>>b, 10 HMeeM
nocnenoBaTenbHo

v

Y=g X, gy =—s

YVIHy: =V @ Fyi= ]/b“ R

[
Ho a® — b® =¢%, rge ¢ —paccroanne (OKYCa OT UCHTPA H 4 PaBHO 3KcueH-
TPHCHTETY e sanuica, Takum o6pasoM,

yViFyi=Ltyi=as

a

a
P=2x ~Z— S V @t — eix? dx=41\:-‘b1— § Ve —xPdx =

a
2

b ———55, @ ex) [
— . /T 2,2 1 _—
—4na< X} a—sx+2earcslna)}0__

b — .
=2= G V a® —¢%a® + a? arcsin e);
HO @® —e®a’ = a? — ¢® =", TaK YTO OKOHuaTeabHO HMeeM
. a .
P=2nb (b + — arcsin s) .
€
Ecan sanunc spawaerca Bokpyr Maioit ocu, TO RAA TOro, yTOGH ynoGHee

6b110 BOCNONBL30BATHCA YHe NPOH3BEACHHLIMHU BBLIKAAAKAMH, Mb! 6)’118M CYyHTaTob,

YTO OCb X H CAYXHT Manto# ocbto. Torsa 8 noayuennom aas y ¥V 1+ y? Beipa-
WEHMH HYXHO NMHWbL O6MEHATb @ W b MeCTaMH, Tak YTO Temepb

; ’ T gt et
y V 4 y?= Z Vb2 + .E_bz—b.xﬂ — f;_ V-bz +2_2 x5
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B Takom cCayvae
4

T [ PO ) [

s - Vit
:2na(]/b3+02 % 1 —-———)
T Voirfc—c
o V b6° F ¢ =a, c=ca, TaK NTO OKOHYATEAbHOE Bbipaweuue gan P 6yter
TaKoe
- 0 a—+c\ 14-¢
P-2ma(a+§zlna ) 2na (a+2 l—e)

346. Ilnowanes unAWHApHYECKON noBepXHOCTH. PaccmoTpuw emwe
ONMH YaCTHHIH TU KD WUB OH NOBEPXHOCTH, /A KOTOPOH Mbi TAKKE 34€Chb

4

(A7

Puc. 35.

ONpEENUM NOHATHE NJAOIL a AU (npedsocxuwas mo obuee onpedeae-
Hue, Kwomopoe Oydem Qano auws gnocaedcmsuu). Mp umeeMm B BHAY
UMAHHADPHUYECKYIO NTOBEPDXHOCTD.

BepueMcs k KpuBOH AB Ha NJIOCKOCTH Xy, O KoTopoh OwJaa peub
8 344, llpunss ee 3a HanpasJAIOILYIO, NPEACTaBUM ce6e UHAUHAPHYECKYIO
NOBEPXHOCTb ¢ OBpasyiomumu, napanteabusiMu ock z (puc. 35). Tlo sTok
nosepxHoOCTH nposeneM kpusyio CD, koropaa ¢ kaxaod o8pasytoueh
NepeceKaeTcs B OAHOM TOUKE; 5Ta KPHBAg ONpPEIEaMTCH, €Cad K ypas-
HeHuaM (6) NMpUCOeAUHWTL eue TpeTbe

=10 x>0 (24
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Peub ygeT O BHUMCJEHWH DJAOWANKW P HacTh UMJIUHIDHUECKOR noBepx-
HOCTH «TI0J 5TOH KPHBOH».

Kak u B n° 344, sBsemeM Ayry S B KauecTse napamerpa; TOria
He Tombko ypasuenus (B6) Kpunoi AB sameHstcs ypashenuwsmu (18),
HO u ypasHeHue (24) nepefuer B

2=X(s).
Brucas B kpusyilo AR somanyio A4 ... A,1B 4, B COOTBETCTSHA
¢ atuM, B kpueyio CD — nomanyio CCy ... C,_1D (cm. puCYHOK), u3 Tpa-

neunht A;A;,,C;,;C; COCTaBUM NPU3MATHUECKYIO TIOBEPXHOCTb, BIMCAHHYIO
B PacCMAaTPUBAEMYIO LIJIMHAPAYECKYIO MOBEPXHOCTh. [Toa maow aneio
35TOH nmocaeane#d 6yLeM NMOHMMMATHL 3A€Cb NpeAca P nno-
magn @ ynoMsaHyTOH TNpH3MAaTHYECKON MOBEPXHOCTH
NpH CTPEMAEHHH X HYJMO HauOOAbIIEA M3 YaCTHYHBIX LYT.

MNonaras z;= A;C;, nveeMm (COXpaHas B OCTAaNAbHOM MpPENHHE 060-
3HaueHus)

n—1

Q= 2 ZI-E Zity li'

iex0
C noMouipto Takux e coolpaxenstl, uto u B 344 (NpoBecTd HX NOJ-
HOCTbIO YMTAaTeNb CMOXEr caM), BOMPOC INpPHUBOAUTCH K BBIUMCICHHIO

npenena CyMMbl
n—1

ZziAs,-,

i=0

D KOTOPOR NErko yaHaTb uHTErpanbhyl cymmy. OkoHuarenbHo *

s s
P=§zds=$)X(s)ds.

Bosspawasics K TPOW3BOABHOMY Mapamerpy f, Jerko MOAyuuTh d
obuyto gopmyny
T T
Vi Fyra=\xOVigOF FWOrdt.  (29)
fo
Hakonew, f1a cayuas aBHOrO 3afavua Kpupo#t AB: y =f(x) (a=<<x = 0b)
3Ta (JOPMYy.1a Nepenuuiercs Tak:

pP=
1

S L

] ]
p=\zVTHtar= [y VTF I WFar  @0)

* JTOT peaynbTaT CTAHOBHUTCA COBEPIUEHHO HArfNANHLIM, €CIH MNpPCIOCTABHTh
cefe UAAHHIPHYECKYI0 MOBEPXHOCTh DPA3BEPHYTOH MO MAOCKOCTH, Tak YTO pac-
cmaTpHpaeMas (Urypa mpeBpaTHTCA B <KPHBOJMHERHYIO Tpameunios,
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347. Mpumepst 1) Mycts va puc. 36 xpusaa AB npencrasaser cofo# na-
pa6oay ¢ sepuunoft B Touke B, Ee ypasHerde (IpH 0603HaueHHAX PHCYHKA)

y=b—"g.

MocTpoennan Ha Hell UNANMHADPUYECKAA TTOBEPXHOCTb NepeceyeHa NA0CKOCTLIO 0BC
C ypasHeHuEeM
[
z=— X,
a
Ha#itu naomans P wactw ABC nMIMHIPHYECKOH MOBEPXHOCTH,
Pewerne. Io gopuyie (26)

a a . 3
P= S 2 V152 dx=§ S xVa F T dx = 12cb2[(a"’+4b”)2 —,a=]'
0
9) Ecau «pusasn AB Gyler ueTseproio  oxpywrHoctH y =1} @' — i
(0 < x=<.a), TO BOCNOTKAOBaTLCA (OPMYAOH (26) — 0€30rOBOPOUHO — HEJb3H,

Puc. 36.

ubo npu, x =a npowssoasan y, ofpaumaerca B co. [Ipudernys K mapaMerpH-
YCCKOMY TIpelCTaBACHHIO

xX=acost, y==asint (Osts %),

Ml 1o ofieft Gopmyae (25) 6yneM uMeTb

oA
RCE]

P= S ZVX}E—}—Y;g dt —=ac \ costdt=ac.
0 [4]

Ecay BepHYTbCA K UHAWHAPHUECKOMY OTpE3KY, O KOTODOM 6blaa
peub B 343, 8), To 60K0Bas HOBEPXHOCTh €0, KaK CAEAYET M3 HOMYUEHHOTO TOMLKO
4To peaynbTaTa, OKaxeTcA paBHO# 2ah (¢ ==h).

3) HakoHell, pewuM Ty e 3ajady B NpearnoAOKEHNH, 4TO KDPHBOH AB 6ynet
yeTBepTb 3AAKNCA

x=uacost, y=bsint (Osts—g-),
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|9|BHHM ypaBHeHHeM 3[AeCb He CNelAyeT NONb30BATLCA N0 TOH We npuynHE, 4yTO

v Bblel
a® — b*
(a) Tlyctb csavana a> b. Bpoaa sxcuenrpucurer z=-V—a— 3AAHMCA

no gopmyae (25), noayynm
—2— a
P=c§costVa’sm”t+b”cos‘tdt SVb”-}—:’u”du

(NOACTAaHOBKA 4 ==asinf), N OKOHYaTENbHO

_ 1—e?, 14¢
P-—iac{l-}— 5 In l—i}'

I T
(6) B cnyuae a << b, sxcuenTpucurer e:VbTa n

P=bc \V1—<esin’{ cos t dt = ;{Vl——i’-}—%arcsine},

S5

4) PaccMoTpuM yvactb uunuH)lquecxoﬁ nosepxrocty x? 4 y? = Rx, orpasu-
yeHHOH Chepo#i x? 4 y* 4 2% = R? kpHBas, Monyyawwascs B NepeCceyenuy [Kpu-
Bas Buswuanu, 229, 1)], xak Mul 3Baem, MOXeT OuTb NpEACTaBIeHA NapaMeT-
pHYECKH TakK:

x=Rsin’, y=~Rsinfcost, z= Rcost.

T
Ecan OrpaHHYUTLCA MEPBLIM OKTAaHTOM, TO f 31eCh HagnexuT naMmenats ot 0 1o —2~.

Ovuesnano, nepsule ABA YPaBHEHHA UrpaloT ponb ypasueHui (6), a nociegHee —
ypaBHewHa (24).
Mnouwagy yRoMHAHYTON noBepxHocTd no ¢opmyne (25) Gyaer

P=4R* \ costdt =4R".

Sl ol %

5) Onpeaennts NMIOWaAL NOREPXHOCTH Tena, o6uIero ABYM LHJMHADAM pa-
Znyca r, OCH KOTOPHX MEDPECEeKanTCA NMox npnmuw yraom [cp. 343, 11)]. Beezem
CUCTeMY KOODMWHAT, Kax Ha puc. 33.

OrpannunBasch OLHOM M3 UMIMHLPHYECKHX NOBEPXHOCTEH, AIA NEPBOrO OK-

TaHTa HmeeM
x=rcost, y=rsint
H, HaKoHel,

2=V r* —x=rsint (Ostggj,

Mo ¢opmyae (25) nMonoBHHA MCKOMOW NAOLIdAM pasHa

1

5 P=28r* \ sintdt=28r 13k uto P=16r%,

[ T )
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6) Ta e 3ajava— HO Aan CAyuas, KOrQa UHIHHAPH HMEIOT pasSHuHble
pamuycsl ¥ n R>r |cp. 343, 12)].

Beiupcausm cHavana nnaowaib 4acTH UMTHHAPHYUECKON MOBEPXROCTH paanyca r.
Nmeem

x=rsint, y=rcost (Oétég),

= VR ==Y R _risni=RY T —Fsint (k:%),
Mo dopmyne (25)

P, =8Rr \ V' 1 —k%sin®fdt=8RrE (k).

O, 10| A

O6pauanc, Tenepb K UMAHALPHUECKOH MMOBEPXHOCTH paluyca R, obMeHaeM
pONAMH OCb z M OCb y. Ha 3rtor pa3

x = Rsint, 2z= Rcost,
Ve yr—rwiie=r | i— hsnte (k=1
y=Vri—x*= — R*sint { = 7S =%
OpHYEM { MOWET U3MEHSTHLCA (€CTH, KaK BCeraa, OrpaHHYHTLCA MepPBbLIM OKTaH-
Tom) adwb oT 0 po arcsin k. Torpa, no ¢opmyne, aHanoruuyHol (25), nonyuyus

arcsin & arcsin 2
B

g ’5 /-
P, =8 S nyzﬂ-{-zt' dt = 8Rr S ]/ 1—%sin3tdt.
& b
[MopcTanoska
kcos ¢ dyp

sint¢ = k sin g, i = —————
? V1—ksintq

T
rpe ¢ H3MCHAETCA OT 0 no 7, naet

arcsin & . 2
S' Vl-%sin?tdt:k __Covedy
R k 5 ¥V 1 —k¥sinq

C nocnelHHM HHTErpaftoM Mbl yime BCTpevaanch B 343, 12); on pasen

(I—T:E)K(k)—k%E(k).

el 0]

Takum 0o0pa3om,
P,=8RY{E (k) — (1 - E5) K (R)}.
OXOHYAaTENbHO
P=P,+Py=8R(R+r){E(R)— (1 — A K(R)}

DTUM HCUEPNBIBATCA MPOCTEHIINE FeOMETPHUCCKHE NPUJIOKEHUS OTnpe-
neneunoro uuterpana. C BhUMCIEHUEM reOMETPHUYECKHX NpOTKeHuit B 6o-
nee CNOWKHBIX H 060jee OOLMX CAyd4anxX Mbl BCTPETHMCA B TPETHEM TOME.
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§ 3. BbluMCieHHE MeXAHUYECKHX H (PHUIMUYECKHUX EEJIHHHH

348. Cxema mpuMeHeHHs ompeneseHHOro HuTerpana. Ilpexne uem
nepeh‘m K NPUMEHEHWUSM OIPEeIeNICHHOro nHYErpana B obnactu MEXaHHWKH,
(DU3HKK M TEXHHKM, MOJE3HO Haneper yacnuTb ce6e TOT HYyThb, NO KOTO-
pOMYy B NDUKAAAUBIX  BONPOCAX
o6hYHO upuxomAT K onpeasesenHomy ¥
waterpany. C 3to#f ueavio ™o Ha-
Gpocaem 0oOLLYI0  CXEMY NpUMEHE-
HHA  WHTErpana,  HMANOCTpUDPYR  ee
IIDUMEPAMH  YXKE HU3YUCHIHLIX FCOMEe- A
TPHUECKHX 3azau.

Boobpasum, uto 1pebyerca onpe-
LEANTb HEKOTOPYIO NOCTOSHHYIO E€-
AMuuHY Q (rEOMETPUUECKYIO HAM HilYIO), |
CBABAHHYIO C NPOMEXYTKOM
|a, b). TIpu sTOM nycTb Ka¥aoMy uac-
THYHOMY npoMexyTKy [a, B), conepwa-
wemycs B {a, b], OTBeuaer HeKoTOpas
BacTb BEAMUNMHH Q Tak, NTO pa3- |
JOMEHUE NpOMEKYTKa [a, b] Ha uac-

THUHBIE TIPOMEWYTKH Bjeuer 3a CO-
60# pasnoxeHue Ha COOTBETCTBYIO-
UIME YacTH W BeauunHL Q.

Tounee roBops, peyb HAET O HEKOTOPOH <«hYHKUMM OT npome-
wyTka» Q({a, B]), o6namawowest «CBORCTBOM aLIMTHBHOCTH»; 3TO SHAUMT,
uYTO, eCAM NMPOMENKYTOK [a, B] COCTOMT K3 YACTHUHBIX NPOMEXYTKOB |a, ]
u [1, 8], To TOrma w

Qlx B == Q= 1D+ Qw BD-

3anaua ke COCTOMT B BHUMCJAEHMM C€ 3HAYEHUA, OTBEUAIOILEro BCEMY
npoMexyTky [a, b].

48z

Puc. 37

[as npusmepa BO3bMeEM Ha MAOCKOCTH  KPHBYIO y=—= f(x) (@ << x=Cb)
(puc. 37)* Torma 1) nauuna S xpusolt AB, 2) maoinans P orpanuyeHHon
€10 KPMBOAMHeHHON Tpancund AA'B'B u 3) o6bem V Tena, nonyuenHoro
OT Bpaliesda STOA Tpaneuuyd BOKPYT OCH Xx,— BCC TPH ABIAIOTCA BeNMYNIAMH
yka3anhoro tena. HeTpymno natb cebe oOTYeT B TOM, KakHC «(bYHKUHH OT Npo-
MCXYTKA> VMU NOPOMIAIOTCA.

Paccmorpum «anement» AQ Beanuunsl Q, OTBEUAOILWH «3NeMEHTap-
HOMYy MNpOMEXYTKY» |x, x--Ax] Hcxoma n3 yc/iosud Bonpoca, Cra-
paoTcs HaWTH mas AQ npubamxenHoe Belpaxenue Buaa g (x)Ax, auxeld-
Hoe omnuocumensno Ax, Tak uto6ul oHO pasHuaoch oT AQ passe JuwWwb

* ®yukuua f(x) npeanosaraeTCA HENPEPHIBHON U UMEIOUICH HENpPephBHYIO
npousBoitylo. Jng OnpefeneHHOCTH Mbl JONYCTHM, YTO KpPHBAA BCE Bpema WUAer
BBCDYX H Boinyxna BHHUS3,
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Ha OECKOHEUHO Malylo NOpsiAKa Bbicero, uem Ax. MHbMA caoBamy,
u3 Oeckoneho marozo (npu Ax — 0) «anemenma» AQ sudeasiom e20
22Q8HYI0 4acmes. JICHO, YTO TOrAa OTHOCHTE/bHAA NOrPELIHOCTh
npUOIHNEHHOTO paBEHCTBA

AQ=¢q(x)bx M
GyneT CTPEMHTbCH K HyJIo BMecTe ¢ Ax.

S’
Tax, B npumepe 1) snement ayrn MM, MOWHO 3aMeHHTb OTPE3KOM Kaca-
TenbHol MK, Tak yto M3 AS BuIensercs AMHEHHas YacTb

VIFyZ dx=VIF[F F ax.

B npumepe 2) ecTeCTBEHHO 3aMEHHTb 9SNEMEHTAPHYI0 00JOCKY AP BXOAALHM
NPAMOYrOJLHHKOM C MAOLLAMbIO

yAx = f(x) Ax.

Haxonen, B npumepe 3) u3 siaementapHoro caos AV BhijfenseTcs ero riaaBpas
4aCTb B BHAE BXONALLErO KPYI'OBOTO [MAHHApPA, C 0GhEMOM

ry*Ax == [f(x)]? Ax.

Bo Bcex Ttpex cayvasx HeTpyIHO nOKa3aTh, YTO MOrPeMMHOCTb OT TaKOH
3aMenbl Gyner GECKOHEYHO Manol BbiCIUero nopsaika, veM Ax. WMenno *, B cny-
yae 1) ona Oymetr menpme KM,=Ay-—dy, B ciyuae 2)-—MeHbuwe AxAy,
a B cayvae 3) — Menbiie w (2y + Ay) Ax Ay,

JlHwb TONBKO 3TO CAENaHO, MOXHO yYxKe YTBEpXAaTh, 4TO kcxomast
geallHuna Q moHHO Bblpaxcaemcss URMmMepasoM

b

Q={g(x)dx. )

a

Ins  noscyeHus  3TOro  pasfoXUM MNPOMEXYTOK [a, b] TOuKamu
Xy X9y 40, Xy Ha SJEMEHTADHBIE IIPOMENYTKH

[a’ xl]’ [xh x‘l]! (RS [xil xi+1]) rees [xn_lr b]

Tax  kax  xaxpoMmy npoMewyTky [x;.x;.] wam [x, x; - Ax;]
OTBEYAET 3JEMEHTapHAafd YacTb Hamell BEXHUMHBI, NPHOJKKEHHO pasHasd
q(x;)Ax; TO BCA MCKOMas BeauunHa Q MPUOMMNKEHHO BRPAZUTCA CyMMOH

Q== 3 q(x) by
i

CreneHb TOUHOCTH NOJNYYEHHOro 3HaueHUss GyAET TEM BhILIE, YeM MeJbye

YaCTHUHBIE NPOMEXYTKH, TaK uTO (), OUEeBMAHO, OyleT NpeNe]OM yNnoMs-

HYTOH CyMMBbl, T. €. JNCHCTBUTENbHO BhIDABUICA OMNPENEJICHHBIM HHTE-
b

rpanom § g (x)dx.

a

* Ilpn npejnonomenuax, CHelaHHEIX B CHOCKE Ha mpeibayuiel cTpanmue,
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3T0 B MONHOM MEpe OTHOCHTCA KO BCEM TPCM DACCMOTPEHHBIM TPUMEpaM.
Ecan Boitwe Mbl mOAyunan GopMysasl A8 BeanuuH S, P, V' HeckoabKO T1Haue,
TO 3TO MOTOMY, YTO 3a0aya HAMIA COCTOANA HE TOMbKO B BHIYHCAEHUH WX,
1O ¥ B I0KA3ATENHCTBE HX CYLL € CTB OB AHH A — B COraCHN C paHee JaHHbIMH
onpegeneHHAaMH.

Takum 06pa3oM, BCE LEN0 CROAMTCA K YCTAHOBJAEHHIO NPUOMsKEH-
HOTO paseHcTBa (1), M3 KOTODOrO HENOCPEACTBEHHO MOJY4aeTcs OKOH-
uateabHbI peayasTaT (2).

OO6nKHOBEHHO, BpoueM, BMecto Ax u AQ nuwyT dx n d@Q, a pa-
peHcTBo (1) ana «anementas dQ seauunHsl () 3anucwBaloT B dopme

dQ=gq (x)dx. 3)

3areM «CyMMUDYIOT» 3TH «3JeMeHThl» (Ha caMoM pene Oeps uHTerpadl),
YTO M NPUBOAHT K Gopmyae (2) ans Bcefd Beauuunn Q.

Mbl noguepkuBaeMm, 4TO NONb3OBAHME 34€Cb MHTEr P ajioM, BMECTO
OGKKHOBEHHOH CyMMbl, BecbMa cywectseHHo. CyMma naBana Gel ndlib
npubanxkennoe Bupakenne a1 Q, ubo Ha HeW oTpasuaucs O norpew-
HOCTH OTHEJbHBIX paseHcTB Tuna (3); nmpenseiwHuHl ke 1nepexold, ¢ No-
MOULBIO KOTOPOrO H3 CYMMH MOJAYYaeTca HHTerpat, YHUUTOXaeT norpews-
HOCTL W NPUBOAMT K COBEDUIEHHO TOUHOMY pesyabTary. Mrtak, cHavana
B HHTEpPECaX TnpOCTOThl, B BhpAXeHWH 3sjemeHTa dQ OTOpAaCcHBAIOTCA
GeCKOHEUHO MaJjble BBICIUHX MOPAAKOB W BHUE/IAETCA TAABHAA YacTb,
a 3aTeM, B HUHTepecaX TOYHOCTH, CYMMHUDOBAHHE 33MEHAETCA HHTErpUpO-
BaHMEM, N NP OCTO [OAyyaeMbift PE3y/bTaT OKA3bIBAETCA TO UH b M.

Bripouem MoHO Obl10 OH NMOAOKHTH K BONPOCY ¥ C WHOR TOUKM 3pe-
uud. OGosnaunm uepes Q(X) nepeMeHHyw uacTb BeauuHHbl (), OTBEYaro-
LY NpOMEXYTKY [a, x], npuueM Q(a), €CTecTBeHHO, NoJaraeM paBHbM.0.
SicHo, Kakum 00pasoM paccMOTpenHan Bhbilue «(pYHKUIUA TIPOMENYTKa»
Q ([« Bl) Blpaxkaerca uepe3d 3Ty «PyHKUHAIO TOUKM» Q(X)

Qe B=QP)— Q).

v

B Hamux npumepax GyHKUMAMU TOuKHM ABaswTca: 1) mepemeHHas ayra AM,

2) mnowanan nepeMcHHoH Tpaneuun AAM'M u, nakodeu, 3) obrvem Teaa, moAy-
YEeHHOI'0 OT BPALLEHHA MMEHHO 9TOA TpameuMy.

Beanunna AQ ectb nonpocty npuapawedne dyHkuuu Q(x), a nmpous-
seaeHne ¢ (x) Ax, npeacrasasioutee Co6of €ro rAaBHYI 4acCTh, €CTh
HE UTO HHOE, Kak auddepenunan stoft ¢yukuun [103, 104]. Takum
06pa3oM, paseHCTBO (3), HanmucaHHoe B aubdepeHunasbHuXx 0003Haue-
HUAX, HA [€Je ABISETCA He NPUOAMKEHHBIM, @ TOUYHB M, €CAll MOALKO
noo dQ pasymems umenno dQ(x). OTciona Takke Cpasy noayuaercs
TpebyemMull pesynbTat:

b

§9(x)dx=Q(b)— Q@ =Q([a b) = Q.

a
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OTmeTuM BCe ke, YTO B npuiaoxeHusx Oojee ynoOHoH u naoao-
TBOPDHON #BASETC MA€d CYMMUpOBaHUT OECKOHEYHO ManmX
SNEMEHTOBR.

349. HaxoxpeHHe CTaTHUECKHX MOMEHTOB .H LLECHTPa THAXKECTH KPHBOH.
Kak usectHo, craTuyeckuil MomedT M marepnanbHON TOUKHM MacCul M OTHOCH-
TCILHO HEKOTOPOfi OCH paBeH MPOU3BCAEHHIO MACChi m Ha PaccToaHuc ¢ TOYKY
oT ocH. B ciyuac cu CTe M bl # MaTrepHanbHbiX TOUEK C MACCAMH iy, My, ..., M,,
NeNAWUX B ONHOW NAOCKOCTH C  OChblo, COOTBETCTBEHHO, HAa PACCTOAHHAX

dy,, dy ..., d, OT OCH, CTaTUYECKHi]
y oo MOMCHT BLIPA3uTICa CYMMOM

M= E Iﬂ,‘a’i.
!

5 ’ ITpu 3TOM pPacCTORHMM TOYCK, XC-

? P WalHX MO ONHY CTOPOHY OT OCH, 6c-

:714 Y PYTCsi CO 3HAKOM NINOC, 3 PACCTOAHHSA

¢ TOYEK MO APYryio CTOPOHY -— CO 3HAKOM
; MHHYC

) Ecan ke MacCut HC COCPCAOTOYCHB

] B OTACAbHHX TOYKAX, HO PACNOMOKCHbB

L — CRAQUIHBIM O6pI30M, 33M0ANHAR JHHUIO

7 t Z  ya¥ 0I0CKY (GUrypy, TO TOI'Aa A Bbi-

Pa(EHHA CTATHYECKOrO MOMEHTA BMECTO

Puc. 38. CyMMbl nOTpefycTCA MHTerpan.

OCTaHOBHMCS HA ONpeReteHHWH CTa-

THYEeCKOro Momexra M oTHoCHTCRBHO

0CH X MACC, DACNONOXEHHHX BHOJAb HCKOTODPOit MAOCKO# KpHaOft AB (puc. 38).

Tlpd 9TOM Mbl NpPEANONOKUM KDPUBYIO ONHOPOAHOM, TaKk UTO ee AHHEeMNHas

NAOTHOCTL p (r. €. Macca, NPHXOAMMAACA HA €IMHHAY AI1HN) 6YAeT NOCTORN-

HO#; IUTA MPOCTOTH AONMYCTHM Aake, UTO p==1 (B MDOTHBHOM Cayyae NpHaeTCcs

NMOJYYEHHHH DPe3yJbTat JAHMIUL YMHOWHTH Ha p). [IpH 9THX NpeNncACHeHHAX Macca

A1000H AYrH Hawcit KpYBOM H3MepseTca TPOCTO ee AMMHOH, M NOHATHE CTATH-

YeCKOro MOMCHTA NIpHofpeTaeT YHCTO FeOMETPHUECKHIt XxapakTep. 3aMeTuM Eoobulc,

YTO KOFAA FOBOPAT O CTATHUECKOM MOMEHTE (Ml LeHTPe TA¥ECTH) KpHBOit—O6e3

YMOMHUHAHUA O pacnpejeneHHH BIOAbL 110 Het MAacc,— TO BCerfa MMEKT B BULY

CTATUYECKHHA MOMCHT (ULEeHTD THXCCTH), ONpEeJCHEHHbIH HMEHHO MPH YK43aHHBIX

NPeAToNOKCHIAX.,

Bhigeanm Tenmepb KakoH-HHGYmL S A eMeRT dS KpnBoH (macca xoToporo
TAKKe BRIPAXAETCH YHCIOM ds). [IpHHAB 3TOT 3heMeRT NMPHOMHKEHHO 3a MaTe-
PHAILHYI0 TOYKY, NEXAWyK Ha pACCTOAHMHW y OT OCH, AAS €10 CTATHNCCKOrO
MOMEHTA NOAYUYUM BhipaMeHue

dM, =y ds.

CyMMprﬂ 3TH 3JI€MEHT2ZPHbIE CTATHYECKHE MOMEHTHI, npryeM 33 HE3aBHCHMYIO
nepeMeHHyl0 BO3bMEM OYry S, OTCYUHTHIBACMYI0O OT TOYKH A, Mbl TIOTYUMM
N
Mx—: S_ya’s. (4)
0

Ananormyso BhHIDAWaeTCA 1 MOMEHT OTHOCHTCAbHO OCH y

N
={xds. ©)
0

M,
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KoHeuno, 3gecy npepnonaraercs, uto y (MAH x) BoipaxeHo ueped s, [lpakrtu-
yeCKH B 3THX (OPMYNax $ BbIPaXaloT uepe3 Ty nepemcuuylo (£, x mamn 0), koro-
pas UrpaeT poib HE3aBUCHMOH B aHAJHTHYECKOM NPEACTABAEHHN KPHBOM,

Craruueckue MomeHTol M, u M, KpHBO#l MNO3BONRIOT NETrKO YCTAaHOBHTb
nosoxenue ee wueHtpa tmkecTn C (¢ ). Touka € obnailaer tem CBOHCTBOM,
yTO eCcAd B Hell COCPEdOTOYNTL BCIO «MacCy» S KPHBOH (BbLIpAWAEMYIO TeM e
YHCAOM, YTO H N1HH3), TO MOMCHT 3TOIl MAaCCel OTHOCHTENbHO A1 601 oCH COB-
najaeT C MOMCHTOM KDHBOM OTHOCMTCABHO 3TON OCH, B YACTHOCTH, €CAH pac-
CMOTPeTb MOMEHTH KPHBOIt OTHOCHTE/NbHO OCEit KOOPAWHAT, TO Hahiem

s g
t=M,=\xds, Si=M.=\yds,
°

oTKyna
S (]

§S,vcds, n=—s-‘-=§8yds. 6)
0

M3 dhopmyanl IaA OpAMHATHL 1 UCHTPA TAKCCTH Mbl MONYYaeM 3ameyarensHoe
reomeTpinyeckoe caencrsue. B cavom mene, nmeeM

s s
7S = Syds, 0TKYyAa 2nns = QnS yds;
0 0

HO NpPAaBas YacTb 9TOrO  PAaBEHCTBA €CTh NNOULadb P MOBEPXHOCTH, MOMNYYEHHOK
ot Bpawenna kpusoii AB [cm. 344, 20)], B neBolt e uacTH paBeHCTBa 21y 0Ho-
3HAYaeT NAMHY OKPYXHOCTH, OMHCAHHOM LEHTPOM TAXKECTH KPHUBOM NpH BPALIEHHH
ee OkORO OCH X, a S ecTb Aavna Haefi kpusoi. Takum o6paszoM, mpuxoaum
k cnenywowet meopesse I'yapsduna (P Guldin):

Beauuuna nosepxrHocmi, nOAYHEHHON Om 8pauieHUst KPUBOL OKOA0 HEKOMO-
POIl He nepecexaioweil ee ocu, PASHG OAUHE Oyeu 3IMOd Kpusod, YMHONEHHO
Ha Oaury OKpyxcHOcmU, Onucannol yenmpos masxcecmu C xpugod (puc. 38)

P=3S 2z

dra TeopeMa noO3BONAET YCTAHOBHTb KOOPAMHATY 7 UEHTPA TAXKECTH KPHBOH,
ecay M3BECTHH ¢ MIMHZ S ¥ NIOmadb P ONHCAaRHOR €K MOBEPXHOCTH BpAuleHHS,

350. T 1) Han 0 6 I

. [lpumepnr. 1) Haitn cratuveckuft MomeHt o6Boma vaaunca F+b_2=l

OTHOCHTENBLHO OCH X (npeanonaras a > b).

[as BEPXHEro (MAW HHKHECO) NONYIAAUNCA ITOT MOMEHT TOJBKO OTCYT-
CTBHEM MHOWHTCNA 27 OTAHYAETCA OT BENTHUMHB COOTBETCTBYIOUIEH MOBEPXHOCTH
epawcHua. Tlosromy [cM. 345, 7)|

Me=2b (b—}-% arcsin e>.

2) Ecap paccmaTpuBaeMas 1yra CUMMETDHUUYHA OTROCUTEABHO HEKOTO-
pofi MPAMOM, TO LEHTD TAKECTH AYTH HeOGXOMUMO NE€WHT Ha STOH npaMoii.

Jlas pokasaTeanCTBa NPUMEM OCb CHMMETPHH 34 OCb y, a TOYKY ec nepe-
ceyeHHA C KPHBOR —3a HayaibHY!O TOUKY [14 oTcyerta payr, Torga ¢yHxums
x = (s) okaxeTcA HeuyeTHON QYHKUMER OT S H, €CIW Ha 9TOT pa3 AAHHY
Bcell KpuBoH o6o3naunTh yepes 25, 6ynem uMmers [cM. 314, 9))

s
My = § xds=0,
-S

orkyma H §=0,
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3) Tlombaysacb Tteopemod [y nbaHHa, ONPENCIHTL NOJNOMEHHE UEHTPA
S’

TAXECTH Ayru AB (puc. 39) kpyra pammyca r.

Tax xax sTa Ayra cHMMeTDHYHa OTHOCHTeabHO pamuyca OM, npozopamero
yepe3 ee cepeanny M, To ee uenTp TamectH C neXHT Ha STOM pamuyce, U Aas
NOJHOrO ONpeNeNeHHs TONOKEHHN UEHTPa TAXECTH HEOGXOAMMO NHWb HAHTH ero
pacctoatne 7 ot uentpa Q. Bui6MpaeM OCH, KaK YKa3aHO Ha PUCYHKe, B 06o-

S’

3HayMM LIHHY Ayrh AB uepes s, a ee xopam AB (= A'B')—uepes d.
Ot Bpamesus paccMaTpuBaeMOW [IYTH BOKPYT OCH X MOAyYaeTcs mapoBofi
BOAC, NAOMallb MOBEPXHOCTH P KOTOporo, Kak Mbl 3naeM [345, 1)|, pasHa 2nrd.

flo Teopeme I'yabnuna ta we

Y NOBEPXHOCTb pasHa 2m7s, TaK 4TO
M sn=rd u 3= ’;s_ .
Lo B wvacthoctH, amm noay-
A f 8 OKPYXHOCTH d=2r, s=xr u
i J 2
i .
E 1 : B=_r=0637r.
1
t l | 4) OnpelensHTb LEHTP TAMECTH
g 7 U!' T BETBY uul(poullu
x=a(—sint), y=a(l—cost)
Puc. 39. 0=t =< 2n).

Ecau npunats B pacueT cuMMeTpui0o, TO Cpasy ACHO, YTO £==nda. ¥ yHUTh-
4
Bas Xe pe3ayisbTaTh npHmepa 4) n° 345, Jerko NONYYHTL 3aTeM 1=7a
5) B tex cayuyasx, Koria Hanepel ACHO IOJOMXEHHe UEHTPAa TAXECTH, Teo-
peMmot ['ynoblHHA MOXHO BOCMONbL30BATLCA [AAA ONpefeseHHs NIOWARH

l—42
Puc. 40.

noBepxXHOCTH Bpaulenns, [lycrs, Hanpumep, TpeCyeTcs ONpPeNefNTb BeINYHHY
MIOBEPXHOCTH KOJbLa (TOpa), T, e Teaa, o6pasoBaHHOro BpallCHHEM xpyra
OK0a10 OCH, HC nepecekaoweh ero (puc. 40). Tak kak oyesMaHO, uTO meHTp
TSIECTH OKPYMHOCTH COBIIANdeT C ee LEHTPOM, TO (NpH 0GO3HAYEHHAX DPHCYyHKa)
HMeeM

P =2xnr . 2nd = 4=*rd.

351. HaxoxaeHHe CTaTHYECKHX MOMEHTOB H UEHTPa THMECTH JOCKOM
¢urypel.  Paccvorpum nnockyio ¢urypy AA'B'B (puc. 4l1), orpawuvensywo
cBepxy KpuBoh AB, KoTopas 3alaHa ABHHIM ypaBHeHHeM y = f(x). lpegnono-
HM, YTO BAOAL MO STOH ¢Urype paBHOMEDHO pacnpclefeHbl Macchl, TAK YTO
HOBEPXHOCTHAA NANOTHOCTH MX P (T. €. Macca, DDHUXOAALLAACA HA €RU~
HALY RAOWLAAM) MOCTO4HHA, be3 CylecTBEHHOIO yMadeHHH OOGIHOCTH MOMHO



351] § 3. BLINNCARHAE MEXAHBYECKHX BRAHINH 231

TOrna apanaTh, uto p==1, T. e, uto macca moGoll vacTH Hamelt GuUryps
H3MepaeTea ee NNoinafb . 3T0 BCErla W NOAPa3yMeBaeTCa, €CAH rOBOPAT
LpOCTO O CTaTHMECKHX MOMEHTAX (MAM O UEHTPe TAXECTH) NAOCKOR Quryphl.

Kenam onpepennth cTaTHueCKHE MOMeHTat M, M, stoit Qurypst oTHOCH-
TeNLHO OCeH KOOPAHHAT, Mbl BHIACIHM, KAK OGBIYHO, KAKOH-HUGY Qb 91€MEHT Hamel
¢Guiyps B Bule 6ECKOHEWHO Y3KON REPTHKAALHOA RONOCKH (cM. pucyHok). [1pu-
HHB 3Ty NONOCKY NPHOANKEHHO 33 NPAMOYrOIHLHHK, MH BHIMM, YTO Macca ee
(BhipakaeMan TeM X UHCAOM, YTO W naowadb) 6yner ydx. Ana oupenenexns
COOIBETCTBYOUIMX 9AEMEHTapHHIX MoMmeHTos dM,, dM, npexnonoxun 8cio maccy

Y 8
A
§
(l—ﬂ f
I
7 g R WO
Puc. 41

NOJOCKH COCPENOTOUCRHOA B €€ NEeHTpe TARCCTH (T. €, B UEHTPe NPAMOYrOfh«
HHKa), 4TO, KaK H3BECTHO, He H3MEeHAeT BEAHUHMHL CTATHUYECKHX MOMEHTOB, [lony-

1
UEHHAA MATEPHANLHAA TOWKA OTCTOHT OT OCH X HA PACCTOAHHH =y, OT OCH y —
1
Ha PacCTOAHHM (x+—2-dx); flocnefHee BbPAKEHHE MOXKHO 3AMCHHTbL 11pO-

€TO 4cpe3 .x, H60 OTGPOIETHAA BeAHYHHA dx, yMHOWeHHas HA Maccy ydux,
_2‘ y ¥

nana On OeCKOHEYHO Manyw Buicuero (opaaxa. ¥Virtak, udeem

dMy = 5 y*dx, dMy= xydx.

npOCyMMH]JOBaB 9TH SJEMEHTAPHHE MOMEHTH, NPHUIEM K pe3yasTaTam

[4 b
1
Mx=7gy2d*“r My= gxy dx, ()]
a

o

a

npuuYeM MOL y pasymeercs, KoHeuHo, GyHKUMA f(x), durypupyiowas B ypasHe-
HUH KPHBOR .

Kax B cnyvae xpuBOR, MO 9THM CTaTHYECKHMM MOMEHTaM paccMaTpHBaeMoft
DHUrYypH OTHOCHTEILHO OCER KOODAUHAT NEerKO ONpelelHTh TeNePh ¥ KOOPRHHATH &,
7 UeHTpa TAwkeCTH OHrypu. Ecan uvepes P o0603naunts nnowlanb (a cresoBa-
TeAbHO, H MAcCy) QUrypsl, TO 1O OCHOBHOMY CBOUCTBY (EHTPA TAKECTHA

dx,

b
PE:M,,:Sxydx, Pr=M,= y
a

8o} =
ey
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oTKya
b
=My 1§, M L.
E_—P_—ﬁg,\ydx, 1= P—2—~Sy dx. (8)
a a

W B pannov cayuae Mbl mONy4yaeM BAWHOE reoOMCTPUYCCKOE CHEACTRHE M3
dopmynbl AAx OPAMNATHI vy ueHTpa TaxecTH. B camom Reae, u3 3tol (GopmMyns
uMeeM

b
2mqP = ng yidx.
a

flpasaa yacTh 370r0 pPaBEHCTBA BhLIp@XaeT 05bem V Tena, nonyuerHoro ot
Bpawenua nnockofi guryper AA'B'B okono ocu x [342 (16)], nesar ke wacth
BbIpa¥acT NpoU3BeACHHE NNOWAAK 3TOR durypel P Ha 2nn— LNHHY OKPYWHOCTH,
OUWCARHOM HeHTpoM TawecT (urypol. Otciona BTOpas ‘meopesma 'y 26 0 u n a:

Obves meaa 8pawEeHuf NAOCKOL Pu2ypel 0K0A0 HE nepecexaowesl ee ocil
pasen. npou3sedenuio naowadu amold @duaypol HE OAUHY OKpyHCHOCHIU, ONU-
CaHHOU yenmposs maxNcecmu Puayper:

V=P 2z

3ameTuy, uto ¢Qopuyan (7), (8) pacmpocTpamalores Ha caywait Gurypu,
OrpanuyeHHON KpUBbINH W chuay w cBepxy (puc. 19). Hanpumep, ana storo
cnyyvas
14

bH
) .
M= (oi—mman = {xon—yas (73)
a a

oTcloga Acho yime, Kak npco6pasyiotea dopuyan (8). Ecanm Bcnomumth dop-
Myny (8) n° 338, TO nerko ycmoTpeTb, YTO TeopeMa | yabIuHa copaseanusa
TaKKe M JAMA ITOrO cAyyas. i

352. Mpumepsor 1) Hafita cratnueckue momentsr My, M, w koopaunatur
ICHTPA TAWECTH (HUrypul, OrPaHHWYCHHON mMapaGonoil y?=12px, ocblo x M
OpAHHATON, COOTBETCTRYIOUEH abcuicce x.

Tak kak y= ) 2px, 10 0o dopmynau (7)

S .}
MJ,=1/2_Sx2 drx= "% L 7,
0
C apyro#t cTopou, nnowans [338, (7)]
. X 1 — 3
P=V72 g Tdx=? 1:/;2px2 .

B rakom cnyvae no dopmynam (8)
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[Monb3ysacs 3HAUeHUAMM §& u v, Nerko HafiTM —no teopeme [ yapxuma—
0GbeM TC/a BPAUleHHS PACCMATPHBaeMOH (UIrypul BOKDYr OCCH KOODAUHAT HaH
BOXDYr KOHCWlOM opAuuatel. Hanpusep, eca OCTAHOBMTLCA HA MOCICOHEM CIy-

2
Yae, TaK KaK pacCTOAHHE MEHTPa TAXKECTU OT OCH BPALLCHHUA €CTb gx, TO HUCKO-

mMblit o6bem Gyner
8
V== axy.
5™
xl! 2

2) Haitt wuentp T1sxecTH nepBOro KBajpaHTa 3 AAMINCaA F—{—F:l,
BOCMOAb30OBABIINCE pe3yabratamu 339, 2) u 343, 2).

da __ 4b
3’ n__Sn'

3) Ecau durypa uveeT oCb CUMMCTPMM, TO WUEHTP TAXECTH (GHUrypsl HCOG-
XONUMO NE€XHT HA ITOH OcH.

[oxaxeM 3TO Aaa Cayyas @HCypsl, OrPaHUYEHHOI CHH3Y M CBEPXY KPUBHIMII
Yi=f1(x) 1 y;=f5(x). Ecad B3aTb 0Cb CHMMETPHH 3a OCb y, To 06e (Pyirk-
UHH Y M yq OKAMYTCA Y eTHbL MH, NPOMEXYTOK e M3MEHEHHA X B 3TOM
cayyace 6yneT umerth BHI [— a, a). Torna, nmo sropoit M3 dopmya (7a) [cm. 314, 9))

a

My = S X (ys—y) dx =0, BMecTe ¢ uem U £=0.

Mo Tteopeme TynbnnuHa §¢=

—a

4) Hatttv uenrp Taxecrd (QUIypol, OFpanHyeHHOHW BETBbI0 LMK AO M A b
x=a(t—sint), y=a(l—cosf) u ocsi0 x.
Bocnoabaosaswuce 339, 9) u 343, 4), no rcopeme I'yabauHa nerxo ycra-

5
HOBUTD! == @. [To cumymeTpru §==ra.

5) To we nna durypsl, orpaHuyedHol gByma napadonanu y?=2px i
x%=2py (cM. puc. 24).
Bcnomunaa npusep 5), 339, no dopmyne (7a) naxonuu

6) Mono6uo mepso#t Tevpeme I'yabauua [cp. 350, 5)] u Bropas teopema
TaKKe MOWeT 6biTh HCNONL30BAHA B TOM CIYYaC, KOraa NOROKEHHUC UEHTPA TAKCC I
ACHO, 1151 onpelledeHns o6bemMa COOTBETCTBYWOUlEro Tesa BpaunieHua, Hanpumep,

q

nas topa (puc. 40) nmonyuaerca o6veM V=2=r’d,

353. Mexaunyeckas pa6oTa, M3 ancMenTapHoit MeXaHUKH YHTATE MO H3BCCTHO,
YTO CCAM CHA3, DPUAOKEHHEA K ABIOKYULENCst Touke M, coxpaHsaer nocrosiyio
BeHYHHY F M MOCTOAHHWM yron ¢ HanpaBiCHHEM mNepemeuteHds TOYKH, TO
pa6oTa A STOH CHJLl Ha NCPEMEWEHHMH S TOWKH BbIPA3UTCA NPOH3BEACHHCM
Fcos(F, s)-s, rac (F, s) 0603HauaeT yrox MexAy HampaBAEeHHAMH CHIbl W TCpC-
MeleHHA ToykH, [Ipoussenenre Fs= fcos(F, s), OYEBHIHO, NPEACTaBAsAET COBOK
NPOeKUHIO CHAbl F Ha mepeMeuleHHe §; BBOMA 3Ty NPOCKIHIO, MOXHO BbIpaXKCHIC
ang paBotel MpeAcTaBuTh B BHAC A = Fs. Ecnin  HanpasienHe cuanl CoBmamacr
C HaupabjeHHeM NCpeMelleHHA TOoukM, To A ==Fs; B cayvae xke, Korga o6a
HanpasneHHA NPAMO NMPOTHBONONOXHW, A =— Fs.

Boo6uie roBops, OXHAKO, M BenMuyuHa cHabl F u yrox (F, s) ee ¢ Hanpabne-
HHEM IICPEMEUWICHHA MOrYT HKe OCTaBaThCsl TMOCTORHHBIMK., [IpH HenpepbBHOM
H3MEHEHWH XOTb OMHOW M3 3THX BCAMYHH [JA BbIPAMCHMA BETUYUHEL PaboThHI
NPUXOARTCA APUGETHYTH CHOBA K ONMPENENeHHOMY HHTErpany,



234 rA X. NPRJIOKEHWS WHTEFPAJILRHOIO HCUHCHEHUS [353

MycTs nyTh s, NPOXOAHMMbIH TOWKOW, GyldeT He3aBHCHMOM NepeMeHHOMN: TpH
9TOM MpPENMON0XHM, YTO HaYaNbHOMY nonOWeHHio A Hawe# ToukM M coortser-
CTBYET 3HAaYEHHE S=S5,, a KOHeuHoMy B — 3HaqeHHe s=3S (puc. 42). Kawnomy
3HAYEHHID S B NPOMEXyTKe (S, S) OTBewaeT ompenefeHHOE NOJOXKEHHE ABHNKY-
WEeACA TOYKH, d TaKWe Onpele’eHHble 3HaUeHHN BeaUYUH F U cos (F, s), KOTopble,
TakHUM 00pa30oM, MOXHO PacCMaTpHBAaTh KaK (PYHKUHY OT S. B3us Touky M B KakoM-
HHOYb ee TMOJOXEHWH, ONpeleiseMOM 3HaueHHem S NYTH, HaWICM Tenepb npH-
6aMKeHHOe BHPaXKeHHE 1IN 31eMeHTa Pa6OThl, COOTBETCTBY IULET0 NPUPAILEHHID dS
nyTd, OoT § 0 S -|- ds, npx KoTOpoM Touka M nepefiner B 6iu3koe mosoxenue M’

(cm. pucynok). B nonowenun M na tOuky
£ newctByer onpenenenHas ciza F mox ornpe-
§ aeneHubiM yriaom (F, s); TaK Kak H3MeHeHue

9THX BeAH4HH NPH Nepexode TOYKH H3 M

B M’ —npu ManoM ds— Takxe Mmano, mpe-

HeOPeMeM ITHM HW3IMEHEHHEM M, CUMTAA Benu-

yHHy cuasl F u yron (F, s), npubanxeHHo

NOCTOAHHBLIMH, HafileM 1A 3JeMeHTa PaGOThl

Ha nepeMelleHdd dS BbipaweHHe

dA = Fcos (F, s)-ds,
TaKk yTo BCA pabota A NpeNcTaBHTCA HHTC-

rpanos s
A= F cos(F, s)-ds. (9)
So
N3 storo ofwuiero BoIpaxenua Ias pa6o-
Tol CHabl F fAcHO, uTo nmpH (F, s) = ;— pa6ota

Puc. 42,

ofpaiaeTcs B Hy’ab; REHCTBUTENbHO, NpH
aToM cos (F, §) =0, TaK YTO NMOAHHTErpanbHan
(yHKUMA OKasmBaeTcA HyseM, Takum 06pa3oM, CHAa, MEePHNEHIHKYNApHAsA K Ha-
NpaBleHHI0 MepeMeLicHUA, MeXaHHYeCKo# paGoTsl He NPOH3BUAHMT.

Ecan medcTByioinyio Ha Touky cMay F pa3ioxurs (no mpaBuay napanneno-
rpaMMa) Ha [IBe COCTaBIADUIME — 10 KACaTeNbHOR K MYTH, T. €. IO HANPABJIEHHIO
nepeMelleHls, 1 N0 HOPMAajdH K HeMy, TO, COTNACHO CKasaHHOMY, pa6ory Gymer
NPOH3BOIHTH AUWbL KacaTeiauHas cocraBnawoman Fy== Fcos(F, s):

S
A= S Fyds. (%)

So

Monoxum Tenepb, uTo F €CTb paBHOAEHCTBYOULAA BCEX NPHIOKEHHBIX K TOUKE
cun; TOTHA, MO 3aKOHY HBUWeHHs HbioToHa, KacaTenbHas cocraBhsiowan Fy
paBHa NPOH3BEREHHI0 MacChl m TOYKH HAa €€ YCKOpDCHHE d, W BbipawehHe Aas
pasoTt A MOXHO HalHucaTth B BHE

A=Smad$.

Bcnomunm TENEPL, YTO

=9 =5 rak wro a=T B,
f=atv = “dsat= ds”
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B TaKOM cryvae

N I {
= o mV’—-?mvg,

4 3 | 1
— v . _ JLIPS I R
A——vaads_Sd(va)_.va w2

das

So So

rie yepe3 v, H V 0003HAYeHH BEJHYMUHH CKOPOCTH, COOTBETCTBEHHO, B KOHEUY-
HOMt ¥ HaYanbHOH TOYKAX MYTH.

Kaxuanecmo,?mv’ ecTh WHBAaA CHNA MAd KHHEeTHUEeCKanA

SHepCrus TOYKH: TakMM O6Pa3OM, Mbl MPHWIAH K BAKHOMY IPCANOKEHHIO:
Mexanuveckas paboma A, npousgedennad cuaod, nod deucmauem_ xomopoi
npoucxo0uro O8uxCeHue MOYKU, PAGHA NPUPAWEHUI0 KUHeMUWECKOU 3Hepaul
mouxu. (Pasymeerca, paGota A ¥ npupa-
WEeHHC KHHETHYECKOH SHEPruu MOTyT OHO-
BPEMEHHO 0Ka3aTbCA M OTPHUATEAbRLIMH).
3TOT NPUHUKA, KOTOPHIH MOXHO pacnpo-
CTPaHHTb H Ha CHCTEMbB MAaTEpPHAAbHHX
TOYEeK, M Ha CR/OWIKbIE Texa, Urpaer B Mme-
XaHHKe W (E3HKe OYeHb BAXHYIO POJb.
Ero Ha3nBaloT <3aKOHOM 3KHBOK CHAHY.

354, Tipumepst. 1) [Ipumenun s Bu- Puc. 43,
ne npumepa dopmyay (9) K BuyuCAeHHIO
pabdoTsl pacTaweHua (MauW CxartHA) npy-
MHHW C  YKPeMaeHHBIM OIHHM XOHUOM (pHc. 43); ¢ STUM NPHUXOANTCA HMETh
Jieno, HanpuMep, NpH pacyete Oy(epoB y Keae3HONODOXHBIX BarOHOB.
M3BeCTHO, UTO pacTAXEHHE S MPYKHHbB! (€Cn# TOMLKO NPYKHUHA HE neperpy-
JKEHA) CO3MAeT HaTAXEHHE p, MO BeNHUHHC MPOMOPLUHOHAMLHOC PaCTAMEHUIO, TaK
NTO p=_0S, FlAe ¢-—HCKOTOPAR NOCTOAHHAH, 3aBUCAWAR OT YMPYLHX CBOHCTB
NpYRHHs (OKECTKOCTb» NPYsuHu). CHaa, pacTArusamoulan NpPYKHHY, AORKHA
npeojoneBarTh 9TO HaTmKeHWe. EcAM yynuTeBaTh TOABKO Ty YacTh
fneffcTBywulef CHAB, KOTODAA Ha 95TO 3aTpaupgBaeTcs, TO ee
pa6ora npH Bo3pactanuu pacTaxedua ot 0 1o S BupasuTca Tak:

& 3 LAY Sﬂ
s ¢
A_.ngds—chds_ ThT 5

O6o3HayB yepes P HauGonbuiyl0 BEeIMUHHY HaTAXeHUs (HAK OPEONONEeBAIo-
wel ee CHIbl), COOTBETCTBYIOULYIO PACTAXEHUIO S NpyxHubl (M PaBHYO- ¢S), Mu
MOXEM MPENCTaBHTL BbipaxeHHe a8 paloTu B BUAC

1
A= PS.

Ecan 6w x cBOGONHOMY KOHUY npyXHHb Cpa3y 6bina NpUIOMKEHa cHra P
(HanpumMep, noiBelWeH TPy3), TO Ha mepemeuleHHn S el 6nna 66l NpOM3BeNeHa
BABOE 0OMbwan paGota PS. Kak BHIHM, AMUIb MO/MOBMHA ee 3aTpPayHBaeTCA Ha
pacTANeHHe NPYXHHbLI APYras MONOBMHA MOHIET Ha COOOLLEHHE TPYXHHE C rpy-
30M KHHETHYECKOW SHEepruu.

2) TlycTh HEKOTOpPOE KOAHYECTBO rasa (napa) CONepXUTCA B UHARHIpPe (puc, 44)
N0 OAHY CTOPOHY MNOPLIHA, U NPEANONOXHM, UTO ra3 TOT PACLIMPHICE U nepe-
IBunya nopwens Hanpaso. IloctaBuM ce6e 3amavefi onpeneauts pa6ory, NpoH3-
BEEHHYIO NDU 9TOM rasod. Ecam HayanbHoe M KOHeYyHOe DAaCCTOSAHYA NOPUIHA
OT eBOr0 [IHa UHMIHHAPA OGO3HAaYMTh uepes S, H S, AaBieHHe (Ha eQuHUuy nno-
IiafH DOPIUHA) —uepes p, a NAOWAZL NOPIUHA — veped (, TO BCA CHAa,
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nefcTByowan Ha nopuicks, 6yact pQ, u pa6ora, KaK Mbt 3HaeM, BbIPA3UTCA HHTC-
rpatom
<3
A=Q { pds.

St

O6o3nayas uepea V ofbem paccMarprsaeMOlt Maccel rasa, oueBHano, GyacM
pveth V= Qs. Herpyano Tenepb nepefiTy OT NepeMEHHOR § K HOBOI MCpeMeH-
Hoft V; Mbl moayumm
7{ Va
L a=\{pav, (0

o > T —r—— Vi

rae V, u V, osmravalor #avanhnoe

¥ KOHeuHoe 3HaueHus o6bhema V.
Ecay 6bi Ham H3BECTHO 6b1a0
Puc. 44. NaBICHWE p  KIK  DYHKUHA OT
ofbema V, TO aTMM onpepeanaacs
6u1 paGora A. [lpeanonoXuM cHavana, yTo NPH PaCliBPEHHHM rasa Temnmeparypa
€ro OCTacTCs MOCTOAHHOM, Tak 4TO HEOGXOAMMARn AM8 ero paciuMpenus IHePrus
B BHIE TCNAa NPUTEKAaeT M3BHE; B 3TOM CAyuae NMPOUECC HA3bIBAOT W3O TEPMH-
yeckus CunTan ras «uaeanbibiM», 03akoHy boidans—MapuoTrTa Gyacsm

-1 8 &

¢
umeTn: pV = c¢=cons!, Tak uTO p=q;, ¥ aas pagoThl MoayuaeM 3HAYEHHE
Ve
‘c Ve V,
A=\~—dV_—.can =clnt,
JV Vi v
Vi
Ecan o6o3naynTs ucpes p, W p, NaBNeHWs B Hayale W B KOHUE NPOIECCa,
_ Vo Py
10 pVi=p,Vy m V.= TMostoMy paGoTy pacuixpeHng, CBA3aHHOIO C ficpe-
1 2

XOIOM OT aBNCHHA p; K RaBHEHHIO p, < p,, MOXHO NPeNCTaBHTbL B BHAE

A:cln&,

°

Haxkonen, BMCCTO ¢ B 9TH GOpPMYMbl MOXIIO MOACTABUTH MpoM3Befenune p,V,.

YacTo GuBaet, ORHAKO, CCTeCTREHNEE APEAMONOXUTh, YTO BO BpPEMsS pacliu-
peHust He NPOMCXOAMT TENNOBOro OOMEna MEXAy ra3oM H OKpYyXawwell cpenoi,
U 1ia TPOM3BOACTBO PaloTel 3aTPauMBAeTCA SHEPrHA CAMOro rasa, Temmeparypa
KOTOPOrO NpH 3TOM TNOHMWKACTCA; TaKoll IPOUCCC Ha3blBaeTcA afHMaGaTHue-
ckuM. B aToM cayyae 3aBuCHMOCTL MewAy RaBieHueM p M oGbemom V pac-
CMATPHRACMOM MacChl ra3a MMeeT BHA

pV® = ¢ = const

|sta 3aBicusocTs GymeT BhiBelena Huwxe, 361, 3)], rne kB ecTh XapakTephas nas
Kawaoro rasa (mapa) nocTosHHan, Bcerna 60nbluan cavuuus. Otciona p=c¢VHR u
Vo
Ve
A=ScV‘de= i V"" =1 k(Vl—k—Vl k)=
Vi

¢ 1 1
TT1=: (Vk—l“we—l)'
2 1
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DTOT Pe3ynsTaT MOKHO NPEACTasuIb B GOnee ymoGHOH dopMe, ecaw BCiO-
MHHTB, 4YTO CVrk=Pu cV{" ==p,, NOACTaBNsA, fPHIEM K Cilelyioulemy Boipa-
WEHHIO Ui paboTsr

A =P1V1 —pV,
h—1 7

Mbl JHWb InA APOCTOTH PACCYKACHHA M HATAAAHOCTH MPEANONONHAH pac-
UIHPAOUMACH a3 33kA0ueHnbIM B udannap. OcnoBHas gopmyna (10), paBHO Kax
M NOAyYeHHbIe M3 Hee YaCTHHE HOPMYNLl, COXPAHAOT CHAY HEe3aBUCHMO OT (OPMH,
KOTODYt0 HMEET B Kawibifl NaHHbIl MOMEHT paccMaTpuBacMmasi macca rasa. Pasy-
Meerca, TC e OpMYabl BbIPAKAT M PaGoTy CXK AT H A rasa or obnema V,
no ofbema Uy <I V, (COMPOBOMNaEMOro MoBLILIEHHEM NaBACHHA OT py 10 p, > p,),
T. €. pafoTy BHelHell CHIbl, 3aCTAaBAAOUIEH a3 CKEMaTbCA; paGoTa CaMoro rasa
B 3TOM CAYuae OTpHUATEAbHA!

355. PaoTa CHJIbI TPEHHA B NJOCKOH maATe. 11T 0 it BOOGIE HA3LIBAIOT
OMOPHYI0 YaCTh BEPTHKANBHOIO BPALLAIOUWIETOCA BAd; HENOKBHNKHAA ONI0PA, B KOTO=
POJt BpalL&eTCH NATA, HA3LIBAETCA MOLNMATH UK OM. B HacTosmuem n° mp pac-
CMOTPHM BONPOC O MOWHOCTH, 3aTPaUMBAEMOI Ra NpPEONONEHHE TPEHHUA B NMATaX,
OrpaHnMuMBasCh NPOCTEAWIMM COyyaeM —N JIOCKOM MAT b

[lnockaa nata npencrasaser coGOM LWHAHHAPHYECKOE Teno, KOTOPOE Ha TMOg-
MATHHK OMHPAaETCA CBOMM NJOCKHM OCHOBAHMEM (pHC. 43). DT0 OCHOBaHWE uMeer,
BooGuie, (POPMY KPYFOBOFO KOAbUA, C BHEWHWM PaIMYCOM R M BHYTPCHHHM
PagHyCcoM ry; B UACTHOM Cayuae, MpH ry=0, Mbl MOMYyyaem CNIOUIHOE KPYroBoe
OCHOBaHHe.

O603naunm vepes P nosHoe 1apaenue, nepeiaBaemMoe NATOM, uepes o (1/cek.) —
yriOBYK CKOPOCTb BPAILEHHA Bana, uepe3 u — KOIMPOHUHEHT TPEHHA, HAKOHEL,
uepes p -— 1aBieHHe Ha eNMHHIY MAOUIAAM NATHI B PACCMATPHBAEMOH ee ToOuKe,
He xacascb moxa Bonpoca o pacnpemenenuM Q4aBIEHHA, OTMETHM THIUG
OIIHO OUCBHANOE OGCTORTEALCTBO: TOUKH MATLI, PABHOVIAJeHHHE OT ee tenTpa O,
HaXOUATCA B ONHHAKOBLIX YCAOBUAX, U B HUX [1aBAEHHE NOMKHO GbITb OAUHAKORBO.
Takum o6pazoM, p BoOGLIE MOXHO CUMTaTh QYHKUMeil OT pajMyca-BexTopa r.
Hike 6yayT yxa3aWwpl ROMYLIEHHA, KOTOpbIe OGBIUHO HERANTCA OTHOCHTENBHO
9TOH (YHKUMM KO OZHOMY YCTORMIO OHAa [AOMKHA YNOBIETBOPATH BO BCAKOM Cly-
yae, UMCHHO MOAHOE faBfekie HAa MATY LOMKHO yPABHOBELIMBATLCH [JaBie-
HHeM P co cTopolbl Bamta,

JAnsi TOTO YTOGb! BLIUKCAUTL 3TO NONHOE NABICHUE, NPHGCLHEM CHOBA K METOMY
CYMMHPOBAHUST GeCKOHEYHO MaNbIX 3MEMEHTOB MO cxcMe n° 348, npuueM 3a Hesa-
BHCHMYIO 11€PEMENHY!0 NPHUMEM DANMYC r, MIMEHAUINACH OT ry 40 R, Paabusan
STOT MPOMEKYTOK HA WACTH, MBI B TO € BPEMA MOMXEM PA3AOWMTb BCE KOAbLO
Ha 9meMenTapHbie KOHUEHTPUYECKHE KO1blUA, TaK YTO BCE HaBaeHHE P CROMHTCH
M3 91€MEHTAPHbIX 1aBEeHHI, COOTBETCTBYOIUX OTAEIBHLIM KOMbUAM. PaccMOTPUM
TEMePb KOMbUO, OrPAHHYEHHOE OKPYIKHOCTAMK Paanyconr u r +-dr (ua puc. 45,6
OHO 3alITPHXOBaNO). Iaomans 3TOro KoMbua ecTh = (r 4 dr)’ —ar®="2nr dr +
~+ = (dr)’; oT6pachbiBas 6eCKOHEYHO Maayl0 BTODOIO MOPSAKA n{(dr)}, MOxHO
MPHHATL 8TY naotlalb NPHEAMXEHHO pasHoR 2nr dr. Ecan p ecTs nasnenne (na
CIMRMUY MAOWALN) B TOUKe, OTCTOSMILEH OT LLERTpa HA PACCTOAHHE F, TO pac-
CMAaTPUBAEMOMY ¥KOJblly OTBEYaeT INMEMEHTAPHOE [NaBACHHE

dP =p . 2zrdr,
TaK YTO, CYMMHDYA, NOTYUYaeM DABEHCTBO
R
P=2n Spra’r. (11
o

Ono, noBTOpAEM, W BBIPAX2eT TOT (PAKT, UTO CYyMMapHOE AaBJEHHe, pacnpege-
AeHHOE N0 (1s1Te, PABHO JBJEHHIO CO CTOPOHH Bana,
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OnpenenuM Tenepb MoMenT M CHABl TPEHHA BO BpallaioIIeHCA MATE OTHO=
CHTENBHO OCH 8palleHHA. PacCMOTDHM CHOBA 3MEMCHTAPHOE KONLLO, O KOTOPOM
1na peyb BHIUIE; DAa3BHBAWOINAACA B HEM CHIA TPeHHs, MPOTUBOAEHCTBYIOMANA
BpallleHHio, 6ynert

wdP = 2mnppr dr,
TaK YTO COOTBCTCTBYIOHIMH € 3MCMCHTAapHbLIH MOMCHT dM BHIDA3UTCA NPOH3RE-

Z€HHeM H3 3TOH CHAbl Ha maACYyo r (06~
ulee 1as RceX TOYeK KonabUa)

dM = 2nppr dr.

OT1co0a NOAHBIH MOMEHT TpeHHa 6yaeT
\ / % p J
2 M=2mp \ priar. (2)
To

Kak M3B€CTHO M3 MexaHHMkH, paGo-
13, A, NPOHM3BOINMAA TaKHM MOCTOAH-
HBIM  BpallaTedbHbIM  MoMcHTOM M
B OIHY CEKYHAY, NOIYUAETCA YMHOWC-
HHeM MoMcHTa M Ha yraosyw cko-
pocTh o (Ijcek.) Bpamennsa

A =Mo.

s Toro 4To6H AOBECTH 10 KOHUA
BLIYHCIeHHe paGoTel A, Tenepb HYXHO
coenath Te HAH HHble NONYLIEHHMA OT-
HOCHTENbHO 3aKOHA pacnpeleneyua p
Ha NOBEDPXHOCTH MATHI.

CaMbiM NIPOCTRIM SIBAACTCH Npel-
HONOXEHHe, YTO [aBieHHe pacnpele-
NAETCA PAaBHOMEDHO, T. €. YT0 p=
= ¢=const. Beasnyuna ato¥ nocrosu-
HOH onpelenserca M3 ycaoBua (11).

Puc. 45. Brpouem, B sToM cayuae mnemocpexn-
CTBCHHO SfACHO, YTO C€CIAM [AaBJAEHHE P
PaBHOMEPHO pPacOPENCAACTCA Mo NACH(AIH Fl;onbua n(R®—r3), TO Ha eluHHUY

naoulagyd npuaerca AaBICHHUC =C= e
P P=r = m =7

loncrasasa 910 3wayenue BMeCTO p B (12), Haiineém ganee
P- ¢ 2 R* 3
3 —
= BT — tdr=—pP ——.
M 2ﬂ‘uﬂ(R=’—r3) Srd 3 R—r
ro

2
B vactHOCTH, AA8 CMAOIUHOA NATLI GYNeM HMeTh: M=?}LPR.

OnHako 9TH peaynbTaThl NPUIAraioT AHIIb K BOBBHIM, HE OGTEpIIMMCA emme
nataM. [lero B TOM, YTO NPH BpAIleHHH BaNa TOYKH NATHI, NafblUIC OTCTORLLME
o7 nentpa O, IBUXYTCA € 661blICH CKOPOCTbIO, B HUX pa6oTa TpeHUs GonbLie H,
COOTBETCTBEHHO, GOAble W H3HAILUBAHHE KaK NATH, TaK W MONNATHHKA; Oaaro-
1apa 9TOMY u4acTb JaBJCHHA NepenaracTcs Ha Gojce GAM3KHE K LEHTPY YacTH
natsel. Qs crapuix 1pUpaGOTaBLIMXCA NAT O5bIYNO IORYCKAaeTCA, YTO JdaBAeHHe
HA HHX pacnpeienseTcs TakK, uTo paGoTa TPCHHH (HA ENMHHILY MAOMIAAH), @ C HEW
M H3HAUIMBAHUE, BCIOAY COXPAHAIOT HIOCTOAHAY IO BEAKHUMHY, Pa3flenus s5eMeHTapHy 10
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padory dA=ovdM na niowand 2nrdr SAEMEHTAPHOr0 KOALLA, 3anuiueM
Halue RONYyuieHWe B BUILE

wppr ==const, OTKYKa W pr =—c = const;
HTaK, Ml NDEAnonaraeM, YTo p H3IMEHAETCH O6DPATHO NPONMOPUMOHATBHO PACCTOR=

KU r ot uentpa, [loacrasans ¢ BMecTO pr B ycaoBue (11), HaWnem seauyuny
STOf 1OCTOAHHOMN

R
P
P=2nc S dr =2rc (R — 1), OTKyaa =T R—ry
To

Hakoneu, 3amenus u B (12) pr noayueHHbIM BLIpaXKeHHEM, NPHIEM K TaKOMY
pe3yabTary:

R
P |
M=2np mR=ry S rdr=-§g.LP(R—}-ro).

0

Jiaa CNROWIHOA KC NATH M=%9PR.

Jlerko BHAETH, YTO NOTEPA MOWIHOCTH Ha TPeHde B Cayyae NPHpPaBoTaswnXcs
UAT MeHbllle, YeM B CRYYae HOBMX [AT,

356. 3amaun Ha cyMMupoBaHHe GecKOHeUHO Manbix 3nemeHToB. [Ipuse-
AeM €eHle DAl 3aldy, pelllaeMHX METONOM CYMMHDOBaHWI OECKOHEYHO MalblX
3EMEHTOB.

1) Haitru ¢dopMyny Q1A BhIpaXCHHS CTaTHyeckoro Momenta M Teaa (V)
OTHOCHTE@IbHO IaHHOM NAOCKOCTH, €CAH M3BECTHH MAOIMANAN NONEPEYHLIX CeYeRnit
Tera MapaifenbHo STOW INIOCKOCTH (B (YHKUMM PacCTORHUA x 0T Hee). [Tmzor-
HOCTb NpeArnonaraeTcs paBHON CAMHHLUE.

[Ipn o6o3snauenyiax n° 342, Macca (06beM) 3JeMEHTaPHOTO CJAOA Teaa Ha pac-
CTOAHMH X OT IIOCKOCTH €CTb P (X) dx, ero CTaTHyecKuil MoMeHT dM = xP (x) dx,
TaK NTO, CYMMMDYH, IONYUNM

b
M= xP(x) dx.
a

Paccroanne § UEHTPA TAMECTH Tera OT JaHHOH MAOCKUCTH BbiDAIHTICH TaK:

>
\ xP (x) dx
M
=TV = :
S P(x)dx
a
B yactHocTH, A1a Tena BpalueHus
>
Sxy’dx
R

Sy’dx
a
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Ecayt npumeHuTs 9TOT pe3ynsTaT (a) K KPyrosomy koHycy u (6) k momy-
chepe, TO nafiieM, YTO DAcCTOMHWC UEHTPA TAMECTH OT OCHOBAHMS COCTABMT

(a) 711— sbicoThl, (6) § Paunyca.

2) Hafitn Qopuysny IO8A BBP3MCHUA CTAaTHCTHYCCKOrO MoMeHnTa M mo-
BCPXHOCTH BPAaLLEHHNA OTHOCHTENBbHO INIOCKOCTH, 1€ PIICHIANKY TAPHOH K 0CH
Bpaenns, «[loBepPXHOCTHAN NAOTHOCTb> MPeAnosaraeTca pasHolt cavkHuc.

Ipusicm oCb BpalleHus 32 OCb X, 3 32 HaYyat0 KOOPAHHAT BO3bMEM TOUKY
nepeceucHus ee ¢ yNoMsHyTow naockocTbio, [1pn obo3uaveHunx n° 344 macca
(NAOWAMAL) 3NCMEHTAPHOrO KOALUEBOrO CA0A Ha paCCTOAHMM § OT Hauala nyrd
eCTb 2my ds, ero CTaTMYCCKHA MOMEHT dM==2rnxy ds M, OKOHYaTeNbNO,

s s
M=2n{ xyds=2x\ () V¥ (s) ds.
0 0

B YaCTHOCTH, €CIM BpallaloulasiCy Kpnsas 3alala sBIHM YPaBHCHHUEM y —
=f)e=sx=b),
b

-

M=2e \ xy VTF5F dx=2n | -7 (0 Y TH T (P ax.
2 )
PaccTosHde § (CHTPa TSOKECTH [OBCPXHOCTM OT Janttoil NaoCKocTn Gyder

S b
\xyds gxy]/l—l—y;fdx
E_M_b &
=p =53 =3 .
\yds Sy]/l—l—y}dx
b a

TMpuMenuTh NOCAENHIOL (OpMYyny K NOBEPXHOCTH (a) KPYFrOBOro KOHYyca,
(6) monycdepst.

i
Omeem. PacCTOsIHHE UCHTPA TSHKECTH OT OCHOBAHHR paBHO (a) 3 Bbcotay

1
(6) o Ppamyca.

3) Owpepeants cratuueckne MOMEHTHl My, Mgy, My, OTHOCHTCIBHO KO-
OpIMHATHBIX NIOCKOCTEH JMH UWHAMHIPUYECKOH NOBEPXHOCTH [346,
pic. 35 ¥ mono¥cHHe ce UCHTpa TamecTd. [TpuMeHuTs NoNyyeHHsle QOopmynnt
K GOKOBOl NOBEPXHOCTH UMAMHIDHYCCKOro oTpedka |343, 8)].

Omeem. O6wrne Gopaynbl

S S

S
My, = \‘ xzds, Myy=\ yzds, Mxy=% S 2% ds,
V]

o

_M_vz __Mg_ __/Mxy
E_ﬁpfr = P L= P”:
roe P~ nnowans noBepxHocTH. B npennoxennom npuwepe: § =0, 1= % a,
T
C—E‘ h.

4) MoMEHTOM HHCDPUUM (MM KBAXAPATUYHBIM MOMCHTOM)
MaTCPHaAbHOM TOYKH MACCHl 712 OTHOCMTENBHO HEKOTOPOH OCH (MAM IAOCKOCTH)
1’a3bIBACTCA NPOM3BEACHUE MAcChl M Ha KB apaT PacCToasna d OT TOYKK 10
ocu (D0 naockocTH), Flcxona wu3 sToro, mpeanonaraeTca HalTH BulpawcHue
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1R MOMCHTA HHEPUMM [/, OTHOCHTEILHO OCH y MAOCKOH Qurypm AB,B,A,
(pHc. 46), B npennonoxeHuy, YTO <«NOBEPXHOCTHAA MAOTHOCTL> PacnpemedcHus
MaCC eCThb elUHHLuA.
Mmeenm
]
dly=x(yy—y,) dx, Iy="{x*(y,—y,)dx.

a

Hanpumep, nna cayvacs, usoSpaxennbix Ha puc. 47, nomsyyuss:

o+l
. . bh®
(@) yo—uy, =0, Iy=46 x dx=b0~h~|—ﬁ,
h
‘T
bh?
B uactHoctH, npu ¢==0 Gymer / =5
(0) yo—n=2Vr—(x—op

c+r

2 o o % 2 2 nrt
Iy=2 \ x Vr-—(x—c)*dx=nrc-~|—T,

c—r
ar?

B yactHocTd, npu ¢=0 Gyner ly=-4—,

5) Onpeneadtb MoMenT wuuepuuu Tena (V), paccMorpennoro B 3anaye 1),
OTHOCHTCJbHO YNOMAHYTOM Tam 110 CkOCTH. [Ipumenuts noayyennyw ¢op-
My Yy K BBHIYHCAEHHIO MOMEHTa HHepuuH (a)
KpPYroBoro kowyca, (6) noaycpeput — U9 g
OTHOCHTENBHO I1MOCKOCTH OCHOBaHHA.

b
Omsem. 1= x*P (x)dx; B wactho-
a

2
cty, (@) /1= 3—1;) R2®, (6) 1= % Re, b

6) JlaBrende MHMIKOCTH Ha Kakylo-
En6yNb MIOWIANKY, DPaCHOAOKEHHYI0 Ha
royOuHe /i(M) 101l ee fIOBEPXHOCTLIO,
PaBHO BeCY UHIMHAPHYECKOro cronba
MHUOKOCTH  BLICOTBl /i, HMelomero 3ty
niouaiKy CBOMM ocHoBanueM, Takum
o6pa3ow, nasaceue (B xIjm*) Ha ray6u-

He h (M), npuxomsAuleecs Ha ENBHMLY E
nnoulaly, paBHO Ay, ecad y O3HayacT Puc. 46,
yIenbHb BEC WHIKOCTH (K[ %),

TlpcanonoxuM, YTo B WHMAKOCTh BEPTHKATLHO NOCPYKeEHWa NIOCKAd purypa
A,B,B,A, (puc. 46) *,

Haiitu noamoe runmpocratnueckoe naaenue W Ha 3Ty durypy u ero Mo-
MeHT M (OTHOCHTEeAbHO CBOGORHON NOBEPXHOCTH XUAKOCTH).

* Mu GepeM ocb y nexameH Ha CBOSOZHOH MOBEPXHOCTH MHIKOCTH.
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DnementapHas naowaika dP == (y, —y,) dx HCHbLITHBAET AaBAEHHE
AW =11x (y,— y1) dx,
MOMEHT KOTODOrO OTHOCHTENLHO OCH y paBeH
AM =1x* (y;—y,) dx.
Orciona
]

b
W=1{x(:—y)de, M=1{x(y,—y,)dx
a a

IMepewé HHTErpaa, OYEBHIHO, NPEACTABAACT COGOM CTATHUYUECKUNA MOMEHT
My ¢durypn -OTHOCHTIENBHO OCH y; BTOPOH ¥€ [aeT MOMEHT HHepuHN [,
GArypel OTHOCHTENbHO TO# JKE OCH.

g y 0

a

Puc. 47.

Ecan § ects paccrosene meHrpa tawectd C duryps or cBo6onHON nopepx-
HOCTH, 4 P —ee naoulafs, TO MOXHO HanucaTth, yro W=1vP§{ Llentp nas re-
H¥ A, T, €, TOUKA NPUNONKEHUS DPABHOAEHCTBYIOWER BCEro RasjaeHus, 0T CBOGOI-
HO{i MOBEPXHOCTH OTCTOMT HAa PACCTOAHMH

IMpunoxuM 9TH GOPMYIBl K Cliy4aaM, 300paXeHHbIM Ha pHc. 47,
B cayuae a): E=c¢, P=5bh u W=1bhc. [aree, Tax Kax B ;1) MBI Yle

bh?
Boiyucanm [, = beh —|——15,- TO MOXeM Cpa3dy Hanucarthb E*=c—|—T2—c. B vacr-
HOCTH, €Can ¢ =Ah/2 (1. e. BEPIHAA CTOPOHA INPAMOYI'ONbHHKA JNEXHMT HA YDOBHE
WHIKOCTH), HMeeM W=71bh’, E“=?c.

3
B cayuae 6): E=¢, P=rnr* u W=qenr®, 3aecnb 1y=nr”c’+’%— {em.4)).
r!
L J— PR
Mostomy ¥ =c¢+ ic

7) Ecan B creske pesepByapa, HANOJHEHHOro BoNO#, wa raybune A () nmon
MOBEPXHOCTbIO BOAbB HMEETCA NOPH3OHTANbHAA WeAb, TO Yepe3 Hee Bojna Gyder

M _—
BRITEKATE CO CKOPUCTHIO (s m\ v=V 2gh*
/

* Jra (opmyna, IOKa3nBaEMan B CUAPOAMHAMHKE, U3BECTHA MOJ Ha3BAHMEM
dopmyabr Topuueanu OTMETHM, UTO OHA MMEET TAKOH xe BHI, Kak H Gop-
Mysa AR CKOPOCTH, MpHO6peTaeMoil TAXENOA MaTePHANbLHON TOUKOK Dpu namge-
HHH C BbICOTH A,
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Tipennonoxusm Teneps, 4TO B CTECHKE pe3epByapa HMeeTCA NMPAMOYrofhHoe
otsepcTHe (puc. 48). TpeGyercAa onpeleinHTb pPacXoAd BOAbI, T. €. OGbes BOIL
Q (#®), BuiTexatwi B 1 cex.

m

Puc, 49.

JnementapHol molOCKe IUMMPHHBI dx Ha TrayGuHe x OTBeuaetT CKOPOCThb
v =) 2gXx, Tak Kak ee NIOWANb €CTb b dx, TO PacXox BOLH yepe3 Ty MOMOCKY
BupasnTca TaKk: dQ =V 2gx-bdx. CyMmupys, Hasllem
1 3

h 3
Q=V2_gng2dx=%1f2§b(h2—ho2>.
Ro

dakTHYECKHM PAaCXOX HECKONbKO MeHee BLIYHCIEHHOro, BBHUAY HalMyuA
TPEHHSI B HIKOCTH H CXKaTWA CTpPyd. Banmanne 3THX (PaKTOPOB OOBLIKHOBERHO
YUHMTHIBAIOT C MOMOLIbIO HEKOTOPOT O IM-
NHpHYecKoro Koddduuuenta p <<l H ~—4r\

NUWyT GopMyny B BHIe {
3 3

Q=20 V20 (1® —17)

flpu h,=0 orcioga moayuaerca gop-
Myaa LA Pacxofa BOIM yepe3 MpAMO-
YroJIbHBI# BONOCAHB

O E

2 —

8) Wayuaa marnutHOE none TOKa,
Buo u CaBap npHWIH K 3aKTIOYEHUIO,
YTO CHA4, C KOTOPOH TOK ReHCTByeT Ha Puc. 50.

«MarHUTHH{ 3apsi», MOXeT GoiTh pac-

cMarpHBaeMa Kak paBHONEeMCTBYWOW aA CHA, KaK Obl HCXOAAWMX OT OTAEALHBIX
GEeCKOHEYHO MafbIX <3NeMEHTOB TOKar», [l0 yCTaHOBAEHHOMY MMM 3aKOHY, dae-
MeHT TOoKa ds (puc. 49) [eACTBYeT Ha MArHMTHGLIA 3apRX M, TOMeLLeHHHH
B Toyke O, ¢ cUIOH *

dF = Im smg(p ds ,
r
roe / —cuaa Toka, r — paccroaHue OM, a ¢ —yron (ds, r).

* dopmyna MpecT MeCTO B TaKOM BHIE ML NPH HalsexauleM BuiGope
eMHUIL (HAanpUMep, €CTU CHAY BbIpaXaTb B IMHAX, PACCTORHHME — B CAM, Marnur-
Hblft 3apAN H CHIY TOKA —B 31EKTPOMArHUTHHX €lHHULAX).
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Cuna 9Ta HanpasgeHa no nepreHINKyAspy K MJIOCKOCTH, mpoxoanwmeit
yepe3 O W ds, ¥ NPUTOM — B Cnyuae, H306PAKCHHOM HA DHCYHKE, — B CTODOHY
OT uuTaTeas, ﬁpu WCMaHUM YyCTaHOBHUTL [1e/fiCTBHC KOHEe YHOr O OTpe3ka ToKa
Ha MArHUTHLIA T0JI0C, MPUXOUUTCA CYMMHPOBATb 9TH 3M€MEHTAPHLIC CHbI.

[nn npuvepa onpeleaus cHay, ¢ KOTOPOH ACHCTBYCT HA eIUHHILY &Mar-
HHTHOrO 3apama» npaMoauicHub oTpe3ok -Toka BC (puc. 50), npv yka3alHbixX
Ha pHCYHKC O6O3HAYCHUHX.

. . a
Tak kak smcg:s:n{OMA_—.-,;, T0 dF MOWHO NPEACTABUTL B BHAC
/
dF—=% iis _ alalsa
r (02 +sﬂ) /3

SHEMCHTaprIC CHLI 3J1€Cb MOXHO HENOCPEACTBEHHO CKJ/AaAbIBaTh, HGO OHM BCC
HMCIOT OAHO W TO € Hanpas.ICHHE, ﬂosromy

S3

IS ds 1 S
JE@+s” Vst

F=a

§ 4. Mpocrelimue nuddepenunaabieie ypasHeHua

357. OcHoBHble NOHATHR. YpaBHeHHdA nepBoro nopsaaka. B raase VIII
MLl DacCMaTpHBanM 3ajayy o6 onpepcaenud QyHKUMHM y =y (X) MO 3alaHHOH
€e NpONU3BOIHOA

y=/f(x) ()
[nan—uto TtO We-—no ee aubdeperunany dy= f(x)dx] u yunauco npowus-
BOAUTH OMEPAUHI0O HHTErPHPOBAHUA UM KBAAPATYDPY, C NOMOWbBIO
KOTODOH OHAa peulacrtes,

y= Sf(x)dx+c*. @

B otom o6uwen pemennn durypupyer nocrosunas C. Kak msr Bumeau
ua nmpuMepax |263, 264, ecant maubl HauaAbHbBIC YCI0OBUSR
Y=Y, HpH X=X, (3)
TO 3TUM ONpENenseTcs KOHKpeTioce 3naycHuce noctoannoit C=C,. [loacrapus
ero B (2), Mbl NDWICM K YACTHOMY DelleHH 0 HAWeH 3a1ayW, T. C.
K KONKPCTHOH QYHKUMK y ==y (X), KOTOPas HC TOALKO HMeeT Hanmepel 3ajaHHy o
[POK3BOAHYI0, HO M YIOBIETBODPAET HAuafbHbIM yCaoBuam (3).
YacTo, 0IHAKO, TPHXOANTCA ONpPENCAATh PYHKUHIO y =y (X) U3 Goace CIOM-
HHIX COOTHOBIEHHH BHAA
Fle, v, ¥, 97 )=0,

CBSI3LIBAIOWHX 3HAUCHUA 1HE3ABUCHMON NEPCMEHHOH X C 3HAYEHUAMM Kak Camof
UCKOMOM dyHKUMH y, Tak H ee npoussomuwix y', 7, ... Takoro poma cootio-
WweHUA BooOule HA3HBAWTCA HUQGDEPEHINHAALH MY YPABHENHAMN,
OCTaHOBHMCA HA YPABHCHHM MEPBOr O NOPSAKA, CONCPHAUIEM NHIIb
nepsy NpoU3BOgHY©O Y,
Flx, y, y)=0. “
Peltesneym ero sBaacTCA 110593 QyHRUHA Y=y (X), KOTOpaa yHOBIETBOPSCT
eMy TOXJICCTBEHHO OTHOCHTENbHO x. Kax MOWHO ToKadaTb (NPH H3BECTHHIX

* B 31oM maparpade noj CHMBOTOM Sf(x) dx Mol OyAcM pa3ymeTb x0T
¥ TPOM3BOJBLHYIO, HO OMPCACAEHHY IO MepBoOGPA3HYI0 (DYHKUHIO, TAK UTO
MIOCTOAHHYI0 MHTErpHPOBAHHUS Mbl B STOT CHMBOM He Bialoyaem v GymeMm nucarth
ee OTACIbLHO,
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NPeANONOXEHHAX OTHOCHTENLHO PYHKUMK F), o6uice pelieH e ero, MORoGHO
YyNOMAHYTOMY BHAyajc npocTciuleMy cayyaw [cM. (2)], B 3meCb Takxe COLCPWHT
npoy3BoasHY0 nocTosnnyo C, T. €. umeeT BUI

v=19(x, C). ©)
WMitorna, snpouyesm, 9TO pellicHHe NOAYYACTCA B HCABHOI dopue
O (x, y, €)=0 um ¥ (x, y)=C. ®)

Passickavue ofmiero peuicHua AMQIDCPCHUHANLHOrO YPABHCHUA, B TOH HIH
WHOU QopMe, Ha3LIBACTCA HHTCFPUPOBAHHUCM YDaBHEHHUA,

Jns npusepa paccMOTpuUM TAKYl0 3aZayy: HafiTH KPHBLIE, AAA KOTO-
pex NnogiHopMans nocroaxua Ecam npencrasurs cefe Takyw KpH-
BYI0 BLIPAXEHHON ABHLIM ypaBHeHHeM Yy ==y (X), TO BOMPOC CBEAETCA K DPadbi-
CKaHHIO TaKUK G YHKLUHMH, KOTOpble y1OBAETBOPAIOT YCNOBHIO yy = p, rie p = const
1230 (3)]. MNepenuuwem cro B Buge (y?) =2p; Tcnepb ACHO, YTO OOUWHMM pewuc-
LHucM ero 6yger

yt=2px+C un y== 1 2px +C. )

Taxum 06pa3oM, NOCTAaBACHHOMY TpcGOBAHHIO YIOBICTBOPAET 11€10C CEMENCTBO
napa6os, NOTYUAIOIWHUACA OOHA M3 ADYroil CMCULEHHEM napasaeibHO OCH X.

3mecs OTBeT Ha 3agayy [LAaeT WMCHHO o6ulec pelleHHe, MOCKOIbKY TpeGo-
BanoCh PasbICKATh B C € KPHBHE, OGNamaloulMe YNOMAHYThiv cBOficTBOM. Ecam 6ut
B 3aave G0 XOMONHHTCILHO YKA3AHO, YTO KPMBag JOMKHA NPOXOAMTL yepe3
3aMaHNYI0 TOYKY (Xg, Yo), TO, MOJACTAaBHB STH 3HAYEHHA X M y B NOAyucHHOE
ypaBHenuc (7), Mbl CMONEM OMNpCHeauTh 3Hayexue C:

Co=y5 —2px,.

Nonaras B (7) C=C,, Mol NpuACM K 4aCTHOMY peueHuio y2=2px - C,,
BbIPAMAIOULEMY YXE KOHKPETHYK KPHBYIO,

HyXHO Cka3aTb, 4TO yawle BCero OLIBAT UMCHHO TaK, uTO 3amava, rpu-
Beuaa k AvdQepeHLHan,HOMY YDaBHCHHO, TPeGYCT KOHKDETHOTO YACTHOT O
peueHHds O6bYHO NocaeIHee OIIPCAEACTC HAYalbHLMH YCAOBUAMHU
Thna (3), BoIABUraeMuiMU caMoi 3agavelt. 1o 3THM YCnoBuAM, KAK H TOILKO NTO,
npexie BCero MOXET OuiTh YCTaHOBREHO KoOHkpeTHoe 3Hauenue C=Cg oHO
ONpefNenuTCA M3 YpaBHEHHS, KOTOpoe MOAYudTCsl, €CiH B ofuieM pellenHH (5)
{uan (6)] nosouTs X =x, y=y, Ecau rTenepr B 9TO o6uiee peleHHe NOA-
CrTaBuTh Hadfennoe pewenye C, BmccTo C, TO W DBPHIEM K TOMY YaCTHOMY
pcuienHio, KOTOPOE YJOBRETBODAET 3anauve.

358. YpaBHeHHs NepBOA CTeneHH OTHOCHTEJNbHO mpou3BoaHOH. OTae-
Nenue nepemeHHbviX. [Ipeanoi1owuM Teneps, uTO B ypasHenue (4) npouason-
HaA y BXOAMT B NepBOW CTCNEHH, T. €, YTO ypaBHEHHE MMEET BHI

P(x, y)+Q(x, y)y =0,

d
rae P, Q cyts ¢yuxuud or x u y. Tloaaraa 3mecs y’=%, MO¥HO Npeacra-

BHTb YpaBHEHHE B dopwme

P(x, y)dx + Q(x, y) dy =0, ]

KOTOpana vacro 6onee ynoGwa. )

Mpr ocTaHOBHMCA 31eck NOZpoGHee Aillb Ha TeX TNpoCTeHHX YacTHAIX
Clyuyasx ypaBHewus (8), xoria HHTerpuposanve €ro HenNnOoOCPEeACTBEHHO
CBOJMTCA K KBAAPaTypaM; PacCMOTpEHHME ITHX CAYyuyacs, TaKBM 06pa3oM, CHYXHT
CCTCCTBEHHbLIM pononHeHucsm riaaBw VI
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Ecan B ypasuenun (8) kospdHUMEHT P nHa mene 3aBUCUT TOABKO OT X, a
ko3Qduuredt Q — TOALKO OT y, T. €, eC YpaBHeHHe uMeeT BHL

P(x)dx+Q (y) dy =0, )

TO TOBOPAT, YTO NEepeMEHHME OTAEeNEHH. B srom cayvae wHrerpupo-
BaHHe NPOM3BONUICA OYeHb NPOCTO.
[Tycts ¢dynkunn P(x) n Q(y) HenpepbiBHbl (B COOTBETCTBYIOLUMX NpOMe-

xytrax), Torma P (x)dx G6yner auddepeHunanoM pyHkuuu P(x)=SP(x) dx,

a Q(y)dy —nuddepesunasom GyHKUNR Q(__y)=SQ(y) dy, naxe ecid nom y
pasyMeTs (yHKuMIO y (X), YIOBIeTBOpROILYl0 ypaBHenHwo (9)¥. B Takom cayuae
neBam wvacTb ypaBHeHMAa (9) npeiactaBHT cob6oh auddepeHUHan OT CyMmbl
P (x)+ Q(y). Tax xak sToT nHppepenunan, B cHAy ypasHenus (9), paseH 0,
TO caMa (QyHKUMa CBOLHTCA K MOCTOAHHOH

P(x)+ Q) =C. (10)

Jllerko Bujets, uTO H OGpPATHO, ecnaH QyHKUMA Y=y (X) yaOBreTBOpAET (NpH
N060M X) 3TOMY YyDaBHEHHIO, TO YNOBAETBOPAETCA H YpaBHeHHe (9). Pasencrso (10)
naer o6mee peweHue ypaBuenna (9).

lpu peweynn ypasHenna (9) WHOra NPEANOYMTAOT useHsl ¢ dx W dy
NOMeiULIaTb B Pa3HbiX YaCTAX YPaBHEHHA

Qy)dy=—P(x)dx. ()

WHTerpupya waXayo uacTe NOPO3Hb M He 3a6biBas 0 NPOH3BOALHOM MOCTOAH-
HOW, KOTOPYX JOCTATOYHO MPHCOEAUHHTb K OLHOMY U3 HHTErpaloB, NpHULeM
K pe3yabTaty

feway=—(Pxydc+c,

TOXIAECTBEHHOMY € MOJYYEHHBIM Bblule,

[lpeanonoxuy, yTo Tpe6yeTca yNOBIeTBOPHTL HAY A NbHBIM YCH OB U A M
(3). Bmecro TOro uro6ml CHayana HaxoAdThb ofilee peleHWe, a 3aTeM MOAGHpPaTbH
nocroaHnyw C, WCXONA M3 STHX YCTOBHH, MOXHO MOCTYUMTH TPOLLE: «NPOCYM-
MHPOBaTb» 971EMEHTAPHbIe BeauuWHsl (1), cnpaBa MewAdy X, M X, a cneBa —
MOXJY COOTBCTCTBYIOMMHM KM 3HayeHUAMHU -y, ¥ y. Mbl 10IyYHM PaBeHCTBO

§Quydy=—F P(x)ax,
Jo X0

KOTOpoe M JaeT TpefyeMoe YaCTHOE pelleHHe; CaMbifi BHI €ro MoJuepKuBaer,
YTO OHO 3aBEOMO BLINOMHAETCA NPH X==x, U y==y, YHTaTenb aerko yACHHT
ceGe, YTO 9TOT NpHEM NHIIb QOPMOH OTNAHYAETCA OT NPEXHEro.

Npumep 1) [lyctb nano ypasxenue

sin x dx 4 d{ =0.
Vy
Wnrerpupyem

Ssinxdx+ S}L:C i —cosx+2Vy =C,
Vy
oTKyza
-CyY
y:(cosx4—| )'

* Beupy nuBapuantHocTH Qopmel auddepenuuanra [106].
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Takoso o6utee pemeHue MPeANONKEHHOrO ypaBHeHus, ECian nans Had9a ab-
Hee ycnosusda, Hanpumep y=1 npu x=0, 10, UOACTABAAA 3TH 3HAYEHHH,
cpasy Haxoaum C =1, 4TO NPUBOAHT K YACTHOMY PELICHHUIO
(1 4 cos x)*
y=——
Kak ynoMuHanoch, MOXHO B 9TOM ciyyae H3GexaTb HEOGXOXMMOCTH npef-
BapUTeAbHO COCTaBIATH Ofulee pelueHHe, Hamucas Cpasy

o

Vl{y———:—— \ sinxdx, 1. e. 2(Vy —)==cos x — 1,

A

Vy = l+§05x' y=(]+;°5x>’_

Yacro cayuyaerca, 4To xoTs ypasHende (8) u He Mmeer Bugpa (9), HO MO¥eT
6tTh npeo6pazoBaHO K STOMY BHAY, NOCNE 4Yero HHTErpupYeTCH, KaK YKa3aHo
Bouue. [akoe npeoGpa3oBaHve M HOCHUT Ha3BalHEe OTHCIAEHHA NepeMeH-
H b X, [lepeMenHble nerko OTHeNANTCA B TOM CAyyae, xoraa Ko3hQHMUMEHTH
P u Q npeactaBasiorT COB0OH Npou3BeNEHHA MHOXHUTENEH, 3aBHCALMX KamObildl
TONMBKO OT OAHOU NepeMeHHOR, T, e, xoraa

Plx, =P (x) Py () 1 Q(x, ) =0, () Q; (y).

JefcrputebHO, A0CTATOYHO pa3gennTh o6e YacTH ypaBhenus

oTKYyHa

Py(x) Py (9) dx + Q, () Qs (y) dy =0 (12)
Ha Py (y) Q, (x), 4TOGH STHM y3e OTACIHTL MepeMenilbie:
P, (X)_ »Oz ) __
0.0 “ P Y=
Npumep 2): ysin;% dx—cos%dy.—_o.

Ypaenenne umeer BHA (12); oTaennem nepemennne

sin x
& = ~—i dx
y C087

B HHTErpUpYeM
Iny=—21In cos% +e
[ToTenuupys, onperenseM oTcIOAa y
e 2ec

y= cost =X :l+cosx'
2

Monaran ewe C==2¢°, npuBeleM O6Ulee PeWICHHE K BHLY

. C
y_l+cosx'

359, 3apayd. PaccMoTpMM pANl 3amay W3 pPaznuuHHX obaacTelt 3Hawus,
HENOCPEACTREHHO NPHBORAMWMX K AWGQPepeHUHAaTbHLIM YDaBHEHHAM C OTLENHIO-
ULKMHACA epeMeHHbLIMH.
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1) HaliTi KpUBBIC, Y KOTODhIX OTPE3OK 7 HOPMadH (0 NepeceucHHa ¢ 0Cbhio X)
COXPAaHAET OCTOAHHYIO BEIHUMNY 7.

Benomunan Beipaxcende gaa n |230, (4), sanucuiBacM ycionue, KOTOPOMY
LOJKHZ YLOBICTBOPSATH HCKOMAA QyHKOHA y OT X, B Bulc AHdPepeHtnansHoro
¥paBHeHud

lyVTFy =r um y*(+4yH=r
Orciona
ydy

Ay Y=y
= unu — 4
dx y VriE—y = dx.

—VrE =y =2 (x4-C) umu (x+C) A y*=r2
Kak u cnepoBano 0%uaath, Mbl NOIYYUAH CEMEIICTBO OKPYWHOCTER pagnyca r
C HEHTPOM HAa OCH X,
2) Haitth kpuBtie, y KOTOpbIX OTpC30K ¢ KacaTelbHOH [O MepeceveHds
C OCbI0 X COXPAHSET MOCTOSHHYIO BEAUYMHY a.
B cuay (4), auddepennan,HOe ypaBHCHHE 324Ul UMEET BUR

Y1y
yV'+y

= da.

,_dy
Monaaran y =1 ero nerko npeoGpa3osarh Tak:

i

Wnterpupyem:

x+C==x|aln ————— ‘—yg];

MbL MOAYuMAK cemelicTBO TpakTpuc [cp. 331, 1))

3) ;% AKOH OXMAWMAEHHA [1yCTh OXAKAAIOWCECA Tea0 Temneparypol §° C
OKpy*cHO cpegost ¢ remnepatypoit 0°C. H b 10 T 0 11 YyCTAaHOBHA 33KOU, N0 KOTOPOMY
CKOPOCThH OXHAajXOACHHMs NPONOPUMOHAILHA camoit Temnepatype 6, T. e

df
dt
rae k-— nosoXHTeIbHAA nocTOsHKan, OnpelenuTs 3aKoH, 10 KOTopomy yOwsaeT

TemnmepaTypa Tena, HauuHaa ¢ MomeHTa £ ==0,
Vveea

— &0,

d
5 =R
oTkyna, uuTerpupya, nafigem In8=—kt 4 InC* Ouesunno, 8 =Ce ™% Tloxa-
ran agece £=0, BuAMM, uto C €CTb HE YTO HHOE, K&K HAYa/JbHAA TeM-
nepatypa 0, [NoncraBass, npuacM K OKORUATeNbHOH dopmyire

9:902"?!,
KOTOpas OfpemenseT TeMneparypy Tena B nwofoH MOMEHT, ecid TOIbKO OHa
6bina M3BECTHA B Hauanbublit MOMCHT (0y).

* [IpesBHIA ROTEHUWPOBAHNE, MbI CPa3y GepeM NOCTOAHUYI0 443 YROGCTBA

B euac InC,
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KosthduuueHT & 3aBUCHT OT CBOWCTB TCNa U CPelbl; OH OTPeNeTReTCa ONhiT-
HbIM NYTCM,

4)’IkCcTpPAaTOKHM paAIMbBIKaHUA ¥ 3aMekaHua Ecan B 3nex-
TPHYECKOH LCMY JeitCTBYeT NOCTORHHOE Hampawehhe V, To, oGo3nayas ycpes R
conpotusacide uend W uepes [-—cuny TOka, no 3akony O ma 6yiem HmeTo
V=RI[. Korma wxe mnanpsmwcnuc V meHficTcs (a3 TaKXC B MOMEHT Da3MbIKAHUA
WAK 3aMHIKAHHA TOKA NOCTOAHHOTO HADDANCHMRA), BO MHOFMX CAYYaAX HMCCT
MCCTO ABACHHC CaMOMHAYKIHH, KOTOPOC COCTOHT B [OABIEHHH LONOTRHTENBHON
9JIEKTPOABHK yLLLe it CHALI, MPONOPUHOHAIBHON CKOPOCTH HIMEHEHA A CH B

TOKa ar Ho vmciouleit 06patHbtit 3nak, Takuw 06pazow, BEAHUMHY ITOH 31K~
drl
TPOABHNYIUCH CHAbI CAMOHHAYKUMH MOMMHO NDPEACTaBHTL Tak: _Ld_t’ roe L —

«K0IQPHLUEHT CaMOUHLYKUHH» (L > 0).

Ecay Haguuo CaMOVHAYKIMA, TO npU Da3MblKaHHY TOKA €ro CUaa ne cpasy
najacT 10 HYAs, @ MNpU 3aMblKaHMH —HE CPa3y ROCTHraeT CBOCH HOPMAabHOI
BeAHYHHBL, Vlccaenyes 3TH ABNCHHA AHANMTHUECKH,

3akon O M a tenepb NPUHUMACT CACAYOUWLYI0 GOpMY:

: al al | R,V
V—Lom =Rl o+ =, (13)

(a) MiycTb nocroAnHmiét TOk cuabl [, B moment ¢==0 pasmuikaercsa. Tak
kak torxa V=0, To Hueem

d¢

K\!;U

_Z;+L£l=0 HaH —d-ll—=-
H (3Ha7I0rMYHO 3))
_R
=IO€ L .

SroT TOK, NPOXOMAUIMIL B UENH HOL AGACTBMEM OMHOH JHUIL INEKTPOALH-
Wymed CHbl CAMOMHAYKIMM, Ha3bIBACTCA S KCTPATOKOM DAa3MblKaHHA
C BospacTaHHem ¢ erc cuaa ObiCTPO CTpeMHTCA K 0, U yepes KOPOTKOC Bpems
OH CTAHOBHTCR HEOLLYTHMAIM.

(6) Ecart uens B MomeHT /=0 3amMbKkaeTcsa B He’ HayWHaeT Heii-
CTBOBATL MOCTOAHHOE HanpskeHHe V, 710 W3 ypasHenus (13), cHoBa otpenas
nepe MeHHbIE, NOAYUHM

R
—Rdl R R : -zt
vo—gi=—T 4% WV—R)=—-—t+InC, V—RI=Ce L,

Moctosuuyo C onpencaum M3 Havaaeubx ycaosui /I=0nput=0;
oueBHaHo, C =V, Tak 4TO OKOHYaTe.IbHO

% -2
Vo _.1
I=g(l—e &)

V
Mpl BUIHMM, YTO HADALY € TOKOM = orBeyatowum 3akoHy O M a, omHo-
Ry

L

1%
BPCMEHHO [MpPOTEKAET B OﬁpaTHOM HanmpasneHAN TOK TZ . 310 ¥ ccrs

9KCTPAaTOK 3aMbKaHHUna, ero cuna Takxe OuncTpo yGuBaer ¢ BO3pa-
CTanuem ¢,
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5 YpaBHeHHe XHUMHUYECKON peakuunu PaccMOTPHM XHMHUECKHN
npouecc, COCTOAWMA B MpeBpauleHHs B3aHMoAeHCTBYIOWHKX BewecTs A, B, ...
B semwectsa M, N, ... [1a ouecHku KoauyectsBa BewlecTBa, yuacTBYyioinero
B peaKuMH, ero BbIPDHAIOT B rPAMM-MOJEKYlax uaAd M o A A x. Moaem kakoro-
HHOYIb BEUECTBA HA3bIBAGTCA TAaKOE €ro BECOBOE KONMYECTBO, KOTOPOE BbIpa-~
XaeTCA B rpaMMax YMCAOM, PaBHBIM €r0 MOIexynsapHOMy Becy. B moie aw06oro
BEileCcTBa BCEria COLEPWHTCA OMHO W TO KE KONMUECTBO MONEKYJ, HE3ABUCHMO
OT BeulecTsa,

Ecan npeanonourb, YTO BO B3aHMOAEHACTBHE BCTYNAIOT HA KAXKAYI0 MONEKY 1y
OHOIr0 BewecTBa (0 OMHOW MOJAeKyfne APYroro, TO HA KaXIbIH MOAbL OQHOIO
NpuUaeTCA OAMH MOab apyroro. Tlo HcTeuveHHM BpEMEHH f{ OT Hawana peaxkuuu,
OT Kayaoro 3 BBaHM_OHCF(CTByK)LLlHX BelecCrTB BCTYMAT B DEAKUHWIO OAHO ¥ TO We
KonnyectBOo x Moaeh, CKOpoOCTb BO3pacTaHUA X OTHOCHTEAbHO Bpe-

dx
MCRM, T. €. NPOH3BONMAR T, HA3LIBAETCA CK OpPOCTbLI0O XHMHUECKOH

peakKuMu

MycTs B rnpouecce yyacTBYIOT A Ba Bewectsa A u B, nepsodauanbhie
KOJWYECTBA KOTOpbIX (B MOAAX) 0GO3HAayMM vuepes a ¥ b (npH 3TOM mycrs,
ckaxem, b > g). Hepes npomexyTok BpemeHH ¢ GyAeM HMeTb KOJHUYECTBO @ — X
BewectBa A H KoaHyecTso &— x BeulectBa B. EctectBeHHO pomyctuthb, YTO
CKOPOCTb XMMHYECKOH DCaKUHN B MOMEHT [ NPOTIOPUMOHaNbHA MPOU3BeEAE-
HHWI0 pearupymouidx Macc, T. e, NPOU3BEACHHIO KOAWYECTB PEAreHTOB, HE MOA-
BEPrILMXCA €lle (peBpaleHto. JTO MPHBOIHT K TaKOMy AuddepeHuranbHoMy
yPpaBHEHHIO

dx dx
—(F__k(a_——x)(b—-—x) Hny m_kdt
Wuterpupys, nonyunwm
1 a—x
T "k T HEC

! a
Tax xax npu £=0 ™Mb HOMKHbH HMeTb M x=0, 10 C=ﬁln 5 Mox-
cTasaaa 810 3HaucHue C:

(a—x)b o _ . ] — e kib-art
= k(b— a)t, nerxo HaxomuM 3aTeMm x == ab e R @

[lpy Bo3pacTanuM f mOKasaTenbHoe BbipaweHne cTpemdTca x 0; uepea
KOHEUHbIt NPOMEMYTOK BPEMEHH OHO CTAHOBMTCA HAaCTOABKO MaidbiM, YTO X Mpak-
THUECKH YKE lle OTAH4UTb OT @, ¥ PeaKuWs 3aKaHuWBaeTCa.

6) MatemMatuuecku® MaaTHuK [lycTb MaTepuasbHas Touka Mac-
Cbi m MONBEWIEHA HA HEePACTAWMMON HUTH MW CTepXHE NAHHbI [ (BECOM KOTO-
pbix mpeHeSperaeM) Tak, YTO MOMET NBHraTbCA Mo Lyre OKPYWHOCTH (puc, 5i).
3Ty CHCTEMa Ha3bIBAETCA - MAMEMAMUYECKUM MAAMKUKOM. BwBens Maarnwk w3
nonowenus pasuosecia OA B nosowenne OB (z < 7,2), NPEAOCTaBAM MAATHHK
camoMy ceGe, He COO0mas €My HauanbHO# CKOPOCTH.

MasTHuk nepedieT B cuMmeTpuunoe nonokenue OB', noTOM BepueTca B no-
nowxenne OB u T. 4. 3agava COCTOHT B yCTaHOBIEHWHM XapakTepa KoneGanii
MasATHUKA, T. € B BHIICHEHHH 3aBUCHMOCTH Meway yraosm =< AOM u Bpene-

S
nem ¢ [lnA onpeseneHHOCTH paccMOTpHUM aBHwehue Toukw M mo nyre AB,

St
OTCUHTHLIBAA MPOHACHHBIN nyTb s = AM == {8 oT Touku A, a BpeMA £ — OT MOMCHTa
NMPOXOXKAEHHA MAATHHKA UCDe3 TOJOWEHHE PaBHOBECHA. )
Pasnaran cuay THawecTH F = mg, NeficTBYOWyl0 Ha Touyky M, kax yka-
3aHO Ha PHCYHKE, BUIMM, YTO C€ xacaTeabHa#d COCTaBAAWOUEA
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‘s=-—mgsint* B TO BpeMA KaK HOPMalAbHaA COCTABARKIOUIAR YHHUYTOWAETCSH
CONPOTHBAEGHHEM HUTH HaH cTepkHa. Ecan uvepes v 0603HauHTL CKOPOCTh
TOyKH M, TO ee KHHeTHUecKaa SHEPrHA B PAaCCMAaTPHBAEMOM [OAOXKEHMH 6GymeT
1

—7mv’ n csemerca k ‘0 npu nepexome M B B. C gnpyrofi cTopoHn, padora
A, npousBeleHHas cHIOK FgHanyTh MB o
BbIpa3uTca Tak [352 (Ya)]:

N
A=—Smgsir16ds
N

o’
(snech S=AB) uan, ecay nepeHTH K
nepeMeHHOR 0,

(3

=—mgl§sin6d6= 8
=— mgl (cos 8 — cosa).

Torma, no 3aKkory XHMBOH CHanm |352),
UmMeem:

% mu* = mgl (cos § — cos a),

=W glV 2(cosb—cosa). Puc. 51.
ds d9
Tak xak V== l[ft’ TO A8 ONpeleleHHA 3aBUCHMOCTH Mexay 0 u £ nony-
vaesm OHPGepeHuHanbHoe ypaBHEHHE

Z—e— —V2(cosO—cosa) Han dt__]/ ~L
¢ & V 2(cost—cosa)

rIe NepeMeHHble YWe OTAeACHAL.
Wurterpupys caesa oT 0 gpo ¢, a cnpaBa or 0 10 8, NPHXOINM K MCKOMOM

3aBHCHMOCTH:
db
t= l/ S —_— 14
V 2(cos 8 —cos 4) (9

Onuako, xsadpamypa HG Imom pa3 8 KOHeHHOM sude He bepemcs: Kak celiuac
YBHIHM, HHTErpan CnpaBa HeNnOCPEACTBEHHO MNPHBOAHMTCA K 9/IHITHYECKOMY
unterpaay l-ro poga.

[epenucas (14) B Buae

‘I/S]/a ;

sin? - —sin®
2

. a
. HOTOKHE Sifl 5 = k(0 < k<< 1), BBENEM HOBYIO NEPEMEHHYI0 HHTEr DHPOBAHHA ¢

* CHna HanpaBieHa NpPpOTHB KBHXeHHs!
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no dopmyinam
=k-sing, - cos 4

npu stoM H3aMeHcHdo 0 ot 0 Ko « oTBewaer H3mcHenuwe ¢ ot 0 po w2, Toraa

1/ L. (%  _q/L.
t_]/g §V1—k2-smw ]/g F 3, k). (16)

0

sin7 di=~F.cosq - d¢; (15)

Tak kak no nepsoil W3 ¢opmya (13) nerko BbipasuTh ¢ ueped 8, To 3aBucu-
MOCTb £ OT 0 MOWHO CUMTaThL yCTaHOBIAEHHOH.

Kenan BblpasuTs, HaoGopor, § uepes ¢, MW HyHnaeMCsl B o6pamienuu
SNNHNTHYECKOr0 MHTErpana

J d
u=§—w .

— k% - sin
.U L4
10 paBeHCTBO ONPCAENAeT I KaK MOHOTOHHO BO3pacTawilyio He-
npepbiBHYlo (¥ fAake auddepenuupyemyio) GyHKUHMIO 0T ¢ B NpOMEHYTKe
(—00, - 00), KOTOpass M caMa [PH 3TOM M3MEHACTCA OT — oo A0 - o, B Takom
cnyuyae [83] jiepeMcHHAas ¢ OKa3biBaCTCA ONHO3HAYHOH (yHKUMEH OT u B Npo-
MexyTke (—co, +oo); ce SIkoGu o6o3naunn yeped amu *. U3 (16) teneps
ACHO, YTO

- £ ind— sl s £
q—-aml/lt M, BHAUMT, Sin 5 = sin- smam]/l L

Pypkumio sin amy (cCHHYC aMOANTYIAbl> HAH <IIAUNTHYECKHR CHHYC»). 00bIYHO
o6osnayaT npocto ucpes snu *¥*¥, Wrak, oxonuateabHo, 3aBHCHMOCTL 6 or ¢

BRIPAXAeTCA PABEHCTBOM
.0 . oa l/§
sin - ==sin -+ sn =t
2 2 2

OnpefeauM, B 3aKJOYCHHE, NPONOMKHTEILHOCTb 7 ONHOCO pa3Maxa Masr-
Huka U3 nonowchua OB’ B nonoweHnue OB; ona BABOEe G6onplile NPOMENKYTKA
BpeMeny, HyxHoro ina ncpexona u3 OA 8 OB. [loaaraa B (14) 6 =a uau B (15)
@==m/2 ¥*¥*  poayuds (mocac yABOeHHMWA) BbipaxeHue Iaa I' yepe3 nonHsli
9NMUNTHYCCKUA MHTErpaa l-ro pona:

__=n/2 —
. { de {
£ 4 V1i—k-sinfy g ®

OtmeTuM, 4TO mepHoN koneGaHua - 7 Ha Jene 3aBUCHUT OT yria g
Ha KOTOpLI MAATHHK [CPBOHaYanbHo Obll OTKAOHEeH, HGO k 32BHCHT OT a.
3amcHAn — DOpM MaabXx  yraax a« — MOAYAb Kk Hyaem, MOJYYHM NPOCTYIO-

* am - HayaabHbie 6YKBbl OT cioBa amplitudo (amnautyna).

** QyHKUMA SO 4, PACCMATPUBAEMAA KaK (YHKUHA KOMIIEKCHOrO apryMeHTa,
ABASETCA ONHOM M3 mpocTelimmnx (BBefednbix A6eaeM n Sl ko6 u), Tak Hasbl-
BdEMbIX, SNAHMNTHUYCCKUX yHKUHIL

#%% Fcan Bepxuuil npelea wuHrerpana (14) B3ATb PaBHHIM @, TO HHTerpan
CTaHeT €HeCOGCTBeHHbIM> |{cM. HHxe 479], w60 Ha 8TOM mpelene NOAHHTErpans-
Has @yHKUMA o6pawaeTca B co, JTO 3aTPylHEHuHe HUCYe3daeT NpH NOAb3OBAHUH
nnterpatom (16).
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NMpHEAINKEHHYI0 DOPMYRY

T
T=mn ]/-—,
£
KoTopas 00bIYHO | NPHBOAWUTCA B 3NCMCHTApHLIX KypCax qJH3HKH.

360. 3ameuanus o cocTaBaeHHH AU depennHanbRbIX yYpaBHendil, Orpa-
HHYHBAACH YPABHEHWEM NEPROIro 110PAAKA BUAA (8), Mbl OCTAHOBUMCA Ha Bompoce
0 COCTAB.ICHWH MOJIOGHOro ypaBHeHds, Haiuy 3ameyanua no ITOMYy OBORY uuTa-
Teab CONOCTABHT CO CKadanHuM B 348 0TIHOCHTEIbHO MpoCTellierc ypasHelns
dQ = q (x)dx.

Kak npasrfo, NPH COCTaBACHWH YpaBHCH!T MPUXOAWTCA paccMaTpuBaTth 6ec-
KOHEYHO Manble 3MEMEHTHl BXOMAUWMX B DACCMOTPCHHE Ten N 6ECKOHEURO Manble
[PHpAWeHHA TCX BEMHUYMH, O KOTOPHIX HueT peub. [IpaBma, B 3afavax npeAbiay-
wero n° Ham, Kak 0yATo, ynanoch HabexaTb 3TOrO, HO AMilUbL Il€HOH MCMOAbL3OBAa-
HASL YXC FOTOBOT O BbLIPAXCHMA [IH YyraoBoro Ko3p@uiiHenta KacaTenbHoH,
COTORBOCO BLIDAKEHHUA ONA CKODPOCTH W3MEHCHHA TOH HAH HHOU BERWMYHHBI,
KOTOpbe CAMH NOABHARUCHL 113 DACCMOTPEHHA GeCcKOHEYHO
MaablXx 901€eMEeHTOB,

[Ip1 yCTAHOBAEHWH 323BUCUMOCTH MEWAY OECKOHCYHO MafbiMH 3/1CMEHTaMHU
CneflyeT NOAb30BATLCA BCEMH BO3MOMHBIMH YN POWAIOWMMH L0NYuLe-
HHAMM M NPUOGAUNKEHHBIMH 3aMeHaMH, CBONHUMMUCA B CYUIHOCTH
K OT6PACHIBANMIO (GECKOHEUHO MafblX BLICUIMX NMOPAAKOB. B uactnocTtH, BCe Gec
KOHCYHO Manble NTPHPAUIEHUA PACCMATPUBAEMBIX BEIHYHH PEKO-
MEHOYeTCs 3aMeHHUTh HUX AuUbPepeHunanamwu, Kak yuraresb
3HAeT, 3TO TaKXe CBOAUTCA K OTOPACHIBAHHIO OECKOHEUHO ManbiX BLICIIUX MOpPAA-
K08, MCTHHHBIA cMbICH BCEX 3THX YKa3aHuii nyyulc BCero BLIACHHTCA Ha NDHUMC-
pax §CM. caedyowHit n°).

eCb e Mbl XOTHM OCTAHOBWTBCA €lle Ha Pa3bACHEHWW TOro BAMHOIO
06CTOATCALCTBA, YTO MMOIYUY4IOLCCCA B DPE3yAbTaTe BCCX 3THX YNPOULCHHE H
or6pacwiBannii AnddepeHittanbHoe ypasticHue Buaa (8)

P(x, y)dx+Q(x, y)dy=0

OKA3bIBACTCH OTHIOAb HE MPHOGIMMEHIIL M, a BMOJHE TOYHGBIME

Wrak, npemiotosus, uTO 3aMmeHAA npupaiieHus Ax u Ay auddepcHuma-
naMH dx B dy u oT6paceiBad — B cayyae HafoO6HOCTH — GeCKOHEYHO MaJible Cha-
raeMble BbhICIier o, yeM Ax, NOpANKa, Mbl NPUUIAKM K ypaBHewuio (8). Ecau Gut
Mbl He [enand 3TOoi 3aMeHbl, TO BMecTO dx u dy uvend Obi Ax u Ay. Boccra-
HOBHM, CBEDX TOro, BCE OTOPOLLEHHLIC GCCKOHEUHO Maabie BBICIIHX MOPAAKOB U,
TiepeHeCcA B NPaByl0 YacTb, 0GO3HAYMM HX CYMMY uCpe3 «; OYeBMIHO, & TaKwe
Gyner GecKOHeYHO ManoW Bl curer o mopagka, Takum o0GpasoMm, paccymaas
CTPOro, Mbl NPULIAK Obl He K paBencrBy (8), a K Takomy:

P(x, y)Ax+ Q(x, y)dy=aq,
KoTopoe BmoiHe TOYHO, Pasmeanum Tenepb o0e uacTH ero wa Ax
Ay o
Plx ) +Q(x 35 =1
o a
u nepeiifem x npegeny npu Ax — 0. Tak kak npu stoM iz — 0, 10 B npencne
HONYUHM PaBEHCTBO

PU6 ) +Q% 9y =0 wm P(x, »)+Q 0 F=0,

Kotopoe ToxgecTBeHHO ¢ (8). IMoaToMy M ypasHeHnHe (8) OKa3biBaeTCA TOUHLIM.
XoTst 1pu OGLINHOM METOZE COCTABIACHHUSL YPABHEHHA MBI ABHBIM 06pazoM
He npuH6eraeM Kk NpelenbHOMY Mepexoldy, HO (aKTHYECKH Mbl €I'0 HMEHHO

* 310 aHANOrHYIO CKA3aHHOMY B KoHle 348 o paBenctBe dQ =g (x)dx.
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H BLIMONHAEM, KOrNa o0T6pachniBaeM OECKOHEYHO Manbie BHICLIHX TOPANKOB
3ameHaeM npupaileHus auoddepeHumanamu.

O6paulaem BHyMaHHWe uHTATE]ss HA TO, UTO MKl BOBCE He YTBEPKNAEM, UTO
BCAKOE oTOpacbiBaHHe GeCKOHEUHO MAJbIX BbICWIErO MOPSAKAa MPHBOMMT K T O u-
HOMYy pe3yabTary. Jluuwie B TOM cayuae, ecnyl STO OTOPACHBaHHE NOBEACHO
«JI0 KOHUd», H B pe3ynbTaTe NONYUHIOCL YypaBHcHHWe BHAA (8), TMHEHHOC i
ONHOPOLHOE@ OTHOCHTENbRO AMP(EpPeHUNanoB, MOKHO Y¥e pyyaTbCA 3a ero
TOYHOCTb. {OnAThL aHanorusa ¢ n° 348!

361. 3apaun. 1) Bapomerpuueckan dopwmyaa IlocraBuM cock
3ajauedl YCTaHOBMTb 3aBUCUMOCTb MCWJY BHICOTOA A (M) MECTa Hag YPOBHeM
MOpS W laBneHyeM BO3Ayxa p (xzjam?).

BooGpasus Hal ypoBHeM Mopsa Nrowaaky B | s* ¥ paccMOTpuM NPHU3MAaTH-
YeCkHit CTOAG BO3MYyXa, ONMPAIOLIMACA Ha 3Ty naowanxy. [lasieHue BO3nyxa p
B CEUEHHH 93TOrO0 CTOAGA Ha BBEICOTE £ O6YCAOBIEHO BECOM TOH 4AaCTH CT0a6a,
KOTOpas ONHPaeTCR Ha YNOMAHYTOE CeyeHHe. YBEeNHUEHHeE BLICOTH A Ha
GeCKOHEUHO Manyl BEAWUHHY dfi BieveT 3a COGOH y O bl b HaBACHHA — dp,
xoropg;) H3MEPAETCA BECOM CJOS BO3AyXa Meway naowankamu (h) u (A 4 dh)
(pwc.

—dp:sd/l,

rje s ecTo Bec (B x2) 1 »® BO3LyxXa nox naBiacHueM p. Msl npeneGperacyM ancch
TeM, YTO Ha Jlefe § MEHAEeTCHA NMPH Nepexole OT HHXHCHA NAOLUAgKW paccwma-

TPHBACMOro Cl0A K BEpXHEH.
Kaxk saerko BoiBeCTH w3 3akoHa Bo#lan —MapuoTTa, BeauuuHa § cama
NPONOPUHOHANLHA JABNEHHI p: S=kp, TaK MTO

OKOHUATeNLHO
dp=-—Fkpdh wnm %":—ka’h
t 1 — ypaBHeHHe Yy}e 3HAROMOro HaM THma [cp. 359,
VA 3agauu 3) u 4) (3)].
Orcona
[ -
7 Ecau peutuTs 3TO ypaBHCHHC OTHOCHTEABHO A,
J TO TMOAYuUM dopMyay
Vin?

Spolerns sopn h= + In Ff‘,

Puc. 52. NO3BOAWWIYI0 CYAMTb O BLICOTE A NOABEMA HAX

YPOBHEM MODA M0 HaBJIEHHI p BO3AYyXa.

TMoctosnuas 1/k, XaK ycTaHaBauBaeTCA B (H3MKE, PaBHA (C OKpyricHHeMm)
8000 (I 4 0,004¢), rne t — cpeansa reMmncpatypa Bo3nyxa. Ecan nepefith K necs-
THYHLIM Jorapudmam (yMHOXHB M pa3fennB Ha Molnyab M= 0,43) n 3amchuTs
OTHOLIEHHE HABJEHHIT p,/p OTHOUICHHEM 6apOMETPHYECKHX OTCUYeTOB by/b, To mo-
nyunm oxkoHuaTenbnywo QopMyny 4= 18400 (1 + 0,004 ¢) log by/b.

dTa dopmyna rOINTCA H 118 ONpeleneHUA PABHOCTH BLICOT /i NMOOGHIX IBYX
TOYeK, B KOTOPHIX MOKa3aHHa 6apoMeTpa COOTBETCTBEHHO PaBHbl by W b.

2) Tpenuwe kKaHAaTOB M peMHeh. [lpenctasum cebe, uTO yepes Heno-
NBHKHO YKDEnJeHHblH UHIHHADHYECKUA O6apabaH TNEPEKHHYT -KaHAT (PEMEeHb
M T. IL), KOTOPWi1 NPHUIEracT K UHAMHADY 110 HeKOTOpo# Ayre AB (puc. 53a),
COOTBETCTBYIOIEN UCHTPAanbHOMY Yyray o («yron ofxpatas). TlycTh k KOHUY A
KaWarta npuaoxena cuna S, a k kouuy B —cuna §,.

Ecan Meway xanatoM H GapaGaHoM CyUIECTBYeT TpeHHe, TO cuna S, Moxer
ypaBHOBECHTb Ja¥e G6OnbWyl0 ee CHI1y, NPHAOKEHHY Ha JPYyroM KoOHiue,
Kakosa e Ta pan6oabwan cuna S, KOTOPaA NpPH HAJUUHH TPEHUA MOXET
6LiTh ypaBHOBEWIEHA NAaHHOM CHao#h §,2
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Nna peweyds STOrO BOMPOCA PACCMOTPHUM CHAuana, Kak pacnpemeautes
HaTaAweHHe S BrOAb uacTh AB kaHarta B TOT MOMEHT, KOrla JAHIIb HayH-
HaeTCa ckoabxenne, UTo 9TO HaTaxenHe He GYNeT NMOCTOAHHHIM, ABCTBYCT Ywe
M3 TOro, 4TO B TOYKAX A W B OHO, COOTBETCTBEHHO, paBHO Sy # ;.

Bosbmem Ha pyre AB kakyw-HH6yAb TOuxy M, nonoxende KOTOpo# ompe-
nenserca yraom 6=<x AOM, n ycTaHOBHUM, KakHe CHIbI LEACTBYIOT Ha 3ne-

S
MeHT MM’ kanata, oTBevatowiuit neHTpanbHomy yray d9. [Tpexne Bcero B Touke M
nefictByer HaTswende S=23S (8), a 8B Touke M' — naTawenue S 4 dS (puc. 536).

a)
Puc. 53a, Puc. 536,

O6e STH CHIM HANpPaBJEHb MO KacaTeAbHBIM K OKPYXHOCTH Gapabana. Jna toro
4yTOGBt ONpPENennTb CHAY TPEHHA Ha PacCMAaTDHBAEMOM SJEMEHTE, HYXHO Bhi4H-
CAMTb HOPMAnNbHYI0 CHAY dN, IPHXHAMAOILYIO STOT SMeMEHT K JIOBEPXHOCTH
6apa6ana. OHa CiraraeTcs M3 pajMalbHWX COCTABAAIOWAX OBOUX HATAXEHHH,
TaK UTO

dN=Ssin%q+(S+ dS) sin ‘12—91

. df
3nech MOXHO OT6pPOCHTL npoussenexHe dS sin 7 KaK 0eCKOHEYHO Manoe BhIC-

. do a8
LIEr0 (OPHAKA ¥ 3AMEHHTL Sinl = 9KBMBANEHTHOH eMy G@CKOHEYHO Manolt 5

(u4TO CHOBA DABHOCHALHO OTOPACHIBAHHIO GECKOHEUHO MAnNo# BhCIIEro MOPAMAKA),
OxonuareabHo dN =S df. Tak kak cu1a TPeHWA DPONOPUHOHANLHA S9TOH HOp-
ManbHO{l CHne, TO, 0603Hayas MHOWHUTelb NPONOPUHOHANBHOCTH (KOIGGDHUHEHT
TpeHHn) uepes p, noayuum dR=p dN —pS db. TpeHue npoTHBONEHCTBYET HayH-
HAOWeMYCA NBHXEHHI0, TaK 4TO CHAa dR BMmecrte ¢ HarsaxeHuem S B Touke M
MONKHBE ypaBHOBemuBaTh HaTaxehne S-+dS B Touke M', otkyna dS=pS df.
Mol cHOBA nonyuund JHbdepeHUHanbHOe YpaBHeHHe 3HaKoMoro THma. MoxHO
Cpa3y HanHCaTh ero pelieHHe (C y4YeTOM HauanbHoro ycnoswa S==3S§, mpu 6 =0):
S=3,e*%, Hakoneu, nonaras azech 0=w, Hainem S, = S,e*®, ATa BaxHaa pop-
Myna NpUHaQIeHHT DN aepy.

3) Popmyna Myaccona (S. D. Pdisson). [lpeanokum ce6e ycramo-
BHTb 3aBHCHMOCTb MexAy o6beMOM V M NaBieHHeM p OQHOrO MOJAA HUAEANLHOrQ
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rasa npy agdabartudyecKoM npouecce (1. e, B Cayyae NOJHOrO OTCYTCTBHR
TENN0BOro ofMeHa MewIy ra3oM H OKpyaloulel Cpelon).

CocTosude rasa, KpoMe BesdudH V W p, Xapakrtepusyercs ewe ero (aGco-
MOTHOM) TemnepaTypoit 7. BnpoueM 3TH BelMYMHbl He HE3ABUCHUMbI, OHHM CBA3AHH
H3BECTHOH ¢opmynoit KnanmekhpoHna

pV=RT (R —rasoBasi MOCTOsAHHAS). (17)

Ycrtanosus, KaKoC KOJMUECTBO 9SHepruH dU, B efHHMUAX Tenuaa, HYXKHO
3aTpaTHTh, YTOGH NMepeBeCTH ra3 W3 coctosnusa (p, V, 1) B GeckoHeuHo Gau3KoC
cocrosnme (p+dp, V4 dV, T+ dT).

ITpouecc mepexoma MOXHO MpeNCcTaBHTb cebe COCTOAWHM M3 ABYX CTanHil.
Bo-nepsnix, 06bemM V rasa yBeanuuBaerca Ha dV M, BO-BTOpbIX, Temnepatypa I’
rasa — npu MOCTOAHHOM OObeme — v3MenAeTcA Ha d7.

Y1o6bl BHIUHCAMTH 3J€MEHTAapHY paboTy pacliMpeHHus rasa, NpeanoJoXHM
1A MPOCTOTH, YTO PAacCMaTpvBaeMas Macca ra3a HaXONHMTCA B HUJAHHAPE NO ONHY
cTopoHy nopuHa [cp. 354, 2)]. Cuuaa, neficTByomaa €O CTOpPOHbI rasa Ha mnop-
weHb, Oynet pQ, roe Q— nnomans nopwiHA. EcAM npu paciimpeHuH rasa nop-
IieHb CIBHHYJACA 11a PaccTofHHe ds, TO paboTa, NPOM3BeJeHHan rasom, Syret
pasna pQds uan p dV (rak xak Q ds=dV). Tax Bupawmaerca pa6otra — B 06biu-
JILIX  elMHHUAX paGoThl, Hanpumep, B ke (ecan p Rano B x2/M®, V—B M®).
YXenas yCTaHOBMTb 1OTpaucHHOe HA 9Ty paBoTy Tenao, HYXHO MNONyyeHHoe
BLIPAWEHHC YMHOXHMTb H3 TaK 11a3blBaCMbIfi <TEPMHUECKHH SKBHMBaAeHT paGoOThHI»

A= rxaafxesm, uto gacr ApdV.

1
427
MameHenue Temncepatypsl Ha dT notpebyet ¢, dT kaax, rie ¢, ecTb TeMno-
eMKOCTb ra3a npu noctosHHoM o6beme. CknagbiBas, NONYUHM

dlU =c,dT + ApdV. (18)
Uckmiouuts orciofa dT nmerxo. Ecan npoanuddepennnposars ¢opmyny (17)
pdV 4+ Vdp=RdT (19)

v onpeneautb dT
dr=R%(pdv+ Vdp),
TO OCTAaeTCA NHUIb MOACTaBHTb 3ITO BhIpaweHue B (18)

¢ oy + AR
dU="2Vdp+ 2T pav.
? p+ TP
MoxHo noxasaTh, YTO €, AR eCTb Kak pa3 TENJ0EMKOCTb €, ra3a nphn
NOCTOAHHOM )laBJ'leHMH*, TAK YTO OKOHYATEeNAbHO

=2 Vdap L pav,
dU=p Vdp+ 5 pdV.

Bepremcs Tenepb K CHEN3aHHOMY BHayale NPeANoNOXKEHUIO, UTO mpoitecc
.npotekaer afnabatuyecky; toraa dU=0, Takum 00pazoM, MH NPUXOLHM
K nubdepeHudalbHOMY YPABHCHHI, CBA3bIBalOWleMY p H V),

_ dp dv__ __Cp
eVdp+cppdV=0 —H_+k7_0 (rne k_};>l)'

Wurterpupysa, nalinem lnp-+ £ In V=0 umm pV¥ =C.
Ar10 U ectb Popmyara [lyaccona. .

* Ecan n3 (19) onpenenuts pdV =R dT— Vdp v uonctaeuts 8 (18), 1o
noayyum dl=(c,+ AK)ydl — AV dp. Tlonaraa 3pecs p==const, 1, e. dp=20,
npuneM K paseHcTBY dU = (¢, + AR) dT, KOTOpPOE K MOKA3bIBAET, YTO ¢, + AR
ecTL ¢p.



Fr''NABA OAVHHAILLUATAA4A
BECKOHEYHBLIE PSbl C NOCTOAHHBIMHU YJIEHAMU

§ 1. Beenenne

362. OcunoBnbie mousTHA. IlycTb 3agana HekoTOpas GecKOHeuHas
NOC/AENOBATE/IbHOCTb YKCeJ

Q, Ay g ooy Gy oas M
CocraB/ieHHBIl K3 HTHX uHCEN CUMBOJ
ot ata+ ... a1 ... 2

Ha3blBaeTCs GECKOHEUHH M DRAOM, a caMu yucaa (1) —uyneHamu
psad. Bmecto (2), nons3ysachb 3HaKOM CYMMEl, YaCTO HHIUYT TaK:

[se]
2
> ay (2a)
=1
ykasatenn n npoGeraer 3uech Bce 3uauehns or 1 po oo *.
CraHem nocieoBaTebHO CKA3AbIBATH 4JEHE psfa, cocrapass (B Oec-
KOHEYHOM I(O}IH‘{GCTBE) CyMMBl
Al = ay, Ae:al —l—aq, A3:al —l—ag—{— 229 ; (3)
o A=t et e
UX Ha3blBAIOT YACTHBIMU CyMMamu (MM OTpe3KaMmu) paga. ITy
NOCNENOBATRNbHOCTb YaCTHYHbIX cymM {A,} mbl Bceraa Gyaem CONOCTaBAATh
C psaoM (2) poab 3TOrO CHMBOJA M 3aKJIOYAETC B NOPOXIAEHUH YNoMs-
HYTO#f MOCAEAOBATE/IBHOCTH.
Konewnoi uaun Cecwoneunsid npedes A uacmuunoll cymmor Ag
paoda (2) npu n— oo:
A=Ilim A,,
Ha3eL8QOM CYMMOE psda W NHILYT

Amatat o ot = 3 an

n=1

* BnpoueM, HyMepaudio 4aeHOB pala HHOrJa GniBaer yjio0Hee HAUHHATD
Heé € efMHMUbI, a4 C HYJA HIM XKe ¢ KAaKoro-au6o HaTypansHOro uucna, 6oabliero
€HIHUbI,
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npuaaBas TeM cambiM camBoay (2) uam (2a) unciosolt cmmca. Ecau pad
uMeem KOHEeHHY I CYMMY, €20 HA3BIBAIOM CXO00AUYU MC A, 8 NPO-
mugHom e caywae (m. e. ecaun cymma pasHo —£ 0o, an6o e Cy Mol
gosce Hem)—pacxodauyumca®.

Taknm 00pa3oM, BONPOC O CXONMMOCTH pana (2), no onpenene-
HHUI0, PaBHOCHJEH BONPOCY O CyLIECTBOBAHNM KOHEUHOro Tpenefa
ans noclenosateabtoctd (3). O6paTho, Kakywo OH BapuHaHTy X=X,
(n=1, 2, 3, ...) Hanepen HH B3ATh, BONPOC O HAINYHK 1/ HEE KOHeu-
HOro mpenena Moxer OBITb CBENEH K BOMPOCY O CXONMMOCTH psla

Xy (e —x)F- (o3 —x)F o o  (Xg—Xp) s *)

A9 KOTOPOrO YacTUYHRIMH CyMMaMu Kak pas H 6leyT NoCA€N0BATEAbHEE
3HAUCHHUSA BAPDHAHTHI

Xy Xos Xgy eeey Xpy oo

ITpn 3TOM cy™MMa psia COBmafaeT € MpeieaoM BapHaHTHL

WHpiMu  caoBamu, paccmoTpeHne OGECKOHEUHOrO psaa W €ro CyMMH
eCTb HPOCTO HOBAas ()OPMA H3YUEHH BADUAHTHl (WA NOCJEAOBATE/b-
HOCTH) # ee mpeagesa. Ho 31a ¢opma, KaK uyuTaTeNb YBHAMT H3 NaJbHEH-
IIEr0 H3JI0XKEHHs, NPENCTaBJSeT HEOLEHWMBIE NPEHMYLIECTBA KaK NpH
YCTaHOBJEHHH C€aMOro- CYLWIECTBOBAHMS Npeaena, Tak M NpH €ro BhIUMC-
AeHud. D10 0O6CTOATENLCTBO aenaeT OeCKOHEUHble psab  BaKHEHIIUM
OpyOMeM HCCAeNOBaHHs B MAaTEMaTHYECKOM  aHaaNu3e ¥ €ro. MPUAONKERUAX.

363. INpumepwr. 1) [lpocreftiiuM npuMepoMm 6eCKOHEUYHOTO psAld ABAACTCA
y}e 3HaKOMas YHTATeNI0 reoMerpuyeckas MporpeccHs:

a+tag+ag+ ... +ag"t 4 ...
Ee vactHunan cymma Gymer (ecau g% )

a—aq®
N L.l iy
l—q
Ecan 3nameHaTenb nporpecchH, ¢, no a6conOTHON BeNHYMHE MeHbIIe eNMHHUbI,
TO |KaK Mbl yxe 3HaeM, 25, 7)] s, uMMeeT KOHeYHbIA npelen

T. €. Hall PAN CXOOHTCA, H § GyleT ero CyMMoft.

Mpu [q|=1 Ta ®e nporpeccus Jaer npuMep pacxoisueroca psaga. Ecmu
g=1, T0o ero cymmoit 6yleT GeCKOHeYHOCTb (OTpelenelHOro 3Haxa), B {IPOUMX
cnyyasx cyMmm BoBce HeT. OTMeTHM, B YaCTHOCTH, NIOGONBITHRIA PAl, KOTODhI(

¥ O6 sTom yue Gbina peub B nepsom toMe |25, 9)).
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noayvaetes npu a=1n g=—1:
l—141—14+ =14+ D)+ 14+ (D4 ...~

Ero yactnuRme cymmst nonepemexHo passsl 1o 1, TO 0.
2) BemlecTBenHOe YHMCNIO @, Pa3noKeHHOE B 6ecxoneqHym NeCATHYHY IO OpoGh

Coy 610505 +vv Cp van

{9), ouesnano, npenctanager co6oR CyMmmy pana:
— Ln
a=C +10,+10,+ ety e
3) Mo obpasuy (4) noctpoen pax

i ln(l-i—%)z i [In (1 4 1) —1n ],
n=l

ne=1

ABHO pacxomAmuiica, u6o In(n 4 1) — - oo.
4) Ha Tof me niee noctpoeHn caeayowe paaw (rle e 0603Ravaer npo-
H3BONbHOE YHCMO, OTAWYHOE OT — 1, — 2, —3, ...}

=lu+mwum+4)Eggimin_a+;+l]=uiv

1 _
TEFDEFAFDEFR+D

_ | 1 1 _ 1
= Zl—f[(a—i-n)(a—}—n-i- D G@F+n+F ])(a+n+2)] 2@+ D42
u, BooGule, npH nobom uenoM p==1:

1 1
=l(“+;l)(“+"+1)'---'(a+"+P)—P("+1)' weclatp)”

5) Amnanoruyso rpaxryerm pFIJI

x 1 )
2 l—x‘" 2 ( xgn ' —l—x”" ’

n=I

rae x ects mo6oe QHUKCHPOBaHHOEe uwHCHO, oranusoe or =* |. Tak kak n-s
YaCTMYHAA CYMMa paBHa
1 1

T—x  T—xt

* Ecan Kako#-IHG0 yneH a pANA OKa3wBAEeTCR OTPHUATENbHH M YHCIOM:
a==—10 (rae b>0), To BMECTO TOI'0, YTOGH NHCATh:
. (—=b)+ ..., mawyr: ... —b ...

MonuepkueMm, yTo wAeHOM pajga 31ech 6yiler Bce e — &, a He b,
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10 npH | x| << 1 pax cxoguTCA K Cymme
1
1—x -
6) Jlerko ycTaHOBHTb PACXOOMMOCTH Psia

== mpu  |x|>1—x Ccymne

1 1 1
"Zl Vn V2 V "V
B camoM jeme, Tak KaK uyzeHs! ero yGLbBalOT, TO €ro 7n-A YACTHYHAS CYMMa

1 L =
_V. -+ ..-+ﬁ>ﬂ'ﬁ—-]/

M pacTeT 10 GeCKOHEYHOCTH BMECTE C 7.
7) Hakonen, menee TpuBUMAtbHBI DpUMEp HAM JOCTaBUT yke HamecTHoe [37]
pasnoxexue uucna e:

[eo]
! |
e=ltqrtgrt ot =1+ )
Il 2! n
A=l
Benowunas npuGmiwkcHuoe Boruucaenwe wicaa e B 37, yuTaTenb Ha 9TOM
npHMepe CMOXET OUEHHTb BLITOAY M[OCACLOBATENHHOrO BBEJEHHA BCe MEHee M
MEeHEee 3HAUHTCALHAIX MONPABOK, MOCTENEHHO YIyullaloOWUX NOJyyaeMble B Juue
YACTHYHBIX CYMM NPUOMINKEHHble 3HAYEHHA €.

364. OcnoBHbie Teopembl. Ecau B psge (2) oTOpOCHTb NEpBHE M

YJEHOB, TO MOAYYHTCH DAL
[eo]
R T T Z G ©)
n=m-t1

HasHBaeMu#t ocTaTxoM psaga (2) mocae m-ro yaewHa

1° Ecau cxodumesn pad (2), mo c¢xodumcs u awGoil u3 e20
ocmamiog (d), obpammo, u3 cxodusmocmu ocmamra (5) samexaem
cxodumocme ucxodrno2o pada (2).

duxcupyem m  u 00o3nauuM k-0 uacTunyl Ccymmy psaga (5)

uepes Az
Ar= Ui+ Cnp =t oo - Qe

A= Am+k —An (©)
Ecan pan (2) cxommrcs, tax uto A,— A, T0 — npu Ge3rpaHHuHOM BO3-
pacTanuu k& — CymecTsyet KOHeudblfl mpepen
A=A—A, )
W 047 CyMMB A, YTO ¥ 03HAuaeT cxogumMocTs pagma (5).

O6parno, ecan nawo, uto cxonutca pap (5), Tak uto Ap— A, TO
nepenuieM paseHctso (6), nonaraa B HeM k==n—m (Npu g _> /mn), TaK:

An=An~+ An_m;

Torna, ouepnano,
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OTCIO/2 MOXHO YCMOTDETB, UTO-— NpH 6331‘paHl/lllHOM BO3DACTaHHU /1 —
YaCTH4YHAs CyMMma An nMeeT npeaea

A=A+ A4, )]
T. € cxogutcs psap (2).

WHniMu  caoBamu, omOpacsiganiie  KOHCHHO20 HUCAQ HQYQAAbHHLX
4ACHO8 ps0Q UAU HPUCOEeOUHEeHUE 8 HAHAAEe €20 HECKOAbKUX HOBbLX
4AeHO8 He ompascaemcss Ha nosgedenuu psada (B CMBICAE €r0 CXO-
IMMOCTH MM DPAcXOOUMOCTH).

Cymmy paga (B), ecar om cxozurcs, o6osnaunm BMecto A’ cumBo-
JIOM @, yKa3blBas 3HAUKOM, MOCAE Kakoro ujeHa Gepercs ocratox. Torpa
dopmyanl (8) u (7) nepenuwyrcs caenyowum o0pasoMm:

A=A+t e, a,=—A—A, 9

Ecau ysenuwuusars m no 6Geckoweunoct, 10 A, — A, a a, — 0. Mrak:

2°, Ecau pad (2) cxodumcs, mo CymMma &, €20 0CMQAMKQ NOCAE
M-20 HAEHA C BO3PACMAQHUCHM M CMPEMUMCST K HYAD.

YnoMsaHem CACAYIOLLHE NPOCTHE CBOUCTBA CXOAAUMXCH DSLOB:

3°. Ecau u4nenst cxodawyezocs pada (2) ymuoxcums na olun u
mom e MHONCUMEAL €, MO €20 CXOMUMOCNLE HE HAPYWUMCH (@ CYy MM
AlLE YMHOMCUMCA HA C).

B camom pgeae, uacTuuxas cymma A, paja
cayt-cag ... Fca, 4 ...,
OYEBUIKO, PaBHa

A,=cajfcag+ ... Fea,—c(@+a+ ... +a,)=cA,

H UMEET npepenoM cA.
4°, Jlsa cxodamuxca paoa

A=a+a+ ... ta,+ ...
B=b+by-}... +b,+ ...

MOJCHO NOYACHHO CKAadsl8ams (UAU B6lHUMAmMS), MAK 4mo pso
@b+ (@Eb)+ ... (@, b))+ ...

magxce cxodumca, U e20 cyMma pasHa, coomeemcmeenno, Ax B,
Ecau A, B, v C, 03Ha4alOT 4aCTHYHHIE CYMMbl YNOMSHYTHIX DPAIOB,
T0, OUEBHW[IHO,

Co=(a b))+ (aatb)+ ... +(a,xb,)=
=@+at... Fa)EO+b+ ... T b)=A4,T8,



262 FJA. X1, BECKOHEYHHE P8 C NOCTOAHHBIMH YJEHAMH [365

Ilepexons k mnpepeny, Hattmem, uyro limC,=IlimA,*x1limB, ut0o u
JIOKa3bBaeT HAWE YTBEPKAEHHE,

B 3ax/ouenne cienaeM eie OJHO SaMEvaHHe.

5°. O6wuit waen a, cxo0Auwe20Ca paoda CMPEMUMCA K HYAWL.

D10 MokeT OHThb [OKa3aHO COBEPLUIEHHO 3JEMEHTapHO: pa3 A,
(a c uuM u A, ;) uMeeT KOHeuHwllt mpenea A, To

a,=— AII —_ All—l —0.

B npeablayuieM yTBepkIAECHUHM COAEPXKHTCS HEOOXOANMOE YyCI0BUE
I/ CXOAMMOCTH pfla, KOTOPHM Mbl OyleM 4acTo noJp3oBaThes. IIpu
HapymeHHUH €ro Pl 3aBeIOMO pPacXOonuTCA ONHAKO BaKHO
NOAYEPKHYTb, YTO 3TO YCJOBHE HE fIBJSETCS -CaMO no cefe nOCTaTou-
HBM JUIi CXOOMMOCTH pajga. VHbIMM CJOBaMu, aXe€ MpH BHNOJI-
HEHHWY €FO0 pAA MOXET pacxoduThbcs IlpuMepamu 3TOrO CAYy-

XKAT pAAH
Zw f ] Zw 1
n=l]n(1+7) ! n,—:]V_;’

paccMoTtpenHsie Boime [363, 3) u 6)]; MHOrouuc/AeHHBE APYTrHe INPHMEpH
3TOro e poja YUTaTeNAb Hafzer B nocJjeayomen.

§ 2. CXONHMOCTh NOJOKRTEABHBLIX PANOB

365. YcaoeMe CXOXMMOCTH NOJOMHMTEILHOro paxa. 3afimemca
Teneps BONPOCOM o6 YCTAHOBJCHHHU CXOAHMMOCTH HJM PaCXONMMOCTH psla,
DTOT BOMPOC BCEr0 NPOWE pEWaeTcs A% pPAA0B, WIEHH KOTOPBIX He-
OTPULLATE/IbH; /1A KDPAaTKOCTH TakHe pAdk MB OyleM Ha3HBaTh NMPOCTO
NOMOXHTEJADbHBE MH.

Ilycte pan

ia,,:a,-{—ag-{—...-{—a,,-{—... (A)

n=1

OyJeT noJOXHUTENbHEIM, T. €. @, =0 (n=1, 2, 3, ...). Toraa, ouesuaHo,
An+l =Ap; Ay = A,p

T. €. BapHaHTa A, OKasbiBaeTcs BO3pacTaltou e . Becnomunas reopemy
0 npeiese MOHOTOHHOR BapHaHTH [34], MM HEMOCPEACTBEHHO MPUXOINM
K CJELYIOLIEMY OCHOBHOMY B TEODHHU MOJOXHTENbHNX PANOB MPEN0KEHHIO:

lTononcumensnsiiy paod (A) 8ce20a umeem cyMmy, sma cymua
6ydem woneunoll (u, cpedosamensHo, pad— cXO0AUWUMCA), ecau Ha-
cmudHbe CyMMbl pROa OzpaHuMens ceepxy, u Oeckoweunoll (@ pAd —
PACXOOAUUMCA) 8 NPOMUBHOM CAyHae.

Bce npHusHaKkH CXOOMMOCTH (M PACXOAMMOCTH) MOJIOMXHTEIbHBIX DSAAOB,
B KOHEYHOM CY€Te, OCHOBaHHW Ha 9ToR mnpocroit teopeme. Ho Hemno-
CPEACTBEHHOE €€ MPUMEHEHHE JHIUb B PEIKHX CJyuasx MO3BOJSET
cyauTh O xapakrepe psja. IlpuBeaeM npuMeph 3TOrO posa.
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1) Paccmorpuy pap.

v ! L, ]
Zﬁ:”+7+?+'”+7+””

H3BECTHHA MOX HMeHeM T a pMOHHYECKOr O pana *®
Wmeem oueBuaHoe HEPaBEHCTBO.

1 1 1 1 1
n_+l+n—+2+ i +ﬁ>ﬂ2—n—7. (4]
Ecau, oT6pocHB nepsbie IBAa YNeHa, OCTaRbHble YleHB [ADMOHHYECKOro psma no-
CneloBaTenbHO pPaséuUTb Ha Ipynms, no 2, 4, 8, ..., 2k-1 .. uneHOB B KaXIof
1 1 1 1 ! 1 1 1 .
g+ sttt gt 1w s
5 22 28
1 1
213—1 +1

TO KaXAaA U3 STHX CyMM B OTAENbHOCTH GyleT Goabuie 7'} B STOM Jerxo y6e-
auThea, nonaras B (1) noovepeand n=2, 4,8, ..., 2871, ... O6o3Hauum n-10 ya-
CTHYHYI0O CyMMY rapMOHHYECKOro psma ucpes Hp; Torna, OueBHMIHO,

1
Hsk>k'7.

Mpl BHIHM, UTO WYacCTHUYHbIE CyMMbi He MOTYT GeITh OrpaHMYEHH CBEPXY: p Al
MMceT 6ECKOHEUYHYIO CYMMY.

YnoMsiHeM yxe 3jecCb, 4T0 F, C BO3pacTaHHeM n BO3pacTaeT OuyeHb Mel-
neHHo. Dt e p, HanpUMep, BEIYUCAHA, YTO

Hiogo="748 ..., Higao=1439 ..., H T. L
Brocnenctsuv mpi 6ymem Hmerb cayyal TOyHee OXAapaKTePH3OBATb BO3pACTaHHE
cyMmm H, (367, 10)).
2) PaccmMoTpuM Tenepb Gonee OOWMMH pAl:
0
1 =1 1 1 + 1
,F—' +'2—5+F+ eee ‘n—s+ cse g
n=1
rie s — xo6oe BemeCcTBEHHOE YHCA0; OH CONEPXUT B cebe, KaK YacTHHIH cayuan
(npu s=1), npeawgymu# pan. Ilo CXOACTBY € pAdOM 1), ¥ STOT pal TOWe Ha-
3HBAT FAPMOHHYECKHUM.
Tax Kak NpH § << | wleHsl paccMaTpHBAaEMOro psAja Goablie COOTBETCTBYIO-

LIWX 4JI€HOB pAjga 1), TO, B 9TOM TDPEANONOXEHHH, YACTHYHBIC CYMMBI ¥ [TOAaBHO
He OrpaHWyeHbl CBEpXy, TaK YTO PANL PaCXOIHTCA,

* KawIw#l 4ieH ero, HAYHHas CO BTOPOro, MpelcTaBiaseT CofOR cpelHee
rapMOHHYE@CKOE® ABYX COCEIHHX UTEHOB, ['-lucno ¢ HA3KIBAETCA CPENHHUM

i 1 /1 |
rapMOHHUYECKHM uHCcer a H b, ecan 7_72—(-‘1—-&—7).]
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3aiimenca cayyacu, koraa s > 1; nonowum A ypo6erBas=1 - o, rae ¢ > 0.
Ananornuyno (1), uMeeM Ha 3TOT pas:

1 [ 1 11
[CE o R e T ey it @

Bbllle.’lﬂﬂ, KaK W BblUIC, NOCACAOBATCALHLIC rpynnsl 4/eHOB:

1 I 1 1 ! 1 1 1
w15 gsteatatag gt s
—

2 22 23

N 1

[
eee (2k—1+|)s+ e -{—(-2—;(7;, eve

Qk*x

C NOMOWDLIO (2) Merko mMOKas3aTb, 4TO STH CyMMbI COOTBETCTBCHHO MCHbIGE WJIC-
HOB MPOrpeccuu

1 1 1 1 I l

1
BT T @ v @Ey T @Er

B 1akoM cayvae nacho, uTO Kaxylo 6bl UACTHYHYIO CYMMY DaccMaTplBaeMoro
pﬂna HH BBﬂTb, OHa 6yﬂCT.MCHblﬂC NOCTOMTHHOrO YHCcaa
1
1
L=l 54—,
I—%
CJTC[[OBQTCJTIwHO, pﬂ}l CXOAHTCA.

[Ero cymma, 3aBucsuias OT S, NPENCTABAACT IHAMECHHTYO (yHKUMIO { (5)
Pumana, wrpaouiyo Baxuyio poib B TeopHH uuces.)

366. Teopempt cpaBHenms pamoB. CXOMMMOCTb HAM PacXOAMMOCTb
NONOKUTENBHOrO PANla YacTO YCTaHABJMBAOT NYTEM CPAaBHEHHS €ro C ApY-
TUM DALOM, 32BENOMO CXOASILUMCT WM PacXOAAu(MMcd. B OcCHOBE TaKoro
CPaBHENUs JIEKNUT CAENYIollas NPOCTas TeopeMa.

Teopema 1. ITycmes dans d8a noaoxcumensnox pada

ianza,—{—ag—{—...—{—an—{—... (A)
n "
S b= byt byt . b . (B)

me={

Ecau, xoms Oe hadunas ¢ wexomopozo mecma (craxcer, dan n> N),
BHLNOAHACIICA HEPABEHCINBO. a,<<b,, mo u3 cxodumocmu pada (B)
somexaem cxooumocms psoa (A) wau —unto mo e — u3 pacxodi-
socmu pada (A) caedyem pacxodumocms psoa (B).
INoxkasatenscrso. Ha ocHoBauum Toro, uro orGpacsiande Ko-
HEYHOTO YWCJa hayalbHBIX YJEHOB PAla HE OTPANAETCA HA €ro noBene-
Huu (364, 1°], MBl MOmeM cuutarh, He Hapywas OGLIHOCTH, UTO @, << b,
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npu scex sHauewnax n=1, 2, 3, ... O603uaunB YaCTHEIE CYMMHK DANOB
(A) n (B), coorsercTBenHo, uepes A, u B, OydeM HMETb:

A< B,

[ycre pax (B) cxomutes; TOrna, no ocHosHo#t teopeme [365], cymmi
B, orpaunuexs:

B,=<L (L=const; n=1, 2, 3, ...).
B cany npesmayumero HepaseucTBa, M MOMDABHO
A, <L,

2 3TO, 1O TOM Xe Teopeme, BaeyeT 3a coOoH CxomuMocTe pana (A).
Wuorna wWa mpakruxe 6Gosee ymoOHa clenylolwas TEOPEMa, BHITEKAIO-
ulag M3 NEpBOH:
Teopema 2. Ecau cymecmsyem npedea*

lim?zK (0 K<),

mo u3 cxodumocmu pada (B), npu K < -}-co, esumexaem cxodumocms
proa (A), a u3 pacxodumocmu nepgoeo psda, npu K >0, sumexaem
pacxodusmocme 8mopozo. [Takum o6pasom, npn 0 < K <+ oo o6a psina
cxonatca wad 00a pacXomsiTcs OMHOBPEMEHHO. |

HDokasateasctso. Iyctse pag (B) cxomurea n K< oo. Baan
Npou3BOALHOE YHCAO € >0, Mo camoMy OmpefefeHwio mpeneaa, Aas A0-
CTaTO4YHO OOJBIINX 71 OyJEeM MMEThH )

B K+e omyma e, <(K+e)b,

B cany 364, 3° omuospemenHo ¢ pagoM (B) OymeT cXomMThCR A pan
Y. (K+e)b, nonyueHHs yMHOKEHWEM €rO UJEHOB Ha MOCTOAHHOE
uncao K 4-e. Otciona, no npemsinyurel TEOPEME, BBHITEKAET CXOMMMOTTh
pana (A).

Ecin wxe pan (B) pacxomurcs m K >0, 10 B 3TOM cayyae oBpat-

HOE OTHOLUEHHE —af»l uMeeT KoueuHsit mnpenen; psa (A) momxeH Obirh

PacXOnSIIHMCH, n6’cl) ecim OB OH CxoAMACH, TO, MO NOKA3aHHOMY, CXO-
auacs 6w u pan (B).
Hakowel, npusenem eure oOHy TEOpeMy CPaBHEHHMs, TAKKE MPEACTan-
Aoy cobo# caencrsue nepsofl.
Teopema 3. Ecau, xoms Obt HQUUHASL C HEKONOPO20 MeECMa
(cxancen, oan n > N), 85NOAHAEMCA HEpaseHCmM B0 ™
st - bnst 3)

an\ bn,

* Mpr npeanosaraeM mnpu atow, uto b, %0,
** [lpu 9TOM @, H b,, KOHEYHO, MPEAMOAArAIOTCA OTAHYHBIMH OT Hyas,



266 P/ XI. BECKOHEYHHIE PN C MOCTOSHHBIMA UJEHAMM {367

mo u3 cxodumocmu pada (B) sumexaem cxodumocms paoa (A) uan —
4mo mo e — u3 pacxodumocmu pada (A) ssmexaem pacxooumocms
pada (B).

HoxasaTeabcTBo. Kak. n BHuIE, NpH N0KA3aTENLCTBE TEOPEMH |,
ne ymanss oOIHOCTH, MOXHO CUMTATb, YTO HEPABEHCTBO (3) CNPaBEUIHBO
oag BCex 3Hawenu#h n=1, 2, 3, ... B Takom cayuae OyneM UMETb:
as by, a by an

z2 -2 et} < b"
_—= _—= ane _—= -
a, b’ a by? ' oGy, bpa

ﬂepeMHomuB MOYNACHHO 3T HEPABEHCTBA, MOJYYNM:

4., (n=1,2 3,..).

a b,
B oy a 3
1

[l
a, b, =

. a,
Tycts pan (B) CXOOKTCH; BMECTE C HUM CXOAWTCA PAL a_,'-b"’ noay-

a
YEHHBH YMHOXEHWEM €ro uwJIeHOB Ha [OCTOAHHBY MHOXUTEIb b—‘
1
A Torma, no teopeme 1, cxomutca u psn (A), u. u Tp. L

Ilepe#tneM Teneppr X npuUMEpaM YCTaHOBJEHUS CXOAWMOCTH WAH PaC-
XOOUMOCTH DSAOB HEMOCPEACTBEHHLIM IPHMEHEHHEM TEOpPEM CpaBHEe-
HH 1

e
367. Tpumepnt. 1) Z H—;a" (a>0).

n=1
Ecnn a << 1, To Hapyliaetcs He 06X O LM MO € yCI0BHE CXOLMMOCTH, 364, 5°
¥ pan pacxomdtca. I1pn @ > | uleHw pAfa OKa3biBAOTCA MEHbLIHMH YNEHOB CXO-
n

1
asweroca papa 2(?) : pal cxomutca (teopema I).

o0
(nl)?
2) 2 ) CXONHUTCA, TaK Kak
n=1
(n)* n! 1
el = @n—Dn <27
(rcopema 1).
o0
3) 2 21 sin s (0<x <<3)

n=1
Tak Kak

nsin 2o < (2"
2 sin g <%+l 3

2 n
u pan 2 (?) CXOAMTCA, TO 9TO e CNPABEANMBO H AaA NaHHOro pana (teopema ).
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(=]
1
4) PaccMOTPHM BHOBL rapMOHHYECKHAH pal 2 - [ conocrasuu ero,

B=1
N0 TeOpeMe 2, ¢ 3aBENOMO DACXOAALIHMCA DALOM
oo [~e]
Z inn+ H—lan = ¥ ln(l—{—%) (363, 3)].
- | n= |

Tax kak (77, 5) (a)]

=1,

1n<1+%)
0

TO OTCIOAA Y€ BHTEKAeT PACKOAMMOCTb rapMOHUUECKOro pafa.
Wan uHave: npumenas x QyHkudu In.x B npomexytke |n, n+ 1] gopmyny
KOKEYHBIX MpHPAWEeHNA, HafleM, YTO
1
In(n+ 1) —lon=—0- 0<< <)
nn+1)—lon e O<i<]

B TakoMm cnyuae rapMOHMYECKMH PAA, YNEHM KOTOPOIO COOTBETCTBEHHO Goabuie,

M MOAaBHO PACXORMTCA (Teopema 1),
(=]

1
5) AHanoOrdyHO MOXKHO YCTAaHOBUTbL BHOBb CXOAMMOCTb pAIA 2—'1”“
a=1
(npu o> 0), comocTaBass ero C 3aBOAOMO CYONALMMCA PALOM

<
Z 1
(n—1)® n°J"
Prpe)
TMpumeHan Kk QyHKUMA % B mpoMexytke (n—1, n] opMyay KOHEYHHX npupa-

LWCHAA, Hafaem:
1 ]

=1y n m ©<b<l).

Takum o6paszom, npu n =2
1 - 1 I i
ntte g (Il _[)o ne|’
OTKYylAa, NO TeopeMme |, W BLITeKaeT CXOLHMMOCTb HCOLITYEMOro psaja,

6) Hro6t monoGHbLIM e NpUeMOM MOAYYUTb HOB b I PE3ynbTaT, paccMo-
(o8]

1
TPUM DAI Z Ty (yneHn KOTOPOIO €uie MeHblle, YeM COOTBETCTBYIOLLHE

=2
YI€Hb FapMOHMYECKOrO DAja).
ConocraBHM ero ¢ 3aBefOMO DACXOASILMMCA PALOM

foel

2 (in In (2 4 1) — In 1si 7).

n=12
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[Npumensn Gopmyny KoHeunniXx npupaulcHWi K ¢yHkumd Inlnx B npomexyTke
|n, n 4 1], noayuum:
1

lnln(n—{-])'—l“]“”:W

OTKYNa, NO TeopeMe J, 3aKniovaeM, uTO JaHHHH pAN, YIEHH KOTOpPOro COOT-
BCTCTBEHHO 6OablIC, M NMONABHO pacxonmca

7) CpaBHCHHe € TrapMOHMYCCKMMHM paiaMu 4) W 5) no3BoaseT YCTaHOBHTbL
losepchue muorux pspou. Ilo Teopeme It

O<o<l,

(o]
(a) S pacxoaurea: ! > .
, Vn@+1) " VemEy n+l
(6) Z e ]7 cxomHTes: S S N
S V@) VimF) ik’
(®) Z —“(mln)p (¢>0) pacxomurcn: (Inn)f <n (a1 JMOCTaTOYHO
n=2 60AbLWHX 1);
o) a2 '
nu CXOMAHTCA: P << e (ana n > 3);
=y
N\ 1 ) .
(m) ,,Zg —(m I CXOMHTCA: TG = T <=
o (1nA nocTaTOYHO GOMBLIMX n);
' ] 1 1
(e Z ——————— CXOOUTCA: —_ 2 .
) 4 (Inln n)lnn anTea (nlnn)™” pninins < gz (10 3e)
\ 1
y__ 1 . 1 1 I 1
(%) Z YL pacxomuTCA: pr T = e - =
n ==
(10 xe).

8) o Tecopeme 2:
o0
\! 1
Z m(b> 0) cxonutea npu s> 1, pacxoautces npu s<= l:
n= ’lo
1 R 1.
(a +on)s +bn)5 ‘nd T sy

! 11
©) Z 7 PaCXOIHTCA: — ot — =
n=1 Nyn n/n
x 1
(3) Z sm—(0<x < ™) PACXOMMTCH; SiN - -I—- —.X; AHANOTMHO,
n=1
Rl foe)

PACXOJATCA H pALL Z In (I +%) (x>0 n Z Va—1) @zl

n=1 n=1
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foe)
X x | X
) l —cos =) cxognrca: 1 —cos—:—5—5.
n 2
n=1
9) Bor Gonee croxHbie MPUMEPHI ITOTO XC THMA:

foe)

o 3(-my.

n=I

1
OGoanauum uepes ., orHouenne OSWEro YACHA ITOrO paaa K - -3
Inn
Inx,=Inn-4nln (1_T>

Monb3ysco paznoxenuenm In(l 4 x), o kotopod 6una peus B 125, 5), MOXHO

HaNmHCaTh:
tnn Inn 1 /lnn\2 Inn\2
o (1) == g () e ()
rae a; — 0 npyu n— co. [loatomy
1 _ 1 1In'n n®n 0
L
C1eROBATENbHO, X, — |, U TpeXTOMeHHbH PAL PACKOMMTCH.
o0
2n 41
(6) 2 (nln2n_1 ——1).
n=1
[Monb3ysch U 31ech ynoMaHyTeiM pasnoxesuem log (1 4 x), 6yzem uMets:
2n+41 2
gy =0 (14 g7=7) =
2 i 2 : ) 2 2 ( 2 >"
==t~ 7 (=) +'3.‘(2n—1> ol —1)
rne p,— 0 npu n— co, TaK yTO

2n+1 _ 2n+43 1 \® 8n ( 1 >°‘
A ln 211—1_1_3(2n—1)'(2n—l>+B" on—1 ‘\Zn—1) -

1
Taxum 06pasoM, orHOllleHHe 06LIero 4EHA MCMBITYeMOro psia K Cn—1F

1

1
UMCET npeacaIom ?: Halw pAX CXORHTICH,

10) Hakoneu, paccMoTpuM pam

™

2 (—m )

n=1

Mur 3racM (133, 4)], yto
In(l 4+ x)<x (x#£0, —1 <.x <4 o)
[lonbaysch M, MOMXEM HamMCaTh:

n+1 i 1
lnT—_ln(l-J,— n)<n,
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H B TO e BpeMs

n4+1 n___ | !
A=t = In(]——m)>"+l.
[TosTomy
1 nl ) 1 1
O N <y AFT = 7mEn <&

Takim 06pasoM, yneHW RAHHOTO PARA MONOXHUTENbHB M MeHbille COOTBET-
1
CTBEHHbIX UIEHOB CXOAALLErOCA paga Zﬂ_’ {365, 2)]; cnenoBaTenbHO, M KaHHHIHA

PAL CXOHTCA,
Ecan oGoanaunte ero cymmy uepes C, 1o yacTHuHag cymma

n
2 (l—ln"+’)=ﬁn_1n(n+1)—.c
2 k
R=1
(Hn o6o3nauaer, xaxk BCErla, YaCTHWHYI CYMMY [apMOHMYECKOro paAd). MowHO

3amenuts 3gech In(n-1) wa Inn, TaK Kak UX pasnocTs, paBHas In.(l +;),

CTPCMHTCA K HYn0. OKOHYATeNbHO: 0003HAYAA Yepe3 Y, HEKOTOPYW G(ecKkoHeuHo
Manyp, umeem aan H, saMevatensnyi dopmyay
Hy=Inn+C-41,. @

OHa nokasbiBaeT, YTO IPM GECKOHEYHOM BO3PACTAHHH 1 YACTHUMHasA cymma Hj,
TapMOHHYECKOrO PAAA pacTeT, Xak Inn,

Purypupyrowan B gopmyae (4) nocrosHnan € naswiBaerca SHae poBo#
mocroaHHOoN Ee unciennoe sHauenve (KOTOpOe yNAeTCA BLIYMCAHTL M3 ApY-
rdx Coo6paxeHvit) TaKoBO:

C=0577215664 90 ... %)

368. MMpuanakn Kown u Janambepa. Cpassenwe aannoro pana

S Gy ay btk eyt )

n=l

C Pa3JHYHLIMA CTAHOAPTHLIMH DAZIMU, 33BENOMO CXOAAMUMHUCA MM
pacxoasuumucs, Mower OHTL NMPOBENEHO W B APYroH, Tak cKasaTs, Gosee
OpravH3oBaHHO# ¢opme.

Bossmem ana cpapuenns, B kavectbe pasa (B), ¢ OAHOH CTODOHHI,
CXOANAWYIOCH reOMeTPHUECKYIO MPOrpPeccHio

2=+ ¢+. . 0<e<D),

a C npyro#t CTOpOHH —pacCXOASU YO CSA NPOrPeccHio

dSl=1414. 1.,
Cpaeungas  ncnuityemufl psan (A) € STHMH pamaM# O Ccxeme Teo-
peMu 1, npuaeM K cAelyloweMy Npu3HaKy:
lipusrax Kowu. Cocmasum dan pada (A) sapuanmy

2”ou - {'/-a;'



368) § 2. CXONMMOCTb MOJOKHUTEAGHHIX PHLOB 271

Ecau, npu docmamouno Gorsuinx n, 8uNOAHACIMCS HEPAGEHRCMBO
Z,<yq

206 g—nocmoAKKOE wUCAO, MeRswee eOUHUYH, mO pRY CXo-
Oumcs; ecau gige, Ha4UHAR € HEKOMOPO20 MeCma,

g,=1,
mo pad pacxodumcs.

TlelcTnTebHo, HepasencTsa /@, <<q win 3/ @,=>1 paBHOCHABLHH,
COOTBETCTBEHHO, TAKUM: @, =< @” WM a,==1; OCTAaeTCRA NPUMEHUTL TEO-
pemy I *,

Yawe, omHako, 9TOT MpH3HAaK NPHMEHAIOT B APYrof, npenensvHOMH,
dopme:

Honycmum, wmo sapuanma %, umeem npeden (KOHewHolll UAU Hen).

im&,="%.

To2da npu & <1 pad cxodumea, a npu & > 1 pad pacxodumcs.

Ecan @ <1, TO BO3bMEM NOMOXHUTENAbHOE YHCIO ¢, MEHBIIEE HeM
1—%, tak uto n & +4e< 1. Ilo onpeneschuio npemena, aaa n >N
Gynet:

T —el8, <8+

Yucao ?7”—{— € Mrpaer poJb yuciaa ¢ B npensaywed ¢GopMyJaHpOBKE:
PSA CXOOHMTCA.

Ecan we &> 1 (1 xoHeyuo), 10, B3sB e =& — 1, Tak ut0 & —e =1,
AJ% [OCTaTOYHO GOMBIUAX 3HAaueHHH 1 Ha 3TOT pa3 OydeM uMeTs &, > 1:
PAL PacxoAMTCR AHaJOrvuHpldl pesyabTaT ¥ npu & = o0,

B cayuae, korma ¥==1, 3TOT npusaHaKk He LaeT BO3-
MOXHOCTH CYNAHNTb O NOBEJEHHHU pALA

Bapuanty &, Gynem waswisats BapuanTOol Komn,

Ecnmn cpasnenne psama (A) ¢ YKa3aHHHIMH CTaHAapTHHIMU  pafaMu
NPOW3BOAHTL MO TeopeMe 3, TO HpHIEeM K TAKOMY MPU3HAKY:

Ipusnax HasamGepa (J. d'Alembert). Paccaompun oan paida (A)
sapuanmy

—— 984
P, =Caus

an
Ecau, npu docmamouno Goasmiux n, 8olNOAHAEMCS HEPABEHCM B0
I,.<q,

*PacxoA¥MOCTbH pAfia, KOHEYHO, MOXeET GHTL YCTAaHOBAEHAa H MPOCTOMH
CCHAKOH Ha HapyiieHHe HeoGXOZHMOro yCNOBHA CxoauMocTH — 364, 5°,
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20e g—nNOCMOAHHOE HUCAO, MCHbULEE eQUHULLL, MO Pi0 CXOOUMCST,
eCAN JiCe, HAYUHAS € HEKOMOpo20 Mecma,

D=1,
mo pad pacxodumcsa *,
H B stoM cayuae ymoGuee noab3osarbct npeneabuol (GoOpMOH
NpH3HaKa:
Honycmun, umo sapuanma &, umeem npedea (KowewHsiil Uil Hem):

im¥%,=%.

To20a npu <1 pad cxodumcs, a npu & > 1 psd pacxodumcs.

Jloka3arenscTBO — TaKoe e, KaK W B C.Iyuae NpusHaka Ko u.

M 3ToT npu3Hak HuuYero He JaeT, eCAU OKAa3HBACTCH,
yro Y =1,

Bapuanry &, nasosem Bapuantol Janambep a.-

B npuvepe 77, 4) Mbl BUIEAW, UTO M3 CYWECTBOBAHUS MNpeaeta Aas
BapuaHTH &, BHTEKaeT yxe CyECTBOBAaHME Npene/a W [/ BapUaHTul
%, npuvem o06a npenena pasnbl.  Takum oOpasom, BO BCEX Cayyasx,
Kkoraa npusHak aanam6epa maer oTBET Ha BONIPOC O IIOBEJEHHH Dsilla,
OTBET MOXET OLITb NOJYYeH M ¢ nomowsio npnsnaka Kown Ha npu-
MEpax Mbl YBMAMM HHXE, YTO OOpaTHOE YTBEPXIGHHE HEBEPHO, W NpU3-
Hak Komwwu cunpHee npusHaka HanamGepa OpHako Ha NpakTHKE
110/1b30BaHue TpU3HakoM [lanamGepa oOBIKHOBEHHO mHpoule,

369. Mpusnak PaaGe. B Tex cayuasX, KOria ykasaHHbie NPOCTLIE
NPU3HAKKH HE AT OTBETA, NPUXOMMTCA npHuOerath K GoJiee CIOKHBIM
NPH3HAKaM, OCHOBAHHHIM Ha CDAaBHEHHH HCNBITYEMOro psia YXe ¢ ApY-
MMM CTaHOapTHHMH pPsJaMH, TaK CKa3aTh, «MeIJEHHEE» CXOJSllM-
MHUCA HAH <MEIJIEHHEE» pacXOJAUIMMHCS, YeM nporpeccus *¥.

Mp paccmoTpum spece eme mnpusHak Paa6e (J. L. Raabe); ou
OCyLIeCTB/SET CPaBHEHHE NAHHOro psaaa (A) ¢ rapMOHHUYECKHMH DPAIAaMH —
CXONALNMHCA:

I R TR AN N A ! ()
n=1

H PacXolauluMucs:

o]
1 1 1 1
2 a=ltgtytotat. (H)
nasi

* W 30ecb PACXOAHMOCTDL NPAMO BHITEKAeT M3 HapylleHHA HeoGXOMU-

a
MOro YCIOBHA CXONMMOCTH: BEAb €CIH %21 WM Qpq = Qg TO @ HE MOXET
n

CTpeMHTbCA K 0.
** Cp. 375, 7).
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— MMEHHO C nomouibio Teopembl 3. Ilpu 3TOM NPUXOAMTCA paccMaTpu-
BaTh BapuauTy Paabe:

F,=n (aa" — 1).

Mpusnax PaabGe. FEcau, npu 0ocmamouHo Goaswux n, 8unon-
HAEMCS Hepagexcmeo
ﬂda T,

206 r—nocmoAHHOE 4ucao, Consuee eQUHIL, MO PAO CXOOUMCA;
eCAll Jice, HQYUHAA € HEKOMOpo20 Mecma,

=<1,
mo pao pacxodumcs.
HMrak, nycTs, MpH AOCTAaTOYHO GOJBINUX 71, HMEEM:

n(a" —l>>r>1 UK

Anyy

a, r
a +1:> T4

n

Bosbmem Tenepe moGoe uucao s mexay 1 u rior_>s >1, Tak Kax
Nno M3BECTHOMY INpPEAeAbHOMY cooTHomeHuio (77, 5)}:

2=
lim —4—————]J—————— =35,
n-— o

n

TO A/ AOCTAaTO4HO OGoabluux n Oyner
JEIEE R
(+7) =

L
n

<r um (1 —}—17>s<1—}—%,

d CJAeA0BaTE/MbHO, U

ap >(1 —}—%)s.

L7 =51
ITO HEPaBEHCTBO MONHO NEpenmucaTh caenywomnM oOpazom:
I
9nyt <( n >‘= (n41)°
a, n-1 1 °
PO
CnpaBa Ml MMeeM OTHOLIGHHE IBYX MOCJENOBATEJbHbHX uiaeHoB psima (H);

npUMEHHB TeopeMy 3, ybexaaemcss B CXOOUMOCTH psaa (A).
Ecau e, Hauunas ¢ HEKOTOPOro Mecra,

n[”"—l)gl,

Anyy
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TO OTCIOJAa CPa3y HAXOHMM, YTO
1

a n n-1
"_‘HZ —__1 .

a, n—+1 1
n

npumenne K panam (A) u (H) 1eopemy 3, sakmouaem © pacxomumocTH
pana (A).

IlpusHak P aa6e roxe npPUMEHAETCA NPEUMYIECTBEHHO B Mp e A€ A b~
HO R dopMe:

Honycmum, uwmo eapuanma %, umeem npedea (KoHewHbLd UAL
nem).

lim &7, = &%.

Tozda npu &% > 1 pad cxodumcsn, a npu F <1 pgd pacxodumcs.
CpasunBas npusnaku LanramGepa u PaaGe, BuauM, 4TO mocaes-
HHA 3HAUHTEJBHO cHabHee nepsoro. Ecau npenes & =lim &, cywe-

: 1
CTBYET W OT/JMYEH OT eIMHHUH, TO A45 ﬁ,,:n(:@T— 1) CYILECTBYET

npenea &%, pasunift - 0o npn &' <1 u — oo npu .@n> 1. Takum o6pa-
3oM, ecau npusHak JlanamGepa HaeT OTBET Ha BONPOC O MOBEAEHHH
JNlaHHOrO psaa, TO npusHak Paa6e u nomaBHo ero maer: 6oJblue TOrO,
BCE TaKHE CJy4ad OXBATHIBAIOTCA BCErO HBYMS M3 BO3MOXHHX 3Haue-
Huil &%, umenHo - oo, Bce ocranbume sHavenus o (uckawoyan o2 = 1),
TaKKe [aoulMe OTBET HA BONPOC O CXOAMMOCTH, COOTBETCTBYIOT, TaKuUM
oGpadomM, cayyasM, koraa npusiak [lasnamGepa 3aBeloMO OTBETa He
JaeT, notomy yro & =—1.

Ho Bce ke u aneck npu &7=—1 Mb HEe uUMEEeM OTBETAa Ha
BOTPOC O NOBELEHHH PANa B NOAOGHHX Cayuasx (KOTOPHE OYEHD
peaKH) npuxomutcs npuberath K ewe 60Jee TOHKHM M CJOMKHHIM RpH-
3HakaM [cM., Hanpumep, Huike n° 371),

OG6patuMCs K npumepam.

370. Mpumepst. 1) Mpumenus npusHak K ow W K CIeRyiOWMM pRIAM:

fee]
| 1
(a) 2 T €n=m, €=0: pan cxomurcs;
n=2
o

X \P X

(6) 2 (7) x>0, €= T €=10: pan cxoantcs;

n—1

@
n
(8) 2 (T;-V—) (x>0; a, — nonoxurenbHan BapHaHTa, HMeIOWanA Mpenen a):
n
n =1

X
6n =_ Ecin a=0, 10 =+ o, U pan pacxomuTcs, €CIM G==-} 0©, TO
n

€ =0, ¥ pan cxonntcs; Hakoweu, npH 0 <@ <4 o Oymer €= % ¥ noseje-
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FHe pafa 3aBHCHT OT X! NPH x <<a PsA CXONUTCH, NMPU X > @ — PaCXOAHTCA.
INpy x=a 8 ofwem cryyae o0 noOBeleHHH PAJA HUYCTO CKA3aTh Helb3s, OHO
3aBHCHT ywxe OT XapakTepa NpuUGIMKEHHR 4, K 4.

2) Npusmecruy npn3Hak Jlanam6epa K CIeAY©OWHM PALAM:

x" x .
@) 1+ 2 A (x> 0), '@"=n+l , & =0: pan cxomurcs;
n=1
o«
_ ) n+1
(6) 2 nxtH (x> 0), Pp=x—"—, & =x:paL cxorutca nps x <1
n=1
H pacxondtca npu x =1 (opu x=1 B 3TOM YyGexRaeMCcs HENMOCPERCTBEHHO).
\ x" n s
(8) 2 ?(x>0, s> 0), @n:x(m) , @/ = x: pAL CRORHICA
n=1

npu x <1 H pacxomutca npH x> |; npu x =1 nonyvaerca rapMOHHYECKHH DAL,
noBefieyHe KOTOPOro, KaK Mbl' yKe 3HatM, 3aBHCHT OT §.
o«

© Y () @>0, @n=ﬁ,
n=| n

CXONHMTCA, NP X > ¢ PACXOAHTCA, NPH x==¢e npu3sak [JanamGepa B npe-

x
.@=7: npH x << e pan

1 n
lerb,HO# ¢opMe HHYero He J1aeT, HO TaK KaK BapHaHTa <1 +7> NPHOIUXKALTCA

KeBO3pacTasn, tak yTo 9, > |, To nepsoHayansHas ¢popMa nNpH3HaKa Nnoa-
BOJAfeT BCE e 3aKMOYHTH O PacXOAHMOCTH pnjad.

o
(nx)n 14yn 1
(m) 2 - (x>0, @,,:x-(l—l——n—) , 8 =x-e npu x <-- pat
n=1
CZOMUTCA, a npH x>% PAacXOLUTCH; TPH x:% Ha 9TOT Pa3 mNpH OOMOLIM

npu3Haka JlanamGepa HHYEro YCTAaHOBUTh Henwn3s, Tak Kak &J, npuGau-
WaeTCA k G =1 cuu3y. Mu Bepremca x stoMy cayyai Huxe, B 5) (r).
3) Bo3bmeM pan

l+atab+ab+a?+ ...+ arbprt Larbp? ...,

THe a¥ b —1Ba Pa3NAYHBIX MONOKHTENbHBIX yHcna, 3aech Pop_ , =0a, P on =",
H npu3nak [lanamGepa (8nepeoHayansHoft-Gopme) nossonser Chenats 3aKnioye-
HHE O CXOAMMOCTH WM PAacXOAMMOCTH DPANa, AHWb €CaH 00a uyHucaa a, b MeHbule
eAMHHUN HAW 06a — Gonbiue,

B 10 xe Bpems

2n—1

gsn-l: - ]/ an-ipn-1 gy glnzm;/-a"b"_l,

Tag uto €=V ab; no npusnaky Koww, npu ab<<1 pan cxomurcs, a mpH
ab> | (oueBuanO, M NpH ab= 1) — pacxouHTCA,
[ee]

4) PacemotpuM pan ) t(n) X, rae x>0 M tT(n) 03HavaeT HMCTO NeTH-
A=
Tenef HATYPAnLHOro YKCAa 1. BBUILY MDUXOTAHBOr 0 X012 H3MeHEHUA dVHKUHM T (n)
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HE TIPEACTABIAETCA BO3MOWULIM TIPHMEHHTh 3JeCh IpH3HaAK Hamawm 6e pa.
Me)k.uy TeM MDH3HAK Kowu snonne {IDHAOKHM:

n,—- n -—
X< =9y x <V n - x, 12¢ yr0 €=,

I npH x << | pam cxoautcs, anpy x> | (OYEBUIHO, H NPH X = 1) -— PACXOAHTCA.
5) lpnseaem npuvepsl NpUMcHeHus upuikaka PaaGe,

foe)
(2n— 1) 1
@ 1+ 21 el a1
n—
lpuanax lamamGepa x 3TOMy paldy HCOPHAOKHM, HBO
_ (a—1)?
D= Sn oy
(1 npuroM &, <<1). CoctaBum sapHanty PaaGe:
T <2n(2n+1) 1)__(611——-1)11

TN @n—10F T )T @n=1)p"

. 3
Tax xaxk o7 =Ilim o, = = > 1, T0 pan cxonurca,

1

2
n
© 2 e >0
n+1
Tak Kak ,@n—_—m, &7 =1, 10 3necb npu3Hak [JlanamGepa He-
upuaowum. ueem, nanee, @/‘?n=Lx, TaKk wTo % =x. TaxuM ofpasoy,

n+41
npu x <1 pam pacxoautcs, a NpH x > | cxoautcs; npu x =1 noayyaercs pac-
XOAAMMACA rapMOHUUYECKH DAX (Ge3 nepsBOro unena),
@x©

nlxh

®) n2=‘X (£ +a)) x4 ay)-...- (nx+a,) ’

rae x>0, u a, —nonoxuTenLHas BapHaHTa, HMEIONIAsT KOHCUHHIH mpeacs 4.
. —_ (r+Dhx — . Man.y n_ G
Wmeen: @n_(”‘i‘ NxFann G = I.Hﬂ-ﬂce,o%’n—(n+ Nx’ e%’_x .
Hrtax, npu x <Ca pag cxoaurca, npH x> a ou pacxomutca., [lpu x=a 8 06-
Il€M CNYyae HUYEro CKa3aTh HENb3A: MOBCIEHHE psila TOrAa 3aBHCHT OT Xapak-
Tepa NPHOJIHKEHHS G, K 4.
(r) Hakouen, pacemorpuy pan

foe] l ”
n
2 ale)
s Hero n=t
—_n|—t_ _1]-
Fn=n .<I+%)" L;

YTO6bl BHIYHCAHTL OPCAeN ITOH BaDHAMTHl, 3aMEHHM ee Golee OOL{HM BhHpaxc-
HHEM:
1 e

~[———1] -0

1+ x5
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K KOTOPOMY Y€ MOXHO NPHUMEHUTb MEeTOAW NHPPEePeHNHUaTLHOIO HCUHCIEHH.
o npasuay JlonuTana, nepexoanM K OTHOWEHHI NPOM3BOLHLIX:

- . {(1 +x)‘7.xn(1+x).(_$)+% . (1+x)7lv—’}=
l(l-l—x)?]”

X

(14 %)~
j— l—' x2 .
(4%
INoaaras
In(l +x)=x—%x2+o(x2), 1—.T_x=x—x'-’+o(x"’),
1

Cpasy noayuacm, YTO HCKOMbIH npelea pased o Pan pacxoantces.

371. Npusnak Kymmepa. Tenepb Mu BuiBeseM o0aMH BecbMa OGUIMA NpH-
8HaK, npuHamaexauuit Kymmepy (E. E. Kummer); ero ckopee smomHO pac-
CMaTPHUBATL KAK OGN YI0 CXE€MY RIA MOAYYEHHA KOHKPETHhX MPU3HAKOB.

Ipusnarx Kymmepa. Iycmo

€1y Cgy veey Crpy oan

OyOem npoussobRas NOCALO0BAMEALHOCTID NOAOHCUMEABHIX 4HUCen, MAKAT,
umo ps

pacxodumes *, Cocmagum 048 ucnsmyerozo psda (A) sapuanmy

. a
Hn=rtp" a B —Cpn.
n+1 .
Ecau (0as n> N) sunoansiemes Hepagencmso
Hn=d,

20e 8 —n ocm oA HNOe nOLKHCUMEAbHOE YUCAO, MO PAD cxodumch. Ecau sce
(0as n> N)

e 'n <0,
mo pAaod pacxodumes.

HNoxasateEabctBo. llycrs

. a
&l’/n=cn' 2 — gy =80
Bpyt
(HepaBeHCTBO 9TO, OYEBHAHO, MOXHO CYHMTATHb BHINOJHEHHBLIM NPH BCeE X n).
YMHOWHB 06€ YacTH 9TOrO HEPABEHCTBA HA G, MOMYUHM:

€nln —Cpi1Gpyy == 8+ Apyy, ©)

3HAYHT,
€np — Cps10ps >0 HIH €48, > Cpyylpy,.

* OSpamaeM BHHM3aHHE UHUTATERA HAa TO, YTO MOCAEAHHUM TPEANONOWEHHEM
MBI 6YAEM ITOIb30BATHCA TOABKO NPpH BLIBOAC [pPH3HAKA PACXOAHMOCTH:
NpY3HaK CXOAMWMOCTH B HEM HE HYXAacTcA,
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Ortciona crenyer, yT0 NepeMeHHas ¢pd, MOHOTOHHO YO6niBaeT M, CAeNOBa-
TEALHO, CTPEMUTCA K KOHEYHOMY nNpeieay (TaK Kak OHAa OrPaHHYEHA CHU3Y HYAeM),
Hrax, pan

(=]

Z (€alp —Cnp18pyy)

A=t
CXORMTCA, HOO CYMMa €ro n MepBuX YAEHOB:

€18y —Cpy18p4y
uMeeT KoHeuHnft npesen. Ho torna u3 nepasenctsa (6), no teopeme I, caenyer,
o0

4TO CXOOMTCA pARL Z 3a,,;, @ C HUM U RaHBwf pan (A).

|
Ecan we, maa n> N,

%In=cn'

— Oy = 0,
Ay
TO HMEeM: -
!
it ~, Cnis
—= ==,
a, 1
Cn

1
Tak kax psan 2«? NpeAnonoKeH pPacXOJAHMCR, TO, N0 Teopeme 3, pacxo-
n
LHTCR W HCuITyeMblR paa (A), 4. U Tp. I
Brnpenenbnoh dopue npusnak. KyMmepa BurasunT Tak:
Lonycmusm, wmo sapuanma o', umeem npeden (KOHEUHSE WAL Hem):

limek¥ =%
Tozda npu g7 >0 pad cxodumes, a npu ¥ << 0 — pacxodumcs.

lNokaxeM Temepb, KAK NpH nOMOWM NPH3HAaKa KymMMmepa MOXHO ROny-
YHTb HEKOTODbHlE€ BAXHbIE NPH3HAKH CXOZHMOCTH KaK YaCTHHMeE CAyuyaH ero.

. 1
a) [lonoxuw, Hanpumep, ¢, = 1; ycaosHe, ytobu pAl Z_L‘_ PACKOAHICH,
n
cobaoaeHo. Mmeem:

— 1= —1

Ecau Bapuanra 97, crpemurca k npexeny &7, 10 ,J/’n CTPEMHTCA K fpe-
neay o)f'=:@}—l(e7f=+ ™, ecant G =0, g '=—1, ecan G =+ ).

Mpu & > 1, ouesumno, J¥ <20, u no npuanaky Ky MM e pa pRA PaCROAHTCH;
ccan we GJ <<}, 10 ¥ >0, u pag cxoantcs, Takum 06pa3oM, M NpHWIAH
BHOBb K npu3naky [JanamGepa.

- 1
6) lonoxum, nanee, ¢, ==n U OTMETHM, 4TO pAR Z—n— pacxoaurca. Bupa-

HEHHE o', MOAYUMT BHI:

ot a
H a=n —2

28— (1 + 1) = R — 1.
(23}

Ecnu Bapwanta o, crpemurca k npemeay %, T0 ¥, CTPEMHTCH K Tpe-
neny o' =eR —l (¥ =+ o, ecan oF =+ ®). [Ipy oF > | uneem 2% >0,
W N0 NpH3HaKy Ky MMe pa pan CXOQMTCH; ecau ke o <1, 10 o <<0, Tak
4TO PAN pacxomurca, Mel BHOBb' moayyuan npusnak PaaGe,
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B) Haxonen, BosbMeM ¢, =nlnn (n==2), Tako# BuGOp RONYCTAM, UGO pan

TR PacxoauTea [367, 6)]. Vimeem B sTOM cayuae

Hn=nlnn- 9. (- DInr D),

Qnyy
9TO MOXHO TaKxe npeﬂcTaB"Tb B BHIE:
n4-1 41
J,,:lnn[n(—‘l"—~ )-—]]—ln(l-}-—’—) e Ba—n (1 +l)" ,
Qg n n
€CTH 0603HauHTbL vepe3 ¢JB, HOBYIO BAapHaHTy:

o%,,:lnn[n(aa" —l)—l]:lnn-(&?n—l).

n+1

Otciopa nonyvaetca yxe HOBBIA
Mpaarax Bepmpara (J. Bertrand). Zonycmum, umo eapusnma B
umeem npeden (KoneyHwiid uau Hem):

B =lim BB .
Toz20a npu B> 1 pad cxodumes, 6 npu B < | — pacxodumes.
D etcTBUTEAbHO, TaK Kak limIn (l +7)" ==loge==1,T0 Bapuanta Ky m-

Mepa ¥, cipemutca K npefeay )" =B — | (4" = x o0, ecau B =% o).
Ocraercs cocnatbea Ha Npu3Hak KymMepa.

Conocraeans npusHaky PaaGe u BepTpana, MOXHO 6bif0 6bi MOBTOPHTD
Te Ke 3aMeYaHHs, KOTOpWE Mbl Bbilile Clenand no NoBOAy NpusHakoB Jlanmawm-
6epa u Pa66e [369]. 3ta uenb BCe Gonee W Gonee YYBCTBHTEALHHIX (HO H
6oaee caoxHux!) MPH3HAKOB MOXeET 6biTb HEOrpaHWUEHHO NPOAOMMEHA.

372. Ipusuax Maycca. U3 nprussakos JlanamGepa, Paabe u Bep-
Tp aHa Nérko MoxerT 6uTh noayueH caeayiound npusnak Iay cca (C. F. Gauss).
HMpusnax Faycea. Jonyemus, 4mo 0as 0arno20 psoa (A) omHOwenue

a
a B mosicem Gumb npedcmagaeqo 6 eude:
na
Qn L
=i _— piiy
0, Mt T

20e \ up — nocmosHume, a 8, ecms o2panuvennas geauquna: |8,)<<L;
moz0a pad cxodumest, ecau N> 1 uau ecau A==1, u>1, u pacxodumes —
ecau A<l uau A=1,p< |

. a 1
Cayvan A =1 npusonarca k npussaky laanam6epa, uGo hm% =.
n
Nycrs Teneps A==1; Torma
ag, 4 O
= A )= — =
a ﬂ(aw ) pt 2, FE=p
¥ CTyYanm p == | HCYEpMHIBAOTCA NpusHakoM PaaGe. Haxkouey, ecnu p=1, 10
HMeeM:
Inn

"%u‘:lnn(&n_l):T'on.

Inn
Tak Kax ——, KaK M3BeCTHO, CTPEMHTCH K HYII0 NpH 17— CO, a 6, orpannuyena,

10 B =Ilim B, =0, n no npusHaky Beprpana pan pacxomurca.
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. Mpusepw. 1) PaccmoTpusm Tak HasmBaemulil zunepeeosmempudeckud pso
(Tayce)y

afat ) (@atn—i)- B-(.3+l)-.--~(.3+n—l) n
Fla, 8, .,x)_1+2 L E Ay =

NS ar@+D-8:@+E1 ,
STt gy

Leat D) @) @) @D
o223 a+ D42 '

opeanofaras noka «, g, 7, X > 0. 31ece

G (2@ 4n)
4,  (T+ma+n”

Ta8K YTO Mo npu3Haky MdamamGepa cpazy yCraHasauMBaerca CXOAUMOCTb NpPH
X <l u pacxoaumocTs npu x> [. Ecnn ke x =1, 10 BO3bMeM OTHOUICHHE

a4 (4 mGtn_ {l+~,,'—)(1+%)
T T

H, NOMB3YACH PA3JOWCHHAMMS

n=l

1 a al 1 1 8 ﬂ’ 1
=]1—— - — =I———|— . —
a n a n?? [ n B n®?
1+ 1+ 1+ = I+
NPeACTaBUM ero B Bule:
o1z e—R41
a—n; 1+——*—+n2,

rae 0, orpanuuend. [pumensas npu3Hak [ aycca, suauM, uto pan F(a,B, 1, 1)
CXORMTCA NpH y—a —8 >0 n pacxonutca npu 1 —a—3=<<0. Huwe wmuor Bep-
HEeMCSl K THICPreoNeTpHYecKOMY paAly apu Godee OOWHX TMPEANONOKEHHAX
OTHOCHTENbHO @, B, | W X.

2). HpyruM npuMepoM Ha OpHMeHcHHe npu3Haka [aycca Mower ciy-
HHTH PAI

R

KOTOPBIH CXORUTCA MPH p>>2 u pacxoantcs npu p=< 2. 3necb —mno dopmyne
Tetinopa

o (G = (1) = 220D o (),

ay,, 2n—1 2n

OTKyRa
p

=1 -|- +n" (6, orpanmuena),

an+x
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373. Vinterpanonmit npussax Maxnopesa—Kowu. 3ToT npuauak
no (popme OTJAUYALCTCA OT BCEX npeasiayoiux. On NOCTpoeH Ha njaee Co-
NOCTaBJCHUA pHAa C WHTErpaJoM W mpeacrtasisetr cobo#t ofobuwienue
TOro npuema, KOTODBIM MBI YXe NOJb30BAJHCh AJIS1 BHACHEHHS CXOAMMO-
CTH MM pacXOAWMOCTH psaga B npumepax 4), 5), 6) n° 367.

Ilycte npeanoxewnsit psa umeer dopmy

i a,= i f (), (7)

n=1 n=1

rae f(n) ecTb 3navenue npH x=—n HeKOTOpOH dyuxuuu f(x), onpe-
IEJCHHOR a1 X 2= 1 %, QyHKUMIO 3Ty MOPEANO/0XHM HEeNpepsBHOH, no-
NMOKUTENLHON W MOHOTOHHO YObIBaIOULEH.

PaccwotpuM Kkakyio-mu60 mepsoo6paszuylo dyukuno F(x) 473
J(X) TaKk kak ee mpoussosmas F'(x)==f(x)>>0, T0 F(x) Bospacraer
BMECTE C X M, NPU X — —} ©O, HABEPHOE, HMEET Npedes, KOHEUHsIH W
HeT. B nepsom cayuae psa

fee]

D) [F(n4-1)—F(m) ®)

n=1

CXOauTCs, a8 BO BTOPOM — pacxoantcs. C 3TuM DAKOM MBL M CPaBHUM
HCOBITYEMBIH pan.

ITo dopmyne xowewnsix npupauienndt, oSwn# unem psma (8) npen-
CTaBUTCA B BHAE:

Fn-1)— F(n)=/(n48) (0<9< 1),
TaK 4TO BCJACACTBHE MOHOTOHHOCTH ¢yHKUHUH [ (X)
G =7 (n+ 1)< F(rt 1) —F(n) <f(n)=a, ©)

B cayvae cxomumoctn psaa (8), no Teopeme 1, cxoamTes pan
e8] 0

D) @ua= D) f(n-1), useHs KOTOPOrO MeHbIE COOTBETCTBEHHAIX
n=1 n=1
uneHos pana (8); smaunt, cxoautcs v aawnbif psa (7). B cayvae pac-
xonumocti pana (8), pacxoautca u gauuui pan (7), w60 uaeHH ero
GoJblre COOTBETCTBEHHBIX u/eHOB pama (8).

Takum 06pa3om, Ml NPAXOAMM K CJACAYIOUIEMY WHTEPECHOMY 1pH-
3HaKy (Bnepssie HaHICHHOMY B reoMeTpuyeckoH dopme Makaopewnow,
HO 103aGHITOMY W IUWB BIOCJAEACTBUM BHOBb OTKPHTOMY KO m):

* HavanoeeiM 3HayewweMm HoOMepa 71, BMeCTO |, MOXKeT GhTh M Ii0Goe apyroe
HAaTypaabHOE UHCAO 7, TOCAA W QYHKOMIO F(x) HAANEKUT paccMaTpHBaTh npw
~ 0
X = .
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Humezpaavuotli npusnarx. [lpu clesannsix npednososcenusx
pad (7T) cxodumcs uan pacxodumcs 8 3QBUCHMOCMU OM NLO20, UMEEM
au ynrgus

F(x):Sf(x)dx
npu x — —-00 KonedHslil npedes uAu Hent.

[IpuBeneM npHUMepbl NPHMEHEHHS -3TOCO NPH3HAKA (TOMMMO DPaCCMOTPEHHBIX
B 367).

[oed
1
D) Z Ay >0
n=2

3necs f(x)=x ll

PRI F(x)=———1———-0 npu x — oo paa cxo-

aln® x
JHTCH.

o !
2 Z n-lnn-Inlnn®
n=3

1
xlonx-Inlnx’?

«Q
!
Y X g €0
=3

B atoM cayuae
flx)=

pald cXoauTCs, ¥ T. I,

[lepBooOpasuyio ¢ynkuuo F(x) MOXHO B3Th H B (OpME onpeje-
JEeHHOro MHTErpana

Umeem f(x)= F(x)=Inlnlnx — 4 co: pax PacX OLUTCA.

1 1
x-Inx(Inln x)t¥o7’ Flry=— a-(Inlnx)a —0

x

Fy={fat
i
Ipenen ero upu x —» -} od .HaswBawOT «uHTErpansoM or 1 po -f-oco» ¥
¥ 0003HaYaOT TaK:

4
FH-o0)={ f(Hat.

1

WUrak, npedroscennsii pad (T) cxodumces uan pacxooumcs, CMo-
mpsa no momy, lMeem Au 3MOm UHMEPAA KOHEUHOE 3HateHue U
Hem **,

* 370 TaK HasbiBaeMbit HEeCOGCTBEHHB H HHTErpal; NOAOGHHMHA HHTe-
rpanaMd MH Gyjnem 3anuMaTscs B raase XIII.

** [Ipy TaKo# (OpMYIHPOBKe NpPH3HAKA IlOKA3aTeNbCTBO NErKO MNPOBECTH
6e3 NpenoNOMe A 0 HeNnpe Po BH OCTH QYHKUHH £ (xX) 1 NCNOAL3YA TONLKO
ggn pﬁln eNeHHHH uaTerpaa (KOTOpHI# A MOHOTOHHON QYHKIHN CYWECTBYeET.

8, HI).
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B Takofi dopMe uHTErpajdbHbIf NPH3HAK - AONYCKAET NPOCTOE TeoMme-
TPHYECKOE HCTOJIKOBaHue, 6/u3koe kK naee Maknopena Ecau n3obpa-
3uTh GyHKuHo f{x) kpuso# (puc. 54), ro unrerpax F(x) Gyner Bmpa-
HaTh MJOUaAb (HIypbl, OTPAHMYEHHON 3TOH KPHBOH, OCbI0O X H OByMs
OpAKHaTaMu; HHTerpas xe F(~ c0), B HEKOTOPOM CMbICJAE, MOXHO pac-
CMAaTPUBaTh KaK BHIPAXEHWE AJS NJOWaAW BCel OECKOHEUHO npPOCTH-
patometics  Hanpaso ¢urypn non kpuso#. C apyroft ke CTOPOHH,
YIEHR @), @) ..., @,... paAa (7) BHPaXalOT BEJHUHHB OpAMHAT

y=f(z)

%..
NN
[/ 1 2 3 n n+f

Puc. 54,

B TOuKax x=1, 2, ..., N, ... BRI, 4TO TO e, TUIOUIAANA TNPSMOYroJb-
HUKOB C OCHOBaWMsMHM 1 ¥ C BHICOTaMHM, DABHHIMM YNOMAHYTHIM OpIH-
HaTaMm.

Takum o6pasom, cymma psga (7) ecTb HE 4YTO HHOE, Kak CyMMa
nJjomaneR BHIXOAAWAMX NPAMOYTFOJAbHUKOB, U JHID NEPBHM YJIEHOM
OT/IMYAETCA OT CyMMH [JIOIafAe# BXOASULHX NPSIMOYTOJbHAKOB. ITO
LEJIa€T COBEPIUEHHO HArJsAHBIM YCTAHOBJEHHBLIA BHIUE pE3YAbTAT: €CJH
naouaab KPUBOJHHENHOH (PUrypm KOHEYHa, TO M TNONABHO KOHEYHa IJO-
W adb 3aK/AIOYEHHOH B HEH CTyneHuaTol @urypsl, H TNPEAJOXKEHHHH psl
CXONUTCS; €C/AM e IJIOUadb KPHBOJHHEHHOH @urypm OECKOHEUYH3, TO
GeckOHeuHa ® naowWAab conepxkaumef ee CTYNeH4yaToH. gurype, TaK uToO
B 3TOM CJyya€ psi PacXOOuTCs.

CaenaeM Tenepb HEKOTODHIE 3aMEUaHHs OTHOCHTE/BHO HasbHeHwero
HCNo/b30Banus HepaseHcTs (9).

a) B cayuae cyuiecTBOBaHHS KOHEUHOro npejena

lim F (x)=F(+c0)

x—+4o0

MOXHO yKa3aTb YHOOHYIO OWEHKY OCTAaTKa TNPENJOXEHHOIO psja.
MMeHHO, NpOCyMMHUDOBAB HEPABEHCTBA

a, < F(R)—F(k—1D<ap

npy k=n-1, ..., n~+ m, nonyunm
nm Bfmet

> < Fint+my—F(m<] kZ_: a.

k=n+1
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Tepefinem x npeneny, yseauunnas 3aech 7 10 GECKOHEWHOCTH:

@ @
Y a=FHoo)—Fm< 3 g
k=n+1 k=n
HAW

F(+oo)—F(n+1)< 3, a<F(4o00)—F(n); (10)

ka=n+41
5TO W 4€T HCKOMYIO OUCHKY Kak CBEPXY, TdK W CHU3Y *,

o0

Hanpumep, xas paga 2 ﬂl% (o > 0) Gyner

n=1

FW=bs,  Flo=—1,

F(+c)=0,

11 1

[o o)
. -\ 1
o TmFIRES L R
k=n+1

1
é?-ﬁ;. an

6) Eciu we F(x) BO3pacTaeT 00 OECKOHEUHOCTH BMECTE C X, TO
5T2 (QYHKUMA TO3BOJAET CYIMTh O GHCTPOTE POCTA YaCTHUHOR
CyMMbl NPEANOKEHHOTO paa. PacCMOTpMM HEPaBEHCTBA

0SB —=[F e+ 1) —FR)<SR)—Sf(k+1)

W, NPOCYMMHDPOB4B MX OT R=—1 00 k=—n, NoOAyudM DBO3pPacTalo-
1L Y 10, HO OrPaHHYEHHYI BapHaHTY

DB —F @+ D) —FMI<Sf)—fn+1D<Sf(Q),
k=1

% Tak Kax
n-{_—m
F(n+m)—Fm)= \ f(a,

n
TO, Nepexoin K Npeeny NpH m — o, NoNyyaeM HeCOGCTB e H HH H HHTerpan

+
F(+ o) — F(n)= S 7(¢) dt.

IMosromy mepasenctsa (10) MOryT 6biTb IepemHCaHhl Tak:

{ roat<s 3 o= Y ri<{roae (102)
ntl Reap 1 k=n+1 n
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KOTODas CTPEMMTCA K KOHEUHOMY npeaeny. TO € CnpaBelnnso W OTHO-
CHTELHO BapHAHTBL

n

> f(B) —F(n+-1).

=1
Ecau uepes C oGosnauuth ee npemed, a uepe3 d, — OECKOHEUHO MaiyIo,
KOTOPO# OHa pasHuTCH OT CBOEro npejenta, TO MPuIeM K QopmyJe:

3 F ) =F (4 D C-o

k=1

Hanpunep, npu f(x)=%, F(x)=1Inx, orciona BHOBb mnoJyyaeTcst dopmyna
(4) n° 367.

374. Npusnax Epmarona. [pruvepro Ty e 0o6Nactb NpUMeHEHHs, YTO H
MHTErpa’ibHbIfl NPH3HAaK, WMeeT U CBOEOGPA3HmY  MPHU3HAK, MPelTOKEHBbI
B.Il. EpMaxoBun PopMyIHpoBKa ero He CONEPKHUT TNOHATHI HMHTErpaib-
HOTO HCYHCIEHUA.

Mpusnar Epmarosa. [Tpednonrosxcur no-npexcnemy dynruuio f(x) nenpe-
PHLOHOIL *, NOA0HCUMeNsHOl U MOHOMORKO ybugaioweid Oaf x> 1%* To20a,
ecau 028 docmamo4ro Goavuiux X (CKGXHCeM, OAf X 2 X,) BUNOAHALMCA He-
DaBeHcmeo

f(eX) - e*
fix)
mo psd (T) cxodumes, ecau e (028 X 2= Xx,)
fle¥)-e¥
7y =

<g<l,

mo pad (7) pacxodumcs
JLOKABATEABCTBO., [lyCTh BHNOJAHAETCA Mepsoe HepaBeHCTBO, [lpu
no6om x = x, 6yieM uUMmeTb (NOACTAHOBKA ¢ = e¥)

X

Vreyat=§ fem-erdu<qf 7@ ar,
eXo X X0
oTcrona
—q §roa=q[{rna— § roda<
e*0 X X0
<q|§ rmac—§reyar)<q § 5 a1,
ETY X X9
TdK Kayg
e > x, (12)

* Ha nene TpeGoBanue wHenpepuiBHOCTH MO¥eT OwiTh onymeno, Cu,
CHOCKY ** ma cTp. 282,
¥% CM. cHOCKY Ha cTp, 281,
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H BHIYATAEMOE B MOCAEAHMX CKOOKAX 'MOJOKHTENbHO. B Takom cayvae

x 2Xo

{roi=2{ roa
9)

e*o

eXo
npuGaBass & o6euM uyaCTAM MHTerpal S J(t) dt, nonyuuu
*9
X

€ X0

1
froaspl (roa=1,
EY) X9

W Tem Gonee — yuntmnas (12) —
X
Sf(t)dtsL (<< x,).
*o

Tak xak ¢ BO3pacTaHueM X W HWHTerpas Bo3pacraer, TO IAg Rero
CTBYeT KOHEYHuIH npejea npu x — oo.

o

§ ra,

*o

H — 110 HHTErpaabHOMY npH3Haky — psa (7) cxonurea.
[lycth Temeph WMEET MeCTO BTOpOe Hepasencro. Torna

- x

§ rwdt=§ reya
e¥o *o

eXo
H— ecIn K OGeHuM YaCTAM npuGaBUTL HHTErpan S fydt—
X
Al e*o
§reyat=§ reyat=y>0
x

X0
(rax -kax, BBuay (12), x, << €*°). OnpefenuM Teneps MOCNEIOBATENLHOCTL
Koy Xgy erey Xpets Lny ooy

X
nonaras X, =e "1, 10 N0Ka3aHHOMY

*n

\ Feyatz=y,
xn—i
TaK 4yTO

*n

n %
Vrwar=Y § rydt=ny

Xg =l

(374

cytee-
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Orciopa ACHO, YTO

00 X
Vf@ydt= lim § f(®) dt =+ oo,
X *=xy .
W — 110 MATErpanbHOMY NpHU3Haky — pal (7) PacxomuTCA.
MpuvMepn npepblyllere n° Zerko HCYEPMNLIBAWTCA M C NMOMOWbBI NOKa3aH-
HOro npu3Hnaka:

v 1
b 2 n-ln'*n (2>0).
n=2

B sToM cayuae f(x)= H BhipaXenue

x,lnl'f'uxl

eX)-e*  Inite x
&= —0 npH x—co,
f(x) x?
TaK YTO MPH JAOCTATOYHO GOJBIIHX X OHO CTAHOBMTCA MEHbIUMM Nw060# npa-
BHABHON ApO6GH g: pAJ CXOOHUTCH,

2 n.-lnn-Inlnna°
n=3
1
3nech f(x)_m, a BBIPAaXEHHE
f(e¥)-ex
—~ 7~ —Inlnx—o00 0pn x—co,
75) P

H NpH NOCTATOHHO GONLIINX X npenaomleT eJHHHUY: pall paCXOAHTCA.

1
» Zam—(mﬁ (s >0).
n—

Vimeem na sTOT paa
1
x-Inx.(Inlnx)tte?

flx)=

XY ., X 1+0
f(;()x)e ——(mll:qx}): —0 npu x—oo: pAd CXOAMTCA

3aMeTyM B 3akiwuenHe, Yro GYHKUMA e¥, QUrypupyoimas B8 NpH3Hake
Epmakosa, moxerT GuiTb 3aMeHeHa J106oft Apyro#l o¢yHkuueir ¢ (x), MOHO-
TOKHO BO3pacralouleli, NOJOKHUTCILHON, HMEIOLULEA HENPEPLIBHYK NPOU3BOJAHYIO H
YAOBAETBOPAOILEH HEPABEKCTRY

¢ (x) > x, (2%

KOTopoe 3ameHseT (12). JlokasaTelbcrBo MOxeT GHTb CKONHPOBAHO C NpUBENEH-
HOro Bhie, Takum 06pa3om, B ofmeH dopme npusnak Epmakosa asaseTcs
MCTOYHMKOM 1AA MOAYYEHHA PAfla KOHKPETHHWX NPH3HAKOB, OTBEYAIOUMX pa3awy-
ROMY BHGOpPY ®YHKUHH ¢ (X).

375. Jonoanenus. 1) Mo Bocnossayemen ouedkaMu (11), uToOm Oxapak-
Tepu3osath nosejeHue Gynkuns Pumara (365, 2)|

oo

1

(o= o=
n=l

(koTOpas onpejeieHa Aullb Aaa ¢ >> 0) mpu npubanmennn ¢ K 0.
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[pewne Bcero, monaras n==0 B nepsoM u3 Hepasewcrs (11) m n=1 so
BTOPOM M3 HHX, JIETKO NOAYYHTb
l=e-l{lf =140,
oTKyla
limo-L(l4a=1.
EEN)

MoxHo npHiiTH K 6071€e TOYHOMY DC3yAbTaTy, €CAH, HCXONS M3 OYEBURHOro
paBeHCTBA

(o]
1 1 1
Lita=l+gmt . trmet D
k=n-1
HpHMEHHTb Hepanencraa (II) NpH NPOU3ZBORLHOM 1%

) 1
b gmet bt o [ — ) SO+ = <1+
1 1 171
Tt oottt (F"‘l)-
l'lepexo;m 31ech K npepeny np# ¢ — 0, Mb noayyum

4yt ot p—ln@t D= lim [ta40— L ]=

@0

f]lm [t(l—}— )—-—]<1+ 4 +——1nn

Hakoneuw, BBHIY NPOU3BONLHOCTYM 7, YCTPEMUM 31eCh 7 K GeCKOHeuHocTH. Tak
KaKk NepBOE W MOCAeNHee BLipaweHus, B cuay (4) n° 367, npu 9ToM crpemarca
K oHneposo#t mocrosHHOH C, TO HanGOALIIMH W HaMMEHbIUMH ~npejensl COBOa-
JAI0T, TaK YTO Cyu\ecTBYeT OOLIYHMI Npefea H paseH

llm [C(l 4+ a) -———] =C.

[311 pesysbratel npuHanaexwar Jupuxae.]
2) fycmob 4aense psida (A) MOHOMOHHO ybusawom;, moz0a pad (A)

(=]
cxodumes ual pacxoOumc OOHOBPEMEHHO € pSOOM Z 2%.ay, (Komn)
#To

JleACTBHTEIBHO, C OLHOM CTOPOHBI,
Agk< a, + (as + az) ‘I" o + (aqk+ nee + asglz+l_1) <a + 202 + o + 2’1(121‘
a c ipyroa—

Agi==a, + 85+ (@5 4 @) & o (g g 4 oo+ 038) >
>% g+ a,+2a,+ ...+ 2”“a2,,=%(a1+ 2a, 4-4a, 4 ...+ 2%a,,).

1

* Mbl noKa He 3HaeM, CYLIeCTBYeT AH Npelcn BbIPaMEHHA C(l—}—a)—;—

npH s — 0, N NOTOMY NOAb3yeMcA HAaUGOAbINMM W HAUMEHbLIIMM Npefenamu [42),
1 1

< lmrie T

INpenens Brpaxesut %[”LU—I] " l] Haxoaum no Qopmyie

77, 5), (0)
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Orcroga u ciaeayer TpeGyeMoe 3axkNlOueHHe.
[o)]
1
Hanpmiep, noseneHue papa 2;— coBnagaer ¢ nosgaeHnueM pana
]

o0

[ee]
1 1
22” ~§EEZ I, asHo pacxopswerocs. Pag 2 o (0> 0) cxomurca BMmecTe
0 i

« [oe]
1 1
P ACXOIHTCA, H aCxoouTCA
22—5, MEnInn paczon , Hoo p I
0 2

B s1o#t Teopeme pan cpanmenun > 2%a,, Momer GuwrTh 3amenew u Goace

o
ofwuM pagoym mk.q rae m-— mo6oe HATypaahHOE YHCIO,
mk» P

3) Mycrb (A) 6yner npoussonbHbLIl cxoZamuhca pag Kakue sakmo-
YCHUA MOXHO CHesaTh O NOPALKe MadoCTH OfIlero wiaesa 4, /0 CpaBsHe-

1
HHIO € —?
n
Mpexie Bcero, 0YeBMANO, YTO €CAH STH GECKOHEUHO Maasic BooOuie Ccpas-
HUMBI Mexay coboit [60], T. e. ecan cyulecrsyeT npelen

- a )
lim T": lim na, =c¢,

n
T0 Heobxoaumo ¢==0, Tak 41O

an=0(%). (13)

fo]
JeACTBHTEAbHO, WHAYE ~— BBHAY pPACXOJHMOCTH rapMOHMYECKOro pana 271——
[

M KauHB pAL 6bia 6u pacxopswmmca |366, Teopema 2.
OfHaxO CyUeCTBOBAHHE TAKOLO MPelelNa, BOOSILe rosops, He 0GA3aTeNbHO,
KaK BMEHO Ha MpuMepe pAaa

1 1 1 1 1 1 1 1 1
tntmtrtatatataetgtet.-

8

1
CxomHMOCTh 3TOrO pAada AcCHa U3 ConocCrasnesvda C pALOM ;5; B TO e Bpe-

—

1
MA, CCTH N He €CTb NOAHHH KBAIPAT, TO ANA HErO nQ,==—-, B NPOTHBHOM Xe

cayvae: na,=1.,

BnpoyeM, ecaM uaeHst paga MOHOTOHHO YO6HBAIT, TO AAA CXOdH-
Moctd ero ycnosue (13) Bce we Heo6X 0aMMoO. HeHcTBHTeIbHO, P N1006bIX
mun>m

(n—m)a, <Omy .o+ 8p <o,
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rie a, — ocratox paga, Otcrona

na, << A
n n—m m

Mycts cHauana m B3ATO TaK, YTOObI a, GwAO MEeHble NPOHM3BOMLHO 33aJaHHOIO
yucaa ¢ > 0; ecay NpeAnoONOMHTL TeNeps A HACTOALKO 60NblIHM, YTO

n e
<<
n—m  apg

TO OJHOBPEMEHHO na, <t, 9. ¥ Tp. I
3ameTyM B 3a3KAKYEHHE, YTO [aMe AN PAJNOB C MOHOTOHHO YObIBAWILKMH
yaeHaMu ycaosde (13) oTHIOOb He ABAAETCHA A OCTATOUYUHL M I3 CXOQM-
[ee)

MOCTH. DTO BHIHO Ha npumepe paia 2
2

ninn’

o)
4) Ecau psd Zd,, pacxodumen, # D, o3na4aem €20 n-w0 wacmudnyo
1

dll

cymMmy, mo pao D, makdice pacxodumess, 8 MO 8peMf KAk  pAld
n

o)

EDH-" (6> 0) exodumes. |A6eab (N. H. Abel) n Aunwu (U Dini).}

Hueenm:

dll+l
DII+I

+...+ Mﬂl> n+1+---+dn+m_____1_ Dll

DIH-ﬂl Dn+m n+m.
Ckosb GOAbWHMMH HA B3ATb 1, BCErid MOXKHO BbI6paTb Takoe m, 4ToOn Ghao

DII l Il+l ’l*m l
Drem << o) H, cnenosaTeano, + ver = Dn+m > P

d
Jaa pana 25’1 HApYIIEHO OCHOBHOE YyCiao0BHe cxoaumocty [364, 5°] — pan
\ n

PacxoauTCA.
o)
d
Jlas noxa3aTenbcTBA CXOAHMOCTM pAAA —% - mw npuGertHeM K npu-
Di+e
n
emy, CXONHOMY C npHmenenuem K owu |373].
dx :
I dynxunu RS TT w B npoMexyTtke oT x=D, , pno x=2D,

npuMeHHM (QOPMYAY KOHEUHbIX IpUpauLeHUi:

1 1 | d )
o )= gt e Le<Da <0,

n
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Takum 06p33OM, YICHL pacc.\iarpuaacmoro pAaga COOTBETCTBEHHO MEHbIIE YIEHOB
[ee)

1 1 1
CXOOALLEroca pana Z— = = YTO ¥ AOKA3bIBA€T BLICKA3aHHOE YT
a
) n—1 D,
BEPKACHVE,
o

5) Ecau pad Y ¢, cxodumca U y, 03na4aem €20 OCHGMOK 1OCAE 1-20
T

pacxQiunics, 8 mo 8peMaA Kax psio

[oe)
Z fn_0<o<)
Tn—1
1
cxodumes (A v Hu),

JoxasaTeabCTBO aHATOMHYHO NPeabIayweMy.

6) Caemyiolu#i Npu3HaK CXOAWMOCTH Hefaswo Gutn ykazaH H. A. Cano-
I OB bIM:

Ecat U, — noaoxcumenshas MOHOMOKRHO 803pACINGIOWAS BaAPUEKIA, MO PO

cll
-1

o
4nena, mo pad Z
. n

@® @

Z (l— ba ) [paauo waK u 2 (@—I”
LY/ i \ Up

n o=\ A=l

cxodumes npu Yca08uUU OZPAHUHEHHOCIU 3MOd 8apuanmer U pacxooumcs —
& npOMUBHOM cay4ae.
[MoaoxuuM (npu n=1, 2, 3, ...)

n
dp=lin, —Up, Dp= E dp=lin,) — Uy,
k=1

Torna ﬂpe}lﬂO)KEHHblﬂ pal nepenyuleTca Tak:

[as]
2ot
Dptuy?
n=\

W ero noBeneHye COBNANACT C MOBEACHHEM psalda

o

dy
D,’
n=l
o]
a2 3HAYMT — H C TIOBEJleHHeM psaia Z d; (B C1yuae pacXoOMMOCTH ero MOXHO

n=\
cocratbca Ha peadyabtar A6eaa—Hdunn, 4). [locaennuit we pag cxomutea
MM PACXONMTCA B 33aBHCHMOCTH OT TOI'O, 6YAeT AH BAPHAHTA U, OrPaHHUYEHHOH
HIW HeT,

7) [lycts AaHW ABA CXOAAIIMXCA DPraa:

[o] [e1)
Z"n H Ec;v

n=1 A=l
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Bropoit HaseiBaeTCA MeRAeHHEe CXOAALWMHUNMCH, uem nepsul, ecau
OCTaTOK 7, BTOPOro pAZa eCTb GECKOHEYHO Manay HH3WEero NOopAlKaA
yeM OCTAaTOK Y, NepBOro:

lim % —=o0.
Tn
o0
Jan kac0020 cxo0RuE20cA pAOA )¢y MONCHO ROCMPOUMS pAG, AeO-
]

neHHee cx0o0auuiicss. JlIoCTaTOYHO PACCMOTPETb, HANDPHMED, PAR

3= 50—y

n=1

TaK KaK B 9TOM Cayuae 1n—— V1
PaccMOTPHM Tenepb ABA PACXORAMKCA PAAA:

211’,, n 211"

ne=l
[po BTOpOK TOBOPAT, UTO OH PAaCXOAMTCA MERJECHHEE, Yem MEPBHN,
eCcAd ero yactuyHas cymma D7 siBasiercA G6CCKOHCUHO 6OJbLION HU3I W Ero
NopARKA, YeM yacTHYHaa cymma D, nepsoro:

o0
Has Kaxc0020 pacxooawezocs paca Ed,, MONHCHO nocmpoums pad,

1
medaennee pacxodsupuiics, C 9TOH 1eALIO MOXHO, HanpHMep, B3ATh psi
@D . 0 . R
> 4=V D+ XV Da—V Das;
n=l n=2

aneck Dn="V Dy

AHanoruyHble 3aKMOYEHHA MOXKHO MONYYHTL ¥ C NOMOIBIO psagoB A Gena
W JIH HH, pacCMOTPERHBIX B 4) U 3).

ﬂocrpoeHbee TpUMEDPL  NIPUBORAT K TAKOMY NDHHUHNHATLHO BaXHOMY
YTBEPMBEHUIO: HuKaKold cxodsuuiics (packodsuyuiica) pao He MOKCcem CaAYHCUmD
YHUBEPCAAbLHU M cpedcmBoM OAf YCMAHOBACHUS —NYMEM CDASHERUS
¢ HuM ¥ cxodumocmu (pacxodumocmu) Opy2ux psoos.

3TO SACHO M3 TOrO, UTO

C,, Tn- V.
B ey T Y a0
o VTn—l VTn m *

n ?ﬂ_ Dn—l
d'l VDn —_ VDn—x

1%

=V DtV i~ + oo

[ee]
* 3a Y, NpUHUIMAeM BCIO CYMMY 20,,.

%% C poMowsblo n060M K3 Teopem n° 366,
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8) llycrb HaHW HBe MOCAeNOBATEALHOCTH MOA0KHTEAbHHE YHCEN
Ay, By veey Gpy oo B by, by, oo, by, ol

KakoBo 6bt HH ObIIO 71, NI NEPBHX 7 YHCEN STHX (0CAEHOBATEALHOCTEH HMeeT
MeCTO HepaBeHCTBO Komu—IT eabnepa:

@ ] l n , L
lglaibié{igla?}k . {iglb‘k }k’

¥ HEPABEHCTBO MuukoBCKOI O
1

n 1 n 1 n 1
(s 0 < (BettF+( Sr
i= = =

[133 (5) m (7)]. 3mecs k-—npomssosbuoe umcio >1, a k' ppyroe uucio
ToXe > 1, KOTOpoe CBA3aHO € R COOTHOLIERHUEM

1 H

— 4 — =1

k 3

[Mepexoff B 3THX HEPABEHCTBAX K NpeJeny MApH 7 — OO, NOAy4#M n0oxobubie
ke HepaBeHCTBA NA 6eCKoHeUHHX DPALOB:

1

{lgl (al + b[)k}k = {iglaf}k + {1§lbf} k'

npuuem u3 cxodumocmu pados 6 npasulx HACMAX Gwmexaem cxodumocms
pA008 6 nesu.x.

§ 3. CxoguMOCTh NpPOU3BOJBHBIX pPANOB

376. O6mee ycnosue cxoxumocTn paza. OOpatumca K DpoOmpocy
O CXOAMMOCTH DPSIOB, UJIEHB KOTODHIX MOI'YT MMETb NPOHU3BOJbLHEIE 3HAKHM.
Taxk KaK, O ONPEACNEHHIO, CXOAMMOCTb PAAA

(=]
D=+ a+...4e,+... (A)
Al
NMPUBOIUTCA K CXOAMMOCTH NOCASAOBATEAbHOCTH
A’, Ag, ey An, ey A"HW ‘-.-) (1)

COCTABJEHHO# M3 WA CTUUHBIX CYMM D3, TO €CTECTBEHHO mNpuMe-
HUTb K 3TOH nocaemoBaTe/bHOCTA npusgun cxodusocmu [39]. V3 mpyx
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HOMEPOB M W r, KOTOPHE B HEM YNOMHHAITCH, MOXKHO, He yMass
O6WHOCTH, CUMTAaTh 7' >A U NOAOXATs W =n-1-m, rie m-— moboe
HATYPaabHOE uMCHO, ECau BCIOMHMTH, UTO

Apim — An=10np -t tuat ...+ Qi

TO NpUKZUR CXO0UMOCMU NPHMEHHTENBHO K DALYy MOXHO nepedpasu-
poBaTh Tax:

Hrg mozo wmobm pad (A) cxoduscs, keobxodumo u docma-
mouno, wmobs Kaxcdomy 4ucay e >0 omeeqanr maxok Homep N,
wmo npu n >N wepasencméo

lan+l+an+ﬂ+-'-+anml<e (2

86NI0ANAEMCR, KAKOBO Obt Ki Obeino m=1, 2, 3, ... *
WHbiMH coBaMu: cymma 210 6020 HUCAQ 4ACHO8 PAOA, CAEOYIOUUX
368 0ocmamo4ro0qaexu s, OOAHNCHA ObLms NPOUBBOALHO HAAQ
Ecnn, npeanosaras psa’ cXoosuluMci, B HepaBeHcTBe (2) B3ATh,
B YACTHOCTH, m=1, TO "MOAyuYHM:

|@pa|<e (npu n>>N),

TaK 4TO @,y — 0 nan (uro 1O *€) a,—0, H MB BHOBb NMPUXOLNM
K HM3BECTHOMY HEOOGXOAMMOMY YCJOBHIO CXOAMMOCTH psafa [364, 5°].
OHo Tpebyer ropasgo MeEHbIIEro, YeM NPHUHUKD CXOAMMOCTH: HEOGXO-
OHMMO, 4TOOB HE TO/JBKO AA/JEKAE UWIEHH, B OTAE€JBLHOCTH B3ATHE,
Ousn Manel, HO M CYMMa HOafNeKHX YJNEHOB, B3ATHX B No6oM
KOMHYECTBE, AOMKHA OWTb Majal B 9TOM CMBIC/IE DOYUHTENbHO BEp-
HYTbCS K rapMmonuueckomy psagy [365, 1)] n x nepasencrey (1), ycra-
HOBJIEHHOMY 119 ero ujeHoB. Xora o6umiu#t uzneH 3ecy u cTpemutes K O,

1
HO HepaBeHCTBO (2) (Hacroswero n°) npu E==7 W M==7n HE BHIOI-

HAETCA HH NDH ONHOM M, M TaPMOHHYECKWH psa  pacxoaurcs!

HyxHo ckasaTs, OOHAaKO, 4TO NPOBEPKA BHINOJHEHHS TPUBEACHHOrO
o6ulero yc/a0BMS CXOMMMOCTM pPsa B KOHKDETHHX CAy4asx OOGbuHO
ObiBaeT 3aTPyAHUTEIbHA, [T0O3TOMY npeacTaBseT MHTEPEC H3YYEHHE Khacca
C/lyua€B, KOT4a BORDOC pewaercs ¢ nomouikio 6onee NpOCTHIX CPEACTB.

877. AGcomoTHasi CXORAMOCTh. MB BHAEIM B DPEARAyWEM Napa-
rpacde, YTO B OTHOUIEHHH MONOXUTEJNBHEIX DPHAOB CXOMMMOCTh, 0 60.1b-
el 4acTH, YCTaHaBAMBAETCA A€rko, Gnarogaps HalMuMIO PANA YAOOHEHIX
NPH3HaKOB. 1109TOMY €CTECTBEHHO HayaTh C TeX CJyuaes, KOIAd BOMNpPOC
O CXOAMMOCTH [JaHHOrO psffia NPHBORMTCS K BONPOCY O CXOZMMOCTH
NONOWHTENBHOrO paja.

Ecau unenn psga HE BCE MOJIOXKHTENBHBI, HO HaUHHas € HEKOTOPOro
MeCTa CTAHOBATCA TOJNOXHTENBLHEIMH, TO OTOPOCHB HOCTAaTOYHOE KOJHYE-

* O6a aBTOpa MpHHUBNA CXOmMWMOCTH—Bosbuano n Koww chopmy-
JHpOBATH €0 WMEHHO KAaK YCIA0BHE CLOAHMOCTH GECKOHRUHOLO PHAA,
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CTBO Haua/ibHHMX uneHoB psfa [364, 1°], cBeaem meno K HCCIEIOBAHUIO
MONOXKUTENLHOTO psifa. Ecau uleHs psaa OTpHHATENLHH HAHM, MO Kpah-
He# Mepe, C HEKOTOPOTO MeCTa CTAHOBATCH OTDHIATE/JbHHMH, TO MK
BEPHEMCH K YK€ PAaCCMOTPEHHBIM C/IyyasM NyTEM H3MEHEHHS 3HAKOB BCEX
unenoe [364, 3°]. Takum 06pa3oM, CYIECTBEHHO HOBRIM cayuaem Oyaer
TOT, KOrAa CpPEeAV YJEHOB PAAa €CTb GECKOHEYHOE KOJH-
YeCTBO KaK NOJOXKUTENAbHHX, TaAK W OTPHNATENbHBHX
yneqoB. 3aech uacto OpiBaer monesHa caepywouwas obuwias

Teopema. [Tycme dan pad (A) ¢ 4areHamu npon3soAbHELX 3HAKOS.
Ecau cxooumca pad

o]
Dlal=lal+lal+...+lal+..., (A%
i=1
cOCrmagaennbl U3 a6CcOoONO MU X BEAULUNR €20 HAEHO8, MO U
OanHbl PRO MaKxHCe CX00UMCH.
JLOKA3ATBABLCTBO Cpasy MOJAYYa€TCA U3 NPHUHUHUNIA CXOAHMOCTH:
HEPaBEHCTBO

‘an+l+aui+"'+anm|<‘an+l\+|an+‘l\+"'+|an+m|

NOKa3LBAET, YTO €CAd YCJIOBHE CXOAWMOCTH BHINOJHAETCA Aas psda (A¥),
T0 0HO TeM Gosee Bunoausercd ang psaga (A).

MoxHO paccyxaaTb ¥ HMHaue. Y3 NMOJNOWHUTENbHBE X WYICHOB
paaa (A), nepeHymMepoBaB HX NO NOPAAKY, COCTaBMM pfa

o
Dm=ptrt ot ®)
k=1
TaK XK€ TOCTYNHM C OTPHUUATEAbHHMH uICHaM¥ H COCTaBUM paa
U3 UX aOCONKWTHHX BEJNUUYHH

Zlqm=qx+qe+---+qm+--- Q

CkobKO OH WIEHOB TOrO WJd APYroro psiga HH B3ATb, BCE OHHM COAEp-
ATCA Cpean uaeHOB cxoaswerocst psaa (A%®), ¥ naq BCEX YACTHUHBIX
cyMM P, u Q, BHIOJHAKTCS HEPaBEHCTBa

P,<CA*, Q<< A%,
tak uto 0o6a psma (P) u (Q) cxoasrcas [365]; oOo3Hauum uX CyMMH
COOTBETCTBEHHO, uepe3 P u Q

Ecad B39Tb /1 uJeHOB psiaa (A), TO- B UX COCTaBe OKaXEeTCca R moao-
KHUTENbHHX M M OTPHLATENLHHX, TaK 4TO

Ay=Py— Qn
3necb HoMepa £ 4 m 3aBucAT or n. Ecaw B psge (A) Kak noJa0XKM-

TEAbHBIX, TaK M OTPHUATENbHHX u/eHOB OECuMClIeHHOE MHOXECTBO, TO
NpH H— OO OJHOBDPEMEHHO R -— 00 M 7} — OO.
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[Tepexons B STOM p4BEHCTBE K Npedesy, NMPHUXOAMM CHOBA K 3aK/io-
YEHMIO O CXONMMOCTH pama (A), MpUYeM €ro CymMMa OKasblBaeTCs DaBHOM

A=P—Q. 3)

MOXHO CKa3aTb, YTO NpPH COEJaHHHX TNDPEANONOKEHAAX CYyMMa OaH-
H020 psda pasHa pasHocmu MeNC0y CyMMOE psaoa, COCMABAEHHO20
U3 OOHUX NOAOHCUMEABHHX €20 HACHO8, U CYMMOL psgoa, COCMAagAeH-
H020 U3 QOCOAOMHBLX BEAUMUH OMPULANIENsHBX HACHO8. ITHM MBI
B mocaenyoulem OyneM MoJb30BaThCA.

Ecau pao (A) cxodumcsn ssecme ¢ padom (A¥), cocmasrennsm
u3 alcoAOMmHbLX BEAUHUN €20 Haen08, mo npo pad (A) 2o08opam, wmo
oH abcorwmHo c¢cxodumc g Ilo nokasaHHOH TeopeMe, ONHOHR CXo-
aumoctd paga (A*) ywe nocratouno A1a a6COA0THOMH CXOAUMOCTH
pana (A).

Kaxk yBUIHM HWXE, BO3MOXHBI CJyuaw, xoria psa (A) cxomutes,
a psa (A*)—Her. Tozda pad (A) ra3weawm HeabCcOAWMHO € X oO-
QAU UMCH

Das ycranoeaenns aGconoTHO R cxomumoctw paaa (A) —k mono-
xuTeabHOMy psiny (A*) moryr OwTh NPUMEHEHH BCE MDH3HAKM C X O A H-
MOCTH, M3yueHHBlE B npeamayuem mnaparpade. Ho uyxuo 6eiTh oCTO-
POXHBIM C MPH3HAKAMH P aCXOAM MO CTH: ecn naxe psa (A*) oxaxercs
PacXOAAMMCs, TO Pax (A) MONET BCe ke CXOMHThCA (Hea6Cc o110 THO).
VcK/I0ueHHe NpencTaBasiort 1oabko npusHakn Kowwu u HLanambepa,
¥ MMEHHO NOTOMY, UTO KOTla OHW KOHCTAaTHPYIOT PacXOAMMOCTh psada (A¥),
TO 5TO 3HauWT, 4yTo OOuMH uneH |a, | psma (A*) He cTpeMuTCR K HYyJIO,
a TOrAa2 W @, K HyQI0 HE CTPeMHTCH, Tak uro H pak (A) Takxe pacxo-
ouTca. T109TOMy YnOMAHYTbie TNPH3HAaKH MOTYT ObiTh nepedpasnpoBaHb
NPHMEHUTEAbHO K npou3soibHOMY psiny. CnenaeM 910, HanpuMep, aas -
npusHaka JdanamOGepa (KOTODHH mNpEHMyUECTBEHHO ¥ INPHMEHAETCs
Ha NpaKTUKe):

a
Hpusnax HasamGepa [lycms 0as sapuarme .@*:lll;'“'l cy-
n
wecmeyem onpedeaenusili npeden:

D* =1imP},

mo2da npu Z* <1 oannwi psaod (A) abcorw mruo cxodumes, a npu
D* > 1 on pacxodumcs.

378. Mpumepbl. 1) [Ipuvennrs npusnak JanamGepa KO BCeM pangam
(a)— (x), o kotopsIX Omna peub B 2) n’ 370, Ho oT6pocHB Tpebomanve x > 0.
Mu nonyuum, yTo; :

(a) pra 86COMIOTH O CXONMTCR JAS BCEX 3HAUEHHA X}

(6) pax a6conwTHO cxoaurca npu — 1 <<x <1 H Dpacxomurcs npu
x=1 wap x<—1 (1pn x= 21 HapywWaeTcs HEOGXOAUMOE YCA0BUE CXOIM-
MOCTH);

(a)) pag aGCOMOTHO CXOOMTCA NpH — | <Tx <T1 R PACXOmMTCA NpH x > |
uap x <<—1; ecam s> ], Tonpu x =* | pag TakKe 40 CONI0OTHO CXORUTCA,
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ecan we 0 <<s=C1l, To npn x=1 paAx 3ase4OMO PACROMMTCA, A NpU X ==— 1
BONMPOC MOKA OCTAETCA OTKPHTHM

(r) pan a6 CONIOTHO CROAUTCA NPH — e <C X << ¢ W PACKOXHTCA MPH X ==¢
HWIH X< —e¢ (MpH X == ¢ HAPYWaAETCA HEOGXONUMOE YCIOBHE CXOAUMOCTH);

(1) pan a6CONIOTHO CXOMMTCA OpU —-'—e-< x << i pacxomuTcs npu

1 1 |
12?“ﬂﬂx<——;— ("pH x=—? BONMPOC NoOKAa OCT8ETCA OI-

KD bl TH M),
xn
i 1+2?(1+x><1+x')--.--<1+x"> == 0.
Vl.ueemnﬂ
fx], ecmn —1l<ux <],
@;ﬁ:Tl_,—{f—,lt"—]—’ G*r= _;-, ecin x=|,

0, ecay x<<—1 nmwm x> 1[;

HTaKk, Pl a6COMIOTHO CXONWTCA 4AA BCeX 3HAYeHMR XzE— L,
[e]

xn w1
3) Zw (x#=x1)
n=1\
3xnecs
x|, ecnum —l<<x <1,

S x__xn-H @*={|
’ I, ecmm x> nan x<<—1,

AT ] — xntH

Tipu | x| <<1 pan a6coawoTHO CxomuTes; npu |x|>1 npusnaxk Jamawm-
6epa HHYErO HE [3eT, HO BCC e MONKHO 33AKMOYUTb O PACKOAMUMOCTH pAfa,
BBUAY HApyuUIeHWA HEO6XOAMMOr0 YCIOBHR CKOXUMOCTH.

4) BepHemca ¥ rd4nepreoMeTpuyYecKoMy pany [372]

s(atl @ te—0B- @+ Btn—l) ,

Fabnn=1+ ), G D D

a=1

— npu moberx a, 8, y, x (mapameTpe! a, B, Y OPEANONaramTCa JHUL OTAMYHBIMH
OT HYAA U OT 1eNbX OTPHUATENLHBIX YHCCH).
Tpumennr npuanax [anawGepa B HoBolt Qopme, yGewnaemcs, uTo 0pH
jx|<<1l sToT pAX a6CONOTHO CXOOMTCH, a OpH | x|> | pacxomuTca,
[lyctb Temepb x = [; TaKk Kak OTHOEHUE

n

— 1—a—841 1
Al LR

LA ROCTAaTOYHO 6oMblunx n 6yAeT NOROMHTENbHO, TO UYMeHbl PANA, HAYHHaAA
¢ HEKOTOPOro MeCTa, OYAYT MMETb ONMH H TOT Xe 3HaK, a TOrZa K HUM (uan
K HX a6COMOTHBIM BENHYMHAM) NPUNOKUM no-npewueMy npusnak [ aycc a, koTO-
PHH OK33HBACT, UTO PAL CXORHTCA (KOHEYHO, a6 CONIOT HO) PN Y —a — B0
W pacxoautca npu Y —a—QB=<0.

MNycts, nakoweu, x=— 1. M3 ToabKO uTO CKa3aHHOrO §ACHO, YTO ODH
1—a—f§>0 6yaer CXoauTbCA DAL, COCTABAEHHHMH M3 aGCOMOTHLIX BETHYMII
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YNeHOB [3HBOro paga F(«,B,y, —1), Tak YTO NAHHBLI Padl B 3TOM cAyyae
CXOMHTCA a6conwTHO. IlpH y~—~a—B <C—1 OyneMm HMeTb, HaYHHAaA C He-
KOTOPOro MecrTa,

an

<1, T e

an| <|api,
nyy
@, He CTpeMHTCA K 0, pAl PacXOAMTCA.

B cnyyae x=—1H —1l<<y—a—f3=<<0 BODPOC 0 CXOAUMOCTH
pata F(x, 8,7, —1) ocTaerTcs NOKAa OTKPH TH M.

379. CreneHHofl psN, ero NPOMeMYTOK CXOMUMOCTH. Paccmorpum
CTeneHHOW psano Bula

an,,x"=ao—}—alx+ac,xg—}—...—}—a,,x”_—}—..., @

npencrasasiount coboft kak Ob «GECKOHEUHBIH MHOTOUY/EH», PaCHOJONKeH-
HEIl MO  BO3pACTaIOLIUM CTEMEHAM NepeMeHHOR x (ag, @y, Gy, ... 3IECH
0003Ha4Ya0T MOCTOSHHBIE KO3(dHUUEHTH). Bhilue Mbl He pa3 uMean aeso
C TAKHMH CTEMEHHBIMU pslaMu [cM., Hanmpumep, B npeasiaywem n° 1)
(@) — @I

Ipennoxum Tenepp ceGe BLIACHHTb, KaKOH BU O uMeeT <«06aacTh
CXOOMMOCTH» CTENEHHOro psma, T. e. MHoxecTBo 2 =={x} Tex auaue-
HUft nepeMeHHOH, 09 KOTOpHX Pal (4) CXOANTCA. DTO MOCAYKHT CHOBA
BaXKHBIM TPHMEPOM ITPHMEHEHUS W3JIOKEHHQrO BhILUE, .

JAemma. Ecau psd (4) cxodumes 8an 3navenusn x==X, omaiuu-
#Ho20 om 0, mo on abcorwmuo cxodumca 041 00020 3Hate-
Hua x, ydogaemsopaioue2o nepagencmsy: | x|<| X

M3 cxopumocTu pana:

0
Mo, =a=aX++ax 4. . e, ...
n=0
RHITEK3ET, 4TO ero ofwuid ujgen crpemurcs k 0 [364, 5°], a caenosa-
TeJIbHO, — Orpanuuen [26, 4°):
ja, X' l<<M (n=0,1,2 3, ..) (5)

Boabmem Tenepr moGoe x, aaa kotoporo |x|<(|X|, u cocra-
BHM pAl

Mlagx® |=as|4-arx | 4| ax® |44 a X" [ 4...  (6)
n=10

Tak kak [cm. (B)]:

. . X n
lauxnl:==|anxn|'\35

X
Pl .=
\Mix
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 usieHnl psaaa (6) OKasBIBAIOTCA MEHBWHMH COOTBETCTBYIOUIHX YJIEHOB C X O-

X
AfduleRca reoMETpHYECKOR nporpecchu (co 3HaMEHaTeneM ‘ % ‘ < 1):

MM % |+ M |%/"+...+M- |2+,

10, M0 Teopeme 1 n° 366, psn (6) cxoantcs. B TakoMm cayuae, kak Mm
aHaeM, pad (4) cxomuTcs a6COAWTIO, U U TP. I
[lpn x=0 cxonurcs, oueBnmno, scsxuf pag (4). Ho ectv cre-
NEHHBIE DPAH,- KOTOPHE — MOMHMO 3TOrO — HE CXOAATCA HH NpU OA-
HOM 38WaueHun Xx. [IpumepoM Takoro «BCIOAYy pacxomdllerocs» psaa
[a]

MOXET CAYWMTb DAL D, 1! x", KaK B 5TOM J€rko yGemdTbcs C MOMOULbIO
7

npustaka Hanambepa [lonoGHsle psmnl a4 HAC, HE NPEACTABJIAOT
HHTEpECa.

[Tpeanoaoxkum e, 4To OAs psna (4) BOOGIE CYWECTBYIOT TaKHe
oTaMuHbie OT O 3HaueHus x =X, NP KOTODWX OH CXOAMTCH, H pac-
CMOTDHUM MHOXeCTBO {|X|}. DTO MHOXKECTBO MOMET OKaszaTbhCs an6o
OrpaHU4eHHBM CBEPXY, 60 HET.

B nocnemwem cayuae, kakoe 6bi SHaueHME X HU B3STh, HEOGXOMUMO
naftpercs Takoe X, uto |x|<|X|, a Torma, mo saemme, mpu B3nTOM
sHaueHnn x pan (4) abconwTHO cxomurcs. Pan okaswiaercs «sciony
CXOAALUHMCEY.

MycTs Temeph MHOMECTBO {|X |} cepxy orpaunueno, u R 6yner ero
TO4Has BepxHas rpanuua. Ecan | x| >R, TO cpasy acHo, uTo npu
STOM 3Ha4eHHM X psan (4) pacxomurca, BosbMem Teneps nw6oe x, aana
kotoporo |x|<R. Ilo onpeseseHHd TOYHOR rpaHHILL, HEOGXOAMMO
Hafinetca Takoe X, ut0 |x|<|X|<CR; a 370, MO neMMe, CHOBa BJe-
ueT 3a cofo a6CONWTHY0W CXOOUMOCTb pspa (4).

WUrak, 8 oTkpnitoM npomexytke (— R, R) psn (4) aGconwoTHO
cxoautcs ana x >R u x<— R psan 3aBEIOMO pACXOLMTCS,
M JHWb O KOHUAX NPOMEXYTKAa X = —+ R obulero yTeepxaeHns CaenaTb
HE/B37—TaM, CMOTPS MO CJyvalo, MOMET HMETb MECTO H CXOAHMMOCTH;
U PacXOAUMOCTh.

Ilocrasnennas Hamu Bagaya peilieHa.

las raescdozo cmenennczo psda suda (4), ecau moasko on He
Aeasnemcn 8cody pacxodaumumca, «obracms cxobumocmus L nped-
cmasasiem co6oll cnaounotl npomescymok om —R do R, co sxalo-
YeHNeM KOHYOB UAU Hem; NPOMENCYMOK Smom moxcem Obms U Gec-
KoHeunbim. Brympu npomescymra, k momy e, pad cxodumcs
agcoriomHo.

YnoMauyTHH NpOMEXYTOK HA3HBAT NPOMEX YTKOM CXOANMOCTH,
auneno R(OO<TR=<C-}o0)—pannycom cxoaumocTu psga Ecan
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BepHyThcst K rmpumepam 1) (a) — (n) npeammyumero n°, TO, KaK JIErko
BULETh, B Cayuae
@ R=+00; ) ® R=1; () R=¢; (1) R=1.,

4

Ins scrony pacxoasuwerocsa psna nprHuMawt R=—0: ero «oGnacrs
CXONHMOCTH>» CBOAWTCS K O#HOR 10uke x=0.

380. Boipaxenne paavyca CXOAHMOCTH 4epe3 kosddunHenTol. Tenepn
MBI JOKaXeM 060aee TOUHYIO TEOpPeMy, B KOTOPO!H He TOAbKO BHOBL YCTAaHABIM-
BaeTCR CYILECTBOBAHHE pPAajMyca CXOAWMOCTH, HO M ONpeleNAeTCA €ro BelHuHHa
B 3aBUCHMOCTH OT KO3pdPHUHEHTOB camoro pana (4).

Paccmotpum nocneaoBaTebHOCTh:

— P
pr=lal PE=V|a2 [ Pn='i/:lan|7 [XR

QO603HayuM HanW 60Ab I KA Npeaen 9704 NOCAelOBaTeNLHOCTH [KOTOphIA
BCerga cyuiecryer, 42], uepes p, TaK yto
- —r s ——
p=Ilim p,= llm]/'| a, |,
n1—o n— oo
Teopema Komu—Adamapa. Paduyc cxodumocmu pada (4) ecmp geauvuna,
n
00pamnas HaubGoasiiesy npedesy p sapuanmot pp =1/ | a,

(npn srtoM, ecit p=0, To R=-4 ®, ecm p=-4 ®, 10 R=0).

Teopema s9rta, oTKpHTaa Komwu, Guina 3a6uTa; Anamap (J. Hadamard)
BHOBb Haule] €€ H yKa3al BaXMHHE MPHIOKEHHR.

HoxasateabcTBoO. [ cayqaid: p=0. [loxaxewm, uTo B 9TOM cayuae
R=—-, 1. €. YTO npy Mmo6oM X pax (4) a6CONI0 THO CXOAHTCA.
i

Tak Kak 10CAeNOBaTedbHOCTh {}/|a,,|} COCTOHT M3 TNOJOWHTENbHBIX 9Je-

MEIITOB, TO M3 TOro, 4to p==0, clelyer, YTO OHA HMeeT OMpeReNeHHEIA npejen:

Py—
lim a, |=0;
Jim y/Tan]=0;
orciofa Bapnanta Kowu
n np—-
Gu=yTan[-TxP=]x]"9/Taz]~0

npH n— 00, KaKoso 6w HH 6uao x. CaeloBaTedbHo, no npusnaky Ko mu [368),
pAll, COCTaBAeHHBI K3 a6COMIOTHLIX BEIMYMH YIeHOB pana (l), cxoaMTcs, a 3Ha-
yut cam paR () CXORHTCR a6COMIOTHO.

Il cayyaid: p=-}o0. Jlokaxem, uto B 91OM cayyae R=0, T. €&, NpH BCHKOM
x 70 pan (1) pacxoxurea.

Tak xak

— R —
p=Tim 3/ Tan =+,
n—0
TO, OUEBHJIHO, MOXHO HalTH TaKyI0 YaCTHYHYIO I10CJAeN0BATeNbHOCTb {n;}, UrolHl

n
)
lim = o,
o Vo]
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CnegoBatenbHo, npu KawaoM x %0 Halimerca Takoft Homep [, 4YTO ANA BCeX
i > {y OyneT BHIMOAHATLCA HEPaBEHCTBO:

> 1.

n.
a"l.x :

nip— 1
1/_|a,”|>|—x—‘ uan

BumuM, uTO B 3TOM CAyyae He BbINOAHAETCA HEOGXOIHMOE YCHOBHE CXOMH-
MocTH pafa (O6lHMA uileH pafa He CTpemuTcA K Hynio). CnegosatensHo, pax (4)
PacXOMHUTCs.

[ cay4ali: p —xoHeYHOE NOJOWWTeAbHOE YHCHO: O <Cp <<+ o0, Jlokaxcw,

YTO B 9TOM ciayyae R=?, T. € YTO NpPH | x| <C—~ pAx a6COTWOTHO CXO-
14
1
JHTCS, a TpH |x|>7—-pfm pacxoautca. Bosbmem mio6oe x, BAA KOTOPOro

1
| x| <<—. Bui6epeM e > 0 HacTONbKO MaabiM, YTOGH BLINONHANOCH HEPABEHCTBO
14

1
pte’

Mo 3TOMy €, OYEBHAHO, BCErga MOXHO HAHTH Takoe uyHucno N,, UTOGLl 1A BCCX
n> N, 6bn0:

EARS

Py
1/_|a,,|<p+e

Ha OCHOBaHWHM 1-ro cBO® CTBa HauGoabilero npejena noCIefOBaTEIbHOCTH
42]. Orctona caenyer, 4To BapuaHta Kowru

Bu=y/ T | = x|/ Tan]<|x

npu Bcex n >N, (ITo npusnaky Kowmwu, pax, cocraBneHHHH u3 aGCOMIOTHBIX
BeIUYMH 4neHoB psaa (4), CXOMMTCA, a 3HauuT caM pagx (4) cxoaurca a 6c¢ o-
AWTHO.

et <l

1
Bo3bMeMm Tenepb aw6oe x, A1 KOToporo |x|>—, Bubepem ¢ HaCcTORbKO
p

MaabIM, YTo6H 6br10
1
[x|> .
P— £

Mo 2-My cBoiicTBY Banboasuero npefena [42], Krd CKOJAb yrogHo 60/b-
WHX 1 6yAeT BHINOAHATLCA HEPABEHCTBO:

o
Viea[>p—r¢

TaK YTO

p—e)>1

n
Y lanx®| > | x

CaenoBatenpHo, 114 CKOJb YroaHo GOAbIUMX n OOMUH Ynex pana

|apgx®|>1,
H pull (4) PacxoaHTCA.
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381. 3uaxonepeMeHHble pAabl. 3HaKONMepeMEHHBI MM Hasbl-
BAlOTCA PAIB, YJEHH KOTODHIX [MOOUYEPENHO HMEKT TO MOJOKUTENbHBIH,
TO OTPHUUATENBHHHA 3HAKN. 3HAKONEPEMEHHEIR paa yAOoOHee 3aniCHBaTh
Tak, YTOOH 3HaKH UJEHOB ORIJIH BbIABJIEHBI, HAlPUMED

Gt co— b A (= D (@0 ()

ITo OTHOWEHHIO K BHAKOMEPEMEHHBIM DANAaM HMEET MEeCTO CJenyiouias
npocras Teopema.

Teopema Jlelibnuga. Ecan uaenss 3nawonepemennozo psda (7)
MOHOMOHHO YOLEAOM NOo Q6CONOMHNOL BerutUHe:

C,,+|<Cn (”=1! 2, 3, ---) (8)

U cmpeMAmcea K HYaw:
lime, =0,

mo pad cxodumcs.
NoxasaTeabcTro YacTHuHylo cyMMmy ueTHoOro nopsuka Ce,
MOXHO HAaImMCaTh B BHIE:

Com=1(c1— ¢} F(cg— ¢} «.. - (Carm1 — Cam)-

Tak kaxk kaxaas CkoOka, BBULy (8), €CTb MNOJIOKHUTE/NLHOE YHUCAO, TO
oTCloda ACHO, YTO C Bo3pacTanueM m cymMma G, TaK)ke BO3pacTaer.
C apyro# cropous, ecau nepenucath Gy, TaK:

Copt=cr—(ca—6) — .. — (Cams — Cam1) — Capm
TO JIeTKO ycMOTpeTb, 4TO (, OCT3eTcs CBEPXY OrpaHMueHHOH:

C‘2m<cl-

B TakoM cayuae, no TeopeMe O MOHOTOHHOH BapuanTte [34], npu Ges-
TPaHHUHOM BO3DACTAHWH /. uacTHUHaa cymMa Cy, HMMEET KOHEUHBIH
npenen

lingm=C.

n— 00

TMepexonst Kk uacTuuno#f cymMe HeueTHOTr o mopsaka Cyn,y, HMEEM,

oueBHaHO, Cyp 1 == Cap—+ € Tak Kak OOmHMH YJEH CTPEMHTCA K HYJIO,
T0 H

lim C‘Zm—l =C

m-—

Otcrona caepyer, uto C u Gyner CymMmMOH [NaHHOrO pana.



382] . § 3. CXONMMOCTL NMPOM3BOMBHHMX PANOB 303

SAMEUAHNHE, Mb BHIENN, UYTO HACTHUHHE CYMMBl YETHOFO 10O
pagka G, npubauwxaworcs k cymve C paga BospacTas. Hanucas
Cyny B BHIOE

Cma=c1—(ca—cg) — ... —(Copmg— Com_1)
JEFKO YCTAHOBHMTB, YTO CYMMbi HEUETHOrO Mopsiaka crpemarcs K C y 6 -
Basn. TakuMm o6pasom, Bcerma

C‘Zm < C < Cﬂm—lo
B YaCTHOCTH, MOXHO YTBEPXAATb, YTO

0<C<¢y
9TO MO3BONAET NaTh BECbMa MPOCTYI0 W YIZOGHYIO OLEHKY 478
OCTaTKa paccMaTpHBaeMoro psna (KOTOPHIH W cam npeacrasaseT Cobow0
Tako# ke sHakonepeMesHu# psan). WMmeuno, ons

Tam = Cams1 ~— Comya ~F v v»

0 <Hom < Comti

OYECBUIHO, HMEEM:

wao6opor, Aaa

Tom— == — Com - Copet — -.. = —(Copy — Cypyy = ...)

Tem -1 < 0, I Tem-1 I < Come

Taxkum o06pasom, BO BCeX Cydasx ocmamox psada AelibHuye s-
CKO20 muna* uMeem 3HAK CB0€20 NEPBO20 HACHA U MeHbUE €20
no abcoAlOMHOL BeAuyuHe,

DTO 3aME4aHHME uaCTO WCNOJAb3yeTcs NPH NPUOIHKEHHHX BblYHCAC-
HUAX C momowbio psgos [cM. 409]

Oynet:

382. liprmepet. 1) [pocTedmnMn npuvepamMy pagoB 1e R 6HULEBCKOI O
THOA CAYWAT PAAL!

@Y E b~ g
" n=1
V(=1 1

I

] l -1
(6) 2n__l-—l 3-|—5 e (— 1) 2n—1+"'
n=1\
CXoanMOCTh OGOMX BHTEKAET H3 JOKA3aHHOR TeopeMbl.
B 10 e BpeMms PAAbI, COCTaBJAeHHbIE W3 A0CONOTHHX BEIHYMH HX un€HOB,
PACXOAATCA: AXA pAla (a) 3TO GYyLeT rapMOHMYeCKH#t paj, Ana paga xe (6) nony-
YUTCA DAR

ltgtat oo Fgrer + s

* Tak Mbl Ha3pIBaeM 3HAKONEPEMEHHBIH pAR, YIOBIETBODAIOWHNHE YCAOBUAN
Teopemnl JleH6HR A,
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PacXoRMOCTh KOTOPOro ACHa H3 TOro, YTO €ro yacTHyHasa cymMa

n
>3 =1
k—l 2%

TakuM o6pa3oM, B auue pagoB (a) U (6) MBI HMeeM NepBble NPUMEPLl H e-
a6conwTHO cxoaAmuUuxca pagos, |Hmke Mu ysnauM, yTo cymma mep-

M
k‘

TrM=

1

BOr0 M3 HHX €CTb Im 2, a cymMMa BTOpOro paBHa %; 388, 2); 405, 404)].
2) ITo Teopeme JleH6H M LA CXOAATCA PALb

VN N (=
2 w0 Zn-mm’ 243 Rl ninae. >0

n=1 n=2 n=

Ecau 3aMeHHT6 BCE YneHH HX aGCOJIOTHHIMHM BENHYMHAMHM, TO, KaK Mbl 3HACM,
npH s>>1 noayvarca CxofsimlHeca psamsl, a npd s==1 pacxomamueca. Takum
06pa3oM, RCXOAHbIE PALLI NPH § > 1 0KA3LIBAIOTCA A6 CONIO T HO CXONALIUMHUCA,
anpu S<<1—HeabCoONIOTHO CXOASIUMHUCA.

o

xll
B yactHocTH, npo CTeneHHOH paAlx 2 =5 KOTOPbIIt Mbl paccMaTpusaiy B 370

n==1
n 378, Temep, MOXHO CK23aTh, YTO Ha KOHUE X ==— 1 CBOEro NPOMEXYTKA CX0-
JHMOCTH, TIpH § << 1 oH Bce elwme CXOJHTCA, HO HE€a 6CONTHO.
o

3) PacemoTpum pﬂnE 1y sin%, npu mo6ux x #0. Teopema Jle#6-

n=1
HH 2 NPUMEHHUME, €CIH HE€ K ITOMY paAay, TO K €ro AOCTATOYHO JAaneKOMY (HO

: X
HoMepy) oCTaTky. JleHCTBHTENbHO, NPH JHOCTaTOYHO GOALIIOM 7, sin — npw-

o6peTaeT 3HaK X M N0 aGCOMOTHOH BeauyhHe yObiBaeT C BO3PacCTaHHCM n HMrak,
pAl CXOMHUTCA |oyeBMAHO, HeaGcoatoTHO, cM. 367, 8) (B)].

4) Ina TOro uTOGH BLIACHHTb, YTO Tpeéosanue MOHOTOHHOrO YObIBaHUsA
yucen ¢, B Teopeme Jl eHGHMIA OTHIOAb Ha ABAAETCA AWIIHUM, PaCCMOTPHUM
3HaKonepeMeHHsll pAx

1 1 1 1
Vf_l—V§+1+V§—1 1/3+1+"'+1/n—| Vi1

o6wMi yneH KOTOPOro CTpeMHTCA K Hymo. CyMMa 2n ero 4ieHoB paBHa

+ e

nt+1

,;2(1/1?]—1 Vk+1> 2/@_1“211

n GeckoHeuHo BO3pacTaeT BMecTe ¢ n: pam pacxomurcal Herpyawo nposepurs
YTO MOHOTOHHOCTH yGHBaHWA HapyllaeTCA BCAKMI pPa3 NpH Nmepexome oT

ujeHa — ———— K Yaeny

V41 ViFi—1°
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Ans To# ¥e LeNH MOWET CAYXHTL U PAaCXOAAWMHCA pal

(e o)

S5 +)

n=1

B yeMm Y6eUUTHLCA MpPeNoOCTaBAsieM YMTATENO,
5) INocaegunit pax maeT NOBOA K TaKOMY 3ameuanHio. Ecnu ero comocTaBHTb
(o]

(_ I)H—l
- ’
Vn
n=1
o6mux uneHoB crpemurcs K 1. Takum o6pa3om, Teopema 2 n° 366 He mmeeT aHa-
nora B TEOPHH PANOB C UNEHAMH NPOHM3BOABHBIX 3HAKOB.
6) Mcnoas3oBanne B BLIKMAAKAX PACX OAALLK XCA PANOB K AeficTBHN Han

WX 6ECKOHEUHN MU CyMMaMH MOMET NPUBECTH K napajoKcaM. BOT, HAaMpH-
Mep, OIHH H3 HUX:

CO CxoanauiuMcCH pFUIOMZ TO OKa3blBA€TCA, YTO OTHOMUCHHE KX

. 1 I 1
1“2—-1—7+§—T+ .=

1 | 1 1 1
1 1 1 1 1 1
__(I—{—~2-+—§+—4“+...>——(1+‘2—+§+7+ --->=0’
Ecnu 10 We np606p33OBaHHe NPUMEHHTH K CXOnfUleMyCAa DAAY
1 1 1
p=1—§3+§-—5+... (3>0),
TO TOJAYYHM, 4YTO

1
p={l— WD
rae
1 1 1
g=l+m+x+p+ ...
TMpu s <1 (B 3ToM cayuae mocneAHu¥ psR pacxoAmtcs!) CHOBA NPHXOZUM

k napagokcy: p<<0 [cp. 381, samevaune]. [Tpn s> 1 Mbl HMEeM @eN0 ¢ CXOMA-
WHMHKCA PAXAMH, M MONYYaeTCA NPABMIBHBIA pe3yabTar.

383. [IlpeoGpasoBanue AGens. YacTto NPHUXORUTCA HMETh JE10
¢ CyMMaMH NapHMX NpPOM3BEAEHHA Buia

S= Zlalpi =ad+ab4 ... +a,B,. ©)

Bo MHOTHX CAyuasX NpH 3TOM OKa3bIBAa&TCA MOJE3HBIM CJELYIOUIES Sie-
meHTapHoe npeo6pa3losaxue, yxasanHoe AGenaem (N. H. Abel)
BBemeM B DacCMOTPEHHE CyMMbI

Bx=@1: Be=pl+3€h 33=§1+39+?3, veuy
Brn=08+8+ ... +8n
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TOFIIB, Bblpaxag MHOXHTCAH pi Ye€pes 3TH CyMMbl,
plzBl! BQZB‘!_BD §3=BB_B‘D~-'7
pm = Bm - Bm_b
CyMMy S MOXHO Hanncatb B BHIC

8§=a,B; + 05 (Bo — By) 4~ a3 (Bs — By) +... 25 (B, — B ).
Ecan packpwiTh CKOOKH W HMHAye CrpynnupoBaTbh YJEHH, TO U NOJAYYUM
oKoHuYaTe bHyl dopmyay *

S=l2 afi = (0 — a) Bi 4 (0 — ) By+ ...
=
m—1

oo (0 — @) By +24Bn = Z; (4 — ®141) Bi -}~ a,Bp. (10)
=

[Ecaw nepenmcats ee B BuAe
m m—1
Z 0B =apBy — Z (a4 — ;) By,
i=1 i=1
TO CTAaHET SCHO, YTO B3Ta (QOpMyJna A9 KOHEYHBIX CYMM SBJAETCH aHa-
J0roM (OPMY/Abl HMHTETDHPOBAHMA O 4acCTAM AJAS MHTerpa’os: nudde-
penuua 34ech 3aMEHEH PaSHOCTbHIO, & MHTErpan — CyMmot.]
OcHosbiBascb Ha dopmyne (10), BuBedeM Temnepb CAERYIOULYIO OUEHKY
018 CYMM YKa3aHHOTO BHAa:
Jdemma. Ecan mroxmcumearu @, ke so3pacmaim (uiu e yOsgaiom),
a cysmms B; 6ce ozpanuuenst no abcorwmuoll seauiune wucaom L:

1Bi|<<L ({=1,2..., m),

TO
m

|S|= Z af|<<L-(ay|-+2fan .

=

IeticTeurebho, Tak Kak Bce pasnocTu B (10) oaHoro sHaka, TO
m—1
ISI< 2 lai— oyl - Lton|- L=

i=1
=L(o—anlFlan)<La|+2]an]).

HeTpynHo BuZeTb, YTO €CAM MHOXKHTENM &; HE BO3PACTAOT K MNOJO-
MHUTEAbHH, TO OLEHKY MOXHO YNPOCTHUTb:
m
Z @8,
i=1

DTuMU OUEHKaMH Mbl OyIEM HHe He pa3 MoJAb30BaThCA MO Pa3HBIM
nosonaM. CeHuaCc Mpl UX NPUMEHHM K BHBOLY KPHTEDHEB CXONHMOCTH,
6osee OOWMX, YEM YCTaHOBJEHHBIH BelE KpuTepuh JledAOHu L a.

NES <lL-a. (1)

* 1o CyTH Iena, Msl Y¥e [I0Ab30BANHCH MOJOGHBIM NPEOGPA30OBAHHEM NPH
N0KA33aTeAbCTBE BTOPO TeopeMn O CpefkeM 3Hauennu [306)
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384. Npusnakun AGeas u Jupuxye. PaccmoTpum psn:
o0
Za,,b,,:a,bi—kagb,—{—...—}—a,,b,,—{-..., (W)
n=1
rae {a,} n {b,} — 1Be niocnen0BaTEALHOCTH BEWECTBEHHHIX YHCE.
Crenyoumde NpPeanoOKEHU OTHOCHTENbHO Kaw/OH U3 HUX B OTHENb-
HOCTH OGECmeunBaloT CXOAUMOCTh 3TOrO psiaa,
Hpusnarx Abeass. Ecau psad

o0
Dba=b+b+4 ... +b,4... (8)
n=1
cxodumea, a wucra @, o0pasyom MOHOMOHKYIO U O2PARILEHRKY IO
noCAe008aMmenNbHOCIMS

la, | <K (n=1, 2, 3,..),
mo pro (W) cxodumcs.

Mpusnarx Oupuxase. Ecau sacmuyusie cymums pada (B) 6 coso-
Kynnocmu ozpanutiens ¥;

1B, l<M (n=1, 2 3,..),

a wucaa a, o6pasyiom MOHOMOHHYK) NOCAE008AMEASHOCIL, CMPEMSA-
wyes K Ky

lima,=0,
mo pad (W) cxodumcesn.

B ofosx cayuasx [OAA YCTAaHOBJAEHMA cxoguMocTR psaa (W) Mu
npuberseM K nOpuHUHNY cxonumoctH [376]. PaccMoTpuM noaTomy
CyMMy

ntm m
2 akbk = Z an+ibn+i;
k=n-1 f=1
oua umeer Bra (9), ec1m noAOKHTE o;=a,,, B;=0,,,. Tlonuraemca
OUEHUTL STY CYMMY C OOMOUIBIO JIEMMH,

Ilpu npennonoxennax AGens, no samauHomy & >0 Haitaerca

TakoH HoMmep N, uTo npu n > N HepaBeHCTBO

Ibn+l+bn+i +'--+bn+p | <a
OyleT BHMNOJHATLCSA, KakOBO Obl Hu Ob10 p (MPpHUHLHUHN CXOOH-

mocrn). CrenopaTeNsHo, 33 YMCAO L, YIOMHHZBILEECA B JEMME, MOXHO
npuHath ¢ MMeem toraa npu n >N au m=1, 2, 3, ...

n4+m

2 auby

k=n+41
YTO H NOKA3HBAECT CXOOUMOCTH pfda (W)

<e(a,]+2{a,.)<<3K-5

* D10 TpeG0saAHME MmUpPe NPEANOJOWKEHHA O CXxoluMocTH paga (B).
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lMpu npemnonoxennn dupuxae, no samadHomy e >0 HaHzercs
Tako# Homep N, uro npu n_>N Oyner

la, | <le.

Kpome TOro, ouesunHo,

|bn+l+bn+‘l+"'+bn+p|=lBlH-p_BIIIQQM’
¥ MOXHO B Jgemme noaoxurb L=2M. Torna, mpu n >N wu
m==1, 2, 3,...,
n+m
X Z+l apby | << 2M-(|apyr |+ 2]apsnl) < 6M -,
=n

u cxoaumoctb psaa (W) mokasaua.

3ameuauue. [lpusHak A6Gens BeiTeKaeT “3 mnpusHaka [ n-
puxae Beas w3 npemioxenufl. AGens caenyer, uTo @, HMeET
KOHeuHm# npemen a. Ecau nepenucatre psn (W) B Bule CyMMH psgoB

[on] [on]

D (@—a)b,+a 3 b,

n=1 n=1
TO BTOPOH M3 HWX CXOAMTCA MO NPEANOJOKEHHIO, 2 K NEPBOMY NpHMeE-
HUM yxe npu3Hak Jupuxne.

385. Mpumepnl. Ecan a,, MOHOTOHHO Yy6nBas, CTpeMUTCA K Hyiao, a b, =
= (—1)*", 10 ycnoBHa TeopeMbl W pU X a€, OYEBHIHO, BuNoAHeHw. Cieno-
BAaTENbHO, DAL

«©
Z (=N lay=a,—as+a,—..4+(—1)"ta, ...
n=1
cxonurca, Takum ofpasoM, Teopema JleAGHMILa noAyyaercs, KaKk wacTHOE
cleacTBHe TeopeMbl M pux e,
2) Tlpn 7Tex ®e NpPeINONOXEHHAX OTHOCHUTENbHO d,, DPacCMOTPHM  Dsjbl
(x — nwboe):

oo oo
> ag-sinnx, Y] dg- cosnx.
n=1 n=1

Monarans a=0 ¥ h=x B tomuectBax (1) u (2) n° 307, koTopue TaM Guan
YCTAaHOBAEBH MO APYrOMY NOBOAY, Mbl HahieM

n ! 1

o €0S 5 X — €08 (n+7>x

sin ix = s
1 ’ 2sinix

i= 2

n . 1 1
2 sm(n—}-—2‘>x— sin o x
coslx =

f=1 QSiH%x
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B OpPEANONOKEHHH HHWMbL, YTO X He uMmeeT BHAa 2kx (=0, =1, 2 ..).
TaknM o6pa3oM, €Cl1H TOMbKO X 7~ 2km, ofe CyMMH NpH JII060M i 10 aGCOAOT-

HOA BENHuHHE OrpaHUyEHBI YHCI0A!

<1
sin &
IMo npuanaky Aupuxiae, ofa pafa CXOZATCA NpPH mM060M 3HAYEHUH X,
OTMHYHOM OT 2kRm, BUpOueM, MNepBblfi PANL CXOMMTCA M OpM x = 2k=, u6o BCe
yieHpl ero o6pawmawnrca B 0, '
B yacrHocTn, nanpnMep, CXORATCA PANB

[eo]

Y sinnx i (1434 o) S5

n=1 =1
3) Boabluoit MHTEpPEC NPENCTaBAAIOT PALL BHAA

©

n=1

rie {@,} — npon3BOAbHAA NOCIENOBATENLHOCTb BEIECTHEHHBIX YHCEN, OHW HOCAT
Ha3Bawue pados dupuxae.

Dns HUX MOMET ObiTh. AOKA3aHA NEMMa, HMEIOULaA CXONCTBO ¢ JeMMol n® 379,
OTHOCAILENCA K CTENEHHHRM DAKAM: :

Ecau psd (12) cxodumcs npu HeKOomoOpoMm 3HA4eHuu x =X, mo OH €X0-
oumes npu BCAKOM X > X.

d10 cpasy cnemyer M3 Teopemmt A Gean, TaK Kak npu x> X pap (12)
NOAYYaeTCR W3 CXonAulerocs paga

YMHOXEHHEM €ro 4YTeHOB Ha MOHOTOHHO bemanoume NOJNOXHUTENAbHRE MHOXH-

TenH - (n=1,23,..).

—, M <BCIOLY

(=]
1 1
Cywectsywor paust (12) <Bciogy CXORAwmuecs», BPoae 22—” S
1

[}
2’!
pacxojawmueca», spoie Z—ITX—,ECJIH HCKMOYHTE STH CayyaH, TO C IOMOiLbIO
1

UPHBENCHHOR /NE€MMbl M€K0 YCTAHOBHTb CYUIECTBOBRHHE N OTrPaHHUUYHOMN
a6cuuccy CXOAMMOCTH A, TakoH, uro pax (J12) cxomuTcA NpH X>h H
[eo]

1
pacxoantea npu x <<h. Hanpumep, mna pana Zn_" oyeByIHo, A=1, a naa
I

o«

— )yt
paja 2 (—nx)— nyeeM A =0, Ecan yronwo, IAA <BCIOJY CXOZAMEroca» pana

i
MOMHO CYMTaThb A==—00, a Q1A <BCIOLY PaCXORAUAErOCA>» MOAOMHTH A == -} 0O,
UgTartens NErKO YCMOTPHUT CXONCTBO CO CTENEHHHMHM PALaMH: B OGOMX Cly-
4anx ¢06JaCTb CXOAWMOCTH> INPEACTABIACT COGOA CNAOIMHOHN NPOMEXYTOK.
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Ho ecth ¥ cywecTBenHoe OTAHuMe: 064aCTh a6CO NI THOH CXORMMOCTH 31€Ch
MOXCT He COBMajaTh ¢ 061aCTbi0 CXOAMMOCTH BooOuie. Tak, yKasaHHHIR TONbKO
fe]

— )1
YTO pAA 2% CXOIHTCR RAA X > 0, a a6COAKWTHO CXOAHTCA IHUb
l

IR x> 1
4) CouocraBum ¢ panoM Anpuxae (12) pan
< I
nla,
Z‘x(x+1)-...-(x+n)' 1
oy /

NpH TeX We 3HAYEHHAX KoddduumeHTOB a,. [lpu 9ToM, ecTecTBenHo, Gynem
CYUTATL X OTAMuHbIM OoT 0, —1, —2, ... ¥ 7. A '

C 3THM OrpaHHyeHvieM MMEET MeCTO TaKO€ MNpEeNO¥eHHe, NMpPHHALAeXaulee
Nannay .(E. Landau): paow (12) u (13) cxooamea npu o00nux u mex oxe
BHAYEHURX X.

Pan (13) noayuaerca u3 psapa Aupuxne (12) nyrem ymHOXeHus ero
YeHOB, COOTBETCTBEHHO, HA MHOXHTENH:

nin* )
x{(x+1)-...-(x+n)
flpn 10CTAaTOMHO 6OMLIUMX 3HAYEHHAX 72 STH MHOXHTENH NpPHOSPETAT onpeae-
neHupi#t 3HaK. KKpome TOro, HauMHas C HEKOTODOro Me€CTd, OHH H3MEHAWTCA yKe

MOHOTOHHO.
JlefiCTBHTENbHO, OTHOLIEHHE (2 4 1)-ro MHOXHTENA K n-My OYyNET TaKOBO;

(n+1)'[—"nil.)x—(l+i>x+l

(n=1,2, 3,...). (14)

n
x+n+1 x+1°
I+ =
Ho [125, 4)]
Ivr+t £+, (x+Dx 1
(15 = e o ()

H, aHaNOI'HYHO,

1 x+1 (x4 1) 1
=li— + +ol—=]),
1+x;l*-l n n? (n)
oTKyla
1\x+1
(1+7> ,
_ (x+ )x )|
2w M +°(7F)'
I+

W3 pocaennett gopmyian ssctsyer, yto npu (x 4+ 1) x >0 ynomanyroe otHomc-
HHC B KOHLE KOHLOB CTAHOBHUTCA GOJAbLIHM eRMHMUB, 2 NMPH (¥ + 1) x <<0—
MCHBUINM €NHHHLbL

[ns TOro uTOGR YCTAHOBUTh OrpaHHUEHHOCTh MHOxuTenreh (14), Mw co-
{JEMCH HAa TO, uYTO [KaKk 9To Oyner [OKasaHo xuwke, B n° 402, 10)] ana Buipa-
wenns (14) npu n— oo cywectByeT Kowneunstfi npegen Taxum o6pasom,
no npusHaky A 6ens, cxonumocts pama (l12) Baever 3a CcOOOH CXo@uMOCTDH
puaa (13).
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Tak kak Ha3BaHHWA npefea (Kak Mbl yBHIOHM) BCerga orauued ot 0, To
NONOOHBIE 3aKIIOYEHHA NPHMEHHMbI K MHOMNHUTENAM, OODPATHBLIM NO OTHOLIEHHIO
¥ (14). B TakoM cayuae, mno TOH ke Teopeme, ¥ CXoaAMOcTb papa (l3) Baeuer
3a cobolt cxomumoctb pada (12). Dtum gokasano sce,

5) MonoGHoro xe poja B3aUMHOCTbL MOXKeT ObITh {cranosneua MEXJY mose-

JeHneM TaK HasmBaeMoro pfds Jam6epma (J, H. Lambert)
2 n
x
Yot (15)
n=!
u crenensoro pana [379]
[oo]
D) Gn™, (16)
n=1

C TeMH e KodpduuuewtaMn g, (3HaueHHA X = * |, KOHEUHO, HCKIOYAIOTCA).
Toynee roBops:
Ecau pso

3 aa (A)

cxodumes, mo pad JJambepma (15) cxodumes npu scex 3HAYEHUAX X;
8 NPOMUBHOM Hce CAy4Ge OH cX00Umcesl KaAx pa3 Oad mex 3Havenuil x, 0as
xkomopui.x cxodumest cmenennott pad (16). (K uon (K. Knopp).]

(a) Mycrs cuavana pan (A) pacXxomUTCH,  TAK YTO PaaAMyC CXOOMMOCTH
pana (A) Gyner R=<1. Mokaxewm, uro &aa | x | << 1 nosenenue pagos (15)u (16)
OIHHAKOBO.

Ecru cxonutca pag (15), TO CXOAMTCA W paAf, MNONYYEHHBI YMHOKEHHEM
ero uneHos Ha x" ¥, a caegosatensuo, u pag (16), KOTOpH# ABAAETCA PA3HOCTBIO
o6oHx psxoB (364, 4°):

0 o
— xh x"
a,x" = 8y ——— B ——— - x|
Z " 2[ Pl—xr P T —x
=1 R==l

MMycre Tenepsb cxoautca pax (16); rorma, no npusHaky AGens cxoautcs
PAN, NOJNYUEHHHWH YMHOXEHHEM €ro YJIeHOB Ha MOHOTOHHO YONBAIOUIME MHOXH-

Teqd ——— =
[

[22]

1 [s)
n
X
pX" - ————=, PaBHO KaK H Qi ——=
b 272 » 1— x®a°
n=1

n

o0}
¢ Ecau Kako#-1460 PAR, CKaKeM, X b, cXoouTCA, TO 3TO BHAUMT, YTO CTC-

[oed

nexHoft pan 2 byx™ cxommrcs npw x=1, a Torga, no aesme n° 379,
T

3TOT PNl 32BEIOMO CXOA¥TCA npy M06oM x, Ana Kotoporo | x|<Cl. Drum 3a-

MCUYAHHEM Mbl eule ABaMAN éynem {101b308aTbCA B PACCYKACHHH, NMPOBOAHMOM
B TEKCTE,
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CrnenoBateabno, cxoautca M pag (15), KOTOpH NPEACTABARET CYyMMy STHX
pamos (364, 4°]:

(o o] o0

X" 1 X
= no___ LN -
2 I T—x7 = [a,,x 1 — x27 +anx 1 —x2m|*

n=1 n=1

Has | x|>1 pan (16) 3asenoMo pacXOLMTCA; MH JTBEDWKIaeM, YTO MpH
9TOM 3HaYeHHH X pacxoautca u pal (15). JeACTBUTesbHO, B MPOTHBHOM Cayuae,
H3 CXORHMOCTH psla

o n (o o]

X
EG"I—x":*:“Ea"' T\»
n=1 A=l 1—(;)

oo
A \
n=1 X X
BONpEKH NMPEANONOKEHUIO.
(6) Ecau pap (A) cxogurca (TaKk uwto R==1), 10 Ana |x| <1 pag (16)

CXOINTCA, M CXOZUMOCTb pAfa (15) ycranaBamBaerca Kak M Bblwe, Ocraerca
noxa3sarb, 4TO pad (15) cxomurea w npu | x| > 1,

ins

Heicteureabro, TOraa |%‘ <l w pan
o (i)"
S\ X
an 1\n?
| 1—({—
n=Il (x)
KaK YMOMAHYTO, CXONHTCH, CI1eR0BATENbHRO, CXOXMTCA | pax [364, 4°|:
[ ) 1 [=3) (L)"
N\ xn N X
R P e | K
X n=1

i

n=1 n= ~

6) B 3axmovende, B KauyecTse MPHUMEPA HEIOCPEACTBEHHOr0 NPUMEHCHIA
npeoGpa3osaunsa A Ge aa (10), npuseleM TOXIECTBO

e 0
E ax" =(1 —x) E Apxh,

n=1\ n=l

Ay=a,4a,+...4a, (n=0,1,2..

riue
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Mp sToM |x| npeanonaraerci He TOMbKO MeHbIUE Daiuyca CXOAUMOCTH R
nepeoro pAxa, HO H MeHble |
B caMoM Jene, nMeeM:

n--1
2 api= Y, Aj(et— x4 Axn,

ie=0

OrTciona NpH 72— CO ¥ noayvaercst TpeGyeMoe paBeHCTBO, €CIH TOAbKO YCTaHo-
BHTb eule, 4T0 A,x" — 0. C 3TON UeAbI0 BO3bMEM UMCIO I MON YCHOBUSAMH

|x|<r<R, r#£1.
Tornala,lr‘<L(11nﬂt._0 1, )u

At =L (1 S ) e = () e

l—r\ r

TMocaenHce e BLIPAXCHUE NPU CAENAHHBIX TPEANONOKEHUAX, OUEBHUAHO, CTpeC-
murca K 0.

§ 4. CroiicTBa cxoxAmHXCA PALOB

386. CoueraTensnoe cBOHCTBO. IlonaTe cymmel GecKOHEUHOro
pAla CYWECTBEHHO OT/AMY3ETCH OT TOHATHA CYMMBl KOHEUHOro uucaa
caaraeMmx (paccMaTpuBaeMoro B apudMeTHke U aare6Gpe) Tem, uTO
BKJKOUaeT B ce6q npeneabub i mepexon XoTS HEKOTODHE CBOH-
cTBa OOEIUHHIX CYMM TIEPEHOCATCS M Ha CYMMBl OECKOHEYHHIX ps10B,
HO uYaule BCEro JHWb NPH BHIMOJHEHHH OMPENENEHHbIX YCJOBHH, KOTO-
pble M TOMAEeNaT Hu3yueHHio. B wHbHX ke cayuasX TNpHBHUYHBIE HaM
CBOMCTBA CyMM pa3uTeJbHEM 06pa3oM HapyualoTcd, Tak uTo, BooOOGuue,
B 3TOM BOTPOCE HadJexHT cOOMOAATb OCTOPOXHOCTb.

PaccMoTpnM cxoasuuics paa

Moy =a4a ... Fa, ... A)

n=1

u craveMm OGBEOMHATH €ro uieHs NPOU3BOJBHBIM 06pa3oM B T[DYNMmbl,
He MeHfisi NP STOM UX DACHOJOMEHHS:

ay+...Fany, anqp1-oo o ang, ..
AR
3nech {n;} ecTb HEKOTOpad, M3BJEUEHHAd M3 HATYPaJbHOrO pAma, 4a-

CTUYHas BO3PACTAIOMIAs NOC]EIOBATENBHOCTD HOMEPOB,
Teopema. PR, cOCmadaeHHb] U3 SMUX CYMM:

@+t an) + @i ) o
A @y 1t @) b )

8ce20a cXO0UMCA U UMeem my He Cy MY, HMmo U UCXOOHsE pso.
Wubimu  caopamu: cxodauyuica pad obaadaem covemamensHolm
cgofcmeon.,
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[JeHcTBUTENBHO, MOCAEAOBATENLHOCTD YAaCTHUHBIX CYMM HOBOTO pfaa
Agiis Ape..
€CTb HE YTO HMHOE, KaK YaCTMYHaf MOCIEA0BAaTENbHOCTD

Buis B evos Angy ..

cymM Hcxoaworo psana. 3tum [40] n nokasmBaeTcs Halle yTBEpXOEHHE.

Mb  BHANM — NMOKa — MOJIHYIO 3HAJNOTHIO C OOBIUHBIMH CYMMamu; HO
3TA AHAJOrWA HAPYINAETCS, €CAM MBl NONKLITAEMCS NPHUMEHATb COYETATEJlb-
HOe CBOHCTBO, TaK cKa3aTb, B OOpaTtwomM nopsake. Ecim padw cxoasa-
wubca pag (A), uleHH KOTOPOrO KAKIMA B OTIEALHOCTH NpPed-
CTasnaoT cO60# CTyMMy KOHWEUHOrO 4YMC/I3 CJAAraemulX, TO, ONYCTHS
CKOOKH, MH MOJyurM HOBHH paa (A), KOTOPBIA MOXET OKasarbCi H
pacxoaamwuMcs.

Bot npocrsie TOMy npUMED bl PALK

=Dt —1)+—1)F...=0404+04...=

l—(l—D—(1—1)—...=1—0—0—.,.=1,

OYEBHAHO, CXORATCH, MEXAY TEM KaK NOJYYEHHHH H3 HHX ONyCKaHHem
CcKOOOK pAA

T—141l—l41—1-4...

OyaeT pacxoasummkmcs,

Koueuno, ecau—onycmug CroOKu — MbL NOAYLUM € X 00 R-
wuiica pad (A), mo ezo cymnua Gydem ma e, wmo u y pada (A).
370 BHTEKAET M3 AAHHOTO BHILIE.

[lpt HEKOTOpBIX YCJOBHAX MOXHO Hamepel rapaHTUpOBaTh, YTO
pan (A) Oyaer cxoauTees. IlpocTeHuinm Caydaem STOro poja ABASETCA
TOT, KOrAa BCE€ CAnaraeMue B (A) BHYTP® OAHKX # TEX Xe
Ck0GOK OyayT OLHOro 3Haka*

[letictBuTEIbHO, TOrA3 RPH HW3MEHEHHWW 1 OT M,y 10 N, waCTHuHas
cymMma A, Gyaer W3MEHATbCA MOHOTOHHO, CJIELOBATE]bHO, OYAET cogep-
warbCs MeX1y A,  =A, u A, =A, Ilpn pocrarouno 6Goas-
UIOM £ 3TH NOCJAEAHNE CYMMB nponsaonbﬂo Mano DasHATCA OT CyMMsl A
pana (A), CIEIOBATENBLHO, TO KE CNPABENJHEO H OTHOCHTENBHO CyMMB A,
npu I0CTaroudo Goabwom r, Tak uto A, — A

DtuM  3ameuaHnem Mel  He pa3  OyaeM noJab30BaThCc B HOCJE-
LYIOUIEM.

* JTOT 3HAK OT OAUNX CKOOOK K APYTIM MOXET MEHATbCA.
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PaccmorpuM ¥ cefiyac rakoft

(— DEVm)
Tpumep, YCTaHoBUTb CEOAHMMOCTb pAZa 2 —

n=1
3nech cyayana MAYT 3 OTPHUATENbHLIX YAeHA, 33 HUMH D NOJONHTESbHBIX
1 1. A Econ o6bheAnRHTb KaXAylo TaKylo IPynuy YJeHOB ONHOTO 3HAKa B OLMH
YneH, TO MNONYYHTCA 3HAKONEpPEMEHHHNI pAl

[><]
! | 1
R Y. e . — [
e =i b W
R
Jlerko yCTarOBUTH HEPABEHCTBO
& PR
2 1 1 1 1 2

k+1<F+k’+ i+ "'+k2+k+ et E+17—1 <%

1
T:
]
+k Bk

2
TO BCA CyMMa, JeCTBHTenbHO, 6yleT MeBblue, uem = Or1coma 3akaouaew,
uto ujenpt paaa (1) 6YAyT CTPeMHTBCA K HYA©O, MOHOTOHHO Y6biBasd no a6comot-
nofi Benuunue, Torza, no teopeme Je#6nuua, pan (1) cxoaures, cjenoBa-
TeAbHO, B CHNY CHENaHHOTO BbIlle 33MEYAaHHA, CXOAMTCA M NPEANOKEHHBI pAf.

HanpHMep, TaK KAaK. CYMMa DNepBEIX R CJaraeMblX MeHblUE, YeM k'f'

a cymma nocrenHux (k- 1) cnaraemmx MeHbuwe, yeMm (kR4 1) Py

387. IlepemecTATenbHOe CBOHCTBO A6CONIOTHO CXOAAMMUXCH PAAOS.
Ilycte nan cxopswmics psa (A), umerowntt cymmy A. Ilepectasus B HeM
YJEHb! NPOU3BOJbHBIM O00pa3oM, Mbl MOJYYHM HOBH H DAL

> ar=a;-tag+...}ar+4... (A)
A=

Kaxam#t useH @z 9TOro psna OTOKIECTBISETCA C ONDENEJEHHBIM uJje-
HOM @, HCXOAHOTO psaa™.

Bosnukaer Bonpoc, cxoaurca Jan psx (A') m—B cayuae cxoau-
MOCTH — OyA€T M ero cymma pasHa cymme A wucxoaHoro psaga. [Ipa
PacCMOTPEHNHH STOTO BOMPOCA HaM NMPUMAETC NPOBECTH PE3KOE Dasanune
Mexay a6COJICTHO # HEA6COAIOTHO CXOIAMMMHCR PSIAMH,

Teopema. Ecau pad (A) abcoawomuno cxodumea, mo paod (A'),
NOAYHEHHBI U3 HE20 nEPeCMAHOBKOLL H4A€HOS§, maKte cxodumca u
useem my e cymmy A, 4mo u ucxodwmii pad. Wwelmu criosamu:
abcoromro cxodaumuilca pad ofaadaem nepeMeCMUMENBHHM
CEOUCMBOM.

HoxasaTtenbcrbo. (a) [lpoBenemM N0Ka3aTenbCcTBO B ABA MpHEMA.
Ilpeanonoxum cHauana, wro pad (A) — MOAOKHTEbHEH.

* [Ipruem nocnesoBaTenbHOCTL HOMEPOB {7} 6e3 NPONYCKOB H NOBTGpEHUI
BOCUPOM3BOAMT — € TOYHOCTbIO A0 DOPAAKA — HATYpaJbHHH pal,
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PaccMOTDHM  NDOM3BOJBHYIO  HacTHuHYW cymMmy Ax pama  (A')
Tak xak
Ay =Qp;, Q==0Qpy ..., Qp=2Qqy,

10, B398 7' GOJMbIUIMM BCEX HOMEDOB My, Mg, ..., My, OuYeBHAHO, Oynem
uMeTb Ap << Ay, a CAeAOBaTeJbHO, H NOJAABHO

Ap <A
B takoM cayuae (A') Oymer cxoaswiuMcs [365] u ero cymma A He
npes3ofner A:
A= A
Ho u psn (A) m3 (A') noayvaercs nepecTaHOBKOH UY/EHOB, NMOSTOMY

aHaJor HUHO:
A= A.

ConocraBass MOJydeHHHlE COOTHOLIEHHS, NpHAEM K TpeOyemMOMy paBeH-
eBy: A= A.

(6) Mycts Teneps (A) Oyaetr npousBOAbHBIA aBCOMOTHO CXOASUIMA-
e psa.

Tak Kak CXOAMUMACA NOJNOMHUTENbH W H DAL

Z‘lanl=la1[+la‘il+"'+lanl—l_""’ (A%)

no NOKasaHHOMY, NpH JMOGOH mNepecTaHoBKE UJEHOB OCTAHETC CXOAA-
uiMcs, To no teopeme n° 877 coxpaHUT npH 3TOM CBOKW (aBCOMOTHYIO)
cxoanmocts ¥ pan (A).

Hanee, Ml Bunenw B 377, uto, B cayvae aGCONWTHOMN CXoaM-
mMoCcTH paga (A), €ero CyMMa BHIPAXaeTCs TaK:

A=pP—Q,
roe P u Q CyTb CyMMbl MOJOXHUTENbHHX DALOB
o]
Z Pr P)
k=1
"
o]
D G ®)
m=1

COCTABMCHHBIX, COOTBETCTBEHHO, H3 TOJONUTENbHBX W aBCOMOTHHX
BEJAMUYNH OTPULATEJbHBIX uJeHOB psaxa (A).

IepectaHoBka yjeHoB B psge (A) BH30BET nNEPECTaHOBKY UJEHOB W
B 3THX DPsAA3X, HO HE OTPA3UTCA (NO NOKA3aHHOMY) Ha HX Cymmax P u Q.
Caenosarenbto, 0 cymma paga (A) ocrawerca npexnefl, 4. u Tp. I

388. Cayuait neaGcontoTHo cxogsmuxca panor. OOpatumcs Teneps
K pPaccMOTpeHHi0 Hea6COJNI0THO CXOMAWMXCA PAAOB H YCTaHOBHM,
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YTO OHIt NepeMeCmUMeArsHHM CBOUCMBOM He 004a0aom. B KaKAOM
T4KOM Dfl€ Haffexamel MepecTaHOBKOH UYJEHOB MOXHO M3MEHHTb €ro
CyMMy WJH Jaxe BOBCE HADYLIMTb CXOZHUMOCTb.

[lpennonoxum, uro psgx (A) cxomurcs, HO Heab6CONIOTHO.
W3 cxomumoctu crepyet, uto lima,=0 [364, 5°]. Yro ke kacaercs
pazos (P) u (Q), O KOTOpHX M YNOMUHAaAH B NpeamaymeM n° To,
XOT#l, OYEBUIHO,

lim p,=0 n lim ¢,=0, 2)

k-0 m-—oo

HO B JIaHHOM cJlyyae OHM 06 a pacxomsTcs.
JleHcTBHTENIBHO, HMEIOT MECTO DaBEHCTBA

A, =P, —Qm A:=Pk+er 3

€can R W m O3HAYAIOT YNUCIO NONOXKHMTEJABHEIX M OTPHUATENBHBIX uJje-
HOB B COCTaBe mepBblX n uienos paga (A). ITomuepkHeM, uto H3 Tpex
HOMEPOB 71, R, m ONMH MOMET GLITh B3AT NPOW3BOABHO, a APYyrHe NBa
no uemy monbupawrcs. Ma cxomumoctu omuoro us psmos (P) mam (Q),
BBHAY NEPBOrO M3 paBeHCTB (3), BHTEKNa 6H € HeoOXOOHMOCTBIO W
CXONHMMOCTb ADPYroro, a CXOAMMOCTb OGOMX, BBUAY BTOPOrO M3 3THX
paBEHCTB, uMena Obl CJEACTBMEM CXOOMMOCTh psana (A*)— Bonpexn
NPenNnoN0OKEeHHIO]

[lokamem Tenepp creayouwyio 3aMeuaTeIbHYI0 TEOPEMY, NpHHALIe-
xamywo Pumany:

Teopema Pumana. Ecan pad (A) neabcoawmuo cxodumes,
mo Kaxoe Os nu 837Me wnaneped 4ucao B (KoHednoe uau pas-
Hoe —£200), MOJCHO maK nepecmasums 4aenb 8 SMOM pAde, AMOOCH
npeolpasosanntiil pad usea cgoed cymmot umenro B.

JoxasaTEabcTBO. OCTaHOBUMCS Ha cayyae KOHEUHOro B,
3aMmeTuM, Npemae BCEro, YTO M3 DAcCXONMMOCTH pALOB P) n Q)
B cuny 364, 1° BHITCKaeT, YTO M BCe HX OCTATKHU TaKike Gynyr
pacXonfuMMUCA, TaK 4YTO B KaxJIOM H3 STHX pAO0OB, HauyHHasn
C 1060ro MecTa, MOKHO Habparh CTOJBKO HJEHOB, 4TOGH! cymMma
npes3omwaa nw6oe yucao.

Hoxbsysich 5TiM 3ameuaHHeM, Mbl CAeLylomnM 06DasoM npOM3BEXEM
NEPECTaHOBKY uY/eHOB pana (A).

CHauaza BO3BMEM CTONBKO MONOMKHTENbHE X UICHOB HAINEro
pfma (B TOM NODAAKE, B KAKOM OHH B HEM pAaciONOXeHH), YTOGb HX
CyMMa npes3ollia yucio B

Prtpat-oo - pe, > B

Benen 3a HMMM BHINMIIEM OTPULMATENbHHE YJEHB (8 TOM T110-
PALKE, B KaKOM OHI pacmoONONeHsl B MAaHHOM pAJE), B398 WX CTO/BKO,
uTO6H O6mas cyMma CTana MeHblle 5:

PA'“I‘Pa'“l‘---"l‘l’h—'91—%—---—‘9m;<3-
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TMocne sTOoro cHosa noMecTdM NOANOMHUTENbHHE uleHW (M3 yuCIa
OCTaBUINXCR) TaK, YTOOH OHJIO

PP — @ — o = Gy Pt P > B

3arem HabepeM CTOMBKO OTPHUATENbHH X 4A€HOB (M3 YUCAA OCTAB-
wuxca), uro6ul 610

Pt Py — g — o= Gy Pt
---+pkz'—qm1+l—"'—qmz<3

A 1. o [lpouecc 3TOT MBI MBICIMM NPOAO/KEHHHM 10 GECKOHEUHOCTH;
OYEBHAHO, Kaxabi#t 4ien psna (A), M NMPUTOM CO CBOHM 3HAKOM, BCTpe-
TUTCA H3 ONMPENEJEHHOM MECTE.

Ecnu Bcakutt pas, BHNUCHIBAS UJEHEl p B/ ¢, HabupaTh UX He Go.buwe,
YeM HEOOXOAMMO AAS OCYIIECTBICHUA TPeOyeMOro HepaBeHCTB3, TO YKAO-
HEHHe OT uyucaa B B Ty WAH APYrylo CTOpPOHY He npessoiner mo a6co-
JOTHOW Be/JMYMHE TMOCIEAHErO HAMHCAHHOrO wiena. Torma u3 (2) acwo,
Y10 pAA

Gt ) — @ )
---+(pk:_1+l+---+pﬁ1)—(qm1-i+'+"'—q’"t)+"'

mmeer csoed cymvoh B. B cuay sameuamna n°386, s10 ocrawercs sep-
HHM H NOCJE PAaCKPHTHA CKOGOK.

Ecnu B=--00, TO, B3MB NOCJEIOBATEILHOCTb BO3PACTAIOLIMX MO
OGECKOHEUHOCTH uucean B; MOMHO OuJI0 Onl HabOD MONOMHTETBHMX YHCEN
NOAYHHUTL TPeOOBaHHIO, UYTOOM CYMMH IIOCJENOBATE/NbHO CTaHOBHJHCH
Gombwe By, By, By ¥ T. A, a H3 OTPHUATENbHHX WJIEHOB [IOMELIATH
JUlb IO OAHOMY MOCAE KaXAOR IpYNIH NONOMMHTeNbHsIX. Takum nyrew,
OUEBHMAHO, COCTABUJICA Obl PAR, UMEIOIHA CyMMY —- 00. AHANIOTMUHO MOXKIIO
MOYUHTL M PAX C CyMMofft — 00 ¥,

YcranoBaeHHHA  pe3yabTaT NOAYEPKHBAET TOT (AKT, UTO Healbco-
NOTHAA CXOLMUMOCT OCYWIECTBJRETCA JHWDL 6]arofapd B3aHMHOMY
NOraweHNn!0o NONOWHUTEAbHHX W OTPHUATEAbHWX uJe-
HOB, U NOTOMY CYWECTBEHHO 3aBUCHT OT NOPANKA, B KOTOPOM OHH CJe-
AyIOT OOMH 33 JIPYruM, MEXLy TeM, Kak abCO/JTHAR CXOLUMOCTH
OCHOBaHa Ha OwICTpOTE YOHBAHHUS 3THX WICHOB — M OT MOPAAKA HX He
BaBHCHT.

Mpumepun. 1) Paccmorpum 3aBejoMo Hea6CconAOTHO CXoAAulHii-
ca pan:
1 1 1 1 1
=gty g teta—i—mt 0
S— S— S~
¥ Unrtateab aerko Co06pasuT, Kak Pa3MecTUTb YICHbL NAHHONO PANA, YTOBLI

YaCTHYHAR CYMM3 UPCOGPA3OBAHHOrO PANA MMCNd B KAYECT8E HAMMEHbUI € O
M Haubonbwero mnpeacios ABA HAMEPEA 3akaHunix yucaa B u C>C,
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CyMMa KOTOPOTO, KakK Jerko noxasarb |cM. 2)|, ectb In2. [TepemMecTHM ero unenn
TaK, YTOOH NOCAE OJHOIO NMONOXHTENbHOrO CIENOBAAH JBa OTPHLATENbHEIX:

1 I
\—g—gts s st-ta—TrTm— et ©
~— ~— ~——

Mbl yTBepWjaeMm, 4YTO0 CyMMa pHAAa OT TAKOro nepeMemeHHsn
YyMEHbBWHTCA BABOE.

B camom nese, ecan oéoaﬁaumb 4acTHYHBE CYMMH 9THX ABYX DPAJOB, COOT-
BeTCTBEHHO, 4epe3 A u A,

m m
= 3 (=)= 3 (ke )
sm ZL%—I 4R—2 4k dk—2 4k
= k=1
I e 1 1
Z(Zk—l 275)=7A’”"
E=1
TaK HTO Aémﬁéln 2. Tak kax
s . 1 1
Agn 1 =Agpt i M Ay _9=44m 1+ ;77—

4m 4m—2

1
CTPEMHTCR K TOMY M€ npeneny ) In2, To pap (5) cXoidTca H HAMeeT CyMMOoRl

HMEHHO 5TO MHCJO.
2) Bonee O6WMA Pe3ynbTAT MOWHO NOTYUHTb, €CAH MCXOAMTH H3 (POPMYIAl
LA YAaCTHYHONH cyMmbl 7, rapmonuveckoro paga (367 (4)]

Ham b o =02+ €,
rae C ecTo SAepoOBa NOCTOAHHAR, & 1, — Geckoneuno Manasn, Orciona,
npewie BCero, HMeeM
RIS IS I DR IV DA
st gt et =glh=glint 5 +7jm,
1 | I
1+§+--~+2k——HI:‘—7Hk—-1"2+—1"k+ C+ Yo — 5 T

Pacnonoxuu Tenepb uneHst pAna (4) B TakON NopaiKe: CHavana MmoMECTUM p
NONOWHTENLHHX H g OTPHUATENbHBIX, TOTOM CHOBA p TOBOKHMTEIbHMX H ¢ OTpH~
uaTeNbHLX H T. A 4 TOro utoGbl ONpeReauTh CyMMy psaia

)
J+F+...+im—§-~—...——zl+w+.f.

1 1
7 bt eey RSN O

HaMm yno0Hee 06heaHRUTb NOCNeNOBATeNbHbIE [PYMMbl H3 p Uau g uneHoB, UacThus
Hdsl CYMMa Ay, NONYYEHHOIO TAKHM NyTeM psAla paBHA

Asn=In (2 1/1';) 4a,  {(az—0)
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u crpemutca X npepeay In <2 V%), K TOMY Xe npejeny CTPEMHTCA M

cyMMa A,,_,. Hakoreu, B cuay sameyanus n° 386, u pan (6) Oyner HMeTh cym-

MoH STO e uHcao In <2 V—% .

B yactuoctd, mns pana (4) monyyaerca In2(p=g==1), ama paga (5), KaK
u Bl %1112 (p=1, g =2). Auanoruuso;

HT o

3aMeTHM, YTO eCM UHCIEHHOCTH NOCIEROBATEAbHLIX FPYNI MNOAOMHTENLIEIX
¥ OTPULATEJbHLIX YNEHOB CIie HM3MEHNTb OT IPYMANB K rpynne, TO JerKO 3aKOH
9TOFO M3MeHeHWs MoAo6paTh Tak, 4TOOW AAR NPeo6pPalOBAHHOrO psafa KeHCTBH-
TeAbHO MONYYHTb 106 Y 10 Hanepen 3afasnyio cyMmy. IlpenocTtasasem uurateno
Y6eRUThCa B STOM.

389. YmHoweHue psanoB. O NMOUNEHHOM CIOXEHHH (MJAX BHIYHTAHHH)
IBYX CXORSUMMXCS PAAOB, PABHO KaK O IMOY/JEHHOM YMHOXEHAM CXOmf-
WErocs psna Ha NOCTOSAHHHHA MHOXHTENb — yxe Onaa peus B 364, 3°n 4°.
Temepr Mu 3a#veMcs BONPOCOM O6 YMHOMEHHH DSLOB,

Ilycth AaHm ABa CXOZAWXCA PAZa:

©

A= N a=atat. ot ®)

I

n

B= Zlbn,:b,—{—bg—}—...—{—bm—{—... B)

Toapaxas MpaBH/y YMHOXEHHMA KOHEUHHX CYMM, DacCMOTDHM H 3aech
BCEBOSMOXKHBIE [aPHbLIE NPOUSBENCHHS UJEHOB 3THX DPANOB: QB U3 HUX
€OCTaBHTC OECKOHEYHaR MPAMOYrOJbHAas MaTpuua:

ab, ab, ab, ... ab, ...
ab, a6y ayhy ... aby ...
ab, a,b, ab, ... ab, ... @)

a,b, a,b, ab, ... ab, ...
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DT NpOu3BENEHAS MOXHO MHOrUMH Cnoco6aM#  pacnonaraTe B BUIE
npocCTOH nocsaegosarenbuocTu Hanpumep, mMoxkio BuinuCHBaThL
IIPOM3BEAEHAR MO AMArOHANAM HAM N0 KBAAPATaM

Lab, a,b an/ ab, \ab, |ab, | ..

a(b b aa 2 ab, ab,|ab, | .-

ab/ZzbJ ajb/. ab; a,b, ab,| ..
e

4TO, COOTBETCTBEHIHO, MPUBOANT K MOC/ACAOBATEAbHOCTAM:

aby;  aby, @by aybs, agby, aby ... (8
uau

a by ayby by, aghy;  a\by, by, azby, aybe, ashy ... 9)

CocraaeHHpH M3 mOAOGHOW NMOCAENOBATENbHOCTH P AL HA3HBIETCH
npouszgedennen paiosd (A) u (B).

Teopema Komu. Fcau oba paoa (A) n (B) cxodameca aGco-
A MHO, Mo ux npoussedenue, cocmasdiennoe u3 npoudsedenuil (7),
83MbLX 8 41000 M NOPAOKE, MAKIHCE CXOOUMCS 1l uAMeem C8oeil ¢y M-
MOil npouzgedenre cymum AB.

Hoxasarteascreo. Ilo npeanonoxeqnto, PALB

Zl‘an\:lall+laﬁl+"'+lan|+"' (A%
. =

D bnl =116l A= 100] - .. 8"

m=1

CXOMATCA, T. € MMEIOT KOHEUHHE CymMbl, ckaxeMm, A* u B¥.
Pacnonoxus npousseaeHus (7) npOH3BO/bIBIM 05Da3os B BHAE MO-
Ce10BATEABHOCTH, COCTABUM U3 HHX DAL

fes)
Z a; by =a; by, -+ aigbk’—{—...—{—alsb,,s—{—... (10

s=1

Yrofr 10Ka3aTh CXOAMMOCTh COOTBETCTBYIOULETO pfAa M3 abCOMOTHRIX
BEJUYHH:

Z ‘aixbks|=|allbkx [+ algbkzl +--~+1aisbks!+---’ (1

s=2|
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paccMOTPUM €ro S-10 YacTHUHYIO CYMMY; ecnu uepes v 0003HauuTbh Hau-
6onbiund B3 3HAUKOB Iy, Ky, iy, Roy ..., Iy Rg TO, OUEBUAHO,

la; by, |l by, |+l b < (o] +la]+... :
et la Do+l . 10 )< A% B
Orcona [365] Bhrexkaer cxoaumocts psana (11), crenosarensho, u a6 ¢ o-
noTRag cxoaumocte paga (10).
OcraeTca onpeneantb ero cyMmy. Mu Bnpase npuaars unedam psaa (10)
Gonee ynoGHOe 08 3TOrO PACnOJOXKEHHe, HOO pAl BTOT, Kak a6 o-
JI0THO cxoasuwulics, ofaagaer nepemecTuTenbHsM cBoHcTBOM [387]

PasmecTuB oTH ujeHbi NoO KBaapaTaM, kak B (9), Mpl 06peannuM
nocne1oBatTeNbHbIe FPYNNs, KOTOPHE OTAMYAI0T OAWH KBAaAPAaT OT ApPyroro

arby + (a,bg -} aghy -+ agby)
A (@1l - aaby +- @by azbe - asb) -... (12)
Ecau uepes A, u B, Kak 0O6buyHO, 0603HAYNTD UYACTHUHHE CYMMDI
psaos (A) n (B), To ang pana (12) wacTuunble CyMMbl OyayT
AB,, ABy, AsBy ooy ApBi
oIl CTPEMATCA K npousseseHuio AB, kotopee, Takum o06pasoM, aBJeTCA
HE TOJIBKO cymmo# psina (13), wo u psga (10).

[Tpu (aKTHUECKOM YMHOMEHHM pAJOB HaWl€ BCErO0 MPeACTaBAAETCS
vIOGHBIM pasvelwlath npousseaequss (7) mo auaroHansam, kxak g (8)
00GBINHO UYJEHB!, JENAULHE HA OJHOHW NHAroHa u, Npu 5TOM OOBLEAUHAOTCS:

AB=a,b, + (arby - aaby) - (@105 + aabs + a3by) +-. ... (13)

B stom umeuno Buae Kourw BnepBMe W NPEenCTABUN NPOM3BEAEHHE

aByx pamoB, Tak, HanmuCaHHeil pAA Mbl Bnpeab OyaeM Ha3eBalb 7PoOl3-

gedenner proos (A) u (B) 8 tpopme Kouw n.
[Tycrb, Hanpumep, NEPEMHOXAIOTCS RBa CTEMEeHHH X pala

<«
S e =a,Faxtax . a4
0

n=

o0
D) bpx " =by - byx - byx® - A bpx™ -
m=0

[npHueM x B39TO BHYTPU COOTBETCTBYIOUIMX MPOMEXYTKOB CXOdu-
moctH, 379]. Torma, xax HeTpyaHO co00pa3nTh, YKA3aHHHH npueM
OTBEYAET NIPUBEAEHHIO MONOGHLIX YJIEHOB B MPOM3BEIEHUU:

o0 o0
D apxte D) bpx" =
m=0

n=20
=ayb, - (.01 @10y) x - (aybs - @105 - a3by) x4 ..
Takum o6pasoM, npousseleHUe [ABYX CTENEHHBIX pAAoB B (OpMe
Kown Henocpedcmeenno npeacTassiseTcs B BHIE CTENERHOIO XK€ psaa.
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390. Mpumepsl. Bo Bcex npuMepax, KpoMe nociaedHEro, Npou3selenua pALos
6epyrca 8 ¢popse Ko u.
1) Momuowus pan

ix;—_Zx":l dxt i xt (xi<D)
0

Ha CaMoro ce6s, TakMM MyTEM NOAYUHM:
j ~1 3 —1
T—x¢ nxtl=142x43x*+ . F x4
1
2) YMHOWeHHe psipos:

lx_- (=rxt=1l—x+x*—. (=D x4

o
m 2 3 m
Py G T — A T (14
1
(roe | x| <<1) BacT Tako# pesyabTaT:

y (— DF1 Hyt = x— (14 +) %0 ..
2

- B (R PR FLE

Huxe mur ysuaum [403), uto cymma paja (14) ectb In(l - x), TaK 40 00-
In(1+x)

T14x

ClenHee PA3noxeHHe ApelcTaBadeT PyHKUHUIO
3) MponsBecTd BO3BefeHNE B KBAADAT:

2
e $ coati)

p=l
(z — mo6oe).
Ykasauue, Bocnorb3oBarhCa 3neMeHTapHO fAoxaseiBaemod dopmynofi:

Z (CM)‘3 = C2v ( l)" .

20l
Omsem. 1+ 2(—1) 22,'30,.

v=|

4) Toxpectso [cM, 383, 6))

@
2 A,,x"= 1
n=0

o]

—l—x Z 0"

n=0
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Hiau

[oo] o
2 " = (1 — x) 2 Apxh
n=0 n=40

(rne A,—=a,+a,+...44a,)

AErKO AOKA3HBAETCH ITYTEM JIOYAEHHOIO YMHOMXEHHA,
[Tpu 3TOM, €can B npomexyTke (— R, R) (0 << R==1) cxonuTCq OMUH M3 ABYX
PAAOB, OTCIOAA yWe CACAYeT CXOAHMOCTL B TOM e NDOMENYTKe H Jpyroro psaia.
5) Nokasats TownecTBo (a > O):

1 ] 1.3 «x* 3 X2 —
(E+7 a+2+2 dagFa ) (H' x4 +"‘>—
a1 (0+1)(a+3)
[‘+a+2 +(a+2>(a+4> ]
6) Kax mb 3naem yxe |378, 1) (a)], pan

0

Em_]+n+21+3v+ T

)

+

nl

a6CONITHO CXONHTCA MNPH BCCX 3HAUYCHHAX X
uepes E (x).

33MEHHB 31CCh X HA y, MOAYYHM aH3ROTHuHBIA pal ¢ cymmost E (y). flpoua-
BejichHe o6oMx psgoB B ¢opme Ko uru Hueer oﬁuum YIeH:

05603HaUMM  €ro  CYMMY

yn 1 x? V" kR

'nl+1l (n——])l+21 (n—2)l+ +kl (n— k)l+

1 - ! w_ (x+y)°
— kyn-k — R kyn-k —
1—2 RANo—ry =7 mzcn"y e
k=0 k=0

Taxum o6pasoM, A1a HEMIBECTHOR wHam noka ¢ynkumnr E (x) noayuaerca

COOTHOWICHHE
Ex)-E(ny=E(x+y

— 0py MO6HIX BEWCCTBERHMX X W y, BrocaeacTBuH 370 1aCT HAM BO3IMOXHOCTh
YCTAHOBHTB, uTO E(x) ecTb noka3ateabnan g yuxuna [439, 3); cp. 75,1°).
7) C nomowblo npusHaka Jamsam6Gepa nerko HOKa3aTh, YTO PAAb

x2 .X‘ nxin
C(A)—E( (Zn)l i st AT S Gl Vil vy SRR

_ x&m-1
S(x):Z(— e

X x* L X
=s—gty 0T gy

26CON0THO CXONATCA ODH BCEX 3HAUCHMAX X, [JyTeM YMHOMEHHA DALOB
MONHO JI0Ka3aTb COOTHOILEHHA
Cx+y=Cx)-C(y»~Sx)-SW),
S+y=S8wx)-C)+Cx) SV
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Tak xax na nexe S(x) n C(x) ectb He uTO WHOe, Kak sinx M cos.x [404)
TO Mbl y3HACM 3]1eCb H3IBECTHLIE TEOPEMbl CAOMENHA NIA ITHX hyHKUHH.
8) PaccmorTpuM, HAKUHEL, NOJOKUTEARHHH PSA

v !
tw =2,
1

KOTOpBH cxomuTcn aas x > [ [365, 2)] 1 npencrasaser dyuxudio L Pu mana.
Boiyrcans, ¢ moMowbio yMHOMCHHA PAAOB, ee KBaapar.
BCeBO3IMOMHbIE NPOH3BCAEHHSA

1 1 1

E mE T (nem)*

Ha 3TOT pA3 Mbl PA3MECTHM Tax, 4TOGH YAeHBl C ONHHUM H TeM Ke YHCI0M
k=n.m B 3raMcHaTese CTOAAH PANOM, 4 3aTem — oGbheunHuM Hx. Kaxmiowy R
GymeT OTBeuaThb CTOTHKO (PABHLIX MEXAy CO80f) YneHOB, CKOAbKO AeaunTencii n
HMeer yucno B, 1. e. t (k). Mrak, oxoHuaTeMbHO,

= (k)

Leor= Y Z2.

k=1

391. O6man Teopema H3 TEOpWUHM MpedenoB. [As YODOUIEHHA H3TOWEHHA
B Gamkafiiuem n° ¥ B NOCAENYIOUIEM Mbl YCTAHOBHM 3[€Cb OLHY TCOPEMY H3 TCO-
PHH TPCACNOS, NAIOWYI IUHPOKOE 06OGUIEHHE H3BECTHbIX TeopeM Kolwu
WIroasua [33l. 3ra rtcopema npuxamacwkur Tenmanny (O. Téplitz). Mnt
AOKA¥eM Ce B aBa mpuema,

l. fipednonroncum, umo kospduguenmss fpn (1 <<m=<n) 6Geckoneuroil
<IMPey2OAbHOLY MAmpuLv

tll

(13)

y008.2emBopsom 08YM yCAOBILAM: .
(a) Daemenmut, cimoaugue 8 10600 cmoabiye, cmpeMAmMCst K HYA0:

tim—0 npu n—co (m fuxcuposano),

(6) Cymmol afcoaomusix Beautun IneMennios, Cinofiyux 8 2060l cmpokKe,
O2paHuHens 8ce OOHOI NOCMOAHKOL:

[tay | H{tnel oo | < K (K== const).

Toz0a, ecau sapuanma x, — 0, Mo 3mo e cnpasedAUBO U OMHOCUMEAbHO
8apuanmel:
Xp=t 0 gyt 10
€OCMAagAeHKOM U3 3Ha4eHull UCXOOHOH 8apUARMY € NOMOWLLI0 KOIPPuyuenmos
mampugu (15).
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Hoxasateavctso. [To e >0 Haitgerca Takoe m, yTo APH 1> m Gymer:
£
[ xp| << 57(; s STHX n HMeeM, ncrmoabdysa (6):

|0 | <|fwixi + oA Eamtn |+ 50

Tak xkax m 3;ech yme MOCTOAHHO, TO — BBHAY (a) — cymecTByer Ttakoe N ==m,
€

uro mpu n>N M neppoe cparaeMoe cnpaBa OymeT << 5

CAel0BATEABHO,

|x’n\<e, NTO W Tp. I.

. fyemo Kosppuguenmot t,m, Kpose ycaosuii (a) u (6), ydosaemsopsiom
ewe yc.a08u10:

(®) Tp=tay+ i+ ...+ 2y~ 1 npu n— co*
To20a, ecau sapuanma x, — a (@ — KOHEYHO), MO MAKHCE L

Xp=tnXyFtaXo o lypxy—a.

HDoxaaaTensCTBoO Bhlpaxenne 1is X, OUEBHIHO, MOXHO Nepeny-
carb Tak:

Xp=tnp (e, —a)Ftp(o—a) ... F il (xp—a)+ Ty a
[Mpusenan reopemy | k Bapuante x,—a—0 u omupasch Ha (B), HCAOCPCI-

CTBCHHO NPHXOIMM K TPe6ycMOMY 3aKTIOUEHHIO.
1°. Teopema Ko wn {33] orciona noayyaercs, ecan noAGKUTHL

ty=tlp=...=ly=—,

Brimonnenne ycnosuit (a), (6), (B) oueBuaHo.

OGpatnumces k teopeme Ul Toabua [33), coxpanas mpexuue oGo3nave-
mud, Wrak, nyctb umeem 1BC BADHAHTHl X, H y,, U3 KOTOPHIX BTOPAsn CTPEMHTCH
MOHOTOHHO K - co. [Ipeamonowus, uTo BapHaHTa

Xp—Xp_,
e — Y
(n=1,2 3, ...; xg=yg=0)

(I
H NpHMENHM K He#t Teopemy I, moaaras t,,,,,:"”’—y’”". Brimoauenuc ycino-

n
Biit (2), (6), (B) acrko nposepsercs. Torka nOAyyuM, uTO BapHaHTa
n
X Xy — Xy
J:E[nm—m m-l_, g,
Yn - Ym— Ym-1

4. M Tp. I

lpuBeseM pal APYrux noxesusix cneacteuit Tcopemsl Ten amu a.

3°. Tlycms Oanvi 08¢ 8apuanmot X,— 0 u y, — 0, npuyesm smopas u3 HUX
y0osremsopsem yca08i0:

il 1l iyl <K (r=1,23 ...; K= const),
Toe0a u sapuanma
2y =X Yn+ XeYng e+ X0y, — 0.

* B npumenenusx obviyno T, = 1.
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Ipoctoe npumenene teopemsl | npu £,n = yo_myr
4°. Ecau 8apuanma X, — a, a sapuasma y, — b, mo eapuanma

xlyn+x2yu—l +~--|-Xn)’1 — ab.

Z2, =
n n

Mycte cHavana a=0 W Tpe6yerca 0Ka3aThb, yT0 2z, — 0. 310 mpoCcTO BbHITE-
Yn
w e
TaM Ha y,, JCIKO NPOBEPAETCA C YYeToM TOro, yTo 3feCb Yy, OrpaHHyeno:
Iyn | <K

O6pawascy K ofuieMy cryyalo, nepenuuieM z, B BHAE

KaeT H3 CHejpCTBHA 3", €CAY 3aMEHHTL B HeEM y, Ha yCﬂOBHE, HATOWEHHOE

znz(xx“*a)Yn+(xs—a),Vn-l+--‘+(Xn—a))’1 _|_a_y: + Yyt Y .

n n

Mepsoe cnaraemoe cnpasBa crpemutca K 0, 10 TOABKO YTO LOKazaHHOMYy, Bro-
poe ke cnaraemoe CTPEMMICA K @b, HGO MHOMHTENb TPH @ MMeeT npepesoM b
no teopeme Koww (1°).

5° Ecau x,—a, mo u*

, _l-xo—{—C;'xl—{—Ci-xa—{— v RChex,

xn on a.

[Mpusennen Teopemy lI, monaran
m
—,C"'
tnm - 21| .

m
Tak xak Cl << n™ n gg_.o [32, 9)], T0 ycaoBHe (a) BwTOJHEHO. Buinoanenue

yeaosu# (6) u (B) BHITEKAaeT HENOCPEACTBEHHO H3 TOroO, HTO

n
m __

> cr=on

m=0
6°. Ecau xp,—a u z2=const (z>0), mo u
. 1-x°+C:lz“-xx—}—C,9;zg-xg—}—...+CZz"~X,l
"= T+
JT10 — npocToe ofoGuleHHe MOPeRbIAYUlero YTBep¥AeHHA, H [OKa3bBaeTca OHO

aHatornuno, MoxHO KOIPPHUMEHTH DACMOJOWHUTL M B O6DATHOM MOpslke, Tak
Y10 H

X

—da

n I F2)" *

”_z"-xa-{-C}lz”“-xl—}—Ciz""-x._,—{—...-{-l-x,,

392, JansHefimme Teopembl 00 YMHOWeHHH papoB. Kak ykasan Mep-
Tenc (F, Mertens), peaynsTar Kowu MoxeT OuiTbh pacnpocTpaHed Ha Gosec
obuui cayua#.

* [KOHEYHO, HECYULECTBEHHLM MABAAETCA TO, UTO HYMEPALHIO 3HaueHuit Ba-
pHaHTH MH Hauduaenm ¢ 0 Bmecto 1,
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Tecpema Mepmesca. Ecau psdw (A) u (B) cxodsmes, npudem xontb
00 un u3z Hux cxo0umca a 6¢ 0 210 mA O, Mo pazaoxcenue (13) umeem mecmo.

HdoxasaTeabcrbo, [lycts, ckaxenm, pan (A) CXOLUTCA aGCONOTHO, T, €.
cxouuten pait (A%),

OO6beunnsa uners Ha n-f AHaroHasu, MOJOWKHM

cp=1abp + by, +...+a,_,b,+ apb,

Ca=eid et .ot cp
TaK uTO HYXHO LOKa3aTk, uto C, — AB.
[Tpexae Bcero, HETPYAHO BHIETb, YTO

Ch=0,B,+aBy (+...+a, By +a,B,. (16

Ecaw  nonownte B,=B—f, (e oc1aTtok By—0 npn m—co), TO
cyuma C, nepenuuercs Tax:

Ca==ApB —p the \z=af, + o+ ...+ a5 By + a8
Tak kak A, — A, TO BeCb BONPOC CBORHICA K LOKE3ATEALCIBY COOTHOWEHHS:
Iimy, =0,
A 9T0 yTBepxkAcHHe cpa3y cnenyer k3 3°, 391 (npu x, =8, u y,=a,),

CCan yuccTb, yTO
lay |+ 1| 4. an | < A%,

rae A¥ — cyMMa CXOAAWCrocs, MO NPCANONOXENUlo, paia (A*),
B Buae npnmepa npuMmeHeHHs Teopembl, Bepuemca k 3amaue 4) n° 390. ¥Yno-
MAHYTOe TaM paBEHCTBO, KAK Mbl DBHIHM TENepb HMeeT MeCTO M Ha KoHue
«Q

-
X= & R NpOMeXyTKa CXOMMMOCTH PAAa Z‘Ia,,x”, ecan R<<1 m pang Ha sTOM
[

Konue BooGLie CXONHTCA (XOTA 6bl M Hea6CO0A10THO),

3amerum, uTo ecam 6n 06a paga (A) m (B) CXOAMAHCH NHIB
HeaGCONITHO, TO Y€ HeAb3% 6600 6B PYYaTbCA 3a CXOAH-
MocTb pana (13). Ina npumepa nonpo6yem yMHOXHTbL Psill

iﬂlzl_ ! +__I__ ._*_(_l)nﬂ_l_.._i_
= Vo V2 Vi Vi '
H(EK Mbl 3HaeMm, 382, 2| cxomswmiica Hea6conwTHO| ma camoro cebs.
3TOM Cayuae
1 1
c =—l”_‘( —— = — Ve
P 1. Va +V2-Vn—l+
1 )
oot VT V=it +“.+Vﬂ'l ;

I '
TaK KaK Kamaoe claraeMoe B CKoBkax Goiblue w10 lepai>1 (apn n> 1) n

oo

pPAn Z ¢, pacxooutcn |364, 5°].
1

OnHaxo ecaut aHaNOrMYBO NOCTYOHTb € TaKkKe HeaGCOATHO CXOLA-
wuMea {382, 1)) panowm
o0

me= MO Ll el

n
n=]
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TO OKaweTtca, MTo
a0 [Pt pm e T T T =
= (et )

3gech, Npu BoO3pacTaumnm n, |c,| cTpemmtes K 0, MOHOTOHHO y6biBas, TaK 4TO
N oo
)

[no Teopeme Jlei6Huna, 381] pan ch BCe e OyHeT CXORAUWHMMCA

|
KakoBa %e ero cymuma, 6yfeT nu ona pasna (In2)*? Ha stor sonpoc orseuaet
Teopema Abean. Jluus moavko 0as 08yx cxodsuyuxca paoos (A) u (B)
u ux npoussedesue, e3amoe 8 gopse K o wu, oxa3vsaemcs cxodauumcs,
mo e20 cymma C xeobxodumo pasva A-B.
JoxasaTeabcTBo Coxpanaa NpexHue o6o3HaueHna, n3 (14) aerxo
noayvaes:

Ci,+Co+...+Cr=AB,+ ABu_+ ...+ A8,
Pasfeaum 3TO PAaBCHCTBO MOWICHHO Ha n M nepeigeM K Mpeleay mpH n— .

Tax kax C,—C, 10 no teopcme Komu |33 cu. Tawke 391, 1°} v cpeance
apudmeTnyeckoe

Ci+Cot...+Cy

n

—C.

C apyroft ctopons, B cHay 391, 4° (echu MOAOKNMTL TaM X = Ap, Yn= Ba),
AxBn + Aanv—x +... + AnBL

n

— AB.

Otcwna C==A-B, u. u 1p. 1.

§ 6. IlosTopHble U ABOWHbIE PANBI

393. MoeTopHbie pAAbI.
uncen

ITycrp 3anano  GeCKOHEUHOE  MHOXECTBO

Wo1=1,23 ...; k=123, ..),

3aEMCAWIMX OT LBY X HAaTYypanbHLIX 3uauxoB. [IpexcrasaM cebe nx pac-
NOJMIOXEHHLIMH B bBHAE GECKOHEWHOH MPAMOYTOJNLHOM Marpuubl:

a

b (D h

aa, a4 ...0 .
@ (9 @
a, M TN A
@ @ @) 3) 1
a)’ a; a)...a... D
(&Y (R} _(R) *)
a e ar...a; ...

Taxkoro poaa Marpuua

HOCHT

MATpUUB C ABYMA BXOAAMU

Hazsanue OECKOHEYHOR npaAMOYyTO/bHOH
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Tenepn 0CTaHOBMMCH Ha OZHOM MNOHATUH, CBA3AHHOM C PacCMOTpe-
HHeM Marpul Buaa (1) — NOHATHW NOBTOPHOTO pAda.

Ecau B Geckoneuwo# npAMOYroJbHOM MaTpile NPOCYMMHPOBATh
KaXAYyl0 CTPOKY OTHE/bHO, TO MB NOJyuuM OECKOHEYHYI0 NOCAen0Ba-
TEJBHOCTL PHROOB BHAA

S
Sal. )
=
ITpocymmuponar Temepb 3Ty NOC/AENOBATENLHOCTL BTOPUYHO, Oydem
UMETH

a”. 3)
1

M8
iMe

!

ITonyueHust CUMBOM W HOCMT Ha3saHde MOBTODPHOTrO psana Ecau
BdMEHMTb CTPOKH CTOAOIAMH, T. € €CHd CYMMHDPOBATL YJeHbl Haweg
GeckoneuHOR  MaTpUUB MO €TOAGLEM, TO Mbl IIOJyyAM BTOPOH MOBTOP-
HBIR pajn

a®, )

flosmopunii pad (3) Hasbaemces ¢ X 00 KW UMC R, ecad, 8o-Nep-
8bLx, cxodamca 8ce pads no cmpomuc @) (ux cysumn, coomsem-
cmgenro, o6o3nauun wepes A% )) u, go-emopblx, cxodumca prd

Z A(k)

k=1

e20 cymma u Oydem cysmmoli nogmopHozo pada (3). Jlerko mepedipa-
3MpOBaTh BCE 3TO W aJs psaa (4).

DnemeuTsl  Marpuust (1) MOMHO MHOTHUMH CnocoGamu MPeACTaBHTH
B BuAe OOBIKHOBEHHOH MOC/EJOBATEIbHOCTH

Wy, Ugy vuvy Hpy wes )

M MO HCW COCTaBUTb MPOCTOR pal

S, ®)

el

[O6 sToM wmB yxe roBopuam B CBS3W € 4acTHOro Ttuna marpuuel (7)
n°389]. OO6patho, ecnu umeeM OOBIKHOBEHHYID NOCAELOBATEABHOCTb (3),
TO pasbus BCe €e uMeHB (He CYMTasCh C HX PACMONONKeHHeM) Ha OecKo-
HEYHOE MHOXECTBO OECKOHEYHWX FpYNN, MOXHO €e NpeiacTaBHTb MHO-
raMd - cmocofamu B Buje MaTpuubel ¢ Asyms Bxomamu (1), ¥ no sto#
Marpuue cocrasuTe nNOBTOPHHH psan (3). EcrectseHHo Bcraer sonpoc
0 cBA3n Mexay pagaMu (6) u (3), COCTOAWMMH U3 OAHHX H TeX Xe
Y/IEHOB,
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Teopema 1. Ecau psad (6) cxodumes abcoromuo K cysmne U,
mo, Kax Ob €20 uAeHpr Hu pacnoaoxcums 8 sude mampuysi (1), cxo-
Jumcs u nosmoprud psaod (3), npusesn umeem my ogice cymmy..

JoxazaTEabcTBO. Pan

0
2l (6%)
r=1

10 MPEANONOKCHHIO, CXOMHUTCH; 0603Haunm ero cymmy uepes U™
Toraa, npexae Bcero, npu MobbX n W &,

n

Z ‘azk) ’ =< U¥,

i

0
OTKyZa CHCAYeT CXOMMMOCTh pala 3, ’ a{"'| [366], a anaunr u cxonu-
i—1

mocts pana ) @l [377) (npu ooy ).
i<

Hanee, nna moGoro uucaa e >0 uaiigerca Taxkoe ry, 4TO

©
> olnl<s Y]
r=rg+1
CJEAOBATE/AbHO, H NMOAABHO

fee) I:o
> :( U— > u | < ®)
r=rg+1 r=1\
Yneuwt uy, uq ..., 4, pana (6) comepxarcda B NEPEBHIX 7 CTPOKaxX

W nepBbX m CTOAGMAX Marpuusl (1), ecam n W m LOCTaTOMHO BEJHKH,
CKaWeM, npu #_>mny W m _>m, Torla AN yKasaHHHMX n W m BHpa-
HeHne

n m ro
3 S S
k=1i=1 r=1

NPENCTABASET CyMMy TPYINbl 4J€HOB /&, ¢ HOMepamH, OOabuMH 7,
u seuny (7) no abcomorHol meanunue < e. Tlepexoas K npeneny npu
m— oo, noiyunm (aas # > n,)

’

n |
Z AW i 11,' ¢,

k=1 r=1

TaK YyTo —B CBsA3d ¢ (8) —

n

Z A(k)_ U‘<25,
k=1

OTKYJa CJeAyeT CXOAMMOCTb NOBTOPHOrO pafa (3), H umeHHo K cymMe UL
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3aMruaHuE - Hexoropsie crpokn Martpuupt (1) MOTYT €OCTOATH
H U3 KOHEYHOTO YWCJa 4JEHOB; JIETKO pacnpOCTPaHHTb pesyabTaT M Ha
3TOT Cayuai.

Ecau scnomuuts, uto B 386 M pasbusand ujeHs [POCTOrO psaaa
JUWb HAa KOHEYHH € TPYNne, HE HAPYyWasa NPH 3TOM HX pac-
NOJOXEeHNa, TO CTaHeT ACHO, UTO Teopema 1 OpMyaHpyeT = HaJEKO
uaymee pacrnpoCTpaHeHHe (COBMECTHO) COMETaTEeNbHOrO W II€PEMECTHTE/b-
HOro CeOHCTRa alCOJIOTHO CXOIAUIErocs paia.

OGpaTuad TeopeMa MMEET MECTO JMIUb NPH YCHJIEHHH NPENnoJone-
HHA O NOBTODHOM psiae.

Teopema 2. I[Tycmp dan nosmopueii pad (3). Ecan no samexe
€20 HACHO8 UX QGCORIOMHBLMU BEAULUHAMU NOAYHAEMCA CXO0AUUICH
psd, mo cxodumcs ne moasio pad (3), Ho u npocmoi pad (6), co-
cmosuull n3 mex oie 4aeHcs, Hmo u psad (3), pPACHOACHCEHHBLX
8 21000M nopsdKe, U npumom — K Mol e CyMMe.

JloKA3BATEABCTBO. Ho npeuronomenmo paa

ZLIaI

k=1i=|

cxomutcd; nyctb A* —ero cymma. Ilpu mobuix n v m, uveem

ina <A )

k=1i=1
BosbMeM Teneph mMpPOH3BOJBHYI0O 4acTHUHy0 cymMy pana (6%)
UF =y |+ ug| 4.+ |, |.
Tlpu nmocraTouHo GOAbLIMX £ W M, WIEHH 1fy, Uy, ..., H, Oyayr comep-
HaTbCa B NEPBBIX 7 CTPOKAX U NepBuiX s CcToabiuax Marpuust (1)
Toraa u3 (9) caenyer, uto
UF < A*

U psn (6%) cxomurcs, 1. e. pan (6) cxoautcs aGCcOAOTUO.

Ocraercs npumenntb teopeMmy 1.

Tak xak, OueBMAHO, BCe CKa3aHHOE O NOBTOpHOM psge (3) crmpasen-
AMBO M OJ5 NMOBTOPHOrO pana (4), 10 KaK CAeICTBUE M3 OOKa3aHHHIX
TEOpeM NOJyvaeTcs CJefyioulee BaKHOE INPeANoKeHue, KOTOPOE uacTo
OniBaeT nosesHo *,

Teopema 3. llycme dana mampuya (1). Ecan no 3amere HAeHO8
pada (3) ux a6COAMHBLMIL 6eANMUHAMU NOAyYQemcs Ccxodsuuiics
paod, mo cxodamca oba nosmopuux pada (3), (4) u umenm my e

CYyMMy:
L al®,

i=1h=l

/8
J8

k=11

* B rHeMmeukoM nureparype STO fIPeRAOKCUHC HOCHT Ha3BaHHE «grosser
Umordnungssatzs,
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394, Neoitmeie pansi. C 6eckoHeuHoH npsMoyroasHOR matpuie (1)
CBA33HO M NOHATHE ABOHHOro psaaa Tak nHA3HIBAETCA CUMBOI

a'4-ah4-ah ... ah 4-...
+ oo H-al 4. H-aP 4.

~Faf e alf - alh

i

ad™ (10)

sk}

x

=1

OrpanHuuBWNCYL NepBHIMM 72 CTOAGUAMM M NEpBBIMM /1 CTPOKAMH,
PaCCMOTDHUM KOHEUHYIO CYMMY
{=m, k=n X
(&)
ap= % o
1, k=1
Ha3LIBAEMYI0 YaCTHUYHOHN CyMMOH janHoro amsoHuoro psma. Crauem
YBEJMUMBATb uHCAA M W 11 OJAHOBPEMEHHO, HO HE3aBUCHMO IPYr OT NpYra,
ycrpemasa ux K OeckoueunocTtd, [ipedea (kowneUnwili usn Geckonedruil)
. {
A= lim A
m—o0
n—co
Ha3usam cy u Mol 080lnoz0 pada, 1 NAWYT
< h
A= Y af".
i k=1
Ecaupad (10) useem womedwny 0 cy sy, €20 HAILLEAOM € X 0-
ORUUMCSA, & NPOMUBHOM HE CAYHQE —DPACX 00N U U MC A,
Bepnemca ans upmmepa Kk matpuue (7) nNpEeAHAYWEro naparpada,
C O0OmiHM YJIEHOM
h
¢l Y —a,b,
B aTOM cayuae uacTHuHas CymMma, Ou€BMIHO, PABHa (€CAW COXPaHHTh
npexuue 0603HaueHus)

(n)
Cm =AmBm
TaK YTO ABOHHOW pAA, COOTBETCTBYIOUIMH ymOMSIHYTOM MaTtpuue, BCerpa
CXOHTCS W HUMEEeT Cymmy *
C=lim A,B,= AB.

m—» 0
n— o

* Takuu o6pasom, ecait NPOM3BEAEHHE ABYX CXOMAULMXCA MPOCTHX pAIOB
NPERCTABMTL B BHIe NBOHHOT O DPAlA, TO CYMMOil mocmennero scerga 6ymer
npoxsBenenne AB; TPYRHOCTh Gbidd B QOKA33TEIbCTBC TOr0 XKE 110 OTHOMWEHHIO
K 1POU3BENEHHMIO DANOB, HPEACTABNEIHOMY MNPOCTLIM PARUM.
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Ha npotinmie pagm serxo mepexectn Teopemsl |364, 3° n 4°] o6
YMHOXEHHY UWIEHOB CXONAWIErocs PAdd Ha INOCTOAHHOE YUCAO0 M O No-
YNEHHOM CAOXKEHWH MM BLIYUTAHWW [BYX CXOAAUIWXCA PANOB; NpEno-
CTaBASEM CHENaTb 3TO YHTATEIO,

Touno Taxk ke 443 CXOAMMOCTH JBOHHOTO paga HeoOxoaumMo
crpemaenne K 0 o0mero vaeHa:

lim a{” =0
i— o0
k—co
[cp. 364, 5°]. D10 cpasy BuAHO u3 OpPMYJH
A= A — A, — AP AR

Ecrectpenno conocraBute nBoHHOH pag (10) ¢ nOBTOpHBIMA
panamu (3) u (4), paccmoTpennbimu Bhiwe. Tak Kak

n m

A Z { Z a}k]},
Aol =t

TO, NMEPEXONs 34eCh NPU (PHKCHPOBAHHOM 7 K npeseny TNpH  #1— OO
(B MpeanonOMEHHH, UTO Psiabl MO CTPOKAM CXOAATCK), MONYUHM

n
. k)
lim A(,;,')= AW
Teneps ACHO, YTO CyMMa NOBTOPHOro psiaa (3) €CTh He uTO HHOE, Kak
NOBTOpPHBLA npeaen
lim. lim A
n—o0m-—o
Bonpoc e O paBeHCTBe CymM [BYX TNOBTOPHbIX pagos (3) u (4)
ABJASETCA HACTHBIM C/Ay4YaeM BOMPOCAa O paBeHCTse ABYX MNOBTOPHLIX TNpe-
JEN0B.
[lpumenns x paccvaTpuBaeMmomy Ciayuao oOumylo Teopemy n° 168
0 ABOHHOM W NOBTOPHOM Npezenax *, mpuaem K pesy.abraty:
Teopema 4. Ecau 1) cxodumcsa 08oiinoit psad (10) u 2) cxodamcs
ace pade no cmpokas, mo cxodumcst nosmopuetii pad (3) u uxmeem
my oce cysay, wmo u 08oinoll pso

3 Sar=a= 3
k=li=] i, k=1
AwnanoruuHast TEOPEMA HMEeT MEeCTO H JJ8 BTOPOro MNOBTOPHOrO

psna (4).

* 3qeCk M M n MPPAIOT DOb HE3ABUCHMBIX NEPEMEHHBX, 3 YACTH4HAR
cymma A — ponb QYHKLUM OT HHE,
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Bonpoc o cxozumoctu sxeoHHoro pspga (10) npocTo peiuaercs fmas
Clyyas MOJNOKWUTENBHOMO pIfa, T. € pANd C HEOTPHUATEAbHEIMH
YIEHAMH; aﬁ”;O.

Teopenma 5. Jas cxodumocmu prda (10), ecau a=0, weobxo-
dumo u docmamodrno, 4mobel C20 HACMULHbE CYMMb OblAll  o2pa-
HUYEHBL.

NoxkasaTEAbCTBO, Heo6XoouMoCTh 3TOrO  yTBEPKACHHA ACHA.
Ioxaxes nocratounocts, Ilycte AUY <C L. BosbameMm TOUHYI0 BEDPXHIOO
rpaumy MHOMECTBa cymm Al:,

— n)
A=sup { AW}
U TOKaxeMm, 4TO Ona A OYIET SBAATHCA CYMMOH Hawero paga.

3apagum go6oe & >0. Ilo onpegeneHuno Touy o Bepxueft rpa-
HHUBI, MOXHO HallT¥ TaKylo 4aCTHuHyio Cymmy Ayl ugo

(no) —
Al > A —e,
Ecnu B3ATe M > g, B>, TO B NOJABHO
) )
AR>S A—g,
Tak kak A ¢ pospacTanpeM O0GOMX 3HAYKOB 7 W M, OUEBHIHO,

BO3PAacTaer.
Tak xaK BCAKas 4aCTHYHAam CyMMa He TIPEBOCXOAMT A, TO MOXHO
HamuCatTh, 4To

| A0 — Al<le (npu m>my, 12> n),
a 3TO M 03HAYaET, 4TO

A= lim A%,
m—» 0
n—co

1. €. pan (10) cxomurcs.

Ha ocnose 310H TEOpEMBI MOXHO YCTaHOBHTb TEOPEMY O CDaBHEHUH
NOJMOXKUTEAbHLIX ABOAHRIX pPANOB, aHajsoruunyio Teopeme [ n° 366;
NpPefoCTaBIieM 3TO HHTATENO.

PaccmoTpuM  Tenepb  ABOWHOA  pal, COCTaBJAEHHHH M3 MaTpHILb,
B KOTOPOH HE BCEe 3JeMEHTH NO0J0XHTebHb, OueBHAHO, UTO, Kak 4
NPOCTHIX PRAOB, Mbl MOXEM HCK/IOUWTh M3 DACCMOTPEHHA TE€  CaAyuaw,
KOrJla BCE 2/EMEHTLI MAaTpHUbl OTPHULLATENbHBI WJIM KOI'Zd €CTb TOJBKO
KOHEYHOE YHCJAO NOJOXKHTENbHLIX HJIM OTPUIATEAbNBIX 3JEMEHTOB, TaK
KaK BCE 3TH C/yuan HEMOCPEACTBEHHO MNPUBOAATCA K TOJABKO uTO pac-
cmoTpentomy, [lo5TOMYy Mbl NPEAMOJAOMXHM, UTO B DPACCMaTPHUBAEMOH
marpuue (1), a sHayur n b page (10), ect» OGecxoHeMHOE MHOMKECTBO
KaK NOJOMKHTEJbHBIX, TdK H OTPHUATEJBHLIX 3/EMEHTOB,
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Kpome Mmarpuiun (1), cocraBum eute MarpHuy u3 abcomoTunx Beu-
YdH  3/JEMEHTOB,

la"| ] ... |af"]
0] Lo 1]
\“'”| o] o |

H N0 5TOH MAarpuue COCTaBUM ABORUOW PaAx

(o]
> falf
i k=1
[Mono6uo Teopeme n° 377 O mMpOCTHX pAxaX, W 3#eCh HMEET MeCTo
Teopema 6. Ecau cxodumcs pad (10%), cocmasaennaid u3 adco-
AOmuNX Beaudun 4aeno8 Janwozo pada (10), mo u Oawnwid pad
cX00UmCA.
Noxasateanctso. Ilpeacrasum af¥) B pane:

. (10%)

B plk k
) —pf) — g
rae
Laf® | 4 a®
|5 i
PS"’)——Q——, g =

i

l a‘k) | — agk)

Tak wax p<<|af®), ¢ <<|a®), TOo u3 cxomMMOCTH ABOHHOTO
Pi | A

paxa (10%) BHTEKaET cxommocrb ABOHHBIX psALOB

[ee] [ee]
2 p=r X qP=0Q

L k=1 I k=1
Ho torma cxoamutca u pan

0 o0
3 av= 3 @)
i E=1 Lr=1
4 MMEHHO HMEET CyMMY
A=P—-Q

Ecau oonospesenno ¢ padom (10) cxodumca u psad (10%), mo
pad (10) nasmsaemcs a6coaw muo cxodauusmca. Ecan sce pad (10)
cxodumen, a prd (10%) pacxodumes, mo pad (10) wazusaemca He-
aC'CoOAIDMHO CXOOTUUMCA.

JoxaxeM Teneph TEOPEMY O CBA3W Mexy ABOHHLM psagom (10) u
npocteiM pagom (6), cocrosmmum u3 rex ke unedos, OHa awa’iorsuHa
Teopemam 1 u 2,

Teopema 7. [Tycms danw 0sodnod pad (10) u npocmoi psd. (6),
cocmoauwue U3 O0nUX U mex owe 4Aeno8, Jozxda abcorwomuasn
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cxodnumocmes 00HO20 U3 HUX 8aedtem 3a COCOE aGCONIOMHY IO e
CXO0UMOCTLE 0py2020 1L PABEHCMEO UX CYMM.

NloxasaTEnbctTso. IIpeanonoxnmM cuayana, 4to cxoaurcs abco-
moTHO ano#no# pam (10), ¢. e. cxomurcs pap (10%); cymmy nocnennero
o6oanauum ueped A*. Basg s1000€ HATYpPaJIbHOE UKCNO T, COCTABHM
4aCTHUHYK cymmy psina (6%):

Ui =l | | ug [ 4.4 |

Kak w npn pokasarenbcTse Teopembl 2, JErKO YCTAHIBIUBAETCH Hepa-
BEHCTBO (JF < A%, a ¢ nuM 1 abcomoTHas cXomumocTs psa (6).

Mycte Teneps pado, uto cxomurcs abcomorno npoctod psn (6),
T. €. cxomutca paa (6%);, ero cymmy o€osnauny uepez U*. Kakyw Ouwl
uacrwmy}o CyMMy

n m
AL = E Z |al(k)‘

k=1i=1

pana (10%) Hu B3aTH, HaHACTCA CTOAb OOJBIIOE 7, UTO BCE CAAraeMbie
3TOH Ccymmel OyayT cOIepxarbCs CpeAH MNepPBuX r ujaeHos psana (6%),
TaK 4TO

Arm U,

B Takom cnysae, no teopeme 5, msottno# pam (10%) cxomwutca, a 3ua-
uut pan (10) cxoaurcs adGCOMOTHO,

Hakonen, ans swuncaenns cymym () psaa (6) — meuay ero aGco-
JIOTHOW CXOAMMOCTH — MOXHO WJIEHb €r0 pacnofoxuTh B MoboM ynob-
HOM Ans 97O wean nopaske [387]. Mm pacnosowum WX nmo KBaa-
patam cxemn (1); Torna, ecan ewe OOBEAMHUTL uJEHH, OTAMHAIOULKME
ONMH KBAaAPAT OT CJENYIOWEro 3a HUM, MOAYUHTCS:

Y= lim A" — A4,

n-—o

UTO ¥ 3aBEPIIAET AOKA3aTeabCTBO,

Conocrasnas Teopempt 1, 2 u 7, chOpPMYyAHDYEM, B 3aK/OUEHUE,
TaKoe

Caedcmeue. [lycms wmampuga (1) u nocaedosameasnocms (5)
cocmoam u3 odkux U mex jice 4aeno8. Tozda 0scinoii pad (10),
nosmopusie paost (3), (4) n, rawowey, npocmoi psd (6)—ecau
Xoms 00UK N3 HUX OKQ36L6AEMCA CXOOAUUMCA NO
3aMene €20 HAE€HO08 UX QCCONIOMHB MU BEAULUHA MU —
8ce wemeipe CXO0AMCA U UMEI M O0HY U Iy HE CyMALYy.

B cayuae moaoxutenwHeix papos (1. e. npu a® = 0), ouesumo,
JIOCTATOYHO CXOAHMOCTH OAHOrO M3 yKasaHHhX DSIOB, YTOOB CXOAWIHMCDH
BCe YETHPE ¥ NPUTOM K OIHOH U TOH e Cymme.
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395. [pumeptl.
1) Wntepecusiit npuyep naer Marprua (0 <<x <<1):

x —x! x? —x8 x?
x(l—x) —x?(l—x%) X —x?) —x3(1—x) x(—x") ..
x(1—x) —(l—x x(1—x2P  —xB(1— x5 (| —x% ..

3mech papbl NO CTPOKAM a6 COMIOTHO CXOQATCA M HMEIOT, COOTBET-
CTBeNHO, Cymmbl X, x (1 —x), x (1 —x)?, ... Pag, cocraBaeHHbt M3 3TUX CyMM,
Take a6CONIOTHO CXOLMTCH; ero cymMa paBua |. Mewxay tem apyrost
NOBTOPHBIN PANl HE CXOAMTCSH, TAK KaK PAibl N0 CTOAOLAM HMEIOT CYMMbl, nomne-
pemenno paBupie + 1 uap — 1.

10T GaKT HUCKOILKO HE MPOTHBOPEYHT Tcopeme 2, W60 AAA  MATPHILI
M3 a6CONOTHBX BEeTHUHH HH OLHH MOBTOPHLII DPAl He CXOomMTca, Mal
BHIAHM J{LIb, YTO TNPEANonOMeHHe 06 aGCONOTHOW CXOLMMOCTH psIOB
no cTpokaM (no cronbuam) ¥ 06 a6CONWTHON Ke CXOLHMOCTH pAna, Co-
CTABJCHHOrO M3 MX CyMM, HE MOXeT 3aMeHHTh TpeGOBaHHs, UYTOGLI CXOAMACA
ITOBTOPHBIFI PAN A4S MaTPHUbLl AGCOMOTHBIX BeTHUHH,

2) lpusemem 3namewntstfi «mapapokc Hor. BepHynau>, PaccMmorpum
MOJOMHTCABHYIO MATPUILY (HENOCTAIOUWIMC UACHBI MOXHO 3aMEHHTL HYISIMH):

1 1 1 I
1-2 2.3 3.4 4.5° """
1 1 1
7.3 3.4 45"
1 1
3_'44"_5-00l
1 .
4‘._5.-.-

M NpHpaBHAEM CyMMY HABYX COOTBETCTBYOUIHX el NOBTOpPHWIX psigoB, Ecau cHa-

yana CYMMHpOBAaTh, NO CTPOKAM, TO Noayuumm cymmbr [cp. 23, 9)]: 1,7, 3

) -0 M3 KOTODBIX COCTaBHTCA rapMOHHYECKHIT pAL; ero CcymMy O0G03HauHM

vepe3 s. CymMmupya e Mo cronbiuam (Bce OHM COEPWAT MO KOHEYHOMY yHCay
1 1 1

yachoBRl), npuoeM K pesyabTaram H3 HHX COCTaBHTCA

203 4 5
rapMoHUYCCKIit psaa Ge3 nepsoro wienwa, utoO B CyMme jgacr s— 1. Wrax,
s=s— 1!

Ha nene, koneano, 370T «NAPAJOKC» SABAAETCA [HUIbL N0Ka3aTeAbCTBOM OT
NPOTHBHOro TOro (axKTa, YT0 CyMMa § He MoxeT OGbTb KOHEYHOH,
T. €. YTO TAPMOHHYECKH{ PAM PACXOAMTCA.

3) Tlyctb ¢ npo6GeraeT BCEBO3IMOXHbIE CTENEHH € HaTypalbHMMH OCHOBa-
HUAMH M TNoKasaTenaMu (6OibWMMH  eNHHMUbI), M NPHTOM-—KAXAY10 O X-

Hax Abl. JokasaTh, uto
1
G= 2 7—1="!

q
[X.Toasn6ax (Ch. Goldbach)].
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Ecau m npuHHMaeT BCEBO3MOWHWE HATypanbipie 3HaueHua (>1), He #B-
TAOWHECA CTeEMEHAMH, TO

Gz;m’-l——l_[_; mal_l +"'=2{'”‘,‘ul_—l+m,,—l_l+...}=

=2{(n%+r—n]_“+m°+ )+(m3+m°+ +- )+ }=
=2{(ﬁl—’+r}%+)+( ‘+m°+”) ( +m" ) '}=

=2{’”(’"l—1)+’"9(m —l)+m3(m’—l)+"'}'
m

o= 2 sy

rae n npoferaer Ha STOT Pa3 yme BCe HATYPaNbHme 3HAYEHHS, HauwHaa ¢ 2,
TaK uTo, nchcrauteabHo, G=1 |25, 9]

[Oﬁocnosanue, CO CCHAKOH Ha [OKAa3aHHHE TEOpeMsl, NpeaocTaBiAeM
YHTaTe o).

Jlo6ompITHO COMOCTaBUTH STOT pe3yabraT ¢ peayabrarom [re#inepa

(J. Steiner):
1
2 m"5 Z m(m-—l) =1

(3xect cTemeud MOryT MOABAATHCA M He ORHAWAH!)
4) PaccsMoTpHM MaTpHUy ¢ OBLUMM YIEHOM

afP) = (k—l) (i —1
TG R REFD kD

Bocnoabzosasuincs yeranosaenusiM B 4), 363 coorsoureHuem

3

e| —

Orcwona

uMs

\ 1 1 (an
S EFNEFnF D) e Gtatp PETD @t P

(npu a=0, p==~k), 1€rK0 NPOCYMMUPOBATH UAEHb! K-Of CTPOKH:

(o]

(k=D l
Z”f =TER TR

i=1

0TCI0Aa CyMMa MOBTOPHOro pana

o0 o0 o0

a=Y . 2)

E=lieal k=1

Beuny cummerpuu suipawends ¢! otsocurensHo ! ¥ k, BTOpOH NOBTOPHMi
PAL TOXAECTBEH C MEpBhiM, H NPHMPABHHBAHHE HX CYMM HMYEro HOBOrO HE HACT.
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Bunonamennn Tenepn Marpuuy Tak: COXPaHuB B m-OH CTpoke tiepBuie m— |
UNEHOB MPEXHMMH, BMECTO M-rO YieHa MOACTABHM CYMMY &, BCEX UJEHOB
m-0 CTPOKHM, HauMHag ¢ m-ro, a ocranbHbie uaeHst oropocuM. Hia  HoBoil
MaTpHLB

Ty

a{z’ T

aP® af? ry

(m} (m) (m) m

ay ay 83 N T

(m-1) (m41 (m-4-1 m+1) (m41

al+ a2+)03+)"‘a(mjl)am+)r+l

CyMNbl PAIOB N0 CTPOKAM, a8 C HUMU H CyMma nepeoro MOBTOPHOIO pana OCTa-
Hyrea npesxkuumu [cM. (12) daa cyMMHpOBaHHA PHAOB MO CTOAGUAM BbIUHCIHM
cnavana

— Z (/"—I)'
fG-F0-.. G+ m (1—|—m)

i=m

2 (m— M (m— !
(m—l+n) (2m—]—|—n) m:(m+41)-. (Qm—l)’

3]ech Mbl CHOBA BOCMOML3OBAAMCH COOTHOWErHeM (I1), npyn a=m—1, p=um.
CyMMa xe OCTaabHbIX Y/AEHOB m-10 CT0A6LA PaBHa

i o (m=1)
l=m+l"("+1) Sy T

— E (m—1) _ (m— !
l(m +aym+n+D-..Qutny m@m+1-..-2m
n—=
[8 (1) mbl nonoxuan a=p=m]. OxoHyaTenphO e, CyMMa UYIEROB mM-[0

CTOI0Ud OKA3bIBAETCA PABHOM

(m— 1) —3 [(m—]DI}?
ln(1n+1) S @m—=102m T 2m

[lpupabnusan, no Teopeme 3, CyMMu OGOMX MNOBTOPHBX p#10B, MbLL DPUXOLHM
K HNTEPECHOMY COOTHOILEHHIO:

1 — DI
Z BT =3 e 2//1!) ] (3)
k=1

Tak Xak pal cnpasa CXOQMTCA OMEHb ObICTPO, TO OH o6Gseryaer npuéiu-
MMEHHOE BLIUMCAEHIHE CYMMbl BaKHOrO PAA3, CTOAMLero csesa. bBoabwe ToOro,
nhwce [440, 7| Mbl yBMAMM, 4TO BWIBCAEHHOE COOTHOWICHHMC NO3BOAKCT BHIPA3MUIL
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3

i
CYMMY TNCPBOTO pAZa €B KOHEYHOM Buie»: OHAa paBHa 46— (sTOT pe3yubTaT NpHU-
HAIIEWHT DU aepy)

5) OcranoBHMcs Ha paAne Jlamb6eprTa:

[es]

xk
9 (x) = Z G Tk

k=1

OrPaHMYMBAACL npeanoaocucHuey, uto x| << 1. Mst Bugean [385, 5)], uto npH
9TOM TNIPERAMOOKEHHH pan Jlam6e pTa CXOAMUTCA TNPH TCX HC BHAYCHHAX X,
4IO0 M CTENCHHOH pan

flxy=2 apx.

B—1

fonycTim e, 4TO pamMyc CXOIMMOCTH R storo pama >0 [379], u Oyxem Cuh-
Tath | x| <R.
OueBHaHO:

=k - x% e xiE L

I— xk

COCTaBUM TeNepb MATPUUY M3 9THX UNEHOB, YMHOWEHHNbIX €ule Ha aj, NMOMean
O[IMHAKOBBIE CTEMeHH X B OfMH cTOAGell (NyCThiC MeCTa MONKHO 3aMOMHHTL
HynAMY):

a,x 6% axd axt ax® anxt ax’ axd ax® ax' ..
a,x* a,x! a.x® a,x® a,x ...
azx® ax® a;x®

a,xt a,x3

ayx® agx'® ...

agx®

a; x’

agxt

agx®

a,,x10 ...

ToBTOpHLIA PAL MO CTPOKAM KAk pas M HueeT cymmy ¢ (x). Tax xax
cTeneHHOM psfl, a C HUM # pAR JlamGepTa, CXOZUTCA NPH 3aMCHE X Ha | x|
W @y HA |Gy, TO MOXHO MPHMCHHTE Teopemy 3 H MPOCYMMHpOBATb MO C T 0 4 6-
naM. Ma noayyus pasnoxenHe ¢ (x) B CTenmeHHOH pald

o]

oo
¢(x)= ) an,x", mpHuEM an= ¥ o
n=1 kin

3HAYOK R/ yCIOBHO O3HayaeT, 4TO CYMMa pAacnpoOCTPaHAETCA HUL HA ACTH-
Temi k uucaa n.
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Hanpumep, monaras ap==1 uau a,=~k*, GyleM uMeTb COOTBCTCTBCHHO

o)

i %r=i ©(n) - X", i = Y eman,

k=1 n=1 k=1 n=1

rae t (1) 03HayaeT YHMCA0, a g (n)—CYyMMY AcAHTeNACH 7,
6) Pacnonoxus Te e wsens HHaye, 6e3 MPONYCKOB:

ax ax® ax* axt ...
ax?  a,xt ax® axt ...
a,x®  agx®  ax®  apx'? L.
agxt  ax® ax? o oax't L

MbBl COXPaHMM Te e CYMMbl NO CTPOKaM, N0 CTONGUAM e MOayyuM, Nno no-
panky: f(x), f(x*), f{(x%), f(x*, ... Takum 0o6pasom, Mbl NPHXOAHM K TONAC-
CTBY, CBA3KLIBAOLLEMY (DYHKUHMH ¢ W fi

)
o)=Y fx").
n==1
Hanpuwmep, B3aB ap=a*, rae |a|<< !, 6yneM HMeTb

flxy=

l—ax’

NV (@t
ax xn
3ot N e gy <,

k=1 n=1

TaK 4TO

7) TMoayyeunprt pesayiabTaT MOXHO 0606WHTh. [1ycTb XaHel 1ABa CTCHCHHBIX
pana

fx)= E a.x" v gx)= E by x™.

n=1 m=1

OrpasHyHMCA 3RAUCHHAMH X, JAf KOTOpIX |x|< |, H o6a pama a6comoTHO
CXOAATCA.
CoCTaBHM MaTpUlly M3 31eMeHTOB dpb,x™*. Tax kak (aags m>1 v n> 1)
mnz=m-+n, 10
| @pbpa™® | << | @px™ |« | @px™|.
OTCloaa 1erKO 3aKJI0YHTb, YTO IBOMHON Psj, COOTBETCTBYIOLUIHIT B3ATON MaTpHUe,

a6coN0THO CXOAUTCA. TIpHpaBHMBAA, HAa OCHOBAHHMM CJCACTBHA, CYMMbl MOBTOpP-
HbIX PALOB, HaffeM TOXICCTBO:

fee]

21 buf (XM=Y ang(x").

ns=

* B 060MX caywasX, Kak Jerko npoBepuTh, KR==1, Tak 4TO HOCTATOYHO
CYyHTaTh MpocTo |x| <<l
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OTci00a TOXAECTBO TNpENbIAYIlero YNDPAKHCHUA MOAYYACTCA NpU by =1
X
TaK yro g(x)== T—=\|

x
8) Pan
o0
2 xiyk
1,E=0
[o0] [o0]
MONYYAeTCA YMHOXeHHeM pALOB Z xin E ¥, koTopbre (aGCOMOTHO) cXOAATCA
i=0 K=0

npH l‘]:x | << 1w |y|<<1;an9 9THX 3HaueHNi (A6COMOTHO) CXONMTCA H ABOHHOM s,
can |x|>1 uad |y|> 1, To HapymaeTCA HEOGXONMMOE YCI0BHE CXOMH-
MOCTH: OGILUA YAeH HE cTpemuTca K 0, pAx pacxoguTca. Jlerko MpoBEpHTL herlo-
CpelCTBEHHO, YTO PACXOJMMOCTb HANMUO M B cayuae, ecnH |x|==1 mau |y|=1.
9) PaccMoTpHM pax
«

1
2 gy @>0,8>0).
Le=1

1

« o]
2: [ 2
OH TaKKe nojayyaerca YMHOXE€HHEM pAXOB —l,—a— H k_B" KOTOpBIE CXOOATCA

i=1 k=1
npu «>1 u 8> 1, TaK uTO M ABOKHOM DPAX NPH STHX NPEANONOKEHUAX CXO-
JHTCA.

Hao6opor, ecnu e<< | (nam 3 << [), T0 ABOHHON pAld HaBepHOE PaCXORMTCH,
HG60 TOrNa pPacxXolATCs BCe PAfbl MO CTPOKam (no croabuam) (cp. clelcTBHe npe-
AbIAYyero n°).

10) Mccnegyem cxoaMMocTh psaga

v I
D o >0
L=l

[las 3toro mpejicTaBMM ero B BHAe MPOCTOro PsAfa, PAcHoOKMB UAEHBI €ro
no nuaronaaaM Tak kak yneHw, newaiive Ha ONHOHK AHArOHANM, PaBHbI,
TO, 06beNMHUB HX [ yAO6CTBA MOXCYETa, MOJNYUHM DPAX

[o0]

2 (n—l)%.

n=3
BBHIY OUEBHAHBLIX 11€DABEHCTB
1
on <n—I1l<n,
Jens Ha n°, 6yaeM UMeTb

1 1 1 1
7w == e < e
O1C104a fCHO, YTO MOJYYEHHHIH HAMM NPOCTOH PAX CXOAHTCH NpH ¢ > 2 U pac-
XOZHTCA OPH o<C2. o reopeMe 7, TO e CnpaBediHBO M Jds KBOHHOro paga.
11) PaccmoTpus Teneps 601ee CHOXHbIH pal
[22] o0

() — !
a= 21 (AT T 2Bik  CEoF

k=1 i, k=

(¢ >0),
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riec dopma Ax®+2Bxy-+ Cy? npennoaaraercs ONpPCpeneHHOH MO 71O-
WMHUTEenbHON, Tak uto A= AC —B?>0, a takwe A u C> 0,

Ecan vepes L oGosuaunth namGoabmce w3 wuiicen [A|, [B], |C|, To, ouc-
BYJIHO,

Ai® 4 2Bik 4 Ck2 < L (i + k), a}.k’;% . (Tjul/zﬁ

B Ttakom cayyae us 10} sicHO, yTO MpH p << | HAaW pan pacxoaMTCs,
C npyro#t ctopous!, UMeew

Al® 4 2Bik 4 Chv= Lc (AC — B i + (Bi + CRY| = o 7,

a(k) el _p N _l - H, ananorHyHo, a‘-k" = —A - B
i TTAp ;2p ’ § TTOAP k

i

Ortciona nerko TOAYYHTh, 4YTO

o (VAC )P L]

iP= A iP-ke

ConocraBasa sto ¢ 9), BiauM, yTo NpI p > | paccuMaTpuUBaeM»lil Pl CXOAMTCA.
12) B Teopeme 4, BMeCTC C MPEANONOKEHHEM O CXONMMOCTH ABOKHOIO psAja,

netraercst 0co60 NPEANOJOMEeHHe O CXONMMOCTH BCex psiaoB no ctpokam. Cae-

LVIOIWHA NMPOCTOH NMpPUMED NOKa3biBaeT, YTo 6e3 BTOPOro HPCANOA0XKEeHHA 060i~

THCb HeAb3d — OHO He BhiTeKaeT W3 nepsoro. JBoHHON pal mo cxeme

I —1 I —1 ...,
— 1 1 —1 O
1 1 ! 1
-2— "—'_2— —2“ 7 -----
! 1 1 1
'—‘7 —2“ _7 7 nnnnn
| 1 | ]
3T 7 T T3 e
1 ! 1 1
'—'3- T-}‘ —’3— §' -----

CXOAUTCs, ero cymma paeHa 0. Mexay TeM Bce pAfbl 1O CTPOKAM PAaCXOAATCH,
13) ¥ CTaHOBHTb CYMMbl CAEAYIOWHX ABOAHBIX PANOB:

vyl _ 1 . N L
(a) m;=2(p+n)m —p+l(P>—l). (6) m=22n=lw——]ﬂ2,

@« 1 . | ‘ © | | .
® X =g an 0 Y g =g

«©

1 n
@ 2 (n—2m =g

m, n=1
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Yrazauue Tlepefitn k mOBTOPHOMY pARY, HauaB C CYMMHDOBaHHA NO m.
Klcmosb3oBath pasaomeHun

! 1
l—5+5— ,+ =In2

1 1 1 T
3t o7t T
KaK HM3BCCTHLIC.
14) PaccMOTpUM (YHKUHIO KBYX NMepeMeHHBIX
; (z—2z71)
¢{x, 2)=¢ (z £0).

IMepemHokan aBCOMOTHO CXOAsWMECA DPsMLI

R AR AT [0 s

i==0 k=10

NOAYYHM AAA STOH (PYHKUMHM (TaKke abCOMOTHO CXOAMUMACA) ABOAHOW pAR

dna= 3 (E) T

1, k=0

Co6upan (CTEACTBHE) uACHW C OJMHAKOBBLIMH CTENEHAMH z, MOXHO mpeoGpa-
30BaTb €ro B NOBTOPHHA pal

4+
9 (x, 2) = Z Jp (x) 2% *

rae qia n=0

_ had (_ ])k X 2k+n’
Inl)=  EET ('2‘)

a ua n<<0

_ hod (__ ])k X 2k+n.
I (%)= HET )l (7)

= — 1
Bripouem, nerko BHIeTb, YTO
Jop (x) == (= 1)* Ju ().

Gyukuna J, (x) (n=0, 1, 2, ...) HaspiBaetcn QG yHiuue#h beccens
€O 3HAUKOM 71; 3TH (YHKUMM HrPaOT BAXHYIO pOJb B MaTeMaTHYeCKOH Qu3Hke,
HebecHo#l Mexaumuke M T. A. PYHKUMA ¢ (X, Z), M3 Pa3AOXKECHUA KOTOPOI Oy
NORYYAKOTCA, HOCHT HA3BaHHE <NMPOH3BOAAULEH QYHKINKH» Aasl GecceneBbiX Py HKILHA,

0
* Cymma ¥, 4, M0 ONpefeneHHio, eCTb CYMMa ABYX pioB

Za,,—}—Z a_p.

n=10
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396. CteneHHo#t pux ¢ NBYMH nepeMeHHbIMH; 0GlacTs CXOLU-
MocTH. CreneHHBIM DIJAOM C ABYMSA NEPEMEHHBLIMH X, VY
Ha3pIBaeTCs IBOHHOH pal sBuda

Z a;, kxlyk» (14)
0

i k=

PacrnooKeHHbIH N0 UeJBIM NOMOMHTENBHEIM CTENEHSM NePeMEHHBIX X U y.

Kax Mbt coenann 370 8 379 nO OTHOWEHMIO K IIPOCTHIM CTEMEHHBIM
psiaM, Mbl M 34ecb nocrasuM cebe 3amauelt BBHIACHUTH BHA «00aacTH
cxoanmocTH» paga (14), 1. e muowectna of ={ M(x, y)} Tex Touex
HJAOCKOCTH, AAS KOTOPBIX PAA CXOAUTCH,

Jdemma. Ecau pao (14) cxodumcsa 8 wexomopoii mourxe M (X, 9),
Koopounamet rkomopoi o6e omauns, om 0, mo on a6coAO MHO
cxodumest 80 scex mouxax M(x, V), y008AenEOPAOUUX HEPABEH-
cmeas: |x|< | %], |yI<]FJ| (1. € BO BCEM OTKDHTOM MPRMOYIOJb=
HHKE C UEHTPOM B ljayase KOOpAWHAT M C BEpUINHOW B TOuKe M)

HoKa3aTenbcTBO BIOJHE aHaJoOrdyHO A0KA3arenbcrBy aemmu n® 379,
Y3 orpanuuennoctn unenos papa (14) npuy x=2X%, y =3

la; WXJ* | <L (i, k=0, 1, 2,..)

TnoJyuaercs
E
)

B

ik x ¢
lai, wxy \<L'\—x\ 7

Tak uto —ecau Toabko |x |<|X®|, |y|<{|Fl-—cnpaBa MH nMeeM
obwmh unen cxoasuwerocs paga (395, 8)|; orcioga u crenyer abcomor-
Has cxoaumocTe psga (16).

Mp cTaHeM wu3yuars JdIb TaKde PRAE, AJA3 KOTOPHX noao6Hbie
TOUKH M CYWeCTByOT — ApYrue psAAbl AJs HAC HE MPEACTABAAIOT HHTE-
peca. Cammi xapakrep JemMMbl [O3BOASET HaM OrPaHUYWUTHCA PACCMO-
TPEHUEM JMLIb NEPBOr0 KOOPAMHATHOrO yria; MOJydYEHHBIE PE3YAbTATH —
N0 CUMMETPAM — NErKO MOKHO OYAeT pacrnpoCTPaHWTb W HA OCTaJbHLIE
yraet,

Bosbmem xe B neppoM yriae ayu OL, ucxoaswn# n3 Hauana, noa
yraom 6 k ocu x (puc. 55). Kak u B 379, noibsysce neMMOH, MOMKHO
noKa3aTb, 4TO HaRAETCA Takoe noJoxurensbnoe uucno R (B) (xotopoe
MOWET OKa3aTbCd M OeCKOHEYHbIM), YTO BO BCEX TOYKax M Ha 3TOM
Jyue, LA KOTOPHX

OM <R (8),
pan (14) cxoantcs abBcoMOTHO, B TO BPeMA KaK HPU YCIOBHU

OM> R (6)

OH Dpacxoaurcs,
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Ecmm xorb Ras omworo ayya R (8)—=-+ co, 10, B cuny Jemmel, pad
onasseaemcs cxodsuunca (4 npumosm — abCOAOMHO) HA BCell NAo-
CcKOCHmIl, KOTOPas H Wrpaer pofb «06JaCTH CXOOUMOCTH» off.

HckmouynM Teneps STOT cAyyah BCIOAY CXOoAAwWerocs pana
Torna R (8) Gyner xoneuno# o¢yuwuner or 8, u Ha xawmom ayve OL
nafgeTcs morpaHuuyHaa Touka My A% KOTOPOH

OM; =R (9).

Ona oraenser Touku M aysa, B KOTOPHX pax (abCoOMOTHO) CXOLMTCA,
OT TOuEK, FIe OH PAaCXOAATCH; B camOod TOuyke Mg, CMOTpPs N0 cayuaw,
MOXET HUMeThb MECTO W CXOAMMOCTb, U PaCXOAUMOCTD,

7

g [ T

Puc. 55.

Ecan nposectw uyepes M, BepTukans PP w ropudonTass QQ (cwm.
PHCYHOK), TO BHYTp 1 npaMoyroasHuka OPMy(Q psa 3aBeaoMo CXO-
INTCA, @ BHYTpH yraa Q MygP — 3aseqomo pacxoautcs (no aemme!),
ITostoMy Ha Hosom ayse OL', oTBeyaloweM KakoMmy-HubyRb Apyromy
yray 6, spoas OR Oyner CXOAMMOCTb, a BAOJb SL'— pacxoamMoCThb,
CnenosatenbHo, morpankuHas Touka Mg Ha 3TOM Jyue LOJKIA JEXKaTh
meway R # S Oiciona Jerko ycmMoTpeTb, uTo, npu u3menedny 8 or 0

ki
20 =, R (6) namenserca HempepsoiBHb M 06pazoM, Tak 4ro Touka M,

ONUCHIBAET B NEPBOM KOOPIMHATHOM Y/l HENDEPHIBHYIO NOTpaHuU-
HYI0O KpPUBYIH.

Tak xax npn ymeuswenus 0 abcuwucca x3 Toukn M; ne yOsiaerT,
a opayHaTta ee yy He Bo3pacraer, 10 00e WMEWT npelesbHblie 3HaueHus
npu 8- 0. Torga, ouesupo, umeer npenenboe 3uavenuve u R (%). Ecan
3T0T npepes

Jim R (8) = R,
60
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KOUEueH, TO, TOuKa My CTpEMHTCA K HEKOTOPOH npeneasHol Touke My (Ry, 0)
Ha OCH X, B MPOTHBHOM € C/IYYae NOrpaHuuHas KPHBas UMEET dCHMITTOTY,
NapaJenbHYl0 OCH X (KOTOpas MOXET COBMAafaTh M C CaMOM OChbio X).
Jlerko nepedpasuposarh BCe CK433HHOE W AJa CJyyas, KOraa 6—»%,
MEHA9 POJAMYH OCH X U V.

3aMEuanue He caepyer, onHako, AKyMaTh, uTO MNpENCAbHAd
rouxa M;, O KOTOPOH TOJABKO UYTO Liia peus, HEOBXOLMMO COBMAAACT
cnorpaHuuynofl ToukoH My Ha camo#t ocu x. Touxa M; moxer
0Ka3aThCa W npasee My (1 Dawe nexaThb B GecKOHeuHOCTH). BO3MOXHOCTD
5Ta HE J[OJUKHA YAMBASTL UWTaTesd, ub0 neMMa M MOCTpOEHME Ha Hel
paccyxaenus OTHOCSTCA JIMlb K TOUKAM B HE KOODAUHATHBIX OCEH.

lonoauuM Teneps, MOCTPOEHHYIO B NMEPBOM KOODAMHATHOM yriae KpH-
BYIO CUMMETPHUIHbIMK €fi (OTHOCHTENbHO O0EMX OceH W Hauana KOOpPAHHAT)
KPHBBIMM B OCTaJibHBIX * yriax. TakuM nyrem Mbl NOJYYHWM MOJIHYIO N1 O-
TPavMUHYIO KDHUBYIO, KOTOPas B CYWECTBEHHOM W ONPENEIUT UHTE-
pecyomyo Hac <«00.1aCTb CXOMUMOCTH» off: 8 moOd wacmu NAOCKOCIU,
Kemopast u38He o2panuiena dmoil kpusol, pad (14) cxodumces (u npu-
MOM QBCONKMHO), 60 BHCWHEN Yacmil NA0cKocmil psd pacxodumcna ®,
8 MOMKAX Offe CAMOI NOPAHUYHOL KPHBOL MOXCEmMm UMEMbs MeCIno
KaK cxo0umocine, max 1 pacxodumocms.

Paccmorpuym npnmepdl.

397, Mpumepsr. 1) daa pana

Kak Msl BuHiead B 395, 8), «06JaacTb CXOAUMOCTHS of/ CBOJAUTCH K OTKPHLITOMY

npasoyroabnuky (— 1, I; —1, 1) (puc. 53), 8 npcuesax KOTOPOro CyMMON €10
!

Oymer ——— « ———

y Il—x 1 —y°

2) A ananorvyHoro pAfa

(rae yxasareny i, k H3MeHRWTCA, HawH-

Ran OT |) «06nacTb cxoaumocTu» Oyaer

COCTOATh W3 9TOrO e MPAMOYrONbHHKA, HO

C NpUCOEeNHHEHHEM 0O0EUX KOODP-

OJHHaTHHX OCeH. B sToM cayvae, xota

Puc. 56. norpanuyHas Touka M;, 0 KOTODOW peys wina

BrLIE, H CTPeMUTCS npH 8 — 0 K npegenbHOH

Toyke M§ (1, 0) Ha ocu x, HO CXOAMMOCTL HMEET MCCTO Ha BC e 3TOH ocu
(cMm. 3aMcyarniue).

* EcaM He CcyHT4aTh KOOPDAMHATHBIX OCeH, BAONb KOTODHIX B HMHLIX CAyuasx,
KaK yKa3biBalIoCh, PAX-MOWET CIORHTLCA M 31 NpeielNaMM 3TOE KPHBOH.



397] § 5. NOBTOPHHIE U ABOHHHE PAAH 349

3) Pan
[ee]

x! "
_il_ X

i

iyk
, A

1L k=0

OY€RNARO, abCOMOTHO CXOMMTCR Ha BCEH MAOCKOCTH,
4) [dna toro yrofm cxommaca a6 Cco N0 T HO PAR

W (i)
Z (‘zl' k!). Xy,

i, k=0

o] R Py
4 .
3D iy
i, k=0

HCOGXOAUMO ¥ AOCTATOYRO, Y1066  CXONHACH pan

[os] . l

KOTOPHIA NoAy4aeTcs W3 NPCASIAYWEro
CYMMHpPOBAHHEM MO JUHATOHAAAM, 0
NPUBONUT Hac K YCAOBHIO |x |4 |y| <<l
CregoBarenbHo, 31ech «0GAaCTb  CXOAHM-
MOCTH» npeicTaBaser coGo#i koco mo-
CTaBAEHHBI/I KBAAPAT C BeplIMHAMMU B TOU-
kax (+ ], 0), (0, == [) (puc. 57).

b

s
L

i
=

0

T. €. CX0ANACA pan

n=~0

+/

Puc. 58,

5) PaccmMoTpuM, B 3aKNOYEHHME, CAeLYIOUHil ABOHHOR pAR:

R =14 x4 ay 4oy

g

e xTy oy Xy ey
Ecm, npeanoasokus ero abCconoTHY©O CXOAHMOCTb, NPOCYMMHUPOBATHL €ro
No CTPOKAM, TO MOAYYHUM:

U 22 2y () ) = ‘

T—% ="
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Orciona scHo, WTO 478 a6COMIOTHON CXOAMMOCTH Heo6xomuH MOl |x| << |
|xy|<1; BmecTe ¢ Tem, 3T HepaBeRCTBa M Ro0cCTaTovyHBb. <O6racTh cxo-
DUMOCTH> H300paxieRa Ha puC. 58; Kpusble Ha liel — paBHOGOYHLIE THNEpPSOnLL,

398. Kpartubie psansl JanbHelmee paciiupeHHe MoHATUS GeckoHeu-
HOFO pfia NPOMCXOAWT COBEDILEHHO ecTecTBeHHbM o6pasom. Ilycrs
3alaHa OECKOHEYHas CUCTEMA YHMCE

Ui w0
3allyMEPOBaHHbIX S(s==2) sHaukamu I, k, ..., /, Kakouh w3 KOTO-
PHX — HE3aBMUCHMO OT APYTWX — NMPHUHUMAET BCEBO3MOXHBIE HATypalb=
Hpe 3Hadenus. Toraa cumson

o0

Z PR S

Lok, 1=

HOCHT Ha3BaHWe KPaTHOT O (TOYlee: S-KPatTHOT 0) paaa,
Ipenen wactuuno# cymmbl psiaa

n m P
c
U me oo, p== 25 20 wer 23 Wi byt
i=1k=l I=1
npu n-—»00, M—>00, ..., P—>»00 (KOHEUHHH UM OGECKOHEUHHH) ecTb
cymma paga Psa HasbBalOT CXOXAWHMCH, €CAM OH UMEET KOHEY-

HYIO CyMMY.
BaxHeHuinM K1accoM KpaTHHIX PAAOB SBAKIOTCA CTENMEHHBIE DAXK
C HECKONbKHUME NEePDEMEHHB MU

F 1
> P 5 TN

Ha kparHele pajgbl TaKKe pacnpPOCTPAHSIOTCH OCHOBHBIE MOHATHA H
NPENJONEHNsT HINOKEHHOR Bolile TEOPHH.

§ 6. BeckoHeuHble NpPOM3BeXeHHUsd

899. OcHosHble noHATHA. Ecan
Pi P Pas vevs Prs vee (n
€CTb HEKOTOPan B8aJaHHad NOCASLOBATENbHOCTb YHCENM, TO COCTaBAEHHbIR
N3 HUX CHUMBOA *

P1Pa-pat eee +Par oo =] Pa )

n=1

HaghBalOT GECKOHEUYHB M NpoOU3BECACHHUEM,

* Y Hac yxe BCTpeyanoChb Takoe o6o3HaueHde M8 NpoHu3BENEHHA, HO AHLUIb
KOHEYHOro 4HCa COMHOXHTeAEH,
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CraHeM MOCNEQ0BATENBHO NEPEMHOMATb ynucaa (1), coOCTapasg 4 a CTH Y=
Hble MpOU3BEAEHNS

Pi=p, Po=p Po Py=pi-Pa-Ps «vs;
P,o=pP1Pav ovi "Pus our 3)

DTy nNoCJeZOBATEABHOCTb waCTWUYNBIX Tpoussesenuit {P.} Mw Bceraa
OyLeM COMOCTaBAATE CuMBOaY (2).
[Ipedea P wacmuwnoz2o npoussedenuss P, npu n—»co (Konewnsil
ual OecKoneHbtd)
limP, =P

Ha3ssaOm 3nateHue s npoudgedenus (2) B MUWIYT:

Q0
P=pi-pae ver Pu oo =]] P
n=1
Ecau  Cecrnoneqnoe npoussedenue umeem KOoHEHHOe 3Hadenue P
u npumos omauwnoe om 0, mo camo npou3sedenue HA3LBGIOM
CXO0AWUMCR, 8 NPOMUBHOM JKe CAYLAC —PpACX 00 AW UMC*,
JoCTaTOUBO OAHOMY M3 COMHOXHTENeR npom3BeleHHs OblTb Hy’eM,
yTOOB W BHAYEHWE BCEro NMPOU3BEJeHHs TaKxke OG0 PapHO HY/NO. B nans-
HEMWHUX pAcCMOTPEHUSX Mbl 3TOT caydyalr OymeM WCK/MouaTh, TaK YTO
aas Hacscerna p,#0.
Yutateab JErkK0 YCTAHOBMT aHasoruio ¢ fecikoHeunbiMu psdamu [362]
u ysacHHT cefe, 4TO — NOXOOHO psidaM — H PacCMOTpeHHe GeCKOHEYHOro
NPOM3BEAEHHS TAKXKE eCTb JHIIb cBOe0Opa3Has GopMa W3yueHusa BapHaHThbl
(vau  nocresosarenbHocrn) u ee npegera. C 9Tot  hOpMOH noJesHO
NOSHAKOMHTBCS, TAK Kak B HMIILIX CAyuasX OHa npedcraeaserca 6ogee
yao0u0oR, uem Apyrue.

400. Npumepsl. 1) 'n[:[)(l —Tl-)

Taxk kax vacTHYyHoe npouaeeneﬂue
_ 1 1 1\ 1 ondl 1
Po=( _F)(I_ST)"'(I_F)—T' w0

|
10 6GecKOHeuyHOe NIPOW3BEAEHHE CXORMTCS, M €ro 3HauCHHEM GyJICT -

5
2) ®opmysa Baanuca [317]

® _ fim 2:2.4:4.,..2n-2n

2 pmw 1°3:3:5- ... -@n—1)-(2n+1)"’

* TakuM o6pa3oM (noguepkHeM 970), ecay P==0, To npouasenenue ans Hac
GyneT pacXomAWUMCsA XOTH 9Ta TEPMHHONOTHSI MAET B pa3pe3 C Tepwmu-
HONOrMeN, NPUHATON AAA GeCKOHEeUHBbIX PALOB, HO OHa obulenpuuata, néo obner-
yaeT GOPMYIHPOBKY MHOCHX TeopeM.
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352 TN XL
OYEBHAHO, pasHoC}mbHa pa3.rlo)KeHHlO yucna % B GCCKOHe‘l”Oe |]p0H38el\CHHe
2.2 4.4 2
2T T T3 T —1 el
OHa we npHBOOHT K (GOpMyTam
[» ] oo
-t = "[(1__1_)_3
” ML 4 im) =%
m=l

3) Hokaxem, yto (npu |x|<<1)
GO+ FAFxM .. (420 :|+x
,U.CFICTBHTeJ'IbHO, KaK 1nergo yGC}lHTbCﬁ NOCAE€NOBATCALHBM YMHOXEHHKEM,
(=x)Po=(1—x) (1 + 01+ 2 oo (1" =1—x"

1 —x"

b=

Orciona B npejene u nonyuaerca Tpe6yeMoe paBeHCTBO.
4) Mot umenu B n° 54, 7a) npenem

i 2 oL
’Jl_.meOSQ oS+ i on ?

Tencpb MB MOXEM 3anHCaTh 9TO TaK:
sin ¢

w.
]lcosz—(':,= P

a=1

B yacTHoCTH, NpU ¢ = 5
2 m n n
. teetCOSHa t

T
, MPHACM K DA3NOIKCHHUIO!

Ecan BCNOMHHUTD, YTO
L] T a | 1
cos—‘—‘-—l/? uocos g = —2~+7cosa,
TO PAa3NOWKCHAE STO MOWHO MEPEnUCaTh B BHAE
2 T 1/ 1, 14/T 1/ 1 1V1 1VT
LVEV sV V 33V 1V 3
[Buerta (F. Vieta)l. Dra ¢dopuyra smecre ¢ dopsyrofi Banawnca nper-

ctaBnaeT DCPBeIE NpHMeps GECKOHEUHbIX NpPOH3BeJeHH#t B HCTOPHH aMaaMda,
5) B 315 (10) ina nOonNHOro SANUNTHUECKOTO HHTerpana l-ro

polla Mul yCTaHOBHIH QopMyay
K(k):%lim (IR (L k) v ven (14 Ry,
n—» 00
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TAe Bapuanta B, ONPCACAAETCA PCKYPPEHTHWM COOTHOMICHHEM:

| — k2

_ {— n—1
L+ V T—R
3ra dopmyaa naer passowenne K (k) 8 Geckoneynoe npon3sencaue

Kby =5 ]—[([—{—k,,).

n=1|

kn (ky = k).

6) PaccMoTpHM eule Takoe GeCKOHEYHOE POH3BEAEHNHC:

|
eﬂ
-

n=1\

B [AHHOM Cilyvae YacTHYHOE MPOM3BENCHHE HMeeT BHUN
oo ! i
M+ +o. +=
e 2 n ' n+Ct1, n
—_— ==
n+1 n+1 n+1

rie C—odinepoBa MOCTOARHHAA, a Y, OeckoHewno Mamtas [367 (4)].
Takum o6pa3os, NpoM3BERCHUE CXOLHMTCA, W Cro 3HaueAle

P=eC.

eC.eTn

Py=

401, OcuoBusie Teopemsl. CBfizn ¢ pagamu. Or6pocus B Gecko-
HEUHOM nNpOoHM3BefeHHH (2) mepesie m UYJEHOB, MOAYYHM OCTATOUHOE
npou3Beaenue

a0
Tm = Pmst P voe Pmyk® oo =1—[ Pa 4)
a=m+-1
KOTOPOE BIIOJHE aHANOrHYHO OCTAaTKYy OeckoHeuHoro psaa.

1°. Ecau cxodumcs npoudgedenuie (2), mo cxodumes, npu A1060M m,
u npoussedentte (4); obpamwuo, u3 cxodumocmu npouzgedenus (4) sa-
mexaem cxo0UMOCMs UCX00H020 npoudgedenus (2)*.

IokasareabCTso npesocTasaseM uuraremo [cp. 364, 1°).

Takum 06pa3on, U B ciayyae GECKOHEUHOrO NPOH3RCAEHUS 0mOpacsi-
BAHUE KOHEUHOR0 HYNCAQ HOHARBHEIX MNOJNCUIMEACT AN NPUCOCOUHErUE
BHAHANE HECKOABKUX HOBbLX MHONCUMereil Ha e20 nogedenutt He ompa-
sicaemcs.

2°, Ecau Gecxoneunoe npougsedenue (2) cxodumcs, mo

lim =,=1
— o0

[e. (4)].

* HalnomHHM, YTO Mb! Pa3 HaBCerfa MpeAloJoXUan g, 70,
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3T0 crenyeT M3 paBeHCTBA
m= Pm
n u3 Toro, uto P, crpemurcs k P 3£ 0.
3% Ecau Gecxoneunoe npoussedexue (2) cxodumcs, mo

lim p,= 1.

n— oo
IefAcTBuTeabHO, BMECTE C P, # P, ; cTpemurca K P,

lim P,

o P lim P,

=F=1
n—oo
[Cp. 364, 5°)

He nepeuncass napyrux cBOHCTB OeCKOHEUHHX NpPOM3BedEHHH, aHa-
JOrMUNBIX CBOHCTBAM GECKOHEYHBIX PAAOB, Mbl OOpaTHMCa K yCTaHOBJE-
HUIO CBA3H MEWIY CXOAMMOCTbI0 GECKOHEUHHIX NPOW3BeAEHHH W PAIOB,
YTO MO3BOJMMT HaM HEMOCPEACTBEHHO HCMO/b30BaTh A7 NPOUSBENECHHH
noApPOGHO Pa3BHTYIO A PAAOB TEOPHIO.

B cayuae cxoamsmwerocs npou3seneHns, MHOXKHIENH p,, HauHHas C He-
KOTOPOro Mecta, OyayT nonowurenvust (3°). Bnpouem, BBugy 1° MM
He Hapywnm ofuwHocTH, ecim 6yneMm BnpeAb NPEANONarath
Bce p, >0,

4° Qas mozo wmoGsl Oeckorewroe npouséedenue (2) cxodurocs,
KEoOX00UMO U Gocmamo4ro, 4molbs cxo0uAcs pad

> lnp, ®)

ne=1

TMpu  8mnoawenun 9mozo ycaosus, ecsu L ecms cymma pada,
uMECH:
P=cet,

OGognayus uepes L, waCTHuHyio cymmy psaa (5), OydeM MMETb;
L,=1InP, Pn=eL".

V3 HenpepulBHOCTH JOrapudMHUECKOR U NMOKasaTeabliofl GyHKUMH Tenepb
CAeAyeT, uTO ecaum P, CTPEMHTCH K KOHEUHOMY MOJOXHTEJAbHOMY npe-
pery P, 10 L, crpemurcs K InP, u o6paTHO — €Can L, UMEET KOHeuy-
Hulft mpenea L, To aaa P, npenenom 6yzer el

[Tpu uccienoBaHHH CXOAMMOCTH GECKOHEUHOro mpousseaeHus (2) uacTo
npeacTan/AeTcs yAOOHHM, moJaaras

Pr=1 +am

3aluCbiBaTb €ro B BHAE
o

I1 -+ @*)

n=1}
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a pan (5) —B Bule

oo
>, In(t 4 ap). (5%)
n=1

B a1ux 0003HAYEHNAX HMEEM MPOCTYIO TEOPEMY:

5° Ecau, no wpaiined mepe 0 docmamouno Goaswmux n, 6ydem

a, >0 (am a,<]0),
mo 0an cxodumocmu npoussedenus (2%) neobxoduma u 0ocmarmoina
cxoduxocms pada

a0
> . ®
n=|
Tak KaK 419 CXOOMMOCTY KaK vpouasedenus (2), tak #u pasa (6)
BO BCAKOM CJydae Heo06x04umo, 4TOOH Osl10
lima, =0 Q)
n—oco
[eM. 3°], TO NpeanonoWMM 3TO yC/AOBHE BbINOAHeHHWM. Toraa umeer
MECTO COOTHOUEHHKE *
lim
n—oo
[77, 5) (a)]. B Taxom cayuae, BBRAY TOro, yto uyneHs ofonx praos (5%)
n (6), HauMHad C HEKOTOPOro MECTa, COXPAaHRAWT ONPpEACACHHH I
gHak, mo teopeme 2 n° 366 3TH paabl CXOAATCH MM PAaCXOAATCH OLHO-
spemenno. Otciona, B cBA3N ¢ 4°, W C/eAyer Walle yTsepiKaenue.
Bosspawagcs kK oBweMy cayuaio a, ==0, DOoKaxeM €we TaKkoe npea-
JIOWEHHE!
6° Ecau, smecme ¢ padorm (6), cxodumca u psaod

> an, (8)

n=1

In(l +a,) |
a, -

mo 6eckoneunoe npousgedenue (2%) cxodumcs.
B camoM aene, u3 (8) npexae scero chreayer (7). BcnomuHas pasno-
wenne Pysxunn In(l -+ x) ro dopmyare Tewnopa [125 5)], umeem:

1 N
In(l +a)=a,— 5 az+o(aa)
TaK 4TO
g, —In(l-4+a,) 1
ITo reopeme 2 n® 366 cxomumocts pama (8) Bieuer 3a cOGOA cxomd-
MOCTb psiza

a0

> la,—In(l 4 ap)) (10)

A=l
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Tak Kkak psa (6) NPEANOJIOKECH CXOARIMMCA, TO OTCIOdA C/AERYET CXO-
BUMOCTB H psaa (5%), Kak DastocTd ABYX cXomammxcs psnos. Ocraerca
npuMennTs npeaaowenne 4°.

OcTatiosuMcs Gerao Ha cayuae, korda GecKOHEUHOE NpPONZBEAEHHE
«pacxonurca» K 0.

7°. [lasg mo20 umobuw Oecxonednoe npousgedenue [(2) uan (2%)]
uMeN0 HyAe8Oe 3HaHeHle, Heo0X00UMO U docmamo4Ho, 4molst
pad (B) uau [(5%)] umea cyrmaol — 0.

B wacmwnocmu, amo Oydem max, ecat a,< 0 u psd (6) pacxo-
dumes, uan ecaun pad (6) cxodumcs, no pacxodumca pad (8).

[penocTasaseM AOKa3aTeabCTBO uMTareno. Jluuwbs no nosoly mocaed-
HErO MPEINOROWEHHST SAMETHM, UTO M3 PAacXOAHMOCTH paaa (8), B cuay (9),
BHTEKaeT pacxoaumMocTb paga (10), koTopsi# OyleT uMeTb CyMMON — 00.
A Torga, BBMAy CXoaMMOCTH psaa (6), scro, uto Ccymmo# pama (5%)
6yner — oo,

B 3ax/ioueline MCMOJb3YeM CBA3b MEXAY npousseaeHnen (2) [uan (2%)]
# pagom (5) [wan (5%)] 4na ycTaHOBAEHMA MNOHATHS aGCONWOTHOH
CXOAMMOCTH Geckolieunoro npousseaenus. [Iponsseaenne HasuBawT a b ¢ 0-
AOTHO CXOOILMMCS MMEHHO B TOM CJayuae, Korga aGCco1l0THO CXO-
DMTCS COOTBETCTBYWOILUH psl U3 JOrapuMoB ero MHOXHTE/EH.

Wccaenosanna nn® 387 u 388 cpasy e NO3BOJAOT 33KMOYUTH, UTO
a6COMI0THO CXoalMecs Nponsselenus 061anal0T NepeMECTHTE/bHEIM
CBOACTBOM, B TO BpeMa KaKk HealCOo/I0THO CXOAAUMECS 33aBEAOMO
UM He obfJanaior. :

Jerko jnokasaTh mo o6pasuy 5° uro

82, Jlag abcoawmuoti cxodumocmu npoudsedenusn (2¥) neot-
xcduma U dccmamodna abcoa muasn e cxodunocms paoa (6).

402. TMpumepsnl. 1) [TpuMeHny oKa3anibie TEOPeMbl K GECKOHEUHBIM LIPOH3-
BENCHHAM:

oc
(a) [1 (1 —{—nix) (x> 0) cxonutca npH x> 1 W pacxomurcs npH x <1,
n=1

a0

oc
1 |
B COFNacHM C TaKHM e NOBCACHHEM pAla Z—,?- (5°); ana’moruuwo, II (l —"—x)
n=1 n=2

npu x> 1 cxoantes (5°), a npu O <<x << | pacxoantcs K Hymio (7°).

ao
— 1y1
(6) I I [1 +(n]—*3] npu x> —;- CXOAWTCA: YIMEHHO, nNpH x > | npous-
n=]
ao
BeJiCHHE a6 CONI0THO CXONHTCA, NOCKOAbKY CXOINNTCA pﬁﬂz '% (8°), a npn

n=1

J
—2- <x=l NpoH3BEJeHHE H € a 6CONIOTHO CXOAUTCA, TaK KaK CXOAATCA Paln
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foc)
(_ ])n -1
n*
n=1 n=1\
nna ectb 0, W60 mepenifi M3 THX DPALOB CXONWICA, a BTopo# yke HeT (7°).

1 . 1
2 yorrd (6°); nakonen, np¥ 0 < x << < 3HaueHue npoussele-

T
2) [TycTh X, —NpPONH3BOMLHAA BAPHAHTA, CONEPKALLAACH B NPOMENYTKE (0, —2—) .

Torna npousseieHns

=3 ©
A Sin Xy
cosSx; H —_—
LN X5
n=1 n=1

[o2]
CXORATCA WK HET, CMOTPA MO TOMY, CXONMTCA JM pAx E X% MAN HeT.
n=1
[peanosoxum CHauana, YTO BApHAHTA x, — 0; TOrZa 9TH 3aKNI0YEHWA Bbl-
TekaloT M3 5° ¥ 7°, ecn BOCIIOAb30BaTHCA pasnomcHusMu |125, 2) u 3)|

xa . xS
cos xy =1 — 5" 0 (x3), %‘"=1—T"+o(x;).

Ecan we x, k 0 He CTpeMHTCH, TO OXHOBDEMEHHO M DAL PAacxoauTes, u ofa
npou3BeNenys HMEIOT HY 1€ B bl e 3HaueHus ¥,
3) VU3 Teopnn GeCKOHEYHbIX NPOU3BELEHHI NErKO MONYYUTh TEOPEMY Abensa:

0
ecau E a, — Oannslil noaoKcumebHuil pd, u A, o3Hauaem e20 4GcMUYRYO
n=1
=)

o Y % cx00 d d 9
CYMMY, mo pﬂ A exodumest Uau pacxo Umesl OUHOBPEMEHHO ¢ OGHHBIM
n
1

n=
[cp. 375, 4)]. B noxasaTeanCTBe HYWHAaeTCA Nullb CAyYail pacxOAUMOCTH. Ecau
[ee] fes]

A .
Ap~cO, TO GecKOHeYyHOE NPOW3BCICHHE I I ( — Z—")E I I #“ pacxo-

n n
ne=x2 n=2
=3

. . a
mutes k 0, a torna (8 cuay 5°) pan 2 A_" PACXOIUTCA.
n
n=2

4) PacCMOTPHM BaXHO€ NpOU3BEAeHUE
Lo}
JT0- 2
. ner®
n=l

[umxe, B n° 408, Mu yBHAMNM, YTO ONHO MpeAcTaBifer YHKiMIO sinx]. [ycte
x £ kr, rae k=0, =1, =2, ...
Ero cxoouMocTb (KOHEUHO—a 6 CO N0 THaA) CPa3y BLITEKAeT H3 CXOMU-
o0
xS
MOCTH pAla 2 o Ecad waxcabil MHOXKHTENb Pa3noXUTh Ha IBAa ¥ HaNuUCaTb

n=1

* Uro npow3BelleHNs KMEOT ONpeNeNeHHble KOHEYHbe 3HaYeHus, ABCTBYeT
M3 TOr0, YTO BCE MHOXMUTENH WX — MPaBHIAbHBE NPOOH; OXHAKO 3HAUEHHA MX He
MOCYT GWTb OTAHYHH OT 0, Tak Kak HApyleHO HeoOXONHMOe AAs 9TOro ycso-
BHE (3°)



358 I'd, X1, BECKOHEUHLIE PAlbl C MOCTOAAHHBIMH UJEHAMH l402

llpOHBBeﬂeHMe B BHAE:
x(x_%)(l+%)<1—%>(1+»2"‘;)- '("Tﬁ)('““%)‘ o

x
TO — TaK Kak l—ﬁn——-l——cxonnmocn MPH YK43aHHOM PacCrnonoxe-

HHH MEOXHTCICI COXpAHHTCA, COXPAHUTCA M 3Hauede npoussenenns. Ho
Ha 9TOT pa3 CXOAMMOCTb CTaHCT Hea6COIXI0 THOH, BBHAY Hea6CconioTioh
CXOAMMOCTH psAja

X X X | X
——~|—;——2“-{-21c —— = —

L1

TAK UTO MHOMHTENH 3TH NMPOH3BOJLHO MEpEMENLaTh Heab3s.

— Xy *r—.
3aMeHnM Tenepob KaxXAu# MHOWHTenb | ¢ T MHOMMHUTENEM (1 3 n——j 4 T
T £

2w

NerKo BHAETb, YTO 3TO He OTPAa3HTCA HH HAa CXONMMOCTH, HH Ha 3HaYCHUH (eCKO-
HEYHOro npon3BeneHus. B To e BpeMa Hosoe npousseneHde Gyner yxe a 6 c o-
N10THO cxopauumes, 6o [125, 1))

X X
+ X x? 1 _ ro- xf 1
=l b toly) (17 5) ¢ = — o ()

H MHOMHTENH, HauMHas C HEKOTOPOIO MECTa, CTaHOBATCA ROJOMHTCIbHWMH Npa-
BHILHBIMH APOGAMH.
5) Hokazate ToxnecTso (npH 0 << q <)
I
1 1 A (1 B)e vo =
I+ 904440 44% ===

(Duaep)
yKFA)3AHHE. CxoanMoCTb OGOHMX NPOM3BENCHHA YCT4HABAMBAETCA C MO~
Molubio 5°. TlpeacTaBHTL NMepBoe H3 HHX B BHAe
(1—¢)(—gH(1—¢g%- ...
1= —=¢)(1—¢°)- ..."
6) Hokasatb, uto (npu a>>f)
im BEHD . G+n—D_ o
nwa@t ) @t —1) "

I 9TOro J0CTATOYHO YCTAHOBHMThL DPAacXOAHMOCTb GeCKOHEYHOTO RpOH3Be-
nenus

Rea | ()]

n=4_0 n=1{

uiay [cM. 7°] pacxoAHMMOCTb pAna

l

o0

2T
a+4n’
n=1
A 9TO 1erko BHITEKACT M3 CPaBHEHWA HANMCAHHOTO PAJa C rapMOHHYECKHM,
3aMeEUAHHE OJTOT NpUMep, DAaBHO KAaK ¥ CaelyIOlUHEe, NOYYHTEAbHH

B TOM OTHOLWIEHHM, 4TO MOKA3WBAIOT, KAK HHOW pa3 NEHCTBUTEAbHO BHIOAHO CBO-
AUTbL pa3biCKaHHE Npenena BapHaHTH (H.’l" l]OCJ’le}lOBaTe.’leOCTH) K HCCIE€AOBAHUIO
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6eCKOHEUHOro MPOU3BEACHHA, C HCMOAL3OBAHMEM DAa3BUTOH XA GeCKOHEUHBIX
NpoH3BeJieHNH TEOPHH.

[ae]
(nx)"
7) Bepuemca K pany Tt KOTOpHIf Mol YXe paccMatpuBanu 8 370,
n=l
2) (m) ¥ 378. 1) (1), Mbr oCcTaByIM OTKPHITLIM BOMPOC O MOBEAEHHH €ro Ha KOHUe
X == - Ero MpOMERYTKA CXOHMOCTH.

B oTom cayuae nonywaeTrca 3HaKOMepEeMeHHBH W pax

[se) n I

a2
2( b nl er?
n =

1

4neHbl KOTOPOro no afcomOTHOH BenHuynHe MOHOTOHHO YGhBawT, Bcnowmmas
Teopemy Jleit6 Huua {381, BHAMM, 4TO 3aKMIOUCHHE O CXOAMMOCTH psjia 3aBH-
CHT OT HalHYHS DaBEHCTB2

lim w1

n-conl et !

Tak kak oTHowmlenue (14 1)-ro 3HaYeHUA STOH BAPHAHTHL K n-My €CThb
] n
)
(143
e ’

TO 3afauyy MOMHO MPEeICTaBHTb B PABHOCHIbHON opMe — Pa3siCKaHHA 3HAUCHHA
GEeCKOHEYHOr O NPOH3BCACHUH
1 n
LT (1 +_)

n

14 14
!

Jlorapudmupys, nonyuus [125, 5)]

(5
n 1 1 1 ! 1 1
7__”1;1(1+7)-—1_n[7—-2—n§+o(n_2)]__.27 o(%).
Tak 4TO pAA Aorapudmos THna (5) PacxomMTCA U uUMeeT Cymmoft — co, B Takom
cayyae (7°) 3HayeHne GeCKOHEYHOro NPOU3BENeHHA (a C HUM — H HCKOMbIH npeaen),

neucrauTensHo, ecth 0. Pajg cxoantcs.
8) Ucuepnaem BOnpPoc o mosBCAENHH [HUNEPreoMeTPHUYCCKOro pPAla

In

[ee)]
D@t n—1) B @+ 1) G n—1)
F(a,8, 7 x)=1 Z"“‘“‘ n
@huo=lr 4 AT GFD G e—D *
[cm. 372 u 378, 4)] npu x=— 1, B npeanonowenny, 10 — l=<y—a—f=<0
(MMeHHO STOT ciyualt OCTaica Ge3 pacCMOTpEHHA).
OtHowenne (n41)-ro ko3 duuMeHTa K n-My 31eCb DaBHO:

t+m@+n _ r—e—B+1 A -
e = + 25 (] <L) (1
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JIGE! 110c1arotmo 60abIUMX 3HAYEHUHN 7 9TO OTHOWIEHHE MOJIOKHTEALHO, NYyCTb
~1[—a— > —1, TOorla OHO OKOHYaT€AbHO CTRHOBWTCA MEHbIIHM eNMHUUbL
akuM 06pasom, pal

T R

nH G+ D -+ n—1) ’
n=1
€CAW OTBAEYLCA OT HEKOTOPOI'O YHCAA €r0 HAYaNbHbIX YIEHOB, OKA3bIBAETCA 3HAKO-
NepeMeHHbIM, C MOHOTOHHO YObIBAOWHMHK 10 aGCONOTHON BeNHYHHE YNEHAMM.
U 3pech Haxoxaenue npefena (aGCOTOTHOM BESHYMHbI) OBIIEro yaeHa yuobuee
CBCCTH K ONpERESEHHI0 3HAHCHHA GECKOHEYHOrO [POU3BEAEHHMSA:

|[ (atm) @)+
TFmi+n
n=ngy
Fcan y—a—P>— 1 (kax mu npeanonoxuan), 1o u3 (11), B cuay 7°, cnenyer,
YTo 3TO NMpou3BeleHHe hmeeT 3HaucHMe O: PAL CXOMMTCA,
B cayvae xe, Korma y—a—f=—1, cpopmy'(a (11) noayuur pig

(et-n) @+ n) = | _+_AI§ (1M < Ly
(+n0+n) n =
no TeopeMe 5°, 3HaueHHe GECKOHEUHOTO Npou3seacHua oTauyHo o1 0, ans pana(12)
HApYILAETCA HEOGXOAMMOE YCTOBHE CXOMMMOCTH, PAL PACXORUTCA,
M, HAKOHCU, 34BEPIIHAN MCCIENOBAHME TMOBENCHHA IT'HNEpPreoMeTpH-
yeckoro pAna PeayaTatel MOryT GuiTh CBefenbl B Tabauuy

Jx|<<1 afc. cxommTCa
[ x]>1 PACXOAHTCA
=1 T—a—3>0 a6c. cxoaMTcA
- y—a—8<0 pacxoaurcs
f—a—B>0 aGc. CxoaUTCA
x=—1 0=y—a—f>—1 nealc, CXOAMTCS
1T—a—B=L—1 pPaCXOAnTCR
9) Nloxasats, 4TO pan
o0
3 (= 1) (et —22) L (2 —n?)
n=1

CXONMTCA ANS B Ce X 3HaueHulft x, eCAW CXONMTCA XOThb JUIR OLHOTO ITELEe AOF O
anavenna x=ux, (Ctupaunr (T. Stirling)}.
Yjenst STOro paja OTAHYAKTCA OT YAEHOB CROAALIErOCH pHuia

o0
3 a5 — 1) (x5 —2) ... (x3—n?)
n=1

* HayanbHoe 3HaueHHe 11==7, NPEANONAraeTcA HaCTOALKO GONbIUMM, YTOGH
BECE€ MHOXUTEAH 6KAN MOROMUTENLHBI,
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MHOXHTEIIMH
(P — 1) (x2=—2% ... (x*—n?)
(=1 (G —~2% ... (x3—n")"’
KOTOpHIE NMPH LOCTaTOYHO GONBILHX 7 H3MEHNIOTCS MOHOTOMHO,
OcraeTtcs elue YCTAHOBHTb HX OTPAHHUEHHOCTDb (H60 Torna MOXHO

6yneT 1pHMeHHTb Npu3Hak A Genn), a AAsl 9TOA Lenu Npoile BCEro y6eauTheA
B CXOAHMMOCTH GCCKOHCYHOrO NpOH3BedeHHsI

Il x.—n
x,,—n2 H
n=1

MBI [IPEllOCTaBsfAeM 3TO HTaTenio.
10) Paccmorpum (BmecTe ¢ Ditnep om) 6eCKORCYHOE NMPOU3BEIEHIC

il 1+ Y, "

n=1

CylITaf x OTJIHYHBLIM OT HYJIA H OT BCEX LeAblX OTpHUATelbHHX YHCer,
Jlerko NpeicraBKTb ero OGIUHA MHOXHMTeNb Tak;

(5]

X
1+

=1+ (2 2 1)+ (nz)

oTCI0Aa, B CHay 8°, BuTCKaeT, YTO Hallle NpOU3BeAcHHe (aGCOMOTHO) CXOUUTCA,
Onpenenseman UM pyuxuns I' (x) aBascerca (mocie 3MeMEHTaPHbLIX) OAHOM H3 BaX-
HEHMILINX pacCMaTpHBaeMbix B aMann3e ¢yukun#. Huxe |[rmasa XIV, § 5| mum
IlallMM Jpyroe onpeleneHne 9ToH QYHKUWHM H rayGxe U3yuyMM ee CBOCTBa.

Tax Kak n-e yacTHYHOe NMpoHM3BeleHHE HMeeT BUI

(n4-1)*

x40 (1+g) - (145)
< n—+1 ) nln*
n X{x4+Dx+2) oo (x+n)°
TO MOXHO TONOXHUTb H
r I ol n¥ 14
O= ey T EEe 4
Hanucas avasoruunyio ¢opmyany ans I'(x 4- 1), nerko Buaetb, 4to

Tx+1) lim

T(x) n-—o0X + 1 + n=
H Mbl [IDUXOAHM K NPOCTOMY H BAaXHOMY COOTHOIIE€HHIO!
T(x4 ) =x-T(x). (15)

Fcan NMONOXHTL X paBHbIM HaTypaAbHOMY uHCIYy m, To ROAYYHM
PeXyppeHTHYIO dopmyny
n+ 1)y=m.T(n)
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Tax xak T (1)=1 (uTo aerxo nposepuTs), TO OTCIOAA
T(n—+1)y=ml

Euwe oany Bawxuyio dopmysy and ¢ysxkuud T Mol n0AyuuM, ecAH nepemuo-
HHM [OYNEHHO PaBEHCTBA

X

o (14 L) .
1'(X+1)=1'(X)-x=11b)— H ecxs_I e”

x 1y\*?
pei 1+ i {1+ )
M3 KOTOpHIX mepsoe caenyet 13 (13) u (15), a BTOpOE nerko BmBoaHTCS ¥3 400, 6).
Mbl Hatigem:
© x
n
eC"-r(x+1):]_[ —
nZl 1+7
HAH
I e _x
__,Cx LA n.
T ¢ I[(l—*—n) e (16)
n—

310 — opmuyra Beidepumpaccea.
11) Mpubenes 3aMevarTensHblll NPUMCP NPE06Pa3OBAHHA GECKOHEUHOrO npo-

w3pefeHHs B PAN, TaKxke NpUHalnexawnd Jiaepy. Ecam nepenymepopats
NpoCTH € YNCAa, B NOPAAKE BO3PACTAHHA:

=2, ps=3, p;=3,.
TO fIpH x> 1 HMeeT MeCTO TOMAECTBO
1

e (]

vy Phy vony

Pi
| 1 1 1
=ltsr-bgrtyr+ Tt o
Hau
o0 fee]
] 1 R VI
l ) I = La 1%
R=i 1—-— 20
Py
TdK YTO STO Mpou3Besenne npeactasaser Qywxumio L (x) Pumauna [365, 2)].
Mseem, no Gopmyne ana CymMbl T€OMETDHYECKON MPOrPECCHM:
1 1 1 1
—=“‘“’+g—+ e +'—‘—+ vea
r—-L o @A 79N
P

Ecan NEPEMHOWHTL KO HE Y H O € UHCNO TAKUX PANOR, OTBCUAOUINX BCEM NPOCTHM
YHCAAM, He NPesOoCXOAAUMM HATYPaAbHOrO YHCAA N, TO YaCTHYHOE NpoU3BeieHne
OKaXCTCsl paBlblM

' <0 ' N ' )

v : C

P = ” — =2_nx: Z —+ 2 e (17)
PpEN 1—;72 ne<l n=1 n=N+1
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rie WTPHX 03HAYaeT, 4TO CYMMHpOBaHHWE DACNPOCTPAHAETCH He Ha Bce HAaTypaib-
Hble YHCNA, a AMMIL (Re CYMTaA E€RHHHUBL) HA Te U3 HHUX, KOTOpble B CBOEM pa3-
JOXEHHY Ha NPOCTBIE MHOMHTENM COJAEPHAT TOJAbKO YHe BBEAEHHHE [POCThie
uucna (nepshie NV BaTypanbHBIX uMCeX 3THM CBOfICTBOM, KoneuHo, 00aazaior),
Orciona W MoAaBHO

v v !
n=1 n=N+1

(o]
1
Bsuay cXoauMOCTH pafa 2 —¥ » BHp2NeEHHe CNPaBa, NpelCTaBiAOILee €ro
n=1
ocrtartok nocre N-ro uneua, crpemrtea kK 0 npu N — oo, mepexoas K npe-
neny, H nonyyuMm Tpefyembifi pe3ynbTart.
12) Ipu x==1 cootnowenne (17) ewe coxpauser cuny, oTCIOAa

1 . 1
o= 1] > X =t
=~ l—— 3

TaK yTo npH N — 0O Ha 9TOT pa3 P(lN)—o+oo, T. € Npou3BexeHHe

T (s o Ly

PAaCXOAMTCA U HMeeT 3HaveHHe -+ co.

B 3TOM COCTOMT fagHOe DM N € PO M HOBOE JOKA3aTENLCIBO TOrO, YTO MHO-
HECTBO NPOCTLIX YHCEN GeCKOHEYHO (YeM, NO CylIeCTBY, B NpPOBELEHHOM pac-
CYXIeHHH Mbl HE NOAb3OBANNCh); BEIb NDH KOHEWHOCTH 3TOrO MHOKECTBA M IO~
u3peneHHe MMeno On KOHeunoe 3Havenve, Ecau monyuennuw#t peaysbrat nepe-
nNHCaTh TaK:

(1_%)(1~%)(1-%)-...-(1——”1:)-...= ) (1—%):0,

TO, B CBA3H C 5°, MOXHO 3aKJMIOUUTL O PACXOAMMOCTH ana
) ’ p

o)

1 1 1 1 \ 1
7+§+§+ cvn +;’k—+ sen =k2=l‘[;;-

Dro BaxHoe npeanoKenHe naer, CBepx TOro, eunle HEKOoTOpYIo XapaKTEepHUCTHKY
pocTa NpoCTHIX YHCed. [I'lonuepxnem, 4YTO OHO TOpa3lo CHAbHEE YTBEPMWIAEHHA
oo}

1
O DAacXxOAHWMOCTH TapMOHHYECKOro pala 2 F’ u6o 3pech péuyb HOET anwb

n=1
0 wacTH €ro YAEHOB).
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13) AnanorHuHO MOWeET GuTb YCTaHOBAEHO (MPH x > 1) TOXACCTBO:
1
1 1 1 1 1
(e o= e e
Pr4
1 1 1 1
T T s T e

=1 —_

rAC 3HaK MAOC HIH MHHYC B 3HameHaTene JneBOH YacTH GepeTcA B 3aBUCHMOCTH
OT TOro, 6yAeT au (HeueTHoe) NpocToe YHCIo BUAa 4n— | uan dn 4+ 1.

§ 7. Paanowenus 3neMeHTapHBIX GYHKUMH

403. Pasaowenue ¢GYyHKIHH B creneHHO# pax; psax Tekaopa.
Mu yxe paccMarpuBasd B 379 CTeneHHnle pAAR BHIA:

ianx”zao—{—alx—{—aqx‘l—{—...—{—a,lx"-{-..., (1)
0

pacnoNoNeHHHE NO CTENEHSM X. ECau uckAounTs «BCIONYy pacxoasumuecs»
PAAK, TO NI KaXmoro TakOro pRAd CYWECTBYET MPOMEXYTOK
cxoauMocTu C uedtpoMm B Touke x=—0, or — R n0o R, rae
paanyc cxoaumocrn R >0, HO mOxer OuTb M GECKOHEUHBIM.
KoHlUe 3TOrO NPOMEXYTKA BK/IOUAIOTCA HMJAX HET, CMOTPH [O CJyvaiw.
PaccMarpuBaioT M CTeneHHsle paam Gosee oOwero Buga:

ian(x—xo)"=ao+a1(x—xo)+ vt =X, (@)
0

PaCMOJIOKEHHHE N0 CTENEHAM OBY4A€HZ X — X (BMecTOo X). TaxoH pan
HE Da3HMTCA CYUIECTBEHHO OT psaaa Buaa (1), ubO nNpUBORMTCA K Hewmy
NpOCTOH 3aMEHOH nepeMeHHol: x — xp==y (C TOUHOCTbI A0 0603w a-
ye Huq nepemennoit). Jag pana (2) — ecan on He Oyaer «BCOAY pPacxo-
OALMMCA> — TAKWKe  CYUIECTBYET TNPOMENXYTOK CXOAMMOCTH,
HO HA 3TOT Pa3 C UEHTPOM B TOUKE X5 OT Xy — R 10 Xxo—-+ R. Kounu
ero, Kak ¥ B cayuae psana (1), MOTYT NPUHALAEKATb, HO MOTYT K He
NpHHANEKATL MPOMEKYTKY.

B nocreaymownx naparpadax MBl HETaJbHO H3yuuM CBOHCTBA CTe-
MEeHHMX pHAOB, KOTOpHE B8O MHOrOM YNOAOGJAOTCA  MHOTOUAGHAM.
OTpesKaMi CTEMEHHOTO DANA ABJAOTCA MHOrOYJEHsl, 4TO AENIET CTENEH-
Hble pAAb YEOOHBIM CPEACTBOM AAS% NPUOIMKEHHHX BotuncaeHui. B cpasa
€O BCeM 3TuM npuobperaer GOJBUIYIO BAXHOCTb BOMPOC O BOSMOXHOCTH
Hanepesa 3aRaHHYI0 GYHKUNIO PABNOWUTE MO CTENEHAM X — X (B HAaCTHOCTH,
N0 CTeMeHaM X), T. € TNPEACTaBHTb €€ B BHAE CyMMHl pAla Thna (2)
wan (1)

Mbl 3aftMemcsa 3aech noaOOHBIM DA3JIOXEHHEM NO OTHOUIEHUIO K 3/€-
MeHTapHbIM (YHKUUAM, TIPUYEM TYTb K DEWEHHIO MOCTABJIEHHOrO BONPOCA
HaM oTkpsiBaeT opMyna Te#H aopa, noapobHO HayueHHas B 124—126.
B camOoM gene, NPENOLOMKUM, HT0 paccmMarpuBaeMas QyskuMs f(x)
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B NpoOMexXyTKe [Xxg, X - H| nan [xy — H, x| (H>0) umeer npous-
BOAMKE BCEX NOPSAKOB (TeM CaMbiM — HenpepeiBHbie). Toraa, Kak MH
pufenn B 126, n04d BceX 3naueHuR X B STOM MNPOMEKYTKE UMEET MECIO

dopmyaa
J =7 () 4L (SO) (% — xo) +f—@ (x— X+ ...

L) oy ) @)

rie AONOJAHUTEABHHN udeH r,(x) ™MOxeT OnTb NpPEACTaBAECH
B OAHOH W3 ykaszanusix B n° 126 dopm. Ilpu 3TOM # MH MOXeM
6paTb CKOAb YrogZHO 60AbIMKUM, T. € JOBOAHTL 3STO DAa3/ONe-
HHE [0 CKOJb YrOOHO BLICOKMX CTeneHe# x — Xg.

DT0 €CTECTBEHHO NPHBOAUT K MHCAH O OECKOHEUHOM Pa3JOKEHHH:

1) =1 o) L (6 — ) 4 LI (6 — - .
+f (xo) xﬁ)n_}_ . (4)

Tako#l psaj — HE33aBUCHMO OT TOrO, CXOAHTCH JIH OH M UMEET JIH, Ha CaMOM
nene, csoelt cymmolt f(x), — uaswipaercs padom Tedaropa ana QyHK-
wnn f(x). Ou uMeer Bua (2), npuueM Ko3(QDUIMEHTE €rO:

f (Xo) __f(xq) f(m (xq)

aO""f(-xO) Q=" 112—-2—!,..., a, = ’ll 3 s

HOCAT HaspaHue Kospduuuenton TeHhaopa,

Tak kak pasHocTh Mexay f(x) »n cymmod n-}-1 ureno psna
Tenopa, Beuay (3), ectb Kak pa3 r,(x), TO, OUCBUAHO: 04 MO0
umobsl Npu HEKOMOPOM 3HAHEHIN X OeliCMBUMENsHO UMENO MECMO
pasaosicenue (4), HeoOxo0umo u Oocmamouro, 4mobs OGonoARUMENb-
netli unen r,(x) opmyss Teliropa—npu MoM 3SHAYEHUN X —
cmpenunca k¥ 0 ¢ go3pacmanues n:

lim r,(x)==0. ()

n— o

an WCCNEN0BAHUH BONPOCA, MMEET JU MECTO 3TO pPAaBCHCTBO U TNpH
KaKHX HMEHHO 3HAueHMAX X, HaM ¥ OYLyT noOJe3Hn pasnnuHble (GOPME
JOMNOJHHTENBHOTO UNEHA 7,(X), BHABJASIOUHE €TI0 3aBUCHMOCTH
or n

Yawe BCEro NPUXOAWTCA WUMETh AEA0 CO CJydyaeM, Korga Xo=0 #
dyukunsg f(x) pasnaraeTca B psA HEMOCPEACTBEHHO NO CTENEHAM X:

J0=r@+5Pe + 500 4 L0 @

* J3T0T pAf O6HKHOBEHHO Ha3bBAIOT paloM MaKnoOpeHa, CM. CHOCKH
Ha c1p. 247 n 251 nepsoro ToMa.
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3T0T pax umeer pua (1), ¢ kosddunHedTamu:
a,=f(0), al——f (0) ) o, =120 0

> — 2!'—,..-1 n nl ) eve

Brinuwem tenepb noapoBHee NONOJHHTEAbHBIA ujaeH r,(X) NpUMEHH-
TE/bHO MMEHHO K 3TOMY 4acTHOMY npeanoioxendio: xo—=—0 [126]

B dopme Jlarpauxa r,,(x)=’%(?;;)x , €))
» gopye Koww r,(0)=""2"0 1 _gy . ©

Tlpn sToM 0 MHOWHTese 0§ H3BECTHO TOMBKO TO, YTO OH COAEPXKHTCA
mMeway O u 1, HO OH MOMNKET MEHATbCA NPH H3MEHEHHH X WAN 1 (1 Jawe —
Iipy nepexone OT OAHOW OpMH. K Apyro#).

IlepereM K KOHKPETHLIM Da3.OKEHHAM.

404. Pasnoxenne B pad NMOKasaTelbHOH, OCHOBHBIX TPHIOHOMET-
puyeckux ¢ynkuuil n ap. Joxaxes CHauana Clelyiolee Nnpocroe npen-
JOXEHHE, KOTOPLIM Cpasy OyJeT OXBAue€H DAl BaWHBIX C/yyaes:

Ecau gpynxyusn f(x) 6 npomesycymre (0, H| uan |— H, 0} (H>0)
umeen npou3sooHvie 8¢ e X nopadKos, u 6Ce Smu npou3eooHsie npu
U3MEHERUU X 6 YKASQGHHOM NPOMEINCYMKE OKA3LL6AIOMCA N0 alco-
AOMAHOL  BEAUHUHE O2DAHULCHHHMU OOHUM U MEM XHCEe HUCAOM:

Ffm )<L (10)

(20e L nHe 3a6ucum om n), mo 60 6CEM NPOMENCYMKE UMECM
xmecmo pasaogcerue (6).

B camoM pese, B33B AONOJHATEAbHBIH uneH r,(x) B d¢opwme Jlar-
p aHxa [cv. (8)], umeem, B cuay (10):

. ,f(’H'l) (ex)l 41 H’H’l
lrn(x)l‘—' (n-1) ”xl <L'(ﬂ-——+l)l'
HIH']
1)
Kak Mbl Bugean B 35, 1), snpouem, 310 xe [B cuny 364, 5°] creayer
H 43 CXOANMOCTH DsLa

Ilpn GesrpannyHOM BO3pacTaHuu n BHIpaEHHE crpemurcs k 0,

Hﬂ+l
1+ 2 (C==y

[870, 2) (a)]. Ho B Takom ciyuae W r,(x) umeer mnpemesoM O, 4To W
ROKa3bIBAET HAlLE YTBEPKIEHHE.
(2) 210 NPEAJOKEHUE NPHIOKHUMO K (PYHKLUIM

J{x)=¢*, sinx, cosx
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B no60oM npoMexyrke [— H, H], u6o npouspogHbie uX, COOTBET=
CTBEHHO, paBHbIE

F® (x)==¢*, sin (x—}—n-%), cos (x—}—n . -’2‘—),

6yayT B HeM no abco/IOTHOH BenuuuHe OrpaHuueHs 4ucioM e — naa
OYHKUMN €*, 0 emMHMUeR — ang sin X U cos X.

Tak kak kosdpouuuentst TeAA0pa Mu yKe BHUUCAIAN LI ITHX
¢ynxuutt B 125, 1) — 3), T0 MOKeM Cpasy HamucaTh pasJomkenus:

=l (1
sinx=x——§—f—§—...—f—(—l)h—'@:z—fi)l—f—---, (12)

2 4 5
COSx=l—%—f—%—...—f—(—'l)k;‘kl—f‘--- (13)

Bce oun uMeroT Mecto npH n10 60M 3HAYEHHH X,

(6) HerpynHo nopmoGHLIM ke 06Gpa3oM RNOAYUATb PA3NONKEHHS H A5
OCHOBHHX THHIepO6OoNHUECKHX GYHKIHA, HO Rnpoule, BCNOMHHMB HX
onpeaeeHue;
eX —e ¥ eX ¥
2 chx=i2—,

BHIBECTH 3TH DAa3AOCKEHHS NYTEM HOUYJEHHOrO BBHIYHTAHNS WKW CJAOKEHUS
psma (11) ¥ caenyowiero psia, KOTOPHH M3 HEro NOJydYaerca 3aMeHoH
X HA — Xt

shx=

—x x , x! x?
e =l—ﬁ—}—ﬁ—— ...—f—(—l)"m—}—,_.

Taxum nyreM Msel HaXOoAuM:

x2h-1

I Xt xt

sho=x+g+5+  t @t
] 4 73

Chx:l—f—%—f—%—f—---—l—(gT),—f—---

(8) K ¢ynxunn y=arctg x n0Ka3aHHOe BHaua/le HPEMIOKEHUE YiKe
He npuaoxumo. [eficTsutensHo, oftiee BHpaxeHHe A1 ee n-i npous-
BOJHOH, Halnennoe B 116, 8):

y® =(n—1)!cos”y - sin n(y —f—%) (14)

We rapaHTHpyeT CymiecTsOBaHMA O Guie# rpauuum mas scex y®),
Tak xax coorsercteyomui panx Tednopa [cMm. 125, 6))

X2k-l

f—F 5 — =)+
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CXOARTCA JMWMDb B MPOMEXyTKe [— 1, 1]*, 10 BHE 3T0r0 NPOMEKYTKA
HE TNPUXOMMTCA YKE TFOBOPHTb O BhHIpaweHud GyHKunn arctg x 3THM
panom. HaoGopor, anma |x|=<1 umeem no copmyse Jlarpauwka (8)
[c yueTom (14)]:

cos™ "y, - sin(n+- 1) (yo - 1)
2 lx|”+l <7
a1 =agn e
rae yg=arctgfx. Orcioma scHo, uro r,(x)— 0, Tak uTo A BCEX
SHaueHut x B npomexyTke [— 1,1] umeer mecto pasgoxenue

arctgx:x—%n-%-— —f—(~1)k1 = 1+ (15)

Mul eme pas nomuepKMBaEM, UTO XOTH arctgx M BHE 3TOro npo-
MEXYTKA BMEET ONpENCJIEHHHIN CMBIC/, HO pasioxexue (13) rtam yme
HE HEHCTBHUTEIBLHO, MOCKOJLKY PALl HE HMEET CYMMbL

W3 pana (15) npn x=1, B 4YacTHOCTH, [OJYYAETCA 3HAMEHHTBHIH
pax Jlefi6unna

|70 (0)] =<

k4

Fml g g () (16)

~— NepBuI pAA, AAOUHMA DPA3JOXKEHHE UHMCIA T,

405. Jlorapudmuuecknii pan. Ecaun B kavectse dyuxiuu f(x) B3aTh
In(l 4-x) (x>—1), 10 coorsercrsylowrit pax Tehaopa OymeT
Takos [128, 5)|:

D Sy T

OH cxoonTcs MWL AJS 3HaueHHH x B npomexyTke (— 1,1]1*%; suauur,
TOMBKO BJAS 3THX 3HAYEHWH ¥ HMEeT CMBICH HCCJAENOBaTh [OBEACHHE
L0710 THHTEMLHOTO unena r, (x).

Bosbmem ero cHauana B ¢opme .Harpauxca (8). Tak rax

f(n+l) (x)=(— 1) Tl -’—.X')"H

[116, 2)] 10
Fa ()= (— 1V 21+ gy @ <0<

Ecnu 0= x=C1, TO nOCAENHHMA MHOXHTE/Nb HE NPEBOCXOANT EAUHMILH,
H oTCioAa

Ira(x) =

! , Tak ut0 r,(x)—>0 (npu n— co).
n--1
* Mo npusanaky JNanamSepa (877| nerko yGemuTsCs, yTO PAE (aBCOAKTHO)
cxonures, ecad | x| << 1, u pacxomurca npu | x [> L CXOUMOCTD (neatconior-
Hag) NpH x == 1 BhiTexkaeT H3 Teopemnl Jlefiouuua (381].
** Cp. npemblayily®o CHOCKY; NPH X = — | noayuaercs (¢ TOUHOCTBIO A0
3HaKa) PaCXONAULHACA rapMOHHYECKUH pait,
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Ho npu x <0 nosesenue 3TOro MHOXUTEJS CTAHOBHTCA HEACHBIM,
B rpuxoautcs npuberHyrs K dopMe Kol W AONOJAHHTENLHONO uJeHa

[eM. (9]
Hmeem
T 1 —0)"
"n(x)=(—1)xnl-(*|(—_*_'§%ﬁr (00,
TaK uTO
[+t | —8\n
|f(.X')| ‘x‘ '(l—]hﬂx)'

Taxk xak npu x > —1 Gyner 1 4+8x>>1—0, to nocaeanuft MHOMH-
TEb MEHbIUE EIMHHUBL, CAEJOBATENBHO, Aulllb TOABKO |X|<1, 3ape-
nomMo r,(x)—0.

Jio6onuitHo, uto x0T opma Kol u BMOAHE uCUEPNBIBAET BOMPOC
AN BCEX 3HaueHHR x Mexay — 1 # 1, OHa HWYErO He 1aeT npu x==1;
B 3TOM CJyyae Mpl MOJy4aeM

Fra (D) <(1—8)"
HO BBHAY BO3MOXHOCTH 8 § MEHATLCA BMECTE C 7, HE/b3S 3aK/TIOUHTDH
o toM, uto (1 —8)*— 0.

Mrtak, no COBOKYMHOCTH A/ BCeX 3HAueHult X B NpOMEXYTKE
(— 1, 1] neicrsuteasHo Oyaer

X, X3 xh
m(l+x)=x—5+F5—. .+ (=" + .. (17)
B gactHoCTH, Npu x =1 MOJyuaeM yxe 3HAKOMBIA HaM pdaI
1 1 41
1n2=1—72——|—§—_,,—|—(~1)"’7—{—... (18)
M3 paxa (17) MOXHO BHIBECTH M ADPYrHe TMOJE3HHE pasnoxenusa. Hanpu-
Mep, 3aMEHAst B HEM X Ha — X 4 BHLIUATA’s NMOJAYUCHHBI{t DAL NOYMEHHO

us pama (17) (npu 310M Mel cuuraem |x|<1), npuaeM K chaenywo-
wemy pFIlI)"

=l g pd by e )L (19)

406, ®opmyna Ctapaudra. B Kkauecrse MpPHIOKEHHA MOKaXeM, KaK € ero
MOMOULLIO MOXET ObITb BHIBEAEHA ONHA BaxkHasd OPMYySa awann3a, HOCAULAR HMA
Crupaunra (. Stirling).

1
2n+ 17’

Bo3sbaem B (19) x = roe n—npou3BOAbHOE HaTypanbHOE YHCAO,

Tak kax Torna
1
l+x__1+2n+l_n+1
1—x 1~ n

T onF1
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TO MH NORYYUM DPa3JOXEeHHE

n41 2 11 1 1
= =2n+1[1+?'(2n+1)2+§'(2n+1)4+"-']’

KOTOpO€ MOXHO mnepenucatb B BHIe:

1 1 1 1 1 |
("'*‘?) In (l +7)“1+F "ty @t
STO Bl:lpa)HEHHe OYE€BHIHO, Goabue €IHHHUB, HO MEHbIUE, YyeM

1
g et e = e

Hrak, nmeem:

(20)

1 1 1
1<(n+7)1n (1+7) <+ 1T
OTKYA2, NOTEHUHPYA, RakaeM
ERECEST

e<(1+ )+2<e <n+1>
Beenem Temepn BapuaHTy a,= . Torna
Ty
I\its
2 7
oW _(1+7)
Anyy € ’
H ¥3 NPEAbAYIIHX HEePaBEHCTB ClelyeT, YTo
1
1
— ___ l2n
1 < a5 <t ,
An.1 .
2D

TaK YT1O, C OLHON CTOPOHH, dp > dp,,, C APYyrofl wKe,

1 1

a,-e l2n<a e 12(n+l)
Takum o6pa3oM ¢ BO3pacTaHWeM n BapuaHTa 4, yOuBaer (OcTaBasch orpa-
HYYEHHOR CHM3Y, Hanpwvxep, HyZem) ¥ CTPEMHMTCA K KOHEYHOMY npegenay a,

BapuaHTa Xe ap-e 12" Bo3pacraer, CTpeMACb, OYEBHAHO, K TOMY Xe Npeaeny a

" on

(n6o e —1). Tak kak npy MOGOM 7 BHNOARATCA HepPaBEHCTBA

1

a6 P ca<a,

TO HaBLETCA TAKOE YHCAO U, 3AKTIOUCHHOE MEXIY HYACeM H eNMHHUEH, uTO
-8 o

a=a; e " um a;=a-e'%
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(3ameTuM, y10 yucno 0, BooGule rosops, 3aBHCHT OF n). Becmomunas onpepene-
Hye NepeMeHHOH a@,, HaxoluM:

]
nl=aVE-(%>"-em 0 <0 <1). @

OcraeTca Temepb ONpeleAMTb BeAHUMHY mnocTosxHo#t 4. C 9TO0it UeAbIO
BeroMunm ¢opmyny Bannuca [317], koTopyio MOXHO 3anmucaThb B BHe:

— -lim 1 2nl! 2
2 T ale 2MFT [(2n—1)!l ‘
BripaiceHne B CKOGKax mpeo6pasyeM ClIefylownM 06pasoM:
2nll  (@nll)® _ 2°A.(nl)?,
@n—1" " 2al T 2ul ?

MOLCTaBHB cloja BMecTo n! ero Bupaxenue no ¢opmyre (21), a Bmecto 2n!
AHANOIHYHOEC BBEIDAMEHHE

o
— an —
2ml=a ) 2n (2—;1> 2 (0<0 <),
[OCIe 9AEMEHTAPHLIX YIPOUWEHHH NORYUHM
48 —0"
___gfﬂ___ ]//-4--8 24n
@n—0D

b i ot n 4= a?
T — lim comp =
2 ,,_,0;,2/1—|-1 2 2 ="

Tag 4ToO

Orciona:
=2 nua=Yy 2=

MoxctaBasa 910 3Hauenue a B Gopmyny (21), M W npHieM K PopMyse
Cmupauncea

8
. noo
=V2r.n(%) el (0B,

KoTOpas INO3BOJAET JIerko OUCHUBATL BeaHuHHY ¢axTopuana nl npH GoNbIIHK
3HAYCHHAX N.
Jlna ynpaxHedusa npejaaraeM ydtaremo GaxTHYECKH HAHTH CyMMy paja

ﬁ[nmg;j;-l],

n=1

CXOZMMOCTb KOTOpOro Gnina goxaszana B n° 367, 9) (6).
Y KA3AHHUE DBuuHCIMTE n-10 YaCTHYHYI0O CYMMY M, npeoGpasoBas ce

¢ nomowbio ¢opmyrst CTHpauMKHTa, mepelith k npexeny, Oms, % (1—1n2).

407. DBunomnanbumii pag. BosbMeM, Hakowen, f(x)={(1 - x)?,
rae m — moGoe BEUIECTBEHHOE uYuCJo, oTanuHoe or 0 m OT BCeX Hary-
pajbHblX uucea (IPH HATYPaAbHOM M [OJYYaeTCd M3BECTHOE KOHEYHOE



372 T/ X1 BECKOHEYHLIE PROK C MOCTORHHBIMH YJIEHAMM (407
pasnoxenne no ¢opmyse HowToua) B stom cayuae psz TeHaopa
umeer BuR [125, 4)]:

m{m—1)-...-(m—n-+1)

— 1 C) n
1—{—mx—}—m—('7'2 )x'+...+ T x4

€ro HaspiBalOT OWHOMHAABHBM DPSAROM, & KO3DQUUHEHTH €ro —-
OGHHOMHANbHBMH KOS PHUHUEeHTaMu JIpy CRENAHHEIX OTHOCH-
TENBHO /2 MPENNOJOKEHUAR HKU ONHMH M3 3THX KOS(DGHIUMEHTOB He Gyner
HyJeM (B20GOPOT, €can Gbl /1 OBIO HATYPalbHBIM YACAOM, TO KOIDMHU-
uneyt npu x™* u sce caenyouwue o6patuance 66 B Hyas). C HOMOILbEO
npusHaka JanamGepa [377] serko ycrauosuth, uTO npn lx|<1
GuHoMuabHHR paa (a6COMOTHO) cXomutcs, a npu | x| > 1 pacxomutcs,
Hccrenosanre ponoauurensHoro unena r,(x) Mel OyieMm MPOH3BOANTH
B IIPEANOJONEeHHH, uyTO |.X|<[ 1, mpHueM cpasy BosbMeM ero B opme
Kown (9) (dopMa Jlarpamka u 3mec 1aeT OTBET HE TPH BCex
3HAUEHUAX X).
Tak xax

[V () =m(m—1)...(m —n--1)(m —n) (1 + )" "1,
10 OydeM HMeTh:

m@m—1)...(m—n) (4 6x)ymn-n-t
1-2-...-n

r,(x)= (1 —B)"x"H,

IlpeactaBuM €ro, neperpynnupoBaB MHOXHTENM, B8 BHAE:

ro(x)= (m—1)(m —12.)2-.'..(.:?.: l—n+41) x"mx (1 Bx)m1 (11+‘—ei )"_

Ilepsoe m3 3THX Tpex Buipamenul npeacrasiser cCo6oM oGuuh yaen
GHHOMUAJIBHOTO K€ pAna, HO OTBEYAIOLIEro INOKasateal m-— I; Tak
kak npu | x|<1 OuHOMHAJbHBIH psd CXOAMTCA, KakOB Ob Hu Gua
NI0Ka3aTeb, TO 3TO BHIPAXEHHE MPH @ —» OO CTPEMUTCH K Hyqo. Yro we
KacaeTcf ABYX ApYrMX BLIpaWeHHWH, TO BTOpoe no a6CoNOTHOH Bean-
UMHE COJEPNHTCS MEXRY FPaHHLAMH

(L—=1x )™ [mx]- (14| )™

HE 3aBHUCALLMMM OT 7, a Tpetbe, Kak H 8 405, MeHule eanHHIb.
Takum oOpasom, r,(x)—>0, 7. e maa |x|<l uMeer MecTo pasuio-
HEHue

(1 —}—x)’":l—{—mx—}—'%xi 4 ...

b '"(”’_J)Q""ff'f__n"““’)x"—}—..., (22)

| mx

KOTOPOE TaKKE CBA3aHO ¢ uMeHeM HbwroHa,
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Mm He paccmMarTpuBan¥ BOMPOCa O TMPHMEHHWMOCTH €ro MpH 3HAYeHHAX
x= 1. Jlerko c006pa3uTh, YTO GHHOMHANbHLIH DPAX €CTb YACTHBIA Cayva#
FHIEPreoMeTPUYECKOro PANA M [ONYyYaeTCA W3 FOCAeNHEro NpH a=—m, f=7
u 3aMeHe x Ha -—x, Bcrexcreue 9toro, no rabauue 8 402, 8), n1erko coCTaBHTDL
TAKYI0 TAGAMIY, XapPaKTEPH3YIOULYI0 NOBEIEHHE GHHOMHAMLHOTO DAA HA KOHUAX
x=1:| ero npoMexyTka CXOXUMOCTH:

m>0 alc. CXOAUTCH
x=1 0>m>—1 Hea6c. CXOMMTCA
m=—1 pacxogHuTCsa
=1 m>0 a6c. cxomutca
- m <0 PacxoxMTCA

MoOXHO moka3aTh, YTO BCAKMA pa3, kKorga OHHOMHAAbHMLIR PAX CXOXMTCH,
ero cymmofl 6yner (I - x)™. 3pmecb Mhl Ha 3TOM He OCTAaHABAMBAEMCH, Menas
u3Gexarth KpONOTAMBOIO HCCNEKOBAHHMA JONOJHMTENbHOTO Y/eHa, TaK Kak 3TOT
peayabTaT NpPOCTO BhiTEKAaeT H3 OfHON ofulelt Teopembs, KoTopas 6yneT A0Ka3aHa
HHxe [cM. 437, 6°).

OTMETHM HEKOTODhE YaCTHhE CAyuaH OHHOMHalIbLHOrO DAAA, OTBEYAIOU(HE,

Hanpumep, m=— |, 5 ———2—:
_l_—— —_— 2__ — ]yt B —
il Eeb s ARl el l<x<1)
(06HIKHOBEHHAA FEOMETPHYCCKAN NMPOrPeCcCHsa), 3aTeM,
N R S B
Vl-{—x—l—{—?x—gx —{—l—ﬁx—mx‘—{—...
2n —3)
...+(—])’H(—n#x"—{—...(——lgxgl) 23)
H
1 g1 8 4 5 4,83
*V__l-{—x =1 —2—x-{—8x 16~ -{—mx _

b i@y r<x=). @8)

BawHO MOAYEPKHYTb, YTO B CAYYaC DAUMOHAALHOTO M CyMMa GHHOMHAND-
HOTO pslla llaeT BCerja AapHGMeTHYECKOe 3HaueHHe Dajnkana,

3ameganna |, Ha stom nocrpoeno, HanpuMep, cleayiomee T0G0NbITHOE
pasnoxenue, npusagnexamee llaémuabxy (O. Schlomilch). Mpewae sBeero,

nonaras B (23) x=—y? rae — | <<y <<, noayumm, uro
[eo)]
-V 1—y_ (2n — 3! it
y 2nll .
n=1
2z
A 3aTeM, BMECTO y NONCTADHM CIOfla BhIDAXEHHE T+ rae 2z u3MeHaeTcs

yxe Mexay —oo ¥ oo, Oxawercs, yTo
® z ecam |z]=<1,

2 (2n—3)lI ( 2z )7"" _
2nll \1 429 % ecnn [z|S 1.

n=1
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JTOT MPHUMED HHTEPECEH TeM, 4TO A1 (QYHKLHX, OMpeleaseMOi B Pa3HLIX
TPOMEMYTKAX PABAH Y H b MH aHATHTHYECKUMH BUDIKEHHAMM 2 M —, 1AeTCA

B TO Xe BpeMA W eI MHOE aHANHTHYECKOE BbHIPANKEHHE — B BHIE CYMMH
paua [cp. 46; 363, 5)].

Bo Bcex paccMOTpEHHbLIX BbIWE NPHUMEPaX Pa3noKEHHA (GYHKUMA B pan
Te#nopa BHXOAHAO TAK, YTO LAA BCEX 3HAYEHHH X, NPH KOTOPHIX PAL CXO-
OMACA, €ro CyMMa PaBHAMACL TOM (YHKUHH, 1AA KOTOPOA DAL OblA TOCTPOEH.
ITosToMy y umTatessn MOra0 BO3HHKHYTh MOJO3PEHHE, YTO BOOOIU(e AOCTATOYHO
YCTaHOBUTh CXOAMMOCTb DANa, NA)KE HE NPOBCPAA COOTHOWEHHA (5), YTO6B GbiNO
obecneyeHo paszaoxense (4) uau (6).

Ha gene, onnako, sto He tax. Ecam, Hanmpumep, BEPHYTLCA K (BYHKLMH,
pPacCMOTpeHHO® B 3aMeyasuu n° 138:

1
f)=e * (mpu x£0), £(0)=0,

TO 1AA HCe, K4K Mul BHIENH, CYWCCTBYWOT Qawe npu x==0 npousBolHbie BCEX
NMOPAIKOB, HO BCe B 3TOH Touke o6pawanTca B Hyas. Pax Te it nopa Buna (6) co
CIIOWD HYACBHIMU KOIDDHUNEHTAMH, KOHEYHO, CXOQUTCA BC3[Ee, HO HW NPH OXHOM
3nayenuy x (kpome x =0) He BOCTMPOH3BOLMUT 3HAUEHUA HCXOZHOH OYHKUHM.

408. Pa3foxeHHe cHHYyca H KOCHHYyca B GecKOHeWHbie NMPOH3BEACHHA.
Mbl NO3HaKOMHMJIHCH BHILE C Pa3TOMCHHAMHM BAKHCHIUHMX 91EMEHTAPHBLIX (YHK-
UMK B GeCKOHeunsle DRibl, PACTOJOMEHHLIE NIO CTEMEHAM X, T. €. C APEACTaB-
JCHUEM 9THX OGYHKUMH B BHIE «6eCKOHEUHBX MHOroujeHoB», B 3axnovenue
9TOr0 naparpada Mpl NPEACTaBUM (YHKUMH Sl X U COSX B BUIE GECKOHEUHHX
npou3BelleHut, KOTOPHIE KaK Obl OCYLIECTBAAIOT PAa3J0XEHHE HAa MHOXUTEIH
COOTBETCTBYIOUWHX <«GECKOHEYHBIX MHOrOQYJEHOB».

Haynem ¢ BwBO#A ONHOM BCMoMorarenbHOH GOpMyn, MaBectHa u3 anre6pu
dopuyre Moaspa*:

(cos z —+ i sin 2)™ =cos mz -} i - sin mz,

rie m GyIeM CYMTaThb HATYPalbHLIM YHCAOM. PacKphB c1esa CKOGKH — 1o 0Gbiy-
HOMY TIPABHAY — M NIPUPABHAB CAEBA M CHPaBa KOS(DMULHKENTH NPH <MHUMOH
emunuues i =} — |, noayuum

m(m—1)(m—2)

sin mz = m cos™ 1z« sinz —
1.2.3

cos™ iz . sinf z ..,

Ecnu m=2n-1 HeveTHO, To, 3aMEHAR YETHHE CTENEHH KOCHHYCa mo ¢(Hop-
Myae cos®® z= (1 —sin® z)k, Mbl npeACTaBMM pe3yabTar B BUAe:

sin (2n -+ 1) z=sin z - P (sin* 2), (25)
rae P (u) ectb uensifi MHOrouneH n-f# CreneHu.
JTOT MHOTOYAEH, eCIH Yepe3 U, U, ..., U, 0603HAUHTb €ro KOPHH, MOXHO

CleAYOWHM 06Pa3oM PA3N0OKHUTL Ha MHOMHTEIH

u u
P(u):a(u~—ul)4..(u—u,,)=A(l———)...(l——),
Uy Up
Kophu uy, Uy, ... , U, T€TKO ONPENEXUTH W3 (25), 3aMeTuB, 4TO €CAM 2z OG-
pauwtaer B Hyab sin(2n-1)z, HO ocCTaBaseT SNz OTJAHYHHIM OT HYad, TO
sinfz Heo6XxomumMo Oyler Kopuem MHorouaeda P (u). OueBHAHO, 3HaYeHHAM
T

=T 2. T PRI comepwawumca Mekay 0 U — n
P01 “ng it "y pauny y

2

* Cu,, Hanpumep, Huxe, 453
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BAYILHM B NOPANKE BO3PACTaHHA, OTBEYAWT BO3PACTADILHE e (CneloBaTenbHo,
PA3NHYHbIE) KODHH:
uy, =sin?

uy ==sin® 2 , Uy ==sin’n

3 n
2n+ 17 2n 41 +1"" 2n41°
Haxonen, xospduunent A=P(0) onpefensercs, Kax Npeien OTHOICHHSA

sin 2n+4- 1) z/sinz npu z —0; orcioma A=2n+ 1.
Taknunm obpazom, npuxoluM K dopmyare

sin(2n+1)z=(2rz+l)sinz(l——sms’: )(1_ sin® z )

sin® 5———— sin® o —
2n+1 2n+1
n foZ= > ncpenuwenm ee Tak:
oaara z_2u—|—l’ pen :
/ sin® \\
sinx = (20 1) sin 5 —— _i_l(lm—ﬁli I—A‘. (26)
L T
R Py "1/
Bysem cyntaTo x oraMuEbiM oT 0, s+m, =2m ..., TaK yro sinx 0.

Bosbem HaTypanbHoe uyucao k nog y(,IIOBHEM (Iz—i—l)n\|x} H NycTh n
6yxer > k. [lpeactasum Temepb sinx B BHIE NPOM3BENCHUS:

sinx = U . v, @7
roe
Slﬂ' * sin?
UM = (2n + 1) sin nj_l 1— + 1 2"+'
2rz—|— sin® Iz2 +1

CONEPHHT AHWb k MHOXHTeNeH B ckoGkax, a

V")/l 2n—|—1
\ sin? (k + 1) 5 +1

OXBATLIBAET BCE OCTAALHBIE,
Mycts k noka ¢uxcapoBano; aerko HaUTH npefen L'g") npH n — 0o, Mo-

CKOMLKY 23TO BLIpAMEHHE COCTOHT H3 ONpeJCACHHOr0 KOHEYHOr0 YMCAd COMHO-
wureneft, Tak kak

sy
< st — %

\
I 2+1
smn2+1

Jim ot lsin Ty =
sin? 5 * 0 "
lim ++=— (=1, 2 ... &)
h! 2 ) )
=9 sin® h —mm— "
e

T0

. x? x? x3
Up= n“—r-noo Ullen)= X (1_?) (1 -m) Caeet (l—mg)-
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Beuny (27), cywectByer u npemex

Vi= lim V{?, npuueM sinx = Uy V.
n—00

3aiimemcs oue HK o #t npenexa V.

T
WssectHo, yto naa 0 < ¢ <5 MMEIOT MECTO Hepasencrsa

2 .
=7 <sing <@
(54, (9); 133, 1)]. [TosTomy

si;ﬁ# <X—2
2n+1 ~@2n+1)?
H
. n 4 h*n® .
sin h2n+l > TE— (th=k+1,..., n),
TaK yToO
) S ( ~£)
1> 1 >(1 4(k+1)9) (1=, 28)
BecxoHeynoe npousBeenne
l[ ( 4/;-)
K hig

(rme h, Bw6pano T1ak, uyrofn O6wino 4h3 > x?) cxomwrcd, M60 CXOAWTCA pal
@

2
ﬁ;[reopema 5°,401], Mo3stoMy ocTaToyYHOEe NpoOH3BeNeHHeE

_ -1 0-3)

npu R — oo NOMKHO CTPEMHTHCHA K | [401, 2°]. OueBMOHO, MBI JTHlIbL YCHAMM
BTOpOE€ M3 HepaBeHCTB (28), ecau Hanuuiem

1>V >y,
nepexons (npu GUKCHPOBAHHOM k) K npejesy NMpH n — CO, 0NYYUM

1>V, =V
Orciona caenyer, yro

Jim V=1, rak uro lim U= sin x,
&

— 00 — 0

H MW TNPHXOAHM, OKOHUATCALHO, K 3aMeYaTENLHOMY pPasnoOXEHHIO:

e | (R

n==1
=x(1—;‘—:)(1—-4i:2)~...-(1—nf:,)... , (29)

BNepBLE YCTAHOBAGHHOMY DN AcCpo M,
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OHO MMEEeT MEeCTO, PasyMeercs, H MR MCKIYEHHbIX panee 3Hayewuit x =0,
4+ n, &£2r, ..., H60 TOrma ofe YacTH S9TOr0 PpaBEHCTBA CYTb HYIH. Jlerxo
BHIETb, YTO OT[€JAbHbHE MHOXHTCIM KAaK pa3s ¥ OTBEYAIOT DPA3NHUHLIM KOPHAM
sin x *.

Ecad B NONYyYEeHHOM PAa310XKEHHH MOIOKUTD x=%, TO HaileMm:
2 1 I
=11 -
T ' 4n® )’
n=1
OTKyZa CHOBa BhiTekaeT qopmyna Banawuca |317; cp. 400. 2)|.

YKakeM elle ORHO MHTEPECHOE NPHUMEHEeHUe 9TOro PasjJoXCHUA, KOTOPOC,
3aMeHAn X Ha m.x, MOXHO MPEACTaBHTL B BHIe:

sm-zx.-anI (1 ———).

n=1
BenomuuM onpenenesne dyuxkunn T (x) [402, (13)]:
1 \*
(1]
n=1 1 + o

¥ cootnomenne I (x 4+ 1)=ux.T (x) [ram xe, (15)]. Toraa

| \=¥
T(l—x)=—x -T(—x)= [ ( ) .

= L=

VMHOXanA, Cpa3y NPHXOMHM K TaK Ha3uBaeMOH @opmyse 0OnoAHeHUR

T(x)- T(l—x)= (30)

T
sinwx

TaKwe HaljeHHOH D H 1 e'pOoM; OHA MMeeT MECTO NPH MOGLIX He e 1 H X 3Ha-
yeHUnx x **,
AHanor#yHoO pa3noXeHHIO Sin X BHBOJMTCA Pa3noXkeHHe

© x?

ens= T (=)= 1T ()

n=1

2n —
BLABNAIONLEE KODHH coS X: =

!
n. Bnpouem, OHO MOXeT GbiTb IOAYYEHO H
M3 pa3sloXenus sin.x, no Gopmyae

sin 2x

. T
€os x == sin (——x) HIM COSX = 5———
2 2sinx

.
% (OTHOCHTENbHO BO3MOXHOCTH II€PECTaBAATb COMHOXHMTENH — cM. 402, 4).
2

i
#* TlonowuB 31€Ch X= >, B YaCTHOCTH, HafiieM, 4TO [I‘ (7) =m; TaK

Kak opn x>0 u T(x)>0, 10 I‘( ) V.
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HakoHel, ynoMaHeM 0 pasioeHUAX

shx=x-’1lj;(l+ ), chx=ﬁ l+(2"2—_‘n)2’ @31)

n=
KOTOpBIE TaKXe MOryT ObITb YCTAQHOBIEHEI C [OMOUILIO CXOJHBIX COOGPaMeHHH,

x*
n*n?

§ 8. MNpuGaukenunbie BHIYMCICHHA C MOMOHIBIO PANOB.
IIpeoGpasoBauue pangos

409. O6mue sameuanus, Ha npuMepe MONyYeHHLIX HAMH KOHKPETHLIX Pas-
JOWeHHH Mbl Pa3bACHAM, Kak OGeCKOHeYHsle DANBI MOLYT ObITh HCIO/b30BANLI
Aqs wened nNpUGIMXKEeHHB X BelYyHCnedu#H [lpeanowneM pan oSwux
3aMeyaHuii.

Ecan HensBecTHOE HAM YMCIO A pasNOXEHO B pAl:

A=a t‘ta,+a;+...4a,4+...,

rae a,, d., &3, ...— JI€rKO BbiyucIAeMble (OOBIKHOBEHIIO paUMOHAalNbHBIE) YHCIA,
H Mbl MOJOXHM NPHGINKEHHO:

A=Ap=0a,}+a,+...+ap,

TO NMonpaBKa HA 0T6paCblBﬂHHe BCeX OCTaflbHKIX YJAEHOB  BbIpa3uTca
OCTATKOM

Op=Gpy1F Onyst oo

[Ipy n0CTaTOYHO GOABLINOM 7 3Ta NOrPeIUHOCTb CTAHET CKOMb YFOLHO Manow,
TaK uto A, BOCNpoH3BeleT A C Mo60H Hanepel 3aAaHHON TOYHOCTbIO.

Mbpl 3aMHTEPECOBAaHbI B BO3MOXHOCTH NPOCTO [POU3BOAWTL O U EHKY
0CTaTKa ap; 9TO NO3BOJMIO Gbl HAM M BOBPEMH OCTAHOBHTHLCA TMPH BHIUUCIEHHH
N0CAeN0BATEAbHBIX YACTHUHBIX CYMM, KOrma yxe 6yger noayueHo npubnuxelme
TpeSyeMoit TOYHOCTH.

Ecan paccmarpuBaeMblit pAIL OKa3biBAETCA 3HAKOMEPEMEHHHLIM U TIDHUTOM
C MOHOTOHHO YObLIBAIOWMMH 1O aBCONOTHOH BeanuuHe uneHamy («nehbHuues-
CKOro THnar»), TO, Kak Mpl Buienu [381, sameyanue], OCTaTOK MMeEET 3HAK CBOEro
nepBoro uiena M no aGCoNOTHOH BeAHYMHE MEHbLie €ro, JTa OUEHKA B CMbICAC
NpOCTOTHl He OCTaBAfAeT XeaaTb Jyyliero,

Heckonbko cnoxHee oGCTOMT Aed0 B cayuyae NMOROXKHTERbHOro pAxa,

Torma OGBHIKHOBEHHO CTAPAIOTCA HAaiTH AE€rkKo CyMMHUpYeMb # Mnojo-
WHTCALHBI e DAL, YBEHbl KOTOPOro GbinH 6bl 60 b IN e YAEHOB HHTEPECYIO-
Llero HaC OCTaTKa, ¥ OLUEHWBAOT OCTATOK CYMMOW 3TOro paia.

o0

. )
Hanpusep, naa paza 27{2 MOXHO NONYUHTH:
1

o0

o0
Y < Y aw=p= 2 (wor—wl=w
mE S m(m—1) m—1 —tﬁ_)_n
m=n+1

m=n+1 m=n+1
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[o1a ouenka coBmamaer ¢ oueHkoi cBepxy, moayyenHo# B 373 (I]) ¢ nomoubio
fes]

WHTerpvpoBaHua], a aad paga |-+ 27711_
1

o @ o

1 1§ 1 1 1 1
2 T A Z mED m = 2+l'(n_+1)m~n =T

m=n-+1 m=n-1 m=n

|sTO# OleHKON MBI aKTHYECKH W MOMb30BANMCH NMPH BhIYHCIeHUH yucna e 8 37,

OG6bIKHOBEHHO HWETCH 1€ CATHYHOe NPHOIHKeHHe Yucna A, B T0 BpeMs
KAK YJEHBI PAJA MOTYT W He ObiTb BbIpaseHbl NECATHUHBLIMM Apo6aMu. TIpH 06-
palleHHH UX B AeCATHYHYIO APOGb, OKpYrjieHHe HX CAyMHT HMCTOYHMKOM HOBON
NOrPEeLHOCTH, KOTOPYI TaK¥ke CjaelyeT yyecTb,

Hakownei, oTMeTHM, YTO 1aneKo He BCAKMH PAl, WMEIOUIUA CyMMON HHTepe-
cywoule¢ Hac ugcao A, mpyrogeH Ind P aKTHUEeCKOT O BHLIYHCACHHA 3TOrO
yucnaa (Aaxe €CnH €ro YneHbl MPOCThl, H OUEHKA OCTaTKAa NPOM3BOAMUTCA N€rKo).
Bonpoc —B GbICTPOTE CXOAMMOCTH, T. €. B GHCTPOTE NPUOTHMKEHHA YACTHYIION
CyMMBI K uHcny A.

BosbMeM nas npumepa pans [cM. 404 (16) u 405 (18)]:

| 1 1 | 1 l 1
l=g+5s—gtewl—gtyg—gtg—,

(14
HaollHe COOTBETCTBEHHO DPA3f0OMEHHe uucen T 1 In2. [lna T1Oro uyto6m ¢ HX

NOMOLLLIO BLIYHCIAHTD 9TH YHMCNA, CKAXEM, C TOYHOCTbIO 10 1/10% Hy®kHO Gbino Gl
CHOXHTb MATbHAECAT THCAY YACHOB B MEPBOM Ciyyde ¥ CTO THICHAY—
BO BTOPOM; 9T0, KOHEUHO, OCYWLECTBHMO AHLIbL C MOMOILLIO GbiCTPOAEHCTBY IOIHKX
BLIYHCAHTENbHBIX MallHH,

Huxe Mbt 6e3 0co060ro Tpyla BHIUMCIUM YMOMANYTbIE YHCAA Jaxe ¢ GONb-
WweR TOYHOCTDLIO, HO HCMONb30BaB 60.ee MOAXOAALIME PSAMLLL,

410. Beiuncienne yncaa = Bocnoabdyemcs W3BeCTHBIM pAgoOM IAA apKTaH-
renca |404 (15)]:

X8 X X7
arctgx_x———_d——}—g—T—}—... (—1x=<l),

1 w
Ecan B3ath x_—]—/?, TO arclg X=-, U Mbl NOAYYHM PAR
n 1 1 I 1 1 11
L AUk RE B RE I A Ol
Yxe NMPHIOANBIA AJMA BBLIYHCICHHA.
Bcnomunan gopmyny croxenus Qas apkranrenca *

xty

Xy

M BHGHDAA B KAUECTBE X M ¥ KAKHMe-HHOYAb ABEe NPaBHIbHble APOGH, yHOBIe-
TBOPAIOLIHE COOTHOILEHHIO

Xty
I —xy

arctg x -+ arctg y=arctg ———=— —

=1 um (x+ 1) (y+ 1)=2,

* Kotopaa B 9TOM BHie aepna MHWb B NPeMOoNOMXeHHH, YTO CYMMa Yrios
no a6CoMOTHON BennuMHe << [50]
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6yneM HMETb

L3

= arctg x—{—arctgy:(
Hanpusep, nonoxus x:%, y=%, nOAY UHM
1 11 I 1 { 1 1 I 1
7~(7—?‘2—«+§'2?“---)+(?—?'3T+3‘3—s‘-~)-
CyutectByior, ofHaKo, pAlsl, eule Gonee YAO6HbIE HAS BMYKCIEHHA YHCIA T

x_§+...) +<y—“}§-+...).

MMonowum a=arctg 5 TOrAa

2 10
| 5 5 2 120
tga._-s—, tha—Tj_ﬁ’ 1g4a_1—25.._1—|g.
25 144
Beuny Gru3octd storo uwuciaa k I, AcHo, yt0 yros 4a 6aAM30K K %; M0/JI0HHB
f=4a -—%, 6yneM HMETb:
120
Ha—1
tgf= 1o = TaK 410 B=arct !
gr= 120 239> TAK 4T P=Rarclg oz
' 11

Orcioga |
i - R L e

L L I N N
9 5 11 51 239 3 2398
310 —dopmyra Msmnua (J. Machin).

Boiuncaum 1o Helt wucao m ¢ 7-10 3HakaMu nocae sanatoft, [am sToro no-
CTaTOYHO T€X Y/IeHOB (HOPMYNbI, KOTODbe (AKTHYECKH BLIMHCAHW. Tak Kak 06a
papa—7tuna Jleh6HU LA, TO MOMPaBKK B yMEHLWAEMOM H BHIUHTAEMOM Ha
or6paceiBanie HEBHITHCAHHBIX YIAEHOR, COOTBETCTBERHO, GYMYT:

16 1 4 1
O<bi<pgon<iw " 0<l<gop <y

CoxpaKennsie uIeHH OGPAaTHM B JAeCATHYHEIE APOGH, OKPYrisa WX (Ho npasuny
BOMONHEHHN) HR 8-M 3Haxe. BblyMCleHun CBejeHnl B 1abamuy (B CKOGKaX
YKa3uBaeT 3 H a K NMOMPABKH):

? — 3,20000000 % = 0,04266667 (—)

+ 51—%5 = 0,00102400 +o '_%, — 0,00002926 (—)

s = 0,00000091 (+) % — 0,00000003 (—)
320102491 ) 0,04269596
g 001673040 ()
RS g —ommmne

3,15832895 0,01673630



411] § 8. BHUMCAEHMA C MOMOUILIO PRAOB 38t

YuuThBaa BCe NONDABKH, HMEEM:
3,15832895 << 16a << 3,15832898
— 0,01673632 << — 43 << — 0,01673630,

TaK uTO
3,14159263 << = << 3,14150268.

Wrak, okoHuatenbro, n=23,1415926 ..., npHyem BCe BLIUHCAHHbIE 313KN BepHH.

411. Buiuncaenne norapudmoB. B ocHOBe BbLIUMCIEHHH JeMHT pAL
n+1
]n%_—:ln(n—i— 1) —Inn=

2 1 1 1 1
=il tE mr s E ) O

KOTOPbIM Mbl yXe mnoab3oBaauchk B n° 406 [cM. (20)] npu BoiBome QopMysn
Crupaunra VIpu a=1, noayynm paszaoxenue aas In 2

. 2 1 1 1 1 11 ] 1 i 1
me=g(i+g gt gtrgty gt et
1 1 1 1 1
gt E e T

J10T pax BnoaHe npurofeH aana BoiuHcaenuH, [lokaxewm, Hanpumep, uTto, orpa-
HHYUBAACh ML BHINHCAHHBLIMM YIEHAMH, MOXHO HaNTH In 2 C 9-10 NPaBHALHLIMH
NeCATHUHbLIMHA 3HAKaMH,

B camom nene, eciH OTGPOCHTb yjgeHbl 9TOro psAaa, HauuHasg ¢ Aecsiroro,
TO COOTBETCTBYIOULasA MOMpaBKa 6)’}.'[61'!

271 | 1 | 2 1 |
A=§(m'g—n+rﬂ'w+"')<—3.1g.go (l+§+97+"')"
| 2

=199 <Tow*

Buiuucaenun, Ha 10 3HakoB, cBelleHn B Tafauuy:

i OO T T e
37% =00246013380 () " np 003147180,
3_%5 = 0,00164 60905 (+) H BCE HamMHCaHHble 9 3HAKOB BEDHHL
3—.72.—9-3 =0,00013 06421 (-+)
3. g = 0,00001 12901 (—)
:T-ﬁ = 0,00000 10264 (—)
3‘1% == 0,00000 00965 (—)
—3%@ == 0,00000 00093 (—)
ﬁ, = 0,00000 00009 ()

,69314 71805
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IMonaraa temeps 8 (1) n =4, Halgem:
2 11 1 1
]n5—21n2+—§—<1+—3—-ﬂ—|—§-ﬂ{+...).

[Moab3yacs yxe BLIVUCACHHHIM 3HayeHueM In2, no 3104 PopMyne Nerko BbLIUHC-
nuth Inb, a satem M Inl0==In2--In5. [Mocae srtOro, ¢ NpOM3BONALHOHK cTe-
TIEHbIO TOYHOCTH, MOXET GblITb BHIYHCAEH MOLYNb

1
M=_—
inl0
nna Tepexola OT HATYpanbHelX  10rapudMOB K HECATHYHBIM; OH paBCH
M =0,43429448] ..., YMHOKUS Ha Moaylib, HalileM JeCATHYHbie JOrapHpMbl:
log 2 u log 5.

Nepefilem k necATHUHLIM AorapudMaM u B oCHOBHON (opymyne (I):

2M 1 1 1 1
log(n-ﬁ—l)——logn:-zm[l—i—?- T -{——5—- FTERE +] 2)

Monaras agech n=80=2%. 10 ¥ npHRUMAn BO BHUMaHHE, uTO n 4+ [=81=3},
Haftaem

2M 1 1 1 ]
4log3—3log2—l=]€l-[l+§~—2—59—2T+—5~-W+...],

otkyaa acrxo Hairu log 3. Nonacas, nanee, B qopmyne (2) n=2400=3.2%.10%,
OyneM HMeTb
n+4+1=240l="74
H
2M 1

i 1 1
4log 7—3log2—log3 —2=7gy (1 + 3 w0age01 T 5 * 230496017 +j

Tak wro Haiipem u jgocapuds log 7. ToaGupan nonobkbie UHCIOBHIE KOMOHHALMH,
MOXHO C NPOH3BOABHON CTENEHbIO TOYHOCTH HAWUTH AOrapH@Mbl NMPOCTHIX yHCerd,
a N0 HUM MyTeM YMHOMCHHMA HA HATYPaNbiele MHOKMTCIH M CAOWEHHA HaltlyTcs
0rapu@Msl COCTABHBIX uHCeN.

MoxHO 651710 Gbl TOCTYNHTE W HHAYE, HEOOCPEACTBCHHO BLIUMCIAA NOCAPHIMbI
ToCAegOBATeAbHbIX HATYPAALHLIX uMcen U nmepexofa or logn k log (n-1) npu
novowu dopmynst (2). Tak, ana suiyncaeRuA aorapugmos yucen ot 1000 po 10000
BoabMeM B dopmyae (2) TOAbKO OM U H udAeH, T. €. OPUOAHKEHHO NON0WHM

’ _ oM s .
log(n+1)—logn—2n—+1(10 = n =< 104,

MMonpaska npu sToM 6yner

oM [ 1 1 1
1 '[?' ern T T F T +"']<
oM 1 1
<@y | T Ey ter =
oM oM

=3t ) n-@ntY ~Un e
Tak kak y Hac n=10%, a 2M <1, 10

PP BN
<9100 <2.100°

A=
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Ecan 6o maxe BCe OWMGKH CYMMHUPOBAAHCHL, TO B O0uleM BCe e norpent-

01
HOCTb 6niNa 6bl MCHbILE, YeM 5106 = 5108 Ho nerko naBernytb Takoro Ha-
KOMNEeBUA NMOTPeMHOCTEN, BLIYHCAUB LeNbIH PAX KOH TP O A b HbIX A0TapHPMOB
no nepBoMy MeTofy. TakHM nyTeM MOXHO ROCTHTHYTb ropasgo Goapwed TOY-
HOCTH, COXPaHHB B TO ¥e€ BPeMA NPHCYUHA BTOPOMY METOLY aBTOMaTH3 M Bbi-
YHCReHu (KOTOpbIH OYeHb LEHEeH, 0COGEHHO NPH COCTABICHUH OOWIMPHRIX TabaHu).

412, Boiuncaenne gopueit. Ipowe Bcero KOPHH BLIUMCAAOTCA C NOMOULLIO
Ta6auus norapudmos. OnHAKO eCAM OTAENAbHBIE KODHH HYXHh € 601bWOH TOY-
HOCTbIO, TO 1eNeco06pa3Ho npu6eruy1b K OuHOMHanbHOMY pany [407 (22)]:

(1+x)”'—1—}—mx—}—’m (m x’—}— m (mT.12).(:r3n—2) Xt

J-Jp—
TIpeanonoXuM, uTo HyXHO Buiyncauts V A, NPHYEM YXE H3BECTHO NpHONH-
XEHHOE 3HAUEHHE @ STOrO KOPHA (110 HEJOCTATKY MAH MO M3GLITKY), HO Tpe6yeTcA
ero yayumuth, Ecau, crkamewm,

A
'EE=I+xv

rie | x| ectb He60JAbINAR NPaBKAbHAA XPO6b, TO MOXHO Npeofpa3oBarh KOpeHb

chaeayowumM o6pasom:
kr— kR R
Vima.)/ h=aa 107

1
K UCOONL30BaTh GHHOMHANbHLIHR pAax npn m=7, WHorga BuirofaHee HCXOAMTH

H3 paBCHCTBa "
a
=1+,

ecan | X' | cHosa — pe6onblian mnpaBuabHas Apo6b, H NPHOErHYTb K RPYromy

npeo6pa3oBaHHO:
1

k= s
VA= T=a'(1+x) k,
1
pociae Yero NpHMEHATb GMBOMHANBbALIA PAN, BIAB m=——.
[lns mpHMepa, BRYMCIUM ¢ 6OILLIOH TOYHOCTLIO )/, HCXOLA W3 €ro npu-

6aHxeHHOro sHawenns 1,4. C 3TOR Lenblo npeobpasyeM KOpPeHb IO OZHOMY H3
yKa3aHHEX 1BYX O6pa3lioB:

1
_— ]/_ 0,04 I\T
VI=ia- 6 = 14" ]/1+196 (H’TQ')
- 14 14 N7
S S '_=1,4.(1__) .
]/1,96 ]/l 0,04 50
2 3

Jns o6nerueHyia BLIMHCICHHA €CTECTBECHHO NpeAnovecTs BTOPOH nyth. Hrak,
umeeM:

5 i 1 3 1 5 5 35 1 63 |
Ve=ia-(1tg gty grtig st im 50 T2 50 o)

Han
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Ol‘paHH‘lHMCH HaNMKWCAHHBIMH YNECHAMH, BCE OHH NPeICTABAKIOTCA KOHEYHLIMH
NCCATHYHBIMH 11p06ﬂMH'.

1

|4 ,,,+.]% e = 10101525
% . 5(1)—1 = 0,00000004375
2%36 . 5% = 0,0000000007875
T0101525445575 X 1,4 = 1,41421356235250
Tak kak KOIQGUUNEHTH NPH. CTENCHAR & yOHBAOT, TO TNONMPaBKA MOXNET

50
OuiTh OleHeHa, KaK OGKYHO:

231 1,1 1,4-231 2,1
A<l y555 500 ‘(l+§)+W+"')= [024-50° 49~ qoii®
Ioatomy _
1,414212562352 << V' 2 < 1,414213562373,

V2 =1,4142135623 ..,

BCe [ECATHL 3HAKOB NOCIe 3anATOH BEDHK.

Mcnonb3osas npeoGpazoBaHie
1

- ! 119 \™ 7
VZ=14l \!' — 30000 ,

20 000
NICTKO HOAYUHTb 3HAYMTENHHO 6onbulee KOMMYECTBO 3HAKOB. anBEREM eue
HECKOMbKO NPUMEPOB MOJOGHHX Mpeo6pa3oBaHufl (MPenoCTaBisA BHIYHCAEHHA
€ NOMOUbI0 GHHOMHANLHOIO pAaa umaremo):

1 1
- N\, | 1\,
VE=113(1—g05) 3 V=5 (1—1) s

1 !
Srs 5 3 3, s —___]0 29 \3
V2 —T("*’m) ; V3 —7(1*' 1000) .

413. NMpeo6pa3oBayme psigoB no inepy. [lIpy ucnonpb3oBaHHM pAga Ans
npUOAMKEHHBIX BHIUNCIEHHI] MHON PA3 OKa3biBAaeTCsi BHLIOAHBIM NIPCABAPHTENBEO
NOABEPrHYTL ero npeolpa3osanuto. Tax Ha3LBAGTCA 3aMEHA JAHHOrO Cxopsuie-
rocs pAfa-—nO TOMY HIH UHOMY NDaBHAy — OPYrHM DALOM C TOH e cymmof.
KoHeuso, npuMeHsTs Takoe npeobGpa3oBaHe Lenecoo6pasHo IHb B TOM Cayvae,
ecay HOBHIA PRI GwCTpee CXOLMTCA W yNOOHee InsA BblYHCICHHMH.

BuBeneM ¢opMyay Iaf Ka1acCHYECKOro MpeoGpa3soBaHHs, HOCAUIEI'O UMR
dtinepa. Ilycte gan CXORRWHACSH PAR

o0
Sx)y= E (—Weapxt=a,—ax +ax® — .. (— a4+ ..., (3)
k=0

rge x > 0. Mu gdws #a8 ygofcrBa npeacrasaseM R-siff x03gduUUHEHT €ro nox
sugoM (— 1)*a,, BoBce ~we mnpemnosaraa Bce &, >0, J[an  BapuaHTH
ay(k=0, 1, 2, ...) mMu BBeleM 8 DaCCMOTPCHHe noCnefOBaTenblbie P a3-
HOCTH (Hanono6He TOro, xak cmenank 310 B 122 1Mo oTHOWEHMIO K (YyHKUUH
F(x) OT HENpPEPHLIBHO MEHAIOMIErOCR apryMesta X):

Bap ==y — 8y, Bay =804, — 88y = O)4q — 204y |-
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H, soobule,
APay = 3P gy — AP a=ay —Chay A+ C3ay, g (= D a ()
[lepenyiueM ganHbi pag Tak:
a,.x — ayx a,x° —a,x* a,x% — a,x3
S (x) = 1 0 e LA 2 vee
(0= 1+x Fx T 1+x Fx T

310 JO3BOMMTENLHO, TaK KAk k-A YACTMYnAd CyMMa HOBOro pAfa Pasnurca ot

AHAMOrHYHON Cymmsl psfa (3) THWL CIArdeMbIM (— DF+ gy, xPH cTpe-

4 x
Mawmaca k 0 npu k — 00 BEMAY CXOUMMOCTH HCXofHoro pama (364, 9°]. Beenem
TCNePb PA3HOCTH AN YAPOU(CHUN 3aNHCH:

1

Sx)y= T {a, —Aay - x +Aa,» x*—Aa, - P+ L)
Coxpanas nepasiit Uaen ﬁA , oCTawouuitca pax
——-m {Aay —Aa, - x 4 day - x*— ..}

nepenuitem Kak ¥ S(x) B (popwe
X
~T¥x l+ —{da, — A%, - x - A%a - x*— .},

TaK 4TO, €CnY CHOBA BLIACAHTDL ﬂCpBblﬁ YyneH, HMeeM:

S = l—{—x (]H)g x—{—(l+() (A%, —Ata, - x 4.}
[Tpofoakan NOCTYnaTh TaK M Hafblue, NOCAE p Waros MoayuHm:
S =T~ (T x*(liafoa e
A 1P g Ry (9, (5)
rane
Ry (x)=(—1)P (1+ T 1498 — 8%ay - x o 8%a 2t — .} =

—=(—1)P (1+x)p Zo(—l)bAPak.xb.

O6patiMCa K Q0Ka3aTeRwCTBY TOro, 4To Rp (x) npu p— oo crpemurca k 0.
3aMenns p-yio pasHocTb APa, ee pasnoxcHueMm (4) H fepecTaBuB CyMMu-
POBARHA, MOAYUHM

Q@

1 \!
R, (@:m ZO (— 1)k+p xhtp 0(_ 1)iCia iy =

JSE

[es]

P
— 1 \' Clxi \' (— Derp-ig,, o axktp=i,
T+ 7 » ?
i=0

k=0
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Ecan ssectn oGosnavenne Ana 0¢TaTka HexomHoro pana (3), MOJ0KHS

[eo]
ra ()= 3} (—DF*ap,x%" (=0, |, 2,..),
k=0

TO BHpaxcHue 031 R, (X) OKOHYaTeabHO MOWET ObiTh Hamucano B puae
p

. L
Chat oy 3 Char o
i=o _i=0

I+ x» - (14 x)? ’

H TaK KaKk rp(x)—0, 10 B cuny 391, 6°, u Ry (x) — 0.
Mepexoma B (5) x npegeay nmpu p — oo, HAKICM, YTO

{ao— om0
oo (—1)PAPa, - (H_ny + }

[oncrasnsn Bmecto S(x) cro Bmpawenne (3), Mbl U HpHLEM K npeolpa3zosaniio
SDidsrepa:

Rp (x) =

X

I+ x

S(x)=l_+l_x

X

i (— DFapxk = l»%r i (—1)Paca, - <m>p. (6)
k=0 p=0

Hawe Bcero ero npusmeHaor npu x=1; Toraa OHO NpeoBpa3yer YHCAOBOA
PAL B YHCAOBOHK xe:

[e2] fes) »
— 1)PAa
D= ipa= Y 0
k=<0 p="0
414, fpumepst. 1) Horoxum ahzﬁ, rje z -— 1060¢ MOCTORHHOE YHCAO,
otauMunoe or 0, — 1, —2, —3,... Paa
[eo]
V(= DF
bl 2R

k=0

eCaM OTGPOCHTB B HEM NOCTATOYHOE YHUCIO fEPBLIX YIEHOB, OKAKETCH PANOM
«ICHGHHIIEBCKOrO THNA>» W, C1EN0BATENLHO, CXOANTCH,

Jlerxo BbIUMCARIOTCA AOCAENOBATE TbHbIE PA3HOCTH Ady, A%ay, ..., H C TOMOULLXO
MaTEMATHYECKON HHAYKLUMHM HAXONHM:

(I

Yl

S S iy Faray oy iy e ey

B uYaCTHOCTH,

=(— d
Mo == e T

Taxum o6pasom, no dopmyac (7)

N (— 1y \ 1 p!
2 i+ kE 2 2 DG Fp
k=0 p=y
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Ecret moAo¥uTH 310Cb z=1, TO NOAyuuTCA nNpeo6pa3oBaHHE U3BECTHOrO pHAA

naa n2
v 1
1”*2,( = Y

n=1

UHTATCAIO ACHO, UTO BTOPLIM PAAOM AAA NPHOMMKEHHOrO Buluucnenua In2
NONb3OBATLCA [OPA3RO BHIrOAHEE; HTOOLI 10Ay4YHTL TOuHOCTH B 0,01 8 mepBoM
psae norpeGosanoct 66 99 uneHos, B TO BPEMA KaK 80 BTOPOM [AOCTaTOUHO
66110 Gbl B38Th 5 uneHos!

2) Mycrb ak=?\2k (z otawuno or 0, —2, —4,...). Tlpeacrasue a
B BHICI A= - — , Ana oeipaweHuA APa, Mbl MOMWeEM BOCNONb30BATLCA
PR
npexHeir Qopmynoit:
APy = (— )P 4 P! =
0T 22z P
Flgr1) (3
L, p)
=(— 1)17.L . 2 Lk .
2 z{z+2)-~..:(z+2p)

B stoM cayuae mpeofSpasoBanne J# A€ pa HMeeT B

kZO( z+2/z Z zz—|—2) {z4+2p)°

B nacTHoCTH, npu z = | oTclona nonyuactca npeoGpa3osanue pana JefkGnuita,
F17

BLIPUKAIOWCTO -
[ee)

= 1 N
T=k20(_1)k2k+1 Z 2p+1)n

=

3) Nan 0=<<x << 1 Mo uMenu B 404 (B) pasnoxeHue

—_ -‘ — 1)* 1 2x+1
arclgx—Z( 1) 2k+1x .
=0

YKenas npuMeHUTsL K 3TOMY oblieMy paLy npeo6pazoBanve D a1 e pa, NONOKNM
B (6) a"—’2k+ ; Torga aas APa, MOWHO HCMOAb30BATH (GOpMyny npensay-
wero npusmepa (npH z=1):

2,0!
2p+ DU°

Kpose Toro, 3amenuM B (6) x Ha x? ¥ 006e uACTH DABEHCTBA €LUE YMIUOKHM
Ha x. B pesyabrare noayuum:

Aﬁao_(__[) (

ke==0

N 1 _x 2pt! NP
wegr= ¥ (= gy = @t ) ®
e
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4) He caeayer nymars, uto sitacpono npeofpasosanue  Cxoamucrocs pina
BCCraa npuUBOMHT K yayuucHmo CXOUmmocTH. [HIpu 3T0M, CpaBHUBAA KAueCTBE
o2 o0
CXOLHNOCTH ABYX PAIOR > €p H 3 €j C 4ACHANH 10BLIX 3HAKOB, Mbl, KAK U
k=0 k=0
B 375, 7), HCXOAHM 13 NOBCACHUA OTHOWIEGHIIA HX COOTBCTCTBCHHBIX OCTATHOB Y,

i ~{,’l: cCau %” — 0, To nepseiit pag cxoaurcs 6LCTpcee, a BTOPOIl— ALcC A-
n
acHuee]
Bot npusepst:
foe] o0 I
I I
13 : ¢ i e
2 (—1 oE nepexofur B OrrcTpec cxoasukmilca pAl Z 5 b
k=0 p=20
a
3 1 \ 3
\) | p
2@— » >MCANCHHCE > » 27(3—).
k=0 p=0

5) Mpu ucnoab3oBanuy npeoGpasoBania paga aas BeYHCACHHI yacTo GeiBacT
BbIFOJHO MCPBBIC HECKOABKO M.IEHOB psifla BeIYMCAHTD HCMOCDPCACTBEHHO
W 1pcoGpa3oBanuio NOMBCPIHYTh AN OC T4 T O K pda. [TpouamocTpupyces 310
Ha NpUMCPC BLIYUCICHHS YHCNA = C NOMOWbIO DALY, BbIBEICHHOrO B 2):

1 1:.2,1.2.3 1-2....-p }
11:2 l - o - A & o . - G T cenfu
{ tytsstisat - tas ooy T
I
Tak Kak OTHOWICHUE NMOCAEAYIOLICIO uYACHA K MPCABIAYLIEMY 2—,7%_7 <5.
TO Ombpacoisaesmutl ocmamox psaoa 8ce2da Gydem Mexbuwe nocaeOHe20 8 bl 4 U=
CreRHOZO 4aena, Hanpumep, Mp NONYyYHM LICCTh BCPHBIX UMMP uncaa = mocac
3anaro#, BuuMcarB 2| uacH Hanncaunoro psma, udo 21-i yach

1.2.3-...-20
1-3:5....-41
Ecau dxe, ckamenM, MepBHC CCMbL YACHOB MCXOAHOUO DAL BLINHCANTH NCNOCPCI-

CTBCHHO, H AL OCTATOK 110CIC 7-ro yacna NPeoGPA30BaThL, Mbl 10Ty UHM

[ too1
e R RS A BT b
/1 1 1 1-2-....p \
_2\T5+ Go7 st e T 1517 ... (154 2p) + el
3nech yMC BOCLMON 4aCH pALa B CKOGKAX MCHLIIC TPCOYEMOW FPAHHULI
1.2-3.4.5.6-7
517, g = 0.0000002...

M 1A JOCTHXKCIUA TOM e TOYHOCTH JNOCTAaTOUHO, KPOMC 7 COXPAHEHNBIX 4iC-
HOB, BbLIYWCAHTL eule 8 YJCHOB, T. €, BCCro 15, npoTHs npewHAx 21!

2. = 0,000 000 37... << 0,000 000 5.

2.

415, Ipeo6pasosanue Kymmepa. Mu Bumenu, uto npcoGpasosaHuc
3% acpa, OCHOBLBAIOUECCR HA TOUHO CHOPMYAMPOBAHHOM NpaByie, NPHBOAHT
K OLHO3HAYHOMY PC3yabTary, Npasia He Beeraa Buiroanomy [414, 4)|. Merton e
npcobpa3oBaHus PALOB, NPEXTOKCHHBEIH K y M M e p o M, golyckaeT 601bMoH npo-
H3BON, MHOFOC MPCAOCTABIAA MCKYCCTBY BWIYMCHHTEAR, HO 3aro sBIsctca Goree
UENeyCTPCMICHHbIM, B CMbICHe 06aCruyeHUA NPHOIHKEHHOIO Botulciehua, Mbt



415] § 8. BHIUKCJAEHMA C NOMOULBIO PAIOB 389

OrPaHUuMMCA M3N0WEHHEN WIeH, TNOJOXEHHOR B OCHOBY Ha3BANHOIO METONA, H
0OCBETHM €r0 HEMHOPHMM OPUMEPAMK.
flycTb RaR CXOLH WA CA PAL

AW LA LA ©)
H TpC6yCTCFl BBIYUCAWTE €F0 CYyMMy C 3adaHHbIM npn6nnmemlem. O‘{EBH}IHO,

A® 0 npu k& — co. Buiepen apyryo GCCKOHCUIO Manyio a‘l‘", 3KBHBANCHTHY IO

A 162], TaK, uT00Bl PHA

1 2, k
o’ 4ol . 4l

HC TOIbLKO CXOAMICA K KOHCUIOH CymMMC A;, HO M uTOGH 3T CyMMa JerKo BblyH-
canaack. Ecad noaowurs

k k 1
A( - a(l ) =a(l”:
TO
o =0 (A",

[oe]

fee]
211 AW = A + 2{] af®,

Il BbIYMCACHHE CYMMbl HCXOLHOrO PANA MPHBOAMTCA K BHUACIEHHIO CYMMsl N p €-
06pAa30BAHHOrO pAKA, YACHB KOTOPOro 3aBEAOMO OuhiCcTpee CTpeMATCH
K Hyawo.

[oe]
!
Hanpumep, ®enas BulUMCIHTL CYMMY pajda ZF’ Mbl BCMOMUHAEM NPO PAL
1

[oe]
1 -
2 TCE c cymmoit 1 [25, 9)| u ormenaem, yTO (NpH 2 — cO)
1

ot

B Rk+1)C
Taxk kag pa3HOCTb

1 1 1

ETRETD) Bk D’

v I
=l+2k—9(k+,),

M npeo6pasoBaHHsil PAL OKA3LIBAETCS (0N€e BLIFOXHLIM QAA BhIYMCIEHHUA,
YKa3aHHbIil  (1pOUECC MOMHO I1IOBTOPHTH W, B3AB  HOBYI0O OBECKOHEYHO
Manywo alk), 3KBHBANCHTHYIO alk), Tak uTOGHI pRA

1 2 k
ag)-i—a(:,)-}—...—i—a(,)—i—...

CXOMMIACA K KOHCYHOW M NerKO BuluMclIAeMON CyMmMe Az, Mbl CBElEM BbluMCACHHE
CyMmbl MCXOHOIO pAa, no dopmyae

0 o«
EALk,:Ax + A,-}—Zag’z)’
i 1
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K BBIYHCIEHHIO CYMMb! IOCAENHEro pPfia, YJEHbl KOTOPOIO
aEk) = a(k) — 'a‘f.’ =0 (a(lk’)

cTpematca x myno Gecrpee, yem ol

MoBsTopuB npouecc p pas, npuﬂcm x dopmyne

E A = A Ay Ay + E alf), (10)
=
rie

o
=Y d (i=1,2..,p

k=1
CYTh HW3BECTHBIE CYMMbI N0CAeJ0BATEAbHO BbIEAAeMhX DRIOB, W CBCAEM neno
(o8]

K BBHIUMCIEHHIO CyMMbl paja Eag’)
T

i
Tak, B MPHBCACHHOM BHIUC IIPUMCPE BHIYHCIEHHA CYMMbL pAja 2 MOKHO
h=1
NOHTH fanbuic:

© 3 ©
\ 1

1 1
2 (k+l)_k21k(k+l)(k+2)+2l kzlkwww

TaK 4TO

1 1 1 )
F:1+2_2‘+2‘-k2lk2(k+1)(k+2)*

-
1pe

3atem,

v ! 1o S |
Z|?:1+2_*+3T‘+3lkzl~k'~’(k+1)(h+2)(k+3)

k=

n 1. 4 locae p wmaros noayqum

| 1 1 N\ 1
kzl;z‘f‘l+§?+"'+;?+p!kzl FErD atn 1%

[pH 3TOM Mbl BCE BpeMsl MOJAL3YEMCA YXe M3BeCTHOH HaM (OpMYaofl

I
Z R(E+1)-. (k+p—1>(k+p>
|nonyualowefics U3 BriBeleHHOro B 363, 4) cootHowenus npu e =0).

N\ |
TakuM 06pa3oM, BHIYHCAEHHWE CYMMbi MENIEHHO CXOLAWIErocs pAia Z e
B=|
NPUBOIHTCA K BHIYHCIEHUI CYMMbl p €10 YICHOB M CYMMbl G HICTPO CX O A s~
W erocsa-—yXe NP YMCPEHHbIX 3HAUEHUNX p — NPEO6PA3OBANHOIO PsAd,
[TpuBepem eie oQHH COsee CAOXHBHA PUMED.
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O6o3nauuym uepes S, (p — HaTypanbHoe) CymMmy pada

N\ 1
’Z‘ EEF ) kT p— D

[pn HeonpemeneHHOM MO K a y HUMCCM
k+y — Rt 14y -
EE+D o ktp—1F (A4 DP R+ (R4 p)

__ @D +pp+2) k+yp°
Bk 1) (kt+p—1) (R+p) ~

Orciona BUARO, 4TO (ApH R — cO)

1 [ E+y _ E+1-+y ]~
I B EED okt p—1) R+ 1P EH2 .. (k4 p)
1

TEELT)E k=17

Ecin samenuTs unensl pafa S, STHMH SKBHBANEHTHWMH MM DPAa3HOCTAMH,
TO fOAYYUTCH PANL C NerKkO BbiUHMCHAEMON CYMMOIl

1 4y
p—1 (1-2-83-....pF "

JonoxuutensHul (¢enpeoBpa3osaHHbiits) pan 6yxer uMeTh OBUIHH uneH
N ‘ .y
| 2 %4w+mk+P %_J
k(A1) - (R4 p) ’

Bot Tencpb Mbl BOCNOAb3YeMCA MPOV3BOALHOCTLIO y W BbiGepeM ero Tax, yrobu
B YHCAHTEle 30eCh MCuUe3 WieH, cogepxawuf k:

3
o

YunteiBan BCE CKa3aHHoe, nofiyuaem aas pana S, rakyio dopmyay npeobpa-
30BaHUA

- 3p 2
Sp= 2@2p— 1) (p)® +2(2p-—]) " Spar (1o
OTCi0Ma, NOLCTABAAA BMECTO p NMOCIENOBATeNbHO 3HaueHun 1, 2,..., p, uMeem
v ! 3,1
'2=Sx=‘§‘+?s'n
k=1
1. 3 1 ol
TSh=g gt S
(e — 1)} _ 3 (= ©) ) .
T @B =5 @i Tt e U
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Hakonen, ckaaneipas nouncnso sce 3T pascucTBa, NpiAeM K pe3yaLTaty

[ I 21 1 (p—1)
Cy Tyt By +--'+F27'(‘2;)——17!T}+

'y \ !
Ty — 1)!1k2| R4 (Rt

(106)

Baas, nanpusep, p=>5 # coxpanus B npeo6pa3osaHHOM psje Towe 5 une-

|
1OB, MOM(HO BBIYHCAHTBH CYMMY HCXOMNOIrO pPAfla € TOYHOCTBIO 1O 1—07_

416. Tlpeo6pazoBanHe MapxoBa. Tlpuem 1A Npeo6pa3oBanna HaHHOO
cxoxnsmerocy psaa (9)
(o]
E AR = A
£=)

yKazasheil A, AL MapkoB b M, Takwe OCTaBiACT MHOIO NPOU3BOAA BHIYHCAH-
Tenio. Pasnaras kaxnoft unen A% xakum-1460 06pa3on B CX 0L AW M CA Xe
pam

W3 4scHOB BCOX 9THX PAJOB COCTABAACTCA GCCKOMCYHAA NPAMOYFOAbIAA MaTpHUA
€ nByma Bxomamu |cp. 393 (1)]

1 [¢9) o ("% o
A aj et a§' ... @y
@) (82 2, 2 2
A a® a ey . ap ...
I} 3 3 -3 ’
A ™ ey e gt L (12)
3] (k) (fey k) (hy
A ay ay’ ag? g

. e S

1
TAK 4TO HCKOMOC MHCa0 A OKa3wmBaeTca NOIPOCTY CYMMOfi ROBTO pHoOro pana

[ae] o0
—_ N (8
A= 3 3 e
k=1i=)
COOTBCTCTB)’[O[HEI'O 3TOH MaTtpuue. ﬂp(‘ﬂllonaraﬂ, naace, eule CXOAUMOCTIb BCCX

pA0OB NO cToaAbuam:
(o]

)
2 =4y
Res
MapxoB ycraHasanpaer ycnosHe, HeO6XOAMMOE U LOCTATOYHOE IAA TOrO, YTOHIW
=)

pan E Ay cxonnaca k Ton ke cysmume A, [Ipeobpasosunue Maprkoea u cu-
=
CTOMT B 3aMCHC OLHOIO MOBIOPHOI'O PANA LDYIHM
ool

A=Y Av = i A

k=l i=|1
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flocTaTouunl e yCnoBHa Aas NPUMCHHMOCTH Npeobpazosanun Maprona
naworca, nanpuimep, 8 teopeme 3 n° 393. |Cama reopema MapkoBa, BOPOuCH,
3HAYNUTCALHO WHPC, 1160 HE NPEAMONaracT Nawe YNOMHHAOUIMECA B HICH Pslb
adCONIOTHO CXOAAWMKMUCH.]
MNpumepom npumencrus npcob6pasosanun M apkoBa MOKET CIYWHUTH COOT-
@

touretne (13) n° 395. Pcuyn wnger o paac Z ki' W ero k-piit 9acH mpeuctas-

ANETCSH B BHAE CYMMbI, HAa 3TOT Pid3, KOHCMHOI O ydcaa yiacHos

! (k (K T
p—al)+a2)+...+ak’_1+rk=

1 J
:(k_l)![l.Q-...-(k+1)+2-3-...-(k+2)+"'

1 (k —1)!
"'+(k—1)k-...-(2k——l)]+ FEF) .. Qk—1 °

3areM NMPOM3BOAUTCA CYMMHPOBAHHE NO CroabuaM, KOTOPOC ¥ NPUBONMT K YUO-
MAHRYTOMY COOTHOWICHHKO [cm. 395, 4)].
JIOGONBITHO OTMETHTL, YTQ, €CAH BOCMONb30BATLCA PA3SOWEHHEM

1 B\ (k—1)l
z "‘)—2 AN TR

=1

f
I8

T0 npcoGpasosanve MapxoBa, Kak Ywe noavepkusanoch B 395, 4), Huuern
HOBOIO He JacT, W60 NPOCTO BCPHET HAC K HCXOLHOMY pAly.

Moxno nocrpoenue MaTpuubl (12) cBA3aTL C NOBTOPHLIM MPHMEHCHUEM
npeodpasoBanna Kymmepa. O6 stom yxe 6bira peus B MpCabiaymiem n°
{cm, (10)], Ho Tam npouecc Ky MM e pa MOBTOPAACA JHIUL KOHCYHOC YHCAO a3,
a 31€Cb Mb! MBICJAHM 370 NOBTOPCHUE NPOAODKCHHBIM RO GeckoHewnocTH. Tlpi
3TOM BCAKMH Pa3s HALACHMHT MWL NPOBCPATH CTPEMIIEHHE K HYAI0, NpH p — OO,
«XOHOAHUTENLHOrO uneHas @opmyant (10):

o
lim al® — 0.
P p—1

Ilan Toro, utoGhl yGeauTLCA B 3TOM, HanpnMep, no oTHoweruw Kk (106),
OTMETHM, YTO (DUIYPHPYIOULAst B KOMOJHHTCILIIOM YJACHC CyMMa He {IPCBOCXONMT
BbIPaMCHUA

TaK YTO BeCb AONOMHHTENbHbIH WACH HE NPEBOCXOAUT BCIAWYHHEL

@0
M vy L
2 @p — D Z 2

k=l
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H, OYEBUIHO, CTPEMHTCR K Hymo NpH p— co. [lepexoas k npeneay 8 (106), npu-
IeM K PaBCHCTBY

\ N ! | 1 21 1 (p— Iy _
kZIP_3{7+W'§+§-—27' sttt e T =

[o4]

—3 Z 1 (p— 0
T pe2P  (2p—1DI
p=1
KOTOpO€, KAK HETPYIHO BUIETb, TOWAECTBEHHO ¢ paBeHcTBoM (13) n° 395.
Onnrako nomo6iblil NpeaenbHbifl llepexon BOBCE He Beerna IIPUBOINT K 1103~
HOMY pe3ynbraty: eCiM, HallpHMep, OCYWecTBUTL ero 8 pasenctse (10a), 10 no-
NYYUM NPOCTO TOMICCTBO

= p=1

Takum obpazom, npuem, npeanowenunstt MapKoBb M, TIET OYeHb o6uwyio
CXEMY, NPEAOCTABAAR BLIYUCIUTENO WHPOKHE BO3MOWHOCTH, HO MHOroro Tpelys
OT €ro WCKycCTBa.

§ 9. Cymmuposanue pacxomasumuxcs pAgoB

417. Beenenune. Jlo cux nOP Ha BCEM MPOTSKEHHH HACTOSWEH raanwl
8a1alliOMy 4BCJIOBOMY psLy

ia,,:ao—{—a,—{—a,—{—...—{—a,,—[—... (A)

=0
B Kauectese e€ro Cy./lulbl Mbl NpDHITACBIBAINR npe@e/l ee 4acmuyHoil CYy MMbL
A=IlimA,:

B NPEANONONKEHHY, UTO 3TOT MNPENEA CYIECTBYET H KOHEYEH (MAM ke
paren GECKOHEUHOCTH ONPEACAEHHOrO 3Haka). «KoaeSmounhcs» pacxo-
NAUMACA PAL A% HAC BCEra OKa3plBaaCs JHILEHHBIM CYMMb, H MOLOG-
HBIE DSABI MBI CHCTEMATHUECKH H3 PaCCMOTPEHUS HCKAIOYaau.

Pasgauuutie dakThl 13 061aCTM MareMaTHYECKOrO aHaausa, Kak, Hampu-
MEp, PacxoaMMOCTh NMPOM3BEAEHUS ABYX CXOAAILMXCH pagos |392], ectect-
REHHO BBIABHHY/IH BO BTOPOH NOJMOBHHE MPOLWINOrO BEKA BONPOC O BOSMONK-
HOCTH CyMMUDOBAHUA PACXOOAWUXCH PAOOB B HEKOEM HOBOM CMHICIE,
KOHEYHO, OTAMUHOM OT OOLIYHOro. HeKoTopsie METOAR TaKOro «CyMMH-
poBaHWA» O0Ka3aauCb OCOGEHHO TMJIOLOTBOPHBIMH; HMM Mel  3alimeMcH
rnoapo6uee.

Hyxkno ckasats, 4To mo cosmanus Kouru cTporo#t teopum npegesos
(1 CRA3AHION C HEIO TEOPMH PSIOB) PACXOAALIMECS PAABI HEPENKO RCTpe-
YaJuCb B MaTeMaTHYCCKOW npakTuxe. XOTA NpUMEHEHHWE WX [NpH 00Ka3a-
1E€AbCTBAX W OCHAPHBAJOCh, TEM HE MEHEe HHOMW a3 Henaquch HOMBITKH
LpUAaBaTh UM Jaxe auca0BOH cMbica. Tak, konebmouwemycs psiny

1— -t —11—14.,
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elue CO BpeMEH JNlefft6Huuma B KayecTse «CYMMBbI» [PUIHCHIBATXOCH

1
UCI0 D#inep, nHanpuMep, MOTMBHPOBAM 3TO TEM, YTO K3 Dasno-

KCHHA
1

14 x
(KOTOpoe B OEHCTBMTENLHOCTH WMeeT MecTo auwb aaa | x| < 1) npu
NOACTAHOBKE BMECTO X CAWHMLB KAaK Pa3 M 1moJaydaercs

%-_—1—1+1—1—}—1—1—}—..-

B 3TOM yxXe COLEPkai0Ch 3ePHO WCTMHBL, HO MOCTAHOBKE BONPOCA HE
XBaTaA0 YETKOCTH; caMbill IIpOM3BON B BHGOpE Pa3NoKeHus OCTaBAsA OT-
KPHTOH BOSMOXHOCTb, CKaXEM, W3 APYroro pasioxenua (rie n u m—
nobsie, HO m < n)

=1l—xf e fxt—xt

x4 gamt 1 —xm m n n+m an
x4t —ar =X X" — X A
NOJAYYUTb OJHOBPEMEHHO

m
Bl — 11—kl —.

CoBpeMennnl aHaau3 CTaBAT BOMPOC no-apyromy. B ocuosy Kaa-
OETCA TO WJM WHOE TOYHO CcOPMYJHPOBAHHOE OfnpeaencHue «oBolulen-
HOH CyMMBI» PADa, HE NPULYMAHHOE TOJALKO OJs KOHKPETHO HHTEpecylo-
Uero Hac YUCJAOBOrO psiad, HO MDUJIOKHUMOE K UEJOMY KAaccy TaKWX
panoB., 3aKOHHOCTb 3TOrO HE MOXET BbI3BAaTb COMHEHMS: uYMTaTenb A0J-
KEH TOMHUTb, YTO Aa:Ke OOBIYHOE IOHATHE «CYMMbl psaa», CKOJb MpO-
CTHIM M €CTECTBEHHBIM OHO HHM KAXETCsl, Toke OblIO BBEJEHO Ha OCHOBE
YCIOBHO MPHHATOrO OMNPENS/EeHNs, ONPaBAbBAEMOr0 JAHLbL HEeaecoobpas-
Hoctoio! Onpenenetine «0COOCWEHHOH CYMMBl» OOGBIYUHO TMOMUMHSETCA HABYM
TpefoBaHNAM.

Bo-nepsuix, ecat psaody Zan npunucei8aemca «0000Wen as cy Mma» 4,

a pady Yb,— «obobuennast cymmar B, mo pad Y pa,-qb, 20e
D, q— 088 NpOU3BOAbHBIE NOCMOAHHBIE, O00ANCEH UMents 8 Kaiecmse
«oboCuennol cymmel» ducao pA--gB. Merton cymmuposasus, yao-
BAETBOPSOWHA 3TOMY TPEOOBAHHWIO, HA3BIBACTCA AUHELHbLM.

Bo-BTOpHIX, HOBOE OnpejefteHne NO/KHO COAEPXaTb OOBYHOE ONpEne-
JeHHe Kak vacTHblf cayuad. Tounee roBops, pad, cxo0auuilcs 8 00bL4HOM
cMoicae K cymMe A, 00ANCEH UMems <«O000WEHRYIO CYyMAMY», U Nplt-
mom maxxce pasuyr A. Metog cymmupoBanus, oO/nagaomiui  3TuM
CBOHCTBOM, HA3LIBAIOT pe2yAspHsiM. PasymMeerca, MHTEDEC NpencraBisiorT
JMllb TaKWe PEeryJspHble METOAb, KOTOPHE M03BOJAIOT YCTaHaBaMBATDH
«CyMMy» B (G0JIE€ WHPOKOM KJacce C/y4yaes, HEWesn OObIUHHIN METOA
CyMMMPOBaHMS: JMIB TOFA3d C NOJHBHIM TNPaBOM MOXLO TOBOPHTL 00
«0006UIEHHOM CYMMHPOBAHHH»,



393 FJL XN BECKOHEYNBIE PSLABI C ROCTOSHHBIMM WAEHAMK [418

Mb  nepexomum Temepnh HEMOCPEACTBEUHO K PaCCMOTPEHHMIO ABYX
0C000 BaXHBIX C TOYKM 3PEHUsT NPHJOXKEUHH MeToHoB «000DUIEHHOrO
CYMMUDOBALNS>.

418. Metox cTeneHHBIX pPAXOB. IDTO METOM, B CYUIECTBEHHOM, MpH-
napgnexut Myaccony (S.-D. Poisson), xotopm#t coenas nepsyo no-
NbITKY NPUMEHNTH €10 K TPHrOHOMETpHueckum psnaM. Ou cocTOMT B CJIC-
Lylomem.

[lo dannory wucaosory psdy () cmpoumes cmenennold psd

[e0)]
\1 n__ 2 { n .
3, apxt = ay a4 e et (1)
n=0
ecau smom psd dasn 0<x <1 cxodumcs u ezo cymma f(x) npu
x—1—0 umeem npedea A:
lim f(x)=24,
x—1-0
mo 4ditcao A u waswsawm «ofobuennoid (8 caoicne [y accon a)
cymmolly danno2o pada.
[Tpumepuo. 1. Pag, paccMOTpeHHbIT D xepom:
| —14+1—14+1—=14..,
30CCH YXe B CHOTy Ccamoro omnp ecpenecunsa ﬂpHBOIIHT K CTCICHHOMY
! [
————— nput x — 1 — 0 cTpeMuTCs K npeneny - . 3UauuT,
gy p p p Yy
1 .
HHCIO 5, NEHCTBUTENLHO, SIBASICTCH <OGOCULEHHON CYMMOM» YKA3aHHOIO Diila
B TOYHO YCTanOBMEHHOM 34CCh CMLICAC.
2) Boabmewm Gosce O6GIHMI NpUMCP: TPHrOHOMETPHUECKUI DsIL

% -+ 2 cos nf) 2)

n=1

psLy, CyMMa KOTOPOro

ABANCTCA PACXOIALIMCA Mpu Beex 3uanenuax 0, —wn <0 <=,
[ccteurenbho, ccau 0 umcet Bua ﬁn, rge p H g — Harypaiablibic yYywcad,
TO AR 3HAYeHWi 1, Kpathux g, 6yser
cosnll =+ 1,
Tak YTO HaApYLWEHO HeoGxoaumoe YCIOBHC CXOAUMMOCTH pdjaa. Lean xe oTHOWC-

rHe -7;- HPPAUMOKBIBHO, TO, padi1arda ero B OECKOHCYHY HENpPCDhH BHY IO

m
pOGL M COCTABISAA MO XX O AAUIHUeEe APOGH o 6ymeM UMETb, KaK H3BCCIIO,

1 -

PER

i 6 m

m n

<

oTKyla
Inl — m=| << I
n
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Taxuy 0o6pa3on, 141 GCCKOHEUHOro MHOMCCTBA 3HAYEHUH 1
T
|cosnl = 1| << —,
n
TaK uto
™
Jeosnl | >1——,
n
310 Taxk¥ke CBHAETEILCTBYET O HAPYLICHHH HCOGXOIUMOrO YCIOBUA CXOAH-
MOCTH.
Ecau o6pa3osath cTenentoft pag

o
%—I—Er"cosnﬂ 0<r<l)
n=1l

(3aech GyxBa r 3amensneT NpexHI0 GYKBY Xx), TO ero CyMma mpw 3Havenun 0,
otauyHoM ot 0, 6yager

b, l=r

2 1—2rcos0+4r?

[cM. 440 (5)] m mpu r — 1 —0 crpemutca k 0. Takuy o6pasow, mas 63£0

<o606uienHolt cymmoli» pana 6Bymer 0. Ecan 0 =0, 70 pax (2), o4eBHIHO, HMEET

CyMMy, paBHYw --0o; BApoyeM, M Bbipaxenne (3), KOTOpoe B 3ITOM cayuac

14r

CBONUTCA K &+ T,

3) AHaaoruyHo paa

3)

TaK¥ke HMMeeT mpeaenom - co.

o0
> sinnd (—r=<0=n),
n=l|
KOTOpBIfl CXoAUTCA, auits npd 0 =0 HIM H= 7, OPHBOZUT K CTCOCHHOMY Py
o0
. rsind
2 risinnll = ————————
; 1 —2rcost +r*
n=I
[461, 6) (2)], Tax uTO «OGOGLICHHAN CYyMMa» Ha 3TOT Pa3 OKA3bIBAETCA PABHOLL

5 ctg %B npu 0 540 1 pasHo# nynio npu 0=0.

Henocpeactsenso acio, uTo paccMartpusaeMbil mMeTon «oGobuienuoro
CYMMUPOBAHMA» ARJTETCH A ueHH B M. YTO ke Kacaerca perynsp-
HOCTH 5TOFO METOA3, TO OH1 YCTaHaBJMBAETCA CJELYIOULe# TeopemodH,
npuHagaexaulel A 6enio:

Ecai pad (A) cxodumes u wseent cyssy A (8 O0LUHOM Cpicae),
mo dan 0<x< | cxodumecsn cinenennoti pad (1), u cysua ceo
cmpesmumca k npedeny A, Koefa x — | — 0%,

* J1a Teopewa 0u1a NOKa3zawa A 6c e N B ero HCCICAOBIHHAR {10 TCOPHT
GHHOMHAILHOTO pAfia |[Mbl K Heif Bepuemca B n° 437, 6°|. Heansn coupeBatbes,
YTO HMEHHO OHA npHBena K ofulelt (OPMYIHPOBKE MCTOMA €0606UIENHOTO CY M-
MUpOBaHuA», KoTopbiit [1yacconom Gptan npnMenen aHuIb B YaCTHOM Cayuac.
B CBA3H C STHM W CamMil MCTOA YaCTO HA3slBawT mcTtojgoM Abens xoTs
caMony A 6 e a0 HAEA «CyMMHDOBAIMA» PACXOMANIMKCA PALOB Ohia B BHICIUCH
ctenenu vyyxma. Mu GyiacM B JgagbHcHuieM roBoputb 08 3TOM MCTOAe, Kag
o Memode [Iyaccona—AbGeans.
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Ilpexne Bcero, scho [379], uro pamuyc cxomumoctu paga (1) we
menbwe 1, tak uro ana 0<x <1 pan (1), NEHCTBUTENBHO, CXOAMTCA.
Mpl . uMenn yxe TOXAECTBO

o0 o0
D" =(1—x)> A,x"
0 ! n=0

n=

(tne A,=ay+a,+...+a,) [cw. 385 6) wm 390, 4)]; suiuTem
ero MouJeHHO W3 OUEBHIHOTO TOXIECTBA

o0
A=(1—x) ) Ax"
=0
IMonaras A — A,==0a,, NnpuaeM K TOXAECTBY
o« o«
A=Y ap = (1 —x) Ya,x" 4)
n=0 n=_0
Tak kax @, — 0, TO N0 NPOW3BOMBLHO 3anaHHOMY & >0 nalgerca TakoH
1
Homep N, uro |an\<75, UL TOABKO 7 > N.
Pazo6beM cymmy psga B npaBo#t uacTi# (4) wa ABe CyMMbl
N <]
A=) ax" n (1—x) 3 ax"

n=0 a=N—+41
BTOpaﬂ OUCHHBACTCA Cpa3y H HE3aBUCHUMO OT X

(1 —x) ia,,x" =<(1—x) i]anlx"<%-(1—x) ixn<.;_,

n=N41 n=N+1 a=N+1

Yro e wacaercs nepso#f, TO oma crpemurcs K 0 npu x— 1 u npu
nocratounof 6amzoctu x K 1 Oyner

N
€
(l - x)z an'x" <“2":
n=0
TaK 4YTO OKOHYATEJAbHO

A—Yax" | e,

n=l
YTO M JOKA3blBAET YTBEPWKAEHHE.
419. Teopema TayGepa. Ecan pan (A) cymsupyem no Myaccony —

AGeniwo k cymme A, T0 8 OGbIYHOM CMBICIE, KaK Mbi BHACAH, OH MOWET H He
uMeTs Cymmbl, MHBIMH ClOBaMM, N3 CYILCCTBOBAHHA Npeneaa

[be)
lim a,x"= A, 5
0§=]0 n ®)

x—1-0,
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BoOGLIe ropopsa, He BhITeKaer cxoauMmocTs pana (A). EctecrBenno Bo3nMKaer
BOMPOC, Kakye MNOMONHUTENbHbie YCIOBMA HANAREHHT HANOWHUTL HA nNOBEleHHe
YNEHOB 9TOrO p#ia, Yro6hi U3 (5) MOXKHO GbII0 BaKMOUUTL O CXOMMMOCTH pafa (A),
T. €. O CYLIeCTBOBAHHH A Hero cyMMbl A B OOLINHOM CMblCTE.

MepBas Teopema B 3TOM Hanpasiehun Obia AokazaHa TayGepom
(A. Tauber); ona raacut:

Mycms psd (1) cxodumes npu 0 < x <<|, u umeem mecmo npedeavtoe
pasencmgo (5). Ecau vaenst psada (A) maxosel, 4mo

lim a,+202+_..+na_,,_=0

n—oo n

®
mo u
[oe]
Ea,, = A.
n=>0
HoKA3ATENBLCTBO pa3obbem Ha ABe yacTH. CHayana npelnosokuM, YTO

. 1\¥
limna, =0 umn a, =0 (— .
n—co n

Ecan nonoxuts
an = max | kak 'v
k=n

TO NpH 72— CO BEJUYUHA B, MOHOTOHHO YObIBasA, CTPEMHTICA K HYIO.
MueeM npu moboM natypanbhom N

N N o5 fes]
Za,,-A:Zan(l——x”)——Za,,x"—i— Ea,,x"——A '
0 0 N+l u

TaK uto **
N N © >+ ‘
n
Vo, — 4 < Yina 10—+ 2'”"%+ Nopen— a1 <
[i] 0 N+1 0
o0
< (I—x)N? o Za x"——A‘-
= TN =R e |
Bans npou3BOABHO Mazoe wucao ¢ >0, noaoxum
(Il—x)N=e nm x=1—,

* Orciona, no ussectuoft Teopeme Komwu (33, 13)], yme crenyer Bbinon-
nenne ycnosus (6), HO He 06pAaTHO, TaK UTO Mbl HCXOAMM Temepb W3 6onee
wacTHOTI O NpelnonoxeHus, Hexeau (6).

¥ Mol nonb3yeMca oyeBWIHbIMM NpH 0 <Cx <1 HEpPABEHCTBAMH:

l—xt=(l—x)(l+x+x+... 4+ x") <a(l—x)

o0

an_i"’i<__1__
T l—x ~l—x"
N+t
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TaK uT0 X — 1 npu N — oo, [ycrs Temeps N BolGpaHo A0CTaTOUHO GOdbUIKM,
yTo6bl 1) BHIMONHANOCH HEPABEHCTBO BN+1 <Ce* M 2) cooTsercTayioulee X Obao

HAcTONbLKO OAM3KO X 1, uTO

[=s]
Magxt— Al <.
Y
Torna
N l
ZO,,—A'<(2+50)~E,
0 i
YTO ¥ JIOK33bIBAeT YTBCPHUICHHC TCOPCMbI.

K paccMOTPEHHOMY uWaCTHOMY CAyuai0 TeopeMul MNpPHUBOAMTCA W OBHE Cny-
yai. TMoaoxwum

Vg =0ay+ 20,4 ...+ na, (n=1), v, =0,

TaK yTo
]
ap = " (U5 — Up_y) (n=1),

W 3areM

[e o) [ee) o0

\ \! U .

a,x" = q —n x"—-z 2l xt =
Z " 0 +Z n "
0 ) i

o [oe]
— - Un .n N Un n
=a,+ (1 U27x+%ﬂﬁmwﬂ )

v
Ho u3 npeanonoxenna teopeisl, T. €. H3 100, 4TO 7" —0 1npn n— @,

[CrKO MOAYYyHth, UTO
[ee]

fim (1—x) Y22 xn=0, ®)
x—1—0 . n

Jna 10Ka3aTcaLCTBA ITOrO HOCTATOUIO pa36HTb 3JICCh CYMMY Ma QOscC:
N =]
(l=2) P4 (1—x0 3
[ NFI

“ Un
n Bblﬁpz’l’l‘b NTaKHM, y106bl BO BTOPOH CYyMMC BCE€ MHOXHTCIH

Gbinu Mo

aGCONIOTHOM BenuuWHe MEHbLWMMM Hanepeld 3aJaHHoro wucna &> 0, Torma »n
BTOpas CYMMa no a6CoMOTHOH BemHuuHe GylMeT MeHbule €, KAKOBO Obl HH GblNO X;
OTHOCHTEAbHO NEPBOH CyMMB!, COCTOHILEH H3 ONPENENEHHOrO0 KOHEUHOTO uiCaa
cnaraeMblx, TOrO e MOXHO NOCTHTHYTb 3a CueT NMPHOAMMCHHA X K .
Taknum oGpasom, Beugy (7), (5) n-(8) mmcen
o0

T
lim 27",\"‘“=A—~a.
£~ 0l n(n-+1) N

Ho amech ywe MOXHO TMPUMCHHTL JOKa3aHHBIM YaCTHBIH CAyuafi TeopeMbl, Tak
UTo H
I
Yn

V_ %
+n(n+l)

= A—a,
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C apyroit CTOpOHBL,

n

n n n
ZL_ZE!&_Z Um __2’”_m_
o (n 1) m ‘ m41 = 11

]

Um-1 Un

m n-+1

-+

n1
Ay
1

"t\/J a

Orcmua, TaK Kak NCPBOC €haracmoc CApaBa CIPCMHTCR K HY.TI0

n

lim Y a,=A—a,

n—co

YTO M 3aBCpIUAET JOKA3aTeNbCTBO TEOPEMBI.

BnocacacTBUM pPazaMuHbIMH aBTOpaMH Oblj  yCTaHOBACH LeAbH pAL TOHKHX
TCOpEM MONOGHOIO TUNA (HX IPHHATO Ha3blBaTL «TayGEPOBCKHUMM> TEOPEMaMH),
BUIOM3MCHAINX W pacuipsiownx ycaosua Tay 6epa. Ha nux mbr He Gytem
OCTAHABIHBATHCH,

420. Meton cpepHux apudmernuecknx. Mnes merona B mpocreAinem
ero ocywectBaeHuu ripusagnexur dpobenunycy (G. Frobenius), HO
csazuBaioT ero ooptuno ¢ umenem Yeszapo (E. Cesdro), KoTopsl pan
Metony jaisHeHiuee passurue. BoT B ueM caMblii METOL COCTOMT:

Mo wacmusnbim cymmarm A, 0aHHO20 4uCA08020 pada (A) cmpoamcs
ux nocaedosamensHoie cpedHue apudamemuieckie

Ayt A 2 _AtAt A .

(10=A0, =55 eers n ﬂ,+l 3 eesy

2
ecau gapuanma a, npu n-—» o0 uMmeem npeder A, mo Mo 4ncao U
Haspoam «oboluennol (8 cambicae He3apo) cymmod» O0aHHOZO
paoa.

[Tpusepw. 1) Bosspauanch k paly
l—14+ 1 =1 1 —=1+4...,

k+1 1
a“":?k——:—l ’ “2k'1=7y

HyMeeM 31ech

. Mn opumwas x ToH ke cymse, yto u mo merony [Tyac-

cona—AG6Gensn [418, D)
2) Mdns pana

1
TAK YTO @y —

o
—;——i—Ecosnﬂ (—r=<0<m)

n=1
yacTHyHble CyMMbl 6yayT (ecan Toabko 03£0)

4 sin(n—&—%)ﬂ .

25in%0
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Tencpe Hetpymno moacuurath cpenHHe apH(BMeTHUCCKHE:
1 n
O .
(n 4 |)a,,=—l-zsm (m +%)e=

2sin ?0 me—0

=—]1—2 [cos mb — cos (m 4 1) 0] =

4 sin? -2—0 m=0

. I B\ 2
l—cos(n-1yp 1 [Snr+Dg0
1 =7 7 /
22 —
4 sin 5 6 sin 5
Wrtax, oxoHuaTesbHo
) AN
o | S|n(n+1)§
SIS
2

Ouceunno, a, — 0: ans 3waucwnit 020 <ofobuwenHoit cyMMol» W 3lech Cay-
wut O |cp. 418, 2)|.
3) Haxoneu, nycts cnoBa npenpaomen psia

[oo]
Zsinnﬂ (—r<8<m).
o

Mmeem npu 040
1 1
cos —2~0—cos(n+-2—)0

A= i
25in70
1 3atem
n41
(n4-1)a, = "-;l clgéﬁ——ll- y Isin (m - 1) 0 — sin mB| =
4sin® 56 -
n-1 1 sin(n -}-2)0 —sin 0
SRE PO TUE TR TN
4sin*70

Otciona ACHO, 4TO a, — % ctg %e,

Bo Bcex cayvasx no merony Yezapo noayudsack Ta xe <o606uleHHas
CyMMa», uTO M Bblge, 10 Meroay Ilyaccona—A6enna Huxe |421) 6yner
BBIACHEHO, UTO 9TO -— HE CAYYahHOCTb,

M 31ece Takxe HemOCpeNCTBEHHO scHA JAAHEHRHOCTH Meroaa
Hasecrnan ke Teopema Kowwu (33, 13)] B caysae cyulectsoBaHus
npenena

lim 4,=4

n-— o0
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YAOCTOBEDSET Hajiuuue TOro e Tpejena v AJA CPeAHUX apWpMeETH-
YeCKUX o, TaxkuMm 06pasoM, MeTod Ye3apOo ABAACTCA PEryJAAPHBIM,

421. BsauMooTHomeHHe Mexny Meronamu Ilyaccona— AGeas u
Yezapo. Haunem ¢ mnpocroro 3ameuanus: ecan pad (A) cymmupyei
no memody cpedHux apuMemu1eckKux K KOHEHHOL «cymae» A, mo
Heobxodumo

a,=o(n).
n-+1
He#icteutensHo, u3 o, ;— A o o ®a—> A CeLyeT, uTo
(n+Na, —nag_, :f—"——>0,
n n
a T0raa “
—[L":A—'L——"_] A"_l—>0,

n n n n—1

4T0 ¢ TpeboBanOCh ONOKAa3aTh.

ITocTaBaeHHKIA B 3aro/0BKE BONPOC MCUEPNBIBAETCR CAELYOLIEHR TEOo-
pemo#, npuHannexamed Ppofennycy:

Ecau pad (A) cymmupyesm no memody cpedHUX apumemuiecKix
K KOHEHHOM «CymMMme» A, MmO O0OHOBPEMEHHO OH CYMMUPYEM MAKNCE
no-memody [llyaccona — Abean u npumom K moil xe cymme.

WUrak, nycrs @, — A, BBuay CLe/aHHOTO BHAyaie 3aMeuanns oue-
BHIHA CXOAMMOCTb CTETNIEHHOro psala

flo)= 3 a.x"
n=10

ans 0 < x < 1. Bunoauus 18 aw b npeobpasosaque A6enq [cm 383
u ocobenuo 385, 6)], mocrenosaTeabHO nOAyuHM *

fx)=(01 —x) iA,lx":(l —x) i(n—{— a,x"
n=0 n=0

* B cnpaseiNMBOCTH 3TOrO TOXIECTBA NErKO YGENHTbCA M HEMOCPeNCTBEHHO,
OTOPABAAACH OT 32BEAOMO CXOMAMIErocs, BBHUIAY OFPAHHYEHHOCTH a,, pAla Clpasa:

(1—2x+x3) 3 (1 + D) ape® =
0

[("’ +Dag—2n0, (1 —1)a, 4] x"=

ll

1
opMe <8

{[(n4+1yap, —nay_ ]| —[nap_ —(n—1)a,_,]} "=

[oo] 0
= Z (Ap—Apy) X" = Z apx".
0 0

[[Ipn atom mutmonaraeMa_; = a_s=A_; =0.] Cx0aMMOCTb NOCALAHEI'O PAAA
31€Ch [OAYYaeTca cama COGOM.
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[npn sToM caenyer nomuMTh, 4TO Ay A - ... A, =+ 1)a,}

w0

Hapecrno, uro (am 0<x<1) (1 —x) =D (n- 1) x" un
0

1=(1 —x)‘zi(n—}— 1) x™
0

¥MHOXUM 00€ 4acTét 3TOTO TOXAECTBA HAa A M BHIUTEM M3 HErO TOYAENHO
NpeabIayLee TOMASCTBO:

A—f0)=(1—x 3 (- 1)(A—ayx"
n=0

Cymmy cnpasa pasoGbeM Ha ape:

o]

N1

(=P 3 4+1—xP ),

0 N

npuuem uyncao N sriSepem Tak, utobul npu n >N OG0

|A—a,|<s

rie & — NPOM3BOJILHOE Hanepes 3adadHOe MOoJOXHUTEAbHOe uucao. Torma
BTOpasd CcymMMa mo abcomoTHOH BeauuuHe M cama OyneT Medowe = (ue-
33BHCMMO  OT Xx!), a 1A% nepsofi CyMMBI TOTO XK€ MOMHO AOOHTbCA
3a cyeT mpubauxenns X K 1. DTUM W 3aBEpWIAETCs NOKA3aTEJIbCTBO
[cp. ¢ nokasarenbcrsom Teopemsl AGesna B 418].

MTak, ™Mb yCTaHOBMJM, UTO BO BCEX CAYYasX, r€ NPHIOKAM MeTon
Yesapo, npuioxum u Meton Ilyaccomna—AGeas ¢ Tem e pe-
syabTarom. OOpaTHoe k€ HEemepHO: CYIECTBYIOT DSAB, CYMMHpYyeMbie
metonom [lyaccona— AGean, HO He uMeloiHe «OBOGILEHHON CYMMbl»
B cvbicae Yesapo. Paccmorpum, nanpumep, paa

| —24+3—d- ..

Tax xak 3gech a810 He cOOMOAEHO HEOOGXOAMMOE YCAOBUE CYMMN-
pyeMocCTH 110 METOAY cpeaHux apnqmemllecxux, yKd3aHo€ BHa4yaae,
TO 10T MeTOl4 He npuaoxkuM. B 1o ke Bpems pan

1 —2x - 3x® —4xP4- ...

nueer (mpn 0 <x<1) cymmy (—l_'-_l—ﬁ—, Kotopas npn x —> 1 — 0 ctpe-
MWTCS K npeneny 7:. 10 ¥ ecTb «0000UIeHHAs CyMMa» HaEero psia

mo IMyaccony—Abeaio.

Taknm o6pasoM, Meron Ilyaccomna—AOGens sasaserca 6oJee
MOWHBIM, T. € [pPHJAOKHM B 0O0JEE HIMPOKOM KJacce CJAyuaes, ueM Me-
toa Yeszapo, HO lie MPOTHBOPEUMT €My B TeX CJAyvyadX, KOria OHd
OKA3HBAOTCA TIPHJIOWHMBIMU 00a,
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422, Teopema Xapaum—Jiauwnay. Kak u B cayuvae merona [Tyac-
cona—AGeaa, nas mMerona Ye3apo Takwke MOryT OblTh A0KA3aHLI TCOPELMhL
«Tay6epoBCKOrOs THMY, YCTAHABAUBAOUIMC TC HOMOMHHTCIbLHBIC YCAOBMA OTHOCH-
TeHLHO UJACHOB DAL, NPH HATHYHH KOTOPLIX M3 CYyMMHDPYCMOCTH pAla no mc-
TOAY CPCAHMX apudMCTHUCCKMX BLITCKACT Cro CXOAMMOCTb B OOLINHOM CabICAC
cnosa.

Beuny teopemu ®pofeuuyca ucilo, uTo Kawaan TayGeposckan TCopeEMa
s mertona [TyaccoHa—AGCaa LPYBOAHT, B HACTHOCTH, K TAKOH KE TCO-
pesme 1ns merona Yesapo. Hanpumep, cava Teopema TayGepa ncpedpa-
3BPYETCH TCHCDPb TAK: €CAl a, — A 11 GUNOAHSIENICS YEAOSUE

. 9 Lo na
lim wﬁ.zo
n—o n

) 9

mo odnodpestenno u A, — A. Bnpouem, 31ccs OHA HCROCPCACTBEHHO BhiTCKACT
13 ACIKO NPOBCPACMOIO TOWACCTBA

a;,+2a,+ ...+ na, *

n

Ap—a,= >

KOTOngE N7 1aHHOro CAYUdn yKA3LIBACT JNaWe 12 HEOOBXOMHMOCThHL yCao-
o g()a;plln (G. H. Hardy) ycranosmn, yto 3akmoucHuc oT ap— A kK A, — A
MOXHO CleJaTh He TONbKO, CCIH @, =0 \%) (3TO COMCPKATCA B Npelbiaywea!),
HO W npu GOAeE ILMPOKOM NPCANONONCHHU, 4TO

Ima,y|<C (C=const; m=1, 2, 3, ...).

JNanpgay (E. Landau) nokaszaia, u4To MOXHO YAOBONLCTBOBATLCH AAMCE OANO-
CTOPOHHUM? BLIIOJHCHMCN 3TOTO COOTHOIICHNN: )

Ecau psod (A) cysmmupyemes k <cynames A no smemody cpeorux upugdaie-
MURECKUX U NPU INON BoLHOAHSENICA YCAOBIE

ma, >—C (C=const; m=1,2,3,..),

MO 00HOBPEMERHO Ut

a, = A.

cMg

lMaMCHRH 3HAKI BCCX UACHOB PHA3, BHAUM, YTO XOCTATOYHO TAKXKC HpPCU-
TONOXUTL HCPABCHCTBO UPYroro CMbiCIa:

ma, < C.

B yacTroCTH, TCOpCMa, OYCBUUMO, APHUNOMKHMA K PAAAM C YACHIMM NOCTOS -
HOCO 3HaK4}|

Ana 10Ka3aTeabCTBA. PACCMOTPHM CHAYAMA CYyMMY

* Umeenm
() Ay~ (14 Dag= (4 D) Ayg— (A4 A+ oo Ap) =
=(Ap—A)+ (A, —A)+ ...+ (A —A8,) =
=@+ @+ oo 8g) + (s g 0, =
=a, + 2a,4-,..4- na,
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r)}e nu k—-—npOHBBO.’IbeIC HaTypaabHble YHCAQ; JIYTEM TOMAECTBEHHOIO Iipe-
O0pa3oBaHHUA OHA JAErKo MPHBOIAHTCH K EHIY

n+k n
S=2Am~_ ZAmz(”+k+l)“n+k'—(”+l)an=
m=0 m=0
=kap,p+ (04 1) {ap— an)- (10)
Ecan Baatb nwboe A, (apn n<m=<n+ R), TO, HCNOAB3YH NPEANOIOKEHII0E

HEPABEHCTBO @y > — e MOXHO MOAYYHTb TAKYI0 OLEHKY CHU3Y:
R
Am=An+ @pi+ ...+ 0p) > An—ﬁcr

OTKyla, CYMMHDYA mo m, Halinem

k?

S>kA,——=C.

n

Orcrona, conocrasnsa c¢ (10), NPUXOAMM K TAKOMY HEepaBeHCTBY:

b
An<an+k+»’1—:l @nue— a0+ 2. amn

Cranew TeNepb NPOM3BONBLHO YBENHYHBATHL 72 N0 GCCKOHE'-IHOCTH, a H3Mene-
k
e kB moayHHMM rpeﬁoaaﬂmo, 4YTOGbl OTHOLIEHHE 7 CTPEMHIOCH K Hamepen sa-

AanHoMmy uyucay € > 0. Torma npasaa yacte nepasenctsa (11) 6yfeT cTpeMuThCA
K npegeay A-feC, Tak YTO AaS AOCTAaTOYHO GOJNBIINX 3HAYEHHN n 6yner

Ay < A+ 2C. (12)
CoBepuwlenHo aHa0rHYyHO, PacCMaTpHBas CyMMy

n
S= 3 Ap=tkapp+(n+1)(an—ayp)
m=:n—k4-1

W npoBens AaA A, (ApH n— k << m << n) OUEHKY CBepXY:
k
AmZAn_(am+1+~~-+an)<An+‘m C,

HOpUACM K HCPABCHCTBY
2

, k
S <kA,+ n—k‘C'
Orciona
1 k
Ap>aq p+ n_: fap —ay_p) — - C.

k
Ecam n— o u OOHOBDEMEHHO —n--—~E, KaK H npexne (HO Ha STOT pa3 nycre

I
e < —-—) , TO T1paBaA yacTh 3TOr0 HepaBeHCTBA CTPEMHUTCA K npeneay

2
A _1€T€C > A—2¢C, CaefloBareabHO, AN NOCTATOYHO GOABILMX 1 OKAXeTCs
Ap > A—2C. 3)
Conocrasansa (12) n (13), BuANM, ¥TO, HEHUCTBUTEABHO,
lim A, = A.

Teopema AOKa3aHa,



423] § 9. CYMMUPOBAHHE PACXOMAMINXCS PSIOB 407

3aMeTHM, uTO TOMOGHAaR e <Tay0epoBckasi» TcopeMa Obina YCTAHOBJeEHa
3ateM M IaR cymMmupoBanus mo [fyaccony— A6enwo—ajns Hee TOABKO UTO
NOKa3aHHAA TEOpeMa ABAAETCA uyacCTHbIM caeiacTsuem. Ho BBHRY ciaoxHOCTH f0-
Ka3aTelbCTBA Mbl CrO e TPHBOLHM.

423. NpumeHerne 0606ueHHOTO CYMMHPOBAHHA K YMHOXEHHIO pPAIOB.
OCTaHOBHUMCR HAa NpPUMEHEHHH OBOOGUIEHRBIX METONOB CYMMHDOBAHH:A B BOmpoce
06 yMHOXCHURN panos no npasuay Ko wu |389] IlycTs, kpome pana (A),
naH eule pan

Mba=by+b bt (B)
n=0
Torna pAan
Sen= Y (@bt aby s+t an byt anby) ©
n=0 n=0

M Ha3uIBaCTCA MpoHM3BCAEHHeM panoB (A) u (B) B popve Kouru Ecau
NaHHble PANL CXOMATCA M MMeoT oObiKHOoBeRHbie cyMmbl A u B, to pan (C) Bce
WE MOWET OKa3aThbCA PACKOAAWMMCH [IPUMEP ITOrO Mbl HMean B 392].

Onnako 60 scex cayuasnx pad (C) cymmupyem no smemody [Iyaccona—
AbBens u umenno k cymme AB.

Je#ictButeabto, 1as 0 <<x << 1 pan (1) paBHO Kak pan

N bax = by A b x A byx® b B

n=0

o6a ab6conwTHo cxonarca |379]; o603HAUNM HX CYMMSI, COOTBETCTBEHHO,
yepe3 f(x) ¥ g(x). TpousseseHue 3THX pALOB, T. €. PAl

[oe] [oe]
2 Xt = E (@b ~+ @\bp_y + ...+ aq_yby 4 agby) X7,

n =0 n=>0

no kaaccuueckoi teopeme K o u [389] takxe CXOOMTCA H HMMeET CyMMOH mnpo-
uaBefenre f(x)-g(x). dta cymma npu x— | —0 crpemurca x AB, u6o, kak
MBI BHIENH, 10 OTAENLHOCTH

lim f(x)=A, lim g(x)=28.
x—-1-0 cx—=l—0

WMrak, «o6obuicHyoit (B cMhicae [lyaccona-—AGeann) cymmoi» pama (C)
AchcTBUTCABHO 6yler AB, uto M TpPe60BAaTOCh NOKA3aTh.

Orcona xak caeicTBHe noayyaerca rtcopeMa AGean 06 YMHOXEHHH pA-
goB |392|. PaBHBIM O5pa3oM M3 CaMoro JOKa3aTenbCTBA ACHO, NTO /MO e 3a-
Kat0denue ocmaemcst 6 cuae, ecau pade. (A) u (B) — BMecTo TOro, 4to6n CXxo-
JIBTLCA B COOCTBCHHOM CMBICIE — 2UUIb CYMMUpPyeMmut N0 memody [lyaccona—
Abenrn k cymmarn A u B.

B rakoM cnyuae, yunteiBas teopemy PpobeHuyca (421}, mowHO cle-
naTh ¥ cnelyioulee yTtBepxknenue: ecau padw (A), (B) u (C) cymmupyemu
8 cMbicae HYe3apo u umewom, cOOMBEmMCmEEHHO, <0000ujennbie cyMMb> A,
B u C, mo xeobxodumo

C = AB.

B kauectBe mMpHMe pa paccMOTPUM BO3BCIACHWME B KBAapar pana

. 1,13 n@m—1
Sy =lm gt eV o s
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l\'OTOpL\]ﬁ NOTYUacTCR H3 GHHOMHATLHOUO Pa3n0MWC T

| I 1.3 2m— N
——=l— g+ —x'— . — ) L
Vi+x 2 + 2.4 + ) (2m)lt '

MpH X ==1, ¥ MHOKAA YKAZAHHLUT UMCAOBON DA 112 CaMOro cc6a, mpuacM K xo-

pOWO 311aKOMOMY 1AM pARY
Il—1l4+ =14 1T—14.5
«ofolulennas cymma» KOToporo, kak no merony llyaccoHa-—AGenn, Tax
l 2

1 no meroay Yezapo, ecrs +

2 vV '
Hanee, «<Bo3peacM B KBaopars U 3TOT Pacxoafwmiics pad. Mol noayunum psa
1—243—44...,
1
«0fobuicHian cymmas Kotoporo B cmuicae llyaccona—AGeas ccrb - =

4

2
= (%) (8 cybicac Yesapo on ne cymuupyes!).

424. Jipyrre meTonn! 060GLENHOFO CyMMHpOBaHHS pPRmoB. 1) Memodu
I @ Bopo#rozo. NycTb WUMCEM MNOIOKHTENbHYIO UMCIOBYIO MOCACAOBATEAb
HOCTb {pp} wu

Py=py, Pp=ps+pi+..+pp(n>0).
W3 yactnutux cymy A, paga (A) CoCTanua Buipa¥CHUA
PrAot PnyArt o PoAs

n

w, =

Ecau w, — A npu n— o, 10 A Hasupacrca <oGobulennoil cymmoit» paga (A)
B cMbicac Bopownoro— npu 3anaHHoM Buibope nocmeaoBartetbHOCTH {p,).
JIHHCMHOCTL MCTOAA K3K B 3TOM CHYYAC, TAK W B CAEAYIOULHX — QuC-
BUAHA, B Mbl HA HCil HC GYACM OCTANABMBATHCH,
lass pe2yasiprnocmu aenoda BoponHo20 Heo6x00umo u Qocma-
MOYKO YCA08UE

lim P —o,

n—c Fp

tleooxonnmocTth Jonycrus cuauana peryaspHoOCTL pacCMaTtpuBaeMoro
McTona: nycrtos w3 A, — A Bceraa cacayer u w, — A, Ecia, B YyacTHOCTH, B3ATL

psa
l—1+04+0404...,
aaa koroporo A,=1, a npomie A, =0 (tax uro W A=0), 10 HCOIXOLHMO

w, = Pn__ g

Py
* My TORbL3YEMCA 3ACCH UHCITOBLIM TOXUCCTBOM

’\11(2/11— D @2n—2m—N1 1
i (2m)1 @n—2mn
0

rae (— 1)1 u O oamavalT ycnoBHO ¢ MU H U LY,
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HocTaTouHOCTD., [lpenmonoxuM Temeps YCIOBHC TEOPCMHl BRITOANCH-
HbIM H JIOKaXeM, uTO H3 A, — A BuITeKaeT W w, — A.
OGpaTHmcs K TeOopeme "fennnna [391] u samcHusm TaM X, ua A U iy,
pn-m

hna Pn

. Ycaosue (a) 310l Teopemp ymosacteopeno, nto

__Pa-m Pn-m__,
t,,,n-—b—*Pn <*Pn-m 0.

Brinoixenie ycaopuit (6) ¥ (B) OueBHAHO, TaK KaK

n

2 |tnm | = Etnm'—l

m=0 m==0

CrepoRratensHo, Kak W Tpe6oBanoch JIOKasath, W, — A.

2) 0606!«8HHM€ Mmemods. Hesapo. Ml ywe 3nakomer [420] ¢ meTomoM
CPefIHHX apHMETHYECKHX; OH ABARCTCA NPOCTEHIIMM U3 GCCKOHEUNWOH nocacio-
BaTeNbHOCTH MCTO0B CYMMIIPOBanns, npeilokcnubix Yesapo. Pukcupysa Ha-
TypanbHoe wucino &, Ye3apo BBOAHT BapHaHTY

- -4
ky__ S __Cﬁ+}>—lA +ChTh A+ FCRT1An

Tn =% =
Cn-{-k Cn+k
I ce npelen NpH n- 0 pPAacCMaTpHBAaET Kak <«0GOOWEHHYIO CyMMmy> (k-ro
nopsinka) pana (A). Mpuw k=1 Mbl BO3BpAUIACMCA K METOMY CPCHHHX apudme-
THUCCKHX,

B naabHefilleM HaM HE pa3 NOHAaLOGHTCR CNelYIOUICE COOTHOWICHUC MEeMAy
Kospuuuentamy C:

Chol+CE o+ Cho 1 =Chiy (14)

OlII0 NICIKO JOKAa3hiBaCTCA NO MCTOALY MAaTCMAaTHUYCCKOA HHAYKUHH OTHOCRTEALHO 1,
CCIH HCXOAMTb H3 H3BCCTHOTO COOTHOWICHHA

k ke k—1
Cryr=Cho_1y4r+Crlie_n-

TMpexne Beero, mokaweM, uto Memods Ye3a po scex nopadxos A8as0nCsL
HACTIHBLMY  CAYYGSIMY peayﬂﬂpuux Memodos Bopouoeo. Jns 31010 NOCTa-

TOYHO NOIOKUTH pﬂ—cn+k—l’ u6o us (l14) Torua caenyer, uto P, _'Cn-l-k ,
M K TOMY KC, OUCBUJIHO,
En =
P, " n —|— nk
C nomowbio TOro Xe paseHcTBa (14), NOAL3YACH CaMHM OTpENCNCHHCM Be-
RUYHH Sff’, YCTaHaBANBAETCA, UTO

— 0 npu n— .

s(k—l)+ Sﬁk_l)—ﬁ— +S(h—l) S(k)* (15)

DTO [aCT BO3MOMXHOCTL BLISCHUTL B3aHMOOTHOIUEHHE MEWAY CYMMHDPOBAIIHCM
o Yeszapo k10 w (k—I1)ro munopaika. [lycts pag (A) nponyckaer

# Lo S pasymeeres A,
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cymmuposanve (R— 1)-ro nopauka, TaK 4To ﬂf‘“ — A. B cuay (14) u (15) umeen
S(k) Sgk_l’—}—S“‘_“—}-...—}—S(Hk—h_

(R
it =
Cn+k Cn+k
Bk —1 k-1 (k—1 21 (k—1
R A e S A SRR oo S (o
Cn+lz
[lpumennn cioma tcopemy Tenanuua [391], npiuuem nonaraem
Crte—
Xo=1E0 o _—L (m=0, 1, ..., n),
Cn+k
(k)

NpHIeM K 3akaloueHuo, uto u 7. — A. Takum ofpasom, ecau pad (A) dony-
cxaem cyMmuposanie no memody HYeszapo xkaxkoz0-ruby0s nopsdxa, mo Ox
donyckaem u cymmuposarue mob020 8bcule20 nopadKa, u npumom K moi
oHe CyMMe.

[pusenem Teneps ofoGieHue yxe n3BeCTHOH Ham Teopemnl PpoGeHu-
yca |421]: ecau pad (A) cymmupyem no xaxomy-aubo u3 memodos Yesapo
(cKaem k-ro NOPAJKA), MO OM CYMMUDYEM K MOl -0CE CyMMe U RO Memooy
flyaccona—AGensa.

[lycts naWo, uyto

-3l
im 0 =lim —2-= A 16)
n— O Tn n—~ooC’1:+k (

Jlerko 3akawunts OTCIONA, TO PAL

)_‘ Stk n a7

n=0

aan — 1 <<x <<} cxomurca. HeficTBuTeavHO, Tak Kax Cn+k~ o ,TO u3 (16)
umeeM:
im L5141

neoo T R

Ecan A#0, 10
. n o
lim V[ SP] =1,
n—o

Tak 4Tto, no Teopeme Kowu—Apgamapa, panuyc cxogumoctd paxa (17)
paser |. On B8O BcaAKOoM cayuae He MmeHbwe I, ecan A=0
PaccMoTpHM Teneps paf 'roxmecm

pxt={1—x) Z/—‘l x"—(l—x) 2 S0k,

LES n=0

3 SO = (1 —x) Z Sten

n=0 n=0

1[}48

8

s‘k—"x =(1—x) Z S
=0

MO

a

* 370Ch M NAAbLWIE YUHTHIBAITCA COOTHOWCHHR THna (I5).
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Boigie Mbl YyCTAaHOBHAW CXOZMMOCTbL MOCAEAHEro psga B npoMexytke (— 1, 1)
orciona Boitekaer [cM. 390, 4)] CXOMMMOCTL ¥ BCeX NPENIIECTBYIOWUHX PAAOB, -
Kpome toro, :

foe] o0 o0
Y apan=(1—x)kt1 P Sxn— (1 —xer 3 PCE L Lxn (18)
ne=0 n=0 n=0
ConocTasuM C 3THM TOXAECTBOM ApYyroe:
o0
b= (l—x)t 3 Ch px (19)
n=10

KOTOPOE MMEeT MeCTO B TOM Xe npomexyTtke (— 1, [); OHO noayuaerca R-xpart-
HBIM AndepenuHpOBaHHCM TPOrPeCCHH

o«
-3
—x

YmuoxnB oGe wacth TOoWAecTBa (19) Ha A U BLIUHTAA U3 HEro NOWNEHHO pa-
BencTBO (18), noayuuwm, HakoHed,

o0 @K
A— ¥ apxn = (1 —x)ri ¥ (A—PICE L xn,
A=0 )

n=0

Naneuedwne paccywienua [c yvetom (16)!] Bnoanc ananordymel TeM, C MOMO-
IWBI0 KOTOPLIX Obina AokasaHa Teopema AGeaa B 418 u teopema P po6e-
Huyta B 421; oy moryTt OuiTo npelocTaBaeHbl uuTarcaw, B pedynstate mur u
nonyuuM:

[ee]
lim 3 a,xt=A4,

x0T

4. W TP, 4.

OTMeTHM, YTO CYWECTBYIOT DACXONAULHECR DSALbl, CYMMHpYeMbie N0 METONY
Myaccona—AGensn, HO Be CYMMUDYEMble HH OJHHM U3 OBOGLLCHHLIX
meTogoB Yezapo. Takum o06pa3om, nepBuifl W3 Ha3BaHHLIX METONOB OKadbl-
BAeTCA CHJbHCE BCEX NMOCAEHHMX 1a}e BMeCTe B3AThIX! )

3) Memodw Iesnbdepa. 3Tn MeTORb COCTORT NPOCTO B NOBTOPHOM NpH-
MCHEHHH METOR3 CpelMMX apHPMeTHuecKux. Bce BOMPOCH, OTHOCAWHKECR K HX
perynsipHOCTM M B3aNMOOTHOLUEHMIO, HCYEPMLIBAIOTCH CCHIIKOH 113 Teopemy
Kowu

Mo¥Ho [NOKa3aTb, uTO k-Kpamuoe npumenenue memooda cpednux apugpse-
MULECKUX COBCPUIEHHO DABHOCUALHO npusterenuio semoda Yeszapo k-20 no-
PAOKG, T, €. CYMMUPYCT TOT JKe K1acC PHAOB W NDHTOM K Tem KC CyMMaw.

4) Memod Bopeasa. On coctout B cuaepyiowem: 00 pugy (A) # ero
Y4CTHUILIM CyMMaM A, CTPOMTCA BLIpdXeHHe
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Ec/uzu nocaefuuld paod cxodumes, xoms 6o 048 00CINAMOUHO BOABMUX 3HAUE~
HU X, U €20 cyMma npu x — -+ & umeem npedea A, Mo MO YUCAO U ABAS-
emcsl «O0001eHAOH CyMMOl> 8 cabicae Bopeast dag daunozo psda (A).
Noxaxem perynaprocts merona bopesan [JonycTes cxonumocts paua (A)
¥ 0603nauUM CrO CyMMYy ucpe3 A, a OCTatkn A — A, — uepes a,. WMvcen (nas
HOCTATO4NO GOMLIUKHYX X))
(e o] (e o] < (e o]
\! , X" X" xn X"
A—e‘XZA -:e‘XZA——e‘XZA —=e‘x2a —
7l nl 7 nl “onlt
0 0 0 ]

3agaiMMca NPOU3BOALHO MansiM uucaoM e > 0; HalixeTCa Takoit momep N, uto
€

as n> N Gyrer |a, | <<--. [lpeacTaBuM MOCNENHCE BoIDAKEHHE B BUAE CYMMLL,

2
N ©
X" \) X"
e~x a, — e‘x o, —
2 7l + Z ol
0 N+l

" €
Bropoe caaraemoe nmo aGcomoTHON BeaMuMHe <{-5-, KaKOBO Gbl HH 68110 X, a
nepsoe, npeacTaBasouiee co0OH IPOH3BeNeHHE 7% HA MHOrOuNCH, UEABH OTHO-
€ .
CUTCABHO X, CTAHOBMTCH a6COTIOTHO <7y UpH [OCTATONHO GOMbINMX X I1um

BCC JOKA3aHO *,
5) Memod Sidnepa. Jas pana

fe o]
Z (— l)k ar
E=0
Mol maean 8 413 (M. (7)) dopmyny
[os] [ee] P
Y= Y e, (20)
k=0 p=0

BLIPANKAIOULYIO0 enpeolpasoBanne i acpas, [lpu 3mos, kKak Gbin0 NOKA3aHO,
u3 cxodumocmu pada 8 Ae80i Hacmu yxce 8simeKa@em cxodumocms paoa 8 npa-
60U 4acmMU U PREEHCMEO MENCOY UX CYMMaMU.

Onnako M np# pacXxOAMMOCTH MCPBOro papa BTOPOit PAX MOMECT
0Ka3aThCH CXOMALIMMCH; B MOAOGIOM Cayuae ero Cymmy D #ac p DPHUIHUCHLIBAL
B KayccTBe «OOOOWICHHOM CyMMbl» NepBoMy paiy. B 27oM cOOCTBEHHO H CO-
CTOMT MeTOl Dfinepa CyMMHPORAHWA DPAROB; CHeNaHHOE TONLKO YTO 3ameua-
HHC rapaHTHPYET PerylAapHOCTL MCTOAR.

Ecan nucare paccmatpuBaembifi pan B oGbluHoM BHge (A), He Bmenas
3HAKOB ==, H BCNOMHUTH BpipaxceHue (4) n° 413 L1 p-it pa3HOCTH, TO MOXHO
CKA3aTh, YTO 10 METOAY CYMMHDOBaHMA D#nepa B KaueCTBe <OBOBLICHHOM
cyMmbl» psja (A) Seperca ofbiuHaa cymma pana

a,+Cha -+ Coay+ ... + CgalJ
OpFI

p=0
(B NPCANONOMEHHH, YTO MOCAEAHUA CXOLMTCA).

* UpraTeab OTMETHT CXOACTBO ITOrO [OKA3ATENLCTBA C [OKA3ATENAHCTBOM
teopemul AGena [418] u apyrux.
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Ha stom MU 33KOHYWM 0630p pPa3INYHbIX MCTOLOR CYMMHDPOBAHHA pacxoan-
UXCs PRAOB, TAK KaK H NMPUBCACHHBIX YWC JOCTATOUHO, y10o0bLl CO3M4Tb ¥ UIITA-
TCIA BIEYATICHUE O MHOFOOspaBHH fIOAX0JA0B K 9TOMY BONDOCY. pC(‘)’!IﬂpHOCTl)
MCTO14d, KakK HeOﬁXOlLHM)’lO ero OCOﬁCHHOCTh, Mbl YCTAHABAMBAIH BO BCCX CAYYAaX.
K cowanchHuio Adille, Mbl HC BCCFAd KMMeIHd BO3IMOWHOCTH JOCTATOYHO y[‘.’l)’GHTbCﬂ
B BONPOC O B3AUMOOTHOWECHHH paan'ulmux meTonos. A MeXIY TEM MOXCT Cay-
YHTLCH, YTO ABA MCTOAA MMEIOT ncpecckawompecHd (HO HEe MOKPbIBAIOILHC
O4Ha )lpyryio) ofnactd NPUIOKIIMOCTII; MOXET 0Ka3aTbCA H 4TO ABA METOAQA
NPHUNHCLIBAIOT OMHOMY W TOMY Xe pacxoasiuemycs psiay pPas3nuuyHBb ¢ «0606-
UACHHBLIC CYMMBbI>,

425. Ipumepnl. 1) [lycte {@,} mnOI0WHUTEILIIAR MOHOTOHHO yOhiBaoILan
N0CIeA0BATCALHOCTL, Cxomsiuiasca K 0. ITonowim

Ag=ay, Ap=ay+a -+ ... + 0, (n>0).
JloxaszaTh, YTO 3JHAKOnepeMeHHbll pAd
Ay— A+ A, — A+ ...

eysmupyess no smemody Yesapo (1-20 nopadxa), i €20 cO00OUEHHAS CYMAMA?
PABHA NOAOBUNE CYMAMbL CXOUSUUe20CA pAOA AedOHULEBCKOR0 MUNA

a=a,—a,+a,—a;+ ...
[Xapzow (G. H. Hardy)).
YKA3AHME [TOACYHTATL CpPelHCe apHMMCTHUECKOC MCPBBIX 2/ 4ACTHNIMIX
CyMM NaHHOrO pAga, OHO MPEACTABUTCA B BUIE

1 (@,—a)+(@—a +a,—a)+ ... + (@G —a + oo+ doypos — Gam.1)

.

2 m

1 p
n, mo tcopeme Komwm [33, 13)], crpesurcs K - a. 3aTeM ACrKO yWC NOKA3ATH,

YTO K TOMY WC MPCACAY CTPCMHTCA M CPCAIIEC MepBuiX 2/t 4= 1 4acTHUUBIX CyMM,
n—+
2) BasB a;=-—— wHan a,=In
) P n41 " n1
Ha OCHOBaHMH Teopembl 1), YTO pacXomMLUECA PALb

Hy—Hy 4 Hy—H, + o *
In2—1In3+4Id—In5+ ...

(n=0, 1, 2, ...), YCTanoenTs

H

o6a cymsmupyemst no metofny Ycaapo, H AX «0G0SUIEHHLIC CYMMbl» COOTBCT-
T
CTBEHHO paBHH — In2 W — In =,
P 2 273
Y kAasaune Bo BTopon cayyae mcnoapayercs gopmyasa Baanuca [317].
3) C nomowbIo TOH e TCOpeMbl MOKa3ats, YTo OpH — | <Cx <0 pacxo-
aswuitca pan Aupuxae

o0 [y
_ -1
e ¥ et g=—x 0<E<)

n=1 n=1

cymmupyercs no mcrony Yesapo.

* M, (kak 06biuHO) 0BG03HAYACT 7n-10 YACTHYMYJ0 CYMMY IapMONHNICCKOro
paaa.
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Ykasanueg [lpercrasnuts n* 8 BHie CyMubl

rt=(1—0)+ @ — D)4 ... F(af—n—19

W MeTONaMM IMQ@CPCHUHATLRONO HCYMCACHUA JIOKA3aTh, NTO C BO3pacTaHUeM n
Bapuanta nt—p— I¢ yGuBaer (npu 3ToM, BBUNY 32, 5), oHa cTpemuTca K OY).

4) Ecan <pa36aBHTb» uncHB CXOMAWEroCs pAMAa HYIAMHM, TO 3TO HHUKAK He
OTPAa3MTCH WU HA CXOAMMOCTH DALE, RM HA ero cyMMe. l{ak BHANO W3 CIelyiOULHX
NIDHMEPOB, € OGOGLEHHBIM CYMMHDOBAHMEM DACXONAULErOCA pAAA [eN0 MOXET
06CTOAThL- Huaue, PaccMOTpUM pALbl

@ =141+ 1—14.

(61 —14+04-1—14041—140...
[t] 1 2 I | 5 6 7 8

R R R

ﬂpo nepBblfl AL MBI ylce 3HACM, UTO ero «o6o6uieHnas cyMMa» mo Uesapo
paBna /2. Tloxasarth, uYTO pAax (6) HMEeT y®e ApYrymo CcymMy, HmeHRo 173,
a pan (8) BoBce He cymmupyem 1510 Yeszapo.

YKa3awue. B cayvac puma (B), NpHU U3MEHEHWN 1 OT 271 go 2*M — |,
cpenHee apuUMCTHYECCKOC NCPBhIX 71—k | uncHoB KoneGneTcs
1 2tm— | 2 1 2xm—| 1

OT = ¢ o~ 5~ 0 — ¢ —— -,
3 @iyl 3 M 3 T om 3
5) Cuurtan 2 n06bIM HATYPaNbHLIM WHCAOM, PACCMOTPHM PAl

fee]

Se= 2 (= D)Chy

n=0

W MOKaWCM, WTO >, He cymmupyemcs smemodox He3apo k20 nopadxa, o

cymmupyemcs (K «cymames 1/25+40) yemodosm Ye3apo (k-+1)-e0 nopaoxa.
Wcnoasayn paseHctBo (18) M — aBawnab — paBeHcTso (19) (B nepnbid pas

3aMCHAA X Ha — X, & BTOPOH Pa3 x Ha x*¥), NOCIACAOBATCALHO NOMAYYHM;

fee]

[oe) fee]
(kln__l* N ek n_. ] I N m k%

2 Sn AT = (l_x)k+1 ( 1) Cn+kx “‘(1 __xz)k+l A, Cm —g—kx :
n= ne=0 m=0
TpupasHusas Ko3QGHUMERTH NPH  ONMHAKOBLIX CTENEHAX X B NEPBOM H
B NOCAEJHCM M3 STHX PATOB [Mbl NOAbL3YEMCA 3[eChb <TEOPEMOH O TOWAECTBE
CTeneHHhX PSINOB», KOTOpasa 6yleT Aokazawa nvwb HMxKC, B 437, 3°|, npuxoaus
K 3aKIOYEHHIO, 4TO

(k) =C*

maw  SH=0 (mn=0,1,23, ) @n

* UYngey =1, croaswuit B (a) wma m-oM mecte (rae m=0,1, 2,3, ..),
B (8) mepemetileH Ha 2™-e MeCTO; OCTafbHLIE MECTAa 3aNOAHEHN HYNAMH.

** CX0oM¥MOCTb NOCTIeLHCro pafga B nposMexyrtke (— 1, 1) nerxo vcraHasnu-
BaeTCA € MNOMOUILR TCOPCMbl Kotww-—A xamapa, a OTCIOAA yWe BbITEKAeT
H CXOAMMOCTL NepBOro pHia.
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Taxum obpasowm,

k
w _ Cmter 1 £ o
TR T ok Tom+1 =4
2m+k
N NpeanoXeHHs# pAN He nmeeT <ofobulennoft cymme» Yes apo k-ro nopajka.
C nmpyroft cropoHw, BBUAY (21), (15) u (14) Kak ana n=2m, TaK ¥ 1A
n=2m+1 6yser ST V=C{+CY 4 ... +Ch ,=CkE) ) Orcrona
P
Cmtk—f-l 1,
kR -1 - 2 41y

(e +1__
1 = oE]
2m + k4t

2m

TO We CNpaBedsMBO H Ias T(Q’fn ,l)]. YTO H J0Ka3blBAET Halue YTBEPMACHHC.
;
(6) Pag

N4y
n=20

rfle kR— moBoe HATYpansbLHOE uKCAO, Takke cyvmupyem no meroay Uesapo
(k4 1)-ro mopsaka. 3To MOMHO YCTAaHOBUTh, OMMPAACh HA MPeAbIAYLIHHA pe3yab-

Tar. [efiCTBATEALHO, PA3IOKAM Cﬁ+k o crenenam n 4 1:

Cﬁ+k=k_'!(n+k)(n+k—1) v (n )=

=" (a4 1+ () (b

anech ol — noctosHnme KOSGGUUHEHTH, NPHYEN ol = I [kl £0. Hanucas ewe
PAA TaKUX PABCHCTB, 3ameHda k na k— 1, k—2, ..., 1, nerxo 3arem, Haofopor,

npencrasute (24 1)* B BHAe CyMmMu
k) k Rk — k
() =8C L +BMCR T 4+ BG4

¢ nocroaHubiMy Ko3dpruurentamu 3. Ho rtorpa

30 =0 St 5 St O S

Tak xak BCe paiwl Z, (i=1, 2,..., R) cyMMupyemb no MeTOAY
YHesapo (k4 1)-ro mnopanka (Mbl YUMTHIBAEM 31€Chb CBOWCTBA METONOB
Hesapo nocaenoBaTedbHLIX NOPAIKOB!), TO BBHIY AHM HE W H O CTH Ha3BAHHOIO
METOZA 3TO CNPABCANMBO M JAS APEJIOKEHHOTO PHA.

Camoe BbIuMCIeHHe <«0GOGLLEHHOH CyMmbl> MBI B COCTORHHMH 6yaem ocyue-
CTBHTb AHIUb BROCAEACTBHH [449].

lNpuseseM eme HECKOALKO NPOCTLIX MPUMEPOB HA HEMOCPELCTBEHHOC NPH-
MeHerue metonos enbpepa bopena nm Dinepa.

7) NpocymmupoBate nmo meroay [eaplepa pagn

(@ | —24+3—44 ..
(6) 1 —34+6—104 ...

Omsgem. (a) LeykpatHoe ycpennenue gaer /4.
(6) Tpuxparuoe ycpenHenue naer 1/8.
8) NpocymMuposats pag 1 —1 41— 14 1—1-4 ...no merony Bopean,
ef e 1
2

i -x, ==
Omgem. lim e 7.

X — O
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9) IpocymmupoBaTs no MeTOAY Ditacpa paan

@ 1—141—14 ...
(6) 1 —24+3—44 ...
(B) 1 —2-422—204 |
(0) 13P—29 43" —a' + ...
¥ ka3anue Bo seex caywanx ymo6no -BoCnoab3oBaTLCA npeofpasoBaHHeM
Jitacpa B dopmc (20).

Omgem. (a) Azé—; (6) Aa, =1, Alay=1, &Pa,=0 ana p>1,

1 1 1 ) 1 1 1
A:?;T:T.’ (8) APa, =1, A:_Q__T+?— =T (r) A%a, =1,
Alay =17, A%, =12, A%a, =6, APa,—0 aaa p>3

| 12 6 ]
A== 3Ty B~ "5

426. OOGwHHA KNRAacC JHHEHHDLIX PerynspHbIX METONOB CYMMHPOBaHHS.
[TpuBeEACM B 3aKNIOYEHHC HEKOTOPYI0 BECbMa OBLLIYI0 CXCMY AR [OCTPOCHMA
K1aCCa AHHCHHBIX DECYAAPHHIX METONOB CyMMIIDOBAHHA, COLEPXALUCIO B YaCTHOCTH
BCC MCTOLUL!, YNOMHHABUIMCCH BbILIE.

[Tycts B HekoTopoil offacTH 4 v3MmcHeRHA napamerpa x 3afaHa nocaejno-
BaTenbHOCTS (JYHKUMA

"PO(X)v 1 (X)r (D;,(X'), ey P (X)v ree (d))

Honycrtum, yro 061aCTh 2 HMEET TOUKOH CrYLICHAA YMCIO ©, KOHEYHOE HIH HeT.
flo Odannpmy d4ucaosomy pady (A) cmpoumcs paod, cocmosuguil u3 Gynxyui:

Agge () + A () + o F Anpn () o = EO Anfn (x) (22)
n=

(tne Ay=ga,+a,+ ... +a,). Ecau smom psad, no kpaiueli stepe 0an x,
00CmamoyHo OAUZKUX K «, CXOOUMCA U €20 CyMMa Npu X — o cMpeMuncs
K npedeay A, mo ImoO HUCAO0 U NPUHUMAEMCA 3G <OO0CUEHHYIO CYMAMY»> OaH~
H020 proa.

N(m noJyuacM, TakKm 0GpazoM, HOKHIt METOL CYMMWDPOBAHIIN DAMOB, CBA3AH-
HbA C BLIGOPOM NOCACAOBATEABHOCTH () M n1peacibHON ToukM w, Tlo camomy
NOCTPOCHNIO METOAA HCHA €ro AMHERHOCTh. [Ipednoaoxcus meneps, 4o
PyHicu o, (X) yoosaemgopsiom caedyouyus npes mpeGOSanIA:

(a) npu 4060M NOCMOAHHOM N

lim ¢, (x)=0;

X =
(6) npu 3Haderusix x, 00CMAMO4HO CAUIKUX K w,*
[ee)

D len() =K (K=const);

n=0
(B) HaKoHEY,

lem D eny=1

Q=0

T020a sMemo0 cyMMUPOSARUA OKA3bBAeNIC pe2y LA PH U M.

#T.couaa |x—w| <<V, €CiH ® KOHEUHO, MM AJA X > A", eCaH v ==+ ®,
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dokasateavctso. Hrak, nycms

lim A=A
n—

Torga no npouaBOILHO 3alaHHOMY e >0 waitnercs Tako# Homep 7, 4TO A1A
n>n" 6yner

4

| An— Al < 55+ 23)

[oo]
Beuny orpanHuentoc™d A, # a6comOTHOR CXOIMMOCTH paga ) ¢, (x), 0O
n=0
KpafiHe# mepe Jas |x —w|<<¥ (x> 4') OyHCT CXOAMTLCA Takwe H pag
[os)

> Angn (x). Tpn sToy, ouesuio,

n=10

0
E Anpn () — A=
A=0

=3 (A=Al + 3 A=Al (@ +A] 3 a0 1],

a=n +1

TaK YTO, NEepexoldf X aGCOMOTHBIM BENHYHHAM,

| 3 Anpn(0)—A|=

n==0
SlngoMn—Al o7 () | +”=;+l| An— Allen ()| +1A]- nguvn(x)—l .

Bropoe craraeMoe crnpasa <i, B cuay (23) u ycaosua (6). Yro kacaerca

£
NMepBOTO M TPETHEro CIArAEMOTO, TO KAWAOE H3 HUX MOXHO CAesath < -,
Npu6aH3KB JOCTATOUHO X K @, B CHIY YCROBHMR (a) ¥ ycnoBHA (8B), CrenosarenpHo,

[ee]
im Y Angs ()= 4,

X0 g

7. €. <OB00WEHHAA CYMMa» OKa3mBaercss CywlecTByomeH u paBua obsivHolt
cymme.

Ecau x ecTs HaTypaabHbift mapameTp m (TaK UTO @ = - 0©), TO 10CAELOBa-
TeabHOCTh Gynkunft (P) 3amerseTca GECKOHEYHON NPAMOYTOAbHOR MaTpH L € f:

foo for foe ver fem oo ..

tie tuy tia vee Lipeo ..

..... (M
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3a «0606uennyi0 cymmy» pada (A) npunumaemca npeden npu m — w 64pUGHMbL
Tm= Astom + Atim+ -« + Anlpm + -,

8 npednoaodcenuu, 4mo Imom pad cxodumcs, no Kpaiwel mepe 0as Oocma-
MOYHO GONbWUX 3HAYEHUT M.
Yeaosus peeyaspuocmiu npeobpasylomes 048 MO0 CAY4AR CAE0YI0=
wum 06pa3on:
(a) npu A060M NOCMOAHHOM 1
lim ¢,,=0,
m — 0

(6) npu Gocmamo4no 60abwLX m

[oe]
E [tam | =K (K== const),
=0

(B) HaxoHey, *

o
lim E tam=1.

m—=®g=0

Mo cyuiecrsy Bce 3TH mied npuHamgtexar Temnawmuwy [cp. 391], y koTopo-
ro AMWb, KAK YHTATENb HOMHUT, MATPHLA NpeANoAaranach TpeyronbHoil. 3101 0
4aCTHOrO cayuyas HaMm nmo 6oabmell 4yacTH U GbIAIO AOCTa-
TOYHO. YNOMAHEM eme, uTO [IOL YNOMAHYTYIO Bbilie CXEMY HelOCPeACTBEeNHO
NoAX0AMT KaK cymmuposaHue no [lyaccoHy—AGean, Tak H CyMMUPOBa-
nue no bopenio. B nepsom cnyvae umecem

©

fes]
D) anxt = Y (1 —x)x"Ap,,

n=20 n=0
Tak 4T0 poab ¢, (x) B ofnactw L =(0, |) (w=1) wurpaer MHONHTelnb
n .
(1 —x) x Bo Bropom xe cayvae ¢, (x):e""-% B2 =(0, 4+ ®) (v=+4 ®).

CoGaonenne ycaosui (a), (6), (B) nerko nposBepseTcs, H TEM — HA OCHOBAHWH
NI0Ka3aHHOH Bbiie O6LLEH TeopeMbl — CHOBA YCTAHABANBACTCA PETYAAPHOCTH
STHX METONOB.

OGiuee onmpeienehue Merojla CYMMHPOBAHHMA, KANHUC BhlIE, W TEOPEMY
06 ero peryaspHocTy Jnerko nepedpasHpoBaTs Tak, UTOOM B IMX YuacTBOBaaH
HE YacTHuHble CYMMBI A, a HENOCPEACTBEHHO UIEHbI 4, CYMMHPYEMOI'O
pana (A). OCTaHaBMIBATLCA Ha 3TOM He OymeM.



FMTABA OBEHAOIUATAHA
SYHKILHOHABHBIE TOCHELOBATEJIBHOCTH W PSAbl

§ 1. PaBHOMepHas CXOIUMOCThb

427. Beoanbie 3amMedanus. Mbl n3yuanu Beiue OGeckoHeuHwle nocie-
JIOBATENbHOCTH W HX npenensl, 6eCKOHEUHbe DPSAbL M MUX CYMMBI; 5JEMEH-
TaMH 3THX NOCJEAOBATEALHOCTEH MM uNeHaMu DSAOB OHJM NOCTOAHHBIE
uyucna. [Ipasaa, MHOH pas B WX COCTaB ¥ BXOAWIM, B POJM MapaMeTpoB,
TE€ WM MHbE NEPEMEHHBIE BENUYHHBI, HO BO BPEMS HWCCJENOBAHUA UM
HEM3MEHHO MPUNUCHIBANUCH ONDEle/NeHHBE NOCTORHHbIE 3HaueHus. Tak,
HanpuMep, KOraa MW YCTaHaBJWUBaAM, YTO MOCJEAOBATENLHOCTh

X x\2 x\3 x
1+T) (I +?> ’ (I _’_F) 3 see <] _’_—;)
uUMeeT npemenomM e* uam uto peam
x: Xt g Xt
x—7+g— ‘e +(—1)" 1‘,—1'+ e

uwmeer cymmoft In(l - x), mas Hac x OO  4NCAOM NOCTOAHHEBIM,
OYHKLHOHAAbHAA MPUPOLA SJIEMEHTOB [IOCNEAOBATENbHOCTH U €e
npejena MAW UIEHOB PAfa U €rO CYMMB — HAMH BOBCE HE YUHTHIBAJNAch;
cefuac W€ UMEHHO K STOMY MoMeHTy OyZeT NpHB/IEYEHO HALUe BHWMAHHE,

[lpeanonoxum, 4TO0 AaHa NOCAE€AO0OBATENABHOCTDb, 3/NEMEHTaMH
KOTOPOH ABJAIOTCA (PYHKILHH :

H(x), folx) ooy Fa(x) oo m
OT OOHOM M TOW ke mepeMenHOM X, onpejejeHHble B HEKOTOPOH 06.1acTH
ee wamenenns ' = {x}* I[lyctb mas kaxigoro x m3 2’ 31a noc’enosa-
TEJNbHOCTb HMEET KOHEUHHHA MNpPEAES; TaK KaK OH BIIOJIHE ONpEeAeNseTca
SHAUEHUEM X, TO TaKxe NpeAcTasaseT coGoH dyskumo or x (8 L)

f(x)=lim f,(x), 2

KOTOPYIO Mbl OyieM Ha3biBaTh NpeNeNbHOH GYyHKUUEH ang nochae-
agosateabHocT (1) [rau ana dydkuun f, (x)].

n
’

* Yawe Bcero 970 6ylIeT NMPOMCKYTOK; HO Mbl COXDaHAEM MOKA HAHOOMbLIYIO
O6U\HOCTb, pasymed [OA x 1060e 6GECKOHEYHOE YHCAOBOE MHOXECTBO,
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Teneph Mbl OyneM HHTEDECOBATLCA HE OAHMM JAMIIb CYIIECTBOBAHHEM
NpeLena npu KaxAOM OTAEAbHOM 3HAUEHHH X, HO QYHKUUOHATb-
HblMKM CBOHCTBAaMMK npenedbHol ¢yHiunn. Utodm unurarens ysacHna
cebe wamepes, KaKkoro Xapakrepa HOBHE 324a4d NPH HTOM BO3HMKAIOT,
ynomaHem aag npumepa o0 oAHCH M3 HUX,

Honyctum, uro saementsl mocaemosareasnoctu (1) Bce CyTh nenpe-
psiBlible (DyHKLMH OT X B HEKOTOPOM npoMmexyTtike 2 =/{a, b|; rapau-
TUPYET AM 3TO HENPEPHLIBHOCTL npepeasuodl dyHkunn? Kax sugno us
CleAYIOUIMX MDUMEPOB, CBONCTBO HENDPEPBIDHOCTH HHOMAA MEPEHOCHTCA
M Ha npefeibHyio (yHKUHIO, HHOTAA KE HeT.

[Ipusmepr. Bo mcex cayuasx £ =[0, 1].

1) fo(x)=x" f(x)=0 npu x< 1 uf(1)=1(paspuia npi x = 1);

2) fa() =17z T)=0 npu x>0 u f(0)=1 (paspuin mps
x=0)

3) fn(x):ﬁ, f(x)=0 npn scex x (Besge nenpephisia);

4) fo(x)=2n"x-e™*** f(x)=0 npwu Bcex x (10 xe).

EcrecTBenno BosuuiaeT 3anava -— yCTaHOBUTL YCAOBHA, NIPH KOTOPBIX
nperenbHas (YHKUMS COXDaHSeT HeNnpepbiBHOCTh; 3TUM Mbl  3adMemcs
B 431 (u 432).

Met yke sugenn [362), uTo paccMOTpEHHE WYHCJI0BOrO pAla U €ro
CYMMBl  €CTh JHIUL Apyras (opMa UCCAEI0BAHUA ROCAENOBATENALHOCTH
uncen u ee npemena. PaccmMOTpUM  Temeph  psA, YAEHAMH  KOTOPOro
ABASIOTCS  BYHKUHN OT OJHOW M TOR M€ NEpPeMENHOH X B HEKOTOpOH
obnacrn 2

fee]

S ()= () F 12 () oo 1, () o ®)

n=1
IMycTs 3TOT pan CXOAMTCH IIPH KawaoM 3uaveHud x B 27 toraa ero
CymMMa TaKwe [pPeACTaBHT COOOH wHexoropylo ¢ynkudio ot x: f(x). dT1a
CyMMa ONpEAENHTCA NpEedebHbiM PABEHCTBOM Braa (2), ecau noa f, (x)
pasyMeTb UYACTHYHYIO CyMMy

() =uy (X) - ug(x) 4 ... 4 u,(x). @)

O6patHo, BONPOC O npegensHod (GYHKIHU 449 NPOH3BOABLHO 33JAHHON
10CAEN0BATENLHOCTH (1) MOXHO DAaCCMaTPUBAThH MOJ BHAOM CYyMMUDOBAHUS
paaa (3), eciau NONOKUTHL

m(X)=f1 (%), 0 (X)=Ffo(X)—f1 (%), ...,
ll,,(x):fn (x)—f,,_,(x), ‘e

Hawx nawe npuiacTcd AMETL AeA0 HMEHHO C Q)ynmmonanbnbmu psaxamu,
TaK KaKk 5Ta (OpMa HCCAENOBAHWS NPEAENbHOH (QYHKUMH HA NPIKTHKE
06puHO ypoOHee.
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W 3mech TakkE CaeAyeT MOAYEPKHYTh, YTO NPEAMETOM Haulux Gau-
waluMx  uccaegoBaHWK OyayT HE OJHM JMillb BONPOCH CXOAWMOCTH
paaa (3), HO (hyHKiLMOHANbHKE CBOACTBA ero cymmsl B Buse npumepa
MOXHO N33BaTb BOMPOC O HENPEPBLIBHOCTH CYMMEI PsSiA3, B MPENNOJONE-
HUY HENpEPBIBHOCTH BCEX €ro U/JEHOB; 3TO — Ta XK€ 33a4aya, KOTopas yxe
YIIOMUHANACh BBILE,

Kax oxassiBaercs, (yHKIMOHAALHKE CBOHCTBA NPEASALHON (YHKIUH
(1M — uTO 10 € — Cymmbl Pafa) f(X) CYLECTBEHHO 3aBUCAT OT CaMOro
xapaxTtepa npubmnxenus f,(x) K f(x) Npn pasauuHbIX 3HAYEHUAX X.
Vayuennem TUMUYECKNX BO3MOXHOCTEH, KOTOPHE 3[€Ch MPEACTABAAOTCH,
MH 3alimemca B caeaywomem n°.

428. PaBHoMepHas 4 HepaBHOMepHas cxoxuMocTH. HonyctuM, uro
a9 Bcex x ms 4 umeer mecto paseHcrBo (2). [lo camomy onpenpenenuio
npenena 3T0 3HAUMT CAEAYWEee: JHWb TOABKO (GPUKCHPOBAHO
snavyenue x u3 Z (a4 TOro uroGpl HMETh AeN0 ¢ ONPENE]EHHOH
YKCIOBOR MOC/AEAOBATENBHOCTBIO), N0 J0BOMY 3ananHoMy e >0 Hafmercs
Tako#t Homep N, uro Al Bcex n >N BBHINOJHAETCA HEPaBEHCTBO

[ () —f ()] <o ®)

rae nNoA X pPasyMeeTCss UMEHHO TO 3HAaY€HHUE KOTOpOE
O6B0 3apaHee PUKCHPOBAHO.

Ecan B3aTh ApyroOe€ 3naueHHe X, TO MOAYUUTCA APYr as YACAOBAA
NOCAeNOBATEIBHOCTb, M — NP TOM XK€ & — HahiaeHHbl nomep N MOXer
OKA3aTbCA YK€ HENPUIOAHBIM; TOMd €r0 MPUILAOCH Onl 3aMeHUTh GOAbLIMM.
Ho x npuuumaer 6€CKOHEUHOE MHOMNXECTBO 3HAYEHAH, Tak 4ro
npes HaMn GECKOHEUHOE K€ MHOMXECTBO Pa3/MuHbIX YUCAOBBIX
NOCAENOBATENBHOCTEH, CcxOatwmxcs K npeaeny. Has kaxaoh u3  Hux
B OTAENBHOCTH Hakaercs cBoe /N; BO3HHKAET BONPOC: CYIWLECTBYET JH
Takoft Homep N, KOTOpwmH (1pu 3ajaHHOM &) crniocobe Osla Gl 06Cay-
XHTb CPa3y BCE 3TH NOCJACAOBATENBHOCTH?

TTokaweM Ha NpUMEPAX, YTO B OAHHUX CJAyuasxX Taxko# Homep N cyue-
CTBYET, @ B ADYTMX — €ro Her.

1) Ilycrs cHauana
fn (x) - ~

T Jm fa(@)=0 O<x<1)

Taxk Kak 34ech
1 2nx

0=</a () 2n 14 n¥x* T2
TO Cpasy fICHO, YTO AJd OCywecTs/enus nepaseuctsa f,(x) < e mocra-
1 )
TOYHO, Kakopo Ow H¥ OBIO X, B3ATH A > 5o Taxkuu 06pasoM, Hanpu-

1
mep, uncno N=E (2—5) B 3TOM CJy4ae [OAUTCR OAHOBDEMEHHO

A BCcex X.
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2) Tlonoxum teneps (427, 3)]:

X .
fo@)=1gmm lim fi()=0 (O<x<)
Ias 106010 QUK CHPOBAHHOT O X >0 A0CTaTOUHO B3ATD n>E(;\%),

1
"-|T06bl Gsin0: fn(x)<n—x<a, Ho, ¢ apyro#t cropous, ckoab 60ab-
WHM Hu B3ATHL n, and dyHkunn f, (x) B npomexytke [0, 1] scerna

Hallpercqs ToukKa, HMMEHHO TOuKa x=;, B KOTOpoH ee 3Hauenue

1 1 1
paBHO §;f,, (7>:7. ‘Takum 06pa3oM, 3a CUST YBEJIMUYEHHST 7 CAENaThb

i
Ja (x)<7 ana Bcex sHaveHud x ot 0 no 1 3apas— HUKAK Henbas.

. AT L
Y=7iptze UubiMu croBamu, yxe ans e==— He
Yy Cymecrsyer Homepa N, KOTOpoe ro-

=4 AuN0Ch Obl O/ BCEX X OAHOBPEMEHHO,

Ha puc. 59 usobpaxenm rpa-
z §uKn  3THX  QyHKUMH, OTBeuaiollMe
n=4 u n=40: xapakreped rop6

1
-
~
=)
ST I
~

1
N 4 BBICOTH bR nepeasuramomwuiics ¢ BO3-

Y pacraWMem n cnpasa Hanxepo. XoTd nmo
KaxnoH BEPTHKAaAH, B OTACALHOCTH
A n=y4g B3STOH, TOUKH NTOCJAEAOBATE/bHBIX KpU-
T BHX C BO3pacTaHueM 71 GECKOHEYHO
npubIHKAIOTCA K OCH X, HO HU OIHA
\ KpvBags B UENOM He NpUMBIKaET
Puc. 50, K 3100 OCM Ha BCEMNIDOTAXEHHUN

or x=0 0o x==1.

WHaue obcrour aeno ¢ GyHKUMAMH, PACCMOTPEHHBIMA Ha DNIEPBOM
MeCcTe; Mbl He MPHUBOAMM X rpaduxon, uGO OHWM, HapUMep Npu n==4
nwiw n=40, noaywaiorcs u3 rpaQuKoB, U300paeHHbX Ha puc. 5Y,
NyTeM YMEWbIUEHHS BCEX OPAMHAT, COOTBETCTBEHHO, B 4 naum 8 40 pas,
B 3TOM caydae KpuBHE CDa3y Ha BCEM CBOEM NPOTMKEHHH MPHMBIKAIOT
K OCH X.

HannM Tenepb OCHOBHOE OnpeaeneHne:

Ecan 1) nocaedosamensnocms (1) usmeem 8 L npedensnyio @dynr-
guw f(x) u 2) dan Kaxmoozo wucaa € >0 cymecmsyem maxoi ne
sasucauuid om x nomep N, wmo npu n>>N nepasencmso (5)
soLnoansgemes cpasdy 048 8cex x u3 ', mo z08opam, wmo no-
caedosamensnocmes (1) cxodumen (uan — gynxyus f, (x) cmpemumes)
K gyarguu f(x) paérnomeprno omuocumensno x 8 obracmu Z.

Taxkum 06pasoM, B NEpsOM M3 NPUBEACHHLIX HPHUMEPOB QyHKuMA [, (X)
CTPEMUTCH K HY/IO PaBHOMEP HO OTHOCHTENbHO X B npomexytke [0, 1],
a BO BIODOM — HET,
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Hyxwo ckasaTe, uto u a4 npounx (yHKUHH, PaCCMOTPEHHBX B npe-
RBAYUIEM 1° CXOIMMOCTh He OyxeT paBHOMEDHOMR YCTaHOBUM 5TO,

3) Oas dyskuuu f, (x)=x" [427, 1)] HEBOIMONKHOCTL HEPABEHCTBA
x*'< e (npu e<1) cpasy ana scex x<1 Buiwa xors 6 u3
10ro, uto x"— 1, ecam (npn cukcuposaHwom #n) x— 1. Puc. 60
naeT npeacTasJeHHEe O CcBOeOODAa3HOM XapaKTepe HapylUIeHHs paBHOMep-
HOCTH: 31€Ch TpeleAbHas DYHKIUA
M3MENSEeTCA CKaukoM, a rop6 He-
TIOJIBHIKEH,

Ilycte Teneps

4) f,,(x):ﬁ Hin

5) [, (x)=2nx-e7%**,
HeBo3MOXHOCTb PaBHOMEPHOTO
npubmwxeuns B [0, 1] k npeneas-
HO# dyHKUMK, KOTOpas Anst x >0
B ofomux cayuasx pasua 0, caenyer
M3 TOro, 4TO, COOTBETCTBEHHO

n)=4

anu 0 T

f"(l)=2n. !

\n & Puc. 60.

-

y=z"

Bo BTOpOM Cayuae BHICOTA rOpO6 OB, KOTODHIE MEWAT PaBHOMEPHOMY
crpemaennio k 0, B1o6asok eule GECKOHEHMHO BO3PacCTaer.

TTokaxem Ha npumepax dyuxkuutt x* u ewe APYyro# nytb a/d

1
14+ nx
uccrenosanua Bonpoca. Hepasencrea

1
x'<e w 1_*_—nx<s

PaBHOCHTbHBE, COOTBCTCTBCHHO, TaKuUM:

2w LI 0<s<n <<

Tak Kax BHP@OKEHHS CNPaBA HEOTDAHWYEHHO BO3PACTAIOT, NEPBOE — MpH
npubankesus X K 1, a BTOpoe — npd npubiawxenun x k 0, TO AcHo,
4TO HHMK2aKOW HOMED 2 CPa3y NPK BCeX 3HAYEHUAX X 3TUM He-
PaBEHCTBAM YIOBJETBODHTbL HE MONET.

Ilepenecem TENeps, BCE CKa3aHHOE BHIE O CXOOUMOCTH (PYHKUMH Ha
cayualh dyHKuuMOHAABHOTO pana (3).

Ilpennonaras  panl cXoAdwWuMCs, BBEOEM B PacCMOTPEHHE ero
cymmy f(x), wvactnunywo cymmy f,(x) [cM. (4)] u, Hakoweuw, ero ocra-
TOK NOCAE n-r0 YAeHa

<«

o) =D} mp(x)=1(x)—fn ().

kR=n+1



424 F. XU GYHKUHOHAMBHBE NOCAENMOBATEABHOCTH U PAAM {428

Ilpn mobom dnrkcuposanuom x

lim f,(x)=/(x) u lim ¢,(x)=0.

n—

Ecau wacmuunas cymma f,(x) cmpemumes x cymse paéa f(x)
pasHoLepHO omHocumersHo X § obaacmu X [uau, wmo mo e,
ocmamor psda ¢,(x) pasrosmepro tmpenumcna Kk 0], mo 2080-
psam, imo pad (3) pasromepHO cxodumess 8 3moil obracmu.

9TO OnpeaeneHHe, OUEBHIHO, DAaBHOCHJILHO CAEHYIOUIEMY:

Pad (3), cxodawuicnn 0asn 8cex x u3 obracmu 2, naszwsaenmcs
PABHOMEDHO CXO0AWUMCA 8 smoil obaacmu, ecan Ol KaH3o20
wucaa & >0 cymecmeyem maxoli nesasucguui om x Homep N,
ymo npu n >N wnepasencmeo

fal) =F (<o umt Jo,(x)] e (6)

BHNOAHACINCS OO0HOBpEeMEeHHO O B8Ccex X uid L%

[Tpuvepsl DaBHOMEDHO W HEPABHOMEPHO CXOAAUIMXCA PANOB, KOHEUHO,
MOWHO COCTaBWTh, NMPeo6GPa30BaB NPUBEREHHKIE BBHILC NPUMEPH NOCJe-
nosateasiiocrefi. MH NpHCOENMHUM K HUM €lle HECKOJbKO HOBHIX [IpH-

MEPOB.
0

6) PaccmorpuM nporpeccuio Z x"71, 0HA CXOOMTCA B OTKPHITOM mpome-
n=|
wytke & =(—1, ). las mo6oro x n3 Z° 0CTaTOK MOCAC N-T0 WJNEHA HMCET BUA:
x’l
Oy {X) = .
e
Ecan n npoussonbHo GHMKCHPOBATH, TO OUEBHIHO:

: |
lim lop(x)| = & lim X) = ®.
im L olen ==, x_’l_o%()
W 1o, ¥ nmpyroc 10Ka3elBaeT, YTO OCYMECTBMTL [OJAA BCEX X ONHOBPC-
M E&HHO HCpPAaBEHCTBO

lon ()] <e (ecnu e<%)

NPH OLHOM W TOM e HOMepe n HeBo3wO¥HO., CXOAHMOCTB nNporpeccuy B npo-
MCEYTKe (— 1, |) BepaBHOMEDHA 9TO ME OTHOCHTCA K NPOMEKYTKaM
(—1, 0] u [0, 1) no orneabHoCTH.

1 -1
7) Paa Z(x —:-n npr  mo6om anaveuun x  u3  =(— o0, -+ ®)

CXOAHTCA, nﬁo OH YyLOBIETBOPAET ycnoBuam Tcopemsl Jlefi6uuua [381). [lo

* Mouatne paBHOMEDHOMN CXOAHMOCTH DALA 6bIN0O BBENEHO B HAYKY
oaHoBpemenHo (8 1848 r) 3atgenem (Ph. L. v. Seidel) u Croxcowm
(G. C. Stokes), HO ewe 10 HUX npumeHsnocs Belepmrpaccom na eio
JEKUHAX,
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3aMeuaHnio, CI[E;'IHHHOXI)’ noCne J0Ka3aTtenbCTBA TEOpPCMb!, OCTATOK PARA OUEHU-
BacTCA, NO a6COMIOTHOM BEIHYHHC, CBOUM MCPBLIM YJACHOM!
1 1

l‘?n(/\')1<m<n—+l.

Orciofa fIcHO, uTO BO BCCM OCCKOHCHHOM MPOMCMYTKC PSL CXOAHMTCA P2 B HO-
MepHO.

(o]
(— [y~ La®
8) AHanoruuno, u psaa \ . = (XONMTCA paBHOMCpPpHO B Z =
! b (L )
. (1 4 %)

=(—®, -+ ), néo npu x F#~0

2

X 1
< -,

: x? _
len N < T = i e

JlioGoneiTHO QTMETHTb, uUTO pAx, COCTaBACHHET H3 aOCOMIOTHBIX BEAMUHN
o2

x? )
2(71 T XOTA M CXOUMTCA, HO HCpaBHOMEepHO, JHeAcTBuTEABHO, €0
1

0CTaToK, MpH X %~ 0, TaxoB:

2
= (l+x2)n+l _ 1 N
Pn (X) = [ i —(l-l—x'*’)"’
1 x?

npi A1060M (UKCHPOBAHHOM n OH CTpeMuTca K 1, korpa x — 0,

3amevanune Ecan B npumepe 2), Bmecto npomewytka [0, 1], paccmorpers
6ot npomexyTok [a, 1], rie 0<<a<C1, To B Hem CXOUHMMOCTb yxe Gyner
paBHoOMepHoO [eitCTBUTENbHO, AASl BCCX X =4

nx n |

()= l—{—-nzx’é [ FrPa® ~na"

B moGom we npomewyTtxe [0, a] CXOXMUMOCTb, OUEBMIHO, HEPABHOMEDHA,
Takum 06pa3oM, BOKDPYI TOUKH x =0 Kak Obl «Cryiiaerca» CBONCTRO HEPABHO-
MEpHOCTH; HA30BCM €€ TOYKOHW HepaBHOMEDHOCTH, To Ke OTHOCHTCA
N k npumepam 4), 5) u 8). AHaTOrHYHY© poab B nmpuMepe 3) HrpaeT TOuKA X =1,
a B npuMepe 6)— obe TOUKH x=— | U x =

B Bonee CHOXHLIX CAyyanx TOUKH HEPABHOMEPHOCTH MOTYT BCTPEYAThCA
B GECKOHEYHOM KOTHYECTBC.

429. Ycaoeue paBHOMepHON cxonumocTu. Teopema BoabuwaHo-
Kowwn [39), ycraHasauBawwas YCAOBHE CYWECTBOBAHUS KOHEUHOrO Mmpe-
nena pAd 3aaHHOM uuCNOBOH MOC/IENAOBATENLHOCTH (<«NPUHLAN CXOANMO-
CTH»), ECTECTBEHHO NPHUBOMMT K CACAYIOWEMY YCJOBHIO PaBHOMEDHO#
CXOAMMOCTH 1719 33afaHHOM B o6nacti 2 nocieposaresbHocTy dynxunf (1):

lasa mozo wmobu nocacdogamensrnocms (1) 1) umeaa npedersnyio
dyHryuio u 2) cxoduracet K Mo PYRKYUN PABHOMEPHO OMHO-
cumensno x 8 obaacmu X, Heobxodumo u d0Cmamouno, wmobs 0as
Kxancdozo wucaa e>0 cyuecmeo8anr makod He 3a8ucauyuil om x
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nosep N, wmoGu npu n>N u awbomw m=1, 2, 3, ... nepasencmeo

| fsm (£) — Fr ()| <o (M

umero smecmo 0asn gcex x u3 L odnospesernno.

| TpeGosanie 310 MOXHO KpPaTKO CHOPMYJMPOBATL TAK: MPHUHILHI CXO-
OWMOCTH A9 NOCNEZOBATEAbHOCTH (1) HO/KEH OCYIECTBARTHCA P 4B H O-
MepHo ane Beex x uz 2|

DokasareabcTBo. HEosxoaumMocTe Eciu nocrenosaresib-
Hocts (1) wumeer npenenbHyw GyHKUMIO [f{(X) ¥ cXOLnTCH K HEH p aB-
nomepuo B 2, T0 no sanannomy & >0 Hakaerca HE 3aBuUCAW MM
oT x Homep N, Tako#t, uro npu n_>N Oyaer

) —F (<5

AN BCeX X. AHANOTMYHO
1
ifn+m(x)_f(x)|<~2—e (m=1,2 3 ..)

a u3 3TUX ofioux llepaBenciB puitexaer (7).

HoctatouyknocTs. [lycrb ycnoswe, ykaszaHHOe B TEOPEME, BRINOJ-
nero. Torna, kakoe Obl 3HaueHwe x u3 2 M QUKCUPOBaATh, B JdLe
NOCACA0BATENbHOCTH (1) Mbl OylaeM uMETb YHCJOBY NOCACNOBATEND-
HOCTb, AN KOTOPOH BhimoAHsercs ycaosne Boabuwano-Kowwu Care-
DOBAaTENbHO, A/ 3TOH NMOCAEAOBATENBHOCTH CYLIECTBYET KOHEUHHIH rpenen,
YeM JI0Ka3aHO CYWIECTBOBaHWHE AAs MOC/AenoBaTeNbHOCTH (1) npenenbHoH
dyHkn f (x).

Tenepb, B3siB NO npoussoay 7 >N u x u3 2, CTaHeM B HEpPaBEH-
cre (7) O€3rpaHuuHO yBEAWuuBaTh /M (Npd ONOCTOSHHLIX £ U x). [lepe-
XON8 K npeaeny, noayuun:

|f(x) — fa(x)] <

D1uM yCTaHaBAMBAETCA paBHOMEepHoOe crpemaedne f,(x) x f(x).
HeTtpynHo nepedpasuposaTh [0Ka3aHHOE yCAOBUE AMS CAyyas (DYHK-
ILMOHANBHOTO pAfia:
Jast mozo wmoGer pad (3) cxoduaca pasrosuepro 8 obaacmu Z,
Heo6X00uMO U 0oCHanioHHo, 4mobel 048 Kand0zo wucrae >0 cyue-
cmgogas maxoli He 3asucguuil om x Homep N, umo npu n >N

u abom m=1, 2, 3, ... nepasencm8o
n-tm
Z ”h (x) :ll"n-u (x)—‘l—”lu‘zfx)—‘l— s +11n+m(x)|<s (8)
k=n-+1

usmeem amecmo 0451 6cex x u3 X odnospemenno.
Otcrona, B YaCTHOCTH, BHITEKAET NOJE3HOE CAEACTBHE
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Ecau sce 4aenst psida (3), pasHoMepHO C¢X00quwe20css 8 06-
nacmu X, yMmuogcums Ha O00Hy U my oe PyHrugun v(x), o2pa-
Huwennyio 8 X

lv(x) [ <M,

MmO paBHOMEPHAS CXOOUMOCMb COXPAKIMCSA.

Ilns ycTaHoBJEHMA HA NPAaKTHKE PaBHOMEPHOH CXOLMMOCTH KOHKpET-
HEIX [10C/JEJ0BAaTe/NBHOCTEH} WM pSIAOB BHIBEAEHHBLIE YCJOBWS MaJjo mpu-
roans. C 5TOH Ue/blo NOJb3YIOTCSI—HA HUX K€ OCHOBaHHBIMH, HO Gojee
yROGHBIMM B NPUMEHEHWH — JOCTaTOUHHMHW TIPH3HAKaMH, KOTOpbie ¢op-
MyAUPYIOTCS OOBIUHO MPUMEHWTENBHO K D A1 M.

430. [Tpu3Haky paBHOMePHOil cXOXMMOCTH pAAoB. BoT mpocrehwnh
M uauwe BCEro MPUMEHSEMBI NpH3HAK:

Mpusnar Befiepumpacca. Ecau waens @yHKGUOHAALH020 pada (3)
yoosaemsopawm 8 obracmu X' nepasencmear

|, (x)| =<<c, (n=123,..) )

20¢ ¢, Cyme HACHb HEKOMOPO20 CX00AUWe20ca HIUCA08020 psada
o

da=atet... At ©)

n=1

mo pad (3) cxodumcs ¢ & pasnosepno.
[lpu Haiauuum nepaseuctsa (9) roBopsaT, uTo psn (3) Maxopwu-
pyertcs paaom (C), nan y1o (C) CAYKHTMAa K OPaHTHH M PIaOM 417 (3).
Le#cTButeapHO, 13 (9) noJyuaem HepaBeHCTBO

I ”n+l (x) + "n+2 (x) + e + "n+m (x) [ g cn+l + Cn+‘l + e + Cn+m’

CIPaBEN/MBOE OIHOBDPEMEHHO I4% BCeX X u3 obnactu 2. Coraacho
NPHALKNY CXOOMMOCTH, KOTOPHIA Mbl mpuMeHseM K uncaosomy paay (C),
78 mo6oro e >0 Haimercs Takoe N, uro mpu n >N rnpaBai uacTh
NpennayIWero HepaBeHcTBa OyldeT yxe MeHbWe e, a ¢ He — K1 JeBas,
NPUTOM 149 BCEX X OLHOBPEMEHHO. 2TuM, N0 ycsosuio n°429, Hauie
yTBEPKAEHUE A0Ka3aHO.

TakuM oOpa3oM, Hanpumep, B M000M NPOMEXYTKE paBHOMEPHO

CXORATCa pAnbl
[e] [e]

> agsinnx, ) a,cosnx,
n=1 nel
oo
ecai TOABKO psn ) @, cxoautcs aGcoaioTHo. Bens
n=1
la,sinnx|<<|a,|, |a,cosnx|<|a,|
(o2
TaK 410 POMb MaKOPAHTHOLO 3AECh Wrpaet psin >, |a,l
n=\
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3AMEUYAHUE Kaocoud pasromepno cxodawuiics 8 X psd
o0

E u, (X) nymest paccmanosict cxko0ok itozxcem 0Osline npeodpasosan
n=t
8 pAd, K KOMOPOAY yiwe npuMcHuM wpusnax Bedepwumpacca.

JleBCcTBNTEABHO, BO3bMEM l(aI(OH-l[HGleb NONOKUTENbHNMR  CXOAAWIHACT
o !

pan E ¢y o uncay ¢, [429] naknerca Takolh HOMED #1y, UTO |11, ( (X))
k=1

.ot x) | <ley 8 L ans n>my. 3arem, N0 UHCAY ¢, HAKAETCA

TaKOW HOMEp Mg >>my, YI0 |tm, 1 (X) 4. .1, (x)|<ca b X ans

n >y, w 1. 4. Torma, rpynmupyst ujJeHbl NaHHOrO psafa CJAeAyIOAM

o0Bpa3om:

(11 () oA ttm, (O] A [ty 1 () o 1, ()]
A [ty (0) Aty ()] -

NOJYYUM  PSAJ, UYJEeHR KOTOPOrO — HauyMlias €O BTOPOro — no abcoor-
HOR BEJHUUHE HE NPEeBoCxoasT B 2 NOCAEN0BATEAbHbIX UJEHOB B3ATOrO
YHCJIOBOIO psaaa. )

Ecan k nawvoMy psaay (3) npusmax Belepuwirpacca okasanucs
npumenuM, 10 psaa (3) neobxoaumo abco MO THO cxoasumica. Boabwe
TOro, OJHOBPEMEHHO ¢ pafoM (3) OyseT paBHOMEDHO CXOANTBbCA
H paa, COCTaBJEHHH M3 aOCOMOTHBIX BEMUUMH €[00 UJ/EeHOB:

o0

D (2. (10) -

n=I1

Mexay Tem BO3MOXHbB CAydad, korjga psag (3) CXomM¥ca P aB-
HomepHoO, Oyayun nealbcoaoTHo cxomamumcs. [pumepom storo
cayxut pag 7) n°428 (uTo paAA STOT HE CXOAMTCH aBCOJIOTHO, ClAeAyer
U3 CpaBHeHusl C rapMOHHYECKHM DsaoM). Bo3MowxHO Haxe takoe 1no-
Joxende peweh, xorna pan (3) cxoauTcs abCOMOTHO W PABHOMEPHO,
Ho paa (10) Bce e cxoadATca HepasHoMepHO [cM. psx 8) B 428
[MomoGHple Chyuyad 3aBeAOMO  HE OXBATHIBAOTCA NMpuH3HakoM Beliep-
WTpacca AJ8 HX HCCAENOBAHUR HykHbl 60M€E TOHKHE NPHU3HAKH,

Ceftuac Mbl yCTaHOBHUM [IBA NMPH3HAKA, OTHOCAWLAXCA K DYHKUMOHA/b-
HHIM pSlaM Buaa:

(oo}

D) @, (%) by (X) =0y (%) by (%) 4~ @ (%) bg () +-...
n=1
+an(x)'bn(x)+---y (“7)

rae a,(x), b,(x) (n=1, 2, 3, ..) cyTb PyHxuud oT x B 2. Mu
CKOmMupyeM 3TH npusHakyu ¢ npusHakos AGeans nm dupnxae [384]
M3 TEOPHH UUC/IOBHX PANOB; YCAOB HO GyaeMm Ha3blBaTh M MX IO MMEHaM
3THX YHEHBIX,
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lipusnar Abeasn. [lycmes pad
[ee]
D ba(x)=by () +bo () + ...+ b, () + ... (B)

n=1|
cxodumest paBromepro 8 obracmu I, a dynrquu a,(x) (npu rasxc-
dost X) 00paszyom MOHOMONKY IO noczzeaoaame/lbﬂocmb i 8 coBoryn-
HOCmU — nput AK08X X 1l N1 — O2DAHUHCHUL

la, (x)| <K

Toz20a pad (W) cxodumea pasnomeprno 8 obaacmu Z.
JlokasaTenpcTBO  ananormyHo npewdemy. Beuay pasnomMepHoOMH
€x0anMOCTH psana (B) HoMep N HaxomMTCs HE33aBHCHMO OT X, C CCBHIAKOH
Ha ycaosue n°429 (BMECTO NPUHIMMIG CXOOMMOCTH), & 3aTeM C MOMOULbIO
el AGena [383] nonyuaem, Kak u soiue (cuntas n > N):
n-m
D () by ()| e ((apy ()| 42 50 (%)) < 3K,
k=n+1
Cpasy aas scex X u3 2. DTAM Hale YTBEPXIEHHE AOKA3AHO.
Mpusnax Qupuxae. [lycms vacmuunoe cymmu B,(x) psda (B)
8 CoBOKYnHOCMU — npu AO0HX X U N — 02DAHUYEHbL:

B (x)| <M,

a dhynxgun  a, (x) (npu xaxcdom x) 00pa3dyiom MOHOMOHHYI nocie-
dosameasnocmes, xomopas cxodumcs x 0 pasrosmepHo 8 0f-
aacmu . Tozda u pad (W) cxodumcs pagrHoMepHO 68 3moil
obaacmi.

M 3nech nokasaTen»cTBO NMPOBOAMTCR Tak we, Kak 1 B 384. Ormerun
JMLWb, YTO HOMEP N MOXHO BhIOpaTh HE3aBUCHMO OT X MMEHHO BBHIY
PaBHOMEDHOr O crpeMaeHus a,(x) x 0.

Ha npaktuke uacTo wa MecTe (PyHKkUWOHAABHOH NOCAENOBa-
TenbHOCTH  {a, (x)} OKa3biBaeTCsi OBKIKHOBEHHAT UYHCJAOB &4 NOCAELO-
BaTeJIbHOCTb {a,} wm nHa mecre dyux u MWOHAJNBHOTO psaa

Z b, (X) — OOLIKHOBEHHLIA YN CAOBOM pan L b, HyxHO 3aMeTurts,

'-|TO 3TOT Cayyall, KOHEYHO, BXOJHT KaK qacmbm B PacCMOTPEHHbBIA BLILLE;

BeAb CXOMAULY I0CA NOCACIOBATENLHOCTL {a@,} M CXoddwHHCa pag
o

Zb,, MOXHO DacCMaTpHBaTe KaK DaBHOMEDHO CXOZfum uecs (3a-
]

BHCHMOCTH OT X HeET).
Hanpumep, ecan {a,} ecTb n0C/I€A0BATENBHOCTD MOMOKHTENBHBIX YHCET,
MOHOTOHHO cTpemsuixcs K 0, To oGa psaa

o o
3 agsinnx, 3 a,cosnx

naal nasl
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—no npusHaky JHuMpuXJe— paBHOMEPHO CXOmATCA B J00OM  3aM-
KHYTOM nNpOMEXYTKe, HE COdepxaweM Touek Buma 2kz (rae k=0,
41, *2,..) D10 crenyer u3 Toro, uro, Hanpumep [cu. 385, 2)],

” cosLx—cos (n-{—l)x
2 2
stn lx | =

=1 25in%x

1

I

2

l )
sin~x1

o
K B Ha3BAHHOM [MPOMEXYTKE Sin 7.” HE oépamaeTCﬂ B 0, Tak 41O A/

CYMMbI MOXHO YCTAHOBWTbL T'DaHUUY, HE 3aBUCAILYI H OT X.
NlanbHelune MpuMEPH NPHMEHEHHS MPU3HAKOB DABHOMEDHOM CXOMM-
MOCTH uMTaTeAb Hahaer B n°439 u CJIEAYIOULHX.

§ 2. dynkuuouasbHbie CBOHCTBA CYMMH psxa

431. HenpepslBHOCTbL CyMMbl psiaa. Ml nepexoanm Temepb K H3y-
UEHHIO (PYHKIMOHANbHBIX CBOWCTB CYMMbl DAa, COCTABJIEHHOrO W3 (PyHK-
uill, B CBA3M CO CBOHCTBaMH ITUX MOC]eAHHX. Bollue yxe yKasbiBajlocb
Ha 9KBUBAJEHTHOCTb TOYKHM 3BpEHU MTOCJAEAOBaTeNbHOCTEH W
TOYUKM 3pennst GECKOHEUHL X PANOB. B wusioxenns Mbl OTAaEM
NpeINoYTeHre NOC/AeIHEH TOuKe 3pEHUs, MOTOMY 4T0 B MPHIOKEHHAX
BCTPEUAITCA NOUTH MCKJIOUNTENEHO UMeHHO Geckoueunbie psmsl. [lepe-
HECEHMI0 CKAa3aHHOrO O (YHKUHOHAJBHBIX pANax Ha CJayuah rnocneno.a-
TepHOCTER hyHKUKH GyleT nocsswed ocobm# n°[436].

BeesenHoe BHIIE IOHATHE PAaBHOMEDHOH CXOAHMOCTH BO BCEM
nanbuefimeM Oymer urpaTh peWalULyl0 pOJb, TaK 4TO BAXHOCTb €ro
BBIABUTCH C MOJHOR CHJIOM. :

HauueMm ¢ BOmpoca O HeNpepHhBHOCTH CyMMLl pAna, KOTOPOro Mbl Yie
kacanuch B 427,

Teopema 1. [Tycms ynxynu v, (x) (n=1, 2, 3, ...) onpedercru
8 npomexcymre X =|a, b| u sce nenpepbignn 8 HeKomopod mouxe
X =x, Imozo npomexcymxa. Ecan pad (3) 8 npomexcymuye I cxo-
oumest pasHomepro, mo u cymma pada f(x) 8 mouxe X=X,
makaxce Gydem HenpepsigHa.

[Tloao6uoe yTBEpHAeHHE BHEPBHE OblIO CPOPMYIAPOBAHO Ko uu;
HO 3HAMEHUTHIH aBTOP Opuaan emy CcaumKom obuiyio GopMy, He BbIABH-
HyB TpeBoBaHus paBHOMEepHOCTH, GE3 KOTOpOre OHO nepectaer OuTh
BEPHBIM. |

NoxasAaTEAbCTBO. CoxpaHsas npexuue o0O3HAUEHHS, HMEEM [IPH
mobom n==1, 2, 3, ... u mobom x u3z 2"

f(x):fn(x)_*—@n(x) (ll)
f(xo):fu(xu)_*—q’n (xo)v
OTKyAa
‘f(x)—f(x()”é‘fn (x)—fn(xu” + H’n (x)| _*"lcpn(xo)‘ (12)

¥, B 43aCTHOCTH,
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3anaauMcs Tenepb Npou3BOALHWM & >0. Beuay paBHOMEPHOH €XxO-
OUMOCTH PAa MOXHO (HUKCHUPOBATH HOMED N Tax, 4ToOH HEpaBeH-
CTBO

lon ()< (13)

BHIMOMHAAOCH AR BCEX 3HaueHul x B mpoMexyrke 2 (B TOM uwucae
v g x=x,). Ormerum, uto npu ukcuposannoM n yuxuua [, (x)
€CTh CyMMa OlDENEAECHHOr0 KOHEWHOrO uucaa yHKunh g (x), Henpe-
PHBHLIX B TO4Ke X == X,. [103TOMy OHa TaKx€ HENPEphIBHA B 3TOH TOUKE,
¥ no 3ajaHHoMy ¢ >0 Halmercs Takoe 3 >0, uyto mpu |x — x| <3
Oyner

[fa () — F () | <. (14)

Toraa, seuzy (12), (13) u (14), wepaseHcTno |x — x,|<8 Baeuer

s3a coboh
[f () — F ()| < 3e,

YTO U JOKA3RKIBAET TEOPEMY.

EcTtecTsenHo, ecan @ynwyuu u,(X) HenpepuL8Hbl 80 BCeM npoMe-
acymre X =1a, b|, mo npu Hasudun pasrRoOMEPROL CXO0UMOCMU
u cymma paoa (3), f(x), Oydem nenpepsi8Ha 80 8BCeMm RPOMENCYmKe.

Uto Tpe6oBaHHe paBHOME PHO i CXOOUMOCTH B TEKCTe TCOPEMAl HE MOXET
OLTh ONYLIEHO, NOKA3LIBAET, HAMPHUMeEp, DAL

@
x?
Z [l
ne=1
|cm. 428, 8)f, cymma koTtoporo pasua | npu x 70 1 pasua 0 npu x =0. Oanako
PABHOMEDHAX CXOLUMOCTHE (HrypPHpyeT B TeOpeve JHWb KaK XOCTATOUYHOE

yCioBHe, H H€ CAEAYCT AYyMaTh, YTO STO YCAOBHEe HeOOXONHMO JUIA Hempe-
PHIBHOCTH CyMMbl PAlA *: Hanpusep, pAalbl

oo

-~ - Sy \' - —1
2 2% [n2e~"Px — (n— 1)? em - 02T Z [| _g,_l‘r:zzx’_ 1-9(-11(71«-)1’;;/\’2 ] (9

n=1 n=

|cp. 428, 5) u 2)] 8 nposmexytke [0,1] umelor HempepuBHYO cymmy 0, x0T ofa
B HEM CXONATCA HEPABHOMEDHO.

Bripoues, ecTk KJaccsl C/yyaen, KOT1a PaBHOMEPHAA CXOAUMOCTb BCE e
okaasiBaeTcs Heo6xonumoit. B 9TOM HanpaBieHun Ml HOKAXKEM CAEAYIOULYIO
TeopeMy, npunamnexawyw Huuu (U. Dini),

Teopema 2. [lycmd uwaenst pada (3) Henpepu8HuL 80 8cem npo-
mexcymxe L =la, b] u nosoxmumeansno. Ecau pad umeem
cymmy [(Xx), maise Henpepusnyid 80 BCeM NPOMENCYMKe, MO OH
CX00UMER 8 SMOM NPOMENCYMKE PABHOMEPHO.

¥ Cu. caepywowuh o’
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JoxasaTEnbC130. Paccworpum ocraTku psaga (3):
o
?n(x)z Z ”k(x):f(x)_fn(x)'
h=n+41
dyHruug @, (x) OT X, KaK pa3nocrs  ABYX HENPEPBIBHHX QYHKUHH,
TaKke HenpepuBHa. BBUAY MOMOXHTENLHOCTH UYJEHOB psia, nocjJeaoBa-
TeAbHOCTb {¢, (X)}, npu nocrosndoM X, ABideTcs yOwisaioweft (1eBospa-
cratouieh):
P X)) =R (X)=. .. 20 (X)) = (X) =

Hakoueu, nockoabky pag (3) cxoanrcs 8 npomexyrke 2, npu moGom
TTOCTOAHHOM X

lim ¢, (x)=0.
n—ow

Ias toro yroBbl YCTaHOBWTb DABHOMEPHYIO CXOAMMOCTb psila, AOCTa-
TOUNO A0KA34Th, YTO LJR KAXAOr0 unciaa & >0 CyWecTBYET XOTb OIHO
3Hauenne N, nNpu KOTOpoM ¢, (x)< e oaHoBpeMmeHHO 14 BCex X (uGo
Torna nas OOJbLINX 3uayeruil /1 3TO HEPABEHCTBO BHIOJHAAOCH O W Nno-
DaBHO).

Jloxasarenbcrso sT0r0 Gymem BeCTH OT mpoTuBHoro, [Ipeanosnowum,
YuTo A HEKOTOpOoro & >0 Takoro HOMEPa 7 HE CYLIECTBYET.
Toraa npw awbom n==1, 2, 3, ... B npomexyrke 2 Halpercs Taxoe
aHaueHwe x=x, uTo0 9,{x,)==c K nocresosarempuocts {x,}, Bce
SMEMEHTH KOTOPOH CONEPKATCA B KOHEUHOM NPOMEXYTKE 2, MDUMEHHM
aemMy Boabuano—Bettepuwrpacca [41] 4 BHIEIMM U3 HEE YaCTHY-
1YI0 NOCAEN0BATEIbHOCTD {x,,k}, CXOAAULYIOCT K IPENeay X,

BBuAy HEnpephiBHOCTH @, (X), nmeem:
lim @, (xn,‘ —%m (xo)’
R—co
kaxopo 0wt Wy Optno m. C apyro#t CTOpoHn, mpu mobom m, 4S8 ROCTa-
TO4HO GOJNbLINX A
nyZ=m, TAK UTO ¢p (X, ) 2= ¢, (x,,k)>e.
Tepexons 3gecs K npefgeny npm k— co, HallieMm, yToO
Hm ¢, (xnk)zq’m (XO)ZE.
k-
A 3T0 HepaBeHCTBO, MMEIOLLEE MECTO np#u Jo0OM 72, NPOTHBOPEUUT TOMY,
4TO
lim ¢, (x,)=0.
m-—oo
Teopema noKasaHa.

432. 3amMevaHne 0 KBa3H-paBHOMepHOH cxoxuMocTH. HMrtak, ecan ¢yHk-
HMOHaNbHbIR PaA (3) COCTOMT M3 HenpepsiBhHX B npoMexyTke . =={a, b] QyHk-
LMt M CXOAHTCA B 3TOM [IPOMEKYTKE K CyMmM€ f(x), TO /14 HENPepbIBHOCTH
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9TON mocnefHet NOCTAT O Y M a PABHOMEPHAA CXOMMOCTb PRAA, HO — B ofuiem
ciyuae —BOBCe He HeoO6Xxoausma, Duno 3ameveno ewe AU HHU U APYyrumu,
4TO AOCTATOWYHBM yCIOBHEM ABAAETCA HeKas <ocnabieHHas» PaBHOMEPHOCTb
CXOOMMOCTH: OHA COCTOMT B TOM, YTO 04f Kax0020 wucaa >0 u Kax#0020
womepa N' cywecmgyem xomeo 00 UH He 3a8ucsuyuis om X HOMep n> N,
maxoi, 4mo Hepasencmso (6) sbinoansemcs o0Hospemenno Oas scex x u3 2.
JefACTBUTENbHO, DpPH [OKA3aTEAbCTBE TeopeMbl 1 M W HCIONbL30BANM  JHLIL
OLMH HOMED 1, IPH KOTOPOM HepaBeHCTBO (13) Bhinonusercs Aaa Bcex x u3 2.

Onnako -Haxe 9Ta «ocnabieHHan» pPABHOMCDPHOCTb BCe e He sABjseTcs
HeOo6XOMUMOM ANA HENPEPBIBHOCTH CyMMbl f(x) pama (3). OwHa He umecT
Mecra, Hanpusep, aaa panos (15), cxomamMxca K HempepbiBHOf cymme f(x)=0.

Apuena (C. Arzeld) Bren B paccMoTrpeHde B 1883 r. 0cobbiit THR CXOMM-
MOCTH (BNOC/HEXCTBYA NONYYMBLIMA HA3BAHHE KB A3HU-DABHOMEDH O CXORU-
MOCTH), KOTOPbIM peutaeT BONPOC 0 TO Y H O XapaKTepHCTHKE CXOAMMOCTH pAaia,
06eCcreunBaIoLLel HENPCPLIBHOCT €r0 CYMMBI.

[Ipo pAd. (3), cxo0awuics 8 nposexcymxe I =|a, b], zosopsam, 4mo ou
cxo0umcst K8a3U-PABHOMEPHO 8 .“l)', Kk cymme f(x), ecau dan 1axuc0020
qucna e>0 u xando20 womepa N. nposexcymox & moxcem Ovimp noKpoim
KOHEYHb M HYUCAOM OMKPOLMbLY NPOMENCYNKOE

(ay, b)), (aq b)), rey (a;, ba)y vy (ap, bk)l
u uM 8 coomgemcmeue mozym Golinb nocmagiens. kR HOMEPOS

My Mgy eeny My ooy N (> NY)
max, 4¥mo O0an 8cex 3navenud x (u3 ), codeprcaujuxcs 8 (a;, b)) (i==1,2,...,k),
Hepasexcmeo

|f(x);fn,- (x)|=|‘{’n,~ ()] <e

8LNIONHAENICS OOHOBPEMEHHO.

Tlpy ynoMAHyTO# BbluIe <OCSA6IEHHOH> paBHOMEPHON CXONMMOCTH BCe M
3HAYEHUAM X H3 z‘ CTaBurCca B COOTBCTCTBYE ONWH M TOT Xe€& HOMED A, a
30CCh BCe X Pa3bUBAIOTCA HA [PYNNbl, KOTOPbIM B COOTBETCTBHE CTABATCA PasHble
3HAYEHHA N, HO BCAKHN pPa3-—B KOHEYHOM UYuCae.

[Moab3yach 3TUM NOHATHEM, APUE XA YCTAHOBHUA CrelylOlee MpPeanoXeHne:

Teopema 3. [lycmo dyniyuu u, (x) onpedeseHsi U HenpepwviéHs. & npo-
smexncymue L =|a, b), u pad (3) cxodumcs 8 3mos npoMexcymue. [as mozo
4mobu cymma psida f(x) maxse Owna HenpepvisHa 8 L', Heo6x00u MO
u docmamo4Ho, 4mobu pad cxoduacs 8 L Kk f(x) Kea3u-paguo-
MEPHO.

Heo6xomumocTh, [lpeanonoxus cHayala HEIPEPLIBHOCTEL QYHKUNH f(X),
a 3HAUHT M BCEX OCTATKOB ¢, (x). Bossmem B 2 1106y w0 Touky x', [lo 3amau-
HBIM 4HciaM e 1 N IR Hee HAMIETCA TaKOH HoMep n' > NN, uto

lon- (X)) | <e.
Ilo HenpepbIBHOCTH QYHKUHH ¢,. (X) NOROBHOE Xe HEPABCHCTBO
[fnr (X)) <<e

6yIeT BLIMOAHATLCA H B HCKOTOPOH OKPECTHOCTH o = (x' — V¥, X'+ ¥') Toukm x°
N3 Bcex 3Tix OTKPLITHIX MTPOMEXYTKOB c', NOCTPOEHHLIX 07 BCEBO3MOXHEIX
x" w3 2, cocTaBUTCA HeKad 6ECKOHEYHAa A CHCTEMA ¥, NOKPHIBAIOWIAR [1PO-
mexcytok 2. Torga, no semme Bopeasn [88), us Hee BLIENIETCA H KOHE Y-
Han OOACHMCTEMA HHPOMCEXKYTKOB

Z*={_°_h G2y eey Ok
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TaKKe nokpuBapowan 2. ITH NPOMEXYTKU U GYAYT TEMH, O KOTOPHIX HIET peub
B OlIpEEACHHH KBA3U-PABHOMEDPHOH CXOLHMOCTH.

HJocTtarounocrs JonycTuM renmeps, Yyto paag (3) CXOAHTCA K CBOEH
cymme f(x) KBa3M-paBHOMEpDHO. 3alaBLUHCh YHUCAaMH & U N, UHOCTPOUM Ilipo-
MCXYTKH (a;, ;) n BmOGepeM Homepa n; (=1, 2, ..., R) C yKa3aHHLMHK B Omlpe-
neneHuu caoitctBamu. Bo3dbMem 1o npouaBony B 27 TOUKY x4 NMyCTh OHA comep-
HHUTCA B NPOMCKYTKE (a,-o, b;)). Kak u npu nokasaresbcrse reopemu | 1431 (12)],
MOXEM HaN{CcaTh

[f(0) = F x| < [ fay (O —Fn; (Ko)l  | 9n; () + 9y (). (122)

[Mpu stom, oueBuaHO,
[ 9n; (X0} | <&

eCIH X TOWE NPHHALACKHT 9TOMY nMpoOMexyTRy (a4, b’o)' TO H
|"Pn,' (X) ' <e

Mowno nafttid Takoe yucao 3>0, yro, MpH | X — X,| <3, He TOMBKO X CO-
NepWHTCA B YKAa3aHHOM NpPOMEXYyTKe, HO # nmepBoe craraemoe B (l12a) cmpasa
6yaer <Ce, a 3HAYHT

|f(x) —F (x0) | <3¢,
W HENPEPBLIBHOCTL f(X) B TOYKe X, AOKa3aHa ¥,

Y3 970/ TEOpEMBl C NerKOCTbtO BBIBOAHTCA TeopeMa [ v H W mpemsnywero n®.
JeiicTBUTEAbHO, €CAM PAl (3) COCTOHT M3 NOJOKMTENbHbIX HENDPEPLIBHEX (YHK-
uMit U CXOOMTCA K HENPEPLIBHOH e CYMME, TO, KaK Mbl BHAEIH, CROAHMOCTb
HeoGX0AMMO GyNeT KBa3H-paBHOMEpPHOH.

Moabayacs TE€M, YTO B NAHHOM Cayyae OCTATKH ¢, (X) C BO3paCTaHHem n
y6LIBAIOT, 1OCTATOYHO B3ATb HOMep N G6apmum Bcex n; (i=1, 2, ..., k), urobm
ana n > N HepaBeHctso (6) BHIIOAHAROCH onnoapeueuuo nan Beex A 3 Z: cxo-
AUMOCTb OKa3biBaeTca DaBHOMEDHOMH

433. TMounennniit nepexon k npexeny. ITpuBenem eule onHy reopemy,
KoTOopas sBaserca o6obwenuem Teopemnl 1. B med 2 —{x} ects
MPOU3BOAbHOE OECKOHEUHOE MHOXECTBO, HMEIOWIEE TOUKY CryWEHWs
a (xoHeunylo uay Het) [B2]; 3Ta TOYKa CaMa MOXET M HE NPUHALNEKATb
MHOXECTBY.

Teopema 4. [lycme raxncdan uz gyuxyui u,(x) (n=1, 2, )
onpedenena & obaacmu L u umeem, npu cmpesieHun X K a, xone'mbui
npeden:

limu,(x)=c,. (16)

xX—a

Ecau pad (3) 8 obracmu X cxodumca paéromepro, mo 1) cxo-
Qumes psd, cOCMasACHMbLL U3 IMUX nPedenos.

> en=0G, ©

A==

* KAaK WHTAaTeab 3aMeTHN, APeAflof0WCHHE, UTO BCe HOMEPA 7; MOrYT ObiTh
BhIOP@HLI - CKOAb YLOAHO GOAbWHMMH, Ha fele HHIJe He HCIOAb3yeTcA.



433) § 2. $YHKUMOHAJBHLHIE CBOUCTBA CYMMH PHIA 435

u 2) cymmapaida (3), f(x), maxace umeem npu X — a npeden, UMEHHO:

lim f (x)==C. 17)

X~ a
Hoxkasatenbcrso. CorJaacHo yCJI0BHIO PABHOMEDHOH CXOLUMOCTH
n°429, mis npoussoJbHO B3siToro & >0 cyulecTsyeT Takod Homep N,
uyto mpn n >N u m==1, 2, 3, ... HepaBeHcTBO (8) BalnoaHAETCA Hdad
Bcex x n3 2. Ilepexoas 3zece x npegeny npu x —a c yserom (16),

HaHaeMm, 4ro
|C,,+| +cn+‘l+- . -+cn+m | =3

TaK uto A4 psaa (C) BRMOJHSETCR yCJjoBue CXoAuMOCTH |3786].
Ecm C, C, u 1, O3HaualwT, Kak OOBIUHO, €ro CyMMy, YacTHYHYIO
CYMMy M OCTaTOK, TO

C=\Cn+Tn'
Bhiuntas 310 paBeHCTBO mouseHHO M3 (11), nerko moayuHTs:
() — Cl=1/fa(2) — Cal Flea () |+ 1 1al- (18)

Beugy paBHOMEDHOH CXOAHMOCTH paga (3) H CXOOWMOCTH
psaa (C), no mobomy € >0 MOXHO PHKCHUPOBATh 7 CTOJAb 60/bIINM,
yto6n o5 BCEX X #3 2 6nio:

len () [ <5, a takme |7,|<e (19

Tak kak, OueBUIHO,
n

lim f, (x)==lim >} u, (x)= Y, ee=C,

—d =] k=1

TO — €C/IM OTPAHHYHTBCA CAYYaeM KOHEYHOTO @ — Halaerca Takoe 3 >0,
yro npu |x —a|< 3 Oymer

|fn(x)_cn|<s' (20)

Toraa, Npu. yKasaHHuX 3HadeHusx x, 8 cuay (18), (19) u (20), Oynmer
BHIOJHATLCA HEPAREHCTBO
|f (%) — C1<3e,

yto # mpusoanT K (17)*.
Pasenctso (17) MoxHO uanucate B dopme [cm. (16)):

[oo]

lim >} u, (%)= i {im u, (%)};

ind ¥ = n=l1

* YpraTens y3HaeT B STOM DACCYWAEHHH TO, KOTOPOE yie GelN0 NPHMEHEHO
AN OKa3aTCABCTBA TeopeMh L.



436 I Xil. ®YHKUHOHAJABHBIE NMOCAEAOBATEJNRHOCTH W PSLIN [434

TakuM 06pazoM, NpM Haluyun PABHOMEPHON CXOOMMOCTH, npeden CyMAtst
pada pasen cymme pada, COCMABAGHHO2O U3 NPEQEAOS €20 4ACHOS,
UU, HHBIMH  CJOBAMH, 8 psade donycmis npededsubtd nepexod no-
4 ACHHO.

434. lNouynenHoe wHTerpuposaHue psmos. IlepedgeM rtenepb K pac-
CMOTDEHHIO BONPOCA 00 HHTErpHPOBAHHA CYMMbl CXOAALLErOCH (HDYHKUWO-
HaJIbHOrO psAa. '

Teopema 5. Ecau pynigun u,(x) (n=1, 2, 3, ..)) renpepvi8rnt
8 nposexcymxe X =/\a, b], u cocmadaennnii uz nux pad (3) cxo-
dumica 8 IMOM NPOMENCYMKE PABHOMEPHO, MO UHMEPAL Ol
ey, f(x) pnoa (3) npedcmagasemen caedyrouum o6pasont:

b

w b
(f)de= 3 (u,(x)dx=

a n=1
b b

b
={m ) dc4-{u,(x)dx ... Lu, (x)dx4-... (@21

a

JloxAa3zaTEAbCTBO. Beaay HenpeprisHocTH Qynkual w, (x) u f(x)
[431, rteopema 1], cywecrBoBanu€ BCEX ITHX HHTErpajoB OUYEBHAHO.
[Ipousrerpuposas TOXACCTBO

f)=u () Fu (x)+ ...+ 1, () + 9, (%)

B npomexyrtke (@, b], moayuum:

b b b
() ax =u (x)de+{uy () ds+ ...
a a 5 ,
ot a0y de4-§ o, () dx

Takum o6pasoM, cymvMa n unenos psana (21) pasHuTCS OT HHTErpana
b

a

b
Sf(x)dx IONOJHUTENBHEIM  UJEHOM Scp,, (x)dx. Ias noxazarenbcrsa
a
pazaoxenus (21) HYXHO JUWb YCTAHOBUTB, UTO

b
lim §¢,(x)dx=0. (22)

n—w g4

B cuay pasnomeproft cxoammocrn paga (3), aas aoGoro & >0 na#-
nercsn HoMep N Tako#h, yro mpu n >N

on (X) | e
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cpasy [J% BCEX X B PacCMaTpMBaemMoM npoMexyrke. Torsa ana Tex xe
3HaueHull n Oyger:

b b
1§ en () dxc | < | 0n () [dx (0 —a) -,

YTO W [IOKa3bIBAET NPEne]bHOE CooTHowmeHne (22).
Pagenctso (21) mower OblTe HalMCaHO B pHAE

b o b
S{Z n,l(x.)} dr= Y] {Su” x)dx},
a n=I n=I| a

TaK YyTO B (Jyuyae€ pasBHOMEDHO CXOAAUEroCd paua uxmezpar O Cy Mol
pﬂaa pager cyMme pﬂaa, COCMABACHHO20 U3 UHINEC2PANAOB C20 UAECHOS,
WJn, HHBIMW  CJIOBaMH, 00/7))6”111/»[0 NOYRCHHOE UHMezpluposarlie
paoa.

Kak # B cayuae Tcopemsl ], TpeGosanne paBHOMCPHOH CXOAMMOCTH C¥-
WeCTBEHHO JaA BCDHOCTH pasnowenus (21), T. €. HC MOXET GbITh I1POCTO
ONYU(CHO, HO BCC XK€ HC ABIACTCA HE OO X O uM bl M. Paaw (15), paccmorpen-
Hbic B 431, Kak pa3 H MANOCTPUPYIOT 370 obcroATeabcTBo. O6Ga OHM B upoOMC-
wyTke [0, 1) cxomarca K dyHkumu f(x)=0 nepasnomepno, Ho, unterpu-
PYA NEPBbBII LOYNCHHO, Mbl B KAYECTBC CyMMbl PAA WHTCIPANOB MONY UMM

i 1
lim S oty -e” " dx = lim (1 —e~")=1, xo18 Sf(-\’) dx =0;
n—co n— o
b i
AAA BTOPOrO W PAAA aHAJNOTHYHO HaiIeM
1

= lim 0 £ :0=§f(x)dx.

oo 2n

JioGonsiTen npuMep papa

X (=L O x <),

; ,

X
3necs
1

1

dx I
§ TrE=ln2=l—gtg—,

TaK WTO PAL MO HO HHTEPHPOBATH NOUJEHHO, XOTS NPH X =] OH K BOBCC
pacxopuTCs.

Ykawem Teneps 000OuIEHHE TEOPEMLI O, CBA3AUHOE C OTK430M OT
TpeboBasNA HENpPEPHBHOCT N PAaCCMATPUBAEMBIX (yrKuuit,

Teopema 6. Ecau gyuxyun u,(x) (n=1, 2, 3, ..)) unmezpu-
pyeser* 8 npomencymre X =|a, b], u cocmasacunni u3 Hix pad (3)

* B cMbicne n° 295,
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cxodumcess pasrHoMmepro, mo cymma f(x) pada marxxce Oyoem
unmezpupyesa, u umeem mecmo pairoxcerue (21).
HJoxasaTteascTso. OCTaHOBHMCA Ha HHYErPHPYEMOCTH (PYHK-
unn f(x).
Beuay paBHOMepHOM CXOAMMOCTH psia, NO 33A3HHOMY Hanepen e,
MBl MOXEM (UKCHUPOBATh # CTOAb OOAbLINM, 4TOOM BO BCEX TOUYKaX
npomexyrka [a, b} 6si0:

[f () —Fu() | <5 mmn fo(6) — 5 S () <Sfa )+ 5. (23)

Bosbmewm Kkakywo-unbyab vacte |a, B] npomewxyrka [a, ], m nycte m,
M 6yayt Ttouusle rpauuun ¢yskunn f,(x) B (o, B], aw=M —m —ee
KoneBanue; cooTsercraylowee Koebanne Gynkunn f(x) o6osuaunm yepes 2,
Beuay (23), 8B npemenax nmpomexyrka [a, B]:

m—s<f(x) < M+, Takuto Q<we.

PagobbeMm Tenepn, npoMexyrok [a, b] oOnuHbIM O6pa3OM Ha uYaCcTHy-
HbHlE NPOMEXYTKH [X;, X;.4] W CTaHEM 3HAykoM | OTMeuaTb KoJebaHus,
OTHOCAWHECH K i-My npomexyTky. Torga Q;=<Cw; 4, n

319 Ak << D w; - Ax; - (b —a).

Tak Kak BTOpOE CJaraeMoe ClipaBa MpPOM3BOALHO Mano, a nepeoe CTpe-
MUTCA K HYJIO BMECTE ¢ A==maX Ax;, TO 3TO e CNpaBeiJMBO U OTHO-
CATENLHO BHPAWEHNA CJEB3a, OTKYLA ¥ CJAEAYeT WHTEFPUDYEMOCTh (YHK-
usn f(x) [297 (8)]

Yro ke kacaercs papencrsa (21), TO OHO AOKa3biBaeTcs OYKBAJbHO
TAK e, KaK M BhLUE.

[lokaxem Ha 1IpyuMepe, UTO NPH HAPYIUCHHH PABHOMEPHOCTH PAd, COCTOAULHA
M3 MHTErPUPYEMBIX (PYHKUMH, MOXET UMETb HeuHTerpHpyemyw cymmy. Tlonowmnm
uy (x) (ans n=1,2,.3, ...) paBnbM |, €CAH x BLIPAWBETCA HECOKPaTH-
MO 1pobbIo ’Tr:-, u pasupiM 0 —B npoupx Toukax npomexyTtka |0, 1. drn
GYHKUMHM, HMEIOUIHE NHIL KOHEYHOE YHUCNO Da3puBOB, WHTErpupyemus B [0, 1),
a CyMMo# paja 6yneT 3aBelOMO HeuuTerprpyemas ¢pyHkuna Lnpuxae [300,2)].

BumecTe ¢ TEM, padymeeTca (Mbl STO BHAEAW Ha NpPUMEpPAax), pasHOMEpHas
CXOOMMOCTh HE ABAACTCA HEeOGXONHMBIM YCAOBHEM 1A MHTErpUPYeMOCTH
CYMMbI PAL2, CCCTABNEHHOrO M3 MHTerpupyemnx @yHkuui. W nna storo cayuan
Apuena ykasan ycnosue, OTHOBPEMEHHO HEOOGXOAHWMOE M JOCTaTOu-
RO e (¢KBa3K-DABHOMEPHAA CXOAMMOCTL BooGuics), cp. n* 432,

435. Nounennoe nuddepenunporanne psigoB. C MOMOUIBIO TEO-
pembt 5 npeabiayuiero n° Jerko AOKasnBaeTCs CAeAyouan

Teopema 7. [lycms Gywrguu 1u,(x) (n=1, 2, 3, ..) onpe-
deaens 8 nposmexcymrxe X =—|a, bl u umewm 8 Hem Henpepss-
Hote npou3solmeie U, (x). Ecau 8 smom npoMEeNCymie He mMoAbKO
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cxodumen pad (3), ko u pasHomepHO cxodumca pad, cocmas-
AEHHOLE 113 NPOU3BOOHLX:

o]

3 () =1 (0)Fuy (0)F-. .. Fun () F-.., (24)

n=1
mo u cymma [(x) paoa (3) umeem 8 & npou3sodnywn, npuiem

o]

F ()= 2] tta (x). (25)

n=\

HNokasaTEabcTBO. O603nauum uepes f*(x) cymmy papa (24);
BBHAY TeopeMwbl 1, 310 Oymer HempepsiBHas ¢yukuus oT x. Bocnoawb-
30BABLIMCL TENEPL TeopeMoHd 5, npouurerpupyeM psaa (24) nouneino 8
NpOMEXYTKE OT @ DO NPOM3BOJLHONO 3HaueHns X w3 2, MH NOJyuuM

{rtydt= 3 {un ) at.
a n=la

Ho, ouesuano, Su,’, (t)dt =u,(x) —u,(a), tTak 4ro
a

§f* ¢ dt= i [t (%) — u, (@)=
a n=1

= Z Up(x)— E un(a)zf(x)_f(a)'

n==1 n=1

[3To npeobpasoBanue ONpPaBIaHO Hanmepe]d HM3BECTHOH CXOdMMO-

CThio PANoB 3 4, (X) u dju,(a); cm. 364, 4°] Tak kak uuterpan
C/eBd, BBUY HENMPEPHBHOCTH TNOAMHTErPaNbHOH (YHKUMH, HMEET Mpo-
n3BoaHyl, pasHylo f*(x) [305, 12°], TO Ty e NPOM3BOAHYI HMEET M
¢dyHkuus f(X), KOTOpas OT HWHTErpa/ia OT/IHYAETCS JHIb HA NOCTOAHHYIO,

Pasencto (25) moxHO nepenucaTh (€C/M BOCMO/Nb30OBATHLCS, CJAEAYA
K o w1 n, o6osnauenneM D aas npou3sBOiHOR) B Buie

o«

D{Z u, (x)}: i Du, (x).

n=l n==1

Taknm 06pasoM, Npu YKa3aHHHX yC/IOBHSAX, nPOU3BOOHAS OMmM  CYMME
pAOQ OKQ36L8QEMCS PABHA CyMMe DAOA, COCMABAEHHO20 U3 NPOU3BO0-
HOLX €20 4A€HO8, WIH, NHBIMH CJIOBaMM, OQOnYCMUMO NO4 AECHHOE
dugpgheperyuposanue paoa.
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Paccmorpum pagbl

03. 2 n
Z [e—(n— 1) x2 __e—n?x-]

ne=l

%In (14 2%+ Z'[Qinln(1+n9xf)-2(;—_l)|n(1 d(n— l)uﬂ)],

MepBoiit u3 Hux croantca k O mpy x =20 # kK | B OCTaALHBIX TOUKAX, a CYMMA
sroporo Besge pasua 0, Ecan npopnpdepenusnposars Ux MOUNCHHO, TO NOAYYATCA
ywe 3HaKomole Ham palbl (15) |431], cxogzawueca Bo Becem nposmexytke |0, 1]
K 0, Ho 062 HepaBHOMCDHO. B nepsoM cayvae pal M3 MPOW3BOIHBIX CXO-
AuTCA W npy x =0, TIAC CYMMa MEPBOHAUANLHOIO PALA NPOU3BOMAHOH HUMETh HE
MOWeT, H60 pa3pelBHA B 3TOH Touke. Bo BropoM cayuae, HaoG0pOT, MOYACHHOC
ngdepenpoBaHie NoBCIOAy NpPUBOIUT K BCPHOMY pe3yabTarty. JTHMH TpUMe-
paMH UAJIOCTPUDYeTCA poab Tpe6oBanusa, uTo6bl PAX NPOM3BOAHLIX CXOOMICHA
PaBHOMEPHO: OHO CYLCCTBCHHO, HO HC HCOOXOIHMO,

n=2

Teopema 7 mower OblTb 0CBOOOXIEHA OT HEKOTOPHIX JAHWHHX nped-
0JI0XKEHUH LUEHOIO HEGOABIIOTO YCJIOMHEHHS [N0Ka3aTe/bCTBA.
Teopema 8. [lycmes goynryun u,(x) (n=1, 2, 3, ...) onpedeaenst
8 nposexncymre X =/\a, b| u useiom 8 Hem KOHEUHBIE NPOU3IBOOHBLC
uy (x). Ecau pad (3) cxodumcsa xoms 8 O9HOZ modKe, Hanpumep
npu x=a, a pad (24), cocmasrennsiil u3 NPOU3BOOHHX, DA BHO-
MEPHO cxolumca 80 8cem npormexwymre L, mo mozda 1) pad (3)
CX00UMCA PABHOMEPHO 60 BCEM NPOMENCYMIe U 2) ez0 cymma
[ (x) useem 8 X npoussodnymw, suparcaermyro pasencimsos (25).
HoxasAaTEAbLCTBO. BoabMem B mpomexyTke [a, b] mBe pasnmu-
HBlE TOUKK X3 4 X H COCTaBUM DSl
foe)
2 un(x)_”n (XO). (26)

X — X,
=1

Mu moxaxeM, yro npu 0OOM (UKCHPOBAHHOM X, 3TOT DA CXOOHTCH
IA9 BCEX X F Xy K NPHTOM DaBHOMEPHO OTHOCHTEJNBHO X.

C 51Ol uenblo, 3a03aBWIMCh TNPOU3BOJBHLIM uucaoM & >0, BBHAY
paBHOMEDHOMN cxoaumocTd psaa (24), nahaem TakoH Homep N, uto
npu 7 >N n m=1, 2, 3, ... HEPaBEHCTBO

n+m
Y )| <e @7
h=n-t1
BLIMO/ISETCA O] BCEX 3HAUCHUH X OAHOBPEMEHHO. PHKCHDYS Ha MOMEHT
W n, PacCMOTPUM (PYHKUUIO
n4m
Uxy= 2, (%)
k=n+1
€e NpouU3BOAHAR
n+m

UE)= 3 t(x)

k=n+1
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o cuay (27), no abcomotiolt sennunte Bcerga < e. Ho, ouesnaxo,

"N () — g (50 U ) — U
N Un (X)—u, (xg)  U(x)—Ul(xy) o
X — X, = X — X, w=U(0),
k=n-1

rae ¢ CONEPWHTCA MeXAy X, u X [no Teopeve Jlarpawwa, 112].
[103TOMY, OKOHUATEJBHO, ANS BCEX X 7 X

n+-m
' U (X)) — Up (Xo) .
. X —x, L=
k=n141

TaK KaKk 3TO HEPABEUCTBO MMEET MECTO, JHMIIG TOALKO 72 > N, KaKoBo 6l

Hu Oblno m=1, 2, 3, ..., TO paBHOMEDpHas CXOAUMOCTb psaza (26)

3TuM noKa3aHa. OTCiofa yKe BHITEKAOT BCE HYXILIE HaM  3aKA0YEHUA.
[Mpewne Bcero, B3AB Xy =a, ¥3 PaBHOMEPHOH CXOAMMOCTH pHaAa

[oe]

2 %’L@, a ¢ HHUM u 2 (1, (x) — u, (a)]

n=1 n=1
o0
[cm. cneacTsue n° 429], u w3 cxomumMocTu psaa Z u, (@) 3akawoyaem

n=1
©

0O PaBHOMEDHOMN e CXONMMOCTH Dafa 3| i, (X).
n=1
Ecin uvepes f(x) ofosHaunTe ero cymsy, TO CymMo#t psma (26),
roe Xxp €CTb CHOBa A1000€ "3HAUEHHE X B MPOMEWYTKE |a@, b], — oueBuano,
S —r g
X—a

6yner . Tax Kak B pPaBHOMEPHO CXONALIEMCS pANE MOXHO

NEpexoanTe K Npeaeny nodaeHHoO (mo teopeme 4), 1O, yCTPEM/As X
K Xp NOJYUHM:

/' (x)= lim f_(?:f;‘fxo): ¥ {iim (f;):i: (xo)}z
0 n=1 =X
= > tn(x) v u TP, A
ne=|

3AMEYAHUE Bce 3TH TeopeMH O MOUJEHHOM NpeResbHOM mnepe-
X01€e, MOYNEHHOM HWHTErPYPOBAHUM N NHPDEPEHUHPOBAHWU YCTAHABAUBAIOT
AHaJOruMIo MeXny QYHKUMOHAJbHLIMI DPAAaMil ¥ CYMMaMu  KOHEYHOrO
yucaa QyHKIHH. AHaNOrus 3Ta, ONHAKO, OFPAHHYEHA WIBECTHHIMH YCJO-
BHAMH, B XapaKTepUCTHKE KOTOPHIX PaBHOMEDHAA CXOAHMMOCTh
3aHUMAET HCKJAUYUTENBHOE MECTO.

436. Touxa 3penus mocnexXoBAaTeIbHOCTH. IlpeicraBiser wuHTEpec
nepedpasupoBaTe MOJAYYEHHKE DE3YAbTaThl € TOUKH 3PEHUA MOCAEAO-
BaTeAbHOCTH (QYHKLHA. ITO MO3BOJHT OTYETJHBO [OCTABHUTb B CBH3b
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paccMaTpuBaeMble BOMPOCH C OOwuM BONPOCOM O NMEpPECTaAHOBKE
ABYX NMpeA€eAbHB X MPOIUECCOB, KOTOPbM MIp3ET CTO/b BANKHYIO
poa, BO scem anaanze. C APYrod CTOpPOHBI, HAMETUTCS M NyTh K 0000-
{IlEHWIO 3THX pe3y/bTaTOB.

WMrak, MbH CHOBa COMOCTaB/SEM MOCACNOBATEALHOCTH (YHKIHA (1)
¥ PYHKUMOHANbHBIR paa (3), CYMTad, YTO OHM CBA3AHBl COOTHOLUEHHSMHU:

n
fa@)==> w(x) (=123 ..)
£=)
WAH DaBHOCUJABHBIMH UM

() =fx) 4, ()= () —Ffai(x) (=23, ..).

[IpeseabHaa byHKUUs A48 NOCAEAOBATENBHOCTH ECTb TO XK€, YTO M CyMMa
COOTBETCTBYIOUIETO psinad. PaBHOMEDHAS CXOAUMOCTb MOMET WMETb MECTo
UL ORHOBPEMEHHO K [Asi NOC/AEL0BATENLHOCTH, W AAf pada.

]. PaccMOTpdM CHaua/fa BONPOC O Mpejene YIOMAHYTOH NpPEeNe.b-
HoH dynkuun. [Mycrs muowectso 2" =={x}, B KOTOPOM OINpEIEAEHH BCE
paccmaTphoaeMbie QYHKUuM, umeer Touko# crymenus a. Toraa rteopema
4 n° 433 nepedipasupyercs Tak:

Teopema 4% Ecan gynryuu f,(x) umenom npedeis

lim f,(x)=f(x) (x u3 Z) (28)
u
lim f,(x)=C, (n=1,2 3,..), (29)

npudes 6 NepsOM cAyHae cmpeMAcHle K npedeay npoucxodum paé-
HoOMepHO omHuocUmensho x (8 X)), Mo cyuecmeyiom o6a KOHEHHb X
npedeara

m f(x) u lim C,,

X—a n—»
romopsie pasub. resicdy colod.

PasercTs0
lim f(x)== lim C,,

x—a n-s»c0

ecau NpuHATb 80 Buumaxue (28) n (29), Moxer OwlTb MNEPENHCAHO TaK:

lim lim f, (x)= lim lim f,(x).
X—=a n—o nso0 X—ag

Takum 00pasoM, paccMaTpuBaeMas TeOpeMa YCTaHABAHBAET MA  (ymnk-
mup f,(X) OT [ABYX NEPEMEHHBIX, X H /I, YCJAOBUS CYLECTBOBAHHS
W paveHcTsa [BYX MOBTOPHBIX MPEAEAOB ¥ HEFOCPEACTBEHHO MPHMbIKAET
K uccaefosauusam n° 168.

TpenocrasaseM yntareno nepedpasupoBars A48 NOCAEAOBATENLHOCTENA
n ase reopemb n° 431,
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1. Terepb nycth ofnacts Z° npeacrasiser COBOH NPOMEKYTOK [a, &),
¥ paccMOTpUM BOMPOC 006 wHTErpaae npegeabHod ¢yukuun. Bor
aHanor teopemnl 6 [434]:

Teopema 6% Ecau nocacdosamensnocms {f,(x)} cocmoum u3
Pyuxyuil, unmezpupyembix 8 nposmexcymxe [a, b|, n cxodumcsn
1 cgoell npedeasnolr hynxyu f(X) pasroMepHO OMHOCUMEALHO
x 8 |a, b], mo gyrxyua f(x) Gydem unmezpupyesa & [a, b|, npures

b

b
V/(x)dx= lim {f,(x)dx.

a Lad ol

[Tocaennee paBencTBO nepernuuieM B Buae:

b b
lim {f,(x)dx="{{ lim f,(x)}dx, (30)

TaK 4TO TPENe], OTHOCAUMACS K HWHTErpajy, OKAa3biBAETCH BOSMOXHBIM
OTHECTH HENOCPEACTBEHHO K NoAMHTerpanbHoH dyHkund. B sToM cayuae
roBoOpaT, YTO donycmum npedensHbill nepexod nood SHaKoM UH-
mezpaiq.

B pasencrse (30) nepecTaBAsiOTCS 3HAKW Npefeaa W HWHTEr-
paaa Tak Kak ONPENENEHHBIH HHTErpaJ TaKKe [10JYy4aeTCs B Pe3yib-
TaTeé HEKOero Npeae]bHOrO MpOLecca, TO PacCMaTpuBaeMulit 34eCb BONMPOC
OKa3nlBaeTC POACTBEHHBIM TOMY, KOTOpHifi H3yuaics B 168.

IIf. HakoHeu, nepeAneM Kk BOMpPOCY O NPOHBBOAHOH Ipenenb-
Ho#t ¢yuxuun. Ilepedpasupyem rteopemy 8 [435]:

Teopema 8% [lycmo sce dynxyun f,(x) ougpdepenyupyems
6 npomescymre [a, b|, u nocaedosameasnocms npou3sodnsix {fp(x)}
CXO0UMCH 80 BCEM NPOMENCYMKE, PABHOMEPHO OMKOCUMELLHO X.
Ecau ussecmno, 4imo. nocaecosamensnocms Gynxyni {f,(x)} cxo-
oumca xoms 8 00KO& mouke npomexcymrxa {a, b], mo MmoxcHo
ymeepxcoams, wmo 1) ama nocaedosamensnocms cxodumcsa 80 8cem
npomexcymie, u Oame pasromepro, 2) npedersnan HyHryua
f(x) oudbgbepenynpyema, npuesr

' (x)= lim f,(x).

n—0co
Ecau nepenucatb 5TO paBeHCTBO 60Je€ BbIPAZHTENBHO:

D{lim f,(x)} = lim {Df,(x)},

TO Cpa3y CTdHET SCHO, YTO PE€ub HIET O NepPECTaHOBKE 3HAKOB Nmpendesa
wnpousBoaHOHN Tak Kak NDOM3BOAHAS TAKKE €CTb NpPEHen, 10
¥ 3TOT BONPOC CBA3aH C MNEPECTaHOBKOH MABYX NpENEJbHHX NEPEX0108.

B sakmouenune samermm caeayroulee. ECAH CTOATb . HA TOUKE 3peHmst
0OecKOHEUHOro D43, 10 HAaTypajbHufl [apaMerp 2, E€CTECTBEHHO, He
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MOXeT ObTb 3aMeHeH Oosee oOwuM. Muaue ofcrour nmeno, ecau peus
MAET O NOCAEAOBATEALHOCTH QyHKUMK. 3pech dynxkuus f,(x) Moxer
ObniTh 3aMeHeHa dyHkuued f(x, y) OT ABYX NEPEMEHHBIX, THE y H3ME-
HAGTCA B Npou3BOAbHON ofaactu ¥ =={y}, nmeowWweR TOUKOR Ccryluenus
YuCIo y, (koneyHwoe nau ser). Ilpenesbublft nepexon npum n-» ©O 3ame-
HAETCS NPENETbHBIM NEPEXOAOM npH ¥y —> ¥, DopMyIMposka W HOKasa-
TEAbCTBO TEOPEM, OTHOCAIUMXCA K 3710My oOwmemy CcAyyaio, He npen-
CraBAsioT TPYAHOCTH. K HEKOTOPBHIM M3 3TuX 0000IWEHNMH MBI DeplieMcs
ke, B raase XIV,

437. HenpepblBHOCTH CYMMBI CTENEHHOr0 psARa. BaxueHuium
NPUMEPOM NPUMEHEHMA BCEH M3/N0KEHHOH TEOPHUM SBJIAETCH HM3yueHHEe
CBOMCTE CTENEHHB X PALOB. MB OrpanvyuMca CTENEHHLIME PANAMU
BHAA

@
Daxt=aytax a4 a4, 3
n=0

nbo, xak mpl Buaean B 403, paam Oonee obwero suaa

@

D (X —x)' =y + a; (x — xo) g (x — xo)* ...+
n=0
Fa,(x—x)*+... (31%)

HENOCPEACTBEHHO MPHBOAATCS K Budy (31) npocTol 3aMeHOH MEPEMEHHON,
Tlycrs pan (31) wumeer panauyc cxoaumocrn R >0 [379]
TIpexxae Bcero, MoXHO YyTBEPKIaTh: )
1°. Kakoe Gu nososcumensnoe qucao r <R nu 8zams, pad (31)
Oydem cx00UmMbCs PAGHOMEPHO OMHOCUMENLHO X B8 3AMKHYIMOM
npoxescynke [—r, rl. .
Ileticreurenbno, Tak xak r< R, 10 npu x=r panx (31) cxomurcs
a6 CONIOTHO, T. €& CXOAUTCA MOJOMHUTENbHBIR DAL

[ee]

S lasl - =la|Flal-r g Pt g, . (32)

n=1_0
IMpu [x]=<<r unenn psna (31) no aGcoNOTHOH Be/AHUNHE HE NPEBOCXO-
OST COOTBETCTBYIOIUMX UJEHOB 3TOr0 PsANa, KOTOPbIH, TaKuM 0OpasoM,
Wrpaer posAb MaXOPAHTHOrO psia, ¥ no npusnaky BeHep-
wrpaccapan (31) ans yKa3aHHbIX 3HAYEHUH X CXOAUTCS PaBHOMEPHO.

Xors uucio r B MOxer OblTb B3ATO CKOJb YroaHo OanskuM K R,
10 W3 [OKa33aHHOTO BCE e HE BHITCKAET pABHOMEpHAasd CXOAMMOCTb
B npoMexyrke [— R, R]. Ha npumepe nporpeccuu [428, 6)] uurarens
BUAHT, 4TO KAK Pa3 KOHLbl MPOMEXYTKA CXOAAMOCTH MOTYT OKa3arbcd
TOYUKAMKU HEDABHOMEDHOCTH.

Tenepnb, KaK CAEACTBHE TeopeMbl l, mosyuaem:

2°. Cymma f(x) cmenewnozo pada (31) 0am 8cex 3navenuii x
Meocdy — R u R npedcmagagem coboll nenpepui§uyio GyHKGlUIO om X.
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Kakoe Ov1 3Hauenne x == x, BHYTPH NMPOMENYTKA CXOAUMOCTH HHA B3SITh,
MOXHO BHIGPaTh 4ucao r< R TaK, urobu 610 |xg|<r. Tlpumenusn
Teopemy 1 8 npomexytke [—r, r], BBuay 1° ycrawobum wuenpepoin-
HOCTb (PYHKUMH f(x) B STOM NPOMEXYTKE, CAENOBATE/NBbHO, B YaCTHOCTY,
U NpH X = X

[OBpawaem Buumanue uuTaTeas® Ha TO, UYTO Mbl M3BENKATW NpuMe-
Hewus rteopemel 1 B npomexytke (— R, R), rze paBHoMepuas CXomu-
MOCTb HE MOXET ObITb rapaHTHpOBana.|

HenpepuBHOCTL CyMMbl CTEMEHHOrO PANA MOXET ObiTb HCNOJb30BAld
oJ8  JOKa3aTe/NbCTBA TeOopeMh O TOXMAECTBE CTEeNEeHHBb X
paa 0B (HANOMHHAOWEH NOAOBHYIO ke TEOPEMY AJf MHOTOW/IEHOB):

3% Ecau 0sa cmenennsix psia

fos]
3 et =ay 4 ayx - agx - - a,xt L
n=0

fee]
N} bax" == by~ by~ bx® - b bk L
n=0

8 okpecmuocmu modru x=0%* umerom o0dny u my e cymmy, mo
Smu pads MOHO0ecmeeHH, T. e COOTBETCTBEHHHE KOIPPH-
UMEHTH! HMX TMONAapHO DaBHML:

a[):bm alsz agzbg, ey an=bn, ee
ITonaras x==0 B TOXWIECTBE
00>}—01x+...:b0—|~b1x+...,

cpasy yGexcaaemcs B PaBeHCTBE @o==b,. OTOpaceBas 3Ty uaeHu B 06enx
YacTAX HANWCaHHOTO TOXAECTBA W A€ WX Ha X (B 3TOM cJayuae
Mb BHHYXKIEHB CYATAaTh X 3£ 0), MOJYyudM HOBOE TOXIECTBO

o+t ax . =b - bex ...,

KOTOPOE€ TaKKE MMEEeT MECTO B OKPECTHOCTH TOUKH X =0, HO M CKaI0-
yas camy 3Ty TOd4xy. He umes npasa nonoxuts 3spech x=—0,
Mbl, ONHAKO, MOXeM ycrpeMuts x x 0; B npesese, NOAb3ysch Henpe-
PBIBHOCTBIO, Mbl BCE XE€ MOAYyuMM, uTO @y ==b;. OtGpachiBas 3TH ujaeHs
u cuoBa nena Ha x 7% 0, npn x — 0 naliem, yTo @y ==by, 4 T. .

DTa npocTas TEOPEMd, YCTAHABIMBAOIAA €LUHCTBEHHOCT b pas-
J0OXEHNS (YHKUAN & CTENEHHOM DI, uMeeT uacrTsle npuMeenus. C ee
NOMOLLBIO, HANpUMeEp, CPasdy yCTaHaBAMBAETCH, YTO PAIAONHCERUE HeMHOL
(newemnoll) ghynryuu 8 cmenennoii pad euda (31) moscem codep-
aHeame AlUe HemHsle xee (HevemHbie) cmenennt Xx.

* 3jece WMEETCA B BUY HE TOABKO RXBYCTODPOHHAR OKPECTHOCTH
(—38, %) Toukn x =0, HO 4 OLHOCTODPOHHAH OKPECTHOCTb BHIA 10, ®)
wau (—9, O}
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Paccmorpum  Teneph - Gosee TOHKHMH BOMPOC O NOBEAEHUW Dpala
BOAN3Y ONHOFO U3 KOHIOB X==-+ R ero npoMexyTKka CXONHMMOCTH
(cuwTast BOpEdb 3TOT MPOMEXYTOK KOHEUYHbIM). MBI MOXEM O DaHHYUTLCA
NpasHiM KOHIOM X ==R; BCE CKAa3aHHOE O HEM, C MOMOLLLK MPOCTOH
3aMeHBbl X Ua — X, NEePEHOCHTCA M Ha Caydafl neBoro kowua x=—R.

[Tpexne BCEro ACHO, uTO

4, Ecan cmenennoi pad (31) Ha koHye x =R e20 npomexcymra
cxouMocmI pacxodumes, mo cXo0uMOCmes pada 8 npoMedicy nie
[0, R) ne moscem Goine pagromepHoOl

JleficTBUTEAbHO, MPH HAJNKYUK DABHOMEPHOM CXOLMUMOCTH, MOXHO Obl10
6m, NOo TEopeMe 3, mepefitu B Hawem psue K npeaeny npy xX—> R —0
NOYJEHHO, W TEM YCTAHOBHUTL CXOAMMOCTb DSAd H3 NPEAE/OB:

E a,R*=ag+ a\R + R+ ... a,R" ...,
n=0

BOMPEKH NPEANOAONKEHUIO.

MmeeT MeCTo W CAEAyIOULAS, B HEKOEM CMbic/ie — ofpaTHas TeopeMa:

5°. Fcau cmenennoi psio (31) cxodwmes n npu x=R (xoms Ou
1t HeaGconromuo), mo cxodumocnis psaoa Gydem HEOOX0MMO p a8 Ho-
MmepHoil 80 scem npomexcymre [0, R

JleRctsyTeasHo, ecau npeacrasuis pan (31) B suze

i a,.x"=i oR" (F) O<x<R)
n=0 n=0

TO Tpe())’EMOG 3aK/AOYEHHE HENOCPEeACTBEHHO BBITEKAET W3 MNDHU3HAKA
©

N ! n X\
AOGensq, TaK Kaxk pan 2_‘ a,R" cxomuTCd, a MHOXUTENH Lﬁ obpa-
n=20
8YIOT MOHOTOHHYIO W DaBHOMEPHO OFPAHHUEHHYIO [OCAEI0BATEABHOCTD
x x\? x\" x\rt+L
Izﬁz(ﬁ) 22(?) 2(?) =...

JloiKazaHuoe MNpeNNOXeHue [03BOJRET TNpPUMEHHThH TEOopeMy 1 Ko
scemy npoMexyrky |0, R]. Takum 06pasoM, B BUAE IONOJHEHUS K TeO-
peme 2° O HENPEPHBHOCTH CYMMbl CTENEHHONO PAAd B OTKPLITOM MpOMe-
wyTke (— R, R), M nogyuaeM TaKylw TeopeMy (MTPUHALIEKALLYIO
A6enw)*

6% Teopema A6eas. Ecau cmenennofi pad (31) cxodumca npu
x=R, mo e20 CyMMQ COXPaANsEM HEnpeps8NROCINEG U npu 3moi 3Ha-
yenun x (pasymeeTca CJaeBa), T. €.

«© o0
lim D a,x" = Y a,R™
V)

$=R—0%

* JIpyroe n0Ka3aTenbCTBO 3TOH TeopeMsl (8 mpeamonoxenun R=1) wmu
naip B n°418—18 CBA3K C BONPOCOM O peryiaspHocTh metoua flyaccona—
A6ens CyYMMUDOBAHUA PACXOASMLUHXCA PAAOB.
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Teopema AOGens WMEET BAXNBIE MPUAOKEHWS.
Ecan a4s @yHxuun f(x) nMoayyeHO pa3soKeHWe B CTenenHoH psak
JULIL B OTKPHITOM npomMexyTke (— R, R):

fo)=3 ax" (~R<x<R),

n=0

HO (YHKUMS COXDaHAET HEMPEepPBIBHOCTb, a PAA MPOAOJIKAET CXOMUTHCS, —
W Ha KakoM-Au60 U3 KOHUOB ITOrO TPOMEKYTKA, Hampumep, npu x =R,
TO DPa3/NOXEHHE OCTAGTCS BEPULM W AJS 9TOLO KOHU A
B srom serxo yOeauTbCs, NEPEXOAA B HAMUCAHHOM PABEHCTBE K TIpEAely
npn x > R —0.

Takum o6pasom, Hanpusep, NONYYHB paanoxcnne

x? Xt oy X8
ln(l+x)=x—§+§—...+(—l) _n+"'

Jus ana — 1 <<.x <C1, HO, 3HaR, YTO psl

! 1 -1 1
=g g— b (D7 —

CXONMTCHA, 3AKMOYAEM, YTO CYMMA ero ecTh In2. ToyHo tak ke ONpaBAwBaeTCA
H yTBEpXAcHHe n° 407 o TOM, UTO GMHOMHMAJbHbIA DAL

| 4 ma oy A ’"(’" ML I

mim—1) (m—2)-...-(m—n41) ,
ot 1-2.3....-n A

A npH x =+ | umeer cBoel cymmolt (I 4 x)™, ecnd TOAbLKO PRA OKa3bIBACTCA
CXONALMMCS.

438. Unterpuposanue W nucddepeHurpoBanye CTeneHHbIX PANOB.
[IpuMenuM Tenepn K creneHHbiM psaaM Teopembt nn® 434 u 436.

Conocrasasis nokasanxele yxe csofcrsa 1° u 5° ¢ reopemolt 5 n° 434,
noayuuM;

1°. Cmenennoii pad (31) 6 npomexcymre [0, x], 20e |x|<R,
8ce20a MONCHO UKME2PUPOBAMSE NOH AEHH O, MAK 4MO

Sf(x)dx:aox—}—‘;—‘x‘l—]—(;" W 33)
0

3nauenue x 30ecs moxcem cosnadame U ¢ ODHUM I3 KOHZOG npo-
Meacymra  cxodusocmu, ecan Ha smom kowge psad (31) cxodumes.
IlepexoanM K BOMPOCY O AHGPEPEHUHPOBAHMM CTENEHHOrO pfaa.
8% Cmenennoid psd (31) enympu ezo npomexcymra cxodumocmu
MOXCHO Ougeperylposams no4 L€ HHO, MAK HIMO

Fw= 3 na =
n=]
=ay - 2436 - 3a,x* .. naxt L (34)
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Ymeepocdenne coxpangem cuay 1 0AS KOHUA HPOMENCYMKA CX0-
OUMOCII, €CAll MMOABKO HAMUCAHKbLE PO HA SMOM KOHUE CXOOUMCA.

Bosbwem J11060€ X BHYTDH NDOMEXYTKA CXOZMMOCTH HCXOMHOTO
pasa, ‘tac uto |x|<{R, n BCTasam uncao 1 Mexay |x| u R
| x| <r"<R. Beuny cxonuMoCTH psaua

[o0]
DT =aFar art .. a4,

n=1|
ero oOWuH uaeH orpaHuuer:;
la,|r*=<L (L=const; n=1, 2, 3, ..).

Torpa aas  aGcomoTHOW BeAuuMHB 7-ro uJeHa psaa (34) noayuaercd
OlLEHKa
lllanl-l.\fln‘l:nlan‘.r"", =

x |n=1 1 L x |n—-1
- . =T - A
R R

Psan

fen]
- 21l
ra ni-=
r r
n=I

CXOAuTCR, B 3TOM Jserko ybenuTbcs ¢ noMowbio npusHaka Hanmam-

n—1 x |n=1

T+

:%{l—{—Q!f—,‘—{—...—l«n

6epa |368], ecan yuects, yTO \’;—‘<1 B rakom cayuae abconorio

cxomutca pap (34). Otcwopa acHo, uto paduyc cxodunmocmu R amozo
pda He mensue R,

Ecau Tteneps B3ath sw6oe r< R, 10 opHospemeHHo H r < R’;
s cuay 1° pan (34) paBroMepHO CXOORTCH B NPOMEXYTKE [—r, T],
Tak uTo — no Teopeme 7 n° 435 — B STOM NPOMEXYTKE AOMYCTHMO MO-
wiennoe audgepenuuposaine pasa (31). Tak xak 7 <R npouspoasHo,
TO OCHOBIIOE YTBEDXIEHHME TEOPEMbl [10Ka3aHO.

B cayuae cxoaumocTn pama (34), ckaxem, npu x =R, 3Ta cxoau-
MocTe pasnomepna [5°] 8 npomexyrke |0, R|, u Teopema 7 npmn-
NOKHMA KO BCEMY 5TOMY NPOMEXYTKY — HOUJEHHOE Auddepenuuposarne
OKAa3bIBAETCS JONMYCTUMBIM W Npu X =R,

3aMeEyAHUME Mu ybeauaucs 3 ToM, uto R'=R. C apyro#l cro-
poHs, ufeunl HcxopHoro psaa (31) He npesocxoaar no alco/OTHOM
BEJIHUHHE COOTBETCTBEHHKX YAEHOB Psala

[o0]

) naxt=ax + 20X 4. nax" .,

n=I .
HMEIIEro TOT e paluyc cxomumocth R, uro u psa (34). Crenosa-
reabno, R=R. Taxkum oOpa3oM, oxosHuareasHo, R =R: paduycsi
cxodumocmu cmenennozo psda (31) u pada (34), noaydenrozo us
Hezo nowAcHruM Oupepenyuposanie s, coonadam, ITO, BIPOuYEM,
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JErKO YCTaHaBJAMBAETCA W C nomoutpio Teopempt Komw —Anmamapa
[880], ecan Bcromuuts, uto / n-—>1 npn n—co [32, 10)].

Tak wax psa (31) noayyaerca nouiaeHHeiM AUddEpeHUnpoBaHueM 13
pana (33), TO ¥ STH pANbLI UMEIOT OAMH W TOT XE PaAuyC CXOANMOCTH.

[Mocneanss teopema 8° OTKpHBAET BO3MOXHOCTb NOCAEA0BATENLHO
MHOTOKpPaTHOro auddepeHunponanus CTenenHoro puana.  Takum
06pasoM, no-npexHemy o6osznavas uyepes f(x) QYHKLMIO, NPEACTABAAEMYIO
creneHHelM paaoM (31) B ero npoMexyTKke cxoaumoct, Oyaem HMETb
II0BCIOAY BHYTDM 3TOrO NPOMENKYTKA:

f@W=ataxtaxrtax’4 ... Fa,x" 4 ...
fE)=1a+2-ax+3-ax*+ ...+ nax""4 ...
f)=1-2.0--2-3- a5+ ... F(n—1)-n-a,x" >+ ...
frx)=1-2-3.-aq3- ... (n—=2)(n—Vn-a,x" 34 ...

e e . . O Y

M (x)=1-2-3....-(n—1)-na, - ...

Ecan noaowurs BO BCEX 3TnX paseHcTsax X =0, TO npuaeM K XO-
POIUO HaM 3HAKOMHIM BHPAXEHUAM KO3(D(MHUIMEHTOB CTENEHHOrO PAAa:

’ (O (4]
a|)=f(0)r al:f(o)) (12=f2(|)7 a.’!:f 3(!),---

_ f(ﬂ) (0)
- nl

e Qg y s

lep. 403 (7)]. Ecu 6ui peus wxa o pame obuwero suaa (31%), o auws
npuiaock Obl 31ech sMecTO 3Hayenns x—0 NOACTaBUTh X = x, Hrak:

9° @ynxyus, npedcmasasemas CHEneHHslit pados 6 €20 npome-
scymre CxXO0UMOCHU, NMECHL GHYMPU 3MO20 NPOMENCYIMKA NPOU3-
800nbie 8cex nopaoxos. Cameul pnd, no omuouweruo K Imol @yni-
Quiu, A8AAEMCA He Hem uHbM, Kax ee padosm Teidaopa.

DTO 3aMeyaTe bHOE NPEAJOKEHUE NMPOJAHBAET CBET Ha BOMPOCH pa3-
JOXKEHUA QYHKUWA B CTENEHHLIE DAAbl, KOTODHIMA Mbi 3aHUMAJHCL B mpe-
Abdyuwed raase, Mu BuauM, uTO e cJaH GyHKUHA Boobwe pasnaraetcst
B CTeneHHoH psa, To neoGxomumo — B psa T el nopa, nO3TOMY-TO Mu
W OrpaHUuUBaNNCh UCCICAOBAHHEM BO3MOXHOCTH 443 (YHKUMK ObiTh
NpPEeNCTaBAEHHON MMEHHO CBOWM psaoM Tef#nopa 3ameTnm, uTo Py~
yusn, xKomopasa pa3aazaemca 8 pad Tedaopa no cmencHAM X — Xy
HQ3bLBAEMCS QHAAUMUYECKOL 8 moyKe X,
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Manoxennas TEOpUA pACTPOCTPAHAETCH W Ha KDAaTHHE CTENEHHbIE
paas. OCTaHOBUMCS LA ONPENEIEHHOCTH Ha psle C ABYMS NEPEMEHHBIMH;
(oo

Z @i (X — x0)' (v —yo)

1, k=0

Buytpu oG6aactu cxoauMocTH [396] Takofft psA TaKke MONKHO MO-
YAEHHO AuddepeHuMposate no JIOG0H u3 nepeMeHHbHX N M00oe uucao
pas. OTci0N2, KaK ©W TOAbKO YTO, JIErKO NOAYYAIOTCH BBHIPAKEHUR 014
KosdhdHunenTOoB

Of (X0, Yo) Of (Xo» Yo)
ap =1 (%0 Yo @o=——71"", ‘:T’

1 0% (x,,
a,m:__‘%’ e

Q

n, noofie,
., = I 0'* fxo, yo)
LT oxtoyk ¢
Takam 06pasoMm, pasaowenne ¢YHKUAH f(x, y) (€CaM TOABLKO OHO
BO3MOXHO) HEOOXOLMMO HMEET BHJ

< 1 oltk 2 Yo
Fo = D g (x — x) (v — ot

i, k=0

W sror psn HasniBaerca psa oM TeEMH 10 pa; OH €CTECTBEHHO NMPUMBIKAET
Kk dopmyae Tettnopa, o koropo# Owuna peuw B 196. /Ipu xaau-
quy maxoz0 pazroxcenus @ynxuua f(X, y) Ha3b8aemca aHa AU M U-
yeckol 8 moure (xXy Yo)

§ 3. lMpunowenunsn

439, Ilpumepbl Ha HeNpPepbLIBHOCTb CYMMbl Psifa U Ha NOYJEeHHbLIA nepe-
X0 K nmpepeay. 1) VMiccreioBaTs Ha HenpephBHOCTL CyMMbl pRAa

oo

X
F@W= Y

n=1

B MPEANONOMEHAN, uTO p-q =0 ¥ oguH U3 STHX nokasarened > 1 (uem ofec-
NeyusaeTca CXOLWMOCTb pPAld INA BCeX 3HaueHu#t x). OYeBHRHO, JOCTATOUHO
OTPAHHYMTLCA HEOTPULATENbHBIMU X,

Ecmu p>1, 10 paa x < xy (x,>0—a1060€ YyHCI0) DAL MaXOPUDPYeTCA
CXOIAMUMCA PAIOM

1
nh
i

Xo*

N8

CaefoBaTe1bHO, MO NPU3HaKY Belle purrpacca CXoourca pasHOMEPHO, M ero
cymma.B npomexyTke [0, x,] venpepoisHa, BBuUAYy NPOM3IBOABHOCTH X, 9TO OTHO-
CHTCA KO BCeMY TpOMeXyTky {0, ~+ co).
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Ecau xe p=<<1, Ho ¢> 1, 10, mepenucas pan, a8 x >0, B sBuxe

« 1
\! x
e

33aKM0YaeM, MO NpeunayuleMy, O HENnpepuLiBHOCTH ero CymMs 1as Bcex x >0,
Taknm 06pasos, HyXHO IHUIL PelUIUTb BOMpPOC O Touke X ==0.
MertonamMn InB@epeHUHATbHOr0 HMCYHCAEHUA MOXHO YCTAaHOBHTb, 4TO 7-if
P—9q
YACH pANa KOCTHrAaeT CBOEIO HAHGOMbLIEr0 3HAUCHHA UPH X==71 ° H 9T0 3H1~
YeHHe PaBHO

L1
PR ET
n 2

Ecan p+ ¢ >2, t0 Haw pag MaxOpHPYETCA CXOXMUMMCA PAKOM
(-]
1 2 1
2 ptq’
L

yeM obecneyuBaeTcs HeNPePHIBHOCTL (PyHKUAH f(x) 119 BCeX X, BR A0 Y AA
TOuky x=0,

OcTaeTcd OTKPHTHIM BONPOC O HENPEPLIBHOCTH f(x) npu x =10 B Cnyuae,
ecmy p<l, q>1, HoO p+¢g=<2. Mwm ysunum nwxe (491, 13)|, uto npu STHX
YCnoBHAX PyHKUMA f(x) B TOUKe x =0 MMeeT pa3puis.

2) Paccmotpum pax Aupuxae 385 3))

o0

aﬂ
g

n=l

rae { 6, } — HeKOTOpasn nocregoBaTe ALHOCTD BewleCTBEHHLIX yncen. [Tpeanonoxun,
4YTO OH. He GyJeT <«BCIOAY PACXONSILIHMCA», TAK UTO AR HEro CyulecTByeT morpa-
HHYHast abcuucca CXOAMMOCTH A << 4 co. Kakoe 6W 4MCA0 X4 > X\ HY B3ATh, PAX

o0
aﬂ
n*o
n=i

cxonutca, OTCOJA MOXHO 3aKIIOYHTH, YTO pPAaCCMaTpHBaeMblt DAL CXOOUTCA
pasHOMEepHO .NMA BCex X 2= x, [ananor teopemu 1°, 437|. 210 yTBepMuUleHUe
chelyeT W3 npuaHaka A 6 e 1A, eCcnd nepenucaTh HAWl PAL B BHIE

[ee]
8 1
n¥s  pgx¥— %o
=1
1
H 33METHTH, TO MHONUTENM ———— y6LBAT C BO3pacTanueM n, Symyun Rce
n*— %o

BMECTE€ OrpaHHuYeH» eNMHUued. A Torma, no Teopeme |, cymma paga 6ymeT He-
NpepuBHA IM X > X, & CHEMOBATEAbHO (BBHAY (IPOM3BOMNLHOCTH Xg), — AAd
BCex X > A |aHanor teopemu 2°|.
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Ecnu A KoHeyHo, 4 pag
2p
nx
n=1

CXONHUTCA, TO TAKWUM e 06pa3om yGexmaeMcs B PaBHOMCDHON CXORHMOCTH pac-
CMaTpuBaeMoro pama iaa'x =X [cp. 5°| u B HenpepbIBHOCTH €rO CyMMbl NpH
x=A cnpaBa [cp. 6°|.

3) B n°® 390, 6), onpexenus dyHkuHio £ (x) paBeHCcTROM

Em=1+ Y I,

n=s1

Mbl yGEAHAHCH B TOM, TO OHA YHOBICTBOPACT TAKOMY COOTHOWIEHHIO:
E(x+y=E(x)-EW). M

Tenepsb, cornacyo teopeme 2° 437, ¢pynxuua E (x) oxaapsaercs Henpepein-
HOI BO BCEM NMpPOMCKYTKE OT — ® A0 -+ co. B cuay ke xokasamsoro 8 75, 1°,
HenpepsiBHOe peweHue ypaBuerus (1) HeoOx0aMMO MMeeT BuR: E (x)=a*, Ha-
KOHEL, OCHOBAHHE @, OYCBHIHO, ONPEJENHTCA PABEHCTBOM

v |
a=E()=1+ Zl?r:e.

Wrak, okonyatensho, E (x)=e* [cp. 404 (11)].
4) llagnM HOBYIO TPaKTOBKY GuHOomHampHoro pama [407 (22)]

14+ mx -+ m(m—l) x4 m(mT.IQ)‘(g—Q) x4
mm—1). ... (m—n41) .
e o x4,

KOTOPbIH 26CONIOTHO CXORUTCA npu moBoM m, ecan | x | << 1. TlocTasum 3apavedt
onpeseants ero cymmy. OGO3HAauHM 3Ty CyMMY Kak QyHKUH©0 oT m (npH Puk-
CHPOBAHHOM X, | x [ <C 1) uepes ¢ (m).

M3 31eMCHTOB anrcGpsl W3BECTHO, YTO NPH RI060M HATYpaab oM m (Pal
Torna o6psiBaercs Ha (m -+ [)-n qncr{c) ¢ (m)={(1 -+ x)™; noxameM K¢, YyTO 3T0
BepHO AAA BCCX /11,

Bass mwo6oe k, paccMOTpHM MOZOGHLIH Ke DAX
14 kx k(k ) D x4 k (k I 1??(/; 2) x4

Rk—1)e oo (h—n+1)
-t 1-2-...-n

c cymmott ¢ (k) v nepemuowxum o6a paga no npapuny Ko wu. HerpyaHo Hanu-
€aTb HECKONbKO NEPBBIX YJIEHOB STOr0 NMPOM3BCHEHHA:

g =1+ pyx [0 g e B Ly
Bk (’”+k)§”_‘2+k—l) x4

Xt

xB o

Kosbduunentom npu — GymeT, OYeBHAHO, HEKHl UENBIYL MHOrOUAeH n-#t CTe~
n}

NeHd OTHOCHTEAbHO m M k. KakoB Bug ero? Ecau m v k— nofbie HaTypaab-
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Hble ypcna, GONLIUMC 72, TO M3 SNEMEHTapHLIX COOOPaMCHHil ABCTBYET, UTO Ha-
3BAHHLIA KOI(MOHUHEHT 6yleT
(m4+By(m+bk—1) ... (m+k—n-1).

CrenoBatensHo (Kak 3TO BHITCKacT H3 anre6paHyeckoi TeopeMbl O TOWIECTBE
LeNbX MHOTOYJEHOB C ABYMsl TIEPEMEHHbBIMH), 3TOT e BHA OH 6yaeT HMeTb TpH
A106ux m v k KWrak, uCKOMAA (YHKUHA ¢ (m) YAOBAETBOPAET (YHKLHOHANb~

HOMY COOTHOICHUIO
o (m)-¢ (k) =r¢(m-R).

YCTanoBuM Tenepb HENMpPEepbL BHOCTDL QYHKUHH ¢ (m). D10 crenyer H3
PaBHOMEDHOH CXOAMMOCTY GHHOMHANBHOrO pANa NJA BCEX 3HAYCHUI m, HE mpe-
BOCXONAMIHX MO0 aGCOMIOTHON BeIMUHWHC NMPOU3BOALHO B3ATOro uucna m, > 0: aisa
STHX 3HAUEHHH OH MAKODUPYETCA CXOMALLHMCH PALOM

l+molx|+ mo(’;h?;rl) ’xlg_*_mo(mo'i{'_.‘lz).(é"o"*_Q)'xla__*_“.

B rakom cayuae, kak Mo 3naem {75, 1°], neofxomnumo
@ (m) =a™,
Tak xax a =g (1)=1- x, TO OKOHUBTENLHO
o (m)=(1 4 x)m

5) WaBecTHutt yxe uMTatemo norapumuyeckuft pan [405 (17)| moxno mo-
AYUHTb M3 GHHOMHanmHOro paza [407 (22)|, ¢ nomowmsio coorHomenus (77,5 (6)]

lma= limk (¥ a—1) (k=123 ...
Jlim (a—1) ( , )

1
Mosowum a=1-x (rae | x| <1) u noacrasum Bumecto (1 4+ x)*% ero pas-

JOXEeHHe
+ 1 %(Lk_l)
(1 4+ 0% =1 topat g At

LR SUE) DR
v+ k(k I?.z....(.kn "'H) xR

Torna In (1 4+ x) npeacTaBuTCA Kak npenen MpH R — 00 BLHIPaXCHHA

k(L —{-x)%— 1]=x_"72(1 _'HJF%? (1—%) (1——2‘?)—-...
e (— 1)"-1"7"(1—%) (1-—-1,{)- w1 —ﬁ) Fe @

Ygensl 3TOrO paja (RPH NOCTOAHHOM X) CONEpKaT, B KauecTse nepe-
MEHHOH, HaTypanbHelli napamerp k. Bo Bcelt ofnacTH ero Mamenenus pan (2)
CXONHMTCA pPaBHOMEPHO OTHOCHTeABHO k; 3T0 (no npusHaky Befiep-
WTpacca) cnelyer U3 TOro, 4TO OH MAaXOPHpyeTca pALOM

3 3 n
x| +%+|—§—‘ +...+'—’;‘—+... (x = const, | x| < 1),
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yke He cojepkamHM k. B TakoM cayuae, no teopeme 4,* B page (2) MOXHO
nepeHiTH ¥ npegeny MpH R~ 00 NOYaeHHO, YTO H NPUBOAMT K norapudsuye-
CKOMY paly.

WHutepecHntft mpuMep TOro e poda RaeT BWBOML IOKA3aT€AbHOro paia
1404 21 1)] u3 coorHouresus

ex = lim (1+ ) (k=123 ..)

Vimeem, pasnaras crenmens GMHoMa no dopmyae HbiotoHa,

X

e e R RS
R D (e

b -
R e O

Ha pene ‘anece, npH kawjgoMm £k, uyneHoB BCero JHUIb KOHEYHOE YHCIO
(=k-1), HO MB MOXeM CuHTaTh, 4TO MPei HAMH «GeCKOHEWHsIH pal»>, €CaH
OCTaAbHbE YIEHBl MOTOWHTL PaBHbIMH 0. ITOT «pAL» CXONHICA PAaBHOMEDHO
03a BCex k, u6O, OUEBHMIHO, CXOMAULMACA PAl

1+lx|+lxl+ +' I +... (x=const)

CNYXHT ANS HEro MaOpaHTHWM. B Takom cayuae no teopeme 4 8 «pane» (3)
MO¥HO mnepeiTH K npepeny npH R— o0 moyneHHo. Tak Kak (n -+ 1)-# uren
9TOro psana, panHm#t 0, nokyma B << n, Opu BCeXx R ==n HUMeeT yxke BHR

=) (1=,

x’l
TO ero mpejaen npu £— © ecTb —; . TakUM nyrem Mbl NPUROAUM BHOBb K Pas-

AOXEHHIO NOKA3aTeAbHOM (byHKum{ ev.
7) Vicxoua 3 ¢opmyast Mo aspa, Mbl ywe Boisenn B 408 dopmyny

m(m—1)(m—2)

5.3 cos™ 3 z-sin*z 4 ...

sinmz=mcos™ 4 z.sinz—

TMokaxeM, KaK OTCIONA MOXeT OhITh NMONYYeHO pasnokenue HYHKUHH Sin X B CTe-
neHHOH pAR.

X X
Moroxum z=;"— 4 BBIHECEM COs™ " 3a ckobky; nawa dopmyaa nepenu-
uleTCA B Buue:

p- +-.f-

I

x x
sinx=cos™ — | mt ————(1——
m 4 m m 3
CuuTasg X HEH3MEHHBIM, NEpefileM B Hel CApaBa K mpefeay npH m — o,

* HamomnuM, yTto o6rnacTb H3MeHenHA 27 mepemeHHOB X, O KOTOPOH wiAa
peub B Teopeme 4, MOrna GHTb KaKOH YroAHO; B WAaCTHOCTH, OHA MOraa CBECTHUCH
B K HaTyYPaabHOMY paay (C TeM, 4TO &= ®).
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Tak kak cos™ %—ol |nanpumep, cq. 79, 4) npy A =0], a mtg mi—.x’ TO

B npeaene, nefiCTBHTeabHO, NMoayyaeTca TpeGyemoe pasmoxenue (404 (12)]
B
sinx—=x—2 4.
T
OctaeTca 060CHOBATb MOYAEHHLIA mpelenbHbIH nepexox B CKOGKax, rie YHCIO
YNeHOB MPU KAXIOM M KOHEYHO, HO HEOrpaHMYEHHO BO3PACTaeT BMECTE C /M

[cp. 6)}.

1
Mycrb B3ATOR X coxxep)xurcn MeXIY — 7 MeT W + mym; GyneM CcuyMTaTh

m > m,. Jlerko nokasatb, 4TO TOrNA BhIpaweHUe mtg F no aGCcoNOTHOR Beau-
YuHe yObBaeT C BO3pacTaHHeM m MW, CneloBaTefbHO, OrPAHUYEHO:

| x|

x
tg =< L= R § .
mitg my tg : (m > m,)

B rakom cayvae pasaoxeHue B cKoGKax MR)KOppreTCFl CXONALMMCH PALOM

Paccyxnenne 3aBepluaeTca Kak W B MpelnjiyuieM TpUMEpE.

AHANOIMYHO MOWET OhITb MOAYYEHO ¥ PA3NOMEHHE COSX B CTENEHHOH pAL.

3asmevadue [lpusepst 5), 6) U 7) BOCMPOH3BOAAT B YTOUHEHHOM H3/0-
WCHUH BHIBOA PA3NOXKEHHH 3neMEeHTapHHX (QyHKuu#, gandeii JANepOM B €ro
«BBemenuu B anaaua GecxoHeuyno Mannixy (1748).

8) Mdoxasatb, 41O

(,q])n 3 xll . ]
@, Z BE AR

© lim (- Z (— 1w —"m=%ln2.

n=1

N (— 1)t
(a) Mycte 0<<x <<1; Tax kKak pal ZL—Q—— CXOIUTCA, a MHOXHTENwW
1
xll
14 xn?
HHeM n, TO MPHIOKHM mpuaHak A Genn, Tak uTo pAl CXOAMTCA PaBHO-
MC‘pHO xaa Bcex x 8 (0, 1). Mepexoms B mem x npegedy npu x—1—0
nouaedHo (reopeMa 4), NONyuHM TpeGyewmullt pe3yabrar.
(6) I'chn u agech 0 < x << I; umeem:

,”(l x)x P xn
2‘ b —Z(_” e e L

n=I n=1

OrpaHUYEHHWE CBepXy eauHuiefl, MOHOTOHHO YOwIBAlOT C BO3pacra-

o
Ha sror pas pax E (— 1)1 He CXOMUTCA, HO €ro YACTHYHHIE CYMMH Orpa-
1

xll
HHYEHbl. 3aTO MHOXKUTEIH He TOABKO MOHOTOHHO

[Fx+ - Faont
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yObIBAOT € BO3PACTAHUEM 7
marca k 0, uGo

, o u pasnomepuo mms x B (0,1) cipe-
xn - xn xn
-2n-1 < n—1I < n
x4+ . 4 x® l4x+4+ ... +x nx
B TakoM cayuae npuiomum npuanak A puxae, pal CXORHTCA paBHO-
MEpHO, HONYCTHM NOYJEeHHbL A npeicibHbfl mepexold npu x—1-—0,
M T A
9) Tosopa_ 0 cTcneHHoM pAne, Mbl BCEra MOAPa3yMeBAaAd, YTO YAEHLI €ro
pacmojioxeHsl B MOPAJAKE BO3P3cTaHus nokasarenel. Ecaw BHY T pH npome-
WYTKa CXOAMMOCTH 3TO He UMeCT 3HayeHWd, MOCKOALKY PAL CXOANTCA a6CONIOTHO,
TO, HaNpUMCp, Teopema A6 e a5 CTaHOBUTCA HEBCDROM 603 3TOH OroOBOpKH.
IMpoBepurs 370 Ha pane
x2 X x! xﬂ 8
T T E Tt T s T
NOAYYCHHOM NEPecTaHOBKOIl uneHOB w3 norapydmuycckoro pana [cp. 388, npu-
mep 1)].
10) MpumcHum tcopemy A 6ena |6°] k 10KA3aTCALCTBY €rO WE TEOPEMK
06 yMHOMeHME panos [392]|. PaccmMoTpum ABA CXOAAULMXCHA pAdA

4

X —

o
A= Z ay, (A)
o=
4
[oc]
B= Y b, (B)
n=1
M NPeAnoNOXKUM, uto ux npoussciaexne (K o w H)
[oc]
C= Z Cry (C)
n=1\
rae ¢, =a,by+ agb,_;+ ... +azb;, taxxke cxoanrcs. Hymno mokasars, uTo
Torga
A-B=C.

W3 cxonumocTn psga (A) npexae BCero 3aKiaiouaes, mo acsse n° 379,
410 pAk

A=Y axn (A%)
n==1

a6CcoNOTHO CXOAMTCA AAA |x|<Cl, Tak uTO pagMyC CXOAMMOCTH R 3TOro
psna naseproec = 1. Takum oOpaszom, BO BCAKOM CNYuYae HUMEET MECTO COOT-
HOWCHHe

o
lim A(x)y=A4= a,,
¥-1-0 ( ) n;l g

umenHo, npy R==1-—no teopeme 6° AGena, a npp K> 1—nmno Teopemc 2°
[437]. Ecan paccMoTpeTb, aHasoruyxo, paus (npu | x| << I)

B(x)= D3] bax", (8%
nel

Cxy= 3 cpan, )
n=1\

TO AJA HUX OYAeT CNpaBeAAHBO BCe CKasaHuoe o page (A¥).
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[Tpumenns Tenepy ¥ abconioTHO cxoaawumca pagam (A*) w (B¥) reo-
pemy Kowu [389], 6ynem umeTh

A(x) B (x)=C (x).

OcraeTca nuwb nepedity x npegeny 3gecs npu x — 1 —0, uroBu moayuirs
Tpe6yemblil pe3ynbTat:

A-B=C.

440. Tlpumepsr Ha nouneHHoe HHTerpuposanue pagos. 1) Cymmupona-
o

(=1
HHC psAla MOXWHO 0OC €CTBUTL Tak:
pan 2 31 yu

n=

— i (_ ;3
= 1Iim £ = lim S 2 (— 1)1 %38 dx =
3nt1 —-l— 3n 1 —-l—
0 + o0 - + Fi=0y =

n=

X
) dx . 1 (x4 ¥ 1 2¢— |
lim OS T Hm { In ;~——~4F—+ —=arctg +

x~—>1—0 x>1-0L16 xt—x 4 l/3_ Vg
1 n
+ "_}:,— In2 )
613 3 - Y3
Mer  Hcnonp3oBanu cwayana Teopemy Afens, a 3aTeM — pouacmioe

HiHTerpUpoBanHUe cTenmennoro psga [437, 6°; 438, 7°|.
2) [louneHHbIM MHTCrPHPOBAHHEM PRIOB

1
1+x

._1_- —xt 4 {1l 2t
1—|—x“’—1 xt 4 x e (— Dt x + .

=lemx b (= )X

B nposmexytke [0, x] (rze |x{<C1) cpa3y moayuaioTCs Da3sftoMCHUS

x

" dx x?  xP et X7

S 1_‘_x=ln (1—|—x)_—_x—-2——|—?—...—|—(-—1)‘ ‘74—..._
¢

" d 3 3 2 13
_dx —_— X e X
Sl_‘_xz—arclgx—-x 3—1 5 e (=1 2”_1—1—..,,
¢

kotopeie B 405 [cM. (17)] 1 404 [cm. (13)] Obrrn moayucnnl 6once CAOAHBIM Y-
TeM. CrpaBelnNBOCTb MEPBOrO PA3NOMCHUA NMPU x =1 W BTOPOro ApH x = x|
YCTaHABAMBAETCA NOMOJHHUTEALHO € noMowubio Teopems A 6ean |437, 6°).

3) Ecau BcnoMHMTbL, YTO NPOH3BOAHAA YHKUHA arcsin x, pasnas

YV i—x*’
pasparaeTca B pall cielywouldM obpason [407 (24)[:
2 Dt
1 @n—DI .
Vl—xz ! 2 ol (Zl=<x<l,

Aol
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TO NOYMEHHHIM HHTErpHPOBaHUEM 3TOrO PANA JErKO MONYYHUTb (HOBOe nnsa HaC)
Pa3noxeHHe CaMoOro apkcuHyca:

x

o]
de L 2n— NN x2ntL -
Sl—/l_z_arcsmx—x—{— 242” T (—l<x<<l)
4

Tak kax 3TOT pAx CXOmHTCA W npu x==:1 [370, 5) (a)]*, 10, mo Teopeme
A Gens, pasnowenHe NeHCTBHTENLHO M TPH 9THUX 3HayeHuAx, B vacthocrd,
npy x=1 6yfeM uUMeTb Tako#l PAX AR yHCAd w:

n=l

(o]
. @n—nhn 1
7“““2 ol Il
n=l

AHaHOrH‘«lHO, Pa3n0XUWB NPOH3IBOLHYIO

I (¢ + ¥ T2 = —=?

Vit
B pal H NMOYaeHHKO npouHTerpHpoBaB cro, Hafigem paanomeune
e (2 |)” 2n+1
VT ) — SRS Gl AL S
e+ VTFR=x+ Y (= 0o - 5y
n=1
(—l<x<)

®ynKkuua 9Ta ecTh He YTO HMHoe, Kak Arsh x, T. e. ¢yHkuus, obpatHas sh.x
{49, 4); 339, sameuanne].

4) C noMouwbio NOYREHHOrO HHTETrPUPOBAHMA DALOB MONYYAOTCA pPa3A0Ke-
HHA B GeckOoWeyHhle CTeMeHHBIE PANbLl KAA HEKOTOPWX WHTErpatoB, ‘He B b pa-
MAWWHUXCA B KOHEYHOM BUe yepes saeMmeHTapusie Qynxuud |cm. 272
3TH pa3noKeHws MOryT ObITb HMCMOAB3OBaHE AMA NDPHOAMKEHHbLIX BHYUCAEHHH,

Tak, #cxons U3 U3BECTHOrO PA3n0OKEHUA

—x? : L X
e —]_Xﬂ_*'{f v (=1 "l_*__._
* 2n— 1Nl 1
Z (
hiiandsy LA .
Brpouewm, cxoanmocth paga 14 5Tl 5 [ Tencpb MOWeT
n=1

6uiTb NOKa3aHa mpoute. Kimeem —npu mo6om m —

m
— mn+1
i+ ) %T})—” . 51—+7<““i“"<%-

n=1

Nepexoast 3nech K npegeay npu X — 1, moayyuM

n
V@a—DI 1
I+ T

n=

otkyna (365] u cnenyer Tpebyemoe,

IS/
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fcp. 404 (11)], natinen
E 3

et _ x° 1 xu_ - n_l_, xonts
§e r=x—F g et Dy gyt

Tlocrasum ce6e 3adauy: BEIMHCAHTbL C TOYHOCTbIO Bo 0,0001 uurerpasa
1
2
W= S e~ dx.
1

Bass Bepxuuit npemea uuTerpana pasuuiv 1, moayunm nas W 3naxonepesenuit
YHCAOBOH pAN ¢ yOWBAOIKMK N0 aGCONOTHOH BeAMUHHE YAEHAMI:

P11 1 I
W=l—gt+p—ontom m0 T m@0 00

Tax kak BOCHMOH uNleH ywe 3HAYUTENRHO HHXe 321aHHOM IPAHWLLI, TO Mbl
COXpaHHM JHMWb NEpBbie ceMb yaenos., CoOTBETCTBYWOUlAs (OTPHUATEALNAA) NO-
NpaBKka A nerko ouenusaeTcs

1 _15
75600 10 *
Bhl‘lHC.’lﬂﬂ OCTaBJeHHbIE YACHL C NATLI 3HAKaAMH f10C]ae BHHHTOFl, HahueM:
1

8] <

1
14 o= 1,10000 3= 0,33333 (+)
1 1
575 = 0,00463 (—) 75 = 002381 (—)
i 1 1,10474
9360 =0,00011 (—) 1—3%:0,00076 (—) ~ 035790
1,10474 0,35790 0,74684"
Ecsu yyecTe Bce mompaBkH, TO oxamercs, ¥TO
0,74681 < W < 0,74685, W ==0,7468...
N Bce yeTnpe 3Haka BepHuw, [Cp. 328, 5).‘]
5) Ananormuno, Tak xax [cp. 404 (12)]
sinx £ xt P
% = 1 _ﬁ—i ﬁ—...—*-(— 1) e + ey
10
3 : 3 5 2n-1
sinxe o oxtox |yt X'
g x =gty et T ey =y T
0

TpeanowuM ce6e BHIYHCIHTL, C OMOWbIO STOTO PA3AOKEHHA, HHTErpai

i .
s x
“ZST”'
0

¢ roynocTbio go 0,001,
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Mneen, noaaran x=mn,

I P D S 1 , 1
h=r g™ s ™ 35080~ T 326597 ™ 439084 800

T. C. CHOBA 3HAKONepeMCHHbIT DAX ¢ YObBAOWHMH [0 aBGCOMOTHOIt BeaHumhe
YACHAMH.

Tak xax wectoit umen menswe, yem 0,0007, TO Mbl OFpaHHUNMCSH MATHIO HACs
HawH. Bbluucasem na veTsipe 3Haka:

FAL N

n=31416 (—)
] [ J— I 3 — g
a5 ™ = 05100 (+) 1_87; =1,7226 (—)
] b . 3,6607
3965000 " — 00091 () 3B 280 m=00856(+)  — eog
3,6607 1,8082 1,8525

YunThBag NORDABKH, NPHXOMMM K 32KIHYCHHIO:
1,8517 << p << 1,8527, p=1,852 + 0,001.

6) loctaBuM ceGe 3anauci! NPeACTABNTL B BHIE PALOB MILTErPanbl

’ 1

@ (B, (g

o

X% dx,

(S N

(a) Bcriomuran pasiomeHHe apKTAHLEHCA, HMCECM:
1 ! .
arCng (l—--,—xi-i-Lx‘_"‘l“xa‘i‘--- dx =

. 5 7
0

3
0

1,1 1
=l—mtg—mto

Tak kak pan, CToAlM} NOX 31aKOM HHTerpana, CXOMMTCA Npu x=1, 10 no-
Y1CHHOE MHTErpHpoBaKHe HonycTHmo [438, 7°|.
Mub ywe ynomunann [328, 6)], uTo 3HaueHHe 3TOro MHTerpana

G=0,915965 ...

H3BECTHO Kak «noctosanHags KaTtaunawar, Tenmepb M BHAMM, UTO
o
G ¥ =
@n—1)"*"

n=

6) ITepenncaB noxuHTerpaisHoe Bhipaxenne s Byge e~ 1B%

B MOKA3aTCAbHBIA PAL

x"_l-l-Z( xlnx"‘

, pa3maraemM ero

* Tlpu x =0 unenn paga, HAUMHAA C ==, 3aMEHACM NPENCAbHLIMH 3Ha-
YCHHMNMH, T, C. HYNRAMH,
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KOTOPbIA cxoautrcs parnnosMeprHo md 0<<x <1, ubo Makcuuyu QYHKUIH
|xlnx| (xak nerko ycraHosuIs MeTOmAMH nmtld)é‘peuuuanbnoro HCUHCACHHs)

€CTb —, TaK 4TO HANUCAHHbI PAL MaXOPHPYEICA DPALAOM

i (2)

ViTax, tonycTHMo mouy ae HH 0 e unterpuposanve, Tak xak [312, 4)]
1

S Xt xdx=(—1)* (n——l—n}W’

g
1 >+ .
Sx‘xdx= 2 )—Tl]_”i.

m=1

TO OKOHYATEJAbHO

7) Msl nmenn [414 (8)] paanoxenue

X 2pit X% \P
arctgx._l_*_x2 20(2p+l)l| (l—l—x’) OCsx<)).
p=

Monaras 3neck r=—= 1y YyHUTBIBAA, YTO arct — Y — arcsin 150]
Vi—y "’ Yi—» 7
Hafigem:
ETE”D’_ Z 2plt Dy 1
Vit rEm Lt SYsyE)

[Tpounterpupyem 3ro paBeHcrao or 0 10 y, npHuyem crpaBa BbHINMOJHUM HHTC-
rpHPOBaHHE NOYIEHHO!

[on]
1 . 2pll yorr [2(m—DIN ym
5 (arcsin y)* = @ +00 " 2pF2° 1 @m—DW " 2m-°
p=0

1ot pe3ynbTaT MOWHO NEepenwcaTh Tak:

N\ [((m— D] om
Z [_2"1') (29)*™.
m=1

2 (arcsin y)?

fpu y=—é— NoJAyYHM 01CI00a

Z [m =D _ fc_
TToml 18

Ho mu Buaeau ywme [395 (13), cM, Takke 416}, uto

[(m—=1)N2
=3 Z Toan
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TaK 4TO, OKOHUATEAbKO,

4

.,l -
|

m{”

o«
K stomy wunrepecHomy pe3dynbtaty Dfaepa Mb GyleM BO3BPalLaTLCA

eule He pas,
8) Baiuucmurs uHTErpan

1
_ Cln(l+x)
l~§—x—d

Ecnn Bocnonb3omathes, norapudmuyeckuM pagoM (405 (17)], To Raa nomuH-
TerpatbHO# (DYHKUHH f1ONYYHM pasfoxeHHe

1_%;: —}—%x’—...—}—(— 1)n~l%xn~l+...,

KoTOpoe peficTBuTensHo Bo Bcem mpoMewyTke [0, 1]. Murerpupys moureHno,
Hatimem
(=11

1,1 neg 1 _ a1 !
I=l— gt g D = Y =D

n=1

Mu Tobko uto ycrauosmm paBeHCTBO (4); U3 Hero crelyer:

o«
3 e DD
T @~ 12
n=1 a=1
Taxnm oGpaaow MHI MIDHXOAMM K <KOHEYHOMY> BBIPAXEHUIO N7 HCKOMOro HH-
Terpana l"ﬁ
9) Ilycrb Tpe6yerca Hattd uuterpan (ja|<<l)

S‘ln(l—}—a cosx)d

Cos X

ki
(ﬂpn x=-2— NPUMYCHIBAEM ITOJHHTErPaJdbHOMY BbIPAWEHHUI0 MNpPEACILHOC RpH

n \
X — 5 3HAYEeHHE a.)
Mone3yach pa3noweHueM aorapudpma, Hmeem:

n(l+acosx) —at 2 (—1p

cos® X,
Cos X

+ 1

=1

NpHYeM psJl CXONHTCA paBHOMEDRO B npoMexytke |0, =z]. 3amerus, uTO

(312 (8)]

@m — 1)

cos’m x dx = n
2ml| ’

€2 03] 2

n
S cos?M 1 x dx =0, S cos* M x dx =2
0 0 0
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[POH3BEACM MOYMEHHOE HHTErPHUPOBAHHE:

nln(l—}-ade {a+ 2 (2,,,_1)” a1 }'

cos x T 2mll Ym

B nonyyenroM pAne Mu y3sHaem pasnoeHHe dyHxkuun apxcunyc {cm, 3)]. Takum
06pa3oM, OKOHYATEALHO HAXOAMM (B KOHEyHOM Buiel)

dx =mn-arcsina.
Co8 X

5 In(1 -+ a cos x)

10) PaccmoTpuy pasnowenne (npu |r| << 1):

«xQ
——1——r2—-=l+2 Zr"-cosnx (5]
I —2rcosx+r? )

n=1
Hoka3aTb ero 1erko, yNHOXHMB MPaBylo YacTb HA 3HameHarean 1 —2rcosx—+r¥;
Mbl MOAYUHM:

x (o]
L —2rcosx 4 r" 42 r* cos nx — 2 Xr"“ + 2 cos nx - cos x
1

[oe]
42 3 rre cos nx.
T

Ecan 3amennte 2cosnx-cosx uepes cos(n—-1)x—cos(n—1J)x n CoOTBET~
CTBCHHO Da3GHTL BTOPYIO CyMMY Ha ABe, TO MOCAe COKDAaLIEHMHI OCTAHETCH ML
1—r? uTo M 33aBEpUWIALT NOKA3ATEALCTBO.

o0

Beury cxomusmocTH paga Z |r|® (npn |r|<<1), paa B (5) cnpaBa CXOANTCA
T .

PaBHOMEPHO OTHOCHTeAbHO X B npoMexytke [—m, w]. Bo3dbmem Teneps
MHTErpanel OT — = JO ® M CACBA W CNpaBa, NpUyeM PARX MOXKHO WHTETPHPOBATH
H

nouwaenno (reopema 5). Tak xak S cosnx dx =0, TO Mb MONyYHM;
—_T
k4
1—r?
1—2rcosx+rt
- T

dx =2r

[cp. 309, 8)].
AHnanoruyHo, yMHOXHB ofe wactv ToxmectBa (5) Ha cosmx (m=1, 2, 3,..)
H HUHTErPUPYA NOYIEHHO, NErKO NOJYYHTh

®
L L S Oy —,‘rm
1—2rcosx+r? T l—=r
lpy sToM Hemoab3yercs naBecTHuif pesynntat [309, 4) ()}
b

S cosmxcosnxdx:{

—_—n

0 npu m=#£n,
 OpH m=n.
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11) Ecau B Towmectse (5) mepeHCCTH enHHMY HaneBO H PasfcanTb ofe
YACTH Ha 2r, TO NMOJYUHM:

[ee]

cosx—r = Z ri-tcosnx.

I —2rcosx 4+ ri = ’
=1

Ha 3T10T pas QukcupyeMm 1o npoH3BOAY X W CTaHeM DaccMaTpuBaTb r, KaKk nepe-
MCHHY10 C o6nacTbhio uameHeHus (— 1, 1). Ilpounrerpupyes ofe yacTn paBeHCTBA
no r or 0 go AGOro r B 9TOM NPOMEXYTKE, NPHYCM CTCHEHHON pal cnpasa
Oynem MHTErpHpoBaTh NO Y1 CHH O TAK KAK C/l€Ba YUCAWNTENb (C TOYHOCTLIO
N0 YHCAOBOTO MHOXMTENA) €CTb NPOM3BOIHAA 3HaMenatesa no r, TO B DPC3yab-
TaTe moayyuM:

o]
7t
In(l—2rcosx 4 rt)=—2 Z in—cosnx (Iri<t).

n==1

Teneps croBa Qukcupyem r, a x Sylem HaumensTs oT 0 fo = Jlerko BHIETH,
UTO psill CNPaBa CXONMTCH DPaBHOMEPHO OTHOCHMTEALHO X B 3ITOM HDOMEXYTKC,
TAK YTO ROMYCTHMO MO 4/ ¢HHOE hHTerpnpoBaHue (Teopema 5). Benoauns ero
TpUIeM K WHTErpany:

=

éln(l—2rcosx—|—r2)dx=0 (ri<h

|cp. 307, 4); 314, 14)]. Orciona, Kak Mbl y®e BHIEAH, ACTKO NOAYYHTb 3HAYEHHC
HuTerpand W npu |ri{>1.
12) Cnepywoulre RHTerpansl, 3aBuUcAWHe OT X:

Jo ()=

'727 cos (x sin 8) 40,

)
e LYK

2x7

In )= G yi=

cos (x sinNcos>? 840 (n=1, 2, 3, ...),

R YO

NPeACTABAAOT Tak Hasuipaempie GecceneBsl GyHwuum [cp. 395 14)]
Pasnarad MOLHHTErpanbHble BHIDAKEHWS MO CTEDEHAM xsinl @ wuuTerpupya no-
YN€HHO, JerkKO TMOJAYUHTb YK€ 3HAKOMblE HaM PAa3JOKEHHA STHX (QYHKUUA B PALbI
MO CTeneHaM .x.

Hanpumep, unrerpupys pan

[e0]
2k cinth
cos (x sin 8) = 1 4~ 2 (— l)kx__sm_(')
2k!
k=1
H BCIOMHHaa dopmyny [312 (8)]
% 2k —
. (2k— n
2k — LA —
S sin®* 0 df = ol 5 6
¢
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HalixeM nna GeccencBoW QYHKUMM € HY e B b M 3HAUKOM

hed 2k
Jo(x) =1+ 2(—1)'@@%2—27.
k=1

13) Ham ywe BCTPCYATHCh TaK HA3LIBAEMBIC NMOAHHC 9TAUMNTHYE=
CKne MHTerpaan l-roHn 2-ro poaa {315 n pp.j

k3
2

d(P * T 12 v
K¢)=\ —=L—— E (k)= | — k%sin? ¢ de,
(k) §V1———k”sin3q:' © OSV sin’ ¢ dg

f =

[MoctaBum cebe 33]aUCH — DABAOKHTL HX TIO CTENEHAM MOLYIA R O<k<]).
[Tonaras B opmyne (24) n° 407 x = — k* sin¢, noayuum:

1 (2n .
_ I 2 k!ﬂ m?ﬂ 3
Y I—ksinte + ?

DTOT AN CXOQHTCA PABHOMEDHO OTHOCHTEILHO 9, HGO MaWOPHPYETCA MNpH
BCEX 3JHAYCHHAX ¢ CXOAAUUMCA DRAON

«©
(2n—1Y4 ,
I+ 2 2nY k2n,

n=1

n=\

CNEROBATEALHO, TIO TEOPCME 5, 31eCh NONYCTHMO MO Y 1€ HH 0 € HHTerpupoBaHue,
KOTOPOE Mbl M BhinoaHuM. Mcnoabays cHoBa dopmyay (6), TAKHM myTeM IOJYunM;

n=1

K=

Ck/: ) a

Axaaoruuno, ncxona u3 Qopuyan (23) n® 407, nafizem

©

X sy el 2n— 1N hin }

Vl—kﬂsm odyp= 7{1—2[ ol 5 =1 {
n=1

JTUMU PANAMH TAKXKE MOXHO BOCMOJAB3OBATLCS ARA NPHGAMKEHHLIX BblUH-
caennfl, Ana npusmepa paccMOTpHM pag

E(k:

e Tk

g/ _7\:(1 138 5 113 a4l
Yo T2\ T8 256 2048 262 a4~ 2097 152 )

Ecan COXPAHUTH 3J€Ch TOALKO HANHCAHHbLIE 4YJa€Hbl, TO COOTBETCTBYMOWAA MO~
npaska 6)’,1.'((:‘T OTPHU3TETbHA M OUCHHBAECTCA CACLYIOUUM 06Pa30M:

e 1 g1 ,
]A|<(—l—2-n~) 2“\1+7+...)<0,00024,
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MOXHO %IATh TPeX BepHWX 3HAKOB MOCHe 3anATof, JlefcTBUTENbHO, BhIYHCAAA
C NATHIO 3HAKAMH, MMeeM:

™

2= 1,57080 () > % —=0,19635 (—)
Ky 2%6-=0,01841 =)
- g)"‘;gg R 20—54§ —0,00383 (+)
1,35083 . % = 0,00105 (—)
-’2‘4 . mj% =0,00033 (+)
0,21997
1,35057 <E (—1/1'7) <133085, E (%) =1,350... [cp. 328, 4)].

Hyxno ckasats, yTo Anitib NPH MansiX 3HAYeHMAX K .yKa3aHHLE BbllIe PRI
A NOMHLWX SMaHnTHuecKuX wurerpanoB K (k) m E (k) Ha camom jene BbIrOXHBI
Aag BhiyucaeHHH. Ho cyuwectsyloT Dpeo6pasoBaHuA, MO3BOAAOWIHE CBOAHTL Bbl-
uHCAEHME HA3BAHHBIX HHTErpa’noB K CAYYam® CKoas yroiHo Manoro k [cp. 315],

14) MoxHo ucnoas308ath noayyenHoe pasnoxenne pyskunn E (k) xas Bh-
YKHCNEHHA CRENYIOUIEro HHTErpana:

x

§ E (hsin0)

T g S0 dd O <h<1).

lMpexne Bcero, Nerko NpoBePHTb, YTO HMEET MECTO Pa3NOXKeHHe

B S+ () o+ () o () e )=

=%{1+ i () <2n+1>k“}.

n=1

HanpuMep, YMHOXas NPaByl YacTb DaBeHCTBA Ha 1— &%,
MoxcraBass k==h.sin8 1 ymHOxkaa euie Ha sin 6, Mbl MOXEM HHTErpHpoOBaTh
-
nouseino mno 6 or 0 Ao T
npeienax paBHOM eﬂ) HO (OH, Hanpumep, MaXKOPHPYETCA NPEALIAYLIHM DAIOM
3

NOCKOAbKY ﬂOﬂy‘leHHblﬁ pal- CXOOHWTCA B 3THX

npu k=nh). Tax kak [312 (8))
’ =
H 2nl!
i+l — e
§S‘“ b = oy
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TO HaxXoouM:
n
£ Ehsing 1 3
sin oo T 1, 13,135, _
OS Ty a0 = G {1 gt TR =
$ 1 el
=T V' I pen
) ]+Z 2nll h }'
n=1]

ConocrasuB Bripaxenne B CkoGkax ¢ dQopmynolt (24) n° 407, uoayuacw
3HAYEHHE HCKOMOrO HMHTerpana NaXe B KOHEUHOM BHIE:

2o} A

. T
T— . sng ot d0=75" Vier'

18) HaxoHeu, paccMOTpHM BOTDOC O PA3NONEHHH MO CcTemeHaMm x (1o HE
uenniml) dynkunn y=arcsin (1 — x) npn x =0%*
ViMeem (ucnonb3ya OHHOMHANBbHLIHA DAR):

1

S E (£ sin ) 1
0

1

y'::— = e 1 . =
V1i—(0—x¢ V2x Vl_%x
- lerBe =
- Vﬂ{l+4x+32x +}
1 1 3
—_—— l_ x__f__ 1_x7_ 3 — x-i—...,
V2 4V 2 RV 2

npHyeM, ecid ONYCTHTh OEPBHI uieH, KOTOpslH NpH x =0 ofpawaercs 8 co,
CXOQMMOCTb PRAA OyleT paBHOMepHOHW B nwbov npomexyrxke |0, x|, rae
1

0 <<x <<2. TlepBoofpasnas GyHKUMA KNS MEPBOro 4AeHA €CTb —V2x?% am
OCTaIbHOrO PRAA MepBOOGPAa3HYI0 MOAYyuYaeM NOYMEHHBIM WHTerpupoBaHueM. Tak

Kak mpH x =0 XOMKHO OHTb y=%, TO OKOHYATEIbHO HAXORHUM TAKOE pPasfno-
WeHde MO NP OO HL M CTeneHam x (AeAcTBuTensHO 1A% 0 <X <T2);
1 3 5
y=C—yocr 17 8 o
2 672 80 Y 2
AHA/IOCHYHO MONyYaeTCs # PasnoxeHuHe
5 1 3 | 5 | 7
. X (. Z2,.1 37 7 ¥ }
arcsin L= x Xt =X == x
re=V 2{et +5 5 T+

ana 0= << 1.

* O pasiokeHNH OOBHYHOTO THNA MO LENLIM MNOTOKHTENLHHM CTENEHAM X
31ech He MokeT OuTh peud, W60 HHaue, mo Teopeme 9°, 438, nama QyHKuus
MMena Gbi KOHEUYHY 0 NMPOK3BOAHYI0 A Npu x =0, yero Ha geae Her,
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441. Tipumeps! Ha NoYNeHHOE nHddepeHLHpoBanHe PALOB.
1) Bepuysuruch cHoBa k ¢ynxumu [cp. 390, 6); 439, 3)):
©

y=E@m=1+ ¥

n=1

xB
nb?

MbBl MOXeM Tenepb Jerko yYCTaHOBHTL €€ MPOU3BOMHYIO; ANA 9TOro HOCTATOUHO
[438, 8°] mounenno npoanddepeHurposats aTOT pax. Mer moayunm, uto E (x) =
=E(x), Tak uyTo paccMaTpuBaemas QYHKUMA yIOBAETBOPRET ANDQEPEHLHATL-
HOMy ypaBHenuio: y' =y. Orcoga y==Ce¥ 7Tax Kax npu x =0, 0YEBUIHO,
y=1, ToO OKOHYaTeNLHO HAXOMHM, WTO E (x)=e*,

2) AHanornyHelft npuem OPUMEHHM K OOPeIeNCHHIO CYMMB GHHOMHAALHOIO
psna

y=f(x)=1+mx+%x2+...+”‘(m_'f:'2'::_f’f’:"+l) A

[na stor pas m ¢ukcupomano, a x u3meHAerca B npomexyTke ( —1, 1); cp. 439,
4)]. Antddepenunpyn ero mouaeHHO, NOAYYHUM:

f (x)=m{[ +(m—1)x+('"_1$2—)x’+...

(m—1)(m—2)-.,.-(m—n) .
L T i r

Tenepn Hetpynso yGenutbcs B ToM, uto *
(I4+x-f(x)=m-f(x).
Taxum o6pasoM Hama QyHKUHA yI0BAETEODAET AH((EPCHURANLHOMY YPaBHEHHIO
(A +x)-y =my.
Orciona
y=C(+x)™
Tak kax npuw x=0, oyesnaxo, y=1, To nocroannaa C==1 n, OKOHYaTEIBHO,
y=r(x)=>14x"
3) Mur 3Haen yxe, uto cymma-paga Aupuxne (385, 3)]
[oo)

?(X)=2 Z—Z

n=1

* Mpn ymuoxenun f'(x) Ha 14 x HaLdeXHT BOCNOJBL3OBATHCA CBOWCTBOM
GMHOMMANBHEIX KO3(DHLHEHTOB:
(m—1)(m—2)- ... «(m—n) +(m——1)(m———2)-...-(m—n+1)__
1:2....-n -2, (n—1) -
_mm—1D...o(m—n41)
- 1-2....'n !

YACTHbIM Cay4yaeMm KOTOpOfO ABAAETCA N3BECTHOE COOTHOUICHHE
n n—4 __rn
Cm-—l+cm— 1 —Cm'
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ArA x> ) (rpe X — norpaHuuyHaAa abcuucca CXOmMMOCTH, A < -} co) ecTh He-
npepoiBHan GyHkuus (439, 2)|.
[MounenHsiM  DupepeHiHpOBaHHEM MOXHO HAHTH NPOM3BOANYK  9Toil
yHKURT:
[eo]

¢ (X)) =— 2 —z—g slan (x> M)
n=

[Moka Mu AOAYYHAM ITOT pe3ysbTarl Mumb (GopMaipHo. [as Toro 4roGsl
OMpaBlaTh €ro, AOCTATOYHO YMOCTOBEPUTHCR B TOM, UTO NOCAEAHH#A DAL CXO-
OUTCA PABHOME PHO OTHOCHTEAbNO X ISl BCEX X == X, [AE Xo— 1106 0 e (HO
GUKCHPOBAHHOR) uMCaO, dabiuee A, D10 yCTaHaBAMBACTCA, KAk 1 B 439, 2), € noMo-

Wb npH3HaKa A Ge 14, OMUPAACH HA TO, YTO MHOXKHTEH HayuHas c n=2,

,ZX—XO)
yOblBalOT ¢ BO3pacranueM n, GyAyud BCe BMCCTe orpannueHs yncaom In2, Kaxoe
Gbl 3HayeHne x > A HH B3ATb, €r0 MOWHO 3AKJIONMTb MEMAY T'DAHKNAMUA X' > X
M X" > x'; K npoMexyTky [x’, x| npumennma teopema 7 |435].

TakuM ke nyTem MONHO YOCNMTHLCA B CyIMLeCTBOBAHMM AR (GYHKUMH ¢ (x)
NPON3BOANLIX BCEX NOPAAKOB ¥ NOJAYUHTb MX BWPAKCHUE B BHAE DPHIAOB,

Bce ckasandoe, B 4acTHOCTH, MPUAOKUMO K (YHKUHH

1
Lx)= 2 o
Pumana npn x> 0.

4) Mu ywe BcTpeuannch ¢ pasnokeHneM 6ecceneBol dYHKuunm
C HyJAeBblM 3HaYKOM J,(X) B CTeIEHHOH paf

oo
\ xR
WD =14 P (=1 G
K=l
1395, 14); 440, 12)].
MMokaxem Tenepb, yTo 9Ta (QYHKHUA YyHOBAETBOpAET Jufhbepenyuanrsromy
ypaswenuw Becceans:

xu” 4w+ xu=0,
Mwmeem, nonaras u=J, (x),

o«
_— — 1)k (Qk)! . 21
Xu= 2 ( 1) (kl)3_22 X ’
k=1
a 3areM, ABAMIbLI NOYneHHO XuPPePeHUUpPYR Da3ncHeHue u,

[eo]
N 2k . ket
we X
k=1

fas]
R < 2% (2% — 1 _
xu' = Z (— D* (kf)’-2f‘ )| ke,
Fet

Ecau choxunte 9T paBencTBa, TO k03ddnumneHt npH x2#71 OKaweTCA PABHBIM

(— ¥ 2k (2 1) 4+ 2k — (2k)*| =0
Wl (2k — 1) 4 2k — (2k)*| =0,

uTO M AoKa3biBaeT Tpebyemoe yTBEpPKIEHHE,
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AHanorauHo MOXHO yGemuTbcsl B TOM, 4T0 6ecceneBa PyHKuUHUA
C NPOM3BOJILHHIM HATYyPansHelM 3HAUKOM J, (X), O KOTOPOH Takwe Obifa peub
BhIlE, YAOBAETBOPAET O6lieMy ypasHexruw beccena:

x4 xu’ 4 (x2—n?)yu=0.

5) TloyyuTenbHee apyras nOCTaHOBKAa 3ajayu: nycts TpeGyetca HaRTH
GbyHKUNIO, Pa3aarapilylocs B PAAL AAA BCeX X H YHOBJAETBOPSIOULYIO yP3aBHEHHIO
becceuas.

Brinossuym 9To, HanpuMep, A1a npocrefwero cayyas n==0. Hannwew pa3-
NOMEHHE HCKOMOM (YHKUMH B BHie DANd C HeoONnpeAeAeHHHMH KO3 (0

PHULHEHTAMH:
(o2l
u= 3} agpx™
=0

M, CYHTaA €ro BCOAY CXONAUIMMCH, ABAaX[Ial NPOAH(OEPEHUHPYEM 1OYIEHHO,
TlopcTaBasns BCe STH PA3NOMCHHA B YPaBHEHHE, NONYYHM:

[e2]
a4+ Y (map+ apg) ™ =0,
me=2

No 1eopeme 3° [437]:
al=0r mzam+ am—2:0 (m=2! 3) '--)-

Otcoga, npexpae Bcero, KOIMOHUHEHTH C HEYETHBIMH HMHIEKCAMH dpp g =0
(k=1, 2, 3,...), uTo ke KacaercAd KO3((PHUMEHTOB C YETHLIMH HHICKCAMH Qyup,
TO 1O peKYpPeHTHOH QopMyne BCe OHH BLIPA3ATCA yepes a4,

a
ask=(—1)kwc_'2ﬂ;.

MTaK, ¢ TOYHOCTbIO A0 TPOM3BONLHOrO MHOXHTENS @) Mul BO3BpallaeMcs K QyHK-
uHH Jp (x).

Y70 nonyueHnuf#i psiA, AeACTBHTENbHO, BCIOAY CXOAMTCA, MPOBEPAETCA HEMNO-
CPCACTBEHHO. A U3 caMoro crnoco6a ero noJyyedHs ABCTBYeT, YTO NpeacTaBase-
Maf UM (GYHKUHUA YLOBAETBODAET YPABHCHHIO.

|O6paiaey BHUMaHHe YHTaTeNs Ha CBOEOGPA3HOE MCHOBbIOBAHME MemMO0d
HeonpedesennnX KO3PPUYUEeRmos, 3LeCb Yy HAC OKa3anoCh yxe GeCKOHeuHoe
MHOWECTBO 3THX KO3(Q(HUHEHTOB M NPHILAOCL NPUGErHYTb K Teopeme O TOXAe-
CTBE CTENeHHbIX PALAOB, B3aMeH OOLIYHO TpHMEHAeMOH Teopemsl O TOWIeCTBE
MHOI OYNEeHOB).

6) Mayccom Onta BBefeHa QyHKUMA

u=F B 1, X)=

LN st )@= BED. =) ,
=1+ X GG A—1) *

n=1\

[eunepeeomempusieckuil pad (cm. 372, 378, 4)|. [Baxas anddepeHunpys sToT
psid MOYAEHHO (cyutas | x|<C1), MOKHO yCTaHOBHTBH, YTO 9T (pgm(upm yAaoBAeT-
BOpAET TaK HA3LIBAEMOMY 2UNepzeOMempuyecKkomy Oubdepenyuans-
HOMY YPABREHUIO

K=" —[y—(a4p+ 1) x] - 4 aB o u=0.
ﬂpenocwanﬂem HECKOMbKO rpomoamme, HO Hepr}lele BblKIlaIl}KH yuTaTtenato.

W 31ech MOWHO H3MEHHTb MOCTAHOBKY 3ajlay¥, KaK 9TO CJelaHo B YMpaxHe-
HHH O,
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7) Onpeneaum aaa 0 <<x << 1 GyHKUHIO f(X) paBeHCTBOM
hod n
\BE4
fo= Y %
Al

Mokawewm, uto Aaa 0 << x << 1 972 (yHKUHA yAOBIETBOPAET MHTEPECHOMY (YHK-
LMOHANLHOMY YDaBHEHHIO:

FO)+f1—x)+lnx-In(l —x)=C=const,

[lna 9TOro MOCTATOYHO MOKa3aTb, YTO NPOH3BOAHAA NO X OT BuIPAMEHHA
cIeBa TOXAECTBEHHO 00paulaercs B HYylb:

£ —F (=0 + 10 (1 —x) —

In x=0.

] —x

DNuddepenunpya noureHno pal, onpegensioutni gyHkuno f(x), HazeMm:

F = Z A el (1)

ne=1
3amedas x Ha | — x, noayuum, uto

Fll—n=—

—_X

In x.

STuM ¥ 3aBepllaeTcA JOKA3ATEALCTBO.
CaMy10 BeMHYHWHY NMOCTOSHHOA N€rKO ONpenefHTb, YCTPEMAAA B NOKA3AHHOM
cootHottenuu x K 1, Tlo Teopeme A G e a9 neBas 4acCTb €ro OyAeT HMETb NpeesoM

. _ _ v ! =
JEJW—HW-AF_G
[440 (4)}; awaumr, C_—.—.%:.

8) B 400, 4) paccMarpuBanocb GeCKOHEUHOE npou3seneHHe

e .
¢ __sing
lI c0s 5 ==~ (9#0)..
n=1l
il

Mpennonaraa 0 <<¢ << 5

cHayana nponorapudmupyem sto pasexcrso [40f, 4°

e8]
Z lncoséi"= Insing—Ing,
n=l

a 3ateM nponudepeHUUpyeM NOAYNEHHHA PAA NOYAEHHO:

— Clg ¢.

|-

1
7718 g =

s

n==}

Tak kak pANl #3 NPOH3IBOLHBLIX MANOPHPYETCH Cxofauleftca reoMeTpHYCCKOf
nporpeccuett, To nNoufeHHoe AnddepeHUHpoBaHite 0ONpaBAAHO,
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9) B 408 mp1 BuBenu passowkenne sin.x B GECKOHEYHOE NPOH3BEUCHHE

[ae]

. x?
sin X = x I I (“‘W)'

n=1

BBona aGconoTtHble BEAHUHHBI, MOAYYHM OTCiORA:

i 2
Isinx|= | x| | I ‘1—%
X n’n

ne=|

Ecan x oranuno ot wucen Buma km (=0, =1, =2, .., 10, norapupamupys,
npHjes K GeCKOHeuHoMy pALly:

In|sinx|=In| x|+ 2 In

n=1

x‘l
nin?

{—

[Mounennoe nupdepenunponane NaeT Ham TaKoe Pa3loKeHHE:

[ee]
COos X 1 \ 2x
- =Clg x = — —_— .
sin x g x + Z X2 — n®n?

n=\
Jna onpaBnaHus ero MOCTaTouno YGCAMTLCA B TOM, 4TO MOAYYeHHbH PAN CXO-
JHTCA DABHOMEPHO B neGoM 3AMKHYTOM KOHEYHOM NMPOMEXYyTKe, He ColepXanleM
ToueK BUA2 An, [eWCTBUTENLHO, NPH H3MCHCHHM X B STOM MPOMEXYTKE €ro
a0CoNIOTHAA BETHYMHA OCTAETCSl OFPAHHuECHHON: | X | << M, Tak uTo, NO Kpairei

Mepe nuA n >,

2x _ 2| x| 2M
X2 —n*n? | pfnt—| xR < e
Tax xax pan
L]
2 2M
as

i

CXOANTCA, TO TREGyeMbiil Pe3yAbTAT MOAYUYIETCHl € TOMOUILIO Npu3Haka Beiic p-
mrpacca.
Pa3snoxCcHHIO Clg X MOXHO NMpUNATb QOpMy:

@
cos x 1 1 1
snxCEr=o+ Z (x—rm + x+nnj’

n=1l

B 3TOM DHIEC OHO ABIMETCA KAaK Obl pa3noWeHHeMm Clgx HAa MPOCTHE
I po6H, OTBEYAOWIHC OTACAbHLIM KOphiM 0 M = nm 3HaMmeHaTens sin .x.

[lo dopuyne tg.x=-—ctg (x— %), OTCIONId MOXHO MONYYHTb P.a3 1 O X C=
Hie lgx Ha npocCThie ApoO6H
0 [ae]
R ] n 1 _\ 2x
gx= L o—1 PR ZE N A I Tt
n=1 2 2 A=1 4
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Touno Tax e, ecau BOCRONL3OBATLCHA (OPMYy Ol
1 ] x X
sinx 2 (ctg7+lg—2—) ’

MOXHO MNOJYUYUTL pPAa3noOXeHHe W JIIA P

o —+2( (_{+m)=~-+2(—1 T

[MponuddcpenunpoBad NouaenHO pA3noOWKeHHe pnn clg X (NPeIoCcTaBAsC
YHTaTeN0 YOCANTHCA B [J0O3BOMHTENALHOCTH 3TOrO0), MOAYUHM €enle OIHO noJae3Hoe

! :i-l",,;l [(x—lnrn)2 +(x—}—1m‘)2]'

pa3jaoXKeHHC:

sin? x ~ x*f
Npou3BeICHHEM

10) Ecau ucxoants M3 npeacraBienus sh x GeckoHeyHbM
[408], To aHaJOrMYHO MOKKO NPHHTH K PA3NOMEHHAM

1
Cthx—?‘*‘E x2+n’ 2y
n=1\
on)
1 ——l 2 (— 2x H T
shx  x XT 4 ntnt T

Oaa dyuxumit I (x) mb BeiBean B n° 402 popuysy Belhepmwrpacca
X
iy

1 =ec‘x;l[:1|.(1+%j.e ]

[em. (18)):

T4 1)
Yuntmsan, uto I'(x 4 1)=x-T (x), # nepexoas k norapudmam, 0TCIOLd JAETKO
NOAYyYHTh (npn X, OTAMYHOM OT O M OT UeAbIX OTPHUATENbHLIX YHCEN)

o
— b)Y (i_ x j
In|x|—Cx+4 2\ In |1+ — 1]
1
[uddepentnpys psal NouIeHHO, O PMalb HO OTCIONA MOTYUHM

3, (s

In|T(x)|=—

IV (x) { \
=———C

T(x) x T Z

n=1

llokawem Temepn, wTOo pal CMpPaBa CXOOWICA PaBHOMEDHO B molov

KOHEYHOM NPOMexyTKe (He CONEepWalleM LUenbX OTPHUAaTeAbHbIX uwHcem). Jlew-

TaK KaK NPH 3TOM | x| OCTaeTca OrpaHuueHHom: |x|<<M, to

CTBHTEIBHO,
10 KpafHeli Mepe 1A 7 > M, umeen:

11
n x+4n

M

x|
n(n.—M)‘

n(n+x)
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M

Tak Kak pan 2 ————= CXOIHMTCA, TO, MO npu3Haky BeHepwrpacca,
n{n—M)

M

paBHOMepHas CXORMMOCTb fofecmeueHa. Mol monyyaem BO3MOXHOCTb COCHATLCA
Ha TeopeMy 7 n° 435 M TeM IOKa¥XEM M CaMoe CYyHmeCTBOBAHHE NPOM3BOAHOH
or In|T'(x)|, a cacnoBatenbuo, u or I'(x) u 1. &

[IpH6aBnasa K nMpaBo#i YyacTH MOAY4YCHHOH GOPMYNsl PAX

+ & -

MOXHO TNDHBECTH €€ K BHAY:

Jlerko y6enutbea B cyumiectBoBaHny aaa ¢pyHkumu I' (x) NPOM3BONHEIX BCEX
TOPARKOB.

442. MeToa nochaenoBaTeNbHBIX NMPHONHKEHHA B TEOPHH HESABHBIX QYHK-
uuit. [lasg toro uyto6e MOKa3aTh B AEHCTBUH TEOPHIO (YHKUMOHANbHBIX DALOB
(MM nociegoBaTeAbHOCTEH), PACCMOTPUM BHOBbL BOMPOC O CYU1ECTBOBAHUH <HeAB-
Hbix» QyHKUM# [206 M caex.). OrpawuunMcs Iasa {IPOCTOTH Cayyaem OLHOIO

ypaBHeHuUs;
F(x, y)=0, (7

W3 KOTOPOro § MOLAEWUT ONMpelXeNeHHo, KaK OfHO3HAuHasA ¢yHKuua ot x. Ha
9TOT Pa3 MWl mpHUGerHeM K& Memody nocaedogamensHulx npubauscesuti, KoTo-
puifi MO3BOMMT HAM HE TOMbKO, YCTAHOBHTb CYLleCTBOBaHHE 3TOH GYHKIHH, HO
B JaTh YKa3aHHA OTHOCHTEIbHO €¢ G aKTHY e CKOTr O BHYHCICHHA,

Tycmo @ynxgus F(x, y) Henpepwsna, 8mecme cO c8oel npou3gooHol
F y (x, y) 8 Hexomopom K8adpame

G =[x—A4, x+ 4 y,— 4, 3,1+ 4]
¢ yeHmpom 8 modke (xo, ¥,), nputer
Flxy ¥9)=0, #o F,(xp y)) #0. (8)
Toz0a ypasuenue (1) 8 oOxpecmHocmu mO4KU (X, y,) Onpedeasiem y KaK
O0HO3HAYHYI0 B Henpepusuyio PyHKYUIe om X, KOMOPAs npu x=x, o0pa-
waemcs 8 ¥,.
Ham ygo6Hee paccMoTpeThb CHayata YaCTHMA caywuail, koria ypasHe-
Hue (7) umeer dopmy
y=3+2(x y) (7
rie QYHKUMA @ BMeCTe C g YIOBJNETBOPACT TeM Xe yCAOBHAM HeNPephiBHOCTH,
y10 U F, HO C 3ameHOR ycnoBail (8) caedylouwumu:
9 (% ¥ =0, |@},(xp yp)| <I. (8%

BBudy HenpepHBHOCTH MNPOM3BOJHONA MH MO¥eM C CaMOro Hayafia CUWTaTh
o6nactb &J HACTONBLKO Maiof, yTo6w B ee mpeneaax Booule Gwiio

Loy (6, 9) ] <<A, (9)

rae A ecthb HEKOTOpasa MOCTOAHHAA, ME€HbUWAaA €0HHHLM, 38TCM. CoxXpansas
NPOMEXYTOK H3MEHEHHA nepeMEHHOﬁ Yy, HaM npHaeTca €ule CKaTb NPOMEXYTOK
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N3MEHEHHA MEPEMEHHON X, 3aMEHMB €ro CTOAb ManbiM nmpoMexyTtkoM [x, —3,
Xo -+ 3], uTo6H B ero npepenax HempepbiBHaA (YHKUMA OT X: ¢ (X, ¥,), KoTOpas
obpamaerca B 0 npu x = x,, yNOBNETBOPANA HEPABEHCTBY

lo(x, yo) | <1 —2) A
Takrm 06paaom Mu MOArOTOBHAH O6nacib

G*=[x,—", xo+8 y,—4, y,+ 4} (10)
K KOTOpO# K 6YAYT OTHOCHTHCA HAlIM NanbLHEAIHE PacCyXAEHUH,
MonctasuB p NpaBylo YacTh ypaBHeHHa (7*) BMeCTO y NOCTOAHHYK Yo,
MBl TIONYYHM HEKOTOPYI0 (YHKUHIO OT X!
Yi=y, () =y, + ¢ (x, Yo)-
Ananoruyno, noJaraem nociegoBaTenbHO

Yo=Yy (X) =0+ ¢ (x, 31),
Y3=Ys (X) =¥o+9(x, y:),

#- BooGle
Yn=Yn (X)=YoF ¢ (X, Y1) (1)
ITH (YHKUUH
Yi(x) ya(x), eiir YalxX)h.o
N OCYmMecTBAAIT noCAeAoBaTeNbHBE NPHGAHKEHHA K ACKOMOM (yHKuuM y (x).
[lpaBna, ocraerca ewle npoBepHTb, YTO BCE OHM He BHLIXOMAT 3a Mpefensl
npoMexyTka [y,— 4, y, -+ A, n6o, ecau 6b Kakas-HHOyIb H3 HHX BRIUJA H3
9TOr0 MPOMEXYTKA, TO €€ yxke Henb3a O6biJ0 6ul NONCTABAATH BMECTO y B mpa-
BYW YacTb ypaBHeHua (7%).
YcraHoBum 910 HHIYKTUBHO. Ilycrb, crades,

Yo—A<yp <Y+ A
Yn—Yo =9 (X, Ya_y)

Jo(x ypod =<9 (x, Yai) —9 (6 Yo) |+ 9(x ¥}l

lepBoe cnaraemoe cnpaBa npeo6pasyerca NO TeOpeMe O CPeNHEM 3HAYEWHH, H,
Ha OCHOBaHHH (9),

,“P(xy .)’,,_‘1)—?(xv ,Vg) I =| “P;; (x, 7]) * (yn-l —yo)l <h- Ay
a BTopoe Menbule (1—2X)4, B cuny (10), TaK YTO NO COBOKYNHOCTH

[y —yo | <A+ (1 —2)A=A4,
YTO M [OKa3uIBAeT HAWIE YTBEPMHIEHHe,
B TO e BpemMd MHIYKTMBHO YCTaHABIHBAETCA, YTO BCE MOCTPOEHHbIE YKa-
3aHHBIM NyTeM (YHKUMM OYLYT HE N p e P bl BH bl.
OG6patumMcsa Temepb K BONPOCY O Mpe e ne Aas NOCAEN0BATEAbHOCTH ByHK~
unfi {y,}. Yno6xee, oinako, pacCMOTpeTb pAax

Ha (11}
Ho

Yo+ Zl (Yn— Yn-)- (12)

M3 camoro onpepenenun HameR mocaefoBaTENbHOCTH ACHO, 4TO
Yn==Yn-1=9 (%, Yp_1)— 9 (X, Yn_y).
Bocuonb3oBaBlWIKMCh CHOBA TEOPEMOR O CPelHEeM H HepaBeHCTBOM (9), HafhlcM
[ ¥s —Ynal <M Ypo1—Yasl
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Orciona, samedns n va n—1|, Ha B —2 ¥ T. [., OKOHUATEJLHO MOAYYHM
[Yn —Ynot | ATy —yo | KA (1D) - A,
BBHay (10). Takum o6pasom, pan (12) Maxopupyercs reomMeTpUYeCcKof nporpeccuch

(1_A)A.§]xn-x, (13)
1

a CNCIOBATEbHO, CXOLHTC S W MPUTOM PABHOMe PH O 444 BCEX 3HAaUEHHI x
B npomexyTke [, —38, x,-8]. A torma, no teopeme ! n° 431, u npexenpHan
GyHKUKA

y=yx)= nlimmyn (x)

GyleT B yxa3aHHOM RMPOMEXYTKE HCN Pe PH BH a.

B oM, uTo 3Ta yHKUMA YZOBAETBOpAET HCXONHOMY YpABHEHHI, MerKO
yGennrbcn nepexona x mpejeny npu n— oo B paseHctBe (1), Ocraerca eule
10Ka3aTh, YTO HE CYMWeCTBYET APYrHX 3HAYEHHH Y, KPOMC [OCTABAAEMbLIX €10,
KOTOpbIe YNOBAETBOPHNM Obl ypasrenuio (7*). B camoM jgene, ecau On, BpH
HEeKOropom x, Hapsany ¢ (7%) umenn

y=ux,40(x J)
10, BBIYMTAA U OLUCHWBAS PA3HOCTb 3HAYEHWH @, Kak OBGLIYHO, NMOAYYHIH Gbi

ly—Fl=l9(x, ) —elx, H|<r:|y—=3]

YTO HEBO3MOXHO, €Clu § £y,
Otcioma yxe BbiTexkaer, uro

¥ (xo) =30

9TO, BNPOYEM, HEMOCPEACTBEHHO ACHO M M3 TOLO, UTO BCE Y, (X)) =1V,
Teopema — B paccMaTpHBaEMOM YACTHOM cnyqac—~110Ka3aHa 6} umtl cayuait
ACrKO NPUBOAUTCA K YACTHOMY, HMEHHO, ypasHeHHe (7) MOXHO nepenucarb

B BUae
_ _M]
y=3 —I-[y Yo F (o Vo)

KOTOpEI# OToWaecTBAAeTCA ¢ (7%), ecld NOJOXHUTDL

¢ (x y)=y—ya—%.
y )

Jr1a hyHKUMA yrosiaerBopAeT rpeGosaHuss (8*), B yaCTHOCTH BTOPOMY M3 HMX,
NOTOMY 4TO ¢y (X, ¥;) OKa3nBaeTca paBHoi 0.

Kak ywe ynoMHHASOChb, H3MOMCHHKIH Rpouecc ofneryaer U (aKTHYeCcKoe
BbIYNCAEHHE HCKOMON DyHKLHHK y (x) no npubankennio. [TorpeWiHOCTL OT 3aMeHbI
y(x) Ha y, (X) 1erko oueHnsaeTcA, TaK Kak OCTaTOK pana (12) nocne n-ro unena
MaXOPHUPYETCA COOTBETCTBYIOMWHM OCTAaTKOM reoMeTpHyeckoit mnporpeccun (13).
‘Orcio0a U nonyvaercs:

19 ()—9. ()| <A-27  (m=1,2,3 ..).

Becbma NMOYYUTEAbHO CONOCTABICHHE N0KAa3aTeabCTBa TEOPEMM O HERBHOU
¢yHKUMH B 206 U TOABKO YTO NpPOBEAEHHOrO. TaMm Mbl HMEJH RZER0 C YHCTHIM
«N0Ka3aTeAbCTBOM CyuleCTBOBAHHA», 31¢Cb e —C N O CTPOEHHEM MCKOMOro
o6beKTa,
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MopoGubrM e 06pa3oM MOTYT G6uTb 9@ GbeKTHBHO JOKa3aH N obulre
Tcopembr n° 208, Mpl orpaHHUMANCh NpPOCTE{IIMM cayuaesm, uTOOH Jayuute Bbi-
SBHTb MIACI0 METOfA.

443, AHanHUTHYECKOE ONpejeNeHHe TPHrOHOMETPHUECKHX (YHKIHA.
YuTarenb BHAEN, KAKYK BaXHYIO POJSb B aHAAM3€ WTPAOT TPHIrOHOMETPHUECKHE
(byHKllHH. Me)imy TeM BBOJATCA OHH Ha OCHOBC YHUCTO FCOMETPHUYECKHX C006p8-
KEHW{1, AHAAM3y COBepmweHHo uywamx. [loatomy nmpuoBperacT OPHHUMTHAABHYIO
BaXHOCTb BOMPOC O BO3MOXHOCTH OMpPELEJEHUS TPHUIOHOMETPHUECKHUX (QyHKUMI
H M3yyeHHs HX OCHOBHbIX CBOHCTB — CPEACTBaMM CaMOro aHaau3a, Beckoneunsie
PALE Kak pa3 W eCTb TO OPYAHE, ¢ HOMOWBID KOTOPOro BCE 3TO MOXET ObiThb
OCYULECTBACIO, W Mbl MOCBATHM 3TOT N° M3YYCHHUIO TPHrOHOMETDHYECKHX (yHK-
UH? 10 HX aHANUTHYECKOMY OMpEeleNeHHI0, B KaueCTBe HOBOro fpHMEpa Npuio-
MEHUA HINOKEHHON Bhllle TEODUH,

Wrax, paccmorpum nse pynxuun C{x) u S(x), dopmMasbHOo onpejensemsic
AI5 BCEX BELIECTBEHHHIX 3HAYEHUH X BCIOAY CXOAMUMMHUCA PALAMU:

fee)

C=1+ 21 (—1)"%’ St= ¥ @jf%ll)l

n=1

HP B KaKOM Mepe He OTOXLECTBASA HX MOKYNA C paHee M3BECTHBIMM HaM (yHK-
UMAMK COS X W sinx. Mel yXe HMENH OAHAaXAh A€70 C TaK ONPEReIEHHbIMII
dynkugamy |390, 7)|; ¢ NOMOWBIO YMHOXEHHR DANOB, KAK TaM YKa3hnBalIoCh, 1A
HHMX MOXHO YCTAaHOBHTH HBC OCROBHBIE (DODPMYIbi:

Clx+3)=C(x)-C () —S(x)-S(), (14
Stx+9=S(x)-C(y+C(x):- S, (15)

CpaBeNSHBLIE MPU BCEX 3HAUCHUAX X H Y.
[Tpogoakum uccaenosanue cBoiicte ¢yHkunt C(x) u S(x). 3ameHas x
Ha —x, cpa3y ycmatpusaem, uro C (x) ecTb GyHKUHA yeTras, a S (X)—HeyeTHas,

C(—x)y==C(x), S(—x)=—3S(x).
Nonaras we x=0, Haftaem, uto
CO)=1, S =0.

Ecau teneps, coxpawsa x nmpousBONbHEIM, NOAOKHTE B (14) y==—x, TO —
C YUYETOM TOIBKO YTO YCTAHOBNEHHHIX PABEHCTB — IOAYYHM COOTHOIMEHHE, aiare-
Gpanueckn ceA3biBawowlee 06e GyHKUMA

Ctx)+ S (x)=1. (16)

Jlerko noayunte # GopMyns! YABOCHUS HIH [eleHHA TOMONAM apryMeHTa.

VI3 teopenmsr 2°, 437 u 9°, 438 3akmouaem, 410 06e PYHKUHH g(x) u S(x)
HE TOJBKO HEMPEPbLIBHbI, HO H UMEIOT NMPOH3BOAHLIE BCEX IIOPAAKOB, B yacrtHo-
CTH, TIPHMEHUB K PANAM, ONPEACARIOUIMM HAWH GYRKUMH, NOUNEHHOE Anddepeil-
uypoBanue 8°, 438 nerko yGeauMcs B TOM, uTO

C(=—S(x), S)=C(x) (7

Bce 9tn cBoficTBa, Kak BHAMM, YCTaHaBausawoTca aerko. Heckonsko 66b-
IWAX YCHAKA TpebGyer NOKa3aTennCTBO MEPHOAMYHOCTH PACCMATPUBAGMBIX
QyHkumit, K yemy Mbl Teneph OOPATHMCR,

Y cTaHOBMM CHauana, 4to B npomeskyrke (0, 2) cyuiecTByeT, H NPHTOM €IHH-
CTBERHBIAl, KOperb gyHxkuun C(x). B camom gmene, mw 3smaeM, uto C(0)=1,
3uauenne ke C (2) MOXHO HAMHCATh B CHeAywouleM Buje (OTACAMB [ePBbIE TPU
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97€Ha COOTBETCTBYIOUlEro PANA, & OCTanbHuE YieHn O6bEeJAHHHB MONAPHO)

c<2)=1—_§+i—;~(2—°—?5)—...

Tak KaK BCe CKOOKH NOAOKHTEAbHL:

22* 2m+l —22n 2,2 0
o T @ o —2711( - (2n+1)(2n+2))> J

a CymMma MepBLIX TPEX uMeHOB Jaer —i, TO C(2)<——31—,1-. e. C(2) aasemomo

oTpruareasHo, Bauay HenpepmBHocTH dyHkuun C(x), orcioga CAeHyer, uTo
B npomexytke (0, 2) geficTBUTEIbHO N€XHT KOPeHb ITOH (YHKLMH.
C apyroft CTOpPOHH, B TOM Xe NPOMEKYTKe (yHKUHR
X’

sermsf1—5) + 5 (1) +

OUEBHIHO, COXPAHALT MOMOWHUTENbHLIN 3HAK, a mpoussogHan C (X)=— S (x) —
OTpHuATenbHLIA, cAefoBarenbHo, Pyuruua C (x) y6wmBaer, koraa x pacret ot 0
10 2, ¥ ofpawmaetca B 0 Adiub ONHAXIM.

O60o3nayuM rTenep, ynoMAHyTa#t KopeHb QyHkunu C (x) uepes %—, npu-

YeM T, TAKHM 06p830M, BBOAMTCA 34€Ch COBEPIIEHHO (POPMAIbHO, M OTOXKEECT-
BAATb €ro C OTHOLUEHHEM OKPDYXHOCTH K QHAMETPY {1 0K a Heb3a,

Hrak, nmeem:
c(3)= s(3)=

nocnefgHee paBeHcTBO creayer 3 (16), ¢ yueToM moAoKUTeALHOCTH GyHKUHM S(X)
npu 0 << x <2,

[Monarag B dopmynax (14) u (15) cHavana x=y=-,a 33T€EM X =y=T,

MR

nocnefoBaTenbHO, HalgeM:
Cr=—1, SH)=0, C2n)=1, S@2r)=0.

Ecsn B 1ex ke QopMynax, COXpaHAA X NPOH3BOAb HL M, B3Th y=—=
HIK y =27, TO NOAYUHM:

Clx+m=—C(x), Stx+m=—S5x) (18)

W, HaKOHel,

C (x4 2n) =C (x), S(x 4 2n) = S (x).

TMocnegnve COOTHOLUEHHA YyCraHaBauBawT, uto dynkuun C(x) u S(x) umenoT
neprHon 2=

Hetpynso 6bi10 Gui BuBECTH H Apyrie «HOPMYIH TIDHBENCHHA», Mbl npe-
JIOCTABAAEM 9TO YHTATENIo.

Tenepb nonbiTaeMCA [0Ka3ars COBMa