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BBEJIEHUE

JIoruky MOKHO ONpeNe/uTh KAk HAYKy O MPABUJILHBIX CIIOCODAX pac-
CYyXKJEHUSI, T. €. TAKUX CIOCO0AX PACCYKIECHNUs, TIPU KOTOPDIX U3 BEPHBIX
MCXOMIHBIX TIOJIOXKEHUH MOJIyIai0TCsI BEPHbIE Pe3YJIbTATHI.

Koneuno, MoxHO paccyxknarh u 0e3 HAyKW O MPABUIBHBIX PACCYy-
KICHUAX. O,H,Ha,KO B HEKOTOPBLIX CJlyYasax HOTpe6HOCTb B TaKOl HayKe
BC€ K€ BO3HUKAET. B YaCTHOCTH, TaKasd CUTyallud CJI0OKUJIaChb B Ma-
Temaruke B KOHIE XIX — Hauasie XX BB., KOrma ObLiidn OOHAPYKEHbI
MapagoKChl B Teopun abCTPAKTHBIX MHOXKeCTB, paspaboranunoit I'. Kan-
TOpOM. AHaJ/IM3 MAPAIOKCOB MOTPEOOBAJ BHUMATEIHHOTO UCCIICIOBAHMS
paCC}’)K,H,eHPIﬁ, NpUMEHAEMbIX B MaTeMaTUukKe, 1 TeéM CaMbIM BbI3BaJl HE-
O6XO)II/IMOCTI) B Pa3BUTUN HAYKUN O PACCYXKICHUAX, T. €. JIOTUKU.

Y1066 JTOruKa MOrjia 00CIyKuBaTh CAMYIO TOYHYIO U3 HAYK — MaTe-
MAaTHKY, OHA CaMa, JOJIKHA ObITH TOYHOM HAYKOI, T. €. OHA HOJIKHA UMETh
[1eJI0 C TOYHBIMA MATEMATHYECKUMU TOHATUAMU U MPUMEHATH TOUHBIE
MaTeMaTun4eCKnue MeTonbl. TaKOBa MaTeMaTu4deckad JIO'MKa — HayKa
O MaTeMaTU4YeCKNX PaCCyXKICHUAX, MMOJIb3yHIadacCa MaTeMaTuIeCKUMN
MEeTOIaMU.

CoBpemeHHast MaTEMATHYECKAs JIOTHMKA MTPEICTABJISLET COOON obImmp-
HBIi U pa3BeTBJIeHHBIN pasnen maremaruku. (OHA, KOHEYHO, MOJIE3HA
n OJid Apyrux HaykK, IIOCKOJIbKY B HUX HCIIOJIB3YIOTCA PACCYXKICHUL,
JI0KA3aTe/IbCTBa M T.1. B HacTosiinee BpeMms paspabOTaHbI MPUJIOKE-
HUSI MATEeMaTUYeCKOil JIOTUKN K APpYyruM pasiejiaM MaTeMaTUuKN, a TaKXKe
K KHOEpHETHKE U MTPOrpaMMUPOBAHUIO.



FIABA 1
9JIEMEHTBI TEOPUN MHO2KECTB

§ 1. OcHOBHBIE OHATHS Teopuu MHOXKeCTB

B HavaJIbHBINA nepuoa pa3BUTUA TECOPUU MHOXKECTB IIOJIb30BaJINCh UH-
TYUTUBHBIM NIOHATHEM MHOXKecTBa. Corytacuo Kanropy, muooxcecmeo —
9710 J1I000e OObeIHEHE B OJHO IEJI0e ONPENeSIEHHBIX 00bEKTOB, KOTO-
pbleé Ha3bIBAIOTCS IAEMEHMAMU ITOr0 MHOXKecTBa. Tor dakrt, 4ro x
ecTh 3JIeMeHT MHOXKecTBa A, 3anuceiBaercsa Tak: ¢ € A. Ecom ¢ € A,
TO TOBOPAT, YTO A comepXKuT & uau 410 ¢ npunagiexut A. Ecin xe x
He SABJIFIETCSA DJIEMEHTOM MHOXkecTBa A, mumyr « ¢ A.

IBa MHOXKecTBa A 1 B CUNTAIOTCS PABHBIMU, €CTTH OHU COCTOSAT U3 OfI-
HUX U TeX JKe 9JIEMEHTOB, T. €. KaXKIblil 3JIEMEHT MHOXKeCTBa A mpuHa/I-
JICZKUT MHOZKECTBY B n Ka)K,H,beI 9JIEMEHT MHOXKECTBa B NMPpUHAAJIC2KUT
muoxecTBy A. Banuch A = B o3navaer, uro A u B paBubl, a A # B —
yro A u B He pasubl. 3anuch A C B o3Ha4aeT, 9T0 KaxKIbIil 2/1eMeHT
MHOXKeCTBa A sABJISIETCS TaKkKe 3JIEMEHTOM MHOXKECTBa B; B 9TOM CJIy-
yae rOBOPSAT, YTO A SBJISETCST NOOMHOHCECTNEOM MHOXKECTBa, B nym 9410
A exaoueno B B. Ecim A C Bu A # B, 0 A HasbIBaeTCcsa cobcmeeh-
HoLM nodmroscecmeom B, u B atom ciaydae numyr A C B. Muoxe-
CTBO, HE COIEpIKAIee 3JIEMEHTOB, HA3bIBAETCS IIyCTHIM U 0003HAYAETCS
. CemeiicTBO BCEX MOAMHOXKECTB TAHHOIO MHOXKeCTBA A obo3Havaercs
P(A).

MHO}KeCTBO, 9JIEMEHTaMU KOTOPOT'O ABJIAIOTCA JaHHbIE O6’beKTI)I ap,
as, ..., obosHadaerca {aj,as,...}. Hanpumep, {a,b} ecrb MHOXKECTBO
¢ asiementamu ¢ u b. Ecam mpu stom a # b, 1o {a,b} HaspiBaercs
HEYNOPsAJOUeHHO! napoil 06bekToB a u b. Muoxectso {a,a} MOXHO
0603HaYNTh TakKe {a}. DTO ONHOIIEMEHTHOE MHOXKECTBO C 3JIEMEHTOM
a. Yepes {z | ®(x)} obo3HaUAETCA MHOKECTBO TAKUX 2JIEMEHTOB T, IJIs
KOTODBIX BBIIOJIHAETCs yesoBue P(z).

MuoxectBo AUB = {z | x € A wim x € B} nasbiBaerca obsedune-
Huem MHOXKeCcTB A u B. Ilepeceuenuem mHOXKeCTB A 1 B HasbIBaeTCs
muoxectB0 ANB = {z |z € Aux € B}. Pasnocmovio muoxecrs A u B
nasbiBaercsa MuoxkecTBo A\ B ={z |z € Auz ¢ B}.
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§ 2. BuHapHble oTHOIIEHUA U (DYHKIIUHA

Yepes (a, b) obozuauaercs ynopsadouernas napa 1ByX 06beKTOB a u b.
OcHOBHOE CBOHMCTBO YTIOPSIOYEHHDBIX M1Ap TAKOBO: KAKOBBI Obl HU ObLIIN
00BEKTHI a1, a9, by, bs, paBeHCTBO {a1,b1) = (a2, b2) UMeeT MecTo TOrIA
1 TOJIBKO TOIA, KOroa a1 = as u by = bs. Booliue, nJis jir060ro HaTy-
PAJILHOIO YHCJIa 7 MOXKHO OOpa30BaTh KOPTEXKW IJIMHLI 1 (MU, KaK
WHOTIA TOBOPSAT, YNOPSIOYEHHBIE N-KU) OOBEKTOB (d1,...,adn) C TEM
CBOUCTBOM, 9TO {1, ... ,an) = (b1,... ,by) TOTIA U TOJILKO TOrIA, KOTHA
a; :bi (Z = 1,... ,n).

IIpamvim (mnu dexapmosuim) npouseederuem MHOKecTB A 1 B Ha-
3bIBAETCA MHOKECTBO A X B, cocrosilee n3 BCEX TAKUX YIOPATOYEHHBIX
nap (a,b), a0 a € A u b € B. AHAIOrUYHO ONpEneAeTCs IpsAMOe Ipo-
usBenenne MHOXecTB Aj, ..., A, Kak MHOXECTBO, COCTOSIIEE U3 BCEX
TaKuX KOpTexKeid (ay,... ,an), 4o a; € Ay,... ,a, € A,.

LunapHoim omuouweHuem MEXILY sJieMeHTaMu MHOXKeCcTB A u B Ha-
3pIBaeTCA Ji0boe nogmuoxkectso R muoxecrsa A X B. Yacro BMecTo
(z,y) € R numyr zRy. Obaacmovio onpedeserus, GUHAPHOTO OTHOIIE-
HUsA R HaA3bIBAETCA MHOXKECTBO 0R, COCTOSINEE M3 BCEX TAKUX T, 9TO
(z,y) € R xors 6b1 s ogHOro y. Muoscecmeom snavenuti pr OGuHap-
HOI'O OTHOIIEeHUsT R HAa3BIBAETCS MHOKECTBO BCEX TAKUX Y, 4T0 (T,y) € R
XOTs ObI 11J1s1 0mHOTO x. Obpammbim omHuouLeHueMm 11 OUHAPHOrO OTHO-
urenns R HasbIBaeTCsa MHOXKeCTBO R ™1, cocTosmmee n3 BCex TaKux yrops-
IOYEHHBIX 1ap (x,y), 910 (y, z) € R. 3amerum, 910 dp-1 =pR; pr-1 =0R.
Eciu Ry — oTHOIIEHnE MeXay sJeMeHTaMn MHOXKecTB A u B, a Ry —
OTHOIIIEHNE MEXKJy 3JieMeHTaMu MHOXkecTB B u C, 10 MOXHO 0Opaso-
Barb npoussedenue (Komnozuyuro) oraomenuit Ry u Ry. Ilpoussenenu-
em Ry o Ry ornomenuit Ry u R, Ha3bIBaeTCA OTHOIICHUE MEXIY 3Jie-
mentamu MHOxkecTB A u C, cocrosimee u3 Beex map {(x, z), 1/ KOTOPbIX
Haiinercsa Taxoii asement y € B, uro (x,y)€ Ry u (y, z) € Rs. Hanpuwmep,
ecan M — MHOXKECTBO BCEX XKUBYIIUX NN KOTIA-JTNO0 JKUBIITUX MY¥KIMH
Ha 3emuie, a orHomenue R C M x M cocrout u3 Takux nap {z,y), 9410
ABJIAETCA OTIOM Y, To R~! — 5T0 oTHOmEHNE, COCTOAIIEe U3 TAKUX Tap
(z,y), 9T0 & ABJISIETCS CHIHOM Y, a R o R — OTHOIlIEeHne, COCTOosAIIee 13
BCEX TAKUX 1ap (T, y), 4T0 T ABJIAETCSA IEIYLUIKOI Y 110 OTIHOBCKON JINHUM.

Ornomenue f HaspiBaeTcs pynryuet, ecom us (x,y) € f u {x,2) € f
caenyer y = z. Oyukuua f uaspiBaercs ¢ynkumeit uz A B B, eciu
0 C A, pf C B; ecm npu ?toMm 6 = A, o mumyr f : A — B.
Ecou f — dbysxkuus u (z,y) € f, To 06bryao numyr y = f(z) u Ha-
3BIBAIOT Y 3HaveHuem PYHKUIUM f Ipu 3HAYEHUH aprymeHTta x. HEciun
He CyIIeCTByeT Takoe y, 410 (z,y) € f, To Boipaxenue f(x) cumraercs
HeonpedeneHHbIM.
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Cpemnu dyukumii us A B A BbIIEIUM TaK HA3bIBAEMYIO MoxcdecmeeHt-
nyro Pymnkyuro idg = {(z,z) | * € A}. OugeBunno, uto idy(x) = =z,
KakKOB Obl HU ObLT 3JieMeHT & € A.

Oyuxnus f HA3BIBAECTCA N0CAEJOBAMEABHOCTIBIO, €CJN ee 001acTh
OIIpenesIeHNsT — 9TO MHOXKECTBO HaTypasbHbix dnces N = {0,1,2,...}.

B cayuyae, xorma mHOx)ecTBa A m B coBmamaror, OuHapHOE OTHOIIE-
une R Mexny assiemMeHTaMu MHOXKeCTB A u B Ha3bIBaeTCaA OUHAPHOIM
ommuowenuem na muodxcecmee A. Bunapuoe orHomenue R Ha MHOXKe-
crBe A HazbIBaeTCs:

pedaekcustvim, eciu (x,x) € R nyis Bcex x € A;

uppedaercusnvim, ecmu (x,x) ¢ R nis joboro x € A;

cummempuwroim, eciau us (x,y) € R cienyer (y,z) € R;

anmucummempuuroim, ecmn us (x,y) € R u (y,z) € R caeny-
er v =1y;

mpan3umuensim, ecan us (x,y) € R u (y,2) € R cnenyer (z, z) € R.

BunapHoe orHOIeHne Ha MHOKECTBE A HA3BIBAETCS 4aACTNUYHbLM YNo-
padoveruem (AU 4ACMUYHOIM NOPAJKOM), €CJIU ITO OTHOIIEHWE pe-
GbJIeKCUBHO, AHTUCUMMETPUYHO U TPAH3UTUBHO. JACTUIHOE YNOPSIO-
yeHne 0ObIYHO 0003HAYAETCSA CUMBOJIOM <. MHOXKeCTBO A C 3aIaHHBIM
HA HEM YaCTUYHBIM MOPSIKOM < HA3BIBACTCI 4ACTUYHO YNopadoweH-
Howm 1 0bo3HauaeTcs (A, ).

Bunaphoe orHOmeHnne Ha MHOXKeCTBe A HA3BIBAETCA CMPOZUM “a-
cmuHOIM Ynopadoueruem (MM CMPO2UM 4ACTNUYHbLM NOPATKOM), €CJI
9TO OTHOIIEHUE UPPedJIEKCUBHO U TPaH3uTUBHO. CTPOroe 4acTUIHOE
yIopsigoueHne 06brMHO 0603HaYaeTCs cuMBoJIoM <. MHoxkecTBo A ¢ 3a-
JaHHbIM Ha HEM CTPOrMM YaCTUYHBIM ITOPAIKOM < Ha3bIBaeTCAd cmpozo
wacmuwho ynopsadowennvim u obosHadaercs (A4, <).

BunapHoe oTHOmeHHe Ha MHOXKeECTBe A HA3BIBACTCS OMHOWEHUEM
IKEUBAAEHMHOCTIAU, €CJIM HTO OTHOUICHHE PedJIEKCUBHO, CUMMETPUIHO
n TPaH3UTUBHO.

YopaxHeHUsI.

1. Ilycts A u B — KOHeYHBIE MHOXKECTBA, COCTOSIINE U3 M U N
3JIEMEHTOB COOTBETCTBEHHO.

a) CKOJIbKO cymiecTByer GUHAPHBIX OTHOUICHUH MEXKIY dJIeMeHTaMu
MHO)ecTB A u B7?

6) Cxobko umeercst Gyukumit us A u B?

2. OGpazyioT Jin OMHApHBbIE OTHOIIEHUsI Ha MHOXKecTBe A rpymmy
OTHOCHTEJILHO onepatmii o u ~17

3. Hokaszarb, 4to mjis Jjitodbix Gyukiuit f : A — Bu g: B — C ux
komnosunus f o g apngerca dynkuueir uz A B C, npudem (f o g)(z) =

=g(f(2)).
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4. JTokaszarb, 4TO BCAKOE CTPOrOe YACTUIHOE YIOPAIOUYEHHE sIBJIAET-
CA aHTUCUMMETPUYIHBIM.

5. Ilycre (A, <) — 4Yacru4Ho ynopsimodeHHoe mMuoxecTBO. [loka-
3aTh, 4TO GuHapHoe otnouenue R = {(z,y) | z <y u z # y} asaserca
CTPOrMM YaCTUYHBIM TOPAIKOM HA MHOXKeCTBE A.

6. Ilycts (A, <) — CTPOro 9aCTUYHO YTIOPSIOYEHHOE MHOMKECTBO.
Hoxkasarb, 4to 6uHapHoe orHomenne R = {{(z,y) | ¢ < y wm z = y}
ABJIACTCA YaCTUIHBIM IIOPAIKOM Ha MHOXKECTBE A

7. Ilycrs (A, <) — CIPOro YaCTUYHO YIOPSIOYEHHOE MHOKECTBO.
DsteMeHT a € A HA3BIBAETCA MAKCUMAALHbIM, €CJid B A HE CylIIecTBy-
er Takoil ssiemenT b, uro a < b. [lokasarb, YTO €CJid MHOXKECTBO A
KOHEYHO, TO B HEM CYUIECTBYET MAKCUMAJIbHBII 2JIEMEHT.

8. Ilycrb R — oTHOIIEHNE SKBUBAJIEHTHOCTH Ha MHOXKecTBe A. Kaac-
COM IKBUBAAEHMHOCTIU TIEMEHTA 4 € A Ha3bIBAETCI MHOXKECTBO

[a] = {z | {a,z) € R}.

Hokaszars, 4T0 17151 JI00BIX 3JIEMEHTOB @, b € A uX Kj1acChl 9KBUBAJIEHT-
HoctH [a] u [b] ubo coBnamaror, MO0 He UMEIT OOIINX HJIEMEHTOB.

§ 3. Bzaumno OOHO3HAYHbI€ COOTBETCTBUA U 3KBUBaJIECHTHbIE
MHO2XeCTBa

Dyukuusa [ HA3bIBAETCA 63aUMHO 00HO3HAuHOT Pynryueld (uiin
1-1-pynryueti), ecoim uz f(x) = f(y) cnenyer x = y (BbIpaxeHue
f(z) = f(y) osnagaer, uro f(x) u f(y) onmpenesieHbl U UX 3HAUEHUS CO-
snanaior). Hanpumep, id4 ABAAETCA B3AUMHO OTHO3HAYHON dyHKIMEI].
Boobie, pyHkus f B3auMHO OIHO3HAYHA TOTHA U TOJIBKO TOTHA, KOIIa
ornomenne f~1 apnserca dyukimeit. Ecom f: A - Bug: B — C
CYyTb B3aUMHO OJHO3HAYHbIE (byHKHI/II/I, TO X KOMIIO3UIUA f O g TaKXe
€CTb B3alMMHO OJHO3HAYHAA (byHKHI/IH.

B3aummno 00HO3HAUHBIM COOMEEMCMEUEM MEXKIY MHOXKecTBaMn A
n B Ha3bIBaeTCs Takasd B3aMMHO OfHO3Ha4Has dyukmusa f : A — B,
49T0 pf = B.

MuoxecrBa A u B Ha3bIBAIOTCS PAGHOMOUHBLMU, €CJIA CYTIECTBYET
B3aMMHO OJHO3HAYHOE cOOTBeTCTBUE MKy A u B. YT0o0ObI BHIpa3UTh,
yro A u B paBHOMOUIHSGI, nuinyT A ~ B.

Teopema 1. Kakosl 661 Hu 6bL10 MHOXKEcTBA A, B, C,
1) A~ A

2) ecoiu A ~ B, 10 B ~ A;
3)eciuA~BuB~C,10A~C.



10 Ta. 1. Onemernmov, meopuy MHOHCECTNE

HokaszareabCcTBO. JIErKO MPOBEPSETCs CIIPABEIJIUBOCTD CJIEILY-
IOIIUX yTBepXKIeHui.

1) @yuxius id 4 ABJIAETCS B3AUMHO OJHO3HAYHBIM COOTBETCTBUEM Me-
xay A nm A.

2) Ecim f — B3amMHO OgHO3HAYHOE COOTBEeTCTBHE Mexay A u B, To
f~! ecTb B3aMMHO OTHO3HATHOE COOTBETCTBHE MexkIy B u A.

3) Ecoin f — B3amMmHO OmHO3HAYHOE coorTBeTcTBUE Mexiay A u B,
a g — B3aMMHO OJHO3HAYHOEe cooTBercTBUE Mexkay B u C, T0 ux KoMm-
no3uiya f o g ecTh B3aMMHO OOHO3HA4YHOE cooTBeTcTBHe Mexay A u C.

Orcroa HeMEJIEHHO CJIeAyeT YTBEPKICHNEe TEOPEMBbI.

Teopema 1 moxazana.

PaBHOMOH.leIe MHOK€eCTBa HAa3bIBAIOTCA TaKiXKe 3K6UBANEHMHDIMU.

§ 4. CueTHBIE MHOX€ECTBa

Henycroe MHOX)eCTBO HA3bIBAETCA CUEMMHbIM, €CJTU OHO €CTh MHOXKe-
CTBO 3HauUeHUil Kaxoii-ymmbo nocsenoBaresbHocT. Ilycroe MHOXKeCTBO
IO OINpPENeIeHUI0 OTHOCUTCS K CUETHBIM.

[Ipumep 1. Jlioboe KoHETHOE MHOKECTBO SIBJISETCS CYeTHBIM. [lefi-
crBuTeNbHO, ycth M = {ag,... ,a,—1}. Paccmorpum mocsenoBaresib-
Hocth f: N — M rakyto, uro f(x) = a;, rae | ecTb OCTATOK OT JeJIeHus
x Ha n. OueBnaHoO, uTO pyr = M.

IIpumep 2. Harypasbublii pamg N — cueTHOe MHOXKECTBO, TOCKOJTb-
Ky OH sIBJISIETCS MHOXKeCTBOM 3HadyeHuii pyukimu idy : N — N.

[Mpumep 3. Ilycrb maH HEKOTOPHIH aagasum, T.e. HADOP DJIEMEH-
TapHBbIX 3HAKOB, HA3bIBAEMbIX Oyrxeamu. KoHneuHsblil psm OykB, HATUCAH-
HBIX JIPYT 3 IPYTOM, HA3BIBACTCSA CA060M B JAHHOM asidasure. Horma
ObIBaeT yI0OHO PACCMATPUBATH TaKKe IyCTOe CJIOBO, COBCEM HE COMIEp-
xKainee OyKB u 00b19HO obo3Ha4vaemoe A. Eciu andasur A KoHedeH, TO
MHO)KecTBO A* Bcex cjioB B asibasure A cuerHo.

HeitcrBuresbro, mycrs A = {Si,...,S,—1} (p > 2). Onpenenum no-
caenoBaresibHocTh f @ N — A* coemytomum obpasom: f(0) = A; ecom
ke x > 0, TO paCCMOTPUM 3alKCh YUCJIA T B P-UYHON CHCTEMe CUrCIIe-
HUsI, BBINUIIEM B MOPsIKE BXOXKIEHWsI B Hee BCE HEHYJIeBble Iudpbi»
kiy... km(1 < k; < p—1) u nonoxum f(x) = Sk, ...Sk, . OueBun-
HO, 4T0 py = A" A uMeHHO, IPOU3BOJIBHOE CTIOBO Sy ... S;, ABJIAETCA
sHauenueM GYHKIUN f IPU 3HAYEHUN apryMeHTa, iop” +i1p" 14+ - - +iy,.
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IIpumep 4. Bcakoe MHOXKECTBO, dKBUBAJIEHTHOE CUYETHOMY MHO-
KecTBy, cuerno. [eiictBurenbho, nyctb A — cueTHOE MHOXKECTBO
u A~ B. Ilycts f: N = A — Takas 10Cj1em10BaTeIbHOCTD, UTO pf = A,
u nycrb g : A — B — B3aMMHO OIHO3HAYHOE COOTBETCTBUE MekiIy A
n B. Herpynno npoBeputb, 4TO UX KOMIO3UIKA f 0 g €CTh MOCsen0Ba-
TeJILHOCTD, IPUYeM pfog = B, T.e. B cuerno. Orciona u u3 npumepa 2
MOJIy4aeM, B YaCTHOCTU, YTO BCSKOE MHOXKECTBO, HKBHUBAJIEHTHOE Ha-
TypasbHOMY psady, cdeTHo. Hampumep, CIeTHBIM SIBJISETCS MHOXKECTBO
Bcex cyioB B asibasure {0,1,2,...,9}, apiagommxca qeCATUIHBIME 3a-
MUCSMY HATYPAJIHHBIX YUCEJT, TOCKOJIbKY OHO, OY€BH/IHO, SKBUBAJIEHTHO
HATYPAJIbHOMY PSIY.

Teopema 2. JIroboe MOIMHOXKECTBO CIETHOIO MHOXKECTBA CYETHO.

HoxaszarenbcTBo. IIycth A — cuernoe MuHOXKecTBO, B C A.
Eciu B — mycToe MHOXKECTBO, TO OHO CYETHO 1o omnpenesienuio. Pac-
cMorpuM caydaii, korma B aemycro. Torma A takxke He mycTo, U Cyle-
CTByeT IOCJenoBaTesIbHOCTD f Takasd, uro py = A. Baduxcupyem ne-
KOTOPBIH djieMeHT b € B u onpenesiuM moc/ieIoBaTe/ibHOCTb g : N — B
CJIeyONuM 00pa30oM:

() f(z), ecmm f(z) € B;
g\x) =
l ecu f(z) ¢ B.

Ouesnano, uro py = B, 1.e. B cyerno. Teopema 2 nmokasana.

N3 Teopemsr 2 u mpuMmepa 3 MOJIyYAETCs €lIe OOHO T0KA3aTeTbCTBO
CYETHOCTH MHOXKECTBA [ECATUYIHBIX 3aluceil HATYPAJIbHBIX UUCEJ, MO-
CKOJIbKY OHH 00pasyioT MOIMHOKECTBO MHOXKeCTBa Bcex cJjioB B 10-
6yxsennom asdasure {0,1,2,...,9}.

[Ipumep 5. MHOXKecTBO BCex palMOHAJJIbHBIX ducesa Q cuerHo.
HeficTBuTEIbHO, BCAKOE PAIMOHAIBLHOE YUCJIO 3AINCHIBACTCA B BUIE He-
COKpaTuMoil 1pobu BUIA m/n, tue m — 1eJaoe 9Ucyo, a 1N — MHOJI0XKH-
TEJIbHOE IEJI0e YUCJIO, T. €. MHOKECTBO () 9KBUBAJIEHTHO MHOXKECTBY Ta-
KUX JIpobeit, KOTOPoe, B CBOIO OYEPEb, ABJISIETCS MOJIMHOXKECTBOM BCEX
cnos B andasure {0,1,2,...,9,—,/}. Teneps cyernocts Q cremyer us
npumepa 3, TeopeMbl 2 u nmpumepa, 4.

Teopema 3. ObbenuHeHHEe CYETHOIO YHCJIa CYETHBIX MHOXKECTB
CYeTHO.

HoxaszaresnbcTBO. [lycrh gaHo cuerHoe MHOXKECTBO A, sjieMen-
ThI KOTOPOT'O CyTh CY€THBIE MHOXKECTBa. Tpe6y€TCﬂ JOKa3aTh CHETHOCTDH
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MHOXKECTBA B, COCTOAIIEr0 M3 BCEX 3JIEMEHTOB, MPUHAIJIEKAIINX DJIe-
menTam MuoxectBa A. Ecau A mycro, To B Takxe mycro u CIYeTHO 10
onpenesenuto. I[lycts A HEMYCTO U Cpemu ero 3JIEMEHTOB €CTh HEeIyCThie
MHOXkecTBa. Tak Kak A CYeTHO, TO CYMECTBYeT TaKas IMOC/IeI0BATE b
Hocth h: N — A, uro pp, = A. Obosnauum h(n) uepes A, (n € N).

s sioboro n, ecu A, He MyCcTo, CyMECTBYeT Takas MOCJIeI0Ba-
respHocTh fp : N = A, 40 pppy = A,. 3amerum, uro B memycro,
u 3adukcupyem HekoTopbiil ajement b € B. Eciu A, mycro, onpemne-
JIIM TIOCJIENOBATEIbHOCTD fp, : N = B tax, uro f,(z) = b nja jmoboro
2. Paccmorpum 6ecKoHeuHyr0 TabJIMILy, B CTPOKaX KOTopoﬁ MOCJIE/IOBA~
TeJIbHO BBINUCAHBI 3Ha4YeHust GyHKuuii fo, f1, fo,...:

x 0 1 2
fo(x) | fo(0) fo(l)=fo(2) ...
i1 v /
filz) | A(0) AQ) fi(2) ...
v a v
fo(z) | f2(0) fa(1) fa(2) ...
i1 e /

OueBnaHo, B 910l TabJnile COIEPKATCA BCE IJIEMEHTHI MHOXKeCTBa B
u TOJIbKO OHU. [lepecuuTniBas 371€eMeHTHI TaOJINIIBI B MOPSIKE, YKA3AH-
HOM CTPEJIKAMU, MbI TIOJIy UM [OCJIEIOBATEIbHOCTh ¢ : N — B, TO ecTb,

9(0) = fo(0), g(1) = £1(0), 9(2) = fo(1), 9(3) = fo(2),

Tem cambIM TOKa3aHa CIeTHOCTb MHOXKecTBa B. Teopema 3 mokaszana.

ITpumep 6. MuoxecTBo A* Beex cjI0B B cyeTHOM asipaBure A cuer-
HO. [eiicTBuresibHO, ecim A — cyeTHbIl asidaBuT, TO CyMECTBYET Ta-
Kas nocsienoBarebHocTb f 1 N — A, uro py = A. Ob6osuauum f(n)
vyepes a, (n € N). Ilycrs A, = {ag,a1,...,a,}. Ilockosbky Jr060e
csi0B0 B ajibaBure A COCTOMT JIMIIb M3 KOHEYHOIO YHCJIA OYKB, OHO
SIBJISIETCST OMHOBPEMEHHO CJIOBOM B OMHOM 13 asibasutoB A,. (A umen-
HO, CJIOBO @, . ..Qk,, SIBJISIETCS CJIOBOM B KOHeYHOM aJsibasure Ay, rae
k = max(ky,...,kny).) Takum o6pasoM, MHOXKECTBO BCEX CJIOB B aJl-
dasure A ecTb 0ObEINHEHNE CUETHOTO YnCIa MHOKeCTB Af, A7, A3, . ...
Teneps cuerHocTh A* BbITEKAET U3 NMpUMEpa 3 U TEOPEMBbI 3.

Teopema 4. MuoxecTBo 3Ha4YeHUH (PYHKIHH, OHPEIEJIEHHOH Ha
CYETHOM MHOXKECTBE, CYETHO.
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HoxaszarenbcTBOo. I[lycrb A — CcueTHOE MHOXKECTBO, f — HEKO-
Topas dyurnus ¢ obaacrbio onpenesenus A. Ilockoabky A cdeTHO,
CyIIeCTByeT IocjenoBaTesibHocTh g : N — A Takag, uro p, = A. To-
I3, OYEBUIHO, g © f €CTh [0C/IeI0BATEIbHOCTD, IPUYEM Pgof = Py, T. €.
MHOXKeCTBO py cueTHo. Teopema mJokKaszaHa.

IMIpumep 7. [eiicTBuTE/SIbHOE YHCJIO HA30BEM  A.42€0PAUMECKUM,
€CJI OHO SBJISIETCS KOPHEM HEKOTOPOrO MHOTOYJIEHA C OMHUM HEU3BECT-
HBIM ¥ C HEeJbIME KO3(dUIMeHTaMu, T.€. MHOTOYJIEHA BUAA: oL +
+a1z" 4+ +ap_17 + a, (ag,a1,...,a, — ueabie yncaa, ag # 0).
MHuoxkecTBO arebpandecKux 4ucest C4eTHo. [lefcTBUTEIbHO, KaxkK ablii
MHOTOYJIEH MOXKHO paccMarpuBarb Kak cjoBo B ajdasure {0,1,2,...
.o.,9,2,4,—}, ecu BMecTo z™ mucarb xn (HAIPUMED, MHOTOUJIEH
425 — 22 +3 sanmuceiBarh Tak: 4x5—222+3). B cuny npumepa 3 u Teope-
MbI 2 MHOXKECTBO BCEX MHOTOYJIEHOB cuyeTHO. Paccmorpum dyskiuio f,
ONpENe/IeHHYI0 Ha MHOXKECTBE BCEX MHOIOYJIEHOB, 3HAYEHUEM KOTOPOit
Ha JaHHOM MHOI'O4YJI€HE fABJIACTCA MHOXKECTBO KOpHef/’I 9TOro MHOro4JIe-
Ha (KOHEYHOe I, CJIeIoBaTesIbHO, cuerHoe). ITo Teopeme 4 MHOXKECTBO py
ABJIAETCS CYeTHBIM. Ternepb 3aMeTnuM, 9TO MHOXKECTBO BCex ajiredbpaunde-
CKHX 9UCEJI — HTO B TOYHOCTH OOHEIUHEHNE BCEX BJIEMEHTOB MHOKECTBA,
pf, CUETHOE B CHJIYy TEOPEMBI 3.

Teopewmab. Bce beckoHedHBIE CUETHBIC MHOXK€CTBa 9KBHBAJICHTHBI.

HoxkaszaTesnbcTBO. [HoKazxkeM, 4TO BCAKOE OECKOHEYHOE CUETHOE
MHOXKECTBO 9KBUBAJIEHTHO HaTypasibHoMy pany N. Orcioga u u3 teope-
MbI 1 OyIeT ciiefoBarh yTBEPKIECHHE TEOPEMBI.

ITIycte A — Geckoneunoe cuernoe muoxkectBo, f : N — A — ra-
Kasf I0CTIeN0BATENILHOCTD, 410 pf = A. Omnpenenum HOBYIO dyHKIIUIO
g : N = A cnenyromnm o6pazom: g(0) = f(0); g(n+1) = f(k), cne k —
HauMeHbIee 4ucyo, rakoe, uro f(k) ¢ {g(0),...,g(n)} (B cuny Gec-
koHeunoctu A takoe ducsio k cymecrByer nis Jioboro n). OueBumHo,
YTO ¢ — B3AaUMHO OfHO3HA4YHOE cooTBeTcTBUE Mexay N u A. Teopema 5
JIOKa3aHa.

YupaxHeHu.

1. ToxaszaThb, YTO MHOXKECTBO BCEX KOHEYHBIX MTOJIMHOXKECTB CIETHOTO
MHOXKECTBA CYETHO.

2. Jlokaszarh, 4TO JIFOOOE MHOXKECTBO IMOMAPHO HEMEePeceKaroNnxCs
WHTEPBAJIOB HA OEeCTBUTEJIbHON IPAMOI CUEeTHO.

3. Hokaszarb, 9TO MHOKECTBO TOYEK Pa3pbiBa, MOHOTOHHOU Ie#CTBU-
TEeJIbHOI (DYHKIMK CYETHO.
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¢ 5. KaHTOpOBCKM NHUaroHAJILHBIM MeTOo.,

Teopewma 6. Muoxecrso F Bcex pyuxumii u3 N B maoxkecrso {0, 1}
HECYETHO.

HokazareabcTBo. IIpennosoxum, 9T0 HAM HaHA HEKOTOPA MO~
caepoBaresibiocth f @ N — F. OGosuauum f(n) gepes f,. ITomo6uo
TOMY, KaK MbI TIOCTYTIAJIN MIPU JOKA3aTEJIbCTBE TEOPEMBI 3, PACCMOTPUM
6GeckoHedHyI0 TabJInIly, B CTPOKAX KOTOPOH BBIMMCAHBI 3HAYEHUS (DYHK-
uuit fo, f1, fo,.... Tenepb onpenenum dynkuuio g € F caemymommm

obpazom:
1, ecmu f.(z) = 0;
g(z) = _
0, eciu f,(z) =1

WNubiMu cyioBamu, TIOC/IEN0BATE/IbHBIE 3HAYEHNST (DYHKIUU § TTOJTY Yat0T-
Cs1 U3 YUCEJT, CTOAININX HA, [IUATOHAJIM TAOJIUIIBI, U3MEHEHNEM KazKI0TO 13
Hux. OyHKIUs g HE BXOOUT B 00J1acTh 3Ha4YeHuil pyHKIUU f, MOCKOJIb-
Ky 9(p) # fp(p), kaxoBo 6bI HE ObLI0 p. Takum 06pa3sOM, HU AJIS KAKOH
nocsienoBaresibHocT f : N — F' MHOXKECTBO ee 3HAYEHUH He COBIAIaeT
c F, 1.e. I necyerno. Teopema 6 nmoxazana.

Merom, ucrnosib30BaHHBII B TOKA3aTE/ILCTBE TeOpeMbl 6, Ha3bIBACTCS
KaHMOPOSCKUM JUA2OHANLHOLM METOTOM.

Cnencrsue. Muoxecrso P(N) mecuerHo.

HDoxaszarenbcrBo. Hocrarouno nokasarb, uro P(N) ~ F, a 3a-
TeM BOCIOJIb30BaThCA puMepoM 4 u Teopemoit 6. Bzaumuo omHo3HAY-
Hoe coorBercrBue Mexay P(N) u F 3anaer hyHKIHUS, CONMOCTABIISIONIA
kaxgomy noamuoxectsy M C N ero xapaxrepucTudeckyio (pyHKIHIIO,
T. €. TaKyto GyHKIMO X € F, aro

1, ecmu x € M,

xm(@) = { 0, ecomaz ¢ M.

§ 6. KapnunaJjibHbIE YHCJIa, UM MOIIHOCTH

Corstacuo KanTopy, mon xapdurasbHoim “ucaoM WA MOUHOCTNBIO
MHOXKeCTBa A MOHUMAeTCss TO obliee, YTO MPUCYIIE BCEM MHOXKECTBAM,
9KBHUBaJIEHTHBIM MHOXKeCTBY A. HeszaBucumo ot crocoba npencrabiie-
HUsI TOTO aDCTPAKTHOIO OObEKTA, KOTOPBI HA3BIBAETCS KapPAUHAIbHBIM
YUCIIOM, (PyHIAMEHTAIbHOE 3HAYEHNEe UMEET TO, YTO ABA MHOXKecTBa A
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u B uMmeroTr omHO M TO XK€ KapAMHAJJIBHOE YHCJIO, €CJIM U TOJIbKO eCJIn
OHU 9KBUBAJIEHTHBI, T.€. A ~ B.
_ Kapmmnaseroe uncsio (MomuocTs) MEOKecTBa A 0603Ha"aeTCsa 4epes
A umu |A]. B gactrocTn, Kax Mbl panee ycranosusn, |P(N)| = F), rae
F — muOoXkecTBO U3 Teopemsl 6.

Ecnm MHOMXKecTBO A 9KBHBAJICHTHO HEKOTOPOMY TIOJIMHOMKECTBY MHO-
xectBa B, To mumyt A < B. Ouesunno, uro ecu A C B, 10 A < B.
Teopema KanTopa-Bepumreitna yrsepxaaeT, 4T0 €CIl OTHOBPEMEHHO
A< BuB< 1_41, TO_A = B. Ecsn A u B He 5KBUBAJICHTHLI 1 BBIIIOJTHEHO
nepasercTBo A < B, 1o mumyTt A < B.

CorstacHo Teopeme 5, Bce GECKOHEUHbIE CYETHBIE MHOXKECTBA UMEIOT
OIIHY U Ty 7K€ MOIIHOCTh. DTa MOIIHOCTH 00bIYHO 0b03HaYaeTca o (du-
raercsa ased-Hysb; N (dned) — nepsas Oyksa espeiickoro andasura).

Momnocts muoxecra P(N) (u, cienoaresibao, MomHOCTh F') HA3bI-
BAaETCA MOUHOCTIDIO KOHMUHYYMG U OOBIYHO 06o3Ha4Yaercs ¢. MoxHO
AJOKa3aThb, YTO OHa paBHa MOHNIHOCTU MHOXKECTBa BCEX ,H,eﬁCTBPITeJIbeIX
gncesi. CoryracHo cjiencTBuio u3 TeopeMbl 6 ¢ # Rg. OueBuiIHO TakXKe,
910 Vg < ¢.

IIpenmosiozkenne o TOM, 4TO HE CyMECTByeT MHOxKecTBa M, mjia Ko-
Toporo Ny < M < ¢, HABBIBAIOT KOHMAUHYYM-2Unome3ot. DTO MpaBmo-
nof06HOE C MHTYUTUBHON TOYKM 3PEHUs MPEIIIOJIOKEHNE I0JIT0e BpeMsi
HE yIaBaJIOCh HU [1OKA3aTh, HU ONPOBEPrHYTh. JIUIIb CpABHUTEIBHO He-
IIaBHO TpOOJIeMa, CBsI3aHHASA C KOHTHHYYM-TUIOTe301, ObLi1a peliena, Ho
B HECKOJIBKO HEODOBIYHOM CMBICJIE, KOTOPBIN PA3bACHUTC JJIsi HAC 9y Th
HO3XKe.

YopaxHeHUs.

1. Joxkasars, uto ecoiu A; C Ay CAu Ay = A, 10 A, = A.

2. Hokasarb Teopemy Kanropa—Bepumreitna.

3. Hoxkazarb, YT0 00bEINHEHNE CUETHOTO YUCJIa, MHOMXKECTB MOIIHO-
CTH ¢ UMEEeT MOIIHOCTD C.

§ 7. Teopema Kauropa

Teopewma 7 (reopema Kanropa). s smoboro maoxecrsa M nme-
er mecro M < |P(M)].

Hoxaszarenbcrso. Ilycrs ¢ — rakas dyukuus uz M B P(M),
yro g(x) = {x}. Dra QyHKIMA yCcTAaHABIMBAET B3AUMHO OIHO3HAYHOE



16 Ta. 1. Onemenmov, Mmeopuy MHOHCECTNE

coorBercrBue Mmexy M n nonmuokectBoM P (M), COCTOAUMM U3 OIHO-
3JIeMeHTHbIX nonMuEoKecTs M, Tak ato M < |P(M)].

IMokaxewm, uro M n P(M) se skBuBajientHsl. Ilycrts f — kakas-
6o dbyukuusa uz M 8 P(M), unycts S ={z |z € M uzx ¢ f(z)}.
Ouesunno, S € P(M). Ilokaxewm, uro S ¢ py. JeiicrBurespHo, mycTsb
f(s) =S mia wexkoroporo s € M. IIpocrbie paccyxKaeHust IIOKA3bIBAIOT,
YTO B 9TOM CJIydae Ipennosioxenus s € S u s ¢ S oba BemyT K npoTu-
Bopeunto. Takum obpasom, Hu 1A Kakoit pyukuun f: M — P(M) ee
MHOKECTBO 3HaueHuil ne copnamaer ¢ P(M). CioenoBaresibHO, HE CylIe-
CTBYeT B3aWMHO OIHO3HAYHOrO coorBercTBus Mexny M u P(M), re.
OHU He YKBUBAJIEHTHBLI. Teopema 7 JTOKa3aHa.

Momsocts Muokecrsa P (M) npunsto obosnadars 2M. Taxum obpa-

- %o
som, M < 2M. B wacrmoctu, Ry < 2% < 22°° < ... Bamernwm, 4To
KapauHaIbHoe 9ucs0 280 paBHO MOMIHOCTH KOHTHHYYMA.

¢ 8. I[Tapamokchl TEOPUU MHOXKECTB

B 90-x romax XIX B., KOrga Teopus MHOXKECTB CTAJIA MOJIYyYaTh MIPU-
3HAHWE CPeIy MATEMATUKOB, B Hell ObLIM OOHAPYKEHBI TPOTUBOPEIHS.
Paccmorpum HEKOTOpBIE U3 HUX.

Iapadoxc Kanmopa cBsI3aH C MHOXKECTBOM Bcex MHOXKeCTB. O003Ha-
yum 310 MHOXKecTBO depe3 1. Torma P(T) ecth HEKOTOPOE MHOXKECTBO
muoxects, otkyna P(T) C T. Ho roraa |P(T)| < T. C apyroit cropousi,
11 mo6oro Muoxectsa M umeer mecto nepasenctso M < [P(M)|. Or-
ciona no Teopeme Kanropa-Bepuurreitna nonyuaaerca T = |P(T)|, uro
MIPOTUBOPEYUT Teopeme 7.

Bot eme onmn mapamgokc Teopun MHOXKeECTB — napadorc Pacceaa.
IIycts R ecTh MHOXKECTBO BCEX MHOXKECTB, KOTOPbIE HE SABJISIOTCA dJie-
MeHTamMu camux cebs, r.e. R = {z|r ¢ z}. Torma okaspiBaeTCsi, 4TO
R € R BBINONHAETCSA TOTIA U TOJILKO TOTHA, Korna R ¢ R.

ITapanoxcet Kanropa, Paccesia u gpyrue Te0peTuKo-MHOXKECTBEHHbBIE
napaJoKChbl AEMOHCTPUPYIOT TPYAHOCTHU, CBA3aHHbIE C IIOIBITKAMU I10-
CTPOUTH TEOPUIO MHOKECTB HA OCHOBE MHTYUTHBHOTO TIOHATHS MHOXKE-
CTBa. DTU TPYAHOCTH BHIHYXKIAIOT HAC 3aHATHCSA BOMPOCOM: B YEM Ke
COOCTBEHHO TIO/IBEJIM HAC MEeTOJbl 0Opa30BaHMs TOHATUI U paccyxie-
HUA, Ka3aBHINECA y6e)II/ITe.HbeIMI/I, IMOKa He BbIZACHUJIOCH, YTO OHU IIpHU-
BOOAT K Hapa)lOKcaM? PaSJII/I‘{HI)Ie MaTe€MaTUKN BbICKAa3bIBaJIU Pa3HbIe
B3IJIAbI 110 MOBOMY MPUYUH BOZHUKHOBEHUS MaPaI0KCOB U MpejiaraJid
HEKOTOPbIE CIIOCOOBI M30aBJICHNS OT HUX.
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OnuH U3 BO3MOXKHBIX IyTell m30aB/IeHUs OT M3BECTHBIX apaIOKCOB
COCTOUT B pa3JIMYEeHNM COBOKYITHOCTEN IBYyX COPTOB, HA3BIBAEMBIX KJIAC-
caMu ¥ MHOXKEeCTBaMu. TodHee, TPOU3BOJIbHAS COBOKYITHOCTb OObEKTOB
CYUTAETCHA KAGCCOM, & MHOKECTBAMU ABJISAIOTCA TOJIBKO T€ U3 KJIACCOB,
KOTOpPbIE CaM# MOT'YT ObITh 3JIeMEeHTaMHu APYTruX KJjaccoB. [Ipu Ttaxkom
MOJIXO/Ie PACCYKIEHNUsI, UCTIOJIb3yeMble B mapanokcax Kanropa u Pacce-
Jla, IPUBOJAT HE K MPOTUBOPEYMIO, & BCErO JIMIIb K PE3YJIbTATY O TOM,
YTO HEKOTOPbIE COBOKYITHOCTHU HE ABJIAIOTCS MHOXKecTBaMu. dTo0bI yOe-
OUTHCS, YTO BTO HE MPOCTO UTPA TEPMUHAMHU, MONBITAEMCHA, HATIPUMED,
npoBecTu mapanokc Paccesa, mmest B BULy, 9YTO COBOKYMHOCTH R Bcex
MHOXKECTB, HE ABJISIONINXCS 9JIEMEHTAMHI CAMUX Ce0sI, — He MHOXKECTBO,
a, KaK TOBOPSAT, COOCTBEHHBIN KJIACC — KJIACC, HE SIBJISIOMIWIACST MHO-
xkecrBoM. OueBupHO, 4T0 R He ABJISAETCS CBOMM 3JIEMEHTOM, [TOTOMY
9TO HUKAKOI COOCTBEHHBIN KJIACC HE MOXKET OBITh 3JIEMEHTOM HUKAKOTO
kJjtacca. Orcroa, OHAKO, HE CJIEIyeT, 9YTO Mbl JIOJIKHBI BKJIIOYUTH €ro
B R B KadecTBe 3/IeMEHTa, TTOTOMY YTO K KJIacCy ] Mbl OTHOCUM TOJTBKO
MHOXKecTBa. Tak YTO HUKAKOTO MPOTUBOPEYINs 3€Ch HEeT.

§ 9. AkcuomarudeckKast Teopud MHOXKeCTB

ITockobky cBOOOIHOE MOJIB30BAHUE MOHATUAMU, UCXOIAITNUMI U3 UH-
TYUTUBHBIX TPEICTABICHNN O MHOXKECTBAX, MMPUBOAUT K MPOTHUBOPEUH-
am, 9. Lepmesio (1908 r.) NpenjioKuI OrpaHUYUTHCA PACCMOTPEHUEM
MHOXKECTB, CyIIECTBOBAHIE KOTOPBHIX MOXKET ObITh JOKA3aHO HA OCHOBE
HEKOTOpOro cnucka akcuoMm. IIpensoxennas Llepmeso cucrema akcu-
OM BIIOCJIEACTBUM ObLIIa HECKOJIbKO pacurupena A. ®dpenkesiem n HOCHT
HasBauue cucrembr Llepmeno—®@penkesis ZF. OcHoBHbIME (Heonpenesise-
MBIMU) HNOHATUAMHU STOW CUCTEMbI ABJIAIOTCA OTHOIICHUE PUHAIJICXK-

HOCTH € W orHOueHue paseHctBa =. Cucrema ZF umeer ciemyroriue
AKCHUOMBI.
I.  Axcuoma obsemrocmu. Ba MHOXKECTBA PABHBI, €CJIM ¥ TOJBKO

€CJIM OHU COCTOSIT U3 OHHUX M TeX XK€ HJIEMEHTOB.

I.  Axcuoma napv. s jiobbix MHOXKeCTB A u B cyiiecrByer Ta-
KO€ MHOXKECTBO, YTO A u B sIBJIAIOTCS €IMHCTBEHHBIMU €r0 JIEMEHTAMU.

III.  Axcuoma obsedunenus. s j1000ro MHOKECTBA A CyliecTByer
MHOKecTBO UA, cocrosiee B TOYHOCTU U3 BCEX HJIEMEHTOB, IPUHAIIE-
JKAIUX dJIeMeHTaM MHOXKeCTBa A.

IV. Axcuoma mmoocecmea ecex nodmmosxncecme. s 0060ro MHO-
xKectBa A cymecrtByer MHOXKecTBO P(A) BCex monmuoxecTB A.
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V. Axcuoma evidesernus. st moboro muOxkecTBa A u cBoiicta P
TAaKoro, 9To 1njisi Jodoro & € A yreepxkaenue ®(z) yiubo uctuno, 16O
JIOXKHO, CyIecTByer MHOXeCTBO {z | * € A u ®(x)}, cocrosmee B T04-
HOCTH U3 TeX 3JIeMEeHTOB A, 1yist KOTopbix ® uctuHHO.

VI. Axcuoma beckoneunocmu. CymectByer mo Kpaiineil mepe omHO
GeCKOHEYTHOe MHOXKECTBO — MHOXKECTBO HaTypaJsibHbIX yncest {0,1,2,...}.

VII. Axcuoma swvibopa. Ijisi 106010 HEMTyCTOrO MHOXKECTBA S monap-
HO HEMepeceKalonnXcs MHOXKECTB CYIIECTBYET HEKOTOPOE MHOXKECTBO,
cofepIKailinee B Ka4eCTBEe CBOUX 3JIEMEHTOB POBHO IO OJHOMY DJIEMEHTY
73 KaXkKJI0r0 BJIEMEHTa MHOXKECTBA S.

VIII. Axcuoma Ppynduposanus. He cymectByer GeckoHeqHOM yObIBa-
IOIIei MoCcIe10BATEILHOCTA L1 D T2 D .. ..

IX. Axcuoma nodcmanosru. dns xaxmoro MmHOXKecTBa A 1 pyHK-
uuu f, onpenesieHHol Ha A, CyIIeCTBYeT MHOXKECTBO, COIEPKAIIEe B TOU-
HoCcTH O0ObeKTHI f(x) Ny « € A.

Bce axcumombl MOryT ObITH 3alUCaHbI COBEPIIEHHO (opMasibHO —
a UMEHHO, (DOPMyJIaMU A3bIKA TEOPUHM MHOXKECTB, OMMCAHHOTO B § 7 cJie-
AyIiomieil rJIaBbl. 9Ta U APYrUe U3BECTHBIE CUCTEMbBI AKCHOM [JIsl TEOPUN
MHOXKECTB C(pOpPMYIUPOBAHBI TaK, YTOOBI HA MX OCHOBE MOXKHO OBLJIO J10-
Ka3aTh BCe OOBIYHBIE TEOPEeMbl TEOPUU MHOKECTB, HO 0e3 1mapaI0KCOB.

Xors B TeOpUU MHOXKECTB, OCHOBaHHOI Ha akcuomax [-IX, Hukaxkmx
MPOTUBOpEYNH He OOHAPYKEHO, HTO elle He 03HAYAET, YTO MPOTUBOPE-
s 3/1€Ch HEBO3MOXKHBI. 1TOOBI YyCTAHOBUTH HEIOKA3yEeMOCTb IIPOTUBO-
pedns, HyKHO MPEXKIE BCEIO YTOYHUTH MOHSITHE T0KA3aTe/IbCTBA, T.e€.
NIpaBUJIBHOTO PACCY2KAEHNA. Be,H,I) TIOKa Mbl HE YTOYHUM, 9YTO TaKO€ K10~
Ka3aTeJIbCTBO», Mbl HE CMOXKEM CTPOr'o MareMaTu4deCKu [HOoKa3aTb, 9TO
HEYTO HEBO3MOXKHO JOKA3aTh. JHAUUT, HEOOXOAUMO CTPOTOe Ompenesie-
HUE [T0Ka3aTe/IbCTBA, HyKHA HayKa O JOKA3aTeJbCTBAX, O MPABUJIHLHBIX
pPaCCyXIEHUAX, T. €. JIOTUKA.

B s3aksiouenme BepHEMCsI K BOIIPOCY, CBSI3AHHOMY C KOHTHHYYM-
TUIIOTE30. I/IMeHHO C IIOMOUIbIO YTOYHEHUSA TIOHATUA NJOKa3aTe/IbCTBA
U MeToIoB Maremaruyeckoii jjoruku B paborax K. ['énensa u I1. Kosna
6bI.HO JOKa3aHO, YTO KOHTUHYYM-TUIIOTE3a HE MOXKeT 6I)ITI) HU JOKa3aHa,
HU OIPOBEPrHYTA HA OCHOBE OOBIYHBIX AKCHOM TEOPHUHM MHOMXKECTB. ITO
HE €IUHCTBEHHBI TPUMep TOro, KAk MareMaTuvecKasl JIOTWKa MOMOTJIa,
NOJIy4YUThb HEeTPAAUIIMOHHOE pelleHrue N3BECTHbIX MaTeMaTUu49eCKUux Ipo-
Oa1em.

Ynpaxueunue. Ha ocnoBe cucrembr akcuom ZF nokasarh, 9TO Ka-
KOBBI 661 HE Oblin MEOXKecTBa A, B,C, ecoiu A € Bu B € C, 10 C ¢ A.



FJIABA 2
A3BIKU ITEPBOI'O ITOPAIKA

¢ 1. Boicka3bIBaHUA U BBICKa3bIBaTeJIbHbIE (POPMBI

YT006b! JIOTHKY MOXKHO OBLJIO PA3BUBATH MATEMATHYECKUMHU METOJIa-
MU, HEOOXOOMMO MPEXKIe BCErO0 YTOYHUTH OCHOBHbBIE JIOTUYECKUE MOHSI-
tusa. Hameil ocHoBHO# 3a5a4eil sAiBJIg€TCA yTOUHEHNE U U3y YeHHe TTOHSI-
TUA MPABUJILHOTO PACCYXKIEHUA, NN TOKA3ATEJILCTBA. Bcsakoe paccy-
JKIIEHNE COCTOUT B TIOCJIEIOBATEIHHOM [TEPEXOME OT OIHON MBICJIU K JIPY-
roii, ujn, KaKk roBOPAT B JIOTWKE, OT OMHOIO CyXKIeHusi K npyromy. Ma-
TePUAJIbHBIM BHIPAXKEHUEM CYXKICHUS SIBJISETCS PEJIOKEHNEe TOTO UJIn
UHOTO A3biKa. Hampumep, maremMarnydeckue CykKIeHUs Mbl OOBIYHO 3a-
MUCHIBAEM B BUIE TEKCTOB HA PYCCKOM sA3bIKE, OOOTAIIEHHOM MATEeMATH-
qeckoit cumBosiukoit. Ilpensoxenusi, BripaxKaloliye onpeneeHHbIe Cy-
JKIEHWs, HA3BIBAIOTCS 6biCKa3bi6aHusmu. OHU XapaKTEepPU3YIOTCS TEeM,
YTO MOTYT ObITh UCTUHHBIMHU WJIM JIOXKHBIMU, U STUM OTJIUYAIOTCS, Ha-
pUMep, OT MOBEJUTEIbHBIX UJIM BOIMPOCUTEIbHBIX TPE/II0KEHUA.

Hanmpuwmep, 2 x 2 = 4, «Pum — cronuna ®panium» CyTh BBICKa-
3pIBanusi, a npenyoxenus «Koroporit vac?» nim «PemmTsh kBaaparHoe
ypasuenne 2 + 3z — 2 = 0» BbICKA3LIBAHUAMYI HE ABJIAIOTCS.

Ecsn BbICKa3bIBaHNE HCTUHHO, TOBOPSAT, YTO €10 UCTUKHOCTIHOE 3HG-
wenue ectb U («ucTuHA®), a eCjM BBICKA3BIBAHUE JIOXKHO, TO €ro WC-
TUHHOCTHOE 3HadeHue ectb JI («i0xkb»). Hamnpumep, BbicKasbiBaHue
2 X 2 = 4 umeer uctuHHOCTHOE 3Hadenue I, a BbickasbiBanue «Pum —
crosuna Opanmum» — JI.

OnHako, HE BCAKOE MOBECTBOBATEJILHOE MPEIJIOKEHNE SABJIAETCS BbI-
ckasbiBaHueM. Paccmorpum, Hampumep, npemjoxenne: «OcTarok ot
[esieHns Yucja n Ha 7 paBeH 3». B 9ToM npenjioxenun He COMEPKUTCS
HUKAKOI'O YTBEPXKIEHUs, U HEJIb3s CTABUTH BOIPOC O €ro UCTUHHOCTHU
u JioxkHocTH. OIIHAKO, TIOACTABKUB B 9TO MPEJIOKEHNe BMECTO 1 0003HaA~
YeHHe KAKOro-Jinb0 KOHKPETHOIO HATYPAJIbHOIO YUCJIA, MBI MOJIYIUM
BBICKA3bIBAHIE.

BykBa n, Bxomsmas B 9TO MpeIJIOXKeHIe, UTPAST POJIb IEPEMEHHO.
Boobrie, nepemennas — 9TO A3BIKOBOE BBIPAKEHUE, CJIYKAIIEE I1JIs1
0003HAYEHNUsT TIPOU3BOJIBHOIO 00bEKTa U3 HEKOTOPOro (hUKCUPOBAHHOTO
MHOXKECTBA, HA3IBAEMOTO 00JIACTHIO BO3MOXKHBIX 3HAYEHUI 9TON mepe-
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mennoi. Eciu nmepemennasi ynorpebsisiercss TakuM 0OpasoM, 4TO I0-
[yCKAEeTCs IOICTAHOBKA BMECTO Hee 0003HaveHuii (umen) 00bEKTOB u3
06J1acTH ee BO3MOXKHbBIX 3HAUYEHHUH, TO 9Ta NepeMeHHast HAa3bIBACTCS C80-
b6odnoti. TakoBbl, HAIIpUMEp, [IEPEMEHHbIE T, Y, 2 B BbIPAXKEHUsAX T < Y
u z = ¢+ 1. OgHako B MaTeMaruke BCTPEYAETCS U TaKoe yrnorpedJie-
HHUE TePEeMEeHHBIX, IPA KOTOPOM He MPEINOoJIaraeTcsa U He JOMYCKaeTCsT
BO3MOXKHOCTH TIOACTAHOBKKM BMECTO HUX HMEH KOHKPETHBIX OObEKTOB.

3
Hanpuwmep, B BoipaxkeHnue / 2? dz, toe * — neficTBUTEIbHAA TIEpEMeH-

0
Hasl, T. €. IePeMeHHast, 00JIACTbI0 BO3MOXKHbBIX 3HAYEHUIT KOTOPOW SBJIs-

€TCsl MHOXKECTBO AeHCTBUTE/IbHBIX YUCEsI, HEeJIb3sl MOICTABIATH BMECTO
= 0bo3HAYMEHNsT KAKUX-JTM00 KOHKPETHBIX JAeficTBUTE/IbHBIX dnces. Bor
npyroit npumep: «He cymecTByer Takoro panuoHaJIbHOIO YHUCIA ¢, ITO
¢*> = 2». X0Ta 3TO IpeIJIoKEHNe U CONEPKHUT TEePEeMEeHHYIO ¢, TOACTAa-
HOBKA B HET0O 0003HAYEHNH KAKUX-JTNOO0 YUCEs BMECTO ¢ JINIIEHA CMbBICJIA.
B Tom ciyuae, Kxorga 1o CMbICITY BBIPAXKEHUs, COIEPKAIIETO ITepeMeH-
HYIO, TIOJCTAHOBKA BMECTO Hee NMEH KOHKPETHBIX OObEKTOB HEIOIYCTH-
Ma, 9Ta IepeMeHHas HA3bIBACTCA €643aHHOU. B OTHOM BhIpAXKEHUH OTHA
U Ta XKe INepeMeHHAs MOXKeT yl'IOTpe6.TIﬂszCi{ " Kak CBOOOIHAs, M KaK

cBa3anHad. Hanpumep, B BblpaxkeHun / 2% dz 06a BXOKIEHNA Hepe-
0

MEHHOI1 & B MOABIHTEIPAJIbHOE BbIPAXKEHUE sIBJIAIOTCA CBI3AHHBIMHE, & €€
BXOXKIEHIE B KAYECTBE BEPXHErO IMpeesia WHTEIPUPOBAHUS — CBODOI-
HbIM. Boobime, cjemyer roBOpuTh UMEHHO O CBOOOOHBIX U CBSIBAHHBIX
8T0MHCICHUAT TAHHOW NEPEMEHHON B JTaHHOE BbIPAKEHUE.

Boipazkenne, comepxkaiiee CBOOOTHBIE BXOXK IEHNS TEPEMEHHBIX U ITpe-
BPAIIAIONIEECA B MMs HEKOTOPOro 00beKTa (UJIi, COOTBETCTBEHHO, BbI-
CKa3bIBaHME) BCAKWUH pa3, KOLJA BMECTO BCEX CBODOIHBIX BXOXKIEHUIl
KaX/IOll MepeMeHHO} TOICTaB/IAETCA MM KAKOTO-HUOYIh OObEeKTa u3
00J1aCTH e BO3MOXKHbBIX 3HAUEHNUIT, HA3bIBaeTCs uMmerholl dopmoii (uu,
COOTBETCTBEHHO, 6uicKa3veamesvrol gopmoti). Ilepemenubie, umero-
mue cBOOOIHBIE BXOXK/IEHNsI B MMEHHYIO WJIN BBICKA3bIBATEILHYIO (hOp-
My, HA3bIBAIOTCS €e napamempamu. VIMEHHYIO UM BBICKA3bIBATEIbHY O
dopmy Oynem HazbiBaTh k-mecmHotl, eciiu OHa, COOEpPXKUT POBHO k pas-
JINYHBIX MTapaMeTpoB. B 4acTHOCTH, MOXKHO TOBOPHUTH U O 0-MECTHBIX
HMEHHBIX U BBICKA3bIBATEJIbHBIX (DOPMAX, MOHUMAsI MO HUMU COOTBET-
CTBEHHO UMEHA, W BbICKA3bIBAHUSI.

Wuorma njist k-MecTHOM MMEHHO 1T BBICKA3bIBATEIbHOI (DOPMBI MbI
Oymem ynorpebsarb obosHavenue suma F(z1,...,%), ABHO yKa3bIBas
Bce ee mapameTpsl. Torma, ecim aq, ... ,a; — WMEHA KaKUX-JIMOO 00b-
€KTOB u3 00JacTell BO3MOXKHBIX 3HAYEHHUNA MEPEeMEHHBIX I1,...,L CO-
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OTBETCTBEHHO, TO Yepe3 F(ay, ... ,ay) 0603HAYAETCS BHIPAKEHUE, OJTY-
vennoe u3 F(z1,... , ) MOACTAHOBKOI a1 BMECTO Z1, . . . , Gj BMECTO Zf.

Ipumep 1. Yepes F(z,y) o603HauNM UMEHHYIO (OPMY
y
y+x-y-lim / sin z?y dz.
y—5 It
Torma F'(—7,3) ectb BbIpaxkeHue
. v 2
3+(-7)-3- ;1_%_4 sin 2%y dz.
Boobuie, F'(a,b) umeer Bus
y
b+a-b-lim / sin #2y dz.
y—5 4
IIpumep 2. Yepes A(i, k,m) 0603Ha4UUM BBICKA3BIBATEJIBHY IO (DOP-

My

1 .
3 < ’lcl_>ml log, k.

IO

s
Il
=~

Torna, nampumep, A(5,2,8) ecTb BbICKA3bIBAHUE

1
-2

lim log, k.
<y 08

8
=2

¢ 2. JIormueckue omnepamuu

W3 onHuX BBICKA3BIBAHUN PA3IUYHBIMU CIIOCOOAMU MOXKHO CTPOUTH
HOBBIE OoJtee CJIOKHBIE BbICKasbiBaHusa. CroCOD MOCTPOEHMS CJIOKHOIO
BBICKA3bIBAHUSA U3 JAHHBIX BHICKA3BIBAHUN, IPU KOTOPOM MCTUHHOCTHOE
3HaY€HNEe CJIO2KHOT'O BBICKa3bIBaHMUA IIOJIHOCTBIO ompenesidercd MCTHUH-
HOCTHBIMU 3HaQYEHUAMU UCXOOHBIX B])ICKaBI)IBa,HI/If/’I, Ha3bIBaECTCA A02UME-
cxotl onepayued.

[IpumepoMm Jornveckoil onepanum MOXKeT CJAYKUTbL OMpPUyaHUe, Ipe-
obpasyiommee Ji0boe NaHHOe BbiCKasbiBanume A B BbiCKasbiBanue «He-
BepHO, 4T0 A», KoTOpoe MbI Oymem obosHadarb —A. OueBumHO, YTO
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BBICKa3bIBaHWe —A MCTUHHO TOTHA M TOJIBKO TOrma, Korma A JIoxkHO.
D101 (hpaKT MOXKHO BBIPA3UTH [TOCPEICTBOM CJIEAYIOIEH UCTMUHHOCTMHOT
mabAuYDL:

A |-A
mi|Ja
JI | 1

Dra TabsnIa NOKa3bIBAET, KAKOE HCTUHHOCTHOE 3HAYCHIE NMEET BBICKA-
3pIBAHKME A 1IpU JAHHOM MCTUHHOCTHOM 3HAYEHWUN BLICKA3bIBAHUA A.

Boobme, s s1i060i JIOrUIecKoit omeparmu MOXKHO TTOCTPOUTH CO-
OTBETCTBYIOILYIO eif MCTUHHOCTHYIO Tabsuiy. Hekoropwie u3 namnbosee
yHOTpe6I/ITeJII)HI)IX JIOTNYECKUuxX OHepaHHﬁ NMEIOT CIielliaJIbHbIEC Ha3Ba-
HusA 1 0O03HavYeHus. Kpome OTpHUIIAHUS, HTO €lIe AByMECTHbIE OIepa-
wuu:  Kouvtonkyus (&, A), dusvronkyus (V), umnaukayus (D, —, =),
axeusasenmuocms (=, 4>, < ). UM COOTBETCTBYIOT CJIENYIONIME UCTUH-
HOCTHBIE TaOJIULIBL:

AB|A&B|AVB|A>B|A=B
nun| u 7 7
nia| J n I
au| J n n
JJ| 71 I n

SEaAas

B maremaruveckoii JIOruKe NPUHATO HE PA3IUYATH JIOTUYECKUE Ore-
paluu C OIUHAKOBBIMEA UCTUHHOCTHBIME TAOJIMIAMEA HE3aBUCHUMO OT TO-
ro, KaKoe CJIOBECHOe O(OpMJIEHNE MMEIOT 3TU JIOTUYECKHEe ONepalyu.
Hanpumep, BoickasbpiBanue A O B MoxeT mepenaBaTbCs MOCPEICTBOM
Boipaxkennit «Eciin A, To B», «A Bieder B», «B ciy4yae A umeer me-
cro Bx», «na A neobxomumo B», «A, Tosbko ecir B» u T.11. Bor s13b1-
KOBBIE 9KBUBAJIEHTHI JJIs APYIUX JIOrudeckux onepanuii: 7 A — «He A»,
«A He umeer mectay, «A nHeBepuo»; A& B — «A u B», «He Tosbko A,
Ho u B», «Kax A, tak u B»; AV B — «A wnu B unm o6a», «A uin
B», «A, eciiu ve B»; A = B — «A, eciiu u 10J16K0 ecyin By, «Ecom A,
10 u B, u obparno», «A 3kBuUBaJieHTHO B», «A paBHOCHIBHO B», «A
TOrHA M TOJIBKO TOrIA, KOrma B».

Haxkomer, npuseneM nprMep ornepaiui Hall BLICKa3bIBAHUIME, KOTO-
past He sABJIAETCS JIOTMYECKOW orepariieii: 1Mo BbICKA3bIBaHUIO A CTPO-
UM BbICKasbiBanue «4 3Hai0, ato0 A». O4YeBUIHO, YTO UCTUHHOCTH WJIA
JIO2KHOCTB TAaKOI'O BBICKA3bIBaHUA 3aBUCUT HE TOJIBKO OT UCTUHHOCTHOI'O
3HaYeHUsT A, HO U OT OCBEIOMJIEHHOCTHU CyObEKTa, MPOU3HOCSIIETO 3TO
BbICKAa3bIBAaHUE.

PaccmorpenHble HAMU JIOTHYeCKHe onepanun —, &, V, D, = Ha3blBa-
I0TCS  NPONOZUYUOHAALHBLMYU ONEPAYUAMU, & CAMBOJIBI UCIOIb3YEMbIE
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IJ1sI X ODO3HAUEHUsI, — NPONOZUYOHAADHBMY CEAZKAMU. ITU OTepa-
AU MOXKHO, OYEBUIIHO, MPUMEHATh W K BBICKA3BIBATEJILHBIM (hOpMaM,
moJiy4ast u3 HuX 0oJiee CJI0KHbIE BBICKA3bIBATEIbHBIE (DOPMBI.

Yupaxueunune. Haiitu ucTUHHOCTHBIE 3HAYEHUSA CJIEHYIOMIUX Bbi-
CKa3bIBaHUIi:

a) Ecsin 11 mesiurca va 3, To 11 nenurca ua 6.

6) Ecom 15 nenurca na 3, To 15 nenurcs Ha 6.

B) 11 mesiurcs Ha 3 TOrma M TOJIBKO TOrHA, Korma 15 menurcsa Ha 6.

¢ 3. Jloruka BbICKa3bIBaHUMH

[Tepemennasi, DOMyCTUMBIMU 3HAYEHUSMH KOTOPON SABJISIOTCS TIPO-
M3BOJIbHbIE BBICKA3bIBAHNSA, HA3BIBAETC NPONOZUYUOHAADHOT NepemeH-
Hoti. B KavuecTBe MPONO3UINOHAIBHBIX TIEPEMEHHBIX MbI OYIEM UCIIOJIb-
30BaTh 60JIbIIKE JIATUHCKIE OYKBBI P, (), R, ... (BO3MOXKHO C MHIEKCAMMU;
HallpuMeD, P37 Q77 Rll)‘

DopmysiaMu JIOTUKY BBICKA3BIBAHUI, UITH NPONO3UYUOHAALHOMYU POP-
MYAGMU, HA30BEM BBIPAKEHUS, KOTOPbIE CTPOATCS U3 MPOTO3UIINOHATIb-
HBIX MEPEMEHHBIX C TIOMOIIHI0 CKODOK ¥ IMPOTIO3UIIMOHAIBHBIX CBA30K 110
CJIEIYOIIUM TTPABUJIAM:

1) sroGast MpPONO3UIMOHAIbHAS [IEPEMEHHAs ABJISETCS POIO3ULIIO-
HaJIbHOI (POPMYJIOit;

2) ecoiu A u B — nponosunmonasbhbie dopmysst, 10 A4, (A & B),
(AV B), (A D B), (A= B) — nponosunmonaabubie HGOPMYJIBL.

Hanpuwmep, Boipaxenus

(PD2Q), (PD(@DR)), (PD(Q>D(P&Q))

ABJIAIOTCS IPOHO3UINOHAIBHBIME (HOPMYIaMA.

Ecsin B nponosunmonasnsuyo ¢hopmysty A, HOCTPOSHHYIO U3 IIPOIO-
3UIMOHAJIBHBIX EPEMEHHBIX Py, ... , P, BMECTO 9TUX [IePEMEHHBIX TIO/I-
CTaBUTh KOHKPETHBIE BHICKA3BIBAHUSI, TO MOJIYIUTCS HEKOTOPOE BBICKA-
spiBanue. IIpomosunmonasipHas (opmysa HasbiBaeTcsa masmonozued,
€CJIN OHA [PEBPAILIACTCA B HCTHHHOE BBICKA3bIBAHNE DY JIIOOO0H moncra-
HOBKE€ KOHKDETHBIX BBICKA3bIBAHUI BMECTO IEPEMEHHbIX; KayK/1as TaB-
TOJIOTHST SABJIAIETCA CXEMOH WMCTHHHBIX BBICKA3BIBAHUIT M B 3TOM CMBbI-
Cjle BbIpaXKaeT HEKOTOpBIi sozuueckuti 3axon. IlpuBemem npuMeps
JIOTMYecKuX 3aKoHOB: (P V —P) — 3aKOH WMCKJIIOUEHHOTO TPETHEro;
(—=—P = P) — 3akon asoitoro orputanus; (P & —P) — 3akon npo-
tusopeuuss; (((P D Q) D P) D P) — sakon ITupca.
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OueBUIHO, YTO UCTUHHOCTHOE 3HAYEHUE BBICKA3bIBAHUSI, I10JIY Y€HHO-
r'0 TIOACTAHOBKOIT B MPOMO3UIINOHAIBHY 0 (DOPMYJTy KOHKPETHBIX BBHICKA-
3bIBAHUI BMECTO IPOIO3UIIMOHAJIBHBIX [TEPEMEHHBIX, 3aBUCUT TOJIBKO
OT UCTUHHOCTHBIX 3Ha4YeHu’il IIOACTABJIAECMbBIX BBICKA3bIBaHUIA. HOE)TOMy
[OBOJIBHO JIEMKO MOXKHO IIPOBEPUTH, SIBJISETCs JIM IAHHAS MTPOIO3UIU-
oHaJsibHast popmysa tasrosoruett. [Iist aToro mocrarodHo mepedparh
BCEBO3MOXKHBIE IIOJICTAHOBKHU B 3Ty (opmyiy 3Hadenuit I u JI Bmecro
[PONO3KUIUOHAJILHBIX IE€PEMEHHBIX (TAKUX MOACTAHOBOK POBHO 2" Tae
N — YUCJIO IEPEMEHHBIX B (POPMYJIE), U /15 KazK 10| TaKOii I0ICTaHOBKI
BbIYUCJINTH COOTBETCTBYIOIIECE 3HAYCHUE (i)OpMyJII:I, NOJIB3YACh UCTUH-
HOCTHBIMHU TaOJIMIIAMU [IJIsi JIOTUIeCKuX omnepamuii. Popmysia aBJisgercs
TaBTOJIOTHER TOTMIA ¥ TOJIBKO TOTIA, KOTIA PH JIFO0O0H MOICTAHOBKE OHA
npuHUMaeT 3HadeHue U.

YonpaxueHud.

1. [Tokasarh uHMEPnoASYUOHHYI0 MEOPEMY: €CJIU MTPOMTO3UITUOHATIb-
Has ¢popmyna A O B — rasrosorus, u popmysasl A u B He ABISAIOTCS
TaBTOJIOTUSIMU, TO CYIIECTBYET MPONO3UIMOHAbHasA (hopmyia C, comep-
JKalasi TOJIbKO Te TIepeMeHHbIe, KOTOPhle BXOIAT Kak B A, Tak u B B,
takasi, 410 dpopmyssl A D C u C D B cyTh TaBTOJIOIUNA.

2. MHOX€eCTBO IMPOMO3UIMOHAIBLHBIX (DOPMYJI HABBIBACTCS COBMECT-
HbLM, €CJIU CYIIECTBYIOT TaKWe UCTUHHOCTHBIE 3HAYEHUs MPOMO3UIIO-
HAJIBbHBIX TIEPEMEHHBIX, IIPU KOTOPBIX BCe (POPMYJIBI U3 3TOIO MHOXKECTBA
npuauMaior 3uadenue . [Jokasarb meopemy KOMNAKMHOCMU: MHOXKE-
CTBO TIPOMO3UIMOHAJIBHBIX (POPMYJI COBMECTHO TOTHA M TOJIBKO TOTIA,
KOTIa KaXk10€ ero KOHEYHOE MOJIMHOXKECTBO COBMECTHO.

¢ 4. KBauTopsl

Hapsmy ¢ n1ponosunnoHaIbHbIME ONIEPAIIMAMA B MATEMATHIECKOIT J10-
I'IKe PacCMaTPUBAIOTCA K8AHMOPbL, TO3BOJIAIONINE U3 TAHHON BHICKA3BI-
BaTEJIbHON (DOPMBI MOJIy4aTh BBICKA3BIBATEIBHYIO (GOPMY C MEHBIINM
YUCJIOM IIAPAMETPOB, B YACTHOCTH, U3 OZHOMECTHO! BBICKA3bIBATEIbHOM
GOpPMBI — BBICKA3bIBAHUE.

Keanmop obuyrocmu 1mo3BOJIAET U3 JAHHOM BBICKA3BIBATEILHOM (hop-
MBI C IUHCTBEHHBIM [1ADAMETPOM & IIOJIyYUTh BBICKA3bIBAHUE C IIOMO-
pI0 000poTa « 1 Bcex « . . . ». Pesysibrar npuMenenus KBaHTopa o0
HOCTH K BbICKazbiBaTesibHOH dopme A(zr) Oymem obosnadars Vo A(x).
BeickasbiBanue Vo A(r) cYuTaeTcs MCTMHHBIM TODOA U TOJIBKO TOLIA,
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KOIa Mpu moncTaHoBke B A(z) BMeCTO CBOGOIHBIX BXOXKIEHU mepe-
MEHHOI T MMeHHU JII060ro 06bekTa n3 00J1aCT! ee BO3MOXKHBIX 3HAUYEHUN
BCETMa MOJIy9aercs NCTUHHOE BbICKasbiBauue. BoickasbiBanue Vi A(x)
MOXKET YnTaThCs Takke « s soboro « umeer Mecto A(x)», «A(x) npu
IPOM3BOJILHOM T», «uia Becex x Bepuo A(z)», «Kaxnwiii x obnamaer
cBoficrBoM A(x)» u T.1L.

Keanmop cywecmeosanus cOOTBETCTBYeT 0OPA30BaHUIO U3 HAHHON
BBICKA3bIBATEILHOW (POPMBI C €IMHCTBEHHBIM TAPAMETPOM & BBICKA3bI-
BaHUs C NOMOIIBI0 06opora «CyiecrByer Takoit , 94ro ... ». Pesysb-
TaT MpUMEHEHUA KBaHTOPa CyIIeCTBOBAHUA K BBICKA3bIBATEILHONI (bOp-
me A(x) obosnauaerca dx A(z). BeickassiBanue 3z A(z) ucruHHO TO-
Ia ¥ TOJIbKO TOI[IA, KOT/IA B ODJIACTH BO3MOXKHBIX 3HAYMEHUN TepeMeH-
HO ¥ HalineTcsa Takoi 0ObEKT, YTO IPHU MOICTAHOBKE €r0 UMEHU BMECTO
CcBOOOIHBIX BXOXKIeHUN & B A(Z) MOJIy4aeTcs HCTUHHOE BbICKA3bIBAHKE.
BeickasbiBanue 3z A(x) MoxeT 4uTarbca Takke «IJis HEKOTOPBHIX X
umeer Mecto A(z)», «Hua nonxonsamero z BepHo A(x)», «CymecTBy-
et x, nyis Koroporo A(x)», «Xors Obl 11t OMHOrO & BepHO A(Z)» 1 T.1I.

OrmernwM eue pas, uro B npemyioxennsax Vo A(x) n 3z A(z) nepemen-
Hasi T He ABJISIETCA CBODOIHON MEpeMEHHOW: KBAHTOPbLI «CBIA3bIBAIOT»
a1y nepemMenHy0. OYeBHUIHO TAaKXkKe, YTO KBAHTOPHI MOXKHO MPUMEHATH
M K BBICKA3bIBATEJIbHBIM (hOpPMaM, COMEPKAIIUM HAPSALY C & U Apyrue
napaMerphl. B pesysibrare moJiyduTcs BHICKA3bIBATEIbHAA (HOPMA, MMe-
IOIIAs Te XK€ MapaMeTphl, YTO U MCXOIHAA, KPOME X.

Baxnoe 3HadeHune [Jis JIOTUKYM MMEET aHAJIN3 JIOTHYECKOH CTPyKTY-
DBl BBICKA3BIBAHUI M BBICKA3BIBATEJILHBIX (POPM, T. €. BBIABJIEHHE TOTO,
KakuM 06pa3oM JaHHOE MOBECTBOBATEILHOE IPEIJIOKEHNE TOCTPOEHO U3
60oJ1ee MPOCTHIX MPEIJIOKEHUl C TIOMOMIBIO MPOIO3UIMOHAJILHBIX Olepa-
1nit 1 KBAaHTOPOB. Jlormyecknit aHaJIn3 MpeioKeHnit eCTh CBOEro poa
HUCKYCCTBO, IpaKTUYCCKNE HAaBbIKU KOTOPOI'O MOXKHO HpI/IO6peCTI/I nyrem
ynpaxnenuit. PaccMoTpuM HeKOTOpBIe TpuMephl. BrickazbiBaHue «2 —
MIPOCTOE YHUCJTIO, 8 6 — COCTABHOE UNUCJI0®», OUEBUIHO, MOXKET OBITH TTPe-
CTABJIEHO B BUME «2 — MPOCTOe 4nucjio» & «6 — cocraBHOE YHCIIO».
ITpengoxenne «Kaxmoe parmuoHabHOE YUCII0 €CTh IefiCTBUTEIbHOE Y-
CJIO» MOXKHO MHa4e 3alluCaTb TakK:

Va [(z — paumonasnbroe uncsio) D (z — meficTBuresnbHoe 4nco)],

a npenyioxkenne « Hekoropbie IefiCTBUTEIbHBIE YUCIA STBAJISIOTCS PAIU-
OHAJIBHBIMU» — TaK:

Jz [(z — meficTBurensbhoe Uncs0) & (z — pauuoHaIBHOE YHCIIO)].
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pra}KHeHlfle. Haiitu vcTuHHOCTHBIE 3HAYEHUS CJIeayromunux BbI-
CKaSbIBaHI/Iﬁ7 rae BO3MOXKHBIMU 3HAYCHUAMHU IIE€PEMEHHbIX ABJIAIOTCA
r]];eI'jl(ZTBI/ITe.HbH])Ie qucJIa:

a) Ve Jy (z+y =3); r)VeVy (x +y=3) D 7=11;
6) Iy Ve (z+y="7); n) Va (Fz (ax = 3) = a # 0);
B) dz Jy (z +y = 11); e) Ja Vb 3z (2® + ax + b =0).

¢ 5. Cy6beKTHO-TIpeIuKaTHasaA CTPYKTypa MPeIJjIoXeHunl

Jloruueckuit aHa/ M3 NPEIJIOKEHWIT BO MHOIOM AHAJIOTUYEH TPaM-
MaTUYEeCKOMY aHAJIN3Y CJIOKHO-COUYMHEHHBIX U CJIOKHO-TIOTYMHEHHBIX
npemyioxennii. OnHako nHOrMA HAC OYIET MHTEPEeCOBATh U BHYTPEHHSIS
CTPYKTYpPa IPOCTHIX NPENJIOKEHU: Ymo U 0 “em TOBOPUTCA B JaHHOM
npenjioxkenuu. B Takom ciydae B rpaMMaTUKE UCIOJIb3YIOTCSA MOHATUA
cyObekra u npenukara. Cybsexm (Win mopjiexaiiee) — 310 TO, O YeM
UJIM O KOM FOBOPUTCS B TIPEIJIOKEHNH, 8 npeduram (HA3bIBAEMbII Tak-
K€ CKa3yeMbIM UJIH [PYIINOi CKa3yeMOro) BbIPazkaer TO, YTO TOBOPUTCS
o cybbekTe. B Maremarudeckoii JIoruke UCIoIb3yeTcs 60siee MupoKast
TPAKTOBKa CyObEeKTHO-NPEIUKATHONR CTPYKTYPbI mpemjoxenus. I[Ipe-
JKJIe BCEro, B KA4eCTBE CYObEKTOB [TAHHOTO MPEIJIOKEHUS Mbl MOXKEM
BBIJIEJIUTH OJIHO WJIM HECKOJIbKO MMEH KaKWX-JH0O MPEIMETOB, BXOMs-
IMUX B 9TO NpeaJjiOzKeHune. BaMeHI/IB 3aT€eM BblIEJICHHbIEC UMEHA Ha IIe-
PEMEHHbIE, MbI TIOJTyYUM BBICKA3bIBATEIbHYIO (POPMY, «B YUCTOM BUIE»
BBIPAZKAIIYIO TO, YTO FOBOPUTCS O CYObEKTE. IDTY BBICKA3BIBATEJIHHYIO
(bOpMy TO2XK€ MHOI1a Ha3bIBAIOT IIPEINKATOM.

Paccvorpum, nanpumep, BbICKa3bIBaHKUE «12 OETUTCA HA, 3%, KOTOPOE,
UCIIOJIb3Ys OOIIETTPUHATYIO CUMBOJIUKY, MOKHO 3aIcaTh Tak: «12: 3».
BoibpaB B kadyecTBe cyObekTa 4MCI0 12, MBI HOJIy9aeM OIHOMECTHBIN
npenukar « : 3». Ecsim xxe B KadyecTBe CyObeKTa B3ATh 3, TO IHOJIYUUM
npyroii npenukar «12 : y». Hakowner, canras 12 u 3 cydObekTamu 3T0ro
NnpeaJsioKeHnunsd, Mbl I1oJ1y4daeM }IByMeCTHbIﬁ IIpeauKaT «T @ Y>.

CO BCAKHUM IIpEeAUKaTOM, IOHUMa€MbIM KaK BbICKa3bIBaTe€J/IbHaA (bOp-
Ma, eCTEeCTBEHHBIM 00pa30oM CBsa3aHa (DYHKINs, KOTOPAsa KaXKIOMYy Ha-
Oopy 3HaYEHU{l TapaMeTPOB COMOCTABJISIET BHICKA3BIBAHUE, TIOJIY YAIOIIe-
ecsi U3 JAHHOI BBICKA3bIBATEJIbHOM (DOPMBI TIOACTAHOBKOI BMECTO TIepe-
MEHHBIX UMEH O0ObEKTOB, BEIODAHHBIX B Ka4YeCTBE 3HAUYEHUI 3TUX mapa-
MerpoB. 6001mast 310 HAOJIIOIEHNE, Mbl IIPUXOAUM K IIPEICTABJIEHUIO
o nmpeaukare Kak 0 GyHKINN, 3HAYEHUSIMEI KOTOPOH sIBJISTFOTCS BBICKA3bI-
Banusa. Hakownerr, ecsiu Mbl He OygeM pa3jindarh BHICKA3BIBAHUS, UMEO-
e OIHO M TO XK€ UCTUHHOCTHOE 3HAYEHHE, TO IPUIAEM K CJIELYIOMEMY
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ONpENesIEHUI0 IPEIUKATa: k-MECTHBIM npeduramom Ha MHOKecTBe M
Ha3BIBAaETCA NMpoM3BOsIbHAA bynkima P : M* — {U,J1}, rne M* —
JIeKapTOBa CTENEeHb MHOXKECTBa M, T.e. psAMoe TpousBeneHue k omuHa-
KOBBIX MHOXKECTB, paBHBIX M.

ITpumep 1. Ha npousBosibHOM MHOXKecTBe M MOXKeT ObITH OIpe-
nenen nBymectbiii npequkar E @ M? — {W,JI} rax, uro E(x,y) = U
TOrJIA U TOJILKO TOTA, KONHA T U Y COBHANAIOT. JTOT NPEIUKAT HA3BI-
BAIOT NIPEIUKATOM DABEHCTBA U 00buHO BMecTo E(z,y) numyT z = y.

IIpumep 2. Ha npousBoJibHOI COBOKYIHOCTH MHOXKECTB M MOXK-
HO OTpenesuTh AByMecTHbI npemukar P : M? — {W,JI} tax, 4ro
P(z,y) = W Torma m TOJILKO TOTA, KOTJA X ABJISETCH 9JIEMEHTOM Y.
DTOT TpenuKaT HA3BIBAIOT MPEIUKATOM TPUHAIJIEKHOCTH U BMECTO
P(z,y) numyT = € y.

IIpumep 3. B coorBercTBUU C HAMMM ONpeNEJIEHUEM IMPEIUKATA
PACCMOTPEHHBII BBIIIE TIPEAUKAT X i Y MOXKHO TPAKTOBATH KaK (DYHKIUIO
D : N — {W,JI} rakyio, uro D(z,y) = U Torna u ToabK0 TOrAa, KOLIa
x mesmrcs Ha y. Hampumep, D(12,3) =11, a D(7,3) = JI.

Boobiie, Besaknit pas, Kormga pedb UIeT 0 «CBORCTBAX» 00bEKTOB WJIN
KOTHOHMIECHUAX>» MeXKJ1Yy HUMH, UX MOXKHO IIpeJCTaBJIATH KaK COOTBET-
CTBYIOIIME MPENUKaThl. Hampumep, CBOWCTBO «ObITb YETHBIM YHCJIOM>»
MOXKHO MPEICTaBUTh Kak Takoil npenukar 9 : N — {11, JI}, uto

N, ecnu x veTHo;

JI, ecnu x meueTHO.

Y(z) = {

§ 6. SI3BIKHM IIEepPBOTro HMOpPsIKa

Paccmorpentbie HaMU JIOTMYeCKU€e MOHATHS, HMOIXOIAMIMM 00pa3oM
YTOYHEHHDbIE, CJIYKAT OCHOBOI NJi TpeBpallleHus JIOTMKU B MaTeMa-
Tu4eckyio Hayky. IIpexne Bcero cmesiaeM TOYHBIMU MaTEeMATUYECKU-
MU OObekTaMu Maremarmdyeckue yrBepxieHus. C a1oll mesbio B Ma-
TEMATUYECKON JIOTMKE UCIOJIb3YIOTCA UCKYCCTBEHHbIe si3biKu. CaMblii
pPacCIpoOCTpaHEHHBI BUI TaKUX sIBLIKOB — TAaK HA3BIBAEMOE A02UKO0-
MAMEMAMUYECKUE A3BIKU NEPBO20 NOPATKA.

Kaxnplit 361K IepBOTO TOPAIKA 3aJAETCA CBOE cueramypoli — Ha-
6opom u3 Tpex muoxects () = (Cnst, Fn, Pr), roe

1) Cnst — MHOXKECTBO KoHcmaHmM;
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2) Fn — MHOXeCTBO (pyHKYUOHAALHHIL CUMBON0E;

3) Pr — mHOXKecTBO npedukamuuir cumeonos.

ITpu sTOM ¢ KaxKIbIM (DYHKIIMOHAJIBHBIM UJIH TPEIUKATHBIM CHMBOJIOM
O[IHO3HAYHO CBA3AHO HEKOTOPOE HATYPAJIbHOE YUCJIO0 — KOJUYECTBO
apryMeHToB (UJIM 6aAEHIMHOCTb, apPHOCTH) ITONO CUMBOJIA. BasieHT-
HOCTH (DYHKIIMOHAJIBHOTO CUMBOJIA TIOJIOXKUTEJIHHA, & IPEIUKATHBIE CHM-
BOJIBI MOTYT UME€Th W HYJIEBYIO BAJEHTHOCTb. PYHKIMOHAJILHBIR HIIN
MPEIUKATHBII CHUMBOJI, BAJIEHTHOCTH KOTOPOTO paBHa k, Ha3BIBAOT k-
MECTHBIM.

Bo BCcsikOM s3bIKE TIEPBOrO MOPSIKA MMEETCs CUeTHbIH Habop nepe-
MEHHOIT. YCJIOBUMCH CUYUTATh, 9TO B KAa4eCTBE MEPEMEHHBIX BO BCEX
A3BIKAX TEPBOrO MOPAIKA HCIOJIB3YIOTCS CTPOUYHbIE OYyKBBI M3 KOHIA
JIATUHCKOTO aJihaBUTA C YUCJIOBBIMEA WHIEKCAMU UJINH O3 HUX.

SI3bIK TIepBOro MOpsIIKa ¢ CUTHATY POt ) Oy/1eM HA3BIBATH sI3BIKOM §).

W3 nepemennbix, KOHCTAHT, (DyHKIMOHAJIHHBIX ¥ MPEAUKATHBIX CHM-
BOJIOB C MIOMOIIBIO CKOOOK ( , ), 3AIATBIX U A02UHECKUT CUMBON08 =, 1,
&, V, D, =, V, 3 cTposaTcsa BeIpaXKeHus, Ha3bIBaeMble TepMaMu 1 (popmy-
gavu. IIpu »TOM TEpMbI UTPAIOT POJIb UMEH U UMEHHBIX Gopm, a dop-
MYJIbI — POJIb BBICKA3bIBAHUH U BHICKA3bIBATEJIBHBIX (DOPM.

Onpenesienne mepma HOCUT WHIYKTUBHBII XapaKTep U CONEPKUT TPU
nyHKTa. [lepBbie 1Ba MyHKTA ABJISIIOTCS 0A3MCOM WHIYKIMUA U yKA3bIBA-
0T, KaKne 00bEKTHI sI3bIKA CJIEIyeT HEITOCPEACTBEHHO CUNTATH TEPMAMHU.
Tperuit nynkT npencrassisier coOOM mar NHAYKIAU 1 337aeT NopoHcdaro-
wee npasuao, TO3BOJIAIOIIEE U3 YKe MOCTPOEHHBIX T€PMOB ITOCTPOUTH
HOBBIII TepM:

1. Kaxmasa nepeMeHHasi €CTh TEPM.

2. Kaxgas KOHCTAHTa €CTh T€PM.

3. Ecoi f ectb k-mecTHbIi (hyHKINOHAIBHBIA CUMBOJI # b1, ... ,tp —
TepMbl, TO Bbipaxkenue f(t1,... ,tr) €CTb TEPM.

[Ipumep. Ilycts curmarypa comep:KuT KOHCTAHTY C U IBYMECTHBIE
byHKIMOHAIBHBIE CUMBOJIBL ¢ U h, U yCThb Z, y — nepemenuabie. Torma
BBIPAXKEHUA

¢, o, y, h(c,x), hic,c), hlc,y), glx,hlc,y)), g(h(c,z),9(x,y))

CYTH TE€PMBI.

MunykTuBHBIA XapakTep ONpenesieHnsl TepMa JaeT BO3MOXKHOCTD UC-
[IOJI30BAaTh B JI0KA3ATEJIbCTBAX MPUHYUUN UHIYKUUU NO NOCMPOEHUN0.
A wmenHoO, ycTh Tpebyercs I0Ka3aTh, YTO BCE TEPMbI 00JIaIAI0T HEKO-
TOpbIM cBoficTBOM P. [Ijis 3TOr0 IOCTATOYHO YCTAHOBUTH, YTO

1) xaxkmas nmepemenHas obJsiagaer cBoiicTsom P;
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2) xaxas KOHCTaHTa obsamaer cBoiictBom P;

3) ecout t1,... ,t, — TEpMbI, obsamaomue ceoiicrsom P, a f ectb n-
MeCTHbII (bYyHKIMOHABHBIH cuMBOJI, TO TepM f (1, ... ,t,) Takke oba-
naet cBoiicTBoMm P.

Torna B cujty MHAYKTUBHOIO ONpENEJIeHUsT TepMa MOXKHO ObITh yBe-
PEHHBIM, UTO BCAKUil TepM obsiamaer cBoiictBom P.

AHasIOrnvHO MHIYK TUBHBIH XapakTep ONpeieseHus TEPMa MO3BOJISAeT
MHAYKINEH 1Mo TOCTPOEHUIO TepMa 33/1aBaTh (DYHKIUH, ONpeIeeHHbIe
Ha MHOXKeCTBE BCEX TEPMOB. A MMEHHO, IIyCTb

1) xax 0it IEpeMeHHOH 2 TOCTaBJIEH B COOTBETCTBUE HEKOTOPbIH 00b-
ekt F;

2) KaxK/0if KOHCTAHTE ¢ TOCTABJIEH B COOTBETCTBUE HEKOTOPBIH 00b-
ekt Fi;

3) 3a0aHO TPABUJIO, ONPENESAIIEe, KAKOi 00beKT Fyty,... 1) CTO-
BUTCA B cooTBeTcTBue Tepmy f(t1,...,1t,), ecau repmam ty, ... ,t, yxe
IIOCTABJIEHBI B COOTBETCTBUE 00beKTH! Fy, , ..., Fy . Torma ns siroboro
TepMa t OMHO3HAYHO OTpeneseH 00beKT Fy.

Amomnvie (W anemenmaphoie) Gopmyab: ONPENESIAIOTCA KAK Bbl-
paxenus Buna P(ty,... ), toe P ectb k-MeCTHBIN IpeIuKaTHbIA CrM-
Bosi (k> 1), aty,...,ty — mepmbl. Besaxuii O-mecTHBIN TpeauKaTHBIN
CHMBOJI TaKXkKe CuuTaercsa aroMuoit ¢gpopmysoii. Kpome toro, x uncity
aTOMHBIX (POPMYJI OTHOCATCS BbIpAXKEHUsT BUAA t) = to, TOe t1 U ty —
TEpPMBI.

Dopmysbl OTIPEIEJIAIOTCS UHIAYKTUBHO C TOMOIIBIO CJIIYIOIIIX IeThi-
pex MyHKTOB, IPUYEM MEPBbIN MYHKT MpeacTaBjsieT coboi 6a3uc nHIyK-
oy, a OCTaJibHble TPpU IIYHKTa CyThb IIOPOXKIAloMue IIpaBuJia.

1. Kaxmasa aromuas popmysia ectb dpopmylia.

2. Eciu A — dopmyaa, To Beipaxkenue —A ectb dhopmya.

3. Ecsm A u B — dopmysisl, To Beipakenus (A & B), (A V B),
(A D B), (A= B) cyrb dbopmyb.

4. Ecim A — dopmyna, x — mepeMeHHasi, TO Bbipaxenusa Ve A
u dz A cyrb HopMyJIbL.

[Ipumep. Ecau curnarypa comep:KuT IBYMECTHBIH (hyHKIMOHAIb-
HBII CUMBOJI [, OIHOMECTHBII MPEOUKATHBIAN CUMBOJI P U IByMECTHBIH
MPEeIUKATHBIA CUMBOJI (), TO CJIAYIONIME BHIPAKEHUS SIBJISIOTCA (Hop-
MYyJIaMu:

P(f(z,y), Qz,2), z=y, yz=y,
Jz Qz,2), (P(f(z,y)) &Iz Q(z,2)),
(P(f(z,y) & Jz Q(z,2)) DTy z =1y),

3z ((P(f(z,y) &3z Q(z,2)) Dy z =y).
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NuaykTuBHBI XapakTep onpenesieHus (popMyJIbl IO3BOJISIET UCTIOJTb-
30BaTh B PACCYXKIEHUAX WHIYKIIUIO TI0 TIOCTPOEHUI0 (GOPMYJIbl. A nMeH-
HO, ecJiu TPeOyeTCs I0Ka3aTh, 9T0 Bce (POPMYJIbl 06J1a1aI0T HEKOTOPBIM
cBOICTBOM P, TO 10CTATOYHO yCTAHOBUTH, YTO

1) kaxkpas aromuas ¢gopmysia obanaer cBoiicrBom P;

2) ecsin dopmyna A obnanaer ceoiicrBom P, 10 hopmysia ~.A Takxke
obstamaer cBoiicTBOM P

3) ecnu dopmyssl A u B obsagaror ceoiictBom P, 10 dhopMyJibl
(A& B), (AV B), (A D B), (A = B) rakxe obsanawor coiicrsom P;

4) ecou dopmysia A obsamaer cBoiictBoM P, a & — NpousBOJIbHASL
nepemennas, 1o ¢popmyasl Vo A u 3z A obsagator ceoiictBom P.

Nunykimeit o mocTpoeHuio hopMyJIbl MOXKHO TaKKe 331aBaTh (hyHK-
UK, ONpeNesIeHHbIe Ha MHOXKECTBE BCeX (hOPMYJI.

[MpakTuyecku, 3anucbiBast GOPMYJIbI, IPUHATO OIMYCKATH HEKOTOPHIE
ckobku. IlosrydeHHBIE TPU STOM BBIPAXKEHUs CJIEAYET PACCMATPUBATH
KaK COKpalleHHoe obo3HadveHue s ¢opmysi. B gyactHOCTH, OOBIYHO
OMyCKAaIOT BHEIHIE CKOOKU y dbopmy. JaspHefinas «9KOHOMUI» CKO-
6GOK BO3MOXKHA, €CJIM MPUHATH COLJIAIIEHHE O TOM, KaKhe JIOTHIECKHe
onepanun «CujibHee». [lJjisi 3T0ro paciosioKuM JIOTHIECKUEe CHMBOJIBI
B CJIEIYIOIIEM MOPSIKE:

Vi-&VvD=

u OyeM cunuTaTh, YTO U3 BCEX BOBMOKHBIX «B IIEPBYIO OYePEIb» BbITOJI-
HSIETCSL Ta Olepalusi, KOTopas CTOUT B 3ToM cnucke Jiesee. (Ha camom
nesie KBAHTOPHI V, d u OTpHUIlaHWe — HUKOTOA HE MOTYT «KOHKYPHPO-
BaTb» JIPYT C IPYTOM.)

IIpumep. @opmysty

(Vo (z =y D (32 Q(2) & (R(z) = Q(y)))) V Q(z))

MOKHO COKPAIIEHHO n300pa3UTh B BUIE
Vo (z =y D32 Q2) & (R(z) = Qy) v Q).

B dopmynax Buma Ve A u Jxr A Boipaxkenuwe Vr wim Jx Ha3bIBa-
ercsa KeanmopHoli npucmaskoii, a dopmyna A — obaacmoro deticmeus
COOTBETCTBYIOIIEr0 KBAHTOPA (TOYHEe — KBAHTOPHON MPUCTABKM).

Bxoxnenne mepemenuoit © B dopmysy A Ha3BIBAETCA CEA3ZAHHBIM,
ecJIi OHO HAaXOJWTCsI B OOJIACTU OeiCTBUsA KBaHTopa Vi wiam dr uan
BXOIMT B KBAHTOPHYIO MPUCTABKY. BXOXKIeHUe IepEeMEeHHON, He SBJIsIO-
[Ieecsi CBA3aHHBIM, HA3BIBAETCSA C80000HbIM.
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ITpumep. B dbopmyse
\/

13

(P(f@)&3z=2D>F Rlgz)Vz=u

IOAYEPKHYTHI BCE CBA3aHHBbIE BXOXKIEHUA IIE€PEMEHHOI ¥, IpUYeM BXO-
XKJEHUs, CBA3aHHbIE OJIHOM 1 TOH XKe KBAaHTOPHOI NPUCTaBKOI, MOI9epK-
HYTBHI OIMHAKOBBIM YHUCJIOM 4Yeprovek. HemomuepkHyToe BXOXKIeHUE &,
a Tak>XKe BCE BXOXKIEHUsS 2 SBJIAIOTCS CBOOOIHBIMU.

Qopmysia, He comepxkaiias CBOOOIHBIX MEPEeMEHHBIX, HA3bIBACTCS
samrrymoti (wnu 3axpoimoti) Gopmyarof.

ry ... T
Beipaxenne suga ("), 1€ T1,... , &, — Pas/MUYHBIE IEPEMEH-
HbIe, t1,... ,t, — TEPMbI, HA30BEM NOJCTNAHOBKOT.

L1 oo T

Iycts E — repum (bopmyna) smseika Q, § = () ") — noncra-
HoBKa. Yepes §F 0003HAYMM BBIpAXKEHUE, MMOJTy YeHHOE OHOBPEMEHHON
3ameHolt B E Bcex (CBOGOMHBIX) BXOXKAECHUN NEPEMEHHBIX X1, ... , Ty HA
TepMbI t1,...,t, coorBercTBeHHO. OUYeBHIOHO, YTO €Cu t1,...,t, —
TepMbl a3bika §), a E — dopmysa aseika ), To §E — rmakxe ¢op-
MyJia a3bika §), a ecom B — tepm s3bika (), To §F rakxke saBJisgercs
TepMoM 3biKa (). Boipaxkenue  F HA3bIBACTCS Pe3yAbmamom nodcma-
HOBKU TEPMOB t1, ... ,t, BMECTO IEPEMEHHBIX X1,. .. , Ty B . 3amernm,
y10 Tepm (dopmysia) OE 3aBucuT JMmIb OT TOTO, KAKUE TEPMbI IO~
CTaBJIAIOTCS BMECTO MEPEMEHHbBIX, MMENmUX (CBOOOTHbIE) BXOXKIEHU
B TepM (opmyay) E. B wacraocru, eciu A — samkuayTas dhopmyJia,
10 8 A coBnagaer ¢ A, kakoBa Obl HM ObLjIa MOACTAHOBKA 6.

IIpumepsr.
1. Ilycrs E ects dopmyna Iy P(z,y,z), a = (f(af,y))' Torma 0FE

ectb dopmyna Iy P(f(z,y),y, 2).

2. Ecsiin E ectb 2 =y D Yy Q(y), a 8 = (f(af,y) z), T0 OFE — 310
dbopmyna f(z,y) =2z D Vy Q(y).

3. Eciiu E — 310 dopmyna Yy P(y,z) V Jy R(z,y), a § — noncra-
HOBKA u3 mpumepa 2, ro §FE — 310 dopmysa

Vy P(y,2)V 3y R(f(z,y),y)-

Tepm t HasbiBaeTCa c60000HbIM OAs nepemennolt x B Ppopmyae A,
ecJii HUKaKoe CBOOOmHOe BXOXKieHue ¥ B A He HaxomuTcsa B 0OJ1acTu
IeiicTBUS KBAaHTOPOB IO NEPEeMEHHBIM, BXOmdAmuMm B TepMm t. Hanpu-
mep, repM f(z, z) saBisercs cBobonubM 11 ¢ B dopmyae Jy Pz, y, 2)
U He fABJIsAETCA CBOOOMHBIM 1jist & B dopmysie 3z P(z,y, z). B nanbueii-
€M MBI YBHUIUM, 9TO C JIOTHIECKOI TOYKN 3pEHNs NOACTAHOBKA, TepMa ¢
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BMecTO T B popMyty A fABJISETCa NPaBUIILHONR U OCMBICJIEHHOI, TOJILKO
ecau t cBoboneH n71a « B A.
I/IHOF,Ha, nMed B BI/I,H,y I];a,JIbHe]'/)IIHee HpI/IMeHeHI/Ie IIOACTAaHOBKHA

_(T1r ... Tn
o= ()
K HeKOTOpoMmy TepMmy uju dopmyse F, aias E ynorpebsisior obo3Hade-
uwue E(xy,...,x,) u 3arem BMecto OF nuumyr E(ty,... ,t,).

YopaxueHud.

1. KaKI/Ie BXOXKIOCHUA IMEePEMEHHBIX ABJIATCA CBO60}1HI)IMPI, a KaKue
CBABAHHBIMU B CJIEIYOMUX (hopMyJIax:

a) Vo (P(z,y) D Vy Qy));

6) Vz P(z,y) D Vy R(z,y);

B) ~3z Q(z,2) & R(f(y, 2))?

2. dsnsierca u repm t CBOOOMHBIM [IJIst IEpeMeHHOM Yy B A, ecsm

a) t ecrs f(z,y), A ects Vo P(z,y);

6) t ectb f(y,2), A ectb P(y,z) D 3z Q(2)?

3. Hokazark, 4T0

a) TepM, HE COIEpKalluil IepeMeHHbIX, CBOOOMeH Jis Jioboi mepe-
MEeHHO#’ B J11000# (bopmy.ie;

6) = cBoGomHa nyist & B JiI060it hopmy.ie;

B) ecsiu popmysia A He COIEepKUT CBOOOIHBIX BXOKIEHUT 2, TO JII060#H
TepM cBOOOIEH 1Jist T B A.

4. Hasosem nozcranosky (5 " y") csoGonnoit mia bopmysi A,
ecs Jist Bcex ¢ = 1,...,n TepM t; cBOOOIEH IJis TIepeMeHHol ©; B (op-
myJsie A. BbisgcHUTH, Kakue MoJCTaHOBKU U3 npumepoB 1-3 Ha crp. 31
CBOOOIHBI IJIsI COOTBETCTBYIOUINX (DOPMY.I.

¢ 7. IlpuMepsbl A3BIKOB MEPBOTO MOPSIIKA

H3I>IKI/I IIepBOr'o MNnopAAKa HCIIOJIB3YIOTCA [JId 3allUCu MaTeMaTu4e-
CKUX YTBEpXKIEHUl, mpudeM MJis KXo KOHKPEeTHOU obJiacTu mMare-
MaTUKU, UK, KAK TOBOPAT, MATEMATUIECKON TEOPUH, BHIOMPACTCS A3BIK
¢ nmonxongmieli curnarypoit. Vcnosib3oBanue s3bIKa, TEPBOTO MOPSIKA
OJIs 3aIUACU yTBEPXKOEHUU, OTHOCAMUXCA K ITAHHOU MaTeMaTHUYeCKOn
TEOPHUHU, CTAHOBUTCS BO3MOXKHBIM, €CJIH YIAETCs PACKJIACCU(DUIMPOBATH
BCE OCHOBHBIE TIOHATUS TEOPUU HA «OObEKTHI», «(PYHKIUU» U KIIPEIH-
karbr». Ilpu 91oM byHKIMM U TPEIUKATHI TOJKHBI OBITH ONPEIe/IeHbI
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TOJIbKO Ha 00bEKTaX, U 3HAYEHUsIMI DYHKIMHA sIBJISIIOTCS TOJIBKO O0bEeK-
Thl. B WacTHOCTH, HE JOMyCKAeTCsi paCCMATPUBATH MTPEIUKATHI, 3a1aH-
HbIe HAa QYHKIMAX, NN QYHKIINH, 33JaHHbIE HA TIPEINKATAX. 3aTeM I
HEKOTOPBIX KOHKPETHBIX, 3aMeYaTeIbHbIX B TOM MJIM WHOM OTHOIIEHWN
00beKTOB, (DYHKIINHI 1 TIPETUKATOB, MbI (PUKCHPYEM UX 0DO3HAUEHNU ST, KO-
TOpBIe U 0OPa3y0T COOTBETCTBEHHO MHOXKECTBa KOHCTAaHT Cnst, (dyHK-
[IMOHAJILHBIX CUMBOJIOB Fn u mpenukarubix cuMBoJioB Pr. Takum obpa-
30M, BOBHUKAET S3bIK MepBOro nopsanka ¢ curaarypoit (Cnst, Fn, Pr).

B maremaruveckoit jioruke pazpabOTaHbl A3BIKYM I MHOTUX MaTe-
Marmdeckux teopuii. Paccmorpum aBa u3 HuX, Wrpaiomux Haubosee
BazKHY1IO POJIb B JIOTUKO-MAaTEMATUICCKNUX NCCJI€NOBAHUAX.

1. Curnarypa ssvka Gopmasvhol apudmemury CONEPKUT €IUHCT-
BEHHYIO KOHCTAHTY 0 1 Tpu (DYHKIMOHAJILHBIX CUMBOJIA: OJIHOMECTHBIH
S u nBymecrtHble + u -. YcsoBuMmcs BMecTo +(tq,ty) nucarb ty + to,
a BMeCTO -(t1,t2) — mmcarh tq -t2. [logpasymeBaemblii cMbIC cCUMBOIA, S
trakoB: S(z) = z+ 1. Iusa xkparkoctu Bmecro S(t) Gymem mmcars St.
Nwmest B Bumy nompasyMeBaeMblii CMBICJI CHMBOJIOB sI3bIKa, MOXKHO BBECTH
COKpalleHHbIE 0003HAYEHMSI 117151 HEKOTOPBIX hopmyst. Hanpumep, Bbipa-
Kernre ¢ < Yy OyieM cYuTarh COKpalieHueM 1jist hopMyJibl 3z & + 2 = y;
r <y — nng dopmysasl Iz x + Sz =y; xiy — oA dz y -z = x.

2. CurHarypa A3vKa MeoPUU MHOHCECTNE COTEPKUT TOJIHKO JBYMECT-
HBII OpeAUKaAT CUMBOJI €. YCJIOBUMCS UCATH b1 € to BMeCTO € (t1,t).
O“IeBI/I)IHO, YTO TepMaMM 3TOI'0 A3blKa ABJIAIOTCA TOJIBKO IEepEeMEHHBbIe.
Bor npumepsn GopmyJ si3biKa TEOPUH MHOKECTB:

1) Vz (z € ¢ D z € y). lmMesa B BuLy ecrecTBeHHBbIH 1OIpa3yMe-
BaeMblii CMBICJI CUMBOJIOB A3bIKa, OJId 9TON (bOpMy.HbI MO2KHO BBECTHU
cokpaienHoe obosnadenue r C y.

2) -~z = y. Ee MOxHO 61710 O6bI COKPAIIEHHO 0003HAYUTD T # Y.

3) -z € y. D1y GopMysry MOKHO 00O3HAUUTH T & Y.

4) =Jy y € z. Dty HoOpMyJLy ecTecTBEHHO 0003HAYUTH & = J.

§ 8. OnpenesieHne WHTEPIPETAIIUA

IIpy mocTpoeHNM KOHKPETHOIO JIOTMKO-MATEMATHYECKOrO s3bIKa,
OOBIYHO TIOPA3YMEBAETCA HEKOTOPBIN CMBICJI COCTABJISIIONINX €r0 CUM-
BOJIOB, OJTHAKO IPU OMMUCAHWK S3bIKA, OMPEIe/IEHUN TePMOB U (HhopMyJ
9TOT CMbBICJI HUKAK HE HUCIOJIb3yercs. llocse Toro kax BbIOpaHa CHUT-
HaTypa A3bIKa, Mbl BIIPABE HAAEJATh BXOAAIINE B HEE€ CUMBOJIbI HOBBIM
CMBICJIOM, OTJIMYHBIM OT TOTO, KOTOPBIIl BKJIQALIBAJICA B HUX HA Ta-
e TOCTPOeHUsI A3bIKa. bBoJiee Toro, paccCMOTpeHNe Pas3IMIHbIX UHTEP-
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nperanuii OJHOTO M TOrO XK€ A3bIKA SBJISIETCA OTHUM U3 BaXKHEHImx
IPUEMOB, UCIOJIb3YEMbIX B MATEMATUYECKON JIOTWKE, U UMEHHO C ero
MMOMOIIBIO OBLIN TIOJTyYeHbl MHOTHE BAsKHBIE PE3YJIbTATHI.

Yrobbl 3amarb unmepnpemayuto curaarypsl @ = (Cnst, Fn, Pr),
HYXKHO

1) dukcupoBaTh HEKOTOPOE HENyCTOE MHOXKECTBO M, Ha3bIBAEMOE HO-
cumenem UHTEPIIPETAIINH;

2) ¢ kax ot koucranToit ¢ € Cnst conocraButh sJ1eMeHT € € M

3) ¢ KaxKabIM k-MeCTHBIM QYHKIMOHAJIBHBIM cuMBOJIOM f € Fn como-
CTaBUTh HEKOTOPYIO k-MecTHylo dbynkmmio f : M*F — M;

4) ¢ KaxapIM k-MECTHBIM NPEIuKaTHBIM CuMBOJIOM P € Pr comocra-
BUTH k-MecTHbI Tipemukar P : M* — {11, JT}.

Ecim P ectb 0-MeCTHBIN NpEIUKATHBIE CUMBOJI, TO C HAM COIOCTa-
BJISIETCSI OJTHO W3 [IBYX UCTUHHOCTHBIX 3HadeHuit U wum JI.

ByzeM Ha3bIBaTh G, f, P HHTEPIPeTAIMAMEI COOTBETCTBEHHO KOHCTAH-
ThI ¢, (QYHKIMOHAJIBHOTO CUMBOJIA f ¥ TPEIUKATHOTO CUMBOJIa P.

Hocurens nnrepnperanuu — muOX)ecTBO M — 00baBIseTCsa 0bJia-
CTBIO BO3MOXKHBIX 3HAYEHU{ (MJIM, 94TO TO Ke caMoe, 00JIaCThIO U3MEHe-
HUsT) 718 KAXK 0 IIepeMeHHOiA.

IMIpumep 1. Ilycrs 2 — curnarypa sizbika popMasibHOl apudme-
TuKu. PaccMOTpuM [Be MHTEPIIPETAINN 3TOU CUTHATYPHI.

1) Hocuress — MHOXKECTBO HATypasbHbIX unces; 0=0, S(z)=z+1,
+(z,y) — cymma uuces x u y; -(z,y) — NPOU3BENEHUE YUCET T U Y.

31ech B COOTBETCTBUM C COTJIAIIEHHEM depe3 +, -, S, 0 0603HAYeHbI
MHTEpPIpeTalul CUMBOJIOB +, -, S, 0.

Mpbr ynoTpebusin BbIpaKeHHe «CyMMa, YHCeJI & W Y» BMECTO OoJiee
MIPOCTOTO «Z + Y», 9TOOBI He 3amyTarbcsa. [lesio B TOM, 9TO B PABEHCTBE
F(x,y) = z+y 3HAK + UCTIOSIB3YETCS B ABYX PA3HBIX CMBICJIAX: CJIEBA OT
3HAKA PABEHCTBA OH 0003HAYAET (DYHKIIMOHAIBHBIH CUMBOJI CUTHATY PbI,
KOTOPBI MOXKeT UMeTh PA3JINYHbIe UHTEPIIPETAIUN, & CIIPABa OT 3HAKA
PABEHCTBA 3HAK + €CTh UM (DYHKIINY CJIOKEHUS HA HATYPAJIbHBIX M-
csax. To ke OTHOCUTCA K 3HAKY -. B nasibHeiineM Mbl OyZieM 1103BOJIATH
cebe HUCIOJIb30BATh TaKue O0IIeynoTpeduTe/IbHbIe 3HAKM, KaK =, <, +, -
B Pa3HBIX CMBIC/IAX, HE OCTAHAB/IMBASCH HA PA3bACHEHUSIX.

Yra MHTEpHpeTalus HA3bIBACTCA cmandapmhol unmepnpemayued
A3BKA POPMAALHOT aPUPMEMUKY.

2) Hocuresib — MHOXKECTBO HaTypasbHbIX uncest; 0 = 5; S(x) = 2%;
(z,y) = x + 2y; ¥(z,y) = 2z + y. Ora uHTEpIpETALU HE UMEET
HA3BAHWSA, Mbl BEIOPAJIH €€ CJIydaiiHbiM 00pa3oM.
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IIpumep 2. IlycTb curHarypa COCTOUT U3 ABYX ABYMECTHBIX (YHK-
IUOHAJIBHBIX CAMBOJIOB + u -. Torma Jiroboe KOJIbLo U J1oboe MmoJie
ABJIAETCSA UHTepIpeTanueit 3Toil CTpyKTyPHbI.

IIpumep 3. Ilycrs curaarypa COCTOUT U3 OBYMECTHOI'O IIPEIUKAT-
HOro cuMBoJia <. JIioOoe ynops/ioueHHOe MHOXKECTBO ABJIAETCI UHTEp-
mpetaiueil 3Toll CUrHATYPbI, €CJIUM UHTEPIPeTUPOBaTh < KaK MPEeIuKaT
«OBITH MEHbIIE.

Pasymeercs, B 9TuX npuMepax BO3MOXKHBIE HHTEPIIPETALINY HE UCYeP-
TIBIBAIOTCA MTPUBEIEHHBIMU.

Carenyer XOpOIIo OHUMATH PA3JIMYne MK Iy KOHCTAHTaMu, (DYHKITH-
OHAJIBHBIMYU CUMBOJIAMY, TPEAUKATHBIMA CUMBOJIAMHU U UX WHTEPIpETa-
nuaMu. [lepBbie cyTh HEKOTODBIE 3HAKHU, UCIIOJIb3YEMbIe IIPY HATMCAHUN
GdopMyJI, a UX UHTEPIPETAINN ABJISAIOTC «KHACTOAIMMI» SJIEMEHTAMU,
GYHKIUAMYA U TPEIUKATAMHU.

YopaxHeHUs.

1. B curnarype sa3bika popMasibHON apudMeTHKY 3amucarb GpopMy-
JIy ¢ ofiHO¥ cBOOOIHOI TepeMeHHO! T, UCTUHHYIO B CTAHIAPTHOU UHTEP-
[IPEeTalnu TOTIa U TOJIBKO TOIIIA, KOrIa

a) T YeTHO;

6) x = 2 (mod 3);

B) £ — IPOCTOE YUCJIO.

2. Banucarps 3aMkHyTyI0 dopmysty B curaarype {P}, rne P — nsy-
MECTHBI/ MPEIUKATHBI CUMBOJI, UICTUHHYIO B MHTeprperanun I Torma
U TOJIBKO TOTIA, KOUOa HOCHTENb [ JIMHEHHO yHOpSIOueH OTHOIIEHH-
em P.

3. Ilycrs HOocuTesib mHTepnperaiuu I curarypsl { P} ecrb MuOXKe-
CTBO BCEX MOJIMHOXKECTB HATypaJsbHBIX unces, a P(z,y) = U osnauaer,
gro x C y. 3anucars GopMyJibl, O3Hadamme r =y Nz ux =y U 2.

§ 9. @opmaJjibHOE ompeneieHue UCTUHHOCTHA

Ecnm sadukcupoBana wHTEpIperalus JAHHOW CUTHATYPBI, TO Ka-
KJIas 3aMKHyTasg (GopMyJia 9TOH CUTHATYPHI MPEBPAIIAETCA B BBICKA-
3bIBAHUE, U C HEll CBA3BIBAECTCS ee UCTUHHOCTHOE 3Hadenue U mim JI.

IIpumep. @opmyJibi

Ve Vy 3z z +y = 2, Jy 0=y -S50,
VeVyax-Sy=z-y+z, Jx SSSS0=z+=x
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UCTUHHBI, 8 (POPMYJIbI
VeVyVzz+2z=y, Jy SO =y -550

JIOXKHBI B CTAHIAPTHOI MHTEpIpeTanun si3bika (popMasibHO apudmern-
KH.

Hanum 6Gostee crporoe, bopMasibHOE ONpenesieHrne UCTHHHOCTHOTO
sHavYeHns: 3aMKHyTOi dopmysbl. Ilycts M — HOCHTEsH MHTEpIIpETA-
muu I curnaryper Q@ = (Cnst, Fn, Pr). C xaxueiv ssiementom m € M
CONOCTaBUM HOBYIO (T.e. He BXousauly B Cnst) KOHCTAHTY m — uUMs
anementa m. Yepes Q(M) 0603HAIMM CUTHATYDY, MOJIYYEHHYIO U3 )
nobaB/ieHneM MMEH BCeX 3JIeMeHTOB u3 M B KadecTBe KOHCTAHT, T.e€.
QM) = (CnstU{m | m € M}, Fn,Pr).

Tl .. Tp
IloncranoBky BUIa <£1 ., ), roe ay, ... ,a, € M, HazoBeM oyeHkol.

L1 «oo T
a; ... a,

Bynem rosoputsh, uto 6 = ( ) — ouenka repma (dopmyiisl) E,

ecu E He conepxuT (CBOOOMHBIX) BXOKIEHUIT TIEPEMEHHBIX, OTJIMIHBIX
OT Z1,... ,&y. BEciiu § — ouenka repma (popmyast) E to OE Gynem Ha-
3BIBATH OUYEHEHHbIM MEPMOM (COOTBETCTBEHHO, 0UyeHeHHOT HopMysot).
OueBUIHO, YTO MHOXKECTBO OIIEHEHHBIX TEPMOB — 3TO B TOYHOCTH MHO-
JKECTBO BCex TepMOoB A3bIKa, {)(M), He conepxKaIlux NepeMeHHbIX, & MHO-
JKECTBO OIEHEHHBIX (DOPMYJI — DTO MHOKECTBO BCEX 3aMKHYTBHIX (hOp-
My s3bika Q(M).

Nunyxuueii o mMOCTPOEHUIO OIIEHEHHOTo TepMa t (T.e. TepMa A3bIKa
(M), He comepxKalero mepeMeHHbIX) ONPEeNesMM ero 3HadeHue, 000-
sHavaemoe |t|. Dro OGyner ss1emeHT MHOX)KecTBa M.

1) Econ t ects koHcTanTa ¢ € Cnst, 1o [t| = ¢. Ecsu t ects KOHCTAH-
Ta m, rae m € M, 1o |t| = m.

2) Ecoin t umeer Bun f(ty,...,t,), ooe t1,... ,t, — OIEHEHHBIE TEP-
mbl, 1O [t] = f([t1], .-, |tnl)-

Teneps maayKIMei nmo koaumdecrBy cumBosioB V, 3, &, =, V, D, =
B otenennoit popmyJie (1. e. B 3amkuyToit popmyJie azbika 2(M)) onpe-
[ejiiM ee MCTUHHOCTHOe 3HadeHue B uHTepnpetauuu I  TocrarodHo
ONIPeNe/InTh, B KAKUX CJIydasX UCTUHHOCTHOE 3Ha4YeHne (pOpMyJibl paB-
HO U, m yC/I0BUTBCA, 9TO B OCTAJIBHBIX CJIyYadAX OHO paBHO JI. ¥YTBep-
KIEHUe O TOM, YTO UCTMHHOCTHOE 3HAYeHHe OLEeHEeHHOH dopmysibl A
B unrepnperamuu I ects U (JI), OymeMm COKpaleHHO 3alMKUCHIBATH TaK:
I = A (coorBercrBento, I [= A).

1) Iycts A ectb onenennas aromuas dopmysia Buga P(ty, ... ).
Torpa, oueBunHO, t1, .. . ,t, — oueHeHubie TepMbl. I = A Torma u T0J1b-
ko Torna, xorma P(|ti],..., [t.]) = W.
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2) Ilycrb A ectb onieHenHas atomuas dopmysia Buna tp = to. Torma
t1 u t; — oueHeHuble TepMbl. [ = A Torma m TOJILKO TOrIA, KOLIA
|t1]| = |t2].

3) Ilycts A umeer Bun —5. Torna B — ouenennas dpopmyna. [ = A
TOrIA U TOJIBKO Toraa, Korna I & B.

Iycte A umeer Bug (B&C), (BVC), (B D C) nmu (B =C). Torna B
u C — oreHeHHbie GOPMYJIbIL.

4) I |= (B & C) rorma u Tosbko Torna, korna I =B ul =C.

5) I = (BVC) torna u Tosibko Torna, korma [ = B wm I |=C.

6) I = (B D C) rorma u Tosibko Torma, xorma I = B umu I = C.

7) I |= (B = C) Torna u ToJIbKO TOTA, KOTIA NCTUHHOCTHBIE 3HAYEHU S
dopmyst B u C B uarepuperamnyuu I COBIaIaoT.

IMycrs A umeer Bun dz B(x) unn Vo B(x). Torma B(a) asaserca
oneHeHHoU (opmyJioit pu J0dboMm a € M.

8) I = Jx B(x) rorma m TOJIBKO TOrIa, KOTA CYIIECTBYET TaKOi
asiement a € M, aro I = B(a).

9) I = Vo B(x) Torma u Tonbko torna, korna I = B(a) nmsa scex
a € M.

Msr onpenesnuiu orsomenue I = A ms Hpou3BOJIbHOM OLEHEHHON
dopmysbr A.  OdueBumno, 9ro Jodas 3aMKHyTast (Gopmysia a3bika )
SABJISIETCS OlleHeHHO# (opmysioit. Tloaromy npuBeneHHOE OpeesieHmne
¢ Kaxk 0% Takoi (popMyJsIoi COMOCTABIISIET €€ UCTUHHOCTHOE 3HAYEHUE
B nHTepuperanuu I.

§ 10. ObmesHauynmbie (POPMYJIbI, BBIIIOJTHUMbIE (DOPMYJIbI,
paBHOCUJ/IBbHBIE (DOPMYJIBI

DopmyJia HA3BIBAETCA 00we3Hauumoti (M moscdecmeento ucmun-
HO(i), €CJT OHA UCTUHHA B JTI000I HHTEPIPeTAIUY IPK JIF00O0H ee OleHKe.

IMpumep 1. Hokaxewm, uro popmysa Iz Yy P(z,y) D Vy Iz P(z,y)
obmesnaunma. Obosuauum ee depes A. Ilycrs I — npousBosibHAsA UH-
repnperanus, M — ee nocuresnb. Ecou I = 3z Vy P(x,y), To I E A,
KaK BUIHO M3 IIYHKTa 6) ompelesieHusi KICTUHHOCTH. PaccMorpum ciiy-
vaii, korna I = 3z Vy P(x,y). Ilo nyukry 8) onpenesienus HCTUHHOCTH
Hafinercsa m € M, nyis xkoroporo I = Vy P(m,y). Torma no nyaxry 9)
onpenesienus uctuauoctu I = P(m,n) mis Bcex n € M. 3uauut, 10
nyHKTy 8) Toro xe onpenesienust I =z P(x,n) nnsa scex n € M, a no
nyuxry 9) I = Vy 3z P(z,y). Io nyaxry 6) onpenesieHust HCTUHHOCTH
910 03HaYaer, 4ro | = A.
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B §3 rs1aBbl 2 OBLJIO BBEIEHO TOHSITHE TABTOJIOTUU KAK MPOIIO3UIUO-
HAJIbHOM (bOPMYJIbI, KOTOpAS MIPEBPAIIAETCS B UCTUHHOE BHICKA3BIBAHIE
npu 1000 TTOICTAHOBKE B Hee€ KOHKPETHBIX BbICKA3BIBAHUIA BMECTO MTPO-
IIOBUIIMOHAJIBHBIX II€PpEMEHHbIX. PaCHpOCTpaHHM IIOHATHUE TAaBTOJIOI'UU
Ha (GOPMYJIbI A3BIKA MEPBOTO MOPAIKA.

O4eBUIHO, YTO €CJAM B NPONO3UIMOHAJIBHYIO (POPMYJIy BMECTO BCEX
NPONO3UIUOHAJIBHBIX EPEMEHHBIX MOICTABUTL Kakue-Hubyab (opmy-
JIbI SI3BIKA TEPBOTO TOPSAKA, TO MOJYIUTCS (DOPMYJia S3bIKA MEPBO-
ro nopagka. Ilycts B(Py,...,P,) — nponosunuonaJybHas GhopMmyJia
C TIPONO3UIMOHAJBHBIME TiepeMeHHbivu Py, ..., Py, a Ay, ... A, —
NpPOU3BOJIbHBIE (POPMYJIBI A3BIKA NMEPBOro nopsaaka. OB6O3HAYMM Yepes
B(Ai,...,Ap) dopmysty, nonydennyto noncranoBkoit 8 B(Py, ..., Py,)
dopmyn A, ..., A, Bmecto P, ..., P, COOTBETCTBEHHO.

®@opmyaa A A3bIKa MEpBOro NOPAIKa HA3BIBACTCA Masmonozuet, ec-
JIA CYWIECTBYIOT TaKas IIPONO3UIHOHA bHAA TaBrosiorus B(Py, ... , Py)
u rakue (GopMmyJsibl g3bIKa mepBoro mnopsnka Aj, ..., A,, aro A ectb

B(Ai,..., An).

IMpumep 2. ®opmyna Ve R(x)V -V R(x) aBiasercsa raBrosiorueii.
OHa moJsty9aercs u3 MPONO3UIMOHANBHOM TaBTosorun PV =P moxacra-
HOBKO#l Vo R(z) Bmecto P.

IIpumep 3. @®opmysa Jy Q(y) & (Jy Q(y) D R(z)) D R(z) rakxe
SIBJISIETCST TaBTOJIOTUEN. OHa TIoJIy9aeTrca u3 HpOHO3I/IHI/IOHaﬂbHOﬁ TaB-
rosiorun Py & (Py D P») D P, mopcranoBkoit 3y Q(y) Bmecro Py u R(z)
BMeCTO Ps.

Teopewma 1. Jlobas TaBTOJIOrHs 0OIE3HATIMA.

HJoxaszarenbcTBO. B naspHeiimem Mbl Oynem ynorpeb/iaTh 3HAK
«rpadUIeCKOro paBeHCTBa» = [JIsI BbIPAXKEHWUS OJMHAKOBOCTHU CJIOB:
A = B osmauaetr, 4ro cjoBa A u B OIMHAKOBBI, T.€. MOCTPOEHBI U3
OJIMHAKOBBIX OYKB, PACIOJIOKEHHBIX B OJUHAKOBOM IMOPSIIKE.

I[Mycrs A — dopmysa sa3bika (2, ABJIAOMAICT TABTOJOIHER. IDTO
osnauaer, yro A = B(Ai,...,A,) IJis HEKOTOPOH NPOMO3UIMOHAIIB-
Hoit rasrosioruu B(Py, ..., P,) u dopmyn Ay, ..., A, assika Q. IIycrs
I — npousBOIbHAST UHTEPIIPETAINS, § — MIPOU3BOJIbHAS OleHKA (hOpMy-
abl A. OueBugno, uro 0 A = B(6Ay,... ,0A,). Tlosromy BhIYuUCICHIE
UCTUHHOCTHOTO 3Ha4eHus (popMmyJibl A MO CYIMECTBY COCTOUT B BBIYM-
cJleHuu 3HaYenus, Koropoe npumer dopmyna B(Py, ..., P,) npu nom-
CTaHOBKE B Hee MCTUHHOCTHBIX 3HadeHuit ¢popmysa 0A;,...,0A4, Bme-
cro Py, ..., P,. Tlockombky B(Py,...,P,) — TaBTosiorus, oHa BCErma
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npuruMaer 3Hadenune U. 3naunt, I = #A. Takum o6pasom, dopmy-
sna A ucturHa B J1I000I MHTEpHIpeTaluy pu JII00OH OlleHKe, T.e. OHA
obmesnaunma. Teopema 1 mokasana.

DopmyJia HA3BIBAETCI 8HINOAHUMOT, €CJIA OHA NCTUHHA XOTs ObI B OJ1-
HOl MHTEpPIpeTalnny ITPU XOTS ObI OIHON ee OLEHKE.

MMpumep 4. ®opmysa Iz Jy (P(x) & —P(y)) BeINOTHAMA, HO HE 00-
mesnaynma. O6osnaunm 3ty dbopmysty depes A. Bosbmem B KauecTse
HOCuTesiA mHTepnperaruu muoxectso {0,1} u momoxum P(0) = U,
P(1) = JI. HerpyaHo BumeTh, 9TO B 3TOi mHTepnpeTamuu hopMyJIa
A noxna, cienoBaresibHO, OHa He 00IIe3HAYnMA.

Dopmysibl A u B HA3BIBAIOTCA PABHOCUAbHBIMU, €CTH (HOPMYJIa
(A = B) obmesnauuma. Ecim A u B paBrocusbHbI, OymzeMm HHCATDH

A~ B.

Teopema 2. Kakosbl 661 Hu 6bL1H (popmyJibl A u BB, cipaBensiuBbl
CJIEAYIOIIUE YTBEPKICHUS O PABHOCH/IBHOCTH:
1. Ecsin B He comepxkuT CBOOOIHBIX BXOXKICHUI IIepeMeHHOH T, TO
a) Jz (A& B)~3z A& B;
6) Vx (A& B) ~Vz A& B;
B) Vo (AV B) ~Vz AV B;
r)dz (AVB) ~3dx AV B;
.3z (AVB) ~ 3z AV 3z B;
Vo (A& B) ~Vz A&V B;
Lode A~V —|.«4;
Vo A~ Jz A,
. ecsin A(x) HE comepxuT y, TO
a) Vo A(z) ~Vy A(y);
6) Iz A(z) ~ Jy Aly).

HokaszaresbcTB0o. MBI JOKazKeM TOJIBKO PABHOCHJILHOCTU 1.B)
n 2. JTokazaresibCTBO OCTAJIbHBIX PABHOCUJILHOCTEH TPOBOMUTCS IO TO-
My ke 00paslly U NMpenjaraeTcs B Ka4eCTBe YIIPAKHEHNSI.

Nrak, mokaxewm, uro Vo (AV B) ~ Vo AV B, t.e. uro dbopmya
Va (AVB) = (Vz AV B), koropyio mbl 0603Ha4nM depes C, obmie3Han-
Ma, ecyin B He comepKuT cBoOOIHbIX BXOXKaeHuil x. Ilycrs I — mpous-
BOJIbHASA uHTEpTperaius, M — ee HOCUTE b, § — MTPOU3BOJILHAS OIIEHKA
dopmyaet C. Hano nokasars, uro I = 6C.

[Tepemennas: x He umeer cBobomubix BxoxkaeHuit B C. IloaTomy dhop-
MyJia §C He 3aBUCHUT OT TOTO, KAKOI TE€PM IMTOICTABJIAETCS IIPK OleHKe 6
BMECTO ITEPEMEHHON &, U MOXKHO CYUTATh, 9TO OIEeHKa # BoOOIIe HE CO-
IIEPKUT .

O U s W N
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OueBugno, uro C = Va (A V 6B) = (Vz AV B). ®opmymny
Vz (0.AVOB) obosuauum uepes Cq, a (Vo 0 AV B) — uepes Co. Bamerum,
qaro dpopmysia §.A Moxker conepKaTh CBOOOIHBIE BXOXK IEHUS TIePEMEHHON
Z, I09TOMY 11151 Hee Gynem ynorpebsisits obosuadenue §.4(x). Popmysia
xKe 0B 3amkHyTa, caenoBaresibHO, 160 I = 6B, nmubo I & 0B. Ilycrs
I = 6B. Torna, no nyHKTY 5) onpenesenus ucruunoctu, I = Vo AV B,
re. I =Cyyul =0A(m)VEB nnsascex m € M, snaunr, I =V (AVDE),
re. I E C;. 3uauur, C; u Cy o6e ucruunsl, u I = 6C. Ilycrs
I = 6B. Torpa, oueBuaHO, KakoBa Obl HE ObLIa 3aMKHyTas dhopmya F,
UCTUHHOCTHBIE 3HadeHus dbopmya F V 0B u F cosunanator. I[lostomy
I =Vx (QA(z)VOB) & I = 0A(m)VEIB nnsscexm € M & I =0A(m)
onascex m € M &I =Ve A& I |= Ve 0AV 0B. Takum obpasom,
I'=C & 1ECy, e I E6C. PaBuocunbHOCTS 1 B) HOKasaHa.

IoxaxxeMm paBHOCUJILHOCTD 2. Tpedyercsa moka3arh 00IIEe3HAYNMOCTh
dopmyaer Az (AV B) = (3z AV Iz B), koropyto Mbl o6o3Hadum D.

IMycrs I — npousBosibHas nunTepnperanus, M — ee HOCUTE b, § —
npousBosibHas orenka dpopmyssl D. Tak xkak D He comepXKuT CBOOO-
HBIX BXOXKIECHU T, MOKHO CINTaTh, 4TO & He BxomuT B 6. Vmeem 0D =
= Jz (AAVOB) = (Jz 0.AV Iz 6B). Hokaxewm, uro I |= Iz (AVEIB) &
< I (3z AV Az 0B). opmysiel 0.4 u 6B moryT comepxarh cBOGOI-
HbIE BXOXKIIEHU T, TI03TOMY OyJeM yHnoTpeOJIsaTh Njid HUX 0003HAYEHUST
0A(z) u 0B(x). Umeem I |=3x (8AVOB) & I |= (0 A(m) VOB(m)) nna
uwekoroporo m € M & I = 0A(m) win I = 0B(m) nisa HeKoToporo
meMecI =3 bAwm ] =Tz 0B 1 = Jz AV Iz 8, aro
1 TpeboBaJIOCh JoKa3aTh. Teopema mokaszaHa.

Teopema 3. Ilycte A — npousBosibHass ¢opmysa, a B u By —
paBHOCHJIbHBIE (hopmyisl. Torma

1) (A& B) ~ (A& By); 5) (A= B) ~ (A=B1);

2) (AVB)~ (AV By); 6) —|B~—|Bl,

3) (.A D B) ~ (A D Bl); 7) dax B ~ dz By;

4) (B> A) ~ (B D A); 8) Vx B ~ Vz By.

HdokasareabcTBO. YTBepKIAeHUs 1)—6) HEMEIJIEHHO CJIEIYIOT U3
omnpenesienus: uctuHuocTu. Jokaxem 7). YrBepxaeHue 8) JOKa3bIBAET-
Csl AHAJIOTMYHO U MPEJIaraeTCs B KA4eCTBe YIPaKHEHUSI.

Nrak, Tpebyercsa nokasars, uro dopmyna (Jz B = Iz By) obmesna-
quMma. [lycts I — mpowusBosibHas uHTEpHperanus, M — ee HOCUTEJb.
ITycrs § — npousBosibas ouenka dopmydisl (z B = Iz By). Tak xax
a1a (HOpMyJIa HE COHEPKUT CBOOOMHBIX BXOXKIEHWHA X, MOXKHO CIMTATD,
410 = He BxomutT B 0. Vmeem 0(3z B = Iz By) = (Jz 0B = 3z 6B,).
Tak kak 0B u 0B, moryTr comep:karb CBOOOIHBIE BXOXKICHUS ITEPEMEH-
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HO ¢, OyneM mis HuX ynorpebsisats obosHadenus 08(x) u 0B (z). do-
kaxeMm, uyro I = Jz 0B(z) & I = Iz Bi(z). Ilycrs I = Tz 0B(z).
Torna naiimerca takoit smement m € M, aro I | 6B(m). Tlo
yeqosuto, B ~ By. Bwauwnr, I | (B = Bi), tone 8/ — ouen-
Ka, moJsiyueHHas w3 6 nobGaBiieHWeM MOICTAHOBKHM m BMmecto x. Ho
(B =By = (0'B=60D8) = (0B(m) = 6B1(m)). Takum obpaszom,
I = (6B(m) = 6B1(m)). YuursBag, uro I = 60B(m), orcioga mosty-
qaemM I |= 0B1(m) n I = 3z 6B;. AnHajorudHO HOKA3BIBAETCS, HYTO
ecm I = Jz 0B1(z), o I = 3z B(x). W3 mokasanHOTrO ciemyer
I =32 6B =32 0B, re. I =03z B =3z By). Taxum obpasom,
dopmysa Jz B = Jz By uctunHa B J11000# MHTEpIIpETAIMA TP JTFOOOM
oneHkKe. 3HAYMUT, OHA OOIIe3HaduMa. Teopema 3 JT0Ka3aHa.

Teopema 4. Ectu A~BuB~C,t0A~C.
DTO yTBEPKICHUE OUEBUIHO.

Teopewma 5. Ilycre B u By — paBrHocuibubie popmysipr, a A —
npousBoJibHasAs ¢opmyaa. Ilycre Ay mosydena u3 A 3ameHoii HEKOTO-
poix Bxoxgenunii popmyiol B va By. Torma A ~ Aj.

HokazaTesabCTBO. YTBEpKICHNE HECJO0XKHO [TOKA3BIBACTCS WH-
nykumeit mo mocrpoennto popmydibl A ¢ momormpio Teopem 3 u 4.

Teopema 6. Jlobas popmysia paBHOCHIbHA HEKOTOPOH hopmy.ie,
He conepxkaiiel cBa3ok &, D, = u kBaHTOpa V.

HoxkazaTtenbcTBO. [HokaxkeM TeopeMy HMHIyKIIMEH MO MOCTpoOe-
HUIO HOPMYJIBI.

1) ITycrs A — aromuas dopmysa. Torma A He CONEPKUT CUMBOJIOB
&,D,=,V.

2) Iycts A umeer Bunm (A; & As). Tlo MHAYKTUBHOMY NpeEIIo-
aoxennio Ay ~ By, Ay ~ Bs, tne By u By He comepxkar &,D,=,V.
Hcnonb3yeM 04eBUIHYIO0 PABHOCUIBHOCTD

A& B~ —(-AV -B).
Torna o Teopemam 4 u 5
A= (./41 & ./42) ~ —|(—|./41 V —|./42) ~ —|(—|Bl \Y —|B2),

IMocnenusas dopmyna ve comepxur &, D, =, V.
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Awnanornuno pasbupatorcsa caydan A = —-A;; A = (A V Aq);
A= (A4 D A); A= (A = As); A=Ve A;; A=z A, Tlpu

STOM HCHOJIB3YIOTCA CJIEAYIONe PAaBHOCUIBHOCTH:

ADB~-AVB;
A=B~(ADB)&(BDA) ~a(=(-AVB)V-(-BVA);
Ve A~ —Jdz —A.

YonpaxHeHud.

1. Hoxazarb, uro ¢dopmysia A obimesHadnmMa TorIa U TOJIBKO TOT/a,
Korga A He BBIIOJHUMA.

2. BomosiHuMbI JTu cJtenyomnie (hpopMyJibL:

a) dz P(x);

6) Vz P(x);
B) 3z Vy (Q(z,7) & =Q(z,y));
r) 3z Vy (Q (:my) DVz R(z,y,2))?

3. fABnA0TCS 1 OOIME3HAYUMBIMU CJIEYIONIE (DOPMYJIbL:

a) dz P(x) D Vz P(z);

6) =(3z P(x) D Vz P(x));

B) Vo Jy Q(z,y) D Jy Vz Q(z,y)?

4. Tlycrs A(x) — dbopmyJia 6e3 KBAHTOPOB U (yHKIMOHATIBHBIX CUM-
BOJIOB C €IMHCTBEHHO! NlepeMeHHo & Takasi, uro ¢popmysia Iz A(z) ob-
mesHadnMa. JoKaszarb, 9TO IJisi HEKOTOPBIX KOHCTAHT Cp, . . . ,Cp (Op-
myaa A(ep) V...V A(e,) obmesHaunma.

5. Pasrocusibabl s dbopmyast P(z) u Vo P(z)?

§ 11. IIpenBapennbie (pOpPMYJIbI

Dopwmyy A 6ymem HasbIBaTh npedsapernoti popmysoti, ecau A nmeer

BUui Q121Q2Ts ... Qnxr, B, tie Q1,Q2,...,Q, — KBAHTOPBI, a GHOPMY-
Ja B He comepXuUT KBAaHTOPOB.

Teopema 7. Kaxnas ¢popMmysia paBHOCHJIbHA HEKOTOPOI IpeIBa-
peHHoli (popmy.e.

HoxaszaresnbctBo. [Iycrs A — mnpousBosbHas dopmysia. Ilo
teopeme 6 Jrobasi popmysia sKkBUBaJIeHTHA (HOpMYJIie, HE CoOepIKaliei
&, D, =. IokaxeMm TeopeMy MHAYKIHUEH mo nmocrpoennio A.

1) Ilycts A — aromuas dopmyaa. Torma A cama sBjisercs npeasa-
peHHol dhopmyIOii.



§ 11. IIpedsapermnvie Gopmyavy 43

2) Ilycrb A = —5. Tlo uHAYKTUBHOMY TPEIIIOJIOKEHIIO
B~ Qiz1...Qnz,D,
rae D — GeckBanTopHas Gopmysia. Torma
A~=Qiz1...Qnzy,D ~ Q71 ...Q,x,—D,

re
) _{V, ecom Q; = 3;
T 3, ecim Q; = V.

3) Iycrs A umeer Bun (By V B2). Ilo MHAyKTUBHOMY MpemJioxKe-
oo By ~ Q121 ... Qnxn D1, B ~ Qiy1... Q1 ymDo, tne Dy u Dy —
6eCcKBaHTOPHbBIE (POPMYJIBI.

BriGepem nepeMeHHbIE 21, . .. , Z, [0 CJELYIONIEMY TPABUITY: €CJIU T;
He BxomuT B Dy, TO z; = ;; ecsm xKe x; BXoouT B Dy, TO B KayecTBe z;
BOBbMEM KaKYIO-HUOY[b MEePEeMeHHYI0, He BXoasmyo B D; u Ds. Ilpu
9TOM JOJDKHO COOJIIOHATBCA YCJIOBUE: 2; = Zzj TOLNA U TOJIBKO TOTMA,
kKorga x; = xj. Ob6osmaunm uepes C; dopmysty, mosydennyio usz Dp
3aMEHOU MMEePEeMEeHHBIX T1,... ,T, HA 2Z1,...,Zy COOTBETCTBEHHO. Torma
Qizy ... Qnry, D1 ~ Q121 ...Qnz,C1. Hnst moxkasareabCTBa 3TOrO I0-
CTATOYHO 7 Pa3 BOCIOJIb30BATHCS paBHOCUILHOCTsAIME 6.2) 1 6.6) U3 Te-
OpeMbI 2.

Ty xe onepaiiuio npogesiaeM ¢ popmysioit Q1y1 - .. Q1 ymDa2. A umen-
HO, BbIOEPEM MEPEMEHHBIE U, . . . , Uy, TAK, 9TO ecJu y; He BxoauT B Cq,
TO u; = Y;, a ecym y; BxomuT B Cp, TO u; — KakKadg-HUOYIb Iepe-
MeHHas, He BXomamasa B Do u Cp, mpuueM u; = uj TOTOA U TOJb-
KO TOrma, Korma y; = y;. depe3 Co oboznauumm hopmyity, mosIyueH-

Hyio u3 Dy 3aMeHO# Y1, ... ,Ym HA Ui,..., Uy COOTBeTCTBeHHO. Torma
! ! ! !
W1 QuymDa ~ Qiuy ... Q) upmCa.
Teneps

Bl \Y BQ ~ lel e anncl \Y Q'1u1 e leumCQ ~
~ lel e ananlul e Q;.num((,’l V Cz)

(MBI HcmoJIb30BaM 1 + M pa3 paBHOCUILHOCTH 1.B) u 1.r) u3 Teope-
MbI 2; 3aMEHa MEPEMEHHBIX CAEJAHA UMEHHO IS TOTO,9TOOLI MOXKHO
OBLIIO BOCIIOJIb30BATHCS STUME PABHOCUJILHOCTSAMH).

4) IIycrs A = QzB, toe Q — »ro kBanTop 3 unn V. Ilo ungykrus-
HOMY mpemyioxeHuio B ~ Q1xy ... QmxyD, tne D — GeckBaHTOPHAA
dopmysa. Torma A ~ QrQixy ... QumTmD.
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ITockosbky sr0bass popMysia 6€3 CUMBOJIOB D, =, & UMeeT OIUH W3
pa300paHHBIX BUIOB, TEOPEMA, JOKA3AHA.

B npusenenun manuoii hpopMysibl K penBapeHHoii ¢popme (T.e. B mo-
CcTpoeHnu TpenBapeHHoi (hOpMyJibl, PABHOCUJIBHON HaHHON) He 00s-
3aTeJIbHO CJIEIOBATH IOKA3aTEeJLCTBY TeopeMbl 7. Hampumep, Mox)HO
He n30aBJIATHCI OT CUMBOJIOB D 1 &, a UCIOJIb30BaTh PABHOCUJIBHOCTI

(Ve ADB)~3x
(3z ADB)~Vz
(BDoVz A) ~Vz
(B>3z A) ~ 3z

—~

A D B);

)
A D B);
)

—~

~ B> A);
B> A

—~ G

(BCiomy TIepeMeHHasi T He ABJIsIeTCA CBOOOMHOI B B) M paBHOCHIBHOCTH
l.a) u 1.6) u3 Teopembr 2.

[Mpuwmep. [Ipusenem dopmyity
Vo P(z) &3y Qy) D 3z R(y, 2)
K mpenBapeHHoit popme:

Va P(x) & 3y Q(y) ~ Vo Iy (P(z) & Q(y));
Vo Jy (P(z) & Q(y)) O3z R(y,2) ~
~Vz Ju (P(z) & Q(u)) D 3z R(y, z) ~
~ 3z Yu 3z (P(z) & Q(u) D R(y, 2)).

Taxkum obpaszom,

Vo P(z) & 3y Q(y) D 32 R(y,2) ~ Iz Vu Iz (P(z) & Q(u) D R(y, 2)).

§ 12. IcTUHHOCTH B KOHEYHBIX WHTEPIPETAIUIX

IIycrs k — nmostoxuTesibHOe HarypaJsbHoe dnciio. Popwmysia A Ha-
3pIBaeTca k-obujeanavumoti, eciiv A MCTUHHA BO BCEX MHTEPIIPETAIMIX
¢ HOCUTEJIeM U3 k 3JIeMeHTOB 1pu Jioboii onenke. ®Popmysia HA3bIBAET-
Csl KOHeuHO-00u,e3Ha v uUMOl, €CJTM OHA UCTUHHA BO BCEX MHTEPIIPETAIIIX
C KOHEYHBIM HOCHUTEJIeM IIpu Jito0oi onenke. OdeBuHO, 4TO JI0basi 00-
nesHagnMas PoOpMyJIa sBJseTcs k-00Ie3HadnMoil ajist jroboro k, T.e.
KOHEYHO-00IIe3HAYNMOI.
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MMpumep. ®opmynadx P(x) D Va P(zx) asnserca 1-obmesHaqnmoii,
HO He 00IIe3HaAYNMOil.

Teopema 8. as xkaxmoro k > 1 cymecrByer

a) ¢opmyna Fy,, nCTHHHAS B TOYHOCTH BO BCEX HHTEPUPETANUAX C HE
boJtee yeM k-3/1€MEeHTHBIM HOCHTEJIEM;

6) ¢opmy.ia Gy, HCTUHHAS B TOYHOCTH BO BCEX HHTEPUPETALHIX C HE
MEHee 9eM k-aﬂeMeHTHbIM HOCHTEJIEM;

B) popmysia Ey, ucTMHHAS B TOYHOCTH BO BCEX HHTEPIPETAIHUAX C k-
9JIEMEHTHBIM HOCHTEJIEM.

HokaszaresnscrBo. a) [lomoxum
Fpy=3xy o ... dxpg Yy (y=21 Vy =22V ...VYy =x4).
6) ITosoxum
Gr=73z ...32; (w1 =22& 2y =23 & ... & w1 = x4)

(B GeckBanTOpHYI0 9acTb G BXOOAT GOPMYJIBl 2; = &; mpu i < j).
B) Ionoxkum Ey = Fy, & Gy.
Teopema 8 nmoxkazana.

Teopema 9. CymecrByer KOHEIHO-00IIE3HAIUMAS, HO HE ODIIe3HAa-
qUMasi (pOPMY.JIa.

IokaszareabcTBo. TakoBa ¢dpopmysa

-(Vz Vy Vz (P(z,y) & P(y,z) D P(x,2))&
&Vx ~P(z,z) & Vz Jy P(x,y)).

HeiicTBuresibHO, OHA HE OOINE3HAYMMA, TaK KAaK JIOXKHA B CJIEILYIO-
meil MHTepnperanun: HOCUTEIb — MHOXKECTBO HATYPAJIbHBIX YUCEJ;
P(x,y) = U Torna n TobKO TOTIA, KOTIA T < Y.

Hokaxkem, 910 31a GopMmyJsia KoHedHo-obmesnadnma. Ilycrs [ —
KaKasg-HuOYIb MHTENPeTallns C KOHeYHbIM HocuTesieM M, B KOTOpoii pac-
cMmarpuBaeMasi POpMyJIa JIOKHA, T. €. HCTUHHA, (DOPMYJIA

Vo Yy Vz (P(z,y) & P(y,2) D P(x,2))&
&Vx -P(z,xz) & Vx Jy P(z,y).

Torma npemukar P(z,y) onpenesser CTPOroe YacTUYHOE YIOPII0Ye-
Hue Ha M B cienyromem cmbicse. st a,b € M nosoxum a < b, ecou
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P(a,b) = U. Tak xax [ = Vz Vy Vz (P(z,y) & P(y,z) D P(x,2)),
OTHOIIeHNe < TPAH3UTUBHO, U Tak Kak [ = Vo —P(z,z), oTHOmeHne <
uppediiekcuBro. Ho Jjir060e KOHEYHOE YaCTUYHO YHOPSAI0YEHHOE MHO-
JKECTBO MMEeT MaKCUMAJIbHBIH 3IEMEHT, T. €. TAKOU dJIEMEeHT @, ITO [1JI
Bcex b € M wmeBepno, uto a < b. Ilosiygaem mpoTuBOpedne, Tak Kak
I =V y P(z,y).

Teopema 9 noxazana.

YopaxHeHU .
1. Jokasarb, yro dpopmyJia

3 Yy (P(z,y) O (=P(y,2) D (P(z,2) = P(y,9))))

3-obmme3naunma.

2. okazarb, 4To cjenyiomme hpopMyIbl KOHEIHO-00IMIE3HATUMBI, HO
He 00ILIe3HaYNMbIL:

a) 32 Yy 32 (P(y,2) D P(x,2)) D (P(2,2) O P(y,));

6) Vo Vy Vz (P(z,2)& (P(x,2) D (P(z,y)VP(y,2))) Oy Vz Py, 2).

3. Iokasarp, uro dopmysa cursarypst {Pi,...,P,}, tne Pi,...

., P, — omHOMecTHBIE TPEINKATHbIE CUMBOJIbI, OOIMIE3HAYNMA TOLIA
M TOJIbKO TOTA, KOTJA OHA WCTUHHA BO BCEX MHTEpIpeTanusx ¢ 2"-
9JIEMEHTHbIM HOCHUTEJIEM.

4. Jlyis Kaxka0ro HarypaJjbHoro yucja k > 1 mocrpouth (hopmy-
JIy B CUTHAType U3 OAHOMECTHLIX NPEAUKATHBIX CUMBOJIOB, HE COOEP-
JKAIIYI0 3HAKA =, KOTOpas ¢-o0me3Havynma npu Bcex ¢ < k, Ho e k-
o0IIe3HAYNMA.

¢ 13. Usomopdu3MbI U 3/1eMeHTapHAasl 3KBUBAJIEHTHOCTh

ITycrs 2 = (Cnst, Fn, Pr) — nekoropas curuarypa, 1, I, — nse ee
uarepnperanuu. Obo3naunm HOcuTesb I[; depes My, nocuresnp [o —
gepe3 Ms. Unrepnperaiinn KOHCTAHTHI ¢, (DYHKIMOHAJIBHOTO CUMBOJIA,
f ¥ npemuKaTHOrO CUMBOJIA PB I, 0603HAYMM COOTBETCTBEHHO G, f, P,
a B I — COOTBETCTBEHHO C, [, P.

ITycrs ¢ — Hekoropas dyukuus uz My, B M. Bmecro ¢(m) mis
KpaTKocTu OyaeM nucarb ¢m. Bylem roBOpuTh, U4TO ¢ COTPAHAEM KOH-
CIANMY ¢, €CI YT = C;  cozpanaem Gynkyuonarvrol cumeoa f, eciun
IUI BCEX Ay, . .. , Ay, € My BBIMOMHEHO Of (a1, ... ,a,)=f(pai,... ,pa,);
p coxpansem npedukamuvili cumeon P, ecom njis BCex aq, ... ,a, € M

BBINONHEHO P (a1, ... ,a,) = P(pay, ... ,pa,). OyHKIus @ HAZBIBACTCS



§ 13. U30MmOpPusmovt U IAEMEHMAPHAA IKEUBAAEHTNHOCTND 47

uzomopdpusmom u3 Iy B Iy, ecrm 1) ¢ — Ouexnus, T.e. B3AUMHO OJIHO-
3HAYHOE COOTBETCTBUE Mex Iy MHOxecrBamu My u Ms; 2) ¢ coxpans-
eT BCe KOHCTAHTbI, BCE MPEIUKATHBIE CUMBOJIBI U BCe (DyHKIIMOHAJIHHBIE
cumBOJTbI curaaryps (2. Unrepnperanus [; usomopdra nateprnperannu
I, ecniu cymectByer uzomopdusm us Iy B Ir. MszomopdrocTs nHTEp-
npetamuit Iy u Is 6ynem obosuadarh [1 ~ Is.

Herpyauo Bumersb, 9TO NpuUBEOEHHOE MOHATHE M30MOpPGU3MA SABJIS-
ercsi 0DODIIEHNEM WCIOJIB3YyEeMOro B ajirebpe MOHATHsT W30MOpdusma
IPYIII, KOJIel, MoJieil m Apyrux aarebpamveckux CTPYKTYP, KOTOPbIe
MOXKHO PaccMaTpPUBATh KAK WHTEPIPETAINH TOAXOIANINX CUTHATYP.

[Mpumep 1. IIycts curaarypa COCTOUT U3 IBYMECTHOTO (DyHKIIMO-
HaspHoro cumBosia f. Oupenesium untepnperanuu Iy u I cienyiommm
obpazom. Hocurens waTepmnperanuu Iy — MHOXKECTBO UE€THBIX IIEJTbIX

qucen; f(z,y) = ¢ +y. Hocurens unrepnperamuu [o — MHOXKECTBO

HeJIBIX 9uCes1, Aesamumxcs 6e3 ocrarka Ha 3; f(z,y) = ¢ + y. PyHKumua

plz) = %w — uszomopdusm u3 I B Ir.

IIpumep 2. IlycTb curHarypa COCTOUT U3 KOHCTAHTHI @, IBYMECTHO-
ro HYHKIIMOHATIBHOTO CUMBOJIA f ¥ IBYMECTHOTO TPEINKATHOTO CUMBO-
aa P. Hocurenb uarepnperariuu | — MHOXKECTBO HATYPAJIbHBIX YUCET;
a=0; f(z,y) =z+y; P(z,y) = U & x < y. Hocuresb murepnperamnuu
I; — MHOXKeECTBO BCex HATypaJIbHBIX “nces1 Buga 2", rae n € N a=1;
flz,y) =2 -y; Plz,y) =Nz <y. Oynkuus ¢(z) = 2° — uzomop-
dbusm uz I) B I, Tak kax 2°1Y =27.2Y 20 = 1n o <y & 2% < 2V,

Teopema 10. iz smoboii uarepnperanuu I Bpmmosnerno I ~ I.
Ecin I1 ~ IQ, TO I2 ~ Il. Ecin I1 ~ I2 n IQ ~ I3, TO Il ~ 13.

HoxaszaresibcTBOo. ToxmecrBennas (PYHKIINS ABJISIETCS H30MOP-
dbusmom u3 I B I Ilycts dyukimsa @) aBisgerca nzomopdusmom u3 Iy
B I». Torma 4,01_1 sapjserca nzomopbusmom us Iy B I;. Ilycts @y —
usomopdusm u3 I, B Is. Torma 1 o o — uzomopdusm u3 Iy B I3.
Teopema 10 mokasana.

Ipumep 2 (nmponomkenue). Pyuxius log, © ABsgeTCs U30MOpdU3-
moMm u3 I B I1. [eiictBurenbuo, log, 1 = 0, log, coxpanser f, Ttak
kak log,(z - y) = logyx + log, y, u coxpansier P, Tak Kak ¢ < y <
& logy, x < log, y.

T'oBopsit, uro unTepuperauun I; u I onHO# 1 TOM Xe curHaTypsl )
INEMEHMAPHO IKBUBAAEHMMHDL, €CTTU [1JIsT JII000N 3aMKHYTOH (hopmMysibl
A curnarypsr ) Bemosiseno Iy = A & I = A. Diementapryio sKBu-

BaJsieHTHOCTb Iy u I Oynem obosuadars [; = Ir. OueBUIHO, YTO UHTEP-
nperauun [y u I He SABJSIIOTCS SJIEMEHTAPHO SKBUBAJICHTHBIMHU TOLIA,
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M TOJILKO TOTJIa, KOTIa HalimeTcsa 3aMKHyTas (popmyia A, njis KOTopoi

LEALE-A

Teopewma 11. Ecyu uarepuperamuu [ u I curaarypsi 2 uzomopg-
HBI, TO OHH 2JIEMEHTapPHO 3KBUBaJIeHTHbI. BoJjiee Toro, eciim ¢ — u30-
moppusm uz Iy B I, a A(xy,...,x,) — dopmysia co cBOBOIHBIMHU 1IE€DE-
MEHHBIMHU L1, ... ,Tp HA1, ... ,0y — IPOU3BOJIHHBIE 9JIMEHTHI HOCHTEJIS

L, o FAlgy,....a,) & L F Alpa,. .. ’ﬂn)'

HoxkazatenbcTtBo. [Iycts My u My — cOOTBETCTBEHHO HOCUTE TN
uarepnperaiuit Iy u I», u ¢ : My — My — uzomopdusm u3 I B Is.
O6oznauum gepes Q! u O? curHaTypbl, NOJyYeHHbIE U3 CUTHATYPbI §)
nobaBJieHeM UMeH 3JIeMEHTOB COOTBeTCTBEHHO u3 My u M.

Jlﬂﬂ J060ro Tepma t 1 popmyint A curaarypsr Q! 06o3HAUEM Yepes
tud pesyJibTars 3amenbt B ¢ u A nis roboro m € M ero umenn m Ha
(pm — umsa snementa pm € M. 3uauenne tepma t B unTepnperanuu Iy
Gynem oboznauarh uepes |t a B I, — gepes [t]%

Jdemwma 1. s ro6oro 3aMkHyTOro Tepma t curaarypb Q' Bbimost-
weno |t|' = [t

HJoxaszaresbcTBO. HIYKINS 110 HOCTPOCHHUIO .

1) Hycrs ¢ = ¢, toe ¢ — koncranta u3 . Torma t = ¢, |t|' = ¢,
[t|? = ¢, ¢t = ¢, Tak Kak ¢ COXpaHseT KOHCTAHTHI i3 ).

2) Iycrs t = m, tne m € M. Torna t = om, |t]' = m, [t]* = om,

T.e. pt|' = [t]2

3) Iycrs t = ( Lyeeestn), mpmueM olt;|' = [G]2 (G = 1,...,n).
Torma t = f(t1,...,tn), [t|" = F(t1|'s. .., |ta]'). Tax kax ¢ coxpanser
f, 1o

eltl' = @F(ftal', - 1tal") = fleltal's . pltnl') =

= (0P, 1) = i%

JlemMma mokasaHa.

Jdemwma 2. [lna sioboii samxryToii hopmysnr A curnarypsr ' Bbi-
mosiero [ E A< I = A.

HokazaTenbcTBO. Bcumy reopembl 6 HOCTATOYHO TIOKA3ATD JIEM-
My i popmyar A, He comepxkamux &, DO, =, V. IIpumenuM wHIyKIUIO
0 KOJIMYECTBY CUMBOJIOB 1, -1,V B dopmysie A.

a) Iycrs A = P(ty,... ,t,). Torna A = P(fy,... ,t,). I, = A
& P(|t1]', ..., |ta]')=N. Tak xax ¢ coxpauser P, to P(|t}],... ,|ta]')=
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=P(plt:]',... ,¢[ta]"). To nemme 1 |t;|' = [t:[* Tosromy I) |= A &
PG, ... ) = U & I | A
6) HMycrs A =t; =t,. Torma A=, =1ts. Iy EAs |t1|3l =|t|' e
@(p|t1|1_(p|t2|1©|t1|2_|t2|2®12 '=t1—t2®12 '=A R R
B) Ilyctb A = =B, mpuuem I} = Be I, | B. Torna A = —B.
LEAeoLiEBeLIEBe L E A
r) Oycts A = (BVC), npuuem I, = Bo L EBull EC&
&I |—CA Torma A = (B V C). nLhFAe (L FBuml FC) &
SLEBmuLECeLEMBVCSLEA
1) Iycts A = Jdz B(x), npudem mis j1060i 3aMKHYTOH HOpMyJIbI
suga B(t) umeer mecto I = B(t) & I = B/(?) Torma A = 3z B(z).
L E Ae L E B(m) nna wekoroporo m € My & I = @ I
Hekoroporo m € Mj. Jlerko BumeThb, 4TO B/(n7) = E(m) IMosromy
L EBm) e E E(m) Tak xak ¢ — OuexIws, TO Ym npodera-
€T BCe MHOXKECTBO Mg, korga m mpoberaer M;. IlosTomy mbl umeem
L AL E (<pm) ma mexoroporo m € My < I, | B(n) mna
HEKOTOporo n € My < I = Jx B( e L = A.
JlemMma 1oKa3aHa.

ITpumenum JleMMy 2 K NpPOU3BOJIbHOIM 3aMKHyTO# bopmyse A cur-
narypsr ). Tak kax B sroM cayuae A cosmamaer ¢ A, Mbl nmeem
IL EAs L, E A B cuny npousBosbHOCTH BbIGOPa A 9TO 03HAYA-
et, yro I) = I.

ITycrs Teneps A(xy,. .. ,x,) — upousBosbHas ¢hopMyJia coO CBOOOI-
HBIMU EPEMEHHBIME L1, . . . , T, A A1, ... , Gy — TPOU3BOJILHBIE DJIEMEH-
o1 13 M. Honoxum B = A(ay, ... ,a,). Torna B = Alpay, ..., pay).
o nemve 2 uveenm I, = Be L = B, re I, = Alas, ... ,a,) &
s I = A(pay, ... ,a,), 9T0 COCTABIIAET BTOPYIO YaCTh yTBEPKICHUSI
Teopembl. Teopema 11 mokaszama.

[TepedopmysmupoBaB Teopemy 11, mosrydmm: He 3JI€MEHTAPHO DKBU-
BaJIEHTHbIE WHTEpIpeTanun Hen3oMopdHbl. B Takom Buie Teopema 11
OOBIYHO UCIOJIB3YETCS TPU JOKA3ATETbCTBE Hen30MOPMHOCTH.

IMMpumep 3. O6osnauum depes (N, <) yropsmoueHHOE MHOXKECTBO
HATYPAJIbHBIX Yuces1, a depes (Z, <) — yHOpsI0YeHHOe MHOXKECTBO 11e-
sbix gncesi. oops dpopmasibo, (N, <) u (Z, <) — unTeprnperaiuu Cur-
Harypel {<} (1.e. curnarypsr @ = (Cnst, Fn, Pr), rne Cnst = Fn = &,
Pr = {<}) ¢ nHocurensamu coorsercrento N u Z u craHIapTHON nHTEP-
nperanueii cumBosia <, a umenHo, <(z,y) = I & z < y. Nzomopdubr
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u (N, <) u (Z,<)? Pasymeercs, uer. Benp B (N, <) ectb HanMeHbIImii
aJieMeHT, a B (Z, <) ero ner. VHbiMu cjioBamu,

N<)EIIVY (z<yVe=y);
(Z,<)E-JzVy (z <yVz=y).

Takum obpasom, Mbr mokaszanu, 4ro (N, <) n (Z,<) He sjeMeHTapHO
9KBUBAJICHTHDBI, & U3 9TOTO y2K€ BbIBEJIN UX HeI/I3OMOpCbHOCTb.

CymecrBytoT i Hen30MOp(HBIE UHTEPIPETaIi, Hen30MOPGMHOCTD
KOTOPBIX HEJIb3s JI0Ka3aTh C MOMOIIbIO TeopeMbl 117 MHbIME ciioBaMu,
CYIIECTBYIOT JI HEM30MOPQHBIE 3JEMEHTaAPHO SKBUBAJICHTHBIE WHTEP-
nperaimu? Oxas3bIBaeTCsI, CyMECTBYIOT. Be3 IoKa3arebcTBa paccMo-
TPUM CJIEHYIOUIH TTPUMep.

IIpumep 4. O6osnauum yepes (Q, <) u (R,<) yunopsmouenHbie
MHOKECTBA COOTBETCTBEHHO PAIMOHAJIBHBIX M JEHCTBUTEIbHBIX TUCEJI.
Paccmorpum ux kak maTepnperanuu curaaryps {<}. Torma (Q, <) #
# (R, <), mockosbky Q u R swepaBHOoMOmHbl. C MOMOIIBIO TaK HA3BIBA-
eMOil IAUMUHAYUL KEAHMOPOS MOKHO IT0KazaTh, 410 (Q, <) = (R, <).

YopaxHeHUsI.

1. Ioxkazarh, uro unrepnperamn (R, +,<) u (R, <), rne Rt —
MHOZKECTBO ITOJIOZKUTEJIbHBIX ﬂef/’[CTBI/ITeﬂbeIX quceJI, I/I3OMOp¢)HbI.

2. JlokaszaTh, YTO CJICIYyIONe HHTePIPETANT He ABJIAI0TC JIeMeH-
TaPHO SKBUBAJICHTHBIMHA:

a) (@ <) u (Z,<);
0) (Z, ) (@Q+);
B) (Q+,)) u (R+)
(]R§+<) (C +,-);

)
)
r)
n) (N, +) u (Z,+).

3. ,HOKa3aTb, aro (R, +) ~ (R?, +), rae cioxenne nap aeficTBUTe /b
HbIX YucCeJI IPOU3BOAUTCA ITOKOMIIOHEHTHO.

¢ 14. BeipazumocTs. Jloka3aTe/ibCTBO HEBBIPA3UMOCTH
C IIOMOIIBI0 ABTOMOP(PHU3MOB

Mycrs A(z, ... ,2z,) — dopmysna cursarypst ) co CBOGOAHBIMU IIe-
PEMEHHBIMUA T1, . . . ,ZLpn, ] — MHTEPIPETAIUA CUTHATYPBI () ¢ HOCHTE IeM
M, a R ectb n-mecrubiii npenukar ua M. Toopst, yro dopmysia A
svipadicaem npequkar R B uarepnperanuu I, eciim R(aq, ... ,a,) = U &
& I E Alay, ... ,a,) 0Jis BCEX ay, ... ,a, € M.
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IIpenuxkar R Haz0BEeM 6wbipazumovim 68 unmepnpemauuy I, ecau cyre-
cTByeT hOPMYJIa, €0 BHIPAKAIONIASL.

[MIpumep 1. BosbmeMm craHZapTHYIO WHTEPIPETAIUIO si3bIKa (HOp-
masibhoit apudmeruku (N, +,-,.5,0). ®opmyna Iy © = y + y BopaKaer
npenukar «x detHo». Dopmysa Iz x + z = Yy BbIpaAXKaAET IPEIUKAT
z < y. @opmyssl £ +x = & u © = 0 BbIPAKAOT OIUH U TOT XK€ TPEIU-
kar £ = 0. MOXHO Ji BBIPA3UTH B 3TOU WHTEPIPETAINN IBYMECTHBIN
npequkar y = 277 OkasbIBaeTCsi, MOXKHO, XOTs [IOraJarbCsi, KaK 3TO
clieJ1arh, JTOBOJILHO TPY/IHO.

IIpumep 2. Bosbmewm maTepuperanmio (Z, <). Popmyia
r<y&-3z (z<z& 2z <y)

BbIpazkaeT npenukar y = £+ 1. MoxHuo m B (Z, <) BBIPa3suTh MIPEIUKAT
z = x4+ y? YUyrh mos3xe Mbl IOKAKEM, YTO HEJIB3SI. IDTOMY IPUMEPY
MOXKHO NIpHAATh cjenyiomuii cMmbicya. Ilycts HekTO 3HaEeT, YTO Takoe
IeJible YUCjIa U 9TO TaKoe T < Y OJIA IeJIbIX T U Y, HO He 3HaeT HUKAKUX
npyrux oraomenut u Gyuxumit Ha Z. Torma Ha f3bIKe MEPBOTO MOPSIKA
€My MOXHO OObSICHUTD, YTO TaKoe y = & + 1, HO HeJIb3s1 OObACHUTD, YTO
TaKoOe z = T + .

[Iycrs B onpenesiennn uzomopdusma unrepnperanuu Iy u I, coBmna-
naior; uzomMopdusmbl u3 I B I HA3BIBAIOTC a8MOMOPHUIMAMU THTEP-
npetamyuu I

Onpenesienne aBTOMOPGU3MA ¢ 0OYEBUIHO TPUHUMAET TAKOW BUI:

1) ¢€ = € ny1a BCEX KOHCTAHT C;

2) of(ai,...,a,) = f(pa,...,pa,) naa scex f € Fn;

3) P(ay,... ,a,) = P(pai,... ,pa,) nna scex P € Pr.

Ipumep 3. Husa Beex k € Z orobpaxkenue i (x) = ©+ k aBiuserca
asTomopdusmom uarepnperanun (Z, <). HeiicrBurensho, @ — Ouek-
1us, U @) COXpaHser <, Tak Kak < y & x + k < y + k. B xauectse
VIPAKHEHUsI MTPEIJIAraeTCs J0Ka3aTh, YTO IPYTUX aBTOMOPGU3MOB 314
uHTepnperanusa He umeer. Hanpumep, orobpaxenue ¢(z) = 2z XOThb
n coxpaHsieT <, HO aBTOMOP(MU3MOM He sIBJISIeTCs, TaK KaK OHO HE Ou-
€KTUBHO.

Teopema 12. MuOXkecTBO Bcex aBTOMOP(pH3MOB (PpUKCUPOBAHHOMH
uaTepnperaiuu I obpasyer rpyniy OTHOCHTEIBLHO ONEPAIid KOMIIO3H-
IHH.

Dra TeopeMa I0Ka3bIBAETCs aHAJIOIMIHO Teopeme 10.

IIycts R ectb n-MeCcTHBI mpenukaT HA HEKOTOPOM MHOXKecTBe M,
a ¢ — dyukuug uz M B M. Bynem roBoputh, 4T0 ¢ coxpausem R, ecin
IJIST BCEX A1, . - . , Gy € M Bomnosneno R(a, ... ,a,) = R(pa, ... ,pay).



52 Ia. 2. A3wku nepsozo nopadka

Ipumep 3 (mponosmkenue). Bce aBromopdusmbl mHTEpHpETAIUN
(Z,<) coxpansitor nByMecTHbIl npenukar | — y| = 2. IeiicrBuTesbHo,
soboit aBromopdusm (Z, <) numeer Bun pp(z) =z + k,ulz —y| =2 &
Sle+k)—(y+k)| =2

Teopema 13. Ilycrs ¢ — aBromopcusm uarepnperanun I. Torma
(p COXpaHsIeT BCE BhIpa3uMble B I mpenuKaThl.

Hoxaszarenscrso. Ilycrs npenukar R(z1,... ,%,) Bbipasum B I
Torpa myist HekoTopoit popmyibr A(Z1, ... , Ty) BBITOJIHEHO

R(ay,...,an) =1 = Alay, ... ,a,).
Ilo Teopeme 11 nys BCEX aq, ... , G, U3 HOCUTEJIS | BBITTOJTHEHO
I'=Ala,...,a,) & 1= Alpas,...,pa,).
U3 31ux aByx yTBEpKIEHU MOTydaeM
R(ay,...,an) =1 & R(pay,... pa,) =1,

4r0o 1 TpeboBasiock. Teopema 13 moxaszana.

Teopema 14. IIpenukar z = x + Yy HEBBIPA3HM B HHTEPIIPETa-
mn (Z,<).

HoxaszarenbcrBo. Bosbmem aBromopdusm ¢(x) = x + 1 unrep-
nperauuu (Z, <). OyHKIWA @ HE COXpAHsIeT NPEIUKAT 2 = T+Y, TaK KaK
0 =040, #o ¢©(0) # ©(0)+¥(0), Bempb ©(0) = 1. Teneps BocmOTB3yEMCS
Teopemoit 13. Teopema 14 moxasana.

IIpumep 4. MoxkHO Jit, UCTIOJIB3YS TOJIBKO IMOHATHE «TOYKH X, Y, 2
JIEZKAT Ha OIHOW MPAMOI», HA A3BIKE MEPBOrO MOPAIKA 00bBACHUTD, 9TO
TaKoe MePHeHIuKyAapHOCTh mpaMbix! Cdopmympyem ToYHEe BOIPOC.
[Mycrs (R% T) obo3HagaeT MHTEPIPETAIMI0 CUTHATYDBI C OJHUM TPEX-
MECTHBIM MPEIUKATHBIM CUMBOJIOM 1, HOCUTEJIb KOTOPOil — MHOXKECTBO
TOYeK miockocTH, a 1 (x,vy,2) = W Torna u TOJIbKO TOra, KO TOUKH
x,y, 2 Jexar Ha ofHol npamoit. Berpasim s B (R% T') wernipexmect-
ublil npenukar R(x,y, z,u), onpenesennsiii tak: R(z,y,z,u) = U rorna
M TOJIBKO TOTIA, KOTIA T # Y, 2 # U U NPAMasi, TPOXOISIIAs Yepe3 T U ¥,
MepIeHIuKyASpHa TPSIMOi, nmpoxopsmiei yepes z u u? OTBer: HE BbI-
pasfM, Tak Kax Jiroboe apduHHOe Tpeodbpa3oBaHKe sIBJISETCS ABTOMOP-
dbusmom (R?,T), a cpenn HUX ecTh MPeoOPa3OBAHMA, He COXPAHAIONIIE
VIJIBL.
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YopaxHeHud.

1. lokaszarb, 4To rpymnna aBroMopdusMoB uHTepnperanuu (7, <)
n30MOpQHA TPYIIIIE MEJIBIX YUCETT M0 CJOKEHMIO.

2. Kaxosa rpynna asromopdusmon unrepnperamuu (Q, 4)?

3. Jlokasarh BHIPA3MMOCTH UJIM HEBBIPA3ZUMOCTH TAHHOTO OTHOIICHUS
B JIAHHOI MHTEpIpeTaIyn:

a)x<yB(Z,+); K)$:17B(N,y:$+1);

6) z=08(Z,x=y+1); a) xz=178 (Nyy : z);
B)z=y+18(Z,|z—y|=1); M) «Z — MIPOCTOE YHUCTIO»
r)z=y+1s(Z,z=y+2); B (N7 :y);
ny=z+178 (Ny =z +1); H) z=xz-y8 (R +,y = 2?);
e)y=z+18 (N, <); o)*z=uz-yB (N, +,

x) |t —y| =178 (R, |z=y|=1); «& — IOJIHBI KBAIPAT»);
3)zx =18 (N,z:y); n) 2 =0 (mod 3) B (Z,+);

|z -yl =15 (Clz—yl=1);  p)z=1(mod3)s (Z,+).



FIABA 3
9SJIEMEHTBI TEOPUN JOKA3ATEJIBCTB

§ 1. AkcuomarudecKuii meropn,

Axcuomamuneckuti memod MOCTPOEHUS HAYYHONU TEOPUM 3aKJIIOYa-
eTCs B TOM, YTO HEKOTOPbIE UCXOIHBIE TIOJIOKEHN A, HA3bIBAEMbIE aKCUO-
MAMU UTTA NOCMYAGMAMU, TPUHUMAIOTCA «0€3 10Ka3aTe/IbCTBAY, & BCE
YTBEPKIEHUA 9TON TEOPUM BBIBOAATCA M3 HUX IIyTEM PACCYXKIEHUN.

Axkcuomarudeckuii MeTos B MaT€MATHKE BIEPBbIE ObLT UCIIOJIb30BAH
Esxksunom B III Beke mo H.3. B ero kuure «Hawvama» mpu mssioxe-
HUU OCHOB 3JIEMEHTAPHOI r€OMEeTPUU, TEOPUU UUCEJT, AJITeOPBI U APYTUX
pasnesioB anTu4HOi Maremaruku. «Havana» EBkamna cocraBsieHbl 1O
onpenesieHHON cxeme, cjoXwuBHIelica eme 1o EBkauna B gpeBHerpedve-
CKOIl HayKe: CHA4aJIa MPUBOIATCS ONPEIEsIeHUS U MOCTYJIAThI, & 3aTeM
GOpMYJIMPOBKY TEOPEM U UX T0KA3ATE/IHCTBA.

Hexoropsie onpenesnienus B «Hauamax» EBkinna — mpocto onuca-
Hus ucxomabix nouatwuit. Hampuwmep: «Touka ects TO, 9TO HEe MMeeT
qacreity, «JIunusa xe — nauHa 6e3 mmpunbly, «lIpsvas juHUA ecTh
Ta, KOTOPas PABHO PACIOJIOXKEHA IO OTHOUIEHWIO K TOYKAM Ha Heil».
fcHo, uTO Takme «OmpeneseHus» BPA JIU MOTYT OBITh HCIIOJIb30BAHbI
B MaTeMaTUYeCKUX JoKasaresbcTBax. OMHAKO HAPSALY C HUMU UMEIOTCS
onpenesieHns, ABJIAIONINEeCS TAKOBBIMA U B COBPEMEHHOM CMBICTIE: OHU
«Ha3bIBaOTY nouaTua. Hanpumep: «I[lapasienbabie CyTh IpsMble, KO-
TOpPbIE, HAXOSCH B OJTHOU MIJIOCKOCTHU ¥ Oy/1yId HEOTPAHUYEHHO MTPOI0JI-
JKeHbI B 00€ CTOPOHBI, HU C TOH, HU C APYrOii CTOPOHBI MEXIYy CODOit
HE BCTPEYAIOTCI».

Benen 3a onpenesieHusiMu Uy T MOCTYJIATHI, B KOTOPBIX YTBEPKIAET-
Cs1 BO3MOXKHOCTH BBITIOJTHEHUS 3JIEMEHTAPHBIX TTOCTPOEHUI:

I.  Tpebyercs, aToOBI OT KaXKIOI TOYKU KO BCAKOW APYTroil TOUKe
MOXKHO OBLJIO TTPOBECTHU TPAMYIO JIUHUIO.

II. U 49robn KaxK Iyl OrpaHUYEHHYO NMPSAMYI0 MOXKHO OBLIO Hempe-
PBIBHO MPOHOJ/IKUATH 10 MPAMO.

III. U 4T0bbI M3 BCIAKOrO MEHTPA M BCIKUM PAIUYCOM MOXKHO OBLIO
ONUCATh KPYT.

IV. U 4robbl Bce npsiMble yIJIbl OBLIIN PABHBI MEXKLY COOOIA.
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V. MW urobs! Bcakuii pas, Korga npaMas, IaIa0asa Ha JIBe MIPAMbIe,
obpasyer C HUMU BHYTPEHHUE OIHOCTOPOHHUE YTJIbI, CYyMMa KOTOPBIX
MEHbIIIE IBYX MPAMBIX, TO 9TH MPAMbIE TIEPECEKAIOTCA C TOI CTOPOHDI,
rOe 3Ta CyMMa MEHBIIE ABYX MPAMBIX.

3a mocrynaramu B «Hauganmax» EBkjnpa nmpuBomsiTcss akCHOMbI —
MPENJIOKEeHnsI O CBOMCTBAX OTHOIIEHWI PABEHCTBA U HEPABEHCTBA. Bot
npuMepbl akcuoM: «PaBHbIe TOPO3HBL TpPETbeMy PaBHBI MEXKIY CODOII»,
«I1 ecsin ¥ paBHBIM TPUOABUTDH PABHBIE, TO MOJIYyYUM paBHbIe», 1 nesoe
0OoJIbIIE YACTH».

Ha ocuoBe ompenesienuil, mocTy/iaToB U aKCHOM MyTEeM I0KA3ATe Ib-
CTBA, BBIBOJIATCS HOBBIE T€OMETPUIECKUE YTBEPKICHUST — TEOPEMBbI.

[TockosbKy mpennosarajgoch, YT0 TeOMEeTPUsl €CTh OMUCAHUE Peasib-
HOTO (pUBUIECKOTO MPOCTPAHCTBA, BIOJIHE €CTECTBEHHO, 4T0 EBKJIHI 110~
Jlaraji 3HaveHne TaKnuX MOHATHN, KAK «TOUYKA», «IPAMAasI», TOCTATOUHO
SACHBIM, & OTHOCSIIIAECS K HUM TOCTYJAThl M aKCUOMbI CUUTAJI KCAMO-
OYEBUIHBIMU UCTUHAMU.

B nasbuefimem coBepuieHCTBOBAHNE aKCUOMATUYIECKOTO U3JI0KEHNUST
reOMETPHUH IIJI0 B OCHOBHOM IO IIYTH BBIABJIEHUS YTBEPXKIEHUH, KOTO-
pbIe UCMOJIb30BAIUCH EBKJIMIOM B JIOKA3aTeIbCTBAX, HO He ObLau chop-
MyJIMPOBaHbl UM fABHO B BHue axcuoM. [losHocThio »Ta pabora ObLia
zaBepiena Jjuiib B XIX Beke [Tamem u ['uibbeprom.

Bwmecre ¢ Tem, MHOrO ycusuit ObIJI0 TOTPAYMEHO HA MOMBITKU HCKJIIO-
YUTh W3 YWUCJa OCHOBHBIX nomyiienuit V mnocrynar EBkjuma, KOTO-
Pblii Ka3aJICSA CJIUIIKOM CJIOXKHBIM, YTOOBI €10 MOXKHO ObLJIO IPUYIUC/IUTD
K “camMo0o4eBUIHBIM HUCTUHAM . XOTs BCE MOMBITKU HOKA3aTh V IMOCTY-
JIaT HA OCHOBE OTHEJIbHBIX aKCUOM OKA3aJIMCh HEYIAYHBIMU, OHU BCE XK€
MIPUBEJIA K HEKOTOPBIM TOJIOKUTEJIbHBIM pesyJibraraM. A uMeHHo, 6J1a-
rogapsi UM ObLJT OOHAPYKEH PN T€OMETPUIECKUX YTBEPKICHUI, SKBU-
BAJICHTHBIX V TIOCTYJIaTy, B YaCTHOCTH, cJjenylomee: «Yepes KaxIyio
TOYKY, He JIEKAIIYIO Ha MPAMOii [, TPOXOAUT B TOYHOCTH OIHA MPAMAs,
napaJiiesbHas ».

K nauany XIX Beka HavaJs10 BOBHUKATH MOIO3PEHUE O HETOKA3YEMO-
cru V nocrysnara EBkimna. 910 momo3penne nepenio NouT B IOJTHY 0
yBepeHHOCTh, Korna B 1826 romy JlobadeBckuit mocTpomsi reoMmerputie-
CKYIO TEOPHIO, OCHOBAHHYIO HA CUCTEME [IOCTYJIATOB, B KOTOPOil V mocTy-
aar EBKnaa 3aMeHeH yTBEPXKIEHUEeM, HECOBMECTUMBIM ¢ HUM: «Ecjm
HA TIJIOCKOCTH TOYKA, A He JIeKUT Ha TPAMOIi [, TO cytnecTByer 60jiee yem
OJlHA TpsiMasi, TIpoxosiasa Yepe3 A u napasuiesbHas [». X0oTst «UCTUH-
HOCTb» TaKOIl aKCHOMBI KaXKeTCs COMHUTEJIbHOI, IIPU BBIBOE CJIENCTBUI
u3 Hee JlobavyeBCKuii He BCTPETUIT KAKUX-JTUOO0 IIPOTUBOPEUnit. IT0, 0JI-
HAKO, He 03HAYAJIO, YTO MPOTUBOPEUNs 3[1€Ch BOOOIIE HEBO3MOKHBI.
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CarenyromuM coObITHEM HA, Ty TH YKPEIJIeHUs TO3UIIH HeeBKJIMI0BON
reOMeTPHUH ABUJIOCH IIOCTPOEHNE PA3JINYHBbIX Moaesieil reomerpun Jloba-
YeBCKOro cpenctBaMu reomerpun EBksmpa. TunwdabiM npumMepoMm Ta-
KOI'0 pofa MojeJieil MOXeT CJIyXKUTh MOeJsib, npenyioxennaa @. Kureii-
oM B 1871 r. B »T0#f MO#e/sim OCHOBHbIE T€OMETPUYECKUE TOHATUM:
IIJIOCKOCTB, TOYKA U IPAMAaA — UHTEPIPETUPYIOTCA COOTBETCTBEHHO KaK
BHYTPEHHOCTHh KaKOTO-HUOYIh KPyra B €BKJIMIOBOW IJIOCKOCTH, TOYKA
BHYTPH 3TOI'0 KPYyra M XOpIa 3TOro Kpyra, paccMarpuBaeMas 6e3 cBoux
KOHIIOB. B Takoil nHTEpIpeTanuy OKa3bIBAIOTCA UCTHHHBIME BCE aKCHO-
MbI reomerpun JIobatueBCKOro; mpaBaa, IpPU 9TOM PACCTOSHUS W YTJIbI
N3MepAITCA He TakK, KAaK Ha OOBIYHOW eBKJIMIOBOI IJIOCKOCTH, a TIO
paBujaM, pa3paboTaHHBIM /I TPOeKTUBHOU reomerpuu. [lompobHoe
onucanue narepnperanuu Kieiina n npyrux mognesieit reomerpun Jloda-
YEBCKOTO MOXKHO HAHTH B yueGHBIX TOCOGHAX IO BBICHICH Teomerpuu®).
Hanuune takux mopeseil mokaswiBaer, 4To reomerpusi JlobaueBCKoro
CTOJIb K€ HeIPOTHBOPEYNBA, KaK u reomerpusa EBkima.

[TocTpoenne mopeneit reomerpun JIo6a4eBCKOro MMesIO MPUHIUIIN-
aJIbHOE 3HAYEHHe IJId PA3BUTHA aKCHOMATUYECKOTO METO[Ia, MOCKOJIb-
Ky OHO IIPHBEJIO K OCO3HAHUIO BO3MOXKHOCTHU PACCMATPUBATH AKCHOMa-
THYECKYI0 TEOPHI0 YUCTO (POpMasibHO, T.e. He Mpedrosiaras 3apaHee
Kakoe-1u00 OIpeesieHHOe 3Ha4YeHe OCHOBHBIX MoHATHil. Bosee Toro,
MBI BOJIbHBI BLIOUPATH 3HAUEHNS ITUX MOHATUHN KAKUM YTOLHO 00pa3oM,
JIUIIB OB IPU 9TOM OKA3BIBAJINCH UCTUHHBIMU JAHHBIE AKCHOMBI.

B XIX B. akcuomMaTu4eckuii MeTo1 oIy IiJI IMUPOKOE PACTIPOCTPAHE-
ure B Maremaruke. [Ix. [Teano (1891 r.) npemjioxXuns akCHOMATHKY JIs
HaTYypaJIbHOI'O pAna. BI)IJII/I DOCTPOEHbI aKCUOMATUYIECCKNE TEOPpUMN MIJId
neficTBUTEIbHBIX Yuces. HaxkoHel, Kak MbI y»Ke OBOPUJIM B TJiase 1,
OblIa BBIpAOOTaHA CHCTEMa aKCUOM [ijis Teopun MHOkKecTB. OcobeH-
HO MIMPOKOE pachpocrpaHenue (popMasibHble aKCHOMATUKY TIOJTY IUJIN
B COBPEMEHHOI aJjirebpe, e CUCTeMa aKCHOM II0 CYIIEeCTBY BBICTYIIAET
B POJIU OIpENesIeHNs TOi Wi WHOH asiredpandeckoil CTpyKTypPhI.

IIpumep 1. Teopus epynn. B anredpe rpyimma onpenessiercs Kak
HEIycToe MHOXKeCTBO (7, Ha KOTOPOM 3a/1aHa OMHAPHAS OTIePAIN -, YI0-
BJIETBOPSIIONIA CJIEIYIOIIUM aKCHOMAM:

1) onepaius - accounaTuBHa;

2) Bo MHOX)ecTBe G CyIIECTBYeT eIMHUIHBIN 2JIEMEHT, T. €. TaKOii aJ1e-
MEHT €, 4TO [Jisi JIIoOoro a € (G BBINOJIHSIOTCS PABEHCTBA @ - € = a
ue-a=a;

*)CM., HampUMep, E¢umos H.B. Boicmas reomerpusi. — M.: @U3MATJINT,
2003.
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3) s Jioboro a € G uMeeTcss OOPATHBIN IJIEMEHT, T.€e. Tako# dJie-
menT @' € G,atoa-a' =ena -a=e.

OueBUIHO, 9TO T AKCUOMBI MOTYT OBITH 3aIIUCAHDBI HA A3bIKE IEPBO-
IO MOPAIKA, CATHATYPA KOTOPOTO COIEPAKUT KOHCTAHTY € U JBYMECTHbIH
bYHKIIMOHAIBHBIH CUMBOJI -, B BUIE CJEAYIOMUX (HhOPMYJI:

Gl VxVyVz (z-y)-z=z-(y-2);

G2.Vz (zv-e=z&e-z=2x)

G3. Vxy (z-y=e&y-z=c¢).

Cucremy akcuom G1-G3 HazoBeM CHCTEMOW aKCHOM MJisi TEOPHUU
rpynn u obozuaunM ee G. Besakas unreprnperanus, B KOTOPOl MCTUHHBI
AKCHOMBI TE€OPUU TPYII, ABJAACTCA (MJIM HA3BIBAECTC) 2pYynnof.

[Mpumep 2. Teopus aunetino ynopadowennvir muodxrcecms. Axrcruo-
MBI JINHEIHO YTIOPSIOYEHHOTO MHOXKECTBA, 3aIUCHIBAIOTCS B Bue ¢op-
MyJI A3bIKA& TIEPBOrO MOPAIKA, CUTHATYPA KOTOPOTO COHEPKHUT TOJIHBKO
IOBYMECTHBIN TpennKaTHBIA cuMBOJT <. BoT 911 akcuomsr:

LO1. Vz —x < x;

LO2. Ve VyVz (x <y & y<zDx<z);

LO3. VxVy (x<yVz=yVy<uz).

Dopmysibt LO1 n LO2 Ha3bIBAIOTCS aKCHOMAMU MTPEANIOPIKa, a (hop-
mysa LO3 — axkcuomoii uneiinoii ynopsimouennoctu. CucteMy akCuoMm
[IJ1sl TEOPUN JIMHEIHO yNOpsIovYeHHbIX MHOXKeCTB obo3unaunm LO. Jlu-
Helino Ynopadowentoe MHOHCECB0 — DTO TaKas WHTEPIPETAIs Pac-
CMaTPUBAEMOTO A3bIKa, B KOTOPOil uctuuubl akcuombl LO1-LO3.

IMpumep 3. Teopus noseti. AKCMOMBI MOJIsI 3AIMCHIBAIOTCA B BUJIE
dopMys1 A3BIKA TIEPBOTO TOPAIKA, CUTHATYPA KOTOPOTO CONEPKUT KOH-
crauTel 0 u 1, a Takxke nIByMecTHbIe (DYHKIMOHAIBHBIE CUMBOJIBL + U -
Bor akcuomsbr nosisa:

Fl.VzVy z +y =y + x;

F2. Ve VyVz (z+y)+z=a+ (y+2);

F3.Vx z4+0=ux;

F4. VY Jy x +y = 0;

F5. Ve Vyx-y=y-u;

F6. Ve VyVz (z-y) - z=z-(y-2);

Fi.Vexz-1=u;

F8 Vx (rz=0D>Fyz-y=1);

F9. Ve VyVz (x+y) z=(z-2)+ (y-2);

F10. -0 =1.

Cucremy akcuom F'1-F10 obosuauum F. Ilose — 910 Takas uHTEp-
mperaus, B KOTOpoit uctuHHbl Bce dhopmyJibr F1-F10.
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§ 2. Jlormyeckoe ciiemoBaHue

Teneps pacCMOTPUM BOIPOC: KaKWe YTBEPKICHUS CJIEHYEeT CIUTATh
OTHOCSIIIUMUCS K JAHHOU akcmoMmarudeckoit reopun? Hampumep, Mox-
HO JI CIUTATh (PAaKTOM TEOPUU TPYTIN Yy TBEPKICHIE, BhipaxkaeMmoe hop-
mygioit Vo Yy © -y = y - 7 OdueBumHO, HET, TOTOMY YTO CYIIECTBYIOT
IPYIIbL, B KOTOPLIX 9TO yTBepxaenue HeBepHo. (I'pynmbl, B KOTOPBIX
9TO YTBEPKIEHUE MCTUHHO, HA3BIBAIOTCH abesesvimu.) VHbIMU ciioBa-
MU, MOXKHO CKa3aTh, YTO 3TO YTBEPKICHUE HE BBITEKAET JIOTUIECKU U3
AKCHOM. ITO HAOJIIOIEHNE MOMOTAET BBIPA3UTH MOHATHE JIOTMIECKOrO
CJIETOBAHMUsS B BUJI€ TOYHBIX OMpPEIe/IeHU.

[Ipu paccMOTpeHUn aKCHOMATUYECKUX TEOpHil B OOIIEM BUIE MPUXO-
JINTCSI CYUTATBCSA C TeM, 4YTO JII000e MHOXKECTBO 3aMKHYTBHIX (hopMyJI
JIAHHOTO SA3BIKA TIEPBOTO MOPSIKA MOXKET ObITh MPUHATO B KAYECTBE CH-
creMbl akcuoM. Htak, nmycts 1T' — TPOM3BOJIBHOE MHOXKECTBO 3aMKHY-
11X opmys curaarypst (). Modeavto muO)ecTBa 1 HA3BIBACTCS WH-
tepnperanusi I curHarypsl (2, B KOTOpOil uCTUHHBI Bce HOpMyJibl u3 1.
MuoxkecTBo T' HA3BIBAETCS COBMECTMHbILM, ECJTH OHO UMEeT XOTs Obl OIHY
MOZIEJTb.

Taxum 06pa3zoM, MOIEN CUCTEMBI aKCUOM G — 9TO B TOYHOCTH BCE
IPYIIIIBI, MOJEJIN CUCTeMbI aKCoM L(O — Bce JIMHEHHO yopsI0vYeHHbIe
MHOXKECTBA, MOJIEJIN CUCTeMbl aKCuoM F — 310 Bce mosisg. Q4eBuIHO,
YTO BCE HTU CUCTEMbI AKCHOM COBMECTHBI. A BOT MpUMEp HECOBMECT-
HOTO MHOXKeCTBa (HOpMyJ1 (HOKa3aTeIbCTBO MPEIJIaraercs B KauecTBe
yTIPaKHEHNU):

Vo Vy z =y, Jy 32 (P(y) & -P(2))}.

Bynmem rosoputh, uro 3aMmHyTas ¢dpopmynaa A curHarypsr §) so2u-
wecku caedyem (cemanmunecku caedyem umu npocro caedyem) us T,
u mucatrb T | A, ecsin A uCTHHHA BO BCEX MOMAEJAX MHOXKeCTBa 1.
B sToMm caydae 6ymem roBopuTh Takxke, 9T0 A ABIACTCA A02UMECKUM
caedcmeuem MuokecTBa, popmyit 1.

Teopema 1. Ilycte T — HEKOTOpOE MHOXKECTBO 3aMKHYTBIX (pOp-
mys1 curHatypel ), a A u B — 3aMmHyTBIe (POpPMYJIBI CHTHATYDHI ).
Torna

a)(TEAuTEB) ©TE A& B;

6) TU{A}EBT = ADDB;

B) T = A & muoxecrso T U {—~A} HecoBmectHo.

HoxaszarenbcTBO. YTBEpKIEHUE a) OYEBUIHO.
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Hokaxem 6). Ilycrs T'U {A} E B, u nycts I — npoussosibHas
moznesb MuOoxkectBa 1. Ecm I £ A, T0 mo onpenesieHuio HCTUHHOCTH
I = ADB. Ecmxel = A, 10 I ABnsgerca MOmesbi0 MHOXKECTBA
T U {A}, u no yciosuio I = B. 3uauut, u B 910M cay4ae [ = A D B.
Taxum obpasom, dopmyna A O B ucturnHa B 000 MOmes M MHOKe-
crBa T, r.e. T = A D B.

O6parno, ecoiu T' = A D B u I — npousBosibHAs MOIEJIb MHOXKECTBA
TUu{A}, oI = ADBulE A Orcoomga HEMEIJIEHHO CIIEIYEeT, 9TO
I = B. 3uauur, B ncrunna B sii060it Mogenu Muoxecrsa T'U { A}, T.e.
TU{A} EB.

Teneps nokaxkewm B). Ilycte T | A. Iomyctum, 9T0 MHOXKECTBO
TU{-A} coBmecTHO, T. €. cymecTByeT ero monesb I Torma [ = - Au T
ABJserca Takxke mMonespio g T. Ilo yenosuio B aTom cayvae [ = A.
Buauur, I = Aul E -A, e I £ A TlosyuenHoe nmpoTuBopedne
nokaspiBaeT, 4ro MuoxkecTBo I'U {—.A} Ha camom mesie HECOBMECTHO.

ITycrs muoxectBo T U {—A} HecOBMECTHO, T.e. HE MMeET MOLEJIH,
u nycth | — mpousBosibHas Monesib Muoxectsa 1. Torma I = A, Tax
kak unave I = =A u I 6bia 661 Monessio Maoxkecrtsa T'U {—.A}. Bua-
unt, A ucruana B Jir06oit Momesin muoxecrsa T, t.e. T = A. Teopema
JIOKa3aHa.

MuoxecrBo T 3aMKHYTBIX (opMmyJsi curHarypbl ) OymeM Ha3bIBATH
CEMAHMUYECKY NOAHBIM, €csiid T COBMECTHO M AJis J1i000# 3aMKHYTON
dopmyssr A curnarypst 2 BommosiHeno T' = A wm T = —A.

ITpumep 1. Ilycrb curHarypa HE COHEPKUT HUKAKUX KOHCTAHT,
GYHKIMOHAJIBHBIX U IPEAUKATHBIX CUMBOJIOB (IycTas curHarypa). Pac-
CMOTPUM CJIEAYIONIEe OJHOIJIEMEHTHOE MHOXKECTBO (DOpMyJs 21Ol cur-
waryps: T = {Vz Yy = y}. D710 MHOKECTBO CeMaHTHYECKH IOJIHO,
HOCKOJIbKY OHO MMeeT eQMHCTBEHHYIO, C TOYHOCTBIO 10 M30MOp(U3Ma,
MOJIEJIb — OIHO3JIEMEHTHOE MHOKECTBO, 1 JII00ast 3aMKHyTast (hopMyJia
JIN00 UCTUHHA, JINOO JIOKHA B TOI MOJIEIH.

Teopema 2. CoBmecrrHoe mHOXkecTBO opmys T cemaHTHIECKH
MTOJIHO TOIZIa W TOJIBKO TOTZA, KOTIa JIOOBIe ABE ero MOAEJH 2JeMEH-
TapHO 9KBHUBAJICHTHBI.

HoxkazatenbcTBO. [Iycth MHOXKecTBO T CeMaHTUYECKHU TOJIHO,
n nycts Iy m Iy — nBe ero momesu. [lomycTtum, 9TO CyIIeCTBYeT Ta-
kas 3amkuyras dopmyna A, auro Iy = Au I E A Torma T [~ A,
rak kak Iy £ A, u T £ —A, rak xak I £ -A. Tlomydennoe nporuso-
pedne onpenesieHni0 CEMaHTUYECKOU MOJTHOTHI MOKA3bIBAET, YTO TAKOU
dopmyier A He cymecrsyer, T.e. [; = Ip.
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O6parHo, mycTh JIOOble IBE MOZEJH MHOXKecTBa 1 3J/IeMEHTApHO
aKkBUBaJIeHTHBI. [lycrh A — mpousBosibHAs 3aMKHyTas dpopmysaa. Ilo
ycsioBuio T' COBMECTHO, T.€. WMeeT HeKOTOpyio momesib Iy. OueBumHO,
In F Aum Iy = —A. Ilycts nna onpenenennoctu Iy = A u mycrts
I — npousBosbras momesb MuoxecrBa 1. Tax xax I = Iy, 10 I = A,
T.e. A ucrumna B ymoboit monesin muoxecrsa I, u T = A.

Ananoruuno gokaseisaercs, 4ro ecau Iy = —A, o T = —A. Teope-
Ma JOKa3aHa.

Hu omna us cucrem akcuom G, LO, F He siBsieTCss CEMAHTUYECKU
nostHoit. Bes mokaszaresbcTBa MpUBEOEM IBA HETPUBUAJIBHBIX MIPUMEPA
CeMaHTUYECKH TMOJIHBIX CUCTeM akcuoMm. llepBas moJiydaercs mobasiie-
ureMm Kk LO akcuom

Ve dy x < y;
Ve dy y < x;
VeVy (e <yD3z (x<z&z<y)).

9ra cucreMa aKCHOM 3a/IaeT MOHATUE NAOMHO020 Aunelino20 nopadka 6e3
nepeozo u nocaednezo asemenmos n obosunadaercsas DLO.

Hpyroii HeTpuUBUAJIBHBIA TPUMEP CEMAHTUYECKH ITOJTHOW CHUCTEMBI
aKCHOM — 3TO CHCTEMa AKCHOM a.12e0pAUYECKY 3AMKHYMBLE Nosed
zapaxmepucmuky noav ACF0, koropas mosydaercss moOaBjeHAEM
k F nByx Geckoneunbix muoxectB dbopmya {Ap | £ € N, k£ > 2}
u{By|keN, k>2}, roe

A ==(..(1+1)+1)...+1)+1=0,
ke;:;:;l-mu

Br =YyoVyr...Yyr (~yr =023z (yp- 2"+ ...+ 11 -2+yo =0))

(3;1erz”x(...((z-z)-z)-...-z)-,i).

~

-~
n pas

Wrax, Mbl yTOYHUIM, 9TO 3HAYNT, YTO JAHHOE yTBEPKIEHUE JIOTHIe-
CKU CJIE[yeT U3 JaHHOl cucrembl akcuoMm. Kak ke NMpakTUYecKd MOK-
HO HCKaTh JIOTUYECKUE CJICACTBUA U3 akcuoMm? SICHO, 9TO HET CMbI-
cj1a AeficTBOBATH B IIOJTHOM COOTBETCTBUU C OIPENEJIEHUEM JIOTHYECKO-
IO CJIeIOBaHUsA, T.€e. epebuparb BCe MOIEIN JAHHON CHCTEeMBbI aKCHOM
1 yOexK AATHCs1, YTO B HUX UCTUHHO JAHHOE yTBEPK AEHUE, TOCKOJIBbKY, BO-
HepBBIX, HAM He BCErOa M3BECTHBI BCE MOMEJIN, a, BO-BTOPBIX, HX MOXKET
0Ka3aThCsA 6ECKOHEYHO MHOTO (KaK, Hampumep, rpymm). Bce xe unorma
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(n mazke OuYeHb YACTO) IyTeM HEKOTOPOrO PACCYXKICHUs YIALTCH I0-
Ka3aTbh, YTO TO WU WHOE YTBEPKIEHUE JIOTUIECKH CJIEHYeT M3 aKCHOM.
Torma Takoe paccyXkIeHre Mbl Ha3bIBAEM [I0KA3aTEIbCTBOM, a TOJIY YeH-
HOE C ero TMOMOIILIO CJIEICTBUE U3 aKCUOM — Teopemoii. OKasbBaeTcs,
YTO TAKUM O00PA30M MOXKHO IOKA3aTh JII0O0Ee yTBEPKICHUE, JIOTUIeCKN
BBITEKAIOIIEEe M3 AaKCUOM, 3aMMCAHHBIX B BUAE (DOPMYJI sI3bIKA MEPBOrO
MOPANKA, a HEOOXOMMMbIE /IS STOT0 METOIbl J0KAa3aTeJIbCTBA MOXKHO
MOJTHOCTHIO 00603PeTh U CUCTEMATU3UPOBATH. ITO JIEJIAETCS C TTOMOIIHIO
TaK HA3BIBAEMOTO UCHUCAEHUS NPEIUKAMOS.

Yupaxueuusna 1. Jokasarb, 9T0 aKCUOMbI T€OPUU I'PYIII JIOTHYE-
CKU CJIEIYIOT W3 MHOXEeCTBa (POPMYJI

{VeVyVza-(y-2)=(x-y)-2,Vex-e=z, Ve Iyz -y=ce}

U HE CJIeLYI0T U3 MHOXKeCTBa (POPMYJI, MOJIYUEHHOIO U3 HTOrO 3aMEHO
nocsienHeit popmyJibl Ha dopmysty Ve Jy y - = e.

2. Hokazarb, uro dopmyssl Ve Yy (z -y =0 Dz =0Vy = 0)
u Vz x -0 = 0 JIornyecku CJeAyoT U3 aKCHOM MoJIst, a GopMyJia

Vz (x+2z=0>z=0)

HE CJIeIyerT.

¢ 3. TaBroJsiOoruUecKoe cJeacTBHE

B §10 ryiaBbl 2 ObLIO BBEIEHO MOHSATHE TABTOJIOTHU KaK (hOPMYJIbI
SA3BIKA, MEPBOrO MOPSIKA, KOTOPAas MOJIYYAeTCsA U3 HEKOTOPOil mporo-
BUIMOHAJILHON TaBTOJIOTUHU TOACTAHOBKON KaKux-Jmb0 (hopMyJi si3biKa,
MIepBoOro nopAaigkKa BMECTO IMPOIO3NINOHAJIbHBIX ITIEPpEeMEHHbIX. Ey;],eM ro-
BOPUTH, 4TO (hopmyJia A sa3biKa MEPBOrO NOPSAKA ABJIAECTCA MaA8MOA0-
2uneckum caedemeuem popmya Ag, ..., A, TOro xe sasbika, ecau Gop-
myaa Ay & ... & A, D A ectb TaBTOJIOrHA.

IIpumep 1. ®opmysa P(z) sBiisieTcst TABTOJOTUIECKUM CJICICTBU-
em dopmysn Jy Q(y) u Jy Q(y) D P(z). HeiicrBurensho, dbopmysia
Jy Qy) & (Jy Q(y) D P(z)) D P(z) ectb TaBTOIOTHA: OHA MOJIYYAETCI
HOICTAHOBKOM B mpomnosunuonaabuyio tasrosoruto P & (P D Q) D @
dopmyasr Jy Q(y) BMECTO MPONO3UIMOHANBHON mepemenHoit P u P(z)
BMeCTO ().
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Teopewma 3. Taprosorudeckoe CJIEACTBUE OOIE3HAYUMBIX (POPMY.JI
obIIe3HaAYUMO.

Hokasareanbcrso. Ilycts A — TaBTosIOTHYECKOE CIIEICTBHE 00-
mesHaunmbix popmyst A, ..., A,. Ilycre [ — mpomsBosibHAS WH-
Tepuperanusi, § — npousBoJibHAs oreHka (opmysibl A.  IIponsBosib-
HbIM 0Dpa30M paCHIMPUM OILEHKY #, 4ToOBI OHA CTaJjia OUEHKOM dop-
My A, ..., Ap, T.e. IpumaguM Kakue-HUOYIb 3HAYEHUS U TeM epe-
MEHHBIM, KOTOPbIE BXOIAT CBOOOTHO B 9TU (POPMYJIBI, HO HE MOJIYIAIOT
suavennii npu onenke 6. Iosydennyio ouenky obosuauum 0. OgeBum-
Ho, uro 8'A = 6A. Tlo ycnosuio dopmyna A; & ... & A, D A —
Tarosiorusi. I[lo Teopeme 1 w3 rjiaBbl 2 OHA OOIIE3HAYMMA. JHAYUT,

[=0(A &...& A, D A). Ho
(A & ... &ADA) =0 A &... &80 A, DO A).

Tak xak ¢dopmysast Aj,..., A, obmesnaunvbr, 0 I |E 6'Ap, ...,
I E 0'A,. Orcrona nemengenso cienyer, uro I = 0' A, r.e. I E 6A.
Taxum obpasom, dopmysa A ucrturaa B JI0O0I MHTEPIpPETANUU TIPU
aroboit onenke, T.e. A obmesnaunma. Teopema mokasaHa.

§ 4. McuucieHue mpeauKaToB

@ukcupyeM HEKOTOPYIO cUrHaTypy (). AKCHOMAMU UCYMCTICHUsT TIpe-
JIUKATOB B cUTHATYDE () HA3BIBAIOTCS CJIeAyomue hopMyJIbL:
(al) sirobast TaBTOJIOTUS CUTHATYPBI 2

a8) t1 —tg&tz—tg Dty =ts;
39) th=s51& ... &t, =5, D f(tl,... ,tn) = f(sl,... ,Sn);
(310) th=51&...&t, =5, D (P(tl,... ,tn) EP(Sl,... ,Sn)).
Buecy A(x) — sobas dopmysia curnarypsi {2,  — Jirobasi nepeMeH-
Hast, TepM t cBobomeH miis ¢ B A(x); B — nrobas dopmysia curaarypsi {2,
He copepxKalias CBOOOTHBIX BXOXKICHUNA T} t1,... ,tn,S1,... , 8y — JIIO-
Obie Tepmbl, f — J1t000U N-MeCTHBIR (DYHKIIMOHAJIBHBII cuMBOJI u3 {2,
P — s11060it n-MecTHBII TpenuKaTHbIi cuMBOJT U3 ().

(a2) A(t) O Iz A(z);

(a3) Vo A(z) O Alt);

(ad) Vz (A(z) D B) D (Jz A(x) D B);
(a5) ¥z (B D A(z)) O (B 5 Vo Ax));
(a6) tl = tl,

(a7) t1 =12 Dta =17;

E )
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MHOXKeCTBO aKCHOM B KX 0 u3 rpynm 6eckoneuno: duxcupysa A(z),
B,ty,... ,tn,S1,--- ,Sn, f, P, MOXKHO MOJTy9UTH JTIOOYIO0 KOHKPETHYIO aK-
cuomy. Akcnomsl (a6)—(al0) HA3BIBAIOTCS GKCUOMAMYU PABEHCMEA.

IIpumep 1. ®opmysna 0+ 0 = y D Jz =z + & = y ABIAETCA
akcuoMoit u3 rpymnnsl (a2), uin npocro akcuomoii (a2). 3mecs A(zx) =
=z4+z=y, t=0. QopmynmaVezz-y =y-x D (21+22) y =y-(21+22)
apngerca akcuomoit (ad). Bnece A(z) =z -y =y -z, t = 21 + 22.

IIpumep 2. Bor npumeps akcuom (a9), (al0):

r=y&z=udDzr+z=y+u;
r=y&z=ud(x<z=y<u).

Al A
JIioboe mMHOX)ecTBO duUryp BUAA ﬁ’—", rme Ay, ..., Ap, A —
GOpMyJIbI, HABBIBAETCA NPAGUAOM 6bi600a. Bynem roBoputh, 9410 HOp-
mysia A nosyuena us dopmyst Ay, ... , A, mo npasuiy II, eciin

A],... ,An e H.
B ucuncaenun OpeanKaToB IBa IIpaBUJIa BbIBOOA: NPasuL0 Masmoao2u-
weck020 caedcmeus

(Taut) = {TAl"" s An
1 NPasuso 06obuweHus

(Gen) = A ‘A — Jmobasa dopmysta curnarypst €1,
| VeAlx — mobasa nepeMennas :

A — TaBTosoruyueckoe ciaencrsue A, . .. ,An}

BoT HEKOTOpbBIE YACTO MPUMEHSIONMECA BUABI (BUTyD, ComepKammecs
B npasusie (Taut):
1) AADB

COBOKYNMHOCTb TAaKuUX (PUIYD HA3BIBAIOT NPAGUAOM 3AKAOUEHUS WA
modus ponens, cokpamenso (M P).

2) %, roe A, B,C — mupousBosibHbie (POPMYJIbI CUTHATY-

pei Q. CoBOKYNHOCTH TaKuX (PUTYDP HABBIBACTCS NPAGUAOM CUAAOLUIMA.

ADB -AD>-B AD>-B -ADB

) -B>-A" BD>A ' BD>-A -BDA’

Hble opmysibl curHarypsl 2. COBOKYyNHOCTH TaKuX (DUTYP HABBIBAIOT
NPABUAOM KOHMPANOZUYUL.

[MocnenoBarenbuocTsb popmy By, . .. , By, Ha3bIBaeTCs 6b16000M, €CTIN
s Beex ¢ < n dopmysia B; aubo ecTh akCHOMA UCUYUCJICHUS TTPEIu-
KaToB, JU0OO TOJTyYeHa u3 Ipeaplaymux GOpMyJT 9TOH TOCeI0BaTE Th-
HOCTH 1O omHOMYy u3 mpasusi BeiBona (Taut) wmu (Gen). @opmyna B
68v600UMa, €CJIA CYIEeCTBYeT BbIBOXI B1, ... , B, takoii, uro B, = B.

, tie A u B — mpousBosibHbie HOPMYJIbI CUTHATYPBI 2.

rae A, B — npousBoib-
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[Ipumep 3. YcraHOBUM BBIBOIUMOCTH (DOPMYJIBI
dz Yy P(z,y) D Vy 3z P(x,y).

1. Vy P(z,y) D P(x,y) (akcuoma (a3));

2. P(z,y) D 3z P(z,y) (akcuoma (a2));

3. Vy P(z,y) D 3z P(z,y) (mosiyuena u3 1. u 2. 1m0 mpaBuily CUJILIIO-
rusMa);

4. Vz (Vy P(z,y) D Jz P(z,y)) (nonydena us 3. no npasuiy (Gen));

5. Yz (My P(z,y) D Jz P(z,y)) D (3= Vy P(z,y) D Iz P(z,y))
(axcuoma (a4));

6. 3z Yy P(z,y) D Jz P(x,y) (monyuena us 4. u 5. no (M P));

7. Yy 3z Yy P(z,y) D Iz P(z,y)) (nosyuena us 6. nmo (Gen));

8. Yy (3z Vy P(z,y) D 3z P(z,y)) D (= Yy P(x,y) D Vy Iz P(x,y))
(axcunoma (ab));

9. 3z Yy P(z, y) D Vy 3z P(x,y) (nonyuena uz 7. u 8. no (M P)).

Teopema 4 (TeopeMa O KOPPEKTHOCTH HUCYUCJICHUS IIPEIUKA-
10B). JI06as1 BeiBonuMAasi popMysia obLIIe3HATHMA.

HoxkaszaTesnbcTBo. CHadgasa JOKaXKeM, 94TO BCE aKCHOMBI ODIIe-
sHauuMbl. Ob6mesnadnmocts (al) ciemyer us teopembt 1 rasbr 2. O6-
[IE3HAYMMOCTh AKCHOM DPABEHCTBA oueBHOHA. Jlokaxkem oOOIIe3HAYN-
MOCTb aKCHOMBI (a2).

Urak, nycts C = A(t) D Jz A(x), npuuem tepMm ¢ cCBOGOIEH AJ1s TIepe-
menHoit z B popmysie A(z). Ilycrs I — HEeKOTOpast MHTEPIPETALUS CHUT-
Harypsi 2 ¢ Hocuresiem M, a § — uekoropas ouenka dopmysist C. Tpe-
Gyercsa nokaszarh, uro I = 6C. Ouesunno, uro 8C = 0 A(t) D 6 Iz A(z).
3mech n Jajiee MOICTAaHOBKA CYMTAETCs CTaplieil omepanueil o OTHO-
MIEHUIO K ONEepalliy OLCHUBAaHUA, TaKuM oopaszom, .A(t) — aro OB nna
B = A(t), a e C(t) nna C = 6A. Ouenka 6 comnocraBjisier BCeM CBO-
6omabiM nepementbiM (opmysibl C umena semenToB u3 M. Kakue xe
nepemMenHbie BXonsT cBobomgHo B C?7 Bo-nepBbix, 310 Bce CBOOOIHBIE TIe-
pemennbie hopmybl A(z) kpome z. Bo-BTOpbIX, 9T0 BCe nepeMeHHbIe,
BXOIANKE B TepM ¢ (B TOM 9HUCJIE, BO3MOXKHO, U ). [eficTBUTeIbHO, O~
CKOJIbKY TepM t cBobomeH 1jist ¢ B A(x), nepemMeHHble, CONepKaIInecs
B ¢, He CBA3BIBAIOTCA KBaHTopamu (hopmysibl A(z) u ocraiorcsa cBobo-
ubivu B A(t). Ecim © Bxomgur B 6, T0 uepes §' 0603HAYNM OLIEHKY, KO-
TOpas MoJiy4Yaercss u3 § BbIOpachIBAHUEM CTOJIONA, COOTBETCTBYIOMIETO
nepeMeHHol z, T.e. §' conocraBsifer BCeM IePEeMEHHbIM KPOME T Te Ke
UMeHa 3JieMeHTOB u3 M, 4To u 6, a TmepeMeHHO| T HUYero He COImoCTa-
Biisier. Ouesunno, yro § v A(z) = 0" 3z A(z) = Jz §' A(z). C opyroii
croponbt 0A(t) = 0A(Ot). Dopmyna A(6t) He comepxkur cBOGOTHO T,
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tak uro OA(Ot) = 6’ A(0t). Taxum obpasom, 8C = §' A(8t) D Jz §' A(z).
Iycts I = 6" A(At), u niyctb ¢ € M ecTb 3HAYEHME OLEHEHHOTO TepMa
ft. Torma, oueBunno, I = 6 A(c). Ilo onpenesieHnio HCTUHHOCTH 3TO
osnadaer, uro I = 3z’ A(z).

Takum 00pasoM, ecjiu B uHTEpnperanun I MCTUHHA MOCBLIKA (POPMY-
Jgibl §C, TO UCTHHHO U ee 3akJiouenue, T.e. I = 6C, 410 n TpeboBasock
JI0Ka3aTh.

AnastornvHO moKasbIBaeTCs 00IE3HAYNMOCTh akcuombl (a3). Hoka-
JKeM ODIIe3HAYNMOCTh aKCHOMBI (ad).

Iycrs A(z) u B — npousBosbablie (bopMyJibl, npudeM B He comepxuT
CBODOIIHBIX BXOXKIEHUN nmepemeHHoit ©. O4eBuIHO

Vz (A(z) D B) ~ Vz(-A(z) V B).
IIo Teopeme 2 u3 ryiaBbl 2 UMeeM
Ve(=A(z) V B) ~Vz-A(z) VB ~ -3z A(z) V B ~ JzA(z) D B.

Mur mokazanu, uro Yz (A(z) V B) ~ JzA(z) D B. Orcriona crenyer, aro
dbopuysa Va(A(z) vV B) D (JzA(z) D B) obmesnauuma.

OO611e3HAYNMOCTD AKCHOMBI (a5) JOKA3bIBACTCS aHAJIOTHIHO.

Teneps mokazkem, 4To Jirobast BeIBOAUMAasi (POpMyJia OOIIE3HAYMMA.
IIycrs By, . .. , B, — npousBosbHblii BeiBoA. VIHIyKImei 1Mo ¢ JoKaxKeM,
aro (opmysa B; obmesnadnma. Ecau i = 1, To B; — akcuoma, u 10
[OKa3aHHOMY OHa obmiesHaunMma. Ilycts ¢ = k + 1, u nuis siroboro j < k
dopmysa B; obmesnaunma. Hokazxem, uro B; obmesnaunma. Ilo ompe-
JieJIeHnto BbIBO/IA (hopMyJia [3; mosydena u3 (popMyJsi ¢ MEHBITUME HOMe-
pamu 1o npasuiaM (Taut) wim (Gen). Ilycrs B; nonyuena usz dpopmy
Biyy- .., B, no npasusy (Taut). I1o HHIYKTUBHOMY NPEIIOJIOKEHUIO
Biyy...,B;, obmesnaunMbl. Tak kak B; — uUX TaBTOJJOTUYECKOE CJIEM-
cTBUE, TO 1O Teopeme 1 ryiasbl 3 B; Takxke o0IIE3HAIUMA.

IIycte dbopmyna B; noydena us dopmynst By, roe j < k, 1o npasu-
ay (Gen), 1.e. By = Vo B;. Ilycts I — npousBosibHASA HHTEPIIPETALNS
¢ wocuresieM M, a @ — npousBosibHas oneHka (opmysibl B;. HyxkHO
nokaszarb, uro I = 6B;. Tak kak x He BXomuT CBOOGOTHO B B;, MOXK-
HO CumMTaTh, 410 § He comepxur r. Popmysa B; MOKeT COmepKarh X
cBOOOIHO, MO3TOMY I Hee OymeM ymorpebsiarh obosnadenue Bj(z).
Ouesunno, uro 68; = VzB;(x). Ilo MHIYKTHBHOMY IPEIIIOJIOKEHUIO
dopmysa Bj(x) obmesnaunmMa, T.e. ucTunHa B I mpu Jio6oit omeHKe.
B ugacrHOCTH, €cii m — IPOU3BOJIbHBIH 3steMenT u3 M, o I = 6'B;(z),
roe 6/ — omneHka, KOTOpas BCeM NEPEMEHHBIM U3 § COMOCTABJISAET Te
JKe MMEHa, 9TO U 6§, M, KpOMe TOro, IEePEMEHHOR I COIOCTABJISET 1.

im
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Ouesnnno, uro §'B;j(z) = 6B;(m). Takum obpasom, KakoB Obl HI ObLI
ssaement m € M, nmeer mecto I = 6B;(m). Ilo onpeneseniio nCTHHHO-
ctu 310 o3Ha4aer, 4to I |= VaB;(z), r.e. I = 6B}, aro u TpeboBasoch
IIOKA3aTh.

Wrak, Mbl ZOKa3a/I1, 9TO €CJIM TOC/IEI0BATEIbHOCTD hopmyt By, . ..
..., By ABIII€TCS BBIBOIOM, TO BCe 9TU (hopMyJibl obme3Haunmbl. Bes-
Kasi BBIBOAUMAast pOPMYJIa ABJIAETCS NOCaeaHel (opMyJIoil B HEKOTOPOM
BBIBOJIE, CJIEIOBATEJILHO, OHA TOXKE O0e3HadnMa. Teopema moKa3aHa.

Tenepb MOXKHO TIOHATH, [OYEMY CYIIECTBEHHO YCJIOBUE, U4TO TEPM ¢
cBobomen mia z B A(z) B akcnomax (a2) u (a3). Ilycrs, Hanpumep,
A(z) = Vy x =y, t = y. OueBuano, uro t He cBobomeH s ¢ B A(x).
Nmeem: A(t) = Yy y = y, JzA(z) = Jz Yy x = y. Axcuoma (a2)
npuanMaet Bug Yy y =y D Jdz Vy & = y. OueBunno, uro sra dpopmy.ia
He obmie3Haunma. Tor xe 3@ eKT WITICTPUPYEM Ha IIPUMEPe aKCHO-
mbl (a3). Iycrs A(z) = Jy o =y, t = y. Torma akcuoma (a3) npumer
Bun Ve Jy—z =y D Jy -y = y. Ira hopMmysa TakxKe He 00IIe3HATNMA.

Taxum 06pas3om, ecyiu ycjioBue, 4to TepM ¢ cBobomen s x B A(x),
He coburoaeTcs, To akcuoMbl (a2) u (a3) MOryT oKasarbCs He ObIe3Ha-
YUMbIMH.

Takxe B akcuomax (ad) u (ab) cymecrBeHHo ycJsioBue, 4ro B He co-
JIepKUT cBOOONHbIX Bxoxkienuit x. Hampumep, ecm A(z) = P(z)
u B = P(z), ro akcuoma (a4) npuHIMaeT BUIL

Vz (P(x) D P(z)) D (3zP(z) D P(x)),
a akcuoma (ab) — BUL
Vz (P(z) D P(z)) D (P(x) D YaP(x)).

Herpynuo npoBeputs, 94T0o 06€ 311 (POPMYJIbI HE OOIIE3HAYNMBI.
[IpaBusio BeiBoga Il HasbiBaeTcs npouseodhvim, ecyiu s KaxkKIou

burypsr > An € II cymecrByeT Mmoc/eoBaTeIbHOCTE (HOPMY.JI
Bi,...,By takas, uro By = A, u mobas dopmysa B 310l mocsienoBa-
TEJIBHOCTH JIMOO SBJISIETCS AKCHOMOM, JTMOO MPUHAIJIEKUT MHOKECTBY
{A1,...,Ap}, ubo nonydena us npenpiaymux no npasuwiaMm (Taut)
umu (Gen).

Teopema 5. Crenyromue npaBu/ia BbIBOJA SIBJISIOTCS MPOU3BOI-

HBIMI:
a) { B> A(z) |A(xz) m B — npoussosibHbie pOpMyIBI, Hpnqu}

b

B D> VxA(x) |B mHe comepxnt cBOBOAHBIX BXOXKIEHHI T
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6) { A(z) > B |A(z) u B — nponsposibabie popmy.IbI, HqueM}
JzA(z) D BB me comepxut cBOGOAHBIX BXOXKTEHUIT T ’

HoxkaszaresnbcTBo. A KaKIOro u3 3TUX MPABUJ BBIBOAA IMO-
cTpouM TpebyeMyto B ONpeIeseHNE IPOU3BOIHOTO TIPABUIIA TTOCIIEN0BA~
TeJIbHOCTH (hOPMYJT:
a) 1. BD A(x);
2. Vz (B D A(z)) (u3 1 no (Gen));
3. Vz (B D A(z)) D (B D VzA(x)) (akcuoma (ab));
4. BDOVxA(z) (u3 2 u 3 no (MP)).

6) 1. A(z) D B;
2. Yz (A(z) D B) (u3 1 mo (Gen));
3. Vz (A(z) D B) D (3zA(x) D B) (akcuoma (ad));
4. Iz A(z) O B (u3 2 u 3 mo (M P)).

Teopema mokazana.

ITpaBusia a) u 6) U3 TEOpeMbl 5 HA3BIBAIOTCA npasuaamy Bepraiica.

[Ipu moxasaresibCTBE BBIBOAMMOCTU (DOPMYJT MOXKHO MOJIB30BATHCS
MPOM3BOIHBIMU MTPABUJIAMU BBIBOJA. A MMEHHO, HA30BEM COKPAULEHHbIM
6618000M JIIODYIO TAKYIO MOCJIEI0BATETLHOCTH (hopmyt By, ... , By, arTo
st Beex ¢ (opmysia B; smbo siBjisieTcss akCMOMOM, JT00 MoJIydeHa u3
npenbiaymux dpopmys no npasusiaM (Taut) win (Gen), mubo nosydeHa
U3 MpeapLIymux (hopMyJI M0 KaKOMY-JTM00 IIPOU3BOIHOMY MTPABIULITY.

Teopema 6. Ecau By, ... ,B, — cokpaimeHHbIi BBIBOI, TO BCE (pOp-
myJipt By, ... , By, ABJISIOTCS BBIBOQUMBIMH.

HokaszaTeabCTBO. YTBEpXKIEHUE TOKA3BIBACTCS WHOYKIMEH 1Mo
n. Ilycrs n = 1. Od4eBUOHO, €CU COKPAIIEHHBIH BBIBOI, COCTOUT W3
o1tHOM bopMyJIbI, TO 3Ta POPMYJIa — AKCHOMA U MMOTOMY BBIBOAMMA.

[Iycrs yrBep:xkaenune Bepuo mis joboro n < k. Iokaxkem, 4To OHO
Bepuo mia n = k + 1. Urak, nycts By,... , Bk, Bgr1 — COKpalieHHbIN
BbIBOI. (QUeBHIHO, YTO MOCJIEHOBATEJILHOCTD B1, ... , By aBsgercs co-
KPAIIEHHBIM BBIBOIOM, U 110 WHIYKTUBHOMY TIPEIIIOJIOKEHUIO Bce (dhop-
MyJibl By, ..., By BoiBomuMmbl. lokaxkem, 410 Bjy1 TakXKe BbIBOLUMA.
PaccmoTpum derbipe citydasi, BO3MOXKHbBIE HJisT GOpMyJibl By B CHLy
OTIpeesIeHNsT COKPAIIEHHOTO BbIBOJIA.

1) Bj41 siBaisiercst akcuomoit. B arom cityuae By BbIBOmuMA.

2) Bjy1 nomydena w3z mnpenpiayumx dopmyst B, ..., B; 10 mpa-
Busty (Taut). Kax Mbl TOJIBKO YTO IOKA3aJIM, UCXONS U3 WHIYKTUB-
HOTO TPeInoJioxenust, sce dopmyssl B;,, ..., B; BbBomuMbl. Bbimu-
meM moapsi BbBoAb! bopmyat By, ..., B; , a 3arem HanumeMm (opmy-
ay Byy1. HerpymHo npoBepuTh, 9TO MOJIydYeHHAs MOCJIEI0BATETHHOCTD

By .., B, Bry1 siBAsieTcs BBIBOIOM GOPMYJIbI By .

im s
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3) Bj41 mosydeHa w3 HEKOTOPOi npenpiayineit hpopmyisl 3; 10 mpa-
Busty (Gen). Kak u B peplayiem cjiydae, CTPOUTCS BBIBOI (DOPMYJIbI
Biy1.

4) Bj41 monydena us npembiaymux dbopmyit By, ..., B; 110 mpous-
BOJIHOMY IPABUJIy BBIBOJA. 110 ONMpemesieHuio MPOU3BOLHOTO TPABUIIA
BBIBOA 9TO O3HAYAET, YTO CYIMIECTBYET MOCJIEIOBATEIHHOCTH (hOpMyJT
Ci,...,C takas, uro C; = Byy1, u jmodasa dopmysna C; mbo sBIIsI€TCS
AKCHOMOIi, inbo0 mpunanyexut Muoxkecrsy {B;,,...,B;, }, mmbo nosy-
yeHa u3 npenbiaymux (opmya no npasuiy (Taut) nwnu (Gen). Bce
dopwmymst By, ... ,B;, BeiBomumbl. IIpeobpasyem mocienoBare ibHOCTh
Ci,...,C; cnenytomum 06pa3oM: BCIOY, IMe B Hell BCTpedaercs Kakas-
HUOyIb u3 bopmya B;,, ... ,B;,, , 3aMeHAM ee Ha BBIBO 9TOH (hOpMyJIbL.
O4YeBHUIHO, YTO MOJIYyYEHHAs MOCJIEHOBATE/IBHOCTD SIBJISETCS BBIBOIOM
dopmysibt By41. Teopema nmokazana.

3ameTum, 910 BEpHO U 0O6pATHOE: ecJii Bce (DOPMYJIbI TIOCIENOBATE b=
Hoctu By, ... , By BBIBOIUMBI, TO 3Ta MOCJIENOBATE/IbHOCTD SABJISETCS CO-
KpAIlleHHbIM BbIBOIOM. lefiCTBUTE IBHO, [1/1s1 BCEX ¢ IPABUJIO, COCTOAIIEE
n3 eQUHCTBEHHOH (urypot B, ABJIACTCA TPOM3BOIHBIM. Takum obpa-
30M, MOCJIEIOBATEIHHOCTH Blz ..., Bj, ABJIsIETCSA COKPAIIEHHBIM BHIBOIOM
TOIIIA ¥ TOJIBKO TOr[IA, KOorma 1Jis Jitoboro ¢ < k dopmyJia B; BEIBOIMMA.

Teopewma 7. s sit060i ¢popmy.ibl A BBIBOTHMBI (hOPMYJIBI

—-Jdx A =Vz -A;
Ve A =3z -A.

HoxaszarenbcrBo. IlocTpouM COKpaleHHBIH BbHIBOL (HDOPMYJIbI
-dz A =Vz -A.
1. AD Jz A (akcuoma (a2));
. =3z A D —A (u3 1. mo npaBusly KOHTPAIO3UIKN);
. —3dz A D Vz —~A (u3 2. no npasusy Bepnaiica);
. Yz = A D A (akcuoma (a3));
. AD—Vz -A (u3 4. no npaBUIy KOHTPAIO3UIKN);
. dz A D —Vz —=A (u3 5. no npasusy Bepnaiica);
. —dx A=Vz —A (u3 3. u 6. 10 IpaBUIIy KOHTPAIO3UIUHK).
AHAJIOrMYHO OKA3BIBACTCA BBIBOOAUMOCTH BTOPOM (hOPMY.IbI.

~N O Uk W N

Yupaxuenue. [Jokazarb BBIBOAUMOCTH (GOPMY.JIL:
a) Vo Yy P(z,y) D Vy Vo P(z,y);

6) dz Jy P(z,y) D Jy Jz P(x,y);

B) Vo P(z) D 3z P(x);
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r) Vo P(z )VVwQ
a) 3z (P(z) &
e) Vo (P(z) &

x) 3z (P(z) vV
3) Vo (P(z) D

() DV (P(x) V Q(x));
Q(x)) D Iz P(z) & Tz Q(x);
Q(z)) DVz P(z) & Vz Q(x);
Q(z)) D 3z P(x) VvV Iz Q(z);
Q(x)) D (Fz P(x) D Tz Q(x)).

AAA

¢ 5. BeiBom u3 ruirores

IMycrs I' — npoussosibHOE (BO3MOXKHO, GECKOHEYHOE) MHOXKECTBO
dopmys curHarypbl 2.  Bweodom us I' HasbiBaercsas Takas IMOCTIE-
noBaresibHOCTh (hopmyat By, ..., B, curaaryps ), gro npu JoboM i
(i=1,...,n) bopmyna B; mubo ecTh axCcMOMa, JIMOO MOJIyUEHA U3 TIPe-
npinynmx dopmya no npasuiy (T'aut), ubo nosydeHa us Kakoii-m6o
npenpbiaymei dpopmyssl A no npasuiny (Gen), T.e. umeer Bug Vo A,
IpuYeM MepeMeHHasl & He BXOIUT CBOOOMIHO HU B OIHY U3 (DOPMYJT MHO-
xkecrBa I'. Bymem roBoputh, uro popmysia B ewsodumes us I' u nucarb
I' F B, ecniu cymecrByer takoit BeiBoxg By, ..., B, uz I', uro B, = B.

Taxum ob6paszom, dpopmysbl u3 I' npu mocrpoenun BoiBona u3 I urpa-
IOT Ty 7K€ POJib, YTO U AKCUOMBbI; OOBITHO TU (POPMYJIbI HA3BIBAIOTCS 2U-
nomesamu. QUEBUIHO, YTO €CJIM MHOXKECTBO rurnores [ mycTo, To ompe-
JleJIeHre BBIBOIMMOCTH 13 ' IpeBpalaercst mpocTo B OMpeIesIeHne Bbi-
BOOUMMOCTH. YCJIOBUMCsi BMecTo & F B mucars F B. Bamerum, 9ro ecjin
B ' BXOIsAT TOJILKO 3aMKHYThie (DOPMYJIbI, TO OIPAHUYEHHUE HA TIPUMe-
Henve npasusa (Gen) B onpenesieHNn BbIBOAA U3 I BBIOIHAETCA aBTO-
marudecku. Bmecro {Ay,... , Ay} F A 6ynem mucars Ay, ..., A, F A.

IIpuwmep. Hokaxem, uyro P(x), Yy (P(y) D Qy)) F Q(z). Heii-
CTBUTEJIBHO, CJIGYIOMAs TIOCIEI0BATE/IBHOCTD ABJIAETC BBIBOIOM:

L Y (Pl0) > Q) (runoren);
2. vy (P(y) 5 Q(y)) > (P(x) > Q(x)) (axcrowa (a3));
3. (:c) D Q(z) (w3 1. u 2. no (MP));

4. P(x) (rumoresa);

5. Q(z) (u3 3. u 4. no (M P)).

YcraHOBUM HEKOTOpbBIE MPOCTHIE, HO BAaXKHBIE CBOUCTBA OTHOINIEHUS
BeiBOmuMocTu I' F B.

Teopema 8. Ilyctb I' uw A — npomsBoJIbHBIE MHOXKECTBA 3AMKHY-
ThIX hopmyst curHarypsel (), npugem A C T'. Ilycre B — ¢opmysia
curaarypsr ). Torma, ecim A+ B, o'+ B.
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HokaszareabctBo. Ilycrs By,...,B, — BbiBom dopmysbl B us
A. Ou4eBHIHO, YTO OH ABJAETCs Takxke BuIBOmOM u3 I'. IleiicTBuresib-
HO, Kaxknasa u3 dbopmyst B; (i = 1,... ,n) subo ABjgETCS AKCUOMOIA,

smbo npunagyiexur A (a, snauut, u ), 160 MOIydeHa Mo IpaBuIaM
(T'aut) win (Gen) w3 npenpiayumx dopMys. Kpome TOro, mockosbKy
I’ cocTouT TONBLKO U3 3aMKHYTBHIX (POPMYJI, BBITIOIHACTCA OTPaHUYEHUe
Ha mpumeHenue mnpasusa (Gen), T.e. BBHINOJHAIOTCS BCe TpeOOBAHUS,
comep:xKamuecd B onpenesiennu BuiBona u3 I. Teopema mokasana.

Teopema 9. ITycrs I' — mpowusBosibHOE (BO3MOXKHO, GECKOHEYHOE)
MHOXKecTBO popmyJ1 curaarypsl (), B — npousBoJsibHAS (pOpMY.JIa CHTHA-
typsl §), mpudem I' - B. Tormga cymecTByer Takoe KOHEIHOE MHOXKECTBO

ACT, gyro AF B.

Hokaszareanbcrso. IIycts I' - B. 910 03Ha"aeT, 410 CymecTByer
rakoii BeiBo By, ... , By, u3 T, aro By, =B. Iycre A={B;,,... ,B;, } —
MHOKecTBO Bcex (hopmyst u3 [') Bxogsammx B 9101 BeiBoA. O4eBUIHO, 9TO
BbIBOI, B1,. .., 3, yIoBJIeTBOpsieT BCeM TPEOOBAHWUAM, COMEPKAIIMMCS
B OIpeeseHnu BbIBOOA 3 A. 3HauuT B BHIBOAMMA U3 KOHEYHOIO MHO-
xkecrBa A C I'. Teopema mokasana.

Teopema 10. ITycte I' m A — npomsBoJIbHBIE MHOXKECTBA 3AMKHY-
TBIX (popMyJI cUrHATYPHI §), mpudeM Besakasi popmysia C € A BeIBoguMA
u3 ', u nmycrb B — npowusBosibHass ¢popmysia curaarypsl ) u A + B.
Torna T' F B.

HoxaszarenbcrBo. [Iycrs By, ... ,B, — BbiBOn dhopmyssl B us
A. Tlpeobpaszyem ero caemyiomum obpaszom. Bcromy, rme B 9TOM BbI-
BOJIe BCTpedaercs Kakas-uHuOyap u3 dopmysa C € A, 3aMeHUM ee Ha
BbIBOZ, 910# opmysibl u3 I'. Herpymuo mpoBeputh, 9TO MOJTyYEHHA
HOBasi TIOCJIENOBATEJIBHOCTD (hOPMYJT ABJIsIETCS BBIBOAOM (hopmysibl B
n3 ['. Teopema mokasana.

Teopema 11 (reopema o nenykumu). Ecam I'U {A} F B, 1o
'-ADB.

HoxaszaresnbctBo. Ilycrs By, ... ,B, — BbiBOn dopmyssl B us
IF'uU{A}. Hokaxewm cuagasna, uro eciu B; € TU{A} nu B; — akcuoma,
o' ADB;. Ecom B; €', to '+ A D B;, rak xak A D B; — TaBro-
aorudeckoe caencrsue ¢opmyisl B;. Ecom xe B; = A, to' A D B;,
tak kaK A D A — rasrosiorus, T. e. akcuoma. Ecim B; — akcuoma, TO
'+ ADB;, tak xak I' F B;, u A D B; — taBTosiornyeckoe CJeiacTBue
dopmyiibt B;.

Tenepb wHAYKIIAEH IO ¢ JOKAXKEM, ITO IJI BCEX ¢ < N UMEeT MEeCTO
I' - A D B;. 9Toro nocraroyno, Tak Kax B = B,.
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IIycrs ¢ = 1. B stom cayuae B; € T'U {A} wm B; — akcuoma, u Mbl
yxe gokaszanau, uro ' = A D B;.

IIycrs ¢ = k + 1, u ona moboro j < k umeer mecro I' H A D B;.
BosmoxHbl Tpu ciydast.

1) B; — axcwoma wim B; € I'U {A}. B arom ciiygae yTBepxaeHue
yKe JIOKA3aHO.

2) B; nonyuena us dopmya B, , ... ,B;,, ¢ MEHbIINMHA HOMEDAMH TIPH-
menenuem npasuiia (Taut), 1.e. B; — taBrosiorndeckoe cyencrsue Gop-
mys Bi, ... ,B;,,. Herpymao mpoeputs, ¥T0 B 9TOM ciaydae A D B;
SABJISETCA TaBTOJIOTHYECKUM cienctsueM dopmyn ADB;,,... , ADB;, .
ITo wanyxTuBHOMY mpennosoxenuio I' - A D B ,..., ' A D B, .
Beimumenm nomgpsz Boon u3 I' dopmysn A D B;, (I =1,...,m) u go-
b6aBuM K MOJIydYeHHOH mnocsenoBaresbHocTr dopmysny A D B;. He-
TPYIHO MPOBEPUTDH, YTO BOZHUKAIOWAA MTPH 3TOM MOCJIEIOBATEILHOCTD
., A D Biy,..., A D B, ,A D B; sBasercsa BbIBOLOM (DOPMYJIBI
ADB;usT.

3) B; noiydena us B; no mpasuiy (Gen), npuiem j < k. Torma
B; = Vx B; n « He Bxomut cBobonuo B A u dopmynst u3 I'. Ilo nuayk-
tuBHOMY npennosiokenuto I' = A D B;. Ilycts Cy,...,Cp, A D Bj —
BeiBoz, bopmysel A D Bj us I'. [JonosHuM Ty 10CIEI0BATEILHOCTD
caenyomumu dopmynamu: Ve (A D Bj) (mosydena us npenpimyrmeit
no npasuity (Gen)); Ve (A D Bj) D (A D Vo Bj) (akcuoma (ad));
A D Vz B; (nosydena us aByx npenpiaymux 1o npasuiy (M P)). Ilo-
JIyYeHHasl [OCJIe0BATEIbHOCTD (GOPMYJI OYEBUIHO SIBJISIETCS BHIBOIOM
dopmysist A D Vo B; uz I'. Teopema nokazana.

m )

Bynem rosoputs, uro muoxkectBo dbopmys I' npomusopevuso, u nu-
carb I' F L, ecsin cymecrByer takas dopmysia B, aro ' Bu '+ —B.
B mporusHOM citydyae mHOXKeCTBO [ Gy/ieM Ha3bIBATH HENpOMUGOpe -
BIM.

Teopema 12. a) Ecom T+ L u C — smobas ¢popmyma, o T + C.
6) Ecul,-AF L, roT F A.

HoxkaszareabcrBo. a) Ilo ycsaosuto I' - B u I' - =B gns wekoro-
poii dpopmyuibl B. Beinuiiem noapsii Ipyr 3a IpyroM BbIBOAbI (hopMyT
B u —-B w3 I'. K nonydennoit nocsiemoBarebHocT 106aBuM hopmy-
ay C. Hosas mocsemoBarebHOCTD (bopmydi ... , B, ..., —B,C sBisercsa
BbIBOIIOM hopmyJibl C u3 I') mockoabky dopmysia C SABJISETCST TABTOJIO-
rudeckumM cjencrsuem (opmya B u —B.

6) Ilo ycnosuwo I',mA F B u I',-A F =B nja vekoropoit dpopmy-
gt B. Tlo Teopeme o nenykuuu I' - = A D Bu '+ —-A D —B. Boinumem
HnoApsia, Opyr 3a ApyroM BuiBoabl opmya = A D B u - A D =B uz T
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u nobasum K HUM dopmyary A. Tlosmydennas nmocsienoBaTesbHOCTD Hop-
Mysa ...,mA D B,...,mA D —B, A aBnserca suiBogom (opmysibl A
u3 [, mockosibky A ABJIsieTCA TABTOJIOTUYECKUM CJIEICTBUHEM (DOPMYJI
-A D Bu-AD-B. Teopema nokazana.

Teopema 13. MuoxkecrBo 3aMkHYTHIX (hopmys I HenporuBopedn-
BO TOIa M TOJIBKO TOIJA, KOLAA JIIOOOE KOHEYIHOE €ro MOJMHOMKECTBO
HENPOTHBOPEIHBO.

Hokasarenbcro. 1) [JokaxeM, 9TO €CJIi MHOXKECTBO 3aMKHY-
1hiX popmysi [' HenmporuBopeunso, 10 Jir060e ero mogMuoxectso A C T’
venporuBopeunBo. Ilycts I' mHemporuBopedunBo. omycTtum, 9TO0 HEKO-
TOPOE ero MOAMHOXKECTBO A MPOTUBOPEYMBO. DTO O3HAYAET, YTO MJIst
HEeKOTOPOit popmysibt B umeer mecro A F B u A F —B. Ilo Teopeme 8
orciofa caenyer, uto I' - B u ' F =5. 9710 HEBO3MOKHO B CHUJIy MpEJl-
noJioxkenus o HermporuBopeunBoctu ['. 3uadut, A HENPOTUBOPEUYUBO.

2) Ilycre s060e koHeuHoe nonmuokectBo A C I' menporusopedn-
Bo. Homnycrum, yro I' mporuBopeunso, T.e. 1jisi HEKOTOPOH (hopMyJIbl
B umeer mecro I' - B u I' F =B. Tlo Teopeme 9 cymiecTByOT KOHEu-
uble MHOKectBa A1 C I' m Ay C I’ takue, yro A1 - B u Ay B =B.
IMycte A = Ay UA,. B cuny teopempr 8 A+ B u A F =B. 3Buaqur,
A — IIPOTUBOPEYNBOE KOHEYHOE MHOXKECTBO. STO MMPpOTUBOPEYUT Hallle-
My mpenosioxenuto. 3uaqut, [ HenporusopeunBo. Teopema mokaszana.

Yupaxuenue. Iokazarsb, 410

a) Yz (P(z) D Q(z)), P(y) F Qy);
6) Vz (P(z) D Q(x)), Vo P(z) F Vo Q(z);
B)GI—‘V’:UVzEIy:U Yy = z;

r) FEVYzz-0=0;

n) FEYzVy (z-y=0D2x=0Vy=0),
rne G u F — cucremMbl aKCHMOM TPYIIL ¥ 1I0JIeil COOTBETCTBEHHO.

§ 6. Teopun mepBoroO MOPAIKA

ITycrs HaM nana Kakas-jmbo CUCTEMa aKCHOM, T.e. (BooDlie roBopsi,
POU3BOJIbHOE) MHOKECTBO [ 3aMKHYTHIX (bopMmyJst curaarypsl ). Mare-
MaTUKa MHTEPeCYIOT IpexK /e BCEro Te npeajoxKeHnnd, KOTOpble dABJIA0T-
Cd JIOTUYeCKUM CJjieICTBUEM aKCUOM, T.€. TaKue 3aMKHYTbIe d)OpMy.HI)I
A curnaryper Q, uro I' = A. Cuenyromas teopema MoKasbIBaeT, 4TO
HNOCTPOEHKE BBIBOIA npenjoxenus A u3 akcuom I aBagercs omHuM 13
CHocoB0B yCTaHOBJIEHHU TOTO (hakTa, 4To A Jormaeckn ciaemyer us L.
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Teopema 14 (obobiieHHass TeOpeMa 0 KOPPEKTHOCTH UCYUC/ICHUS
npenukaros). ITycrs I' — mpousBoJibHOE MHOXKECTBO 3aMKHYTBIX pOp-
Myt curaarypsl §), B — saMkHyTast (popMyJia TOH ke CUTHATYPbI, IPH-
gem I' - B. Torna T = B.

HoxazarenbctBo. IIycrs I' - B. Ilo Teopeme 9 cymectByer Ko-
HeyHoe MHOXKecTBO {Di,...,Dp} C T rakoe, uro Dy,...,D, + B.
ITpumensiss m pa3 TeopemMy O JeIyKIUHU, TOJIyIaeM, YTO hOpMyIa

DiDD22(...2(DOmDB)...))

BBIBOJIMMA, B UCYUCJICHUN TPEIUKATOB. B cuity T€0pemMbl 0 KOPPEKTHOCTH
HCYMCTIeHnsT NpenukaroB (Teopema 4) ara ¢opmysia obmesHaunma, T. €.
ucTUHHA B J1I060# muTepnperanuu. B vacraoctu, ecoin I — npousBoJib-
Hast Monesib MHoKectBa I', 10 I =Dy D (Dy D (... D (Dy, D B)...)).
ITpuanmas Bo BHuManwe, 410 Di,..., Dy € I', a moromy I = Dy, ...
..., I E Dy, a takxe onpenesieHne MUCTUHHOCTH A (HOPMYJI, UMe-
IOMUX BUJ MMIUIMKAUUK, nosydaeM, yro I |= B. 3uauwur, B ucrunza
B s1060it Mmonesin I', 1.e. I' = B. Teopema nokasana.

IokazanHasa TeopeMa JaeT BaxkKHbI CroCcod YCTAHOBJIEHUS HEIIPOTHU-
BOPEYNUBOCTH MHOXKECTBa (POPMY.JI.

Teopewma 14'. IIycre mHOXKECTBO 3aMKHYTBIX (popmyi ' curuary-
pbI Q umeer monestb. Torma I HemporuBopednso.

HokazareabctBo. Ilycrs I' umeer monesns. omycTtum, 9T0 MHO-
xkectBo [ mpoTuBOpeunBo, 1. €. 1jist HeKOTOpOoit popmyJibl A CUTHATYPBI
OTFAulF-A Torma l = Aul = -A no teopeme 14. A 310
HEBO3MOXKHO B CHJIy Onpefesienns nctuaaoct. Teopema mokasaHa.

ITpenbsasienue BoiBona Gopmyst A n3 muokecra akcuoM [ MoxHO
paccMarpuBaTh Kak doxazameabcmeo yTBepxKaeHus A4 Ha OCHOBE akCH-
OM, a caMo mpeJiokenue A, i KOTOporo MOCTPOeH TAKOi BBIBOM, —
KaK meopemy. ITO BIOJHE COOTBETCTBYET IPEICTABJIEHUIO O T€OpEMe
KakK 00 yTBepXKIEHNN, NUMEIOIIEM JOKA3aTeJIbCTBO HA, OCHOBE aKCHOM.

MHOoxkecTBO 3aMKHYTBIX (DOPMYJI, KOTOPbIE JIOTUYECKH CJIEAYIOT 13
JTAHHOT'O MHOXKECTBA aKCHOM, HA3BIBACTCS HEPHOPMAALHOT AKCUOMAMU-
weckoli meopueti (umu cemanmuueckol meopuet).

MHO%K€eCcTBO 3aMKHY THIX (POPMYJI, KOTOPHIE BHIBOIUMBI B UCYUCICHUN
[PEIUKATOB U3 JAHHOIO MHOXKECTBA aKCHOM, HA3hIBAETCA (HOPpMasbHOT
axcuomamuueckoli meopueti (nmu dedyxmuenot meopuet).

MmuoxecrBo ¢dopmyst ' curaarypsr () HasbiBaeTca dedykmuero 3a-
MEHYMBLM, €CIJIN 1JTs1 JII00OR 3aMKHyTOU dhopmysibl B curaarypsr () us
' B cnenyer B eT.
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Teopema 15. Bceakas ¢popmasibHasT aKCHOMATHYIECKAsT TEOPHST 1e-
AYKTUBHO 3aMKHYTAa.

HokazareabctBo. Ilycrs I' — mekoropasi cucrema akcuom, T —
COOTBETCTBYIOIIAsA €if JeyKTUBHAs TEOpHUsi, T.€. MHOXKECTBO BCEX 3a-
MKHYTBIX (DOpMyJI, BeIBOOUMbIX u3 ', u mycts T F B. Mbl maxomum-
csi B ycsioBusix teopembl 10: Besikas ¢opmysta u3 T BbiBomuMma u3 I,
u T+ B. B cuity 37oit Teopemsr I' - B, 1.e. B € T. Teopema nokazaHa.

Teopema 16. Bcesakas nedpopmasibHas AKCHOMATHIECKAS TEOPHUS
JACAYKTUBHO 3aMKHYTA.

HoxkazatenbcTtBOo. [Iycts I' — HEekoTOpas cucrema akcuom, 1T’ —
COOTBETCTBYIOIAA eii ceMaHTUYeCKas Teopu#d, T. €. MHOXKECTBO BCeEX 3a-
MKHYTBIX pOpMy.JI, jjorudecku ciaemyomux u3 I', u mycts T+ B. Tlo te-
opeme 9 cymecrByer KoHeqnoe MHOKecTBO dbopmya {D1,... , Dy} CT
Takoe, 9t0 D1, ... , Dy, F B. Ilycts I — npousBosibHas MOLEJIb MHOXKE-
cra I'. Tak kak Dy,...,D,, npunamiexar reopun T, o I = Dy,...
..., ] E Dy, 1.e. I — monenb muoxecrsa {Dy,...,Dp}. B cuny 06-
OOIIEHHON TEOpEeMbl 0 KOPPEKTHOCTU MCUUCIIEHUs TPEIUKATOB (Teope-
ma 14) {Ds,... , Dy} = B. Buaunr, I = B. Takum obpasom, B ucrtunHa
B J1t060ii Momes i MuOKecTBa [, 3Ha4uT, B stormvecku coemyer u3 [ 1. e.
B € I'. Teopema mokasaHa.

B cuny Teopewmsr 14, ecoiu I' — mekoropas cucrema akcuom, 17 —
3a/1aBaeMasi el OeIyKTUBHAs Teopus, a 15 — COOTBETCTBYOMIA eii ce-
MaHTryeckas teopusi, To 11 C Tb. Hameit 6mxaiineit nesipio Oymer
JOKa3aTesbCTBO OOHOI M3 BaXKHENNINX TeopeM MaTeMaTU4ecKOi Jioru-
ku, 910 1 = T, T. €. ITO MOKHO TOBOPUTH 00 AKCUOMATUIECKOI Teopun,
omyckas smuTeThl “dopmasibHas’ u “HedpopmasibHas” .

Kak BugHo u3 Teopem 15 u 16, jirobast negyKTUBHAsT TEOPUs U JII0DAsT
ceMaHTu4eCKasd Teopud NeAYKTUBHO 3aMKHYTbI. STO CBOMCTBO JIEKUT
B OCHOBE CJIEIYIOIIEro OMpeIesIeHNUsI.

Teopueti nepgozo nopsadxa (aaemenmaproti meopueti M IPOCTO Mme-
opueii) B curnarype ) Ha3bIBAETCs POU3BOJILHOE IEIyKTUBHO 3aMKHY-
TOE MHOXKECTBO 3aMKHYTbIX (popmysi curHarypsl (). Takum obpazowm,
s reopun 1 yrBepxaenusa A € T u T F A paBHOCHTIBHBIL.

CemanTnyeckas u IeAyKTUBHAS TEOPUH, 331aBa€Mble HEKOTOPOIi cu-
CTeMOil aKCHOM, — TPUMepPhl Teopuil mepBoro mnopsaka. PaccMoTpum
elie OJMH CIoCcOd 3aJaHusl TEOpUil, KOTOPBI HAPALY C aKCHUOMATUUIE-
CKUM HIMPOKO KMCMOJIb3yeTCs B MaTeMaruke. A MMEHHO, mycTh 3aduk-
cupoBaHa HekoTopast maTepnperarusa I curnarypsi (2. Paccmorpum muo-
xKectBo T'(I) 3aMKHYTBIX (DOPMYJI CUIHATYPBI (), HCTUHHBIX B 9TOH UH-
repnperanuu. OueBumno, yro I — moness muoxectsa T'(I).
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Teopema 17. KakoBa 6b1 Hu Obljia nuHTepuperanus I, MHOXKeCTBO
T(I) menykTHBHO 3aMKHYTO H, CJIENOBATEJIBHO, SIBJIAETCSI TEOPHEN 1ep-
BOI0O NOPAOKA.

HoxaszaresbcTBOo. okaxkewm, 9To ecsim 3aMkayTas dpopmysiaa A
curaarypser ) takosa, uro T'(I) - A, to A € T(I). Ilycrs T(I) - A.
B cusy 0606mmeHHoil TeopeMbl 0 KOPPEKTHOCTH MCYUCIEHUs TPEIuKa-
toB (Teopema 14) T(I) = A, n.e. A ncruuna B y1060# Mogesm MHOKe-
crea T'(I), B wacrHocru, I = A. D10 Kak pas u o3uagaer, 9yro A € T'(I).
Teopema mokazana.

Teopus T(I) HasbiBaercs asemenmaproli meopuel unmepnpema-
yuy I K teopusaM mepBoro mopsiaka IPUMEHUMO MOHATUE HEIMPOTHU-
BOPEYNBOCTHU, BBEIEHHOE HAMU MJIsl IIPOM3BOJILHBIX MHOXKECTB (DOPMYJI.
W3 Teopembr 12 ciiemyer, 9TO €Cjid TeOpUsi MPOTUBOPEYNBA, TO OHA
CONIEPXKUT BCE 3aMKHYTbie (DOPMYJIbI HAaHHOU curaHarypbl. W3 Teope-
MbI 13 HENmoCpenCTBEHHO BBITEKAET, YTO TeopHs 1 HEmPOTUBOPEYNBA TO-
I ¥ TOJILKO TOTIA, KOrma Jroboe koneanoe MuoxkectBo A C T Hemnpo-
THUBOPEYHBO.

Teopus nepsoro nopsiaka 1’ B curuarype §) HazbiBaeTcsa noanot (unin
dedyxmuero noanoii), ecoiu T HENPOTUBOPEYMBA, U JJls 000 3aMKHY-
Toit popmyiibl A curnarypsi 2 6o A € T, 6o ~.A € T. B nporuBHOM
cjydae HemPOTUBOPEYNBAs TEOPU HABBIBACTCA HENOAHOU.

Teopema 18. Kakoa 6br Hu ObL1a uaTepnperanus I, ee sjremen-
rapuas reopus T(I) mosHa.

HdoxaszaresnbcTBo. KakoBa Obl HE Obl1a 3aMKHyTass dhopmysia A,
BBIIIOJIHAETCS. POBHO 0ofHO u3 ycjyosuii: I = A win I = A u, 3nadnr,
I = -A. B nepsom cayuae A € T(I), Bo Bropom — —A € T(I).
Teopema moxazana.

IIycts K — Hexkoropblil KJjiacc uHTepnperanuii curnarypsr §2. Pac-
cmorpuM mHOKeCTBO T'(K) BCex 3aMKHYTBIX (hOPMYJI CUTHATYPHI §), uc-
TuHHBIX B m060# unrepnperamuu I € K, 1.e. T(K) = (;c T(I). U3
reopemsl 17 cienyet, uro MuoxkecTBo 1'(K') IenyKTUBHO 3aMKHYTO (Kak
HepeceveHye JIeNyKTUBHO 3aMKHYThIX MHOXKecTB). 1'(K) HasbiBaercs
anemenmaproti meopueti xaacca K. OueBunno, uro eciim K1 C Ky, 10
T(K,) C T(K;). Takum o0pasom, Hanpumep, 3J1eMEHTAPHAS TEOPUs
IPYII — TO MHOXKECTBO TPEIJIOKEHUI sI3bIKA TEOPUU T'PYIIN, UCTUH-
HBIX B JII000# rpynme. M3 nanpHednnx pe3ysibTaroB OyIeT BUIHO, 9TO
OHO COBIAJAET C MHOXKECTBOM MPEIJIOKEHNU, BHIBOAUMBIX U3 aKCHOM
CPYIIIIBL.
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BamMerum, 9TO yKasaHHbIE [IBa CIOC0o0a 3a/IaHUs 9JIEMEeHTAPHBIX TEO0-
puii — axCruOMaTUYECKHUil U C MOMOIIBIO MHTEPIpeTalnii — IPUHIUIIN-
aJIbHO He PAa3JIMJal0TCa MeXK Iy coboii. [leilcTBUTEIbHO, IPON3BOJIbHAA
3JIeMEHTaPHASA TEOPHS MOXKET PACCMATPUBATHCA KaK (DOpMaJIbHAS AKCH-
OMAaTUYECKas TEOPUsl, aKCMOMAaMU KOTOPOi ABJIAIOTCA BCE TIPEIJIOKEHM A
5T0it Teopuu. B 10 xe Bpewms, Kak ciemyer u3 Teopembr ['€mess, noka-
3aHHOI B 1. 4, Jsif0b6as HEIPOTUBOPEYNBAS TEOPHUsS MEPBOIO MOPAIKA
MOXKeT PacCMaTPUBATHLCSA KaK dJIEMEHTAapHAs TeOpus HEKOTOPOTo KJiac-
ca MHTEepIpeTaluii, a UMEHHO, KJIacca Bcex ee mMozesieit. Tem He Mmenee,
B MaTeMaTUYECKOl JIOTUKE OY€Hb YaCTO PACCMATPUBAIOTCS BOMPOCHI Ha-
XOXKOEHUA MPOCTOM (Har{pnMep, KOHequﬁ) AKCHUOMATHKU NJIsI JAHHOI
TEOPUH, €CJIM M3BECTHBI BCE €e MOIEeJN, a TAaK¥XKe BOIMPOCHI OMUCAHUSA
BCeX MofeJieil JaHHOI aKCMOMaTUYeCKOil Teopuu, T.e. 3aJa4d Iepexona
OT OIIHOIO crocoba 3a[JaHus dJeMEeHTapHbIX Teopuil K apyromy. Odenb
4acTO HTU 33Ja91 OKA3bIBAIOTCA BEChbMa CONEPKATEIbHBIMU U TPUBOIAT
K IJIyOOKMM MaTeMaTUYecKuM pesyJbraraMm. [lo3mHee MbI paccMOTpUM
HEKOTOpbIC N3 HUX.

§ 7. @opmasibHasi apudMeTuKa

Hanomuuwm, gro onucanubiit HaMu B § 7 ry1aBbl 2 sA3bIK (DOPMAILHOM
apudMeTUKN UMeeT CUIHATYPY, COCTOSIIY 0 U3 €IMHCTBEHHON KOHCTaH-
761 0, OHHOMECTHOTO (DYHKIIMOHAJIBHOTO CUMBOJIA S U ABYX JBYMECTHBIX
GYHKIMOHAJIBHBIX CUMBOJIOB + 1 -. CTaHmapTHAs WHTEPIPETAIHs ITO-
rO fA3BIKA UMEET CBOMM HOCHTEJIEM MHOXKECTBO HATYPAJIbHBIX unces N,
koHcTanTa 0 U (DYHKIMOHAJIbHBIE CUMBOJIbI + U - HHTEPIPETUPYIOTCS
OOBIYHBIM 00pasoM, a St obosHadaer ¢ + 1. DTy uHTEpHpETAInio 0060-
suauuM depe3 . OueBUIHO, YTO C MATEMATUYIECKOH TOYKH 3PEHUs
IVIaBHBII MHTEpeC IpeCcTaBiideT U3ydeHue 3JIeMeHTapHON Teopuu 3Toit
unrepnperanuu T (M), MOCKOJIBKY UMEHHO OHA, COCTABJISET CONEPKAHUE
3JIEMEHTAPHON Teopuu dnucesi. MOXKHO CKa3aTh, YTO HESABHO M3YUE€HUEM
9TOM TEOPUN U 3aHUMAJIACH MATEMATHUKA, HAYMHAS C AHTUYHBIX BPEMEH.

Axkcuomaruka apudmernkn ObLIa OCYIIECTBJIEHA CPABHUTEJILHO He-
naBHo. PaccMOTpuM aKCHOMATHKY HATYDPAJIBLHOTO PSIIA, MPEIJIOKEHHY O
IMeano (1891 r.). Ucxonubie (HeonpenesisieMble) MOHATUS ITOH aKCUOMA-
TUYECKOI Teopun — 4ucsio 0 U oneparnus mepexona OT YUCIa N K CJie-
LYIOMIEMY 3a HUM YUCJTY 7.

Axcuomn, ITearo:

P1. 0 — narypasibHOe 9uCIIO.

P2. Ecu n — HarypaJibHOE 9ncjio, TO n' — HATypaJbHOE YUCJIO.
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P3. Ecsiu m u n — HaTypaJibHble Yucaa, 10 m' = n' TOJBKO B TOM
ciydae, ecjam m = n.

P4. Eciu n — marypasibaoe yncyio, 1o n' # 0.

P5. Ilycte P — HeEKOTOpOe CBOMCTBO HATYPAJIbHBIX YUCEJI, IPUYEM
1) 0 obnamaer cBoiicrBom P; 2) ecsin Kakoe-HUOYIb HATYPAJIBHOE YK~
cJ10 n obJragaer cBoiictBoM P, TO cioemylomee 3a HUM 4ucjao n' obsa-
naet coitcrBom P. Torma kaxmoe HaTypasbHOE YUCJIO 00J1a0aeT CBOi-
crBom P. Axcnoma P5 Bbipaxkaer npunyun mamemamureckoti undyk-
YU,

IMonbiraemcs samucarb akcuombl Ileano Ha si3bike (hOpMaJIbLHOM
apudmeTnrn, 100aBUB K HUM €IIe aKCHOMBbI, OMUCHIBAIOIINE CBOHCTBA
CJIOXKEHUS U YMHOXKeHUA. B pesysibrare moydnM CJIeIyIONyo CHCTEMY
AKCHUOM:

Al. Vz Vy (Sx =Sy Dx=y);

A2. Vz -Sz = 0;

A3. Vz z+0=ux;

Ad. Va Vy x + Sy = S(z +y);

A5. VYV z-0=0,

A6. Ve Vyz-Sy=2-y+uz,

A7, A(0) &V (A(z) D A(Sz)) D Vz A(z).

[Mosichum cmbicst atux akcuom. Axcumombl Al m A2 BbIpaxaior co-
orsBercTBeHHO akcuombl Ileano P3 u P4. (Akcuomsr ITeano P1 u P2
HE HYyXKIOal0TCd B CHeIlHaJIbHOﬁ 3allUCU: UX BBIIIOJIHUMOCTDb O6yC.HOB.He-
HA HaJIMYUeM B A3blKe KOHCTAHTHI 0 1 (DyHKIMOHAJBHOIO CUMBOJIA S.)
Axkcuombr A3—A6 ecrecTBEHHBIM 0DPa30M 33IAI0T WHIYKTUBHBIE OIPE-
[IeJIEHUS ONepalnii CJIOKeHns U yMHOXKeHus1. Boipaxenune A7 mpencra-
BJIsIET COOO cremy axcuom: KakoBa Obl HU Oblia dopmyna A(z) a3bi-
ka ¢gopmasibHOit apudmeruru, popMmysia Buga A7 SBJISETCS aKCHOMOM.
Taxum obpasom, A7 npencrapisgerT OECKOHEYHOE MHOXKECTBO AKCHOM.
Bamernm, OIHAKO, YTO cXeMa akcuoM A7 He BIIOJIHE COOTBETCTBYET aK-
cuome Ileano P5, mockosibky mocsenHsis pacnpoCcTpaHAeTCsa Ha Jirodoe
13 280 CBOCTB HATYPAJIBHBIX YHMCET, B TO BpeMs KaK cXema akcuom A7
UMeeT JeJI0 JIUIIb CO CIETHBIM YUCJIOM CBONCTB, 3alIUCHIBAEMbIX (hOPMY-
namu. Tem He MeHee, cxeMy akCHOM A7 MPUHATO HABBIBATH TIPUHIIUIIOM
MaTeMaTUIeCcKOoii UHAYKIHU.

BamaBaemas akcuomamu A1-A7 dopmasibHas aKCHOMATUIECKA Te-
opus HasbiBaerca apupmemuroti Ileano u 0b6bIuHO OOO3Hauaercss PA.
OueBuaHO, YTO UHTEpHpeTanus N ABAgeTCs MoIeabo Teopun PA, Tax
yro PA C T(91). OxkassiBaercs, uro reopuun PA u T'(M) wve coBnana-
0T, T. €. He Ji00as (PopMyJia, UCTHHHASA B CTAHIAPTHONW HHTEPIIPETAIINHN,
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BBIBOIMMA M3 akcuoMm Teopun PA. B 3T0M cocTOoMT OCHOBHOE comepKa-
HHUe KJjlaccuyueckoit Teopembl ['€nesiss o menosiHote dopmasibHOR apud-
METUKH.

Dra TeopemMa BIIOCJIEACTBUN ObLTa HAIOJIHEHA CJIEAYomuM 6osiee 00-
MM CMBICJIOM: KakKOBa Obl HU ObLIa cuCTeMa aKCUOM (POPMaJIbHOIM
apudMeTUKHU, YIOBJIETBOPSIONIAs HEKOTOPLIM Pa3syMHbIM (CM. HUKe)
TPeOOBAHUSM, CYyIIECTBYET UCTUHHAS B CTAHIAPTHOM MHTEPIIPeTAINY 3a-
MKHyTasi (popmyJia, He BbIBOIUMAS U3 3TOU cucTeMbl akcuoM. “Pasym-
Hble TPeOOBaHUs” COCTOAT B CJieaytomeM: 1) Kaxkaas aKkCUOMa, UCTUHHA
B CTaHIAPTHOI MHTEpnperanuu; 2) CyECTBYET aJIlOPUTM, PACIIO3HA~
fomuit o Jiroboi 3aMKHYTOU (GopMyJie pacCcMaTpUBAEMOl CUTHATYPBHI,
SABJIAETCS JIM OHA AKCUOMOU MJIA HeT.

Yupaxueunue. Bosectu 8 PA dopmyiibt

S50+ 5550=S555850 u SS0-SS0=S55S50.



FJIABA 4
TEOPEMA FE,ZI,EJ'IH O IIOJIHOTE

¢ 1. Pacuimpenue teopuu

ITesb 970l T1aBbl — mokasarh TeopeMmy [émens o mosiHOTE (MIEpBas
dopma) — reopemy, obparuyio K Teopeme 14': j1060e HENPOTUBOPEYN-
BOE MHOXKECTBO 3aMKHYTHIX (POPMYJI IMEET MOJEJIb. JOCTaTOYHO HOKa~
3aTh 9TY TEOPEMY TOJILKO OJisA Teopuil. [leiicTBuTesibHO, mycts I — mpo-
M3BOJIbHOE HEIPOTUBOPEYNBOE MHOXKECTBO 3aMKHYTHIX dopmyst. Ompe-
nesuM T Kak MHOXKECTBO BCEX 3aMKHYTBHIX (POPMYJI, BBIBOAUMbIX u3 I
Torna T' — Teopus MepBOro MOPANKA, TpudeM 1 HETPOTUBOPEUINBA, TAK
kaxk [' menporuBopeunBo. Ecsmm ke T umeer mMomesb, TO 9Ta MOAEJb
ABJIAeTCAS U Momdesibio MHOXKecTBa I', Tak kak I' C 7.

Teopema 1. IIycts T — npomsBOJIbHOE MHOXKECTBO 3aMKHY ThIX
¢opmyst, B — zamxryTas ¢popmysa. Muoxecrso T U {B} meuporuso-
PeYHuBO TOrja U TOJIBKO Torja, korga T b —B.

HoxkaszaresnbcrBo. Ilycrs muoxecrso T'U {B} nenporuBopedn-
Bo. [Hokaxewm, uro T I/ B. IHonycrum obparnoe: T F —B. Torma
no Teopeme 8 u3 riasel 3 T U {B} F =B. Kpowme roro, T'U {B} F B.
CienoBaresibHo, MHOKecTBO T'U {B} npoTnBOpednBO BOIPEKN MPEIIIO-
JIOZKEHMUIO.

IIycrs muoxkectBo T'U {B} mporusopeunso. Ilo Teopeme 12 u3 ria-
BBl 3 OTCIOja, B YacTHOCTH, caenyet, uro T'U {B} F =B. Ilo reopeme
o genykuu 1+ B D —B. 3amerum renepb, 4to 3 ABJIIETCS TABTO-
JorudeckuM cireactsueM dopmysibt B D B, suaunr T F —B. Taxum
obpasom, eciu T' I/ =B, To muoxecrso T'U {B} menporusopeunso. Teo-
peMa JI0Ka3aHa.

Teopewma 2. Ilycrs T — nosnast reopusi curaarypsl (). Torna mis
JIFOOBIX 3aMKHYTBIX popmysr A u B curaarypsr € :

NVTHA&B<STHAuTFE B,

NTHFAVBES T Auwm Tl B;

NTHADBSTHY Auwm Tl B;

HNTHFA=B THAuTEFB) wiu (THAuTVWB).

HoxaszarenbcrBo. YrBepxaenue 1) 04eBUIHO.
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Hoxaxewm 2). Iycts T + AV B. Hokaxewm, uro T + A wim T + B.
Honycrum npotusuoe: T/ A u T t/ B. Torma B cumy mosHOTBL T
umeeM T+ = Au T+ =B. B cuny 1) dopmyna —A & —B BbiBomuMa
u3 T. CuenoBaresibro, T F —(A V B), ubo s1a dopmysia ectb TaBTOJIO-
ruueckoe ciencrsue dopmyssl A4 & —B. Tlomyunnu, aro T - AV B
uTF —(AVB). 910 HEBOZBMOKHO B cujly HenporuBopeunsBocTu 1. 3Ha-
ant T F Awm T+ B.

ycrs TH Awm T F B. Torna T + AV B, tak xak AV B —
TaBTOJIOTMYECKOE CJefcTBre Kak (popmyainl A, Tak u dpopmysist B.

Teneps nokaxkem 3). Ilycrs T+ A D B. Toruma, oyeBumno, ecJiu
THFA 0oTHFB, r.e.um TV A nwm TFB.

Oycte T Auwmu T+ B. Eciu T A, toT + = A B cuty mosiHoTs T,
unThk+ AD B, rak xak A D B — raBrosiorunyeckoe caencrsue A, Ana-
soruyso, ecoim T F B, o T + A D B, u6o A D B — rtaBrosiornieckoe
caencrBue hopmyJis .

Yrepxaenune 4) nokasbiBaercs Tak ke, Kak 2) u 3). Teopema moka-
3aHa.

Bynem rosoputh, uro Teopus T’ siBiserca pacwuperuem teopun T,
ecom T C T
Crenyrormyio TeopemMy HasbIBatoT JieMMoit JInugenbayma.

Teopema 3. Ecom Sy C S, C ... C S, C ... — Bospacraro-
masl MoC/Ie0BaTe/IbHOCTh HePOTHBOPEYHBBIX Teopuii B curHarype ),
o0
10 | J,_, Sn €CTh HEIPOTHBOPEUNBA TEOPHAL.

HokazareabcTBO. JoKaxkeMm cHAaYasIa, 9T0 MHOKECTBO (DOPMYJI
U,—, Sn menmyktusno samkuyro. Ilycrs A — samkuyras dopmyia
B curnarype (), npudem |Jo—, S, b A. Torma cymecrByer KoHedHOe
muoxecrso I' C oo, S, ana xoroporo I' H A, B cuity koneunoctn
I' cymecrByer Takoe m, uro I' C S,,. Torma S,, F A, ciaemnosaresnbho,

o0
AeS,uAel,_, Sn
o0

Teneps nokaxem, 4ro maoxectso |J,”; S HENPOTHBODEIHBO. Hory-
CTHM IPOTUBHOE: JJif HeKOTOpoii dbopmy.ist B Beimosneno | J,—, S, - B
u U;’ozl S, F —B. Torma cymecrBytor koneunbie ', 'y C Uzozl Sp, Ot
koropbix 'y F B, s F —~B. BuoBb cymecrByer takoe m, 4ro ['y C Sy,
', ¢ S,,. CnemoBarenvuo, S, v B u S, F —B, uro nporuBopedyur
yCJI0BUIO Teopembl. Teopema moKas3aHa.

Teopema 4 (reopema Jlunnenbayma). ITycrs T — menporuso-
peunBas teopus B curaarype §). Tornma cymecrByer nosiHass teopus T
B curHarype (0, sBJisromascs paciupenuem 1.



§ 2. KanoHuueckas uHMeEPNpemayus meopuu 81

HokasarenbcrBo. [okaxkeM TeOpeMy B IIPEINOJJIOKEHUN CIETHO-
ctu curaaTypsi (2. B obmewm cirydae Teopema HOKa3bIBACTCSA C UCTIOTB30-
BaHMEM aKCHOMBI BbIOOpa, TouHee, jieMMbl 1lopHa, 9KBUBAJIEHTHON ax-
crome BhIOOpA.

MHOKeCTBO BCex 3aMKHYTHIX (OpMYJI CUTHATYPHI {) CIETHO, TAK KaK
Kax1as1 GOpMyJIa CUTHATYPHI ) SBJISETCs CJIOBOM B CYETHOM aJipaBuTe,
HOJIy9eHHOM a00aBjieHueM K {) OPeIMEeTHBIX HepeMeHHbIX (MX CYeTHOe
MHOXECTBO) U cuMBOJIOB: =,—,&,V,D,=,V,3,(,),,, & MHOXKECTBO BCeX
CJIOB B JTIOOOM CYeTHOM aJihaBUTe CUETHO.

IIycrs By, Ba, ... ,By,... — nepecuer Bcex 3aMKHYTHIX (POPMYJI CUT-
Harypel ).  OnpemesinM MOCJIEIOBATELHOCTH Teopuit Sy, S1,Sa,. ..

., Sn, ... caenytomum obpazom. Ilonoxum Sy = T. Ilycrs S, yxe
onpenenena. Ecau —B,41 € S,, To nosmoxum Spy1 = S,. B aTom
caydae ~Bpt1 € Spt1. Ecom xe —B,41 ¢ Sy, 1O myctb Sy — MHO-
JKECTBO BCEX 3aMKHYTHIX (bOPMY.JI, BEIBOTUMBIX 13 Sy, U {B,4+1}. B aToM
ciydae Byi1 € Spt1. Onpenenenne nocenoBaresbHoctu Sy, S1,.92, . . .
3akoH4yeHo. QueBumHo, Sp,S1,S52,... — BO3pacraiomas OCJIeI0Ba-
TEJIHOCTh Teopuii. JlokaxkeM WMHAyKIue#d 1mo n, 4ro S, HEenpoTuBO-
peunsa. Ilpm m = 0 310 Ham nmano mo ycsosuio. Ilycte n = k + 1,
u Bce Teopuu Sg,S1, S, ..., S, HenporuBopeuusbl. Eciu —Biiq1 € Sk,
10 Sk+1 = Sk. Ilo uHAYKTUBHOMY TpPENOJIOKEHUIO S HEIPOTUBOPE-
YMBa, CJIENOBATEJIbHO, Spi1 HemporuBopeuusa. Ilycrs —Byyi ¢ Sk.
Torma Sk4+1 €CTh MHOXKECTBO BCEX 3aMKHYTHIX (DOPMYJI, BBIBOIMMBIX
u3z Sy U {Br41}. Tak xak S I/ Bpii, 10 no Teopeme 1 MHOXKeCTBO
Sk U {Bk+1} HenporuBopednso, cjienoBaTesIbHO, U Si41 HEIPOTUBOpPE-
YUBO.

Honoxum T = |, ; Sp. o nemme JIunpentayma (reopema 3) T —
HenpoTuBOpedYuBasa reopus. Jokaxewm, uro T’ nonua. Ilycts B — npo-
uszBosibHAA popmysia curaarypst (2. Torma B nMeer HEKOTOPBIA HOMED
B mepecuere, ckaxkeMm, n + 1, n.e. B = By41. Ilo mocrpoenuto Teopun
Sn41 BBIIOSHEHO Byi1 € Spy1 win =Bpy1 € Sp41. CremoBaresbho,
Bpi1 € T wnu =B, 1 € T'. Teopema nokasana.

¢ 2. Kanonndeckas MHTEPIIPETAAs TEOPUHU

IIycts T — teopusi B curnarype 2, comepxaiieil Xorss Obl OIHY KOH-
cranty. OnpenesinM kaHoHuveckyro urwmepnpemayuto treopun 1, KOTO-
pyio MbI Oyzmem obosnadars Iy.

IMycrs M — MHOXKECTBO BCEX 3aMKHYTBIX TEDMOB CUTHATYPHI {2, T. €.
TEPMOB, HE COIEPKAIIUX [TepEeMeHHbIX. [IBa 3aMKHYyTBIX TepMa t U to
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Haz0BeM nodobHvimu, eciu T+ t1 = to. 13 akcuom pasencrsa (a6)—(a8)
CJIe[lyeT, YTO IOJ00ue siBJIsieTCsl OTHOLUIEHMEM 3KBUBAJIEHTHOCTH. 3a-
UCh t ~ to Oymer o3HAYaATh, YTO TEPMBI t1 U to MOIOOHBI.

OnpenesiM HOCUTETh WHTEpTIpeTanu [y paBHBIM MHOXKECTBY KJIac-
COB 9KBUBAJICHTHOCTU 3aMKHYTBIX TEPMOB 11O OTHOIIEHUIO HO}IO6I/I§I.
Ity KJjaccel OymeM Ha3bIBaTh Jasiee Kjaccamu momobusa. Korace mo-
nobus, comepxkamuii Tepm t, obosnadum [t]. Mrak, HOCcuTes b Iy — 910
Mo = {[t] | t € M}. Tenepp onpenesiuM MHTEPIPETALMIO JIIO00H KOH-
crauTbl ¢ € ), qoboro dyHKIMOHAIBHOrO cuMBoJia f € () u Jiroboro
npeguKarHoro cumsosia P € .

Iosnoxum € = [c].

Iycts [t1],... ,[tn] — mpoumsBosbHble astementsl M. Torma tq,. ..
. ,tp, — samkHyTble TepMbl. Ilomoxum f([t1],..., [tn])=[f(t1, ... tn)].
IMockosbky f(t1,... ,tn) U ¢ — 3aMKHyTBIe TepMBL, [f(t1,... ,t,)] u [(]

npuraiexar My. 3amMerum, 9To eciii t — 3HaYeHne 3aMKHYTOIO TepMa,
t, To t = [t]. HeiicTBuresbHo, ¢ = ¢,

Fltr, oo tn) = F(tr, o 80) = F(ta), - [ta]) = [F(t1, - t0)).

Honoxum P([t1],...,[tn]) = & T+ P(t,... ,t,).

Hazo nokasarb, 4T0 9TO OmpemesieHue KOPPEKTHO, T.€. YTO 3HAUe-
musa f u P ua [t],...,[t,] He 3aBucaT or BeIGOpa MpencTaBuTesiel w3
KJaccoB [t1], ..., [tn]. ycts [t1] = [s1],-.. ,[tn] = [sn]. Tpebyerca mo-
Kazarb, 9T0 [f(t1,...,tn)] = [f(S1,... ,8p)] wuro T F P(t1,... ,tp) &
< T F P(s1,...,8,). Ho 210 cjemyer HemocpemCcTBEHHO U3 AKCHOM

(a9)—(al0) ucuucsieHus MPEqUKATOB.

Onpenesnenne KAaHOHUYECKOH HWHTEPIPETAIMN 3aKOHYEHO.

Teopusi T' B curnarype ) HasbiBaeTcsa meopuet; [ enkuna, ecan nJist
sio6oit 3aMkHyTO# popMysibl curHarypsl ) Buna Jr.A(z) BBIIOTHEHO
T+ A(c) nna mekoropoii koucrantsl ¢ us Q, ecin T F JzA(z).

Mps1 cHauasia mokaxkeMm teopemy ['énesiss 0 MOJIHOTE IJIsI TIOJTHBIX Te-
opuii enkuna, a 3areM cBemeM o0muii C/Iydail K 9TOMy 9aCTHOMY CJIy-
qaro.

Teopewma 5. IIycte T — nostnas teopus I'eakuna. Torna kaHOHH-
4qeckast narepnperanust reopun 1 siBjisercs mogespio teopuu 1.

HoxkazatenbctBo. [Iycts T — nonnasa teopus ['enkuna B curaa-
type Q, [y — KanoHuWYeckas uHreprperamus reopun 1. Uunykiueii mo
KoJIm4YecTBy cumBosIoB 1,V, =, &, V, D, = B popmysie JOKaKeM, YTO IJIst
soboii 3amkHyTOI hopmysibl A curaarypst ) BbmosiHeHo Iy | A &
&S THA
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1) Ilycre A = P(t1,... ,tn), 0e t1,... ,t, — 3aMKHyTbIe TepMbIL. T10
ONpeNesIeHII0 KAHOHMYECKO MHTepIpeTanun

P([t1],...,[ta]) = U & T F P(ty,... ,t,).

Buagenue 1106010 3aMKHYTOrO TepMma t B Iy pasHo [t]. Takum obpasom,
1O OTIpEIeJIEHNI0 UCTUHHOCTH aroMHOU dbopmysbl P(ty, ... ,t,) uveem
Iy E P(t,... ,tn) © P([t1],... ,[tn]) = . Takum obpasowm, Iy E A &
< TEA

2) Ilyctb A = t; = to. B arom ciiyuae

I() |:A<:>I0IZtl:tgﬁ[tl]:[tz]ﬁthtzﬁT'-A.

3) Mycrs A = —B. Hokaxem, uro T+ A& Iy |E A. Ecom T F A,
to T ¥ B, tak kax T wenporuBopeuuBa. 110 MHAYKTUBHOMY MPEATIOJIO-
xenuio Iy = B T F B. 3nauur, Iy = B. Cnemosaressro, Iy = A.
Hokazem, uro Ip = A = T F A. Ilycrs Iy = A, r.e. Iy £ B. Ilo us-
nykrusaomy npennosioxkenuto Tt B. Torna T + =B B custy nostaoTs! 7,
re. TH A

[Iycrs nns dopmyn B u C nokasbiBaeMoe yTBepKIEHUE BEPHO, T.e.
IyFB&THBuly EC&TFC. dokaxeM 3TO yTBepKICHHE IJIs
dopmyn BVC, B&C,BD>C,B=C.

4) A = BV C. IlpunuMas BO BHUMAHHE TEOPEMY 2, WHIYKTUBHOE
IPEITOJIOKEHNe 1 OpelesieHre NCTUHHOCTH, MTOJIY IaeM:

TFAS (TFBumTHC) & (IhEBumhEC)elh=A
5) A= B & C. Ananoruuso 4), umeem

THFAS THFBuTkHC) & (IhoEBuly=C) e 1) = A
6) A= B D C. Barom ciyuae
TFAe (THYBum TFC) & (ol Buml =C) o I = A.
7 A=B=C. Torna

TFAS (THFBuTHFC)wm (TYBuTWHC) &
SIhEBulyEC) uwm (Ip FBuly EC) < Iy E A
Iycts mis Ji060i 3amrHyTOl bopmysisl Buna B(t) BepHO mOKa3bl-

BaeMoe yTBepxienue, T.e. Iy = B(t) & T + B(t). Hokaxem ero mjs
dopmys Vo B(z) u 3z B(z).
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8) A = JzB(x). IIycrs T + A. Tak kax T — reopus ['enkuna, 10 1151
HEKOTOPO#t KoHCTaHThI ¢ u3 () BoinosHeHo T+ B(c). Ilo uamyKTMBHOMY
npennonoxenuto [y = B(c). CnenoBaresbho, Iy |= JxB(z).

Iycte Iy = JzB(x), 1. e. nyisi HEKOTOPOTO BJIEMEHTA M U3 HOCUTEJIS
Iy Bemosineno Iy = B(m). Ho Bce s1eMeHTBI HOCUTENIS — KJIACCHI TI0-
no6us 3aMKHYTBIX TepMmoB. CuiienoBaresibHO, m = [t] [/ HEKOTOPOrO
saMkHyTOro Tepma t. Torma mys sroro tepma t Boinosaero Iy = B(t).
ITo munyxkrTuBHOMY npemmnoJioxenuto orciona ciaenyer I+ B(t). Ho
T+ B(t) D JxB(x) (akcuoma (a2)). CioenoBaresbuo, T+ JzB(z).

9) A = VeB(z). Ilycts T + A. Husa s1060ro 3aMKHYTOrO Tepma t
dopmyna Vo A(z) D B(t) asiaserca akcuomoit (a3). Ilosromy mis Jio-
6oro 3aMkHyTOoro tepma t Bbinosinero 1+ B(t). Ilo uHmykTUBHOMY
[PETIOIOKEHUIO U3 9TOro cyenyer Iy = B(t) njis Bcex 3aMKHY THIX Tep-
MoB t. OTCIOIa U U3 ONMpeesieHnsl KAHOHMYIECKON MHTEPIIPETAINN BbITe-
kaer Iy = Vo B(x).

Iycte Iy =Ye B(x). okaxewm, uro THVz B(z). Homyctum npoTus-
uoe: Tt/ VzB(z). Torna B cusy nosrotel T Bemosaeno T+ =V B(x).
ITo Teopeme 7 u3 ryaset 3 dopmyna ~Vz B(z) = Iz —B(z) BbBOmU-
Ma B MCYUCJIEHUU TPEIUKATOB, &, 3HAYUT, U B Jit0Ooi Teopun. Orcroma
nostydaem, 94to T' F Jz—-B(z). Tak xak T — reopus ['enkuna, misa ne-
KOTOpOit KOHCTaHTbI ¢ Mbl uMeeM T+ —B(c). C agpyroii cropoHbl, u3
Iy |= VaB(z) cnenyer, aro Iy E B(c). Tlo MHAYKTUBHOMY HPEIIIOIOKE-
uuto T+ B(c). Takum obpasom, T + B(c) u T + —B(c), 410 HEBO3MOKHO
B cuiy Henporusopeuusoctu 1. 3uaqut, npeanosioxenune 1T Vo B(x)
uesepuo, u T+ Vz B(z).

Wrak, mbr nokazasnu, uro Ip = A< T + A nya ymoboit 3aMKHyTOR
dopmysier A curaarypsr 2. U3 aroro ciemyer, uro Bce hpopmyibt uz 1’
UCTUHHBI B Iy, T.e. [y saBjsteTcst Momesnio 1.

§ 3. loka3aTeJbCTBO TEOPEMBI O IIOJIHOTE

Teopema 6 (reopema 'enkuna). Ilycrp T — HenmporuBopeduBast
treopus B curaarype Q. Torga cymecrBytor takue curnarypa ) D Q
u Teopuss T' B curmarype ', aro

1) T' — pacmmpenne teopun T

2) T' nosna;

3) T — reopus I'enkuna.

HdoxaszaresnbcTBo. Onpenesnm nocjaenoBaTeIbHOCTh HETPOTHBO-
peunBbix Teopuit Sg C S; C Sy C ... u curnaryp 2 C 2 C Ny C ...
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Takux, 4o S; — teopus B curHarype (2;. Iomoxum Sy = T, Qg = (.
IIycrs Q, u S, yxe onpenesennl. Oupenesnum Spy1, Qpt1.
a) Ecou n verno, nonoxum Qpi1 = Qy, & Spq1 paBHOU Jsr060MY

[IOJTHOMY pacumpenuto reopun Sy, B curnarype (),. (IIo Teopeme JIun-
nenbayma (TeopeMa 5) Takoe pacliipeHue CyIIeCTBYeT.)

6) Ecoim n HeweTHO, TO moOcTymaeM cjenyomuMm obpasom. g ka-
Kol 3amkuyToit popmyssl A B curnarype 2, Buna JzB(x), npunai-
Jlexkameit teopun Sy, BBEIEM HOBYIO KOHCTAHTY, HE COIEPIKAITYIOCHT
B {2,. O6o3HauMM 5Ty KOHCTAHTY €4 M Ha30BeM “cBumeresiem” dbopmy-
gbt A. Oy pasabix GOpMyJT BO3BMEM PA3HBIE KOHCTAHTHI. 110JI0KAM
Qpi1 = QU {ea | A — samxuyras dopmysia curHarypst 2, Buia
dz B(x) u A € Sp}; Spt1 — MHOKECTBO 3aMKHYTHIX (DOPMYJI CUTHATY-
pbl 41, BeIBOAMMBIX U3 MHOXKecTBa S, U {B(ea) | B(z) — dbopmyna
curnarypsr {,, A = 3z B(z) — 3amknyras dopmynan A € S, }. Ompe-
nesieaune S, u ), 3aKOHYEHO.

JTemma 1 (;iemma enkuna). Ilycrs S — HenporuBopeduBas Teo-
pus B curaarype §Yy,. Torna MHOXKECTBO 3aMKHY THIX (POPMYJI CATHATYPbI
Qy+1, BoBoouMbIX u3 MHOXkectBa S’ = S U {B(ea) | B(x) — dopmysia
currarypsr 0y, A = JzB(x) — samxryras ¢opmysra n A € S}, menpo-
THBOPEYHBO.

HoxaszarenbcrBo. OueBUIHO, HOCTATOYHO [IOKA3aTh, YTO CAMO
mHOKecTBO S’ HenporuBopeunBo. Homycrtum, uro S’ mporuBopedn-
Bo. B cuy Teopembr 12 u3 ryiasbr 3 u3 S’ BoBomuMma Jiobas (opmy-
ga. B uacrrocTu, eciiu D — 3amkHyTas GopmyJsia CUTHATYPBL {1y,
0 S F D & —D. ®ukcupyem omny rtakyio dopmyiay D. Ilycrs
Bi(ea,),...,Bnlea,) — Bce ddopmysb, He npuHamiexamume S,
UCIIOJIb30BaHHble B BbiBoge u3 S’ dopmyast D & —D. Torma
S U {Bi(ea,),-..,Bnlea,)} F D & =D. Tlo teopeme o memyxiun
S" & Bplea,) D D& —D, tne 8" = SU{Bi(ea,),... ,Bn-1(ea,_,)}
IIycts Cy,...,Cpm — BBIBOH dopmymbl By(ea,) D D & =D uz S
U mycTh y — Jiiobast nepeMeHHasi, He BXO/IIasl HU B OOHY U3 (POPMYyJI
Ci,...,Cm. Yepes C; o6o3uaxuum (hopmy.ty, nosyuennyio u3 C; 3aMeHoi
BCEX BXOXKIEHUI KOHCTAHTHI € 4, Ha y. VHAyKuueil no m HeTpymHO H0-
Ka3aTh, 9TO MOCJIEIOBATESILHOCTD Cy, . . . ,Cy ABJIAETCS BBIBOIOM U3 S’
HO yxe dopmyant By(y) D D & —D. Tlo npasusiy Bepuaiica mosyga-
em S" + Jy By(y) D D & -D. Herpyauo nokasarb, 410 dhopmysia
Jz B, (z) = Jy B,(y) BeiBoguMa B ucyucjeHnn npenukaroB. Orcioga
nosygaem S F 3z By(x) D D & —D. Ho no ycaosuio S F Iz B, (z).
Tak xkak S C S”, ro S" + Az B, (z). Buauur S"” F D & —D.
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[Ipumensiss onmcaHHy mpolenypy eme n — 1 pas, Mbl MOJIYYUM
S F D & =D, 1.e. Bonpeku ycJOBUIO Teopusi S MPOTHUBOPEYNBA. 3SHa-
YUT, TIPEINOJIOKEHNAE O TPOTUBOPEIUBOCTH S’ HEBEPHO.

JlemMma mokasaHa.

ITpomosKuM HOKA3ATEILCTBO T€OPEMBI 6.

B cuy memmbr 1 moctpoenubie Hamu Teopun Sg, S, ... HEIPOTUBO-
peunsst. Homoxum Q' = J2,Q;, T' = U;2, Si- o semme Jlunnen-
Gayma (Teopema 3) T' — HeNpOTUBOpEUUBAs TEOPHSI.

Hoxaxewm, uro T' mosnna. Ilycrb A — npousBoJibHAST 3aMKHYTast
dopmyaa curnarypst 2. Torma A sBisiercs dhopmysioi curaaryps (),
npu HeKOTOPOoM 1. O9eBHIHO, MOXKHO CUNTATD, YTO N 4eTHO. [1o mocTpo-
eHUI0 Teopus Sp41 MOJHA, caenoBaresbHo, A € Spy1 wim —A € Sp41.
Tak kak Sp4+1 CT, 10 A €T um - A € T".

Hoxaxewm, uro T' — reopusa l'enkuna. IIycrs Jx B(z) — 3amkuyTas
dopmyaa, BeiBogumas B T”. Torma npu nekoropom n dopmysa JxB(x)
nputagaexut S,. O4YeBUIHO, MOXKHO CYMTATh, YTO 1 HeYeTHO. Ilo
HOCTPOEHUIO TeOpUH Sp11, B CUTHATYPE (), 11 UMEETCA TaKasi KOHCTAHTA
¢, uro B(c) € Spy1. (A uMeHHo, B KayecTBe ¢ CJIElyeT B3AThb €4, TOe
A = JzB(x).) Cnenosaresbho, B(c) € T', 410 1 TpebOBaIIOCH.

Teopema I'enknna mokasaHa.

Teopema 7 (reopema I'énesisi o mosinore). JIb6oe HEnpoTruBope-
YHBOE MHOXKECTBO 3aMKHYTBIX (hOPMY.JT HMEeT MOIEIb.

HoxkazatenbctBo. [Iycts T — mpousBosibHAST HETPOTUBOPEYN-
Bas Teopusi. Ilo Teopeme Ienkuna (reopema 6) cymecrByer mHosiHast
teopus ['enkuna T, sBisiomasics pacmupenueM Teopun 1. Ilycrs I —
KaHOHMYecKas uarepnperanusa teopuu 1'. Tlo teopeme 5 I — momesib
mna T'. Ho rmak xax T C T', uarepnperanys I sSABAAETCS MOIEJIBIO
Teopun 1. Teopema nokaszaHa.

OrMernM BaxKHOE CBOMCTBO MOAe M Teopuu 1, MOCTPOEHHON mpu 10-
Ka3aTeJabCTBe TeopeMbl ['émesisa o moHore.

Teopema 8 (Teopema O CyIIECTBOBAHUM CYETHON MOIE/IM HEIPOTH-
BopeuuBoil Teopun). Ecsmm T — HenporuBopednBasi Teopus B C4€THOH
curaarype, 1o T UMeeT CIeTHyI0 MOIeJIb.

HokazareabcTBO. HerpynHo 3amerurh, 910 ecju curuarypa {2
cueTHa, TO Bce curHarypsbl {11, {s, ..., IOCTPOEHHBIE B JIOKA3ATE/IHCTBE
Teopembl 6, caerHbl. CJjienoBaTesIbHO, KAHOHUYECKAs WHTEPIPeTAINs
Teopun T’ Takxke cyerHa. Teopema I0Ka3aHa.
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¢ 4. HekoTopsble ciaencTBusa TeopeMbl 'émesnst o moJiHOTE

Teopema 9 (Bropas dopma reopembl ['énesis o mosnore). Ilycrp
A — obmesnaunmast popmysia curaarypei 2. Torma A BbIBoquMa B HC-
YHCJIEHUH IPEIUKATOB CUTHATYPHI (1.

HdoxaszaresibcTBO. JocrarouHo paccMoTpeTh cirydaii, korma A —
3aMKHyTas (opmyJsia, TOCKOJBKY Besikasa dopmysia A, comepxkaiias
CBODOIIHBIE TIEPEMEHHBIE I1, . .. , Ty, OOMIE3HAYNMA TOTHA U TOJIBKO TO-
rma, Korma obmesnaduMa dpopmysia Vi ...Vr, A, u BbIBOOUMa TOrIa
1 TOJIBKO TOTJIa, KOraa BeiBoauMa dpopmysia Ve ...V, A. Urak, nycrs
A — zamrnyras obmesnauumasi ¢popmysa curHarypsl (2. IHomycruwm,
4yr0 A He BBLIBOAMMA B MCYMCJICHMHM HpeaukaroB. IIo Tteopeme 12 u3
[JIaBbl 3 B 9TOM CJIy4ae MHOXKeCTBO {4} HempormBopednso, Torma mo
reopeme ['éness o mostHOTE (TEOpeMa 7) 9TO MHOKECTBO UMEET MOIEJIb,
T.e. cymecTByeT takasg uarepnperanus I, aro I = -.A. Ho 910 HEBO3-
MOKHO, MOCKOJIbKY A obmesnaunma. 3naunt, popmysia A BeiBoguMA.
Teopema mokazana.

Teopema 10. B ucyncsrenun npeaqukaToB BbIBOIHMBI BCe OOIIe3Ha-
qUMBbI€ (POPMYJIBI U TOJIBKO OHH.

HdokaszaTesbCcTBO. DTO yTBEPKIEHHE HENOCPEICTBEHHO BBITEKA-
€T u3 TeopeMbl 9 U TeopeMbl 0 KOPPEKTHOCTH MCUUCJICHHSI [IPEIUKATOB
(reopema 4 u3 ryiassl 3).

Teopema 11. Ilyctp I' — npousBoJibHOE MHOXKECTBO 3aMKHYThHIX
¢dopmyt curaarypei ), B — 3amrHyTas popmysia curaarypbl (), npuaem
I'=B. TornaT + B.

HoxkaszaresnscrBo. Ilycrs I' = B. Paccmorpum MHO)KecTBO bop-
mya I'U {—B}. Eciu 661 970 MHOXKECTBO OBLJIO HEIPOTHBOPEYNBO, TO 1O
Teopeme ['€nesist 0 MOJTHOTE Y HEro CyimecTBoBaJjia Obl Momesib. Ho 310
HEBO3MOXKHO, 100 B JIIOOOI MHTEpPIpeTalnu, TIe HCTHHHBI BCe (DOPMYJIbI
u3 I', obsa3aressuo uctunna dpopmysia B, a dopmyna —B joxna. 3Ha-
unt, MHOXKecTBO I' U {=B} nporusopeunso. Ilo reopeme 12 u3 ryiaBsr 3
I' F B. Teopema mokasasa.

Teopewma 12. 3amrHyras ¢popmysaa B sABJIss€TCS JIOTHIECKUM CJIEI-

CTBHEM MHOXKECTBO 3aMKHYTHIX popmy.1 ' Torma u Tosrpko Torga, Korjga
I'-B.

HdokaszaTesbCcTBO. DTO yTBEPKICHUE HENOCPEICTBEHHO BBITEKA~
et u3 Teopembl 11 1 06001IEHHOIT TEOPEMbI 0 KOPPEKTHOCTH UCUUCIICHHUS
npenukaros (Teopema 14 u3 ruiaBsl 3).
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Teopema 12 moxetr ObITh 1epedOpMyJIMPOBAHA TaK: He(opMaJIbHAS
aKCHOMAaTHIeCKas Teopusi ¢ akcuomamu I’ coBnamaer ¢ popmasibHOH ak-
cuoMaTuveckoii Teopueit ¢ akcuomamu I'. Mpbl yxke 00bsBJIAIN paHee
5TO COBIAJEHUEe, HO 0e3 MTOKA3aTe/IbCTBA. lernepb Mbl UMEEM IO0Ka3a-
TEeJIbCTBO.

Teopewma 13 (siokanmbHas reopema Masibuesa). ITycrts I' — npous-
BOJIBHOE MHOXKECTBO 3aMKHYTHIX (pOpMYJI CHTHATYPHI ), npudeM Jiroboe
xoneynoe noamuoxkecrBo A C I' umeer monesns. Torma muoxkecrso T’
HMeeT MOIEJIb.

HokazaTesabcTBO. [oCcTaTOIHO OOKA3aTh, YTO MHOXKECTBO [ He-
[IPOTUBOPEYNBO, & 3aTeM IpuMeHuTb TeopeMy ['€nesis o mostHore. domy-
ctum, 110 ' mporuBopeunBo. Ilpumenss Teopemy 13 u3 riassl 3, mOJTy-
YaeM, 4TO IPOTHBOPEYMBO HEKOTOpoe KoHeuHoe MuHoxecTBo A C I'. Ho
3TO HEBO3MOXKHO, 100 A mMeeT MOIe/b. 3HAYKUT, I HEMPOTHBOPEYUBO
7 UMeeT MOomdesib. Teopema JOKa3aHa.

Teopema 14 (teopema Masbuesa o Komnakraoctu). Ilycrs I' —
ITPOM3BOJIBHOE MHOYKECTBO 3aMKHYThIX (hopmyst curaarypsi ), B — npo-
HU3BOJIbHAS 3aMKHYTas popmysia curnarypsi ), npudem I' = B. Torna
cymecTByer Takoe Koneynoe nogqvmaoxectso A C T, uro A = B.

HokaszaresnscrBo. Ilycts I' = B. B cuny Teopemsr 11 T' - B.
ITo teopeme 9 u3 riaBbl 3 cymectByer KoHedHoe muHoxectBo A C T
rakoe, uro A F B. CoracHo 06001IeHHON TeopeMe 0 KOPPEKTHOCTH
ucuncienus npenukaroB A = B. Teopema nokaszaHa.

¢ 5. Maremarndeckue MpUMEHEHHsI TEOPEMbI O IIOJTHOTE U €€
cJenCTBUM

Paccvorpum HEekoTOpBIE TTpUMeHeHUsi TeopeMbl ['émesist 0 mosiHOTe
u ee CHeﬂCTBHﬁ, 3Ha4YeHUue KOTOprX BbIXOIUT 3a paMKI/I MaTreMaru4ie-
CKOIi JIOTUKH.

[Mpumep 1. Hecmandapmuoie modesu apupmemuru. Ilycrs T —
MPOM3BOJIbHAS TEOPHUs MEPBOrO TMOPAIKA B CUTHATYPE A3BIKA (POPMaAJIh-
HOll apudmeruru, mpuuem Bce popmysibl u3 T UCTUHHBI B CTAHIAPTHOM
unrepnperanuu I 91oro a3bika (0TCIIa, 04eBUIHO, Cieayer, 4ro 1’ He-
NpOTHBOpEYMBa). llpuMepaMu Takux TEOPHil sBJISAIOTC, B YaCTHOCTH,
apudmeruka [Teano PA u T (M) — ssiemenTapHas TeOpuUsi UHTEPIPETa-
muu N. Ceiivuac Mbl JOKaXKeM, 4TO Jirobasi Takas Teopus Hapsmgy ¢ N
UMeeT U Apyrue, He n30MOopdHbIe eif, cueTHble Momesu. NHrepnperanun
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sA3bIKa popMaIbHOR apudmeruku, ne nzoMopdubie I, HA3BIBAIOTCS He-
CTaHIAPTHBIMH.

Bamerum, 4To B A3bIKe (DOpMAJIbHON apudmeTury 115 JTIOO0T0 HATY-
PAJIBHOTO YKCJIa 1 UMEETCS TePM 1, 3HAYEHNe KOTOPOTO B CTAHIAPTHOM
uaTepnperanyu ectb n: 0 = 0, 1 = 50,2 = SS0, ..., n = 55...50.

N——
n pas
Pacmupum curnarypy sasvika (opmasibHOil apudmMernku, 106aBUB HO-
BYIO KOHCTaHTY ¢. PaccMoTpum cjemyroiiee MHOXKECTBO (hOpMYJT 9TOM
PACIIUPEHHON CUTHATYPBI:

T'=TU{~c=0, ~¢c=1, —¢c=2,...,mc=mn, ...}.

Iokaxkem, 4T0o 11000€ KOHEYHOE MOAMHOXKECTBO MHOxkecTBa 1’ umeer
mopenb. Ilycts A — Koneunoe nomMuOXKecTBO MuHoxkectsa 1'. Ono
CONEPKUT JIAIh KOHeuHoe [ncsio dhopmys Bumga —¢ = n. Ilycrs 310
OyayT GopMysbl ~C = ny,...,C = Nk, U IyCTb M — KaKoe-aubo Ha-
TypaJIbHOE YHCJIO, OTJIMYHOE OT N1, ... ,Ng. JLOTOJHAM CTAHIAPTHYIO
uaTepnperainuio N a3pvika dbopmMaabHON apudmMerukn 10 WHTEpIpeTa-
[IUU PACHINPEHHOM CUTHATYPDI, TOJI0KUB ¢ = M. O4YeBUIHO, 3Ta UHTEP-
npeTanus ABJISeTCs MOIEJIbI0 MHOXKeCTBa A, 3HAYUT, KaXKI0e KOHEUHOe
nogmuoxkectBo A C T' umeer momesb. ITo Teopeme 13 muoxecrso T
UMEEeT MOJIEJIb, CJIEIOBATEJIbHO, UMEeT CYETHYI0 Mopesb. (bo3HaxMnmM
5Ty Momesib depe3 I, a ee Hocuresib — depes M. Paccmarpusas I
KaK WHTEPIPETAlNIo A3bIKa (opMasibHON apudMeTuku, HETPYIHO 3a-
MeTuTh 9To I aBiserca moaesbio Teopun 1. [Tokaxkewm, aTo momean M
u N "He nzoMopdHbl. A UMEHHO, MBI JOKAXKEM, YTO HE CYHIECTBYET TaKO-
ro B3aUMHO OJIHO3HAYHOTO COOTBETCTBUA Mexay MHOx)ecTBamu N u M,
KOTOpOe coxpanser KoHCTaHTy 0 m GyHKIMOHAJBHBIH cumBost S. o-
nyctuM nporusHoe. ITycts ¢ : N — M — Takoe B3auMHO OJHO3HAMHOE
coorBeTcTBIE, KOTOpoe coxpanger 0 u S, 1.e. p0 = 0, p(n + 1) = Sen,
rie 0 u .S — COOTBETCTBEHHO MHTepHpeTaluy KoncranTo 0 1 cumBoa S
B Mogenu M. Paccmorpum sement ¢ € M, aBaaomuiica uHTepuIpeTa-
et koucTauTol ¢ B Mogesn M. [TockonbKy ¢ — B3aWMHO OTHO3HAMHOE
coorBercTBue Mexay N u M, To cymectByer Takoe n € N, 410 (on = €.
C npyroii croponbt, nockosbky 1 = (... (0+ 1) +...+ 1)+ 1) u ¢ co-
N—— ——

n pas
xpanger 0 u S, 10 pn = S...S0. Orciona nosmydaem, uro ¢ = S ... S0,
S—— S——’
n pas n pas

r.e. M = ¢ = n. Ho 310 HeBo3MOKHO, ubo B M ucrunna dhopmysia
—¢ = n. 3HAYUT, HE CYMIECTBYET B3aMMHO OJIHO3HAYHOE COOTBETCTBUE
vexay N u 9, coxpansroniee 0 u S. Takum obpasom, momesb I, pac-
CMaTpUBaeMasi KaK MHTEpIpeTanus: A3biKa (GopMasbHOR apudMeTnrn,
He m30MOpdHA cTaHHApTHONW Momes apudmveruku .
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Teopewma 15. CymecTByroT cueTHbIE HECTAHAAP THBIE MOJEJTH apug-
meruku Ileano PA.

IHoxazaTeybCTBO. ITO yTBEPKICHUE BLITEKAET U3 IPUBEICHHDBIX
nocrpoennit, korga 1T’ ects PA.

Teopema 16. CymecrByer c4eTHass HHTEPIPETAIUI, 3JIEMEHTAD-~
HO 5KBHBAJICHTHAs CTAHOAPTHON HHTEPIPETAalHH sI3bIKa (hOpMaJIbHOH
apugMeTuKd, HO He H30MOp(HAasI eii.

HoxkazaTtenbcTBO. [Iycts T — ecTb 3/1€eMeHTApPHAS TEOPUT CTAH-
IapTHOI mHTepuperanuu s3bika (GopMasbHOl apudMeTuku, TO eCTb
T = T(M). IlocrpoeHHas HaMU HeCTAHIAPTHAsA Mozesib 9 3Toit Te-
opun 3jeMeHTapHO KBuBaJsieHTHA . IlelicTBUTE/IBHO, KAKOBA, OBl HU
ObL1a 3amMkHyTas (opmysia B sasbika dopmasibaoll apudmeruku, ecm
N E B, ro B € T(M) (no onpenesnernto reopun 1T'(N)) u M = B (rax
kak I — mopesns teopuu T'(NM)). C mpyroit croponst, eciu M = B,
to B € T(M) (raxk xak mo teopeme 18 u3 ryasbl 3 reopus T'(IT) mos-
Ha, a dopmysna —B soxua B Momgesu I teopun T(N)) u N |= B (mo
onpenesiennto reopun 1'(N)). Teopema moxazana.

Teopema 17. Hukakas cucremMa akCHOM B CUTHATYDE SI3bIKa (pop-
MaJIbHOH apuMeTukn He 3aaeT OAHO3HAYHO, C TOYHOCTHIO [0 H30MOP-
¢dusma, cranmaprHyro uaTepiperanuo N.

Wubivu csioBaMu, HEBO3MOXKHO YKa3aTh KOHEYHYIO WA Haxe Oec-
KOHEUYHYIO CHCTEMY AKCHOM, €QUHCTBEHHOH (C TOYHOCTBHIO OO U30MOP-
dusma) cyerHoit MOIEIIBLIO KOTOPOIi Oblia 66l uHTEpHperanus MN. D10
YTBEpPKICHNE HEMEJIEHHO CJIEIyeT 13 HAIIEro MOCTPOEHN HECTAHIAPT-
HOU Mofesin, ecyin B KadecTBe 1’ B3STh MPOU3BOJIBHYIO CHCTEMY aKCHOM,
WUCTUHHBIX B CTAHIAPTHOW MOIEJIH.

MMpumep 2. Iosas nysesoti xapaxmepucmury. OOpaTUMCS K ONU-
cannoil B § 1 rytaBbl 3 cucremMe aKCUOM [IJIsi TEOPUU TOJIeH, KOTOPYIO MbI
obosuaunsm F. s KaxK 1010 moJis, T. €. MOHEJIA 9TOI CUCTEMbI aKCUOM,
OJHOBHAYHO OIIPEIIEJIEHA er0 TaPakmMePUCMUKa. ITO TAKOE IPOCTOE K-
cJ10 p, ajist Koroporo p-1 =0, roe p- 1 ectb cokparnieHHOe 0003HAYEHTEe
IJIs1 CYyMMBI p ciaraembix 1+ ...+ 1. Ecju xxe Takoro 4ucja p HeT, TO
roBOp4AT, 4TO 110JI€ UMeeT XapaKTEePUCTUKY 0

Teopema 18. Ilycte A — npousBoJibHAsT 3aMKHyTas (popMmy.Jia
B CHTHATyPE TeOPHH II0JIei, HCTHHHAS BO BCEX MOJIAX XapakTepucTukn ().
Torma cymecTByer Takoe IpOCTOE YUCIO ¢, ITO hopMysia A HCTHHHA BO
BCEX MOJIAX XapaKTEePUCTUKHU 2 (.

HoxaszaresbcTBo. [Iycrs A — 3amruyTas ¢opmysia, MICTHHHAS
BO Bcex mosax xapakTepuctuku 0. Yepes C, obosHaunm dopmyty
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p-1 = 0. Paccmorpum muoxkectBo dopmys F') mosydennoe mpuco-
enuHeHueM K cucreme akcuoMm F dopmyn —C, s BCeX HPOCTLIX P,
re. F' = FU{=Cs, =C3, —C5, ...}. JlioGasas MOmesIb MHOKECTBA
F' — 570 nosne xapaxrepuctuku 0, CJIEHOBATEIHLHO, B HEl MCTHHHA
dopmyna A. 3uaunt, F' = A. Ilo teopeme 0 KOMOAKTHOCTH (T€O-
pema 14) cymecrByer Takoe koneunoe muoxectBo A C F/, ato A | A.

IIycrs =Cy,, ... ,~C,q, — BCe Gopmysinl Buna —C;, conepxamueca B A,
U IIyCTh ¢ — MPOU3BOJILHOE TIPOCTOE YHUCJI0, BOJIbIIeE KaKI0r0 U3 TUCET
qi,--- ,qn. Torma B KaxkIoM IOJI€ XapaKTEPUCTUKU > ¢ UCTUHHBI BCE

dopmysibr u3 MHOXKECTBA A, a, 3HaYUT, 1 (popmysia A, ABIAOMAICT UX
Jioruyueckum ciencrsuem. Teopema nokasaHa.

Teopema 19. Ilorsarue mosisz xapaxktepuctuku 0 HE MOXeT OBITH
38/1aHO HUKAKUM KOHEYHDBIM YHUCJIOM AKCHOM.

Hokasarenbcrso. JItobyoo KOHeuHyto cucreMy akcuoMm Aj,...
..., Ap MOXKHO 3aMeHMTH OHHOI akcmoMoii A — MX KOHbLIOHKIUEi
A1 & ... & A,. B cuny Teopemsbr 18 9Ta akcnoma He MOXKET ObITH UCTUH-
HO#T TOJIbKO B mosiax xapakrepuctuku 0. Teopema mokaszaHa.

[Ipumep 3. Hepasauwumocmsd KoHeuH020 U OECKOHEWHO20.

Teopema 20. Ilyctp T — npou3BOJIbHAL TEOPH MEPBOIO MOPAIKA,
npudeM [JIs1 JI000r0 HATYPAJIbHOTO 9UC/Ia N Teopus T uMeeT MOIeIb,
conepxkainyro He Mmeree n ajiementoB. Torna teopusi T umeer beckoned-
HYIO MOZEJIb.

HoxkazatenbcTBO. [Iycts Teopusa T ynoBeTBOpPAET YCJTOBUIO TE-
opewmbl. [losoxum

S =dx x=ux;
52 = 3561 El.’L‘Q L1 = Ty

(7. e. konbIOHKIHA BCex Gopmyst Buma —x; = x; mpu 1 < i < j < n).
OueBugno, uro dopmysa &, UCTUHHA BO BCAKOU MHTEPIPETAINU, CO-
IepKaieil He MeHee n 9JIEMeHTOB. PaccMoTpum MHOXKeCTBO (HhopMyJI
T' =TU{&,E,. ..} OueBuano, 9410 JII060E KOHEYHOE MOIMHOKECTBO
muoxkecTBa T umeer momesib. B cuny Teopemsr 13 muoxectso 17 ume-
€T MOIOEJIb, KOTOpad HE MOXKeT 6BITB KOHEYHOIA. STa MOIIeJIb fABJIACTCA
mogzesibio Teopun 1. Teopema mokaszaHa.
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Teopema 21. He cymecrByer 3aMKHYTOH (pOPMYJIbI, ACTHHHOH BO
BCEX KOHEYHBIX HHTEPIIPETAIHAX JAHHONH CHTHATYPBI U JIOXKHOH BO BCEX
6ECKOHEYHBIX HHTEPIIPETAIIHIX.

HokasareabcrBo. HJomyctum, takas dopmynaa A cymecTByer.
Paccmorpum reopuio T, eIUHCTBEHHONE aKCUOMOM KOTOpOii siByisiercst A.
DT1a Teopusi, OYEBUIHO, yIOBJIeTBOpseT ycjouio teopembl 20. Cieno-
BaTesIbHO, Teopusd 1 [I0JDKHA MMeTh OECKOHEUYHYI0 MOJIeJb, T.e. (op-
MyJa A MCTMHHA B HEKOTOPOil OeckoHeuHOl mHTepnperanu. TeopeMa
OKa3aHa.

§ 6. Kareropuunoctb

IIycts m — xakoe-HuOyIb KapauHaJIbHOE 4ucsio. Teopus nepBoro
nopsnka 1 Ha3bIBaeTCAa M-Kamezopuykhotli, eciiu 1 umeeT XOTsa ObI OIHY
MO/IeJIb MOIIHOCTH M U JIFOObIe [IBE ee MOIEJIM MOIIHOCTH M U30MOPQHBI.

IIpumep 1. PaccMorpuMm cuUTHATYpPY, HE COMIEPKAILYI0 HUKAKNAX
KOHCTAHT, (byHKU,I/IOHa.HbeIX n npeaguKaTHbIX CHUMBOJIOB, W TEOPUIO
B 9TOI cUrHarype, 3aaBaeMyi0 eIMHCTBeHHOH axcuomoii &, & —&Epy1,
rie £, — ¢opmyJsia, moCTpoeHHAs B T0Ka3arebcTBe Teopembr 20. Ode-
BU[IHO, JTI00As1 MOZEJIb 9TOH TeOpHUn COAEPKHUT POBHO N 3JIEMEHTOB, U BCE
TaKue MOOEJIN N30MOP(MHBI MEXK 1y CO0OU. 3HAYMUT, ITa TEOPUST ABJIAETCS
N-KaTeropu4yHoOM.

[Mpumep 2. Apudmeruxa ITeano PA u sjiemenTapHasi Teopusi CTaH-
naprHoit mogesn apudmeruku T'(n) He ABIAIOTCA No-KATErOpUIHBIMHE,
KaK CJIe[lyeT U3 CYIIEeCTBOBAHMS HECTAHIAPTHBIX MOIEsIeil apudMeTnKu.

IIpumep 3. IIpumepom Ng-KaTeropuydHoil T€OPUN MOKET CIYKUTH
Teopus MJIOTHOTO JIMHEHHOTO TOpAIKa 0e3 MepBOr0 U MOCJIETHErO dJie-
menroB DLO, onucannas B §2 riasbl 3. YcTaHOBJIeHHE U30MOpdU3Ma
MEXK/Ty JIIOOBIMU JIBYMsI OECKOHEIHBIMU CUETHBIMU ILJIOTHBIMU JIMHEHHBI-
MU TOPSLAKAMU 0e3 IEePBOrO U MOCJIEIHETO 3JIEMEHTOB SIBJISETCS HECI0K-
HBIM yIPaXKHEHUEM.

YopaxHeHUsI.
1. dokasarhk Ng-kareropuatnoctsb Teopuu DLO.
2. [okazarb menyKTuBHyto nosiHoTy Teopun DLO.



FJIABA 5
TEOPUA AJITOPUTMOB

§ 1. Berancaumbie PyHKITUH

B namie Bpems, Korga 00 aJropuTMax roBOpsAT NOBCIOLY, IOHSITHAE AJl-
roputMa BpAn Jiu Tpedyer obbsacHenus. [lepBbie mpuMepbl aJIrOpUTMOB
BCTPEYAIOTCS Y2Ke B HAYAJIBHON MIKOJIe: aJITOPUTM CJIOKEHUS HATYPAJIb-
HBIX YUCEJI CTOJIOMKOM, QJITOPUTM JEJIEHUs C OCTATKOM (YTOJIKOM).

B nynkrax 1°-4° mbl pukcupyem HEKOTOPYIO CHCTEMY ODIIUX IOHS-
TI/Iﬁ, OTHOCAIIMUXCA K aJITOPpUTMaM.

1°. C kaxOpIM aJrOPUTMOM CBSI3AHO MHOHCECTNEO BO3MONCHHLL UC-
TOOHVT JaHHoir STOTO ajropurma. Hampumep, B cjydae arOpuTMa
CJIOKEHM CTOJIONKOM (& TAKXKe B CJIydae, CKaKeM, aJITOPUTMA, 1€JICHUS
yFOJIKOM) MHOZKECTBO BO3MOXKHBIX MCXOIOHbBIX INTaHHBIX €CTh MHOXKECTBO
1ap HATYPAJIbHBIX YUCEJT.

2° Ilycts & — BO3MOXKHOE UCXOonHoe manHoe ajroputma 2A. Ilpu-
MeHuM 2 K x; OpU DTOM BO3MOXKHBI Tpu ucxona. 1) IIpumenenue 2
K & 3aKOHYNTCA (B KOHEYHOE YKMCJIO maroB) u 2 BBIIACT HEKOTOPbIi
pesyavmam uma omsem. 2) Ilpuvenenne A K & 3aKOHUNTCS, HO Ge3pe-
sysibrarHo. 3) [Ipumenenue 2 K & BOBCe HE 3BAKOHYUTCS, T. €. aJITOPUTM
Oyuer paborarh beckonedyHno. B mepBoMm ciryuae OyaeM roBoputTh, 4To 2
NPUMEHUM K X, B IBYX APYTUX CJIydaax OymeMm roBoputh, uto 2 we npu-
menum ¥ . To ectb, 2 TpUMEHNM K UCXOAHOMY X TOTIA W TOJIBKO
TOrHA, KOrga npuMeHenne 2 K o 3aKAHYUBACTCH MOJIyYEHHUEM Pe3yJib-
tata. Hampumep, ajaroputm CJIoX)eHusi CTOJIOUKOM MPUMEHUM KO BCEM
BOBMOXKHBIM MCXOMHBIM TAHHBIM, PE3YJIbTATOM OyHeT CyMMa MCXOMHBIX
qucesi. AJITOPUTM JesIeHns yTOJIKOM TIPUMEHNM K TapaM HATYpPaJIbHbBIX
4qucesi, B KOTOPbIX BTOpas KOMIIOHEHTa He paBHA HYJIO. Pesysbrarom
OylieT 9acTHOE U OCTATOK.

MHoxkecTBO TeX T, K KOTOPbIM npuMeHuM 2, OyaeM Ha3bIBaTh 004a-
CMBI0 NPUMEHUMOCTIY AA20PUMMG.

B crienyromem myHKTE MBI OIpenesinM MOHATHE (DYHKIUH, BHIYUCIIH-
MOt asiropuTmMoM. [Ipu 3TOM HeE BCIO/Y MPUMEHUMbIE aJITOPUTMbI OYIyT
BBIYKCJIATH HE BCIOMY ONpenesieHHbIe (DYHKIIHH.
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Yacmuunol pynryueti uz X 6 Y HasbBaerTcsi Jir00Oe MHOXKECTBO
A C X xY rakoe, uro (z,y1) € A, (x,y2) € A Bieuer y; = y». B yacr-
HOCTH, ecau A mycTo, mosiydaeM wuzde e onpedesennyto GyrKyuro.

B sroit ryiaBe wacruunbie (GyHKIUH MBI OyAeM HA3BIBATH IIPOCTO
byuxuusamu. IIpu aTom 06brubble QyHKImME 13 X B Y Oymaem Ha3bBaTh
BCIOJy OTpeNesIeHHbIMU (DYHKIUSIMU.

3° Ilycre A — asroputm, X — MHOXKECTBO BO3MOXKHBIX HCXOIHBIX
naHubix A, a pe3ysIbTarhl IpuMeHeHust 2 TPUHAIIeXKAT MHOXKECTBY Y.
Bynem roBoputh, 9to aaroputm 2 BBIYUC/IAET YACTHIHYIO (DYHKIUIO f
u3 X BY, onpenesiennyto paseHcrBoM f(z) =~ (pesyJsibrar mpuMeHeHHs

[Mpumevanue. 3HaK ~ HABBIBAETCS «YCJOBHOE DABEHCTBO» U MMe-
er caenyiomuit cmbicsi. Ecau A uw B cyTh Kakue-TO BBIPDAXKEHUsI, TO
A ~ B ecTb BbICKa3bIBaHue, yrBepxaoree, 9o A u B omHOBpeMeH-
HO OIIpeesIeHbl WM He ONpenesieHbl U, €CJIU OIpEeNeJIeHbl, TO NUMEIOT

xr
COBITIQJAIOIINE 3HAYCHUA. Ha,HpI/IMep, BBICKAa3bIBaHUE % ~ H MCTHUH-
T
HO, a BbICKAa3bIBaHUE % ~ % JIO2KHO (3}1er rmy — neiicTBUTETbHbIE

[lepeMeHHbIe).

Takum 06pa3oM, BEIYUCIUMAast aJIropuTMoM 2 bYHKIMS ONpenesieHa
Ha Tex & € X, K KOTOPBIM NpuMeHuM 2, mpuyYeM ee 3HaYEHWe Ha, Ta-
KOM X PABHO Pe3yJibTary npuMeHeHusi 2 K &, U HE ONpeesieHa HA TeX
x € X, kK xoropbiM 2 He nmpuMmeHuM. Hampumep, ajropuT™ CJAOKEHUs
CTOJIOMKOM BBbIUMCJIET BCony onpenesiennyio pyukmmio f: Nx N — N,
flz,y) = ¢ +y. Anropur™m nesieHUsl YrOJIKOM BblYUC/IAET (DYHKIUIO f
u3 N x N B N x N, onpenesiennyio Ha Tex (m,n), njist Koropeix n # 0,
unpun #0

f(m,n) = (4acTHOE OT IEJIeHUs M HA N, OCTATOK OT IEJIEHUsI M HA N).

OyHKIMA HA3BIBAETCS GbIMUCAUMOT, €CTIU CYIIECTBYET BBIYUCJISIOIINAN
ee ajsiroputM. Hamnpumep, dyHKuuu = + y, « - Yy BBIYUCIUMbL. Kowm-
NO3UIKs BBIYUCIUMBIX (DyHKIMil Bhraucanma (nokaxkure 310). Hurne
He onpeesieHHast (PYHKIUS BbIYUCIAMA.

4°, TlousaTHe ajJropuTMa UMeeT CMbICJI, JIUIIh €CJTH UCXOIHbIE TaHHbIE
U Pe3yJsIbTaTbhl — «KOHCTPYKTHBHBIE OOBEKTHI». Tak, He MMeeT CMbI-
cia (BO BCAKOM ciiydae 6e3 JIONOJIHUTEIbHBIX YTOYHEHWH W COrialie-
HUii) TOBOPUTH 06 AJIFOPUTME, BXOIOM KOTOPOTO fABJIAETCSA MPOU3BOJIb-
HOE MHOXKECTBO IeHCTBUTEIbHBIX YUCEJI, U JaKe 00 aJIropuT™Me, BXOIOM
KOTOPOTO ABJIIETCA NeHCTBUTEIbHOE Ynucsi0. Mbl Oymem uzberarb TaKux
cUTyaluit, pacCMaTpUBasi AJTOPUTMBI, PAOOTAIOIINE C KOHCMPYKMUBHDL-
MU 00BeKMaAMU, TAKUMA, KAK HATYPAJIbHBIE YUCJIA, CJIOBA B KOHEYHOM
aspaBure u T.1. Takum 0O6paszoM, BOIPOC O BBIYUCIUMOCTHU (DYyHKIIUU
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f: X =Y ocwmbicsen, s eciin X u Y sIBJISIIOTCS MTOJIMHOXKECTBAMU
«ancambsieli KOHCTPYKTUBHBIX 00beKTOB». Ilpumepnr ancam0Jist KOH-
CTPYKTHUBHBIX OOBEKTOB: MHOXKECTBO N HATYDPAJIbHBIX UUCEJI, MHOXKE-
crBo B* cji0B koHeunoro asdasura B.

B obmem monumanuu, ancambsib — 310 cobpaHue KOHCTPYKTUBHBIX
00BEKTOB «OMHOIO U TOTO K€ THUMa». PasyMeercs, CKA3aHHOE He sIBJIs-
eTCs OIpelesIeHneM B MaTeMATHYeCKOM CMBbICJIE 3TOro cjoBa. llonarne
ancambJisi KOHCTPYKTUBHBIX O0bEKTOB Mbl PACCMATPUBAEM KAK WHTYW-
TUBHOE, HEOIpeIesiseMoe MoHsATHe (TaK e, KaK U MOHATHEe KOHCTPYK-
TUBHOIO OOBEKTA, HATYPAJIHLHOIO YKCJIA, MHOKECTBA).

Ancambin obsnamator cpoiicrBom: ecam X u Y — amcambiu, TO
X x Y — rakxe ancambiip (Hasm4ue y ancam6ieit 9Toro cBofcTBa MBI
[IPUHAMAEM KaK aKCHOMY).

Bameuanue. Hacro Bo3Hukaromiee 3ab/IyXKI€HUE COCTOUT B TOM,
YTO JIJIsl JOKA3aTeIbCTBA BBIYUCIUMOCTH (GYHKIMMA f HYKHO HE IIPOCTO
[OKa3aTh CYIIECTBOBAHUE BBIYMCJISIOMIEIO €e aJIrOPUTMA, HO U IIPElb-
saBuThb ero. Huuero momobuoro! OyHKIims

@)= {

BBIYUCJINMA, TaK KaK OHA paBHA JMOO (DYHKIME, TOXKIECTBEHHO PaB-
Hoit 0, ;iubo (PYHKIUN, TOXKIECTBEHHO PaBHOH 1, a 06e OHM BBIYUC/IUMBI.

1, ecau runoresa Pepma BepHA;

0, ecsu runoreza Pepma HEBEpHA,

Banava. Byner s Beraucauma byuknus f : N — N, onpenense-
Mas Tak: f(n) paBHO HYJIIO, €CJIM B AECATUIHOM DPA3JIOKEHUN T €CTh M0
KpaitHeil Mepe n AeBATOK TOAPSI, U €IUHUIE B MPOTUBHOM CJIy4ae?

Eciu X 6eckoneuno, a Y Hemycro, TO CymIECTBYeT HEBBIYHCJIAMAs
byuxuua u3 X B Y. [leiicrBuresbHO, MHOXKECTBO BceX PyHKImA 3 X
B Y HecueTHO (Tak KaK MHOXKECTBO BCEX MOAMHOKECTB X HECUYETHO, a y
paBHBIX (DYHKIMI paBHbIE 0071ACTH ONpEIEesIeHNsI), & MHOXKECTBO BCEX
BbrancauMbiX Gpyuknuit u3 X B Y cayerno. Bosee Toro, ecoin Y comepxkut
1o Kpaiineit Mepe [Ba 3JeMeHTa, TO CYIHIECTBYET BCIOAY ONPEIesIeHHAN
HeBbluncsuMas Gyukimsa u3 X B Y (I0TOMy 9TO B 9TOM CJlydae yikKe
OJTHO TOJILKO MHOXKECTBO BCIOAY ONpeeseHHbIX (hYHKIUHA HECUETHO).

¢ 2. PaspemnimMmblie MHOXeCTBa

Byksavmu X un Y mbl Oynem obo3HadaTh aHCaMOJITH KOHCTPYKTUBHBIX
00bEKTOB.

IMommuokecTBO A aHCaMOJIsT KOHCTPYKTUBHBIX 00beKTOB X Ha3bIBa-
0T PA3PewuUMbLM, €CJIU CYyIIEeCTBYeT AJITOPUTM, KOTOPbIX s JII000r0o
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x € X orBevaer Ha BONpoc «x € A7», T.e. aJIrOpUTM, KOTOPBI IprMe-
HUM K Jiiobomy sstementy x u3 X u maet orser U uin JI B 3aBucumocTtu
ot mpuHaiexuoctn K A. Hpyrumu cioBamu, A paspemmmo, ecyiu
xXapakrepucruieckas pyHkimsa A

{ 1, ecomx € A,

xal@) = 0, ecmz¢ A,

BbIYUCJINMA.

Teopewma 1. Ilepecederne, o6beIUHEHHE U JOIOJTHEHHE PA3PEI-
MBIX MHOXKECTB Pa3PelIuMoO.

HoxaszarenbcrBo. [Iycrs A, B C X — pasperumMbie MHOKECTBA.
Torna dbyskunu xa(xz) u xp(x) BbrYUCIUMBL XapaKTepUCTHIECKA
dyurnusa MaOKecTBa A N B BBIYUCACTCS TAKUM AJITOPUTMOM: «eCJIH
xa(z) =1u x(z) =1, 10 xanp(x) = 1, unave xanp(z) = 0»

DyHKIWA Y AuB (T) BEIYUCIIAETCA aJTOPUTMOM: «eCyn X A(2) = 1 win
xB(x) =1, o xaup(z) = 1 nnave xaup(z) = 0».

Haxkoner, x x\ 4(2) Bbramc/igercsa aaropurMom: «ecn xa(z) =1, To
xx\a(z) = 0, unaue x x\4(z) = 1».

I[Tpuwmep. Paspemmmbl ciiemyronime MHOXKECTBA: MHOKECTBO Y€ THBIX
YHUCeJI, MHOXKECTBO MPOCTBIX YUCEJ, MHOXKECTBO KBAAPATOB HATYPAJIb-
HBIX YUCEJI.

Ecom X GeckoHedHO, TO CymIECTBYeT HEPa3pPEemnMOe TOIMHOXKECT-
Bo X. [lelicTBUTE/IbHO, MHOXKECTBO BCEX MOAMHOXKECTB X HECUYETHO,
a MHOXKECTBO Pa3pelnMbIX MOAMHOXKECTB CUETHO, TAK KaK CYETHO MHO-
JKeCTBO BbIYUCANMBIX hyHKIMA. B masipHeiiem 6eCKOHEYHOCTD JIF0O0TO
aHCaMOJI KOHCTPYKTUBHBIX OObEKTOB MbI TIPUMEM KAK aKCHOMY.

¢ 3. ITosrypaspemmmmble MHOX€CTBA

MuoxectBo A C X Ha3bIBACTCI NOAYPAZPEUUMBIM, €CJTU CYTIECTBYET
AJICOPUTM, KOTOPBI IpuMeHuM K sjieMenTaM A (¢ KaKuM—To OTBETOM )
u HE Jaer orBera Ha ssjementax X \ A. pyrumu cioBamu, A mosty-
paspenmo, ecsin A ectb 06/1aCTh ONpeIesIeHns KAKO—T0 BIYUCIUMOi
byukmun. OueBunHO, 3HAYEHU:A TOU (DYHKIUU HECYIIECTBEHHDI, TAK
q10 (A nosypaspemumo) ¢ (byukuusa f, paBHas Hy 10 Ha A u He onpe-
nenennas Ha X \ A, BBIYUCINMA).

OueBuano, He JI060e MHOXKECTBO MOJIyPA3PEInMO, Tak Kak ecsn X
GECKOHEYHO, TO MHOXKECTBO BCEX MOAMHOXKECTB X HECYETHO, & MHOKE-
CTBO TI0JIyPa3PEIIUMbIX MHOXKECTB CY€THO, TaK KaK CUETHO MHOXKECTBO
AJITOPUTMOB.
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Teopema 2. Jlroboe paspemnumoe MHOKECTBO HOJIYPA3PEUIHMO.

HokaszareabctBo. I[lyctb A C X — paspenmmoe MHOXKECTBO.
ITo ompenenenuto, x4 Bbrumcauma. Torma A coBmamaer ¢ 00JACTHIO
MPUMEHUMOCTH CJIETYIOIIEr0 aJITOPUTMA:

«ecau x4(x) = 1, To marh orBer 0 M 3aKOHUYUTH PABOTY,
WHaYe 3aKOHYUTH paboTy, HE IaBas oTBeTa (T. e. 6e3pesyJib-
TATHO)».

Bameuanue. Kak Mbl yBuIuM M031HEE, 0OpalleHNe TEOPEMbI 2 He-
BEPHO.

Teopema 3. JIioboe xkoneurnoe nogmuoxkectso A C X paspemnmo.
HokaszareabcTtBo. OueBumgHO.

Mpbr npuHnMaeM B KadecTBe aKCHOMBI, UTO JI0OO# ancamOsib KOH-
CTPYKTUBHBIX 00BHEKTOB CUeTHO-OecKoHeueH. Bostee Toro, Mbl mpuHuMa-
eM KaK aKCHOMY CJIeIyIolee CBOUCTBO ancambJiei.

CBoficTBO BHIUYMCJUMONH PABHOMOIIHOCTHU aHcaMbJieil.
Ecim X n Y — nBa ancam0Jisi, TO CymIECTBYET BbIUYNC/IMMAsA OUEKIINsT
f: XY

IMpumep. [Iycts X = N, a Y — MHOKECTBO BCEX CJIOB B HEKOTOPOM
koHeuyHoM asipasure B. Torma nmocrpoeHHasi HaMu B [MEPBOM TJIaBe Mpu
nokasaresabcrBe caetHoctu B* oueknusa f: X — Y aBisercs Beraucsiu-
Moit byHKURE.

W3 cBoiicTBa BBIYMCIIMMON DABHOMOIITHOCTH CJIEyeT BO3MOXKHOCTD
«repebopa Bcex 00bEeKTOB» JIF000ro aHCaMOJIsi.

Teopewma 4. s smoboro ancambiia X cymecTByrOT Takoe xg € X
u rakas Berancsnmas Gyukmms CIEAVIOWNN : X — Y, gro nocseno-
BaTEJIbHOCTD

Zo,
@1 = CJIEQYIOLWNNA(z,y),
s = CJIEQYIOLLNNA(z,y),

ecthb nepecier X 6e3 MOBTOPEHHIA.

HdoxaszaresnbcTBO. [Io CBOMCTBY BBIYMCIUMON PABHOMOITHOCTH
cymecTByer Bbruucaumas oueknus g : N — X. Tosoxum zo = ¢(0),
CNEQYIOLLUNW(z) = g(g~(x) +1). Torma nocsenoBareibHOCTb T, T1,
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Z2,... ectb mpocto g(0),g(1),9(2),... (moxaxwurTe 3TO, BOCIOJIBL30BAB-
MIUCHh METOIOM MATEMATUIECKOH MHIYKIINK).

Hoxaxewm soraucmmocts dyuxumn CJIEAVIOLWLNA. Tax xak kom-
NO3UIMST BBIYUC/IUMBIX (DYHKIU{ CHOBa BBIYMCIUMAsA (DYHKIUA U TaK
KaK QyHKIMs N + 1 BBIYUCMMA, JOCTATOYHO JOKA3ATh BHIYUCIUMOCTD
dbynxunn g~1(z). 3uauenne g~!(x) BBIYMCIACTCA CIICAYIONUM AJTrO-
pUTMOM: «Iepebuparh Bce HaTypasibable uncaa n = 0,1,2,..., moka
He Halimercst Takoe 1, 910 ¢g(n) = x; 9TO N BBLAATH B KAYECTBE OTBETA.

Teopewma 5. Ecan f — (9actuunas) BbIYUCINMAA B3AUMHO OIHO-
snavynas pyukuua w3 X BY, To f~' — BbIUHC/IAMAA B3aHMHO OIHO-
3Ha4Has1 pyHKIus u3 Y B X.

HokaszaTenbcTso. QueBnAHO, 9TO f~ 1 — B3aMMHO OMHOZHAYHAS
dyuxmusa w3 Y B X. Tpebyerca mokasaTb, uro f~! BerumeamMa. 3Ha-
genne f1(y) BblUMC/IACTCS CIICMYIONUM AJTOPUTMOM:

«Ilepebuparhb Bce ay1eMeHThl ancaMOs1sa X , ToKa He HalimeT-
ca Takoit aytlement x € X, yro f(x) = y. Beigars nepssiii
TAKO 3JIEMEHT T B Ka4ecTBe pe3yJibrara (Ha CaMOM [eJie
TaKO# & MOXKET ObITh TOJIBKO OIIUH).»

Ecom y € 6;-1, 10 TaKoii anroput™ BbLaact pesyasrar f(y), a una-
4ye OH Oyner paboTars 6ECKOHEYHO [10JIr0, Iepedbupasi BCe 2JIeMEeHThI aH-
cambuia X.

IIycts X 'Y — nBa ancambJist KOHCTPYKTUBHBIX 00beKkTOB. Hamom-
HUM, 9TO Mbl IPUHAIN Kak akcuomy, 9yro X X Y — cHOBa aHcambJIb
KOHCTPYKTHUBHBIX OOBEKTOB.

Mpuwmep. Ancambiamu asaaiorea N x N, N N x {a,b}*

Bamava. [okasarb, 4T0 MHOKECTBO
{n|(3Bz,y,z e N)(z,y,2 >0&z" +y" =2")}

MOJTY Pa3PeIIMO.

IMycts A C X x Y.
Iepsoti npoexyueti (wm mpocTo npoexyuet) A Ha3bIBAETCS MHOXKE-
CTBO

npA={z|(3yeY)z,y) e A}.
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Teopema 6. IIpoeknusa paspemumoro maoXectBa B C X X Y mo-
JIyPa3peIruma.

HoxkazaTtenbcTBO. [Ipoekimsa B ectb 00J1aCTh MPUMEHUMOCTH
CJIEIYIOIIETO AJIFOPUTMA:

«Ilepebuparb Bce 3J1eMeHTHI U3 Y, MOKa He Haiimercs: Ta-
kot y € Y, 4ro (x,y) € B. Ecaun nHamescsa xorst 661 0quH
TaKoit Y, TO BHIAATH B Ka4eCcTBE pesysibrara 0.

SameTum, 9TO HaIl aJroputMm Oymer paboTarb OECKOHEYHO, eCJin
He CymecTByer Takoro y € Y, 4ro (x,y) € B, 1.e. ectu & ¢ np B,
TaK Kak 1epebop 3/1eMeHTOB Y B 3TOM CJIydae HUKOIIA HE BaKOHUYUTCH.
Taxkum 06pa3oM, ajropur™ HempuMeHuM KO BceM x ¢ np B. Eciin xke
2 € np B, 10 xak TOJIbKO mepebop moitmer mo Taxkoro y, 9rto {(x,y) € B,
AJITOPUTM BBIIACT PE3YJILTAT U 3aKOHYUT PabOTY.

Oyukiua f : N — X HasbBaeTcs 6u4ucaumoti nociedosamenvro-
cmuio, ecan f — BCIOLY OIpeHesIeHHAs BBIYUCANMAA (DYHKINA.

Teopema 7. MHOXecTBO 3HAYEHUI BBITHCJIUMON MOCJIEIOBATE b~
HOCTH ITOJLY DAa3PEIHMO.

Hokaszareasbcrso. Ilycts f: N — X — BoraucimumMas mocseno-
BaTebHOCTD. Torna py ABJIAETCA 06J1ACTHIO IPUMEHIMOCTH CJIeHyIome-
r0 aJropuTMa:

«Hcxonnoe nannoe: x. Ilepebuparh Bce HaTypaJsibHbIE Y-
cia, moka He Haitmerca takoe n € N, uro f(n) = xz. Ecin
TaKoe N HAILJIOCh, TO BBIAATH B KadecTBe pesysbrara 0».

§ 4. CBOMCTBO MOMIATOBOr0 BBLIIIOJIHEHH S aJIropurMa M4 ero
CJIeICTBUA

JIroboit aaropurm paporaer maramu. Kaxaprii mar paboThl aJropur-
Ma 0053aTesIbHO 3aKaHINBaeTCsA. Kt aaroputM padbotaer OeCKOHETHO
JI0JITO, TO O3HAYAET, YTO AJITOPUTM M1e/1aeT OECKOHEYTHOE TUCJTIO 1IAroB.
IIycrs A — s1060# ajropuT™M, UCXOMHBIMYI JAHHBIMU KOTOPOTO SIBJISA-
0TCsT 00bEeKThl ancaMmbisas X, a 3HAYeHUusIMA — OObeKThl ancambJst Y.
Torna cymecrByer ajgroputm £, B CJEIYIOMEM CMbICIe HHMOPMUPYIO-
muit 0 BeIMOJIHEHUW 24 MO IaraMm: HWCXOMHBIMU JTAHHBIMUA £ SBJISIIOTCS
napel (z,n), * € X, n € N; anropurm £, npumenenusiii Kk nape (x,n),
cooDIIaeT, 3aKaHInBaeTCA Jin npuMenenue 20 Kk x He Oojiee, 4eM 3a n
IIaroB, W, €CJId 13, TO KaKoB oTBeT. PopMasIbHO, BO3bMEM JII0O0i 00b-
exT, He Bxonamuii B Y, o6ozuauum ero HEOIIP (me onpenesneno). Torma
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£ na Bxoge napbl {z,n) maer pesysabrar HEOIIP, eciiu npuvenenue 2A
K X He 3aKaHYMBAETCA 33 < N 1IAr0B, M PE3yJIbTaT Y, €CJIA IPUMEHEeHe
2 K x gaet y 3a < N MAaros.

Ucnonp3ys cBOMCTBO MOMIArOBOr0 BHITTOJTHEHU A, [IOKAXKEM CJIeIYIOIIee
ycusienue TeopeM 6 u 7.

Teopewma 8. Cuenyromue cBoficTtBa nogmuoxecrBa A ancambsist X
9KBHBAJICHTHDBI:

(1) A ectp obstacTp onpenesieHHs HEKOTOPOH BBIYUCIUMOM DyHKIIH
(1. e. A mostypaspemmo);

(2) A ecth mpoekuusa HEKOTOPOIO PA3PEHIHIMOIO MHOXKECTBA,

(3) A = @ mim A ectb MHOXKeCTBO 3HAYCHHI HEKOTOPOIH BLITHC/IHMOL
IIOCJIEI0BATE/IbHOCTH;

(4) A ecrp MHOMXKECTBO 3HAYEHHI HEKOTODOH BBIYHCIUMON (DYHKIIHH.

HoxkaszaresnbcTBo. Mbl nokaxewm, uro (1) = (2) = (3) = (4) —
(1).

(1) = (2). Hycrs f — Borauciumasn byskimmsa u3 X BY, u A = dy.
Torma A — npoekuusa paspemmmoro muoxecrsa B = {(z,n) | z € X,
n € N u anropuT™, BBIYUCIAOMUI f, B IPUMEHEHUN K T 1aeT OTBET 3a
< n maros}.

(2) - (3). Ilycre B C X x Y paspemmumo u A = npB. Ecym
A = @, 10 nokaspiBarh Hedero. Ilostomy mycrs A # &. Tpebyer-
CA T0KA3aTh CyNIeCTBOBAHUE BBIYUCIUMOI TIOCIEIOBATEIBHOCTH | [J1s
Kotopoit py = A. Hedopmasabno: HyKHO 10 odepenu IepebUpaTh BCe
aJteMenThl ancambiiss X X Y, u ecsm n-biit as1eMent (x,,y,) ancambisa
X x Y monan B B, o nosioxuth f(n) = ,, a uHaYe noJIOKUTL f(n)
PaBHBIM KaKOMY-HUOYIb (DUKCHPOBAHHOMY 3JIEMEHTY ao U3 A.

Teneps dpopmasibHo. 1o CBORCTBY BBIYUCINMON PABHOMOIIHOCTH aH-
cambJieit cymecTByer Boraucanmast oueknus ¢ : N — X x Y. O6o3naunm
c(n) gepes (Tn,Yn). 3adukcupyem HEKOTODHI s1ement ag € A. Torna
A — SIBJISIETCSI MHOXKECTBOM 3HaYEHU ocJs1e10BaTE€JIbHOCTU, BBIMUC/TA-
€eMOii cyIenyoIMuM aJITOPUTMOM:

«Ucxonnoe mannoe: n; ecsau (x,,yn) € B, TO BbIATH Tp
KaK OTBeT, UHa1€ BbIJATb ag KaK OTBET».

(3)—(4). Ecsim A = @, T0 A — MHOXKECTBO 3HAYEHUII HUTIIE HE OIpe-
nesieHHoil pyHKIuK (O4eBUIHO, OHA Bhluucauma). Eciau A — MHOXKe-
CTBO 3HAYEHWI BHIYUCUMOMI OCIEIOBATEILHOCTH, TO TAK KAK BHIUUCIH-
Masl MOCJIEI0BATEIbHOCTD ABJIAETCSA BhIAUCnMOil pynkuueii, A ynossie-
TBOpsieT (4).

(4) —» (1). Iycrs A = py, toe f — dyuxuusa us YV B X, Borancis-
emas asropurmoM 2. Tpebyercs MOCTPOUTH BBIMUCIUMYIO (DYHKIIUIO g
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¢ obstacThio onpenesiennst, pasuoit A. HedopmanbHo, g() Boraucsiercs
AJITOPUTMOM:

«Ilepebupars Bce mapol (n,y), n € N, y € Y, u njis kaxnoit

napsl (n, y) 1eJIaTh n maros BbraucseHus f(y); KaK TOJIbKO

171t X0Ts1 OBl OMHOM mapbl Oyaer mostyuen orser f(y) = z,

TO BBIIATH B KauecTBe pesysbrara 0.

OnucanHbIil aJITOPUTM HE OCTAHOBUTCH, €CJIM HET TAKOro Y € Y, 4ro
fly) = = (kax HAM ¥ HyX)HO), W ocraHOBHUTCH, econ f(y) = x mja
HEKOTOPOI'O ¥ B MOMEHT 06pabOTKuU napsl (1M, y), TOe 1m — YUCJIO MIAroB
Beraucsenus f(y).

DopmasibHo, A — 006/1aCTh TPUMEHUMOCTH CJIEIYIOMIETr0 aJrOPUTMA.

«Ucxonnoe pannoe: .

ITepebupars Bce mapbl u3 N X Y, nmoka He Haiiiercs Takas
napa (n,y), 9To ajropur™ 2 Ha UCXOIHOM JTAHHOM Y 38 < 1
[IAr0B 1aeT OTBET, PABHBII ; €CJIM HAILIACH XOTsI Obl OHA
Takas napa, T0 Bbiarh 0 B KA4eCTBE OTBETA M 3aKOHYHUTh
paboTy».

BeromurM, 910 MHOXKECTBO A HA3bIBaeTCA CUETHBIM, ecju A = &
i A ecTh MHOXKECTBO 3HAUEHUH HEKOTOPOIl MOCIe10BaATETLHOCTH.

IMogmuoxkKecTBO A ancamOjist X HA3bIBAETCA NEPEUUCAUMbBIM, €CIIN
A = @ nwm A ecrb MHOXECTBO 3HAYEHWIH HEKOTOPOU BBIYUCJIUMON MO~
CJIETOBATEIbHOCTH.

HOHHTI/Ie nepevuncjimMoro MHoOxecTBa — BBIYUCJIMMBbIN aHaJIOT OHA-
TS CYETHOro MHOXKecTBa. [lo Teopeme 8 MHOXKECTBO MEPEIUCTUMO TO-
r1a U TOJIBKO TOra, KOTHa OHO mojypaspemumo. B pasbHefiniem Mb
OyneMm ynorpebJisaTb TEPMUH «IIEPEdYrCIUMbIR» Kak 0ojiee TPaauiinoH-
HBI.

Teopema 9. ITyctb A C X, B C X — mepequc/iumMpie MHOXKECTBA.
Torma AUB u AN B — nepeuncymmmpie MaoxkecTBa. Ilyctb C C X XY
nepedncaumo, Torga np C' nepeducimmo.

HoxaszarenbcTBo. Hokaxem, uro AUB npeunciumo. Ecom xorsa
661 omHO W3 A, B mycro, To AU B, oueBuaHO, nepedncyiuMo. Ilyctb
A # @, B # @. Torna no reopeme 8 A 1 B — MHOXKeCTBa 3HAYEHUI
BBIYMCJIMMBIX TOCJIENOBaTe/ibHOCTEH, ckaxkem f u g. Torma AU B —
MHOXKECTBO 3Ha4eHuil mocjenoBarebHOCTH h, ONpenesieHHol Tak:

h(2k) = F(k),  h(2k+1) = g(k).

Dyuxius h(k) BBIUUCIAETCS aJITOPUTMOM:

«eci n gerno, 10 h(n) = f (%), unage h(n) = g ("—5—1)».
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Hokaxem, uro A N B mepeuncaumo. Ilycrs A — obsiacts npume-
HuMocTH ajsroputMa 2, a B — obJacTh IPUMEHNMOCTH ajiroput™a, L.
Torma AN B — 06J1acTh IPUMEHUMOCTHU aJIropuT™Ma J:

«IIpumvenars 2 K z; ecau MOJIyYeH Pe3yJbTaT, TO MpUMe-
HUTH £ K & ¥ B Ka4YeCTBe Pe3yJIbTaTa BbIIATH PE3yJIbTaT
npuMmenenns £ K T».

Ecnu 2 wenpumenum K z, 70 £ He OyIeT IPUMEHATHCS K T, CJIEI0BA-
TeJIbHO, J He macT orBera. Ecim 2 npuMmenum K x, TO0 J NPpUMEHUM K &
TOrHA M TOJIBKO TOTNA, KOraa £ MPUMEHUM K X.

Ioxaxem, uro np C' nepeuncaumo. Ilo reopeme 8, C' ecTb MHOXKECTBO
3HAYEHUI HEKOTOpOil Bhramcaumon ¢dpyukuuu f : Z — X x Y. Ilycrs
g: X xY — X — byHKIHUA B3ATHA IEPBOrO 3JIEMEHTA IapPhl, T.e€.
g({z,y)) = z. OueBumno, g BHIUUCUMA. VMeem

npC = {z|(Jy € X)(z,y) € C} =
={9((@, )z, y) € C} ={9(f(2))|z € Z} = pgoy-

Oyukuua g(f(z)) BbIYMC/IUMA KAK KOMIIO3UIUSA BBIYUCIUMBIX (DYHK-
uii.

Teopema 10 (reopema Ilocra). IlommuoxkectBo A ancambiz X
paspenMo TOrAa | TOJIbKO Toraa, korga A u X \ A mepeduncmmmbpl.

HokazaTtenbcTBO. B omny cropony teopema odeBuana. [leit-
crBUTENBHO, eciin A paspemmmo, 1o 1 X \ A paspemmmo u, ciaenoBa-
TeJIbHO, OHU 002 TepPedYnCIUMBI.

O6patrno, nyctb A u X \ A nepeunciumbl. Eciiu onHO 3 Hux mycro,
10 yrBepxIeHue odeBungHo. Ilycrts A u X \ A me mycrsl. Torma mo
Jgrobomy & € X MOXKHO y3HATh, IPUHAMIJIEKUT JIK OH A, OCTPOUB BbI-
YUCTMMBIE TIOCJIEI0BATEILHOCTH, iepeuncisiomue A u X \ A, u oxunas
nosiBNeHus ¢ B onHoi 3 Hux. @opmasbno, ecom A = {f(0), f(1),...},
X\ A ={g(0),g9(1),...}, To coremyiomuii anTOPUTM OTBEIAET HA BOIPOC
«x € A?»

«HMcxonHoe nanHoe: x.

IIepebupars Bce HaTypaJibHbIE YUCJIA, [TOKA HE HAUIETCS
rakoe n, 4ro f(n) = z wm g(n) = z. (U3 toro, 4yro 06b-
eQVHEHNe MHOXKeCTB 3HadeHnit f u g paBuo X, cjenyer, 4To
TaKoe 1 00A3aTesIbHO HAIIETCH, & U3 TOro, 4TO prNp, = &,
CJIEYET, YTO [IJIsl HTOTO 1 OyIeT BEPHO TOJIHKO OIHO U3 pa-
sercts f(n) =z, g(n) = x.)

Bosbmewm nepsoe takoe n. Eciu f(n) = z, ro x € A, unaye

x ¢ As.
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Teopewma IlocTa oka3pIBaeT, YTO MEPEYUCTIUMOE HEPA3PEIIUMOE MHO-
JKeCTBO (KOTOPOE MbI €Ile TOCTPOUM) 06sI13aTESTHHO UMEET HellepedrnCIu-
MoOe JOIIOJIHEeHHUE.

Mb! BUIMM, YTO MOXKHO OINPENEsUTh PAa3PeIInMOCTh Yepe3 Mepedn-
cammoctb (reopema ITocra). MoxkHO Tak:Ke ONMpene/inTh BEIYUCUMOCTD
yepes mepedncanMocTh. VIMerno, Bepen Takoil dakr.

Teopema 11. @yuknua f uz X B Y Bberaucamma Torga u TOJIBKO
rorna, xkorna ee rpacpux {{z,y)|y = f(x)} — nepeuncanmoe nogmuoKE-
ctBo X x Y.

HokaszareabcTBo. Ilycrs f Bbruncsimma. [dokaxem, 4To ee rpa-
duk — mepeunmcsimmoe MHOXKecTBO. Ecam f Hurme He onperesieHa,
TO yTBepxKIeHne ouepuaHo. Ilycts §y # &. IlpencraBum é¢ B BuIe
{9(0),g(1),...}, tme g — BBIYMCAMMAZ MOCJEIOBATEIHLHOCTL. Torma
rpaduxc f ecro {(g(0), £(9(0)), {g(1), f(g(1))),...}. Tex camp rpa-
buk f mepeunmc/iMM KakK MHOXKECTBO 3HAYEHWH BbIYUCIUMON (ByHKIUU
h(n) = (g(n), f(g(n))).

Obparno, nyctb rpaduk f nepeuncyum. J[oxaxkem, 4ato f BbIYu-
ciuma. Ecomm rpaduk myct, To f HUTIEe He OmpenesieHa U, OYEBUIHO,
Bbruncsuma. Ilycrs rpacduk f He mycTt u ectb 006J1aCTh 3HAYEHUI BCHO-
oy onpenesiennoit dyukmuu g : N — X x Y. O6osuaunm g(n) uepes
<5Un7yn>-

Qyuxuus f BRIYACINMA TAKAM AJITOPUTMOM.

«Ucxonaoe nanuoe: T;

ITepebupars Bce n € N moka He HaiimeTcss Takoe n, 9TO
Ty = T; €CJIU TAKOE N HAILJIOCh, TO B3ATH TEPBOE TAKOE N
U B KQYEeCTBE PE3YJIbTATA BBIIATD Yy ».

Ormerum, uro ecsiu f(r) He OmpeneseHo, TO aJrOPUTM He 3aKaH4YU-
BaeT padoTy.

Bamauga. [okazars, 4To 06pas u Mpoodpa3 MepedncImMOro MHOXKE-
CTBa IIpu BI)I‘{I/ICJII/IMOﬁ (byHKHI/II/I nepevnucJimMbl.

Ykazanue. 910 JIETKO CJI€AyeT U3 TeOpeMbl 0 rpaduke, mepedu-
CJIMMOCTH TIepeceveHus M MPOEKITNH TePEeUNCTUMbIX MHOXKECTB.

YupaxHeHu.

1. Hokaszarb, yro Hemycroe muoxkectBo A C N paspemmmo Torma
M TOJIBKO TOTHA, KOTIa OHO €CTh MHOXKECTBO 3HAYEHUH BHIYUCIIUMOM BO3-
pacTaloreit mocje10BaTeIbHOCTH.

2. [oxkazarb, 4To Ji1060e OGECKOHEYHOE IMEePEYUNC/IMMOE MHOXKECTBO
BKJIIO4YaeT OECKOHEYHOE Pa3peInMoe MOIMHOXKECTBO.
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3. JTokasarh, 4TO €CJIM MHOXKECTBA A U B 1epeduc/imMbl, TO CyIIe-
CTBYIOT niepeuncmmbie MHOKecTBa A’ u B’ takue, uro A' C A, B' C B,
ANB =guAUB =AUB.

§ 5. YHUBepcajibHasA BbIUYUCJIUMAasA (PYHKIIUA

IIycrs X u Y — ancambsin KOHCTPYKTUBHBIX 00beKTOB. Bynem pac-
CMATPUBATH BCEBO3MOXKHBIE AJITOPUTMbI, MCXOIHBIMA JTAHHBIMU /1 KO-
TOPBIX ABJIAIOTCA 00beKThI X , a 3HauUeHus JiexkaT B Y. Obo3HaunM depes
Com(X,Y) MHOXKeCTBO Bcex BhrumcauMbiX dbyHkuumit u3 X B Y. Ilycrs
P — nexkoropsiit Tpetuit ancambJIb.

DOyukuusa F: P x X =Y naspiBaerca ynusepcaavnot nis Com(X,Y),
ecim i Beex f € Com(X,Y) maiinercsa takoe p € P, 4T0 BBINOJHEHO
(Ve € X) F(p,z) ~ f(z).

CymecrBoBanue yuusepcasibuoit dyukuuu njis Com(X,Y) oueBum-
HO.

HeiicrBuresbao, muoxkecrso Com(X,Y), Kak 0TMe4asioch, CYE€THO.
Iycts { fo, f1, f2,...} — nepecyer Com(X,Y). Tosoxum P = N u no-
goxuM F(n,z) ~ f,(z) nna scexn €N, z € X.

Ecom F — ¢bynkiua us P x X B Y, a p € P, 10 uepes F), 6ynem 060-
sHavarh Qyaknuio u3 X B Y, nosydaromyiocs uz F dpukcanueit mepsoro
apryMeHTa paBHBIM P, T.e. Ve Fy,(z) ~ F(p,x).

Teopema 12 (06 ynusepcanbHoOll dbyukuuu). s jar00bIx aH-
cambuteii X u'Y cymecrByror ancambyib P u Beraucsimvast pyakius F
u3 P x X BY, ynusepcanpuas qisz Com(X,Y).

HokasareabcTBO. MBI MOCTY/IUPYEM CYIIECTBOBAHUE AJITOPHUT-
MHUYECKOTO fA3bIKA, HA KOTOPOM MOXKHO 3alUCATh MPOrpamMMy JII0HOro
aJITOPUTMA C MHOXKECTBOM BO3MOXKHBIX UCXOIHBIX JAHHBIX X U PE3yJib-
taroB u3 Y. Camu nporpaMMsl OyIyT s/1eMEeHTaM#i KaKOr0-TO aHCAMOJIS
KOHCTPYKTUBHBIX 00bekToB P. Ompemesum F' @ P x X — Y rak:
F(p,x) = y + (p eCTb CHHTAKCHYECKH MPAaBUJIbHAS IIPOrPAMMA, KO-
TOopas Ha BXome ¥ maer pesysbrar y). Pywkuma F(p,x) BbramcaumMa
(BBIYUCIAIOMINI €€ aJIrOPUTM HA3BIBAIOT UHMEPTNPEMAMOPOM COOTBET-
CTBYIOIIErO s3blKa mporpammupoBanus). @yexuusa F yHuBepcasibHa.
HeiicrBurenbro, nycrs f € Com(X,Y) u f Bbluucjasercss ajaropur-
voMm 2. Ilycrs p — mporpamma asiropurma 2. Torma mo ompemeseHuo
s Beex ¢ € X f(x) ~ F(p,x). Teopema nokazana.

IIycts F — kakas—uudynp ¢dpyukuus us P X X B Y, yHuBepcaJb-
waa qia Com(X,Y). Ilycrs f € Com(X,Y), a p € P TakoBo, 4To
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F, = f. ®yskiua F He oba3anHa ObITh MHTEPIPETATOPOM HEKOTOPOIO
A3bIKa NPOrPAMMUPOBAHUA, OOHAKO 110 QHAJIOTUN MBI U B 3TOM CJIydae
OyieM Ha3bIBATH P Npozpammoti GyHKIUN f OTHOCUTESIHLHO YHUBEPCAITb-
Hoit pyukuuu F. Pasymeercs, onna u ta ke QyHKIUA f MOXKET UMETh
HECKOJIbKO (1 axke 6ECKOHEYHO MHOIO) MPOrPAMM OTHOCHTEJIBHO OTHON
u Toii ke ¢pynkuun F.

Sameuanue. B reopeme 06 yHuBepcasibHON DYHKIINU MOXKHO OTpa-
HAYUTHCs ancambyem I = N, T.e. cipaBeninsa

Teopema 12'. [Lus irobpix ancambireit X u'Y cymecrByer Bbrau-
cuvasa pyaxnus G u3 N x X B 'Y, yausepcasbnas gz Com(X,Y).

HeiicrBurenbHo, mo Teopeme 12, cymectByer ancambsb P u Bbraun-
caumas yuusepcasibhas g Com(X,Y) bysxkuua F uz P x X B Y.
IIycts g — Bhruncsnmas oueknus u3 N B P O6oznauum g(n) gepes P,.
MMonoxum G(n,z) ~ F(P,,z). Torma, oueBunno, G — Takke yHUBEpP-
casibHas Bbruucaumas pyuaknms u3 N x X B Y.

Ecnu G — yuuBepcasnbhas Gysxuusg uz Nx X Y, a f € Com(X,Y),
TO mporpaMmy f orHOcHTEbHO (G HABBIBAIOT TaKkKe HOMEPOM f OTHO-
curenpao G, a coorBercrBue n — G, — HyMepayuel BBIYUCIUMbIX
dyukuuii, coorBercTByIOmEll yHuBepcaabuoit dyukuun G.

IIycrs G — Borunciumas dyuknus u3 N x N B N, yHusepcaibuas
17151 Kytacca Beex BerancnMbix Gyukimii u3 N 8 N. Ilocrponm dyHkmio
f(n) = G(n,n) + 1. Kaxercs, 910 Mbl IPUIILJIA K TPOTUBOPEUMIO, TAK
KakK f — BbluucanMass pyHKIMA, OTJIMYAIONIAACT OT KAk, 10# 3 (pyHK-
uuit uz G, va aprymenre n: f(n) = G(n,n) +1 = G,(n) + 1. Ilycrs
q — wuomep dyukimu f orHOCHUTENBHO HyM™mepauuu n — G,. Torma
G(g,z) = f(z) = G(g,2) + L m G(q,9) = G(g,9) + 1.

Pasranka napamokca coctouT B TOM, 4uTo 3Hadenue G(g,q) Moxer
OBITH HE OMpPENesIeHO, W CaMO YMOTpebJIeHne 3HaKa «=» 3IIeCh HEKOp-
pekrHo. A yreepxuenue G(q,q) ~ G(q,q) + 1 xax pas u o3Havaer, 9T0
G(q,q) He onpeneseHo.

PaccMOTpUM TIPOM3BOJIBHOE BCIOLY ONPEIeSIeHHOe MPONOJIKEHHE [
dbyukunn f. Mbl HasbiBaeM ¢ nmpomospKeHueM h, e€Ccyid U3 TOro, 9TO
h(z) onpeneneno, ciemyer g(x) = h(x). Teneps yxe f(n) # Gn(n):
ecm Gy, (n) He onpenesneno, To f(n) # G,(n) yxe noromy, 4To Jepas
4acTh ONpeesieHa, a npasas Her; ecyiu ke G, (n) onpenesiero, o u f(n)
ompenesieno u pasuo Gy, (n) +1, Torma f(n) copmamaer ¢ f(n) u He paBHO
Gn(n).

Urax, f ornmana or Beex Gy, ¥, C/IGIOBATE/IBHO, HEBBIYHCIIMA. MbI
[OKA3aJIi Takoi (paxT:
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Teopema 13. CymecrByer Boraucaumass ¢yaknus f m3 N B N
He UMEIOIAs BCIOJY ONPEIEeJeHHOIO BBIYUCIUMOTO MPOJOJIKEHHSL.

Teopema 14. CymecrByer nmepeducjimMoe HEPA3PEUIMMOEe MHOXKE-
CTBO.

HoxaszaresnbctBo. [Iycts A — obsacts onpenesenns: pyHkuuu f
u3 teopembr 13. Torma, mo onpenesennto, A nepedncaumo. Jokaxkem
oT mpoTuBHOrO, 4YTo A Hepaspemmumo. [onycrum, A paspemumo. Torma
byHKIIUST

- f(z), ecomzx € A,
flz) =
0, ecom x ¢ A,

— BCIOZY OIpenesieHHoe Beraucanmoe nponosnkenne f. Teopema moxa-
3aHa.

CyHleCTBOBaHI/Ie nepevIruC/IMMbIX HEpa3peIInMbIX MHOXKECTB ITOKa3bl-
BaeT, 9TO CYHEeCTBYIOT TaKue IIporpaMmbl p, [OJid KOTOPbBIX 3ada4da:
«OIPENIESIUTh TI0 JAHHOMY %, 3aKaHYMBAET JIU p PaboTy Ha T» ajiro-
puTMudecKu HepaspemmMa. Tem Gosiee HepaspemmMa u o0IIast 3a1a49a:
«OIIPENIEIUTD 110 JTAHHON MporpaMme p W BXOLY &, 3aKaHYUBAET JIA P
paboty Ha T».

YopaxueHud.

1. Hazosem muoxkectBo E C N X N ynusepcaavhvim, ecan njist Jiio-
6oro nmepeuncaumoro muoxkectBa A C N wnaiimerca rakoe n € N, uro
A ={z € N| (n,z) € E}. Jokasarb, 9T0 CyLECTBYET NEPEUNUCIUMOE
YHUBEpCaJIbHOE MHOXKECTBO.

2. Ioxazarb, 4TO Ji000e yHHUBEPCAJIHHOE MHOXKECTBO HEPA3PEIINMO.

3. Jlokaszarb, 94TO CYIIECTBYET YHUBEPCAJIbHAA BbIUACIUMAs (DYyHK-
uusa, OTHOCUTEJIbHO KOTOpOﬁ HUTOe He OllpelesIieHHad (byHKI];I/IH nmMeer
€IMHCTBEHHbII HOMED.

4. Jlokaszarb, 9TO CymecTByeT OeckoHednoe MHOxKecTBO A C N,
HE WMEIOIIee HU OHOrO OECKOHEYHOTO MePeunCcIMMOro MOAMHOXKECTBA.

5. Hoxasarb, 94TO CYIIECTBYIOT HEINEPECEKAIOMNECs MePeInCIMMbIe
muoxkectBa A, B C N, 1J1s1 KOTOPBIX He CYIIECTBYET Pa3pernrmmMoro MHO-
xkectBa C' C N rakoro, yto A C C, B C N\ C (rakue nepedyucimmbie
MHOKeCTBA A 1 B Ha3bIBAIOTCA HEOMNJIEAUMBLMU).

6. dokaszarb, 9T0 CymecTByeT OECKOHEYHOEe CeMEeHCTBO MOMapHO He-
MePEeCceKaNINXCsT MHOXKECTB, KaXkK1as apa KOTOPhIX HEOTHEeTUMA.

7. Hokasarh, 4YTO He CYIIEeCTBYET BCIOMY ONMpPEeNesIEHHON BBIYUCIUMO
GYHKIME, YHUBEPCAJIBHON M1 ceMeificTBa BCEX BCIOLY OIMPEIESIEHHBIX
BBIYUCJIUMBIX (DYHKINIA.
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§ 6. IlepeuyncauMoOCTh MHOXK€ECTBA TEOPEM

ITycre 2 — curnarypa, cocrosmas u3 KOHEYHOIO YUCIIa CUMBOJIOB.
ComnocraBum ¢ Kaxo#t dopmysoit curnarypst () CJI0BO B HEKOTOPOM
koHedHoM aJipasure, pacumpsomem (). s 3TOro npuMem CJIemyro-
mee corviarienue. 1o cux mop Mbl HE HAKJIAJBIBAJIA OTPDAHWYEHUN Ha
epeMeHHbIe, UCIoJIb3yeMble B dopmysiax. Temepb I0roBOpuMCsi, 910
paspemniaeTcsi MpuMEeHATh TOJBKO TepEeMeHHbIE Xg,T1,Xs,..., [Je WH-
IEKC MOXKeT OBbITb PaBeH JII0OOMY HATYPaJIbHOMY 4YucCJy. Torma Jio-
Gast popmysia curHaTyphl ) SIBJISETCSA CJIOBOM B OECKOHEYHOM aJjiaBu-
re QU {=(,)V&-D=VIzgz122 ... }. Obosuaunm sror andasur By ().
Kaxk BunHo, Bce cumBostbl u3 (2 conepxarcsa B By (), sanaras takxe co-
nepxutca B By (). Hanpuwmep, no6as dbopmyna curaarypst {0, S, +, -}
SIBJISIETCS CJIOBOM B aJsipaBuTe

{OS"“:(,)V&_‘DEVHIB(}.’L‘le e }

MbI XOTUM yMEThH 3aITUCHIBATH POPMYJIbI B KOHEYHOM asibasute. [Lis
3TOrO JOTOBOPUMCS TIEPEMEHHYIO &; 3ANUCHIBATH CJIOBOM TU, TIe U —
IBOMYHALA 3aIMCh yucsa ¢. Hampumep, x19 3anuceBaerca kak 10011,
a o — kak 0. Torma smobast hopmysia curHaTypsl () ABJIAETCS CJIOBOM
B ajihaBure

B(Q) = QU {=(,)V&->=Y3z01}.

Hanpuwmep, V132101 P(f(x1,2101)).
OueBraHO, MMes IPOU3BOJIbHOE CJ10BO B asipasute B()), MOXKHO BbI-
SICHUTD, ABJIsIeTCSA Jii OHO bopmyJioii. Bostee Touno, cripaBenmsa

Teopewma 15. s mo0boit KonedHOH curaaTypbl ) MHOXKECTBO (pop-
MyJ1 curHarypsl §) sBjgercs paspemuMbiM nogqmaoxectsoM B (B(Q))*,

Teopus nepBoro nNopsAaKa HA3BIBACTCA PA3PEULUMO GKCUMAMUIUPYE-
MOfi, €CTTN OHA MMeeT XOTs Obl OJTHO PA3PENINMOE MHOXKECTBO aKCHUOM.

Bamevanue. Ecim teopus paspemnma, T0 OHA U PA3PENINMO aK-
CHOMATHU3HPYEMA.

Teopema 16. MHoxkecTBo Teopem Jit0OOIH pas3penmmMo aKCHOMAaTHU-
3UpPYyeMOI TeopHu nepeducIuMo.

HoxkazatenbcTtBO. [Iycth B — paszpemuMoe MHOXKECTBO aKCHU-
om rteopun T. TIlo ompemenenuio dopmyna A npunamnexxur T Torna
U TOJIbKO TOTHa, KOrga mMeercs: BbiBom Aip,..., A, w3 B takoii, 4ro
A, = A. Jlobasa mocaemoBaTeIbHOCTD (hOPMYJT SABJISIETCSA CJIOBOM B aJl-
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dasure B(Q), npu 9T0M M0 JIFOOBIM CJIOBAM 4, U MOXKHO CKa3aTh, SBJIsA-
ercst Jim u BbIBOIOM (opmyJibl v u3 B. Todnee, cnipaBemiuBa

JTemma. MuoxecrBo D = {(u,v) | v — copmyna currarypsr
Q, a u — BpIBOA opmysbl v u3 B} — paspemmmoe momMHOXKECTBO

(B()*" x (B(2))*

HoxkazaTtenbcTBO. BoT anroputm, orBedaomuii Ha BOMPOC
«(u,v) € D?».
«Ecnn u He ABAAETCA TTOCTIEIOBATETEHOCTHIO OPMYJT CHT-

Harypsl {2, To orBer = Her. Unavye u = Ay, ..., A, njs He-
KOTOpBIX popmyst Ay, ..., A,. s Bcex ¢ or 1 1o n mpoBe-
psieM, BEpHO Jiu, 9YTO A; — aKCHOMa UCYUCJIEHUs TTPEIUKaA~

T0B, uin A; € B, wim A; nosiydeHa u3 npeapiaymux ¢op-
MyJ1 o0 ogaoMy u3 npasusi BbiBoma (Taut), (Gen). Eciu
M7 XOTs1 ObI OMHOTO ¢ 9TO HE TaK, TO OTBEeT = HeT. VHatue
cMoTpuM, coBnagator ju A, u v. Eciau na, To orBer = 1a,
UHa4Ye — OTBET = HeT».

JlemMma okasaHa.

BuumaresibHbI unTaTes b, HABEPHOE, 3aMETHUJI, YTO B TOCTPOECHUHN AJI-
TOPUTMA, MBI UCIIOJIH30BAJIH CJIEIYIONINE Y TBEPK ICHUS:

a) MHOXKECTBO KOHEUYHBIX II0CJIe0BaTe IbHOCTEl hOopMyJT paspemmnmo
(910 O4YEBUIHO);

6) MHOKECTBO aKCUOM UCYUCJIEHU TIPEINKATOB PA3PEIIMO (310 oue-
BUJIHO);

B) MHOXeCTBO B paspemumo (310 1aHo);

r) muoxectBo {(C1,...,Ck,C)|C nonyuena u3 Ci,...,C no (Gen)
win (T'aut)} paspemnmo (9T0 OYEBUIHO).

Ha camom nene, kaxnoe u3 npasui (Gen), (T'aut), eciiu ero paccma-
TPUBATh KAaK MHOXKECTBO KOpTexeil hopMyJi, paspemunmo.

W3 s10r0 3aMevanuns CJIEMyeT, YTO €CJIU 3aMEHUTh UCUYUCTICHUE TIpe-
[UKATOB JII000I npyroit opMasibHONl CUCTEMOl C pa3perMbiM MHOXKE-
CTBOM aKCHOM M KOHEYHbIM YMUCJIOM pa3pellnMbIX IIpaBUJI BbIBOOa, TO
JIeMMa OCTaeTCsA BEPHOI.

IIpomomkum moKas3aTesibcTBO TeopeMbl. MuOxkecTBO T peacTaBuMoO
B Buge I = {v|(Ju € B()*)(u,v) € D}.

MuoxecrBo T mepevyucJmMO KaK MPOEKIINs Pa3permMoro MHOXKe-
ctBa. Teopema /okazana.

Teopema 16 yTBepkKIaeT, ITO TEOPUA C PA3PEITUMBIM MHOXKECTBOM
aKCHOM mepedncyimMa. Mbl 3HAeM, 9TO CYIMIECTBYIOT MEPEUUCIMMbIE
Hepa3peuimMbIi€ MHOXKECTBa. A CyIIeCTBYeT JIM Hepa3penmnMad Teopusd
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C paspenMMbiM MHOXKECTBOM akcuoMm? A Moxer ObITb, JH00asi TeOpHs
mepaspemuma? Ha nepsbiii BOIpOC OTBET MOJI0KUTEIbHbBIT — dhopMasib-
Hasg apudMeTuKa HepaspernMa, a MHOXKECTBO €€ aKCHOM, OYEeBHUIHO,
paspemmmo. Hepaspemumocts hopMasIbHOR apudMETUK Mbl JOKA3bI-
Barhb He OymeM. Ha BTOpo# BOpoc OTBET OTPHUIATEIBHBI — CYIIECTBY-
0T pa3pelinMble TEOPUH, HANPUMED, HJIEMEHTAPHAS TEOPHUs YIOPAIO0-
YEHHOI0 MHOXKECTBA PAIMOHAJIBHBIX (WJIM 1EJIbIX) YUCEJ. ITO YTBEp-
KIEeHne Mbl TOxe He OyneMm mokasbiBarhb. Obe 9TH Teopuu pasperrnmo
AKCHOMATU3UPYIOTCH.

Yunpaxuenue. [Joxkazarb, 4TO 3JIeMEHTapHAsA TeOpuUs JIIOOON KO-
HEYHOU WHTEPIPeTaluy Pa3pennMa, u, CJIeI0BaTeIbHO, PA3PEIINMO aK-
CHOMATU3UPYEMA.

Teopewma 17. Jliobas nosrHas pa3pemnMo aKCHOMATH3UPYeMast Te-
OpHSI pa3pernuMa.

HoxaszarenbcTBo. [Iycrs T — nosHas Teopusi B curnarype {2
C pazpemuMbIiM MHOXKecTBOM akcuoM. Torma, mo Tteopeme 16, T' mepe-
gucanma. Honosraenne Kk T TakiKe MePEeINCIUMO, TaK KAaK 115 JII000r0
coioBa u andasura B(2), u ¢ T Torna u T0JbKO TOrA, KOTHa CJI0BO —U
npuHagsiexut 1 nin u He sBJIAeTCa HOPMYJION.

IIo Teopeme Ilocta teopus T paspemmuma. Teopema mokasana.

§ 7. Mammnabl Tropunra

Paccmorpum ofHO 13 BO3MOXKHBIX YTOYHEHUN TOHATUSA AJITOPUTMA —
Mammabl Teiopunra. Mawuna Tweropurea nveeT OGECKOHEYHYIO BIIPABO
AEHMY, PABNEJEHHYI0 HA Aveliku. B Kaxmoli m3 sdeek MoxkeT ObITh
3anucaH Jiro0oi CuMBOJI U3 pabouezo asgasuma (Wau MPoOCTO — AaJ-
daBura) Mamuabl. MamuHa UMEeT “Umaruje-3anucheaowyo 204068KY
u ynpasasowee yempoticmseo (YVY). Yupasisioniee ycTpoiicTBO MOKET
HAXOAUTHCA B OIHOM M3 KOHEUHOI'O MHOXKECTBA cocmoshul (). Muo-
JKeCTBO () u pabounit asipaBUT CBOM /18 KAXKIOUW MaIIWHbI T bIOPUHTA.
VYV moxer gBurarh roJIOBKY BIIPABO M BJIEBO IO JIEHTE M 3AIMCHIBATH
B syeiiku Jj1r000ii U3 cUMBOJIOB aJsihaBUTa, IPU STOM IIPEXKIIE 3AMUCAH-
HBIII CUMBOJI cTUpaeTcda. fldefika, HA KOTOPYIO CMOTPUT I'OJIOBKA, Ha-
3BIBACTCsT 0003pesaemoli auelikot. [leiicTBre MAIIMHBI Ha JIIOOOM IIa-
re TOJTHOCTBIO ONPENEeJISeTCsI COCTOAHUEM YIIPABJISIONIEr0 YCTPOURCTBA
U CUMBOJIOM B 0603peBaeMoil sueiike (0603pesaemovimM CuUMBOAOM). IDTO
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nefiCTBUE COCTOUT B 3AMUCHIBAHUN B 0003DEBAEMYIO sTIeiiKy HOBOI'O CHM-
BOJIa (BO3MOXKHO, COBIIQJIAIOMIEr0 CO CTAPbIM) M MOCJIEAYIOMEM CIBUIA-
HUN TOJIOBKHU BIIPABO UJIX BJIEBO HA OOHY H‘{eﬁKy NJIN IIPOCTO B 3allUCHU
HOBOrO cuMBoJsia. To, Kakoe neficTBre HYKHO MPENPUHATH B KX 10 u3
BO3MOXKHBIX CHUTYaIluii, 3alMCAHO B TPOrpaMMe MamuHbl. B MHOXKecTBe
COCTOSIHU{I BBIIEJIEHBI [IBA COCTOSHUS — HAYAADHOE U 3AKAOYUMEND-
Hoe; Oymem 000O3HAYATH WX COOTBETCTBEHHO ¢ U (o. Dylem cuuTarsh,
qTO aﬂ(baBI/IT COOEP2KUT CHUMBOJI 0 (HOJII)). ECJII/I T'OJIOBKa HAXOOUTCA
B Kpaiineil j1eBoil sveiike, a mporpamma TpedyeT CIBUTa T'OJIOBKH BJIEBO,
TO MPOUCXOIUT 0MEKA3, T.€. Oe3pe3yIbTaTHasi OCTAHOBKA.

®opmasbio, MamuHa Thiopunra — 910 Tpoiika M = (A, Q, P), rue
A — KOHeYHOE MHOXKeCTBO Takoe, uTo 0 € A, () — KOHeUYHOe MHOXKECTBO,
HE mepecekaloleecs ¢ A u comep:kaiiee 1Ba BbIICJIEHHBIX 3JIEMEHTa (o,
q1, a P — 3T0 MHOXeCTBO BbIPAXKEHU{I OTHOTO U3 TPeX BUIOB: qa — br,
qga — bRr, qa — bLr, roe q,r € @, a,b € A. DjieMeHTBl MHOXKECTBA
P nasbiBaioTca Komandamu, a camo MHOXKeCTBO P — npozpammoti ma-
umasl M. s xaxmporo cocrosinus ¢ € Q \ {go} u cumBona a € A
B porpamme P mmeeTcst pOBHO O/lHA KOMaHA C JIEBOil 4acThio qa.

[Iporpamma ykasbIiBaeT, 9TO AejiaTh B KaXKI0i 13 BOBMOXKHBIX CUTY-
anumii: ecJi COCTOsIHUE YIIPABJIAIONIEr0 YCTPOMCTBA PABHO ¢ U ¢ # (o, TO
HAJI0 HAWTU KOMAHIY C JIEBOI YaCThIO qa, rae a — 0003peBaeMbIil CrM-
BOJI (IO ONPENesIeHNIO, B TPOrPpaMMe €CTh POBHO OJIHA TaKasi KOMAHIIA).
Ecnu npaBas gyacTh 9Tol KOMaHAbI €CTh br, TO MamuHa M 3anucbiBa-
er B 0003peBaeMyio s9eiiky cUMBOJI b, U Y Y MEPEexXoauT B COCTOSHUE
r. Ecsm npaBas dyactb KOMaHAbl ecTb bRr wiau bLr, To MammHa 3amu-
CbIBaeT B 0003peBaeMyIo g9eiKy cuMBOJI b, YV HepexonuT B COCTOSTHUE
7, ¥ TOJIOBKA CIABUTAETCS HA ONHY sA4YeiKy BIIPABO MJIM, COOTBETCTBEH-
HO, BjeBO. Ecym cocrostane mammubl M PaBHO @, OHA 3aKAHYUBAET
pabory.

Ipumep 1. Iycrs M = ({0,1},{q0,q1,92}, P), ve
P =1{q:0 = 0Rq2, ¢11 = 1qo, ¢20 — 1qo, ¢21 — 1Rqo}.

[Ipocnenum pabory mammabl M, HAYHHAS C TIOJIOXKEHUS

[oJoJ1JofrJoJofo]
T
q1
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BoT nocsienoBaTesibHOCTD OeiicTBuit Mamuabl M:

q2
[oJoJ1]of1]o]
T
q2

qo

Ha »Tom pabora mammabl M 3aKkaHIMBAETCSA, TAK KaK Y Y IPUIILIO B CO-
CTOSIHUE (.

Cocrosinne Bhrancsienus Jjaoboit mammubl Thiopunra Ha JI0O0M €ro
mare MOJIHOCTBIO OHpeNesisieTcst TPOikoit: (cocrosuue YV; mosoxenue
FOJIOBKH HA JIGHTE; COIEPKUMOE JIEHTHI, T. €. MOCJIEI0BATE/IbHOCTD CHM-
BOJIOB, 3allUCaHHBIX B H‘{eﬁKaX). By,ueM CUYUTATh, YTO TOJIBKO KOHEYHOE
YUCJIO fYeeK JIEHTBhI MOXKEeT COIep:KaTh CUMBOJI, OTJIMYHBIA oT 0, T.e.
HAYMHAsL C HEKOTOPOTO MECTa Ha JIEHTe 3aluCaHbl OaHu HyJim. Tpoiika
(cocrostame Y'Y; NOI0KEHNE TOJIOBKHU HA JIEHTE; COIEPKUMOE JIEHTHI) Ha~
3BIBACTCA KoHpuzypayued (MM MAIIMHHBIM CJIOBOM, MTHOBEHHBIM OIIU-
canneMm) mamuabl M. Mbl OyneM 3anuchbiBaTh KOHMUTYPALUIO B BHUIE
CJIOBA UqU, THE ¢ — COCTOSIHUE YIIPABJISIONIEr0 YCTPOHCTBA, U — CJIOBO,
3alMCAaHHOE HA JIEHTE B siuyeiikax 110 0003peBaeMoil sueiku (I/ICK.J'IIO‘{aH
ee caMy), a v — CJIOBO, 3alIUCAHHOE B s4Yefikax, HaunHas ¢ 0003peBaeMoit
1 110 JIFOOOr0 TaKOro MECTa, MOCJIe KOTOPOro MIYT YXKe OHHU HyJsu. Ta-
KM 00pa3oM, CJI0BO U HE ONPEIESIsIeTCsT ONHO3HAYHO KOHMUTryparmeii.
Hanpuwmep, koudurypaimio

MOXKHO 3ammucarb Kak B Buae cjosa 0abqcba010, Tak m B Bume CJI0Ba,
0abqcba0100.
ITocienoBaresibHOCTL KOHUrypamnuii n3 npumMepa 1 MOXHO U300pa-

3uth Tak: 0g10101, 00g2101, 001¢201, 001go11.
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IIycts k — xoundurypaius sHekoropoit mamuubl M. Obo3HauYMM 4e-
pes k' koudurypanmio, B koropyio M nepexonut us koudurypamuu k
3a ommu mwar. Koudwurypamus k' onpenesnena, ecim COCTOSHUE B KOH-
durypanuu k He paBHO g, ¥ IIporpaMMa He TpeOyer CIBura 3a Kpai
JsienThl. Bynem roBoputh, uyto M nepepabamuweaem xoudurypammo k
B KOoH(buUrypanuio [ u mucars k = a4 [, ecoi cymecTByoT KoHdurypammm
ko, k1,...,kt makue, uro kg = k, ky = I, u nyis Bcex i < t kip1 = (k;)"
Wubivn coioBamu, M nepepabarsiBaer KoHburypanuio k B KoHbuUrypa-
uuto [, ecoim [ mostydaercs u3 k 3a HECKOJIBKO MIArOB pabOThl MaIUHbI M.

I[Mycrs M — mamuna Triopunra ¢ asipasurom A, a u — CJIOBO B aJi-
dasure A. Haszoem xoudurypamuo ¢;0u Hauaavhol xonduzypayued
(MM HAYAJIBHBIM TIOJIOKEHHEM) Ha MCXOIHOM JaHHOM (erxode) u. Ta-
KM 06pa3oM, B HAYAJIbHON KOHMUTYpaIu Ha UCXOIHOM JaHHOM U HA
JIeHTe HamucaHo cJjioBo Ou, a JaJibliie — OJHU HyJIM, FOJIOBKA CMOTPUT
HA TEepBbI cuMBOJI, YY HAXOOUTCA B HAYAJBHOM coctosHuu. llocsie-
noBaTesibHOCTb KoHburypammit ko = ¢10u, k1 = (¢10u)’, ks = (k1) ...,
HOJIYYAIOIIy0Cs pu pabore mMammubl M Ha HavaIbHOU KOHUrYpa-
nu g1 0u, HA3OBEM Gwuiuucseruem Mammabl M Ha Bxoge u. PopMasibHO,
BBIYUCJIEHUE HA BXOME % — 9TO KOHEYHAs] WM OECKOHEYHAsT MMOCJIeI0-
BaTeJIbHOCTb KOoHurypauuih ko, ki,... takas, dro kg = ¢10u, u mjs
Bcex n > 0 6o koudurypanus (ky,)" ne onpenesiena, u k, — mocse-
HUil WIeH mocsenoBarebHOCTH, Tubo xKouburypaius (k,)' onpenenena
U paBHA Kpy1.

Ecsin BbIYmcIieHne Ha BXOM€e 4 KOHEYHO, TO 6y/IeM rOBOPUTD, 4TO Ma-
muHa Twiopuara M ocmanasausaemcs ua Bxome u. Ecim M ocrana-
BJIMBAETCS HA BXOJE U, TO B mocJjenteil Kondurypamuu jub6o M Haxo-
IUTCSI B COCTOAHUM ¢, JTUOO IIPOUCXOOUT OTKA3, T. €. IPOrpaMma Tpedyer
BBIXOJIA 33 Kpail JieHThl. B ciiyuae OTKa3a BBIYUCJICHUE CYNTACTCS 0e3-
pesyavmamuvim. BO3MOKHBI pa3IMYHbIE IOTOBOPEHHOCTH, YTO CUUTATH
pe3yJsibTaTOM BbIYUCJICHUA B TOM CJiydae, KOr’Ja MallllHa OCTaHOBUJIACH
B COCTOAHUMU (. HyCTI) B Ka4deCTBe pe3yJibTaTOB BbIYUCJ/ICHUA paCCMa-
TPUBAIOTCS TOJBKO CJI0Ba B ajidaBure A, BKJIIOYEHHOM B asihaBUT Ma-
mmHbl M u He comepxamem cumBosa 0. CiioBo v € A* GymeM Ha3bl-
BaTh PE3YALMAMOM GONUCAEHUS 8 CUALHOM CMBLCAE, €CITH BHIYUCTICHIE
KOHEYHO, 1 IIOCJIeOHAA KOH(bI/IpraH,I/IH MOXKeET 6I)ITI) 3alluCaHa B BHUIE
cyioBa go0v. Hemycroe ciioBo v € A* GymeM Ha3bIBATH PE3YALMATNOM
BLINUCACHUS, 8 CAGDOM CMBICAE, €CTTH BBIYUC/IEHNE KOHEYHO, U TIOCTIeI-
Hsis KOH(MUTYpAIUs UMeeT BUI WU qoU2fWs, TOE V1Us = v, TPUYEM
ve # A, a, 8 € A. Ilycroe cioBo A € A* Gymem cunrarh pe3yabTaToM
BbIYUCJICHUA B CJ'[a6OM CMBbICJIE, €CJIN BbIYUCJIEeHUEe KOHEYHO, U I1OCJIeI-
Hsisl KOH(MUTypalusi uMeeT BUm wiqolws, toe B ¢ A. 3amerum, 4to



§ 7. Mawunv Tvropunea 113

pe3yJIbTaT BBIYKUCJIEHUS B CJIA0OM CMBIC/IE CYIIECTBYeT BCeraa, KOra
MAIIMHA 3aBEPIIAET PaboTy B COCTOSHUU (g .

IMycts ¥ u A — npoussoJibHble asipaBuThl Takue, 410 0 € ¥, 0 € A,
u nyctb f — vacruyHas GyHknusa u3 L* B A* a M — mammna Thio-
putra ¢ asdaBuToM, BKIoUaommmM aidasutel ¥ u A. Bymem rooputs,
yro MammHa M eviuucasem Gyukyuro f 6 caabom (CUAbHOM) CMBICAE,
ecan OJid BceX u € XL, v € A* BblumcJieHHe MamuHbLl M Ha BXOOE U
3aBepIIaeTcs OCTAHOBKOI ¢ Pe3ysIbTaTOM BBIYMCIIEHUA B CJ1a00M (CHITh-
HOM) CMBICJIE U TOTAA U TOJIBKO Toraa, korga f(u) = v. WabiMu caosa-
M, ecsin MamuHa M Bbrauncager Gbyskiuumo f (B caaboM WM CUIBHOM
cMbICIIe), U 3HaveHne f(u) OmpenesieHo, TO BblUnCIeHne Mamuubl M Ha
BXOJIE U 3aBEPIIALTCs OCTAHOBKOII ¢ pesysbraToM f(u) (COOTBETCTBEHHO
B ciaboM uim cusibHOM cmbicse). Ecusin xe 3Hauenue f(u) He ompene-
JeHo, u mMamuaa M Boraucsser ¢pyukuuio f B cs1aboM CMbICTE, TO BbI-
YucJIeHne MalmHbl M Ha BXofe u Jinbo BOBCE HEe 3aKaHIMBAELTCS, JTHOO
3aBepiaercs orkasoM. Ecin xe mamuua M Bbranciser GyHKuo f
B CUJILHOM CMBICJIe, U 3HadeHue f(u) HEe ONPENeJsIeHO, TO BbIYUCJICHUE
MamuHbl M Ha Bxome u JimbO BOBCE He 3aKaHYMBAETCs, JIUOO 3aBep-
MIAETCS OTKA30M, JiInOO 3aBEpIIAeTCA OCTAHOBKOW B COCTOSIHUM (g, HO
HUKAKOEe CJIOBO B ajipaBure A He sIBISAETCA PE3YJIHTATOM BBIYUCJICHUST
B CMJIBHOM CMBICJIE.

Oyuxuus f u3 L* B A* HazbiBaeTCA 8uinucaumot no Toropuney 6 caa-
6om (CuAbHOM) CMbICAE, €CIIN CYIIECTBYET ManMHa ThIOpUHIa, KOTOPast
Bbruncsger GpyHKuuio f B cjaboM (COOTBETCTBEHHO, CUJIBHOM) CMBICJIE.
Bamerum, uro pabounii ajadasut MamuHbl M, Beraucasionieit ¢yHKIo
f n3 ¥* B A* moxer 6biTh mupe, uem asdasur X U A U {0}.

IMpumep 2. Iycrs byskuusa f us {a,b}* B {a,b}* onpenenena pa-
BEHCTBOM

£ { A, ecsi yucso OyKB a B CJIOBE U YETHO;
u) ~

He onpeneJsieHo B IIPOTUBHOM CJiy4dae.

Oyukiysa f BHIYUCIIAETCS B CUJIBHOM CMbIcje Mamuuoi Toiopunra M
¢ andasurom {#,0,a,b}, cocrosuuamu qo, q1,q2, g3, g4 1 CIETYIONUME
KOMAHIAMMU:

@10 = #Rq2
q2a — 0Rqs
q2b — ORgs
q3a — 0Rqo
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q3b — ORg3
q20 — 0Lqq
q30 — Ogs

q40 — 0Lqy

qa# — 0Oqo

Henocraromue KoMaHabl C JIEBBIMEU YacTsIMU q1a, 10, 17, @, qs#
U T. . MOXKHO B3sITh MPOU3BOJIbHO. Mammua M, HaunHas pabory Ha
BXOI€ U, 3allUCbIBaCeT CUMBOJI # B IEPBYIO H‘{eﬁKy JICHTHI U 3aT€M OBU-
raer rOJIOBKY IO CJIOBY U, CTHpasi ero OYKBbI. IIpw 3TOM IBHUKEHUU
MammHa M HaXOOUTCs B COCTOSTHUU (o, €CJIA YUCJIO0 OYKB @ B IPOYNTAH-
HOI YaCTH CJIOBA U YE€THO, U B COCTOSHHUU (3, €CJIM 3TO YUCJO HEIETHO
(obo3peBaemasi suefika IpoYNTAHHON HE cunTaercs). IIpounTas CJIOBO
u, T. €. JOis 10 nepBoro cuMBoJia 0 cripaBa, Malmia M «3aIuKInBaeT-
CsT», €CJIM OHA HAXOAWTCA B COCTOSTHUU (3, U HAYNHAET IBHXKEHNE BJIEBO,
€CJIM OHA HAXOIUTCSA B COCTOSIHUU (o (T. €. 9ucsio OyKB a ueTHo). oiims
10 cUMBOJIa, #, Mamuua M 3amensier ero Ha 0 u 3akaHduBaeT pabory.
HpI/I 9TOM Ha JIEHTE€ 3alluCaHbl OAHU HYJIU, T.€. pe3yJsibTaT B CUJIbHOM
CMBICJIE PABEH MyCTOMY CJIOBY.

A Bor npumep mammunbl ThiOpuHra, BRIMUCAAOMEH Ty xKe DyHKINIIO
f B cmabom cwmbicae. Ilycrs mammua Treoopunra M’ umeer asdasut
{0,a,b}, cocrosaus qo, q1,q2,qs3, & €e NPOrpaMMa COCTOUT W3 CJIELYIO-
X KOMaH/I:

q10 — 0Rg»
g2a — 0Rgs
q2b — 0Rq»
720 = Oqo

qza — 0Rqs
q3b — 0Rgs
q30 — Ogs

Henocraronme koMaHIpl C JIEBBIMUA YACTAMU 1@ U ¢1b MOXKHO B35Th ITPO-
u3Bo/bHO. Mamuna M', nauunas pabory Ha BXOIE U, IBUrAET MOJIOBKY
0 CJIOBY U, cTupast ero 6ykBbl. [Ipu 9TOM OHA HAXOOUTCHA B COCTOSHUU
q2, €CJIM YUCJIO OYKB @ B MIPOYUTAHHON YAaCTU CJIOBA U YETHO, U B COCTO-
AHUU (3, €CJIA HTO YUCJIO HedeTHO. IIpoumTas cjI0BO u, T.e. moimsa mo
nepsoro cumsosia 0 cnpasa, Mamuna M’ «3anuKIMBaeTCa», €Cau OHA
HAXOMUTCSI B COCTOSIHUM (3, U OCTAHABJIMBAETCSI B COCTOSIHUU (g, €CJIN
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OHa HAXOIUTCS B COCTOSIHUU ¢y (T.e. unucsio OYKB a derHo). Ilpu srom
B obo3peBaemMoii siuefike 3amucan cumBoJi 0, T.e. pe3ysbTar B cjaaboM
CMBICJIE DABEH IIyCTOMY CJIOBY.

Teopewma 18. Ecan gacruunas ¢pyuxnus f uz ¥* B A* Beraucanma
o TrIOpHHTY B CHJIBHOM CMBICJIE, TO CyIecTByeT MaimHa TrropuHra,
BBIYHC/IAONAsT yHKINAIO f B CHJIBHOM CMBICJIe, KOTOpas paboraer bec-
KOHEYHO JIOJITO Ha BCEX BXOo#ax u € Y* mjisa xkoropbix zuadenue f(u)
HE OIpeneJIeHO.

HokaszareabcrBo. Ilycte M — mamuna Trelopunra, BEIYUCIIAIO-
mwas GyHKIUIO f B CUIBHOM cMbIcyie. Iloctpoum mMamuny N, BbIYuC/Is-
oy GyHKIUIO f B CHJIBHOM CMbBICJIE U HE OCTAHABJIMBAIOILYIOCS HA
Tex BXomax u € X¥ i KoTopbix M He maer pesysbrara. Mbl orpa-
HUYMMCS JIIIb onucanueM paborsl Mammubl N, a nmporpammy ams N
YUTATE b CMOXKET HAMMCATh caMocToATe bHO. [lo ycsoBuio, pabora Ma-
munbl A Ha BXOfe U J0/DKHA OTJIMYaThCs OT paboThl Mamuubl M Ha
BXOJIE U B CJICAYIOMIAX JIBYX CJIYUAAX:

1) eciu mamunaa M npu paboTe Ha BXOJE U MbITAETCs BbIATH 3a Kpai
JICHTBI;

2) ecom MamuHa M npu paboTe Ha BXOIE ¢ OCTAHOBUJIACH B 3AKJIIO-
YUTEJIHHOM COCTOSIHWM, HO TIPU 3TOM 3aKJIIOUUTEsbHAS KOH(MUTYPAIIns
HE MOXeT ObITh 3amucaHa B Buie cjoBa qoOv HE 1711 KAKOTO CJIOBA,
v € A"

Mammuuy N Mbl yerpoum cienytomum obpasoM. OHa «3amyckaer»
MamuHy M, 1 ecin B CBOeM BBIYUC/IeHNN M TIBITaeTCs BBIATH 33 Kpait
JIEHTBI, TO N 3allUKJINBaETCA. ECJII/I MalllMHa& M HEe OCTaHaBJIMBaETCHA,
TO T€eM CaMbIM U MalllMHa& N HE OCTaHaBJIMBACTCAA. ECJII/I Xe M OCTaHO-
BUTCdA, TO ITOCJI€ OKOHYaHUA pa6OTbI MalllMHbI M MalllnHa N HaxoaurT
MEeCTO Ha JieHTe, HaduHaaA C KOTOPOI'O HalluCaHbl OOHU HYJIU, U BbIACHI-
er, UMeeT JIM 3aKJoYnTesbHas Kouduryparusa sug goOv, rme v € A*
OpnHako, BoODIIEe rOBOPsi, HEBO3MOXKHO OIPEIE/IUTh, C KaKO# sJeiiku Ha-
YNHAIOTCA OAHU HYJIN, IIOCKOJIbKY MallllHa M MOIJIa HO6bIBaTI) B CKOJIb
YIOJIHO JaJIeKuX A4deiikax. Uro0bl pemuTs 3Ty npobsaeMy, Mbl U3MEHUM
Manmmay M, 3acTaBuB ee rmoMedarh BCe A9elKu, B KOTOPBIX OHA MOObI-
BaJIa, u OymeM BMecTo M HCHOJIB30BATH 3TY HOBYIO MAIIMHY.

Boustee onpobno, pabota Mamuebl N IPOUCXOIUT B TPH DTATlA.

1. Mammua N mumer BMECTO CAMOTO JIEBOTO HyJIs CIIEIUAJIbHBIN
CUMBOJI F, 3aTeM COBHUTAeT BXOIHOE CJIOBO Ha OIHY sideiiKy BIIPaBoO,
3alKCaB B OCBOOOIUBIIYIOCS siueiiky cumBOJI 0.

2. Mammna N 3amyckaer HOBYIO MaluHy M. Mammuna M — 370,
IO OIPEIEJIEHNI0, HEMHOTO u3MeHeHHas marmmaa M. Vmenno, pabora



116 I'a. 5. Teopus anzopummos

MaIlINnHbI M OT/IN4YaeTCA OT pa6OTbI MaIlINnHbI M T€éM, 9YTO OHa IHUIIeT
HOBBI# CIEIUAIBHBIH CUMBOJI 0, & PN YTEHUU BOCIPUHUMAET €ro TaK
Xe, KaKk " Hy.H]zv STO HY>XKHO [OJid TOTO, ‘{TO6])I IIOCJI€E OKOHYaHUA pPa-
60TbI MamUHbl M MOXKHO OBLJIO BBISICHATH, B KAKUX fg9efKax moObBaJIa
bt Mammua M npu pabore Ha Bxoze u. Kpome Toro, kak T015K0 Mam-
Ha M BuOuT cuMBOJI #, OHa sauuksuBaerca. PopMmasbHO, mporpamMmma
Manmabl M oJIydaeTcs U3 mporpamMmbl MamuHel M nobaBsienuem iJist
Kaxmoit komauapl Buga ¢0 — ar, g0 — aLr nin q0 — aRr coorBer-
CTBEHHO KOMAaHIbI qo — ar, qo — alLr wim qo — aRr, 3arem 3amMeHOit
HyJIsl B ITPABOil YacTu JII00OI KOMAHIBI HA O U J00aBJIEHHEM HOBBIX KO-
MaHz g7 — #q oA Beex cocroanuii ¢ mammuner M.

lpo pabory mamuuer M MOxKHO yTBepKIaTh cenyomee. Ecmm M
BO BpeMs pabOThI Ha BXOJIE U THITAETCS BbIHTH 3a Kpail JienTs, T0 M
Ha& TOM K€ BXOIIe pa60Tae’rjeCK0Hequ. Eciu M na Bxome u paboraer
OGeckoHevHO [10Jir0, TO U M Ha Bxome u paboraer GECKOHEYHO II0JIrO.
Ecnu M ocranaBivBaercsi Ha BXOME U B 3aKJIIOUYNTETHHOM COCTOSHUU,
U v — CJIOBO, 3allUCAHHOE HAa JIEHTe CJIeBA HAaIIPaBO OT KpaiiHeit ﬂeng
AYeilkn N0 KpaiiHeil mpaBoil U3 MOCEIIeHHbIX MalHOil M sadeek, To M
TaKXKe OCTAaHABJIMBAETCS HA BXOIE U B TOM YK€ COCTOSHWM U B TOH ke
sJelike, a HA JIEHTE 3AMUCAHO CJIOBO U, MMOJIyYEHHOE U3 CJIOBA U 3aMEHON
BCeX HYyJIell Ha o.

3. Tenepn N nposepsier, uMeeT JM TeKymas KOH(MUIYpALUA BHI
#qovo...o0, tne v € A* a ¢ — 3aKJIOYUTEBHOE COCTOSHUE MAIIUHBI
M. Ecau umeer, T0 M najia pesyJsibTaT Ha CJI0BE Uu; B 9TOM ciydae N
3aMeHsIeT BCe CHMBOJIbI 0 HA HYJIM, CABUTAET CJIOBO ¥ HA OJHY AYeUKy
BJIEBO U 3aMeHseT # Ha HyJib. Eciin ke koHUrypalius He uMeeT TaKoro
BUna, T0 N 3aUKIMBaeTCH.

Teopema mokazana.

Teopema 19. KakoBel 66 Hu ObLIH ajihaBuThl ¥ 1 /A Takue, 4TO
0%, 0¢ A, n yacruynasa ¢yaknusa f uz ¥* B A¥, pyakuusa f Berau-
CJIHMa IIO TbIOpI/IHFy B CHJIbHOM CMBbICJI€ Torda U TOJIbKO Toraa, Koraa
f Beraucsmma 1o TeropuHry B cJ1a60M CMBICIIE.

HdoxaszarenbcTBo. Ilycrs dyuknus f uz ¥* B A* Beruncauma mo
TohiopuHTy B CMJTbHOM CMbICE. B cuity Teopembl 18 cymiecTByet MamrmHa
Triopunra N, Beraucisaomas GyHKIMO f B CUJILHOM CMBICTIE, KOTOpas
paboTaeT GECKOHEYHO [TOJITO Ha, BCEX BXOMAX U € X* IJis KOTOPBIX 3HA-
gyenne f(u) e onpenmesneno. Ilyctb N mMeeT COCTOSHUA (o, (1, - - - »qn-
IMocrpoum mamuny N, Boraucisiontyio GyHKIuO f B caboM CMbICIE.
Mammna N’ 6ymer uMmers TOT xe aadasut, urTo u Mamusa N, 1 coCTos-
HUS G0, q1, - - - ,Gn>Qnr1- 1Iporpamma Mamusasbl N/ CTPOUTCS CJIemy FOIIM
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obpazoM: B mporpamme MamuHbl N BO BCeX KOMaHIaX COCTOSTHHE gy 3a-
MEHSIETCSI Ha COCTOSIHUE (41, ¥ K TIOJIYUYE€HHOI TIporpamMme 100aBsIsteTcst
KOMaHOA ¢n+10 — 0Rqo.

TMokaxewm, uro mamuna N’ Bbraucager GyHKImIo f B CJ1a6OM CMbICJIE.
Ecsin snauennue f(u) He onpenesieno, To mammua N Ha BXOIE U 3aIUKITH-
BAETCA, a TOrma, oueBnuaHo, mamuna N’ taxxke sanmksuBaercsa. Ecom
sHavenue f(u) ONpEeseHo U PaBHO MyCTOMY CJIOBY, TO Mammua A Ha
BXOJIe U 3aBepiraer pabory B KoHburypaiuu gpl, a Torma, 0YeBUIHO,
mammna A7 Ha Bxome v 3aBepmaeT paboty B kondurypamnuu 0gg0, T.e.
MyCTOE CJIOBO SIBJISIETCS PE3YJIbTATOM BBIYUCJICHUS B CJIa0OM CMBICJIE.
Hakownen, eciin 3Hauenue f(u) ONpEnesieHO W PABHO HEMYCTOMY CJIOBY
v € A* 1o mamuna N Ha BXxone u 3aBepmaer paboTy B KOHMHUrypanuu
qo0v0...0, a Torma, ouesunno, mammua AN’ Ha BXome u 3aBepiiaer pa-
6ory B koudurypamuu 0gov0...0, T.e. CJIOBO v ABJISIETCS PE3YJIbTATOM
BBIUUCJIEHUSA B CJIADOM CMBICJIE.

Iokaxkem Tenepb, 4to ecau Gysruust f nz Y* B A* BblunucanMma 1o
Triopuary B cs1ab0M CMBICJIE, TO OHA BBIYACJINMA W B CUJIBHOM CMbI-
cie. Ilycrs mamuna Teiopuara M Borauciser Gyskiuo f B ciabom
cmpicse. [onobHo Tomy, Kak 910 GbLIO COEIAHO B I0KA3ATE/IbCTBE Teo-
pembl 18, moctpoum mamuny M, KOTOpast BMECTO CAMOTO JIEBOTO HYJIst
MUIIET CUMBOJT #, CIBUTAET BXOIHOE CJI0BO HA OJIHY SYeiKy BIIPABO, 3a-
MICaB B OCBOOOMBIIYIOCS STYEHKYy HYyJIb, U 3areM paboraer, kak M, 3a
TeM JINIIb UCKJIIOUEHNEM, YTO BMECTO HYJISI OHA THIIET CUMBOJI 0, KOTO-
PBIi [IPU YTEHNN BOCHPUHUMAET TAK JKe, KaK U HyJlb, & YBUAEB CUMBOJI
#, Mamuua M 3a1uKInBaeTCs.

Taxum obpasom, ecsiu MNBO BpeMsI pabOThl HA BXOHE U MbITAETCA
BbIiiTH 3a Kpail JienTbl, T0 M Ha TOM Xe Bxoie paboraer 6eCKOHEUHO;
ecsii M Ha Bxoze u paboraer GECKOHEYHO H0JIr0, TO U M Ha BXOme u
paboTaeT 6eCKOHEYHO I0JIr0; eciu M OCTaHABINBAETCA HA BXOIE U B 3a-
KJIIOUUTETbHOM COCTOSIHWM, U #U — CJIOBO, 3allMCAHHOE HA JIEHTEe OT
Kpaiineii neBoiiiv AYeiKM 10 KpaliHeil npaBoil U3 MOCENeHHbIX MAIIMHOR
M s1eek, To M TakXKe OCTAHABJIUBAECTCS HA BXOIE % B TOM XK€ COCTO-
SHUM U B TOW XKe siyeiike, a Ha JIEHTE 3aIMCAHO CJIOBO #U, MOJIYYEeHHOE
U3 CJIOBA U 3aMEHOl Bcex HyJielt Ha o. .

IMocTpoum Teneps mMamuny A, KoTopas cHadasa paboraer, Kaxk M,
a B CJIyvae OCTaHOBKY MMOCJIEIHEN MTPOBEPSET, MPUHAIJIEKUT Ju 0603pe-
Baemblit cumbost andasuty A. Ecau mer, To mamuna N crupaet ¢ jeH-
Thl BCE€ CUMBOJIbI, 3AMEHAA UX Ha HYJIU, 1 OCTAHABJIUBAECTCs B KpaitHeit
JieBoil stueiike (rme Oblil Hamucan cuMmBoJ #). Eciin xe obospeBaembiit
cuMBOJI mpuHaAaexuT ajadasury A, mammua N ABUraeTcsa Mo JeHTe
BIIpaBO, HE MEHAA COOECPKHUMOE AYEeCK, IIOKa HE€ 3aKOHYATCA CHUMBOJIBI
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u3 asdasura A, 3areM, MpomoJrKas ABIKEHHE BIPABO, CTHPAET BCe
OCTaJIbHbIE CHMBOJIBI, TIOK& HE BCTPETUTCA HYJb. l[locse Toro mamm-
Ha JIBUTAETCsI BJIEBO, IOKA HE HAYHYTCsI CUMBOJIBI u3 ajidasura A. He
MeHsIsI X, MAIIMHA [IPOIOJIKAET [IBUXKEHUE BJIEBO, II0KA HE 3aKOHYATCSI
CcUMBOJIBI U3 asipaBuTa A, 3aTe€M, IPOIOKAS ABIZKEHNE BJIEBO, CTHPAET
BCE OCTaJIbHBIE CUMBOJIBI, I0OKA HE BCTPeTHTCs cuMBoJI #. [locste sToro
MAalINHA CABUIAET OCTABIIEECS HA JIEHTE HEIYCTOe CJIOBO B asiasure A
BJIEBO, BAMUCHIBAA €ro OykBa 3a OYKBOil CIpaBa OT sYeiiku, comeprKa-
meil cumMBOJT #. 3areM ManrmHa BO3BPAIIAETCS B A4YEHKY, COTEPKAIILYTO
CHMBOJI #, 3aMEHsET ero Ha HyJIb U OCTAHABJIMBAETCS B HTOH sdeiike
B COCTOAHMA ¢o. OYEBUIOHO, YTO TAK MOCTPOCHHAS MAIIMHA BBIYUCJIAET
dyHKINIO f B CUJIBHOM CMBICJIE.
Teopema mokazana.

Bynem roBoputh, uro dyukuusa f BbraucsmMa no ThOpUHTY, ecu
OHA BBIYUC/IMMA TO THIOPUHTY B CHJIBHOM WJIM CJIADOM CMBICJIE, 9TO
B cuyty Teopembl 19 omHO u 1O xke. (OOBIYHO, KAK B PACCMOTPEHHOM
mpuMepe 2, mporpamMma JJjis BbIYUCeHUus (PYHKIUKU B CJIA00M CMBICTIE
HECKOJIBKO TPOIIE, YeM IIPOTPAMMa [IJIsi BEIYUCJIEHUsT TOW ke (DYHKINU
B cl/IbHOM cMbIcjie. OIHAKO B TEOPETUYECKUX KOHCTPYKIUSAX TPOTPAM-
Ma [ij1sl BBIYHACJIeHUsT (DYHKINU B CUJIBHOM CMBICJIE MPEANOuTHTEe IbHEe,
TaK KaK OHA MPEICTaBJIAET PEe3yJIbTaT BBIYUCJIEHUA B BUAIE, ITPUTOTHOM
[IJ1sI TIPUMEHEHUS K HEMY JAPYTOil mporpaMmbl. 910 (PaKT UCHOIb3YeTC s,
HAIPUMED, NIPU JOKA3ATEeJILCTBE CIIEAYIOMell TeOpeMbI.

Teopema 20. Eciu ¢pyuxnusa f uz ¥* B A* u pyuxnusa g nz A*
B I'* Beramcsimmbl mo ThOpuHTY, TO HX KOMIO3HUINA f 0 g BBIYHCIHMA IO
ThrOpHUHTY.

Ms1 He Oynem I0Ka3bIBaTh 3TY TEOPEMY, MOCKOJIBKY €€ J0Ka3aTesIb-
CTBO HE UCIOJIb3YET HOBBIX U U IPOBOIUTCS MyTeM HENOCPEICTBEH-
HOI'0 onnrucCaHud IMpoueaypbl IoJIydeHud IIporpaMMbl MallIMHbI TbIOpI/IHFa
AJId BBIYUCJICHU A (byHKI];I/II/I ng B CMJIBHOM CMBICJI€ U3 IIPOTPaMM MalllnH
ThIOpUHTa, BHIYUCIIAIONIUX B CUJIBHOM CMbICJIe pyHKIuK f U g.

Obiiee nousitre (PYHKIUU, BbIYUCUMON 110 ThIOpUHTY, MO3BOJIsET
CJIeyIomuM 00pa3oM OMPENeJIUTh BIYUCIUMbIe 10 Thiopunry (yHKIun
HATYypaJIbHOTO apryMmenTa. OQTOXIECTBUM HATYPAJIbHBIE YUCJIA U CJIOBA
B asipasutre {|}. A UMEHHO, IyCTh IIyCTOE CJI0BO 0003HAYAELT HATYPAJIb-
Hoe uucio 0, cj10Bo | 06o3Ha"aeT 4ucso 1, ¢yioBo || — ducsio 2, u Boobie,
CJI0BO | ... |, cocrosimee u3z n O6ykB |, o6ozHauaer uncso n. Taxum obpa-
30M, BbIYHCIUMasi 10 Thiopunry dacruanas GyHkius uz N 8 N — 310
BbIYUCIMMAas 110 Thiopunry yacruunas dbyukuus us {|}* B {|}*
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Hakower, omnpenesinM MOHATHE BblYUCAUMON (yHKImMH 3 L* x ['*
B A* nysa npousBosibHBIX asidpasuroB X, ') A. Tlycrs cumBos # He co-
nepxutca B andasurax X u [ Oymkmmio f w3 L* x I'* B A* Gymem

cYnTaTh BHIMUCIUMON N0 ThHIOpUHTY, ecyn BblYuCaUMa DyHKIMSA f U3
Y*UT* U {#} B A* ompenesienHas cJenyomuM o6pa3om:

Fw) { fu,v), ecmu w = u#v,

He onpeneseHo, eCjii w He nMeeT TaKOoro Buia.

Takum obpasom, mamuHa ThIOPHUHra, BBIYUC/AIONAS (DYHKIUIO f,
IIOJIZKHA HA BXOIe uF#v nars pesyibrar f(u,v). AHAJIOrMYHO Onpenesis-
€TCs BBIYUC/IUMOCTD 110 Thiopuary dyuknunm u3 X X ... x X} B A™

YopaxueHud.

1. Hokaszarb, 4TO MO Mporpamme Mamuibl ThIOpPUHTA HEJIb3sT ONpe-
JIeJTUTh, BEIYUCJISET JIM OHA BCIOY onpenesernyo dyuknuio u3 N B N.

2. Ilokaszarb, 9TO 10 TporpaMMe MaluHbl THIOPUHTA HEJIB3S OIpe-
[IeJTUTD, BBIYUCJISIET JI OHA Te-To onpenesiennyio ¢yukiumio u3 N B N.

3. Hokasarb, 4TO 1O MpOrpaMMe MaIUHbl ThIOPUHTA HEJIb3S ONpe-
[IeJTUTh, OCTAHABJIMBAETCS JIM OHA, HAMUHAA PabOTy € MycTOl JIeHTO.

¢ 8. YHHUBepcasibHasA BbIYUC/JIUMasi M0 ThiopuHTy PYHKIIHSA

IIycrs ¥, A — nBa asdasura. Mbl cobupaemcs IJis KaxKa0ili ma-
mmHbl ThiopuHra, JeHTOUYHBIH ajihaBuT KOTOPOil BKIOUaeT X u A, 3a-
[UCATh ee MPOorpaMMy Kak CJIOBO B HeKOTopoM ajidasure B. Tlostoxum
b ={1,q,—,R,L,*}. Kaxnyo 6ykBy andasuros ¥ u A 3akomupyem
rocJienoBaresbHOCThI0 equanl,. Hanpumep, eciin ¥ = {a, b}, A = {c¢,d},
10 3akomupyeMm a < 1, b & 11, ¢ & 111, d & 1111. 3Badurcupyem
sroboe Takoe komupoBanue 6ykB X u A. Ilyctb M — mpousBoJibHas
mammaa Thiopunra, asdaBut KoTopoi BrJ4Yaer X u A. 3akomupy-
eM KaxJ0e COCTosiHre M MOoC/IeI0BaTeIbHOCTIO OYKB ¢: COCTOSHUE (o
MOCJIEIOBATEIbHOCTHIO ¢, COCTOSITHUE 1 — qq W T. 1. Kaxmapii cuMBOJI
JieHTouHOro asipasura M, He comepxammiics B X U A, 3akomupyem
JIIOOBIM CIIOCOOOM TIOCJIEI0BATEIbHOCTBIO EIINHUII, KOTOPas He ObLIa MC-
moJib30BaHa npu KonupoBanun X UA. Kaxmnoi komange M comnocraBum
CJIOBO, COCTaBJIEHHOE M3 KOOOB JIEBOU 1 MpaBoit yacTeit komand, pasiae-
JIHHBIX 3HAKOM —. [Iporpamme M comocTaBuM CJI0OBO, MOJIYyYE€HHOE U3
CJIOB, COIIOCTaBJICHHbLIX €€ KOMaHIdaM, 3allMCaHHbIX B J'[IO6OM nopdanke
U pa3fesIeHHbIX CUMBOJIOM *. BymeM HasbIBATh 3TO CJIOBO 3aNUCHIO NPO-
epammous M. Hampumep, 3amuch mporpaMMbl MAIIUHBI U3 IPUMEPa 2
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nMeeT BUI
qql11 — 1111 Rqqq * qqq1 — 111Rqqqq * qqqll — R.. ...

3meck Mbl 3akomupoBasu a ¢ 1, b <> 11, 0 <> 111, § < 1111.

Onpenenuv pysrnuio F uz B* x ¥* 8 A* caenyiomum o6pasom.
(F(P,u) = v) < (P sABJsercsa 3amuChbi0 MPOrpaMMbl HEKOTODOIl Ma-
mwuHb M, Jaomeil Ha BBIXOIE U Pe3yJIbTarT v).

Teopema 21 (reopema 06 yHuBepcaJibHON Bbrauc/uMoil mo Thio-
puHry GyHKIMNI).

1) @ynkuus F Beraucsmmma no Teropunry.

2) Oyukuus F' yHuBepcaJibHa 115 BBIYHCIUMBIX 110 ThiopuHry (hyHK-
ouit u3 ¥* B A* B cienyromeM CMbICIe: AJIs 000K BBIYHCIAMOMN IO
Teropunary ¢yuxnnun f nz ¥* B A* cymecrByer cioBo P € B* masa
xoroporo f(u) ~ F(P,u) misa Bcex u € X*.

Bropass wacte Teopembl oueBmmHa. JlOKa3aresbCTBO MEpBOM Ya-
¢ty Tpebyer aKKypPaTHOTO ITOCTPOEHHsT MAIIUHBL ThIOpHUHTa, BBIYHCIISIO-
meit F. 910 mocTpoeHre Mbl He [TPUBOIUM.

B naspHeifiem OrpaHUYMUMCHA IS IPOCTOTHI OTHOOYKBEHHBIMU aJl-
dasuravn ¥ = {|}, A = {|}. HanomuuM, 9T0 MHOXKECTBO BCEX CJIOB
B asiasure {|} MBI OTOXKIECTBUIIN C MHOXKECTBOM HATYPAJIbHBIX YHCEJI.

Teopema 22 (TeopeMa O HEPA3PEIIUMOCTU IIPOOJIEMbI OCTAHOBKU
mamunbl Toiopunra). @yakmus Ocm : B* x N — N, onpenesiennas
PaABEHCTBOM

1, ecau P — 3ammch nporpaMMbl MAIIUHBI
TrropuHra, ocraHaB/IMBAIOIIECA HA BXOJIE N

Ocem(P,n) = § 0, ecin P He sB/IATCA 3aIIHCHIO IPOrPAMMbI HI-
KaKOH MaUIMHBI UJIH MAIIHHA C 3aIHCHIO IIPOT-
pammbl P He ocranaB/imBaercst Ha BXoze 1,

He ABJIAETCA BBIYUCINMOI 10 ThopuHTY.

doxaszarTeyibCTBO OT NPOTUBHOrO. [Ipeanosioxum, 9To GyHKIHS
Ocm BbraucanMa 1o TeopuHTy.

[Tepenymepyem Bce cjioBa B asibaBure B B mopsinke Bo3pacraHus
IJIUHBI, a TIPU ONHOH IjInHe — B JIeKCUKOrpadudecKoM MOpsiake; 000-
3HAYUM n-e cJioBO P,. Mamuny ¢ 3amuceio nporpammbl P, 6ymem 060-
sHagarb M,. Herpymno nokasarp, uro dyskmus f : N — B me-
peBomsamasa n B P, Bbruucsimma mo Teiopunary. Torma m dyHKIUs
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Ocm(P,,, m) I1ByX HATYPaJIbHBIX PIYMEHTOB 7 U 1M, BbIYUCuMa 110 Tbio-
punry. Ilycts M,, — mammna Teiopunra, koropas Ha Bxomge m € N
paboraer Tak: Bblunciaser Ocm(Py,m) u eciu Ocem(Py,,m) = 1, To
3aINKJINBAETCS, 8 WHAYE OCTAHABINBAETCA. Torma M1st 000 MaIIMHBI
M, crenyiomme 1Ba yTBEPKIACHUS PABHOCUIBHBI:

(1) My, ocraHaBIIMBaeTCA Ha BXOLE M;

(2) mammua M,,, He OCTAHABJIUBACTCI HA BXOLE M.

B3sB m = ng, MBI IIOJIy9nM IPOTHBOPEYHE.

8 9. Tesuc Uépua

Herpyano mposeputh, 41O BbIUmCJMMbIE MO0 Tbhiopuury dyHKIUNA
u3 L* B X* yIOBJIETBOPSIOT BCEM CBOWCTBAM BBIYUCJIUMBIX (DYHKITHIA,
chopMyTMpOBAHHBIM B §§ 1-6 MJIM HEsIBHO UCIOJIB30BAHBIM TaM. Tod-
Hee, eCJIM OrPAHUYUTHCA aHcaMbJisimu Buoa L* (cpenu HUX ecTh u N,
Tak Kak Mbl oroxkuecTsuiu {|}* u N) u 3aMeHHTL BCIOZY CJIOBA «Bbl-
qucanMas GYHKIUST» Ha «BblAucauMast 10 Triopuary QyHKIusg», 1O
BCce TeopeMmbl §§1-6 ocraHyTCs CrpaBelIMBbIMU. BosHUKaeT mpemno-
JIOXKEHUEe O COBIAIEHUM KJIACCA BBIYUCIUMBIX 10 ThiopuHry yHKImi
u xyacca GpyHKUuil, BBIYUCIUMBIX B UHTYUTUBHOM CMbICJIE (HCIIOJIB30-
BaHHOM B §§ 1-6). D10 mpennosiokeHre HOCUT Ha3BaHUe mesuca Iépua.
[TockosbKy O4eBUIHO, YTO BCAKAS BhIUUCUMast 110 Thiopunry dyHKINs
BBIYUCJINMA B MHTYUTUBHOM CMBICTIE, Te3uC UEépyua MMeeT CJjemyiomunit
BH/I:

st 1060kt pynknun f € Com(X*, X*) cymecrByer ajipa-
Bur I' D ¥ u mamuna Teiopusrra c ajagasurom I', koTopast
BBIYHCJISTET f.

Tesuc Yépya HEBO3MOKHO HU [I0KA3aTh, HU OMPOBEPIHYTH, TAK KaK
MOHSITHE BBIYUCIMMON DyHKIMY He onpeesieHo (popmasibao. Bee no cux
1Op NpeJIoKeHHble (DOPMAJIbHBIE YTOUYHEHUS TTOHATUS BBHIYUCIUMOCTH
HE BBIBEJIN 32 KJIACC BHIYUCIUMBIX 110 Thiopunry GyHKIUH. DTO CIYKUT
HEKOTOPBIM MOITBepKAeHreM Te3uca Uépua. Kpome Toro, mo cux mop
HUKOMY He yIaBaJjioCh IPUBECTH IpuMep (MU 10Ka3aTh CyIIeCTBOBAHKE
TAaKOBOIO) BBIUUCJIMMOI, HO He BbIYUCINMOM o Thiopunry dyHKIuH.

Ecnu Beputh B Te3uc Yépua, T0 nepByIO 4YaCTh TEOPEMbI 00 yHUBED-
caJibHOM BhraucsmMoi o Thiopunry (DyHKINM TOKA3BIBATH HE HYXKHO:
Benb dyukiua F BeranciimMa; 60Jiee TOro, AJjist YCTAHOBJICHUS BBIYUC-
aumoctu 10 ThiopuHry Jio00it (BbyHKIUU TOCTATOYHO MPEIbABUTH He-
bopMaJIbHBII aJITOPUTM, BHIYUCJIIAIONIAN ee.
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