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BBenenue

BceM, KTO XOTb HEMHOTO 3HAKOM C MATEMATHYECKUAM aHAJIA30M, XOPOMLIO
U3BECTHO Bpra.)KeHI/Ie
f(z) = f(zo)

T — o
af

Ero npenen npu £ — g, €CIM OH CYIIECTBYET, HA3bIBAETCSI IPOM3BOIHON =

dynkuun f(z) B TOUKe T = Xp.

IToacTaBuM B Hallle BhIpaXKeHHe T = qTo WK T = Zo + h. Torga Mbl mo-
Jiy4uM npou3BofHy1o dbyHkuuu f(x), ecnn nepeiinem K npezpeny npu g — 1
WJIM, COOTBETCTBEHHO, h — 0.

YTo mpou30iieT, eCIu Mbl HE CTAHEM MEPEXOAUTH K Mpeleny u, bosee
Toro, 3acdukcupyem ¢ # 1 u, coorsercrsenno, h # 07 Torna, pasymeercsi,
HUKAKO# MPOM3BOJHOM B OOBIYHOM ee IOHUMAHHMHK He NOJIy4YuTCs. TeM He Mme-
Hee, OKa3bIBAETCS, CYyIIECTBYET TEOPUsl — OHA HA3bIBAETCS KBAHTOBBIM aHA-
(-'170) — f(q:rO) _ f(:rO) " th(

qTo — T
WUTrPAlOT POJIb TPOM3BOAHBIX. B 3TOM KHMre MbI pac-

JIN30M, — B KOTOPO# BbIpakeHusA Dgf

_ f(zo + h) — f(zo)
h
CMOTDHUM JBAa BAPUAHTA TAKOil TEOPHHU: ¢-aHATU3, OCHOBAHHDII HA IIPOU3BO/I-

Holt Dy, n h-ananu3, B KOTOPOM B Ka4eCTBe IPOM3BOLHON HcHonb3yercsa Dy,.

Mpu1 6yzmeM pa3BHBATH KBAHTOBBIA aHAJIM3, MMOAYEPKHUBAsI €0 aHAJIOTHUIO
C OOBIYHBIM MJIM KJIACCHYECKUM aHAIN30M. B HEKOTOPBIX ClIydasx 3Ta aHa-
Jorusi OyJIeT TOICKA3bIBATL HAM yIAuHBbIE ONpeneseHuss U (hOPMYTMPOBKA
TeopeM. MblI MOKaXkeM, 4YTO KBAHTOBbII aHAJIN3, HECMOTPsI Ha (hOpMasIbHBIMA
XapaKTep €ro noCTpoeHUus, UMeeT MHOI'OYMCJIEHHbIE BAa>KHbIE IIPUJIOKEHUA
B KOMOUHATOpUKE, TEOPUH UHCEN U T. [I.

[Ipoussonnasn Dy (B maybHedineM Mbl Oy/1eM Ha3bIBATH e g-TIPOM3BO/HO)
bynkmuu =™ pasha [n] 2", rae

.’170) =

n
-1
[ =1—.
qg-—1
Bennunny [n] ecrecTBeHHO paccMaTpPUBATH KaK g-aHAJIOT YHCIIA Ny STO O3HA-
93eT, B YaCTHOCTH, 9TO N — ITO Ipezen [n] mpu ¢ — 1.
B KoMOMHATOPHKE BaXKHYIO POJIb UTPaeT MYHKIMs

n—1

(z—a) = (@ —a) (@ - qa)...(& — ¢"a),



8 Bsenenue

KOTOpas €CTECTBEHHO IOSIBJISIETCS MPHU NMONBITKAX HAHTH g-aHasor 6MHOMA;
HMHBIMH CJIOBaMH, NIOBEJEHNE (x—a)g OTHOCHUTEJIbHO ¢-AuddepeHpOBaHNS
AHAJIOTUYHO TOMY, Kak (T —a)™ Bener cebsi IpH B3ATUH OOBIYHON NIPOM3BOI-
Hoii. 3aMeTHM B 3TOH CBA3M, YTO OGIIENPUHSATOE OBO3Ha4YeHue (a;q), A
g-6MHOMAa HE COBCEM yIA4HO.

Barem Mbl BhiBedeM g-aHajor ¢opmyasl Teitnopa — B Heit yuacrByeT
g-6unoM. MlHTEpECHO OTMETHTDL, 9TO U3 g-bopMmysbl Teitnopa MOXKHO OUY€Hb
Jerko u3siiedb MHorue pe3ysbrarbl X VIII u XIX BB., HanpuMep: ToXIe-
CTBa, Jdiiyiepa IJis ¢-9KCIOHEHMAIIbHBIX DYHKIWMIA, popmyry 6uHOMa I'aycca
u opmyny leitne nns g-runepreomerpuueckoit pynkuuu. Kosbdbunnenrs
B popmysie 6bunoma laycca

n
T4 a) = J(3=1)/2 ["_']ajzn—j
(z+a); Zzgq j

SABJISIIOTCS ¢-aHAJIOTaMK OMHOMMAJIbHBIX K03 DUINEHTOB:

1
[?]:ﬁ rae ]! = [1]- (2] - .- [K]-
N3yuas ux, MBI 320[(HO IOJIyYMM HMHTEPIPETALMIO ITUX BEJUYUH B TEPMH-
HaX reOMETPHM KOHEYHOMEPHbBIX JIMHEWHBIX MPOCTPAHCTB HAJ KOHEYHBIMHU
TIOJISIMH.

ToxxnectBa Ditsiepa NPUBOIAT K 3HAMEHHUTOMY TOXKIecTBY dAkobu s
TpoitHOro npousBeneHusi, a ¢opmyna leiiHe npuBOAUT K 3aMeyaTesbHOM
dopmysie npousBeenns PamanymkaHa.

YcranouB Bce 3TH (DaKThI, MbI TIOJIyYdM MHOXECTBO NPHUJIOKEHHH, OT-
KPbIB 33HOBO HEKOTODbI€ 3HAMEHHUTbIE PE3YJbTAThI, Moy4deHHble B X VIII
u XIX BB.: pekyppenTHy10 bopMyny Ditnepa miis KiIacCH4eckoit dyHKIMH
pasbuenusi, popmyny Faycca ayist KosmvecTBa npeaCTaBIeH I LEI0r0 YUCIA
B BUJE CYMMBI IBYX KBaAPATOB, GopMysty JK0oOH Jj1s1 KONMMYECTBA TPEACTAB-
JIEHWH 1IeJIOrO YMCJIA B BUAE CyMMbI YeTbIpeX KBaaparoB U T. A. OcobbiMu
CIy4dasiMd JBYX TOCJIEFHIX PE3yJIbTATOB SIBJISIIOTCS, KOHEYHO, Teopema Pep-
Ma, YTBEPKIAIOIIAsi, YTO HEUYETHOE MPOCTOE YUCJIO P MOXKHO INPEACTaABUTD
B BHJ€E CYMMBbI KB3PaTOB JABYX LIEJIbIX YMCEJ TOLAA M TOJBKO TOrIA, KOTAa
p—1 nenutcs Ha 4, 1 TeopeMa, JIarpaHka 0 TOM, 4TO J11000€ MOJIOXKUTEIHHOE
11eJ10€ YHCJIO SIBJISIETCS CYMMO# KBAJIPATOB YETHIPEX LIEJIbIX YUCEJI.

BosBpamasick 0T npusioKeHH# K ¢-aHAJIM3y, Mbl 0OpaTHUMCS K ¢-TIEPBO-
0bpa3Hoit u g-unterpupoBanuto. Ilocaensee 6b110 BBeAeHO D. T [XxekcoHOM
B Hayaje XX B.: OH IEPBBIM CUCTEMATHYECKH pa3pabaThiBaJ ¢-aHauu3. M3y-
YeHHE ¢-aHAJIM3a Mbl 32aKOHYUM HCCJIEJOBAHUEM ¢-aHAJIOrOB raMMa- U beTa-
dbyHsxImit Jitnepa.



Bsenenue 9

KBaHTOBbIN h-aHaJN3 JDOCTATOYHO CHJIBHO OTJIHYAETCS OT ¢-aHAJIN3A,
HeCMOTPsi Ha uMx (dOopMajibHyIo aHaJoruio. IIpexie Bcero, OTMETHM, YTO
h-aHaJIU3 — 3TO MCUHCIIEHHE KOHEYHBIX pa3HocTel. CucreMaTHyeckas aHa-
JIOTHS C KJIACCMYECKUM AHAJIM30M MPHUIAET MCYMCICHHIO KOHEYHBIX Pa3HO-
creit Gospuiyio npo3paynocts. Hanpumep, h-bopmyna Teitnopa — 3T0 He
4yTO MHOE, KaK MHTepnojsinuoHHas ¢dopmyna Helorona, a h-mHrerpuposa-
Hue 10 4acTAM — mnpeobpa3oBanne AGesnss. Mbl IOKaXkeM, 4TO ONpeeseH-
HbIA h-uHTErpas sBNAeTCA HHTErpaJbHOM cyMMmoit Pumana, nosTomy anasor
opmymnbr Hptorona—Jlefi6auna s h-ucuuciieHnsl MO3BOIMT HAM BBIYHC-
J1ATb KOHEYHbIE CyMMBI.

Msr mpoBeieM TaKOe BBIYMCJIEHHE [UJIsi CYMM T-X CTEIeHed IOCjeI0Ba-
TeIbHBIX IENbIX YHCEeJI, UCIOoJb3ysi h-unrerpan dbynkuuu ™ npu h = 1.
OTO NpHUBENET HAC €CTECTBEHHbIM 00pa3oM K uuciam BepHymim u MHOro-
ynedam Bepnysm. HenocpencrBeHHOe OTHOIIEHHE K HUM UMeEET HOPMYJIa
Oitnepa—MakiiopeHa, pedb 0 KOTOPOil UIET B KOHIIE KHUTH.

B Hacrosimeil KHIre UCTIOJIB3YIOTCS JIMIIb HEKOTOPbIE HaYaJIbHbIE CBEIe-
HMsl U3 aHAJIN33 U JIMHEHHOM ajreOphl, U aAPECOBaHA OHA B NMEPBYIO O4Yepenpb
crygeHTaM (BTOpPOM M3 aBTOPOB ObLI CTYIEHTOM IpPH IOArOTOBKE HACTOSI-
et KHUTK). DTa KHATa OCHOBAHA Ha JIEKUUSAX U CEMUHAPAX, MPOBEJEHHBIX
nepBbIM aBTOPOM B MaccaduyCeTcKOM TEXHOJOTMYECKOM MHCTUTYTE: HA 4a-
CTH KypCa JIEKIMI IO KBAHTOBBIM IpymnmaM oOceHbio 1993 r., Ha ceMuHape
Mo a”aJmn3y oceHbio 1996 r. u Ha ceMuHape JJjd NMEPBOKYPCHUKOB IO KBaH-
ToBOMY aHasm3y BecHO# 2000 r., re BTOPOi aBTOp ObLI CaMbIM AKTHBHBIM
y4acTHUKOM. MbI npu3HaTeabHbI 332 moMoins IIporpamMmme noanepxku cry-
JIEHYeCKUX uccyieaoBanuii. Mbl Takke 6marogapusl Jsny CTpyky 3a BecbMa
TOJIE3HbIE COBETHI.

ITpn HanucaHuM ryaBbl, TIOCBSIIEHHOM (opMmysne Ditnepa—MakiopeHa,
MBI TIOJIb30BAJIMCH HEONYOIMKOBAHHBIMY JIEKIIMOHHBIMU 3aMETKaMHu XaifHCa
Mpuepa, 3a 9TO XOTUM BBIPA3UTh €My 61aromapHocTb. OcTanbHbIe HCIONb-
30BaHHbIE MCTOYHUKH [IEPEYHCIIEHBl B KOHIIE KHUTH.



§ 1. KBaHTOBBIE MPOU3BOAHBIE

Kak 65110 cKa3aHO BO BBEIECHUH, MBI Oy/IeM M3y4aTh JBa BAPUAHTA, KBaH-
TOBOTO aHAJIM3A: g-aHaJM3 U h-anaju3. HayHeM ¢ nOHATHS KBAaHTOBOrO aud-
depeHuuana.

Onpepenenue. PaccMorpum npoussosbhyio dyakuuio f(z). Ee g-dud-
depenyuasom OyneM HA3BIBATH BHIPAXKEHHE

dq f(z) = f(gz) - f(), (1.1)
a ee h-dugdepenyuasom — BbrIpakeHune
dnf(z) = f(z +h) — f(z). (1.2)

Tak, HanpuMmep, dg& = (¢— 1)z u dpx = h. VHTEpecHOE OTIIMYKE KBAHTO-
BbIX Jud depeHnnanoB OT 06GbIYHOrO 3aKII0YAETCS B OTCYTCTBUHA CHMMETPHH
B dbopmyne mis auddepenipana npousseenns asyx dyHkmuit. B camom
zene,

dy(f(z) 9(z)) = f(gz) 9(gz) — f(2) 9(x) =
= f(gz) 9(gz) — f(qz) 9(z) + f(gz) 9(2) — f(2) 9(2),

CJIEIOBATEJIBHO,

do(f(2) 9(2)) = f(g2) dog(2) + 9(z) dg f (); (1.3)

AaHAJIOTUYHO

dn(f(x) 9(x)) = f(z + h) dng(z) + g(x) dn f(). (1.4)

Tem He Menee, B dopmynax (1.3) u (1.4) dyskunn f(z) u g(z) pasuo-
[IPABHBI, TI03TOMY TAKXKe BEPHbI DABEHCTBA

dq(f(z) 9(2)) = 9(q2) d f(2) + f(2) dgg(z),
dn(f(z) 9(z)) = g(z + h) dn f(2) + f(2) drg(z).

Onpe,neJmM Tenepb COOTBETCTBYIOIIME KBAHTOBbIE IIPOU3BOJHbIE.



§ 1. KBaHTOBBIE IPOM3BOJIHBIE 11

Onpepnenenue. Cnenyomye JBa BbIPAKEHUS:

Dyf(w) = 4S8 S = Jla), (15)
Dyf(z) = 22 _ Jex b =/l (L6)

HA3bIBAIOTCH ¢-NPou3eodHoti 1 h-npouseodroti byHkuum f(Z) COOTBETCTBEHHO.
3ameTuM, 4TO

lim Dy f(z) = lim Dy f(z) = M,

q—1 h—0 dzr

eciu dynkuus f(z) nuddepenuupyema. QO603Hauenue Jlelbuuna 115 1po-

u3BOJHOM byHKimu f(z) B BUIE OTHOWEHHs JBYX quddepeHnmanos —— ¥z ( )
OKa3bIBAETCsl OCOOEHHO YAaYHLIM B KBAHTOBOM AHAJIN3€, TaK KaK B 3TOM
ciaydae quddepennyansl dg U dn, MMEIOT COBEPIIEHHO O4€BHIHBINA CMBICIL.

flcHO, 9YTO B KBAHTOBOM aHaJIM3€e, KaK M B KilaccuieckoM, quddepenuu-
POBaHME SIBJISIETCSI JIMHEWHBIM OmnepaTopoM. UHbIMu clioBamu, Ajst JTI0OBIX
KOHCTAHT a ¥ b n mobbix byHkumit f(z) 1 g(x) BHIIONHAIOTCA PABEHCTBA

Dq(af(x) + bg(z)) = aqu(.'I:) + qug(w),
Dn(af(z) + bg(z)) = aDy f(z) + bDpg(x).

IIpumep. Boruncnum Dgz™, roe n — HaTypajabHOe uncio. Ilo onpene-
JIEHHIO

n __ (qz)n_xn _ qn_l n—1
Dyz" = G-z — ¢-1 x (1.7
u
n_.
Dyan = W2 pgner 20D g2y g (1g)

Tak kak orsowenue (¢" — 1)/(¢ — 1) B nanbueiimem GyIeT NOABIATHCA
JOCTATOYHO 9aCTO, BBEJEM il HETO CJIeaylomee 0603HaIeHHeE:

[n] = ___11 =¢" '+, +1 (1.9)

Ty BenmumHy Gy/J€M HAa3bIBATb §-GHAA020M TIOJOXKUTEIBLHOTO [EJIOr0 YHC-
1a n. Torna popmymny (1.7) MOXKHO 3anucaTh B BHIE

Dyz™ = [n] 2™}, (1.10)



12 § 1. KBaHTOBBIE TPOU3BOJHbBIE

4TO MOXOXKe Ha PopMymy mns o6bIYHON MPOM3BOAHOM dyHKuMM ™. 3ame-

THM, 4TO
N=¢"'+...41>141+...+1=n

npu ¢ — 1. B MHOrOYHCIEHHBIX PUMEpAX MBI YBUAUM, YTO BEJMYHHA [n]
UTPaeT B g-aHAJIM3E TAKYIO JKE POJIb, KAKYIO YHCJIO I UT'PAET B KJIACCHYECKOM
aHajm3e.

®opmyna gns Dpx™ Gosee cioxHa. B onpeneneHHOM cMbicie (bYHK-
uus ™ 47 g-aHaJIM3a Xopouiasi, a Jjist h-ananu3a — miuoxas. Mbl ocTaBuUM
h-aHaM3 10 MOCJEHAX MATH PA3eJIOB KHATH U COCPEIOTOYMM BHHMaHHUE
HA ¢-aHAJIU3E.

BeruucinM g-npoussomHble NpousBeleHMs W dacTHOro dyHkumit f(z)
u g(z). U3 dbopmyast (1.3) nomysaem

Dq(f(.’l)) 9(1:)) - dg(f(x) g(x)) _ flgz) dgg(z) + g(z) dqf(:l:)

(g—1)z (g-1z ’
¥ OTCIONA
Dqo(f(x) g(x)) = f(qz) Dag(z) + g(x) Dy f (). (1.11)
AnanornyspiM 06pa3oM, NOMEHSIB MECTaMHU [ U ¢, TIOJIy YUM
Do(f(z) 9(z)) = f(z) Deg(z) + 9(gz) Do f (z), (L.12)

9TO IKBHUBAJIEHTHO paseHcTBY (1.11).
[Tponuddepennuposas ¢ nomourpio (1.11) pasencTso

~

o@- L5 = 1@),

MOJTy YMM

oez) Dy (£2) + L8 Dog(z) = Do (@),

TaKuM 0Opa3oM,

DQ(M) = 9(z) Dqf(z) = f(z) Dgg(z)

o) 9(=) 9{a) (1.13)

C 1pyro#t cTopoHBI, eciu MblI uCnosb3yeM dopmyay (1.12), To momyumm

9@ Dy (H5) + L8 Dyg(a) = Dy (a),

CJj1eI0BAaTENbHO,

D, (£(2)) - olaz) Paf(e) = Jlaz) Dogla) (1.14)

9(x) g(gz)
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@opmynsr (1.13) u (1.14) 3KkBUBAJIEHTHBI, HO B ONPEJEJEHHBIX YCJIOBHUIX
oIjHA MOXKET OKa3aThCsl TIOJIE3HEE APYTOi.

ITocne BwviBoma mpaBui ¢-auddepeHInpoBaHns TPOU3BEIECHNAS U 4aCT-
HOT'O €CTECTBEHHO MONPOOOBATH BHIBECTH KBAHTOBBIN aHAJIOr (DOPMYJIbI AJis
npou3BOAHOM cnoxHO# Gy Hkuuu. OnHAKO He cywecmeyem obwett Popmyase
0AR BVNUCAEHUA §-NPOU3E0IHOT caodicHol Pynryuu. VckmoueHneM sABIIs-
ercsa auddepenunposanve pyuxuumit Buga f(u(z)), roe u(z) = azf, a, f—
KOHCTaHTHI. B aTom ciygae

aq?z?) — f(az?
D,(f(u(@)] = Dylf(aa?)) = Lot 2) Moz

qr — T

_ fled®a”) = f(aa”)  ad®e? —ad® _ f(¢°w) - f(u)  u(gz) - u(z)
agbzlf — azb qr — dPu—u qr — T

b

M OTCIOZA
f(u(z)) = (Dgs f)(u(z)) - Dgu(z). (1.15)

B xauectBe mttocTpanuu Toro ¢axra, 4To 0buiei HGopMyIIbl At g-IIPOU3-
BOJIHOM CJIOXKHOM (byHKIMK HE CYIIECTBYET, PACCMOTPHMM, HANPUMED, u(Z) =
=z + 22 wm u(z) = sinz. Hu B 0Z1HOM M3 3THX ABYX CJIy4aeB BEJMYMHA
u(qx) He MOXeT ObITh BBIPAXKEHA 4epe3 u(T) NPOCTBIM CHOCOOOM, ¥ IIO3TO-
My HEBO3MOXHO IOJYyYUTb 00ULyI0 (OpMyJly AJisi IPOM3BOIHOMN CJIOXKHOM
dyHKUMHA, aHAJIOTMYHYIO KJIACCHYECKON.

3aKOHYMM IJ1aBY OOCY>KAEHHEM TOTrO, IIOYEMy B KBAHTOBOM aHAJIU3€e HC-
MOJIB3YIOTC CMMBOJIBL h 1 . BykBa ¢ mMeeT HeCKOJIbKO 3HAYEHHH:

e niepBast OyKBa CJIOBa «quantums,

® CHMBOJI, OOBIYHO HCIOJIb3YEMBIH N1Jisi O003HAUEHUs YHMCJIA JJIEMEHTOB
KOHEYHOTO TIOJIs,

® HE3aBUCHMAasi NIEPEMEHHAs!, UCIIONb3YEMasl IPH PA3JIOXKEHNH B CTEIEH-
HbIE DAIBI.

Byksa h ucnonb3yercs Kak HAlOMHUHAHHE O MOCTOsiHHOM IlnaHka, KO-
TOpasi ABJII€TCA HaMOOJIee BasKHOM (PU3NYECKOM KOHCTAHTOH B KBAHTOBOM
MexaHuke (bu3nKe MUKPOCKOTIMYECKOro MuUpa). [log «kjaaccuueckum» mpe-
JeJIOM TOHMMAIOT NpEeJeNbHbIN nepexon npu ¢ — 1 unu h — 0; 31ech aBa

KBAHTOBbBIX ITIapaMeTpa OOBIYHO CBSI3aHBI COOTHOILIEHHEM q = eh.



§ 2. O6obmennas dopmyna Teilopa nus
MHOTO4YJIEHOB

B knaccuveckom ananmse dynkuus f(x), obaasaromas npoOU3BOIHBIMU
BCEX IOPSIKOB, HA3BIBAETCHA AHAAUMUYECKOU TP T = G, €CIH €€ MOXKHO
PAa3JIOKUTD B CTENEHHOM psifl B TOYKe T = a. Teopema Teitnopa yTBepxaer,
YTO 3TOT CTENEHHOU Pl UMEET BHJ

® () (g
f@) =3 fo) (z —a)". 2.1)
n=0

PaznoxkeHne aHATUTHYECKOH (DYyHKIUK B Psifl YACTO MO3BOJISIET PACIIPOCTPA-
HUTH ompenesieHne GyHKUMM Ha Gosiee WMpPOKHE OOJIACTH 3HAUEHWI mepe-
MenHo# z. Tak, Hanpumep, pa3noxenue B psjg Teinopa GyHkupm e MOXHO
HCIIOJIb30BATDb, ‘lTO6bl OMNnpenenTb 3IKCIIOHEHTbI KOMIIJIEKCHBIX YHCeJI U KBa -
PATHBIX MATpPHII,

Haueit 6mxkaiinieii nenbio sBsieTCs: BbIBOJ, g-aHajora ¢popmysst Teiio-
pa. Ho npexxne yeM caenarh 3TO, JOKaXKeM cieaylolee 60ee obiee 1 04eHb
Ba)XHOE YTBEPIKJIEHHE.

Teopema 2.1. ITycmv a — nexomopoe wucao, D — aunetinuti onepamop
Ha Mpocmpancmee mrozouaenos, a {Po(z), Pi(z), P2(z),...} — nocaedosa-
MEALHOCTD MHOZ0NAEH08, YOOBAETEOPAIOULUL YCAOBUAM

(a) Po(a) =1 u P,(a) =0 daa arwbozon > 1,

(b) deg Pa(z) = n,

(¢) DPp(z) = Py—1(z) das arbozon > 1, u D(1) = 0.

Tozda das ar0bozo mrozourena f(x) cmenenu N cnpasediuea 0600EHHAS

dopmyna Teitnopa,
N

fl@) =) (D"f)(a) Pu(x). (2:2)
n=0

Aoxasameavcmeo. 3amernm, uTo u3 ycnosuii (a) u (b) cieayer paBeHcT-

Bo Py(z) = 1. Ilyctb V — MpOCTPaHCTBO MHOTOYJIEHOB CTENeHH, He PEBbIIIa-
tome#t N. fcuo, uro dimV = N + 1. Muorounenst Py(z), Pi(z), ..., Pn(z)
NPUHAJJIEXKAT IPOCTPAHCTBY V' M, KPOME TOrO, JMHEHHO HE3aBHCHMBI, IO-
ckosbKy 1o ycaoBuio (b) mx cremenu crporo Bospacraior. CienoBarenb-
HO, OHM 00pa3yior 6a3uc mpocrpaHcTBa V, u mo3ToMy 000 MHOTrOYJIEH
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f(z) € V moxeT ObITH NpeCTaBIIEH B BHIE

N
= Z ¢k Pr(z) (2.3)
k=0

JI71s1 HEKOTOPBIX ONHO3HAYHO ONpeeseHHbIX K03 unuenTos c.
ITonarasi * = a u ucHoIbL3ys ycuoBue (a), motydaeM ¢ = f(a).
ITpumenuM Tenepsb n pas oneparop D k obenM vactam ypasHenus (2.3),
rae 1 < n < N. Torpa u3 ycnosuit (b) u (¢) sierko nosyyuTs paBeHCTBO

(D" f)(=z Z cx D" Pi(z Z ck Pe—n(z).

k=n k=n
TTos0XMB B HEM T = @ ¥ BOCIIOJIb30BABIINCH yCJI0OBHEM (a), TI0JIyYUM

=(D"f)(a), 0<n<N,

U, TeM cambM, f(z) = JX::O(D"f)(a) P,(x). O

IIpumep. Ecniu

n
D=2 p@=Ed
TO BCe TPH YCJOBUs TeopeMbl 2.1 BbINOJHEHBI. B 3roMm ciydae passoxe-
Hue Teiisiopa MOXKHO PacCMATPUBATH KaK NMEPEPA3IIOKEHNE MHOTOUYJIEH 10
CTENEHAM PAa3HOCTH T — Q.

Jlerko BuzeTrs, 4TO ecnu Ass maHHOro omeparopa D mocnenoBatesb-
HOCTb MHOTOYJIEHOB, yJOBJIeTBOpsiommX ycaoBuaMm (a), (b) u (c) Teope-
MBI 2.1, CylecTByeT, TO OHA OIpeJesieHa eIUHCTBEHHBIM 00pasoM. Kpome
TOro, ecau onepatop D oToOparkaeT MPOCTPAHCTBO MHOT'OYJIEHOB CTENEHU
7 Ha BCe MPOCTPAHCTBO MHOT'OYJIEHOB CTemneHu n — 1, To Takaa nmocienosa-
TeJIbHOCTb BCETJa CyLIECTBYET.



§ 3. g-anaJyior 6unoma (x — @)™ ajd HeJoro N
U @-NIPOU3BOJAHBIE OMHOMOB

Kaxk 65110 oT™Medeno B § 1, D, sBisieTCa JHHEHHBIM ONEPATOPOM HA
npocrpascTBe MHOrouseHoB. [lonbiraeMcs npuMenuTs Teopemy 2.1 k D = D,,.
HaMm notpebyercs cienytomuii g-aHaior Yucia n!:

1, eciu n =0,
[n]!z{[n]~[n—-1]-...-[l], ecmn > 1. 31

Ilycrs @ = 0. Torna mnsa oneparopa D = D, HeCI0XXHO 1MoAo6paTh
NOCJIEJI0BATEIbHOCTb MHOTOUNEHOB { Py(z), P (z), P2(x), . . .}, yaoBneTBops-
IOIIYIO YCJIOBUSIM TEOPEMBI 2.1: ;

Po(z) = —. (3:2)

B camom nene,

(a) Po(0) =1, P,(0) =0 mnan > 1,

(b) deg P, =n,

(c) ucnonwsays dopmyiy (1.10), momydum mis n > 1 paBeHCTBO
[n]:l:"_l xn—l

]! [t =[n_1]!=Pn—1(-T).

DyPa(z) = 25%

Bynem tenepb ucKaTh MOC/IEA0BATEIHLHOCTH MHOrO4IEHOB P, (z) muis mpo-
M3BOSILHOTO @ # 0. JIErKo NpOBEpHUTH, 4TO MHOTOUEHb! Pp(z) = (z—a)™/[n]!
HE yJOBJIETBOPSIOT YCJOBMsAM Teopembl 2.1: nampumep, Dy(z — a)?/[2]! #
# x — a. Hafinem HeCKONBbKO MEPBLIX MHOrO4JIeHOB P, (z) u monpobyem yra-
JaTh o0y hopmy.ry.

fcHo, urto

Po (:L‘) =1.

W3 pasencts DgPi(z) =1 u Pi(a) = 0 oueBuaAHBIM 06Pa30M CJIEIYET, YTO

P (z) =z —a.
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Jlasiee, 4TOOBI BBIIONHSINCH cooTHOUEHUs! Do Po(z) = 2 — a u Px(a) = 0,
JJOJDKHO MMETb MECTO PABEHCTBO

2 2 — —
2@ e @-g-g)

Ba(@) = g @ 2

A HAJIOTMYHO

(z —a) (z — qa) (z — ¢°a)
PS(:E) = [2] [3] )

u 1. 1. EcrecTBeHHOE MpenosioxkeHne COCTOUT B TOM, 4TO

Pa(z) = (z—a)(z— qur)l]‘!. Az —q" ta) . (3.3)

3ameruM, 4To 312 hopMmyna cormacyercs ¢ (3.2) mpu a = 0. I[Ipexne yem

IIPOBEPHUTD, ITO J|JIsi IOCJIEOBATEIHLHOCTH MHOrO4JIeHOB (3.3) B camMoM Jejie

BBIIIOJIHAETCSL YCJIOBHE (C) TeopeMbl 2.1, BBeieM HOBOE 0003HAYEHHE.
Onpenenenne. [Tonoxum

n_ )1 npu n =0,
(=a)g = {(m—a) (x—gqa)...(x—q¢" 'a) mpun>1. (3.4

STOT MHOTOYJIEH SIBJISIETCS ¢-aHAJIOOM MHOro4seHa (r — a)™.
Ilpennoxxenue 3.1. IIpu n > 1 umeem mecmo pasencmeo

Dy(z — a)y = [n] (x —a);~". (3.5)

Aoxasameavcmeo. Ilpu n = 1 dbopMyna oueBHIHBIM 00Pa30M CIIPABE-
mBa. TpeanonoxuM no naykumd, 910 Do(z — )k = [k] (z — )5~ npn
nexoTopom nestom k. Cornacro onpegenennio (z—a)k+! = (z—a)k (z—¢*a).
Ucnonssys popmyny anddepennuposanus npousseaenus (1.12), nomydaem

Dy(z — a)i*! = (& - ) + (g2 — ¢*a) Dy(a — 0)f =
—@-a+qe—d"a)- W z-ah ' =
= (1+q[lc])(:7:—a)'qC = [k+1](:v—a)’;.
CrenoBatensro, pasencrso (3.5) Bemonnsierca u ans n = k + 1. O

Wrak, pasencrso Dy(z — a)j = [n](z — a); ! noxasano. Teneps pac-
CMOTPHUM HEKOTOpBIE APYTHE CBONCTBA MHOTOYJIEHOB (T — a)g.
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— aq\m+n _a\m JPAY )
B o6mem ciyuae, Kak JIEFKO IPOBEPHUTD, (T —a)g*+" # (z—a)g" (z —a)g.
BMecTo 3TOr0 BBINOJIHAETCS PABEHCTBO

(z—a)*™ =(z—a)(z—qa)...(x—¢" 'a) x
% (& - q"a) (z — ¢™a) .. (z — ¢ a) =
=(z—a)(r—qa)...(x—q¢™ ta) x
(

OTKyZa

(z - a)Z"Jr" = (z—a)g*(z — q"a)y. (3.6)

OnpeneniM Teneph (T — a)y I OTPUIATENHHBIX IEJIBIX YHCET N TaK,
4T00bl popMyna (3.6) Obuia cupaBenuBa AJist JOOHIX Henblx m u n. Jis
3TOr0 3aMeTHM, 9TO ecn B (3.6) noacraBurb m = —n, tae n > 0, TO JOJKHO
BBINIOJIHATBCS] PABEHCTBO

n 1

@ = ey

(3.7)

KOTOpOe MbI IIpUMeM 3a omnpefenenue (T — a), ™. [lpa ciexyomux npesjo-
JKEHHUsl MOKA3bIBAIOT Pa3yMHOCTb 3TOro 006001IEeH .

IIpenmnoxenne 3.2. [asa 41066x 08YT ueavlT wucses m u n cnpased-
au60 pagercmeo (3.6).

Hoxasameavcmeo. Cay4aii, xorma m > 0 u n > 0, y>Ke pacCMOTpeH, a
Ciy4ail, KOrJa OJHO M3 YMCEJNl M U N PABHO HYJIO, TPUBUAJIEH.

IIycts cieppa m = —m/ < 0 u n > 0. Torna

m

(@-a)™z—q )t =(z—a);™ (¢ ™a) =

’ q
_ (=g ™a)y _ _
= (g;—q_m/a)'{]nl - 1 , =
@y S
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[Iyctb Teneps m > 0 u n = —n’ < 0, Toraa

(z—a)g'(z—q™a)g =

L (.’l: —a)™
=\|\Tr—a m xTr — ma n o= ——*——-—q - =
(z —a)g'(z — q™a), G—aag
m—n' !

(z-a)gd ™" (z—¢

m—n’a)n

!
(I — qm—nla)gl ’ m 2 n,
(z —a)g’ m<n
(z— g™ "a)g "™z — ¢V "™ (g™ )P ’
(x— a);”_"l, m>=n,
= 1 =
m—n/,\n'—m’ m < nl’
(z—q a)q
=@-a)r ™ =(z-a)*t"
Hakonen, ectu m = —m/ < 0un=-n' <0, T0
(z—a)g'(z —q™a)g =
’ ’ ’ 1
=x—-a),"(x—-q¢ ™a);" = ; T =
( " (@ =a a)g (z-¢™a)g (z — ¢V "™ a)g
1 1
(z—qg V™) (z—qV (" "™ a))] (- g™ a)y ™ B

’ 7
— —m/—n’ _ +
=(z—a)," ™" =(z—a)™"

CrenoBatenbHO, paBeHCTBO (3.6) crpaBeIMBO [1s JTIOOBIX LEJIBIX YHCET T
un. O
Tenepsb xoTesioch Ob1 YOEIUTHCS B TOM, UTO Npeasoxenue 3.1 BepHO aiis
Joboro nesoro yucia n. Ho npexae yeM noka3ars 310, HEOOXOAMMO Ompe-
Jenuth BemwauHy [n] (cM. (1.9)) nna Gosnblueit 061aCcTH 3HAYEHUI TEPEMEH-
HOH n. ’
Onpenenenune. s 060ro JeCTBUTEIBHOrO YUCAA (¢ TIOJOXKUM

o ==L (3.8)

IIpennoxenune 3.3. s 4106020 yea020 wucaa n 6vNOARAEMCA PAGEH-

cmeo

Dy(z - a); = [n] (z — a);“l.

Aoxazameavcmeo. IIpyu nONOKUTENBHBIX HEJBIX N YTBEPXKICHUE JOKA-
3aH0 B npeayioxkenuu 3.1. 3amerum, uro [0] = 0, mosromy pasencrso (3.8)
cnpaBenuBo 1A n = 0.
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Ias n = —n' < 0 npumennm (1.13) u (3.7). Monyunm

Dy(z —a); = Dq(m) =

Dyz—qva)r ] (@~ g " a)y ! _
(€ —q ™ a)f (g2 — g~ a)f’ ¢ (z—q o) (e~ ")y’
3 1— qn/ q_n/ B q_n/ -1 1 B
¢g—1 (z—qla)(z — q—n'—la)g’ qg—1 (z — q—n'—la)g’ﬂ
L = (e
q-—1 1
4YTO ¥ TPebGOBAJIOCH. O

IIpennoxenue 3.3 HENBb3s1 MPUMEHUTD HENIOCPEICTBEHHO, J1s TOTO YTOOBI
HAWTH ¢-poU3BOJHBIE bYHKIMIA
1 1

(z —a)}’ (a— .’1:),';, (a—x)3’

TIOCKOJIbKY, Hanpumep, (a — z)g # (— 1)”(:5 a)g-
Ozanaxo, HETPYZHO BUAETH, YTO NPH 1 > 1 MMEET MECTO COOTHOLIEHHE

(a-2); =(a-2z)(a—gz)(a-g%a)...(a - ¢"'2) =

=(a-2)-q(¢'a—2) ¢ (¢7*—g)...¢" (¢ a—2) =

= ()" g™ D2 (g — g Ha) . (z — %) (z — ¢"'a) (z — a),
UHBIMHU CJIOBaAMHU,

(a—a)2 = (~1)*q""D/2(g — g +1g)n, (3.9)
Herpynso npoBepuTh, 4T0 paBeHCTBO (3.9) CIpaBeJIuBO U A/ BCEX OCTaJlb-
HBIX neybIx yuces n < 0.
3aKOHYUM 3Ty IJIABY BHIYHMCJIEHHEM ¢-TIPOU3BOIHBIX (DyHKIMH

n 1
(a—x)q, m{

1
(z—a)d’
W3 pasencrsa (3.7) ciemyer, 94T0O

1 1 _ _ n_\-n
Pate=ayg =Py ~ PaE %
JBaxzapl npumenus dbopmyny (3.9), noayuum

Dq(a _ x);’; — (_l)nqn(n-—l)/2 . [n] (.'17 _ q—n+la)Z,—l —

= —[n]g" ! (=1)" g~ Dn=2/2 (5 _ q—n+2(q—1a))g_1 _

1

=-[n]¢" (¢ la—2);! = —[n] (a — gz)} .
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Haxownen, ucnonb3dyeM hopMyity s auddbepenuupoBanus 4acTHOro (1.13):

1 _ -yt _ [n] __ [
=2 (@-2fe—g)i (@-2F@—q2) (a—z)p""

Wrak, 4715 110600 1EJIOr0 YUCJIa 1 BHITOJIHSIIOTCS PABEHCTBA

q(q_lT)g =[-n](z - ¢"a);""}, (3.10)
Dy(a—2z); = —[n](a—gz); 7, (3.11)
1 __ M

Ya-2)7  (a—a)2tV (3.12)



§ 4. g-dopmyna Teitsropa AJI9 MHOTOYJIEHOB

Kax 6bu10 mMoka3aHo B HpeablayleM naparpade, mocieqoBaTeibHOCTh
MHorounenos P (z) = (z — a)7/[n]! yaosnersopser ycnouam Teopemsr 2.1
OTHOCHTEJILHO JmHeltHoro oneparopa Dg. Cnenosarenbho, mo6oit MHOro-
YJIeH JIOIYCKAeT g-pa3iioxenue Teisopa.

Teopema 4.1. Saduxcupyem npoussoavhoe wucso c¢. Toeda dan arwboeo
mhozouaena f(x) cmenenu N umeem mecmo g-pazaooicerue Tetaopa:

N

f@ =Y 0 =2, (a.)

j=0
Hpumep. Ilycts f(x) = z™, rae n — NOJOXKHUTENHHOE LENOE YHUCIO,
ac=1.IIpu j < n umeeM
(Dif)(@)=[n]Di 2" =[n][n-1]Di %z" 2 =... =
=[n)n-1...[n—j+1]z"7 (4.2)
H, CJIEIOBATEILHO,

(DN =[nl[n—1]...[n =5 +1]. (4.3)

ITostomy g-dopmyna Teitnopa masa f(z) = 2™ u ¢ = 1 npuHuMaer BU

n = nl...mn—53+1 i - n j
w =Zum!_ﬂ_tl(x_1)gl=2[j](x—1);. (4.4)

Jj=0 Jj=0
ByneM Ha3bIBaTh -OUHOMUGALHULMU KOIPHUUUEHMAMU BETAUNHDI

n] _ [mln-1]...n—j5+1] _ [n]!
7] il = G =71 “5)
B § 7 MbI npuBeieM KpacuBy 0 KOMOMHATOPHY IO HHTEPIIPETALHUIO Y PABHEHHS
(4.4).

Jlerko Bugers, 4To ¢-6MHOMHUANBHBIE KO3 dUIMEHTHI TP ¢ — 1 cTpe-
MATCA K OObIYHBIM GMHOMHUANBbHBIM KO3 duienTam, a paBeHcTBO (4.4) npe-
Bpalaercs B 0OpraHyIo popmyny 6unoma. B cienyroumx asyx naparpadax
MBI M3y4HM CBOMCTBa ¢-OMHOMHANBHBIX K03 dHIMEeHToB Gonee noapobHO.




§ 5. bunom I'aycca m HeKkOMMyTaTUBHAA
dopmysa 6uHOMA

B srom maparpade mbr momyunm JBe bopMyabl GHHOMA, COIEpPKALIKE
g-6uHOMHaNbHbIe KO3bduunenTsl. PaccMoTpuM crniepsa npuMep, noA06HbI!
[OPUBEIECHHOMY B IPEbLIYIIEH raBe.

ITpumep. Ilycrs unci0 a MpOU3BOJILHOE, & YHCJIO N HEOTPULATEIbHOE
neioe. Pasnoxum f(z) = (z + a)j B Touke x = 0, ucnomb3ys g-popmyay
Teitnopa. Ilo ananoruu ¢ (4.2) gus j < n umeeM

Dif)(x)=[][n—1]...n—j+1](x+a); . (5.1)
HamomuuM, 9To
(z+a)y =(z+a)(z+gqa)...(z+ q" ta).
IIpn = 0 npaBas 9acTb 3TOr0 PABEHCTBA NMPUHUMAET BHUJ,
(@) (ga)...(¢™ 'a) = g™(m D2

ITpumenum 3to HabmoaeH e K (5.1) U OJTyYnM, 9TO AJisA j < 1 BBIIOJIHSAETCS
COOTHOLIEHHE

(DIf)(0) = [n][n—1]...[n— j + 1] gD =d=D/2 gn=5 (5.2)
Taxum o6pasom, g-¢popmyaa Teitnopa naer paBeHCTBO
n
(z +a)7 Z[ ]q(n Nn=j-1)/2gn—jpj (5.3)
Jj=0

3aMeTum, 9TO A/1A g-OMHOMHUANBHBIX KO3(D(MHUINEHTOB BLINOIHAETCS PABEH-
CTBO !
n n|! [n]
) N L La— 54
T el it G4

AQHAJIOTUYHOE PABEHCTBY MJisi OOBIYHBIX OMHOMHUAJIBLHBIX KOIGDQDHUIHUEHTOB.
Torna pasenctso (5.3) MOXKHO MepenucaTh B BHE

(z+a)y = i [?]qj(j‘l)/zajx"‘j. (5.5)

=0
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®opmyna (5.5) HaseiBaercs gopmyaot bunoma I'aycca. B cnenyromux ria-
BaX MBI 6y,ueM HEOJHOKPATHO €10 NMOJIL30BATHCA.

Tenepb o6paTuMCsi K APYroi (XOTa U UMEIOMIell OTHOIIECHKE K MPEebIAY-
mieit) reme. Kak n3BeCTHO, YMHOXKEHME BEIIECTBEHHBIX YMCE KOMMYTaTHUB-
HO, T. €. Ty = YyZ. Tak >Ke XOpOILIO U3BECTHO, YTO B GoJiee OOLIUX CIIydasiX,
HaIpUMep, AJ1s YMHOXKEHHUs MaTPHL, WIX KOMIIO3UIMHN OIIEPATOPOB, YCIOBHE
KOMMYTATHBHOCTH HAPYIIAETC.

IIpumep. Ilycrs & u Mq — OIEPAaTOPHI, NEUCTBYIONIME HA IPOCTPAHCTBE
dbyukuuit no dpopmynam

E[f(z)] = zf(z),
M,[f(z)] = f(qz). (5.6)

Torna nys no6oro MuorowieHa f(x) umeem
Mq2(f(2)] = Mylzf(x)] = gz (qz) = a2 M,[f (),

MO3TOMY

M,i = gz M,. (5.7)

Crenyromas TeopemMa COAEPKUT HEKOMMYTATHBHYIO (opMysy GuHOMA
s (z +y)™, rie 3JeMEHTBL £ B Y YAOBJECTBOPSIOT CHENMAJIbHOMY NIepecTa-
HOBOYHOMY COOTHOMIEHHIO, aHAJIOTHYHOMY (5.7).

Teopema 5.1. Ecau yx = qzy, 2de ¢ — 6€AUNUHA, KOMMYMUDPYIOULAR
Kax ¢ T, max u ¢y, mo

(@ +y)" = zn: [*]aty. (5.8)

=0

loxazameavcmeo. Joka3arenbCTBo npoBeaeM uHAyKuuei mo n. Pasen-
crBo (5.8) oueBMIHBIM 00pa30M CrpaBeniuBo npu 7 = 1. 3ameTum, uTO
R = quFlzy = ¢%y*%2y? = ... = ¢*zy*. Kpome Toro, ram nonanoGurcs

g-bopmyna Ilackans

TR !



§ 5. Bunom I'aycca n HekoMMyTaTuBHAS hopMysa GHHOMA 25

koropasi Oyzner moka3zana B ciexnyiomeM naparpade (cm. (6.3)). C yuerom
BBILIECKA3AHHOTO UMEEM

J
Jj=

+y)" M =(@+y)"(z+y) = <zn:[n]x] n= ]> (z+y) =

n

Z[ ]:cj n— Jm'*_i[J] n—j+1 _

j=0 7=0

n n
S Bt e
: J
Jj= Jj=0
n+1 n
— n—]+1[ n ].’EJ n— ]+1+ [ ].’L’J n—j+1 _
jzlq P Z_; e’

n
=yt 4 Z (qn—j+1 [ ‘ f 1] + [7_1})xjyn—j+1 4+l =
i j j
n+1
S
=7

Taxum 06pa30M, TEOpEMA JI0KA3AHA. O



§ 6. CoiicTBa g-OMHOMUAJIBHBIX
K03 buiimeHToB

B 3rom naparpade Mbl U3y4HUM HEKOTOpPBIE CBONHCTBA g-OMHOMHAIIBHBIX
k03 Punuentos. HanoMuuM, 910 OHM onpeaensiorcs ¢popmynoit (4.5), B ko-
TOPOUW N U j — HEOTPUUATEIbHBIE IeJible Yucia, npudeM n > j. Ilockonabky
IIPH TIepexojie K mpejeny npu ¢ — 1 Mbl noaydaeM oObIdHbIE OMHOMHAIIL-
Hble K03 DUIMEHTDI, XOTEI0Ch ObI MPOBEPUTD, IOXOXKHM JIM MX COOCTBEHHBIE
CBOMCTBA Ha CBOMCTBA g-aHAJIOroB. IIpexxne BCEro, HAIIOMHUM PABEHCTBO

(em. (5.4)) ) l )
[j]zmz[n—j]’ (6.1)

KOTOpO€ OYKBAJILHO IOBTOPSIET AHAJIOIMYHOE PABEHCTBO IJisi OOBIYHBIX OU-
HOMHAJIbHBIX KO3 dunuenTos. Oauako dopmyna [Tackans

n n—l) (n—l) .
. = . + . ) 1< Sn‘-ly
(]) (]—1 7 J

He JOIyCKaeT Takoro 6ykBasibHOro obobienusi. Hampumep,

1] =1ar2= o]+ [1]

IIpennoxenne 6.1. Hmerom mecmo caedyroujue dea g-ananoza gop-
myave Ilackaas:
n n— 1] fn—1
=000+ 6.2
[J] [ 7-—1 q 7 ( )

R P S

J J-1 J
2del <j<n-1. )
Zoxazameavcmeo. Ilockonbky mpu no6oM j, 1 < j < n — 1, BBINOJIHS-
I0TCSl PABEHCTBA

M=1+g¢+...+¢" 1=

=(l+g+...+@ N +d(1+g+...+¢"7 ) =
=[] +¢ [n -],
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Mbl TIOJIydaeM

[N ES O =1 (] + = g]) _
il ltn =341t ) e =g U [ — 3!

_ [n—1]! j [n—1]! _[n-1 in—1

S -1 -] + Gt ln—g -1 [j—l] +q][ j ]’
gro naer paseHcTso (6.2). C momompio (6.1) JIerKo MOMYYUTh OCTABILEECS
paseHcTso (6.3). B camom nere,

n n ]_[ n—1 ]+ n_j[n—l]__[n—l] n_j[n—l]
= | = . | = .|+ . . g
[]] [n—] n—7-—1 q n—j j 7 j—1
Caencrtue 6.1. Kaowcduli g-6uromuarvhotl xosdduyuenm asasemca
MHo20uAEHOM O ¢ cmenenu j(n —j), npuvem e2o cmapwud xKoddPuyuenm

pasen 1.
oxazameavemeo. g m:060ro HEOTPUIATENBHOTO LIEJIOTO 7 BBINOJIHS-

[O] [“']

TeM caMbIM, 171 § = 0 U j = n caeacrsue Hoka3aHo. IlpuMeHuB npemnJio-
skenue 6.1 ¥ MHIYKIMIO TI0 1, MOJIyYUM, YTO JJisi jioboro j, 1 < 7 < n—1,

n o
K03 uieHT []] SIBJISETCSI CyMMO# JBYX MHOTOYJIEHOB.

C mpyroit CTOpoHbBI, COrMacHo onpeaenenusm (4.5) u (1.9) g-buHomuas-
HbI K03 UIUEHT MOXKHO MPENCTABUTH B BUIE

[n] _ (-1 -y (T -
J (@ -1)(¢"1=1)...(g—-1)

(6.4)

n
IMockonbky [J] — MHOTOYJIEH OT ¢, YMCIAUTENb Apobu B (6.4) menurcs Ha
3HaMeHaresb 6e3 ocrarka. Crapmue kK03 UINEHTH YUCIUTENA U 3HAME-
HaTess PaBHBI 1, IOITOMY TO 2Ke CaMO€ CIIPABEAJIMBO U AJIs YACTHOTO.
Haxower, crenens [?] OTHOCHTEJILHO ¢ PABHA PA3HOCTH CTENEeHeH JHuCIIH-
TesA U 3HaMeHarend, T. €. (n+(n—1)+...+(n—7+1))-(G+@G-1)+.. . +1) =
=n-+n-5+...+(n-3) =j(n-7). O
U3 siBHOTO BRIpaskenus (6.4) Ay g-GHHOMUATBLHOTO KO3 bHIMEHTa MOX-

HO czenaTh ewie OOMH BLIBOA. 3HAsi, YTO KOI(QPHUIMEHT — ITO MHOTOYJIEH
OT ¢ Ccrenenu j (n — j), HONOKHUM

Got+aig+...+ aj(n_j)_lqj("‘j)_l + aj(n_j)qj("_j) =

_ @ =D 1. (" )
(@ -1(¢"1=-1)...(g-1)
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Eciu Mbl 3aMEHHM B 3TOM DABEHCTBE ¢ Ha 1/¢ ¥ YMHOXKHMM 00Oe CTOPOHBI Ha
¢?(™=7) | 10, KaK JIETKO NMPOBEPHUTDH, €r0O MPaBad YaCTb HE M3MEHHTCH, B TO
BpeMs KakK JieBasd 4aCTb OKaXKeTCs paBHOM ‘

aoqj("—j) + alqj("_j)_l + FOin—j)-19 T Cj(n—j)-

IIpupaBusB kK03bdHUIMEHTH TP OJMHAKOBBIX CTENEHSIX ¢, MOJY4YUM, UTO

K09bbUIMEHTH IPEICTABIEHAS [n] B BHJE MHOIOYIEHA MO CTENEHSM ¢
CUMMETDHUYHBL, T. €. Q; = Qj(n—j)—i-

ITon06HO 06LIYHELIM GHHOMUAIBHBIM K03bdUIEeHTaM, g-OMHOMUAIBLHBIE
K03 PHUIMEHTH UMEIOT KOMOMHATOPHYIO MHTepnperanuio. Oy M3 HHX
npuBeJeM ceifdac, a ApYyryo — B CIeAYOLIeH riaBe.

Teopema 6.1. ITycmo A, = {1,2,...,n}, u nycmo o, ; — cosoxyn-
HOCTND 6CET NOOMHONCECTNE MHONCECTNBA Ay, COCMOAWUT U3 | AeMeENMO8,
20e 0 < j < n. Toada

[;l] = Z g =IGHD2 1 p0e w(S) =Zs. (6.5)
Scaly ; SES

Hoxasameavcmeo. Nokaxkem Teopemy uHaykunueit mo n. Cnepsa pac-
cmorpuM ciydait n = 1. Ecim j =0, 10 & 0 = {0} u w(@) = 0. ITosromy
npaBsas 4acrb (6.5) paBHA eIMHHIE M COBHAJAET C JIEBOM YACThIO PABEH-
crBa. Ecin j = 1, TO e{MHCTBEHHBIM 3JIEMEHTOM MHOXKECTBA & 1 fABJISETCS
Ay = {1}, npuuem w({1}) = 1. B atom ciy4ae u snesas, u npaBasi 4acTu
paBeHCTBa, (6.5) TakKe pABHBI €JMHULE.

Ipeanonoxxum, 4To paBeHCTBO (6.5) BHIMOIHSAETCS IJA BCEX M, HE TIpe-
Bocxonsmmx m — 1, rme m > 2, u Beex j. Ilycrs n = m. Cay4ait j = 0 paccma-
TPUBAETCsS aHAJOTMYHO cay4ao n = 1, j = 0, onucannomy soimre. diia j > 1
pa300beM &y, ; HA JBE YACTH: Py, j = BUSB' ,rne B = {S € & j: m & S}
u# ={S € oy, me S} Dnemerramn MHOKeCTBA B CIyKAT TOIMHO-
JKECTBA MHOXECTBA A, _1, COCTOAIINE U3 j INEMEHTOB, T. €. B = Zp,_1 ;.
DeMeHTaMU MHOXKeCTBa B’ ABINAIOTCA j-3JI€MEHTHBLIE TOJMHOMXKECTBA MHO-
XKeCTBa A,,, KaXKI0€ U3 KOTOPBIX COIEPKHUT <«M>. BLIOPOCHB M3 KaxKJ0ro
TAKOr'0 IMOAMHO2KECTBA JJIEMEHT <«M», TIOJIy4YHMM, YTO B Ka4eCTBE 3JIEMEHTOB
MHOXeCTBa, %' MOXKHO pPaCcCMATPUBATH IOJMHOMXKECTBA MHOXKECTBA Ap,_1,
cozepxKammye B TOYHOCTH j — 1 asmementos. OTCiona cremyer, 4To mpaBas



§ 6. CsoiicTBa ¢-OMHOMHANILHBIX KO3(bDUIHEHTOB 29

4acTh paBeHCTBa (6.5) MoXker GbITh 3aIKMCaHA B BUJE

Z qw(s)—j(j+1)/2 + z qw(S)—j(j+1)/2 =

SeB Sew’
= Z qw(s)—j(j+1)/2 + Z q(w(5)+m)—j(j+1)/2 —
S€dm-1,; S€Dm-1,j-1
= Z qw(S)—j(j+l)/‘2 + Z qw(S)—j(j—l)/2 . qm—j —
S€EHm_1,; S€dm_1,j-1

=" e [T =15)

J j-1 J
31ech B mOCJIEAHEM PABEHCTBE MBI MCIOJIbL30BAIIN OnHY u3 ¢-bopmys ITac-
kaJis (6.3). O

Jna manbHEHIIEro 3aMeTHM, YTO, MCNONb3ysi paBeHCTBO (3.8), ompene-

Jeane ¢-6MHOMHUAILHOrO KO3 (DUIMEHTa MOXKHO 0DOOLUIUTDL MO AHAJIOIMH C
OOBIYHBIM GMHOMHATIBLHBIM K03 dumenToM:

[?] _ (o] [e — 1] .[3].![a—j+l]’ (6.6)

rae o — Jiroboe YUCII0, & ] — HEOTPHUIATENbHOE LEeJI0e YHUCIIO.



§ 7. g-buHOMUAJIbHBIE KO3 DUIMEHTHI U
auHeiiHas ajrebpa HaJ KOHEYHBIMU IIOJISIMU

B 3T0ii ri1aBe MbI IPUBEJIEM €le OJHY KOMOMHATOPHYIO MHTEPIIPETALIMIO
g-OMHOMHUANBHBIX KO3 DUIKEHTOB.

Teopema 7.1. Ilycmo xonewnoe nose Fq cocmoum u3 q saemenmos,
8 MaACMHOCU, ¢ — CMeneHb NPpocmozo wucaa. Tozda

[?] = YUCAO J-MEPHHLIT NOINPOCTNPAHCMNE
6 n-mepHom eexmoprom npocmpancmee Fy. (7.1)

IIpexxne yem [OKa3bIBATH ITY TEOPEMY, HAIIOMHHAM HEKOTODbIE OCHOB-
HBbIE ONpee/IeH!sI ¥ KOHCTPYKIUH JIMHEeHHOH ayreOpbl. COBOKYMHOCTH BEK-
TOPOB B BEKTOPHOM NpOCTpaHcTBe V Haj moseM F Ha3bIBaeTCs IOANIPO-
CTPAHCTBOM, €CJIM OHA CONEPKHUT HYJIEBOM BEKTOP ¥ 3AMKHYTa OTHOCHTEIHLHO
omepanuii CJI0XKEeHUs] BEKTOPDOB M YMHOXKEHHsI BEKTOPA HA MPOU3BOJIbHBIE
ckansapbl. COBOKYIHOCTb JIMHEWHO HE33BHUCHMBIX BEKTOPOB MOIIIPOCTPAH-
CTBa Ha3bIBAeTCsl ero 0a3WCOM, eCsid JMHEHHAs: 0DOJI0YKA ITUX BEKTOPOB
COBMAJAeT CO BCeM nommpocrpaHcTBoM. [loampocTpancTBO KOHEYHOMEDHO,
€CJI KOJIMYECTBO JJIEMEHTOB €ro 0a3uca KOHEYHO; MpH 3TOM JBa Oa3uca
COZEPKAT OUHAKOBOE KOJIMYECTBO IJIEMEHTOB, U 3TO YHCJIO HA3bIBAETCsA Pa3-
MEPHOCTBIO MOANPOCTPAHCTBA. HynbMepHOe MOANPOCTPAHCTBO €IMHCTBEH-
HO — OHO COCTOUT TOJIBKO u3 Hynesoro sekropa: {0}. OxnomepHoe mozx-
NPOCTPAHCTBO HATSHYTO HA OLMH HEHyneBoi Bektop: {av: v # 0,a € F},
JByMEpHO€e NOANPOCTPAHCTBO HATAHYTO HA ABa JIMHEHHO HE3aBUCUMBIX BEK-
Topa: {avy + bug: V1, V2 AuHEHHO He3aBUCHMBL a,b € F}, u T. 1. BekropHoe
npocrpancrso Fy cocrout u3 BCEBO3MOJKHBIX yIIODSJ0YEHHBIX HAO0POB BUIA

(a17a2) o 7an)7

rae a; € Fg, i = 1,...,n. Tak xax |Fy| = ¢, cymecrsyer B Tounocru ¢"
Taxux Habopos, Tem cambiM, |Fp| = ¢".
Hoxazameavcmeo meopems 7.1. Ilycrs V = Fg. Cnyuait j = 0 TpuBua-

n
JIeH, TaK KakK [

0] =1 ¥ CymWEeCTBYET JUIIb OAHO HYJIbMEDHOE NOANPOCTPAH-

crBo B V.
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IIycrs 7 > 1. [ToanmpocTpaHCTBO OMHO3HAYHO ONPEIEIAETCS CBOMM 0a3u-
coM. Pa3zymeercsi, B OHOM ¥ TOM K€ MOIIIPOCTPAHCTBE 6A3UC MOXKET ObITh
BHIOPAH MHOTMMHM CIOCO0aMHU. BbryuciuM BHa4Yaje KOJMIECTBO BCEBO3MOXK-
HBbIX HAOOPOB, COCTOSILIMX U3 ] JIMHEWHO HE3ABUCHUMBIX BEKTOPOB IPOCTPAH-
crBa V, a 3aTeM BbISICHUM, KaKue Habopbl 00pa3yoT 6a3uChl OJHOrO TOAIPO-
crpancrsa B V. IlycTh Takoit HaGOp COCTOUT M3 BEKTOPOB V1, . . ., U;. IlepBbIit
BEKTOD V1 MOXKeT ObITb J1I00bIM M3 ¢ — 1 HEHYJIEeBBIX BEKTOPOB. BekTop v2
MOKeT ObITH JIIOOBIM BEKTOPOM, He MPUHA/IJIEXKALIMM MOANPOCTPAHCTBY, Ha-
TSIHYTOMY Ha v1. Tak Kak Jir060e 0JHOMEpPHOE MOANPOCTPAHCTBO V' COCTOUT
B TOYHOCTH M3 ¢ 3JIEMEHTOB, CYLIECTBYET ¢" — ¢ BO3MOXHOCTEH JJisi BbI-
6opa BTOpOro 6a3zucHoro Bekropa. Jasee, 4uciao crnoco6oB BHIOOPA BEKTO-
pa v3 PaBHO q" — g2, MOCKOIBbKY OH MOXKeT ObITh JIFOOBIM BEKTOPOM, He IIpH-
HAJIJIEXKAIINM TIOAIPOCTPAHCTBY, HATSAHYTOMY HA V) M U2, COZEpXKAaIeMy g2
3seMeHTOB. B 0011eM ciiydae mocsie BbIOOpa i-ro 6a3uCHOrO BEKTOPA YHCJIO
BEKTOPOB B MOANPOCTPAHCTBE, HATSHYTOM Ha NepBble ¢ 6a3HCHBIX BEKTOPOB,
PABHO ¢*, IO3TOMY MMEETCs B TOYHOCTH ¢" — ¢° BO3MOXKHOCTEH AJsi BLIOODa,
(¢4 1)-ro 6asucuoro Bekropa. TakuM 06pa30M, YUCIIO PA3IMIHBIX CIIOCOGOB
BbIOOpaA j JIMHEHHO HE3aBMCHMBIX BEKTOPOB B npocrpancrse V = Fg pasno

@-D@"- @ =-¢)...(@"—-F). (7.2)

HAcno, 9To NUHelHbIEe 0060/I0YKK TAKHX HAOOPOB U3 j JIMHEHHO HE3ABUCH-
MBIX BEKTOPOB MOT'YT COBIaJAaTh. KOMMYECTBO BCEBO3ZMOMKHBIX PA3JIMIHBIX
0a3uCOB B OTIEIBLHOM j-MEPHOM IIPOCTPAHCTBE, KAK JIETKO BUIETD, 33JaeTCs
BbIpaxkeHueM (7.2) mpu n = j:

@ -1 -9 (@ —¢)...(¢7 —¢?).

Paznesus (7.2) Ha 3Ty BeMuMHY, MBI TIOJLY UM 9UCIIO PAIAUNHHE j-MEPHBIX
MOATIPOCTPAHCTB B V:

@-D@" -9 @ ~¢)...(¢" =) _
(@ —1)(¢" —q) (¢ —¢?)...(¢9 —¢o71)
_ad qj‘1~(q"—1) @' =@ -y [n]
q-¢%...¢7 (¢ —1) (¢ =-1)... (¢ - 1) j

corsiacio dpopmyiie (6.4). O

ITono6Ho dbopmyne [Tackassi, MHOrHE TOXK IECTBA, BKIIIOYAOIIAE OMHOMM-
anbHble KO3(hUIUEHTDI, IMEIOT ¢-aHAJoru. [IpeacTaBuM, 4TO y HAC €CThb
m + n WapoB M OHM pa3JejieHbl Ha [Be IPYNNbl: B OJHOR M mAapos, a B
Apyroit n. Kaxaeiit ciocob BeiOOpa k mapoB U3 BCEX M + 1 COOTBETCTBYET
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B TOYHOCTH OJHOMY CII0CO0Y BbIOOpA j IIAPOB U3 TPYMIIBI C 17 IIAPAMU U Bbl-
Gopa k — j mapoB M3 TPYNNbl B 1 WIAPOB, LIe j — nHekoropoe uyuciao ot 0
10 k. O6paTHOE TOXE BEPHO, MOSTOMY MbI UMeeM CJeJyollee TOXKAECTBO
1151 GuHOMUANIBHBIX K03 duipenTos:

=506 "

IIpumep. [oayuum g-anamor toxzaectsa (7.3), UCONB3Ys KOMOHUHA-
TOPHYIO MHTEPIPETALHMIO ¢-ONHOMHAJIBHBIX K03(bbUINEHTOB, IPUBEIEHHYIO
B Teopeme 7.1.

IIycrs V = ]Fg”r" u V,, C V — bukcupoBanHOe NOANPOCTPAHCTBO pa3-
MepHocTH M. [lomcunTaeM KOaM4eCTBO kK-MEPHBIX HOAMPOCTPAHCTB B V. ciie-

k
=0

m+n
Ayomumu criocobamu. Bo-nepsbix, 110 Teopeme 7.1 3TO 4KCI0 paBHO T

Bo-BTopnix, nycts W — HekoTopoe k-Meproe noanpocrpancTso B V. Kak
repeceveHue IByX MoanpocTpancTs, WNV,, Takxe siBiseTcs NOAIPOCTPaH-
CTBOM, TIPUYEM €ro Pa3MEpHOCTb j yAoBieTBopsierT HepaBeHcTBY 0 < j < k.
IMoxgnpocrpancreo W MOXKHO pacCMaTpuBaTh KaK PACIIHPEHNE MOAXOAsIIe-
r'0 j-MEepHOTO NOANPOCTPAHCTBA B V. JomycTM, 4TO Takoe MOANPOCTPAH-
crBo W' C Vi, dim W' = j, Bbibpaso. BeiGepeM BEKTOPBI Vg, . . ., Ug—; TaK,
YTOOBI [IJIs1 BCEX ¢ BEKTOP U; HE COAEPAKAJICS B MOIAIPOCTPAHCTBE, HATSHYTOM
Ha Vi, v1, ..., v;—1. Torna npocrpancrso W, natsnyroe na W', vy, . .., Uk—j,
04YeBUIHO, k-MEpHO, MpHYeM ero nepecedenue ¢ Vy, cosnagaer ¢ W'. fdcuo,
a0 n060e k-meproe nognpocrpancTso W B V', ana koroporo WNV,, = W',
MOJIy 4YaeTCsA TAKUM 00pa3oM.

3aMeTuM, 4TO ¥; MOXKHO BHIOPATH U3 q — @™ BEKTOpPOB, HE MPHHAJ-
nexaiyx Vi, va MOXKHO BbIOpaTh U3 g™ ™ — g™ 1! BekTOPOB, He IpUHAIIE-
JKAIMX NOAIIPOCTPAHCTBY, HATAHYTOMY Ha, V,, 1 v1, U T. . CenoBaTenbHo,
CYILIECTBYET

m+n

'

(qm+n _ qm) (qm+n _ qm+1) .

. (qm+n _ qm+k—j—1) (7'4)

Pa3JIMYHBIX CIOCOOOB BBIOPATH BEKTOPHI U1, . . . , Uk—j-

Tenepb HY>XHO TOICYMTATH KOJMYECTBO PA3JIMYHBIX CIOCOGOB BBIOOpA
BEKTOPOB V1,...,Vk—j, IPUBOAAIIMX K OJHOMY M TOMY K€ IOAIPOCTPaH-
crBy W. Tak kax dim W = k u dim W’ = j, 310 uncsio paBHO

(@*F =) (" - ) ... (¢F =) (7.5)
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TeM cambiM, 4nCiIO pasauunbir noxnpocrpancts W pasmepHocTH k, mosy-
YEeHHBIX PACIIMPEHHeM JaHHOro noiupocrpancrsa W’ pa3mepHocTH j, paBHO

(qm+n _ qm) (qTfH-n _ qm.+1) . (qm+n _ qm+k—j—1)
(¢* — ¢7) (¢% — ¢7+1) ... (¢* —qk‘l)
I HARTTY b C it V1 C et VRPN C it VIO
@it gkl (gFT —1) (¢FI"1 - 1)... (¢ 1)
— (k=) (m=§)[ ™ ]
7 [k—j :

m
ITockonbKy cyiecTByeT [J] pa3nuuHbIX crnocobos Beibopa W', a mobbie

JIBa Pa3JIMYHBIX M3 HUX MOPOXKJAIOT pa3inyuHble mpocTpancTsa W, momyya-
€M DaBEHCTBO

[m;:n].z ;q(k-j)(m—j) [73”] [k'ij], (7.6)

KOTOPOE sIBJISIETCS -AHAJIOTOM TOXIECTBa, (7.3).
IIpumep. HanmomuuM, uto g-pasnoxenue Teiinopa dbyuxkunu f(z) =z
B Touke = = 1 uMeer Bux (cMm. (4.4))

= ["e- i

j=0

n

IMonyunM eme OfHO, HA TOT pa3 KOMOMHATODHOE, [OKA3aTEIbCTBO ITON
bopmybL. L1 3TOr0 MOKAXKEM, 9TO ITO PABEHCTBO CIIPABEJIMBO IIPU T = ™
rJie M — TPOM3BOJbHOE HATypasibHOe 9ucyio. OTCIOa JIETKO BBIBECTH, YTO
TOrZIa PABEHCTBO CHOPABEIJINBO JJis Beex T. B camom nene, 0be 4acTu 10Ka-
3bIBAEMOI'0 PABEHCTBA, ABJIAIOTCA MHOI'O4JIEHaAMHU OT T. ECJII/I 2Ke OJ1d MHOro-
anenoB f(z) u g(z) pasencrBo f(z) = g(z) BeINONHSETCA st GECKOHEYHO
MHOTHX 3Ha49€HHH T, TO pasHocTb h(z) = f(z)—g(z) nMeer GeckOHEIHO MHO-
ro HyJiedl, YTO BO3MOXKHO TOJIbKO €CJIA MHOTOWJIEH h TOXIECTBEHHO PaBeH
HYJTIO.

Ilycts m 1 m — moNOXWUTenbHBIE Henabie unucaa. O6o3Hauum geped &
MHOXeCTBO JiMHe#HbIx oTobpaxenuit A = Fy 8 B = F7". Ilpeanonoxum,
9TO BEKTODHI {ey,...,€e,} 06pa3dyior 6asuc l'IpOCTpaHCTBa. A. Ecamn 3amaHo
Kakoe-ubo smHeitHoe orobpaxkenne T € &, 1o 06pa3 T'(ex) mMoxeT ObITH
J066IM M3 ¢ BEKTOPOB mpocTpancTBa B, rae 1 < £ < n. B 10 xe Bpems,
ecan BekTopsl T'(ex), 1 < k < n, BoGpaTh NPOU3BOJBHO, TO BMECTE OHU
€IMHCTBEHHBIM 00pa3oM onpenensioT 1. TI03ToOMy 4YMCIIO 3JIEMEHTOB MHO-
XKecTBa & paBHO #. = (¢™)™, 4TO COBNAJAET C JEBOM YaCThIO PABEHCTBA
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(4.4) pu x = ¢™. C Ipyroit CTOPOHHI, ACHO, YTO

n
#S = Z(tmcno orobpaxkeHuii u3 & paHra j).
=0

. - n .
ITokaxkeM, 4TO j-e ciaraeMoe B 3TOH CyMMe PaBHO []] (@™ —1);. 3amerunm,

YTO PAHT OTOOpaskeHusa T’ He MOXKET NPEBBIIIATD 1M, YTO COTJIACYETCS C TEM,
gro (¢™ — 1){; =0 mpu j > m. Cie10BaTeNbHO, MBI MOXKEM PACCMATPHUBATH
TOJIKO TaKHe j, JJ1 KOTOPHIX j < M.

HanmoMHIM HEKOTOpBIE CBOWCTBA JIMHEHHBIX OTOOpaXkeHU !, KOTOpbIe HaM
ceituac noHano0sTcst. Ecnn nuueiiHoe oToOparkenue T ©MeeT paHr j, TO €ro
o6paz W = T(A) C B sBaserca j-MepHBIM moampocrpaHcTsom. Kpome
TOrO, TPHU 3TOM MPOCTPAHCTBO A pa3jaraercs B MpsAMYIO CyMMY ABYX HOA-
npoctpactB A = V@ K, rge dimV = j u dimK = n — j, npuyem T
orobpaxaer V Ha W B3amMmuO omHO3HauHO, a K = {v € A: T(v) = 0}.
MNuade roBops, m060# BEKTOp U3 A MOXXHO €MHCTBEHHBIM CIIOCOOOM IpPE/I-
CTAaBUTb B BHJIE CYMMBI JBYX BEKTOPOB TaK, YTO OAWH M3 HUX MPHHAJJIE-
xut V, a apyroit — K. 9To pa3yioKeHHe POCTPAHCTBa, A MOXKHO MOCTPO-
UTb CJIeAYOIMUM 06pa3oM. BeibepeM BeKTODHI Uy, . .., u; € A TakK, 4TOOBI X
obpa3sl o aeiictBuem 1' 00pa3oBbiBajy 6a3uc npocrpanctsa W. ITockoms-
Ky 0Opa3bl BEKTOPOB Uy, ..., U; JIUHEHHO HE3ABHCHMbI, CAMH 3TH BEKTODHI
TakxKe JinHeHHO He3aBucuMbl. O603HaunM vepe3 V' mpocTpaHCTBO, HATSHY-
TOE Ha U1,...,u;. Jduas moboro v € A Bekrop T'(v) comepxurcs B W u,
CJIeIOBATENIbHO, pa3Jaraercs 1o 6asucy T (u;):

T(v) =) aT(u)

I1si HeKOTOpBIX a;. Ilyers v/ = Y a;u;. Torma v € V u T'(v — ') = 0, ce-
nosatenbHo, v — v’ € K. Takum ob6pazom, v = v’ + (v —v’). Jlerko nokasars,
uyro K siBnsiercsa nomnpocrpancTsoM. danee, 3ameruM, uro T'(V) = W, npu
sTom mpocrpanctea V u W conepxar ¢/ Bexropos. CiemoBarensuo, T —
B3aUMHO OJHO3HAYHOE OTOOpaXkeHWe Ha V, ¥ 1M03TOMy v’ fABIAETCA €IWH-
CTBEHHBIM TakUM BeKTOpoM B V', uro T'(v) = T'(v'), u3 4ero cieayer eaus-
CTBEHHOCTb PA3JIOXKEHHUS.

Bepuemcs k nokazarenbcrBy Haeit popmyibl. OTobparkerue T MOXHO
3a4aTh, BbIOpaB noxnpocrpanctsa V. C A m W C B, a TakKe B3aMMHO O]I-
HO3Ha4yHOe orobpaxkenue V' B W. Ilo TeopeMme 7.1 4ncio BO3MOXKHOCTEH 1151

BbIOOpa moampocrpancts V u W pasHO [?] [Tjn] Teneps npeamonoxum,

uro nonpocrpancrsa V u W sanausl. Ilycts {u1,...,u;} —6asuc B V. Yun-
ThIBafA, 4YTO T — B3aWMHO OJHO3HAYHOE OTOODAKEHHUE, JIETKO BHIEThb, YTO
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T (u1) MOXeT GBITH JT106bIM U3 ¢/ — 1 HeHyJIeBBIX BEKTOPOB MpoCTpaHcTBa W,

T (uz) MOxkeT 6bITh I06bIM U3 ¢7 — g BeKTOPOB W, He MpHUHAIIEXKAIIKX no;x,-
npocTpancTBY, HaTanyToMmy Ha T (u1), T'(u3) MoxeT 6biTh mobbM U3 ¢7 — g2
BekTOpoB W, He MpHMHaAIEXKAIUX NOANPOCTPAHCTBY, HaTAHYTOMY Ha T'(u1)
u T (uz), u T. 1. Cnegosarensuo, cymectsyer (¢ — 1) (¢7 —q)...(¢7 — ¢~ 1)
cnoco6oB oTobpasuts V B W 6uekTrBHO. [103TOMY 4HCIO 3/1IeMEHTOB B &
paHra j paBHO

-1 Lo
GG e -0 =[5 ]IJ(,I] 1) I o=
j—-1
=% I -d) - HCE

4YTO U TPEOOBAJIOCH IOKA3ATh.
W3 Teopemsl 7.1 cienyer, 4YTO KOJUYECTBO BCEX MOAMPOCTPAHCTB BEKTOP-
Horo npocrpancTsa Fy pasno

G = Xn:m (7.7)

Bynem Ha3bBaTh 3TY BeIHMUMHY N-M yuciom [aarya. Ecnin g-GuHOMUANBHBIE
k03D HUIMEHTHl 3aMEHUTh Ha OOBIYHBbIE, TO CyMMa B (7.7) B TOYHOCTH Oy-
net pasHa 2". OgHako caMu 4uciaa ['ajya BBIYHUCISIOTCA HE OYEHb MPOCTO.
Canenyroiee yTBepxkaeHue, npuHaaiexainee Longmany u Pota, nmoka3biBa-
eT, 4To uucaa [anya MOXKHO BBIUMCIISATH PEKYPPEHTHO.

IIpengsoxenne 7.1. Yucaa TI'aaya ydosaemeopsarom pexyppenmuomy

COOMmHoOweHUNO
Gn+1 = 2Gn + (qn - 1) Gn—la (78)

xpome mozo, Go =1 u G; = 2.

Hoxasameavcmeo. Ilycrs Py(z) = (z — 1)7. Onpenenum Ha mpocTpan-
CTBE MHOTOYJIEHOB JIMHEHHYI0 yHKIMIO L Tak, 4ToObI 1J1s1 1I060ro HEOTPH-
[ATENbHOTO [EJIOr0 YKCIa N BBINOJHSIOCH PABEHCTBO

L{P,(z)} = 1. (7.9)

Takas nmuneiinas GyHKIMA CYIECTBYET, TOCKOJIbKY MHOTOU/IHBI (L —a)) 1-
HeHO He3aBUCHMBL. [IpuMenuB L k 06erM 4acTaM paBeHCTBa, (4.4), nomydum

L{z"} = Z[ ]L{P i[ ] (7.10)

j=0
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3aMerum tenepb, 9T0 P,1(x) = (z — ¢") Pa(z) = zPn(z) — ¢"Pa(2),
no3TOMY M3 JMHelHOCTH byHKUMH L CllefyeT COOTHOIeH e

L{zPa(@)} = L{Pan (@)} + " L{Pa@)} = 14+4"  (7.11)
C npyroit cropousl, u3 Dy P, (z) = [n] P,—1(z) BbITEKaET, 4TO
14 q" = 2L{P,(z)} + (¢ = 1) L{D,Pn(z)}. (7.12)
W3 coorromenwmii (7.11) u (7.12) nomyvaem paBeHCTBO
L{zP,(z)} = 2L{P,(z)} + (¢ — 1) L{D Py ()}, (7.13)

cnpaBegmuBoe npu jgobom n > 0. ITockonbky 060#f MHOrO4YJIEH MOXKHO
NpECTABUTDL B BHJIE KOHEYHOH JIMHERHON KOMOMHAIIMHM MHOTO4IeHoB Py, (),
paBeHCTBO (7.13) ocTaHeTcs CIpaBeIJIMBBIM, €CNH 3aMeHUTh Py, (z) mobbiM
MHOro4ieHoM. B wacrHocTH, eciu 3aMeHuTb P, () Ha z", mOMy4YnM

L{z™*"} =2L{z"} + (¢ = 1) L{[n)2" 7"} = 2L{z"} + (¢" — 1) L{z"""}.

Cornacuo (7.10), orciona cnenyer (7.8). O
Ecnu Boibpats nunelinyio Gynknuio L’ Tak, 9TO6bI BHIIOTHAIOCH PABEH-
crBo L'{P,} = t", c IOMOIIbIO AHAJIOTUYHBIX PACCYKAECHUHA MOXKHO BBIBECTH

PEKYPPEeHTHYIO hOpMyIy
L'{z™'} = (¢ +1)L{z"} +t(¢" - 1) L'{z""'}.
Omnpenennm NOCIEIOBATEILHOCTh MHOTOWIEHOB [y (t) dopmymnoit
n
n .
j=0
Torpa fn(t) = L'{z™}, u, cnenosarennbHo,

frr1@®) =@ +1) fult) + (" = D tfroa(t), n>1

3ameruM, uto G, = f,(1). [losTomy, monoXMB t = 1, MOJIyYynM HOBOE JO-
Ka3areabCTBO npeijoxenus 7.1. [Ipu ¢ = —1 pekyppeHTHOe COOTHOIIEHHE
HECKOJIbKO yIPOIIAeTCs:

far(=1)=(1=¢") far(-1), n2>1
IMockonbky fo(—1) = 1 u fi(—1) = 0, npu moGom m > 0 UMET MeCTo
PaBEHCTBA

2m

S DT == - (- g) (7.14)

=0 7
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3 (—1)1'[2’"7“1] =0. (7.15)
0

J

9Tu ABa TOXKIECTBA BHepBble 6bLTM moaydeHbl layccom. Mx mokazaTesb-
CTBO, PUBEJEHHOe HaMH, npuHaAuexuT [onamany u Pora.



§ 8. g-dpopmyna Teitopa ajis GopMaIbHBIX
CTeneHHbIX psiaoB u ¢dopmysna bunoma [eitHe

O6paTnMcs Tenepb K TOXKAECTBAM, COIEPIKAIIAM OECKOHEUHBIE CYMMBI
1 npoussenenus. [Ipexxe Bcero, mokaxkeM, 4To Npu HeOOJbIINX OrPaHUYe-
HusAX 0000menHasn ¢opmyna Teitnopa (2.2) npu a = 0 u, cienoBaTeNbHO,
g-bopmyna Teitnopa (4.1) npu ¢ = 0 MOryT OBITH IPHUMEHEHBI HE TOJIBKO
K MHOT'O4YJIEHaM, HO ¥ K (DOPMAaJIbHLIM CTENEHHBIM psimaM. Kak 0ObIYHO, MBI
Ha3bIBAEM D]

fl@) =) cat
k=0

bopMaIbHBIM, IOTOMY YTO HAC HE UHTEPECYET €ro CXOAUMOCTb. DTO JaeT
BO3MOXKHOCTb HEKOTODbIE ONEPAlMA ¢ TAKUMH DANAMH ONpEIeNUTb (op-
MaJjibHO. Hanpumep, nponssontas GOpMajbHOTO CTENEHHOrO PsAa ONpee-
JIfieTCs MO4JIeHHbIM ero muddepennuposanreM. Kpome TOro, €cTeCTBEHHO
cuuTaTh, 910 f(0) = Cp, XOTsI BO BCEX OCTAJBHBIX TOYKAX PsiJi MOXKET PACcXo-
JUTHCS. o

Ins dbopmansroro crenmensoro pama f(z) = Y. cxz® npomssommyio
D, f(z) onpenemnum bopmyof k=0

D, f(z) =) [K]cxa*1.
k=1

fAcno, uTo
[K]!cx = (D¥f(x))(0).

B uacrHOCTH, OTCIOfA ClienyeT, a0 ABa GOPMAJIbHBIX CTENEHHBIX PSANA, KO-
TOpBIE CXOAATCS B HEKOTOPO# OKpeCTHOCTH TOUKM = = 0 K OIHOM M TO# xKe
dyHKUMH, paBHBI TOYJIEHHO.

Teopema 8.1. ITycmo na npocmparcmee GoPMAALHOL CMENEHHBT DA~
doe 3adan aunetinwt onepamop D, a nocaedosameavrocmo mMHo20UAEHOE

{P()(ZL'),Pl (iL’), P2($)) .- }

ydosaemeopaem ycaosuam meopemn 2.1 npu a = 0. ITpednososicum, xpome
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mozo, wmo cmeners maadwezo odnourena 8 Pj(x) ecmpemumea x becrorney-
nocmu npu j — 00. Tozda das arboz20 dopmanvrozo cmenennozo pada f(x)
cnpasedauea 0606weHHas dbopmyna Teinopa
oo
f@)=3_(D"f)(0) Pa()-
n=0
Caencrsue 8.1. [las m06020 gopmanvrozo cmenennozo pada f(x) cnpa-
eedausa g-dpopmyna Teinopa
o0 ;
=>_(DIN0O) 7
2 DiNO)
Hoxazameavcmeo meopemdvt 8.1. B kauecTBe HECTIOXKHOTO YIIPAXKHEHNS B

JIMHEHHOM asnrebpe YUTATEIO MPEIJIaraeTCs JOKa3aTh, 4TO 1000 hopMasisb-
HBIH CTENeHHOU psAl f(Z) MOXKHO €IMHCTBEHHBIM 00PA30M MPEJICTABUTH B BHIE

z) =3 ¢;Pi(a)
§=0

JJ11 HEKOTOPBIX MOCTOAHHBIX BEJIMYHUH Cj. HpI/I 3TOM HY>KHO HCIOJIb30BAaTb
YCJIOBHE, 4TO CTEIeHb MJAJIUEro onHo4iIeHa B Pj(r) crpemurcs k Gecko-
HEYHOCTH MpPH j — 00. 3aTeM NPUMEHHUM K 3TOMY PABEHCTBY K-I0 CTENEHb
oneparopa D u nonoxum z = 0. IToxyuum cx = (D* £)(0), aro u Tpebosa-
JIOCh. O

IIpumep. Paccmorpum bynkmmo f(z) = 1/(1 — z);. Ucnombaysa me-
JIEHWE «yTOJIKOM», JIETKO TOKa3aTh, 4To f(z) mpencrasisiercs B Bujae dhop-
MaJIbHOTO creneHHoro psiza. Haitmem pasnoxenue byukuuu f(z) B g-pan
Teitnopa. ITo dopmyne (3.12) monygaem

Dyf(z) = Dy : = I

(1-2)F  (Q-a2)pth
Torpa no nHAYKIUH

Pln+1)...n+j -1

Dif(z) =
e L
Caenosarensro, (DI f)(0) = [n][n+1]...[n+ j — 1] upn moGom j > 1.
IloaToMy mMeeT MECTO PaBEHCTBO
Mn+1...n+j-1] ;
o= Z G = &)

KOTOPOE SIBJISIETCS g-aHaJIoroM padnoxenus B pan Teiopa bynkuun f(z) =
=1/(1 — z)™. ®opmyna (8.1) HassBaercs Popmyaot burnoma Ietine.
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Teneps B HaleM PacOPsKEHUH UMEIOTCs JBe GOopMyibl GMHOMA, & UMEH-
HO, dopmyna 6unoma laycca (5.5) (rue  u a 3ameHeHsl Ha 1 U T coorBeT-

CTBEHHO)
n

(L) =Y gu-v/? ['?]zf,

=0 ’

u dpopmyna 6uHoMa leitne (8.1):

1 =+ nt+j-1 ;
o il i

M3yunM, Kak BeayT cebsi 9TH PABEHCTBA B Ipeesie IpH 1 — 00. B knac-
CHYECKOM aHaJIu3e, T. €. IpK ¢ = 1, OTBET He IpeCcTaBsieT OONbIIOro HHTE-
peca, MOCKOJIBbKY B 3aBUCUMOCTHU OT T MbI MOJIy4UM JINO0 6eCKOHEYHO 6O0b-
myio, 1160 GeckoHedyHO Majyio BeawdnHy. OJHAKO B KBAHTOBOM AHAJM3€
orBer OyzeT NpuHIUNMaAbLHO ApyruM. Hanpumep, npu || < 1 Geckoneunoe
pOU3BeIeHIEe

(1 +z)2°=(1+x)(1+qz)(1+q2$)...

CXOOMTCS K HEKOTOPOMY KOHeYHOMy mpegeny. Kpome Toro, ecan |g| < 1, To

i T o
Am ol = lim = =1 (9.1)
)51
lim ["] = lim (1-g™)(1-¢"H...(1—g" It
n—ool J n—00 (1—q)(1—q2)...(1—¢¥) )
OTKYIIa

. n] _ 1
i [ = msamm e (9-2)

Orcrofa BUAHO, YTO TIOBEJCHHE [EJIbIX YUCe] U BUHOMHMANILHBIX KO3 dunu-
€HTOB Ipu OOJILIIKMX N COBEPUIEHHO OTJIHNYHO OT IOBEIEHHS MX ¢-aHAJIOrOB.
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ITpumenns coornomenus (9.1) u (9.2) x dbopmynam 6unoma Caycca u
Tefine, MBI [IOJIy4YUM ABA CJIELYIONIMX TOXKAECTBA 11 (POPMATBHBIX CTEIIEH-
HBIX PSIZIOB OT Z (B IPEANONOXKeHHH, 4To || < 1):

J
1+ Z iG=1)/2 e -, 9.3
& g 1-91-¢)...(1-¢%) 53)

1 _ - zJ
-oF ~ &0 00-@ (-a) 04

OTH ABa TOXIECTBA CBA3BIBAIOT OECKOHEYHBbIE IMPOM3BEIEHUsSI U OECKOHEd-
Hble cyMMbl. OHM He MMEIOT KJIACCMYECKMX AHAJIOTrOB, MOCKOJbKY HH OIHO
cjaraeMoe B CyMMax He MMeer cMbicyia mpu ¢ = 1. WMHTepecHo, uro oba
TOXECTBa ObLIM OTKPBITHL JitnepoM, xkuBmuM 10 laycca u Teitne. Bynem
Ha3biBaTh (9.3) u (9.4) mepBLIM U BTOPBLIM TOXKAECTBAMH Diiiepa COOTBET-
CTBEHHO, a JJis1 KparkocTu OyJeM CChUIaThbCsl Ha HUX KakK Ha Toxzaecrsa El
u E2.

BuuMAaTesbHO paccMOTPEB TOXKAeCTBO K2, 1erko yBuaers, 4To B €ro npa-
BOM YaCTH CTOUT BbIpaKeHUE

(e}

2
Zl— Y1-¢%)...(1—¢)

3=0
() o)
SHEIN R

KOTOpOE IOXO0XKe Ha pasiioxkeHue Tellsiopa KiiacCHuecKOi IKCIIOHEHTHI

e = i ﬂ | (9.6)

Onpenenenne. 3anaauM HOPMAJbHBLINA CTENEHHON P, e $opmysoit

oo :L‘j

OymeM Ha3bIBATh €ro g-aHaJOrOM KJIACCHYECKOU IKCIIOHEHTHI €*.
U3 pasencrs (9.4) u (9.5) J1erko mosy4uTb COOTHOLIEHHE

o/(l-q) — L
€ T (9.8)
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U
1

el G g p

Ucnonb3ys Toxaecrso El, ananormaubiv 06pa3oM MOXKHO ONPeNeIUTh
IPYTYIO g-9KCIIOHEHTY.
Omnpepenenune. 3anaaum GOPMAILHBIA CTENIEHHON DSl E7 dopmynon

e (9.9)

qu W” =(1+(1-q2)P (9.10)

u 6ynem paécmannBaTb €ro B Ka4ecTBe elle OJHOrO ¢-aHAJIOra IKCIIOHEH-
THI 7.

Wzyqnm npocreitmne coiicrsa pstos e; u E7. [Ipoussoanasn knaccuye-
CKO# 9KCIIOHEHTHI COBIIAAET C CAMOM IKCIIOHEHTOM. BohIsicHuM, 94TO IPOUCXO-
auT npu quddepeHnupoBaHuy ¢ ¢-IKCIOHeHTaMu. VIMeoT MecTo paBeHCTBa

J

z Dy’ i1 > wj_l Nz
Dyeg = Z [q Zm Z[j Z K

§=0 j=1 j=0 b
4
Dyx zI~!
D,E* = qu 172 Dez’ q Zq i-1)/2 U]m' -
7=0
) . R Jpd

- —-1)(j-2)/2,j-1 - 1)/29° %

- Zq(z )i—2)/ b T - ZqJ(J )/ ’ ,
HI03TOMY

Dye; =e; w D,E] = EI". (9.11)

3aMeTuM, 94TO MPOM3BOJAHAS E7 ne paBna B TOUHOCTH elf camoii.
®opmyaer (9.11) MOXKHO TaKzKe TOJIYYUTb, ECIIHM NIEPENTH K TPeJeNy NpH
n — oo B opmynax

D 1 - (1 —q)[n]
1-1-9)2)f  (1-(1-ga)nt!

D1+ (1-q)2); =(1-q)[n](1+g(1—-q)z)y™"

T0 MOXKHO cKa3aTh O pousBenenny egey? B obuem cryyae ef e # e§+y.
Ho ecniu z u y ynoBmersopsioT HepeCTaHOBO'{HOMy YCIIOBHIO yz = qry
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(cm. Teopemy 5.1), TO egey = e‘;+y. Yrobbl Z0Ka3aTh 3TO, NMpeobpasyem
IPOM3BEIEHNE ¢-IKCIIOHEHT CJIEIyIOIAM 00pa30M:

eqez—(gw)(;[kr) sz'[kl' 22 IR G

j=0 k=0 j=0 k=0

3aMeHUM Tenepb NepeMeHHbIe j M k COOTBETCTBEHHO Ha j U n = j + k.
Toraa ecau 3HaUeHHE N HPUKCUPOBAHO, TO j Ipoberaer Bce uncaa ot 0 10 7.
IIpumenuB reopemy 5.1, mosyyum

wei= 5 ()= 5

CrenoBaTenbHo,

Y npu ycnoBum  yz = qry. (9.12)

T Y __ T

e ey =eg

B ycnoBue yx = gqry nepeMeHHblE T M Y BXOAAT HECUMMETPHYHO, MIOITOMY,
BOOO1LE rOBOps, €jey # egel .

Mexay IByMs ¢-9KCIOHEHTaMM CYLIECTBYET TeCHas CBsa3b. Hampuwmep,

n3 pasercts (9.9) u (9.10) caeayer, 4ro

o 1
R ey s

Ucnons3ys (9.3) u (9.4), monyuaem

(1-(1-ga)P =1 (9.13)

;e (1-1/g) & -
€1/q —j_ZO 1-1/q)(1—1/¢?)...(1 —=1/¢F) —

- i RIEEE (1-qya’
— (1-

(1-¢%)...(1-¢)’

OTKYIa
ety = EX. (9.14)



§ 10. g-TpuroHomerpudeckue (pyHKIINA

B kiaccuueckoM aHasm3e XOpOWIO U3BECTHBI (POPMYJIbI, CBA3BIBAIOLIE
TpuUroHoMerpudeckue GyHkuuu ¢ sxkcrnoHeHToi. IIpumeM g-anasorm sTHx
dopmyn B KauecTBe ONpeJie/ieH!sl -TPUTOHOMETPHYIECKUX DyHKIHIA.

Omnpenenerne. PopManbHbIe CTENEHHBIE DAL

) eiz _ e—icc . Eim _ E—icc
singz = —"——-Qi—q—-—, Singz = —q—2i_q’ (10.1)
et +e—ix Eiz +E—iz
cos, T = q—Qq—, Cosyz = —L——1— (10.2)

OyneM Ha3BaTh ¢-TpUroHOMeTpudeckuMH byHkuusamu. Pynkuun (10.1) sB-
JIAIOTCS g-aHAJIOraMy cuHyca, a (10.2) — kocunyca.

W3 pasencrsa (9.14) cnenyer, uro Sing z = siny /, z u Cos, & = c0sy/q T.
[Tpumenss (9.13), monyyaem

GZx Ezl;z + e;iz Eq—im +2

cosq z Cosgz =

4
" iT iz —iz p—izc
sing zSing 7 = — 4 Eq +eq4 B2
CrenoBareisHO,
cosqz Cosgz +singz Singz =1, (10.3)

4TO SIBJISETCS ¢-aHAJOTOM TOXKIECTBA sin® z + cos? ¢ = 1. Yuraremo npen-
JIAraeTcsl CaMOCTOATENbHO HAWTH g-aHAJIOrM APYI'MX TPUTOHOMETPHYECKHX
TOXKJIECTB.

JIna BBIYHMCIIEHHs TIPOU3BOIHBIX ¢-TPUTOHOMETPHYECKUX (DYHKIHE MpH-
MeHHM (HOPMyIy MPOU3BOAHOMN ciokHO# (ynkuuu (1.15) nna u(z) = iz,
a 3areM ucnossdyem (9.11). B pesymbrare nomyunm paBeHcTBa

D, sing x = cosq , D, Sing x = Cos, gz, (10.4
Dg cosq z = —sing x, Dy Cos, z = —Sing qx. (10.5)



§ 11. ToxxmectBo k06U Ny TpoiiHOro
Nnpou3BeaeHus

Hanomunm, uro coorHowenusi (9.3) u (9.4) cBs3bIBalOT GeCKOHEYHBIE
nNpou3BeieHUs U OGeCKOHEeYHble CyMMBI. B 3TOH rjlaBe Mbl HCHONb3yeM HMX
71 IOKA3aTeNIbCTBA BAaXKHOTO TOXKIECTBA, BIEPBBLIE MOJYYEHHOro AxobOu.
HeCKO.TIbKO HHTEpPECHBbIX €ero npnmeﬂeﬂnﬁ B TEOpHUHU 4YHCEJI MbI NpUBEOEM
B CJI€AYIOIINX IJIaBaX.

Teopema 11.1. Jas |q| < 1 umeem mecmo pasencmeo

Yoo =Jla-@ma+em )+ T, (L

n=—00 n=1
XOMOPOe HA3BEaemca TOXAECTBOM Ik0OM 71 TPOHHOrO MPOM3BEICHUS.
JHoxazameavcmeo (Ix. E. Duapioc). Hanomuum roxaecrso E1:

gU=D/253

H1+q:1: 2(1— TRt (11.2)

n=0

3aMmenuB B HeM ¢ Ha g2, a 3aTeM T HA 2, TIOIY4HM

oo (e}

n— — n qj2zj
[Jara = J[0+d""s) Z(l— A=) (=)

n=1 n=0

YMHOXKMB 00€ 4acTH PaBEHCTBA HA

o0
H (1 - q2n)7
n=1
npuBeaeM €ro K Buay
[ee) (oo}
[Ta-eu+da= 3 (¢ H ) )
n=1 j=—00

3aMernumM, 4TO B NPABOW YACTH PABEHCTBA Mbl 3aMEHWJIM HIDKHHI Ipenen
CYMMHPOBAaHHs Ha —00 BMeCTO Hyjs1. CyMMa IpH 3TOM HE U3MEHHJIACh, MO-
CKOJIbKY TIPH OTPHLATENLHOM j 71 HeKOTOpOoro n 2> 0 BBINOJHAETCA paBeH-
ctBO (1 — @?"+2+2) = 0.
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Bepnemcs k ToxaectBy (11.2) 1 3aMeHNM B HEM MHIAEKC CyMMHUPOBAHUS j
Ha k, ¢ Ha ¢%, a = — Ha —q*+2. Tlomyunm

0 > k: Ic 2kj+k
(1 2n+2]+2 E ekt .
I_I 1—q2) 1—q4) A(1—¢%)
n=0 k=0

IMoncranoska 3Toro BuipakeHus B paBeHcrso (11.3) maer

l)k q(]+k) +k

[[a-ama+es) = PPN = A

n=1 ook=0
0 00 q] ZJ qz_l)k (11 4)
z : z : — g2 — g4 — a2k)’ :
=_ook=01 ) (1-¢%)...(1-¢*)

re MOCJeIHss CTPOKA INOJIyYeHa 3aMeHOM MHIeKca j Ha j — k. Teneps 3a-
numeMm ToxaecTBo E2, B KOTOPOM q 3aMEHEHO Ha ¢°, a T — Ha —qz L

M 1 _\ (=gz"H)*
Hoa-Laao o aem 09

N3 coornomenwmit (11.4) u (11.5) cneayer paBeHCTBO

o0 oo 2 o0 1
2n—1 _ ]
[Ta-#Ha+a 2= > <q1 1] —~———(1+q2n_12_1)>,

n=1 j=—00 n=1

KOTOpOe 9KBMBajieHTHO (11.1). O



§ 12. Knaccuyeckas QyHKIMs pa3dbueHus
u popmyJsia nmpousBesieHUs Diijiepa

IToxcraHOBKM PA3IMYHBIX 3HAYEHHH ¢ U 2 B TOXKAECTBO SIK0OM f1J1s1 TPO#-
HOrO NPOM3BEJEHHUs MPUBOIAT KO MHOTMM WMHTEPECHBIM pe3ysbraram. Ha-
IpUMep, eciu MONOXKuTh ¢ = ¢°/% u z = —¢~'/? B dbopmyne (11.1), To
MOJIyYUTCS PABEHCTBO

Z(_1)nq3’"2T_" =

n€Z n

o0

(1-¢"") (1=¢°") (1-¢*"71) = [T (1=¢™), (12.1)

1 n=1

3

Il

KOTOpO€e Ha3bIBaeTca opmyaoli npoudeedenusa Flaepa. Kak nokassiBaior
pe3ynbTaThl IpeIplAyeil rIaBbl, OHa cnpaseqiuBa npu |g| < 1. Orciona
CJIEZyeT, 4TO €€ MOXKHO PACCMATPHUBATH KAaK PABEHCTBO (DOPMAaJIbHBIX CTe-
NeHHbIX psAnoB 10 g (cM. § 8).

Ucnons3ys o6o3nauenne

v(@) = [[a-q",

3Ty GOpMYyJly MOXKHO TaKXKe 3alKUCaTh B BUIE

o(g) =Y (-1)"g¢*, (12.2)
nez
rae ko3hduiuenTo
2 -—
en =20 (12.3)

HA3BIBAIOTCSA NAMUY20A6HUMU YUCAaMYU. THTATENIO TIpeIaraercsi NepeMHo-
JKUTb HECKOJILKO MEPBbIX YWIEHOB IPOM3BEIeHMs Ditnepa, 4robbl yoeaurses
B TOM, 4T0 K03(pdunueHT npu ¢ nosnydaercs pasabiM (—1)™, B TO Bpemsa
KaK K03((PHUIMEHTHI IPH OCTAJIBHBIX CTENEHSIX MepeMeHHON ¢ paBHBbI 0.

Onpepenenne. s n > 0 nonokum p(n) paBHBIM YHCILY CIIOCOOOB
[PEJCTABJIEHUS YHUCJIA N B BUIE CyMMbI HATYPAJIbHBIX dnces 06e3 ydera mo-
psanka cuaaraembix. Ilycrs Takxke no onpenenenuio p(0) = 1 u p(n) = 0
npu n < 0. ®ysxuuio p(n), ONPEIEIeHHYIO AJs UEJbIX N, OyJeM Ha3blBATb
Kaaccuneckol pynxyuel pazbuenus.
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Beruncnum p(n) mnsa weboasmux n. dcuo, 9ro p(1) = 1, nockonbKy Cy-
HIECTBYET eIMHCTBEHHBIA Crocob MpeacTaBuTh 1 B BUIE CYMMbI HATYPaJIb-
HbIX gncen: 1 = 1; p(2) = 2, noTOMy 4TO TaKMX CrOCOOOB B TOYHOCTH ABA:
2=2wu2=1+1; ananornuno p(3) = 3, p(4) =5 u 1. 1. Takoit MeneHHbI}!
poct p(n) NpU MajbIX 3HAYEHUSIX N OOMAHYMB; B JEHCTBUTEIbHOCTH DU
n — 0O MMEET MECTO ACMMIITOTUYECKAs OIEHKA

671'\/271/3'

p(n) ~ 4/3n

Takum 0Opa3oM, Bpemsi, HEOOXOMMOe [IJIsl TIEpeYrCIIeHnsl BceX pa3bueHuit

YHCJIA T, PACTET IKCIOHEHIMAILHO BMecTe ¢ pocToM n. Crelyyolee yTBep-

JKJIEHUE TIOKA3bIBaeT CBs3b (g) ¢ Kiuaccuueckoil dbyHkuuelt pa3bueHus.
IIpensoxxenne 12.1. Hmeem mecmo caedyrouiee pageHcmeo Gopmans-

HOLT CMENneHHuE pados no q:

<p—(1q_)— = Zp(n) q". (12.4)
n=0

Joxazameavcmeo. Crnenyomee paccyxkaenue GyIeT 4acTo HCHOJb3O-
Barbcs HaMu B ganbHeiimeM. [Iyers |g| < 1. @opmyna amus cyMMbl Gecko-
HEYHOH reOMeTPUYecKON MPOrpeccuyl JaeT PABEHCTBO

1 1
e@ (1-9(1-¢*)(1-¢3...
X1+ +¢+¢+.. )0+ +E++..) ..,

=1+q+@F+¢&+..)x

B KOTOPOM BCe MOKAa3aTeIH CTereHeil MePEeMEHHOW ¢ B N-M COMHOXKHTEJe
MPELICTABJISIOT cO00 HEOTPUIIATENIbHBIE [IeJIble KpaTHbIe Yucna n. Ilpu pas-
JIOKEHUHU NPOU3BENEHHUA B IIPABOl YACTH B CTENEHHON PAL KaXKIOe cJiara-
eMoe TIpeJicTaBiIseTcs B BUAe, ™ 22 ¢ ... = glm+2net3nste. ppe
HEOTPUIIATEILHBIE [eJIbIe YHCIa. TaKoe caraemMoe paBHoO ¢", eciun = 1-n;+
+2-n9+3-n3+... npu HEKOTOPBIX 7;. TeM caMbIM, KaxKI0e cjaraemoe q"
COOTBETCTBYET KaKOMY-TO OJHOMY CIIOCOOY MPEJICTABJIEHUS 1L B BUAE CYMMBbI
HaTYpPaJIbHBIX YHCeJ, & UMEHHO, CYMMbI, B KOTODOH YHCJIO ¢ BCTPEYAELTCA
n; pa3. Jpyroit cnocod pasbueHust 4uCiaa n JAET elle OJHO HOBOE CJIarae-
Moe g". [Tosromy koacbduimenT npu ¢" B TOYHOCTH PABEH YHUCJLY CIOCOGOB
pa3bueHus N HA HATYPAJIbHBIE. O

Takas unrepnperanus GbyHKIHUA ©(q) NO3BONAET IPUMEHATD TOXKIECTBO
Diinepa, 4TOOI MOMYYUTh COOTHOWIEHNE MEXY YucaaMu p(n).



§ 12. Knaccnueckas pyHkimsa pa3buenuns 49

Teopema 12.1. Jaa 24106020 NOAOHCUMEADHOZ0 UEAO20 YUCAE T UMEEM
MECTNO PABEHCTNE0 N

p(n) =p(n—e1) +p(n—e_1) —p(n—ez) —p(n —e_2) +
+p(n—es)+pn—e_3)—..., (12.5)

2de e, — mamMuYyzoavHbIE YuCAa, onpedeaennsie dopmyaot (12.3).
Joxazameavcmeo. U3 pasencrs (12.2) u (12.4) cnenyer, 4to

1:(2 1y eJ><ZP k)q) (12.6)

JE€Z kez

Paznoxum npaByio 4acTs B psif o crenesiM g. VI3 pasencrsa (12.6) cie-
ayer, 4to Ko3ddunuent npu ¢", rae n > 0, ZOJKEH OBITH HYJIEBBIM.

C Ipyroii CTOPOHBI, NIPU NEPEMHOXKEHUH PSIOB B npaBoii yacru (12.6)
craraemble, cofepxkamue ¢, umeor suf (—1)7p(k)g™, rae n = e + k must
HEKOTOPbIX HeNbIX j u k. ClenoBareiabHO,

0=p(n—eo) —p(n—e1) —p(n—e_1)+
+p(n—e)+p(n—e_y) —p(n—e3)—p(n—e_z)+..., (12.7)

4TO PaBHOCHJIBHO (12.5), mockoibky eg = 0. O

Pexyppenrnas dbopmyna (12.5) ouenp ymobHa Ijisi GBICTPOrO BBIYHKC-
sennst p(n). Hampumep, p(5) = p(4) +p(3) —p(0) = 5+3 -1 = 7,
p(6) = p(5) + p(4) — p(1) = 11, u . a. Bpems, HeoGxoxuMoe 151 BHIYHC-
Jenusi p(n) ¢ ucnosb3oBanueM Gopmynst (12.5), pacrer MeljieHHee, YeM n,
4YTO0, pa3yMeercsi, ropa3no 3¢ deKTrBHee, YeM NepedrcsieHne Bcex pa3bue-
HUHA 4ucaa n.

KaK TIOACKA3bIBAET UX HAa3BaHHUE, NATUYTOJIbHbIE YUCJIA €, UMEIOT reo-
MerpuyecKuil cmbics. UiutrocTpanueit CiyXKuT Cleayomuii pucy HOK:
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CoeqnHYB N-e¢ BEPUIMHBI HA KAXKJIOM JIyY€e, MBI MOJYyYHUM MATHYTOJbHUKH,
nonoGHbIe APYT APYry. UHC/I0 TOYeK, MONABIINX BHYTPb U Ha CTOPOHBI 71-T'0
NATHYTOJIbHAKA, ABJIAETCA N-M MATHYTONbHBIM 4uciaoM. Hampumep, ez = 5
u e3 = 12. [To MHAYKUMHK JIETKO MOKa3aTh, YTO B OOIIEM Cjydae IJid €,
umeer Mecto dhopmyna (12.3).

AHaJIOrnYHBIM O6p3,30M MO2>XKHO ONPEAEJIUTD 1M-yTrOJIbHbI€ YUCJIa OJ14 JII0-
6oro m > 3. I3 Hux Hanbosiee 4acTO UCIOJIB3YIOTCA Mpeyz0abHbie YUCIIA

A = n(n + 1)
" 2
1, KOHEYHO, X6adpammbie IUCIa
0, = n?.

B of1meM ciiydae U3 reoMeTpuyecKux COOOpaKeHHA JIErKO MOJIyYUTh CIIeLy-
101Ly10 HGOPMYITy IJIsl M-yTrOJBLHOTO YUCIA C HOMEPOM N

n(mn—2n —m+4)
5 .

ToxnecrBa Ajisi TPEYTOJIBLHBIX M KBAJAPATHBIX YHUCEJI, TOJO0OHbBIE (popMy-
7ie mpoussenenus Dittepa (cM. (12.1) u (12.2)), Takke MOXKHO IOJTYYHTD U3
ToxaecTBa Akobu mns TpoitHoro npousBenenusi. O6a NPUBEICHHBIE HUXKE
TOXKAeCTBA ObuIK mosydeHsl [ayccoMm o Toro, kak fkobu OTKpBLIT TOXKIE-
CTBO JJ1s1 TPOHHOTO MPOM3BEICHHSI.

IIpennoxenne 12.2. Mmeem mecmo paseHcmeo

ZQA,. _ H — q2n— . (12.8)

n=0 n=1

mp=(m-2)A,_1+n=

Joxazameavcmeo. 3amenns B (11.1) u g, u z Ha ¢*/2 nomyqnm

ZqA"=H(l—q")(1+q”)(1+qn‘l)~2ﬂ (L=¢*) (1+q").

nez n=1 n=1

) -1
Bamerum, uto A, = A_,_;. [Tostomy 3 gin = > @A~ u

n=0 n=-—00

oo oo

gt =J]a- A+, (12.9)

n=0 n=1 .

Hakonen, u3 paBeHcTBa,
o0 oo 2n [ee)
_ 1-q7" 1

H (1 + qn) - 1— qn - H 1— q2n—l (1210)
n=1 n=1 n=1

TpeOyeMblii pe3yJIbTAT BHITEKAET OYEBUIHBIM 00pPa3oM. O
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IIpennoxxenune 12.3. Hmeem mecmo pagencmaeo

'3

S=9™ =T] :Z" (12.11)
n=1

n€z

[Hoxasameavcmeo. B pasencrse (11.1) monoxum z = —1. Torna

oo

S == - - )=
nez n=1

n

s

oo
onvgq _ 2n—1y _ l1-¢g
- ==l

n=1

Il

rZie B OC/EJHEM PABEHCTBE Mbl HCIOJIB30Basy cooTHowenue (12.10). O
Toxnecrsa (12.8) u (12.11) mpuromsTcss HaM TO3JHEE NPU H3YUYEHUH
pa3byeHni LEbIX YUCeS] B CyMMBI TPEYTOJbHBIX MM KB3JPATHBIX 4YHCe.
B xavecrBe ciencTBus BoiBeeM U3 paBeHcTsa, (12.10) oqun KoMOHHATOD-
HblIl (PaKT, KOTOPBIi 3aCTy>KMBAET OTAEIbHOrO BHUMaHusA. [Ipon3senenue B
nieBoit yacru (12.10) paBHO

I+ (1+¢»)A+4)...,

MO3TOMY B €ro pa3JIO’KeHHUHU ¢ MOSABJISETCA B TOM M TOJBKO B TOM CJIydae,
Koraa n = aj+az+as+. .., rue ueasie yucia a; > 0 paznuynsl. Paccyxnas
TaK »Ke, KaK MpH J0Ka3aTeJbCTBe NpeyioKeHus 12.1, lerko noka3arb, 4To
K03 dHUIMEHT Py ¢ — ITO YMCIIO CIIOCOOOB MPEICTABUTH 1L B BUIE CyMMbI
PA3AUNHOT TIOJIOXKUTENIbHBIX IEJIbIX YHCEJ.

B T0 ke Bpemsi, npousseenue B npasoit yactu (12.10) paBHO

I4+g+@P+@+..)0 0+ +¢f 4+ +.. )+ +¢%+¢®+..) ...,

MO3TOMY NPHY Pa3JIOXKEHHM €ro B PAJ IO CTENEHAM IEPEMEHHON ¢ Kaxkioe
cjaraeMoe BUIa ¢ COOTBETCTBYET Croco0y MpeACTaBJIeHHUs YMCJIa i B BUJIE
CYMMBbI MOJIO2KUTEJIbHBIX HEYETHBIX YHCEJI.

TaxuM 06pa3oM, paBeHCTBO (12.10) 03HAuYaeT, YTO YMCIIO CHOCOGOB pa3-
OMeHMsl YHUCJIA YHUCJIa 1 HA Pa3JIM4Hble HATYpaJIbHbIE YUCJIa PABHO YHUCILY
crioco00B pa3bMeHus YHUC/Ia 1 Ha MOJIOXKUTEIbHbIE HEYETHbIE YHUCIIA.

B 3aksiouenye 3Toii rjaBbl Mbl HEHAJOJIIO MPEPBEM OOCYKIEHNE g-aHa-
JIN3a, IJIS TOrO 4TOObI BBECTHM BaXKHYI0 B TeOpuH uucen byHkuuio d(n),
KOTOpasi BMecTe ¢ p(n) NOAYHHSETCA PEKyPPEHTHOMY COOTHOwweHuo (12.5).
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Jas HaTypanbHOro umcia n o603HauMM 4depe3 d(n) CyMMy BCEX ero
MOJIOXKUTENbHLIX Jenurenei. s oTpunaTenbHbIX n OyleM CYUTaTh, YTO

d(n) =0.
Teopema 12.2. /Jas HAMYPAALHOZ0 YUCAG T UMEET MECTLO PABEHCTILEO0

din) =d(n—e1)+dn—e_1) —d(n—ex) —d(n—e_g) +..., (12.12)

2de mol cuumaem, wmo d(0) = n, ecau oHo 6x0duMm 6 NPAYN HACML.
JHoxaszameavcmeo. PaccMoTpuM npou3BOAAIIy0 (hyHKIMIO

N3MeHMB nOPSOK CyMMUPOBAHUSA, MOJLY IUM

) )
Dig)=3 3 ma"=3 > me"=
n=1m|n m=1m|n
oo ) mq™ )
_ m 2m 3m — R — — g™ =
=2 Mm@+ ) =Y =gy (- ) =
m=1 m=1 m=1
d &® m
o o g, T -am
-—'_qz-ln]:[(l_qm) oom_— )
m=1 [1(1-qm)
m=1
CJIEJIOBATENBHO,

d
D(g) p(a) = =9 g, #(a).
Hcnonb3ysa pasercrso (12.2), momayuaem
(Z d(j)qj> (Z(’_l)kqek) — Z (_1)m+lemqem .
j=1 k€EZ mEZ

CpaBuuBas k03bdunuenTs! IpK ¢ B 06€MX YACTAX, NOIYYAEM PABEHCTBO

Z(—l)kd(n )= (=1)™*e,,, ecmm n = e, A4 HeKoTOpPOro m € Z,
0 B OCTAJIbHBIX CJIy4asiX,

keZ

KOTOpO€, KaK HeTPYyIHO MPOBEPUTH, coBlanaer ¢ (12.12). O



§ 13. g-runtepreomerpuveckme pyHKHUA
n ¢popmysa l'eitHe

s manbHeitulero n3yveHnsi 6eCKOHEYHbIX CYMM U GECKOHEYHBIX POU3-
BeJIeHU HaM MOHANOOUTCS FUTIEPreOMETPUYECKUN psifl.

Onpenenenne. B kjaccuueckoM aHATIH3€ 2UNEP2EOMEMPUNECKUM DA~
dom Ha3BIBAETCA DL,

F(z) =) caz", (13.1)
n=0
JIJ1 KOTOpPOro
| 2 = R(n), e =1, (13.2)

rae R — pamyonanbHas bYHKIHSA, 3HAMEHATEIb KOTOPOH HE 00palnaercs
B HYJIb [/ HEOTPUIATENBbHBIX EJIBIX YUCEI.
Eciu dynxkuusa R(t) 3amana, T0 K03(DUIUEHTHI ¢, ONPENESIOTCS 10
dopmyne
¢n = R(0)R(1)...R(n—1).

Hanpumep, eciin R(t) = 1, 10 ¢, = 1 nasa Beex n u F(z) — cymma Gec-
KOHEYHOI reOMeTPpUYEeCKOl MPOrpeccHd CO 3HAMEHATENeM I. Y MHOXUB t,
€CJIH 3TO HEOOXOAMMO, Ha MOAXOAAILYI0 KOHCTAHTY, MOXKHO C TOYHOCTBIO JO
MIOCTOSIHHOTO MHOXKHTEJs npefcrasuth R(t) B Buae

_ (t+a)(t+a2)...(t+ar)
B =G eim) Grbet D’ (13.3)

e YUCNA @5, bj TAKOBEL, UTO @; # b; AnaBcex 1 i <rul < j<s,unpu
ITOM HH OJHO M3 4YHCel b; He ABJIAETCSA HEMOJOXKHUTEIbHBIM [EJIbIM.

O06o3HaueHue 1151 TUIIEPreOMeTPUYEeCKOro psaja, BBesieHHoe ['ayccoM, co-
JePXKAT BCIO HHPOPMALKIO, HEOOXOIMMYIO s ONPEIEIeHUs] THIIEPreOMeT-
pudeckoro psifia. Ecau psag F(z) onpenenien B cooTBeTcTBUM ¢ popMynaMu
(13.1) u (13.2), a dyuxuums R(t) umeer Bug (13.3), To 6ynem mucarsb

P = £ [yl (134
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4YTO B ABHOM BHUOE PaBHO

ar(ar+1)...(aa+n-1)...ar(ar+1)...(ar +n-1)z"
1+Z bi(b1+1)...(bh +n—1)...bs(bs+1)...(bs +n—1) n!’ (13.5)

Hanpumep,
o0 I,n
oFo[.’B] =1+Z;LT=€I
n=1
"
a ad ala+1).. (a+n—l) 1
1Fo[_;w] =1+ - =G

Taxum 06pa3oM, MHOTHE BarKHbIE (DYHKIMH ABJIAIOTCH YACTHBIME CJIY4asIMU
TUIEPreOMeTPUYECKOro Psijia.

L1 runepreoMeTpuyYecKoro psifia CylEeCTBYET ¢-aHAJIOT, KOTOPBINA ObLI
seeneH leiine. Bynem npeanosarars, uTo || # 1.

Onpenenenue. Pan

= i cnx” (13.6)
n=0

OyZleM Ha3bIBATb (-2UNEP2EOMEMPUNECKUM PAIOM, €CIIHA

Cn_+1 = R(qn)’ CO = 1 (13.7)

Cn

u R(t) siBasieTcs pannoHaabHON byHKIMEH, 3HAMEHATEb KOTOPO# 1IpH ¢ =
=1,q,¢% ... He obpaIaeTcs B HyJIb.
IIpn n > 1 umeer MecTo paBEHCTBO

=R(1)R(q)...R(¢"™). (13.8)

B 3toM ciyuae 6e3 orpaHnyeHHs OOIIHOCTH PALMOHAJIBbHYI0O QYHKOUIO R
yAOOHO paccMaTpuBaTh B ciexayomeit Gpopme:

a] — -1 ar — -1
k) = (0 _(tll)t () —(t_l)zq—)t_l)’ (13.9)

rae a; # bj u bj # ¢~" s Beex nenbix uncen i, j, 1 <i<r, 1< j<s,m
n 2> 0. Torpa u3 paBeHcTBa

H a—qJ :1:[ )(1=¢la) = (-1)" g "™ V/2(1-q)? (13.10)
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CJIEIY€T, 4TO

— n_ n(n—1)/2\5— —r+1(1—a1)g ... (1 —ar)g 1
= () g ey (21

Bynem MCIONB30BATH [Ist g-TUNEPreOMETPUYECKOro psiia 0603Ha4eHue, 1o-
nobuoe (13.4):

(@) =& [} e (13.12)

Hanpumep, u3 pasencrs (9.3), (9.4), (9.8) u (9.10) cnexyer, uto

o250

n" oo _
0%[ ¢ ] Z( l_q),, 2" = (1-12)° = E/@)  (13.13)

-1 _ /-0
o[ 2] = Z(l—q», BT A

Tenepp paccMoTpuM cieayromuilt npocrefiiuii g-runepreoMeTpruecKuii
pan:

1 Bola; ;) =1+ Z “)" z". (13.15)
3zmecy mas mpocrorsl Mbl mumeMm 19Pga;g;z] BMecTo 1P0 [i;q; x] Ecan
a = q", rne N — HaTypajpHOe 9HCIO, TO

N+n—1)

n _

N _
1¢0[q 7q71:] - 1+Z l_q))(:l _qqn—l)

:1+Z[N]...[€Z]E{-n—l]xn

Bocnons3oBasimcs Gopmysoit 6unoma leitne (8.1), okoHYaTenbHO NOTYYaeM

1
(1-z)y"
DTOT pe3ynbTaT MO3BOJIAET NMPEIIOJIOKNUTh, YTO BEPHO CJeAYyIolllee yTBep-

XK IEHHE.
Teopema 13.1. Jaa a06020 a cnpasedauea gopmyaa Ietine

1®olq";q32] = (13.16)

az)go
—)P

I(I)O[a Q7x] (1317)
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Hoxasameavcmeo. Herpynno y6eaurnes, 9ro ¢popmyia (13.17) cnpases-
uBa pu a = ¢¥. B camoMm zeune,

(l—qu‘)3°__(l—qN:c)(l—qN+1z)... 1

1-z) = (1-z(l-gz)... ~ (1-z2)¥’

a 910 BbIpaxkeHue paBHO 1Po[a; ¢; ] cornacuo dpopmyne (13.16).

Jlns 3aBepuieHMs [I0KA3aTeNLCTBA NMPUMEHMM METOI, KOTOpHIi Oymer
HaM MOJIE3EH U B CJEAYIOMMX [JIaBax. 3aMETHUM, YTO 00e YacTH PaBEHCTBA
(13.17) MOXXHO MPEACTABUTH B BUJE CTENEHHBIX PAJIOB TI0 I

ol g5z = Y e, G ch(a

n=0

npu4em ux koabduuments c(a) u ¢'(a) — panuonanbhble GYHKIMHA OT G.

N3 dopmynsr (13.16) cnemyer, 410 paBEHCTBO Cn(a) = c),(@) BHNOMHSA-
ercs Ay BCeX M WA BeeX a = ¢V, re N — TpOM3BOJIbHOE HATYPAJILHOE
gucso. TakuM o6pa3om, Jyist m060ro 7 pa3HOCTb Cp, — C), SABJISAETCS PALKo-
HaJIbHOM DyHKuMel nepeMeHHOM a ¢ GECKOHEYHBIM MHOXeCTBOM HyJeit. Ho
TOTZIa OHA TOXKIECTBEHHO paBHa 0, MOCKOJIbKY YHCJIO HyJell paluoHaJbLHOM
GyHKIMM He MOXKET NPEBOCXOAUTH CTEMIEHH MHOTOYJIEHA B €e YHMCJIMTEJIE.
CuiieioBaTenbHo, ¢, = ¢, TIpH J1I060M 7, 9TO 3aBEpPIIAET JOKA3ATENbCTBO. [



§ 14. O6061IeHHBIN OUHOM

Pasencrea (13.16) u (13.17) noncka3biBaioT CleLyiollee eCTeCTBEHHOE
00001eHNEe ¢-OMHOMA Ha MPOU3BOJILHLIE CTEIICHHU.
Onpepenenne. s m10060ro 4ucia o MOJOKUAM

o_ _(+2)3°

(1 + fl?)q = W. (141)

O4eBHIHO, YTO JJIS1 MOJIOXKUTENBHBIX LEJBIX YHCET (¢ ITO ONpelesIeHre
COBIIQJAET C IEePBOHAYAIBHBIM, 3a4aHHbIM (bopmynoit (3.4), a ams1 oTpuna-
TEJIbHBIX LEJIbIX — C ONpejesieHneM, 3aianHbM (opmyioit (3.7). Crenyro-
L€ 1Ba YTBEPXKJAEHUS SBJAIOTCA 0000IIeHNAMY npeioxenus 3.2 u dbop-
myast (3.11).

IIpennoxenune 14.1. Jaa aobwx deyxr wucea o u B umeem mecmo
PABEHCTNE0

(1+2)F (14 ¢%2)? = (1+z)2F5. (14.2)

Hoxazameavcmeo. Pasencrso (14.2) cienyer HenmocpeACTBEHHO U3 OIpe-
JIeJIeHUs1, TIOCKOJIbKY .

(1+2) (1+¢%2)  (14+2)°

= . O
(1+¢%2)3 (1+¢otFz)3® (14 ¢>+hx)g°

IIpepsoxenne 14.2. Tas 4106020 wucaa @ Cnpasediuso pasencmeo
Dy(1+2)g =[] (1 +qz)5 . (14.3)
Zoxazameavcmeo. HenocpeacTBeHHOE BBIYHMCIIEHUE ¢-IIPOU3BOIHOM JaeT
p (0+2)F \_( Oty  (+z)F 1
T\ (1 +q2x)§ (1+q2*tz)*  (1+¢%2)§° ) (9— 1z

_ (144¢7)¢° (14¢%z)—(1+2)
T (L+ o)y (- 1z

— a-19% -1
= (1 +gz)g 1

a

~! (em. (38). O

Ocraercs BcnomHUTh, 9TO 1O OMpezeneHuo [a] = : T
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IIpenyoxenne 14.2 mo3BOJIsieT HAM BBIYUCIWTL ¢-psif Teisopa Jis
1+ :v) B camom gerne, ucnosb3yst npaBuso auddhepeHupoBaHus CI0XK-
HOM (bynxuym (1.15), nomy4aem

Dj(1 +2)§ = D] ' [o] (1 +gz); " =
= DZ—2 [a] -q [Ol _ 1] (1 + qul')g_z —
=D]%[o] -qla—1]-¢*[a =2 (1 +¢’z); % =

=[]-qla-1]-Fla=2]...¢ Ha-j+1](1+dx);

u, Takum obpasom, DI (1+ )5 _ = ¢ D2 [o][a - 1]...[a = j + 1].
CienoBaTenbHO,

Zwl)/?[a][a-l Ja—j+1]a? _

1+w

oo
= z[?‘]qj(j—l)/? .’I:j, (14.4)

§=0

a 3TO PaBEHCTBO MOXKHO PAaCCMATpUBATh Kak 0000ienune popMybl OUHOMA,
Taycca (5.5).
IIpennoxxenne 14.3. Jas 4106020 o umeem mecmo paeeHcmeo

1 __ [
Dq ((1 _ z)gz) (1 _ x)a+l (14'5)

Hoxaszameavcmeo. HemocpeACTBEHHOE BLIYKUCIIEHAE q-TIPOU3BOJHON JaeT

1 (1-q¢"2)\ _
oo () 2 () -

,((1—q“+1w)3°_(1—q%)q°°) 1
B (

(1-q2) Q-2 ) (@a-Dz
_ (l—q"‘+1z)3°.(l—z)—(l—q°‘z) _ 1 q© -1
(-2 (¢-Dz (1-z)¢tt ¢-1"
YTO U TPeOOBAJIOCH. o

IIpumensas 3T0 mpemyioKeHMe, & TaK¥Ke MHAYKUMIO MO j, JEerKo NOKa-
3aTb, 4TO

DJ ((1 lx)a) Lzo =le]la+1]...[a+j-1]. (14.6)
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OTcroa nosyyaeM ciiefyomiee pa3ioxxenue B ¢-psn Teisopa:

[a] [a+1].. [a+]—1]:cJ
Z [t

i (1-¢MA—¢g®th...a-¢g>H i (1-¢*)j2’

P (1-q)(1-¢?).. (1—q1) e 1-9q)

(1- z)q

VYuurbiBas paBeHCTBO (13.15) ¥ MOACTaBMB B YHCIHMTENE G BMECTO %, MBI
[OJIy4aeM HOBOE J0Ka3aTeabcTBO dhopmyust Leiine (13.17).



§ 15. ®opmyiia npousBeneHus PamanyakaHa

B sroit rnaBe Mbl mpumenuM dopmyny leitne qna noxasarenbcrBa 3aMe-
9aTeJIbHOI'O TOXKIECTBA, OTKPBITOr'O HH,HHﬁCKHM MAaTEMATHKOM Pamanymxa—
HOM. DTO TOXJAECTBO CBS3BIBAET J6YCMOPOHHUL g-2Unep2eomempuieckud
pAJ ¢ HEKOTOPBIM GECKOHEYHBIM POU3BEAEHUEM ¥ IMEET MHOTO HHTEPECHBIX
IIPUMEHEHUH B TEOpUM 4HCes, KOTOpble OyAyT PAaCCMOTPEHBI B CIEAYIOMINX
rjaaBax.

Hns nokasarenscrBa ¢GopMyisl PaMaHymkaHa HaM NOHAIO0ATCA Hec-
KOJIbKO 3JIEMEHTAaPHBIX (baKTOB U3 TEOPHH KOMIIJIEKCHBIX 3aHAJIMTUYECKHX
dbyukumit. PopMaNbHBIM CTENEHHON psif MO 2, CXOASUIUMCS B OTKDPBITON

OKPECTHOCTH
D, ={z:|z| < ¢}

KOMILIEKCHOM TJIOCKOCTH MPH HEKOTOpOM € > 0, HA3BbIBAETCS AHAJIUTHYE-
ckoit dynkuueit B D.. [IpocTefimyMu npuMepaMu aHAJIUTHYECKUX DYHKIMIA
B Do, T. €. BO BCEl KOMIIJIEKCHOM MJIOCKOCTH, SIBJISIFOTCS MHOT'OYJIEHBI OT 2
C NIPOU3BOJLHBIMU KOMILIEKCHBIMH KO3 duinuenTamu. MeHee O4eBUIHBIH
npumep anajuTHYeckolt dynkuuu B Do naer pan (1 + 2)5°. Cxoaumocts
3TOro psAfa JJis BCEX 2 MOXKHO BBIBECTH M3 COOTHOLIEHHs (9.3), NpUMEHUB
npu3Hak cxogumoctu Janambepa. Jlerko nokasarte; uro ecu f(z) u g(z) —
aHajiuTH4eckre QyHKIUK 1 a, b € C, TO aHANIUTUYECKUMHU SABISIOTCH PyHK-
wan af (z) + bg(z) n f(2) g(z). Kpome Toro, ecnu dbynkiusa f(z) ananuTu-
qeckas, T0 byHkuusa 1/f(z) Takxke aHasMuTHYECKas TIPH YCJIOBUH, 4TO f(2)
He uMeeT HyJsel B D,.

o0
Pan Y. fn(2), cocraBnennslit u3 dyuxuuit, anamuruaeckux B D, cxo-
n=1

OUTCS K aHanuThdeckoit dbyHkuuu B D¢, ecau npu Bcex n Ha D BbINOIHSA-

eTcs oueHka | fn(2)| < Mp n npu arom pazn Y, M, cxonurcsa. B camom zere,
n

o0
k03 buurenTs! paga frn(z) = Y. @nmz™ MOXKHO NPEICTABUTH Kak

m=0
1 fn(z
anm—Q_ﬂ_—i z:ln(_*_zd, nz1l m20,

rlie uHTErpaJ 6epeTcs Mo MPOM3BOJbHOM OKPYKHOCTH pajuycar, 0 < r < €,
C EeHTPOM B Ha4aJle KOOPAMHAT. UHuTaTes b, HE3HAKOMBIIA C 3TOM (GOpMyYIIOH,
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MOXKET JIErKO J0Ka3aTh €€, MPeACTaBUB fn(Z) B BUIE psAJa ¥ MPUMEHHB MO~
craHOoBKy z = 1€?, 0 < 6 < 2m. W13 370t pOPMYIIBI JIErKO BBIBECTH, UTO
|@nm| < Mpr~™. Ho 7 MOXHO BbIOpaThL MPOU3BOJBLHO GAM3KO K €, MO3TO-
MY |anm| < Mpe™™. Ina Kaxzoro m psp Zanm CXOIUTCSA, TIOCKOJbKY
Slanm| € Me ™™, tne M = EM Cymmy pyma Zanm 0003HAYUM Apy,.
n

Tor,ua dopMasbHbIil cTenenHoi psan f(z Z amz™ onpenenseT aHa-
mutrdeckyto bynkuuio B D.. B camom ,u,ene, m=0

1f(2)] < Z lam||z|’"<MZ (|ZI)

m=0

a TOCTEIHUM PsiJ CXOAUTCS TIPH JIIO0OM 2, |z| < €. Takas xe oueHka |am,| <
o0

< Me~™ nokasbiBaet, 4To paf Y fn(z) cxomurcsa k f(z) B De.
n=1
Ananutnyeckue GyHKIUU 06J13J310T BaXKHBIM CBOWCTBOM, KOTOPOE aHa-
JIOTUMYHO KOHEYHOCTH MHOXKECTBa Hyﬂeﬁ JJ11 MHOI'O4JIEHOB: €CJIM aHAaJINTH-
yeckaa pynkuus f(z) uMeer uMeeT GECKOHEYHOE YHCJIO PA3JIMYHBIX HyJiel

21,22,... B D¢, 115 KOTOpPBIX 11_1{& z; =0, To f(2) ABAAETCA TOXKIECTBEH-

HBbIM HyJieM. B caMoMm zesie, B IPOTHBHOM Cilydae MOXHO ObL1O ObI IpeacTa-
BUTH f(2) B BUIE
= E ¢,

jzn

rae ¢, # 0. Tak xax f(2z;) =), cjzfz 0, pa3nenus Ha 2}, [j1s J06oro ¢ > 1
jzn
MOJIyYUM PABEHCTBO

Cn+ Cnt12i + cn+2zi2 +...=0.

ITepexons x mpefeny npu ¢ — 00, HOJIYYUM C, = 0, YTO MPOTUBOPEYHUT BbI-
6opy c,. OT ycnoBus 1,lir& z; = 0 371eCh OTKa3aTbCs HENb3s1, TaK KaK Cylle-
—
CTBYIOT HEHyJIeBblE aHAJIUTHYECKHE DYHKIMH, UMeIoIne GECKOHEYHO MHOTO
Hyneit. Hanpumep, HynsmMu dyHknun e — 1 ABaA10TCA 4ncna 27in, rae n —
Ja10060€e 1eJ10e YUCIO.
PaccMoTpuM [BYCTOPOHHHIA THIIEPreOMEeTPHYECKUN psify

JJ1s1 KOTOPOro (bOPMYJIMPYETCs OCHOBHON Pe3yIbTaT ITOM IJIABBI.
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Teopema 15.1 (dpopmysa npousBeneHns Pamanymykana). [Tycmo
EBNOAHAIOMCA 02PAHUNEHUA

b
ldl <1, Ja|>lgl, bl<1 wu ‘5‘<|a;|<1. (15.1)

Tozda cnpasedaueo pasencmeo

3 _ bL i - qn+1 —azq™
191(a,b; g ) = H (1 a )( QQn+1) (1 ‘;;7 )(1 zq )
w0 (1=bg) (1= 1) (1-T0) - e

Zoxazameavcmeo (M. Uzmann). OcHOBHAst Baesi COCTOUT B TOM, YTOOBI
CrepBa MOKa3aTh, YTO 00€e YacTy paBeHCTBA (15.2) ABIAIOTCA aHAJINTHYECKHU-
Mu QYHKIUAMYA NepeMeHHo# b (mpu (BUKCHPOBAHHBIX G,q U T) B HENYCTOM
obnactu, onpeesieHHol BbipaxkenueM (15.1) (T. e. o6nacty |b| < min{1, |az|}).
3aTeM MbI JoKaxkeM paBeHCTBO (15.2) mpu b = M, gM+1 ¢M+2 . tne M —
HekoTopoe nesoe yucyo. Orcioga Oyner ciemnoBaTb, YTO PA3HOCTb NPABON
U JIeBOi yacTeil paBeHcTBa (15.2) ABJAeTCS aHAIUTHYECKOH DyHKIMEH me-
peMeHHO# b, nMerolleit 6ECKOHEYHYIO MOCIEIOBATENILHOCTD HYJIEH, CXOMs-
Wylocs K HYJIO, M TMOSTOMY HOJKHA TOXIECTBEHHO 00palaThCsi B HYJb.

— [
ITonoxum fr(b) = %x". YTo6bI YyBUAETb, 4TO Pl . fn(b)
n=—oo
CXOIUTCS K AHAJIMTHYIECKOH (DYHKIMK OT b, JOCTATOYHO MOKA3ATH, 9TO fn(b) —
aHaJMTHYeCKast GYHKUMs IPH JII060M n e Z y 9TO, KPOME TOrO, IpH N — £00
UMeeT MeCTo oueHkKa |fn(b)| < Mici JIJIs HEKOTOpBIX €4, 0 < ¢4 < 1,
U HEKOTOPBIX IOJIOKUTEJIbHBIX KOHCTAHT M.

Ecnn n > 0, o (1 —b)y aBasteTca MHOrO4sIeHOM OT b, KOTOPBIi He 06pa-
IAETCs B HYJIb B PACCMATPHUBaEMOM 06JacTH, mOCKOIbKY |b] < 1 u |g| < 1.
Orcrofa cenyer aHaNUTUIHOCTb yHKuu# f,(b) mpu n > 0.

Hanee, npu n — 0o uMeeM

f n+1 (b)
fn(b)

ITosTomy BbImOsHSsIETCss OUEHKA | fnt1(d)| < ¢i|fn(b)| Ana mpousBosIbLHOrO
dbuxcuposanuoro ¢y € (|z|,1) u moboro gocrarouno Goabmoro n. Cremo-
BaTesbHO, | fn(b)| < Myc} npu HekoTOpOM noaXoAsmeM My u Bcex J0CTa-
TOYHO GONBLINX N.

TonoGHbM 06pasoM npy 1 < 0 dbymkimms 1/(1 — b)7=(1 — q"b)!" sapns-
ercst MHOro4wIeHoOM (cM. (3.7)), mosTomy oHa aHajauTHyHa. Kpome Toro,

f_n_l(b)‘ _ | 1-g¢
f-n(b) (1-g ™ la)x

(15.2)

(1-g¢"a)z
1—q"b

— |z| < 1.

b

—i<1
azx
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npu n — +oco. [To3TOMy CyLIECTBYIOT KOHCTaHTHI ¢ U M_, Ijisi KOTOPBIX
[fn(b)| < M_cm IpH BCEX JOCTATOYHO GOJIBIIMX IO MOMAYJIIO OTPUIATENb-
HbIX LEJbIX 7.

Jia Toro 4ToOBI MOKA3aTh, YTO MPOU3BEIEHUE B NPABON YaCTH DABEH-
cTBa (15.2) aHAINTUYHO MO b, 3aMETUM, YTO COMHOXKHMTEJIM B 3HAMEHATEJIE
He 0BPaIaOTCsa B HYJb B PACCMATPUBAEMON 0O0JACTH M YTO KaXKIbIA CO-
MHOXHTeJb JIH0O He 3aBUCHMT OT b, mmbo mMeer Bup (1 + ¢b)g°, rae ¢ ne
3aBucuT ot b. Kak b0 ckasano Bbime, dynkuus f(z) = (1 + z) aHAN-
tuyHA B Dog. IToCKONBKY YMHOMXKEHME AHAIUTHIECKUX (DYHKIMHA U JeJIeHHe
Ha aHaJMTHYeCKHe (DYHKIMHU, He OOPAIAOIINECs B HYIb, IPUBOJAT K aHAa-
JUTHYeCKUM (YHKIMAM, POM3BELEHUE B NMPABON 4acTu paseHcTBa (15.2)
aHAJUTUYHO 10 b B pacCMaTpUBaeMOii 00JIaCTH.

Teneps BbIMOMHUM NOACTaHOBKY b = g™ | rie M HACTONBKO BEJIHKO, YTO
b mpuHAIIEXUT 00JIACTH, YKA3aHHOW B YCJIOBUH TEOPEMbI. 3aMETHUM, YTO

1 1 M-n'\n'
- = (1- =0,
Tl Sl

eciu n = —n' < —M. OTciofa BHIHO, 9TO JIEBYIO 4acThb paBeHCTBa (15.2)
MOKHO nepennca'rb B BHIE

oo
S asan = Y gy -
— ‘n _ n
nez 10 nepter E 797
-M
LM (1—¢ln+1
Z )n+1 M "
xl M (l_a)l—M Nl (l—ql Ma) n
T
(1—gMy ™Mz (1-9f
=gz MZ—W)I—M 1‘1)0[(1l Ma;q;-’”L

rie Mbl IpEMeHnIn cootHoutenve (14.2) npu o =1 — M u 8 = n. C no-
mormpio ¢popmyast Letre (13.17) u paBencTBa (3.7) nosy4eHHOE BBIPAXKEHUE
MOXKHO Mpeo6pa30BaTh K BUIY

v (=i (- g Mag)y
(1 —qM)é_M (1-=z)

_pev_(-ad T a-g"Man)P
Q1 —ql—Ma)f,\/I_1 1-2)¢

(15.3)
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Jlna 3aBepiueHus JOKa3aTelbCTBA CPABHUM 00e 4acTu paseHcTBa (15.2).
IIpH MOACTAHOBKE B MpaByo 9acTh b = ¢ nomyqnm

(1-¢Ma )P 1 - )5 (1—ga~'a" )P (1—az)g® _
1—gMgP (I -ga NFA-¢Ta ) (1-2)
QA-—¥! (1-ga 'z )Y 1 (1-az)P
C (1-ga~)M! 1-2)5 :

Yr06b1 g0Ka3aTh, 910 (15.3) u (15.4) COBIANAIOT, OCTAETCS NPOBEPUTDH Pa-
BEHCTBO

(15.4)

LM 1- a:c)8° 1- qa_lx_l)g/f_l (1—az)g° (15.5)
M— = —_1\M-1 N
(l—q1 Mg)g'=1 (1-qa~1)g
WJIH, 4TO SKBUBAJIEHTHO,
(1=ga™H¥"1  (1—ga e ¥ (1 az)g°
(l—ql‘l"la)g/!_1 (1 —¢l-Mqz)ge
1— _1.’L‘_l M-1
:L.M—l( qa )a M1

(1-q1=Mag)}-?

Ecnu noacTaBUTh B MPaBYIO YacThb 3TOTO PABEHCTBA T = 1, TO pe3yJNbTAT
6yIeT COBMAJATb C BbIPAXKEHHUEM, CTOSIIIIUM B JIEBOH 4aCTH, KOTOpas, 3aMe-
THM, OT T He 3aBUCHUT. I[09TOMy HaM OCTAETCs JOKA3aTh, YTO NpaBas 4acCTb
paBeHCTBA TaKXKe He 3aBUCHT OT . IIpeobpasyem ee crepyomum obpa3om:

(1-ga 'z (1 -¢?atz7)...(1— M lg 1z 1) M1
(1—q'~Maz) (1 —q2Maz)...(1 - q‘lax)
-1

_1l-gqa z711 —qza_ltl:_1 1- qM lg=1gt ZM-1 =
T 1-gqlax 1-g2ax T 1—¢l-Mgg -
2 M—1
- ( q ) ( q ) ( q ) M-1,
=(-=)|{-=)...|-— 2z ;
ar ax ax
[OJIy4€HHOE BbIPAXKEHHE He 3aBHCHUT OT I, YTO U TPeGOBaJOCh. -0

B ¢opmyny npoussenenus Pamanymkana Bxogar Tpu nepeMeHHble: a, b
n z. OauH U3 BaXKHBIX YACTHBIX CJIy4aeB UMEET MECTO IpU a =y u b = qy.
B arom caydae o6nacts (15.1) npuauMaeT BUI

lal <zl <1, gl <yl <|g™" (15.6)

Jlerko mpoBEpUTH, YTO OHA HENYCTa. B 3TOM ciIy4ae JieBas 4aCTb PABEHCTBA
(15.2) oxa3biBaeTCs paBHOM

Z((ll_— e 11__g z",
qy q nez Ty
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[OCKOJIBKY [JIs JIIOOBIX HEJIbIX 70 BBINOJIHAETCS COOTHOIIEHHE
(1-y9)7(1-a"y)=0-y"' =1-y (1 -q)y

HanoxuM Ha Yy JONOJIHHUTENbHOE Oorpanudenue |g| < |y| < 1, Toraa BbImos-
HAIOTCA HepaBeHcTBa |¢"y| < 1mpun > 0w |¢"y~!| < 1 nmpun > 1. B srom
clly4ae MOXHO HCIIONb30BaTh (POPMYJY JJis CyMMbl GECKOHEYHOH reoMer-
pHYECKOl Tporpeccuu, 4ToObI MPOJOJIKUTH NPeoOpa30BaHMe JIEBOX 4aCTH
paBeHcTBa (15.2):

i(l—y)w"+ f 1-y)z™ _
— 1—q"y ‘—~ 1-q"y
n=0 n=-—1

n n -1

-y (1-y)z” _
Z T Z—mfl—~

EEIPM LIS 3 sERl ]

n=0m=0 n=1m=1

C mpyro# cTOpOHBI, IPON3BE/IeHNE B IIPABOii YacTH paBeHCTBa (15.2) MoxkeT
ObITH IPUBENEHO K BUIY
o n+1 1, -1 n+l n
H (a- P (1—z" 'y g™ (1 — zyg™)
(1- yq"“) (1—z=1gn+) (1 —y~1gn*1) (1 —zqn)’

n=0

Paznenus obe wactu Ha 1 — y, nmosy4um

qunnm quy

m,n=0 m,n=1
o0 _
(1 -2y~ q") (1 —zyg™ )
H 1 — . L (15.7)
o] l—wq" )1 -z (1 —yg" ) (1 —y~1g")’
CrnenosarensHo, B obsacty |g| < |2| < 1 BbINONHSETCS PABEHCTBO
o0
Z mn m+tn _ Z g =
m,n= m,n=1
1—gq 1_ -2 n 1 2 n—1
H( lz q)(_ ‘zq2 )’ (15.8)
l—zq" )2 (1—271¢")
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KOTOpoe mosy4aercs u3 (15.6) moacTaHOBKOM & = y = z. DTO PABEHCTBO
MOJKHO YNPOCTUTb, BbIAEIUB cjaraemble ¢ m = 0 umm n = 0 B nepsoi
cymMe. [t 9TOro 3aMeTHM, YTO CYMMa ITHX WIEHOB PABHA

o0 o0
Zz”+2zm—1=ii—i.

n=0 m=0

1-2 _ (1-2)?

1+ T2 NOTIyHuM, 4TO

npH ycnoBud |g| < |z| < 1 BeIMONHSETCS PABEHCTBO

INosromy, nomHOkMB 06e yacTu (15.7) HA ——

1- 1-272¢")(1-2
H ( l - z(q");(l - z)—(lqn)2 ! ) (15'9)

DTH pe3ysbTATHI UIPAIOT BAXKHYIO POJIb B TEOPETUKO-YUCIOBLIX IPUIIOXKE-
HHUAX, O KOTOPbIX MONUJET pedb B CJEAYIOIUX ABYX maparpadax.



§ 16. PazsioxkeHus 11e10r0 9YMCjia B CyMMBI
JABYX U 4YeThIpexX KBaJIpaTOB

OnHa U3 gaBHUX TMPOGIEM TEOPUHM YHCEN KacaeTcs pa3OMeHHs LEJoro
YHCJIa B CYMMY KBaJPATOB HEKOTODBIX IIJIbIX YUCEJI. 3HAMEHUTHIH Pe3yiib-
TaT, BIePBbIE NOKA3aHHBIA JlarpaHkeMm, COCTOUT B TOM, YTO JIF0OOE MOJI0KK-
TEJIbHOE 1eJIOE YUCJIO BCETJa MOXKHO MPEICTaBUThH B BUIE CyMMBbI Y€THIDEX
KB3IpaTOB. B 3T0# riaBe Mbl MOMYYMM JOKA3aTENbCTBO 3TOrO PE3YJIHTATA
u BbiBeJeM siBHble (popmysibl [aycca u dkobu st konryecTBa pasdbueHwmit
LEJIOT0 YHUCJIa B CyMMY JBYX W 4YETHIPEX KBAPATOB.

0O0603HaunM 4HCJIO CIIOCOGOB NpEACTaBIeHUsA Hejaoro uucaa N B Buie
CYMMBI ™ LENBIX KBaJAPATOB C YYETOM MOPAIKa claraeMbix gepes [, (N).
Hanpumep, [5(2) = 4, 10CKONBKY 2 NPEICTABIIAETCA B BHIE CyMMbI KBaJl-
PaTOB ABYX LIEJbIX YUCEJ C y4E€TOM NMOPALKA CJIATa€MbIX Ye€TbIPbMA Pa3JInd-
HBIMH CTIOCO0AMM:

2=12412= (=12 +12=12 4+ (-1)? = (-1)2 + (-1)2
Tax>xke HeTpynHO Buierh, uro Ly (5) = 8. B camom zerne,
5= (£1)? + (£2)% = (£2) + (£1)?,

37eCh 3HAKH B KaXKJIOM CJIaraeMoOM BBIOMPAIOTCS HE3aBUCHMO.
Paccmotpum dopManbabIil CTENEeHHON ps

O) =Y ¢ (16.1)
neZ
Torna
O (N) = kosbbumment npu ¢ 8 O(g)™. (16.2)

YT06b! y6eqUTHCSA B 3TOM, 3aMETHM, YTO NIPH PA3JI0XKECHUN

O@™=(.-++¢"+g+1+g+g*++..)™

B (bOpMaJbHBIA CTEHEHHOH sl cjaraeMble BHAA qN HAXOOATCA BO B3aMM-
HO OJHO3HAYHOM COOTBETCTBHH C YHOPSIOYEHHBIMU HAOOPAMH LIEJIbIX YUCENT
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(a1, --,am), Ansa koTopex N = a? +...+a2,. Takum o6pasom, koadpdunu-
enr nipu ¢V B 0(q)™ pasen umcity cnocoGoB npeactasaenuss N B BUze CyM-
MbI KBaJIPATOB M UEJBIX YUCEN ¢ y9eTOM IMOpsiKa ciaraeMbix. [Ipy m = 4
HMEET MECTO CJIEAYIOLIasl TeopeMa.
Teopema 16.1. /Jas 406020 namyparvrozo wucaa N cnpasedauéa dop-
MYAG
ON)=8 > d (16.3)
d>0,4fd, d|N

13 370i1 TEOpEMBI HEMEITICHHO CJIE/IY€T, YTO JIF000€ IMOJIOXKUTEIHLHOE YUCIIO
SIBJISIETCA CYMMOM YeThIpex KBaJpaTOB, OCKOJIbKY 1 sIBiIsieTCs JenuTesieM
M060T0 1esI0ro YKcha, u 1 ne gemures Ha 4. Hanpumep, 6 = 22+ 12412402,
97 =82 + 5% 4+ 22 4+ 22,

LHoxazameavcmeo meopemn 16.1. B pasencrse (15.8) mepeitneM K mpe-
neny npu z — —1. Ucnons3ys coorHowenue (12.11), nosyynm, 4To npasasi
4acTh paBeHcTBa (15.8) crpemures K

oo 4
1-¢"\ _
() -oe-or

n=1

JleByio yacTh paBercTBa (15.8) yao6HO 3amucaTs B Buze

o m+n —m—n
z —Z2

m,n=1

ITpumenus npasusno Jlonurass, Mosy4nM, 4TO 3TO BbIPAXKEHHE IIpH 2 — —1
CTPEMHUTCSH K '
1+4 § /‘ m+n—1(m+n) qmn
m, n=1

3aMeTUM, 4TO UMEET MECTO OYEBHIHOE PABEHCTBO

) oo
Z (_1)m+nf1mqmn - z (_1)m+n—1nqmn
m,n=1 m,n=1
CrenoBaTesbHO,
0o
144 Z D™l m 4+ n) g™ =148 Z ()™ Im (=g™)" =
m, 'n— m,n=1

—1+8Z 1+ a -1+82";(+q,)nm.
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TakuMm 06pa3oM, mociie mepexona K Mpeaely MpH z — —1 B paBeHCTBe
(15.8) 1 3aMeHBI ¢ HA —@ TIOJIyYNM

o0 mqm
O(g)*=1 _ 16.4
@' =1+8) 7o (16.4)
m=1
ITockonbky
S ime T S ¥
. — m - _m
= 1+(—q) 1 1—¢q = 14+q™m
m He4YeTHOe ™m 4YeTHOoe
u
o0
2kq2k 6k 8k —
Zl+q2k Z2k +¢F—¢+..)=
k=1
oo oo
=Z2k(q2k+q4k+q6k+q8k+‘ Z4qu+q8k+m)=
k=1 =1
i 2kq?k 4kq**
— o2k — Ak
k=1 1-q k 11 7

BBIINIOJIHAETCA PaBEHCTBO

oo mqm
Zl+(_q)m: 1_ szq
m=1 m21 m21n=1

4tm 4tm

CrnenoBaTenbHO,

—1+8Z}:mq (16.5)

m21n=1
4fm

Takum o6pa3om, ms moboro N > 1 koadpdunuent npu ¢V B pasnoxe-
unn J(q)* npexncrasnserca B Bume 8y ,m, rae mn = N A1 HEKOTOPOro
HATypaJIbHOTO YMCJIa T U TAKOro 4uciaa m, 4ro 4 { m. UnbiMu cioBamy,
O4(N) B 8 pa3 Gosblie CyMMbI MOJIOXKHUTENBHBIX AenuTeneii unciaa N, He
KpaTHbIX 4. O

HaumeHnbluee 4ucyio KBaAPATOB, B CYMMY KOTOPBIX MOXKHO DPa3JIOXKHUTb
T1060€e MOJIOXKUTEJIbHOE 11eJI0e 4ncio, paBHO 4. Hanpumep, 7 He mnpexacTas-
JISleTCsl B BUJE CyMMBbI 3 KBaJAPATOB.
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Onnako MOXHO nosyduTsh Gopmyny s o (N) — koaudecTBa croco-
00B npeacTaBjeHus ueaoro 4uciaa N B BUAE CyMMbI ABYX KBaJapaTos. Ha-
MIOMHHM, 4TO 4epe3 #A Mbl 0603Ha4YaEM KOJIMIECTBO 3JIEMEHTOB KOHEYHOTO

MHOKeCTBa, A.
Teopema 16.2. /las 406020 nHamypaavrozo wucaa N umeem mecmo

paseHcmeo

O2(N) =4+#{d: d deaum N,d>0,d=1 (mod 4)} —
— 4#{d: d deaum N,d>0,d =3 (mod 4)}. (16.6)
AHoxazameavcmeo. B pasencrse (15.8) cienaem HpelesbHBIA mepexof
npu z — ¢ = v/—1. Boipaxenue B npasoit yactu (15.8) Oyner crpeMuThesa K
ﬁ (1-g"?(1+qM? _ (77 1-¢"
(1+1gm)2 (1 —ign)?

n=1

B 10 ke Bpewmsi, neBas yactb (15.8) ctpemurcs K

o0
1—3 Z qmn(im+n _ (__,l-)m+n).
m,n=1
3ameTum, 9To (—i)™ ™ = {™*" ecnu 4UCIO M+ N YETHOE, T. €. eCIH YHUCIA
m ¥ n OOHOM YeTHOCTH, U (—1)™+™ = —{™*+" eciu wucno M + N HeyeTHo,
T. €. YUCJIa M U N pa3HOoi yeTHOCTH. C y4eToM 3TOro Ipeaen JeBOH YaCTh
MOXKHO TIEPEINUCaTh B BUIE

1—9 Z Z qmnim-{—n — 9% Z Z qmnim—{—n‘

m>1 n>1 m>1 n>1
m He4YeTHOe 7T 4YeTHOoe m 4YeTHO€ T He4YeTHOe

JIBe CyMMBbI B 3TOM BBIDAXKEHMH COBNAJAIOT, TAK KAK IOJIYYAIOTCSA APYT U3
Apyra MepecTaHOBKOM IIEPEMEHHBIX M U N.

Taxnum 06pa3oM, repexonoM K Ipeneny mpu z — ¢ = y/—1 u3 (15.8) Mbr
MIOJIy YUK PABEHCTBO

D(_q2)2 — 1-4 Z Z qmn im+n+1.

m21 n>1
™ HeYeTHOe T YETHoe

Bamenus ¢? Ha —¢, NOMyYUM

O(g)*=1-4 Z Z (—q)™n/2 jmtntl

m21 n>1
m HedeTHOe mn YETHOE

=1—-4 Z Z (_1)(m+1)/2 qmn/2.

m2>1 n>1
™m HedeTHOe 7 4YeTHOoe
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Haxonern, 3amMeHuB n Ha 2k, nomyyaem

oo
D(@?=1+4 > (=1)(m=D/2gmk, (16.7)
m2>1 k=1
™m He4YeTHOoe
PaccmoTpum npasyo gacts paBenctsa (16.7). Jus moboro N > 1 cnara-
emble BUIa 4¢" B3aMMHO OJHO3HAYHO COOTBETCTBYIOT HEYETHBIM YHCIAM M,
SIBJIAIOIMMCS JeNUTeNsiMi uncsia N u cpaBHUMBIM ¢ 1 1o momysmio 4, mo-

m
CKOJIbKY YEeTHO B TOYHOCTH AJId TaKHX M. AHajiorn4Ho ciaraembie

2
Buga —4q" B3aMMHO OJHO3HAYHO COOTBETCTBYIOT TAKHM HEUETHBIM 77, KO-

TOpbIE ABASIOTCH AenutensMu N ¥ cpaBHMMBL ¢ 3 mo moayiio 4. Cremo-
BaTenbHO, Ko3ddumument npu ¢V B paznoxenmn [(q)? B cremennoit psn
3azaercsi paBeHCTBOM (16.6). O

Cuaencrsue 16.1 (Teopema Pepma). IIpocmoe HeuemHoe wUCAO P MO-
oicem Goimd npedcmasaeno 8 eude cymmos 08YT KEaAIPAMOE HAMYPAALHHT
YUucen 8 MoM U MOALKO 8 mom cayyae, kozda p =1 (mod 4). Kpome mozo,
€CAU MAK0E NPEJCTNABACHUE B03MONCHO, TNO OHO eJUHCTNEEHHO, ECAU HE NPU-
HUMATND 80 BHUMAHUE TOPAJOK CAG2AEMBLL.

Hoxazameavcmeo. Uucno p uMmeer [Ba MOJOXKWUTEIBHBIX JENHATENs: 1
u p. Ecim p = 1 (mod 4), T0 06a memurens cpaBauMsbl ¢ 1 mo Moxyio 4.
B srom ciygae Oz (p) = 8 no Teopeme 16.2. Takum 06pa3oM, YHCIIO P MOXKHO
TIpeICTABUTS B BUJE p = a’+b?, rae a u b — HaTypasbHble uncna. s Kax-
JIOA U3 BOCBbMH YNOPsAOYeHHbIX nap (+a,+b), (+b, £a) cymma kBagpaToB
paBHa p. Kpome Toro, 3ti BOCEMb Iap pa3JiMuHbI, IOCKOJIBLKY M3 TOrO, YTO
YHCIIO P HEYEeTHOE M MPOCTOE, cieayet, 4To |a| # |b|. Takum o6pazoM, Mbl
NEPEYNCIININ BCe BO3MOXKHOCTH INPEJCTABUThL P B BHJE CyMMbl KBaJPAaTOB
IBYX nenbix yuces. QUeBHUAHO, YTO €CJii He 0OpAIlaTh BHUMAHHS HA IOPsi-
JIOK CJIAraeMbIX, TO NPEJCTABJIEHNE YKUC/IA P B BUIE CyMMbI KBaIPDATOB ABYX
HaTypaJIbHbIX YHCEJ €IUHCTBEHHO.

Ecnu p =3 (mod 4), To Oz(p) = 0 no Teopeme 16.2. ]



§ 17. PaznoskeHus IeJI0ro YMCja B CyMMBI
ABYX M YeThIpeX TPeyroJbHbIX YHCeJI

Dopmyny npoussenenns PaMaHypKaHa MOXKHO TaKKe TPUMEHUTH JUIS
Y3yYenns komuuecTsa pa3GHeHHil LIEIOr0 YHCIA B CyMMY ABYX M 4eThipex
TPeyronbabx unces. HamoMHEM, 9TO N-M TPEYTOJbHBIM YHCIOM B § 12 MbI
HasBanu yncso

A = n{n+1)

n — 2 .

Tax kak A_,,_; = A, 6eckOHEYHAas1 B 0GE CTOPOHBI IOC/IEI0BATEILHOCTD
An}nez cumMerpudHa. [loaToMy B nanbHeiem Mbl OyzeM pacCMaTpUBaTh
n IIpu n > 0. PaccMoTrpuM popManibHbIil CTENEHHOM psif

Alg) = ¢>.

n=0

O ornnuaercs or psiza (16.1), NCHoONIBb30BAHHOIO B NPEbIAYIIEM Naparpa-
be, Tem, uro 37€CH CYMMHPOBAHHE TIPOU3BOJUTCS TOJIBKO II0 HEOTPUIATE b~
HbIM nesnbiM 1. Tak e Kax u B IpeablayleM naparpade, Jerko IpoBePUTh,
9TO 4HCI0 CnOCOGOB MpPEACTABICHAA HATYDPAIbHOro yucaa N B BUIE CyM-
MBI 7 TPEeyroJIbHBIX YHCEJ C Y9€TOM IIOPSAIKA CJIAraeMbiX PaBHO K03 du-
Uuenty npu ¢V B cremennom psage A(g)™. Byaem o603HauaTh 3TO YMCIO
1epes A, (N).

Teopema 17.1. JJaa a106020 nososcumensnozo yeaozo wucia N umeem
Mecmo pasercmeo

A(N) =#{d: d>0,d[4N +1,d =1 (mod 4)} -
—#{d:d>0,dl4N +1,d=3 (mod 4)}. (17.1)

Aloxasameavcmeo. B paBencrse (15.7) 3aMeHMM ¢ Ha —¢, & Z HA —,/q.
Bynem cumrars, 90 0 < ¢ < 1. Toraa ¢ MOMOLIBIO COOTHOIIEHHUST (12.8)
IpaByio yacTh paBeHcTBa (15.7) MOXKHO IPeobpPa30BATh ClieLYIOMmUM 06pa3oM:
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M (= (D" (1= (=)"¢" ) 1+ (-1)"¢") _
I1
(1- (_l)nqn—1/2)2 1+ (-1)7gn— 1/2)2

- (1—( 1"g™)? (1 + (=1)"¢™)?
H 1)" n— 1/2)2(1+( 1) n— 1/2)2

'n=l

JleBasi wactp paBeHcTBa (15.7) NIPpUBOAUTCS K BUAY

) )
Z ( 1)mn+m+nqmn+7—n—}@ (_l)mn—m—nqmn—%ﬂ -
m,n=0 m,n=1
) 0o
Z mn—l mn—# _ Z (_l)mn—m—nqmn—m%'—r—’;
m,n=1 m,n=1

371eCh B NIEPBOI CyMMe MbI 3aMEHUJIM m Ha m — 1 u n Ha n — 1. Samerum,
9TO €CJU YUCJIO0 M + N HEYETHO, TO COOTBETCTBYIOIIME YJIEHBI B MOCJIECIHUX
ABYX CyMMaX OTJIMYalOTCS 3HAKOM, IIO3TOMY OHM B3aMMHO yHHYTOXKAIOTCS.
TeM caMbIM, BBIPa2KE€HHE B JIEBOK YACTH MPUHUMAET BUJ

9 Z ( )mn 1 mn— ﬂ?ﬂ

m,n>1
m—+n YeTHOe

+n
=92 Z qm"—m—;—q -9 Z qmn—mi——
m,n>1 m,n21

m,n He‘ieTHble m,n 4YeTHbIe

Orcrona nosyyaeM COOTHOIIEHHE

+ m+
Ag?= S RS T (17.2)
m,n>1 myn>1
m,n HedeTHble m,n YeTHbIe

Cnaraemoe Buza +qV nosBiseTcs B MpaBoil 4aCTH 3TOr0 PABEHCTBA B TOM U
TOJILKO B TOM CJly4ae, Korga N = mn— mt n, T.e. 4N+1 = (2m—1) (2n-1),
AJIs1 HEKOTOPBIX HaTypaJIbHBIX YHCEJI M U 7, YETHbIX WJIA HEYETHbIX OOHO-
BpeMenHo. Eciu onu 06a HeweTHbl, T0o 2m — 1 = 1 (mod 4), a eciu 06a
9eTHBL, TO 2m — 1 = 3 (mod 4). CnenoBarenbHO, KaXKAbIH JeIUTENb YUCTA
4N + 1, cpaBuumblii ¢ 1 mo moaymio 4, naer Bknaz +1, 1 KaXXIplit JeJIATEND
uncna 4N + 1, cpaBruMbIii ¢ 3 10 MoayITio 4, naeT BKIaA —1 B K03 duIueHT
npu ¢V ~
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B gacrrocTH, ecii 4N + 1 — mpocToe 4YuCio, CpaBejIuBO CIIEAyIoLee
yTBEDXK ICHHE.

Cuencrue 17.1. Ecau N — namypaavHoe wucao, npusem wucao 4N +1
npocmoe, mo N eduncmeennvim 06pa3om npedcmasisemcs 6 eude cymmo
06YT PA3AUNHBT MPEY20AbHBLT HUCEA C MOYHOCTILIO 00 NEPECMAHOBKY CAG-
2aeMbiT.

Zoxazameavcmeo. Ecin aucio 4N + 1 npocroe, TO €ro mON0KUTEIbHbI-
MU JEJATENSAMH ABASIOTCA TOJMbKO 1 u 4N +1. O6a 3Tu Aenuress CpaBHUMBI
¢ 1 mo moxymio 4, u u3 Teopemsbr 17.1 cnenyer, uro Ag(N) = 2—0 = 2. Benowm-
HUM Temnepb, 4T0 A, (N) paBHO KOJHMYECTBY BCEBO3MOXKHBIX IIPEICTABJICHHIA
yicaa N B BUZIE CYMMBI M TPEYTOJBHBIX YHCEJ C Y4eTOM NOPAAKa Ciarae-
mbIx. ITosTomy u3 pasencTBa Ao (N) = 2 cienyer, 4TO MBI HIMeeM B TOYHOCTH
JBE BO3MOXKHOCTH: JTU00

N=0/Mg+ A =0+ Dy, kE#I,
6o

N=2J+ D=0+ D, k#L

BTopoit BapHaHT HEBO3MOXKEH, IOCKOJIbKY IOCIEA0BATENbHOCT {Ap}n>0
CTPOr0 BO3PACTAET. ITOT BAPHUAHT MOXKHO MCKJIIOYMTh U JAPYTHM CIOCOOOM.
Jnsi 3TOro Hy»KHO 3aMeTuTbh, 4TO U3 paBeHcTBa N = 2/ ciexyer, 4TO
4N + 1 = (2k + 1)2, u Torma unucno 4N + 1 He MOxeT GbITh MpOCTHIM.  [J

[IpuBenem mpocrbie IpUMEpHl IPUMEHEHHUs cieAcTBus: 7 =146, 13 =
= 3+ 10 u 43 = 15 + 28. Cnexyomas TeopeMa Kacaercsi pa3bueHHs HA
4eThbIPE TPEYrOJIbHBIX YUCJIA.

Teopema 17.2. /laa 4106020 Hamypasorozo N umeem mecmo paéeH-
cmeo

AyN)= )k (17.3)

k>0, k|2N+1

Joxazameavcmeo. Paznenmnm obe wactu pasencrsa (15.7) Ha 1 — gz~ 2,
3aMEHNM ¢ Ha ¢° ¥ ycTpeMuM z K ¢. Torza npaBas 4acTh PABEHCTBA, (15.7)
¢ moMompio coorHomenns (12.8) npeobpasyercs K BUAY

&0 1— 2n\2 1— 2n 1— 2n
I1 ( 1 i]qz)n—(l)2 (‘i _)q(zn-f)z RINOR
n=1
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TlockosbKy B IpaBOM YaCTH PABEHCTBA MOJIYy YAETCsl KOHEYHOE 3HAUEHHe, Jie-
Bas 4acTb Tak>ke KoHedHa. [Ipumenus npasuio Jlonurasns, noay4um

)
;i_ff}]l_qz _2( Z q2mn m+n _ Z q2mnz—m—n) -

m,n=0 m,n=1
) )
1 _ —m—n—
— 2q_1< Z (m+n) q2mn+m+n 1+ Z (m+n) q2mn m—n 1) -
m,n=0 m,n=1 '
) )
1 —m— —m—
=§( Z(m+n_2)q2mnmn+ Z(m+n)q2mnmn)=
m,n=1 m,n=1
)
- Z (m+ n— 1) q2mn—m—n.
m,n=1

IMony4yeHHOE BbIpaXKEHHE CUMMETPHUYHO OTHOCHTEIBHO M U N, IO3TOMY €ro
MOXXHO HepenucaTh B BUIE

00 00
Z (m +n— 1) q2m'n—m—n - Z (2m _ 1) q2mn—m—n.
m,n=1 m,n=1
Tem caMbIM,
00
Mgt= Y Gmongmm
m,n=1

Cpenas 3ameny k = 2m — 1, £ = 2n — 1, nony4um
kf—1
Algt= ) k¢z. (17.4)

k,£>1
k,£ HeyeTHbIE

Jlerko BUAETH, 9TO C1araeMoe q' MOSBJIAETCS B 3TOH CyMMe B TOM H TOJIb-

ké—1
KO B TOM ciydae, korga N = —5 T e 2N + 1 = kf, n1a HEKOTOPBIX

HEYETHBIX TOJIOXKUTEIbHbIX Ynce k 1 £. IIOCKONbKY KaxK bl JeUTENb YHC-
1a 2N + 1 neueTHsIH, ko3ddunuent npu ¢ pasen

AN = Sk O

k>0, k|2N+1



§ 18. g-nepBoOGpa3Has

PaccMoTpeB HEKOTOpBIE NMPHJIOXKEHHsI, BEPHEMCS K ¢-HCYHMCIeHHo. 1o
CHX Iop MbI 00Cyxkjamu KBanToBOe nuddepennuposanue. Teneps paccmoT-
puM 0OpaTHyIO Omepanmio: KBAHTOBOE mHTerpupoBaHue. Criepa paccMoT-
pUM ¢-IEpBOOOpa3HyIo.

Onpepenenne. @ynkuus F(z) Ha3biBaeTCs g-nepeoobpasnot nna f(z),
ecn Do F (z) = f(z). O6o3naunm ee

/f(:v) dg. (18.1)

O6paTiM BHUMAaHHE HA TO, YTO, KAK U B KJIACCUYECKOM AHAJIM3E, g-TIePBO-
obpa3Hasa He €OUHCTBEHHA.

B knaccuueckoM aHasM3e IPOM3BOJHAS PA3HOCTH NepBO0Opa3HbIx F) ()
u F>(x) onnoit u To#t xe dynxuuu f(z) pasua 0. Eciu ucxonnas bynknus
f(z) 6buta ompeneneHa Ha WHTEPBaJE, TO JIETKO MOKA3aTh, YTO PAa3HOCTD
Fi(z) — F»(z) nocrosiHHA.

B kBaHTOBOM aHa/M3€e CHTYyalysi HECKOJIbKO CiIOXKHee. Pa3ymeercsi, nse
g-niepBOOOpa3Hble OfHOM U TOH ke yHkuwu f(z) ornnyaroTcs HA GyHK-
o (), g-npousBogHas KoTopoii papua 0. Ho meo B TOM, 4T0 paBeHCTRO
Dgp(z) = 0 BbImoONHsieTCs TOIZA M TOJNBKO TOrna, Korma ¢(qr) = Lp(z%,
OTKyZa, BOODIIE roBops, He cieayer, 4To dbyHKUMs () IOCTOSIHHA.

Orpannyenusi, Ipd KOTOPBIX ¢-NIePBOOODA3HAs €IMHCTBEHHA C TOYHO-
CTHIO O AJJNTHBHOM MOCTOSIHHOM, MOryT ObITh pa3nuyHbiMH. Hampumep,
ecnn Mbl morpebyeM, 4ToObI ¢-mepBoOOpa3Has 3aaBajiach (HOPMATIbHBIM
CTENEHHbIM PSAJIOM, TO PA3HOCThb IBYX ¢-TIEPBOOODPA3HBIX ONHONW MYHKUUH

! (e}

TaK>Ke Pa3Jlaraercs B CTENEHHOM pan: ¢(z) = Y. c,z™. Toraa u3 ycnobus
n=0

v(gz) = ¢(z) cnexyer, 4ro ¢"Cy = €, AJA BCEX N. DTO BO3MOXKHO, TOJBKO
eciu ¢, = 0 Jy1s1 Bcex n > 1, HHBIMU cyioBaMH, (DyHKUHUS @ JOTXKHA ObITh
IIOCTOSAHHOM.

CaenoBarenbHO, GyHKIHS

f(x) = Zanxnv

n=0
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cpenn GOpMaJIbHBIX CTENIEHHBIX PSAJOB MMEET eIUHCTBEHHYIO ¢-TIEPBOOGDA3-
HYI0 C TOYHOCTBIO 10 NPOU3BOJIbHON aIIUTUBHON KOHCTAHTBI:

/ f(z)dq Z‘I[Zi e (18.2)

Jns dyuaxuum f(z) Gosee 061ero BUIa €AMHCTBEHHOCTD ¢-NIEPBOOOPA3-
HOH C TOYHOCTBIO JO 3AATHBHONW KOHCTAHTHI MOXKHO J10Ka3aTh, €CJIM Ha-
JIOXKHUTh HEKOTOpOEe OrpaHMYeHHE Ha PACCMATPHBAEMBIE ¢-NIEPBOOODPA3HBIE.
Ipu sTOM Takke NpUAETCA YTOYHATH 061aCTh onpenenenus Gynkmun f(z).
Yacro Ham Oyzner yno6HO cuntarsb, yro dbyHkuus f(z) onpenenena na npo-
mexyTke Buza (0, A] niu Ha Beelt BemecrseHHOM npsimoii. Bonpoc cymecrso-
BaHHUs ¢-NepBOOOPa3HOI y1s1 pon3BObHOM hyHKuMK f () MBI paccMOTPUM
B cjenyioleil riase.

Paccmorpum dyHKIMIO (), MMEIOIYO HYIEBYIO ¢-IIPOM3BOAHYIO. YCIIO0-
BHe ¢(qz) = ¢(z) o3Hauaer, 4ro rpaduK PYHKIUK © BHIAEPKUBAET CXKATHE
no ocu Oz ¢ xoadpdunuenrom q. [lycrs, Hanpumep, g = 0, 1. IIpeanonoxum,
9TO HaM M3BECTHO moBeleHHe DYHKUMH @ Ha mpoMmexytke (0,1;1], Torza
paBeHCTBO p(qx) = @(Z) NO3BOJISET BBIACHUTH, KaK (DYHKIMS (¢ yCTPOEHA
Ha mpomexyrkax (0,01;0,1], (0,001;0,01] u T. n. B wacraocrn, ecnu rpa-
dbuk bynkuum ¢ na npomexytke (0,1; 1] npeacrasaser coboit mpaMyio, He
ABJIAIONLYIOCA TOPM30HTAIBHOM, TO Ha Jr060M nmpomexyTke Buaa (¢" 1, ¢
rpaduK QYHKIUH © TaKXKe sBJSEeTCs NpAMOi, HO yrioBoi koddbduuuesr
HAKJIOHa OyJer Tem Oosbiue, yeM Omke nmpomexyTok Kk 0. HerpynHo Bu-
JIeTh, 9TO TaKas PYHKUMs @ 00s3aHa ObITh pa3pbiBHON B Touke 0. OOree
yTBepxKaeHne pOpMyIUPYeTCs CJAELYIOMUAM 00Pa30M.

IIpepnoxeune 18.1. C mounocmvro do npubasierus npou3eosvHOU
nocmoannot abes Pynxyua f(z), onpedesennan na ecetli seusecmeenols
npamoti, umeem e boaee 00HOU g-nepeoobpasnol, Henpepvienol npu & = 0.

Jloka3aTenbCTBO, KOTOPOE MBI NPUBENIEM, OYEBHUIHBIM OOPA30M MOXKHO
IPUMEHUTb ¥ B TOM Ciiydae, Korga dyukuus f(z) onpenenena Ha mpome-
xyrke Buga (0, A]. B aToM ciiy4ae yCioBre HENPEPLIBHOCTH B TOYKe 0 Hy K-
HO 3aMEHHUTb Ha yCJIOBHE CYIIEeCTBOBaHUs npenena npu  — 0.

Hoxasameavcmeo. Ilycrs Fy u Fy — nBe g-nepBooOpasuble GyHKkuuu f,
HenpepbiBHbIE B Touke 0. [Tosnoxkum ¢ = F} — F». Torma ¢dyskuus ¢ omnpe-
JeJleHa Ha BCeH BELIECTBEHHOM NPsMOM M HempepblBHA B TO4ke 0, mpuyem
JJ1s1 1I060ro0 T BBUIONHsETCs: paBeHCTBO ¢(gz) = ¢(z). Pacemorpum Baauane
cayyait 0 < g < 1. 3adukcupyeM npoussosbHoe yucio A > 0. Ilycrs

inf {¢o(z): ¢A < z < A},
sup {p(z): gA <z < A},

m
M
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rJle BEIUYUHLI M ¥ M MOryT ofpamarbes B 6eCKOHEYHOCTD, €CiIi DyHKIMSs
(0 HEe OrPaHUYEHA CHU3Y WM COOTBETCTBEHHO CBEDXY.

IIpeanonoxum, aro m < M. Torma nonxHO GbiThH CIPaBEIIUBO 10 Kpaii-
Heit Mepe omHO u3 nepaseHCTB @(0) # m u p(0) # M. Be3 orpannyenus
OBIIHOCTH MOXHO €4uTaTh, uto ©(0) # m. Ilycrs € < |p(0) — m|/2. U3
HeNnpepbIBHOCTH DYHKIMHU ¢ B Touke T = 0 ciexyer, 4ro cymecrByeT § > 0,
JlJ1s KOTOPOTrO

©(=6,6) C (#(0) — &,9(0) +¢).

Jlerko BuaeTh, 4T0 TOrIA
m+ ¢ ¢ ¢(0,6).

C apyroit cropossl, ¢V A < § AJs HEKOTOPOro JOCTATOYHO Goabmoro N.
IMockonbky @(qz) = @(z), MBI HMEEM

m+¢e € (m, M) C plgA, A] = [g" 1A, ¢V A] C ¢(0,9),

YTO MPUBOAUT K nporuBopeunio. Ilosromy m = M, T. e. dyHKuus ¢ mocro-
AHHA HA OTpe3ke [¢A, A], OTKyza crexyer, 4TO OHa NOCTOSIHHA mpH T = 0.
AHAJIOrHYHO MOXKHO TMOKa3aThb, YTO (MPYHKIMS  MOCTOsiHHA pH = < 0; TeM
CaMbIM, OHA NIPUHUMAET OHO ¥ TO XK€ 3Ha4YeHHe IpHu Bcex T € R.

Ecau ¢ > 1, To cieayer paccMOTpETh BEJIHYHMHBI

m = inf {¢(z): ¢"'A < z < A},
M =sup {p(z): ¢"'A < z < A},

KOTOpbIE MOT'YT 00palarbCsi B OECKOHEYHOCTD, €I (DYHKIMS (0 HE OrPAHU-
YeHa CHU3Yy MJIM COOTBETCTBEHHO CBepxy. JanpHeiimue paccyXAeHHs IpO-
BOZAATCA AHAJIOTHYHO. O

CyecrBoBanue ¢-nepBoo6pa3Hoi Oymer oOCYXIAaThCs B CleLyoLIeit
rJjaaBe.

B 3axuirouenne 3T0i IJ1aBbI BBISICHUM, KaK BeIeT ce0si g-iepBOOOpa3Has
npu 3aMeHe epeMenHo# Buaa u(z) = axf, re a u B — nocrosHHLIE YKCTA.
IIycrs F(z) siBnsieTca g-mepsooGpasuoit ¢pyuxknuu f(z). 3aMeHUB T HA u,
3amuiueM 3TOT HaKT B BUAE PABEHCTBA

/f(u) dqu = F(u).

Paccmorpum cnoxnyio dyukuunio F(u(z)). Ucnonssys dopmyny g-audde-
peHUUpOBaHus CIOXKHOX yHkuun (1.15), nomyyaem, 4ro mns joboro ¢
CNIPaBEeIJIMBO PABEHCTBO

F(u(e) = [ DyF(u(a)) dya = [(DyoF)u(e) Dyu(s) dy
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Monaras ¢’ = ¢*/8, nonysaem D, sF = D,F = f u, ceI0BaTeIbHO,
q q
Fu(z)) = / f(u(2)) Dyrssu(z) dysssr. (18.3)

Dra bopmyna o3uauaer, uro F(u(z)) apaserca onmoit u3 ¢'/#-nepsoobpas-
ubix Gynkmun f(u(z)) Dg/su(z).
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IIycre f(z) — npomsBosnbHas GyHKIM:A, 06IACTBIO ONPENEEHHs] KOTO-
poii sABNsfeTCa JMOO BCA BELIECTBEHHAs MpsMas, JIMOO MPOMEXKYTOK BUIA
(0, A]. TIpeanosnoxum, uro F(z) sBnsiercs g-nepoobpasuoit byukuun f(z).
Hanomunm, 4t0 B ri1. 5 Mbl onpejenunu oneparop My, KOTOpbIit AeficTByer
Ha byHKUMsX 10 Hopmye Mq(F (z)) = F(qz). PaBencrBo Do F(z) = f(z)
MOXKHO IIEPENNCATh B BHIE

1 - _ F(qz) — F(z)
W(Mq-l)F(x)- T a-Dz

OTMeTHM, 4TO MOPsAJA0K ONEPATOPOB Mq U JIeJIeHUs] Ha & BaXKE€H, IOCKOJIbKY
OHM He KOMMYTHpPYIOT. Teneps, ucnonsays hbopMyy CyMMHUPOBaHHUSA 6eCKO-
HEYHOMN reOMeTPUYECKON IPOrPECCHH, MOXKHO (OPMALLHO 3ATIUCATH ¢-TIEPBO-
00pa3HyIo B BUIE

= f(z). (19.1)

F(@) = = (- 0)of@) = (1= 0) ) M 2/ (2)
=0

TeMm cambiM, nonyyaem popmanbHOE pABEHCTBO
et . .
[ 1@tz =0-as 3 d s, (19.2)
j=0

Psn, crosimmit B npaBoif 4acTH 3TOr0 paBEHCTBA, HA3BIBAEGTCA UHMEZPAAOM
orcexcona dynknun f(z). VI3 3T0r0 OnpeeneHus Jaerko nouydutsh Gosee
obmyio Gpopmysty, a UMEHHO,

/f Dyg(x) dgz = (1 — q) ququDg(qw)

7=0

Zq]f‘” 9(@z) — 9(¢’*'2)

(1-q)¢'z

50048
[e ]

[1@dag@ =Y f@Do(@n) - sl (193)

Jj=0
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Pagencrsa (19.2) u (19.3) BBINOJHAIOTCA TOMBKO (hOPMAJIBHO, MOITO-
My HEOOXOIMMO BBISICHUTD, IPU KAKUX YCJIOBUAX Psifi, 3aJa0NIAA MHTErPal
JI>KeKCoHa, CXOAUTCst K HEKOTOPO#t g-epBoobpa3Hoit. B cienyromeit reopeme
IPUBOIATCA JOCTATOYHbIE YCJIOBUA CXOAUMOCTH.

Teopema 19.1. ITycms 0 < g < 1. ITpednoaoorcum, wmo dynryus f(z)
onpedeaena wa npomesrcymre (0,A], npuvem dynxyus |f(z)z®| oepanu-
wena Ha (0, A] npu nexomopom o < 1. Tozda psad (19.2), 3adarousud umn-
mezpaa Jowcexcona, dan ecex x € (0,A] cxodumesa x nexomopoti Pymx-
yuu F(z), xomopas aeasemca q-nepeoobpasnoti f(z). Kpome mozo, npedea
F(z) npu z — 0 paeen 0.

Ecnu dynxnusa f(z) ne onpenenena B Touke 0, To dopmyna (19.2) ne
“MeeT CMBICTA, HO TeopeMa 19.1 MOKa3bIBaEeT, YTO €CTECTBEHHO INOJIOXKUTH
F(0) = 0. Eciin ke dynxkuusa f(z) ompenenena B Touke 0, To mpu & = 0
dbopmyna (19.2) maer HyneBoe 3Hauenue. B mo60M Cryuae 0Ka3bIBAETCs, 4TO
dbynkuusa F(z) nenpepbiBHa B 0.

Joxazameavcmeo. Ilycrs | f(z)z*| < M nns seex z € (0, A]. Torpa nns
moboro z, 0 < z < A, u j = 0 BBIOIHAETCS PABEHCTBO

1f(¢’z)| < M(¢z)™".
Orciona nosiyyaeM OUEHKY
I f(z)| < M (¢z)™* = Mz~*(¢" ™), (19.4)

KOTOpas chnpaseiympa Ijis Jjwoboro z, 0 < z < A, u j > 0. ITockomnb-
Ky 1 —a > 0 u g < 1, Mbl nonygaem, 4ro ¢'~® < 1. CrnenosaresnbHo,

x . .

pan > ¢ f(¢’xz) maxkopupyeTcst CXOAAIIENCs FEOMETPUIECKO POrpeccHei.
=0

Taxum 06pa3oM, psan

(1-q)z) ¢ f(dz),

3analomuit uaTerpan JkekcoHa, cxomurcs morodewHo mpu z € (0,4] x
HekoTopoit dynkuun F(z).
IMTokaxkeMm, yTO lir% F(z) = 0. Jas 3TOro AOCTATOYHO 3aMETHUTb, YTO
xTr—

nMeer MeCTO OLIEHKa

= M(1 - q)z' ™™

|(1_Q)$Zq]f(q]$)| < —W, 0<z <A

Jj=0
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IIposepuM, uTo F(x) aBnsercs g-nepBoobpasnoit dynkuuu f(z):

DyF(z) = q)z((l quJf(q]w - (1—-gq) ququ ) =
=0
=Y df(de)=> ¢ (gt e) = quf(qjx) —Z ¢ f(d'z) = f(x).
j=0 j=0 7=0 Jj=1

3amerum, uro ecin z € (0,A] 1 0 < ¢ < 1, 10 gz € (0, A], u g-mucpbdepen-
[IHPOBaHUE KOPPEKTHO. O

CornacHo mpezgoxenuto 18.1, ecnu ycioBus reopems! 19.1 BBIIONHAIOT-
cs1, TO MHTErpas J>KeKCOHA 3a7aeT eIMHCTBEHHYIO C TOYHOCTBHIO IO aiIy-
THUBHO} NOCTOSIHHO} g-TIepBOOOpa3HyIo, HenpeprBHYIO npu £ = 0. O6patHo,
eciu F(z) siBnsiercst g-nepBoobpasHoit dyukuun f(z), npudem F(z) nempe-
poiBHa B Touke £ = 0, To F(z) 3amaercs ¢ TOYHOCTHIO A0 aAJUTHBHON
nocrosinHO# (opmynoit Txxekcona (19.2). B camoM znene, yactuunas cymma,
psiza (19.2) pasaa

N N
(1-q)z) df(da)=(1-q)zY ¢ DF®),_y, =

j=0 =0

F(¢z) - F(¢’t'x)
(1= xzq ( : xl—q)qfw z>=

N
2 F(g™*'2)) = F(z) - F(¢"*'a),

a 3TO BbIpaxKkeHHe crpemurcst K F(z) — F(0) npu N — oo, nockonbky F(z)
HellpepbIBHA B To4Yke T = 0.

Paccy»xnas aHamoru4Ho, JIerkKo mokKasaTk, 94To ecin Gpynknusa f(z) ompe-
neneHa Ha npomexytke (0, A], a F(z) — 910 ee nepsocbpa3Has, mpuyuem
iiirh F(z) =0, o F(z) 3amaercs unrerpanoM JIKekcoHa.

ITpuseneM npumep, korga dbopmyaa dxekcona (19.2) nesepna. Paccmor-
puM dyskuuio f(z) = 1/z. Jlerko nposeputs, 4ToO

In(¢z) —In(z) _ Ing 1
Dylnz = G-Dz —q-1z

(19.5)

[O3TOMY

1 _q-1
/; dq.'B = —lnq Inz. (196)
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C mpyro#t croponsl, dopMyia JI>KEKCOHA HE UMEET CMBICIIA, TOCKOILKY

o]

/%dqx=(1—q)21=oo.

Ipnunnoit cayxut ToT dakr, uro Gynxknusa f(r)z* He ABNAETCA OTPAHHU-

Inz

4YeHHON HM IIpU KaKOM < < 1. 3aMeTuM Ipu 3TOM, 4TO pyHKIHsA ql_
ngq

HE UMeeT KOHEYHOro mpejena npu £ — 0.

Dopmyna xekcona (19.2) nossonsier 3a4aTh ONpPEJEIEHHbIN ¢-UHTE-
rpad.

Onpegenenne. Ilycts 0 < a < b. ITonoxkum N0 OnpeneseHMIO

/f dgz=(1-gq qu]qub (19.7)
7=0
"
b b a
f(@)dgz = [ f(z)dgz — | f(z)dgz. (19.8)
[t [ |
ITo ananoruu c (19.3) u3 (19.7) crenyer 6osee obwas dpopmyna
b oo
[ 1@)digle) = Y- 5@ a(aD) - ol 1), (19.9)

3aMeTHM, 4TO ITO ONpEeNIeHHE COrIACYeTCa C TeM (PaKTOM, YTO MHTE-
rpan Ixekcona obpamiaercs B Hyab npu = 0. [eomerprueckn unrTerpan
B dopmyne (19.7) coorsercrByer miomaan 6ECKOHEYHOrO YHCIa CTONOLOB,
NOKA3aHHBIX HA CJELYIOIEM PHUCYHKE.

Paccmorpum orpesok Buza [e,b], rae 0 < € < b. Torma qna ¢ = Y/e/b
OH pa30MBaeTCsi Ha KOHEYHOe YHCJIO OTPe3KOB BHAa [bg™*! bg™]. Tem ca-
MBIM, /Il YKa33HHBIX 3HAUEHUH § ONMpEeIeIeHHbI g-UHTErpall ABJIAeTCH UH-
TerpajbHON cymmoii Pumana byukuun f(z) Ha orpeske [g, b]. Samernm, uto
eCciu . — 00, TO ¢ = \/ﬁ — 1. Ecimm (bynxu,nﬁ f(z) unrerpupyema no

Pumany Ha [g, b], To pu 3TOM f f(z)dgz — f f(z) dg. ITockonbKy € MOXKHO

B3SITh TIPOM3BOJILHO MAJIbIM, an yCJIOBMH, qTo bynkuus f(z) mHenpepbBHA
Ha [0, b], nonyyaem paBeHCTBO

Jim / f(z) dyz = / (@) de. (19.10)
0
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@b g% qb b

®opmyna (19.7) He MO3BOJISET ONPENENUTH HECOOCTBEHHBIN HMHTErPAJl
HpeeNbHbIM NEPEX0JOM IpH b — 400, MOCKOJbKY HPH TOM OHA TEpSieT
CMBICJI. 3aMeTHM, OJHAKO, YTO MMEET MECTO PABEHCTBO

git?
dw*/f )dgT — /fx)dm—
qJ+1
oo o0
(1-¢q) Z FHEf(gitR) Z gL (IR,
k=0 k=0
[03TOMY
' ,
/ f(@)dgz = (1 - q) ¢’ (). (19.11)
qj+1

Onpepenenne. [Tycts 0 < ¢ < 1. HecoGcTBEHHBIM g-UHTErpasioM (hyHK-
uuu f(z) na [0,+00) GyneM Ha3wBIBATH

7
OO g oo

f(2)dgz = / f@dz=Y 1-qdf@).  (19.12)

]——00q1+1 j=—o00
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IIpennoxxenne 19.1. Hecobcmeennwil g-unmezpaa, onpedeaermviti pop-
myaoti (19.12), cxodumes, ecau dynxyun  f () ozpanuvena 8 oxpecmmo-
cmu mouku £ = 0 das nexomopozo a < 1 u npu 6cex docrmamouro 6oab-
wWuzT T das nexomopozo o > 1.

JHoxazameavcmeo. Mbl nmeem

oo

> P Zq’f +Zq‘ff —i) (19.13)

j=—o00

CxonumocTs nepBoro psiia B npasoi yactu (19.13) nokasana B reopeme 19.1.

ITo ycmoBuio fjst HekoTopbix & > 1 u M > 0 mpu Bcex JOCTATOYHO
Gombmmx T uMeeT MecTo onenka | f(z)| < M. Toraa ayis Bcex JOCTATOYHO
OOJIBIINX LENBIX j MOJIydaeM

lg™7 f(g77)| = @ V)¢9 f(g7)| < MgileD.

CaenoBaTenbHO, BTOPO#H psj B mpaBoii yacty (19.13) Maxopupyercs: Cxofs-
mIeica reoMeTpUu4eCcKOol nporpeccueii ¥ Mo3ToOMy CXOOUTCS. O

Tenepsb paccMOTpPHM 3aMeHy mepemeHHOM Biaa u = u(z) = ax® B onpe-
nenennoM unTerpaje. Eciu ana dbyukuun f(r) unrerpan J[xKeKkcoHa Cxo-
autcst, To hopMyny J?KEKCOHA MOXKHO MPUMEHHUTD 71l HOBOTO JOKA33Te /b~
crBa paseHcTsa (18.3). B camoM nene, ucnonsays dbopmyay (19.3), nonydaem

[ rtw)dgu = 3 7Pl ) = g0 =

o0 o0
=Y flaga)(ag's” — ag™t1a?) = 3 flglu) (gu - ¢*u) =
j=0 Jj=0

(- g (g = / F(u(®)) dgrsou(@).
=0

3aMeHMB B 3TOM PABEHCTBE T BHAYaJe HA G, & IOTOM Ha b ¥, BOCIOJIb30BaB-
wuch onpenesnenrem (19.8), momyyuum

u(b)
u) dqu = /f dgr/eu(z). (19.14)
u(a)

Pasenctso (19.14) Tak»Ke MOXHO MOJIY4YHUTh ¢ TOMOLIBI0 dopmyssl Heio-
ToHa—/Jleitbnuna (20.1), xoropas OyneT BbBEJEHA B CJICAYIOUIEM Naparpa-
de. Yz bopmynnr (20.1) caenyer, uro obe yacth paseHcTsa (19.4) paBHbL
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F(u(b))—F(u(a)), rme F — nexoropas ¢-nepoobpa3nas GyHKuuu f, Hemnpe-
pbiBHas npu = = 0.

®opwmyna (20.1) cipaBeyinBa 1 AJ1si HeCOOCTBEHHBIX MHTErPAJIOB. B yacT-
HOCTH, ecyH o, 8 > 0, To u(+00) = +00. B 3TOM ciyuae dopmyna (19.14)
cnpaBeinBa U mpu b = +oo. Hanpumep, mpu a > 0, 8 = 1 umeer mecrto
PaBEHCTBO

QI

/f(ax)d,,x: /f(x)dq:v. (19.15)
0 0



§ 20. g-dbopmyna Hriorona—JleitbHuia
U @-WHTEerpUpPOBaHNE MO YACTAM

B kiaccuyeckoMm aHaIM3e NPOW3BOIAHAS ONPEIESETCS KaK MpEeNes OT-
HOUIEHHS TPUPAIIEHUH (DYHKIMK U ee apryMeHTa, a ONpPEJIEJIEHHbIH HHTe-
rpaJjl — KakK IpeJiesl MHTErPAJIbHBIX CyMM. MeXly 3THMH ONepalisaMH eCTb
3aMevaresbHOE cooTHOmEHne — (dopmyna HreroTtona—Jleiibuuna.

C [Ipyroit CTOPOHBI, ONPEIEIEHHBIA ¢-UHTErPaJl Mbl BBEJIM C TIOMOIIBIO
g-iepBOOOPa3HOM, MOITOMY OTHOIIEHWE MEX]y ¢-IIPOU3BOAHON M OIpese-
JIEHHBIM ¢-MHTErpajioM 6oJjiee O4E€BUIHO.

Kax u panbuie, 6ynem npenmnosarats, 4to 0 < ¢ < 1.

Teopema 20.1 (g-dopmyna Herorona—Jleiibuuna). ITycmo dynx-
yus f(z) onpedesena na (0, A), 20e 0 < A < 00, a pynxyua F(z) asasemca
ee g-nep6oobpasnoti, npunem F(x) onpedesena u nenpepwena npu r = 0.
Tozda cnpasedauso pasercmeo

b
/f(x) dgz = F(b) — F(a), (20.1)

20e 0 < a < b u, xpome mozo, b < A, ecau A < 00, ub< A, ecau A = 0.
Hoxaszameavcmeo. @ynxkuus F(z) wenpepbiBHa mpu £ = 0, mosTomy,

Kak ObLIO MOKa3aHO B mpeablayiueil rnase, F'(x) onpenensierca dbopmymnoit

JI>KeKCOHA ¢ TOYHOCTBIO 10 HEKOTOPOH aAAMTHUBHOM MOCTOSAHHOH, T. €.

Fz)=(1-q)z) ¢ f(dz)+ F(0).

=0
ITo ompenenenuro
K o . .
[f@da=-aey @ riaa),
0 3=0

CJIEIOBATEJILHO,
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AnanorugsbM 06pa3oM, AJisi b < 00 BBINOJNHSETCHA PABEHCTBO

b
/ f(z) dgz = F(b) - F(0),
0

caenoBarenbHO, pu 0 < a < b < 0o MBI nosTy4aem
b b a
/f(x) dgz = /f(x) dgx — /f(:v) dqz = F(b) — F(a).
a 0 0

IMoncraBum B 3T0 paBencTso a = ¢’t!, b = ¢/. Toraa u3 onpenenenns
HecobOCcTBeHHOrO ¢-uHTerpasia (19.12) mbr BuguM, uro dopmyra (20.1) cupa-
BeJIIMBA TaKXKe npu b = 0o, ecnu cymecryer lim F(z). Ecau ke npenen

T—00

lim F(z) ne cywecTByer, TO, KaK JIerKO BUAETb, HE CYLIECTBYET M HECOD-
T—00

CTBEHHBI# MHTErpaJl. O

Cuaepcrue 20.1. IIpednosoorcum, wmo dynxyusa f(x) onpedesena na
npomesrcymxe [0, A), ede A > 0, u nenpepwena npu ¢ = 0, a dynuxyus
%Dy f(x) oeparuvena na unmepeaae (0, A) das nexomopozo a < 1. Tozda
dan 0 < a <b< A cnpasedausa opmyara

b B
[ Duf@dgz = 1 - 1(a). (202

3aMeTHM, YTO 3TO CJIEACTBHE CIIPABEIJIMBO TaKXke mpu b = +00, ecnn
HAJIOXKHUTb JIONOJIHUTEILHOE YCJIOBHE, YTO CyliecTByer npexen lim  f(z),
KOTOPBbIit MbI GyaeM 0603Ha4aTh f(400). Foheo

BakHoe oTsiMuMe ONMpenesieHHOTO @-MHTErpajla OT ero KJIACCHYECKOro
AHAJIOTa COCTOUT B TOM, YTO, HHTErpUpysi (PyHKUMIO HA OTPE3KE, HE COMAEP-
xaweM 0 (Hampumep, [1,2]), MbI JOJIKHBL Y YUTHIBATD €€ NOBEJEHNE B TOUKE
x = 0. 9Toro TpebyIOT ONpeneeHre -MHTErPAJia U YCJIOBHUE CXOAUMOCTH
uHTerpaJa Jxekcona.

Hns npoussenenns npyx byukumii f(z) u g(z) uMeer mecto dopmyna

(1.12): ,

Dqo(f(x)g(x)) = f()(Deg(z)) + 9(qz)(Dq f(z))-
IIpeanonoxum, uro dynknuun f(z) u g(z) HenpepbiBHbI Npu T = 0 U A4
HeKOTOpbIX @ < 1 1 B < 1 bynkuun |22 f(x)Dgg(x)| u |2Pg(qz) Dy f(z))|
orpanunyens! Ha unTepsaJse (0, A). Ilycts 0 < a < b < A. Torna no ciaen-
crBuo 20.1.1 u Teopeme 19.1 umeeT MeCTO paBEHCTBO

b b
£6)9(6) - (@) 9(0) = [ @) (Dagla)) do + [ 9(g2) (DS (@) dy,

a
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A
b

b
/ £(z) dgg(z) = £(b) g(b) — £(a) g(a) - / 0(gz) dof(z),  (20.3)

KOTOPOE eCTECTBEHHO Ha3bIBaThb (HOPMYsIOif ¢-MHTEIPUPOBAHUSA IO YACTAM.
3ameTuM, 4TO B 3TON opMyse b = +00 TaKKe JOMyCTHMO.

C noMOLIBI0 ¢-MHTErPUPOBAHMS MO YACTSIM MOXKHO MOJY4YHUThb ¢-(hopMyIty
Teiinopa ¢ ocrarounbiM ynenoM B dopme Komm.

Teopema 20.2. IIpednoaooicum, wmo npouseodhsie Dg f(z) onpedeaerni
u ozpanuvens na unmepsase |T| < A u nenpepuenv, 6 mouke T = 0 das
ecex j < n+1l. Toada npu a,b € (—A, A) umeem mecmo q-popmysa Tetiropa
¢ ocmamounvim waekom 8 gopme Kowu

F®) =Y (Dif)(a) - ol a)j +W/D"+1f z) (b—qz)7 dgz.  (20.4)

Joxazameavcmao. Ilposenem nuaykuuio o n. @yukuus Dy f(x) Henpe-
pbIBHa B TouKe T = (, moaToMy no Teopeme 20.1 uMeeM paBEHCTBO

b
a)=/qu(z)dm

KoTopoe cosnagaer ¢ (20.4) npu n = 0.
Ipenmnosnoxum tenepsb, uro dopmy:na (20.4) cnpaBenusa s n = k—1:

k—1

5= Y03 ey ] / DEf(@) (b g0} dya.

Jj=0

Bocnosbayemest coornomenneM (3.11) u npumenum GopMysty g-HHTErpUpO-
BAaHHUA I10 YACTSAM:

/D’“ (b—qz)t ™! dgw = — [k]/D’“ (z) dg(b — z)k =

b
=D§f<a>T“)Q+ + / (b qz) DEH () d,

Otciona cnexyer, uto pasenctso (20.4) cnpaBeanuso qyis n = k, 4TO 3aBep-
aeT 0KA3aTeJbCTBO MO UHIYKIIUH. O



§ 21. g-ramma- u g-6era-PpyHKIIU

Msorue ¢yHKIuH, Urpamoipue BasKHYIO POJIb B aHAJU3e, JOIMYCKAIoT
MpEeICTaBJIEHNE B BUIE MHTerpasioB. K Hanbosiee BaXKHBIM U3 HUX OTHOCSTCS
BBEJIEHHbIE DIIEPOM 2aMMa-PYHKUUA

o0
I'(t) = /xt_le_z dz, t>0, (21.1)
0

u bema-Pynryus
1
B(t,s) = /xt_l(l —2)* " ldz, s,t>0. (21.2)
0

IIpuBenem ux mpocreiimine cBOUCTBA:
I'(t+1)=tI(), (21.3)

OTKyJa, B YACTHOCTH, HETPYJHO BBHIBECTH, YTO JJIsi HATYPAJbHBIX NI HMEET
MECTO PaBEHCTBO
I(n)=(n-1)!, (21.4)
U, HAKOHell,
_T)T(s)
T T(t+s)”
Pasenctso (21.4) no3BoJisieT paccMaTpUBaTh raMMa-(dyHKIHIO Kak 0606-
wenne axTopuasa. B 3Toi rjiaBe Mbl pAaCCMOTPUM @-3HAJIOTH ITHX JBYX
hyHKIMA ¥ JOKaXKeM HEKOTOPbIE UX CBOWCTBA, BKJIIOYAs ¢-3HAJIOTH DPa-
BeHcTs (21.3)—(21.5). B 310it rnase Mb1 GyaeM mpeanonarats, 4o 0 < g < 1.

B(t, s) (21.5)

Torza ecTeCTBEHHO CYATATH, YTO [00] = l_iE
Onpenenenne. Jns t > 0 uarerpas
[eo]
Ty(t) = / e E; 7 dgx (21.6)
0

OyZeM Ha3bIBATDH g-2amma-Pynxyued.
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Crnepsa 3amerum, uTo u3 (9.10) creayer, uto EJ = 1 n Eq [l — g,
ITpumensist coorHomenne (9.11) 1 g-MHTErpUPOBaHKE IO 9ACTSAM, TOJTY4aeM

0] [oc] [oo]
/thq“” dez = — / gt dgE;7 = [t] / ' E; 9 dga,
0 0 0

CJ1eZI0BATENBbHO, K JiI000M ¢ > 0 BBIMOJIHAETCS PABEHCTBO
Lq(t+ 1) = [t]Tq(2). (21.7)
3aMeTuM Tenepb, 4TO

(eo]
T,(1) = / E;%da =E) — E; 1 =1,
0

TI03TOMY IPH JIIOGOM HEOTPHLATEIHLHOM LEJIOM 1L MMEET MECTO PABEHCTBO
Lg(n+1) =[n]!. (21.8)

Jns n3yyenns nosenenus: dyukuuu I'q(t) npu t ¢ N nonesno paccmor-
perb GyHKIMIO, Gosiee CIOKHYIO HA BUI.
Onpegenenne. s moboix t, s > 0 uHTErpas

1
B,(t,s) = / 7 (1 - gx);  dyz (21.9)
0

OyzieM Ha3bIBaTh g-bema-Pynrxyued.
W3 onpenenenns g-unterpana (cm. (19.7)) nomyuaem

oo

1
By(t,00) = (1 — Zq’ — gt /xt_l(l — qx)° dgt.
=0 2

Ozgo mnonesHoe coorHowenne Mexay bysaxkuuamu I'g(t) u By(t, s) MoxHO
BBIBECTH € nomotbio Gopmynbt EF = (14 (1~-q) z)3°. U3 nee, B yacTHOCTH,
CIIEYeT, 9TO
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OTKy[a, caenas 3aMeHy nepemenHblx T = (1 — ¢) y (cm. (19.14)), nomyuyaem

[e0]

By (t, 00) = (1 - g)° / Y UESW dgy,

o

TaxkuMm obpazom,
Byg(t,0)
Ly(t) = e

Ha nepsbiit B3rasiz, Beenenne dynkuuu By(t, s), 3aBucsimeit ot ayx mne-
PEMEHHBIX t U S, TOJILKO YCJIOXKHseT uccenoBanus. Ha camom zene 3ana4a
YIOPOIIAETCsl, TIOCKOJIbKY YBEJINIMBAETCS CBOOOIA AEHCTBHIM ¢ (hyHKIMSIMHU.

Ipennoxenne 21.1. (a) ITycmo t > 0, a n — HamypaavHoe wucao.
To20a cnpasediu6o pasercmeo

(21.10)

(1-q)(1—q)!

By(t,n) = =77 (21.11)
(b) [as amobwuz t,s > 0 cnpasediuso pasencmeo
(1-9)(1-g)F1-g"*)E
B,(t,s) = o 21.12
L e (P (e OF 11

Zloxaszamesvcmeo. Buadase BbiBeieM HEKOTODbIE PEKYPPEHTHBIE COOT-
HoweHus 45 By(t, s). Ilpumenns bopmyny (3.11) u g-unTerpupoBasue no
4aCTAM, MOJYYUM, YTO 1Jisd Beex t > 1, s > 0 BBINONIHSETCS PaBEHCTBO

1 1
By( =—[i/ dy(l—1z)5 = /z (1 - gz); dqz,
0 0

CJ1€IOBATENBHO,

t—l

By(t,s) = L= Bt 1,5+ 1), (21.13)

1
By(t,n+1) = /w“‘(l - qw)g‘l(l —q"z)dyr =
0

1 1
= /x"l(l - qz)y  dez — ¢ /mt(l —qz)} ! dya.
0 0
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Takum obpazom,
Bg(t,n +1) = By(t,n) — ¢"By(t + 1,n). (21.14)

U3 coornomenuit (21.13) u (21.14) cnenyer, uto

By(t,n-+1) = By(t,n) - T By(t,n+ 1),

HMHBIMH CJIOBaMH, IJisi ji06oro ¢ > 0 1 1106010 HATY pajibHOrO YKMCJIA T CIIpa-
BEJIJINBO PABEHCTBO

S
B,(t,n +1) = i_—qi%;Bq(t,n). (21.15)

3ameTuM, 4TO

MO3TOMY

1-¢"H..0-¢9 _(1-90-95"
(- 1) (1-¢*D -7

Bgy(t,n) =

4TO ¥ TPeBOBAJIOCh YCTAHOBUTH B IyHKTE (a).
Ina nokasaTenbcTBa myHKTa (b) IpUMEHMM NpHEM, HCHOJL30BAHHBIN
npH BBIBOJE TeopeMbl 13.1. 3aMeTiM, 4TO UMEIOT MECTO PaBEHCTBA,

o \n—1 _ (I—Q)go 1 —(l—an)Zo
=0 =a=m® * G-~ G-

nostomy u3 dpopmyst (21.11) cneayer, uro pasencrso (21.12) cnpaBeaauso
IpH BCEX HATYPAJbHBIX 3HAYEHHUSX S.
IIpencrasuM JieBy10 4acTb paBeHcTBa (21.12) B BuJe uHTerpaa

1
zt_l(l—qz)g° da

(1—az)g® 7
0

a MpaByIO0 4aCTb — B BHUIE

(1-q)(1—q)P(1 —ag")P
Q- —-a)®
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rze a = ¢°. Torga o6e 4acTH IPeACTaBIAIT COBOi (DOPMATbHBIE CTENIeHHbIE
PAIBI IO ¢ ¥ G, TIpH 3TOM KO3 DHUIMEHTD ITHX PAJOB ABJSAIOTCA MHOTO-
yneHamu OT a. CooTBercTByomMe KO3GbMUIMEHTH 3THX PSAJOB COBNAJAOT,
MIOCKOJIbKY OHHM PaBHBI [1J1s1 GECKOHEYHOrO MHOXKECTBA 3HAYEHUI @, 8 UMEHHO
nns a = q¢F, k € N. Orciona creayer pasencrso (21.12). ]

W3 nyHKTa (a) TONBKO 9TO JOKA3aGHHOTO IIPEAJIOKEHNS MOXKHO TIOJTy YUTh
ABHOE BbIPaXKEHUe Jyisi ¢-raMmMma-pyHkuuu. Ijisi 3TOro paccMOTpUM paBeH-
crBo (21.10) n nepeiinem K npeneny npu n — oo B (21.11). ITomyanm

o0
To(t) = e,
(1-q)t~1(1-q"g

B nyskTe (b) noxa3aHo, B 4aCTHOCTH, 4TO ¢-6eTa-byHKINA CUMMETPUY-
Ha OTHOCHUTENIbHO apryMeHTOB, T. €. Bgy(t,s) = By(s,t), uro HeoueBnmHO
npy nepBoM B3risze Ha onpeznenenue (21.9). Cpasuus (21.12) u (21.16),
MOJIyYUM BbIpaXKeHHe 171 g-6era-pyHKuuu vepe3 g-ramma-byHKUHMIO, aHa-
JIOTH4HOe paBeHCTBY (21.5):

(21.16)

B,(t,s) = % @L17)

3ameuyanne (no6aByieHO B pycckoM nepesoze). Umeercs apyroe g-uH-

TerpajibHOe npejcTaBiaenne Gynkuun I'g(t), ucnoab3yiomee g-9KCHOHEH-

Ty eq BMecTo E7. B Hem Takke MCnonb3yeTcs Ceayomas 3aMeqaTenbHas
(hyHKIHUSA OT ABYX MEPEMEHHbIX:

IL‘t

K(z,t) = (1+ %) (L+2)it.

t
1+z q
Jlerxo npoBeputs, uro K (z,t) saBnsercsa g-KoHCcTaHToOl 10 , T. €. K (qz,t) =

= K(z,t). Ina n060i koHcTaHTs! A # (0 HMEET MECTO PABEHCTBO
/A (1-q)

T,(t) = K(A, 1) / 2t et g (21.18)

0

oo/a
3nech Hecoberennbii unterpan [ f(z) dgx mpu a # 0 sBasiercss 0606-
0

o0
uiesneM HecoGcTBeHHOro mHTerpana [ f(z) dgz (em. (19.12)) m 3anaercs
0

dopmynoit

[ @aa= 3 a-a2s(2).

. a
0 j==oco



§ 21. g-ramma- u g-6Geta-byHKIUM 95

[onaras z = ¢' /A B (21.18), nomy4aem

(1= (L+2)32 (L +ez )P =
=(1+gAP(1-A2)P > AM1+ AT (2L19)

n=—0oo

Tak Kak Aimo AM1+ AT =¢" (n=1)/2 nomyuaem, uTo npu A — 00 paBeH-

ctBO (21.19) npeBpamaercs: B OMH U3 BAPHAHTOB TOXKJecTBa Hkobu (11.1).
Hns dynkuun By (2, s) Takke nMeeTcst MHTEpECHOE g-MHTErPAJIbHOE Ipe-
CTaBJIeHHE
/A

t—1
q
0

MOoO>XHO NOKa3aTh, YTO 3TO COOTHOLIEHHE MPEBPAILAETCs B TOXAeCTBO Pa-
Manymxkana (15.2), ecn nonoxuts a = —1/A, b = —¢'*$/A, z = ¢*. [lo-
Ka3aTeNnbCTBa 3TUX Pe3yJbTATOB MOXKHO Haiitu B pabore [11]. Onu ucnoss-
3YIOT TOJILKO OTHOCHTEJIbHO 3JIEMEHTAPHBIE MAHUITYJISALUY C ¢-HHTETPAJIaMH
H, CI€I0BATENbHO, JAIOT 60Jiee KOHLENTYAJbHbIE JOKA3ATeIbCTBA TOXKIECTB
fkobu u PamanymxkaHa, 4eM Te, 4TO ObLIM NpPUBEIEHBI HAMHU DaHEe.



§ 22. h-npou3sBoaHasi u h-uHTErpaJ

Jlo cux mop Mbl U3yyaiy TOJIbKO g-aHaym3. Teneps BepHeMcst K h-aHanu3y.
HamomuuM, cM. § 1, yro h-npousBoaHas onpegensiercs: hopMyoit

Daf(z) = LM 1E),
rae h # 0. Mbl uccnemyeM CBONCTBa h-IpOM3BOAHOM, a 3aTeM 0OCyauM ee
NPUIIOKEHUs B creAyroumx naparpadax. Bynem B manpHeiimueM npezmnona-
ratb, 4to h > 0.
Jlerko npoBepuThb, YTO h-NPOM3BOAHBIE IPOU3BEIEHHUS U YACTHOTO JBYX
dbyHKuMit BhrYMcas0oTCs Mo popMyam

Di(f(2)g(z)) = £(z)Dag(z) + g(z + h)Daf(z), (22.1)
@)\ _ 9@)Daf(x) - f(z)Drg(z)
Dn (g(m)) =T ek (22.2)

CxoncTBo hopMyn st BbIYMCIIEHHS h-TIPOU3BOIHOM M ¢-ITPOU3BOIHOM TIPO-
M3BeJIeHUs NOJCKa3biBaeT Ppopmyny ans h-anajnora 6unoma (z — a)™.
Onpepnenenune. IIpoussenenne

(z—a)y=(x—a)(z—a—-h)...(xt—a—(n—1)h) (22.3)

OyneM Ha3biBaTh h-aHajorom 6uHOMa (T — @)™ mpu n > 1, 1, KpoMe TOrO,
Gyzem cauTaTh, uTo (T — a@)) = 1.
IIpoBepuM, YTO BBINOJHAETCS PABEHCTBO

Dp(z —a)p =n(z—a)f " (22.4)

B camom nerne,

Di(z — )P = %((w—a+h)(:c—a)...(a:—-a—(n—-2)h)—
—(@z—a)(z—a—-h)...(x—a—-(n—=1)h)) =
(x—a+h)—(z—a—(n—1)h)
= .
Orcrona, B 4aCTHOCTH, CJIELYET, YTO B KadecTBe h-aHAJIOra, LIEJIOr0 YUCa 1
CIelyeT pacCMaTpPHUBaTh caMo 3T0 uuciao. OTmerum, yro (z — 0)F # ™.

=(x-a)...(t—a—(n—2)h)
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CootHoutenne (22.4) noka3bIBaeT, 4To 1151 IMHelHOoro oneparopa D = Dy,
H [I0CJIEJOBATEILHOCTH MHOTOUJIEHOB { (T —a)} } BBINOJIHSAIOTCS YCIOBHSA T€O-
pemst 2.1. TTosToMmy umeer Mecto creayromas h-bopmyna Teitnopa ans Muo-
rowieHa f(z) crenenn N:

N

; T —a)l
f@) = YD) (225)

§=0

IIpumep. ITpumenum h-cbopmyny Teiinopa k byuknuu f(z) = (z — b)Y
u Touke a = 0. [lomyyum cooTHOmIEHNE

N
@+oi =3 (7)o a.
j=0

Crnenyioue dbopmysnsl Mbl mpuBeleM 0e3 JOKa3aTeNbCTB, MOCKOJBKY
OHH AHAJIOTHYHBI JOKA3ATEIHCTBAM COOTBETCTBYIOLIMX PABEHCTB JJIst -TIPO-
M3BOJIHOM:

(z—a)y™" = (z - a)} (z —a—nh)f, (22.6)
Dpla—2)f =-n(a—h—z)} 1, (22.7)

1 n
"e—ap T @th-aptl (228)
Dt =" (22.9)

(a—2)f  (a—z)ptl’

9T PaBEHCTBA MOXKHO PACIPOCTPAHHUTL HA BCE IEJIble 3HAYEHUS T, €CJIH
A7 1 > 0 MOJI0KUTH 10 ONPEIETIEHUIO

1

(z —a+nh)}’ (22.10)

(z—a)," =

4TO coryiacyercs ¢ cooTHomeHueM (22.6).

Ilepeiinem Teneps K paccmorpenuio h-skcmoneHTs! f(z) = ef. Ecte-
CTBEHHO TMOTPeGOBATL, 9TOOLI Takasa ¢yuknus f(z) obnanana Tpems cBO#-
CTBaMU:

() £(0) =1,

(ii) Dpf(z) = f(z) npm Beex z,

(iii) f(z) momyckaer h-pasnoxenue B psn Teitnopa (22.5) B Touke £ = 0
(mpu N = 00) aas mManbix h.

Oxka3sbiBaercst, 3TM TP CBOMCTBA ONPEAENAT f(T) eAMHCTBEHHBIM 06-
Pa30M, MOCKOMbKY 13 cootHomenwmit (i) u (ii) caenyer, aro (D} f)(0) = 1
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nns Beex j. Torma

= _Oj — - oz —=( —
x):Z(iﬂizzx(x h) gl G-1)h) _
j=0

j=0

_ = z/h(z/h—1)...(x/h—j+ 1)k > z/h
- Z 4! Z
j=0 j=0

CJIeJIOBATEIbHO, B COOTBETCTBHH C Pa3JjIoKeHHeM OOBbIYHOro OMHOMa B psf,

Teitnopa mosyyaem
ef = (14 h)*/h. (22.11)

B uacrroctn, ef = 2%. 3ameruM, uro mpu h — 0 oCHOBaHHME CTeNeHH
(1 + h)Y* B cooTnomenuu (22.11) crpemuTcs K e.

IIpuBenem mpuMep, KOrga He BbINOJIHsieTCs: dopmyna s guddepen-
nupoBanua cioxuoit ¢ynkmuu. Ilpomssonnas Dpef HaM H3BECTHA, KPO-
M€ TOro, €Ciii ¢ — TPOM3BOJIbHAS MOCTOsiHHASA, TO Dp(azr) = a. OpHako
HECJIO2KHO€ BbIYHUCJIEHUE

Dpes®

(1 +h)a($+h)/h (1+h)am/h _ (1+h)a
- h

1
az/h
- (1 +h)

NOKa3bIBAET, YTO

Dprep® = [al14+nen® # aep”. (22.12)

Dyukuus F(z), nns xoropoit Dy F(z) = f(z), Ha3biBaeTcs h-nepBoob-
pa3Hoit dyuknuu f(x) n oboznayaercs

/f(z) dpz.

OnpenenennoMy h-uHTerpatly GyHKHUMHM OT £ = a A0 £ = b MbI MOXeM
NPUAATH CMBICJI TOJILKO B TOM CJIy4ae, KOTa @ U b OTJIMYAIOTCs Ha BEJIMYIHHY,
KpaTHyIO h.

Onpepnenenne. Ilycrs b a € hZ. Torga onpedeaentvim h-unmezpasom
dbyskuun f(z) or £ = a 10 = b GyaeM Ha3bIBATH BEJIHYUHY

h(f(a)+ f(a+h)+...+ f(b—h)), ecmma <b,
/f Ydrz =< 0, ecin a =b, (22.13)
—h{(f(b)+ f(b+h)+...+ f(a—h)), ecaua >b.

fcHo, uTO OnpeneseHHbIN h-UHTErpasl sIBJISeTCs UHTErPAJIbHON CyMMOH
Pumana bysknun f(r) nis pa3bueHus, COCTOSIIErO U3 OTPE3KOB PABHOM
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anusbl. Crienyomas TeopeMa B HEKOTOPOM CMBICTIe 060CHOBBIBAET IPABUIIb-
HOCTB ompegenenus (22.13).

Teopema 22.1 (h-¢popmyna Herorona—Jleit6bunua). [Tycmo F(z)
asasemcsa h-nepeoobpasnoti pynryuu f(z) u b — a € hZ. Tozda

b
/f(:z:) drnz = F(b) — F(a). (22.14)

Zoxazameavcmeo. Ilycrs b > a. Torma

b b—a b

&1

/f(a:)dhx=h > fla+ih)=h Z DihF(2)|,_gyi =

a Jj=0

b—a _,

b-a
= > (F(a+(j+1)h) = F(a+ jh)) = F(b) — F(a),
=0

<.

410 ¥ TpeboBasiock. Ciayuyail b < a paccMarpuUBaercst aHAJIOTUYHO, a CJIy9ait
= @ TPUBHAJIEH. O
IIpennonoxum, uro a < b. [Ipumenus Teopemy 22.1 K NPOU3BOAHOM MPO-
ussenenus Dy (f(z) g(z)), ¢ yaerom (22.1) nonyunm h-Bapuant (Hopmysisl
WHTErPUPOBAHUS T10 YACTAM:

b

b
/f(l‘) dng(z) = f(b) 9(b) — f(a)g(a) - /g(w +h)dnf(z),  (22.15)

a

riue

b

/ £(z) dhg(z) =

b b—ﬁ—‘
= [ 1@ Drg@)drz = " fla+h)(Dug)a+ ih) =
a 7j=0
b—a 1

b-a_
= > f(a+3h)(g9(a+jh+h)—gla+jh)).
=0

<,
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IIycrs a,b — HeoTpUnATENbHBIE [IEJIbIe YHCHA, Iae ¢ < b, u mycTb h = 1.
Ina GyHKIUH ©(T) MOJOKHUM MO ONPEIEIIEHHI0

f@)=¢(0)+ o) +...+ oz —1),

rje T — MPOM3BOJILHOE HATYypalibHOE Yucao. Kpome Toro, 6yiem cuauTarh,
gyro f(0) = 0. 3amerum, uro pyHkuus f(r) onpeneneHa TOIBKO IJisi HEOT-
PHIATEIbHBIX LEJIbIX 3HAYeHUH T, TOTAA Kak (L) MOXKeT uMeThb GoJiee 1u-
POKyY10 0GJIaCTh OMpeiesiennsi. ZICHO, YTO IJisl BCeX HEOTPULATEbHBIX LEJBIX
4uces ¢ BblosHsercs paseHctso Dy f(z) = p(z). U3 (22.15) momyuaem

b—1
Zw 9(j +1) = g(b) £(b) — gla) f(a) = Y F(3)(g(i +1) — g(j). (22.16)
j=a

]—a

Ota dopMysa U3BECTHA KaK npeobpasosarue Abeas.

Ewe ogny nonesnyio ¢popMysty MOXKHO MOJIYYUTH C IIOMOIIBIO IOBTOPHO-
ro NpUMeHeHus1 h-uHTerpupoBanus no yactaM. Ilycrs z—a € hZ. Ilpumenus
dbopmyasr (22.7) u (22.15), nosyunm

£@) = (@) = [ Drs©dut = = [ Dus(e)dua~1) =

T

= (Dnf)(a) (z - a) + / ( — h—t) D3 (t) dut =

a

= (D)@ (2= a) - 5 [ DEFE)du(o— 1)} =

= (Df)(@) (@ =) + 3(DEN(@) (z - )} - § [ DS dua— 1)} = ..

DTy HenoyYKy paBeHCTB MOXKHO MPOIOJIXKATL HeorpanuydeHHo. CrenoBarens-
HO, [1J1s1 J1I060r0 HEOTPUIATEIHLHOTO IEJIOr0 YUCIIA 7 CIIPABEIIMBO PABEHCTBO

" (D} f)(a . i
fay =3 BD@ gy o DR (e - 03, 2207)

T

i)=Y LD.LQ@ (&~ af) + / (z — ¢ — R)E DIV (1) dnt.  (22.18)

Jj= a
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9TO PABEHCTBO M3BECTHO KAK UHMEPNOAAYUOHHAA Popmyaa Horomona. Ee
MOXXHO paccMaTpuBarh Kak h-dopmyny Teitopa ¢ 0CTATOYHBIM 4JIEHOM B
uHTerpaabHoit popme. Ilycrs h > 0 u £ > a. Cornacuo (22.13), pyst kax a0~
ro T abCOJIIOTHAS BEJIMYNHA OCTATOYHOrO YJI€HA OTPAHUYEHA CBEPXY YHUCIIOM

1 n n
=(z — a)y" max|Dp*! f|. (22.19)
n: [a. ]

B

TTosicaum, noyemy coorHomeHue (22.18) Ha3bIBAETCs MHTEPIOIAINOHHOM
dopmymoir. Ilycrs £ = a+mh, roe m — nosoxkuTenbHOe nesoe yucyo. Torna
cornacHo ¢opmysie (22.13) mHTErpas B NpaBoil 4acTU paBeHCTBa (22.18)

paBeH
m—1

(]

((a +mh) — (a+ jh) — h)} DY f(a + jh).
=0

<.

®ynkuus g(t) = (a+ mh—t — h)ﬁ obpalaercst B HyJlb IIPH
t=a+(m—-1)h, a+(m—2)h, ..., a+ (m—n)h,

[I03TOMY OCTATOYHBIN YJIEH B COOTHOWIEeHWH (22.18) paBeH HyI0, KOTAA M
ABJIAETCA LEJbIM YHUCJIOM, 3aKJIIOYEHHBIM MeEXIy 1 un. JIeFKO IIPOBEPUTH
TaKXKe, 4T0 OCcTaTO4Hbli wieH paseH 0 nmpu m = 0. Tem cambiM, mepBoe
cnaraemoe B (22.18) coBmamaer ¢ f(z) B n +1 paBHOOTCTOHHJ,I/IX TOYKAX

T =a,a+h,a+2h,...,a+nh. losromy cymma Z "f)( a)

7=0
cMarpuBaeMasi Kak MYHKIUsS IEPEMEHHOM T, sIBJISIETCS] HHTEPIOJISIIMOHHBIM
MHOIOYJIEHOM CTE€IEeHH 7, aNNpOKCUMHUpyomuM byHknuio f(Z) Ha oTpes-
ke [a,b = a + nh]. OmubKy annpoKCHMAINKK MOXKHO ONEHHUTH C IOMOIIBIO
(22.19).

N3-3a cxoncrBa dopmyn (22.18) u (20.4) nomoGHbIe pacCyKAEHHUS CIIPa-
BEIJIMBBI U B ¢-aHAJM3€, MHBIMM CJIOBAMM, CyMMy B npaBoii dactu (20.4)
MOXKHO DPACCMAaTpPUBATh KAaK HMHTEPIOJISAIMOHHBIA MHOIOYIEH, NPUHHMAIO-
Mt TOYHbIE 3HAYEHUs] B TOYKAX @, qaq, .. .,q"a.

( );u pac'



§ 23. Muorowienbl BepHyu 1 4ncia
Bepnynnm

B 3701 raBe MbI BBEIEM TIOC/IEA0BATEILHOCTH MHOIOUYJIEHOB, TECHO CBS-
3aHHYI0 € h-mepBOOGPA3HBIME MHOTOYJIEHOB M MMEIOIIYI0 MHOT'O BaXKHBIX
[IPUJIOKEHUH.

Onpenenenne. Koadbdbuuuenrs: B, () paznoxenus B psj Teinopa

e’y Bl o (23.1)

Ha3bIBAIOTCA MHO204AEHAMU Bepryaiu.
IIponudbdbepennuposas 06e yacTu papeHCTBa (23.1) no &, noTyUUM

oo o0
Z B (x) e s ze** _ Z Bn(z) St
n! e? —1 n! ’

n=0 n=0

IIpupasusiB Ko3dbdunuentsr npu z", rae n > 1, NOIyYMM pEKypPpPEHTHOE

COOTHOIIEHUE
B],(z) = nBp_1(z). (23.2)

Eciu B paBencrse (23.1) mepeiitn x npeneny npu z — 0, TO mOJy4uM CO-
orHomenue By(z) = 1. O1cCioga JIerko BbIBECTH, YTO CTENEHb MHOTOYJIECHA
B, (z) paBHa n, a ero crapmmuit koadpdunuent pased equaune. C OMOmpBIO
dbopmyner (23.2) MOXKHO OZJHO3HAYHO ONpPEJETHUTh BCE MHOrOUJIEHBI By, ()
pu yC.TIOBI/II/I, YTO UX INOCTOSAHHBIE 4YJIEHBbI U3BECTHBLI.

Onpepenenne. Bemnunner b, = B,(0), rne n > 0, GyneM Ha3bIBaTbH
wucaamu Bepryanu.

Ilpu = = 0 paBsencrBo (23. 1) IPUHMMAET BHUI

ad b z
n .n __
E =T (23.3)

Paznaras B psn Teitnopa, nomyynm

z 1
ez_l_'l 22 23
+2+_6-+Zl-+




§ 23. Muorounens! Bepuynmu u uncna Bepuysin 103

TeM caMbIM, IPUMEHUB [IEJIEHHE <YTOJKOM>», MOXKHO MOCJIEJOBATEIbHO Hai-
T Bce yncia Bepryniu. IlokarkeM, uro cymecrByer 6osee yno6HbIH CIOCOO
HAXOXKJIeHUs 9uce b, 1 MHOrowieHoB By, (z). [Ijs 3TOro HaM Hy»KHO JOKa-
3aTh Cleayoliye YyTBEPKICHHUS.

IIpeagnoxenue 23.1. /[as a106020 yeaozo n > 1 umeem mecmo coom-
HOWweHue

Bp(z +1) — Bp(z) =nz™ L. (23.4)

Zoxazameavcmeo. imeer MecTo paBeHCTBO

i Bn(z4+1) , i Bn(z) o 2e*(@FD) _ ze2T 2z

z = = ze** =
n! n! e —1
n=0 n=0
o0 oo —_
_d 0T — d Zz"z” _an" 1n
dz dz nl n!
n=0 n=1

IIpupaBHSB K03 UIMEHTHI DX OJJUHAKOBBIX CTENEHSAX EPEMEHHOH 2, MOo-

1

ayuuM Bp(z + 1) — Bp(z) = E;:c” =nz" !, 4T0 U TPE6OBAJIOCE. a

Ilpepnoxxenme 23.2. /laa arwbozo yenozo n > 0 cnpasedauso pasen-
cmeo

n

Bu(z) =Y (’;) bz, (23.5)

=0

Joxasameavcmeo. PaccMOTPUM MHOTOWJIEHBI
n
- n n—j
Fa@) =Y () a7,
X J
J=0

Herpynno ybeaurbes, 4To IJis JOKa3aTeabCTBa paBeHCTBa By (1) = F,(z)
IpY BCEX N JOCTATOYHO IIPOBEPUTH, UTO

(1) Fn(0) = b, masan > 0;

(ii) Fl(z) = nFp-1(z) ana mobbix n > 1.

IlepBoe U3 HUX OYEBHAHO. 3aMETHM, 4TO mpHu n > j > 0 BbINONHsETCS

DPaBEHCTBO
w-9(3) = == ("7 )
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CnenoBarenbHO, oy 1 2> 1 Mbl nory4aeM

n—1

i _ n o an=1—j __
ZP@ =3 (7)m—bam =
Jj=0
n—1 1 )
=n Z (n R )bja:"_l_J =nF,_1(z),
=0 7
4TO U TPebOOBAIIOCH. O

Ioxncrasus z = 1 B bopmyay (23.5), MOTy4HUM COOTHOILEHHME

Ba(1) = XR: (;‘)bj =b, +7§ (;’)b] n31
0 j=0

j=
Kpowme toro, nogcrasus ¢ = 0 B popmyiny (23.4), nosyuum, 9to B, (1) = b,

s moboro n > 2. Takum 06pa3oM, Mbl IOy4aeM PABEHCTBO

n—1

v (;‘) bi=0, n>2 (23.6)

=0

KOTOpPOE MO3BOJISIET BHIMUCIAATL Yucia Bepuymnmn mo naaykuuu. I[Ipusenem
HECKOJIKO TIEPBBIX U3 HUX:
1

b0=11 bl =_§1 b2

1

1
35 5=0, b6 =5 (23.7)

42

=

ab3=0a b4=

Ectb cobia3n npeanonoxkutTs, 4o |b,| — 0 mpu n — co. OnHako, eciu Mbl
PACCMOTPHM HEKOTOpBIE ApyTHe 4ucia BepHymiu, Hanpumep,

1 5 691 7
bg = ~35° blO' =& b2 = ~5730° by = &
3617 43867 174611

big =——=, bis = ——=, boo = ——F7+—
16 510’ 18 798 ’ 20 330 °
TO MbI 3aMETUM, YTO UX aDCOTIOTHBIE BETMYMHBI B LI€JIOM BO3PACTAIOT, 3 3HA-
KM MEHSIOTCs (CM. COOTBETCTBYIOIIME paccykaenus B § 25). JIpyroe BaxkHoe
CBOMCTBO uMcesn BepHysiu cocrout B TOM, 4T0 b, = 0 A BCeX HEYETHBIX

n > 3. 910 cienyer U3 TOro, YTo PYHKIUS
o0

b z z z
f@) =2 qi b= gy 45 =5 oy

n! e*
n=0
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4erHa, T. €. f(—2) = f(z). B camom mene, koapdunuenTs! npu ™ B passo-
xkenun Teitnopa B okpecrocT Touku 0 yr060# gernoit Gynkuun g(t) obpa-
IIAIOTCS B HyJIb IIPH BCEX HEYETHBIX 7, IOCKONbKY B 3TOM ciydae g(™ (t) =
= (=1)"g(™(—t) ana Bcex n u, B wacruocru, g™ (0) = —g(™(0) mna seex
HE4YEeTHBIX 7.

Jpyryio unrepecHyo GopMyity, cCozepKallyo ynucia Beprynan, Ml mo-

Jy4uM, ecid noacraBuM & = —1 B (23.4) u (23.5):
n
n »
bt (1= Ba(-1) = 3 (7) (1),
=0
WJIH, YTO TO XK€ CaMoe,
n ik n
- n —_1)J .
n=1+7 +-22( 1) (j)bj.
J:

SamenuB J Ha j + 1, n Ha n + 1 ¥ NPOJAEAB HECJIIOXKHOE BBLIYHCIIEHHE C
OMHOMHUAJIBLHBIMH KO3 (DHUIEHTAMH, [TOJIy UMM
= b 11
-1 J‘(")_nﬂz__-. 23.8
Zl()jj+1 nt+l 2 (23.8)
J:

IIpennoxxenue 23.3. /[aa 4106020 HAMYPAADLHOZ0 YUCAGTL CILPABEIAUBO

paeeHcmeo
n—1

3 ('.L)Bj(z) = ng" 1. (23.9)

=0 7
Zoxazameavcmeo. IIpoBenem nnaykuuio no n. Ciyvaii n = 1 oyeBuzeH.
ITpennonoxum, uro paseHcrso (23.9) cnpasemnuso qisa n = k > 1. Torna,
UCIONBb3Ysl CoOoTHOMEHue (23.2), nMeeM

3 (7)m0 =2 o7 )it -
k-1

k+1§( |)B (>=<k+1>2(’;)3j(w>=

j:O
= (k+1)kz*? (k+1)

OTKyIa

(k+l
J

M-

)Bj(:z:)=(k+1)x’°+C

<
Il
o
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st HekoTopo#t KoncranTbl C. Yrobwl Haliti C, nonoxuM = 0 U npume-
auM Gopmyay (23.6). Hoayuum, aro C = 0. Takum 06Gpa3oM, paBeHCTBO
(23.9) cnpaBenuBo auis1 Beex n > 1. O

Kak 6b110 CKa3aHO BbIIlIe, €ClIM YUCJIa BepHynin usBecTHsl, TO opMy-
513, (23.3) no3BOJIIET HAM HAXOMUTh MHOrOYJIEHbI BepHyIn peKyppeHTHO.
IIpuBeneM mepBble WIECTH U3 HUX:

By (z)
Bl(.’l})

L,

T —

b

N | =

B2(:E) =$2 ~$+%v

3 1
B =3 224 -
3(z) =z 5% +2:r:,

_ 4 3,.2_ 1
By(z)=z"-22"+=z 30
g5 24,953 1
Bs(z) ==z 5%tz -2



§ 24. CymMbI cTeneHeit

Teneps MbI yCTAHOBUM CBsI3b MEXKy MHOro4wIeHamMu Beprynnu u h-ana-
sam3oM. CorsacHo npezoxennio 23.1 nmeer mecro dopmyna

DB, (z) = Bp(z + 1) = Bp(z) = nz™™?,

CJ1eI0BaTEJbHO,
n / 2" Ydyz = By(x), (24.1)

rae depe3 D, o6o3nadeHa h-nponssoanas npu h = 1, a 4yepe3s / flz)diz —

cooTBercTByomasn h-nepsoobpastas. IIpumenus h-popmyny Herorona—Jleit6-
Huna (22.14), noiayYuM [JIsi HEOTPUNATEIHHOTO IEJIOTO 7 PABEHCTBO

b
a"+(a+1)"+...+(b—1)"=/x”d1x=

a

Bnt1(b) = Bnti(a)
n+1 ’

(24.2)

rnea<bub—a€Z Iycts a =0,b= M + 1. IlogcraBus B npaByIo 4acThb
paBeHCTBa (24.2) siBHOE BbIpaxkenue (23.5) MHorounena Bpi1(M +1) 4epe3s
qncia BepHyiuty, nosy4dum

M n
Sk = n—jr—l 3 ("j 1)(M F1)HI g (24.3)
k=0 Jj=0

C nomoupio 310 (GOPMYIIBI MOXKHO JIEFKO NOJydYaTh HOPMYJIBI IJI CyMM
n-X creneHeit nepebix M HEOTPHIATENBHBIX HEJNbIX YHCE.
Hanpumep, npu n = 2 dopmyna (24.3) npuHuMaeT BUL,

M
=1 _3 1 M (M+1)(2M +1)
kgkz—?,((MH)‘* 2(M+1)2+2(M+1))._ = ,
Ipu n = 3 nonyuaem popmymy
M 2
> K= ;i((M+ 1) —2(M +1)3+ (M +1)%) = (__M(”Q[“)) ,
k=1
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MHrepecHOe COBNaieHNE COCTOUT B TOM, 4TO JJIsi JIIO60ro HaTypaabHoro M
MMEET MECTO PABEHCTBO

B4+ +M=(1+2+...+ M)

Kpome Toro, n3z dhopmyst (24.3) cnenyer obmmit haxr, COCTOAIMA B TOM,
49T0 BbIpaxkeHue miasi 1™ + 2" + ... + M™ sBusiercsi MHOro4jeHOM ot M
crenenu n + 1. DToT MHOrOWIeH [JisA J1I060r0 HATYPAJBHOLO T JAEJIUTCS HA
M (M +1), nockonpKy paBas 4aCTb paBeHCTBa (24.3), oueBnaHO, OOpama-
ercst B Hyab ipu M = —1 u, cornacHo coorHowenuo (23.6), npu M = 0.



§ 25. ®opmyna Jitmepa—MaKJiiopeHa

B ¢-ananu3ze [j1s1 BLIYUCIEHNUSA ¢-TIEPBOOOPA3HON MBI HCIIOJIBL30BaAJIH (HOp-
Mmyny Jxekcona (19.2). HanmomuumMm, 4ro npu ee BbiBoge Obli1 hopMasibHO
obpallleH HEKOTOPBIH onepaTop. B 3T0# ri1aBe Mbl IPUMEHNM aHAJIOTUYHbIH
HOAXOJ, 7151 BBIBOJA hOopMybl aJisi h-1iepBOOODPA3HOI.

Iycrs DpF(z) = f(x). Ucnons3ys oberanyio ¢popmyny Teitnopa, momy-

4yaeM
o (n)m n X ynpn
Py =30 EGN (zh;; )Fu),

n=0 n=0

HWHBIMH CJIOBAMH,
F(z + h) = e"PF(2), (25.1)

d
roe D = e CrnenoBarenbHO,

f($)=F(m+h})L F()=e : lF(as),

oTKyna (opManbHO MOJIyyaeM pPaBEHCTBO

F(z) = % / f(z) de. (25.2)

N3 onpenenenns: yucen Bepuynmm (23.3) cneayer, 4o umeer Mecto ¢op-
MaJIbHOE paBE€HCTBO

U, TAaKUM 00pa3oM,

Bcnomnus, uto b, = 0 npu HederHoM n > 3, noiydaeM gopmyay Stae-
pa—Maxaopena

b2n h2n

F@) = [ fo)do =5 1) + 30 B f V). (259
n=1
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3aMeTHM, 4TO B Heil MHTErpas W NpoW3BOAHAsA Kiuaccudeckue. [Iycrs h =1
u b — a € N. Toraa no h-dopmyne Hororona—Jlefibunua nonydaem

1 b
/f )dz — 2(£(8) - fla)) +
> PO B) - 1O V(@). (254)

Ecin f(z) BMecTe co BceMM CBOMMH NpPOU3BOAHBIMM CTpeMUTCs K 0 mpu
T — 00, TO UMEET MECTO PABEHCTBO

- [1@dz+ 1@ -3 g 1. (259)

n=a a n=1

Yro6bl NOKa3aTh, YTO MOJYYEHHBbIE PABEHCTBA MMEIOT HE TOJLKO (op-
MaJIbHBII CMBICJI, PACCMOTPUM HECKOJIbKO npumepos. Ilycts f(z) = 2°, rae
s — HaTypasbHOe 4ucio. Torga paBeHcTBO (25.4) MpUHUMAaET BUL

ins— pstl _ g5t _bs_as +
T s+1 2

n=a

S+1
+ Z Ts(s—1)...(s—m+2) (B — @) =

s+1
— 1 s+1 s+1 (S+ 1) s+1-m
—s+l<w 5T +Z m bz

m=2

z=b

r=a

a mocJjeJjHee BbIpaXkeHHe CoryacHo (23.5) paBHO

1
P (Bs+1(b) = Bsta(a)).
TaxuM 06pa3oM, Mbl 3aHOBO mOydusin dbopmyry (24.2) u3 mpenplaymei
rnasbl. B kadectBe BTOpOro mpmmepa paccmorpum f(z) = e F u a = 0.
Torzna B 71€BO#t YacTy paBeHCTBa, (25.5) MOJIYyYNM reOMETPHIECKYIO IPOTPECCHIO

Z(e_l l—e 1
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a 3TO BBIpAXKEHHE COBMAJAET C NPABOI YaCThIO, KOTOPAS PABHA

1 b 1
2n _
1+"+Zl(2n)!“e—l—1'

31ech MBI BOCTIOIB30BAJNCH paBeHcTBoM (23.3) npu z = —1. Taxum obpa-
30M, MOXKHO OXKMJATh, YTO popMyna Jitiepa—MaKI0OpeHa IMEET HE TONBKO
opMasbHBIH CMBICH, IO KpaliHel Mepe mist byHKIuU, ObICTPO yObIBaIOMIMX
Ha BECKOHEYHOCTH, KaK, Hampumep, f(x) =e™*.

Xots B 06enx dopmynax (25.4) u (25.5) neBble U IpaBble YACTH COAEP-
2KAT CyMMHUDPOBaHHME, CyMMa B IIPABOM YaCTHU MOJCEM CXOOUThCS rOpa3zo
6bIcTpee, ueM CyMMa, B J1eBO# yacTu. B aTom ciayuae popmysnst (25.4) u (25.5)
a0t 3 deKTUBHBIE CIOCOOBI OIEHKKM KOHEYHbIX U 6ecKOoHeuHbIX cyMM. O-
HAKO 3TH (HOPMYJIbL JJIsl OLEHKH CyMM CJIEAYeT INPUMEHSITb C OCTOPOXKHO-
CTBIO, MOCKOJIbKY, KaK ObLIO CKa3aHOo B § 23, BennuuHa |ba,| HEKOHTPOIH-
PYeMO BO3pacTaeT a0 GECKOHEYHOCTH ¢ pocToM n. PaccMorpuM, Hampymep,
f(z) = 272, Tak xak f™(z) = (=1)"2-3...(n+ 1) z~"2, MbI nOTy4aeM

0o
1 1

Z oz = E a2 + Z a2"+1 (25.6)

n=a

B panbaeitmeM Mbl TOKarkeM, YTO YACTHYHbIE CYMMBbI Dsiia M3 IPaBOif
YaCTH 3TOrO PABEHCTBA CIIEPBA OBICTPO CXOAATCS, HO IPH HEKOTOPOM JOCTa~
TOYHO OOJIBLIIOM 70 BEJTMYMHBI |b2n| HA4YUHAIOT NIPEBLIIATh a2", U TOrJa 4Ya-
CTUYHBIE CYMMBI OYAyT PacXoguThCsa. UTOObI yBUIETH, HACKOJIBKO XOpOoIlee
npubJIKeHne Mbl NOJIy4YiM, 3aMEHHB Psifi KOHEYHBIM 4YHCJIOM €ro IEpBBIX
4JIEHOB, MBI BhiBeZeM (hopMmyuty, monobuyo (25.4). B 310t HOBO# (opmye
BMecCTO psiia Oyzer ucmosb30BaThCs ero N-g YacTUYHASA CyMMA Sy, U TIpH
3TOM, pPa3yMeeTCsi, MOSIBUTCS NOTOJHATENbHOE ciaraemMoe Ry.

Il HauasIa mepenyiieM mpaByIo YacTh paBeHCTBa (25.4) B BUIE

b
> () = rP (),
k=0

rae h(z) = /f(m) dz. Ilyctb a € Z u b = a + 1. PaccmorpuM N-10 9acTud-

HYI0 CyMMY 3TOTO psifia

2

(h®(a+1) — h®(a)).

k=0
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IMonoxum g(z) = By(x)/N!. Torga u3 dopmynsr (23.3) Mb1 nomyvaem
gV =) (z) = By (z)/k!. Tipennoxenne 23.1 nokasvisaet, uro By (1)

= Bi(0)
nast k > 2 n aro By(1) = B1(0) + 1. Benmuuna By nocrosiHHa, M03TOMY
N

B (0 B (1
=2 ( L0 ¥ (g + 1) - 26D )h""(a)) +H(a) =
k=0
N
=> g P0)rP (a +1) — gV P (1) B¥)(a)) + 1 (a)
k=0
N —_—
=1(a) =Y gV (@) h®(a+1-2)[Z2,.
k=0
Dyuxuusa
Zg(N Dz)h®(a+1-z)
“MeeT OYeHb IIPOCTYIO MPOU3BOAHYI0. B camom nene
N N
G'(z) =) gN " (2) ¥ (a+1-2)=) " gV H () hEFD (a+1-1)
k=0 k=0

N N+1
Z (V- k+1) h(k)(a +1—-2z)— Z g(N_k"'l)(w) Rk (a+1—-1)=
k=0 k=1

9@ RNV (a+1-2) =

= —g(z) AV V(a 4+ 1 - x),
rae gV+1)(z) = 0, nockonsbky degg = deg By = N. Otciona

= g(N+1)(x) h(a+1-1z) -

1
sy = h'(a) — G(1) + G(0) = h/(a) + /g(a:) AN+ (g 41 — 1) dz,
0

AN

1

[ B8R s a4 1 -z as,

0

N
S % (5D (a+1) - 5D (a)) = fla) +
k=0

ecu 0603HAYUTH /f(m) dz xax f(-V(z).
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CrenaeM Ternepb 3aMeHy TN€PEMEHHBIX £ = a + 1 — ¢t U momy4yum

N
)= 3 & (F* D (a+1) - f4 ()
= a+1

- / EnlQ=8) jmgyar,  (25.7)

a

rae {y} € [0,1) obo3nadaer JPOGHYIO YACTH BEILECTBEHHOro 4ucaa y. B ca-
MOM Jiejie, NMOCKOJbKY 4HCJIO @ 1esoe, npu a < t < a + 1 BbInosiHseTca
HepaBeHCTBO —a < 1 —t < —a + 1 u, Takum obpasom, {1 —t} =a+1—t.
Haxosern, 3amMeHnB a mociaenoBaTenbHo Ha a + 1,a+ 2,...,b— 1 u nmpocym-
MHMPOBAB NOJIy4YECHHBbIE PABEHCTBA, MOJIY4YUM

N b
> f0) =3 R (D) - S0 (@) - [ 2ED g,

a

b—1 b .
> 1) = [ S du=570) - fla)) +

_/@%ﬁlﬂ?mﬂ)(t) . (25.8)

a

ITocnennee paBeHCTBO Ha3bIBaeTCs Popmyaot Jirepa—Maxaopena ¢ ocma-
mounvm waenos. Eci dyrkuus f(x) u Bce ee nponssoanble cTpeMarcs K 0
Ha 6ECKOHEYHOCTH, TO

ey

St = [ i du+ s )= X 1) -

n=a a

_/32_7?24;n1({_'_11—;!'5})f(2m+1)(t) dt. (25.9)

a
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U3 dopmyn (25.8) u (25.9) creayet, 4o omunbKa aNMPOKCHMALIMH CYMM B
JIeBO# YACTH YACTUUHBIMU CYMMAMH S27,4+1 ONHMCHIBAETCS OCTATOYHBIM 4JIEHOM

b

Romy1 = / Bz’g:l—(fl;!t-ﬂ e dt (b < o). (25.10)

a

Ins onenky BenuduHbl |Rop41| Hy>KHO OIEHATH CBepxXy MHOrouwsieH Bep-
HyIA Bamt1(z) Ha otpeske [0, 1]. ITo onpeznenenuio

o0

Bn(a ze%?
> '7‘1(, Jon = — (25.11)
n=0 ’

Ins jmoboro a, 0 < a < 1.

M3 KOMILTIEKCHOTO AHAJIM3a U3BECTHO, YTO PAIUYC CXOAUMOCTH CTETIEHHO-
ro psiga dbyukuun f(z) B Touke z = 0 paBeH PACCTOSIHMIO HA KOMILJIEKCHOM
IUIOCKOCTH OT HaYaJla KOOPAMHAT A0 Girkaiiieil 0coboit TouKu 310 byHK-
nun. Hanpumep, pajguyc cXOOuMOCTH reOMETPUYECKO# mporpeccun . 2"

n>0
paseH 1. C mpyro#l CTOpPOHBI, 3TOT Psifl CIIyXKUT pPa3joxkeHuem B psas Teitso-
pa B Touke 0 bynkuuu (1 —2z)~ !, y koropoit 6muxkaiimeit x 0 0co6oi TOUKOH
sABJsieTcs 1.

[Ipumennm atot daxT K dyukuun (e* —1)~!. Ee ocobbiMu TouKaMu ci1y-
XKAaT TOYKH 27ni, rae n € Z. bavmxkaimumu K 0 cpeiu HUX ABIAIOTCH +271.
TakuM 06pa3oM, paJuyC CXOAMMOCTH CTENEHHOFO psina B (25.11) pasen 27.

Bocnonbayemcst eme onHuM (HaKTOM M3 KOMILJIEKCHOTO AHAJIM3a, KOTO-
PBIif COCTOMT B TOM, 4TO €Ciii R — pajmyc CXOAMMOCTH CTENEHHOrO psja
S anz™, To Bepxmuit npenen 3uavennit (|an| R™)Y/™ = R|an|'/™ pasen 1.
D710 caenyer, HanpUMep, U3 (GOPMyYJIbI IJIs PAIRYCA CXOIUMOCTH CTEIEHHO-
ro psja

— 1
A Vlan| = 7-
715 WILTIOCTPAMH PACCMOTPHUM €OMETPHYECKYIO IIPOrPECCHIO Y, ™™, mist
KOTOPOH, KaK HerpymHo ybemurbes, R = 1/l
W3 sTux paccy»xaeHuii cieiyer, 4TO IPHU N — 0O UMEeT MECTO COOTHO-

1IeHue
1
Ba(@l )" 1
n! o’

[Ba(@)] 1
- onl (2m)n”

WJIM, 9TO TO XK€ CAMOE,
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Takum o6pa3om, B coorseTcTBHH C (25.10) MBI moTy4aeMm

b
1
| Romt1| ~ Wﬁ/|f(2m+l)(t)|dt~

a

BaxHO 3aMeTHTb, 9TO HAWIM PACCYXKJAECHHUs 06 OLNEHKe BETHMYHHBI |Rom+t1],
NpUBEJIEHHBIE 31€Ch, HEe SABIAIOTCA CTPOrUMHU. TeM He MeHee, IpeabIAyIINit
pe3yJIbTaT OCTAeTCA B CUJIE, IIOCKOIbKY M3BecTHO, uTo npu 0 < a < 1 cipa-
BeJJINBO HEPABEHCTBO

| B2m+1(a)| 4e°™
Cm+ 1)l © (@n)zmFl

(25.12)

9T0 HEPABEHCTBO MOXKHO JOKA3ATh, HCTIONL3Ys pasyoxkenne GyHKuud Bopy, 11 (1)
B psan @ypoe. [losromy umeer mecto oueHKa

b
4 27
|Ram+1]| < (Q—Zmﬁ / | FCm+1) (1) dt. (25.13)

7
a

Hanpumep, qna f(z) = e™*, a = 0 u b = oo u3 Hepasencrsa (25.13)
cnenyer, 9to |Romi1| < 4€27/(27)?™+1 u nostomy |Rem+1| mocrarodno
ObICTPO CTpEMHUTCS K Hyso. PaHee B 9T0i riiaBe MbI BHIENH, YTO B 3TOM
caydae paj ditnepa—MaKIOpeHa CXOIUTC.

HOycts f(z) = 272, b = oco. IIpeanonoxuM, 4T0 Mbl XOTHM OIEHHTD
CyMMy

=1
> = (25.14)
n=1

ci0kuB, HanpuMmep, nepsbie 1000 wnenos. IlorpemHocTs MOXHO OLIEHHTHL
C TIOMOIIBI0 UHTErpaJIOB, & UMEHHO,

d d
T 1 T
— = E — = = 1001...
0,001 < 2 < / 2 0,0010
999

Taxkum 06pa3oMm, 3TOT CHOCOO JAET OTBET C TOYHOCTBIO A0 IIECTOro Jecs-

THYHOTO 3HaKa. IIOCMOTPUM Temepb, KaKyl MOTPEIHOCTh naer ¢opmyna

(25.9), ecant UCHIONIBL30BATD €€ /IS ANMPOKCHMAIMH OCTABLIEHCH YaCTH PAJa
o0

1
>~ =5 uouenku ee norpemsocty. 113 Hepasencrsa (25.13) creayer, uro
n=1000 "
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B 9TOM Ciydae
4e®™ (2m +1)!
1000 (20007)2m+1°

|R2m+1| <
B uacrHOCTH,
|Rs] <1071° |Rs| <1071%, |R7| < 10723,

9TO 03HAuaeT, YTO € UCHOIbL30BaHMEM GopMyInl (25.9) cocem HeGombIITE
Mo 00beMy OMNOJHUTEIbHLIE BBIYUCJIEHUS TMO3BOJISIOT MOJYyYUTh TOPAa3A0
66BIIYI0 TOYHOCTD.

Ectb cob6na3H caenarh BbIBOM, YTO 4eM OOJIbIIE YJIEHOB MbI BLIYUCIIHM,
TEM BBIIIE TOYHOCTb MOIY4YeHHON oneHKH. OTHAKO OTHOIIEHHEe

. 2m (2m 4+ 1)
(20007)?

Rom+1
R2m—1

U1 GONBIIMX M CYIIECTBEHHO PEBOCXOIUT enuHuIy. Takum o6pa3oM, ocra-
TOYHBIA WieH |Ram41| € pocTOM ™ cHadaja ObICTPO yMEHbINAETCs, NPH
m ~ 10007 mocruraer MUHMMYyMa, a 3aTeM HAYMHAET OBICTPO pACTH, NpHU
ITOM YaCTHYHBbIE CyMMbI HAUWHAIOT Bce Gosiee 1 6Osee 3HAYUTEIHHO OTKJIIO-

HATBHCS OT UCTUHHOTO 3Ha4eHus. B ofmeM ciyuae, ecm dbopmyny (25.9)
oo

1
HCIONIB30BaTh [yl ANNPOKCUMAIAA Y —3, TO BeMYMHA |Rom+1| Munn-
n=a
MaJIbHA NP M X TG,

B kauecTse 3aMe4aHMA OTMETHM, YTO TOYHOE 3Ha4YeHWE CyMMbI (25.14),
a UMeHHO 72 /6, BiepBbIe GBLIO MOAy4eHO DitepoM. DTOT Pe3ylbTaT MOXKHO
MOJIyYUTh PA3JIMYHBIMK CHOCOOAMM, OJUH U3 KOTOPBIX HCIOJb3YeT METOZbI
KOMILIEKCHOTO aHAJIM3a, a Apyroi onupaercs Ha paapl Pypbe. Oba 3T Me-
(&)
TOZa JAIOT TOYHOE 3HAYeHHue Iy y . (1/n®), rue s — 4eTHOe MOJI0KUTEILHOE
n=1
9HCNI0; OHO OKa3bIBaeTcs paBHbIM 2° 178 |by|/s!. Omnako 1/1s HeYeTHBIX me-
JIBIX S TIOJOOHBIX KOMIIAKTHBIX BHIPAXKEHMI HE HAMIEHO.
B 3akiouenune 310 ry1aBbl pacCMOTPUM €I1Ie JBa IPUMEHEHHUs1 (POPMYJIbI
Aitnepa—Maxsopena (25.8) npua=1,m = 1.

IIpumep 1. Ilycrs f(z) = % Torma
b

> 2 =Inb+R(), (25.15)

n=1

rie blim R(b) = c. Yncno ¢ Ha3biBaeTCsA nocmoanHol Jtsepa.
— 00
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IIpumep 2. IIycrs f(z) = Inz. Torpa
b
ln(b—l)!=/lntdt——;—lnb+R1(b), (25.16)
1

rae blim R;(b) = C. UuTerpupys mo 4acrTsiM, moJyyaeMm
ande o]

b
/lntdt =b(nb-1).
1

IIpu6aBus ln b k oberm yacrsam pasencrsa (25.16), nonyunm
b b
bl =Invb (2) +Ri(t).
CnemoBarenbHo, pu b — 0o

b~ OB (g)b (25.17)

MoxHO noka3aTh, 4TO e = /2m. Takum 06pa3oM, MbI TOLYYHIH 3HAME-
HuTYI0 opmyay Cmupaunea.



§ 26. CuMmMeTpUYeCcKUii KBAHTOBBII aHAJINA3

Bumecro muddepenupnanos dg u dp, MOXKHO paccMarpuBarh AuddepeH-
aJibl 60Iee CHMMETPUYHOrO BHIA

dof(z) = f(gz) — f(g™ =), (26.1)
dng(z) = g(z + h) — g(z — h), (26.2)

rje, Kak OBbIYHO, MBI cuuTaeM, 4ro ¢ # 1 u h # 0. CoorsercrBylomme
IIPOU3BOJHbIE OIIPEAEIAITCA OYEBUIHBIM o6pa.30M:

- 3 _ -1
Dyf(x) = d‘g} E;”) - (q(“;)_ qf_(f)x 2, (26.3)
Drg(z) = ‘i':i(xx) _ gt h);hg(z —h) (26.4)

B 3710i1 riiaBe Mbl KpaTKO PACCMOTPUM CHMMETPHYECKIH ¢-aHAJIN3, TOCKOJIb-
Ky OH UIPAeT BaXKHYIO POJIb B TEOPUHU ajiredpandecKux 00bEKTOB, KOTOPHIE
Ha3bIBAIOTCAA KBAHTOBBIMU I'DYIIIaMH.

CuMMeTprYecKue ¢-NpoOU3BOAHBIE IPOU3BEIEHUST M YACTHOTO ABYX (DyHK-
i BBIYUCISIOTCH 110 hOpMysIaM

Dy(f(x) g(z)) = f(gz) Dag(z) + g(¢™"x) Dy f(x) =

= f(¢7'z) Dag(x) + 9(qz) Dof(z),  (26.5)

P (@) _ 9(¢x) Dyf (=) — f(9z) Dag(z) _
\g g9(qz) 9(q~ ')

_ 9(¢™"2) Dof(x) — f(a~'x) Dag(x)

9(¢)9(a~12) (26.6)
st m060ro & UMeeT MeCTO PABEHCTBO
Dyz® = [o] 2% 1, (26.7)
rae
[of = £-a" (26.8)

q—q7!
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IMomoxum
(z—a) =(z—q¢" 'a)(z—q¢" 3a)(z—¢" %a) ... (z — g ™"'a) (26.9)

A7l HATYyPaJbHOTO YHCIA N, U, KPOME TOro, MycTh (T — a)g =1.
3amerum, uro deg(z — a)g = n npu jobom n. [IpuBenemM Tpu U3 3THX
MHOTOYJIEHOB:

(z—a);=(z-a),
(z—a);=(z~-qa)(z~q "a),
(z - a); = (z - ¢’a) (z — a) (z — ¢ %a).

IIpennoxxenue 26.1. Jas 4106020 HAMYPAALHOZO “UCAG TV BHIMOAHA-
emca PageHcmeo
Dy(z —a); = [n] (z — a)g_l. (26.10)

JHoxazameavcmeo. IIpumennm unaykuuio no n. Ciaydait n = 1 rpusua-
sieH. 3aMeTuM, 4ro (T — a)’“r1 (z — ga)j (x — ¢~"a) mna moboro uenoro
n > 1. CnexoBaresbHO, IPUMEHSIS <bopMyJ1y (26.5), momyvaem

Dy(z — a)2* = (qz — qa)} + [n] (z — qa)} ' (¢ "'z — ¢ "a) =

=" -a)j+¢ ' (z-qa); (e -¢ ") =

=("+q¢ ')z —-a)} =n+1] (z-a),

410 U TPeOOBAJIOCH. O

K coxanenuio, eciu a # 0, TO IpM YETHOM N MHOTO4JIeH (T—a)7 He o6pa-
maeTcs B Hy/b B TOUKe T = a. [Toaromy muorounenst P, (z) = (z—a)3/[n]™
He yIOBJIETBOPSIOT YCJIOBUAM TeopeMbl 2.1, koropas gaer 06obmennyo dop-
Mmyny Teitnopa. 3amMeruM, YTO MHOrOYJIEHBI, YIOBJIETBOPSIONINE YCIOBUSM
TeopeMsl 2.1, 3anatorcs popmysoit (26.23), koTopasi 6yeT nostyyeHa B KOH-
1€ I'JIaBBHBI.

Tem ne Menee, npu a = 0 uMeeT MecTO pa3iyioxkeHue B psij Teiopa Bua

flz) = Z(D]f (0) D__ (26.11)

j=0

Hycrs f(z) = (z +a)j. Ans j < n BHIIONHAETCA PABEHCTBO

(DINO) =M =1 ... [n =5+ 1] (0+a);7 = [n[n];'] a7,
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KpOMe TOro, bg f(z) =0 npu j > n, mosromy

n ~

(x+a)] = Z[?] a” Iz, (26.12)
rae : =
n n)™!
(5] = Gr = @613

Coornomenne (26.12) sBnsercsa G-ananorom Gunoma Iaycca (5.5). ITompo-
GyeM nosyuuth G-axajor 6usoma Ieitne (8.1).
Paccmotpum g(z) = 1/(1 — z)7. Ilockonbky
l-z)7=(010-¢" ) (1—-¢"32) ... (1-¢" ") =
— n—l (ql—n _ .’IJ) qn—S (q3—n _ ZL‘) . ql—n (qn—l _ .'L'),

WJIM, YTO TO JKe CaMoe,
(1-z)7=(-1)"(z-1)], (26.14)
[OJLY 9aeM
Dyt —2)f = (~1)" [nf (= 1)} = —[] (1 — @)},
CornacHo (26.6) orciona cnexyer, 9410
n"(1- 1’3)3_1 _ [n]”

Dyg(z) = = : 26.15
e (e e E A CpS (26.13)
IToaromy npu Bcex nenbix j > 0 uMeeT MeCTO PaBEHCTBO
(Djg)(0) =[n]"...[n+j—1]"
CrienoBaTesbHO,
1 =i[n]"...[n+j—1]'wj (26.16)
-=2)2 i ’

=0

a 9TO PABEHCTBO MOXKHO PACCMATPUBATH B KA4eCTBe aHAJoOra (popmysbl Ou-
sHoMma leiine (8.1).

Tenepp 0OpaTuMCs K MHTErPUPOBAHUIO. UTOOBI BBIBECTH TOYHYIO (hop-
MyJLy [ G-iepBOOGPa3HOM IPOU3BOIBbHOM dyHKIMHK f(Z), CHOBA IPUMEHHM
TMOZIXOJl, OCHOBaHHBIH Ha HOPMAILHOM OGpaIEeHHH HEKOTOPOTO ONePaTOpa.
Iycrs F(z) — §-nepooGpasnas dyukunn f(z), T. e. DgF(z) = f(z). lIpu-
MeHuB onepatop M,, onpeaesnenusii B (5.6), momyunm

(Mg — My )F(z) = F(qz) — F(¢™'z) = (¢ — ¢ ") = f(2).
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Tak xax ans mo6oit GyHKUMK g() BBHIIOIHAETCA PABEHCTBO
Mo My-19(z) = M- Myg(2) = g(x),

MbI noTyqaeM My-1 = (My)~!. CnenoBatenbHo,

(410~ 5 )F@) = =0z 560
q
Orcrona

F@)= (g gz ) =
q

=(q‘l—q)(Mq+M3+M5+...)xf(x).

TakuMm 06pa30M, MOJYy4aeM COOTHOIIECHHE

F)=z(g'—q) >, q¢‘fld"2). (26.17)

n=1,3,...

Herpynzo nposepurs, 4T0 eciiu psif B IpaBoii 4acTu paBeHcTsa (26.17) cxo-
JATCS, TO CyMMa Psifia siBJIsieTCs -nepBooOpasHo#t dyHknuu f(x), KoTopas
obpamaercs B Hysib B Touke £ = 0. Cie10BaTeIbHO, IPU yCJIOBUH, YTO PsiJ
CXOAMTCs, ONIPEJIEJIEHHBIN -MHTErpaJ 3aaaercs GpopMyIon

/ f@dz=a-9 3 ¢fg"a). (26.18)
0

n=1,3,...

s roro urobet hopmyna (26.17) onpenensia G-nepBooGpasHyo eIuH-
CTBEHHBIM 00Pa30M C TOYHOCTBIO [0 NMPUOABJIEHHUS IPOM3BOJIBHON KOHCTAHTHI,
OCTAeTCs HCCIEOBATD pelenys byHKIHOHATBHOrO ypasrenus D, G (z) = 0.
U3 sToro ypaBHeHHs, B YaCTHOCTH, cireayet, uto G(qr) = G(q~'z) u, Tem
cambM, G(z) = G(¢*"z) ansa nwobbIx T 1 neabix n. OTCIONa JerKo BHIBECTH,
aro eciu bynxuus G(z) HenpepbiBHA B TouKe £ = 0, TO OHa nocTosiHHA. Ta-
KuM 00pa30M, KaK U B ¢-aHAJIN3e, HEIIPEPBLIBHOCTD ¢-IEPBOOOPA3HOM B TOUKE
z = 0 IPHUBOAUT K TOMY, YTO G-IIepBOOGpa3Hasi ONpPEE/IeHa €IUHCTBEHHBIM
06pa3oM ¢ TOYHOCTBIO JIO MOCTOSIHHOTO CJIAraeMOro.

ITon0xuM 1O OmIpeneseHuIo

b

b a
/ fl@)dyz = O/ f@)dyz — 0/ f(2)dye.

a
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B uacrHOCTH,

m—1

q
f@)dz = (g7 —q) g (vt -

gl n=1,3,...

- @Y ) =@ - 9) ¢ F(d™).

n=1,3,...

HecobcTBeHHbBI! HHTErpaj €CTECTBEHHO ONpPEAeUTh (hopMyToi

00 g™
/ f@ydez= > / f@)da =
0 m=£1,E3,.

=('-q) Y. q"fl@™). (26.19)

m==+1,%3,...

Ha 37oM MBI OCTAHOBHMCS1, OCTABHB YHUTATENIO CAMOCTOSITENILHO PA3BUTh
CHMMETPHUYECKUH ¢-aHAJIN3 N0 AHAJIOTUH C ¢-AHAJIN30M.

MbI 3aKOHYMM KHUT'Y KPATKHM 00CykIeHueMm Gosiee OOIIMX BAPUAHTOB
KBaHTOBO#M NPOU3BOAHOM. MbI IO3HAKOMMIIUCH C TPEMSI PA3JIMYHBIMM BUIA-
MM KBAaHTOBOM NPOM3BOJHOMN, a UMEHHO, ¢-POM3BOAHOM (1.5), h-nmpousBoa-
so#t (1.6) m cummeTpudeckoil g-npousBoaHoil (26.3). KsanToBbiM audde-
peHnuasioM HanboJjiee obLIEero BUOA SIBJISIETCS

df(z) = f(gz + k) — f(d'z + 1').

Hna takoro npuddepennnana MOXHO pa3paboTaTh TEOPHUIO, COMEPIKAILYIO
npousBoanyio, ¢popmyny Teisopa, nepoobpasHyio u T. . YTobsl mpous-
sognasi D f(z) = df (z)/dz Geina Bciogy omnpesesieHa, Mbl JOJIXKHBI TIPEATIO-
JIOXKHTb, YTO 1160 ¢ # ¢, 6o h # h'. CemeiictBo MHOro4eHOB { Py }n>0,
YIOBJIETBODSIIOIINX BCEM TPEM YCJIOBHSIM TeopeMbl 2.1, BCerga CyIiecTByeT,
TIOCKOJIbKY OHH MOTYT GBITh BBIYMCJIEHBI [0 MHAYKIWMH, HaduHas ¢ n = 0.
B ofuiem ciiyyae 3TH MHOIOYJIEHBI 33JaI0TCS BHIPAXKEHHEM

P.(z)=cp(z —a)(z—az)...(z — an), (26.20)

rae ag, as, ... ABAsAOTCA MYHKUUSAMH OT a, ¢, ¢', h, h'. Cpasaus cTap-
wue ko3bbunuents MHorounesos DP, (x) u P,_1(x), Jerko Bugers, 4To
Cn/Cn-1=1/[n], rue
_ q" — qm ’ [ o on—1 o
[n]———q, ,eamg#q, n [n]=ng""", ecuqg=¢.
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Ionoxus [n)! = [1]... [n] qna narypanbHoro yuciaa n u [0]! = 1, nosyunm
1
Cp = W, n 2 0.

OO1ee BbIpaXKeHUE IS Gp, CAMIMKOM rpomo3nko. CpaBuus koadduiineH-
ol ipu 2"~ ! B dP,(z) u P,—_1(z)dz, noay4nM cleayomue peKyppeHTHbIE
dopMynbl 11 Sy, =a+as + ...+ a,, n > 2:

[n]

Sn = [TL— l] Sn—l +
n(@ th=¢" W) [nl(h—1)
" < g1 _gnl gnol_gne1 ) SO #4¢, (2621)
1
Sp = ﬁr—l—l gsn-1+5n (h+h), ecmg=4q. (26.22)

Jlerko BuIETh, YTO B OOLIEM Cly4ae yKe [Jis G U a3 TOJIydaroTcs JO-
CTaTOYHO rpoMosiakue dhopmyibl. Hanncannoe pekyppeHTHOE COOTHOIEHUE
ymporaercs, ecyi h = h'. B aroM citydae coornomenue (26.21) npunuMaer BuL

(]
n—1]
¥ BMeCTe C HA4YaJIbHBIM YCJIOBHEM §1 = G OHO JIAa€T sABHYIO HOpPMYyJy

snz(a—h)[n]+h[n]([1T] H+ +[]) n>l1.

OTO0 pelleHHEe OYEHb JIEKO IOJIyYaeTCsl PH MCIOJIb30BAHUM NOJCTAHOBKH
tn = Sn/[n]. Takum obpa3om,

Sp =

Sp—1+mnh, n2>=2,

an =8n—Sn—1=(a—h)([n] = [n—1]) + nh+
h([n]—[n—l])(%ll+...+[z—:—i—]), n>2.

-1

B 4acTHOCTH, B CHMMETPHUYECKOM g-aHajm3e, T. €. pu h =0, ¢ = ¢~ MBI
HMeeM
an=(n"-n-1)a=(@""'-¢"*+¢" 3 -...+¢ e, n>1l

CnenoBaTenbHO, B CAMMETPUYECKOM ¢-aHAJIN3e MHOTOYJIEHBI, YA0BJIETBOPS-
I0IIMe yCa0BUsiM TeopeMbl 2.1 06 obobiuenHoi dopmyne Teitnopa, 3amarorca
dopmyoit

Py(z) = [].( a)(x—(g—1+¢ a)x...

Xx@=(@"' =" 24"~ ¢ ). (26.23)



IIpnno>keHune: CIIMCOK g-TIepBOOOpPa3HBIX

d, -1
T _ 97 g

/a:adq:r=[ Y (a # -1) = =1
R k) A
(e-alide =" (@# D
a— —-1a+1
e
dq:L‘ _ 1
,/(Sb‘—a)q"‘ - q[l—a](m—qa)g‘“l (C\’;’é 1)
1 (a#1)

/ dqz —

(a-2)§  [a-1](a—z)§?

/ €% gt = ~ €5 / Eg*dgz = Leg s

/cosq(ax) dgx = le_ sing (@) /Cosq(aa:) dgx = % Sing (¢~ azx)
/Sinq(ax) dez = ~§ Cos,(q~*

/sinq(ax) dgx = —é cosq (o)

ax)

WnTerpupoBanue mo 4acTam:

b b
/ £(z) dgg(z) = £(b) g(b) - f(a) g(a) - / o(qz) do f(2)

3aMmeHa MepeMeHHBIX:
b

u(b)
/ f(u)dqu = /f(u(x))dqx/gu(a:), rae u(z) = az?
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