H. U. [IPUBANOB

BBE,JEHHE
B TEOPHIO DYHKIIWIA
KOMITAEKCHOTO
[IEPEMEHHOTO

YYEBHHWK

eeeeeeeeeeee



BBK 22.161.5a73

II 75
IIpusaxosr HU. H.

L 75 Beenenue B Teopuio (PYHKIHUII KOMILIEKCHOIO II€PEMEHHOI0:
Vuebuuk. 15-e usn., crep. — CII6.: Usgarenserso «Jlaub», 2009. —
432 c., un. — (YuebHuKu 1iid By3oB. CremuaabHas JUTEPaATypa).

ISBN 978-5-8114-0913-6

VueGHUK OTJIMYAETCS CTPOTOCTHIO BBIBOJOB M IIPOCTOTOM M3JIOMKEHUS
Marepuajia. PaccMOTpeHbI, B YaCTHOCTH, CJIEAYIOINE TeMbI: KOH(POPMHBIE
oroOpaskeHUs, JUHeHHbIe Ipeo6pasoBaHus, WHTerpas Kolnm, TeopeMbl
Komu u ITukapa, pAnsl aHaIUTUYECKUX QYHKIUH, pAnsl JlopaHa, ocoobie
TOYKHU, BHIYETHI, 0ECKOHEUHBIE IPOU3BEIeHN S, AaHAJIUTHYECKOEe IPOJO0IKe-
HUe, dJIuNTUuYecKrue QyHKIINNI.

VueGHUK IpefHa3HAYEH [IJA CTYNEHTOB MaTeMaTUYeCKUX, (husmye-
CKHUX U TeXHUUYECKUX CIIeIMaJbHOCTEH BY30B.

BBK 22.161.5a73

JIP Ne 065466 or 21.10.97
T'uruennueckuit ceprudurar 78.01.07.953.11.004173.04.07
oT 26.04.2007 r., Bergau IITCOH B CIIG
HsparteascrBo « JAHBb»
lan@lpbl.spb.ru; www.lanbook.com; 192029, Cauxr-Ilerep6ypr,
OObwmecTBeHHBIH IIED., 5. Texn./dakc: (812)567-29-35, 567-05-97, 567-92-72.
Becnnaruslit 3BoHOK 110 Poccun: 8-800-700-40-71

TAEKYIIUTDH

IIJIs1 OPTAHU3AIIVI:

. no Poccuu u 3apy6esxsio
«JIAHBb-TPEWI». 192029, Cauxr-Ilerepbypr, yi1. Kpynckoii, 13
rei.: (812) 567-85-78, 567-14-45, daxc: (812) 567-54-93; 1CQ: 446-869-967
e-mail: trade@lanpbl.spb.ru; www.lanpbl.spb.ru/price.htm
B MockBe u B MOCKOBCKOIT 06;1acTH
«JIAHB-IIPECC». 109263, MockBa, 7-as yi. TeKCTUIBIIUKOB, 1. 6/19
Tes.: (499) 178-65-85; e-mail: lanpress@ultimanet.ru
B Kpacnonape n B KpacHogapckom kpae
«JIAHB-IOT'». 350072, Kpacuozap, yia. #Kmob6s1, . 1/1
Ten.: (8612) 74-10-35; e-mail:lankrd98@mail.ru

OJISI POSHUYHBIX IIOKVIIATEJIEN:
«CoBa»: http://www.symplex.ru; «Ozon.ru»: http://www.ozon.ru
«Bubaunon»: http://www.biblion.ru
IToxgnucano B meuats 17.04.09.
Bywmara odcernas. l'apaurypa JIuteparypuas. ®@opmar 84x108 1/3,.
ITeuars opcernasa. Yei. n. a. 22,68. Tupax 1500 aka.

3akas Ne
OTHeanaHo B IIOJIHOM COOTBETCTBUUN
C Ka4eCTBOM IIPeIOCTABIEHHBIX ANA03UTHBOB
B OAO «Msgarenbcko-nonurpaduueckoe npennpuarue «IIpasga Cesepar.

163002, r. ApxaHresasck, np. HoBropoackuii, x. 32.
Ten./daxc (8182) 64-14-54; www.ippps.ru

© UsparenbcTBo «Jlamb», 2009

© WU. U. Ipusanos, Haciaegauku, 2009

© UszpareancTBo «JIaHBY,
xynoxecrBeHHOe odopmirenue, 2009



OTJIABJIEHHE

MpepucnoBus . . . . . . . . . . . oo . C e e e e e e e e e
BegeHne , . . . . . . . . . e e e e et e e e s e e e e e
TIABA I
KOMNJEKCHBIE YHCIA
§ 1. KoMnaekcunle uncaa B ReRCTBHSL Hafl HEMH . . . v 4 v « o o o « o

§ 2.

§ 3.

§ 4.

§ 5,

1. Ilousitue komnaexcroro uncaa (16). 2. CaoxeHnue 1 yMHOKEHHe KOM-

niteKcHbIX ancent (16). 3. Buuntanue H ReneHHe KoMnyieKCHbIX yuced (18).
leomerpuueckoe H3006pamenne KOMIJIEKCHBIX 4uceld. TeopeMel O MOs
AYJe B apTYMEHTE . . . . v 4« v v o v o o b e e e s e e
. T'eomerpuyeckoe u3obpaxenne Kommiaexcuslx unces (19). 2. Feome-
TPHYECKOe HCTOJKOBAHHE C/OXKEHHS H BBIYHTAHHS KOMIIGKCHBIX 4HCeNd
(20). 3. IlousiTie o Monyse u aprymente (20). 4. Teopemsl o moxyie H ap-
rymente (21). 5. Teomerpuyeckoe uzo6paxenue yucia /e (23). 6. Teome-
TPHYECKOe NOCTPOEHHE NPOH3BEJEHHA H YaCTHOTO KOMIJIEKCHBIX qHces (24),

Fpegensr . . . . . . . . L e e e e e e e -
1. OcuosHoli npuuuun teopun npenenos (25). 2. IlonsTue npegenbHol
TOYKH (26). 3. Orpanndennble W HeOTPaHHUEHHBIE NOC/IELOBATENLHOCTH
KOoMMJIeKCHBIX uucen (27). 4. Teopema Boabuano — Beftepimrtpacca (27).
5. ITonatne cxoasmeiicd NOC/eXOBAaTENBHOCTH KOMIVIEKCHBIX uuces (28),
6. OcHoBuHe Teopemsl Teopin npegenos (29). 7. Kputepuft Kown (29).

Yucnosast chepa. Beckoneuno ypanensast Touka , . . . . e e e
1. HM3obpaxenne xoMrIekcHbIX uucel Ha cdepe. Beckoweuno yga-
nenxas Touka (31). 2. @opmyasl crepeorpaduueckodl npoekunu (32).
3. OcHoBHoe cBoficTBO cTepeorpaduueckoit npoexkuud (33). 4. Coxpas
HeHHe YriaoB (34).

Pagel . . . . .. . ... e e e e e e
1. ToxsTHe cxopswerocst H pacxoasawerocst psja (35). 2. HeoGxonumetfi
NpH3HaK cxopumocTH psisa (36). 3. IlonsTHe aGCOMIOTHO CXOXMNIErOCH
paga (36). 4. Cnoxenye u BuiyHTanue psgos (38). 5. Teopema o xBOi-
Heix psfax (38). 6. IlepectanoBxa unenoB psiga (40). 7, YMHOXKeHHO
pagos (41).

Viopamennst K L. I 4 o 0 0 0 L L s s s e e s e e e e e e

§ 1.

TAABA 1I

KOMNOJIEKCHOE NEPEMEHHOE M & YHKUHUH
KOMIIJIEKCHOI0 NMEPEMEHHOTO

‘(pyHKLlHH KOMIJIEKCHOT'O MEepEMEHHOro -

1. Tlonatue QyHKUMH KoMIJekcHoro mepemensoro (45). 2. [lomartne
obaacti. Jlunus JKopmawa (46). 3. HenpepniBHOCTb (DYHKIHH KoM=
nekcuoro nepemennoro (49). 4. Teopema o paBnomepHOlt Henpepus-
Hocty, Jlemma TDefine — Bopena (52).

10
11

16

19

25

31

35



§ 3.

O JIABJIEHUE

. Pﬂzuq byuxunft . ... 0. ...

§ 4.

§ 5.

. Monsitne papnOMEPHO cxozmulerocn pnna (54) 9, Teopema o He-
l’lpepblBHOLTH cyMMbl paga (56). 3. Ilpusnak paBHOMEpHO CXOfsile-
rocst psaa (57).

Crenennble pOB . o 4 . . v 4 0 . . .

1. MNoustne 061aCTH CXOLZHMOCTH CTENeHHOro psma (58) ‘9. Hepsaﬂ
TeopeMa Abens (58), 3. Kpyr cxogumoctu (59). 4. Tlonsitne HanmGomb-
mero npegena (61), 5. Onpenenenne paguyca cxonm.xocm (63). 6. Pap-

HOMepHAf CXOAMMOCTb cTenenHoro psga (66). 7. Bropas teopema
AGenn (67).

Huddepesnuporanne cbyHKuHi'I KOMIIZIEKCHOFO MEepPEeMEeHHOTO, IeMeH-
TapHele QYHKIHH , . PP

1. Tlonstne npomssozmou (61) 2, Houmne $ysxnua, anafHTHuECKOl
B obnactu (70). 3. Tonsntue puddepennpansa (71). 4. Ycnosus Kown —
Pumana (72). 5. Conpsixennble rapmonnueckue ¢pyukuun (76). 6. dud-
¢epeHunpoBanue cTenennbix pagoB (77). 7. Tlokasatenrnas ¢yHKUUS,
QyuKkuMK TPHrOHOMETpHYecKHe U runepGonuueckue (78). 8. Oanonnct-
ubte Gynkuun. O6patubte Gyukuunu (82). 9. Paguxan, norapudM K aprcu-
nyc (84). 10. BeTBu MROrO3HAYHBIX rbynxm»m. ITousiTHe 0 TOYKaX pas3BeT-
paeuns (86). 11. Ilonsarne o pumanosoft noeepxHocTH (92).
Kondopmuoe oTOGpaKeHHe . o . . . . . . . . .

I. TeomeTpuuecknit CMHICA apryMeNTa NPOHSBOZHOMH (97) 2, I‘eOMe'rpuqe-
ckuit cMbica Mopyas nponssofuoit (99). 3. Koubopmuoe orobpamenne
(1€0). 4. Koudopmuoe oroGpawenne 11 pona (100). 5. Teomerpuuecknit
canied  Auddepennnana (102). 6. IaBnaa uacTe OTOGpaKeHHs w ==

= [ (2) (103).

Vopawnuenna K L I1 L 0 4 0 0 o o v v o 0 0 e o n s 0 6 0 s 0

TaAABA III

JAHHEAHBIE W JIPYTHE HPOCTEHIUME NPEOBPA30BAHHMA

§ 1. ﬂHHeHhaﬂ dynkousg , L

§2

. Uenas nuuefisas dynxnna (108). 2. CDyHKunﬂ ‘w=1/z (100) '3, 06
maﬁ nuneftuas ¢yrkuna (110). 4. Kpyroeoe cBoiicTBO JHHEHHOR (hyHK-
nuu (111). 5. TlapameTps! H HHBaPHaHT JHHelHOr0 Npeobpasopaxus (112),
6. OroGpamenne BepXHuel NOAYIIOCKOCTH Ha canoe cebs (115). 7. M
BapHAHTHOCTh Napbl B3aHMHO CHMMETDHYHBIX TOYEK DDH JIMHeHHOM mpe-
o6pasosanui (116). 8. OrobpaxeHne Kpyra Ha BEPXHIOIO NOYIJIOCKOCTh
(117). 9. Orobpaxenne Kpyra camoro B cebs (117). 10. IlpencraBnenue
JHHENHOro MpPeoSpasoBaHKs ITOCPEACTBOM CHMMETPHUHBIX OTOGpaXce-
muit (118), 11, Pasnuugele Tunbl JHHeHHBIX npeoGpasosaruii (119).
12. Tpupona aBokusix Touex (123). 13. Feomerpuueckas muteprnperanus
3JHITHYCCKOTO mpeobpasosanusd (125). 14. XapaxTep npeoBpa3oBaHus
Kpyra camoro B ceba (125).

Jluuefineie npeoGpasoBakust M reometrpus Jlobauesckoro. . . . .
1. EBkauxoBO mn306pasxkenne reomeTpun JIo6aueBCKOTo B KpyTre (127)
2. BrluHC/IeHNE HEEBKJKHAOBA PACCTOSIHASA ABYX TOUEK € JaHHBIMH apdrK-
camn (128). 3. Heerinupnosa okpy:xuocth (129). 4. Heenxknnaosa annsa
Kpusoit (129), 5. HeeskaugoBa nnomags (130). 6. opuunkas (130),
7. Tunepuukns (130). 8. Emxmumoro nsoGpaxkenue reomeTpur JloGa-
YeBCKOI'O Ha nojynaockoct (131)., 9. HeeBKIHAOBA ANHEA OKPYXHOCTH
(132). 10. Yron napaiaenusma B Teomerpun JloSauesckoro (133).
11. Heepknugosel naomajgs Kpyra ¥ Tpeyroibhrika (134).

58

69

97

105

108

127



OTJIABAEHHE

§ 3. Hexoropsie anemenTaphble QyHKUMH M OTOODAaXKEHHA, JaBaeMble HMH
1, Crenennas dbyuruus v pagukan (135). 2. Ilokasatenvnan u norapud-
muueckas Gynkunn (138).

Yopaxkmesug k o, 1L . oo o o 0 00 0w oL v e e e e s

TrJ1ABA IV
TEOPEMA KOUIH. HWHTEIPAJI KOWH

§ 1. I/IHTerpabeI N0 KOMIJIEKCHOMY MEPEMEHHOMY . o . o &+ + 4 « o+ o o
. Touarue _MHTErpaa 10 KOMIJIEKCHOMY nepemennomy (143). 2. Oc-
HOBHble cBoficTBa uHTErpaja IO KOMIJIEKCHOMY mNepemennomy (145),
3. Vnterpuposaine paBHOMEpPHO cxopsumerocs psfa (146). 4. Teopema
Kown (148). ,

§2 Teopema Ko . o . . v v v v v v v v v et e s e e e e e .
1. OcnoBuas jnemma (149). 2. [lpuBejenne JOKa3aTeJbCTBa TeOPEMbl
Komwn x npocrefimenmy cayuato (151). 3. JloxasaTtenbcTso Teopems! Koiuyg
(152). 4. TlonsiTHe HeONpejeeHHOTO HHTErpasa B KOMIVIGKCHOH o6JiacTi
(155). 5. Pacnpocrpanerine Teopembl Komn Ha caydall CIOXHBIX KOH=
Typoe (158). 6. Jlorapudmuueckas dynkuus (160). 7. Jlemma (163).
8. OGobenne Teopemsl Kown (164).

§ 3. Haterpanm Ko . . . . v . v v v v v v v i e e e e e e s
1. ®opmysna Kown (166). 2. Pacnpocrpanenne dpopmyan Kown Ha cay-
yail cnoxub1x KouTypos (168). 3. Murerpan tuna Komm (169). 4. Cymect-
BOBaHME MpPOMSBOAHHIX BCeX NOPSAKOB HJst OYHKIMH, aHaJHTHUECKOR
B obiiacTu (172). 5. Teopema Mopepa (173). 6. Pasnunble TOUKH 3peHusa
B TOCTPOCHHH TeOPHH aHadHTHUeCKHX QyHKuuit (173). 7. O npene/bHBIR
3nauennsx uurerpana tuna Komm (174). 8. O nmpeaenbHBIX 3HAYEHHAX
unTerpana THna KowM B cayuae, KOrja rpasuuHas GyHKUMs YHOB-
JeTBopseT yeaosuio [énbrepa— Jlunmuna (179). 9. Muterpan Ilyaccona
(185).

Yopaxuenus K IWL IV L L 0 0 0 s e s e e e v b e b r e e

THJABA V
PAJbl AHAJIMTHUYECKHX $YHKUUA, PA3JIO)KEHHUE
AHAJIMUTHYECKOH @ YHKUHHM B CTENEHHON PAJ

§ 1. PaBnomepno cxopsuinecs psAbl aHaJAHTHYCCKHX GyHRWHE. . . . . .
1. Tlepras teopema Befiepmrpacca (190).

§2, Pag Tefimopa . . . . . .. ..o e
1. punoxenye TeopeMsl Beuemepacca K CTeNeHHBIM p;uJ,aM (195)
2. Pasnoxenne anaautuueckoll ¢yukunn B cTenennoft pax (196). 3. Io-
HATHE FOJOMOpQHOH (QYHKIHH M €ro 3KBHBAJIEHTHOCTb C NMOHATHEM aHa<
authueckolt yuxunu (199). 4. CBoHCTBO €IMHCTBEHHOCTH aHaJHTHYE~
ckux Qynkunk (200). 5. ITpuHUEN MakcHManbroOro Mogyast (203). 6. Hyan
anaanTuyeckol GyHxnuu (206). 7. opsanox wyns (207). 8. Hepasencrtsa
Komy ana kosgduuuenton crenernoro psiaa (207). 9. Teopema Jiny-
Buans (208). 10. Bropas Teopema Beltepmtpacca (208).

Yapakuenust K M. V . . v o v 0 0 v v .. e e e e e e e e e

FrTABA VI
H30JIHPOBAHHBIE OCOBBIE TOYKH OAHO3HAUYHON

®YHKUKUH
§LPanJlopana . . . oo 0L e
1. Pasnoxenne adanutRueckoil QYHKIHMH B pﬂ,u Jlopana (211). 2. l'Ipa~
BUJbHAs W IviaBHas uacTd paja Jlopauna (213). 3. Epuncreensocts pas-

noxenus Jlopana (214),
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6 OI'JTIABJIEHHUE

§ 2. Knaccndurauyss oco6HX TOUeK OIHO3MAURON (ywKwHm, . . . . .
1. Tpu THRa M30JIHPOBAHKBIX OCOOLIX Touek (215). 2. YcTpatinmas ocoasn
Touka (215). 3. TNoatoc (216). 4. CBsi3b MexAy HyJeM H nosiocom (217).
5. CyutecTenuo ocobast Touka (218). 6. [loBenenne GyLKUNN B OKpeCT-
HOCTH H30JHPOBaRKON ocoboi Toukn (220).

§ 3. l'loaeﬂeﬂne aHaJuTIUEeCKOH (QYHKUMH B GECKOHEUHOCTH. ., ., . . . . .
OxpecTHOCTE GeCKOHEWHO yaadewnoli TOUKH (221). 2. Pasnoxenne
JlopaHa B OKPECTHOCTH GECKOHEUHO yaaleHHOH Touk (222). 3. [lopenenne
(YHKLUMH B OKDECTHOCTH GECKOHEYHO yaalennofi Touku (223). 4. Ycno-

Bus ofpauwenuss uurerpanta Tuna Kown B unrerpasn Komn (224).

§ 4. Hpocrem.uﬂe KJacchl aHaluTH4Yeckux GyHxumit . . . . . . . . . . .
. Uensie dynxunn (224). 2. Mepomopgubie gynkunn (226). 3. Pas-
.uome}me pamuoranbHoll GyHKUMM Ha npocTeitinue xpobu (227). 4. Oc-
HOBHas Teopema airebpn (227).
§ 5. TIpHAOKEHNS K THADOAHHAMHKE . , . . . + 4« v 4 2 4 o o o o « «
1. HeBuxpeBo#i H CBOGOAHBII OT HCTOYHHKOB TOTCK XHIKOCTH (227).
2. XapaxtepucTHueckas QyHxuua notoka (229). 3. O6rexanue KpYTAI0ro
DHJIHHADA NOTOKOM 6e3 UHPKYASALRH (230). 4. Yncro uupkyaspubi no-
T0K (232). 5. O6muit caysain (233).
Ympamuenus k ral, VI . L. . . L L Lo s e s e e e

TNTABA VI
TEOPHUS BLIYETOB

§ 1. O6mas TeOpHA BHUETOB . . . . & &« & « &+ o « « & .
1. Buuer Qynxuun OTHOCHTE/IBHO Hao.nﬂpoaa)mon ocoofi Toukil 237)
2. Ocnoprasi TeopeMa o Buuetax (238). 3. Bruncienne Bhivera
GYHKUME OTHOCHTENBLHO nojoca (239). 4, BuiueT GyHKIIH OTHOCHTEALRO
6eckoneuHo ynaneHHoH Toukd (240). 5. Brmumcienue mHHTerpana

5 J ? (2) f (2) dz (242).

§ 2. anJIO)KeHﬂﬂ TEOPHH BHIYETOB ., .,
. OcHoBHast Teopema airebph (244). 2. Teopema Pyme (245) 3. Hpnno-
)KeHHﬂ TEOPHH BHIYETOB K BHYHCJIECHHIO ONPEAETIEBHLIX HHTErpasoB (246).
Paanoxenne ctg 2 Ha npocreitmue gpo6u (251).

Yopaxwenns k ra. VIL .« . . .. ... ... s e s e e e e e e

TAHABA VI
TEOPEMA NHUKAPA

§1. Hpen.nox{eﬂne Bnoxa . . . .
. Teopema 06 ofpailentn ronomoptbnoﬁ Q)yﬂxmm (256) ‘9. ﬂoxasa-
TeJIbCTBO npeptoxenus Baoxa (257). . . . . . 0. 0 0 0 e v o
§ 2, Teopema Jlampay . . .
1. Ll)oxaaarem,cmo freopeMbl Jlauay (259) 92." Manas 'reopeua ﬂuxapa
(260
§3. Hepaaeﬂcmo Ulortkn . . ch e e e e
BriBOA HepaBeHCTBa Hlorrkn (26]). 2 Oﬁoémexmoe HepaBeHCTBO
LHoTnm (262).
§ 4. O6masn TeopeMa [THRAPA . . . . 4 v ¢ v s 4o o 0 o o o v s o o
Vopaxknenna R . VIII L 4 0 0 0 v v o i o e v v e v 0 v o s v e
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OrJTABJAEHHE

raTABA IX

BECKOHEYHDIE MPOU3BEAEHHA W HAPUIOKEHHA HX
K AHAJUTHYECKHUM <¢YHKIHAM

§ 1. DeckOHEUHBIE MPOHM3BEACHHA .+ o v & o v v o v o o 0 o o o o o«
1. Cxopsuuecs W DacXoAfUIHECH SecKOHeuHble MPCHIBEACHHS (265)
2. OcHoBHOl KPHTEpHii CXOZMMOCTH GECKOHEUHOTO MPOH3BeNeHHs (266),
3. MaoGpamenue ronomopduoil GYHKIHH B BHAEC OECKOHEYHOrO NpO~
napefenus (270).

§ 2, [lpusoXKenns GeCKOHEUHBIX NpousBefeHHdl K TeopuH UeIBIX byHKIuE
1. ®opmyaa Beiteprpacca (271). 2. Hsobpaxenue uenoit GyHKUHH B BUIS
Geckoneunoro mnpouasegenus (274). 3. Hsobpaxenne Mepom §¢H0ﬁ
OyHKUUH B BUAE OTHOWGHHA ABYX Heanix ¢yHkmpit (276). azava
Murrar-Jledpdaepa (277).

§ 8, Ofo0uieHne TeopeMbl eAHHCTBEHHOCTH aHaNMTHYeCKHX Qynkuué, . .
1. Bosmomuble OGOGHICHHS TeOpeMbl eJHHCTBEHHOCTH aHaJHTHYeCKHX
byukuuit (278). 2. Gopmyaa SIko6H u Hencena (279). 3. JoxasaTeabcTso
Teopembl efuHcTBenHocTH (281). 4. HepoaMoxkHOCTS Hasibnefiero 0606
IEeHHS TeopeMbl eIHHCTBEHHOCTH MJIf OrpaxHueHHbIX bynxuufi (282),

Vopakuerns K M. IX. o 4 o v v v 0 v v e o v e s st e e e

r17ABA X
AHAJIMTHYECKOE NPOXC/IHKEHHE
§ 1. IlpuHKHN  aHANHTHYECKOTO INPOROMKEHHS . . . . . . .+ 4 &

1. Tonsitne aHanuTHYecKoro npoao/kenus (285). 2, Iloustue TonHof
aHasuTHYecKoll GyHKIUH B cMbicie Beflepmrpacca (286). 3. Pacnpocrpa-
Henue OYHKUHH ZEHCTBHTE]bHOrO NEPEMEHHOTO HAa KOMMIJIEKCHYIO 06-
JlacTh N0 DPUHUHNY aBaJHUTHYECKOro mpogomxenus (290).

§ 2. TIDHMEDEL . . . . . o L . . e e e e e e e e e e e
1. MNpumepn opnosHaunbX ¢yukuuil (290), 2. ITpumephl MHOTO3HAYHBIX
$yuxnuit (291).

Yopamuesust K ML X 4 v v o v v v v s o s s s o o b e b s e e

FTITABA XI
3JIEMEHTBI TEOPHHU 3IJUIMNTUYECKHX SYHKUHA

§ I, O6ume cpoficTea sanunTHueckmx GyHKOWH . . . . L L. . . L.
1. Onpegenenne smaunruueckoil ¢ynxuuu (294). 2, INapamienorpammpt
nepuotos (295). 3. Ocuopuue Teopembl (296). 4. DmunruueckHe Gynk-
LUH BTOpOro nopsigka (301).

§ 2, Oyuruun Befiepmtpacca . ., . . . ., . . e e e s e e e s e
1, Jlemma (304). 2. Oyuxuuu o, § u § (304).

§ 3. Ilpocreltmne aHaluTHYeCKHE NPENCTABACHHS IIPOHSBOJIBHON SAIHI-
THYCCKOH OYHKIHH . . . . . . v v v v v h o v e v e e e e
1. TlpenctaBnenne aAAMNTHUECKOH (YHKUMH B BHIE CYMMBI IPOCTEHUIHX
snementoB (311). 2. [Ipepcrasnenne sanuntiyeckoil GyHKuuK B BUAE OT-
HOWIEHHS IPOM3BEJSHHH 3/eMeHTAapHHIX MHOXHTeqelt (313),
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NPEAUCJIOBHE K NATOMY H3JAHHIO

B nacroawem nzganuu Moeft KHurH «Bpeigenue B TeopHio GyHKIHA
KOMIJIEKCHOTO NePEMEHHOr0» YaCTHYHO nepepaGoTaH U JAOMNOJHEH TEKCT
npeaplAyIIero u3ganus. B stoft pabore npunuman yuactue A. M. Map-
KyIIeBKY, KOTOPOMY §1 BRIPAakaio rayO60Kyio 6/aroJapHoOCTb.

Hd. Ilpusaacs

NPEAUCIOBHE K LWECTOMY H3JAHHIO

CylecTBeHHBIM OTJIHYHMEM 3TOrO H3JAaHUA OT MPENBIAYUIETO $B-
JIleTCsl BKJIOUeHHE OTAeJbHOH raaBbl X1, NOCBAIIEHHOH H3JO0MKEHHIO
3JIEMEHTOB TEOPHH 3JJIUNTHYECKHX (yHKUUH.

H. Ipusasros

[pu moaroroBke neBsitoro usnanus A, M, MapkyueBud BHOBb-
NPOCMOTPEN BeCh TEKCT KHHI'H ¥ BHEC B HEro HeOGXOLHMBIE YTOYHE-
HHsl M TOHPABKH,

Tpunaguaroe u3ganue nevaraercs Ges M3MeHeHHH.
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Te onepanuu, KOTODhIE NPHXOANTCA PACCMATPHBATD B MaTeMa-
THKe, MOXIO Da3feJuTb Ha ]Ba KJjacca: npsmbie M oOparnnie. Tak,
JEHCTBHIO CJIOKEHHS COOTBEeTCTBYeT ofpaTHOe HelicTBHe -— BhlYuTa-
HHE, YMHOXKEHHIO — JeJI€HHe, BO3BEJEHHIO B LEIYI0 NOJOKUTeNb-
HYIO CTeneHb — H3BJeYeHHEe KOPHA.

ITpoussozns mefictBre CJAOKEHHs Haj ABYMS AKCEMH UEeABIMH TTOJ0-
JKUTEJbHEIMM YHCJAMH, MBI B PE3yJbTaTe 3TOr0 JAeHCTBHS OAYIHM
BCErZA YKCJO TAaKXKe leNioe NOoA0XKNTeNbHOe; JPYTHMH CJlOB2MM, OT-
DNpaBisiach OT HATYPaJdbHOIO PSAA YHCEA, MB C NOMOINLIO TiPAMOro
REHCTBHMS CJOXKEHMsi He BHXOAMM 3a npeienbl srore psjga. OOpaTHoe
JeficTBHE — BLIYUTAHKE — BLIBGAHT H&C 3a NOPeiesii COBOKYNHOCTH
HATYpaJbHBIX UKCeJ W CTAHOBWUTCS BCETAQ BLIOJIHUMBIM JHILbL NOCJ]e
NPHCOEJIMHEHUs K HATYPadbHOMY DPAAY HYJAS H HEABX OTpHIATeNb-
gnx uucen. Chaepyiouiee ofpartHoe peficrBue — zeseHue — Tpebyer
AJdst cBOEH BBIIOJHHMOCTH JaJbHelllero obo0enus MOHATUHS 4HCa,
KOTOpOE CcOBepluaeTcss NyTeM BBeleHHs Apobubix uwcen. COBOKyI-
HOCTh YHCeJ LeJBlX ¥ APOGHEIX, HA3HIBAEMBIX PAlOHAJbHHIMH uMC-
Jamu, OyleT 3aMKHYTOM 110 OTHOINEHHUIO K TTEPBHIM YEeTHIPEM OCHOBHLIM
JEHCTBUSIM aireGphi: CIOMKEHHIO, BBIUMTAHHIO, YMHOXKEHHUIO H Je/IeHNIO,
T. €. IPH BHINMOJHEHUH M1000TO U3 3THX JeHcTBMH Haja ABYMS JiCOBIME
pallnoHaJBHBIMH YHCTaMH (KPOME JieJIeH|st Ha HYJb) MH B pesyJibTaTte
noJiyuaeM 3/JeMEeHT TOH JXe COBOKYTIHOCTH -— YHCJIO PpauuoHajbHOE,
HakoHen, ofpatHoe neficTBie — M3BJIeUEHHE KOPHH — HaXKe B NPO-
cTefilneM ciayvae KBajipaTHOTO pajiuKasia JaeT HaM NPHUMEpH], ¢ OAROfA
CTOPOHBI, UHCes JeHCTBHTENbHHX, HO He PAllMCHAJBHBEIX, HA3hIBaeMbIX
MppauHOHanbHBIMH YHCAaMHM, a ¢ JApPYTroH CTOPOHBI, YHCesJ BHJAA
y;/—l, rae y obosHauaer JelicTBUTeabHOe uucao. Uucaa Buia
y1/~1, rie y — Jawo6oe JeficTBHTeNLHOE YHCJA0, He PaBHOe HYAIO,
HA3BIBAIOT 4UCMO MHUMBIMU.

Yie Ha NPUBEIEHHBIX NPHMEPAX BHAHO, YTO OODATHHIE ONEPaluK
HNPHUBOJAAT Hac K HEOOXOAHMOCTH NMOCTENEHHOI'G pacluipeHHs TOHSTHSA
uyncsa. Ecau mMu nepefineM k o6paTHoil onepaiuu, Gojee CJAOXKHOM,
HeXeJIH H3BJIeUeHHe KBaApPaTHOTO KOPHA, — pelleHHI0 KBaApaTHOro
ypaBHeHHsi Buja az? -+ bz + ¢ = 0, rae a, b ¥ ¢ cyThb AeHiCTBUTESBHLIE
.4HCAa, TO YBHAHM, UTO KOPHAMM ero OYAYT UHCAA BHAA X + y 1/—1,
Tje uepe3 x M y obo3HauYeHH uMcaa JaeficTBHTEALHHe. Takue uucaa
HaablBalOTCs1 Komnaekchoimu. B cayvae y = ( KOMIJEKCHOE 4MCIO
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ofpaluaerca B JeHCTBHTENBHOE, NPH Y 5= 0 OHO HA3HLIBAECTCS MHUMGIM,
anpu x =0, y# 0 oHO 6yzer 4 u cTO MHHMBIM. COBOKYIHOCTE
KOMIIJIEKCHBIX YHCEN COAEPKUT B cebe AeHcTBHTENBHBIE YHC/Ia U MIpes-
cTaBasier co6ol0 06/1acTb, 3aMKHYTYIO HO OTHOILEHHIO KO BCEM MaTe-
MaTH4YeCKHM onepaunaM. Tak, HanpHMmep, s anreGpbl H3BECTHO, UYTO
KODHAMH J1660T0 yDaBHEHuA N-H CTeNEHH ¢ KOMIVIEKCHBIMH KO3(du-
HHEHTAMH CJYKaT 4uCia KOMIJIEKCHBle, BO3MOXKHOCTD NpPOU3BOAUTH
BCE MaTeMaTHyeCKHe ONepauMKH B OOJaCTH KOMIJIEKCHBIX YHces, He
BHIXOAA 32 Npezensl 3TOH obaactH, B 3HAUMTENbHON CTENEHU Ompeje-
JisieT cO60I0 TO OFPOMHOE 3HaueHHe, KaKoe 9TH YHCJAa HMEWT B Marte-
MaTHKe.

B Hacrosaied kHure Mpl 6yieM 3aHHMATbCsl H3YUeHHEM CBOHCTB

GyHKUHI KOMIJIEKCHOIO NepeMeHHOro z = x + yy —1, rie x v y
CYTb AeHCTBHTe/IbHBIE HE3aBHCHMbIE NepeMeHHble. DYHKUHYI KOMIJIEKC-
HOTO NEPEMEHHOr0 HaXOAAT cefe MHOIOUNCAEHHbIE NIPHAOKEHNS, C Of-
HOH CTOPOHBI, B PA3JNYHLIX NPUKIAJHBIX MATEMATHYECKHX JUCLHIIJIH-
HaxX, KaK-TO! TeopeTHuecKas (PH3HKa, I'HAPOAHMHAMHKA, TEOPHS YIpy-
rocTH, HeGecHast MEXaHHKA, ¢ APYIOH CTOPOHBI, B Pa3/IHUHBIX OTAeJaX
YHCTOH MaTeMaTHKH, KakK-To: ajare6pa, aHaJUTHUECKas TEOPHA 4HCel],
AudepennuanpHble ypaBHeHHs H Ap. Kpome rtoro, teopus ¢yHKUHH
KOMIIJIEKCHOTO MePEeMEHHOTO NpeAcTaBJsieT cO00I0 JOTHUYECKH CTPOH-
HOe H FapMOHHYECKH CBA3HOE 31aHHe, H 3HAKOMCTBO C OCHOBHBIMHU BO-
npocaMu 3TOH TeopuM, GeccniopHo, siBAAETCH HeOOXOANMBIM dJeMeH-
TOM MaTeéMaTHYecKoro ofpasoBaHus.

Yro6B! OTMETHTH MOIIHOCTH METOJOB (PYHKIHHA KOMONEKCHOro Iepe-
MEHHOrO, fi OTPAaHHUyCh YyKa3aHHeM JHIIb Ha HEKOTOPHIE KPYIHBbiE
LOCTHIKEHHS, cleaHHble B 061acTH YHCTOH MaTeMaTHKH C NOMOWIBLIO
STHX METOLOB: TpyAHefimne npob/eMbl pacnpeleseHHs NPOCTHIX Y-
ceJ CTaBATCA B 3aBHCHMOCTb OT pacnpelesieHHsi HyJeH HeKOTOPOM
DYHKIUUH KOMIJIEKCHOIO NepeMenHoro; mpobiema Bapunra o6 nso6-
PaxKEeHUH BCSKOTO LEJOTO IMOJOXKHTENBHOTO YHC/AA B BHUE CYMMbI
OTpaHHYEHHOrO YHCJAAa JIOOLIX cTelleHell pelieHAa Ha OCHOBAHHH METO-
0B GYHKIMH KOMIIEKCHOTO IepPEMEHHOro; TpyAHelmaa npo6iema
HeOecHON MeXaHMKH, TAK HaspiBaeMas 3ajada <0 Tpex Tejax», B 00-
eM BHIE paspelieHa NYTeM NPHBASUCHHS METOLOB KOMIIEKCHOTO
ananusa. HakoHel, MOXHO yKasaTb MHOTOUYMCJ/IEHHBI€ NPHMEphbI U3
OCHOBHBIX OTHEJOB MAaTeMaTHKH, XOpOLIO 3HAKOMBIX UHTATeNIo,
G LeJbl0 MOTHBHDOBaTh TO FPOMafHOE 3HAYEHHE H TY MCKJIIOUHTENb-
HYIO POJib, KOTOPHIe CBOACTBEHHB! (PyHKIUAM KOMIUIEKCHOTO HEpeMeH-
HOTO.

OrpauuuuMcsl MpUBEJEHHEM JWOIb HEMHOTHX npuMepoB. Tak,
pesioKeHHe O TOM, YTO BCAKoe ajrebpaHyeckoe YDaBHEHHE HMEeT
o KpafiHeH Mepe ONMH KOMILIEKCHHH KOpeHb, ABJAETCS OCHOBHBIM
B airebpe. [lanee, H3 HHTErpaJpbHOrO HCUHCJIEHHS XOPOUIO H3BECTHO
0 3HAYEHHH, KaKOe MMEIOT KOMIIeKCHEIE WHCJIA NPH HHTErPHPOBAHUH
palHOHaAbHEIX GYHKUME W pelleHuH JHHEHHBIX AubdepennraNbHBIX
YpaBHEeHKI & NOCTOSHHBIME Kosddunuentamu, HeobGXoauMo Taxkxke



BBEJEHHE 13

yKa3aTh, UYTO MHOTHE BONMPOCH KJaCCHUECKOTG aHaau3da MNojaydniu

AiCHCe OuepTaHHe W HAULIH CBOE MOJHOE pellenue Jumb 6raroaaps

obpallleHHI0 K KOMIJIEKCHOMY ananusy. Tak, H3BECTHOE TOXKAECTBO

Stnepa e'* = cos X - { Sifl X TO3BOJHJO €My PpAaCKpHITh NapaJoKo

. Bepuyaan u Jleiifuuna, 3akno4aloliiicsa B CAEAYIOLEM.
3ameyasn, uTO

X
dx
arc’tgx:j———1 ol
0

1
1+ x2

pasnoxum apobe na npocrefimme apo6u 1);

N 1 1 )
14 x2 _Ti—(x—inx—i—i 4
¥, TPOHHTErpPHPOBaB, HaljeM:

X—1i

1
arctgx=71nm.

Tlonaras 3zecy x = 1, noayunm:

fad 1 1—i 1 1 —1i\2 1
arctgl = =g =g (+57) =g h(=h=
i 1 7
=—§t—ln(‘1)2=—871n1=0, T. €, '—Z‘=O.

Jfiep pacKpBWl 3TOT NapajoKe, NOKa3aB NepHOAHYHOCTh MOKasa-
TesNibHON QyHKuuy €2, JleficTBHTEIbHO, 8aMEHAA B TOXIecTBe DHiepa
X uepes - iz, NOJYYUM:

et = cos (—iz) 4+ isin (—i2) = cos iz — i sin iz, ()
3amenss B Hoc/eHEM paBeHCTBe z yepes z -} 2mi, umeem:
e2*2 == cos (iz — 2n) — i sin (iz — 2n) = cos iz — i sin iz = €% ¥),

T. €. GYHKIHS €% He MEeHsIeT CBOEI0 3HAUEHHS NIPH 3aMeHe 2 Ha 2 -+ 27,
HHBIMH CJOBaMH, 27t ecTb nepnof aToft dyHkuuu. Onpepenss Haty-
panbHbl JorapuM z = In @ 13 paBeHCTBA ¢ = W, Mbl BHAUM BCJeA-
CTBHE NEPHOAHUYHOCTH €%, YTO OlPeJeJeHHOMY 3HAUEHUIO @ COOTBET-
CTByeT OecuHCaeHHOE MHOXECTBO pAas3NHUHBIX 3HaveHull z = In w,
pasHsLIKXCs APYF OT Apyra Ha kpaTHoe 2%i. Eciu w > 0, 10 0AHO
3HayeHue z==1n w JelicTBUTENbHOE, BCE OCTAJNbHbLIE MHUMBIE; B CayHae

1) B nasbueiimem cumposiom i ofosnauaercst y —1.
2) 3Aech MHl BOCHOJb30BAJMCh REPHOAHUHOCTBIO CHHYCA M KOCHHYCZ OT KOM-
IJIEKCHOTO nepemen#oro, 1o Gyjner joxkasano B ra. II, § 4, o, 7,
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we w < 0 Bce 6e3 HCKAIOUeHHMs] 3HaUYeHHS 2 = Inw CyTb MHHMBIE.
Takum obpasom, Jorapupmudeckas (QyHKIHA e€cThb MHCrO3HauHas, H
napajoKc ucyesaeT, ecau npumem Inl = 2ni.

ToxectBo Diepa BCKPHIBA€T 3aBHCHMOCTD MEXAY (QYHKUHAMH
TPUFOHOMETPHUYECKOH H nokasatenbhofi. Manee, us gopmyan (1) sa-
MeHOH 2 Ha — Z NoJiy4aeM:

e% = ¢os iz + { sin iz, 2)
IlyteM ciokenusa u BuiuHTaHUA TOXAecTB (1) B (2) Haxomumi

et e & —e?

chz= 5 == C0S§ iz, $in 2 = ———— = —i sin iz,

4TO faeT BBIPAXKEHHA FUNepOONHIECKHX CHHYCA H KOCHHYCA 9epe3 TpH-
FOHOMeTPHYECKHe U, TAKHM 06pa3oM, MO3BOJIAET HOJYUHTb Bce (op-
MyJ sl rUnepboNHdecKOH TPHIOHOMETDHH, OTHpaBAsAAck OT dGopMmya
0ObIYHOH TPHTOHOMETPHH.

YkaxeM elle Ha OAMH (aKT H3 TEOPHH CTENEHHBIX PALOB, HONHOE
00bsiCHEHHE KOTOPOrO MOXKeT ObTb AAHO JIHLIb C TOYKH 3PeHHs (PYHK-
IHMA KOMIIEKCHOro mepemenHoro. Ms anasnnsa usBecTHO, yTO pasio-
KEeHHE

1
m =1 ~x2+x4—x6+ se e
MMeeT MeCTO JIHIIb NPH 3HAaUYeHHAX X, YAOBACTBOPAIOUIUX HEPABCHCTBY
| x| < 1. OcraBasicb B o6nacT AEHCTBUTENbHOTO [EPEMEHHOrO X, MBI
He B COCTOSIHUHH PAaCKpPHIThb CBA3K MeXAy NpHPONOH GYHKUNH H GaKTOM
CXOJMMOCTH U306parKkaiouero ee paja JHub NpH 3HaYeHHAX X, YAOB-
JNeTBOPAIOIHKX ycaoBuio —1 < x < +1. B camom pene, dpyHKuu#a

m onpejesieHa AJisi BCeX 3HAYeHUH X B NPOMEIKYTKE OT —oo A0

-+00, H 3HAYEHUS HE3ABHCHMOro nepemenHoro —! u 41 ne asastorcs
I Hee HCKAtouuTespHbMH, OTCiola Hesb3d MOHsITh, MOYEMY psaj
] —x% 4 x* — x% ... nepectaeT CXOAHTBCH NpPH 3HAUYEHHAX X,
yIOBJETBOPSIOMUX HepaBeHcTBaM X < —! H x =+ 1. Kapruna
3TOrO fIBJIeHUs, OHAKO, BIIOJIHE BLISICHSIETCSH, €C/IH PACCMATPHBATH €r0

. . 1
B KOMILJIEKCHOH 06/1acTH. ﬂeYICTBHTeJIbHO, 3HaAMCHATEAb }IpO6H T—-{—-Fz

obpaiuaeTcsi B HyJb NIPH X == --{, H CJIe[l0BaTe/bHO, 3TH [iBa 3HAYCHHUSA
HE33BHCHMOTO NIEDEMEHHOIO SIBJSIIOTCH OCOOBLIMHU A5t HailieH (yHKUKH.
Haobpaxast KOMIJIEKCHOE YHCJIO @ = a -+ b[ TOYKOH Ha IJIOCKOCTH
¢ KOOpAHHAaTaMM @ U b M 3aMeuasi, 9TO PACCTOSIHHS BHILIEOTMEYEHHBIX
0COOBIX TOYEK OT Haua/jla KOOPAMHAT PABHHL eMHHLE, MBI 3aK/iouaeM:
IaHHag (QYHKUMSA He HMeeT OCOOHX TOYEK BHYTPH KPYra ¢ LEHTPOM
B HayaJsle KOODAUHAT pajuyca eIUHHIA, B TO BpeMsl KaK Ha ero OKpYyx-
HOCTH MMeloTcA ocolble TOUKM 5TOH (YHKUMH., D10 06CTOSATENLCTBO,
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Kax pasiee o6HapyxuM, o0yCJAOBJIHBACT PACXOIMUMOCTL JABHOIO pARA
IJ8 3HAYEHMHU X, MOAYJb KOTOPHIX 60Jblle eLHHHIEL.

B 3arJioueHne HeCKOJBLKO CJIOB O IJIaHe HACTOALIero Kypca. B nmep-
BHIX TJ1aBaX Mbl 6YJe€M 3aHHMAThCS Pa3BHTHEM B KOMILIEKCHOH obaacTy
H3BECTHLIX M3 AEHCTBHTEILHOIO aHAJH3a OCHOBHHIX MOHATHH M onepa-
nMil, Kak-TO: Ipejedia, NPOM3BOAHON, HHTerpaja; TakuM o0pasom,
6yZeM CTPOHTb IO aHAJIOTHH ¢ AEHCTBHTENbHOH OGJMACTBIO aHAJUTHYE-
CKMI annapar A1s HccaefoBaHMs (QyHKIHE KOMIUIEKCHOTO NepeMeH-
noro. ITocTpouB 3T0T (PyHAAMEHT, Mbl IEPEMieM K BLISICHEHHIO OCHOB-
HBIX CBOHCTB KJjacca AnddepeHnHpyeMbiXx (GYHKUHE KOMIJIEKCHOTO
nepeMEeHHOr0, HashiBaeMBIX aHAJUTHUECKHMH, T. €. H3J0XKUM Hanbonee
BAXHBIE OTHE/B TEODHH TAKHX PyHKUMHE,



THABA I
KOMIMJIEKCHBIE YHCJIA

§ 1.KoMnaekcHbie yucjaa M AeRCTBUS HAJ HHMH

1. Tlonstue xomnaexcHoro uucaa. KoMuIeKCHBIM YHCAOM o HA3HI-
BAeTCA napa AeHCTBHTEbHBIX YHCEN ¢ U b, B3ATHIX B ONpEEJEHHOM
nopsiake: & = (a, b). Ecau b = 0, cOOTBETCTBYIOULYIO NADY MBI YCJ0-
BHMCS] KpaTKO 0603HauaTh yepes a, noaaras (a, 0) = a. Taxum o6pa-
30M, COBOKYIHOCTb BCeX NeHCTBHTEJNBHBIX YMCEJ SBJSIETCS 4YacThio
COBOKYIHOCTH BCEX KOMIMIEKCHBIX dmces., [loc/ie BBeNeHHS NOHATHA
KOMILIEKCHOTO 4HCJA KAaK INapel ACHCTBHTE/NBHBIX HHCEJ ONPEAeTHM
OCHOBHBIE ONEpanyM Haj STHMH YHCJaMH.

Tax Kak COBOKYNHOCTh BCeX JEHCTBHTENBHLIX UHCeN 5HBJSIETCH
YacThIO 00JacTH BCeX KOMIIEKCHBIX 4YHCE], TO HPH YCTaHOBJAEHHH
OCHOBILX apHpMeTHUECKHX ONepalnud HaJi KOMIVICKCHBIMH YHCJ/aMH
MBI IOJIXKHBI noTpeBoBarthb, 4T06bl STH Onepanuy, OyAyduH NpHMEHECHBL
K AeHCTBHTE/bHEIM UHCJIaM, [aBall B Pe3y/bTaTe Te Ke YHcJa, Kakde
NOJIYyYaloTcsl B apuH(MeTHKe AelCTBHTebHBIX yHcen. C apyro#t cro-
pOHBI, €CAH MBI XOTHM, 4TOOBI KOMIIJIEKCHBIC YHCJAa HMEJH YHHBEp-
CaJpHOE NPHMEHEHHE B BONPOCAX aHajnn3a, Mbl AOJMKHBI NOTpefoBaTh,
yTOOL BBOJMMbIE OCHOBHBIE OIEpPalMH HaJl HHUMH YAOBJETBOPAIH
OOBIYHBIM aKCHOMAM apH(METHKH NeHCTBHTENbHBIX UHCe.

2. CnoxeHne M yMHOMEHNE KOMILIEKCHBIX uHced. Croykenue ABYX
KOMIIEKCHBIX 4Hcea @ = (a, b), P = (¢, d) MBl onmpepenum ¢ mno-

MOILbIO DPaBCHCTB
a4+ p=1(4+c b4 d). (n
Ipumensis 310 onpejesenue K ABYM AeHCTBUTENLHEIM YHC/IaM 4 K C,

Hafiziem:
@ 0 -+ 0)=@+c 0)=a+tc
T. €. nepBoe TpeboBaHHe, HAKJIaJAbiBaeMOe HAMH Ha BBOJUMBIE ONepa-
WK, BBHIIOJHSETCS B OTHOUIEHHH CJIOXKEHHH.
YMHOXKEHHE JIBYX KOMIUIEKCHBIX uMcesa o U f onpeieium ¢ no-
MOIIBIO DAaBEHCTBA

ap = (ac — bd, ad + bc). (I7)

Sro onpenenenne, OYyAyUn NPUMEHUMO K ABYM AeHCTBHTEJbHLIM YHCe
Jaam a ¥ ¢, paet (@, 0) ¢, 0) = (ac, 0) = ac, T. e. AeficTBHE YMHOXE-
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HUSl He NPUBOANT K NPOTHBOPEUHIO C apUPMETHKOH ACHCTBHUTENBLHBIX
unces. [loabsysice onpenenenusmu (1) u (1), nerko nposeputhb, 4TO
onepaluy CJA0XKEeHHs U YMHOXKEHHST KOMIJIEKCHBIX YlICes MONYHHAOTCA
H3BECTHBIM [ATH 32KOHAM apH(MeTHKH:

1) kKoMMyTaTHBHOCTH caoxenus: o -+ f = f§ + o,

2) KOMMYTaTHBHOCTb YMHOXEHHA: ocf} = fa,

3) accouuatTurHOCTb caoxeHHs: o 4+ (B 4 v) = (@ + B) + v,

4) accoumaTuBHOCTH yMHOXeHUs: o (By) = (af) v,

5) aucTpuGYTHBHOCTD YMHOXKEHHS OTHOCHTEILHO CJOXKEHHAS

B+ y) =oap + ay.
Yurartesnio peKOMEHAYETCS NPOBEPUTh CNPaBeiJHBOCTb BCEX 3TUX 3a-
KOHOB B 06J1aCTH KOMIWIEKCHBIX uducel.

B onepauusx ¢ KOMIVIEKCHBIMH HHCJaMH ocOGYIO poJb Hrpaer
uncao, uzobpaxaemoe napo#t (0, 1) n obosnayaemoe Gykso#t i. Boas-
BOAS 3Ty Napy B KB3LpaT, YTO CBOAUTCS K YMHOJMKCHHIO €¢ Ha Camoe
cebs, nosyuaem B cuay onpeaenenus (II):

© DO )=(10=—

T.e. i* = —1, oTKyda Oeper cBoe Hauaqo o6osHauenne {==3 —I.
3aMeTHB 3TO, Mb! BCSIKOE€ KOMINIEKCHOE YHC/JIO MOXKEM 3allucaTb TakK:

a=(a, b)=(@ 0+ 0 b0 =1(@ 0+ ¢ 00 ) =a+ b,

T. €. 8CAKOe KOMMACKCHOe wucao o = (a, b) moocerm Ooime npedcma-
BAEHO 8 U2 CymmbL OeUCmBUMEAbHO20 HUCAQ & U HUCTO MHUMO20
yucaa bi.

llpuusATo Ha3bBaTh @ JAeUCTBUTENBHOH UacTbiO KOMIIEKCHOTO
upcta o B 0603HayaTh uepea R (@) (oT ¢paHuysckoro caosa reelle),
b — K03(pPHIUHEHTOM IPH MHUMOH YacTH uHcjia o ¥ 0603HAUUTh yepes
I (@) (or ¢pannysckoro ciosa imaginaire). OueBuaHO, ecau [ (o) =
= (), To KOMIJIEKCHO® 4HC/I0 o obpaliaercs B JeHCTBUTE/bHOE YHUCJIO,
ectt R (o) = 0 — B uucro MHUMOe. JIBa KOMIJIEKCHBIX uYMCJIa, MO
ONpe/leieHNIo, Ha3bIBAlOTCs PaBHBIMH, €CJAH PaBHBl MeXAYy cobof ux
JeRCTBUTENbHBIE YaCTH U PAaBHBI HX MHHMBIE YacTH.

JBa KOMIJIEKCHBIX YHCJA, HMEWOIHX OIHY M. Ty XK€ HepBYIO KOM-
MIOHEHTY, HO IIPOTHBONOJOKHBIE N0 3HAKY BTODHIE KOMIIOHEHTHI, Ha-
BBIBAIOTCS COMPANCHHbIMY W 06O3HAYAIOTCS TaK:

a=aqa-+ bi, a=a-—bi

Kak uacrublfi ciaydail pasencrsa (II) orMeruM 3aKOH yMHOMKeHHs
JBYX CONDSKEHHBIX 4uces -0 = @ -+ b%

B apudmernke mMonyseMm CJOMKeHHsl HA3BIBACTCS TaKOE UHCJO, OT
npubasieHHs KOTOPOro pe3yabTaT He MeHseTcs — uuciac 0; axano-
THYHO | ecTb MOAYJb YMHOXEHHH, T. €. UHCJIO, OT YMHOMEHHS HA
KOTODOE pe3y/nbTaT He MeHsiercst. [lokaxem, uTo B 06/1acTH BCEX KOM-
IIEKCHBIX YHCEJT HMEETCs OAMH MOAYJb CJAO0XEHHA — uHca0 O v oauH
MOAY/Ib YMHOXKEHHA — dncjo 1.
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JedficTBHTENIBHO, NYCTb O €CTh MOAYJb CHOXKEHHS, T. €.
o+ 6 =a, (1)

rie o — NPOH3BOJLHOE KOMIIeKcHOe uncao. [lokaxem, uro Takoe

upcsio & cywecrsyer W nputoM exuHcTBeHHOoe, ITpuGaBass K ofeuM

vacTaiM paBeHcTBa (1) uncio — a = o —1, moayanm: & = 0.
Ilycthb, nanee, € ecTb MOLYJb YMHOMKEHHS, T. €.

a-g=a, 2)
rge o == 0. YMHoMXas obe yacTdH paBeHCTBa (2) Ha uucio f =—a2_{;—b,—,
MONIYUHM: ‘

1 1 ~

m‘aﬂ'ﬁzw‘aa-
Tak rak @-a = o* -+ b® To orciopa caeayer: & = 1.

Ha ocnoBanuu onpepenenus (1) nponsmejeHne AByX KOMILIEKC-
HEIX YMCes eCcTb HYJb, €C/H XOT Obl OJHH H3 COMHOXHTeJeH paBeH
Hymo. CrnpaBefiiBo H 00PaTHOE NOJIOXKEHHE: ECAH IPOH3BEJEHHE ABY X
KOMIJIEKCHBIX UHCEJ PABHO HYJIO, TO O KpafiHel Mepe OfiMH W3 COMHO-

xuTeaeil ecTb HyAb. B camom gene, nycrb o § =0, a 7% 0. ¥YMHOXaA
a
ofe yacTH STOTO PABEHCTBA HA YHCJO ﬁ:m, noayunum: §=0,

3. BbluuTanue ¥ JeneHHe KOMIEKCHBIX uHcea. BriunTanue omnpe-
JeasieTcss Kak JeificTBhe, ofpaTHoe cJaoXeHHI0. PasHOCTbIO ABYX KOM-
NJEKCHHIX ynucea B = ¢ -+ di u @ = a -+ bi ME HasbBaeM, N0 OIpe-
JeJIEHHIO, YHCJIO 2z, VIOBJETBOPSIONIEE PABEHCTBY

o+ z=§. 3)

IlokaxesM, 4TO onepauMs BHYHTAHHS OJHO3HAYHO BHINOJHSETCA
B 061aCcTH KOMIJIEKCHEIX yHces. [IpnbaBuM K 06eHM 4acTaM paBEHCTBA
(3) uncio —a, NOAYYHM:

z=p+(—a)=Pf—a=c—a-t (d—0b)i
Haxonen, jesenne ectbh neficTBHe, o0paTHOe yMHOMKeHHIO. Tak,
NOZ CHMBOJIOM —;— (= 0) MBI, IO ONpeLeNeHNIO, IOHUMAEM YHCJIO Z,
YIOBJIETBOPSIOILEE PABEHCTBY

a-z=1 )
a o
VYwmuomxas obe gacTH paBeHcTBa (4) Ha uHca0 T baiem
-
T &y

Yacrhoe JABYX KOMIIJIEKCHEIX YHCEJ] ﬂ H o MBI 0603HaYBM yepes %’
nojaarasn

B 1
- =—=p
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VIrak, nenenue, 3a HCKIIOUEHHEM JeI€HIsi Ha HY/b, BCerAa M MpH-
TOM OJHO3HAYHO BBLINOJIHSETCH B 00JaCTH KOMILIEKCHBIX YHCEJ.
PaBencrBa :

(@—bi) + (¢ —di) = (a+¢)— b+ d) i,
(@ — bi) (¢ — di) = (ac — bd) — (ad + be) i,

Gyayun cpaptiens ¢ papecrBamu (1) u (II), noxkazsiBatoT, 9T0 €cau
B CYMME MK [IPOM3BEAECHHH ABYX KOMIIEKCHBIX YHCE]d 3aMeHHM cJja-
raemble UM COMHOMHTENH CONPSAKEHHBIMH MM UHC/IaMK, TO B Pe3yJib-
TaTe NOJYYUM YHC/a conpaKenHble. Tak Kak BHIUHTAHHE M JeJeHHE
ABAsIIOTCS AeHcTBHAMH, OOpPATHBIMHM MO OTHOIIEHHIO K CJOXKEHHIO H
YMHOMKEHHO, TO TO XKe 3aKJIOYeHHe CPaBe]IiBO U B OTHOLIEHHH 3THX
neitctBui, TakuM 06pa3oM, eC/AH KaXXAOMY KOMIIEKCHOMY YHCJY Mbl
NpUBE/IEM B COOTBETCTBHE €r0 COMPSXKEHHOE YKCI0, TO NOJNYyYHM OTO-
GpaskeHne CHCTEMBl BCEX KOMIWIEKCHBIX UHCen Ha camoe celsi ¢ TeM
CBOHCTBOM, 4TO YpaBHEHHS

atb=v a—Pp=v ab=v, L=v
OCTAIOTCS CNIPAaBeAJUBEIMH, €CJAH 3aMEHHTh BXOAAIIHE B HUX YHC/AA HM
conpsxeHHpMu. OTciofa, B 4aCTHOCTH, BBITEKAET, YTO BCAKOE PaBeH-
CTBO MEXK1y KOMILJEKCHBIMH YHC/IaMH, 00e 4aCTH KOTODOro COAEpKaT
JefiCTBUA CJIOMKEHHS, BHIUUTAHHA, YMHOXEHHSA U JeJleHHs, He Hapy-
lIaeTcs, ecaM Kax/[Aoe H3 KOMIJIEKCHBIX YHCe] 3aMEHHTb COMNDSXKEH-
HBIM C HHUM YHCJIOM.

§ 2. TeomerpHueckoe H300paxeHUe KOMMJIEKCHBIX 4HCe,
Teopembr 0 Moayae u aprymenre

1. TeoMerpuyeckoe u306paKeHHE KOMIJIEKCHBIX uHcea. Bcskoe
KOMIJIEKCHOE 4uC/0 o = (@, b) MBI MOXeM H300pakaTb KaK TOYKY Ha
IJIOCKOCTH ¢ KoopanHaramu a u b (puc. 1). Hnenoa
HAa3bIBAIOT adpukcom 5100 ToukH. B panpheiiem  §] o
Touky ¢ addukcom o Ml yacto Gysem 0603HA4aTh
uepes a. Il10CKOCTB, TOYKH KOTOpOH H306pa-

JKAIOT KOMIIEKCHBIE YHCJ/a, HA3bIBAIOT KOMILIEKC- I3
HOfi 4MC/OBOH mIocKocTbio. Hauwano koopaumar,
KOTOPOMY COOTBeTCTBYeT uucao 0, Ha3hlBalOT HY-

nesoit Toukoil. Ilpn TakoM wusobpaxkenun xomm- 0 a &
JIEKCHBIX gHces JeHCTBHTENbHbIC YHcja H300parka-
IOTCS TOYKaMH OCH abGcuice, TOUKH XK€ OCH OpAxHaT Puc, 1,

NpeACTaBasIOT YHCTO MHUMBIE gHcaa. [TostoMy och

abcuuce HassiBAlOT OelicmeumensHoll ocoto, OCb OPAMHAT — MHUMOM
ocbro. KoMmiekcHoe 4uC/IO of MOXKHO Takike H3o6paxaTh BEKTOPOM,
HayaJ0 KOTOPOI'O HAXOAMTCH B HYJ/eBOH TOYKE, a KOHEW -— B TOUKC &
(puc. 1). INpu TakoM H306paKeHHH KOMILJIEKCHOTNO YHCAA €ro JeHCcTBHU-



20 KOMITVIEKCHBIE HYMCJIA fra, 1

TeJbHas 9acTb a H Koa(duuueHT NPy MHAMOMH 4acTy b sBI1410TCSA NPOEK-
UHsAMH H306paxKaoUEro BeKTOpa Ha JEHCTBHTENbHYI0 U MHHMYIO OCH.
2, FeomMeTprueckoe HCTOJAKOBAHME CHOMEHHS H BHIYHTAHHMS KOM-
nJaexcHbX yBce, Urolhl AaTh reOMETPHUECKYIO HHTEPIPETALHIO CYyMMb
IBYX KOMIIEKCHBIX 4ices o W 5, NpelcTaBUM 3TH YHCJA B BHAE COOT-
BETCTBYIOUIMX BeKTOpoB. Torna cymma o -+ P #306pasuTCs BEKTOPOM,
KOMNOHEHTE KOTOPOFO PaBHBl CyMMaM COOTBETCTBYIOLUIMX KOMIOHEHT
BEKTOPOB o H f (COMJIZCHO ONpe/esIeHHIO CJI0KeHHA), T. €, UHcI0 & + B
npeCTABHTCS AHArOHAJbIO NapaJjJenorpaMma, IMOCTPOEHHOrO Ha Bek-

TOopax @ M f KaK cropoHax (pHc. 2).
Ji

@

f-@

. -
Puc. 2. Pue. 3.

3amerus, uto f — o = P -+ (—a), Mbl AOJKHBI CJOKHTL 110 Npa-
BHJIy napaJJjesorpamMma ABa Bextopa } H —o; B pesy/bTare Ioay-
YHTCS BEKTOp, H306pakalomuil pasHoctb f — a (puc. 3).

3. INousTHe 0 MoAyJe M aprymenTe. JIpexie yeM HaTh reOMeTpH-
yecKoe HCTOJKOBaHHe onepauuil yMHOXKEHHS M JeJIEHHsA, Mbl [103Ha-
KOMHMCA C NPENCTaBJNEHHEM KOMIIEKCHOTO YHCJa B TPHIOHOMETPH-
yeckoit gopme. PaccrosiHie r TOUKH @ OT HYJE€BOH TOYKH, T. €. AJHHA
pekTopa @, Oyner

r=v @+ r=yaa.

D10 10JOKUTENLHOE YHCJIO 7 HA3biBAeTCss M00YAeM KOMIJIEKCHOro
yyucesaa o M 00603HAYACTCS Yepes | & |; B c/iyyae AeHCTBHTEBHOIO YHCJa
@ MOZyJb, OUeBHIHO, COBNAAAET ¢ abCosoTHOl Besuunnon a. Uucaa,
MMelolLKe OJMH H TOT K€ MOAYJb r, H3obparkawTcs, OYEBHAHO, TOY-
KaMH OKPYKHOCTH pajHyca r C LEHTPOM B Hy’eBo# Touke. Uncio 0
¢CTb E€AHHCTBEHHOE KOMIIEKCHOE YHC/AC C MOAYJEM, PaBHBIM HYJIO.

HanpasJienne BeKTOpa 0. ONPEJCIAETCsA ¢ MOMOLIBIO YIJIa @ MeXy
NONOKUTEIbHBIM HanpabieHueM ocu Ox H HalpaBJIeHHEM 3TOTO
BEKTOpA; C/IeJ0BATEJbHO, ¢ H3006pazkaeT yros, Ha KOTOPBHIH HYXKHO
NIOBepHYTh NOJOKHTENbHOE Hanpasienue ocu Ox, 4ToObl OHO COBNANO
¢ HanpaB/JeHueM BEKTOpa &, CUHTAs 3TOT YroJ MOJOXKHTeNbHBIM, eCaH
BpalIeHKe COBEPIIAETCS NPOTHB YAaCOBOH CTPENIKH, H OTPHIATEIbHEIM—
B IPOTHBHOM CJydae. DTO YHCJIO ¢ HasBIBACTCH QpeyMEHMOM KOM-
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MJIEKCHOTO uuc/aa o U ofo3HauaeTcs yepes arg o (puc. 4). OueBuHO,
410
b
tg P = T .

JJs Kaxporo uHcja o ero apryMeHt @ umeer OGeCKOHeYHOe MHO-
JKECTBO 3HAYeHLH, OTJIMUAIILHXCS APYr OT APYra Ha KpaTHoe 2m.
Yucao 0 ecTb €IUHCTBEHHOE KOMILIEKCHOE y @
4HCJ0, apryMedT KOTOPOrO HeomlpejeseH- r
b, Tak Kaxk r B @ ABAAIOTCH [10JI5 PHBIMH b
KOOPAHHATAMH TOYKH @& == (@, ), TO uMeeM:
a =rcos ¢, b=rsin ¢, u, cJeIOBATENbLHO,

o == r (cos @ ~+ i sin @).

2
7] a &
Puc, 4.

Ora dopMa KOMIJIEKCHOTO YHC/JIa HOCHT Ha3BaHHE TPHTOHOMETpHYEe-
CKOIl.

4. Teopempt 0 mopyne H aprymenTe. CocTasJisisl Mpou3BeAcHHe ABYX
KOMIJIEKCHBIX 4HCes

a=r(coso-ising), P =p(cosy 4+ isiny),
AOJyYHM:
af = rp (cos @ 4~ i sin @) (cosy -+ i sinp) =
= rp [cos (p -+ 1p) -+ isin (@ )],
Orciona 3axnodaem:
|l =lal-|B] 6
arg () = arg o+ arg b,
T. €. MOOYAb RpOU38e0eHUA O8YX KOMNAEKCHBIX HUCEA PaseH npoussede-
HUWw ux modyrell, apeymeHm npousseOeHus O8YX KOMNACKCHbIX HUCEA
PaBeH. CYMME QPIYMEHINO08 COMHOMCUMEneti.

[Tonbaysick BeKTOpPaMH A8 H300paXkeHHs KOMILJIEKCHBIX YHCeT,
MOJKHO CKa3aTbh, UTO BEKTOP NPON3BeeHuA af mojyuaercs U3 BEKTOpa
MHOKHMOTI0 o NYTEM 11080p0MmaQ NOCJEAHEr0 Ha yroa arg P u pacmsoce-
#us B | B | pas. B uactHoM cayuae, xorga | B | = 1, yMHOXKeHHe CBO-
JUTCA K [IPOCTOMY IOBOPOTY: TAaK, HaNpHMEp, YMHOXKEHHIO Ha [ COOT-
BeTCTBYeT noBopoT Ha 90°, a yMHOXkeHu1o Ha —1 — nosopor Ha 180°,
B cayuae, korga arg fp == 0 (f — umHcaO NOJOKUTENbHOE), YMHOXKe-
HHE CBOIOMTCH K OJAHOMY JIHIIb PACTAKEHUIO.

Papencrea (5) Jerko pacnpocTpaHsloTcst Ha caydail npoussene-
HHA afy ... A NPOH3BOJBLHOIO UHCJA KOMIIEKCHBIX COMHOMKHTENEH,
J7st TaKOTO HpPOM3BEAEHUs UMEIOT MECTO PaBEHCTBa

|y ooe dl=lal-|B]-[v]---]l,
arg(@Bser M) =arga fargp -+ .. -}-argh,
H, B YACTHOCTH, €C/1M BCE COMHOMKUTE/H PAaBHLI MMy COOOH,
Jat | =|al?, arg (a") = n argo. 6)
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PapencTsa (6) BEIpa:XaioT TakK HasbBaemyo gropmyry Myaspa:
fr (cos @ ~ i sin @)I* = r" (cos ne -+ i sin ngy). 6")

» . n ,—
[onaras & = r (cos @ -+ i sin ¢), MBI ONpeRESNM /0 KAK KOMIJIeXc-
HO® UycJI0, KOTOpoe, OYAYyul BO3BEACHO B CTENEHb A, PaBHO &. Monysb

n -
STOTr0 YuCAd, OYeBHAHO, ByleT paBen )/ r, apryMenT e GyleT paBeH

2
-—“H; ’m, rne k — awoboe nenoe uucao. asas k snasenus 0, I, 2, ...

..., B — 1, IONYyYuM 7 PE3MUHBIX 3HAUEHWH apTyMEHTa BHIPaXKeHUS

n,— n - o
Y a; caenoBarenbro, ) o HMEET 7 PasiHUHBIX SHAUEHMHl COTJIACHO
topmy.se

Va =17 (cos LEEY 4 isin 2F25N (0,1, 9, ..., n—1).
n n
(6"

-3 n -
Teomerpuueckn 3TH n 3HaueHuNl BbipakeHns 1/ &, oueBHAHO, H306pa-
88TCA BEPIUHHAMH HEKOTOPOrC IPAaBHJIBHOTO A-YIOJbHHKAE, BNHCAH-

P
HOTO B OKPY¥KHOCTb, C LIEHTPOM B HYJ€BO# Touke, pamuyca V.
3aMeruB, 4TO N0 ONpPEJEJEHHIO YaCTHOrO

=L.0 @0,

HaxoauMm u3 (5):

[B] :l%]-]a] " argB:arg(%—)—}-arga,
OTKY A3
= g

T. €. M00YAb HACMHOZ0 O8YX KOMMACKCHOIX YUCEA PQBEH HOCMHOMY UX
nodyared, u

arg (%) =arg f — argae, 8

T. €. QPSYMEHM HACMHO20 O8YX KOMNAEKCHOIX HUCEA pageH pasHoCcmu
apeymenmog 0eaumozo u Geaumens.

U3 puc. 2 Mbl ycmaTpuBaeM, uto Molyas cymmer Oeyx KomnaexcHoix
qUCeA MEHbUie UAU PABeH CYyMme moOyaell caqeaemolx, TaK KaK B Tpe-
YTONbHUKe Jio6ast CTOPOHZ MeHbIe CYMMH JABYX APYTHX CTOPOH
{3HaK paBeHCTBA MOXeT ObThb B CJy4Yae, KOTia TPeyrojbHHK obpa-
IaeTcss B OTPE30K):

la+Bl<lal+]BI ®)

M3 puc. 3 MBI BUIHM, 9TO pasHOCTh B — ¢ OBYX KOMIUIEKCHBIX UH-
cesl MOXeT OBITh H300parkeHa BEKTOPOM, Hayano KOTOPOro HAXOAHTCS
B TOYUKE & W KOHell B TOYKe P, TaK KaK TaKOI BeKTOD SKBHBAJCHTEH
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BEKTOPY € HAyajioM B HyJIeBOH TOUKe K KOHIOM B Touke B — a. Cre-
JOBaTeNbHO, M00yAb pasHocmu P — o pasen paCccmosHun Mexcdy
moukamu o u P; Oasee, moOyarb pasHocmu 08Yyx KOMAAEKCHBIX HUCeA
Goabue uaw pasen pasHocmu ux modyieli:

|IB—al=[B{—a| (10)

Tak Kak B Tpeyroasrike Oaf (puc. 3) cropona aff Goablie pasHOCTH
JBYX ZpYTHX CTOPOH (PaBEHCTBO MOXKeT ObITh B C/1ydae, €CAH TPEyrodb-
HUK o0paliaeTcsi B OTPe30K). '

1
5. FeomeTpuueckoe H300paKeHHEe HHCAA - ITokaxeMm, Kak H3

1 o
TOYKH O MOXKHO NOJYUHUTH TOUKY o C srolt neapio [IOCTPOHM CHauaJgaa
1

TOYKY, H306paapilylo uHclo fH = = r
TaK Kak “3':’117]' wir |al|fl=1 =u
arg p = —arg & = arg &, T0 TOYKa P no-

JAYYaeTcsi M3 TOYKH O INyTeM NpHMEHEHHS
npeoGpasOBalus  UHEEPCUU,  COCTOSAILErO
B caenywuem; Ha Jayde Oo  OTBICKHBaeM

Touky P Ha paccrosingu or O, paBHOM l_LLT'
Eciu |a] < 1, To 310 DOCTpoEHHE MOMKHO Puc, 5,
BHIIONIHUT, Tak. OnHcbBasi H3 HYJEBOH

TOYKH KakK IEeHTPa OKPYXKHOCTb pajuyca

eIMHUIA, COEeLHHsEM NPAMOIl JMHHEH ee LEHTP € TOYKOH & M Boc-
CTaBJsieM B 3TOH TOUKE NEPNeHJUKYJSP K NPOBEJEHHOH npsiMoi
JI0 nepecegeHHs B TOUKe 7 ¢ OKPY:KHOCTBIO; NPOBOAS, HAKOHel, Kaca-
TeNBbHYIO K OKPYXKHOCTH B Touke T, NOJIyYHM B NEPECCUEHHH €€ C NPsi-
Mofi O uckoMyio Touky P (puc. 5).

Hefictutensro, 3 Tpeyroasuuka OTP (puc. 5) HaxoAUM: i?— =
1 o
=TT WM la]-[B] = 1; ¢ npyroft CTOpOHBI, OYEBHAHO, HMEEMI
arg f = arg a.

Takue aBe TOukH @  f HA3LIBAIOT B3AHMHO CMMMETPHUYHBIMH OTHO-
CHTEJbHO OKPYKHOCTH C IEHTPOM B HYJIeBOH TOUKe pajuyca einnuunal),

3ameruB, zasee, 4TO 7=B, MB! JOJI2KHBI BBIIOJHHTL CHMMeTpHYe-

ckoe orofpaxeHHe TOYKH [} OTHOCHTeJbHO JeHCTBUTENBHOH ocH,
1

9TOOBI NOJIYYHTb HCKOMYIO TOUKY —- (puc. 5).

1) Bepa OKpy:XHOCTB ¢ LEHTPOM B HyJieBOH Touke pajdayca R H BHIIOJHAR
2
T0 Xe NOCTpoeHHe, MHE NOJYUHM H3 TOUKH ¢ TOUKy f =

Tourn o u [} HAsHBAOTCA 63AUMHO CuMMEMPUUHELMIL OTHOCHTENBHO YIOMA«
HYTOH OKPYIKHOCTH.
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6. I'eomeTpHuecKoe NOCTPOEHHE MPOU3BEXEHHA H HaCTHOTO KOM-
NACKCHBIX uucena. PaccmorpuM lecTb KOMOJIEKCHHIX 4ucen a, o', a”,
B, B’ B, cBsI3aHHEIX YCJOBHEM

all —_ a 5// —_ ﬁ

o — o :5'__5' (ll)

Uncna @, o', a0” ciyxaT BeplUHHAMH OLHOTO TPEYTOJbHHKA; YHCAa
B, B, B” ABasiorcs BeplUMHAMH APYLOro TPEyroJbHMKa (pHc. 6).

Yenosue (11) Bripaxaer Tor $akT, 4TO 3TH ABa TPeyroJbHHKA MO~
noGunl mexy coG0H M OLHHAKOBO pacrnosioxkeHsl. JledcTBHTENBHO,

o u3 ycjoeus (11) crenyer, eciin Mbl BeIYTEM 110 1
i3 ero obeux vacreit:
0’4” - a, Bl/ . ﬂ'

CErE

ﬁl
e / / [lepexops K mMoayaaM [OJNyYHM CJERYyIOilee
COOTHOHIEHHUE!

/ ’CF icc”——a[:lon'—oc]:loc"——oc” =

| = | — Bl 1B —Bl: 1B — B,

/;,, 5,,”%» T. €. CTOPOHBI TpEyToJbH¥KA aa’e” npomop-
HHOHANBHBl COOTBETCTBYIOIUM CTOPOHAaM Tpe-
Puc. 6. yronpEHKa PBR'P’, uro nokasbiBaer mnmogobue

TPeyroabHuKoB. JlokaxeMm Tenepp, YTO HallH
TPEYTOIbIHKH OJHHAKOBO PACIIONOXMEHBI, T. €. €CJH yroj 0puU Bep-
IiHEE © B TPEYroapHHKe ao’a” OTCUHTHBAaETCS OT CTOPOHBI &2’ K CTO-
poHe at” NO HANPAaBJEHWIO YaCOBOH CTPenKH (MAH TpPOTHB Halpas-
JIEHHS YacOBOH CTpeJKH), TO M YroJ TpH BepuiHHe § B Tpeyrojb-
nuke PP’P” orcyurpiBaercs or croponst BB’ K cropoHe BB” B TOM Me
nanpasaenud. HdeficTBuTeanHo, us yeaosus (11) caeayer:

arg (@" — @) — arg (@’ — @) = arg (" — B) — arg (B" — ).

Ho nesas wacte nzoOpaxaer no BeJMYHHE H HANPaBIEHHIO YIoa HpH
BepHIHHE & B TPEyTOJbHHKE ao’e”, OTCUMTHIBaeMEIH OT CTOPOHBI oo’
K CTOpOHe ae”, a paBas 9acTh M306Gpaskaer TaKiKe IO BeJIHYHHE U Ha-
NpaBJeHHIo yroJ Npu Bepiuune § B Tpeyroabauke BBP", orcunthiBae-
Meifl oT cropount BB’ k cropore PB”. M3 sroro paBeHctBa u caepyer
Hame YTBepIKICHUE. _

Ecau u3 Touex o, @', a”, B, B’, p” nauwl, HanpuMmep, NepBbie NATH
TOYEK, TO JIErKO MOCTPOHTh IMIECTYIO:

"__ . o - ‘
pr=F+ @ —P s (1)
Jlasi sT0ro HeOGXOAMMO MOCTPOUTh TpeyroanHuk PP’R” ¢ HaHHON cTO-
pono#t Bf’, KoTophill Gbi1 GBI MOAOGEH M OAMHAKOBO PACHONOXKEH € TPes
yroJbHHKOM aa’a”,
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Ilpunumag, B uwacriocth, f =0, @ =0, o’ = 1, Mul NTONYUHM
nocrpocHie nponssefenus P-a’, a BuGopy =0, p' =1, a =0

”

e/
6}’}16’1‘ COOTBETCTBOBATL MNOCTPOCHHE YHacTHOTO o

§ 3. Hpexaeant

1. OcHOBHOIN NPHHUMN TEOPHH NPENEJOB. Ilocjge TOro Kaxk Mol
BBE/IH MOHSITHE KOMIUIEKCHOTO UHcJa H ONPEAeJqH]H OCHOBHBiE
anreOpanyecKue ONEpauuH s KOMIJIEKCHBIX UYHCEJ, Mbl AOJIKHBL
3aHATBCA PACCMOTPEHHEM OCHOBHOH ONepallid aHaJu3a GeCKOHeYHO
MaJlbIX — MEePeXONa K npefesly B KOMIIEKCHO! ofnactu. Bea teopus
HpeaesioB NEHCTBUTENBHEIX QHCEJ MOXKET OBITh MOCTPOEHA Ha OLHOM
npuHuMne, KOTOpbIA B CBOEH reoMeTPHUeCKOH (opMe BHIpaXkaerca
TaKUM 0B6pasoM.

Ilycts pana Ha uMcAOBOH NpsAMOM NOCNEAOBATENBHOCTL OTPE3KOB
{3, ioy vy Ipy <., H3 KOTOPBHIX KaKABIH COAEPIKUT CAEAYIOWHE, H
nycTb AJMHBL 3THX OTPE3KOB CTpe-
MATCS K HYJIO IPU HEOTPAaHHYEHHOM
Bo3pacTanun Homepa n. Cywecmsyem ¥ .
O00H@ u mosbKO odna mouka, Ko- e
mopas  npuHaosexcum  ecem  om-
peskar Oannotl nocaedosamenvrocmu el N
(puc. 7). b

3aMeTHM, 9YTO JABE pasJHyHbHe I
TOYKH § ¥ §’ HE MOTYT [IPUHALJIENKATD a

| S

- L
* L g
a, s a s I 7 &

Pae, 7. Puc. 8,

BCEM OTDEe3KaM: LEACTBHTEBHO, B NPOTHBHOM CAYyYae IJHHBI BCEX
OTPE3KOB i, OblIH Obl He MeHbLlE NOJIOKHTENDHOTO PACCTOAHUS MEKAY
TOUKAMH §  §', YTO HEBOBMONKHO, TaK KakK C HEOrPaHHYEHHBLIM BO3pac-
TaHHeM 7 IJIHHA OTpesKa i, CTpeMUTC K HyJ0. CAEA0BATeNIbHO, ABYX
TOUeK, OGLIHX BCEM OTPe3KaM Hallell MOC/Ief0BaTeNbHOCTH, CYLECTBO-
BaTb HE MOKET, CYIIECTBOBaHNE e OLHOH TAKOH TOUKH AOKAa3LIBAETCH
B TCODUM HPPAaLHOHAAbHBIX YHCel. DTOT NPHHUMI BHIPAXKAET CBOMH-
CTBO HENPEPHIBHOCTH HUCAOBOH NPAMOM.

DTOT NPHHUMI JErKO pacupoCTpaHAeTcs Ha Cydail KOMIUIEKCHOH
YUCIOBOK NIocKOCTH. TlycTh HaHa Ha MIOCKOCTH NOCAEXOBATENbHOCTD
UPSAMOYTONbHUKOB £y, Isy ..., Iy, ... CO CTOPOHAMH, NapajiiesbHBIMHA
OCAM KOODAHHAT, H3 KOTOPHIX KaxKABIH CONPKUT CEAYIOHII, H NTYCTh
JAHaronaib NpAMOYTONbHUKA I, CTPEMHTCH K HYJIO IPH HEOTPaHHYEeH-
BOM BoOspactaHun Homepa n (puc. 8). Cyuwecmeyent eOuncmeennas
mouKa, NpuUHadAeIAUAR 6CeM NPAMOYSOLLHUKAM OQHHOU nocaedosa-
meabrocmu,
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Jlns nokaszarensCrBa 9TOro NPpHHLUNA PACCMOTPHM NPOEKUMH BCEX
OPSAMOYTOJNIbHUKOB £, Ha NEHCTBUTEJNbHYW M MHUMYIO ocu. Ha pnefict-
BUTE/AbHON OCH MBI NOJYYUM MOCAEA0BATENLHOCTD OTPE3KOB iy, ig, ...

vees Iny .., U3 KOTOPBIX KaXIBIH OTPE30K COREPIKHT CJaelylomuil;
Ha MHHMOH OCH MBI TaK¥e MOJVYUM IMOCAEA0BATCJbHOCTb OTPE3KOB
Jur fa» ++ey fny ».. TAKHX, UTO KAXKIABIH OTPE3OK CONEPIKUT CJELYIOULHH.

Tak kakK 0O YC/IOBHIO AMAaroHalb NPSMOYTOJbHHKA f, CTPEMHUTCS
K HYJIO NPH HEOTPAHHYEHHOM BO3PACTaHUH £, TO JAJIHHLI OTPE3KOB i,
H f, ROJNKHBI TaK2ke CTPeMUThCA K HYJ/I0. [1o BieyIOMAHYTOMY NPHH-
LHUNy Ha AeHACTBHTE/IbHOH OCH CyHIECTBYeT OfHa TO4YKa a¥, npuhHauie-
JKaiasi BCEM OTPE3KaM i,; M0 TOMY ke NPHHIHIY Ha MHUMOH OCH Cy-
IecTBYeT eflHHCTBEHHAS TOoUKa b*, npHHaJ/exallas BCeM OTPE3KaM jn.
Ouepuino, TOUKa IJIOCKOCTH ¢ KOOpAHHaTamu a¥, b* mpunagiexuT
BCeM INPAMOYTOJIbHUKAM Iy,

Takas TOuKa eCTb €AMHCTBEHHas, T. e, He MOXeT CYIIeCcTBOBAaTh
JBYX PpasJUuYHBIX TOYEK, APHHAMICKAIIHX BCeM NPAMOYTroJbHHKAM
r,. JeficTBHTENILHO, PACCTOSIHHE MEXAY 3THMH TOYKaMH OblIo OBl He
6o/ble AMaroHaay NPSAMOYIOJbHHKA r,, YTO HEBO3MOJKHO, TaK KaK
M0 YCJOBHIO 5Ta MOCAEAHSS CTPEMHTCA K HYJ/IO IPH HeOrpaHHYCHHOM
BO3paCTaHUM A.

STOT NPUHIHI Mbl IOJIOXKHUM B OCHOBY TEOPHH NIPeZEeOB KOMIJIEKC-
HBIX 4HceJsI,

2. MousaTHe npeaesbBoit TOukM. [IycThb uMeeM GeCKOHEUHYIO MO-
€J1e/l0BATeJIBHOCTE KOMILIEKCHBIX 4HCeJ

21y 29y eeey Zpy eee (12)

Mpl Ha30BeM YHCIO 2z npedeabHbiM 4UCAOM BJisi RAaHHOH [OCjef0oBaTelb-
nocty (12), ecin OHO YAOBAETBOPAET YCJOBHIO! npu AOOM nOAOKCU-
MEALHOM CKOAb Y200HO MQAOM € HepaseHcmso
|z — 2z, | < e sonoansemes 0as  GecKOHeuHO20
MHOJCECMBA  HAMYPANGHUIX — qucer n, DTOMY
onpeneNeHHIo NpeleJbHOr0 KOMIJIEKCHOTO YuCaa
MOKHO IPHLATh FeOMETPHUECKYIO (OpMY, eciu
YHCAA Zy, 23, -«.y Zny ..., 2 PACCMATPHUBATE KaK
TOYKU 9HCJIOBOH MJIOCKOCTH. Dynem HaswkiBaTh
JIIOG0H KPYyT € LEHTPOM B TOUKE Z OKPECIHOCITbIO
9TOH TOUKH. 3aMeTHB, 4TO |2 — 2, | ecTh paccros-
HHE MEXJAY TOYKaMH 2 U 2,, MBI CKaXkeM, 4TO
mouka zecmo npedeavran mouka 042 nocaedosa-
MENBHOCINU  MOYEK 2y, 2y, ..., Zp, ..., ECAL 8 CKOAb Y2o0HO marott
OKPECMHOCMU MOYKU 2 Aexcam mouku, usobpascarowjue OecKOHedHoe
MHONCECMB0  4Aaer08 Oarnroli nocaedosamensvrnocmu (12). Jpyrumu
C/10BaMH, OKOJO NpeleabHOH TOYKH 2z obpa3yercsi CryCcTOK TOYEK H3
NOC/ICOBATEJBHOCTH 2, 23y ..., Zn, ... (PHC. 9).

[Tpumewanue, Yucna nocnenoparebuocTd (12), paBHBE MEKIY CcOGOIO,

u300pakaloTcs OAHOH M TOM JKe TOuKoil, HasuiBaeMmol xpamnoi,Toukolt, KpatHocts
TOYKA DPaBHA YUCAY PaBHEIX UHCEJ, H300paxeHueM KOTOPBIX OHA ABJAFETCA; B HacTs

Puc, 9,
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HOCTH, KPATHOCTb TOUKM MOJKET OKa3aTbCsi GECKOHEUHOH, €CM CPelH uMcen JaHHOH
NOCAELOBATE bEOCTH HMEETCS GEeCKCHEUHOe MHOMKECTBO PAaBHBIX MexAy cobol. Kaxnas
TOYKa CUMTAeTCS 3@ CTOJNbKO TOUEK, KAKOBA €€ KPaTHoCTb. Tak, Hanmpumep, nocheno-

BaTeJbHOCTH TOuek 1, 0, 3, 0, 5, 0, 7, ..., umeeT €NACTBEHHYIO NPEAeNbHYI0 TOUKY 0.
MoxeT CAyyHThCH, YTO NOCIEAO0BATENbHOLTL TOYEK HE MMEET MPELETbHON TOUKH,
Kax, Hanpumep, nocaefoBaTeasdocts 1, 2, 3, ..., n, ... BuBawoT cayuam, Koraa

TIOCHIE0BATEILHOCT HMEET HeCKOJbKO TpEAe]bHHX TOueK, KaK, Hampumep, nocie-
popatenbnocTs 1, 1/2, 1/3, 2/3, 1/4, 3/4, 1/5, 4/5, ..., RoTopast umMeeT jABe Tpe-
neapybie Toukyu: 0 ¥ 1, npHueM neppas TOUKA He NPHHAAJIENUT NOCIENOBATEAbHOCTH,
BTOpas e eCTh 3JeMeRT MOCAENOBATENBHOCTH,

3. OrpaHuueHHblE ¥ HeOrpaHHueHHBIE MOCAEJOBATENLHOCTH KOMMN-
AEKCHHIX umuced. [Ipumep nocaefoBateqbHocTH 1, 2, 3, ..., 71, .y
He uMeioHlell npenesbHOH TOYKH, Xapak- Y
TEPEH TEM, YTO TOUKH 3TOH TOC/AE0Ba-

TeJNBbHOCTH YXOAAT B OecKOHedHOCTh. MHI y
6yleM  HashlBaThb  110CJ€J0BaTeNbHOCTD
KOMIJIEKCHBIX YHCEN O2PUHUMERHOL, €CTH
MOJAYJIH BCceX unces STOH NOCJSAOBaTENb- 7 7
HOCTH OCTAIOTCS MEHblIE HEKOTOpPOro IIo-
JOXKHTENLBOIO uncaa M: 2,

L2, | <M.

B nporuBHOM caydae nocJeNOBaTesb-
HOCTb 4MCEJ HOCHT Ha3BaHHE HeOepanu- Pac. 10.
ueHHOU, 3aMeTuM, 4TO B cJyyae Orpagu-
YeHHOH NOCJEN0BaTeIbHOCTH TOYEK CYIIECTBYET KPYI ¢ LIEHTPOM B HY-
J1eBO# TOYKE AOCTATOUHO OOJBINOTC NMOCTOSHHOTO pazuyca M, BHYTDH
KOTOpOTO JIeXKaT BCe TOUKHM JaHHOH nociepoBarefbHocTH (puc. 10).
HeorpanuueHnsasi 1moc/iefoBaTENbHOCTL TOUEK, KaK MBI BHAEJH Ha
NpHUMEpE, MOXKET HE HMETh NpelesbHOH TOUuKH. J1oro o6CcTosTe1LCTBa
He MOKEeT INPEeACTABHTBCS B CJydae OTPAHHUEHHOH NOC/JeXOBaTelNb-
HOCTH TOYeK, KaK 3TO cJiefyeT 13 TeopeMH Boapuaio—BeliepTpacca.
4. Teopema Boasuano—Beiiepwurpacca. Beakas Geckoneunas oepa-
HUHEHHAS NOCAEO0BAMEALHOCTL MOYeK UMeem N0 Kpalinet Mepe COHY
npedesvryo mouky. DTO HOJOXKEHHE TEOPMY IpPENeJOB MHl JIOKaXKeM,
BOCIIOJIb3OBABIUNCH BHIHIEYCTAHOBJAEHHBIM [NPUHIUIIOM BJOMKEHHBIX
npaAMOYroJibHUKOB (1. 1).
IlycTs nMeeM OrpaHHMYEHHYIO NOCAEJOBAaTENbHOCTh TOUEK

21 Zay eery Zny ees (12)

Bce Touku 310l NOCNENOBATENBHOCTH JIEXKAT BHYTPH HEKOTOPOTO
NPAMOYTONbHUKA ry CO CTOPOHAMH, Napall/ie/ibHbIMH OCHM KOODAHHAT.
Paszennp cTOPOHB! NPSIMOYIOJbHUKA 7; NONOJAM H COEAHHASR cepe-
JMHB HPOTHBONOJIOXHBIX CTOPOH, MBI Pa3o0beM NPSIMOYTOJIBHHK Iy
Ha 4YeTbipe KOHTPYIHTHHIX NpsmoyroasHuka (puc. 11}, Cpenu stax
YETHIPEX NPAMOYTOJbHNKOB HMeeTcsl No Kpaifinefl Mepe OfuH, COfep-
HKaumui GeCKOHEYHOe MHOMKECTBO TOUeK JAHHOH NGC/IeROBAaTeAbHOCTH
(12), Tak Kak B NPOTHBHOM CJyyae B NPSMOYIOJbHHKe ry ObIO OH
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KOHEUHOe 4HCJIO TOueK nochepoBatenbhoctd (12). Hasosem stot mpa-
MOYTOJIbHHK f; W DasjeluM €ro CHOBa TeM ke crmocofom Ha HeTslpe
KOHTDYSHTHBIX NpsMoyToJbHuKa. [lo Kpalined mepe B OAHOM H3 HHX,
HA30BEM €r0 ry, OyJeT CHOBa JiexkaT OeckOHedHOe MIOXKeCTBO TOYeK
AaHHOH nocJegoBatenbHocTH (12). CHOBa pasziesnB ero Ha deTnipe
KOHTPY3HTHBIX NPAMOYTOJbHHKA, HalileM HOBbix NPAMOYTONBHHK 7y
H 7. 4. [Ipofo/ikas 3TOT NPOLECC HEOTPaHUYEHHO, Mbl nosyuum Gec-
KOHEUHYI MOCJ1eJ0BaTeNbHOCTL  NPA-
MOYTOJNBHUKOB ry, fy, g .., KaKABIH
H3 KOTOPBIX COAEPKHT CJAeAYIOWHH,
C AHArOHAASIME, CTPEMSALIUMUCH K HY IO,
M TaKuX, 4TO KaXXIOMy TIpsMOYyIoMb-
HUKY r, NPHHALJIEKHT OeCKOHEUHoe
MHOXKECTBO TOUEK JaHHOfl noc/aenoc-
Puc. 1i. BATeNLHOCTH (KaKiasi TOUKa CUHTaeTCs
CTOIBKO pa3, KaKoBa €€ KpaTHOCTD).
Ha ocHOBaHHMM HPHHUMNA BJIOXKEHHBIX NPSAMOYIOJBHHKOB (1. 1) Mbl
3aKJIOUaeM, 4YTO CYIIECTBYET TOUKa, NPUHAAJAEKALlas BCEM NPSAMO-
YrOMbHHKAM ry. Dra TOYKa GYJIeT NPefesbHOH IJs NaHHON NOCaeno-
BaTeJBHOCTH TOYeK. B camom jiese, ONMHCAaB OKOJIO STOH TOUKH K&K
LEHTPa OKPYXKHOCTb [TPOH3BOJNBHO MaJIOTO Pajiuyca €, Mbl BHANM, YTO,
Hay¥WHasg C HEKOTOPOrO JNOCTATOYHO OGO/NLLIOTO f, BCE NPAMOYIO/b-
HUKH 7, OYAYT Ji€XKaTh BHYTPH STOH OKPYHKHOCTH, U TaK KaK B KaKIOM
OPSMOYIOJbHUKE 7, HUMeeTCs GeCKOHeYHOe MHOMKECTBO TOUEK AaHHOH
[0C/EA0BATEIbHOCTH, TO U BHYTPH NpPOBEAEHHOH OKPYXKHOCTH OyIer
HAaXOAHTbCH OECKOHEUHOE MHOXKeCTBO TakuX ToueK. CJenoBaTelbHO,
NOCTPOEHHAS TOYKA €CTh NpeleibHas I AaHHOH 10cje10oBaTe/b-
HocT Touek (12), ueM M JOKa3wBaeTcs Hallla TeOpeMa.

5. NongaTie cxoaaLefics NOCAEAOBATENbHOCTH KOMNJCKCHBIX YHCEI,
Mbl ToABKO UTO TIOKa3asy, 4TO BCsiKasd OrpaHHYEHHAas OC/1e10BaTe/b-
HOCTb YHCeJs HMeeT Mo KpaHHeH Mepe ONHO Npeje/ibHOE YHCJIO.

Ecau oepanutennas nocaedosamesbrocie 4ucen

21, Zay eeey Zny eer (12)

useem cOUHCMECHHOE NPeOeAbHOE HUCAO 2, MO 2080PANL, HIMO IMa Nocie-
dosamesbrocmy cxe0umes K 4UcCAYy z, ¥ CHMBOJHYECKH 3TO 0003HAYAKOT
TaK:
limz, =z
=0
CrefoBaTebHO, COTJIACHO ONpEeAeJCHHI0 CXOASMIAACs I10C/Ae0BaTebx
HOCTh TOUEK YJOBJETBOPAET ABYM YCJOBHAM:
1) sta nocC/eROBaTeNbHOCTb OrpaHHuYeHa;
2) sTa TOCAEJOBATENBHOCTb HMEeT €LHHCTBEHHYIO TNPEeAeNbHYI0
TOUKY.
BernomnuB onpeaesienue npefesbHoO ToUKH (1. 2), Jerko BoIPasuTh
¢ [OMOLBIO HEPABEHCTBA CXOIMMOCTb NOCAEL0BaTe bHOCTH dncel (12)
K UHCHY 2: AP MO0BOM CKOAb Y200HO MAA0M NOAONUMENBHOM € HepaseHs
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cmeo |z — z, | < & yOosremsopsemcs, HAHUHAA € HeKomopoeo docma-
mouno 60461020 N, BIH, YTO TO e,

lim |z —z,]=0.

11=+00 .

T'eOMeTpHUECKH; NOCACO0BQMENDHOCITD MOUEK 2, CXUGUIMCS K ITOYKE
2, ecau 6ce mouku smoti nocaedosamenvrocmut, Kpome, Goimb Movcem,
KOHEHHO20 4UCAQ MOYEK, ACHAM BHYMPU CKOAb Ye0OHO MaAoll OKpect-
Hocmy MOUKL 2,

6. OcHOBrible TEOPEMBI TeOPHH npegednos. [10ab3yack yCTaHOBJEH-
HEIM NOHATHEM NpeAelia NOC/e0BaTeIbHOCTH KOMIIEKCHBIX YHCeT, MBIl
MOKeM NepeHeCTH B KOMIJIEKCHYIO 0064acTh H3BECTHBIE TEOPeMbl O npe-
Jenax TocHeloBaTebHOCTEl ReHCTBHTeJbHBIX yucesa. Tak, ecJH JiBe
JIaHHBIE [0C/eOBATEbHOCTH KOMILICKCHBIX UHCEN

21y 22, vos Zn v e n 2], 29 evey Zny e (13)

CXONATCA COOTBETCTBEHHO K UHCJIaM 2 H 2', TO, 06pa3yﬂ HOBYIO nocje-
JOBATE/NbHOCTE HHCE]

Wy, Woy waey Wpy vny (14)

. , Z;
Fle TIONOKEHO Wy = 2Zp ok 2y WIH W, == 2Z,-2p, HIH W, = ;’L (8 mo-
n

caenuemM cayvae zp 5= 0), Me yGexkpaeMcs, 4TO 3Ta NOCJAeHOBaTe/bs

HOCTD (14) CXOAHTCH W HMEET CBOHM NPEleNOM W, NpHYeM @ = 2 -k 2’
4

Wi w = z-2', WM @ = — (B NOC/AeJHeM Cayyae INpeanosaraerca

Z #£0), 1, e
Him (2, 4 2,) = lim 2z, &= lim 25;

.\ H-»00 n—=>00 1—>oa
lim 2,2, = lim 2, lim z;;
fni—»oo n~—>o 00
.2 limz, . ’
lim = = =2 (lim 2, 5% 0).
n->o0 n im zf'l

Ha noxasate/sbCcTBe STHX HJ€MEHTAPHBIX TEOPEM TEOPHH TPENEIOB MH
HE OCTaHABJHBAEMCsi, TAK KaK OHO NPOBOAHTCS AHAJIOTHYHO JOKa3a-
TEJNBCTBY COOTBETCTBYIOLIMX OPEJIOKEHUH TeOPUH MpereoB AeHcTBH-
TeJbLHBIX YUCes.

7. Kputepuit Kown. Kax H3BeCTHO H3 OCHOB TEODHH HPEAENOB,
Koumt pan kpurepuil, XapakTepHsyIOUWHH CXONAHIYIOCS IIOC]ELOBa-
TeNBLHOCTh Yuces.IToT npusnak Kol COCTOUT B CIIeAVIOEM: ycaosie,
Heobxo0umoe u Oocmamounoe Oas CXOGUMOCHIL NOCAEC08QMENbHOCTL
KOMNAEKCHbIX Uticen

21y 23y orey Zny eeey (12)

BAKAIOHAEMCA 8 MOM, HINODbL NP 6CAKOM CKOAb YSOOHO MOAOM ROAOIH U
menvHom € cyugecmeosaro Hamypasvroe uucae N = N (g) maxoe,
4O HePABEHCMEO | 2y m — 2y | < & BbinoAHSEmCs, KaKo80 Obl HU 6blA0
HAMYpPasbHoe YUCAO M.,
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CeoMeTpUueCKH 3TOT KPHTEPHHE O3HAYAET, UTO N0C2e008AMEALHOCTS
moyex 2, bydem cxodawelica Auwb 8 MOM CAydae, eCAU 6Ce ee MOYK,
Hauunasn ¢ Homepa N, N = N (g), aexcam suympu xpyea ¢ yenmpom
8 mouke zy paduyca e.

Heo6x0auMOCTb 3TOrO yCJAOBUS JOKAa3blBaeTcsl BechbMa JIErko.
B camom zene, ecaum lim 2z, = 2, TO HalijgeTcs Takoe uyHcao N =

n—>o00

1 e
=N (7) , 4TO IpH A = N(—2-) HMEET MEeCTO HEePaBEeHCTBO
3]
2 — 2| <.
3aMeTHB, UTO 2Zy,m — 2y = (Zyem — 2) + (2 — 2y), HMeeM:

IZN+m"‘zN|<|2N+m"—zl+lz—zﬁ'|'

Ilo ycnoBuio GyaeM HMeTb:
€ €
[z — 2l <5 [23im — 2| <5

CJIeA0BATEJ/IbHO,

€ €
Nam — 2 | < == =
|2 | <5+ g =e

npu BesikoM m = 0, 4T0 M HYXKHO.

ITokaxem nocraToyHocTh npusHaka. Ilpexnostaras yciaoBue Komn
BHITONHEHHBIM, MBI BHAHM, YTO Bce TOUKH mocsaenoBaTenbHOCcTH (12),
HayHHAs C TOYKH 2y, JI€KAT BHYTPH Kpyra panauyca € ¢ JEHTPOM B 3TOH

5 touke. C/1e0BaTe/bHO, 10C/AEA0BATE/IBHOCTD TOYEK
(12) ectp orpannueHHas. Ocraercs MOKasaTb, UTO
OHA He MOXKET HMeTb JABYX PA3/UYHLIX IpeJiesIbHbIX
tTouek A u B. B camom jene, nonyckas NpOTHB-

Hoe, HpHMEM & < L AB. droMy u4HCJIy € COOT-
P 5 y

BeTCTBYyeT HaTypaJnpHoe yucio N = N (e) Takoe,
4TO aBCoMoTHAs BEJAHYHHA PasHOCTH | Zy.m —
— 2y | < &, T. e. Bceé TOYKH NOCJIEXOBATE]bHOCTH
(12), HauMHas ¢ TOYKH 2, JieKaT BHYTPH Kpyra
C UEHTPOM B TOYKe 2zy paauyca & (pHc. 12).
BHe 3TOro Kpyra MOXeT HAaXORHTbCS JHUIb
KOHEYHOe YHCJIO TOYeK JAHHOH MOcJefoBaTe/b-
HOCTH, U, cJeloBaTesNbHO, o00e nNpefenbHbLe
TOUKH A ¥ B JONXKHbBL /eXKaTh BHYTPH KPYra UJIH Ha ero OKPYXKHOCTH.
B rakom ciydae paccrosiane Mexay Humu A B I0JKHO GbiTh He GosibLie
nuamerpa 2e, a Mbl puHsaau AB > 2e, orKyza cnepyer NpoTHBOpeyHe,
Hrak, npn Boimonnennu yciaosusa KoM nocseoBateslbHOCTb TOYCK
(12) cxopures, Tak Kak OHa OrpaHMYeHa H HE MOXKeT HMeTb Gosee Of-
HO#H NpeJenbHOMN TOYKH, a 3HAUMT, — N0 Teopeme DosbuaHo—DBeliep-
wrpacca (. 4) — uMeer oAHy OpeAeNbHYIO TOUKY,

Puc. 12,
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§ 4. Ymcaoeas cdepa. beckoneuno ynaneHHas TOYKa

1. HsobpamesHe KOMIJEKCHBLIX 4YKcen Ha cdepe. beckoneuno
yaanedsan Ttouxa. IlocsenoBaTesibHOCTL TOUEK

21y 23y ooy Zny e (12)

HashLBaeTcsd, KaK M3BECTHO, HEOTDAaHHUEHHOH, €cay HUMEeWTCs TOYKH
57011 N0CJe10BaTENbHOCTH, JeKalllie BHe KPYyra ¢ HEHTPOM B HyJE€BOH
TO4YKe CKoab yroiHo Goapworo paiuyca. Heorpanuuennas nocieno-
BaTEJbHOCTh TOYEK, KAK Mbl BHAEJNH, MOXKET HE MMETh IIpele/ibHBIX
ToueK. B 3TOM cjyuae ycaoBUMCS TOBOPHTb, 4TO NOC/€10BAaTE1bHOCTD
vicea (12) crpemures kK GecKOHEY-
HOCTH, 4YTO CHMBOJHYeCKH OyjeM ¢
BanMHCHBATL TaK:
lim 2, = oo, (15)
n-+o00
Tocaednee  pasercmso  esipasicaern,
umo Oeckoneynas — nocaedosamens-

nocmb qucea (12) He umeem npedeno- |

HO20 HUCAQ. 9T\,
Yro6m nath paBeHcTBY (15)

NPOCTOE TEOMETPHYECKOE MCTONKO- Puc. 13,

Banne, Gyzem H306paxKaTb KOMII-
JIEKCHEIE UMCJa TOYKaMM Ha cdepe.
C 510l 1eabto Bo3bMeM cepy, KacaTeJbHYIO K IJIOCKOCTH B HYJEBOR
touke O (puc. 13). duaverp cheprnt OP, npoxoasiuil gepes Touky O,
6yer NepneHIHKYASPHLIM K IIOCKOCTH; BTOPYIO TOUKY €ro nepeceue-
HHs co chepot, Touky P, Ha3oBeM nodiocoM, Besikoe koMiiekchoe
yuca0 z H3oGparkaeTcss TOYKOH Ha IJIGCKOCTH; COCQHHSIsSI 3Ty TOUKY
C TOJIIOCOM NpAMOH JinHuel Pz, NOTYYHM B NlepeceyeHuH 3TOH NpaMon
H cepHl eAMHCTBEHHYIO TOYKY (OTJIHUYHYIO OT P), KOTOPYIO NpHMEM 3a
u306paKeHne KOMILIEKCHOro usciaa 2. MTak, Kaxnoe KoMijiekcHoe
ynucao k3cbpaxaercss HEKOTOpOH TOuKOH cdeprl; o6paTHO, KaykioH
TOUKe ctepbl, KpoMme noJioca P, COOTBETCTBYeT eJMHCTBEHHasl TOUKA
Ha IJIOCKOCTH, MNOJyYaloWlascs B IePeCceYeHHHN ¢ MJOCKOCTbIO Jyya,
npoxoaglnero uepez P U paccMaTpHBaeMyIO- TOUKY; TaKuUM o0pasom,
BCAKasA TOUKa ceprl, KpoMe nojica P, H306paxKaeT HEKOTOPOE KOM-
nnexcHoe gnciao. Mitak, MH ycTaHaB/IHBaeM B3aUMIIO OJHO3HAYNOE H
B3aMMHO HeNpephIBHOE COOTBETCTBHE MEXKAY TOYKAMM MJIOCKOCTH #
ToYKaMu cdepsl (C BHIKAIOYeHHeM TOUKH P). Dra cdepa, U3 KOTOpOH
BHIKMHYTa TOUKa P, aBasercs n3obparkeHHEM COBOKYTIHOCTH BCEX KOM-
IJieKCHEIX ynces. [TocMoTpuM, kKaKoBO B3avMHOe OTHOMEHHE TOYKH P
¢ ApYTHMH ToukaMy cteprl. Ecam nocrenoBaTesibHOCTL YHCeN 2, CTpe-
MMTCSl K GRCKOHEYHOCTH, lim 2z, = oo, TO H306pa’KaIOIIKE HX TOUYKH Ha

n-sroc

cdepe HeorpaHuyeHHO HpHOAMMKaiorca K Touke P, EcrectBenno npu-
HATb TOYKy P 32 uzobpaxkeHne GeCKOHEUYHOCTH, & COOTBETCTBYIOLLYIO
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efl eAMHCTBEHHYIO TOUKY IJIOCKOCTH Ha3BaTb OECKOHEYHO YOareHHOl
TOYKOH 3TOH NJIOCKOCTH.

HWrtak, Ha KoMoneKCHOH YHC/I0BOH MJOCKOCTH MbI IPHHKEMaeM €AHH-
CTBEHHYIO GECKOHEUHO yialeHHylo TO4Ky (usobpaxkaemyio Ha cdepe
TOuKO# P) B OTJIHYUE OT IOCKOCTH NPOEKTHBHOH IeOMETPHUM, TAE pace
cMaTpuBaeTcsi GeCKOHEUHO YAaJeHHasd [faMas, T.e. GeCKoHeuHoe
MHOJKECTBO Das/HuHbIX OGECKOHEUHO YAaNeHHBIX TOYEK.

TakuMm oGpasom, NyTeM YKa3aHHOro npeo6pasoBaHHs, HasbiBae-
MOTC cmepeoepaguteckol npoekyued, MBI yCTaHABJANBAaEM B3AUMHO
OJHO3HAYHOE COOTBETCTBUE MEXAY TOUKaMH cQepbl H TOYKaMH MJIO-
CKOCTH, BKJIOUAsi €e eJHHCTBEHHYIO OeCKOHEUHO YaJeHHYI0 TOYKY.
3ra cdepa, TOYKH KOTOPOH H300PaXkKaoT COBOKYNHOCTh BCEX KOMIJIEKC-
HBIX uMceJ H GeCKOHEUHOCTH, HOCHT HAa3BaHME KOMNAEKCHOU 4ucA080l
cgpepet, unn cgepor Pumana. TlpeuMymecTBo M300pazKeHus KOMIIEKC-
HbIX 4nces] Ha cepe BMECTO IJIOCKOCTH COCTOMT B TOM, YTO 34eCb Ha-
A0 KH300paxKaercss eIHHCTBeHHAs GeCKOHEYHO yJasleHHasi TOYKa
IJI0CKOCTH.

Ecau mop okpecTHOCTbIO Touku P Ha cdepe NOHMMATh 4acTb Io-
BEPXHOCTH cepbl, cojepkallylo Touky P u orpanuuennyio 6ok
OKPY>KHOCTBIO, NMJIOCKOCTb KOTOPOH NeprneHAnKyaspHa x OP, To nox
OKPECTHOCTBIO 6ECKOHEYHO YAaJeHHON TOUKH TJIOCKOCTH HYXKHO GyJner
NOHMMAaTh CTepeorpaduyueckylo NPOeKLHIo 3TOH 4YacTH Cdepwl, T.e.
6Hewocms M06OT0 KpyTa, ¢ HeHTpOM B Hauase KeopausaT. Toraa
yCI0BHE CXOAMUMOCTH NOCACAOBATENBHOCTH TOUEK (12) K GecKOHEYHO
yAaNeHHOH TOYKE MOXKeT ObiTh BEIpaXKeHO B (opMe, COBEpIUEHHO aHa-
JIOTHYHON yCJOBHIO . B § 3: moc/aea0BaTeNbHOCTb TOUEK 2, CXOLUTCA
K GeCKOHEUHO y/JaJeHHON TOYKe, €C/IH BCe TOYKH 3TOH NMOC/ef0BaTe/b-
HOCTH, KpOMe KOHEUHOTO YMC/Ia TOUEK, JeKaT BHYTPH NPOH3BOJBHOM
OKPECTHOCTH GEeCcKOHEUHO yZAaJeHHOH TOYKH.

Bo BceM JafbHeieM, ecqM HE OrOBOPEHO NMPOTHBHOE, Mbl GyieM
0603HauaTh GYKBOH 2z M100yI0 OOBIKHOBEHHYIO TOUKY IJOCKOCTH H CO-
BOKYMHOCTb TAKHX TOYEK OyJeM Ha3blBaTh IJIOCKOCTBIO KOMIJIEKCHOTQ
nepemennoro. I110CKOCTb KOMIJIEKCHOTO IepeMeHHOro BmecTe ¢ Gec-
KOHEUHO yajeHHOH TOUKOH Gy1eM HA3bIBATh pactuuperHol NAOCKOCTbIO
KOMIJIEKCHOTO TNePeMeHHOro. 3aMeTHM, 4TO OGeCKOHEeUHO YAaleHHas
TOYK4 TJIOCKCCTH, MOZOOHO HYJEBOH TOUKE, HE MMEET ONPeAe/IeHHOro
apryMeHTa.

2. ®opmynsl crepeorpadmueckoil npoekuun. B npenbuiyiiem
NYHKTE Mbl JaJH TEOMETPHUECKOE ONpeieseHue cTepeorpadyecKol
NpPOEeKIMH; Terephb Mb 3aiiMeMCa BHIBOAOM (opMyJ 3TOro npeoGpasosa-
HUf, T. €. PeIMM 3aJauy: 3Has KOMNAEKCHOE HUCA0, Onpedeauimns Koop-
Qunamot coomeemcmeyrouet mouxky cgepol, u obpamno. s peleHus
3TOH 3ajzauM BbifepeM CHCTeMy NPOCTPAHCTBEHHBIX OCeH KOODIAMHAT
OEne takum o6pasom, uro ocu O u On COBNAAlOT COOTBETCTBEHHO
¢ ocsamu Ox u Oy Ha unc/I0BOil MJIOCKOCTH, a och O HampaBieHa IO
puamerpy OP (puc. 13). Beanuuny auamerpa cgepsl Assi HPOCTOThL
npuMeM 3a eJHHHLY.
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KoMmmnjiekcHoe uHC10 2 = x =+ yi u306paxkaercsi Ha MJIOCKOCTH TOY-
Ko#f ¢ KoopauHaTaMH x, y; Ha chepe NycTb 3TO 4HCJI0 M306pasurcs
TouKofi ¢ KoopanuataMu §, 1, §. Tax Kak 1eHTp chephl JTeKHT B TOUKe

(0, 0, —;—) H pajuyc ee paBe —-, TO E, n, § nOMKHBL ya0BJETBO-
PATh CJAeAYIOUIeMY YPaBHEHHIO Cephl:
1\2 1

Bt (t—5) =1 wm Blo=i0-0. (1§

Hanee, Tak kak tpu touku (0, 0, 1), (§, 0, {) u (x, y, 0) nexar

Ha OJHOH M TOH e NpsAMOM JIMHUKE, TO HX KOOPIUHATHL AOJKHBI YAO-
BJETBOPATh COOTHOIIEHHAM

E—0 _ n—0 _ {—1

x—0 y—0 — 0—1"

M3 stux pasencts (17) MoxHO BEIpasuTh x u y uepes &, n, . Tak,

CPaBHUBAA NepBOE OTHOLIEHHE C TPeTbHM, @ 3aTeM BTOPOE C TPETbHM,

HafneM:

£ __m _ E4in .

=fr Y= WM i=——e (18)

Atu ¢popmyasl (18) maloT BbipakeHUsi KOOPAMHAT TOYKH IJIOCKOCTH

yepe3 KOOpAHHAThl COOTBETCTBYIOLel TouKu cdeprt. aa mosyuenun
o6paTHEIX GOPMYJ 3aMeTHM, UTO

(17)

X ==

b 42 4 ¢
P2ty= (§1~§])2 =1t (18")
OTKY/1a HaXOJHM!
2ty
= TrgAF (19)
sHan xe [ H3 dopmyJ (18) HemeaneHHO onpejeasem § u n:
X . ’

Y ”
=TT (9%

Qopmyan (19), (19') u (19”) npator BhipameHus Jisi KOOPZHHAT
TOYKU ceprl Hepe3 KOMMNOHEHTHI X U Y KOMIJIEKCHOTO 4HCJA.

3. OcHoBHoOe cBOHCTBO cTepeorpaduyeckoii npoekuunu, Teneps Mol
HOKaXeM c/aelyloiliee BeCbMa BaKHOE CBOHCTBO cTepeorpaguueckoit
HPOCKUHH: NPU CMepeoepaphuueckol nPoeKyUU 6CAKAR OKPYICHOCHI NAO-
CKOCMY nepexodum 8 okpysicHocms cgepot u obpamno. Heobxonumo 3a-
MeTHTb, UTO B 3TOH COKpalleHHOH (GOpMYJUPOBKE TeOpeMbl CJOBO
COKPYIKHOCTb» HYXKHO I[OHHMaTb B €ro IHPOKOM CMBIC/IE, BKJIOUAs
CI0Z2a M NPsAMYIO JHHHIO KaK OKPYXKHOCTb ¢ OECKOHEUHO GOJbIUHM pa-
JIHYCOM.

HeficrBurenbHio, ypaBHeHuHe J1060H OKPYXHOCTH Ha IJIOCKOCTH XY
UMeeT BUJ ‘

A+ y)+Be+ Cy+D =0, - (20)
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rae A, B, Cu D — pelictButenbuble uucaa. B gactHocTd, npu A == 0
ypasHenue (20) onpenensieT ApsMyio MHHHIO, UTOGE ONpese/HTb COOT.
BETCTBYIOIYIO JINHHIO Ha cdepe, saMeHHM B ypaBHennH (20) x u y ux
BuipaxenusimMu vepes &, v, §; mo dopmynam (18) n (18') nafinem:

L £ " -
A+ B2+ C12p+D=0

BE+Cn+(A—-D)t+D=0. @1

Nonyuennoe ypabuenne (21), 6yayun nepBOH CTENeHH, ONpexesseT
naockoeTs. Takum 06pasoM, KOOPAHHATH §, 1}, § YAOBJIETBOPSIOT ABYM
ypasHenusiM: (16) u (21), u caenosarenbHo, T0ukH (E, 1, &) aexar
na nepeceyennd cepst (16) ¢ naockocthio (21), T. €. 06pasyloT OKpyX-
HOCTb Ha YHCJMOBOH cdepe.

Jlerko BujeTh, uTO, 06paTHO, BCAKasn OKPYXHOCTh chepw (16)
nepeiiieT B OKPYKHOCTb YHCJOBOH IIOCKOCTH, TaK KaK, NOJb3Ysch
npoussosnoM uucen A, B, C u D, mMbl MOXKeM NpeACTaBUTL ypaBHEHHE
Mmo6oi nuockocTu B BRie (21). OueBHIHO, OKPYXKHOCTb cepsl nepexo-
JAWT B OPSAMYIO JIHHHIO NIJIOCKOCTH B TOM CJ1yyae, €C/H 3Ta OKPYXKHOCTb
NpPOXOAHT Yepes nontoe cdeprl, TakK Kak maockocth (21) npy A4 =0
npoxonut uepes Touky P (0, 0, 1).

10T ¢akT, BIpOYEM, OUYEBHAEH M TEOMETPHYECKH] OKPYIKHOCTD
cdepl, COOTBETCTBYIOUIAs NpPSMON JHHHH IJIOCKOCTH, NOJXKHA TpO-
XOAHTb uepe3 TOYKYy P, cO00OT-

» BETCTBYIOILYI0 GeCKOHEYHO Yha-
P S JEHHOH TOYKE IIOCKOCTH.
% AM 4. Coxpanenme yrsos. Pac-

R CMOTDHM JB€ KpHBHE Ha cgepe,
nepecekamwuyecs B Kako#-116o
Touke M, M nycTb KacaresbHbie
K 3THM KDHMBHIM B 3TOH TOYKe
obpasyior yroa o ({(puc. 14).
[lokaxkeM, 4TO  KacateibHble
K cTepeorpa(HuecKiM NPoeKUNaM
STHX KPHBEIX B Touke M’, sBAsn-
olleiics npoekuuell Toukn M, Ttakke obpasylor yroa a, T. €. 4TO
BeJIMYHHBL YIVIOB NPH cTepeorpauuecKoll NPOEKUHH COXPaHAIOTCH.
Jis sTOro BaMeTHM cHauasa, YTO KOrAa CEKYLas K KPHBOH CTPEMHTCA
K COBN3JEHMIO ¢ KacaTesNbHOH K 5TOH KDHMBOH, TO NMPpOeKUHs cekyilel
CTPEMHTCSt K COBNAAEHHIO C NPOEKIUMEH KacaTeJbHOH W B TO e BpeMs
GTPEMHUTCS K COBNAJCHHIO C KacaTeNbHOH K npoekuuy kpuso#. OTciona
clellyer, 4To MPOEeKI s KacaTeJbHOH K chepuueckoil KpHBOH eCcTh Kaca-
TeJbHAsl K NPOeKNHH 5ToH KpHBOA. IIpojosKuM Tenepb KacatesbHBIE
K cepHUECKHM KDHBBLIM IO NepeceyeHHs B Toukax A u B ¢ KacaTte/b-.
HOH NJOCKOCTbIO K cdepe B Touke P. OueBMAHO, YTO TpeyroNbHHK
APB pasen tpeyronbHuky AMB, tak kak cropona AB — ofuwas
A5 3THX TpeyronbHBKoB, AP = AM xak KacatenwHbe kK cdepe, npo-

HIH

Pue. 14,
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BeJIeHHbIE U3 ONHOH M TOH Xe ToukH, H BP = BM no Toft e npuuuHe.

TTostomy APB = AMB = a. Ho xacarensusie K IIPOEKIHSIM KPHUBBIX
napansienbHbl NpsiMvbiM AP u BP, Tak Kax 9T4 KacaTe/bHble N0 NPEAbi-
AylueMy SIBISIOTCS NPSIMBIMH Nepeceuenus mjockocrelt PAM u PBM
€ MIOCKOCTBIO npoekiui. Cle0BaTe/bHO, YTOM MEXAY HHMH PaBeH

N
APB = &, 4yT0 U TpebOBaJOCh JOKAa3aThb.

§ 5. Paan

1. MlonsTne cxomsuierocss M pacxopsiuierocd psaja, Pacemorpum
GeCKOHEUHBIH psif

Uy + g+t oty ey, (22)

BCE 4/IeHBl KOTOPOTO CYTh KOMILIEKCHBIE YHC/IZ, M OOpasyeM cymmy
NepBLIX 7 YJEHOB 3TOro psja:

Sp = Uy + Uy +---+ u,. 23)
HaBas n 3navenun 1, 2, 3, ..., Mbl nonydaem 6eCKOHEUHYIO MOC/EeH0-
BaTe/bHOCTb KOMIIEKCHBIX YHMCEJ S, Sy, ..., Sp, ..., COOTBETCTBYIO-

mywo psany (22). O6patHo, 3Has NOCAEN0OBATENLHOCTh YHCES §,, JIEFKO

Hanucath COOTBETCTBYIOWMH eH PsJA, AMsi KOTOPOIO CyMMa NEPBLIX 7
4JICHOB PaBHA Sp:

sit (S2— ) F o (S — Snoa) Fo oo

Mur yenoBHMCA TOBOPHTB, ut0 pad (22) cxodumcs, ecau coomeems-
CMEYWan emy nocaedosamerbHOCMs HUCeA S, CX00umcs, .1 8 IMoM
cayuae Hasoeem cymmoll pada (22) npeder yxasanwnoll nocredosamens-
rocru. ClenoBaTenbHo, pan (22) Ha3BIBAETCS CXOLALLMMCS, €C/IH Cy-
wecTByeT npefea lim s, = s. UHcno s ecTh cyMMa JaHHOTO GecKoHey-

n-»-oo =

Horo psaa. Ecan nocnenosarenbHocTh uncen (23) He CXOmHTCA, TO
pan (22) Has3bBAWOT PaCXOLALIMMCS.

B cayuae pacxoasimerocs psita MOKeT C1yYHTbCS, YTO JHOO CyMMa
S, MEepBBIX 71 €ro 4JEHOB CTPeMHTCd K GECKOHEYHOCTH, JHGO S,
He CTPeMUTCSi HH K KAKOMY ONpeJeNieHHOMY npegeny. B mepsoM ciy-
yae pAA Ha3LIBAIOT COOCTBEHHO DACXOASIIHMCS, BC BTOPOM — KoJeb-
JowumMcs. M3 H30XEeHHOrO cllefyeT, YTo BOMPOC O CXOAHMOCTH HJIH
pacxoiuMocTH psjga (22) sKBMBaAJNEHTEH BONIPOCY O CXOAMMOCTH HJH
PacXoAUMOCTH COOTBETCTBYIOLICH MOC/eN0BATENBHOCTH KOMILIEKCHEIX
uuces (23). Hanpumep, pan | + ¢+ ¢ 4+ -4 ¢* 4+ ... cxoautes
npu | g| < 1 u ecTb cobersenHo pacxoaswuiics npu || > 1. He#-
CTBHTE/IBHO, CYMMa S, NEPBHIX /1 WIEHOB 3TOTO Psifa MPEACTAB/AETCA
TaK:

l—g"* 1
Sn=l+q+q2—*—---+q”'l= l——l;’ == l—q — lq_'tq .
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Tag xak |¢"|=]g|* T0 B cayuae |g| < I ancno ¢* crpemurtes
K HyJI0 TIpH HEOTrpaHWuEHHOM BO3pacTasHH A, a B caydae {g| > |
cTpemutcsi K Geckoneuroctd. ClefoBate/bHO, HMeeM:

lim s, =
n—rco " 1 q

mpu  |g|<<l, lims,=o00 mnpn |g|{>1.

2. HeoGxopumbifi DpPH3HAK CXORHMOCTH psaa. [lpenamonaras
psn (22) cxonsiuMes, JIETKO NOKa3aTh, 4TO ero o6Wuk 4/ieH u, cTpe-
MHTCS K HYJIIO IPH HEOTPaHWYEeHHOM BO3pacTaHuy HOMepa n. [leficTeu-
TeNLHO, TAK KaK NOCJeL0BaTeIbHOCTD UHCEJ S, CXOMUTCH, TO

lim (Spe1 — Su) == lim Uy = 0,
n—»oo n-~+00
TaK Kak
lims,,;=s u lims,=s,
n—»oo H->00

BJAB, YTO TO Ke,
lim g, == 0. 24)

=00
Wraxk, 6o ecarom cxodsuemca pade 06Ul waer CMpeMUmes K HyA0 npu
HEOEPaHUUeHHOM 803PACIIAR UL e20 HoMepa n. PaBeHCcTBO (24) BEIpakaer
HeOOXOLHMBIA TNPH3HAK CXOIHMMOCTH GECKOHEYHOI'O psifia; CJAeLOBa-
TeAbHO, B TeX CJyuYasiX, KOTQa 5TOT NPH3HAK He BEINOJNHAETCH, PAA
pacxonutca. Tax, wuanpumep, pas [ -+g4+¢*+ - g +---
pacxonurcs NpH |[g| =1, Tak Kak B 3TOM cJydae ero oGUME wieH
g He CTpEMHTCS K HYJIO NPH HEOrPaHUYEHHOM BO3pacTaHUU n: NPH
19| > 1 gucno ¢* crpemurcs kK GeckoHewHOCTH, npH | ¢ = 1 Moxyas
9TOTC YHCJa ¢t BCe BpeMs paBeH eIHHHLe. B npeapiayiieM NyHKTE
MEI BUJEJH, YTO 3TOT Psil €CTh COGCTBEHHO pacxoasamuiics, eclu | ¢ | >

> 1; npu | ¢| = 1 3107 pax 6yaer, Boobue roBops, KoaeGMOLUMCS
{32 wucxkuouenwem ¢ = 1, Korza on coGeTBeHHO pacxonsiuics),
1—q*

TIOTOMY YTO B 5TOM CJIy4ae CyMMa NEPBLIX 7 €r0 WIEHOB S, == ——
(g = 1) e crpemuTcs K GECKOHEYHOCTH [PH HEOrPaHHYEHHOM BO3pac-
TaHWH N,

YcraHoBneHHnli NPH3HAK cxOmEMocTH (24), Oyzyun HeoOXonu-
MhIM, He fBJIseTcs AOCTATOYUHbLIM, T. €. 3TOT KPHUTepUll MOXKeT BHINOCJ-
HATBCSA M B CAyvae pacxXofsuierocs psja, Kak 3TO NOKa3nBaer NpH-
MeP M3BECTHOI'O M3 aHajusa rapMOHHYECKOrO psiia

R ELLE Ty

3; IonsaTue aGcontoTHo cxopsuwerocs paaa. B reopun palos ¢ Kom-
IVIEKCHEIMH 4/€HaMH BecbMa BaXKHBIM sIBJII€TCSl HNOHsTHE abCOJMOTHO
cxoaswierocs psja. Paccmorpum BMecTe ¢ psiom (22) HOBHIA psa,
9JleHaM# KOTOPOTO SIBJSIIOTCS MOAYJAH YleHOB pana (22):

YR A SR S A SRR (22



§ 6] P bl a7

HceaefoBanue CXOAHMOCTH psafa (22') ¢ NOMOXKMTENbHBIMH YJeHAMH
npejcTaBiser 3ajady Gosee IPOCTYIO, HEXKENH HCCAEIOBAHHE CXOAU-
MocTu pana (22). B camom zesie, cymMMa NepPBBIX 1 4IEHOB psifa (22') —
0603HauNM ee ¢, — He YORIBA€T C BO3PACTAHHEM A U, CJAENOBATEJbHO,
an60o ocTaeTcs OTPAHUUECHHON NpH JA060M 71, NGO CTPEMUTCS K GecKo-
HEYHOCTH NpHM HEOTPAHMYEHHOM BOCfacTaHMH n. B mepBoMm ciyuae
MOCJE0BATEJbHOCTE HEeYOBIBAIOIKWX YHCeJ O, HMeeT eIUHCTBeHHBIH
npenes, H, CJeIOBATENbHO, psj (22') CXORMTCS; BO BTOPOM cjyuae
3TOT psj pacxoaurcsi. TakuM o0pa3oM, CXOIMMOCTh pfAja C MOJO-
KUTEJbHEIMH WieHaMH XapakTepuayercs TeM (HakTOM, UTO CYMMH
NepBHIX 71 €ro YieHOB OB6PAa3yIOT OTPAHHUEHHYIC T0C/eJ0BaTeNbHOCTh
yprceq. [losb3ysck S5THM 3aMeuanueM B TEODUH DAJOB BHIBOAST pas-
JAHYHBIE ZOCTATOYHBIE NMPH3HAKH CXOAMMOCTH TaKHX PsjOB.

Uro xe Kacaercst 3aBHCHMOCTH MeXAy psiamu (22) u (22'), 1o oHa
YCTaHABAHBAETCS DPH NOMOUIH CJEAYIOIeH TeOpeME:

Ecau pad (22'), obpasosannbill u3 modyreld urenos Ganuoco pada
(22), cxodumcen, mo cxodumca u Oanrewd pad (22); Kopowe, us cxodu-
mocmu pada (22') semeraem cxodumocme pada (22).

Ipu moKa3aTenbCTBE TEOPEMbl BOCHOJIb3YeMCH HeOGXOAHMBIM H A0~
CTAaTOYHBIM TpuaHakKoM cxogumoctd Komw (§ 3, n. 7). 3amertus, uro

|Sl\'+m"“5N|=‘IuN+1‘{'uN+2"}'""*‘ul\wml<

<IuN+1|+luN+2|+ "'+|ul\’+ml"

npeacTaByM NOCJAefHIOW CYMMY B BHJAE Pa3HOCTH Oyn.m — Oy, 0OOAY-
UuMm:

ISN+m - SNI < Oyym — Oy- (25)

Ilo ycnoBuio TeopeMn psifl (22) cxonures, c/1e/oBaTesbHO, B CHAY
peoGxoxumMocTH npusHaka KomH, npu sio6oM, CKOIb YTOAHO MaJjioM,
NOJIOXKUTEAbHOM € Haliercs takoe N = N (g), ut0 Oy, — Oy < €,
rAe m — NPON3BOJIbHOE Lies10e MOJOKHTeAbHOoe yHcao. M3 paBeHcTsa
{25) caenyer:

lsN+m'_sN|<Bs

NpUYEeM Noc/jelHee HepaBEHCTBO HMEET MeCcTo NpH BCsikom € > 0,
N = N (&), uHesaBucuMo o1 m == 0. B cul1y A0CTaTOUHOCTH DpU3HAKA
Kommw orcioga cjenyer CXOAUMOCTh JaHHOro pszpa (22).

Yerosumea naseieamo pad ¢ KomnrekcHoimy wuciamu (22) abeosromno
uau 6eaycaoero cxodawumucs, ecau cxodumes pad (22'), cocrmagaennouli
uz molyaetl e2o waenog, JJokasanuast TeopeMa yGexjaer HacC B TOM, YTO
BCAKHA a6COMIOTHO cXoaauuiics paj ecTb pAj cxonsiuuica. Bewto 6a
olnGouHEIM 06paTHOE 3aKIOUeHHe: HHaye TOBOPS, CYIIECTBYIOT Psijbt
CXoAsilnuecs, Ho He aGeoaioTHO. TakKue PSABI HA30BEM YCAOBHO CXOOs-
wumuca, TlpuMepoM yCJIOBHO CXONAIIETOCH PsAja MOXET CJAYKHTh
paa 1 —1/2+1/3—1/4+4..- V3 Teopuu psjoB H3BECTHO, YTO



38 KOMIINEKCHBIE YHCHA ra. 1

STOT PAX CXONMTCS; PSAJ JKe H3 MOAyJieli ero WIEHOB, GyyuH rapMOHH-
ueCKuM, pacxonutcs. [IpuMepoM aBcoIOTHO €XOARINEroes PAAa MOXKET
cnyxuth pag 1 — 1/2% 4 1/32 — 1/42 4. ..

AGCosTIoTHO CXOnsIIMecs Psilibl HMEIOT BaXKHOE BHAYEHHE B aHA/NKSE,
TaK KaK OCHOBHBIE OlIEPAaLlHH Hal HHMH, KaK MHl 8TO Jjajiee OGHAPY KUM,
AOLUHHSAIOTCA TEM K€ 8aKOHAM, UTO M JeHCTBHA HaJ KOHEYHBIMH CYM-
MaMH,

4. CnoxeHue W BLMMMTAHHe psAfoB. [IycTh Ham JaHH ABa psja
€ KOMIUIEKCHBIMH WI€HaMH:

g+ gt uy +oos, (22)
Ui tp - eve tntoon (26)

CxnanpiBast (WM BEIUHTAas) COOTBETCTBYIOIIHE WIEHE! STHX PSIOB, MEI
obpazyeM HOBHIH psan:

(CEHE S CESHE IR U T K R @7

HasblBaeMHIl cymmol (WnH pasnocmsro) 08yx fanneix pados. Ecau dan-
Hole pAadbl CX00AMCA U UMEIOM COOMBEMCMBEHHO CYMMbL S 1 S, mo pad
(27) cxodumea u umeem ceoeli cymmoli S = s 4 s'. B camom nene,
o6o3Hauas 4epe3 S, M S, CYMMH NepBLIX 7 uleHOB psfoB (22) u (26),
HMeeM:

s= lim s, s = lim sz,

n-»co n~»oo0
OTKYLa CJIEyerT:
s 58 = lim (s, 4 s7).

n-sco
Tlocnennee PaBeHCTBO yﬁemnae'r Hac B CNPaBeiJIHBOCTH BHIILIECKA-
BaHHOro yTBEPXKIAEHHA, TAK KaK

SnobSh= (U 4 1) -+ (U o u3) + o0 -+ (U = uh)

SIBJSIeTCS] CYMMOH NepBBIX 71 4ieHOB psaa (27).

Hrak, BcsaKHe 1Ba CXONAMHNXCA Psia MOXKHO NOYJIEHHO CKAaAbIBaTh
BN BolyHTaTh. ONepaniy COXKEHHS U BLIYNTAHHS PACPOCTPAHAIOTCS,
cJefoBaTeIbHO, Ha KJace BceX (YCJIOBHO HJAH 0e3ycJOBHO) CXOASA-
muxca GeckoHewHHIX pajoB. Muaue Gyner o6erosith Aeno ¢ onepauued
YMHO€eHHSI, KOTOPYIO, BOOOIIE roBOpsi, HEJNb3s1 NPHMEHATb K YCJOBHO
CXONRIINMCH psijaMm,

5. TeopeMa o nBOifABIX pagax. M3 pansoro Geckoneynoro psja

u1+u2+u3+"'+un+"' (22)

BO3MOXKHO 00pasoBaTh — M NPHTOM OECKOHEYHLIM MHOMKECTBOM pas-
JIMUHBIX CNOCOGOB — GECKOHEYHOE MHOXECTBO PSIAOB TaKHX, 9TO KaX-
Jplil uled 4, NepBOHAYaJbHOTO PSL3 BXOAHT B OAMH H TOMLKO B OLUH
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M3 HOBHIX psanoB. Hanpumep, Takum pasnoxeHnuem pspa (22) Ha Gec-
KOHEYHOE MHOXKECTBO psijioB OyJerT:

2% al 7" i ol 7 i o P p R

Ug + us + Ug -+ Uy 00y

g + Uy + Uy -+,

U + tyg + 0y

Up -+,

® s+ e e & s & e & e s .

B ofmem cayuae Takoe pasnoxeHue psifa (22) Ha GecKoHeuHoe
MHOECTBO PsAOB 0003HaYHM B BHJAE TaOJHLbI

Ug, + Ug, + Ug, - -+ »
ug, + ug, —i_‘uﬂa + e (28)
Uy, - thy, -ty A o0

Hokaxewm, caenyiomee npensnoxenue: ecau pad (22) abcoromno
cxodumca u umeem ceoeli cymmoti s, mo kaxouili uz pados (28) maxce
abcomomno cxodumes;, ecau cymmol pados (28) obosnawum coomsem-
CMBEHHO 4epe3 Sy, Sy, Sgy ..., MO pAd

S+ S+ 53 - 29

abconiomuo cxodumea u umeem csoeli cymmol s.

3ameuanwue, CpolicTBo, BoipaxKkaemoe 5TOfl TeopemoH, BepHO A GecKo-
HeYyHoro psAja JAHWb INPH YCAOBHH ero aGcosorHolt cxofumoctd. st ycaosHo
CXORAErocst psiga, BooGuie IoBopst, HeAb3sl YTBEPMKIAATh, UTO €0 YaCTh CXOJHTCH.
Hanpumep, pax 1—1/24 1/3—1/4+ ... cxoautes; oguako pagst 14 1/3 -4 1/564-,,,,
—1/2—1/4—1/6— ... pacxogaTtca.

JlokaxeM, 4TO AR |Uo, | -+ | Ua, | -+ -+ ecTb cxopsmuiica. Je#-

CTBUTEJIbHO, €r0 4YaCTHYHbIE CYMMBI (CYMMI)I JI060ro uucaa nepBbIX
lIJIeHOB) CCTATCAd MEHbLUIC KOHCUYHOIO 4HucJ/Ja

0=ty |+ [ta] + ] + -+

CrnefcBatenbHo, nepeuifl U3 panos (28) a6cONIOTHO CXOAUTCSA; aHAJMO-
TMYHO JCKAKeM, YTO Kamxibii H3 psioB (28) abCoMIOTHO CXOLHUTCH.
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Tlokaxem Tenepp, utc paj (29) aGeonaoTHO exoputes. CKAAAHBaRA
HepaBeHETBa

Ist] < |ta, | lta, |40 ),
|32 luall+luﬂ,i+-u,

lsml<|uu1l+[uu,|+ vesr,
sl (8l -oe +15a] < 03

TaK Kak MocJiefHee HePaBeHGTBO BEPHO NpH J1060M 72, TO OTCIONa CJie-
AyeT alCOMIOTHAs CXOAHMMOGTHb paja (29).

OcraeTcs noxasath, 4TO CyMMa aGCO/IOTHO CXOAsLierocs psana (29)
COBlasaeT ¢ CyMMOH s nepBoHayasabHoro paja (22). Iaa storo pocra-
TOYHO MOKa3aTh, YTO PA3HOCTb § — (S; ~- S, &+ -+~ 8,,) cTpeMurcs
K HYJIO NpH HEOTPaHHYEHHOM BospactaHuu m. OUEeHHM MOARYJb STOH
pastoctd. Tak Kak s ecTb cymMmMa JAaHHOro psaga (22), a s;, Sy - .«
2y Sy — CYMMBI IEPBBIX 711 pSAOB TabaHLLL (28), TO MBI MOXKEM yTBEp-
XKAATh, YTO

s = (Sut o oor 5wl < ttw, |+ Ly, |+ <o,
rie WHIEKCH Vi, Vg, ... CYTh HOMEpa BCeX TeX WIEHOB JaHHOIO psaja,
KOTOpble He BXOJAAT HH B ONMH H3 m IepBHIX psajfoB Tabauusl (28).
O6o3nauan depes n NPOH3BONLHOE HATYPaJbHOE YHCJO, BhGepeM m

0o yunMm!

CTONb 60MbIINM, YTOOB! BCe MHAEKCHI vy, V,, ... GBLIH GoJblie £,
B stoM ciyuae, oueBupHO, HMeeM: |s — (s; + s, + - su) | <
< |Upsr | + | Unse | +++-; TAK Kak AaHHBI psin abCOMIOTHO CXO-

ANTCHA, TO, CUHTas n AOCTATOYHO 60J1bUJIdM, MBbl BIIpaBe yTBEpXKLaTbi

Iun+1]+‘un+2l+ v <8,
rjpe & — CKOJb YIOAHO MaJo€ IIOJIOXKHUTENBbHOE YHCIO0. I/ITaK, MBI BU-
A¥M, 4TO, HayYuHaa ¢ JOCTATOYHO 60AbUIOTO M, BbINOJIHAETCA HEpa-

BEHCTBO
[s—=(s1+ 8+ -+ +sm)|<e,
9TO JOKa3bIBaeT CXOAMMOCTb pala (29) kx cymme s,

6. TlepecraHoBka wuiaeHoOB psifa. B alcoaromno cxodsawemcs pade
B0BMONCHO NPOLSBONbHO NEPECTNABASNIL €20 HACHbl, HE MEHAN CYMMbL

1) Teopema 0 ToM, uTO MOAYJIL CyMMbi HE GOJiblEe CYMMB MOAYJIEH CJaraeMbiX,
JIETKO PACHPOCTPAHseTCs HA cAyuafi abCoMOTHO cXofsmuxcs pajos. [leficTRuTeabHo,
noaaras

O=014+0+0 4 - +Updee U Op=0;+4 0 coc +Up,
nMeeM:
lonl<slog ] +1oa] 4+ oo + sl
n ¢ Tem GOJBIDEM  OCHOB2HHEM
lonlslogl +lopl - oo 4 loal + lvapg | 4 +-
ppr awobom n, otkyia lol<<lvil- jval4 +oc lon ] Jopsal+ oo
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pada. IeficTBHTENLHO, NEPECTABHB Y/eHH! psiaa (22), NONYYHM HOBLA
pax ‘
ua|+u°‘z+u°‘u+"" (30)

IAe oy, Oy, Og, ... 0603HAYAIOT COBOKYMHOCTb BCEX HATYPAJbHbIX UH-
ceJl, HAMHCaHHBIX B KaKOM-J1HOo nopaake. [lonaras s ==uq, 5, =
= Ug,, ..., Mbl BHIHM HA OCHOBAHMH JOKE34HHOA B NpeablLylieM
NYHKTE TeOPeMEl, UTO ecaH p#i (22) abcosloTHO cxoauTes, TO albco-
JIIOTHO CXOZHTCS U HOBBi pajx (30), npayem cyMMa HOBOTO psifia paBua
HO-NPEKHEeMY S.

W3 Teopum psajoB H3BECTHO, YTO B PAAE, YCJIOBHO CXOAsILIEMCH,
pooflle TOBOps, HEb3s MNEPECTaBJATb Y/IEHbl 6e3 H3MeHEHHs ero
cymMmel. Bosee T0Oro, CyliecTByeT NpeAJOMKeHHE, B CHJY KOTOPOro
YCJOBHO CXOASIIHECs PAJbl ¢ KOMILIEKCHBIMH Y/JIeHAMH Pa3bHBalorcs
Ha jBe rpynnsl. s KaxJIoro H3 pajfoB NepBOH TPYyINMbl CYIUECTBYET
Taxkasi NpsiMasi, 4TO NyTeM NepPecTaHOBKH 4JEHOB PAJA MOMKHO NOAY-
YHTb M3 HEro HOBbHI CXOZALIMHCA PAJA, CyMMa KOTOPOro H3ofpakaercs
M0G0l TOYKOA NPsIMOH; IIPH 3TOM HEBO3MOMHO MOJYYHTH HH OJHOFQ
psjia, cymMMa KOTOPOTO H300pakaeTcs TOUKCH, He Jjexamed Ha OXHOM
npsamoit. Ilisi psja BTOpOH# TIpynnbl NyTeM MEPecTaHOBKH WYJIEHCB
MOJKHO MNOJIYYHTb HOBBIH CXOAsiluiics paf, UMeoWHiH A00y0 Hane-
pea 3ajaHEylo cymmy. IlpuMepoM psina mepBOM IpyNnbBl MOXKET CJiy-
XKHTb u3BeCcTHBIA psag | — 1/2 4 1/3 — 1/4 + ..., npumepom psxa
Bropoi rpynoel — psA 1 4§ — 1/2 — /2 4+ 1/3 4+ /3 — 1/4 —
— 4

7. YMHexenne pagos. IlycTv nadel gBa psaja

Uy + Uy -+ ug+- -, (22)
O R N (26)
O6pasyem HOBul psjn:
wyu] = (tatds + i) + oo o - (attn + dotiny oo upup) 400, (31)

Ha3bBaeMblfl npoussederuem Osyx Oanubix proos.

Joxaxem caepyiollee NpeptoxKenne; ecau dannoie padel (22) u (26)
ABCOAIOMAHO CZ00AMCS U UMEIONL COOUMU CYMMAMU COOMBEMCMEEHHO S U S,
mo nosvul pad (31) maroe abcoatomHO CXO0UMCA U uMeem Cymmotl
ucao S =s-s'.

Ja1si noxasaTesibcTBa PacCMOTPHM IONApHBle MpPOH3BEIEHHs BCeX
yjleHoB psiLoB (22) u (26)

Wi, Uiy, Ui, iU, Usts, . .. (32)

B NIOKaXeM, YTO Psi, YIEHaMH KOTOPOro fBJsoTcs wucaa (32), abco-
JNOTHO CXOANTes. Jl15 3TOrO JOCTATOUHO NOKasaTh, 4TO Ji0fas cymma
Bupa |wui| 4 s} + |usui |-+ « o+ + | upus| ocraercss MeHnume no-
crosuuero unena. Obo3nadas uyepea n HauGOABLIHA HOMEp BXOAs-
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IHX B pPAacCMATPUBAEMYIO CYMMy wieHOB psagoB (22) u (26), serko
ycMaTpHBaeM, YTO OHa He 6oJblue DPOU3BENCHHA;

(w4 lue|4 oo lua (ui|+1uz] 4 20 +1un )

a cJlefi0BaTe/bHO, U MOJABHO MEHbIUE 00', rfle NOOKeHO! 0 =3 | &y | -
. ! , , ,

U | A ug| oo s o' = ui |- |us| | 45| -+ o oo Hrag, x pany,

yleHaMH KOTODOro efnyaT yucaa (32), MOXKHO NPHUMEHHTH JOKasaH-

HYy!0 B II, b TeopeMy O ABOHHBIX psAnax, HOJOXKHBI

4 ’
S ==ulll, Sa==Us-} U], + .0
8n = Uyly, - Ugltne1 == o0 4 Unlil; o0

Ha ocuoBanuu sTO# TeopeMmsl pag (31) abeodiorHo cxopurcsi, Octa-
eTcs [MOKasaTh, 4to cymMa psaga (31) paeua ss’. C 310il nesbio
HHaue rpynnupyeM wieHst (32), a HMEHHO noJaraeM §; == ujui -~
- Ly - ws - ey 83 ==Ugll] |- Uoliy -} Uz - s ¢+ U T. A. Pamse
$1, S3, ... aOCOJIOTHO CXORSTCS Ha OCHOBaHHM OOMeH TeopeMbl
. 5. BoiHocs B nepBoM psje u; 3a CKOOKy, yOexpaemcs, 4TO €ro
CyMMa s, paBHa u;8'. AHaJOrH4IHO GyeM HMETh: S; = W 8 u T. 4. Ha-
KOHel, pAf §; -+ 8, -+ WK 438 -+ u,s’ -+ -+ ecrb abcosOTHO CXO-
Aaluiicst, cyMmMa KOTOPOTO, OYeBHAHO, paBHal

(g + vy 4+ ) 8" =ss',

B cuay TeopeMsl 1. 5 sTa eyMMa coBnajfaer ¢ cymmolt paga (31).

Mrak, MBI BHAHM, 4TO OCHOBHBIE ONepalHH HaJ KOHEUHBIMH CyM-
MaMH, KaK-TO! [IEPECTAHOBKA NOPSJKA C/AaraeMbelX H YMHOXEHHE TAKHX
CyMM, pacnpocTpaHsiloTcs Ha GeCKOHeYHsple PsaAbl NPH YCJAOBHH HX
a6CcoMIIOTHOH CXOAMMOCTH.

[lepeMHOXast nBa yC/NOBHO CXOASMIMXCH Psila, Mbl MOXEM B pe-
8y/bTaTe NOJYYHTb, BOOOLIE TOBOPs, pacxoisimuiics psa. Takum 06-
pasoM, TeopeMa 00 YMHOKEHUH PAAOB HENDUMEHHMA K YCJAOBHO CX0OAd-
mumess psafaM. OgHaKo, KaK Mbl yBHIHM Jajlee, 5Ta TEOPeMa MONKET
O:ITh pacnpocTpaHeHa Ha YCJOBHO CXOHsIIUecs Psjbl, €CAH a priori
H3BECTHO, 9TO B Pe3y/bTATE HX YMHOMEHHs NOJydaeTcs CXOAAUIMACH
psA.

Ilpu HajoXkeHHH TEOPHU PSAJOB MEL OIPAHHUHJIUCH PACCMOTPEHUEM
OCHOBHEIX CBOHCTB CcXOAfIMXCs psafoB. Pacxoasmpecs painl HMEOT
TaKxKe OCLIHPHBE NPUMEHEHUs B MareMaTHdyeckoM aHaause. [logo6Ho
TOMY KaK €O BCAKHM CXOAALIYMCA DAJOM CBA3bIBACTCA OHpEAe/ieHHOe
YHCNO, HA3BIBAEMOE €ro CyMMOH, MOXHO JaTh DasJjHuHbIE peryJsp-
HBIe [IPOUECCH!, ¢ MOMOILBIO KOTOPLIX ONpelessioTcs cyMMbl Ans Goaee
HJH MeHee LMPOKUX KJAaccoB pacxoaswuxcs psagos. OpHako H3J0-
JKEHUE TeOPHH pacXOAfIMXCH PALOB BHIXOAHT 3a Npeleabl HAcToA-
IIero Kypca.
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Ynpasicnenusn xk 2aage I

1. BuipasuTb €Os nx M sin nx yepe3 CTeneHy Sin x ¥ Cos X, NOAb3yACh GopMy-
mofi Myaspa,
Oms.

n .. n B
cosnx:cos”x—-(2)cos" 2xs1n2x+(4)cos” fxsintx— o0

R n 3. . n B,
sinnx =ncos" 1y sinx — ( 3)cos" Sxsin®x + (5>cos” 8 % sinx — «vu

2. Fae nexarT Toukw 2z, Aas KoTopwx 2]+ R (= 1?

Omg. Buytpu napaGossi r = H Ha Hel.

1 cos
8. TlpeAcTaBHTE B KOMINEKCHOH dopme Buipamenne V14 4,
Oms. V1 ¥+i==xV?2 (cos—g-—}—isin %)

4, Onpepennts x n y, ecan x~+ yi =V a -+ bi.

2 1 p2 2 1 p2_
_@_—_*:r.ﬂ .K.a__j.___(_l_; 3H3KH HYXK-

Oms. x = + y Y=o

b 2
HO B3ATh OJANHAKOBHIE, €CAH b NOJOXUTENbHOE, W Pa3Hbe, €clu b oTpuuartesnHoe,
5. I'me nexar TouKu 2, AT KOTOPHIX:

a) j2]=<2; 6)1iz21>2;, @ R(2>1/2, 2 R(2)=a;

z—1

0)|122—1 =a>0; ¢ T

= [P

z2— 2y
=<1, o) |——
<t ) |i=Z

Oms. 1) I'nnepGoaa, napa npsMeix npu a= 0. 1) Jlemuuckara. e) Ilpapas
NIONYNAOCKOCTb, BKJoYast Tpanully. K) IIpsmas, nepneHiuMkyJsipHasi B cepenuHe
OTPE3Ka Z12,.

6. Korna Tpn ToukM 2y, 2, 2g JIeXKaT Ha ApPAMONH JHHHHP

Omg. OrtHowenue pasuocTel (23 — 23)/(2y — 23) ACMKHO OHIThL AEHCTBHTE]bHEIM
YUCNIOM,

7. Koraa uerbipe TOUKH 21, Zp, 23, 23 JIEXKAT HA OKPYXKHOCTH?

21 —2 G2

Oms. JIBoliHoe OTHOWEHHE — JeHCTBHTEJBHOE YRCJIO,

2 — 23 29— 24
8. TNposeputs TokaecTBO |21+ 2]% + |21 — 2|2 = 2 (21|12 + [ 2]?). Kakoe
TeOMETPUYECKOE NPeNJIOKEHHe BLIDAXKAET 3T0 YpaBHEHHe?
Ome. B napaanenorpamme cymMma KBaipaTOB JuaroHajseHl DaBHAa YABOEHHOH
CyMMe KBajpaTOB CMENHBIX CTOPOH.
9. Kakas TOUKa 2z JeJUT OTPE3OK 232, B NTHOLIEHHH Ay @ Ag?
Ao?y + Mze
)
10. TpeyroNbHUK HMEET BePIUUHH 21, 2, Zg. | 1€ JEXKHUT €T0 LEHTP TAKECTH, €CIH
a) B}\ Ka¥IoH BepmuHe nomemesa macca A, 6) B BEPIIMHAX NOMEMEHbI MAcChl Ag,
2s V3
11, TlokasaTb, YTO WEHTP -TSIKECTH CHCTEMBI MATEPHAJbHBIX TOUEK € MacCaMy
A1, Ay, .oy Ay, HAXOLSUIMXCA B TEOMETPHYECKHX TOUKAX 21, 23y +vvs 2, JEKUT B TOUKE
Mz Reze A o A Anza
Ay Aot o Ap )
12, Jins rtpex Touek 2y, Zy, 2y BHINOJHSIOTCH YCJIOBUA

Oms. z =

qtzntz=0 u lal=lal=Izl=1
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[loxasaTh, 4TO 2;, 23, 23 CYTb BEPLIKHB! BIIUCAHHOIO B eAUHHYHBIA KPYT paBHO-
CTOPOHHEIO TPeyroJIbHHKAE,

13, [loxasate, wTo eCNin 2 -+ 2+ s+ 3= 0n 21| = || = |5 | = |z | =
== 1, TO Y4eThipe TOYKH 2; ABASIOTCA BEPIIMHAMH BNHMCAHHOTO B €IHHHUHLIA KPYT Npss
MOYTOJbHMKA,

14, I1ycTb 21, 23, .es; 2y e = TPOH3BOJIDHAR NOCHEHOBATENLHOCTh TOUCK, &) ==
ee npejlesibHasg touyka. [ToKa3aTh, WTO M3 MOCALAOBATEIBHOCTH 2§ MuUAHO BCETAa Bbls
6paTh YaCTHIHYIO NOCJHEJOBATENLHOCTD 2j, 23, ses, TAK, HTOOH 2, == z;.

62+ 2

15, Hs yenoBus z, ~ 2, OKa3aTh, 4T0 2, = a

— 2,, Bepuo
Ay 370, eCIH Z; == OOF

o0
16, Jloxa3ath, 4To 0eCKOHEUHHH pax Z Cp CXORMTCA TOTAA H TONMBKO TOTZAA,
‘=1
KOI'la NPy NPOH3IBOJILHOM BHIGOPE LEbIX HOAOKHTEIBHBIX SHCEN Of, Pay e Ppy vse
HMeeM:

n”To (Cnn +Cnsat o + Cmp,,) = 0.



TTABA IT

KOMIVIEKCHOE TNEPEMEHHOE
H ®YHKIHH KOMIJIEKCHOFO HEPEMEHHOIO

§ 1. PyHKHHN KOMMJEKCHOTO MEPEMEHHOrO

1. MonsaTHe GyHKUHH KOMILIEKCHOrO NEPEMEHHOro. PaceMmurpnm
MHOXKECTBO E KOMIJIEKCHBIX YHCET H YCJIOBHMCH, 4TO KOMIIEKCHOE
YHCAO 2 == X -+ yi MOXKeT OLITb OTOM/JECTBJEHO C KAaxXKAbIM UYHCAOM
3TOro MHOXKecTBa E; B TAKOM CJlyuae Mbl Ha30BeM 2 KOMNAEKCHbIM nepe-
Merubim, a E — ezo obaacmero usmerenusa. ['eoMeTpuuecKH o0JacThb
E u3meneHHsl KOMITEKCHOTO MEPEMEHHOr0 2 H300pa3HTCa NOCPEACTBOM
MHOKECTBA TOUEK B KOMIJIEKCHOH YHCJIOBOH MJIOCKOCTH HJH HA UHCJIO-
Bo# cdepe. [lo-npexxHemy Mbl OyzeM 0603HAYaTL 5TO MHOXKECTBO TOYEK
yepe3 E u OyjeM €ro HaseBaTb 00JaCTblo H3MEHEHHS KOMILIEKCHOrO
nepeMeHHoro z. Ec/H MBI BOCHOJAB3yeMCA ANs H300paKeHHs 4HCed
MHOXecTBa £ uucioBoft cdepodi, TO HeT HeOoOXOAHMOCTH HCK/IOYAThb
cnydait, Korga 6ecKOHeYHO yjajeHHas To4kKa NPHHAJNEKHT K £, T. e,
KOTjla Cpeid umces mHOMecTBa E umeeTcs Geckomeunocts. Mot Haso-
gesm w hynKyuel He308UCUMOZ0 KOMAAEKCHO20 NePeMeHHOe0 2, eCAu
KQitooMy 3HAQUEHUIO, KOMOpOe MOJem NPUHUMAMb 2, M. e. Kamoomy
uucay muoncecrméa E, coomeemcmeyem onpedeseHroe KOMNAEKCHOE
uucao80e 3Havenue w = u - vi. CHMBOJNHYECKH 3TO 0603HaYaeTcs Tak:
w = f (2). Ecnu 2 = x 4 yi, 10 u n v CyTb AefcTBHTENbHBIE YHKIHH
AN NeACTBUTENbHBIX NEpPEeMEeHHBIX X, Y. TakuM 0o0pasoM, 3ajaHue w
KaK (QYHKLUHH KOMIIEKCHOTO flepEMEHHOT0 2 CBOAHTCA K 3a/laHuio
IBYX QYHKIHH 4 ¥ U NepeMeHHbIX X ¥ y. MOKeT CAYUUTLCS, 4TO KaK-
JOMy 3HaueHHIO KOMILIEKCHOTO IE€PEeMEeHHOro 2 COOTBETCTBYET He-
CKOJbKO Da3/IHYHbIX 3HaYeHUH nepemMeHHoOro w. B 3TOM cayvae w Ha-
3LIBAETCA MHOrO3HAYHOH QYHKUMEH KOMILJIEKCHOTO MEPEMEHHOIO 2,
TOrJA KaK B NepBOM C/ydae OHa HA3bBAETCA ONHO3HauHOH (yHKUHEH.
B nanbHefiiieM, ecau He OTOBOPEHO NPOTHBHOR, MBI OyjeM HMETh JAeJo
JHIWb C OXHO3HAYHBIMH (QYHKUHSMH.

Kaxnoi Touke mMHOxecTBa E, KOTOpOE CAYXKHUT 06/IacThIO H3MEHe-
HH$l TIEPEMEHHOTO 2, COOTBETCTBYET ONpeJeJeHHOe KOMIVIEKCHOE YHCI0
w. M3obpaxkas nocsienHee Kak TOYKY B UHCJIOBOH IJIOCKOCTH HJH Ha
Unca0BO# cepe, Mbl IONyYaeM MHOXKeECTBO Touek £, Mrak, saxanne w
Kak (QYHKIHH KOMIJIEKCHOTO NEePEMEHHOrO 2 FeOMETPHYECKH CBOLHTCS
K YCTAHOBJEHMIO COOTBETCTBHSI MEXAY MHOXKecTBamu Touek E u E’,



46 SYHKUNH KOMIUVIEKCHOIO IIEPEMEHHOTO Irn. n

B CHJIy KOTOPOrO Ka)<AOH TOUKe MHOXKecTBa £ oTBeyaeT onpeeseHHas
TouKa MHOXKecrsa E'. B 9TOM cilyyae roBopsT, 4TO MHOMXKECTBO TOYEK
E orofpamxaercs Ha MHOXKecTBO ToueK E'. [Ipu 3TOM HEKOTOpbiE TOYKH
MHOxecTBa E' MOTYT OKas3aTbCs KPaTHBIMH, 4YTO OyXeT TOIAa, Korjaa
pa3NUYHLIM 3HAUYEHHAM 2 COOTBETCTBYET OJHO M TO K€ 3HayeHHe w.
PaccmatpuBas cooTBercTBHe MexJy TOYKaMH MHOxecT8 E u E' Kak
otofpaxeHue MHOXecTBa £’ Ha MHOXKeCTBO E, Mbl [I0/1y4aeM Vi Kax-
JOF0 3HAYEHHS KOMIIEKCHOTO NepeMeHHOro w, HU3MEeHSIOUIEerocs Ha
MHOXeCTBe TOUeK E’, OJHO MK HECKOJbKO (KOHEeUHOe UM GecKoHed-
HOe MHOXKECTBO) sHaueHu#l 2. CnenoBarenbHO, 06paTHO, 2 MOKHO pac-
cMarpuBaTh Kak (GYHKIMIO KOMIUVIEKCHOTO fepemeHHoro w. Takas
$YHKIHA HOCHT Ha3BaHHe ob6pamnol PYHKUUHK 0 OTHOLIEHHIO K PyHK-
uHM w = f (2). Ecau pasyi4HbIM 3HAYEHUSM KOMILICKCHOTO NMepeMeH-
HOT'O 2 COOTBETCTBYIOT Pa3jHUHLIe 3HAYEHUs PYHKUHUH W, TO OToGpaxe-
Hie muoxkectsa E u £’ 6yjer B3aUMHO OfHO3HAYHLIM, T. €, TAKHM, YTO
KaXJ10fl TouKe MHOXecTBa E OTBeYaeT eIMHCTBEHHas TOYKa MHOXe-
crBa £’ u, o6patHo, KaxIof Touyke MHOMKecTBa E’ — ofHa TOuKa
mHOxecTBa E. B aTOM ciy4ae 2, paccmaTpuBaemoe Kak o6patHas QyHK-
uusa w, OyAeT Takxke OAHO3HAYHOH ¢yHkuuelt. B obmem xe caydae
dynkuus, obpatHasi OJHO3HAYHOU GYHKIHUH, MOXeT ObiTb MHOTO3HAY-
HOfl 1 jaxe OeckoHeyHo3HauHo#. Dosee Toro, dyukuus, obparHas
OZHO3HAUHOM, MOMKeT HMeTb IPH KaxXIOM 3HAaUeHHH HEe33aBHCHMOTO
nepeMeHHOro OeCKCHeYHoe MHOMKECTBO 3HayeHHH, o6pasyoimux He-
npepuIBHYIO JAHHMI0. Hanpumep, w = | z | ecTb 0ZHO3HAaYHAS QYyHKUUSA
KOMIJIEKCHOTO nepeMeHHoro z. PaccmatpuBas ke z KakK QYyHKUHIO W,
Mbl BHAHM, YTO JaHHOMY 3HAY€HHIO W == ¢ OTBeYaeT OECKOHEeYHOEe MHO-
XKECTBO 3HAUEHH{ 2, LIS KOTOPBIX |2]| == ¢, T. €. Lenas OKPYXHOCTb.
BnpoueM, fiBleHUA TAKOTO POJa HE MOT'YT UMETh MECTa AJs Kjacca Rud-
tepenuUpyeMbIX GYHKUHKA, H3/T0KEHUE TEOPHH KOTOPBIX NpPEACTaBJserT
[JIaBHYO 3aJa4y HACTOSUIETO PYKOBOACTBA.

2. NMousitne o6aactu. Jlununa )Xopnava. B npeapiaymeM nyHKTe
MBI CUHTANH GYHKIHIO KOMIVIEKCHOTO MepeMeRHoro w = f (2) onpe-
JeJICHHOH Ha HEKOTODOM IPOH3BOJbLHOM MHOXKeCTBe Todek £. B pasnb-
HeHiieM Mbl MOYTH UCK/IOUHTENBHO OyjJeM NPUHUMATh 33 MHOXKECTBO
ToueX £, Ha KOTOPOM H3MEHSeTCs HEe3aBHCHMOE [ePeMeHHoe 2, TakK
HasbiBaeMylo 06/acTe MIOCKOCTH, ONpeAeJeHHe KOTODOH Mbl H JOJIKHEL
Teneps Aarb. [IpeABapnTesbHO BLIACHUM [OHATHE BHYTPeHHEH TOUKH
MHOXECTEa.

Touky P Ha3bBAOT 6HympeHHell TOYKON MHOXecTBa E, ecan Bce
TOYKY JOCTATOYHO MaJOTO Kpyra C IIEHTPOM B TOYKe P NpHHALJIEKAT
atoMy MHoxectBy E. Tak, Hanpumep, paccMaTpuBas BCe TOUKH, 3a-
KJIOUeHHBIE MEXAY ABYMSI KOHUEHTDHYECKHMH OKPYMKHOCTAMH, Mbl
noJsyyaeM MHOXKeCTBO, COCTOfLiee M3 OQHHX BHYTpeHHnX Touek. [Ipu-
COCIHHAA XKe K STOMY MHOXECTBY TOYKH, JIeXKallHe Ha OKPYKHOCTH
(Ha opHOB uAM 06eux), Mbl GyHeM HMeTb MHOMKECTBO, KOTOpOe CojAep-
KUT TOYKH, He SBJSIOIUECsS AJS Hero BHYTPEHHHMU: Takumu OyayT
BCE TOYKH, PaclOJIOKeHHBIE Ha OKPYXKHOCTAX.
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Obaacmbro Ml HasblBaeM MHOXecTBO G TOYEK NJIOCKOCTH, VIOBJe-
TBOPSIOIIEE CJENYIOMHUM IBYM YCJOBUSM:

1} G cocTouT M3 ONHHX BHYTPEHHHX TOUEK,

2) mo6hle ABE TOUKH MHOMKECTBA MOXKHO COEAMHHTb JIOMaHOH ¢ Jio-
€TaTOUHO GOJILIIHM YHUCTIOM 3BE€HLhEB TaK, YTOGH BCe TOUKH 3TOH JHHHH
fIPUHALJIEKATH CaMOMY MHOXKECTBY.

Tag, BHIUCNPUBEACHEBIH NpUMEp MHOXECTBA NpPEACTapaAsieT of-
J1acThb; BO BTOPOM K€ cjaydae Mbl He HMeeM ob6aactu. Korza nama o6-
Jdacte G, TO BCe TOYKH IJIOCKOCTH MOKHO PasfeNuThb Ha JIBa KJaacca
N0 OTHOIIEHMIO K 31Ol of6aacty. K mepBoMy Kiaccy MbI OTHeCEM BCe
Toukn ofjsactH G, KO BTOPOMY — TOUKH, He nNpHHajaexamue G,
OueBuano, Touka Q, He npHHajdexamas obaactu G (TOYKa BTOPOTO
KJ1acca), MoxeT OblTh OBOSIKOTO THHAa: AHG0 BCE TOUKH AOCTATOYHO
MaJIoro Kpyra C HeHTPOM B 3TOH TOuKe Q He npuHaiiexar obaactu G,—
TaKyio TOUKY @ MBI Ha30BeM éreuireli TOUKOR obaactu G, — aubo, npu
CKOJIb YTOJHO MaJIOM Kpyre ¢ HEHTPOM B TOUKe (), B 3TOM Kpyre 6YAyT
Bcerga Toyky obaactu G,— TAKYI0 TOUKY @ MBI HA30BeM e2panu4Hod
TouKoOH obsaacti G. COBOKYNHOCTh BeeX IpaHyuHBIX ToueK obnactu G
Ha3blBaIOT ee epanuyeti. EAUHCTBEHHBIM NpuMepoM ofjactu Ges rpa-
HMIBI CHYXKUT BCSl pacliipeHHasi IJIOCKOCTb KOMIJIEKCHOTO NCPEMEH-
Horo. Takum 06pa3oMm, OTBJAEKAsiCh OT 3TOTO CAYy4asi, MOXKHO CKasaTk,
YTO BCsKas o6aacts G umeer rpaHnny. CymecTBEHHO OTMETHTb, YTO
He BCeraa CYHIECTBYIOT BHEIIHHE TOYKH obnacTH G; Tak, Hanpumep,
COBOKYTIHOCTb BCEX TOYEK IJIOCKOCTH, HE JIEeXalluX Ha OTpe3Ke neli-
eTBuTeabHON ocn [—1, 1], npeacraeasier 06a2cTh, He HMEIOILYIO
BHEUWIHUX TOYEeK.

MruoxecrBo, cocrosuiee u3 obnacty G W ee TpaHHIB, HasbiBaeTes

samxuymot obaacmoro u o6osHauaeTcs uepes (.

BrigcunB noustHe o6sacTH, nepefiieM K ONpeAeJeHHIO NOHATHA
HenpepwuiBHOH JuHMHM B cMbicae JKopaana. Ilyers x () u y (f) cym
JEACTBHTEJbHBIE HeNpephiBHble ©YHKHHH NEPEMEHHOro !, H3MeHsw-
merocs Ha oTpeske a < ! < P. [lBa yparHenus

x=x{), y=y@) (a<li<§) 1

Q0T MapaMeTpHuecKoe u3obpakenue Henpepwisror NMHHA. Ecan Mb
norpebyem, uTOGLI ABYM pas3/iHuHbIM 3HAYEHHAM napamerpa ! (3a
HCKJIoUeHeM, ObiTh MOXKET, 3HadeHnll { = o u £ = f§, COOTBETCTBYIO-
IHX HagaJly ¥ KOHIY JIHHUM) COOTBETCTBOBAJU BCerjla ABe pasynyHbie
TOYKH JIHHHY, TO HAla JuHus He GyAeT UMeThb KpaTHLIX ToyeK. Takywo
JUHUIO MBI OyJieM HaspiBath 4unueld JKopOaHa Win nPOCTO HEnpepuis-
Hotl aunueid. Ecnp Mbl NOAOKHM 2 = x -+ iy, Tak 4T0 2 (f) = x () +
-+ iy (f), TO ee aHaauTHUECKOe H306pa)keHue MoKeT OhlThL 3aNHCaAHO
¢ NOMOULIC OJlIOrO YpaBHEHHUA!

z=z2(y (x<t<B®h). 1"

Koraa napamerp ! namensercs, soapacras Ha otpeske {a, B1, Toura
2 onHcriBaeT aunmo JKopaana, HavanoM KOTOPOH CJY:KHT Touka 2 (a)
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# KOHLOM Touka z (f); TeM cambiM Ha suuuu (1') ycrapasansaerca
MONOXKUTENBHOE HalpaBJieHue.

I'eomerpuuecku Jauuus JKopiaHna, oueBUAHO, NPEACTABAAET MHO-
IKECTBO TOYEK IIOCKOCTH, SIBJSIOIIEECS B3aWMHO OJHO3HAYHBIM H Hes
NpepLIBHBIM OTOOpaXKEHHEM MNpANOJIHHEAHOro OTpc3ka. Ecau Hayano
H Koxeu JinEHY JKOpAaHa COBMAAaloT Mexay coboi, 1. e. z (o) = z (),
TO OHa Ha3blBaeTcs 3aMKHYToH. Kak nokasan KopzaH, HenpepriBHas
8aMKHYTas JIMHUS 6e3 KPaTHHIX TOYEK JENHT MJOCKOCTh Ha [BE pasHbie
061acTH: OfHY, HE COAEPIKAMYIO (ECKOHEYHO YAANEHHON TOUKH, HA3bl-
BaeMylo BHYTPEHHEH MO OTHOIUEHHIO K AAaHHOH JIHHHH, APYryio, CO-
Jepxalnyio 6eCKOHEUHO YAANEHHYIO TOUKY M HA3bIBAEMYIo BHellHell mo
OTHOWIEHEIO K AaHHOH KpuBoH. as ofeux stux obaacrell AaHHas Ju-
HHUs sABJaAerca rpaHuuedi. Mel 6yjem npeanonararb, 4TO BhILIEYKa3aH-
HOe f0J10XHTeIbHOE HallpaBJeHHe Ha JUHUM BLIOpaHO TaK, YTO BHY-
TPEeHHsisl 4YaCTb KPHBOH JIEXKHUT CJeBa OT TOYKH z (f), ABMKyUIEHCs
B 3TOM HanpaBJeHHH. 3aMKHYTYIO JHHHIO JKOpHaHA reoMeTpHuecKH
MbI MOYKeM PaCCMaTPHBaTh KaK B3aUMHO OJHO3HAUHEIH H HENpPEPLIBHBIA
06pa3 OKPYKHOCTH. JleHCTBUTENbHO, HE yMeHbILAsg OOUIHOCTH, MHL
MOXeM noNOXUTE o = 0, § = 20 # paccMarpuBate nmapameTp ! Kak
apryMenT TOYKM OKpyxHocta. O67acTp, Jexauas BHYTPH SaMKHY-
ToR saunuH KopiaHa, o6aajaeT OAHMM 3aMedaTelbHBIM CBOHCTBOM!:
Kakyp Obl 3aMKHYTYH) HENPEPLIBHYIO JHHHIO MH HH OpPOBEJH B 3TOH
o6/1acTH, ee BHYTPEHHSA 4acTb TAaKKe NPHHANICKUT LaHHOH 06NacTH.

BooGme, Bcskyio o6aacts, 06Hajfaomyio 3THM CBOHCTBOM, MBI
HA30BEM 00HOC8A3HOL, a 061acTH, He 06Jajaioliie YIOMSAHYTHM CBOMH-
CTBOM,— MHO200683HbIMYU. Tax, HanpuMmep, 4acTh MJIOCKOCTH, J€Xa-
liass BHYTPH MHOTOYTOJIbHHKA, €CThb OJHOCBsi3Hag 00/1aCTh, FpaHuLed]
KOTOPOH CAYXHT STOT MHOTOYTONLHHK: HA060pOT, 4acTh MJIOCKOCTH,
Jexalas BHE MHOIOYTOAbHHKA, OYIeT MHOrOCBS3HOH, TaK Kak BHY-
TPEHHAH YaCTh 3aMKHYTOM >KOPAaHOBOH KPHBOH, OKPYXKaioLle# MHOro-
YFOJIBHHK, HE BCA NPUHAANEKHT NaHHON o6nactd, TOYHO TakK ke MHO-
rocesasHofl 6yzer o6/1acTb, COCTOALLAA H3 TOUEK 2 KPYFOBOLO KOMbld
r<|z—z} <R.

Hns ofnacredi, sexamux B paclIupenHOH MIOCKOCTH, NOHATHE OA-
HOCBSIBHOCTH HeCKOJMBKO o6obuiaercs. MMenso, Takasi o6sacte HA3hH-
BaeTCH OJHOCBSI3HO{, €CAau J/ig 3aMKHYTOH KOpDILAHOBOH KpHUBOIl,
npuHajjexauief obnacty, NH60 BHYTPeHHss, 10O BHEIIHAA H9acTb
(BrAlOUas u GECKOHEYHO YRAJIEHHYIO TOUKY) NPHHAMJIEKHT 3TOH 06-
nactd. Hanpumep, BHellHss YacTh MHOTOYIOJbHHKA fIBJASETCS 3AECH
ONIHOCBA3HON MJIM MHOIOCBS3HOH, CMOTPS MO TOMY, BKJIOUAeM JIH Mbl
B Hee OECKOHEYHO yAaNeHHYIO TOYKY HJIM 3Ke HCKIIOYaeM,

Msi yxe oTMeTusIH, YTO 4acTb MJIOCKOCTH, JieKallasi BHYTPH HpOH3-
BOMbHOH 3aMKHyTO# JAuEuMuM yKopraHa, ecTh OJHOCBsi3Has 0GnacTs,
rpanuneit KOTopoli ciyxur sta nueus )Koprasa. Paccmarpusas of-
J1aCTH, TPAHHLB! KOTOPLIX COCTOSIT U3 HECKOJbKUX 3aMKHYTHIX JAMHHHA
JKopaana, Mbl 6yneM uMeTh npuMephl MHOTOCBA3HBIX ofsiactedl. Tak,
nyers Iy, Iy, ..., [, cyTe saMKuyTme Juuud JKopaaHa, Takue, 4TO
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Raxjas u3 auuuit I, Iy, ..., I, JT€XKHUT BHE OCTaJbHLIX U BCe OHHU pac-
nogoxenn BHYyTpH [, (puc. 15).
MHOXKeCTBO TOUEK ILIOCKOCTH, JEXallMX OJHOBPEMEHHO BHYTPH

JuHuM [, u BHe Bcex Jsumpuit Iy, Iy, ..., [,, OyAeT npencraBaATL 00-
JIaCTh, TPAHULEH KOTOPOH CAYXKHT COBOKYNHOCTE TOYEK JHHHH [,
1i, ..., I,. Hanpumep, MHOXKeCTBO TOYEK 2, YIOBJETBOPAIOIUX Hepa-

BeHCTBY r < |2 — 2,| < R, npejcrasaser 06/1acTh, TpaHHla KOTO-
po#l COCTOUT M3 IBYX OKPVYIKHOCTEl pajnycos r # R ¢ oOLUM LeHTpoM
B TOUKe 2,. [Ipn n = 0 Mbl HMeeM
npexHuit  npocrefiunft cayuaft
ofHocBa3Hol  obnactu. HaoGo-
poT, B cayyae n >0 B ofnactn
CYIIECTBYIOT TaKHE HENPEPBIBHLIC
3aMKHYTble JIMHHW, BHYTpeHHUE
4acTH KOTOPHIX He LEJHKOM IpH-
Haanexat obaactu. Takuu 06-
pasoMm, o6aacTb, TpaHHlla KOTO-
pofi COCTOHT M3 HECKOMbKHX
n -+ 1 3aMKHYTHIX JIHHUH, 6y-
JeT MHOTOCBA3HOH M HMMEHHO
n + l-ceasnoi. Hanpumep, Mro-
JKECTBO TOUEK, JIEXKAUHX BHYTPH
KPYyTOBOTO KOJbHa, — JABYXCBSI3-
nas obnacTh; obaacTb, u3obpakeHHas Ha puc. 15, — tpexcsas-
Has u T. 4.

O6nacTp Ha3LIBAETCH OTrpaHHYEHHON, ©CJH BCe ee TOUKH JeKar
BHYTPH HEKOTOPOrO KpPyra ¢ LEHTPOM B HYJEBOH TOYKE JAOCTATOUHO
6OMBUIOr0 NOCTOSHHOTO pajuyca. B nporuBHoM cayuae of7aactb
HasbiBaeTcsl HeorpaHuuelnofi. B npasbrelfimleM, eciu He OrosopeHo
[POTHBHOE, NOA C0BOM «06/1aCTb» Mbl OYAEM NOHHMATb NPOH3BONBHYIO
OIPaHHYEHHYIO HJIH HEOrpaHHYEHHYI0 06JIaCThb MIOCKOCTH, OZHOCBS-
3HYI0O MWJIH MHOIOCBSI3HYIO, He COepxkaulyio OGecKOHeuHo ypaneH-
Ho# Touxu, u OyieMm ee ofo3Hayarh yepes G. MHOXKECTBO TOUEK, CO-
cTosee U3 Touex obaacTH U M ee IPaHHYHBIX TOYCK, Mbl OyaeM Ha3bi-
BaThb samxHymoti obaacTeio U o003Hauath yepes G.

3. HenpepblBHOCTb (YHKUHH KOMNJEKCHOTO nmepeMeHHOro. Ilycte
JAaHa OJHO3HayHasA QyHKUHA W = [ (Z) KOMILUIEKCHOI'O IEPEMEHHOrO,
onpejenennas B obmactH G MIOCKOCTH. Mbl ckaxeMm, 49TO (hyHxyus
f (2) cmpesumen k npedeay A, xoeda 2 crpemumcs K mouke 2o, 06aacmu
G, ecau ona ydosaemsopaem Yeaosuio: 041 Kaxd0eo NPoL3B0ALHO MAN0Z0
HOAOHCUMEALHO20 HUCAQ & MOXCHO ONpPedeAumd NOAONUMEAbHOE HUCAO
8 = 8 (e}, maroe, 4mo umeem mecmo uepasercmso |f () — A| <e
045 scex 2 (2 5% 2,), yoosaemeopsouux Hepasencmsy |z — 2z, | << 8.

CHMBOMHYECKH 3TO 3alHCBIBAT TaK:

lim f(2) = A. 2

22,
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B vactHocTH, ecan A = [ (2,), DyHKUHUSA [ (2) HasbIBaeTCs HENMpepHB-

HOH B TOUKE 2,5, T. €., 1O ONpEJeNeHuIo, [ (2) HenpepvibHa 8 mouxe zy,

ecau 0as Kaxu0020 CKOAb Y200HO MQAC20 ROAOKUMEABHOL0 HUCAQ €
cywecmeyem noaoxcumestioe uucao & = 8§ (g),
makoe, 4Mc CoINOAHAEMCA HePABEHCMBO

@) —f)|<e ®3)
028 6cex 2, YOO0BACMBOPAIOULUX HePABEHCMBY
|2 —2|<d, “4)
ual, Kopoue:
/ limf @)=/ (z). @)

leomerpuuecku 3T0 onpesieieHNe O3HAYAET,
YTO JJIS BCEX TOUEK 2, JeXKaliMX BHYTPH KpyTd
|z —2,| <8 c uentpomM B TOuke 2, JAocTa-
TOYHO MAJIOTO pajHyca 8, COOTBETCTBYIOIME 3HAYEHHS QYHKIHH @ =
= [ (2) u306paxkaloTcs TOUKaMHM, JEXKallMMH BHYTpDH Kpyra |w —
— wp | < & C LEHTPOM B TOUKe W, == [ (2,) CKOJIb YrOAHO Majoro pa-
auyca e, Mm MoxXeM ¢opMy/nHpoBath Kopoue OnpejeNeHne Henpe-
PHIBHOCTH TaKHM 06pa3soM: ¢yukyus w = [ (2) HA306i60MC Henpepois-
HOil 6 mouke 2,, ecat 045 8CeX mouex OOCIMAMOHHO MAAOL OKPECMHOCIU
mMOUKLL 2y COOMBEMCMBYOULE BHANCHUA (YHKYUL Aexcam 8 Npous-
B026HO MAAOL OKpeCmHOCmU MOoYKL Wy = [ (2).

(Dynkuns, HenpepoiBHas B Kax 1ol Touke obnactn G, HaswBaercs
HenpepoisHotl ¢ smotl obGaacmu. Hanpumep, w = z' HenpepbiBHA
B KaxJ0H TOuKe 2, IUIOCKOCTH. [leficTBHTeNLHO, mojaras w, = 23,
HveeM:

w—wo=2"—2 =@ —2) (" + 7%+ )
[EPEXOas K MOAYJAM, MBI MOJYYHM CJIEAYIOLiee HepaBEeHCTBO:
w—w|=|z—2||" + 4+ 47 <
<le—2| (" "4 e 47,
rae nonoxeno: |z|=r, |2, | = r;. PaccMaTpuBas Tenepp OKpeCT-
HOCTb 8 TOURW Zp, MBI BUANM, YTO AJf BCEX TOUEK Z 3TOH OKPECTHOCTH

MMEET MECTO OuYeBHjiHOe HepaBeHCTBO 7 = |2| < OM =ry+ 8
(puc. 16). Tloatomy 6ynem uMeThb:

lw— wo| < |2— 2| 1(ro+8)"" + (ro+ 8" 1o -+ +757 1 <
< nd(ro - &)L

OTciona CHO, YTO MBI MOJKeM O BLIGPATb CTOJIb MaJlbiM, YTOGH! | — Wy |
6Ll MeHbHIe JIIOGOTr0 Hanepel 3afaHHOTO MONOMKUTENHHOTO Uucaa E.
Wrax, w = 2" ectb QyHKIHg, HENPepHIBHAs BO BCell IIOCKOCTH KOM-
TVIGKCHOrO NEPEMEHHOTo Z.

Puc. 16,
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Tak Kak onpeiesneHue HENPepuiBHOCTH (GYHKUHMU KOMILIEKCHOTO
nepemMeHHoro ¢ GopManbHOA CTOPOHB! AHAJOTHYHO COOTBETCTBYIOMEMY
onpereeHuio g QYHKIUHYE AefiCTBUTEIbHOIC NepeMeHHoro, To JI0Ka-
3aresibCTBa TeopeM 00 onepauusiX Hal HENpephBHLIMU QYHKUUAMH
OCTAIOTCH TEMM K€ B KOMILIEKCHOH 06/1acTH, YTO H B AeHCTBHTEJIbHOM
ananuse. Tak, cymma, pasnocms u npoussederue 0syx ¢yrxyud f (2)
u @ (2), Henpepoisrotx 8 mouxe z, (B obaactu G), ecmo QyHKyus, Henpe-
poisras @ moi sce mouxe (B TOA »Ke 00MACTH); TaKXKe HACIMHOE MAKux
pynsyud ecmo pynkyus, Henpepbisras 6 mouxe z, (B obaactu G), ecau
¢ (2) 5= 0 lecnu @ (2) = 0 B obnacru Gl. INonp3ysce 3tum npenso-
JKEHHEM, MBI MOXEM, HalpHMmep, 3aKJIOUUTh, YTo Joban UejJas pauuo-
HalbHaa OYHRKUMA @ = q2" + aq2"! -+ ...+ @, HenpepniBHa BO
BCeli MIOCKOCTH KOMILIEKCHOTO [EePEeMEeHHOro 2; jaJjiee, BCSKas paluo-
" + a2 e foay
b?™ + 7" 4 4 b
TOYKE IIOCKOCTH KOMIUIEKCHOTO MNEePeMEHHOIo 2, 32 HCKJ/IUCHHEM
T€X 3HAYeHHH 2, NPH KOTOPHIX 3HAMEHATe/b PaBEH HYJIO.

HaJbHasd QYHKLUA W= HEnpephBHA B KaXA0M

Mpumepst. 1. f(0)=0; @@= ¢, ecsiu 2= r{cos@ -+ isin¢), rae r> 0,
0<c@<<2m. 310 ectb GYHKUHSA, OJHO3HAYHO ONpelestieHHas BO BCeHl MJIOCKOCTH
KOMAJIEKCHOIC MepPeMEHHOTO 2, HEempephiBHAs BO BCAKOH TOYKE, OTJAMYHOH OT Touek
BeACTBHTeIbHON noNOXKUTeIbHOH ocH. Byner in GyHKUUA HenpepLIBHON B 3THX NOCTex-
HUuX Toukax? QueBMANO, HET, TaK KaK B NIPOTHBHOM CJyuYae AJf BCEX TO4eK 2 AOCTA-
TOYHO MAJOH# OKPECTHOCTH TOUKHM 2= 7 JOJKHO OuTh | f (@) —f(r) |<<e, 7. e
1F @ | < 8, YTO He BLINOJIHAETCSH, €CAM TOUKA 2z HAXOAWTCH HA Jyde, AJAS KOTOPOTO
© > g, 3aMeTHM, 4TO ecu 2z NPUGIMIKAETCSH K TOYKE 2 == 7 BJOJb MOJOMKHTENbHOH
neficTBuTenbHOl ocn (¢ = 0), To ycioBHE HenpepbiB-

HOCTH BHINIOJIHAETCS, TaK Kak IS TaKHX TOYEK BCe
Bpema |f(z)—f(@]=0 wu, 3uawur, |f(z)—

— [ (@ <& Opnako onpefeneHHe HENPEPHIBHOCTH
QYHKUHH @ B TOYKe 2, TpeGyer, u4ToOH NPH NPOHU3-
BOJIbHOM NPHOMMKEHHH TOUKH 2 K TOUKE ) SHAYeHME
QYHKUUN @ CTPEMUJIOCH K Wy.

2. w=|z|= )/ *®+ 42 Ora pyHEKUUA Hempe-
PBIBHA BO BCEH [IOCKOCTH KOMINJIEKCHOTO NepeneH-
HOTO 2, TaK Kak, oweBuimo, limjz|== |z

z—+24

3. w=arg 2. 370 eCTb QYHKUHUA, ONPEJe/]eHHAA BO
BCeHl MJIOCKOCTH KOMIJIEKCHOTO [ePEeMEeHHOTO 2, Kpome Puc, 17,
2= 0, MHOTO3HaYHa7A, [I0TOMY YTO KaXbill BEKTOP HmeeT
BECKOHEUHOR MHOMECTBO PA3JIHUYHBIX HANPaBJSIOMHMX YIVIOB, Pa3HsUXCHA APYT OT
Jpyra Ha xparHoe 251. Korjaa Touyxa 2 ONHUChIBaeT OKPYXHOCTb, BHYTDH KOTOPOR JIEKHUT
HAUa0 KOOPEMHAT, TO NPH OAHOM TOJOXKHUTEJIbHOM 00Xole 3Toff OKPYXKHOCTH @ =
= arg z BO3pACTaeT Ha 20, npu n-KpatHom obxoge — Ha 2mn. Ecay xe Touka z onu-
ChIBACT OKPYXKHOCTb, LN KOTOPON HYJeBas TOYKa OYAeT BHeuwiHell, TO @ = arg z
nocse o6Xofa NPHIMMAET NEPBOHAualbHOe 3HaueHne. JeficTBHTeNbHO, NMoOCIe 00Xxofd
OKpymxuOoCTH (Puc. 17) w = arg z MOXKET NPHHATHL JHLIL TaKoe 3HaYeHHe, KOTOPoe
PA3HUTCS OT HAyalbHOTO 3HAuEHUsi Ha KpaTHoe 25, OXHAKO BEKTOP 2 BCE BpeMs
oCTaercs B yrsie, cOPasOBAHHOM ABYMS KacaTeJbHBIMM K OKDYMHOCTH, I1POBEICHHBIMH
H3 TOUKH z = (J; C/IeJOBATEIbHO, arg 2 HE MOXET NPUHUMATh 3HAYEHHS, KOTOPHIE OTIH-
Yanuch OB OT HAYalbLHOTO €T0 3HaueHHs OOJbiie, YeM HAa Yyroa Mexpay obeumu Kaca-
TesbnpiMA. Taxk Kak 3TOT yroa menbiie 7, TO HPH OOXOAE YKA3aHHOH OKpPYXHG-
CTH arg AOJUKEH DEPHYTbCS K NepBoHayalbHOMy 3HaueHuio. Orciofa ciefyer, 9To
W == arg z MOMHO PACCMATPHBATH KAK OJHO3HAYHYIO HenpeprBHYO QYHKIHIO B OKpecT-
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HocTH Mo6oit ToukH 2z (2 == ) nJocKoCTH, He COlepIKallell HYaeBOH TOYKH., AHANOrHYHO
MOMHO TOKa3aTh, YTO W == arg 2z €CTb (PYHKUKS, ONHO3HAUHAs M HenpepbiBHasA BO
BCRAKONl OAHOCBA3HOH 00]aCTH, He COjepXKalied HYJeBOH TOUKH.

HHorna pyskuust w = [ (2) paccMarpuBaeTcs ONpefeeHHON TaKxke
W B TPaHUYHBIX TOUKaxX obaactu G, T. ©. Bo Beell 3aMKHVTOH 0o6s1acTi G.

Torzia noj HenpepuIBHOCTLIO GYHKIHH B TPAHHUHON TOUKe 2, 06aacTH G
NOHHMAIOT CAefylollee: yCa0Busi HernpepbiBHOCTH (3) U (4) BBINONIHS-
I0TCsl JJIsi BCEX TOYEK z, NMpHHanIexaunx obnactu G, T. e. TOYUKH 2,

Jaexalue BHe obmactH (G, OCTaBJASIIOT BHE paccMoTpeHusi. Pyrxyus,
HenpepbisHas 60 6cex mouxax 3amxkuymol obaacmu G, Ha3vweaemcs

Henpepoigroll ¢ G,

[Tono6HbiM ke 0O6pa3oM TOBOPAT TaKXKe 0 HenpepoisHocmu 60046
Kpueod, noHIMas NOJ 3THM, YTO YCJOBHSI HenpepblBHOCTH (3), (4)
BLINOJAHAIOTCS TOJbKO A9 TOYEK, JeKalHX Ha paccMaTpuBaeMoil Kpu-
BOH, He o0pallas BHUMaHHA Ha 3HAYEHHA GYHKUUHN B APYTHX TOYKax.

Taxk, B npumepe 1 ¢yHruus f (2) HenpepbiBHA BAOJb AEHCTBHTENb-
HOH NMOJIOXKUTEJNBbHOH OCH BO BCAKOH TOUKE 3TOH JIHHHH, TaK KaK B 3THX
TOYKaX OHa BCe BpeMsl paBHa HYJIIO, HECMOTPS HA TO, YTO 3Ta (PYHKUHA
He OYIeT HPOCTO NENpepbiBHOH HH B KaKoH TOYKe 3TOH JIMHHH.

4. Teopema o paBHOMepHOIi HenpepblBHOCTH. Jlemma lefine—bo-
peas. OyHKuNs w = [ (z), HenpepbIBHASA B 3aMKHYTOH OrpaHHYEHHON
obnactn G, ofnajnaer CROHCTBOM, KOTODOE BHIPAXKAETCH CJEAYIOLLEH
TeopeMoii:

Karoso 6Gor Hu 66120 Mmaroe noroxHcUmMeAbHOe HUCAO E, cyzu,ecmeyem

uucao & = & () maxoe, 4mo das Awboix deyx mouex 2 u 2" obracmu G,
raccmosnue mexcdy komepoimu |2 — 2" | < 8, pasnocme coomeem
cmeyrowux 3Hauerull pynkyuu yoosiemsopaem HepaseHcmey

o' — o' |=1f@) - @) | <e

ST0 CBOHCTBO BHIpAXKAaeT, KAaK TOBOPST, PABHOMEPHYIO HEMpephiB-

HOCTL (YHKHMM B 3aMKHYTo# obnactu (. Teopema, C/1el0BaTeIb 1O,
YTBEPKIAET, UTO J06ask QYHKIHS, HENPEPhIBHAsH B 3aMKHYTOH 06J1aCTH
G (T.e. HenpephiBHAA BO BCsKOM TOuke obnacti G), PaBHOMEPHO
HenpepbiBHa B obsactu G. _
M3 ycnoBus HenpepriBHOCTH PYHKIMY B Kax10# Touke z obnactu G
caeayer, yTo npu mwbom e > 0 cyiecTByer Kpyr ¢ LIEHTPOM B TOUKE Z
paguyca p, Tako#, uTo A/Ms JOGHIX ABYX TOYeK 2 M 2, JeKamux
BHYTpU 3TOro Kpyra, umeem: |f @') — f (¢")| < &. C usmeHenuem Z2
paaMyc p, U3SMeHSeTCs, 4 BO3HMKA€T BONpOC: He OYHET JiM OH CTaHO-
BUTbCS MEHbILE CKOJb YrojHO Majoro yHcaa? QopMmynaupoBaHHas
TEOpEMa yTBEPKIAET, UTO PAAUYC STOFO KPyra MOMKHO CUHTaTh GOJb-
IIMM HEKOTOPOro NOCTOSHHOTO NOJOXKHTeJdbHOTO 4ucaa. JloxasaTesnb-
CTBO 3T O} TeopeMbl OYAET OCHOBAHO HA CJEAYIOLeM BCIOMOTaTe/bHOM
npelJioxX €HHY, H3BECTHOM noj HMeHeMm JeMMbt [eiine — Bopeas:
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Ecau kandan mouxa z samxrymod u oeparuuernold obracmu G
ecmb yenmp kpyea K,, mo cywecmsyem KOHeuroOe HUCAO IMUX KPYeos,
noxpegarowuy o6aacme G, m. e. maxux, 4mo scakas mouxka obaacmu G
AEHCUM SHYMPU RO Kpaliteli mepe 00H020 U3 3Mmux Kpyeos.

Jas pokasatenbcTBa 3akawoyuM obnacte G BHYTPb KBajparta @
CO CTOPOHaMH, NapajfebHBIMH OCAM KOOPAMHAT, U Pa3ieNHM 3TOT
KBaJpaT Ha yeThlpe KOHTPYSHTHBIX KBaapaTa. [1pesnonaras yreepKae-

HHe HeBepHEIM 1t 0671acTu G, Mbl JOJIKHBL ZONYCTHTD, YTO OHO HEBEPHO

IS MHOKECTBA TOUYEK obaacTu G, JNeKalnux XoTs Obl Ha OXHOM H3 3THX
uethipex KBazparoB. O6GosHauum Takoil KBaipaT yepes (, 1 pasfestum
€0 CHOBa Ha YeThlpe KOHTPY3HTHBIX KBajipara; IoJayyuM ksajipar (.
Iponomkan Takoe pasgeneHue Aajblie, MBI MONYYUM MOCTELOBATENb-

HOCTH KBaApaToB Q,, KaxK1blfi H3 KOTOPHIX COAEPXKUT 4acTh obractu G,
JJIA KOTOPOH Halle yTBepXKIAEHHe HeBepHO, T. €. A KOTOpoil HeobXo-
JuMO TIOKpBITHE OeckoHeuHo Muorumu Kpyrama K,. Ilycts 2z, ects
TOUKA3, NpuUHajjIexanas BceM Kksagpatam @, (ra. 1, § 3, n. 4). Ecnu n
JocratouHo OoJblioe, TO B NPOH3BONLHON OKPDECTHOCTH TOUKH 2,

JexaT KBajpartel , H, claefoBartesbHO, TouKdu obnactu G. Takum

o0pasom, TOUKA Z, IPHHALNEXKHT caMa obnacti G U ABAseTCH, ClejoBa-
TeNbHO, HeHTpoMm Kpyra K, . O603HaukM pajuyc 3TOTO Kpyra uyepes p.
Buifupass n cronp GoabLiuM, uToOhl AdaroHasb ksaapata @, Gbuia
MeHbllIe O, Mbl BHAHM, YTO Bce TOYKH obsactu @, NpuHaAMIEKalnue
TakoMy @,, NOKDLIBAIOTCS € MOMOLIBIO OAHOIO Kpyra K,,, B TO BpeMs
KaK, MO NpejnoJOKeHHIO, L/ NOKPBITHS 3ITHX TOUEK HEOOXOAHMO
GecKOHEYHOe MHOMXKECTBO Kpyroe cucrembl K,. [lonyueHHoe mpoTuBoO-
peune y6exKaaeT HAC B CMIpABEIJIHBOCTH JIEMMBL.

3aneuanne. Jleuma, oueBHAHO, OCTAETCH BEPHOHN, ecH BMecTo obaactn G
BO3bMEM Henpepbtaﬂyto Kpusyo nitu BOO6HL€ .moéoe ozpaﬂuqeuuoe aamcuymoe MHOMCECINBO
TOYEK NJAOCKOCTH. MHOKECTBO TOUEK NJIOCKOCTY HA3LIBAETCH OTpaHHYECHHDIM, €CIH OHO
HEJHKOM JIEXHT B KOHEGYHOH 4yacTi NJIOCKOCTY; OHO Ha3biBaeTCsi, CBEPX TOTO, 3aAMKHY~

ThIM, €CTH COAEPKHT BCe CBOH NpeiesibHbLIC TCUKH, T. €. TOYKH 2 TVIOCKOCTH, B OpPOMN3-
BOJMIBHBIX OKPECTHOCTAX KOTOPHIX HAXOASATCA TOYKH MHOXKECTBA, OTVIHYHBLIE OT 2.

O6painasncs K A10Ka3aTeNbCTBY TEOPEMBL O paBHOMEPHOI HenpephiB-
HOCTH, pacCMOTPHM IJIs Ka)Kao# TOYKHU 2z obiacti G Kpyr C LIEHTPOM
B z pajnyca p, TakoH, 4To Aia JoGHX ABYX TOUEK 2" u 2’, JeKamux

BHYTPH 3TOTO Kpyra, HMeeT MecTo HepaBeHCTBO |f () — [ (Z) | < &
3T0 CJelyeT HENOCPELCTBEHHO H3 HENPepeBHOCTH QyHKUuH [ (2)

B Kax a0k Touke z o6sactn G. Kak B nemme 'efine—bopens, nocraBuMm
B COOTBETCTBHE KaKJOH TouKe 2 objactH G Kpyr ¢ LEHTPOM B 3TOH

i
TOUKe paguyca —-p,. Ha ocHoBaHumM JeMMBl CYUIECTBYET CHCTEMa
9 Pz

KOHEUHOTO YHCJa TakHX KPYroB, MokprBawomas obaacte (. Ilycrs
PajuyC HAKMEHBINEro CPeAH 3THX KPYros paseH §; Mbl yTBepmpaem,
YTO 3TO 4MCA0 O Y/NOBJETEOPSET YCIOBHSAM JOKa3blBaeMOH TEOPEMEI,
B camom aene, ecan |2' — 2| < 8 u Touka Z' JIEKHT BHYTPH KpyTa



54 ©YHKIUHM KOMIUVIEKCHOTO TNMEPEMEHHOTO Ira. u

€ LEeHTPOM B TOuKe { paguyca -—é— Pz T0 8 < —é— pz H, CleloBaTeNbHO,

TOUKH Z' M 2" jeXxaT BHYTPH Kpyra C IeHTPOM B TOUKe { paauyca pg
orciona caenyer: |f (2') — f (2} | < e, uto u TpeGoBanock HOKa3aTh.

§ 2. Paam dynkunui
1. NlonsTHe paBHOMepHO cxoasuierocss paga. IlycTb uMeeM pax
Ui @) + uy (@) + oo U () F (5)

BCE YJIeHH KOTOPOTO CYTh OfHO3HAUHBIE (BYHKIIHH KOMINIEKCHOTO nepe-
MEHHOTO 2, ONpejie/leHHble B HeKOTopo# obsacti G; NpeinosioxuM, 4To
$TOT paAL CXONUTCA BO BCAKOH Touke 2z obiacty G. B atoM cayuae
cymMa s psaia (5) Gyjler OZHO3HAUHO onpeneseHa B KaXJOH TOUKe z
obaactu G H, cjeloBaTeNbHO, GYAET NPEACTaBAATb OHO3HAURYIO QYHK-
oHio s (2) B obnacti G. [IpeanosokuM, UTO BCe UJIEHH CXOAALUErocs
pazna (5) cyTs HenpephiBHEIE QYHKIMH B 061acTH G; TOrja BO3HHKaeT
BONPOC: He OYyZeT i M CyMMma psja HenpepbiBHOH (yHKuMeH? Jlerko
AaTh NpHMEpH, KOTAa CXOASLIMecs DsAbl HeNpephiBHBLIX (yHKIHMHA
NPeACTaBAsIOT P @ 3 P bl B H B € (yHKunu. Bosbmem cHauana npumep
13 o6nacTu AeACTBHTENBbHOrO nepemennoro. Ilpeanonaras 0 < x < 1,
ofpa3zyeM psiA, CyMMa NepBHIX 7 WIEHOB KOTOPOTO S, (X) paBHa X",
310 Gyzer pan

X (2 —x)F eoe (2 — 2 - eee

Ecan 0 < x < 1, 105, (x) = X" CTpEeMUTCS K HYJIO NPH HEOrPaHHY€eH-
HOM BO3DACTAHHM 1, ecan ke X = 1, 10 8, (1) = 1 u lims, (1) = 1.

n--oo
CrenoBaTenbHO, CyMMa paccMaTpHBAaeMOro psia s (x) paBHa HYJIO
npn 0 < x <1 u paBHa exaunune npu x = 1. Mrag, cymma s (x)
MMeeT TOUKY paspeiBa NpH X = 1, HECMOTpPS Ha TO, YTO RAHHBLIA DS
CXOANTCH B KaXJohk TouKe oTpeska 0 < x < | u Bce ero ujeHbl —
HenpepbiBHbE (YHKUHH. STOT NPHMEP MOXHO, KOHEUHO, paccMaTpH-
BaTb M C TOYKH 3PEHHS KOMIUIEKCHOIO NEPEMEHHOFO, €CJAH 3aMETHTh,
yro x = R (2). '

B kagecTBe Apyroro npuMepa BO3bMEM pSii

2+ @ =D+ @ =

npexnonaras |z| < 1 nan 2 = 1. Eean | 2] < I, T0 cymma ero nep-

BHIX 7 WIEHOB S, (2) = 2' CTPEMHTCH K HYJIO NPH HEOTPAHHYCHHOM

BO3PaCTaHuy n, HoToMy 4rto |s, (2) | = |z|*. Ecan xe z =1, 10

s, () =1, u lims, (1) = 1. Hrak, cymma paccMarpupaeMoro pajia
n-roo

$ (2) paBHa HYJI0 BO BCAKOM TOUKe 2, Jexaluelt BHyTpH Kpyra | 2| < 1,

¥ paBHa €ANHMLE B TOUKE 2 = | OKPYIKHOCTH 3TOTO Kpyra. 31ech, KaK
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H B nepBoM npuMmepe, GYHKUHSA § (Z) OKasbiBaeTcA DasphIBHOH NpH
2 = 1 u u306paxKaeTCA B BHJE CyMMbI CXOASIErocs PsAa HeNpephiB-
HBIX QYHKIUH.

Hrak, gsa toro uroGbl cyMMa CXOZSIErocsl pAja HENPephIBHBIX
yHKiui Geia HenpepsBHOH (BYHKIUHEH, HYXXHO Ha 9TOT P HAJOKHTH
JIONIONHUTE/IbHOE OrpaHHuYeHre. TaKiM OrpaHHYEHHEM MOXKET CJYIKHTD
yoaoBHe paBHOMepHOH cxoaumocTH paga. O6o3Hauas
qepes s, (2) cyMMy HepBBIX # YJIEHOB JaHHOro psja (5b), cxoasierocs
B o6s1aeti G, pacCMOTPHM PasHOCTh § (2) — S, (2), KOTOpas BCIEACTBHE
CXOAMMOCTH psifia CTPEMHTCA K HYJIO NDH HEOrPaHHYEHHOM BO3PacTa-
HHH 1 jj1s moGoi Touxku 2 obaactu G. D10 3HAUMT, YTO BLIIOJHAETCA
HepaBeHCTBO

[5@) — sa ()| <e, ©)

IIe & — CKOJIb YTOQHO MaJloe [OJOXKHTENAbHOE HHCHO, ecu n = N (g, 2).
Ilpy u3MeHeHMH TOYKM 2z B oOsactu G MOXKET CJAy4YHTbCH, UTO
N (¢, 2) npyHUMaeT CKOJIb YrogHo Goabluue 3HaueHus. B aTom ciyyae
Heslb3sl HalTu Takoe yucna N = N (g), HauuHasg ¢ KOTOPOro BHINOJ-
HAN0Ck Ol HepaBeHCTBO (6) Bo Beeil obnactu G. Jlpyras BO3MOXKHOCTb
COCTOHT B ToM, uto N (g, 2) ana Bcex Touek obnacT G ocTaeTcss MeHblie
Hekoroporo yucna N = N (g). B atom cayuae nepasencrso (6) BBIIOJ-
HAECTCA JJIS BCEX PACCMATpHBAeMBIX TOYeK z mpH n = N = N (g);
B 9TOM CJy4ae TOBOPAT, 4TO JaHHHIH psax (6) CXOAWTCS PaBHOMEpHO
B obnactu G K OYHKOHH S (2). ‘

Hrax, pad (5), no onpepenenuio, cxodumea pasHomepro 8 obaacmu G
K (hynryun S (2), ecatt 043 6CAKO20 CKOAb Y2OOHO MAA020 NOAONCUMEND~
HO20 4ucAa & MOXCHO Hatimu maxoe Hamypassnoe wucao N = N (g),
umo npu gcex n = N swnoansemes Hepasercmso | s (2) — s, (2) | < g,
Karosa 66t Hu Ouaa mouka 2 8 obaacmu Q.

HusiMu cnoBaMu, B cilyyae paBHOMEPHOH CXOAMMOCTH psija ero
CyMMY MOMKHO afNIpOKCHMHPOBaTh C JOG0H CTENEHBIO TOUHOCTH &
NOCPEACTBOM CYMMBL OZHOIO U TOTO Ke YHC/IA 1 NePBLIX 4JIEHOB, HPH-
HuMaag n = N = N (g).

B npeapinymem mpumepe |s(2) —s, (@) | = [z =]z]*, ecan
|2] < 1. Has TOoro 4ro0bl BBHINOJHANOCH HEPABEHCTBO |§ (2) —
— 58, (2} | << e, HyxHO norpeGoBaTh, 4TOGHl OO |Z|" <C &, OTKyAa

n>1n-—bl.—/ln|—ii—. O6o3Hauas yepes N (e, 2z) Haubosbluee pesoe

1 1
4UCJI0, COfiepIKaliieecss B KonuyecTe In ?/IHTZT+ 1, Mol BHAHM,

4TO A4 BBIIOAHeHHN HepaseHCTBa (B) HeobXomumo, 4TOOB OBUIO
n = N (e, 2). Koraa | z| crpemutcs k eannuue, To N (g, 2) cTpeMutest
K OeCKOHeHHOCTH, W, €JIeOBATENAbHO, HENb3sl YKasaTh HATYpasbHOE
yucno N, xoropoe 6u10 6ol Goabiue, yem N (e, 2), umas mwoboro 2z,
|z| << 1. CnepoBatenbno, 3107 pan He ByAeT PaBHOMEPHO CXOIHTHCA
B Kpyre, | 2| << 1. Onnako 3710T psig GyAeT paBHOMEPHO CXOLALLUMCS
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1
BO BCSKOM Kkpyre | z| < 7,7 < 1. B camom zene, Tax Kak In—ﬁ—l->
]
B=In - TO

In 1 In 2
& 2
< i
In ——
faj Il
B, ChnejoBaresbHO, o0o3Hauan uepes N = N (g) nHaubonbllee HaTy-
1
pasbHOE YNCHIO, Ccojepkaiieecs B  BbIPakKEHHH In—e—/ln—-:——[—l,

nveem: N (e, 2 < N = N (&), kKakoBo Obl HU GBLIO 2, [23 <r.

2. Teopema o HenpepniBHOCTH cyMMbl psina. Ecau psd (B) cxo-
Qumes pasrosepro 8 obaacmu G u 6ce 4aeHsl smoeo pada cyms Henpe-
poisHble (hyHKyUY 8 mouKe Zy o6aacmu, Mo u cymma pada bydem Henpe-
poisHoll hynicyueti 6 mod oice mouxe.

[ns noxasaresbcTBa TeOpeMbl 0603HAUHM uYepes Z, -+ i A06Yyi0
704Ky obsgacty G W NOCMOTPHM, Kak H3MeHseTcda Cymma panas (2),
KOTJia Mbl [IEPEXOLHM OT TOUKH Z, K TOUKE 2, -+ A, T. €. OlleHUM MOLYJb
pasHocTH s (2, -+ h) — 5 (2;). .

O6osHauan yepes sy (2) eymmy nepeeix N wienos psja (5), npel
CTaBUM 37Ty PasHOCIb Tak:

8§ (2 + M) — s (z) =[5 (20 + h) — sy (2, -+ h)] +
+ ISy (20 -+ A) — sy (20)] + I8y (2) — 5 (20)],

In

OTKyAa nonvaaem:
s+ h) — s@)| < |s@+h) —sy(z+ M|+
+ sy @4 h) — sy (o) H-1s(2) —sw ()] (7)
Beaencrere paBHOMePHOH CXONMMOCTH JAHHOTO psija Mbl MOXEM TNpPH
mobom € > 0 BriG6parth HaTypanbHoe uucio N = N (¢/3) tak, yrobH
BLINONHAJIOCE HEPABEHCTBO | S (2) — sy (2) | << €/3, KakoBa Obl Hu OblIa
T04Ka 2 o6nacty G. B 4acTHOCTH, TioJarasi 31ech 2 = 2, U 2 = g, + H,
HMEeM JIBa HepaBeHCTBa:
|'s (2} — si (20) | << &/, (8)
|8z + h) — sy (2 + ) | << &/3. ' @
C npyrofi cTopoHbl, 3aMeTHM, UTO Sy (2) KaK CyMMa KOHEUHOTO uuc/a
($YHKUMH, HenpephliBHBIX B TOYKE 2, €CTb (PYHKLIHHA, HenpepuiBHAas
B 310t Touke (ru1. 11, § 1, n. 3). CnenoBarennHo, cuuras | h | nocratouno
MaabiM, | h | << 6 = 8 (¢/3), MoxHO HamucaTb:

[sv (20 + 1) — s (20) ] <<&/3. (10)
Haxoneu, u3 nepabencrBa (7) myTeM CJioxenns HepaBeHCTB (8),
(9) u (10) cneayer:
|5 (2 + h) — s (2) | << &/3 + &/3 4+ &/3 =&,
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ecin |h| << 8, uto nOKasbiBaeT HeNpepLIBHOCTL (YHKHHH S (2)
B TOUKe 2.

CahenserBue. Pad ¢yuxyuii, Henpepowsroix 6 obracmu G,
pasnomepuo cxodawuiica 8 Imod obracmu, uzobpaxcaem Qyrkyuio,
Henpepusryro 8 mod sice obaacmu.

HeficTBUTENbHO, TAK KAaK BCE WIEHH Pfja CYThb HeENpepLIBHbE
¢byHkuuH B Kax10it Touke o6sacth G, TO CONVIACHO TEOPEME CyMMa psisa
BonxHa ObiTh HENpepoiBHOA (yHKUHel B Kaxjao# Touke obiactH G,
T. €. BEIOAY B 00/1aCTH.

3. Mpusanak pasHoMepHO CXOAsiMIErocs psifa. BecbMa yacTo MokKHO
8AKJIIOUHTb O PaBHOMEPHOH CXOLUMOCTH psaja (D) Ha OCHOBaHMH CJe-
JYIOUIET0 IPOCTOrO NpH3HAaKa:

Ecau 6ce urenvt psroa (5) 6 obracmu G y0osaemeopsawom ycao6uo

|4 ()] < ay, (11
e0e @ ~— NOCMOAHHbLIE NOAONCUMEAbHbIE HUCAQ, NPUYCM HUCA0BOL pro
a + ay & ... a, .. (12)

cxo0umes, mo Oanwbul pad (5) cxodumcs paswomeprno (u npumon
abcoawomno) 6 obaacmu G. JleHCTBHTENbHO, PAX

i@+ @]+ @]

CXOIHUTCA BO BCAKOH TOoUKe z o6s1acTh G, TaK KaK €ro 4jeHsl He Goblue
COOTBETCTBYIOIMUX YJIEHOB a, cxoasuerocs paaa (12). Caesosarensno,
JaHHbIH pax (5) abCOMOTHO CXOAUTCH B KaI0H TOuKe z obaactd G.
O6o3nauas uepes s (2) u s, (2) COOTEETCTBEHHO CymMMy psja (5) u CyMMy
NEPBLIX N €r0 YJIEHOB, HOJYYHM:

lS(Z)—-sn(Z),< Iun+1'+lu/1+‘2l+ RS an+1+an+2‘|‘ e (13)

Tak kak pan (12), no ycnoBuiO, CXORHTCS, TO €rO OCTATOUHBIH YJeH
Qnyt + Quyg -+ ... OYAET MeHbINE &, KAKOBO Obl HH 6b1I0 £ > 0O, Hayu-
Has ¢ JOCTaTO4HO Goabworo n = N = N (g).

Takum o6pasoM, u3 HepasenctBa (13) nonmywaem:

[s)—s,(@)|<<e mpu n=N=N/(),

HE3aBHCHMO OT TOYKH 2 o6aactu G, Y4TO U JOKashkiBaeT PaBHOMEPHYIO
cxoauMocTh psifa (5) B o6nacti G. B KauecTBe npHMepa paccMOTPHM

pan
tH@ =D+ F @ =
PaBHOMEDHYIO CXOAMMOCTb KOTOPOTO MHI YXKe OGHAapyXHJH NpH
lz]<r, r<l1

(ra. 11, § 2, n. 1). 3uech u, (2) = 2* — 21, caenOBaTENLHO!

lu,@)|=]2"— 2| =]z Mz = 1| < r-1 (r 4 1) = @
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Tak xak paj c o6wuM YieHoM a, = r*~! {r 4+ 1) mpu r < 1 cxoautes
K3aK OecKOHeuHo YOBIBAIOIAS FeoOMeTpHUYecKas NpPOTpPeccHs, TO HaA
OCHOBAHWM JOKA3aHHOTO MpPHU3HAKA pacCMaTPHBaeMLIH PAX AOJMKEH
CXoauThcs paBHOMepHO (# abcomotrHo) mpH |2| < r, r < 1.

§ 3. CrenenHbie paabl

1. MonsTHEe 06JACTH CXOAMMOCTH CTeneHHOro psjga. B Teopuu
GyHKIHA KOMIVIEKCHOTO NEPEMEHHOro 0co00 Ba:KHOE 3HAYEHHE HMEeT
KJ4aCC TaK Ha3blBaeMbIX CHeneHHsix pados,

Cmenetnotm pados HasbIBAETCH Pl BHAA

G+ 6z 4 62 A+ o+ et L, (14)

rre KO3pUIHUEHTH Cy, Cf, +vy Cpy oo CYTh IMOCTOSTHHBIE KOMIIJIEKCHEL®
uucna, a 2 — He3aBUCHMOE KOMIUIEKCHOe MNepeMeHHOoe.

Psa (14) npexcraBaser cobo#t dacTHeil ciayuait obuiero psiza (5)
$yukuuft, Korga obmui uneH u, (2) = ¢,2". Obaacmoro cxo0umocmu
cmenennoeo pada (14) Hazosesm MHOMCECHBO 8cex MO4eK 2 NAOCKOCMU,
8 Komopbix amom pad cxodumesa. OueBHAHO, BCAKHH paAx suxa (14)
cxoautea npu z = 0, T. e. HyJieBasg TOYKa [PHHALIEIKHUT BCceraa ob-
J1aCTH CXOMUMOCTH. ECTecTBEHHO BO3HHKAET BOMNPOC: CYILIECTBYIOT JH
TaKue CTeNeHHble Psifibl, OOJACTH CXOXUMOCTH KOTOPHIX COCTOAT H3
€IMHCTBEHHOR HYJ/eBOH TOukKH? []pHMepOM TaKOro psaaa MOXeT Cay-

WHTb psg
14 24 222 4- ... + nren + ...,

00wt 4JIeH KOTOPOro n'z" B cayyae oboro 2 5= 0 crpemutesa K 6ecko-

HEYHOCTH [pPU HEOrpaHHYEHHOM BO3pacTaHHH 7, TAK KakK, HauyMHAadA

C HEKUTOPOTrO AOCTAaTOUHO Oossinoro n, 6yner n|z| > 2 4, crejosa-

TenpHo, |n"2*| = (n|z|)* > 2°. Hzak, 3107

g psax pacxoautcst npm Jqobom z = 0. Ocras-

Jisisl B CTOPOHE KJaCC TAaKHX PANOB, MPEANo-

JoxKuM, 410 paa (14) cXoauTCs B HEKOTOPOH

z TOYKE 25, OTJHUYHOH OT HYJAEBOH TOUKH;

B 3TOM cCJydae HMeeT MecTo chaeiytouas
g T reopema:

2. Ilepsas Teopema AGensn. Lcau cme-
nennoti pad (14) cxodumea npu z = z,, Mo
OH cxo0umcs, w npumom abCOAOMHO, Npu
scarom 2z, 0aa komopoeo | 2| < |z |

B repMuHax reoMerpui 310 NPEAJIOKEHHE
Abens moxer ObiTb (OPMYJHPOBAHO TaK:
ecau cmenennoll pad (14) cxodumcesn 8 mouke 2y, mo o adCOAOMIHO CXO-
Qumcest 80 8CAKOL mouke, Aexcauiel BHYMPU OKPYNCHOCHU € YEeHHIPOM
8 HYyaesoll mouxe, npoxodawed yepes moury 2z, (puc. 18).

Benencreue yea0BHs paa

Co-C12g - Cozg - v o - Cnzg + <o

2y

Puc, 18.
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cJej0BaTeNbHO, pacCMaTpHBaeMulli psiA  abCOMIOTHO CXOAHTCA NpH
BCSKOM 2.

Haxonen, K TpeTbeMy THIy MBI OTHECEM BCAKHMA CTENEHHOH psii, He
apuHajiexauluii HM K nepsoMy, HH KO Bropomy tuny. Hccnenyem
06/1aCTh CXOAMMOCTH psia nocaefHero Buja. Tako# psij uMeer, ¢ OHOH
CTOPOHBI, TOUKH CXOAHMOCTH, OTMIHYHbiC OT HYJEBOM TOMKH, a ¢ Apyrof
CTOpPOHLI, OH HMEEeT TOYKH pacxonuMocTH. [IpoBenem u3 HyJeBOH TOUKH
NPOH3BOJLHYIO HONYIPAMYIO H OTMETHM Ha Hell Kakyw-HHOYAb TOUKY
cXoauMOCTH A pfja, OTAHYHYIO OT HYJNEBOH TOUKH, H KaKYyW-HHOYIh
TOURY pacXOAHMOCTH B Haulero pana. Tak Kak Hall paf NPUHANJIECKHT

" K TpeTbeMy THNY, TO Ha OCHOBAHHH TEOPEMbE

Wy .» AGenstoukn A w B Ha noaynpsmoii cyie-

crByioT. OGo3nauum uepes [; orpesok AB.

Pazgenum otpesok /i nononam, H nyctb A;

ecTb erocepepnsa. Bo3mMoxkHo OZHO U3 ABYX!

aubo B Touke A pan cxopurcs, aubo pacxo-

auresi. B nepsoM cayuae 3a Bropoii orpesok fy

npumem A,B, Bo BropoM cayuae AA,. ITo-

Jo6HO oTpe3Ky [/, orpe3ok /, HMeeT JIeBbIM

Puc. 10, CBOHM KOHLOM TOYKY CXONHMOCTH psaja, a
NpaBbIM — TOYKY PACXOAHMOCTH psaja. 3areM

CHOBa Je/IM MOIoJaM OTpe3oK [, H eCau ero cepejayHa ecTb TOUKA
CXOAHMOCTH PaAa, TO 32 OTPE30K /3 MPHHHMAEM NMPaByIo ero NOJOBUHY,
a ecay cepeanHa oTpeaKa /, eCTb TOUKa PacXO4HMOCTH Pfla, TO 3a
OTpe3oK /; npuHHMaeM JIEBYIO NONOBUHY oTpeaka [,. [lponoskas 10T
npolecc HeorpagH4YeHHo, NMOJAyYHM GECKOHEeYHYIO [10CTe0BaTelbHOCTh

oTpeskoB [y, [, Is, ..., I, ... TAKUX, YTO KaxKAbifi OTPE3OK MpHHA/-
‘ oa. I
JIEKUT NpeAbAYLIeMY, NpHYeM LJiHHA orpe3ka [,, paBHas T

CTPEMHTCS K HYJIO, KOTAA n HeorpaHudeHHo Bo3pacraer. Kpome Toro,
OTMETHM, 4YTO BCHKHiIl OTpe3cK [, HMeeT CBOHM JEBHIM KOHIOM
TOUKY CXOAMMOCTH pfja, a [paBblM — TOUKY pacXOAHMOCTH psia.
Ha ocHoBauuu npunumna BAOKeHHBX orpeskoB (ra. 1, §3, n. 1)
CyilecTByeT Touka, ofmas BceM oTpeskaM [,; o6osHauuMM ee
gepes M.,

[TpoBeas uepes TouKy M OKPYXKHOCTbL C UEHTPOM B HYJeBOH TOYKE
(puc. 19), Ml BUANM, YTO JaHHBIH Psij aGCOJNIOTHO CXOAHTCHA BO BCAKOH
TOuKe, Jexauel BHYTpR 3Tofl OKpy:HocTH. JleHcTBHTENDHO, NYCTH
Z — mobasi TOYKa, pacnoJIOKeHHas BHYTPH NPOBEIEHHOH OKpYX-
HOCTH. BriGepem na paanyce OM sHyTpeHHioo Touky M’, cayxamymo
JIEBBIM KOHLIOM oTpesKa [, Tak, ytobet 02" << OM’. Tak Kak B Touke
M’ nauublfi psa cxoauTes, To no Teopeme AGens oH Gyner aGCoOJIOTHO
CXOAAUIHMCA B TOuKe 2. Bo BCsiKOf Touke 2°, jiexaiuell BHe MOCTPOeH-
HOH OKDYXHOCTH, NaHHBIE paj pacxoiutca. B camom nene, pmibepeM
BHe pajuyca OM ua nyue OM Toury M”, ciiyxallyro NpaBbIM KOHLOM
orpeska [,, Tak, utobnt 02° > OM", Tak Kak B Touke M” psip pacxo-
RHUTCA, To no Teopeme Abens oH Gyaer pacXoAAWMMCH H B Touke 2.
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Tlosnaras OM = R, MBl MOXeM BCE CKa3aHHO€ Pe3lOMHPOBATh B TAKHX
CJTOBax:

Cyiecmsyem Kpye ¢ yeHmpom 8 Hyaesold mouxe paduyca R maxod,
umo Oanmolli cmenennod pad cxodumcs (M TIPUTOM abCOMIOTHO) 6Hympu
Imo2o Kpyea 1 pacxooumces gHe 3moao Kpyed.

YTo6H 3TO NMpeAtokeHHe ObLIO BepHBIM AJIA JIOGOTO CTENEeHHOro
psina, octTaercsl BKJIOUHTb CIOAA PAJLL ABYX NEPBHIX THNOB. B nepoM
ciayuae (06/1aCTb CXOLHMOCTH COCTOHT H3 OAHOH HYJIeBOil TOUKH)
HYHO, OUEBHAHO, NOIOKUTL R = 0, a BO BTOPOM caydae (psii CXo-
JLHUTCSE BO BCel IJIOCKOCTH) HYXKHO I[OJIOXHTb R = -}-o00.

DroT KPpyr pazsuyca R Ha3biBAIOT KpPYyeoM Cx00uMoCmu CTeNEeHHOro
paa, a uncio R — eeo paduycon cxodumocmu. COr/IaCHO U3J0KEHHOMY
BCAKHI CTEMEHHOM DAL MMeer ONpeiefeHHH pajHyC CXOAHMOCTH R,
npuuem 0 < R < -oo. UTo Kacaercs ToueK, JexalluX Ha OKPYHK-
BoctH Kpyra cxoaumoctd {0 < R <C -+00), TO B OHHX H3 3THX TOUEK
PN MOXKET CXOAUTHCSH, B APYTUX PAacXOAUTHCH.

Mer noxasaju, uto BCsKuil crenenHoll psaa (14) umeer Kpyr cxonu-
MOCTH ONpelenieHHOro paguyca R. 3azada, KOTOPYIO Mbl TeNepb I10CTa-
BHM, COCTOHT B TOM, YTOGHI ONpeiesIuTh PagHyC CXOAHMOCTH CTEEHHOro
pfAla B 3aBHCHUMOCTH OT ero Kosbduuuentos. IlorHoe pemenne 3Toi
3a1ayy MOXKET OhiTh JaHO C MOMOIIBIO TOHSTHA O HauboJbllieM npelene
nocneaoBaTebHOCTH AEHCTBUTEIbHBIX HEOTPHUIIATEAbHEIX HHCeN, KaKo-
BO€ MBI H JOJIKHBI TPENBAPUTENbHO BBISICHUTD,

4. TlonsiTHe HanGoasirero npeiena. [1ycTe RaHa noclefoBaTeb-
HOCTb AeHCTBUTENLHLIX HEOTPHUATEJbHEIX yHcead ):

Qyy Qg Qgy veny Qpy oo (16)

Mosxer cayuuthes, YTO noCHAeNOBatebHOCTD yucen (16) neorpannuen-
Has, 1. e. cpeau uuces (16) maliayres uucia, 6oabie M0G0r0 Hanepes
33JaHHOTO MOJIOXKHTEABHOIO YHCaa. B 3TOM C1yuae YC/IOBHUMCH ro-
BOpWTb, YTO HauGoAbliné npenen [ nociegopartenpHocTH uucesn (16)
paBeH oo, Bropoii cayuail 6yier TOT, KOTZa MNOC/AEAOBATENbHOCTD
yncen (16) orpanuuenuas, a, < A, T. €. Bce TOYKH, H306paxKaoiiue
uncsa (16), nexar na KoneyHoM oTpeske [0, A ]. Kaxk Mbl 3Haewm, orpa-
HHYEHHas [OCJAENOBATeNbHOCTb TOYEK HMeeT IO KpafiHell Mepe opHy
npenenviyo Touky {ra. I, § 3, n. 4); BooGuie roBopst, MHOKECTBO BCeX
npejeNbHEIX TOUEK HallleH nocsiegoBartensHoctH (16) Gyuger Geckoney-
HbiM MHOMecTBOM (06osHauum ero yepes E), JexalliM Ha OTpe3Ke
{0, A1l. Korza mbl uMeeM KOHEUHOE YHCJO TOYEK OTPE3Ka, TO CPENH
HIIX HMEeTCsl OlHA TOUKa, JIexallas npaBee BCeX OCTANbHHX. B cayuae
OeCKOHEHHOTO MHOMKECTBA TOYEK, PacHOOKEHHLIX Ha KOHEYHOM OT-
pe3Ke, MOXKET CJAYHUTBLCSH, YTO ¥ MHOXKECTBA HET CamMOH NpaBoil TOUKH.
Hanpumep, muoxkecrso touek ortpeska [0, 11: 1/2, 2/3, 3/4, 4/5, ...,

'y MBI OrpanHuguBaevcsi PacCMOTpPeHHEM HAHGOJbIIEFO npefesia MOCAeACBATENb-
HOCTH HEOTPHUATENLHBIX Yuced, TAK KaK AJag JadpHeRuIuX NPUJIOKEHRH HaM 3Toro
ROCTATOYNO.
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He MMeeT TOUKH, KoTopas Oblia Ohl pacnojioXKeHa npaBee BCeX OCTaflbe
HbiX. OfHako Takoro o6cToATeIbCTBA He MOoXKeT OBITh AJIS paccMaTpH-
BaeMOro MHoOecTBa £ npellesIbHEIX TOUeK.

HeiicTBuTe /b0, JIETKO [10Ka3aTh, YTO CpeiH TOYEK MHOxecTBa E
npefenbHLIX TOYEK OrpaHHYEHHOH mnocneioBatenpHoctd (16) cymecr-
BYeT TOUKa, JIexkalias npasee BCeX ocTanbHbX. C 3TOH [eNblo pa3ienum
orpesok OA, Korophifl Mbl o603HAUUM yepes [y, NONOJIAM, ¥ TYCTh Ay
€cTb ero cepeinHa. BoamMoxkHO OfHO M3 1ByX: auGo orpe3ok A;A
co/iepKuT 6eCKOHeUHOe MHOXKeCTBO TOYEK HaHHOH} NOC/IeL0BaTeNbHOCTH,
aubo ser. B nepBoM ciydae 3a BTOpoil orpesok [, npumem A;A, Bo
BropoM ciayudae OA,. [TopeGHo orpesky [, oTpe3ok /, cogepxuT becko-
HeyHOe MHOXKECTBO TOYEK NAHHOH MOC/Ief0BATENbHOCTH. 3aTeM CHOBA
JeHM TOTIoJIaM OTPE30K [,, W €CJIM NpaBasi €ro NOJOBHHA COJNEPIKHUT
6ecKOHEYHOE MHOMKECTBO TOUEK [aHHOH MOCAeJOBATENbHOCTH, TO 34
OTpe30K /3 NpHHUMAaeM [paBylo ero NoJOBHHY, & eCJld IIpaBas NoJOBHHA
orpeska [, COJNEDPIKHUT KOHEYHOE YKCJIO TOYEK MOC/AeN0BaTeIbHOCTH
[B yactHoOCTH, COBCeM JumeHa Touek (16) ], To 3a oTpe3ok /, npHHHMaeM
JIEBY!O MOJIOBHHY oTpeska [,. [Ipomonkas sTOT mpouecc HEOrpaHu-
YeHHO, NOJAYYUM OeCKOHeYHYIO NOCJIeA0BAaTeNbHOCTD OTPe3KOB [y, [,
Iy, ..., 1, ... TAKHX, YTO KaXAblii OTPE30K NPHHALJIEKHT Npelbiay-

on. I
LeMy, NpHYeM AJHHA oTpes3Ka [,, paBHas L crpeMuTCA K HYJIO,

KOTJa n HeorpaHHueHHo Bo3pacraeT. KpoMe Toro, 0TMETHM, UTO BCAKHH
OTpe3oK [, coAepKUT GecKOHeuHOe MHOKECTBO TOUEK JaHHOMH nocseno-
BaTe/JLHOCTH, NPHYEM IIPABee ero MOXKeT HaXOAUTHCH JIMIIb KOHEUHOe
YUCAO TAKHX TOYEK,

Ha ocHoBanuu npunuuna sromennuix orpeskos (ra. I, § 3, n. 1)
CywecTBYeT TOYKa, 00Ias Bcem oTpeskaMm /,, KOTOpyio Mbl 0603HaUUM
uepes A,.

Hokawxem Teneppb, uto A, eCTb camas npapas MpeieabHas TOUKa
HAHHOf 110C/Ie]0BaTeNbHOCTH. JIJist 5TOrO MBI I0K2:KeM, BO-NEPBHIX, YTO
HUKaKas TOYKa, Jexauas npasee A,, He MOXeT OblThb HpeAe/bHON
TOYKOH AJTA JAaHHOH NOCAE[OBAaTeAbHOCTH M, BO-BTOPHIX, 4TO A ectb
npegenbHasg Touka. JeficTBHTeabHO, nycTh A’ Jaewur npasee A,.
Buifpas n gocTaTouno GOMBITHM, Mbl MOXKEM CUMTaTh, 4TO Touka A’
JIeXKHT npasee orpeska /,. Ho Bnpaso or orpeska [, MOMer Haxo-
JHTbCA JIMIb KOHEYHOE YHC/IO TOYEK HAHHOU MOC/Iei0BaTEeJbHOCTH H,
C/1e10BaTeNbHO, TOUKa A’ He MOXKeT A8 Hee BbiTh npejespHoil. Cama xe
Touka A,, O4UeBH/HO, €CTh fApenenbHas AN AAaHHOH IOCHAeA0BaTeNb-
HOCTH, MOTOMY YTO NPOH3BOJbHAA OKPECTHOCTb 9TOfl TOUKH COAEPIKHUT
otpesok [, (ecau n JOCTATOUHO BENHKO), HA KOTOPOM JeHUT 6eCKOHeU-
HOE MHOXKeCTBO TOYeK [aHHOH MOoC/Ie10BaTe/IbHOCTH.

Hrak, muoxectBo E npefeibHbIX TOYEK OFPAHHYEHHOH [OCTeA0Ba-
TeNIbHOCTH (16) HMeeT TOYKY, AeXKalyIo NPaBee BCeX OCTA/TbHBIX TOYEK
MHOmxecTBa E. Umncno, cOOTBETCTBYIOUEE 3TOH «camofi mpasoil» npe-
Aenspofi Touke, OyAeT npelesbHBIM 4HC/I0M JAHHOH T[OC/TKEN0BATeNb-
Hocty wuced (16), naubosblinM cpeau BCEX NpeleabHLIX YHCea 3TOA
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nocneaoBateNbHOCTH. TakuM o6pa3om, Mbl JOKa3aqd CYHIECTBOBAaHUE
KOHEUHOTO Yncia /, HanGoMbIIero Cpefd NpeesibHbIX YHCces Orpannyen-
HO mocnenoBatenbHocTH (16) HeorpuuarenbHelx yuceda. Corgacho
NpefBIAYIEMY BCAKas MOCJAENOBATENbHOCTh HEOTPHIATEJNbHBIX YHCEN
UMeeT HaMGOJbWIME npefesn [, XOHeYHBIH WM PaBHEIA oo, T. e,

0 < | < +o0o. CuMmBOJHYECKH 2TO 3amuchiBaioT Tak: [ = lim a,.

n-—oo
Tak kax moGoe npenesbHOE YHCIO FOCJAEAOBATENLHOCTH HeOTpHIa-
TeJIbHbIX YHCEJ He MEHblle HyJs, T0 B caydae ! = ( nanxas nocJjenona-
TeNbHOCTb uucen (16) noMKHA CXOZUTBCA K HYJIO.
5. Onpenesnenne pagnyca cxopumoctu. Otnpasassce or kosddu-
HDHEHTOB cTeneHHoro psiaa (14), o6pasyem mnocjeloBaTelbHOCTb YHCEN:

[, l/szT’ VW! VW’ (17)

Bce uneHn 3TOH NOCaef0BaTeNLHOCTH pacCMaTpPUBAlOTCA KaK JieHcTBU-
TeJbHblE HEOTPHUATE/bHEIE YHCIIA.
Obosrauum vwepes | Hauborvbuwiul npedes nocaed08amesbHOCMU YUCeA

(17) | =Tim y/[e, |. Tozda paduyc cxodumocmu R cmenennozo pada
(14) onpedeasemes no gopmuyre
R=1. (18)

Sra ¢opmysa HOCHT HasBauue dopmyas Komn—Anamapa.

3amevanne B caysae /= 0B dopmyne (18) Hy:KHO NoNoKuTh R = --00,
B Cayvae | = -}-0o HeOGXOANMO NPHHATE R = 0.

Tlpn BrBose dopMyanl (18) MBI pacCMOTPHM OTHENBHO TPH cl1yuas

1) l=+4o (R=0),
2) [=0 (R=+o0),
3) 0<I<+oo (R=1/I).

B cayuae 1) (I = --oo) nocnegoBarenbuocts unces (17) neorpanuyen-
nasa. Ham HyxHO 1oka3aTth, yTo crenenHoil paa (l14) pacxoxntes Bo
BCAAKOH TOYKE 2, OTJIHYHON OT HyJNeBOH TouKH. JlonyCcKas DPOTHBHOE,
npeanosoxuM, 4ro paa (14) cxomautcs B HEKOTOPO# TOuke 2,50,
Torna ameem: lim c,27 = 0 (ra1. 1, § 5, n. 2); caeoBaTeNbHO, CyWIECT-

-»00
ByeT NOCTOSHHOE MNOJIOXKHTENbHOE UHCJAO g TAKOE, YTO BHINOJHAETCH
HEPaBeHCTBO | .27 | < g (n =0, 1, 2, ...). Mol MoxxeM mpennonararhb
uHea0 g 66nbinuM eannnnel. M3 noceanero HepapeHCTBa NyTEM H3BJE-

o o =
ueHus u3 oGeHx ero uacteil KOpHs n-if cTenenn cieayer: 3 [, | X
n,=-— n — g np—
X |z <vy'g wimn V|CzL|<W,TaK Kak 1 g <g(g>1).
Takum ofpasom, nocjenoBaTenbHOCTL YHcen (17) oka3biBaeTcs Orpa-

Hnuennoit. [lonyyennoe npo1nsopeyne yGexxiaer Hac B PaCXOAHMOCTH
psaa (14) npu mobom z == 0,
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B cayqae 2) (I = 0) Ham HyxHO nokasatb, 410 paj (14) cxoaurcs
B Joboit Touke z = Z,. Tax Kax mnociefoBareabnocTs wncen (17)
CXOAHTCA K HYJIO, TO, HAYHHAS C JOCTATOYHO GOJBLIONG n, HMeeM:

Vil <e,

Hanpumep

n 1
Vi < FIEA
OTKy /12

n
V|- 2] << 1/2,
/iy, 10 BO3BEACHHH B CTeneHb n.

[enl]2o|" =] cazg | << 12"

Tak kak psaa c ofmum wiedom 1/2" cxonurcs, To aBCOMIOTHO CXOAHTCA
H paA C OOIHM YJICHOM Cn2ll.

Ecnu, Hakorew, [ ecTb KOHeuHOE YHCJO, OTJNHYHOE OT HYJIA, TO
J0Ka3aTeNbCTBO popMynl (18) ceomuTcs K chenywouemy: psag (14)
abCoMOTHO CXOAMTCA nIpH JofoM 2 = z;, AAa Kotoporo |z | < 1/1,
H PaCXOAHTCH MJISi KaXAOTO 2 = 2,, JJil KOTOpOro |z, | > 1/1.

-Tar xak ! ectb HauGOAbLIMA Hpee] NOCIELOBATENLHOCTH YHCE
(17), To uMeeM, HAaYHHAA C ZOCTATOYHO GOJLILIOTO 1: '

Vi <li+e, (19)

rae € — CKOJIb YIrOoAHO MaJjoe MNOJNIOXKUTE/NAbHOe YHCAO. 3ameTus, 4TO

1——1'211

Ilz,| < 1, nonoxum e = . HepaBencrtso (19) npumer sujg

E
n—r L— 1z _ 141z
7/lcn,<l+ 2121,1 = 2|31,1 ’
HAH
[ e 14-4
Vied o<t ol — g <1, (20)

Bossona ofe yactu Hepasencrsa (20) B cremeub n, Ha#geM:

lealla]"<<q" mam |ezt|<<q (22}

Tak kak pax ¢ ofmum urerom g°, g < 1, cxogurcs, 10 B cuay (21)
a6CONIOTHO CXOANTCA JAaHHBIH CTENCHHOR pAX NpH 2 = 2.

C apyroft cropoubt, u3 onpeaeteHnss ! Kak OpPeeNbHOTO YHCAA
noc/efoBarenpHocty yucea (17) crepyer, 4to npH GeCKOHEUHO MHOLHX
3HAYCHHAX A HMeeM:

.r‘l/flcn! >l—'8v (22)

rae e — CKOJ/Ib YrojfHO MaJjoe IMOJIOKHTENbHOE YHCIO,
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_ e —1

3amerus, uto []2z,| > 1, nonoxum & ™
2

. Hepasen-
¢1B0 (22) nepenupreTcs Tak:

n‘/--—— 1 [
% |C"I>_|—22T’ win Vel |2l >1,
4YTO N0 BO3BeICHUH B CTeNEeHb 71 JaeT:

leal-2e">1, wm Je,2l|>1.

‘Tak kax nocJjaeHee HepaBeHCTBO HMEET MECTO AJis 6eCKOHEedHOro MHO-
JKeCTBa 3HAYEeHHH n, To CnZ.’Z’ He MOXKCT CTPEMHTBCA K HYJIIO [TPH Heorpa-
HHYSHHOM BO3pacTaHHu n. O'I'C}O}.Ia caeayerT pacxoguMoCTb INAHHOrO
paaa (14) npuz = 2z, (ta1. 1, § 5, 1. 2).

Mpumepst. 1, Paauyc cxopumoctn paja | + 2z 22+ 2° -+ ... papen eannnuue.
B canom zene, 31ech ¢, = |, 1M n — KBAAPAT LEJIOTO UUC.Id, # PaBHO O B MPOTHBHOM

cayuae, Takum obpasowm, '11/ |¢n | = 1 B4 O, CMOTPS IO TOMY, HMeeM JIK Mbl IEPBLIH
nan BTopoli ciyuaii. [pesenbubie yneaa nociefonatenstocti (17) 6yayt 0 u 1. Crepo-
‘BatepHo, =1 u R= 1.

2, Pajuyc cxoaumocTd psaja

) n
1+

18 28 ns
pasen eauHune. JlelcTBuTeaLHO,

'll/lcn‘ =

nn

N e
Tax xak CTPEMHTCA K HYJHO OPH 1 —- 00, TO 1/[ Cn | CTpeMuTCA K efRHuue.

CaepoBaredivto, [= 1 u R= 1.

P 22 2" .
3. Pag 1 +—-1- 4- 5T + e 4 rIE CXOAUTCA Bo Bcell NOCKOCTH

KOMILIEKCHOTO mepevenHoro z. [leiictButensho, (al)2= (l-n) {2 (n — )] ... (n-1).
Kaxaas ckobka npaBoli 4aCTH NoCJe/Hero PaBeHCTBA HE MeHblE #, TaK KaK HMEeM:

an—atY—n=@—Dn—a>=0 (@=1 2 ..,n.
CaefoBatensio, Honyuaen (al)? > a”, wn nl > (¢/7)", nanee Ya>Vn e
]”/ 1 | S
—_— < orkyaa  lim | =0, 1. e. [=0.
nl vr '’ YA e Vien]

CaenoBatesibio, R = oo.
4, AnajoruuHsiM 006pazoM MOXKHOQ NOKa3aTb, YTO PALLI

22 24 23 25
l————-—2! +——4l —en Z— 3 -}-———5! —

CXOMATCH BO Beell MJIOCKOCTH KOMIWIEKCHOTO riepementioro z, a psig 1 -z -4 2122 -
o+ ...+ al 2" - ... cxoauTea aumb B HyIeBoi Touke (R = 0).



€6 SYHKIUHNHU KOMNJEKCHOIo NEPEMEHHOIO ira. n

Mul yKasbiBasii, UTO HA OKPYXKHOCTH KPYTa CXOAHMOCTH CTEnenHON
PAL B PasHLIX CAYUAsiX MOXKET BecTH ce6s paannyHo. Tak, B3nB npumep
2 npu 5= 0, 1 u 2, nonyyaeM Tpu psajia, AaA KOTOpuX R = I:

Lhzditees, 1454 b, 1S b o

[TepBLlii pAx pacxXomuTcs BO BCEX TOUKAX OKpYyMHocTH |z| = I;
nocnefHHR CXOQUTCA BO BCEX TOYKAaX 3TON OKPYMKHOCTH, a BTOpOI pal
CXOIMTCHA B ONHHX TOYKAX 3TOH OKPYIKHOCTU (Hanprmep, npu z = —1)

H pacxonutcs B Apyrux (mpm z = 1) ).

Hecnenosaniiio Bonpoca o cX0[HMOCTH CTENEHHOTO PSia Ha OKPYHK-
HOCTH €ro Kpyra CXOJHMMOCTH IOCBSIIeHb MHOIOYHCJEHHbIE paloThl,
P KOTOpPHIX Jaercd OCBelleHuWe 3ToH npobJieMbl ¢ Pa3IMYHBIX TOUEK
3peHus.

6. PaBHOMepHasl CXOAHMOCThL CTERmeHHOro paaa. Mu BRAesnu, 4To
CTeNeHHOH PAA

Co+ a2z 2 Lt L (14)

afCo/TIOTHO CXOAHTCS BO BCSIKON TOYUKE BHYTPH €ro Kpyra CXOAHMOCTH.
Boznnkaer Bonpoc: He Gyner sy paa (l44) paBHoMe p HO cxona-
mHMCSH BHYTPH €I'0 KPYra CXOLIMOCTH, T. €. 1pu | 2| < R? Ha sonpoc
B Takoi (OPMYJHPOBKE HYXXHO OTBETHTb OTPHLATEJLHO; TaK, psR

I
T =14z+4224-..

He Gyger paBHOMepHO cxoaswmmes npu |z| < 1. B camom gere,
€ O1iHOH CTOPOHH, HMeeM | | 4z 4+ 22 4 ... + 2Y| < N + 1 Hesasu-
c1Mo OT 2, ecan | 2| << 1. C apyrofi CTOpOHBI, KOFZia 2 CTPEMHTCS K eiN-

nuue, |z | << 1, ¢yuruus T—7 CTpemuTcs K Geckoneunocti. Takum

— — (0 +z+22 4+ 42" e
MOXET OCTaBaThCsi MeHbIle Jio60re Hanepel 3afaHHOTO TOJOKHTENb-
HOTO YHCJIa He3aBUCHMO OT 2, 2| < 1. Onnako écaxud cmenenrol psd
pasromepro cxodumcs 6 kpyee | 2| < r, ecau r < R. JelicTBurenbHo,
ez |=]e, ||2|" < |c,|r®, u Tak KaK 4nCJAOBOM PsAX ¢ OGMIHM YIEHOM
Cn | r® cxomntea (r < R), TO B CHIY NpU3HAKA PABHOMEPHO CXOjid-
muxca psagos (ra. I1, § 2, n. 3) nauHell pAx cXOAUTCA pPaBHOMEDHO.
3aMmeruB, yto uYJedsl creneHHoro psja (14) cyTh HenpephiBHblE
GyRKUHM, H3 J0KA3aHHOTO Mbl 3aK/iouaeM [Ha OCHOBaHMH TeOpeMbl
O HENPepLIBHOCTH CYMMbl PaBHOMepPHO cxoxsmwerocs paaa (ra. I, § 2,
n2)L
Cymma cmenennoco pada ecims hynkyus, Henpepuiehas npu |z < r
Kaxogo Obc Hu Gotao r, r < R, a, s3Hagum, u npu | 2| < R, m. e. suympu
6ceeo kpyea cxodumocmu. Mitak, crenennofl psa, aas Koroporo R > 0,
n306paKaeT HeNnpepuBHYIO (GYHKUKHIO BHYTPH €ro Kpyra CXOAHMOCTH.

o0pasoM, MORYJb PasHOCTH

1) MO HO 611710 661 OKA3aTh, 4TO 3TOT Psijl PACXOJANTCS JMIb NIPK z = 1, B 0CTaNbe
HBIX 24€ TOYKaX OKPYXHocTu |z| = 1 cxomutcs.
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7. Bropan teopema AGeas. Mbl BH/lesH, YTO CTeleHHO psaA

P& =c+coz+ e+ ...+t + ... (14")
MOXET CXOAHThCS B TOUKAEX, JEKAIUX HA OKPYHHOCTH €ro Kpyra cxo-
AuMOCTH. BO BCAIKO# Tako# TOuKe 2y, | 2, | = R, Gyuxuus P (2) umeer

ofpejeNeHHOe KOHEUHO® 3HAUEHHE, # BO3HHKAeT BONpOC: KakuM ofpa-
30M 3TO 3Hayenue P (2,) cBsi3aHO co 3HauveHusiMu P (2) B TOukax 2z,
BHYTPEHHUX K KPYTy CXOAUMOCTH?

Ha 3toT BOmpoc Aaer oTBeT CleAyIOlias TeopeMa, npHHaxIeKauas
Abemo:

Ecau cmenennoid pad (147) cxodumes 8 mouke z, 0KpyscHocmu e2o
Kpyea cxodumocmu, mo e2o cymma P (2) cmpemumcsa & npedeay P (z,),
KoeGa mouka z cmpemumes K z,, ocmagasce na paduyce 0z,

lim P (z) = P ().
z+24

Hpyrumu cnoBamu, cymna P (2) pada (14') ecmo hyuxyus, nenpe-
puissast 8 mouke z 6doas paduyca Oz,

He ymenbliasi oOmHOCTH TeOpeMsl, Mpl MOXEeM OpeanosaraTb pa-
JMYC CXOAHMOCTH PaBHBIM €IHHHIUE H 2, = |. [eficTBUTeNLHO, IONaras
z = z,{, nonyuum P (2) = P (z,0) = Q (L), npuueM paguyc cxoiu-
moctH mpeoGpasoBannHoro psiga Q (f) Oyaer einHHLa, NOTOMY 4TO
Hepasenctso | 2| < |z, | paBnocmibHO Hepasenctsy || < 1; Touke
2 == 2, 6yzeT CooTBeTCTBOBaTh TouKa [ = 1. Tak Kak no ycaosuio psj
(14") cxouuress npu z = 2,, 10 pan Q ({) Oyaer cxoxsuumes npu
[ = 1. Jlanee, M»l MOxkeM paju HPOCTOTHL npejanonarate P (1) = 0,
TAaK KaK B NPOTHBHOM cjyuae BMmeeTo P (2) B3siam 6u P (2) — P (1).
Hrak, nycts pgauusti pag (14) umeer paguyc cxogumoctH R = 1
# cxoaures B Touke z = | K 3Hademmo 0. HyxHo nokasath, 410

lim P (2) = 0, (23)
2+l .
ec/ii 2 OCTAeTCH MOJOKHTeNbHEM H 2 < 1. Pacemorpum Benomora-
TeJIbHBIH PAR
ll_z:1_|_z_g_z2+...+gn+..., (24)

auyc CXOXMMOCTH KOTOPOTO TOXe paBeH efnHuie. [lepeMHOXkas panst
(14") u (24) uro BO3MOXKHO B CHIYy HX aBCOMOTHOH CXOZMMOCTH fipH
|z]| < 1, nonyyum:

lp.f)z =+t + )l +2z+2+00)=

=0+ (Co+ )2+ (ot e,

bt

P(z '

1_(_2 =8+ 8282 4= o0 82t -0, (25)
rae s, = & + € + €5 -+ ... -+ ¢, NpeACTaBJSET YACTUUHYIO CYMMY

paxa P (1). Psag (25) umeer pajguyc CXOQUMOCTH, PaBHbLH eRHHumue,
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B camoM fene, ero paiuyc cXogumocTy R He MOXKeT ObiTb, OUYEBJ/IHO,
MEHbIUe €4UHUIE!, TAK KaK 3TOT PsJ NOJAYUYHJICS B pe3yabTaTe yMHOXKe-
HHa psanos (14") n (24) ¢ paauycaMn CXOZMMOCTH, PABHBIMH elHHHIIE,
¢ Apyrof cTtopoHsl, R He MOXKeT GblTh GosblLile eIHHNLL!, TaK KaK B Ipo-
THBHOM CJayyae psii

PR=(1-—2 éo $,2" (26)

umea Obl pajuyc cxoauMmocTH GoJbli€ €AHHHIBI, YTO HEBO3MOMKHO.
JKenas ouenuts P (2), 0603HaulM uYepe3 m HATypanbHOE YHCJIO,
noKa npoussojibHoe, u nepenuumem (26) B Buzne

m oo
PR)=(1—2-Ns2"+(1—2 X s 27
n=0 n=m-41
Ilyetb & — panHO€ CKOAb YTOJHG MaJjloe NMOJOKUTENbHOE Uica0. Bribe-
peM m CToJb G0JbLUHM, YTOOH NPU N >> M HMEJO MEeCTO HepaBeliCTBO
I's,] < &/2, uro BO3MOXKHO, Tak kak lim s, = 0. M3 papescrsa (27)

11-»00

HaXOQuM, BCNOMHHB, 4YTO 2 — MOJNOMXHTEIbHOE YHCIO, MEHbIlee
€ANHHUBL

IP@I<1 =M+ -2 ) =,

m+l

M=[5o] 1]+ v+ 5u]

rie

u, CJea0Bare€JbHO, HE 3aBHCHT OT 2. Tak kax

i
N
3
Il
e K
I3
N
-y
]

nocJjgenHee HEpaBeHCTBO HMEET BHA
IPRI<(—aM+—2<(1—2) M -+ . (28)

Jo cux nop z ObUIO [POH3BOJNIBHBEIM TIONOXKHTEJIbHLIM YHCJIOM,
MenbinM efunulpl. Cuutast teneph | — z < &/(2M), u3s (28) Gynem
HMETh:

|P(2)] <<e/2-+-e/2=Fk,

yTo yGeKAaeT Hac B CIPABENJIHBOCTH TEOPEMEL.

AHanusupyst 3TO JOKa3aTeNbCTBO, UHUTATEAb OOHApYXKHT, YTO
TEOpeMa CnpaBelyiiBa M B TOM cjyyae, Korja 2 JobuiM 06pasoM MNpH-
6auKaeTcsl K 2, OCTaBasgch BHYTPH KaKoro-1ufo yriaa pacTBopa,
MEHBILEro 7, C BEPUIMHOM B TOUKE 2, H C GUCCEKTPHCON BAOJDL pajuyca
Oz,.

Teopema AGens umeer B aHa/i3e MHOIOUUCJIEHHBIE UPUJIOXKEHHS.

Tak, #ssectho, uro In(l 4 x) = x— %—}——jg— — =1L

< x<-1). Ilpu x =1 sror psn OGyner 1—%—}— -15--— we  H,
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caefoBatensHo, cxomutcs. ITo nokasannof Teopeme AGens cymma
nocAeHero psiga pasHa:

. 1 1
limin(1+-4)=1n2, T. e In2=1 ——2——{——3——- e
x->1
C nomotupio Teopemb! A0e/5 MOXKHO PaCHpPOCTPaHHUTH TeopeMy 00
YMHOXKEHHH a06COMIOTHO CXOAAMIHXCA PALIOB Ha Caydali pAJIOB, YCJIOBHO
cxoaamuxcs. JleficTBUTeNEHO, uMest ABa CXOASMINXCA DANA C KOM-
IVIeKCHBIMH  WIEHAMH:

S=Uy AUy f Uzt ly o 0ey } 29)
§ =i e
COCTaBIM HX IPOi3BeAcHHUe:
@@y W, e (30)

TIe MOJOKEHO: W, = Uty + thatina -+ ... -+ wb.

[pexnonoxum, uro psia (30) cxoautcsi, H 00O3HAUHM €ro CymMMmy
yepe3 S. B 3TOM C/lyuae MOXKHO JlOKazaTbh, uTo S = s-s’, T.e. ABa
MoBLIX cXoAAmKXes pasa (29) MOXHO NMEPeMHOXKHUTb MO H3BECTHOMY
npasuay (ra. I, § 5, n. 7), ecau B pe3ysbTaTe MOJTyYaeTcs CXOAAUIHIICH
pan (30).

Jnsa nokasatenbcrBa oOpasyeM JBa CTeNeHHBIX psifa:
o0 oo
Yout oY) upt. 29"
== H= .

Tax kak npu z = 1 no ycjosuio o6a 3TH pAjfa CXOAATCA, TO OHH abco-
motHo cxomsites mpy 2| <1 (ra. II, § 3, n. 2). Besencrsue storo
Mbl MOXKEM MX NEPEMHOKNTD M0 H3BeCTHOMY npaBuay (ri. I, § 8, n. 7):

L U,2" L 1w,z Z w,2". 31y
=] n=1

Tax xak psagst (29) u (30) cXoRATCA COIJIACHO YCJOBHIO, TO 110 BTOPO#
Teopeme AGenst umeem:

oo

oo , 0o , o© 0
lim Z 2" — E o, lim Y w,2"= Y u,, lim Y} w,"= Y w,.

21 n==1 = 2] f=f n=1 Z-] =] n=1

3aMeTuB 3T0, U3 paBeHcTBa (31) nyreM nepexofia K npejeny MnoJyuuM:

Z Un Z up = Z wp, uan ss’ =S8,

==l n=ul

§ 4. AuddepenuupoBanne QyHKIHH KOMIJIEKCHOrO fepPeMEHHOro.
dneMeHTAPHbIE (BYHKLUHH

1. INonusitue npoussopHoi. [lycte w = f (2) ecthb onHO3HAUHAS
¢yHruuA, onpeneneHHas B 06aactH (0 NIOCKOCTH KOMIJIEKCHOTO epe-
Menuoro z. Onpepenenue AuddpepeHUHPYEMOCTH MO KOMINIEKCHOMY
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nepeMeHloMy € GOpManbHOH CTOPOHB COBEPIUEHHO alajoruyuno CooT-
BETCTBYIOLUEMY ONpEleNeHnIo 1 (YHKUMH JefiCTBHTENLHOrO nepe-
MeHHOro. Ml ckaxem, uTo ¢yuikyus w = f{2) Oupdeperyupyena
6 mouke z o6aacmu G, ecau OmHoweHe
Ay J@z+h)—]@)
Az~ n (32)

20e 2z + h — mobas mouxa obaacmu, cmpemumcs K onpedeaexrory
KOHEYHOMY npedeny, Ko20a Az = h a06bim 06pA30M CHIPEMUMCA K RIJAIO
npu nocmosrron z. Ilpenen storo orHomenus (32) Mbl HA30BeM 71p0OUS-
so0nol pynryuu f (2) 6 mouxe z ¥ oGosrauuM uepes [’ (2), Tak uto

lim % = lim —————~ = [ (2). (33)

Parencreo (33) o3nayaer caeaylowee: npy MoGOM CKOAb yTOAHO
Masiom € 2> 0 1 JaHHOM z Hal/ICTCR COCTECTCTBYIOUICE NOACKHTEAbLLOE
ypcao & ==90 (¢) Taxce, 4TO HEpaEEHCTREO iﬂ;’;}“i(——) — @) <<e
BMeeT MeCTO AAd BCeX h, aas Kotopux |h | < 8.

Cyukinsn w = [ (2}, auddeperutipyemasl B TOUKE 2, HashlBACTCH
MOHOREHMOI B ITCH TOUKe.

2. Houstue $ynkuny, aHaARTIHBECKOR B 003acTu. Ecau dynkuug
w = [ {z) apaseTca mMoHorentiofl B kawmaofl Touxe obaacti G, TO Mbl
CKGIKEM, 8TO OHa araaumuueckad 8 obaacmu G. Cnepopartesibno, Ho
ONpPEACNCHHIO OARO3HaYHaA (PYHKUMA Ha3bIBAeTCi  aHAJHTHYECKOH
B oOsacTy G, ecaiit 8 Kax 00 TouKe 3TOl OBJACTH OHA 1IMEET ONpeaCIeH-
HYIO KOHEUHYIO DPOHZBOIHYIO.

Toxny o0paszon, GYHKUHA MOXKET OblThb @HaANTHYECKCGH TONLXO
B RekoTopefl ofaacTi; ORHAKO M O KaxKJoll OTRCJALHOH Touke Takoll
oflacTy roBOPAT, YTO B Hell Hatna Gyukunsa anaantnueckan. Ilpu stom
BaKHO 38METHTh, 4TO GYHKLNIA, 2HANHTHYCCKAR B TOUKE, NO ONpezene-
HUIO JOJIKHa ObITh aHAJNNTHYECKOR B 11€KOTODCH OKPECTHOCTH 3TOH
Toukn. Tak, nanpimep, ¢yukina w = zR (2), HenpepniBiias BO Beedl
DACCKOCTH, HMEET B Touke 2 = 0 npOH3BOAHYIO, PABHVIO HYJIO, NOTOMY
—i—f— =—n—lihih—)— = R (h) cTpemMuTCs K HYyJAI0 BMecTe
¢ h. Ira QyHKUUA, MOHIOTEHHAass B HVJAeBOH Touke, He OyleT araJKTH-
yeckoll B 370l Touke, Tak Kax B a060fi APYrofl ToYKe NAGCKOCTH 3Ta
dynkuus He Oyzer Anddepeniuipyemoil. B camom zene, ornoiuenne

UTO OTHOIUCHIE

lerh—1@ _ @+mREth—2R@E)
h - h -

= REEWRE@ 4 piyn
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apu z == 0 He CTPEMHUTCA K Onpese/leKHOMY Npeeny, Korsa i CTpeMutes
K Hymo. D710 Oyjer oueBuAubIM, €CJAH NOMoXuM fi == h; + hyi 1 3a-
METHM, YTO OTHOLHEHIE

R+ —R( M
h T ohy Ryt

MMECT [pefed, papHbill eAunuLe npnfi, = O 1 fi;, cTpemsileMes K HyJ0,
H 3TO Ke OTHOILeHHE CTpeMHTC K HYyJo npu hy = 0 u hy, cTpems-
IEeMCst K HYJIO.

[prBesentnlil npumep AaeT ¢YHKUKIO, HENPEPHIBHYIO BO BCEH M/I0-
CKOCTH H nurge e augdepennnpyemyio, kpome z = 0. B3sgs w =
= R (z), aHaJOTHYHO NIPeALIAY LiCMY MBI NOKa3aan €bl, YTO 3Ta PYyHK-
Ui, HenpepbiBHAs BO BCeH NJIOCKCGCTH, HHIAe ke Au(depeHnunpyema.
Hpyrum npumepoMm venpepuBHOA u HHTAe He JAuddepeHUHpyemoOd
GYHKUHE MOKET CAYMHTb, @ = Z = x — yi. Takum o0pazoM, MHl
BHIHM, UTO BECbMa JieTKO 0Gpa30BaTh NPIiMeps! HENMpephIBHBIX QYHKLIHHA
KGMIIEKCHOT O TIEPeMeHHOT O, JHLICHHBIX IPON3BOAHBIX B KaXA0H TOUKe
nncckocty. Ilpocrota cfpasoBanus TakuX QYHKUHE ofbsicHsieTCs
TeM, uto Tpe€oBaHue andGepeHupYeMOCTH (GYHKIHH B TO4Ke MO
KOMIJIEKCHOMY NE€PEeMEHHOMY ropasao Cosee CHJAbHOE, HEXENIH [0
zeficTBuTeIbHOMY nepemeHroMy. [efictBuTenbHO, npednosarast Aud-
tepernupyenocTh GyHKUMN @ = f (2) B TOUKe z, Mbl CUHTaeMm, 4YTO
Fez+R)—[(2)

h
He3aBHCHMO OT HanpaBJieHus, [0 KOTOPOMY nepeMeHHast ToYka z -+ h
npubaKKaeTCA K NOCTOAlIEOK Touke 2. Elle 6ojiee cunbHbIM GyjeT Tpe-
6osanue audipepeHUuPyeMOCTH QVHKIHY B KA I0H Touke ofJiacTu; OT-
CIOAa CTAHGBHTCS NCHSTHBIM, Y4TO PYEKLUHI, aKAJHTHYECKIiE B obsacTH,
LOMKHB! 00/124aTh pAACM ClielH(IYECKHX CBOMCTB, NPHCYUIHX TOJNbKO
HM OJHHM CpelH MHCXKecTBa BCeX (YHKIHH KOMIJIEKCHOTO TepeMeH-
Horo. OcHOBHAas 3a/la4ya HAacTOSILIEr0 PYKOBOACTBA M COCTOHT B TOM,
uyTO6bl ELIABHTL OCHOBHBIC 3aMeyaTe/IbHble CBOMCTBa TakuX (YHKUMHA.
Tak kax onpejesenye NPOU3BOAHON (GYHKIHH KOMILIEKCHOTO IePeMeH-
HOTO COBEPIUCHHO aHANCIHYHO ¢ (OPMaNbHOH CTOPOHBI COOTBETCTBYIO-
WEMY OnpefesieHuIo ANf (QYHKIHH LEACTBUTENBHOTO NEPeMEHHOT0, TO
BCE H3BeCTHHie M3 AudGepeHlnaJbHOIO HCHHCHEHHS npakuaa dudde-
peHIHpPOBaHUSA JIETKO MOryT CBITh fepeHeceHbl B KOMIIEKCHYIO 0O-
sacTb. OTCl0@, B YaCTHOCTH, CJIEAYeT, UTO 1leJ1asi paliHOHanbHAs PYHK-
Lusl eCTb aMaJuTHYeCKas BO BCeH IMIOCKOCTH; (PYyHKUHA DPalHO-
haJbH2si eCTh aHaNuTHuYeCKas BO BCEH NJICCKOCTH KOMILTIEKCHOTO fe-
PEMEHHOrO, KpOMe TOYeK, B KOTOpbIX ee 3HaMenaTesb oOpallaercd
B HYJb.

3. Monsatne puddepevuvana. [loxo6HO nNPOU3BOAHON MOHATHE
augdepenunana 1A QYHKLHA KOMILIEKCHOTO IePEMEHHOTO ¢ (hopMalib-
HOfl CTOPOHBI 2AHAJOTHYHO COOTBETCTBYIOUIEMY HOHATHIO Auddeped-
Luaja QyHKUHH JefiCTBHTENbHOTO [epeMEeHHOro.

npeies OTHOLUEHL 6}’/16T OZHHM H TeM XK€ YHCJOM
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BcrioMBHB, 4TO NPOH3BOAHASA (PYHKIHH KOMIVIEKCHOTO NEFEMEHHOr0
w = [ (2) B Touke b ompegesnercsi Kak

. Aw
lim — =] (2),
Az->0 Az f ()

HMeeM!
A )

S =F @)+ (34)

rlie 7 cTpeMurcss X HyJio BMmecte ¢ Az. M3 paBedcrsa (34) maxozmm:

Aw = ' (2)- Az 4 nAz. (35)

Tocanenusn dopmysaa (35) mokaseiBaer, 4TO GECKOHEUHO MaJjoe NpUpPa
uleHHe GYHKUHH Aw ecTb cyMMa JABYX G€CKOHEUHO MashiX BeJHYHH!
f' () Az 1 WAz, D1y nBe GeCKOHEUHO Masible BEIHUMNB Pa3HOH npH-
poanl. Ilepsas H3 Hux paBHa npousBefenuio Az na seauuuny [ (2),
He 3aBHCAWYIO OT Az, ¥ npH [’ (2) 5= 0 aBAAeTCs GECKOHEUHO MAasioH
TOTO e NOopsiiKa, uTo U Az; OTHOLIEHHE XXe BTOPON BEJHYHHHB K Az,
paBHoOe 1, CTPEMHTCA K HYJIIO BMecTe ¢ Az, T. e. BTOpoe chiaraemoe ¢op
Myabl (35) Bceraa ectb GECKOHEYHO MaJsasl BEMHYMHA BHICHIETO MOPSIAKA
OTHOCHTENBHO Az,

[eppoe cnaraemoe dopmysnsl (35) f' (2) Az HaswiBaercs AuneldHol
wacmeto npupalieHus Aw, uau, uHave, Oudpepenyuaion GYHKIHE w,
n o6o3Hayaerca Tak:

dw = [ (2) Az, (36)
B uacrtHocTH, npH w = 2 U3 paBeHcTBa (36) Haxoaum: dz = 1-Ag,

T. €. JuddepeHiinan He3aBHCHMOIO MEPEMEHHOTO COBNAldeTr ¢ €ro
npupailenueM. 3aMeHss B Qopmyne (36) Az uepes dz, monydaem:

dw = ' (2) de, (36")
OTKy.la .
f)=a2 =40, (37)

T. €. quddepenunan PyHKUHHY pPaBeH NMPOHM3BEJIEHHIO €€ NpPOU3BOAHOMN
Ha Audepernan He3aBHCHMOTO NePEMEHHOTO; IPOH3BOJIHASA Ke paBHa
oTHOMIEHHIO Judepenurana GyHKuUM K AH(PepeHIHANy He3aBHCH-
MOro IMepemMeHHOro.

Gopmyna (35) nonyyena B MpPEANOJIONKEHHH, UTO (PYHKLHA W ==
= f (2) B TOUKE Z HMEET KOHEUHYIO npoussoauyio. M3 stolt dopmynst
ycMarTpuBaeM, 4To npu Az GecKOHeYHO Mmajiom Aw ToXe GeCKOHEUHO
Masd, a 3TO 3HAYMT, 4YTO JaHHAA (PYHKUHS HenpepbiBHA B TOYKE 2,
T. €. 8CAKAA (PyHKYUA, Oughdeperuupyesmas 8 mouxe, HeoGx00UMO
Henpepelena 8 smoti mouxe.

4, Yenosus Kewn—Pumana (C.—R.). [lyers w = f (@) =u -
-+ vl ecTb OJHO3HayHast (YHKUMS KOMIIIEKCHOrO NEPEMEHHOro z ==
= x - yi, onpejeneHHas B obnactu G. Ita PyHKINA OYLET H3BECTHA,
ecay JaHel ABe QYHKUHM 4 H U ABYX JeHCTBHTEJbHEIX NEPEMEHHBIX
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X, y. Ecin GyBRLUMY 4 ¥ U B3ATh He3aBUCHMO APYT OT APyra, TO QyHK
unsa f (z), BooGule rosops, He OyneT AuddepeHUHpYeMOH, HECMOTpHA
Ha TO, uro 06e GYHKIUU 4 ¥ ¥ UMEIOT KaX/Aas YacTHHE NPOU3BOAHLIE
OTHOCHTeJIBHO X H Y.

Tak, B BhllleyKasaHHOM OpuMepe w = 2 = X — yi — HENPEepHIB-
HOH, Hurle He pHpdepenunpyeModl QYHKUKH, U = X, U = —} HMEIOT
Kaxjas uacTHble NPOH3BOAHBIE 10 ¥ u y. CieloBaTesbHO, B Caydae
auddepennupyemocTd GyHKUMH [ (2) ee npeficTBuTeNbHAA uYacTh
W KO3(HUMCHT NPH MHHUMOH YaCTH U JOJXKHBI ObiTb BHIGDAHBI He
He3aBHCHMO, @ TakK, YTOOb! BHIIOJIHAIHCH HEKOTOpLIE YC/I0Bus. BriBo-
JIOM 3THX YCJOBHH MBI Telepb M 3ai- p
MeMCs. :

Hrak, nycrb ¢yHKuusa [ (2) B HEKO-
TOPOH TOYKE 2 HMEET ONpelesIeHHYIO
KOHeUHYI npoussoinyilo. Taxkum 06-
pasoM, HMeeM:

lim 22 = jim 2420 i)

ae ™ 240 Ax :t- lAy Y\-—.—// g
Ay—>0
(38)

Puc. 20.

2442

P

Tak kak Az = Ax -+ Ay moxer
CTPEMHTBCSE K HYJIC MO [POH3BOJb-
HOMY 34KOHY, TO, B YacTHOCTH, Mbl MOXeM cuutath Ay = 0 u Ax
cTpeMsaiiuMcs K nyJaio. I'eoMeTpuuecku (puc. 20) 570 03HaYaeT, 4TO Mbl
3acTaB/isieM TOUKY z -+ Az npubauiKaThCst K TOUKE 2 1O IPSAMOH JIHHHH,
napannenbHol aehcTBHTEJbHOH ocu. [lpu 3TOM YC/IOBHH paBEHCTBO
(38) nam pacr:

Au - i Ao

lim ————— = f" (2),
Jim ——7 @
HIK
. Au . Av N
Iim — i lim — =] (2
Ax—o DX + ax»0 A% I@,

YTG MOXKET GHITh 3anHCaHO B B, €&
du

T bisE=1 () (39)

Ananornyno, npunumas Ax = 0, T e. 3acTaBass Touky 2z -+ Az
npudauxKarbes K Touke z (puc. 20) no npavolt JHHHY, napajinenbHol
MHHMOH OCH, TIONYYUM U3 papeHcrBa (38):

Au i Av

Ayoo  LDY ={"{z), wim —i lim —Ai_}_ Jim -&¢ =/ (2),
y—

dy»0 Y Ay—0 DY
YTO MOXKHO 3anucarb Tak:

—i Gt =1 ). (39)
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Tak kak npassie yactu paseHcTB (39) u (39') pasubl Mexay coGol, TO
ROJIXKHBL ObITb PABHEL U JIEBble YaCTH 3THX PaBEHCTB:

ou . 00 . ou Ay
W—{—l-a—-—-—lw—f——a-y—. (40)
CpaBeHBas MexLy co6oil B O0GHX 4aCTAX NOC/AEAHErO PaBEHCTBA
(40) peficTBHTe/IbHBIE H MHHUMble YacTH, HOJyYaeM:

ou du Ou Ju
W= e T (C.—R)

Mrak, mpl BuauM, 410 ecan yHxuns @w == ¢ -+ v oudpepenun-
pyeMa B TOYKE z = X -} yi, TO B 9T0{l TOYKe CYIHECTBYIOT YaCTHbE
npous3soiHLe QYHKUMI # H v, TPHYEM 3TH NOCJe[HHEe CBA3AHBI MeXIy
cobo#t yeaoBusimi {(C.—R.). D14 ycaoBus HOCAT HaA3paHue ycAaosuil
Kowu—Pumana ).

Mpr nokasanu, uto ycaosus (C.—R.) HeoGxoauMb Ald
TOro, 4rofpl PYHKUHS w == [ (2) 6uia MoHorenHofl B Touke 2. [Tokaken,
4TO 3TH YCJAOBHH L OCTATOUHB IpH AONOAHHTEALHOM YCAOBMH,
YTO QyHKUHE 4 H U AudxpepeHimpyeMbl B paccMaTpiBaeMOofl TOYKe

2= x -+ yi,
T. €, 4T0
At = du d ou d A oy d do_
o= g A Ay o= X Ay
FIe 1y H M, — OECKOHEeUHO MaJLIe BeJIHHIMHbL BBICILLIO NOPHALKE, 4EM
Y dx? + dy2.

3aMeTHB 9T0, MbI MOXKEM HallHCaTb!:

ou cu . v Jv N
Aw Au+iAv_"5Fdx+7gTd”'+‘(ru drt5ody) i,
Az T Ax +idy dx + idy dx -+ idy
du v
3aMeHsst 3/eCh oy M oy MO dopmynam (C.—R.) u 3ameuas, 410
iy .
OTHOWRHHE i —rr-==1; €CTb BEJHYMHA feckoHedHo Mmanag
guecte ¢ dx® + dy?, Mbl ANA OTHOILIRHKA 5 MONYyHiH Caelyomes
BREIPAXKEHNHE:
Ot du ov . Ou
— K - — { —d —
Aw dxdx ()xdy+!6x X+laxdy+ WA Aw _ du i 147
AT dx + i dy T Az T ok + 0x + "

') Tax kax TH yc/10BHS Gpix HaiJeHHI 3HAUMTEILHO paubule B paborax Jadams
Gepa u Diiepa, TO HX HA3LIBAIOT TaKAKe ycaosuamu Jaranbepa—3ir:pa.
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[epexons B nocnenneM paBeHCTBe K npeneay npu Az, cTpemsuiemcs
K HyMo (uaH, 4TO TO Xe, npu | Az| =/ dx* 4 dy*, cTpemsiuemen
K HYJI0), NOJYYHM:

RET Aw _ du , v
Fe=lim o =5 +i5

M3 npeapayiero BuITEKAET, YTO A8 GYHKUNH w = [ (2), aHanuTH-
geckoil B obaacth G, ycaoBus (C.—R.) BHNOMHAKTCA B KaXkuof
Toyke 5TOf ofsacTi; u o6paTHO: ecan ycaoBusi (C.—R.) nmeroT mecto
noBcioy B obractH G 1 GyHKIMH ¢ 1 v AnddepeHuHpyeMsl B 061acTH,
To QyHKLIHA w = u -~ vi GyleT aHaJuTHYecKoH B G

EcrecTBeHHO, BO3HUKAET BONPOC: He OYIET J11 BHIIONHEHHE YCA0BUA
(C.—R.) nociony B o6nacta G (6e3 RONOAHHTENBHEIX YCa0BHil Audde-
peHuupyeMocTH GYHKIUE 4 H ) JOCTATOYHBIM AJIA TOTO, YTOOH PyHK-
nuag @ = 4 -+ vi 6bJa aHaauTHueckoil B obmactu G? Ha npocrom
NpHMepe JIeTKO NOKa3aTh, 4TO 3TO He TaK. B camoM jnese, nyctb

1
w=—1,€e # npu z2=£0,
0 npy  z2==0.

Bo Besakol Touke z BAOCKOCTH, OTAUUHON OT HYJIEBON TOYKH, PYHKUUA
w AnddepeHuupyema, a nOTOMY BO BCAKOH TaKoH TOUKE BLITOIHAIOTCH
yeaosusi (C.—R.). Jlerko nokasarb, YTO H B HYJEBOH TOYKe yCJOBHA
{C.—R.) BrinONHSIOTCA.
HeiicTBuTenvHo, npu z = 0 nmeem:
S
(ax)¢ . 1
= lim ————— =0,
Axe (A%)*

ou . v . e
-4+ i——=lim
ox ox axsp DX Ax>0

OTKyJa
()= (), =0
ox Jo \ox Jo— 7
Anajornuno naxoaum npu z = O
1
du | .0 . e (o) :
L LI P

oy 4 Ay 1
y—>0 Ay—0 —_—
Age (B97°

ou du .
OTKyAa (W>o= (d—y>0=0. HMrak, B HyaeBoil Touke ECe ueThipe
YaCTHHIE NPOM3BOAHBIE GYHKIHHK U M U PABHEL HYJHIO H, CJAEAOBATENLHO,
yeaosusa (C.—R.) ocraloresi B cunte. Takum ofpasoM, ans paccMmaTpi-
paemodt ¢yuxunu yeaosusi (C.—R.) BbliiosleHBl BO BCel NJOCKOCTH
KOMIIJIEKCHOIO NePeMEeHHOr0 Z, B TO BpeMsl Kak Haula hyHKLHs He Oyner

aHaJINTHYECKOH NOBCIOAY B NJIOCKOCTH, NOTOMY 4YTO B HleeBOﬁ TOUKE



76 SYHKUHUH KOMIUJIEKCHOI'O MNMEPEMEHHOIO (ri. 1t

OHa He OyneT maxke HempepuiBHOH. UTOGH 3TO MOKasaTh, JOCTATOYHO
DpHGINKATb TOYKY 2 K HYJIEBOH TOYKE MO OPSIMOii JIMHHU ¥ == X; TOTAA
1 1

z=xtyi=(1+0ix, =(-itr=—4xt, & # =g,

KOTJla X CTPEMHTCS K HYJIO, [OC/IeLHee BLIpaKeHHe CTPEMHUTCA K GecKo.
HeYHOCcTH. B paccMoTpeHHOM npuMepe cama (GYHKIHA He SBJSAETCA
HENnpepLIBHON IOBCIOAY B IJICCKOCTH, XOTSl BO BCAKOH TOYKE MJIOCKOCTH
OHa ynoBJaerBopsieT ycaoBusaM (C.—R.).

Ecau npeanonaraTh, Y4TO X HUH e N p € P B B E bl € (PYHKIHH, TO
MOXKHO JI0Ka3aTh, 4TO ébinoaner e ycaosutt (C.—R.) noacrody 6 obaacmu
G Heobxo0umo u docmamoyro 048 mozo, 4mobbl QAHHAA PyHKYUS Dblaa
anasumuyeckoti ¢ odaacmu G 1), OqHaKo A0Ka3aTeNbCTBO TOrO MOJO-
XeHHs! BBLIXOAHT 3a MPEeAeJbl HacCTOAIIEr0 PYKOBOJCTBA.

- 5. Conpsxennble rapMoHudeckHe (yHKuuH. B panpuefiiem Mot
yOeAHMCS B TOM, YTO (QYHKLNSA, aHanuTHueckas B obmactu G, nMeer
NPOU3BOJAHLIE BCEX NOPAAKOB. B yacTHOCTH, AN TaKOH DYHKUHM U B U
HMEIOT HenpephiBHBIE YAaCTHBIE NPOU3BOJAHBIE BTOPOTO MOPALKA B 06/a-
cti Q. TlocMOTpHM, KaK HYIKHO BEIGHPATh & U U /ISl TOTO, YTOGH! (yHK-
uus # + vi 6bl1a aHAMUTHYECKOH B paccMaTpuBaeMoit o6/lacTH.

Huddepennupys nepsoe u3 ycnopuél (C.—R.) OTHOCHTENbHO X,
a BTOPOE OTHOCHTEJNbHO Y, NONYYHM:

u 0% Pu 0
0x* ~ Oxoy’ oy~ oyox’
CKJIaAkiBag 3TH paBeHCTBa, HMEeM!:
0%u 0%u

YpapHenne Au = 0 HOCHT HasBaHue ypaBHeuus Jlannaca u Bcakas
(GYHKLMSA, YAOBJAETBOPSIONIAsA 3TOMY YPAaBHEHHIO, HA3LIBAGTCS eAPMOHU-
yeckoli. Vtak, u ectb rapMonHuecKas ¢pyHkuus B o6yactu G. [okaxkem
TakXe, YTO H U fBJAAETCH rapmMoHuueckoit ¢yukuueii B ob6nacta G.
Has 3roro HyxkHO mnpofuddepeHLHpoBaTh NEpBOE U3 PaBEHCTB
(C. —R.) orHOocHTeNBHO Y, BTOPOE K€ OTHOCHTEJNbHO X H BLIYECTDH
pes3yJbTaTeL:

0% 0%
Ay = —ax—2'+ -a?——o.

Onnako, eciu B3siTh 3a ¢ W U B NPOU3BOJbHEIE (QYHKLHH, rapMo-
Huyeckue B obactu G, To u - vi He Gyjet, BoobLe TOBOPSI, aHAJIUTH-
4yecKoH ¢QyHKIWeH B 3TOH obmactu. [Has Toro 4tobel u -~ vi Oblia
dyHKUHeH, aHanuTuYecKoll B o6iacTi G, HyXKHO, OYEBHAHO, NOCTYNHTh
TakuM 00pa3oM: B3sIB 3a OAHY M3 STHX (QYHKLHil, HanpHMEp &, MpoO-

1) [TonwTRy AOKa3aTb 3Ty Teopemy caenan Jhioman (1923), Ho ero 10Ka3aTesILCTBO
cofepxano npoben. [TodHoe JOKA3aTeNbCTBO Teopembl Obnio nodyueno JI. E. Metb.
wosbiM (1933).
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H3BONLHYIO TapPMOHHYECKYIO (YHKLHIO, ONPEle/InTh 3aTe€M U H3 ypaB-
HeHui :

v ou dv __ ou
w*= T T e (C—R)
3aMeTuM, YTO BHIpakKeHHe
ou oy ___ Su ou

ecTh NOJHBIE Angdepenuuan, Tak Kak Au = 0; cJeRoBare]bHO, U
onpejenseTcss KBaJpaTypamH € TOYHOCTBIO JO INPOH3BOJBLHOTO RO-
CTOSTHHOTO CJ1araeMoro:

du ou

Tak onpeaensiemas rapmoHnyeckas QYHKIUS U Has3LlBaeTcs Conpi-
seHHOl ¢ TapMOHHYECKOH (YyHKUHed 4.

6. Jng@epeHunpoBaHHe CTENEHHBIX PAXOB. Kak Mbl y&Ke yKash-
Bald, BCAKUH MHOTOUJEH SBJSETCS aHAJMHTHYECKOR ¢yHKuueH BO
Bcell MUIOCKOCTH KOMIMJIEKCHOTO nepemenuoro. I[lokaxkem Tenepb, YTO
BCAKHI CTeneHHON PsM, MO OTHOLUEHHIO K KOTOPpOMY MHOTOUZEH sIBJifl-
eTCsi JIMILb BeCbMa YacCTHBIM CJydaeMm, npeicrapisier cobofl aHalHTH-
gecKyl0 QYHKIMIO BHYTPH Kpyra CXOAUMOCTH, NpHYeM NPOH3BOAHAS OF
5Tol GYHKUBH MOXeT OblTh NOJIyYeHa NyTeM MOYIeHHOro LuddepeH-
LHPOBaHHS CTENEHHOTO psAja. 3aMeTHM CHayana, 41o paf ¢ (2) =
= ¢, + 22 + 3c32® -+ ..., nonyyeHHb# nouseHHbM AuddepeHInpo-
BaHuWeM JAaHHOro psufa: f(2) = ¢ + €z + 2% 4 ¢,2° + ..., umeer
TOT e pajiyC CXOAHMOCTH, YTO M AaHHbIH psan. B camom nere,

n

1 n+
i 3/ T F Dol = Tl + 07 CY ) ™ ] =

n—>o0

——— 1] s e
= lim" y[e,] = Im /727,
n—o0 n—-o00

oTkysa no gopmyne Kowwn—Azamapa ciaenyer, 4To paguychl CXOAH-
MOCTH OGOHX pSIAOB OZMHAKOBBL. IlycTh Temepb z, — NPOM3BOJIBHASN
TOUKa BHYTPH Kpyra cxopuMmoctd. Onuliem BHYTpPH TOTO Ke Kpyra
CKPYXHOCTb | 2 | = r TaK, YTOOBI TOUKA 2, JiexKaja BHYTpHU Hee, H NYCTb
z; — Kakag-1u60 Apyrasl ToUka, Jiexallas BHYTpU 3T0H OKpyKHOCTH.

21) — [ {7
Buipaxenne f—(——;)—lz(—“)- MOXKHO NPELCTABUTL B BUJE
17" <o

Cotoz +otted+ - )—(+ a2+ e+ e+ - )
7y — 3

2 2
=0 o (21 + 20) + 03 (2 F2izgF 28) v e e
Buibupas umcno n nacronbko GoabliuM, 4TOGH CyMMa

A D cp | r+ (1 - 2) e | 7 A4 (1 -+ 3) [ Caua | 732 400 e
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[ (z1) ~ f (20)

u—z
{loo+e@ta)+ o 4 ea(@ 4204 oo 457 —
— (614 2c020+ o+ + neazy')) + {3n+1 (7 + "'z erer %) +
+ ene (AT Az A e B o] -
— (1) eanZl + (n +2) CriaZs ™ - 1]

TlepBast u3 GUIYPHBIX CKOGOK CTPEMHTCH K HYJIO, KOTAA 2, — 2, H
NOSTOMY MOMKeT ObITb CHeNiaHa Mo MOAYJIO MeHbluel &/3, eCiiH TOMBKO 24
JIEXHT B JOCTATOYHO MalOH OKPeCTHOCTH TOYKH 2. UTOGH OHEHMTH
MOIyJ/ib BTOPOH CKOOKH, NMepedieM K MOAYJISiM OTHE/bHBIX CJaraeMbix
U 3aMeHuM | 2y | ¥ | 2, | 60sbiuM yucaom r. Tlonyunm TOrna, 9T0 STOT
MOLYJb Menblie, 4eM (n -+ 1) |cop|r* 4+ (n 4 2) | cppn | 1 + ...,
T, e. Meuble, yem &/3, Touno Tak iKe, nepexofs OT MOAYASA CYyMMEI
K Cynmse MOAYJIeH H 3aMeHsis |z, | GONBIIMM YHCHOM 7, NOJYYHM, UYTO
lvlfo,’ly.nbpreTbeﬁ ¢urypHO#i CKOOKHM TakwKe MeHblue, yeM &/3, Urak,

() — [ (2)

2y

Grina MeHblue &€/3, NpeicTaBuM — ¢ (z) B BHAE

— @(2)|<e, ecau 2; HaXOAMTCS B JIOCTATOYHO MasIoH
F(z) —‘/(Zq)_
2

OKPECTHOCTH TOUKH 2y, OTKYa CIefyeT, uto lim .
T —

Z21+2

CylIeCcTBY-
er U paBeH @ (2), T. e.

[ (20) = ¢1 -+ 20920 + 7%/ SIS

7. Moxa3satensas ¢GyHKuUA, DPYHKUUMH TPUTOHOMETPHUSCKHE H
runepGoaudeckue, Mspl BUReNH, YTO CTENeHHbIE DAL

z 22 2 2 22 24
It Ttgee 2oty = Lot —

CXOxATCS aBCOMIOTHO BO BCelt JIOCKOCTH KOMIJIEKCHOTO [IEPEMEHHOr0 2
(ra. 11, § 3, n. 5). Cymmbl Taknx psagos OYAYT, KaK MBI TONIbKO 4TO
Buaeau, GpyHKIHSAMH KOMIJIEKCHOTO IEePeMEHHOro 2, aHAJHTHUECKHUMH
Bo Beell muockocty. M3 aHanu3a H3BECTHO, UYTO €CJAH Z OPHHHMAET
JEeACTBHTE/bHbIE 3HAYCHUA X, TO CYMMbl 3THX DSIAOB CYTb COOTBET-
CTBEHHO €%, sin X, COS X. YC/IoBUMCH OpH JIOGOM KOMIIEKCHOM 3Haue-
HHM 2 CyMMBbl HaliHX pfAaoB 0003HAayaTb COOTBETCTBEHHO uepes. e?,
sin z, cos 2, T. €. MOJOXHM:
2
ezzl-—i—-zl—-f-—%———{—-.. i+-oo,

nl

2 2 Pkt

Sinz=2— 2+ + — "‘+(—~—1)k'lm+"'a

1 F2d 2 . 2
COSZ = —‘T+T—°"+(—l) W+'..

Taxum 05pa3oM, Mbl OTIPEfETHM TPH DYHKIHH KOMIJIEKCHOTO NePeMen-
HOro 2z, aHaJIHTHYeCKHe BO Beelt muockocTd. [TokakeM, 4TO H3BECTHble
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B caiyuae RefiCTBHTENIbHOTO 2 CBOACTBA 3THX QYHKUHH pacnpoCTpans-
10TCH Ha CJIyyail JI060ro KOMMJEKCHOTO 2.
Tak, ¢opMyna yMHOMEHHA NOKa3aTelbHOH QyHKUIHHA

ot @t = gt (42)

JAOKa3blBaeTcs s JIOOHIX KOMIIEKCHBIX 2 U nocpeACTBOM YMHOMeE-
Husa COOTBETCTBYHOIIMX pAAOB. BaMETHB, 4TO

2 2 22 . t 2
=143+ 5+ =1+ +5+-
noJyyaem:
2 ot z 22 t i D\ =
ge=(1+F+5+ )1 +T+g+-)=

F 1)2
=1+“1” + ""QL]) doee

Psag, crosuuil B npaBol 4acTy NMOCJAEAHEero paBeHCTBa, NMOJAyYaeTcs U3
psia AnA €2 3aMeHOH z Ha z - {; cAelOBaTesNlbHO, €ro CyMMa paBHa

e*!, n dopmyaa (42) pokasana. Ilonmaras B Gopmyne (42) ¢t = —z,
HalipeMm:
e.et=¢l=1],
OTKYZa
1
e = 7. (43)

Honbsyack gopmyanoit (43), serko BuBecTH ¢OpMyay AeleHudA NOKasa-
TeNLHOM PYHKUIU:

£ et =g,
et

& P

:t— = g7}, (44)
B refictButensHoll 06saacTH TPHTOHOMETpHUECKHE QYHKIIM sin z,

COS z He CBfA3aHbl C NOKasaTenbHOH GyHKnuedl ¢2. PaccmaTpuBas 3TH

(YHKINE B KOMIJIEKCHOH 06JacTH, Jiljiep YCTaHOBMJ 3aMedaTeNbHCe

COOTHOILEHNE MEXAY HUMHU:

€2 = cos z -+ i sin z. (45)

Jna nokasatenbcTea ToxaecTBa (45) 3ameHuM B pane ajasi €2 GyKBY
Z uepes iz M cobepeM OTHENBHO YJACHBI, He COIepiKaliie i, ¥ YJEHHI,
COJEPIKANINE {; NONYUHM:

2 1 z2 24 . 23 25
er=l— g i (et =),

Bamerus, uTo paj, CTOSWME B CKOGKAX, BHPAXKAET SiNl 2, 4 PAA, CTOR-
muil BHe CKOGOK, onpefensieT ¢os 2, noayuaeM Toxectso (45). Tak kak
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pAAR AJs1 COS Z CONEPKHUT JHKILUDL YeTHRIC CTENCHH 2, a PALA, Bb!pa}KaEOIﬂ,Hﬁ
sin 2, — JIHIIb HeyeTHBIE CTENEHH 2, TO UMEEM:

cos (—z) = cos z, sin (—z) = —sin z.
3amersis B TOXJAecTBe Jiljepa (45) 2 Ha —z, nmotyvaeMi
g=iz = cos 2z — i sin 2. (45")
CkaajpiBas Toxaectsa (45) n (45'), Haxoaum:
eiz iz
cosz= —-—1%——-—— . (46)
BriyutanpeM e HX NOJydaeMm:
iz -iz
. e — e
SinZ= ——p—. (46"

A1y GopMyabl TaKXKe HOCAT uMs DHjaepa.

TToabsysice ToxgecTBoM Jiisiepa, JeTKo A0KasaTh, 4TO NMOKA3ATE/b-
Hasl QyHKUHS € uMmeeT nepuop 2mni. JeficTBUTeIBHO, C GAHOR CTOPOHS,
o opmyne (42) umeem: ¢#*21 = ¢2.¢?% ¢ Apyrofl CTOPOHBI, B CHJIY
ToxaectBa (45) wumeem: €2 = cos 2 + isin 2n = 1. Cnenosa-
TEJbHO, NMOJAyUaeM: e*¥2% = ¢? T e. QYHKUHSA ¢ HE H3MCHSET CBOEIO
3HaueHHs Npu NpUGaBJEeHHH K HE3aBUCUMOMY NEPEMEHHOMY [OCTOSIH-
HOTO uyncsa 2mi.

Haxouen, noasaysics Toxaectsom Diyiepa, rnoyyaem Tak Haspisae-
MYIO II0Ka3aTeAbHYIO (opMYy s fpeACTaBjacHus MOGOro KOMIIEKC-
HOTO uuCaa:

z =r{cos @ + isin @),
OTKYyRa
z = re%i, 47)

VsBecTHble 13 TpuronomeTpny GOPMYJnl COKEHHS H BBIUYHTAHHA
CuHyca M KocHHYycCa

cos (z == f) = cos 2 cos { F sin z sin ¢, (48)
sin (2 4= §) = sin 2 cos ¢ #4 cos z sin ¢ 49)
pacnpoCTpassioTCs U Ha KOMIIIEKCHYI0 00JacTb.

B camom nene, no Gopmyae (42) umeem: ef (#*) = efz.elf, oTKyla
B CHJY TOXKJeCTBa DHjepa IONYyUHM:

cos (z + #) + isin (z -+ ¢) = (cos z + i sin 2) (cos ¢ + isin £). (50)
Vamensis B rompectse (50) sHakH y z u f, HaligeM:
cos (z -+ #) — i sin (z -+ ) = (cos z — i sin z) (cos t — i sin #). (51)

PackpeiBast ckoGku B pasenctBax (50) u (B1) u cknaAplBasi UX MEKAY
co00H, NoAYYIUM;

cos (z -+ £) == cos z cos { — sin z sin §
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Cpasnusan fopmyiant (54) u (55) cooTBeTCTBEHHO ¢ (HOpPMYyJaaMu
(46°) u (46), nonyunm:

sh 2 = —isin iz, (56)
c¢h z = cos iz. (67)

S1H GopMYJIB HOKA3HBAIOT, YTO THIEPGONHYECKHE CHHYC H KOCHHYG
MOTYT GbiThb BHIP@YKEHB! NOCPEJCTBOM KPYTOBHX CHHYCa M KOCHHyCa,
€C1 BOCHOMB30BAThCS KOMIVIEKCHBIMH YHCAaMH. 3anucaB OpMyJbl
(56) u (57) B Buge

siniz= i{shz cosiz=chz
W nojaras iz = z', umeeM:
sinz’ = ishz cosz = chaz (58)

Orciofa BHITEKaeT ciaegyomee: o6oe COOTHOLIEHHE MEXKIY TPHIO-
HOMETPHYECKHMN DYHKUHUAMH SiIl 2 ¥ COS 2 IEPEXCAUT B COOTBETCTBYIO-
1iee COOTHOLUEeHHE MeXAY runepGonnueckuMu Qynxuusmu sh z u ch 2,
ecaH B 9TOM COOTHOIIEHHH MBI 3aMeHHM sin z yepes ishz, a cosz
yepe3 ch z.

Takum o6pasom, napasnensHo GopMy/aM O6HYHONR TPHTOHOMETPHH
Mbl 1I0JIlyyaeM BCe (OpMyNBl THRepOOHYECKON TpHTOHOMETPHH.

OrveruM eme ¢opMyasl anddepeHunpoBalusl BBEACHHBIX HaMM
¢ynkuuii. Ilo nokasaHHomy B 1. 6 5ToTO nmaparpaga NpOU3BOAHYIO OT
CYMMBI CTENEHHOTO psAjia MOXHO NOAYYATh, nouwaenHo Auddepenunpys
CTeNeHHOH psfk, T.e. '

=l b=
. 2 4
ﬂ%’i:] __22!_+:_!_ »e s =052,
_(%2_2+_§___§_+...=~sinz,
d;?z=1+%+—§—+”':d]z’
dchz

28 28 h
& =ittt =shz

Takum obpasom, gopmysan AndbepeHIHpOBAHUS, YCTAHOBIEHHLIE
st NeACTBHTEJIbHEIX 3HaueHHil aprymMeHTa, OCTAIOTCH B CHJe M JJad
KOMIIIEKCHBIX 3SHAYeHMH apryMmeHrTa.

8. OpnoanctTunie QyHkuuu. OGpaTHbie dyakuuu. Ilycts [ (2) =
= u(x, y} + iv(x, y) — PyHKUHs, aHAMWTHYECKas B HEKOTOpOH
obnactn G u, KpoMe TOro, MpUHUMAlONLasi B PasHbIX TOUKax 06JacTH
pasHbe 3HaueHHs, T.e. TakadA, 4TO [ (2)) = f (29), eciam 2z; 5= 2.
Takas ¢pyHukus naspiBaercs o0xoaucmuot B o6aactu G. Tlpeanonoxum
cule, 4TO NpousBofHas [ (z) sToll GYHKIHHN HenpephBHA ¥ He ofpaiua-
€TCA B HYJIb BHYTpH o6aactu G (BIOCAEACTBHH MBI YBHIHM, YTO NpPOU3-
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BOZHAA OHOJNUCTHOH (yHKUWHM 061apaeT sTuMH cBoficTsamu). Pac-
CMOTpHM Temepb Hapsay C MJIOCKOCTHIO KOMIIEKCHOIO MePEMEHHOI0 2
MJIOCKOCTb KOMIJIEKCHOTO TNEPEMEHHOTO W H 0yCcTb £ — MHOXKeCTBO
BCEX TOYEK w = [ (z) 3TOM [JIOCKOCTH, COOTBETCTBYIOIIHX TOUKaM
obnactu G. [lokarkem, UTC M0 MHOMECMBO ecinp 0baacHib, T. €. 4TO
OHO, BO-IIEPBBIX, COCTOMT M3 OAHHUX JHUIL BHYTPEHHHX TOYEK, H,
BO-BTOPHIX, — CBfI3HOE.

JleficTBUTEABHO, NYCTh 25 == X, + iy, — Kakas-aubo Touka obnia-
cti G u wy = u, + iv, = f (2,) — coorBercTByIOLIag €H TOYKA MHO-
weerBa £, K ypasuennsam u — u (x, y) = 0, v — v (x, y) = 0 moxHO
OPUMEHHTh TEOPeMY CYUIeCTBOBaHHA HEABHHIX (YHKLUuH, TaK Kak
JIEBBIE YACTH STHX ypaBHeHul o6pallaloTcs B HyJAb NPH X = X, Y ==
= y,, 4 = Uy, U= U,, HENPEPHLIBHbI 10 BCEM YECTLIPEM HEPEMEHIDLIM H
HMET HEeNpepblBHble YacTHBIE MPOM3BOAHBIE, MNpHYEM AKOOHAH

du { Qu
T T oy ou dv du du Bu \? du \2 , \
o= e e =(a) (&) =l @

He paseH Hy/o. [To3TOMY CyIecTBYIOT LBe HenpephBHLIE B HEKOTOPOH
OKDEeCTHOCTH TOUKU (U, Up) GYHKUHM X = x (4, v) U y~= y (u, v),
VIAOBNETBOPsilOWHe ypaBHeHusaM U — u (x, y) =0, v — o (x, y) = 0
¥ 0Gpallalonecss COOTBETCTBEHHO B X, H Yo B TOUKe (Uy, Up). Ecau
B3§iTb OKPECTHOCTb TOUKH (U, Up) AOCTATOYHO MaJIof, To ToukH [x (u,
v), ¥ (¢, v)] 6yayT cxob YrogHo GAH3KH K (Xg, Yg), T. €. OYAYT /ieKaTs
B o6nacte G. A 3TO 3HAUYNT, YTO HEKOTOPAsh OKPECTHOCTb TOYKH (U, Ug)
LeJHKOM COCTOMT M3 TOUeK, COOTBETCTBYIOHMIMX Todram obgactu G
B CUJIY ypaBHeHufl u — u (x, y) = 0, v — v (x, ¥} = 0, uau, 4TO TO
e, B CHJIy ypaBHeHUS @ = f (2), T. €. BCA COCTOHT M3 TOUEK MHOMKe-
crea E. VHpIMH c/ioBamu, BCSIKAs TOYKa W, MHOXecTBa £ sBasercs
BHYTpeHHeH ass 3Toro MHOxecTBa. UToGwl JOKasaTh CBA3HOCTD £,
BO3bMEM JiBe JIO0ble TOYKH W; U W, 3TOI'O MHOXKECTBA M HYCTb 2 M
22 — COOTBeTCTBYIOIHE UM TOUKH objactH . CoellnHum z; 4 2, AYrof
JKopaana, aexauwest BuyTpu G. Ecain Touka z 6YAeT ONuCHIBATL 3TY
JIUHHUIO OT 2y K 2, TO TOUKA @ = [ (2) omuuueT junuio Koprana ot w,
K w,. Ilocjenusis /NuHUA NPUHALIEKHT K MHOXKeCTBY E mo camoMmy
onpeneseHu0 storo muoxectnsa. Mrax, E nefictButennyo aABaneTcH
o6/1acTeio.

B cuny ypasHenus w = f (2) kaxnaoil Touke w obsactn E coorser-
CTBYeT OJHA M TOJIbKO OfHA TouKa z ofiactH G {ToabKo opua, noromy
YTO ABYM Pa3HbIM TOYKAM 2 B CHJY OLHOMHCTHOCTH [ (2) MOJIMKHBE COOT-
BETCTBOBATb pasHble TOUKH w ]. [To3TOMY 2 MOXHO pacCMaTpHBATL Kak
$YHKLUHIO OT w, onpeleeHryto B obaacta E. Dra dyuruust — obosua-
upM ee yepes z = F (w) — nBasieTcs 06pam#oti No OTHOIWEHHIO K QYHK-
M w = f (2). V3 Toro, yto Mbl BbiBeNH BblHie, NOJNL3YACH TEOPEMOH
0 HesABHBIX (PYHKIHMAX, CHeYeT, 4To 3Ta GyHKUKA HenpepniBHa [B ca-
MoM Jente, GyHKUHH X == X (4, v) U ¥ = y (i, U} HenpPepLIBHbI OTHOCH-
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Tenbuo # 1 v]. [lokaxem, 4To pyHRIMS 2 = F (w) — aHAJUTHYECKan
B obnactu E.
JleAcTBUTENLHO, €CIH TOUKAM @, H w, 0baacTH £ COOTBETCTBYIOT

21— 2
TOYKH 2, U 2; obnactu G, TO, NepEenHCHIBAs OTHOLIEHHS T’—w‘;
17— %o
1
B BHE ———— W 3aMe¥as, 4TO, KOTAa Wy — Wy, #; TaKiKe CIpe-
1~ Wo
21— 2
MHUTCH K 2o, naiizem:
. 21 —2 . 1 1
lim —2==% = lim — = ,
@y W, Wy — Wy 2+2s Y1 Wo 1" (20)
2 — 24

1

T. €. NpoH3BoAHas oT ¢ = F (w) cyuiecTByeT u pakna I’ (w) = 7

4yTo ¥ TpeGoBasOoCh 10Ka3aTh.

9. Papuxan, norapudm B apkcunyc. IlpuMenum pesyabTatel n. 8
K QYHKUHAM 2" (n — [esoe MOJNIOXHTENbHOe YHCIO0), €2 H sin z. [as
3TOTO Mbl JOJIKHBl OyN€M YCTaHOBHTb ANS KaXIOH H3 3THX (QYHKUMI
obaacmu 00HOAUCHOCMU, T. €. TakHe 06J1acTH, B PA3JIHUHBIX TOUKaX
KOTOPbIX (DYyHKUMS [IPHHHMAET pasJuuHbie 3Hauenus. Takux obaacteit
MOXHO HalTH 6ECUNC/IEHHOEe MIOKECTBO.

Pacemorpum, Hanpumep, ¢yHknmio €. Ecau 2y = x + iy n
2y = Xy T [Ys, TO | €% | = €% H | e%r| = €%; NOSTOMY €: He MOXeT
PaBHATBCA €%:, €CNN X, 7= xp. [losoxuM x; = x, = X W Y, 5= Ya.
Torxa

<1

€ — & =" (e — €'v:) = " [(cos yy + isinyy) — (COS yy -+ i sin )] =
; i L — . 1% Yo o —
= [ —2sin Ll gin b | g cos bl gy B8 ]
2 2 2 2
"—y ; Y1ty
=2sin—5"Lee 2
3TO BHIPAXKEHHE MOMKET 0OpPATHTHCH B HYJIb B TOM H TOJbKO B TOM
. Yy~ iy
cayuae, ecan sin ¥ =0, 1. ey, — yp = 2km. ITostomy, ecau

Mbl BbIGepeM 00.14CThb B BKJE 10JOCH! IIHPHHOH 27 CO CTOPOHAMM, Na-
paJlIe/IbHEIMH JAEHCTBHTENBHOH OCH, TO BHYTPH HEE, B ABYX PA3JIHYHKIX
TOUKAX 2y H 2p, HYHKIMS €2 OyneT HeoGXOAUMO NPHHUMATD pas3jMulbie
3HAaYeHUH. AHAJOTHUYHBIM 06pPa3oM MOXKHO HOFO6paTh 06AaCTH OnHO-
JHUCTHOCTH U A58 APYTHX QYHKUHH.

Mbl Bo3bMeM cHavasa ais Gyukuuu 27 obaacte 0 < arg z < 2su/n,
Ans GYHKUHHE €2 — o6gactb 0 </ (2) <27 n ans QyHKUMH Sin 2 —
obaacte —n/2 < R (2} < n/2 (puc. 21, a, 6, 6). Onpegenum Tenepb
BHJ ofJacTedl, KOTOPhIE ONMHCHLIBAIOTCS NMEPEMEHHBIMU @ = 2%, W = €2
M w == sin z, B TO Bpemsi, KOTJa TOYKA Z ONHCHIBAET COOTBETCTBYICILYIO
00/1aCTh IJIOCKOCTH 2. Jljis npHMepa paccMOTpuM (GyHKIMIO w = sin 2,
TpencraBasis ee B Buie 4 -+ iv = sin (x + iy) = sin x cos iy +
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+cosx siniy =sinx chy +icosx shy, nonyuaem: u =
= sin x ch y, v = sh y cos x, orkyna caexgyer, YyTO, B TO BpeMs KaK
TOYKA z ONHCHIBAeT MpsiMble X = ¢, TOYKA @ ONHCHIBACT JHHHM U =
=sin¢chy, v = coscshy. Ecan ¢ = 0 (470 B NJIOCKOCTH 2 COOT-
BETCTBYET MHHMOH ocH), To 4 = (0 # v = sh y Mersercs or —oo JIo
~00, T. €. B IVIOCKOCTH @ MBI NoOJiyyaeM Tak:ke MHHMYIO ock 4 = 0.

(2) (z) A (2
/ Ly // ._,
// / | ’,
| ' 1z
a) 9) Tl 8)
Puc. 21.

Eceau xe ¢ 5= 0 (—n/2 < ¢ <im/2), To, HUCKAIOUAs napamerp Y,
2

. 02
nojiyuyaeM ypaBHEHHE T'HIEpOONl ~—— — —=—==1 ¢ noayocamu
sin=¢ cos-¢

| sinc | u | cosc|, mupH 3TOM OTPHUATENbHBLIM 3HAUEHHAM €
COOTBETCTBYIOT JIeBbI€ BETBH I'unepboJi, a MOJMOKHTEIbHBIM — [IPaBhie
BETBH, TaK KaK 3HAKH 4 M ¢ B CHAY ypaBHenus u = sin ¢ ch y cosna-
naior, Korzna ¢ usmensercss ot —mn/2 10 --a/2, T0 B NJAOCKOCTH 2 Mbl
nojiyyaeM COBOKYIHOCTb NPAMBIX X == ¢, 3aNOJHAOUHX CO00H BCO

8)

al i)

Puc. 22,

BEPTHKAMbHYIO [ONOCY, @ B MIOCKOCTH @ — COBOKYNHOCTD BeTBef
u v?
I‘HIIep6OJI e T Toste
pYI0 MOXKHO MOJIY4HTb, BLIOPACEIBasg M3 IJIOCKOCTH @ YacTH AEHCTBH-
TeNbHOH ocH oT —co 10 —! u oT +1 Ao +oo (puc. 22, 8). Ananoruuno
MOXKHO ONpEIEJHTh BHJA 00JacTeH, ONHCHBIBAEMBIX TOYKAMH @ = 2
u w = 2. Tlocnennune gBe obsactu 6yAyT OAHHAKOBBLI: OHH COCTOAT U3
BCEX TOYEK IIOCKOCTH w, He NMPHHAaLJIeXALIHX ITOJOXHTEJbHOH 4acTH
peficTBuTenpHON ocn (puc. 22, a, 6).

Ha ocnoBanuu n. 8 B Kax/10# H3 yKaszaHHEIX ofsacTell onpefeneHa
COOTBETCTBYIoLaa ooparHas pyukuus. Kimentno B obaactu £ — QyHK-

=1, sanonHswumux ob6racts E;, KoTO-
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una z = {/ w {paduxaa), o6paTHAA 1O OTHOWEHWIO K GYHKUMH w =
= 2", u Gynkuna z = Inw (noeapucghm), obpatHas MO OTHOLIEKWIO
K QyHKUUN w = e%; B 06jacTH E; — ¢ynkuua z = arcsin w {(apxcu-
Hyc), o6paTHas NO OTHOWEHHIO K w = sin 2.

Bce 3t QyHKINH ABJSIOTCS aHANUTHYECKHMH B COOTBETCTBYICIIMX
ofJ1acTaX, NPHYEM NPOH3BOJHBIE OT HUX BBHIYHCAAIOTCSH NO GopMyJaM

dyw) 1 Ve dinw) 1 _ 1
dw T nw ? do 2 w’
darcsinw) 1 1
dw Teosz T YT —wl

coBnajalomuM ¢ GopMysnaMHd, H3BECTHBIMH M JACHCTBHTENbHHIX
3Ha4YeHH i NEePEeMEHHLIX.

10. BeTBH MHOro3Hausmix ¢yHxkunii. floHsaTHe 0 Toukax pasmet-
preHua. Mbl yxke oTMeqasi, uTo AJsl KaxAoi U3 GyHRUHUA 27, 2, sin 2
CYLIECTBYIOT 00J1aCTH ORHOJAHCTHOCTH, OTJIHYHBEIE OT BEIOPAHHBLIX HAMH.
B uactHoCTH, A% GyBKUHHE @ = 2" B KayecTBe T2KUX o6JacTell MOXHO

B3ATb J1060I yroJ ¢ B€PUIMHON B Hayasle KOOPAMHAT U PacTBOPOM —277‘ 3
ans GyHKIHHA e? — no6yio NoJOCY LIMPHHEL 271 CO CTOPOHAMH, napad-
JIeNbEBIMH AeHCTBHTENBHON OCH, st QYHKIHH sin z — sobylo noejaocy:
Tt 4
(2k — 1)7<R(2)<(2k—}—1)7 (=0, 1, 42, ...)

211 o6aacTH MOXKHO BHIGHparb Tak, YTOOHI OHH, He HaJerast Apyr Ha
IApYyTra, 3aloJHHAR CO60H BClO IVIOCKOCTL (KaK 3TO YiKe UMeeT MeCTo

% sy
0::
G EEE
& 7 % .;E
gy 7
Z 9.2 SR
G2 84+ B G %
a) a 8

JJ1 YKa3aHHLEIX ofsacTell 0JHOJNCTHOCTH sin 2). Taxoi BuIGOp npous-
pezen Ha puc. 23. Kaxnas u3 nsobpaxeHHsIX 3jech obaactell npeobpa-
3yeTcsl MOCPEACTBOM COOTBETCTBYIOWIEH (YHKUMHM (27, € HAM sin 2)
B 06J1aCTH, YKa3aHHble Ha puc. 22. O6paTHO, €CJaH w H3MEHACTCH B Ol1-
HOH M3 3THX NOCJeNHMX 00aacTell, TO 2 MOXKHO CUHTATh H3MEHAICIIUMCS
B /mo6ol# H3 COOTBETCTBYWOIHX obnacTeil puc. 23, 6aaronaps uemy
MOXHO ObI0 bl TOBOPHTL He 00 OLHOH, 2 06 n GyHKHHAX,00paTHHX
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Gy HRWIH 2", onperesieHHBIX B ofnactu £, H 0 GECKOHEYHOM MHOXKeCTBe
by ki, OOpaTHBIX PYHKUHSM €2 H SN 2, ONPEeUeNCHHbIX B 00/aCTAX
E u E| coorBercTBeHHO. DTH QYHKLHUH PacCMaTPHBAIOTCA KaK pasau-

Hble 8emBl MHOCO3HAYHOLX (DYHKLull 1”/2, In 2z u arcsin 2z, npuuem nep-
Baf 13 3TUX QYyHKIUIT HMEET 1 BeTBA (n-3HAYHAS (yHKyua), & NoCael-
HHe B2 — GECKOHEYHOe MHOMXECTBO BeTBeH (6ecKOHe4HO3HAaUHbIe (hYHK-
yuu). Urobel pUKCUPOBATh KaKyio-MHGO M3 BETBEH, JOCTaTOYHO JIHILb
yKasarb, B KaKoil 3 ofaacteil puc. 23 10MKHO H3MEHATbCA 2. B coot-
BETCTBHH C 0GO3HAYEHHSAMH Ha 3TOH Qurype Mbl 6yzeM MoKa MoJb30-
BaThCA CJANYIOULHMH ODO3HAYEHHAMH I BeTBeH HawuxX PyHKLUHH:

N oo n pq— (N o
(/w)o (Vfw)l, . (Vw)n_l; ey (In @)y, (In @)y, (Inw),, (In w),,
(In @)s, ...} ..., (arcsin w)_,, (arcsin w)_y, (arcsin w),, (arcsin w)y,
(arcsin w),, ... 3xaecb, nanpumep, (In w)_, o6osHayaeT Ty BETBb JIOTa-
pudma, 3HayeHuss KOTOpoH MONajalT BHYTPb IOJOCH g_,, pUC. 23, 6.
Heobxoqumo HMeTb B BHAY, YTO MNOHSITHE BETBH TECHO CBJ3aHO
C onpexeIeHHbIM BLIGOpoM obJactell ogHonncTHocTH. Tak, aasa QyHK-
HUM W = 2% MOXHO Oblio Obl OpaTb 0O0/JACTH OJHOJHCTHOCTH: Y,
Y1s Vay <oy Yn-1, IPEACTABJCHHBIE HA pHC. 24, 0. DTO — YTl 2nk/n —
— a/n <Gargz <a2nk/n + a/n (k =0, 1, 2, ..., n — 1), 3aKI0UeH-
Hble MewAy OuccexTpiucamu yraos puc, 23, a. Ecaum z usmenserca

V///%

()

o}
Pac, 24,

B 110001t H3 3THX 00MACTeH, TO W == 2" ONUCHIBAET OJHY K TY K€ 661aCTh
&, usobpamenuyio Ha puc., 24, 6. B camom geme, xorpa Touka z =
= pe'* ONUCHIBACT Jyy arg 2 = a == const, To Touka w = 2" = ple'"®
OMHCBLIBAET, OYEBUAHO, JIyd arg w = no = const, U ecjd o MEeHAeTCA
oT 2nk/n — n/n no 2nk/n 4 w/n, T0o nyy arg z = «, Bpauance HPOTHB
4acoBOH CTpeskH, npoberaer BCo 06/acTb Yy, B TO Bpems KaK COOTBET-
CTBY!OLIHI eMy Jiyd arg w = nd, BPAIasCh B TOM XK€ HANPaBJACHHH —
oTyydyaarg w = 2nk — i ~ —an Joayya arg @ = 2nk + 1 ~ {, —
npoberaer Bcto o6aacts &.

B obnactu & Takae mMowxeT OnlThb onmpenesena ¢pyHkuust, obparxan
$YHKIMY @ = 2", U NPUTOM /i PA3JHYHBIMH crocobamu, coo0pasHo n
pPa3auuYHBIM 06AaCTAM Vo, Vi» V2o «--» Yu-1. VIHBIMH CJIOBaMH, B 00/1acTH

o —
& Takke MOryT ObiThb Ompejenenbl n Berpell ¢yHKuuy 2z =17y ©.
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Ecin guKCHPOBATb OAHY H3 OGJACTEH Yo, Y1, V2; vy Vo1, HATPHMED

n,—

Yo, TO MBI NOJXYYHM OJHY ONpEACNEHHYIO BeTBb GYHKUHH 2z =} w.

Ilpu sToM, KOFja @ HAXOAHTCA B BepxHeHl noaymiockoctd (0 <7

< arg w <3 ®), TOYKa z 6yjeT HaXOAHTbCA BHYTPH yrja: 0 <g arg z <
a o

<=7 T. €. B aCTH IVIOCKOCTH 2, upHuajjexaleii kak o6aacTu vy,

Tax H 00/1aCTH gy, a Korja @ OyAeT HaXOAHThCS B HUKHEH moJymjio-
cxocTH (—m <G arg w <z 0), To Touka 2z GymeT HaXOAHTbCA BHYTPH
yraa: —a/n <3 arg z <C 0, T. . B 4acTH IJIOCKOCTH 2, IPHHALIEKAIIEH
Kak 006/1aCTH 7Yy, TaK H 00JaCTH gp_;.

A 5To 3HauuT, uTO paccMaTpUBaemasi HaMH BerBb (pyHKUHH Gyjuer
B uacTH obaactH & (B BepxHEH HOJYIJIOCKOCTH) COBMajaTh ¢ panee

nor—

ONPE/IEJEHHOH BETBBIO (1/w)0, a B JApyro# yactu obnacty & (B mixK-

nel noJyIvIoCKocTH) 6yleT coBnaath ¢ APYroil U3 paHee olipejesneH-

o

HBIX BETBEH, UMEHHO C (';/ w)n_l. Hrak, 6bls10 Obl HEnpaBUJbHO pac-

CMaTPHBATH BETBH OAHOH H TOM K& MHOrO3Ha4HOH (PYHKUHH KaK OTAe]db-

Hble (PYHKIMHU; B HalleM IpHMepe NPH H3MeHUBLIeMCs BuiGope obaacteil

n — n —

OJIHOJIHCTHOCTH JB€ BeTBH (’/w)o H (Vw)n_l, paccMaTpHBaBilHecs CHa-
Yajia Kak pas/jvyHble, OnpeleJsioT OAHY U Ty K€ BeTBb.

n—

Mbl yCTaHOBMJIH HaJH4HE DPA3MMYHBLIX BeTBed (yHxuni 7 w,

Inw u arcsin w, nodb3ysce nonatHem o6aacTefi ORHOJHCTHOCTH.

K Tomy e pesyJbTaTy Jierko npHETH M WubiM nyteM. Tax, mojaras

w = re!® § z= pe®, BLIBOAHM NOCJEZOBATENLHO H3 YypaBHEHHs
w = "

)'ei‘p=p"€i”°‘, p":r, na:(P_l_an (k —_ 0, :{:1, :t2, .. .)’
OTKyZa p = {77 (nveercs B BHAY apH(METHUYECKO€ 3HaYeHHe paili-
Kana) H o = ¢/n + 2kn/n. [lpupasas 3nech k snauenus 0, 1, 2, ...

11 p e
ey — 1, NOJIYUUM 1 pa3JuiHbIX 3HAYCHHH pr}IKU.I/II/I '[/ w, COOTBET-
CTBYHUIHX 77 PA3JHYHBIM BETBAM 3TOH MHOTO3HAYHOH (byHKLU/lHZ

e
n

L@,
[t — n,/— [(—4+i
zkz( w)‘,:_—_}/r-e n .

3HAUYEHHSI 3TH UMEIOT OJIUH U TOT 3Ke MOJYJb; apPIYMEHTHI HX NPeACTaB-
JISI0T apupMeTHYECKYIO IPOTPECCHIO ¢ Pa3HoCcThio 25t/n. OueBHIHO, UTO
TOUKH 2, 1O OZHCH pasMmewlaoTcst B obmactax puc. 23, a uan 24, a.

Ouxcupys Kakoe-aiuG0 UCXOJHOE 3HaYeHHE palHKajga 2z, =

no—
= (Vw)m, 34CTAaBUM TOYKY @ B HJOCKOCTH w OIHCATh HEKOTOpPYIO

3aMKHYTYi0 KpHByI0. Ecau 378 KpUBas He 3aKJ0uaeT BHYTDH Hayasa
KOODAHHAT, TO HENpPEpHBHO U3MEHSIIOWIUIICA apryMeHT w BepHercd
K NIpeXKHeMy 3HAUYEeHHI0, KOIJa TOYKa BHOBbL NPHMET HCXOJLHOE MOJIO-

e
senne, COOTBETCTBEHHO € STUM M 3HaueHHe 1/ W OCTAHETCs NPEXKHHM.



§ 4] AViOPEPEHUNMPOBAHHE. 3JEMEHTAPHBIE $YHKUUU 89

He 1o Gyzer, ecau Touka B MJIOCKOCTH @ OMHIUIET 32MKHYTYIO KPHBYIO,
SaKJIOUAIONIYI0 BHYTPH Hauago koopiauuar. Ilocre nosHoro o6xopna
apryMenT w Au6o yBeJAMYHTCS Ha 2w, korja o6Xojl Aesajcsi NpOTHB
YacoBOH CTPeJKH, JHGO YMEHBUIUTCS Ha 2m, Koraa o6Xo4 fenancs no
yacoBoii crpeske. B COOTBETCTBHH € THM HenpepsiBHO MeHsiolIeecs

n,— o n —
110 Mepe o6xona 3HaYeHHue "V/ W B NNICPBOM Ciiy4yae [I€perHieTr ot (/w}

m

K (%/E)m“ (G/a)n CJIeLyeT NOoAaraTh PaBHBLIM (V@)O), BO BTO-
pom ciyuae — oOF ('f/@)m K G/E)m_l ((ri/.w?)_l CneayeT nozararb

PaBHBIM (V@)n_l).

[ToBropAs 00X0x BOKPYL Hauaja KOOPAHHAT B TOM HJH B APYyTOM
HanpaBJCHHH LOCTATOYHOE KOJMYECTBO Pa3, MBI MOMKEM MepeHTH oT

nr— . o
3Hayenusa (Vw)m K J1060MY APYTOMY 3HAUYEHHIO pafukana B Toll xe

TOUKE (\'11/ w)k. Touka, ofnajgawuias TeM CBOHCTBOM, YTO 00XOJ BOKPYT
Hee NepeBOAHT OT OAHOH BeTBH MHOTO3HaYHOH (QYHKIH K APYTofl BETBH,
Ha3bIBAGTCS MO4KOU paseemesenus 3TOH QYHKUMH (MR Kpumu4eckod
mouxoti). Takum o6pa3oM, Touka w == () ABJISETCA TOYKOIH pa3BeTBAE-

HU AJAa QYHKUHH 2 = 1'1/ w. Tax Kak noJHbI} TMOBOPOT Ha YyToJA
27 OKOJMIO HauasJa KOODAMHAT B TO e BDEeMs SIBJAETCA U IOJHBIM
NOBOPOTOM OKOJIO GECKOHEUHO yAAJEHHOH TOUKY (AJ18 JYYHIero ysicHe-
HRS 5Toro daKTa ClefyeT BMECTO MJIOCKOCTH W NnpeACTaBUTh cefie puMa-
HOBY cdepy), To OeCKOHeUHO VyAaJeHHass TOYKa TaKke siBasgercs

7 ——
TOYKOM passersienust ¢yHkuud 7/ w. JIpyrux TOueK pa3BETBACHHS
3Ta QYHKIUS He HMEeT, TaK KakK 006X0j] B IJOCKOCTH w 10 JiioGofh
KpHBOH, HE 3aKJUallie# BHYTPU Hadala KOOPAHHAT, HE HM3MEHseT

BHAUYEHHA DajuKasla. 3aMeTHM, 4YTO TOYKA Z = }' @, B TO BpeMs Kak.
TOYKa w Ae/aeTr NMOJHBIH 060pOT OKOJM0 Hauaja KOOPIAMHAT, OIHCHIBAET
HE3aMKHYTYIO AYl'y, COSNHHSIOILYIO TOYKHU 2, H 2y (WIH 2, U Zpm.y)
ABYX cocepnux obaacreil ognonucTHocTH. HoBoMy 060poTy (B npexHeM
HaNpaBJEHHH) COOTBETCTBYET ABHKEHHE TOUKH z BAOJb HOBOH HE3aMK-
HYTOR AYTHU Zpyy Zmye (UM 2451 Zms) U T. 4. [ToCsIE 72 OGOPOTOB TOUKH w0
OKOJIO Haya/Ja KOODIMHAT TOYKa Z CAesNaeT OAHH 0GOpOT OKOJI0 Hadana
KoopauHar. B cayuae e, Korga TOYKAa w ONMCHIBAET 3aMKHYTYiO
KPHBYIO, HE€ CONEpPKallyl0 BHYTPH Haya/ja KOOpjuHAar, TO TOYKa 2
ONHCLIBAET TAKIKE 3aMKHYTYIO KPHBYIO, HE COJAEp:Kalllyio BHYTPH Ha-
yana koopauuar. (Ha cBoem myTH oHa MOMeT BBIXOAMTH W3 NEPBOHa-
YanbHOH 06JIaCTH OJHOJIMCTHOCTH M MOGLIBATH BO BCEX OCTaJbHEIX
CKOJNLKO YrOJHO pa3;, B KOHLE NyTH OHa 3aiMeT NepBOHAYaJbHoe
NIOJIOXKEHNE., )

[Tepexons K GyHKLKE 2 = I w, pacCMOTPUM COOTHOLIEHHE W = € .
Honaras 3nech 2z == x -+ iy, w = re®, nojyyaem: rei® = ¢*.gi¥,
OTKyAa

e =r,y=¢+ 2Zkn (b =0, g1, &2, 43, ..))
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i x = In r (noApasyunesaerca AeHCTBUTR/ILIOR 3HAYCHHE JioTapudMa
MOJIOKHTRIBHOTO 4UCaa r), y = ¢ -+ 2kn. Takum ob6pasom,

2, = (lnw)y, = Inr 4 (¢ + 2&kn)i (B =0, &1, £2, ...).

Pa3HbiM 3HAYCHHAM R COOTBETCTBYIOT PARHLIC 3HAUCHHS 2, TAKUM 06pa-
30M, M5l HMeeM 3AeChb GECKOHEUHOE MHOMKECTBO PAa3HBEIX 3HAYeHH# In w,
COOTBETCTBYIOLWLHX OECUHCACHHBIM BETBAM 3TOH MHOTO3HAYHOH (hYHK-
HHU. 3HAYSHUA 2, HMEIOT ORHY H TY K€ ACHCTBHTEJIBHYK HacTb;
KO3 uuueHTsl 1pH [ 06pas3yioT apHPMETHYECKYIO IPOrPecCHIO ¢ pas-
HocTbio 27, OueBHAHO, 4TO TOUKHM C adHKCaMH 2, PasMelaloTcsl no
OAHOI BO Bcex obuactax puc. 23, 6. DuxcHpys Kakoe-aHG0 HCXOLHOE
3HAUEHHS 2y = (0 W)y, 3aCTaBUM TOUYKY DJIOCKOCTH @ ONHCATh 3aMK-
HYTYHO KDUBYIO, HaYaJbHOH H HCXOAHOH TOYKOH KOTOPOH ABJsAETCA W.
Paccysmzasi, KaK ¥ BhILIE, IPHAEM K 3aKJ/IOUENHIO, YTO TouKa w = 0,
a TaKKe M TOYKA W = oo SABJAIOTCH TOUKAMH Pa3BeTBACHHS DyURUHUH
z = In w. VIMeHHO, eC/IKH TOUKA W [eJaeT OKOJIO HAyaja KOCPAHHAT A
oboporos, To suauenue (In w), nepexoaur B 3navenue (In @)y,
Koria oGOpOTHL AENAIOTCH MPOTHB YACOBOH CTPEJIKH, W B 3HAUYEHHE
{In w),,_x, KOTJa ODOPOTH AENAKOTCS 1O 4acoBOH cTpeaxe. Takum obpa-
30M, NyTeM JOCTATOYHOTO HHCJAA OJGPOTOB OKOJO Hauajda KOOpAHHAT,
coBepliaeMblX B JIO/DKHOM HANPABJICHHH, MOXKHO NEPEHTH OT OAHOIO
sHayeHus JorapudMa B TOUKe w K JHIoOOMY APYTOMY 3HAYeHHIO B TOH ke
TOYKL.

Ornyune OT npeAbAYLICro CIyyas 3aK/IOU2eTCH B TOM, YTO, NpO-
H3B01% 050POTHI BOKPYT HAauasa KCOPAHHAT B OJHOM M TOM K€ Hanpas-
JIeHiid, Mol HUKOTAZ 1€ BCPHEMCA K HCXOAHOMY 3HAYEHHIO, HO BCErja
Gypem [101y4aTh HOBbie. DTO OTJAHYHE XapaKTePH3YIOT, TOBOPS, YTO

touks w = 0 aABaseTCs AA% QYyHKUuH 2 = 1’7 W TOYKOH pAasBETBJCHHSA
KOHeur020 NOPAGKA, a UMEHHO nopsilka n — 1, B To BpeMms Kak AJs
hyHxUuHE 2 == 11 @ Ta e TOUKa CJIYXKHT TOUKOH pasBeTBaenns Cecko-
Heyno20 nopadka. TOBOPAT Takxe, Y4TO B MEPBOM Chaydae TOYKa pas-
BETBJICHUS SIBJASETCA a42e0pau4ecKoli, a BO BTOPOM — MPUHClerOeH -
noit. JIpyrix Toyek pasBerBieHHs, Kpome w = 0 U w = oo, PyHKUUA
2 = Inw He umeeT. 3aMeTUM, YTO eCJH @ ONHCHIBACT 3AMKHYTYIO
KpuByt BOKPYI Hayaja KOODAHHAT, TO TOYKa Z = lI w onHChIBAET
HE3AMKHYTYIO AyTYy, COSAMHALLY0 ToukH (In w), u (In W)y, (i
(ln w),, u (In @),_;) 1By coceanux obnacTell OAHOMHCTHOCTH QYHKLIHH
w = e¢. CxoabKo Gbl 0OGOPOTOB BOKDPYI Hayaja KOOPAMHAT HM AeJajda
TOUKA @ (B OJHOM H TOM K€ HanpaBJ/eHHM), COOTBETCTBYIOLLAsA Ayra,
oniceizaeMast TOUkofi 2 = In w, HHKOTAa He 3aMKHeTCsl (C KaxKABIM
0B0pOTOM OPAHHATA TOYKH Z YBeJIHUUBALTCA MM yMEeHbLIAETCs Ha 27).
Ecau e ToYKa w OMUCHIBACT 3AMKHYTYIO KPHBYIO, HE 3aK/OYAIOILYIO
BHYTPH TOUKY @ == 0, TO TOYKAZ Z = |0 w TaKxKe ONKCHIBACT 3AMKHYTYIO

KDHUBYO.

O6patumes, Hakomel, K ¢yHkuuu arcsin w. lIpexpe Bcero us3
ezi . e—zi X .

ypaBuenust @ = ———— umeem: € — e — 2w =0, OTKyAa
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&2 — Q{wet — 1 = 0. Pewaa 370 YPaBHERIE  OTHOCHTENhI0 ¢,
noaywing: e = iw 4+ 3’1 — w* 1 panee z—— In{iw 4 3/7 — w2).
Tar Kak Fpowssezzemie Bupaennil L, = fw + 1 —u? U [, =

iw—1y 1 — wtpabno— 1, 10}, {{)=1, aarg{+argl, =

= (2&2 — 1) n (k — neaoe uncao). Cu n'z , UTO aprymesTr {, n L,
HE NPEBOCXOAAT 7 N0 a6COATHON EeRlYIKe, x\ L IOJyYaeM Jnilh jise
po3MomuocTH: arg {,-Farg Lh==n 1 arg {; -+ arg {, = —=n, oTKRYJHa

caenyer, uto ofa apryventa Ao HeGTPrRUATeNbHE, J160 Htro.rxoxm-
- Y t
TeAbHbl H YTO 1O KpailHell Mepe ofuH 13 HHX He 6oabiue — fo atco-
motnoft peanynye. O6osnadag uepes [ ro m3 uncen {;, {,, aprymenr
n
KOTOPOro a He 6oliblie ~5~, NoayuzeM Ljis Kpyroro 3Haqe}me——§——,
I 1 1
B CCGOTBCTCTBHU € 4YeM z:Tln {, ando Z:Tm(_T)’ OTKYyla

2= [0 || ad + 2y,

aibo
2= L l—In|t] — ai 4 (2 + 1) ni)

! ~
(m;\' HaK arg ( —) =-—a in>. STH COPMYJAE MOXHO ofLenu-
5
HETb B OLHY:!
Z, = (—f o —in| L))+ kn.
Flpu Hamux oGoamauenunx 3pavenne z, = o — i In | {| nonanaer
Fi 4
EBUyTpL obaactu g pic. 23, e<mm Ha TPanBLy €e NpH & = =4
OcraabEsle TOYKN Paciiogarziorea no ool B oGlactax gy, Tak 4To
TOUR!l B COCeZHNX 001aCTAX CHMMETDPHUHH - OTHOCHTENbHO TOYEK
y fqd
MoikHO 11poBeplTL, NOAOGHO TOMY K2K 3T0 ObIJIO CAENAN0 BLile, YTO
AJIt GVEKLUHE 2 = aresil w TOYKaMl! PasBeTBieHKA CYAYT TOYKH W =
= —l,w=+11nw = co. B cavom xeae, npit o6xoxe 10 Kakoii-1uto
3cMEHYTOR KpiuBOH, 3arjawmoyalomell BiyTpH oxny nu3 toyek —I! n 41
¥ 1€ 3aKJiocyamled upyro#, Beipaxenlie 3 1 — w? U3MEHHT 3HaK
(179 HETO Ka)Kjas u3 Touek —1 u + 1 aBJasieTcs TOYKoil pasBeTRIEHNA
H NpHTOM EPBOro nopaaxa). Ho sto o3yavaer, uto KopeHs {; KBajpaT-

. 1
HOTO ypaBnenns nepefiier B [, = — - H B2060pOT M, CnenoBa-
=1

TeALHO, 2 = —ll— In { nepeiiner B 2= %ln (——%) , MTO COOTEETCTBYET
REpPexoay OT NEepBOHAYaJLHON TOYKH 2z K TOYKe, CHMMETpHuHOoH efi
OTHOCHTEJIEHO COOTBETCTBYIOMEN TOUKH x == (2k -+ 1) % Ecan xe w
ONHCLIBAET 32MKHYTYIO KPHBYIO, 3aKNOYAIOILYI0 BHYTPH o0€ TOUKH
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~1 u -1, 9r0 MOXKHO paccMaTpUBATh KakK OOXOX BOKPYT OAHOH JIKIIb
TOUKH @ = oo, TO apTyMEHT Bulpaxenus § = iw + V1 — w?
H3MEHHUTCH Ha 27, BCIGACTBHE Hero - In { usamenutrcs Ha 2m, 4TO

COOTBETCTBYET CABMTY TOYKH 2z B HarpaBJeHHH ACHCTBHTENBHOH OCH
Ha paccTosHue 2.
11, ToHsTHEe 0 pUMAHOBOH NOBePXHOCTH. UTOGH MONYUUTb HALJ/IA -

HOE€ MnpejcTaB/ieHNe O B3aHMOOTHOLICHHHM BeTBeH (YHKIHH 1"/ w,
3aMeTHM, 4TO MOJIOBHHAM YIJIOB gy HJH Y, COOTBETCTBYET B NJOCKOCTH
W IMOTEPEMEHHO TO BEPXHAA, TO HUXKHAS NOJNYIJIOCKOCTH. KMenuo,
KOTJa MBI MPOXOANMM OJHH
3a APYIrHM 3TH TOJYYIJIbL
B HAaNpaB/J€HHH NPOTHB Ya-
COBOIl CTDEJKM, HauHHad

¢ noayyraa 0 <arg z <G
< n/n, TO B MJIOCKOCTH W

: — NoJIydaeM [0OYEepeHo CHAa-
yana BEPXHIOI NOJYMJO-

CKOCTb, 34T€M IHHXKHIOW.
a) [pencraBum cebe, 49TO

Puc, 25, MBI HMEeM [0 N 3K3eMIJif-

POB  BEpXHHX H HHXHHX

NOMYMJAOCKOCTEH, KOTOphIe AJIA HaTJsAHOCTH OyleM M[peanoJaratb
OyMarKHBIMI JIHCTAaMH HeorpaHHYeHHbIX pasmepoB. CkJjensas Torna
BEPXHIOIO U HIXKHIOIO TOJAYIJIOCKOCTH BJOJb OTPUIATEJLHOH TIO-
JyocH (a Kpas BIOMb [OJOMHTEAbHOH MOJXYOCH OCTaBasAs CBoboi-
HBIMM), MBI noAyuuM objacte £ puc. 22, COOTBETCTBYIOWLYIO NOJY-
yraam, obpasyiomnM 06/1acth gy, Ecau Tenepp KO BTOPOMY NMOJAYYTaNy
NPHCOENHHUTD CAEYIOUHH, TO 3TH NOJYYI/Ib COCTaBAT 00JacTb vy,
KOTOPO# COOTBETCTBYET B ILIOCKOCTH @ obnactk &, u3obparx eHHas
Ha puc. 24. Ora nocaenuas o6pa3oBaHa HHKHE[ H BepXHeR noaymio-
CKOCTSIMH, COERHHEHHBIMHE BIOJb NOJOXKHTENBHOH OCH, ¥ HaM OCTaeTcs
JUIUb NPHKJACHTh K CBOOOIHOMY Kpalo HHMKHEH NOJYNJIOCKOCTH HOBLIH
3K3eMIaAp BepxHelt noaynaockocTH. Ilosyuum obsacTe, o6pasosan-
HYIO TpeMs MOJYILTOCKOCTAMH, COOTBETCTBEHHO TPEM IOJAyyIJiaM
M10CKOCTH 2. [1pu 3TOM 1iB€ NOJIYTIJIOCKOCTH (BEPXHHE), COOTBETCTBYIO-
1ue [epBOMYy H TPeTbeMy NoJayyraam, OGyAyT HaXOAHTHCA OJHA Haj
JApyroii. Dto orBeyaer ToMy (akKTy, 4TO B NEPBOM H TPETbeM NOJAyyTIax
GYHKUES @ = 2" NPHHUMAET OJHH H T€ XKe 3HaueHUA (MMEHHO B TOUKaX

. 2,
N a--
peit u pel o L, T ae 0<oc<—;:—).

OrpuyatenpHas N0JYOCh TPETbEl MONYIIOCKOCTH U NOJIOXKHUTE/b-
Has noJyoch MepBOH 6VAyT ocTaBarbesl CBOOGOAHBIMH (puC. 25, a, Ha
KOTOPOM TIOJYIJIOCKOCTH JUIS HalJIsAHOCTH JedopMupoBansl). [Hanee,
Mbl MOXKEM TIPHCOEIHHUTDH B INIOCKOCTH 2 YeTBEPTHIH NONYYroJ, KOTo-
pOMY [O/KHA COOTBETCTBOBATH HIKHSS MOAYIVIOCKOCTb, Tak kKak
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TpeTnii H ueTBEpTHI noAyyrasl BMmecte obpasyror obiacTb g;, a ed
otBeyaer obaacts E puc. 22, cocroallas H3 BepxHeH B HHUAKHEH MN0Jy-
DJIOCKOCTEH, COeAIHEHHbIX BAOAL OTPHUATENLHOH NOJYOCH, TO Mbl
JOMKHLL NPHKJAEHTh K CBOGOAHOIT OTPHUATENBHOH NOJYOCH TPEThEH
(BepxHef) MOJMYNJIOCKOCTH HOBBIH 3K3eMIMIAP HUKHEH NOJYIMJIO0CKOCTH.
TonokuTebHast NOayoch 3TOH nociedHell ocTanerca CcBoGOAHOM
(puc. 25, 6). Ilponosmkan jajee 5TOT NPOLECC NPHCOEAHHEHHsT HOBHIX
NOJYYIJIOB H COOTBETCTBYIOIIHMX HM MOJYIJIOCKOCTEH, Mbl JOHAEM A0
nocae/yero MoJyyria, KoTopoMy OYAeT COOTBETCTBOBATh HHXKHAA
FIOTYTIOCKOCTD; €€ MOJNOKHTeNbHas MoJMyoCh, TaK K€ KaK W M0J0XH-
TeJbHAasA NOJYOCh NEPBOli (BepxHeit) NoNYNJI0CKOCTH, 0CTaeTcst cBo6oA-
Hoit. Ho nocsieanuii ¥ nepBeIfl noayyTJibl BMecTe o6pasyioT o0aacThb Y,
(puc. 24, a).

Coeauusisi 3T# HOJAYYIVIBL, Mbl, C OLHOH CTOPOHBI, MOMYYHM NOJHYIO
MJIOCKOCTb 2, 4 C APYrod — RO/MKIb GyA€M COeJHHHTH I0C/eLHION
(HIDKHIOW) H NEepBYIO (BEPXHIOW) NMOJYIJIOCKOCTH BAOJb I10JIOXKHTENb-
HOIl nojyocH, OJarciaps 4emy MOJYYHM 3aMKHYTYIO A-JAHCTHYIO
FIOBEPXHOCThb, HA3BLIBAEMYIO PUMAHOBOL NOBEPXHOCHILIO (YHKUHH 2 ==

3ameTHM, UTO Ha Halieli MOJieJqH Moc/AeHee CKIeHBaHHe He YlaeTcs
NPOH3BECTY (PAKTHYECKH, TAK KAaK HHMKHHA H BEPXHHUA NOAYAHCTHI
OYAyT pasgesnsiThes n — | Jexamumu Mexkay nuMu jgucramu. [lostomy
fioc/e(Hee CKACHBAHHE HYKNO NMOHHMATh JIMIIL B TOM CMBICE, YTO Mbl
MBICJICHHO OTOXJECTBJISIEM TOUKH CBOOGOAHBIX MOJOMKHTENbHBIX MOJY-
©CeH C OJMHAKOBLIMH aBCUHCCAMHU.

mes nepej rnasaMH pHMaHOBY NOBEPXHOCTb, JIETKO COCT@BUTH
cebe noaHoe npeAcTaB/IeHHe 0 GYHKIUE @ = 2" 0 el o6paTHON dyHK-

HHH 2 = w/yl/ w. To 06CTOATENBCTBO, YTO PHMAHOBA MOBEPXHOCTb HMEET
n JHCTOB, COOTBETCTBYET TOMY (PaKTy, YTO ORHO H TO K€ 3HaYeHHe w
NPHHHMAeTCA B 7 PA3JUYHBIX TOYKAX IJIOCKOCTH 2, WJIH, HHBIMH CJIC~
BaMH, YTC KaXKJOMY 3HaUEHHIO @ COOTBETCTBYET # PA3JIHUHBIX 3HAYCHHH
2 (HCKJII0YasA TOUKH Pa3BeTBJCHHA w == 0 U @ = oo, KOTOPbIM COOTBET-
CTBYET JIMUIb 1O ORHOI TOUKe: 2 == 0 U 2 = o0).

Ecan Touka 2z, nepexois H3 OJHOTO MOJyyrJia B JApYrol, Onuier
3aMKHYTHIl KOHTYD BOKPYT HayaJga KOOPAHHAT, TO TOUKA w, [1E€PeXOas
H3 OJHONH NOJYIAOCKOCTH HA APYIYI0 H nobbiBaB, TakuM o0pasoM, Ha
BCEX JIHCTaX, ONHIIET TAaKxke 3aMKHYThIH KoHTyp. Ocrasasich Ha puMa-
HOBOJ IOBEPXHOCTH, Mbl MOXKEM J1I00YI0 TOUKY A, COEAUHNTH HENpepblB-
HOH KDHUBOH ¢ /1000# ZpYTOH TOUKOH A,. DTH ABE TOUKH, B YACTHOCTH,
MOTYT JIeXaTh OJJHa Hal APYTIOH, T. €. HMeThb OAWH W TOT ke apduKc.
3acraBasa TOYKY A ABHIATbCS BIOJb 3TOH KpHBOH OT A; K A, MH
3aCTaBHM COOTBETCTBYIOLLYIO TOYKY Z HENMPEPBIBHO NepeiiTH OT 3Hade-
HHUA 2y, COOTBETCTBYIOWEro A,, K 3HAUEHHMIO 25, COOTBETCTBYIOILIEMY
Aa, T. €. MBl MOXKEM HENpEphLIBHLIM H3MEHEHHeM NepeRTH OT OfHOM

N —
BeTBH QYHKUKH z =/ w K Apyroi. Eciu, HAKOHEl, Mbl BRIICIHM Ha
PHMaHOBOH MOBEPXHOCTH Kakyio-JHG0 06jdacTb, HE COAEpPKAULYIO
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B3aHMHO HA/IRTAOIUIMX YacCTel, T. €. He COAepKAULYIO TOYeK C OAHHAKO-
BbIMH abduKcamu, To, oCTaBasiCh B ApeAesax Tako# ofmact, Mul 45
Kamx1oro @ OyAeM HMEThb €IHHCTBEHHOE COOTBETCTBYIOUIEE €My 3Haye-
HHE 2, T. €. MOMEM TOBOPHTb 00 OHpENeNEHHOH BETBH (QyHKUUH 2z =

=1"/ w (obaacTb MJIOCKOCTH 2z, COOTBETCTBYyiomias »stofl obaactu
pPHMAHOBOH MOBEPXHOCTH, OyAeT OO6JIACTbIO OAHOJHCTHOCTH (PYHKILUH
w = z").

AnanornunsiM 06pasoM MOXKHO NOCTPOHUTH PHMAHOBBI ITOBEPXHOCTH
H And GyHKuuf 2 = Inw ¥ z = arcsinw. Jns ¢yuxuun z = Inw
fiocTpoeHue 6ynet OyKBaJbHO TEM e, TOJMBKO 3/18Ch BEDPXHHE H HUXKHKE
HOJIYIJIOCKOCTH GyIAyT COOTBETCTBOBATH YyXK€ HE HOJyyIJ/aM, a Io-
Jlocam:

bn<l@ <<t+Dn  (k=..—2 —1,0 1,2 ..,

BaBOe GoJiee y3KHM, 4eM nepBoHavanbHble. Tak Kak Cpeiy 3THX HOJ0C
HeT HY NepBO#, HU noCAefHell, KOTOpble MOIVIM Obl IPAKHYUTL MEKAY
coBofl, KaK rpaHuduay Mexay coboi mepsblfl U NOCIEAHHH NOAYYLJBI
ApeABIAYINEr0 MpHMEPa, TO M CPeAH NOAYIJIOCKOCTefl He Oyaer Hu
nepBof, HU [ocaAeJHeHd, Kpasd KOTOPBIX CJAeR0Bai0 Obl CKJIeHBATh
Mex 1y coO0H, KaK MBI 9TO TOJbKO YTO JesiaaH. PHMaHOBa II0OBEDXHOCTD
¢yukuni 2 = In w sBasercs Geckoneynoaucmuoti. Taxkxe GeCKOHEUHO-
JuctHOH GyJAeT ¥ pHMAHOBA MNOBEPXHOCTb OYHKUHH 2 = arcsin w;
QJIHAKO CB$I3b OTJCJBHBIX JIUCTOB 3/1eCh CJAOXKHEe, 4eM B [PEeABIAYUHX
cnyuasix. Korga z meusiercst B obGnactu g, (puc. 23, 8), T0, Kak Msl
BH/IC/TH, @ ONUCHIBAET BCIO ob6nacTe E;. M3 paBencrtra v = sh y cos x
(n. 9 atoro naparpaca) caeayer, 4TO 3HAK U COBMAaLaeT CO 3HAKOM Y,
T. €. UTO 3alUTPUXOBaHHON moaymosoce (y > 0) cooTBercTByer Bepx-
HfISl, 4 He3aWTPHXOBaHHOHA nosgynonoce {y < 0) — HUKHAS MOJY-
[JIOCKOCTh MJIOoCKOCTH w. Ecam Ttenmeps Touka 2z OyAerT ONMCLIBAThb
o6nactb gy: kit — /2 << R (2) < kn + a/2 (k = 0, 1, £2, ..}, 10
TOYKa 2 — ki GYIET ONNCHLIBATbL 00/MACTh gy H HMECHHO: BEPXHIOW MOJY-
fI0J10CY, KOTRAa 2 OMHCHIBACT BEPXHIOD MOJYIOJOCY O8JaCTH Gy, U
HHXKHIOIO [MOMYMOJOCY, KOTZA 2 OINHUCBIBAET HHIKHIOO [OJYHOJOCY
obaactu gi. Ho sin (z — kn) = (—1)* sin 2. ITostomy npu & yeTHoOM,
BepxHeil noaynosoce o6aacTy g 6yaeT COOTBETCTBOBATh, KaK H B cJyyae
o6tacTH gy, BEPXHAA MOJYNJIOCKOCTb W, a HHIKHEH mnosaymoJsoce —
HIDKHAS NONYIUIOCKOCTh; IPH & HeUeTHOM BepxHell nosynoJdoce, Gyxer
COOTBETCTBOBATb HUMHAA I[OJYMJIOCKOCTb, a HUXKHEH [OJynoJoce—
Bepxuas. (Ha puc. 23, ¢ nonynosocs!, KOTOPBIM COOTBETCTBYIOT BEPX-
HHE MNOJYIJIOCKOCTH MJIOCKOCTH W, 3alUTpUXO0BaHbl.) Kaxpasa noJjy-
[OJIGCa I'PAHHYHUT BAOJb YACTH MPSAMOH C OJHOH H3 TpeX MOJYNOJOC U
NPUTOM 3alUTPUXOBAHHAS TPAHUYUT C HE3AIUTPHXOBAHHLIMH H He3a-
IITPHXOBaHHAs ¢ 3aWTpuxosanupiMy. OTCIOAa C/I@AYET, YTO, NPHCOEAH-
HAA K HOJYHOJoce JMioBYyio U3 3TUX COCEJHHX TPeX, Mbl MOJTYUHM GO-
-MacTb OZHOMHCTHOCTH GyHKUuUM sin z. B camoM jene, BHYTpH ORHOM H
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TOW JKE€ NOJAYNOJOCH Sin 2 NPUHUMAET pasHble 3HAYEHUN B PA3HHIX
TOYKAX; €CJH ke OJlHA M3 JBYX TOYEK HAaXOAWTCH B CAHCH, a rpyrag
B APYTrOH H3 ABYX COCEIHMUX NOJYMOJNOC, TO COOTBETCTBYICIIHE TOYKH
w = sin z nexar cllHa B BepXHel, a 1pyras B HHXHEH NOAYIIOCKOCTH
w, T. €. TAKXKE P23JHYHEL. Mbl yoxke 3Haex o61acThb, KOTOPYIO CliHChIB2eT
w = §in 2z, KOTka z OMHCEIBaeT o6aacTs g, (Ml GJHY U3 TOJCC gi).
Ocraercs AnWb OTMETHTb, YTO NapaM LBYX COCCAHMX BEPXHHX HJH
IBYX COCeJHHX HIKHHX NOAYNONCC COOTBETCTBYET OfHA U3 obJaacTei
E; unu E; puc. 26: E, coCTONT H3 BepXHel K HIKHEH MOJYIIJIOCKOCTEH,
CKJIE€HHBIX BAOJbL YAaCTH LEICTBHTENbHOH ocH OT +1 jo oo, a F3 —
H3 BepXHell § HIDKHC NOJYRJOCKOCTeH, CKJIECEHHBIX BAOJb YacCTH
KeficTBUTENIbHON ocl 0T —oo A0 —1. B camoM pene, xorpa Touka 2

ONHCHIBAET NOAYynpaMmylo 2 = (2k — 1) % -+ iy (y, cOXpaHas 3HaK,

Mmenserca or 0 go d-oo),
N0 KOTOpPOH  rpannuar
NOJYHOJOCH, TO TOYKa
w=sinz = (—1)*'chy
JIO/KHA ONNCHIBATh  JIH-
HWIO, TIO KOTOpPOH CKJeu-
BalOTCs  NOJYIIOCKGCTH
w; NpH k HEYETHOM NOAY-
YaeM YacTb ACHCTBHTEMb-
uo#t ocy or +1 no oo,
opH kR YeTHOM — YacTh
JIEHCTBHTENLHON OCH OT —oo 10 —1. JKesas nmoayuuth puMaHoBy no-
BEPXHOCTb PYHKIMH 2 = arcsin w, Mbl TOCTPOHM /15 GOJIbILEH HATJIsA-
HOCTH CHAYaJia YacTh 3TOH [OBEPXHOCTH, COOTBETCTBYIOULVIO E€pPXE€i
NONYTJIOCKOCTH 2, 3aTeM — HHJKHEH I, HaKoHel, o6e yacTH CoejiHHEM
BuMecTe. Hauae ¢ Bepxuell nosynosocel obnactu g,, Gyxem npucce-
IMHSATD K Hell ORHY 3a ApyroH BepXHHE NOJYNOJOCH, JeXaliie BNPaso
OT Hee; JJs NepeMEHHOro w Mbl OyAeM MOJyYaTh NPH ITOM NOGUYEPEAHO
TO BEPXHHE, TO HUAHHE NOJYMJOCKOCTH, NPUYEM OHH JOJKHBI CKpen-
JA9TbCS MEXAY co60il TO BIOJb YAacTH AeHCTBHTEJbHON OCH or 1 ho
o0, T0 0T —oo o —I. Tlpn sToM KaxkIwi pa3 GyAyT OCTZBaTbLCA
CBOGOJLELIMH YacTH JeHCTBUTENLHBIX ocelt Mexay —1 u 1. Kpowme
TOrO, OCTaHeTcs CBOGONHON YacTb OT -——oo 70 —1 nelcTBUTeNBHOIE OCH
nepBoil (BepXHeR) MoJyNJAOCKOCTH, COOTBETCTBYICIAN JeBOMY CBGGO]-
HOMY Kpaio BepXHEH NOJYNONOCH gy. ECN MBI K 3TOMY Kpaio ipHcoenu-
HUM COCEAHIOIO JICBYIO BEPXHIOK NMOJYNONOCY, TO K CBOOOZHCH YacTh
JACHCTBHTE/IbHOH OCH WepBOH MNOJYIJOCKOCTH INpHAETCS NPHKJIEMTh
HOBYIO HHIKHIOIO NOJYIIocKocTh. [Ipojosmxkass B nJIOCKOCTH 2 npH-
COEAMHATL OJHY 3a APYTOH BepXHHE NOJYNOJOCLH, JeXKallHe CAeBa oT
BaYaAbHOH, MBI JOJNKHBl GYA€M COOTBETCTBEHHO NPHKJIEHBATh K YyikKe
TOCTPOEHHOHN YaCTH PHMAaHOBOF NOBEPXHOCTH BCE HOBLIE H HOBLIE NCJY-
NJOCKOCTH, CKpenJifa ABe COCEeIHHE NOOYepelHO TO BIOJb OTpE3Ka
(—oo, —I1), To BRoab orpeska (-1, +-oc0). B urore nonyuum uacrtb
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PHMaHOBOH NOBEPXHOCTH (PYHKLMH 2 = arcsin w, COOTBETCTBYIOLIYVIO
BepXHell MOJYNAOCKOCTH Z; OHA COCTOUT U3 GECKOHEYHOrO MHOMKEeCTBa
JIMCTOB, CPeAH KOTOPBIX HeT HH nepBoro, Hu nocaeixero. Ha kaxaom
H3 HHX OCTAlTCA CBOGOJHBIMH (HECKJIECCHHBIMH) JABa Kpas OTpPe3Ka
[—1, 41} oaunm Kpaii DpHHALTEKUT BEpXHEH, APYTOH — HIXKKE(l
TOAYNMOCKOCTH. Ec/u MBI 3acTaBUM TOUKY ABHTATbCH O 3TOH MOBEPX-
HOCTH TaK, 4TOOBl ee MpOeKLHs Ha NJOCKOCTb @ OIHCHIBAJjga Kpyr
€ LEHTPOM B Hauaje KOOPJAHHAT, TO TOYKA HE CMOKeT onucarh Gosee
NOOBHHLI 000POTA, €C/IM PAAMYC Kpyra MeHbILe eIHHHIBI: OHa OCTa-
HOBUTCSl ¥ HECKJIEEHHDLIX KpaeB. B ciyyae xe, KOrja pajHyc Kpyra
6y1er CoJblue eiHHHUbI, TOYKa OyJeT ONHChIBATD HEOrpPaHHYCHHOE
MHOJKECTBO KPYrOB, JewalliX APYr Hal APYIOM HA pPa3HBIX JAHCTaX.
Ilpu 3Tom, OTIpaB/ASICH OT HEKOTOPOTO HAUA/ALHOTO TOJNOKEHHA TOUKH
U IBHTasiChb BCE BPEMs B OAHY H TY K€ CTOPOHY, MBI MOOLIBAEM JIHLIb
HAa 4acTW JIHCTOB,  COOTBETCTBYIOILMX
BEPXHHM MOJY[0J0CAM, JEXKAIHM, Ha-
IpHMEp, BOPaBO (WAH BJIEBO) OT HEKOTO-
po#i H3 HHX; 4ToObl [OOLIBaTb Ha BCeX
OCTaJbHBIX JIHCTaX, NpHLioch Obl, Bep-
{ HYBUIIHUCh K HAuYaJbHOMY MHOJIOKEHHIO,
! JBHTaTbCA B NPOTHBOMOMNONHOM HAaNpas-
! JIEHUH.

CoBepuIeHHO  aHAJOTHUHYIO CTPYK-
Typy HMeeT HacTb pHMaHOBOH NOBepX-
HOCTH 2z == arcsin w, COOTBeTCTBYyOMmAs
HIKHEH MOJAYNAOCKOCTH 2 (HH2KHHM HO-
ayrnogocam). Yrolbl moayunte M3 3THX JABYX uacTedl BCIO puMa-
HOBY [TOBEDXHOCTb, JOCTAaTOYHO 3aMETUTb, 4TO, COEAHHAS JiBe
[OJYNOJIOCH!, BEPXHIOIO H HUXKHIOW, B O4HY 00JIaCTh gr, MBI JOJIKHBI
COOTBETCTBYIOLIHE UM IIOJNYIJIOCKOCTH @ COEXHHHTH BAOJNb OTPe3Ka
[—1, 11, Torna noayuurcs o6aacts E; puc. 22. Tagum o6pasom,
MBI JOJIKHBl IPHKJIEHTh K KaXKIOH NOJIYIIJIOCKOCTH NepBofi 4acT puMa-
HOBOI [OBEPXHOCTH COOTBETCTBYIOLLYIO €H MOJIYIIJIOCKOCTL BTOPOH
YacTd BHOJb OCTAWIUXCA CBOGOAHHMH oTpeskoB [—I1, +4-11. Ilpu
3TOM COOTBETCTBYIOUIHMH CHYHTAIOTCH MOJYILIOCKOCTH (BEpXHSIA H
HIDKHSSE), OTBEYArOlile NOJYIIONOCaM OJHOH H TOH ke 00/acTH gx.
3aMernM, UTO MOCJAeHUe CKIACHBAHHS HA MOASJH U3 GYMAaXKHBIX JIHCTOB
(110 HEOGXOAMMOCTH OTPAHHYMBASICh KOHEYHBIM YHCJIOM HX) HE yAacTCs
(haKTHYCCKH TPOBECTH, TaK KaK, CKJCHB JBa KaKuX-HuOyIb Kpas OT
—1 no -}1, MBI co3afiM nperpany Ais CKIEHBaHHs CBOCOLHLIX KPaes,
HAXONAUMKCS N0 pa3Hble CTOPOHB! OT 3aKJeeHHoro Jjaucra. Ha puc, 27
NPEACTABJIEHO CXEeMaTH4YeCKH CKJEHBAaHHE [BYX COOTBETCTBYIOLLHX
JcToB ofeux yacTell pHMaHOBOH noBepxHOCTH. (BepxHss moayino-
CKOCTb BePXHEr0 JINCTA CKJEEHA C HHIKHEH MOJYMJIOCKOCTLIO HHKHET O
aucta Broab orpeska [—1, +11; Baosnb Toro ke oTpe3ka CKJICEHH
Mexay COOOH HUXKHAS NONYIIOCKOCTh BEpPXHEH M BEPXHAA IOJY-
[JIOCKOCTh HHUXKHEH IJIOCKOCTH.)
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§ 5. Kondopmuoe orobpaxenune

1. TeoMeTpHuecKHif CMbICA apryMenTa HpOH3BOAHOH. [lycTs
w = f (2) ecTb GyHKUYSA, aHAMHTHYECKAs B o6nacTy G. 3naueHus GpyHK-
uuu @ = y + vi 6ynem H3o6GpaxaTh TOUKaMH B 1IOCKOCTH uv. Kaxnoh
TOYKE 2 = x -~ yi B NJIOCKOCTH HE3aBHCHMOFO NEpPEMEHHOro 2z Oyaer
COOTBETCTBOBATb OJHA TOYKa @ = i ~ Ul B NIJOCKOCTH (QYHKUHH @
(puc. 28 u 29). Ilpn ABMXKEHHH TOYKM 2 B MJIOCKOCTH Xy 110 HEKOTOPOH
auuuu C COOTBETCTBYIOWAs €ft TOUKa W GyAeT ONHCHIBaTh B MNJIOCKOCTH
uv muamo T, aBasiomyiocs o6pasom auunn C. ITycts 2, — npoH3BoJb-
Has Touka ofjgactd G U C — JNuHHS, JaHHAA BMeCTe CO CBOMM Hampas-
JieHueM, BBHIXOASALIAA 13 3TOfl TOYKH H HMeEIoLlas ONpeieeHHyIo Kaca-
TeJLHYIO B TOUKe 2,. IIpennosnoxuM, uto f' (z,) = 0. B miockoctu uv

¥ r
v T
wy+Au
Wy
/( ¢ N
g 0 d
Puc. 28, Pac. 29,

obpasom nunun C OypeT aunus I', BRIXOASAIIAA H3 TOUKH Wy = [ (2,).
Ecnu ypaBHeHne npou3BoibHO BhIGpaHHOH JuHuH C ecTh z = z (¢}
(0 < t < 1), To ypaBrHenue auuuu I' nonyuis, ecau 3aMeHUM B pa-
BeHCTBe w = [ (2) mepemennce z uepes 2 (1) w={[z()] =w (Y
0 < t<l)

UTo6bl BBISICHHTb TEOMETPHUYECKHH CMBICA NPOH3BOAHOH [ (2,),
OpeACTaBUM KOMILJIEKCHOE UHCIO f'(2,) B TpHTOHOMETpHUECKOH dopme:
[ (z) = r(cosa 4 isina), u BLISICHUM TreoOMETpPUUECKOE 3HAYEHUE
apryMeHTa o MPOM3BOANOH H ee MOAyAs 7. Bo3bMeM NIpOU3BOJMLHYIO
TOUKY 2, -+ Az, Ha aunHuu C u o6o3naunMm vepes w, -+ Aw, coorser-
CTBYIOILYIO €ff TOYKY Ha IJIOCKOCTH uv, Jexaumylo na jaunuu . Ilpu
CTPEMJIEHHH TOYKH 2, ~I- Az, 110 iHHH C K TOUKe 2, COOTBETCTBYIOMAR
efi Touka w, -+ Aw, ABuxkeTcs no auHuH [ K TOUKe w,, npuueM Az,
H Aw, OIHOBPEMEHHO CTpeMATCH K HyJio. M3 paBeHcTBa

A .
F(2y) = A11m0 A‘:: =r(coso -} isina)
20—
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HaXOAHM:
lim l=r 59
Az, Az ’ ( )
lim arg &% — g (60)
Azy»0 e

{C TOYHOCTBIO 1O KparHblX 2x). 3jech BXOIMT TpeGoBanue, 4TOOLL
f' (20) = 0, TaK KaKk B NPOTHBHOM C/yyae YroJ ¢ He mMea Ghl onpene-
JIeHHOTO 3Hauenns. PacemoTpum 6inke paBeHcTBo (60). Tak xak apry-
MEHT ApO6H paBell pa3HOCTH apryMeHTOB YHC/AHTE s H 3HaMeHaress, TO

Aw,
arg Az:

= arg Aw, — arg Az,

B paBeHcTBO (60) npumer BuI
lim arg Aw, — lim arg Az, = a. (60")

BriscuuMm reoMerpuuecknii cMblcs paBeHcTBa (60'), noanayack
puc. 28 u 29. OueBunHO, Az, = (2, + Az,) — 2, H300paMaeTcs BEKTO-
poM, CORMMHSIIOUIIHM TOUKY 2, C TOUKOH 2z, 4+ Az, Takmxe Aw, ects
BEKTOD, HAYWHH OT TOYKH W, K TouKe w, -+ Aw,. CneaoBaTeybHO,
arg Az, €CTb yToJl ¢ MEXIY TOJOXKHTEJIbHEIM Hanpasjennem ocu Ox
1 COOTBETCTBYIOUIHM BeKTOpoM Az, a arg Aw, ectb yroa @ ocu Ou
¢ BektopoMm Aw,. Takum o6pasom, paBeuctBo (60') 6yzer Buaa

lim® — lim ¢ = a. (60")

B npepene nanpaBieHne BekTopa Az, COBHajgaer ¢ nanpabJeHHEM
kacarenbHoH K jauuun C B Touke 2, (puc. 28), a HanpaBjeHHE BEKTOPA
Aw, — c HanpaBaenueM KacaresbHol K aunun I B Touke w, (puc. 29),
KOTopas HeOGXOLMMO JOJUKHA CYHIECTBOBATh BCJIENCTBUE PAaBEHCTBA
(60"). OGosnauas uepes P u ¥ yrant oceit Ox u Ou COOTBETCTBEHHO
¢ KacaTesbHuIMH K gunuaM C u I B Toukax z, H w,, nepenniuem (60%)
Takum o6pasom:

¥—¢=oa wn ¥=9 4+ a. (61)

Bynem cuntaTh noJOXKHTeNbHBHIE HanpaejaeHus oceli Ox u Ou
coBnajawInMH MexAy coboi. Toraa ua pasencrna (61) ycmarpupaenm,
4TO 0t €CTh YroJ, Ha KOTOPHIl NOBOpayHBaeTcs KacateabHas K JHHHK C
B TOUKE 2, npH oToOpaXkenuu w = f (2), waH, HHaAYe, O €CTh yroa
MEeXJy NepBOHAualNbHBEIM B OToOpa)KeHHsIM HanpasaenusMu. Cyinect-
BCHHO BaXKHO 3aMETHTb, YTo JuHHIO C Mbl 6€peM NpoH3BOABHOH; npH
N3MEHEHHH HanpaBjenus aAuHUH C OynyT uamenathes p u ¥, HO' &
0CTaeTcsl NoCTOsiHHLIM. C/ie[0BaTebHO, NPOBOAS U3 TOUKH 2y APYIYIO
auHuio C' M 0603HAaYast COOTBETCTBYIOULYIO € JIHHWIO, BRIXOAAILYIO U3
TOUKH Wy, yepe3 [ (puc. 28 u 29), Mbl MOXKEM 3aKJIIOUNTh, YTO PABEH-
cTBO (61) oCcTaeTcsa B cuse aas 5ToH nape JuHHE. OHO NMpHMET BHX

Y=y +a 61')
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rie ¥’ 1 ¥’ cyTh 3HaueHust COOTBETCTBeHHO Y ¥ W A auuuit C' u IV,
Boiunras (61) u3 pasencrsa (61°), monyunm:

YW =y — . (62)

3ameTus, 4To P’ — § 0603HAYACT YrOJ MEXKAY KAaCaTeAbULIMH B TOUKE 2,
K junuam C u C', a W' — ¥ — coorsercrytownii yron a1 I'm IV,
ycMaTpHBaeM M3 paBencTBa (62) cienyiomiee: jBe NPOM3BOJIbHLIE JK-
HUH, BBIXOASILIIHE H3 TOYKH 2y, OTOOPAKAIOTCS B JIBE COOTBETCTBYIOUHE
JIMHUY, BHIXOMAIHE U3 TOYKH Wy = f (2,), TAK YTO yron Mexay Kaca-
TeJILHBIME K AaHHBIM H OTOGPaXKEeHHBIM JHHHAM GyleT OAHH W TOT e
KaK [0 BeJIHUHHE, TaK U N0 HAaOPaBJAEHHUIO. DTO SHAUYUT, YTO €C/IH NOJO-
XKHTEIbHOE HanpaBneHHe JHHUH C B TOUKE 2, NEPEBOAHTCH B [IOJIOXKH-
TeJbHOE HanpasJeHne JuHUM C’ yTeM MOBOPOTA HA HEKOTOPbI yrod
B OMpELEJNIEHHOM HAMpPABJEHHH, TO COOTBETCTBYIOLEE HanpaBJeHHe
aunud ' nepexonur B Hanpasjenue sHun I nyrem noBopora Ha
TOT 7K€ YTOJ H B TOM e Hanpasaeuuu. Urak, omobpascenue ¢ nomoujeio
anaaumudecKod gynryun obaadaem ceolicmeom coxpanenus (KoHcepea-
mu3ma) yeaoe 60 écex mouxax, ede npouseoduas [’ (2) e pasna Hymo.

2. T'eoMeTpHHECKHII CMBICJ MOAyAs NPOM3BOAHOMH. Ilocie Toro
KaK Mbl BBIICHU/IH T€OMETPHYECKUH CMBIC apryMeHTa MpPOH3BOIHOM,
ofparuMcs K PaccMOTPEHHIO ee MOAYJsA. PaBeHCTBO (59) MoxeT GuiTh
8aMHCAHO TAaK:

| Awy |

[eomerpuuecku | Az, | o6o3navyaer anuHy BekTopa Az, T.e. pac-
CTORHHE MEX]Y TOUKAMH 2y H 2, -+ Az, (puc. 28); ananoruuso | Aw, |
€CTb PACCTOSIHHE MEXKAY COOTBETCTBYIOLIUMH TOUKAMH w, U w, -+ Aw,
(puc. 29). Pasencrso (59°) nokaspBaer, uTo OTHOILEHHE GeCKOHEUHO
MaJI0TO PAaCCTOSIHHAL MEXAY OTOODAXKEHHBIMH TOUKAMH K GECKOHEeYHO
MaJIoMY PacCTOSIHHIO MEX1Y MePBOHAYaJbHBIMH TOYKAMH, B Npeaese
pasuoe r = | f’ (z,) |, He 3aBucuT oT HanpaBaenus auunH C. V3 3t0ro
ICHO, 4TO r = | ' () | MOXKHO paccmaTpuBarh Kak BeJHUHHY Mac-
wtaba B TOYKE 2, NPH U300PaKEHHH C MOMOLLBI0 DYHKUNH w = [ (2).
Ecau r > 1, To MacwiTa6 yBenHYHBaeTCS, T. €. NPOUCXOAUT PACTsiKe-
HHe [IPOM3BOJIbHOTO GECKOHEYHO MaJIOTO 3/IEMEHTA, BLIXOAAILErO U3
TOUKH 2,; . €C/H r < |, TO, HA0GOPOT, NPOHCXOMUT CIKATHE; npH r = |
mMacirTab OCTaeTcst HEeH3MEHHBIM, T. €, GECKOHEUHO MaJblii 3JeMeHT,
BBIXOASIIMA H3 TOYKII 2), 3AMEHAETCS MY SKBUBAJIEHTHEIM GECKOHEUHO
MasibiM 3JIEMEHTOM, BHIXOASIIUM U3 TOYKH W,.

Tak Kak r = | ' (z,) | 3aBHCUT TOJIbKO OT 2, H HE 3aBHCHT OT Ha-
npassnenusi auaun C, To MaciiTad -— ero o6bIYHO HA3LIBAIOT HCKaXe-
HHEeM B JaHHOH TOYKe 2, — OyJAeT OJHHM M TEM XK€ He3aBHCUMO OT
Hanpasjeuud. Takum o6pa3oM, MOXKHO CKasaTb, UTO M30GpaKeHue
C OMOUWLBIO AHATHTHYECKOH QYHKUMH @ = f (2) o6najgaer B Kaxio#
Touke 2, rae f’ (z)) % 0, pacTaKeHUEM, HE 3aBHCHINHM OT HANpas-
JIeHHUs,
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3. Kondopmuoe otobpaxenue, lrak, BCsKoe aHaJTHTHYECKOE OTO-
OpaxeHue, T. €, H306paxeHHe, YCTaHaB/HBaeMOe ¢ OMOLIBIO 8Ha/IHTH-
yeckoil GyHKUUH w = f (2), o6lajfaer B KAXKAOH TOUKE 2o, THE [’ (2,) ¥4
= 0, IBYMs CBOHCTBaMH:

1) koHcepBaTH3Ma YIJIOB,

2) mOCTOSIHCTBA pacTsXEHHH.

Ecau Mpl BO3BMEM B IVIGCKOCTH KOMIIJIEKCHOTO MEpPEMEHHOTO 2
OeCKOHEUHO MaJblfi TPeYrONbHHK, OLHA M3 BEPIIMH KOTOPOTO HAXO-
JHTCS1 B TOYKE 25, TO EMY B NJIOCKOCTH NEpeMeHHOro @ GyAeT COOTBeT-
CTBOBaTb GECKOHEUHO MaJ/Iblil KPUBOJUHEHHBIH TPEYTOJbHUK C BEPUIH-
HOH B Touke w, (puc. 30 u 31). CooTBeTCTBEHHbIE YIJIH B 3TUX TPEYTOJb-
HHKaX OyNyT PaBHH B CHAYy CBOHACTBA KOHCepBaTH3Ma YIJIOB; OTHOLE-
HHS K€ COOTBETCTBEHHBIX CTOPOH € TOYHOCTbIO A0 GECKOHEYHO MaJiblX

Y v

2g wﬂ

Puc, 30, Puc, 3I.

OyAyT paBHB! OLHOMY H TOMY K€ NOCTOAHHOMY uicay r = 0. Takue n1Ba
6eCKOHEUHO MaJBIX TPeyroJbHUKA Ha3blBalOTCA MOAOOHBIMH MEXKIY
coboifi. Mrak, aganuTHueckoe orobpakeHHe OYHET OTOOparKEHHCM
noaoGis B GeCKOHEUHO MaJoM [BOMH3Y Kax10# Toukn, rae f' (2) = 01
Orto6paxenne, objajamoliee CBOACTBOM KOHCEPBATH3Ma YIJIOB H CBO-
CTBOM [OCTOSIHCTBA PACTSIKEHHH, HA3LIBACTCSH KOMDOPMHbIM Omobpa-
Hgerues.

PesromMupys HcC/IeL0BaHKe, IPOU3BELCHHOE B N1, 1 M 2, MBI CKaxeM:
BCKOe oToOpaXKeHHe, YCTaHABJIMBAEMOE C NOMOIILI0O AHAJTUTHYECKOM
Gyskuny w = f (2), ecTb KoHGOPMHOE BO BCEX TOUKAX, I'ile NPOH3BOA-
Haa 3TOH (YHKUMH He paBHa HyJO. M3 npeabiayinero Jierko BHACTD,
uTo B 06paTHO, eC/H OZHO3HauHas QYHKUHA @ = f (2) AaeT KOHQOPM-
Hoe 0ToOpaxkeHue, T¢ GyHKiua [ (2) OyAeT aHAJTHTHYECKO C IPOH3BOA-
HOH, He paBHOH HYJIO.

4. Kondopmaoe otoGpamenue 11 popa. [1pu anamuTHueckoM oTo-
OpaxeHHH YPAB MeXAY COOTBETCTBYIOUIMMH HAaNpaBJeHHSIMH COXpa-
HSIIOTCA He TOJILKO [0 BeJIHYMHE, HO M [0 HaNpaBJEeHHIO OTCYETa.

Besikoe oroGpaxeHyue MJIOCKOCTH KOMIWIEKCHOTO TEPEMEHHOro 2
(nAH ee 9YacTH) Ha MJIOCKOCTH @, NMPH KOTOPOM VIVIBI COXPaHSIOTCS
N0 BeJHYKHe, HANpaBJeHHEe e WX OTcYeTa MeHsercs Ha ofpaTHoe,
ofnajaloniee, CBepX TOTO, CBOHCTBOM HOCTOSHCTBE pAaCTSXKeHHH,
Ha3biBaeTCsl KOHopmHbim omobpaocenuem 11 poda B oranuue or aHa-
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JHTHUECKHX OTOGpaXieHH i, HA3bIBAEMbIX KOHQOPMHbIMU 0mOBpasce-
nuamu 1 poda. Bee takue oToOpazkeHHsl yCTAaHABAUBAIOTCS € MOMOMHIBIO
(yHKINH, TECHO CBSI3aHHBIX C aHAJHTHUECKHMH (QyHKUHAMH.
Ilycts HaM paHo oroOpaxeHne w == Z. Bynem mnsolpaxartb mepe-
MEHHOE @ B TOH K€ IVIOCKOCTH, YTO M 2; MBI BUJAUM, UTO NPH paccMma-
TpHBaeMoM OTOGpaKeHHH BCAKas TOYKa 2 NEPEXOJHT B TOYKy, eH
CHMMETPHUYHYIO OTHOCHTE/bHO JeACTBHTENbHON ocH. $ICHO, 4YTO NPH
TakOM oOto0OpakeHHU BCSKHe JBa HalpaBJeHHs, BLIXOA4LIHE H3
TOUKH z U 00pasyloulne Mexay cofofl HEeKOTOPHH yroa o, nepelayt
B JABa COOTBETCTBYIOIIHX HANPaBJ/EHHS, CHMMETPHYHBIX C IepPBLIMH,
yToJ MEKAY KOTOpbIMU OyaeT —a, T. €. BeJIHUHHA YIJIOB COXPaHALTCH,
Hanpab/JeHHe K€ HUX OTCYeTa MeHsieTcsl Ha 06- ¥
patioe (puc. 32). Hanee, 310 OT0OpaxeHue &
obnanaer CBOHCTBOM TOCTOSIHCTBA  PacTsXKe-
HUH, TaK Kak IIpH HeM He NPOHCXOAHUT BOOOLIE
HUKaKoro H3MeHeHuss Macmraba. Cnenosa-
TeNbHO, paccMaTpuBaemoe oTobparkeHue w = 2
ectb KoHQopmHoe oToGpaxenue I pona.
[pepnonaras Tenepb f(2) aHaIHTHYECKOM
GyHKLUEH, MBI MOXKeM 3aKJIOYHTL, YTO 0TO6pa-

WeHHe w == [ (2) 6yzer xoudopmupiM 11 poxa.
B camom pene, 310 mpeoGpa3zoBaHHE MOMKET
ObITb paszbuTO Ha ABa NOCJENOBATE/NbHBIX OTO-
Opaxenns: { = f(2) w w = . Ilpu nepmom Puc. 32.
npeo6pa3oBaHHH YIJBl COXPAHAIOTCA KaK 0
BeIHYHHe, TaK M N0 HaNpaBJeHWIO; NPH BTO-
poM Ke — HalpaB/jeHHe OTCUeTa YIJIOB MeHsieTcsi Ha oGpartnoe. Cre-
IOBATEJIBHO, B Pe3yJbTHPYIOUEM OTOGparKeHHWH YIJbl COXPaHRIOTCA
no BeJIHYHHE, HO HanmpaBJEHHE HX OTCYeTa MEHseTcsi Ha o6paTHoe.
Kpome Toro, panHoe orofpamenne ofiajaeT cBOHCTBOM MOCTOSHCTBA
pacTaskeHu#, TaK KaK 3T0 nocjaefHee cBORCTBO NMpHCyulle oGOMM COCTa-
BJSIIOCILHM Rpec6pa3oBaHusIM.

Mrak, Mbl foKasanu, 4to 6caK0e npeobpasoearie, YCmManasAUBaEMOE
C NOMOWIO YyHKYUL, 3HAHEHUS KOMOPOU ABASIOMC CONPANEHHOIMU
€O BHAUCHUAMU QHAAUMUYeCKOU ynKyuu, ecmp Kongopunoe 11 poda.
O6partro, secaxoe xongopmroe omobpascenue 11 poda ocyuecmeanemes
¢ nomowpro yHryuu, CONPAMEHHOU ¢ HEKOMOPOU QHAAUMUYECKOUE
pyrryued. B cazviom gene, ecan w = F (2) ycTanap/iuBaeT KOHPOPMHOE
oro6paxenue 11 pona, 10 w = F (2) no/kHO onpenenstb KoHGOPM-
Hoe otobpaxenue [ pona, W caejoBateavHo, F (2) ecTb (yHKuUus,

aHa/JHNTHYECKass B paccMarpuBaemoii ofaacth: F (2) = f (2), OTKyAa
caeayer:

4

0 S —

F@) =7

Mzul Buze/H, YTO aHaJAMTHUECKOEe OTOGpAXKEHHE XapaKTepuayercs
ABYMA CBOHCTBaMMi KOHCEPBATH3MOM VIVIOB H NOCTOSIHCTBOM pacTfi
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sennfl. EcTecTBeHHO NOCTaBHTb BONPOC: BCAKOE JH HenpephiBHOE
orobpaxenne, obaanawplliee CBOHCTBOM KOHCEPBaTH3Ma yIraoB, Oyner
2HANHTHYECKUM, T. €. CBOIICTBO COXDaHEHHs VYIJIOB BJE€YeT JH NO-
CTOSTHCTBO pacTsizkeHMil? Mawm npyro#t ananormussiit Bonpoc: Henpe-
puiBHOE oOTOOpaskeHue, o6jajalciiee HOCTOSIHHL:Y PACTSIIKEHHEM He
6yzer i Bcerga kKoutopmunmiM I wau 11 popa? He xacasich paz6opa
3STHX BOMNPOCOB, MBl JHIIb 3aMETHM, UYTO 00€ NOCTaBJEHHbIE 3alayH
pelaloTest B NMOJOKHTENBHOM CMbICJe H MPHTOM 3JE€MEHTAPHBIMH Me-
TORAMH, €CJAu a priori npeanojiaratb JJa JNaHHOro orolSpaikeHus
w = y -~ Ui HeNPEePHBHOCTh YaCTHBIX MPOH3BOAHBLIX GYHKUHA «
» v. Pewenne tex e npobseM CTaHOBUTCS ropaszo GoJiee TPYAHBIM,
€cly pPaccMaTpHBaTh NPOM3BOJBHOE HeNnpepriBHOe npeobpasoBanie
a priori, He npejanosaras CyWECTBOBAHHs YaCTHHIX HPOH3BOAHBIX
dbynxuuil 4 u v. OnHaKo 3a nocjeqHee BpeMsi CAe/1aHbl GONbIIHE YCHEXH
B pelleHHH YKa3aHHBIX npofieM H B HX ofmeld nocraHoBke. Taxk
JOKA3aHO, UTO BCAKOC HENPEPLIGHOE 1l 83QUMHO OORO3HAUH0E 0mobpasie-
Hue, 06aadarouiee KOHCEpBAMU3MOM Yea08, HeobGX00UMO €cmb aHAAU-
muueckoe b).

Bonpoc o TtoM, 6yaer an TpefoBaHye B3aHMHOH OAHO3HaUBOCTH
npeoOpa30BaHisA CYWECTBEHHLIM AJA CNPaBeiJiHBOCTH TEOPEeMBl HJH
JKE TIpeAJIONcEHHE OCTaeTcss B cuje M 0e3 3TOro OrpaHHueHusi, He
pa3pelet elle o KoHua. Uro kacaercs BTOpoi npo6JjeMbl, TO OHa
peleHa ucuepnpiBaowM obpazoMm 2). JlokaszaHo, YTo 6csKoe Henpe-
PbiBHOE 1t 83aUMHO 00HO3HQUHOE Omobpadcerue, o6aadamwyee nOCNonH-
cmeom pacmasiceruti, Heobxo0uso 00axcHO bbirib KoHpopmuoim | uau
11 poda. C apyroft cropoHbl, Ha NPOCTOM NpHMEpE JIerko NMOKasath,
4TO 3aech TpeGOBaHMe B3aHUMHON ONHO3HAYHOCTH OTOOpakKeHHs $B-
asercs cyluecTBeHnbM. JleilicTBUTeNbHO, JIerko laThb npuMmep Henpe-
PBIBHOTO OTOGpaeHHs C NOCTOSHHBIM DAaCTAMEHHEM, KOTOpOE He
Oyzetr kondopmuum Hu 1, Hu 1l poaa. C aroil uesnbio Bo3bMeM cieny-
1ollee npeoGpasoBaHpe: w = 2, €C]H¥ TOYKA Z HAXOLHTCH B BEPXHEH
NOJAYIJOCKOCTH, @ = 2, eCJi TOYKa 2z JEXMT B HHXKHeH noaynio-
CKOCTH (Ha AeHCTBUTENbHOH ocH z M Z coBnanaior). OueBHAHO, 3TO
oroGpakenue OyeT HEIPEPHIBHLIM BO BCeH IVIGCKOCTH KOMIIEKCHOTO
nepeMeHHOro 2, Gyier 00najaTb HOCTORNIBIM PAacTsAMEHHEM H TeM
He MeHee OHO He OyJleT HH aHAAUTHYECKHM BO BCeH NJIOCKOCTH, HH
CONDSIKEHHBIM ¢ aHAJMUTHYECKHM BO Bcell naiockoctn. Bropas npo-
Onema, CJeLOBATENbHO, MOJYuaeT OTPHLATEIbHOE peileHne, €can
paccMaTpHBaTbh OJHO3HaUHEIE, HO HE B3alMHO ONHO3HAauyHBIE OTOGpa-
HEHUS .

5. Teomerpuueckuii cMptea anddepernnana. Bosppamancs Kk o6o-
8HAYeHUnM 1. 1, DpennosoKKM, uTo JnBHa C, JaHHAA BMECTE €O CBOUM

WYMenschoff D., Surlarepresentation conforme des domaines planes. —.
Math. Ann., 1926.

ZyBohr H, Uber streckentreue und conforme Abbildung. — Math. Zeitschr.,
Bd. I, 1918, S. 403. '
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HApaBJeHYeM, BMXOIUT U3 TOUKH 2, H HMeeT OnpefeNeHHYI0 Kaca-
TeabHYIO B 3T0H TOouke. B miockoctH w, w = f (2), nuuuu C Oyzrer
COOTBETCTBOBATh KaK ee 06pa3 JHHHA I', BHIXOAAIAA H3 TOUKU W, =
= [ (z,). Ilpenmonoxum, uro f {(z,) %= 0. Ecau ypaBHeHHe npous-
BOJIbHO BboiOpaHHO# JiuHUE C ecth 2 = 2.(f) (0 < < 1), 10 ypaBHe-
Hue aupuy I' nonyuuM, eciu 3aMeHuM B paBeHcTBe w = [ (2) nepe-
MeHHoe 2z uepe3 z (I):
w=Fflz{]=uw.

3aMeTuM, 4TO
(d2)g = (dx)o + { (dy)y = (cOs Y - i sinP) (ds)y = e (ds),

M aHaJOTHYHO

{dw)y = (du)y + i (dv)y = (cos ¥ + i sin ¥) (do), == &Y (do)s,
rare Y u ¥ — yran ¢ cesimi Ox u Ou kacatebHBX K JuHusam C u [
CCOTBETCTBEHHO B TOWK2X 2, U @,, a (ds), u (do), cyrb nuddepen-
nuanbl ayr auHHE C u T, 06pa3oBanHble B TEX K€ TOUKAX 2, U Ws.

PaccmaTtpuBasi Hanucapubie Bbll€ YPABHEHUS, Mbl BHIHM, 4TO
reoMeTpHuecKky (dz), u3acOpakaeTcsi BEKTOPOM MAJAMHBL {ds),, Hampa-
BAEHHBIM NO KacaTesbHoH K Anuud C B TOUYKe 2, aHAJOrHuHO (dw),
€CTb BOKTOP AJMHBI {d0)o, HANpPABAENHEI 1O KacaTeJbHO# K gunuu [¥
B Touke w,. OTCiona, B YaCTHOCTH, MOJyyaeM:

dw dw do
f{ (zo)=< o )0__ ( )0 — ( )u e[ (ly"\p)’

dz - -

(d2)y (ds)y
{do)y

T. e |[f{2)]= (@), TP oTHOILIeHHe nHddepeHinana oTobpaskeHHOH

AyrH K auddepeHnnany nepBOHAYAJABHOH AYTM B COOTBETCTBYIOLIHX
TOUKAX.

Mbl MoeM. cKasaTb Takke, uTO | f' {2,) | ecTb Dpees oTHOLICHUA
anemeHTa (AG), oTcOGpaikeHHofi 1yTH K saeMeHTY (As), nepBoHaya/b-
HOI AYTH B COOTBETCTBYICUIMX TOUKaX, UTO COBNAJaer C Pe3yabTaToM
rn. 2. W3 Boipaxkenus npousBoiHoil f' (z,) Mbl, Jajee, ycMarpHBaeMm,

410
arg f' (z) =V —p,

T. e. arg ' (z,) ecTb yroJ MexAy NepEOHAUYANBHBIM H OTOOPAKEHHBIM
HalpapBJeHUAMM (CUHTAsi TOJIOXKHTENbHBIE HanpabJeHus ocedt Ox
u Ou cosnapaomumy Mexay coboit). 310 3ak/II0UeHHe TaKKe COBna-
JlaeT ¢ COOTBETCTBYIOHIHM pe3yJabTaToM 0. 1.

6. Tnasnaa usacrs orcopamenus w == f(2). llpeanonoxum, uro
GQyHKUHHE u (X, y) 1 v (x, y) UMeIOT nosuble aup@epeHnHaIbl B TOYKe
2y = Xy -+ iY,; paccMOTPUM JUHEHHYIO UacTb OTOOPaXKEHHA W ==
= u -} iv GECKOHEYHO MaJoro Kpyra ¢ IHEeHTPOM B TOuKe z,. llox
AUHELHOE 4acmbt0 OmoOpaNcenus u = u ()g, y), v =10 (x, y) MB DO-

HuMaeM
U— tg=a(x— xp) + oy — p), }
U—Uo=a1(X—xo)+bl(yr—!/o).

(63)
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FA€ BeNHUMHLBl, BXOAsiiue B (63), HMEIOT CJenyiOliHe SHaueHHsN:
‘ ou du
U ==t (X9, Yh), a='(-§'>0, b= (7?7;)0’
du dv
=0 40, a=(g)y  b=(F),
OKpYyXHOCTb paiHyca @ ¢ UEHTPOM B TOYKe Z,
X — X =PpCOSY, Y — Yy =psing
NEPEXOAHT Ha IJIOCKOCTH (4, v) B KPHBYIO
u—u, = p (acos ¢+ bsing), v — v, = p (a; cos ¢ - b, sin ¢),
Hcknwounus @ M3 5THX pPaBEHCTB, NONY4HM:
fay (u — ug) — a (v —vp) P+ [by (4 — up) — b (v — v)) P = 8%?, (64)

rae nonoxeno: § = ab; — a,b. Ypasnenne (64), oueBHAHO, HpejcTa-
BJISIET JJIMIIC C LEHTPOM B TOUKE (U, Up), ABASIOMHACH 06pa3oM Hawedd
OKPY3IKHOCTH pajiyca O, HPHYEM 3TOT 3JVIHIC BLIPOXKJAAETCS B ABORHON
npAMOJHEEeAHbIR OTpesok, ecin 6 = 0.

TlocmMoTpHM, OpH K8KHX YCJHOBHAX STOT 3JJIHMIC IpeBpaliaeTcs
B OKPYXHOCTb, T. €. NIPH KaKHX YCaOBMaX mpeoOpasoBaHue (63)
NepeBOAUT OKPYIKHOCTh IJIOCKOCTH (X, y) B OKPYXKHOCTb Xe RJ0-
CKoCTH (4, U).

Yeaosus obpamenus sanunca (64) B OKpykHOCTh GYLYT:

al L bi=a ¥, aa; - bb; =0, (65)

npuiem npn § = 0 BMECTO OKPYMKHOCTH MbI NOJY4uM TOuky. [lei-
CTBHTE/NBHO, B 3TOM NOCAELHEM C/yuae, NOJb3YACh TOXAECTBOM

2 2 2 2 2 2
(ai 4 b)) (@° ++ 0°) — (aay + bb)’ = (aby — aidy’,
BuMIM, uto npy § = O ycaoBus (65) obpamalores B Takue: a = b =
== g, = b; = 0, u cjenoBareJLHO, Npeobpaszosanne (63) BrIpoKAaCTCH
B cJenyiolmee:
o= Uy, V=10, Hin w = [ (2) = w,.
OueBHAHO, 3TOT YACTHBIA CJ1yyall COOTBETCTRYET OOpallleHHIO B HY b
npoussonuofl [ (2) B Toure z,.
Obpawasnch K uccaeloBaHulo obwero cayyas 8 == 0, u3 ycaosnil
(65) naxomum:
a; = —kb, b, = ka, k* (@®+ b%) = a® + b
B nannom cayuae a® -+ b% 55 0, noromy uto 8 5= 0, u cokpaumas
nocjefHee COOTHOIIeHHE Ha a? -+ b%, moayunm k* = I, orgyza k =
= 4-1, W caenoparesnHo, ycaoBust (65) npumyT BHA
a = —b, b = q, (66)

niu
a,=b, b =—a 67)
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Tlepepan rpynna {66) npegpcraBaser ycaoBHs Kommu — Pumana nag
TOBKH {Xg, Yg), M OPU 3THX ycjaoBusix npec6pasosanue (63) Oyzer:

u—ug=a(x — x)+ by — yo)y U— vy =—b(x — x) +

+ a (y - !/o),
WiH
w— w, = (@ — ib) (z — z,).

C reoMeTpHYeCKOH TOYKH 3DEHHA 3TO JHHEHHOe npeobpas3oBaHue
CBOJAMTCH K NapajeJbHOMY IepeHOCy, BpallleHHI0 U NOXOGHOMY
M3MEHEHHIO, T. €. JEHCTBHTEJNLHO BCAKasi OKPYXKHOCTh pajuyca p
RAOCKOCTH Z ¢ LEHTPOM B TOUKE 2 IePEXOAMT B OKPYZKHOCTb C LEHTPOM
B TOUKE W, LpU4eM HanpapJjeHue 00X0ja COXpaHseTcs.

Wrak, yciopue, HeoOXoAuMoe U JOCTATOYHOE HJfA TOr0, YTOOH
ojHo3HayHaa QyHkuus f (2), HMewowas DoaHsl Judipepennuan B Touke
2y, OBGNajiana MPOMU3BOJAHOH MO KOMIJIEKCHOMY TepeMEHHOMY, OTJHY-
HOH OT HYyJisi, 3aKJI0UaeTCsi B CJeLYIOIEeM: ecau 02paHudumecss pac-
cHomperuem Auulb Aunednol wacmu omobpascerus w = [ (2), mo
6CAKOMY Kpyey NAOCKOCMU Z € HEHMPOM 8 MOYKE Z, COOMBEMCMEYyem
Kpye NAOCKOCMU W € YEHMPOM 8 mouke wy == [ (z,) 1 mem e Hanpa-
gacruem 0bxooaq.

OueBMIHO, B 3TOM CJyyae Mbl HMeeM [OCTOSHCTBO PacTsKeHnH
B TOYKE 2, H KOHCePBAaTH3M YIJIOB, T. e. KOnbopMIIOCTh OTOGparkenua,
YTO BIIOJHE corsiacyercss ¢ pesyJabratoM n. 3. O6pallenue B HYJb
NPOH3BOAHOH [’ (2) B TOUKe 2, XapaKTepH3YeTCsl TEM FEOMETPHYECKHM
(haKTOM, 49TO KPYT IIIOCKOCTH Z C HEHTPOM B TOYKE 2, C [OMOIUBIO
JHHeAHON uwacTH oToOpakeHus w = [ (2} NEPeXOAHT B TOUKY W&
H, TakuM o0pa3oM, B 3TOM CJydae KOH(OPMHOCTb HapyIIdeTcs.

3ameTuM, HaKOHell, YTO Npyu ycaoBusix (67) npeoGpasoBanue (63),
oueBHAHO, Oyaer: w — @y, = (a 4 ib) (Z2—2;), T. €. COUPSKEHHLIM
¢ npeblAYLINM JHHEeHHBIM Ipeobpa3oBaHieM. C reOMeTPHYECKOH TOUKM
3peHHA 3TO NpeoOpa30BaHHE XapaKTePU3Yercsl TeM, 4TO KPyr HnJjo-
CKOCTH 2 C LEHTPOM B TOYKE 2, NEPEXOAUT B KPYT IMJOCKOCTH © C HeH~
TPOM B TOUKE W,, NIpHYeM Hanpasjenue o6xoja usMeHsercs Ha obpar-
Hoe. Takum ofpasowm, cayuaio (67) coorBeTcTByeT KoH(OpMHOE 0T06pa-
skenne 11 popa (m. 4).

Ynpaocnenus x zaase 11

1. Byzrer an nuddepenuupyemoli dynxuus |z|?
Oms. Her.

2. YcTauoBuTb BHIOMHAEMOCTb yenoBhil Komn — Puvana ansa dynxuui f {2) =

= 2, 2%, 2" €%, sin z cos z.

3. Ecan dynxuns f (2) B kaxao#t Touxke obacT yloBaeTBOpsAeT yclosnio f' (2) =
= 0, TO AOKa3aTh, YTO [ (2) €CTb MOCTOHHOE B 3TOH OGMACTH.
4. Hanucatp yciaoBua Komn — Puvmana B NOJNAPHBIX KOODAMHATaX.

One, DL L 00 “ov 1 ou

o T 99 o r o9 "



106 OYHKUUH KOMMTAEKCHOTO NEPEMEHHOIO {ra. u

5, Iokasars, 4To PyHKUKA W = In 7+ @i (~—n << @ < @), Tae 7= 1 {COS P +=
- {sin @), eCTb AHAAUTHUECKAA BCIOAY, KPOME HYJEBOH TOUYKi.
o0

!

6. Qupeienuts paiuyc CXOAUMOCTH pRLa an2”, ecau a, =
2

Uy =
’ n
n'l
n=l|

t-n nl n

=n ,0.,;=——'-‘-, Ap==11 "
n
Onms. R = o0, |, ¢, 0.
o oo

.
7. ¥ ap2" uueer paiuyc cxomumoctu 7 m Y} anZ’ — panuyc cxonumocta r'.
fi==0 n=0

Kako#l patuyc cxonumocTy R uMewoT psiibl

ie 9 N oc fo o} aa
2: 1 Y Ln § : ron 2 : an n
(_a,, + an) 2 » V:I (an - art) 2 y an'anz ) 0‘ z°e
A== =4 fAz={) n=(

(B OOCAEAHSM CNyuae BCe g, & O).

Oms. B unepsplx ABYX CAydanx R ue meabiie HAnMmeHbliero u3 uuced r m r’,

l ~

. B tpetsem cayyae R > rr’ u B yeTBepTOM R <X —.

-~

IS
8. Paa X‘ an2" aMeeT PaluyC CXOMUMOCTH £ H B HEKOTOPOH TOUKE 2, OKDPYMHOCTH
11 (0 .
KPYra CxoRmMocT: abCooTHo cXoautcs. llokasaTs, 4To 3TOT paAa cXxoauTcs abco-
JOTHO K PAaBHOMEPHO AAN BCEX 2, [z =Tr.

ac

9. Kosbdrunentst aq, @y, as, ... CTENEHROrO pAAA Z ap?" — neficTBuTenLHbIE
n=0
NOJIOMUTENLIBIE HHCA4, MOHOTOHHO CTpemfmuzecs K Hymo. [lokasaTs, aTo: a) ero
paguyc CXOAUMOCTH r HE MEHbINE eIMHHIb; 6) ecin £ = ], TO OH CXOAHTCH BO BCeX
YPaHuuilplX TOYKAX €r0 KPyrd CXOAHMOCTH, Kpome, OHThL MOXKeT, z == l.

10. Byazer nu dyskums [ (2) = T BHYTPH €AHHHYHOTO KPyra HEupepniBHa?
Byner Am oua paBHOMEPHO HENpPepLIBHA?
Oms. Hempepoisha, HO He DABHOMEPHO HerpepnBHA.

11, Oyuxuns [ (2) onpeaenena npu | 2] << | ¥ HE TOIBLKO HEMpepnlBHA, HO i PaB-
HOomMepHo uenpepuisHa. [lokasaTs, uTo eciy 2, 2, tle L2, | << 1, a 2y — rpanuunas
TO4Ka&, TO CyuiecTsyer lim [ (z;) u nMeeT andyeHue, 3aBuCHUIEE TOJLKO OT 2.

n-»oc

12, Iloxasars, 4to npn ycaosuy 3akayw 11 OJHO3HAYHO ONpede/ieHHbie FPAHUY~
Hue anaueuds [ (z) obpasywT HenpepuBHY0 GyHKUKIO BAOMbL OKPYXHOCTH 2] = L.

i
13, Jas 0<|2| <1 spokasado, ato —|z| <}ez—1l<—4—lzl.
14, ns moboro z nokasats, uto |& — 1| ef?l— 1 z]el 2l
15, {lycTh 2 ABUIKETCA O AWy, BLXOARWIEMY M3 HAdaNa KOOPAUHAT, u MO MO-

AyMi0 BEOrpaHyuenHo Bospactaer, [lyin Kakux HanpasieHudl 3TOro /yua CyliecTsyer
lim 2%, ana xakux wer?
Oms. Mps — 2~ < a z jer] 3 =
. p‘——‘2—< fgz<+-§-, - 00; [pH 53
f o0 = /
¢ =0, xoraa arg z= £1/2, npexena mer.

< argz<—g-n,
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16. Uemy paBHH 3HAYEHHSA et cos (5 — i), sin (1—5i)?
Oms. ¥ = ¢® (cos 1 -+ isin 1) = 3,992 -+ i6,218,

-1 — g1
cos (5—i)=c055—€-i2€—-+isin5%::0,438+i1,]27,
5 ~5 5 __ p—b
sin(l-5i)=sin1—e—~ié—e—‘—-—icosl ¢ 2“ ~ — 62,45 — i40,09.

17. Kakas 3aBHCHMOCTH CYIIECTBYET MEXKIy a) arccosz n In z; 6) arcigz w Inz?
. ——\. i 1 —iz

Ome. a)arccosz=—iIn(z+ V22—1); 6) arctgz = - In T

18. Havo w= u-+ iv=In (2 — ¢). Tlonarag z= x -+ yi, ¢ = a -+ bi, naliTn
u w v. IlpoBeputh ycnoeusi Komn — Pumasa B Jw06oii Touke.

—b

Oms. u=In}y (x—a)2 4 (y— b)2, v=arctg i/ o

19. Ilepemennoe z = x -~ yi onucuiBaeT oTpesok x = 1, —1 Ty << --1. Uemy
PaBHa IJMHA JIMHUH, NOJAYYAIOWENcs NPH OTOGPEMEenny 3TOTO OTPE3Ka B NJAOCKOCTH
w = 2%?

Oms. 2V 24 In 34+ 2V2).

20. KaKylo JHHUIO ONUCHIBAET W = 2%, KCTAa 2 H3MenseTen B nperenax R (2) =
=1 —-I</@@<+1?

Ome. Iyry napatoan y*= 4 (1 — x), 32KJICYeHHYIO MeXKAY TouKamn (0, —2)
n (0, 2)

21. Ecain 31eMEHT NACIAAM NAOCKOCTH Z €CTh £, TO K3K BHIPE3NTCA SJIEMEHT
nacwann orobpamenHoll miockoctn @ = [ (2)?

Ome. |}’ (2){®-do, Tre z— Touka snementa dO.

22, Ecau 2z onucwipaeT o6nacts G, To uemy pabha nicmapb cbaactu D, noay-
Baomelcs npu orobpaxenun G € NOMOWILIO anaauTuueckoil Qynxunn w= | (2)?

Oms. jJ |/ 2} {%dx dy, rae unterpan pacnpocrpanen na obnacth G.

23. Ecan w = 2* n 2 ONHCHIBaeT 06AaCTb, Onpefieisemylo ycaosuamu 1 =< |z
dn

=<2, —n/4 << arg z << +7/4, To uemy paBHa naowaib o6AACTH, CIHECKBIEMO
STOM TORKOH w?

Oms. 7,5x.

d

EF)



FTABA I

JIUHEWHDBIE U APYTHUE NPOCTEMIUUE NMPEOBPA3OBAHUA

Ilpu BHIACHEHHH T'eOMETPHYECKOTO CMbIcAa npousBogHo# (ra. II,
§ 5, . 3) MBI BuAEIH, 4TO OTOOPaXKeHHe, YCTAHABJIUBAaEMOe ¢ HOMOIIbIO
$yEKUMY @ = f (2), aBaJuTHUYeCKOH B HeKortopo#l ofiactu G, aB-
Jsiercs KoHGOPMHBIM BO BCeX TOYKax 2z, AJisi Kotopmx [ (2) 5= 0.
Hacrosiyio riaBy Mbl MOCBSTHM PACCMOTPEHHIO HEKOTOPHIX OTOOpa-
JKeHHH, BBHINOJHAEMBIX C [NOMOWBIO NPOCTEHIINX aHAJHTHUECKHX
yHRUMA.

§ 1. Jluneiinas Qynknus

1. Henast auHeiiHas ¢pyHKuuna, Mbl HayneM C ucc/ie0BaHHU I JTUHeH-
o
HOH (YHKUWH BHIA

w = az -+ b, ()

rie a u b — HEKOTOpHle MOCTOSTHHBEIE KOMILEKCHple gHcaa (a = 0).
Ouceuano, yro orobpaxenue (1) OyaerT koHQOpPMHLIM BO Bcell mJjo-
CKOCTH KOMIIEKCHOTO nepemennoro z (w’ == g 5= 0) u npurom B3a-
UMHO OJHO3HAauHbBIM. PaccMmotpuMm cHauana
TPU YaCTHBIX CJyuasg, NPHYEM PAJAM NPOCTOTHI
5 z 1w 6yreM usobpaxkaTh TOYKaMH Ha OAHOH
JIOCKOCTH.

a)w = z + b. fIcHo, 4TO NpH TaKOM OTO-
OpaxeHUH TOYKa 2z MEePeHOCUTCSH B TOUKY w
B HaNpaBJeHHH BeKTopa b Ha paccTosiHHe, pas-
Hoe ero aaune (puc. 33). [lonaras w = u -
4 vi, 2z =x + yi, b = by + by, vl 3anummem

Pue, 33, npeobGpasosanue (1) B BuAe ABYX QopMya: g ==

=x+4+ b, v=y-+ b, IlBa nocregnux pa-

BeHCTBA MPEACTABAAIOT COB0H u3BecTHLIC (GOPMYJL flapasJesibHOrO
nepenoca ocefl KOOPAHHAT

0) w == e“/z, B taxkom cayuae umeem: |w} = | 2|, arg w = arg z 4-
- ¢, T. e. TOUKA Z NePEXOAHT B TOUKY @ NPH NOMOILLH NOBOPOTa BEK-
TOPA 2z OKOJIC HYJeBOH TOuKkHM Ha yroa a (puc. 34). Tarum obpasom,
orofpamene 6} ecTh He YTO HHOE, KAK Bp alle H H e OKOJO Ha-
Yaja Koopauuar Ha yroa «. KpoMe TOro, MOXHO HanHcaTh w ==
=y -+ vi=«x-+ yi) (cosa - isina), OTKyAa Haxomumi u =

Y w
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=xcosa —ysinw, v=uxsina- ycose. JIBa nocneannx
PaBEHCTBA SBJISIOTCH M3BECTHBIMH (POPMYJaMH NOBOpPOTa OCell KOOp-
IIMHAT.

B) w = rz, TAe r — JNeHCTBHTEJbHO MOJOXKHTEJNbHOE MOCTONHHOE
yucao. B nannom ciyuae umeem: |w! =r|z|, argw = argz T. e.

p w TOYKa 2 npeoépasyercuﬁ B TOUKY @,
. Jexaulyio Ha npsmoit Oz mwa pac-
N CTOSHUH OT TouKu O, paBHOM r pas

Puc, 34. Puc, 35.

B3fiTOMY DAacCCTOSIHHIO TOUKH 2. DTO — TaK HasblBaeMoe npeobpasosa-
Kue nodobus ¢ UEHTPOM nonobus B Touke O ¥ KO3(OHIUHEHTOM 110-
robus r (puc. 35).

Ofwee npeoBpa3oBaHne w == az + b NPOU3BOAUTCS DYTEM TpeX
NpoCTeHAINNX BHIILIEONHCAHHEIX OToOpaxkenud. B camom rene, nycrb
a = re”’. TloepueM cHauana Bektop Oz 4
Ha yroa a: z' = e* .z, VsmeHum, janee,

2] Br pas: 2" = rz’. Hakoreu, crenaem
napaJJjenbHblil HepeHoc TOYkM 27 @ == w :
= 2" 4+ b. TlpoBepka maer: w ==z2" -+ A
b =rd +b=re*.z2+b=qz+ b.
Onnako MOXKHO PaccMaTpHBaTh OTOOpa- o]

menue, JaBaemoe QyHKLHel w = az - b, Puc. 36.
C HECKOJBbKO MHOU TOoukH 3penusi. C s1ofi

Lesblo HaligeM KOMIJEKCHOe 4Hea0 A, YIOBIETBOpsiIolliee CJAeRy-
10lIEMY YCJAOBHIO:

2

w—A=a(@z—A), 1)
b

OTKyAa Bbitekaer: A —aA = b u, cieposatenbHo, A =-—
Ecan a %= 1 (koraa a = 1, oro6pasenue GyieT NPOCTHIM Mapaijiefib-
HBIM nepeHocoM), To npeobpasosanue (1) npeacraBasier coofi Bpa-
NieHHe OKOJIO TOUKH A, coelHHeHHOe C oroGpaxkeHueM mnoxobus,
Hrak, mbl MoXeM TOYKY 2 TepeBecTH B TOuKy w JHGO ¢ NOMOILbIO
napaJisieibHOTo nepenoca (@ = 1), mu60o (@ %= 1) npu noMoIu ORHOTO

BpAlLlgHHs] OKOJNO TOYKH A = u orobpaxeHusa Mox00Hs

(puc. 36).
2. ®ynkuus w = 1/z. CooTBeTCTBHE, AaBaeMoe 3Toil (opMyJoi,
B3aHMHO OJHOSHAYHO BO BCeX TOYKAaX IJIOCKOCTH, NpHYEM HYJeBOil

l—a



116 JIMHEMHBIE M OPYIHE TNPOCTEMIIWE [(MPEOBPA3OBAHUSA [,

touke 2z =0 (unmu w = 0) cooTBeTCTBYeT OECKOHEUHO YAAJEHHAas
TOYKA W = oo (UJH 2z = o0). [lyia uccaenoBaHus oToOpakeHus, Aapa-
emoro atofi (yHKuHeH, MPOLIe BCEro BBECTH MOJSPHBLIE KOOPAHHATH,
noiaras z = re®, w = pe®. Jlerko BUAETb, YTO B NAHHOM CJyuae
6yer:

p=1r 8=—q. 2)

Onuwmem U3 HYAeBOH TOUKM, KaK HEHTPa OKpyxkHOCTs C pajuyca
eqununa, [Ipu npeo6pasosanun (2) 3Ta OKPYIKHOCTH NMEPEXOAUT caMa
B ceGi, a HMEHHO KaXK1as ee TOYKa Npeodpasyercs B CHMMETPUUYHYIO
TOYKY OTHOCHTEJbHO JCHCTBHTEJNBHOH OCH.

[IpeoGpasoBanue (2) yioOHO pa3butb #Ha ABa O6oJsiee NPOCTBHIX;

r=1/r, ¢ =g, )
p=1r, 08=—¢. (I
IMpu nepBoM M3 3THX npecOpa3scBaHHil apryMeHT COXpaHsAeTcs,
a MoayJb H3MeHsieTcst Ha oOpathbii. Touka 2z, HaxoAsAsCS BHYTPH
oxpyxHocTH C, mpeodpasyercs B TOMKY W', HAXOARILYIOCH BHE OKPY 4~
HOCTH M JIeKallylo Ha npojoaxeHuy otpeska 0z, npuuyeMm npousseje-
Hue paccroaHiufl or Toukd O A0 OTOOparkeHHOH W MepBOHadaNbHOH
TOYKH paBlio esunuile. Takoe orofpaskeHue Mbl HasblBaeM tHsgepcueti
otHocuTesibHO OKpysuocti C (ra. I, § 2, n. 5). Touku 2z u w’, nepe-
XOAAUKE OfHA B APYryw ¢ nomolubto npeobpasosanus (I), mbl Ha-
3bIBAAH B3aHMHO CHMMETDHYHBLIMM OTHOCHTEMbHO OKpyxHOCTH C.
Teomerpuyueckoe MOCTPOCHHE TOUKY ' MO JaHHOM TOUKe 2z (MM
o6patHo) 6eLIo ykaszano B . 1, § 2, n. 5. Caeayer sameTuTb, 4TO
orobpaxenue (I) moxer ObITH 3anicaHo B BHAE
w = 1/3 (I
OHO He Oyler, CJeZ0oBaTeNbHO,  aHAMHTHYECKUM npeobpasoBaHHeM
H OpPUHAMLJIEXKUT K Kjiaccy KoHdopmHbix oTobpaxenrit I1 pona (ra. 11,
§ 5, o 4). Ilpu Taros oToOpa)KeHUd YrJbl XOTS H COXPAHAIOTCA MO
abCcoMIOTHOH BeJIHUHMHE, HO MMEIOT pasHbie HanpaB/CHHH,
[peoGpasosanne (II) Mmoo sanucath B Buge w = @ . OueBUAHO,
9T0 nmpeolpasoBaHue Takxe ecTb KoHgopMuoe Il pona, mepeponsuee
KaXJyl0 TOYKY B TOUKY, €fi CHMMETDPUYHYIO OTHOCHTEJbHO AeHCTBH-
TeNbHOIT ocu. COBOKYNHOCTL JABYX HEAaHAJUTHYECKHX (KOHGBOPMHBIX
Il pona) orobpamennst (I) u (1) maer amanurudeckoe (npu z # 0)
oTobpaxenue w = l/z. 310 oToGpaxenne GyfeT COXPAHATH YIJbl BO
BCeX TOYKaX IJIOCKOCTH 2z, BKJiovas 2 = 0 ¥ 2 = oo, €C/U NOJ YIJioM
ABYX JHHHA OPH 2 = oo Mbl GyaeM NOHHUMATb yroJ, o6pasoBanHbifl
OTOSpaKEHHBIMH JIHHHAMH NOCPeACTBOM GYHKUHH @ == l/z B 0J0-
CKOCTH w l1pH @ = (. ,
3. O6wan nuneitHan pynkuua. Obuiee uHeRnoe npeobpasoBaHne
HMeeT B
az 4 b
= Cz+d ’ (3)
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FAe 4, b, ¢ ¥ d — TOCTORHHBIE KOMIAEKCHBIE YHCAA H ITPUTOM TaKHe,
u4T0 ad — bc 5= 0, TaK Kak B NPOTHBHOM CJAyyae Haila JHHeRHas
¢ynkuua (3) He 3aBucena Gu or 2. OGpPaTHO, z MOKHO BbLIPA3UTh
yepes w:
dw—b
= 4)

—w - a

CootBetetBHE, naBaemoe Gynkuuel (3), Gyner, clel0BaTeNbHO, B3a-
HUMHO OAHO3HauHbiM. Touke z = —d/c Gyner COOTBETCTBOBaTb Gec-
KOHEYHO yJaJeHHass TOYKA INIOCKOCTH w, a Touke w = a/c Gyaer
COOTBETCTBOBATL GECKOHEYHO YJIaJleHHas To4ka MJOCKOocTH z. Qbuiee
JuHeliHOe npeo6GpasoBaBue (3) COXpaHfeT YIJBl BO BCeX TOUKax
PaclIMpPeHHON NJOCKOCTH KOMIWIEKCHOTO nepemeHHoro z. JledcrBu-
TeJbHO, NPOM3BOAHAR

dw _ (cz+4d)a — (@24 b)e _ ad—be

dz (cz + d)? T Acz + d)F

€CTb KOHEYHOE u}CJIO, HE PaBHOE HYJIO BO BCSIKO TOUKe 2, 2 = —d/c,
Z 5= 00, OTKYJa CJeLyeT HHBAPHAHTHOCTL YIJIOB BO BCEX YIOMSHYThHIX
TOyKkax 2. B Geckodeyno yna.neHHox"d TOYKeE YIJIbl TAK2XKE COXpaHaoTCsa,
TaK KaK, BHIIOJHIB NMOACTAHOBRY 2 = 1/2’, Mpl HaliieM, 4TO QyHKuUMA
a4 b2’ ’
= 4 B Toukez — = 0 ecTp avanauTHYyecKan, ecin ¢ = 0, n UMeer
ad — bc
NPOH3BOAHYI0O — ————, HE PaBHYIO HYJIO. Ecan xe ¢ = 0, T0 MBI

cOHapyX UM TO M€ CaMOe, paccMaTpuBasi QyHKUNIO npy z =

az -+ b
== oo, HakoHell, npu z = —d/c Mbl TaKXe HeMELJEHHO OGHAPYKNM
cz+d
az -+ b’

Hayunum coctar obmere anneiinoro npeo6pasoBaunsg (3). [Tokaxem,
4TO 3TO npeo6pasoBanue COBEPINAETCS NPH NOMOIH BHILIEPACCMOTPEH-
BEpIX CToOpaxennit, JleficTBUTENBHO, BHINOJIHAS JeJCHHE, Mbl HaljeM:

KOHCEPBAaTH3M YIJIOB, paccMaTpuBag GYHKLHIO

__az4b a be —ad ’
T ezt d _T+c(cz+d)' )

Beean HoBoe nepeMerHoe 2° = ¢ (¢z - d), Mbl y6exkpaeMcsi B JOKa-
3LIBAEMOM.

4. Kpyrosoe csoiicTBo JuHeiiHod# dynxkunu. IlepeiifieM Tenepb
K ‘paccMOTPeHHI0 ¢BOHCTB o6ulero snuHeliHoro npeo6pasosanns. Ono
ofsanaeT oqiHM 3aMeuaTeJbHEIM CBOACTBOM, XapaKTEPH3YIOWMM 3TO
npeobpa3oBaHne. JTo CBOHCTBO COCTOMT B caefyiomeM. Ecan Touka z
ONUCLIBAET OKPYXKHOCTh HAa MJIOCKOCTH KOMILJIEKCHOTO NEPEeMEHHOIO Z,
TO TOYKA @ Ha W-NJOCKOCTH ONHCHIBAET TOXKE OKPYIKHOCTh HJH Ipse
Mylo auBHio. Ecly Ke Touka 2z ONHCBHIBaeT NpAMYIO JMHHIO, TO W
OMNJCHLIBAET NPAMYIO WJAM OKPY:KHOCTb. CuMTas TNpsMyio JWBHIO 32
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OKDPYKHOCTb GeCKOHEUHO OOJIBIIOTO pajauyca, Mbl MOXeEM ONHCaHHO@
cBoitcTBO GOPMYJHPOBATh KOpOUE! npu AuHelHoM npeobpasosaruis
OKpYHCHOCTL nepexodum & OKpYymcHocme, T. e. NPH TakoM mpeofpa-
30BAHHHM MMEET MECTO HHBAPHAHTHOCTb CHCTEMBI BCEX OKPYIKHOCTEH.

Kak o6uapyxutb 510 cBofictBo? OueBHIHO, /S STOTO JOCTATOYHO
1I0Ka3aTb CIPaBeAJHBOCTb JOKa3biBAEMOrO CBOACTBA IO OTHOLIEHHUIO
K npeo6pagopaHusM nm. 1 u 2.

Yro xacaercst npeo6pasoBanuil a) u 6), TO 3TO COBEPIUEHHO ACHO
W3 HX TeoMeTpuueckKoro cMelcja (n. 1). Ilepefinem kK npeoBpasosa-
HHIO B). YpaBHEHHE OKPYIKHOCTH HMEeT BHJ

AP+ +mx~+ny+1=0 (5

Ilpu A = 0 ypabHenue (5) onpejeaser npamyo aunmo. Ilogctasans
B ypaBHeHHe (D) BMECTO X M y MX 3HAueHUs u/r W v/r, MBl NONyYaeM
B MJOCKOCTH W ONATh ypaBHeHue OKPYXKHOCTH. Mrak, B 3TOM ciyuae
OKDYHOCTh MEPEXOJUT B OKPY:KHOCTb. [lepefiieM, HakoHel, K Ipe-
ofpasoBanuio w = l/z (n. 2).

Ypasuenue (5) MOXKHO 3aNHCaThb B TaKOM BH/E!

Azz + Bz ++ Bz + C =0,
rie A u C — gelicTBuTe/bHEIE MOCTOsAHHBIE, [Ipu npeobpasoBanHuu
] B B
w = l/z nonyuaem: A =+t t+twt C=0, w1u, npHBOAA
K obuleMy 3HaMeHaTesi0 M 0TOpacwBas ero, HaXoJHM!

A+ Bw - Bw -+ Cuw = 0. (5"

VYpasuenue xe (5') onpezenser okpykHocTb B miockoctn w. [Ipu
C = 0 ypabuense (5') npexcTaBaser npsMyio JHHHIO. |

Hrax, Mul BHINM, YTO [pH BCeX ueThipeX npeoOpasoBaHusX,
nn, | # 2, OKpYXHOCTb NEPEXONUT B OKPYXKHOCTh, 8 MOTOMY TO Xe
cBoficTEO Gyretr nmpucyuwe # oflieMy JuHeHHOMY Npeo6pasoOBaHHIO,
KOTOpOE NjeACcTaBAseT ¢060H KOMOHHANUIO TOJMbKO UYTO YKa3aHHBIX
npeoCpasopaini.

5. IapaMeTpul H uHBapHAaHT auHeiiHoro npeobpasopanns. OGuee

o az - b
JIMHEHIIOoe npeoﬁpasor&aune w=m 3aBUCUT OT TpeX Inapa-

METPOB, 32 KOTOpble MOryT ObiTb NPHHATH, HANpHMEP, OTHOUIEHHA
yucesn a, b, ¢ v d x ogHomy u3 Hux. Urobm onpeleauTs 3TH napa-
MeTphi, a4 BMECTe ¢ HHMH M caMoe npeoOpasoBaHHE, HYXHBl TPH
YD2BHEHHUS MeXAy a, b, ¢ 1 d. MH nonyynuM HX, yKasaB TOUKH w,
W, H @, B KOTODHIE HCKOMLIM Npeo6pa3oBanHHeM MePeBONATCA Kakues
JHGO TPH TOUKM 2y, 2, M 23. 3allaBas TOYKU 2y, 23 H 23 IPOHBBOJIBHO,
nony4yaeMm ypaBHeHHSH

b
m=2Tr k=1209) ®
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Yrobul HCKJIOUNTh @, b, ¢ 1 d U3 3THX ypaBHEHHI W U3 ypaBHEHHA
az+ b

= cz4-d
(ad — be) (2 — 21)

o, — w_wn_(_ag:—bc) 72— 25)
U= TG T (G T ) 2= d I'ci Ta)
- (ad — bc) (23 — 24) _ — ad — bc) (23— 2,)
Y= T e T d ) YT R =G T D
Jleas nousneHHo mepBoe M3 3THX YpaBHEHH#l HAa BTOpPOE U TPeTbe Ha

yeTBepTOE, 3aTEM MOJYyUYeHHble TaKUM 00pa3oM paBeHCTBA CHOBA JeJs
HOYJEHHO APyl Ha Apyra, NOJY4YHM:

ob6pasyeM pa3HOCTH

W—w; , Wy—uw, — 221 Zg'—zl (7)
W—Wy, ' Wy— Wy 2—2y " 23— 2,

D10 M ecTh uckomoe JuHEHHOE NpeoGpasoBanue. OTMETHM, YTO MHpe-
ofbpasoBanve (7) 6yher elHHCTBEHHLIM JHHEAHBIM npeobpasoBaHHeM,
NepeBOAsIILHM TOUKH 2y, 2, H 23 B TOYKH Wy, W, U Wy, TAK KaK K 3TOMY
npeoGpa3oBaHHIO MbL IPHILIH, JONYCTHB TOJbKO, YTO o0ujee NuHelHOe
npeoGpasoBanue NOAYHHAETCS YCAOBHAM (6).

Tak kak 3a 2y, 25, 25, Z H @), Wy, W, W MOIYT OBITb HPUHATSHL
mobble YeTBEPKH TOYEK, COOTBETCTBYIOIIHX IPYF APYIY MPH JHHEHHOM

npeo6pasoBaHUH, TO NOJYYEHHOE COOTHOUIGHHE BHIPa’KaeT C/eaylollee
o o Z—2Z 23 — 2.

obuiee CBOACTBO JHHEHHOrO Npeofpa3oBaHus: OTHOLIEHHE z—zl : z——3 z.‘
%2 t S |

COXpaHseTCs TNpPH JHHe#AHOM Ipeofpa30BaHUH, T. €. SBJASETCS €ro
UHBAPUAHMOM. DTO OTHOLIEHHE Ha3blBaeTC OBOUMbIM WU aHeAPMO-
HuMecKum OMmAoweruem yemoipex mowex B obo3Hayaercs depes (2y,- 2,
2, z;). BblicHHM reoMerpuyecKHH CMBIC/I aHTapMOHHYECKOIO OTHO-
LIEHHA B TOM CJyyae, KOT/a YEThIPE TOUKH 23, Zp, Z M 23 JIEIKAT Ha OJHON
OKPYXKHOCTH (B 4aCTHOM cJy4ae — Ha oaHOil npamoit). ITycts Touku

2y, 23, 2, 23 JIEKAT Ha NOPAMOH
= § + tei® (—oo < t < +o00),

npoxonsiuelt yepes TOUKy G, M mepecekaioliell ocb X MOX YIJIOM o,
Torana umeem:

2y = Lo+ f1e'*, 2y =G+ L€', 2= {-te? 2y ==y |- loe'%,
OTKyJAa
(zl’ 22) 2, 23) = (tla t2i tv ts)'y

T. €. aHTapMOHHMYECKOe OTHOILIeHHe 4YeThlpeX TOYeK, JeXKAIMHX Ha
npaAMOH, ecTb NeHCTBHTE/NBHOE YUCJ0, PABHOE B3SITOMY C HaJJeXKalluM
3HAKOM OTHOILEHWIO PAcCTOSHHI OT OZHOH M3 HUX (2) A0 ABYX APYIHX
(z; ¥ 2,), IeJleHHOMY Ha OTHOLUEHHE PACCTORAHHHA OT YETBEPTOHN TOUKH
(z3) A0 Tex xe IBYX (2, H 2;). [lycTb Temepb TOUKH 2y, 23, 2 H 23
JleXKaT Ha OKpyxHocTH § = Ly + re®® (0 < ¢ < 2m) c ueHrpom &
paauyca r. Toraa umeeM:

2y ="y - re'?, 23 == [y - rei e, g=fy-}ret®, z3=1_,4-re'®s
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¥, CNeA0BaTCAbHO,
7 7o 2. 2 )_ ei(l)_ ei(Px . eiwa _— ei%
( 1, €2, € <3/ ™= 6P __ oiP2 " g0 __ pi0s

. @+,
'3

. sty
R 1
e 21 sin W—QCEI— e 2 .9isin
= i P+q@y o—0 ° i Qs +Pg =
e 2 .2{sin Tz e 2

P — @1
2

.o P3— P,
-2 sin —5—

P— @y Ps — P1
2 sin 5 2sin 5

(P—qu‘z 9sin ‘Ps;‘?z

Mp BHAuM, 9TO W 3jech aHTapMOHHYECKOE OTHOLIEHHE SIBJSETCH
AEeACTBUTEJLHBIM UHCJAOM, DAaBHBIM B3STOMY C HaLJeXaliM 3HAKOM
OTHOWIEHHIO JJMH XOPA (MAH YT OKDYKHOCTH), COSAMHAIOIHX OAHY
H3 TOYeK (2) c ABYMs APYTHMH (2; M 2p), NEJE€HHOMY Ha OTHOILEHHE
ANRH XOPA (RyT), COeIHHAIOMNX YETBEPTYIO TOUKY 23 C TEMU Ke IBYMS.

CoenuHsas NoJyYeHHEIA B Hayase 3TOro NYHKTa Pe3yJbTaT C (ak-
TOM MHBAaDHAHTHOCTH OKpYKHocTell IpH JHHefiHOM npeo6pasoBaHuy,
MHl IPUXOLMM K CJelylolleMy BHBOLY. Bo3abmeM B HJOCKOCTH z TpH

2sin

Puc. 37. Puc. 38.

toukH a, P, y. Uepes 3TH TOYKH MOXKHO [POBECTH OKPYKHOCTb U
NpUTOM TOJBKO oiHy. TouHO Tak ke B IJIOCKOCTH @ 3aiallHM TPH
Touku a’, B’, ¥, KOTOpHe OUpeleNsioT NPOXOASILYId dYepe3 HHX
oxkpyxHuocTh. Ha ocHOBanum npeibixyIero Ml MOXKEeM CKasaTh, HTO
cyluecTBYEeT elMHCTBeHHas JxHeHnas QyHKOUSA, KoTOpas
nepeBelieT NEPBYI0 OKPYIKHOCTL BO BTOPYIO, NpPHUEM TOUKaM o, P
u 9 6yayT coorBercTBOBaTh TOukH @, B, ¥’

Tax Kax OKpykHOCTb @'B'y’ cayKHT rpannuefl XByX pa3iHUnBIX
obnacTell (BHYTPEHHOCTH M BHEIIHOCTH OKPYXKHOCTH), TO HYJKHO elle
BLIACHUTb, B KaKyI0 H3 5THX JABYX obsacrefi nepefizer BHYTPEHHOCTb
OKpyxHOCTH @fy. [lJisi 5TOTO NOCTATOYHO NPOCTENNTb, KYAa Nnepeinyt
TOUKH BHYTpeHHeH HopManu kK okpyxuoctd afly. Ho nopmans x afy
NICPEXOAMT B HOpMaJsb K a'B’y’; ocTaeTcst AN W3 ABYX HanpaBJeHHH
Hopmaau x &'B’y’ BEIGpaTh Takoe, YyToOHl Yro/ MEXAY HHMH U OKPYX-
HOCTbIO OTCUNTLIBaJIcst Gbl B TOM K€ HaNpaBJeHHHu, B KAKOM OTCUMTHL-
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Baercst yroi MexJy BHYTPeHHefi HopManblo K ofy u camofl OKpyX-
HOCTHIO affy. Pasnnunbie cayuyau npencraBreHbl Ha puc. 37 (BHyTpeH-
HOCTL Kpyra afiy nepexoiuT BO BHyTpeHHOCTh Kpyra o'f'y’) u 38
(BHYTPEHHOCTb NEPEXOLHT BO BHELIHOCTD).

6. OTobpamenue BepXHeH MOJYIIOCKOCTH Ha camoe cebst. Bepx-
HICIO [OJAYIJIOCKOCTb MOXHO DPaccMaTpHBaTh KaK YaCTHHIA cayvadd
Kpyra SecKoHeuHO GOJBIIOrO paguyca. 3aliMeMcss BOIPOCOM: KaKoBa

y w

wla _

Puc. 39.

noAxHa ObiTb JuHeAHan (YHKUUA, NEePeBOARUIAS BEPXHIOW NOJY-
IVIOCKOCTh TJIOCKOCTH Z B BEPXHIOI IMOJYNJIOCKOCTb IJIOCKOCTH w?
M3 npeapAyllero NyHKTa CHO, YTO /IS 3TOrO HAJO NEpeBectH Ael-
CTBHTEJbHYIO OCb, OTPAHHYHMBAIOILYIO BEPXHIOWO MOJYILIOCKOCTb, Ca-
Mmoe B ce0s.

OrtMeTHM Ha JeHCTBUTENbHOH OCH MJIOCKOCTH 2 TPH TOYKH Q, ﬁ v
H NpPeANoONONKHM, YTO MPH HamweMm npeoGpa3scBAHHH OHIl MEPEXOAAT

€o0oTBeTCTBEHHO B ToukH 0, 1, co. B cuny n. 5 nonyuaem: ecau, ua-
npumep, @ < f < vy, 10 BEPXHAS NOYNJIOCKOCTb IJIOCKOCTH Z € MO
MOLbI0 POpMYJIEL (6) mepelileT B BepXHIOIO Ke [OJYNJIOCKOCTh MJI0-
ckoctu @ (puc. 39); ecaum xe, Hanpumep, y < p < @, TO Bepxuan
NOJAYMJIOCKOCTE MJIGCKOCTH 2 MepefileT B HUIKHIOW MOAYIIOCKOCTH W
(puc. 40).

Jlunefinoe npeoGpasoBanue (7), NepeBOASilEE BEPXHIOW [OJY-
NJAOCKOCTh caMoe B ceOsl, MOXHO NPeACTaBUTh B BHAE

az + b
i @

rae a, b, ¢, d — AelicTBUTENbHBIE BlIOJHE NPOH3BOJIbHBIE YHCHA, yAO-
BNETBOPAIOILME YCJAOBUIO

ad — bc > 0. ®
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T = Tz T 4T MBl yeMarp , UTO

o dw
JIpH JE€HCTBHTEJBHOM ¢ HpPOH3BOJHAA W HMeEET IHNOJOXHTeNbHLIe

B ‘camoMm nene, us ¢opmyJinl

8HaueHMs NpH ycaoBuu ad — be > 0.

Ecnu xe ad — bc < 0, to Toraa ¢yHKuus (8) Gyher orobpakaTth
BEPXHIOI0 NOJNYNJOCKOCTE IMIOCKOCTH 2 Ha HUIKHIOW NOJYNJIOCKOCTH
TWIOCKOCTH @, 8 HHXKHIOI 2Z-NOJYIJOCKOCTh B BEPXHIOK W-NOJY-
NJOCKOCTD.

7. WUHBapHaHTHOCTb Napsl B3aHMHO CHMMETPHYHBIX TOMEK NpH
JAHHEe HHOM npeoGpa3oBaHn. [1ycTh HMeeM OKPYKHOCTb IPOU3BOJNBLHOIO
paauyca R. J1Be Toukd P ¥ P’ Mbl HasbIBaeM B3aHMHO CHMMETPHYHLIMH
OTHOCHTEJNLHO 5TOH OKDYIKHOCTH, €C/AH OHH JeXkaT Ha OFHOH noJy-
npsiMoli, BHIXOAfUIEH H3 LeHTpa, Tak, YTO,npo-
u3BejleHHe HX PacCTOSHHH OT LEHTPA OKpYXK-
HOCTH paBHO KBajparty paguyca R (ra. 1, § 2,
n. 5). BospMmem msi0fylo mapy TOYEK, B3aHMHO
CHMMETDHYHBIX OTHOCHTe/IbHO JAHHOH OKpY-
Hoctd. OTo0pakas 3Ty OKPYKHOCTb C [IOMOLLEIO
NIPON3BOJLHOrO JiHHeHHOro mnpeofpazoBaHys,
MBIl JOKaXeM, 4TO Napa 63auUMHO CUMMEmMput-
HbiX modex nepedidem 6 napy mouex, 83auUMHO
CUMMEMPUYHOLX OMHOCUMENbHO 0Mmobpascer ot
OKpYyXCHOCTU.

IlpenBapuTesbHO OKaXKeM, 4TO napa B3a-
HMHO CHMMETPHUHBIX Touek P u P’ xapaxre-
pH3yeTcsi TeM CBOWHCTBOM, YTO IYYOK OKPYXK-
HOCTeH, NPOXOAALIMX Yepe3 3TH TOUKH, ABJASETCS OPTOTOHAJBHBIM
K OCHOBHOH okpyyHocTH (puc. 41). B camom nene, uyepe3 touky P
1 [pPOU3BOJBHYIO TOUKY A OCHOBHOH OKPYXKHOCTH MOXKHO IIPOBECTH
OKPYJKHOCTb, OPTOTOHAJbHYIO K OCHOBHOH, M LIPHTOM TOJbKO OLHY
(3Ta OKpyKHOCTb NnpeBpaluaercs B npamyio OP, ecan Touka A aexur
Ha 3Toil npamofi). PaccmaTprBag Touky nepeceuenusi P’ nocTpoeHHo#H
OKDPYXHOCTH ¢ noaynpsmoll OP, us puc. 41 nonyuaem:

AQ? = OP-OP’, unu R* = OP-OP',

Puc, 41.

T. €. ToykH P u P’ sBjadwrcs B3aHMHO CHMMETPHUHBIMH OTHOCH-
TeJbHO OCHOBHOH OKpy2kHOCTH. TakuM obpasom, ato6asi OKPYKHOCT,
npoxojsiias uyepes TOYKY P OpTOroHa/bHO K OCHOBHOH, TpHHajje-
JKHT [YUKY OKDYIXHOCTeH, HpPOXOAAIIUX uepes toukn P u P’'. O6-
paTHO, IPOM3BOJIbHASI OKPYHOCTh 3TOI'0 NyYKa HepeceKaeT OCHOBHYIO
OKPYZHOCTP B HekoTopoil Touke A (u6o Touka P JeXut BHYTPH,
a Touka P’ — BHe OCHOBHOTO Kpyra) M, CJeloBaTe/NbHO, COBHAJaeT
€ HEXOTOPOH OKPYKHOCTBK), ODTOIOHAJMBHOH K OCHOBHOH.
COGpamasnce Tenepb K J0OKA3aTeJhCTBY TeOpeMBl HACTOALLEro
DYHKTA, 3aMETHM, 4YTO JHueliHoe NpeobpasoBaHue NepeBOAUT JAHHYIO
OKPY#HOCTh W NYYOK OPTOrOHa/ILHBIX K Hell OKpYJKHOCTEH, NPOXOAs-
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mux vepes Touky P u P’, B HEKOTOPYIO APYIYVIO OKPYXKHOCTB (1. 4)
W MyY0K OPTOTOHAJTBHBIX K Hell OKDYIXKHOCTEH, NPOXONAWHX dYepe3
cooTsetcrBylomne Toukn Q u Q. Ilo nokasanHomy, Toukn Q u Q'
B3aUMHO CHMMETPHUYHBI.

B uacTHOCTH, ecjiy JaHHAsS OKPYXKHOCTh MEPEXOiHT NPH JAHIIEHHOM
npeobpasoBaHHH B NPSIMYIO, TO ICHTPHE BCEX OKPYXKHOCTeH lpeobpa-
BOBAHHOTO OPTOTOHAJBHOrO NyuKa JexaT Ha 31oH npsmofi. Orcioga
c/lefyeT, uTO COOTBETCTBYIOUIMEe TOUKH @ M Q' CHMMeTpHUHE! K 3TOMH
NpsIMOH.

8. OrofpaxkeHHe Kpyra Ha BEepPXHIOI0 HOJYIIOCKOCThb. Haligem
npeoOpa3zoBaHiie, KOTOPOe NEPEBOAHJIO Obl KPYT C IIEHTPOM B HYJEBO#
TOUKE eJHHHYHOTO PajHyca B BepXHIOI MONYILIOCKOCTb. ITO Ipe-
o0pa3oBaHue MBI HIleM B BHIe

az b
= (10)
Toukn 0 M oo SBAAIOTCA B3AUMHO CHMMETPUUHBLIMH OTHOCHTE/LHO
OKPYIKHOCTH | w | = 1; COOTBeTCTBYIOIHE UM TOUKH 2 = —bfa u z =
= —d/c N0 10Ka3aHHOMY B MpEAbIAYLIEM MYHKTE JIOJXKHBI ObITh
CHMMETPUUHBIMH OTHOCHTEJbHO JAeHCTBHTEJIbHOH OCH, T. €., TioJaras
—bla = B, umeem: —d/c = B. [OueBuzno, ¢ == 0, Tak kak Gec-
KOHEYHO VYJAJEHHOH TOUKe IJIOCKOCTH 2 JOJMKHA COOTBETCTBOBATD
KOHEYHasi TOUKa IVIOCKOCTH W, @ HMEHHO TOYKa, JeXallas Ha OKpyx-
mocTi euHHuyHOrO paauyca.| Iloab3ysch BBeZEeHHBIMH 0603Haye-
Husmil, nepenmuuieM paseHctso (10) B Buge

—8. z=8
0= I (11)
Tak kak npu 2 =0 |w| = 1, 10 us pasencrsa (l1) creayer:
|ale| =1, wau alc = e,
OxonuareabHO MOJyYaeM:
— e 228
W == g%t PR (12)

B kakoM cayuwae Haw Kpyr GyleT MEepeXoiHTh B Be P X H IO 0
noaynnockocts? Llentpy Kpyra @ = O GyleT COOTBETCTBOBAThH B CHIY
popmyant (12) Touka 2 = B. Orciona BHAHO, Y4TO, VI TOTO YTOGH! KPYT
NEePEeXOANs B BEPXHIOW NMOAYIAOCKOCTb, HA}O, YTOOH TOUKa P Jexasa
B BepxHefl noaymjgockoctd, T. e. I (B) > 0.

9. OtobpaxeHne kpyra camoro B ce6s, [1ycTb 1an Kpyr ¢ UEHTPOM
B HYyNeBOH TOuUKe eJHHHYHOTO pajuyca. llpexnosioxum, 4To npH
oTobpaxenuu Kpyra |z| < 1 Ha kpyr |w| < ! Hekoropas TOuUKa
2= 0 (x5 0,|a| <1)nepexonur B HyJneBYyI0 TOUKY w = 0. Touxa,
CHMMETPHYHAR ¢ HYJIeBOH TOYKOH OTHOCHTEJIBHO OKPYXKHOCTH |w | =



118 JUHEVHBIE W JAPYTHE IIPOCTEWIIME TIPEOBPA3OBAHHSA [ra. itr

=1, G6yner, OueBWIHO, OeCKOHeYHO YyiajeHHOH ToukoH. Takum
o6pa3oM, BCJENCTBHE TeOpeMBl M. 7 MBI JOJKHBI HMETb:

w = oo mpH 2z = l/a.
Hrak, nckomoe npeobpasoBanne 6yleT HMETb BHA
zZ—a

rae k — NocTOSHHOE YHCJIO.
Depenuiuem gopmyay (13) B Buge

s & 4, 2—O ’

W=kt —— =k 1—— (13)

¥ 3ameTuM, uto 1/2 = Z npu | 2| = 1 u, cnenosarenvno, |1 — az| =

= |l/z—a|=]2—a]|=|z— a] Tak Kak okpyxHocty | 2| =1

COOTBETCTBYET OKpYXHOCTb |w]| = 1, To BuBoauM, urTO |k} =1
u, crejoBatesbho, B = 9. Hrak, ¢opmyaa (13') npumer Bua

— 0. 2%
w= el o——n. (14)

Ouesnano, pesyanrar (13’) pacmpocrpansercs H Ha cayuyait a = 0.
OKOoHUATeNbHO:  AuHeliHOe npeobpazoeanue, nepesodaugee Kpye
|2] < 1 camozo 8 cebn, 6ydem umems eud
. —a
w:e'e--Tz—_-_-?, (15)
nputem |a| <1, ecau me |a| > 1, mo gopmyra (15) nepesodum
enympennocmy kpyea | z| < 1 60 ewewunworo wacmv kpyea |w| < 1.
10. INpencrasnenne AuHeAHOro Npeo6pasoBaHHs NCEPEACTBOM CHM-
MeTPHuUHbBIX OTOGpaxeHnji. Mul 3HaeM, UTo BCAKOe JUHeRHoe npecbpa-
soBanue (3) MoxeT ObITE Pa3JIOKEHO Ha CJAEAYIOUIME DJIEMEHTapHbE
npeobpasopanuda: 1) napannenbubii CABHT, 2) Bpamenue, 3) nojo-
6ue, 4) npeobpasoBanue Bijga @ = 1/z. C Apyroit CTOpOHHI, MBI BH-
Jlesny, uyTo npeoGpasoBanie 4) 3KBHBaJEHTHO JBYM TNOC/EJ0BATeNbHEM
CUMMETDHYHBIM OTOGpaKEHUSIM OTHOCHTENBHO OKPYXKHOCTH H Jel-
cTBUTENbHOR ocu. UTo Kacaercsi npeobpasoBanus 1), To, OYeBHIHO,
OHO DaBHOCHJIBHO JABYM IOCJEAOBATEJbHbLIM CHMMETPHUYHBLIM oToGpa-
JKEHHAM OTHOCHTENBHO ABYX NAapaiseNbHBEX DPAMBIX (pacnoJoxeH-
HLIX NepNeHAMKYJASPHO K HAanpaBJEHHIO CABHTa Ha PAacCTOAHHH APYT
OT ApyTra, paBHOM noJioBHHe caBura). [IpeoGpasoBanue 2) — ppame-
HHE SKBHBAJIEHTHO JABYM NOCJENOBATeNbHEIM CHMMETDHUHBIM OTOCpa-
JKEHHSIM OTHOCHTENbHO JBYX Nepecekaiolmuxcs npsMuix (¢ Touyxofi
nepeceueHns B LEHTPE BPallEHHs H YIJAOM, PABHBIM TOJOBHHE YIJa
Bpaluenun). Haxoneu, npeoGpasoBanue 3) — nopobye PaBHOCUABHO
JIBYM IOCJA€LOBAaTeJIbHbIM HHBEPCHAM OTHOCHTEJIbHO ABYX KOHLEHTPH-
YeCKHX OKDYIKHOCTeHl (C IEHTPOM B UEHTpe nojofHa H OTHOUIeHHEM
KBaJpPaToOB paAuyCoB, paBHHM KO3(GOUOHEHTY noAo6Hs).
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Takum oOpasom, BCaxoe JuHelHoe npeobpasoBanue (2) sKBHBa-
JIEHTHO YETHOMY YHCNY CHMMETPHYHBIX OTOOparKeHHH QTHOCHTENbHO
OPSMBIX H OKPYMKHOCTEH, DTO COpaBeAJHBO TAKXKe U AJA OeCKOHeuHo
yLaNeHHOA TOYKH, €C/IM 3a COOTBETCTBYIOLLYIO € TOYKYy OyAeM npu-
HUMATb [PH CHMMETPHH OTHOCHTEJBbHO NOpPSIMOii €e camoe, a HIpH
HHBEDCHH OTHOCHTE/NBHO OKPYXKHOCTH — LEHTP 3TOH nocneaued.
Iokaxxen, 4TO CipaBeAAHBO 0OPATHOE NPEIOKEHHNE, T. €. YETHOE YHCIO
MOC/eJ0BATENbHEX CHMMETPHIl MpPEACTaB/sfAeT HEKOTOpoe JHHefiHoe
npeofpa3oBaHue. ‘

B camoMm gaene, cammerpuunoe ortoGpawenie [z, wl?l) ornocu-
TeNbHO OKPYXKHOCTH C LCHTPOM B TOYKE 0. H pajuyca R MOXET OblTb
AHANUTHYCCKH 3aMHCAHO TaK:

w— o=

HJH
QW — o= =, (lﬁ)

Utobel npeacraBuThb aHaJWTHYECKN npeobpasoBaHue CHMMETPHU
OTHOCHTEABHO MPAMOI, NMPOU3BEAeM BCJEJ 32 PaccMaTpHBaeMoil CHM-
merpiedt lz, wl e nocnefoBaTenbHBlE CHMMETPHH OTHOCHTEIBHO
napanneabHofi npAMofl, IPoXoasINel yepes HAYAI0 KOOPAHHAT; 34TEM
ABE MOCAeAOBATENLHBIE CHMMETPHH OTHOCHTENBHO JeHCTEHTENbHOH
OCH; BCe 3TO He H3MEHHT paccMmarpusaemoro npeofpasoBaunst [z, wl;
HO, C JDYro#l CTOPOHL!, TPYHNHPYS ABE NEepPBhE CHMMETDHH, MBI MOJY-
wuM napasmaenbhsiil casur lz, z 4+ A1, rpynnupys nse caepyioulite,
Mbl [OAYYHM BpalleHHe BOKPYr Hayana koopauuat [z 4 h, (z +
-+ h) e?®], u Toraa, 4TOGH MOMYYUTH , OCTAETCA BHINOMHHTbL CHMME-
TPHIO OTHOCHTEJSbHO JNEACTBHTENLHOH ocH, T. €.

w= (24 h)e,
HIH
w==e-'%Z | e~10h, {n

4TO 4 BbLIPAMXKAET CHUMMETPHIO OTHOCHTENLHO MPSIMOH.

3 pacemorpenust dopmya (16) u (17) HeMeaneHHO BBITEKaeT, YTQ
nponsseisenHne AByX J:o0blX CHMMETpHIl €CTb JIMHelHoe npeolpaso-
Bauue. 3aMeTHB, C APYrofl CTOPOHBI, YTO JuHEHHblEe Npeobpa3oBaHus
o0pazyioT gpynny (1. €. NPOM3BEACHHE ABYX JIHHEHHBIX npeobpazoBa-
Hu#t eCrTh CHOBa JullefliHo® npeo0pasoBaHue), Mbl 3aK/Ji04aeM, 4TO
YeTHOS YHCJO MOCAEAOBATEILHEIX CHMMETPHYHBIX OTOOpPaX(eHHH IKBH-
BaNeHTHO MNPOU3BEACHHIO HEKOTOPOro YHC/IAa JIHHEHHBIX npeolpasq-
Bahuft, a 3HAYUT, OAHOMY JIMHEHHOMY mnpeoGpa3oBaHHIO.

11, Paszinuusie Tunst auneiinbiX npeofpasosatuii. Beakoe nune-
az+4 b

1oe npeofpasoBanie w = ra

OTJIHYHOE OT TOKACCTBCHHOI'O

Y Cumsoa [z, w}] oﬁosﬂaqéeT, yTo z npeoGpasyerca B w = [ (2).
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w = z, HMeeT He GoJiee IBYX HENOJABHMKHBIX TOUYEK, T. €. TOUEK, KOTOo-
pbie IIpH JuHEHHOM NPeoOpa3oBaluK NEPEXOAST CaMu B Ce6s: B CaMOM
Jiesie, 3TH TOYKH ONPEJE/IAIOTCS KaK KOPHH YypaBHEHHS

_ az4-b
t=wTd
Wil
€+ (d—a)z—b=0. (18)

Pemian kBanpatHoe ypaBHeHHe (18), Mbl mosyuaeMm JiBe HENOABHIKHbLIE
TOYKH LAHHOTO JIHHEHHOTO npeobpasoBanus:

_a—d+V{e—d® + b
= 5 .

?

StH TOuKM COBMajaloT MeXAy coboft, ecan (g — d)® + 4bc = 0
B [IPOTHBHOM CJly4yae Mbl HMEEM IABE pa3JHUHbLIE HCIIOABHIKHBIC. TOUKH.
3ameuaHue B uacTHOCTH, MOMKET CAYYHTBCH, UTO HEMNOMABHMXHOR TOUKOH
OyJzieT GeCKOHEYHO YIaJEHHAA TOHKa NJIOCKOCTH KOMIWICKCHOTO nepemesuoro z. Oue-
BHAHO, 70 6yJeT TONLKO B TOM CJyyae, Korja ¢= 0, T. e. AJs LeJoro JunelHoro
npeobpasosanns. Haxonen, ofe HENOABHMKHLIE TOYKH CIUBAIOTCS ¢ GeCKOHEUHO yAa-
JIEHHOR TOUKOH, KoTla ¢= 0 u d== q, T € B CJyyae NApanfesbHOro IepeHoca.

PaccMoTpuM Ganke nuHeitnoe npeobpasobanue L ¢ IBymMs pasany-
HEIMH HEMOABHIKHBIMH TOYKAMH, KOTOpble 0003HAYHM 4Yepe3 2; H Z,.
Jlna Goabiue# scuocTy Mbl 6yaeM n3obpaKaTb 2 H @ TOYKAMH B OAHOH
naockoCTH. [lepefileM K BCIIOMOraTe€JbHOH INIOCKOCTH, B KOTOPOI
Mb 6yneM H306paxkaTh NEpPeMeHHHe U U §, Tlle NOJOMKEHO:

u=-§j—:§:-=5(w), z ;%2—:8(2).

[

B cnyuae 2, = co HYXKHO DPHHATH:
v=w——21=S(w), g

I

22—z, = S (2).

Vs gopmyn v =S8 (w), w= L () u z= S (L) (S o3naunaer
npeo6pasoBanne, obparHoe §) Beitekaer; v = SLS™ ({).

Jas nuHeiiHoR QyHRuud SLS™!, ycranaBauBaiomell 3aBUCHMOCTb
MeXIy ¢ ¥ {, HENOABHKHEIMH Toukamu OYAyT O B oo; no3TOMY 3Ta
3aBHCHMOCTb AOJAXKHa ObiTh Buaa v = K{, rie K — HEKOTOpOE KOM-
nnexcnoe nocrognuoe, OTCI042 BHITEKAET, YTO JAHHOE JIHHEHHOe npe-
ofpa3zoBause L MOXHO NPEACTaBHTL B BHAE

W—2 _ o 2—Z (19)

w— 2, Z— 2y
und (B ciyuae z; = 00)
w—z = K(z—2).

3710 eCcTh TAK HA3LIBAEMAs HOPMAAbHAL hopMa AHHEHHOTO npeobpa-
30BAaHNA C ABYMs DPasJHYHBIMH HENOABHXKHbIMH TouKamH. [loctosn-
noe K nerko Moxer ObiTb BBIPAKEHO Yepe3 nepBoHaualbHbE KO3~
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w—2z Z— Z N
(PHIHEHTHI, €CJIM 3aMETHM, 4TO K=—w—§‘—'-5—-—;3- He S3BHCHT OT a.
42 <1

Ilonaras 2 = 0, w = b/d, Mul HalzeMm:
___a+d—1/(a_d)2+m (20)
a+d+ Vie—dF T8

B cayuae 2, = oo nmeem:

K = a/d.

M1 G6yzeM pasawuaTh TpU Cayyas:

1) K — 4ucio jeficTBUTEJbHOE U MOJGKHTEIbHOE,

2) K = e* (o 5= 0),

3 K =re* (@50, r==1).
B nepeoM ciyuae nanHoe npeoGpasoBanue (19) Mbl Ha3oBeM eunep-
60audeckuMm, BO BTOPOM —— 3JAAUMMUMECKUM W B TPETbeM — AOGKCO-
opomueckum.

Uro kacaercss reoMeTpPHYECKOro CMbICJa 3THX npeobpasoBaHui,
TO OH yCMaTpPHBAeTCsi HEMEJIEHHO B CHEUHaEJbHOM Cliyyae

v = KL. @1
Tax, runepGonuueckoMy npeo6pa3oBaHHIO COOTBETCTBYET Npeobpaso-
BaHMe NoxoGHSA, 3MJIHNTHYECKOMY —— BpallleHHe H JOKCOApOMHYe-

CKOMY — npeo6pa3oBaHne, COEJHCHHOE U3 BpauleHHs M nonobus.
B ciyuae npeofpasoBanufi (21) nepBoro u BTOPOrO THIOB 0COGYIO
POJIb HTPAOT ABE CUCTEMBI JUHKUA: C OJHOH CTOPOHBI, CHCTEMA NPSIMBIX
JUHNUH, DPOXOJSINMX Yepe3 HYJAEBYIO TOYKY, C APYrofl CTOPOHBL,
cucTeMa OKpYKHOCTell ¢ UeHTPoM B 510l Touke { = 0. O6a 3TH cemeii-
CTBa JIHHME OCTalOTCA HEM3MEHHBIMH [pPH HaIUHX OTOOPa>keHHsX.
B cayuae runep6onnueckux npeo6pasosanuii (21) kaxpas U3 ynoms-
HYTBIX NPAMBIX OEPEXOJUT caMa B cebsi, B TO BpeMS KaK OKPYKHOCTH
NIEPECTaBJAIOTC MeXAy co0oH. B caydae ke 3JIMNTHYECKHX Tpe-
obpasoBanuil (21), naoGopor, Kaxaas U3 YNOMAHYTHX OKpYKHOCTEl
nepexouT cama B cels, a NpaAMble NepecTaBJsIoTCH.

Utobbl nepeiitd X obmemy cayuaw (19), ocraercs BBeCTH B pac-
CMOTPEHHE [Ba CEMEACTBA OKPYKHOCTEH, KOTOPHIE N0J1Y4aTCa B IJ10-
CKOCTH 2z M3 NpPEABAYIIHX CEMEHCTB C INOMOIUBIY OTOODAMXKEHHA:

2-—2
C=—Z——:E;— uJaHu {;:2—2‘1.
910, oueBHAHO, OyAyT ABa CeMefCTBA JIMHHI, U3 KOTOPHIX NEPBOE
COCTOHT H3 BCEX OKPYXKHOCTEH, NPOXOASINHX Yepe3 IBE HEMOIBUKHBIE
TOYKH 2, U 23, a BTOpPOe — H3 OKPYKHOCTEH, UM OpTOrOHAJIbHBIX
(puc. 42). B cayuae z, = oo nepsBoe CeMEHCTBO JHHHH COCTOMT H3
NY4YKa NpsiMBIX C HEHTPOM B TOYKE 23, @ BTOPOe — U3 OKPYIXKHOCTEH
C UEHTPOM B 2.

Ipu runepGonnyeckoM npeoGpa3oBanHHy KaxKias H3 OKpYKHOCTEH
NEPBOTO ceMelicTBA MEPEeXONUT caMa B cefs U caMH B celsi NePEXOAAT
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TaK¥e W 00JiaCTi, OrpaHUYEHHbE 3THMH OKPYKHOCTAMH; NPH 3JJIHI-
THYECKOM MpeoGpasoBaHUH TO e MMEeT .MeCTO M0 OTHOIUEHHIO
K OKPYMHOCTSIM BTOPOro ceMeficTBa. 3aMeTHM, 4YTO MpPH JIOKCOAPOMHU-
YEeCKOM NpeoGpa3oBaHUU He CYMECTBYET NPAMbBIX HJIM OKPYXKHOCTEH,
KOTOpble Obi NePexOfuH CaMH B Ce6si BMECTE C OIPaHHYEHHLIMH UMK
obaactamu. JloctaToyHo paccMoTperb npeobpasoBaHue BHAA U =
= KU, tue | K|5= 1 u K ne siBisiercsa JAeHCTBUTE/JbHLIM MOJOKU-
TenbubM yucaoM. Tak Kak OKpyxHOCTb (npsmas) ALL -+ BE +
+BL+C=0(Au C—
e iCTBHTENbHbIE yyca)
T npeoGpasyercss B Awv -
+ BKv—+ BKv+ CKK =0,
TO Al COBNageHus o6pasa
¢ npooGpa3oM Mbl JOJKHBL
norpe6oBaTtbh  NPOHOPLHO-
HaJBHOCTH COOTBETCTBY-
onux  KoapdHuHEeHTOB B
3TuX  ypasHenuax. [lpu
A == 0 nonyyaem: BK = B,
BK = B, CKK = C, or-
kyaa B=0uC =0,71. e.
HENOABHKHAS OKDPYIKHOETh
BLIPOKIAETCSE B TOUKY § =
= 0. [Ipu A = 0 caenyer
NPENHOJOKHTD cuadasna,
yto B = 0 (uHaye noJy4ynMm
Apyroft caydafl BbIPOKICHHA HENOABHKHON OKPYXKHOCTH — TOMKY
{ = o0); torga u3 BK :B = BK:B = CKK :C noayyum, 4ro
K = K, 1. e. uro K — peficTBuTesbHoe (OTpHUATENLHOE) YHCAO,
u panee, yto C = 0. Takum ofpa3cM, B 3TOM CIEUUANHLHOM Cjaydae
camu B ceOf NepexoiAT NpsMble, NPOXOASIIHE Yepe3 HAYan0 KOOpIw-
Har. Ho 3necy npeoGpasoBanme v = K{ CBOAUTCH K COEIHHEHHIO
nofoOHs OTHOCHTENBHO Hayasa KOOpAMHAT M nosopora Ha 180°,
0651arofapa 4eMy MOJYIMIOCKOCTH, OTPaHHYEHMLIE YKA3aHHBIMH APA-
MbIMH, He NEPEXOAAT caMH B ce6si, HO MONAapHO MEHSIOTCH MeCTaMHU.
SruM ¥ 3aKaHYUBAGTCA NOKA3aTeNbCTBO HAIUEro yTBepikKieHHs, KOTO-
poe Jerko Obt10 Obl YCMOTPeTh M YHCTO I'€OMETPHUYECKH, MHHYSA Bbl-
KJIalAKH.

[Tepexoas Tenepn K pacCMOTPEHHIO JIMHEHHBIX MpeoOpasoBaHHi
C OLHOH{ HENOABHXKHOH TOUKOH 2,, MBI HA20BEM HX nNaApaboAudecKUMU.
CroBa OyneM 2 4 W H306paXKaTh TOUKaMU oAHOH miockocT#. [lonaras

Puc. 42,

U=

P {= 7=, [EpeiieM K BCOMOraTeabHoit MA0CKOCTH

£. v. B cayuae 2, = oo HYXHO CUHTaTh:
v=w § =2 22)
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IlpeoGpasobanne, cpasblBaolee § H U, UMEET E€LHHCTBEHHYIO HETO-
JABHXKHYIO TOYKY B O€CKOHEYHOCTM, a NOToMy OHO GyneT Buja v ==
= { + h. Orciopa B ofuwem cayyae HopMaabuas ¢opma napatonu-
YeCKOTO OTOGPa{€HUsl 3anMHILETCH TaK:

i 1
w—2y  2—2 +h

w =2+ h ©23)

Hiau

CnenyajbHeIM CyyaeM napabojuiecKoro npeofpasoBanus, X KOTO-
poMY NpPHBOAMTCA oOWMA cayual, 6yaer, Takum obpasom, npeobpa-
soBanue nepenoca. Ilpswmble .

AUMHHH TJockoctH {, mnapaa-
fNeAbHHE BeKTopy h, nepexo-
RAT NpM TakoM npeolpasoBa-
HUH KaXAa’s OTIACJbHO cama
B cebsi, B TO BpeMs Kak UX
OPTOrOHaJbHbIE JTHHHH, O6pa-
3ylomHe Apyroe  CceMeficTBO
napajJieIbHblX NPAMBIX, Ie-
pecraBasaoTes MExAy cofoii.
Posb TOAbLKO 4TO YROMARYTHIX
ABYX CEMEHCTB NPAMBIX JIMHUMA
NPUHHUMAIOT B IJIOCKOCTH Z CO-
OTBETCTBYIOLLYE HM JiBa OPTO-
TOHAJbLHBIX CeMEHCTBa OKpPYXK-
HOCTECH, KOTOpHE TNpPOXOAAT
yepes TOUKY 2.

OXpYIKHOCTH KaXJOTo ce-
meicTBa, Oydyunm H306paxe-
HHAMH Napa/JejbHbIX OPAMBIX, AO/KHBI HUMETh OAHO M TO JKE Ha-
NpaBJieHHe B TOUKE 2,, T. €. JOJDKHBI B 9TOH TOUKE KacaTbCs OAHOH
u Toit ke npamoii (puc. 43).

3nech caMH B ceffi NEPEXOAAT OKPYNKHOCTH OJRHOTO M3 YKa3aHHHIX
CeMEHCTB, NpypyYeM OrpaHHYHBaCMble HMH OOJacTH NEPeXOAnT caMu
B cebs.

12. Tipupona meoitneix Touek. Ilycts { -— nBoiiBas Toyka mnpe-
obpasosanus lz, f (2)], 1. e

Puc, 43.

H© =g

Jie:kalias Ha Koneunom paccrosnnu. Hasoeem Touxy § npumseuea-.
fouyeli, €cau B JOCTATOYHO MAJOH ee OKPeCTHOCTH HMeeT MecTo He-
PaBEHCTBO
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ByneM Ha3bIBaTh €€ omma/zrcueatozqeﬁ, €CJIH B JOCTATOYHO MaJofi ee
OKPECTHOCTH BBIMOJMHAETCA HEPABCHCTBO

QA

Haxkonen, wnasoBeMm jBofinylo TOUKY 6e3padAutynofi, €CAH MOAYJIb
YKa3aHHOTO OTHOLIEHUS HMEET Tpejes, PaBHBIA eIuWHHLE, KOIja 2
crpemutcsd K §. To ke onpefeneHue BO3MOMXKHO PACMpOCTPAHUTh U Ha
IBO#HYIO GECKOHEYHO YAAJEHHYIO TOYKY, 3aMeHss npeabgyluee oTHO-

4
HIeHue yepes j——i.
PE TR

Cunran npeobpasosande [z, [ (2)] aHanuTHueCKuM, pacCMOTPHM
nponssoanvio f' () = s; YHCJAO § HA3BIBAIOT MHOX Umeaes NBOHHOH
toukd. OUeBHAHO, HMEET MECTO CJeAVIOliee 3aKJIOYCHHE:

ecan | s| < 1, § — npumseusaroujas Oolnas moyka, TaK KaK B ee
oxpectioetn | () — L] <|z— L] (] + e);

ecan | s] > 1, { — ommasxusarowjas 0solinas mouka, NoToMy 4TO
B ee okpectnoctH |f () — L] >|z— & (s]—e);

ecan |s| =1, { — Geapasauunas Osoinas mouka.

Obpamascy, Tenepb K JUHEHHOMY Npeobpa3oBaHuIo, NPEATIONOKHIM,
9TO OHO MMeeT JBe ABOHble TOYKH lia KoHeuHoMm paccrosnuu. [lpu-
Beas ero K HopmasasHoil ¢opme (19)

w—2y 27
w—2zy, = 72—z~
MBI MOJIyHaeM:
W—2 g W2
z—2 =K z2—25 '
OTKYyla CJaCAYET:
. —_ dw
lim e—n _ K, wuan (—-) =K.
22, zZ—2 ’ dz [ z=2,
AxasorudHo Hajjiem:
. -2 1 dw i
lim2 =% — Bt (.__.> = —,
im Z2— 2 K ? H dz Z2=x2y K

22y

Taxum 06pa3oM, ABOIHBE TOUKH ATHOTHYECKOTO Npeo6pasoBaHHs —
Geapasauynbie. B npeo6pasoBaHHAX TIUNEPOONHYECKOM H  JIOKCO-
APOMHYECKOM JBOFHBIE TOUKH HMeIoT MHOXKHTeNH K u 1/K: onna Touka

6yaeT npuTAruBalomeld, aApyras — oTTajdkuBawomel. Hakoneu, 3
o 1
HopManbuo# opMBl 1apaGosHYECKOro npeoGpasoBanui —— — ==
— €0
1
= ——— - h caenyer:
22
w—12; . -
= = I — b (w—z),
OTKYyAa
. W~ 2
lim o= |,
iz, 2%
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T. €. 1BoHiHAas ToYKa NapabosM4YeCKoro mnpeoGpa3soBaHHs ecTh 0es-
pasjH4Hag. Bce sTH pe3yJabTaThl JIETKO pacCHPOCTPAHHTb Ha c/ayuvai,
KOFJa JBOHHAs TOYKa JEXHT B GeCKOHEUHOCTH.

13. FeoMeTpHuyecKass MHTEpPNPeTAUHs JUIMNTHYECKOrO npecdpaso-
BaHHA. PacCMOTPHM NpOH3BOJLHYIO Cdepy, PACMONOKEHHVIO TaKHM
0o6pasom, yToOb! HEMOABHKHBIE TOUKH 2; H 2 IJJHNTHYECKOTO npe-
obpasoBanus Oblik cTepeorpaMyecKMMH 1NPOCKUUAMH KOHIIOB He-
KOTOpOTo Anamerpa chepsl.

Jlerko BHAETb, YTO CEeMEHCTBY OKPYMKHOCTEH NJAOCKOCTH, mnpo-
XOASIIHUX Yepes z; H Z,, OYAYT COOTBETCTBOBATH GONBINNE KPYTH ChepH,
NpOXOAflliHe uepe3 KOHIBL JHaMeTpa (MepHAHaHbl), H CeMEHCTBY
OKPYXKHOCTEH IJIOCKOCTH, OPTOTOHA/JbHBIX K NEPBBIM, OyIyT COOT-
BETCTBOBAaTh KPYTrH CQEPH, MJIOCKOCTH KOTOPLIX MNEPNEHANKYJISIPHBI
K auamerpy (napanjenu). Ilpm sanamnTudyeckoMm npeobpa3oBaHHH
OKPY2KHOCTH MEepBOTO CeMEHCTBA NepexXoisiT APYT B APYTa, a OKPYX-
HOCTH BTOpOro cemeiictBa nepexoisrt camu B cebs. CrenoparenbHo,
TOYKH C(Eepbl, COOTBETCTBYIOLIHE TOYKAM INIOCKOCTH, NEpPeMeilaroTcs
€ MepHJiiaHa Ha MePHUAHAH, OCTaBasICh HA OJHHMX H TeX XKe Nnapasjiensx.
dro npeobpaszopanue cdepsl B camoe cebs MOKeT OBITbH [I0JYYEHO
nyTeM TOBOPOTa €e KAaK OJHOTO LEJOro BOKPYT paccMaTpHBaeMOro
Auametpa. B camoM Aese, yIibt MexxAy MepHAHAHAMH B CHJY CBOCTBa
cTepeorpaduyeckoll NpoeKuHH, ykKasaHHoro B § 4 ri. I, paBubl
yryiaMm MeXxAy COOTBETCTBYIOIMMH OKPYXKHOCTAMH NEPBOTO ceMeiicTBa,
HO Yo MexAy MO0 H3 3THX OKPYIKHOCTEH M MOJYYEHHOH W3 Hee
JIHHEHHBIM npeobpasoBaHHeM B CHJAY KOH(QOPMHOCTH OAHH H TOT XKe
n pareH o. [losToMy H yroan mMexAy JOOLIM MEpUAHAHOM H MOJYYeH-
HBIMH U3 HEro nocje npeoGpasoBaHis TaKxe PaBEH o. A 3TO W 3Ha-
4AT, yTO npeobpasoBaHue CEpbl, COOTBETCTBYIOLIEE B CUJIY CTepeo-
rpaduueckoll NPOeKUHH 3JMHITHYECKOMY Mpeobpa3oBaHHIO, CBOIUTCA
K HOBOPOTY C(ephl OKOJIO AHAMETPA HA YroJa o.

14. Xapaktep mpeoGpa3oBaHusi Kpyra camoro B cefd. Bcsakoe
JiHelHoe npeo6pasoBaHue, KOTOPOe COXpailsieT OKPYKHOCTB BMeECTe
C OTPaHHYEHHOH €0 06J1aCTbi0, HEOOXOAHMO AOJIKHO OBITH >JJIHNTH-
YeCKUM, THNepOOJHYeCKUM HJIH napabosnd4ecKHM (HO He JIOKCO-
apomuueckum). OO6paTHO, AAA BCAKOH OKPYMKHOCTH MOXKHO HaHTH
NMHEeRHbe NPeoOpasoBAHKA THX DAa3NHUHBIX BHAOB, KOTOPHIE COXpa-
HSIIOT 3Ty OKPYXHOCTb H He 00paiaioTcs B GeCKOLCUHOCTh BHYTPH Hee.

B camom jaene, 10oCTAaTouHO CHAYANA MPOHU3BOJNBHO BHGParh ABOH-
HLl€ TOYKH, CHMMETPHYHBIE OTHOCUTEALHO JAHHOH OKPYXHOCTH HJH
pacioso:KeHHpie Ha OKPYKHOCTH (Pas/iHYHbIe MJIH CJAHBIIHECS B OAHY),
3areM ONpPEJENHTb mapaMerp K HJIH A Tak, 4To0bl JHHefHag NOA-
CTaHoBKa ofpamanack B OECKOHEYHOCTh B TOUKe, 3alaHHOH BHe
oKpyxHocTH. Torga, O4eBHJAHO, BHYTPEHHOCTH OKDYXKHOCTH Oyaer
COOTBETCTBOBATbL OHA CaMma, H IOJOXKHTEJNbLHOE HanpaBJeHHe Ha KOH-
Type coxpaHsercs. B asanunTuyeckoM npeo6pasoBaHHH ABOIHBIE
TOUKH OyLyT CHMMETDPHYHBIMH OTHOCHTENbHO JaHHOH OKPYMKHOCTH.
OKpYKHOCTH NyuKa, JJIS KOTOPHIX NBOHHLIE TOUKH SIBAAIOTCH CHM-
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METPHYHBIMH, OYAYT HHBAaDHAHTHLIMHM, @ TAKXE HHBAPHAHTHLIMH
6yAyT KoJbLia, OTPaHUYEHHbIE ABYMA M3 HuUX (puc. 44).

C ToukHM 3peHHsi NPOEKTHBHOH reOMeTPUM B 3TOM C/ydYae Ha MH-
BAPHAHTHOH OKPYKHOCTH YCTaHABJIHBAeTCA TPOEKTHBHOE COOTBET-
CTBHE € MHUMbLIMH IBOHHBIME TOUKa-
MH, TaK YTO TOYKH OKPYKHOCTH nepe-
MEIATCA B OAHOM M TOM )K€ Hampas-
JiennH (10 YaCoBOH CTPEJIKe HJIH NPOTHB
4acoBOH CTpesKH).

Ecau npeoGpa3osanue runepGosiu-
4ecKoe, TO /JBOHHbIe TOYKH HaXoaATCsA
Ha OCHOBHOM OKPYXKHOCTH, H OKPYX-
HOCTH Ny4Ka, NMPOXOAAIIErO Yepes 3TH
JBOHHBIE TOUKH, GYyAyT HHBAPHAHTHBL,
CeA0BATENbHO, OYAYT HEH3MEHAEMBIMHU
JIYHOYKH, OTPAaHHYEHHBIE ABYMA 1yTamu
OKDPYKHOCTEH C OKOHEYHOCTAMH B ABO#i-
HBIX TOYKAX 2z;, Z (puc. 45).

C reomerpHueckoff TOUKM 3pEHHA
HAa HIIBAPHAHTHOH OKPYXKHOCTH YyCTa-
HaBJHBABTCA NPOCKTHBHOE COOTBETCTBHE C JEHCTBHTCAbHBIMH ABOM-
HBIMU TOYKaMu 2z, u 2,. Ha BCcakoft ayre 2,2, npeobGpazoBanue
OCYUIECTBACT [EepeMelleHHe TOUYeK OKPYXKHOCTH B HANPaBACHHH
OT 2, K 2,, €CJ1¥ Z; — OTTAJKHBAIOIIAA TOYKA, a Z, — NPHTATHBAKONIAR.
OKpy»xu0CTH, KacaTeNbHble K OCHOBHON B KaXKAOH U3 JABOMHBIX TOUEK,
nepecrasAAoTes Mexk1y coboil. OdeBHIAHO, B OTTa/AKHBAIOUWEH TOYKE

2
2,/ 2,

Puc. 45. Puc. 46,

Puc. 44.

JOCTAaTOYHO MaJible OKPYXKHOCTH YBeJAHYHUBAIOTCR MPH (OMOILU mpe-
o06pa3osanus, B HPUTATHBAIOLIEH Xe TOUKE — YMEHbUIAOTCH.

B cuny HcenenoBaHis- COOTBETCTBHS HA MHBADHAHTHOH OKDYXKHO-
CTH 3aKJIIOYaeM, UTO MPEeALIAYIee NPeAJOKEeHHe CIIPABEAJIUBO J5 BCeX
OKPY KHOCTEHl, BHYTPEHHUX K OCHOBHOA M KacaTe/JbHBIX B ABOMHHON
TOYKEe, a HE TOJbKO /1A JOCTATOYHO MAaJbIX.

Ecnu npeobpasosanue napaboudeckoe, TO HMeETCs OAHA ABOH-
HAR TOYKA HA OKPYKHOCTH, H KACATe/IbHLIE K HEd OKPYXKHOCTH B JABOf-
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HOH TOuke ABJASIOTCH Heu3MensembiMu. CrepcBarenbHO, GYAYT He-
H3MEHAEMBIMH TaKXXe KPYTOBBHIE JYHOYKH, OTPaHHYeHHEIE ABYMSI CO-
NpHUKacawEMICA B IBOHHOR TOUKe OKpYxHocTaMH (pHc. 46). C reop-
METPHYECKOH TOYKH 3PEHHS Ha WHBADHAHTHOH OKPYXKHOCTH YCTa-
HaBJINBaeTCs MPOEKTHBHOE COOTBETCTBHE CO CAHMBLIMMHCS ABONHBLIMH
TOYKaMH; Npeo6pa3cBaHHe OCYIIECTBJASET NEpeMEeHHOE NepeMeleHne
BCE€ BpeMsl B OZHOM HanpaBJEHHH.

§ 2. Jluneinnle npeoGpasoBanua H reometpus Jio6auesckoro

1. EBkanposo usoGpaxenne recmerpun Jlo6auesckoro B Kpyre. Mssectno, uro
AKCHOMATHKa TreomeTpuu JIOGAUeBCKOro OTJIHUAETCH OT AKCHOMATHKH TreoMeTpuu
EBXauJa TOABLKO B OLHOM NYHKTE, a HMEHHO: BMECTO noctyJiara EBkamia o napas-
JeNBHBIX NPSAMBIX «4€pe3 TOYKY, BHEUIHIO K TpPSMOH, MOXHO NPOBECTH NPAMYI
W NIPUTOM TOJNbLKO OJIHy, He BCTPEYAIOUIYIOCSH RaHHOH NPSIMON», BBOZMTCH CJEAYlOMIMil
noctyJsar Jlo6aueBCKOro «yepes TOYKY, BHEINHIOW K NPSMOM, NPOXOAHT GeCcKoneyHoe
MHOXKECTBO NpPAMBIX, H€ BCTPEYAlOWHX JAaHKON NPsSMON; 3TH NPSIMBIE 3aKOJHAIOT
HEKOTOPHIH yTOJI, CTOPOHBI KOTOPOTO — TPaHi4Hbe
NpAMBIE — HA3bIBAIOTCS NAPAAICAbHo MU JARHOH nps-
moity. TIpH 9TOM «CBOMCTBO mapajsennsma RBYX nps-
MBIX HE 33BHCHT OT TOYKH, BuIOPanHOit Ha OUHOM WJK
ApYro# mpsmoii».

UToG6b BHINONHHTbL €BKJIKROBO M306paxenne sToli
reoMeTpnH, Mbl GyA€M PacCMaTpuBaTh B 4acTH €BKJH-
ROBA NPOCTPAHCTBA EBKJAHIOBBI TEOMETPHUECKHE e~
MEHTH H Onepalul, KOTOPHe 3aCTaBuM COOTBETCTBO-
BaTh SM€eMEHTaM M oOnepanusM reomeTpuu JloGaues-
cKxoro, 0603Hauast UX TEM Ke HA3BAHHEM C NPHCOENH-
HEHUEM SMHTETA «HEEBKNIHJAOB®;, Mbl YCTAHOBMM, HTO
5TH daementnl 06/1afialoT CcBONCTBAMH, BhIpaXaloumy-
MHCSl B VKA32aHHBIX TEPMHHAX TOCPEACTBOM (yHRaA- Puc. 47.
MEHTANbHEIX NPENOXKeHnli reomeTpun JloGauenckoro.

QGo3naunpyM uepes G BHYTPERHIO BacTh €BKJAHKOBCH OKPyXuocth [, Kasmpa-
emoii  ¢yndamenmanrcroil. YCHOBUMCH 82 HEEBKAMAOBY TOUKY NPHHEMETL TOUKY
BHYTPH I', 32 HEeBKJWJOBY NPAMYIO — YacTb OKPYMKHOCTH, OpToroMaavuoii x T,
pacnonoxenHnyio Ha G. Uepes 1Be Toyku A, B NpPOXOART €IHHCTBEHHAS HEEERRINACBA
npaman A (puc. 47); sra okpyxHocT A BeTpewaer I' B Toukax o u B. Ilo onpe-
AEJICHHIO HEEeBKJIHAOBO PAcCTOAHHE MexAy TouKam# A u B Oyzner JorapudM aBrap-
MOHHYECKOTO OTHOIIGHHS uYeThipeX Touek o, P, B, A OKpyxHocTH A ¢ TOYHOCTbIO
JI0 MHOXKHTEJIs k, KOTOPOMY MOXXHO NPHINCATh NPOH3BOJbHOE NOJAOXKHTEAbHCE YHCIO-
BOE 3HAUEHHE:

D (A, B)y= kin(a, B, B, 4)> 0. (24)

Jlerko BmjeTb, uTO HeeBRANJ0BO paccrosune D (A, B) neorpamuuenno Bospa-
€TaeT, KOoTZla ofiHa n3 ToueK A uin B ctpemntes K @ uan P. Taxnm o6pasom, Okpyx-
HocTb ' MOXeT 6LITh paccmaTpuBaema Kak n306pa)eHne MHOMKeCTBAa GeCKOHeuHc
YAAneHHEIX TOuY€K HeeBKJAWIOBON miockocti. [lo onpefesenmio HeEeBKAMIAOB YroJ
MEXAY ABYMsl HEEBKJMIOBHIMH NpPAMBIMK GyJeT yTJIOM MeXIy ABYMsi COOTEETCTBY-
IOIUMH OKPYKHGCTAMH. HeeBkauloBbl nepevemennst GyAyT JuneiiubiMu npeoGpaso-
BaHWAMH, COXPAHAIOWMMHE BHYTPEHHOCTL OKpYyXHocTH I.

UtolL 1n0Ka3aTh, YTO TH OnpelefeHns yROBATBOPAIOT NOCTYJIaTaM TEOMETPHH
JloGayeBckoro, KOHCTATHPYyEM, He BXOAf B AeTaH, Jillib CJAEAYIoee:

a) HeeBRANIOBL mnepeMewenns COXPansioT HeeBKJAKLOBH NPAMEE, PacCTONRHA
H yIb. 3TO OYEBHIHO B CHAY CBONCTB JuHeHHBIX NpecOPasoBanul, COXPaHMIONIAX
BHYTPEHHOCTh OKpYMHOCcTR T,
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6) HeeBK/JHIOBH PacCTOSHHA CKAaALIBAIOTCA H3 HeeBKAuZ0BOR mnpamofi, T. e.
ecin A, B, C — Tpi TOuKH Ha HeeBKJAKAoBofi npsamoit, 1O

D (A, C)=D (A, B)+- D (B, C). (25)

JHebicrButennto, 0603naunM yepes o, P, a, b, ¢ aPPUKCH B KOMIIEKCHOH MIOCKOCTH
touek o, B, A, B, C OKPYXHOCTH A H TOKameM, 4TO

X (& B, ¢, @)+ (&, B, b a) (e, B, ¢ b).
v CupaBefJHBOCTh TIOCAEJHETO paBeHcTBa JIeTKO HpoBe-
PHTb, HANKCAB €r0 B PACKPHLITOM BHJE:
‘ é c—a a—2@
[ T=F T—a :
//// :b—a.a—ﬁ.c-—a b—p
b—B a—oa *

c—p b—a
/ JlorapudMupys 3TO paBeHCTBO H yMHOXas Ha &,
naiifem (25
B) [locryaar JloGauesCKoro o0 NapaijesbHbIX
Puc. 48. BHINOMHSIETCH.

PaccmoTpuy HEeBKJIMAOBHL INPSiMbie, BBIXOASULHE
u3 ToukH P, W M3yuuM HX PpacroNOXEeHHEe OTHOCH-
Telblo HeeBKAWA0BOH mpsamoll A, He cofepxaweid - P. BBoas OKpyXHOCTH
Po., PB, xacatenpHme X A B Toukax ¢, f, Mbl BuAKM, YTO HeeBKJWNOBH npf-
MBI€, BHIXOASKE H3 P, PasieisioTcs Ha ABa KJacca: BCTpevaiomue A u ee He BCTpe-
yaolye; NOC/IelHKe NPHHALTEKAT HEKOTOPOMY YIVY, 32lITPHXOBAHHOMY Ha PHC. 48,
orpanpueniiomy npsiMbina Pe, PP, napaanensubivi npsmoft A. Tak xax ycjosue
napajsesusMa Belpacaercs NPH H306paeHur yCIOBHew BCTpedd B ToUKe dyHAa-
MEHTaILHOH -OKPYXKHOCTH eBKJAMAOBLIX OKPYXKHOCTEH, OPTOTOHANBHBIX K OCHOBHOM
OKPYKHOCTH, TO OTCIOA@ CTaHOBUTCH OUEBHAHBIM (OP«
MyJHPOBAHNOE Bbillie CBOHCTBO Mapaielu3ma.
2. BhiuMcheyHe HEEeBKIHMOBA PACCTOSHHSA ABYX To-
4eK ¢ AaHHbIMH adbukcamu. Ob6o3naunm addukch Aau-
HBIX TOYEK uyepes 2y, Z; U BLITONHUM HEeBKJAHAOBO nepe-
MemeHHe, nepesoismee z; B uesTp O oxpyxuocerd I
(puc. 49). Ecau I ecTb exnHuYHAasm OKPYKHOCTB,
a Wy — TOUKA, COOTBETCTBYIOHAsE TOUKE Zp, H {W;| =
= r, TO

D (21, 22) =D (0, wﬂ =

=kl (=1, 41, 1, O =kln 4L, r
Puc. 49.
B camom Zzene, [IpH HEEBKJHAOBOM fepememye-

YUK HEEBKJWIOBA NpAMAs 212, NEPEXOIANT B NPAMYIO
Ow,, npuuem D (23, 2,) = D (0, @,). C Apyro#i CTOPOHB!, NOCPEACTBOM BpalEHHA
OKoJIo Touk: O TOYKa W, NEPexXoiT B TOUKY C adduxcom r 4, suauut, D (0, wy)=
=D (0, r).

OkoliuaTeJbHO HAXOAUM:

D, 2) =D (0, N =kin(—1, +1, r, 0) =k ln =12,

4TO ¥ HYIKHO ObIIO BOKa3aTh.
Hrak, utobul BuIpa3uTs D (z1; 2,) yepes addukcel TOUEK 21 H 23, OCT2ETCA CAL/ATH
310 B 7 == {W,|.
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Bamerus, uTo Jnmuefinoe MpecBpasopane, MepeBOATWEe zi B LEHTP OKPYHKHO-
ctu T u coxpausiomee 31y OKPYXHOCTb, €CTh

w = e'® Z—2
- 5 b
1-—22,
o e —2 23— 2
naxoquM; w, = e'® 2 ZL_ y sgauur, r={w,|=|———2-1. Hrag, wet
2 1 —2,3, 2 = 1 — 2,3,

MOMYUHIH CACAYIOUYIO GOPpMYAY VIS BLIUMCIACHHST HEEBKJIHA0BA DPACCTOAHUA MEMAY
IBYMSl TOYKAMH C JAHHBLIMH ad@uKcami 21 H 2,

Dy z=kin + 0, (26)
rae
] z—z
TET /5,

3. HleeBKAMZOBA OKPYKHOCTD, [10 ONPENCNCHHUIO HEEBKAUGOSOL OKPYICHOCIbIO 11a-
30BE€M MECTO TOYEK, HEeBKJHAOBO pacmomme KOTOPBIX RO }laHHOﬁ TOUKH eCTb Ilo-
cronnioe unesio d (d > 0). Ha ocHosannn dopmysl (26), ec/in z; ecTh JaHHAR TOUKEs
TO HEeeBKJHAOBA OKPYXKHOCTb ecTb €BKJHAOBAa KpuBas, HMeIOWast ypasHeuue

2—21 ek g

T—zz, | &F 11"
iy

22l y erE—1 )

2_;_11_ k]

U3 nocsejnero ypaBHelHs Mbl YCMaTPHBaeM, YTO OHa H300PaXKaET OKPYIKHOCTD,
BHYTPeUHon R (GYHAAMEHTAIbEOH, NMPHHALIEKAULYI0 K NMYYKY OKPYMKHOCTEH C TOY-
wamy [loucese 25 u /2y, civMeTpHUHBINE oTHOCHTeMbHO I'. Toukamu ITonceae nyuka
OKpYKLiocTell HA3HIBAIOT jBE TOUKH, CHMMETPUYHLIE OTHOCHTEALHO KaxI0fi OKpYyK-
HOCTH Ny4Ka, HJH, 4TO TO e, OCHOBAHKE NTyYKa, OPTOrOHAJBHOTO K AanHOMY. Besikasg
BuyTpenssis K I' OKPYXKHOCTb MOXET ObiTh, OYEBHIHO, PaccMaTpuBaemas H NPHTOM
ONHO3HAYHBLIM CNOCOBOM KaK HeeBKMAHIOBA OKPYXKHOCTb. Touka zy HasHIBAETCH He-
e8KAUC0BbIM HEHMPOM, MEeBKAMAOBE IPAMbE, BBHIXOAAIINE U3 23, — HEEGKAUOOCHLMU
paduycam. JIETKQ BUAETb, UTO OHH OPTOTOHAJbHBI K HECBKJAHAOBON OKPYKHOCTH H KO
BCeM OKPYKHOCTSM C TeM ke HeeBKIHIOBBIM LEHTPOM. B camom jene, 510 GyAyT
OKDY:HOCTH, OPTOTOHaJbpEBLIE K I' M mpoxojsimue uepes 2zj, a 3HAUMT, OHM OyayT
OPTOTOHATBHEL KO BCEM OKDYMKHOCTSM TMydYKka ¢ Toukamu [loHcene zy u 1/Z.

4. Heesxkaunosa nnuHa kpuBoil, Jmuwa jyrit Kpusoit B reomerpur JloGaues-
CKOTO OnpeiessaeTes, KaK H B €BKJIMAOBOH recxeTPul, NOCPEACTBOM BIHCAHHOI B Hee
JIOM2HOH JMHBMH M nepexofa K npeneny. Orciofa cnefyer, uTo AJf ONPEnc/eHHs He-
eBKJPAOBON ANXHbl AYTH KPHBOH HYMKHO B3STb TOYKH Je/CHNHS HA €BKAMAOBOw H300-
paxennn, o6pasoBaTb CyMMY HEeBKJMAOBSIX PacCTOSHMI BCEX map MOCIICAOBATENMD-
HHX TOYeK ¥ nepefiTu K npejeay. Mbl 3Haem, 9TO HEEBKJHIOBO PACCTOSHHE TOUCK 2

14r
u 2+ Az paBHo £ In rae
+ P T—r ™
T
E=TEYYHE
Cuutas Az 6eCKOHEHHO MAMBIM, Mbl BHAHM, UTO 3TO PAcCTOAHUE 3KBHBAJIEHTHO

2k | Az|

M= T A A
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2% (A2)
1 C1eIOBATeJbHO, T Takim 06pasoM, MR NOJYyaeM, 4TO
2k Az)
Dz, 2+A2)—m (I -+,

TAe & CTPEMHTCA K HYMO BmecTe ¢ | Az| paBRoMepNO OTHOCHTENLHO 2z BO RCAKOM
3aMKHYTOH oOaactu, pacnoamxkennoit BHyTpn G. OTclonpa HenocpeacTBeNio BHAHO,
YTO HeeBKJICRa Aanka nyru L, sBHyTpennest k I', Gyner:

k [ _2ds @7)

=]z "

5. Heeekamaora nacwaxs. [Liomagpr obaactn d B rcomerpun Jlofiaueeckoro
onpeaensercss, Kak M B €BKAMAOBOH reOMETPUH, NMOCPEACTBOM BNUCAHHOTO B d KBa-
APUABSKA H nepexola K npeacay. Orciofia CAeAyeT, UTO AN ONPCACNCHNS HECBKJN-
JIOBO TJIOLIAAH HYXXHO B3Th Ha eBKJINAOBOM H300paXKeHUN d KBAADHIABAN N3 OKPY K-
HocTell, opToronaipHoiX K I', 00pasopaTh Cymmy HEeBKABJOBLIX MJOIBLCH BCeX €ro
SJIeMEHTOB M MepeiiTH K npepeny.

M3 n. 4 Mpt ycmaTpuBaem, UTO 3JEMEHT HEeBKJAMIOBOH IVIOLIAAM MMEET BbIPa-

4k2 dw .
JKeHpe —(_I—Tﬂ"_'z’ rie d® — 3JeMenT eBKAHACBON miomanu. OTCIORa MBI 34KJ10Y4EM,

— BN
YTO HeeBKJMJCBA MJOMAAL o0NacTH d, BHYTpeHHel BmecTe co cBoeR rpanuned k G,
Oynet:

4 do 4 dx d
}32Jj__77=132jjT—y~25" (28)
(I—qzf) (I—12}?)
d d

6. Topuusxasl.  PaccMOTpuM  CeMEHCTBO  HEEBRJHICBLIX  MapasJeldbHEX
mvexzy coboit  npavwx, u3obpaxaemeix na  puc. 50 OKPYXKHOCTSMH, OpTO-
’ rosansHsiMa K I' B Touke o. MX opToronanbuuie Tpa-
eKTOPHH 1306paxaloTcsi OKPYIKHOCTAMHM, KacaTClb-
HbiMp K I' B TOUKE O, H HASBLIBAIOTCS 20pULUKAGMU.

Jlerko nokasaTb, 4TO HEEBKJAMAOBA AJHHA 9acTed
HECBRJIMAOBLIX NPSIMBIX, 38KJIOUCHHBIX MeMJIy JIBYMS
ornpeieseHHLIMH TOpHUHKAamu, OyIeT OJHa H Ta xe
1715 BCETro ceMeiicTBa HEeeBKJAORLIX NPSMbIX, COOTRET-
CTBYIOWIHX OJHO{l M TOli e Touke ot J[leHcTBiiTennho,
BHIIOJIHHM  JIHHCHHOE npeofpascBaHue, nepeBoasee
TOURY @ B @eckoneuno yjanennywo. Ilpu stem 06-
aactb G nepeijieT B NOJNYIIOCKOCTh, HEEBKANAOEL NP§-
MBI, TPOXOAALE uepe3 ¢, nepedayT B noaynps-
Mple, Nepnenaukyaspupie K rpanuue I'y noaynao-
CKOCTH, ABa FOMIUHUKJNE npeoﬁpaaywrcn B ape npambie,
napanneﬂbﬂme C rj, HaKOHEll, NeeBKJHAOBA JJHHA
yacrei HEEBKJHAOBLIX NMPAMbBIX, 3AKJIOUCHHLIX NeXKIY
ABYMS] FOPMUMKJAMY, CTAHOBUTCA paBHOH HEGRKAHMAOBOM AJHHE COOTEETCTBYIOIMX
napanyieNbHbIX HpﬂMOJIHHeﬁHHX OTpe3Kos, JaKJOUEHHBIX MeXAY napangeJeHbIMU
I‘lpﬂMbIMH, OTKY/Zla BBLITEKAET, UTO 3Ta IJUHAa CoXpanser eu3MepHoe 3HauveHue NNK
BCEro cemeficTpa.

7. Iunepuukanl. MBI BUEEJH, YTO OPTOrOHAJNBHBIMH TPAEKTOPHAMH HeeBKJHKO-
BpIX TNPAMBIX, BBIXOAALHX H3 OI[HOﬁ TOYKH, CJHYXAT HCEBKJ/HIAOBH! Ol(py)KHOCTH
(OKpPyXKHocTH, BHyTpeHHue K I'); B npeApiiyIueM NyHKTe Mbt OOHAPYXKHIH, UTO OPTO-
ronajJbHble TPAGKTOPHH CEMEHCTBA MApaJeNbHBIX HEEBKJAWAOBHIX NPAMBIX CGYAyT
TOpBUMKAL (OKPYXHOCTH, KacaTedsHme K T). )

Htak, MB paccMmoTpesn, C OIHONH CTOPOHBI, CEMEHCTBO HEEBKJMUOBEIX NPIMHIX,
n300paxkaemMbiX NYYKOM OKPYKHOCTEH, OpToroHadbHuix K I', ¢ AByM& pelicTBUTENb-
HbIMH LEHTPaMH, € JAPYTOff CTOPOHH, CEMEHCTBO MapansiesItHHIX HeeBKAHAOBBIX npsg-
MLIX, H300pax<aeMBIX IyYKOM OKPY#HOCTEH, OpToroHadpHuix X I', ¢ olHuM LEHTPOM.

o

Puc, 50,
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Teneps €CTECTBCHHO PACCMOTPETH cgmeﬁcrso HEeBK/INJOBHIX NPAMBIX HHOTO BHAA,
H306paKAeMBIX [TYYKOM OKPYXHOCTE[, OPTOTOHAMLHBIX K I', ¢ MHEMBIMH UEHTpamH.
Touku [loxcene o, f storo myuxa, OUeBUIHO, ACHCTBUTeNpHLIE H Jexar Ha I'; oun
C/y»KaT UEHTPAMH TyYKa OKPYHHOCTEH, OPTOTOHANBHBIX K PacCMATPUBAEMOMY NYUKY.
Buytpennue K I' yacti oxpymHOCTEH, NPOXOAAUIMX
uepes o, P, Hasobem aunepyuxranu (puc. 51).

Mb!l BufedH, YTO [i@eBKJAMIOBA OKPYIKHOCTh eCTh
reoMeTpHISCKOe MEeCTO TOUEK, HEeeBKJIMAOBO paccrtod-
HHE KOTOPbiX [0 HAAHHOH TOUKH — LEHTPA — €CTh
pesipukia rnocroguuas. Ilokaxem, uTo THUREPUHKI
eCTh TEOVMETPHUYECKOe MECTO TOUEK, HEeeBKJAMACBO pac-
CTOSIHHE KOTOPbIX [0 J4HHOH HEeBKAMAOBOA npf-
MOH af ecTp BeHYHHA NOCTOSTHHASA.

C 3TO# UEABIO BHINOJHUM JuHeHHoe npeobpasosa-
Hue, nepesofsiee o B 6eCKOHeUHOCTh. Toraa obaacts G
BayTpeHssas K I', mpeobpasyeTcs B NOJYHJIOCKOCT,
I' — B opamyo I’y rpauumy 5ToH MNOJNYIJIOCKOCTH,
HeeBKJAuAOBa npamasi af — B molynpamyio, nepne-
auxynspuyo K Ty B Touke Py (puc. 52). Bonpoc cso-
AWTCH K TOMY, 4TOObl HAfTH B [OJYTJIOCKOCTH F€OMeT- Puc. 51.
puyeckoe MecTo Touek A Takux, 4To Ha OKPYIKHOCTH
¢ ueutpom Py, Tpoxoiswell uepes M, anrapMoHuuecKoe oTHowenuwe (u, v, M,
W) HMeJo JAHHYIO TOCTOSIHHYKO BeAuuuHy, The 4, v — Touku ua Iy, w — Tou-
Ka Ha MOJynpaMO#H.

Mgt no/yduM ABA FeOMETPHYECKKX MECTa B 3aBHCHMOCTH OT TOTO, OyJeT Jy To4Ka
C OAHOH MJIM C APYTO#l CTOPOHBL OT MOJynpsAMoR. UToOGbl OnpeAesuTs 5TH TeOMETpHU-
4ECKHE MECTa, HYMKHO BBECTH B PaccmoTpeHue uyeTeipe Jyua: uw, uM, uv ¥ xacatean-
HYIO K OKDYXHOCTH B TOYKE U, W 3aMETHTb, YTO HX AHrapMOHHUYeCKoe OTHOWeHHEe
KO/DKHO GbITh HEH3MEHHBIM; 5TO GYAET JHILb B TOM Cydae, KorAa yrox ufi M coxpa-
HACT HEM3MEHHYIO BEJIMUMHY M, 3HAUMT, TOUKa M JOMKHAE JIEXaTb HAa NOMYNPIMON
P1M. Hrak, uCKOMblE T€OMETPUUECKHE MECTa TOUKM M B MOMymJIockocT OyAyT ABse
CHMMETPUYHBIE OTHOCUTEILHO NOMYTpsimMol fyw nonynpsmbie.

Puc. 52. Puc, 53.

Bosspamasacs kK puc 51, Mmbl mofyuaem ABa runepurkia, npoXofdumue gepes
@, B, rAe OHM COCTaBASIOT PaBHbIE YIMbl C OKPYXHOCTBIO aff, oproronanpuoit k I'
(puc. 53).

PesioMupys, Mbl CKaXeMm: «acmp Awbol oxpyscnocmu C, srympennss x T, ecms
HeeskAu008Q OKPYNCHOCMb, 2OPULUKA UL SUNEPYUKA, cMOMPA no momy, 6ydem au C
srympennetl, Kacameaovnotl uau cexyuled oxpyscrocmoo ¢ I'. ITH Knacesl AunHE HH-
BapHAKTHB! NPH HeeBKIHIOBOM MepemeieHud. OueBullHO, HEEBKIHNOBA NpsMas eCTs
YaCTHbIM BHJ THIEPIHKJIA.

8. Esxaunoso muzobpaxeHue reomMeTpHH JIOGAYCBCKOrO HA MOJYNJOCKOCTH.
Bumecto Toro, utoGbl m3obpamars reometpuio JloGaueBckoro na BuyTpeuHoctTd G
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€EMHUYHOrO KPyTa, KaK MBl 3T0 JeJaji O ChX HOP, MOMHEO BHIIGAHWUTb 3T0 m30o6pa-
skeHue na BepxHell nosymiiockocTH. [Ast 3TOro LOCTATOYHO COBEpUIMTH JHHEHHOE
npeoGpasoBanue 06aacTH G eIHHUYHOTO KPyra HA BEPXHIOO NOJYIUIOCKOCTS (2) M 3a
HOBOE H300paKeHUe BCEX 3JEMEHTOB reomeTpuH JIo6aueBCKOTO NPHHATH WM COOTBET-
CTBYIOIIHE 3JEMEeHTHl NPH 3TCM JHHEHHOM npeoGpasoBaHuH.

Taxum o00pasoM, HEEBKJAMAOBHIMM THoUKamu OYAYT TOurn BEeDXHEH HOJYmIo-
CKOCTH, O0€CKOHGYHO VJaJ€HHBIMH HeCBKJMJAOBLIMM TOUKaMH OYAYT TOYKM OEHCTBH-
TeAbHOR OCH U OECKOHeUHO Y/[ANeHHAS TOYKa MJIOCKOCTH {2). Janee HeeBRIHAOBHI
npsMbie H300pa3ATCs MOIYOKPYXKHOCTAMH M MOJMYNIPSMBINH, OPTOTOHANbHBIME K jefi
CTBHTEILHOH OCH, HEeBKJIHAOBLI OKPYXKHOCTH — OKDPYIKHOCTSIMY, JIEKAUIHMHA B BEpX-
Hefi 110JTyNJIOCKOCTH, TOPUUMKJBL — OKPYKHOCTSIMH, KacaTelbHBIMH K ACHCTBHTEbe
HOH oCM, B TpAMLIMH, el napanjelbHbIMH; HaKOHel, THIePHMKIAB H300DpassTcst
neXamuMu B BePXHEH NOJYMAOCKOCTH AYraMH OKDYXKHOCTEH, NPOXORAINHX yepe3s
JIO6EIE iBE TOYKH ¢, B AeHCTBHTENLHON OCH, a TaKXKe MyUKaMH NOAYIIPSAMEIX BEPXHEH
NOJYTIJIOCKOCTH, BBIXOJSUHMHA H3 JII00Ol TOUKH AclicTBHTeNbHON ocH. Yto Kacaercs
¢opMyJl, BHIBELEUHBIX BbIIE JJIS HEeBRAUAOBHX DACCTOAHUM MeXAY IBYMS TOUKaMH,
JBJUHHB! ¥ IVIOIANY, TO OHH NPUMYT GoJiee npoctoii Bild. X BRIpameHHs MOXKHO noay-
UNTh, OTNPaBJAASCh OT PaHee NOJYYEHHEIX, TIPOM3BOAA BHILEYKasaHHOE JHHEHHOE
npeoGpasoBanue:

ry Z——
we et Z=F ,
2—p
rpe 1 By > 0.
Tax, 13 gopmyast (26) bl Hoayuum
2z
| 2R
Dz, 2)=Fk In 2t (26"
| 2y — 2y |
73— 2 l
Wy — Wy 2 — 2y "
HOTOMY 9IO 7 = = ~— | B Cujly JuHEHHOrO npeofpasoBauusd.
I —w,® 2y — 21

[Monaras B gopmyie (26') 23 = 2, 2. = z-+ Az u cuuran Az GECKOHCYHO MAJIbIM, N0

ds
JYYuM IS SJIeMEHTa AYTH HeeBKJIHJOBY AIMHY R e B camom nene,

Az
! +| 2iy + Az
Az
20y - Az

D@, z4+A2)=FkIn Az l,-vklAzl ~ _d;_

iy + Az | 7

Takum o6pa3oM, HeeBKAKIOBa AMuHa Ayru L, Jexamell B BepxHel HOJAYMIOCKOCTH,
6yner:

ds ;
k[f - @7

Haxonen, Bmecto dopmymns (28) nasi HeeBKAHTOBOH Miowaiu oblacTa d, Jexa-
mell BuecTe €0 cBoell rpanuneil B BepXHell moAdymIOCKOCTH, Hakfem:

2 jd B (28)

9. HeeBkauposa jJJHHa OKPYXBOCTH. PacCMOTPHM HEeBRAHIOBY OKPYKHOCThH
¢ UEHTPOM B A pajmyca r u onpejenum ee AIuHy (puc. 54). Ilo yenosuio AIa
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D, CY
paauycar HMCeM: F'= —5—-—-—- = ) 115} c B noToMy 4TC  anTaDMOHHUCCKO

OTHOWEHHE ueThipeX Touek /, oo, €', € wa nopamoit [C' pasne IC'/iC.
Ilns coxpawenud nucbMa TOZOMIL!

i 14 [”
IC=d, IC'=d,
rak uro d'/d = e*/%,
[101yOKPYIKHOCTD HMEET HECBKIHMZOBY AINHY!
c
L ds
k]
2 y
c
Ofbosnayas uepes R eB/JuNOB pajuyc OKPYMHOCTH,
T. €.
d' —d
R = OC = OC’ = '—2'——‘ I
umeem:

y=d+ R(l—cosw), ds= Rdo,
o, 3HAUUT,

n i
L  Rdo  _, Rdw
2 A+ R{1—cos@) d+d  d—d 05 ©
0 2 2
®
TMocnenuuil unTerpain ferko BHYHCANTb, €CAM  [OOJNOMHTDH tg-2— = u;

L _Qk]o Rdn 2R [amt V“T“]w” IR
7 = d+de ~ Yad g a ‘b TV
0

Hekmouaa R, noayams: L _ ( ) d V 7 )ﬂT 3amerus, uto d'/d=

22
= ¢¥/*% ogonuarensno naiizem:
. r
L = ks ("% — e7T/%) == 2pmsin —, (29)

k

10. Yroa napaanennsma e reomerpuu JloGauesckoro. HeepranaoB nepnedguky-
ngp AH, onymensnil us ToukH A Ha HeeBXJAMAOBY npsmyio K, obpasyeT ¢ AByMA

Puc, 55. Puc. 56.

HEEBKJIMIOBBIMA NapAJICALHBIMH NPAMBLIMI OMMH M TOT e YroJ, Kak Mbl 3TO AOKa-
IKEM; STOT HEEBRJIMAOB Y0/ HA3LIBACTCS HELGKAUGOBOIM yeAoM naparreausma (puc. 55).
Sazlaqa HaCTOSIILEro MYHKTA COCTOUT B TOM, YTOGH! BHIYMCJANTH 3HAYEHHE 3TOTO yTaa
11 (p) B dyuxuwn p= D (4,
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He ymenbias oGIHOCTH, PaiH NPOCTOTH MBI MOJKEM NOCPEACTBOM HeeBKJNLOBA
nepemenierus, T. €. JNuHEHAHOTO NpeoBpA3OBAHUA, COXPAHSIOIETO BEDXHIO nOMy-
NJOCKOCTb, H300pa3suTh HEEeBKJARAOBY npamyio K B Bule npsmoli Ki, nepneniu-
Kyaspuoil K IeficTBuTeNBHOR ocH.

OueBHAHO, ABE HEEBKJIHIOBHI apasljesbHble APAMbIE, TPOXOASHIME Yepes Tauky A,
H306pasaTcs TOTAA NOCPEACTBOM HpAMOfl A, nepnenankyJIspHoll X OX, ¥ NOJAYOKPYXK-
nocTH, Kacatenpuofl B Touke [ k Ky (puc. 56).

HeeBkAnjioB nepreHARKY.asp, onymeHupli w3 Ai #a Kj, neobpasuTcs noJy-
OKPYIKHOCTBIO C HEHTPOM B [/, mpoxousmel uepes Aj.

IpoBegem mpsinoiunefinpiii oTpesok /Ay u obosnauum uepes o yron A;/Hj.

OueBuzno, TOTAZ HMeeM u3 puc. 56: AA;T = n/2 — @, T'Ail = o n, 3uaynT,
TAT = n/2 — a= AAT = 1l (p), uem JHOKa3LBaeTCd paBEHCTBO YIVIOB, o6pa-
sopaunbix AjH ¢ AiA u Ayl. C zpyroli croponn, mul pulean, wro I1 (p) = /2 — o

Buuucanm p = D (A1, H1)= % j -—;— OueBUABO, DONyyaem:

AH,
a iy af2 P »
1® © © 1
p="* J R sin o =k J sine ¢ [lnth]n(p),
I (p) JERY )
nay
p=—1F% Intg H;p) ’
oTKyIa
i -
tg_éﬂ = e~Plk, (30)

11. HeeBxkaujosp MICWIaAK KPyra M TpeyronsHuka. Ilonbsysack o6o3naueHnAMH
n. 8 (puc. 54), ANg HeeBKABIOBOH NJIOUIalH Kpyra DOJyuysem BhIpaXkeHue

s=wf] dzzdy = ©f] (d+gd~ps(zosw)2'

Buiflonnsia BHyTpeHHee HHTEIPUPOBAHUE NIO ® B Npejetax of —i A0 ~HiT, a HapyX-
Hoe Mo p B mpesenax of 0 io R u sanenss B peayisrate R vepes (d' — d)/2, naiizem
i S caepyioumee BhIpaenue:

YL VAT VZ)
S = nk (]/ ——2+ ik
i . I\ ’

s=m~2(ek—2+e k):ak%(e?"—e 2k> =4mR2 b2 . (31)

3alimemcs BHIUHCJACHHEM HEeBKJAHIOBOH mJoWazH TpeyroAbhynka. Ona Oyier
BLIDAMaTBCST CHERYIOUMM ABOHHLIM HHTErpanomM:

s=#| &,

yZ

Han

TAie mHTerpupopanye Cepercs no ofAacTH KPHBOMMHEeinoro Tpeyroivinka ABC
(puc. B7).
Ilonaras B ¢opmyae I'prua

jf(%%—%?) dxdy:dex—}—Qdy,
C
1

P=—, Q= 0, noayuuM Ans S BuIpaXKeHue
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YTofpl BHYMCAHTL nHTerpan (32), noicunTaeMm CHayaJa €ro 3HaueHHe BAGHD
gyra AB. Tlpunumas 3a Haualo KOOPAHHAT IEHTP OKpyXKuocTy AB (napanmenbHuiit
nepenoc BAoJb OCH (X, OYEBHAHO, He MEHSIET HHTerpasa), Halze:

x=Rcosd, y=Rsinb, i;'-‘:——de.

Takuym o6pa3oM, uHTErpas paBeH BapHaunu O Blodb AB ¢ MPOTHBOROIOKHBIM
3HAKOM, T. €. BapMauui C NPOTUBONOJOMKHBIM 3HAKOM O BHOAbL AB, rie o o3xayaer
yron MexAy NOJOKHUTEIbHBIMH HANPaBJeHHSIMH KacaTesJibHoil K ayre AB u ocn Ox
(puc. 58). Mckombill uuTerpan, C/IeAOBATeJbHO, €CTh CyMMa Bapuauuil o BAOIb TpeX
CTOPOH TPEYroJbHUKA, B3ATaf C [POTHBOTOJOKHLIM 3HaKoM. [lonuas Bapuauus,
STOTO yIia o, KOTAA TOYKA OIMCHIBAET KOHTYP B IMOJIOMHTEILHOM HaMpaBieHUM,
OTNIPABASIACH OT KAKOH-NUGO €ro TOYKHM Y BO3BPALLAsiCh B Hee, OUEBHAHO, paBua 27.

A 4 A M
-
(TN
0 /Ng
K4 \

z
Puc. 57, Puc, 58.

B 3Ty nosinyio BapHaLHIO EXOAUT CyMMa, KOTOPAs HAC HHTEpecyeT, M CyMMa Bapuatiud
B sepunnax A, B, C, xakopwe 6yaytr m — A, i — B, 1 — C. Takum oGpasow,
OKOHYATENIbHO TIOAY4aeM:

dx
—;—:—( j do + _‘- do + j da}:
C LAB BC ca
=—Ra~@—A4+a—Bt+ta—-Cl=a—(A+B+0).

B cuny cBoero reomeTpuueckoro cmiciaa, onpeieasemoro gopmysoft (32), sror
HHTErPAl CYIRECTBEHHO noJoXKHTeNeH, T. e. T — (A -+ B -4 C) > 0, oTkyda wmbl
3aKJHOHAEM: CYMMQ Yea0s Heeskaudosa mpeyeosvhuxa meusiie 1. Kpome TOro, ™Mb
BiAuM, 4TO HEEBKJIHM/OBA IJ0Mafb TPEYTOAbHHKA PaBHA M3OHTKY I Hajl CyMmO# Tpex
ero YIJIOB, yMHOXEHHOH na k2.

B uacTHocTH, HeeBK/ANOBA MJIoumlafb JA00OTO TPEYTONbHEKE HE MOXKeT [peB30iTd
KOREYHON BeMuuunbl 7A%. 3ra MAaKCUMaJibHAs HEeBKJIHAOBA IVIOWIAAb, paBHas mkZ,
oueBuAHO, GYNET Yy TPEYroNbHUKOB, Y KOTODHIX Bce TPH yIvIa pasum Hyso. Jlerko
BUIETh, 4TO H30ODaXKEHMS BCEX BEPIIHH TAKOTO TPEYTOJbHHKA JeXaT Ha ¢yHniamed-
TaAbHON OKPYMKHOCTH, T, €. BCe TPH BepIiuHH OGYyAYyT GECKOHEYHO YAAJICHHBIMH TOY-
Kamy niockocTd JloGaueBckoro.

§ 3. HexkoTopule ajeMeHTapHble QYHKLUH M OTOGparmeHMS,
AaBaemble HMH

1. Crenennan ¢ynkuua ¥ paguxkan. Paccmotpum ¢yaKuuio

w =z, (33)
rae n ecTh HaTypadabHoe yicio, Gosbliee exununs. Oyuknus, obpar-
Has 3TOH, ecTb

n—

=7 w. (33)
PyHKiHA m = 2" UMeeT NPOU3BOJHYIO, OTIHYHYIO OT HYJs BO BCAKOH
KOHEUHOH TOUKE HAOCKOCTH, KpoMe Hayana koopuuar. Crenoa-
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TebHOG, BO BCAKOH TaKOH TOUKE COXPAHAIOTCH YIJL NPH OTOOpaKeHHH
C NOMOIBIO QYHKHHH @ = 27,

TlocmoTpuym, kak Bejer ce6st Hama (QpyHKUHsS B OKPECTHOCTH HYJE-
BO# TOUKH. [lAif 3TOro BBEejeM NOMsipHBIE KOOPJiHAThL:

2 =re%, w = pe%,
nocjie yero paseHcTso (33) pact:
p=1r" 8= no (34)

H3 Broporo pabencrBa (34) BMAHO, YTO YIJIbI B HYJEBOH ToUke He
COXpaHAawTCd, a yBeauduBawTcd B n pa3. KoHcepraTH3M yIvIOB

¥
in
I3

0} &z
Puc, 59, Puc, 60,

Hapymaercst ¥ B OECKOHEYHO YAAJEHHOH TOUKE MJIOGCKOCTH 2, MOTOMY
1

ure GyHKUUSA —m
w -
r4

nued. Toukn O u oo GyAyT TOUKaMH pa3BerBieHHs (QYHKUHH 2 =

=7 (ca. 11, § 4, 1. 10). .

Oco6ennocTs ToueK 0 M 0o, a TaKke HA3BAHWE HX TOYKAMM pas-
BETBJIEHHA OYAYT eule 60see SICHEIMH, €CJIM MBI 3aMeTHM, UTO KamaoH
TOYKE IJIOCKOCTH @, KPOME€ 3TUX ABYX, COOTBETCTBYET 2 Pa3/H4HBIX
TOYEK TJIOCKOCTH 2. M3 cooTHowenuit (34) BUAHO, YTO OKPYKHOCTH
C LEHTPOM B HYJEBOH TOYKe IJIOCKOCTH mepeMenHoro z (r = const)
NEpPeXOAAT Ha IIOCKOCTH @ TOXKE B OKPYXKHOCTH (p = const); nmoay-
NpAMBIM, BBIXOASIUIHM H3 HYJeBOH Touku (¢ = const), 6yayr coor-
BeTCTBOBATh Toxke noaynpsiMele (8 = const).

BosbMeM Ha IJIOCKOCTU [EPEMEHHOIO 2 YroJ BeJHUYHHB 27/n,
0o0pasyeMbiil MOJAOKHTEALHOH AEHCTBHTENBHOR OCBIO H NOJAYyUpsaMOii,
BLIXOAALIEH u3 HyJaeBofi Touru (puc. 59). Bror yroa 0 < ¢ < 2a/n
¢ HoMolbio GyHKUUY (33) 0TO6pa3HTCA HaA BCIC NJIOCKOCTh HEpEMEH-
HOTO @, pa3pe3adHyld Ha NOJOXKHTeNBbHOH noayocu (puc. 60). [eh-
CTBHTeNLHO, npu ¢ = 0 yroa 6 = 0; npu ¢ = 2n/n yron 6 = 2m,

PaccMoTpuM Tenepb HEKOTOpblE nNpoCTeliiiHe OTOOpasKeHHd, €Bs-
samHbpie ¢ (QyHKUMeH w = z'. CoBepLUEHNO ACHO, YTO 3Ta (PyHKIHA
LAeT BO3MOXKHOCTH OTOOpAa3uTh yron Bejguuuust w/n, 0 < ¢ < @/n
(puc. 61), Ha BepXHIOW HOMYIJIOCKOCTE (pHC, 62),

B okpecTHOCTH 2 = ( COBNAjAET C JaHHOK (PYHK-
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3ajganumcsa 3ajageli oTo6pasuTh HNONYKPYT C UEHTPOM B HYJ/EBOR
TOUKE pajnHyca eIHHHLA Ha BePXHWIO0 NoaymiockocTb, CHauaga
0TO6pa3HM 0Tpe30K 0T —1 10 +1 B NOJOKUTEJIBHYIO JEHCTBUTENLHYIO
NoJayoch TaK, 4Tolbl ToukKe —1 coorBercTBOBajta Touka 0, a Touke
-+1 — Toyka co. B KauectBe orobpaxkatouleil GyHKUHY MOKHO B3ATh:
’ z-1
W= . (35)
Jlerko BujeTth, 4to LEHCTBHTENBHO Takas (YHKUHA YLOBJAETBOPAET
TpebyeMblM YCJIOBHAM, TaK KaK NPH H3MeHeHHH 2 oT —1 no -1 ¢yHk-
uug @’ npoberaer, Bospacrasi, Bce sHauenus ot 0 no ---oo.
v

‘y T -

a] . o] u
Puc, 61, Puc, 62,

ITocmoTphM, BO ¥TO 3Ta (PyHKUHA OYJeT NEPEeBOAUTb HOJIYOKPYX-
HOCTh. MMmeem:

€% 11 e 1

’—.__ = — R e —
W= e¥l v, .8 i

vl 7 tg = ig

(36)

N

ml-e

— €

Koraa Touka 2z npoGeraer monyokpyxHOCTb oT 1 go —1, 10 ¢ Me-
Hsiercs oT 0 fo o, 3HA4uT, @’ OGyJeT H3MEHATbCA 0[O HOJOKHTENbHOM
MHHMOH TMOJiyOCH. 3aMerHM, YTO KOIJa TOYKa Z ONMCHIBAET MOJy-
OKPYXKHOCTh B MOJIOXKHUTENbHOM Hanpas/JeHuu (puc. 63), To obaactb

SN p

Puc. 63. Puc, 64,

NoJMlykpyra ocraercsi chaeBa. 3 npeapaymwux ¢opmya (35) u (36)
HEeTPYABO BHIETb, KAaKOBO OYIeT HanpapjieHue COOTBETCTBYIOIIEIO
o6xoza Ha naockoctH w’. Ha namem ueprexe (puc, 64) oHo o6osHa-
4yeHOo cTpenkaMu. Tak Kak oroOpaxkeHHas o6JacTh JOJKHA HAXO-
JAHTBHCA TaKKe CJeBa NpH 00X0je NnepeMeHHbM ' nojayocud Ov’ v nody-
och Ou’, TO OTCIOAA BaKJKYaEM, YTO HAHl MOJYKPYT C MOMOINBIO
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dyaxuuu (35) orobpasurcs Ha KOODJAHHATHBIA YroJ IVIOCKOCTH w',
Has toro uroGnl mpeofpa3oBath [OJYYEHHBIH KOOPLHHATHBIA yroJ
B BEeDXHIOI MOJYNJIOCKOCTb, HYXHO B3fTh:

w = w?

Hrak, uckoman (QyHKUUA HAMULIETCA TAKHM 00pasoM:

w= (1) (37)

z—1

Kak oTo6pasuth cexTop € YIJIOM, PaBHEIM ft/f, pajuyca eIdHUIA

Ha BEPXHIOW MOJYMIOCKOCTE? OueBUAHO, 4TO QYHKUHA @' = 2" Gyner

NEPEBOAUTL 3TOT CEKTOpP B MOJYKPYT. ITOT ke

NOCJACAHUHA C NOMOLILIO YyXKe 3HAKOMOH HaMm

dyuxuuH (37) Mbl MOXKeM OTOOPA3UTb HA Bepx-

HIOK NOYymA0CKOCTb, Taknm o6pas3oM, HCKOMast
GYHKIHUSA eCcThb

4 1)\?

w= (..___Z_*: 1) ) (38)

Kak oro6pasurs ob6JsacTb, 3aK/IIOYEHHYIO

MEXKAY ABYMS MepeceKaolUMHCA o yriom n/n

OKDYKHOCTAMH Ha BEPXHIOIO MNOJYIIOCKOCTh?

O6o3nagas 4epes a U b BepIUMHBI JAHHOTO ABYYTodbHHUKA (puc. 65),
6epeM JuHERHYI0 GYHKUHIO

z—a
z2—b " (39)
Jra GyHKIHA NepPeBeleT TOYKY a B TouKy 0, a Touky b B oo. Cieso-
BaTe/IbHO, ONHY AYTY OKPYXKHOCTH JiMHelHasa GyHKuusa (39) nepeseger
B OJMH Jy4Y, BBIXOAAMHH U3 HY.XeBOH TOYKH, ADYIYIO AYry OKPYyK-
HOCTH B JPYroft /y4, COCTaBJSAIOIHA C MEPBBIM YroJ t/n, Tak Kak
¢yukuus (39) B TOUKe @ HMEET MPOH3BOJAHYIO, OTAMYHYIO OT HYJ.
Ocraercst oTo6pasuTh yroJ, OrpaHd4YeHHbl ABYMS TOJMBKO YTO YIO-
MAHYTBLIMH JY4aMH, Ha NOJYIJIOCKOCTb. TO Ml yMeeM AenaTb. Mrak,
HCKOMasi (QYHKUHA HMEET BHJ
z—a \"
w=(3=5)" (40)
2. Mokasateabnas u JorapHdmuueckas dyHkuuu. PaccMoTpum
Tenepb NOKasaTeabHY0 (yHKUHUIO

w = e, (41)

O6parnas 3sTolt GyHKUHH OyleT, KaK H3BeCTHO, JOrapH(pMuUYECKas
¢yHKUAA

z=Inw. (1)
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IpeacTaBuM z B J€KapTOBHIX KOOPAMHATAX, 4 @ — B NOASPHHX:

2 = x 4 yi, w==re%". PaBeHCTBO (4]) 3aMeHUTCA CAECAYICINMH ABYMS
GopmyJaamu:

”

r=e* ¢ =y. (417%)

M3 nocaennnx paeencte (41”) Buano, uro npsmoi x = const na nao-

CKOCTH W COOTBETCTBYET OKPYKHOCTb r = const, a npamoit y = const
COOTBETCTBYeT noaynpaMmas ¢ = const (puc. 66 u 67).

v
Y “
g-] ;p:crmst
y=const,
I ]
r=const
7 z
Puc. 66. Puc. 67.

BosbMeM Ha NAIGCKOCTH 2 LOJCCY, 32KJICYECHHYIO MEKAY ACHCTBH-
TEeJBbHOH OChblIo H npsMofl y = 2n : 0 < y < 2.

Sra nojcca oTo6pasuTesl ¢ NOMOMWbIO ¢yHKuuu (41) Ha Beio njo-
CKOCTh NepeMeHHOTo w. [leficTBHTeNLHO, RIDKHEH rpanuiie Hameld
NOJIOCH, T. €. JEHCTBHTENbLHO} OCH IUIOCKOCTH 2, NO Lpeiblayliemy
GyJleT COOTBETCTBOBATH NOJIOXKHTEJbHAs AeHCTBUTENBHASI TOJYOCH
NJIOCKOCTH @, BepXHeH rIpaHuie NOJOCH — T3
Xe IMOoJyoCh.

BospmeM Temepb INOJOCY HA MNAOCKOCTH 2
LIHpHHOH M, OTPaHHUYEHHYIO JACHCTBHTEJIbHOH
ocho nmpaAMOii Yy = R : 0 < ¥ < =. C noMoIbIO
nokasaTeabHoll ¢yukuuu (41) ata noJgoca oro-
6pasHTCsl Ha BEPXHIO MOJYHJACCKOCTh U = 0.
BepxHIOIO NONYIJIOCKOCTb, KakK Mbl 3HAEM
(§ 1, n. 8), MoxuO oTOGpasuTh Ha KPYT ¢ Iio-
MOIIbIO JIHHEHHOTO npeoGpasoBanuda. Ecau nam
JllaHa noJjioca Kakoll YroaHo IUHPHHBI M Kak-
aubo pacroyiokeHHass Ha IJIOCKOCTH 2, TO,
NpHMEHAA yXKe 3HAKOMblE HaM Onepauyy nepescca, BpalLleHHs M I0-
ao6us (§ 1, m. 1), Mul el npugaauM npeautAylumil BHA, a 3aTeM OTO-
OpasuM Ha BEPXHICIO NMOJYNJIOCKOCTb, MOCJELHIOID Ke npeofpasyem
B Kpyr. HUTak, mbl BHAMM, Kak JI00yIl0 Nojaccy MOXKHO 0ToGpasHTh
Ha Kpyr.

Kak orofpasurh 06Jactbh, 3aKNICUEHHYIO MEXKAY ABYMs CONpH-
KacalolKMUCA OKPYXKHOCTSIMH, Ha Kpyr (puc. 68)? Ilpn nomoum
OAHOH M TOH e JNHeHHOH (QYHKUHH MBI MOXeM 0TO6pasHTb HAlIH
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OKDYKHOCTH Ha NpAMble, 3aCTaBAsIs OTBEYATh TOUKE CONPUKOCHOBERHS
TOUKY co. DTH npamble GYAYT NapajJesbHbl, TAK KaK OKPYIKHOCTH
conpukacawrcst. Mrak, mbl MOxeM OTOOpasuTh 3aanuylo o0JjacTb
Ha MOJIOCY, & CJAeACBATENbHO, N0 NPeAbIAYLIEMY H HA KpyT.
Paccemorpum eme asa npumepa. I1ycTs B MICCYGCTH @ AAH KPHBO-
JVHEAHBIH UYEeTHPEXYToJAbHUK, ABE CTOPOHB! KOTOPOTO CYTh KOH-
HEeHTPUYECKHE TONYOKPYMHOCTH pajuycos r u 1 (r > 1), a nBe apy-
THE CTOPOHBI — UpAMOJMHHElHbIe oTpe3kd ocu Ou (puc. 69). Koraa

Y B .
v B 7 A
. l
# /s
~r =] )/ Y 0 > I x
Puc. 69. Puc, 70,

TOYKA W ABHIKETCA MO GOJBILOH NOJYOKPYRKHOCTH OT £ A0 —r, TO
COOTBETCTBYIOAA TOYKA 2 = In w 6YAeT ONUCHBAThL NPAMOJHHERHbIH
OTPe3oK AJHMHBI T, mapaanejbHblii ocH Oy M OTCTOAUIHE OT Hee Ha
paccrosHuy In r (6o z = In r + @i). Koraa w gsuxercs no ocu Ou
or —r g0 —I1, T. e. Koraa w = r'e™, rge r’ Medserca or r jo I,
TO z ABHKeTCA mo orpesky AB, napainensHomy ocu Ox (puc. 70).
Hanee, xorna Touka 2 ABHKETCSH MO MAJOH OKPYIKHOCTH OT —1 g0 +1,
TO TOYKA 2 JBHKETCA 1O MHEHMO# ocn oT B no 0. Hakoxeu, korga w

¥

i = ,

0 —-———>~//.zz ] e ] > 4] 2
a o)

Pug, 71,

onucuizaet ocb Ou oT 1 K0 £, TO z H3MeHsAeTEs N0 AEHCTBHTEAbHON OCH
or 0 go lnr. HUrak, ¢ noMowpio JorapudpMHYeCcKoli (GyHKIHMH Hall
KPUBOJIMHEHHBIA YETHIPEX yrONBHHK OTOGPAXKaeTcsi HA OOLIKHOBEHHBIH
0psIMOYTOMbHHK.

B kauecTse nocsiejiHero mpuMepa BO3bMEM MHOJMYIONOCY UIMPUHOMH
7, KOTOpAas OrpaHHYeHa: 1) MOMOXKHTENIbHOH moayocbio Ox, 2) moay-
npsIMOH i = 7, NPOCTHPAIOMEHCA OT MHUMOH MOJNYOCH 10 GeCKOHey-
HOCTH, W 3) MHUMO# moayochio (puc. 71, a). Kak oroBpasuTh ee Ha
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BepxHIOI noaynjaockocte? Bosbmem ¢ynkuuio @’ = —e 2 u no-
CMOTPHM, BO YTO OHA NEPEBENET Haliy NOJYNOJOCY B MJOCKOCTH @',
[lycTh 2 ONUCHIBAET NONYNPSAMYIO ¥ = 71 0T oo 10 ocH Oy. B stom cay-
yae sHayeHue w’ OyJeT: .

W == —e- (X+71) — e=%,

Korza x nsmensiercs ot -Foo go 0, To w', caenoBaresnbuo, Gyner
nsmensThen ot 0 go 1. IlyeTs, nanee, z gBuikeTcd mo ocH Oy oT i
10 0; w' npuMer Bup @' = —e ¥, oTkyza |w’ | = 1. CrenoraressHo,
TOUKa w’ ONHCHBAET TPH 3TOM HOJVOKDPYKHOCTH OT TOukM -1 go
ToukH —1, Tak Kak y mensercd ot & go 0 (puc. 71, 6). Haxonen,
KOTJia Touka 2 IBHxKercss no ocw Ox oT 0 o oo, TO w'= —e ¥ Hame-
usiercs no ocu Ou’ ot —1 go 0. Mrag, dpyukuus v’ = —e? or06pa-
JaeT noJaynojocy Ha noaykpyr. Tak Kak Mbl y:ke oTofpaxany nonay-
KPYT Ha BEPXHIOK MOJYMJIOCKOCTh (M. 1) ¢ noMouipio GyHKUHH @ ==
= (%—)2 TO MBI MOXKEM IAHHYIO NOJYIIONOCY NEPEeBeCTH Ha BEPX-
HIOI0 NOJIYNJIOCKOCTh NOCPEACTBOM nNpeobpa3cBaHus

P | 2
w=(———).

\e—z+1

Yrpascrienuss K enase 111

1. BunofiHuTh rpaduueCKd HHBEPCHIO DPAMOH OTHOCHTEJNLHO OKPYIKHCCTH.
Vxasauue ChelyeT OTAGIBbHO PacCMOTPETh CJIyuaHW, KOTHA NpsimMas mnepece-
K&eTCsl ¢ OCHOBHOH OKPYHHOCTHIO, HMEeT KaCaHHe M HE MePeceraeTcs ¢ mell.

2. BumodHuTh Ipaduyeckoe MOCTPOEHHE HMHBEPCHM OKPYKHOCTH, NpPOXOAsLIed
gepe3 noMioc. Y K asan ue. Iloctpoenne Oyier o6paTHEIM NOCTPOSHUI 3a1auu 1.

3. BuimosuuTh rpadnuecku HHBEPCHIO OKDYMKHOCTH, He mpoxojsuiel uepes
nomoC. Y kaszasue. CnellyeT OTAGTBHO DPAacCcMOTPeTh CJAYUaH, KOTZAa OKPYX-
HOCTb NMEPeceKaeTcsi ¢ OCHOBHON OKPYKHOCTBIO, KACAETCH €€ M HEe nepecekaercs ¢ Hell.

4. 3Hasm UERTP O W PaAuyC r OKPYAHOCTH, CHPENENUTb NCJOMKEHHE NEHTpa
H BEINULHY paanyca OKDYKHOCTH, #ABJAAICmIENCH wuHBepCHEH JIauHO{, npuHuMas
AoMoC B Hawalle KOO[;ILHHHT K paauyc MHBEPCHM PaBHBIM R.

2
Ome. P = Ra y P= R
jo2—r2 o |2 —r2
5. Hamnucars mmczﬁuoe npeobpa3oBanye eAMHHYHOTG Kpyra camoro 5 cebs,

. 1 3 .
gsuas JBOHHELIE TOYKHM 5 2§ TOuKy -% - T;, nepexoismylo B 6eCKOHEYHOCTD.

w— 1/2 z—1/2
Onme. =i —.
w-—2 z-—2
6. Hanucats snneiince npeoGpasopanne eIuHHYHOTO Kpyra camoro B cel,
8pas [IBOHHBIE TOUKH £, —i W TOuKky 2{, Nepexcismuylo B GeCKOHEUHOCTD.
w—1i 2—1i
—_—3—.
w -+ i
7. HamucaTe Jumeiinoe npeoGpa3oBaHHe €AnHWYHOPO Kpyla canolo B cebd,
BHaf ero Apolnyio Touky 1 m Touky 1 - i, nepexoadmyio B GECKOHEYHOCTD,
i

Omse.

| . _ i—=Dz+1
Ome. =T = s @ nm w_—_—-—z+(1+i) .
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8. CoctaBuTh JuHeiiHoe npeoOpa3oBanue BePXHEH MOJMYTIOCKOCTH HA ENHHHY-
Hblff Kpyr, NepeBOAsilee TOYKH JeHcTBuTennHoif ocs —1, 0, -1 B Toukn -1, i, —1
OKPYHKHOCTH.

Oms. w= (g—£): (iz—1).

g, [lonb3ysach u30obpaxienneM reomeTpun JIoBaueBCKOIO HA NOJIYIIAOCKOCTH,
PEHIHTH 3424y 3HAS eBKJMIOBL UEHTD 25 = Xo -+ iy, M PaAHYC O OKPYMKHOCTH, HAHTH
ee HeeBKJHAOBH LEHTP z # pajuyc R

Oms. z=1x,+ iV y5—p% Rr—-%ln

10. PewuTb 3ajaqy 9 NMOCTPOCHHEM.
11, Orofpasutb Ha BEePXHIO NOJYIVIOCKOCTb eNHHHUHBIA KPyr ¢ Kymiopod,
unywei oT UeHTpa 710 panuycy AeHCTBUTENbHOH OCH.
Vz +1\?
Ve —1
12, O6nacTs 3anauu 11 oTo0pasuTh Ha eAMHUYHBIA KPYT TaK, 4To6bl TO4KH —I,
O u | nepewsau B Toukm i, —i u 1.
241+ 2V 2
i+l +2¢Vz

Yy + P
Yo—p°

Oms. w= (

Oms. C ==



FrTABA IV
TEOPEMA KON, HHTEIPAJ KOCIHH

§ 1. MuTerpaasl no KOMNJAEKCHOMY NEPEMEHHOMY

1. TMousATHe MHTerpaja 1o KOMILIEKCHOMY mepemeHsomy. [lepeii-
I€M K ONpelesIeHHIO TOHSITHS WHTerpaja B KOMmJIEKCHoH cfi1acT.
Ilyctb @ = f {2) ecTb npou3BONbHAA HeNpepuBHas (PyHKUHS KOM-
IJIEKCHOFO TEPEMEHHOTC z, ONpEJeJeHHas B HekoTopol obnactu G
miockocTu nepemenuoro 2z, W C —
IIPOH3BOJIbHASE TJiaAKas JIMHHS, Jexa-
mas B 3Tolf 00JacTH, € HaYaJoOM B
TOYKe 2, U KOHUOM B TOouke Z (pHC.
72) 1). Pasobrem ayry z,Z snuuu C Ha
NPOH3BOJMbHOE YHCJO 71 YaCTHYHBIX AYT
C [OMOWIBIO TOUEK Zg, 21, 225 «vey Zpols
2, = Z, pacrojloKeHHbIX MocjJel0Ba-
TEJIbHO B IOJOXKUTENBHOM HanpasJe-
Bun gunun  C. Kaxaoft yactuuioft
Lyre INpHBEJEM B COOTBETCTBHE YHCJIO
[ () Az, noayvenHoe or yMHOMEHUS
SHAaYyeHHs] AaHHOH (YHKIHH B JIEBOM
KOHIE 3TOH AYrM Ha COOTBETCTBYIOLeE STOH Jyre npHpaulerHe Az,
nepeMeHHoro z: Az, = z,,; — 2z,. Cocrasum, Jnajee, CyMMy BCeX
TaKuX TPOH3BEJEHHH, pacnpoCTPaHUB €€ Ha BCE HaCTHYHbIE JIYyTH:

Puc, 72.

k=n—1

Y [(z) Az, (1)
k=0

3acTaBasis MAKCMMYM JJIHII BCEX YACTHUHEIX AYT CTPEMHTECS K HYJIO,
JOKameM, 4To BbipaxkeHue (1) CTpeMHuTCs K ONpefeieHHOMY KOHEUHOMY
npenesy, He 3aBHCSLIEMY OT TOTO 3aKOHZ, N0 KOTOPOMY BCE 4aCTHU-

1) Jlunna JKophana HasmBaeTcs e2adKo, eC OHA MMEET HeNpPEPLBIC M3MEHS-
JOILYIOCS KAacaTeNbHYIO. AHAJHTHUYECKH IJaZkas JHHHS MOXeT ObiTh NpeicTaBjeHa
ypaBreHuem z = z (f) (@ << ¢ =C ), TRe £ (¢) nenpepuBHA ¥ OTJIMUHA OT HYJSsI, NPH-
uem 2z (11) + 2 (), eCstn 1 5~ ¢, Xpome, GLITh MOXeET, cayuas tf = o, 1, = fi. Jlunns
JKopjana HasblBaeTCs Kycoun0-24a0Kod, €l OHa COCTOMT M3 KOHEYHOTO uucsaa Taajg-
K¥X AYT (npocTeHunili NPUMEP KYCOYHO-IVIAAKOH JHHHH ~— KOHTYDP MHOTOYTOAbIHKE).
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Hble AyTH cTpemsrcs K uyawo. C 37off ueabio, BseAda o0003Ha-
yepun
Ze=x,+ yul, [(@) =1 (xn, 1) --0(xn, yu)i==u; -+,
AZ;L == A)Ck - [Ayk’
npencraBuM BelpaxeHue (1) B Buue
k=n-—1 k==n—I1
Z f(z1) 2, = Z (ur + vpl) (Axy, 4 iAy,) =

b=t l==n—1

go (HkAxh —_— U}{Ay,{) + l IZ‘:U (UkAX_k + u]{Ayh). (2)

3acraBass MaKCHMyM AJHIH BCEX YACTHUHBIX AYT CTPEMHTbCA K HYJHO,
Mbl BHAMM, 4TO 00€ CyMMbl IpaBOil 4aCTH MOC/JACHHEro paBeHCTBa (2)
CTPEeMSTCH COOTBETCTBEHHO K mIpenesam

judx—-vdy " ijvdx -+ udy;
c 4

C/e10BaTeNbHO, JIeBaf 4acTb paBeHcTBa (2) CTPEMHTCA K OlpejescH-
HOMY KOHEUHOMY nOpefesny, KOPAa AJHHBI BCEX YacTHYHBIX Ayl MO
OpOU3BOJILHOMY 3aKOHY CTPEMSATCH K HYJI0. 3TOT npenes mel fHasoBes

uurerpasom ot [ (2) dz Baosn anuuu C u oGo3HayuM yepes j [ (2)d=.
¢

Hrak, umeeM:

[r@dz=] wdx—vdy+i [ode4-udy. 3)
c [ G
dra QopMyna AaeT BbIpaXEHHE HHTErpata M0 KOMIIEKCHOMY nepe-
MEHHOMY 4YEpes JABa ,&eﬁCTBPITeJIbeIX KpHBOJlHHeﬂHbIX I/IHTeraﬂa.
Dopuyay (3) Nerko 3anoMHKHTh, €CJIH HANHCATb B TAKOM BH/E!

[ @dze= ] @+ o) @x + idy). 39
9 c

Uro Kacaercs (paKTHIECKOTO BHIUHC/ICHUA HITErPajla 10 KOMIEKC-
HOMY INIepeMeHHOMY, TO, Npeanofaras ypaBHenme juuHudn C B Buae
2=z ()(a < t < PB), umeem:

[F@de=[luz@O1x O —vE@y OV dt -+
%

4 i [ oo O+ ul Oy O dt = If[z(t)z(t)dt (4)

Rc.__.,x—.': 9%——5@

WK

8 8
jf(z)d2= fR(t)dt,-i-ij[(th’ )
¢ 2 *%



§11 HHTETPAJIBl MO KOMIWIEKCHOMY TEPEMEHHOMY 145

rae R (¢) u [ (f) cyTh COOTBETCTBENHO NeHCTBHTEIbHAA 44CTh M KO3~
GuUHenT npH MiuMOH uacT Brlpaxkenus flz (f) |-2° ({). Ha ocHoBaHuu
tdopmynsl (4") BOupOC BLIYUCJAGHHS HHTErPasa M0 KOMIVIEKCHOMY
MEPEMEHHOMY TIPUBOJNHTCS K BBIYHCAEHHIO OOBIKHOBEHHEIX ONpeAe/eH-
HEIX HHTErpaJsos.

Jlo cHX mop Ml NPeANoNaraju, 4To HyTh HHTerpHpoBanus C
ecTh Tyiaikas JuHusi. ECAd MBI HMeeM MPOH3BOJBHYIO KYCOUYHO-
riagkylo Juumio I', cocrosumyio u3 ruaikux aunu# Cy, Cs, ..., Cp,
TO [0 CNDPEASNEHUIO 1oJaraem:

[r@z= [f@de+ [[@det+ ..+ [f@d.  ®)
Cl (32

r Cp

Ouesugno, dopmyaa (4'), Belpaxamoulas HHTerpajd 0o KOMIJIEKC-
HOMY NEPeMEHHOMY C MOMOIIbIO OOLIKHOBEHHBIX ONPEJCTEHHBIX HH-
TerpajoB, OCTaeTcss B CHJe H A HHTErpana, B3ATOIO BAOJb JH-
uny T,

3ameganne Onpepesenye yHTETPaNa MO KOMIIEKCHOMY MNE€pPEMEHHOMY,
OUeBHAHO, OCTaeTCAd B CHJe, eclH lanuas GyHKUus f (z) HenmpepeiBHA JAHWL BIONB
auuny T

fipumep. Ilycts T — wpomnssBosbHas KyCOUHO-IAAAKAaA JIHHHA, COELHHAIOUAR
nBe Touku 2y U Z. Torma uurerpan

| dz= zrH  zathy,

I
n+l(

€C/IH A eCTh Le0e 4ucio, ominmunoe o —I1. (IIpn oTpuuaredbhom n JAuuud [ e
JOJKHA NPOXONMTH uepes Touky 2 == (.) B camom jeqe, nycts z =z () (& < << )
€CTh mapaMeTpHueckoe u3obpamenue JurNH ['; Torma umees:

B f
"z = | 2% (L ¢ nkl g b onpt
Ijz dz-jzz(t)dt:] ST a ROl dl—n+l(z 2.
N o o

Takum o6pasom, suauenne uuterpana ot gynkuuu 2° (n 5= —1) He 3aBHCUT OT nyTR
uETerprpoBanng. B uacrrocty, ecan I' ecTh 3amMEHYTBII KOHTYP, TO £ = 2§ H

J 2t dz = 0.
T
2. OcuoBubit CBOJCTBA HATErpasa N0 KOMIJNEKCHOMY nepemeH-
Homy. OTMETHM Tenepb psifi NPOCTEHIINX CBOACTB MHTErpana 1o KoM-

IJIEKCHOMY MEPEeMelHOMY, HENOCPEACTBEHHO BHITEKAMOWUX H3 ero
ONpeAeNeHHs:

) [#@) dz = — [ 1) dz,
T T+

rae I'' u I~ 0603Ha4ai0T OAHH U TOT € NyTb, HPOXOLMUMBIH COOTBET-
CTBEHHO B IOJIOXHTE/ILHOM H OTPHUATENLHOM HANPaBJEHHAX.

2) jaf(z) dz = aJ [ (2)dz (@ — nocrosnHoe),
r i
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3) [f(z) dz = Jf(z dz -+ Jf(z dz + ...+ J f (2) de,

eCcJH NyTb umerpupoaaﬂnﬂ r onucuaaeTca anKqu,eHc;l Toqxon,
ppoxoasiell nocaepoateabno ero wactd Iy, T, ..., Ty,

9 J1h@+h@)+ @ dz=
r

= [h@d+ [h@d+ ..+ [ @) de
r r r

Bce 3Tn yerhIpe CBoJCTBA HEMEJIEHHO JNOKAashHIBAIOTCH, UCXOIS M3
OnpejieieHHsi WHTerpajga Kak Ipeea CyMMbl, aHaJloTHYHO COOTBeT-
CTBYIOUINM CBOHCTBaM OGBIKHOBEHHBIX HHTErpajios.

5) Ecau Bpoab aunnn I' umeeT mecTo HepaBeHcTso |f (2) | < M,
rae M ecThb NOCTOAHHOE YKCJIO, TO, oGo3Hayas uepes [/ AJHHY JH-
nuu I', nmeem:

j f @) dz
T
JlecTBUTEIBHO!
k=hn—1 k=n—1 k=n-—1
2 f(z) Az | < ; [F) || Az, | < M kgo Az, ] < M1,
b=n--1

TaK Kak ), | Az, | o6osnayaer Anuuy Jomanoi, Bnucanxoil B I'

ﬂepexouﬂ K npeneay, H3 nocC/jeJHEro HEepaBeHCTBA ITOJNYYHMI

[ @
r

6) HepasencrBo 5) MOxeT ObiTh BHIBEJIEHO TaKKe H3 00JIee TOUHOTO
HEpaBeHCTBa

< [1f@Ildz]=[1f@)1ds.
T T

[f@dz

[Tocnennee BeiTEKaeT u3 HEPABEHCTBA

n—1

éo [ (2) Az,

IePeXOLCM K Mpefeiy.

3. HurerpupoBanue paBHOMepHO cxopsilerccs pspa. Ceoiicteo 4)
npeibIAYLIET0 NMYHKTA NOKA3bIBAET, YTO HHTErpaJ OT CYMMBI KOHeY-
HOI'O UHCJIA CJIaraeMbiX paBeH CyMMe HHTErpajoB OT Claraemeix. Ms
HHTErpajJlbHOTO HCUHCJIEHHA H3BECTHO, 4TO, BOOGIIE FOBOPS, HENb3fl
MHTErpHpOBaTh NOYJIEHHO GeCKOoHeUHnll psAA QYBKHMH, da)ke eclayu OH
CXOLMTCS1 K HempepbiBHOH ¢yHKuHH. OJHAKO HHTErpaj CyMMH paB-

n—1

-1
< /éolf(zh)nAzhl < éolf(zk)lAsh
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HOMEDHO CXOMAILUErcCH pPAJA HenpephiBHHIX (GYHKIUA MOXKeT ObTh
OnpejesicH 4Yepes MOWISHHOE HHTerpHpOBaHHE,

Kak wussecrno (ra. II, § 2, n. 2), cymma paBHOMepHO cxoasuie-
roca Ha Jaupud I' pajga HenpepHIBHBIX  (QyHKUUA

s@Q=u, (@ Fu @+ .. +u @+.. (6)

ectb ¢pyHnruus, venpepuieHas Ha I'. Us ycaoBusi paBHoMepHOH CXOfH-
MocTu psifa (6) Biosb JguHHH I' ciexyer, uro npu Jawdbom & (e > 0)
cymectsyer 4uciao N = N (e) Takoe, 4TO CyMMa n NEPBbHIX YJCHOB
paga (6) s, (2) = uy (2) + 4y (2) + ... + u, (2) orauyaercs oOT
CyMMBbl psifia § (2) DO MOLYJIIO MeHblie, Hexeau Ha & BIodb ', kax
ToMbKO n = N = N () (ra. 11, § 2, n. ).

CnenoBarenbHO, €C/IH  HOJOXKHM!

$ (2) = sa(2) + ru(2), M
T6 BHoAL [T umeem:
[ @] <e. 8

O6osnauan yepes [ aauny avdun [, nesyyaem B cuay (8), Ha OCHOBA-
HUM CBOHCTBa BH) (m. 2):

[ 5@ = s. 2142
T

Jrn ) dzl <el,
r

uau

<el,

Js(z)dz— jul(z)dz—- Juz(z)dz-— e — Ju,,(z)dz
P

r T T

Js(z) dz=lim {j uy (2)dz +- Juz ) dz -+ ...+ J U, (2) dz}. )
r dadi §3 r r

PasenctBo (9) uHaue mMoxer GbiThb 3anHcaHO B TAKOM BIije:

Js(z)d.’e:jul(z)dz~{—Juz(z)a'zJr e - Jun (@)dz ... (10)
r T

r r

Jokazannoe npesioxkeHne MoxeT ObiTh enie GOpMyJHPOBAHO TAKUM
00pasoM: ecau 800ab NYMu UHMe2PUPOSAHU NOCACO08AMEAbHOCHTD
Henpepolgrbix pyrkyuld s, (2) cxodumes pasHoMepHo Kk ¢yukyuu s (2),
mo umeem:

lim jsn(z)dz=jlim sn(z)dz:Js(z) dz. (10")
n—>oo r r =00 T

[Tpumeuanue 3ITo npemnoxkenne MoXKeT ObiThb PACIHUPEHO CJSAYHOLLHM
obpasom. [lycTo paBHOMEPHO A/ BCEX TOUEK 2, MPHHALIENKAUIHX [YTH HHTETPHPOBa-
Hudt I', uveem lim f(z, &)= f(2), rae f(z, &) ® f (2) cyTs QyHKumyu, Henpeprisisie

[2eai1
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sands I'. Jpyrusn cioBamm, Aaa moforo CKoJdb YrofHo Maioro € (&8 > 0) cymecT-
ByeT uncao 6 = O (¢) raxoe, yto |f (z, &)~ @] << ¢ npm yeaopnu |1 — 1| < 6,
cuntas z npouseodbiioli Touxoft ua T,

MNoctynas apaioruulo NpeAbllyleMy AOKasaTeNbCTBY, NOJYHUM:

}Ln; i‘ J (@, )d: = J I () dz.

T

4, Teopema Kowmmn. V3 onpejesnenus uHTerpasa oT HeNpPephBHOH
bynxuuy f (2) clAeAyeT, 4TO €r0 3HAYEHHE 3aBHCHT, BOOOLIE [OBOpH,
HE TOMBKO OT NOABIHTETPAJbHOR (PYHKHHH, HO H OT NYTH HETETPHPO-
Banust I'. MuemMu cjioBaMu, coefunssi TOUKH Z, M Z ABYMS Da3jiuy-
uptvu urpsaMd ' n T, npunagnexamumn ofnocsssnoll ofaactu G,

¥ BLIYHCAAS j.f (2) dz Brosp KaxuaoH M3 3TuX JHHHIE, MBI NOJYYHM,
BooOIe TOBOPS, pa3uble uucad. LCTeCTBEHHO BO3HMK&EET BONPOC:
KakUM YCJOBHSM JOJIXKHA YAOBJETBOPATh Qynrins [ (z) Aas Toro,
uTOGH! 3HIAYEHHE ee HHTeTPAla He 3aBHCENO0 OT IYTH HHTEerPHPOBaHMS,
a ONpPEJeJISLJIOCH JIUIL [OJIOKEIHSIMH HauajbHOH H KOHEUHOH ToYek
sTOoro nyTH? Jlerko nokasarb, Moctylas Tak ke, Kak B cjydae jeii-
CTBUTEJbHBIX KPHBOJAHHEHHBIX HHTErpasoB, YTO 3Ta 3ajaya 06 ycCJao-
BHAX HE3aBUCHMOCTH HHTerpajga OT NYTH HHTETPHPOBAaHHA PAaBHO-
CH/IbHA 3a3ja4e HAXOXKACHHA YCJAOBHH, NPH KOTOPBIX JaHHLIE HITe-
rpajd, B3sTHIA Mo JwoGOMY 3aMKHYTOMY KOHTYpPY, paBeH Hynwo. Pe-
HI€HHE 3TOH 3aaY¥ MBI MOMKEM MNOCTaBHTb B 3aBHCHMOCTb OT COOTBET-
CTBYIOINEH 3ajaul sl AeHCTBHTENRHBIX KPHBOJAMHCHHEBIX MHTErpaJsoB
BCJEICTBHE TOTO, YTO WHTErpasd N0 KOMIVIEKCHOMY NEepPeMeHHOMY Bbl-
pakaercsi yepes JBa ACHCTBHTEJLHBIX KPHBOJHHEHHBIX MHTErpaJja.
Hrag, npepmomoxuM, uTo ¢yuruua f &) = u {x, y) + v (x, y) i,
AHAJUTHYECKas B OJHOCBA3HON obnacTh G, uMeeT B KaxJoH Touke
3T0H 00JMacTH HenpepuBHYK NpoH3BoAHyo. OTClona cheiyer, uTo
GYHKUHH & ¥ U HeNpepLIBHEL B 06JacTH (G BMeCTe ¢ HX YaCTHBIMH NpPO-
H3BOJHBIMH, KOTOPbIE YIOBJAETBOPSIOT YpaBHeHusm (r1. 11, § 4,
n. 4)

du du ou du
T e T o (C.—R)

OGosnauas uepes I' mpousBOJIBHBIA 3AMKHYTHIN KOHTYP, Jexaniui
B objactu G, u 2ameuasi, 4To B CHIy dopMmydan (3)

Jf(z)dz:J.udx——vdy—{—ljvdx—kudy, an

r r

MBl HMEEM Ha GCCHOBAHHM W3BECTHOH TEOpEeMHl )i
fude—vay=o, (12)
r
1) Cm., nanpumep, Ilocce K. A. Kypc HHTeIpaipHOIO HCUUCICHHS. =~

M.: OHTH, 1935, r1. VI, § 2 (man. 2-¢), nau Cmuprob B. M. Kype Brc-
wed marematuku, — M.: Tocrexuspar, 1950, 7. 1, n. 71 (usg. 10-e).
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TaK Kayg
ou  dv
oy dx
H
Jvdx—{—udy:(), (12%)
r
TaK Kax
ov _ du
oy~ ox °

Benencreue pasencts (12) n (127) dopaiyna (11) npumumaer BUHA
Jf (2) de = 0. (13)
P

Hrax, mbl goKaszand, 4to ecau Qynxyus f (2), 00Ho3HaUHAT 8 00HO-
cas3101 obaacmu G, useem 8 KaxcdoU mouke Imcol 06AacmuU Henpepols-
HYI0O NPOU3BOOHYIO, MO urmezpaa om smol (pyHkyuu, 83amoui 80046
06020 3AMKHYMOe0 KoHmypa, npunadaexcaugeeo obaacmu G, pased
Hyao. DTO NPENJOKEeHHEe SBJAETCA OCHOBHBIM B TECOPHUH aHalHTHye-
CKHX GYHKLUME u Ha3biBaercs Teopemoll Komn. B uanoxensom Jo-
Ka3aTesbCcTBe TeopeMbl Kol CyIecTBEHHO TNPEANOJIOKEHUe H € -
NpepHBHOCTH npoussoinof ¢dyukuun f(z). Opnako 37O
OrpaHHYCHME HE sBJAfETCS HEOOGXOAUMBIM JJIsi CIPaBEIJIUBOCTH 9TOM
TCOPEMBI, H B CJACAYIOLIEH Fy1aBe MBI H3JI0XKHM IPYTO€ A0Ka3aTejbCTBO
teopemnt Koiwym, mpeinonaras Juiles CyliecTsoBaHue B obnactu G
KOHEeuHoH NpousBoAHOH QyHKUKH f(2). Taxum o0pa3oM, Mbl yCTAHOBUM
npetoxenne Komu gas jyoboit dyuruuy f(2), aHaaHTHYECKO#H B 00-
gacta G.

§ 2. Teopema Kown

I. Ocnosuas semma, [Iycts f(z) ecTb HenmpephiBaas (yHKIHS,
OnpefesqeHHas B HEKOTOPOH of6iacTH G MIOCKOCTH KOMILIEKCHOTC Me-
pemeHHOrO 2, # I' — nmpou3BoONbHAS KYCOYHO-TMAAKAS JIHHUS, JeXKa-
maa B 3ToH obGnactd, Ilpu JofoM CcKomb yroguo manoMm € (e > 0)
CYLIECTBYET JioMaHas sauHuA P, snucausas B I', nennxom sexaias
B obOsmacty @, Takad, UTO :

lf(z)dz—-i[f(z)dzj<s, (14)

T. €. 3HayeHUe HHTerpasna ff(z) dz MOXKHO alIPOKCHMEPUBATE C JIIO-
r

Goit CTemeHbI0 TOYHOCTH MOCPEACTBOM 3HAUYEHHS TOTO JKE& HHTErpaja,
B3MITOTO BJOJIb JIOMaHOH Jiuuuu P, BnucanHo#t B I' u snexamesi B 06-
aacty G,
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Jna noxasaTeqbCTBa PACCMOTPHM 3aMKHYTYIO obiacte D, uacTb
ofnactu G, copepxamyo BuyrpH Jjunnio I Tax kar no ycaoBuio
(ysguHs f (2) HenpepblBHA B KaxkAoil Touke o6aactH D, To oHa paB-
HoMepHO HenpepniBHa B 3tofi obmactu (ra. II, § 1, n. 4). Cuexnosa-

TeJbHO, [PH JIOOOM CKOJMb YTrOAHO

maznom € (e > 0) cymecTByer uHcJa0
//z,\ 8 = 8 (e) Taroe, uro
y [F @) —F @) <e
Zp 2|

ecaun| 2’ — 2"| <8, npuuem 2’ u 2"

cyThb JioGble 1Be TOYKH obaactu D.
PascObem sunnio I' Ha n ayr s,

S1y «eey Sp_1, AJTHHA KaXJI0H H3 KOTO-

Puc. 73, phiX Obiia 6bf Menblie 8, W BnunieM

B auHno I Jjomanyio Jaueuio P,

2BeHbs1 Kotopoll ly, I}, ..., I,y craruBawor otM ayrH. O6osnaunm
BEPLUKHLI JIOMaHOH JAuHuK P uepes 2y, z;, ..., 2,1, 2, (puc. 73).

Tax Kak niuHa KaxAoH Ayru s, MeHblie §, TO pacCTOSHHE MEXAY JI0-
6bIMH ABYMSI TOUKAMH OJHOH M TOH ’Ke AYTH M NOAaBHO MeHbwe &.
To ke camoe 6yjeT A/s HAllUX 3BeHbeB [,. CPaBHHM Teneph 3HaueHue

jf (2) dz co 3HayeHHEeM TOTO ke HHTETpaJsa BAOJbL JOMAHOH JHHHH P.

C 5TOH LEJbI0 PaccMOTPHM CYMMY, SBJSIOWYIOCS NPUGHNMKEHEHM

3HaueHHEM Jf (2) dz:
‘I‘

8 = [ (2) Azy + [ (2)) A2y + .o F [ (2521) B2y, (15)

3ameruB, uto Az, :jdz, npejacTaBuM Boipaxenue (15) B Buae
A

S=[l@d+ [j@dzt .t | feand.  (15)

Sn-t
C 1apyro#t CTOpOHBI, HHTerpan Jf (2) dz MOXHO TNpPEACTaBHTh KakK
r
CyMMY HHTETPAJIOB, B3STHIX NO IYTaM S
j (z)dz——J.f(z)dz—]—jf(z)dz—{—...—}— j f(2) da. (16)
n-1

Mpoussoass nounenuoe BeiyuTanne pasencrs (16) u (15°), mosyunmi

ljf(z)dz—3=f(f(z)—mzo»dz + @~ @) dz+ ..

vt [ (1@ —=F(2a) .

Sp-i
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3ameuas, 4TO Ha Kaxa0H ayre s, umeem: |f (z) — f (z)] << e, no-

aAydaem:

If () dz — S| << esy + &8y + ... + €5,y = €l, (17)
r

rae | ects pauHa Beed JsuHuu I,
[Toctynas aHasoru4yHo, OUEHHM MOAYJb PA3HOCTH J f(@dz—S.

P
3ameTuB, 4TOo Az =I dz, npeacraBum BbipaxeHue (15) B Buze
i
S=[f@)de4 [f@)dit .+ [ ftan)da (157
b b bay

C npyroft cTOpOHBI, HHTErpasn j'f (?) ds MOoxHO mpencTaBHUTb Kak
P

CyMMy HHTErpajoB, B3ATHIX [0 3BEHbAM il
!f(z)dz=Jf(2)dz+J/‘(2)dz+---+ [ r@a )
o 1 lnt

Beiyutas nouwaeHHo M3 pasenctBa (16°) pasencrso (157), nonydum:

If(z)dz—8=}(f(z)—i(za»dz +j(f(z)—f(z1»dz+...
Fid 7y 1

vt | (@ —Flzaa) e

I

Tak kak na kaxaom 3sene [, umeem |f (2) — f (2,) | <] €, T0 HaxoOAUM:

ll[f(z)dz—- S|<elo—|-ell+... tely =
el Ao L) <el. (18)

Vs nepasenctsa (17) u (18) nonyvaem:
Lj‘-f(z)dz—lf(z)dz <|jf(z)dz—s +|s—[i@d
by p

<&l + el = 2el.
Hrak, Bceraa BosMoHO Brucarh B JAuuHiO I JOMaHYIO AHHUIO P

TaK, YTO Pa3HOCTh 3HaYeHHUH J f(z) dz Bmonw I' u Bronb P Gymer no
MOLY/II0 MEHbIUE [POH3BOJBHO MAaJOr0 MOJNOKHTEAbHOTO YHCJA.

2. MNpusenenne fokasateabCcTBa Teopembl KOmiH x mpocteiiiemy
cayyao. Teopema Ko MoxeT 6biTh (opMyJiHpoBaHa TaKHM 00pa-
3oM: ecau [ (2) ecmo pynkyua, anasumuseckas € Hexomopoi 00HOCEAS-

<
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noi obaacmu G, mo J [ (2) dz, e3amuiii 60046 2106020 3aMKHYMOLO KOH-
mypa T, aexawezo ¢ G, pasen nyo.

Ecau Mbt goitycTaM, uto mpepnoxkenne Komm pokasano B cayyae
NpPOH3BOJBLHOH 3aMKHYTOH JIOMaHOH JHHHHM P, npuHajjexamed o6-
nacty G, To ra Teopema OyZeT BipHa AAsA 060K 3aMKHYTOH Kyco-
yyo-raaakoi aguuu I'. JefictButenbuo, npeanonaras € (e > 0)
CKOMb YrOJHO MaJiBiM 4YHC/JAOM, BIMILIEM B 3aMKHyThH koHTyp I' Ha
OCHOBAHHH JIEMMB! II. | 3aMKHYTYIO JiOMauyio JuHHio P Tak, uToOHl
HMETh:

[1@dz— [ 1@ az| <.
r P

Tak Kak 0O JOHYIEHHIO HMEeM: Jf (2) dz = 0, To H3 TOCJEHEro
P
HepaBeHCTBA CJAEAYET:

If(z)dz <eg, T. € Jf(z)dz: .
r

Hrak, nepsoe ympolieHHe aoKaszaTeabCTBa Teopemel Konm co-
CTOMT B TOM, YTO Mbl CBOJIHM €F0 K CJIy4alo, KOTAa KOHTYPOM HHTErpH-
POBaHHsl SBJSETCS 3aMKHYyTas JOMaHasi JIHHHSA.

IlokaskeM Tenepb, U4TO AOKA3aTEJIbCTBO 3TOTO C/1y4as NMPHBOAHTCH
K ©Ay4aio, KOTAA JHHHEH HHTETPHPOBaHUS CJAYKHT MEPHMETD Tpe-
yronbuuka. B camom jese, pasGuBasi NaHHBI
MHOTOYTOJMBHUE € nepumerpoM P jpmarosa-
JAMH Ha TPeyroJbHUKH (puc. 74), npeucraBuM

Jf(z) dz KakK CyMMY WHTETPAJIOB, B3SITEIX IO
P
NIepRMETPaM  TPEYTOJLHHKOB, Ha KOTODHE
pa3buT JAHHHIH MHOTOYFOJbHHK:
- [ { {
[f@d= [ + | + [, (9
P

ABCA ACDA ADEA

Puc. 74. TaK Kak HHTETPHPOBAHHC 1O KaxKJAOH Juaro-

laJId COBEpHIaeTcst JBa Paza B NPOTHBOMOJOK-

HBIX HAMPABJEHUSX, a4 [OTOMY YHHYTOKAETCS.

Taxnum oGpazoM, €CJIH Mbl JONYCTHM, U4TO npemtoxenre Ko xoxa-

3aHO /15 CAy4as, KOT/la KOHTYPOM HHTErPHPOBAHUSA CAYXKUT NEPUMETD

DPOU3BOJILHOTO TpeyrosbHuKa obaactu G, TO OHO BCJEACTBHE paBeH-

cra (19) Gyner Tem caMbIM [0Ka3aHo AJA 3AMKHYTOH JIOMAHOH JIHHUH
P, a 3nauur, U i Jgunuu I

3. JokasatennctBo Teopemnl Konin., Ha ocnoBanuu nmpeasiiyniero

[YHKTA J0Xa3aTeJbCeTBO TeopeMbl Kolin IpHBOAHTCH K J0Kasarelb-

CTBY CJICAVIOUIETO NpeijioxeHus: ecau [ (z) ectb QyHKIUS, aHAJAHTH-

yeckass B OJHOCBSA3HOH oGmactu (G, TO HHTerpaj jf(z) dz, B3ATHH
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BLOMb NEpHMETPa A HPOM3BOABHOTO TPEYTOJNLHHKA, NPHHANIEKALEI0
obsnactH G, paBeH HyJIO.

ITonoxum ljf () dzj = M u noxaxewm, uro M = 0,
A

PazfielMB CTOPOHBI JaHHOIO TPEYFOJBHHKA MNOTOJaM, COSXHHHB
NONAPHO MOJyuYeHHbie TOYKHM JEJIEHHS, MBI Da3o0beM JanHbll Tpey-
FONbHUK, HA YETblPe KOHTPYIHTHBIX TPEYTOJbHUKA C IEPHMETPaMU
Ay, A;, As, Ay (puc. 75). OueBujpHO, HMeeM:

if(Z)d2=i +[£ +Z[ +[ 20)

TaK KaK HHTerpupoBaHHe 110 KaxJaoMy OTPE3KY,
COCINHAIOWEMY TOYKH AEJEHUA, COBepluaercsa
ZBa pasa B NPOTHBOIOJOXKHBIX HAIPABJACHHSX

H NOTOMY yHUYTOXKaercs. Tak Kak J = M,
A

TO H3 paBeHcTBa (20) ciepyer, uto Hailaercs Pac, 75.

X0TR Obl OfMH mepumerp A, (& = 1, 2, 3, 4),

MOJlyJIb HHTErpajia mo KOTopoMy Gyier He Meublie, ueMm M/4, Ilycts,

HanpuMep, 310 O6yner nepumerp Ag:

[F@de|= 2. el

LY

C 3TuM TpeyrosbHHKOM nepumerpa A, MmOCTYHM TaK ke, Kak
C NEPBOHAYANbLHLIM, Pa3GUB €ro Ha YeThlpe KOHTPY3HTHLIX TpeyroJb-
Huka. CrnejoBatenNbHO, ONATH HARJETCS TAaKOH TPEYTONbHUK C nepH-
metpom AP, mprHapnexamuil TpPeyrodbHHKY C NEepHMETpoM Ay,
4YTO HMEeM:
[ f@dz|= 45 | 22)

A(Z)

OueBHAHO, TOT NPOLECC MOXKHO NPOROIKATH 10 GECKOHEYHOCTH.
Takum 00pasom, Mbl HOJYyYHM INOCJACNAOBATENLHOCT TPEYToJbHUKOB
¢ nmepumerpamMua A = A® A = AD A@ AW u3  KoTo-
PLIX KaxAbll COLEPIKUT CAeNYIOMH, W TAKHX, 4TO MMEWT MeCcTo
HEPaBEHCTBA

[ t@a ;% (n=0, 1, 2, ... 23)
RE)

OGosnauasi jnuHy nepumerpa A uepes U n zaveyasi, 4To NJTHHBL
nepumerpo A, A®_ AM™ . cyrh coorBerctBeHno  U/2,
) y

U2, .., U/2", ..., Mbl OUEHHM BEJHYHHY MOAYJA _‘-f(z) dz. Tak
" Ay
KaK MBl HMEEM INOC/IeL0BaTeNbHOCTh TPEYTOALHHKOB, N3 KOTOPLIX Ka-
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MBI COALPIKUT BCE CASAYIOIUE H AJHHDI MEPUMETPOB KOTOPBIX CTpe-
MSTCS K HYJIIO NPH HEOTPAHMYCHHOM BO3DACTAHHU f, TO BCIEACTBHE
OCHOBHOTO MpUHUMMA Teopuu npepenos (ra. I, § 3, n. 1) cymecrByer
TOUKA 2, OPHHALIEIKAIAs BCEM TPeyroJbHHKAM yKa3aHHOH mocse-
JOBATeJAbHOCTH. JTa TOYKa JeXHT B obaactd G, rae byukuus [ (2)
€CTb aHAJHTHYECKAA, T. €. B TOUKE 2y PYHKUHA [ (2) HMEET KOHEYHYIO
npou3BoAHy0. Takum ofpasoM, 1pu J060M CKOJMb YrOAHO MaJIoM
e (¢ > 0) cywectByer uuciao 8 = 0 (¢) Takoe, YI0 HMEET MECTO He-
paBeHCTBO

f(2) —f (29) ’
*’zz—_—zo(_ — (Zo)( <e, (24)
ecun .
|z —zy| < 8. (25)
Hepapenctso (24), Gyayun ymHomeno Ha |z — 2, |, sanuwercs B BHAe
/(@) — [zo) — 2 — 2} ['(20) | <<e|2— 2. (257)

Hepasencrso (25') BulnosiHAeTCn npu yeaosuu (25), T. €. 4as Jlo-
6oit TOuKH 2, JexKawed BHYTPH KPYra C UEHTPOM B TOUKE 2z, pagnyca §.
Hauunan ¢ gocratouyHo Hogbmuero n, nepumerp A JIeXHT BHYTPH
3TOr0 KPyra, M C/€10BATENBHO, Mbl MOMEM BOCHOJb30BATBCA 0OPH

OLEHKE HHTerpana J [(z) dz uepaseuncrsom (25'), 3amerum, u4TO

Alr)
Jf@d= [ l@—Te) —@E—2a)f @ld @)
Al NG
TaK Kak I dz=0wu j z2dz=0 @& 1, n. 1). U3 pasencra (26)
(r) (n)
nonyqaeMAB cHITy Hepageﬂcnaa (25'):
[ l@de|< | elz—z]|dz|. @7)
RG R&)

Tak kak |z — 2,| ecTb paccrosinue /1000 TouKu 2 nepumerpa A
TPEYTO/NbHUKA OT TOUKH 2,5, JEXKAILeli Ha STOM TPeyroJbHHKe, TO HMeeM:

|2 — 2| << U2,
CnegoBarennho, U3 HepaseHCTBa (27) nmoayuum:
U u Ue
f (@) dz |[<emmemr =g 28)

Alm)

CpaBHuBas HepaBencrBa (23) u (28), Haxopum:

M/4n < elU?/4n
HIH
M <zel?,

oTkyna creayer: M = 0, Tak KaK & — YHCAO CKOJb YI'OAHO MaJjoc §
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3ameuasnne [lpy poxkazarenbcTBe Teopeww KOwB ME BOCHOJB3CBAMNCH
T€M, WTO HHTETPanbl sz H J zdz, B3RTHE BAOJL JIOGOTO 3aMKHYTOI'O KOHTYpa, pa-
BHH HYJIO. 3TOT dart moxeT CHTh OOBAPYKEH HENOCPENCTBEHHO, MCXOAS M3 cnpe-
pesienns upTerpa’ia. B camoM JeJe, COIVIaCHO ONPeResieHHIO HMeeMm:
n—1
jd:: iim Y 4z, =0,
k=0
n—1
18K Kak ¥, Bzp =0, ecnn 25 = 2z}
h==0
n—1 n—1

J 2dz = lim E 23z, = lim Z 2r41028,
i k=0

OTKYyZa CJiefyeT:

n—l1 n—1
2 szz = lim}: (2 -+ 2p4y) A2y = lim 2 (ghp1— 23) =0,
k=0 b

n-1
2 2Y — —
TaK KaK 3 (g1 — 23) =0, ecan z, =2,
k=0

4. NoHsATHe HeoNpeeJEHHOTO HHTETPana B KOMMAEGKCHO 06.1acTH.
M3 nokasaunoi teopembl Komm, kak 6wuio yxazano B § 1, n. 4, BH-
TEKaeT CAEAYIOLIEe NPeJIOKeHIe:

Ecau pynryua | (2) ecme anasumuyecskas ¢ 00nocessioti o6racmu G,

mo 3HaueHue UHMe2para jf (2) dz, e@3amoco 600ab  npousE0AbHOU
e

Kycouro-eaadkoi aunuu T, npunadaescawel o6aacmu G, He 3aeucum

om aunuu U, a onpedessemca autie ROAOHCEHUAMU HOYQABHOE U KO-

Heundl mouex amotl aunuuw. JpyTHMH caoBami, 3HaueHHe HHTerpanaa

jf(z) dz He u3MEHHTCH, ecJM Mbl OyAeM NpoH3BOJBHO JeQOopMHpPO-

i
BaTb JuHH© I', He BHIXOAs 3a npeaensl of6nacti G, ocTaBass ee Hayalo
U KOHEil HeNOJBHKHBLIMH.

PaceMoTpus BhlpameHnHne

F@)=[j@d, (29)

T1€ 33 NYThb HHTEIPHPOBAHHUS MOXKHO B3SITH IIPOH3BOJIBHYIO KYCOUHO-
raajkyo auHuo I', coeluHAIOMYIO TOUKH 2, 1 2, JEXKaIlyio B JaHHOH
0JHOCBA3HOH obnactn (. BeJsieicTBHE BHIIEYNOMSHYTOTO NpeJIOXke-
HUA 3HauenHe QyHKUMH F (z) He OyJeT 3aBUCETb OT NYTH MHTErpHPO-
BaHHA H, CJeoBaTeabHO, F (2) ecTh OfHO3HayHast GyHKUUSA, onpele-
JeHHass B obxactu (. TTokaxkem, 4TO B Kakaofi Touke 2z ofiactn G
OQyuxuua f (z) umeer npousBoinylo, paBuyio [ (2). HefictuTennHo,
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ofosnauas yepes z -+ 4 mobylo Touky objactTe @, JeXKalLyK B npo-
H3BOJILIO Malofi OKPECTHOCTH TOYKH 2, PAaCCMOTPHM PAa3HOCTh

2--h 4 2!t
Feth—F@= | jQd—[fod= | 0 @0

npudeM 3a NyTh HMHTErPUPOBAHHSA B IOCJeJHEM HHTErpaje MOKHO

B3ATL NPAMOJHHEHHBIH OTPE30K, COeJMHSWOWUI TOUKH 2 M 2z -+ A
(puc. 76). Paspenus pasenciso (30)
Ha A, HaXOAUM:

F(z4+h) —F L
__(2_+_>_:_._@_-_-_h_ If(g)dg,

z h
2 (30"
2, 3aMerus, 4TO
2+h z+h
fo=10+ | = [ F@d,
Puc, 76. 2 2 (31)

BhiUTEM U3 paBenctBa (30°) paseHcTBO (31); TOTAA Mbl MOJYYHM Ciie-
ayiotee:
] z--h

LEENZFE )= [ O (32
Beaeacteue HenpepuiBHOCTH (YHKUHH f (2) B Touke 2, TpH Jio6oM
CKOJb yroauo maiom & (g > 0) cymecrByer uncao & = 8 (g) rtakoe,
yto umeem: | f (§) — f (2) | @&, | ¢ — 2| <@ 8. CruepoBaresnno, ecin
CYUTATh, 4TO |A|<C 8, TO MOIYNb NOALIMHTErPAJbHON (QYHKUNY B HH-
terpase (32) Oyner menbue &. Takum o6pasoM, H3 DaBEHCTBA (32)
HaXOmuM:

FCrW=F@) 5y <e-T%—:=e,

h
npu |h| <8, 1. e.

lim
h->0

Fz+h)—F() __
LEIN=FE ),

HJIH

F' (2) = [ (2). (33)

Hrak, ugrerpai or QyHKIMH f (z), aHAJIHUTHYECKOH B ONHOCBSISHOH
obsactu G, paccMaTpuBaeMbIl KaK (GyHKLMSA CBOETO BEPXHero npejena,
ecTb OYHKIHsT, aHANUTHYECKash B ToH ke 06/1aCTH, NMPOW3BOAHAR KO-
TOpPOH paBHA NOABIHTErpanbHOH (yHKIHH.
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3ameuanmune. 310 ZOKAasaTCJIbCTBO OCHOBAHO JIHIIL 11 ABYX cpoiicTBax

¢dyuxuun f (2):
1) f () ectv uenpepwiBras ¢yuxuus g obracrtu G,

2) jf(z) dz, B3ATHH BLONL JIOGOTO 3aMKHYTOTO KOHTYypa, Jexauero B G, pa-
BEH HYJIO.

Tlpn stHx ycaoBusix F (2) = Jf(;) d{ ecTb Qyuruug, amainTHueckas B 06-

Zo
aactu G, npuuem F' (2) = [ (2). DTuM 3ameuanneM Mbl BIOCJEACTBUH BOCIOAb3YEMCH, -

Hasosem neonpedeaentbim urmee paiom WIR 1 PUMILIMUGHOT (Y HKYILeE
ot f (2) Bcakyw ¢ynkumio @ (z), yroBieTBOpAKULYIO BCIOAY B 061aCTH

G ycaoBuio
Q' (2) =7 (2). (34)

CornacHo usjoxxkennomy F (2) = Jf (§) dC sBnsieTca NPHUMHTHB-

Zg
Ho#t dynxuued aaa ¢yuxuud f (2). okaxem, uto ao6asi NpUMHTHB-
nas ¢yukuns @ (z) Oyner HMeThb BHA

D@ =F@+C= jHOﬁ+C (35)

rae C ecTb NpPOU3BOJbHOE MOCTOSHHOE.
JeHACTBHTENBHO, U3 paBeHCTB (34) u (33) nyTeMm HX BLIYHTAHHSA CJe-

JLyeT:
(@@ —F @) =9 ()=0, (36)

rae yepes { (2) o6o3HaueHa pasuocTb M (2) — F (2).
Honaras P (z) = u (x, y) 4+ v (x, y) { 1 sameuvas, uto V' (2) ==

ou ou . du 78 }
= ~+- L= 7T (ra. 11, § 4, n. 4), nonyuaeM BeaeaACTBHE
paeenctea (36):
du _ dv __ Ou Jo
Jx — 0x oy dy

B obsactH G. CrenoBaresbo, PYHKUHH ¥ H U CyThb HOCTORHHBIE B 06-
Jaactd G, a TmOTOMY HMEEM:

YR =u-+vi=Cum®E—F@E=

OTKYyZa
®(2) = F(z) + C. (35)

Takum o6pasoM, nounMas nox @ (2) oany U3 NPUMUTHBHBIX (GYLK-
mud gaa ¢ysknuu f (2), nepenuiueM paBeHCTBO (35) B BHuE

[fmda+c=00@. ()
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Tonaras spech z = z,, noayuyum: C = @ (2,). 3aMeHsAA B paBeHCTBE
(35) nocrosinHoe C HAHJEHHBIM 3HAYCHHEM, HOJYUHM:

jf (£)dl = @ (2) — D (). (37)

Dopmyna (37) BblpaxkaeT onpeieseHHblf HHTerpan 4epe3 Heonpese-
JeHHbld. MTak, orpaHHYuBasCh (PyHKUUSAMH, aHAJIHTHYECKUMH B Of-
HOCBA3HOH o6siacTH G, MBI BHIUM, 4TO NONOOHO OOBIKHOBEHHBIM HHTE-
rpanaM HHTErPHPOBAHHE [I0 KOMIJIEKCHOMY NE€PEMEHHOMY MOXHO pac-
CMaTpHBaTh € JBYX TOYeK 3peHHA: l) KaK MPOLECC CyMMHPOBAHUS,
2) kak pefictBue, obpaTHOe AH(PEpeHIHPOBAHHIO.

5. PacnpocTpaneHne TeopemMbl KOWH Ha cay4aii CAOMHBIX KOH-
TypoB. [lycts I' ecTh npousBosbHAs 3aMKHyTasi KyCOYHO-TJIajKas
auuus U f () — $yuxkuud, apasutryeckas BryTpu I', a takike B Ka-
K0l Touke sauHHH [, B sroM cayuae umeem:

[f@az=0. (38)
r

HeficTBHTeABHO, OKOMO KaXKA0HK TOYKH, Jexameid BHyTpu ' unn na T,
MOXHO OfHCaTb, KAK OKOJO UEHTPA, KPYr, BHYTPH KOTOPOro LaHHAsA
dyuxkuus [ (2) ects ananuruveckas. B cuay nemumur Iefine—DBopens
(ra. I, § I, n. 4) cymecTByeT KOHEYHOE UHMCJIO TAKHX KPYyros, co-
JepIKalX BHYTPH cesl Bce TOUKY 3aMKHYTO#H obnactu ¢ rpanuuei I'
CoBOKYIHOCTb TOYEK. JIeXKAIUX BHYTPH 3THX KPYros, npeicrasjser
obnacte G, cogepxaluyio JuHuio I BMecTe ¢ BHYTPEHHHMH TOYKAMH.
B o6nacth G dyukuus [ (2) ecTb aHasuTHueckas, npuuem Buytpu I'
HeT TPaHHYHBIX ToYeK obnactu (G, a NOTOMY BCJEACTBHE TEOPEMbI
Kouin umeeM paBenctso (38).

PaccMorpum Tenepb n - 1 3aMKHYTBIX KYCOUHO-IVIAJAKHX JIMHHE
Iy, Ty, ..., ', Takux, uro xaxpas u3 aunuii Ty, Ty, ..., ') jexur
BHe OCTa/IbHLIX H Bce OHH pacnosioxenb! BHYTpH I'y. Muoxectso Touek
IOCKOCTH, JIeKAalHX oAHOBpeMeHHO BHyTpu I'y u BHe amuuit Ty,
I, ..., 'y, 6yzer npeacraBaate n + 1-cBs3Hyio obnacte D, rpanuua
Kotopoii cocrout us aunuir I'y, T'y, ..., T',. B stom cayuae mbl cka-
KeM, 4To rpaHuna obmactid D npenctaBaser cofoi CTOKHBIA KOHTYD
="T¢+Ti+ ..+ T5 cocrosmuit u3 quuuu Iy, npoxoaumoft
B [OJIOXKHTE/ILHOM Hanpas/eHuu, U octanmbhelx auHuid Iy, T, ...
«..; Iy, IPOXONUMBIX B OTPHUATEJBHOM HanpabjaeHHH. JIpyruMH cio-
BaMH, €C/IH TOYKA ABHIKETCH MO CJ0XKHOMY KOHTypy I', TO TOUKH 06-
nacti D ocraiorcs ¢ seBo#i ctoponsl (puc, 77). [Ipesnonaras dyHKUMIO

[ (?) aHamuTHYecKoil B 3aMKHyTOH o6sactd D), MBI [OKaMeM, 4TO

[f@dz=0, (39)
: |
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rae TMOJIOKEHO!

=]+ ]++]
T F'('" ry r,

B stom 3axmouaercs ofobiuenne teopembl Kowu na cayuyaii ciox-
HOrO KOHTypa.

s pokasaTesbCTBa coennnnMm anunu Uy, Ty, ..., T, B unkan-
YECKOM MNOPSiJKe C NOMOIbIO BCMOMOTATEAbHLIX JHHHE (puc. 77):
ab, c¢d, ef M paccMoTpuM JBe 3aMKHYTHIE JHHUH: ¢ = amfendcpba
u vy = abp’cdn’efm’a. Taxk kKak ¢gyuxuusa f (2) Coryacuo ycJjoBHIO
OyReT aHaJUTHYECKOH KakK BHYTPH,
TAK M Ha KaXXAOH M3 3THUX JHHUE Y
H 9, TO N0 ROKA3aHHOMY HMeeMm:

jf@dz=0, [ ] @dz=0.
y b
Craazeisasg Mekay cofoit nocaen-

HIRE JBa PABCHCTBaA, OXOHYATEIbLIO
DOJIyuHM:

[ F@dz=o,
T

MOTOMY YTG HHTErpHPOBAaHHS MO Puc. 77.
BCIIOMOTATeJbHLIM JIHHUSM (ab, od,
ef} coBepmaoTCs ABa pasa B IIPOTHBONOJOMKHBIX HaNpaBJenns,
a TNOTOMY YHHUTOXKAIOTCSH.

JlokazaHHoe paBeHCTBO (39) MOXKHO TaK:Ke 3anucaTb B BHJE

li@a=[i@a+|j@d+..+[f@d 39
FO r] r2 Fn

F[ie HHTETPHPOBAHHE COBEPILACTCH B IMOJOXKHTEJILHOM HANPABJIEHHH
aunuit Iy, Ty, ..., T';. B camom nene, samernm, 4To B Cusly paBencTsa
(39) nmeem:

[z | f(z)dz—}—...—]—i [ (2)dz = 0; (39")
Ty Ty

Iy

nepeseceM BCe yaeHH paBeHcrsa (397), KpoMe mEpBOTO ujeHa, B Npa-
BYIO YaCTb M H3MEHMM B STHX Y/€HAX HaNpaBjeHHe MHTETPHPOBAHMS;
TOTAa noJyyum gopmyny (39°).

B yacruocTH, ecqin saMKHyTas JuHHa [y comep:xur BayTpu cebs
samkuyrylo yunnio I'y v dyuxuns f(2) 6yaer aHanuTHueckol Kak
mexay stumu auuuaMia Iy u T'y, tak ¥ Ha caMuX JHHUAX, TO 3HaUEHHE

HHTerpasna f [(2) dz Bpone moGoil ¥3 3THX JKHKE OYAET CAHHEM H TeM
K€ YHCIOM.
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6. Jlorapudmuueckasn (Qynkuus. Eciy HyJieBas TOUKA JEKHT BHE
dz W
3aMKHYTOTO KOHTYDA, TO J ——» B3ATHIA BAOJIb 3T0r0 KOHTYPR, paBe

HYJI0, NOTOMY 4TO (yukuus 1/z ecTh aHaJMTHUECKas BCIOAY B I10-
CKOCTH KOMIIJIEKCHOTO nepeMernoro 2z, xpome z = 0. Ecnu xe nyae-

Bad TOYKa JEXKHT BHYTPH 3aMKHYTOrO KOHTYypa, TO Ha OCHOBanHnH

dz o
npexasiayiero (. 5) j-;—, B3ATBIH BJIOJb 3TOTO0 KOHTypa, HMeEer

OTpeeNeHHOE MOCTOSTHHOE 3HAUYeHHEe, HE 3aBHCsHliee OT (BOPMBI KOH-
Typa. Y1065l BHIUHC/HTL 3TO 3HAUEHHE, JOCTaTOYHO NPHUHATH 338 KOH-
‘TYp HMHTerpHpOBaHHs OKPYxHOCTH C € LEHTPOM B HYyJeBOH TOUKe
OpOH2RONLHOTO pajuyca R. B sTom cayuae umeem:

2= Rei®, dz=Rie®dp w 22— idg,

CJIG}LOB aTeJbHO, NOJydaeM.

2n
j_é;:j i do = 2ai. (40)
C 0

dz

Z

BAOJb JI060TO 3aMKHYTOTO KOHTYpA, OKPYXKAIOIIEro HYJAEBYIO TOUKY.
Paccmorpum Tenepb (QYHKIHIO

TMonyyenuoe wucnc 2mi npejcrasnsieT 3HAYEHHE HHTerpaJa j

&l

w=jd§ , (41)

FJ€ HHTEIPUPOBAHHE MOMKET COBEPIIATHCS MO JIOGOH JIHHHH, COCMHHA-
oniel Touky 1 ¢ Toukoit 2 (puc. 78). Ecin z ecTp fAeACTBUTENBHOE MO-
JIOXKHTEAHHOE YHCAO X H NYTeM HHTErpHpOBAHHA CJYXKHT OTPE3OK

Z /\ z
> 0 7
‘ ’ .

Pue. 78. Pue, 79,

[1, x1 pefictBuTenpHO# ocH, TO w = In x. EcrecTBeHHo, cuutas z
NPOU3BOJILHBIM KOMIIIEKCHBIM UHCIOM, HOJOXHTb @ = Inz. Taxum
00pa3oM, MBI ompeaesaseM 3ech JorapudMHUYECKYo QyHKIHIO B 1JQ-
CKOCTH KOMIJIEKCHOTO IEPEMEHHOro 2z MHLIM criocofoM, yem B i, 1,
§4, n. 9,
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&
Usyuum ee cBoiicrsa. [lpewsae Bcero sameruM, yto Inz = JTQ

1
ByAer MHOrO3HAYHOK (yHKuUHel, HMeed B KaxaoH TouKke z 6ecko-
HEYHOE MHOMKECTBO PA3JHMUYHBIX 3HAYEHHUH COOTBETCTREHHO PA3JIHYHLIM
nyTAM HHTErPHPOBaHusl, coepuusiomuM Touku | u z. Tak, obosua-
z

d
uyag yepes (lnz), sHaueHue pHTErpaJa j% B3SITOTO  BAOJb IMYTH,

i
He OKDPYKAIOUIETO HYAEBYIO TOUKY (pHC. 78), MBI BUAUM, YTO 3HAYCHHE
TOTO K€ HHTerpana, B3sTOro BAOJb NMYTH, OKDYKAIOLWETO OAHH pa3
B NOJIOXHTENBLHOM HAanpaBJeHun HYJAEBYIO Touky, Oyzaer (lnz),-+2m,
noromy yro umeeM (puc. 79):

sz; J J £ = 2mi |- (In2),.
1

Imat laz

Ecau nyTb HHTErpUpOBaHUA AesiaeT n 000POTOB B HOJOKHTEALHOM
HAH OTPHLATeNBHOM HaNpaBJleHHH OKOJO HYJEeBOH TOYKH, TO, oye-
BHAHO, K 3Hauenuio (Inz), npubaBiasercss (MM OTHHMAETCS) HICJAO
2ntin. TaxuM o6pasoM, npu BesikoM 2 = 0 nmeem:

wzj—%g—zlnzz(lnz)o -+ 2mik, (41)
1

rAe k ofuzgayaer JMoboe 1e10e YHCI0, T. €. Bee 3Hauenus Inz orau-
yalTcsA ApPYr OT Jpyra Ha Kparhoe 27,

Ecan z — uucjao, neHCTBUTENBHOE TOJOXKHTENbHOE, TG OJHO H3
3THX 3HaueHHH Oyjer neHcTBUTEAbHBIM (11 2),, BCE OCTAJIbHBIE — MHH-
MbIMH. DTO AefiCTBHTENILHOE 3HAUeHHe 11z B paccMaTpHBACTCs B aHa-
ause, Ecin xe z — yucao oTpHUATENBHOE HJAH MHHMOE, TO BCe 3Ha-
4eHHs 1nz 6yAyT MHHMBIMH.

Taxuv ofpasom, dyuxuwus w =1n 2z, onpeaesensas Bo Beell mao-
CKOCTH KOMILJIEKCHOTO NEepeMEeHHOro 2, kpoMe z == 0, aBasercs Gec-
KOHEUHO3HayHOH. UYUToOH HMEThb BO3MOXHOCTL DaCcCMaTpuBaTh 3Ty
(YHKUHIO Kak OIHO3HAa4YHYIO, OYEeBHJHO, HYXHO BHIGpPaTh Takylo
06J1aCTh NJIOCKOCTH, B KOTOPOH HeJb3s NPOBECTH 3aMKHYTON JHHHH,
OKpYyRawmel Hy/JeBYIo TOUKY. Tax, ecau Mpl pa3pemeM IJICCKOCTb
BJIOJIb OTpHLATENbHOH JeHCTBUTENBHOR OCH, TO JI000H 3aMKHYTHIH
KOHTYD, Jexauui B 5Tof «pa3pe3antofl IOCKOCTH», OYIeT OCTaBJSATE
BHe celsl HyJeBYIO TOUKY. B 310l «paspesannofl nicckocT» w=1n 2
MOXKeT OpiThb paccMaTpHBaeMa KakK ORHO3HAUHass (QYHKUHSA KOMILIEK-
CHOI'O MEPEMEHHOTO 2.

Hoxaxem Tenepb, uTo (yHKUMA w = ln z ABasercs o6paTHOH
OTHOCHTENEJO TNOKA3aTEJAbHOH (DYHKLUHH

e = 2. (42)
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Tark rark nokasatesbHas ¢GYHKLIHA €® BO BCeH MNJOCKOCTH Tie-
pemenHoro w otrnuuHa ot Hyas (ra. II, § 4, n. 7), To 3Hauenne
2z = ( MBI oCcTaBJjiseM BHe paccmoTpenusi. [1ycTb z ecTh nanHoe uucio,
OTJIHYHOE OT HyJsl: z = pe¥ (—n < 9 < -+ ). }Ms ypaBreuns
(42) MBI mosyuaeMm, nogaras w = u -+ vi; e“e¥ = pe¥, u, CAEACEa-
T€JbHO, JOJAHbl HMETh!

et = p, v= ¢ 2uk, 43)

rie k — moGoe uenoe UTHCJIO.

Koraa u, Bo3pacras, npoberaer Bce AeACTBHTENbHLIE 3HAUEHHS, TO
p = ¢ BO3paCTaeT, NPUHHMAst BCEBO3MOMHBIE NOJOXKUTENbHBIE 3Ha-
uenus. Takum o6pa3oM, ypaBHEHHE ¢¥ = p HMeeT eUHCTBEHHOe Lefi~
CTBHTEJbHOE peweHue # = lnp.

Hrak, ecin z = pe¥ (—n < ¢ < 7}, To ofllee pemeHue ypaBHe-
His (42) 6yner: w = Inp -+ @i+ 2nik, rae k — moBGoe uenoe yucio,
Ecny z uaMenseTcs B «pa3pesaHHOl mJIockocTHy (8 = 0), TO, O4eBH iHO,
yHKLUS @ OyAeT OJHO3HayHOH. MTak, CymecTByeT (YHKHUA w =
= Inp + @i, OAHO3Ha4YHAaA B «pa3pe3aHHOH NJOCKOCTH», YJOBJET-
Bopsilomas ypasHenuio (42). JuddepeHuupys TOXKIECTBO €¥ = 2

w w
OTHOCHT@/IBHO 2, HONYYHM €% —— = 1, oTkyna =

Taxum 00pa3oM, B «pa3pe3aHHOH MIOCKOCTH» @ JOJKHA GbITh NpH-
MHTUBHOH ¢QyHxuued ans ¢yskuny 1/z, obpamawcueiics B HyJb NpH
2

d
z = 1. Orcloa Ha OCHOBAHUH N. 4 MOXKHO HaNucath: w = j——f—,
JE
FIe MHTETPHPOBAHHE COBEPLIAETCS MO JIOOMY NYTH, COSAUHAICIEMY
TOYKy 1 ¥ 2z, JexameMmy B «pa3pe3aHHOH IIOJYIJIOCKOCTHY.
Ecnn MBI 3acTaBUM nepeMeiHoe z H3MEeHSTBCSH BO BCeH MJIOCKOCTH,
TO, OYEBHJHO, ofLiee peleHye w ypaBHeHus (42) Oyaer coBnazath
¥4

o d;
¢ ¢yuxuuei Inz = j%, IJIeé HHTETPHPOBAHHE NPOM3BOIUTCA MO
1

moGoMy NyTH MexAy TodkaMu 1 n 2. Mrak, mml nokasanau, uro Jo-
rapupMnueckas (QyHKNHSA, ONpefeneHHAs HAaMM IIOCPENCTBOM MiiTe-
rpana, coBhmajaer ¢ oOpalleHHeM NOKasaTeNbHOH (QYHKIMH.

B 3axkaouenue 3aMeTHUM, HYTO BHIYHCJACHHE HHTErpala j s

z2—2,
r
B3STOrO BJAOJNb 3aMKHYTOro KoHTypa I', comepixaumero BuyTpn ceds
TOYKY Zp, NPHBOXUTCS C IOMOIILIO NIOACTAHOBKH 2 == Zp+ [ K BHIUHC]E:
HUIO IT’ rae 3amkuyToifi koutyp I copepsknt  BuyTpn cebs
S

dz
z2— 2y

HyJeBYI0 Touky. CileaoBaTefbHo, 3Haqeﬂnej paBuo 2ni. Oye-
P

BHJHO, 3TOT HHTErpaJ paBeH HYJIO, €C/IM TOUKa 2, JIeXXHT BHE 3aMKHY-
TOTO KOHTYPa HHTETPHPOBAHUSA, [OTOMY YTO NOALITErpaibRas QyHK-
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4
HOro NnepeMeHHoro z, KpoMe€ TOUYKH 2 = Zy.

7. Jiemma, Yrobet npupate Teopeme Kowm Gonee obuiyio ¢opMmy, Mbl JOKaxeM
B HACTOALIEM NYHKTE BCOMOrAaTe/ibHOE MpesIoKeHHe, Kacaioleecs HenpepsBHOR
$YHKUHH C OIPAHMYEHHBIM H3MeHeHueMm ).

[Tycts f (x) ecrs uenpepsiBHAast GYHKUUS ¢ OTPAHHUEHHBIM H3MEHEHHEM B HH-
TepBanie a <X x << b, a T — ee noanas papuauua. Obosnauum uepe3 & (y) 4ucJuo,
KOTOPOE yKa3biBaeT, KakK 4acTo 3Hauenue y npuxumaercd Gyukuwueil f (x) B nntepaaje
a<Sx=b, T.e. k(y)ecTb uucsI0 KOpPHE(l ypaBHEHUs [ (X) == y, 3aKJIOUEHHBIX B HH-
Tepsaie a << x << b. OueBuano, k£ (y) MOKeT pasHATBC OGeckomeydocti. Toeda
umeem mecmo caedywuian opmyra:

1 o
s Py ABJACTCH AHAJMUTHYECKOU BCIOAY B [VIOCKOCTH KOMILJIEKC-
"

oo

T— | rwa

—00

20e unmeepan Gepemes 6 cmoicae Jlebeza.
[pn joxasaresncTse, He ymenbinas OCIUHOCTH, MOXKeM cuuTaTh a = 0, b= l.

Pazzenum umTepsan O <Sx << 1 ma 27 paBHEIX HHTEPBAJIOB

r— r
— <x<——2n (r=1, 2, 3,..., 29

# oCosHauum yepe3 %, (y) 4YMCJIO, KOTOpOE MOKAa3LBAeT, BO CKOJMbKHX M3 3THX HH-
Tepsanos PyHknuA [ (x) npuHHMAeT 3Hauelue y.
JYeRHALO,

kna ) = ka (),

T. €. IDPH U3MEJbYAuKU Pa3OueHyst YUCIo MHTEPBAIOB, B KOTOPHX (YHKUUA MPHHH-
MaeT AAHHOE 3HAYEHHE y, He MOmKeT yOmBarth. [lokaxcem, 4TO

lim e () = £ (9)-

JeficTBuTeNpHO, ecdu k (y) PaBHO HYMO WIH eluHHUE, TO kn (y) = k(y) nid
kaxicro n. B cayuae 1 < & (y) << oo nycTs x1, %3, ..., Xk (§) — pewienus ypashe-
uua [ (x) = y; 3axkaoueHHble B HHTepBane 0 < x << 1, H 0 — HaHMeHbiUee H3 YHCeH
X — %r_y [r=2, 3, ..., k(y)]. Torna, oueBuano, ky (y) = k (¥) Kas xaxgoro n,
Aas kotoporo 1/2" << 8, u, aHauuT, npH Beex A0cTaTouHO Golbwnx 7. Hakonew, B cay-
4ae k {y) = oo obo3HayuM uepe3 m npousBoJbHOe Hesoe wucao >>1. Torpa cywecr-
BY{OT YT/ Xf, Xy, +.., X O <S X3 << xp<C ... << Xxp, <<l Tagme, wro f(x)=
= f(x) = ...= [ (k) = y. TlycTb O — HamveHbIuee U3 uHMCE Xr — Xp_y (F==

=2, 3, ..., m). OueBuaHo, 4TO k), (y) > m ANA Ka¥KAOrO M, AJISL KOTOPOro 5’7’<

<< 8, u, 3nauut, RauuHas C KocraToudo Gosbwioro m, T. €. Hm ky, (y) = co. Hrax,
n-—»oo

AOKaszaito, 4TO Bcerja

lim &, (y) = & (4).
n—-oo

1y Otnocuteanto (yHxumit C CTPAHHYEHHLIM M3MEHEHHEM CM., HAnpHMep,
Anercaunaposll.C. u Koanmoropos A. H. Beegeuue B TeopHto GyHxK-
Ly jedcTBuTeabHOrO nepemenHoro. — M.: TOHTH, 1938.
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OGosuauum Tenepb 4epes ky,; (§) QYHKUMIO, paBHYIO eIMHHLE, eenH f (x) npue
HiMaeT 3HaueHne y B uHTepBase (7 — 1)/2" <5 x <3 7/2", u paBRy0O HyMO B NPOTHB.
oM cayuae OueBuIHO, MOXEM HANHCATh!

2n

kn () = 2 by, r (). M

r=l
Oboanaynn yepes My, ; # my, » BEPXHIOI0 B HHXKHIOIW Tpanuuy QYHKUEH [ () B nHe
teppane (r — 1)/9" << x << r/2"; Torpa Gymers
0 (y> ’Mn,l');
bnr@)=3 1 (Mp :>9>my ),
0

(y <mp,r)
oG
# NO3TOMY J koo (y) Ay = Mzu, = My, y, 2 cnegopatenrno, B cuay (1)
- 00

oo 2
[ #nway= 2 (M0 = i, ).

oo r=l1

C Jpyrofi CTODOHB!, BCACNCTBHE ONpPENENCHHS

on
T=1m Y (Mp, r—mmp, ).
n-»oo r=1
Conocraissi JABa NOCACAHHX DABEHCTBA H 3amewas, 4To kp (y) — BospacTaiomas
NCCREAOBATENLEOCT, GYLKUMH, HMEKmAs CBoeH npejebHOH (YHKUBeH & (y), noay-
LiTH

o0 oo
T=lim [ k= [ k@ a,
”_)m—*m oo

uTO H HYKHO.

W3 ,HOKHS&HHOﬁ JIeMMBbl BBLITEKA8IOT JBa TEOMETPRUECKHX CJIENCTBUSA:

1) Ecnun C — npousBosibHas cupsmisieMas Auuas )KOpIaHa, T0 MHOXKECTBO U«
CeJ ¢, il KOTOPBIX NPSAAMAs X == ¢ HMEET DeCKOHEulo MHOTO TOUEK, OGLLHX ¢ XpuBoii C,
€CTh MHOXKeCTBO MEPH HyJdb mno Jlefery.

IeiictsyuTenpho, nycts x = [ (f), y = g () (@ << { << b) — ypaBHEHHS CnPsM-
asievolt iuand JKoprana C, rae f u g — HenpepbiBHEE QYHKUHM C OFPAHHUECHHBIM
usvenenneM. HYucno k (¢), KOTopoe NOKasHBaeT, KaK 4acto GyHKuus f (£) B untepsane
¢ <\t << b npuHEMAeT 3HAYCHHE C, PaBHO B 5TOM CAyyae YHCIY OOMHX TOYEK Nps-
MOH x = ¢ ¢ kpusolt C. [To AOKA3aHHOH B 3TOM MyHKTe JieMme QYHKUMA & (€) CyMMH-
pyema, M, SHAYWT, MHOXECTBO YHCEJ ¢, MM KOTOPHIX % (¢) = o0, HMEET Mepy HYJb.

2) Kakjomy NONOXUTENTbHOMY WYHCIY O COOTBETCTBYeT HUCIO O TAKOE, HYTO
Ha Ramjoll mpamol

=oa-+md (m=0, &1, 2, ...)

MOXET JIeKAaTh JHlb KOHEYHOE YUCIO TOoueKk Kpueod C.

M pokasatenbeTBa Ham JOCTATOUHO IIOKa3aTh, YTO MHOMKECTBO 4HCEd O, KO-
TOpOe He HmeeT TpeSyemoro cBOHCTBA, NMpeicTaBisieT COBOH He Bce yucaa. DTo MHO-
JKECTBO YHCeJl ¢, He MMeromux TpefyeMoro CBOMCTBA, €CTh MEPHl HYJb, TAK KaK OHO
€CTh COEJMHEHHE CYETHOIO YHCJa MHOXECTB, KOTOPLIE fOJYyYalOTC M3 HYJb-MHO-
JKeCcTBa CJHEACTBHS 1) NOCPENCTBOM CABHIOB ¢ = ¢—md (m= 0, 1, +2, ...).

8. O6oGuienne Teopemn Komm, [To/baysich MOCAERHHM pe3yJIbTaTOM, BOZMONHO
npujate Teopeme Komm ciepyiomyio ¢opmy:
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Ecau | (2) ecmy pynxuus, anaiumuseckan 8 obaacmu D, snympenricd k. dopda-
nosoll cnpamaemott kpusoll C, u, kpome moeo, [ (2) Henpepvisra 6 samnknymott obracmu D,
mo

&[f(z)dz=0.

MMycTs & — NPOH3BOABLHO MAJIOE INONOXKHTENbHCE uxeo. COIMIAacHO YCAOBHIO
f (2) — Gyuknus, paBHomepHO HenpepmsHas Ha D. ChenoBaTenbno, CymecTsyer
gpeno 8 {0 << 8 << 1) TaKoe, WTO HWMEET MECTO HEepaBeHCTBO |f (z1) — [ (z) | << &
st moGofi napel TOUEK 21, 2, 06nacTn D, yAOBJAETBOPAIOMmEH YCJIOBHIO |2i — 25 | <C
<< 28. CornacHo cheacTBuio 2) Jiemmbl 1. 7 BLIOMPAEM YHCIG ¢ W COOTBETCTBEHHO B,
TaKk 4To Ha Kaknuoil mpsamoil x=a -+ mé n y= B+ mbm=0, =1, £2, ...)
MOXeT JeXaTh JUIL KOHCYLOE YHCNO TOYeK, ofmux ¢ kpusoit C. [Npaume x = a -+
~+ mb, y = B+ m8 mensit D, obnacty, BHyTpPenHioo X C, Ha KOHeyHoe YHCIO 067a-
crefl, B3 KOTOPbIX KaXAas OrpaHuuyeHa KOPAaHOBOMH crpsimisemol kpupoil. O6osha

yuM 3TH Kpupble Ci, Cs, ..., Cr. OueBnjno, nmeem:
r
[foe=Y [Iad
C n=1 Cn

I[e BCe NYTH MHTETDHPOBAHMSI NPOXOAATCS B NMOJOXKHTENbHBIX wHanmpasieHusix. U3
KpuBhX Cy, Cy, ..., Cr OyCTb NEpBHE g, H TCJBKO OHH, cofepxar Touky C. Ocraibe

Hble GYXYT TOTAa KBaApaThi, PAacroJoxkeH:pie BHYTPH C, u AAa HHX J [ (@de =

¢
= 0 scaexcteue Teopemsl Kouwm (m. 2). Hrax, "
q
jf(z)a’z: Z J f (2) dz. (I1)
C n=1 C,

q
OGo3suauag uepes [ u I, paunn Kpussix C u Cp, 3ameTuM, yTo Z 1, — I ne npeso~
=1
CXORHUT CyMMBI NEPUMETPOB T€X KBaAPATOB CETH, CTOPOHBI KOTOPBLIX Cofepikat Touku C,
Yyueno sTMX XBajpaToB ne mnpesocxoput 4 (1/8 -F 1); caenosatesbiio,

q q
{ Al
Zln—lglﬁ(%(—ﬁ——‘rl), HJH 21n<l+161+166<171+16,
n==1 A=l
TaK Kax 6 << 1. Bosspamasce tenepp K pasectBy (11), ouexnm modyss unTerpana
J f (@) dz:

Cn

[1@da=[re—1ee
) J

Ca

rie 2y — nocToannag Touka, BuGpannas Ha Cp. Tak xak anamerp Jauuup Cp He mpe-
Bocxoaut O ) 2 << 28, 1o noxa z maxoimTes Ha Cp, umeeM:
ey —7@l<e

H, 3HAYMT,

[rae|<| iro—iwnde <,

n Cn
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N3 paeenctea (II) mocae storo nomyuaem:

q
<X

n=l1

q
<eZln<£(l7l+16).

n=]

ij(z)dz
C

[r@a
Cn

Tak Kax g — CKO/Mb YrOZHO MaJNoe MONLiKITENBHOE uHeao, a 17/~ 16 — mnoane
onpelejeHHOe NOCTOAHHOE, TO NPaBas YacTh — MNPOKH3BONLHO MAaJOE NOJOXHTEMbe
Hoe yucho. JleBas e yacTh NOCAELHEr0 HEPABEHCTBA €CTh ONPENEJEHHOE IOCTOAHHOE
ypcso, He orpuuareabnce. OTCIOAa 3T0 YHC/I0 MOMET OHTb JHIUL HYJeM, T. €,

jf(z)dz = 0, nan J' [ (@) dz= 0,
C C

YTO H RYIKHO 6BII0 JOKa3aThb.

§ 3. Hnrerpan Kowm

1. ¢opmyna Komnu. Ilyctb G ecth 0zHOCBsI3RAst 061aCTh, OFPaHH-
yeHHas NPOM3BOJbHON KycouyHo-rsiankoi nuunedl I', n f (z2) — $yuk-
U8, aHaJINTHYecKasl B 3aMKHyTo# obsacTH (. 3TO 3HAYHT, UTO (YyHK-
nus f (z) AMeer onpelesIeHHYI0 KOHEUHYIO NPOH3BOAHYIO B KaKiaoOH
TOuKe HeKoTopoH obiactu G', conepxamweil G. Gopmyaa Kouwn, K Bbl-
BOLy KOTOpCIi MHl ceiyac nepefjeM, BhIpa)kaeT 3HayeHHe (QYHKUHUH
f (2) BO BcAko# Touke, BHyTpenHeli K auHuu I', yepea 3HadeHus 371oi
¢ynkuun Ha kourype I'. OTCloga BhITEKaeT, UTO 3HAUCHHA AHAJIHTH-
yecKoi (YHKIHH TECHO CBA3aHBI MEXAY €000, Tak KaK €e 3HAYeHHd
BIOJb 3aMKHYTOro KoHtypa I' Bnosme cnpenensiioT ee sHauenus
puyrpn I'. 3ra ¢opmyna Kowwu umeer Bug

P rH@dt
[D=gg) 7= (44)
r

rae z — mwe6as Touka BHyTpu I', W HHTerpHpoBaHie COBEPIIAETCS 1O
KoHTYpYy I' B mNO/MOXKHTENbHOM HAanpPaBJEHIUE.

Jns nokasareabcTBa, OGO3HAUHMB Uepe3 Z NIPOH3BOJLRYIO TOUKY
obnacty G, paceMOTpuM (PYHKIIKIO

0 —
¢ @="18=10, (45)

Dra dysxuus ¢ ({) ecTb aHaJIHTHYecKas BO BCeX TOUKAX 3aMKHYTOH
obnacti G, Kpome ToukH § = z. OnuCHIBas OKOJO TOYKH Z, KaK LEHTPa,
OKPYIKHOCTh ¥ MPOH3BOJBLHO MaJOro paiuyca p, UENUKOM JEXALLlYio
B obnactu G, mMbl BuauM, uto ¢ (L).Oyner anannTnyeckoll dyHxnHel
BO BCEX TOYKaX, Jexalllux Mexay koutypamu I' w9, BkIuag H
camble KoHTYpHl (pHc. 80). CaepoBaTesbHO, Ha CCHOBAHHH TEOPEMbI
Komn (§ 2, n. 5) umeem:

fowar=[o®a (46)
r

v
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Pasencreo (46) nokasbiBaeT, 4TO 3HayeHHe j(p (€) dT mne saBmcur
v

OT pajuyca P BCIOMOTATeNbHOR OKPYMHOCTH Y, OYAYYH HOCTOSHHEIM
YUCJIOM, PABHBIM 3HAUEHHIO J ¢ (§) d&. Urobwel onpexesuts 310 10-
I

CTOAHHOE 3HAYCHHUE Jq) (8} di, samerum, uyTo Qyuxuust ¢ (§) crpe-

kg
MUTCSI K OIpEeNeHHOMY KOHEUHOMY
mpejeny, Korja TouKa § CTpeMurcs
K TOUKe 2, ﬂeﬁcrsmenbuo, H3 paBEH-
crBa (45) caenyer:

lim @ () = lim

L) —1i(2) ,
>z {2 4 f (2)

—2Z -

CrenoBaTeNbHO, ecad OpHHATB [’ (2)
3a 3Hauveuue ¢yuxuun ¢ (L) B Touke
{ =2, T0 ¢ (L) cTaHOBUTCS Henpepsis-
HOU (QYHKLOHEH BCIOAY B 3aMKHYTOH
obmact (G, U MBI MOXEM MpeAnoJo- Puc. 80.

xute: [ @ (§) ] << M, rae M — nocro-

AHHOE, KaKoBa Obl HH Obla Touxa § oBaactu G. Honp3ysce nociuen-
HUM HEPAaBEHCTBOM, MOJyqaeM:

[ o <c>dz| <M -2mp,

v

OTKYA2 CJaefyer, 4To j ¢ (§) df = 0, Tak KaK p MOXHO NPHHSATH
i 4

CKOJIb YTOJAHO MaJbIM, a 3HaueHHe Halllero HHTerpasa ecTh MoCTOAHHOE
YHCO.
O6pamjasce K pasedcTBy (46), nepenuineM ero Tak:

[e@dc=o. (46)
r

amenss B nocaeiHem paseHcrBe ¢ (L) no gopmyne (45), nosydum:

FQ—1() f@d _ dg
II = dL =0, mm! = ..f(z)lh_z. (47)

dz

{—2

Tax xak B cuny § 2, n. 6 umeem: j
r

= 2ni, 10 popmyna (47)
HPHMET BHJ

fde ; 1 f ) db
Pg__—z—f(.?)°2ﬂl, HJAH f(Z)——Wl—?—z-—,

4YTO U HYIKHO JOKa3aTh,
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2. PacnpoctpaHenne dopmyan Kowu Ha ciayuyail CNIOKHBIX KOH-
TypoB. B npeapiymeM nyHKTe Mbl npepnoJarasun ofaactb G OfHO-
cBa3nof. JIerko mokasatb, YTO yCTAHOBJIEHHAS B NPEJBIAVIIEM NYHKTE
topmyna Kowu Moxer ObiTh pacopocTpaHeHa Ha caydadl MHOTOCBA3-
HOH o6aacta G. MTak, paccMOTpUM MHOrocBsI3Hylo objactb @, rpa-
HHUEH KOTOpOH siBisiercs caoxuufl KouTyp I, cocrosiuuft H3 KoHed-
HOTO uHCTa KYCOUHO-TJIaAKHX 3aMKHYTHIX JuHui. Ilpeanonaras f (2)
anaguTHYeCKol (pyHKUUEHA B 3aMK-
HyTOH o6mactu (G, yCTaHOBHM ¢oOp-
myay Komn

F@Q) = o [ LEL (4g)

o T—z
{

rae z — jgiobass Touyka obaactn G,
a MHTErDUPOBaHHE  CoBepliaercd
BLOJIb CJIOXKHOFO KOHTYpa I' B mono-
KUTEJbHOM Hanpasaenuu {puc. 81).
Puc. 81, Jas  noxaszatesnbcrBa  OKPYIKHM

TOUKY 2 3aMKHYTBIM KOHTYypOM ¥

(HanpuMep, OKPYMHHOCTBIO C LEHTPOM B TOYKE 2), HACTOJBKO MAaJbiM,
4TOGb! BCE TOUKH STOTO KOHTYPa y BMECTE C €r0 BHYTPEHHHMH TOUKaMH
npuHaznexanu obnacts G (puc. 81). PaceMOTpHM CIOXKHBIH KOHTYD
I =T 4 vy, nonyyeHHBIl OT nNpHCOEAMHEHHS K NEpPBOHAYANLHOMY
KOHTYpY I' muHEM ¥, NPOXOAHMOH B OTpHUATENLHOM HANpPaBJACHHH.

Obnactb, orpanuueHnyio kKoHtypom I, o6osmaunm uepes G'. Oue-

) £ o . —_
BHAHO, QyHKIUA % GyJeT aHaJuTHYECKOH B 3aMKHyTol ofiactu &,

a noToMy Ha ocHoBanuM Teopemwl Kowmn (§ 2, nm. 5) umeem:
J‘ F@©dr =0, {/(C)di ”f‘j‘ f()dt =0,
P

J T T—z T—z

OTKYJa Haxoaum: ;
fQd _ [ f@)d
= [LEE, (49)
v

=<1

]

{—2z
r

I¢ HHTETPHPOBAHHE COBEPLIAETCA N0 KOHTYpaM [' M ¥ B MOOXKHTEb-
HOM HanpabjeHud. Tax Kak ¢yuxuns f (2) ecTb anajguTHyeckKas BO
BCEX TOUKAX, BHYTPEHHMX K KOHTYpPY 7, BKJIOYas M TOYKH Camoro
KOHTYpa, TO H& OCHOBAHHM NDEABIAYIIETO IIYHKTA HMeeM:

({) d R
J —)g(—f)_—z—c- =2nif(2).
v

Buocs mocaensioo gopmysny B paBeHcTBO (49), monyuuM OKOHHYa-
TEJbHO!

d ,
[EELE ot o),
J
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nau o

1 (©) 48

1@ =gz | 75 (48)
T

Bripaxenne

] jf(@) ar

2ni {—z

r

rae [ (z) ecTb (yHKUUA, aHaAJHTHYECKAad B 3aMKHYTOH obaactu G,
rpanniedl KoTopo# Ciy:KuT KOHTYp I', HaswIBaeTca unmeepasosn Kowu.
Ilo noxazauuomy wunterpan Komy wn3o6paxkaeT AaHHYIO (DYyHKLHIO
f (&) Bo Bcakoft touke z, BHyTpeHHeH K koutypy I', T. e. jemaumeit
B obsacty (. OueBHHO, BO BCAKOH TOUKE 2, JeKalled BHe 3aMKHYTOR
obnacti G, unrerpan Koiin paBeH HyJdio. B camoM gnese, (pyHKIuS

'gi(—i)z' €CTh aHAJUTHUECKAs BO BCeX TOYKAX 3aMKHYTOH obnactd G,

ec/i¥ TOUKA z JIEXHT BHe 310l ofmactn G. CllefoBaTeNbHO, Ha OCHOBa-
Huu TeopeMel Komu (§ 2, m. 5) mmeem:

L (10,

2mi [—z

3. Unrerpan thna Kowmu. [lycTs L ecTb npoH3BOJIbHAA KYCOUHO-
TJajikasi JUHHA, 3aMKHYTas WJAH HEe3aMKHyTafdA, H ¢ (2) — onpejeieH-
Hafl BAOJb L wHenpepoiBHAas (yHKuus. BelpaskeHue

1 @) d
j p (C) db (50)

2mi {—z

HMeeT ONpejesieHHOe 3HaueHHe s KaxIoH TOYKH 2, He Jexaueil Ha
L, u, caenopatesibHo, onpeneasieT ofHO3HaUHYIO GyHkuuio F (2) Bo
BCEX TOYKaX z, He npuHamiexamux L. Ecau L ecTb 3aMKHYTas NHHYA
n QyEKiEA ¢ (2) — aHaJMTHYeCKasa MNOBCICAY, BHyTpH L u ma L,
TO, KaK H3BeCTHO, Bhipaxcnue (50} paBHo ¢ (2), ecau TouRa 2
JISKHT BHYTPH L, ¥ paBHO HyJIO, €CJu TOUKd 2 JEKHT BHe L.
B srom cayyae Boipaxenne (50) Mbl HasBaam uuterpanoM Kouu,
EcrecTBenHO Ha3BaTh BhipaxeHHe (50) npH o0mHX BHIIEYKA3AHHBIX
NPEANOOKEHHAX OTHOCHTENbHO (QYHKUUM @ (2) HHTETrpanaowMm
tuna Koumwu. Ilpy obpasosanuy uHTerpada tuna Koum HYKHO,
C/1e/I0BATeNBHO, a Priori 3ajaTh (QYHKUMIO @ (2) JIHUIb HA KOHTYPE HH-
terpuposauusi L. Henpepsinoctb ¢ (§) mbl TpeGyem Julilb JJisi TOTO,
ytoOpl HHTerpad (50) HaBepHOE HMEJI CMBICH.

Teopewma 1. Dynkyus F (2), onpedesrernas unmeepaiom muna
Kowu (30), ecmb anaaumuueckasn 60 6caxoil odnocessroll obaracmu G,
ne codeprcaiyel mouerx aunuu L, u 013 ee npou3o0Hcl umeem secmo
thopsyia
I fe@d

F'(Z)=WL T2 (1)



170 TEOPEMA KOIUH., HMHTETPAJI KOWH . [ra. v

JdokaszartenscrsBo. [lycte 2z ecTb NpOH3BOJBHAST TOYKA
o6aactu G. Teopema OyleT LoKa3aHa, €CJAH Mbl MOKAXKeM, YTO GYHKUHUSA
F (z) umeeT B 3TOH TOYKE NPOHU3BOAHYIO, ONpejenseMyio no dopmyJe
(51). OGosnauum yepes z -+ A J6y0 TOUKY 061aCTH G U PACCMOTPUM
OTHOLUEHHE

Fz+4+h)—F(2)

3actasasnsa b CTPEMUTHCS K HYJIO TIPH 2 NOCTOSHHOM, Mbl [IOK&XKEM, Y4TO
otHouleHHe (52) CTPEMHTCS K KOHEUHOMY MpeAe]y, ONpPeAessseMoMy
no gopmyae (51). C stofi menbio npeobpasyem ornourenue (52) Trakum
obpasom:

F4+h—F() _L[ 1 J e@d 1 9 (£ dt }__
h R t—z—nh 207 t—z -
L
= ! P (L) dt
- 2::[&{ C—z—n)(E—2) " (53)

3acTaBass A CTPEMUTBCA K HYJIO H [EPeXOAs K mpefeny noj 3HaKOM
NoCJAeHero HHTerpasa, MBI NOJYYHJAH Obl H3 paBeHcTBa (53):

sy ¢ (L) 4t
F @)= | o (D
L

Ocraetcs oKa3aTb, YTO BHINOJUEHHBIA HAMH (QOPMAJbHO NEPEXOR
K npezesy JeHCTBHTE/LHO BO3MOxeH. [Lisi JoKa3aTesbCTBa COCTaBHM
LRSS

1
PAa3HOCTb MEXKAY HAILHUM BbIpaXKEHUEM T I m n ero
H S
NpeAncJaraeMolM NOPEALTIOM 57— ! (D(C)dg A NMOKAXeM, UTO 3Ta a3«
p p 2ni (C—z)2 p

HOCTb CTPEMUTCH K HYJIO BMeCTe ¢ h. JleficTBHTEeNbHO, 3TA PA3HOCTD
HMeeT BUA

J P (L) dL 1 J’(P(C)df j i (L) dl
2m C=z=m{{—2 2 ] € — 2)2 2m C—z—h)(—27"

(54)
Ouenum moayab pasnoctu (54). OueBuiHo, umeeM:
! he (L) dt lhl Midgi

W Tt | <= | Tmang=rrr &

TZe npearnoaoxero, uto | ¢ (§) | <G M, Tar Kak ¢ ({) 00 ycaoBHIO €CTh
HenpepuiBHas BAoab L dynkunsi. O6osnauas yepes 2d (d > 0) pac-
CTOsIiHE OT JIMHHU L J0 TOYKU 2, T. €. MHHUMYM BCEBO3MOXKHBIX pac-
CTostnui MeXAY TOYKaMH, H3 KOTOPbIX OAHA NpHHALICKHUT L, a npyras
€CTb TOYKA 2, MMEeM lg—zl >d, |{—2z—h|>d, ecin |h}]
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HOCTaTOUHO MaJi0, KakoRa Obl HY Gnina Touka {, npunaanexamas L.

3aMeTuB 5TO, BHANM, YTO NIpaBas YacTb HepaBercTBa (55) Menbule, yeM

B | ML
! 2ylm3 , (56)

rie uepes [ ofo3nauena Anuna Jannuu L. Boipaenue (56) cTpemuTes
K HYJIIO BMecTe ¢ b, CIe0BATENILHO, H PasHOCTh (54) CTpeMHTCs K HYJIO
BmecTe ¢ h.

Takum ofpa3oM, pasHOCTb MeXAY OTHOIeHHeM (52) U uHTerpanom
(51) cTpemuTcs K HyJO BMECTe C /i, YTO M JCKa3bIBA€T HALy TEOPEMY.

®opmyna (51) moxaseiBaeT, 4TO AN TOJNYYEHHS NPOH3BOAHOH
¢ynkuuH £ (z) HYXHO BHUIOJTHHTH (popManbHoe AudpepeHUHpOBaHNe
no napameTpy 2 B uuTerpaje tuna Kowmwm (50}, nocpeacTBoM Kotoporo
onpenensiercst 3tra QyuKuua F (2).

AHaNOTHYHO [OKA3BIBAETCs, YTO 3TO AupdepeHLUpPOBAHNE MOKHO
NOBTOPHTb BTOPOH Pas M BOOGILE CKOJb YTOAHO GOJBINOE YHCIO a3,

Teopewma Il. Qyukyusa F (2), onpedeaseman unmezpaion muna
Kowwu (50), umeem ¢ xamdot mouxe z, aescaueti ene L, npoussodroe
8cex nopaokos, OAf KOMOPHIX UMEION MeCHo (opmyabl

" 2] dt
F'&) =5 %’ (57)
L
1 6coCuje
2y ¢y (S8
“’@*—Eﬁfjgrgﬁr- (58)

L

Urofisl pokazarek dopmyay (57), Bocnosmbayemcs gopmynof (51);
TOTA2 NOJYYHM:

Flth—F@ 2 jw@ﬂ _
K  Omi C—23
1

Ziégwﬁﬂp%(@—f—m*‘ =)~ = | % 69

Bonpoc cBoauTtcs K -ToMmy, UTOGH L0OKa3aTh, YTO HHTErpaj, CTos-
mufi B TpaBofi 4acTH ROCJENHEro paBeHCTBA, CTPEMHTCA K HYJIIO
BMecTe ¢ h. KpazpaTHass CKoOGKa nOJ STHM MHTErpPajioM, paBHas

h_ 3(—2) —2
C=ep-C—z—hp "’

uMEET MOAYJ/b, MEHbIIHH, uem |/ ] My, e M, He 3aBHCHT oT {, Tagr
K4K

3(C—2)—2%

E—aPL—2—

| <
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NPH A0CTATOUHO MaNplX 3HAYEHHAX A, KaKoBa Obl HHM OpuIa Touka &
"‘Ha L. Taxkum oOpasoM, MOAYJ/b HHTRTpaJa, CTOAIeT0 BO BTOPOH YyacTH

paserctea (59), Menblue, uem MM, (tpe M u [ umeioT Te xe

3HAueHUs, 4To B Teopeme I), u, CJIEILOBaTeJIbHO, CTPEMHTCH K HYJIO
BMecTe ¢ h. [TpuMensas meTon MOJSHOH HHAYKUMH, aHAJNOTHMYHO ROKa-
KEM CHPaBesanBOCTEL (GopMydkl (58) s n06G0OTO HATYPaJbHOTO UHCe
cna n. UnTaresio peKOMEHAYETCS BHIIOJHHTb CAMOCTOATEBHO COOT-
BETCTBYIOUHE BBIUHCACHHS.

4, CymecTBOBAaHHE NPOH3BOAHBIX BCEX NOPALKOB JJA q)yuxuuu,
ananutuyeckoii B o6sactd. C MOMOIIBIO pe3ynbTaTOB INPELBIAYUIETO
NYHKTA MBI MOJKEM J0Ka3aTh Ba)KHOE CBOHCTEO aHAJTUTHUYECKHX (YHK-
uyi. Jlo cuX nop Mbl HAa2kIBaNH OLHOHAYHYIO PYHKIHIO KOMIIEKCHOTO
NepeMeHHOr0 2 AHAJIHTHYECKOHR B 06JACTH, €CJIH OHAa MMEET B Kaxaof
TOYKe 3TOH 00/MacTH KOHEUYHYI0 NPOH3BOAHYIO. B. cayyae ¢yHxuuu
JEHCTBUTELHOIO MePeMeHHOro U3 (pakTa CYLIeCTBOBAHHS KOHEYHOH
NPOM3BOJHON He cjielyeT HeNPepLIBHOCTH 3TOH mpou3BojHOH., B cay-
yae xe QYHKIMH KOMIJIEKCHOIO NMEePeMEeHHOrO HMEeT MeCTO HCKJIOUH-
TeJbHO BayKHOE NpelIoXKenHe: ecau o00Hosnaunas ¢yukyua [ (2)
KOMNABKCHO20 NepeMernoeo z umeem eciody 6 obaacmu G nepsyto npo-
U3800rYyI0, MO OHQ uMeern 8 3ol 00Aacmu U npoussodHbie Geex Bbic
wux nopadkos.

3ameuasnne QOuespino, 5Ta TeOpeMa YTBEPHKJAET HE TOJHKO CYUIECTBOBA-

HHE OPOM3BOAHHX Jio0oro nopsira A (QyHKUuM, analuTHueckoil B obaacty G,
HO H HCNPEPHBHOCTH STHX IPOUSBOLHBIX.

HJdoxkasartenscrso. [lycts 2 ecTs mpousBosbHas ToUKa
obractn G u C — Kycouno-rJagkuil 3aMKHYTHIH KOHTYp, OKpya-
IO TOUKY 2, Jexauifi BMecTe co BCeMH CBOHMH BHYTPEHHHMH TOY-
kamu B ofnactu G. Ilpumenss dopmyay Kowmn (m. 1), umeem:

; 1 f (@) dg
[@= 2 [—z
¢

C apyro#t cTOpoHB!, Ha OCHOBAHHH NpEABIAYIIErO NYHKTA (QyHKUHSA
f (2), nzoGpamaemas: nurerpanom Komn, quddepenunpyema B Touke 2
npoussoabHOE yucao pas. CregoBatensHo, GyHRnHs f (2) umeeT npo-
W3BOJHBEIE BCEX NOPAJLKOB NOBCioAy B obnacTH G, TaK Kak ToYKa Z
Obla B3fiTa NMPOH3BOJLHO B o6aactu G.

Hapsay ¢ ocuoBHoil ¢opmysofi Koum (1. 2) umeer Mecto — B cay-
4ae INpHAOKUMOCTH 3TOH QopMysap — Cjaeayioliee paBeHCTBO:

%) d;
fm (2) = QMJ’ (Lf( ))(n-H (n=1, 2, 3,..).

Hrak, mbl Buaum, uto tpeGoBanue nuddepeHUHPYyeMOCTH (yHKLMH
KOMIIJIEKCHOTO MEPEMEHHOTO ropasno 6oJee CHJAbHOE, HEXEAH COOT-
BETCTBywILEe TpeBonaHue Maa (QyHKUHH AEHCTBHTEAbHOTO NEpeMel-
HOTO: M3 CYNIECTBOBAHHA KOHEYHOH NPOU3BOKHON MEPBOTO MOPAAKA
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B KaXJ0#l TouKe 06NaCTH BRITEKaeT CYLIECTBOBAHHE, a C/IEIOBATENLHO,
¥ HENpPEPHIBHOCTb NMPOH3BOAHBIX BCeX MOPAAKOB B TOH ke OOJaCTH.

B uactHOCTH, OTCIOZ@ CMERYeT, UTC NPOM3BOJHAS (YHKINU, aHAa-
anTuyeckod B obaacty G, ectb QYHKNMS, aHaJUTHYeCKas B TOH Xe
obnacT.

5. Teopema Mopepa. B § 2 sto#t rnaew (nn. 1—3) Ml moxasanu
OCHOBHOE IIPEJJIOXNKEHHE TEOPHH AHAMUTHYECKHX (YHKUUH, B CHAY
KOTOpOro AJsl BCAKOH QyHKUME [ (2), aHaJHTHYECKOH B OAHOCBSASHOM

obnactt G, HMEeT MecTo PaBEHCTBO j f(@dz=0, tre T’ ectp npo-
T

H3BOJILHBIH KYCOYHO-IVIAJIKHH B3aMKHYTHIH KOHTYpP, Jexkamuf B 006-
aacti G. Kak noxasan uranbsiickuft MateMatuk Mopepa (Morera),
9TO OCHOBHOE INpeAJIOKeHHe o6paTHMO:

Ecau pynryus f (2), nenpepoisas 8 o0nocensnol obracmu G, 641
8CAK020 KYCOuHO0-eaa0Kk0e0 3anKknymoeo koumypa I'y aexcaweeo ¢ amoi

obaacmu, Yo008AemBOpAem PABEHCMBY j f@dz=0, mo f(z) ecmes
T
anaaumudeckan Qyrnkyus 6 obaacmu G.
Je#ictBuTensHo, Mbl Bupenu (§ 2, m. 4, 3aMeuaHue), uTO HPH

VCJAOBHSAX 3TOH TEOPEMBI BhIPaKEHHE f f (L) di He 3aBucuT OoT nyTH,

2o
COeUHSIONIETO TOUKH 2, H 2z B objacty G, u onpelenser QyHKIHIO
F (2), apannTuueckyio B obaactu G, mpuueM umeeM: F' (2) = [ (2).
Tak Kak ma OCHOBAaHHM NpeIblAyUIEro NynkTa F~ (2) Kak npousBoanas
(YHKIMH, aHaJuTHIecKOH B ob6tact G, ecTb QyHKIuNA, aHANUTHYECKAS
B G, 10 f(2) = F' (2) ecrb ¢yuKuus, apmanuTuueckast B obsmactu G.

Mpumevanune Jia cupaBelMBOCTH 5TOH TEOPeMEl HET HEOGXOAHMOCTH
NPeNIIoNaraTs, YTo j f (2) dz pamen my/mo, 6yAyay B3sT [0 JIOGOMY KYCOUHO-TVIALKOMY

saMruyToMy Koutypy T'. JocraTouHo npeanoNoXuTh, UYTO j f (2) dz= 0 BpoaL me-
pPHMeTpPa NMPOH3BOJIBHOIO TPEYTONbHMKA, JeXKaiero B obnactd G.

JHelicrButensio, noctynmas, Xak § 2, n. 2, MBp [OKaMKeM, 4TO HHTErpan

f (2) dz paBen uymo, GyAyum B3AT BROJNL NEPHMETPA JHOCOTO MHOTOYTOJBHHKA

obnacty G, TaK KaK BCAKHH MHOTOYTONBHUK MOXKHO PasOuTh HA TPeyrodbHHKH. [la-

Jee, 3Hag, 4T0 Jf (2) dz = 0 BEoabL nepumeTpa AGOF0 MHOFOYTOJbHHKAE, MBI AOKa-

HeM, DPHMEHAAS OCHOBHYIO JemMy (§ 2, m. 1), uTo 70T mETerpasn GyJeT OCTaBaThCHl
HyJIEM, KOT'ZA 32 NYTb UHTETPHPOBAHUS BO3bMEM IPOH3BOJERHYIO 32MKHYTYIO KYCCUHO-
raafkyo Jaupuio T.

6. PassuuHple TOYKH 3peHHA B NOCTPOEHMH TECOPHH AHAJHTHue-
ckux dynkuui. Ilpy nocTpoeHMH TeopHY aHAJIHTHUYECKHX (GYHKIHH
MOXKHO OTHPaBJIATLCA OT DPAa3JHYHHIX SKBHUBAJEHTHLIX MeXAy co6oi
onpejeneHud aHaaUTHUeCKOH ¢yHKINY B obaactu G. Tak, BO-nepBoIx,
Mbl MOXeM HasBaTh (PyHKUUEH, aHandTudeckoil s obaactu G, oxHo-
3HaYHyI0 (QYHKUMIO KOMIWVIEKCHOTO MepeMeHHoro, Auddepenuupye-
MYIO B 3TOH o0sacTH. DTo OnpejiesieHue, OCHOBaHHOE Ha AupdepesLH-
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aJbHLIX CBOHCTBAX (YHKUHM, npuHajdexamee Kow, Mbl NPHHSAIH
3a HCXOAHOE ONPEJe/eHHe IPH COCTABICHHH HACTOSILEr0 PYKOBOJACTBA,
Hcxonst U3 3TOrO ONpPEAe/IeHHs, Mbl JOKA3aJH OCHOBHOE BQ BCedl Te-
opuu npeisoxenue Kolid, B CHJTy KOTOPOTO Vsl aHAUTHYECKOH QyHK-
UMM B ONHOCBA3HOH o6sactH G (B YKa3aHHOM CHMBICJIE) HHTErpaj no
mobomy 3aMmKHyTOMY KOHTYPY I', mpumaunexamemy o6maacru G,
pased uyJo. OTCIONa MBEl HMEJNH BO3MOXKHOCTb YOEIHTHCH B CYLIECTBO-
BaHHH [JJ/It aHAJUTHYeCKOH (YHKIUH NPOH3BOJAHBIX BCEX NOPSAKOB,

C mpyro# cropousl, mbl BUaead (ra. 11, § 4, n. 4), uto ycnoBug,
HeoOXONUMEIe U JOCTATOYHbIe A TOro, 4robbl pyHKUMuA f (2) = u
- v 6bl1a aHaJANTHYEeCKOR B ofjacTy U, 3aKMI0OYAIOTCH B CYIECTBOBa-
Huu ypasHenull Kowmu—Pumana:

du _ Ov

ox oy ' (€. —R.)
ou ov

T T o

rjle YacTHbE NPOM3BOJAHBIE QYHKUUH ¢ H U MOXHO NPEATMOJAraTh He-
npepuiBHBIMA (QYHKIUAMH B KamxAoH Touke obsacte G. 3TOT NyTh NPH-
BOJAUT K OJHOBDEMEHHOMY PACCMOTPEHMIO ABYX COIPSKEHHBIX FapMo-
HuuecKHX QYHKUHH u W v B objnacTH G, CBA3aHHBIX YypaBHEHHAMH
(C. — R.), 4 onpejeseHui0 aHaJUTHYECKON (YHKUMH B BUle u -
- vi. ITocTpoeHHeM TeOPUH aHAJAHTHYECKHX DYHKLHUH, Ile OTIIPABHBIM
HYHKTOM $IBJIIETCS [apa CONpSIKEHHBIX TapMOHHYECKHX (yHKUHH,
sayuManca Puman.

Hakonen, BO3MOXHO CTPEMHTbCA NOJYYHTL BCE OCHOBHBIE CBOM-
CTBa aHAJUTHYCCKHX OYHKUHH, HasBaB (yHKIHeH, aHAJHTHYECKOMH
B OAHOCBA3HOH o6nactH G, BCAKYIO HenpepuBHYIO (GYHKLRHIO [ (2)

KOMIIEKCHOTO MNEpPeMeHHOro, MJif KOTOPOH HHTerpasa jf(z) dz,
B3SITBIA BLOJb JIOGOT0 3aMKHYTOrO KOHTYpa 3Tof 06J/1acTh (10CTaTOqHO,
Hanpumep, OpaTh JHIIb MNEPHUMETPLl TPEYTOJbHHKOB), DaBeH HYJIO
(n. 5). PaccmorpenneM CBOMCTB aHANHTHYECKHX (YHKUHE € 3TOH
TpeTbeli TOUKH 3peHus BnepBele saunnmaJjcs Ocrya. Ilpeapinymee us-
JIOXEHHE Hac yOexJaeT B PaBHONPABHOCTH YKa3aHHBIX TOYEK 3PEeHHs
[pH MOCTPOEHHH TEOPHH aHAIUTHYECKUX (YHKLHH, TaK Kak Bce TpH
BHILLEYNIOMSIHYTHIX ONPEJeJeHUS DPABHOCHJAbHBI Mexay cofGo#.

7, O npegeabHbix 3HaueHHAXx HHTerpasa THna Komu. Ilycts C
€CTb NPOH3BOJIbHAA IJlagKad 3aMKHyTaa JHHUA H QYHKOHA @ (2) —
aHaJHTHUecKass Ha Juuud C, T. €. B KaxXJIOH TOUKE 3TOA NAUHHM,
torga uHterpas TtHna Komu

L[ e@dr \
g—m! o (60)

npexacraeaser bynkuuio F (2), aHaJTHTHYECKYIO BCIOAY BHYTDH KOH-
rypa C, u ¢yukumio F, (z), ananutuveckyio Bcioay BHe C.
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Mp1 jnokaxem, uto GyHKuHA

=1 P (8) 4C ,
F(z)s—ﬁi—j————g‘z (60")
c
(mm F, @@= %J ‘-’%‘@_’—df) CTPEMHTCS K OIIPEHENIEHHOMY KOHEY-
C

HOMY NpefieNy, KOorja To4YKa z NpHOAHKAeTCH, OCTaBasch BHYTpH C
(unu BHe C), K npou3BONbHON TouKe 2, KOHTypa C. DTH npeaesbHbe
3Hauenya uHrerpana THna Komm (60°) ofpasyior, caenoBaTesnbho,
QYHKLHIO @; (2,), ONpeleJeHHyio BO BCeX TOUKax z, Konrypa C (co-
OTBETCTBEHHO (GYHKIHMIO @, (2o), €CIH TOYKA 2z NPHOAMIKACTCSH K TOYKE
), ocraBasicb BHe C), KOTOpas, KaK MHl IIOKaxkeM, OYIET aHAJHTHYe-
CKOJl BO BCEX TOYKAX 2, H TECHO CBSI3aHa C TpPaHHYHOK GYHKUHEH @ (2,).
B nnrerpase tuna Kommn .

! P (E) dl
FO=mgr) =2 S

C

110], 2 Mbl IOHHMAaeM TOUKY, J€KAILYIO
BuyTpun koutypa C. EcrecTBenno
BO3HHKAET BOMPOC, MOXKHO JH pac-
CMaTpHBaTb 3HAYEHHE HHTErpaja
tuna Kown Ha koutype C, T. €. Ka-
KOH CMBIC/]I HMEET BLIPAXKEHHE

1 9 @) dg ‘ Puc. 82.
2mi t—2z ° (61) e
C

o

Ilpu OGBLIYHOM MOHMMAaHHH NPOIECcCca HHTETrPHPOBAHMUS dopmyaa
61) nMmeHa cMBICa, TAK Kak GyHKIHA -~ we mrerpu eMa
— pyema,

3

BooG1e roBopsi, BAoAL C, KOrja TOYKa 2, HAXOLHTCS Ha Jupnu C.
TlosTOMYy MBI HOJIACHBI Npexie BCETo ONPeieNuTb CMEICA BHIPAsKEHMS
(61). C 3T0ii menblo omMiIeM M3 TOYKHM 2y, KaK LEHTPa, OKDYKHOCTb
CKOJIb YTOJHO MaJloro pajuyca € H 0603HAYHM Yepe3 ¢ HAWMEHbIYIO
ayry munun C, OTCeKaemylo STOH OKPYXKHOCTBIO, CONEPIKAILYIO TO-
UKy 2y (puc. 82). BrikuabiBasi u3 sunuu C Ayry ¢, 0603HaUYUM OCTaB-
myiocst uactb aunud C uepes C,. Bupaxenue

o e@d

2mi L—2

Ce

(62)

MMeeT CMBIC npH mobom & > 0, Tak Kak GyHKIUA ;—WC—Z) €CTb Henpe-
—

priBHas BAOJb Ca' 3aCTaBJlﬂﬂ € CTPEMHTLCH K HYJIIO, NOKaMKeM, 4To
Bolpakenne (62) CTPEMMTCS K ONpeje/elnoMy KOHEUHOMY Hpeieny,
KOTOpbIii Mbl NPHUMEM 3a 3nauenne uurerpana (61).
JeitctBurenbuo, aamknem minnio C, ¢ NOMOUIBIO LYTH NOCTPOEH-
HOIt OKPYKHOCTH, Jexaliell Bue C (puc. 82). Takum o6pa3om, Mbl 1o-
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JYyUUM  KYCOUHO-TAAAKHA 3aMRHYTHIH KoHTYp [y = C, + ¢, naa
KOTOPOTO TOYKa 2, Oyxer BHyrpennell. PaccMoTpuM Tenepb mHTErpas
tuna Kommu:
—_ 1l (e@d
FO =g ) 7=
¢
rie z — Touka BHYTpH KoHTypa C.
@ (6
[—2z
al'y =C, -+ 08, a Takxe MEXAY HHMU, TO N0 TeopeMe Kommu umeem:
— eEydar 1 pLdc 1 A (9X:8
F@= Zm j [=—z  2n {—z <= Tt oni {—z
Ce ‘e
[Nepexoast B 3Tom paBeHCTBe K OPEAENY NPH Z —> 2, NOJYUHM!

qu) =lim F @ — g7 | O+ o0 [ 285 69
232, b l
e &
dra dopmyJsa NOKA3bIBAET, YTO Npele/bHBEE 3HaueHus @; (2,) HHTe-
rpana tuna Koln cymecTBYOT B Kaxzhol Touke kounrypa C u ofpa-
3yI0T (QYHKUHIO AaHANIHTHYECKYIO Ha KouType C.
UroOwt naiiTh 3aBHCHMOCTD QPYHKUHE @; (2,) OT rpaun4Holl ¢yHKUUH
@ (2,), MBI JOJ/DKHEL B (popMmyJe (63) mepediTu K Ipeaeay, sacTapiiss &
CTPeMUTECH K HYyJo, [IpeaBapuTeibHO BBIYHCAHM TOT Tpejesd, K KOTo-
poMy CTPEeMHTCSl OpH 3TOM HHTerpas Z}ﬁ %’_f.
‘e

Tak kak Qynknus €CTb aHajHTH4Yeckas Ha koHtypax C

[lonaras B mocseiseM HHTerpase
£ — 2 = ee'?
BAONML IYTH ¢ OKDYXKHOCTH, HMeeM: d{ = eie?d0. Kpome Toro, mo-

JIOXKUB
e (D) = ¢ () +n,

Mbl BHAUM, UYTO HA €, MOAYJIb 1] CTPEMHTCA K HYJIIC BMECTE C €. Hrak,
noJjtydaem:

1 p@dr 1 CPZH-n,f 0 —
%TJT_—ZO“—WJ o leel0 db =
‘g
=G [ 4ot oo | nao.
2n y s
Tak Kax
lim | d0= 1 ndd =0
Jm _I m, 1m! ,
TO Haliaem:
1 p@yd. 1
lim -5 | L = @) (64)

<
E
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[lepexons x mpeageny mpu & — 0, us pasenctBa (63) Mbr yeMaTpi-

1 Y dt
BA€M, UTO BHIPAXKEHHE z— J"Zfi)z:

2mi
C!
JIEHHOMY KOHEUHOMY NPEeAeNY, KOTOPbIH MBI VCJAORMJKCH 0G03HAYaTh
yepes . [ 2E)dd
PSS o5 ) T—2
C

CTPEMHTCA TPH 3TOM K onpeje-

H Ha3blBaTb 3HAYEHHEM HHTErpaJja Tuia Kowu

B TOUKe 2, KoHTypa C. Taxum o0pasom, Mbl BHAHM, YTO HHTErpas

E:EIQ;L‘)SC MMEET BIIOJIHE ONpEJC/IEHHEIH CMBICA, W Qopmysaa (63)
L]

nocae nepexoja K mpeAeny npu e ~> 0 CTaHOBHTCS Cuoedyiomniei;
! @ () df 1
@1 (20) =5 T + 5 ¢ (20) I
C

®opumyna (I) naer BrlpaxkeHHe npeAeNbHBIX SHAYEHUH ®; (29)
uHTerpana tuna KowH M3HyTpH KouTypa C uyepes 3HaUeHHS CaMOTo

HHTErpasa Ha KOHTYpE H JaHHYI0 TPAHHYHYI0 (GYHKLHIO ¢ (2,).
Uro6bl MOMYYHTh aHAJIOTHYHYIO GOPMYAY AJIst 9. (2), paccmoTpum
kKoHTYp T'¢ = C; - c;, NOAYYEHHEIT NOC/TE 3aMBIKAHHS JIMHHA C,
NOCPEACTBOM AYTH Cp MAaJEHbKOH OKPYXHOCTH, Jexamell BHYTpH C

M TPOXOAMMOH B OTPHLUATENLHOM HANpaBJeHHH (pHC. 82).
-
Tax kak ¢pyuxuus C(r (’i ,» PNie Touxka z BHe C, eCTb aBaIUTHYECKas
i ]

Ha xontypax C u I';, a Takxke Mex1y HHMH, TO 1o Teopeme Kown
uMeeM:

F@= gy [LOE_ L (e@d_ L re@a

i ) L —z PEn t—z omi )=z '
C Ce c;
Ilepexons B stoMm PaBeHCTBE K npenesy InpH 2z -—>z,, MOOJYYHM:
— 1 = L [e®d __ 1 P (E) di y
P (20) = lim F () = g CJ t—a T | Ton 69
& Cg

W3 nocnepnero PaBEHCTBA MKl ycMarpuBaem, 4To npejesbHbIe 3Haye-

HUA @ (29) mono6uo @; (2,) obpasyor Ha KOHTYpe aHaJUTHYECKYIO
pyHKUMIO.
3ameuas, 4to 1m0 dopmyse Kowu 6y nert:
I @ (0 dt ! o) dt
W T T ) e =0 @),
c y

& Cg

[OTYIHM OTCIOAA MEPeXoioM K npeneny npu e ~» 0 BCIEACTBHE (64)
TaKO# pe3yJbTaT:

i 1 @ (D) dt 1
M | T =T o)

‘e
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CnenosatesbHo, 3acTaB/ss & CTPEMHTLCA K HYJIO, U3 paBeHcTBa (65)
MBI TIOJIYUMM: .

1 di 1
920 = 57 [FEE — Lo an
C

®opmyna (11) BEIpaxkaeT BHeLIHHE IPEAEAbHBIE 3HAYECHUS @, (2,) HH-
Terpana THna Koww depe3 rpaHHYHYI0 QYHKUHIO @ (2,) ¥ 3HAYEHHS
HHTErpana Ha KOHTYype.

CkaanpiBas jokaszannvie gopmyan (I) u (1) u neas nonyuensoe
PaBEHCTBO MONOJAM, HAaXOAMM:

1 L) d ; e ’
1 e §=‘P(Zo)—;‘P(Zo)’ (1)

2 L—2g
c

T. €. 3Hauewue uHrerpania THna Kommn B mioGoll Touke KoHTYypa WH-
TETPUPOBaHHS PaBHO CpeHEMY apU(PMETHUECKOMY €ro mnpeaebHbIX
sHaveHuil. Briunras ¢opmyast (I) u (1I), Mbl noayuum:

P (20) = @; (2)) — . (20), (11°)

T. €. 3HayeHHe TrpaHMYHOH QYHKUHH B /000N TOUKE KOHTYpPa PaBHO
PasHOCTH npejesbHLIX 3HAYEHHH B 3TOH TOYKe wHTerpaga tuna Ko,

dtu dopmyant (1) u (1I') skBuBanenTHsl npeskuuM dopmynan (I)
n (II). B wactuocTn, ecnu pyukuus ¢ (z) 6yAeT aHATUTHUECKOT BCIONY
BHYTPH KOHTypa unTerpuposauus C, Tax xe Kak # Ha C, TO HHTErpaj
tina Kown craHoBurcst unrterpasoM Koiwu; ero npegeibHble 3Haye-
HUA @; (2)) H @, (2) B 3TOM cjiyuae GYAYT COOTBETCTBEHHO @ (2,)
n 0 [ep. dopmyay (I1°)), u snauenne camoro uuterpana Kown B To-
UKe Z; KOHTYpa uuTerpuposanusa C cornacuo dopmyne (1) 6yner pa-
BHO /30 (z,).

Dopmyan (1) u (1I) nacrosimero nyHxKTa Brepsbie GBI MOJYYeHbE
pycckum marematukom lO. B. Coxoukum B 1873 r. npu Goaee
OOLINX M[PEANONOMKEHHSX OTHOCHTENbHO GyHKuuMu ¢ (£) (cm. m. 8
aroro naparpaga). Oun HaswBaloTcst gopmuyranu CoxoyKoeo.

Npumep. [lyctb KOnTypom uuTerpupopanns C CJAYXUT OKPYKHOCTb € U€H-
TPOM B HYJIEBOH TOUKe pajmyca eiuBula, a ¢ ({) = 1/{. B stom cayuae nurerpai
tuna Kown
1 J' dt 11 J' dr [ d;

o — l 1 —_—
WITE—o T wm e Tt w e e T T 0

€C/1 TOYKA 2 JIEKUT BHYTPH OKPYyKBocTH C; ecilu e Toyka 2 aexxut Bre C, To paccma-
TpuBaeMbll uHTerpan Tuna Koy pasen —1/2. CnepoBaredbHo, AAs RAuHOTO cay-
uas nmeem:

@; (20) = 01 Pe (20) = ——1/20.
Orciopa o dopmyne (1') nonyuaen:

IJ a1
WC tC—2) 2 "
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Tpumewanne My HCACIOBANIH NpeleibHbe 3HAYEHUA HMHTETpaja Tuma
Koiux, npexnoiaras Fpanugayo QyHKIEO ¢ ({) aHAIHTHYECKOH BO BceX TOYKaxX 3am-
KHYTOro KOHTypa uuTerpupoBanus C, mexAy TeMm Kax uuTerpan Thna Kowwm umeer
CMBICJ B CIyuae, eciin ¢ ({) ecTh POU3BC/IbHAS HENPePhBHAA (BYHKLHSA BIOJAL KOHTYpa
RHTETPHPOBAHMA L (3aMKHYTOTO EJK HET) H JaXe D A3 PbLIBH AN IPH yCAOBHU
€e unTerpupyemoctd BioJb L. EcTecTBeHBC NOCTaBUTL BORPOC O TOM, KaK Bejer
cebs unTerpan tTuna Kown npH 3THX O6LUHX YCIOBHAX, KOTAA TOUKA 2 NPUOAMKaeTcs
70 HOPMA/IH K TOUKE 2, KOHTYpa HHTerpupoBasus. JlIs HccireoBanus HaleH npo-
Gaemsl B Takol ofuiell MNOCTaHOBKE HEOOXOAUMO INpHBJeYL HauGojiee CJOMNKHLIE H
TOHKHE MeTOAbl COBPeMeHHON Teopud GYHKUMH LeHCTBHTEIBLHOTO NEPEMeHHOTrO,
H Mbi [103TOMY JIMILEHBI BO3MOXKHOCTH H3JIOXKHTh YKa3aHHBIH BOHPOC C HCYEDPIHIBAIO-
mieff NOJHOTOH Ha CTPAHHIAX HacToslero PykKoBoAcTBa. ONHAKO 3aMeTHM, YTO Jdxe
B CJyuae HenpepuBHOH IpaHMyHON (PYHKIMH NpE/ie/ibHbie 3HAYEHHS HHTerpaja THna
Ko @; (7)) 1 @ (2) He 6yayT, BooSmie TOBOPS, CymecTBOBaTh BO BCeX (€3 HCKJIO-
YEHHS TOYKAX 2, KOHTYPa MHTETPHPOBaHHA., MHOKECTBO TaKHX HCKJIOUHTENbHBIX
TOYEK KOHTYD2 MHTETPMPOBaHMs, Tle HE CYIMECTBYIOT QYHKUHH @ (7,) HIM @ (2p),
€CTb, N0 TEPMHHOJOTHH TEOPHH MHOKECTB, TAK HA3bIBAEMOE (HYJIb-MHOMKECTBOY, T. €.
3T0 MHOXKECTBO HUCKJIOUUTENLHBIX TOYEK 2, MOXKET OBITb HOKPHITO C NOMOIUIbLIO KOHEUKOH
uln GeCKOHEYHOH NOC/eOBATEIbHOCTH HENEPEKPHIBAIOUIMNXCA OTKPLITHIX AYF, CymMa
IJIHH KOTODBIX KaK YFOAHO Masla. MoxHO Aokasats, uTo dopmyas (I) u (1) ocraores
B Cuje JIg camoro obuiero puterpana Tuna Koun, ecin npenedperaTh «HVJb-MHO-
Kectzamu». Kpome Toro, MOxHO OGHAPYMKHTH B 5TOM CJy4ae, YTO NpefesbHOe 3Haye-
HUE @; (2y) [mm @, (2)] ocTaeTcs OfHHM H TeM Xe, eCH MBI 6yieM npubauikaTs To-
4KY 2 K TOYKe Z, N0 MOGOMY NYTH, He KacaTelbHOMY B TOYKE 2z, K KONTYDY HHTEr-
puposanps. HcuepnuBaiomee pewernie 3THX BONDOCOB YHTATe b MOMET HaATH
B pawux Kuurax «Muterpan Cauchy» (Hayunble sanucku CapaToOBCKOTO yHuBep-
cHtera, 1918), a rTaxxe «[pauuutible CBOHCTBA OJHO3SHAUHBLIX aHATHTHYECKHX
¢yuxuuiy (u3n. 2-e, octexnazar, M.—JI., 1950).

8. O npepenbHbIX 3nadennsx uurerpana tvna KouwH B cydae, KOrla rpaskuuas
pyukuna ynosnersopsiet ycaosuic lénpaepa—Jlummnua. ITycts € ecTb MpoH3BOMb-
Has rjajkas SaMKHyTas Jauuma H Gyusuus ¢ ({) sazawa va aumud C H yROB-
JIeTBOpsieT ycsoBuio I'énpaepa—Jlnnimnuna:

19 E)— @) < K|L—Lal™ (A)

e 0 <a <1, K — nexoropoe nocrosinuoce, a {3 # [, — Jno6ble ABE TOYKH JAu-
tiyy C. Hnrerpan tuna Komn

P(9Q4& |
o ) -z (0
C

npejcrasnger Qynxunio F (2), aHANHTHYECKYIO Béxozxy BHYTPH Koutypa C, u dysKauio
Fy (2), aHAIWTHYECKYIO BCIOLY BHE
Mol nokaxes, yro ¢yskuus

1
Fe)=o— CJ- -—ng(g—gz (u.rm Fy (2) = —g?l{[ ) —%—(_E—_)—SC—) (607)

CTPEMHTCA K ONPEAENCHHOMY KOHEUHOMY npefeNy, KOIla TouKa 2z HPUOMMMKaeTcH,
OCTaBafACh HA BHYTPeHHEH Hopmann aunuM C (MIH Ha BHeiuhed Hopmanu C), K mpo-
H3BO/ILHON TOuKe 2 KOHTYPa C 1). 3Ti npeledbHble 3HayeHus uHTerpana tuna Kowu

1y Moxuo 6bio 6B OKA3aTh, 4TO npejebHOE 3HageHue uHTerpasia tTHna Kouwm
CyliecTByeT npu efoM cTpemAeHUM TOUKH 2 K TOUKe 2y u3HyTpu C (uan usshe C).
Cw. cratpio [Ipusanos M. M. O6 unrerpanax tuna Kown. — JAH CCCP,
1939.
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o6pasylor, CAelOoBaTeIbHO, (GYHKUMIO @; (2), ONpefiesienHylo BO BreX TOUKaX 2z,
konrypa C (COOTBETCTBEHHO DYHKIMIO Q¢ (29), 8CJIM TOHKA 2 MPUONUAKAETCS K TOUKE 25,
ocrapasice sHe C), KoTopas, K&K Mbl IOKaxeM, OyneT YJIOBJETBOPSTb YCJIOBMIO
Pénppepa—J/lnmunua Buna (A) ¥ TeCHO CBA3aHa C FPaHUYHOR QymKuMed @ (7).

B unterpane Tuna Kowu (60°) non 2 Mbl NOHHMaeM TOYKY, JIeIKALLYIO BHYTPH KOH»
1ypa C. EcrecTBeHHO, BO3HHMKAaeT BONFOC, MOXKHO JH DacCMalPHBATL 3HaueHue HH-
terpasa tuna Komu Ha wouType C, T. €. K4KOH CMBICA MMeeT BhIpaeHHe

! 2@d
2mi § — 2y €1
c

Ipn 06bluHOM NOHHMAHHH IIPOLECCa HHTErpHPOBauusa dopmyna (61) sumena cmpcaa,

9 @) (C)

TaK KaK QYHKLUHS ——=— T Heumerpupyema, BoOGiIE TOBOPsI, BROJAb C, KOTAa TOYKA 2z

NaXOAMTCH Ha JHHHH C TIo9TOMY MBI ZOJKHBI [IPeXJe BCeTO ONpPENeNHTh CMbICJ Bhbi-
paxenus (61). C arofi uenbio 0603Haupm uepes S, sHayenue Ayru § Koutypa C,
COOTBETCTBYIOIEE TOUKE Zy, a ueped Cg ~— yacTb JuHum C, OCTaBUIYIOCS Nocsie yAa-
sepus u3 C  uaumveHpedt AYFH, KOHUAMH KOTOPOH CuIymaT TOYKH [ (Sp — &)
u L (L -+ €). Ilop suipaxenuem (61) Mpl OyneM HOHUMATb NPENe] BbIPaRKeHHS

! j 9 (8) 4t
ey {—2z
&
NPy &, CTPEMFIEMCH K HYJMO, T. €. TOJOXHM!
1 P()dg _ 1 9 (@) dt
2ni T—2z9  2mi EL"S T (66)
c

8

NOXa3aB, uTo MOCASARMN Npeles CyILEeCTBYEeT U eCTh KOHeYHoe uucio. B camom pene,
1 2 @dr 1 9 ()~ 9 (2) ! j dg
W ) TT—z, © ol e il GV gt
e Ce Ce

OTKyna npu & — 0 naigem:

Lfeea _ L Attt (9 ‘P(zf” dL + = @ (20),
C

2mi L— 2
4

TaK Kak

1 1
m‘c z—:_—z‘)—=m— Jdln(@—z@:mu Usm. CeIn (L—2) =

€
! {m Eote)—2 + i arg

T L(so—€)— 2o

E(So+8)—2 }
L(so—8) —2
H, CAENOBaTeNLHO,

dg .
g I [ g
C3
€ (5o + &) — & (s0) t( ) |
1 e 1 . So +8—2 _ .
P ErI Rl by e gy oyl e e oy g
—e



§31 UHTETPAJ KOIIHX 181

Kpome ToTO,

I o PO —9() ., 1 90 —9() .
2ai él—?é (, L=z %= 251L g E—z %

[locaenuuit uHTErpan CymeCTByeT BCJeCTBue alCOJIOTHOH HMHTETPHPYEMOCTH MOJ-
HHTETPaibHOTO BHIPAXEHUs, 9TO MBI YCMATDHBaenM K3 HEpaBeucrsa
Q@) —9(2) .
g

4 <K|f—z %" 1ds,
c— %

BLITEKAIOWEr0 U3 YCAoBHA (A) WAM u3 PaBHOCHILHOTG €My HepDALeHCTRA

PO =) 4

1
- << Kyls=—s50 | ds.
— s—s |

Tlocneinee NepaBencTBO PaBHOCKALHO C NPEALIAYLLHM, TOTOMY YTO Ha [VIaAKOM KOHTYpe
uMeeM:
{—2

s — 5y

1>

=

>a>0,

[fe a — HEKOTOPOe MOCTOSHHOE, 3aBHCAINLEE OT KOHTYpa.
Hawa Omukafimas sanasva CoCTOHT & TOM, UYTOOB YCTaHOBHTB (OPMYJbL

— 1 =] P () df 1
P (z) = m @ =g | 7255+ 5 0 (%) M
c
. e dd 1 )
Pefz) = lim Fr(e) = 5 | 2o — 9 o), (1
c

JA0MHe BRIDAKCHUSA NPEACTbHBIX 3HAUEH M ; (29) (COOTBETCTBEHHG P, (2,)) HHTErpasia
Tuna Kouiy u3nyTpu Koutypa C (COOTBeTCTBeHHO n3BrE C) uepes 3HAYEHUA CAMOTO
HHTEIpaJa Ha KOHTYPe K AanHVK Fpaununyio ¢yakumo. OuesujHo, ¢opuyna (I1)
BhiTekaeT u3 Gopmyasl (1), ecam u3MenHTL HANpABACHHME MYTH HHTETPUDPOBAHUSA.
Hua Bmsona dopmyist (1) BoabMem z HA HOPMAIH 2z, noaarast z ==z - eie*%, rue
@y — Yroa MeXIY MOoJOMKHTEJBHBIMH HaNPaBAEHUSIMH OCH abCUHCC M KacaTedbHOR
K KOHTYPy C B TOUKE 2,, H PaCCMOTPHM PasHOCTh

C oy ] (%) df P () df

Fe z‘”‘%[ -z~ )iz ] ©)
C&

Ouesunro, seseactsue (66) mbl yerawosum dopmyny (), ecim Jokames, 470

passocTn F (€5 z)) CTPeMUTCH K npeieny, paBHOMY 5 ¢ (%), KOI'fa & cTpemMutca K

HYJIO.
3ameTus, 4TO
o 20y = P L) — @ (z) P —9 @)
Fe; zﬂ,)“%lf“__g?ﬂ_ iy — j__z,_Tv_d;;J+
¢ -4
1 d
+ ¢ (20) (“m j;—__—%-) (©8)

e

MBl fOKaKen Hamle yTBepjeHue, ecjii OGHADYKHM CTPeMAeHne K HYMI0 npH & —» 0
BLIDAKSHUS, SAK/IOUEHHOrO B KBajpaTHHE CKOOKH. Jli1a 3Toro 3ameTHs, 470

b—zy==§(8) — 2= (s — ) [e® -}~ &)

L—z= [ (s) = 2g — €ie" P = (s — 55) [e!P0 - k] &ie/P,

n
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rie | k| <M, CKONb YIOAHO MAJOr0 MOJONHTENBHOLO HYHCAR, €CTH |S—— 8| < b=
= h(y), » kpowe Toro, nonoXmM: ¢ ()= € (V=1 () @ (@)= ()=
= f(sg), dl = e'Pds, THE @ — yron MeXAY RNOJOXHTEALHEIMH HanpaBJeHuaMy
ocH afclce B KacatelsHoB K KouTypy C B Touke [ (s).

[locae storo JeTKo noOAYyYuM:

PO =9 @) 4 (L O=T ()] e O ds
{—=x ¢ (s — o) (1 ke %) —gj

. (69)

Monaras panee s— sy = 0 # oGo3Hayas A COKpaMEHHS be 100 = m, npuyeM
jmi<<m nam |o]<Ch suipaxenue (69) nepenmmem TakuM OGPasOM:

P20 —9 @) 5 P (0)da
{—z : dg_c (1+m)yo—ei’ (70)

rae @ (o) = &' (7% (f (5) — f (5))).
Bripaxenne, crosinee meXAy KBaipaThbiMM CKoOkamu B dopmyne (68), nepenn-
LeTcs B BHLE

PO—9@) . [ 90—9 @) G () — ¢ (z0)
e e

(Sl G jiw(t)~¢(zc)l(2—zo)dt+ J L) =G () g

t— C—2C—2) . —2
e e .
- eig (o) dao : ¢ () do
~CJ {0+mjo—ei]j(l4+m)o + j (I+mo—ei’ n
-t

&

INokaxem Crauana, YyTo Npeae] BTOporo caaraemoro ¢opmyant (71) npn & — 0 paeen
Hysaio. C 9710fi [ESAbIO 3aMeTHM, HTO

I (1 +m)0—-sil>l/02—-e2—-—%-lcl>%s(cqmaﬁ n<%>,

e e
9 (o) da 2 .
H, SHauuT, T—mo—e <= f |9 (0) ] do — 0. Tlocaensee 3axJone
-g -£
HAe CACJAHO Ha OCHOBARUH TOTO, uTo GyHkiua | @ (0) | = |[ (5o - 0) — [ (5o} | venpe-

pLIBHA B PaBHa HYJIO npu O == (. Tenepb Ham ocTaercs [0OXas3aTe, WIO Dpeaen npu
& — 0 nepsoro cyaraemorc ¢opMyJst (71) pasen ymo. Pasbupas nHTepBan nnterpaunn
B HCC/IEAYEMOM MRTErpane Ha uacTH (—h, —e), (e, h), C;, MBI BRAMM, 8TO HawW HH-
Terpaa, B3aTel no Cy, CTPEMUTCS K HYJIO EMECTE € €. BonpoC nPHBOANTCS, TaknM 06~
pasoM, K HCCJEJOBAHMIO CYMMBL:

h -8

eip (o) do o
j 1+ myo—ei](l +m)o + _‘. (72)v

€

3ameuas, yto
h } h

eip (o) do [a (o) do 73
J e < | ey ™

2

& e



§ 31 HHTETPAJT KOWWH 183

6
nonoxum @ (0) == j | ¢ (0) | do u nepenuwen npasyio dacTs HepaseHcTsa (73) B saje
i

h
?

9% d® (o) — 9% @ (o) "

o(VFTE—50) o(VeFTE—50)

_l_.

(V(ﬂ—ﬁ—e?—%o)g%——i—o"

o (VFFe—go) VaTe

+2 | ©@) do.

&

OG6bIHTerpHPOBAKHBIA WIeH CTPEMATCS K HyJIo BmecTe ¢ €. [locaenaufl e nurerpan
NPEeACTZBUTCA TaK!

3 o} do
2% (@ (0) —20 + - (Gl) - .78
R (VFFre——o) Voere
14 &
[Tonaras 3zece @ (0) = r (0):-C U 3aMEHANA —————~ .g yepes eamuully, ydeniraemcs,
Vi, + &2
910 BelpaxkeHe (74) wmedbuie, ueM
h 3
r(c)do 3 r (o) do

(=

H, 3HA4YHUT, [OJABHO MEHbLIE, 4eM
h

h

do do

2& sup raj——‘— Be su rcj-——:

00 <h ()0 o T 0<02h )5

: 1 1

=8¢ sup r(0) l:——-—] <8 sup r({o).
0gogh e h 0<o<h

Tax kak sup r (0) MOXHO CYHTATh CKO/b YTORHO MaJIbiM BMECTE ¢ 1], TO OC/IEHEE Bol-
o<io<h

paxenye CKoAb YFOAHO MAaNO BMECTE € 1}
To e 3akmiOouEHHe MOXKHO CAENATbH OTHOCHTRALHO BTOPOIO CJ4TaeMOr0 CYMMEI
(72). Takum o6pasoM, CnpaBefIMBOCTL (opMmyan (1) lokasana.
[Tpameqganmne U3 npouspepeHHOr0 aHaNH3a JIETKO YCMOTpPETb, 4TO, BO-
nepsbix, popmyna (66) umeeT MECTO PaBHOMEPHO OTHOCHTENBHO 2y, BO-BTOPHIX, BHIpa-

®enue (68) crpemuTcs K 5P (zy) npy € —» 0 paBHOMEDPHO OTHOCHTENBHO Zy. Crefo-

BaTe/IbHO, npelieibHbie SHAUCHHS Q) (Z) B @ (%) uHTerpana tuna Kowsw, onpegens-
emble dopmyaamn (1) u (1I), cymecTByioT o HOpMaiAM PaBHOMEPHO OTHOCHTEIBHO
TOUYKH 2,, @ 5TO PABHOCHJIBLHO YTBEPHK/EHHIO, YTO uHTerpat Ttuna Kowu crpemurtcs
K CBOUM npejedbHbIM 3SHAUCHRAM @; (2,) H Pe (2,) B Moot Touke 2z, Koutypa C,
KOTAa TOYKa 2 npulJrmKaercss K TO4Ke 2, IPOM3BOJBHBIM 06Da3oM COOTBETCTBEHHO
usnHytpu C ¢ ussue C.
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CrnaapBast yerauorjenune dopmynst (1) u (11) u neas moayuernoe paBeHCTBO
HonosaM, Haxolum:

;J PO _ % (Zo);r%(zo), (1"

2mi L—2

T. €. guauenue unmezpars muna Kowu 6 no6oll mouxe Konmypa unmespuposanus
pasno cpedueny apudiemuueckony e2o npedesonblx grewenud. Bpluutas QOPMYJIBL
(1) u (1I), Mp1 moayuum:

P (20) = @i (20) — Pe (20), (i

T. €. BHQUEHUE Zpaﬂuuuat'l yrryuy 6 2060 1MouKe KORMYPA PAsHE PASHOCINU npedei.
Hotx sravenutl ¢ smoll mouxe unmeepara muna Kewu.

YeranoBuB gopmydan (1) u (1), naonue Bupaxenns s npeiefbublX 3uaycHuf

@i (20) H @, (2p) unrerpana tuna Kowmn, JOKaXKeMm Teneps, YTO 3TH npedeabHble aHA~

wenus ydossemsopsom ycaoeuto I'éavdepo—Jlunwuga ¢ mem 9e noxkasamenesm @,

ecau o << 1, u ¢ noxkasamesen, CKOAb Yyeodno Gauskum x eQunuye, ccau o= 17%).

Coraactio dopmyae (11') Teopemy AocTaTouHO JOK23aTh AJIst NPELENbHBIX 3HAue-

1
il @, (2). 3ameuad, uro = (E)TOT MHTETPaJl NONHMAETC KaK

o7 Jgézo =73
C

1, dg )
%Til-?(l) j ;_20) , nepenmmem dopmyay (1) B Buze

(Pe (20) — 2:” CJ ¢ (Cé:;f;(zo) dg

Taxum 06p830M, 3a3a4a 3aKIOYaeTCss B HCCAENOBaHHH WHTerpafa

f LQ=v) g

._20

glz) =

KaK yHKUun z,. Jasas gyre s, npupamenue Asp, NOTyuin:

- Azg
g o+ oa) = [ BB LS 4
J

OTKYyAa

€(20 -+ Bzg) — g (20) = H
C

¢ (C) — @2+ A2) 90— (0) -
I —2 —? Az, T~z :‘ . (1)

Wuterpapyem cHauana ot 5, — & 10 Sy €, cunras & = 3|Asy|. Bocnoab3opagiuncs
ycaosueM (A), nafiiem, uro sTa uacTn unTerpana (75) Do MOAYJAI0 MEHBILE, ucM

S¢+E
Ky j [5— so— Asg [*1 + | s— 55 127} ] ds << K | 85y 1% (76)
So—8
TaK KaxK
s | 8=t (77)
S — s}.,

HCu. llpusanos W. WU Hurerpan Kown. — Hayunme sanncku Cap.
yu-ta, 1918; O6 uurerpanax tuna Kowu. — JAH CCCP, 1839,
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OcTaerca BHNOAHUTL BHTerpupoBanue no xyre Ce, noayuennolt u3 C, nyrem BbIKuAbI-
Banusfi AYTH (Sy — &, Sg - €). TlpeasaputenpHo npeoOpasyeM HOALIHTErPATLHYIO
¢yHKOHI0 B uuHTerpaste (75) K Buay

Az
(£ — 29) (§ — 29 — Azp)
dg
{—2 l
HHTETpad OT q)yusmmn (78), B3siToifl BLOML NuHHH Ce, O MOAYJIO GYHAET MCHBILE, YeM
Kg|Asy|® 4+ K1 Asp 1%, ecinm o << 1) (79)

B CAyuae xe o = ] meubiue, uem

[ (0) — @ (2 + Az)] — [§ (20 + Azp) — @ ()] (78)

L—a'

< A, rie A — HCKOTOpOE HOCTOAHHOE, Mbl 3aKJouaem:

3ameuas, 4ro J

K| Asp | In e + Ko | Asy | < Kz] Asy |, (80)
5y

e 1 > 0 cxoab yroaso mano. IIpu BuiBoze oneHoK (79) u (80) MBl BOCHOJb30BAJHCDH
nepaBencrBamu (A} u (77). OGveannas oueuxu (76) u (79), coorsercTBenHo (76) u
(80), MBI BHAuM, UYTO

lg @+ Az) — g (@) | < Ci| A |, ecam 2 << 1,
1 —
lg (20 + A2g) — g (20) | < Cy | Asy | In o << C3 [ Asp '™,

1 Asg |

rae 11> 0 cKolb YIOAHO Mafo, ecu o = 1. [loclefHne HEPAaBEHCTBA MOTYT GHITh
8aMeHeHbl B Cuay (77) UM 3KBUBAaJE€HTHBIMH:

18 (20 -+ Azg) — g (20) | << C1] Az |*, ecan o<,

Ig(zo+AzG)—g(zo)l<C;|Azoll““, ecmt  a=1,

Hrak, erickasanmas Bhiue TEeOpeMa TOJIHOCTBIO AOKa3aua,

9. Kurerpan flyaccona. Ilyers f (2) ecthb ¢yHRuUMA, aHAMHTH-
4eCKas BHYTPHU M Ha rpaHulie kxpyra K paguyca R (3a HeHTP Kpyra Mul
NIpHMEM, HalnpuMep, Hayaac KoopiauHat). JJisi IPOM3BOJAbHOH TOYKH
z = re'®, nexamed BHyTpH K, Mbl umeem mno dopmysae Kommn:

25 .
F =gt [H%= L[ fRem) 22 gy, (s1)
K 0

pE {—=z RV — rei®

Paccmorpum Touky 2%, cuMMeTpHUHYO OTHOCHTENBLEO K € TOUKOH 2,
2
T, € 2% = —u =
2

i@

r e'®, Tak kak Touka z* jexur BHe K, TO

ynrIus ——— OyAer aHaIWTHYeCKOH BHYTPH M Ha rpanuue Kpyra K,
a ﬂOTOMy o ’reopeMe KOIUH NOJYUHM:
1 (j@d 1 ¢ i
5 2 Jap re
= m-l( T—2 T Ia .[f(Re”L) ref% — Rel® . ®2)
0
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Buiuntas us (81) pasesctso (82), Haxopum:

. Ref® »
=1 iy e _ re
[@) =3z 6‘. [ (Re®) [ RetV — 7l re'V — Re'® ]d‘b’

KOTOpOe [OC/Ie 3JEeMEHTAPHBIX Npeo0pasoBaHMil NpUMer BHJ

R2 — r2

27
f@=u-+iv=gz | f(Re") mrgpromir—grr 4 (89
0

CpaBuusas JNeHCTBHTesIbHBIE YAaCTH C/I€BAa M CIpaBa [OCJENHero pa-
BEHCTBA, IONYYUM (GOpMyay

fon
1 R*—r%
u(r, (P)=§,;j RV r—smremm—n ¥ 4P (84)

0

KOTOpas HOCHT HasBauue unmeeparotol gopuyatr ITyaccona. Tax
KaK KaXkJast rapMoHHYecKas (PyHKUHUA 4 MOXKET ObITh pacCMaTpuBaeMa
KaK AefiCTBUTEbHAA YacTh aHAJMUTHYECKOH QYHKLHHU, TO C MOMOLLLIO
3TO# (OPMYJIBI BBIPaKAETCsl 3HaueHHe JI060H rapMOHUYeCKOR (hy HKIUHH
BHYTPH KPyra depe3 ee TpaHHYHBIC 3HAUCHHUS.

3aMeTuM ellle, YTO Mbl HOMYYHM H3 (GOpMYJBL (84) yacTHBIE NPO3-
BOAHblE QYHKUHH & OTHOCHTENBHO r M @ (HIM X M y) AT BHYTpPeHHed
TOYKH Kpyra, eciu npoguddepeHUypyeM BbIpaXKeHHe, CTOSILLE ML
3HAKOM HHTerpaJja.

dopmyna (84) Ilyaccoma npuHumaer 0COOEHHO MPOCTOH BHA
npu r = 0; Torza 6yaer:

21

u(0) = 715,‘ u(R, ) dy, (84")

¢

T. €. 3HQYeHUE 2APMOHUNECKOL (DyHKyuU 6 YeHmpe Kpyea pasno cped-
Kemy apupmMemu4eckosy ee 3HAUEHUL HQ OKPYNCHOCMU INM020 Kpyed.

[Noabsysace dopmy.oit Ilyaccora, MOKHO AOKasaTbh Clleilykllee
[PEJJIOKECHHE O CXOAMMOCTH I[I0CJIe]0BaTe/NbHOCTH AHAMHTHUYRCKIX
GyHKUHHA, KOTOpPhIM HaM [OpPHAETCA B Jja/jbHefilieM [0/1b30BaTbCA:
ecau nocaedosameavHocmy gyrkyuil fy (2), fa (2), ooy fu @), ..., ara-
aumuseckux 8 obracmu G, 8 mouke z = 0 amoi obaacmu cxodumcs
K Hyao, a delicmeumeinvtoie 4acmu u, ImMux Qyukyut cxodames pas-
HOMepHO K Hyao 60 aceti obracmu G, mo ¢yukyuu fy (2), [ (2), ...
veer fn (2)) ... CXOBamcCA pasHOMepHO K HYMO 80 6CAKOL BAMKHYMOL
o6aacmu, npunadiexcaued G.

B camom jgene, nycts G* — npousBosibHAas 3aMKHyTas 00J4acTb,
npunagnexawas G. O6o3nayum yepe3 R 4HC/IO TAKOE, YTO 3aMKHY-

THIfl KPYTr paguyca R ¢ ueHTpoM B 0G0t Touke G* [ENIHKOM JIRKHUT
B obnactu G. IIpousBosibuyto Touky P B obsactd G* mpuMeM 3a LEHTP
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Kpyra paanyca R; npunaras gopmyay (84), auddepenunpyem ee no r
N nojaraem sateM r = (; TOrAa nosyudaem:

25t
E%W:k‘?j tn (R, ¥) cos (b — ¢) dip.

0
O6o3naunM uepes M, BepxHiolo rpauuuy | u, | B o6aacru G, 1. e,
| 4n | < M,. BeaeacTBue paBHOMEPHOH CXOAMMOCTH K HYJIO B 06Ja-
ctH G GyHKUHH u, MBI 3akaoyaeM, yto M, — 0, Koria n HeorpaHu-
yenHo Bo3pacraer. C Apyrofi CTOPOHBHI, CpPaBHHBAA MOCJAEAHION (op-

dun _ dup duy .
5 = e C0S ¢ + 7 sin ¢, Mbl BHAUM,

MyJly € paBEHCTBOM

yTo

Oun (P) 1 P Oug (P) 1 o

e =& | un (R Weoswdy, T = pm (R, ) sinp dy.
[

0

Caenoparenbno, B KaxKaAod Touke P ofaactu G* HMeeM:

Oun 2Mn Oun, 2My
x|SR Ml SR
, _ Oup . iy,
Tak kak fn (2) = ~gx— T i, 1O
, 2V2
172 @)] < 212 My

Uto6bl ouennth f, (2), BocnodabsyeMmcst GopMyaoit

2
fn @ = [ [2(Q) dC+ [ (0).

0
3ameTuB, yTo Kaxjas Touka MHomxkecTBa GF eCcTh LEHTP Kpyra paim-
yca R, npunapnexkawmero G, Mo MoxeM no jemme [eiine—Bopeas
HalTH KOHeuHoe YuCjJ0 N TakKHX KpYIOB, NOKPHIBAIOIIMX BCE MHOMe-
cTBO G*; K 3TUM KPyTaM NPHCOEIHHHM €elle KPYT ¢ LEHTPOM B TOUKE
2 = 0. Torpa upTerpupoBaHue OT HYJ IO 2 MOKHO GyJeT BECTH BAOAL
JIOMaHOH, 3BEHbs KOTOPOH COCIMHSIOT IEHTPH! JABYX HMEIOLIHX ofliye
Touku Kpyros. Ilocaennee 3BeHO 6Y/J€T COEIUHATE. LUEHTD COOTBETCTRY-
IOLIETO KPyra ¢ TOYKOH 2z (Mexallefi BHyTpH sToro kpyra). HinHa
TakoH JioManoH OyjeT MeHbuue, 4eM 2R (N -+ 1). B xaxno# ee Touke

BhlONHACTCs ouenka |fi (0) | < -2—RV—2M,L, CJIEAOBATENbLHO,

[a ()] < 222 Mo 2R (N 4 1)+ | (O)].

Tak kak M,, =0 u |f, (0) | = 0, To oTciofa ¥ BHITEKaeT paBHO-
M€pHAA CXOAMMOCTb K HYJIO nocaejoBatesnbHocTH {f, (2)} ma MmHo-

KecTe GF,
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Ynpaxcuenusn k zaase IV

2+
1. BuluucanTh j R (2) dz, eciy nyTeM HHTErPHPOBAHUS COYIKHT NPAMONHHEHHBIA

0
otpesok z = (2-F i) £ (0 =< £ < 1); BLIUNCINTD 3TOT K€ HHTETPAJ, NPHHIB 8a NYTh
HHTErPHPOBAHHA JOMAHYIO, IEPBOE 3BEHO KOTOPOil ecTh NpsMoJHHEHHEIH OTpe3ok
[0, 21, a sropoe — orpesox [2, 2+ i].

Oms. 2+ i; 2 (1 - i)

4 r4
2, BuiuHCIHTL HHTETPAID jdz, szz JVIS1 IPOH3BOLHOTO NyTH HHTETpPHPOBA-
20 2o

HHS MPCLECcCOM CYMMHPOBaHHS.
, 22— 22
Oms. z— zy; —

3. Bouncauts J (z — 2)™ dz (m — nenoe), ecaAu NMyTeM MHTETPUPOBAHHA Cay-

JKHT: a) OKPYXKHOCTh C HEHTPOM B ToYKe 2z, pajuyca R, 6) 3JUHIC ¢ HEHTPOM B TO-
UKe 2, B OCSIMH, TAPAMNENBHEAK OCSIM KOODAWHAT, B) MEPUMETP KBaApaTa C LEHTPOM
B TOUKE 2, M CTOPOHAMH, NapajneNbHBIMU OCAM KOODAHHAT.
Omg. 0, ectn m > 0 win m << —1; 20 npy m= —1.
+1
4. Bouncauts j |z| dz, korja NyTSIMH HHTEIPHPOBaHHA CIyKaT: a) aps-
21
MOJTHHEHHLH 0TPe3oK, 6) Bepxuss NONOBHHA OKPYKHOCTH DPainyca elHHHIA, B) HH-
KHAT TIOJOBHHA STOH OKPYIKHOCTH.
Oms. a) 1; 6) 2; B) 2.
5. dysrung f(2) wenpepmBHA Npu |z — 25| > ro. OGosnazum uepes M )
MakciMyM |f(2) | Ba OKPY®HOCTH |2— 2| = r>>ry W TpeANOIOKNM, H4TO
rM (r) — 0.

LoxasaTs, uTo j f (@) dz—> 0 npH r — oo, ecIH ky €CTb OKPYIKIOCTD |2 — 29| ==

kr
=r.
6. ®Oyuxuus f (z) venpepnisra npu 0 << |z — 2y | << R. O6o3naunm uepes M (1)
Makcumym | f (2) | Ha oxpyxkuocTH |2 — 2o | = 7 << R mnpeanosnoxus, yto rM (r) — 0.

JlokazaTs, u4To Ji(z) dz—>0, Korga r—>0, ecam kr €CTb OXPYXHOCTH
£

lz— 2= r<<R.
7. O6osnauny uepes L paanyc eaunnusoro xpyra. [lis xakuX aMmInTyA 3T0Oro

r

painyca umeeT CMBICA WUHTerpan Je'l/za’z?
L
Oms. AGCOMOTHO CXOAMTCSH, €CiH —I/2 << arg z << 71/2, pacxoautest npu 7/2 <G
< arg z < -31/2; CXOAMTCH, €ClIu arg z = —£N/2.

al ¢ g

I .
8. Hoxazate dopmyay [ () = T @ = 0pH DPOH3BOILHOM UEAOM
—z
L S

HOJIOKHTC/ILHOM #2, €CJH [OJMOXEHO!

=
—~
s
=
.
oy

1 )
“Z>='z«7f T—7 °
L
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o oo

9, BHUHCIHTE HHTEFPAIB! jcos x%dx n Jsin x2 dx, otnpaBassice OT GyBKURH
K
' ¥ NPHEKMas 33 NYTb MHTETPHPOBAHmMST TPANHLY KPYTOBOTO CEKTOPa paipyca
R o yriom ni/4.

1 2
2 2*
10, [lonaras of = %104, uccne;xoaa'rb 3Ty @ynxumo Yro OSHEN&ET i?

Omas.

11, HccaepoBars yukuun arctgz = j i + 7 u arcsin z == J _l-/_l-—C“‘

12, Bruipasutb arcig @ uepes Jxorapuq)muqecxy}o $yHRIu0O,
1 i—z
Oms. — In —_—
2i itz
13. C nomompio unterpaina Kown BHYHCANTL TPH HHTEIPaja I

dz
T ecan C

c
obosnayaer okpymmocTH: a) |[z—i|{=1, 6) |z i|=1, B) |2|= 2, nmpoxoxzu-
MBI€ B NOJIOXHTENBHBIX HaHpaBJIGHHﬂX.
Omg. a) m; 6) —x; 8) 0.
1

dz
14, Karne 3HaueHust MOXKET UMETb | ————, €CAH 33 NyTb HHTEIPUPOBAHUA
1422

APRHAMATE JIOSHE NyTH, BAO/Ib KOTOPHIX MOABIHTErpadbhaf (YHKUHS HENpephBHAD
T
Oms. -~ ~+ kn, rae k — uexoe uncio.



FJIABAYV

Psilbl AHAJIUTUYECKHX ®YHKUHH, PA3JIO)XEHUE
AHAJIUTUYECKON ®YHKUHUU B CTENEHHOH PSJ

§ 1. PaBHOmepHO cXopsiliHecs PsAAb! aHAJHTHYECKHX GyHKUHH

1. Mepsas Teopema Beiiepwtpacca. ITycTe MBI HMeem GecKoHey-
HBIE paj

h@+Ffh@ 4. +fh@+ - (1

BCE WiCHHl KOTOPOIO CyTh (DYHKLHH, aHAJHTHYECKHE B HEKOTOPOH 00-
aactd G. IlpeamosoxkuM, uro psx (1) CXOAMTCS B KaKJIOH TOUKE 2
obsact G, U o603HayuM ero cymmy uepes f (2). Ilpu Kakux ycaoBusx
CyMMa CXOASINErocss psfa aHAJIMTHUECKHX OGYHKUHA Oyner cama
(¢yHkuMEH aHaJIHTHYECKOH?

Taxkum ycsioBHeM sBJS€TCS yCJIOBHE PaBHOMEPHOH CXOXHMOCTH
para (1) B o6iacty G mau 1o KpaiHed Mepe BO BCSIKOH 3aMKHYTOH

obnacru G', meqaukom Jexameil B objactu G. D10 yCTaHaBJAHBACTCH
Teopemolt Befiepmitpacca, cocrosier H3 ABYX udacTeH.

Hrax, npexmosoxum, uto paa (1) cxoaurcs paBHOMEDPHO BO BCS-
Kol 3aMkHyTOH o6sacTu G', HequKom Jexaieil B obnactu G, U aoka-
3KeM, BO-NepBblX, 4To pad (1) usobpaxcaem gynxyuro [ (2), anarumu-
weckyio ¢ obaacmu G, BO-BTOPBIX, YTO HOCAe Qugpeperyuposanus paoa
(1) npoussorvroe uucro pas noryuaemes rosout pad, Komopeuwi Gydem
maKsice pPABHOMEPHO cx00awuscs 60 ecaroll samxnymoil obaacmu G,
euympennels k G, u 6ydem u306paxcams CoOOMEEMCMBYKYIO NPOU3-
800Hyto ynkyuu f(z), nnu, xopoue: pad (1) moxcHo nourerro Cugpge-
PeHyuposamy CKOALKO YyeoOHO pas.

3ameaanue Takoll npocToil Teopembl MBI He umeeM B ACHCTEUTENBHOI
00/1aCTH, TaK KaK H3BECTHO, YTO PaBHOMEPHO CXoAAltuiics psaa QyHKUK] 1elCTBUTE b
HOr0 MEpeMeHHOro, BoOGiie TOBOPS, Hedb3fd MOYACHHO AH(PPCPEHLUPOBAETD.

Has poxasarenscTBa nepBON YACTH TeOPEMbl 3aMETHM, YTO B CUJY:
paBHOMepHOH cxoaumocTH psaja (1) ero cymma f (2) ecTb HenpephlBHASA
(yHKUHA BO BCAKOH 3aMKHYTOH o6aactH G', BuyTpenHeil x obaactu G,
a 3Hauut, H Bclogy B o6aactu G (ra. 11, § 2, n. 2). Ham pocrarouno
NI0Ka3aTh, YTO BO BCAKOMH TOUKe 2, ofiacti G pyHKUHA f () HMeeT KO-
HEeuYHyi0 npou3BOAHYIO. OKDYKHM TOUKY 2, 3aMKHYTBIM, KyCOUHO-
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raajknM KoutypoM G Tak, 4ToGH BCE €r0 BHYTPEHHHE TOUKH BMCCTE
€ TOYKaMM CaMOro KOHTypa npuHaaaexanu obmacth G (puc. 83).
Jaunpiit psan (1) no yesoBuio 6yler CXOIHTHCS PABHOMEPHO HA KOH-
Type C. O6o3xHauasi yepe3 [ TIPOH3BOJBHYIO

TOUKY KOoHTypa C, a uepes z .i06YI0 TOUKY

BuyTpy C, pasgeaum Bce ujgennt psiga (1) Ha

{ — 2. Tlonyuennniii psn

(O _ A, LO L @ L
: Z_g12+c s et
(2) L’C

6yjleT paBHOMEPHO CXOASMMMCS AN BCEX
Touek {, npunagnexamux C. Takod psag Bos-
MOXHO NOYJIEHHO HHTErpPHPOBaAThb BHOJb JH- Pnc. 83.
muu C (rn. 1V, § 1, 0. 3).
Ilpoussons uurterpupoBanue BRoJib C 1 Aeas BCE WIEHBl NOJYyYEH-
HOTO B pesysbTaTe psjia Ha 29ui, HOJYYUM:
o @dr 1 fl(;)d;_!_ ! f2 (2) dt 4o

PET) [—2 — 2mi {—z 2mi {—2
C G C

1 [ @d
- %_}_... ®)
JE

Tax kax ¢yHRUME [, (2) MO YCAOBUIO CYTh AHANHTHUECKHE BCIOAY
BryTpU C, BK/IIOYAR TOUKH caMoro xourypa C, 10, nons3ysck Gopmy-
aoin Kowu, nepenuinem psa (3) B Buie

a7 [HLE =L@+ RO+ e a@ @)
C

B nepsoii wactn paga (3') crout panumi psa (1), cymma KoToporo
paBHa [ (2); CAeHOBATENLHO, HMEEM:

i Q) d "
@) =5 [LEE. (3
C

Tax kaxk ¢ynkuna f (2) nia Bcex Touek 2z, BHYTPEHHHX K KOHTYpY C,
nzobpaxkaercs nurerpaioM tuna Kown (3”), To BG BCeX 3THX TOYKaX 2
OHa MMeeT XoHeuHylo npouseosuywo (ra. 1V, § 3, n. 3). B vacrnocry,
dynkuusa f (2) po/KHA HMETb KOHEUHYIO NPOUSBOJAHYIO B TOYKE z =
= 2y, BernomnuB, uro nox z, Mbl noHuMaeM Mo6ylo TOUKY obaacTu G,
Mbl 32KJIOYAEM OTCIOAA, YTO f (2) ecTb (PyHKIHS, aAHAJHTHYECKas
B o6aacTn G, ueM M JOKa3biBaeTCs nepBas 4yacThb TeopeMul Beiiep-
mTpacca.,

K Tomy »xe 3ax/IOuYCHHIO MOXHO NPHATH HHAYEe, BOCTOJb3OBAB-
nnice TeopeMoit Mopepa (ra. 1V, § 3, n. 5). B camom aene, Bo-nep-
BRIX, MGl BUJENH, uTo f (2) €cTb ¢ynxkuus, nenpepuiBhas B obaactu G,
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BO-BTOPHIX, BCJENCTBHE paBHOMEpHON cxoaumocTd psga (1) Ha KoH-
Type C, €ro MOXHO NPOMHTErpHPOBATh MOWIEHHO BIOJb JuHHH G

JNQ%=JA@M@+JE@M@+~'+Jh@M©+~u (4)

rae mox C HOCTATOMHO NOHHMATh JI0GOH KyCOUHO-TJIaAKHH 3aMKHY-
THIf KOHTYD, MNpHHAjANEXKANA HEKOTOPOH OKPECTHOCTH TOYKH 2.
Tax kak GyHKUMH f, (2) CyTb aHAIHTHYECKHE BCIOAY BHYTpH C, BKJIO-
yasi TOUKH camoro kourypa C, To no oCHOBHOH Teopeme Koun nmeem!

[h@d=0 (=12 3,...),

C
a, Clej0BaTeNbHO, M3 paBeHCTBa (4) nonaydvaem:

Jroa=o.

c
HMrax, cymma psga (1) ecTs HenpepuiBHasi GyHknus B obnacta G,

JU1si KOTOPOH nMeeM: _ff(@) df = 0; unterpan Gepercs BIOJb MPO-
Cc

H3BOMILHOTO 3aMKHYTOro KoHTypa C, npHHajJexamero HeKOTOPOi

OKPECTHOCTH TOUKH Z,. B cuay teopembl Mopepa gynxuus f (2) non-

XKHa ObITb aHAJIHTHUECKOH B yKa3aHHOH OKPECTHOCTH TOUKH Z,. Bero-

MHMB CHOBA, YTO MOJ Z, MbI NMOHHMaeM Jiofyio Touky obnactu G, sa-

KJI0YaeM OTCIOa O CIpaBeJVIHBOCTH HAIIEro NOJOXKEHHH.

[lepeiinem Tenepb K A0Ka3aTeabCTBY BTOpoi uactu Teopemsl. [lo-
NPEKHEMY OKPYKHM NPOH3BOJILHYIG TOUKY 2, obaacTd G KYCOUHO-
rIaakuM Kourypom C, BCe BHYTpEHHHE TOUKH KOTOPOrQ, BKJIOUas# H
TOUKM CaMoro Kourypa C, nexar B obsmactH G. OGosHauas uepes
npoU3BOMBHYIO TOUKY KOHTypa C, a uepes z Jiobyio Touky BHYTpH C,
pasaenum fAauuei psig (1) Ha (§ — 2)%, nosyduM psij, PaBHOMEpPHO
exoisuiica Ha Koutype C:

@ . _h® 72 (0) @ ...
T—27 ;1__2)2"}'(;_2)2 ”I“'"‘l’""g___z)?“l"' (5)

TpouuterpupoBap psaj (5) nOUJEHHO BAOAb JHHHH C 0 PasielquB ee
4jeHbl NOJYYEHHOTO pAjAa Ha 27/, HaHmeM:

1 j_f_(&)dt

—QETC C=2F =

! 1h@®dd ) f2 (£) dg IR I O 113 (S X S

o CJ (é—-z)2+§r7_[ (Z-—z)2+" +2m'é‘ C—2)¢ )

C

Ipumensin dopmyay Kowm, mepennmem psax (6) rax:
FEO=H@+FRE@+ @4 (6')

T, €. Mpl BHIUM, YTO psij, COCTABJCHHBIH M3 MPOHU3BOIHBIX Y/ICHOB

JaHuoro psiga (1), cxomurcs K DPOH3BOAHOH OT CyMMbI AAHHOTO
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pana (1) so Bcsiko# Touke 2, nexaulel BHYTpu C, B Y4CTHOCTH [IpH
2 = z,. BcnoMHuB, 4TO 2, €cThb Jiobast Touka obaactu G, Ml yGex-
Jaemca B BO3MOXKHOCTH NOYJeHHOro andbepennupoBanda paaa (1)
B KaxX/Iol Touke obsact G. Ocraercs nokasats, uro paf (6'), cocras-
JIEHHBIH 13 [POM3BOAHBIX YJEHOB AAHHOTO psixa (!}, cXoauics pas-
HOMEPHO BO BCSIKOH 3amKkHYTOH oOjacty G, UesquKoM Jexatieft
B obaacru G.

JeficTBuTeILHO, TYCTh 2, — JAW0Gas TouKa ofaactH G'. Onuinem
OKOJIO TOYKH 2;, KaK LEHTPa, OKpyKHOCTb I' CTOJMD Majoro paguyca
2d, uyToOb! OHa BMeCTe CO BCEMH BHYTDEHHHMH TOYKaMu [puHalie-
*Kajta ob6nacti G. PaccMOTPHM OKPECTHOCTb Oz, TO4KHM 2 1 |2 — 25| <
< d. Korga TouKka { ORNMCHIBAET OKPYXKHOCThL I', a TOUKA 2 OCTaercs
B OKPECTHOCTH O, PacCTOfHMe MeXy HHMH | [ — z} ocraercs Bce
Bpems 0oJblie noJoXKuTe bHoro uucaa d. Tak kaxk panuwifi pag (1)
CXOAHTCH paBHOMepHO Ha okpyxHoctd I, To npu JofoM cKoab
yroauo Manom € > 0 nmeeM:

i1 @) 4 Frea Q) - - o+ [ <<e, ecani n= N=N(g),

KaKoBa Obl HH Oblna Touka { < I,
. 3amMeTHB 3TO, DACCMOTpHM Bce uiennl psaa (6'), HayuHam ¢
{(n + 1)-ro: '

1

fl,‘h!-l (Z) + f}’1+2 (2) JF‘ o= o Frer (€) ‘&f;lj)gé) FE d; (7)
- y

U3 pasenctBa (7) nonyyaem:

Vst @)+ Fraa @ 4 oo+ [ < Smf _ 22,

[Mocnennee HepaBeHCTBO NOKA3bIBAET, YTO OCTATOUHBIA YIeH MPOH3BOA-
Horo psiia (6'), HauuHaa ¢ HOCTATOYHO GOJBLIOTO HOMepa, GYAeT no
MOAYNIO MeHbIHE JIIOOOTO CKOJb YrOJHO Majoro MHOMOXKUTENbHOI'O
YuCa HEe3aBHCHUMO OT TOYKM 2, NMpPUHAZIeKaued OKPEeCTHOCTH O, .
JpyruMu cJlopaMHu, Mbl ZOKasaii, yTo psj (6') paBHOMEPHO CXOXHTCA
B OKPECTHOCTH O, NPOU3BOJIBHOH TOUKH 2y, 2, < G. B cuay nemmer
Iefine—bBopeas (ra. 11, § 1, n. 4) obnacte G' moxkeT ObITH MOKPHITA
KOHEUHBIM 4HCJIOM OKPeCTHOCTell O, B KaKAOH H3 KOTOPLIX HO AOKA-
3aHHOMY I[POU3BOLHBIA pPHAA paBHOMEpPHO cxonutcs. CleloBaTeNbHO,
pan (6') paBHOMEpHO cXoauTca BO Beceli obiactu G.

3aMeTuB, UTO NPOM3BOAHAS aHAJHTHYECKOH (QYHKILHH eCcThb (yHK-
g ananutudeckas (oA, 1V, § 3, nm. 4), mbl Bugum, yro psax (6')
€CTb Psij QYHKIHEH, aHaTUTHYECKHX B objactd (G, paBHOMEPHO CXO-
aamuiics BO BCAKOH 3aMKHYTOH ofsacth G', UeIMKOM BHYTpeHHe#H
K G. Tlpumensis K 3TOMy pPfILYy MHOCJTENOBATENHHO JOKA3aHHOE NOJO-
WeHHe, MBI foJyuaes:

FO=h@+R@A+ - +h@ 4, ©)
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u BooblIe

PO="Q+ @+ -+ @+, (@)
npHYeM BCe nNoJydYaempie PSAB CYThb PaBHOMEDHO CXOASULHECH BO
BCAKOH 3aMKHYTOil ofmact G', UeNWKOM BHYTpCHHeH K obaactu G.

3ameunanne, Ecau jganuwit pag (1) cxoaurtcs paBHoMepHo B ofaactn G,

TO B CHIY JOKA3aHHOTO NPOH3BOINHBLIH psai (6') GyZeT PaBHOMEPHO CXOZFLIMMCS BO

BCSIKOH 3aMrmyTOR o6aacTn G', ueaynroM BryTpenne#t XK G. OwuGouHo Obuio Ob 3a-

KJIOYHTH, YTO NPOM3BOAHHN psp (6) cxozmtes paBHoMepHo B oGaact G. B camom
z 22 2n

nexe, paA - + 55 oo 4 - + -+ CXOAMTCH PaBHOMEPHO B Kpyre jz|<C 1.

Ero npousBoauuifi psa

R

PaBHOMEPHO CXOASIKICA N0 foKa3anHOMY npH [z | < 7 (r << 1),He 6yzer paBHOMEDHO
CXOMMTBCH B Kpyre |z <C L.

BesleficTBHe OKA33HHON Teopems! BeflepruTpacca paBHOMEPHO CXOASIIMECH PAIB
aHaJuTHYECKHX OQYHKUHIA HMEIOT 0C000 BaXKHOe SHAUCHHE, TAK KAK HX CYMMB fB-
agoTes QYHRUMAMH aHaluTHyecKumu. OTCION2 BecbMa BaXKHOE 3HayeHne nprobpe-
Taer npobaema o6 W3BICKAHHM Kputepues, GoJiee WIH MeHee IMHPOKMX, AOCTATOYHBIX
AJsl paBHOMEpHON CXOAMMOCTH PAJA aHajduTHyeckuX Gyuruui, Umxa sonpocos,
CIOfld OTHOCHIMXCH, HMEeT CJAeNYIOUIYIO TOCTaHOBKY: npeanonaras psix (1) cxoas-
muEMCA Ha GeCKOHEYHOM MHOMXecTBe Touek E B obaacTy @, uMeolleM 00 KpaiiHeld
mMepe OfHY NpeNeNLHYIO TOYKY BHYTPH G, HaliTH yCAOBHS, KOTOPHIE HYKHO HAJAOXKHUTh
Ha NOCJTeXOBATeNBHOCTh (YHKUNH

sn@=f@+ L@+ ..+ e ©

ans Toro ytobul pag (1) Gbl paBROMEPHO CXOASUMIKMCS BO BCAKON 3aMKHYTOl obsacTy,
neankoM BHyTpenHe#t X G. Takumu yciaoBusmu OyAyT, uHanpumep: 1) paBHOmephnag
OTPAHHUEHEOCTh NOCJAeNoBaTespHOCTH (ynKUHi (9) BO BCakol samxHyrtol oGnacTw,
HeAuKoM BHyTpeHHed K GI); 2) BHNVCK XBYX Da3iuuubiX NOCTOSHHBIX 3RaveHuit
Bcemy YHKIuIMY nocienoBaTenbHocTH (9) B o6aacTn G 1); 3) BO3IMOMKHOCTL B3AHMHO
OfiHO3HAuHOro ofpamenns Xaxioh ¢yHkuuu nociemoBareavHocTr (9) %) m Ip.

C 2pyrofi CTODOHHL, 3aMETHM, UTO YCJOBHE paBHOMePHoH cxommmocTH paza (1)
SIRJIfeTCs Wb JOCTATOMHBIM LM TOTO, YTO6H cyMma psiza Owvia dyHKuuell ananu-
THUECKOH; 9TO YCJAOBHE JANEKO HE €CTh HEOGXOAuMOe, T. e. QYHKUHA, anainTHyecKas
B oGnacTn (G, MOXKeT GhTh #300paXeHa B Buje CymMMbl Psia GYBKUHUH, aHaHTHYECKUX
B G, cXoasmerocs B 5Toi 067acTy, HO CXOASINEToCs He BCIORY paBHOMepHO. Ecre-
CTBEHHO ONpPEACTNTL NOHSITHE CXOAMMOCTH psifa (1) «B ocofom cmbicaes Tak, 4ToObl
8TO NONATHE GblIO HEOBXOLWMBIM M LOCTATOUHbIM VCJAOBHEM VIS 8HAXHTHUHOCTH B 06~
JacTu G cymmut psaga (1). Ira 3aaa9a OTYACTH Pa3peiueHa 3a nocsepnee Bpevs. B cpA3n
€ STHM BecbmMa HEHHOW fBJseTcs npofyemMa 06 HILICKAHMM CTPYKTYPHHIX CBOHCTB
dyuxunn f (2), sBAsOWeRcs cyMMOll RPOH3BOJLHONO CXOfsimerocs paza (1) ananu-
Tuyeckux GyHKuuil. Ira BecbMa TpyAHas npoGlema B MOJHOM BHAE €ule HE paspe-
IIeHa JO HAacCTOAINEIo BPEMeHH.

3 Cwm., nanpuvep, Maprymerns A. M. Teopus ananuThueckux dyHx-
nnil. — M.: ocTexuspar, 1950, ctp. 204 — 295 n 689—€690 wu Foayanu L M,
TFeomeTpuueckas Teopus QYHRORE KoMryexcHoro nepemesHoro. — M.: Toctexusaar,
1952, crp. 22—23, 77—79.

HPriwaloff J.,, — Comptes Rendus, 1924,
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§ 2. Pax Teinopa

1. Mpunoxesve Tteopembl BefiepwiTpacca K CTemeHHbLIM pAgaM,
Mni yre Bujeau, 4TO BCAKHUH CTeNeHHOH pAf

G+ a—a)t@E—al+ oo tez—a)+ .., (10)

paiauyc cxoaumocTd Kortoporo R > 0, uzobpaxaer ¢ynkuuio [ (2),
aHAJHTHUECKYIO BHYTPH KPYTd CXOXMMOCTH, M 4TO npoussoiHas [’ (2)
310 DYHKUMYE MOXKET ObiTk MOJyYeHa NnyTeMm nouleHuoro ArddepeH-
uuposanusa pasa (ra. II, §4, n. 6). OdeBHAHO, YTO BCe ITH pe3ylib-
TAThl MOTYT GhiTb MOJYYEHB! TAaK K€, KaK HPOCTOE CJAEACTBHE TEeOPeMbl
Befiepitpacca. B camom jaese, ¢ OfHOHA CTOPOHBI, MBI 3HaeM, 4TO DAL
(10) cxoautcst paBHOMEPHO BO BCsIKOM Kpyre |z —a| < r (r < R),
UeJSUKOM BHYTpENHeM K Kpyry cxouumoctit (ra. 11, § 3, no. 6); ¢ apy-
roif CTOpPOHBI, BCE WICHHI TOrO PAAA CYTb (QYHKIHH, aHaJHTHYECKHE
BO BCEHl MJIOCKOCTH KOMIJIEKCHOTO nepemeHHoro 2. CjefoBaTelbHO,
Ha ocHosaHuH Teopemsbl Beitepmrpacca (§ 1) cymva psiga (10) nomxkHa
ObITb QYHKILHER, aHAJNTHUECKOH BHYTPH Kpyra cxogumocti. [lpume-
HASl BTOPYIC 4YaCTb TeOpeMbl, Mb! BHJIMM, 4YTO cTemenHoit pax (10)
MOXHO [OYJeHHO AH(gepeHuUupoBaTh CKOJbKO YFOAHO pas.
B pesyabTtarte MBI 110/1y4aeM CTelieHHbIE PSIBL

@) =c+ 2,z—0a)+ 3% z—a)l?+ s+ 4+ nc, — ay*'+4...,
(11)

f(@) = 2, + 2-8c, ¢ —a) + -+~
cort(n—=1ne, G —a)?+ .., (12

H BooOLie

@ =23...pc,+2-3...p(p+ecpu(z—a) ..., (13)
pad#ychl CXOAHMOCTH KOTOPHX R, T. €. KPYIH UX CXOAMMOCTH OYAYT
COBMajaTh ¢ KPYroM CXOZMMOCTH JAazHHOro pana (10). B camom nene,
pajiHyC CXOHUMOCTH NPOU3BOAHOTO paaa (11) He MoxkeT GriTh MeHbIIe R,
HO OH B TO e BpeMs He MOXeT OblTb Go/bile R, TaK KaK B NPOTHBHOM
c/Iyuae paguyc CXOAHMOCTH MepBoHadasibHoro psaja (10), nonyvaemoro
NOYIeHHBIM HHTerpupoBaHuem npoussoaHoro psaga (11), Gewr 6bt
ToXe OoJbiie R.

Takum 06pa3oM, paauyc CXOAHMOCTH POU3BOLHOIO psia paBeH R,
B uyacruoctd, nonaras B papax (10), (11), (12) u (13) z=a, noayyum:

" )
o=F[@), a=f@, = fz(!a) yee s csz?V‘_), e (19)
Crenesnoli psin (10), KOs(HUMEHTbI KOTOPOro €, OMNpejeseHsl MO
stuM ¢opmyaam, HaselBaercA pajsoM Te#sopa.
Taknm obpasoM, Mbl BHJHM, YTO BCAKHH CTENEHHOH pAA ¢ mOJO-
JHUTETbHBIM PAaAHYCOM CXOAMMOCTH ecTh psaja Teiljaopa.
Kpove dopmyan (14) ans xospduuuentos ¢, crenertoro psiga (10)
MOXKHO AaTh ApyTHe BoipaxeHus. O6o3nauas uepes C POH3BONBHYIO
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OKPYXHOCTb € LEHTPOM B TOUKE 2 = @4, JIEXAWYyl0 BHYTPH KpYra
cxopumoctn paaa (10), w nopumensas ¢opmyny Komn, Haiinem:

. 1 f (L) dL
[@O=g7 [ 725 (15)
C
OTKyJa AMdxpepeHLypOBaHHeM MO NapaMeTpy 2 NOJYYHM!
@ ()= P [ _fQd

(ra. 1V, § 3, n. 3).
B dopmynax (15) u (16) 2z o6oanauaer Aw06yI0 TOYKY, JexKalllyio
BHYTpH C; noaaras B 3THX GOpMynax, B YaCTHOCTH, 2 = 4@, HaljeM:

1 di ’
o=z | e (15)

@y P [ _[Ed ’
= 4ni Cj (C—ap*’ (16')

Otciona g KO>G(QULUEHTOB ¢, CTENEHHOro PAJa MbBl HOJyYaeM
Ha ocHopaHuH (opmya (14) ciepyroulie HHTErpaibHbIE QOPMYAEL

1 F ) dg — .
i e 0

2, PasnoxeHHe aHAJUTHYeCKOA GYHKUHH B CTeneHHOd paa.
B npemminyuieM DYHKTE MBI BHIeNM, 9TO CYMMa BCAKOLO CTeNEHHOrO
psaaa (10) ¢ mnOJOXKHTENBHEIM PaiuycoMm
I CXOAMMOCTH eCThb (YHKUUSA, aHANUTHUe-
CKas BHYTPH €ro Kpyra CXOZMMOCTH.
Jokaxem Tenepb oGpaTHOE NPeNJIOKE-
s HUE: QUHKYUA, AHAALMUYECKAR SHYmMpuU
HEKOMOpo20 Kpyea, pasiqzaemcs 6 Cmes
nenHol pAad.
IMycrs f (2) ecte  ¢yHKuHS, aHAIH-
THYeCKass BHYTPH HEKOTOPOH OKpYX-
HocTH K G LHEHTPOM B TOUKe 4, paguyca R.
OGo3HauyuM yepes z2 NPOU3BOABHYIO TOYKY
Puc, 84, BHYTpY OKpyxkHocTH K H onuiueM H3
TOUKH @, KaK LeHTpa, OKpyxHocts C pa-.
anyca p {(p < R) TaK, utobbl TOUKa 2 HaXOAWJIACh BHYTDPH 3TOH OKPYXK-
HoctH {puc. 84).
Tak Xak corjiacHO ycaoBHio ¢YHKOUs [(2) ecTe aHalauTHYeCcKas
BHYTPH OKPYXKHoCTH C, BKJ/IOUast TOUKH CaMOH OKDYKHOCTH, TO ee
SHAYeHHE B TOUKE 2 MOM(HO MPENCTaBHTH no gopmyae Kown

10~z [ 725 (18)




§ 21 PSIA - TERLJIOPA 197

Hama sagaya coctout B TOM, uTOOb mHTerpaa (18) Beipasutsb
B BHJe CyMMbi CTENEHHOIO pfi/ia OTHOCHTENbHO Z — .

1
F—7 TaKuM oGpasom:

1 1 !
— == — — = — . (19)
{—z {—a—(z—a) (C—,a)(l-—z a>

C sT10fi Ueabio npeopasyem BbipaxkeHHe

L—a

Kakopa 6b1 HH Obi1a Toyka [ Ha okpyxHocTH C, MOAyJb APoGH
2 —

4= 5= GyJeT paBeH NOCTOSHHOMY [NOJOXUTEABHOMY YHCAY ¢
(g <), rak Kak umeem: |u|== l‘g:;: L pa' = ¢<< 1. Cne-

J0BATELHO, BHIPANKEHHE ~+—
GeckoHeyHo yOwiBaloulefl reoMeTpuyeckoil NpOrpeccHu:

1—37:1-+u+u2—|—---+u”.+---.

MOKHO paccMaTpHBaTh KaK CyMMmy

—a
OTKyjaa, saMeHfad « ero 3HayeHHeMm -%—:_—‘—1—, nonyuaem:
] z2—a z—a\?
z——a~1+§—a+(§—~a)+“' (20)
I
L—a

[Moncrasnas euipamenue (20) B dopmyny (19), Haxopum:
| 2—a (z — a)? .
= = T=a T =ar T ey T @h
Psan (20), a snauut, 4 paa (21) cxoasatcs paBHOMEPHO NPH MOCTOAH-
HOM 2, KakoBa Obl HH Obl1a TOuKa { Ha okpyxuoctd C, nmotomy 4T10
MOLYJH ero 4JEeHOB MPEACTaBJAT GECKOHEUHO YOBIBAIOUIYIO TeoMe-
TPHYECKYIO NDPOIpecCHio, 3HAMEHATedb KOTOpO#l § He 3aBHCHT OT §
(ta. 11, § 2, n. 3). YMmuoxas psan (21) na f (§), Mbl, He Hapymas
€ro pPaBHOMEDHOH CXOAHMMOCTH, TOJYUUM:
@ _ i@ —a i @® (z—a)®f (L) 9
- = t=et = T - T (2
Hurerpupys nounenno pax (22) szosb OKP Y KHOCTH C, uto Mt
BNpaBe CAesaTh BCJEICTBHE €ro paBHoMepHOfi cxoxnmmoctd (ra. IV,
§ 1, n. 3), u neas sce wieHsl psajia, NOJAYYEHHOTO NI0CAE HHTEIPHPOBA-
HHAl, Ha 2ri, HAaXOAUM:
1 F@Qdr
2mi t—z
¢

1 [ (%) dL f(6) dt f (@) d&
=2_m_ Q—a+( —a)ZmJ.(f-—aP—}_( —a)2‘7m (C—a)"

Win, nosb3ysice dopmysaoli (18), nepenuiueM nocneanufi pAx Tak:

f@=c¢ct+e@—a)+cE—a?+ ..., 23)
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rie NOMOMXEHO!

(@ _
Cn= 2ni Cj (g_a)nﬂ (fl—O, 1, 2,.. ) (24)

Koshounuentsl ¢, psna (23), onpciensempie no gopmyne (24), ne
32BHCAT OT 2, NOTOMY YTO 33 NMYyTb MHTerpupoBanus C B HHTerpane
(24) MBI MOEM TOPHHATH JI060H 3aMKHYTBII KOHTYP, OKpYyMXKawouyni
TOUKY @, AEXalHH BHYTPH OKPYXHOCTH K, tie n3MeHss NPH STOM
anauennit c,. Kospduumentn ¢, psna (23) Ha OCHOBaHMM ApELBLAY-
H1ero NyHKTa MOTYT OuITh BEIpaKeHbl Takxe (QopMmyJamH:

(n
=f@, ca=l2C@ (=1, 9,3 ... (24')

n!

HMrak, Mbl 10Ka3and, YTO BO BCAKOH TOYKE 2 BHYTPH OKpyxkuHoctHn K
¢yuruus f (z) uzobpaxkaercs B Buie CYMMBI paaa (23), cTenmeHHoro
OTHOCHTENRHO 2 — Q.

Mu nasmBanu yHROHIO f (2) aHaNHTHUECKOI! B TOUKE &, €CJIH 3Ta
OYHKIUS ABASETCS aHAJKWTHYECKOH B HEKOTOPOH OKPecTHOCTH 3TOM
TOYKH, T. €. €C/IH CYLIECTBYET KPYT € LEHTPOM B TOYKE @ CKOJL YTOLHO
MaJIOTO pajuyca, BHYTPH KOTOPOro f (2) ecTh aHalHTHIECKan QYHKIMS .
Kopoue, mbi 6yneM HasbiBaTh TaKyl0 TOYKY @ MpasuabHoli TOYKON
IaHHOH (YHKIHM, a BCAKYI0 HenpaBuibHylo TOukKy GyHKUnM [ (2)

6yzeM HasbiBaTh ee ocobod Toukoifl. Hanpumep, ana QyHKIHH S ey

BCAKasi TouKa 2z (z %= 1) Gyner npaBH/IbHOH; TOuka ke z = | Gyner
ocoboil.

B npepnizyuiem NyHKTE MBI BHIENH, 4TO CTENEHHOH pAl BHYTPH
CBOEro Kpyra CXONHMOCTH H300pa)KaeT AHANHTHUECKYI0 (YHKLHIO
f ), 1. e. Bce TOUKH, NeXKalllye BHYTPH STOTO KPyra, sBJASIOTCA npa-
BHABHBIMH TOYKaMu it ¢yHKuuu [ (2), usobpaxkaeMmoil 3THM pAIOM.
Yro ke KacaeTcss OKPYKHOCTH KPyra CXOZUMOCTH, TO Ha Heil Oyner
no KpaiiHeli mepe ogHa ocobGasi Touka ¢ynkuun f (2). B camom nese,
JZONYCTHB NPOTHBHOE, Mbl IOJIKHLI IPEINOJaraTh, 4To BCe TOYUKH OKPYXK-
HOCTH KPYTra CXOAMMOCTH CTENEHHOro psiia CyThb MNPaBUJbHBIE TOUKH
Anst ero cymmul f (2). B aTom caydae KakJas TOYKa OKPYIKHOCTH
Kpyra CXONMMOCTH fIBISETCS LEHTPOM HEKOTOpOoro Kpyra k, BHYTpH
kotoporo ¢yukuusg [ (2) Oyner anaautnueckoii. [lo nemme Tefine—
Bopeas (ra. 11, § 1, 0. 4) MOxkHO BbIGpaTh KOHEUHOE UHCJIO 3THX Kpy-
ros k, o6pasyromux obnacts G, Tak, YTOGH KaKaan TOUKA OKPYMKHOCTH
Kpyra CXOLHMOCTH HaXoauwjaach BHYTPH NO KpaHHeH Mepe ORHOro
13 31X KpyroB. OGo3Hauas uepes P HaHWMeHblIee paccTofaHHe OF
OKPYKHOCTH Kpyra CXOOUMOCTH A0 IpaHHul obsaacTh G, Mbl BHANM,
4TO QYHKIHA f (2) GyleT aHaNUTHYECKON BHYTPH KDyra, KOHUEHTpH-
H4eCKOTO ¢ KPYroM CXORMMOCTH, paauyca R -+ p. Ha ocnoBannu
peaysabTata mHacTosiuero nysukra psiz Teisiopa dynkmnu f (2) nomxen
CXOAHTLCH BHYTPH STOro Kpyra paauyca R -- p, T. €. paauye Cxo-
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BUMOCTH NAHHOro psiga no kpafiHeft mepe pasen R - 0, 4TO HeBO3-
MOHO, TaK Kak COIVIaCHO YCJOBHMIO OH paBeH R.

Urag, ecau mouxa a ecme npasuibnas mouxa gyuxyuu | (2}, mo
ema ynkyus paszsqeaemcs 8 pAG, CMENEHHOU OMHOCUMEALHO Z—(
@ OKPEeCHOCIIL IO MOYKIL, NPpUdeM OKPYMHOCIb KPJ2A CX00UMOCmU
pada umeem yeHmp 6 moure a u npoxodum uepes Gauneatitiyio K mouxke @
ocobyto mouky Gyrkyuu | (2).

1o npeanoKeHHe YCTAHABJAHBAET TECHYIO CBA3b MEXKIAY PaiHy-
COM CXONUMOCTH CTENEHHOIro psifa, C ONHOH CTOPOHBI, H TNPUPOAOH
byHKuHU, H3o6pakaeMol 3THM PAAOM, ¢ APYTo#l CTOPOHBL, OHO MOKa-
3bIBAST, UTO TEOPHHA CTEMNEHHBIX pPSANOB MHOJYYAeT HOONHYI0O ACHOCTD
JHUIL B KOMIJIEKCHOH obnactu. Tak, Hanpumep, ocTaBasch 8 00/1acTH
JEeHCTBUTENbHBIX YHCRJ, HEeb3f MOHATE, IOYeMy DAL

i > :
W:l——x--[—x“~x"—{—

NepecTaeT CXOAHTLCA NPY 3HAUeHHAX X < —| H x = -1, B TO Bpems

KaK ¢yHKUUSA T3 onpenescHa AJA BCeX AEACTBHTEJAbHBIX 3HAYCHUH

HE34BHCUMOI'O TME€PEeMEHHOro X, HpH‘{‘eM 3HaueHuss x == +1 He gB-

JISIIOTCS JUIsi Hee HCKJIOUHTeNLHBMH. KapTHna 31oro ssiaedus, ofHaKo,
BIOJHE YSCHAETCH C TOYKM 3PeHUs KOMILIEKCHOrO NeDeMEeHHOrO.
HefictBurennto, QyHKUHA T HMeer ocoOble TOUKM MpH 2 = =i,
a NOTOMY PajHyC CXOAHMOCTH paCCMAaTPHBAEMOrO PALA paBel eqHHULE.

Apsumep. Kak Guio panee nokasauo (1. IV, § 2, 0. 6), dyskuna Ilnz=
¥4
dg . N -
= J > €CTb aHATWTHYECKas BO BCAKOH OMHOCBA3HON ofnacTu, He Cofepxauled
o
I

HyJAeBO# To4xu, B YaCTHOCTH, Hampumep, BCIOAY crpaBa oT MHumoH ocu. Cuenosa-
TeTbHO, Nz MOMHO Da3JoXuTh B CTENCHHOH PAJ B OKpecTHOCTH, Hanpumep, 2 = I,
npuyem pajuyc CXOAHMOCTH 3TOro psjpa OyIeT paBeH eaMuune. 3aMeTus, 4TO

=tz (@)= A= e (@ = (=t L

nosyuaem oTclofa apu z = I:

= (1)=0, ci=Ff(1)=1, cﬂ,:’—;}-’:—-;-,...
O
T Ty T n ’

H, CJAEA0BATCAbHO, HAXOAUM:

-1
lnz:(z~l)—% (z— 1) + ...+_(_“_ln)_(z_1)n_ vee

3. Hountue ronomopdHoii GYHKUHK M €ro 3SKBUBAJEHTHOCTH
C MOHATHEM AHAJHTHYECKOH (QYHKUMHM. YCJOBUMCH TOBOPHMTH, HTO
GyrKknia [ (2) ecTb cosoMOppHas B TOUKE @, €CJAH OHA B HEKOTOPOH
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OKPECTHOCTH STOH TOYKH pasjlaraerca B CTENEHHOH PAJX GTHOCH-
TeNbHO Z—a. Ha OocHOBaHMH HPefblAYILEero 3To0 CBOHCTBO ToJOMOpQ-
HoCTH (PYHKIHMH B TOUKE g 3KBHBAJNEHTHO CBOHCTBY €€ aHAIMTHYHOCTH
B TO# ke Touke, JleficTBuTenbHO, eciH GyHKun: [ (2) ecTb rosomopde
Has B TOYKE g, TO COIVIACHO ONPEIE]eHHIO CYIIECTBYET KPYr K ¢ UeH-
TPOM B TOYKE @ HEKOTOPOro pajuyca p, BHYTPH Kotoporo [ (2) pasna-
raeTcs B CTeNEeHHOH PsjX OTHOCHTENbHO 2 — a. Ha ocHoBawuu m. 1
¢yukuusa f (2} Kax cyMMma CTENEHHOI'O pAja JO/KHA ObiTh aHAJHTH-
YeCKoil BHYTPH 9TOTO Kpyra k, a cjefoBaTelbHo, ¥ B TOUYKE 4.

O6patHo, ectu [ (2) ects (OyHKUMA, aHANHTHYECKAA B TOYKE @, TO
CYUL eCTBYET KPYL B ¢ HEHTPOM B 3TOH TOUKe HEKOTOPOrO pajnyca p,
BHYTPH KOTOpOro f (2) 6yaer ananntudeckoi ¢yuxuneir. BeaegcrBue
1.2 [(2) kak OyHKuHA, aHaANTHUECKAs BHYTPU 3TOrc Kpyra &,
moxkeT ObITb NpejacTaBjeHa B BHAE CYMMBI pfjla, CTCNEHHOTO OTHO-
CHTeNbHO Z — a, cxojsulerocs BHyTpH k. CienoBatenbHo, f (2) 6yxer
¢pyukuuesi, roaomopdHoii B TOUKe 4.

GyHKIMIO, FOJOMOPOHYIO B KaxkAoH TouKe obnactu G, Mn OyaeM
KpaTKo Ha3blBaTh 2040MOpdinol & smoil obaacmu.

Ckasarb, uto ¢ynxuus [ (2) ectb rojioMopHas B HEKOTOpOi
oftnactu G, OYEBHAHO, PaBHOCHJIBHO YTBEPHKIUEHHIO, UTO 5Ta QYHK-
H¥S ecTh aHaJHTHueckas B Tol ke ofuaactu G.

Takum of6pa3oM, oTnpasafisich OT onpeleaenHus (QyHKUUH, aHa-
JHTHYECKOH B 00/1acTH, KaR OLHO3HAYHOH (YHKIIMH, UMeloWeli B Kax-
Ioi TOuke 3T0fl 06/1acTH KOHEUHYIO [IPOM3BOJHYIO, MblI [10Ka3aJu, 9TO
Takas ¢yHKHuA OyleT rojomopdHOi B TOH ke oOaacTH, T. €. B He-
KOTOpPOl OKPEeCTHOCTH KaMIO# TOuKH 3Tofi obsmacTH ¢yHKuus pas-
JardeTcss B CTEeNeHHOH paA.

B cnyyae ¢yHkuu#i AefiCTBHTENIbHOTO MEPEMEHHOT0 pasJoKeHHe
B CTeNeHHOHA psij He Bcerja BO3MOXKHO, Hayke ecid (QYHKHus HMeer
NIPOH3BOJIHbIE BCEX MOPALKOB; WA GYHKUUA K€ KOMIIEKCHOTO nepe-
MEHHOTO BO3MOXKHOCTb TAKOrO Pas/IOKeHHS CJeAyeT H3 CYLUIECTBOBa-
HHS JIUIIb NEPBO NPOU3BOAHON BCIOAY B paccMarpHBaeMoil o6/acTH.

4. CBo#iCTBO eAMHCTBEHHOCTH aHaJHTHUYeCKHX (yHKuMi. M3 Teo-
peMel Kowin v oay4eHHOIO ¢ ee NOMOUIBIO Pas/oXeHHS aHaJHTHue-
CKOll GYHKOUN B CTENEHHOA PAA Mbl MOXKeM H3BJeYb BeCcbMa BaKHBIE
CJIEACTBHSA, KOTODBbiE HAM I03BOJIAT YACHHTb CYILHOCTb aHajJuTHYE-
ckux Gyuxknmit. OnpeneseHye MNpOU3BOJABHOH (YHKUHHM KOMIIEKC-
HOTO NEPEMEHHOro SBJAETCS HACTOJNbKO OOWiHM, YTO H3 MOBEACHHSA
TaKkofl GYHKUKHH B HEKOTOpO# 4acTH 064acTH  IVIOCKOCTH KOMILIEKCs
HOTO NepeMEeHHOr0 HHYerQ Hejb3s 3aKJIOYHTh 0O ee MOBEACHHH B ApY-
rux uaetax obaacty G. Tak, nanpumep, nyetb f (2) onpexpeneHa
BO BCeH IJICCKOCTH KOMIVIEKCHOTO [epeMeHHOTo 2, npuueM [ (2) = i
npu |z} <« 1. Orcioga Mbl HHUETO He MOXKEM CKas3aTs OTHOCHTENBHO
sHaueHH#i ¢yHxuwHH [ (2) npu |z| > 1, Tak Kak 418 STHX 3HaYeHHH 2
MBI MOXeM ONpelejntb npousBoabHo ¢yukuuio f (2). Heckonpko
Hnaye o0CTOMT Aeno, ecid GyHKnua [ (2) no/mxkna GbiTh HeNpPepLIBHOM,;
TOrja B NOCJAeAHEM OpuMepe SHauenuss QyHkuuu [ (2) B 104KaX,
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GecKoHeyHO OJM3KHX K OKpY¥HOCTH |z| =1, RoaxHBI cO cBoefl
CTOPOHBI GECKOHEYHO Ma/lo OTHYaThea oT [. B 3ToM ciyyae sHavenns
GYHEOUH COeAMHEHH MeXAy co6of I10CPEJCTBOM HEKOTOPOTO, XOTH
emle BecbMma OOLIETO, 3aKOHa. JTO BHYTPEHHEe CBOHCTBO COGAHHSET
Mex¢ay coboit OYHKIHOHAMbHLIE 3HAYEHUA TaK, 4T0, 3Has 3HaYeHud
(OYHKUHE B OZHOM 4aCTH 2-ITOCKOCTH, BO3MOXKIO AelaTh Bojee H/IH
MeHee TOYHOE 3aK/IOUeHHE O MOBEeACHHH (PYHKIUH B APYrHX 4acTax
NJIOCKOCTH; OYEBHIHO, 3TO CBOHCTBO Oyler TeMm O6oJiee CHJbHLIM,
ueM GoJiee cneuuanbHbif Kaace GyHKUHA Mel GyaeM paccMaTpHBaTh.
Hanpumep, orpaHiu#Basch PacCMOTPEHHEM LEABIX DPalHOHAAbHLIX
¢pyHxuufi 4-f creneHm:

gy = ay + ax -+ ax® -+ age® + axt (25)

{y, X, Yy NeHCTBHTENBHBI), Mbl 3HaeM, 4TO TakKas QYHKUUsS BIOJHE
Onpeieasercs NOCPeZCTROM HEeMHOTHX 3ajanuil. Tak, ecau Mbl 3HaéM
sHaueHua GYHKUMH Yy AJdA OATH 3HAYCHHA HE3aBUCHMOTO - NepeMeH-
Horo X, TO Haula QyHxuus (25) BoJHe, T. €. OJHO3HAYHO, ONpejelena,
npuYeM nNaTb 3HAYEHHH HE3aBHCHUMOTO MEPeMeHHOTO X Mbi MOXeM
Opath Kak yroaHo GaH3Ko Apyr or apyra. Taxkum ofpasom, 3Has
noBeJicHHe QYHKUHH Y Ha CKOJb YrOAHO MastoM HHTepBaJje, MBI MO-
KEM CYANWTb O MOBEICHHH €€ NPH BCeX 3HAYCHHAX HE3ABHCHMOIO
nepeMeHHOro x. Knacc HesblX palHOHaALHEbLIX QYHKNHHA 4-8 cTeneHH
obnajaer, cjAejoBaTe]bHO, OUeHb CHJBHLIM BHYTPEHHHM CBOHCTBOM,
NOCPEICTBOM KOTOPOTO COSAHHSIOTCA MexIy coOOR pas/iHyHbie 3Ha-
YeHHss TaKoH (yHKLHH.

OcofeHr0 3aMeuaTe/bHLIM SIBAACTCA TOT (akKT, YTO KJjacc QyHK-
uuf, BbIAEACHHBIA HaMM M3 COBOKYIHOCTH OOLHX QYHKUUHA KOMIJeKC-
HOTO MEPEMEHHOTO MOCPeACTBOM JIHIIb OAHOTO TpeGoBaHHA HX AHD-
(epeHuMpyemMocTH B 001aCTH, HAa3BaHHBIX HaMH (QYHKIHAMH, analu-
THYECKHMH B 9TOi o0sacT, O6/JafaeT TaKHM CHJAbHBIM BHYTPEHHUM
CBOHCTBOM, KOTOpOE [O3BOJSET, 3HAaf MNOBEJEHHE TaKOoH OYHKIHH
B CKOJIb YFOZHO Ma/joH YaCTHUHOH 00/acTu, cienarh ONpefe/eHHoe
3aKJIOUeHHe O ee NoBeAeHUH BO Bcell ocHosuoft ofaactH. Ynu, Goaee
TOYHO, (YHKUUA, aHaauTHueckas B obsacte, OGyneT BNOJHE, T. €.
OJHO3HAYHO, OIpene]eHa B 9ToH 06/1acTH, eC/IM H3BeCTHHl 3HAYeHHSA
5TOH QYHKLHH HA CKOJb yrogHo MaJioff [yTe JquHuu. B sToM orHome-
HHY yxe ¢opmyna KoM HaM NOKa3biBaAa, YTO MBI MOXKEM ONpEAEHTh
BCe 3HAYCHHS aHANHTHUCCKOH OYHKUIUM BHYTPH 3aMKHYTOTO KOH-
Typa C, ecan U3BECTHH! €e 3HaYeHHA Ha 3TOM Koutype. Ha ocHoBaHHHK
TEOPEMBI O PAa3JIOKCHHH aHAJHTHYECKOH (YHKUMU B CTEHEHHOH PAR
(1. 2) Mbl 6yem B COCTOSTHUH OGHAPYKHTh YKa3aHHOE CBOACTBO €AHH-
CTBEHHOCTH aHaNUTHYECKHX (YHKIUHA B obmiem Bupe. 2T0 CBOHCTBO
BCJIEACTBHE €r0 IDOMAaJHOrO 3HaueHus IS NOCTPOSHUR BCErO 3aHHSA
TEOPDUM aHAMUTHYIeCKHX OYHKUHE Hapsagy c uurterpasom Koy
JOJ/KHO OBITb paccMaTpUBaeMO KaK OCHOBHOE B STOH TEOpHH.

310 CBOHCTBO MBI (hOpMYNHpYeM B oOilleM Bufie TaKuM o6Gpasom:
ecau 0ge pynryuu f (2) u ¢ (2), eoromoppree 8 Hexomopoii obracmu G,
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WMEfOM POBHBIE BHAYEHRUS HA OeCKOHeUHOM MHONcecmee movex E e smodl
obracmu, npuwesm muomecmso E Oongcxaem no kpatined mepe 00Ny
npedervrityio. mouxy, resawyo eHympu G, mo smu QYHKYUL PABHOL
Mewdy cobott scrody 8 obaacmu G.

Mbl JlOKaxeM CHayala 3TO NpelJoXeHHe [V clyyad, KOraa
obaacte G ecTb KPYT, LEHTP KOTOPOTO 4 ABJAETCA NpelesinHOH TOUKOM
mHOxecTBa E. Hrak, nycts

fO=c+@—a)+c—a?+ ..,
@) =c+cie—a) + ¢ —aP +..

CYTb Pas/IOKEHUA AAHHBEIX PYHKUUH, KOTOPBIE HMEIOT MECTO BO BCAKOH
ToyKe 2z kpyra G. UroGsl foKasaTh coBmageHue pynruusi [ (2) u ¢ (2)
BCIOAY BRYTPH Kpyra (G, ZOCTaTOYHO NOKa3aTh, YTO KO3(DHUIHEHTH ¢,
H Cp paBHb MexAy cobofi npu modor n ( n = 0). CormnacHo ycaoBuo,
€CIM TOYKA 2 NPUHAMIENKHT MHOXecTBY E, TO HMeeM:

f@=9@. (26)

Tak Kak TOYKa g eCTb npeje/bHasg To4Ka MHOXeCTBa £, To MOXKHO BbI-
6paTb MOC/TeAOBATENbHOCTb TOUEK 2, STOTO MHOXKECTBE, CXOAALLYOCH
K TOUKE 4.

U3 ycaosus

f @) = (@) (26')

nyreM Mepexoja K Mpeleny, BCASACTBHE HENPEPLIBHOCTH (yHKUUi
f @ u o (2) B Touke a nonyyaem: f (a) = ¢ (a), uin ¢, = ¢
3amerHB 310, paseHcTBO (26) nepenuiueM B BHAE

G(z— @) (E— Pt o =G — ) b —aP e, (267)

rae z obosuauaer 06y Touky mHoxectBa £. Cokpaiias 310 pasen-
crBo (26”) Ha Z — 4, NMOAYYUM:

b —a) b oee =i b Gz —a)f oo (267)

[Mocnegnee paBeHCTBO HMEET MeCTO /ST BCeX TOYEK 2 MHOecTBa E,
B YACTHOCTH NPH 2 = 2,. [lepexoist K npeleny B NpeiNONOKEHHH, YTO
lim 2z, = a, aHaJOrHYHO OpEARIAYIUEMY noayuuM: ¢ = ¢;. [loctynas
TaK jJajee, HalgeM: ¢, = C5, ... H BooOle ¢, = ¢p OpH JOOGOM n.

[Tycrb Tenepsb ABe dyHKuMK f (2) 4 @ (2), rosomopdHbie B obaactu G,
HMEIOT paBHble 3HAUEHHUA HA GECKOHEYHOM MHOXECTBE TOoueK E 3Toft
ofaactd, NpHYeM MHoxecTBO E JONycKaeT npefe/bHYO TOUKY 4,
gexamyo BHyTpun G. Mpl oKakeMm TOMAECTBEHHOCTb HaIUMX (PyHK-
i BCloAy B oOjactu G, eC/lH NOKaxKeM, YTO OHH HMEIOT PaBHHE 3Ha-
YeHns B [IPOHM3BOJBHOIN Touke b ofaactu G. C 3TOH 1EMbIO COCAHHHM
TOYKn @ 4 b nNpou3BONbHON HenpeppiBHOH AMHHeR L, Jexaileli B 00-
aactu G (puc. 85). O6o3uaunm uyepes d {d > 0) paccroasue Jusuu L
0 rpaHuusl ob6nactd G, T. €. MHHHMYM BCEBO3MOXKHBIX PacCTOAHHHA
MEXAY ABYMH TOYKaMH, H3 KOTOPHX OfHA NPHHAIACKHT JuHHK L,



§ 21 PAA TENJOPA 203

a apyras — rpasntie obnact G. OueBHAHO, KPYT C HeHTPOM B MoGod
Touke auHuu L pazuyca d/2 uenuxom nexur B obnacth G. Besen-
cTBUe Pa3oGPaHHOrO BHIIIE YACTHOTO Cyyas AaHHbie QYHKUHYM cOBHa-
JalT MeXAy coOoii BCIOAY BHYTPH Kpyra C LCHTPOM B TO4Ke a pa-
aHyca d/2, Tak KakK TOYKa a ecTb NpejesbHas TOUKa MHOXecTBa E
(puc. 85). 3acranas ueHTp Kpyra paanyca d/2 HenpepnBHO ABH-
raTbCsi 1O JUHHH L OT TOUKH @ 10 TOYKH b, MH BHIMM, 4TO HallM
(GYHKIH JOJKHBI COBNajaTh BCE BpeMs MeXAy coGoH BHYTpH Kpyra,
KakoBO Gbl HM OLIO MOJIOKEHHE 3TOro ABuaKyuierocs xpyra. Crneno-
BaTe/lbHO, B HACTHOCTH, HmeeM: [ (b) =
= ¢ (b), 4TO ¥ HY¥HO.

Hrak, Mo Jpokasaiau, 4YtO0 QyHKUHS
f (z), romomopduaas B obmactu G, onpe-
LeJieHa enHHCTBEHHBIM 006pasoM, ecau
1I3BECTHBI €€ 3HaueHHs Ha OGeCKOHeUYHOil
NOC/IEI0BATENbHOCTH TOYEK 2, HMelollel
x0Tl Gbl  ONHY TIpENeNibHYI0  TOUKY
eHyTp# G. OfHaKo ocraeTcsi RO CHX AOp Puc. 85,
HEPEHIEHBBIM BONPOC, KaK HYXKHO a priori
BEIOHpaTh 3Hauenus [ (2,) QYHKUNY B TOUKax 3alaHHOH GeCKOHeYHOH
NOCJIE0BATENbHOCTH AJIS1 TOTO, YTOGBl OHM Obliy 3HAYEHUAMH He-
Kotopoil ¢yHruuu f (2), rosomopdHoi B obnactu G.

Kaxk canescTue ZoKa3auHOH TeopeMbl OTMETHM, UYTO ABe QyHKLHH
{ @) n @ (2), ronomopdHubie B obnacth G, TOXKIECTBEHHO PaBHBI MEXAY
co60ojil B 3TOll 06NACTH, €cau:

1) f (2) = ¢ (2) BClony B IPOM3BONBLHO MaJOH OKPECTHOCTH HEKO-
TOpOH Touku obaactu G,

2) f(2) = ¢ (2) HA NPOM3BONLHC MaJOfi JHHMH, HEJUKOM Jexa-
weit B G.

IT0 €CThb OJHO M3 3aMeyaTelJlbHBIX CBOHCTB aHaJUTHUECKHX (PYyHK-
IMH, He NpHCYLlee NPOH3BOJIbHBIM HENPEPHIBHBIM GYHKUHSM KOMIJIEKC-
HOTO NEPEMEHHOTO: B CJyuae NPOM3BOJAbHOH (PYHKUHH KOMIUIEKCHOrO
NePeMEHHOTO, HeNnpepelBHON B obsnacty G, 3Ha4YeHUs ee B OKPeCTHOCTH
ORHON TOYKH o6nacTH G HUKOUM 00pasoM He ONpeesioT ee 3HaYeHuH
BO BCE€X TOYKAX 3TOH ob6JacTH.

5. Mpusunun Makcumaaneoro wmoayas. @opmyna Kown  (44)
(rn. 1V, § 3, n. 1) ipusumaer ocoGeHHO TMpoOCcTOM BHA, Koraa I' ects
OoKkpyxHOCTh | L] = R n z = 0. [loaaraa { = Re'¥, d{ = iRe'V dy,
HajizeM:

2n
[O) =5 | f(Re)ayp, (44')
0

T. €. 3HaYCHHE rosioMopdHONl PYHKIMN B LECHTPE Kpyra pasHO Cpef~
HeMy apHpMETHUECKOMY ee 3Ha4yeHHH Ha OKPYXHOCTH 3TOrO Kpyra.

Hoabsysace gopMysofi (44), MOXKHO YCTaHOBHTb BECbMa BaXKHBIM
APUMHIHO TEOPHH AHAJNTHYECKHX QYHKIHMA, HA3HIBAEMHH npuxyunom
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MARCUMANLHO20 n00yan. COrIacHO 3TOMY NPHHITUOY MOAY/Ib (BYHKUUH,
roJoMOpgHOH B OTKPHITOH 06sacTi G, HU B KaKoil Touke 310 06MacTH
He MOXKET IOCTHIaThb CBOEIO MaKCHMyMa, 33 HCKJ/IOYEHHeM cayyas,
KOria (GYHKUUA €CThb TOXACCTBEHHOE MOCTOSHHOE.

B camom gnese, ofo3HaunM uepe3 A BEPXHIOIO I'PAHHIY MOAYJIH
nepemeEHo#l pyHKuHH f (2), aHaIUTHYECKOH B o6jacTi U, H MpPeNnoao-
KHM DPOTHBHOE NMPHHUMNY, YTO B HEKOTOPOH Touke g, obnacty G
MOAYJL PYHKUuH [ (2) paBeH cBoeMy MakcuMymy, T.e. |f (z)| = M.

[Ipumenum popmyay (44’) K Kpyry C UeHTPOM B TOUKE Z,, DHHAX-
JieXxaleMy BMecTe co cBoeft nepudepuest obnactu G, TOrAa NOJYUHMI

2n
f(Zo)=§1,76[ F o+ Ret®) dy,
OTKyJa BbITEKaeT:
2n
IF el < 3 | 1] 20+ Ret® | dy. (@7)
0

Tak kak
[f@+ RN <M, a |[[@)]|=M,

TO U3 HepaBeHCTBa (27) ycMatpuBaem, 4T0 |f (2, 4 Rei®) | = M npu
mobom . [eficTBuTeabHo, ecn Obl MBI NPH HEKOTODOM 3HAYeHHH
Y = P, UMeau '

| (20 +- Ref¥) | < M,

TO BCJIEACTBHE HenpepuBHOCTH |f (2) | HepaseHCTBO |f (2p + Re'¥)| <
< M ocyuwlecTBasa0ch Obl B HEKOTOPOM JROCTATOYHO MaOM Ipo-
MeXYTKe

\PO—S <\l‘ <\p0+81

BHE XK€ 3TOr0 NPOMEXKYTKaA
|7 (2o Re®) | < M.

[Tpu Takux ycjaoBusix HpaBas 4acTe HepaBeHcTBa (27) Obuna 6wl
MeHbilie, yeM M, B To BpeMsi Kak JieBas papHa M, uero GbITb HE MOKeT.

Wrak, mb nokasanu, 4to |f (2)| = M Ha BCAKO# AOCTATOYHO
Majiofi OKPYIKHOCTH C LEHTPOM B TOUKE Z;, WJH, YTO TO 3Ke, .B A0OCTa-
TOUHO MaJlofi OKPECTHOCTH TOUKH z,. [ToKameMm renepb, uTo |f (2) ] =
= M Bciogy B obaactu G. C 3TOH HeJabio COEIHHHM TOUKY 2, C Ipo-
H3BOJILHOM TOYKOH 2z; ofsiactu G HelpepriBHOH JHHHER L, jexauielt
B obracty G. OGosuaumm uvepes d (d > 0) paccrosHHe JauHEH L
R0 rpauuus obnacty G, T. €. MHHUMYM BCEBO3MOMKHBIX PacCTOSHHH
MEXLY ABYMSI TOYUKAMH, M3 KOTOPHIX OJHA NPUHANIEKHT JHHHH L,
a npyras — rpasune objacty G. O4eBHAHO, KPYT € HEHTPOM B Jio60H
Touke jHHUY L paguyca d/2 uenuxom jiexut B ofnactu G. Beneacraue
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AOKa3aHHOTO papeHcTBO |f (2)] = M nMeer Mecto BCIOAYy BHYTPH
Kpyra ¢ UEHTPOM B TOYKE 2, pajuyca d/2. 3acraBasas UeHTP Kpyra
pannycad/2 HenpepuIBHO ABKI aTECA NO JHHUH L OT TOYKH Z, A0 TOYKH 2y,
Mbl BHIUM, 4TO paBeHcTBO |f (2)|= M ZOMXHO BLINOJHATbCH BCE
BpeMs BHYTPH KPyTa, KakoBO Ol HH OBIIC NOJOXEHUE 9TOTO ABHXKY-
merocsi kpyra. CrejloBaTebHO, B ©acTHOCTH, uMeeM: |f (2) | = M.
Tak kax z; — mobas Touka objactu G, TG MB JAOKa3alu ClipaBefye
BOCTb paBeHcTBa |f (2)| = M Bciopy B obaactu G. Orciona ke Jerko
BLIBECTH, YTO [ (Z) eCThb NMOCTOSHHOE YHCJO.

B camom gnene, gyurnua In f (2) HMeeT nocTOSHHYIO KeACTBHTENb.
HYI0 4aCTh, TaK KaK AeHCTBUTENbHAs YacTh Jaorapudma paBHa Jo-
rapugmy mouyis. BenescrBue yenopuii Kowm—Pumana (ra. 11,
§ 4, n. 4) ronomopduan dynkuus In f(z) ¢ nocrosHnol peficTBUTENb-
HO# 4aCTbio eCTh NOCTOSHHOE YHCJIO, a 3HaYHT, M | (2) eCTb NOCTOAHHOE
yucao B obaactu G, YTO HEBO3MOKHO.

VI3 pokasanHOro NpHHIKNA BHITeKAeT: ecau [ (2) ectb dynKuHS,
ronomMopduas B obnactu G u HenpephiBHas B 3aMkuyToi obaactu G,
TO MaKCUMaJbHOe BHAYEHHE ee MOAYJA Heo0X0oZuMO NOCTHTaeTcs Ha
rpanuue obaactn G npu VCJAOBUH, UTO f (2) HE €CTb NOCTOSTHHOE YHEJO.
B camom pene, oynkung |f (2)|, 6yayuys HenpepbiBHOH B 3aMKHYTOH
obacty G, B CHJY H3BECTHOH TeOpeMbl KJacCHYECKOIO aHa/iusa npH-
HHMaeT CBOE MaxCHMaslbHOe 3HayeHHe M B HEKOTOPOH TOUKE 2, 3TOH
-obsacti. B cuny 10Ka3aHHOTO TOUKA 2, He MOXKeT JexaTh B ofnacti G,
CJleIOBaTeNbHO, OHA PacnoAoXKeHa Ha rpauuue obnactu G.

Hazum eme xpyroe AOKa3arelbCTBO OCHOBHOH TEOpPEMBl 3TOFO
nyukra. JJonycrus, yro moayab ¢yeKoun f (2), ronomopdHof B obaa-
¢t G, NOCTHTaeT CBOEro; MakKCHMyMa BO BHYTPeHHeH TOYKe a 3To#
06/1aCTH, Mbl MOJKEM, OUEBHAHO, CYHTATh, UTO f (@)=4a, 5= 0, Tax Kax
HHaue f (z) TOKAECTBEHHO paBHsJach Gbl HYyJ. [1ycTh B HEKOTOpOH
OKPECTHOCTH TOYKH 4

f(2)=ao—{—ah(é—a)k+ak+l (z—a)k”_}_...’

rie a,==0. BuGepem uncao § HacTonbKo MasbM, YTOOH KPyT jz—a| <
< 0 sexan BHyTpu obmactu G H uTo6H B HeM BBIIONHAMOCH Hepa-
BEHCTBO

|Ghs1 (2 — @)+ paa (2 — QP - -+ | < - |-

a: uepes ¢ (HanpuMep,

(O6o3nayas, gajnee, OfHO H3 3HaUERHUH arg w

sHaueHHe, YAOBJETBOpsiomee HepaBeHCTBY 0 < arg-;-% < 2m;), no-
i L
JoxuM g== { =a- 8¢ . Torna 6yieM HMETb:
arg [a (§ — 0] = arg @, -+ karg (¢ — @) = arg @, + arg 2 = arg ay,

lao+an §— a)t|=|ap| +[a||E—al®
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H, C/IeL0BaTe/bHO,
H@l=la%+aC— @)* +apu C— )" - o+ =
=t aE—a)f|—laaE—a)f 4. |=

= |ao|41a,|6* = 6" @, L —a) 4+ | >

1 1
> ag| 4 { @ | 8" — 5| ay | 8° =|ap| + 5 [ac ] 6%
Hrak,

@ I>lal=[f @]

9T0 POTHBOPEUHT CAeNaHHOMY HonylieHuto. Takum o6pasoM, MOLYh
roJoMopgHoi (GyHKIHMH HE MOXKeT [JOCTHraTh MAaKCHMyMa BHYTPH
obsactd, rae GyHkuua rosomopcoua,

Paccyxasi, KaK 4 B HayaJe 5TOr0 NYHKTA, U f10/b3yAck GopMyNoi
(84') rn. 1V, § 3, 0. 9, uurartenn Jerko MoKaxker, 4to QyHKuUs, rap-
MOHHYECKast B HeKOTOPOH 0BJIaCTH, He MOMKET AOCTUTaThb BO BHYTPEH-
HHX TOYKAX HM MaKCUMyMa, HH MHHHMyMa (€CM OHa OTJHYHA OT
nocrosinioft). Otcioaa, B YaCTHOCTH, clefyeT, 4TO (PYHKUHH, Hempe-
phiBHAA B 3aMKHYTOH 00/1acTH, TapMOHHYECKast BHYTPH H COXpaHs-
foaA NOCTOSIHHOE 3HAUEHUE Ha TpaHHie, AOKHA OhiTh MOCTOSHHOU
Bo Bceii obmactH, u0O ee MAKCHMYM H MHHHMYM, NPHHUMaeMble HA
rpasuie, COBNaAaloT.

6. Hyan ananutudeckoil dyHkuuu, Ml Ha3biBaeM HyJeM QYHKIHH
f (2), ronomopdpHolt B obGmactu G, BCAKYIO TOYKY 2z, 3TOH ofnacri,
B KOTOpOil HMEeT MeCTO PaBeHCTBO

[ ()= 0.

MuosxecTBO Bcex Hyhelt Hamell ¢pyuknuu f (2), nexauwux B ofia-
cti G, MOmeT ObITh KOHEUHBIM I OeckoHeuHbiM. OQHAKO HHKaKas
Touka obnacty G He MOXKeT OhiTh NPeieTbHOH TOYKOH MHOXKeCTBa
nysneit pyuxuuu f (2), ecau f (2) He ecTh ToKNeCTBEHHBIH HYJb (1. 4).
CrenoBatenbHo, Bece mpefesbHbie TOYKH MHOXKeCTBa HyJaeH QyHwIHu
f (2) mosmxubl HaxoRUTbCH Ha rpaHuue obnacty G. Orciopa, B 4acTHO-
CTH, CJELYeT, YTO OKOJO BCAKOro Hynas ¢yukuwu f (z) MOxHO omu-
cath, KakK M3 [EHTPA, OKPYXKHOCTb JOCTAaTOYHO MaJoro pajHyca
TaK, 4YTO BHYTPH 3TOH OKPYMHOCTH He HMEeTCsl APYTHMX HyJeH, Kpome
ueHTpa.

Jlerko BuieTb hajee, 4TO MHOXKECTBO BeeX Hyhedl yHKuuu f (2)
(f (2) % 0), nexamux B obaacru G, rae AaHHas (YHKUHA sBJAAETCA
ronoMophHOH, MOXKHO paccMaTPHBATh B BHJE IOCJCAOBATEbHOCTH
TOYEK, T. €. BCE HYJIH MOMKHO MePeHyMepoBaTh @ MOMOLIBIO HATYPab-
HBIX 4HCeJ. _

JleicteuTennHo, o6osnaunm gepes Gn (n = 1, 2, 3, ...) cucremy
3aMKHYTBIX ofnacreff, ueqnkoM JexawHx B obaacre G, H TaKux,
YTO KaXK/IaA M3 HHUX COAEPXHTCA B CAelyIOUlell, NPHYEM PacCTOAHHE
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rpannnE o6aactu G, no rpamuus obaactu G nycTs pasHo 1/, T. e.

1/n ecTh MHBHIMYM pacCTOSHUR MEXIY TOUKAMH rPaHHubI 00JacTH Gn
¥ BCEBO3MOXMHBIMH TOYKaMM rpannusl obnacty G. B kaxknoh samkny-

TOiIt 00/acTu G, MMEETCs JIHIIB KOHEeUHOE YHCJIo HyJedl ¢yHknuH f (2),
TaK KaK B NIPOTHBHOM cJydyae cyiecTBoBasa Obl NpefieJibHas TOUKa
STHX HyJell, Jexamas B o6nacTy G, UTO HEBO3MOXKHO., 3aMETHB 3TO,
PaccMOTPKM cHauaja Bce HyJW ¢yHKuuM f(2), Jexamue B o6na-
ctd Gi; 0603HaUNM MX YEPE3 23, 23, ...y 2} 32TEM PacCCMOTPHM Te
HYJIM, KOTOpHE JexaT B G5 ¥ BHe (Gj; 0603HaUHM HX Ye€pe3 2y,
Zi42y +-ey 24, H T.J. B peayabTare MBI NOJYYHM NOCJIENOBATEib-
HOCTb TOYEK 2y, 235 ...y 2y -»+s HCUEPIEIBAIONLYIO BCE PA3THYHEE HYJIR
dyukuun f (2), nexaipe B obnacty G, Tak Kak Kaxiwfi HyJbL Ha-
XOAMTCSl Ha ONpeJeseHHOM NOJOXKHTENbHOM PAaCCTOSIHHHM OT TPaHHIkLE
obnactu G u, cjaefoBaTesbHO, NPHUHAAJNEXHT obnacti G,, HaunHas
¢ HekoToporo n. Bce BhieyHOMSHYTEIE BaKAIOYEHHST O PAcHojoXkKe-
HHMH HyJieH aHaJHTHYeCKOH (YHKIMH OCTAlOTCS B CHJe [/ MHOXKe-
CTBa TeX Toyek obaacti G, B KOTOPHX OyHKuuA [ (2), ronoMopduas
B G, NIpHHEMaeT NOCTOSIHHOE 3HAUEHHE ¢, TAK KaK TOUKH, B KOTODHIX
f (@) =c, cyrs myaun dyukuuu f(2) — c.

7. Nopspox nyas. Ecny pynkuns f (2) (f(2) s= 0), ronomMopdHas B 06-
aactu G, paBHa HYJIO B TOYKE g 3TOH 00JIaCTH, TO Pa3joKeHHe €€ s
HEKOTOPOH OKPECTHOCTH TOYKH & HMMEeT BHJ

[@=c@—a+eck—a +.., (28)

TaK KakK ¢, = [ (a) = 0.

OueBuano, Bce KOadHIMEHTH ¢, pasioxkends (28) He MOTyT
PaBHATBCA HYJI0, TaK K4K B 5TOM ciayuae ¢yHKuns f(2), paBHas
HYJIIO BCIOAY B HEKOTOPOH OKPECTHOCTH TOYKM a, Oblna OBl 1O Teopeme
€/IHHCTBEHHOCTH (1. 4) TOMKJAECTBeHHHM HyaeM B obnactn G. Cnenoba-
TeJbHO, Cpean Ko3(dULHEHTOB ¢, (n = 1, 2, 3, ...) HMEIOTCS OTJINY-
HBIE OT HYJs; 0603HayHM yepe3 m (m = 1) HanMeHbIIN} HOMEP TaKHX
K03 OHIHEHTOB.

Toraa uMeem

(,’]=(,'2==...=Cm_1=0, Cm#o,
M cjelloBaTesbHO, pasnoxenne (28) npHHHMaeT BUA
f@=cnz—a" +tma@—a)"™ 4+, (28")

rae ¢, %= 0.

B sToM cayuae Mp! CKaXkeM, 4TO TOYKA @ €Tb HYJaAb 1 O-
paaka m ana ¢ynkunu [ (2). Ecam m = 1, To HyJb Ha3bBaloOT
npocmuim, npun m > 1 — kpamnoim,

8. Hepasenctea Kown 145 koadduumeHTOB cTeneHHOro psga.
Ecau cmenennoti psd

J@ =c¢co+ 2+ 22+ ... + 2"+ (29)
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cxodumen 6 kpyee | 2| < R u uzobpaskcaem e wem pyuryuio f (2), modyas
romopoil éce epems Mmenvuie M, mo umeiom Mecmo HepaseHcmen

len| < MIR? (0 =0, 1, 2, ..). (30)

HepapesctBa (30} nosyualoTcs HEMeAJICHHO, €CJAH BOCHOJB30-
BaThCsi HHTETpa/bHBMU GopMyaaMy AJas KO3QHIHEHTOB cTeNenHoro
paga (ra. V, § 2, n. 1)

L (i@Q)d
Cn='§?[7 —W— (n=0, 1, 2,...),
rlle WHTErPUPOBAHHE COBEPIIGeTCH [0 MPOM3BOJBLHOH OKPYXKHOCTH
[tl=p (p < R). OuenuBas |c,|, Haxomumi

’cn | << M/pn
Tax xak noc/iejnee HepaBeHCTBO HMeeT MecTo AJ1a Bcex p (p < R}, 10
nyTeM fnepexoia K Npefesy NpH o, cTpeMsiieMcst K R, HAXOAHM OKOH-
YaT€NAbHO!

len| < MoR™ (31)

9. Teopema Jluysunna. Ecau dynxyusn f (z), eoromopgpnasn o eced
RAOCKOCILL, ABASEMCA 02PAHUYEHHON NO MOOYAI0, MO OHA ecmb mowde-
CIMBEHHOE NOCMOAHHOE,

JleficTBUTENBbHO, B paccMaTpHBaeMOM cJaydae pas/oiKeHue

F@) =¢y+ ¢z + e+ .o+ cp2® - . 32)
HMeeT MecTO BO BCSIKOR TOuke 2 miockoctH. [losnbaysice HepaBeH-
creamn Kowmmn (nm. 8), umeem:
lenl e MR (n=0, 1, 2, 3,...),
rie M ecTb NOCTOSHHOE 4YHCJIO0, 8 R MOXHO CYHTATb CKOJIb YIORHO
Gosblupm, CienoBarenbHO, uMeeM ¢, = 0, ecau n = 1, u, 3Hauut,
BesienetBHe (32) Gymer: [ (2) == c,.
10, Bropas teopema Bejepurrpacca, Ilyctb aan psaj
L@+ @+ .+ @+ ..., 33)
BCE UNEHBI KOTOPOTO CyThb YHKIMH, ToloMopdHele B obnactH Gu
HenpepuiBHBE B 3aMKHYTO#M o61acTi G. IIpH 3THX YCAOBHAX MBI A0K4-
HeM, uTo ecau pad (33) cxodumen pasHomepro Ha eparuye obracmu G,
Mo ox cxodumcs maKse pasHoMepro 80 scell samxHymold obiacmu G,
JleficTBuTEIbHO, OG03Hauast uepe3 [ MpOU3BOJbHYIO TOUKY Ipa-
HULB! oOsacTH G, IO YCJOBHIO HMeeM:

lfN+1 (C)+fN+2(§)+ "’+fN+p(€)‘<e (34)
npu Jio6oM CKob YrogHo majaoM € > 0, eciu N = N (g) u p = 1.
Tax kax Oyukuaa  fyy (@) + fyea @) + oo + faep ()] ecro

rosioMopduas B ob6iacth G W HenpephiBHAas B 3aMKHYTOH o6iacTH a,
TO HEPABEHCTBO (34) HOJXKHO MMETh MECTO TAaKXKe BO BCEX TOUKAX 2
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o6aactu G (n. 5). Taxum o6pasoM, HepaBeHCTBO (34) ocraercs B cuie,
eciH 1OA { NOHMMAThH JMO6YI0 TOYKY 3aMKHYTOH obiactu G, OTKyHa

CAGNYeT paBHOMEPHAs CXOAUMOCTb psaxa (33) Bo Bceit obnactu G
(ra. 11, § 2, 0. 3).

Yupamnenus & zrage 'V

" - .
1, PasnoxuTs TAapHOE 3Hauciine y 2 B CTENeHHOH PAA B OKPECTHOCTH z== I;
oTAeaLHe npu m= 2

(z— 12

I | i
Orns. ]—{——;;(2——1)—’—7(;—'1——1 ——2—‘!———+""

1 ! i-3
1+~2—(2—1)——21,3‘!'(2—1)2-{"’2‘{3—!(2—1)3—'"

2. JlokasaTb, 470 MOAY/b rosoMopdHOit GYHKUHA f (2) He MOIKET UMETH B TOUKE Z)
MHHHMYMa, HE PaBHOIO HYJO.

3. PaccmatpmBas amanmtiueckylo (yrkimo et 5o ) F I8 pre y (x, y)
H U (X, y) — rapMOHHYECKHe CONPSKeHHbie (YHKUMH, [0Ka3aTh, YTO Trapmo-
HUYECKas PYHKILNA ¢ (X, y) He MOKET MPHHUMATH BO BHYTPEHHHX TOYKaX o6racTd Hu
MaKCHMYMa, HH MHHHEMYyMa.

4, PasfloxuTb rnaBHple Suauenns ¢yHkUwil arctg z u arcsinz B cTeneHHsl®
pAlbl B OKPeCTHOCTH HYyJeBOH TOUKH.

3 5 1.3 1.3.5

Z 2z 1
A T S o 23 5 TN
Oms. 2z 3 + 5 H z+2_3z - STOTS 2% 4 23.31_7z EET)

zﬂ
] — 2"

oo

5, OnpenesinTs 06/1aCTh CXOLMMOCTH PANA 2

n=1

Oms. Tpu |z} << 1 aGcomotHo cxonutcest; npy 2] > 1 pacxopures,

6. OnpeneanTs, B KaKOH 4aCTH CBOEH 067acTH CXOAMMOCTH DAX 3afavum b cxo-
IMTCA PaBHOMEDHO. .

Oms. Tlpu 2| <1 —8 (5> 0).

7. HDoxasat,, uro ecam psag 3 | [, (2) | paBHOMepHO CXORATCA B obmactd G
fn (2) — ananuruveckne dyHkuuu B G, TO 2 Ifr; 2 l CXOAMTCH PaBHOMEDPHO B Kaxpuol
8aMKHYTOH o6aacTu, npuuHagnexameir G

8i Boiuucante nepeole yethipe Ko3(pQHUMEHTAa CTeeHHOro pRAa AiA QyHKUmi

a) em; 6) sin 3 B) In(l 4+ é).

1
11—z
1

i 3 13 73 .
Oms. a) e _e[1+z +722+-—6~Z3+—2—4-24+.”]’

6) sin

=0'+‘ITZ+(T——-—;—-O')22 + (—2—1—0> B e,

l—2z

e 6 =sinl, v= cosl;

2 1
B) m(1+e2)=1n2+_§_+%__ﬁ5+...
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1 1 2
9, O6pa3oBaTh NONHME CTENEHHBE PAAL AN QYHKUHE a) - (ln —l—-:) H

6) sin®z n cos? 2.

one. 9 Pk (144 ot k)

n=2
in o 1 \ ne=] 2% n
6) sin Z='—2—2(——1) -(—2?)-,-22 y
n=1
2 1 \ n 22" n
cos Z=I+TZ(—” -(2—,1-)—!22 .
ne=1

10. Ecan f (2) B omnocBasHoii oGnacty G ecTh aHaantuueckas ¢ynxuus (ne
paBHas MOCTOSHHOMY YHCJAY), To MoGol samknyThi Kontyp C, npunapiexamuit G,
COEPXHUT BHYTPH Ce0si TOJIbKO KOHEYHOE 9ucJo KopHel ypaBHenHs f (2) = a.

11. CyuwectByeT iu GyHKIHS, BHATHTHYECKAST B HYNEBOH TOUKE, ROTOPas B TOY-
Kax z== i/n (n=1, 2, 3, ...) NPHHHMACT 3HauEHHUA:

2)0,1,0, 1,0, 1, ...; 60, 1/2, 0, 1/4, 0, 1/6, ...;

) 1/2, 1/2, 1/4, 1/4, 1/6, V6, ...; 1) 1/2, 2/3, 3/4, 4/5, ..

Oms. 8) mer; 6) Her; B) HeT; T) Aa, s

12, B Touke z, aHanuTHyeckas GYHRUHA f(2) BmeeT Hyab mopanka a. Kagoe
2

poBefieHNe uMeeT B Touke g, dymxuua F (2) = I T @) di? Kaxkoe mnoBeaenne
2

z
B Touke 2z, nmeer ¢pyHruun @ (2) = j f(0) di, ecnm 21 JEKAT B OKPECTHOCTH Zg,

) 3
B KOTOpOH f () — anannTHUecKan GYHKUNA, H NYTh HHTEIPAlHH PACTONIONKEH B STOH
OKPECTHOCTH?

. 2y
Oms. F (2) pmeer ByJb nopsaka -+ 1; @ (2) —-j F@©dt= F (s
L 73



FTABA VI
H30JNPOBAHHBIE OCOBLIE TOYKH
OJJHO3HAYHOA S YHKLHH

§ 1. Pan Jlopana

1. Pasnoxenfie ananutHueckoii dynkuuu B pap Jlopana. Ilycto
[ (2) ectb ¢yHkuus, rojomopdHas BHYTPH KPYLOBOTO KOJibla, Ipa-
HHIa KOTOPOIO COCTOMT H3 JABYX OKpyxkHocTeH K u k ¢ oOuM 1LCH-
TpoM B Touke a. O603HauuM pajuychl 3THX OKDY2KHOCTEH COOTBET-
cTBeHHO yepe3 R u r (puc. 86). Mur o6pa3yeM psii, pacno/iOKeHHbIH
MO TOJOXKHUTENbHBIM H OTpHLATE/JbHBIM CTEHEHAM 2 — &, KOTOPBIA
cxoautcs K GyHKUuuK f(2) B KaxKa0H TOuke
2, JexKanielt BHyTPH KOJIbLA, T. €. IPH YCJI0-
BuH r <|z—a|=p <R C oaro0ft
nmesabio BoiGepem pBa paauyca r' u R’
Tak, 49tobnl r <r <p <R <R, u
0603HauuM uyepe3 ¢ U C OKPYHKHOCTH 3THX
PajMyCcoB C LEHTPOM B TOuke a (puc. 86).

CoraacHo ycaosuio ¢yukuus f (z) 6y-
JieT ToI0MOpGhHOH B KOJILEE MEKAY 3THMHU
OKPYKHOCTSIMH, BKJIIOYasi U CAMH OKPYXK-
Hoct ¢ U C. Ilpumensia dopmyay Koum
(ra. 1V, § 3, n. 2), noayuaem:

! f () ds 1 f @) dL
lO=m |7 ) T O

<

rae nyTH MHTerpupoBadus C M ¢ npoxoasTca 06a B NOJOKHTENBHOM
HanpaBJeHHH.

3ameuas, uTo B NepBoM uHTerpaje gopmyan (1) [ obosHavaer
TOYKY OKpyxkHocTH C, HMeeM:

1 1 . (z—a)" 9
—z — = CEN @
TP g—a(1-=2) ,§,(C*“’

Tonyuenusit pag (2) CXOAUTCA PaBHOMEPHO AJisi BCeX ToYeK §
Ha OKpyxuoctH C, MOTOMY 4YTO HMeeM:

i—a|_ b
t—a| =" <!

o

(cp. ra. V, § 2, n. 2),
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Bo BropoM uxterpade gopmydnl (1) { ofo3HauaeT TOYKY OKpYXK-
HOCTH C; 3aMETHB, UTO HMeeM:

Eizz_ )< 1 C~a)=nr§%’ @)

Z2—q

nonyvyaeMm pan (3), paBHOMEpHO cXoAsuiuiics ana Becex Touek § Ha
OKPYIKHOCTH ¢, TAK KaK

{—a
z—1

rl
=— <1,
5 <
HoacraBnsa pasnoxenus (2) u (3) B unTerpann gopmyast (1)
M BHLIIOJHAS TNOUIEHHO® HHTETDHPOBaHME, YTO BO3MOXKHO CAEJaTh

BCJECACTBHE paBHOMEpHOI‘:I CXOAHMOCTH 0THOCHT€JIbHO€ noNyuyHM:

SR rQe—a" f@) ¢ —a)"
1= 5 j o e+ Z T | R (@)
¢

H=0 ne=f)

Tlonarasn pazu cOXpalleHHs THCbMa;

1 [(©) dt

=-2-‘—Jf<<;)«; A"y (n=1,23 .. 6
TiepenuileM paBeHCTBO (4) B BHje

@)= E ¢ (2 — a)’ +,§ bu(z —a)™". )
®opmyant (B) u (6) ans ¢, ¥ b, MOxHO OOBERUHHTD B BHJE OXHOH
dopmynl

1 (L) d
n =m]@{%§‘rl‘ (r=0,1,2 ..., —1, =2, ...), (7)

rA€ KOHTYD HWHTETPHPOBaHHS Y €CTb IMPOH3BOJbHAs OKPYKHOCTb
C LEHTPOM B TOUKE g, JeXallas BHYTPH JAHHOTCG KoJblia.

B camom fese, TaK Kak NOAbIHTErpajbHbie QyHKUKH ¢opmya (5)
# (6) cyTh ronoMopdHbie BCIONY BEYTPH JaHHOIO KOJbia, TO, He H3Me-
HAsl SHAYEHUH ¢, ¥ b,, Mbl MOXEM HPUHSATH B HAX 3a NyTb HHTETPHpO-
BaHHA JI06YI0 OKPYIKHOCTb Y € LEHTPOM B TOUKE a, JEXKAlYI0 BHYTPH
9TOr0 KOJIbHa; ¢ ZPYrofi CTOPOHBI, HMEEM:

by =57 | FO@— ' dt =

v

! F () dt
=—2ﬁj(c_<a)—n+l =C.n (ﬂ,=1, 2, 3. -.).
v
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Orcrofa, B 4aCTHOCTH, CJefyeT, 4T0 KO3hULHERTHE ¢;,, ONpefe/iseMble
(popmyJioit (7), He 3aBUCAT OT TOYKH 2, TaK KakK [OJ Y Mbl BOpaBe MO-
HHEMaTb JI00YIO OKPYIKHOCTh C LIEHTPOM B TOUKE 4, JeHKalllylo BHYTPH
B4HHOTO KOJABbLA.

Pasnoxenne (4') Ha OCHOBAaHUM BBEAEHHHIX OGO3HAYEHHH MBI
MOXeM 3amucatbh Tak:

[(@) = n:i_}o ez — d)” -+ ,,i ca@— a7 4")
Hau a =
~+-o0
f@@)= n=§.3.mc" (z— a) "

Taxum o6pasom, Mel OJY4YnIH HaoOpaxenue dyukuun f (2), cnpa-
BEAJIHBOE AJis BCeX TOUEK 2, JeXalluX BHYTPUM AaHHOTO KOJbLA,
nocpencTeom psga (4”), cocrosimero u3 ABYX uacrefi: nmepBas ero

o0

Yacth, 3 ¢, (2 — @)%, ecTb psA, PACHOJOKEHHBIH N[O BO3PacTa-
0

N==

IOIUM CTENEHAM 2 — g (CTeNeHHOH psih, OTHOCHTENBHO 2 — 4);
o0

BTOpas 4acTh, 2 Cp (2 — )", TpeicTaBjAseT psaf, pacHoNoXeH-

e

HBll 110 YOBLIBAIOIIMM OTPHIATEJBHBIM CTENeHsM z — a4 (CTeneHHO#H
PsiJl OTHOCHTEJIBHO 2—__—a). OGa 5TH psifia CXOASATCH B KaXkAOH TOUKe 2,

JexkaieH BHYTPH AaHHOTO KoJbua. Psp (4") Hocut HasBaHue paja
Jlopaua. =
2, NpaBuabHas H rJaBHas vacTH psaa Jlopana. PaccMorpum oT-
JIeJbHO T€ JBa psAja, U3 KOTOPHIX cocTouT psia Jlopana (4”). llepBuiit
@

pAZ X ¢, (z — )" €cTh OGHIKHOBEHHBI CTENMEHHOH Psii, KOTOPhiH,
N=0

C/ICJOBATENIbHO, CXOAHTCA AJIS BCeX TOUeK 2, JeXKalliX BHYTPH OKPYX-
noctu K, v usobpamxaer QyHKUHIO f; (2), roNOMODPOHYIO BCIOAY BEYTPH
OKpykHOCTH K. DTOT nepeuii psij, BXOAsUMA B padsioxenne Jlopana
(4"), HasbiBaetcs npasusvroil uacTthio psaga Jlopana. Bropo#l psag
oo

Z C_p (z—-a)—" MOXHO TakKe pacCMarpuBaTb Kak OOBIKHOBEH=
n=:1
HbIfl CTeneHHOMH pAaxn, €cau HOJOXKHTb:

1 ’
C_n=bm * _a =2 (8)

B HOBBIX 0603HaUEHHAX STOT PSAA NPHMET BUJ
00
¥ v2". )
= 1 !
Pan (9) 6yner cxopsmumcsi, OUEBUAHO, HPH = < 12" <, TaK
KaK nepBOHaYaJbHBIA paAj CXOmuTCH, ecd r < |z —a| < R.
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Caenosatennio,psia (9), 6yayun cTeneHHLM OTHOCHTENBHO 2, CXO-
INTCA IS BCEX TOUCK Z', AJs JKOTODBIX HMeeM lz] < lr, n nsoﬁpa—
aeT (YHKUMIO nepeMeHHoro ¢’, rosomopdnyio npn |2 | < /r.

Bosspamasce ¢ noMouibio (8) K CTapoMy nepeMeHHOMY 2z, MH

00

BHAHM, UTO pAld 2 C.n (2 - a)*" CXOIHMTCA NPH BCEX 2, A4 KOTOPLIX
n=1

MMEeT MeCTO HepaBeHCTBO |z — a| > r, T.e. BO BCeX TOYKax z,
JexalliX BHE OKPYXKHOCTH R, M H3obpaxkaer ¢yHKuUMIO f, (2), romo-
mopdHyo BCiony BHe k. Bropol psix, BXxomsumui B pasiokenne (4°);
HOCMT Ha3BaHMe 24asHoll yacTu psaaa Jlopana. Mraxk, ¢ynkuus f(2)
NpeACTaBaAsIeTCs] B BHUIE CYMMBI

[@=FhH@+ @,
rae f; (2) ectb (QyHROMS, TrosoMopgHas BHYTPH OKpYyXKHOCTH K,
a f,(2) ectv dyHKuMs, rosomopdHads BHE OKPYXKHOCTH k. BryTtpu
KOJbLA, 3aKJIOYEHHOTO MEXKIY OKpyxXHOCTAMH K u k, obe QyHKIHH
i (2) m f, (2) cyts ronoMopduke.

3. ExuncrBeHROCTh pasnomenus Jlopana. [Tono6Ho passoxeHuo
Teiinopa, maiinennoe pasnoxenue (4”) Jlopana ectb eaAn HCT-
BeHHO BO3MOXHOE JJs AaHHOH QyHKUHUH [ (2) (B JaHHOM KPYTrOBOM
KOJIbLE).

JleHicTBHTEIbLHO, JONYCTHM, YTO BO BCEX TOYKax z, BHYTPEHHHX
K HEKOTOPOMY KOJBIlY, ORHOBPEMEHHO HMEIOT MECTO fBa Pas/OoXKeHHus:

-}oo 400
f(2) = _Z Ch(z— a)' = _Z Cu(z2— a)". (10)
Ymuoxas o6a pasaoxenus (10) va (z — a)~*—! u unterpupys

BAOJL TIPOH3BOJIbHON OKPYXHOCTH € UEHTPOM B TOUYKE @, JeKaluei
BHYTPH KOJIbLA, Ha KOTOpoH o0a psia paBHOMEPHO CXOASTCS, NMOaY-
ypM:

2nic, = 2mic,, wMan cp=¢ (k=0, =1, +2,...).

M3 pagoxensoro B nn. 1 u 2 BuTeKaer, 4To TOYHas 06jacTb CXo-
aumocty psina Jlopana (4”) ecTb Kpyropoe KOJBLO € IEHTPOM
B TOYKE @, BHYTPH KoToporo Qynkuus f (2) rosomopdna B Ha Kaxao#
okpyxuocty K H k KOTOpOro HMeercsl no KpalfiHed Mepe HO OIHOH
ocoboil Touke 3To#i QyHKIMH. B uacrrocTH, ecam BHYTpH K (ymK-
uus [ (2) He umeer ocoBHIX TOYeK, TO ee pasnoxeHne Jlopana obpa-
maercsi B psig Teitaopa.

TNipumep. Herpyano noayunTe pasJomenne

i
T—z=2 Z2n+l 2"“" e 1<]z|<2;

n=1

1 271 1
TS ITE=)) =Z praml ecan 2<C]|2] <+ oo

n=2
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3aech bt pmeen 183 PAAIUMHHX pasnoxeHus Jlopawa A oxHOM # TOH Xe QyHR-
UM, OXHAKO 5TO OGCTOATENILCTBO HHUCKOJbLKO H6 MPOTHBOPEUHT Teopeme 06 eaun-
CTBEHHOCTH PAa3JOMEHRA, TAK KAK YKA33HHHIE Pa3/IOXKEHHs MMEIOT MeCTo AAA pas-
HbIX KPYFOBBIX KOZeH,

§ 2, Knaccudukauus 0co0bIX TOYEK OAHO3HAYHOH (PyHKUHHK

. TpH THOA H30JAHPOBAHHBIX 0CO0bIX To4YeK, Ocol0eHHOro BHHMA-
HUA 8ac/ly:XUBaeT caydal, KOTAa BHYTPH OKDYXKHOCTH K ee LeHTP 4
ecTh EAMHCTBEHHAs ocofas TOUKA OAHO3HauHOH ¢yHKuuH f (2). Pas-

Aoxenue Jlopana
o

@)= X ca(z—a) (11)
fi=—00

B 3TOM CJ1y4ae CXOQHTCH BO BCAKOH TOUKe z, Jlexalueli BHYTPH OKPyX-
HocTH K, KpoMe TOUKU z = @, M H300pakaer (pyHKuuio f (2), roJo-
MOpGHYIO BCIOAY BHYTPU OKpPy3KHOCTH [, KpoMe ee ueHTpa. Touka &
Ha3blBaeTCA B 3TOM C/lydae wu3oauposaruol ocoboi mouxold PyHK-
uun f (2), u3obparkaeMoil BCIOLKY B OKPECTHOCTH T2KOH TOYKH (Kpome
z = a) pasnoxkendeMm Buaa (11). B ocHoBy knaccudHKauuu H30JHPO-
BAHHBIX OCOOBIX TOuUEK OAHO3HAUHOH (yHKHUH [ (2) MBI MOJOKUM
cnoco0 ee pasjioKeHHsT B OKPECTHOCTH TaKHX ToYeK. BO3MOXKHEI
TPH Caydas:

1. Pasnoxenne Jlopana (11) comepxuT GeCKOHEYHOE MHOXKECTBO
OTPHUATEbHBIX cTeNeHel z — a. B 2ToM cayuyae TouKa @ Ha3blBaeTcs
cywecmeenno ocoboll mouxoti $yHkuuy f (2).

2. Pasnoxenue (11) copep:kut JuIbL KOHEYHOE YHCJO OTPHLATENb-
HbIX cTeneHef#t z — a. B 3TOM csyyae TOYKY a HA30BEM FOAWOCOM
tbyukuuu [ (2).

3. Pasnoxenue (11) coBcem He CONEPKHT OTPHIATEJNBHBIX CTe-
neHefi z—a. B sTOM cayvae TOuKa a HasbiBaercs ycmpanumol ocobold
moukoll pyuxuuu f (z).

Pacnpesenus H30JipOBaHHbie 0cOOble TOYKH CAHO3HAUHOH (yHK-
LHH Ha TPH THOA, BHISICHUM Tenepb XapakKrep MOBeReBHN (QyHKUUH
B OKDCCTHOCTH 0€000H TOYKH KaJOTO M3 YKa3aHHBIX THIOB (1OX
OKPeCTHOCTBH) H3OJHPOBAHHOH 0CO00H TOYKH 4 Mbl NOHHMaeM COBO-
KYNHOCTb BCEX TOYEK Z, YAOBJIETBOPsIOWHX yeaoBuio 0 < |z —a| <
< R, rze R BbilpaHo cTo/b MaJsieiM, 4ToObl GyHKUHA [ (2) Opiia
roaoMopdHOH BO BCeX TOYKaXx 2).

2. Yerpanuman ocobas Touka. Haunem ¢ paccmoTpenus ocoBoi
TOYKH TpeTberc Tuma. B stom ciyyae pasnouenme (11) obpamaercs
B OOBIKHOBEHHBI CTENEHHOHN psj H, CJAEeA0BATENbHO, CXOAUTCS BCIOAY
B OKDECTHOCTH TOYKH @, BKJIOYas H CaMy TOUKY &; €ro cymma Oyjer
NpeACTaB/IATh Q)ymgumo, roioMopdHyI0 BCIOZY B OKPECTHOCTH
TOUKH @, BRJAIOYas camy Touky a. Haumas ¢ymkuus f (2) coBmanaer
C cymMMOH HAIIEro psaja, eciH 2z 5= a. C/eloBaTe/NbHO, Mbl CAE/IaeM
danuyio ¢ynkuuio f(2) roJoMopgHOH B TOYKE @, €CJAH NOJOMKHM:

[ @) =c.
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Hrak, ocoban TOuKa TpeThero THIa HCYE3AET, €CJM MBI HAIJEKAUMNM
o6pa3oM onpegeauM Hamy GyHKuUIO B 3TOH Touke. M3 npeamaymero
cAeNyeT, YTO eCJH @ ecTb ycTpaHHMas ocobas TouKa, TO HMeeMi
lim f (2) = ¢,¢ B YacTHOCTH, CYLIECTBYIOT MOJIOXKHTe/bHble uncaa M

Z-+a

U 1, Takue, 4TO HMeeM:
[f@]<MmpuO<]z—al] <n. (12)

Hanuune nepapencts (12) MBl KpaTKO BHpa3nMm ciioBamui ¢ docma-
mouno manoli okpecmrnocmu yempanumoil ocoboti mouku Gannos
dynxyus oepanunena. B panpHedineM Mpl yBHAMM, uTO ofpaTHO,
eCAl (PYHKUUR 02POHUYEHA 8 OKPEeCMHOCMU U30AUPOBAHHOL 0c060i
Mo4Ky, Mo 3Ma MOYKQ ecnlv YCMpanumas 0cobas mouka.

" 3. Homoc. Iepefizem Tenepb K aHalu3y ocofoH TOYKH BTOPOro
TuNa, HasBAHHOA HaMH MosocoM. B atom cayuae pasnoxesune (11)
COJePKUT KOHEUHOE UMC/IO OTPHLATENbHHX creneHell z—a. OBosna-

uast yepes /M HaMBBICIIYIO CTENEHD (E"—LE)’ BXOAAILYIO B Pas/OKeHHe
Jlopana (11), noayunm:
@)=Y el —a) + 55+ =g+ oo + =2, (1)

o m ?
=0 (Z )

rae ¢, = 0. Ecau m = 1, TO moJioc a HasHIBAKOT NPOCMbIM, NPH
m > 1 ero HasHBaOT Kpamubim; UHCJAO M Ha3biBaeTcs nopadKom
noawca. Yuroxas o6e dactu pasioxenus (11') Ha (z — @)™ (z 5= a),
HaXOpHuM:

oo

(—a"t@)= X enle— ™" +ea—a"" +
Feal—a e tom  (19)

B npagofi wactu noayueHHoro pabeHcTBa (13) CTOHT OOBLIKHOBEH-
BB CTeNMeHHOHN pAL, CBOGOAHLIN YNeH KOTOPOTO C., OTJHMYEH OT HyJs.

CnegoBaTelibH0, TOUKa @ Iis QYHKHHH (2 — a)™ f (2) sBasercs
ycTpaHuMol 0coGO# TOUKOH, IIPHYEM HMEeM:

lim(@Ez—a)"f(2) = c_n 0. (14)

B uacrHoctH, M3 paBeHcTBa ([4) crenyeri
limjz—a|®|f () |=|c.m]. (15)
z=>a
OG6osnauasn uepes ¢ IPOU3BONBHOE HOJOKHTEJNbHOE YHC/IO, MEHb-

wee, 4eM | ¢_, |, Mpl MOxeM HaliTH Beseictsue (15) pocrarouno Majoe
HONOKHTENbHOE YHCIAO 1), TaKoe, YTO OYyJeM HMETh:

jz—a|"{f@|>q, ecmn 0|z —a|<,
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HaU
@] >—1— mpu 0<]z—a|<n. (16)

‘z____alm

Mocaenune nepapenctsa (16) nokaswiaior, uto | f (2) | crpemutcs
K GECKOHEUHOCTH, KOTAA TOYKa Z CTPEeMHTCA K TOUKE &, YTO CHMBOJH-
YeCKH 3alCHIBAIOT TakKHM oObpasoM:
lim f (2) == oo. (15"
Z->a
Kopoue M0xHO €Ka3aTb, 4TO B rosioce PyHKIHs obpamaercs B 6ecko-
HEUHOCTb.
4. Ceasp meway nyaem n nomocoM. [lycers dyHxuust f(2) umeer
B TOYKe @ HYyJb nopsaka m. Kak usBectHo (ra. V, § 2, n. 7), B Hexo-
TOPOH OKPECTHOCTH TaKoH TOYKH a QyHruus f (2) moxeTr OHTb mpej-
CTaBJ€Ha B BHJE CTENEHHOro psja

[@) =tn(z—a)" +cnp(z— )" 4 .-, (17
rae ¢, %= 0, nau
@ =@—a"ge@,
npH stoM QYHKIMS ¢ (2) ecTb rojomMopdHas B TOUKe a U He paﬁﬂaa
nymo, O6paTHas BeJudYHHA T DPeACTaBIfeICH BC/CACTBHE (17)
caeayomuM ofpasom:

1 Iy
T~ G—a™ ¢@  G—ar’ (18)

npuueM  GyHRuHMa P (2) = 5_(127 Oyner rojoMoptHOl B TOuKe @
B OTJHYHOH OT HyJsi, 3aMeTHB, YTO HMeeMi
Y@ =%v@+y @eE—a+ ..,
nonydaeM 13 (I8) B OKpPEeCTHOCTH TOUKH a (z 5= a)t
P (2) Y (a)

1 —

f(z) (z— a)m (z— a)m—l

OTKyla Cjenyer, 4YTO TO4YKa a sIBJAAETCs1 MOJKCOM M-ro nopsjka Adis

PYHKIHA —lez)—
O6paTHo, Npejnosaras TOUKY @ DOJIOCOM MOPSAKA m JJid GYyHKIHA
f (2), Mbl uMesn Gl B OKPECTHOCTH TaKOH TOYKM (z =% a);
P (2)
2) = 19
Fo=-28, 19)
rie GYHKIHA @ (2) cTpeMHTCs K Hpejeny, OTVIHYHOMY OT HYJs, KOrjha

TOYKA 2z CTPEMHTCS K TouKe g (O. 3) M, CJelOBaTe]bHO, MOMKET ObiTh
paccmaTpuBaeMa Kak ¢yHKnusa, roJoMopgHas B TOYKE @ U HEe paBnas
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Hyno [nonaras ¢ (a) pasHofi yxasanuomy mpepeay (u. 2) 1. CocraBus
¢ nomoulpio paBeHctBa (19) BbipameHnue

rG=C—a" g =C—9" v (20)

U TpOU3BEAA TC 2K€ BBIYHCJCHHHA, YTO BbLILIE, HaliaeM:

l ’

D) =y @E— a4+ (@ @—a" + ..,
rae ¢ (@) = 0, OTKyAa cJAelyeT, 4TO TOYKA a ABJIACTCA HyJeM [0-
PAAKA M ANS GYRKIAH o, ECIH NOMONKHM f_(L-)— =0,

Hrak, pesioMHPy#s H3A0XKEHHOE, Mbl IPHXOJAUM K BBIBOAY! ecAé
mouka a ecmo Hyav nopadka m Oan gyuskyuu [ (2) (uaw noatoc no-

pAOKa m), mo ma e mouka OAf (PYHKyUL ftz)

I
nopsoKka m (coomeemcmeenuo HYyAem nopadKa m npu Ycaosuu @ = 0) .

M3 usnoxennoro ciaenyer, 4ro eciu byHkuus f (2) se obpamiaercs
B HYyJ/b, TO OHA HMEET TOYKY @ CYLIECTBEHHO 0COGOH TOUKOHA OJHOBpe-

MEHHO ¢ (yHKUHEH

6ydem noawcom

@

Tpumep. PanuonanbHas (yHKuus, u3o0paaemas HeCOKPaTHMOH ApoObLIO

A A i
02" + @2 e g

UMEET [I0/HOCAMH HYJIM 3HAMEHATEIA, NpHYemM NOPAAOK KamJAoro mnoJioca paseH no-
PAAKY COOTBETCTBYIOLLETO HYJIA.

5. CymecreeHHo ocofas Touka. OcTaeTcs HCC/IeA0BaTh MOBefeHHE
$yHKUUMH f (2) B OKPECTHOCTH CYLUECCTBEHHO OCO00H TO4kH. Mbl Bu-
JleJin, 4TO B CJiyyae YCTpannMoH oco0o#l ToukH a (pyHkuus f (2) crpe-
MHTCA K OMNpPeleJeHHOMY KOHEUHOMY Hpeleny ¢, KOTAa TOuka Z
cTpeMHTCs K Touke a (1. 2); B cayuae nojioca GyHKUUS CTPEMHTCA
TaKke K ONpeleJeHHOMY Tpeleny, paBHOMY OeckoHeuHocTH (m. 3).
Ecau ke a ectb cymecTBeHHO oco0as TOYKA, TO 31€Cb HMEET MECTO
caenyolas teopema, npuHamiexamas 0. B. Coxoukomy: xaxoso 6o
Hu 66110 NOCMOAHHOE 4UCA0 A, KOHEuHOoe uAu OeCKOHe4Hoe, CYuecmeyem

NOCAAO6AMEALHOCIL NIOHCK 21, Z3, ..., Zn, ..., CXOOAWAACA K Cyuye-
cmeenno ocoboti mouke a, makas, umo umeesm: lim f (z,) = A.
z,~+a

n
Kopoue 510 MOKHO (JOpPMY/IHPOBATH TaK: B CKOJb YIOAHO MaJo#

OKPECTHOCTH CYILecTBEHHO 0coGoH Touku GyHkuus f(2) npuHHMaeT
3HAYEHHS, CKOJIb YroAHO O/H3KHe K Job6oMy Hanepeh 3alaHHOMY
YUCJy, KOHEYHOMY HJIH OECKOHEYHOMY.

3ameuvanue Urobsl [aTb [EOMETPUUECKYI0 XaPAKTEPHCTHKY TeOpeMbt
Coxouxoro, 6yaeM u306pakaTs TOUKAMH IVIOCKOCTK @ 3HaueHusd QyHruuy w = [ (2),

OpuHUMAaeMble e B CKOJNb YroAHo Madoft okpectHoctd 0 << |z —a|<< 8 cyme-
cTBento 0coGol Toukk a. Teopema COXOHKOrO yTBepsAaer, 9ro mobas Touka A
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RJOCKOCTH W SBASETCA NpeJeJbHOR TOYKOH NI MHOMKECTBA 3HAYEHHH, NPHHUMAEMBIX
$yuxunell w= f(z) B CKOJb YrofHO Majofi OKDECTHOCTH TOUKH a.

[Tlepexons K nokasaTesbcTBY TeopeMbl COXOIKOTO, NMPEANONOKHM
c¢navasa, uto A = oo, [lokaxeM, 4YTO CYWIECTBYET NOCAELOBATEJb-
BOCTh TOUEK 2,, lim 2, = a, Takux, uro umeeMm: lim f(z,) = co.

zn—m
Ofo3Hauasr A1a CcoKpallenus uepe3 P (z — a) NpaBHJIbHYIO YacTb

pasioxenus Jlopana (l1), comepxamyio NOJOMKHTENbHbBIE CTENEHH
. 1
2 — a N cBOGOZHBIH uJeH, a uyepes Q(z_a) ero rJaBHylO YacTb,

COEePIKallyio OTPHLATeJbHBIE CTENEeHH Z — @, MOMeM Nepenncarthb
(11) B Buze

f(z):P(z——a)—{-Q(z_]a). e

Yro kacaeTcs npaBuJbHON uactd P (z — a), TO npu Ja1060M cTpeM-
JeHHH TOUKH Z K TOUKE a uMeeM:

lim P (z —a) =g, (21)
Z—a
- 1
Honaras B rnaBuoil wactn Q (z_a>;
i )
== (22)

6yneM HMeTb:

Q (-Z—_é-a-) =Q@)=c@ Fc 2?4 s b 2" (23)

Tax xax psag Q (z__a> CXOAUTCS BCIOAY, Kpome Toukd z=a (§ 1,

n. 2), To psa (23), oueBHaHO, GyHeT CXOASIHIUMCS BO BCEH TICCKOCTH
KOMIIEKCHOTO nepeMensoro 2. @yukuus @ (2’) no teopeme Jlny-
Buaas (ra. V, § 2, 0. 9) He moskeT GHiTh OrpanHyeHHOH BO Bced Mao-
CKOCTH KOMIJIGKCHOTO NepeMeHHoro 2’, T. €., Kakoe 0Ll HaTypaJgbHOe
gheso N Mbl HM B3sIM, Hafiiercss TOouka zy, |2y | > N, Takas,
yro Gysem uMmetb | Q (¢v)| > N. 3acraBisis N npoGerath 3Haue-
wus 1, 2, 3, ..., n, ..., Mbl [IOAYYHM TOCJHEJOBATENBHOCTh TOUEK 2|,
22, 23, vevy 20y ...y CTPEMSIILYIOCST K GECKOHEUHOCTH H TAKY1O, 4TO 6yjeM
HMeTh:

lim Q (2,) = oo.

2;2-)02”

Bosspamasch K npexHeMy NepeMEHHOMY 2, MEl BHAMM Ha OCHOBaZHWH
(22), uTO mMOC/IEIOBATENBHOCTh TOUEK 2z, Npeobpa3yeTcs B nocieioBa-
TeNbHOCTh TOYEK 2y, 23, +..p Zp, ..., CXOASIIMYIOCS K TOUKE @, TAKYIO,
9TO HMeeM

. 1

limQ ———) = 00, (24)

in—a
2,54 n
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3acraBass TOUKY Z CTPEMHTHCS K TOUKE @, MMPOXOAA NOCAeA0BaTE ] b-
HOCTb TOYeK 2,, ycMaTpuBaeM u3 paseHctBa (11”) Ha ocHoBanHH
paseHcTB (21) u (24):

lim f (z,) = oo.

Zpa

IlycTs Teneps A ecTh NPOH3BOJIbHOE KOHEUHOE KOMIJIEKCHOE YHCIO,
Moxet clyuuThCs, YTO B NPOM3BOJIBLHO MasO# OKPECTHOCTH TOYKH @
CYIECTBYET TOUKa 2 TaKas, uTo uMeeM [ (2) = A. B sroM cayuae treopema
Coxonkoro cnpaseanuBa. TakuM 06pa3oM, Mbi MOZKEM MPEANOJIOKHTD,
4TO B JIOCTATOYHO MaJjioll OKPECTHOCTH TOYKH a ¢yHKuusa [ {(2) He
paBHa A. Eciu Ttag, To dysKUuuA ¢ (2) = TF)'I'—'—"Z' Gyaer ronomopd-
HOH B 3TOM OKPECTHOCTH TOYKH @, KPOME TOUKH Z = @, KOTOPYIO OHA
HMEET B KAauecTBe CYLIECTBEHHO 0coG0# Touykd [noromy uto z = @ —
cyuiecTBeHHO ocobas Touka aas [ (2) — Al Ilo aokazauuomy cyiue-
CTBYeT MOCJEI0BATENBHOCTh TOUEK 2,, CXOAAWIASICA K TOYKe @, Takasd,
yro umeeM: lim @ (z;) = oo, orkyna cnexyer: lim f (z;) = A, uto

zn—>a ln-'ﬂ
H HY¥XKHO.

6. Mosegenne ¢yHKUHH B OKPECTHOCTH H30JHpOBaHHOH ocoGo#i
ToukH. Mbl HCC/eoBaNn NOBEfieHNe OJHO3HAaYHOH QYHKUHU B OKpe-
CTHOCTH H30JHPOBaHHOH 0cOGOH TOUKH KaXXAOro M3 TpeX BhlllleyKa-
3aHHBIX THHOB M BHJEJH, UYTO B [OCTaTOYHC MaJsiofl OKPECTHOCTH
yctpaunuMoli ocofoH TOUKHM (PYHKNHS OTPaHHuYEHa, B AOCTATOYHO Ma-
JIOB OKPEeCTHOCTH IMOJI0Ca OHa CKOJb YIOAHO BeJHKa ([0 MOZLYJIO)
H, HaKOHEll, B CKOJb YTORHO MaJiOH OKPECTHOCTH CYIIECTBEHHO ocoboit
TOYKH (YHKIHMS CTAHOBHTCS HEoNpeneseHHoM. PesioMupysa 5TO Hccae-
ZoBaHME, Mbl BHAHM, 4TO, H 06paTHO, H30JHpOBaHHas ocobas TOYKa
Oyier yCTPaHMMOM, MOJICOM HJH CYIIECTBEHHO 0co6of TOYKOH,
CMOTpS 110 TOMY, OYAET J# B OKPECTHOCTH TaKOH TOUKH AaHHas QyHK-
IHA orpaHuyeHHol, OecKoHeuHO GOJBINOH HJKW HEONpPEAEJEHHOH.

Mpumepst, 1. Oynxuua e'’*  umeer npr z= ( CymeCTBEHHO OCOOBYI0 TOYKY,
Pasnoxenne Jlopana B OKPeCTHOCTH 3TOH TOYKH OyneT:

z Loty
€ “']"i‘_z“'*‘ 21z2+3123 +

2, @ tgz= sin 2 clgz= L5z €I0T TOJIOCH COOTBETCTBEHH:

. Oyukun tgz = o sz ™ 0. BeHHO MpH
HyAsX cosz M sin 2z, Jlerxo nokasaTe, 4To 3710 OYAyT MOMIOCH MEPBOTC MOPAAKA,
Hanuwen, Hanpumep, pasiomxenne Jlopana ana ¢yHkuuu cig z B OKpecTHocTH
nomoca 2 = 0. Paanesius QopMajibHO CTenenHwle PSAb AJIs COS 2 B sin z, moAyuHM,
OTpaHHYKHBafCh NEPBHIMH WYIEHaMH, BbIpaXKenype

1 1
PRI [ R
clgz=——3 i
BeneacTBue efMHCTBEHHOCTH TaKOTO pasJOXeHHs nNoAyuyexHelfi pajg ectb pag Jlo-
pana ana GyHKUEH cig 2, CXONAMUIACS B OKPECTHOCTH HyJeso#t Touku: 0 < |z | << m,
K3 storo passoxeHus ycmarprBaeM, 4TO z == Q eCTb [OJAIOC MEPBOTO MOPSAKA,
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Mpl ocTaB/iseM BHE pAaCCMOTPEHHS CJYYaH HEH30JHPOBAHRBIX
0cO6LIX TOUEK OAHO3HAYHOH (DYyHKUMM, a TaKxKe cilydau ocobeiX TO-
Y€K, B OKPECTHOCTH KOTOPHIX jAaHHasf (yHKUMS HE fABJIAETCA ONHO-

7~
suaunoft (manpumep, z = 0 aas ¢yukuuit Inz un V'z). TIpocreiimum
THIOM HEH30MHPOBAaHHOH 0COG0H TOUKY OJAHO3HAUHOH (GyHKuMH OyRer
TOT cJydali, KOTAA TOYKa a sBJfieTcs NpejebHOH JJIS MOJICOB,

i
Hanpumep 2z = 0 115 GyHKUUH T Jlerko mnokasaTh, UYTO

teopeMa COXOLKOI'O OCTaeTCs B CHJe A TaKoH Oco00K TOUKH 4.

B camom jese, fpeAnonoxuM, 4To QYHKUUSA f (z) B ZOCTATOYHO MaJicH

OKPECTHOCTH TOUKH @ He paBHa A; JIETKO BUJETH, UTO QYHKNUR @ (2) ==
1

= (x)— A4 B TOYKe 2 == g HMeeT H30JHPOBAHHYIO CYILECTBEHHQ

0co6yIo TOUKY, €C/it MH NOJNOXKHM @ (2) = 0 BO Bcex noJocax GyHK-
unu [ (2). Takum o6GpasoMm, BONPOC MPHBOAMICA K JOKa3aHHOH Teo-
peme CoxoLKoro.

Mpumeuanne, Teopema CoXouxoro nocayxuiaa Ha4yaloM BecbMa IriyGo-
KHX HCCJeJIOBAHHHA O MOBEXEHHA ONHO3HAUHOA (BYHKUHK B OKDECTHOCTH CYI@CTBEHHO
ocobofi Toukn. Ilpennoxkenye COXOUKOro MOKa3blBaeT, YTo B CKOJb YTOAHO Masofl
OKDECTHOCTH CYWIECTBEHHO OCOGOR Touky OYHKIHA NPHHUMAET SHAUGHHS, CROJb
yIrofHo GaIM3KHe K JoGOMy Hanepex 3ajawHoMmy umcay. [lurap (Picard) zoxasan
Gonee ofuiee M TIYGOKOe TMPENJIOHEHHE: 8 CKOAb Y200HO MAAOL OKPeCmHOCHU Cyule-
cmgedno ocololdl mouky ynxyus f(z) npurumaem (@ npuToM GECKOHEYHOE HHCJIO
pa3) awboe woreunoe suauenue, 8@ ucKAwouenues, Gvimb mo¥cem, ofnozo, Jokasa-
TEJBLCTBO 3TOFO NpeinoxeHus 6yaer usioxero s . VIIL

§ 3. Hoeegenne ananuTHuecKo# GyHKUHKH B GECKOHEUHOCTH

1. OxpectHocTb OeckOHeuHo yAaseHHOH ToukH. Mo cux nop,
HCC/IeAysl noBejieHHe OXHO3HaYyHOH (PYHKIHM B OKPECTHOCTH H30.JIHpO-
BaHHOH 0COGOfi TOYKH, MBI IIpEeANonaraiy, 4YTo 3Ta TOYKa SBJSETCH
KoHeuHo#l, OKpecTHOCTbIO H30JUPOBAHHON 0CcOGON TOYKH @ MBI Ha-
8BIBA/JH MHOJMKECTBO BCEX TOYEK 2, OTTMYHBIX OT TOYKH @, JIeKailuX
BHYTPH Kpyra ¢ UEHTPOM B TOUKE @ CTOJIb MaJoro paanyca, 4toOut BO
BCeX TaKHUX TOUKax 2 ¢yHKUHMA Ghiia rosoMoptHo#. Onuiem u3 By-
JIeBOfl TOYKH, KaK HEHTPA, OKPYKHOCTb paiuyca R H ZONYCTHM, YTO
ApU JOCTATOYHO GoNbiioM R naHHAast GyHKOUsA f (2) He umeeT ocoOBIX
TO4YeK BHe Kpyra paguyca R. B stom cayyae Mbl cKaxeM, uTo GecKo-
HEYHO yJaJleHHas TOUKa SIBJASETCA H30JHPOBaHHOH ocofofi TOuKOR
Ans JaHHOH GyHKUMH. MHOXECTBO BCEX TOYEK NJOCKOCTH, JAeKalliux
BHE ITOTO Kpyra paguyca R (uau paxpuyca, Gospuiero, uem R), MH
Has30BeM OKPECTHOCTbIO GECKOHEUHO yaajeHHol Touku., Mrak, npea-
NOJI0XKHUM, YTO JaHHas Gyskuus [ (2) ectb rosomopdHas B OKpecT-
HOCTH GeCKOHeuHO ynajenHo® ToukH, T.e. mpu |z| > R. [losiaras
2 = 1/2', MBIl BHAMM, YTO QYHKIUA

@) =[(1/2) =] (25)

onpeneseHa u roromopoHa npu |2’ | < 1/R, 3a HCK/IIOYEHHEM TOUKH
¢ = 0. CnenoBare/bHO, OKPECTHOCTH GECKOHEUHO yJajeHHOH TOUKH
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MJAOCKOCTH 2 COOTBETCTBYET OKPECTHOCTb HYJIEBOH TOUKH MJIOCKOCTH 2',
npHYeM B COOTBETCTBYIOMIMX TOYKax 2 H 2' ¢yHkuud [ (2) u @ (2)
UMEIOT PaBHbIE 3HAYCHUS.

Orciona eCTeCTBEHHO YCJOBHTBHCA HA3bIBaTh OECKOHEUHO YIaAeH-
HYI0 TOYKY CYIIeCTBEeHHO oco00#t Toukofi GyHKuuu f(2), noawcom
nopsjaKa m WIW yCTPAaHHMOH OCOOOH TOYKOH B 3aBUCHMOCTH OT TOrO,
Oynaer Ju HyseBas ToukKa Aas QYHKUMH @ (2') CYLlECTBeHHO 0coboi
TOUKOH, INOJIOCOM MOpAJKAa MM HAH YCTPAHHUMOH OCOGEHHOCTBIO.

2. Pa3noxenune JlopaHa B OKPECTHOCTH OECKOHEUYHO YIaNEHHOEH
ToukH. UroOnl monyunth pasnoxeHde Jlopana miaa ¢yukuuu [ (2)
B OKPECTHOCTH OeCKOHeYHO YJAaJeHHOH TOYKH, HallHLIeM COOTBeT-
CTByIOUlge passokeHue s GYHKHUH ¢ (2') B OKPECTHOCTH HYJ/eBOH
TOUYKH!

400
p(F)= Y b.2", (26)
H, noaarag 2’ = —zl-—, OyaeM HMeTh Ha OCHOBaHuu (25):
do
(@)= X e, @7

rae noaoxeHo: ¢, = b_, (a =0, +1, +2, ..).

3ametum, uto pasnoxenue (27) OynmeT cogepxatTh OeCKOHEYHOeE
MHOMXKESCTBO MOA O HMTEJ b HB X CTCNeHEH 2, KOHEUHOE UHCIAO
ITUX CTeMeHeH HJIM COBCeM HMX He OYJAeT COZepXaTh B 3aBHCHMOCTH
oT TOro, Oyner AW paznoxeHue (26) coxepxkarb GECKOHEUHOE MHO-
JKECTBO OTPHUATENbHBIX CTeNeHel 2, KOHEYHOe YMCJI0 THX creleHeld
uau coBceM HX He Oyjer coiepxkatsh. Orctona B cuay § 2, m. 1 Mot
3aK1i04aeM, yTo GeCKOHEWHO ViajeHHasi TOYKa siB/siercsl A (PyHK-
uny f(2):

a) cywecmseHHo 0c0G0L modKold, eclin pazaoxeHue (27), cogepmur
f6eCKOHEUHOE MHOMKECTBO MOJIOMHUTe/NbHHIX CTeneHell z;

0) noatcom nopadxa mt, ecu B pasnoxeHue (27) BXOLHT KOHEUHGe
YHCA0 MNOJOXKHUTENbHBIX CTENeHell 2, NPUYEM C, ecTh MOCJAeAHHHE MpH
HUX KO3(DULUEHT, OTJIHYHBLIN OT Hyds (m = 1);

B) yemparumoti ocoboti moukoli, ecin B pasyoxenuu (27) coscem
HeT MOJI0KHTeNBHBIX CTeneHeil z.

B sToM nociepHeM ciydae, NpHHMMAs ¢, 3a 3Hau4eHHe (PyHKUHUH
f () B GeckoneuHO ynaneﬂﬂoﬁ TOYKE, Mbl YHHYTOXKAeM 3Ty ocobeH-
HOCTh, TaK Kak ¢ (2') 6yner npu 3ToM rosomophHoH PyHKILHEH B HY-
neBol Touke. llosremy B ciyuae B), ecau f (oo0) = ¢y, FOBOPAT, UYTO
f (&) ects ronomopduas ¢GyHKUUSA B OeCKOHEUHO YyJANCHHOH TOUKe.

#MeeT B (eCKOHeYHOCTH YCTPaHUMyO

Mpumepst. 1, Pynkuusa f (2 = =

0CO0Yi0 TOUKY, TaK Kak npu |z| > | umeem:

1 ___i 1
l—z = n°

=
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{Ipuuss [ (cc) = 0, Mp MOMem CKa3aTb, YTo yHKRUNS [ (2) MmeeT B GECKOHEUHOCTH
NyJb [EPBOro NOPAAKA.

2, llenan paumonaibhas GyHKIs cTeneHu 2" uMeeT GeCKOHEUHO YAAJEHHYIO
TOYRY NOJIOCOM TIOPAAKa m.

3. ®ynkunn €5, sinz, €osz ¥UMEIOT B GECKOHEYHOCTH CYUIECTBEHHO OCOGYIO
TOYKY.

3. ToBeperive (GyHKUHH B OKPECTHOCTH OECKOHEYHO YAAJEHHOIH
Toukd. Tak Kak onpefeneHne XapaKTepa MoBejeHHus QyHKUMH [ (2)
B OKPECTHOCTH GeCKOHEeUYHO YJajeHHOH TOUKH NPUBOAUTCH € IIOMOUIBIO
HOBHIX O003Haye€HMH K HMCCIENOBaHUIO TNOBeleHUss QyHKuuu ¢ (2')
B OKPECTHOCTH HYJeBOH ToukH (I. 1), TO Bce 3akirouenus § 2 Hemen-
JEHHO MNePEHOCATCH Ha c/aydyad OecKOHEYHO YAaJleHHOH TOYKH.

Tak, ecan dpyHguus f (z) umeeT B 6GeCKOHEYHOCTH IOJIIOC, TO, KAKOBO
6ut 1 OnlIo Gosbinoe NOJOXKUTeNbHOe uHcno C, CyLIecTBYeT OKpect-
HOCTb OeCKOHEYHO yHaJeHHOH TOUKH, AJS BCEX TOYEK KOTOPOH MMeeM;
|f ()] > C, uin xopoue: lim f (z) = oo (cp. § 2, n. 3).

Z—00

Hanee, Teopema Coxouxoro ans cjydas GeCKOHEUHO yjajieHHOH
CYlIecTBEHHO 0cO00H TOYUKH BHIPA3UTCH TaK: Kaxkogo Obt Hu 6blao
nocmoannoe uucao A, KoHeuroe uau GeCKOHEHHOe, cywecmsyem nocAe-
J08AMEALHOCTIL NOUHEK 21y 2y «.vy Zpy +-vy CIAPEMAUAACS K CYLUECTIBEHHO
ocoGoll mouke oo, makas, umo umeem: lim f (z,) = A, uanm Kopoue:

Zn—»oo
8 RnpouB360AbHOL OKpecmHocmu GeCKOHEUHO YOQAEHHOU CYUIECIT6EHHO
ocoboti mouxu yuryus [ (2) npunumaem 3Hauenus, CcKoab Y200HO
6auskue K arobomy Haneped 3adanromy wucay (cp. § 2, n. 4).

Hakouneu, B ZocTaTouHO MaJOH OKPECTHOCTH YyCTpaHHMOH Oecko-
HEYHO yAaneHHOH 0co00i ToUku GYHRKUMH [ (2) 3Ta PyHKUHSA ABAACTCA
OTPaHHYeHHOH, T. €. CYIIECTBYIOT JIBa TMOCTOSHHBIX MOJOMXHTEAbHBIX
uncaa R u M Takux, uto nmeem: |f (2) | < M npu Beex z, |z| > R
{cp. § 2, n. 2).

Tax Kax, ¢ Apyrofi CTOpPOHH, TPH THIIA YKasaHHLIX ocoGeBHOCTEH
SIBJASAIOTCA €IMHCTBEHHO BO3MOXKHBIMH JJI5 HM30JHPOBaHHOH ocofoi
TOYKH, TO H, 00OpaTHO, GYyHKUMA [ (2), A1 KOTOPOH OECKOHEYHOCTH
€CTb M301MpOBaHHAs 0c00asi TOYKAa, WMEET 3/IeCh:

a) noamwc, ecyu OHa B JIOCTATOYHO MaJOH OKPECTHOCTH STOH TOUKH
CTaHOBHTCS CKOJb YTOAHO GOJblIOH (N0 MOZYJIO);

6) cywecmeenno ocobyio mouky, ecau f (2) B CKOMb YroiHO Maho#
OKPECTHOCTH GeCKOHEUHO YJaJeHHOH TOYKH CTAHOBHICS Heomnpepe-
JICHHOH;

B) ycmparnumyro 0cobyrw noyKy, €cJH B JIOCTATOYHO MaJIOH OKpecT
HOCTH 9TOH TOYKH ¢yHKuMS [ (2) orpannueHa.

4. Ycaosus ofpamenus unterpana tuna Kown B unrerpan Komw, B ra. IV,
§ 3, n. 8 mMbl M3syunam npelesbHHe SHAYEHHH HHTerpaia Tuna Kowwu

F(:):.__l_. ﬂgﬂ_, 28)

2ni —_2
: e
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rpeaniosaran, 4to C ecTh MPOH3BOALHAN INaAKas 3avKuytas auuusg, a @ () —
¢$yHKIMA, 3alaHHAS BO BCEX TOYKAX JIHHHH C u ynosneTsopsiomasi ycaosmo [éms-
nepa—Jlunwaua.

B uacTHOCTH, Mbl YCTaHOBHJM, 4T0 GyHkums F (2), ronomopduas Bmytpu C,
Gynmer nenpepbiBHOH BIVIOTh Jo ROHTYpa C, mpHUeM ee 3HaueHms Q; (%) Ha C onmpe-
pensercs gopmynoit (1) (ra. 1V, § 8) u, BooGiue roBops, He COBNAJAIOT C TPAHUULION
dyuruuel @ (2o).

Yenosumca roBOPHTh, uto unmezpar muna Kowu (28) obpawjaemea e unmezpanr
Kowu, ecy ero npelielbHble 3HaYeHns u3HyTpu € COBNANAIOT C FPaBHYHOM (yHKUued,
T. €, eChiu @©; {2g) = @ (%) ANd BCEX TOUEK 2. TaK KAk @ (z5) = @5 () — Pe (20) (M.
gopmyay (1) rn. IV, § 3, n. 8), 1o Hawe onpenenedue mHTerpata Komu paBHo-
CHJILHO YCJIOBHIO @ {2) = 0, uJu, 4TO TO e, TpebGoBaHHIO oGPaLIeHusd B HYJNb HHTE.
rpana tuna Komm scogy Bue C. [lociesnee 3akiouenue CA€12HO HA OCHOBAHHH
HPHHIKNA MAKCHMYMa MOLYAR JHATHTHUECKOH QYHKUMH, NPHMEHEHHOTO K (yHKUHH,
u3o6pasumoll uuterpanom tuna Kowwu Bre C. Korpa unrerpan tuna Ko o6pa-
waeTcs B Huterpan Kowm, To Mpl 6yJieM TaKike FOBOPHTb, 410 (YyHKUHA F (2), roso-
moppuan Buytpu C, npedcmasuma unumeeparom Koww, Bo3HUKaeT Bonpoc, Kakune
VCROBHS HYXKHO HaJOXUTb HA IPasuuHyio QyHkuuio ¢ ({) aias Toro, urobbl cOOT-
BETCTBYIOMMI el uuterpai Tuna Kowmu obpamasica B uuterpan Koum. OrtBer Ha
3TOT BONPOC HAIOT YCJAOBHSA, HOCTATOUHBIE AAA TOTO, 4TOGHl CymecTBoBana QyHK-
uua F (2), rosomopdras BEyTpn C M npuHumaomas Ha koHType C 3ajauHvie 3Ha-
e @ ({). Jlerko nokasaTs, uTo A4 TOro, uroBel uuTerpan tuna Kowu (28)
obpamanca B unterpan Kowu, Heo6XOAMMO H JOCTATOYHO HaTHYHE YCAOBUM

J“P(C)C"d§=0 (n=0,1,2 ...). {49)
C

B camom zene, pasaaras unterpai tHna Kouw (28) B oxpecTHocTH GECKOHEYHO yAa-
NIEHHOH TOUKM B psug Jlopawa, nojyuus:

L M:-—‘—i e
=0

2mf L—z 2mi e
C c

OTKYJZ2 BHAHO, YTO yCiaoBHs (29) HEOGX0oAuMBL ¥ LOCTATOUNDLI AJIf TOLQ, 4TOOH MuTe-
rpan Tuna Kown (28) BHe kontypa C BCIOAY PABHAJICH HYJIO M, C/EJ0BATENbLHO,
oGpamancs 6b1 B uHTerpan Koun.

§ 4. MNpocreiiuive Kaacchl aHAJUTHUECKUX (YHKLHA

1. Uenvle ¢ynkumn. Ha ocnoBannu XapakTtepa OCOOBIX Todek
MOKHO OTpEJEJHTh pasiuyHbple Kiacchi ¢yHkuuii. Tak, Hampumep,
M3BECTHO, YTO BCAKAs LeJdas pPalUUOHAJDbHAaS QyHKUUs
HMEEeT ENUHCTBEHHYI0 0co0yl0 TOUKY B GECKOHEUHOCTH, KOTOpast
CAYIKHT [LJsi Hee MOJI0COM.

O6patHo, ecau oaHosHauHas OQyHkuMA f(2) uMeeT B OecKoHeu-
HOCTH €IHHCTBEHHYI0 0cO6yi0 TOYKY — FOJI0C, TO Takasa QyHKLHSA
eCcThb liesas panuoHadbHas. B camom JIese, pasjoxeHnue Jlopawa
dyuxkuun f(2) ans okpecTHOCTH OeCKOHEUHO YAAJEHHOH TOUKH CO-
JEepIKUT JIHIIb KOHEUHOEe YHCJIO0 MOJOXUTEJIbHBIX cTeneHelt z (§ 3,
n. 2). OGosnaunm uepes Ayz? - Ap 427! 4 ... + Az vactb 370TO
pasnoxenus Jlopana, COJlepKallyld MOJOXKUTE/IbHBIE CTENCHH 2
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(riaBHag vyactb QyHKuuM f (2) B OKpeCTHOCTH GeCKOHEYHO YAaJCHHOR
TOYKH), U BhIUTEM ee u3 AaHHOH ¢yHkuuu. [losyyenHass pasHOCTb

o p—1
F@)=F@)— (A" + A" + -+ + Ap) (30)
6yner roromopdHol GyHKIHEH BO BCAKOH TOUKe Z; B GeCKOHEYHOCTH
OHa HMeeT YCTPaHHMYIO 0coOyio TOUKY, TaK KakK ee passoxenue Jlo-
paHa B OKpecTHOCTH GEeCKOHEeYHO YJaJeHHOH TOYKH B CHJAY eAuH-
CTBEHHOCTH TAaKOBOTO He GyJeT CONepKaTb NOJ0KHTENbHBIX CTere-
pefl z. Mel moxem cuntath ¢yHKuHO F (2) roromopgHo# Bo BceH
«pacIIHPEHHOH» IIOCKOCTH KOMILIEKCHOTO NEPEeMEHHOro 2, eCaH INo-
JIOZKHM:
F (00)=lim F (2).
Z->o0
Takan ¢yskuusa, Oyayud OrpaHHYeHHOH paBHOMEPHO BO Beell
NJIOCKOCTH, 10 TeopeMe JInyBuaas (ri1. V, § 2, n. 9) ecTb TOXIECTBEH-
Hoe HocrosHHoe c¢. CnepoBaTeNlbHO, MMeeM:

F@=[(@— (Apzp + Ap—lzp_! +4 - AR)=c,
OTKyAa CJeayerT:
@ =c+ A+ A® + ... + 4,27,

T.e. [(2) ectb paunuoHaabHAs GYHKUHA.

Hanee, dynguuio, nsobpakaemMyio GCCKOHCUHBIM CTENEHHBIM Ps-
JIOM ¢ DajHycoM CXOZMMOCTH K == co, MBI HasbiBaeM yeAol MmMpaHC-
yendenmroti dyuknuelt. OueBHAHO, TaKasd QYHKUUA HMeeT eIHHCTBEH-
HYI0 0co0Vio TOUKY B GeCKOHEeYHOCTHM, KOoTopas sBjsercss JAJs Hee
cyilecTBeHHO ocoboit Toukofl (§ 3, m. 2). Jlerko BuaeTrp, uTO ¥ 06-
patHO: BCsikas oaHOsHauHas yHKUHS [ (2), HMeloWasn eAHHCTBEHHYIO
0co6y10 TOUKY B GECKOHEUHOCTH B KauyecTBe CBOEH CyUIeCcTBeHHOH
OCOGEHHOCTH, €CTh LeJjasi TpaHCcHengenTHas ¢yHKuus. B camoMm
nene, obosnauas uepes A,z 4 Ay2® + ...+ Ap2? 4+ ... raasuyio
qacTh QYHKUMH f (2) B OKPEeCTHOCTH OeCKOHEYHO YJaJeHHOH TOUKH,
obpa3yem pa3HOCTb:

F@ =] —(AzF+ 422+ ..). (31)

Kax u panee, 3akiawuaem, 910 31a QyHKIHUA F (2) KOJKHA ObITh
OrpaHHYeHHOH paBHOMEPHO BO Beell IJIOCKOCTH, a NOTOMY [0 Teopeme
JlnyBuauga ectb nocrosunoe gucao ¢. CiaepopareibHo, uMeeM: F (2) =
= ¢, OTKyJa B cuay paBeHctBa (31) cienyer:

f@=c+ A2+ A2+ ...,

T. €. f(2) ecTb mesas TpaHCUeHIEHTHAs GYHKUHSA.

CoefHHsIsl U3JIOKEHHOE, MBI MOXEM Ha3BaTh NeJNOH GyHKuuedH
BCAKYIO QYHKIRIO, rojoMopdHyio BO Bcelf MJIOCKOCTH, 3a HCKJI0Ye-
HHeM OeCKOHeYHO YAaJieHHOfi ToukM, npudyeM 3Ta (yHKUHs Oyjer
TPaHCHEHIEHTHOH, panMOHANbHON HJH NOCTOAHHBIM YHUCJIOM, CMOTPSA
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no Tomy, 6yjer a1 6eCKOHeUHO yAalleHHas TOUKa CYIIECTBeHHO ocoboil
TOYKOH, NOMIOCOM HJH YCTPaBUMON OCOGEHHOCTBIO.

2. Mepomopdnrie dyaknun. bDonee obmum, ueMm Kiaacc ueasix
dyHKUKA, OYVEET KJacC TaK Ha3BIBaeMbIX MepoMOPOHBIX GyHKUHH.
Mepomopriott ¢pynkyueri Ha3HBAIOT BCAKYI0 ONHO3H24HYIO QYHKIHIO,
He HMEWINYI0 B KOHEYHOH JacTH NJOCKOCTH APYFHX OCOOBIX TOuYeK,
KpoMe IOJNIoCOB. B uacTHOCTH, BcsKas paluloHadbHafd @YyHKRuA
NPHHAJJEXKHT K 3TOMY KJaccy.

B camoMm gene, payloHanrvHas GyHKyUA

poz" + 012" 4 -+ pa
go2™ + Khzm—l +oerHm

60 6Cell «PaCLLLPERAHOLY Z-NAOCKOCMI MOJNCEM UMemb AUlb NOAKCH
6 Kavecmee ceoux 0cobvix mouex (IPU A >>m GECKOHEYHO YARaA€HHasd
TOYKa eCTh IIOJI0C HOPAAKa o — m, APU N < m OECKOHEYHO YHajeH-
Hasg TOUYKa GyJIET YCTpaHHMOH OCOGEHHOCTBIO H, CJAEAOBATEAbHO, MO-
JHEeT CYHTaTbCs NPAaBUJbHOH TOUKOH NpH HajjeXkallleM onpegeneHHH
(yHKIUH B 3TOH TOUKeE).

ITokameM, uTO CyIecTByeT O6paTHOE HpEeJJIOKEHNE: &CAu 00HO-
BHQUHAA (QYHKYUS 6 4PaCUUPEHHOU» NAOCKOCMU He umeem Opyaux
0COBbIX MOYeK, KpOMe NOAICO8, MO OHA eCmb QYHKYUS PAYUOHANbHAA.

JoxasarteabnctBo. Tak kak paanHas ¢yuxuus f(2)
B GecKOHEUHOCTH MOXeT HMeTb JHIUbL [0Jlec, TO OHa B HEKOTOpOH
OKPecTHOCTH GECKOHEUHO yAaJeHHo# ToukM [z | > R ecrb ronomopd-
Bas ¢ymknus. B kpyre |z| < R MoXeT CymeCcTBOBaTh JIHINL KOHeY-
HO€ YHCJIO0 NOJIOCOB 3TOR (QYHKLHH, TaK Kak B NPOTHBHOM cayuae
nperenbHasl TOYKa HoOJ0COB Oblia Gbl 0coGoi TOUKOH, He NpHHAZ-
JaeKaliedl K NOJKCcaM, YTO IO YCAOBHIO HeBosMoxkHo. Hrak, Bee
BO3MOXKHBIE HOJIOCH (YHKHUH f (2) MMEIOTCS B KOHEYHOM uucJje;
©0603HaUHM UX Yepes z;, 2y, ..., Zp; KpoOMe TOro, 6eCKOHEYHO yAaNeHHad
TOYUKa MOXKeT OHITh TaKXe MOMocOM. B OKpecTHOCTH KaXKAaoro nojioca
MEl pasfoxuM ¢yHKunio f (z) B psaa Jlopana n 0603HaunM ee IjiaBHyio
YacTh AJS TOUKH 2, yepe3

) ™ cﬁ”gzx i
hx(z)zz_zl'f' (2_2“2‘*—"' +(z——z,o°”“ r=12 ..., k),

a Ans TOUKH oo — uepes g (2) = Az + A 2% -+ ... -+ Ayen.
Boiynras pannonanbuyio gynrunio R (2} = Ay &) + hy (&) +...
o+ by, (@) + g (2) U3 naHHON GyHKUMH [ (2), MBI NOJAYYHM:

F@ =[@—R(@. (32)
Oyuxkuyus F (z) GyReT WMETh CBOHMH €IAHHCTBEHHbIMH OCOCHIMM TOY-
KaMHu TOYKHU 25, 25, ..., 2, M OECKOHEYHO YAaJEHHYIO TOYKY; KaMLad

M3 9THX TOUEK ABJAETCS YCTpaHHMO# ocobenHocThIo pynkunnu F (2),
TaK Kax ee paajoxenue JiopaHna B OKPECTHOCTH J1o60i M3 ATHX TOueK
B CHJy €AHHETBCHHOCTH ITOTO PasJoxeHnus He OyleT CORePIKaThb Fide-
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poif uacty. CoenorarensHo, QyHKUHIO F (2) MOXKHO cuHTaTh ro1oMopd-
HOH BCIOLY B «PaCLiMPEHHO» MJIOCKOCTH KOMILJIEKCHOT'O IePEeMEHHOrO 2,
ec/l¥ HajeXaluM o0pa3oM HA3HAUMTL €e 3HaUeHHA B YCTPaHHMBIX
ocobuix Toukax. Hakowel, no Teopeme JIMyBH/JISI MBI 32K/1I092€M, 4YTO
F (2) To/1eCTBEHHO paBHO NOCTOSSHHOMY 4HCay c. Urak, uMeeM F (z)=
= ¢, OTKYJAa B CH/1y paBeHcTBa (32) cuenyer: f (2)= R(@)+ ¢, 1. e.  (2)
eCTh palHoHasibHasi QYHKIHSA, YTO M HYIKHO.

3. Pasnoxenue pauuoHaibHOH (YHKUHH Ba npocrtefilide Apobu.
3ametus, uTo Ay, (2) ectb npocrefimas Apobb (IPUTOM €JHHCTBEHHAs),
COOTBETCTBYIOUIAA IIOJIOCY 2, palHoHaAbHOH GyHKuMH [ (2), MH
H3 1. 2, CBepPX TOTO, 3aKJIOUaEM: 6CAKAA PAUUOHAAbHAA (PYHKUUA RO
goiderer L ee yeaold dacmu moxcem Obime pAsA0KeHa Ha npocmetiutue
Opobu u npumom eOUHCMBEHHbIM 06pa30M.

4. OcuoBHas Teopema ajre6pni. C nomowmpio TeopeMsl JInyBuans
(ra. V, § 2, n. 9) aerko oGHApPYKHTb CIIPaBEeIJIHBOCTb OCHOBHOH
TEOpeMbl BHICIEH aJreOphl: 6CAKAA UeAas PAYUOHANbHAR QUHKYUA

g@=a" + a2 i da, (n>1)

umeem no Kpainetl mepe o0uH Hyre.

B camoMm gese, ponyckasi IPOTHBHGE 3TOH Teopeme, Mbl JOJIXKHBI
NOJIOXKHUTL, 49TO QYHKUHS g (2) He paBHA HYJIO HH B KakKoH TOYKe 2
IJIOCKOCTH. B sroMm ciyuae ¢yHuus f (2) = l/g (2) 6yzer ronomopd-
HO# BO BCeH IJIOCKOCTH. 3aMeTHB, 4TO HMeeM:

f&) = ‘
2" (ay + ay/z 4+ o+ +anlz") ’

Mbi OTCIOAA 3aKJauaeM:
lim f () = 0.

200
CnegoBaresibho, 0OeCKOHEUHO yJaJeHHass TOuYKa OYyIeT HyJeM
dyrkuuu f (2), ecnn npuHatk f(co) = 0. Ilo teopeme JlnyBuais
Takas QyHKUHUA f (2) R0MKHA ObITh PABHA TOKAECTBEHHO NOCTOAHHOMY,
a uMeHHO HyJIo, Tak Kak lim f (z) = 0. IlosyyenHoe nporuBopeune

200

y0exnaer HaCc B CNpaBeJIHBOCTH OCHOBHOH TeopeMsl ajreGphl.

§ 5. Ipunoxenua K ruapoguHamuke

1. Hesuxpesoit u cBOGOAHBIA OT MCTOYHHKOB MOTOK KHAKOCTH. Byzem OTNnpas-
JIATHCS OT PACCMOTPEHHUSA BEKTOPHOTO noJs B ob6aacTu G NMAOCKOCTH Xy, T. €. CHCTeMH
LBYX uempepuiBHBIX (yHRUMA p (x, ¥) ¥ ¢ (x, y), onpeneneHHrx B ofdactu G,
KOTOPble MBI NPHMEM 338 KOMIOHEHTH BekTopa W

Ve=p 9 Wy=qk y.

3To BeKTODHOe MoJie MOMHO MHTE[HPeTHPOBATh FHAPOAMHAMHUECKM, HNDHHHMAR €ro
38 pacfipejeNeHHe CKOPOCTH YCTAHOBHBMIETOCS IUIOCKOIO IIOTOKA HeCKuMaemalt
K HUIKOCTH.
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Cyurtas KuAkocTb G OJHOCBSI3HOM, MBI NPEANOJOXHM NIOTOK CBOGONHBIM OT HCTOY-
HHKOB, T. €. YTO HK B KaKoh yacTu o6sacTi G XKHAKOCTb HE BOSHHKAET M HE HCYe32eT;
STO 3HAYMT, YTO B KaXJo# uacTuyHoil obractu, npunajiexamel G, ¢ TeyeHHeM Bpe-
MEHH NPOHCXOZMT H3MEHEHHE COCTOSHHA MXHAKOCTH HCKJIOYHTENbHO MOCPEJCTBOM
DPHTOKA MM yTeYKy XKUAKOCTH yepes IPaHHMlly 9Tod wacTuuHol obaacTa. 3To npeds
NOJIOXKEHHE NPUBOAXHT K YCAOBHIO, KOTOPOMY JO/MNKEH YJOBJETBOPATL BEKTOP CKO+
poctu W.

PaccMOTPUM NMPOH3BOMBLHYIO 3AMKHYTYIO KyCouHO-IVIafkyio Kpusyio I' B oGaa-
¢th G u obosmaunm W, Hopmadmuyio K I' komnonenTy Bektopa W, cuuTas moJso-
JKUTENbHOE HANpaBfieHne HopMalu uAywwM oT I' BHyTph obaacth. Torza sbipaxes

Hue j W, ds Gyaer NpONOPLUUOHAJIbLHO YBEJHYEHHIO KONHYECTBA XHIKOCTH, MPOHCe

r
AoHfmeMy Sa elMHuLy Bpemenn B obsnacTH, orpanuuesnofi xpusofi I'. Besenctene
NPenoJaoKeH!s 06 OTCYTCTBHH HCTOUHHKOB 5TO BhIpaKeHHe A0MHO OWTh PABHO HYJIO,
XaxoBa On Hu Obwia Junug I, npunapnexamas (. 3aMeTdB, uTo

d d
Wy = pcos (n, x) -+ qgcos(n, y)=-—p—d?y +q-3%»

MBl DOAYYaeM yCJAOBHE

dx dy . _
j q-—Js—-——d-s->ds ._jqu—pdy_o.
r T

Ha ocHOBaHHM HSBECTHOI TeopeMbl AH2JK33 MBI OTCIOAA 3aKJioUaeM: c60600xbilt
O/ UCMOYHUKOS NOMOK ICUOKOCMU XQPAKMEPUBYEMCA PABEHCINEOM

L3 (33)

PapencTBo (33) JOMKHO HMETh MECTO B KaXJOH TOuke OAHOCBA3HOM o6nactu G, B Ko-
Topoll HET HCTOYHHMKOB y PacCMaTpHBAEMOTo NOTOKA JKHAKOCTH.

OGo3naunm uepes W KoMnoHeHTy BeKTopa cKopoctH W B HanpapieHuu Kaca-
TeJbHOM K KpuBofi T, cuuTas 8a NOJOXKHUTEIbHOE HANpaBJeHHe KpuBofl TO Ba-
npaBAeHMe, NPH KOTOpOM o6nacTh, BHYTpeHHss K I, ocraerca caesa.

Bripaxenue j W, ds HaspBaloT yupkysnyueld nomoka BRodp Kpusoft I, [Totex

r
KUIKOCTH HasbiBaeTcsi Hesuxpestist B G, €cny €ro LHPKYJAALUS BAOJbL NPOU3BOJb
Hoil saMKHyTOH Kpusoll I', npumagnexamell G, eCTb HyJb, 3ameTuB, 4TO

dax d
Ws = pcos(s, x)+ qcos (s, y)=93+07‘%,

§CAOBHE HEBHXPEBOI'0 NOTOKZ SanuileM TaK:

j(P% +Q%)ds=jpdx+qdy=0.
r r

Mui, TakaM 06pasom, nojyuaem: sesuxpecoll NOMOK MUSKOCMU XAPaKmEpU3yemcs
PaSEHCMEOM

op _ dq
—07—37' (34)

Pasencto (34) f0DKHO BHIONHSTHCH NOBCIOAY B 06AacTy G NPy OTCYTCTBHH B 9TOA
ofnacTn BuHXpel y MOTOKa MHAKOCTH.
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PacemoTpum Gnuxe ycaoue (34) HeBHXPeBOro NOTOKA JKHAKOCTH. 3T0 ycioBue
[0KAa3bBAET, YTO P H ¢ CYTb YacTHHIE NPOU3BOAHBlE HEKOTODOH GYHKUMH, KoTopas
moxeT ObiTh nalijena ksazparypamu. Mrak, nmeem:

_ Ou _Ou
P= %% =%y

Qynxknus g HOCHT HasBaHUe nomexyuasg cxopocmctd JaHHOTO NMOTOKA. 3HAf 5Ty
GYHKUHIO, Mbl ONpeesIsieM KOMIOHEHTHE CKOPOCTH NOTOKA corilacHo gopmyniam (35).
OueBHAHO, BEJHYHHA CKOPOCTH PaBHA

Vp2+q~—]/< ( )

Ecnu ueBuxpeso#i noTok CBOGOAEH OT HCTOYHHKOB, TO BROCSA BhpaxeHus (35) B ypas-
Henue (33), mafijem:

(35)

0%u

Takum 06pa3oy, Kamiplii HEBHXpeBOH W CBOGOAHBIH OT MCTOYHMKOB MOTOK KHAKOCTH
06/1ajaeT NOTEHUHAAOM CKOPOCTeH U (X, ¥), YHOBJETBOPSIOWUM AuddepeninaibHomy
ypasHeHuo (36).

Kpusnie u = const Ha3pIBAIOTCS ANNUSAMH YPOBHA. BRoJb 3THX KPUBBLIX Ke umeerca
HEBHKEHUS >KUAKOCTH, TaK KaK JKHAKOCThL TeYeT BCIOAY K HHUM NEPNEHAHKYJIAPHO,
Heiicteutensro, ofosnauas yepes Wy KOMNOHEHTY CKopocTH W B NPOH3BOJBHOM
HATIPaBACHHH S, OYEBHIHO, UMEEeM:

dx dy
WS:pm‘_’_qE'

CrenoBateninHo, B cuny (35) mosyuaem:

W, 20 dx | ou dy  ou
0x ds ' 9y ds = 0s'

OTKy/la, B 4aCTHOCTH, BBITEKaeT: BJO/b JIXHUA & = const KOMIOHeHTA CKOpOCTH PaBHa
HYJIIO.

2. Xapakrepucrnueckas ¢ynkuus 1oroka, [luddepenuuanbroe ypaBHenue
TPAeKTOPUIT MOTOKAa, OueBMAHO, OyjeT:

de  dy de  dy
=" Hy 2& ==
9x 0y

[Tepennnem 310 ypaBHeHHe B BHIe
du ou
-5; dy — -@- dx = 0.

B cuny ycnous (36) neBam wacTb IOCJAEAHETO YDPABHERWA NPEACTABAAET cobolt
noaubifl Anpgepennuan nekoropoft dymkuum vy, y), T.e.

du—a dy-@—dx—0 - (37)

ecTh AnddepenunalbHOe ypaBHEHHE TPAaeKTOPUE [OTOKA.

ChenosatesibHo, ypaBHeHHe v = const u306pamaeT TPaeKTOPUU HAWLETO NOTOKA,
KOTOPBIE COIVIACHO 8aMEUaHHIO, CAGNAHHOMY B KOHUE M. 1, GyAyT OPTOrOHAAbHEIMEA
10 OTHOMIEHMIO K JMHHAM YPOBHA u = const, @yHKUuA v {x, y) HOCHT HA3BAKUO
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pynkyiy nomoxa, Vs ypasrenns (37) BhITEKaeT, YTO PYHKUNY ¥ U ¢BRAANK COOTHO-

HeHEAMI
ou v Ju v
ox  dy’' dy  ox°

Taxum o6pasom, noTennnasg CKopocTefl H OYHKUHSA NOTOKA B o6JacTn G CBa3anH
yeaopuamn Komu—Pumana (ra. 11, § 4, n. 4) » npencrav.sioT, CleiOBaTeNbHO,
JiBe CONpSDKEHHbe Tapmonuueckne (yHKUMyM B 3Tofl o6nacTH. 3Hasg »TH GyHKUKY,
MB! MOXEM TOJHOCTBIO OX3aDaKTCPH30BaTb COOTBETCTBYIOMHH HM [OTOK.

Uro6pl 0XapaKTEPH30BAaTh NMOTOK KUAKOCTH B OJAHOCBs3HOH obsacta G, M mo-
HeM PmecTo napnl GyHKUMH u4 (X, ¥) B U {x, y) BBECTH B DacCMOTpEHHe Omny yHK-
M0 KOMOVIEKCHOTO NEpeMeHHOro 2z, z= x -} yi, a uMeHBO: [ ()= u (x, y) -~
~+ iv (x, y). Corstacao ycnoBusam (C.—R.) byHruus [ (z) ectb anainThueckas B 06-
nacth G (ra. 11, § 4, 1. 4); ona HOCHT Ha3zBaHHe xapaxmepucmuuecketd Gynkyuu
nomoka, HTaxk, BCSKOMY HEBHXPEBOMY M CBOGOAHOMY OT MCTOUHHKOB B ONROCBA3EOH
obnacTh G HOTOKY JXHAKOCTH COOTBETCTBYeT XaDaKTEPHCTHUECKas ¢yHKnus [ (2),
ABJAIOUIasACS anaiuThueckoll B obaactu G; obpaTHo, 3ananue mofoll dysruny f (2),
8RANHTHYECKON B OJHOCBA3HOK o6NacTr G, onpenenser B 5Toll ¢61acTy HEBWY peBcit
¥ CBOGORHBI OT MCTOYHMKCB NOTOK JKHAKOCTH.

Beofs anaauthueckylo GYHKIWIO [ (2) Kak XapaKTePHCTHKY NOTOK3, MB MOMEeM
NPUMEHATh TEOPHIO BHAJNTHUECKHX (YHKIMA K H3YUEHHIO NJOCKOTO TeSeHHs MHJ-
KOCTH.

3aMeTHM, 4TO CKOPOCTh NOTOKa B sicGofl TOuke 2= x - yi onpepeasercs no
BeJINUHHE B HAnpaBaenuio napoit p (x, ¥) B g (¥, y), WIH, 9TO TO K€, KOMINIEKCHEIM
yuesom: p -+ ig. C Apyroil €TOPOHBI, MBI HMEeM:

(o _ o ou
T iR T ™ dy_p g

(. —R.)

ou
751

P'(z) =

Taxum o6pa3om, BEJNSHIA CKODOCTH B TOUKe Z PaBHa:

17 (2)], 71ak xak | (2)] =V P F 4%,

panpaBJieBne Xe CKOPOCTH 06Pa3yeT C MOJNOMHUTENbHBIM BanpaBJeHneM oCy x yrod,
P2EHME # DPOTUBONCAONKEBI NO 3HAKY ¢ aprymentom [’ (z). Minpimu ciioBamn, cko-

POCTh NOTOKA B TOUKE z BIIOJIHE ONPEACASETCH KOMIJIEKCHBIM 4ncaom [’ (2), T. e,
YHCIOM, CONPsIKEHHEIM CO 3HaueHWem npomsBoiHofl ' (z2) B 3Tofi Touxe.

Wrax, Mbl nPpHUMIA K THAPOAIHAMHYECKOMY HCTOAKOBAHMIO MOAYJS # aprymenrta
TPOH3BORHOH (YHKUHMH KOMMUIEKCHOTO NEPEMEHHOTO, @ KMEHHO! paccMaTpubBas 3a-
JAHHYIO B OAHOCBA3HON 00JacTy anaINTHYECKY!O QYHKUMIO f (2) KaK XapaxTepucTu-
yeCKy10 (YHKLHUIO COOTBETCTBYIOMEro NOTOKA KHJIKOCTH, ME MOYKEM YTBEDXKNATh, YTO
}# (2} | pasen BesnunHe CKOPOCTH TEueHus B TOUKe 2z, 8 arg ' (z) ¢ o6paTHelM 3Ha-
KOM ONpeleasieT HanpapJeHye 3ToH CKOPOCTH.

3. OfTexaHue KPyrJoro UMJIHHAP2 NMOTOKoM 6e3 uupKyJauwuu. PaccMoTpuM ABU-
JHEHHE B NOKOSIEHCS JKUAKOCTY KPYTJOro DWJIHHEPE, KOTOPHIl ABHIKETCR CApana
HaJieBO C [OCTOSHION CKOpocThio a. [IpnAaBas Bceil cucTeme IBuKeHHe B obpaThylo
CTOPOHY €O CKOPOCTBIO @, MUl [OJIyYaem NOTOK KHAKOCTH, MMEICIHH B GECKOHEYHOCTH
CKOPOCTh @, OOTEKAIOMKA HEMOABMMKHLII LHJIHBAP.

[lomemas unauayio KOOPAHHAT B LEHTPE NONEREUHOTO ceueHus HUIMHIAPE, NPUMEM
5TO CeueHwe 3a IJIOCKOCTb Xy, BhIOPaB HOJNOKUTEJIbHOE RANpaBJeHne OCH X CoBRaia-
JOIMM C HanpaBJeHHeM CKOPOCTH a. XaPaKTePHCTHUECKYIO GYHKUMIO NOTOKA w ==
== [ {z) MBI DpeanoJOXMM OAHO3HAuHOR B ofidacta |z|> R, Brewnefd K ceyenno
oBAankApa.

Coraacuo teopeme Jlopana

oo oo
w=u-oi= Y an2" 4+ Y} br "
n=}

A=
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OueBuARO, MBI AOMKHLI YAOBJAETBOPHTR ABYM YCAOBHAM: &) BEKTOP CKOPOCTH
KUAKOCTH [IPK 2 = OO HANPaBJIEH 110 OCH X U PaBeH a; 6) KOHTYp huauuapa |[z| = R
€CTb 4aCTb TPAEKTOPUH HIOTOKA.

M=l 3uaeM, 4TO CKOpOCTb p -+ ig == (Z—(:), T. €.

00 [« o
p—ig= 2 napz™! — 2 nbpz—"1,

n= n==|

Tax KaK GeCKOHMEYHO yJaJeHHAass TOoYKa JOMKHA OBITb NPABHALHOH TOYKOH 3TOTO
pa3noxeHusa, KOTopoe B 3TOH TOUYKE NPHHUMAET 3HAYEHHE @, TO HMEEM ap = 0 npu
n>1, a1= a.

ChepoBateJbHO, YyC/AOBHE &) NPHBOAUT K TAKOMY BIly XapakTepHCTHUYECKOM
byukumy:

00
w=az+ % b,
n==l

rre mel oTOPOCcHIH CBOGOAHBIA lleH by, TAK Kak ero npubapjenue K w HE BAuAeT Ha
BeMIHYUHBl KOMIOHEHT CKOPOCTH P, ¢ H HA TPACKTOPHIO MOTOKA,
0i

[
flonaran bp =ppe ™, 2= re’’, NOAYyUHM:

o«

. —n (%p—n8) ¢

u+vi= are” + ¥ por ng(*nn0) ¢
n=|

OTKyJAa HAXOAHM:

oo
u=uarcos 0 + ¥} par~" cos (an — 1),
=l
- (38)
v=arsin 8+ ¥} ppr™" sin (an — n8).
n=l
Btopoe ycioBue 6) JaeT HaM, 4TO v AOJUKHO COXPAHATb MOCTOSHHOE SHAYEHHS
npu r= R, T.e.
du

) 0.

r=R =

Huddepenuupya Bropyo u3 ¢opmyn (38) mo 0 u mogcraBass 3arem r = R,
1ALV

aR cos 0 — ¥} pnnR™" cos (an — n) = 0.

n=!
3ameTus, 4Tto
cos (Qn — nB) = cos &y cos nO - sin ap sin nh,

NPpUPABHUBAGM HYJIO K03((hHIUEHTH NPH OTAGIbHLIX cos n0 u sin n0 u, Takum o6pa-
30, MoMyyaem:

aR —pR™tcosay =0, pyR™sin oy =0,
nopR™"cosap =np, R " sino, =0 (n=23,...),

OTKYA2 0y == 0 (n = 2, 3, ...), p1= +aR? a;= 0. CnepoBare/qbH0, OKOHYATE/b~
HLI BHA XapaKkTePHCTHYECKOH ¢YHKUMH © Oyaer:

w=az+—a—§i= <z —{——I;)
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dyHKUHAN Ke # W U BpipasaTes GopMy/aaMp
2 RZ N
u=a(r +R+)cosﬂ, v=a (r——,—) sin 0.
TpaeKTOpuu HOTOKa HME0T YpaBHEHHS
RZ
v=C, wua (r -T) sin 6 = C.

Tax kak 7 = R, 10 npu € > 0 umeen sin § > 0, 1, e, TPaeKTOPRA PACIOAOKERN
B BepXBEl NOJYNAOCKOCTA; OTPRUATE/bHbIM XKe 8HaueHHAM C COGTBETCTBYIOT Tpaex-
TOPHH, HAYIIHE B HHXHEH (0JYUHJIOCKOETH

4 (puc. 87). Ilas C = 0 mmeem Jnnnwo

(r——R—Z—)sin6=O,
r

T KOTOpas pacnajaercs Ha nse: sinB=0,r=
== R, T. e. cooTBETCTRYIONasE TPAEKTOPHA RIET
CHpPaBa 10 NOJOKHTENbHOH vacTH ocu x (0 = Q)
20 BCTPEYH ¢ UMJAMHAPOM B TOUKe r == R, 8= 0,

Puc. 87 3aTeM 00 OKPYXHOCTM HHJIHHAPE, HEpeXois

R B Touke 7 = R, O = 71 cHOBa Ba oOCh X, HO H3
oTpuuarensnyio ee gacte (8 = a).

Touku (FR, () saveuatesbHs Tem, W10 B HUX CKOPOCTb OBGpamaercs B Hyab,

TAE KaK

dw aR?
- =l — = 0.
dz |z=4R 2 jz=4R

DTH TOUKH HOCAT HAsBaHue Kpumuueckux mowex nomoxd. Tpaexktopus B KpH-
TRYECKHX TOYKAX HE HMeeT OlpelJeseHHOR KacaTeJbLHOR W PA3BETBAAETCH Ha IBe:
OPSAMYIO H OKPYZKHOCTb.

Has € 5= 0 TpaeKTOPHAME Teuedus OYLYT JHHMHM TPETbelo NOPAAKa, B MX ypab-
BeHUE B [EKADTOBHIX KOODAMHATAX HMeeT BHI

@ty —R)y=C&*+ )

Kaxpas 43 3THX JHHuHA CHMMETPHYHA OTHOCHTEJNbLHO OCH § K HMeeT acuMuTory y =C.

TNorenuuanbuas QyHKUHS [OTOKA U SBJASETCH OAHO3HAuHON HE TOMBKO BO BCHA-
HOH OAHOCBE3HOH 06JacTH, 32HSATON NMOTOKOM, YTO OOYCJOBJEHO OTCYTCTBHEM BHX-
peit, 1o ¥ Bo Beell o6nacty [z | > R. 1o noclesHee o6CTOATENLCTBO NOKA3LIBAET, UTO
HHPKyJAsuus NOTOKa BAOAb KOHTYpa C, OKPYXaOWero UuIHHAP, €CTh HYydb, TaK
KaK

jpdx+qdy=jdu=o.
(5 (5

TlosToMYy paceMOTpEHHEIl NOTOK Ha3blBAIOT NOTOKOM 6€3 DUPKYJAsiluH.

4. Yucro unpkynspuutit notok. [lpocrefimuii npumep TeueHns ¢ DUPKyJIsAuHzeit
BOKPYT HNJKHAp2 NPeJCTaBHTC B CAYYae, KOTAa XapakTepucTHuecKas QyHKUHA @
BMEET BHJ

w——l—luz
2w *

llonaras 2= re‘e, onpepesinM OQYHKUHM U H U

. 1 .
u-+iv =m(lnr+10),
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OTKYA3
u——I——G v——-l—lnr
= 2w - 2n )

Tarum 00pasom, TpaekTopusMu TeueHus Oyayr v = const way r = const, T, e,
KOHUEHTPHYECKHE OKPYXKHOCTH. KOMIOOHEHTHl p M § CKOPOCTH ONpeieifioTcs no
fpopmyae

dw I 11 ety
p+‘q—(dz)"_2ni~2_—2me !

1
T. €, BEAHYHHa CKOPOCTH BO BCEX TOUYKAX OKPYXHOCTH pajuyca 7, pasHaf E’

06paTHO IpONOPUNONANTbLHAE 7, Hanpas/jeHne XKe TeyeHHg — NPOTUB Y4aCcoBOH CTPEAKH.
Lspryasuus noroka BRoAb KoHTypa C, OKPYXKalowero LUuJHHAP, GYRET:

2
jpdx—(—qdy:jdu:—%‘—fd(): 1.
[ (4 0 .

Hrax, Xapakrepucruueckas ¢yHKIUHA @ COOTBETCTBYET NOTOKY KHAKOCTH BOKPYF
UHAHHAPA, TpHYeM YaCTHUB XKUIKOCTH TEKYT MO OKPYKHOCTAM NPOTHB yacoBofl
CTPEJIKH ¥ CKOPOCTb TEYEHHsI O6PaTHO NPONOPHHOHAAbHA PACCTOAHHIO YaCTHOb OT
[eHTpa UUAHHAPA.

5. OGmuit ciyuall. Cxaagpast ofa ABIXKeHHUS, H3YYeHHble B . 3 U 4, MBI noay-
yHM OOTeKaHHe WMJIHHADA NOTOKOM 2KHAKOCTH, HMEIOMHM B GeCKOHeYHo yhasleruofl
TOYKE CKOPOCTb @, C LUPKyJAsuueH /.

XapakTepucThHuecKan QyHKuus B 3ToM ofiuem ciyyae Gyner:

I R?
w=—2;ﬁ-lnz—}-a(z+—-z—). (39)

TpaexkTopun Teuenns usofpaxkennt #a puc, 88. B 3Tom ciyuae XpuTmueckne
TOYKH TIOTOKZ OYAYT CMelEeHbI N0 CPaBHEHMIO €O C1ydaem n. 3, KOTAZ ne OwJo
UWIPKYISUUH. STH TOUKH ONpPEAeNSIOTCA H3

ycaoBus
ig =22 _q
Pt =" =0
nin
i 1 R2
—gzre(l-ar)=0
T. e

li

—~—
e e oy
w

# gt R=0 ::::55:544::::
\—\_//:
-—*\/_—v_)—
e T e e

310 XBaApaTHOE ypaBHEHEEe ONpere-
JIR€T JBe TOYKR Z:

_ 1 2 2 Puc, 88.
L= e T VR T Tentaz

Cunras uupkyasumio ! ne ouenb Goapiofl, a uMerHo [ << 47aR, Mb MOJyuEM
ANls z B2 KOMIVIEKCHHIX 3HAuy€HHs, OT/AMMAIOMIMXCA JHL 3HAKOM XeHCTBHTEALHOM
BaCTH H N0 MOAY/I0 paBnbix R. Takum 06pasoM, B 9TomM claydae (puc, 88) KpHTHUECKHE
TOUKM JIEXAT HA CaMOM LHJIHHAPE CHMMETDPHUHO OTHOCHTENbHO OCH J H paiuyc-
BEKTOP K HuM 06pa3syeT ¢ NONOMHTeAbHHIM HaNpaBleHHEM OCH ¥ yroa 8, onpexease.

MEHE 1o dopmyae sin 0= C yseauuennem / o6e KPUTHYECKHE TOYKR COnus

4naR’
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malorcs u npu / = 47aR OHH COBNAJZalOT M OKa3blBalOTCA B Touke (O = m/2) me-
peceueHus OCH y € KOHTypoM nuiaunzpa (pHc. 89). Ilpm jpanbheiiieMm yseanue-
vay /, ecad I <<4maR, Mol nmoJyuaeM JJAA 2 XBa YHCTO MHHMBIX SHAYEHHMH, H3

Puc, 89. Puc. 90.

KOTOPbIX OJHO MO MOAYMIO MeHbwie R, xpyroe xe Gomsume R. CaegosatedsHo,
B 3TOM Cjyyae Mbl HMEeM TOMbKO OAHY KPHTHYECKYIO TOYKY, JeXKaulyi0 Ha ocH y
{puc. 90).

Ynpascunenus k 2aase VI

i
1. Pasnoxuts B pan Jlopana Qynxuuio e'™?

1 1 1 1 19

apy |z|> 1. |

Ome. | ——+gr—g7 Yo — o T
1
2, Pasnoxut, B paj JlopaHa (pyﬂxmuom apu |z|{> 3.
1 5 19 65
Oms. zz+x +xt 5+
241

3. Onpenenuts 0COGEHHOCTH NPH 2 == 00 AR QYHKUHH cos 2 — sin 2.

’
ez

Oms. CyuleCTBEHHO OCOGbIe TOUKH.

4, OOHapy:xuTb CrpaBelinBocTb Teopembl Coxoukoro mif GyHKUHH el’? ue-
cleays ee aHaueHus Ha JyuaX, BBIXOAAMIUX M3 HYJIEBOI TOYKH B OKpecTnocTH z = 0.
Kakoso Gymer MHOXKECTBO TOYEK 2, B KOTOPBIX eVi=¢, c5:0?

Oms. DBEeCKOHEeUHOE MHOMKECTBO, HMEee HyJb MPEAeNbHOM TOUKOH.

5. ®yHKUMY [ (2) u @ (2)° KMEIOT B TOUKE 2 = @ MOMAIOCH COOTBETCTBEHHO mM-TO
NOPAAKA i A-TO MOPAAKA. UTO MOXHO CKA3aTh O XapakTepe TOUKH Z2 = @ A1 QPyHKUUi:

(2
8 129, 6) s B+ ¢ (2)?
¢ (2)
Oms. a) INomoc nopsaxka m -+ n. 6) [lomoc mopanka m — n, ecau m > n;
ecin m << n, TO HYJb NOPARKA fL — m, NPH m = n ~— NPaBHAbHYO TOUKY. B) [loaios
nopsifxa, PABHOTO HauGOAbLUEMY H3 4uced M, f; MPH m = f [OJIOC NOPAAKa <<m
Wiy NPaspabHYI0 TOUKY.
6. OTHOCHTE/LHO CTENeHHOTO pafa f (2) = .a,2" u3BeCTHO, 4T0 H30OPaNaean
um yuKUmps [ (z) WMEET HA OKPYXKHOCTH KPYra CXOIMMOCTH TOJbKO ORHY 0cofyto
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TOUKY 2, — TIONOC NEPBOTO Topsifka. IToKasaTe, YTo B 5TOM Caywyae -2
n+1
a
M, CJeNOBaTeNLHO, Rl — 7, TEE r — pauMyc CXORMMOCTH.
n+1

7. BuyTpu 3amknyToro koHTypa Ci JeXHT Apyroii samknyieii KonTyp Cs.
Dynkuns f (z) ecTp ananuthueckas B obnactH G mexny xomtypamu Ci u C.
B 3T0M C/1yyae MOXHO NOJNOXHTD:

f@=11@+f @

rie f (2) — ananutnueckas $yukuus payTpu Cq, 3 [y (2) €CTh aHATHTRUECKAS PYHK<
Hyug Bue C,, BKMouYas GeCKOHeuHO yJaseHHYIo TOuky. Dyukuum fi (2) v f, (z) stum
PasNOKEeHHeM ONpPeAeIsSIOTCS 0AHO3HAYHO C TOYHOCTHIO A0 afAHTHBHOTO HOCTCSIHHOYO,

8. PaznoxnTe B pax Jlopana VY (z— 1) (@ — 2) ana jz]> 2.

Cy Cy
Oms. :t[coz—-cl 7——?—4—---], rie

wn ()22 () PG @) v () veh

1
9, Paanoxute B pap Jlopana pry yrp— npu 0<jaj<]z|<|b] ®
.qulz}>|f;I- . . ]
o a 2
O’M‘a—_y["'*'?Jr? +7+T+—ﬁ+'“] .

1 b—a b2 — a2 ¥ —ad
[ +

b—a 22 + 28 24

o]

10. PasnoxnTs B psag Jlopana In T—5 "PH lz]> 1.

Oms. HeBo3MOXHNO, TaK Kak ¢yHKIMA He OARO3HayHa npm [z| > 1.
11, Kakue ocoenHocT umeloT ¢yHkuum: a) el/z
1

npn 2=0; 6) sin

1 —

npy z=1, B)

npu z = 2xi?

]—e¢
Oms. a) CymectBenHo ocoGasi Touka; 6) TO XKe; B) MOJIOC NEPBOTO TOPAAKA.
2
12, Kakne oco6ennocTn umeloT (YBEUMH Npn z= ool  a) 5-—4-;}-;
€
T — 5 ] 1
— 1 — 2); 2 . —_— i ——
6) V(z }(z ) B) € ;M Y 1) sin — ?

Oms. a) CymecTBenHo oco6as Touka; 6) NOMIOC NEPBOTO TIOPAAKA; B) NPaBHAL-
nas TOWKa, I) Npele]bHasf TOYKA ACJICCOB; A) HYJAb NEPBOTO NOPAJKA.

13. Kaxoe cymecTEenH0e pasinuue HMeeTcs MEXKAY NoBeleHHeM ACHCTBNTebHOR
GYBRUAR

— 2
e V¥ pnm xs£0,
y =
0 g x=20
— 2 -
1 (JYRKUMHM KOMIJIGKCHOTO nepevenHoro w = e~'/Z* p okpecTHocTy ny/ieBoll Toukn?

Omea. ®ynxuns y n Bece ee nponaBoiRble NPpu x = 0 paBHB uya0. Kpnpas y =
==/ (X) B BYJI€BO} TOUKE HMEET C OChIO X CONPHKOCHOBEHWE, Ayuiuee, 9eM Ji06as na-

paGona y = x". Oynxuua w mmeeT B RYJEBON TOUKE CYIMECTBENHHYIO 0COGEHHOCTD,
T. €. CTPeMHTCHs K Jio6oMy Hanepex 3ajanHOMy 9HCAY, KoTAa z — 0.
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14, dyukunusa f (2) — anaiutHueckas B OKPeCTHOCTH | z| > R BeckoneuHo yxa-
k4
aenHoi Touku., [lpu KRarkux ycnoBusx F (2) =J [ (L) df Gyzer ozuo3nauHoOlt aHa-

Zp
AuTuugckoll QyHkumed B o0nacTH |2]|> R, ecin 2y M MyTh HHTETDAUMH JeKar
B 3Toli o6aacTu? UTo MONKHO CKa3aTb o MoBefeHuH F (z) B GCCKOHEYHO yAaneHHOM
TOYKEe B3 noBelenns f (z) B aToH ToOuke?
oo

Ome. Korga a_i == 0 B pasnoxenny f (z) = Z anz". Ecau 970 yesIoBHE BHINO/-

—-—00

medo u f (2) npu z== oo HmeeT noJioc nopsigxa P, 10 F (2) GyfeT umeTh MoOMIOC
ropspka P~ 1; B uacTHocTH, F (2) GyAeT ¥meTb HOMOC NEPBOTO MOPAAKAE, €CHU
f () npu z= oo — npaBrJbHas pynkuus #u 0.

Ecau [ (2) npH 2= oo uMeeT Hy/abp Nopsaixa o (& > 2), To F (z) umeeT Hy’Ab
nopaika o — 1.

" Ecan [ (2) npu 2== 0o HMEET CYIIECTBEHHO 0COOYI0 TOUKY, To F (2) — TO XKe.

Ecin a3 0, T0 F (2) — ailnz 6ymer npu [2z| > R ofHo3HayHOH analiu-
THYeCKOH QyHKIpeh.

15, Tiockuil NOTOK oONpejensieTcss XapakTepuctuyeckoll ¢yHkiuuneh w = f (2),
Hakhtn TpaexTopuu IOTOKA ¥ yKa3aTh HaNpaBACHHe TEUEHHs B CAyHasXx: a) w== 2,
6) w= 1/z; B) w= 2z l/z. .

1 \2
Oms. a) y= const, cneBa wnanpamo; 6) x?- (y - —27) = g Teue

Hue HaaeBo; B) ¥ (x2-F ¢%) — y = ¢ (x* -} y?), Teuenue Hanpaso.
16. OnpenenyuTh CKOPOCTH IOTOKA B CAyuasix npeAnaymed sagaun 15,

. y2—ax? _ 2xy .
Oms.a)p=l, q=0, 6)p=m, q—--—mv
Y2 — x? 2xy

D=t ST wm e

17, XapakTepucTHyeckass ('yHKNHA §NOTOKa w = Inz.

Onpeaesuth TPaGKTOPUH NOTOK2, HX HANPaBJEHHE W CKOPOCTb ABUKEHHMSA MKHAKO-
cru. Uem sBAseTCS st NOTokKa z == 07

Oms. Capras z= re‘e, ypasrenue Tpaektopuii 6ymer: 0 = const; ABHHEHuE
HANpaBJEHO OT TOYKH 2 = (), KOTOPas fBJAETCH HCTOYHHUKOM. CXOPOCTh MO BeHUUHE
paBda 1/r u nanpasneHa or Touku z = 0. Toura z= 0 ecTh HCTOUHHK MOTOKa,

18. Uemy paBHO KOJMYECTBO KHJAKOCTH, BHITEKAIOINCH B €AHHHIY BPEMEHH yepes
8aMKHYTHIH KOHTYD, OKpyMaiomuii Touky 2z== 0 npeiblAywed sagauu?

Omg. 2mp.

I

19. Xapaktepuctnueckas (YHKIMA MOTOKa w = 5 In2.

Hafitn TpaexTopru MOTOKA, HX HaNPaBJEHHE H CKOPOCTb ABMKEHHR MKUAKOCTH.
Yem asiasercs Toyka z = 0?

Oma. Ecan z= re®, to ypasuenne Tpaekropmit Gymer: r== const. [lsuxe-
HHE HanpaBJeHo MPOTHB 4acoBOH cCTpPeNkH. Beanuuua CKOPGCTH paBHa o
Touyka z= 0 gBARETCA BHUXPEM.

20, Yemy paBua UHPKYJAUHA [OTOKA BAQJ/b SaMKHYTOTO KOHTYPd, OKpyXa-
owero Touky z = (0 npeiuAyweli 3apaun?

Oms. 1.



F'JIABA VII
TEOPUSI BbLIYETOB

§ 1. O6umias TeopHs BLIYETOB

1, BpiueT QyHKNHH OTHOCHTENbHO M3OJAHPOBAHHONH 0COGOH TOUKR,
Ecan ¢yuxuus f (2) ectb ronomopgnas B HEKOTOPOH TOUKE @, TO N0
reopeme Koumn (ra. 1V, § 2, n. 3) nmeem:

[F@dz=0, )
C

TA€ NyTeM HHTerpHpoBaHHsA C CHYMHT NPOH3BOJbLHEIH, IMajKHil 3aMK-
HYTBIH KOHTYp, COAePIKallUi BHYTPH cebsl TOUKY @ H Maablil HACTONbKO,
uyto (yHkuust f (z) ocraercs roJioMop¢HO# BCIOAY BHYTPH 3TOr0 KOH-
Typa, BKJOYasi TOYKH caMoro Kourypa. Ecau xe a 6yner usoaupo-
BaHHasA ocofas ToYKa QyHKIMH f (2) U 3aMKHYTHLH KOHTYp C HeNHKOM
JIEXXHT B OKPECTHOCTH 5TOH TOUKH @, TO 3HA4YEHHE HAINero HHTerpaja

Jf (2)dz Gyzer, BooOLle TOBOpH, OTJIMYHEIM OT HYJA. DTO 3HayeHHe,
C

Kak cjeayer u3 teopemsl Kown (ra1. 1V, § 2, n. 5), He 3aBucur or
¢opMbl XKOHTYpa C ¥ JI€TKO MOXKET GHITh BbI'lHCJ'IeHO B camom pene,
B oKpecTHOCTH ToukHd a (0 < | 2 — a| < r) dbynxuus [ (2) Moxer GbiTh
pasioxeHa B pan Jlopana (ra. VI, § 2, n. 1)

[@) =001 — )4 oo o (2 — @) -

€_i

R e

C.n
_(2—_»0)—"—_}—”" 2

KOTOpHIfi OyzeT paBHOMEPHO CXOAsuMcA Ha auHuu C, Tak KaK KOH-
Typ C JI&XKHT B OKPECTHOCTH TOYKH a. MIHTerpupys nouwjenHo pap (2)
BAOJAb JuHUH C, noayyum;

Cj [ (@) d2 == c_,+2ni, &)
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TaK KaK HMeEIoT MECTO paBeHCTBA
2!(z—-a)m dz=0 (m=0, 1,2,...) (ra. IV, § 1, n. 1),

2—a

j % _ _ oni (ca. 1V, § 2, n. 6),
c

dz .
g_(:-a—)n—_o (n=2 3,..) (cn IV, §1, o 1).

1
3HayeHHe HHTETpana ﬁjf(z) dz yCNIOBHMCA Ha3BIBaTb 8bI4eMOM
[

(résidu) dyuxuuu f (2) OTHOCHTENIBbHO ocoBolt ToukH a. CorsacHo pa-
BeucTBy (3) BbiueT (QYHKUHH f (2) OTHOCHTEJbHO OCOOOH TOUKH 4
paBeH ¢_y, T. €. KO3QOULHEHTY 0OpH NEPBOR OTPHUATENLHOH CTeneHH
pasnoxenus Jlopana (2). OTciona HENOCPENCTBEHHO BbITEKaeT, 4TO
BLIYET (PYHKLUM C_; MOXKET OHIThb OTJIMYHBIM OT HYJS TOJNLKO B TOM
cAiydae, eclM @ eCTh NMOJKIOC HJH CYINeCTBEHHO ocobas Touka (ra. VI,
§ 2, n. 1); gaa ycrpaHuMo#t ocoBOM TOYKM BbIYET HENPEMEHHO paBeH
uyao (o 1V, § 2, o 1),

2. OcnopHas Teopema o BbiweTax. Ilycte f (2) ects  ¢ynkuus,
rojqomMopdHas Bo BCAKOH TOYKe obsacTd G, KpoMe KOHEYHOIO YHC/Aa
0COBLIX TOUEK dy, d, ..., dp. OO03HAUNM yepe3 I' mpou3BOJMLHBIA Ky-
COYHO-TVIAAKYH  3aMKHYTBIR  KOHTYD,
cojepxawuii BHYTpH ce0s TOUKH 4y,
Q3 ...y O, H LERHKOM JieXaWuit B 06-

aactu G. [lpu smux ycarosuax 51% j f(z) dz

c
pasen  cymme oriemos  Qyrkyuu f (2)
OMHOCUMEABHO @y, (g, ..., Gp. ITO
YTBEPIKAEHHE npeacTaBaseT coGoit
OCHOBHYIO TEOPEMY B TEOpUH BHIYETOB.

[na ee pokasaTesbCTBa — ONHIIEM
3 TOYeK a;, 4z, ..., @ Kak IEHTPOB,
OKPYXKHOCTH 7Yy, V2 +-+» Y4y HACTOJABKO MaJjble, 4TOOBI OHH MOMAPHO
He rnepecekanuch M ueaukom Jjexann BHytpu I' (puc. 91). Tax xak
dyukuus f (2) Oyser ronmoMopdHoll B KaxKI0H TOYKe 3aMKHYTOH 06-
J1aCTH, OTPAHHYCHHOH CJIOKHBIM KOHTYDOM

K=F+Y{+‘Y§+---+YE:
10 no Teopeme Kown (o1 IV, § 2, n. 5)

—2—lﬁi—jf(z)dz=—2j;rjf(z)dz—{--§;—ijf(z)dz-|—...—{— {Fj 7 (2)dz,

r vy Ya Vi

Puc, 91,

)
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rfe MHTETPUPOBAHME coBepiiaercs no koutypaM b, v, ¥a, ..., T
B TIOJIOKHUTEJbHOM HanpasjeHHH. [JocseHee DaBEHCTBO JOKasHIBZET
OCHOBHYIO TEOpPeMY O BLIYETaX, TaK KaK B NPaBOf YaCTH 3TOTO DaBeH-
CTBA CTOAT BhYeTH (yHKUHM [ (2), COOTBETCTBYIOUINE TOUKaM ay,
Qyy ooy Q.

OueBujaHo, J[OKa3aHHOE NpeLIoXKeHue npeacTaBiser cobofi
obobinenre ocyosHoll Teopemnl Koumr (ra. IV, § 2, n. 2).

3. BhiuncaeHue BbueTa (QYHKUHH OTHOCHTENbHO nojioca. B mpu-
JIOXKEHHSX OCHOBHO TeopeMbl O BBIYETAX Mbl AO/IKHBI CHayasla onpe-
JIEJIHTh BLIYETHl BCEX OCOOBIX TOUEK @y, Oz, ..., O, JEXKAIKX BHYTPH
KoHTypa I', mocie yero Jierko BBIYHCJSETCSS Ha OCHOBAaHHH TEOPEMEI

O BHINETAX 3HaAueHHe HHTerpana j;f (2) dz. IlosTroMy BecbMa BaxXHO
r

nate Gosee mpocToil crnoco® BHIUHC/AEHMS BHYETOB, He Tpebyiomuit
B KaXJOM OTAeNbHOM caydyae pasnokenus Jlopana. Takoii cnocoG
BO3MOXHO JiaTh, €CJAH TOUKa siBaseTcss mnoJiocoM GyHkuuH. [lycTs
€HayaJa TOYKa @ ecTh npoctoll nooc ¢pyHruun f (2). B atoM cayuae
raaBHAsl YacTb pasjioxeHuss JlopaHa COAEPIKHT JHMLIb OJHY NEPBYIO
OTPHUATENbHYIO CTeHEHb (2 — a):

f@=c+a—a+..+a@—a.+= )

¥YmHoxasg ofe uyactu pasnoxenus (B) Ha (2 — a) noayuaem:

@—af@=c,+c@z—a) +c¢,(z2—a)}+ ... (5
Tax Kak npaBas 4acTb IOC/NEJHEr0 DaBEHCTBA €CThb OGHIKHOBEHHBI
CTeneHHoH psaj, To ero cymma 6yaeT HenpephBHOH QYHKIHMEH B TOUKE a.
CrenoBatenbHo, nepexojis B paBeHcTBe (B') K npeaeay npH z, crpe-
MfmeMess K @, TNOJYYHM:

cy=lim@E—a)f (2). (3]

®opmyna (6) nosoasier GbLICTPO ONPEAEAHTb BbieT (GYHKUHH OFHO-
CHTEJILHO HNPOCTOTO MOJIOCA.
¢ @

Touka a ectb npocroii nomoc (GyHKOHH f(z)=—W, ecan

¢ (2) n ¥ (2) cyrs rojomopguble QYHKIHH B TOUKe a, npuueM ¢ (a) ==
=0, $@) =0, ¢ (a) = 0. Ilo popmyae (6) Boiuer ¢pynkuuu f (2)
OTHOCHTEJILHO TOYKH @ ONpejesisieTcss B 3TOM CJayyae Tak:

i L 6@ @)
ca=lim@ —a)fz) =lim —por = lim 555,
i—4a 2~

TaK KaK COriacHo ycaoBuio umeeM: ¥ (a) = 0. 3amerus, 4T0
limg (2) = ¢ (a),
z2->a

lim $Q =¥ @ _ ) 2 0,

»a
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OKOHYATENLHO TOAYYaeM:
? (a)
)

=T

1
Tak, Hanpumep, A OMpeAe/eHHs BbYETAa (QYHKUMI ———- OTHO-

CHTEILHO €e OpPOoCToro moJioca a == (2n - 1)7”- HOPUMEHHM GOpMyJLy

(™
1 1
c 1=__:-—_=—-_—-—_E‘0
sin(2n+l)7—

MNomyuennoe snauenue c¢_; paBHo -+1 umam —I1, cMmorps no ToMYy,
6yJeT JH AN UYHCJAOM HEYETHBIM HJH YETHBIM.
Takum oBpa3oM, UMeeM:
oq = (=1L,
®opmyay (6) moxHO 0600WNTL Ha caydyaidl IPOH3BOJBHOIO MO-
JI0ca n-ro nopsaka. B srtom ciydae pasjoxkeHue JlopaHa Gyaet:
! _ C_1 C_q C_n
fR=c+c—a)4..+ =+ G ap + e +(2:7’)—"'
8)
YMuoXRNB 06e 4acTH 3TOro pasnioxenus (8) Ha (z — a), HOTY4YHM!
E—arf@=cattan@—a)+..teqlz—a)y~ 4
+oE—at+o@E—ayt 4. 8
Tponuddepenposas paserctBo (8') n — 1 pas, Mel noayuuM B npa-
BO#l 4acTH OGHIKHOBEHHBIN CTEMEHHOH psifl, CBOOOAHBIA WIECH KOTOPOro
byaer: ¢_; (n — 1)!. CnemoBaTenbHO, HMeeM:

a2 —a)" ] (2)]
lim (dz”“' F=cae =11,
OTKYyAa HaxojauM:
o & E—a) ()]
e S T 7 ‘ ®

@opmyna (9) no3BosISET BLIYUCAATH BbIYET (QYHKUHH OTHOCHTEJILHO
noJioca a nopsajka n; npu n = | ona obpamaercs B dopmyay (6),
ecad cyuTath ycaosuo: 0! = 1.

4, Boiyer (QyHKUHH OTHOCHTENbLHO OECKOHEYHO YAANEHHOH TOUKH,
Ho cux nop, paccMaTpuBas BbIUeT (QYHKUMH OTHOCHTEJIbLHO OCOOOMH
TOYKH @, Mbl NpennoJaraiy, yTo TOYKa a sBJjdercH kKoHeudoit. Ilo-
HSITHE BBIYETA MOXKHO PacHpOCTPAHMThL Ha caydall GeCKOHEUHO Yyja-
JICHHOH TOYKH.

IIpeanonoxnM, yto GECKOHEYHO YAaJICHHAs TOYKA SBJAETCHA H30-
JIMPOBAHHOH O0COGEHHOCTbIO (QyHKuuu f (2), u oGosHauum uepes C
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NPOH3BO/IbHBIN 3aMKHYTHIH KOHTYp, JIeKalui UeJTHKOM B OKpect-
HOCTH 3TOH TOYKH, HanpuMep, 3a C MOXKHO B3gTh OKPYXKHOCTH JOCTa-
TOYHO Gosiblioro paguyca. [To-mpexkHeMmy yc/0BHMCA Has3blBaTb Bbl-
4qeToM (yHKUUH [ (2) OTHOCHTeJbHO GECKOHEYHO YAaleHHOH TOUYKH

I . .
3HaueHHe HHTErpana 5 J f (2) dz ¢ Toii AMiub pasHHLEH, 4TO HHTETPH-

poBaHie COBepliaeTcsi Tenepb 1o KoHTypy C B OTpHIATeNIbHOM Ham-

aBJieHHH, TaK KaK KOHTYp C HY>KHO NPOXOAHUTH MO HacOBOH CTpelike,
ETOﬁbI 0eCKOHEUHO VhajleHHasi TOYKa OCTaBaJsach BCEe BpeMaA C JIEBOH
cTopoHbl. B oxpecTHoCTH GeCKOHEYHO yAaleHHOH TOUKH PasjoXKeHHe
Jlopana pns dynkunu [ (2) 6yzer (rn. VI, § 3, n. 2):

4

f(z)=co+'7+cz+f+'~-+Clz+0222+-~- (109

Tak kax ator psax (10) cxopurcs paBHOMepHO Ha KoHType C, T0 M
MOKEM WHTETDHPOBAaTh NOWIEHHO BJOJb C ; 3amedyasd MpH 3TOM, 4TO
BCe WIEHBI, KpOMe BTOPOTro, 0c/ie HHTerpHpoBauusa o6pararcs B Hyqd,
HaXOJAHM:

j f@)dz=c_, J ‘i—z == -~ ¢_,2ni,
c- c-
OTKVJa CleayeT:
1
o | [@de=—cL, (1)

-
T. €. BblUeT GYHKINM OTHOCHTENbHO GECKOHEUHO YJAAEHHOH TOUYKH
paBeH KO3(DHIHEHTY NpH NepBOH OTPHLATENBLHOH CTeneHH pasJo-
xkenun JlopaHa, B3ATOMY C NpPOTHBONOJOXHBIM 3HAKOM.

B caydae ycTpaHumoi 0coGoil TOYKH, Jexane# Ha KOHEeUHOM
pacCcTOAHUM, BBIYET BCErka paBeH HYJIO. JTOrO MOXKET He OHTh B
ciaydae OGeckKOHeuHo yraajsenHHOH Touyku. Tak, HamnpuMmep, QYHKUUSA

1
—— B GECKOHEUHOCTH UMEET yCTPAHUMYIO 0COGEHHOCTD, @ COOTBETCTBYIO-

wuil BotyeT pased -—I. [Toab3ysach NOHSATHEM BBIYETA (PYHKIMH OTHO-
CHTEJIbHO GECKOHEYHO YJaJeHHOH TOYKH, JIerKo yG6eIuThCs B cnpa-
BeUIHBOCTH, TEOPEMBL:

Ecau [(2) ecmv ¢ynryusa, 2040M0ppras 80 6CAKOE mouke pactiu-
PEHHOU  NAOCKOCMY KOMAACKCHOZ0 NEPEMEHHO20 Z, KPOME KOHEUHO0Z0
HUCAQ 0COBbIX MOYEK, MO CYMMA BbI4EMIO8 OMHOCUMEALHO 6CeX ee 0CO-
6ennocmed (BKMoyass U OECKOHEUHO YAaJeHHYIO TOUYKY) 8ceeda pasa
HYM0,

B camom gese, onuieM H3 HyJNeBOH TOUKH, KAK LEHTPa, OKPYMK-
HOCTh C cTosib GOJMBIIOrO pagHyca, YTOGH Bee 0COGbe TOUKH (PYyHKUHH
(kpome GECKOHEUHO yJATEeHHON TOUKH) JIeKAJIH BHYTPH 3TOH OKDPYHK-
HoctH. [lo OCHOBHOH TeopeMe O BHIUETaX 3HAayeHHe HHTErpasaa

1
%j f (2) dz paBHO CyMMe BBIYETOB OTHOCHTEJBHO BCEX OCOGRIX TOYEK
C
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dyukuun f (2), nexamux suyTpu C. C Apyroit CTOpoHbI, BHYET TO# XKe
(YHKOMM OTHOCHTEIBHO GECKOHEUHO YAaleHHofi TOUKH H3o6pasuTes
gepea 2—;—, j f (2) dz. CnepoBatenbHo, cyMMa BeeX BhiueToB OyA€T paBHa:
o
1 1
-—2—5‘.—jf(z)dz+ 57 jf(z)dz:O.

C ¢
5. Bhuncaenue wHTerpana é-:-ajtp(z)%(—:)) dz. Tyers [ (2) —
r

(OyHKUHME, FosoMOp¢dHas BHYTPH 3aMKHYTOTO KYCOYHO-TJIAAKOTO KOH-
typa I ¥ Ha camMOM 3TOM KOHType, HCKJI0Yasi, MOKeT ObiTh, KOHEUHOe
GRG0 TIONIOCOB, pacnosiokenHux BHYTpH I'. Mel npeanosoxum eme,
uto [ (2) He obpamaercss B nyab Ha I'. Toraa, o6osnauas yepes aj,
a, ..., 4, vwyau f (2) BHyTpH KouTypa I', uepes a;, o, ..., &p— NO-
PRAKHN STUX HyJel, gepes by, by, ..., by ¥ By, P2y ooy Pm — COOT-
EETCTBEHHO N0JI0cH f () BHyTpH I' M NOPAAKH 3THX HOAICOB, OyAeEM
wMeTh a8 aio6oll dyuxkuue ¢ (z), ronomopduoit suyrpu I' u mHa T,

dopuyny . .
e [0@fG =Y ewe - Bpoe) 02

T j=l1
Pesyaprat, crodinnii B 1paBoil 9acTH, MOXHO NPOYATATh KaK pa3HOCTb
MEXAY CyMMO#l 3naueHul @ (2) B HyJsX f(2) u cymmoli snauennit ¢ (2)
B nomocax f (2); npu 3TOM HYXKHO TONbKC NOMHHTb, YTO Kamjaoe 3Ha-
uenne GepeTcs CaraeMbiM CTOJbKO Pas, KaKoBa KPaTHOCTb COOTBETCT-
Bywolledl TOUKH (HyJsi wiau nojioca). Jina AoKasaTenbCTBa (OPMYJBE

(12) npumeHuM K MHTErpany ﬁ:;lﬁjq’ () %dz OCHOBHYIO  T€O-
r

pemy o Brerax. OcoBuie Toukn pyuruun F (2) = ¢ (2) ! i :2 BHYTpPH

T moryr aexarh au6o B Hyasax, au6o B nomocax f (z). Paccmorpum
cHauana HyAb ;. B €ro OKPeCTHOCTH KMEEM Da3JIOXKEHHs B DPslbt
Tehnopa:
f@=AGE—a)1+.., ] @=Aa(z—a) '+ ..,
P =9@)+ ...,

npuuem A; 5% 0. Orcioga mis F (z) nodydaem:

(@) + 1A

F@)= Ai(z—a;) + ...

310 osnauaer, uro F (2) MMeeT B TOYKE 2 = @; NOJOC NEPBOTO NO-
pazka (npn @ (a;) = 0). Bruer F (z) OTHOCHTENBHO @; HAXOAHM IO

dopmyae (7):

;) Ao
______(p(a,i‘i, L= a0 ().
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3amerum, uro npu @ (a;) = 0 F (z) ronomopdHa B TOUKe 2 = @
HO TOr'JAAa M HAHOEHHBIH HaMM BbiYeT o0pallaercd B HYJb; NO3TOMY,
fIipMMEHAS OCHOBHYIO TEOPEMY O BHIUETaX, MBI MOJKEM HE JeJaTh pas-
HHUOB MeXAy caydasamu ¢ (@;) =0 u ¢ (a;) = 0. CoBepuienHo Tak
e Haxoaum Bbluer F (2) oTHocurenwnHo mnonwoca b; dyukuuu [ (2).
B OKpecTHOCTH TOYKH b; HMeeM pas/iokKeHHd B pPsAbL

f@=Bjz—byBit .., f(@)=—BP;@z—b) b~ 4 ...,
e@=w(b) 4 ...,
npudeM B; 7 0. Orciopa ana £ (2) nonyyaem:
Ao 19 (0) + . JI— BB +...]
F@)= Bi{z—b;) F .-

(noc/ie YMHOXKEHHA UAeHOB Apobu Ha (z — b;)B;*). Dro o3uauaer,
4yto F (2) uMeeT B TOYke b; nojwc nepporo nopsiaka (npu @ (b)) =
= 0). Boiuer F (2) oTHOcuTesNbHO b; HaXoAWM CHOBa mo popmyae (7):

bj) (— BjB;
@ ( ]),(3]- 3iB5) ="“ﬁ,’¢'(bj)-

Taxum o6pasom, cyMma Bel4eToB F (2) OTHOCHTEILHO BCEX €€ GCOOBIX
ToyeKk BHYTpH I' paBHa

4 m
[g' o () — /2_:1 B (b)),
yTo u Aaer Ham Qopmyay (12).

OTmeTuMm BaxkHelillne yacTusle cayuau 31oft Gopmyast, [Tonomum
opexze Bcero ¢ (2) = 1. Torma dopmyna (12) npunumaer Bug

k n
Ve
7 [ iy = B = Db (13)

=1

k
3xeck Y, a; = N npeacTap/aseT uMCIO HyJel dyaxkuuu f (2) BHYTpH
(=1
' m
goutypa I', a 3 B;= P — 4HC/IO TMOJIOCOB TOfl 3Ke (QyHKUHUH, TIpHUEM
=l
KaXAbli HyJIb HJIM [OJIOC CYHTACTCH CTOJIBKO pas, KakoBa €ro Kpart-
Hocte., HasbiBag wuHTerpan
I /'@
5 ) T
P
nozapugpmuueckum epiemom gpynrkyuu [ (2) oTHocuTeabHo KoHTypa I
£
(H23BaHHE 3TO CBS34HO C TEM, YTO

e npeacraBJasaeT JIOI‘apI/lCI)MH-

d
YECKYI0 npousaonﬂyrof(z):-Tz—[lnf (z)]), npuxoaum K caepymoLeMy
[PEIAOKEHUIO!
Jdozapupmudeckuii swuem gynkyuy [ (2) 0MHOCUMEALHO 3AMKHY-
moeo xonmypa I' pasen pasnocmu mewcOy uucAom Hyrel u HUCAOM
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noatocos | (2) enympu T, npuvem xaxcOoii Hyadb 1 KoxwObul noaoe ciu-
maemcs CMOAbKO pa3, KOKOBA €20 Kpamuocmo,
[pumMenss sTo npeftoxenue K GyHKUUH f (2) — a, rie @ — NPOH3-

1

BOJILHOE KOMIJIEKCHOE YHCJIO, HAXOANM, YTO UNMeepa % j f—f(z(i_‘% ,
. r

e0e [ (2) — Qynryusn, 20a0moppran suympu samsrymozo xoumypa I
U HQ HeM, 3a UCKAIOHeHUeM, GblMb MOXCEm, KOHEHHO20 HUCAQ NOAICO8
suympu T, npuuen [ (2) ne obpawpnemcs ¢ a na konmype I', pagen pas-
Hocmu mexcOy Hucaom Kopheld ypasHenus [ (2)=a, sescawjux suympu T,
u uucaom noatocos f (2) enympu I'. B yactnocTH, Koraa f (2) rosomopdHa

BO Beex Toukax BiyTpH I' 663 HCKMONEHHS, HHTErpa sm | ~—i 2%
yTp K HHA, H P Qm'i f(zy—a
Jl2eT YMCAI0 KOpHel ypaBHenus [ (2) = a, Jexaimux BHyTpH Koutypal',
Jpyrofi BaxKHBIH YaCTHBUA ciyuafl dopmyas (12) noayuyum, no-
aarag ¢ (2) = z. Torna OymeM HMETb:

k m
! re ., . Ny,
mf{z—f—z‘;)— dz~2a,-ai—— Zﬁjb'. (14)

j=1

Ipabas wactb 310l GOPMYJB! LAET, OYEBHIHO, PASHOCMb MENOY
cymmoti nynreti ynkyuu f (2), sexcawux enympu T, u cymmotd noawo-
co8 motl gice pyHKyuy, TPHYEM KaxKIblil HyJb H KaxAbi nomoc Ge-
perca cJaaraeMbiM CTOJBKO pa3, KakoBa ero KpaTHocTb. Hakonern,
nojaras ¢ (2) = 2", oTMeTHM eme GOpMyay

k m
1 a @ n n
57| 2 -f—(é)—dz = E 0] — 2 B;bi, (15)
T i=1

f=

RAONIYI0 PA3HOCTb MEXAY CYMMaMH n cTerneHefl ByJjefi W MNOJIOCOB
[ (@), aexamux Brytpn T

§ 2. NpraoxeHus TeOPHH BHIUETOB

1. OcHoBHan TeopeMa aareGpui. ®Popmyaa (13) umeer MHOrouuc-
JIEHHBIE NPUJIOMEHUs. Mbl OPpaHHYUMCS JIMHIb OLHHUM NPHJIOKEHHEM
370N QOPMYJEL, [OKAa3aB, YTO 6CAKQS UEAAs PAYUOHAAbHAR (yHKyua

n-t cmeneru
f@=a@z"+az +..Fa, (n=1)

Meem n Ky Aell, cHumasn Kaxcostli HYAab CMOALKO Pas, KaKoe €20 Nopadox.
Mrn snaeM, uro Lesnas paHMOHaJAbHas (QYHKLOHS CTENEHH 1 uMeerT
€AMHCTBEHHYIO 0COOYIO TOUKY —- HOJIOC HOPSAKa 7 B GECKOHEUHOCTH
(ra. VI, § 4, n. 1), 1. e. umeem: limf (2) = oco. Caeposarteanno,

200
CYHIECTBYET KPYTr C LEHTPOM B HYyJIeBOH Touke paauyca R Tako#, uTo
BO BCEX TOYKaX, YAOBIETBOPSIOWHX YCI0BHIO |z|= R, ¢ynkuus
[ (2) no Mozymo Goabule eAWHHIB; TakuM ofpa3oM, BCE HYJH Halued
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dyuxuuy f (2) aexar BHyTpu sToro kpyra: | z| < R. Ha ocnoBanuu

topmyast (13) npeplAyInero NyHKTa YHCJIO BCEX HYJICH JaHHOH QyHK-

nuu Oyzer; |
N= 25 j
c

rle HHTEIrPUDOBAHHE COBEPLIAeTCH MO OKPYXHOCcTH C yIOMSHYTOrO
kpyra. Ocraercs nokasarb, yro N == n. C 3T0H Ue/NbIO MbI 3AMETHM,

4TC ;
! G
ml_ rarde=—N

"(z
H3ofpaxkaer BhYET ¢yHKUHH fi ((Z)) OTHOCHTENIbHO GECKOHEUHO YAa-

JICHHOH TOYKH, a CJ1ef0BaTelbHO, N DPaBHO 3TOMY BhIUeTY C OGPATHBIM
3HakoM. TaK Kak

[@=2"(a 45+ o+ T =200,

I' (@)
) dz, (16)

HCKJI0Yasl GECKOHEUHO VIANEHHYIO TOUKYy, TO OTCIOAA MOJIyuYaeM:

e _ d _ 4, 9@_ n
f(z) T dz lnf(z)~7+¢(z) -7z +lp(2), (17)
rae P (2) — GyHKLUAA, HMeoUlas B OECKOHEYHO YIAJCHHOH TOuKe
HYyJib He HHIKE BTOPOro nopsika. Ms coorromenus (17) caeayer, uro
BbIYET (PYHKIHH ’}(g) Lnsi OECKOHEYHO YIaJeHHOH TOUKH ecCcTh
—n. TakuM o6pasom, umeem: N = n, 4TO H HYXHO OBLIO I0OKAa3aTh.
2. Teopema Pyme. [Toab3ysch TeopHe#l BHYETOB, MOXKHO L0Ka3aTh
BeCbMa [OJE€3HOe MNOJOXKEHHe, H3BeCTHOE NOJA Ha3BAHHEM TEOPEMbI
Pywe: ecau Ose gynxyuu ¢ (2) u  (2), anaumudeckue suympu u
ra konmype I', yoosaemsopsawm na T ycaosuam ¢ (2550 u | (2)] <
<G| @ (2) |, mo enympu T gynryuu @ (2) u ¢ (2) + ¢ (2) umerom odu-
HAK0B0E HUCAO HYAEL.
B camoMm jsene, cornacuo § 1, n. 5 uucno nyJefi, gexalux BHYTPH
I, ¢yuknuu ¢ (2) + ¢ (2) Oyner:
1 9+ P
ol R
r

TaK Kak yHKRUHS ¢ (2) -+ ¢ (2) — aHajuTHYECKasn BHYTPH H Ha ca-
MOM KOHTYpE (COTVIaCHO YCJIOBHIO Ha KOHTYDe OHa He uMeeT HyJefi).
C 1pyroft CTOPOHBI, 3TOT HHTErpaj BO3MOKHO [PEACTABHTL TaK!:

L o4y 1 ¢d _
| by @ = [ e =
r

=§%J§;1n¢dz+-;?£%1n(1 ++)d.
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Y ()

INonaras w=1-+ YA

, MBI BHJ(IM, 4TO [TOCJAEAHNT HHTErpaj paBeH
1 dw
2ni j w ’
Ty

TJ€ WHTErpHpOBaHHE pacnpocTpaHsiercsi no Koutypy I';, onHcbiBae-
MOM f = b )
y Toukoii w =1 - R

Benenctsue yeaoeus Ha I' umeem:

Rl

1 notoMy KOHTYp I'; MexuUT neqnKoM BHYTPH KPyra ¢ LIeHTPOM B TOUKE

w = 1 papmyca eannuua. Tag Kak 3TOT KPYr HE COAEDPIKUT BHYTPH
cebs Hayaga KOoOopAHuHaT, TO
1 dw
Qm‘,‘ w =0.
T,

korna 2z onuceiBaer I,

Wrak, MH yCTAaHOBWIM DPaBeHCTBO

o pasenerro
| ey =

KOTOPCE H eCcTh aHaANTHUECKOE BBIpakeHHe npelsomenus Pyme.
B xauectBe npumepa npusomeHus Teopemul Pylue nokaxem,
4TO NPOM3BOAHAS (YHKLHH, OLHOJHCTHOH B HEKOTOpoH o6jacTw,
T. €. OPHHUMaIOWIEH pasHbie 3HaueHusl B Pa3HLIX ToyKax obnacty,
He MoxKeT obpaniaThC B HYJb B 3Toi obsacTu. JonycTHB NPeTHBHOE,
nosoxuM, uto f' (a) = 0, rge o — HeKoropas ToykKa ofuactu. Torna
f (2) B 0OXpecTHOCTH TOUKH @ NPEJCTABJSETCS CTENEHHBIM psiiom [ (2) =
=@+ a4 —a)ffaaz—a)ft + .., raeq, %0k = 2. Bu-
Gepem HACTOIBKO MAJIoe YMCJIO P, YToOu npH | 2 —a | < pf (2) ve ¢b-
pamanach B HYJb B TOYKAX, OTAMYHBIX OT TOYKH 4, W YTOOHl He CO-
palanach B HyJb CyMMa psiaa a, + a,; @ — @) + ... OGoszauas
yepes m (m > 0) MUHHMYM BEAMUHED! | @, (2 — @)% - Gpyq (2 — @)eH! .
npu |z — a|= p, uMeeM 1o Teopeme Pyuie 118 BCHKOTO KOMIIEKCHO-
IO yHucsaa —o, MOAYJb KOTODOTO MEHBIUe ueM /m, 4YTO (QYHKUHH
—a + a, (z — a)t + a4 (z— )+ .. " a, (2 — a) +
+ pyy (2 — a)¥*t - ... uMeEOT 01HO M TO e yucyo k HyJel B Kpyre
z —a}l<p. Ho sro 3mauur, 4ro ypaereuue f () = 4y +
fap(z—a)k -+ ... =a; -+ a umeer k KOpHEl B 3TOM Kpyre, npHyYeM KOPHi
BPOCTHE, TaK Kaxk [’ (2) 5% 0 npu 2z 55 a. Mbl npHway, TakuM 06pasom,
K BHIBOJLY, UYTO SHauenue @, + o nphHumaercs ¢yukuneil [ (2) B
k (k = 2) pas/qHYHBIX TOYKAX, YTO NPOTHBOPEUHT MPEANOAOIKEHHIO
o6 oxHonuctHocTH f (2).
3. lpunoxenus TEOPHH BHYETOB K BHIYMCRECHHIO ONPEAENCHHDBIX
unterpanos. Kak MH BHAeJH B NPeAHAYHLIMX NYHKTaX, TEOPHA BbIge-
TOB MOMeT ObITh NPHJIOKEHa K PEIIEHHID BONPOCOB TEOPETHYECKOrO
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xapakrepa. B HacTrosmieM nyHKTe Mbl OCTAHOBHMCSE HAa HEKOTOPHIX
NPUAOKEHHAX TEOPHH BLIUETOB K BHIUUCJCHHIO ONPENeACHHbIX HHTCr-
paJios.

ITycts f (2) ectb dyHkuus, rojomopdHas BCOLY B BepxHell mojy-
IVTIOCKOCTH, BKJIOYAS NEHCTBHTENbHYIO OCh, 3@ HCKJOUEHHEM KOHey-
HOTO YHCJ1A 0COBbLIX TOUEK ay, da, ..., B, JI€KAIHX CBEPXY OT JAHCTBH-
TeJabHOH ocd. Kpome TOro, npeanosioKuM, 4To 6eCKOHEYHO yaajJeHHan
TOYKA SABJISAETCA HyJeM (QyHKUHM [ (2) HopsAKa mo KpafiHell Mmepe
sroporo. B 3THX ycaoBusix uMeeT MecTo dopmyJa

+oo
j f(x)dx = 2ni E res. !) OTHOCHTEABHO @, Gg,..., p. (18)

—00

B camom nene, pasnoxenue JlopaHa ¢yHKUME [ (2) B OKpeCTHOCTH
OeCKOHEUHO YAANEHHOI TOUKH OyHer:

FO=3+F+ - (19)

OnuueM u3 HyJeBofl TOYKH, KaK UEHTPA, MOJYOKPYKHOCTh K,
JIEKAIYI0 B BEpXHEH [OJYIIOCKOCTH, pajuyca R CTo/Nb GOJbLOro,
4TO0Bl BCe 0COGHIE TOUKH @y, O3, ..., @, HAXOJHIHCH BHYTPH NOJTYKPYTa,
FPAaBRHIA KOTOPOTO COCTOMT H3 MOJYOKPYMHOCTH K H OTpeEska
(—R, +R) aeiictBuresbHOi ocu  (puc. 92). B cHay ocHOBHOH
Teopembl 0 Bhiyerax (§ 1, m. 2)
+R

ff(x)dx+lj(f(z)d2=

, R T TR
= 2ni Z res. OTHOCHTEJBLHO @y, ay,..., 4.

(20)
[Tokaxem rtenepb, uTo Jf (2) dz crpemuTcss K HyJIO, KOrJa pa-
K

Pue. 92.

ZHyC R crpemutcs K GeckoHeuHocTH. B camowm jnene, Bo Bcex Toukax
HOJYOKpykHOCTH K wumeeM Ha ocHoBanuu (19):

@] < jc_ a}+ iC_sl_f__._.:l_’féf_l_f_RLZ[M_ﬂ_E__...]. @1)

Bripa:xenue B cko6Kax HepapeHCTBa (21) MO:KeT ObiTb CAENAHO CKOMb
YyIOAHO MaJbiM, HAaOPHMED MEeHblle €JMHHLbI, HAYHHAS C JOCTATOYHO
Goabworo R. CnexposaTesbHO, M3 HepaBeHCTBa (21) nosayuaem:

HEIEs == (22)

4) Umrats; cymma Belaeros,
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BCIOAY HAa NOJYOKpY:HOCTH K, HauuHasd ¢ JOCTaTOYHO 6o/bilioro R.
[lonb3yach HepaBeHCTBOM (22), OLleHMM BEJIMYHHY MOAYJIf HHTErpana

Jf (2) dz:
K

e e e

T. €. BMeeM:

lim [t@dz=o.

-»oo )4
3amerus 310, H3 dopmyasl (20) nepexonuM K mpezeny npu R,
CTPEMsLIEMCS K OECKOHEYHOCTH, TOJIYUYHM:
00

j f(x)dx = 2ni E res. OTHOCHTENBHO Gy, Qg,...; g,
-—00
uTe M jaoKasmiBaer qopmyay (18).
+00
dx
Npumepnt, 1. BhiuHCAMTE HHTErpan J TT [MoppinTerpaneHas  GyHKRHA
- 00
+ & ¢CTb roJoMOp(uas BCIOAY B BepxHel NOJYIIOCKOCTH, KpOME TOUKH 2 = {, TjAe
o 1
OHa MMEET NPOCTOH NOJIOC € BLIYETOM, PABHLIM —5—, Tag Kak (1 - 22)’ = 2z, n, cae-
JOB&TENBHO, HCKOMDBI BbIUET Gyner:
1 1
- = T §1, n. 3)
(14 2%)=i & (
B 6ecxoueqnocm namwa (ynKOus HMeeT HYJAb BTOPOTO MNOPSAKA, €CAH NDHMEM
(1 322
TalmM 06pa3omM, MCKOMEIA ulTerpan Bhiguc/Iselcs: no dopmyae (18)
-+00
& o =n
j T+ 22 2
—00
400

dx
2. BuuncanTte nHTerpan (T.—"—)"W' raen > 1, INoppinrerpanenan gpynknua
R
1
(] + zz)nﬂ
npuueM HMeeM B BepxHei 1101y IIOCKOCTH NOJIIOC (n -+ 1)-ro nopsnka B TOUKE z = i,
Uro6bl HafTH COOTBETCTBYIOWME BbUET, ©OpasyeM Bolpaxelne

1 dt [ — it tdt el
’ﬂ:ﬁ[wuw =al g CTOTT =

YJIOBJETBOPSIET, OYEBHAHO, YCAOBHAM NpPHIOKHMOCTH dopmyabt (18),

(=)' (r+D)(n+2..2n 1
nl : (z+ i)2n+l .
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Tlepexons K npefesry B 5TOM BLIPaXCHHH IIPH 2, CTPeMsAWleMcA K , HOAYUHM 3Haue-
HHEe MCKOMOTo Bhidera (§ 1, m. 3):

(=D"(r+ (42020 L (@2n)!
nl (2[)2ﬂ+1 (’l 1)2 22r12[ .
Caezopatentno, no ¢opmyae (18) 6yncd HMeTh:

Won !
5‘ (1 _I_ x2)'l-‘-1 ' i (n ')2 22" *

3. Hnorna ynaetcs ¢ mOMOILbIO NpOCTOR MOACTAHOBKH TaK npec6pasoBaTh KCKOMBL
HHTErpa’, 4To npeoOpasoBaHHbli HHTErpaj BBLIYHCIAETCA HA OCHOBAHHH OCHOBHOR
¢dopmyan Komn mian  dopmyanbl, noAydeHHOR H3 Hee IyTeM AudpepeHUHPOBAHHA.

2n

Tax, Hanpumep, yTo6bl BBIYHC/IHTE HHTErpal J cosznxdx, CJeJIaeM NOACTa-
U
HOBKY &= {, KoTOpas MepeBOAHT OTPE3OK AeHCTBHTENBHOH OCH 0 <{x=<C 2% B

OKpYXHOCTE C C IIeHTPOM B HYJIEBOH TOuUKe pajuyca elMHulA IIocKocth . Ta-
KHM 06pa3oM, nNoJydaeM COOTHOLICHHE

= Bk i 2 i (U +d
fcos‘-’"xdx= f(-f—%——) dx=—'2—z,TS —”—Cz'n+1 - ()
i i c )

Hs ocnoBuol ¢opmynnt Kouwn Haxomum:
(L ePray ot _d (140 \
L=0

A CZ-’I-I—! - (2’!) 1 dc?n
1 d2n (l + CZ)Qn 2
3ameTHB, 4TO Zl—'——d_ﬁ%_ o ectb Koappunnent npu [°" B pasnoxennn
Grnoma (1 -+ §2)2", HaxoJ UM AJIsi HeTO 3HAYCHHe
2n(2n—1)..(n41) _ (2n)! s
1.2...n T (n 1)
Buoca ero B ¢opmyany (23), oroHuateJLHO
NoJYyunM:
2n — - —
@n)! # —*PU" ¥
2n —_— e = ~—
cos P xdx=2n o2n 1)
v Pnc, 93,
- o 1.3.5...(2n — 1)
2.4.6...2n
oo
sinx
4. B 3axkmoueHne BHIYHCIUM €l HHTerpai Jde' Hs pamsx paccyx-

0
AeHnli GyJieT TaKke CJIe0BaTb CYWleCTBOBAHHE 3TOFO HBTerpaia. Mul OyjeM oTnpas-
$44

3 dz, IpHHEMAa 8a NYTb RHTETPHPOBAaHHA 3aMKHYThIlk
KOHTYp, YKa3aHBmii Ha puc, 93.

AATbCA OT HHTerpaJa S
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Tax kaK BHYyTpM KOHTYpa HHTEIDHDOBAHHA NOJbLIHTErPatbHAA GYHKUHA “Meel
€/IUHCTBEHHYIO 0COOYIO TOUKY IIPH 2 = ( C BBHIYETOM, PABHBIM eAMHHIE, TO 10 GCHORHOMH
Teopeme o BoieTax (§ 1, n, 2) umeewm:

—r R

e eu‘ exi * 2%t .
5v—-x dx + S - dz—l—f—x dx + j Z dz = 2ni,
—R —r, +r r

OTMeTun O4eBHAHOE PABECHCTBO

—T R
£7) —Xi
4 e
[P P
X X
-—R r

COeMHUM NepBhifl H TPeTHH HHTerpaisl paBencTBa (24) B oJuu!
R

—r R
X X :
Si——dx-l-je—dx:ﬂj' LAY
X X X
-—R ’

r

[I0CJe¢ 4ero paBeHCTBO (24) mpumer BHI
R

. zi 2t

9 j 512 * dx - 5 ez dz + J. _eT dz = 2nii, (24
r —r, -r T

- —~R, 4+R

Qo

° sinx
YroGul Hafity HHTerpan — dx, 3aCTAaBHM Telepb r CTPEMHTHCH K HY/IO, 8 R —
0

21
[
K GeCKOHEUHOCTH, HoxameM, 4TO HHTErpal S —Z—dz CTPEMHTCA (1pd 3TOM K

-
-R, R
HYJIIO,
B camoM jJese, PA3IOKUM HHTErpan
FLY
ez[ R R
N ~R sin ¢-4-{R cos @ . I3
—dz=i|e dp (2 = Re%)
- a
—-R, +R
6 =3 Fi3
Ha TP uacT: J—!— J -+ J , npuyem O (0 > 0) soiGepem cronb MambiM, 4TOGH
0 0 a-3
5 =«
0ba unrterpana J- H J 110 MORY0 GbUIH MeHble, 4eM &/3, rjie € > 0 — CKOJb yrof-
0 @8
HO MaJ10e YHCT0, 3TO BO3MONKHO CIe]aTh, TAK KaK, HAlPUMEp, MMEeM:
8 [

J‘ o—R sin ¢+ Reosg do = j grRsine de < 8,
0
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noTomy uto &R S11 @< 1, u, caenoBatennro, A0CTaTOUHO B3aTh 8 = &/3, [ocae Tore
Kax MH (HKCUDOBA/NH NOCTOsHHOEe O, pPaccMOTpHM HHTerpaj

a—o
J' d(pe_R sin p-+iR cos 9
]

OueBuaHO, BMeEeM:
n—38 a—6
j' d(pé—R sin 9-+iR cos @ < j‘ dcpe‘R sing,
8 [
Tex wax npn 6=<@=xn— & Gyner: sin@ > sinb, To nmeem
—Rsineg < e—Rsin 6,
Dostomy noayuaem:
Tem§
j dq)e"'R sin @-+iR cos @ < (n— 28) g—Rsin 6’
&

9ro GyHeT MeHbwe /3, BaumHas ¢ Jocratouno Gonsiworo R, MTax, Mb noxasaasy

ezi
Y = ¥l<e

-

—R, ++R
npH gocTaTouno Gonbminx sHadeHusax R, T.e.
i Pedd
lim —dz=0. {25)
R-+ro00 2
-
—R, +R
Ocraetcg naiiTi npepes mnTerpana
n
P . —7 sin @-}-ir cos
T dz =i 4 d(p
- ]

-

BpH 7, CTPEMALIEMCA K RYJI0, 4To GyAeT PaBHO I, TaK XaK ROALINTErpalpHas
Qynxung e” TSNP T C orpempTen npu r— 0 K eAuHKIe PABHOMEPHO OTHOCH-
TEJABHO .
Taxum oGpasom, dopmyna (24') B npeneae npu R —> oo, r— 0 nam jaer:
o0

o0
sinx . .
QiJ P dx - ni = 2mi, nBam j
0 0

sinx
X

49
dx—-—?.

4. Paanomenne ctg 2 na npocreiinne Apc6u. Mo npumenum cefi-
Yac OCHOBHYIO T€OPEMY O BhIY€Tax K 3ajaue pPas/IoKeHHs (PyHKIHH

ctgz B OGeckoneunwil paAx npocrefiux apobei.

082 eCcT MEpo~
sinz b Mep

MoppHas ¢ NOMOCamMi B TeX TOYKaX, Tae sinz oGpamaercsi B ByJb,
Benomnns, uto Bee myau ynxumu sinz 6yayT Buga z, = kn

Ilpexpae Beero aamerum, uto fyuxuns ctgz =
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(=0, 1, £2, ...) (ra. 11, § 4, n. 7) u sameuas, YT0 B 9THX TOYKax

(sinz)’ = cosz ne obpamaercs B HYJb, Mbl 3aKJOUaeM: (QYHKUHA

ctg z6yner uMeTs POCTHIE NOMIOCH B TOYKAX 2, C BHIYETAMH fy, BBIYAC

JAeMbIMH N0 o6blyHOH (opmye »
__ cosz | .

BT (5in2) |z=kn

Takum ofpasom, ryaBHas uacTb (yHKuuH ctgz B nonioce 2z == kn

Oy Her:

r

1
Z—:-k—ﬂ (k=03 = l: :’:2)"')'

B wactmoct#, B momioce z = 0 raaBHad uyacth Gyxer 1/z, npudem
lim(ctgz — 1/2) =0. (26)
z-0

3aMeTHB 3TO, MNOKaxeM, 4To ¢yHKuusa cigz Gyner orpannyeHa no
MOAYJIO Ha BCe# TIJIOCKOCTH, €CJIH Mbl BBIACIHM K3 IJIOCKOCTH KPYIKKH
|2 — kat| < p ¢ ueHTpaMH B TOUKAX A% OAHOTO M TOIO XKe pajuyca
P, TAe p — NPOH3BOJbLHOE 3aXaHHOE NO-

OXKHUTEJIbHOE YHCIO (pHC. 94).
] .
g -\5 . Tak xak ¢yHkuus ctgz uMeeT nepHoOx
! 7, TO LOCTAaTOYHO pAacCMOTPETh €€ . 3Ha-
Py yeHHsl B 3aMKHYTOH nojoce S, OrpaHu-

4 F
&N NI\ yenHofl npaMeiMH x = 0 u x = 7 (pHuc.
94), npuueM Hu3 3TOH MOJOCH YJaJeHbl
BHYTPEHHOCTH MOJYKPYKKOB C HEHTPAMH
[-/ B Toukax z = Q M z = 7 pajnyca o.
Bo BCcfiKOH oOrpaHudYeHHO UacTH no-
Jockl S Hawa ¢yHkuus ctg 2 nenpepws-
Ha, a CJeloBaTe]bHO, OFpaHuYeHa Mo
mony/o. Takum o6pasoM, HaM OCTaeTcs JMIUb [I0Ka3aTh, YTO MOAYJb
|ctgz| ocraercs orpamuueHHbiM, kOrJa TOYKa 2z = X + iy M00bM
06pasoM yjaansercs B GeCKOHeUHOCTh, OCTaBasick B mojoce S, T. e,
np 0 < x < WHY —> +oo uin y—> —oo. G 5TOf HeNbIO OTHPAB-
JageMcs OT (GoPMYJInt

Puc, 94.

, el g emit R L R
ctgz=1i— A e
% _ g—iz e-yetx — eYo—t%
3aMeHss 34eChb MOAYJb YHC/IHTEN CYMMOH MOARyJeH, a MOLYJb 3HaMe-
Hatensn aGCoOMIOTHOH BEeNHUYMHOH OT pPa3HOCTH MOAyJeH, uMeeM:

eY 4 g~ Y

letgel < 5=

OTKY/a Jerko yCMaTpHBaeM, 4TO OpH y —> -boo npaBasg 4acTb nmoc-
Je[HETO HEpaBEHCTBA CTpeMuTcs K mnpepeny .

TakuM 06pasoM, npH BCEX AOCTATOYHO GOJIBLIKX N[O aGCONIOTHOHR
BeJIHUHHE 3HAYEHHAX y Mbl BIpaBe NpHHSITH, Hanpumep, |ctgz| << 2.
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TpoBeneM Tenepb OKpYKHOCTH C, C HEHTPOM B HAYale KOOPAHHAT
H paguycamu (n + 1/2)n. Cuuras p AOCTATOYHO MajibiM, Hanpumep
p = m/4, Mbl BHIUM, YTO HAIUH OKPYKHOCTH C, HE GYAYT NpPOXOAHTH
yepes BbJENCHHLIE HA NJIOCKOCTH KPYXKH, M, TakuM o6pasoM, no
TOJNBKO YTO JOKa3aHHOMY Ha 3THX OKpyxHOCTAX | ctgz| Gyrer orpa-
HHYEHHBIM!

letgz| << M. (27)
PaccmoTpuM HHTErpaj BHIA
1 ctgl
Ini Cj t— de, (28)

n
rJi€ MHTErPHPOBAHHE COBEPLIAETCSt MO OKPYKHOCTH C, B NOJMOXKUTEb-
HOM HanpaBJieHHH, a 2z — Jio6asg Touka BHYTPH C,, OTJHYHAA OT
NoMOCOB GyHKIHY ctgz. UTo6b NpUMEHHTb K HHTErpany (28) ocHob-
HYIO TEOpeMy O BBbIYETaX, 3aM€THM, YTO HOJBIHTerpaibHass QyHKuus -
BHYTPH KOHTypa C, HMEET HOJIOCH! B TOYKaX z H 2, = kn (k = 0,
=+1, *2, ..., &=n) Cc BbHYETaMH, COOTBETCTBEHHO DaBHBLIMH

ctgz u L
g Zp—2  z—ku’

CnepoBaTesbHO, NpHUMEHSAS OCHOBHYIO TEODEMY O BhiyeTax, Oyjaem
HMETh!

n

1 agl I f
25 [—z df=ctgz — z E z— kn?
C, k=—n

rje WITPHX Y 3HAKa CyMMBl MOKa3blBaeT, YTO HaJ0 HCKJIOYHTb CJaa-
raemoe, cooTBeTcTByomee £ = (. 3acraBisis B nocaenHed gopmyne
2 CTPEMHTBCSI K HYJHO, BOCNIOJIb30BABILHCE COOTHOLeHHEeM (26), nalinem:

n

C n k=—n

Briuntas 310 paBeHCTBO M3 NpejblAylnero, OGyjaeM HMeTb:

n
2 cigl _ 1 d < 1 1
25 Jg(z_;--z)dc_dgz’“ z Z Tt ) (29)
C. k=—n
n
TNokaxewm Tenepb, 4TO MHTErpaj, CTOSILIHA B JIEBOH YaCTH MOC/EIHEr0
paBeHCTBa, CTPEMHTCS K HYJIIO NPH HEOTPAHHYEHHOM BO3PacCTaHMH £,

B camoM gmene, npuHuMas Bo BHUMaHHe (27) u 3amedas, 4To
IE—2]= L] —]z|>nn—|2|,

Hahnem:
Mz}
nx—jz|?

z ctg d§|<

2‘n7€n TC—2)
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OTKYZa BBITEKAeT CTPeMJeHHe K HYJIO MHTErpaja JIeBofl 4acTH CoOT-
powenus (29) mpu n— oo. Ilepexons, HakoHel, K Npeneay npH
n— oo, u3 coornomenus (29) nonyunm:

4n
ctgz:%—i—lim Z (z_—]—kﬁ+ _k%)

n—>+ook

HJIA

~}-00
1 VY 1 1
ctgz=—+ 2 (z——-—kn+_/e-n_ . (30)

=00

CyiecTBesHO OTMETHTb, YTO COTIacHo BhBOAY (opmyJsl (30) B Gecko-
weurnom paje (30) Ml JO/KHBI COEAMHATD B OJMH WIEH ABa CaraeMblx,
COOTBETCTBYIOUHX MHAEKcaM £ M —k. OIHAKO MBI MOXKeM paccmat-
pusath B (opmyne (30) GeckOHeuHblfi psiA OOBMHLIM 00pasoM, TaK
Kax JIerko NoKa3aTb, YTO OH aGCOJIOTHO CXOMUTCH H, CIeJ0BaresbHO,
ero cymMMa He 3aBHCHT OT NOpsiKa 4eHOB. JIefCTBHTEIBHO, TTOKAKEM,
4TO Hall PAJ CXOAMTCH aGCOTIOTHO ¥ PABHOMEPHO BO BCAKOH OrpaHH-
yeHHOH OOJACTH, €CJH OTOPOCHTH KOHEYHOe YHMCJIO MepBbiX cJjarae-
MBIX, AMEIOLLAX MOJIOCH B 3TOH objacTd. 3aMETHB, YTO OOIHH YNeH

saa Oyuer —-—Z—-——, MBI OyAeM HMEThb:
p y (z — km) & y

z L
e | < EE= TR

TaK Kax BO BCSIKOH orpamudenHoft obnactd |z | < L.
Ko>pduument npu 1/ npn HeorpaHuueHHOM Bospacranu |k |
o0

CTPEMHTCH K KOHEYHOMY NpeRey ?%’ a paj Z —le, KaK H3BEeCTHO,

==—00
cxonurtes. Cnegosaresnbno, psif (30) cxoautcss a6CoMIOTHO M PABHO-
MepHO B JI060# orpaHHYeHHON 06/1aCTH MJIOCKOCTH, €c/H npeHedpeyb
KOHEUHBIM 9HCJIOM MEPBBIX ero wieHoB. I'pynmupys nomapHo cjarae-
MbIe, OTHOCSUIMECd K 3HayeHHsM K, OJHHAKOBBIM IO aGCOMIOTHOH
BEJIMYHHE, HO PA3JHUHbIM [0 3HAKY, Mbl MOXEM nepenucars gopmyny
(30) B BuAe

s

clgz=—+ (—z——lk_n'—L Tfﬁx)

_
i

HJIH

1 . 2 ’
ctgz=—+ Z?——_is_u‘? (30"
k=l
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Ynpascrnenng kK 2aase VII

1, BouncIuTe ¢ DOMOWBIO TEOpDHH BHIYETOB MHTerpalshl

oo ~Loo -+oo
sin x dx coS X dx j cos x dx
Jx(x2+l)2’ j 14 x4 Z+1)@E2+9
0 00 —00
n 3 )y 2 '_!?-" V2 Vz\. 5 1
Oms. T(l_—ie? ¢ cos——+5m 5 /3 2433(‘2"— ).
2. BoiyucauTtb BHuETH (yHKIUHI:
2
— = =2
a) o E—2F npu z=1 unpuz
z
_ — BpHZ=2 U NP 2=23 (5 21);
(z2—2)" (z—2)
L
B) 7% npu oz =1
r) - DpH z = 2kni,
z 2
Oms. a) +1u —1;6) — 2 n 2 —; B L 1) —1,

(22— )" (23 — 71}

3. @yuxmun f (2} n g (2) ronomopdHb B TOuKke 2, mpuuem f(z) %= 0, a g (2)

£

BMEET NP 2 = 2, HYJb BTOPOro uopaika, Kakoit BeueT uMeer B TOYKe 2y

ayby — ayhy

1 1
Ome. 22722, mae @y =T F(V) @) B by=5T (M) (@) (v=1,2, 9.
4. 3nag, wur0 je“’z dt = —;— V=, BEIUHCHTE UATErpankl Dpenens
oC [+ ] 0

1 —_—
. 1 i i
YCOS (12)at =j sin (*)dtf = -}/ -, ompasanack OT GyHKLKH e'*” w unter-
.
0
papy< ee BJosb 3aMKHyTOro nytu €, Kotopuiit naet o1 0 no aelCTBRTENEHOH ocHM KO

~R, satem Bjoab {z| = R 10 Touku Re * n orciona mo npaMoii K Touxe 0,

5. Buuwncante | tgnzde, rae C ectb oxpyuaioets |z} =n (n= 1, 2, ..

G
Omg, —A4ni,



raABA VI

TEOPEMA [MHUKAPA

B ra. VI, § 2, n. 6 mB HcesteoBasu nosejieHne ORHO3HATHOR GYHKIHH B OKpecT-
HOCTH CYHIECTBEHHO OCOB0i TOUKH, yCcTaHOBUB npeiyoxenne Coxoukoro. 3ta TeopemMa
[OKa3biBaeT, YTO B CKOJAb YrOZHO MafOfl OKPECTHOCTH CYUIECTBEHHO 0COGO# TOYKH
©YHKUMA NPUHAMAET 3HAUEHUSA, CKO/Ib YrOIHO GH3KUe K JMioCoMy Harnepe] 3alaHHOMY
gucay. Kak 6bl10 TaM e ynoMsinyTto, ITukap qoxasan Gosee obuiee # raySoxoe npei-
JIOKEHHE: 8 CKOAb y200HO MOAOL OKPECMHOCIU CYULECMBEHHO 00000l MOouku PYAKYUR
f (2 npunumaem {u npumom Gecxoneunoe wucao pasy swboe KoHeuHoe SHQUeHUE, 30
uckatouerues, Goime moscem, o0Hoeo, Dta saMeuaTesipHas TeopeMa GyfeT yCTaHOBJACHA
B KOHLE HacTOseil IJIaBbl.

§ 1. Npennoxenue baoxa

1. Teopema 06 oGpaumenun rojomopduoit dynkuun. PaccmoTpum dyHKUMIO &=
—i:lF((z) ronomopcbuylo npu[z|=C R, npuuem {F ()<< M. Tlyers F(0)=0 4
VPP O)]=a>

Toraa cyuxecn;yeT takoe unciao @, saBucsuee TONbKO OT M ¥ OT NpOH3BEAEHHUA
aR, uro B kpyre |w| << @ ¢yskuus, obpathas w = F (2) , GyxeT oauosuavnoh n
o MOAyJIO MeHbluel, uem R.

Inf noxasaTesbCTBA 3TOH TeopeMbl GyleM HCXOAMTE M3 pasnoxenus F (2) B
pax Teiitopa;

F@=az+ a®+ ...+ a2 + ..(z] << R).

KosddpuumenTsl pasiomesdns yaoBaeTsopaioT Hepasenctsay Koww (ra, V, § 2, . 8)
M
1ak1<7eF k=1, 2, 3,...),

OTKyAa, B 4aCTHOCTH,

M
a=la|< 5 M
Ha oxpyxuoctn |z]= r (0 < r=<< R) ans moayas | F (2)| noayuaem oueHky
M M
|F@l>r(a—{a|r—tiaglr2— )>’(‘1*—§T"1’3T’2— ):
M
=M+’(a+7e—>—"‘—,—'=‘v(')
R

M ‘ .
IMpy r=p=R (l — V m) GyHKIHA @ (r) uMeeT MaKCHMYM, paBHbiil

O =¢ () =M+ (aR + M) — 2V M (aR + M) = (V aR + M — |/ M)’ >0.
@
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[MToonieliHee YHCJIO YAOBAETBOPAET BCEM YCIOBUAM Teopembl, [le#cTBUTeNBHO, AA
BCAKOTO @, MEHBLIErO No MOAyMo, ueM (O, ypasuenue F (2) — @ == 0 uMeeT no Teo-
peme Pymie B xpyre | 2] <{ p CT0abKO XKe KOpHEl, CKOJbKO HX HMEET B 3TOM Kpyre
ypasuenue F (2) = 0. Ho nocre;uice umeeT ToJAbKO OfHH KopeHb 2 == 0, n6o npu 0 <<
<tzl<p

(P =zl (el —fallzl—laflzfp—...)>

>izl(a—falo—lag[p*—...) > |2]

P

L6) 5 o,
Kpowme toro, O npejcrasaser dyukngio o1 M u aR. Hrak, nas scsikoro w, upusag-
nemamero kpyry |w]<®= (Vak --M — VMY, ypasucune F (@)= w
HMEET OHO M TOJBKO OXHO YAOBALTBOPsuOULee HepaBeHCIBY, |z| < p < R pewenue,

Teopema nokazaxa.
3ameTuM, 4To B cusy pasenctsa (1)

/M —tY o
p:R<l_l/ m)<R( Vf—2—/~0,29..,R<073R

H

e 1 M it 2 223
O = (ViR + M—V M)~:( aR >° a?R? @R

ViR + M+ VM M2+ 1)2>W
(tax xax (V§ 4+ 1P =3+2yY3<6).

CaexoBaTteqbHO, Bupaxesne (2) MOXKHO 3aMeHHTh §0/1e€ MPOCTBIM H TAKIKE YAOB-
JIETBOPSIOWHM YC/IOBHIO TeOPEMbl BbIDaKeHueM
azR? @)
oM "

@ (M, aR) =

2. JlokasatenberBo npepnoxenuns baoxa. Ilpepioxkenue, ycraHoBieHuoe B 0. 1,
reoMeTPHUECKH MOXeT ObiTe (GOpMy/AHPOBAHO CAEAYIOMHM 0OpasoM. Pacemorpum
ceMeiicTee Qynkuui

w= F(2) =z} a,2%+ ..., 4

roioMopbHbIX B KpyTe | 2 {<CR o Takux, uto | F (2) |<x M. KakoBa Gb! Hu Gui1a QyHK-
uust ceMeifcTBa (4), CYWECTBYET B INIOCKOCTH @ KPYT C UEHTPOM B Hayasie KOOpAMHAT
2

pangyca ® (M, R) = 5T KOTOpLiff ¢ noMowe!o GyHKIHH w == F (2) B3auMHO Ofi-

HO3HAUHO OTOGpaxKaeTCss HAa HeKOTOpYlo 06jacTh, JeXawylo BHYTpH |z] << R.

Oueuo, pafuyc @ 3Toro Kpyra YMEHBIUMTCH, €CIA Mbl DACLIHDHM Halle ce-
MeficTBO GYHKUMA NyTeM yBeauueHus M. EcTecTBeHHO OmHAaTh, 4TO AJA cemeficTBa
yaxuui (4), MOAYJIb KOTOPBIX HE OFPAHWYEH HHKAKHM TOCTOSHHBIM HUCJIOM B Kpyre
| 2] =< R, BoOGIe He MOMKET CYLIECTBOBATS B MJOCKOCTH @ KPYyra ¢ HeHTPOM B Hauaste
KOODAHHAT NOCTOSHHOI'O pajuyca, KOTODPHI NOKPLIBaCsH Obl 3MAYEHHAMH JIOGOH
yHKUMH 3TOTO ceMeiicTBa.

HefictBuTenHO, 3TO N€TKO OOHapy®uTe Ha npuMepe, [lycts

Wy =t (€8 — 1) =12-...

Tax xak %% ne pasno HYJII0 HH IpH KakoM z ¥ € (€ > 0), To w He npuuuMaer 3Ha-
yennst —2. Takum 06pa3oM, KaKol Ob Madbiff KPYT HOCTOSHHOIO Paiyyca ¢ HEHTPOM
B Havajge KOOPAHHAT IJIOCKOCTH @ MBI HH B3#IH, BHYTPH HETO NPH JOCTATOUHO MAIOM
€ Haflercs TOUKa — €, KOTODAA 34BEAOMO He OYAET 3HAUSHHEM COOTBETCTBYIOMEH
(PYHKUMM We HALIETO ceMelCTBA.

Onnako, BapbHDYS B 38BHCHMOCTH OT (YHKIHH CeMelCTBA LEHTP Kpyra Iioc-
KOCTH W, COXDaHfs NPH STOM DAJHYC €r0 HeH3MEHHBIM, Mbl MOXKeM BblGHDaTh MOJO-
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JKCHHE 3TOTO Kpyra Tag, uto 0B 6yAeT CIIoub COCTOATh U3 TOuex, M306paxarciux

spaueHus GYHKUHA JAaHHOTO ceMelicTBa. boJjee TOro, mnl cefuac JOKaXkeM TeopeMy

Baoxa, o6o0uiaiomyio TOALKO YTO BLICKA3aHHOE YTBEPXKAEHHE, a8 HMEHHO:
Kaxosa 6o Hu Ouaa ynkyus cemeticmea

w=F @) =z+at+ ..,

zonomopran npu | 2] < R, cywecmayem xpye NAOCKOCMU W ¢ 4eHIMPOM & HEXOMOPOl
mouke, KOMOpuil 63QUMHO OOHOBHAYHO OMODPANCACICA HA HeKOmopyrw 06aacme, Ae-
scawyo enympu | 2| << R, Pagiyc 3TOro Kpyra He 3aBUCHT OT (DYHKUHHM, T. €, HEKO-
Topoe TOCTOSHHOE (3aBHCANLEE TOILKO OT R).

He ymenbiuas o6MHOCTH, Mbl MOxeM npuuate R = 1. B camom fese, o6pasyem
BCOOMOTaTeAbHYI0 GYHKUIHIO

F (Rx

(p(x):-—%—?—)zx-}-...

Sra ¢yuxuus GymeT ronomopduofi B kpyre|x|=s 1. Honyctum, 4T0 MBI RoKasanu
Hally TeopeMy IJisl GYRKUHK @ (x) B TMOJYYWJIH JJIf Hee KPYT B IIOCKOCTH § C UEHT-
pOM B HEKOTOPOll TOUKE aGCOMIOTHO HOCTOAHHOIO Panuyca B, KOTOphili B3anMHO OJHO-
3Hauno OTOGpaXKaeTcs Ha HEXOTOpylo o6aacTk BHYTpH | x | << 1. Toraa, Bo3Bpamasce
K ofulemy cayuaio ¥ 3amedas, uto| F (Rx} | = R| @ (x) |, MBI 3akaIiouacM: CymecTBy-
€T KpYT TIOCKOCTH W = F ¢ UCHTPOM B HEKOTODPOH TOUKe, B3aHMHO OJHO3HAUHO OTO-
Gpaxaowyiica Ha HekoTopylo ofaacTe BHYTpPH |2z] << R. Papsyc storo xpyra
paBeH BR.

Jlis [OKa3aTeqbCTBA BBEJIEM BCIOMOTATENbHYI0 BEJHUHHY

Q(9) = 9 max [ ¢’ (x)] o<,
x<l—9
Q (8) xar dyukuns ¢ obaagaer cBolicrBamH:

NQRO)=10;2) Q)= 1; 3) Q(H) nenpepuiBHa. Taxkum 06pa3oM, CymecTsyer
¥y> 0 Takoe, ato Q (¥g)== 1, B TO BpeMs Kak npu & <C ¥y umeem: Q(4) << 1. O60-

sHauny uepes £ ([E{==1— 0y Touky, B KoTopoli | ¢’ (x)|mocTHraeT MaxcHmyMa
A8 sHaueHuil [x| < 1 — O,
Toraa
9" (8)] = 1/9s.

B kpyre | x — & | < $9/2 umeem: | ¢’ (x) | << 2/8y, Tak Kax 3T0T Kpyr cocTaBiaseT
gacte Kpyra |x]<<1 — 9/2, u cornacHo onpenerenmo Q (8) noayuaem:

Q (3,/2) 1

max ¢ ()| = —go5— < =

o (1x]<1—8/2).
OrtMetHm Teneps GopMyJay .
W =g @—09®= [0 Od.
Tax xax B kpyre | x — & ] =3 04/2 Bce Bpems {(p’E(x)] <5 2/8, TO B 3TOM Kpyre GyneT:
jw* | =1¢ () — @ (&) < — 2/8y-05/2 = 1. Utak, dyskuna w* = ¢ (x) — ¢ (&)

€cTs ronoMopdHasn B kpyre| x— £ | < =%, npuuem |w* | < 1, 0* () = 0, | w*' (}) | =

= ¢ (&)= 1/0,.
[Tpumenssa pesyasTar 0, 1 K QyHKunn w*, noxyunm:

a=|w" (&) |=1/0,, Ra==8,2-1/0,=1/2, M=1,

OTciofa cleflyeT BCJeICTBHe pesyabTara n. 1, g9ro ofpaTHas ¢yHKuHs a8 w* =
= ¢ (x) — @ (E) ect» ORHO3HAuHAs BHYTPH Kpyra

ot <o (1, -é-) = B.



§ 2] TEOPEMA JIAHJAY 259

MubiMu cjioBaMu, KPYyT ¢ LEHTPOM B Touke § (E) rrockocTn @ paguyca B B3anmuo
OJHO3HAYHO OTOGPaKaeTcss Ha HEKOTOPYW ofnacTb, JeXallylo BHYTPH Kpyra |x —
— B <C8/2, T.e. Ha obsacTs, BHYTpEHHIOIO K Kpyry |x|<<C 1.

[TpuMeuanue OueBuauo, npeanoxenue BJioxa ocraHeTcst B CHJe, €CIH
paccMaTpuBaTe QYHKIMH, ToJOMOpoHbe Muib BHYTPH Kpyra [ x| <C 1. B stom cny-
yae aBCoIOTHOE NOCTOsIHHOE B H0J/KHO ObITh 3aMeHeHO NOCTOSHHBIM By, cunras By <
<< B. eficTBuTeLHO, 1OCTATOYHO IPHMEHHTE pesy bTaT Broxa xobractu|xj{<1 —g
(¢ > 0), B xoTopoil jpanHble GyHKUMH rojomopduni. Paiuyc xpyra Baoxa 6yger
B;= B(l —¢g), T.e, Ja1060e noCTosiHHOe, MeHbiuee B.

§ 2. Teopema Jlanpay

1. HoxkasarenncrBo Teopemnl Jlangay. OOpauasice Tenepb K NPUJIOXKEHHAM
pesysavtaTta Baoxa (§ 1, 1. 2), paccMotpum dyHKUHIO @ = f (2), roNOMOPDHYIO BHYTPH
Kpyra | z| <<l u Bbimyckaiomyio ABa 3Hauenuss 0 u 1. TTocTpoum BCHIOMOTaTeNIbHYIO

DyHKUHIO
F(z)=1 [V‘“an(f) — V “‘fo:) — 1]. )

Ora pyuknus F (2) Gyaet rojomopdnoll BHyTpH Kpyra | 2| << 1, Tax xak fauxas
dyuxwus f (2) B 3ToM Kpyre He paBHa HYJIO ¥ He paBHa eauuuue. Kpome Toro, hyHx-
win F (2) sbmmyckaeT sHauenus sugz == 10V n—Vn— 11+ 2mni (n>1—
neJsoe, m — JoGoe Lesaoe), KOTopbie 06pasyloT B IIOCKOCTH F MHOXKecTBO ToYeK E.

B cavoM pese, paspewasi ypaBhenue (5) orHocureswHo f(2), Hafthem:

.WT; (eQF(Z>+e—2F(z)) )

F(@)=~— » {5)

H, CASAOBATENLIIO, Hojaras F (z) paBHBIM JIOOOMYy 3HAYEHHIO MHOXKeCTBa E, HMEIH
6t

2L (VaFVa—1)2H( Vit vVi<i)?] - 4n—2)
fey=—e ? = ? =1,
4TO HEBO3MOKHO,
Kaxaas Touka maockoctH F OTCTOHT OT MHOKecTBa Touek E (1. e. oT GamKaiwedt
TOYKH 3TOTO MHOXECTBA) HAa PACCTOSHUHU, MeHbIeM b, TAe b — HEKOTOpOe MOCTONHHOE,
YTO HENOCPEACTBEHHO BBITEKAET H3 PAaBEHCTB

—(Vi—yYr=I)=mn !

m(Va+ri+Vy -V r+Vn—1)= lnLL.i_lL_——-ﬁ—»O.
1/n + Vin—1
HMpennonaras F' (0) 5= 0, paccmoTpuM  QyHKIHMIO

—F

Has stoit yaxuuy cymecTsyeT B Cuiy pedyibrara bBiaoxa (§ 1, n. 2) kxpyr ¢ nentpom
B HCKOTOPOH TOYKE ee MJIOCKOCTH, NMOCTORFHHOrO pajuyca By, CIIOWB NOKPHIBAEMbIi
ee suaueHusiMu, CrefosarenpbHo, AIs GyrKuun F (2) GyAeT CyWecTBOBaTb Kpyr ¢
LEHTPOM B HEKOTOpO# TOuke maockoctn F pamuyca Bp| F' (0) |, civiows noxpsiBae-
Metit 3HadeHHsAMH F (x), Tak Kak 3TOT Kpyr He MOXKET CONePKaTh TOUEK MHOKecTBa F,
TO JOJLKHO BLINOJHATHCA HEPABEHCTBO

Bi[F'(0)|<<b, nam |F' (0)]<b/By.
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Tlocnennee HEpaBEHCTBO MOMAYueHO B npeanostoxenun, uto F’ (0) 5= 0, HO ecam
F'{0) = 0, 70 3TO HEPaBEHCTBO IMOJ3BHO CIpPaBeNBO.
Hrak, nmeem:

[F(0)| < b/By = Cy, (6)

rae C; — NOCTOsIEHOE, He 3aBHucsuee 0T yHku#n F (2). Bosspawasce x gannolt Gpynx-
nin f (2), onpegenennoii popMyaoi (5’), .onb3ysAch yCTaHOBJACHHEIM HEPABEHCTBOM
(6), noayunm:

[P AO) <L I] (O], ¢

rie L — cumBOJ onpelieNienHoH onepauuH, He 3aBHcsied oT Buja ¢ymkuun f, ITo-
cle/iHee HEPaBeHCTBO HENIOCPEACTBEHHO NPHBOIHT Hac K Teopeme Jlanzay, KOTOpas
MOxeT ObiTh COOPMYJHPOBAHA TAKHM 06pasoM:

Ecau f(2) = a+ Bz+ a2+ ... (B 5% 0) ecmo eoaomoppras ynxyus enympu
kpyea |z} << R, He npunumarowas siaserutt O u 1, mo umeem Mecmo HePASEHCMEO

R<Q(a B

2ée Q (a, PB) sasucum moavko om o u P.

B camom gede, noaaras @ (2) = f (Rz2), nonyuaeM ¢hyHKumo @ (2), roqoMopdHyio
npu | z| << | u Beinyckaomyto 1Ba sHavennsi: O u 1, TIpumenss K orofl QyHKUuH XO-
Ka3aHHoe HepaBeHcTBO (7), noayuaem: | @' (0)| << L [@ (0)], nam, Bosspamascs
K jaunofi GyHKuEH f, NepenuileM NOCJAeAHee HEPABEHCTBO TakK:

RIfFO<L[f(0), wm Ri{Bl<L(a),
OTKYL3 BHITEKa€T:
L (o)
BT

2. Manan teopema [ukapa. 3agoaro po orxpuitus Jlangay [Inkapom 6buia yera-
HOBJIEHa CJejyiomas TeopeMa Laf LeablX OYHKUHHA: scaKkan yeaas (pynxkyus, rne pae-
HAA MONCOCCMBEHHO HOCHIOSHHOMY, RPUHUMaem 4i000€ KOHEYHOE BHAYCHUE, Kpome,
Goimb Moxcem, 00HO20.

Hupimu ciioBamu, ypasHenue [ (2) = A, rae [ (2) ecTs netan yHKilHsA, HMeEET

KODEeHb NPH BCSKOM KOHEYHOM 3HAUYEHHH KOMIJIEKCHOTO uucia A, KpoMme, GulTh MOXKET,
OJIHOTO UCKJAIOYNTENBHOTO 3HaueHHA. [IpuMepoM ueol $yBKUHA G UCKIIOUHTENbHBIM
3HaueHHEM MOKET CAYKHUTh €°, KOTOpas He paBHa HYJIO HU HpH KakoM 2. [Tpumepom
Hestofl QYHKIUHA, He HMEIOHIeH HCKAIOYUTESbHOTO SHAUEHHS, MOXET CIYXKHTh Jiobas
uesasi paunoHanbHas QyHKUEs wam sin 2. Paccmarpupaemoe npeanoseHne [lnkapa
ABJIIETCS YaCTHBIM Caydaem Teopemsb! Jlannay, ycraHosseHno#l B n. 1. B camom gexe,
npeinonaras, uro Heaas GyHkuus f(2) BbIycKaeT ABa Pa3JMYHBIX KOHEYHBIX 8HA«
YeHHS @ U b U He DaBHA TOXKJECTBEHHO HOCTOSTHHOMY, MBI HEMEAJIeHHO NPHEAEM K BpO-
THBOPEYHIO HA OCHOBAHHH TeopeMBl JlaHzay.
(bz)_ aa’ Mbl BHJHM, 4YTO OHa ToJoMopdHa BO
BCei NVIOCKOCTH, He NpHHKEMaeT 3Hauenusi O 1 1 ¥ He paBHa TOXACCTBEHHO NOCTOAHHOMY.
CrieloBaTeIbHO, HAfAETCS TaKasg TOUKA — NPHMEM ee 33 HayaJo KOOPAMHAT, — B KO-
Topoft npoussosnas F’ (0) = P ne pasua nymo. [TycTe pasinoxenne Hamell GYHKLHH
B cTeneHHo# psag Oyjaer:

R< = Q(a, ).

O6pasosas Qyakuuie F (2) = f

F(z)=a-} Bz-+ a? 4 ...

Tax kak pyuxuns F (2) rosomopdna u He npuunMaeTt suavennii 0 u 1 BryTpH Kpyra
NpOHSBOJBHOFO pajuyca R: |z] << R, To mo Tteopeme Jlamzay umeem:

R<Q(a, B).

[IpoTHBOPEUHBOCTL 3TOrO HEPABEHCTBA QUEBHANA, TaK Kak B JICBOE ero uwactd
CTONT HPOHSBONLHO 60JIBIIOE UHGAO R, a B mpabdil ~— HocTOsHHOE uxelo Q (¢, B).
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§ 3. Hepasenctso WorTku

1. Buisog uepasercrsa lHortku. [lis ycTanoB/eHNs Tak HasbiBaeMoOi GOALIIOH
Teopembl [Tukapa, cojepxanue KOTopoil GuL10 (hOpMYJaNPOBAHO B HayaJsle 3TOH raasol,
HaM HeoGXONMMO BBIBECTH OJHO HEPABEHCTBO, H3BECTHOE 1101 HA3BAHHEM HEPABEHCMAR
Ilommxku. BHBOX 2TOr0 HEPAaBEHCTBA Mbl BHINOJIHHM Ha OCHOBaHuH pesysibTata bBio-
xa {(§ 1, 11.2), none3yach METOJOM, aHATOIHUYHBLIM npumeneunomy B § 2 (n, 1) aana
HOKa3aTte/IbCTBa Teopembl Jlanzaay,

PaccmotpuM dyrkumio f (2), ronomopdnyo BHYTpH Kpyra |z} << 1 H Beinyckaiw-
myio 3nadenud 0 u 1. [Nepexoas K BcnomoraTeanHoll dysKUHH F (2), onpenenenuoi
dopmysofi (5) B § 2 (n. 1), paccMoTpHM BbIpaxeHHe

Fle+(1—nl—F@E .

0= = ..

P (D) C—AF @ L4+
rie | 2] = r. 10 BEpaxenne Gyaer roaomopduoii pynxunei § Buytpa kpyra | L <<
< I, npuuem ¢ (0) = 0, ¢’ (0) = 1. B cuny pesyavrara Baoxa (§ I, n.2) a1 stoé

(YHKUKY CYLIECTBYeT KPYT C LEeHTPOM B HEKOTOPOH TOYKe ITOCKOCTH @ a6COMIOTHOrO
paauyca By, KOTOPBIf CIVIOWL NOKPBIBaCTCH e sHavenusMu. CaefoBaTesbHo, B AA0C-
KocTH F naiijerca Kpyr ¢ HeHTPOM B HEKOTOpol Touke paguyca By (I — r) | F' (2)},
cilolis TOKpuiBaeMulit snaveHuamyd ¢ywruma F [z+ (1 — ] npu L] < 1,
a NOTOMY ¥ TNOAaBHO 3uaueHusmu F (L) npw | §] << 1. Tak xak, ¢ Apyro#t cropomss,
yukuus F (L) npu | L] << | BLmycKaeT 3HAYEHHS, H30OparKaeMble TOYKAMH MHOMKE-
ctBa E (cM. § 2, n. 1), TO ¥MeeT MeCTO HepaseHCTBO

Bi(1 —n|F (@|<b,
rie b — a6coMlioTHOE TOCTOAHHOE, 6OJblLIee PACCTOAHKS JI0GOR TOYKH MAOCKOCTH F

IO MHOKecTBa Touek E.
Tlocaearee HepaBeHCTBO HEpeNHIIEM B BHJAE
1

b
I[P @< gy (8)

370 HepaBeHCTBO BHBeACHO B. npeinoyoxennn F' (2) == 0, Ho B cayuae F’ (z2) = 0
OHO oueBWAHO. MTak, mHepaBeHCTBO cIpaBeIHBO IpM BCAKOM 2, |z|= r<C I,
OTMETHM OUEBHAHOE TOXKIECTBO

F(2)=F(0) + J F' (t) dt.
[}

Tak kaxk

1
—

' b 1 b
[F (f)|<?'1_~”1\<\—51*1 npr [{|<r=2z],

TO CYNTAd 32 NYTb HHTETPUPOBAHHA NPAMOJHHEHHBIH OTPE3OK AIHNbL 7, COSTHH AIOMMY
ToukH 0 ¥ 2, nolyuaeM M3 MOCJAEAHErO TOXJECTBA HEPABCHCTBO

|F @ I<IF O]+ 5 1

Bosspamasce x pannoh dynxunn f (2), cassansolt ¢ f (2) popmysoii (5), u MOJBL3YACH
TMOCAENHHM HePaBeHCTBOM, NOJAyUHM:

@<L [F©, r,
wiM, 3ameyas, uto F (0) BBipaxactes uepes f(0), OKOHUATEJLHO HAXOIMM:

[F@I<QIf ), ], ©®

tde Q saBucuT TOABKO OT f(0) u r = |2,
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Benenctue ronoMopduHocTH yRKuMHM f (2) ycTanoBAennoe HepaBekcTEo (9),
OueBHAHO, OCTACTCA B CHJE DPH | 2] < r. Hepasenctso (9), npunanexamee 1Horrki,
NCKa3bIBAET, UTO €CAH CeMeHCTBO (YHKIHMH, TOJOMOP(HBIX H BLITYCKAIONUX ABA 3HA-
yennda, 0 u 1, BHyTpH Kpyra | z| = 1, nMeeT ofHH W TOT Xe cBoGoaHbllt wien f (0),
TO MOAYJ1b moﬁon $YHKIUA 3TOro ceMeficTsa B kpyre | 2| < r(r<<C 1) ocTaercs merbiie
HEKOTOPOI'o NOCTOSHHOIO YHCNA, 3ABHCAMIETO TOJBKO OT 7. K sTOMy npenjoxenrio
MOXHO TPHBECTH OOWHE caydall, KOraa paccMmaTpuBaemas ¢yuxuus f (z) Eyzer rono-
MopdHOll U Boinyckatouiel 3Havennst 0 m 1 BHyTPM Kpyra |z] << R.

B camoM nene, nonaras @ (x) = [ (Rx) = f (2), Ml noayuaem QyHKUMIO, Yi0B-
JeTBOPAIOWYI0 YCHAOBHAM JOKa3arHOro Hepasencta (9), npuuem ¢ (0) = f(0).
CnepoBaTensno, BCJAeJCTBHE HepaBeHCTBa (9) Oyger:

le (| <QIf(0), 1] mpr lx[<<r <],

uan
@ <Q), r1 apn  |z] <R

Hrak, ecan f(2) ects ¢yukuus, ronomopdras m Benyckammas snavenns 0 B
1 BuyTpm kpyra |z| < R, 10 B xpyre |z| < RU (0 <C 1) nMeeT MecTO HepaBeHCTBO

[/(2) | < QIf(0), D] (10)

Mpumeuanne H3 nepasencrsa (1) BbITEKaeT TaKKe OlUeHKa cHusy |f (2) |

B xpyre jz| < R9O. B camom pene, pynkuus — ) VJAOBJETBOPSIET BCEM YCJIOBHSIM

i(

teopemnl [IoTTKH, a motomy Q [W’ \‘)] npu |z| < RY. Orciona

lf(z)l <
1

1
ot

Hepagenctso (10°) cnpaBensmBo B kpyre |z|=< RO.

2. O6o6mennoe nepasencreo Illorrkn. Ilpn nokasarenbcTee Teopembl ITukapa
HaM NpuIeTcs MoAb30BaTecs HepaBeHcTBOM llloTTkM B ofGobmennom Bupe. ITo noxa-
8aHHOMY B NpeJBIAYLIEM NYHKTe MOAYAb GyHKIHH f (2), ronoMopdHoil M BRnycKaiomel
JBa 3nauerns, O n 1, BuyTpu xpyra | z| << R, Ha kpyre | 2| <t R, 3akaiouen Mexiy
JBYMS TIpejieJiaMH, KOTOphie 3aBHCAT TOALKO OT 3HAYEHHS (PYHKLMHM B IEHTpe Kpyra
B yucna ¥, NpeAcTaBaSIOWEro OTHOWEHHE PAJMyCOB HAPYXKHOIO H BHYTPEHHETO KPYy-
ros. [lpeanonaras a < }f (0)| << B, nokaxem, uTo 5TH DpeResas MOXHO CUHTATh 3a-
BHCANHME JuIb OT @&, B u 9. B 3ToM ¥ GyaeT 3armouaTecs HYXHOE HaM oGoGCmeHne
nepasecTsa [orTkn.

Jlas 3T0TO, BO3BPAINASICh K PACCYMKAEHHNM N, 1, 3aMETHM, YTO Hallie YTBePXKAEHNS
OyLeT OnpaBjaHO, €CcJAH Mbl NOKaXeM CNpaBe]JIKBOCTh HEPAaBEHCTRA

IFO) < I(aB),

rre F Benomoraresinnas ¢ynkuua o. 1, a [ (o, P) saBucuT ToARKO OT & B B, 3ameTus,
uTO -

CAenyeT:

@)= = Q. {f(0), 8]. (10°)

nj@) _ lni(O)__]]’

2ni 2mi

F(O)=]n[

HEMELJIEHHO MNOJYyuvaeM:

lF(0)|<lan/ IO +1+V [RITOL ]l“"
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O6o3nauys uepes In*o uucao Ing, ecin o> 1, u nyan, ecin 0 << 1. Toraa,
OYCBHAUO, COPABEJIHBO PABEHCTBO

Ilncl<ln+6+ln+-—;—,

M HEepaBeHCTBO
Into < Into’, ecam o< o',
Tak kax

a<|f(O|<B, 10 -B—<l—m-)~<—5—
H, CJeJ0BaTe/IbHO, MOXHO HAIMHCATb!
lin 17 @< In*B + In*

OTKyJ4 CTAHOBHTCH OUEBHAHLIM HEPaBEHCTBO
[FO)[<i(x B)

Tlonyuus BepxHHH Tpeaes AJia MOAyas dyHkuuu f (2) B xpyre | z| << RO, 3asn-
cAueM JHb OT ¢, B u &, MBI /s Onpefe/ieHHs HUMKHEro Npeje/a NPHMEHHM MOy«
YeHHOe HepPaBEHCTBO K GyHKuMH 1/f (2), Kak 5TO GBIO CATaHO B NPUMEUAHHH K 0. 1,
3aMeuas, YTO B JAHHOM CJAy4ae MOAY/AbL 3HAYEHHST B LEHTPE 3aK/IOUEH MEKIY Yuc/aMu
1/B u t/o., Utak, o6obiennoe nepasescrtso LLUOTTKH (opMmynHpyeTca B C/€YIOUEM
BUfe: ecau f(2) ecmos (DyHKYUR, 2040MOPHRAA U SbINYCKAIOLLAR 06a ranenus, O u 1,
enympu kpyea | 2| < R, npusena < | f (0)| < B, mos xpyee | 2|<< RV sonoansemen

Hepasencmao
Q (o, B, <[ ()| <Q(x, B, ) (1)

§ 4. O6was Tteopema Ilukapa

[Tonb3ysck npepnoxkenneM LIOTTKH, MBI B COCTOSIHRM JI0Ka3aTh OOLLYIO TEOpeMy
Mukapa, GopMyaHPOBAHHYIO B Hauade 3Toli IJaBel, TakuM 06pasoM, Teneps LOJIKHO
66ITH I0KA3aHO, UTO (hyrryus f (2), 2010MOPHHAS 8 HEKOMOPOL OKPECMHOCIU CYULLCMBEH-
HO o0cobod mouku, moocem evinyckame 6 Hell He Ooiee KAK 0OHO KOHeMHOe 3Ha4denue.
Jonyckast npoTuBHOe, ML IPUMeM, YTO f (2) BbllyCKaeT jJBa KOHEYHbIX 3HaueHHs, 34
KOTophle MOXKHO cuutath O u 1, IlyTem JuHefiHOro npeoGpa3’oBaHist HE3aBHCHMOLO
NepeMeHHOTO MbI MOXK€M JOCTHIHYTb TOTO, 4TO CYLIECTBEHHO ocobasi Touka Oyjer
6eCKOoHEeqHO yAateHHON Toukoi,a ¢yHKuus f (2) 6y1eT rosioMopdHO# M OTIHYHOR OT
HyJ1s M eIMHMUB npH |z| > 1/2.

Ha ocuosanuu teopembl Coxoukoro (ra. VI, § 2, n. 5), yray6aennem KoTopoi K
ABJSIETCH JIOKA3bIBAEMOE NPEANOJOKEHHe, BO3MOMHO 3a/aTh GECKOHEUHYIO NOC/IER0-

BATE/ILHOCTE TOYEK Ap, CXOAAMLylocs K GECKOHeuHO yjaneHHoll Touke lim An = oo,
n—-»oco

Tak, qTo6h! HMEJIO MECTO HEpaBeHCTBO
12 1<1,

KakoBo Gbl HH OBLTO n.

PyHKUHH [, (2) = [ (Ap2) ANst 6OJBLIEX 3HaYeHUH 1 TOTOMOpdHBL B 06aacTH | 2| >>
> 1/2, npuuem 12<|fp ()| < 1. ’

INpuaaras teopemy HloTTku (§ 3, 1. 2) K KPYTy C LEHTPOM B TOuKe z = | panmyca
1/2, b BuAMM, 4TO 5TH BYHKUMH B KPYTe C LEHTPOM z = | pajuyca 1/4 no moxymo
34KJIIO4EHB] MKy ABYMA rnocTosrHbMH, OTOPaB/IAsCh OT KPyra ¢ mentpom z = f{
paauyca 1/4, BO3MOXHO MOCTPOMTH IleMb M3 KOHEYHOTO YHC/IAa KPYros paimyca 1/4
C UEHTPAMH Ha OKPYXKHOCTH | 2| = 1 TaK, 4TOObl HEHTP KaXJOTO CJEAYIOWEro Kpyra
JIexKasl BHYTPH NpPEABIAYUIero Kpyra, U Tak, 4To6bl OHM B CBOEH COBOKYMHOCTH MOKPBI-
Bald OKPYXHOCTh |z | == 1, TlocseoBaTesbHO® MHOTOKDATHOE IPHJIOXKEHHE 0000-
wiedHnol Teopembl LIOTTKH K KpyraM pajuyca 1/2, KOHUEHTPHYECKHM C 3BeHbAMH Lend,
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HaM TOKasuiBaeT, uTo B 06J1acTH, BHIMETaeMOil Kpyramu paiuyca 1/4, Bce dynxuuu
fn (2) 10 MOAY/MIC 23KIIOUEHB! MEXKAY ABYMS MOCTOSHHBIMH uncjaamu. B uactHocTH,
9TH QYHKIHH Ha OKPYXKHOCTH |2]= | orpanuueHnl no MoJyJio. 3TO yTBepHjieHHe
PABHOCHJILHO TOMY, UTO GYHKIMSA f (2) Ha Beex ORPYIHOCTAX [2|=|Ap | HMeeT MOAYJIL,
MeHbIUMM [OCTOSIHHOTO YHcaa. Tak Kax (yuKIHs, roJoMOpgHas B KOJble, BKAIOYAS
H €r0 IPaHHIly, JOCTHIaeT MAKCHMYMa CBOGrO MOAYJIS Ha rpauxle, To | f () | B o6unacty
|2] > 1/2 menbume 3TOro iKe NOCTOAHHOTO, YHCAa. JTO ABAALTCH NPOTUBOPEUHEM €
teopemoii COXOLKOTO, YTO M JOKA3bIBaET CNPaBeRIHBOCTH 06meil Teopembr [luxapa.

INpuiaras foxasannoe X pyukuuu f (2/0) (0 << 1), Mol BHJHM, uTO f (2) B 0612CTH
| 2| > 1/(20) mpuHuMaeT Bce KOHeuHble 3HAUEHHS, 3@ HCKJIOMEHHEM, OBITb MOXET,
oauocro. Ho Tak kax ¢yexnus f(2) obnajaeT 3TuM CBOBCTBOM B Kaxjoft obracTu
| 2] > 1/(20), 10 oBa NpuHAMAET BCE KOHEUHHIE SHAUYEHHS, KPOME HCKAIGUHTENBHOT®,
GecKoHeuHoe YMCao pas.

Yrpascnenusn K 2aage vill

1. Uenas ¢ynkunus, kKoropas Kax/oe 3HaueHHe HNPHHMMAeT TOJNbKO OXHMH pas,
€CTh Hesan JuHeHHas QyHKOus,

2. QyHguus, obparHas HeJoi GYBKIHA, He MOXeT OuITh €0l hynKIues, Kpome
cayuas JIMHeHHOA (YHKIHH.

3. Hokasate Teopemy JInyBHJIIS, IONBAYSICH WHTerpanbHON (opMynolt Kown.

4. CyumilecTBYIOT JM LeJble TPAHCUEHJEHTHbIE (QYHKLHMH, KOTOpLIE HAa KAKAOM
Jyye, BHIXOISUIECM U3 HYJIEBOH TOUKH, 1O MOLYJIO CTPeMATCH K —- 00P

Ome. Ila; npumep: €° -} 2,

5. IoxasaTe cnpaBesuBOCTL TeopeMbl [lukapa ans GyHKuma €°, T, e, onpe-
JennTe KopHH ypasHenns e = A (A 5= 0).

6. Kakoe wucKmoudTeNnHOe Snauenne uMeeT ¢yHKums e 1?

7. Tloxasars, uro ch 2 u sh z upunuMaOT Bce 3HAuEHHA.

8. Ipogeputs Teopemy Ilukapa pas Qyngnuu /2 péansp z= 0,



FrJ1IABA IX

BECKOHEYHBIE NPOU3BEJAEHUSA H NPU/IOXEHHUSA HX
K AHAJUTHYECKUM SYHKUUAM

§ 1. Deckoneunblie NpoU3BeJeHHS

1. Cxopamuecss W pacxopsimivecst OeckoHeuHble TPOM3BEREHUS.
Hapsapy ¢ GeckoHEUHBIMH psjaMH OeCKOHeYHbIE MPOU3BENEHHS SIB-
JAI0TCA BecbMa IEHHBIM AHAJIMTHYCCKHM anmnaparoMm AJas usobpa-
Kenust ¢yukiuwi. [Ipexie ueM BOCNONBL30BATHCA 3THM aNNapaToM
17155 U300p arKeHUst r0I0MOPhHBIX Py HKINH KOMIJIEKCHOTO [1€PEMEHHOT 0,
MBI JOJI2KHBI 1aTh KPaTKHH O4epPK TeOpHH OECKOHEUHBIX NPOH3BeAeHH.

PaccmoTpuM NpOU3BesieHHE p, NPOH3BOJLHOIO YHCJAA £ YHCJOBEIX
MHOXUTeNell, OTMHYHBIX OT HyJsf, KOTOpble OyjleM 0003HayaTh COOT-
BETCTBEHHO uepes

(I +uy), I+ w)y oy (14 uy),
The iy, Uay ..., U, CYTh KOMIIEKCHBIE UHCHA:
Po= (1 -+ u) (1 + ) oo (1 + up). )

Hasaa n 3Havenns 1, 2, 3, ..., MBI MONYYUM TMOC/E]OBATENbHOCTD
KOMILIEKCHEIX YHCEA Py, P2y evy Puy -.., OTJIHUHBIX OT HYJS, NpHUeM
MOTYT NpeJCTABHTbCH JIHIBb TPH cCJayyas:
1) IocnegosaTebHOCTD YUCET Py, Pg, .+y Py --» CXOAHTCH K KO-
HEUHOMY YHCAY p, OTJIHUHOMY OT HyJA, T.e. limp, = p (p == 0).
H—->roo

2) Iloc/e10BaTeNbHOCTE YHCOM Dy, Pa, +ovy Py «vs CXOMUTCH K UHCAY
0, t.e. limp, = 0.
R-»00

3) TlocienoBaTenbHOCTE YHCEN Py, Pay .-vy Pny ... PACXOJHTCH,
T. €. HE CTPEMHTCH HH K KaKOMY KOHEUHOMY [peleay.
B nepeoM cnyuae GeCKOHEUHOE MPOU3BEAEHHE

(Ut ) (1) v (14 1) o @

HaSBIBAETCH CX00AUJUMCA, A UYHCJO p NPHHHMAIOT 32 3HAUEHHE 3TOrO
npousBefienus (2). B ofonx mocnejHHX caydasiXx npouspenenre (2)

HA3LIBAIOT pacxodaujumcs. Hanpuvep, GeckoHeuHoe NpOH3BEJCHHE
1 22 32 n?

RV S R:T e p
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CXONHTC A, TAK KaK B JaHHOM c.ny!{ae HMeeM.:

_ 1. 22 . 32 i 42 .
Pn=EFDE=D BFDE=D G+hEa=D
. (n—1)2 . n? . 2n

nin—2) (m+)@E—1) = a4l

..

H, crepoBaresbro, lim p, = 2.
n-+00

bBeckouneunpie xe NPOU3BEACHUSA

1 i
2 3

1 1 1
2o B de e

ofa pacxoasrca. B mnepBoM H3 HHUX HMeeM:
Pl 1

1
Po=legr oo = —

2 3 n n!
limp,=0 (cayuair 2);
n-oo

n-+3
2 ’
€C/IH 71 — HEYETHOE; CJEN0BaTe/NbHO, NOC/ASN0BATeNBLHOCTD YUCET p,
pacxoautcst (cayuair 3).
JlauHoe NOHATHE CXOXUMOCTH GECKOHEUHOTrO MPOM3BEACHUSH MOMKHO
BbIpA3uTb C MOMOLIBIO HEPAaBEHCTB. B camom aene, nycTb npousBse-
zenue (2) cxoaurcs K uHCAY pr

p=(0+u)d+u)..Ud+ u,).. 3)

B stom cayvae orHomeHHe ~pf’—— CTPEMHTCH K eJMHULE NpU HEeorpa-
n

HHYCHHOM BO3pacTaHud n, TAK KakK HMeem!

BO BTOpOM OyJeT: pp, = 1, ecni n — YHCIAO HeTHOE, U p, =

im——=—r P _
,,l.l,rﬂp—n_ e — 5 — 1 P70
-»o0

OueBuano, uto, 06PaTHO, €CJH 3TO OTHOLUCHHE p/p, CTPEMUTCH K
CAHHHLE NPH HEOrpaHHYEHHOM BO3DACTaHHM n, TO MpousBeieHue (2)
cxomurcs K uucny p. JIpyrumu cioBaMu, GecKoHeuHoe npouseederue
(2) naseisaemces cxodaugumen & wucay p (p #0), ecau npu rw6om
CK0ab Yy200no marom & > 0 uaiidemes wucao N = N (g) maxoe, umo
umeen Mecmo HepaseHcmao

£ ll<8 npe n=N,
Pn

2. OCHOBHO KPUTEPUI CXOXUMOCTH GeCKOHEYHOro NpOHU3BEACHH S ;
OcuoBHO# 3ajauefi B TeopHH GECKOHEUHHIX NMPOM3BENCHHMI SBAACTCA
BOPOC O TOM, Kak, 3Had 3/M€MEHTHl OECKOHEYHOrO NpPOH3BEeHHd,
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T. €. ero MHOMXWTEeNH, Y3HaTb, CXOAWTCH OHO WJH PACXOLMTCA. MmI

OTPAaHHYUMCS YCT2HOBJEHHEM JRHIbL OAHON o6Iiell Teopemul, KoTopas

NO3BOJISIET TIPUBECTH HCCJIEIOBaHHE CXOAHMMOCTH GeCKOHEWHOro mpo-

H3BEJIEHHA K PacCMOTPEHHIO CXOAMMOCTH COOTBETCTBYIOIIETO psja.
Teopewma. Ecau pad

U+ ug - o+ u, L 4)
abcoaomuo  cxodumea, mo cxolumcs U npoussederue
4w+ ) ... 04+ u)... 2)
JdokaszatenncTBo. [lo ycioBuio Teopemun psan
PAES PRSP R @)

ecTb cxoasmuiics. [lpw J0KasaTeqbCTBE TEOpPEMbI MBI BIPABE Ipe-

TIoNararh, YTO BCE 4, [0 MOAYJIO MeHbIe eIHHHIbI, NOTOMY UYTO H3

cxoaumocTy pana (4') cnenyer: lim| u, | = 0, u, 3sHauuT, cpeau yucen
n->o00

U, MOXKeT OLITh JHIIbL KOHEUHOE YHCTO Uy, MOAYJIH KOTOPHIX HE MEHbIE
[S1020:050003 0T6pacmsaﬂ e KOHEYHOe YHCJI0 MHOXKHUTEJICH, MBI He Hapy-
HiaeM CXOAHMOCTH HJIH pPacXxoJUMOCTH NIPOU3BENEHUS.

Mul joxaxeMm cuavasa Hamry Teope'My, npeanogaaras, 4ro BCe yKHda
Up CYTb JeliCcTBUTEe/IbHbIe; O0003HAYMM HX uyepes a,.

Hrak, npearnoJgaraa, 4to psna

Ia1|+|a2|+-'-+lan|+-" (5)

CXOMUTCST, NOKaXKeM CXONHMOCTh NpPOU3BeJeHHUs
+a)+a)..0dFa).. (6)
Cpenn uncen a, 6yRyT, Boobliie TOBOPs, KaK NOJNOMKHTEJbHLE, TaK H
oTpuuarenbHule. IlepBrie 3 HUX oGoznauwm uepes by, b, ..., a BTO-

pHIE — Yepes —cy, ~—Cs,
PaccmoTpuM oTaeNibHO JABa NpPOH3BEJeHHs:

(A + b)) (4 + by)... %)

(I —¢c) (I —¢a)..a 8)
Ecan MBI HOKazkeM, 4T0 06a 5TH NPOU3BEJEHUs] CXOASTCS, TO, OUEBHIHO,
TeM caMmbelM OyleT JOKasaHa CXOAUMOCTh nponsBejenus (6).
[To ycaoBuio paant by + by + ... (7') v ¢y + ¢ + ... (8") cyTp
cxoAfimnecs. 3aMETHB, 4TO HMeeM:

In (1 4+ &) <ba (b <1),
yb6exxaaeMcss B CXOLHUMOCTH psja
In(d-+5b)+In{+ b))+ ..,
OTKyAa CJeLyeT, YTO BBIPAXKEHHE
In{i+b)+In(d4b)+..+1Inl-+b,)=
= In [(1 4 &) (1 4+ &) ... (1 + b,)]
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CTPEMHTCA K OMpefeleHHOMY KOHeHHIOMY mpeAeny, KOTAa n Heorpa-
HHueHHo Bospacraer. C/iefoBare/bHO, NPOM3BEUEHHE

(A0 (1 + b)) oo (14 6y)

CTPEMHTCS K ONPEJEJEHHOMY KWUHEUHOMY [PEAC..Y, OTJHYHOMY OT
HYJIfl, KOTJa f CTPEMHTCH K GECKOHEUHOCTH, YTO U JIOKa3blBAET CXO-
auMocTb npousBeaerus (7). AHAJOTHYHO JOKAXKeEM CXOJHMOCTh MpO-
usBenenns (8), mokasas, 4To psaa ¢ obmum wienoM In (1 — ¢,) cxo-
autcs. JlelicTBUTELHO, 3aMETHB, UTO HMeeM:
In(l—c)=—g—t5— O<9<D),

yﬁE)KL[aeMCﬂ B CXOIUMOCTH psha ¢ o0muM yjaeHom » TAK KaK

Cn
1 — ¢,
PAA C O6U,LPIM YJICHOM ¢, [0 YCAOBHIO CXOAHTCH, a OTHOIUEHHE C,:

C
T——”ﬂc— =] — U¢,, HauuHas ¢ JocTaToypo GOJLIIOIO £, OCTAETCSs
’— n

3aKJIIOUEHHBIM MexAy 1 — e u 1, KakoBo 66l HH Owiio & > 0.

OcraeTcss pacnpoCTpaHHMTh Haily TeopeMy Ha TOT cayvafl, KOria
qncaa u, CyTh KOMIJEKCHble. Mbl JOKa)eM, 4TO KOMIVIEKCHOe YHCJ/0
po= 0+ u) {1+ u)..({ -+ u, npu HeorpauuyeHHom BoO3pac-
TaHHH 1 CTPEMUTCSH K ONPefe/TeHHOMY KOHEUHOMY npejeny, OTIHYHOMY
OT HYJ/f, €CJIH OGHAPYKUM, YTO | pp | CTPEMHTCS K KOHEUHOMY mpe-
Jesy, 1ie paBHOMY HYJIIO, U arg p, CTPEMHTCS K ONpPeAe/]eHHOMY KO-
HeynoMmy npeaeay. I pyruMH CJIOBaMH, HYXHO LOKa3aTb, BO-NEPBLIX,
4TO MPOHU3BEAEHHE

[ SR7 0 N 77 R 1 (S 7 )
CXOAMTCA M, BO-BIOPHIX, YTO psa
arg (1 -+ uy) + arg (1 + us) + ... (10

CXONHuTCA, TaK KaK HuMeeM:

|pnl=|1+u1”1+u2|"'|l+un|

arg pp, = arg (1 + uy) + arg (1 4 ws) + .. - arg (1 + up).

DeckoHeUHBIe [POU3BEJEHHS ¢ OOMMMH MHOXHTeNAMH |1 + 4, |
B} 1 <+ u, |* o1HOBpEMEHHO CXOAATCA MM PACKOAATCS, & MOTOMY AN
CXOAUMOCTH TpousBeienus (9) A0CTaTouHo 0OHAPYKUTb CXOAHMOCTH
NPOU3BE/IeHHS

PE AP R TS P ©)

D10 xKe nocnenHee CXoJQUTCA B CHAY YKe JOKa3aHHoO# nepBoﬁ YaCtu
Hamen TeOopeMbl, TaK KaK Mbl HMEeM:

VU ta P = 14 on ool ' = (1 + o)” + Bt = | + (o + B + 200),
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n pan ¢ obmum wienom |of -+ B 4 20n] no ycaoBHIO CcXoAuTEH
BCJIEJCTBHE HEPABEHCTBA

la%+ﬁ?1+2an] < Iunl?"}"?«lunl.
Haxonen, pax (10) ¢ ofmum unenoM
Bn

arg (1 +4-u,) == arcsin TR

CXOIWTCS BCJICACTBHE CXOAHMOCTH Psifa ¢ o6mum wieHoM | B, | (|Bn | <
< | u#,|) 1 HepaBeHcTBa

Bn jad [Bnl
VvV T+ o) F 63 <7 e < at|B,l;

arcsin

KOTOPOE HMeeT MeCTO, HaUHHAas ¢ JOCTATOYHO GOJBIHOFO A (TaK K&K
o n

—— B NepPBOH YeTBEPTH OCTAETCH MEeHbIle —-)

sinx 2

IIpexnonaras B GECKOHEUHOM IPOH3BEIEHHH

(4 u) (4 ua) oo (1 uy) ...

BCC U, JEeHCTBUTOAbHBIMH YHCJIAaMM OJHOrO 3HAaKa, JErkK9 NnokKasartb,

o0

YTO CXOAMMOCTb psja Z Un 6y11€T YC/IOBHEM HE TOJNBKO AQCTATOUHDIM,

n=1
HO U HeOoOGXOJMMBIM JJIsi CXOJAMMOCTH HpOU3BeleHHs. B camom jene,
€CJTH YHC/A U, NOJOXHTENIbHBl M Hallle NPOH3BEJEHHE CXOAUTCH, TO
MoCaAeOBaTeNbHOCTE  gHCced p, = (I -+ u)) (1 + ug) ... (1 + uy),
Bo3pacrast, AOJNKHA OCTaBAaTbCs MEHbIUe HEKOTOPOro IOCTOSIHHOIO
NOJIOXKUTENbHOTO uyHcjga M. PackphiBasi CKOOKH B BLIPAXKEHUU Py,
MBI BHJHUM, YTO CYyMMa 3 + Uz + ... + 4, U nojaBHO OyieT MeHblle

©

M, KaKoBO Obl HH OblIO nn, 8 TO 3HaA4YHuT, HUTO pPAL Z U, CXOQHUTCA.
H=1

Ecnu unena u, = —¢, OTPHLATEIbHBI, TO, NpeAnonaras pacxoiu-

oo

MOCTb pPsijia Cn JIOKa}eM pacXxojUMOCTh NPOH3BeeH S H (1 —cy).

n==1 He=l

HelcrBurensyo,
Inp,=In(l—c)+In(l —¢)+ ... +In({l —¢,)

CTPEMHATCS K OTPHLUATENBHON GECKOHEUHOCTH, KOTLA 7 HEOTPaHHUEHHO
Cn

1 — ey
pacxopurcsa (MbI cuHTaeM, 410 ¢y < 1, HadyHHass € HEKOTCPOTo #;
B IPOTHBHOM <CJy4ae pacXoAWMOCTh INPOH3BEAeHUA OUYeBHJIHA, TaK
Kak Cpeay YucCea p, 6y}le'1' OCCKOHEYHOE MHOMKECTBO KaK HOJOMKHTENb-
HBIX YHCEJI, TAK H OTpHHaTeJIbeIX). OTC}O}:(a caenyer, 4ro p, CTpEMHTCA
K HYJ/IIO IIpH HEOrpaHHYCHHOM BO3paCTaHHHu n YU, CJICAOBATECJbHO, HaLLe
NIpOHU3BEJIEHHE PACXOJUTCA.

BO3DACTaeT, TaK Kak psj ¢ ofwum ugeHoM In(l —c,) = —
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Yca0BHMCS HA3HIBATh npon3BeIeHHE

(I -+ u) A+ u) ... 04+ u).. 2
a6COSIOTHO CXOARIIKMCSH, €CJIH CXOAMTCSA [POH3BeleHHe
(L (D () @)

BeneactBie HOKa3aHHOIO CXOZAHMOCTh GECKOHEUHOTO NPOM3BEJeHHA
(2') sxBHBaJIeHTHAa CXOAHMOCTH psja

A S TP R s Y b SRR (4)

CrenoBaTeNbHO, B HalleM OMNpeneseHHH abCOMIOTHO CXOASILErocs
npousBefeHUA (2) MOXKHO 3aMEHHTh TPeOOBAHHE CXOAHMOCTH NpPOH3-
BefieHnst  (2) TpeSoBamueM cxommMocTH pfga (4).

JokasauHas Brite TeopeMa ybexkjaeT HAc B TOM, YTO BCAKoe af-
COJTIOTHO CXOAfAMIEecs MPOH3BEJEHUe eCTh NPOH3BeAeHHe CXOAdlieecs.
Brsio 611 own60ouHBIM 06pPATHOE 3aKJIOUEHHE; HHAYE TOBOPS, CyIIECT-
BYIOT MpOU3BENeHHs CXOAsAUHecs, Ho He abconoTHo. TakHe npons-
BeJleHUs] HA30BEM YCJOBHO Cxopsuiumucs. [IpuMepoM yc/CBHO €Xo-
JSILferocsi MNPOW3BEAEHHA MOMKET CJAyXKHTb MHPOH3BEACHHE

@+ (=) (D) (=D 0D =)

HeficrBuTenbHO, 3T0 NPOH3BELEHHE CXOLHTCH, [OTOMY 4TO JIA HEro

n--1
HMeeMm: p, == -—-1'——, €CJIM n — HEeueTHoe, u p, = |, ec/iu 1 — d4eTHoe,
. N 1 1
H, sHauur, lim p, = 1. C apyroii cropossl, psag l —}——2—+ T'*_ cee
n->oc
pacxo/iuTes.

3. H3oGpamenune ronomopdHoii (GyHKUMH B BHAE OeCKOHEYHOrO
npouseefenus, [1ycTh Mil umeeM GECKOHEYHOE MPOH3BELEHHE

M4 a, @0+ w @] [+, @), (1

npHIeM Bce u, (2) cyTh QyHKnuH '), roqoMopdHEIE B HEKOTOPOH 06-
aacry G. [Ipeanosoxum, yTo npH Jo6OM 1 HMEET MECTO HepaBeHCTBO

KakoBa Obl HM Oblia Touka z obnactd G, M NycTb YHC/IOBOH DA
ot as+ ot a, 1o (13)

cxoautca, B stom ciayuae npoussesenue (11) B cuay npeasiayiuero
NYHKT3 CXOJUTCS BO BCHKOW TOuke z ofnacth G U H306paxaer, Cleao-
BaTEJAbHO, HEKOTOPYIO GYHKUHIO f (2) KOMINIEKCHOTO MEPEMEHHOIO Z,
HE DaBHYIO HYJIO HA B Kakoil Touke oGnactH G. Mml fOKaxem, 4TO
f (2) ecmv ynryus, eoromoppras & obaacmu G.

1y Bece mHoxuTesn npousBesenns (11) OTIHYHBL OT HyAd ANH JOOOH TOYKH 2
obaactn G,
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HencTBurennno,
fo@=11+uy @I +u@. I+ @)

HaM JOCTaTOYHO AOKa3aTb Ha OCHOBAHMH NepBOil Teopemul BeiiepiT-
pacca (ra. V, § 1, n. 1), uro nocnesosatesnbrOCTh GYHKUEA [, (2),
rosiomopdubIX B 061acTH G, CXOAHTCSH DABHOMEPHO B 3TOH OOJacTH
K ¢yukunn f (2). Beens o6o3nauenus

I+a)d+a)..(0+a)=pn (I+a)(l+a).=p

(nocsiefiHee NPOU3BENEHHE CXOAKTCS MO YEJIOBHIO B CHJY II. 2), OLEHHM
MOAYJb pasHoctH [ (2) — fy (z)’

@ —F.@={f (D]
TaK Kak
@< A-+Hlu@DA+Ju@) ... A+, @) <
<(I4+a)(l+a)...(I1+a)=p,.

C zZpyroif CTODPOHBI, CHpPaBEAJHBO HEpPaBEHCTBO

<ot 1], o

fn (2)

f@ P
rer =<t (15)
npy J06oM 7, KakoBa Obl HH 6blTa TOYKa z o6nacti G. JlelicTBHTENbHO,

Bt D — T (1 g @1+ o D] oo [ty (D] — ) =

= Uy (Z) + Unye (Z) e b g (Z) + Uy (Z) Upyo (Z) -+
~+ e ~F Upia (Z) Unyo (2) et Upay (2),

OTKyJa CJACAyeT:
f +k (2)
;1” @ N<apa-t+aua+ 0 4 Guir + Guni@uyo + o0 -+
Prs+k
+F Qs+ 0t gy = L — 1

Pn

Iocaennee HepaBeHCTBO CHPABENINBO NPH JIOGOM £; mepexois K npe-
penry npu k— oo, mnoayuaem HepaBeHcTBO (15).
Benencrteue HepabenctBa (15) HepaBenctBo (14) npumer BuA

1F@ =@ I<pulpip,—D)=p—p,<e npu n=N(), (16)

KakoBa Obl HH Obl1a Toyka z oGnactd G. [locnenHee HepaBeHCTBO j0-
Ka3bIBA€T PAaBHOMEPHYIO CXOUMOCTb B 061acT G MOCACHA0BATeNbHOCTH
rojoMopgubIX GyHKUHH f, (2) ¥ Oyurung [ (2), 4TO H HYKHO.

§ 2. Mpunoxenns GeCKOHEYHBIX NMPOM3BELCHMH K Teopuu
nBenblx GyHKUMH

1. ®opmyaa Beitepwrpacca. Onuofi us QyHAaMeHTaNbHBIX 3a%Kaq
anre6pel ABAAETCS BONPOC O PasjIOKEHUH 1eol PanUOHaIbHON PYHK-
M Ha DPOH3BEAEHHE JHHEHHBIX MHOXKHTeJeH. PaccMarpuBas npo-
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H3BOJbHYIO Lle/1yio QYHKLKIO, €CTeCTBEHHO NOCTaBuTh 3afauy 0b n3abpa-
JKeHHU 3TOH (PyHKIHH B BHAE NPOU3BEIEHHA MHOXKHTEASH, 6aarojaps
KOTOPOMY CTAHOBSITCS OUEBUAHLIMU BCe HYJIH 370l dyukinun. Yactuuno
3TOT BOnpoc paccmatpuBan Komd, Ho TofbkKo Beftepmpaccy yianoch
pacnpocTPpaHUTb OCHOBHYIO TEOpeMYy ajareGpsl Ha Jobble LebE PYHK-
oM.
[lycte umeercs GeCKOHEUHAS [OC/IELOBATENbHOCTh KOMILIEKCHBIX
qHCeNn
Ay, gy evey Gy ooy (17

pacnoJioKeHHbIX B MOPSAAKE BO3IPACTAHHA HX MOﬂyﬂeﬁ H TaKHX, 4TO
HMEeM:

lim ——— = 0. (18)

Ecnu Hexoroprie u3 yuces (17) HMeoT OAMHAKOBBIA MOYJb, TO Mbl 3TH
yNCJa pacfiojiaraeM B NPOM3BOJILHOM nopsiike. B cuay camoro onpe-
JeNeHusl HOHATHA npeaena u ycnaobus (18) sAcHO, 4TO npH JioOom
'CKOJMb YTOAHO GosblioM R HMEETCs KOHEYHOe UHCJ/IO BEJMYHH a,,
MOJAYJH KOTOPHIX MCHbHIE ueM R. 3aMeTHB 3TO, Mbl AOKAXKEM, YTO
MoK HO 00pasoeams yeayw gyuryuto G (2), umerowyo C6oUML HYAIMU
yucaa Qn U MOAbKO 3Mu HUCAd.

Ecau HeKoTOpEIE H3 YHCEN @, PaBHbI MeXAy cOoOOH, TO Hy/ab Oyler
HMeTb KPATHOCTb, PABHYIO UHCAY 3THX paBHBIX MEXKAY CO00H ay.
Ilpu noxasaresncTBe BbillleyKa3aHHOH TeopeMbl Mbl OyaeM CHayana
npepnosaraTb, 4Yro Cpeiu uucea @, HE HMEETCA PaBHHIX HYJIO.

PaccmoTpiM Bhipaxkenue

z i

P TR en g U Gy A

IMpeanonaras, uyro |z| <7|ay|, MBI MOMEM MOJNOXUTb:

muv:ln(l—‘-‘%>+_‘%+-‘§'<—:T)Z+”‘+—v_1_—,(a

V-1
)

4 o o o
cuutas In (1 — T) OJHO3HauYHOH ronsomopduoil HyHKUUEH BHYTPH
8%

Kpyra ¢ LEHTpOM B HYyJEBOH TOYKE pajuyca lavl H paBHOH HYJIO
npu 2z = 0. CiegoBarejibHO, GyJeM HMeTb:

et (E) = ()=

OTKYJa HaxoanMi

2
v

-5 (&) e (E&) T (19)

Mer rTenepr mokaxem, 4TO GECKOHEUHOE INPOHM3BENCHHE

u,=e

Uy . Us eer Uy ees @n
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CXOAMTCS BO BeAKON Touxe 2 (2 3¢ a,) IJOCKOCTH KOMIWIEKCHGIO
nepeMenioro i HzoSpamaer ueayio Qyukumio G (2) ¢ HyasMmiu 4,
Usyerny Ay, ... C 2TOH LEJIBIO JIOKAXKEM, YTO NPOH3BEACHHE (21) u3ob-
pamaeT QYHKIUHO, rogoMopdHylo BHyTpH Kpyra C, ¢ LEHTPOM B HY-
nesoil Touke paguyea |a, ], Kakoso 6p HH 6buio v. Jocrarouno,
OUEBMAHO, CHUTATH

o] <layl.
OcTaBiss BHE pPACCMOTPEHHS KOHEYHoe YHCJAO MHOXKHUTENeH
Uy, Usy ooy Uy,

uMemuX HyaH BHYTpH Kpyra C,, Mbl HMeeMm:

T z \n i z \n+l .

X w ) e )
Uyllyy or=e "=V ’ Iz[<lavi' (22)
Hare YTBEPXKACHUE 6yﬂeT JIOKa3aHo, €CJU Mbl [OKaxKeM, 4YTo PHA

AR z \" 1 z \n+l
D[ () e ()] (23)
n=y
cxomutes npu | 2| <la,| K romomopduo# GYHKIUH.

Kaxnpiit yied psga (23) ectb (yHKuUUA, rosomoppHas BHYTpPH
kpyra C,. Ero cymma no nepsoii Teopeme Befiepwtpacca (ra. V, § 1,
n. 1) 6yner takxe rogomopduoit gpynxkuues BHyTpu Kpyra C,, ecad
pax (23) cxoauTCcs paBHOMEPHO BO BCsikoM Kpyre | 2| < (1 — €) | a, s
rie € (e > 0) — CKOJIb YLOAHO Majioe HUHCJO.

Heticteutensyo, npu [z] < (1 —e)|a,| umeem:

Y+ bl <

1 1 1 —e)t
e < (e (I < S5

ne
(1—2"

ne
(23) cxoaurcs paBHoMepuo npu |z| < (I —&)|a,|.

Takum 06pa3oM, Mbl yOSIHINCD, YTO PsA (23) H306paxaer GyHKUHIO,
roromopduyic BHyTpi kKpyra C,. CienoBaTenbHO, NDOH3BCIEHHE
(21) nzobpaxkaeT GyHKIMNIO, TAKIKE TOJOMOPHHYIO BHYTPH 3TOTO KPYra;
9Ta PyHKUMA 06pailaercs B HYJb NPH 2 = a3, Qs, ..., d,_y 1 He HMEeT
ApYTHX HYNeH BHYTPH ITOTO Kpyra. BcnoMuuB, HakoHel, yTo Le/oe
YUCJIO vV MOXKHO B3ATb CKOJb YTOZHO 0OJABILHM, Mbl BHAHM, YTO IpO-
usseneHne (21) uzobparkaer QYHKIHIO HENYIO, HMEWOLLYIO HYJISIMH
JAHHBIE UHCAA @, H He HMEIULYK APYLHX HyJef.

MHOKHTENH U, HA3LIBAIOTCS NEPSOHAUANbHbIMU (DAKMOpaMU; NePBO-
HavyaJgbHBIE DaKTOp u, COXEPIKUT, KPOME JHHEHHOTO MHOXHTENA

n+l

+

F4 [

an

1 1
n-+1 lan+l

Tak Kak 4UCAOBOM PSx € OGHIHM UNEHOM CXONUTCHA, TO PAX

¥4 o
(l —Tv-), HOKa3aTeJbHBIH (akTop. bBaaropapst npuCYTCTBHIO 3THX
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JOTIONTHHTENBHEIX TNOKa3aTeNbBbIX MHOMHUTENeH npowussenenne (21)
OXKa3BIBaeTCs CXOAALIHMCH.

Jlo cux mop Mbl npejpnosaranl, yTO cpeiu jAaHHbix uucen (17)
HeT paBHBEIX HyJio. B cayuae, xorga z = 0 10o/kHO GBITH HyJeMm 110-
psika A HckoMoil Hestofi GyHKIMH, Mb TOCTaBUM TNEPEN MOCTPOLIHEIM
nponssenennem (21) wmuoxuress 2b. Tlomyuaemas dopmyda

oc z 1 z \2 1 z \n-1
' z a—+7(a—)+"'+7_—1(r)
G(z)_z”n(l-——a;)e n n n §))
n=1
HOCHT HasBanue ¢opmyast Bedepumpacca.

I1pu BLiBose 3TOH (OPMYJABL MBIl IPEANOJATAH JIHILE, YTO 34JaHHAS
nocJsie[oBaTeIbHOCTh uncea (17) cTpemurcss K GECKOHEYHOCTH NpU He-
OIPaHHYEHHOM BO3PACTaHMM HOMepa #. B HeKOTODBIX YacTHHX cay-
YasiX OKasbpiBaeTCsl BO3MOXKHBIM YIOTPe6JATh NepBOHauyasbHbE (ak-
Tophl Gojiee OpOCTOrO BHJAA.

: 1 |p
Tak, npeanosioXum, 4TO pAA C OOLIUM YJIEHOM ’T , Tie p—
n

HEKOTOPOE NOCTOAHHOE HAaTYypPaJIbHOE HHCJO, CXONHTCA. B stom caydae
MOXHO B3ATb 3a U, BbIpaxxE€HHe

z i z \2 1 z \p-1
——— —+‘*(—) +".+T(—-)

w=(1 =) Tl e )

ay

v
B camom pene, coryachuo NpeabAyIIEMY aHanusy BONpPOC CBOAUTCH
K TOMY, yTo6Bl JOKA3aTh PaBHOMEDHYIO CXOAUMOCTH DpALa

o
Sy @] e

mpu |z| < (I —¢)|a,|. 3amerHB HepaBeHCTEO

R CORNNE

r

(19%)

p

1 (1—gpr [ay]f
') €

L

an

V4
an

Mbl yOe)kaaeMcsl B CHPaBeJJIHBOCTH CKa3aHHOro, HOO YnCJAOBOH pAR

00

e —eplal )

Re=v

1
Qn

P

N0 YCJOBHIO CXOMMUTCS.

2. Hsobpaxenue uenoil GyHKuuH B BHAe OECKOHEYHOro NpOH3Be-
ReHMs. B npepninymem nyHkTe Mb 3ajiaBaniy a priori nocsenopareb-
nocte uncea (17), yroBaerBopsiomyio ycaosuio (18), m nokasadaw,
yTo cymecTByer nenas gynkuus G (2), uscbpaxaemas gopmyaoh (1)
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BefiepmTpacca, Ia8 KOTOPOH JAaHHbIE UHCJAA CJAYKAT HYJIAMH.
OG6patHo, ecjiu Mbl HMeeM Henyro GyHKUHio Gy (2) ¢ 6eCKOHEYHBIM MHO-
JKECTBOM HYJEH, TO 3TH HYJH, KaK u3BecTHo (ra. V, § 2, n. 6), He
MOIYT HMETb HHKAKOH NpefesnbHOfl TOYKH, T. €. MOIYT ObIThb pacno-
JIOXKEHBI B MOPAAKE BO3PACTAHHS MX MOAYJEH B BHAE MOCJAEN0BATENb-
HOCTH @y, @3, ..., Qp,-., CTPEMAIEUCA K GECKOHEUHOCTH NPH HEOrpa-
HuueHHoM Bospacrauuu n. [locrpous no gopmyse Befiepurpacca (1)
uenyto ¢dyukuuio G (2), UMEIOULYIO Té K€ HYJH C TOH e CTEHEHbIO
KPaTHOCTH, Mbl BHJAHM, YTO OTHOIIEHHE

G
0 @) =42 24)

Gyaer u306paxars Heayio GyHKuHo ¢ (2) [npunumas ¢ (a,) = lim ¢ (2)],
z-»an

9 ()
@ 6yner

Takxe pnenofl ¢ynxuued. CreaoBaTeNpHO, MBI HMeeM: @ (2) = efl &),
rae [ (2) o3nayaer HEKOTOpYyIO HEaylo QYyHKUHUIO.
Hakoneu, us pasescrBa (24) Haxogum:

G (2) =ef .G (2), (24)

He 00patlfaloILy ocst B HYAb. B 3TuX ycn0BHSX BhIpaXkeHue

HJIHA
00 z 1 z \2 1 z \n-t
Tt () e e [
. pH 4 a 2 (a ) n—1 (a )
Gy (2) = el @2 | |<1 —W)e n n DN §)
n=\

IlpakTuueckn ™MOCYT [peiCcTaBAATBCA 3HAUYUTEJbHblE TPYAHOCTH
Opu onpejenennu ¢GyHkuuu H (2) no paunuoit yukuup G, (). Tak,
Hanpumep, nyctb Gy (2) = sinz. Hyau sinz 6yayr: z = an, rae
n — Jcboe 1enoe yucso. CreaoBaTenbho, cormacuo gopmyae (1) mbr
MOXKEM HAIMHCATh:

z
sinz—_—e”m-zl—[ (l —2—> e™,
ni

TAe MpOU3BeICHHE PACIPOCTPAHAETCS HA Liesble 3HAYEHHA £, MOMOXKH-
TeJbHbIE H OTPHUIlATENbHbE. 318Ch MBI MOMXKEM B3fTh [E€PBOHAYANbHEI
(akTop B YHPOILEHHOM BHAE, MOTOMY 4YTO PAL

Z 1 e _ 2 1 !p
CXORMTCS NpH p = 2.

“an nm

[Mocnegniono gopMyay Aaa sinz Mbl MOMXeM, pajee, YHOpPOCTHTD,
FPYGOHPYA 0O ABa INEPBOHAYaJbHBLIX (DAKTOpa, COOTBETCTBYIOWUX
3HAYEHMAM 1, PABHBIM U NPOTHBONOJJOXKHBIM MO 3HaKy. Takasa rpynnu-
POBXa BIIOJIHE BO3MOXKHA, MOTOMY YTO HYJIH A, BYAYYH PACHONONKEHH
B MOPAAKE BO3PACTAHHS UX MOAY/EH, CIEAYIOT B TAKOI NOCJASA0BaTe/ b=
HOCTH!

n, —a, 2n, — 2%, ..., AN, —AK, ...
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TaxnM, o6pasom, noJyvaem:

oo
22
slﬂzzeH(z)'Zn (1 —W>.

n==1

Yro kacaercs onpenesenus nejnoi ¢yuxunu H (2), To 0HO MOXKeT
O6biTh caenano cjenyiouuM ofpasom. CocTaBHM JiOrapHGMHUECKHE
Apou3BONHble OT OO6EHX uacTefl nocaefHed (GOPMYJIbI

’ ’ ! N 2
(nsinz) =ctgz=H'(2) +—+ Z —
n=}

M CPaBHUM I0JyYeHHOe cooTHoiuenue c¢ Qopmyaoir (30°) ra. VII,
Jlalonlell npejcrapiende (YHKUHH cigz B Buje GECKOHEUHOro psaja
npocrefimnx gpobedt. Torma wmber  moayunm H'(2) = 0, oTkyha
H(2) = const, Ilocne storo dopmyna And sinz npuMer BHJ

sinz:Czﬁ(l -—%)

n=1

Yrobul onpeaennTb, Hakosel, nocrosuuyo C, of6pasyem OTHOILEHNH®

Si:Z=Cﬁ(l—-{2—i{2—)

=1

u nepeiigem Kk npeaeay npu z— 0. Torpa nafigem: 1 = C. Creno-
BaTeJbHO, OKOHUATeAbHas GopMyJa, NpeicraBisiolias s$inz B BUHIR
6€CKOHEUHOTO MPOH3BENEHHS, HMEET BHI

Sinz=2n(l —71-2—31—2)-

n=l

3. Usobpaxenne mepomopdHOil . yHKUMH B BHJe OTHOLIEHHA
ABYX tedbix (ynkumii. OaHuM M3 3aMeuaTeJbHEIX NPHJOXKeHHH ¢op-
mydabl Befiepurpacca (1) sBaserca naobpaxenue MepoMopdHOA QyHK-
MK [ (2) C NOMOIUBIO ILEJBIX (YHKIHH.

[lyctb f (2) ecTb ogHO3HAuHAS (PYHKIUA BO BCEH IUIOCKOCTH, He
MMEIOLIAS HA KOHEUHOM PaCCTOSAHHMH JADYTHX OCOGEHHOCTEH, KpoMe
noJOCOB. Mbl MoxeM o6pasoBaTh ueayio ¢yHkuuw G (z), HMeomylo
CBOMMH HYJISIMH nOJiOCHI MepoMopduoil GyHkuun f (2) ¢ TéMH xe cTe-
NeHsiMH KDaTHOCTH.

Mpoussenenne G; 2) = f (2).G (2) Oyner Hsobpaxartb UEAYIO
dyukumo Gy (z), ecd A8 BCAKOTO MoMoca a GyHKIAH [ (2) NOT0KHM!

Gl (a) = ii{lz Gl (2).
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Honyuennpiit paa panuoHaibHbBIX QYHKUMH H300pakaeT MepoMopd-
HYIC QYHKUHIO [ (2) C IPOCTHIMH MOJIGCaMH B TOUKAX @, H COOTBETCTBYIO-
IMMH BblYE€TaMH, paBHbIMH 1.

§ 3. O606menne TeGLeMbl eAHHCTBEHIIOCTH .
AHAJMMTHYECKHX (PYHKUMH

1. BoamoxHbie 0GOOLIEHHS TeopeMbl SXHHCTBEHHOCTH AHANNTHYECKHUX (yHKUMH.
[Ipy ZOKasaTesbCTBE TeOPeMBl €NMHCTBEHHOCTH (NI V, § 2, n. 4) mmi npexnoJarany,
uto MHOXKecTBO E Touek obaacti G, B KOTOPhIX ABE PYHKIMK f (2} 1 ¢ (), Tonomopdhbe
B G, ¥MEOT PaBHHC 3HAUCHHSA, JONMYCKaeT Mo KpadHeli Mepe oAny npeiefibhyio TOYKY,
Jexamyio B Y TP H G. EcrecTBenHo Bo3HWKaeT Bompoc: He 6yaeT 2 Bepua sTa
OCHOBHAS TeopeMa, €cyH feCKoneyHoe MHOXeCTBO E ue wmeeT NpelesbHBIX TOUEK
BHYTPH (? JIeTKO BHIETh, uYTO B TAKOf ¢opme 5TO NpeAsoXKenHe, Boouie roBopd,

HepepHO. B camom zesre, ynkuns f (2) = sin ecTb T0.10MOP(QHAsA BHYTPH KpyTa

I—z
¢ UEHTPOM B HYJIEBOH TOUKEe pajayyca €JUHHLIA B PaBHAasg HYJIO Ha GeCKOHEYHOM MHO™

KEeCTBe TOUEK 25 = | — e (=1, 2, 3, ...), nexXamux BRYTPu 3Toro xpyra. Ox-

HaKo sin : He ecTh TOXAeCcTBeHHbIH HyAb, Takum 06pasom, eCliM Mbl XOTHM pac-

—z
OPOCTPAHHTL TEOPEMY €AMHCTBEHHOCTH Ha TOT Cayuail, KOIia MHOXeCTBO Touek L He
uMeeT NpellellbHON TOUKM BHYTPH 00aacTH G, TO MBI HO/DKHBI OTPaHUYHTHCH Paccmo-
TPEHHEM TOTO WJIN HHOTO cemeHcTBa roJomopdubix ¢ynkunil. Hanbojee Bakime ce-
meficTBa $YHKNEY, roJoMopdHeIX B ofaacTh G, CyTh:

1} cemelicTBO QYHKIMH DaBHOMEPHO OTPAHMYEHHBHIX TO MOZYJI0 B obdacTH G;

2) Goaee ofmee cemeficTBO (QYHKUMH, He NPHUMMAIOWUX HuTEE B obnactu G
3HaueHuil, 06pas3yiomux JHHHE,;

3) cemeiicTBO GYHKUNH, N3 KOTOPHIX KaXKAas AaeT B3auMHO OHO3HAyHOE OTOOpa-
xeuue obractu G.

OnHaKo Bcerjia MOXHO NOCTPOHTH ABe OYHKLMY, NPHHALJIEKAIHE K CeMelCTBY
1), umeomne paBHME 3HAUeHHs Ha GeCKOHeuHOM MHOMecTBe Touek E ofmactu G.
CrenoBate/bHO, JKeslast pacpoCTPAHKTh TEOPEMY ©AMHCTBEHHOCTH, Mbl AOJIKHbI, OTpa-
HNWYMBASICh PAaCcCMOTPEHHEM OAHOTO M3 BHILEYKa3aHHBIX cemefcTB ¢yHKUMH, Hajao-
JKHTBb B TO XK€ Bpemst OFpaHHuerie Ha paclnpefeneHne Touek mHoxKecTsa £ B obnactu G.
Tak, B cnyuae, xorpa G ecTh KPyT, TAKMM OTPAHHUEHNHEM MOXKeT CJIYKUTh TpeOGOBaHHeE,
9To6bl paccTOSHRE TOYEK MHOXecTBa E 0 OKPYXKHOCTH 5TOTO Kpyra oOpasoceans
pacxopamuiicd pan.

buno fokasaHo 1), umo ecan dse (ynxyuu, 20a0mopdusie snympu kpyea |2] < 1
u npunadaescauie 0OHOMY U3 GbILIEYNOMAHYMBIX CeMeCII, UMEION POBHbIC BHOUCHUS

oo

na muoocecmse mouex E (zp), maxux, umo pad Z (I — |z, |) ux paccmosnuil do ox-
k=1

pyocnocmu | 2] = 1 pacxodumes, mo maxue 06e PynKyUU MOMDECMBEHHO PasHbL MOy

coboll.

B n. 3 sToro naparpaga mb HoKaxeM CHPaBelJiRBOCTh 9TOH TeopemEl And GYRK-
N oc

wuii cemedicta 1), B Buhmenpusenennom npumepe sin

Bapakenne 3 (1 — |z

1—2 =

oo
1 N -
obpamaercs B Z 7071 IPEACTaBAALT PACXOAAIMBECA P5ifl, OARAKO IR STOR GYBRUMK
=1

1) Blaschke W.~— Leipz. Berichte, 1915, ctp. 194; Priwalow [.—
Math. Ann., 1924, ctp. 149.
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Teopema eAMHCTBEHHOCTI HeBepPHa, TaK Kak sin

I lz ne 6yfer orpanuyeHHo# ¢ynx-

nueft BHyTpH Kpyra | z| << 1 u Boodule He NPHHAAICKUT HH K OAHOMY H3 TPeX yKa-
3aHHBIX cemeicTB.

2. dopmyna fkobu u Heucena., Jas gokasatejbeTBa TeopeMbl €XHHCTBEHHOCTH,
(hopMyIHPOBAUHOH B NpeipAyLIEM [IYHKTE, HAM IPHAETCS BOCNOJH30BATHCS OXHOM
3aveqaresbHOM popmysiolt, npuHautexRaied $ikobu n HMenceny. BeiBoa 3Tol hopmyst
6yner ocHOBaH Ha u3BecTHoM (NI, V, § 2, m. 5) cBoilcTBe rojomopdHbeIX (YHKUMH:
srauentie 20/0MOPPHHOLL (hyHKYUUL 8 yeHmpe Kpyea PasHO cpedremy apupmemueckomy
€e 2PAHUYHOIX 8HaueHul, T, e,

27
1 .
[ O =5z [ F(0e®) a0, (25)
0
rie [ (2) ecTe dyuxuus, roromopduas B Kpyre |z|<<p.
[Tonaras B ¢opmyae (25)
i (pe?') =u (o, 8) +iv(p, 0),
noayuum:
: 2m
4 0)=5— | u(o 0)as, @)
0

T. €. YKa3aHHOe CBOKCTBO OCTaeTCs B CHJe MV FapMOHHYECKHX bYHKUHIL.

[Tycts F (2) ectb ¢yrKUus, rojgomopdnas B Kpyre |z| < p, He paBHAs HYMO Ha
OKDYXHOCTH |2 | == p. OC03HauuM HY/J¥ 3Toil (YHKIHM }), JexKamue BHYTPH Kpyra
2] <<p, uepes zi, z, ..., zn W HpeAnonoKkuM, 4to F (0) 5= 0, IIpu 3THX YCAOBUAX
umeer mecTo Gopmyaa robu—Hencena

21 n
| o
Wj In] F (pe®)| do = In IF(O)]-n £1). a0
0 k=l
Hdoxasatesnbctso, OueBulno, GyHKUHsS
_ F @)
O =me—n =z (26)

| npuaey @ (2) = lim® (2) | ectb roJomopduas B Kpyre |z| < p 4 Hurae He pas
Z—»Zk

nas Hymo. Cregoatensro, ¢yuknus [ (2) = In @ (z) Gyzer rosomopdHOll BClogy
B kpyre | z| < p. [Ipnvenas gopuyay (25) K AeficTBuTeNbHON YaCTH by HKUHUE [ (2),
oaxyYum:
| 21
[ (0) | =5 [ 1n]®(oe®)] b, @n

[

Moacrasasa B dopmyny (27) Buecto @ (2) ee smauenue (26), Gylem nmeTb:

2 n 2
|F(0)] _ 1 of 1 ,
e T _—Q-n—oj In] F (pe )IdB—kZIQ—:[—JIn[Q—ZRIdO, @r)
= 0

1) KpatHblii Hy/b BBINUCEIBAETCH CTONLKO Pas, KaKoBa ero KpaTHoCThb,



280 BECKOHEYHBIE TIPOHU3BEJEHHS frja. 1x

Tle NOJOKEHO §= peel. Ocraercss BHIYHCANTL KaXkIelil M3 MHTErpajon:

21
1 ,
%_ng_zh]de k=1,2 ..., n).
0

C s7ofi Henpio 06o3HauuM uepes z, == p*/Z, TOUKY, CHMMETDHUHYIO C TOYKOH 2,
OTHOCHTEIbHO OKpYXHOCTH || = p (1. I, § 2, n. 5). Korla Touka { nmBm:KeTCa no
oxpyxHocTH | { | = p, OTHOLIEHHE €@ PacCTOSHMI 10 TOUEK 2, Z; COXPaHsET NOCTOAH"
uylo BeIHYHHY. B camom jene, umeem:

1L —2k] [§—2r] 1~z [E—2u]
= =z |t == | 2 ot 2 DR
A T B e B e T
R [ .
Tox Kak {f = p?. OTCiona BLIBOAMM:
[E—2zn| _ f2nl 1E8—2nl _ 12l 98
[t—z] ¢ Tm—4 e @)
YTO M JOK23LiBAET HAIE YTBEPHKJICHHE.
[ponorapudmipoBas pasenctso (28), nodyyum:
1n|;—zk|=m|;_z;€;+m_‘%‘—‘. @8")
Benencrsue cootnomenns (28') momeM Hamicaro:
2 27
Ll mjg—z,fao= [ njz—z a0+ m A2l 29)
o l kl ~ on ; [* ’ p " i
0

Uuterpan, crosuiuii B NpaBoll uacty papencrsa (29), HemeIJEHHO BHIYMCISAETCH,
ec/ln sameTnm, Yo QyHKIus In (§ — zj) ecTs Tollomopduas B Kpyre | {| < p, TaK KaK
TOUKa 2, JIEXHT BHE 5TOTO Kpyra. Ilpumenas dopuyay (25'), naxoaum:

2 . ) 92
o Oj n|{—z]d8=lIn|0—z |=Intr

¥ H3 DaBEHCTBA (29) no.nyun 3HaYEHHE HCKOMOTO uHTerpajia

! zh

jln[c——zkldﬁ—lnl r+ 2 =,

BosgBpamancey K cooTHomwenuo (27°), mepennmem ero Takum o6pasom:
2a
j In | Fpe®}|d0—nmnp,

0

[FO) ]

n ————————— =
lzillza] o+ o 12|

OTKY/la OKOHUATEJBHO IOJYuaeM:

2n

j in| F (pe??)| @0 = In |F(0)|n = |-

v
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3. JlokasaTenncTBO TeopeMul eAMHCTBeHHoCTH. [IycTh gse ¢yHKuun [ (2)
@ (2), TojoMop¢HEble BUYTPH KpyFa | z | << 1, 6yAYyT paBHOMEPHO OTPAHUYEHHBLIMY B 3TOM
kpyre: |f @< M, o @< M, ecan |2 < 1.

PaccmoTpum MHOXKecTBO Touek E {z;}, |21 | << 1, Takux, uTo pag

[
Y (—lz) (30)
k==l

HX paccTosiHHil A0 OKPYXHOCTH | 2| = 1 pacxomnrea. [IpeanosoikuM, 4TO BO BCEX TOu-

Kax MHOKecTBa E QYHKUNH [ (2) 1 ¢ (2) uMeloT paBHble 3HaueHHs. TOrAa Mbl JOKaMmeM,
uyro GyRKuUMU f (2) B ¢ (2) paBHbl TOKAECTBEHHO APYr APYTy.

Toaaras F (z) = f (2) — ¢ (), ™Mbl monyvaeMm dyuxumio F (2), roJomMoppuyio
BHYTPH Kpyra |z| << 1, paBHOMEPHO orpPaHHYEHHYIO B 9Tom Kpyre: | F (2) | < 2M,
ecan |z | << 1, paBHyIo HyJIO Ha MHOXKecTBe Toyek £. Hama Teopema Oyner joxasaua,
ecIH Mbl 0GHAPYXUM, 4To QYHKUMA F (2) eCTh TOXKIECTBEHHEIH HYJb.

Jlonyckas IPOTHBHOE, Mbl NpPeANoIOXKHM, 9T0 QYHKIHA F (Z) He ecThb TOXAecT-
BeHHHI HyJb. Kak wusBectro (ra. V, § 2, m. 6), MHOXecTBO ee HyJeH, JexaumuX
BHYTPH Kpyra |z|<C 1, MOXHO NepeHyMepoBaTh C IOMOIbIO HATYPANbHBIX YHCEN,
PacnoJOXuB MX B ITOPAAKe Bo3pacTanus MOLyJeHd. Mbl MOXKEM CHHMTATh, HTO NOCJENO-
BaTeJIbHOCTh TOuEK E {23} mpeicTaBisier COBOKYIHOCTb BCeX HyJeir ¢oyuruuu F (2),
Tax Kak oT npubasienns Ko MHoxecTBY E HOBbiX saenmentoB psig (30) octaercs pacxo-
DAmUNMCH.

Hrak, 21, Z3, ..., 2x, ... CYTb BCEBO3MOXKHBIE HYAH byHKUMu F (2), pacnosoxeH-
HblE B NOPAJKE BO3PACTAHMS MX MOAyJeH, NpPHUeM KaXKAbli KPaTHbil HYJb 3aMiChI:
BAeTCA B 3TOM 110CJeI0BATENBHOCTH CTOABLKO Pa3, KaKOBa ero KpaTHocTb. He ywenb-
wan O6IHOCTH TEOPeMEl, MOXHO npeanonarats F (0) == 0, Tak KaK B POTHBHON CJiy-

F(2)
yae JocTaTodio paccmarpusaTe O (z) == +, rie A — KpaTHoCTh wopHst 0. [Jas

z
[zl <1 umeem: [D(2)| <2M, ® (2) = 0 npy z2=zi, 2, ... u O (0) 5= 0].
PaceMoTpuM OKpYXHOCTE |2} = © Npou3BOJABHOIO paauyca o << 1, He mpoxoad-

HIYH0 HH Yepe3 OJHY H3 TOUEK 21, Zg, «evy 2k, «1v, U OOO3HAYHM YEDPES 1 UHCJIO TOYEK 2k,
Jexauux BHYTPH 3ToH okpyxHocTH. ITo dopmyae fixoGu—Hencena (n. 2) mmeem:

2m n

! i _ p

%—Ojlan(pe d0 = In lF(())[-]'_[m ©<p<l). ()
. b=l

Tax xak no ycaosmio | F (2) | << 2M npu |2] << 1, To us dopmyas (I1) BLiTeKaeT ne-
PaBEHCTBO

n
0
F(0 — M
1F O] o <2m,
=]
WY, 4TO TO 2XKe,

() . —— 7V} (31

lzldzl ... 2]

Hepasenctso (31) cnpasenaupo npa uodom p << 1 u cooTBeTCTBYIOUIEM 7. [ToKaxKem,
YTO 5TO HEPABEHCTBO OCTAHETCS B CHJIE, eCaM 71 Oy/eM CUMTaTh MOCTOSHHLIM, 8 P —
CKONIb YrOAHO GJIM3KHM K eRyHHUE, T.€, O0HAPYKAM CNPAaBeAJHBOCTh HEPaBEHCTBA

m’

IF©)] <2M, @r)

tzrl-lze]. o . l2a]
e 1>p" >op.



282 BECKOHEUYHBIE MNPOU3BEAEHUS [ra. 1x

JlefictBHTeNbHO, 0603HAYAN WePe3 n' YHCIO HYJIEH 2p, JICKAWHK BHYTPH OKPYX-
Hoctu |z| = p’, mepemumem (31) Tax:

|F (0) |- <2M. (32)

p/t“l
IR | 2a- |
M3 uepasenctsa 32) BuiTeKaeT uCKOmOe mepaserncrso (317):

m

0 —
Ol T~

pfn’ !ZIH-IHZIH-ZI"'IZH"
== | F (0 . <2M
[F(O)] Izll’|z2["'lz"’| o/ '
TAK KaK HMeeM:
n’—n
lznﬂllzn;il_; e z] [1]22 <
' =l

Cuwrasi n nocTosHHEIM, Tepefiiem B epasenctse (31') x upenesy npw o, cTpemsmemcs
K epuHuue. [Tonyuum B pesyJ/brare:

_FO] y
ol o] - Tl =2

nuag
EYNPA B PAPSRLE UAY $2)

{TocnefHee HEPaBEHCTBO CHUPaBEAJMBO [P BCAKOM 11,
Chegosate/ibo, OyAeM HMETb:

=z F
nl?kl>l-2f;—4)1->0»
k=l

0o

T, €. Mbl JOKa3adu, 4To (ecxoueqHoe NpoH3BeJeHUe I [2n | cxonutca (TaK Kak no-
k=1

JOMUTEJIBHbE YHCIA pp = |2( || 2 |- - -] 2n | YOmBaOT, OocTaBasich Oofibie HOMOKH-
TeAbHOrO nocTodAHHoro) (§ 1, m. 1).
3ametuB, uto {25} =1 — (1 — |2 ), st B cuay § 1, o. 2 3ak/iouaey o cXofa-
oc
MOCTH pAfa Z (I — | 2 ). TMonyyennoe nporusopedne yOexJaer HAC B COPaBELid

k=l

BOCTH TEOPEMBI.
4., HesoamoxHoctb pajbHeiiiero oGo0lLieHUs Teopembl EAHHCTBEHHOCTH AJA
orpaunyieHHsix ¢pynHkuui, B npexpiiyumem nmyHKTe Mbl JOKa3asiid TEOPEMY €JHHCTBEH-
HOCTH AJIA OrpaHuueHuux QyHKUui, Hajaras Ha MHOXKecTBO ToueK E {zp} ycioBue:

0o
paa 2 (1 — |2 |) pacxogurcs, Bosnukaer Bompoc: He GyAeT Jid BepHaA 3Ta Teopema
=1
oo
LA# OTPAHWYCHEHX QYHKUMA B Tex Wid MHBX CIyyaax cxoimwoctd pama ¥, (I —
k=l

— |2z })? Ha 3T0T BONpOC MEI OTBETHM OTPHUATE/LHO, 10KA3aB, 4TO KaKoBa Obl HY
Obiia MOC/AEAOBATENBHOCTL TOUEK 21, Zg, «» (0 << |2p| << 1), Ana xoTopolt psx
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oo
Z (1 — )25, D cxonntes, cymectByeT GpyHKIus / (2), He TOXK/ICTBERHO PaBuas HYJIO,
k=l
roaomMopast ¥ paBHOMEPHO OIPAaHHUYCHHAS BHYTPH Kpyra |z| << 1, paBHas uyao B
KaX10ii TOYKe RaHHOR ROCJAELOBATENBHOCTH.

Takaa ¢yHKuHA MoxeT OuTb ONPEACJEHA C TOMOMILIO (OPMYJIBI

0o

p—2 )
2) = —_—2Zp ). 33
to=[1({== 33)
b=l :
JleficTeureIbHO, NMPEANIOJAras YHCAA 21, 2, ... PACHOJIOKEHHHIME B NOPIAKE BO3PaA-

CT2HHS UX MOAyJell, mMbl NoxXaxenm CHauana, u4To QYHKUMA [ () ecTb ronomopdnas
npu | 2| <Clzy |, paBHas HYd0 BHYTPH Kpyra (2| <C |2), | THwb B TOUKAX 24, 2, +..y 251
npu Jio6om £ (MB BIIpaBe, OUEBHIHO, NPERNOJOKHTb |2n_ 1| << |2 ).

C 3Toll neNbio PacCMOTPHM NPOH3BEICHHE

oo
Zn —2z
” < 1—2z, ")’ (34
n==k
BCE MHOXUTEJIH KOTOPOTO OTJHYHBI OT HYJS BCIOAY BHYTPH Kpyra [z <C |z |. Otme.
THB HEPAaBEHCTBO
n—2z
—ln — 25
1—22p

_d—lmP _20—l=)

1 = =
[1T—22n| t—lz|

o0
9
MBI B CHJIY CXOAUMOCTH YHCOBOTO pﬂnal—ﬁ E (1 — | 2, ]) 3akmouaen na oc-
— 1%
n=£k

HoBaHHHU § 1, m. 3, uTo npoussefenne (34) CXOAUTCS K PYHKUMM, TONOMOPDHON H OT-
JIHYHOI OT HyNa npu |z} <)z, |. Cienopatensho, npousseichte (33) GyLeT uscOpamaTs
¢yBRIRO f (2), TONOMOPPHYIG B PABHYIO HYIIO B TOUKAX 2y, 2, ..., Z4_y BHYTPH KpyTa
[2] <|zp|. Tak wak |zy| — | npu HEOTPaHHYCHHOM BO3PaCTaHMH £, TO [ (z) Oyner
¢dyukuner, rosovopduoid BuyTpr kpyra |{z| << 1 n paBHoli HYMO JHMbL B TOUKZX
2%, 29, oun

Ocraetcs moxasaTe, uto f (2) ecth ynkips, orpannuennas npu |z| << 1. Ias

9TOI0 OUEHHYM MOZAYJb TPOH3BOJALHOTO MHOMHTENS Npou3eexenns (33) npm jzj= I:
p—2 p—2 2—2zp 2
] — 2= ————— | = |— ~ ..l_i_l_=|zk,<1,
— 23 22 — 2Zp 2 — 3 |z}

ITo HEPaBEHCTBO OCTaeTCS B CHIe K NpH [2] << 1 (Ta. V, § 2, 1. B), Tak K2k PyHKmns
Zp— 2
==, 2p ecTb rosomopdmas npulz| < 1. Cregosatensno, numeem: |/ (2)] << I,
ecnn |2i<< 1,

Ynpascnenun x zarase IX
1. ,HOKBSHTB CXOMHUMOCTL ¥ ONpeReNIHTE 3HayeHq HPOHBBe,IleHHﬁI

o [T0+5577): o [T0-5557)-
n=1

n=1

Oms. a) 2. 6) 1/3,
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2. Paznomxuts B GecKOHeuHble Npou3BeleHnsl byHKIKH

& —1, cosz, sinz—sinz.

Oms. &% ﬂ(w W,,g) ”[ *RﬂziT)‘}

(z_za)ﬂ[ —%]‘[1‘%}

¥ ka3 aHue Bocnoib3oBaTbCs W3BECTHHIM pasfiokeHuem His sin 2

o0

2
sinzsz”(l—n—;—IT).

n=l
3. Jlokasarb, 4TO mMeeT MecTo dopmysa

sin iz
—_— e (z)'
22 |

rae h (2) — nenas dpynkuus. Kak Hyxno swbpats A (2)?
Oms. h(z) =—2z—1In2 -{-_g_[_

4. Onpepe/inTe 0GMACTh AGCOMIOTHONR CXOMMMOCTH CEAYIOUHX MpousBefenul:

a) H (1—2"), 6) H (1 +22), ») II (1 + cn2), ecan ZI | cn!| cxoputca,

n=I n=0 n==0
Oms. a) u 6) jz] < 1; B) ch IVIOCKOCTb,
5. GVHKUMK [p (2) (1 = 1, 2, ...) — ananutuueckne B Kpyre |z|<{r, ® psA

Tifa (z){ PaBHOMEPHO cxonm"cx B Kaxjom Kpyre |zl <p <r. )loxasarb 410

F (o= H [1 4~ fa (2)] ecTs ronmomopduas yuxuus mpu |z| <z
n=1
6. TloxasaTs, uTo l—l-z =+ +A+2(1+8),.. mprjzi<le
7. Tlonw3yacs 3ajaueft 6, moxasaTh, YTO

(1__2)(1_1z3)(1__2§) =141+ A+ e mpr f2zl< L




THABA X
AHAJIUTUYECKOE MNPONO/DKEHHME

§ 1. TIpHHIAN AHANHTHYECKOTO MPOAOIKEHUS

1. MousaTue aHaNNTHYECKOrO npojo/uxeHus. OLHUM H3 OCHOBHBIX
CBOHCTB aHAMHWTHYECKHX (YHKIHH SBJseTCs CBOHCTBO X €JHHCTBEH-
HOCTH, paccmoTpenHoe B . V. Ecam nBe aHafuTHYeCKHe (QYHKUMH
COBMNAJAIOT MeXK]Y co8ofl B CKOMb YIOJHO MAaJOH OKPECTHOCTH TOYKH
HJIM Jax<e Ha CKOJIb YTOAHO MAjJOM KYCKe JIMHUH, TO OHH BHOJHE TOX-
JecTBeHHbI Apyr Apyry (. V, § 2, n. 4). dpyramu caosamH, QyHK-
LM%, aHajuTHYecKas B OOJAAacCTH, BIOJHE onpejensierca B 3Tol o6-
JIaCTH NOCPEACTBOM ee 3HaueHHi Ha CKOJAb YIOJHO MaJoM KYCKe JH-
HUM (WaAH jJake Ha OGeCKOHEUHOM MHOXKeCTBe
TOUueK 00JacTH, HMeIoWEeM [o Kpafidell Mepe
OAHY NpelejbHYI0 TOYKY BHYTPH OGJAcTH).
Ilocrapaemcs tenepp Gosee noapoGHO npoaHa-
JIM3HPOBATb 3TO OCHOBHOE CBOMCTBO AHAJNHTH-
YeCKUX (YHKIMH BMECTE C BHITEKAIOL[HMH K3
Hero CaeICTBHSIMH,

Ilycts nam pambl jgBe  ¢yHKmuM fy (2) 1

f2(2), u3 Koropnix mepsasi rojiomopgHa B 00- Puc. 95.
snactu Gy, a BTopag — B ofiaactu G, (puc. 95).
Honycrum, xpome Toro, uto obaactd G, u G, HUMEIOT B KadecTe 0O-
el 4acTH HEKOTOPYIO 06/acTh g, W NycTh B 0O6JacTH g GYHKIHH
f1 () u [, (2) cosnanator. OueBunno, B 3ToM cayyae pyHruun f; ()
H [y (2) B3aHMHO OnpegeasiOTCS BNOJHE OAHO3HAUHBIM CIOCOGOM.
B camoM jnere, BCJeACTBHE TeOpeMbl €AMHCTBEHHOCTH He CYHIECTBYET
HHKaKoH Apyro#i dyHkuuH, kpome f, (2), Koropas 6pl1a 6bl ronoMopd-
HOM B obmacti G, U uMena Obl Te Ke 3Hauenusi B objacTi g. Takum
o6pa3oM, QyHKUUA [, (2) BrOSHE ONpejesisiercsl yepe3 CBOM 3Ha4eHHs
B 00J1aCTH g, WM, UTO TO XKe, Yeped PyHKUMIO f; (2); TakKe H PyHK-
uus f; (2) BHOJHE ompenessieTcss NOCPEACTBOM fo (2).

CrnenoBarenbHO, MBI MOXKeM CKasaTb: ecqid iBe obmactu Gy u Gy
MMEIOT BhILIEYKa3aHHOe MoJiokKeHHe H GyHKuudA f; (2) ecTb rojomMopd-
Has B G;, TO JMGO He CyLIECTBYET HHKaKoil (yHKLuH, romomopdHoit
B G, ¥ coBnajamumeil ¢ fy () B 06sacTu g, AHGO CYLECTBYET TOIbKO
OIHA TaKad (yHKUHSA.
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B s10oM nocse/IHeM CJy4ae Mbl CKaXKeM, 9TO 3agaHHas B obaacTH Gy
yHKIHSA aHANHTHYECKH OpojoJKaercs B o6nactb Gy, Pyukuua f, (2)
HA3BLIBAGTCS auAALMUuecKuUm npodosxcerues GyHKLUU f; (2) B obaacTb
G,. OueBuanuo, Takke f; (z) ABIsIeTCA aHAJUTHYECKHM NPOAOJIKEHUEM
dyukuun f, (2) B 0o6nacte G;. Boobuie rosops, HeT HHKAKHX OCHOBa-
unil paccmarpyBath GYHKIHH f{ (2) M fy (2) Kak pasiuunbie GYHKIUH.
BeneicTBHe NOJHOH OJHO3HAUHOH ONpeieSMMOCTH OAHOH uepes Apy-
Iyl eCTeCTBEHHO paccMaTpHBaThb Ofe (QYHKLUM KaK 3J€MeHTHl ONHOH
u Toii e pynkuum F (2), Koropas Gyier ronomopdHoit BO BCed 06-
jgactd G, cocTaBJeHHOH u3 obnacteét Gy n Gy
G = Gl + Gg.

[Moscuum ckasanHoe Ha mnpuMepe. IIpumem
3a G, KpYr ¢ LEHTPOM B HYJeBOH Touke pa-
muyca emuHuna: |z | <1, a sa Gy — kpyr
¢ uentpom B Touke f paguyca ¥ 2 |z —i| <
<V 2 (puc. 96). Ilyctb B oGnactu G, nana
¢yHRUHA

f1(2) = n};ﬁ 2", (1)
Puc. 96, Hyxuo noctpouts dyukumio f, (2), rodo-
MopgHylo B obsactH G, Koropas coBmajana

Obt ¢ [y (z) BO Bcex Toukax obsactd g. Mpl 3HaeM, uTO ecqu Takasi
(dyHKUUA CYLIECTBYET, TO OHa €AHHCTBEHHad. IJTOH PyHKUMEH OyaeT:

fa(2) = 1{—2 (+=%)" @

2—1i

11—

TaK Kak MOCJACAHHI DS CXONUTCA NPH I |< 1, may, 4TO TO Ke,

opu |z—i| <y 2, u ero cymma pasna —1—1__—;

CnepoBatennio, umeeM: [, (2) = f, (2) Bo Bcex Toukax obaactn g.
Takum obpasom, f, (2} u f; (2) CyTh aHANUTHYECKHNE NPOJONKEHHA APYT
Ipyra, o0¢ OHH CyTb MeMEHTH OJHOH H TOH ke ¢yHKuuH F (2) =

= -1—5» Fonomoppuoil B noaHoit obnactu G = G, + G;.

2. ToHsiTHE NOJHOM aHANHTHYECKOH (QYHKLUUH B cMbichae Befiep-
wrpacca. Ilycth jgana ¢yuxuus fy (2), ronomopduan B obnactu Gj.
OGosxayasi yepe3 2; MPOU3BOJBHYIO TOUKy obsactH Gy, pas/oKHM
JaHHYIo QYHKUMIO fy (2) B OKPECTHOCTH 3TOH TOYKH B CTENEHHOH pai

h @)= n}:]O C (@ — 2" @)

B uacTHOCTH, MOMeT CJAYYHTbCS, YTO paluye CXOZHMOCTH Ry
3TOro psifa paBeH GECKOHEUHOCTH, T. e, pAA (3) CXoguTCA B KaKJoH
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TOYKE 2 MICCKOCTH KOMIJIEKCHOrO nepeMenHoro. B sToM cayyae cymma
psaia (3) npencraBasier QYHKUHIO, FOJOMOPPHYIO BO BCeA NJIOCKOCTH,
CAYKaAUYI0 aHaJUTHYECKUM [POLOJIKEHMEM JaHHOH ¢yHKLuK fi (2)
3a obaacTe G,. Beaencrayie eIMHCTECHHOCTH NPOLOJACHIA HEBO3SMOKHO
NOJNIYYHTh HHKAKOH JIpyrod ¢GyHKLUHH JOCPEICTBOM TNPOAC/IKEHHS
f1(2).
[Tosicuum ckasauHoe npuMepom. [lycrtb
2 n—1

— z < .3 o= .,
g =l—gr — & — - A

3T0T psaLd CXOMUTCA BO BCceH IJIOCKOCTH. HO.HO)KHM, Aanee:
h(z):: 1 +z+22+...+2" +...

BtoT psj umeer pamuyc cxopumoctH R = 1. OnpegenuM QyHK-
uuio f; (z) B xpyre G; ¢ NEHTPOM B HYJIeBOH TOUKE pajuyca eiuHuua:
2] <1, nmonoxus:

h @) =g @-h@). 4)
Iocpencreom dopmyner (4) dyukius fy (2) onpeseneHa Juwb NpH
lz] << 1. Ecai 2Xe MBI pasfioXuM QYHKLHIO f; (2) B OKDECTHOCTH HYJe-
EOil TOUKH (2; = 0) B cTeneHHOH Psij, TO OJYYHM NOCPEACTBOM Mepe-
MHOXKeHHs panoB g (2) u h (2):
n

2
h@=145 g+ oo+ oo, ®)
TAaK Kak, OUEeBHJHO, HMEEM:

1 2 n—1
21 3! n!

TakuMm o6pasoM, MBI MOJNYYHAH A7 JAaHHOR PYHKLMH pasioxe-
nue (D), cnpaBejinBoe BO BCefl TJIOCKOCTH KOMIUIEKCHOTO nepemeH-
HOTO.

Ecan paanyc cxoaumocT# pasnoxedus (3) He papeH 0eCKoHeY-
HOCTH, TO OH €CTb KOHEYHOE MOJIOKUTEIbHOe YuCa0. BrifepeM TOUKY 2a
BHYTPH KpyTra cXOAUMOCTH psja (3), OTIHYHYIO OT LEHTpPA, H COCTaBHM
passioKeHHe [JI51 OKPECTHOCTH TOUKH Z,:

,—_—nl'—- (ﬂ:—l, 2, 3,...).

oo

E szz) (z— 22)n7 (6)

nze=()

rjie TOJOMKEeHO:
2) 1 un
Ciny= -l ) (22).

Pagnyc cxomumocru R, 3Toro passoxmenus no kpafisefl Mepe pa-
BEH DACCTOSHHIO TOYKH 2, A0 OKPYIKHOCTH MEpBOHAYaJbHOIO KDPYra,
T.¢. Ry=R;— |2 — 2| Ecin R, = Ry, —|2z,—2, |, T0 psia (6)
JlaeT sHaueHua (PYHKIMH TOJbKO B T€X TOUKaX, B KOTODPHIX OHAa VIKe
onpejeseHa nocpenctboMm psana (3) (puc. 97). B stom cayyae TouKa
KacaHus OKPYXKHOCTEH KPYroB CXOAMMOCTH paloB (3) u (6) Gyner oco-
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Colt ToukoHl GyHKUMU, ompenesentofl depes f, (z). Ecau me R, >
> R, —|2—2; |, T0 HOBBIH Kpyr CXOAHMOCTH BBIXOAHT 3a MNepBo-
HavaJbHBIl, H Mbl MMeeM Torla OYHKUHIO f; (2) NpojosxeHKoH 3a
CTApbIH KPYI CXOAMMOCTH B HanpaBieHuK paguyca (7, z,) (puc. 98).
Hrax, ecsin BooGIe BO3MOKHO NPOIOJIKCHHE B ONPEeJeHHOM Hanpas-
JIEHNH, TO OHO OyAeT OCYIIECTBJAEHU C IOMOLUBIO 3TUrC CTEHeHHOro
psina.

Boo6pasum cebe tenepb, YTO Mbl MPOAOIKHIU HePBHIH 3/1eMeHT (3)
GYyHKUHH MO BCeM BO3MOXKHBIM HalpaB/ASHHAM; TaKXke NYCTh HOBBIE

Puc. 97, Puc. 98.

SJIEMEHTBL B CBOIO O4epe/ib MPOJIOJIKEHHE 10 BCeM BO3MOXHBIM HAfpas-
JennsM H T. 4. Takum myTeM MBI oJydaeM, OTIPAaBAsIsCs OT NepBOro
asiemenTa (3), QYHKIHIO, TOJOMOPGHYIO, BOOOUIE roBops, BO BCe 6O-
aee u Gosee yBenuunpatolleiics obnactd. OfHAKO MOXKET CAYUHTbCH,
49TO NPOAOJIKEHHE MNEPBOTO CTENMEHHOrO psaia (3) HEBO3MOMXKHKO HH MO
Kaxomy Hanpapienuio. B sToM csyyae, ciepoBatesibHO, He CYIECT-
ByeT HHKaKOH GyHKLUM, KOTOpas Oblia Obl rooMophHOi B 06JacTH,
Gonbiued, yeM MepBBIH KPYr CXOmMMMOCTH. Mbl ckaxem Toria, 4ro
OGyHKIMSA HENpPOAOMAKAEMA H OKPYXKHOCTb KPYyra CXOAHMOCTH €CTb €€
€CTeCTBeHHAas rpaHLa. :

Mpumep.

00
fay=Y M=z 424 M ™
fr==1
Paanyc cxoaumocTn R psfa (7) pasen eamsuue. Ecau 6bl Qyskuus f (2) 6emia
MPOJO/IKAEMA 32 KPYT CXOAWMOCTH AAHHOTO paja (7), To HeKoTopas Ayra ero OKpyx-
HOCTH cOCTOsIa Obl CIjions u3 MPaBWbHBLIX TOYEK QYHKUHH f (2). Ha Takoit nayre
251i Lo
#MEIOTCsl B GeCKOHEUHOM MHOMXKeCTBE TOUKH BHAA 2, == ¢ ¢ , rlle p U g — LENbie no-
NOWHUTEJILHBIE YHCAa. ECAH Mbl TOKAXEM, YTO TOYKA BHJAA 2y HE MOMKET ObITh MPaBUIbL-
Hoit TouKo# dyuxiEn f (2), To Ten campiv GyAeT KOKA3AHA HEBO3MOXHOCTH IPOAOJ-
wegda dyHxuuu f (2).
[Tonomum: 2= pzg, FREe O < p < It

g} )

f(Z) — 2 ?r!! + Z pnz' (7!)

=} =g

1 t
TaK KAk MpH n 3> q umeem: 20 = (pz)"' = p",
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Takum obpasowm, nodarag M = 29 + N, rae N — npousBosibHO GOJBIIOE LEI0e
HOMOXHUTENbHOE UHCJIO, MMEeM:

M g—1
> Y o= 1zl"> M—qg+ 1M —(g—1). ®)
n=q

n=1

Korga p cTpemMaTCs K eAMHULE, TO NPaBasi YacThb HEPaBEHCTBA (8) cTpemuTcs K 3uate-
nuio M — 2¢ -+ 2= N - 2. CnefoBatesbho, IpH HaplexauieMm nofbope py 4151 BCex
3HaueHufl p (Do << p << 1) HEOGXOAMMO HOIXKHO uMETH: | [ (2) | > N.Becrmomuus, yto N
0003HaUAET NPOH3BOJNBHOE OOJBLIOE YHCAO, 3aKJ0UaeMm: NPH PasyalbHOM Npudau-
KeHUHN K TOuKe 2z) MOAYAb PYHKUKM f (2) crpemutcst XK Geckoneuroctu. OTciona cue-
JyeT, 4TO TOYKa z; He MOXeT OblTh
NpaBuIbLHON TOYKOR dyuruny [ (2).

Hpyrofi kpaiimuil cayuait,
KOrZa CTelleHHOH psi NpoAo-
JKaeM N0 BCeM HanpaBJeHHsAM
3a KPYr CXOIHMOCTH, HE MOXKeT
umeTs Mecra. [eficrBuTeNbHO,
MBI 3HaeM, UTO Ha OKPYXKHO-
CTH KPyra CXOIMMOCTH UMEeTcst
no KpanHeH mepe ofiHa ocobas
toyka (ra1. V, § 2, n.2), ko-
TOpas HIKOrAAa He MOXKeT IIo-
nacTb BHYTpPb HOBOrO Kpyra
CXOAMMOCTH, 4TO, OJHAKO, Puc. 99.

JOMKHO 6pt10 Obl CJAYUHTBCH,
eCJiH Obl CTENEHHOH pAj JONYCKaJ NPOAO/IKEHHE IO BCeM HanpaBJIeHUM.

Hcnonr3yst yKasaHHBI MeTOA NPOAOKEHHS, BBLACIUM MHOXeE-
¢TBO M TOUEK IJIOCKOCTH, H8 KOTOPHIX Kax/af MOXeT ObiTh 3aK/ai04eHa
BHYTPb HEKOTOPOro KPyra CXOZUMOCTH; B JOCTaTOUHO MaJjOf OKpecT-
HOCTH Ka)Joh Tako# TOYKH GYHKUHSA, CIe0BaTebHO, OYAeT rojo-
MOpPQHOH.

Mozxker cayuHTbCH, YTO HPH NPOJOKEHHM MBI IOnajeM CHOBa
B NEPBbIH KPYT ¢ NOMOLLBIO HOBOTO Kpyra. Tak, Hanpumep, Ha puc. 99
NepBOHAUAAbHBIH KPYr CXOAUMOCTH €CTh KPYT C LEHTPOM B HyJeBoH
TOYKE pajinyca eluHHlA, NPHYEM H3 ero OKPYIKHOCTH HMeeTCs efyH-
cTBeHHast ocofasi Toyka z = ~-1. IlpH nocaeroBaTesbHOM HpPOLOJ-
JKeHHH 3TOr0 HAaya/ibHOTO SJeMeHTa NATHH KPYT HMeeT ¢ NepBOHAYANb-
HbIM OOLIYIO 4aCTb; 3HAUGHHA HOBOTO CTENEHHOrO pAfa B TOYKAX
HNepBOHAYaJbHOTO KDYra CXOAMMOCTH, NPHHAIJIEXAallMX YKasaHHOH
ofLlel yacTH, MOTYT COBNaJaTb CO 3HAUEHHSAMH HepBOHAYAJILHOTO
CTETNIEHHOIrC psja, a MOIYT H HE COBHaNaTh. B nepsoM caydae QyHK-
nus 6yler OofHO3Ha4HOH B 00JsaCTH, Yepe3 KOTOPYIO OHa Oblia Ipo-
JOAXKeHa, BO BTOpPOM -—— MHOTO3HAYHOM.

[Ipeanonaras Aas NpoCTOTHl (PYHKUMIO BCe BpeMsl ORHO3HAYHOM,
MBI MOXKEM CKa3aTh, UTO MHOXecTBO W BCeX HpPaBHJIbHLIX TOUEK Ta-
Ko#t ¢yHKUMu o6najaer ABYMs CBOHCTBaMM:

I} xakosa 6bl HH Gblia TOUKA MHOKeCTBa W, BCe TOUKH AOCTaTOYHO
MaJIoro Kpyra ¢ LUEHTPOM B 3TOH TOUKe NPHHAJJIEXAT TOMY XKe MIHO-
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JKEeCTBY, T. €. FOBOPS KPaTKO, KaxJas TOYKa MHOXKecTBa W ecTw
8HYMPEHHAA TOUKA;

2) nioGuie ABe TOYKH MHOMXKECTBA W MOXKHO COEJMHHTH HENPEPHIB-
HON JinpHeH, BCe TOYUKH KOTOPOH MPHHAAJEXAT TOMY K& MHOMKECTBY,
T. €., Kopoue, W ecTb C8A3HOP MHOJKCECITIBO.

Aro muoxectso W BCceX NpaBHAbHLIX TOYeK (PYHKLIHH Ha3bIBAIOT
ee obaacmeto cywecmsosarnus. OUeBHIHO, KaXKAOH NpPaBHIbHOH TOUKe
COOTBETCTBYET ONpPEJIeJICHHOE 3HaueHHE (PYHKUHUH,

o onpenenenuio Mul MOHEMaeM TNOJ HOAHOU AHAAUMU4ECKOU PYHK-
yueti B cMmblcne BeftepmTpacca COBOKYNMHOCTh 3HAUeHUH QYHKLMH,
KOTOpble COOTBETCTBYIOT YKa3aHHbBIM 0GpPa3OM BCeM NPAaBUJIbHBIM
TOYKaM.

3. PacnpocrpaHeHue (yHKUMH ReHCTBUTENBHOIO MEPEMEHHOr0 HA
KOMNJIEKCHYIO 063aCTh MO NMPHHIKNY AHANHTHYECKOTO NPOJOJKEHUS .
Hznoxenspiit B 0. 1 DNPHHIMN aHANHTHYECKOrO NPOROJIKEHHs OblI
OCHOBaH Ha TOM (aKTe, YTO aHaJUTHYeCKas (YHKIUSA eAHHCTBEHHBIM
o0pa3oM ompejessieTcss yepe3 ee 3HaY€HHsl B CKOJb YIOAHO MaJloH
uacTHyHoH ofsaacti. OAHAaKO H3BeCTHO, YTO JJf MNOJHOTO OAHO3HAu-
HOTO ONpejeNeHHs] aHAIMTHYECKOH (YHKIMK JROCTATOYHO 3HATh ee
3HaueHUsi HA CKOJb YroJHO MaJjoM Kycke JuHHH. [IycTp nmeercs
B MJIOCKOCTH KOMIIIEKCHOrO MEepeMeHHOro 2 KYCOK JuHuu L u Kax-
JIOl €ro TOYKe 2z COOTBETCTBYIOT 3HaueHus PpyHkuuu @ (z). Paccmatpn-
Basi IpOU3BOABHYIO obaactb G, conepKallyio L, Mbl B COCTOSSHHH BCTpe-
TUTBCH JHIIb C ABYMSI BOBMOXKHOCTSIMH: JIM0O He CyLIeCTBYeT HHKaKod
dynkuwun f (2), ronomopdHoli B obnactu G, kKoTopas coBnazana Owl
¢ ¢ (z) Ha L, qu60 CyIIeCTBYeT TOJbKO onHa Takas ¢yHkuusa. B no-
crefHeM Ccaydae 3Ta (YHKLIHA OAHO3HAYHO oOnpejessieTcss uepes
cBoM 3uauyeHus Ha L. Mp Moxem ckasath toria, 4To (yHKUHS q> (),
sajanHas Bpoab L, aHamuTHueckn NpONO/IKALTCS B obsacts G. B ga-
CTHOCTH, NMpUHHMasg 3a L Kycok JHelCTBHTENbHOH OCH Xy, < X < X
i 0G03HAYAR yepe3 ¢ (X) COOTBETCTBYIOUIHE €I0 TOYKAM 3HAYEHUA (‘byHK-
UM (KOTOpHIe MOTYT OHITh JEHCTBHTENBHHIMH HJIH MHMMBIMH), MBI MO-
JKeM T[OBODHTb 006 aHaJIMTHUECKOM [pPOJOJKeHUM (QYHKUuM Jed-
CTBHTEJILHOTO NEpeMeHHOro x. EcJu TakKoe Npojo/KeHHe yaaercd, TO
rOBOPAT, 4TO (QYHKUHA @ (X) MPOJOJKEHa B KOMILIEKCHYIO 06/acThb.
Ha npeawiayniero caenyet, uto ecau GyHKUNA AeHCTBHTENbHOrO nepe-
MEHHOro X BooOLle NpojoJkaeMa B KOMIWIGKCHYIO 06/1aCTb, TO 3TO
BO3MOXKHO TOJbhKO €IMHCTBEHHLIM OGpasoM.

§ 2. Iipumepni

1. Tpamepst oxnosnaunbix pyskuni. [lokazatenbnas byHknua e*
H TPUTOHOMETPHUYECKHe DYHKLHH Sin X W cOs x npu ACHCTBUTENLHOM ¥
pasjarawoTcs B paAlbl

2n+l had xQn
e"=2nr’ sinx-_Z( (2n—|—1)l’ c05x=2(—1)n(7n)_1.
n=0

n=0
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3amenss B 3TUX psajax topManbHO X 4epe3 KOMILIEKCHOE nepeMeH-
HOE 2, Mbl NOJYYHM CTENEHHBIE PSJbI
o

. k] 2n+1 .- 2%
he= N4, fz(z)=20<—1>”(—§n—+—17, @)= 3 (=11 s

n=0 =0

cxonsuueca Bo Beefi maockocty (. 11, § 3, n. 5). 3tn psawt uscopa-
KAOT QVHKUHH, TOJOMOpdHbE BO BCAKOH TOYKe 2z-nnockocTi. Tak
kKaK QyHKunH f, 2), f, @) u f; (2) npu z = x cOBNAjaloT COOTBETCTBEHHO
c ¢% sinx ¥ Ccos X, TO OHH SIBJASIIOTCH AHAJTHTHUECKUMY NPOJOJIKE-
HHSIMH DOcnelHMX (yHKUHH B KOMIJEKCHYIO obxaactb. [lostomy
fi ?) naswiBaetcs nokasarenbhoH QyHKUMEH W 0003HaYaeTcd ue-
pes €2, f, (2) u [5 (2) obosnavatotcs uepes sin z, cos z. Takum oGpazom,
4uCTO (popMasbHOE ONpEAeIeRne GYHKUUA €%, sin z, COS z ¢TaHOBUTCA
COBEPILIEHHO €CTECTBEHHBLIM: OHO OyIeT elHHCTBEHHO BO3MOXKHLIM, eCau
Mbl TpebyeMm auddepeHIHpYeMOCTE HX B IJIOCKOCTH KOMIUIEKCHOrO
nepeMeHHoro.

2. Ilpumepsr MHOrosHaunblx ¢yHknuit. Manoxennwdt B § 1, n. 2
MeTOJ alaJINTHYeCKOIo npofoskeHus BeliepiuTpacca, ocHOBaHHBIH Ha
NoJb30BAHHH CTENECHHBIMH psAfaMy, sBJaseTcA OCIHM, B B 3TOM €r0
rpoMajHoe TeopeTHYeckoe 3HayeHue. OAHAKO B OOJBLIMHCTBE KOH-
KPETHBIX C/IyyaeB K TOH »Ke LieJIn Mbl MOXKeM NPHHTH ropasjo npoiue
C NOMOIUBIO JIPYrHX aHaIMTHUYECKHX aNlapaToB.

Tak,Bra. IV, § 2, n. 6 mpt onpesesiusy In 2 ¢ noMomwbio HHTErpana,

z
”
A010XKUB: In 2= j % H BUJENH, 4TO 3Ta PYHKUUST SIBASAETCS TOJO-
)
Mop(HOH BO BCAKOHl orpaHuveHHOM OJHOCBS3HOH oO/acTd, He CO-
JepiKaled Hy/JeBOH TOUKH. TaK KaK IPH IOJOXHTENbHOM X HATy-

x
o o d
paJ/ibHblil Jorapudm MoxeT ObiTb onpeaeseH ¢opmydoil Inx = j —gE—,
1

TO Mbl BHAMM, UTO In 2 eCTb aHAJHTHYECKOe MPOJOJIKEHHE In X B KOM-
mIekcHyio obnactb. Kak Mbl 3HaeM, (yHkuus In z Geckoneudoznad-
Hasl, NpHYeM Bce ee 3HAUeHHS NOJNYYaloTCs M3 OXHOIO nyTeM npuGas-
JeHusl K HeMy uucsa, KpaTHoro 2mi. Kaxpoe M3 3THX 3HaueHuil 06-
pasyeT ORHO3HAYHYIO rooMOpOHYIO PYHKUHIO BO BCAKOH OrpaHuYeH-
HOH OJHOCBSI3HOH 00JiaCTH, He colep:Kallefl HyJeBOH TOYKH, HasH-
BaeMyio BETBbIO MHOrosnauHoil ¢gyHkuuH. Tak, Hanpumep, B OKpects
HOCTH TOYKH Z = -~ | oiHa M3 3TUX BeTBeH pa3faraercsi B CTENEH.
HOU psaf

1 1
hz=@—1)—5@E—1P+5@E—1F— ...
C paMycoM CXOJMMOCTH, paBHbIM eAunuue. MoXHO 6O Gbl, OTMIPaB-

JsSCh OT 3TOTO CTEMEHHOrO psila KaK 3JEMEHTa, ONpeensioero
$yHKLMIO, noNydYuTb BCE CBOHCTBA JorapupMudeckolt QynKuuy,
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npumenss obmuil meron § 1, 1n. 2; onHAKO TakoH nyTh NPaKTHYECKH
Obit Obt GoJiee CJIOKHBIM.

1 e

B KauecTBe BTOPOrO NpuMepa paccMoTpuM GyHkumo f(2) =y 2.
3Ta QyHKLIMS ABJSETCH HPOAOJINKEHHEM B KOMIIEKCHYIO 00J1acTh MO-
JOXKHTENbHOH JAeHCTBHTENBHOR (PYHKIMU ACHCTBUTEJBHOIC NepeMeH-

1
Horo x (x > 0) : 9/ % B cavom zene, f(2) = 7 " ects dynxuns,
rosioMophHas B KaXXIOH TOUKe 2, OTJHYHOH OT HYJIEBOH TOUKH, MHOTO-
3HAYHA# B OKpecTHocTH 2z = (. BuGupas npou3BOJABbHYIO OIXHOCBSA3-
Hyl0 00sacTe G, He CO/EpIKaIlyildc HYJEBOH TOYKH, HanpuMmep BCIO
TJIOCKOCTh, 32 HCKJIOYeHHeM JAeHCTBHTENBHOH OTpHUATENBHOR OCH
(x < 0), mpl 3HaeM, 4TO KaXkias BeTBb In z 6yneT B sT0# 06JacTH OX-
HO3HauHOH ¢yHKuue#d, B wactHOCTH, B3AB Ty BeTBb In 2, — 0603Ha-
upM ‘ee yepes In z, — KoTopas npu z = -+ | uMeer 3HaueHue HyJb,
a cnefoBaTtesibHO, 1A BeeX x (x > 0) paBHa INelCTBHTEJIbHOMY 3Ha-
venuio In x, Mpl nonywaeM ¢yHkKuHIO, rojomopduyio B obnactu G

1
~ Ln 2
f0(2)=en s

[ J—
KOTOpas MBJSETCA aHaJUTHUECKUM MNpPONO/IKEHHEM GYHKUUH V %,
1

1

— Ln x — n
TaK KaK uMmeeM: fy{x)==e" =x"=V)Yx.

n—
Tosromy dyurumio f (X) Met 0603Haunm yepes ' 2, npuueM [ {2)
6yner ofnoll u3 ee BerBefl. CorylacHO 3TOMY ONpeleNeHHI0 (YHK-
n,— (7]
una  z ABJIA€TCH n-3HAYHOH. B camoM gese, BCe 3HaueHus Inz
COAEpIKaTCcs B Gopmyde
Inz=Lnz-4 2kni k=0, =1, 2, ...),

TaK 49TO HMEEM!
2kati 2k

1 ,
[@=VZ=e" e " =c " [ ©)

Muoxurens, crosuuil nepen fo (2) B dopmyae (9), uMeer TOJbKO 1
pa3NuyHBIX 3HAYeHMH, TaK KakK A ABYX SHauveHHH K, OTMYaw-
IHXCSH Ha KpaTHOE A, OH WMeeT OfHO U TO e 3Hauenue. [lostomy n

o n ~— -
peTBell GyHKUMH }/ 2 NONYYAOTCH H3 OCHOBHON BETBH [y (2) myTem
YMHOXEHHS] Ha NOCTOSTHHBIE MHOXHTenan. UTobbl moayunTb BCe n

o
BeTBeR QyHKUHE [ (2) = vz, mocratouno Aatb k 3mauenus: O, I,
2, ..., n—1. Taxum ofpa3om, n3 dopmyas (9) Haxozum:
2k 2kni _l_an
fh@=e * [((@d=e¢ ™ ¢" (¢=0,12, ..., 0=1).
Vitak, Mbl BHAHM, 4TO MOJOXKHTEJIbHAs JAEHCTBUTENbHAs (YHK-
n—

mis V' x (x > 0) npoaonkaeMa B KOMIVIEKCHYIO 0G/1acTb, mOpHueM

np—
noJgyvyaemas QJYHI(U.HE '|/Z fAABJIAECTCA nN-3HA4YHOH.
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Bo BCsikO# oOrpanuueHHON OJHOCBA3HOH 00/1aCTH, HE COAEpIKa-
n,y—
mell HyJeBOH TOUKH, Kak[asi BeTBb }/ ¢ SBJAETCH ToJoMOpGHOH
f—
¢yuknuuelt. Hakonen, B cuny onpeaeneHus 3’ 2, OYeBHAHO, HMeeM:

’

(VZ) ==

3ameuanue MoxHo onpegenuts GyRRuMO 2™ 1pu MoBom mOCTOSHHOM 1,

nonaras: 27 =™ T2, Yyrarearo peromenayercs, mocTynas anaiolHING MpPEALY-
ulemMy, HCCIeZOBaTh CBOfiCTBA 3TOH (QYHKURH.

Ynpancuenusn k zaage X

I, [lpofon#%nTs AHANHTHYECKH B KOMIVICKCHYIO 03JacTh ¢YNUKU@H AeHCTBH-
TeNbHOro nepemeniioro: arcig x, arcsin x.
2. [lokasats, uTo creneinble painl

heid a©
Z o 2 2242
Lo @)@+ )

He NPOJMO/IKaeMbl 38 KPYT CXOEHMOCTH.

3. Byzer au peficreutenenan gpyurums F (x) = V/ £%, onpetenesnas 8 o6aacTe —
~ 00 < x < -}~ 50, HPONOMKAEMA B KOMIIEKCHYIO MIOCKOCTB?
Oms. Her.
4. Byzer nu gefictBuTeNipHas ¢ynkuus f (x), onpedenensas npu —l << x << 1
MOCPEACTBOM PaBEHCTB
Fy=eY* pna x50
H
f{x)=20 ma x =0,
NpONO/KaeMa B KOMIUIEKCHYIO WJIOCKOCTH?
Oms. Her.
5. Ilycte dyukuna f (z) ectb aHaluTHUECKas B HYJAEBOH TOUKE M YIOBJETBOpPAET
B OKPYXKHOCTH 3TOH TOUKH ypPaBHEHHIO

Q2= 2[ @ .
[loxasars, uTo f (2) npoaodxkaema Ha BCiO IMIOCKOCTD,

6. Kaxue »s dyHRuufi, onpeseseHunix  ¢opMynamy  a) ]/ez; 6) V cosz;
sin} z

V'
SHAYHBIMHP
Oms. a) IBe onnosmaunme Qynxumu ¢#/? n —e?/2,

B) V1 —sin?z; 1) In ¢ 1) In sin z; €)

, 6VAyT ORHO3HAUHEIMH U KaKHE MHOIO-

6) /lBysnaunas GyHKIHA C TOUKAMH DasBeTBJACHUA Zz = (2k 1)—’;—.

B) e ofHo3Haymble GyHKLEE ~COs 2 B —CO8 2,

r) Beckoneuroe MHOXKECTBO OAHO3HAUHHWIX (BYRKUME 2z~ 2kmi,

1) Onna GeckoHeuHo3HauHast GYHKUHS C TOYKAMHU PasBeTBAHHA 0, 41, 427, o,

€) Onnosnaunas Gynxuus. .

7. IoxasaTs, uTo ecin f (z) nenpepuiBHa B obnactn G u KuddepeHnnpyema B Kax-
Zolt Touke ofaactn G, Kpome TouEK NpsMOJKHHEHHOTO oTpeska, mpuyamiexamero G,
1o f (2) — anaauTHyecKas BO Beefl ofaacti G. )

8. Hse obmactu Gy u G, NPUMBIKAOT APYF K APYTY BROJIb NpsSMOJHHEHHONO OT-
peska. Pynxuua fy (2) — anasurugeckas B o6aact Gy, f» (2) — B Gy. ITokasats, uro
€CIIH fy 1 fy, Ha OTPe3Ke MPUUIMAIOT ORI H-TE JKe TP aHHUHLIE 3HaueHHs, TO OHH ABJITIOTCH
AHAMUTHYECKHMHE NPOROIKEHUsAMH JAPYT Apyra.



''TABA XI
3JEMEHTbI TEOPUH 3JUIMNTHUYECKHX SYHKUHHA

§ 1. O6m#ue cCBOHCTBA INIMNTHYECKHX (GyHKUMH

1. Onpefesenue 3aaNTHYSCKOH GyHKIUHU. DITHOTHYECKOH PyHK-
nued HasbiBaeTcs MepoMopdHas (QyHKIMA, AONYCKaOWas NepHOIH,
KOTOpHIE BCe MOTYT ObITh OOpa3OBaHBI MOCPEACTBOM CJOMKEHHS W
BHIYHTAHHS W3 ABYX NEPBOHAYaJbLHEIX NEPHOAOB 20 H 2@, nMeomuX
MHEMOE OTHOMICHME

T= 0o

Kopoue rceopsi, mepoMmopgHasi GYHKINS Ha3HBAeTCH JLIBNTH-
ueCKOH, BCAM OHA JBCSKONEpHOIHUECKas ¢ nepuojamn 20 v 20,
OTHOIIEHHE KOTOPLIX T €CTh MHuMmoe uucno. Takas ¢ynxunsa f(2)
YAOBJIETBOPSIET COOTHOMIEHHSIM

fz+ 20)={(@), [+ 207) =[(2), (1)
OTKylla BhITEKaeT, 410
f(z + 2mo 4+ 2ne’) = f (2), @

rae m n n 0603HayaleT Jiolbie Liesible YHCMA, NOJOXHTEJbHBE, OTPH-
nateibHble WM HYJAH.

Onna u3 HAIKX 3a7a4 OYAeT 3aKA0UaThCs B TOM, YTOOH NOCTPOUTH
NOCPEJCTBOM TOTC HJIH HMHOIO aHaJHTHYECKOrO annapaTa SJeMeHTH,
C NOMOUIBIO KOTOPHIX MOXKHO BBIPa3sHThb B KOHEUHOM Buje BCE /AT
THYeckue QYHKIHH. HMHbIMM cloBamMH, Mbl CTaBuM npofiemMy RaTh
4HaJUTHYECKOe TIpeJcTaBleHne JIo0o# 3aAHNTHYECKOH GYHKIMH,
OTNpPaBJASCh OT BhUNEGOPMYIMPOBAHHOTO ee JeCKPHNTHBHOTO OI-
penencHusi. [na pailluoHaAbHBIX QYHKIMI MBI HMeeM HBa aHaJWTHUE-
CKuX fApeactaByeHHs. B ocHOBe nepBOTO M3 HHX JIEXHT 3ajaHHE 0O-
JIOCOB palHOHaAbHOH (QYHKHUHH d COOTBETCTBYIOUIMX HM TJaBHBIX
yacrell, YTO NIPUBOAHT HAC K DAa3JIOKEHHIO PalUOHAaJbHOR (QYHKIHM
Ha npocTefimne Apobyu. B OCHOBE BTOPOTrO aHAaJHTHUECKOTO npejiCcTaB-
JeHUss pallnOHaJbHON (YHKUHM JeXUT 3alaHue ee HyJell ¥ nojalo-
COB, WTO AaeT HaM BO3MOJKHOCTb NPEACTaBUThL €e¢ B BHAE OTHOLICHHSA
TPOH3BERCHUH JIHHEHHBIX MHOMHTeNEH.

Ananoruuso npu pelleHuH BBHILEYNOMSHYTOH 3akaun ANS 3JJHI-
THUeCKOH QYHKUHM MBI YCTAaHOBHM JABe (DOpMYJIBL, W3 KOTOPHIX OAHA
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fyneT AaBaTh ee pa3fOXKEHHE Ha CyMMY NpPOCTERIIHX 3JIEMEHTOB C
ABHBIM BblAE/MEHHEM ee MOJI0COB M MX IVIaBHHIX YacTe#, a jpyras
Oy[eT NpeACTaBJATh 3MJIMNTHUECKYIO (QYHKUHMIO MOCPEACTBOM OTHO-
HieHNUs NPOU3BEJCHUH 3/IeMEeHTAPHBIX MHOMKHTEJNEH! C SBHBIM BblAEJE-
uuem ee HyJseH u nodiocoB, [Ipexae ueM NPHUCTYNHTb K OCYINECTBJE-
HHMIO 3TOH 3aJauH, Mbl YCTaHOBHM Dsill 06X CBOHCTB 3J/IHNITHUECKOH
GyHKUMH.

3ameganmue, ﬂgn OMpeJeseHHN IIHNTHYECKOH (YHKIHH MBI Npefnosa-

(0]
ranlg OTHOWEHHE T = -6- €e INepBOH4AYATBHBIX NEPHUOAOB MHHMBEIM YHCJIOM.

MOXHO 6biJI0 Obl I0Ka3aTh, YTO €CJIH 5TO OTHOLIEHHE €CTh YUCAO AeHCTBHTENBHOEL,

TO GYHKLMS SBASETCS [1POCTO NEPMOANYECKON MM NIPUBOANTCH K nocTosinHoMy. Kpome

TOro, BO BCeM Aa/bHeHmem Mbl OyJeM CUMTATb KOSPQMUHMEHT NP MHHMOH 4acTH OT-
y

W
HQIUECHUA T = F IOOJIOKHUTEJLHBIM, TAK KaK 3TOI: MbI BCeI'lda MOXeM JNOCTHTHYTb
nyteM N3MEHEHUsI 3HAKA Y OAHOI® K3 NePBOHAYaVIbHBIX IT€PHOADB,

2. llapaaaenorpammel nepuogos. Hrto6el 1aTh reomerpuueckoe
HCTOIKOB2HHE JHBOSIKOH NIEpHOAHYHOCTH, PAacCMOTDHM B MJOCKOCTH
KOMILJIEKCHOIO epEMeHHOI0 YeTHIPE TOUKH:

2, 29 + 20, 2, + 20 + 20/, z, + 20,

CUNTAA 2, MPOH3BOJBHBIM KOMIVIEKCHBIM
YHCJIOM.
Taxk kak orHomenne T = ®'/® ecTb

MHIMOE YHCJIO, TO 3TH YEThIpe TOUKH H30-  4"4%
6paxaloT BepLIMHEL HEKOTOPOTO mapad-
Jejorpamma P, T Zriw
Ionaras ¢
Puc, 100.

2y =2y -} 2mo -I- 2nw’
(m u n-— uense 4yucaa), Mbl BHAMM, YTO YeTbIPE TOYKH
2, 204 20, 25+ 20 -+ 20°, 2 4 2’

CyTb BePUIMHBI NapajJenorpamva P,, KOTOpbfi MOXeT GbiTb MOMY-
UeH U3 OCHO8HO2O napajienorpamma P = Py, nocpeAcTBOM HEKOTO-
poro caBura.

[lpunasass m M n BCEBO3MOXHKIE LEJAbe 3HAYCHUNA, MBI MOy THM
CeTb. NapaniesorpaMmoB P,,,, KOHTPYIHTHLIX MEXAY cOo00f u NOKPBHI-
BalOIIHX BCIO MAOCKOCTs (puc. 100).

Uro6wl nofble ABa MapaJtesiorpaMma Hawefl CeTH He uMeaH of-
UM X TOYEK, YCAOBHMCSH NPHUHCAATE K KAXKIOMY Hapa/iienorpamvy P
JIHlib YacTb €ro rpaHullbl, a UMEHHO CTOPOHLI

mr

25, 2020, 2, 20+ 20,
3a HCRJAIOUeHKHEeM KOHIOB

25,4+ 20 n 25+ 20,
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Uto xe Kacaercs ABYX CTOPOH napaJjyenorpamma P,,, Mel uX
OyjeM paccMarpuBaTh NPHHAWICKAWHMH K CMEXHBIM I[apaJlsIesio-
rpamMMam ¢ Py, Toraa mo6asi Touka MJIOCKOCTH NPHHALIEKHT OLHOMY
¥ TONBKO OJHOMY H3 3THX MNapaJslJieJIOTPaMMOB, Hanpumep Prns,

Touku BHIA

2+ 2po + 2ve',

rae B U v — JIo0ble leJble YHCMa, HA3BIBAIOTCS KOHTPYSHTHBIMH HJIH
32KBUBAJNICHTHBIMH € TOYKOH 2; B mapasenorpammax Pp-qu, nogv
OHH 3aHHMAIOT TO € INOJIOXEHHE, YTO U TOYKa 2 B Ppen-.

Cpenn sTUX IKBHBAJEHTHBIX TOYEK HMEETCsl OfHa TOYKa, KOTOpas
NPYHAJIEXKUT OCHOBHOMY HapaJjJenorpammy P (3Ta Touka z—2m’o—
—on'").

Wrak, Mpl MOXeM CKasaTb, YTO BCSIKas TOYKA NJOCKOCTH 3KBH-
BaJIeHTHAa HEKOTOPOH M MPHTOM €IHHCTBEHHOH TOYKe OCHOBHOIO MNa-
pamnenorpamma P. Bynem HasbiBath napangenorpammbl P,,, napai-
JIeJIOTpaMMaMH MEPHOAOB; BLIOOP CpeiH HHX OCHOBHOIO NapaJsJeno-
rpamMMa P, OUEBHAHO, NPOU3BOJEH. Tenepp Mbl MOXKEM FeOMeTpHUeCKH
HCTONIKOBaTs cooTHotleHne (2). OHu Boipaxkaior, uro ¢yHKuus f(2)
OPUHHMaeT OXHO H TO XK€ 3HaUeHHe BO BCeX KBUBAJIEHTHLIX TOUKaX.
CnepoBaresbHO, JOCTATOYHO H3YUHTb SJIJHITUYECKYIO (PYHKIHIO B Of-
HOM H3 Napa/uIeJIorpaMMoB, 4TOOHI 3HATh €€ MOBEeIEHHe BO BCell M-
KOCTH.

3. OcroBubie Teopembl. Teopema 1. [lpoussodnan arrunmu.
4ecKoll hynKyuL ecms maroce QyrKyus sarunmueckan. B camoMm nene,
Jnddepenunpys cooTHowenua (1), uMeromHe MecTo npH MoGOM 2,
Mbl IIOJTyYaem:

['@+20)=[ (2, ['(z + 207) = [ (2).

TaxuM obpasom, npousBopuas f' (z) nmeer Te ke nepuons 20 H 2@,
YTO W NepBoHayasbHad ¢yHknua, C Apyro# cropoHsi, 6yAyd4u OLHO-
3navHoiH, Kak M f (2), f' (z) He MOXeT uMeTb Ha KOHEYHOM PacCTOSHHH
JApYruX OCOGHIX TOYEeK, KpoMe [OMIOCOB, TaK Kak ecau f (z) rojo-
MOpdHa B HEKOTOpPOH TOYKe, TO Npou3BoAHas f' (z) Toxe rosoMopdHa
B 9TOH TOuKe, a ecau f (z) uMeeT MoJIOC B HEKOTODOH TO4YKe, TO H
f' (2) 6yner umerb momoc B 3Tol Touke. CrnenoBarenbHo, f' (2) ecTb
MepoMopgHaa (YHKLUHs, AOMyCKalomasi ABa mepuoia 20 u 20,
COTJIaCHO OIIpejesIeHHI0 OHa OYAeT SJIHNTHUeCKOoH dynKunel ¢ Temu
JKe MepHojaMM, YTO H NepBOHayaabHasi QyHKUHSA.

TeopeMa 2. Sraunmuueckasn pynKyus, OMAULHAS OM NOCMOAH-
HO20, uMeem no KpatiHetl mepe OOUH NOAOC 8 NAPAAAEA0ZPAMME NE-
puodos.

JlefcTBHTEIbHO, JAONYCKasd NPOTHBHOE, MBI HMeJH Obl LEayio
({yHKUMIO, OTIHYHYIO OT HocTrosHHoro. Ee napaJsenorpaMm nepHo-
JOB €CTh OrpaHHYeHHAasl YacTh IUVIOCKOCTH M B 3TOH 00JacTH, BKJIoYas
ee rpaunily, Hawa (YHKOHS ToJoMopdHa, a 3HA4YHT, H MNOAABHO
HenpephiBHa, a NOTOMY M orpanuueHa. CneloBatesibHO, CyLIECTBYET
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TAKOE NOJOKHTEJbHOC YHC/IO M, YTO BO BCEM OCHOBHOM IapaJuieJo-
rpaMMe nepHoLOB HMeeM:
1f (2)] < M.

Tak Kak BO BCeX OCTA/bHEIX [apa/seNorpaMMax CeTH 3HaueHus
oynxuun f(z) nosropsiorcs, TO HepaBeHCTBO |f (2)| < M OGyuer
COpaBeiyiMBO AJig BCeX TOUEK z INIOCKOCTH. Mrak, mbl uMeeMm Leayio
dyHKuHo f (2), orpaEHYeHHYI0 BO Beell mockocTr. COTVIacHO TeopeMe
JlnyBusiig OTCIOA2 3akaioyaeM, uTo f(2) NPHBOAUTCH K [OCTOSH-
nomy. IlosyueHHoe mpoTHBopeune y6exkaaeT HaC B CIIPaBeiJTMBOCTH
Teopembl.

CnepncrBue 1. Ecau 0se aarunmuueckue Gyrkyui ¢ 00UHAKO-
BbIMU NepUOOGMU UMEIM 8 NApassesOepamMe nepuodos odKU U me xe
noACHL ¢ OOUHAKOBLIMU 2AQBHOIMU HACMAMU, MO OHU OMAUYAOMCS
AULLL NOCIMOSAHHbIM CAQCAEMBIM.,

B cavom zene, nonoxum, uTo fi (2) H fp (2) CyTh 1BE 3ANHNTHUECKHE
(QYHKLHY C OAHHAKOBBIMH NEPUOJaMH 20 W 20, UMeIOUlHe B Napal-
JejiorpamMMe NepHOAOB OJHH U TE Ke MOJIOCH C OXMHAKOBLIMH TIJIaB-
BEIMH 4acTamH. Toraa ux pasnoctb f; (2) — f; (2) Oyner aBosiKonepuo-
JAuueckofl pyuknuel ¢ nepuotaMu 20 U 20, 6e3 MOMIOCOB, a 3HAYHT,
N0 [OKa3aHHOH TeopeMe 3Ta pAa3HOCThb pAaBHAETCH TOXKAECTBEHHO
HOCTOSHHOMY.

Canencrpue 2. Ecau Ose arrunmuueckue yukyuu ¢ oduna-
KOBbLMU Nepuodamil UMEIm 8 NAPALIeA0pAMME nepuodos8 00UHAKOBbIE
HYAw U ROAOCHL 0OHOU U MOU e KpamHOCmu, mo OHU OMAUYQIOMES
AULUD NOCMOAHHOIM MHONCUIMEACM.

HefictBuTeIbHO, NONOKUM, 4TO fy (2} u [, (2) CyTh ABe 3JAHOTHYE-

CKHe QYHKUOUH C OJHHAKOBBIMH NepHoiamu 20 u 20, uMeloliHe B na-
pajajiefiorpaMMe TepHOAOB OJIHHAKOBBIE HYJH M TNOJIOCH OXHOK M
TOH 2K€ KpPaTHOCTH.
2 8 NpeACTaBaseT ABOSKONEPHOIUUECKYIO
(yHKIHIO ¢ NepuojaMd 20 H 20, NPHYEM 3TO OTHOIUEHHE HE HMEET
nomoces. CreoBaTesbHO, 110 AOKA3aHHOM TeOopeMe 3TO OTHOLIEHHE
PaBHO TOMJCCTBEHHO MNOCTOSAHHOMY.

Teopewmad. Cyuma ewuenos srrunmuseckoll gyHkyuu om-
HOCUMEABHO BCCX HOANC08, PDOCNOAONCEHHBIX 8 RAPAAAEAOZDAMME ne-
pUo0o8, pagHa Hyaw.

Ilpexae pcero 3aMerum, 4TO €C/IM HA TpaHHlE NapasJenorpamma
HIePHOJOB HMEITCA MOMIOCH INUATHYECKOH PYHKUUH, TO Mbl MOXKEM
HEMHOTO CABHHYTb 3TOT INapajJejorpamM TaK, YTOGBI BCE IOJIIOCHI,
pacnofioxenHple Ma NepBOHAYaJbHOM Apa/iieJOrpaMMe IEPUOLOB,
Okasanuch Obl BHYTPH CABHHYTOrO Hapajnenorpamma. OGo3Hauum
BEPLIKHBL 3TOFO NapasjenorpamMma uepes

2y, 20 + 20, 2o + 20 + 20, 2, + 20;

Ha ero croponax Her nojocoB dyukuuu f (2). CoraacHo ofuielt teo-
peMe O BbIY€TaX MBI NONYYHM CYMMY BBHIYETOB S OTHOCHTEJNBHO BCEX

Toraa ux orHolleHUe
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[OJIIOCOB, JEKAUHX BHYTPH Mapaise/orpaMMa, eC/lH BHYUCAHM HH-
1
Terpal _257,[ f(2) dz, pacipocTpaHuB €ro Ha NepUMETP 3TOro napaf-

JieJiorpaMMa, NpPOXOAWUMBIH B HOJNOXMUTEIbHOM HANpaB/CHHH. TaKum
ofpasoM, uMeeM:

. 204260 . 20420420
S=gr [ f@d+om | i@d+
2y 2,20
) 2p-F20° 1 25
tor | f@dtgr | f0d @
2o+20420" 20207

TZC BCe HHTErPHPOBAHHA COBEpPLUAIOTCA MO NPSIMOJHHEHHBIM OTpE3-
KaM, COSAHHSIOIUM yKa3aHHbie ToYKu. OObeIUHAs NepBul K TpeTHi
HHTerpasibl, AEJaeM B 3TOM IOCJAeNHeM MNOACTaHOBKY

z2=17z 4+ 20
H, HOJIbSyﬂCb nepnozmtmom“bro, HAXOAUM:
. 2¢4-207 20 . 24
1 ‘ ’
| [@de=5 | [ +20)d7 =5t j (@) dz.
24204200 Zp-}-20 2420

Takum 00pasoMm, CyMMa MEPBOTO H TPETHEr0 HHTErPasoB BbIpaxe-
Hust (3), paBHaa

! 2520 i 25
| 1@d gy [ f@)d,
2y Z5-+20

ecTb HYJb MOTOMY, YTO HHTETPHPOBAHHUSA COBEPIUAIOTCA [0 OXHOMY
4 TOMY XKe OTPe3KY B HPOTHUBOINOJIONKHHEIX HalpaBJCHHSAX.

To e camoe MOXHO YTBEDK1aTh OTHOCHTEIbHO CYMMbl BTOPOTO
H YETBEPTOIO HWHTErpajoB, €CAH B [I€PBOM HHTerpaJje COBEPLUHTh
NOACTaHOBKY 2 = 2’ 4+ 2w. Bosspamasce x dopmyne (3), Mul ybex-
naemcs, uro S = 0.

TeopewMad. daunmudeckas GyHKyus npurumaem 8 napas-
REAOZDAMME NEPUOC08 BCAKOE 3HAYeHUe (KOHEHHOe uAu GeCKOHeUHOCmb)
odunaxosoe yucao pas. Ilyctb o — [POU3BOJIBHOE KOMILIEKCHOE YHCJIO.
IlokaxeM, 4TO 4HCJAO KOpHEH ypaBHeHus f (2) = o, Jexalux B 0a-
pajiesorpamMMe [1epHOAOB, COBMAajaeT C YMCJAOM HOJIOCOB (PYHKUHH
[ (2), pacnonoxenunix B 5ToM napasnesorpamme. Camo cobofi pasy-
MEeTCsl, YTO [PH cyere yucsa Hynefl QyHKUnH [ (2) — o uad ee nowo-
COB Mbl KaXABfl HYJIb WJIM MOJIOC CYHTaeM CTOJIBKO pas, KakoBa €ro
KpaTHOCTb. sl JoKa3arenbCTBa HAIIEro yTBEP:KIAEHUS MPEXKIE BCErO
3aMeTHM, YTO eC/Id Ha rpaHule napaJjiesiorpaMMa NepHolOB HMEITCA
HYAW uAH NOJIOCH QYHKUUM [ (2) — o, TO MBI MOXKE€M HEMHOT0 CABH-
HYTb 3TOT NapaJjjIeiorpamM Tak, YToObi BCe HYJH H NOJIOCHL, PAcnofo-
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JEHHBe Ha NepBOHAYaJbHOM NapajijleJlorpaMMe IIepHOAOB, OKasa-
Jauch OBl BHYTPH CABMHYTOIO MNapaJjesorpamma.
OGo3sauuM BepIIMHLL 3TOrO Napajjesnorpamma yepes

20, 2 + 20, 2, + 20 + 20/, 2z, + 2¢:

Ha €ro CTOpPoHaX HeT HyJaeH H noJalcoB ¢yHKIMM [ (2) — o.
OGpasyeM BCIOMOTraTeNbHYI0 (BYHKLHIO
'@
FO=1a—
RoTopas GyJeT 3JJIMNTHYECKOH ¢ neproiamu 2o u 20’, MpHYEM Ha CTO-
POHaxX paccMaTPHBaeMOro napajjielorpaMMa NMepHOLOB OHa He Gyler
¥MeTb NoJocoB. [IpnMenas K 3Tolt GyHKLUHM NPEeAbIAYLULYIO TeopeMy 3,

Mbl HMEEM:
1

25

1 I (2) —
Tl HHTerpupoBaHHe PacIpOCTPAHEHO B MNOJOXKHTEJIbHOM HanpasJe-
HHU TIO KOHTYpY YIOMSHYTOro napajafejorpamma. C apyroit cro-
POHBI, KaK HU3BECTHO, HHTErpaj
L4

._L .A.zl._dz

2 ) f(y—a
n306paxaeT PasHOCTb MEXKJY UHCJAOM HYJedl U nojiocoB QYHKLAU
f (@) — a, Jnexamux BHYTpPH KOHTYypa uHTerpuposanus (ra. VII,
§ 2, n. 5).

Tax Kak cornacno dopmyse (4) 3ToT uHTErpas paBeH HYJO, TO,
CJEeJOBaTeNbHO, YHCJIO KOpHEH ypaBHeHus [ (2) = @, Jexamni
BHYTPH NapaJjlelorpaMMa NEepHOJOB, COBNANAET C YHCJIOM TNOJHCOB
Gysknun f(2), pacnoJoOKeHHBIX BHYTPH TOrO Xe NapajieslorpaMma.
Takum o6pasom, Teopema joOKa3aHa.

Ecau f (2) npunumaem 8 napariresocpomme nepuofoe 6csxkce 3Ha-
UeHUe S pas, mo OHA HA3LIBACMICA JANUNMULECKOL (hyHKyueld nopacka s.

B cuay Teopembl 3 He MOXET CYIUIECTBOBATL JJJHNTHYECKOH (PYHK-
UK, BMEoWell B napajgesorpaMme NepuoioB OLHH NPOCTOH MOMIOC.
Taxkum o6pazoMm, Bcerja $ == 2, T. €. HE CYIIECTBYeT 3JANHNTHUYCCKBX
thynxuuil nepsoro nopsiaxa. B aanbnefimem mul GakKTHYECKH NOCTPOUM
2JMNNTHYeCKHe QYHKLUHH BTOpoOro nopsiaka. CyllecTBYIOT, KOHEUHO,
W 3JJUOTHYECKHE (QYHKUHHM 6osiee BBICOKOrO MNOpSJKa.

Teopewmab. Pasnocmo mendy cymmon ecex Hyred 1 cymmol
60€X NOAOCOE BANUNMUHECKOL (DYHKYUL, DACNONONCEHHbIX 8 NAPAAALAO-
epamme nepuodos, pPaBHG HEKOMOpPoMYy ee nepuody, m. e.

£ s
1§1 op — k‘é] B = 2pe -+ 2ve’,

Tae @, — HyaH, a fj — MNOJIOCH, pPacrojoKeHHbe B MapaJiieo-
rpamme neprnoos. Camo co6oil MOHATHO, YTO NPU 06PasOBAHNA CYMMDE
HyJIell I CYMMBI NOJIOCOB KaiKIBIH HYJIb HJIH IIOMIOC HYXHO NOBTO-
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pHTh C/laTaeMBIM CTOMBKO pas, KaKoBa €ro kpatHocTe. [is nokasa-
TeJIbCTBA INIPEKAe BCEro 3aMeTHM, YTO €CJH Ha TpaHHulle Iapajjenc-
TpaMMma NEPHOLOB HMEIOTCS HYJIH HJH TNOJIOCHL S3/MHNTHYECKOH DYHK-
LMK, TO yTeM HeOOJMbLIOrO CIBHMra 3TOLC NapaJJesorpaMma ME MO-
JKeM HOCTHTHYTb TOrO, YTOORI BCE HYJH H HOJIOCH, PaCHoOJIOXKEHHBIE
HA TePBOHAUAJbHOM NapajviesiorpaMMe NepuoloB, nonaan Obl BHYTPb
CIBHHYTOrO mnapajenorpamma. OB60sHauYnM yepes

2 20 + 20, z5 + 20 + 20, 2, + 20’

BEPIIMHEI STOTO NapaJiejorpaMma; Ha ero CTOpoHaX HeT HyJe# H ro-
mocos ¢yukumu f{z). Torma, kak wuspectHo (ra. VII, § 1, m. 5),
MCKOMast pasHOCTh MEXKAY CYMMaMH BCeX HyJell H NoJI0COB, PAcnono-
JKEHHBIX BHYTPH YNOMSIHYTOTO MapaJienorpamma, Haobpaxkaercs
B BHIe HHTerpasa
! '@
— j dz,

25 T

TAe HHTErpHpOBaHHE COBEPINAETCH NO NEPHMETPY HapaJsaieorpaMMma
B MOJOXHTEJIHbHOM HaHpaBJ’IeHHH Takum o6pasoM, HMEEM!

Z Zﬁh 2m J ¢ f ((22)) dz. ®)

Ilpn unTerpHpOBaHHH BAOJAb [EPHMETPa [apasjesorpaMma CymMma

: 2,120 () 20207 ()
(2 ‘(2
o j 25 et j T %
20 2,+204+20"

NPUBOIMTCA [OCPEACTBOM TEPEMEHbl BO BTOPOM HHTerpane z ia
2+ 20’ ¥ HCTIONB30OBAHKA NEPHOXUYHOCTH K CAEAYIOLEMY BhipaXMEHHIO!

9 2ot 20 )d o
' [ (2) dz 20" 4 .o -
T J o = o 0] @ - 20) — In ] (@)
29
TaK Kak [ (2, -+ 20) = [ (2,), TO unca0o B CKOOKe €CTb HYAb HJH BUAA
— 2vmi, rle v — nejoe; TakuM o0pasoM, CyMMa JABYX paccMaTpuBae-
MBIX HHTETPajoB BooOile paBHa 2ve'. AHa/JOTHYHO cymma ABYX OC-
TaJbHBIX HHTErpasioB
i 2, 20420" f ) Zy
e j‘ it
T J f(’) dz 4 k4 T dz

25200 2207

[IPUBOAUTCS TIOCPEICTBOM TOTO K€ PACCYKAeHUS K 2U@, THe p — Le-
qoe. Bosppamasack kK Qopmyne (5), mepenuiuem ee B BHIE

36— 3 = 2004 200
k=1

yto U TpefyeTcs J0Kas3alhb.
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3amenanune. [Ipumensa [OoKasanHylo Teopemy K ¢yHKUEH f (2) — @,
Tie @ ~ NPOM3BOJBHOE KOMIJIEKCHOE YHC/IO, MBI BHAHM, YTO CyMMa KODHEH ypaBHe-
HHA f (2) = &, pacnosokKenHHX B NapaiiesiorpaMme NePHONCB, KOHTPYSHTHA C CyM-
Mol IOMIOCOB QVHKUMM [ (2), JiealHX B 9TOM Tapajjesorpamme, OTHOCHTENLHO €€
NePBONAYANLHEIX epHonoB 20 H 20,

4. dnaunrtuyeckue (GyHKUAH BTOpOro nopsinka. ClesaeM npejBa-
PHTEJNBHO JBa 3aMeYaHuA:

a) Ecan snnuntuyeckas GyHkuMa [ (2) ¢ nepuoiaMi 20 H 20
VIOBJIETBOPSIET COOTHOLIEHHUIO

[@=—FfK—2), ©)

rie K — HekoTopoe NOCTOSIHHOE, TO YHCHAA
1 1 1 1
7K ghto 5Lto n FKtoto
6yAyT nyau uaum nojocsl ¢yuximue f (2). B camoMm aene, moJaras
1
B cooTHowenuy (6) 2= —- K, nonyuum:

1 1
(g K)=—t (7 k)
OTKYJa CJelyerT, qro% K ectb Hynb uian nomoc ¢yHruuu [ (2).

Ilonaras z == ;— K + o, naiigem:
(5 K40) = =1 (K= 0) =1 ().

1 1
OTKYAa BHITEKaeT, 4TO -5 K + o, a sunauwur, - K+ o un —é—K +

-+ © + o' ¢yl Hyam wiu noatoctl gymkuuu f (z). Yucna o, o,
® + ®' M UM KOHIPY3HTHbIE Ha3LIBAIOTCS MONYNEPHOAAMH.

Hpeanonaras K = 0, T. e. 40 [ (2) yLOBJETBOPSET COOTHOLLEHHIO
[ (@) = — f(—2), Mbl GyzeM uMeTb HEUETHYIO SJJIHOTHYECKYIO (QyHK-
1uIo. :

B cuny noxasannoro anis Takoil QyHKUHH TOYKH £ = 0, a C/efo-
BaTeJbHO, BCe MEPHOAB, PAaBHO, KaK BCe NOJyNepuoxs!, OYZyT HY-
JAMH HJH HOJIOCAMH.

6) Ecan anaaunriueckas ¢ynkuus [ (z) ¢ nepuosamd 20 20
VAOBJIETBOPSAET COOTHOLIEHHUIO

[@=[(K—2), @)
rle K — HexoTopoe nocTosiHHOE, TO YHcJa
1 1 1 1
7K FKto 5K+ w 5Ktoto
6YAYT HyAN WM nonlocsl npousBoinof [ (2). HeficTBureabno, nudg-
(epenuupys cooTHowenue (7), Mbl BHAHM, YTO NPOH3BOAHas [ (2)

YAOBJIETBOPAET COOTHOIIEHHIO BHAa (6), OTKyja M claepyer Halle yT-
BCpIKJeHNe BCJEACTBHE 3aMEUaHHA a),
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B uactHocts, ecain K = 0, T.e. ecnu f (2) — yerHas GyHKLESA
[f @) = f (—2)], T0o ee npousBoaHan Gyjer HeueTHOH H GYAET HMETb
HYJH WIH NOMIOCH B TOYKaX, H306pakaloUluX MEepHOABI H MOJyMe-
puonpl, TIpunoxuM Telepb STH 3aMeYaHusl K IJIHNTHUYCCKHM (YHK-
LHAM  BTOPOro [OpsLKa.

O6o3nauum uepe3 f; U P, NOMOCH TakKoH (QYHKUHH, PaCHONONKEH-
HHle B napasJenorpavMde nepuogos. ITyct cuauyana Py = Bi, T.e.
o6a mosoca npoctele. B cuay Teopemul 5, ecan f (2) = f (z1), TO
2+ 2, = By -+ P,, OTKyna BuiTeKaer cooTnomrenue Buaa (7):

[@=7[@+ ps—2)
CJIe0BATENIbHO, [0 3aMedaHuio 6) TOYKH
bi=(ﬁl’gﬁ2’ b2 BI+BZ_|_(0

)
b3=f51‘§52 1o, b4=61;252+0)+0)'

GyLyT HYNAMH WM oJocaMu npousBogHol f' (2). C Apyrofl cTOpoORHI,
Mbl 3HAeM MOJIOCHI IPOH3BOXHOH f' (2); oHa umeeT B Tourax P; u Pg
NOJOCH BTOPOro MOpsiikKa. Tak KaK, OYeBMAHO, TOUKH ﬁl u P, He
O6yayT KOHIPYSHTHRIMH ¢ Toukamd (8), To npoussoaHas [’ (z) poskHa
obpalaTtbCsi B HyJb BO BCeX 4eThipeX Toukax (8). OopasyeM Tenephb
$HyHKUHIO

V@—7 @)@ —F)] [[ @) — (b)) [] @) — [ (a)l,
KoTopasi GyIeT aaunTu4eckofl ¢ TeMHu e nmepmojami, 410 H [ (2),
BOCbMOTO MOPAAKA; 3Ta (YHKLUHA HMeeT 1Ba MOJIOCa 4eTBepTOro mno-
psaka B ToUKaX P; v P, u HyJM BTOPOro NOpsIAKAa B 4eThIpeX TOU-
Kax (8).

[TocnegHee s3ak/OYeHne CAeNdaHO MOTOMY, 4YTO B TOYKaX (8) (yHK-
mus F (2) oﬁpamaeTcﬂ B Hy/b BMeCTe CO CBOeH npousBopHo#. 3ame-
TUB, 4T0 f'? (2) €CTb saAMUNTHUECKAS (DYHKUMSA G TEMH XK€ HEPHOAAMH,
uyto ¥ F (2), TOrO Xe NMOPSAKa K C TEMH XKe HYJAMH H [OJIOCAMH, MBI
Ha OCHOBaHUM Teopemsl 2 (cjefcTBHe 2) 3akJ/IO4aem:

['* (z) = CF (2),

OTKYy/a
' (2) =/ CF (2). 9
ITonaras
. f@ =w, CF(2) = R (v),
HaUACM:
— de 10
f VR(@ ' {19

rie R {w) — nonwnoM 4-ff cTenenn oTHOCHTENBHO W, TakuM 06pasom,
sArUNMUUECKAA PyHKYUA 8mopoeo nopadra w = [ (2) moocem OGbimb
paccmrampusaema Kax o6pauieHue SAAUNMUYECKO0S0 UHMESPAd nepeozo
poda (10).
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MopdHO# (GYHKIMH, uMelomlell B TOYKaX AM ABOHHBEE NOJIOCH], B BUAS
6eCKOHEYHOrO psifia npocTefuuX Apobel ¢ ABHBIM BBIAENIEHHEM BCeX
€e II0JII0COB H HX TJ1aBHBIX YacTeH.

Haina 6aumxkafiman safaya 3akJiouaeTcss B TOM, 4TOORL, NOETynas
4HAJIOTHYHO TOJbKO 4TO CK43aHHOMY, BBECTH B PAacCMOTDEHHE TpH
dYHKUKMA, OpPHHHMAs B KayeCTBE HCXOLHOTO 3JEMEHTa NpoCTeRInyio
Heayio QYHKLHIO, HMEIOINYI0O HYJH NEPBOro NOpsajKa B TOUKAX BHAA

W = 2mo -+ 2ne’ (m, n — nenwe),
apuHYeM

1 (%)>0.

Has moctpoenns 3T0H (yHKUHY MBI BOCHONL3yeMcs ¢opMmyJoi
Befiepmitpacca Geckoneunbix npousBegeHusi (ra. IX, § 2, m 1),

1, Jlemma, Psd
E: — (13)
w

abeorromno cxofumesa 0 Kaxd020 ROACIKCUIMEAbHO20 4uCAd &, O01b-
weao 2.

Cumpodnl ) 1 [1" c603024310T COOTBETCTBEHHO P M NPOH3BEREHHE, pacnpocTpa-
HEHHEIE HA BCE W, 33 HCKJouenneM w = 0(m =0, n= 0).

Jlns IOKa3aTenbCTBa JIEMMBI PAcCMOTPHM NapaljesorpamMmsl Pj,

2y vesy Pry oo C OGIUM HEHTPOM B TOUKe 2 = 0, €TOPOHAMN, napas-
JeJbNBIMY BEKTOPAM @' W ©' W HMEIOUMMH OJIHY U3 BEpIUHH COOTBET-
CTBEHHO B TOYKax
20 1 20, 40 F+ 40, ..., 21 (0 + @), ...
Ha nepumerpe napasnnenorpamma P; JI€XKHT BOCeMb TOYEK W, Ha NEpH-
Merpe P, HAXOJMTCH WECTHAAUATb TAKHX TOYEK M BOCOWE HA NepH-
merpe P, nexur 8n touek w. OGosnauas yepes § MHHHMANbLHOE pac-
CTOSIHHE OT Hadada KOODIMHAT RO NepHMeTpa mapannenorpamma P,
Mbl BHAHM, YTO paccrosiHue oTf z == 0 o nepumerpa P, 6yuer nd.
3amerns 3TO, HMEEM!
o) oo

| Z 8n . 8 2 i
Z |w|c<. <"=:1 n%6% &% 1 nae—l’

n=

OTKVA2 NpH o = 2 BHITEKaeT CXOZHUMOCTb psAja, CTOAWEIO B JIEBOH

YaeTH HEpaBeHCTBAa, a 3HaunT, abcoqoTHasA cxoaumocTs pafa (13).

2, PyHKuHH o, { ¥ P. Tenepsb Mel B COCTOAHHH NOCTPOHTD LEJNYIO

(GyHKUMIO, HMEIOULYI0 HYJAX NEepBOro NOpsika B Touxkax @. Tak kak
7

. 1
BCJIENIGTEHE PACCMOTPEHHON JEMMBl Pl Z T CXOMHTES, TO MO Gop-

mysie Befiepmrpacca (ra. 1X, § 2, 0. 1) Oeckoreunoe npouspepeHue
. "

T (1-5) ™
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u30fpaxkaer Ueayio QYHRUMIO ¢ NPOCTHIMH HYJASMH B TOUKAX @ =
= 2me 4+ 2ne'. OGosHauuM ee, cienya Befiepmtpaccy, uepes o (2).
Takum o6pazoM, uMeeM:

cr(z)=zl—['<1 — = PR (14)

Ecau MBI XOTHM $IBHO BHIPa3HTh 3aBUCHMOCTb O (Z) OT MOCTOSHHEIX 20
H 20*, TO ee cleqyeT 3anuCHBATL B BHJE O (2; 20, 26').

CoenvHasn B nopouspeneHud (14) npa MHOKHTENS, OTHOCAIHXCA
K w u —w, nepenuiueM (14) B Buae

o(z)=z[_['(1 -.—f—) eT (14')

rie nNpoH3s3BeAcHHE pacnpoCrpaHello HA 3HAYEHHA W = 2me + 2’1(!)”,
COOTBETCTBYIOWIHE LEeABIM m B 1.

m>0, n— nioboe; m =0, n >0,

M3 dopmyam (14') ycmarpuBaem, 4T0 0 (2) ecthb HeueTHast QyHK-
ausd, T. e,
G (—'2) = —0 (Z):
H 4TO O (2) eCcTb OLHOPOAHAS (DYHKUMS CTENEHH eAHHUIA OTHOCHTENbHO
2, 0, ®, T.e.

o (kz; 2kw, 2kR0) = ko (2; 20, 20).

s dopmynst (14°) Mbl Jerko nonydaem paznoxenue GyHKIHH 6 (2)
B CTENeHHOH PsAf, cXoaaUlniics BO Bcefi MIOCKOCTH

TR)=2— " — 2t — -, (15)

OTKYa Mbl yCMarpHBaeM, 4TQ
g (0)=0, o’ 0)=1, ¢"(0)=0"(0)=0'V(0)=0.

Tak Kak psa, NOJAYyueHHBI Jorapudmuposanuem Qopmyant (14),
PaBHOMEPHO CXOAHUTCA BO BCSAKOH KOHEYHOM YacTH MNJIOCKOCTH, €CJ]H
npenefpeyb KOHEUHBIM YUCJAOM €T0 NEePBHIX YJIEHOB, COOTBETCTBYIO-
HUX TOYKAM W, JeKalliM B 5TOH YACTH IVIOCKOCTH, TO MO Teopeme
BefiepmTpacca Mbl MOKeM 06pasoBaTh Pas/IOKeHHE JA0TapHPMHUECKOH
npousBoAHON QYHKUHH O (2), cOo3HauaeMoil uepes { (2).

Takum obpazom, noayyaem:

" (2) 1 ’ 1 1
tg=to=5+Y(=etwta) 09

Dynkunsa § (?) — MepoMophHas, BCe NOMICCH KOTOPOH nepBoro
HOpsiiiKa ¥ HAXOZATCA B TOYKAX W; B KAaXKAOM ¥3 ITHX TOJIOCOB BbI-
yer pasen enunune. M3 ¢opmynst (16) Mbt yemarpuBaem, 4TO npH

1
YMHOMEHHH 2, 0, ©' HA k& OyHKURA [ yMHOXKAETCH Ha w0

T. €.
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L (kz, 2k, 2k} = %C (2, 20, 20"). Takum obpasom, § (z; 20, 20') —

OfHOpOANAan (YHKIUA OTHOCHTENLHO 2, ®, ®' nopsiiaka — l.
Bripaxenne (16) nosposisier Jerko NOJYUYHTb pas/oXeHHe GYHEK-

1 .
wnn § (2) — —— B CTeneHHOH Psifl, PaAHye CXOLMMOCTH KOTOPOrO pa-
BeH PacCTOARMIO OT Hadajla KOOPIHHAT 4O OJmKalillell H3 TOYeK w.
1
Ecny npuHSATL BO BHUMaHKE, YTO PSIA Z —5 TIPH 0. USJIOM ¥ HEYEeTHOM
w

I
1
paBeH HYJI0, TO, NOJO2KHB —_— = 2na—nl, NoayyYynMmi
Z; " —
1 0,28 agz® a2t
L= ——3—F% — ' —gH=T ' (D

OTKyZa, B YacTHOCTH, cjenyer, yro ¢yHkuus ({ (g} ecTh HeuerHas.

Pasnoxenne (16) paBHOMEPHO CXOAUTCS BO BCAKOH KOHeYHOH
YaCTH MJIOCKOCTH, €CNIH [peHeOpeub KOHEYHbIM YHCJIOM NepBHIX 4Jje-
HOB, COOTBETCTBYIOIINX TOYKAM @, JIEXKANHM B 3TOH Y4acCTH IJIOCKOCTH,
a NIOTOMY OHO MOXeT GuTh npopuddepesrpoBato noagesno. O6o3na-
yan yepes P (2) Npou3BOAHYO OT QyHKIuH { (2) ¢ 0OpaTHHIM SHAKOM,

NOJTy4HM: ,
po=~t@=+3 (e —wr) 19

dynkuus § (2) ectb MepoMmopdpHas € MNOJICCAaMH BTOPOro NOpPsiKa
B TOUKaX W; B KAXKHOH M3 STHX TOYEK BLET paBeH HYJO, OueBUAHO
nz (18), yro 972 PYHKLNA €CcTb YeTHad, T. €.

P (—2)=F@).
Hudgpepennupopannem paga (17) Mpl nmojgyuum:
PE=V2+ a7 fag+ - Fai "4, (19)

npuyem creneHHoll psaa (19), nsobpawaromnil @ (2) — 1/2%, Gyner
BMeThb TOT 2K€ KPYr cxoaumoctd, yto u paf (17), npeactapasoinnii
L@ — 1l

Juddepennnpys dopmyay (18), mb cnavana obpasyem:

’ 2 ! {
(@ = a—— — —_—
Pa=—-= 22 —w?’
4YTO MOXKeT OuiThb nepennHcano B BHIC
Fos ]
¥@=—2) G=ar

rA€ CyMMHPOBAHHE PacnpOCTPAHEHO Ha BCe 3HAyeHHA W 0€3 HCKJIo-
yeHus.
Otciona Jerko 3akjiouae, 410

P 24200 = (), P (z+20)=F @)
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Heterpupys, umeem:

Pe+20)=F@)+C, Fe+20)=p@@)+Cy

HaKOHell, NoJarasi COOTBETCTBEHHO 2 = —©, 2 = —® M BOCMOJb3O-
BaBIIHCh YETHOCTBIO QYHKIHY ¢ (2), HafineM:
Cl = 0, Cg S 0
H, 3HaUHT,
P4200=0@), §@E+20)=FC). (20)

CnenoBaTenbHo, QyHKuuA @ (¢) €cTb 3JUIMNTHYECKAs BTOPOro
HOPAAKA C OCHOBHBIMM NeproAaMu 20 ¥ 20, HMEWWAs NOJIOCH BIO-
poro nopsAika B TOYKe z = 0 M BO BCEX IKBHBANEHTHHIX C Hel TOY-
Kax .

Ecnu MBI XOTHM SBHO BBIDAa3HTb 3aBMCHMOCTh (YHKIHH @ (2)
OT MEepHOAOB, TO CAeAyeT ee 0603HauuTh uvepes ¢ (7 20, 20°).

U3 ¢opmyanr (18) crenyer:

P (kz; 2k0, 2k0’)=

9@ 20, 20),
STO COOTHOIEHHE NMOKashiBaeT, 4T § (2; 20, Qw ) — dyHKIHS On-
HODOAHAA NOPHAKA — 2 OTHOCHTENDHO 2, ©, o',

IIpoussonnas ¢’ (2) dyHKUUE ¢ (2) €CTh SINHOTHYIECKAS cpyﬂmum
1PETLEro MOPSAKA C TEMH Jke nepHojamu 2w # 20, umewuias Tpoi-
HbE MOMIOCH B TOYKAX, KOHTPYIHTHBIX ¢ 2 = 0; B cuny n. 4 § 1 ona
HMeeT TPU NPOCTBIX HYJA B NapaanesorpaMMe NepHOAOB, & MMEHHO,
TAKOBBIMH OYAYT TOYKH, KOHTDYSHTHbBE C @, ® H ® - o', T. e, Bce
f0JynepHoAbl. Kax u3BecTHO u3 toro ke n. 4, sutunrtuyeckass QpyHx-
uus @ (z) BTOporo NOPALKA C ABOMHBIM NOMOCOM AOJKHA ObIlb CBA-
8aHa CO CBoefl HPOH3BOAHON COOTHOUIEHHEM

PT@Q=CIf @) — @)L @) —P(©+ )P E)—F @) (21)

C npyrou CTOPOHBI, MBI MOXKEM YCTAHOBHTH 3aBHCHMOCTH MENIY

© (2) u 9’ (2) HemocpencTBenHo, oTnpasasach oT paia (19). B camom
zene,

, 2 ' .
P (= :-—-—25——{—2[122—{—4%2"—}--“,

OTKyA2
802

+2 4
1% (2)=7"-ZT—]603+P1,

Fie Pj ecrtb cyMma OfHHX MOJOMHTeNbHBIX CTeNeHefl 2. AHANOTHUHO
HAXO/[LHM:
1 3a2

P°(2) = — + =2 4 3a, -+ P,,

rae P2 — TaK¥Ke CyMMa OJHHUX MOJOXKHUTEJNbHBLIX CTeneHeR z.
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CaenoBatesibHO, MOXKEM HAlHCaTh!

0" (2) — 43 (2) - 20a, (2) = —28ay -+ Py,
rae Py — cymMma OJHMX IOJIOXKHTEJNbHBIX cTeneHeil z.

Jlepas 4acTb MOCJELHEr0 COOTHOUIEHHS] NPEeACTaBAAeT COGOH 3J-
JHOTHUECKYIO QYHKIMIO G mepHojaMu 20 H 20, H, KaK NOKasblBaer
npaBas 4acThb TOIO COOTHOILUEHHS, STA BIIIHNTHYECKAA QYHKUHS He
aMeeT nojtocos. CaenoBaTenLHO, OHA JOMKHA ObiTh TOCTOSIHHOH, YTO
BO3MOXKHO Juiub mpu Py = 0.

Wrak, umeem:

07 (2) = 4p° (2) — 200, (2) — 28ay
HWIinK B npyrux 0603Ha‘IeHI/lﬂX
P (2) = 4P° (2) — & (2) — Lo (22)

rje NoOJIOXECHO!
! 1 ’
g, = 200, = 602 L, g=28a,=140 Z =i (23)

dopmyna (22) npeacraBiseT B pasBePHYTOM BHAe Qopmyay (21).

INonaras § (2) = u, us dopmynas (22) sakmouaem: u = ¢ (2)
ecmb 0bpawienue IRAURIMUHECKOZ0 UHMeepasa nepsozo poda 6 gopie
Bedepumpacca:

r du
= | v m—a )
u.

OueBHaHO, NOJKHOM, CTOSILUI MOJA PajiHKaJOM,He HMeeT KPaTHbIX
KOpHeil, TaK KaK B NPOTUBHOM cjayuae uHTerpan (24) eoipakascs Obf
B 3JieMEeHTapHbIX QyHKIHsX. MoXHO NOKasaTb H HaoGOPOT, YTO MpH
Mo6oM BHIGOpE g, H g3 TAKUX, UTO MOJHHOM, CTOAILUE MO PalHKaJIoM,
He HMMEET KPaTHHIX KopHel, obpaleHne nHTerpaja (24) npHBOAHT
k ¢yukuun @ (2). Kopuu nonuHoma 4% — g9 — gs,  CTOALLETO
B NpaBoil yacTH (22), 06O3HaYUM uepes e, ,, €3, ToTAa dopmyna (22)
npuMeT BUI

P (2) = 4% (2) — g () — s =4 (8 (2) — &) (P (2) — &) (P (2) — €3).
(25)
CpaBuupas nocaexHiolo ¢opmyny e (21), Haxomum:

el = g” ((0), e2 = ? (&) + wl)x es = p ((’)')' (26)

Kax 6ui1o BRIIE OTMEYEHO, YHCIIA 8], €y, €5 PASTHYHE! MEXKAY OO0
Iytem cpaBuenns mexny coboit nByx uyacied gopmyan (25) noay-
4aeM COOTHOLLIEHUS

ey 4+ ey ey =0, 618, + ey + 36, = — /4, e1665 = gu/4  (26')
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Oynkunn L (2) ¥ 0 (2) He MOryT uMeThb nepuojoR 20 u 20, Tak
KaK neppas HMeeT B NapasjiesorpaMve OepHCIOB JIHILL OAUH TpPO-
CTOft mOJIoC, @ BTOpasi COBCEM He nMeeT 1ojiocoB, OjIHAKO HR nepHOLHY-
HOCTH GyHKIHK ¢ (2) = —U' (2) caenyer zas { cBOHCTBO, aHAAOTHU-
HO@ MEepHOAMYHOCTH, a HMEHHO!

£+ 20) =L+ 2,

L2+ 20" =@+ 20, @7)
rie N # 7)° — HEROTOpHIE NOCTOSIHHBIE WJIK BOOGUIE
L(z+ 2mo + 2n0") = [ (2) + 2my -+ 2nn", (28)

cuuTas m W n JOObIMH geJeiMd quciaamp. Hucna v u n’ MOXKHO pac-
CMaTpHuBaTh KakK yacTHble sHadeHus QyHxuuu . Hasa aroro monowxnm
B ¢opmysax (27) 2= —® ¥ 2z = —', COOTBETCTBEHHO HOJYUHM:

L(0) = L(—0) + 24, [ (0) = [ (—0) + 2y,
M, NONb3YACh HEUETHOCTbIO PYHKUME I, HakpeMm:
= { (@), 0" = { (o). (29)

TMocnennue cbopmynbl NOKAa3hiBaAIOT, 4T0. M # 1 OXHOPOJHBE! OTHOCH-
TeAbHO ©®, ®' usMepeHus — 1, uTo CeLyeT U3 CBOHICTBA ORHOPOX-
HOCTH Q)ynxumx {. D1y uucna M u v’ CBA3aHB € NOJYNEPHOAAMH ®
# o' 3aMeyaTeNbHBIM COOTHOIIEHHEM, KOTOPOE BHIBOAMTCH CJEAYIO-
UM 06pasoM.

TIpexxne Bcero CABHHEM HEMHOIO MapasielorpaMM NepHoLOB
TaK, 4ToGh nomoc z = 0 okazajcs BHYTPH CARHHYTOrO Napajieso-
rpamma.

OG6o3HayuM BePIUMHB! STOrO HApaNIeorpamMMa 4epes

2y, 2y -+ 20, 2y + 20 2(0£, 2y + 2(0,';

Ha €ro €TOpoHax HeT nolwcoB GysKuHM { (2).
Tak xak Bwiuer Qyukuuy { OTHOCHTENBHO nosoca 2z = () pasen

eAHHHNE, TO, WHTErpHpYyst ¢ynxumio { (2) BLOb NepHMeTpa Hamero
napanjenorpamma, 6yneM HMeTb:

20420 2,-+204-20° 204207
J t@e+ | t@d+ | t@d+
2z, 2,420 Zy-20+4-200*

- jﬂ L(@de=2ni, (30)

25207

FA€ BCE HHTErPHPOBAHHUA COBEPIIAIOTCH 110 Hpﬂ'\/IOJlHHeHHb[M OTpGS-
Kam, COCAHHAIOIUM YKa3aHHble TOYKHU. OO’bB}U[HHﬂ HepBbIH )48 TPETHH
HHTErpaJbl, ueJxaeM B 3TOM MOCJAE€AHEM HOOACTAHOBKY

2= u-+ 20
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H, noJb3ysack (27), Haxonum:

zy+20 20207 2y-20
t@d+ | t@d= | 1@+
2 2020420 20
29 220
+ | te20)di=— | Z@+20)— 1w de=—2n'2%.
2,+20 Zo

Ananornuno, o6beanHss BTOPOH H YETBEPTHIA HHTErPajsbl COOTHO-
wenua (30), naliaeM, 4yTO HWX CyMMa paBHa

220",
Buocs B cootnomenue (30), moayuum:

29-20" — 21" -20 = 2ni
WAHN

nw’—n'm:%i-. (3D

310 — TaK HasbiBaemoe cooTHoweHue Jlewanapa. CootHomenus (27)
MOXHO nepenyucarb B Bue

o' (z4+20) _ o (2)

oz F20) — o) + 2n,

o' (z+207) o' (2) ‘

oz +20) ~ 6(2) +2n'

Murterpupys, noayuum:
Ino(z+ 20) =Ino (&) + 2nz+ InC,
Ino(z+ 20)=1Ino ) + 20’z + InC’,
HAN
0 (2 20) = Ce?6 (2}, 0(z-} 20") = C'e™ 20 (2).

Octaerca onpeneauts nocrosuune C u C'. IIna storo nosaraem B no-
CACIHUX TOMACCTBAX 2 = —® H Z = —®" H HaXOAuM:

0 (0) = Ce=2"9¢ (—w), o(w)=C_Ce"0(—an'),
OTKYAd, NOJb3ySACh HEUETHOCTHIO (GYHKUMHA O (2), NOJYUHM:
C == —82”“), C! = —e2ve,

CﬂeﬁOBaTeﬂb]XO, OKOHYATCJBbHO HAXOLHM:

0 (2 -+ 20) = —e @0 g (2),
0 (2 + 20') = — " (0" (3), } (32)
OTKyZAa
0 (2 -+ 20 4 20") = —e2MHW) (00N (2),

ecay npruate Bo BaumaHpe (31). Cornacno dopmynam {(32) ¢pynxuns
0 (2) npuoGperaer MHOXH1esel HOKasateNbHOTO THHa Npu npubandie-
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HHY K apryMmeHTy yucen 2o u 20, OyHKUuMH 0 (2), L (?) u ¢ (2)
BrepBbie 6biM BBelneHsbl Befiepiirpaccom. MoxHO NOKasark, 4TO LCA-
Kas 3/VIHOTHYeCKas GyHKIHA ¢ nepuonaMu 20 U 20" ABAAETCA Pallyo-
HAJILHON OTHOCHTENLHO § (2) u ¢ (2). Taxum 06pasoM, COBOKYIHOCTh
pauuOHaNbHHX QYyHKUHE 0T § (2) u @' (2) npeacrasiser coboit BCIO
COBOKYNHOCTP SAAHMNTHYEeCKHX CyHxuufi ¢ mepuojamu 20 u 20,

§ 3. Hpocteiimne aHaAHTHUYECKHE NPeACTABRJICHUA
NPOU3BOALHOR SAMUIITHUECKONR (YHKUUM

1. MpeicrapaeHHe INIRATHYECKGH GYHKUHH B BHAE CYMMBbI Mpo-
cTefiiuux aaemenToB, [lycrp [ (2) ectb samunTuueckas GyHKUMA nO-
paaKa § ¢ OpocTeIMH noJocamMu By, Pa, ..., Pey NEXKAmUMH B mapan-
Jgenorpamme nepuoios. Obosnauas yepes B, BblYeT QYHKLUHH OTHOCH-

s

TeJIbHO NOJOCa By, MBI HMeeM, 4T0 3y B, =0 (§ 1, n. 3, Teopema 3).
k=1

O6pasyeM Tenepb BbIpaxeHHe
F(2)= k2~]1 Bl (z — Bu).

B cuny cpoficrea Qymxunn {, BBIpa)aeMoro COOTHOWEHHAMH (27),
MBI HaxopuM:

F(z 4 20)=F(2)+ 29 kZ=]lBk,
F(z420")=F(2) - 2v/ kg By.

S
Tak kak Y B, = 0, To nocaeasue GpopMy/asl NPUMYT BHA
k==1

F@-420)=F (), F(@+ 20') = F (2.

Takum ob6pasom, F (2) ecTb sanunTHYeCKas (QYHKUHA G OCHOBHBIMH
nepuoaavMu 2@ u 20’. C Apyro#l CTOPOHBL, JIETKO BUAETh, YTO (YHK-
uus F (z) umeer B Toukax b, NPOCTHIE NOJIOCH ¢ BhYeTamMH B,. Clexo-
BaTe/IbHO, AaHuas /unTHYecKass GyHKUHA [ (2) MOMKET OTIHYATHCH
oT F (2) nuwib nOCTOSHHBIM cnaraeMbiM (§ 1, 0. 3), T.e.

[ =C+ 3 B —p) )

rfle noctoadnoe C onpenenserca no sxadeHHo GyHKuny f (2) B Touke,
He coBnajaoliefl ¢ ee MomocoM.

M3 shiBoja Mpr ycmarpupaeM, 410, OGpaTHO, BCAKOE BBIpaXEHHE.
BHA2 (33), B KOTOpPOM P, — Ji00bIe § PA3JIHUHBIX TOYEK B Mapasieno-
rpamme nepuoios, a B, — /MmoCble S Yucesl, MONYHHEHHLIE YCAOBHIO
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Y B, = 0, Bceraa nso6paxaeT SAJUOTHYECKYIO QYHKIHUIO MOPAAKA §
k=1

¢ NIPOCTLIMH IIOMIOCaMH ﬂi, Bz, cery ﬁs H COOTBETCTBEHHBIMH [IJIaBHLIMH
YACTAMH!
BI By Bsg
z—fi * z—P > "7 z—Bs °

O606mwuM Tenepb gopmyay (33) Ha cayyaf kpatHeix nomocos. Ilyers
f (za) ectb aanunTHYeckas (QYHKUHS [ODsJKa S ¢ HoawocaMu Pj,
B, ..o Bgy MExamuME -B mapansenorpamme nepronos. OGosHaUMM
yepes

Bri
z—fg

Bksh

s
(z—Br)*
rJIaBHYIO HacTh naumell GYHKUHM OTHOCHTENBHO moJjioca Py, nopsaoK
KOTOPOTO €CTb Sy (Si + Sy -+ 8, = 8).

O6pasyem Tenepb BhIpaKeHHe

Bra R
Te=prt T

(34)

F@)= Y [But @ — B+ Buof (2 — B) — 529" (2 — B+ -+

k=1

hsh

(=) pO D e — )]

q
Tak kak Z B:i = 0, 10 u3 npeawyiyuwiero ananusa, NpHHHMAn BO

BHUMaHHe nepno,uanOCTb (GYHKIMI @ K ee NPOHIBOAHBIX, BHITEKAET,
yTO F(z) €CTh SAAMNTHYECKast GYHKUMA C Dmepuojamu 20 H 20
C npyro#t cropoHH, U3 BhipaeHud QyHKOHE F (2) MBI ycmarpuBaew,
YTO B TOYKAaX P OHa UMEET NOJIIOCH! MOPSIAKOB §; C IVIAEHBIMH YaCTAMH
(34). Cnejoparensio, JaHHas saunTHYecKast QYHKUHA [ (2) MOmer
ornuyathes ot F (2) /ML HA pocrosHHoe caaraemoe (§ 1, n. 3),
T. €.

Bers

F@=C+ Y [Bub@—Bu) + Buuff (2 — B) — 52 ¢ (2 — Bu) +-
k=1

o () e T e — B, (35)

FIe nocrosunoe C onpepensiercs no sHauenuio Gpysxuun [ (2) B TOUKe,
He COBNAJAIOLIEH C €e IOJIOCOM.

O6parHo, Bcakoe Bhipaxenue Buja (3D) Bceria naoOpaxkaer sg-
JUNTHYECKYIO (PYHKUHIO NOPsIKA § ¢ MOJNIOCaMH B TOYKaX P, H COOT-
BeTCTBYIOIMMA IVIaBHbiMH 4acTsaMH  (34), ecau mnocrosHuble By

q
noJ4KHEHb! YCAOBHIO 2 Bhi = O, a ﬁh — J100ee g TOYEK [1dapaJJieqao-
k=1

rpaMma nepuonos.
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2. MNpeacrasienne NIUNTHUECKOH (YyHKUNK B BHIE OTHOILEHHS
NpousBejeHN 9JeMeHTaPHbIX MHOXKHTeJel. B npeibaylleM HyHKTe
Mbl NOJYUHJIH GOpMYJay, H300paXKaloWyio 3JJKITHYECKYI0 (QYHKUHIO
B BHJIE CYMMBI NDOCTEHIUHX BSJEMEHTOB, KOTOpas MOMKer OwuTh pac-
cMaTpuBaeMa KaK aHaJOl pasjOXEeHHs PalHOHANbHOH (QyHKUHH Ha
npocreiimune ApoSu. Mel BbIBeneM Temepb APYTYIO QopMyay, IpH I10-
MOIIH KOTOPOH MOXHO MpPeAGTaBHTb BCAKYIO 3JUIUIOTHYECKYIO (DyHK-
wHio; 3ta Qopmysa OyAaeT aHaJoryuHa NPEACTABJEHMIO PalHOHATb-
HOH (YHKLHH B BHIE APOOH, YHCAUTENb ¥ 3HAMEHATEeNb KOTOPOH pas-
JIOKeHb! Ha JHHEHHBlE MHOXKHTENH.

[yers f (2) ectb sannTHYECKaA DYHKUUA, MEIOMAs B apaJnieso-
rpaMMe mEPHOAOB HYJH B TOYKAX Gy, O, ..., Oy H MOJMIOCH B TOUKaX
Bis PBgs vey B, TIPUYEM 3TH TOYKH MOTYT OBITH Pa3/IMYHBIMH HJH Ya-
CTHYHO COBHajalowWuMH (B c/ayuae KparTHBIX HYJEH HJH IOJICOB).

B cuay § 1, n. 3 umeem:

s k
X =2 Pr+ 2y0 4 2y'0".
k==] k=1
[Mpumem BMecto B, uucao
fs =Ps -+ 2yvo + 2¢'0’,
TOTia, OYeBHAHO, Oyner:
oo o hoe=Pitfot oo B B (36)
O6pasyem Tenmepb BbIpaxKeHHe
— — Lo a(z—ag)
F(2) — G (z — &) 0 (2 — 0ty) s
@) 0(2-61)0(2‘—@5?)..4o(z—lﬂs)’
KoTopoe OyheT NpeiCTaBAsTb MepOMOPhHYI0 (YHKHHIO € HYJAMH
B TOYKAX Qp M MM SKBHBAJIEHTHHIX H C NOJIOCAMH B TOUKAX P, B UM
SKBI'!BBJIQHTHBIX.
Tokaxem, ato F (2) eeth 3AnHNTHUECKAA QYHKUHA G OCHOBHBIMH

nepuopamu 20 u 20°, B camom genc, BOCOONL30BABILHCh CBOHCTBAMH
(GYyHEUUM O, BbipaxaeMplMH GopMmyJdaamu (32), umeem:

F(z 4 20)=eMAF (2), F(z-420")=eAF (2),
—A=afat et —Pfh—Pf—-—p=0

H, 3HAYHT,

rae

F+ 2) = F(2), F(z+ 20°) = F (2).

Hrak, aBe asuntuueckne QyHKUHE f (2) 1 F (2) ¢ OZHUMHU U TeMH Xe
nepHOAAMH HMEIOT B fapaJjjieJorpaMMe NEPHONOB OIHH U Te XK€ HYJH
¥ NOJIOCH OMHAKOBOH KPaTHOCTH, a NOTOMY OHHU MOTYT OTJIMYATLCS
Ipyr OT ApYra JIMILb NMOCTOSTHHBIM MHOXHTeneM (§ 1, m. 3). Crenosa-
TeAbHO, HUMEEeM:

_ 02— 0)0(2—0) ... 0(2—0l)
f@=C o@z—p)o(e—B) ... o(2—B;) " (37)




3814 3JIEMEHTH TEOPHU DJAJMUOTHYECKHX OYHKIUUA [rh. Xt

[Tocrosiunoe C onpenensierca Aub0 nyTeMm 3anauus ¢yrkuuu f (2)
B TOuKe, He ABJISIOWEACST ee HYJeM WIH IOJMOCOM, JUG0O MOCpeiCTBOM
pasoxeHus B PAABl JEBOH H IIPABOH 9acTH M OTOXK/ECTBJIEHHS COOT-
BeTCTBYIOHIHX YJEHOB.

OuyeBHAHO, M3 J0KA3aTeJbCTB4 BBITEKAET, YyTo, OOPATHO, BCSKOE
poipaxkenne BHAa (37) Bcerja u300paraeT S/THNTHUECKYIO (PYHKUIHIO
N0pALKA § ¢ HYJAAMH B TOYKaxX o, %, ..., Qs ¥ MOMIOCAMH B TOYKAX
B, By .evy Bi ecou @y, oo, ..., a5, Biy By oeey Peoi — JIOGBIE  TOUKH
(dacTHYHO COBNAJAlOllHe HJH BCE pas/HYHBE) napajjenorpaMma
NepHOAOB, a

Bs=ou—d-azt s fog—PBr—Po— oo — Pt
B kauecrse mpHJIOMEHHS BbhiBeleHHOH (opmyanl (37) paccMOTPHM

byHKuHIo P (2) — ¢ (1), HMEIOULYIO NIOAI0C BTOPOrO NOPALKA B TOUKE
2 = 0 u HyJu npu 2 = =u. CnejgosarenbHo, 1o dopMyae (37) umeem!

04 uo(z—u
PE@—P@=C o (2) .
YroSs! onpeaenTb NoCTOsHRY0 C, paCCMOTPHM pas3oXeHust ofenx
f
uacrell B pAABI 10 CTENEHAM 2, 4 3aTeM CPABHHM KO3(UILHEHTHI IPH -

Hwmeem:
ciz+u=a (&) + 20" (u) + ...,
o2 —un) =0 (—u)+ 20" (—u) + ...,
0% (2) =2 +...,

o (—u) = —o (u).

1 o
[ostomy ko3dxpunrenT npu — B 1paBo# 4act Gyner pasen —Co? (u),
a B siesoft o pased eguuuue. OrciolLa Cnesyer, UTO

o o H
1=—CO' (1.’), T. €. C-—-—- '02—(u')—
H, 3HAYHUT,
ga(z)_so(u)z_ﬁﬁ_ﬂ)_“g:ﬂ, (38)

0% (2) 0% ()

§ 4. ®dynkuuu o,

B § 2, n. 2 mu BeiBenu dopmyay (25), npexpcraBasiomyn 2 (2)
B BH/Ie Npou3seepeHus Tpex MHOxuTesei. CorsacHo 970l dopmye npo-
HiBejeHIie, CTOSAUWIeE B NPaBOfl 4acTH, ABAALTCA KBAaAPATOM OIHO3HAU-
HOf auanntTuyeckoii pyHxuun. OrxaszbiBaeTcst, TO Ke CaMOE MOXKHO
YTBEPXKAaTh OTHOCHTENLHO KAMACT0 H3 TpeX MHOXKHTeNaell ¢ (2) — e,
(k =1, 2, 3). Urolnl B 3TOM yOCAHTHCA, HOJOKHM CHAYa/Aa B popmyJe
(38) 4 = w; Torpa nmomy4yHuMm:
PR —a=p@)—p©=—20220E=0 (39)

of (2) 6* (0)
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B cuay dopmyan (32) Mbl MOXeM HAmHCATh:

0+ 0)=0(2 — 0} 20) = —en -0+0g (7 — ),
T. €.
0(z 4+ 0) = —eM?g (2 — w). (40)
3ameruB aro, nepenumem (39) B Blge

o(z— ®) [emc (z — m)]z.

P (2) — ey =e (@0 (z) | 0(0)0@)

Tonaras B Gopmyne (38) u = © + 0" w4 = o' ¥ noerynas ana-
JIOrUYHC, MBI MPEACTaBHM JAPE JApYIHe PasHOCTH TaKXKe B BHAE KBAL-
parta yacTHOro AByX uenwix gynxunii. Taxum o6pasom, Gynem nmerbi

PR —a=[22" (4D
nan :
Vi@ —a =22, (41
The TOJIOXKEeHO!
0y (2) = en? "__._(‘(’; (_0'))2) ,  Op(z) =em+n 29 %(IfT)—')'Z) ,
0, (2) =en? %01(_@_)_2) (42)

Ypasnenus (41') onpenensioT Tpu KBaapaTHbIX PanNKana Kak of-
HO3HauHble (GYHKUHE 2. OTMETHM HEKOTOpHIE CBOHCTBA (BYyHKHME
oy (2).

- Bee tpn ¢ynxunn oy (2), oveBumno, uenwe, w, nonaras z = 0
B dopmynax (42), naizem:

G, 0 =1((=1,2 3.

3amensa B opmyJe (40) 2 Ha — 21 NOMB3YACH HEYETHOCTBIO (Y HK-
aun o (2), nepenumem (40} B BuIe

0(w — 2) =~ (o - 2),
a 3HaymuT,
0(®+42)

0, (2)=¢e"m o (@)

= 0y (—2)

H TO Xe camoe A QYHRUNEA O, (2) M 03 (2), T. e. QyHKUHM O, (2)
cyTs yeTHble. Uamenns 2, 0, o' Ha kz, ko, ko’ u noabsyscy cBoOHCTBa-
MH OAHOPOAHOCTH O (2 20, 20°) # M (20, 20), MH 3aK/iI04aeM: PYHK-
unn 0, (z; 20, 20’') ORHOPOIHBI OTHOCHTENBHO 2, ®, ©' H3MepeHus
HYJb,
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[Tonctapnas suipaxenue (41) B opmyay (25) n ussiiekas KBaapar-
HEIl KOpeHb, OyleM HMETb!
01(2) 02 (2) 05 (2)

pl (2) == 2 o2 (2)

QOctaeTcs AMllb ONpENENHTh odak B nocaenieid Qopmyae. Has
STOTO, TOMHOMXKHB oOe YacTu 3Tofl GopMyJnl Ha 2%, 3acTaBHM 3aTeM 2
cTpeMuThCs K Hymo. Tak Kax

P9 (> —2, 0, (0)=1, o(0)=0, o (0)=1,

TO OTCIO4A Mbl 3aKJiouaeM, 4YTO B TpeabiAyileH Gopmyse caenyer
6path 3HaK —, T. €.

g )= —2- 200006 -

Hakonen, mocMoTpuM, KaK namensiorcss QyHKUUH Oy (2) NpH OpH-
GaBjeHnn K apryMmenty neprona. YrtoOwm npiaaTh BHIBOAHMBIM (Op-
MyJaM ORHOOODA3HEIH BHA, BBEAEM clejpylouine o003HAYEHHA:

0= 0, 0, =06+ 0, 03 =0
H COOTBETCTBEHHO!
. —_ — 4 — [
ni=nN=n+mn,n="1.
Torga dopmynsr (42) B 31ng o6o3HayeHHAX OyiayT:

o (2) = —eW? =00 (p 1 9 3) (44)

o (W)
Dopmyssl ke (32) npuMyT BHA
0 (2 20) = —" H00g (), (32"

Otnpasaascs o popmyant (44), ucnomssys (32) u ToXAecTBO Jle-
kauapa (31), nerko naiaem:

0y (2 - 20p) = — &k CF%)g, (2) (R=1, 2, 3) (45)
H
h£h
o, (2 -+ 2wy,) = 2Ny, (2 ©p) oy (z) k=1,2,3]|. (46)
h=1, 2, 3
Kak cneactsue Gopmy. (32"), (45) u (46) MBI nosyuaem:
op(24204) __op () Onlz+204) _  Or(@ (4,
o(z+42m;) T o) ' 0@+ 20) o o (2) (e h) (47)
H
Op(z4+20) ok (z) on(z420y) _ 0x(2) (48)
oy (2 4 20;) on(2) ° op(z + 20) o (2)’

the k, h W | moryT npusnumarp ssavenns 1, 2, 3, pasanyibie MEKAY
cofboit.
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§ 5. dannnTHdyeckne (QyHKUHH SIKOGH

ByneM HaswBaTh sasunmuueckumu ynxyusmu fxobu tpu dyHK-
nuy, onpegeasieMsie hopMyaaMH

snu=]/el——-e;,-§3%, cnu= gig;, 6r1u=-%—%—, (49)

rie u=2ve — ).

Monbaysce Qopmyiamu (47) u (48), MBI ycMaTpHBaeM, YTO 3TO
OyayT SIHNTHYECKHE QYHKIHU: SN ¥ HMEEeT OCHOBHBIE TIePHOMBI
40 ) ej — e, 20"y ej — €3, @ CN U HMEET OCHOBHBIE TNEPHOIK
40 Ve, — 5, (20 - 20) 1 e — €51 6n u uMeeT NepuOAH 20} ¢ — eg,
40" Ve, — ;.

3Han Hyau QYHKUHA O (2) ¥ Oy (2), MBI MOXKeM HANUCATb HYJAH W
NoMIoCH AANUNTHUECKUX yHkun# Hkobu B BHAe Tabauipi

Hynn Momocs
snu (2me + 2n0") Ve, — e; [2me 4+ (2n 1) @'}V e —eg
cnu [@m+ 1) e -+2n0'] Ve, —eg [2me -+ 2a 4+ 1) @]V F— &g

Snul [@m-+1ot+Cn+ e Ve —e 2mo 4+ (2n + Do’} Ve — e

OueBniHO, B OCHOBHOM napajyle]lorpaMMe IepHONOB Jexar IBa
NPOCTBIX HYyJASl H ABAa NPOCTBIX NoJioca KakioH (pyHKuuu $Hxobw.
Takum obpaszom, 3T0 OYAYT SJIHNTHYECKHE (YHKLHH BTOPOro Io-
psjika. Tak Kak 0 — QyHKIHS HeyeTHas, a 0, — YETHLIE, TO SN U —
neyerHas QyHkuud, en 4 v 8n u — gyHKuuy yerHote. Hanee, sn 0=
=0,cn0=1, é6n0 = 1.

He usmensisi BeJMYBHEI 4, YMHOKHM © = @' Ha NPOH3BOJbLHOE
uncao k; TOTNA 2z YMHOXHTCA Ha k, Tak Kak 1/ e — ey pasjienurcs
Ha k (¢, ¥ €3 OAHOPOJHEI OTHOCHTEJALHO &, ®' mopsiaxa — 2).

Orciona, MpHHHMas BO BHHMaHHe CBOHCTBA OJHOPOXHOCTH (YHK-
il 0 (2) ¥ 0, (2) OTHOCHTENLHO 2, ®, ®', Mbl BLIBOAIM 3aKJIOUEHHE!
¢ynxuny fkobu sn u, cn u, 8n 4 He H3MEHFAIOTCH, €CTH YMHOXKHUTL O
Ha ®' Ha NPOK3BOJIbHOE YHCO, JIpyrumy C10BaMA, 3TH QYHKIHY HYTe-
BOrO M3MEPEHHs OTHOCHTEIBHO ©, o', T. €. 3aBUCAT OT 4 ¥ OTHOLIE-

HHﬂT"‘w
= .

) Tlog V e1 — e; Mbl MOMEM TORHMATh J060e U3 ABYX BOIMOMMBIX €TI0 SHave-
unfl, Tak xak dopmyan (49) we u3MeHsioTCA NpPR TEPeMEHE 3HAKAa |y Pajukaia

V €1 — €5 BCAGACTBHE HEUeTHOCTH GYHRIRN O B YETHOCTH (YHKIUHH O,
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[osToMy, ec/u MBI XOTHM fIBHO BHIPa3uThb 38BHCHMOCTbh (PYHKUHUH
SlkoOu OT MepuHoJoB, TO UX caefyer 0003HauaThb Yepes

sn (u; ), cn (u; T), 6n (4 v).

Us nsBeCTHHIX GOPMYN P (2) — & = < f;ra((zz))

HHA QyHKUUH @ (2) NOAYYHM JBa COOTHOLIEHMH, CBSI3HIBAIOLIHX TPH
byHkuuu SIxobu:

2
) oyTeM HCKJTIOYE-

€2 —€ .2 2,
e sn?u - 6nu =1,

sn?u—4cnfu=1, -

Wiy, moJjaras
b2 =— €a—€3
€ — €3
(¢ BaspiBaeTcs MOAyJEM HAIUKHX (YHKUMH), [OJYYHM!
enu=1—sn?u, n?u=1— k*sn?u. (50)
[onbaysce ¢yuxiuamu Hkobu (49), mepenmuuieM H3BeCTHOE COOTHO-
menupe (43)

’ Y Z) Y Z) O3 (2
i‘) (z) 2 1 ( 2 (( 3 ( )

cnubnu 1)

3

’ ! w3
P ()=—2( —e) * ot
C zpyro#t cropoHsl, AH(xpepeHUUPYA OTHOCHTEABHO K COOTHOLUEHHE

g3 (2) )2 a1

g')(z)—e3=(o(z) sndu

Halipem:
3

Q)= —2 (e, — o) ¢ X, (52)

snéu

CpasxuBasn (52) u (51), monyuum:
(sn )" = cn u bn u. (53)
Huddepenuupys teneps toxiectsa (50) u nomwsysce (53), no-
AyuynM QOPMYJIBL NPOH3BOAHBIX Mt JBYX Apyrux ¢yuxuufi Hkobu:
(cnu) = —snubdny dnu =—ksnucnu (54)
Urofel monyuuts And