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HPEAWCJAOBHE

Huddepeunnuanniiag reomerpuss 1 TONOJOTHA NpeLcTaBasieT coboil
BAXKUDIE pa3gen MaTteMdaTHki. BypHOoe pa3BuTie TeopeTHYeckoi ¢uau-
K 1 MexaHukit XX B. 1piBeJo K HNOHIMaNHIO (ylAaMeHTaNLUOCTI
reOMCTPHYECKHX npejcrasiacuuil B 3Thx naykax. [locratouno yxasats
TAKHC 00MACTI, KAK TeopHs OTHOCHTCJLHOCTI, MEXAlHKa CIHJCHIIBIX
cpell, ITCKTpOJAHIAMUKa, rle reoMeTpHUecKHe MeTOAB SABJAAIOTCS OC-
HOBOIT MATCMAaTHICCKOTO aniapara.

Hacrosimuii kype mocpsiiten ocioBam auddepenuyantuoil reomer-
puu 1t Tonosonud. CoBpeMeHHOE €OCTOsIHUE 3TOH 00JacTH BO3LUUKAO B
pe3yanLTaTe VCIME  MIOCMX  nokoJiennil  MareMaTukoB.  TpyjuiocTh
Onucanusg HCTOPHY Pa3BUTUSA FCOMCTPHMYU 32K/al0YaeTcss B TOM, uTo B
HacTOSeC BPeMS MHOCHC TEOMCTPHUCCKIC RPOOJCMDl B HACH MBI
[PCJACTABJSICM COBCCM B HIIOM CBCTE, HCXKCJAH MATCMATHKI JIPCKHUX
spemeit. [lo-noBomy ocmuicacubl OUTH BCe recoMerpuucckiic (e
TOJALKO  FeOMCTPHUCCKHC) MeTojll B Mmartematuke. C cospemeniiof
TOUKH 3DCHNST FCOMCTPUSL M TOMOJOIHS, OCIOBB KOTOPHIX 3aaraiorcs
B yuebnHKe, 0asHPYIOTCs Ha ICCKOALKHX (PYHAAMCHTANBILIX HICHY,
KOTOPBIC KPATKO MOXKIO 13J0KHTL CJC/YIOIHM 06pasoM.

Teopetiko-muoxecTsennas, aad oblLas, TOUOJOTIA — 3TO Dasjes
reoMerpiik, Bobpaswnit B cebst hopManbhble OOIIHE HPHCOMB HCCJACHO-
BaUHs BONPOCOB CXOUUMOCTH H HENPCPLIBIHOCTH. Baxmnas HJest B reo-
METPHI — 3TO MJACS HCIONL3IOBANIIA KPHBOJAHIICHILIX CHCTEM KOOPAI-
HAT, UpHBEAIIAST B KOHCHIIOM HTOTe K TEI30pHOMY aHaAN3y U Teoplin
HHBapnanToR. Ecstii mMaremaTiyecknil anaaus 1 Teopust JAuddepeni-
ANDIBIX VPaBIHCHHHA B OCHOBIOM IICCJACAVIOT cBoficTna GHynxuuit «B Ma-
JoM» (11 OccKolleylio MaabLIX pacCcTOSNMAX TOUCK JIPyr OT Apyra), To
TCOMETPIIS H3yuaeT cBoilcTBA (HYHKUMH H IPYTIX aHaJOrHUHBIX 0GbeK-
TOB «B (OJLIIOM», T. ¢, Ha JIOCTATOUHO OOJBIIMX PACCTOSTMSX TOUCK
APYr or Apyra. dTa HHTYWTHBHAsS HAes H3Y4YEeHUs CBOHCTB rcoMmerpuuc-
CKHX OOBCKTOB «B GOJAbLWIOM» TpuBeta K (hylnaaMeHTAJILIOMY HOHS-
THIO Muoroo6pasusi, Kax 0006ULICIEIO MOUSITHS 00/TACTH  CBKAILIOBR
npocTpancTBa. ’

He Metce paxcipiM AJ51 TeOMETPHH B jajbHCEIIEM SBIOCHL couc-
TAHHC YKa3aHHbIX gjlel B MX paaMHbIX KOHKPEeTHBIX HPHJIOXKEHHAX:
reoMeTpPHEeCKoe OCMULICJCHHC TEOPHH HHTErPHPOBalUHS, TCOPHS TOMO-
NOTHT KAk (opmanbioe aarcOpauteckoe odopMmaeHie WITYHTIUBIOTO
mepexoja OT H3YUCHHS NMPOCTPAlCTB «B MaJdOM» K HX H3yyeinluo «3
OONbIOM»; PCOMCTPIUUCCKAs NNTepNperalys JuHedHoH anmpokcnMa-
K HeauHelnblx (yuruHii 1 oroGpaxeHud, mpuHiun obwero 1oJ0-
JKeHHs] B TeOMCTPINI H MHODHe ApyrHe,

Bee »111 reoMerpHuecKue ujleH BOSHHKAH TIPH PCIUCHHMH KOUKPET-
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HLIX 3aau, CnocoGCTBYS KAk HX pelleHMIo, TaK M PasBHTIHIO TCOMCTPH-
HCCKHX NpedcTaBjaeHuit u MetoaoB. Muoraa 6wisaer Tpyano oTaciuTh
HpeRCTaBJACHUS, OTHOCHMBIE Tenepb K AuddepeHiuHasbioi reoMeTpUy
Il TOUOJIOTHH, OT APYTHX TEOMETPHUECKHX Hjell, odopMmuninuxcs cei-
Yac B Pa3ACAL AHAJAMTHYecKOll TEOMETDUM 1 JuHCHHON aareOpul MM
BoOOLle OTHOCsiNMeCS K JAPYTHM pasje’aM MaTOMaTHKIL.

[Ceomerpust jipepituX, nmoJayyuBLIasl cBoc 3aseprenne B «[lavanaxs
Epxaufia, B namverbulell CTeNeHd 3aTPOHysna pasBuTHe Judypepeiiiiu-
anbuolt reometpii. OfMH TONBKO BONMPOC, HA NPOTSIKEHUH MHOTHX Be-
KOB KAa3aBIliHcs [JaBHEMINM, HAlUeJ NMPOCTOe U GCTCCTBENHOE pa3pe-
umieHite B pavkax Aiddepenipagniiofi reoMerpud. AT Bonpoc o J0-
Ka3aTeALCTBE fsTOro mocryiara EBkmiga. DopMmyiiponka  uatoro
nocryaarta LBranjga kasaJjach HacTOABKO JAJEKOH 0T caMo0UeBUANO-
CTIT 11 HC3ABUCHMOCTIL OT APYCHX AKCHOM TI'E€OMETPIH, UTO Ha NPOTH-
JKCHHM MHOTHX BGKOB MaTeMaTHKH (e3ycmelio mulTanich JaTe CMY
Jl0KagaTesabCTBO I1a OCHOBAHIM Apynux akcuowm. Ileppast B Espome no-
NBITKA J0KA3aTh IOCTYAAT O MapaUIeJLHBIX Gbisia, MO-BIAHMOMY, Cle-
Jaana JIepom lepconngom (1288—1344), JloxasaTeabcTBOM MSITOTO
NOCTyJdaTa 3auuMaauch Takue maremartuky, kax K. Kaapuit {1574),
Il. Kartaapan (1603), Hx. Bopenan (1658), Jhx. Buraac (1680),
ok, Banauc (1663), Hx. Cakgeptu (1733), H. JlamGepr (1766),
A Jlexanap (1800), ®. Ilseiikapr (1818), ®. Taypunyc (1825) u
naxe K. ®. I'ayce, XoTst monbITKM [0KAa3aTeJncTBA NMATOrO NMOCTYJAATa
0Ka3a/auch OesycHelUHBIMH, DOJib 9THX HCC/JIeAOBAHNUI Beanxa -— OHI
3a10XHAN (YyHAAMEHT IJs1 pa3BUTHR HOBOH, HeeBKJIHIOBOH reoMerT-
pHL :

OCHOBOMOJMOKHAKOM 3TOH TeOMETPUH, OCHOBAIHON Ha OTKa3e OT
NATOrO TOCTyJaaTa, SIBUca BeaukAl pycckuid matemarnk H. M. Jlo-
Havepckift (1792—1856). B 1826 r. on' cmenan mepsoe coolmeue o
110B0# 1ECBKAN0BOIT TCOMETPHI, U C 3TOTO BpeMeHNl OTKpLIBACTCH 110~
Bast 9pa B Pas3BHTHH TeoMeTpHuecKuX npegcrassacit B 1832 r. OGulia
oiyjukoBana pabota $. DoOAnsN aHaJOTHUHOIO COHEepXKalns. K Ta-
wuM ®e naeam upuuten w K. @. TCaycee, we onyfauxopanuinit cRon
paboTLL

Ecnu 1. M. JToGauenckuit upuiesa K cBoeil HeeBK/UIOBOH reoMerT-
piil, OCHOBLIBASICL HA AKCHOMATIYECKOM . MeToiC IiccjicoBanyit, 10
Jajipielitiee PasBHTMC HORDIX IU7lefl B TEOMCTPIH NPOHCXOMIIO VIC B
COCJLIHCHHE ¢ APYDAMI (PYHAAMCHTAALMBIMIL MPHULHIAMI OHpCICIC-
Hilst LCOMCTPIMecKHX OOLCKTOR, CBSI3AHULIMM € BBEACHUCM CHCTCMB
kooprunar, Koopauuars ynorpelSasiuch elile gpeBUltMI B reorpadiiu
i actpornoviin. 3 nrrosemcenoit «I'corpadum» perpevaloTes yike -
poTa H JOJAroTa Kak YHcJaoBele xoopiaunatol, B LEppone Oausko x naee
xkoop/tiat tojowen M. Opeam (1323—1382) npu Tpadnucckom 3a-
jgatint pynxuuit. OnHako 0 caMuX KoopAuHaTax y Ier0 HeT i PeUIL
CoznaressiMit MeToJa KOODANHAT 1 1A €ro ocloBe  adavIiTiieckoll
reoverpuit sisasorest P. Jekapt (1596—1650) u I1. depma (1601—
1666). CucremaTnuecKkoe HCUOAB3OBAHNE KpUBOIMHCHANLIN Koopauuar
B coenuuenint ¢ waesmi JlobaueBekoro npusesit K OYproMy paspuTiio
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coberpeniio aupdepernnuannioil reoverpiir. b, Puvan (1826—1866)
cllesasl UDHIIHIHANLIO HOBBIT Ifar — cTraJj H3yuaTh NPOM3BOJLHLIE,
Tax Wa3blBaeMble PUMAHOBHL, IPOCTPAHCTRA, HAlCAIIE BajKHLIE OpPH-
JIOJKeHIIsl B MexauliKe, TEOPHU OTHOCHTEJLHOCTH-H AP. Bo3HKAU KpyN-
bte OBICTPO pAa3BHBAOLIMecs pa3fedsl TCOMETPHH — BeKTOpHOE H
Tel30PHOC ICYUHC/ACHHE, PHMAHOBA I'eOMeTpus.

OaHoBpeMeniiio- ¢ PUMAHOBOH reoMeTpHell 3axJajuLBaIOTCS OCHO-
BLI TONOJOTKHH, KAK UACTH IeoMeTpHI, MocBAlLeHHol cBofcTBY Hemlpe-
PBIBHOCTH. Konelmo MCTOKH TOTOJOINH cJekyeT McKaTh B aHaJjqu3c
GeckoHeyno Madnbix. Ho meppuie paboTel cOGCTBERHO TONOJOTHYCCKOTO
Xapaxtepa nossraics y JI. Dfgepa (1707—1783) u K. Kopuana
(1838—1922). B uayase XX B.. C03a0TCA  OCHOBbLL ~TONOJIOrHH
(M. ®pemwe, d. Xaycropd, A. Jleber, JI. Bpaysp). Boasmyw ponan B
CO3JaHHY TOUOJIOTHH 1 ee NMPUMEHESHUH cuirpaa A, 'Hyam\ape Tono-
Jlorus B HACTOREe BpEMst ABASTeTCS 6ypﬂo pasmuBawpiteiica obaa-
CTBIO.

Heckonnxo paHee O(t)opM}mc;{ pasnen ;meq)epeuunanbﬂon reoMer-
pii — Teopus moBepxuoctedl. Teopusi mosepxHocTell HayaJach ¢ pa-
Got JI. Ditniepa u I'. Monxka. Coennnenne uaell HeJHHeHHHX KOODAH-
11aT, BEKTOPHOIO W TEH30DHOTO HCUMCJIeHMs, TeOpUH NOoBepXHOCTeH, a
TaK¥e TJI0AOTBOPHOCTL reoMeTpHUeCKHX NpeACTaBJeHHH B pPa3JuuHBIX
3aj1a1ax €ecTecTBO3HAHHs TPHBENH K BaXKHelilleMy B TreOMEeTpPHH IIO-
NATHIO — MHoroo6pasuto. ITo-BHaAMMOMY, TepPBLIM YeTKO BBLIEJIHJ 3TO
nousitie A. Ilyankape (1854—1912). B nacrosilee BpeMst TOHATHC
MHOrooOpasisi HacTOIbKO IPOYHO YKODEHHJIOCh B MaTeMaTHYEeCKOM
MBIILICITHH, UTO HEeBO3MOXHO YKa3aTh MaTeMAaTHKOB, CIeUHaJ/JbHO pa3-
pabaTuBAOULIX TeOpHIo MHOT00Opa3ui.

Haxoien, cjeycT oCTAHOBHTLCS ellle Ha 0OJHOM GyHAaMeHTaJdb-
1OM HpHIIHIE, CLIMPABLICM BaXHYIO DOJib B DPa3BUTHH U MOHMMAHIH
rCoMCTpHI ¥ MUOIMX QyuaaMeHTaNLHBX npobJieM coBpeMenHol Tceo-
peTirieckoil (Hanki. DTO Tak HaspiBaeMble TPYMIIOBbe MeTONEBl, OCIO-
BaHfible 114 Hjlee MHBAPHAHTHOCTH TEOMETPUUECKUX OOGBEeKTOB OTHOCH-
TeJMLITO TPYNILI CHMMETpPHH TIpoCTpaHcTB. B reoMerpuu rpynnosile
MeTOIbl 3aPOJHAMCh HPH H3YyUeHMH NPOEKTIBHOI TeoMeTpHH U CBsi3a-
wpl ¢ umcuamu [Toucene, Ilrtaynra, Me6uyca, [lmoxkepa, KaJau,
B 1872 r. Buimsa suamendras pabora @. Kueiina, xoropasi B Hajb-
HellleM MOJyuHJIa Ha3paHWe «DpJaaHreHCKOH mnporpamMmul». B icd
©. Kaefln noaBes UTOTH U 4eTKO CPOPMYAUPOBAJ TPYNNOBLIC HPHHIH-
Tibl MOCTPOEUst reoMetpuu. I'pynnoBuie MeToAn okasaan Oosapiioe
Brysiive na pas3BuTHe AudpepeHUMANbHON TEOMETPHM M TONOJAOTHI( H
Pa3nuUNLIX IIPHJICKEeHHH reoMeTpHHM K JADYTHM pa3fesam MaTeMaTH-
K¥ }1 ecTecTBeHHBIX HayK, XOTsl C¢/JIeAyeT OTMCTHTb, UTO Bce MHOT000-
pa3ye TEOMETPHYECKHX MeTOJOB He CBOXHTCH K IpyllOBoil TOUKC 3pe-
HMS 11a TEOMETPHIO.

Uncsio MaTeMaTHKOB, BHeclUHX GOJAblIOR BKJAAjg B pasBHTHC XH(-
(epeHuHABION TCOMETPHH H TONOJONWH, OUcilh Beanko. OTMCTHM
TOJbKO, 4TO PYCCKHME W COBETCKHE TeoMeTphl OKa3daJjy cyluectseliioe
BJUFHAC HA 1O pasBiTHe.
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BBEAEHUE B JUPHPEPEHHUAJIbHYIO TEOMETPHIO

§ 1. KPUBOJIMHEHRHDLIE CUCTEMbBI KOOPAUHAT.
MPOCTEHIUHE NMPHUMEPDI

1. MoruBupoBKa

PaccMoTpiM CBKABIOBO NMPOCTPAHCTBO — Pa3MCplOCTH /1, KOTOPOE
MBI B faabHeHinmem GyfeMm oGo3zHauaTto, uepes R™ Bymgem cunrtatn, uto
B HeM BuiGpalnl ¥ (PUKCHPOBAHBI AeKapTOBBI KOOpMmaTul x!, .., X%,
€ TIOMOILHI0 KOTOPLIX MOZXKHO OAHO3NAUNO ONPEACAHTL MOJOXKCHIe
Hpouasoanitofl Toukn B R™, comocrasus eif maGop BeuiccTBEHHLIX UM-
£ == ce KOoOpaniatel OTHOCHTeNBHO BhIOpauHOro 1 (ikcHpoBail-
HOrO OpTO0a3uca, BeKTOPLI KOTOPOro  (CHUHHUHON AJNHLI M. OPTOLO-

—_ — —

HadbpHble APYT Apyry) Oyldem ofosznauath uepes €y, Cq, .., ¢,. Hies
OUMCBIBATL TOUKI EBK/AMIOBA INPOCTpAICTBa ¢ TOMOILLIO nabopa Be-
HICCTBEHHBIX UiICC] (KOTOPBIEe TAKXKC MOMNHO IONHUMATL KaK Koopauua-
Tl pPagHyCc-BCKTOPA, HAYIICTO H3 llauajga KOOpAHUAT B 3Ty TOUKy) .Te-
JAUIT B OCHOBE allaJHTHUECKOH TCOMEeTpHH, 1103BOASIOIEeR peinaTth MHO-
rie reoMeTpHuecKHe 3aJaYH C NOMOILLIO YHCTO ajareGpanueckux me-
TONOB. JTa Baxilas uiest Ouvlia BrepBble (B sABIOM BlAe) BBeAeHa B
mateMaTiky JlexkaptoM, MMs KOTODOrO M 3aKpemHAOCh B Ha3BaHMU
«J1eKapTOBBIX KOOPIHHAT». Asre6pawnsaiysi TeOMETPHH ChLIpajsa ypes-
BLIVAHNHO BAMHYIO DOJAL B PA3BHTHH HE TOJLKO I'COMETPINI, 110 I MaTe-
MAaTHKH B ejaoM. Mol e OyAeM 34ech MPHBOAHUTL H3BCCTHLIC (IPHMEPD
3a;1au, MPOCTO 11 1ASMILHO PellaeMLIX ¢ MOMOUILIO anreOpo-ana/miTiie-
CKIX MCTONOB (nanmpuMep, 3afaua .0 KAacCHMUKANHH IOBCPXIOCTCH
BTOPOTO TMOPANKA B TPEXMEPHOM MOCTPANCTBE), OTCLIIAA UHTATIH K
Kypeam aJgrefpnl W aHamiTidecko# rcomerpun. Hanommms TosbKo,
UTO ¢ JCKApPTOBLIMH KoopiuuHatami B R” TecdHo cBsizano MOHATHE CB-
KJAOBA CKaJasIPHOTO MPOH3BC/CIISA —--_)()HJIH‘HOI'&HOI"I (HopmBI, cOMOC-

-
Tanasiontell Kaxgoit nape BekropoB & neR™  Beulectnemnoe vieao,
—-

oOLIMIO ofosltauacMoe <&, >, NPHUCM 3Ta omepailiis comocranJ/e-
HIsL sIBJseTes cHMMerpHyiiof, JunreffHo#l mo KaxjoMy aprymenty, a
caMa (opvia — HOJOKHUTCABLHO onpeneaeniiofl. B xekaprosoil crere-
M€ KOOPAHIaT

Gy E LB, tme o< (L ) ()

Oju1axko, Kak MOKA3LLBAIOT YKCe NpoCTeHIlHe mpuMepul, JCKapTo-
BBIX KOODUIHAT MCAOCTATOUNO AAst YROOHOM anajuTHYCCKOil aaficn
MHOPHIX KOHKDEeTHLIX 3amad. [TpomemoncTpupyeM 370, nampuep, iHa
3a714UC 3a1IICH yPABICHUE KPUBBIX 1A MIOCKOCTH, CHAGMKC IO AeKap-
TosLMI KoopMiatamit X, y. Komeuno, Korjia Mbl iveeM aeao ¢ J1o-
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BOJILHO HPOCTLIMH KPHBLIMH, HATPHMED, C OKPYKHOCTLIO HAHN JJII-
COM, TO NX anajiTHUECKOC BLIPAXKEHIC B JIEKAPTOBBIX KOOpXUHATAX
SIBASieTCsl BeChMa MPOETHIM M ecTeCTBeHHBIM. B caMom gene, ypasue-
itite OKPYXKUOCTH pajuyca R 1 ¢ LLeHTpoM B Touke A 3altichiBacTtes
Tak: (x—AN24 (y—A%)2, rre A= (A', A?),

[Ipocro samncuiBaercst #  ypasnenne saqunca: (x—A1)2/a?--
+(y—A2)?2b2=R?, rge uncaa a 1 b ABAKIOTCH BEAMUMHAMIT TJIABIBIX
nosyoceit aqannca (pac. 1),

Opanaxo BecbMa MacTO B DA3MHMILIX NPHAOKENNSIX 1 KONKPETILX
MeXAHIMCCKIX 11 (QHINICCKHX 3aJauaX BCTPEYAIOTCS IJIAaJKHC KpHBLIE

U

Pue. | l Pue. 2

(CKaXkeM, TPAEKTODHI JBHXEHHS] MaTepHaJbHLIX TOUEK B IMOJe KaKIIX-
aibo cuar), sIBHOE BBIpaXKeHHe KOTOPLIX B JeKapTOBBIX KOOpPAMHATAX
BCCBMA 3aTPYIHHUTEJLIIO. Tak, Iairpumep, ciaelyIoliec ypasicHie Oupe-
[ M ﬂrclgi-> —

Aessier B AeKapToBLiX KoopauHaTax cnupadn; YV x2 -y —e *
=0 (puc. 2). Koueuno, 3annch 370 KpuBOii B JIEKAapTOBHX
KoopAniarTax, OpThL MOXeT, H He CAMIUKOM CJOXHA, HO TeM He MCHee
3Ta KpHBAaf 3amuilercs 3HAYMTeNbIIO Npolle B APYrofl, Tak HasbiBae-
Mo#l TOJIsIpHOH, cHCTeMe KOOPAMHAT Ha IIOCKOCTH — B CHCTEMC KOOD-
auHat (r, @), cBsi3aHHBIX C JeKapTOBLIMH KOOPAHHATAMM X, Y COOT-
HOWeNHAMH: X=rcosq¢, y=rsing (puc. 3). B 2Tux KoopamrHaTax
ypapHewue cnupasi IPHHMMAaeT Bij: r=e>? yto noaBoasieT cpasy
OlleHHTL XaparTep ABHXEHHS TOUKM nNO 370l TpaekToprH. Huxe bl
cllle BepHeMCsl K NOJAPHOH CHCTeMC KOOPAMIAT, 4 34ech TOJALKO OT-
MCTHM, YTO NOABJEHHE TAKHX KOOPAHMHAT (I1a3LIBAEGMBIX «KPHBOJH-
HefHBIMH KOODAMHATAMU») fABJSIETCA HC NPHXOTbI0O MareMaTHKOB,
CTPeMSAILUXCSI BBeCTH B palcMoTpelle Bce HOBLIC M HOBble OGBCKTHI, 4,
B HEKOTOPOM CMBIC/JE, NIPAKTHUECKOR HeoOX0AHMOCTbIO, HHOIIA BEChMa
[IO71e3110/1 MPH KOHKPETIbIX BBIUMCIEHHsIX. YKaxceM (ifc BJagasich I10-
Ka B NOJAPOGHOCTH) Ha OAHY 3ajauy, B KOTODOil HCHOJIL3OBAalIHE Mo-
JISIPHBIX KOOP THHAT SIBJSETCS TOJC3HLIM,

PaccMoTpum gBMKCHHE MaTepHaJbHOH TOUKH HA TMJIOCKOCTH B LCH-
TPaAbHOM TOJC CHJI; MYCTh UeNTp HaxoAuTcsl B Touke 0 H Ha INIOCKO-
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CTH BBCACHBl NOJAPHbLe KOOI)}_LHI{aTbI (r, ). Ilycrr, r——pa;myc Bex-

TOp ABHXKYULEIICA TOUKH (pajiuyc-BeKTOP BLIXOJMT H3 TOUKH 0), r—

€ro jumna, I'— BpeMs (mapamcrTp JIBHXEHHS), TOTJa KOOPAMHATHL r

L OyayT KakMMH-TO QYHKOMAMH BpeMeHW. PaccMoTpHM B Touke
-

r(f), uMerouleft MOJPULIE KOOPAMHATHL: r=|r|, @, ABa eAHHHUYHBIX
e :
OPTOTOHANILHLIX BEKTOPA: BEKTOpP C,, HANPABJEHHBIH MO pagHyCc-BEKTO-
—y
Py TOUKM (omemm UTO NIPH STOM  BBIMOJINEHO  COOTHONGNHC: =

=r-e;), U BeKTOp ch, OPTOrOHaJLHBI BEKTOPY e, M 11ANPABTCHHBI B
CTOPOHY YBCJIHYEHHS HOJAPHOI KOOPAHHATH ¢ (pHC. 4) Touxkoit 0y-

Iem ofo3iauars IIH(b(l)GpeI{ILHpOBaHHe pajgHyc-BexTopa r(t) o Bpe-

Puc. 3 ’ Puc. 4

MEHH t Torxa, Kak W3BecTHO M3 MEXaHHKH, JBHXKelHe MaTepPHAJbLHO
TOUKH (0yaeM cuuTaTh JJI IPOCTOTHI, UTO ee Macca paBHa 1) B uenr-
PaJbHOM [0Jle CHJ Ha MIOCKOCTH rOHp&}IEJ”IeTLH caeayiomum aubde-

PeHLHAJIBHBIM YPaBHEHHEM: r~f(r)e,, rae [ — nekoropas raagxas
(¢yuxunga or oamnoro aprymenra r. Copmynaupyem 1o xojy Jena 1o-
JesHylo AJMs YHTATeds] 3ajJauy: NePCNHIUHTE 3TO umpq;epunmanbnoe
ypaBHeHHE B JeKAPTOBBIX KOOPJHHATAX 11a MIOCKOCTIL.

JBrxenne maulefl marepuaabHON TOUKM MOJKHO 344aTh B BHAE
ABYX Oyukumit: r=r(t), ¢=¢(f), T. e. B NOJAPNOI CHCTEME KOOP/i-
HaT. JloBoJLHO Jerko y0eduThCsl B TOM, HTO [IPH ABHXKCUHH MarTe-
pPHAJBLHOH TOUKI B LCHTpAJLHOM I0Je CIUJI  cOXpallsieTcs BeJHMHIA:
r¥p., dro ccTh oand u3 saxowop Kensepa, KOoTopble oil OTKPLUI, U3Y-
uas JIBEIKEUHSl IJIaTleT B COJIHEYHOH cHcTeMe (B ero pacmopsiKeHmir
yxe Oplmi TaGauILbl, yKa3blBaloUlHe KOOPAMHATHI myaneT na tebecuoi
ciepe, xak dyuxuHi BpemeRH). JToii coxpangollciics Bea e Mo-
*eT ObITh 1PIJAaH A0BOJBHO UPO3PAYHLIA  reoveTpuueckuil  cMmures.
Cam Kensiep BBes s sToro caeayroliee yXoOHOC LOIATHE: o4 dla3nal
cexTopuaJmHoi'l CKODOCTLIO U CKOPOCTb H3MEHEHHs  wjlomamn s(f),
gamMeTaeMol pannyc-pexkropoM () (Pamuyc-ekrop €CTL  (QyuKius

ds (¢ .
——*(—)* B TepMHHAX CEKTODHAJDLIIOH CKOPOCTH

BpeMeHn), T. e. U= "
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sakon Kecunaepa ¢gopmyaupyercs Tak: «B pamble Bpemena pajmyc-
BeKTOp 3aMeracT paBHble MJOINAAH, UHBIMH CJIOBAMH CCKTOpHaJLIlas

ds (£ .
CKOPOCTb IOCTOANNA: -—d—ﬁ—): const.”>, MOXKHO TakiKe noxas3aTh (Mbl

3jllech He OyjeM 1a 3TOM OCTAHABAYBATBLA), YTO 3TO — OAHA M3
(GOpMy/MIPOBOK 3aKOHA COXpaHeHHH MOMeHTa HMIyJbca. UMTaTesb
MOXET yOeduTbcsl B TOM, UTO BHIBOJL 5TOTO 3aKOHA B HOJSIPHBIX KOOP-
JAHHATAX 3HAYHTENbHO Npolle, yeM B AeKapTOBBIX Koopjunarax (Xo-
T4 BRIUHCJIEHMS] MOMXHO INPOH3BOJAHTb, KOHEYHO, H B ICKAPTOBLIX KO-
ODAMHATAX),

Ananormyneiv o0pasom Iipy pelleHNM KOHKPETHBIX 3ajgau MeXa-
HHKH JI (DH3MKH BO3HHKJAM W JIpyrie (Tak Ha3piBaeMble <«KPHBOJMHEH-
{IBI€» ) KOOPAHUATBl — IMJIHHIPHUECKHE, chepuyeckue U T. J. Bruma-
TeABLHO M3yuas Bce 5TH DasjHUHBE cnocoObl CONOCTAaBJEHHS TOUKAM
IPOCTPANCTBA COBOKYITHOCTH BelleCTBEHHLIX UYHces (HA3BIBAEMBIX KO-
OPAMHATAMH 3THX TOUCK), MOXKHO 3aMeTUTb, 4TO B QCHOBE 3TUX COOT-
BeTCTBHUII JICKHT HeKas ofmlasi mies, Jonyckalollast pa3yMmuyio hop-
MaJqu3alHIo, YacTubLIMIL cayyassMH KOTOPOH M OyAyT BCC HepeuyHCaer-
Hble Bbllle <«KpUBOJMHefiHbiey KOOPAMHATHL (MBI NOKA 3aKJIOYACM
CJIOBO «KPHBOJIHHEHHDLIC® B KaBHIUKH, TaK KAK He ONpede/U/H CTpuro
3TO MOHATHC, ameJJHupysl TOJbKO K HaIJIsfHEIM ofpasam).

2. JleKkapToBbl M KPHBOJNHHEHHbIE KOOPAHHATHI .

PaccMoTpM TpOM3BOJBHYIO 06JacTh B €BKJIMAOBOM NpPOCTPaHCTBE
R». HanomMhuM, 4T0, KaK H B Kypce aHaJW3a, Mbl Ha3biBaeM 00JACTBIO
NPOU3BOJLHOE MHOXecTBO C B €BKJAMIAOBOM INIpOCTpaHCTBe, KaxJAas
TouKa B XOTOpOro BXOAHT B 5TO MHOMKECTBO BMECTe ¢ HEKOTOPbIM LIa-
POM [OCTATOUHO MaJOro pafuyca, UMELIHM TOuKy P CcBOUM ILeHT-
poM. PaccMoTpeM BTOpPOH 9K3eMIJIAP €BKJAMIOBA IIPOCTPAHCTBE, KO-
TophIl oGo3naunm uepes RY. 3alarh KoopauHaThl ToukH P B ofia-
ety C -—3To 03WAYaCT cOIOCTABHTbL 3TOH TOuKe HALOP YHCEN, KOTO-
pble 1 MOXio OyjacT Ha3BaTL KOOpAMHATaMH., FlcHO, 4TO 3ajaBast HTO
COOTBETCTBHC 1IPOH3BOALHO (T. e. 063  KakUX-Au0D ZOHOJHUTE/IbLHBIX
TpeGoBalinii), MLl HHUETO XOpPOWIETO He IOJYYHM B TOM CMBIC/]e, uTO
3TO COOTBETCTBHC MOXCET 0OKazaTbest OcccofdeprkaTeNbHBIM (XoTeJoch
Ont, UTOOLI BBEIEHHLIC NIOHATHA HPHHUOCHIH HEKOTOPYIO MOJL3Y, HANPH-
MEp BBIUICAHTENbHYIO, KaK 3TO ¥ NPOH3OULIO ¢ JeKapTOBHIMH KOOP-
AMMATAMU B McTOpUWM pasBuTHst Hayxu). [lpumep rakoro Geccomepa-
TeJbHOTO COOTBETCTBHA: COMOCTABMTL  KaXXJaoH Touke P obnacty C
OINH M TOT e nabop uucen, ckaxem (0, 0, 0, ..., 0). Takum obpasoM,
BHICOBLIBACTCS epBoe TpeGoBaHue, KOTOPOMY IOJKHO  yHOBJET-
BOPATH llallle COOTBETCTBHE: X0Tea0Ch Obl, UTOOLI PA3NHUHBIM TOUKAM
o6nacTy oTBewasH Obl H PasiHuHble HaBODPHL UHCEN (xoopauuar). .
[1puBeneHHbIll Boillle NMPUMED STOMY TPeGOBAHUIO HE YAOBJACTBOpACT
(sce Touku obsacTH C HMEIOT OJHM H Te ¥Xe KKOOpAMHATH» — iiyJe-

BHIE). } .
TakuMm o6pa3oM, MBI XOTHM COTIOCTaBHTH KaXIOW TOUKE P obna-

ctu C mabop n BellleCTBEHHMX 4ucel. SICHO, HTO 3To ONpejeiser Ha-

1



Oop us n Qynguuit x'(P), ..., x*(P), umenomux obaactblo omnpuele-
nig obsactn C; anecn X', .., X" — KOODANHATH B CBKJMIOBOM 11DO-
crpancrse R,

Obuiuno 110Tpe6yror YTOBHL O ObLAK HEenpepLiBHLL If Jaxce rjaji-
K (nmo xpaiiliefl Mepe /st 104TH Beex Touek obaacrn C), T. . uTOOH
NP MaJOM H3MCHCHHMN IIOJOXKCIHS TOUKH P ee Koop/jiHaThl TakkKe
MeHsIJIHCL Masio W UTOOLl Tiagxas gedopmauust Toukli P nopoxala
Tax:/ke 1JajIkoe H3MCHelljle ee KoOp/iHHaT.

HMrak, paccvoTpnv jBa 3K3emMmaspa  eBKJAHA0BA ‘npocrpa'ucma:
R™ ¢ jlekapToBLIMH KoopmmaTawn y', .., y» u Ri ¢ JLCKA)TOBBIMIE
KoopjAniaTaMu x!, .. ; myeth C — O6JIaCTb B R™.

3amcuanue: eummono ApoctpancTso RY MOKHo ObJO 6B
CYHTATL «apUPMETHUCCKHM [POCTPAICTBOM», OTOXACCTBIB CrO TOUKH
€ TOCJAENL0BATCABIOCTSIMH JJIMHL A2, COCTABJCHIBIMIL 113 BerlCCTBEN-
HBIX UHCeJ.

Onpenacacume 1. Henpepoignod cucremod rkoopdunar B o0-
aactu C eBkaumoBa npoctpanctsa R” nasbiBacres cucrema (pymguUIi
Uyl oo, g, ., X (YL, .., Y™), 3a8aI0lLMX B3ANMHO-0MIO3HAUNOE H
nenpepoisiioe B 0o6e cropoinl oTobpaxkenne obaacta C lia 1CKOTOPYIO
obaact, A B eBkamaoBom npoctpaictse Ri. Huniva ciosamiu, sTa
cucrema «pyukuuit x'(P), ..., x*(P) sazgaer orobpaxKcille, 1110IAa Ha-
spiBaeMoe romeomoptusmom obaactn C Ha obaacts A (o mousTiml
romMmeomopdu3vMa Mbi, BIpoucM, GyJcM TFOBOPHTb MO3XKeE).

_ Onpespenenne | ¢opmaanayer .nalue Kcaanue, utofnl mpH lenpe-
PBIBHOM H3MeHeHH) ToukH P 13 oOaactu C nabop ee KoopanHaT Tax-
XKe MeHsacs Obl HenpepwiBio. Dynkuuu x'(P), ..., x7(P) Oyzem na-
'3bIBATh KOOPOURATAMI TOMKH P OTHOCHTC/ILHO KOOPAHHATHOTO OTOG-
paxenus [ : C—A.

Hanpumep, B KauectBe KoopjuHaTHOTO oToOpaxciius [:C—>A
MOXKHO B3SThL TOXIECTBeHHOe oTofpaKeHie, 3afaBaemMoc JlileiHiniMil

byuguysMae: x'=y', .., xP=y"
Huorna 6yaem samuceiBaT, Touky P ¢ ec Koopanwatavu x'(P),
., X2 (P) B nuge P(x!, ..., X™), npejgnoJjarasi, 4to yAc salaio 1 GHK-

CHPOBaNO KoopAnHaTHoe oToOpaxeniue [ 1 C—>A.

Cpeau Bcex HenpepblBHBIX XOOPAMHATHBIX 0TOOpazkenuil BbiacJe-
HBl TAKIC, KOTOpbIC 3afal0T T1afkoc oToopaxenue obsactn C na of-
nacrn A, T. e. Bee dyukuun X1(y', ..., y*), ..., X*(¥', ..., Yy*) ABasoTCH
IAajakuMy QyHKOHSIME OT CBOHX aprymen'ron y‘, y". Opuako raan-
KOCTh CAMOTO KOOPAHHATIIOrO OToOpaKeHHs [ 03 HPCANOJOMKCHHT
IMafikocTH cMy o0paTHoro oTofpaxenus [~! me JacT comeprarceib-
HBIX MPIIMEPOB CHCTEM KOODAHHAT, a IOTOMY Mbl cefiuac cpasy uepeh-
JCM K ONPC/ICACHHIO TAaKHX KOOPMHIATHBIX CHCTCM, Y Kompmx raajn-
KHMH sIBJSIOTCS 06a orto6paxcenns: kak f, rtak n [~'. Jlut ororo
HaM 1oTpebyercss OmpejeHTL  1I0BOC NONSTHC — Mdl‘pl{lly $lkobu
raagxoro oToOpazKelns.

[ycrs f: C—A —raaaxoe mo6pa>xemlo 3ajlaBaevoc (tabopoM

dyukmuii: Xy, ., ), e X0 L YT
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Onpencaenne 2. Marpuyed SkoGu otobpamenus [ lasnisa-
erest PVIKINOHAAbIIAsE MaTPIIL

axt oxn
ax ar T ot
df,:(_*> | o)
dy axn Ixn \
o o

cocTap/lenHas M3 UaCTHLIX [DON3BOANLIX OT Koopjanuat, x'(P), ..,
ey X*(P). Onpepeanreas stofl matpuubl Oyaem obo3unavarth uepes
J () w nasvats akoOuanom otobpaxenis |.

3amcuaune. Beegennoe nami obostaueune df st MaTpiiibo
SIkoOu me BBI3OBCT NyTammiu ¢ oGoslatciiiem anddepeniyuana Taaj-
Kol (ynkuuit f no To# npoctoit mpuunie, 4To juddepenpan raan-
Kot ¢yHKuWH [ (1Ipy COOTBETCTBYIOLICM [ICTOJNKOBALNH 3TOro AHdde-
peiinana) Kax pas M coBmajgaer ¢ marpuucil JIxoOn B 3TOM uactiiom
caywae. K a3tomy Bompocy mel eme sepueMceda. '‘OrMeTuM cule pa3, uTo
matpuua ko6 saBasierest nepeMveHuofl Matpliell, T. ¢. 3apMcsauieil oT
Toukn P u3z oGaactu C; TOUHO Tak Kc sikoOuan oTohpakends | sp-
aseTcst Taaaxoit ¢ynkuned ua oGaacrir C: f(f)(P), PeC.

Onpeneaenne 3.. Peeyasuprod cuctemoti koopdunar B olGaactu
C cBKaHI0Ba npocrpatictsa R™ masuipaerca cucrema raafkux qyuk-
wmil X' (Y, .., y?), ..., x7(gL, ..., y?), 3aJA0UIX B3aIIMHO-OANO3HATHOC
oToOpaxeiie obaactn C 1la HexoTopyiw oOgacth /A B CBKJIILIOBOM
upocrpancrse RY, npumueM raxmx, uto  saxkobuan  orofpaxcuus
J(f) (P) oTanuen oT 1yas Bo Bcex Toukax obaacti C.

OTmemnM, uTo TpefopaHie OTJAMUNS OT HyJas sikoOHama orodpaxe-
Hus [ Bo Beex Toukax odsactit C aBToMaTHUCCKIl 03HAYacT, UTO 0TOO-
paxkenue -1, ofpaTnoc X oToOpazkeHiio f, sSBISETCS He TOJLKO He-
UPEPBIBHLIM, HO 11 IVIAAKHM OoTo0parkeieM. JT0 clefyeT H3 TCOPCMBI
0 cucTeMe HessBHLIX ¢yukuuii. Taxkum oOpasowm, peryjisipHast chcrema
KOOpJnHaT 3ajaeTcs ABYMsI [MafxlMH, B3anmio-o0paTtiviMu OToOpa-
ACIUAMH, YCTAllaBMIBAIOUMME ToMeoMophusm mexay obnactsimp C
i /. Onpenenenne 3 ¢gopmamizyer Haue Xejaliie, 4ToGbl npH raaf-
KOM uamencinu rtouxn P u3 objactn C nabop ee KOOpJAHHAT TaKiKe
meltsiiest Ol raajiko; Godee TOro, UPH IAAJKOM H3MCHCHI <KOOpPI-
natiow Toukn» B B ofaacty A raajgxo MeHsieTcst cOOTBETCTBYIOLAN
eft (upy otobpaxkenun f~!') rouka P. OTMerum Tenepb, UTO, KaK BHA-
10 13 NPHBEACHUBIX BLILe ONpejcaeHuil, camo mousTile «IJ1ajlkod H
peryJsipHoil cucTeMbl KOOPAHIIAT» aBTOMAaTHYEcKll INpejrnoJaracr 3a-.
Jdaiine mo xpafiiteil Mepe JByX 3K3IEeMILIADOB CTAAAPTHOrO eBKJIIIOBA
HPOCTPAHCTBA, UCKOTOPLIC 00JaCTIH KOTODBIX OTOXKACCTBJIGHHI ¢ HO-
MOLWBIO HEHPCPLIBHOTO 11 B3aUMMHO-OAIOSIAYHOTO oTolpaXeHist, 11a
KOTOpOe AOMOJIIHTENLHO iagJosKenbi TpeboBatmis raajgkocTi (B ofe
CTOPOHDI). '

Hannple wamMp OnNpeaelCHUS MOXHO HATEPNPEeTHPOBATL I € He-
CKOJIBKO 1tHOH Touku 3penust. Moxino Ob1o 6Bl CUMTATL, YTO C CaMO-
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ro mavana B obaactu C eBKJIHA0BA npocrpancrda R™ Omna BBeAcia
ACKAPTOBA CMCTEMA KOOPMAIHAT (¢ NMOMOUIBIO TOXKJCCTBEHHOrO 0TON-
paxcernst C na /A npH CCTCCTBEHHOM OTOXKAECTBJCIHIIN O00HX IK3EM-
naspon eBKAWA0BLIX npoctpancrs: R* u RY). Torna BBeJICHHE B 06-
Jacty C elle OJHOM CHCTEMbl KOODAHMHAT, 3aJaBAacMOH peryJsapHLIM
ortoGpaxcHueM [ (T. e. TIAAKHM, B3aHMHO-OJAHO3HAUNBIM OTOOpazke-
IieM € HCHYJCRLIM AKOOHaHOM), MOXHO paccMaTpuBaTh Kak 34Mcelly
KOODPIHHAT: Mbl «IICPELiId» OT HCXOJAHOM, AeKapPTOBOH CHCTEMBI KOOP-
JIMHAT K HEKOTOpPOil HOBOil CheTeMe KOODAiHAT, 3ajaHHOfl B TOH XKe
obnactu C. )

Onpenenenue 4. Peryasdpuyio cHcreMy Koopaunat B o0na-
et C OyACM iMorja 1a3nlBaTh TAKKeE KPHBOAUHCIIHON CcucTenoll KO-
opdunar s obaactn C.

PaccmotpuM tenieps B obsacty € JABe NPOHIBOJbIBIE KPHBOJILICH-
ibie cHereMbl KoopauHat: x'(P), ..., x»{(P) u 2'(P), .., 2*(P). D10
03Hauaer, Yro 3ajanbl il (GHKCHPOBAHLl ABA DEryJspikix oToGparce-
wust: [ i g, rae fiC>AcRI(xY, ..., ¢"); g: C—~B Ry, ..., 2%,
T, ¢. orofpaxenus [ ¥ g ycTaHABAMBAIOT B3aWMHO-0/lI0O3HAUNOC H
" raajgkoe B o6c CTOPOHB! COOTBeTCTBHe Mexay obnactamu C, A n C, B
cooTReTcTBellHO. MubiMH cjoBaMu, KaxKaoil touxe P 13 oGaacru C co-
nocTaB/edbl ABa Hafopa ee KpHBOJAMHeRlHBIX Koopannat {x'(P)} n
{zi(P)}, l<Ci=<Cn. TlockoNbKY COOTBETCTBHE B3aHMHO-0AHO3HAUHO, TO
MOXKHO DPacCMOTPETh COOTBETCTBHE, CONOCTABJSIONEE KOOpuHATAM
{x{(P)} Touxu P ce woopaunate {2*(P)}, uTo omnpejenser oTofpa-
KenHe Y.t A—B, 1. e. Yx X (P)—2¢(P), lCign. Oupeaencn-
Hoe TakuM 00pasom oTOOpaXeHHe Yy, MBI Oy1eM HA3LIBATL. 3AMCHOL
xoopdunar B obaacru C. [Ipu sTo#t 3amene Touka P mnoayuaer Bmec-
TO HCXOAHBIX KPHBOMMHeMHBIX koopauiar {xi(P)} HoBbe KpHBOMH-
nefinpie Koopaunatol {21 (P)}. :

Jdemma 1. Orobpanenue bx, A6a5eTCa 830UMHO-O0HOBHAUHLIM,
“eaadkum 8 obe cropount orobpascenuem obaacru A Ha obaacte B, ¢
HEHYRCBOIM SKOOLAHOM. : .

Hoxasarteavcrso. BsauMuaa 0AHO3HAUHOCTL OTOOpaKelns
Py CJAGAYET HemocpeJCTBeHHo U3 onpeneseltns 3. I'maaxocts oToOpa-
WCHUA YPxz CACAYET H3 TOTO, UTO KOMIIO3UIHUH ABYX IAAJKHX OTOOpa-
JKelHil Takxe apjseTcd rnaldxuM orobpaxenueMm. Ocranoch upoBe-
PHTb, UTO OTOOpAXKEHHC W, MMEET HeHyJeBo#i (B KAXKA0il TOyxke 06-
aactu B) sxobuaH J(Py.).

B camom pene, oroGpaxkenve ... pacnagaercs B KOMMIO3IIHIO
ABYX OToOpaxeHmi: {x,=go[~': A—B (puc. 5}, Marpuua Slkodn
0TOOpaXkeH s P, pacnajaercsi B npouaBefenuc MATpil ko6 oro6-

paxenust [~! u orobpamenus g. B camom pese,  diy, - ( ")‘ >
ax
a2t . )
Pacemotpim <o} TAK KaK 2=zt Y ., gy =2y (XY, L, x7);
yr(xl, ..., x™)), rae dynxuan {y* (x4 .., #), L<a<n} samaoT riaag-

koe orobpaxenue f~': A—C, To no dopmyste nudidepelnupopanms
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. n .
. ozt N 0zt Ayk
CJ/IOXKIIOH q)y‘l-{KU.HH noJgyuaem: ~—- == e —, UTO X O0O3Hauaer,
ox/ ayk  dx! N
f=-1

yTo Martpulla fIkoOn dy.. pacmasach B NpousBefeHHe ABYX MaTpHIL:
dg u df~'. Mpl Bocno/ib30Basinch 34ech hopMYJ0H, BuipaXalomel sJe-
MEHTbl NPOH3BEJSHUA ABYX MATPHIL Yepe3 3/JeMeHThbl CaMUX 3TUX MAT-
pHil. OcraJjloch BBIACHUTL, KAK CBA3aHy Matpuunl Slko6u: df u d (/).
Tax xax xKomnosuuust [~'of sBAAETCS TOKAECTBCHHBIM OTOOpaKEHHEM
obnactn C na cebs1 (cM. ONpeNeNCHHE PeryJsipHON CHCTEMBl KOODJH-
HarT), TO, MO TOJBKO YTO JAOKa3aHHON Qopmy/sc, MBl NoJyyaeM, UTO
d([~'of) =d[~Yedf=E, rpe E — canHuYnas MaTpHHa nopsjka f, T.C.,

Puc. 8

okoltyaresvro, d(f~') = (df)~!. TeMm caMbiM 10Ka3aHo, UTO A MaTpH-
Bl dPy: BBIIONHCHO TOXKAGCTBO: A¥x.= (dg)- (d[)7}, 1. ¢. [J(Py,) =
=J(g)//(]), u Tak kax oba skobuana: J(g) u J(J) orumuum ot myss,
To 1t sakofOuan J(YPy,) orauden ot Hyas. JlemMa jpoxazaua.

Ecstn 3ajgapo oroipaxenue [ obsnacth C B obaacrs A, ycrauagiii-
Baloniee B obaacte C XPUBOJHHEHIIBIC KOODAWHATH, TO OTOOpA.Cllie
[~', orobpaxalomee obaacts A na obaact, C, MOXKIO CUHTATL ycTa-
HaBJMNBAWLIIM KPHBOJHHCHHBIC Koopauuatel B obaactu A (¢ mo-
MOUILIO JICKAPTOBBIX KOOpAMHAT 13 obuactn C). DTHM NpocTHIM 3aMe-
wamieM Mul 6yfem B JMajabHeHlICM MacTO MOJb30BATLCS, NEPEXONT OT
oroOpaxenus f x obpatHomy [~

Tlycth na o6mactn € 3ajan uabop raaaxkux ¢GyHrauic: {x7(P)},
1<<i<{n. Kax y3HaTbh: sajgaer Ji 3TOT HA00D DPEryJsiplyid CHCTEMY
koop;umar 3 C?

Jdemma 2. ITycrs na6op eaadkux pynkyud {x1(P)}, l<<i<n,
064a000T TeM CBOLCTBOM, YTO AKOBUAH O3TOLl  CUCTCMbL  (PYHKUUA:
J(f={x1(P), 1<<i<in}) orauuen or uwyas ¢ obaacru C. Toeda das
kaxcdoil Touxy P us obaactu C cywecrayer Takas OTKPbITASL OKPeCT-
HOCTb, 4TO 8 3TOU OKpecTHOoCTH Habop ¢gynkyull {x'(P)} sadaer pe-
eyApHyIo cucremy xoopdunar (TAKYIO CUCTeMy KOOPOUHAT MOJNCHO
HA38AT6 CAOKAAbHOIL CUCTCMOU KOOPJUHATS).

15



Hoxaszarennctno. B yeaonun semmol 1ie ObUIO TIPELILOJIONKC-
no, uro nadop dynxani {¢' ()} oupegeaser (xors OLI JOKAJLIO)
B3anmnd-o/iostautioe orobpaxenie odaacry C na obiactn A enxii-
Aosa lipocrpancrsa RY. Ofyako 10 Tcopeme 0 clcTeMe  HesBILIX
Qyuxuuii (11 TeopeMe o cyllecTBOBatuk 0GPATHOTO OTOOpAaKeHa) 113
OTJNYHA OT HyJs1 siKoOpmana BHTekaeT cyluecrBoBande (1o kpaiiueil
Mepe B HEKOTODPOH OTKPLITOIT okpecTHocrtll) oOparHoro orobpa:kemst,
KOTOpOE, Kpome TOT0, OyAeT IalkiiM. YTBepXKACHHE JCMMLI Caelyer
Tenepb U3 Onpe/leJeNHs pery.sipiioil cHCcTeMbl KOOpJuHar.

OTmernm, uto nabop QyHKUUH, YA0BACTBOPAOIIUX YCJIOBUIO JEM-
MBI 2, OTHIONL He 00f3aH ONpEeAGJATL PEryasipiyio CHCTEMY KOOPAl-
nat cpasy Bo peeit odaaerit C, T, c. raajaxoc otoGpaxcenne <! ofaactu
A na ofaacr, € MOXKCT 11 e cymecTroBaTh. JeileTBuTedaniio, paceMor-
pHM mpocToii npumep. Bosumem 3 xauectBe ofaacth C asymepliyio
JIeKapTOBY MJIOCKOCTb, H3 KOTOPO# BLIKOJIOTA OjIHA TOYKAa —- Haualo
oopAuHar 0, a B KavecTBe oToOpaxKeuns | (3agaBaemoro sjech ABy-
ms (pynKuHﬁMn. x'(P), x2(P)) paccMoTpum rianxoe oTofparKeHHe
', 93 = (21 (), 22(), rac 2y, 42 = (1)*— ()% 2 (', ¥?) =
=92yly?; T. e. CCAU HOJOKUTL 2= Y 4iy? w=x14-ix? (rjc {— MuuMas
eAMHnua), rto w=2z2 3r10 oTobpaxelne
IIePEBOANT KOMINICKCIIOE UHCJIO0 Z2 B Cro
KBagpar (1A yao0CTBA MOXKHO CHHTATh,
yro ofa 3IK3EMIIsipa  eBKJIMAOBOI  1J10-
ckoctH: R2(y) u R2Z(x) oToX/JecTBaelibl
MeXAy coboil). D10 e oTpaxeciue yA006-
10 3amucaTh B NOJSPHBIX KOOpJHHATAX Id
= TJIOCKOCTH (7, ¢); Toraa moaywum: | (r,
@) =(r?, 2¢); reomecrpuuccKu JcilcTBIE
oro6paxeyus [ nokasano ua puc. 6. Hai-
Pic. 6 jem sikoGnan J(f) orobpaxeuns [ (nou-
CUHTaeM Cro, HanplMep, B HCXOAHOH jlo-
KapToBoil cuereme Koopanuar z', y? ua R2(y)). Marpuua SlkoGn df
ItMect BHA:
1 2
df = (50 50 ) e ) A 1 ) >0
Mol BILUM,  YTO siKOGHAH NOJOXKHTEJell BO Beex Toukax obaactn C
(Tax Kak mavajio KoopAwHaT BHKOJ0TO). CJcjloBaTe]bHO, MO JeMMe
2, Hame orToGpaxeHue YCTaHABJMBACT JIOKAJILHYIO (perynﬂp'ﬂyxo) cH-
cTeMy KOODAHHAT B HEKOTOPOH OTKPLITOil OXPEecTIOCTH KaMIoil TOUKH
u3 obaactu C. B 10 Ke Bpemsi oToOpakemue [ HC HMCCT 0BparTnoro
otoGpaxeins f~!, NOCKOJbKY [ He B3aHMHO-oAl03Hawn0. B camom fe-
Je, Kaxjgas Touka w=x!+ix*=R2(x), ge siaaoIascs HATAJOM KO-
OpAHMUAT, IMeeT BCeria poBHO ABa npoofpasza npu orodpaxemd f,
3T0 — TOMKM (7, @) W (7, @-+m), ABJAsIOWIUECs, KOIEUUO, PASJHIHLIMHA
Toukamu obmactn C. Taxum obpasoM, ecil laM 3ajgaH KOHKPETHLI
naGop QyuKuuii, TPCTEIAYIOUIHX 1A POJD peryaspuolf CHCTeMnl Koop-
nuuar B 1exoTopoll o6aactu C eBKJAWA0BA IPOCTPAHCTRA, TO JJs NMPO-
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BOPKIF 9TOTO CACAYCT HE TOMLKO y(JL";;,HTbCﬂ B TOM, UTO stROOHAI 9TOT
cHCTeMBl OTIIMEH OT HyJf (Bo Bcex Toukax obGaactu C), uo 31 npoBe-
PUTL B3AHMILYIO OJ/UIO3HAYHOCTH  OTOODAXKCHHS, 34,1ABACMOTO  ITIIM
abopom. OTMETHM TakXKe, 4T0 B UPHBCICHHOM HAMM lIpIIMEpe KO-
Ouan cucremnut GYUKUHE CTPCMUICS K HYdI0, Korja touka P upnéuu-
Kandacn K uyaw. B reoMerpuu ussecren cacaywouiuii Bonpoc: Oyjaer
JH B3AHMHO-0/IHO3NAUHLIM TaKoC IVIAjIKoe oToOpazkenie [ eBKJANJI0OBA
fipocTpaincrsa Ha cebsa, npu KoTopom Ha sikofuan J(f) namoxeio
veaosie: 0<e<ZJ(J) <N<Co0? 3jicen & 1 N — nocrosnnbie. Msl e
Oynem 3j1¢Ch 3aHHMATLCST 3THM BOUPOCOM.

Kaxaa cucrema kpusosuieltHolx koopauuar 3 obaacrn C onpe-
JiesisieT CCMCHCTBA Tak HMa3LIBACMBIX KOODAMIATHBIX JHINHE, OTpcic-
JASOMBIX  _TaK: -1 KOOPAHHATHAS JMIHHSI  3a7acTcA  YPABICIHICM:
M (Py=c;, xX*(P)=¢s, .., 1Y (P)=ci_1, x{{Py=I! x*'(P)=cip, .,
x"(P)=c,, rhc Bce ¢; —MOCTOAMHBIC, a [ — HCOPCPLIBHLIA mapamerp.

C mamereriieM ! Touka P upoberaer UCKOTOPYIO TJAaAKYIO TPACKTOPIK
B obgacti C. Takum ofpasom, u3 Kaxjoil roukn P obaacri C BbIXO-
JAUT n MajKHX TPAacKTOPHIl, KOTOPLIC 1 11a3biBAIOTCS KOODAHIATHBIMHU
JUIHHSIMIL Jlalliof CHCTCMBl KoopauHAT (B Touke P). Jlua jpyroit
Touky P Gyner Apyras cHcTeMa KOOpAMIATIIBLIX JHHULl, B 3TO ceMeil-
CTBO KOODPAUNIATHLIX JUANH MagAKo AehOopMHPYCTCS NPH H3MEHCIIH
toukd P. Hanpnmep, ecau cncreMa Koopjauiiar — ACKapTOBa, TO ce
KOOpAUHATILIC JHIIH SBJSIOTCA HPSMBIMH, ITPOXONSALIIMHM Uepe3 TOY-
Ky P napasjicabiio KoopAnHaTHLIM ocaM. Tlpu uarasaiom uszobpa-
JKeHHI KPHBOJHIIEHIIBIX CHCTEM KOODAMIAT  vacto OLIBACT [0JC3IO0
n306pakarb KOOpAHHATILIE JMHILI, B HacTIOCTH, KPUBOJNICIbE
3aMCHBI CICTCM KOOP/JMUAT oCofeHIo HarIsAIo BUAILL IpH n3obpa-
JKCIHE KOOPJUHATION ceTKu (eMm., 1anp., pHe. 7).
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I3

. ~
3. Mpocreiinine npumMepbi KPUBOJAMHEHHBLIX CHCTEM KOOPAMHAT
Mpl mmaumem 3TOT OYHKT CO CJACAVIOUWIEro 3amMcualMsa:  noJsipras
cleTeMa  Koopannar (r, ) Ha CBK/JAKAOBOR INIOCKOCTH e SBJSICTCH
peryaspuoil ciicreMoli KOOpaMHAT, oOmpee]eHHoli HaA Bcef IUIOCKO-
crn R2 B camoM fgcede, paceMoTpuM QYHKIMI 3AMCHLI KOUDJHHAT OT
noaspuofi clecTeMnl K JIeKdaproBoit cHcTeMe.  ITH QYHKIHIL TAKOBDL:
x'=rcos ¢, x2==rsing. Hatigem stkobuan J(p) aroii szamcnn. I'lps-
MOC BBITHCJICHHE JACT:

cosg sing \. -
b - (—-—rsimprcoscp)’ JOp) =1

Taxum o6pasom, ako6ual paBeH HYJjo B llavajac koopjauwHat. Taxk
KaK JAekapropa ciicTeMa KoopAmMHAT x!', x2,  OWeBHJMO, peryaspiia
(xax cucTema koopAamnnat) Ha naockocet RZ(x!, x2), To oTciola cie-
JIVCT, UTO HOJSPIAST CHCTCMa KQODUHHAT * IIC sIBASICTCS peryJ/IspHoil
(B cMmuicne onpepescuist 3), OHAKO Ha 3TOM HEIPHSTIIOCTH, CBA3aH-
HBIC € HOJPIOll clicTeMOl KOODJAMHAT, [e KOHYQIOTCH. ITa «CHCTe-
Md KOOPJIRATS HC ABJASETCS B3aHMHO-OJHO3HAUHBIM 0TOODaXellpeM
Beeil ABYMCPHOfI CBK/MJIOBOfi IWIOCKOCTH 1la ceff, TaX KaKk TOUKH
sujga (r,@) u (r,p+2x) ncpexoAsT B OAIY H Ty JKe TOUKY.

L?Jz C

S~
'lﬂ‘n\;s'
(R

ot

Puc. 8

Cicnyer Buigenutn, Ty o6aactb C, B KOTODOH moasApHas CHCTCMA
KOOPAMNAT SIBJSIETCS peryaspuoil cereMoil koopsaunar. Pasbepem
3TOT IIpuMep 1ojApodiIo.

PaccMoTpum eBKJOBY niockocTh RI(r @), rae yl=r, y?=¢
n B KauecTBe obsactu € paccmarpuBaerca  OecKoleuHasg TmoJgoca,
onpepesasacemas nepapeucrBaMi: 0<p<2n, 0<<r<C 400" Torna s xa-
yectse obaact A B wnockoetH RZ(xl, x2) caedyeT B3sTh BCHO JBY-
MCPIYI0 TLIOCKOCTL, 3a HCKAoueHHeM Jayua: x'220, x*=0. Orobpa-
wemde [ C—A sanaercs dopmynamu:  xl==rcose, x?==rsing.
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Ha pic. 8 Mbl nokasasy, 470 NPOHCXOUT € KOOPAHHATHBHIMU JIIH s~
MHI CclicTeM KoopanHat upn oro6paxeuun f. [Ipsimoyroablias cerka
JACKapTOBBIX KOOPANIAT UPEBPALIACTCss B I[I0JIPHYIO ceTky. Bsanm-
nasg OJIIO3HAMNOCTL H DPETryJspUOCTb MOCTPOCHIIONO oToGpaXceHHs [
OUCBILLIBI. ‘

PacemMoTpuM TEnepy TPeXMEpHOC CBKJAIAOBO IIPOCTPAHCTBO I H3Y-
UMM TaK 11a3blBACMYIO LMJIHIIPLYECKYIO cucreMy kKoopauuat. Dop-
MYJILL 3aMEHBL cjeayonuie: x'=rcos ¢, x’==rsing, x*=2. Paccmor-
pam R3(y', y%4 y°), rne y'=r, y’=¢q, y?==z, nu B xauecrBe C BO3b-
mMeMm obiacre (0<r; O0<p<<2mw, —o0 <2< -+ oo). lpuBegeniinie BLILE

R0 x4 6]

Rin 1)

Pue. 9

GopMyanl  ORpEeeJSIOT  TJajikoe — OTOGPaXKeEHHe f:C—Acx
<R3 (x!, x2, x%), rac obnacts A 1uoayyacrest 13 R3(x', x?, x%) BmIGpa-
cblBalreM nojynaockoctu (puc. 9). Marpuuna fxo6n  HMeer cie-
JLYIOULI BIA;

cosqp  sing 0O
—rsing rcosg 0
0 0

Slko6uan 3amennt paBen r. TakuM o6pa3om, B obractu A UHANHA-
pHyeckas CHCTEMa KOODAMHAT pCFyJasipHa  (fKoOMAH  paBcH IyJIo
TOJIBKO B TOYKax ocH z); noaymnaockocte (=0, r=0) ncxkarouena
B uesax. 006CCIIEUCIHSL B3aHMHO-0JJHO3HAUHOTO COOTBCTCTBHS.

Temepn PaccMOTPUM N-MeDHOE €BKJAMAOLO IIPOCTPANCTBO H BBe-
JeM. B HeM TaK Ha3nBacMyi cepuHueckyio ClCTeMY  KOODJHHAT.
GopMyanl 3aMcnbl,  BBUHCIENHe MaTpHubl JKo6n M sikoGuana Mbl
NMpeAbSBHM B H-MCPHOM cJydae, a pasfop cTpykrypel ofnacreit C
M A nposeacm (B LCAAX' NATJSJIIOCTH)  TOJBKO JAS cayuas Tpex-

19



MeplHorag CBrIAHOBA jIpocTpaHeTBa. (D()[)My./lbl JAMCHbLI TaKOBLL:
D
FiC(r 00, 0 o0, ) > A (5L, x5, ... X7).

x]- = rCoS e]_ i
x® == rsin 0, cos 0,
&% rsin 0, sin 0, cos g

! == rsin0;sln0, .. .sin0, _,cos 0,_,
"= rsin0,sin0, ... sln0, osin 0,

Gamcuanne. Crpykrypa stux ¢opmys scua: yao6HO CUITATD,
MTO BCC CTPOKIl [IMEIOT OJII0 H TO JKe MPOHCXOXK/JCHUC, O TOJBKO

oroy) Al x 1)

Pue. 10

napaMmerpnt 0, ilaunmnasi ¢ uoMepa i==n, paBHul HyJ/mo. Marpuua
SlkoBi1 HMeeT BUA:
{ cos 0, — rsin @
sin 0y cos 0, r cos 0y cos 0y — rsin Ol Si @y .
dfn = .
sin 0y ...sin 0,_pco80,_; recos0.. .sin 0n_2cos Oy — rsing ... sm [ PP
U sinGy ...sin008,_gsin0,_y rcos0;..,8in04_28in 0,1 rsin®y...cos 0,4 ..

J, =(-=1)'rsin0, ...sin0, »c080,_,c080, (/. !

———./

(-—1Y'rsin@, ...8mn0, 98I0, 8In0,_\J,—q =
w=(—1)'rsinQ; ...sin0,_»J,.

Jo=1r; Jg==-—risin0;; J,=-r*sin*0,sin 0,;
Jg= i rtsin® 0, sin*0,sln 03 u 1. ).

st TPCXMCPHOIO CBKJHILOBA NPOCTPAHCTBA CHEPLUCCKIC KOOP-

AHIATLE 00uiuino oGosiavalores uepes (r, 0, ¢); B 3Tux ofosnave-

UHSX Qgopmynibl samenni npHo6peraior BuA: X'==rsin0cosq; x?==
\
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=rsin0siing; x*=rcos0; 0<0<m, 0<<p<<2x, r=0. BB 910X KOOD-
annatax J=r?sin (). Pacemorpum cTpykTypy obmacteii € u A (cwm.
prc. 10). DPapenicrso nyso akoOHana 3TOM 3aMCHbBl  1IMCET MCCTO
TONBKO B TOUKAX OCH X3; OCTajblbie TOUKH, TipH-
waagexaite K moaymiaockoctd (x¥2=0, x'>0),
yAaaensl agisi Toro, urobul ofecieunTh B3aiiM-
HYI0  OAHO311aUII0CTh  KOODJAHHATHON  CHCTCMbI.
Ilpu (puxcnposaliioMm £ KOOPAHUATULIC — JAHIIH
napamerpos (), ¢ MCIOT BHA, MOKa3albLil 1ia
pic. 11. Stu yriooBuic napamerpbl Hiloria Ha-
3LIBAIOTCST HMIMPOTOH M AOJrOTOH (JalT KOoOp-
IHarnyio cerky na raoGyce). Marpuna $Slkobu
(B TpeXMeplioM cJydyadc) HMCCT BHJL:

sin 0cos ¢ rcosOcosg rsinOsin ¢
dy == | sinOsin ¢ rcosOsin ¢ rsinOcos ¢
cos®  —rsin0 0

‘3apauu k § 1
o 1
L. Jlokasatb, uto cucreMa ynKIHT =X -|-8lny, v=Yy— o sin x

112 NJOCKOCTH SIBJSCTCS Peryasipiofl clcTeMof KOOpAHIIAT.

2. TTokasaT, wro Ha OKDPYKHOCTH S! Henb3a 3aga™h eanmoli Cu-
CTEMBI KOOpAULIAT.
02 . O
— . —— =0 B mo-
ox% dy®

3. 3amicars ypasucuue Jlamsaca Au - -
JISPHOIL clcTeMe KOOPJAHHAT.
§ 2. JJIMHA KPHUBOH B KPHUBOJIMHEMHOWM CUCTEME KOOPIWHAT

1. launa KpuBOii B €BKJIMIOBOI CUCTeMe KOOPIUHAT
Paccmorpum eBkJHZOBO npocrpanctso R®  n  3aganum B iem
CBKJIHAOBO cKaJsipHoe npousseicuie: <k, n>=3En’, £ n=ReY
-

Torpa xaxaomy BekTopy EeER™ MOXKIO COMOCTABHTL BCLIECTBCHHOE
4iea0, HazbiBaeMoe Cro MOJAYJeM, INIH JUIHHOI, H onpceaensicMoe

—p —
dopmynofi: | §| ::V(E, £). Ita Jopmysa 3aZacT AMHHLI BCKTOPOB,
naymnx u3 rouxkd 0 8 HekoTopyio Touky EesR™. Eciin ke Mb XOTHM
OIPEACAHTH PAacCTOSIHHE MEHAY [JBYMSI IIPOH3BOJLHBIMI  TOUKAMII

-> —
£, m=R", 10 cacayeT BBIUHCIHTL JUHY Bektopa E—v. Kak ussecr-
HO U3 aHaJHTHUCCKOIT I'COMETDHII, YTOJ p MCXKAY JBYMSI BCKTOpaMIi

- =

g, neER® rakke MoMeT OLITh BLIPAXKCIL 4epe3d CKaJisiPULIC NPON3BC-
- =

. _ (&w , ,

Jieis, 1o popmyaie €08 @ == —>——_ Mpi BIJIIM, 4TO TaKHe Ba-
&[0l ‘

ble MCTPIUCCKHE TNOMSTHS, KAk JJIHNB BEKTOPOB If YIVIBE MCXKIY

IIMMH, TCCUO CBSI3allbl CO CKaJNsSPIILIM IPOI3BEJEHHEM B EBKJI/IOBOM
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ipocrpanctse. [Ipu 1moCTpocHHn APYDMX BaXMuIX AIOHSITHIT  reoMer-
PHH MBI OyAeM MaCTO KAACTL B OCIIOBY OLPELCJCHHA UMCHHO cKansp-
LOC HPUH3BEEHHE BEKTOPOB.

Kpome i NPsIMOJHHEHHBIX OTPE3KOB B CBRJHLOBOM NPOCTPan-
CTBC 1OJIC3[I0 YMCTL BBIUHCAATL JUIHHBL IIafKHX Kpnseix. Jaamnw
onpeaesenrie JJIHHLL raakoit kpusofi. Jast 3TOro 3aiaguM KpUBYIO
y(I) B napamMcrpH4yeckKoM BHIC, T. €. OYACM CUNTATh, 4YTO eaadKas
Kpugas 3ajalna B €BK/JAHAOBOM NPOCTpancTse HaOOPOM n IalKIix
dyuxunuit x'(4), .., x*(f), rac napamerp (spemsi) upolGeraer auGO
BCIO BCIICCTBEIIYIO OCb, Jin00 (3TOT cuayuail Gyaer aas nac ocoberl-
1o Baxen) orpesok [a,b]. Ilpu srom mul cuuraem, uro x!, .., x"
SIBJISHIOTCS IEKAPTOBBIMH KOOpAMHATAMH B R™.

Onpenenenune 1. Jaunod kpusod vy(t) or Touxn vy(a) no
ToukH y(b) (IIJIH OT 3HAYCHMS TapaMmeTpa t——a JIO 3HaueHus mnapa-

MeTpa t:b) HasbiBaeTcst gHeJo [ (Y)) == SV(Y t),y(t))dt rae

dxt (¢) dx" (¢) .
yoee s , l1asplBac-
dt dt
MBIl HUOTE 8EKTOPOM CKOPOCTU KPHBOH y(f) B Touxe f, wiwm Kaca-
TeAbHbIM 8eKTOPOM K KPUBOM v (£).
Takum o6pasoM, Mbl LasBady HJHHOII KPUBOH HHTErpajs OT AJIH-
HB ec BEKTOpd CKOPOCTH (WM OT MOJYJsl ee BeKTOopa CKOPOCTH).
B sBHoM Bugc dopMyna Aad JJAMHB KpHBOH npucebpeTaer BHJ:

l(Y 5 L(‘”“(”) dt.

==l

\;(t)‘- BCKTOP ¢ KOOpJAHHATAMH

a

JJemma 1. Mycre 3adana cradkan gpusan y(f) u Ha wnell pukcu-
posanel dge Touku vy(a) u vy(b), orsedaioujue 3IHAUCHUAM nAPAMET~
pa t=a u {==b. [Tycre t==t(1) — NPOU3BONLHAS 22A0KASL 3AMEHE

. dt
napamerpa t wa HoGoll napamerp T, npuiem o > 0. Toeda Oruna
T

kpusoti L(y(1))! ne uamenurcs, T. e. umeer MECTO  pPABEHCTBO:

Ly @) =1(v(x))f, e0e a==t(a), b=1(B).
Jloxasa're.nhCTBo I'IpﬂMoe BhIYHC/IEHHE JaeT:

Lo - [V T it = | \/(anr) 2) AL

. B i
' : dv d
;:.S V (Yo, %) d: Ay .\V(YT' Ve dr,
o . . .
yTo 1 TpeboBanoch. 3/4ech MEl 0603HAUANH: y *f dx;t(t) s e dx;(t) }

[IycTs Temepph 3anallil [Be TiajKue KpHBbIe yi(f) u ya(1), nepc-
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cekalounecst B HCKOTODOH Touke I eBKJAHJOBZ TIPOCTPAHCTBA, T. C.
CYUIECTBYIOT TAKHC 31IaYCHHSI TapaMeTpoB f=g u t==bh, uTo P==
=y (a)==vy2(h). OnpeaeauMm yrom Mexjay ABYMsi KDHBBIMH B TOUKe
HX TIepeccucrsi.

Onpenpcuacune 2. Yeaom MeXAy ABYMsI TepeccKAOUIHMHCS
riaJIkumn TpackropuaMil yi(£) W ye(t) B TOUKe HX TepecevueHHs
P=yi(a)==y2(b) nasvidaercs yroa ¢, onpejeiseMniit PaBenCcTBOM:
(Y1 {a), y2 (b))

, 1y (@ 11y (0) ]
vi(a) " y2(b) oryimutipl OT My B Touke P.

Samcuaunuc. Crporo ropopsi, T0 paBEHCTBO  OMPCAC/SICT fiC
OJHH YroJi, a JABa yrJja, JalomuXx B cymMme
yroJi, paBnslif 7, OJHAKO CCJAH CUHTATh, UTO
-HalllH KPWBblE 3aHYMePOBATbl, TO TOTAa BO3-
HHKAET MOTNSTHE OPHCHTHPOBALINOrO yr.aa,
KOTOPLIH - yXe omnpejessiercst MpHBCAEIHOH
Buite  QGopmyaoit  oanosznauno.  OcraHo-
BIMCST Takxe l1a tpefoBanuH, urobbl 00a
BEKTOpa CKOPOCTH OBIIM OTJHMYHBY OT T1Iy-
Jst B TOURe mepeccyenus. Jlemso B ToMm, 4to :

B TOUKAX, [Jle BCKTOP CKOPOCTH [WaAKOIl

KpuBoii  ofpamaercs B nyas, 374 Pre. 12

KpHBas MOXeT  JIpeTepneBaTrb  H3-

JOM, CKAuKOM Meliss Ilanpasjaciue «¢Boero  JiBHXKeWus. Taxum
o6pasoM, TipH NOMBITKE OMpPEJCJUThL YTOJ B TOYKE Mepecedyerlis ¢ Ta-
KOI KpMBOIl, BO3HHKACT NCOMPeJICNEHIOCTL B BbIGOpe OZHOIO 13 ABYX
FIAJKUX  KYCKOB  KPHBOIT, KOTOPRE pa3jlessieT TOUKA  113J0Ma

k(1) o(t) . ‘ J

N

COS ¢ == . Ccall TOJNLKO 06a BCKTOpPA CKOPOCTII:

E 762 (<t )

]

Puc. 18

v

(puc. 12). OTMeTHM TakiKe, YTO HAJHYHE HA [NaAKOH KPHBOH TOUYKII
m3i0Ma (B TEX 3HAYCIMAX Tapamerpa, JJis KOTOPbIX BEKTOP CKOPO-
CTH aHIYJUPyeTcs), OTHIOAL He MPOTHBOPCYHT TJIAJKOCTH KPHBOII
(cMm. omupejedienne  miajgkoft kpupoit). [TpuMep romagkofi kpusoil,
MCIOLIEeHl H3J0M B OJIHOI TOYKe, MOKasall Ha pHc. 13; 3jecn «yrod
HajoMa» raajgkoll KpuBo B oco6Goll Touke paBen n/2. Jlerko mo-
CTPOHTb IIpUMep T/afAKOH KPHBOH, uMciomel B ocoboil TOUKe yroa
113J10Ma, paBHbil st (cM. puc. 14). (3anaHHe YHTATETI0: 1ANU-
IINTe AADAMETPHUCCKOE ypaBHerHe ' KPUBOM, H306pakeHHod Ha
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puc. 14, Bounpoc: Moxer an Kpnsasi, nsobpakentiasi na puc. 14,
ObiTh, Bafaua anamutiieckumn GynkunsmMu x (¢, y(1)?)

OG6GeyuM Teneph BOUPOC, HACKOJSLKO Jalllioe BRILIC ONpeenactiiie
JULIITLE KPNBOIT Y10BJACTBOPSICT HAIJSULIBIM OPCACTABACHIIM O /-
!IC, ()2131[1)}’101[LHM(‘.H [a HOISTTIHH (‘BKJHIILOBOI:'I JLIIULL OTPC3KOB H 1A

NONSITHH TONKOH HEepPacTSIKHMOM HHUTH, ¢ NOMOMILIO KO-

TOPOR MONKIO HAMEPATh AJMHIL 60Jee CHOKHLIX, HCM

OTpe30K, KpHUBLIX. KpoMe Toro, fiaM u3Bectlpl Taxxe

oupejesacHust AJAHILL  OKPYXKIOCTH, KOTopasl mlorjaa

BBOJAUTCS KAK HPEACH HCPHMCTPOB  BIICAMIILIX  (MJN

Pue." 14 ONLCATITBIX) MITOTOYTOMBLIIIKOB, {IPH CTPEMJentH K Gec-

KOIIRUIIOCTH YHCAd CTOPOH BBIIYKJIOro MHOTOYIOJIbIHKA,
AMIPOKCUMUDPYIOUCro OKpyXiocTh. Hadnem, xoneuyo, ¢ orpe3ka,

TTycts kpupast 'y(t) 3ajaeTca anneitnpiMin GydknusaMn xi(f) =

=aqif, rie ai=const, 1<Ci=ln, a<t<Ch. Toraa, sulaHCjAAsT AJTHUY

3TOIt 1M1a1KOIl KpHB()}[ oT 3llaveNHusl napamerpa {=a a0 I=b, mnony-

yaeu: [(y)b = S ‘/z (af)2dt = (b—a) \/ )3 (af)2.  Tockosbry
il

i-=1
HAvaILNoi TOIIKO}I oTpeska ABAsSercs Toyka ¢ KoopaHHaramu {ai-a},
a cro Koileynofi Toukoir — Touka {aib}, TO oO6blunas (EBKJIIOBA)

OJMIa oTpe3ka pasiia:  (b—a) “/‘\’3 (uf)2, UTO COBMAJALT CO 3HA-
[ -

yenpeM nurerpana {y)h

2. [lyern kpusas y{!) 3anacrcsi-na mnockoctH R2(x, y) nmapawmer-
puucckiMil ypasiicnusmi: x=Rcost, y=Rsin{. Henocpeacrsen-
HBIT [TOACUHCT HuTerpata AacT, uTo l(y)g = 2nR (rpe a=0, b==2n),
YTO, OUEBINO, COBIEJIACT C I3BECTHLIM HAM pallee BHIPAXKCHHCM 17
JUIHITR OKPYANOCTH pagnyca R.

2. Jauua KpNBOi B KPUBOJMHEHHOM CHCTEME KOOPAWHAT

PacecMoTpuM Temeps  UPOU3BOJBLIYIO  KPHBOJIMHCHHYIO  CHCTCMY
KoopaunaT g ofsactn € eBKJMJOBd IPOCTPAlCTBA i 11ycTh v({)
LPOH3BOMbIIAsSE TIajKasi KpuBas B 3Toii o6gacthn. Kak samiwercs
M KpUBOIL y(!) B 3TOM KPHBOJHMHCHALOI  CHCTECMC KOOPAMIIAT?
Hunst sToro mpocdeiMm, UTO HPOHCXOANT € KOMIIOIEHTAMH BCKTOpPa
CKOPOCTH Kpuoit y(f) npu samecue xoopannar. O603IaulM KPHUBO-
AMIICHIBIe KOOpAIIIATH weped 21, ..., 27, 1. ¢. xi=xi(z); Torga, mo
npasuy AnddepennupoBaliig CUHOXKNON QYIKINIH, IMCCM:

dxi()y _ dxt(z(#) Z axt  dzk |<i
= = —_ <i<{n, T. e
dt dt ok dt SIS /

@
b u

[y EV dx'( <)>>2dt.,.;
dt i

=l
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. S
YOV Ox (2 () doyr
]/ (R e

Ll

(’)XL ()X[ ({1’” dzr
AR
()”” azl i df

i: l m,p

dz" dzp
5 Vl g/ll/) l)’/ (”'

m,p

n

N dxt Oxt
gz gz

rae GynKunn gmp(2) uMcioT cacnyomIt BHA: &, (2) =
i=1
OucBnpno, aTH (QYHKUHH CHMMCTDHUIIB MO HHJCKCAM M H p, T. €.
Gmp==gpn; CIACROBATCILHO, laGop (QYIKUHHE gmp MOKCT OBITH Op -
130Ball B CHMMCTDHUNYIO MaTpully, KOTODYI0 MBl OyACM B JaJlb-
uciiwem o6osnauatn uepes G==(gmp). B moiyuennoit Hamu dopmy-
jac xoapduutentsr Marprust G npcejcTaBaelkl B BHAE CYMM MpPON3-
. ox
pefennit asementos Marpun dxobn. B camom jedce: dxpz,xzf( o )
cJeROBATCALITO, MaTpHlla G MPCACTABIACTCS B BIUIC [TPOH3BCKCHILISI
asyx marpuuw: G=4A-A7, rie A=dy.x Slcuo, aro marpuua G zasn-
CIIT OT KpIBOJHICHNOI cHCTeMbi KoopJlHHar 2 # Gyjper, oolmic ro-
BOPSA, H3MCISITLCSL [Pl 3aMCIIaX CHCTeMbl Koopiawhat. KakoB 3axon
naMmenecnnst Matpuun G (2)?  Chesacm chle 0ALy 3aMelly mepeMceli-
- HBIX, mepeiigs or nepemerniblx {21} Kk nepemennbim  {y'}, T. e. pac-
CMOTPHM DCIYJSIDHYIO 3amelly KoopiuHAT BHjaa:  2i=zi(y', .., y"),
l<<i<n. [Ilpm stoMm ™Mbl cuutaem {y*} cioBa KpuBOJHICHNBIMIH
koopanaramn B obsacril C.
Torpa KoaQPUILICHTH Gmp (2 ) MCILSTIOTCSI MO 3aKolry

" . .
oxt (1) ()x‘ dxt 09z 9xt  gzP
= B Gy
dyk 0z"  dyk 0z dy
=01 i=lmp
n
. 2 azm \"1 dxt axt dqr Z oz (2 y 9 azr
N dy*k (h dzm Oz ) at &inp oyt
mp i1 m,p

T. e. G(y) ="dyy,. G (2) (dPy.)".
Sameuanire. B neasx yupourcuudsi 0603uadckiii, B BHDPaKC-
KX Bl Za"b", rjle CyMMHPOBAHME BC/ICTCSL YO JIOBTOPSIOH{HMCS
®
HIICKCaM, Mbl 6yjlecM onyckaTh 3HAK X 1 nucarh npocro: aibi. Tak
NMANPEMED,  Ojid W3 NPUBC/CIULIX  Bbire  gopmyt:  gu(y) =
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oxt (y)  axt ()
agk oyt

i=x1 : ! .
gri(y) =l ol . Hunoraa mei Gyaem oGosnayatb HOBLIC

dyk ayt ,
KOOPANHATH TaK: 2, cTaBd «IUTPHUX» y IUIACKCOB, 3AMHCANNLIX B I0-
BOil CHCTCME KOODJNNAT, NAanpuMep: g, . .

DYHKIHIT Gmp{2) HMEIOT NPO3PAYHbl TEOMETPHUCCKHI CMBICI.
PaccmorpuM 1npoussoannyio Touky P B obfmacth C u KoopauuaTtiiblie
JUILIT KPHBOJUHEHTION CHCTEMBl KoopAuuar 2!, .., 2%, mnpoxoafiiliie
uyepes Touxky P. Kaxuas 13 s1ux miniiii MoKer ObITL 3ajgana napa-
MCTDIFIGCKHMH YDABHCHUSIMI BuAad: 2'=cy; .5 2i7l==c;y, 2i==f
2itl==cyp1; .. 2%==c,, TAC Cq, l=CTa(z=i()=ln — mnocTosuIIbe, Ta-
Kiie, uTo TOuKa P uMeeT CJeAyOLLHC KOOPAMHATH (B CHCTeME 2)!
P:{z“ =C(q; l<a=Ca}. O6o3uauiM m-10 KOOPAHHATIIYIO JIHHHIO
yepes ym(f), 1=Km=Cn. Toraa B ciicTeMe KOODJAHHNAT X M-S KOOP/H-~
HaTHas JHIAS CHCTEMBl 2 3amumeres Tak: {X1(¢, .., Cm-y, 2"=t,
Cniil, o Cn)}, 1sSi=Sn, '

BekTop ckopoctH 3TOI raalikoii KpuBOH .B ToukKe P uMeer Koop-

. — i . Jxt i
JAHIATBI €, == { g:m ], I<<itn. Tak Kak gu,(2) = —:)Z% 3; ,

-
9T0 KC BBLIPAXKCHUC MOXKHO 3AMHCATL B BHAE: Gy (2) == <em, €p>,
T. €, QYHKIHH Fmp TBISIOTCA  CKAJSAPILIMH
NPOH3BCHeHIAMH  (CKaJsSPHOE TNpPOU3BCje-
lIne — eBKJIHJO0BO, T. C. 3TO — XapaKTepH-
CTHKA OO0LOMJIIOLLErO TPOCTPancIBa) BCK-
TOPOB, KAacaTeJbHEX K COOTBETCTBYIOMUM
KOOpIHHATILIM AnnuaM (puc. 15).

4 Tew caMpiM, MBI BHAHM, uTg MaTpHia
(i (2) apu samcuax KoopAinar npcobpasy-
CTCA KAaK MarpHua KBaAparuuliol ¢opMbl.
B yacriocti, ecau Hexojlibie KOOPAMHATE! -
ObiaM JexapToBbLIMH, To MaTpuua G saaser-
Cs1 eMITMUHOMN H, ¢JICAOBATEIbIIO, B JI000MH
Apyrofi  (KpuBoJHIelinof) CHCTemMe Koop-
Pic. 15 JuHaT ce MOXHo 3amucarts Tak: G (2) =
=AEA", rie A=d{,:, ecnn {¥'} — pexap-
TOBB Koopauuarn (rorna G (%) =F).

[TpeKae UCM IBHFATLES JANBIIC, PACCMOTPIM mpocrefitine nprMe-
pbt (GOPMYA ST AAUHBL KPUBOIE B DABJIIYILIX KPHBOJIBIICIiBIX CHCTe-
max Koopjuuar. Tlouytoo MU BLHIGHCATM B SBIOM BIAC MATPHLY G
JUIS 3THX KPUBOJAHHCINBIX CIICTCM KOOD/UIHAT,

1. Mousipuste goopauiats  na jasymepitofl naockoctn R2(r, ).
Marpuia .G (x) B ACKaproBux Koopauidarax (x', x?) 1iMcer Bua:

G(x) - (é (1)), T. €. glj 6,']; { (1) t’v’i; _ Marpuna SxoGu, yixe

3anUIEeTCA ¢ YyycTOM B3TOTO coraailleilust B BH/AE

TO
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cosp sing °

BBIYHCJ/ICHIHASE BLIILIC, HMCCT BH,L: (lll) B ( fSh‘l(p rcos(p); OTCIO44.

G(r, @) dp(dp)' =

( cosq sing ) (cos ¢ —rsing <l 0
—-rsing rcosg,; \sing@ rcosg 0r:

ChenoBaresbHo, B MOJSAPHOI CICTCME KOOD/IHHAT JLiNHA KDPHBOI,
safantion B Bije: y(1) == (r (1), ¢ (1)), sBupaxacrca 1o Gopmyac:

b
b AR e 4R
lmﬂ”’"“/"(dt )] e

2. Lluuujapuueckne KOOpAHHATH B TPEXMEPHOM €BKJIHAOBOM MpO-
crpanctne R3(r, ¢, 2). Marpuna G(Xx) B JeKapTOBBIX KOOP/MHATaX
(x', x%, x*) nmcer Bua: G(x)=FE. Marpuuna §lko6u Gblia yxe BLI-
YlicJICHA HAMH BBIHIC, OHA HIMCET BHA:

. cosp sing O\ . ' 100
dy —rsing rcos 0|; orcioga G(r, ¢, z) = (d§) (dp)’ = |0 r? 0).
0 0 1 001

Cles0BATCIbHO, B LHIAMHAPHYECKONR CHCTCME KOODAHHAT JAJHII4
KPUBOIl, 3ajanHoi B suge: y(f)=(r(f), ¢(f), z(f)) BHpaxactes 10

dbopmyne:
o= § VBT AT ()

B kauecTse npuMepa paccMOTDHM BLIYHCJEHHE JJMHB BHHUTOBOM JIH-
L Ha MPAMOM KPYFOBOM [MJHIIPE, 3aJaBACMOli IAPAMETPHUCCKE
rak: r(t)y=R=const; ¢({)=wt; 2=qt. Torpa

b - .
[y = (VR g dt = (R® - ¢%) (b —a).

a

3. Cdepugeckne Icoopmmam B TPCXMEPIIOM CBKJHAOBOM NpU
crpanctBe R3(r, 0, ¢). Marpuua G(x) B JEKapTOBBIX KOOpAHHATAX
(&, 22, ¥3) mmcer viye G (x)=F. Marpuna $SlkoGir 6eina y}K(‘ Bbi-
Yiresea IaMI BpIIe, Ol IMCCT BIL:

sin Osin ¢ rcos O sin ¢ rsin B cos ¢

sin 0 cos ¢ rcos 0cos ¢ rsin O sin ¢
( cos 0 ~=rsin b 0 )

orcioga:

. 100
_— “G(r, 0, @) = (d) (dp)' = (0 0 )
‘F 00 r2sin®0
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Cuhcponarensio, B ¢dopiueckoil CHETEME KOOPJUIUIAT JANI0 KPl-
BOil, sajgannoii B suae:  y(f) = (r(f), 0, ¢()), BLpaxacrest nmo
hopmyuic:

< b
L(y)! ,.\l/((“) ‘r(dt) Cor¥sin®o dt)(t'

HMuorna 6uiBiaet yxo6HO  BMCCTO TMOJANOR JUNIHBL JAYTH BBIIICDE-
BaTL TOALKO siBliylo dopMmyay st pmbbhepeniana Liuub gy dl.
B wactnoctii, B pazoGpalibix BOIILUC OPHMepax TH i depermain
(B cooTBeTCTBYIONLIX KOOpAnniatax) —uMmeior Bua:  (dl)i=(dr)*+

H4-r2(deg)? — B HOASIPHOIL CHCTEME KOOPAMIIAT 1A InocKocTH; (dl)2=
= (dr)?+r2(dy)?- (d2)? — B HAJIIIPHICCKOIT CHCTEME KOODJIHIIAT
B R (d)?==(dr)?-+r*(d0)24+r?sin20 — B cdeprdeckoil cicreme

Koopiitnar B R3.

3. NMousTHe pPHUMaHOBOWX MeTPHUKH B 00JaCTH €BKIMAOBA APOCT-
paHcTBa

TiakuM 06pa3oM, Mbl COHOCTABIUIN KaX/10[i KPHBOJHHCIION CHCTC-
Me koopamuar 2 B.obaacri C raajgkyio Martpuuiyio dyikunio G(z2),
IpecoBpasylolyiocst IpH saMele KOopannat, Kax_ksajuparnuirasi (op-
Ma (B KdaxA0f TouKe). Posn storo nabopa MaTpuulibix Qyuxuni aa-
KJI0MaeTesT B TOM, UTO €rO 3aJMalie  ILO3BOJSICT BEBMHCAATD UL
KPUBBIX B KPHBOJHICINLIX CHCTCMaX KoopJuiiar. BolicsaiiM 113 neex
cBoficTB 3TOro nabopa MaTpHUlBIX (ylKuiil  csoiicTio npeofpaso-
BRIBATRHCSI KaK KBajgpariuwiias dopma (B Kaxaoll Touke). Pacemor-
PUM TCHCPL HPOH3BOJIBILIC NAOOPLI, YAOBACTBOPSIONIC 3TOMY CBOJi-
CTBY.

Onpeaecsenime 2. Mpr ckaxXem, uro 3ajala PUMAHOBA MCT-
purka B ofaactii C CBKJHAOBA TIPOCTPAHCTBA, CCJII B KaXJIOH pery-
JAPHOIT creTeMe  Koopumar 2', ..., 2" oupejeden nabop raamkix
OYHKUHE gmp(2), ..., 27%), Takux, uro: 1) g,,(2) =gpm(2) (1. e
martpiia G(2) cummerpitiia); 2) Marpuna G (2)==(gup) HeBLIPONXK-
JICHITA H NMOJOXKITCJABLIIO onpejgesiclia; 3) 1P 3aMcliC CHCTEMDbE KOop-
ainar z—-y Matpuna G(2) npeobpasyercst uo apasuay: G(y) =
=dp G(2) (dPp)* (HANOMIIM, YTO MDLI DACCMATPUBAEM TOJILKO pery-
JSIPHBIE 3aMcellbl cueTeM Koopjuiiatr).  3jech uepes dyp ofosiadena
MaTpiIa KOOI 3aMCIibP CHCTECMBL KOODANHAT d, ,.

Ounpenpecsacnie 3. Lean B obuacru C 3ajjava puUMaHoOBa Mer-
piuka G(2)=1(g;;) u B cucreme Kkoopimar (29) sajana raagkas
KpuBast y(¢)={z!(f)}, 10 cc daunod or Toukil y(a) Ao TOUKI y (/)

MA3BBACTCH UIICJO
d2f (f)
S\/g" dt dt.

Ecair 8 1101\'()1'01)()1"1 rouke ’e&C ucpecekalores JiBe IMaJKIC KPUBBIC:

vi({) i ye(f) (rakue, uro yi (O)::‘yg(Q)-——-—P; v1(0) 540, fg(O)#O),
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TO YrJOM MCZKJLY HUMIT (B Jalloil PHMAIIoOBON MCTDIKE) [Ma3nIBaeTCs
HICa0 (p, TaKoe, UTo

d2 () dzl(0)

gir () — at
Cos @ : -
» dZ (4 dZi () - dz () dd
V g 50 #0 1/ g 0w
df Codt dt dt

Hauoe puiwe onpegesciine pPEMaHOBOI METPHKH MOXKIIO TCHEPh
chopmyaiposaTi, B Oosiee NHBAPDHAHTHBIX TCPMUIIAX, HC aNCHAIPYL
K SIBHO[T KoopanuaTtiofl 3amici MCTPHKLL. A nMeno, 3ajaliic puMma-
TOBOM  MCTPHKI  1HO3BOJIET  ONPC/ACIIITL  KBAAPATHYNYIO — QopMy
<. >>,, olpejeacinyo (B Kaxaoit Touxe 06JacTH) 1@ MIIOKCCTBY
BCCX BCKTOPOB, KaCaTCJLILIX K FAQAKHEM TPACKTOPHAM, TIPOXONIILHM
uepes ITy TOUKY. B caMom Jieae, eeJ y1(())-_P v2(0), rac PeC,

—

TO AJ5 BCKTOPOB E—“\*,(O) n n—*yz(O) rje _L,_—(b, vy BB, =

=(n', ..., "), MOKHO HOJOXKUTL: <E,n>g=gij§ini. Otrmerum, uto
P

KOODAMIATEL BCKTOPOB & 1 BBLITHCASIOTCSE B CHCTCMC  KOOP/UIIAT

21y ey 2
- -

Jlemma 2. Orobpascenie &, 1|—><H,n>g 3a0aer Hesulpoxcden-
HIJI0, HOAOMUTCALHO ONPCOCACHHIIO KBAadpaTuuHyo (Gopmy, eradgo
3a6UCLUYI0 OT TOUKLL, .

Jdowaszarcancrso. Cummerpusi 11 OIUIHUCIIHOCTL * IOCTOCH-
HOTO OTOOPAKCHNS CACAYCT i3 ONPefeJcHua 2. YOepuMcs B TOM, UTo
9TO COOTBCTCTBIIC onpejedser Onarnueilnyo topmy. CrenaeMm pery-
Aapiyio sameny voopaunnar {zi} — {2}, Torpa

Vi) == (20, 2 OF V() (E 0. 20

, dz, d:*  dA L o7 e 0z
g e e I U L Wil IR
dt 9:t dt 0zt 9zt 02" a2

Orcioja:
- 0z* ozl o7 921"
[ . - [ L ) < E,\. (¢ n
, .o ' ir \ I - 7., 1
(€. e = g 80— —m gy B
N \ oz i o . - i -
= = P - " g’f,-E") o 5/\-5,;&’,-5 N == g,-,-E N <§, T]);n
gz dF , \ gf" 07 )
- —
T, €. <% N>, JCICTBUTENDLIIO, sgasieTes Guumteiinoil Phopmoii. Ipne
92 g .
JOKE3aTCJAbCTBC MBI BOCHOJL3OBAJICH TEM, UTO e - Op
04 vz
D10 BuiTCKaeT N3 Ttoro, urto (dy) (dy)~'=1I. Jlemma nokasama.

Taxum oGpaszoM, onpejesaciiie PHMAlIOBOil MCTPUKI MOXKIO jla-
BATHL B CJCAYIONUIX TepMimtax: 6yjeM rosoputh, uto B obracta C
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CBKJINIOBA MIPOCTPANCTBA 3a/1ala PIMANOBA METPHKA, CCJH B KAK-
Joft Touke 0GJjacTH 3ajana GuanHeinast gopMa (cxagasipioe Npois3-
BCIeHHe), ONMpefcjclnast 1id BCKTOPAaX, KacaTe/bliblX K TJIaJKHM KPii-
BLIM, NDOXOAAIIHM 4YCpe3 3TY TOUKY, NPHUCM (GopMa HeBBIPOKILCH-
1asg 1 NOJOXKIITeNblIass OnpPefeJCHHasA. :

M3 JemMMnl 2 BBITEKAET 3KBHBAJCHTIOCTL 3TOTQ ONPCACACHHS 1
oupesenenus 2. B 4acTHOCTH, M3 JIeMMBl 2 BHITCKACT He3aBHCHMOCTb
JUIMHB!I TJIaAKOIF KPHBOM OT BbBIGODa KPHBOJHHEHHO CHCTCMBL KOOD-
JUHaT (ecad pumanosa merplka (PHKCHPOBAHA, T. €. CCJAN Ola 3a/ia-
114 B KaKoIl-T0 0lI0fT crcTeMe KOopAdiiar n npeobpasyeres upi 3a-
MCHaX KOOP/AHHaT MO yKA3aHHOMY BHIIE NPaBUJY).

Cyuwecryior a0 pumatonnl MeTpHku? [IpuMep Mul yxke upHBCHH
soime. B camom jene, ecan, B obaactw C B JcKapTOBOf1 cHereme
KOOpAMHAT 3agath marpuuy G(x) = (8;) (rne x!, .., x* -— jgexap-
TORLI KOOpAHUIaThl B oOsactd C), TO TOrAa B J1060H APYyroil Kpupso-
JIEMHOf CHeTCMC KOOpAHIIAT 2, TOJAydalouledcss H3 JleKapToBOH Ci-
CTCMBI KOOPAHHAT X PEryJSPHOl 3aMENOH, MOKNO, MO ONpPCACAeHHIO,
nojoxuTL G (2) =d{G (x) (dy) T==(dy) (dp) 7T, tae dp -— Matpiia
slkobu paunoil 3amcuw. [lockoabky, oueBIAHO, JI06as peryJfsipnas
CHCTCMa KOOPJHIAT 2 MOJyyactcss M3 JCKapTOBOH CHCTEMDI KOOPIi-
HAT pCryJasipyoil 3amenofi  (CM. BUILIE  ONpeJCACHHE  Peryasipuol
CHCTCMIL KOOPAMHAT), TO, TEM CaMLIM, Mbl ONpeAeIIH B IPOI3BOJIIL-
rofi  peryJ/sipHo#i cucTeMe KoopAHuaT MaTtphuHyio dynkumio G(2).
M3 1npopefetiHbIX paccyXKAcHINT BLITCKaeT, uTo Bee yesaoBusg 1)—3),
KOTODPBIM JOJKHA V/IOBJCTBOPATL PHMAHOBA MeTpHKA, BHIHOJHEND.
B camom jpedac, cpoilctBa 1 W 2 [pOBEPAIOTCA HCHOCPC/ACTBCHHO U3
onpegenennst G(2); cpoiictso 3 caejyer w3 TOro, uro MaTpiua $Ixo-
01 KOMTIO3HIMH ABYX 3aMCH KOODJIHAT paBHa MPOM3Be/leHHIo MaT-
piil Iko6H Kaxkaoit u3 3THX 3aMcn dg, o, = d\s .z, AV, 2. Tem. ca-
MBIM MBI ONpeAC/IIM  PHManoBy MeTDHKy, 3ajaltiyio B 004acTi
eBKAMAOBA HPOCTPALCTRI. ITa MCTPHKA SIBJAETCH CBKJIHAOBOH MeT-
puKOI 11 KBajpaT aAuddepennnana  AAHIBL JYTH  [AgKOI KPHBOI]
B AeKapTOBOH CHCTCMC KOOPJHUAT sanuchizacTea Tak: (dl)?==

n

= X(dx")z. Omraxko, ccai naMm 3a7alla  [IPon3BoOJblias PUMAalona
=1
MCTPIKA, TO e CJAeAyeT AyMaTb, 4TO IIyTeM MNOAXOJAANICH 3aMcrin
rkoopanuar B obgacta C, 3Ty METPHKY MOXKIIO TNPHBECTH K BILY
n
Y (dxfy.
[ :
Onpcacacnne 4. Pumanopa merpuka G, zafammas B oOsa-
cri C, nasvizaercst esxaudosod, ccau B C cyulecrsyer takast (8ood-
ule ropops, KpHBoumneiinas)  CHCTEMa KOOpPALIAT Y, B KOTOPOIi
martpuia G(y) crauopiutest ¢/IIIHAUIION MATpPHIECH,
[lean 3ajlava eBRJAMZOBAa MeTpHKa (OTHOCHTENBHO HCKOTOpOIT CH-
CTCMBL KOODJUIHAT), TO MOXKIO OITHCATh BCE JAPYIHC CHCTEMDLI KOOp-
AINAT, B KOTOPHMX 3Ta METPIKA TAKKE SIBJSCTCS eBKJIMA0BOM (TakkX
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ClICTeM MIIOro). ATo onucanue MBI AagUM 31aufiTeJbHO [03XKe, 1o-
CKOJILKY He pacuojgaraeM B JaHHbIH MOMeNT HeoOXOAUMBIM anuapa-
TOM Uit peweHust 3T0fi 3aJayd. 3echb OTMCTHM TOJLKO, YTO BCeE.Ta-
KHe CHCTeMbLl KOOPJAMHAT MOXKHO MOJYYHTH M3 OJHOH cHCTeMB! nyTem
Bpalletnid, CABHIOB H OTPAMKEHHHA B €BKJHJ0BOM NpOCTPAUCTRE.
CyuiecrsoBanie «HeeBKJIHAOBEIX METPHK», T. €. TAKHX, KOTOpLIe
"

He MOryT OblTh NPHBEAEHBI K BHAY X'(dx")2 M B Kakoi cHcreme
i=-1

KOODJHHAT, 110Ka HHOTKyAa He cyiegyeT. B pgamubiili MOMeHT MHl lie
MOXKCM YKa3dTh TAKylo PUMAIOBY METPHKY, O KOTODOI ¢ ompejaenen-
HOCTLIO MOXKIO Obl1o OB yTBEPIKAATh, UTO Olla — 1le CBKJIHIO0BA.
Hutyurnsno sicrio, uro. Jyist o0iapyKeHuss Takoi MeTpHKH cJjcefyer
HafiTw KaKHC-TO HMHBZPHaAHThl METPHK, COXpaHsiouiHecd MNPH pery-
JSIPHBIX 3aMenax xoopiauuat. ‘Torma mut MoryH Obl 06HApYXKHBATHL
HeIKBUBANECITHOCTh ABYX MCTPHK, CPABHUB HX HHBApHANTHL M o6na-
PYXHB, 4TO 3TH HHBADHANUTH pasJuulibi. TakHe MHBADHAHTH AeiicT-
BHTENBIO CYULGCTBYIOT, H BCKOPE Mbl HX olipeAenuM. Toabko T0rjpa
MBI CMOXKeM CTPoro J0Ka3aTh CYILCCTBOBaHHe NeeBKJHJOBLIX MeT-
PHK, onpefesenHbix B 00JacTH eBKJAHA0Ba NPOCTPAHCTBA.

Kak 6bino oTmMeweHo paHee, €BKJAHJOBA MeTpIKa, 3alHcanias
B ITPONSBOMBLIIOH CHCTEMC KOODJHIAT Z, TEPACT CBOH HPOCTON «@BKJII-
OB .BUJ» W 3ajgderTcs Matpuueil G(2), «pacnosHaTby B KOTOPOH
CBKJH/0BY METPUKY HC TakK-TO {IPOCTO, OCOOCIIHO CCAM MBI HC pac-
HogaracM  Kaxkimi-ai6o HIBADHAHTAME, PasjHuyalouiiMil pasd/iHyHbie
MeTPHKN (T. ¢. 1Ie IHepexoisiude APYr B ADyra IpM NogXojAsiueli 3a-
mdéue xoopaunar). ITocMoTpHM  KakK 3anuchiBaeTcs €BKJHJAOBA MCT-
pHKa B 1pocTeiiliix KPHBOJHHeHHBIX CHCTeMax KOODJAHHAT, yKalal-
ublX paelwe. Yacro 6Guisact yao6HO 3anuceiBaTh He MarpHuy G(2)
pHManoBOli MCTPHKH, a KBaapaT AHddepenuuana Ml Ayri rJjaaji-
Kol KpuBoii; (dl)2=g;;(2)dzid2).

1. Tloasipuaa cucreMa KOOPANNAT Ha MJOCKOCTH: dP=dr?+4r?dg?.

2. Llwaniapnuceckne KOOPARIATL B TPCXMEPHOM  OPOCTPATICTRC:
dP?=dr’+ridq®+dz2.

3. Cdepuycekue - KOOP/IMIATBI 1B TPEXMEPHOM  IPOCTPAlCTBC:
dl?==dr?+r?(d0?+sin? 0 d¢?).

4. UnaehHHUTHLIE METPHKH

Ho cux 1nop Mpf nNMeIH Ae10 TOJNLKO € NOJOMHUTENLHO ONpeseacli-
LIMH MCTPIKAMH, KOTODBIC Mbl HasblBajll puManosuiMu. B uactiio-
eTH, Bee pasobpalilibie laMH [PAMEpPbl  SBJSIOTCS  TOJOXKHTENLIO
onpejieedtnbiMy MerpikaMu. OQHAKO B HPHAOKCUIAX YACTO BCT{C-
4Q10TCH TAK [1A3bIBAEMBIC AILE(HHHTIBIE MCTPHKII,

Onpepgeacnue 5. Mpl ckaxeMm, uTo 3afana uHOeHUHUTHAR
Mmerpuka 3ooGaacti C CBKJIHAOBA TIPOCTPAHCTBA, CCIAH B KAKJOM
Peryaspnoil cucreme XoopauHaT 21,7.., 2" onpeucsiell HaGop raaakix
oynkuui {gmp (2!, .., 2")}, yAOBICTBOPAIOUIHX BCeM TpeGOBaHUsIM,
HAMOXKCIIBIM 11 DOMAIHOBY MeTPHKY (CM. ompejesecHuc 2), Kpome

‘ . Y



TPCGOBAINST MOJOMKHTCALION OUPEACJACITHOCTH, T. C©. COOTBCTCTBYIO-
Hast KBadpatiaitast popMa siBAsIeTCH NHAeIInITHOL,

B kauccrpe mpocteiliuero mpuMepa nigeduinTiiofl MCTPHKH pac-
CMOTPHM TaK NA3BIBACMDBIC JCCBJOCBKJNAOBL  MCTPUKI [IIACKCA. §
B NCEBAOCBK/NAOBLX npocrpanctax Ry Jlast noctpocnnst 3tofi mer-
PUKIE JOCTATOTHO PACCMOTPETL  OOLIYIOC eBKJHAOBO MAPOCTPANCTBO
Rz, oTHecelioe K JACKAPTOBLIM KOOPJAHIATAM xl, ..., x® u 3agar, B
Kamxaofi touke PeR™ cacayioutyio Gunnuelinyio dhopMmy (¢ mocrosiit-
HBIMIS, T, €. ¢ 3aBiCSIIHMI  OT  TOUKIL  Koadduuentami):

2

&
(Ev"l)s:“‘z B E gw/.  Torma mist moGoli riraaKkoi Kpit-

i== f=51-1
Boit y(¢)={xi(§)}, 1<<i<<n anuma Ayru BLIDaxaercs mo Qopmyne:
b . ’
y o ( [ dxi N2 N/ oded Y
J(Y)g:j ‘ L( ) -t '\ ” ) dt. TIpn n==4 ncces-
a jas--1

JLOCBKJIH/10B0 npochanuno uackca [ nasmBaercs unorpa, npo-
crpancrgom Munkosekoeo (B crnecUHasbHOH TCOPHH  OTHOCHTE/ILIO-

3 2
CTH); MBI Takxe Oygem pacemarpuBaTbh npocrpaticrda Ry u Ry .
OTMETHM, YTO [CCBJOCBRJNAOBO MpocrpancTso tpiexkca 0 conmanaet
¢ OOLIMHBIM CBKJHIOBLIM POCTPAHCTBOM.

Bamecuanuc. Uaygenne npoctpancts R g CBOJHTCSH, B 1eKO-
TOPOM CMbICJe, K H3yyennio npoctpaucts RY, 1OCKOJLKY Bee MIHHBL
B Ri—s MOXIO yMUOKHTL Ha { (munmas epuniua); torga ¢opma
<, >>n-s HpeBpamaercss B Qopmy <, >, Tlosromy Gyrem nast
MPOCTOTHl CYNTATL, UTO BLINOJNCHO HepaBercTBo: s<i[n/2] (uenas
UacTD) .

c.

Kak u B OOBIUIIOM CBKJH/OBOM HPOCTPAHCTBE JUIIIa BCKTOpa §

oy ST
B upocrpanctse R onpepcasieress mo hopmyae: |l = ‘/(5 )’
ouiako B RS, B otanune ot R”, AARib BEKTOPOB MOYyT OLITh UyJc-
BLIMIt 1T MitnMbLiMil. 3 camom jgene, tak kak ¢dopma <, > le AB-
JSICTCSE TIOJIOMUTCIABIO ONPCACACHIION, TO MIIOKCCTBO BCCX BCKTOPOB

£ R, BBIXOAAINHX, HANPIMCpP, I3 liauala KOODAMUAT, Pa3GHBACT-
i A Caejyionyie TPt HEeNEpCCCKAIONNCC  MOAMIOKCCTRA:
—

-
<g.E> <0 (apeme;-/uno()oéubxe BCKTOpr) <t E>y=0 (cBerogoe

WL U30TPONALLE BCKTOPDL), <g,§>>0 (npocrparcTaensonodotHuLe
BCKTOPB).  IDTO OBCTONTEALCTBO  BLI3HIBACT HOABJCHHCE  BCKTODOB,
HMCIOUIIX UYJIeBYIO, BCLICCTBElNYI0 H WICTO MiMylo jamiry. B ca-
MOM JeJie, BPCMCHITMOMOGHLe BeKTOPH HMEIT YHCTO MHHMYIO AJi-
11y, cBeToBble (NI3OTPOSHIBIC) — IIYJCBYIO, a4 HPOCTPaNCTBCIIOR006-
Ible — BCILCCTBCINIYIO JAAINLL.  ITH TPIL THIA BCKTOPOB OTICJCHLI
JAPYT OT JIPYra 1 ¢ TOUKH 3PCHHS HX PACHOJIOXKCHIIS B HPOCTPAIICTBC;
OnnueM 910 pacnpeice/ciie JIs BCKTOPOB, BHLIXOAANNX N3 Havada
Koopaunar. 3 onpepedetns BH/ANO, UYTO U3OTPOIHBIC BCKTOPLL 3a-
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s
HOMIFIOT KOHYC: »-~-Z(xf‘)‘-‘-1- Z (¥)% =0 ¢ mepmuuoil B Hauase

i=l JES RN
KOOPIHHAT, BPEMEHHIOAOONULIC BCKTOPLI PACHOMOMCIbl «BHYTPH» KO-
HyCcad — T.'e. B Cro IIOJOCTH, ONPEAC/ACMOH KOOPJAHUATHOH IJIOCKO-

CTBIO X!, ..., X5, a NPOCTPAHCTBCHIIONOAOOILIE BECKTOPLI PACMOI0XKCUDI
«CHapyxu» cpetosoro konyca (puc. 16). VYxe oano 310 06CTOA-
TCJIbCTBO NOKA3BIBACT, UTO HHJAedUUHUTHAT MeTPHKA onpejesseT 3Ha-
HiTeaLHo Oodice pasioobpazHylo FeOMETPHIO (B MCETPUUECKOM CMbIC-
JIC), 4eM eBKJNAOBA METpPHKA.

Gamcuannce. B npochauche Mmmoscxoro (B cnennanpioi

TCOPHH OTIIOCI[’]‘L‘J[I’HO(TH) R1 lldOTpOHHb]H KOHYC IL(’:JIHKOM LOLTOHT
-

13 TAK Na3LIBAEMLIX «CBETOBBIX BCKTOPOB» E  (T. e. <§ E>1_0)
H HasbLIBACTCS! CBETOBBIM KOHYCOM, TaK KakK JIyd CBCTA, BLINYUICHHBI{
M3 Hayaja KoopAuHaT, OyJeT pacnpocTpaniarnca no OAHOIN u3 obpa-
3ylonMxX »Toro Komyca (B NpeldNOJIOXKCHHIL, UTO B KauecTBe K0Op/Au-
naTLl ! BHIGpaH mapamerp cf, rje ¢ — NOCTOAHIAA, 00o3Hayaouas
CKOPOCTh cBeTa).

Kax 1 B eBKanaonom npoc1pmmno MLl MOXKCM TeNCPb OInpeje-
JUTH Qaumy 060 raagkpit xpusoil B MICCB0EBKIIAOBOM MPOCTPAK-

4

cree R MHACKCA S, MOMOXKID [S(y)l’;::: 5 V(y, ¥), dt. Omimune or

CBKJNIOBOrO CAyUast COCTOUT
B TOM, YTO HEKOTOpLIe KPHBBIC
MOrYT UMETh LYJEeBYK), UYHCTO
MHHMYIO H KOMILTCKCHYIO AJTH-
uy. B camom gene, B cuay
AJJIMTHBHOCTH duTerpaJa
BAOJL KDHBOH, Cro MOXKIO .
pa3bUTh B *CYMMYy 11ECKOJb-
KX cJaraeMmniX  (JOo0yCcTHM,
JJIsL TIPOCTOTLI, 4YTO  YHCJIO
CJATACMBIX KOHCHIIO), KaX JOC

I

Y

13 KOTOPLIX XapakTepusycr- Ié(:o/Z}e[//
¢ TeM, W10 B KaxJofl Tou- )
Ke  BLIACAGHIOrO  OTpe3ka ' Puc. 16

KPHBOM CKaJfApHOC TMPOH3BC-
jaeltme <<y, y>>, 1e Mensier 3uaxka (MOXIO BLULCHHTL TaKKe OT-
peski, uMcroiide nysesyio pa#any). Torpa, B obweM ciaydae, Aaana
KPHBOIT MOMKeT ObITh 3a11HCANA KOMILJICKCITLIM UHCJIOM,

Boabwyo posn B HCTOPIH PASBUTISI HayKH CLITPaJO NPOCTpal-

4 o
¢tBo Ry, nBejcinoe auist 6ostec yaobioii 3amicH HCKOTOPLIX »hdek-
TOB cHIenHanbHOH Teoplint OTHOCHTCALIIOCTH. OTileceM LPOCTPAUCTBO

! 0 ! 2 3 2
Rl K KoopAuHataM x%=cf, x'==x, x’==y, x*=2, T. c¢. dPf=
—2d 24 dx24-dy?4-d22. SJL(_CI) t — _Dpems, ¢ — CKOpOCTh cBera.

])aCCMOTpIIM B R opropenep e,, ez, ea, e.; (OTHOCHTE/IBHO CBKINAO0-

2 A. C. Mumenko, A. T. domeiko ,‘ . ) 33



Boil Merpukit RY,  KoTOpoji cmabxena Mojesn npocrpancrsa R,
COBMeILCITIIast B IeASIX HaTJISIHOCTH [3J0KCHHS, C CBKJALMOBLIM ye-
TBIPEXMCPHLIM  HPOCTPAUCTBOM). PaccMOTPHM  TAK ~ 1A3LIBACMYIO
«MUPOBYIO AUNLIO» KAKOU-HUOYIL MarepHanbnHoll wacTHilel y(t), 3ta
JuINsl ABJAAETCS TIALKOH Tpaekrtopseii B TNpoCTpaHCTBC R!. Ecau
KOOPJIHHATHL X, Y, 2 TPAaKTOBaTL KaK NPOCTPaliCTBCHHLIE KOOp/uHa-
Thl, TO TOrJa ABIIKEIHe acTHUBI. 10 3TOH TPACKTOPHH y(T) MOXKHO
HHTEPPCTUPOBATL KAK IBOJNIONMIO B LPOCTPANCTBC H BO BPEMCI le-
KOTOpOfl MaTepinaJbLiiol TOUKH, nepeMeriaionieiicss B TPeXMCpHOM

eBKJHA0BOM npocrpadctBe. ITyeTh vy, Kak I paubiie, KacaTeanlibil
BEKTOD K TpPACKTOPHH y(T) B TOuKe T; TOrjAa NOCKOJLKY B CHEUIAJII>-
HOIl TeopHH OTHOCHTENLHOCTH NPHHHMaercst IOCTyJiaT, COIJIacHO Ko-
TOPOMY HHKaKOH CHrHaj He MOXeT PacupoCTPaHsfTbCH €O CKOPOCTHIO,
npeBuIIaoUed CKOPOCTh CBeTa ¢, TO cdt >V dx® - dy? - d2?,
rae (cdt, dx, dy, dz) — xoopAnuate 6ecKoleullo Majoro Bexropa
cMeutetist BAOAL TpaeKTopin y(T) B HanpaBJeHHd KacaTesbHOro

sektopa y(t). HMimimn cooBamn, aauHa /mo6oro MyTH OLEHUBACTCH
CBCPXY TeM paccTosliHeM, KOTOpoe ycrneeT 3a JAHNBH NPOMEXYyTOK
BpeMenn npoiti Jayy cpera. OTcloga MBI mosiyuaem, YTO BJOJIb MIL-
posoit aumin y(t) Aoboil MareprraJbHOR YacTHIKL BCCTJa BLIIOJ-

“1ewro cootyomenue: —c2di24dx2Hdyt—d22<<0,r.c. <y (1),y(1)> 1<
<<0. 1o o3nauaer, UTO KaKALIA
KacaTeJpHblil BCKTOP K MUIPOBOH
JHIIMY  ABJAAETCS  BPCMCIUnono0-
meiM BekropoM.  Orclofa  caeayer
TaKxe, 4TO MHUPOBAS JIHIIUS MaTe-
pHaAMbHOH YACTHILL BCCIA  IMCET
YHCTO MHHMYyI0 aauny. B uacrio-
CTH, MUpPOBast A UCAHKOM pac-
I[POCTPAHSICTCS! CTPOrO BHYTPH CBe-
TOBOrO (H30TPOMHOr0) Koliyca, HmMe-
0IWero cBoed ocbIo ochk £ ITO ye-
JIOBHE  JOJIKHO BLINOJHATLCS B
‘KaxIoft  TOYKe MHPOBOM  JIHNHY
(em. pue. 17). HamovnumM, uro
H30TPONHLIT  KOllyc OUpefeseH B
Kaxoil TouKke JICeBIOEBKJIILOBA
npoctpatcrsa. K Gogee nogpobiio-
MY H3YUECHHIO T[EOMeTPUH TIPOCT- .
paictBa MUHKOBCKOTO Mbl BepIEMCS B cAeYIOUHX maparpadax.

Puic. 17. Muposoil auunn, uzobpa-
XKEHHOM BHU3Y, OLITL fIc MOXKCET

3anaum k § 2

1. TTpoBeptiTh, 4TO LAY KPHBOH MOZKIO BBLIUHCAATL KAK NpeAes
JJIUH JIOMANIBIX, KOTOPLIC COCTOAT H3 OTPC3KOB, COCANHAIONMX NOCJe-
JIOBATENBIIO KOLCUIIOC UHCJAO TOUCK 113 KPHBOIl, KOTAa MaKkCHMamblask
IJIMIA "OTPCE3KOB CTPCMHTCH K 1YJIO.
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2. Hoxasatn, uTo B eBRJIJOBOM [pPOCTPAlCTBe INPAMOJHHCHHLIY
OTPC30K ITMeEeT MHIUIMAJALIYIO JUIMHY CPead LM KPHBLIX, COCAHUSAIO-
ILIX JBC TOUKH.

§ 3. TEOMETPHUA HA CHEPE, INIOCKOCTH

Hang wavana paccMOTpHUM JABYMEPHYIO eBKJHAOBY IJIOCKOCTD, OTHe-
CCHHYI0 K JICKAPTOBHIM KOODJHHATAM X, 4§ Il clabXKenlylo esKJIILOBOL
MeTpHKoil di2=dx?4-dy? (oTMeTHM, 4YTO HHOrAa “AJd9 0603HaAUeHIs!
OCCKOIIEUHO MaJIoro 3JemedTa JJHHBI AYrH FJIAJKOH KPHUBOH HCMOJD-
3yI0T, Hapaay ¢ di?, takxe cumBosa ds?. Mb 6ygemM  MOJB30BATLCA
o0OuUMIT 3TIMH ofo3uauenusaMH). dta PUMaHOBa McTpHKa (ee moJo-
KITeNLIAA ONpe/1eCIHOCTD OlIeBH}IHa) NOPOXK/AeT COOTBETCTBYIOULCE

CraJsiprioc NIPOH3BeACHHC <§ n>—§‘ 14-E2n2. 3apande cKaaIpuoro
NPOH3Be/ClIHA CCTECTBEHHO ITOPOXKAaer noHATHe OKPYXHOCTH — Kak
MHOXeCTBa TOYeK, SIBAAIOMHUXCA KOHIAMH BeKTOpoB IjHHH R. Ecnu
BBECTH MOJADHLIE KOOPAIHATLY HA TIOCKOCTH, TO TOFAa OKPYXXHOCTU
¢ nentpom B Touke 0 OKaxyTCA KOOPAMHATHBIMII JIMHHSIMH BHAA
r(l)=const. B 1noasapHoii cHcTeMe KOOpAHHAT OeCKOHEUHO MaJblif
/JeMeNT JJIHULL Iy OKPYXKUIOCTH paBeH rdg.

PaccmorpiM Teneph cTaiiapTHOE BJOXKEHHE zmymcpnou ctepsl B
TpexMeplioe HPOCTPAIICTBO, OTHEeCeHIoe K JeKaPTOBHIM KOOpAHHATaM
X, Y, 2 B BUAC MHOMKCCTBA TOUCK, HBJSIOUIAXCS KOHIAMH BeKTOPOB
aanns R, seixogsix n3 trouku (. ITpexjge uem nepexoduth K Godsec
HOJAPOGHOMY H3YUCINIIO FeOMCTPHH  AByMepilof cdepbl; OCTAHOBHMCH
Ha cacayioieM ofmieM ponpoce. Jonyctum, uto na cdepe S? pacno-
JoXkena Kaxas-ro miaakas kpusas y(f), M IycTh HAac HuTepecyer
3ajjaya 0 BLIYHCJACIHII AMHHBL 3TO KpuBoOi (MJIH ec yacTH). I'Tockosib-
Ky cOOBITHA NPOHCXOMASIT B CBKAMJOBOM IPOCTPANCTBE, TO MOXKHO pac-
CMOTpeTD 00THEMJIIOILYIO TPEXMCPIYIO eBKJAHAOBY MCTPHKY ds?=dx*+
+dy’4dz?, sanucarth NVIAJKYI0 KPHBYIO B HapaMETPHUECKOM BHjJe
v()=(x(f), y(t), 2({)) ¥ BLYHUCAUTL HHTEPCCYIOULYIO HAC BeJHUIHY
IO PCUENTAM, H3JOXKCIHMLIM pauce. TOUHO TakKe MOXKHO MOCTYIIITD,
CCNH MBl XOTHM N3MEPHTh YroJ MCXKIY JBYMsl HCPEcCKaoluuMHCA Ha
cpepe S2 kpunviMi vy (£) 1 yo({) (KoFga 06C KPHBBIC LICJHKOM Jexar
B chepe S?). Hast aToro HyK1o IaiTn AeKapTOBL KOOPAMHATH BCKTO-

POB ¥ 1t y2 (B TPCXMEPHOM eBKJIHAOBOM MNpPOCTpAlICTBE) 11, CIIOBA 1iC-
NOJL3YA OOLEMJIIOMLYIO eBKAW0BY MCTPHKY, BLIMIICAHTbL 3TOT YroJ.
Opnako n0Opu 3TOM CJAEAYCT 34AMETITh, UTO BCC 3TH BEIYHC/IEHHA
HCNOJIL3YIOT TOJILKO CBOIICTBA CBKRJIILZOBOI MCTPUKI, COCPELOTOUelHOf
B Henocpeerseitioi Gaugocti ot cdepot S2. MiniMn ¢jioBaMH, MOXKHO
©bl10 OB C CAMOr0 Hauana paccMOTPCTh CBKJMAOBY MCTPHKY, cocpe-
JOTOUEHHYIO TOJBKO B TOUKAX MABYyMepHOfl chepu, H 3anucaTh 3Ty
METPUKY B TepMHHax koopauuat bBa 371oil chepe. [Ilockoanky cdepa
S? zagacrcst B R® oauuM ypasicltueM, TO, CJACAOBATEILIO, YHCIO Ta-
PaMCTPOB, ONUCHIBAIOIUX NOJOKCHHE TOYKH Ha cdepe paBuo AByM
(T. €. Ha CANMNIMIY MEHLIIC, YeM COOTBCTCTBYIOLICC THCJAO I1apaMeTpon
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B rpexMepiioM npoctpatctie). OcobeHio Harasuilo 9T BHANO, €Cau
B R® seejiennl chepnueckite koopauuar: (r, 0, ¢). Toraa asymepias
cihepa paguyca R 3ajgactcst OXHHM ypasHeuneM: r=R=consl. BuoI-
YHCJAUM- B SABHOM BHIC CKaJISIPHOC MPON3BCACINIC JIBYX BCKTOPOB, K-
CaTeNbHLIX K KPUBBIM, ICAHKOM Jcxkaumm  1ta chepe S2 (i Tem
CaMbiM  ABMAOUNXCA  KacateapuniMin K chepe). Tlyers v () =
= (R, 0:(2), ¢1(£)) va(t) = (R, B2(t), p2(1)), TOTA

Y.l(t):(ovo]v(bl)» 2(0:*(0 On(l’ - C. <YJ'Y)
=z R2(6,0, 4 slnze(t)quq32),

rac (0(f),@(f)) — KOOPAMIATH TOUKH ICPECCUelHst KPHBBIX vi(!)
H yo(l). OTcroga BHAHO, YTO BBIUHCJCHIOC HAMH CKaJApHOE 1IPOU3BC-
Jedlic €OBIAZAET €O CKASIPHLIM TIPOM3BCACIICM  ABYX BCKTOPOB:

(01,((),) u (02,([)2) OTIIOCHTEJADLIIO  110BOfT  OHauHeinod dopmbl:

R2([)1(]2+sin 0(:)(p1(p2). dra OGuadieiinast popma onpeneaser KsaJl-
parnuiyio dopmy R2(d0?+sin?( de?), NHOJAYYAIOULYIOCT W3 COOTBCT-
CTBYIOUICH KBajpaTuulioil OPMBI B CBKJNAOBOM npocTpaictie dri+
+r3(dO?+sin? 0 d¢?) nyreM HOJACTAHOBKH B Jice BMECTO NEpeMCHIbIX
r, 0, ¢ HOBHX ¢yuxuufi or 0, ¢ Buga: r=R==const, 8=0, p=¢.
DyaeM roBoputh, uTo NOJYUelHast 1ocje 3TOI onepailinl puMalona
MeTprka na chepe S% R?(d024sin? 0 de?) svaseres uHdyyuposur-
Hoti 11a cdepe oGbeMAIOUICH CBKJAIAOBOH METPHKOfl TPCXMCPIlOro Ipo-
CTpalCTBA.

[Tockonpky na ccbepe S?  nosoXemue TOUKH — MOKHO 3aJlaBdTh

Jisymst napamerpamu: () 0 ¢ (WupoTa M poarora), TO, CJACKOBATCIIL-
HO, paJiyc-BCKTOP TOUKH 1a chepe MOMKHO NPeACTABMTL B BHAC:
=x(0,p)=RcosOcosyp, y=y(0,p)=RcosOsing, z=z(Ug)=
=R sin . IMogcrasisa stu Tpu dyuknuy (0T ABYX NapaMcTpos)-
B BHIpaxeuHce AJast ksagpata judbdepenunana JULHULL YT B Tpex-
MCPIOM npoc*rpancmc dx?4-dy*+dz2, mul 1 uoayuaem: (dx(6, @))%+
+ (dy (0, ¢)) 2+ (dz (0, cp))"’“R?(dOz%—sm2 0dg?).

ITOT KOHKpeTHLII nIpuMep Oy/leT Hami B AaJblcfiieM  CUIbHO
o006ULeH 1T ABITCS BecLMa UACTILIM CJydacMm «IHAYIHPOBAIIILIX PlI-
MalloBLIX Metpiky. [us 9T0ro ‘B focaeyIonux raasax Oyfer Bie-
JACHO CTPOrOC MOHATIC «HOOBEPXHOCTHY, 1A KOTOPYIO MLl i OyjIeM
OrPAHHUKBATL 06GLEMJIIONLYIO pUMAloBy MeTpuky. symepnas cde-
P4, CTANJAPTHO BJOXKCIIAA B TPCXMCPHOC [POCTPAHCTBO, Kak pas
i1 SIBAACTCA «TOBEPXIOCTDLIOY. Bekope MW mpiBejieM M gpyrue upii-
Mepbl «TOBEPXIIOCTEli», KOTOpble GY/eM B OCHOBHOM 3alaBaTrh B BHJLC
BeKTOP-QYHKIIA OT HeCKOALKIX HepeMeinnwx. Hanpumep, ecau B
TPCXMCPHOM  €BKJMJIOBOM [IPOCTPANCTBC  3a4ald  BCKTOP-(DYHKIHA
Bula: x=x(u,v), y=y(u, v), 2=2(u, v), rle DapaMeTpPH U, U McC-
HAOTCH B KAKOH-TO 06MACTH HA [IOCKOCTH, TO TOFAa 3TOT pagHyc-
pekTop OyAcrT (npud U3MeHCHIN #, U) 3aMCTdTL IICKOTOpPOe MIloXKCe-
CTBO, KOTOpPOe (B HPCANOJOMKCINH, YTO BCKTOPHI (:—T 3—':’,—3%-) n

i i 2
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ar 0z . .
(—, —_, ——) JUICHIIO HE3aBHCIMDI B KaXkpoff Touxe (i, v))
ov ov dv '
MDI B janbpliciiiiieM H O6yjgeM Ha3biBATL «ABYMePUOH NOBEPXHOCTHIO»
B TpexmepnoMm npocrpancrse. (O6uiee onpegencuue OyleT Aailo nos-
ke Ecan rermepr, uam 3ajgana Takas NMOBEpXNOCTL (HJIM ee KYCOK),
TO 112 Heil BO3HMKaeT cjciylollast KeaapaTuunas dopma, HILAYIHPO-
Balliast CBKJMIOBOH PUMaHOBON MeTpHKOMN: (dx(u, v))2+ (dy(u, v))2+
+ (dz(u, v))2. .
Mrak, paccmotpum asyMepryto ‘cepy S2, cTanzapTio BJIOKEHHYIO
B R® 1 cHaGxeunylo wnayuuppoBanHol pumanoBoil Merpukod. Kak
OLIJIO yHKe BLIVIICAEHO pauee, ABHLIT BHA 3TOH METPHKH TaKOMH:
R*(dB%*+sin?0dg)?, rae 0, ¢ — chepuyeckne koopauHatel. Ha cde-
pe S% MOXKHO BBeCTH TaKXKC U APyrue KPHBOJHIICHIbIE KOODAHHATHI,

Puc. 18

WHOTAA HCNOJIb3yCMBIC TpPH KOHKPETHHIX Bbiuicaenuax, [Ipusecaem
OCIIOBHIIE NIPHMCPBl TaKUX KOOPAHHAT,

Csrayana pacemotpum crepeorpaduueckyio npoekuHio coepot S2
na maockocts R2. Jlas storo moMecTHM ucuTp cdepw paauyca ‘R
B navajso xoopaunar 0 ®  pacCMOTPHM KOOPAHHATHYIO IIOCKOCThb
R2(x, y), npoxoasuwyio ueped touky 0; oTmMeTHM Takxe Ha chepe S?
cepepintii yosnoe N o 10xumit nomoc S. Ilyets P — npousBobHas
TOUKa cdepbl, oTaHgHas oT N; CoOeAHHHM ceBepuuti nostoc N ¢ T1o4-
Koii P 11 npolojxuMm orpe3ok NP a0 mepeceueliuss ¢ IIOCKOCTbIO
R%*(x,y) B mouke Q. ConocraBuM Touke P Toyky Q. Mul mosyyum
HEKOTOpOe OTOGpameHHe @o: S?—> R?%, KOoTOpOe M 11a3niBaeTcs cre-
peoepapuneckoii npoexyuei cheps Ha NAoCKoCTL,  Kak BuAHO H3
OCTPOCHHS, OTOGpaxKeHHe @p ONpelesleHO BO BCceX Toukax cdepH
3a HcxaloucHieM cepepsioro moaioca N. MoXHO yCJIOBHO CUHTATD,
uTO CceBEpHBI noJIoc «H3006paxKaeT» OECKOHEYHO yjaJicliHble TOYKH
IByMcpIloll miockocrd  (cM. puc. 18). 3anumem orobpaxeHne qq
aHaJTHYecKH. it TOro cnejgyeT BBeCTH KOOPAMHATH KaK Ha cde-
pe, Tak M Ha nJjockoctH. PaccmorpuM, Banpumep, cdepryecKHe
koopmimatst r, 0, ¢ B R3 Toria 3TH KOOPAHMHATLI HHAYIHPYIOT KOOP-
aunate 1a chepe S? 'm Ha maockoctH R2(x,y). B camoM gene, Ha
cdepe posnnkalor koopauHarei: (0, @), a na R? — KoOpAMHATHL
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(r, @) (moaspusic koopauHate). Tak kak orofpaxcHie qo coxpa-
nsteT KOOpPAMHATY ¢, TO AN ONpPefeseHus g, JAOCTATOYHO HalTH
SIBHYIO 34BHCHMOCTL pajiyea r or yraa 0. Has 3rvoro paccMoTpHM
miockoe ceuciine S? HA0CKOCThIO, npoxoxdmeii uepes touku P, 0,

(pre. 19). Tax xax yronr ONT pagcu —; ~—2—,To 13 NPAMOYTOJb-
nmoro rpeyrodblinka ONQ mnoayuaem: r = 0Q :Rtg( j ——%) =

0 .
= Rectg R Taxum obpasoeMm, okxoHuaTc/jbHbie GOpMYyJTbl  3aMellbl

KOOPJIIIIAT BOIIVISIAST Tak: ¢=6; r=R ctg(0/2).
Hafinem wmarpuny Sxo6u  stoit  samenn. Omna  uMeeT  Bua:
1 0

0 ——R __LreJ ——"—y TaKHM 06pa3oM, 3ame-
0 Lo b
; 2 sin? —
2sin? 2 . sm. 2

Na SIBJSIETCS POryssipioil BO BCCX TOUKAX, 3a HCKJIIOUCIIICM CeBep-
Horo moJioca. Tem caMpiM 11a chepe S? MOXKIIO BBCCTH KOOPAHNATH,
B3AMMCTBOBAMIILIC ¢ HOASPILIX KOOPANIAT  [Ma eBKJIHAOBOH TTOCKO~
cri, Kaxkoll Bijg apijumaer puMatiosa metptika cdepnl B 3THX 10-
BLIX Koopaunarax? Hmeewm:

ds? = R*(d0? | sin®0de?); dr = — = 40;
2sin® -
sin2 O R g2 O
2 R24-r2’ 2 RZ--r2’
- 4R4 2
ds? = Ty (dr® | ride?).

CacycT OTMCTHTB, UTO NOJYUCHHBIH HaMu BHA MeTPHKHM Ha cde-
pC OTIIUACTCA OT EeBKJIJIOBOH MEeTPUKM Ha MJIOCKOCTH, 3amHCaHHOM

B NOJSIPULIX  KOOpjiliiaTaX — (dri+r2dg?), TOJBKO ICPEMCITHLIM
1
MUOZKIITCICM: I Takue Mertpuxky  Has3bIBaloTed  KOHPOPM-
RE -} r3
IILIMH. .

Onpencacuue 5 Pumanosa Mmerpuxa g;;(2), sagamiaa B 00-
gacth € ¢BKJANLOBA OPOCTPAICTBA B KPUBOJIIICHIBLIX KOOpPJHIATAX
2!, .., 2" HasHBacTCs KOH(OPMHOL, ecall onla nMmeer BIA: g47(2) ==
=A(2)g'1;(2), roe A(2) — raanxkas ¢yuxuus Ha C, a g'4;(2) —
KOMIIQUCIITL  CBKJIMJIOBOH MeTPIIKH, 3anucaHuofl . 'KoopaHHaTax
2!, .., z". MubiMu cjioBamu, MeTpHKa g;;(2) uasniBaeTca Kondopm-
HOH, cCAll CYNICCTBYeT Takag cucTeMa KOOpMMMHAT X, B _KOTOPOi

n

gy(0) =M (0 Y (@t
k

!
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Taxkum o6pa3oM, Ha eBKJIHJIOBOH IWIOCKOCTH (OTHeCeHHOIl K mno-
JAPULIM KOOPIHHATAM), MOXHO DPACCMOTPeTb JABe DHMAaHOBH MeTpH-

ku: dr?4r2dg? (eBxkaupoBa) u (dr® |- ridg®) (meTpuxa coe-

R? - r2
por). Obe MeTpDHKH MOXKHO CYHTaTh 3aJaHHBIMH HAa OJHOH H Toil Xke
obaactu onpejgenenus — R2(x, y). Bepuemcsa k Bonpocy, 3aTpoHy-
TOMY BbIILIC, — BONpPOCY 00 3KBLBAJCHTHOCTHM MeTpHK. CyulecrByer
JII TAKast PeryasipHasi 3aMeHa KOOPAHHAT ua IJockocTH R?, mpu Ko-

TR (dr® | ridg?)?

Mul  nmpexvsiBUM  no  kpafined  Mepe HUTYHTHBHOE o0oCnoBauHe
Toro  ¢akra, 4UTO 39TH JABE METPUKH  le3KBHBaJeHTHb. ~[lns
9TOrO MOJCUHTAEM [JIHHY OKPyXkKHocTH x?+y?==a’ B JBYX MeTpHKaXx:
B eBKJH/0BO/l H B «ctepuueckod». MHB NoHIMaeM 3aech OKPYKHOCTh
KAK HeKOTOPY!0 TJIaJKyI0 TPaeKTOpHlO Ha mjaockKoctd R2, ainHy Ko-
TOPOIl MOXHO BLIUHCAATL B Pa3iNyiblX MeTpHKaX, BBOAMMLIX Ha RZ.
Hafirem wuutepecyiomyio nac BeJuUWIIHY KAaK (QYHKIUHIO OT paauyca
okpyxuoctH. EBkaugoBa QopMyna raMm H3BecTHa: l,=2ma, rae a —
paauyc (mogcudTanublii B eBKaANLoBoil MerpHke). Haiizem annny
OKPYXKHOCTH B «cepuyeckoils Merpuke. CHavana HaligeM COOTHO-
meHde MeXAY CBKJIHAOBOH BCAMYHHON pagHyca @ U ero BeJHYHHON
B cepuueckoit Merpuke p. MMmeewm:

topoit Merpuka dr?+r2dg? nepclixer B METPHKY

a

R2’ a\,

p = 2jmdr = 2Rarctg (-E),
0

= =2 |
R+ a? R34 g2 R sin p

2 - .
l, 25‘ R?.adp 4maR
0

(cM. puc. 20). Ieomerpuuecku BeaHYHHA p H3o0paxaercs KaK JJiH-
la McpHAHAHA, COCAMIIMIOILErO CEBEPHBIN TOJMIOC C nepeMeHHOH Toyu-
KOH 1a OKpyXHOCTH. Bwiqucseuus, BbiMoJHCHHLIE HaMH ¢dopMalbiio,
Hi SI3BIKC DHMEAHOBLIX MCTPHK HA ILIOCKOCTH, MOXHO IPOHM3BECTH, HC-
NoJb3ys 3jemelTapiible TeoMeTpuuecKHe COOTHOmWeHHsA. Takum ofpa-
30M, ecan Obl Mbl CMOrJHM JaTh BHyTpeHHee onpeje/cHHe OKPYMKHO-
CTH paJuyca 4 C UeHTPOM B HeKOTODOH TOYKe, B TepMHIIaX, lle 3aBH-
CHMHX OT BbIOOpa JOKaNbHOf CHCTEMBbl KOOpPAHMNAT, TO TorAa (opmy--
Ja JJAHBL OKPYXHOCTH TOXe He 3aBHCHT OT BHGOPA JOKAJBHOH
cHcreMnl kKoopaunar. Takoe onpejeneHdHe umeeTcs. Hasosem pac-
cTosIIeM MeXAY ABYMs TOYKaMH P M @ MUHHMaNbHYI AJIHY KPH-
Boft, coeaumsiiomwefl 3TH TOUKH (MHUHMMyM OepeTcs Mo BCEM TIJaaJKiM
KDHBBIM, COeAHHAIOWMM Toykl). Torda OKpPYXKHOCTLIO pamnyca a
¢ LeUTPOM B TOYKe /> Ha3oBeM MHOXKECTBO Bcex Touek (, paccrosi-
HHE OT KOTOPHIX 10 104kH P paBHO a. Jais Toro 4ToGbl NPHMEHHTDH
3TO onpefeneHne K ciayyaw cdepbl, HEOOXOAMMO [oKa3aTh, 4TO pac-
CTOSIHHC MeXZAy IByMst Toukamu P u-Q Ha cdepe S? pasHsercs
JTHHe AyrH GOJLINON OKPYIKHOCTH, MPOXojsileit yepe3 Toukd P u Q.
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Jlnst atoro pocrarounro mobyi KpHBYM, coeaunsiionlyio P u Q, an-
IIPOKCHMUPOBATL JIOMAHoM, COCTAaBJENNOll H3 KONEYloro 'HcJaa YT
OONBILIHX OKPYKHOCTCH.

B uwacrunocrs, npu p—=0 (T. e. Ang okpyxHOcTell MaJjoro pa-
ayca no cpapiicuuio ¢ R) noayuaem, uto [~2mp, T. e. NoJyueHHas
Hamu ¢GopMyJsa NCPCXOAHT B €BKJIJOBO BhiDaXKeHwe JJs1 JUIHIIBE
okpyxkuocri. Conocrasisisi  aBe . QOPMYJBl:  «eBKJIJOBA JUTHHA
OKPYXKIOCTI pajHnyca p paBHa 2mp» H «cdeplueckasr IJuHA OKPYX-
HOCTH  pajunyca p pasna 2mR sin p», MbI BHAUM, 4TO 3TH jiBC (YHK-
LU CYHICCTBCIHO PAa3JUIIbl, B 4aCcTHOCTH, oJa JHAcHHadg, a BTO-
pasi nepnojnuccKas.

Puc. 20 . Puc. 21

Tor ¢akr, 4TO BLINYKJasr NMOBEPXHOCTH cephl HEe MOXKeT OHTH
AcopMupoBana ¢ CoXpaucHIicM AJHH KPHBLHIX Ha Hell B ofaacTh Ha
eBKJIHUAOBON INIOCKOCTH, MOXHO TPEACTaBHTL Cefe, eCil BCTIOMHHTD,

Kakoc Tpebyercss ycuaue, 4tobnt cmmomurs chepiucekuil  cermenr

Ha WJOCKOCTh, MO CPABHCHHIO C YCHJIHEM, KOTOpPOe MBI NpIKIagL-
paem TpH H3rHOAHUH, NMANPHMED, APSIMOro KPyrosoro IMJHILAPA 0=
MeLUAIoIIeM ero Ha IVIOCKOCTh.

[TposeaeHHLIE BHILC BBITHCJICHHS JJHHB OKPYXNOCTH Ha chepe
MOXKHO ODLLIO OBl NPOBECTH H HCTOCPEACTBEHIIO B CHEepPHUCCKHX KOOp-
aunatax (0, ¢), B KOTOPhIX MerTpuka chepsl umeer Bua: R2(d0%+
+sin?0dg?). O6nacTLIO ONpeneseHHa 3TOH METPHKH MOXKHO CUHTaTh
JANCK pajuyca st Ha eBKJIHMOBOM MmiockocTH nepemenisix 0, ¢. B stax
KOOpAHNATAX OYEBHANO, UTO AJHHA OKPYXKHOCTH pajnyca 0 papHa
2nR sin® (puc. 21). Ilpu atom touka 0 ecTeCTBEHIIO OTOXKAECTHJSICT-
CA C CEeBCPUBIM HOJIOCOM cePbl, A rpaHHyliast OKPYXKHOCTL (panmuy-
ca m) uMcer aaudy 0, taxk Kak d6=0, sin(n) =0, a noTomy BCH
3Ta OKPYXKHOCTL CKJAEHBACTCS B OJHY TOUKY, KOoTOopas H OTOXKAECT-
BJISIETCST C 102KHBIM TIOJIIOCOM Cephl.

PaccMoTpuM Tencpp BOMPOC O BHUICACHHI JIIHI TJAAAKHX KPH-
BHX na chepe. Pazbepem mns nmpuMepa Tak Ha3bIBaGMYIO JOKCOLPO-
My — TPAeKTOPHIO, NEePeCeKaIoWylo KaAXABA MepHaHan cohepbl 10J
OIHUM M. TeM 3Xe Yrjom «. 3amava: naitn MJHHY 3TOH KPHBOH OT

Kakoil-wuGynn TOukH y(a) po toukun y(h)., OTMETHM, uTO 3Ta KpH-.
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BasT XOPOWIO I3BECTHA B TEOPHH HaBHrauuH — Mo Hefl yAoGHO Ipo-
KJIAABBATL Mapwpyrtnl CaMoJICTOB MeXAY ABYMf (PUKCHDOBAHILIMH
rouxaMH. Heso B TOM; 9To C NpakTHUeCKOil TOUKH 3peHHS Yrod «
JETKO TIO;ACTCs 11I3MEPCHHIO: OH PaBCH YIJIy MeX1Yy BEeKTOPOM CKO-
POCTH CaAMOJCTA 11 BCOKTOPOM, ONpefejasieMBIM  CTPeJKOil Kommnaca.
Tem campiM 10CTaTOMNO CACANITL TOJNBKO 3@ OJHHM 3THM napameTpom
(1IpH 3TOM MBI, KOHCUHO, CIIBIO ()I‘py6JIﬂeM peajbHyw CHTYaulo),
UTOGLL JIBHIAThCs 110 3apaliee mPOJIOKCHIOI JIOKCOAPOME, COCAHHSIO-
mell HAUaJBHBIE H KOHCUHBII IYIKTLI foJ1eTa.

Haiiem siBroe  napamerprueckoe 3ajaiive Jokcoapomnl. s
TOr0 yaobno npumcints K chepe (n, caeloBaTeNpHo, K JOKCOAPO-
MC) CTCPCOTDAMIINCCKYIO HPOCKILIO, 1I0CJAE YEro Mbl NOJAYYHM HeKo-

TOPYIO TPAEKTOPHIO M4 INIOCKOCTI, oTheccHHoH st yao6cTsa K mo-

JaApubIM  koopiiHaraMm (). Kak ™Mb yxke BBIUIICTsJIH, METpHKA
, 4Rt .

chepnl B ITHX KOOpAMHATAX  HMECT pHU: W(dw | ride?).

ITpu cTepeorpaduueckon  HpOeK-
HY MCPHINAHB NlepeHAyT B AyuH,
BHIXOASLUIHC W3 11a4yaja KOOPAHHAT
ma  mjaockocTH. Myl yTBepkKiaaem,
4ro 00pa30M JIOKCOAPOMEl Oyaer
Takasi KpHBas Ha ILTOCKOCTH, KOTO-
pas HepecekaeT Bce 3TH JIYUH Moj
TCM K€ YraoM o (H TeM cambiv
OJ0311aYI0, ¢ TOUHOCThIO 10 10BO-,
poTa, oNpelessicTCss 3THM  YIJIoM).
JT1o yTBepxACHHe ciaelyer H3 60-
Jgee obulero ¢akra: crepeorpagpu-
yecKas NpPOEKUHs COXPaHusgeT VI
MeN Ay TCPECEKAIOIHMHCST KPHBDI-
mi. Takue rnpeo6GpasonBaunst Ha3bi-

BaloTes kondopmunMi. Bonee tous
10, MLI HMGEM B BHAY CJeayloLlec:
pacemorpum  ma  cdepe  cde-
pUuYCCKYlO METpHKky (CM. Bhllle), HIAYIHpOBannyio obhemiaomen
CBKJHIJLOBO]I METpPHKOH H HYCTh JBe TICPECCKAIOUHeCsT KPHBHIE: obpa-

Puc. 22

3yI0T B TOUKE I[epeccHertss yroJ a(yl,yg) (MB mpexnmosaraeM Yriiet

OpHeHTIpOBaHHbIMIT) (CM. pHC. 22). Uneno  a(yr, y2) ONpeneeHo

B § 2. Kpusbie y; u y2 nepexoast nocie OTOOpaKenust qo (CTEpeo-
rpaduyeckast NpoeKkyuHsa) B HEKOTOPLIE KPIIBLIC 1 H g, YyTON MEXK1y
KOTOPBIMH, noucqmamxuu B eBKJHJ0OBOH MeTpuKe d[? Ha MIOCKOCTH,

Mbl 0603HAYHM uepes ﬁ(ql, Q2) .

JICMM a 1. Jas awboix nepecercaromuxm Kpuselx yy U vy umeer

MECTO PABEHCTBO: a(y,,yg)-— (41, q2).
NokaszarcancrBo. , Jocratouno cpaBHHTE siBHBIC GOPMYJIH
J1S YLJOB @ 1 B, a TakXKe HCNOJNB30BaTh 3aMiCh C(HEPHUCCKOH MCT-
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PHKH 10Cse OTOBPAXKCHIS o B NOJSPHLIX KOOPAHIATAX 1A IJIOCKO-
4

ctn R% Umeem: ds*(r, @) = R:R —( dr*-| r’de®) dI(r, ) =dr*+
-

+r2de?. Slcwo, uto ds?(r, ¢) =22(r)dP(r, p).

Torpa:

A2 (}1 .fz +4-r? ('Pl iP2)
V 32 (2 - rgdna (2 + rgl)

a(?n‘?"z) = :5(41»&2)-

JlemMma nokasaua. '

B jeiictsirressiioct 1iMecer Mecto eue 6osee obilee yTBepKae-
HHe.

Jlemma 2. Mycro gij(2) u qi;(2) — 0s8e merpuxu, 3adaxuole
8 obaacru C egkandosd NpPoOCTPAHCTBA 8 KPUBOAUHCUHbIX KOOPOUHQ-
rax (2!, ..z"). Toeda ecau 8 kaxcdoii Touke (2)=C  GbLINOAHEHO
To%0ecT80: gij=MLq;;, c0c A=M\(2) — eaalKkas Qyuxyun, 10 Yeabl
MenOy nepecekarouyUmMUcs KPUBLIMIL, BbLHUCAEHHbIe 6 ITUX METPU-
Kax, cognadaror. :

HdokazareancTBo HAOCJIOBHO HOBTOPSAET paccykiaeHne, mpo-
JLeMOHCTPIPOBAHHOE B JeMMe 1.

Bepuemcst Tenepn kK 3afaue o Jokcoapome. B cuny nemmbr 1 go-
CTATOYHO HANTH ee ypaBHEHHe Ha eBKJHIOBOH MJOCKOCTH. YcaoBue

coxpaucHist yria a osuauact, aro < (r,¢), (1,0)>=cosa==const,

rie (r, )=y — KacaTeJpHblil BekTOp K Jokcoapome, (1,0) — Bek-

. r
TOp cxopocti . ayua:  (p=const, r=t). Orciona: —=—=—= ==

V r2 4- raqr
==c0s a==const. [laxee, r2sin?q=rlq?cos?a; rir=qciga; (Inr)’'=
=¢ciga, r=c-e?ctgu,- rae c=const. Tlonoxus @=1, umcem

r=c-ctgu-evctge; @==1. Bruncass anuny Ayry, NOJYY3EM
L)%, = c"-etex | ¢" pre ¢”, ¢’=const. 3ajaua: Haiinnre 3naue-

e HocrosiHbX ¢, ¢”.

3anaun k § 3

1. [Tokaszarn,, uTo y TpeyrognpHuka Ha cdepe S?, COCTABJICHHOrO
H3 Ayr GOJMBLIKX OKPYXHOCTEH, cymMMa yrjoB 6onpile 2.

2. BepasliTh CyMMYy yIJOB TpeyroihHHKa na copepe S? uepes ero
IIOWA/L  (TPCYIOJBIIK COCTABJCH H3 AYT OOJBIIX OKPYKIOCTCI).

3. [Tokazatn, uro na chepe S?  upeobpaszoBaHHe 1OJAOGHS BO3-
MOMHO TOALKO ¢ CANITHIHBIM KOYDDHULHENITOM.

4. O6uuil Bonpoc: NOKAasaTh, YTO A5, M000M p_uManonoﬁ METPH-
K HalyleTes Takdas CHCTEMa KOOpPAHHAT, B KOTOPOH B jlaltHOR TOUKE
MaTpHILQ PUMATOBOIT METPHKII -— €/lIHHYHA.
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§ 4 I'I‘CEBJIOCCDEPA H FEOMETPHS JIOBAYEBCKOIO

PaccMoTpiM  TICCBIOEBKJIMAOBO TpocTpaHeTso R§ mugekca s.
B eBksaupoBoM mnpocrpaHcTBe R™ chepa S»—! (rumepcdepa) Mmoxet
GbiTh Ompejciiciia Kak MHOXECTBO TOYCK, YjAajeHHBIX OT HadaJa
KOOPAMHAT 11a paccTosiHie p. B 1ceBpoeBKAHIOBOM IpocTpaicTse
TaKXKE MOXKHO PACCMOTPeTh MIIOXKECTBO TOYEK, yAAJEHHBIX OT iHaya-
Ja KOOPAMHAT 11a pacCTosiilie p (HO TOJABKO Terepb YHCIO p MOXKCT
OHTh HE TOJILKO BELICCTBCHHBIM, IO TaK¥e YHCTO MHHMDLIM HJH HY-
JeM). IDTo MIIOXKECTBO TOUEK MBI OyAeM HasuBaTh ncesdocgepol
uHIekca s u o6oanauarte yepes Si'. Slewo, uwro S¢T' = Sv—i,
B npanvneituem  Gynem pasjsHdaTh - HCeBAOCGEPhl  BEIECTBEHIHOTO,
MHHUMOro 1§ uyjcBoro paaxycoB. IlceBmocdepa mymnesoro pajgnyca

ft n

OMUCLIBACTCS YPaBHCIHIIEM BTOPOrO NOPSaKa —Z (x)% | Z (x1)? =0,
i=l j=st1

rae  x!, .., X" -— jekapToBel KoopaHlaTe B R®, na xoropom

MBI H MOAGJMIPYCM NCEBAOEBKJNA0OBO mpocTpanctBo RS. Ouesnano,

yTo ncepjocepa HyJncBoro paadyca coBpiafaer ¢ H30TPONHEIM (1ty-

JIeBBIM) KOHYCOM.

PaccmoTtpuM ortacnbEEe npumepn. Ilyers n=2, s=1. Hsorpon-
HBIIT KOHYC COCTONT H3 ABYX HPAMBIX: x'==--x2 (MBI paccMaTpHBaem
ABYMCPHYIO HJOCKOCTH RZ, OTHECEHHYIO K JeKAPTOBHLIM KOOPAHHATAM
x', x%, 1 Ha 3TOil INIOCKOCTH MBI MOJEJIHPYEM IICEBIOEBKJ/HIOBY . reo-
MCTpPHIO MHJCKCa o1nu). DToT Konyc pasbuBaer R? ma aBe oGaacru:

—_

B opHol H3 HUX <& &> >0 (a uMeHHO 31O oﬁnaCTb onpeaensemas

ncpaBencTBoM: |x2{>|x'|), B apyro#t — <§, §>1<0 (a uMeHHO
3T0 obnacTth, oONpeaensiemast Hepa-

BenctBoM | x2| <<|x'|)  (puc. 23).
Ilcesjoceps! BeUIECTBCIHOO paay-
yca -— 310 runepboras: — (x!)24-
+ (x?)2=a?, rae « — BeulecTBEHIOE
upcao. TlceBnocdepbl MHHMOTO Da-
auyca — 3710 runepbonani: —(x')44
4 (x%)2= —a® (puc. 24),

IMyctb tenepy, n=3, s=1. Hszo-
TPOITHLIA KOHYC (nceBpocepa
HyJIEBOTO pajHyca)t — 3T0 06bl4-
HbliT KOHyc BTODOro fropsjaxa, 3aja-
BaeMblii ypasuennem: — (x')2+4
4 (x2)24- (x°)2=20 ¢ ocpio x'. On Tak- Pnc. 23
XKe pa3bupaeT Bce TMPOCTPAHCTBO Ha
nBe obisactd (B dannom  Cayuae,

IONMb3YSICh  NIPMBBIUNBLIMH  TEPMHHAMH, MOXHO -CKa3aTh: «pa3bH-
BaeT Ha BHYTPENHIOIO M BHelWHol obaactu») (puc. 25). Ilcemno-
cephl BelECTBENHOrO pajuyca — 3TO OAHOIOJOCTHLIE THICpOOJOH-
api: — (x') 24 (x2)24 (x%)2=+0a?. TlceBpochepbl MHHMOTO pajany-
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ca — 570 JBYXNOMOCTHBIE THIICPGONOHMIL: — (21 2+ (x2) 2+ (x%) 2=
=—a?, (p’==—a®) (cM. puc. 26). HMsyuum TcIICPL METPHUECCKHE

. 3
cpoiictBa npocrpancrBa Rj, koropoe csoBa 6yneM MOIeNHpOBaTh B
npocrpancTee R3; uepes x, 'y, 2 6ynem o6osHayath ACKAPTOBLE KOOP-
- = :

qnnatel B R torna <§, £ ==—x2+y?+ 22
PaccMorpum mncesaocpepy MHHUMOroO paguyca. ITO — JABYXIO-

JOCTHBIET  runepBosoHt.  3ajaBaeMBLIl  ypaBHCHHeM: . —qf=—x2+

(£8), -0

—

(&.6)0

{’Hg. 24 . . Pire, 25

3
4+y2+22, Tlockoanky ol BioXes B Ri, To MoOXio CKasarb, 4TO

«reoMeTpiis mpoctpatcrsa R} HIEAYLHPYCET HEKOTODYIO TCOMETDHIO
Ha nceppochepe MiMoro paamycas. C TOUKH 3peHHA HETehHIUTHON

Puc. 26

METPHUKH, 3:1;[11}{1{9%‘1 B R?, 3Ty XKC MBIC/Ib MOXKHO CHOPMYJHPOBATH
TaK: «MeTplKa R HIEAYILIPYCT HEKOTOPYID METPUKY Ha ncenaocde-
pe». BupoucM, naxe Iite pacnonaras DOHATHEM ppzmaﬂonoif( MCTDPHKH,
MBI MOXKCM [DPHIATL HEKOTOPHIT COACPHKATCILHBIM CMLICH CJI0BAM!
«TreQMeTpHS, HILIYIHPOBAHNAA Ha THHCPGOJIOHIE. Pacemorpum mnces-
nocpepy —al=--x?+y?+4+22 (Mg TPOCTOTHL OrPANIIIMC Trsyte-
HEEeM TOJBLKO OIIIO[ eC LOJAOCTI, NaupuMep, TOW, KOTOpas omnpejie-
Jggercss nepascnersom x>>0);  «roukamu» HIAYWIPOBanoi Ha Helt
reOMeTpHH MBI OGDABIM OOLIMHLIC TOUKH -THICPOONONLA, a «IpPSIMbl-
MH» HIJIYUHPOBANTIOA FCOMCTPHI MDI 06BABHM DCCBOIMOXKILIE JHHIIH
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11l I‘HIlC]’)()().TlOlI,[l(‘, [OJIYUAIONLIHCCST TIPIT ﬂCi)CCC‘IC[IIIII €0 IJIOCKOCTH-
MII Biaa ax+by-+ecz=0, nNpoXoJAAUMMH Yepec3 Hayaao KOOpAWHHAT
(puc. 27). Oka3zpiBaeTCs, BO3HHKAIONYIO TAKIM 06paszoM TIeOMCTPIIO
Ha HeeBaochepe MoKIUO HIYYATL METOXAMIT AHAMHITHYCCKOH TreoMeT-
punr (7. ¢. 6Ge3 TIPHBJACUCHHST HOHSITHS PHMAHOBOH METPHKH), IPOBO-
Jisl JLOBOJILHO RAJICKO @HAJOrHIO ¢ reoMeTpHell ma o6bigHOH cdepe.
Hasg 3toro ypobuo copepwuTh npeofpasoBaHHe, aHajOrmnuHoe CTe-
peorpaduucckoil upoexuHd chepn Ha naockocTh. llenrpom mcerno-

chephl ST = {—a2=—x2+y2+2?} BymeM CUNTATL UAYANO KOOD/H-
Hat — Ttouky O; ceseplbim nojaiocoM N — TOUKY C J€KAPTOBBIMH
koopjnuaraMn (—a, 0, 0); 10KILIM TTOJMIOCOM S — TOUKY € AeKapTo-

BoiMH Koopjunaramu (a,0,0); B KauccTBEe IJIOCKOCTH, Ha KOTOPYIO

Puc. 27 ' " Puc. 28

Mbl GyneM OCYMIECTBAATh NPOEKINo, BO3LMEM 1ockocth YOZ, mnpo-
XOJALIYIO 4epe3 IeHTp ncumocq)cpu (kcrarh, orparirienne ckansp-

HOTO  MPOH3BEEHHSI n>1 Ha INIOCKOCTh YOZ HMeCT - BHIL
En24+-83n% 1. e UCCBAOCBKAIIOBO CKANSIPHOC nponsneuume <:,n>|

myynHpyer na naockoctn YOZ eBKANZOBO CKaJsplioe NpPON3BeAc-
ne). PacemoTprnM Teneph nepeMcHiyio Touky P ma npasoil noJocTH
rirnepbononia W CoepHlMM ec ¢ Toukoft N. (T. €. ¢ CCBCPHRM TOJIO-

—
com). Torna orpesox PN Berpeuaer miockoctn YOZ B 1CKOTOpOM
TOUKE, KOTOpylo MBI 0003HauuM uyepes [(P) M uasoBeM 06pasoM

Touki P npu crepcorpaduyeckoit npoekuun f: ST — R2 Touno Tax
KC MOXKIIQ OUPCAC/IHTL CTepeorpadimeckyio HPOCKUNIO JCKOIT noJio-
CTH THIEPOOJIOHIA HA Ty XKe IIOCKOCTh YOZ, ucnoab3ys B Kauecrse
genTpa HpoexTHpoBaimsl oXiuil momoc S. Ha puc. 28 noxkaszano
cedenne ncepaochepbl  IWIOCKOCTBIO,. Npoxoasiueit  vepes ocn OX,
O6pa3 npaBo#l nOJOCTH HIEPOONOUAA TTOKPHIBAGT [IC BCIO IJIOCKOCTh
YOZ, a roanko peyTpenyoctn AHcKa  paanyca a: y?-+22<a? O6pas
JACBOM  MONOCTH THNEPOONOHAA TOKPHIBACT BHCIUHOCTL OKPYIKHOCTIE
y1+22——a2 B orauuiie ot o6wuHoit chepnt S2, obpas mcenpocdeps
S npu ce crepeorpaduucckoil MPOCKIHH NOKPBLIBAET TOJLKO YacTb
nnockoeth YOZ, Tax Kak OKPYyXHOCTL 42-422==q? ne NPHHALJCKHT

.45



o6pasy npockuun. Cepepunit nomoc N mepexomur (kak H B Cayuae
cepnt) B Geckoleuilo yxaneninyw Touky maockoctd YOZ. Tlyers re-
nepn TOUKa P HMCCT AeKapToBh KoopAnHate (x, y, 2) (rjae x>0)
1 uycrn (4, u?) — nexapToBel KOOPHIATH TOuKl f(P) na miocko-
ctu YOZ, rac orobpaxente [ — cTepeorpaduueckas  MpOCKILIsE.
BeMHCIHM B SIBHOM BHIC €BI3L MCXKIY 3THMH KOOPAHHATAMIL

Jlemma 1. MTycme P == (x, y,2), [(P)= (4, u?). Toz0a

-
|l - a2 2a2u! 202u%

X b Y = oy 2= -, .
a?-—~|ul® - aZ—|ul? az—|u|*

20z |w)? == (u)? | (u?)* w o= (u, u®.
Hoxasareancrro. M3 puc. 28 cnenyer:

X-a oz X - ¢ X 6 X--u
__'/ sz —————1 y T o —————-‘ L y T, €. I/ Siz ul ————-—I_ ;R o== u‘-—————l .
1! o u? 1 a a
Tak gak —o2 — —x% | y* ! 2% 71O
. Loy (X -k a)?
— 0% 2 X2 I ((ul)z 1 (u2)2) w? ,
x 4-a T
najtee (MOCKONBKY (X —-a) > 0): % — @ = ————- |w|?, T.e,
- a
-
|u)%--o?
X =0
ua_'ulz

Jlemma nokazana.

Jlemma 2. Koopdunarer (u',u?) (mensroujuecs 8 orkpoirom Ou-
cke (1')2+4 (u2)2<a?) 3adai0T pecysapHYO CUCTEMY KOOPOUHAT HQ
npasoli noaocru eunepboaouda, T. e. crepeoepaguuecKan npoexys
3aduer peeyssprylo 3ameny koopounar: [(x,y,z) — (ul, u?).

Hdokasarcancrro. Mexay koopiuHartamii (x,Yy,2) TOUKH P
1a mpaBoll NOJOCTH HCeBAOCHEpbl  HMEEeTCs 3aBHCHMOCTh: —al==
=—x2+4?+2% a 1OTOMY TOJIOXKeHIle TOUKH P MOXKHO "OJNII03HAYHO
onpelenuTs, 3ajaB TOJLKO JBa UHCAa, HanpHMep, Y, 2, T. €. KOOp-
JIMHATBl OPTOrOHAJLHOA npoekuun Toukd P Ha mnockocts YOZ. Tlpm
3TOM MOXUIO CYHTaTh, 4TO INpaBag MQJOCTh NceBAOChEPHl 3agacrcst
ypaBHenneM x = ¥V a® |-y |22, TeM camniM cTepeorpaduueckyio
NPOCKUHIO [ MOMHO NOHHMATL KaK 3aMeHy KoopauHat (y,2)—- |
—(u!, u?). Ocranocy waiith MmaTpuuy S$Slkobu 3Toii 3amennt u y6e-
JHUTLCH B TOM, YTO ssKoGHaH ee oTanuen oT nyas. Ilpsmoit moacuer
naer:

9y 20 (a4 (u)2~(u)Y . Oy 2a%2ula?
out (a2 — [Z|2)a ou? (a® — |_1;|2)2
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g0z 2022uM® | 0z 20t (af | (1) - (1)?
Mt —faryr 0 (a2 | u 22
3 1) )2
J(f) == 22 —ZE1E . 9gx 0.

2 2
e —u|

Taxum o6pasoM, fiIKoOGHal 3aMelbli NMOJOXKIITCJACH BO BCEX TOYKaX
alicka y?+2z2<Ca? Jlemma Jlokasana.

[Ipexge ueM JaBHraThesl JAaJibLIC, BeplUCMCSi K PaccMOTpeHIIo
chepn S2. Kakasl rcomeTpist BO3NHKIIET Ha chepe, eClH «TOYKaAMII»
OOBABHTBL OOBIMHBIC TOYKH Chephl, a «NPAMbBIMH» — CeUeHHsT chephl
TUIOCKOCTAMII, npoXoiasuuMu ueped yentp O (1. e. skBatopamir)?
DyneMm octapaThcsl Ha 3JeMCHTADHOM YPOBHE 1 IIOCMOTPHM: KaKIM
reOMEeTPHYECKHM aKCHOMAM Y/0BJETBOPSIET MIOMKECTBO 3THX «TOUCK»
I «OpAMBIX»? SlcHO, uTO uepe3 KaxXAyl lapy He LraMeTpadblo 1po-
TIBOMOMOKIILIX «TOUCK» TPOXOJAHT OAIA H TOJMLKO Ol «IPsMasty;
OJIHAKO €CJIl «TOUKH® JHAMETPaJbLHO NPOTHBOIOJOXKHB, TO Hepe3 3TH
«TOYKH» TIPOXOANUT GCCKOIICUHOE MHOXKECTBO «TpsMbix». Kpowme roro,
yepe3 «TOUKY», DACIOJNOXKEHHYIO BHE <«IPAMOM», HCJAL3ST MPOBECTII
M OJHOM «IPSIMOH», 1€ TIepeCceKaloUIeHCs € HCXOAHOH «NpsaMOi»,
T. ¢. B 3TOH TeoMeTpHH Ha cdepe He CYUIECTBYeT «MapajielbHblX
(T. ¢. e 1epeceKaroNXCs) IPAMBIX».

Ecnu Mpl 3aXOTHM MaKCHMaJbllo NPUOJH3HTL 3Ty TEOMETPHIO K
€BKJMJIOBOMH, TO KOC-KaKMe YJYuIUellss 1a 2ToM IIyTH caeaaTh MOX-
no. HanpusMep, o0bsIBIB «TOYKAMH» HOBOH .FeOMETPHH I1apbl JHaMerT-
pajbHO TPOTHBOMOJOXKHBIX Todek (P—P) Ha cdepe S?, Msl ycTpa-
1M IIePBBIH M3 OTMEYEHHBIX BBILIC «HEAOCTATKOB», -4 HMEUN0 — Te-
nepn  4epe3 Jw0bOYI0 mapy «TOUEK» TPOXOAUT OANA I TOJNLKO OAuUA
«npsiMasi» (eclH 3TH «TOUKH» HE COBIAJAT). ITO CBOMCTBO YKe
411aJIOTHIHO COOTBCTCTBYIOUIEMY CBOJICTBY B €BKJIMJOBOMi FEOMCTPHH.
D/ieMEHTAPIO NUPOBCPSICTCH, UTO TCOCPhL B Hallell reOMETPHIl, BHIIOI-
HCHE BCE KJIACCHYCCKHE AKCHOMBI EBKJIIA, KPOME Tak HA3LIBACMOro
MATOTO HOCTYJATa», 4 NMCHHO: TO-IPCKIIEMY, UCPE3 <TOUKY», B3d-
TYI0 BHC <«UPSIMOf», HCJIB3ST NMPOBECTI 1M OJNOf «psiMoii», napai-
JeAblOR Aannoil, T. e. JwoObie aBe <«npsiMbic» nepecekaiores (160
B OJIHOII «TOouKe», aubo — cosrnagalotT). B caMom nene, Jiobeic JjBa
skpatopa Ha cdepe . (HecoBnagalouie) ONPeACasiOT OANY M TOJLKO
oany «rtouxy» (P;—P). OkasreiBaercs, moJydellHass HAMH reoMerpHs
(1aspiBaeMas HIOTAA 3AAUNTUHECKO(! ceomerpueil) SIBNACTCS HE Me-
[1ec COAEPIKATE/IBION, UeM eBKJIIOBA TeOMETPIs, 10 TOJLKO MIOTHC
HUPHBBIUHEIE JUJsT 11aC CBO{ICTBA €BKJHAOBOM IJIOCKOCTH 3aMCIISIIOTCS
B 3JJIHITHUCCKOI TCOMCTPHH JPYTiMH, GBITL MOXKCeT, GOJCe «3KJIOTH-
UCCKIIME» € KJIACCHYCCKOH TOUKH 3Denusl, (hopMHpoBaBILEHCsT B HCTO-
PHH 1AYKH 114 OCHOBC NPOCTBIX (PU3NUCCKHX NpeAcTaBcHIii 06 OKpy-
kaomneM nac mupe. [To-BHAIMOMY, HCOOCPEACTBEINNbI UCA0BeUeCKIT
QIIbIT GoJiee TArorceT K KCBKJAHIOBBIMY» TPCHACTABICHIAM.

Onucamiasi BLlniC olepalds  OTOX/JAeCTBACHHst Touek P u —P,
rie Touka P npoGeracr cdepy, sKBHBAaNEHTHa (akToOpH3alHH chephi
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o JCHCTBINO cuMMeTpins oTpaxenust B touke O. Tak kak xaxpaas
napa (P, -—P) onpejpcaser oally H TOJLKO OJIly NPSIMYIO B Tpex-
MepIIOM HPOCTpAnCTRE (Kydd CTamaapTio BJOXeHA cdepa), TO MOK-
HO COIIOCTABHMTL Kd2(JAOH <«IPSIMOH» 3JJUNTHUECKOl reomerpuu, T. C.
KBATOPY, OPTOrONAJLIYIO €My [PsIMYIO, TNPOXOAAULYIO yepes Tou-
xy O. TaknM 006pa3oM, 3JUNTIYCCKAST FEOMCTPHSI MOXKET ObiTh MO-
JequpoBana Ma /IBYMCDHOM BCIICCTBEHHOM HPOEKTHBHOM TNPOCTPAH-
CTBe, 13BECTHOM H3 Kypca ana/luTHueckoi reoMeTpud. B panbueil-
HeM MBL cuie GYJAcM T11COANOKPATIIO BO3BPALLATLCH K 3TOMY OOBEKTY.
Onwucanmpast BBILIC OHEpallis  CONOCTABJGIMS  TOUKE» — MIPAMOIL»
" mpeBpan(aeTcss B ABONCTBCHIOCTL 114 IMPOEKTHBHOM  IIPOCTPAHCTBRE,
03BOJSIOMYI0 ABTOMATIMECKII HONYUaTh U3 KaXaofl Teopembi, chop-
MYJIPOBAHION 1B AJHITHUCCKOH I'COMETPHM, HCKOTOPYIO HOBYIO Teo-
pemy,  QopManbio HOJYYAIOULYIOCSL 113, HpeAbylleil 3aMeHOil Beex
«TOUCK» Ha. «npsiMbies 11 ltaoGopoTt. Tlpn sroM nosywactcst, BooOle
TOBOPSI, HEKOTOPOE yTBCPXKJICNHC, NIC TOXKICCTBEHIOC HCXOAHOMY.

DRByMHOCTT
deckoneozo
paduyea

Puc. 29 Pue. 30

BepreMcsi Temepn K TCCBJOCBKJAHAOBOH TEOMCTPHH H K TIeOMCT-
pHH, KOTOPYyIO olla HHAyLHDYET Ha nceBﬂoccpgpe MHHMOTO pajinyca.
Mpu  crepeorpaduacckoii  MPOTKIHI fHSV— {2 -1- 22 < a?} = D?
(rac uepes TST Ml oGosllanaem 1paBylo HOJMOCTL THICPOHOJOHAA)
TOUKM THOepBOJION/1a TEePCXOAST BO BUYTPEHIIC TOYKH JABYMEPHOTO
aucka D? paanyca «. B kakue kpuseie na Kpyre D? nepeiiayT «ipsi-
mpie» tauleil reoMeTpuu Ha runepGoJsomie, T. C. JHHHH 1epeccuc-
IIHST €0 ¢ IVIOCKOCTSIMH, HPOXOMSHLMMIL uepes HCHTD NCeBJocheph —
touky O (1. ¢. anajgory 3KBaTopoB 1a chepe)? .

Jlemma 3. Kaxwdas aunus nepeceqenus +S8t ¢ naockoeroio
suda ax+by+cz=0 nepexodur npu orobpasenuw [ 6 dyey oLpymK-
HOCTU, 11ePeceKaion|io OKPYIHOCTL Y2+ 2%==02 nod npamoim yaiom
(puc. 29).

Jdokasartensbctno. HanomuuM, uro yrioMm MeXay ucpece-
KAIOUMMHCS TAJKHMH KPHBBIMH MBI 11a3blBACM YIOJ MeXAY HX BeK-
TOpAMH CKOpPOCTEli B TOuKe mcpeceuenus. B cuny aemmbt 1 min

2
BEISICHEHHST TOrO, B KaKyl0 KPHBYIO IEPEXOJHT <«NpsMags Ha FSi
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JAOCTATOUHO NOACTABITL B ypaBdeHHe NJOCKoCTH,ax+by+cz=0 sB-
1bIe BHIPAKCINIST NICPCMENNBIX X, i, 2 KaK (GYUKUHA OT nepeMelHbLIX
ul, w®. Iycrn, nanpumep, a%=0. Torna ypapHeHHe:

vl 2--at 2batul , 2caqtu?
- R

aa-’ e Q)

- — —
a?—|ul? a?-—|ul? a?—|ul?

ocJIe. 3JIeMenTaplunx - ajgreGpaiteckiix 1peoOpa3oBaHUH  TIPHBOAHTCS

: bu \2 ; ca \?2 a?
K BHAY: (ul e — ) (u‘-{---—) e= — (b% -+ ¢ —a?), 1. ¢. omnpe-
a a u?
ba ca
ACJsIeT OKPYXKIOCTH € LENTPOM B ToukKe | -———— -———] H pajuyca
a a
[ .
l/b g —ql =, ICPCCEKAWYI0  OKPYXHOCT Y%+ 22=q?

B TO‘{de A w B nox npsimpim yraoM (puc. 30). Tor ¢akr, uro yroa
B TOYKAX licpecevyeHHs paBell m/2, BLITCKAeT H3 OUeBHIHOTO COOTHO-

b2 - c® ”
wenust: of - rz-:,—*r—. Otmetnm, uto «rpamoii» u3z +S§2 1npu
a

; 1 ba \?2

oToGpar<enun [ sIBASIETCSl  HC  BCS OKPYXKHOCTL [ul -} ——1} |-
a
AN

oo \2 p .

A {u* - —) =z r%a TONBLKO T4 ee HAaCTb, ROTOPAs COACPKHUTCH B
a

kpyre yr+22<al.

Hrak, reoMeTpusi, uHayunpoBanHas Ha ucespochepe MHHUMOIO:
pannyca B R} cosramacr (1rocse noaxonsiejl 3aMeHbl KOOpHLHHAT)
¢ reoMmeTpieii, BO3HIKAwIEl B Kpyre pajnyca « Ha €BKJIHZOBOID
naockocTH R3, ecay B xauectBe «ToYEK» 3TOI reo-
METpuH B3Th OOLIUNBIE TOUKH 3TO0ro Kpyra . (Ges
rpamnuynLiX TOUEK), a B KauCCTBE <«IPAMBIX» 3TOM
reoMeTpHH B3SITH JAYIH OKPYXKHOCTell, Iepccexaio-
IWHX rpamnyiy Kpyra noi NpAMHM yriaom (B yacr-
[OCTH, «IPSIMBIMH» SBJASIOTCS Bce AHAMETPLI KpPy- \§
ra, MOCKOJLKY HX MOXHO DACCMATPHUBATBL KaK Ay- \\\
I OKPYXHOCTCH Geckoneyio 60aLWOr0o paauyca). \\
I'comerpus sra nassizacres eeomerpued Jlobaues-
CKO2O, & CC MOJIeJib B Kpyre pajnyca o lla CBKJH-
JOBOIl HJOCKOCTH Nasunaencs monenanlo lTyankape Pue. 31
reomerpunl JloGauesckoro. Cam H. M. JloGaueBckuii
MOJAYYHI CBOIO I'COMETPHIO COBCEM HIIBIM NyTeM, 0€3 HCIOJAL3OBals
IICEB/OCBRINOBLX TMPOCTPAHCTB, @ ICMNOCPEJACTRENIO  OTIPABNASIACT:
OT Takoft GopMBLl «IATOro MOCTyJarta», KOTopas npceanogaarasa nanu-
yre GECKOHEUHOr0 MHOXKECTBA MPAMLIX, Napa/LI1CablLX AalHoil.

Ha. mogenn [lyankape jerko npoBepHTL BCe AKCHOMBL (110CTY.1a-
te1) EBk/HAa # yOCAHNTLCS B HX CNPaBeANHBOCTH, KPOMC MHSITOTO 1Q-
crynara. Ha pnc. 31 parasgio nokaszano, uto uepe3 JOGYIO TOUKY,
B3SITYIO BHC «IpPAMOIi», MOXHO I[POBCCTH OCCKONCUHOE UHCAO «II]S-
MBIX», Mapajacinibix (T, €. He nepecekawmux) aamnoin. G Toukn
3pPCHHSt «AKCHOMDBE O [APAJIICAbURIX®, TcoMeTplist JIo6aueBCKOro Upo-
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THBONONOMKHA IWHINTIYECKOT reoMeTpin. OTMCTIIM TaKiKe, YTO CCJH
YCTPEMUTL TMapaMerp a K 6ecKoneuHocTH, TO B J060H Koteuloi
obsactH  Ha Mojaenu Ilyauxape reomerpus JloGaueBckoro 6yaeT
«CTPEMHTBLCH» K eBKAHAOBOH TeOMETPHH, TaK '’Kak Ayrd OKpyxiocrel
HAYHYT PACNPAMJAATLCA H NPEBPAMIATLCH B eBKJIHAOBLIC  TIpsiMble.
panuna mogesn [lyankape — okpyxuocTh y?+2?==q? nasuBacTcs
aGcosIOTOM, Ha HeH PaclmosoKeHbl ., GecKOUeYHO YAAJMCHILC TOYKH
miockoct Jlo6avesckoro. Muoraa, npo usyuenuu miockocti JloBa-
YeBCKOI0O MOJArarot, JUIst TPOCTOThl, u=1.

3ameuyanue. MoxHo Oua0 6bl PaccMOTPeTb TEOMETPHIO, BO3-

HHKAIOUIYI0 Ha ncesfocdepax BellecTBeHHOro paanyca B RY (T. e.
Ha OJHONOJOCTHLIX ruuepOogoufax). 3ajava: JoKasaTh, uTQ 3Ta
reoMeTplisi cOBMaAact ¢ rcoMeTpucil Jlo6auesckoro.

[Tepelinem Temepn K BONPOCY O BHLIWIICACHHH DUMAHOBOH MCTPIl-
Kil, HHAYHHpOBanuoili na 1cepfocgepe MUNMOrO pajiyca o0beMJIO-
urelt nednmmTooi Merpukoii. [TocTynuM mo anasorm ¢ o6bIMIOR
cdepoil, BBCASL B IPOCTPaLCTEC R} anasor cbepHUCCKHX  KOOpAH-
HaT, ¢ MOMOIULIO KOTOPLIX 3amuuleM B yao6HOH ais Hac dhopme ypab-
Hetue nceprocdeprl. B nuockocty YOZ BBemeM nosasipiisie KoopAu-

marbl (r, @), rae @ — yroi ¢ ocbio y. Kpome Toro, BBefem eie
napaMmerp 0/ — amHanor COOTBCTCTBYIOUICTO MapaMcTpa B OOBIYHBIX
chepuueckx  Koopaarax. Caesacm  Tenmepn  zameny:  y==

=qash® cosp, z=ashb sing; x=ach0. B s10it «ncesochepuye-
CKOfl» cucreme KOOpAIIAT ypaBHellHe TceB/jocepul 3amuUICTCA TaK:
a==const. ITo0 ucHOCPEACTBEHHO BLITEKAET H3 ypaBlieHus HCCBILO-,
cepsl MUITMOTO pajyca.

Buluicanm B pHMaionoil MCTpHK[I Ha uncesgocdepe B KOOPAH-
warax #!, u? ua wmonenu llyasxkape. Mcronnays dopmysast gas cre-
peorpadiucckol NpoeKUMH H MOACTABJIAS HX B BbIpaXKkelne AJS KBaf-

3
para muddgepenunana aaunus Agyri B Ry, noayuaem (mposepnTe!):

s 1 ,2))2 g 1 ,2))2 . 1 202 . 4 (dub)? -|- (du®)?
(dx (1, u?))? -1- (dy («*, u?))? -} (dz (&, u?)) i

CacaoBaTeanno, B HOMAPHBIX  KoopauHatax  (nycth a==1)
na  mofeqn [lyankape  3ta  KC MeTPHRA  3aNHILCTCST  TaK:

" dr?-|- r2dg? . _
ds? = = T Kak Buano u3 sroil samucH, noJAyuHBiliafcsa MerT-
puka sisafctcAd koudopmiofl, T. . oTAHYAeTCA OT eBKJIHAOBOH Ia
nepeMmenunit Muoxurenn A(ry=4(1—r2)~-2. llcpennuiem Tenmepn 3Ty
Ke MCTpHKy B mcesjocdepnuccknX xoopamnnarax. Jlas storo cpe-
Jaem saMeny (r, @) na 1oBbie napamerpul (x, ¢) 1o dopmynam:
r=cth(y/2), ¢=¢. HenocpeacTBentHoe BulyucHenHe jiaeT (NPoBCpb-
rel): ds?’=dy*+shi®ydg?. ITOT BUA METPHKH NOJHOCTLIO  ANAOCI-
en 3amic MeTpiiki edepnt B koopanuatax (0, ¢), HO TOALKO 0OLIU-
nbic T[)HI‘OI]()MClPHlIOCl\HC dyuknir samenensl 34ech Ha runep6on-
UCCKHE. .
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HaiigeM reoMeTpuyeckui cmbich napamerpa x. Paccmorpnm, na-
upumep, mrockocto XOZ, Torga ua ueil BO3NUKAeT HIAYLUHPOBaHHASE
ICCBAOCBKAIAOBA MCTPHKA ds?=—dx?+d22. Tlcespocdepa nepece-
KaeT 5Ty IJIOCKOCTBH 11a  TII-
nepbose,  l1apameTpUuECcKoe
3ajfaitie KOTOpOIH B MNCeBRO-
chepuuecKnx KOOpPAHHATAX
HMeeT BUA (MbI CUHTaeM, 4TO
a=1): x=ch@’, 2=sh®’
(puc..32). B kauectBe mapa-
merpa 0’ Bo3bMeM EBKJIHIOBO
anauenne yraa POS;  Ttoraa,
ouepuauo, tgO=th(’. Haii-
JeM ILJUHHY oTpe3dka rumep6o-
Jul B TICEeBAOEBKAHAOBON MeT-
puke oT 3Hagenus 0 jgo 0.
I/ImeOQM: .
L= {1/ —sh?8 -ch* 646 =

y :
=0’. Takum oGpasom, 8 cos-
nagaer ¢ AAUHOH «MepHAHA-
ua» Ha rnceBaocgepe, uayue-
ro W3 10XHOro wmoaoca S
B IIepeMEHHYI0 TOUKy P, T. ¢
3TOT MapaMeTp BIOJHE ala-
Joruuen oObIUHOMY  napa-
metpy 0 na cdepe. B uacr-
HOCTH, Mpl TIDOSCHHIM Teo- . Puc. 33
METPHUECKHIT CMBICS [ICEBHO- :
eBKJIUJOBLIX KOOPAHHAT (cM,
puc. 33). Kak Buauno, nceBgocepryeckiie KOOPAHHATH MOJHOCTbIY
aHaJOrHuHLl C()ePHUECKUM KoopauHaTaM. Ecan az=l, To ajsuna «Mme-
puaHana» pasua o ¢’ -

PacecmorpuM  Temepb cTepeorpaduuecKyio NMpOeKUMIO (4S5 NPOCTOTEI,
Mo-npexueMy PacCMaTpuBacMm TOJBKO MIOCKOCT> XOZ, Tak Kak Bce Haulf
BbIUHCJIeHUS co*(paumorcn npu_Bpamenustx miockocth XOZ BoKpyr ocu

2
0X). Tak xak z == ——uiz-, TO TOJYHAEM: Z == —— —(TaK KaK u? =r B
a? — r2. —r : '
miaockoeth XOZ). Tak xak 2z == sh® sln ¢ = sh @’ (TaK Kak ¢ - -% ) R
2 , : )
TO —T——’-—; =sh 0’ orkyza r == cth (%) . Tem camplM, pOKa3aHO, uTO
-—_r

= @’. Urak, mnl nonyqnnu Ha monean [lyankape pumanoBy MeTpHKy
4 dr? 4 rédo?
(I —r??

OTMeTHM, UTO 3Ta METPHKA SBJSAETCH [OJNOKHTEALHO ONPCIETCH-

HOH, XOTSi 00beMMolas MeTPHKA Oblia MCCBAOEBKJAHAOBON, a NOTO-
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My unednontuoii. TaknM 06pasoM, HEKOTOPbIC 110BEPXIOCTH (HATIPH-
Mep, uncesgocdepa MIUDMOTO  pajunyca)  Moryr ueern  ua  cebe
" TIONIOXKITCABIIO  OMPCACAEHHYI0 MCTPUKY H OLITh, B TO KC BpeMH,
BJOXKEHB B MPOCTPANCTBO ¢

Z‘ uafedunurioi  merpukoit. To

{ = 06CTOATENLETBO, UTO HA IICeBIO-

' chepe uHAYLUHEpPYeTCA  HOOKH-

TeNbHO ONpejeseHlas MCTPHKA,
MOXHO Owbljio 651 ycMOTperh H
U3 HAmSANLIX TeOMeTPHYECKHX
*coabpaxenuit. Pacemorpnm, aas
IPOCTOTLI, cedelre ncepaoche-
Dbl MIOCKOCTBIO XOZ un 1ycrp

—-—Bemop CKOPOCTH runepBosILL
B Touke P. My xorim ybelnTn-
Pic. 34 cd B ‘TOM, 4To CrO 1ICCBOEBKIH-
’ ' J0Ba [JHHa BeuecTnenna, 710
Cclenyer u3 puc. 34, na KoTOpOM

OTUETIHBO BUIHO, UTO BeKFOp ?; pacrooMeHn BHE CBETOBOTO KOHYCa
(¢ BepwuHo# B Toyke P), a moTOMy sABJAAETCH MNPOCTPaHCTBeNIO-
T110006HLIM BEKTOPOM,

[Toayuennass HaMH Bbllle DHManoBa METPHKa Ha3KEIBAeTCs MeTpPH-
xoii JloGaueBckoro (B ee 3amucy una Mopenun Ilyauxkape). Taxkum
06pasoM, 3Ty MeTPHKY MOXHO TPaKTOBATL KAk LEKOTOPYI0 [OBYIO
MCTpPIKY, 3aJalliylo Ha Kpyre B €BKJIUAOBON INIOCKOCTH, OTHECell-
1HOM K OOLIYHBIM TOJISPHBIM KOODAMHAaTaM. Padbime MBI yXe noszHa-
KOMIWIICL ¢ ABYMS APYLMMH TIPHMGDAMH DHMAEHOBHIX METPMK, 3ajall-
NLIX B ¢/IHHIYHOM Kpyre (s IPOCTOTH CUHTaeM, 4TO PAJHYC Kpyra
paven 1): 3To eBK/JAHZOBA M CepHucCKasw MeTPHKH. Buuio jgokasauo,
YTO 9TH MCTPHKH He 3KBHBaJjelTHbl. [[okaxkeM Temepb, YTO MeTPHKa
JloBaueBCKOTo 11e 3KBUBaJIEHTHA HH OJHOH W3 3THX [ABYX TpeIuiay-
nux Merpnk.  ag 3TOoro npHMEHHM  yXKe HCNOJMB30BAaHHBI  BbLILIE
npieM: Haiem MJUHY OKPYXKHOCTH Ha miaockoctd ‘JloGauesckoro o
BLIPA3HM ee Kak (GYHKUMIO OT paAnyca (BBIYHCIAEHHOTO B MeTPHKe
Jlo6auesckoro), Dyldem cuuTath LA DPOCTOTH, UYTO OKPYXKIIOCTEh
HMceT cBonM LenrpoM Touky O M ec eBKAHZOB PaiHyC DaBeH a.
Hatinem cro gmuny B Merpuke JloGaweBckoro. Ilo onpegeneirdio
. a

~

N v

JIUHBL K o oz __‘15_.* R T 1 --a
puBOH, noayuacMm Y == prad n T e
5 r _ l—ua
: o
. ad 2
a=th(y). Dmua okpyxnocrn ['== Y l (1’2 == Mz == 71 8h (2%).
' . —u — U

a

Ecau g mocrarouno wmano, TO OpHOJIHAKCHIO MOMXKHO CUHTATh,
uro [~2my, . e . noayuaem dopmyay RIS SJAHIL  OKPYXIO-
<TH B eBkjupoBoi Mmerpuxe. ITockoabky, Kak H B clIyuac JBYMCp-
Hoit cdepul, Mbl Bupasu/an aauny oxpyxuoctu (B mcrpuke Jloba-
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UCBCKOI'O) B NUBAPIANTULIX (OTHOCHTCJIBHO 3aMeH KOOpAHHAT) Tep-
MIfHax, T. €. 4epes BCJHUNHY pajanyca, Takike TOACUHTAIIIYIO B MCT-
puke JloGaueBckoro, TO npuBeleHHas Buille GOPMyJa ANS AJHIUL
OKPYXKHOCTH HIBAaDHAUTHA OTHOCHTENLHO 3aMCH KOOPJAMHAT, a MOTO-
My meTpuka JloGaueBckoro I¢ 3KBHBAJeHTHA HH OANHOIl M3 ABYX
npeauiaymux Merpuk. Ha puc. 35 nmpusesena cpasuntesblas Ta6-
A MeTPUK cepur 1t neeBrocdephl.

L lwepa ‘ cedioc peptr
P 15%= 207 +5in°0297 | roprrvre gsZ=aptrshiydy?
| 0=<6<27 : 0~€JZ<OO
Isp=2a Osp=<2%
PasBepmua
ceps!
SIS
f Zop? 77
: dsfzqf'_if,ﬁﬂu 2_dri+ridy?
: T (/"'7'2)2 ds - (/_’..2)2
f<r<oo O<r<it
Puc.‘ '3'3

VYKaxeM elle ABe moJic3nble (POPMBI 3amHCH HEPelNCcAeHHBIX pa-
Hee MeTPHK, — TaK HazpiBaeMble <KOMIJIEKCIbic (OPMBI 3amHCHy».
Jlas 3TOro  pacCMOTpHM CBKJAMIAOBY TJIOCKOCTL W BBEACM Ha IICi

«KOMIJIEKCHYI0 KOODJIHHATy» 2Z==X+iy. Torja B .KayccTBe 2 BO3b-
MeM x—iy. Mpl e 6yaem 3iech BAABATHCA B IeOMeTPHYECKIH cMBICH
THX HOBLIX «KOOpAHIIAT», a OyJem paccMaTpHBaTh 3amely (X, y)—

—>(2,2) Kak Hekyno ¢opMmanbnylo saMedy. Marpuua $fko6u stoil

-1 -

1 : .
3aMeHbl MMeeT HHA: (l .} Slko6nai J=—2i0, a notomy same-
1y MOMKHO cyuTath perymsiptiol. Tak kak dz=dx+idy, dz=dx—idy,
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TO eBKJIZOBA MCTPHKA B 3THX HOBBLIX KOOPAHNATAX NpIIIHMMaeT BHA:
ds?=dx*+dy*== (dx+idy) (dx—idy) =dzdz. Metprka cdepul, creno-
L dx® b dy? dzdz
BATC/IBLHO, HpuUBHNMacT  BiL: ds® == = , TIe
- (1= x* - %2 (1-4-1z3®
|z|2=2-2=x2+y?=r?. CoBepUIEHHO aHAJOTHYHO HOJYYaeM KOMII-
_dedz
=1z
st merpukn JloGaueBckOro cyuiecTByeT elie OAHA moJe3Has
¢dopma sanucu Ha BepxHelt nosynsockocTH. PaccMoTpum cuie oaun
IKICMIVIAD CHKIILIOBON IJIOCKOCTH, 1A KOTODOH BBeieM HOBYIO KOMII-
JEKCIIYI0 KOODAHHATY @ M BbIIEJAHM Ha 3TOH IUIOCKOCTH BepXHIOIO
HOJYIIOCKOCTL  (T. e. MHOXeCTBO BceX ToOuek, JJf KOTOpBIX

_aw+l
Tewrd

Jekcnyiw dopmy Merpuki JlobaueBcKoro: =

z

W=u+iv 7 =
Puc, 36

Im(w)>0, rie w=u+iv, v=Im(w)). Paccmorpum oTO6paxeHue
" aw |-
R2(w)—- R2(2), 3anasaemoe Gopmyson: z:_'T(}-' rae a, b,c,d —
cw -|-
KOMIWIEKCIbIE Mlcaa TaxHe, uTo ad—be0. Takue ortobGpaxeuis
HA3LIBAIOTCH ApOOHO-NHHelHbIMY. OTMeTHM, 4YTO ecad ad—bc==0,
TO 3TO oToOpa)eHHe MepeBOAMT Bclo maockocth RZ(w) B oaHy Tou:
Ky, & HOTOMY Mbl H HCKJIOUHJIl 3TOT TPHBHAABLHBLIA cJiyuail,

aw -}- b

Hama uesn: HaliTH Takoe oToGpaxKeHHe 2 =: , KoTopo¢

cw--d
1lepeBeo Obl BCIO BePXHIO MOJYIJIOCKOCTL BO BHYTPEHIOCTL efi-
unuHoro kpyra |z|.<1 ma naockoctu z. Ilpu 3Tom BellecTBeHIas
npsimast Imw=0 poJXHa  mnepeiTH B TPAHHUYHYIO OKPYKHOCTDL
|z] =1. Oka3niBaercst, 110608 HeBLIPOXK/ICHHOE JPOGHO-JHHEHHOE
oTo6Gpaxeinne (T. e. Takoe, IJs Kotoporo ad—bcs=0) oaHo3Hauno
onpegensiercst o6pazoMm Jio6bnx Tpex toyek Wi, W, Wi, wue nexa-
IKMX Ha oxnoi npaMoi B maockocTH w. Mbl He OGyaeM 37ech A0Ka-
3bIBaTh 9TO 00llee yTBepXKAeHHe, NOCKOJbKY B TaKOM 001mieM BHIC
OHO HaM He moTpcOyercsl, a NMPOAEMOUCTPHPYyeM 3TO CBOHCTBO ApPOG-
HO-UHeHHBIX OTOOpaXKeHHH U4 OAHOM KOHKPETIIOM NpHMepe, KOTO-
pPHI H OKaXeTCH HCKOMBIM OTOOpaXKeHHeM MONYIIOCKOCTH Ha eam-
aw + b
‘ - cw-Fd
0—1, i—0, 1—i (uuksuueckas nepecTraHoBka) (cM. puc. 36).

HuuHeii  kpyr. Haiigem Takoe oToGpaxenne 2 = , 4TOOBL
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o b
ITonyuaem cienpymoulyio ciicreMy ypapuemifi gusi a, b, ¢, d: 1 == —;

a
asd-b ai+b ,
{ = ———; 0 = ——— DPecuwas sty cucremy (niposepbTc!), noayvacu:
c4-d cii-d
1w

z= . MUrag, mbl namsin oano ApoGHO-AHHelHOE mnpeo6pasoBa-

1 iw
Hue, NepeBoisilice  BepXHIO0 MOJYNAOCKOCTL B eAWIHUYHBIT  KPYT.
(Tawnx npcobpasonanift umcerca Muoro!) Jlokaxem, uto npcobpa-

1--iw
30Balue ZTT—‘—— Ol'IpEIleJlS{CT [)ery.l[ﬁ[)l-IYIO 38MGI—ly KoopaHiarT.
- (W

. . 1 - iw
B camom pgene, cunavasa npeactaBuM upcobpasoBanie 2 =r——

l —iw
2 1 4-fw .

- = - , Hodtydyaem, 41O A9 10Ka3arenh-

iw—1 | —iw

CTBA PEryJaspHOCTH 3aMeHbl JOCTATOYHO A0Ka3aTb, YTO mpeolpaszoBa-

HHe: Z = — SIBASETCH perysnspHoil 3aMeHoll koopaHHaT (IIOCKOJILKY
w

HckoMoe npcobpaszoBanne fBASETCS KOMIo3HuucH mpcobpazoBaliiti:

B Bae; — | —

== —, CJABHTA Ha NOCTOSUIIbI BEKTOpP, NOBOPOTA H DACTHKCHHS).

w
. . 1 ] o “
3anucag orobpaxeniie 2 =— B TCPMUUAX BeUICCTBeHHOI 11 MiniMoil
. w
u — U
Yyacry, nojyuaem: x = ——; I == — . Marpuna flxo6it pasna

. u? - vt U - v

. v —ut 2uv
(C TOUHOCTBIO A0 MOJOMKHTEALHOTO MHOMXHTENN): ) .

2uv vP—u?
Orciona: J= (u?+4-v?)2>0. YTBepxaeHHe XOKA3aHO.

Haiigem dz. UmcewMm: dz = e~ ) Fidw(lti) - 2idw

(1 — iw)® (1 —iw?’

4dw dw

[l —iw]|t _ _
dz d 4dw d

ds? = ﬁflz—)z, nojayvdacm: ds? ‘—’—'-*—wﬂ— ==
— |z

. (w — w)?
OTciofa cme pa3 BHAHO, YTO TOUKH BEIUECTBEIol OCH

Otciopa: dz dz = [TpousBoJs COOTBETCTBYIOHIYIO 3aMe-

HY B BbIpaKeHHU:
du? 4 duv?
U‘Z
(o6paz aGcontora wmoaesnn Ilyanxape) siBasiorcs - GeckoneuHo yaa-
JCHIBIMH TOUKaMI Ha mjiockocTi Jlobauesckoro (ma 3ToT pas cmojie-
JIIPOBANOH Ha Bepxueit noaymirockocTw). B camom pese, ccai Mbl
34X0THM NOACYHTATL ASHIly oTpe3ka ocn Ovu, oT Touku I g0 Touku O

(yxe He mpuuajaicKamelr 1a0ckocTy JloGaueBCKOro), T0 MOJydHM
1 )
dv
= | — == Inv
v
0 0

B xaxnc kpuBble mepeiigyT npH 0ToGpaXKeHHH HA BepXUIOIO 1OJY-
MJAOCKOCTb «MPAMBIC» Mi0ockocTH JIoGaueBckoro (B Mogesu Ilyanka-
pe)? CHavana pewnM anajsorHulkifl BOmpoc A8 3JAHITHICCKOI

= ln(O)—»oo.
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rcomeTpitH. HanmoMHHM, 4TO B KayecTBe «NPSAMBIX» 9TOH TEOMETPHIF
MLl pACCMATPHBAAI BCEBO3MOMHBIC 3KBaTOpn Ha céepe S2. Pac-
CMOTpIIM cTepeorpaduueckylo npoekuuo S? na maockocts R2 B ka-'
Kue Kpnpbie uepeiiayr 3KBa-
“TOpLL?

Jlevwva 4. {Ipu crepeoepa-
uneckoll npoexyuu  3K8ATOPHL
nepexodar aubo 8 OKPYNCHOCTI
Ha naockocru R Aubo 6 nps-
Mole, npusem, IK8ATOp nepexo-
dur 8 npamylo 1020Q U TOALKO
To20Q, K0eda OH Npoxoour uc-
pes ceseprolll noarc chepor.

HJokaszateabcrpo. Cua-
yasa 3alHlueM cTepeorpagpuucc-
KYyI0 TNpPOCKIHIO B HAEKAPTOBLLX
Koopaunarax. [lycts X, y, 2— Ko-
~  OopAuUNAaTH TOYKH P Ha cdepe, a

Pre. 37 X',y — KoopAHNATH ee o6pa3a

Ha MJOCKOCTH (MoCse cTepeorpa-

¢uueckoil npoexuun). Torpa us puc. 37 noaydaeM COOTIOUIEHMSE:

x = _1.:'._; y' == : J S Ypasueie oKpyxHOCTH Ha cpepe pagnyc:
—Z X —_ -

| sanumenm B BHfe: {ax-}-by+4cz=d, x2—|—y2+22¥_~‘1}. Wmcen:

Pixy z)

‘d—ax—b "dwax'—;b' ¢c—d
2 = ax y;z:':: - y,; 1—2.;;-—-—-—-————-—, ’;
c ¢—ax -- by c—ax’ — by .

()2 (1 —2)2 4 (Y )2 (1 —2) £ 2% -1,

Tak Kak 1 — 2 > 0, 10 (x')¥-4 (§)* == ““—“iiz me iz_z =14
4 2(d—ax'——by’) T e (x:)z o (y')'.! 1 2a P 2b y' N

c—d c—d Coc—d

2d
c—d
BTOpOro mopsjka onpegenser JAuHO0 npaMylo, b0 OKPy:KIOCTb Iia
MJIOCKOCTH, B 3aBHCHMOCTH OT COOTHOUICHHI MeXAy mapaMeTpamit
a, b, ¢, d. Jlemma mokasana.

Anajioriiyiioe  yTBepXKAeHHE HMEeT MecTo W AAst mjaockoctu Jlo-
HauescKoro, .
Jlemma 5. Hesvipoodennoe Opobuo-aunednoe npeobpaszosanic
‘;—Z% (1. ¢. turoe, uro ad—bc+=0, 20e a, b, ¢, d, — xKomn-
ACKCHOIE qucaa), nepesodsuyee O8YMEpHYIO NAOCKOCTL 8 cebs, 0TO-
GpaycaeT NPAMLIC U OKPYICHOCTU CHOBG 8 NPAMble 1 OKPYICHOCTU.
npudem npamas MONCCT NEpPelTi 8 OKPYICHOCTs 1 HaobopoT.

. KaK H3BCCTHO H3 aHAJUTHUECKOM FeOMCTPHH, ITO YpaplleHne

B
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Hokaszateanctro. Ecau ¢==0, T0 yTHepxicHHe OuCBUILHO,
a- b
TaK Kak npeofipazosaiie 2 =W } ~—- NIPCACTABAHCT W3 cebst ma-

pasyeaALIbl cABNr 1a Bextop b/d M yMuUOXKClHe Ha KOMIJIEKCHOE

qucao afd  (pacrsixennc ¢ uosopeTom). Ilyers ¢5=0. Torapa:
. a ad — bc,
==—~--~«(———)——, T. €. yTBCpXKAeHie JICMMBL OCTAJ0ChL JI0KA-
c ¢ (cw -1 d)
1

34Th TONLKO st apoOGio-ainefnioro  npeoGpasosaius 2 —.
. w

DPaceMoTpuM NpoH3BOALIYIO OKPYKHOCTL 1A IJIOCKOCTH 2 11- 3aMH-
uem ee ypaslienue B Bue: [2—zo|?=¢% T. ¢. (2—20) (2—20) =&
Jlenas sameny: 2=1/w, noaywacm: (l1—z2p2) (1—22¢) =¢?—22, T. e.
2z(82—202p) + 202+ 202—1==0. $lcHO, uTO 2TO ypaBHeHMe (B 3aBHCII-
MOCTH OT BeiOOpa In1apamerpos
¢, 2p) oupelensier JuGO OKPYXK- B LA
ocTh, AHOO upsamylo. Jlemma q
NoKa3aHa. ‘
Cnepcrsue 1. Paccmor-
. Vo fw
pum orobpasxcenue” 2= T
nepesodsiujee  BePXHION — NOAY-
HAOCKOCTL 8 eduHuunbl Kpye.
Toeda npu srod 3amerne Koop-
Junar «npamviey modeau Ilyan-
Kape, T. ¢. Odyet OKpYMHOCTCL,
OpPTO2OHANbHOIX AbCoAIOTY, ne-
pexodar aAubo @ npamele HG Puc. 38
naockocry W,  oprozonaivkbic :
seujecrsennold ocu u (ede W= ) :
=U--iv), Aub0 8 NOAYOKPYNCHOCTU, OPTOSOHAADHOIE BCUECTOCHHOI
ocu u, (cm, puc. 38). o :
HoxkaszateancrBo. ByaeM cudtaTb, 4YTO CAMHHUHBIL KPYF
BJAOXKCH B MNJIOCKOCThL KOMIVICKCHOH mepeMelnof 2, a BepXHss Mojy-
IVIOCKOCTb — MNJOCKOCTh KOMIIEKCHOH liepeMcHHOji @. Torga oTo-

ki
Opaxenue 2= +L'

- W .
IJIOCKOCTH @, B cuay aemmbr 5 3To oTOOpaXkelue mepeBOAHMT nps-
MLie TG0 B NpsiMble, A1I60 B OKPYMKHOCTH (QHAJONIIHO 1f OKPYKIOCTH
nepexonT 100 B UPAMbic, JHOO0 B OKpy:KHocTH). [Tockosbky mpe-

MOXIHO CHYHTATL OmnpejenenisiM . BCIOAY i

- w z2—1
obpasoBpalne 2 == — qMeer ofparinoe:  w=——— (HanoM-
1l — iw i{z41)
HHM, 4TO ad—bc5=0), To 3TO e CAMOC YTBCPKAENHC BEPHO H A4
z2—1 :
obparioro oTo6paxenus: w::=:'~.(+—])—. CarrenoBaTesblo, «NpsAMbIE»
[ U4

mozenn TlyaHkape (ecaH HX ROMOJHHTbL 10 NPSAMBIX H R0 OKPYXHO-
CTCH Ha MJAOCKOCTH 2) mepeXoAdT JuGo B NpaAMBbIC, JUOO B OKPYHXK-
ocTH Ha miockoctii ©. OcTanoch A0Ka3aTb, YTO OMH AOJKHbI OHTDH

57



OPTOIOHAJbHDLI BEIIECTBEHNOA OCH (B TOYKax mepececueHHs ¢ 3ToH
0CbI0). ITO OyAeT CAepoBaTh U3 IMKecAenykoliel JeMMbl O,

Jlemma 6. Jwoboe nesviposcdennoe OpobGro-aunelinoe npeobpa-
aw - b
308anue z:-—-———jd , omGpawcarmqoe NAOCKOCT6 W HA NAOCKOCTH 2,
w1~
coxpansier yeaol mexcdy o/mdrcumu KpusbiMiL 8 TOYKUX UX nepece-
qenus.
JoxazatcabcTBo. JloCTaTOUHO BLIUNCAHTL B SBIOM BHIE

CBRJAIAOBY METPUKY d2dz B HOBMX Koopauiarax w=u-4iv. [Ipo-
aw |- b

Bepka Toro (akTa, uTo oTobpaixkeune z:——L—, rae ad—be£0,
cw - b

ONpeeJIfeT Peryaaplyo CHCTeMy KOOpaHHAaT, APOBORHTCI TaK XKe,

Pue. 39

KakK 1l NpoBcACHIIOe BLIUIC PAacCyXKACHHC O PEryasspHOCTH 3aMelbl:

11w, .
2= [IpsiMoc BulMiic/eHHE MOKa3blBAeT, UTO
— W
dz - Qdw(cw--d) —cdw (@ |- d) ad — be’
(cw - d)2 (cw dy’
P | ad —- be |2 i _ '
T. ¢. dzdz = -l——ll—lT-dwdw; B TepPMHNAaX BCUIECTBEHHBIX KOOPAH-
cw--d
5 d— hci?
Hat (%, y) u (4,v) umeeM: dx* | dy? ..:—-I—‘q——ﬁc‘—i—-(d dv?). Ta-
W~

KHM 06pasoM, Halle 0TOOpaxelue 0Kasajdoch KOHGOPMIUBIM, T. e.
YMHOXKAIOWHM CBKJAUAOBY MCTPHUKY Ha MOJOXKHUTeNbHBEI (uepemMeH-
ublif) MHOXHTEJAL M, KaK OblIO JI0Ka3aHo paHee, cOXPaHAET VIV
MEXAY INCpeceKalolUIMHCA THaJKNMU KplBbIMH. Jlemma poxasaaia.
TeM caMbiM TIOJIHOCTBIO Jo0Ka3adHo W chaeactBue 1. Paccemorpum
: " z—1
fosiee peTajinbllo. cBoiicTBA  oToOpaenus w:m.
) [ ¥4
mepexoanT B 0ecKOlCUHOCTh, CJAelloBaTebHO, JAMaMeTp Ha MOJACaAR
[Myanxape, npoxoasuwii uepes touxkn 0 4 —1, nepexoalT B NpAMyIo
OpTOTOHANBIYI0 BelnecTseHnol ocu u B touke 0 (cm. puc. 39). Ipsw

2 — . .
OTOOp aXKCUHH w::'(——iT)- OKPYXIlOCTb |2| =1 nepexoxutr B Be-
[ Ve

Touka —

58



e

tecTeenuyio Ocb  U. B camom acqae, cecan A= EE——
i(e”‘] - 1)

TO

_ el __ | !
A=-————:=}, T.cC. A BCHICCTBEHIIO.
11 N
Paccmorpum miaockocTs JIoOaueBRCKOro B ¢e pcasnsaldi a Bepx-
e noaynitockoetu. Ilyers Py 1t Py — jBe mpou3BoJiblibie TOUKH B
BCpXHeil moJylsiockocTH. Torga oHH Bcerga MOTYT OuiThb CO@INEHbI
¢/ IMHCTBElHOIT «mpaMoil» B maQckoctn Jlo6auenckoro.  [TocTpoenne
ragofl «upAMoil» noxasano ua pnc. 40. B Tom caywae, xorpa obe
TOYKH PACMONIOXKCIL 1A NPAMON, OPTOTOHAJNLHON BELICCTBEHION OCH,
«npAMAas» MJAOCKOCTH JIoGaueBcKOro coBllafaer ¢ 3Toil npsiMoil. Hlaii-
AeM ABIYyW (QopMyay aasi AJUHBI OTpe3Ra «NpsMOH» OT TOuKkH /)
a0 touku P, (B Merpuke. JloGaucsckoro). Cuavana ciaenacm mpo-
cToe npcobpasoBallle «npsaMoil», He MeHSIolce IJIHHY ee Ayr, --—
PacCMOTPIM MapasJieabliblii nepeHoc (ljszgoit:jy;)cn u. Tak kak merpu-
2 -

ka Jlo6Gauenckoro umeer BuJ ds* = r

, TO oua WHBAPHAHT-

Ha (coxpansiercs)  OTHOCHTEJbIO
TAKHX TaPaaJesbiibIX MEPClocoB
{uay, Kax ngorga roBopsT, «Tpall-
CAAIMOHIIO HIBAPHAUTHA» OTHOCH-
TeNLHO BeleCTBEeHHLIX  CABHTOB, °
T. €. ¢ABUTOB Baoas ocu x). [lycts
Py v Py ne acxar na npsmoil, op-
TOTOHAJLIO  BeulecTBeofl OCH.
B wacTnocTH, MOXKIO CUHTATL, UTO
LEHTP OKDPYXKNocTH, H306paxkaio-
el «NpAMyio», HPOXOASUIYIO Ye-

pes touku Py u Ps, Haxogurest B Prc. 40
rouke O. Tlapamerpuuecku, ypas-
lCIHHe HTOH «NpPAMOI» 1MeeT BIUL r=ry, PI¢ (r, () ~— TOJAAPUDLIC KO-

opaunate. Ilycre toukn Py n P, sapaiorest koopauwuatamu (ro, @)
u (ro, gg), cooTBeTcTBelHO. Torpa pauna nyru ot Py no Py umeer BHI:

P2 L] ‘
L(P,, Py) :S ndp j dg :_‘_m( '““) o

Dot rosin g sing - 2 Y—1 [ leose
Ty 1 '

1 |- cos ) (1 tg%%

=1 n (1 -[- cos @,) (1 -~— cos @) el —2

2 (1 — cos @) (1 -} cos @y) e P .

2

IMyctn rtemepn Touku Py 1t Py jexar Ha npAMoil, OpTOronalb-
" « L
noii BeulecTBelHoii ocH. Toraa, oueBHAHO, [ (P, P) = ln(—"z—), Tae
: . hn
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(x, 11}y v (x, ya) -- Koopannarsl Touck P, n Py COOTBETCTBEHIIO.
B Tom cayuae, xorpa Toukn Py u P pacnosioxennsl Ira OKPy»KHOCTID
{c ucHTpPOM mna BeICCTBCNIIOH OCH), CJEAYET OTMETHTL OMHO MOoJe3-
Hoc 00CTOATENLCTBO: PACCTOANNC MCKAY Toukamu P; n Py He mcens-
ercst npy npeodpazoBainy nopo6KHa ¢ nenrpom B touke 0. Mul- cuir-
TaeM, UTO UNTP OKPYAIOCTH COBMELIEN ¢ NAavajoM KOOPAHHAT.

I/cholm N3 noayuenioi hopMyJibl IS AJIHEBL AYrH, MOXHO M0+
Ka3ath, uUTo Na mjnockoctH Jlo6aucBcKoro aas JoGoro TpeyroJbliil-
Kil, COCTaBJICIIHOTO 113 OTPE3KOB «MNPSIMBIX», BLITIOJIIEHO HEepaBelcT-
BO TPeyrojibHikd, T. ¢. ecan Py, Ps, P3 — BCPUIHHB TPEYTOJbHHKA,
TO l(Pl, P2)+l(P2, Ps)}l(Pl,Ps)

JoKaXeM HCPABCHUCTBO TPEYroJLHIHKA AJA «NPAMBIX» B IJIOCKO-
crn Jlo6auesckoro. Hust storo ynoGHO clioBa BepHyTbest K u3obpa-
KCHHIO ITOCKOCTH J106a4eBCKOrO B BHAE JBYXNOJOCTHOTO THIED G0~
Jonaa tSi, 3ajaBaeMoro ypaBuchneM: — (x'}3+ (x2)24 (x3)2=—1.
Hlanomunm, ato «npsmMoie» na maockocTd JloGaueBckoro — 310 mnepe-
ceuennsg IVIOCKOCTCH, MPOXOAAMNX ycpe3d I11auajo KOopAHHAT ¢ ABYX-

— o
nojocTipiM ruiep6osiongom.  Ilyerns e, e, € 18T —a8a Bektopa na
niockoetil JloGauesckoro, P — N0CKOCTb, NOPOXKAeliias BeKTopa-

- -

M e, n e Toraa ckaaspuoe mpomssefenne 8 R} wigyunpyer -
}l(‘(’pHIIHTIIOQ ckaasipiioe npoussefeniie a miockocti P. IMockoanky -

—_ = .
<y, 1> =—1, TO IIocKocTL P nsomopdua Rf, 11, CJC/IOBATCNLHO,
Ha IJIOCKOCTH P M0N0 Tak BBeCTIl JHHelHbic koopmimarhl (x, y),
uTO MEeTpuKa upHMer BHj: —x2-4y2, a ypapieunc «npsamoii» |’ zamu-
mercst B BHAC ——x2+1/2—:—, —1, CJIOHOIBHTGHI)IIO JWINHY OTpC3Ka KpH-

Boii I' Memay TOUKaMIU el—(xl,_/l) 02_(x2, Y2) MOXKHO BBHIYHC-
JIITL 110 YKe NPHBEACHHLIM BDLIlIe (popMyJIaM. Juist 3TOr0 1NON0OKUM:
=chy, y=shy. Toraa x;=chy, m=shy, xe=chy,
a AANHL oTPe3Ka KPnsoil pasla:

Ly = | oy — % | := |arcel x, — arcchi x| == .

~> -
= | arcch (x,0, = y142) | = arcch (— (ey, €,)).
: e e
Takum o6paszoM, ecan HaM AAHO TPH BEKTOPa €, €4, &3 Sl ,
TO 1IePABEHCTBO TPCYroabHIKA UMceT BHUA [jo<{[i3+1l3. [Hopcrasum
B 3TO HEPABCICTBO BLIPAXKCHIE YcPe3 CKAJNSIPHOE NPOH3BEIeHHe BeK-
- -~

- -

- — -~

TOPOB &y, 6’2, s arcch(—<Ce, ea>)<Larcch(—<ley, e3>)+4

+arcch(-<el, e3>) OTMCTHM, YTO BCe TPH CKa/SIPHBIX TPOH3BE-
-

-
nelns <e ,(32>, <eg, 03>, <ey, e3> mogokpTeablub 1a S22 Ipu-
MCHSISI K JIeBOH W 1paBoil gacTsam HepaBercrsa ¢yukumo ch, mosy-
yaeM:

- :;lv ?2) < (‘T_,—E'J) (—51’ YRS V (f;’v Zl)u‘“ 1 V("lv E;)z__ !
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HJT

(o, Ca) — (om0} (e ey < V (@ )t — 1 V (er, €3yt —

BMecTo nocseiiero HepaBeHCTBA JAOCTATOYNO JIOKA3aTh COOTIIOWIEHHE
- 2 - - 5 [N . - > -
(61, €)% - (e, €307 (€y, 5)* 1-2(ey, e:) (e, €3) (e, eg) <<

o - = AR
< (1, €3)° ey, 5)% -1 1= (e, €5)° — (ey, 4)°
HJIH

—_ - - ‘ - o - -
-2{ey, ex) (e, 03) (g, €3) - (o), &)* - (ey, €3)* —{ey, e3)* < 0.

- ol — — X - -
Mockonsky (e, €,) == —1, (e, &) ——1, {e;, &3) == — 1, TO B JeBoi?

YaCTH HCKOMOrO 1iepaBeHCTBa CTOUT OINpele/IHTeN L dema COCTaBJIEHIIBIH
- o o

H3 CKaJISIPHLIX TPOU3BEJelHil BEKTOPOB €, &y, €y:

<el1 el <"’ 1) (ea, ¢1>
det <€|, ("7) ("Zv ey )(e), 63) < 0.

(elv e'i> (‘ 2 93) (33, Ca)

3Hax onpejgcsanreas I'pama ne meusiercest npn 3amenax Gasuca, Mo-
3TOMY B CTanJapTHoM 6asnce ol IMeeT Bl :

~100
det| 01 0)w:—-1£0,
001

Hepagenetso Tpeyrosaninka JokasaHo.

[Moctynasi mo anagorum co cdepoi, BLIBEAEM OTCIOAa CJACLYIONICC
YTBEPHACHIIE.

Jdemma 7. dasn awoboix dsyx rtowek P u Q orpesok <npsmoiis,
coeduHsoeli ITU TOYKN, PCAAUSYCT MUHUMAALHOEC DACCTOSHUE MCXC-
dy arumi Toukamu.

Heiiersureanno, paceMotpum mjockocTh Jlofauesckoro H ec pea-
JH3ANHIO [1a TIPaBOil MOJOCTIL ABYXNOJOCTHOrO THMEpPHOTOINAa Y
Torna «npsiMmasi», coeftniistioniasi Touki £ 1 Q, peajiusyercss Kak ay-
ra IJIOCKOro cedeima runepbosion)ia ST wockoeTsI0, TPOXOAAILLHT
yepes rouky O (uentp neesjpocdeps). PaceMoTpuM  fipon3BOJLIYIO-
TAQJIKYIO KPIBYIO Y, COCJUIHISTIONLYI0 Toukit P 1 Q ma runepGosone.
AHnpokcHMHPYEM  KPHBYIO y JOMAaHOH, COCTaBJACHNON H3 OTPCIKOB
«1psMelx». JlocTarouno aokaszaTb, uTo Ajnia Jg06oit Takoil somanoil
HC Menbiie, TeM AJnida <npsMoi», coclunsioneit P n Q. Otmernm,
UTo 06yl napy ToueK Ha MIocKocTH JIOGaucBCKOro MOXKHO COCAn-
INITHh OTPC3KOM <NpsiMoil». Mbl y»Ke AoKaszaall To paHee B MOACIH
la Bepxyecll INOJYIIOCKOCTH, KOTJAa MO IIPOH3BOJLHOH Tape Toyex
14 BepxHell HOJYIMIOCKOCTH TNOCTPOHJH  OKPYKHOCTb, MPOXOASIMLYIO
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mepes X H OPTOrolaJbllyio BeniecTBenHoft ocu (B Toukax mepece-
uenus). Tenepb MBI MOXEM 3aMellTh Hally JOMAIyIOo 110BOJ JAOMa-
HOM, JJIHHA KOTOpPOH He TPEBOCXOJAHT JJIHHBI HCXOAHONH JIOMANOM.
Jis 3TOro paccMOTPHM JBa COceNHHX 3Belid HCXOAHOI JioMaloid 1
(B TOM ciyuae, KOrjla STH OTPE3KH He JiekaT HA OAION «IIPIMOii»)
HOCTPOHM HOBLI OTPE3OK, COCAHIIAIOWHIl Hayago NepBoro 3Bsella ¢
KOHIOM BTOporo 3BeHa (cM. puc. 41). Tak kak Tpeyroanink ABC
COCTaBJIeH M3 TPCX OTPE3KOB «NPSIMBIX», TO, KakK ObLJI0 A0KA3a110
Bbillle, BHIOOJNHEHO HCPABCHCTBO TPEYroJbLHHKA, B CHJIY KOTOPOro AJii-
3da HOBOH JIOMaHOIl e NMPeBOCXOAUT JJIMHB HCXOXHOHK somatoii. ITpo-
J0JKAas 3TOT Npollece U HCHOAB3YA TOT (daxr,
4TO y [AYAJLIOH JOMalol OLIJIO KOHeuloe UHC-
JI0 3BEHbEB, MBI Uepe3 KOHEUHOe YHCJAO MiaroB
NOJIYdHM JIOMallylO, COCTOAILYIO TOJABKO M3 Of-
HOro 3BeHA, T. €. COEAHIHM TOUKH P H Q Hexo-
TOPBIM OTpe3koM «mpsimoli». OnHako U3 mpose-
NCIHOrO paHee pPAaCCyXJelus, A0Ka3biBABLICTO
CYLLeCTRBOBAHWE «IIpPSAMOi», COeRHHSAIOWell NIpo-
H3BOJIBHYIO 1llapy TOueK, clelyer, YTO TakKad
«HpsiMasi» efuicrBenna. CnejpoBatenpHo, Halll
poluecc ympolleHusd JoMaHOH OCTAHOBHJCA B
TOT MOMENT, KOrja jomaHas coBmaja c OTpes-
KoM <«npaMoliy, coeaubstiomluM P n Q. Tem cambim JemMa Joxaszala,

Hrax, mMbl monyunnu uekoropoe o6ocuoBaHME, TOYEMY TJIOCKHE
<CCUCHHA THNEePOOJIOILAA HIPAIOT POJL HPAMLIX B reoMmeTpuu JloGaues-
cxoro. OKa3anoch, ITO OHM KaK pa3 H peaju3yloT Kparyalilllee pac-
CTOAHHE MEeXAYy TOYKaMll B mockoctH JloGaueBckoro. Mul NmpHBBIK-
JIT K TOMY, YTO Ha €BKJHAOBOH MJIOCKOCTH JABMKEHIC NO NpAMOH Kak
pa3 u osnauaer ABHKEHHE IO TPAEKTOPHI, PEaJH3YIONIE]] MHHHMYM
paccrosinust MeXxay ABYyMsa TouKaMmiu. Tax kak B reoMerpun Jlobaucs-
ckoro (Kak 11 B TCOMCTPHE 11a cdepe}  TOHATHE «IPSIMOANHEHIIOro
ABHKENNA» He (BOpPMYJHPYETCs NMPOCTO I €CTECTBEIHO 11a A3LIKC BCK-
[OPOB € IOCTOAHHLIMH KOMIOICHTAMH (YK23LbIBAIOUHMH OAHO3HAUHO
HanpaBJelHe ABHAKCHUHA), TO CCTCCTBEHIO Ha3BaTh «HPAMOJHIICHITHIM
JABIKCHUEM» Takoe, KOTOPOE NPOHCXOANT 110 IEKOTOPOll TyafKoM
KPHBOH, peasiusyiolilell MUIIIMYM DaccTOSIIHAg MCKIAYy Uauannioi i
woHeuHoil Toukamu. Kuacc rTaknx KpUBBIX MBI OOHAPYXKIUII KAK 112
chepe, rak n na naockocetn JloGaueckoro. M B Tom, m B apyrom
QJIYUaC 3TOT- KJacc COCTABJEH M3 IJIOCKHX cevellMii ABYMEpHBIX I0-
BCPXHOCTCH, MOJeAHPYIOUHX COOTBETCTBYIOUlHEe reoMerpun (cdepnt
1 ncesaochepn). B gannuefiizeM, Korja Mbpl NO3HAKOMIMCH € [pO-
CTCANIIMHE  3JIeMEHTaMIl BapUallMOHHOIO [CUHCJCHIA, Mbl JOKaKCM,
UTO 3TOT K€ KJACC KPHBBIX MOKeT OBbITL BBIASJCH H3 MHOKECTBA
BCEX IJIAJKIX KPHUBBIX TakXXe M TeM CBOICTBOM, 4TO BJOJDL 3TIHX
«IPAMDLIX» MOMKIIO CCTCCTBCHHO OMPEJENHTL MONATHE HapaJIcabioro
neperoca, ofobuiajouice OOGLIUHBIN TapanseNbHBIH Tepenoc B CBKIH-
I0BOM TNpocTpaHcTBe (TAaKHEG KPHBBIC HA3BIBAIOTCS Te0e3HUECKIIMH).

Puc. 41
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3agaun Kk § 4

1. Tlokasarn, uro y TpeyroanHEKa Ha ncepnocdepe (cocTaBaeH-
1I0T0 M3 OTPC3KOB «IIPSAMBIX») CYMMa YTJIOB MeHblue 2. ~

2. Buipasurs, cyMMy YIJIOB TpeyroiabHHKa na mceBipochepe  (co-
CTABJICHIIONO 113 OTPE3KOB «IIPAMBIX») uepes ero MJoMmaib.



TrNMABA 2

OBUIAA TONOJIOTHUA

Tonosiornst — T0 pasfes MaTcMaTHKH, KOTOpHIH H3yuaeT cpoil-
T3 FeOMEeTPHUECKHX OODBCKTOB, He MeHFIOUIHeesH NMPH «Acdopmallnry
MU NpH 1peoGpasoBaHMax, noaobHex gedopMaunsm. B maremarp-
YCCKOM allajH3c BCTPEUAeTCH MIIOrO HOHATHH  CXOXKHX IO CBOIIM
cBOCTBAM H MeTojaM HcciaemoBaHusi. Hanpumep, mnousrtue cxo/u-
MOCTII H IlIpejesia BCTpedaloTcs B aHa/JH3C B KayecTBe: a) Tpefena
noc/ae0BaTeNbHOCTH, 6) Pas3/IMUIBIX THIIOB lUpcAenoB QYUK oanon
nepeMeHHON, B) mnpeneson (YHKUHI MHOrHX NepeMeHubIX, I') npeje-
JIOB  BEKTODHO-3HAUHBIX (YHKIHH, 1) CXOAUMOCTH HHTErpaJIbIIbX
cyMM. Bce aTH MOHATHA CXOZMMOCTH Il Ipcjesa OCHOBAHBI 1la [ICKO-
TOPHIX OOWHX [/ NUX NMpHEeMax HCCJAedOBaHus, KOToOpble IHITYHTHB-
110 MBI TOIHMaeM Kak O6J/iH30CTL TOUCK [ICKOTOPOrO0  MHOMXKeCcTBd.
JlpyraM BaKIeHIINM NPUMEPOM SIBJISHOTCH Da3JIHUHLIE THITBL 11OIISI-
THS HENPEPBIBHOCTH, K KOTOPLIM TECHO NPIMBIKACT TOISATHE CXOJII-
mocri, Q6uas ronoJoris n3yuaer Kak pas Hanfodaec obmiue cBoli-
€TBA TeOMeTpPHUeCKIX IIPOCTPAHCTB M HX upcoGpasoBauii, cpasall-
HLIX HMeNNno co CBOACTBAMH CXOAMMOCTH H HCNPEpPLIBHOCTH.

§ 1. ONPEAENEHUS M MPOCTEHWMNE CBOMCTBA METPUYECKHX -
H TOMOJIOFHYECKHX NMPOCTPAHCTB

1. MeTpHyeckde NPOCTPAHCTBA ‘

B kauectse ¢yngaMentajnHOrO NMOHHATHS B TONOJOrHM BeIGHpaeT-
Csl HORSITHE  «OGJHU30CTH»  3JCMCHTOB  TIPOU3BOJBHOIO  MIIOKECTRA.
HauGonee yao6HO H3MepsATh cTeneHb GJIM30CTI UHC/IaMH B BHje pac-
CTOSIHUA MEXAY JCMeHTaMH,

PaccmoTpuM Kakoe-nHG0 MIUOQKCCTBO X, COCTOsilEe M3 SJeMCIl-
TOB [POU3BOJILIIOH NpUpoAn. Merpukod Ha Muoxectse X HasnlBacT-
csl TaKkasi YHCJOBas leorpiuuatensHast ¢GyHKUMs p(x,y), 3aBHCALIAs
0T Hapsl 3JeMenton X, Ye&X, Uro BLITOJHAIOTCA CHELYIONLHE YCJI0-
Bilsi: .

(a) p(x,y)=0 roraa u TOJBKO TOTAA, KOTAA Xx==Y,

(6) p(x,4)=p(y, x),

(B) Aas M00BIX Tpex 3JeMeHTOB X, Y,2<X Bcerga: p(x, y)<s
<p(r,2) +p(2, 1)

CrojierBa (a), (6), (B) wHasumBaloTcid, COOTBETCTBEIHO, aKCHOMa-
MU TOXJIECTBA, CHMMCTPHH H TPEYroabHHKA.

MroxectBo X BMeCTe ¢ HeKOTOPOj MeTPHKOH p, onpeledcHHOI]
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na MIOXKeCTBe X, UAZLIBACTCS  METPULECKUM NPOCTPAHCTEOM,  DJc-
MenThl MHOMcecCTBa X Ia3BIBAIOTCS Toukamu. 3lauciiHe  MCTPIKI
p(x,y) na mape Touek x, ye=X Na3LIBACTCS PACCTOSNHEM MCXKAY TOU-
KaMmil X 1 y. Merpiueckoe MpocTparcTso cJIeAyeT 06031auaTh B Bilje
napet (X, p). Ho j1st kparkoct, ecall 310 lic BBI30BCT IICAOPa3yMe-
auli, Merprueckoc MPOCTPAHCTBO GyacM yacto oBo3Na4aTL MPOCTO
yepes X.

[pocrefiniM  mpuMepoM  METPIYCCKOrO HPOCTPAUCTBA  ABJISICTCS
caMo MitoxecTBo BelectBenbix unces R!'. Merprka na nem 3apacr-
ca pasencrsoM p (X, y)=|x—y|. ®yuxuusa p objajaer Bcemi cBoi-
CTBAMH MCTPHKH 11 upeBpamaer R! B Merpuucckoe MPoOCTPAlCTBRO.

Ecau X — MerpHuccKoe HpocTpancTio ¢ mMetprkoit p, a YcX —
HCKOTOPOE €r'o MOJMIHOXKCCTBO, TO € HOMOLLLIO 'TOH Ke MCTPHKIL p
MIIOXKCCTBO Y Iipespaniaercsi B MeTpHUCCKOC 1poctpalicrso. Merpil-
yeckoe mpoctpatictBo (Y, p)  6ByneM  HasblBath nodnpocTpanHcT8OM
Merpitueckoro npocrpatcrea X. Ilycrs Y<X — nponssoaniioe mnoa-
MHOMECTBO METPHUYECKOTO ImpocTpaHcTBa. PaccMoTpuM  Bepxuioio
rpanh Bcex uncea p(x, y), Korja X, y npoGeraloT TOUKIL MIOXKeCT-
Ba Y. Ecau 3ta pepxiss rpann KoHeulla, d::suep{p(x, y)}, T0 MHO-

x.yeY

KecTBo Y 1asuiBalor oeparuycHHelm, a uncao d — Ouamerpom miio-
¥KeetBa Y.

Hlaposoii okpecrhocroio ¢ yenrpom x=X paduyca & naszwvizaeTt-
csi muoxkectBo Og(x) Becex towek yeX, mas koTopuolx p(x, y) <e.

Paccrosnuem mexdy Osyms muoxecreamu Yy, Yoo X nasmBaotca
wieao p(Yy, Yo)=infp(x,y), xorma x mnpoberact MmIioXecTBo Y,
a_y npoGeraer MHoXectBo Y. Ecjn Mmnoxecrsa Y, n Yo uMcior 06-
wyw touky, To p(Y,, Yo)==0. Onnako, Moryt OblTb HpiIMepLl H Ile-
MEePCCeKAIOUIIIXC MHOMKCCTB ¢ HYJIEBbLIM DAacCTOAHHEM MeXJY HHMM.

Iaposodtt okpecriocToto muoscecTsa Y paduyca e lasHBacTcs
muoxeerso O (Y) Beex raxrnx Touck xeX, jna gotopwix p(x, Y) <e.

Touxoli npuKOCHOBCHUsL MHOMKCCTBA Y  Ha3blBacTcsl BCsiKasg TOU-
Ka x, ans koropoit p(y, Y)=0. B uacriiocTn, Kaxmas TOUKa ¥ MHO-
¥KecTBa Y sisasieress ero Toukod mpukocioselns. OGpaTHoe yTBepX-
JeHue, BooGule roeops, HesepHo. Hanpumep, nurepsaa (a, by R!
AMeeT B KayecTBe TOUCK MPHKOCHOBEHHS TOUKII @ M b, KOTOpLIC Ie
UpHHAICKAT nutepeaay (a, b).

Sameikanuesm MiloxecTBa Y 11a3bIBACTCS MIIOXECTBO BCCX €TO- TO-
UK OPHKOCHOBenHs,  3amplkale Mioxecrsa Y oGozlavacres Ue-
pes ¥

TakiiM o6pasoMm, YF¥, 1o obpatioc, rooblie ToBops, ICBepIIo.
B paccmorpennom pauce npiMepe pHrepsasia (a, b) ero samblkanie
HBJISICTCSI OTPC3KOM [a, b].

Muoxectso Y MeTpPHUCCKOTO TIPOCTPAIICTBA 11A3LIBACTCH 3AMKHY-
TOLM, CCJAI ero JaMbIgame Y copnayaer ¢ Y: Y=Y,

Touka x "nasniBacTcst GHyTpernell Touxod MHoxectBa Y, ccin ce
HEKOTOPAST INAPOBAR OKpecTHOCTh couepxures B YV: 0 (x)=Y. Mio-
JKCCTBO BCEX DBRYTPCHINIX TOYEK MHOMXCECTBA IA3LIBACTCS GHYTNCHHO-
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cTor0 Mnoxecersa Y u o6osnavacrest wepes IntY., Ecan muoxecr-
Bo Y comnagacr co croeli Buytpennocteio Int Y, To MmuHoxecrso Y
IA3LIBACTCSI OTKPOITHIM.

Teopema Y. Mycre X — merpuueckoe npoctparcreo. Muooce-
cran YT X sgaseres 3amkHyTom To2da 1 TOAbko To2da, Koeda do-
noanenue X \Y orgpetro.

Hoxaszatceancrno. Ilyers Y — 3amkHyTOe MuoxcectBo, Y=V
noxeX\Y. ITo snawrr, 9T0 TOYKA X e SABJAETCS TOUKO{l NPHKOC-
noseuust Muoxecerna Y, T. e, p(x, Y)=e>0. [Toxaxem, uto O (x)C
cX\Y. B camom nene, ecan ye=0¢(x), T0o p(x,y)<e. Ecun 6wl
yeY, 10 p(x,y)=p(x, Y), 1. e p(x,y)==e, UTO NPOTIBOPCIIT
yesoBrio. Cae/loBaTeabiio, Muoxeetso X \Y orkpnito.

O6partno, nyctb X\Y — oTkpsitoe Mioxectso. Torna ecaw
xe=XN\Y, To unaifimercs waposasi okpectHocTh Og(x), Jcxanlags B
X\Y. 2ro siaunt, uto p(x, y)>=e aas y=Y, 1. e. p(x, Y)=e. Cne-
JOBATEALIIO, TOUKA X He SBJSETcsl TOUKO HPIKOCHOBEHHS MHOXKe-
crBa Y. Taxum oGpasom, ccan xe¥, to x&(X\Y), 1. e. xY. 310

snaunt, ytro YV, 1. e. Y=VY. CieroBatennno, MuoxecTso Y 3amk-
nyTo. :

Teopema 2. Mycre X — merpuucckoe npocrpancrso. Toeda:
06vedunerue 110600 CeMCICTBA OTKPLITHLY MHONCECTE SGASCTC OT-
KDOITOLM MHOJNECTBOM I NEPecedeHue KOHEYHO20 HUCAA OTKPLITbLX
MHOMCCCT8 SABASCTCH OTKPOITOIM MHOXcecTs8oM. [lgolicTéenHuim olpa-
3om: nepecederue a0602o cemeiictéa 1 o6veduHeHUEe  KOHCYHOZ2O
QUCAQ BUMKHYTHLX MHONCCCTS ABARIOTCS BAMKHYTLIMU MHONCECTBAMU.

Hoxkaszarcancrso. Ilyets YocCX — ceMeCHCTBO OTKPBITHIX
MmitoKecrn, [Tokaxkem, uto obbeauttenne Y=UY sBJsieTCS OTKpPHI-

a

TeIM MioxectsoM. [TycTs x&Y, Torpa xeY ¢ A4 HEKOTOPOro HilleK-
cd o, H MOCKOALKY Yo — OTKPBHITO, TO B Y, JIeXKNT Leqas niapopast

okpectiiocTn O (¥)Yq. TloatToMy Oe(x)C Y, UY =Y, 1. e

Y — oTKpuiTOE MIIOXKCCTBO. L[onycmM Tenepn, UTo mmcxc a npoQe-
raet Kotleynoe uncjao 3navenwii. ITokaxeM, uTo ucpeceyenue

Y' = [V, siBasercs OTKPHITHIM MiloxecTBoM. [IycTh xe=Y’, Torpa
a

XY o maa Kaxjaoro snaucHus uujexkca «. ITockonabky Yo — OTKpHI-
TOC MHOXKECTBO, TO 1IeKOTOPAs WapoBasi oKpecTHOCTDL O, (X) seXHT
B Yeo. [TosoxuM e=mine,>0 (34ece Mbl BOCIOJL3OBAJIHCL KOHeU-
HOCTLK) MHOXecTBa unaekcoB a). Toraa Oe(X) S Oe (X)) =Y, pas

BCeX 3Hauendit ungekca a, T.c. Oy (x) < ﬂYa =Y. Cucpoarenn-
a

110, ¥ — OTKPHITOC MHOMCCTRBO. .

HpoiicTBelmpie yTBepKAHHS  AAS 3aMKHYTHIX °MIOXKECTB cJe-
AyloT u3 rteopempl 1 1 cBA3M onepaunii o6beAHHCHHSA, Iepeceyenns
11 AONOJIHEHIIsI:

ﬂ(\\m =X\UYa, U (X\Ya) —X\ nv
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Bo Beex MPEALIAYUUIX YTBEPHJICHIAX Mbl CHIC IIC NOJL30BAJSHCH
CBO{ICTBOM (B) METpHKH, KOTOpO€ YiaCTO Ha3bLiBABTCH [ePaBCICTBOM
Tpeyroabiuka. Bo MiorHx pagpHeilinix yTBOpKAEHHAX O MeTpuue-
CKIIX npocTpalcTBax MOJAL3YIOTCS TOJNLKO 'CBOHCTBAMH, chopMysupo-
BaHHDLIMH B Teopemax ! u 2. To3ToMy MOXKHO pacuidpntb KJaacc po-
CTPAHCTB, JJA KOTOPLIX HMCET CMBICJ TIOBOPHTL 00 OTKPLITHIX, 3aMK-
HYTLIX MIIOXKECTBaX, BHYTPCHIIHX TOUKAX H TOUYKAX IPHKOCHOBEHIIA.
Ho nipex e uem BBectit 310 ofiiliee mousATiie, AOKAXKCM Clile HECKOJb-

KO TNOJEe3HBIX yTBCpXJAeNHl 0 MCTPHUCCKIIX INPOCTPAICTBAX, yXKc
OCHOBAHHLIX HA HEPAaBCHCTBC TPCYTOJLHHKA.
Teopema 3. Ilycte A — wmeTpuneckoe npoctpancrgo. Toeda:

(a) waposas okpecTHocTs Og (x) ABANCTCH OTKPOITHLM MHOMCCT-
80M; ’

(6) snyrpennocts IntY npoussoasnoco muozcecrsa Y sgasercs
OTKPOLTLM Mﬂowcecwmu

(8) samoikanue Y npoussoavrozo muomecrsa Y sgasercs 3amk-
HYTHLM MHONECTBOM.

Hoxazateavctso. Ilyern ye0e(x), Torna p(x,y)=6<s.
IMoxkaxkem, uto muaiigercs Takoe uiciao & >0, uto O (y) <= Oe (x).
Bribepem &’ rtaknm, urobn O6+e¢’<<e. Torma, ecan ze&0g(y), TO
p(2,y)<e'. CaenoBarenniio, p(2, x) <<p(x,y) +p(y,2) <db+e' <e, T.C.
2=0¢(x). 310 11 3Hauut, ut0 O (y) <O e(x). Taxkum obpazom,
O: (x) — OTKpBHITOE MHOXKECTBO.

Teneps mokaxem, uto IntY aABasgercs OTKPHTHIM MIIOXKCCTBOM.
3ameriM, uro ecau Y Yy, 1o Int YiInt Yo, [Togtomy ecan xInt Y,
to Oeg(x)Y, a 3uaunur, B cHay yrteepkKieuns (a), Oe(x)=
=IntOe(x)Int¥Y. Torpa, coranacuo onpezleJIenmo, MHOXECTBO
IntY sBasiercst OTKpLITHIM.

Haxoneu, nokaxem, uro ¥ — samkuyroe mnoxecrso. Cornacrio
onpeeacHio, TOUKA x Il MPHUAMJCKHT Y Torma M TOJMLKO Toraa,
orpa xeInt(XN\Y); 1. e XNY=Int(X\Y). Ilo teopeme 1,"ecan
Int(X\ Y) orkpnito, To Y 3aMknyro. TeopeMa 3 nosHOCTBIO JAOKA-
3ana.

2. TonoJornyeckue NMpPOCTPAHCTBA

ToBopsit, uto 1ma MmuoxectBe X 3ajana TOHQAO2(HA, €CNH BBENEHD
IICKOTOPOC  CeMefICTBO TOAMHOXKCCTB  MMHoxecTBa X, HasbIBacMbIX
OTKPOITOLMU  MIIOXKECTBAMII,  TIPIMEM BRIIOJANCHB CJACAYIOINIE YCJI0-
BIISA: ’

(a) Bce muomectso X, a TuKdC nYcTroe MHONECTBO SBAUOTCA
OTKPOITOLMIL MHONCCCTEAMU.

(6) O6®Bclunerus 41006020 CeMENCTEA U NEPECCHEHUE KOHOYHOZO
UUCAQ OTKPOITHLY MHONCCCTS SIBASIOTCS OTKPOITOIMIL MHONCOCTBAMU.

Mioxeerso X ¢ 3ajadHOfi Ha 1eM TONOJOFUGIT 11a3LIBRIOT TONMO-
AOCUMOCKUM MPOCTPAHCTBOM, IJCMCUTH MIoXKectsa X nasuipaworcs
rouxkamuy mnpocrpaHctBa X. JlomosHeHHS K OTKPHITHIM MIIOKCCTBAM
IA3LIBAKTCH JAMKHyToMU MuoxcecTeamu. QueBuano, uto B JioGom
TOHOJIOMYCCKOM 1ipocTpaHcTBe X BLIIOJHENB jBOficTRelnsic cBoii-
CTBA AJMS 3aMKINYTBIX MIOMXKCCTR: -
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(a’)y Bce mnoxmecrso X, a TaKme NIYCTOC MHONCCCTBO SIBANOTCS
BUMKHYTHMU MAONCCTOUAMIL.

(6”) Hepecewenue niofioco cemeiicrea u ()67>e0uH0mm KOHEUHO20
YUCAQ BUMRHYTOIX MHOXNCECTS SGASUOTCH 3UMKHYTOIMIL MHONCCTBAMU.

Hoyromy nast zapanug Tonosornn uya mHoxecrse X BMeCTo ce-
MCHCTBA OTRPHITLIX MIIOKCCTB MOXSHO 3aj)aTh CCMCIICTBO MIIOXKECTB,
YAOBJICTBOPSHOUILIX YCAOBIISIM (2’) 1 (6’), 1 1a3BATL ITII MHOXKECTBA
3AMKHYTHIMIT.

Teopema 2 npeanldyniero nynkTa rnokasniBaer, yTo cemciictso oT-
KPBITDIX  MIOMKCCTB  MeTpHUecKoro npocrpaucrsa X sapaer da X
LCKOTOPYIO TOMOJIOTHIO, T. €. mpespamaet X B TONOJOTHYCCKOC IPO-
CTPAlCTBO. : '

B ronogoringeckinx mpocTpancTsaxX BOCHPOR3BOINTCS MIOCHC BaXK-
HBIC TIOHATHS MCTPHUCCKIX TNPOCTPANCTB. - OKpecTHOCTHI0 TOUKI X
TOTOJPIIIIECKOTO  NMPOCTPANCTBA X uazoBeM Ji00oc -OTKPLITOC MHO-
KECTBO, COACPKALCE TOMKY x. Alaiormino OTKPBITOC  MIIOKECTBO,
COCPXANICe MOJMIIOKCCTBO Y, NAa3bLIBACTCS OKPCCTHOCTOIO MHONCC-
crea Y, Tougol npurkocrogenus Minoxeersa YCX HasWBACTCSI Takas
TOUKA X, AJsi KOTOPOIl KaXKJasi €¢ OKPeCTHOCTL IIMCCT NCHYCTOC [ie-
peccuciiie ¢ MHOXKeCTBOM Y. MIIOKecTBO BCCX TOYEK IPIKOCHOBEHIISE
MIOXKeCTBA Y HASLIBACTCH 3AMOIK@HUCM MIloxcecTBa Y 1 ofoarnauacr-
cst uepes Y. Bryrpeuwed Touxkofd MHoxecTBa Y 11a3bIBACTCSL Takast
TOUKa x& Y, Koropast jiexuT B Y BMecTe C IeKoTopoll ¢Boeil okpecet-
10CTHI0.  MHOXKCCTBO BCCX BIYTPCHINIX TOUEK MIlokecTBa Y uaswvl-
BACTCst B1LYTPEHHOCTHO W oGosllauaeTes uepes Int Y. .

Teopema 4. Muoxwecrso Y X samxuyro (T. e. ngaaerca do-
NOAHCHUECM K ()'I‘IC])bLTOM{j MHOMCECTBY) Toc0d W TOALKO T020d, Koeda
Y==Y.

JlokasaTcapcrno. [TyeTs ¥ — 3aMKUYTOe MIIOXKCCTBO, T. e.
XN\Y, — orkpuito. Torja muox)ectso XNV siBjasieTes OKPCCTHOCTBIO

JIs 06oii croefi Towkm, T. ¢. Touxn Mioxectsa XN\Y ne sapasiorces
TOUKaMIL npHkocnosenis mioxeetsa Y, [Tostomy YV, 1. e. Y=VY.

[Tyctn naobopor, Y==¥. Torna ecau xeY, 10 x He ABascTCs TOU-
KOIi NPHKOCHOBCHHSL MIOXKeCTBA Y, T. ¢. HCKOTOpPas €C OKPeCTHOCThb
U, ue nepecexacrest ¢ Y, 1. c. Uy X \Y. TakuMm oGpa3om, MIlOxKe-
crBo X\ 'Y mpejcrasiciio B BIAC OGBCAHHCHIIST OTKPBLITHIX MHOMXKCCTB
Uy, 11, 3Hauyr, camo siBJsicTCs! OTKDBITBIM. Teopema 4 poxaszaua.
Tceopema 5 Jumowanue Y npoiussoaonoco muosecrca Y rono-
AQRUMCCKOCO NPOCTHUHCTBN X SOASICTCS 3UMKHYTOLM MHONCCTGOM.
Hoxazarcancrso. Ileob6Xoanmo JjokasaTh, COLJAACHO [PCABI-

aymeit reopeme, pancncrso: Y=7Y. Bxaoueuie YY ouesiuio, Tax
UTO* OCTACTCSE NPOBCPHTL OBPATHOE BKJIOUCIIHE: Yo V. Urak, yCcTh

xeY. 1o 3uaur, uro Jobas oxpectnocth U TOYKIL X HMCET Hemy-
CToC 1epeceteine ¢ MIOKeCTBom Y, ckaxkem, touka yeUNY, T0 TOI-
aa Mioxeerso U asasteres okpectrioctnio Toukn y. [lockonnky yev¥,
TO, 3Ua4HT, MIOKeCTBO U (IMCCT THCHYCTOC TCPCCCUCHIIC ¢ MITOMKECT-
soM Y. CacroBaTelplio, TOUKA X SBJISIETCH TOUKOI HPUKOCHOBONHSA
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miokectsa Y, T. e. xe= ¥, Mu nokasaJjy, TakuM oGpasom, uto Y Y.
Teopema 5 pokasaHa. :

ITpumepun. 1. Pacemorpum MiuoxecTso X, cocTosiee u3 OAllo-
ro sseMmenta x. Toraa ma X MoxerT ObiTh BBejella cAHICTRCINAA
TOIMOJIOTTIS, ()'I‘I\'l)I)ITI)[MII MHOXKCCTBAMIT K()T()])O]"[ ABJIAIOTCST MIIOMCCT-
B0 X 11 1lyCTOC MHOXKCCTBO,

2. PaccmoTpum MuomectBo X, cocrosijee 113 JBYX 3JEGMCIITOB
xs=y. Ha 3aToM MHOXKecTBe MOIKIIO BBCCTII Y¥Ke HCCKOMBLKO PAa3JHu-
ublX Tonoserii, ITepBas TONOJOrHa 3ajacTcs MIIOXKCCTBOM BCCX IIOJI-
MHOZKCCTB B KAUCCTRC OTKPLITLIX MuokeeTs, T. e {P, {x}, {y}, X}.
Bropasi TONOAOFIST 3ajdceTesl  CACAYIONIHM  CEMCHCTBOM — OTKPDITLIX
mioxeers: {(, X}. Hakoien, Moxio emie 3agaTh TPeThi TOIOJO-
FHI0, B KAaUeCTBE OTKPLITHIX MIIOXKCCTB KOTOPOH CacayeT BisTh: {,
{x}, X}. 970 — Bce pasdauuiinic TOIOJOIHIT HA OAHOM II TOM KC MIIO-
KeeTre X, KOTOpBIC 3ajaI0T TPH DUSJMHULBIX TOUOJOTHUCCKHX IPO-
cTpalcTBa.

3. Ilyer, X — npoussosnlioe Muoxectso. Bpeaem na X Touono-
THIO, OOBABIB J1060C Cro MOAMIOXKECTBO -OTKpLITLIM, Toraa JioGoe
OJIIOTOUEUIIOE MOAMIIONKCCTBO SIBJISIETCS OTKPBITBLIM, d 3LAUlT I BCS-
KOG NMOAMHOXKCETBO, KAK OGLCAHICNe CBOHX TOUCK, TOXKC  OTKpLITO.
Taxkast Tononorns NasnBaeTcst OUCKPETHOL.

ITycrn X — rtonosoruueckoe mpocrpauerso, Yo X — cro nog-
MIoKecTBo. Torna 1a Y MoXKIIO TOXe NOCTPOUTL TOMONOTHIO, O6DLA-
BHB OTKPLITBIM BesiKoe Miloxecetso Buga YU, rae U — otkpoitoe

B X Mmpoxkecerno. Torga ronoJiornacckoe lpocTpanctio Y Haspipaeres
noONpoCTPAHCTEOM TOHOAGTHUCCKOrO MpoOCTpancTBa X, a TONOJOTHSA
B Y — undynuposannoid ronoaoeuedi. Ecain X — Merpuueckoe mpo-
CTpalcTBo, a Y - ero nOAnMpocTpaHCTBO, To TomoJoruss B Y 3ajact-
Cs1 1IC3ABUCHMO OT NoOpsjKa oncpauni: orpaunueHHs METPIKI H [epe-
XOAa X TOLOJOIHH, I Hepexoia K TONOJOrHH H IHIYLHPOBANHS
TOMNOJIOIHH. : .

[lyern Y& X — mnoaMiioxkecTBO B TOHNOJAOIIYECKOM TPOCTPAICTBe
X. Muoxcecrso ¥V wmasuiacress naoTHom (8Cr00y RAOTHBIM),  CCJIH
Y=X.

Tcopema 6. Ecau Y\,YocoX — 08a 0TkpbiToix RAOTHbLX MHOXCE-
crea, To ux nepecederue Y=Y Y, orkpoito u naorro 8 X.

Hoxazateancrpo. Tlyers xeX — mnpousBoJplast  Touka,
U — ec oxpecrHoerh. [TockonnbKy  MHOXKecTBO Y, "IJOTHO, TO
UNY % ¢, 1. e. naifigeres Touka ye=UNY,. Tak xax UNY, —
OTKPLITOC. MHOXKCCTBO, a Yy — mioTHoe Muoxectso, To UNY N Yy5=
=@, 1. e. UNY==, uto 1 03navaer, 4T0 Y — NJIOTHOE MHOMKECTBO
B X. Tcopema 6 moxasana.

3. HenpepuirHble oTOGpaxeHus

TTousiTHe TONOJOrHUCCKOrO NMPOCTPAllcTBa TaK yAauluo nopobparo,
UTO OnpeACiende HCHPCPLIBIIOCTH OTOGDaXKCHUST JOCJOBHO MEPEHOCHT-
¢ H3 MaTCMaTHICCKOrO AHaJI3a.
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Omnpeaeaene no Koutr. Oto6paxetine f: X— Y Tonosiornueckux
HPOCTPAIICTE Ma3bIBACTCSL HCNPepolsHnm 8 Touke xy=X, ecan JJst
JgioGoii or\purnocm V([ (x0)) Touxit [(xo)eEY cymecTByeT takas
okpectiioetn Ufxg) rtouxkn xe&EX, uto [(U(xe))=V(f(x)). Otobpa-
JKEIe | HA3BIBACTCSI HCNPOPOLIBHOIM OTODPUNCCHUEM,  eCnIl OHO le-
IpepLIBIo B KAXKAON Touke npoetpancraa X.

Teopema 7. OroOpuasenue [ X—Y wHenpepsisio 710200 1t
TOALKO T020Q, K020a BLINOAHEHO OOHO 13 CAEOYIOUWUY FKBIUBANCHTHOIX
yeaoguli:

(a) npoodpua3 4106020 OTKPLITORO MHONCECTBA  ABASETCS OTKPLL-
TOLM MHONCECTBOM, :

(6) npoobpas a106020 BAMKHYTOZO MHONCCTEA HBAACTCA 3AMK-
HYTHIM MHONCECTBOM.

Hoxasartecanctso. [Tockoauky amuas npooﬁpaaon crpaBeasi-
po cootnowene: [7'(YNA)=X\[J"'(4), 10 ycrosus (a) u (6)
skBHpaacitiuul.  JlomycTuM, uTo | — HempepbiBlioe oTobpakeHne,
VoYV — ortkpbitoe MHOXecTBo. [lokaxkem, yto cro mpoobpa3s f-1(V)
oTkpuIT. Ilyers x&[-1(V), toraa [(x)=V, 1. e. V siBagercs oxpect-
nocthio Touki [(x). Torpa, cornacuo ompeaeseHiio IenpepbiBIOCTIN
otobGpaxenus [, uaiinerca Takas okpectHocth U Toukn x, 4TO
feUycV, 1. e. U (V), uTo osmauaer, uto Mpoxccrso [~'(V)
oTkpbiTo. OGparnio, . nycTh BhinoaneHo ycaosue (a). Ecan Va[(x) —
OKpCCTHOCTL  TOouku [(x), 10 U=[-(V)Dxy — OKpeCCTIOCTI TOYU-
kit (x0), mpuuenm [(U)y=[(J-"(V))=V<V. Cuepopatennto, | —
nenpepuizitoe otTobpaxenie, TeopeMa 7 fokazana.

Yeaosua (a) n (6) Teopembl 7 6osice yaoblist mpH 1poBepke He-
MPCPLIBIOCTIL OTOOPAKCHI  TOONOrIYecKIX npocTpaicts.  Hanpir-
MCD, HoJe3ia B Jadnliciiniem

Teopema 8. [flycto Tonoaoeureckoe npoctparcrtso X npedcrags-
AeH0 8 BuOe o00vedunenus O8YX CBOUX 3AMKHYTbIX NOOMHONCCTS
X=FUF,, [+X—Y — orobpaxcenue npocrpatctéa X 8 r10n040-
ettueckoe npocrpancrgo Y. Orobpaxcenue [ uenpepvisHo rtozda u
. TOALKO To20U, Ko2da Henpepbmum oepanuienus oroopascenus | na

nodmnoxcectsa Fy u Fy: [|Fy: Fi—-Y, [|Fo: Fy—Y.
HoxasarcanctBo. Ilyerb | — ienpepeiBioe oTo6Gpaxenne.
ITokaxewm, urto, nanpumep, f|F — unenpepuiBlioe otobpakenue, Ipo-

obpaswt s otoOpaxenus . f|F, BLIYHCAAIOTCA 1O (hopmyJie:
(FIFO) YD) =FN[-1(A). l'I()aTo\My ceannn A —— zaMKHoyTOC  MHO-
KCCTBO, To 3amklIyThimMu 6yayr o [~'(A) n FOf~Y(A). O6pariio,
nyets f|Fy w [|Fy; — uenpepeiBubie otobpaxeuus. [loxaxes, uto
otobpaxeiine f nenpepsisiio. Iyere A=AcY. Toraa

. A = A N X = FUANFUF) =
= (A NF) UG (AN FY = (F| F)~ (A U (FI1F) ' (A).

[Mockoanky Mioxeetso (f|Fi)~'(A) samkuyTo B  moAmpocTpaiicTBe
Fi, a Fi=F,, 10 (f[|F1)~"(A) 3amkuyto B X. Ananoriuuo, Mioxe- -
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ctio (f|F2) ~'(A) toxe azamxinyro B X. Torga u [~'(A) samkuyrto
B X. Tcopema 8 JloKasaua.

Pacemotpum Henpephisnoe otobpaxenue [: X—Y Tonosornye-
cKkoro npoctpancTBa X B Tonosorwueckoe npocrpadctso Y. Ecou
orobGpaxeie | B3auMHO-OAHO3NAUHO, a obGpaTHoe ortabpaxeiic [-!
TOKC HCMPCPHIBHO, TO OTOGpa)enHe [ HA3LIBACTC 20MCOMOPHUIMOM.
TIpit 3TOM TOHOJOTHYCCKHe mpocTpanctsa X u Y wasbiBalorcst eomeo-
Mmoppromu Tonoaocuueckumu npoctpuncrgami. Tlpn romcomopduame
YeTAABANBAETCST  HCE  TOJNDLKO  B3AUMHO-0AHO3HAUII0E COOTBCTETRHC
MCZKAY TOUKAMI TOHOJOTHUCCKUX HpocTpanets X . ¥, 10 1 BsamM-
HO-OHO3IAUNOC COOTRCTCTBHE MEIKAY CaMIMII TOHOJOTHSIMIE, T, €.
MEXAY CCMCHCTBAMH OTKPBLITLIX MHOXKECTB M MeXJAy cemciicTBamu
ZAMKHYTBIX MHOMKeCTB. Mbl CKaXKCM, 4TO HECKOTODOE CBONCTBO TOMO-
JIOTHYMECKIX TIPOCTPAHCTB  TONOAO2UMECKI WHBAPHUHTHO, €CIIl  OHO
OJIAKOBO AJSI TOMEOMOPPHBIX TONOJOTIMECKHX 1IpocTpancTs. Takum
o6pa3oM, IIPH N3YUCHUH TOHNOJOCIUCCKHI HNBAPHAHTIILIX CBOICTB, MBI
MOXKEM HC pasjintaTb roMeoMop@iible MpOCTpalcTBa.

[Tpumep 4. Csoiictso orobpaxemns f:X—>Y 6birb  Heupe-
PBIBIBLIM HBJAETCH TOMOJIOTHUECKH HHBapualTHLIM cBoilctBoM. B ca-
MoM ‘mese, ecan @ : X — X, 1 ¥ —- Y’ roMeomopdnamel, TO 1 KOM-
nosunus X' Y9 Y' . gpasercst nenpepuBubIM oToGpaxenicM. Boo6-
uie  KOMIIO3WUHS JIBYX HCOPCPLIBHLIX  oToGpaskewmnii  siBaseTcs
HEHPCPLIBULIM 0TOOPAXKEHIICM.

MMpumep 5. BamuuM gacTobiM CaydacM ilenpcepbiBitbix otobpa-
Kenmil aBasoTeA HenpepbiBlnie (PYHKIHH, T. €. HCHPEPHIBHHE OTO-
O6paxenuss Tomosorudceckoro mpocTpaucTsa X B npoctpanctso R!
BEUICCTBeHHBIX uYHCes. YCeaoBie HernpepblBHOCTH - GYIKIIH | MOXHO
CHOpPMYNHPOBATL ciefyouinM o6pazoM: ausd Jwoboil Toukn xe=X o
no6oro >0 Halijerca Takas okpectHocTb U Toukm xo, uto npn yesU
BbITIOJIHEHO HepaBelceTBo |f(xo) —f(y) | <e. Haa dyukumh na tonoso-
IHYCCKOM TPOCTPAHCTBE MOXKHO ONPelcAHTh paBioMepublt npeaes
HOCJEA0BATCILIIOCTH HenpepblBiniX ¢dynkuunil. Tak ke kKak M B cay-
qac (ynkKuHii  O/HOI1  BCIIECTBCHHON  nepeMeHtol, crpaBcliBo
yTBepxjetiie: *

Ecau f=1lim[, u rzocxzedoaare/zbuocrb {[n} nenpepoiaubix Pynk-

n- o0

nuii Ha Tononoeuteckom npocrparcrée X cxodurcs & f 'PABHOMEPHO,
TO (hynkyus | toxe Henpepviena. B camom gese, nmycTh xeX, £>0.
Torpa smGepem rtakod 1omep n, 4ro |f(xX)—[n(x)|<ef3 nns moboii
Toukn xesX (paBuoMmepnas cxoAlmocTb). [ance, mockodabky [, —
enpepuiBlible  (pYHKUHH, To HailAercs Takad oxpecmocn, U TOUKH
X9, uto npu x&=U Buinoaueno HepaBeHCTBO |}n(x0) I<F/3
Toraa |] (x0) =/ (x) | <|f(¥0) —fn (x0) |+|fn(x0 —fu(x) |+lf’l(x -
—f(x)|<3-a/3 £.

MMpumep 6. Iyers [: X—> Y — 'HenpepriBroe oTobpaxeine MeT-
PHMYECKHX TPOCTPAHCTB, py, Pz — METPHKH Ha npoctpaucrBax X, Y
COOTBeTCTBeHHO. TorjJa ycaoBHE€ HENPEPLIBHOCTH OTOGpaKeuus f
MOXKHO Cc(OpMyJIHPOBaTh cAelyOWIM o6pasom: 0Oan 106020 xe=X
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t >0 cygecrsyer rakoe 6>0, wro uz wepasewcrsa py(x, xo) <8
caedyer nepagenctso py(f(x), f(x)) <e.

JLast MerpuuecKix HPOCTPAIICTR MOJIC3NO TAKHKE 06()6lllClIlIC oM~
THSL CXOARMOCTIT UncoBoil nocieaoBareanbiocti.  CkaXem, 4TO 1o-

CACAOBATCIBIIOCT] TOUCK {xn} cxoanrest K TOUKe Xo, litm x,==xq, ccul
n-oe

lunp(xo, Xn)=0. B TCPMINIAX  CXOAAILIXCH  TOCJIEIOBATCALIOCTCIT

M(.F[)ll'lCLK()lO npoup(mcmd thopMyJIIIPYIOTCH MHOTIIC ¢BoiicTBa Mpo-
crpatcty 11 oroOpamenuil. Tak, Muoxeerso YCTX sBISICTCSl 3AMKIIY -
TLIM, CCJL JUUT AI0GOH  CXOASICHCS  [MOGICOBATCABHOCTH  TOUCK
{v} =Y upesen xo=limx, Takxke HpHuAAICKNT MuoXectny Y.

n-so0
Ianee, yesosne HenpepwiBlioctin oto6paxcerus [: X —-Y werpnue-
CKIX 11pocTpancts Moxno cdopmyanponarn no Tefine:  oTobpadsce-
Hlle | HenpepulsHO 8 TO4uKe Xo, ecan u3 pagedcrsa xo==1imx,, cae-

n—>wK

dyer pugencrso 1im [(xn) =/ (xo). '
n=rcs
Mpumep 7. PaceMoTpuM jaBa TOMOJIOMHUCCKIIX npoctpanctsa X
Y. O6pasyem ipBoe Torogoruyeckoe rnpoctpatictso X XY. Mnoxe-
cerBo XX VY ecTh MIIOXKecTBO BeeX map Buaa (x,y), xeX, yeY u ua-
spBaeTes Jekaprosom npousgededucm muoocects X u Y. Onpenenum
reweph tonmosiormo B X X Y. MioxecrBo UcXXY nazoBeM OTKpbI-

ThiM, ccan U npeactasumo 8 Bige obbegmienust U=\ (Ve X W),
(02

tne Ve=X, WoeY — orkpoiThic muoxectsa. [IpoBepka  cBoicTs
OTKPBITLIX MIIOXKeCTB TpuBHaJbHa, MuoxkectBo X XY ¢ Bblme -onpe-
Jieaeurnol  Tonogsoriefl HazLBaCTCsT dekapTosuom npoussedenucsm TO-
noaoeuueckux npocrpadcre X i Y, TIpin aroM TomnoJoriucckHe Ipo-
crpanctBa X # Y 1a3bIBAIOTCH COMHONCUTCASIMI EKAPTOBA IIPOKH3BC-
jgemist XX Y, CnpaBenuBbl cieayloniiie ¢BofictBa AeKapToBLIX [PO-
uapeaenii; (a) npocrpanctsa X XY 1t Y XX romeomopdusr; (6) mpo-
crpancra (XX Y)xZ n XX (YXZ) romcoMopdiiei. B nepsom cuy-
e B KauecTBe romcoMmopdisma  cielyceT  B3ATL  oToOpaiKenue

@: XXY—>YXX, @(x,y)={(y,x). Toraa ccan U= U (Va x W)
. 73
OTKPLITOE MIOKCCTBO mnpocrpaiictea X XY, 10 ¢ (U) = U(Wa X Vq)
Lo .

OTKPLITOE MIIOKECTBO npocTpaiierda Y X X. Bo mropom ciayuae B Ka-
uccte romeomophuama ciaeayer B3sth ¢ (XX Y)XZ — XX (Y XZ),
¢((x,y),2)=(x, (y,2)). Tlpockuus nckaproBa nponsBejaciHg X XY
A OANI H3 COMITOXKITeJACH, ckakeM lla X, [: X XY —X, f(x, y)=x,
SIBJIACTCST HEempepubiBlbIM 0TO6paxenueM. B camoM jiese, npoo6pas
OTKpbITOrOo Mitoxkectsa U X nmeer sy [-H(U)=UXY, 1. ¢. [-1(U)
SIISICTCS OTKPLITHIM MHOMXKCCTBOM.

MDpumep 8. Hyets X u Y — wMeTpHucckie npocTpaHcTBa, TOMA
JAcKapToBo mpolispegenne X XY jponyeckaer MeTpHKY, COTacoBauiyio
€ TOLOJOrHCH JACKAPTOBOro ponssesenns. Ilyerh py, ps — MCTPIKH
npoctpanets X u ¥ cootnerersenno. OupeacyiiMm MeTplRy p B je-
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Kaprosom nponssejxeitusn X XY no dopmyae:

0 (X1, #1) (%25 o)) == maX {py (X1, %), P2 (Y15 Ys)}- (1)

[Mposepnm csoitctsa (a), (6), (B) ans merpuxi. Ecnm p((x1, y1),
(o 1)) =0, 50 1 (8 2) = pa 5, 1) o0, 1. . ety s, SERY.
Aa caenayet: (xg, y1) = (Xg, y2). OGparno, ecau (x), y1)= (%2, y2), TO
X1=Xz, 1=y, 3IUAUNT pi(x1, X2)=po(y1, y2) ==0, cICAOBATCABIIO
o((x1, 1), (%2, y2)) =max{0, 0} =0. Cpoiictso (a) noxasaio. Ha-g
Jce, :

P((xy, tr), (X2, Y)) ='max{p; (x;, %u), 02 (Y1, ¥a)} = "
== max {p; (X2, X1), P2 (Y2r H1)} = p (X2, U2), (X1, Y1),

1 cpoitcrBo (0) TOoxe joxazano. Hakonen, NpoBepHM 1CpaBCHCTBO
Tpeyroantnka (B):

0 (x5, 1), (%2, 2)) == max {py (xy, X,), P (V1) Y2)} <
< max {p, (%1 X3) 4 py (X3, X3), P2(Yy, Ys) 4 P2 (Y, y2)} <
< max {py (xy, %3), P2(Us, Ys)} -+ max{py (s, Xa) 1 pa(Ys, Vo)} ==
= (0, 1), (Ha 18)) -+ 0 (%5, ), (5o ).

Taknm ofpaszom, dopmyaa (1} onpeaenser HEKOTOPYIO METPUKY
B JAexkaproBoM fipousBejceHun XX Y. TTokaxewm, 4To TOMOJOCHA, Omnpe-
JleJlelraast 110 MeTPHKC p, COBNAJaeT C TONoJorieldl AeKapToBOro Mpo-
naBeaernns. Pacemorpnm WapOBYIO OKPECTHOCTL PajMyca. e € IEHT-
poOM B Touke (Xq, Yo):

Oe (x4, o) = {(x, y) : p ((x, y)» (g, !/oj) < e} =
=A%, y) o1 (X, %) < &, Py(Y, Yy) < 8} = Oc(x5) X Oc(4p)-

CilcaoBaTenbio, BCAKOe OTKPBITOC MIOKECTBO B CMBICJAE METPHKI
SIBASICTCH  OTKPLITLIM B TOTMOJOTHH JIEKAPTOBA INPOHU3BeJens W I1d-
06opoT.

CylectByioT 11 Apyrie ¢noco6bl Ba[LaBaTb METPIIKY B [LeKapTOBOM
uponssegenun. Yacro ynorpebasiomuiicss cnocob 3akJA04aeTC B Mpo-
BCJlElIHH anaJIOTUH MCXAY coMHOXKurensmu X 11 Y gexaproBa 1po-
I3BeJeHH ¢ OCAMM KOOPJMHAT Ha IIOCKOCTH. MeTpm(a 3ajaeTcs
no dopmyane:

0" (X1 1), (Xar 92) = Vb1 (30 %) 1 P2 (G 9)%- 2)-

ITpoBepky cBoiictB (a), (6), (c) MBI TpefocTaB/sfeM YHTATEJIO.
Uro6el HOKazaTb, UTO TONOJOTUA, 3ajaBaeMass MeTpukoil (2), coB-
najaer ¢ TonoJioruel, sagapaemoil Merpukoi (1), mocratouno HaHTH
Jse Takue konerautel C>0 u Cy>0, yto :

Ci0 (X1, 11)s (X, Y2)) < P ((X1s Y1)y (%20 B0)) << Ca0 (%15 ¥1)s (25 Y2))- (3)
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B camom pedae, ccan O obo3znauaeT IIapOBYIO0 OKPECTHOCTL B MeT-

pike 0,0, — B MCTpHKC p’; TO AOCTATOUHO, 4TOBBI B KAMAOH TOUKE
BAUTOJIISIIOCH BKJIIQUEHITe:
Ok (%0, 4p)) = O ((xg, #5)) = Oer (%4, %5)), B )

rie & ¢ pubupalotes gas npousBoavioro €”>0. Ha uepasenctsa’
(3) BuiTekder, yro BbkJouenHe (4) Bumoansercs npin &' =Ce”,
e=¢e'/Cy;. Hrak, nam HeoOGXOANMO [0Ka3aTh Hepaseucrsa (3).
Hwmeem: .

0" (%1, 91)s (%20 12)) = Vpr (%1, %)% + 02 (Y1 12)* <

< VZmax{p, (%, %), 02y, 92)} =V 20 (51, 1), (%20 )3
0 (%1, th), (%, B2)) = max {p, (%1, X2), P2(Y, 42)} <
SV o1 (805 %)% 1 02 (Y1s U2)? == 0" (X1, 41)s (Kos 92))-

Taxkum obpasom, nepasencrsa (3) cnpaseaausu npu Cy=1, Cy=
=)/ 2. Utak, Mbl rnokasanau, uTo B JekapToBoM npoinssenennn X XY
IBe METPUKH, 3azaBacMmuic dopmyaamu (1) u (2), nopoxjaat oany
H Ty 3e TOMNOJOrHI0 NCKapTOBA NPOH3BEAEHHA.

'

3anauu k § 1

1. IlpuBecTu 1ipuMep MeETPHKH Ha KOHEUHOM MHOXKCGCTBE, KOTO-
pas He NEAyLHpYeTcs HHKAKHM ero BJOXEHHEM B CBKJIHI0BO TNpo-
CTPAlUCTBO. .

2. TTokasaTs, 4YTO KOHedloe MHOMECTBO Ha MNPAMOf ABJAETCA
3aMKHYTLIM. '

3. okasats, uto p(x, ¥)=p(x, ¥).

4. JJoxkaszats, uTo ¢GyHKuUHA [(x)=p(x, Y) HempeprBHa AR JiIO-
6oro noaMHoOKecTBa Y. ‘

5. ITokasartn, uyto mo6as MeTpHAKAa Ha KOHEYHOM MHOXeCTBe HH-
IYUHPYCT Iia HeM JHCKPeTHYIO TONOJIOTHIO,

6. JloxaszaTh, 4TO WHTEpPBAJ, MOJYHHTEPBAJ ¥ CerMEHT H4 Belle-
CTBEHHOH NpsiMO#i Tonmapiio He roMeoMOpdHHI.

7. JlokazaTtb, 4TO MeTpHKA p(X, ¥) ABJSCTCA HeNpepPHBHOH (YHK-
uueit Ha JaekapTosom kBaApate XXX MeTpHyeckoro mNpoOCTPAHCT-
Ba X. '

8. Joka3aTb, 4ro MHOXecTBO X npeACTaBHMO B BHAC pPAa3liOCTH
JIBYX 3aMKHYTHIX MHOXECTB TOrAa ¥ TOJNbKO Torja, Koraa (X\\X)
SIBAETCST 3aMKIHYTLIM MHOMXKECTBOM.

9. JlokasaTh, uTOo 006pas NJAOTHOrO IHOAMHOXKeCTBa IpH lienpe-
PBHIBHOM OTOGpaXKcltHil JI0TeH B o6pase.

§ 2. CBA3HOCTb. AKCHOMbBI OTJAEJIUMOCTH

Cpeau Bcex TONOJMOTHUYCCKHX IMPOCTPAHCTB BHIACAAIOT Gonee y3-
KHe KJacCH, Ompelc/sieMbic HEKOTOPBIMH TOIOJOI'HYeCKH HWHBapHAHT-
nbiMit csoficrBamu. Hanpumep, B npeabiayiieM naparpade B mnpH-

74



Mepe 3 GuI BBIACJEH KJACC JHCKPETHBIX TOTIQJOTHYEeCKHX MPOCT-
patict. s 3Tux npoctpancts X cnpaBe/JinBo cieAywiee CBoicTBO:
seskoe otobpaxcenue | duckpernoco npocrpancrsa X & dpyeoe Tono-
Aoeuncckoe npocTpanctéo Y asasnerca uenpepoisuoim. pyrie Hodgce
BaXKHble KJacChl TOMOJOIIYECKUX INPOCTPAHCTE OyAYT PacCMOTpPEHbI
B 3TOM naparpadge.

1. CBA3HOCTL

Ecan mpoctpanctso X cofepxkut orauunoe or X H pycToro Miio-
xecrpa () OAHOBPeMEHHO OTKPLITOE H  3aMKHYTOC [10/iMHOMCCTBO
Y<X, To rosopar, uto X Hecesa3roe TONOJOPHYECKoe TPOCTPAHCTBO.
Hanpumep, BCskoe AHCKPCTHOC TONMOJOrHUECKOE HPOCTPAHCTBO, CO-
crosiuiee GoJice ucM 13 OAHOIM TOUKM, HECBSI3HO, TWOCKOJMLKY Jwboe
Cro TOJAMHOXKECTBO KdK OTKPHITO, Tak W 3aMKHyTo. Ecsau npoctpau-
¢TB0 X HCCBA3IO, TO OHO paszraractes B OGBCHIIICHHC IBYX OTKPLI-
THIX [I€NEePCeCCKANOULEXCA lenyCcThix moamuoxmecrs: X=YU (X\Y).
Tonosoringckoe upocTpancTBo X 1A3bBACTCA CGAZHOIM TONOAO2LYE-
ckum npocTpancrom, cciil X Hedb3s PassoRNUTL B 0GBeANICHIE
JIBYX OTKPLITHIX HeMepeceKalouHxcsl HemycTbiX ITOAMHOMeCTB.

Mpumep 1. PaccmorpuM orpeszok umcnaosoit npamoit [a, b]. ITo-
KaXeM, uto 0Tpesok [a,b] asasierca c8asnvim muosxcecrgom. ony-
CTUM, uTo OTpe3ok [a,b] mnpeacrapnen B Buae OGBEAMHEHHS ABYX
HCUYCTbIX ~ OTKPBITO-3aMKHYTLIX  HEIepccexalonuXxcs  MHOXKECTB,
[a, b]=AUB. bes orpannuyenuss o6uwHoctH OyAeM CUHTATb, YTO
asA. Torga B city oTkpboiTocTH A Hailgercs Takoe &3>0, uTo noay-
nnrepsan [a, a+ey<A. [lyers go=sup{e}, xoraa e npo6eraer Taxue
yicaa, urto [a, a+e) <A, Toraa gas nwo6oro e< ey OTPC30K [a, a+e)
<A, 1. e qas awboro e<egy a+eeA. CaejoBarensho, B Clly 3aMK-
llyTOC'l}l A, a+ee=A. Emiictsennofi BO3MOXKHOCTLIO JNAA €9 MOMXCT
ObITh TOJLKO pPAaBEIICTBO (+€9=0, TOCKOJILKY B [IPOTHBHOM cllyuac
eo uc paseu sup{e}. Takum obpasom, [a, b]=A, T c. B=O, wuro
JIPOTHBOPCUHT TPEAINONOIKCUIO.  AHANOIHYHO MOXKIO TIOKA34Th, YTO
OTKPBITLIT HITepBan (@, D) WHCJHOBOI OCH SBJSICTCS CBHA3NLIM IO
KCCTBOM. '

Hokaxem Teneph 11€CKOTLKO  yTRepXKAcCHIl, 110MOT3IOMIHX ' BLISIC-
UTh €B43HOCTL TOMOJOMIYCCKHX TIPOCTPAIICTB, -

Teopema 1. fycre X=UXq, rasdoe X, ceasano, u nepeceye-

[¢2
Hue M X we nycro. Toeda npocrpancreo X cadasHo.
[v3

JdoxaszateanctTBo. JonyctuM npoTtHslioe, T. e. X=AURB,
ANB=, muoxecrsa A- 11 B oTkpuTol 11 uenycTu. -Torxa Xy=

= (XaNA)U (Xo NB). TIlo nockonabky MiloxecTBo Xq CcBsI3ai0, TO
1160 XeMNA= @@, mu6o Xo\B==(, 7. c. Kaxkaoe MI0KeCTEO X
1e/IHKOM JeKHT ai6o 8 A, aubo B B. Hance, 110cKoAbLKY MHOXKeCTBA

A u B ue nycrol, To mafizyres toukll asA, beB. llyets aEXq,
Tora Xg <A, ycts bEXq,, Toraa Xq, —B. 3naunT, Xy ) Xe, =

= (), 4TO NPOTIBOPEUHT yCJoBHI0 Teopemh. Teopema 1 JloKasatna,
Teopema 2. [lycte 8 Tonoaoeuseckom npocrparcrge X 0as
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Aw0boix deyx Touek x,ye&X nHaiderca casznoe Muoncect60 Cuy Ux

codepacawee. Tocda X — c8s13H0€ TONOAOSUYNCCKOC nPOCTPAHCTEO.
Hokaszatceancrso. JlonycTHM [pOTHBIOE, T. c. X=AUB,
ANB=@, A, B. — orxpuithl 11 He nycrsl. Toraa HaYTCT TOUKY

aes/, be&B.  Pacemorpum pasnoxenne Cop== (CopsNA)U (CuN B).
Touka a npunagnexnt CpNA, Touka be=ChaNB.  3uaunt, MHOXKE-
ctBa Co,MA u Coy(VB ne nmycrnt, oTKEpuitLl B Cgp U IIC nepece-
kalorest. Llosygnan npornsopeaue.

Tcopema 3. O6pas npu nenpepvl8HoM 0TOGPANCRUU COAZNOZO
NPOCTPAHCTEA CBA3CH. .

Hoxkasatecavcrso. Iyern f: X~ Y=[(X) — nenpepunuoe
orobpaxcnie. Yenosue Y==[(X) / o3mauaer, uTo upoo6pas Hemycro-
ro mHOXecrBa HemycT. [losromy ccam.Y — mecssiioe mpocTpanct-
8o, To Y=AUB, ANB=¢, A, B — otkpuithl ¥ nenycru. Cacaona-
Tesbio, X=[~1(¥)=[~1(A)U[-1(B), muoxecrsa [~'(A4), [~'(B) or1-
KpPHITBE, TlellyeTsl H He Nepecekaiotcs. Tcopema 3 jgokasalia,

[Tpumep 2. Us teopemn 3 cuaeiyer, YTO BCAKaN HenpepsiBhas
BeuiccTBeHHAA  dyuKkuna y==f(x), onpeiejicHuas ma orpeske [a, b]

p BEIILCCTBEHHON MPAMOMH, MPHHHMAaeT

. ‘ [IPOMEXKYTOYHLie 3raveHusi, Ecau

6bl Kakoe-TO IPOMEXKYTOUIOe 3Ha-

YCITHE My HC OPHITHMAJNOChL (YHK-

uneit f, To torga oépasf ([a, b])

pacnanca 6w B OOLeJMHeHUE JBYX

g/ . moX OTKPBLITBIX HEMNYCThIX MIIOKEeCTB: TeX

3HaueHu#, KOTODHIC MCHbLIIE Yy,
oV H TCX 3Hayenuit, Kotopule Goablle’

: Yo, UTO TIPOTHBOPEUHT Teopeme 3.

YacTHbIM caydyaem NpHMEHEHHS

TeopeM 2 H 3 SIBJAAETCH MOUSTHE

Pre. | AuHeHoll cpa3swocTH. Tomosoruude-

CKOe TpOCTpancTBo’ X [1a3niBaeTes .

AUHELIHO CBA3HLIM, ecsin Jio6He ABE Cr0 TOUKH X, Yy MOXKHO COeIH-

HITL OTPE3KOM KPHBOH, T. e. CYIIEeCTBYeT Takoe HCNpepbiBHOC OTO-

6paxchue f orpeska [0, 1] wuuciaoBoii ocH B mpocTpaHcTBO X,
F:10, 11— X;ut0 [(0)=x, [(1) =y.

Teopema 4. JuHelno c8A3HOE TONOAOSUMECKOC NPOCTPAHCTEO
X a84R€TCH CBAIHbIM. .

B camom penc, o6pas [([0, 1]) nmo Teopeme 3 cBsidcen M COAEPHKHT
Toukn x v y. Ha ocHopanmu Teopembl 2 mpocTpancrso X sIBAsieTcs
CBSI3HBIM MTPOCTPALCTBOM.

Hpumep 3. PaccMoTpum 1pHMep CBAI3HOrO TOHOJOrHYCCKOIO
NIPOCTPAHCTBA, ¢ ABJsTIOWCrocs Jineino-cosianniM. Ilyern X — 3a-
Molkaliue rpaduka dyukuun y==f(x)=sin(1l/x), kak wmiuoXecrsa B
JABYMCGPHOM eBkJijiloBoM mpoctpancTBe R? (puc. 1). Merpika B R?
6epercsa KJaccuyeckas, 10 AJIHHE OTPE3KOB, COeAHUSIOHLIX NMaphl TO-
yek B R2 Torga miloxkecrBo X COCTOMT H3 oOneJuHCHHS rpaduxa
byukuan y==sin(l/x) u seprukanbuoro orpeaxka [=={(x,y) : x==0,

76



—1<ly<<+1}. padux dynkunm | paciajgacrest na Asa 1oaMIoxe-
CTBA, Kd)K]L()C H3 KOTOPLIX IOM(.()MO])(DII() [mlcpnany IN={(x,y):
()<x<oo [(x)}, Fa={(x,y) : —oo<x<0, y=[(x)}. TlosTomy
cei X—-AUB, ANB=@, A, B — oTKpLITLIC HCOYCTLIC MIIOKCCT-
B4, TO KaI0C¢ 13 noamuoxecrs Iy, I, T’y ueankom Jexmnr anbo
B A, au6o n B. [Tycr, B, Herpymuiio nposeputn, uto atobast
okpeernoct I'y uepecexaerest kax ¢ Iy, 1ak u ¢ Ty, 1.0e. B,
s B. 3naunt, A==, uro nporngopeut npegiosozxkeniio. Takim
00pazoM, X —- CBS3HOC ITPOCTPUHCTBO, _

MokaxeMm tenepn, wro X ne sigastercst sniciivno-cssiznuiM.  Pac-
cMoTpiM Jie Toukil: P==(-—1/n,0) u Q= (1/~,0) B X. IIpeamnono-
UM,  UTO CYIHLCCTBYCT Heupepbisiioe  oroOpamcetnce [ :[0, 11— X,
[(0)y=P, [(1)=Q. OroGpaxernie | 3a1acTca ABYMS HCHPCPHLIBILI-
MIt uMcsoBuIMIl dynkiuami: [ () = (x(L), y(f)), y({)=sin(l/x(?))
npu x (1) 7=0. ITockosnky x(0)=-—1/m, To TOumas UNKIsA rpalb L
rex £, Aast koropulx x({)==0, ctporo Goanvine wnydas, {,>0, Hrak, ua
nirepsane [0, Lo] BeimosHcHB yeaoBusi: x (1) <0, y(1)==sin(1/x(£)).
[Mockoanky x({) —— HenpepuiBast (QYHKLHA, H CYUIECTBYCT HOCJC/0-
BATCABHOCTL 1 2>1lg, [—>rto, vAC x(f)==0, 10 x(lo)—hmx(f)—O

taty
Ho roraa o¢yuxing sin(l/x(f)) ‘e mmcer mnpeaceaa upi t—»lo—0,
cacaosateanio, oéynkuus y(!) ne sasercs ienpepoisuoii.  Takum
0Gpa3som, mpocTpaucTBo X He SIBJSIOTCH JIIIEO-CBA3HLIM [IPOCTpall-
CTBOM.
IMTpumep 4. PacemotpuM aBa TOHOJOIHUCCKIX 1pocTpaiicTBa X

Y. HocTpoum HoBoe Tonogormieckoe npocrpaiicrso Z=XUY, Tou-
KaMH KOTOPOTO §BJASHOTCH " COBOKYIIIOCTL TOUucK npocrpaters X 1 Y,
npuueM CUHTACM, UTO [pocTpalictBa X 1 Y e nMCIOT OOUIHMX TOUEK.
O6DbABHM  OTKPLITLIM  MHOXKECTBOM HPOCTpaHcTBa Z J06oe MIOXC-
ctBo Buga W=UUV, rme UcX, VoV — oTkpuTHe MHOXKeCTBa
B npocrpancrBax X.u Y. IlpocrpanctBo Z mHasLIBaeTcst HeCan3HoLl
.cymmoti npocrpancre X u Y. Ilpoctpaucrtso Z jcficTBUTENLIIO B~
ASETCST HECHSI3NLIM,. IIOCKOJLKY HojanpoctrpaiictBa X u Y apasiiorcst
OTKPBLITBIMH HCHEPeCceKaloiHMICsT NoAMHOXecTRaml.  H3 asyx mpo-
crpanctd X 1t Y MOXHO HOCTPOHTL €LIC OAIC TOMNOJOTIYECKOE [IPO-
CTPAHCTBO, HA3LIBAEMOC CBA3HOU CymMOL HIM 6yKeTom TonoJorude-
cxux upocrpaicts. Jas aroro ¢urcupyeM B npoctpanctsax X n Y
1o Touke xo==X, yo=Y. PaccMmoTpum obneaniiciine npocTpaucTs X
H Y H OTOXAECTBHM B HeM TOUKH Xg H Yo. Iloayueniioe npocTpaHCTBO
o6osHaunM uepes X \/ Y. OTkpuiToiMu MHOXecTBamMu B X \/Y Hazo-
peM Takuc Mmioxecrsa U, uro nepeccuenuss XU u YNU sapsasior-
csl OTKpBITEIMII Muoxcersami B X 1 Y, coorpercrBetniio. Ecau mpo-
cTpaiicTBa X 1 Y cBa3ubl, To MX CBsi3Hast cymma X \/Y na ocHoba-
HHH TCOPCMDLI 2 SIBJIAETCS CBS3NLIM TOIOJOTHUECKHM I1IPOCTPAHCTBOM.
Ecant X 11 ¥ — Jjiniedito-csianbie 1pocTpancrsa, To HX CBA3uUas CyM-
Ma X \/ Y ABJSiCTCST e MO-CBA31BIM HPOCTPALICTBOM.
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2. AKCHOMBI OTAEIUMOCTH

Tonosoruueckoe TpocTPaAHCTBO X HA3bIBACTCS ledeOp(iJOBbLM npo-
CTPAHCTEOM, €CJH A5 MIOLX Touek X, yeX, xs=y, HaligyTrca unene-
pecekatoutnecs okpectioctn U(x) n U(y): Ux)NU(y)=¢p. He
BCAKOC TOIOJOIHYECKOe NPOCTPANICTBO  sIBASETCH  XaycaophoBbim.
B npeavtayiuem naparpadie B npumcpe 2 Mpl paccMOTpeH IIPOCTpPaH-
cTBO X, cocTOslMee u3 JABYX TOYEK X, I, OTKPBITBIMH MHOMXKCCTBAMH
kotoporo oGusiBaens {J, X, {¥}}. Toraa Ttouxku x, y pasadunnl H
He CYLIeCTBYeT IIeNepecekaroulnXcss OKPeCcTHOCTel . 3THX  Touex.
B xaycnopcdoBoM npocTpancTBe KamAasd Touka XX ABASCTCH 3aMK-
HYTLIM MITOXKCCTBOM. B caMoMm aedsie, eCau ys=x, TO HaljeTcs OKpecT-
wocte U(y) Toukit y, He coAepxautaa x. Toraga MHOXCCTBO
XN\ {x}=UU(y) sBaseTcst OTKPHITEIM, 4 €ro JAOMOJHCHHE, COCTOf-

yl:x

niee 13 OIHOIT TOUKI X, 3aMKHYTO.

IuckpeTHoe TOMOJOrHYeckoe MPOCTPaHeTBO X ABASIETCS Xaycaop-
(oBLiM mpocTpaHCcTBOM. B caMoM aene, Kaxaas Touka x&X aBideTcst
OTKPBITBIM MHOXKCCTBOM, 3HAYHT, eC/AM Xzky, TO OKpecTHOCTH {x} H
{y} ue mepecckalores.

Teopema 5. Ilycte X u Y — xaycdopgossr tonoaozuueckue
npocrpancrsa. Tocda Oexaproso npou3sedernue, Hec8A3HAS U (BA3-
HASL CYMMbL SIBASIOTCA XAycOopGho8bImIL TONOAOSUYECKUMIL NPOCTPAH~
creamu.

HokaszateabcTBo. PaccMoTpuM ame toukn (x, y)eEXXY,
(x2, y2)=XXY. Ecau atu gBe TOUKM DaJUYHH, TO JHGO X|5=Xg,
Ju60 Y, <ye. B mepBoM cayyae ‘Ha OCHOBaHUM XxaycuopgoBocTdH mpo-
cTpancTBa X uMeloTcs JBe HernepecexaouHecs oxpectroctH U (xy)
u U(xy). Toraa oxpecthoctu U(x1) XY nm U(xg) XY Touex (x), Y1)
U (X2, o) ToXe He mepecexaloTcsi. Bo BTOpoM ciyuae B cuay xayc-
nopdoBoeTH  mpocTpakcTBa Y CyUIeCTBYIOT — HerepeceKaioliuecs
okpectHoctn V(y1) u V(yz2). IloaToMy He mepecekaroTcss OKpPeCTHO-
ctn XX V(y) 1 XX V(y2) Touek (x1, y1), (X2, y2).

PaccMmoTpum mapy pasauunbix Touek ¥, y=XUY. Ecan obe Tou-
KH JICJKAT B OJHOM cjaraemom, ckaxem X, 1o B cuay xaycaopdoBo-
cTi mpocrpancTBa X HMMeIOTCsl  llelepeceKalollitest - OKPecTIOCTH
U(x) u U(y), xotopbie OAIOBPEMEHHO HABJSIOTCS OTKDHITBIMH MHO-
RecTBaMu B cymMme XUY. Ecn TOukH Jexar B pasiMyublX ciarac-
MBIX, ckaxeM xe=X, yeY, to camu caaraemple X, Y cayxar ans
HUX LICNCPCCCKAIONIIMIICH OKPeCcTHOCTAMH.

Paccmotpium Temeps 6yker X\/Y M B HeM mapy pAasjuuHpix TO-
aex ¥, y. Ilycern citauaza o6e Toukm Jgexar B X. Torma ogHa H3 HuX
He pdBlla OTMCUCHHOH TOUKE Xo==yo, CKaxeM xz%=x,. B upocrpan-
ctBe X maiytest nencpecekawomkecs okpectnoetn U(x) u U(y).
Buiuutas 13 U(x) TouKy X9, MOXHO cuurtars, uro U(x) He copep-
KHT TOYKY Xxo. Torda  Muoxectso  U(x) SIBAACTCH  OT-
kpuiTiM B X \/Y. Miuoxeerso U(y) Toxe oTkpuito B X VY, ecin
OHO He COIEepPKHT TOuKy Xo. Ecnm Xe xo=U(y), To MHOXKeCTBO
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U(y)UY orspiito B, X\ Y 11 e nepecekaercs ¢ U(x). Teopema 5
NOJIHOCTLIO Jl0Ka3alla.

Onpenencune, Tonoaoriieckoe npocTpanietso X 1a3biBactes
HOPMAAbLHOIM, €CJIH OHO XaycAopdhoBo M AJs JI0OBIX JIBYX Helepecc-
KAIOUHXCST 3aMKHYTBIX Muoxeets [y 0 Fy  cyumecTByloT Hemepece-
Katoueca okpectuocti U\ >F, u Uy Fy.

Hopmanoubic mpocrpalictga — 3710 Hanfosee ynoTpeSuTeaLlbil
KAacc TOMOJOFHUCCKIIX TPOCTPAHCTB. IJTOT KJIACC JOCTATOYHO IMHIPOK
H COAePXKHT BCC METpHUeCKiie MPOCTPAHCTBA.

Teopema 6. Bcakoe merpudeckoe npocTpurcT8O HOPMAALHO.

Hoxaszatesncrno. Ilyer, X -— MeTpHucckoe HPOCTPaICTBO
¢ metpukoit p, Iy n Fy — jaBa HenepeceKalouiXcsa 3aMKIYTLIX MIIO-

xectd: Ilyets xe=F), e(x)=1/3p(x, F2). oaoxum U, == U O X).
. xXCF,
AHaJIOrHYHO OnpeAesM OTKpBLITOE MHOKCCTBO Uy = U Oei(®),
yEFy )

rae € (y)=1/3p(y, F1). Mpl moayuuan okpecTHOCTH MioxecTB F
n Fy. HokaxeM, yto mHoxecrsa Uy 11 Uy ue nepecexaores.  Jlomy-
CTHM [pPOTHBIIOE, T. €. YTO cyulectByeT Toyka zeUMU,. Torga nust
HCKOTOPLIX Touek X[ 1t y&F,, 2€0ew(x), 2&€0¢,)(y), T. c.
p(x, 2)<1/3p(x, F3), p(y, 2)<<1/3p(y, ). B uactnocry, p(x, 2) <<
<1/3p(x,4), p(y,2)<!l/3p(y,x). CknaauiBasi mocJealye jaBa Hepa-
BEeHCTBa, moayuaeM p(x,2)+p(y, 2) <2/3p(x,y), 4TO npoTHBOpEYIT
HepaBeHeTBY TpeyroJibiiika. Teopema 6 fokasaHa.

Cuncrema oTkpbiThix MmoxecTs {Uy} Tomosoruueckoro npocrpai-

cTBa X Ha3BBACTCST OTKPLITLIM NOKpoiTUeM, ecan X ::UUa. [To-
(22

KPBITUA — YAOGHOE MNOHATHe TPIl H3YYCHHIl TOMOJOTHYECKHX Ipo-
crpaders.  Hampumep, ecnin B Kaxiom Uy 3ajana neipepoipiast
PyHRUHA fu, a na kaxgom nepeceyenunt U,NUp dynkunu [q u [p
COBIIAJAOT, TO CYHICCTBYCT OANA lenpepuiBHas (GyHKuns | na mnpo-
crparctse X, copnagamuas ¢ fo B KaXAOM OTKPLITOM MHOXKe-
ctBe Ug. ‘

[lycth 3apano Asa otkpuitoix nokpuitiia {Ug} n {Va} Tomono-
riyeckoro mnpocrpanctsa X. Ckaxem, uto nokputhe {Vp} usmeso-
yaer nokpoitue {Us) HAN sgascrea Oosee Meakum, dem nokKpoitTue
{Ug}, ecant kaxpoe MIioxectBo Vp NCKHT B HCKOTOPOM MIHOMKECTBE
U, a=a(p). .

Teopema 7. ITycte X — HOPMQALHOE TONOAO2UYECKOE nPOCT-
PAHCTBO, {Ua}é:':l— roneynoe orTkpeiroe nokporue. Toeda cyuecr-
gyer boaee MEAKOE ROKPLITUE {Va_}a':[, npusem Vo Uqg

HdorkasateancTBo. B tcopeMe 7 yTBepKA4CTCA CYILECTBOBA-
HHe He mpocTo GoJice MCJAKOTO TIOKPLITHS, 4 TaKoro, y KOTOporo anac-
MelTH HyMepoOBambl TEM K¢ HMH/EKCOM a M BKJIOUYCHIIe MHOMCCTB
NPOHCXOANT € OANIAKOBLIM 3iadentem HHAcKca a. PaccMoTpuM 3aMk-

nyroe mitoxectso X\ |JUq, nexamee 8 Uy B cuny HopMannlnocTh
=2

79



: ' N
npoctpanctsa X cyumeersyer okpecriiocts Vi, rakas, uto X\ |J Ve

a=2
eV, <V, Uy. Torna cucrema mioxects {Vi, Uy, .., Unx} mokphi-
BacT mpoctpaiicteo X. Ilostomy Mbl MoXxeM  HaflTH  MIOMXKCCTBO
Ve Vo, npuuem ciictema {Vy, Ve, Us, ..., Uy} TOXKe TOKPLIBAET 1pPO-

ctpanicteo X.  3amceusis nociaepopateanro Muoxectsa U, na Vo
ViU, 3a N waroB npuxofuM K HCKOMOMY  HOKPLITIHO

{Vi, .., Vx}.

San.alm K§2

1. Hokasarn, uto ccuait u3 R%, n>=2, BuibpocuTh KoHeuitoe (i’
CYETIIOE) YIICJIO TOYCK, TO OCTaBIIeecs MNPOCTPaHCTBO OyHeT cBA3-
HBIM, ‘ ’ ‘

2. Hoxazatp, uto ecau w3 R™ BpiGpoCHTH KONCYHOC YHCJIO MNOJ-
NIPOCTPALICTB PAZMEPLOCTH MeHbIDe, uveM (n—1), TO ocraBuweecs
1IPOCTPAHCTBO (YACT CBSI3NO.

3. Tlopcuurats, ua xaxoe HaMGOJLILCC UHCJIO KOMIIOHEHT CBH3-
HOCTHL pasobneTest R? KOHEUHBIM uMCIOM TPSIMBIX. KakoBO HauMeHb-
HICE YHCJIO KOMMOHCHT CBA3UOCTH? ‘

4. Ilyeto [: X—X — unenpeproiBHOE OTOGpaenuc xaycnopgo-
BOBA MpoCTpaHcTBA. J0KA3aTh, YTO MIOKECTBO HEMOJABHKNBIX TOUEK
(1. e. f(x)=x) Bamkuyro.

5. Jloxazatb, uTo o6pa3 HOPMAaJbINOrO MNPOCTPAHCTBA INpil Henpe-
pPEIBHOM oOToGpakenwn B xaycaopdoBo NPOCTPAHCTBO HOPMaJeH.

6. IlokasaTs, 4TO mpocTpaHcTBO X XaycAOpGOBO Torxa u TOJLKO
TOrfa, Korfla AHaronans A={(x,y):x=y}cXXX  3amxkunyra B
XXX.

7. Jloxkasate, uto otob6paxenne f:X—-Y B xaycnopéposo npo-
cTpanctBo Y HenpepnBHO TOTEA M TOJBKO TOrpd, Korjpa rpaduk
Ii={(x, f(x)) : x&€X}=X XY 3amkuyt B XXY.

§ 3. KOMNAKTHBIE MPOCTPAHCTBA

CBOACTBO KOMNAKTHOCTH, KOTOPOE Mbl PACCMOTPHM B HaCTOSILIEM
naparpade, ABJACTCS OANUHM H3 BaXXHeHUINX CBOHCTB TONOJOrWHve-
CKHX MPOCTpaHCTB. DTO CBOHCTBO sIBJsSIETCS, B 4ACTHOCTH, GyHAaMCH-
TaJbHbIM TIPH HCCJACAOBAHHH BEIECTBEHHHIX YHCEJ H HCOPEPLIBHHX
byHxuui. :

1. Onpepesienue

XaycnopdhoBo TOmOMOrHUECKOE HpOCTpaHCTBO X HasbBaercsi KOoM-
NAKTHOLM, CCJII BCSIKOC OTKpbIToe TokpoiTHe {Uq} HMeerT koHeunyio
4acThb {Uak}k  NokpuiBaomyio X. Moxno Tpe6oBaTh BCero JHIb,
4T06bl CYUIECTBOBAJIO KOHEUHOE GOJIee MEJKOe MOKPHITHE.

3ameyanue. IlepBoHauasbHO Takue NPOCTPAHCTBA HAZHBA-
JIUCh OUKOMNAKTHoIMU, a KOMOAKTHEIMH NPOCTPAHCTBAMH HA3LBAJHCEH
MeTpHueckHe OUKOMIAKTHpie mpoctpancTBa. OnHako B NocjefHee
BPeMs B JHTCpaType NPEANOYHTAIOT OHKOMIAKTHBHIE NPOCTPaHCT3A

80



HAa3LIBATL NMPOCTO KOMNAKTHBIMI IIPOCTpaHCTBaMH. ME 6yicMm cae-
jfoBath Gojice HO3ACH TePMHIOJOTHIL

[Tpumep 1. Orpesox BeuecTseniux unces [a,b] sizasercs KoM-
NAKTHBIM HpocTpancTBoM. B camom jcae, cean {Ua} -— oTKpwITOC
NOKPHTHC oTpeska [a,h], To Ge3 orpaunucuist oOIIHOCTH  MOXKIIO
CUHTATL, UTO KAHGIBIT 3JcMenT NoKpbiTis Ug ABASCTCS HHTEPBAJOM
{ca, do) (32 nckiOUCHUEM ABYX HOJyHHTCpBasos [a,a’) u (b, b]).
Pacemorpum MuoxecTsBo F Bcex Taxknx uhcen x&[q, b], uro orpesox
[a, x] mokpuiBaercst komeuupiMm uiicgaoMm asemcnros Ug. Torma, ccan
x=P, y<x, 10 y Toxke npunaygrexut P. llockosunky Touka a npu-
HaJJICKHT 3JEMCHTY MOKPHTHA [d¢,a’), a’>a, TO MHOXKeCTBO P COCTOHT
6osee yeM n3 ofHoi Touki a. [lycTh xp — TOuHasA BepXHsASA rpaHb MHO-
XKectBa P, xp>a. Ecin xo<{b, To TOUKA Xp J€KHT B HEKOTOPOM HHTEp-
pane Ugy=(Coy, day), T. €. Cqu<x0< da,. IlycThb y, 2 — Takue 4ucaa, 4ro.
Cap <Y<x<2<dg,. Torma ye=P u, 3HAYUT, KOHEUHOE YHCJO MHO-
xkeerB Up moxkpeiBaer oTpesox [a, y], mnostomy orpesox [a,z] Toxke
NOKpPHIBAETCS KolleullbiM umcsiom MHOXKecTB Ug CaenoBateasHo, xg
e SIBAARTCA BepXHei rpaxpio MHOXectBa P. Takum oGpasom, x0=b.
Torpa b’ <xo==b. Ecau b’<y<xy, To y=P, u onarb otpesok [a, y]
IIOKpBIBAETCST KOMeulbiM udcaoM Muoxkects Up, a BMecTe ¢ HHM H
BCCI) oTpesok [a, b] MoKpbiBaeTc KOHEUYHBIM uHcaoM Muoxects Us.

. CBOMCTBA KOMIIAKTHBIX MPOCTPAHCTB

Teopexvza 1. KomnakTuoe Tonosozuueckoe APOCTPAHCTBO HOpP-
MAALHO.

HdorasateabctBo. Ilycts X — KOMIAakTHOE OpocTpa”CTBO,
I — samkiyroe Mmuoxectso B X. TlokaxKem, uTo ecad Touka x He
npuHajJeXutT MHoxkectsy F, TO HaiAyTca Hemepecexkalollnecs
okpectHoct U(x) n U(F). :

Jlemma 1. 3amknyroe noomuoxncecrso F 8 xomnaxrHom npocr-
pancTee X- camo ABAACTCA KOMHAKTHOIM NPOCTPAHCTBOM.

B camom gmenc, ecan {Vqo} — OTKpHITOE MOKpHITHE MHOXKecTBa F,
10 Kaxpoe Vo =U, NF, the Uy— orkpurthie mHoxectsa B X. Tor-
Ja ceMeHcTBo OTKPHITHIX MHOXeCTB {Uq, XN\F} mnoxpuiBaer npocT-
panctBo X. CacnosaTenblo, CYLIECTBYET KOHEYHOE —CEMEHCTBO
{Ua,, X\F}, noxpmbaoumee X. Torna {Vo,} mnoxpusaer muoxe-
ctBo F.

Bepuemest x jpokasatennctBy TeopeMbt 1. Tlockoabky xeF, To
Mast mioboii Touku yeF B cuay Xaycmopdosoctu mpoctpanctBa X

CyLIeCTBYIOT Henepecekaolunecst okpectHoctd Uy=x u Vy>y. Ce-
mefictBo {V,}, oueBuaHo, nokpuiBaeT MHoxXectsO F. Ha ocuosanum

JeMMbl 1 HafijleTcsl KOHEUHOE UHCJIO MHOXKEeCTB {Vyk}k_l, TIOKPHIBAIO-

mux MHoxectBo F. TIlostomy oxpecTHOCTb ﬂ Uy, Touku X He
k=1

N
nepecekaercsi ¢ 00beAHHEHHEM U VykDF.

PaccmorpuM TCneph JABa HenepeceKalolHXCA 3aMKHYTBIX MHQ)KE-
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crBa Fy u Fy B xomnakruom npocrpauctse X. Toraa aas aio6oit Toy-
kn x€ F| HaligyTes Henepecekawriumnecsi okpectHocTH Uy TOUKH x H
Vi muoxectsa Fa. CemeiictBo {U,} HOKPMBAaCT KOMIAKTHOC MHOKe-
ctBo Iy, uoaTovvzy cyulectsyer xoueynoce nokpuitie {Ug}Y . Toraa

06 LCH e H e U ka coacpXHuT [} 1 He mepecekaerca € fmepecedc-

HHCM n Ve, comepxaummM o Teopema 1 pokasana.

Teopema 2. Nycre FX — KkoMnakthoe noonpocrpancTao 8
xaycoopposom Tonoaocuuweckom npocrparcrde X. Tozda F — zamk-
HYTOC MHOMCeCTBO 8 npocTpancrae X.

HoxasareascrBo., [lycth x — mupon3BoabHas TOuUKa NPOCT-
pauctBa X, we npunagnexamas F. B cuny xaycaopdoBocTH npocrt-
panctea X, aas Touck yE&F HafilyTcs HEMCPEcCKAIOULICCs OKpecT-
f10CTH U"Bt/ n V,x. Toraa cemeciicrBo {U,} noxpuiBaer Muoxecr-
B0 F, a B cuay ero KOMINAaxTHOCTH, HaijleTcs Koneurioe CeMeHCTBO

{Uy,}L,, nmoxpuiBaomee F. Toraa obweauunenue (J Uy, —coaep-
k=1

JKHT MHOXecTBO [ M He NepeceKacTcsi ¢ nepeceyedueM ﬂ Vi, »

‘CaexoBaTeAbHO, TOYKA X HMEET OKPCCTHOCTD, }IEHCpCCCKalOILlleCﬂ c
MuoxectsoM F, 9To H o3Hayaer, 4TO MHoXKecTBo £ 3aMkuyTo. Teo-
peMma 2 pokasauda. ‘

Teopewma 3. ITycre [: X—Y wenpepoisrnoe ortobpascexue Kom-
naxrnoeo npocrpancrsa X 8 npocrparcréo Y. Tozda obpas f(X)
ABAACTCA KOMNAKTHOIM NPOCTPAHCTBOM, ,

Hoxasateabcrso. MMycers {Us} — OTKpuiTOe NOKPHITHE MIIO-
xkectBa [(X). Torpa cemeiictBo {/~Y(Uq)} sBJISIETCS OTKPLITHIM IIO-
KpLITHEM KoMmmaktioro mpocrpaHctBa X.  CuenoBaTesbHO, HEKOTO-

. —1 N
poc xomeunoe cemeitctBO {f (Ug,)}i=t TOKpBIBacT npocTpanctso X.

Toraa cemeiicTso {Uak},‘zl nokpeisaer o6pas f(X). Teopema 3 no-
Ka3aHa.

U3 Tteopem 2 n 3 BuiTCKaeT ciejywliee obmice cBOHCTBO Henpe-
PHIBHBIX OYHKIHA HA KOMIAKTHBIX NPOCTPAHCTBAX, H3BECTHOE N3 Kyp-
€a MaTcMaTHYecKoro anasisa.

Teopema 4. [Tycre [:X—R! — nenpepwisnan ¢ynrkyus Ha
Komnakthom npocrpancree X. Toeda ¢ynxyus | ozpanuuera u npu-
HUMAET MAKCUMANLHOC U MUHUMAN6HOEC SHAHCHUS.

HoxaszateanctBo. [To Teopeme 3 o6pa3 f(X) sBIAeTCA KOM-
NakTHBIM nojanpocTpancteoM B R!, a no teopeme 4 — 3aMKHYTHIM
mHOXKecTBoM. Ecau O oGpas f(X) mne 6bin orpanuuciHbIM, TO CH-
crema uutepsano U,==(—n, n) nokpusana Ou [(X), © H3 nee
HCJIbL3Sl BLIAGNHTb KOHEUHOro noAnokpuitis. onoxnm A:Su)[(){f(x)}.

xXe

Torza cywmecTByer  Takash noclefoBaTelblHocTb X, € X,  uTO
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limf(x,)=A4, 1. e. A=[(X), A=[(x), x=X. Ananornuno, B=

11~»00 .

=inf{f(x)} sBasictcsi nexkoropuiM 3nauennem ¢ynxuun f. Teope-
xeX

Ma 4 gokazana. .

3. MeTpuyeckne KOMAAKTHbIE npoc”rpaucrna

Jasi- METPHYCCKHX TNPOCTPANCTB CBOHCTBO KOMNAKTHOCTH MOXHO
chOPMYIHPOBATL B NPUBLIMNBIX AJs1 alidiu3a TepMUHAX. h

Teopema 5. Iycre X — merpudeckoe npocrparcrso. ITpocr-
PARCTB0 X ABAACTCA KOMNAKTHOIM To20a U TOALKO T0204, K020Q 8bi-
HOAHEHO OOHO U3 (ACOYIOUWIX IKBUBAACHTHOLY COOLCTS:

(a) Beakas nocaedosareasnocts {xn} umeer cxodaujyrocs nood-
nocaedosaTEeABHOCTS.

(6) Bcakas nocaedos8areabHOCTo BAOKEHHBIX HERYCTHIX 3UMKHY-
Tolx nOOMHONMECT8 {Fn}, I'yDF .y, umeer nenycroe nepecedexuc.

Jdokaszarteabctso. Ilyere X — KOMIAkTIOE METpUYCCKOE
npoctpaucto, {Fp} — 1OCACIOBATENBHOCTb BJOXKCINLIX IEMyCThIX
3aMKHYTHIX MHOXeCTB, F,DF 4. Toraa, ecan NFy=(, T0 OTKpHI-
THIC MHOMXECTBA G,L—X\I » TNOKPHBAIOT NPOCTPaHcTBO X, -OpHueM
Gn<Gyuypr. B cualy xoMnmakTuocTH mpoctrpanctsa X KOHEYHAs CHCTe-
ma {Gyp,, ... ,Gn} mnoxpoiBaer npocrpanctso X. bes orpanuuenns
o6LWHOoCcTH OyLeM CYUMTATh, UTO M= /Me<S... <</, Toraa G,;k cG,zs,
T. e. X =Gn. Cacnopareasno, Fo = ; 910 NPOTHUBOPEYHT yCJO-
BHSM, ) -

Hanee, mokaxem, uro H3 cpoliictBa (6) cJjcayeT cBoicTBO (a).
ITycts {x,} — DPOH3BOJABHAA NOCJAENOBATENBHOCTL TOUEK MNPOCTPAH-
ctBa X. Ecan nocaemoBaTenbHocTh {X,} HE HMECT INpeIebHHIX TO-
UeK, TO BCsKOe moaMmHoXKecTBo F<{xp} aBaseTcs saMkuyTtbiM. [lo-
TOMY Mbl MOXKEM NOCTDOHThL NOCAELOBATENBHOCTb BJIOKEHHBIX 3aMK-
HYTHIX HoAMHOXKecTB {[,} ¢ mycTbiM NepecevyenueM, noaaras F,=
= {Xn41, Xnt2, ..}. CAegoBaTeabHO, HA OCHOBAHHM cBoficTBa (6) mo-
caefloBaTeaAbHOCTL {X,} HMEeT Ipeleaplylo Touky xpe=X. Bubepem
TCHEPb ~ NOANOCJACAOBATCABIOCTL  {Xn,}, CXOAALLYIOCH K TOYKE Xo.
Paccmorpum okpecrocts Oy(xp). Hafimercs Takoit nomep n;, uro

X1, € 0y4(x,). = TlyeTb yxe mocTpoOeHBl WAEHBl {Xn,, .., ¥n )}, #1<
<np<...<ns, TpUUEM, P (X, Xn,) < 1/k. Tlyctb
. 1 .
& = Min {-s_-{:_l— 0 (Xgy X1)s «« + 5 P (X xn,)}.

"Torna B oxpectnocta Og(xp) Hafijercs Touka x,,sﬂEOe(xo). Coepe

IICHHO SICHO, UTO P (Xy, Xa

l .
a) <8< pon H IO03TOMY  flgy > I,

Htak, nmo HHAYKUHH [OCTPOEHA NOKNOCAeXOBATEJNbHOCTD {xns},
npuuem, limp (%, *») == 0, uro u osHauaer, uto lim X ==Xo.
S—>o0

500 )
Hakonen, noxkaskem, uto u3 cBofictBa (a) CaeXyeT KOMNIAKTHOCTDb
npocrpancrsa X. Tlyers {Us} — mnpOH3BOJBHOE OTKPBITOE NOKPBHITHE

meTpHueckoro mnpocrpancrtsa X.  JlomycTHM, Yro CyLlecTBYeT Takoe

. 83



WUCHO £, YTO NMOKPLITHC IMAPaMIL {Oe(x) : x=X} BUHICAHO B TOKPDI-
T{He }{Ua} Torna utcno e unasnisactest «wucaom JlebGeea MOKPLITIIS

oc »

Jdemma 1. Leau aonoaneno ycaoaue (a) Teopemnt 5, TO 8CAKOE
OTKpOITOC NOKPLIILe umeeT wucao Jebeea.

JlokasaTeabcTBO: Jas xakmgot Toukd x & X poifepeM uuc/lI0
£ (X), paBHoe TOUHO{l Bepxued rpaun Tex uucen 8 > 0, wrobu wap Og (x)
Jiexaa B HekoTopoMm sJemente 1Tokpoimisi Uy, Ecmu dynkuns &(x) umeer
CTPOTO MOJNOKHUTENbHDLIA &, = Inf &(x), TO uHCIO gy/2 sABJISETCA HUCAOM

xeX

€
JleGera nokpuitist {Ugq}. Ecom ini e(x) == 0,.70 maitiercd Takas mnocaeno-
XEX

BaTeabHOCTL {X,}, uTo lime(x,)==0. Ha ochosannn cpoicTBa (a) Mbi
n—-»0

MOXEeM BHIOPAaTb TaKylo MOJMOCAEAOBATCABHOCTD Xny, UTO 1M Xy, = Xg.

k—>»

Tlyers ko — Takoit nomep, uto npu k> Ryt p (%, Xn,) < -—;—— e (x,). Tor,ua

01 (x,,,,)c: O‘l A (xo) < Ug. D10 o3nauaer, uTo &-f(x,,k) > Tl—e(xo)'

¥, 3HAUMT, Tpefes llme(x,,k) —l—s(xo)>0 Jlemma 1 noxasana.

PaccMoTpuM Tenepb Npous3BOJBHOE TMOKPBITHE {Ua} Ha ocuosa-,
‘W gemMbl 1 B nokpuitHe {Ug} BnHCAlo TOKpBITHE luapaMu’
" {0¢ (%) : x=X)}. Hpeanonoxum, uto nokputie {Uq} He umeer Ko-
‘Heynoro noanokKputusi. Torma i nokpuite {Og (x) : x=X} He umeer
KOHEYNoro NOATMOKPHTHS. (MHKCHPYeM IPOHM3BOJBIYIO TOUKy x =X,
‘Tlockonnky map Og(%;) He nokpeiBaer mpocrpanctso X, To naiiaer-
e Touka xpe0, (x1). ITycrn nocTpoeHBl TOUKHM Xy, .., Xn,” TAKHE, UTO
. E0(x;) npu nz=k>s. Cucrema wmapos {Oe¢ (%), .., O (xs)}
ile roxkpuiBaeT npoctpadcTso X, [loaToMy maiieTcss ToUKa Xny S
S0e(x)U..UO:(x,). Taxkum 06pasoM, MO HILYKUMH TOCTpOeHa
NOCAeLOBATEABHOCTL TOUCK {X,}, npuucM p (¥, x.)>=>e>0. C napy-
roit CTOPOHBI, Ha OcHOBANHH cBoficTBa (@) CYILECTBYyeT Takad MNoji-
110C/IEI0BATENLHOCTD {Xn, }, UTO llm Xny = Xg, To €. llmp(x,, y %) = 0.

B uactHocTH, mpu nonxonﬂmcm Bb]éope Homepa ko HB k> ko caenyer,
1
HTO 0 (Xn,, %) < 3 e. Torpa

p(xllky xnk+1) \< p (xflkv xO) -i- p (x/1k+,_‘ xO) < €.

TTpoTuBOpCUHE NOKA3LIBACT TEOPEMY 5. .
. B xauccrse caeactsis u3 rcopemu 5 npuBeneM caeaywounce ¢yH-
JIAMEHTAJBIIOC CBOACTBO BCUIECTBEHULIX UYHCEN: HOCACO0BATCAbHOCTS
OAOJCCHHBIX OTPEBKOG BCULCCTBEHHOL NpAMOL umeer 06y TOUKY.

4. Onepauuu HaJ KOMNAKTHBIMA NMPOCTPAHCTBAMH

Ecan xaycpopdoso npoctpancTBo X aBasieTcs  oObCOHIICHICM
KOHEYHOr0 YHCJAa CBOMX KOMNAKTHBIX MOAMHOXKCCTB, To X siBAsieTcs
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n
KOMIIAKTIIBIM mpocTpalcTsoM, B camom jgene, cein X == UXk,Xk—
fe=1

rKomnaxtiole ppocrpancrsa, {Uy} — OTKPLITOC NOKPBITIIC NpOCTPAii-
crpa X, TO Kaxuoe MO/IMHOKCCTBO Xo TOKDLIBACTCH KOHCYIDLIM UHC-
aom aiementos  {Ugy ) ... Ua,m} Torpa Best koHeuliasi COBOKYM-

nocte {Uq,,, 1<k<<n, I<sg nk} IIOKPBIBACT BCE  [IPOCTPAHCT-
o X. Bonee TpyjaHo#, HO BaXKHOH siBASETCS:
Teopewma 6. Jexoproso npoussedenue X XY xomnaxrnolx npo-
crpancts X u Y asasercs KOMRAKTHOIM NPOCTPAHCTBOM.
HoxasatcabcTtBo. B cuny Teopemb 5 § 2 nekapToBo 1po-
n3Bencne X XY sasasercs xaycropdoeiM npocrpanctsom. Ilycts
{Us} — npousBoapHoe nokpuiTHe npocrpancrsa XX Y. Bes orpawn-
geHHs oOWHOCTH MOXKHO cudraTbh, 4TO Uy HMeoT BUA: Ug=V X Wq.
duxcupyem Touky x&X, W pacCMOTPHM MNOANPOCTPalCTBO xX Y
< XXY. Hognpoctpanctso XY roMcomopdHo mupocrpamctsy Y, n
MO3TOMY SIBJASETCH KOMOAKTILIM npoctpanctsoM. Ilostomy cyiect-
BYCT KOHedulloe YHCAO 37eMCHTOB {Uge,x}i), HOKPLIBAIOIINX OPOCT-
n (%)
panctso xX Y. Ionoxum V= [ Vatn. Torsa oTkpuiThe MHOXKe-
f=1
cTBa {VxxWa(kx,} BAHCAHBl B noxpm‘ue {Us} 1 noxpbiBaior upo-
crpauctBo xX Y. Mnoxkeersa {Wo n}i¥), noxpusaioT mnpocrpancr-

n(x)
Bo Y, U W = Y. Muosecrsa {V,) NOKPLIBAIOT HPOCTpancTso- X.

B cn.ny KOMMOAKTHOCTH TpocTpanctBa X  Koueunoe ceMelicTBO
{sz}é"zl ~ nokpniBaer npocrparctBo X. Toraa Komeunoe cemefdcTBO

(Vi X Wopny: 1 <s<m, <<k n(x)}  moxpelsaer npocrpanct-
Bo XX Y. Teopema 6 pokasaHa.

3ameuvanue. Ecau Gu npocrpanctBa X 1 Y Obau MerTpuue-
CKHMH, TO J0Ka3aTeJbCTBO TeOpeMHl 6 CHJABLHO YNPOCTHIOCH Obl.
B camoM pnene, cornacHo TeopeMe 5, PACCMOTPHM NOCJAEROBATEIb-
HOCTb {2,}, 2n==(Xn, Yn). Ilockoabky X — kOMNaKTiloe mpocTparn-
CTBO, TO CYLLeCTBYeT .CXOAAILAACH MNMOANOCICAOBATC/ALHOCTD {x,lk}.
Torna B cHAY. KOMIAKTHOCTH NPOCTPAHCTBA Y H3 MOCAeXOBATENbHO-
€TH {fn,} BBIAENSCTCS CXOXAWASCA MOANOCTENOBATENLHOCTD {ynks}.

Taxam o6pa3oM, MOANOCTEOBATEJNLHOCTh {2n, } TOXKE CXOAHTCS.

3apauu x § 3

1. MoxasaTh, 49T0 of6beaHHEHHE KOHEUHOrO YHCAa KOMIAKTHLIX
IIPOCTPAHCTB KOMIAKTHO.

2. Tlokasatp, yTo ecad X -~ MCTPHUCCKOE H HEKOMNAKTHOC MpoO-
C€TPAHCTBO, TO CYULECTBYCT HeNMpepbBHAS He OrpaHHYeHHasi Ha 9TOM
npoctpaHcTBe QyHKIHA. :
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3. JloxasaTb, 4TO MCTPHYECKOE KOMIIAKTHOE NPOCTPAHCTBO JIMEET
CUETHOE IIJIOTHOE MOJAMHOMXKECTBO.

4. Jloka3aTb, UTO CCJH B KOMIIAKTHOM METPHYCCKOM MNOPOCTPAHCT- .
'Be [ABA 3aMKHYTHIX MHoXectBa A m B He nepecexaiorcs, TO
o(4, B)>0.

§ 4. ®YHKUHOHAJIbHASI OTAEJNHMOCTb.
PASBUEHUE ENHHWLLDbI

‘B 3tom naparpade MB NPHBE/AEM TEOPEMBl, NO3BOJSIONIHE TIPH
JIOBOJIBHO CabLIX MPCANOJOKCHUSIX MPOBOJUTHh AHAJNHU3 HCIPEDHIBIBIX
(yHKUI, TAaK Ke Kak U B cayuae QYHKUHAN OAHOH BeUCCTBCHHOI
nepemenoii. Kak yke ormeuanoch paiee, HEpepuBubic (GpyHKIHT Ha
TONOJIOTHYCCKHX NPOCTPANCTBAX, BO MHOTHX OTHOUIEHHAX BeayT cebst
TaK K€, KaK W (YyUKUHH OAHOH BeuletTsennoil  nepemenunolt. Cymma
[+ g, npoussejcHuce [-g ABYX HempepwuBHHX QyHKUUI, a TaKKC OTHO-
weHue /g upu g=0 ABAAIOTCA HeNpepuBHLMIL GyHxkuHsiMH. B kiacce
HCIPCPLIBHBIX QYUKUK{I Ha TOMOJOTHUECKOM TNpocTpanctoe X MOXKIO
HepexoinTh K npejety. [ocacgosateasuocTs Gyuxkuui [, pasHomep-
HO cxodurcs x dyuxkunu f, ecan pas moGoro >0 cymu:TByeT Takoit
Homep N, wto npu n>>N BBIIONHCHO HepaBeHCTBO: |[(x)—[n(x) | <Te
ik & M060H TouKH XE X.

Tecopewma 1. Pagromeproui npedea ‘nomedoaareﬂbuocm He-
npepetsrbLy (yHKYULL HA. TONOAOUHECKOM RPOCTPAHCT8E X ABAAETCA
Henpepuisroti gyrkyuerl. _

HoxasateabctBo. Ilycrs f(x)=limf, (x). IToxaxe™m, uto

, =-»00

dyuKnus f HCNPCPHIBHA. duxcupyem - gncao >0 # TOUKY xeEd.
Torpa nafigerca taxoi Hovvzep n, 4to Aas moGofl Toukn x&X BHION-
neno HepasenetBo |f(x)—[n(x) | <<ef3. Tockoanky ¢yuxuus f, ne-
npepLiBHa, TO naﬁ,n,eTcn TaKas OK[)BCTHOCTb O (%), uto npu x0 (xo)
BBITOJIHENO HepaBeucTsO | fu(X)—/n (%) | <e/3. Toraa, npn x&0 (x)

IIMeeMm:
[F () = F ) | << 70— Fa ()] 1 fa () — Fu (o) | 1+
- | fa(x0) — [ (%) | < e/3--e/3 -e/3 =

Teopema 1. 1okasana..

1. ®yHKuHOHAABHAS OTHAEAHMOCTD

Ecnu Fy, F;— ABa HCHCpeceKaroulMxest 3aMKHYTHIX MHOXKCCTBA B
TOMOJIOTHYECKOM MNpocTpaHcTBe X, TO st TMOCTPOEHHst HCHEpPCeCCKaio-
LHXCS OKPCCTHOCTEH Mioxects £y u Fy J10CTATOMIO MOCTPOUTL TAKYI0
HenpepuiBuyo dynkunio f na npoerpadcerse X, aast Kortopoit [(x)>=>a
npu x&Fy, [(x)<<b upu x=F,, u a>b. Torna B KauecTne okpectiioc-
Teil MHOYKeCTB i M Fy MOKHO B3ATL npooGpass nutTepanos [~ (¢, oo)
u f~t(—o0, ¢), rac h<<c<Ca. BepHo B CKOTOPOM cMbicae H o6patiioe
YTBepIKACHHC, H3BCCTHOE KAK JeMMa Yphicoua:

Tcopema 2. [Tycte X — HOpmaasHoe - TONOAOUHECKOE APOCT=
pancrso, Fo, Fy — 0s8a 3aMKHYTBIX Henepecekaioujxcs MHONCECTaA.
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Toeda cyuwjecrsyer takas Henpepoishaa ¢yuxytus [ X—[0, 1], uto
]lFoEO,i"f‘iEl :

JNokaszarcabncrno. IloctponM Takylo ciicTeMy OTKPLITLIX
mHOzKecTs 1%, 3anmymeponaiiibiX BCEMH JBOHUYHO-PAlHOHAJILILIMIL UiiC-
aamu 0<Cr<C1, YTOoOH BHIIOAHSIICH caeaylowie yeqaonus: 1) Fozly,
2) 'aX\Fy, 3) I, T, npur<<r’.

Torga cucremy oTkpuituix muoxects {[;} Moo pacunipurn, ao-
6aBUB K HAM MHoxKecTBa I == lit I,, rae f{—yxe 1pou3BoJbLIOE Be-

r

mectsennoe uneno, 0<{r<<1. Cucrema oTkpuThIX  Munomxeers {1}
yaoBNeTBOpsieT TeMm Ke ycaosusam: T, Ty npu {<<{’. B camom jgeae,
B3fiB TAKHC palUOHaJblble Yucaa r, 7, q'ro_t<r<r’<l’, HOJTY1aoM,
uro Tl Iy Tp, cneposareavno, I, T < T, Nocrpoum
Tenepb  Henpepusliyio  dyukuuio [ X—[0, 1], nosaras: [(x)=
=Sup{f: xeT;}. [Mokaxem, uto f — nenpepsiBuast dynknus., PuKc-
pyeMm Touky X, u e>0. [Mosmoxum fp==f(x). B cuay onpeaenenis
byukuun i xp6s Ty—es9, X € Ty,re. PaccMorpum  okpectnocts U
TOuKH  xo, paBuylo U = Tyereiy\ltty—esn. Torna ecan yeU, 10
YE Tioressy YE Ditg—esn. 110 OUPCAGACHNIO BDYHKIHH | BHINOJHCHD
nepapenctBa: fo—e/2<<f(y) <lot+ef2, 1. e |[(%0)—[(y) | <<e. Taxum
ofpaaom, GyHKIHS [ HenpepelBHA.

Uro6el 3aBepILHTL 0KA3ATEALCTBO TCOPEMBbI 2, Ham OCTAJOCL 110-
CTPOHTb CHCTEMY OTKpPBITBIX MHOXCCTB I, Y/IOBJACTBOPHIOUUIX YCJIO-
Busim (1), (2) u (3). B cuny nopMaabHocTH mnpoctpaucrsa X st
Jioboro samxHyToro MHuoxkectsa F n ero okpectnoetn U, FoU, unai-
metcst apyrasi okpectuocts V, takas, uro FoVoVcU. das kpart-
koctu Gynem nucat, V&U, ecan VaVcU. Hrak, Fo==FoX \Fy.
[Tostomy Fo& X\F;. Cnenosareipno, HafJeTcs OTKPHITOC MHOMCCT-
Bo Ty takpe, uto Fo&To& X \F,. AHANOrHYHO, HAHJCTCH Takoe OT-
KpbiToe MioxectBo Iy, uto Fo&To&Ti&X \Fi. Tlpeanonoxnm, 4To
JUIst BceX IBOHYHO-DALHOHAJBHHIX ‘UHCEN BHAa r=p/2", O0<Ip<I2n
yKe mocTpoensl OTKpuiTHe MioxecTsa [y, npuuem [ on & Fiornyen -
Onpegenntm Toraa MHOKCCTBO [Ny ) onet TaKUM  06pazoM, dYTOGH
Tpor &L gy ot €Ty on. Tlo HBAYKLIUA BCe ceMCICTBO MHOYKECTB
{1';} mocrpoeno. Ecau x&Fo, To f(x)=0, a ecan x&F,, 1o f(x)=1.
Takum o6pa3om, Teopema 2 Jlokazana.

U3 Teopemnl 2 caenyer BaxHas

Tecopema 3. ITycto X — HoOpmanrsnOe Tonoso2u4eckoe Npocr-
pancreo, FcX — samxnyroe mroxecrso, [ : F—Rl — nenpepoignan
pyukyus na muoxcecrae F. Toeda ¢pyukyus [ npodoawaercas do we-
npepoigroll Gynryuu g X—~R Ha acem npocrpancree X. Ecau ¢pynk-
yus f oepanuvena, |[(x)| <A, 10 u Pyukyuto g mowcno svibpars
oepanudennoll Toti ace korcrantoll, |g(x) | <A.

JlokasareapcTno. [IpeanonoxuM cHauana, 4to dyHkius [
orpanuuena, |f(x)|<CA. Tlomoxkum @o(x)=f(x) u paccMorpum /Ba
3aMKHYTHIX noamuoxectsa Ao={x : o(X) <<-—A/3}, Bo={x: @o(x) =
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= A/3}. Tlockonbky Muoxeersa Ag u By He cpecexaloTes, To, cordac-
110 TeopeMe 2, cymectsyer nenpepwisias  gynkuust o 1 X—[—A/3,
A/3], pasuas —-A/3 na mitokeerne Ao, n A3 na muoxkecrse By dpy-
rumi caosamu, |fo(x) | <A/3, x&X, |go(x)—fo(x) | < 24/3. Tlonoxknm
@1(X) =@o(x )——fo( ). Torpa <pym<mm (1 orpaiinucua mHa MHoxecrne ff
koHcTantoi 2A/3. Ilostomy, noBTOpAs Bech TpoUece, MOXKHO 10-
CTPOHTD . ABA HCHCPECEKAIOMHMXCH  3aMKIYTBIX MHOXKceeTna:  Ay==
== {x: @, (x) < —2A4/9}, Bi={x:¢i(x)=2A/9} u HenpepuBUYIO
dyuxuuio fi : X>[—24/9, 24/9], pasuvio —2A4/9 na muoxccrne Ay u’
2A/9 na wmuoxecrse By dpyrumi caosamir, 1f1(x)]\<—3—.-—;— ,
| s (x)—[1(x) | < 4A/9. TToBTOpsia yKazauHulli mponece GECKOHCUNOC
YHCJIO pa3, Mbl HOCTPOHM JIBC MOCJCAOBATCALHOCTH (QYUKIHI: fn 1 X—
—R!, @n : F—RY, y10BACTBOPSIOMUIIX CACAYIOUIHM YCAOBHAM: (Pryt (X) =

=@n (¥)—fu(x),

1< ()~ | (1)
o< (Z)a @)

Haunee,
' () = (%) = fo (%) |-y (x) =
cow = (x)  Fu() b fu(x) (pn+1(x) npu xeF,

B cuay nepanelcrtpa (1) pan Efk(x) CXOJHTCS panHovvzepHo Ha
' ! k=0

Bcem npocrpancrse X, ITo ‘reopeme 1 q)ynxmm g(x)= 2 fo(x) sapB-

JsieTCA HempepuBHON H g(x)—f(x) npu ¥x<F. B cuay HepanCT-
Ba (1):

g()|< imml }]( ) 5= 4.
k==0 .

Teopema 3 jokasana Ajst cayyast orpaHddeHHON GYHKIHUH f.

B ofumem cayuae paccmorpuMm romeomopdusm k: Ri—(—1, 1).
Torpa xomnosuuns hf : F—(—1, 1) sBasiercst HENpephHIBHOI Orpamu-
uyennolt ¢yuxkuned. Ilpumeunsss Teopemy 3 nad orpaHyueHHod ¢yHx-
udu hf, mocTpouM HenpepuBHYIO ¢QyHKuHO g : X—[—1, 1], npogoa-
xkaowyw ¢yHkudio Af. 3HadeHus =1 QyHKuua g NpUHMMaeT Ha Ile-
KOTOpPOM 3aMKIIYTOM MHOXecTBe Fy, He MepecekamlieMcs CO MHOXKECT-
Bom F. ITo Teopeme 2 cyiectByer HenpepruiBHas ¢pyHguus P : X—-[0, 1],
pasHas 1 Ha mMHOXecTBe F M Hymo — Ha MHOxecTse Fy. Torma QyHk-
uus gy(x) =1 (x)g(x), x<X conanaer ¢ ¢ynxuueit hf Ha MHOXKeCT-
Be F u He nmpuuumaer 3HaueHHd --1. Takum o6pazoM, OQYHKIHA g
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otobpaxacr upocrpauctso X v uurepsan (—I1, 1). Haxonen, nonoxirv
Sa(xy=h""g(x). Torna upn x&F g (x)=N"1g(x)==I"I](x) =] (x).
’1‘00|)0Ma 3 noJocThio JoKasaia. .
PaszGuenne enqHHULLL .

l/ouneﬂcm HCHPEPLIBIOIl PYHKUMI [ Ha TOMOMTOrNYCCKOM — IPOCT-
pancTse X HAZLIBACTCS 3aMBIKAIIIE MIIOMKCCTBA TCX  TOUucK x&X, rie
J(x)7=0. Hocurear Qywxunn [ obSoznauaercs  mepes Supp /. Taknwm
obpasom, BIIC BOCHTENs YUK § TOA/ICCTBEHIO paBHa uyJio. O/uninm
13 [IOJICBILIX UPHCMOB B TONOJOTHIT SIBASICTCS Pa3doAKCeHIC (YK
B CYMMY Tak, uTo0bl KayK10e 113 CAaracMbiX #Meg0 JOCTATOWIO MaJbIil
HOCHTMID. ,

Tecopema 4. Iycre X — nopmasvroe  npocrparcrso, {Ug} —
KoHCUHOC oTKpuiToe 1H0Kpoirie. Toeda cyulect8yor Takie (yYHKYUN
Qo X—>RY, 0L ga (X)L, wro:r (@) Supp g SUa, ((’) H(pq (x)=1l.

Cucrema Gpyukunit {pg}, yxkasanuwx B Teopeme 4, uaabniaeTcsx
pasbuenuem eduruynt, nodunnesnom nokpoiraio {U o). Tlpun stom
MOXKIIO HC HPCANONaraTh KOHEUloCTh HOKPLITHS, &4 BMCCTO 9TOTO Tpe-
GosaTb, uTo6bl Kawaast Touka x&X umcenaa 6ol oxpecruocts O (x),
HCPCCCKAIOUIYIOCs AHIIL C KOICUHBIM UIICJAOM  HOCHTeACH  SUpp ¢ e.
Boobuwe cncrema nogmuozkects {Aq } TOUOJOrIMCCKOrO HPOCTPAHCT-
Ba X HA3LIBACTCH A0KUALHO-KOWECYHOL cucTemotll, ccanr s o660
toukn x=X Haijierest okpeethoeth O(x), Kotopas HMcer Henycroc
HCPCCCYCHIC JIHIID € KOHCUHLIM WICAOM MIOMKCCTB Ag.

[Tpumep. ITokpuitHe peuiccTneHnoi npsiMoit R uurepsasamy
(—n, n) uc gBasieTcs J0KaabLHO-KOHeUHLIM. TTokpuiTHe ke mirrepnada-
Mi (#, n+2) ABJAAETCH JIOKAJDLIO-KOTIEUHLI M.,

Taxum o6pasom, ecan cemelicrso nocutescii {Supp ¢ o} uonpepbm-
HLIX DYHKIIL o SIBJAACTCH JIOKAJBHO-KOHCUHBIM, TO B KaKAOH TOUKC
x=X JHbL KOHCUNOC UHCA0 DYyIKIUT o OTMINO 0T uyas. [TosTromy
cymMa @(x) =2X¢a (X). KOPPCKTHO oOlpCACACHA B KaK/JA0{ TOUKE

o

x=X. Moayuaowasca Gyuxuus HenpepbiBua. B camom peae, ycionne
ICHPEPLIBHOCTH (MYIKIHH ¢ SOCTATOYHO NMPOBCPUTL 11C3aBHCIIMO B HC-
ROTOPOIl OKPCCTHOCTH Ka)k10it Toukn. [Tockoanbky cucrema {Supp ¢a}
JIOKaJLHO-KOneula, To Haiijercst rakas okpectHocts O(x), mna KoTo-
Poil TOALKO KOHCUHOE YHCAO QYUKW Qo «0. y QPapy OTJHNUIO OT Y-
Jast. Caenosateanto, 8 okpectHoetit O () GeckoHeuwast cymma, BXOJs-

Iast B Ompe/edaciiie (])yI{I(IUIH ¢, 10 CcyHICCTRY ABJISICTCH KOHC‘XIIOﬁ,
N .

T. . @(Yy) = Z Pay, (Y) st y=0(x). Tloyromy dyukiis ¢ ucripepun-
==
a n 1\'a;x<ﬂoi'1k'r01n<e reX.

Jloxaszateanncrno-reopemsl 4. Pacgmorpum  xoneunoe mo-
kpuitie {Ug}. Coraaciio teopeme 7 § 2 naigeres Gosce Meakoe 1Ho-
kpuitie {Vy}, upnuem VecUgq . o Teopeme 2 CYICCTBYCT ncnpe-
puiiast Gyukuus (o Ha HpocrpaHcTne X, yAOBACTBOPSIOMAT  YCJO-
nisv: Yo | Va =1, Yo [ (XN\Up) =0, 0< P (x)< 1. A10  azuaunt, uto
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Supp e Uqt Po(x) >0 npu x&V,. Tomomum  P(x)= Z‘\Pa()C).

a
‘O®yukuus ¢ Hempepbina. [Tokamewm, uto P(x) >0 B xaxaoh ToUKe
xeX. B camom neae, nockobKy cucrema {Va} 1OKpHBaer mpocT-
pauHcTBO X, TO HAICTCsI TAKOH HOMEp oo, UTO X € Vg, T. €. Yo, (X) >

> 0. Toraa ¢(x)== Z Yo (X) 2 Po, (x) > 0. Hakorell, nosoxum

' .
Qa (X} =1va (x)/¢p(x). Toraa
Supp @o = Supp Yo < Uu, 0 o (%) < 1,

Y 0 (%) = Z i () () == (3 apa ()b (%) = D (x)p (x) =

Teopema 4 noKasaHa.

3amcuanue Teopema 4 moxer Ouith oGoBuieHa na caywai
JIOKAJILHO-KOIICUIILIX OTKPHLITHIX NMOKpbiTHil. [lAs 3Toro JIOCTAaTONMHO
0606mnuTs TeopeMy 7 § 2 Ha ciayuyail JOKaJblO-KOHCYILIX HOKPHITHL
Ecan npocrpanctso X xoMIakTho, TO BCCIAa MOMKHO OrpaHHUYHTHCH
KONEeYHLIMH MOKDLITHSIMH. B cilyuyae ke HEKOMNAKTHLIX I1IpOCTPalCTB
ObIBAOT CYNICCTBCHIIO HCKOIEUIILIC HOKPLITHSA,. /15l KOTOPLIX TeM lie
MeHee HeO6X0AHMO CTPOUTL pasbHelHe CANNHILL [103TOMY CCJIH B
Aannoe nokpuithe {Ug} yraercs BnicaTh JioKaJbHO-KOHCUHOE NMOKphI-
THC, . TO MOXHO LOCTPOHTL H pa3buerde ejHHHLBL. De3 nokasareabcrna
CHOPMYJIHPYEM Y TBCPOK I CHH e:

ITyere X R™ npoussoashoe nodnpocTpancreo eskaudosa npoct-
pancreas {Uq} — eco orkpbiToe (He 0643aT€NbHO KOHeUHOE) NOKpbL-
rue. Toeda cyuiecreyer pasbuenue eOunuybl, NOOYUNEHHOE NOKpbL-
1o {U qo}. :

3apaun Kk § 4.

l. lokazaTb, 4T0 B TeopcMe 2 MOXKHO Tpe6GoBaTh, YTOOLI QPYHKUHSA
[ 6una rnankoit, ecan X — eBKJIWI0BO npoCTpaHcTBO R™.

2. okasarn, uto B Tcopeme 4 npn X=Rn» MOJHO TpeboBaTh, YTO-
6b! QYHKUHI @ ¢ OLIJIH D18 IKHMH.



FNTABA 3

FTAJKUE MHOFOOBPA3USA (OBLUAS TEOPHUS)

Beenenue

.

B nelinoﬁ raase ObLI0 10KA3aHO  HA_PA3JHUIIBIX  NPHMCPAX, UTO
OCHOBHDLIM HICTPYMCITOM B H3YUCHHiH FCOMCTPHUCCKIX 0OBCKTOR SIB-
JSICTCST CHCTCMa KOOP/HIAT, XapakTepH3yIouiasl Pacnodoikenne ToucK
B npoctpaicrse. C IOMOU{bIO CHCTCM KOOPDAHHAT MDLI MOMKEM IICIOJDL-
30BATH VIS PCLICHIIST MUIOFHX 3afau MCTOb Juidepeuitaibioro
nurerpadbiioro ucudcscnnsd. ITostoMy B reoMerpiit  BuUICJSHOT § OT-
JICJILHLIT pasjien H3YYCHHE TakHX [POCTPAlCTB, KOTOpBIC AONYCKAIOT
TaKlie HOUATHHA, Kak Au(depcHunpyemble nan riaaakie GyHKILi, oie-
paunn auddepenyiponamis H HHTCFPHPOBANIHA.

IMonesto paccMoTpeTh HECKOJLKO [IPHMCPOB TAKHX [IPOCTPAHCTB.

I[Ipumep L. PaccmorpuM  nia -nsockocTi  (T. €. B IBYMCPHOM
CBKAH10B0M npoctpaHerse R®) oxkpyxuocTs S' eAuHIINIOro pajiiyca.
Jasa roro uroOul OMHCATL TOUKH OKPYHHOCTL C IOMOULLIO CHCTEMBI
KOOD/HAT, 3aJa/flHM eC KaK MIOZXKCCTBO TOUCK, Y/JOBJCTBOPSIOUIIX
ypaBHeHHIO:

Xyt = 1, (1)

rae (x, y) — ACKAPTOBLI KOOPAMHATH TOYKH HA NOCKOCTH. Takum 06-
pasoM, KaKkaasi Toyka PeS! oauno3naudo 3a4acTCs 1apoii umcesa —
JCKAPTOBLIMII KoopauiiaTamu x H 4. ‘O/IaKo JUI TOUCK OKPYKHOCTH
" H3JHLIe 3a1aBaTh o6e Koopauuare x 1 y. Ecua# paM n3nectia koop-
Jutnata X TOUKH P, To BTOpas KOOPAHIATA i MOXKCT OLITL 1I0Jydclia
‘n3  ypasrenuss (1): y--4 /T—x% T. e. wropas KOOpJAMHATA Y
0/1103HauHO (C TOYNIOCTBIO /10 3HAKA) OUPCUCASICTCH HCPBON KOOPH-
Haroit x, bosee Toro, ecan touyka Po= (x4, Yo) 11€ HAXOAHTCH Ha OCH
abecrcee, T. ¢ Yo¥=0, TO HalgeTcst Takasl J0OCTATOUNO MaJslas OKPCCT-
nocts U touxu Py, uto AJs BeeX Touek PeU Buibop 3Haka Koopiii-
Hatel y Toukd P onpejensieTcsl O1II03HAYHO 3MAKOM KOOP/IHHATLI Yo
TOYKH Fy. B HCKOTOPOM CMLIC/IC MBI MOXCM  CKA3aTh, UTO TOUKH Ha
OKPYXHOCTH S! OHHCLIBAIOTCSI OJUIIMM  UHCAOBBLIM  [APAMCTPOM — €C
nepnoft 1ekapToBoit KoopadHaTtoil x. DBosice  TOUHO, MOXKHO JiHIIb
YTBCPIZKAATh, UTO TOYKH, JIeKAalUHe B Bepxiiell HOJOBHHE OKPYKIIOCTH,
T. €. yJOBJCTBOpSiolLHe HepascucTsy y>0, oaiosnaudo 3azamrcs
O/HHM UYHCJIOBLIM llapaMeTpoM X. ARAJIOTHYHO TOUKH, JICKAIHC B 11HXK-
neil [IOJIOBHIIC OKPYIKHOCTH, T. €.  YAOBJICTBOPSIOULIIC HCPABCICTRY
y<<0, TOkKC ONHO3HAYHO 334AIOTCH OAHHM YHCJOBBLIM TAPAMCTPOM X.
Kak anst sepxueit nosioBinb OKPYKHOCTH, TaK M JIsi e HIXKICH To-
JIOBHILE 00MACTL 1I3MCIICHHS  NapaMeTpa X OHAa II TA KC, a HMCHHO
HHTepBaJ Beuectsennoit ocit (—1, 1). Ecan 6w mnt 3axotenn nopo6-
/
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HHIM KC 00Pa3oM HapaMeTPHUCCKH ONHCHIBATL  TOUKH  OKpYXIOCTH,
BKJHOUAS M OCTABIiKCes «ocofuies Toukd Py= (1, 0) u P;=(—1, 0),
TO H1aM Obl HPUILIOCL HOMCHSITL MCCTAMH KOOPAULATH X II i M Bbipa-
31Tb 113 ypasHeHist (1) KOOPJHHATY X 'lepe3 KOOPMHiaTy 4.

Crpamtipaercesi, tegb3s Jii TAK BBCCTH  llapaMCTPH3alHIO  TOUCK
a okpyxuocri S, nutolbul cpasy BCe TOUKH OKPYIKHOCTH OJ/UIO3HAUIO
aajasadiics OLE ICKOTOPLIM suaucHiiem uiedaosoro napamerpa. Han-
JAVUIOHM TIPHOJHKECUHCM K OTBCTY 11a 9TOT BOIHPOC ABASICTCS VTVIOBOH
mapaMmeTp g, paBiblil yray MeXjy ochblo abcuHce H pajiiyc-BCKTOPOM
¢ konmom B Toyke P. Ho yrjoso#t napamerp oupejener 1cojHo3iay-
Ho. Eciin e MH orpanvuiMcsi 3laueHiicM yria ¢ B 1eKoTopoM Till-
Tepsadc, ckamkem 0<<g<2m, To (PYUKifH$, CONOCTABAAIONIAS TOUKE
P&S! 3uaucnnc yriosoro mapamerpa ¢, Oyact npereplicsath paspnin
B Touke Po= (I, 0). '

Takum 06pasoM, MoxuO CPOPMYAHPOBATE CACAYIOUICC V T B C P K-
penne Ila okpykuocrn S' (Kak 1a TOHNOMOTIMCCKOM H)OCTPAHCTRE)
lIC CyueCcTBYCT TAKOH HCUPCPLIBHON  (YVHKUMHM, 3HAUCHHS KOTOPOH
O/I0311aMHO ONUPEALJsIIH Obl TOUKH OKPYKIIOCTH.

IIpumcp 2. B kauecTse BTOpOro IpHMEPA PaccMOTPIIM JAByMmep-
ny1o chepy S* B TPCXMEPHOM CBKJIHAOBOM HPOCTPAIICTBE, 321aBACMYIO
ypaBHClHHCM

X221 2= 1, (2)-

Tak xe, kKak ¥ B cayyac OKPYHOCTH, AJas Touek cdhepnl S u3-
JHUINC 3a/13BaTh ‘BCC TPH JIEKAPTOBBI KOOPAHHATH! (X, y, 2), NOCKOMb-
Ky, CKaxKeM, KOODAHIATY 2 MOXKIO BLIPa3HTh 4Yepe3 licpBHC JBe:
z == 4 Y T—x¥— g2, Slewo, uto na wepxucét  {m, anajsormuno, na
HHxICH) moaycdiepe, KOOp/IHHATA 2 TOUYKI P O/II03HATHO BOCCTAHAB-
JIHBACTCSI 1O ee IICPBLIM ABYM KOOPAHHATAM X H Y. ‘

Mo:kilo nokasate, 4TO H B ciayvwac JByMepHOH chephl HCBO3ZMOXKHO

~Hafitu gse nenpepuiiubix (ydxunu Ha chepe S%, no 3pmaucHusM KOTO-
puix Touka P na ctepe onHO3HAYHO OB BOCCTAHABAHBANACD,

Paccmotpenubic upaMepnl HOKa3bIBAIOT, YTO MLi  HMCEM  TOJbKO
OJIHH BBLIXOJ -— OTKA3aTbCHA OT MOILITKH TIOCTPOCHUST CHCTEMBLI KOOPAU-
HaT, CAMNON JUISL BCEeX TOUCK PACCMATPHBACMOTO NpOCTpalicTna 1 Ji0-
BOJILCTBOBATLCSE /LSt PasAHYIbLIX 4acTeil POCTPAICTBA CBOeil cCHeTeMOl
Koopjannar, CTporoc OHHCAHHC BTOH KOHCTPYKLIM H IIPHBEJO B Teo-
METPHH K CICIHAABLUOMY HONSITHIO MIIOrooGpastist.,

§ 1. IOHATHE MHOTOOBPA3UA

1. OcHoBHbIE onpepeeHHS.

Merpuucckoe npocrpatictso M nassiBacrest n-meproim mHocoobpa-
3uem (1M 1IPOCTO MHO2000pa3iem), cCJIU Kawjaasi ero Touka P co-
AcpxuTCs B okpectiocti, UM, romeoMopdHO# 1ieckoTOpoit obacTH
V' enkamjiosa npocrpaiictsa R DTo yeiosne KpaTKo (OpMYJEpYIOT
caeaywoum obpasom: a-mepuoe Miuoroobpasie M JI0Kaanllo roMco-
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mMopdhro obaacTi B ckangosom apocrpanctse R™ Ilpu 3Tom rosopsr,
UTO pasmeprocTs  muoeoobpasus M panna n, uam dim M=n. Takam
o0pasom, ccin M-—n-meproc miioroobpasue, 10 B npocrpanctoe M
MOXKIIO yKAa3aTh CICTCMY OTKPLITHX —MuOxeets {U:}, 3anymeposaii-
HBIX HEKOTOpLIM (KOUEUIbiM HJAH OCCKOUCUHBIM) MHOMKCCTBOM HIICK-
coB i, u romeomoppuamMon ¢; : U~V;R? muoxkeers U; na obaactu
Vi Tlpn sTom cHcrema oTKpbIThIX  mHoXeets {U;} J0/KHA NOKPLI-

Bath npoctpanctso M : M=) U;. OGanactit V; moryr, soobuice rosops,
i

HCPLCCKATLCST MCIKLY cOBO.

[pesuonoxarm, uro B eskaiglosos tpoctpancise R® (ukcHponana
HCKOTOpas JckapTona clctema woopaunuiar (xY .., x™). Toraa st
BesikOil Toukn PeU; jekapTosnl koop/Auuate Toukd ¢; (P)eV; moxiio
PACCMATPUBATL KaK MHCAOBYIO napamerpusaliio toukn P. [lostomy
roMecoMop(H3M p; HA3LIBAIOT KOOPOUHATHOIM — 2OMEOMOP(PUIMOM, HC-
KGPTOBLL KOOPAHUATL (X', ..., X*) TOUKi (; (P) HA3LIBAWT A0KAA6HOLLMIL
Koopduraramu rouky PeU; u numyrt xt=x"(P) *, k=1, .., n. Cuc-
rema Gyurnnit x"=x*(P), szajlaunasi na OTKpuLiTOM MHOXKecTBe U,
HABLIBACTCS AOKAALHOU ctcremoil Koopduwar, camo  OTKPLITOC MHO-
xeerso U; smecre ¢ pukeHposaimioil JOKalnLHO CHCTCMOI Koopaniat
Ha Hem uasnisaercst kaprofl muorooGpasust M. Takum oGpasom, xap-
Ta — 910 napa (U;, ¢;), nipudemM st KPAaTKOCTH MBI ec 4acTa Gyjem
oGosnauars ToALKO liepBuLiM cumbosiom U, Conokymuocrb kapt {Us},
NOKpbIBaloniasi Bee Muoroo6pasue M, naswiBacress  araacom  Kapr.
Y0610 JIOKAMBILIC KOOpIHNATH TOoukd PeM uymeposaTh JAONOJIH-
TCALHBLIM HIJICKCOM, HyMepyiounm cavy kapry U, :xf :xf(P). Tlo-
CKOJILKY TOUKA P MOXET NpHHAAJICIKATb O/IHOBPCMCIIIIO HECKOJbKHM
Kapram, To oHa IpPHOGPCTACT HECKOALKO 1HaGopon JIOKANBHLIX KOOI~
HaT. o '

Paccmotpum npocteitinie npaMepsl MHOroo06pasuil.

[Tpumep 1. Bo spsegenmi 6bia  paccMOTpena  OKPYIKIIOCTDL
S'<R? sapnasacmas ypasienvem x2-y?=1. Tloxpoem S!' ariacom,
COCTOANIM H3 YeTbIpex kapt (puc. I, 2)

U{(x, nES:y >0}, U= {x, )= S y< 0},
Ug=={(x, y) = 8" :x >0}, U= {(x, y)= S : x < 0}.

Coorpercryoue um obaacru Vy, Vo, Vi V, na seniecernennot nps-
moli R! cosuajator, 1 paslni oTkpbiTOMy Hutepsany (—I1, 1). Tomco-
MOPGH3MBL @ H P -IIOCTPOHM KaK [IPOEKIIHH. OKPYIKHOCTH 11a- ocl, afc-
uree: gq(x, y)=@2(x, y) =x, a roMcoMOpPHHIMDL 3, s — KaK TpOeK-
UMK Ha ock opaHuat: @z(X, y)=qi(x, y)=y. Urobsl poxasath, nTo

* Crporo ronopsl, JEKAPTOB  KoopAtMaTi (x',..,x") B CBK/JHAOBOM mOpoO-
crpanctae R™ sipashoTest JHACHILME (QYHKIAIMIL, OlipefcdcunuiMu B R™, a coor-
- -5

5
BCTCTRIE, CONOCTABJMIONICe BEKTOPY ae=R™ nabop ero xoopianuar (x'(a), .., x"(a)),
onpepensict orofpaxeure R™ n apumpMCTHICCKOC JHHCIINOC 72-MCPHOC NPOCTPAHCTBO.
Hostomy sywimie nucatnh xh=x®(P)=x*(p;(P)). Has kpatkoctn, Mu 6yicem ony-
CKAaThL CHMBOJI (4, CCJHT 3TO 11IC BLI3LIBACT ll(‘]lOpﬂByMCIillﬁ.
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OTOOpaXCIHSA @y, k=1, ..., 4, ABASIOTCS roMeoMoppHIMaMH, JOCTATOU~
HO B sIBIOM BHJC HIAIIHCATL (POPMYJILI A/ 06pATHLIX OTOOPaXKCHHIL:

-1 T —1 T o2
ot ()= (x, Y T=2" )8!, o7' (1) = (x, = VI—x) S,
—1 — =l 3%
o W) =VI=¢,y)es o'y =(—VI—F,yes,
H y6eauThesd, HTo ofpaTbie 0TOOpaelds: HellpepbiBALL Torjga Ha OK- -
PYKHOCTH TOJYYAOTCSH UCTLIPE JIOKAJbHBIX CHCTEMBl KOOP/AHHAT, KaXK-
y Jast u3 KOTOPBLIX COCTOHT 113 OAMOM
%y KOOpAHIATLI; = (x, y)==x,
u TN =g y)=x, u=93(x, y)=y,
% 4 2 Xy=w4(x, y) =y. Hekoropuic TOU-
( Vv : ; . KH cuabxenbl Ccpagy AByMs JIO-
12 Y X KaJblILIMH CHCTCMAMH KOODAHHAT,
‘ Tak, nanpumep, ais rouek P mepe-

ceuenust U N U, onpenenennt Koop-

J - auuatet X (P) u x3(P) (puc. 3).
Cymectsyior u ApyrHe cnocoOhnl
Puc. 1 Pue. 2 BBEJICHHSA ataaca KapT una OKpYH-

HOCTH. B rsane | 6wiin pacemoTpe-
HBl NOJNSIPHBLIC KOOPAHHATLI (r, ) HA IJOCKOCTH. YDPABHCHHE OKDYXK-
HOCTH B IOJSIpHBIX KOOpJIHiIaTax mMecT tpoctoil sia: r=1. Crporo
TOBOPSl, NOJSIPHLIE KOOPAHHATH HA IJIOCKOCTH HC fIBJASIOTCS CHCTCMOM
koopjanHaT (cM. raasy ).
[Tostomy Ha- okpyKHOCTH
S, BBexem  JBe  KapThi:
U= {(x, y)=8S": x5 —
—1}, Us={(x, y)=S:
tx5%1} (puc. 4). [MosoxKum
g {P)=¢i(x, y) pasBubIM
3HAYCIHIO yrJaa ¢, JexKaiile-
MY B IIPOMEXKYTKe (—, 7),
a 2(P)=q2(x, y) — pan-
IBIM- 31aUEHHIO yraa ¢, Je-
xKauemy B upomexyrtke (0,
2a), 1. ¢. Vi=(—n, m),
Vo= (0, 2r). Hcuo, uro Jo-
KaJbHDIC KOODAHHATDI ) =
=1 (P) 4 ga=p2(P) con-
najaior MJIS TOYEK BepX-
Hell  ITOJNYOKPYKHOCTH, H
, ne COBIIALAIOT AR
TOYEK HHXKIIEH IMONYOKPYRKHOCTH, T. ¢. @i{X, y)=q2(x, y) npu y=>0,
91(x, y) =¢2(x, y)—2n npu y<<O0 (puc. 5).
paMep 2. Okpyxuocth SY, paccmotpennas b npumepe 1, npe-
CTasasier co00il yKC A0BOABLO CJOXKHOE MHOrooGpasue. [Ipoctefuinm
TIPUMCPOM SIBJISIeTCSL CaMO CBKJUNJOBO npoctpaictBo R”. Arsac kapTt
MOXKHO B3SITh, COCTOSILIHIA BCEro JHUIL U3 OJIHOH KapThl U==R", KoOp-
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AHHATHBLIH  TOMCOMOPH3M @ — 3TO  TOXKIECTBEHIOC 0TOGPaXKelHe
¢: U—>V=R", jokajbnas CclCreMa KOOPJAHIAT — 3T0  JAEKAPTOBbI
Koopaunatsl Touek B R* Axasoruuno JoGas 06aacTb UCR" ABJISIET-
Cst m-MepiibiM - mMHoroofpasuem,  atjac
KapT KOTOPOro TOMXKC COCTOMT H3 OJ{HOIl
KapTol ¢ HA€KAPTOBOH  CHCTCMOH KOOp-
JAHHAT. .

IMpumep 3. Iycrn  f:R"—>R' re-
npepoisnag PpyHruua u IR — ee
epaguk, T. e. MIOKCCTBO TOUCK BHAA
(%1, o, X7, xrEhy ot f(xl L xm).
Ipocrpauncrso I'y siBasiercs  A-Mepiniv
mHoroobpasuesm ¢ ataacoM Kapr, co-
crostutm u3 oanoki kaprol U=1I". Koop-
aduatinlit roveomopdusm ¢ U—»V=Rn
ONpPCACTHM KaK NPOEKILHIO BIOJb NOCHCT-

et xoopauHaroi: @(x', .., xn, xttly=
= (x1, .., x")=R". Torga oGpatHOe 0TO-
Gpaxenne ¢! 3apaerca  (opmyaoil

(XY, L x) = (2 L xm f(x X)) u,
OUCBHANO, ABJAETCS HEempepbiBILIM OTO-
OpaxeHueM.

ITpumep 4. PaccMorpuM a-mepryto
cpepy S™ eannuunoro pamiyca, 3agasa-
eMyl0 KaK MII0XKecTBO Touek B R+,
yAoBJeTBOpAIomHX ypasHennio  (x')2-4 Pue. 5
-+ (x2)2- .. - (xn+)2=1. TloraxeMm, 41O .
n-vepnasi chepa siBasercsa n-MepHuM MiorooGpasuem. B kauectse
atnaca KapT BO3bMEM OTKPLITLIE MROXeCTBa

C =, ..., ) E ST x>0},
C={(x, ..., ) e St X < 0).

Bcero monydaem 2142 OTKPHTHX MHOMKCCTBA, [NOKDPBIBAIOIIHX, BCIO
cipepy S B camom nene ec/H TOYKa P—(xl .., X"t1) He npunag-
JKHUT HH KapTaMm Ui, wn xapram U s Bcex HOMEpOB i, TO TOrAa
Buinoinens Kak HepaseHerBa xi=C0, tak H xi==0, 1. e. xi=0, i=1,
2,..,n+1. Torna (R)2+ ... + (x7+1)2=0, 1. e. Touka P He JeXKHT Ha
chepe S*. KoopauHaTHHE roMeoMOpdhHIMBI tp}*, G; onpceaesuM Kak
IIDOCKIHA CBKJIHA0BA npoctpancTBa R**! wa R™ Bjlosb KOOpAHHATLL xi.
Torsia o6aactn Vi u Vi cosnajaior JIPYT ¢ APYFOM W paBHBI L1apy
eJIMHHYHOTO pajHyca, a KOOpAHIIATHHE TOMeOMOP(H3IMBI 3aMAI0TCH
dopmynaMn:
o (xt, oL Xt ) =@ (0, L., w0 ) =

=(x, ..., 6l X ) & R,
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OGpaTHQe TOMEOMOPMH3MBL ONpe ACTSAIOTCH POPMYIAMH:
(@H~=' ' ..., 4" =
=@y VT — =) L, ... ) e R,
(o) (W o YY) =e

:(yl' vyl—lv —“V1~—-(y1)“'——... f‘(!]“)z ,y[, e ,yn)ERnEH,

H, OUCRHJIIIO, HCOPCPLIBIIL, ‘

IIpumep 5 Paccmorpum npoektnuiyio miockocts RP2 Meai ce
ByaceMm HPeACTaBISITL KAK MPOCTPAICTBO, TOUKAMIE KOTOPOTO 00'bsIBJICHDI
BCCBO3ZMONCHBIE NPSAMBIEC, OPOXOJASIUHC UCpe3 HAuano koopiuuar b R3
OupeacesnM paccrosiiiie MCKAY /ABYMS. HPSIMBIMH KaK MCHbIUMA yroJa
Mexkay uumia. Torga RP? npespautactest B MCTPHUCCKOC HPOCTPAHCTRO.
Hokaxem, yto RP2 sipasiercst 2-mephibiv Muoroo6pasuem. Jlas storo
ya06HO KaxKAyIo npamyio PeRP? -3aj1asath TpPoMsi  OJLIIOPORHLIMH
KOOpAMHaTaMu (x:y:2), KOTOpHE paspeuiactcst yMmIOoyKaTh Lia OJ(HO
H To xc wnenao Az=0. Opuopojnble KoOpAHIATLL  HC 00paniaiorTcs B
HOJb OAHOBpCMENHO, T. ¢, x2+4y*+22>>0, [lokpbem RP? tpems kapra-
M Ui={(x:y:2): x50}, Us={(x:y:2):y5=0}, Us=
={(x:y:2):250}. Ilyctb Vi=V,o=V;=R% B xauectBe KoOpA-
HaTHLIX ~ romcoMophu3MoB  BO3bMCM  CJCAVIOLIHC OTOGPaXKCIHMS:
U= V=R @i(x:y:2)==(y/x, 2/x), @(x:y:2)=(xly, 2/y),
@3(x 1y :2)==1(x/2, y/z). Takum 06pasoMm, Mbl NOCTPOITH TPH JOKAJb-
HBIX CHCTeMH KOOPJIHAT:

I 2 1 2 1 2
Xy =y/%, Xy =2[%;, X3 =X[Y, X5 ==2/Yy; X3 = X[z, X3==Y[2..

Hast Toro 4To6ul NpoREpHTL, UTO OTOGPAIKCUIST y SIBAAIOTCS TOMCO-
Mop(H3MaMy, JOCTATOYHO NOCTPOHTL oOpartiibie oToOpaKeliis:

ot (xh, ) = (Lo xbox?), @t (xd, x) == (2} 1 1x3),
@37 (x}, x2) = (xgrad: 1)
U YGCAUTLCA, 4TO O IenpepbiBiibl.

PaceMmorpeliRpie lipuMepni OKA3LIBAIOT, UTO B O/IOM  H TOM JKC
MIOro0Gpasu M MOXHO (GHKCHPOBATL pA3JINUNLIC aT/iachl  Kapr.
Jlaxke cci KapThl KaK OTKPLITLIC MIIOXKOCTBA OCTABHTL HCH3MCIIIBIMH,
MO:KIIO MeHATDL JIOKAJDLIYIO CHCTeMY KOOPANIAT B Kapre nyTeM nuibopa
JAPYT'Oro KOOPAHIATHOrO romMcomopdisma. B wacTnocTH, cnpasejuiiuBa

Jlemma 1. [Tycre M — n-meproe muozoobpasie, U — Hekoropast
€20 KAPTQA € KOOPOHHATHDIM 20MCOMODPIUIMOM (¢ (L AOKAAGHOL ClUCTe-
motl koopdurar (x!, ..., x"). Ecau U'cU — orkpotroe nodmuoicecrso
kapror U, 1o na U’ rome moxcno onpedeaurs KoopOUHATHBIL 20ME0-
mophusm ¢ 1w aoxaseHiy cucremy xkoopdurar (yb, .., y*), uplucMm
o' (PYy=q¢(P), y"(P)=x"(P) oan P=U".
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.

JlokaszaTteabcTBO JeMMmbl 1 ciaelyceT H3 TOrO, YTO rOMEOMOp-
¢usm @ : U=V romeomMophro otobpaxcact mioGoe OTKPLITOC 1OAMIIO-
xeerBo U/cU. Tloaromy 10CTaTOUHO B Kavuectse ¢ B3fTb: orpaiHic-
Hile roMeoMopgH3Ma ¢ ua noamuoxcecrso U’, a B kauectse y* — orpa-
HHYClHMEe KOOpAUHATHBIX ¢yHkunil x* Ha TO e moamHOKecTBO U’

Jlemma | mokaseiBaer, 4To M3 3ajanHoro artnaca kapt {U;} mox-
10 MOCTPOHTL HOBBIH am™iac, COCTOAIMHA M3 ‘Gojicc MEIKHX KapT.

C npyroii CTOpOHH, ec/id Ham 3ajaHo asa ataaca kapt {U;} u {U},
TO OGbCAMHEHHE 3THX ABYX aT/JAcoOB CHOBA SIBJISETCS aT/iacOM  KapT
mMHOnoOGp asnsi. [1o3TOMy CYIIECTBYCT MmakcumaabHoul araac Kapr,
COCTOSII[HI M3 BCCX KapT JAHHOTO MHoroo6pasus. MakcHmaabHbLIl
aTnac KapT MOXKHO paccMaTpuBaTh Kak OOGDBC/UIHCHHC BCCX ATIACOB
KapT Ha MHOroo0pasuH.

[Tonesnoi B nanbiiefiicM OKaxKercst

JNewmwma 2. fTycre {Ui}, {U;} —0sa arraca kapr Ha muozoobpa-
suu M. Toeda cywjecTéyer TpeTuil araac KapT, U3MEAbHAIOUWUL KAK
araac {U;}, rak u araac {U;}. - :

Jlia nokasatenscrsa. nojoxum W == U;NU;. Cornacho aemme 1,
Ha KaX/IOM OTKpLITOM MHOxecTBe W;; MOXKNO RBRECTH JIOKAJbIYIO
cucremy koopaunar. C apyroit cropoun, W;jccU;, W, U; n cucre-

ma MHoxects {W;;} rnokpuisaer MuHoroo6paszHe M. 3uawuit, CHCTEMa
{W:;} snasercss arnacom kapr, H3MesbualowHM oba atmaca {Ui} u
U3

2. OyHKUMH 3aMeHbl KoopauHaT. OnpejpesneHue . rJajKoro MHOro-
o6pa3ns. '

Brilcnenne mHoroo6pasuft .cpefd MPOH3BOJLHLIXY MCTPHUECKHX
(usn, B of0lueM ciydae, TONOJOTHYECKHX IPOCTPAHCTB) ©OKAa3LIBACTCH
pecpma nose3HuiM. Tak, Hampumep, Beskas Henpepbisias  yHKIHS
[ : M—R!, oupenesciinas ua n-mMepHoM MmuOrooGpasun M B okpecT-
HocTy Kaxaoil Toukn Pe&M MoxeT ObiTh OTOKJECTBJICHA C HCKOTOPOA
Oo0LIOH HelnpepbIBHOA BeleCTBCHUO3HAYHON (YHKIHCH A (X1, ..,x™)
OT 7 HE3aBHCHMBLIX BCILCCTBENHBIX NEpeMCHHBIX (X!, ..., x™), HpHUCM
(bynxiHs o OyAeT onpescsicHa B HEKOTOpol  06JacTH  eBKJHJI0BOTO
npocrparcrsa R* B camom nene, nyers U -— kapra, coaeprkaiiast
TouKy P, ¢ U->VR" —ee KOOpAHHATHLIT = romeomopdH3m,
_(‘x'(P), .o X®(P)) — ;okasbHas cucteMa koopiuiiat B kapre U. Ecan

x= (%', .., X") — BCKTOp C KOOpAMHATAMH (x!,..X"), TO MOJOXHM
- .

fi(xt, .., xm)=f(p~*(x)). O6paTHo ecau h — Henpepbinas GyHKUHS
OT n BCUICCTBCHHBIX MepeMenInuix, 3ajaunnas 3 obJgacty VR, 1o eil
COOTBCTCTBYCT HICUPepbiBHAs (GYHKUUS [, OHpCHCICHiias B OTKPLITOM
muoxcectse U muoroo6pasus M : f(P)=h(x!(P), .., x*(P)).
Bovsce obuim oBpasom, nycts f: MMy — ricupepulisiioc oTo6pa-
KCHHC 72-M@PHOro MHonoo6pasust My B m-mepuoe wmuoroo6pasuce Mop.
[yers Qo=[(Py), Poe=M;, Que=M.. Torna s 1ICKOTOpPOl MaJnoit okpecT-
octi U= Py 0TOOpaxKeHHE MOXKHO OTOX/CCTBHTL C HEHPEPLIBHON Bek-
TOp-(pyHKUMCEH /I OT n 1IC3aBHCHMBIX NepeMeHHbX. B camom jcae,
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nycte U’'=Qq 1ekoropas Kapta mioroobpasus M, (yi,...y™) — Jo-
KaJbhast cuctema koopjunar. ITockosbKy otoOpaxeline [ HCHpepLiB-
HO, TO ‘B cHay scMMmbl 1 Hadpgercs Ttakas kaprta U Touku Py, uto
HU)Y<U'. Tlyers (X', ..., X") — JloKanLHASE CHCTCMA  KOOP/JHHAT B
kapre U. Tlockoabky Toukn P n3 xapte U naxojsitest BO B3aHMHO-
0/1HO3HA4110M COOTBETCTBHH ¢ HabopoMm ux koopanHar (x(P), ..., x*(P)),
a toukn Q n3 kapthl U’ — cnabopom nx koopiauuar (y1(Q), ..., y™(Q)),
10 pasciictso Q=[(P) o3navaer, uto

y*(Q) = y* ([ (P)) = " (R (¥*(P), ... , x"(P)) == K*(x1(P), ... , x"(P)).

I

Gyuxiun {Ak(xY, .., ")} ABASIOTCH HCNPEPLIBHLIME (YHKIHSIMH, a 110
nuM otobpaxenue [ oguosnauno soccranasausactes B kapre U.

Taxkum o0pasoM, Kaxjaas uHenpepniBias ¢pyuxkuds [ Ha Muoroo6-
pasuu M B A0KaJALION CHCTEME KOOP/AMHAT TUPCACTABJSICTCS BCULECT-
BCHHO3HAYNON (GYUKIHCH A OT 1 [1€3aBHCUMBIX  IlcpeMeliiibix.  Ecan
MBl M3MEHHM JIOKQJILHYIO CHCTCMY KOODAHIAT, HIMCIHTCH M (YHK-
uns k. ClpawxHBaeTcsi, 10 KAaKOMY 3aKOHY Melsercss (YIKUHS A 1pH
samciax koopauHat? Ilycts (x%, .., x%), (¥, ..., y"*) — ABC. NTOKANBHLIC
CHCTCMB KOOpjHHAT. De3 orpanuyciusi oOIIHOCTH MOMXKUO CUHTATh, YTO
ofc¢ JIOKAJILHBIC CHCTCMBI-KOOPANHAT ONpeacsaeHu B ojuofl kapre U.
IMycts A n A’ pynxkuun ot koopaunar (x!,..x") u (yt,..,y") coor-
BETCTBCHHO, UpejAcTaBasiowne pynkuuio f. Toraa

f(P)=h(x"(P), ..., x*(P)) =h"(s*(P), ..., 4" (P)). (1)

Iockoabky KOOpPAMHATLI 4, ..., Y™ — TOXKE HEKOTOpbie HeNpepbiBHbie
dyuxnnd B kapre U, TO H OHH npeACTaBUMBI Kak (QYHKIUH OT n iHe-
3aBHCHMBIX nepementinix (X!, .., x), 1. e.

Y (P) =gt (A (P), ..., x"(P)),

¥ (P) =y (X (P), ... , x"(P)).

B 3Tux ¢opMysax Mbi IIaMEPEHHO OJHMM M TCM e CHMBOJIOM Y&
0003HAYHJIH KAaK KOOPJAMHATY TOYKH P, Tak M ee npejicTaBJjcHHE B
BHJIe QYHKLIHH OT lePeMEHHBIX (X1, .., x*) : yh==yh(x!, ..., x»). Toraa
H3 Gopmyas (1) nosayyaem TOXKAECTBQ

h(xi, e ,xn):h'(yl(XI’ L ’xﬁ)' <. ’.l/z(xlr [ "xn)). (3)

DyHkuHE yh=g*(x!, .., x"), cTosillMe B NpaBofi WaCTH COOTHOlUE-
uuit (2), B raane | Gunu NassaHbi QYUKUHAMH 3aMeHbl  KOOPHHHAT
B cJyyae, Koraa MHoxectso U sBnfijock 00JaCTbiO B eBKJIHAOBOM
npocrpaictse. Mpl COXpaHHM 3TOT JKe TepMHH H JUI CJyuas MHOTO-
o6pasuil. )

Onpeunencunc 1. Iycrs M-—n-meproe MHoroo6pasuc, {U;} —
CrO aTaac KapT, (; — KOOP/HIATHBE TOMEOMOpBH3MEL, {X |} — Habop
JOKANbHLIX cHeTeM Koopanuar. B xkaxmom iepeccuennn Ui j=U;NU;

ABYX KAPT ONPEAC/CHL ABE JOKAJbIBE CHCTCMB KOOpPAHNAT {X{} H
(<}, npuuem xf (P) = x{ (%] (P), ... , ¥, (P)), P U;;. ®yuxmm xj =

(2)
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. :
= X (%j,..., x}) Na3LIBAOTCH GUAKYUAML 3aMEHbl KOOPOUHAT LAl
fe

GyHKyuaAMU nepe xoda OT KOOpJAHIAT {xf‘} K KoopauHaTam {x;}.

OyHRUMH 3aMenbl KOOPJAHHAT ompejedachsl He Bo nceil obmacth Vi,
a B ce Hexoropoit wactd Vj=g;(U;;), TaMm, rac uHMcer cMbica rOBO-
PHTH CPa3y O JABYX.CHCTEMAaX KOOP/JHHAT.

Ha puc. 6 gad ypo6ersa obaactn Vi u V; B enkiaiioBom  11poct-
paHCTBE MOKAa3alibl KAK HENEepeceKaroIlHecs MHOXKCCTBA.

(]

®YHKIHE 3aMCHH KOOpAHHAT X} == X (X', ... , X}) OCYUICCTBASAIOT

copmecTIioe oTobpaxenue obaacty Vy; B obnacts Vyj, acwanuie B R™:

Yo=Y = ) = () = o7 () = e (X)) (4)

Orobpaxenus ¢ : V;—V;;, 3anapaemuie gpopmysoil (4), ccTh He UTO
HHoe, KAax Jpyrast 3anuch (yHKUUM Mepexojfa M SIBAAIOTCA FOMCOMOp-
¢uamom obaactu Vj; ua obnacts Vi

OtMmeruMm, yto ecau i=j, 10 Uy==U;, Vi=V;=V;, a A (%
- ,x;-l)"-__—:xk,',BepHe'MC;{ Telleph K MPeACTaBJeHHI0 HélupephiBioil PyHK-
uuu f, ompepenernHofl na n-mMepHoM MHoroo6pasun M, B Buae ¢hyHk-
wHd A OT N He3aBHCHMBIX
NMepeMeHHbIX — JIOKaJbHBIX
KOODAUHAT TOUKH MHOr006-
pasua. U3 Kypca marema-
THYECKOTO allafiu3a u3BecT-
HO, UTO TOJIE3HO H3y4aTh
Gonee y3xu#t knace Qynx-
uuih — quddepenunpyemore
¢yukmnu. Mo mepenecem
3TO BaXHoe (OHATHEe HA
caydai dyHKIH, 3a1aiHbIX
Ha MHoroof6pasun. Ecan
bynxuun A(xY, ..., x7) 8-
JseTcs uenpepuBHO  aud-
thepeHunpyemMoi byHK-
mHed, TO  yTBEPKIAThH,
TO K¢ camoe o dyukuun A’ (yY, .., y™), npecTaBARIOWCH Ty Ke CAMYIO
dynrubo f B APYroil NOKAJIBHON CHCTeMe KOOpauHat {y',...4™), Mhb
lic MmoxkeM. B camom jeste, pyHKUMHE A 1 h’ CBA3AHLI COOTIIOMICHHEM (3).
Tak gro ans Toro 4robsl GyHKUMs A’ TOXKE GbiIA niecnpepoiBiio aucde-
PCHIHPYEMOH, JOCTATOYHO TPeBOBaTh, 4TOGH (YHKUHH 3aMelibl KOOp-
annar xh=xh(yt, .., y») Gpin HenpepunHo muddepcHunpyemsl. Ecau
Ke (YHKUHH 3aMelibl KOOP/HHAT HC SBASIOTCS nenpepuisio  Aude-
peHUHDYeMBIMH (DYHKLHSAMH, TO CYUICCTBYCT TakKas (GYHKLHA f, 4TO ee
npcicTasaenue fi B koopauuarax (xi, .., x") 6Gyuer HICMPEPLIBHO Lii-
Pepenuupyemoit  dyHkUueil, a mpeacraBleHue A’ B KOOp/HHATaX
(4, ..., y™) 3TOMY YCNOBHIO YIORJETBOPATL He 6yvner. B kauccrse
MpAMepa GYHKUMA [ BO3bMEM cacayoulyio byrkuiio: [(P)=x*(P),
4 ’ |

Puc. 6
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PeUcM. Torpa h(x, .., x?)==x" oueBnano, Henpepnisuo ande-
penunpyemas dyuxkuns. Opnaxo A (yl, ..., y*)=x*(yt, ..., y*) y¥Ke aTnm
cpoiicToM e obJsajsacr.

Takum 06pasoM, MEl NPHXOJHM K CACAYIOLIEMY ORpeleeliHIo.

Oupenencuune 2. I'radkum n-meproim mHoeo00pasiem nasvl-
BaeTCs n-mMepnoe Mioroodpasue M, na xoropom q)m(cupouau atnac
kapr {U;} ¢ JOKaALHBIMH CHCTEMAMH  KOOp/HHAT {x,} ¥ 10BJIETBO-
PSICILHMH yCa0BIIO: (DYUKUHH 3aMCHDLI KOOPAHHAT X; == xf (x,, ey X1)
ABJSIOTCS HENPEpLIBHO AHGPCPCHIHPYCMBIMH (PYHKUHAMH A5 J1060i1
napet xapt U; u U; H Bo Bceir o61acTii HX ONpeAC/ICHHS.

Onpejiencnue FAaJKOro MHOroo6pasys JaeT HaM  BO3MOXKIIOCTH
BLLACJHTL Cpein BeeX (PyHKUuH Ha Miloroofpasiu M xjacc Henpepnin-
HO JH}pdhepeHuHpYeMbX QYK

. Ounpeneacnuce 3. Oyuxkunsg f: M—R!, onpeaenentas Ha raaj-
KOM. MHoroo6pasun M, HaswBactcsl HenpeputsHo Oudpeperyupyemort
<pt/mct4ueu B TOUKC PUEM CCJIH .B J1I0OO0H JIOKAJABLHOMN CHCTCMO KoopIL-

nat (xl, ..., x1) (xapr U;SP, ws (uKcuponanHoro arnaca KapT)
dynkuus f NPEACTABAACTCH B BHIC HENPCPLIBHO AudhepeHinpyemoit
Gynrumn h(x,, ..., X7) OT n HC3aBUCHMBIX TCPEMCHHLIX B OKpect-
HOCTH TO4KH (x; (Po), ...y X (Py)). » :

OTMernM, 4T0. TpeboBaHHC chpepusuou JH(pGhepeHIIIPYEMOCTH
byHknuli 3aMenul KOOpAHHAT B OMpC/ACNeHHH 2 CylecTBENHo AJs
onpenenenns 3 HenpepuBio auddepennupyemoil dynxkunu [ na rman:
KoM Mnoroobpadun M. Kak Mbl yxe yKasuBaaH panee, ecan Ol
(OYHKLHMH 32MEHB KOODJAHHAT He YAOBJCTBOPSIJIM YCJOBHIO HeflpepuiB-
noit qu)qmﬁ'emwpyemocm TO YCJOBHE HEenpepuBioit auddepenuu-
PYCMOCTH cpymmun [n TOYKE PoeM 3apuceno 6bl ot BLIGOPA KapThH
Ui, coaepxkatieit Touky P.

ITpumep 5. Paccmorpum ciciyowuii npuMep artjaca Kapr na
mHoroo6pasun M. Ilycte M=R?!-— pemecrsednas upsamas, ataac
KapT COCTOHT H3 JBYX ojHHakoBHIX KapT Uy=U,=M=R!, no c pas-
HBIMH cHcTeMamu Koopauuar. Ha U 3apanum . koopauHaty xi=x,
xR, a na U, xoopauHaTy 3ajafiuM DOPMYJOi Xop==x9, Toraa (hyHK-
LHH 3aMCHBL KOODJMHAT HMCIOT BH/L

T Xy = X ('xl) = (x1)%, . . | (5)
=4y (%) =% . (6)

Ecau q)ym(unﬂ 3aMeHbl KoopAuHAT (5) sBasercs HenpephiBio aud-
depennupyemoit pyukimeii (Muorounen!), To dysakuus (6) umeer pas-
PLBHYIO npou3Bonyid. [Tostomy coracHo onpeiencuuio 2 MHOroo6-
pasune M ¢ atnacom kapr {Uj, UZ} ne SBJACTCS [NIAJKHM MHOrooGpa-
3HEM,

3amevannc. Ecan amnac kapr Ha muorooGpasmu M cocromT
13 0NOH KapTh (T. €. Korga M roMeoMoppHO 06JacTH B CBKJHI0BOM
NPOCTPAHCTBC), TO M siBASIeTCS AIKUM MIIOroo6pasueM.

Onpenencune 4. Ilycts Ha MHOroo6pa3un M sapaier  jBa
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arnaca kapr {U;} u {U;} v no oTnoweHn K KaxjaoMy H3z nux M
SIMISICTCS TNAJKHM, MHorooGpasuem. Jlsa atnaca kapr {U;} u {U;}
11a3bIBAIOTCS IKBUBANEHTHbIMU, ecad (DYHKIHH -Mepexojla OfT  Kax10#
JIOKAJIBIIOH CHCTEMBI KoopauHaT B amiace {U;} B KaX/1ylo JOKaJLIYyI0
cucteMy xkoopauuat B ataace {U;} spasioTes HenpephBHO IH(Ghepes-
nHPyeMbBIMH PyHKUHAMH,
Onpesteicine 4 onpaBAHBAaeTCs TEM, UTO 8CAKAn (ynkyus [ Ha
MHO2006pa3uw M sgaserca menpepblsno oupdepenyupyemoli 8 araace
{U:} 1020a u roavko 10200, K02da oMa HenpepoisHo Judgeperyupye-

ma 8 araace {U;}. Takum 06pasoM, ¢ TOUKH 3PCHHS HCTIPEPLIBIO
AndepeHuupyeMpix QyHKUMIA  Ha Mnoroo6pa31m M 3KBHBaNEHTIBIC
aT/achi KapT paBHONPaBHbl, U 1J5 NpeicTaBiaennst QyHKUui B Bije
ferpepbisino - audpepeHIHPYEMBIX  BCULIECTBEHIO3HAUHBIX dbyuKkuHi
OT HE3aBHCUMBIX NEPOMEHHBIX (KOOPAMHAT TOUKH) MOZKHO 10J1530BaTh-
¢st JIOOLIMH M3 KBHBAJIEHTHHIX aTa1acoB KapT. Boamoxkna apyras ¢op-
MyJHMpOBKa onpefenenns 4: dsa araaca- kapr {U;} n {U;} sxsusa-
AEHTHbL, ecau M A8aReTcs 2AA0KUM  MHO2006pasuem OTHOCUTEAbHO
HOB8020 araaca, pagHozo 00BeJUHEHUI0 UCXOOHbIX 08YX ATAACOS:
{ U3 U{Ui}- ' ' '

Hopoabiio yacto Tpebyercsi paccMaTpuBaTh (oJce yIKHE KJacchl
(hynkuni. Hamomuum,  4to BellCCTBCHHO3NATAs ynkuua
h(x', ..., x") wumeer knacc ramagkocti Cr(r=1, 2,..,00) B oKpect-
HOCTH (X0, ... , X0), €CJAH B OKPeCTHOCTH 3TOH TOUKH CyNIECTBYIOT H
HCHPCPLIBHEL BCE YaCTHble ITIPOH3BOJHBIO (GYHKUHH A JI0 nopsiaxa r
BRJOUHTENBHO. B cayuace r==00 310 03HayaeT, 4YTO CYUICCTBYIOT H He-
pepHIBHBl YacTHble NPOH3BOAHBIE GYHKUHH A BCex nopsyikos, B cooTt-
BETCTBHH C 3THM Ha aTjacht KapT Miuoroo6pasus M mbr ToxKe Oyrem
Hanarath ycJaoBHs, cHOpPMYJHPOBAHHBI® B CJAEIVIOUIEM ONpEACJICHHH..

Oupenpenenne 2. MHoroo6pasne M ¢ ¢uKCHpOBaUNBM aTia-
com kapt {U;} Ha3umBacres eaadkum muozooOpasuem Kaacca Cr
(r==1, 2,..,00), eciu BCe (YUKUUH 3aMCHbl KOOPJAHHAT ABJAIOTCS
QynknuaMy Kaacca raaaxkoctu CT Bo BCeX TOuKax OBJACTH HX Onpe-
JCJICHHS,

Onpegenenue 3’ HyCTb M — rnajgkoe MHoroobpasic kiaacca
C" u f— wenpephBuast dyuknust Ha HeM. Dyukuns [ Hazwizaercs
pynkyued kaacca esadgocru Co, s<<r, 8 OKPeCTHOCTU Touku Poe=M,
ccan mioboe ee npejicTanienne B BHIe GYHKUMH A OT  JIOKaJdbIBIX
Koopauuar (x4, .., x") (H3 GHKCHPOBAHHOTO aTjaca KapT) sIBASIETCS
pynknued kaacca C* B okpectHocTH TOoukH (x!'(Py), ..., x"(Po)).
Dynxkuns f Ha3LIBAETCS NPOCTO hyHKyUeld Kracca 22a0KOCTIL C¢, ecnn
ona sBJaseTcst GyHKuneit knacca raaakocth C® B OKPCCTHOCTH Ka)moﬁ
TOUKH Py ee 06J1aCTH ONpe/eCHu,

I[Tpumep 6. Monnduuupyem npumep 5. Buibepem xoopanuaty
Bo propoii kapre Us pabHo#t xp==x-+x-|x|. Torna mioroo6pasue M
ABJSICTCS TJaJKHM MHoroo6pasuem knacca Cl, Ho He ABAsCTCs rAal-
KitM Muoroo6pasuem kmacca C2,
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3amcuaHue, B panpHelimieMm, ccau e 'oro‘Bopeno' POTHBIIOE,
Mbl GyjleM PaccMaTpHBaTh TOLKO MIIOroo6pasmns xaacca C®, a ¢yux-
LMK Ha MHOrooOpasun Kaacca riajgkoctw C*.

B npumepax 1—4 paccmorpens mHoroo6pasust ¢ TakimIi atjgaca-
MH KapT, UTO 3TH MHOroo0pasust aBTOMAaTHYECKIl SIBJSIOTCSI T1ajiKnMH
Mitoroobpasusmir kaacca C™.

B rcomerpHH paccmaTpHBAOTCA 1 ApYyrie GoJce CHIbILIC yCIOBIS
Ha aTaacel KapT M HX (QYHKUHH 3aMCHbl Koopauuar., Tag, ecan Bce
GYHKIHH 3aMellbl KOOPAHIIAT ABJSIOTCS BCLICCTBEIHO-aHATHTHUCCKUMIL
GyUKIHAMH, T. €, B OKPCCTHOCTH KaJ0H TOYKH HX ONpeJe/CHUA pas-
JaraloTcsl B cxoasimuecst psab Teiutopa, To caMo MHoroo6pasuc Ha-
3BLIBAETCH BEUJECTBEHHO-AHANUTULECKUM MHO2000pa3iem. BemectBen-
HO-anaJHTHYIEeCKOe MHOroo6pasHe sBJIAeTCH TVIAJAKHM MIOroobpasnem
kaacca C%,

BoJace Baxkublii Kjacc MHOroo6pasuil — KOMILICKCHO-allaJHTHYC
ckne Muoroobpasus. Ilyerb M — 2n-meproe muoroo6pasue, {U;} —
atsac ero Kapt, ¢, : Uy—V;cR2 — ero koopauiathbie romeoMophus-
MBl. QToxKAeCTBHM 2n-McpHOe €BKJAMAOBO mpocrpancto Rt ¢ n-mep-
HBIM KOMTIJIEKCHBIM JIHHEHUHBIM npoctpaHctBoM Cn, cuuras, 4TO
KOMAJIEKCHble \KOO[),U.HHaTbI TOYKH (2%,..,2") Jla0T 271 BellleCTBCIHBIX
KOOpJAHHAT (xl,.,x Yy, . y*), 2h=xk4iyt. Torga 2n xoopauuar-
o gyskunil 1 (P), ..., X5 (P), 9i(P), ..., 4(P) ® xapre Uj mpe-
Bpama}oTc;r B N KOMILIEKCHO3HAUHBIX (HYIKIHH 25 (P)=x} (P)- iy} (P).

dynxupn 2; (P) Mbl Ha30BeM KOMIWIEKCHLIMH KOOPAHHaTaMH TOY-
ku B kapte U; Ha nepeceuennn asyx xapr U;NU; Mbi niMenn yHKuHI
repexoja u3 OLHOI CHCTEMBI KOOD/IMHAT B JIPYTYIO B BHje:

x,' =x,-(x/.»..,. , X, !/h e ),

x? ﬁX?(x},..- ,x,l:., yll’ e ’,y"l)’
) (7)
y}:y}(xi,... ,x;l’ !/;,---': y’;)'

yr; x.’/]k(xll,‘-'- !xrll' yll’ "l/‘;)

DyHKUHH (7) MOMHO NPEACTABHTb KaK KOMILICGKCHO3Nnauible QyHK-
IIHH OT 7 1E3aBHCHMBIX KOMIJIEKCHBIX ITEPCMCHILBIX:

, g 2izl, ..., 20),
: (8).
=2z, ..., 2D,

Dynkuun. (8) Mul Ha30BEM (BYHKUUSMH Mepexofa Hiau (GyHKUHIMU
3aMCIIbl KOMIIJICKCHBIX KOODJHHAT.

MHoroo6pasue M ¢ ¢puxcHpoBaHHEM atiacoM kapT {U;} n jnokans-
1 .
HBIMH CHCTEMaMH KOMMJEKCHbIX Koopannat (2, ..., 2i) Hasuacrtes
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KOMANCKCHO-AHAAUTUYECKUM mHo2ooDpasuem, ecan Bee (yHKIAN® 3a-
MCIIBl KOMILJEKCHBIX Koopjauuat (8) ABJAIOTCS KOMINICKCHO-aHaMHTH-
yoCKHMHA (YHKIMSIMH, T, €. paszjaraiorcst B cxofswuecst pans Teilaopa
KOMIICKCIIBIX TICPEMEHHBIX B OKPECTHOCTH KaxAoft ToukK cBoeil obaac-
TH OUpCAeseHHs.

B kauecTBe npumepa Mioroo6pasus, JOMyCKAoILEro CTPYKTypy
KOMIJICKCHO-2HAJUTHYECKOr0 MIoroobpasus, pPacCMOTPHM JBYMCDIIYIO
chepy St u crepmanbHeiM 06pa3oM MOCTPOHM  Ha liefl  aTjaac  Kaprt.
B raase | 6bisia mocTpoena crepeorpaduucckas Npoekunsa opepbt SE=
= {x2412+22=1} n3 ceseproro moyoca Py=1(0, 0, 1) na xoopauiar-
1y10 naockocTh (x, y). O603maynM 370 0TOOpaiKeHHe UCPe3 . Oro-
Opaxenue o orobpaxaer Bce TouKH oapel S? 32 uCKIOUeIIHCM 110/110Ca
P,, T. e. orkpnToe MuoxectBo Ug=S*\(P;) romeoMopdHO Ha BCIO
10ckoets Vo=R2 B j1cKapToBBIX KOOpPAHHATAX TOMEOMOPHH3IM (g

X !
HMECT BHI: QX Y,2)= ( e —l—f-;-) . I[loaTOMy BBCaeM B Kapre U,

x--iy
1—z °’ .
JICKaPTOBLL KOOPAHIIATH TOUKM na cipepe. Kpome 3T0ro, paccMOTpHM
jokpuit momwe Pi=(0, 0, —1) ¥ crepeorpadnueckyio NPOCKIHIO @
W3 10JKHOMO MOJIOCA HA Ty XKe KOOPAWHATHYIO miockocth (X, y). Oto-
OpacHHe ¢ romeoMopono otobpaxaer muoxectBo U=S*\(Py)-
Ha BCO miaockocTh Vi=R2Z B jexaproBbIX KOOPAHIATaX T[OMCOMOP-
usM @ HMeeT BUI @ (X, Y, z)s:( x b ) BeeleM B Kapre

142 1-2z
' X7  Torfia Ma mepecevyenui
"142

== 1. CaenoBaTeapuo,

Oy KOMIJIEKCHYIO KOODJAHHATY W, = BBIPAXKCIHYIO vCpe3

U, KOMNACKCHYIO: KOOPAHWATY W, ==

x4y
I—28

NV, noayuaeM: w,w, =

wo:wo(wl)::"]—" wlzwl(wo)z—.'l_'- . (9)
- wy W, -

Gyukuuy (9) ABANOTCST KOMIJIEKCHO3HAUHBIMU (YHKuMAMH. 3nauut,
chepa S? sBAsieTCA  KOMIUIEKCHO-aHAJHTHUEOKAM MHOroobpasscw,
Kaxnas kapra Us u Uy mokpsiBaer BClo cdepy S%,  3a HCKJAKOUeHHEM
OJIHOMf TOUKH, H C MOMOLIBIO KOOPJAHHATHBIX TOMEOMOP(HH3IMOB. Qg H @
OTONJLCCTBJISGTCH ¢ KOMILIEKCHO# miockoctbio Cl=RZ Tlostomy cie-
py S% 06BIYHO OTOMAECTBJSIIOT C TAK HA3bIBAeMOH MOMOJHCIHHOA KOMII-
JCKCHOIT MIOCKOCTBIO, KoTOpag nmodayuaerca H3 C! nmyrem nmpucociuxe-
11U eule ojHo# «6eCKOHeyllo Y1aJCHHON» TOYKH,

INponsBoabHoQ raajxkoe MHoroo6paszue He obs3ano O6bITb  KOMI-
JICKCIO-aHaMHTHYeCKHM. Tak, eCiH ¢ro pasMepHoOCTh liCYCTHA, TO MO
TPHBHAJBABIM COOOpaKCHUSAM TakKoe MHOToo6pasHe HC  SIBJSICTCS
KOMILIEKCHO-aHanuTHYecKuM. O1Hako H B CJydyae HCTHOMOPIHLIX MHOro-
00pa3nii HMCIOTCSI MPUMEPBl, HE JOMYCKAIOUIHE CTPYKTYPHl KOMIJIEKC-
110-aHaAUTHYCCKOTO MHOrooGpasusi. Hanpnmep, npoektusnas naoc-
KOCTb He SIBJIAETCSl KOMIMJICKCHO-aHAJIHTHYeCKHM MHOroooOpasuem, Mul
9TO HOKaxeMm B § 6 ryasH 4. :
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3. M'nagkue orobpamenns. duddeomophusm.

[Tycte My u My — aBa raaaxux muoroobpasusi, f: M—>M; — 1e-
lpepuiBHOe oTOOpakeHne. Kak yxe ykasniaJoch, B OKPECTIIOCTH .10-
Bolt Toukn Pye=M, orobpaxenye f MOXIO NPCACTABUTL B BHAC BCK-
Top-yukunu b, yt=ht(x4, .., x?), rac (x4, .., x*) — AOKaJALIIag CHC-
TCMa  KOOpPAMIIAT B OKPCCTHOCTH TOUKI PoesMi, a (y,...ym —
JIOKaJbHas CHCTCMa KOOP/KHAT B OKpECTHOCTH TOUKH Quzf(Pu)eMz,

Onpexgencaue D, Orobpaxenne [: MMy raaikux Mmioro-
obpasuil HasbiBaercs aaadkum orobpasceruem rKaacca Cr (r=1,
2,..,00), coau asi-M00bIX JOKAAbHBIX OHCTEM KoopJiuHat (x1, .., x")
B OKpecTHOCTH J1060N Touky Poe=M; u (¥4, ..., y™) B OKPCCTIOCTH TOU-
K1t Qo=f(Po)eM; npeacraBnennc ¢GpyHKkuud [ B BHJC BeKTOp-QyHK-

P _

i y=(yh) = (hk (&', .., x*)) ==h (x) aBAAETCH BEKTOP-DYHKUMEl
Kjracea raagxoctu C7.

OTMeTHM, MTO onpefelerne rnanxoro orobpakenus Knacca raag-
KoctH CT'HMeeT CMBICA TOMBKO B TOM CJydae, KOIJa KJaccol raagKoc-
T MHoroo6pa3uii M; u M, He McHbIIe, ueM r.

[Mycrs |: MMz — roveoMopdnam  MHoroo6pasuit. Ecan [ san-
JAIeTCA TAAAKHM otobpakcHueMm Kaacca CT, 10 ob6paTtHoe ortobpaxce-
une [~! He o6s3aH0 ObiTh I1aiKHM oTofpakeHHeM. [To3toMy ecan o6-
patHoe orobpaxenne f~!': My—+M; TOXKe sBAsiCTCH TMIaAKuM oToOpa-
KenueMm kaacca C7, To romeoMopdnsM [ nazbiBalOT 24adKuM 20ME0-
mopusmon kaacca C7, unu Qugpgpeomoppusmom gaacca Cr. Onddeo-
MODP(GH3MBL TIAAKHX MBOroo6pa3uil HrpaloT TY Ke POJb, YTO H rOMeo-
Mop(HuamMbl Tonogorudecknx npocrpaucrs. Ecan [ : My—M; — nuddeo-
mMopdusm, To Muoroobpasus My u M, HasuBawrcs AudGeomopdHBIMI
muorooOpasisMi. COBOKYNHOCTb ke BCeX MHOroo6pasmnii pasbusaercs
Ha HerepeceraloUlHecs KJAacchl nonapuo angheomopdHbx MHOroobpa-
sui. Besikoe ofiee cBOHCTBO Majikux Miloroo6pasuii, riajkux Gyux-
it #an otofpakenuit ma MuorooGpasud  NepeHoCHTCH  1a  aoboe
apyroe nuddeoMopbHoe emy Mmuoroo6pasuc. Tloaromy Mmel, Kax npa-
BILJ10, He GyAeM pasaurath auddeomopdHble MHOroo6pasus.

Ojanako ecTb Takue CBOHCTBA MHOroo6pasuii, <«o0A111aKOBOCTbY
KOTOPLIX ANA naput aHpdeomopduelx MHorooOpasnil He COBCEM Oue-
Bi/(Ha, B wacTHOCTH, MBl NMPHIHCAJIH KaXKAOMY MHOroobpasnio uHCJO-
BYH0 XapaKTCPHCTHKY — pasMepHocTb Miloroobpasus. Byjaer mu onnua-
KoBoil pasMepHocTh aMpdeomopdHbx Muoroobpasuit?

. Teopema 1. Hycre [: Mi=>Mz— eradkuil eomeomoppusm Kaac-
ca Cr(r=1) earadkux mHo2oobpasud, Tozda dim My=dim M.,

Hokaszareabcrpo. [lycrs PyesMy — npou3nosibHas  TOYKa,
Qu=Ff(Po), g=[-t — oBpatHoe otobpaxennc. BoibepeM aokaabubie
KoopauHatel  (x},..,x") B okpectHoctH U, Toukn Py M JoKaJbHHIC
xoopaunatel (y!, ..., y) B okpectnocti Vy Touku Qo Torna 0T06pa-

A fng npcncraa.nmouﬂ B BHJle JIBYX BEKTOD-( hyukumi x_-h(y)
noy=h-t(x ), nputem Iz(]z”(x))sx h (/l([,l))""J Hayuum orobpa-
KeHHs A ou At Ortobpaxende /i cocraBicno u3 m  dynxuuil y'==
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=h!(%', ..., X") -OT n He3aBHCHMBIX mepemeHHmx (x', .., x"). Cocra-
BIM MAaTpHIy BCeX YaCTHBHIX NPOH3BOAHBIX GyHKUK hh:

“omt T ot
ot T axn
dh=| :
anm nm
oxt T axn

Marpuna dh sapasercs npAMOyronbHoil MmaTtpuued Topsigka (mXn),
T. €. HMeeT m CTPOK u n ctonbuoB. Martpuuna dh naspiBaercs marpu-
yeii flkobu orobpaxenns A. , .
Jlemma 3. Hycre Uy R, Voo R™, WyRF — orkpoiTole o6rac-
Tt eskaudosvix  npocrpancrs, f: UV, g: VerW,— nenpepoigro
Ougpepenyupyemoie ~orobpascenusn, h: Ue>Wo— komnosuyn  oro-
Gpaowenuti f u g, . e. h(P)=g(f(P)). Toeda ©0Ora marpuy Hrobu
otobpaxenwit [, g, h swnoameno  cootnowenue:  dh(P)=
=dg([(P))-df (P), PeU,;. Hpyeumu crosamu, marpuya SIkobu Kom-
nozuyuu h=go [ pasna npoussedenurs marpuy fAxobu orobpasce-
Huti g v f. - ' :
Jloka3aTeabCTBO JEMMbl TIPOBOJKHTCS HENOCPeACTBENHBIM
ndddepenwponanem  caoxKuX  pyHkuui.  Ilyers (x4, ..., x7),

(4 ., y™), (24, .., 2"*) — nekaproBH koopauHatel .B obnacrax U, Vo,
We. Torna B
y = (s ... , X1, zf:gf(yl,.., , ™), )
d=H0d ) =g (P, ), P, ).
Hanee, nuddepenuupyst dyHxunn hi no nepeMenusim xf, uMmeem:
: . -
oni 1 . 1og! 1 (01 " af 1 .
T '”')“E“_—ayt (POt o), ) ().
: (=1
(10)

Gopmysa (10) B TOUHOCTH COBHNANAET C ONpejlevicHHeM O6LIEro 3ie-
MCIITA  MpOH3BeJeHHs JABYX marpuu, T. e dh(xi, .., x")=
=dg(J' (', ..., x2), ...) -df (x},~.., x7). Ecou Touka P uMeer koopauiia-
THL (x!,..,X™), TO KPaTKO Npeanayiliee PaBeHCTBO NHIUIeM B BH/jE:
dh(Py=dg(f (P))-df(P). Jlcuma noxasaHxa. , :

[Tpumennm nemMmy 3 k nape oro6paxenuft h u h—t. Ilycts ep--
KOMNO3HIHST OTOOPaKeHHit A B A™!, e — KOMIO3UIHS OTOGpaXKCHR
It u h, 1.c. e0(Q)=h(Rh1(Q)), QeV,, e1(P)=h~1(h(P)), P=U..

O6a oroGpaxenust eo: Vo>Vy u ey : Ur>Us gBasiioTes  TOXaecT-
sennpivu otobpaxennsamu. CuegoBartensHo, Matpuunl 5ko6u orobpa-
JKCHHIT €y M ey ABNAIOTCA CAHHHYNHIMH MATPHIAMH nopsyAKa m i 7,
cooTneTcTBeNHO. B wactHoctH, rankdey=m, rankde,==n. C mpyroit
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CTODOILbI, MPHMEHAS JeMMy 3, noJiyyacu:
dey (Q) = dh(h™*(Q))-dI™H(Q), Q€ V,,
de, (P) -= dh™' (h(P))-dh(P), P U,.

- M3 suueiinoit anre6put H3BeCTHO, UTO PAHF NMPOH3BEJeHUA ABYX MaT-
PHIL 11e MPEBOCXOAHT palira KaKAoro n3 comuoxureneil. [Tockonbky
rank dh<Cmin(m, n), rankdh-t<<min(m, n) (Matpuns dh n dh~t—
npsMoyroabibe!), To rankde,s<min(m, n), rankde;<{min(m, n).
Caeposartesnbro, m<Lmin(m, n), n<<min(m, n), nax max(m, n)<g
< min(m, n), 410 ¥ o3xauaer, uro m=n. Teopema 1 noKaszaHa. '

[TousiTie pazMepHocTH OBIO BBCAEHO IIC TOJBKO JUIA TJAJKHX
MHOroo6pasuil, HO u A1 TPOH3BOJLHWX MHorooGpasuil. [losTomy
BO3HHKAOT €CTECTBEHHBIi BONPOC: COBMAjNAIOT JH Pa3MeploCTH Yy To-
MeOoMOpdHBIX MHOroo6pasuii? OTBeT yTBEpAHTENbHBIH, T. €. ecau M
u My — 0sa eomeomopgrotx muozoobpasusn, to dim Mi=dim M,. 316
YTBCpIKJIEHHE sIBJIAETCH OHeHb rAyGOKOH .TeopeMoil o0miell TONOJIOIHH,
H OHO OCTaeTC# BHEe MPCICJIOB HAWEro Kypca.

B 3zaxkgiouedne JOKaKeM I1eCKOJIbKO TI0JIe3HBX 33aMBYaHHi o
CTpYKType atnaca kapT. [To onpenpesieHuio, atjiac KapT Ha MHoroo6pa-
3un M coCTouT M3 OTKPHTHIX MHOXecTB U;, romcomopdnubix ob.Jac-
tam V;R". Ecou M —raaakoe mHoroo6pasue, TO KOOPAUHATHBIE TO-
MeoMOPGH3MEL @; 1 UiV SABASIOTCA FIAJKHMH romeomophusmamu.
Hnrorpa 6uiBaer mosesHo ynpocrdth BHA obaacreii Vi B eBKiunnoBoM
npocrpadcrse R™, npaBna, 3a cuer yBeJIHUeHHsl yucsaa KapT B atjace.

JlemMa 4. B aaadkom mrozoobpasuu M cywectsyer Takoli araac
kapr {U;}, wro kaxdas kapra U;, duppeomopdpra R*.

JdoxasarteabcrBo. CHayaaa NOKaXKeM, UYTO MOXKIIO TO-
CTPOUTH TAKOH aTsiac KapT, 4ToObl KaxAas kapra Gua Aupdeomopd-
11a OTKPHITOMY liapy Hexkoroporo pagnuyca € B R [lycte PosM —
npoH3BoabHas Ttodka, UsDPy, ¢ : Ur—V,cR" — koopauuaTupiit ro-
meomoppusM, Qo==¢;(Po). ITockOTbKY V;— OTKPBITOE MHOMXECTBO B
R», to naiigercs Takoe 4MCJO &, UTO OTKPBLITHUl 1ap 'pajgHyca e C
HeHTpoM B Touke Qg nexkur B Vi OO60o3HaunM 5TOT Imap 4Yepes

e(Qo), a ero mpoo6pas ;! (0e(Q,)) — uepes Wp. Cemeiictro or-
KpBITHX MHOxecTB {Wp} siBisieTcst aTjjacoM KapT Ha MHOrooGpasuH
M, u waxnas kapra Wp nuddcecomopdhna orkpbitoMy wmapy B R™
Urobpl 3aBCpPIINTL J0KA3aTeNbCTBO JEMMBY, MOKAaMXCM, UTO OTKPHITHIA
map paguyca e auddeomopden R™. JocrarouHo paccMOTpeTsh cayyait
e=1. Urak, nyers /x%, ..., ¥*) — rouka B uape pagdyca 1, (x!)2+4..
e (xm)2<< 1. Totoxum \
X

RV Py P ppppy P

P t 12)
Vw(w RN oL
d)yuxmuu (11) n (12) sBasoTcs rAaKHMH H OCYLLCCTBASIOT B3aHMHO-
obpatHule oTO6GpaxeHus wapa paguyca 1 u R®,

: . (11)
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Jlemma B, Iycre M — eradxoe romnakrioe mHo2000pa3te,
(Ui} — araac kapr na Hem. Toeda cywecrsyer earadkoe pasbueHie
cOunuybL i, noduurennoe nokpoiruo {Ui}.

JlokasaTeabcTBo, [[OCTATONHO CUMTATb HA OCHOBAIHM JIEeM-
MBI, MTO BCE KapTel romeoMopdusl wapy paasyca 1. [lyers @ :U;—

— D R'— koopnnatHue romeomopdusmsl *. Boibepem Taxkoe gocra-

Touno Manoe &>>0, UTOGH cp,_'(Dﬁ__g)) NOKpHIBaJH 6bf MHOTOOGpasne
M. JlonycCTHm, UTO cyulecmye-r Takas raaakast gpynkuus [ kaacca C®

na wape DY, 410 Supp f == Dii_y, 0 < 1. Honoxum

r,,l_(p) — 0, ecn Pe U,
f(gi(P)), ecm P U,.

Mockonbky [(@:(P))==0, nph P& ¢5 (Dfi—g), T0 GyHKIH i —

roajkse GYHKUMH Ha MHOrooGpasuu M, mpuuem  Supp i U;, 0<S

<P:<1. Bosee Ttoro, suppy; D¢ (Di—y). CremopaTeabro, cymma

dymruni Py ¢ (P)=2;(P) crporo Goablie Hyas B Kax0il TOUKC.
{

Torza nmonoxum ¢;(P)=1y;(P)p(P). Pyukuuu ¢;(P) obpasyior
rnagkoe pasOHeHMC eHHHLB, MoAuHHeHHoe nokpuTHio {U;}

Takum 06pasoM, HaM OCTaj0Chb NOCTPOHTL (YHKuHIO [ kaacca C®
B R?, uTo6pl ce HOCUTEb paBnsncs Obi mapy Dfi—g. Bymem mckate
¢yukunio f B Buae [(x, .., x)=h((x1)24- ... + (x")2). CnegoBaTeb-
110, IOCTATOYHO HOCTPOHTH TAAJAKYI0 (QYHKUHIO OJHOH mHepeMeHHOM
h(x), utobn h(x)=0 mnpn x> (1—e)% h(x)>0 npu x<<(1—e)Z
B kauectBe GyHKIHH /i BO3bMEM PYHKUHIO

e~ME—1—em' | x & (1 —e),
O, X > (l - 8)2,

KOTOpasi, KaK M3BeCTHO, sIBAfeTcs raajkoi kaacca C=, Jlemma 5 no-
Ka3zana.

h(x)‘=

3apaun k § 1.

- 1. JJoxasaTb, UTO NPOCTPAHCTBO PACHOJIOMKCHHII IKECTKOTO OTpe3Ka
Ha IJIOCKOCTH SIBJSCTCSH TJ1aJKHM MHOroobpasHem.

2. Ilokasatp, uto rpynna SO(3) romcomopc{ma TpexMepuomMy
HIPOCKTHBHOMY MPOCTPAHCTBY.

3. Onucate xOH(pHIypauHoHHoe HpOCTpaHCTBO CHCTCMbL M3 JABYX
WADHHPHO COCIHHCINHX CTEDIKHEH B TPEXMePHOM MNpPOCTPAHCTBE.

4. [TpuseccTH npuMep rIajKoro B3aHMUO-OAHO311AMIIOF0 OTOOpaKe-
1Hs, He ssasnouerocs augdeomapduaMoM.

5. [Tokasatns, uro Ha chepe S* ne CYL(CCTBYeT aTiaca, COCTOAUIEro
H3 OJIIOH KapThl.

* 3acch D,u——OTKplleblfl map pajpyca r ¢ UEHTPOM B Hayase KOOPAHHAT.
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§ 2 3A11AHHE. MHOTOOBPA3HA YPABHEHHAMH

CyuiecTByer CTaHIapTHLI CHOCO6 ONHCAUMA W TMOCTPOCHHS MHOTO-
o6pasuii, nanboJsiee 4aCTO BCTPEYAIOLIHICS HA MPAKTHKC.

B npenmnyuem naparpacde (a Takxke B raase 1) miorde npumepst
MHOT000pasuil BO3HHKAJH B DHAC MHOXeCTBA PEUICHHH HEKOTOporo
IeJIMHEHHOTO YPABHCHUSA, 33/ 1aHHONO B €BKJIHAOBOM MPOCTPAHCTBE, Tak,
uanpnmep, n-vepHas cdepa S» aajaerca ypannenwuem (x!)2-4 (x2)24..

4+ (x"+1)2=1] B eBKJIHMJ0BOM npo-
CTpaHCTBe R»+!; ncesnocdhepa S?% 3a-
naercs ypaBHeHueMm x?-}-y?—2%= —I,
Boobwe ecau [(x',...,x") — Henpe-
pBIBHO AnddepenumpyeMast byRKuud,
TO MHOMXECTBO peIleHHH ypaBHeHHS
f(x!, ..., x)—c=0 Ha3wBaeTCca MMO2O-
obpasuem yposia c pyuxyuu f. Takum
o6pa3oM, Bce eBKJHJOBO MPOCTPAHCT-
Bo Rn" pasnaraercs B ob6beJHHeHU?
MHoroo6pasuii ypoHa ¢yurnuu [, B
cnyyae YHKUHH [BYX . IePEeMEHHHIX
: pelteHus ypaBHeHHs OOBIYHO HA3bl-
Puc. 7 - BAIOT AUNUAMU YPOBKA (YHUKUHH f,

’ a B ciayyae (YHKIHHH TPCX NCPEMeEH-

_HBIX ~— HOBEPXHOCTAMU YDOBHA.

Uto6el onpasiath Ha3BaHue — MHOroobpasue yposia dyukuid
{ — Heobxonnmo 6n0 6Bl JOKA3aTh, HTO MHOrOOOPA3HC YPOBHA (yHK-
MU f JEeHCTBUTENLHO HBJAETCS 'MHOI‘006p33HCM OaHako 3T0 He
BCCT/a TaK.

Mpuamep I. Paccmorpum dyukunw f(x, y)=x2—y: Ee¢ anuuu
YPOBHSI ONHCHIBAlOTCS. ypaBHenHeM xZ—y2=c. Ecmi yucno c¢>0, T0
JIUIHST YPOBHsI COCTOHT M3 ABYX KOMMOHENT CBSI3HOCTH, KaXXJAad M3
KOTOPHIX MOXeT OHIThb ONHCAHA ONHUM H3 ypanienuii =V
x =—V¢-Fy% T. ¢. ABATIOTCS rpagukamMu QyHKUHHE OANON MepeMeH-
Hoit (puc, 7). AHaJIoquo npu ¢<<0 JIMHHA yDOBHsi COCTOHT U3
rpadHkoB JABYX GyHKUMHA: y=Vii—c, y=—Vxt—c. Takam 06-
pasoM, upu c<0 JMHHH YPOBH# SIBAAIOTCA OAHOMCPILIMH MIIOr006-
pazuaMu (cMm. nipumep 3 § 1). Oco6Hit cayuail npeacTan/IsieT JHHHSA
ypoels npd ¢=0. B 3ToM cayuae JMHMS ypOBISt COCTOHT 13 (1aphl
11ePeCCKAOLIUXCH NPAMBIX: Y=x, Yy=—X, U HC SABJSICTCS MHOroOGpa-
aueM. B camom jene, nokaxewm, yto Touka Po==(0, 0), aemxawmas n1a
audint ypoBHs f=0, He uMmeer okpecruocty U, romeovvmpcp}rou 06-
JacTH B CBKJAHAOBOM TNpocrpaictBe. Ecnn Ob Takoil roMeoMopdusm
. o U—Vo=R! cyuwectBoBan, 1o §e3 orpaunuciing o0UIHOCTH MOXKIIO
On10 6Bl CUUTATH, UTO V), AIBASIETCA OTKPLITHIM HHTeppasom, a Uy co-
JCpAHT BCe Touky P, HaxoisuiHecsi OT TOYWKM Py Ha paccTosiium,
MedbureM Hekortoporo e. Torga Uy™(Po) umeer nc meiieé  yerTnipex
CBsI31LIX KOMHOHEHT, a cro romeoMopdubtit o6pas Vo™ (qo(Py)) Becero-
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JIHIb JBE cosi3iibie KoMuotieHTH., [IporHnopeunce j1oKasnizaect OTCYTCOT-
Blic roMeomMopdusMa @o A8 R AHANOrHUHO J10K@3LIBACTCH OTCYTCT-
pue romeoMmopduama o u obaactn Vo= R npu n>2,

Tem He MCHee B HEKOTOPOM CMBICJIC HOUTH BCCria Miloroo6pasiist
YPOBHA HenpepuisHo suddepeHunpyemoit Gyukuuu f aBasiiotes Mioro-
o0paszuaMH.

Teopema 1. [MMycre [=f(x\, ..., x*) — ¢hynxyun xraacca C=,
onpederennaa 60 ecem esxkaudosom npocrpancree R IToaosxcum
Me={(x!, .., x") : J(x!, .., x?) =c}. Lcau epaducnr ¢ynxyuu [ orau-
4eH OT HYAs 8 KaxOotl Touke muoxucectéa M., To M, ssaserca eradkum
(n—1) -meprom mroeoobpasuem xaacca C®. Hpu stom 8 oxpecrnoc-
TU Kaxoou Toyky PoesM, 8 Kauecrse AOKAAbHLIX KOOPOUHAT MONICHO
838T6 HekoTopbie (n—1) Oexkaprosoix Koopourar o06veMAOU,L20
egkaubosa npoctpanctea R™.

HoxazarcabctrBo. Ilo cyrn nena teopema | sanasiercsa reo-
paMoit o HesBHOH (QyHKUMH, chopMmyaHpOBAHNOil B yROOHKX /I 1ac

TCPMHHAX, DHKCHPYCM HCKOTOPYIO TOUKY POEM,, Py = (xge - 00, X7).
TTockonsKy .

e of . 4k

grads, [0, grad f = ( 2 E‘)
TO HANJETCA OTJHUHAf OT HYJISl B TOUKe PguacTias ,npousaolman Be3
orpanHyeHnst oOIHOCTH MBl MOKCM CUHTATh, 4TO (xo, N E =
0. Tyers Qo—-(xo, ooy X~ ) —Touka B R, msmuoulaﬂcsr obpasom

TOUKH Py MpH NpPOEKUHH BJIOJb KOOPJAHHATHOI ocu x*, Corsacio tco-
pemMe¢ o HesBHOH (QYHKIHH CYyUIECTBYOT Takas oOKpecTHocTh Vo> Qo
1M0UKl Qo, unTepnan (xj-—06, x7 -~ 8) n Takas neupepwuisHay GyHKUHS
Knacea raaakoctd C»:y=y(x!,..,.x"~t), onmpelesncHHas B OKpecT-
1octe Vo, yro:

a) f(xt ... om0, gt L. )= B oﬁnacm Vo,

6) x =y(x], ..., 22",

B) |2 — y(x, , X H | <8 B obnacta V,,

r) BcAakoe pewenne (x',...,x") eV, X (x(';;é, xt.1.8) ypasuenus

f(xt ..., x™) =c umeer B xm=y(x!, .., x"t). Torna uepes U, o6o-
3HaYMM 'OKpecTHocTb  TOuKH  PoeM., pasuywn U, =M. N(V, X
X (x3—98, x5 8)). Oxpecrnocrb Uy n 6yl1er uckoMoii KapToii, comep-
Kauleit Toyuky Po. B kauectBe KoopamuuaTiioro romcoMopdusMa o

BoabmeM orpaunucnuc Ha U, npoekuun R® 8 R =':gu(x!, ..., x") =

— 1 -1 0 < ~—1

= (x!, .., xn~)&V0 O6parnoe orobpaxenne ¢! 3agaium pa-

BCHCTBOM ° ‘
gt O L xm Y =, Ty (L k),
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U3 ycaosus () caenyet, uto @57 (£ ..., "~ EVy X (x3— 8, x§ -~ 8)

a w3 ychosua (a), uro @7'(x%,...,x"N)e M. Takum obpa3om,
e;1(xL, ..., e U, 0T06pa>KeHHH Qo H ;! HENpPEpHIBHBl H B3aUM-
HO 0o6paTHbI.

Mu pokasanu, wro wmuoxectso M. spaseres (n-—1)-MepHBIM
MIloroo6pasHeM, H yKazaJd B OKPECTHOCTH KaxkAo# Toukun P=M.
JOKAJBHYIO CHCTEMY KOODJHHAT, COCTABJIEHHYIO M3 HEKOTOpPbIX AcKap-
TOBEIX KOOD/JMHHAT eBkJHA0Ba mpocrpanctsa R™. Jlokaxem Tenepn, 4T0
(YHKIMH 3aMCHBbl KOODJHHAT ABJAIOTCA IMaJAKUMH Qynkunamu. [lycts
TOuKa Py COMGPKHUTCA Cllle B OAHOK KapTe Uy n B xavecTBe JIOKanb-
HBIX KoopAuHAT B Kapte U; B3aTHl ~ A€KapTOBHl  KOOPJAMHATHI
(x4, .pxi=1 xitt, | xn). Toraa Ha nepeccuennn xapt UoU; xoopan-
Hatel  (»l, .., x™1, x#  x") BBIpa)KalTCad  ueped  KOOPAHHATLL
(xt, ..., x71) KaK (yIKUMH CAeAyIoLIHM o6pa3oM:

xl = x1,
x:.x = xi-l. ’ (l)
x +1 xi+1’ )

x"“ X

=y, -

ITockosibky QyHRUMA y==y(x', .., x"!) HMeer Kaacc rnagkocty C*®,
To ¥ BCe ¢yHxrumyu (1) Kjacca r.na,uxoc*m C=, TeopeMa 1 MOJMHOCTLIO
JOKa3aHa.

‘MIpumep 2. CHoBa paCCMOTpPlM n-Meprywo cdepy S», zaxasae-

MYIo ypaBHeHueM f(xl, ..., x"!) = Z (92 = 1. I'panuent dyukuun f
k=1 :

paBeH gradf=(2x1, 2x2, ..., 2x"H). Ecan TOuKa  P==(x, ..., xmH)

JeXHT Ha chepe S7, TO He ‘Bee ee KOOPAHHATH 06palaioTcs B HyJb,

CNe/loBaTe/IbHO, OJlHa U3 KOOPJAMHAT rpajHeHTa OTAMYHA OT Hynad. Bel-

MOJIHEHLl YCJOBHA TcopeMmsl 1, M, 3HauuT, chepa S™ spagercs raan-

KHM MHOroo6pasueM kJjacca C°°

IIpumep 3. PacCMOTPHM €BKJIHAOBO npocrpanctso R™ pa3mep-

HocTH n2. Byaem npeicTaBaste Toukm npoctpanctsaR™ s pupe kpags
paTnuix Mmatpun, A mopsaika n ¢ KOOpAMHATAMH A==(a;;). Paccmor-
pum Muoxecrso SL(n, R) Bcex matpun, AeR", NETCPMHUHAHT KOTO-
puix pasen eannuuc: det A==1, MuoxectBo SL(n, R) sBaserca rpyn-
noil OTHOCHTEJIBIIO Ollepalliy YMHOXKCHHSI MATpHIL M Ha3blBacTcsd CIe-
uManbuof Jsutcinoi rpynnoit. ITokaxem, uto rpynma SL(n, R) sB-
JIAeTCS TNIAJKHM MiorooOpasueM kaacca C® u pa3MepHOCTH n2—1,
Paccmorpum dynkiumio [ ot n* nepemeHHBX f(a;;) =det(a;;). Dynk-
uHa f ABASCTCH MIOFOWICIIOM, H, 3IIAUHT, HMEET KJacC IMaikocTH C.
UToOb IPUMEHHTD TcopeMy 1, CellyCT BHIYHCAHTD TPaJueHT GyHKUMH f
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Bo Bcex Toukax rpynnut SL(n, R). Ilycts [ — cannnuuas Marpuna.
IMockosibky det E==1, to E<=SL(n, R). Bbluucaum rpajguent QyHx-
i [ B Touke L. duas storo pasgoxum cuavana det A no nepsoit
CTPOKE: '

det A =-q,det Ay —agydet Ay 1.0 4 (— )" idet A, (2)
B passoxenun (2) croAT gctepMHHantht  mMaTpHIL Ay, Km'obmc s1B-

JAI0TOA MHOTOYJIEHAMH BCEX [ICPEMCHUBIX {@;;) KpOME 1epBOH CTPOKH.
Torpa yacTHas NPOU3BOAHAA GYHKUHH [ IO NMCPCMCHHOH @) HMeeT

BILL: (ay det A;,) =det A;,. B touxe L noayuaem:

Oay 0oy

of
dayy

(E) == 1. (3)

TakuM 06pa3oM, FPAAHCHT (GYHKIHHA [ B Touke [ oTaduen OT uyJs.

[Tokasem Tenepb, uTo B npoussosibHOit Touke A.=SL(n, R) rpa-

Auent GYHKHUW f TOXKe OTJHYeH OT HyJs. Beemem uouue nepeMeHiibic
—I

b;;, 3anaBaembie paseHcTBom: (by) =B = Ag A= A -(a;;). Ecau

=A4,, To B==<E. Toraa .

F(A) = [(A,B) = det (4,B) += det Ay-det B == f (B).
Toraa, Im(p(pepeﬂuupysx CYNMePNO3KILHIO DYHKIHA, NoJydaeMm:

. ) af . aa,f ‘ 4
ab“_ (E)“" . aa[i (AO) ()bu ( )

i

CNe10BaTCLHO, B 1PaBofi wacTy XOTA Obl OJIO CAAracMoe OTIHYHO OT
Jledast yacth pasencrsa (4) paBHa eduuHlUe corjacHo dopmyae (3)..

HyJs, a, 3BHAYUT, OJHA H3 YACTHBIX NPOH3BG/HLIX {Ay), a smecTe
a;

¢ uelt u rpanueHt OYHKUHM [ OTJAHYCH OT HyJs. Takim obpazom; Bhl-
NOJHEHBl ycJoBusi. Teopemnt | u, 3utayut, rpynna SL(n, R) ssasercs
T1alKHM MHOroo6pasznemM pPa3MepHOCTH.

TeopLMa 1 serko oboOulaercss Ha ciayuafl CHCTCM  HeJHHeHIBIX
ypaBHeHHH. 3aMeTHM, 4TO ycJoBHe TeopeMbl 1| MOXKHO chHOPMYJHPO-
LaTb oacAyomiM obpasoM. I'pasucur dyukuan [ rMpeacTaBHTCA B
BHAC cTOANOIA YacTUBIX NPOU3BOAHLIX (YUKUHMMA [, W, 3UAYHT, SABJSET-
cst MaTpuueil Jxobu dynkuuu [. Torga ycnonue HCTPHBHAJILHOCTH
rpanuenTa [ B HekoTopOil Touke PoeR™ 3KBHBaMUTHO TOMY, YTO panr
maTpuusl Slko6u df dyuxuumu f papen cjuuuue, T. e. MakcuMaJell.

ITycTe 3ajana cuctema ypapiicHHI

COR, LX) =
Pl ) =,

'f'k(xl’ ,xn)=ck'
, ‘ 11

(4')



. - - g

KOTOPYIO ~ KPaTKO ~ MOKHO HamHCaTh B BHAC f(x)=c, rae x=
= (x1,.., x*)e=R", c—(c‘ , CHY=RkE, a f-—omépameuue, onpefe-
asiemoe dynkuuamu (f, .. f") MuoxectBo M- peltennii cacTeMs! “4')
6yaeM Ha3blBaTH MHOroo6pasHeM  YPOBHA  CHCTeMBI  (YHKIHMH

(" . 14,
T eopema 2 Ilycre f:R*>Rk oroGpameuue Kaacca a/zadhocru
" C>, M?—— MHONCeCTBO pelilenull cucTemsl ypasHenutl f(x)=c. Ecau
panz marpuyet fxobu orobpascenus f makcumasen 8 Kaxood TOuKe
P°EM? (r. e. rankdf(Po)==k), TO M‘-t- aganerca  (n—~k)-mepHolm

2aadkum mroeoobpasuem kaacca C®, Ilpu arom 8 oKpecTHOCTU Kadxc-
OJoii TOUKU POEM..B Kauecrse AOKQAbHbIX KOOPOUHAT MONMHO 83ATb

Hexoropole (n——k) dekaprosoix KoOpOuHAT 00BemAOUWE20 e8KAU008A

npocrpanctea R, ;
JlokazaTteabcTBO TeopEMbl 2 OCIO0BIO HOBTOpHCT JoKa3a-

TEJILCTBO TEOPeMbl 1 C. Toft JHIUL Pa3Hulel, YTO BMECTO OAHON mepe-

MEHHO -X” BIgensercs R nepeMenHwex (xf,.,. 2 'k) O6o3nauus Ty
rpynny nepeMeHunix OAHOH OYyKBOH, ckaxeMm y=(x‘-, ,xk.), MEt
OyleM NMONyyaTh Te Xe (GOPMYJE], UTO U B AOKA3aTEJbCTBE TCOPCMHI I,

ITpumep 4. PaccmoTpum B eBKJIHAOBOM mpocTpaHcTBe R* ¢ KO-
opauHaTamn (x1, x% x3, x*) cucTeMy ABYX ypaBHeHHH:

() () = b, ()2 ()2 = 1. (5)
CootrseTcTBYylOUIHEe UM DYHKUHH f! 1 2 HMelOT BHA:

Fr(xt, x2, 23, x8) = (x1)% -1 (&), fFR(a1, X2, %%, x8) == (#B)? -L (x4)2.
Uro6bl NPHMEHHTb TEOpeMy 2, Bl:l'qHCJIPIM Ma'rpuuy SIko6u oTobpaxe-
mus f= (1, f3): ‘
) ) e
oxt  O0x* 0x3 oOxt (2x1 2920 0 )

3 4
op op op o 0 0 2« 2x
axt  Ox3 Ox¥ Oxb

df =

SlcHo, uto rankdfs=<l TonbKO B Caydyae, Korfa OJHA M3 CTPOK Mar-

puubl SIko61 paBHa HyJI0, 4TO HEBO3MOXHO B TOYUKAaX PElLIEHHS CHCTe-

Mel (5). Takum o6pasom, pewenns cucremnl (b) 06pasyioT rJafkoc

2-mcproe MHoroo6pasue kaacca C. ITockoabky cucrema (5) pacta-

JaeTcst Ha JBa yPaBHENHs, KaXJAoe OT CBOeIl Irpynnel NepeMEHHHIX, TO

H MHOKECTBO PCIUEHHH MOXHO NPeACTaBUTb B BHAC AEKAPTOBA MPOH3-

Be/leHHA peMIeHHH Kaxk/I0ro ypaBHEHHs B OTAEABHOCTH, T.€. PCIUCHHsL.
cucteMbl (D) nMpeACTaBAAIOTCA B BHAC MPOHIBCAEHHA ABYX 3K3eMMJsi-
pPOB OKPYXHOCTH. 370 MHOroo6pasHe HaswiBaeTcst (ABYMCEpPHBIM)

TOpOM. :

'
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§ 3. KACATEJ/IbHDIE BEKTOPbI.
KACATEJbHOE NMPOCTPAHCTBO

B nepsoit r1aBe MB BHAENH, UTO JJdsi H3YYeHHS METPHYECKHX
CBOWCTB KPHBHIX M MOBEpXHOCTeH M, BRoobile, METPHUECKHX CBOMHCTSB
obJiacTell CBKJIMAOBOrO NMPOCTPAHCTBA, BAXKHYIO POJb HIPAIOT TaK 112-
3piBaeMble MHQUIHTE3HMAJbHBIE CBOJICTBA INPOCTPAHCTB. IDTO TakHe
CBOHCTBA, KOTOPLIE ONPEAENAIOTCA B OUCHb MaJofi OKPeCTHOCTH {HKCH-
POBaHHOK TOukH P nyTem npceHebpexeHns BeNMHuHHAMu GoabIUEro Mo-
pAZKa MaJjoCTH, 4yeM paccrtogHue Ao ToukH P. B MaremarHyeckom
airanu3e CYIECTBYIOT aHaJOCMYHbIE MTPOUEeAyphl npeHebpexenust Gec-
KOHeYHO MaJhMH BETHYHUAMH IDW U3yyellHH IOBEIeHHST (PYHKIHH B
OKDECTHOCTH HeKOTopoi#l TouKH. Ilpy u3ayuennu rragkux Mioroo6pasuit
TOXKE BO3HHKAET €CTeCTBeHHOe KeJaHHe OCyWeCTBAATL INpOUenypy
npeHebpeKeHHs GeCKOHEUNI0 MaJbpMH BesiHuMHamu. OXuH M3 TaKux
CrlocO6OB 3aKJIOYAETCA BO. BBEAEHHH CHENHANBHBIX MOHATHI, aHano-
THYHBEIX KacaTelbHHIM BCKTODAM K KPHBBIM H KacaTeNbHBIM IJIOCKOCs
TAM K TIOBCPXHOCTSM.

1. Ipocreitiine npumepsl. '

PaccMoTpuM IrajKyio KpHBYIO B _TPeXMepHOM  MPOCTPaHCTBE R?,

1apaMeTPH30BAHHYI) HCKOTODHIM -MapaMeTpoM- [: x—-x(t)—-(xi(t)
x2(1), xs(t)) (ancupyeM 3HaueHue napaMerpa fo. [IpEMeHHM K BEKTOD-

dpymmun x_x(t) pasioxcHHe 10 (popmyne Teliiopa B OKPECTHOCTH
TOYKH fo!

%ty + At) = x () + ‘;—’:(to) Af 4.0 (A, (1)

(TepBEle Ba caraeMble B TPaBOil YacTH (1) MOXHO, ¢ 0AHOM CTOPOHH,
paccMaTPHBATh. KAK HEKOTOPYIO AaNmpOKCHManHI0 BeKTOp-(QYHKUHH

- .
X () B OKPECTHOCTH TOUKH ¥, C NOMOIUIBIO JIMHEIHOH BeKTOp-OYHKUMH.
. . - - - d_’
C nmpyro#t cropoHsl, 5Ta JuHchHasn oOyHKuHA Y(Af) = x(fy) -+ 7:_ pad
. ' -
X (to)AL, 3anaer B R® npsmylo, npoxomsiiuyw weped Touky Po=x(f).
Bonee TOTO, CPeAH BCeX TPAMBIX, NPOXOAAIMX YEPe3 TOUKY Py, nps-

-p
Mas y(f) HanboJee «TECHO NMPHMBLIKAET» K HCXOLHOM KpHBOH X (7).
Onpe]lenmw CHAuana, MTO 3HAUHT, UTO MPAMAs «TeCHO MPUMBIKAET» K

KPHBOIT x(t) CkaxeM, uTO npsmas y(t)_a-}-bt |b|=1) Kacaercs

KpnBo#l x(t) B TOUKE x(to) €CJIH pacCTOsiHAe OT TOUKM x(t) o nps-
MOJ ecTh Be/MYHNa 69CKOHO‘{HO MaJas o OTHOLIEHHIO K PACCTOSIHHIO

OT TOYKH Po===-x(to) ,uo_.x(t) Torna touka Py NCKHT HA npmvloﬁ y( ).
Moxno cuntath, ut0 X (fy) =y (f). Toraa y(to+At)=x(to) +b AL,
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Paccrosnuc oT ToukH x(fo-+Af) 10 npamoil 4 () panuo
|x<to + Aty =X (tg) = b (X (ty -+ AL) —X(t,), B)| =
~0(|x(fo A —x(t)])- (2)

HonyctuM, gto %j——(to):;&o. Pasnaras ;(t) no ¢dopmyae (1), moay-

qaem: -

d—’;-(to) At—b (%-(to) At, B’) | =0(ar

npu Af— 0, wim, pasgenms Ha Af,

dx ( dx
dt dt

X (t)—b —(to).3)|=0<At>-. 3)

Iockonbky JieBasi wacTh (3) He 3aBHCHT OT Af, To, NEPeXOAs K mpe-
Jeny upu Af-»0, nonyuaem paBeHCTBO

id;‘;_(to) e (_%j::_(t°)’ 3). (4)

o . > dx ‘
4TO 03HAyYaerT, YTO BEKTOPLl b H - (t,) xomsnuueapusl, Takum o6pa-

\ b
30M, quHefiHas yacth ¢opmyast Teitsopa (1) Bektop-byHkunm x(f)
3ajlaeT NnapameTpHUECcKOe NPe/ICTAB/ICHHE KAacaTeNbHOH NMpsMoil B TOU-
ke P, (pnc. 8). PaccmorpuM Teneps MOBepXHOCTH M B TpexMepHOM
npocrpaHcTBe Rg, 3aJaHHYI0O B MapaMeTPHYECKOM BHJE BEKTOD-(DYHK-
- -

UK x==x (i, V) OT ABYX He3aBHCHMBIX Mapamerpos u, v. ITopepxHocTb

-y

x(u, v) Ha3blBaeTCa HesbipICOEHHOW, CCIH B KaXAOH TOUKEe YacTHEIE
Aot — .

ax Ox = o
[IPOH3BOJAHBIE ,——-(u, v) H ——(u, U) JNHHEHHO He3aBHCHMBl KaK BeK-

TOpb[ B R3. CbnxcnpyeM napamerpbl (tp, Up) M MIOCKOCTD n:x=

-—x(uo, vo)+au+bv IIPOXOAALLYIO uepe3 TOUKY Po== (uo, vg) Ha To-
pepxHocTH. [laockocte 11 masmBaercs xacareastol x nosepxuocTn M

B
B Touke P, ecau pacctosHue oT miockoctd 11 o Touru x(u, v) ccrb
BEJIHYHHA 6eckoHEUHO MaJsias No CPAaBHEHHIO C PACCTOSIIMEM OT TOUKH

x(u v) Ko Touku Po. Pasnaras gpynxrumio x(u v) 1o dopmyac Teitno-
pa B TOUKe (Uo, Vo) :

% (g + Aty Uy | AO) = X (U, 0) - %—(uo, vp) At -
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I %(uo, vo) Av +- O (Au? -+ Av?), (5)

noJyyaeM, 4To JHHeHdHas yacTb pasnQkenns (5) onpenpenser HABy-
napaMeTpHYecKoe 3aJlaHne KacaTeabHOi muockoctu IT K nmoBepxHOCTH
e 3,

M B 10uke Po==x (U, vo) "(puc. 9). EcTecTBeHHO Ha3BaTb KACATEAbLHbIM
8eKTOpom K noBepxHoctH M B TOU- ) - '

Ke Py BCAKHI BEKTOp C HayaaoM B
TouKe Py, Jexaluuil B Kacareabiol
naockoctn II. M3 dopmyan (5)
BMAHO, UTO mnapaMeTpuuecKoe 3a-
naHue KacateabHol niockoctu II K

7
Puc. 8 | Puc. 9
noBepxnocTH M B Touke Py uMeeT BUL:
o - x N
x(Au, Av) = x (g, V) + -;;-(uo, v,) Al -aﬁu— (t4g, Up) Av. (6)

i

. . - ‘ |
CJaeoBaTe/IbHO, BCAKANA KacaTeAbHBI BEKTOP § pasjaraercd B JHHe#-
— -

dx Ox
HYI0 KOMOHHALHUIO BEKTODPOB E‘—(uo, Uy) H Ta;-(u"‘ Ug):

- a-. ] N F;) v .
B —= (g, 0) At -+ —~ (g, ¥o) Av 7

/U TIoAXOAsILero Beibopa napamerpos Au u Av. Takum o6pasoM, Bex-
- -
ax ox : : ..
TOpa T(u"’ vy) H —é-—(uo, v,) 06pa3yloT 6a3HC B KacaTeabHOH mioC-
U U
koctd II, a BesaHuHuel Al M Av CTyXKaT JUNeAHBIMA KOODAHHATAMH Ka-
- .
caresnliono BekTopa E B 3TOM 0Oasuce.
- -
IIposenem Tenepb B mosepxuoctn IT rmapkyio kpumyw x==x(f),
- - :

npoxoxainyio. uepe3 To4ky Pg [TockoabKy KpuBasi x==x({) JEXHT Ha
uoBepxXHocTH M, TO ee NMapaMcTPHYeCKH MOXKHO NpeiACTaBHTh B BHJAE
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KOMIIO3HIIHH .
x(f)=x(u(t) v(t) (8)

JUIST HeKOTOpHIX yHKuuit u(f), v(f). MHaue 3T0 MOXKHO CKa3aTh CJe-
JYIOIHM 06pa30\4 hyuxuuu u( ), v(f) ABaf0TCA MapaMeTPHUECKHM
3aflaHHeM KPHBO! B JIOKAJbHON CHCTeMe 'KOOpAHHAT (4, v) Ha NOBEPX-
Hoctd M. Torga ycioBue NMpoxoxienHsi KpHBoit uepe3 Touky P, mepe-
mMueM B BHIE YCJIOBUS HA KOOPAMHATH: Uy==u (3), va==0({o). Bolauc-
JIHM Tenepb KacaTe/bHBIH BEKTOP K KPHBOH (HJIH, KaK Cro MHaye Ia-
3LIBAIOT, BEKTOP CKOPOCTH KPHBOH):

%‘(to) = ‘57‘(;(””)’ O(1)) |rete =
= (wlto. 0 (1) 22 (1) 25 (), 0() (1) =
=—-(uo, Uo) du (t,,) ( Uo)%"(to)-

CnefoBaTeILHO, KACATEAbRbIL B8EKTOP K rcpuaod, Aexcawyell Ha nodepx-
nocru M, revwcur e xacareabnod NAOCKOCTY.

—»

Onpeﬂe.rreﬂnc [Tyers g« (uo,vo)g -}- —-(uo,v.,)E—-
KacaTeNbHBH BeKTOP K MOBEPXHOCTH M B Touke P,. Toma yucsaa (B,

£%) nasomeM roopOunaTamu Kacaresro20 sexropa g K NOBepxXHOCTU
M 8 Touke Py 8 nrokarbroil cucteme KoopOuHar (U4, v) Ha NOBEPXHOC-
Tu M.

370 onpeneseHHe TOAUTCA HE TOJBKO s KOOPIAHUHAT (u v) ¢ .mo-
MOLBIO KOTOPHIX NMAapaMeTPHYCCKH 3ajlaHa MOBEPXHOCTb M, HO u And
MPOH3BONBHOH CHCTEMBl KOOPAHHAT (%, ') B OKPECTHOCTH TOuku Pj.
B camowm peae, eciu (u, v') — Apyras cuCTeMa KOOPAMHAT, TO KOOp-
JAHHATH U U U Bupamam-cn KaK TJajKne ¢yHKUAH OT KOODAHHAT
(W, V) ius=u(, vy, v=o(d, v), uy=u(,v,), v, =04y, v,).
Tor,ua. paCCManHBaﬂ KOMNO3HIHH GYNKUH, MB NMOJyyaeM HOBOe
niapaMeTpHUecKoe 3ajlailie NMoBepXHocTH M:

;:;(u(u’, v'), v(d', v')). (9)

ITapamerpryeckoe ypaslcHHE KacaTeabHOH aockocTd IT B Touke
Py nna Hopeix mapamerpoB (¢/, v’) HMeeT BHi:

> -
- - , ’ , ’ 0 ,
x = x (u(us, vo), v(Ug, V) + —= At -i- Eff AV =
ou,, Oy,
% o o b
73 ' , X (4 o
= x(uo- Up) | o —(ty o) Saeve (o, ty) o Au -+
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ox p) dx du -
X {11 r . X ’
e == (U, Up) —— AV -1 (g, Up)—— AV =
| ou (4o, 00) dv’ ov (4, ©o) dv’

- . B:\” Ou ' ’ ’ au 4 P ’
== X (Ug, Uy) + —al:-(uo, o) (Tau_’(%’ v,) A" - -a—v-,—(uo, vy) Av ) 1-
o ax QW e A B, e e
e Bt 00) (2 () B 1 (5 ) ).

ITonaras

du ’ ’ ’ A . . ’
Au = —&;,—(uo, u) Au” -+ > (g v) AV,

: aU. . ’ ’ ov ’ ’ ’
Ay =,73t—‘7-(u0, Uy) Au” - 35'_(”"’ v)) Av', .(10)

Mbl MPHXOQUM K NApAMETPHUYCCKOMY 3ajaluio KacaTeJbHOH MJIOCKOCTH
JJs1 CTapelx mapaMeTrpos (4, v):
— -

- i ax
x = x (g, Ug) + 'Fj:(u"’ 0p) At - =~ (g, ) Av.

Taxkam o6pasoM, dopmyna (9) AaeT Apyroe napaMeTpHYEcKOe 3aja-

iHe noBepxHocTH M ¢ Toél Xe KacateabHoi msockocTelo 11.-[Toatomy

kpuBaa (8) momer GrIThb 3amHcana C MOMOLbIO HEKOTOPHX (QYyHKUHI
- — .

u' (1), v'(t) Tak, wurober x({)=x(w(u'(t), v'({)), v(@ (1), v'(¥))).

Torapa, cormacHo omnpefefcudio KOOPAHHAT KAacaTeqbHOIO BEKTOPa K

o du’
KPUBOH B JIOKaNbHOM CHCTeMe KoopAHHaT (u/, v’), napa uuces (]T(t")’

v’ : . .
—d-r(to) ABNACTCA KOOPAHHATAMH KACATEJbHOTO BEKTOPa K KPHBOIl.

Huddepennupysi croxHbic QYHKUKH, NOTYYHM BABHCHMOCTH. MCXK1y
KOOPAHHATAMH KACaTeJbHOrO BEKTOPa K KPHBOH B PasaHUHBIX JOKaJb-
IBX CACTEMAX KOOPAHHAT:

du aqw:, » .. du o e e dY :
_d_t"'(to)"‘ W(uO’ Uo) T(to) { 3’ (Uo, Uo) dar (to)'

dv v, L, du v , . . dv .
—_— = — — () - — —(L,).

2 (1) = 22y 0 S tt) + () Sty (1)

CpasHuBas dopmyan (10) u (11), moayuyaem, 4To 3aBHCAMOCTb MEXKIY
KOODAMHATAMHA KaCaTCIbHOrO BEKTOPA K KPHROH COBMAAACT C 3aMCHOI
HapaMeTpOB JJi ONpeeseHst KacaTeIbHON IJIOCKOCTH.

ITpuBcaeHHOC oOmpeAesieHHE KacaTCIBHOrO BEKTOpa YAOOHO TeM,
YTO TOrja KOODAMHATLI KacaTeJbHOT0 BCKTODAa K KPHBOM, JicKaulei
Ha MoBepxHOCTH M, 3aBHCAT HC OT CIOCOBa BAOKCHHA HOBCPXHOCTH M
B Tpexmeproe npocTpancTso R%, a ToibKO OT JoKanwlofl  cucTembl

117



KoopauHat (4, v) na nopepxuoetd M. Cdopmyaupyem 3TO yTBepKie-
HHC B BHJC OTACJLHON JICMMBI.

Jemma 1. Ilycre M — negoiponcdennan nosepxnocrs 8 R3,
Po=M, (u, v) — nr0KarbHAA cucTeMa KOOPOURAT 8 OKPECTHOCTU TO4-
ki Py nosepxnocru M, (u(t), v(f)) — eaadkas Kpusas Ha nosepx-
nocru M. Toz0a Kacareavmvli sekrop Kk Kpugoi 8 Touke Py zmeer

8 N0KAAbKOU cucTeme koopdunar (u, v) KoopOuUHATb! ( a (Yo)s

Z—tv(to)). Ecau x=x (i, v) — napamerpusecxoe sadanue M, x (1) =

-

=x(u(t) v t)) ——xpueaﬂ,'To ,
‘ . ox
(o) (uo: o) (to)”‘i‘
ov
2. O6ee onpepe/ieHHe KACaTeNbHOT0 BEKTOpa
PaccMoTpédnipic MpHMepbl NMOKA3HKBAIOT, UTO H3yueHHe Hﬂ(puﬂme-
3UManbHHEX CBOHCTB KPHBHX B MHorooépasnu MOKeT OHITB MPOBCIEHO
TOJIBKO B paMKaX HeKOTOPOHd JIOKAJAbHOH CHCTEMBLI 'KOOpPJAHHAT Ha
MHOTrOo06pasnu. B wacTHOCTH, B reoMeTpPHH BaXHYIO pOJb HCpaeT Ilo-
HATHE KacaTe/bHOrMO BEKTOPA H KacaTeIbHOTO NPOCTPAHCTBA INIPOH3-
BOJILHOTO IVIaIKOr0 MHOroo6pasusi, MMcIOlHe MOJIHYIO aHAJOTHIO C Ka-
CaTeJIbHBIMH BEKTOPAMH M KACATENbHbIM IIPOCTPAHCTBOM IS MOBEPX- .
HOCTH, PacloJoxKellofi B TPexMepHOM npocTpaHcTBe RE.
Onpepneaenne 1. [lyctb M — ryiaggoe n-mepHoe MHoroo6pa-

3ue, PoEM——I‘lpOH‘SBOJIbHaH Touxka. Kacareasnoim sekTopom g 8 TO4-
ke Py & mnoeoo6pasuto M nHasbiBaeTcs COOTBETCTBHE, KOTOpoe Kaxuoft
JIOKaJIbHON cucteme koopiunat (xi, ..., x7) comocraBaser Ha6op uur
cen (B, ..., &%), YAOBNETBOPSIOLIMA CAEAYIOLEMY COOTHOIIGHHIO A/
Kam Aol mapsl JOKAJNbHHIX CHCTEM KOOPAMHAT:

——(tg, V) ‘_“(to)

n

g¢=2‘:‘ (PyE. oy

1
X;
I==1 i

qmﬂa (Ei» - -+ 8)) naseinatores KoOPOUHATAMU KACATEAbHOZ0 BeK-

ropa g B JIOKAJBHOI CcHCTeMe KoopimHar (xl,... ,x") Coornoiue-
HHe (12) Ha3BLIBACTCH TEH3OPHLIM 3AKOHOM NPeobpasosanus Kooplu-
-

HQT KacaTeJbHOTO BCKTOpPA £ IIPH 3aMeHAX JIOKAJbHLIX KOOPJAMHAT.

Onpenenenne 1 o6obliaeT NOHsITHE KOOPAHHAT KaCaTeIbHOTO BeK-
TOpa K KPHBOJI Ha nosepxHOCTH. 3akon (11) uamenenis 3THX KOOp/JH-
HAT fABJSIETOSt YACTHBIM CAyYaeM TCH30pHOro 3akona (12) mnpeoGpa-
30BAHHA KOODAMHAT KacaTeJbHOTO BeKTopa K MHoroob6pasuio. Dosce
TOro, BCsiKast IV1a[Kasi KPHBAA Ha TJPafkoM MHOroobpa3snu cHabkaeT-
c B KaXXJA0H CBOCH TOUKE KacaTelbHHM BEKTOPOM B CMBIC/IE ONpeie-
JeHus 1. DTo Ba)KHOC CBOHCTBO MBI cHOPMYJHPYEM B BHAE NpPEAJO-
JKenust,
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[Mpeanoxenne 1. [lycte M —e2aaadrkoe mrHO2006pa3ue,
v: (—1, )>M — zradkoe orobpascenue untepsasa (—1, 1) 8 mHoz0-
o6pasue M. Toeda coorsercrgue, KoTopoe KaxOol A0KAALHOIL CLCTeME
xoopdunar (x, ..., {c”) 8 okpecrnocru rouxu Py=vy(0) corocrasaser

Habop uucen (Z—;(v(t)), cen, A (t)))t , FEAReTCA  Kacatens:

HbiM BeKTOPOM 8 CMbicae onpedenrenus 1.
Hdas poxkaszaTeabCTBa TMNpeAnoxeHHa 1 M0CTAaTOYHO MPOBC-
PUTB TeH30prIH‘ 3aKO0H npeoﬁpasonaimﬂ KOOPAHHAT. (12). ITomoxum

£ = -—~(Y(t ) le=o, o (%], ... ,x’;)—— JIOKa/bHAS CHCTCMa KOOPH-

nar Ha MHor006pasml M B orpectHOCTH TOukM Py Torma ana AByX
JIOKAJbHBIX CHCTEM KOODJHHAT MOJYUHM:

B = A ) o = A O HVO) o=

dt

n xf n
=P 0 R O) o=

=1 i =1 i

370 1 ecTh TensopHbrit 3akon (12). Tpennoxenue AoKasauo.

Takum oBpa3oM, yKasaHnHoe B NpeAsoXKeHHd | COOTBETCTBUE CCTe-
CTBEHHO Ha3LIBATh KACATeAbHbLM BEKTOPOM K KPUBOU y Wi 8€KTOPOM
ckopoctl kpugodl y. Kacatenbupfi BeKTOp K KpuBOil y 6yaeM o6o3na-

1aTh yepes —5}-— (¢p) mim ¥ ( ).

3. KacarenpHoe npocrpancrso Tp, (M) :
MHROXKeCTBO BCEX KacaTeJbHbIX BEKTOPOB B (MKCHpOBANHOH TOU-
Ke Py x Mnoroo6pasnio M HasbBaeTCA KACATEAbHLIM NPOCTPAHCTBOM
K muozo06pasurwy M 8 Touke P, DTo MHO)ecTBO 0603HauacTcs yepea

.
Tp,(M). Kaxanlit  kacateabunit BexTop §& Tp,(M) opHO3HAYIMO
OIIPEejE/sIeTC CBOMMH KOOpJAHHATAMH B OJHOI (hHKCHPOBAHHON CHCTE-
Me KoopauHat. J[lelicTBHTenblo, ecanr HaMm 3ajmad  Habop uHCen
(nY, .., M™) H MBI CyHTaEeM 3TOT HAGOp YHCel KOOPJIHHATAMU HCKOMOTO
xacaTcanoro BEKTOpa B qucupouaﬂnou JOKAJTbHONH CHCTEMC KOOp-
EMHAT (X}, ..., Xg)s T. €. n* =gk, To ANA 3aJaHHA BCEro KacaTeb-
Oro BEKTOpA HEOGXONHMO OMpELCUTb ero KOODAHHATE B KaX/loii
JIOKAJIbOH CHCTEM® KOOPAMHAT (x}, <oy X7). Tloslokum  mas 3Toro

4

. gk—Z——- Py

=1 is

[TonyueHHBIe KOOPAHHATHE! JOMXKHE YAOBJETBODATh TCH30PHOMY 32KONY
npeo6pasoBanus Koopauuar (12). JIns mpoBepkH 3TOro 3akoHa NOA-
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crasum B (12) 3nayenus g u §f~:

n

2 <mw—2~4m2—fmw

I=1 "o sl X7 Xio

@

Z-—-—w(Po) 9% (Py) (3aKOH M3MeHEHHs MaT-
s==1 ’ )

pHiLLL Hmén TpOHHOH 3aMeHbl Koopmm,aT), TO cooTnonieHHe (12) Be:-
MOJIHSETCS TOXKAECTBEIHO:

Mpt ycranosusiu, TakuMm 00pasoM, uTO MHOXKECTBO BCeX KacaTeb-
HHX BeKTOpoB K MuOroobpasniy M B Touke P, OAHO3HAYHO OIMCHI-
BaeTcsi CBOHMH KOOp/JHHATAMM B OJHOH (DHKCHPOBAHHOH JIOKaJbHOM
cHCTeMe KoopAHHaT. CJIeAOBATENIbHO, BCE KacaTelibHOE MPOCTPAKRCTBO
Tp,(M) oToxaectBasiercss ¢ apHdMETHUYECKHM BEKTODHBIM IPOCT-
paHctBoM R™. 1o snauur, uTo KacaTeabuoe npoctpanctBo T p, (M
MOMXHO cHaOJuTh CTPYKTypOll JiHHefiHOro npocTpancTsa. Kasanocs 6w,
CTPYKTypa JHHEeHHOro npoctpanctBa B 1p,(M) 3asucut oT BbI6Opa
JIOKaJIbHON CHCTeMhl KOOpJAHHAT B OKpecTHOCTH Touku Po. B apeiictBu-
TEJBHOCTH BepHO 0obpatHoe.

.Mpennoxenne 2. Onepayuu croxenus Bexropoe U YMHONCE-
R 8EKTOPL HQ 4HUCAO 8 KacaTeabHom npocTpawcree Tp, (M) ue 3a-
eucAT or suilbopa A0KAALHOU CuCTeMbl xoopduuar Ha Muoeoodpasuu
M 8 okpecrnocTu Touku Py.

,[[oxasaTe.anTBo Tlycrb g, 'r] — B BEKTOpa H3 Tp,, (M),
(x}, ... ,xm), .+, X7)~—JiBe JIOKaJbHLIX CHCTEMbI Koopmmm Ha

MHOr006pazuH M B OKDECTHOCTH Toqxn P,. HyCTb (&, ....&8), (...

[\

LM )~—Koop):mHaTb1 BEKTOPOB §, 1| B CHCTeMe (Jc1 s X%), a (8 .
- 1), (ml ...,n';)——xoopxmﬂaTbr TEX e BEKTOPOB B cucTeMe (X}, ..., X7).

Tor,ua COrMIacHO TeH30pHOMY “3akoHy (12) npeo6pasopanus KOOp}.'lHHaT-
KacaTeJbHBIX BeKTOPOB, CNpapei/IMBbI COOTHOLICHMA!

dx*

=Y —(PoE, (13)
f==1 X

= (14)

=1
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CJTGlIOBaTe.Hb.HO, CKJIaAbiBasg NOYJEHRIO 3Tl paBeHCTBA, NOJyUacM:

CRR et (2 3 = ).

[
=1, i

[Tocneniee paseiictso oanauaer, uro uabops uncesr  ((&'-1 m}), ...
<o (B7-1'M")) MOAUMHSIOTCS TEIH30PHOMY 3aKOHY TIpCOGpPa3oBaliHs KO-

OpDAMHAT, T. €. ONPENEeJSAIOT OAHH KacaTeJbHBI BCKTOD, 11C3aBHCHMO

ot Bbibopa JOKaALHON CHCTEMBl KOOPAHHAT.
n R
\ | ax[
Toumno Tak ke, yMHoxkasn (13) Ha yucno A, noryuaem: kg’jzz—b-

ox:
I=1 I

X (Po) (AE]), 7. e. nadop wuncesnr (AEY) roxe mojtnmsiercst TensopHoMy
3aKOHY npeo6pa30oBaHus KOOPAHHAT KacaTeanbHoro sextopa. IIpeasno-
JKCHAC A0Ka3aHo. _

Tensopubiit 3akQu npeoGpasoBanusi Koopjauunar (12) moxHo pac-
CMaTpHBATh KaK Cloco0 OTOXKAECTBJACHHST apHMeTHYeCKHX MNpoCT-
pPalicTB KOOPAHHAT KacaTeJhHBIX BEKTOPOB B KaxX/0# JOKaJbHON ciic-
TCME KOOp/iMHAT. DTOT Cnocol 3ak/a0qaeTcs B TOM, 4TO cTOJa6el KOop-
nunar (§) ymuoxaerca ua Matpuuy SIkoGH nepexoza OT KOOpAHHAT

X

(xh.ons x) K KoopiunaraM (x!, ..., x7): ‘
‘ T 1
{gl\ ( ox; . ax,HEl
; = i
En ox'} ax'} b
i d [ Ix" ) /
(G Xj Xioyu o)

an () = 2 (8)-

CJICJIOBaTCJIbHO KacatelbHo¢ mpocrpanctso I'p, (M) — 3T0 npocrt-
paHcTBO, K30MOP(HOE BCEM apH(bMCanecmlM OPOCTPAHCTBAM KOOPIH-
1aT kacaTeabHbIX BEKTOPOB.

4. My4yoK CONPHUKACAKOMINXCHA KPHBbIX . .

B npeabnayinix nyuxkrax Mbel  aaag  (popmanbno-anrebpauucckoe
OMpeAeeHHE KacaTeAbHOrO NMpPOCTpaHCcTBa K MHonooGpasnio. B atom
OlIPEJICJICHHH TIJIOXO BH/AHO IEOMETPHYECKOC CBOHCTBO KacaTeJablioro
BeKTOopa — JHHelltoro npubimkenusi Kk kpupoil. Kag ke onpeacauTnb
3TO crOficTBO GC30THOCHTCABLHO K PaclOJOMKCHUIO MHIOroobpasus B
JiieiinoM npoctpancrse? OAHI M TOT Ke BEKTOD COOTBCTCTBYET cpaly
MUOCHM KDHBBIM, JUIS KOTOPBIX OH SIBJASIeTCs KacaTeJbHHM. [Toatomy
HaM HHYCTO He OCTACTCs, KaK BbIACANUTL TAKHE KJacCLl KPHBLIX, KOTO-
pHl¢ B JHHEHHBIX HpOCTpallCTBaX HMeu Obl OOlMA KacaTeJbHDIH Bek-
T0p. :
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Onpeancaenunec 2. Jlse KpuBHE Y1, y2 1'la MHOrooGpasun M,
lepecekaioliuecs B oAl0d Touke Py, Na3bBalOTCA CONPUKACAIOWUMU-
cA, €CIH B. Ka)K/0l1 JIOKAJbHOI CHCTeMe KoopAuuat (x!, .., x™) B OKk-
PECTHOCTH TOYKH Py BLIIIOJHCHO COOTHOLICHHC

L)

. i )“‘xk('h(t)))z = 0(t —1,)* npu {—f,. (’15)
k=1 .

Kaxk u paﬂbme, ycaoniie conpukacanus (15) pocrarouno nposepaThb
BCCTO JIHIIb B OAHOI JIOKaJbHOH CHCTEeMEe KOODAHHAT. YCJIOBHE CONpH-
KacaHus TecublM 00pa3oM cBsizano ¢ kacaTeabibiMu BekTopaMu. Coe-
aywouas TeopeMa, B UacTHOCTH, ONpaB/blBaeT TCPMHH «CONpHKACalo-
IUecs: KpHBHE», '

Teopewma 1. lse eaadkue kpussie vy, 1 ya Ha MHOZ006pa3uL M
conpukacaroTca 8 rouke Py Toeda u roasko roeda, koeda Yy KpLBbIX
Y1 U Yz €08nadaloT KacareivHvie 8€KTOPbL 8 TOYKe Py _
HJokasaTeanbcTBo. YcaoBue (15) nepennumem B cileayolem
BH/E: -

Hm

1=,

| (kﬁ () —rttn®)) _ g
. t—ty )

k=

[Tocne sneMentapHbix npeoGpasoBalinil mosydaeM:

=0,

f=ty

n‘ d
::_ 1 (= vl(t))——txk(vz(f)))

HJ!PI.
i % (Y1 () =1, = ,-(;dt- X% (Y2 (8)) lewty -

[Tocneanee paseHcTBO B TOYHOCTH O3HAYAET, UTO KacaTeJbibe BEKTO-
P K KDHBBIM Yy H o COBNAAaT, W(to) ——yg(l‘o)

O6parHo, ecan y,(to) -—yz(to), TO cnpaBedJHBH paBeHcTsa (16) B
n

lim (-"" (Ya (&) — x* (v; (£)) )a

11y - t— 1y
— \ d _ 4 & _ \
=Y (G F O =) =o.

k=1 . [

Teopema 1 paer apyroit cnoco6 onpejesieHnsi KacaTe/bHOTO BEKTO-
pa K KpHBOH. MHOKeCTBO BCeX rJTaAKHX KPHUBBIX, HPOXOASILIHX Uepes .
3ajjaHnyo Touky P, na MnorooGpasnu M, pacnajaercs Ha Hernepece-
KalolHecs KJaacchl MOMNapio COMpHKacawlluxcd KpuUBHX. HasoseM.
KQCaTeAbHULM B8EKTODOM KJACC COIIpHKAcalOUHMXCS KPHBHIX, MpPOXOAsi-
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mix ueped Touky Poe=M. Torna MH lloAydacM B3aHMHO-OAUIO3HAUIIOC
COOTBETCTBHC MeN/y KacaTeNLbHLIMH BCKTOPaMH B CMBICJC ONpeAcJe-
HHst 1 1 B CMBICIE KJIaccom conmpHEacaioiuxca xpasuix (puc. 10).

5. Mponssoanas (G YHKUHMYN 110 HANIPABJEHUIO.

CyuecTsyer cle ojinH Ccrnoco6 TPeACTABJSATL KACaTCIABHBIT BCKTOP
Ha Muoroo6pasuu M. Kak Bceraa, HadHem ¢ npoctoro npumepa. Ilycto

| | A J

P
Puc. 10 ’ , Puc. 11
f(%, y) — rnagxas GyHKUEA OT ABYX TepeMennbix, Po== (Xp, Yo) — He-
- A

KoTopasi TO4YKa, &== (&1, %) — BekTOp B MJockocTH R2 ‘B martemaruue-

CKOM allaJiH3e- H3yyalwT npousBofHble dynxuxn [ Baoab BexTopa E,
KOTOpBIC ONpenetsioT no gopmyJe:

g [ ' e/
E() = L (o, 40) B - - (xp, 0) B (16)
X Y
[TpOH3BOAHYIO BAOMS BEKTOPA E MOKHO TAKKE ONpeNeJHTh, HCTIONb3YS

rnaakue xpusnie. [lycts y(f) — roapkas kpusasi wna mjockoctH R?
npoxondulas yepes Touky Po. JlonycruM, 4To KacaTelbHHH BeKTOD X

kpiiBofi y(f) B Touke P, paBen E Torna (eM. puc. 11)
B(P) =~ FOV () lewter ¥(t) =P (17)
B camom zeie, ecin y(t)__(x(l) y(f)), 1o &t = ——-(to) B = ———(to)

CnenosaTeano, NoACTaBASAS KOOPAHHATH KPHBO y(t) B aprymembx
‘byukuuu [ u gagpdepenuupys no mapaMmerpy, noaydaem:

S TV oot = - O, 9o =
=—éf—<x<to> § () G- (ol 5= (2 (), 9] —j‘,;iuo) - v
(xov yu) El A ‘—(xm Yo) B = E(f)
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Takum 06pa3oM, onpefie MM Temepb B 00llleM cayyae 10 KaxAOMY Ka- .
-—

cateJbHOMY BCKTOPY § K MIOroo6pasuio M B Touke Pye=M onepauHio

auddeperuposanus raagkoit GyukiHn B TouKe P,.
Onpenenenune 3. [lyers PosM, ge Tp, (M), y(t) — raag-

Kas KpuBas, NPOXOASMIAs epe3 TOUKY Po, y(t) =Py u ee xacarenn-

HBIA BeKTOp B Touke Py paBed §, y(to).—g Tlycrs f — rnanxas QyHk-
uusl Ha muoroobpazuu M. Uncno

d Co .
‘—dt--/’(\?(f))ltwo =8 (18)

. . -p

HaskBactcs npoussoOnOl pynkyuu f 8doas kacareavroeo eexropa E.

Onecpauusa B3sITHS HPOU3BOANON Ha3biBaeTc Jugdepenyuposaniem
-3

¢pynxyun f adoav sexropa &.
Tcopema 2. [Tycro (X, ..., x™) — AOKQAbHAR CUCTEMQ xoop@u-
HAT 8 OKpecTHOCTU TOYKU Py = (X!, ... » X3) mnozoobpasus M, §-—-

= (&1, ..., £*) — Kacareasrolil sekrop K MHOeco06pasiuo M & Touxe Py,
f=f (x4, ..., x") — eqalkan ¢ynkyus 8 oxpecrnocru To4ku Py, nped- -
CTQBACHHAR KaK IYHKYUS OT A0KAAbHBIX KOOpOunat (X3, .., x").

Toeda ' '

n

=N (1 n) £l 19
E(i)'— —f(xo’-"!xo)g' ( )
ox
: i=1

Caedosaréaso, onpedesenue (18) npoussodnoii e 3asucur or gbbo-
pa kpusoil y 8 KAGCCe CONPUKACAIOWUXCA KPUBDLY, G Npasas 4acré
(19) ne 3asucur or evibopa aoxkaasvroid cucremot koopdunar. Ecaw

g — Opyeasn eaadkan pyrkyus 6 okpectroctu Touku Po, 70 dan npous-
selenusn gynryud f u g cnpaeed/maa popmyaa Juppepernyuposanus

Hetworona — JI elbHuya:
Lig)=f o B E@ - EDen,... K. (@0)

HoxaszarteabcrtBo. IlpegctaBaM xpusyio vy(f), 0poXoaslLyio
yepe3 TOYKY Py B KOODAMHAaTHOM BHAC! 'y(t)— (x‘(t) ,x"(t))

Torza no onpepcnenio KacaTeNbHOrO BEKTOPa K KPHBOIL —-——(to) = §"

Torza

B =2 FY ) bt = 120 () 1=

e i"_ j af 1 n\ g/
X PO ) | =N

i=1 i=]
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dopmyana (19) mokasana. [lokaxem cdopmyay (20). Hcnoawsys (19}
u auddepenuupys npouaaeﬂe}me bynkuuii, nosyuaem:

Y n 1 n [
ZW L XN g ) g ¥ =

i=l

——«2(—%@3,--.,_xs)g(x(‘,,---,xg)i} N )

g n n
( ai‘ 0’---1x0)§[)g(x(])"" ’xo)'{"

n

,-l-~f(x5,..-,x7,)( (el ) =

=1

=E(NE(KD, ... )+ F 0D, -0, %) E(Q).
Taxkum ‘06pasom, popMyaa (20) Toxke. tokasala.
Ouepauus nnqxpepeﬂmupoaannﬂ raajikoil GpyHruuH f BOJb Kaca-

TeJbHOr0 BEKTOPa »g MOXKeT 6LiTh OXapakTepH3oBala HCKOTOPLIMA
CBOMMH CBOHCTBAMH TakK, Ym0 B (POPMYJHPOBKAax 3THX CBOUCTB BOBCE
He Oyger ywacTBoBaTh Kakag-JH0O JIOKajbllad CHCTeMa = KOOpDAHHAT.
Takoil cnocob onscaHug Hanbosaee yA0OGCH NPU NPOBEPKE He3aBHCHMO-
CTH HalUHX TeOMEeTPHUYEeCKHX KOHCTDYKUHfi OT KOHKPETHOH J10KanbHOH
CHCTEMHB KOOpAHMHAT. Y omepauuH auddepenuHpoBaHHA TAKHX CBOHCTB
aBa: ' : - -

(a) onepaunﬂ mnbdepeHUHpOBaKAS  BAONB BeKTOpa § JHHeHHa,
T. €. ecIM { W g ABe rIadKHX QYHKUHM, a A, u-—,r_ma HPOU3BOJIBLHBIX
4yHcaa, TO

-) — —
E(M + ug)==7~§(f) |- nE(g): (21)
-
(6) onepaums auddepenuHpoBanHsd BAOJL BEKTOpa & YAOBJETBO-
pser ¢opmyrae (20) Hrworona — Jlefibunua. -
Jagum obuiee -
Onpepneaenue 4. Onepauus A, conocraBisomas Kaxaok
mamxoﬁ ¢ynkuuu { xaacca C* Ha raagkoM MHoroobpasuu M uucao
f) yAoBIeTBOpSitOWlee cBoiictaM (a) u (6), HaskiBaercs onepa-
uueu dugpepenyuposanus 8 rouxe Po=M. '
B dopmyne Hblorona — Jlefibnuua (20) yvacrBylor 3HaueHHst
(pyuruni B Toyke Py..ITostomy onepauun auddepcHlHpoBanEs B pas-
JHYBBIX TOuKax Py ¥ P; He MOTyT COBIafaTh. cho 4To  ONepauHs

anddepenuuposalts BIOJb KacaTeabloro BeKTopa g ABJASIETCS YACT-
HBIM CJydaeM NpocTo onepauun guddepeHIHPOBaHHS B CMEICIE ONpe-
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Jenends 4. OxkasniBaerce, Apymux onepauHit AuddepeHLlHpOBaHHA HET,
DTo 3HAYHT, UTO ANS KaXKIOH oNepanuu nn(b<’pepeﬂunponaﬁnﬂ B CMBbIC-
Je onpeaenenus 4 Hahjaercs KacaTenbHbill BCKTOP, BAOJB KOTOPOTO M
NpoH3BoauTCs AHPPpepcHUNpOoBaHHe GyHKIHIT,

Teopema 3. Ilycte M — eaadkoe muozoobpasue kKaacca C=,
Pye=M — npoussoavran rouxka, A — onepayus Oufpd)epeuuupoeauuﬂ
8 cmoicae onpede/teuuﬂ 4, Toeda cyuiecreyer u eduncTaenen Takol

KacareabHolll 8eKTOD E 8 Touxe Py, uro A(f)-&(f) 0an aroboli eaad-
kot pynkyuu 8 oxkpecrnocru To4ku. Py.

HdoxkxasateancrBo. Kacarenpnoil nexrop O6yaeM HCKaTh B
BHAE cTON6Ua ero KOOpAHHAT B HCKOTOPOM JIOKaNLHOH CHCTEME Koop-
aunar (x!, .., x") B OokpecTHOCTH TOUKH P). Torza BCsikylo [IalKylo
(E)yuxumo OyldeM NpeacraBiaTh B BHJIC GYHKIHH OT [MepeMeHHBIX

X, .., xn),

JTcuwMma 2. Béakyw 2radkywo qbymcu,um F(xt, ..., x") kaacca C®

MODKCHO npedcrasuts 8 sude

PO 2 = )+ E Ky ooy X0 (HF — xh) -

i=1
n ’
- 2 hip (8 ..o, %) (6 — 2 (6 —x), (22)
2de hij(xt, ..., x") — 2aadxue pynkyuu kracca C,

lonasaTe.n bCTBO. 3amyuieM TOXAECTBO
fity oo ) mf(ad, oo 2h)

S-——f(x‘ b E O — ), L., t(x"—-—x"))dt

H TpoH3BeseM mx(pQ)epeuquonaHue no ! noA 3HaKOM HHTErpafa:
FOX, s X7y = f(x}, ..., a0 -+

|
P =) gt — ) (o — 5t =

=y ) Y ) (6 (23)
i=l l
B nocniensem paseHcTse dYHKUKH

1
N j (K14 £ — D), L., X (" — X)) dE
: 0
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SIBAAIOTCA THagkuMu GyHkunamu kaacca C~. IMoxcrasass X' =x/,
nosyyaem ' '

~

1
R a a . . !
By (x, ...,xg):SO—;(xé,... ,xg)dtcsﬁ-(xg), C A (24)
0

IMpuMmcHuM Teneps ¢opMyay (23) k caMum (])y};KuHHM hy(xt, ..., xm).
lMoayuum: - T
h,-(x‘,...,x")_:h,(x‘,...,x’(;)--}-Z( ———xf)h (x% ..., %", (25)

=1

race fy;(xt, .., x*) — HekoTOpHIE Tagkuc PyHkuuw Kmaacca C=. Iloa-
crasuM (25) B (23) H yurem (24):

0 g

o) = e ) D= Lo

i=1

I 2 '(xi,__x(l;)(xi_xg)hii(ﬂ, ).

Li=1

B HrOre MH nMOyUMJIH HCKOMOC NpeAcTaBieHHe (22).

Jdemma 3. [lycrs f, g — Jse rakue 2aadkue ynKyuu HA MHO20-
o6pasuu M, «to [(Po)==g(Po)==0. Toeda das awb6oeo uppepeny-
posanus A 8 Touke Py umeer mecto pasencrso A(fg)=0.

JokasartearcTBO JeMMH 3 caelyer HeMelJdeHHO H3 ¢op:
myasl Helorona — JlefiGuuua (20).

[Tepeitnem Tenepb K AOKa3aTeJbCTBY TeopeMbl 3. HpellCTaBHM
dyskuuio f B BuAC (22) M npHMEHHM K JICBOM H NPaBOf yacTh omepa-
uuo auddepenunposanust A, B cuiy aninefiHOCTH onepayuy Noayyaem:

naf

Afy=Fxly o)A = 3w ) A — )

=1

L -} 2 A — x) (! — xly by (22, ..o, x7). | (26)

1j=1

3aMeTHM, uTO 145 MOCTOSHHONA (YHKUHMH, pasHoil enunuie, A(1)=
=A-1)=A) 1+1-A(1)==2A4(1)=0. [Hanee, B nocresueds cy™-
Me (26) kaxjaoc caaraeMoe npe,ZlCTaBHMO B Bu/J€ NpPOH3BEeAEeHHA JBYX
dynrunait (8 — x5 B (6 — x)) by (%Y, ..., "), KaKAan H3 KOTOPHIX
obpaujaercsi B HoJb B Touke Poe=M. HoaTomy Ha OCHOBaHHM " JIeM-
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mut 3 A((¥ — xb) (xf — x}) h,-,(x", ..., x") = 0. CnepoBarenbHo,

A(f)—z (xo,...,x)A( —-xé). @7’

=1
A

[Tockonbky B dhopmyne (27) (YHKUHs [ — NPOH3BOJIbHAS, TO, Mosaras
& = A(x’ —x}), nonydacm Takofi BekTop E= (Z,..,§"), uTO
n af

(el X E = ().

A(f) =

i=1

, —~—
~ JlokaxeMm Tenepb €QMNCTBCHHOCTh MCKOMOro BekTopa E. Ean Obi

-

HAUIOCh 1B TAaKHX PA3JIMNIIBIX  KACATE/bHBIX BCKTOPa EH n, YTOo
A(f ———I;(f)—n(f), TO, TOJOXHB t, g—n¢0 pMean Obl  PaBeHcTBO

Q(f)—-O Js aio6o# GynkuuH [ kaacca raagkoctd C* B OKpPecTHOCTH
ToykH Py=M. Oaunaxo takoro GbiTh He moxer., B camom pedne, B JO-

KaJbHOM cucTeMe KoopauHart (X!, .., x®) BeKTOp { HMEEeT KOOpHHHATHI
(¢4, ..., &®), He Bce paBsHule. nyawo. Honyeram, uto {*5=0. Torpa aas
dyskunn f(x1, ..., x*) =x* noayyacm:

AN
n

I YAt St = g0

=1 i==1

Taxum o6pasoM, Teopema 3 nOMNOCTHIO A0KA3aHa. '

Teopema 3 ycraHaBAHBaeT B3aUMHO-OJHOIHAUHOE COOTBETCTBHC
MCHXJy KacaTeJbHbIMH BCKTOpPAMH K MHOrooGpasuio M B Touke PosM
H onepauusmu AubdepeHupoBannsd B Touke Py raagkux QyHKIHil
Mp1 MOXKeM MO3TOMY /AaTh TPCThe IKBHBAJCHTHOC OlipefeleHHe Kaca-
TCJIbHOTO BOKTOPa: KACATeAbHbUI 8eKTop — 3To onepanust guddiepen- .
HUPOBAHHA TIaAKUX GYHKUUA B TOuKe Py mHoroo6pasus M.

IMIpuMepoM uilQ)q)epcumeoBamm rnagkux  QYHKUHE CyKHT
onepanus’ B3ATHS 4acTiOH NPOH3BOJIHOM B NCKOTOPOH JOKAJbLUOK CHC-

. d
TeMe koopauuHar (x4, ..,x"). [To Tecopome 3 onepauus Fy SIBJACTCS
. X

KacaTelbHBIM BCKTOPOM, KOOpAHHAThl Kortoporo pasHel (0,..,1,..0),
rac | crour Ha mccte ¢ nHomepoMm k. TMostomy kacaTeibHbie BeKTOpr

d
{ P } 06pa3ylor 6a3uc B KacaTc/1bHOM NPOCTPaHCTBe Tp(M) a BcH-
X

-
Kill KacaTeibHbili BeKTOp E= (Y ...,E") pasnaractest B JanHciiyio
e 0 C
KOMOGHHANUIO E = E‘—a—l- SRR -4 aryrat D10 ynobuoc mpexcranJe-
X X
Hiie 6y/IeT HeoANOKPATHO HCNONB30BATLCS B AajbiieiilucM,
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6. KacareqbHoe paccaoeHue. .

MiioxkeeTo Beex kacateablibiX  Bektopon  Tp, (M) Kk MHOroo6pa-
3110 ‘M B Touke Py ABASICTCH, KAK MLl YKC BHACIH, JHHCHHBIM [POCT-
patcTsom TOi JKC pasMepHOCTH, uTO H Miorootpasuc M. B reomer-
pItL 1HHOrAA MOJE3io M3yyaTh BCIO COBOKYNIIOCTb KAacaTCJbHBIX BCKTO-
pOB K MHOroo6pasHio M, KOTOpasi, OYEBHJIHO, NMPEACTABJSCTCA B BILe
06beHLCHHS U Tp,(M). 10 (noka euie HO TOHOTOTHYCCKOC) I11PO-

PoeM
CTPANCTBO 0603161a11axor uyepes T(M) u Ha3bBAOT KacaTeALHLIM pac-
caocnidem muoroobpasus M, TepMHH paccjioeHHe yKasbisaeT Ha To,
uto T(M) COCTOHT U3 «cJ10eB» — KacaTeabBbix npoctpanets  7Tp, (M)
K oTJeabiniM ToukaMm P, MmuorooGpasust M. Kacateapnoe pacciocine

Puc. 12 Puc. 13 Puc. 14

OTHIOAbL HE SIBISICTCH BEKTOPHBIM LPOCTPANCTBOM, HOCKOMLKY OllepallHs
CJIIOJKCHHSL BEKTOPOB M3 pasiibix cjoes OGecembicaenna. Ecnn, nanpu-
Mcp, MHorooGpasHe M sipasiercs aByMmepuoil tonepxnoetsio B R3, 1o
torga T(M) cocTOHT u3 ofbeIHHCTIHA BCCX KacaTebLIbIX IJ10CKOCTEl
K nopepxuocty M. Caeayer o6paTuTh  BINIMaHHe, 4TO  'KACATCJLHBIC
INIOCKOCTH K HOBEPXHOCTH, KAK TPABHJIO, CPCCCKAIOTCST H, 3HAYMT,
nmetor obuuie toukd. Ho no oupejteacimo T(M) s1i Touku B Kax-
JIOM CJI0C 3a/al0T pasJjiiiibic BCKTOPA, Tak Kak HauaJa 3THX BCKTOPOB
pasJiiuHo!. : '
PacemotpuM cuepyomuil npumep: oxpyxkitoct, S'cR2 Ha pue. 12
IOKA3allbl ABC KAcaTeNbHbIX K OKPYMKHOCTIE 8 Toukax Py u Qo u jsa
hud hud

KdcaTeALULIX BEKTOpa & 11 m, HMcloiHe obmHil kowueu. IToatoMy, anas
Toro 4To6Ll H300pa3uTh KacatejbHoe paccaocHue T(SY) B suie Tono-
JIOTHYCCKOrO MPOCTPAHCTBA, PACHOJOMKCHHOIO B CBKJAIJIOBOM HPOCT-
paleTse, ICO6X0AHMO LiepeliTh B Tpexmeploe lpocrpancTtBo R? u ano-
BCPIYTLY KACATCNBHBIC K OKPYKIIOCTH Ha IICKOTOPBIM 'yroa 110 0THO-
HCuno K 1JI0CKOCMH (X, y) Tak, utobLl OUH fepectadil 1epecekaThes
(em. puc.. 13). Torpa xacaresniioe pacesocnne T(SY) npespaTtures B
o.urononocTHL runepbosions (reoMerpuueckuil usup). pu stom
HOTepACTCH CBOHCTBO «TCCHOrO MPHMLIKAIIMS»  KacaTeJablioro  npoct-
patietBa Tp, (ST} K OKPymHOCTH, Mbl Kak OBl «OTOpBAJH» KaCATCJD-

-
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HYI0O K OKPYXKIOCTH H 3a0bIH O TOM, UTO CJIOH JOJIKHLI  KacaThes . K
OKPYXHOCTH S!. MOXHO HEMIIOro H3MCHHTL CHOCOO BJIOKCIHS Kaca-
TeJbHOro pacciociust B R3 tak, uto6ul cBoiictBo Kacauust T, (SY)
K S! He HCUE3JI0O H Pa3JHYHLIC CJIOH HE MEPECEKaJHCh. ITO MOXKIIO
ClenaTb HeE Ha BCelt okpyKHOoCTH S!, a TOIBKO HAa €6 YacTH — JAyTe.
Baoxum ayry 8 R® B BuAE BHNTO- )

BOH Jsnnnu. Torpa kacaTtesbHble K |

BHHTOBOH JIHIIHH HE MepeceKaloTes '
(puc. 14).

v |

Puc. 15 Puc. 16

PaccMoTpuM HekoTopbic IpHMepH  H3 MeXaHHKH, TMOKA3uBAIONIHE,
UTO RJst OMHCAHHS MCXAHHYECKHX CHCTeM YAOGHO PaccMaTpHUBATL fie-
TPHUBHAJbHLIC MHOroo6pasus 4 xaca-
TeJbHDLIE PACCHOEHHST K HHM.

ITpumep 1. Pacemotrpum apn-
XKeliHe TMJOCKOTO — MAasTHHKa, T, €.
TBEPJAOTO  CTepXKHf, 3aKpelyeHHOro
IWaPHUPOM B OAHOH Touke (puc. 15).
Toraa noJoxense CTepXHS onpeje-
JIsleTCsl OHHM [apaMeTpoM — VIJOM
(p MEXJY OCbl0 CTepPXHfl M DBEepTH-
kaabo. Ilo3ToMy MHOXKCCTBO BCex
MOJIOKCHHIT CTEpPKHA  [peacTasaser
coboit okpyxuocth S!. Muoxecrno
BCEX TMOJIOXKEHWH Ha&3uBaloT KoH@u-
. 2YPaYUOHHBIM NPOCTPAHCTEOM.

PaccMOTpPHM aBYXIIAPHHUPHLHT  MafATHHK — 1ABa CTCPXKHs, COeRH-
HeHHBIX wapuupoM (puc. 16), ITosioxeHHe MasATHHKA oOMNpeaeiasercs
JABYMsl YrJlaMH @; H (2, 8 MHOXCCTBO BCEX MOJOXEHHH MpPeACTaBJjser
AByMepHbt Top T?=8!XS!. Ha puc. 17 usoGpaxena apyras cucre-
Md, Y KOTOPOH NpOCTPAaHCTBO KOM(DHCYPAIHH sIBASETCsT TOPOM, BJIO-
KeHHbiM B R3, , ‘
" Ilpumep 2. B mexanuxe oObituiio ONUCBLIBAIOT ABHXKCIIHE MeXa-
IIHYEeCKO! CHCTeMH COBOKYMHOCTBIO® 1apPaMeTPORB, ONHCHIBAIONIHX MOJO0-
XKCHHC CHCTeMbl M CkopocTeil ec wacrTeH, MuoxecTBo Bcex pacmoJio-
MKCHHHA MexaliMuecKOH CHCTEMBl C YU€TOM CKOpOCTed Ha3LBaloT ¢haso-
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goim npocrparcTéom. Torxa (a3oBoe INpPOCTPAHCTBO CCTCCTBEHHO
OTOWJICCTBHTL C KacaTeJbilbiM pacc/ociueM K KoH(bHIypanuoHnuoMmy
upocrpanctsy. Tak, nanpumcep, ecjig MartepHa/bHas TOUKa JBHXKETCS
110 HOBCPXHOCTH JIByMepPHOH cdepPbl ¢ MOCTOAHIBIM MOJYJeM CKOpO-
cri. To (a30BLIM HPOCTPAHCTBOM B JAaniioM cayuyae 6ylIeT MOJAMHO-
ACCPBO B KacaTeJLHOM. PAcC/Oeld, COCTOsIUIeC H3 KacaTCJbHBIX BCK-
TOPOB TOCTOSITHIOA JJIHHBI.

Iltpumep 3. BoBaworT # Gosee cJoXIbie NPHMEPDI Kon(pnrypa-
HIOHIBLIX M (a30BBIX MPOCTpaHCTB. PaccmoTpum, Hampumep, Tpepjoe
TPCXMEPHOC TeEJO € 3aKpenJellHoH TouKoii. BceBo3MOXHbBIC ero 1oJo-
wewist B R MOXHO ONHCATbL  CJIe/LYIONIHM o6paeom <DHKCpreM B

TBCPJOM TEJIE TpH OPTOHOPMHPOBANHBIX BEKTOpa ei, 82, €3, C HaYaJoM B
;1}\pumelmou tayke, Torza Jo6oe pacmosoXcHHE TBEPAOro Tela C
;(n\puthHOH TOlIKOH O/lHO3HAYHO 3a/JacTCH  pacloJIo}KelieM 3THX

—

BCKTOPOB e,, e, e3 B R3. Takum o6pasom, Kouqmrypawnonﬂoe mpocCT-
PANCTBO MOJKIO OTOXJECTBHTL € KOMIOHEHTOH CBAISHOCTH MIHOMKCCTBA
BCCX OPTOHOPMHPOBAaHHKEIX Ga3ucos 8 R3.

§ 4. NOAMHOTOOGPA3HA

Terteps MBI B COCTOSIHIM TepelT K H3yyeHHIO AH(depenuuansioro
IICUHCIICHHS Ha MJIAJKHX MHOroo6pasusix, MHOrHE Ba)KHbl@ HOHSTHSI
MaTCMAaTHYCCKOTO aHaJlH3a, TakHe, Kak auddepenunan dyukiug, KpH-
THYCCKHE TOYKH, HesIBHbIC (D)YHKUHH, HAXOMAT €CTeCTREHHOC 06obieHnua
Ha cJaytuafl OpOH3BOMLILIX MV1aJKHX MHoroo6pasuil. B pamkax o6uei
TEOPHI TV1a/IKHX MHOrooOpasHil MoJiy4yaloT eCTCCTBEHHYIO HHTeprnpera-
[MI0 TaKle HOHSITHS AHG(epeHlHaJLHOrO ncunccHus, kak xuddepe-
UHaJ QynKIHH, TPATHEHT (DYHKUHH, TCOPCMA O HesABHON (YHKIUHH, pe-
TYJSIPDHBIC TOUKH (DYHKIHH H ApYTHe.

1. Juddeperunan raaaxoro oTo0paxeHus,

IMonsrue pucddepennmana raagkoil GyukLUHE JCTKO  HCPCIOCHTCS
Ha cayuail MPOH3BOJBHLIX IVIaJAKHX O0TOOpaXcliHil MHOrooOpasuil.

Onpencanenune 1. Ilyere [: Mi—>M, raagkoe oTobpaxeine
riajkix MHoroo6pasuil. [Hugppepenyuarom dfp, eaadxoeo otobpa-
gcenun [ 8 Touxe Poe=M; naspinactes JiHueliHoe oTo6paceHHe Kaca-©
TeIbHOrO  mpoctpanctsa Tp, (M;) B kacaTesbhoe — MpOCTpaHCTBO
Ty, (My), QO__[(PO)' OHPEJICJIHEMOC B JIOKAJbHBIX CHCTEMAaX 'KOOP/IH-
liat matpuucit 5lkobu oTobpakenus f.

Hanomnum, wro 8 § | Mot onpege/mman Marpuuy SIko6u aist cHCTe-
Mbl dynkmuit gt=ft(x}, .., x?), .., ym=fm(x!, .., x?) Kak Mmarpuumy
YACTIILIX NPOH3BOJHBLIX

Oh Ok
, x, 7 axn
df =

afm afm

dxy  oxn
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Torna ecam (x!, .., x") — JoKaJjbHasi CHCTEMa KOOPJHHAT 113 MHOIO-
ob6pasun M; B okpectioctd Touku Py, (y', ..., y") — JokanbHas cucre-
Ma KOOpJAHNAT Ha Mioroobpasun M, B okpectHocTH Touki Qy, 10
oto6paxende [ upemcraBasercss B BHIe 11abopa KOOPAHIATHLIX PYIiK-
K yh==["(x!, ..., x*), a kacarebiibie 11pocTpatcTsa 7 p,(M)u T (M,)
B BHAC apupMeTHYECKHX MpOCTPAHCTB CTONGIOB JJIMHLI 11 H 1

cootBercTneHno. [lyetb  Toraa kacartenbinii  sektop Ee Tp,(M,)
nmeer koopmuuarel  (Ef, .., E"), a BekTtop N & Tq,(M,) koopanuaTit
(nt, ..,m™). Ecau n -= dfp, (§), 10

1 oft oft fgl '
T! O_\fl(Po) —ax_"(PO) § N
N N L (1)
. apr ofm .
Tln ——J (PO) e dxt (PO) gn

Omnpeacacnre 1 puddepenunana dfp,, Kazanoch 6L, 3aBHCHT OT BLI-
6opa JOKaJbHBIX CHCTEGM KOODJAHWHAT B OKpECTHOCTAX Touck Poe=M,
Qu=M,;. B neficTBHTEJLHOCTH KC 3TO HC Tak. UToObl HOKA3aTb 3TO,
Mbl JIOJDKHBI BHOPATL Clie Oy UaPy JIOKaJbHBIX CHCTCM KOOpJiHIIAT
B oKpecTHOCTAX Touek PoeM; u Que=M, H, 110b3ysCh TCL30PILIM 3a-
KONOM Npeo6pasoBaHHs KOOPAMHAT KaCaTCJDLHbIX BEKTOPOB, HpoBe-
PHTL HHBAPHAHTHOCTb oOmpexc/chus auddepenuuana. Mpl 1HOCTYHUM
no-ipyromy. ¥ nac 6bi10 TPH PasJHuHbLIX croco6Ga onpenesienkst -kaca-
TeJLHOrO BekTopa K MHoroo6pasuio M. B oxHoM M3 cnoco6oB BooGrLe
He YyUaCTBOBaJIH HHKAKHC JIOKAJbHLIC KOOPJHHATH. 3TO oOHpepccHiie
KacaTeJbHOTO BeKTopa uepe3 onepaiHio Au(pdepeHunposanus ¢yk-
udid. IloaTomy eciin Mbi nepedopmyaupyeM onpeiescue | b TepMuuax
JHQGhCpeHIMPOBAHIE TIaAKHX (DYHKUWA, TO aBTOMATHUECKH MOJIYNHM
1e3aBHCHMOCTL AH(bdepeHuuana orobpaxeHust f or Bubopa JoKadh-
HBIX CHCTCM KOODAMHAT B MHOroo6pasusix My n M.

Jlemma 1. MTycrs [ : Mi—>M, eaadxkoe orobpascenue, [(Po) == Qu,

§E Tpo( 1)»« KacaTeAbHoll eekTop x MHozoobpasuio My 8 rouxe

= dfpo( ) - KuacaTeavHbll geKTOp K MHOc006pasuio My 8 1Tou-
rce Qﬂ 8 cmotcae onpedeserus |. Toeda dasn a0bol eaadkoid pymk-
yuu g Ha mHoeoobpasii My 8binoaneHo COOTHOUeHILE:

n(g) ~ E(gof)- , (@)

Hoxaszateawcrno. Cornaciio OHpGJICJIeIIHlO I nyxuo sbibparh
JoKaJbHble cHCTeMbl kKoopmitmar (xi, .., x%) 1t (g, .., ™) B MHOTOOH-
pasusax M, u My B okpecriocTx touek Py o Q(,_)(PO) COOTBCTCT-
senno. Torjia oroOpaenne [ mpeacrasisiercst  mabopoM  yukiil
yr=fr(xt, ..., x), bysxkoua g 3aMCIHICTCs HA TV1aJLKY10 (hylKLAIO0 KOOp-

Junar g==g(yt, ...y™), BEKTOp E npm)ﬁpeTaCT koopjunarol (&L, ..., "),
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4 nektop 1 — koopuauuatel (1!, .., n™). Torna

m

n(g) = Y Qs

[=1
Elgef) = Y (@ ¥ - L S (g e x),
i P
g - VN2 ) U P Y -
b=l
2 . (Qo)(x &Py ¥).
Ll NS

[[prMenstst K nocnumcrvry paneucmy ‘hopmyay (1), nonyuacm
L m
— ') —
?égf)wz & (Qo)n! =nl(g).
=1
Jlemma | poxasada.

PaccmaTpusasi cooTHoledne (2) B kauecrpe onpejesenis gHdde-
peinana orobpakeuns [, T. ¢, mojaras

—> —

dfe, (E) (&) = E(&°f), (3)

MULI lia ocHOBAUMH JeMMBnl | jleacM  BBIBOJ, 4TO onepamist  g—»
-

—djp,(£) (g) aBasiercss oncpauucit audqupepenunponBants GYHKUHH Ha

Mmioroobpassn My B Touke Qy, T. ¢. dfp, (E) sIBJISCTCS  KacaTCJALIILIM
BCKTOPOM B Touke @y kK MHOroo6pasuio M, KkoTopulil coBnagacr c
otpeneacuuem 1, no gopmysie (1). CiuenosartensHo, onpejencuuc |
IIC 3aBHCUT OT BLIGOpA JIOKAALHBIX CHCTEM ‘KOOPHIIAT.

Hakouew, paccMOTPHM HOCJACAHEE ONPCACHCIHIE KACATC/HBLIONO BEK-
TOPA B TCPMHHAX NYIKA COMPHKACAOUIHXCS KPUBBIX. '

JTemma 2. [Mycre [ : Mi—M, 2aadkoe orobpascenue, Qu=f(Py),
Y - eaadkas kpusas 6 mHocoobpasuu M), npoxodswas rlepes ToUKY

/o, g — a/z,adrcaﬂ hyuxyua na mrozoobpasun M.. Iycrs §=y(t0),
n= d)Po( ). Toeda

(g = - gFRO w (4)

JloxasarennctBo jieMMu 2 yno6Hell BCCTo HPOBOANTH B Tie-
KOTOPBIX JloKa/dbHbiX CHCTeMax Koopauuat (x!, .., x™), (4', .., y™)

’
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mMHoroo6pasmit My, M,. Ilycts Bce dyHKUHH H BCKTOPBI HMCIOT Takiie
e  NPCACTABJEHHS ~B KOODJAHHATaX, UTo H B Jemme 1, a y(f)=

— (21 (1), ., 27 (1)), EF = d;‘: (t,). Toraa

n(g) = {n‘_@_ !
g = Y@
(=1

d X\ Jg oft dx/ .
< EF YOl = 325 (Qo) - (Po) o (1) =

Li

N\ % = off . g -
_l 3y (QO)L o (Po)g = IEI——G!/Z (Qo) Nt =n(g).
=1 j=1 —

—

Jlemma 2 nokasblBaer, yTO ecJM KacaTelbHBIH BEKTOp & mpeacTaBJeH

KaK KacaTe/bHblil Bektop Kpusol y(£), y(f,) =8& Tp, (M), T0 cro
— —

0o6pa3 M = dfp, (§) HpeACTaBJALTCA KaK KacaTeJbHbH BEKTOD KPHBOH

Puc. (8

f(y(?)) na muoroo6pasun M, Bonee Toro, H3 jemMmbl 2 CJaeiycT, YTO
ecTi KpuBbie y:(f) u y2(f) compukacalotct B Touke Po=M;, To HX
o6pasnl £ (yi({)) n f(y2(f)) Toxe compuxacalorcd B Touke Qo=Ma. .
[TostoMy jH(PCpeHIHANT OTOOPaMEeHH [ MOXIO ONPEeNCJsiTL  KaK-
TaKkoe OTOOpaxXCHHE, KOTOPOe TMYyYKY CONPHRACAIOUIMXCSl "KPHBBIX
{y(£)} B Touke Py conocTas/sieT MYyYOK COMPHKACAIOWIHXCS KPHBLIX B
Touke @, MuorooGpasus M,, comepxauux Bce kpusbie {f(y(f))}.
OnHako npu nmocaeaneM criocofe onpexpesenust auddepeHnala mjioxo
BHAIO, moyeMy pHp@epedunan dfp, oTOOpaxeHHs [ apasercs Auxed-
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Holm oTOOpaNCenuem KacaTesibHbiX Tpoctpanct. Ha puc. 18 u3obpa-
AcHo otobpaxenne f(x, y) = (x, y?), [ : R%—R2 [lpu 3Tom BHAHO, UTO
HyuOK COlpHKacamlmxca B Touke Po= (0, 0) KpuBBHX NpH oTOOpax)e-
jiuit | e TOKpbIBAaeT Bech My-
YOK COTMPHKACAIOIWIHXCS KPHBHIX
B TOuKe Q.

[Tpumep 1. Paccmorpum
rIafKkylo (GyHKuuio y=f(x) xax
rnagkoe oToO6paxXeHHe MIoroo6-
pasuit f : R'>R! Torna cornacto
onpeaenenuto 1,  nuddepeHuu-
an — 3To Juinefinoe orobpaxe-
nie Ty (RY)Y=R" B T)y(R) =
=R!, 3anasacmoe dhopumyJoi (1),
1. 0. n=Ff (x}5. B maremaruuec-
KOM aliajiuge nof Augdepenuua-
noM  bynkaun f(x) noHHMalwor
JUUCITHYI0 4acTh MpHpanienua X
$pyuruHu f Kak (QYHKULHIO  OT
ABYX HE3aBHCHMBIX apryMeHTOB' Prc. 19
dy=J[(x)dx. Tak, uro, monaras
dx=t, dy=m, nollyuaem COBHNaJeHHE TOHUSTHH.

IMpumep 2. Pacemorpum ruankyio ¢yHkuuio,f oT n HesaBucH-
MBIX nepemeHHBIX y=[(x1, .., x"). Tak xke, kKak H B cayyae (PyHKUUH
O/ULOf TepeMCHHOH NPeACTABHM ee Kak [Jalkoe otobpaxeilde MUOro-
obpasuit | : R»—~R!. Toraa auddepeunuan - orobpaxenus [ spasercs
JUIHCHHBIM 0TOGDaKCHHOM KacaTedbHbix npoctpanctB  dfp :Tp, (R") =

= R* T, (R =R, re Py = (xl,...,x8), Q= F(x}s...,x%).

T X

X+Ax

Huddepenuuan df p, B JoKasbHbBIX KOOPAMHATAX 3a4aeTcsi GOPMYJIOiL:
n

1 = E —:—L(Po) gk, C.nmpyroit croponn, muddepernuans GpyHKuHu f
k=1 .

CCTb JIMHEHHAsl Y&CTh NMPHPAILeHHss QyHKUHH [, kKak QyHKLHA OT JBYX
TDYTN He3aBUCHMBIX NMepeMeHHbIX (X1, ..., x") H

. .
(dxt, ... detydy = df (22, ..., x") = :fk (..., x7) dx*,
_ X

k=1

Honaras gh=dx*, n==dy, nonyuaem cosnageHue moHsTHil Auddepen-
UHana ¢ynkuud 0 guddeperutana ee ke, Kak 0TOGPAXKCHHS MHOTO-
o6pasuii. Bostee Toro, matpuna auddepeHumana dfs, ecTb MaTpHua
STkobu oTobpaxenus [, a ¢ apyro# cropount rpamuent gradf byHKUHH
[; Takum o6pasom, rpajiHeHT [ — 310 matpuua nuddepenunana  dfp,
B (rnkcupopaiHoii cuereme koopauxat. CoBepluenio siCHO, 4TO TpPH

H3MCHCINIL GHCTCMBI KOOPAHHAT GyAyT MEHATLCS M KOMITOHGHTHI Ipa-
Auerita pysxuuy f.
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Mpumep 3. Pacemortpam raaakylo gywkuuio f==f(x!, .., x"), 1t
nyets P, = (x(‘), <o, X§) — 3KCTpeMasibuast Touka (MyHKIHH . Torja
O/lHAa M3 TCopem aiajusa raacut, uto gradp, f--0. B waureit tepmu-
HOJIOTHH 3TO 3Ha'MT, uTO dfp, == 0. D10 yraepxicinie obobuaeTcs Ha
caydaii npon3BOJILHBIX MHOroOGpasmii: ecau 8 Touke Pye=M eradkas
thynukyus [ docrueaer aoxaasHo2o makcumyma, 1o dfp, - - 0.39T0 06-
CTOSITENLCTBO HOJAYUYACT HOBOC OCBEIl(CHHE B TCOPHI MHOFOOOpasui,
B cayuyae obnacTefl B eBKJIHOBOM HPOCTPAHCTBE BCCTAa CYUICCTBYIOT
TakHe TJafKHe QYHKHHH, /Ui KOTOPLIX rpaxuent grad f5-0 B Kax10fi

Puc. 20 Puc: 21

Touke. JlJst ryagkoro Muoroo6pasus 31o yxe ne rak. Hanpumep, Ha
ABYMEpHoi chepe S* and BCAKON IVaAKol ¢ynkunu [ ee auphepen-
nHaJa df obpamaercst B Hosb Mo Kpakineft Mepe B BYX TOUKax: B TOU-
Ke MakcuMyMa dynkimu f 1 B Touke ce munumyma. Boobiue, ecaun
M — gomnakTroe eaadxoe mnocoobpasue, To 04  6CAKOE  eaadkol
pynkyun | ouppepenyuan df obpawaercs 8 nHore He meHee wem 8
deyx rouxax. Ha puc. 20 nsobpaxcHo Tnonenedne auddepenuiana
(DYHKIIHU «BBHICOTBI» Ra JByMepHolt cdepe S, a ua puc. 21 -— Qpynkuus
BLICOTHI 11a Tope T+

[Ipumep 4. [:R">P™ — nunciitHoe oToGpaxkeHHe, KoTOpoe
B KOOD/UIIATaX 3alHCLIBACTCsI B MATpHuHOM pHae: Y=AX,

yt xt Qyq ve- Ay,
Y == s X e ' s A == : .

11 e
Yy X aml St amn

Torna, oucsuano, marpuna Slko6u orobpaxennus [ (a, 3Haunt, H JHP-
depenunan dfp,) cosmamacr ¢ matpuueir A, JIpyrumu  cJoBaMH,
dfp, () == f(§). Bnpouew, 3to we yansntesasiio. Ecan  npeacrasasts
cebe auddepenunan dfp,, Kak H B ciaydae Qymkuuii MHOTHX Hepe-
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MCINILIX B BiJIC JIHIEANIOR 4aCTH NpHpaulenust orobpaxcitud, 10, noJa-
past AX=§, AY=A(X+AX)—AX=AAX. CAcROBATC/bIO, CAMO HPH-
paniciiHe AY TOXAeCTBEHHO COBMAjlact ¢ ero JiieiHoit yacthio. Takum
oOpasoM, guddepenlnasn JHHEARONO 0TOOPaXKeNlst 1IC 3aBHCHT OT TO'-
ki PeesRY,

2. JloxanbHble cBOHCTBA oroﬁpamenuu U auddepeHuuan.

Yxe B MaTeMaTHYeCKOM dHaJM3¢ OTMCYAeTCA BaXXHOC CBONCTBO
PO AKHX PYHKUMIT: ¢ MOMOWBIO AH(hCpeHIHANBHBIX CBOHCTR (yHKIHH
B TOYKC MOMXHO OlPEACJsITh aHaJOrHuHble CBOHCTBE B HeJOd OKpecT-
HOCTH 3TOH TOUKH (XOTs, OHITh MOXET, 3T4 OKPecTHOCT: H MaJa).
Tak, HAUpUMep, ecu  npousBoanas [’ (xp) GYHKUHU [ MONOIKHTEILHA,
" (x¢) >0, T0 B MaJOH OKPCCTIOCTH TOUKH X9 (hynkHus [ Bo3pacraer.
ClipalUHBAaeTCsl, B UCM 3aKJIOYACTCH aHAJODMA JIBYX CBOHCTR: HOJIOXH-
TCJILHOCTL HPOH3BOAHON [/(Xo) H Bo3pacranHe @OYHKUHH [ B OKpeCT-
IOCTH TOUKH X¢? 3Ta auajorTHsl jerde :Habaiofaercs, eC/JH YCJAOBHE
[7(x) >0 cdopMmyaupoBatbh taeayiomuM obpasom: auddepeHuHan
(PYHKIHH [ B TOUKE Xo sIBAACTCS Bo3pacralolel (JHHelnol) gyHKuHeil.
Toraa TeopeMa arajiu3a OYyIeT 3ByuaTh CJaelAyioluMm obpaszoM: ecaul
Jugpepenyuan hynkyun | 8 TouKe Xy CTPOEO 803pacraer, To U CaMma
(hyHKyUst [ cTpoeo 803pacraer 8 OKPecTHOCTUL TO4KW X, BB xayecTBe
BTOPOFO TaKoro e (IPpEMEPa PAaCCMOTPHM CHOBAa TeOpeMy O HeABHOH
<pym<um1 ypasuenue [(x, y)==0 gonyckacr peileHie y==y(X), CCIH

—[(x,,,yo):;bO B HCKOTOPOH TOuKe (Xg, Yo), AJIs KOTOPOTH [ (X, Yo) ==

—0 [TonuraeMcst ycsroBue TeOpeMbl 0 HCABHLIX (GYHKUHAX cHOPMYJIH-

posaTth B TepMmunax Anddepenunanos, Jdudgepenunan oyukuHH | B
TOMKC (Xo, Yo) HMCCT BHI:

a
df E=] "o—j'(xm .1/0) dx* a,/. (xD’ -/O)d

»

3amcuuM B ypasHenuH f(x, y)=0 dynkuuio [ Ha eec auddepenuuad

pACCMOTPHM HOBODE YPABHCHHC dficyyy) »+ 0. DTO HOBOE ypaBHEHHE
OTHOCHTENBLHO 1OBHIX HEPCMCHHBLIX (dx, dy) SIBJASETCsl JHHEHHBIM U
HMCCT BHJ

(xov Yo)dx | j (x4, Yo) dy == 0. ()

Ej
Tor of
orjla yeJosHe a—(xo, Yo) 5= 0 3KBHBAJCITHO CYIECTBOBAHHIO pe-
{

tuieting ypasuéuns (5). Tlostomy Teopema o nesnnolt GyHkuHH GOpMy-
JHPYeTCst CaeAyIOlHM o6pa3oMm: ecau ypasHenue 8 Juppepenyua-
Aux (5) numeer peuerue, TO CYUECTBYET PEILEHIE 1L Y LCXOOHO20 Ypae-
Henus [ (X, y) 6 okpecTHOCTU (Xo, Yo).

Tenepp MBI MOXeEM CHOPMYJIHPOBATL HEGKOTOPHIH MOME3HbIH MPHH-
Ui pH aHaJH3e [JaAKHX MHOroo6pasuii M nx oTo6pakeHuil: ecau
66l10AKEHO HeKoTOpoe ¢80UcT80 Jdasn Jugpepenyuana oroépameuuﬂ
CAQdKUX MHO2000pa3ULL 8 HEKOTOPOL TOYKe, TO QHAAO2UYHOE CBOLCTEO
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8bLNOAHSETCS 1 OASl CUMO20 OTOODANCCHUSL — 8 OKPECTHOCT  3TOL
TOYKU,

OTOT NPHHIMN Ha3bLIBACTCA OOLIYHO NPUHLUNOM 0bueeo noaodce-
Hus, Wi ApuHyunom auneapusayuy orobpaxceruid. [lepsoe naspauue
YKa3bIBACT ia TO, UTO CBOHCTBO JHHEIiIOro oTobpaeliis coxpalisercs
MPH MaJbix UCJHHEHHBIX HCKaXKeHusax oTtobpaxcenus. Pasymecrcs, ue
AJISI KaXJOro CBOIICTBAa CMpaBelMB 3TOT IIPHHUHI, H Mbl He 6yacMm
YTOUHATL 06/1aCTb €ro NpuUMeHeHHSsl, Mu npuBeaeM 3j4ccCh HaHOosee
BaX{HBIC TCOPEMBI, CBA3BIBAIONIHE .CBOHACTBA OTOGpAKCHHS H ero JH(-
dhepennyuana.

Haynem ¢ Teopembl 0 HeiBHHX (YHKUHSX AJs1 MHOroo6pasHii.

Onpenecaenuc 2. Iycrs [: M—M, rnagkoe otobpaxcente,
Touka Pee&M,; nasbiBaeTca peayasipHoll To4kold orobpasxcenus [, ecau
AHbdepennnan orobpaxeuus dfp,:Tp, (My) = To(Mz), Qy = F(Py)
ABJISCTCA 3NUMOP(H3IMOM, T. €. OTOOPEXCHHOM Ha BCE MPOCTPAIICTBO
T, (M,). Tourka Qo=M, HashBaerTcsi peayaspHol To4Kot oTobpasce-
rus f, ecnw Besikasi Touka Py w3 mpoobpasa [~1(Qy) siBjasercst pery-
JspHOH TOuKO# oTOOpaskeHus f,

Onpenenenrie 2 GoOpMyJIHPYET YCJOBHS TEOPEMBI"O HESIBHBIX YHK-
IHAX B HOBBIX HHBADHAHTHHX TEePMHHAX AHDQepeAnHanos oTobpaxe-
Hiuil. B camom nese, B JlokaJbHOH cHCTeMe KOOpAHHAT (X4, ..., x™)
B OKPeCTHOCTH TOUKH Py ¥ JIOKaJbHOH CHCTeMe KOOpAHHAT (Y, ..., y™)
B OKPCCTHOCTH TOYKH Qy OTOOGpa)eHHe [ 3amuilieTcsi KakK CHCTeMa
bynknni yh=Ff*(x, ...,x*). ByaeM paccMaTpHBaThb 3TH PaBEHCTBA KakK
ypaBHeHUs '

fl(xl, - 'xu) i _l/(l)

(.., xt) =y, (6)

ITockosbky f(Py) =Qp Py=(x}, ..., x2), Qy={(yl, ... ,y7), TO TOU-
Ka Py aBasiercs peliendeM cucreMbl ypaBHenuil (6). Torza teopema
0 HeABnLIX (QyHKUuAX (TeopeMa 2 § 2)maer HaMm yCJOBHE /sl CyLIeCT-
BOBaHUs peiuenust B uje: rank df =m. Cnejosatenbiio, panr wmar-
pHubl IKOOH oTOOpaXKeHHs [ HJHM, YTO TO XE CaMmoe, paur MAaTpPHIH
auddepenuana dfp, paBeH pa3MepHOCTH KacaTeJbHOrO MPOCTPAaHCTBA
Te(M,). 3to suaunt, yto JuHelinoe oToOpaxceude dfp, siBasITCH
snuMophusmom. ITostoMy obGobiennem Teopembl 2 § 2 sBJsieTcd

Tecopema I. Mycrs |: M—M, eaadkoe orobpascerue 2aadkux
MmHo2000pasull, QuesMy — peeyaspras Ttouxka orobpaxcenus [. Tozda
npoobpas Mz==[-1(Qo) sneasercs eradxum muocoobpasuen, dim My=
=dim M;—dim M,. boaee T020, 8 Kauectée A0KAAbHBIX KOOPOUHAT 8
MHO2006pasu My MOJNCHO 635T6 HEKOTOPbIE U3 AOKANbHOLX KOOPOUHAT
mroeoobpasust My,

Hoxasartcabcrtno. Jag toro yrobnl ngokasaTh, uro Ms sB-
JAETCst MHOroo6pasHeM, AOCTATOYHO B OKPECTHOCTH Ka{JIoH TOUKH
Po=M; npumenutb Teopemy 2 uz § 2. I[Tonyuaem, uTo kaxnast Toyka
Py=M; nomyckaer okpectHocTb U= P, romcomopdiyio o6Jjacmd B
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eprangoBoM npoctpanerse R rae n=dim M,, m=dim M,. BoJce
TOro, B.KauecTBe JOKaJbHbIX Koopiiiia® B okpecTnoctH U Moxiio
B3SITL HEKOTOPhle (n-—m) JIOKAJAbILIX KOODPAHMHAT (X!, .., X™) Miioro-
obpasuss M! B OKpecTHOCTH Touku Py. Ecun 370 KoopjHHATH
(x4, ..., Xa-m), = TO OCTajAbHbIC JIOKaJbHble KOODAHHATH (X/) BbIpa-

AKaloTes Ha Mj uepes (X, ..., x%a-m) B BHAe raaakux ¢yukmuii. OT-
ciofa caenyert, uro Mz — riaxkoe mHoroo6pasue. B camom jeJie, nycrb
(y', ..., y™) — Apyrass  CHCTeMa KOOpJHHAT Ha  MHOroo6pasuu
My, (¥, ... y/n-m) — 0O6pa3ylOT JOKaJbHYIO CHCTEMY KOODAHHAT Ha
Ms. Torna

Yre=ye(x, ..., x") = yge(xt(x, ..., Xa-m), ..., X" (xh, ..., Xin-m))

riaagkas QyHKIS, uTo H Tpe6OBANIOCh K0Ka3aTh.

Ham ocrasoch naTh aHajor elle GAHOro cBoHCTBA JIHHENHOrO OTO-
OpaMcHusi — CBOHCTBA ObITL MOHOMOP(H3MOM.

Onpeneanedue 3. [lyers [:M—M, raagkoe orobpaxcuue.
Oro6paxkenve [ HaswBACTCA rno2pyseHuem, eCli B KaXIOM Touke
P=M; nuddepenunan dfp : Tp(M)—Typy(Mz2) sBasieTcsi MOHOMOP-
(bH3IMOM, T. e. B3aHMHO-OAII03HAUHBIM OoTOOpa)keinueM Ha CBoH 06pas.
Ecau, xpome Toro, orobpamcnne f B3aHMHO-OJHO3HAYHO OTOOPAXKAET
muoroobpasue My na cpoit obpas [(My) u f(M;) — 3aMKHyTOC MHO-
KeCTBO, To oTobpaxenue [ naswiBaerca eaoxenuem. O6pas [(My)
(paBuo kax 4t M;) B 3TOM cjayudae HasbBaercs nodmuozoofpasuem B
Mioroo6pasud M.

[Tpumep 5. [Ipoo6pa3s peryasipioil Touku orobpaxenns f: M;—
—M, corsnacHo Teopeme.l siBasercs unomaMHorooGpasweM. B camom
AcJse, MOCKOJIBKY B KadecTBe JIOKAJbHOH CHCTeMBl KOOPAHHAT B Ms
MOXHO B3SITb HCKOTODBIE H3 JOKAJbHBIX KOOPIAHHAT 0OBEMJIOUIErO
Miloroo6pasust My, To B JIOKAJbHBIX KOOPJAHHATAX TONKAECTBEHHOE OTO-
Opa:keHde ¢ : Mgz+~M; uMeeT BHA: :

i
xbe= 41,
x’n—-—m — xn_m'
X
x—m-tl — xn-—-m-}-l'(xl’ . ,xn—m)’
X=Xt (xL, L, X,

Puc. 22

fTostomy marpuua §Ikobu de comepxutr B cebe eIMHHYRYIO KBAAPAT-
yio marpiuy. Cieposarennio, rankde==n>m, T. e. dp sBJasercs
MONOMOD(II3MOM,

[Tpumep 6. PacemoTpum orobpaxenne f:S'—R2, 3anaBaemoe
(popmynamu f(p) = {cos ¢, sin2¢}. Bekrop ckopocTH paBsen %:

{—sin @, 2cos29} u 1H B KaKoll Touke He obpamtaeTcs B HYJb, T. €.
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padr matpuust dkobu panen cpuuuue. Ilostomy [ sinnstercs norpyxe-
neM (cM. puc. 22). Kpupasi, uzobpaxcuuas 1na puc. 22, spiasgercs
ool u3 ¢uryp Jluccaxy, i MoxKeT ObITh lloJyucna 1a OCHHIOrpa-
¢ npu CUHYCOHTANLHBIX CHIIAJAX (1A BCPTHKANLKOM H rOpH30HTab-
HOH pa3sBepTKax. :

3. Teopema Cappa

B upeasilyniem fiylKTe Mbl MOKasadi, Kak o csoiicrnam audge-
PEeHNHANa BOCCTAHABJAHBAIOTCSH JIOKAJbHBIE CBOHCTBA IJia/Koro otobpa-
KCHHS. B 1ICKOTOPBIX CJyYasix MOXKHO, H 006paTHO, BOCCTAHOBHTh CBOF--
cTa Judbepennrana o cpoicTsam camoro orobpamxeunus. Hanpumep,
eca [: MMy — raajgkuil roMeoMop(H3M, To, Kak ObLIO IOKa3aHo
B § 1 (nemma 3), audpdepeunuan df : Tp(M)—Typ)(My) sBnsiercs
Hsaomopdusmom. Paccmorpum Tenepb 3ajauvy, B HCKOTOPOM CMBICTe,
ob6paTHylo K 3ajade, peuwennoii B TeopeMme 1. IlyeTob f.Mr—>M2.—
riaajgxkoe orobpaxcuue muorooGpasis My Ha Bce wHOTooOpasue Moy,
T. e. [(My) =M, Takuc oTOOpaXKCHHS MOKHO pACCMATPHBATBL Kak
anaJjory snEMopdu3mMoOB  AJas JHHefiHbIX  oroOpaxeunil. Ilocranum
torga ponpoc: Oyxer anm  auddepenunan df : Tp(M)—>Typ)(Ms)
anumopdusmom? K coxasenuio, 37o He Tak. PaccMoTpuMm caejyioluui
npumep. Tlyers My==M;=R!, f: R=—>R?, f(x) =x% x=RL Torna j —
raaakoe orobpaxenne H f(RY)=RL Opxnako B Touke x==0 audde-
penpnan df =0 u, 3uaunt, He saseTcst s3uHMopdizmMoM. B pyrux xe
Toukax  jauddepenunan  df=3xdx  #pafercs  3MHMOPHUIMOM.
B paccmoTpennoM — mpuMepe MOXKHO npeiayrajaarb oOmHMiA  OTBeT
11a MOCTaBJIEHHBIH BONMpoc. Mui ero cHopMyJHpYeM B BH/LE CJCAYIOILErO
YTREPIKACHUS.

Tcopema 2. (Cap p). [Tycre | : My—Mz— 2radkoe orobpadsce-
HUue KOMRaxkTHotx MrozooOpasuil. Toz2da wmunoxecrso G peeyaaprbix
Touex QeM; orobpaxenus f ABASETCA OTKPHITHIM  8CI00Y NAOTHbIM
MHONCECTBOM.

[Tpexkiae ueM A0KA3HIBATL TCOPEMY 2, PACOMOTPHM HCCKOJI[:KO npu-
Mepon.

IIpamep 7. Ilyern [ : R“>R!, f(x)=a==const. B atom ciayuae
andpdepenman df Hu B OJHON TOYKE He SIBJSIETCS  SNHAMOP(HH3MOM.
Oxanaxo, o6pas [(R!) coctont U3 0/HOff TOUKH @, T. €. COIVIACHO Ompe-
JeIeHHIO BCKAsh TOUKA Yy¥=a sBjafercss peryaspiod  (Tak Kak
f~1(y) =), .CaejioBateganio, MHOMKCCTBO PEryAsaplbiX TOUCK siBJISIET-
Cs1 OTKPBITLIM BCIO/LY 1IJIOTIIBIM MHOYKCCTBOM. _

I[Tpumep 8. [Tycrs [: R~>R! — ¢nunrHas raajpkas  QyHKIUS.
[Tycts F={x:{ (x)=0}. Muoxecrso [ sBisieTcs 3aMKHYTHIM MHO-~
xeernoM, O6pas [(F) spasercss KOMIAKTHBM MHOMXCCTROM M COCTOHT
M3 BCEX HeperyaspHblx todex. [Tokamem, uto f(F) HArAe He MAOTHO.
Ecnu 6b 5T0 6O He Tak, TO Halaach Okl BHYTPEHHSIH TOUYKa
ye[(F), 1. e, touka y Jqexut B [(F) Bmccte ¢ 1ekotopoll okpect-
Hoctblo yesUc[(F). Tlockonwky | duuntHas cbymcum{, T0 o6pas f(F)
JIeKHT B o6pasc HekoToporo murepsana f([a, &]). ApyriuMu ciiosamu,
JIOCTAaTOYHO JloKa3arth, uto obpas [(F'}, F’—Fﬂ[a b] murape we nao-
tTen. [lyere VDO F — dekoropasi OKpecTHOCTH — MHOxectBa F7,
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Vo (—2a, 2a). Torna f(V) coxcpxkur okpectuocts U. 3HauuT, Hai-
JNeTCs Taka® Touka xe=V, y xoropoii wnpoussoasas ['(x) no moayso
goantie yucaa e=diam Uf4a. Ymcubinas oKpeeTiocTts V, nosayuim
HOCJCUOBATEJBHOCTL TOUEK Xp—-F'. Bes orpaunyenus 06nuu)cm MOX-
1O CUHTATD, 4TO Xp—>xo=F’. Torpa [’ (xn)—>] (X0), T. [/ (x0) | =+,
UTO MPOTHBOPEUHT YCJaOBHIO [/ (Xo) ==0 1 Touke xXo=F’ c:F

Tcopemy 2 ypobucii popmyauposats Gosec obuikm obpa3oM: ecau
' My — KOMNAKTHOE MHONECTBO, COCTOMWEE U3 HePeeYAAPHbLLX TO-
qer, To moxcHo f(F) wuede ne naotro, [Tokaxem, uto Teopemy 2 J10-
CTATOUNO JIOKA3ATE st eJyuasl, Koraa M; fBJsieTcs OKPCCTHOCTBIO
SAMKHYTOrO JiMCKa B CBKJMJIOBOM lipocrtpaMceTse. B camom jpedte, 1o-
npoem My koueunrsim atyiacom Kapt Ug # Buibepem Vo Vo < Uy
TaK, 4TOOM Vo OblTO romcomMophuo AHCKY B CBKJAKWJAOBOM MPOCTPAHCT-
pe. [Tyers Gg <My MHOXKECTBO PeryasipliniX TOUCK AJst OTOOPaXKCHHA [
na Vo. Torga nepeceuenne G=G 4 COCTOHT H3 PCTYJSPHLIX TOUCK
neero orobpaxenns [. Ecau (g — OTKPBITLIC BCIOJY TJOTHHE MIIO-
Aaeersa, 1o G TOXC ABJISETCS OTKPLITBHIM BCIOAY TJOTILIM MUOKCCT-
BOM. Bblﬁ(,peM Jlocraroytio Menkuil atnac kapt Ug Tak, utoGut o6pas
[(Us ) nexan B onnof kapre Wg muoroofpasus M. Toma reopemy 2
JAOCTATOYHO  AOKa3aTh JJAst  pPeryjasipHplX  Todek  OTODOpaXKeHHs

[lo, :Ua—>Wpy na Vo . B camom jsese, ectd G Wp — MHOXKOCCTBO
PCPYJSIPHBX TOYEK OTOGPaXKCHHS flug, » 10 GU(M2\f(V4)) asasetcs

MHOXKCCTBOM Peryaspuuix touek ortobpameHus [:Ug-—>My Ha Vg
WUrak, nycrs U — okpecthocts aucka Dm s R®, f: U—Rm —raagroe
orobpasxenne. ITokaxkem, 9TO MIIOXKCCTBO TeX TOUCK yeR™, mis KoTO-
puix D7N)f~1(y) cocToUT H3 PEryJsipHLIX TOYCK, FBJISCTCS OTKPHITHIM
BCIOY TMJIOTHHM MHOXCCTBOM. '

Jlemma 3. Teopema cnpasedausa dan m=1,

Jokxasareasbcrno. [lyern FcoD®™ -— MHOXECTBO  HeperyJsip-
mix togek pynknuu f. Torma [(F) KOMITAKTHO M COMEGPIKHT Bce Hepe-
rvsipible Toukn ¢yukuuu f. [Toxaxes, uto RYN\f(F) Bsciony nioriio.
[icnmn 310 He Tak, To Hafigercs uutepBan Vf(F). Dukcupyem k>n
it PACCMOTPHM MHOXCCTBO F), TakKHX TOWEK, Y KOTOPLX NBce wacTibie
1pousBoAnble QYHKUME { 1O MOPSAKA £ BKJIOUHTCABHO paBIBL HYJIO.
Torua, pasnaras ¢yuxkouio f 1o dopmyae Teilwopa B OKpeCTHOCTH
HPOH3BOJLHON TOUKY yes Fy, nostyuacem ouetky | f(y)—f(x) | << Clx—yl",
iipirtem KoHcTaurta C He 3aBucHT OT Buwbopa ye=Fp w xeD*. 310
311AYAT, YTO CCJIH HOKpOoeM MuoxectBo F, ky0aMu co cropoHoit 1/N
(vdevio 31X Ky6oB He npeBocxoaut N%), To o8pas [(Fy) nokpoercs
HHTCPBAJIAMH, TpUUCM JJHHA KaxJIOro unurepnasa He HpeBOCXOIHT
yicaa 2V nC/N:. CuejoBartessho, cyMMma JUIHH BCeX HUTCPBAJIoOB He
npesocxogut 2V nC/IN=m y CTPCMHTCH K HYJK0 npu N-—»oo, 3HauuT,
mitoxectBo f(fy) nurae e TIOTIIO.

Ocraninyiocs gacte MEOXKectBa F, 1. e. F\Fj, MOXHO npeacTaBHThb
B BHAC OOLEAHHCHHA KOHETHOro ceMeflcTBA NOAMHOMeCTBA, KaXKjl0e
H3 KOTODBHIX JICKHT Ha NOAMHOroo6pasHH, 3al1aBaeMOM OJHHM H3
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ypaBlenui

ol
97 =0, Iyt |, =1 R
oxit ... ax,in
B camom pene, nycrsb Fioon. ;,,l— MHOXCCTBO Tex Toyex 13 F, rie
al . al
LY S 0, grad __9F F 0. (6)
ax{‘ ax,fn ()xi' 6x,in
== . 0] CT .
Seno, uto FN\F, h-l-».L—Jl-ln<kF“mln C npyroi OPOHDBI, MIIOZKECTBO

F:,...t,, JIeKHT Ha TNoJMHOroofpasuu M:,..tn, COCTOSIILICM H3 TeX TO-

UCK, Tjle BblMoJlieHsl ycnopksi (6). PasMcpuocts nojmHoroo6passsi
Mll---l,, menblic n. TlosToMy, npuMeHss HIJYKUMIO, MOXIO CUHMTATh,
4TO JieMMa 3 BLIMOJIHeHa JJs M,,__,,n. Hrak, wmuoxkecrno f(Fp) He
HOKpLiBact wuurtepBad V. 3uauuT HalZeTcsl Takasl  OKpPecTHOCTh
Ur=>Fy, uto [(U) He nokpuiBacT uutepnan V. Ilycts i+ ... +1, =
=/k—1. Toraa Fz,...zn\Uk KOMIIAaKTHOE MHOX@CTBO B MHOroo0pa3umu
Mz....zn H TO3TOMY f(Fh...l,,\Uk) ne nokpuBaer V\f(Uy), T. e
F(FRUF. ;) Hc nokpuiBaer V. CiiefloBaTC/bHO, HMCCTCSL TaKast OK-

eCTIOCTh F U F , 4TO Us). He nokpuiBaer
p U= kUs<l.+..‘+ln<k filp (U P

uutepan V. [lostomy wmuoxecrsa Fi .0 \U, npu i+ ... +l=s

TOXKE HC MOKPBLIBAIOT NPH oTOOpaKeHuu f ocraTka V\f(FkUs<1 Mot
17 e n

Fi.4,, ~ 3naur f(FkUs<Il+.L..'I+ln<k Fi.i, ~He mNOKpHIBaeT HHTep-
Baa V. 3a KoueuHoe WHCJO wIaros noJydaeM, uro f(F) ne noxps-
paet V.

Ilpumernm JsemMy 3 K JOKasaTeJbCTBY TeOpeMhbl 2 AJd Caydad
cucreMbl ¢yukuuit f: U—Rm, DrzU, f(P)=(]'(P), .., ["(P)), nu-
AyKUHel o wdcay m. ITockoabky f! — ruazkas ¢yskuus, T0 no Jem-
me 3 muoxecreo Gy peryJspHbXx 3HaucHuH | (YUKkuHH f! OTKpHITO H
peioay naorno B RL Ilyers yles Gy, N=(f'y~'(y;). Tlo rteopeme 1
MIOXKecTBO N fIBASIeTCS] T'JAaJKHM TOAMHOroofpasseM, KoTopoe ¢ MNo-
MoIlblo  oToOpaxceunsi [ oroBpakacTcsl B THOCpHJockKocTh  R™—L
Torna touka (y7,...,Y;)) ABAACTCA PeryasapHodl s  oTOOpaXceHHA
flx moraa uw TosbKo Tbria, Korga TO4Ka (Y, ..., Y} ABANETCH pery-
JSIpHOH ja orTobpaxkenus . Ilo mpeAnofioKeniio  uHAyKUI, MIO-
HCCTBO TOUCK (Y3, ..., ), PCTyaspuUbIX A5 oToBpaxKkennus [|n, BCIOLY
WioTHO B R™~!, c/le10BaTC/AbHO, H MHOXKECTRO PETYJsPNbIX TOYCK JJIs
otrobpaxenust [ ncojgy wiotao B R, [last Toro 4Tofbl MokasaTh, yTo
MIIOXKCCTRO pCTYAsIPHBIX TOUEK OTKPBITO, JIOCTATOYUIIO  3aMCTHTh, 1TO
npoodpas peryasiprofi rouwks D*(Tf=1(yl, ... ,¥}) svasercs xomnax-
TOM H B Ka){Jlofi ero Touke. OTJAMYCH OT HYJs HEKOTOPHII MHOD MAT-
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puun Auddgepenynana orobpaxenus f. [Tosromy aas maoboit jocra-
TouHO GaH3Koi ToukM (yl,...,y*) npoobpaz DN [~ (yl, ..., u})
JTCHHT B JIOCTATOUHO Masoif okpectHocTH mHoxeersa D™} f=1(yh, . ..

Y3), T. C. TC JKC MMIOPH OTJIMUHBI OT Hyaf. ITO H 3HAUNT, YTO
MIUI0)KECTBO peryjspHuiXx Touck oroOpaxchusi [ oTkpbiTo. JloKazaTe/b-
CTBO TEOpeMBbl 2 3aBepUICHO. \

B xauectBe mpuMenenus teopembt Cappia, paccMOTplM TJajKoe
otrobpacHue f: M—M, npu dim M,<<dim M,. Torna ui oiHa TOUKY
P=M, ue Moxer ObiTh peryisipHoil. dro 3uauut, uro obpas f(M)
mitrie He NJotck B MHoroobpasuu M. B uactHocTd, oBpa3 oroBpakc-
uist f e MokpwiBaeT MHoroofpasue Mo,

3amcyaune Teopema Capaa moxcr Gnith 0o0o6miela Ha cay-
uaii HCKOMNAKTHBIX cemapabedbHbIX mHoroobpasuit. Onanako Torja
MIIOXKECTBO PCIYJAPHBIX TOYeK lie 0Bs13all0 ObITh OTKPBLITHIM MHIOMCCT-
BOM, d BCCrO JIMUIb [EPeCCUEHHCM CHYETHOrO ulicja OTKPHITLIX BCIOAY
naoTHX MHOXKecTB. TaxkHe MHoxecTBa HaswiBaloTcsi (7 -MIIOXKeCTBAas
mit. 113 ofiielt TONOAOrHK H3BECTHO, UTO MepeceyerHe CUETIOro uHclla
OTKPBITHX BCIOAY TIOTHHIX MI0XecTB B R Bcerma He mycro  BClOAy
unorHo. Tak uTO MIUOMECTBO PEryJSIPHBIX TOWEK MJI CAydasi HEKOM-
HAKTHLIX MUIOroo6pasnit HeflycTo ¥ BCIOAY MJIOTHO.

4. BaoxeHHe MHorooGpa3uii B €BKJAHMAOBO NPOCTPAHCTBO.

Myt 3aBeplinM HacTosllui nmaparpad Tcopemofi YHTHH, IOKasH-
BaomnicH, YTO BCAKOE KOMIFAKTHOE MHOrooGpasde MOXKHO CUHTATh MOA-
miloroofpasieM eBKJM/JOBA TNpoCTpalcTRa AocTaTouno Goanuoil pas-
MCPHOCTH.

Teopema 3, [Mycre M — 2radkoe KOMRaKTHOE MHO2000pas3ue.
Toeda cywiecreyer eaodcenue @ : M—RN das  nodxodauezo 3bt6opa
pasneprocru N,

JloKkasaTeabCcTBO. [Mycte {Va}gﬂ — KOHeuHw#i  aTjaac
kapt, (x%, ... 'x2)— Jsokansmas cucrema koopaunat B Kapre U,
bes orpanmdenis obulocTy MOXKHO CYHTATh, 4TO KapTel Ug romeo-
mopdusr mwapy D" R™ paauyca | npuuem, KOOpAHHATE (X, ..., x%)
OCYILCCTBJASIOT romMcomopduam g kaptel Uy, Ha wap D=2, [lasnce,
MOJKIIO CUMTaTh, yro map Dm acknt B R™ i He coaCpAHT Havyaka
KOOp/IHNAT. 3TOr0 MOXKHO JIOCTHTHYTH C TIOMOMIBIO  ApaJJiejblioro
ucpenoca B R, Tycrs, nance, Df < D* Takoit map MeHbluero pa-
Jyca ¢ TCM JKe LeHTPOM, 4TO M wap D?, npHueM OTKpPHITHE MIIOKECT-
Ba Uy =@a (D))< Uy nokpuisaior wmuoroo6paswe M. Ilyets f—

rnaikas ¢yuxuus b R®, pabuas Toxpcerenno cauuune Ha Dp
supp f< D™ TTonoxum Torja:

4t (P) = [f (pa(P)) xt (P), ecau P e U,
1 0, et Pe U,

Sleno, uro g (P) = x& (P), ecn P& U,. Mul nonyqusu cuctemy raaj-
Kux Qpysxwiit {y# (P)} B konuuectse N=n-M. 31a cucrema GyHKUUHA
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/
COBMECTIIO OCYULeCTBJSICT omépameuuc g muorooGpasust M B eBkJu-
qoso upocrpanctso RV:g(P) == {y* (P)} = RN. Tlokaxem, uro paur
Judgpepenyuana orobpaxenus g B Kaxjiofi Ttouke pasen a. Ilycrsb

PeM — upousBosbuas  TOYKa, U,>P, (X ... » Xg) — JIOKaJblias
_cderema koopjunat. Matpuiia SIK06H oTofpaxcHusl g B Touke P B

JI0KAJbHOM cHCTEMC KOOp/JHHAT (xa, .., Xg) COCTOUT W3 uACTIILIX

(P)}. B uactnocty, ecau P =-a, TO

POH3BOAIBIX
()x .

oyt
- (P)= ——(P) =
Oxy, Ox,,
T. ¢. MaTpHLa Hho6u OTOOpaKeHHsI g COACPKUT CILHHH‘-!Hy}O MAaTpHUILy
nopsiaka n. CieloBaTeabHo, rankdg=n.

TaknM o6pa3oM, 0TOGpaxXKCHHE g ABJSETCS. NOTPYKCHHEM. J_I,Jm TOTO
qtobul oToOpaxenue g ObLIO BJOKEHHEM, HCOGXOAHMO, YTOOH pas-
JAuuHbe TOUKH P Q nepexoauau Oul B pasanudnble Toukn g(P) u
£(Q). ITocTpoum 1oBoe oTobpaxenue g(P) = {ye (P), f((pa(P))}ERN
Ono nmo Tem Ke [OpUYHAHAM, UYTO H g, SIBAAETCA NOrpyKeHHeM
[Iycth Tenepp Ps=Q — aBe toukd Ha wmHOroofpasmu. PaccMoTpum

Takoft nomep u, 10 [(¢q (P))=1. Ecan f(pe (Q))<<1, TO g(P)s=
#g(Q); ccan f(pa (Q))=1, 10 ¢&(P) = x6(P), ¥a(Q)=x5(Q), H
311aUMT, /IS 1ICKOTOPOTO HOMEPa kB KOOPJHHAT (Xg, ... , Xg) HMEEM:
xk (P)y==x2 (Q), 1. c. ‘g.f(P)#—g(Q). TakuMm oO6pa3oM, OTOOPaXKCHB

g M—>RN+M gpnsictest B3aHMHO-O/IHO3HAYHLIM  [OTPYXKEHHeM, T. e.
BaoxeHueM. Teopema 3 gokasana.

Hrak, Bcaxoe raankoe «oMIakTHOe MHorooOpasue M MOXHO cuu-
TaTh BJOXKEHHLIM B BH/JC HOJAMHOroo0pasHst B CBKJM/LOBO {IpOCTpalCT-
Bo RN niekoTopoit pocrarodno 6oabiiod  pasMcpuocTdH N. Ha camowm
Jlc)ie, pasMEepHOCTb CBKJAHJAOBA mpoctpaucrsa RY MOXKIIO CYUICCTBCHHO
nouusuTh. Tak Haupumep, cdepa S» praajuumbaercs B R*™ a top 7™
BkaajbiBaerest B R¥, [Ipoekmusnas ngockocts RP2 He BriaajkiBacercs
B R% oanako moxer 6wiTb Baoxena B R° B camMom jene, nycrs
(x1: Xy 1 X3) — OJAHOpOJAHBIC KOOpPAHHATH TOukH P 8 RP2 Tlonoxum

L X . X x5
Y 2 = LY T T
\n,—}—x Jrl—}—Jr2 - X3 Xyt x5+ x3

X)X 15: XgXg l‘ — X3X)

Y=Y U B
. xi-F xj -+ xﬁ Xf-,|_ xj —+ xﬁ X1+ xj -+ xﬁ
Monyuaem orobpaxcuue g: RP—R® g(P)=g (x1:x:x3)=(y!, 13
g, g4 y° yf). Ha camoMm jcic, ofpas oToGpaKeHUs] g JICKHUT B JIH-
HoiiioM mnoanpocrpaHcrtse R3CR®, 3ajasaemMoM ypaBHenuem yl-+y2+
+y’=1. Tlposepum, uTo g ABjasieTcs NOTpyxKeHueM, T. e. AuddepeH-
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an dg B kaxpoit Touke P=RP2 spnsercs monomopduamom. JIpy-
'IMIL cJ0BaMM, HCOOXONHMO IOKA3aTb, 4TO B JIO0OH JIOKAJABLHOH cHC-
TeMC KOOpAHUAT paHr Marpuun SAkobm otofpaxeuns g pascn 2. Bee
KOOPJMIIATIILIC (PYHKIHN OTODpaKeHIs Cl«IMMCTpH‘II]bI OTHOCHTCJILHO
IepecTallOBKH OJIHOPOMLIX KOOPJHHAT (X¢: X2:x3). [losTomy 6¢3
OI'paHHUCHHS OOUIHOCTH MOMKIO CUliTaTh, YTO B OKPECTHOCTH TOUKH
Poe=RP2, x50 #, cacjloBaTenbilo, B KavecTBE JOKaJbHOH CHCTCMLI
KOOP/IMHAT CJ1Y»KAaT OCTaJbHble KOODAMIATH Xz, X3 HpH x;==1. Briuuc-
Jim Marpuny SlkoGu otobpaXeHus g

{ — 2x, — 2%, )
2x, (1 1 x3) — x5 Xy
dg = »~—I)2x§ x.i 2x5(1 -1 xi)
T (L= 1oxy) w258
g (L= 1 43) X (1 %5 —x3)
|l — 2XyXg . (1»!:'x§-—x§)‘,

Eean xpx3540, To MHHOpP H3 1IepBLIX ABYX CTPOK OTJHYeH OT HyJs.
Liean xp=0, x3==0, To Mu10Op, COCTABJEHHLIH M3 TpeThel K LIECTON
CTPOK, OTJAHYCH OT Hyds. Ecan xp==0, x35%£0, TO MHHOp, COCTARJCIHK
I3 11epBOf H YeTBepTOil CTPOK, OTJHueH OT HyJs. Takum obpasom,
rankdg=2, 1. e. g saBasicrca norpyxedueM. [TokaxeM Tenepb, 4ToO
orofpaxenue g n3aumno-oano3nauno. bes orpanuuenus obinHocTH
MOYKHO CYHTAaTh, UTO O/IHOPOAIBIE KOOPAMIATH BHIGPAHEl TaK, UTOGHI

2 9

X[‘ S 'i x‘é == ), I/ITa‘K, nycThb P= (xl $ Xa xﬂ), Q=(x’l . x;_:r x:;)' Torﬂa
p 2 2 )
g (P) = (xfa X9, xa, x.]xgg X2x8, xle),
'y ‘e ro .o P v
g(Q) == (xl‘, X', xst X X2, Xo X3, Xy X1)-

Lean g (P) = g(Q), To X5 =x’. Eom x,5%0, 10 X;=4+%, a ro-
CKONBKY OHOPOJIBIC KOOPAHHATLL MOXKHO YMIIOKATh Ha 1, T0 MOXK-
10 CYUTaTh, UTO Xy = x;, Torja u3 papencTsa ueTBepTOH M wiccTOl
KOOD/IHHAT NOJyuyaeM, 4TO X, == X'2, Xz = X3, T. e. P=Q. Ilockoabky
Bee KOOPAMHATLI Xi, Xz, X3 paBHOMpaBHbl, TO W pcerfa P=Q. Takum
uObpas3om, orobpaxenile g SBAACTCA BJAOKEIHEM NMPOCKTHRHOMN TJIOCKOC-
T RP% B mATHMepHOE CBKJAWAOBO IpocTpaHcTBo RP.

AnasorHuoe yTBepIKACHHC cnpanuumno AJ1st JHO6Oro KOMMAKTIIO-
ro MHOroo6pasust M.

Tcopema 4. ITycre M — a/zadxoe KOMnaxkTHoe muozoobpasiie
dim M==n. Toeda cywecrsyer sroxmenue ¢ : M—RE+D,

llokasarcabctso. Bocuoabdyemes teopeMoil 2 W nonbitacM-
CsI  LIOIH3WTb pa3MepliocTh eBKJaAHgoBa upocrpaHcrBa RY. Tlycrs
- N N—1
¢e=RY — ncHynesoit  nekrop, P> iRT R — OpTOroHaAbLHas

—_ —

[IDOCKUHA BAOJL BCOKTOpA ¢ Ha MOANPOCTPAHCTBO, OPTOrOHAMLHOE K €.
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P,
] e
Unorna womnosuimsa M —RY - R ocraercst BJoxKetHeMm. Hecae-
JAYCM 'yCJOBHSI, TPIl KOTOPhIX KOMITO3HIUSL p—@ SIBJsieTCsl BJIOKEHHEM.
e

N—1

Jns sroro HeoOXOAMMO IIDOBCPHTDL /BA YCAOBHA: a) MOIOMOP(HOCTHL

Anddepenuyana, 6) B3aHMIYIO OAHO3HAYHOCTh OTOOpaxellns.
Pacemorpum  yeaosue  a). Ilyers PeM, Vp==dep(TpM) <RV,

Has toro utobut auddepeHyan KOMMNO3HUHH d(p-e»(p) B TOyke P

Gbli MOHOMOP(HH3M, HCOBXOMIMO M [AOCTaTOUHO, UTOGBI NPH NMPOCKUHH
P~ NOANpOCTpaHcTBO Vp MoHoMOpdhHO oTobpaxanock B RN, 410 9KBH-
e v

- .
BAJICHTHO TOMY, uTO0 e=Vp., DUKCHpYeM HEKOTODYIO JIOKAAbIYID CHC-
Temy koopauuaT (x', .., x") B okpectnoctH U touku P u basuc p R™.

IMocrpoum 0T06pax<umeM h:UX R”—"*RPN-‘, noaaras h(x', .., xn,
N \ Y Oyk o
- ik rae Lr== 3y ——E&, a (4., y")=
Bl BR) = (80 L5 L1 L), >‘1 - (4, r 47
=q¢(x!,...,x7). Oto6paxeHue i sBAsSCTCA WIAJAKHM OTOOpaXKeHHEM

2n- MLpHOI‘O Mnoroo6pa3m{ UXR" B NpOCKTHBHOC TNpPOCTPAHCTRO
RP~¥-1, Torpa ychaosHe eeVp B TOYHOCTH O3HAUaCT, UTO MNpsmasc, 110-

poX/eHuasi BEKTOPOM €, KaK TOUKa MPOCKTUBHOIO MNPOCTPAHCTBA
RPN-1 ye npunajnexur o6pasuy orodpaxenus /1. [To semme Capaa,
nph 2n<N—1 MHOXKECTBO TaKHX TOUEK SIBJACTCA OTKPLITHIM H BCIOAY
TJIOTHBIM BO BCeM' mpocTpauctse RPN—1, PaccmoTpen nocnienoBaTtesnb--
HO KOHeullunil atnac kapt B M, Ml MONYMaeM, UTO VI  OTKPBITOTO

MJIOTHOTO MHOXecTBa G B RPn " BEKTOpHL €, MOPOKAAIOULE TOUKH H3
G, yL0BJCTBOPHIOT YCJIOBHIO p= =Vp AR jaiogoit  Touku PeM. Ito
3HAUMT, UTO MIIONCCTBO TEX BEKTOPOB e, IS KOTOPHIX MPOCKUIS P

norpyxaer muoroo6pashe ¢(M) B RN—!, ABAfeTCH OTKPHITHIM NAOT-
HBIM  MuoXecctBom. Pacemorpum  Teneps  yeiosde 6). Ortcyrcrue

B33aMMHON O/IHO3HAYHOCTH O3HAYACT, UTO BEKTOp € mapaJnJcnaell npamof,
Npoxojsuiei uepe3 HekoTopylo napy Touek P+=Q Ha ¢(M). Tak xKe,
KaK H B CAyYac ycJOBMSt a), paccMOTpUM orobpaxenne A 1 (MXM™\
NA)—RP¥-1, xoropoe nape Touek Ps=Q conocrasJsieT psiMylo,
npoxojsmyto uepes ¢(P) u ¢(Q). Coraacuo naemme Capja, 1pu
2n<N—1 MHOXKeCTBO TOUEK, ile cojpcprauuxcs B obpase orobpae-
HIL 7’ aBASICTCST OTKPBITHIM MJIOTHLIM MIIOXKecTBoM (7', TTosToMy BCK-
TOp € chacjycT BHOHpATL Tak, 4YTOOL Tnpsmas, [OM [IOPOZK/CHIas.
Jac;kana 6ol B GNG's=Q. Mul 110Kasanad, uTO NpH BHTOJICIHK liepa-
Benctsa 2n<<N—1 Mox10 HaiiTii Takyo NPOCKIUIO P, UTO KOMIIO3H-
¢

(A p-@ ABJAACTCA BJIOXKEHICM, CJIC}IOBHTCJ[I;!IO, mar sa marom MH
e

CMOXKCM yMCIHLIIATL pa3MeplocTsh OODLEMJIONIEro CBKJIHJAOBA MpOCT-
paictea RM o Tex nop, moka ¢ OyJCT  BLIMOJAINEGHO 11GPABEHCTBO
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2n=N-—1, 1. ¢. N==2n+1. 910 ¥ ecTb MHHHMAJbHAS Pa3MCPHOCTL-.
coKiioBa npocrpancrsa R B xoTtopoc MOXIIO BJAOKHTE Jl0BoC
n-meploe KoMmilaktHoe mHoroofpaswe M. Teopema 4 j10Ka3zana.

Tenepp Mul B cocTosiiMH AaTh Ofllee MOHSATHC PHMAHOBOH METpH-
K 1ia MHOroo6pasHH, uacTHBIe CJyday KOTOpPOrO paccMaTpiiBaJiich
BBILLC.

Pumanosot merpuxoi 1a raajkoM wmuorooGpaswu M nazosem
CCMCHCTBO [10JIOXKHUTENLHO ONpe/lesIeHHbIX CKaJSiPHBIX [POH3BE/ICHHI,
3a]aHIBIX B KaXJIOM KacaTeibHoMm npocrpatcrde Tp(M). Ecan B
okpectiiocnt U ToukH P ¢ukcHpoBana cuctema Koopauuar (xi, ..., x7),
10 # B Tp(Y) sanacrca cucrema koopjauuar (&, ..., E"). Cxaaspuoc
npoussesicuue p cucreme (&L ..., E™) onpejeasiercss  HeBHIPOMX/CHHOIN
CIIMMETPHUCCKOH MaTpuiell G= (g;), 3aBucsiiuell oT ToukHu. I1pu nepe-

XOJle K HOBOil cHcTeMe koopauuatr (g, ..,y") mMaTpuua MeHseTcsl 10
3aKOHY:

gt/ (P) =

( )s

a i
o, f=1

rie G’ = (g, (P)) —Martpuua CKaJpHOrO TPOH3BEJeHHs B HOBOH CcHCTe-

Me koopguuar (g, ..., ¥").

Onpepenenue 4. Pumanosod merpuxkoii Ha riajkoM MHOTO-
o06pasun M Ha3piBaercsl TakKOe CeMeHCTBO HEBbIPOX/IEHHBIX MOJIOXKH-
TEJbHO ONpCACJACHHBLIX CKAJSPULIX MPOU3BEACHMH B KaX(/OM Kaca-
TCabIOM npoctpaiictde 7p(M), PEM, uTo B N10KaNBHOM CHCTEME KOOP-
JIMHAT MaTpHIA CKaJsAPHOIO MPOH3BEJEHHA ABAAETCA TAAAKOH (PyHK-
HHell OT JICKaJAbHBIX KOOP/IHHAT. ,

MeTpHKy MOXKHO 33aBaTh KaK COOTBCTCTBHE, COMOCTABJSIOLICC:

Kax/10# cucreMe  KoopjamHat (X}, ..., x%) B Kapre UgMaTpHuHO-

snaynywo raaakyio dyukuoumio B kapre Ug:G*(P) = (g (P)), Takyo,
uyto: (a) MaTtpuua G%* (P) cHMMeTpHYHA M MOJIOXKHTCJALHO ompejledie-
na; (6) ko3PHUHCHTH gj.’;(P) npeoﬁpasyloTc;{ no 3aKOHy:

oxk O
g5 (P) \’ gh(P)— (P)—=(P) ,
Ie.t-l a. Oxg

aast touek P e Uyl Up. Ecim 'g': (&, ..., %), ;].:LnlL T

IBA KacaTeJbHHIX BeKTOpa, TO CKaJiipHOe TNpou3BeicHHe §, 1 3amuchbiba-
eTcsl TaK:

(é. ) Z gif (P) Ea .

) i,j=1
3anaum K § 5.
1. Henonbsys Teopemy Capna, J0Ka3aTh, YTO BCSIKOE TVIAAKOE KOM-
llaKTHOC MHOroofpasuc A pasmepiiocTH £ MOXKIO BJOXHTL B R+t
W HOrpy3uth B R*™,
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YKaszanwue: pacemorpers npockuur  R¥—RN—1 u pu6pats
HPOCKIHIO HOJAXO/SILLIHM 06pasoM.

2. [Toctponty Baoxenue Topa 7 5 R+,

YKaszauHe: 1PCACTABUTL TOp T® Kaxk THICPHOBCPXIOCTL Bpa-
wenust T#—! Bokpyr ocH,

3. IToctpouts, saoxkeHue S2X S2 B RE.

Yxaszaune: naitia s R* oTkpbliTylo ofaacrth, romeoMopduyio
SEX RS,

4. Mcnonb3ys teopemy Capaa H TCOpeMy  YHTHH, Jl0KasaTb, UTO
Besikoe riiajkoe ortobpaxenune [: Mn—R¥*+H KomilakTHOrO MHOr006-
pasua M™ Kak yrojHo GJU3KO allPOKCHMHPYCTCSl BJAOKECIHCM.

Ykasauuc: jonomnut, otobpaxcuse f po sroxenuss RN =
= RV~(n+1) X RE™H) i paccMOTPETh HPOCKIIIO BIOJL NOANPOCTPAHCT-
Ba, 6JHu3KOr0 K RN—Ent),



FTTABA 4

TJIAAKHE MHOTOOBPA3USA (MPUMEPDI)
§ 1. TEOPUSl KPUBBIX HA MJIOCKOCTH

H B TPEXMEPHOM NPOCTPAHCTBE

1. Teopust KPUBHIX Ha NAOCKOCTH. PopMyian Ppene

Mu 6yaeM paccMaTpHBAaTL eBKJAMAOBY IIOCKOCTh R2, oTieceliyio
JAcKapTonuiM Koopauuaram (x, y). I'mankuo kpuseie y(f) 1a naoc-
xoctn R? OyneM 3apanath: ¢ noMmMouwblo asyx dyskuui:  x(f), y(1),

c. GyaeM pacemarpHBaTh pajuyc-Bektop r(f)==(x({), y({)) raan-
KOIl KpHBOI y(f), BLIXOMSIUHE 13 Hauana KOOPJWHAT — TOUKH 0. Ha-

HOMMHM, YTO BCKTOPOM CKOpPOCTH v(t) KpHBOH y(f) B Touke [ HasLl-
dx (%) d
BACTCH  BEKTOpP € KOOpAHMIaTamMu ( dj( —%}-)——) Onpencasicmas

3THM BEKTOPOM MpAMAasl SBJASCTCH KacaTem,Hoﬁ X KPHBOH B TOuKe

y(£). [Tpu 3ToM MBI, KOHGUHO, NMPEATONATACM, YTO v( )5=0. 1o npen-
noJfoxeune Mpl OyjgeM Ha UPOTSKCHMH 9TOTO maparpada CuHTaTh
BLIIONHCHHBM (HAMOMIUMM, YTO B TCX TOYKAX, B KOTODHIX BOKTOP CKO-
pocTH ofpamaercsi B HOJAb, IV1ajKasi KPHBAs MOMKET [ipcTephenarth
H3J0M; NpuMeph!l 6BE npuBeseHsl B raase 1). [Ipoussoauyk paguyc-
pekTopa Oyaem HHorjga obo3Havarh TaK: '

T = () = (), 5 (1)),

- .
Uepes ~d—;—t@ =|ov(f)| OyAeMm o6ozuaunaTe MOAYJb BCKTOpa CKOpPOC-

™ (13 eBKau0BON Merpuke). [lycTh s 0603HAYAET AAHHY AYTH KPUBOIL
OT HEKOTOPOH (PHKCHPOBAHHOM TOUKH A0 IICPEMCIHO TOUKU 1la KPH-
BOM; Toraa (B CHJY MOHOTONNIOrO BO3PACTAHMS JUIHHHL Jiyr'H MO mepe
JBIOKCHHSL TOUKM B OJ1HOM HAaNpaBieHHH MO KPHBOH) JUIHHY JIyTH
MOZKHO B3STL 3a TapameTp BJOJbL KPHBOH. DTOT mapaMeTp Has3nBaercs

HATYPAAbHLIM NAPAMETPOM; YDAaBHCHHC KPHBOH. r(s)=(x(s), y(s)),
BAMHCAHHON B BH/IC BCKTOP-(DYHKLHH OT MapaMeTpa s, HasbBaeTcs Ha-
TYPAAbHOL, napameTpusaL;ueu Kkpusoll.
Jlemma 1. Modyas sektopa ckopocty Kkpusol, 3anucanuoll 8
HATYPANBHOM napamerpe,._ NOCTOAHEH U pasen efunuye.
JlokasatenvcrTBo. Tak kak aad JAJIHHB AYTH MBI uMeeM - op-

-
dr(l
-——(—EQ— [ df, To B KaXpo# TOYKe BHITONHEHO TOMXIAECTBO:

b
myay: (v)i={

dt) dr )
dt

, 4TO U TPebOoBaIOCh.
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Taxum 06pasoM, MOMKHO CUHTATb, UTO NO KPHBOH, OTHECCHHOIl K
HATYypaJbllOMy NapaMeTpy, ABHIKCHHE MPOHCXOAHT € MOCTOSIHHOH CKO-
POCTLIO (MOCTOSIHIIBIM SIBASIETCS! TONBKO MOAYJb BCKTOpA CKOPOCTH, HO-
e ero Hanpapiachuc). Cac/cTBH e B Kax/JoH TOUKe KDHBOH BeK-

-

TOp cKopoctH v(s) oTaHuelt oT Hyas. Mbl ucnonn3osand TOT (akr,
NTO VI HCXOJIOTO  WapaMerpa t OBLIO BHIMOJIHEHO COOTHOIUCHHE:
dr(t) -

#0 IHapany ¢ Bekropom cKopocTH, Kaxao#f TO4Ke Ha KpPH-

BOH MO)KHO CONOCTaBHTbL €Ule OIHIl BEKTOp, l‘.'flalIKQ 3aBUCcAAN  OT

dv (5)
ds

—
TOYKH ¢ (§) = . 3TOT BEKTOP OpPTOTOHAJNEH BEKTOPY CKOPOCTH,

YTO BBITEKACT H3 CJIG,ILyIOUlC}ol JICMMBI.

JTemma 2. [Tycme 3a6aua aexmop-GynKyus ;;(t), makas, 4mo

| p(t)l—-—l Tozda sexmop d‘; 0 OpIMO2OHANEH 8eKMOPY —;;(t) <npu Ato-
bou t, maxom, umo dp d(t) 5= 0)

JoxaszarteabcrtBo. M3 ycnopust cnenyer, uro (p, p)==1.
HuddepeHunpyst 310 TOXKJIECTBO MO mapaMeTpy ¢, NOJydacM:

1 —
dp ~ > dp — dp >\ __
( ,p) - (p, )—_:O, T. e, (—-—,p):O,
at
uTO U TpebOBaNOCL.
Wrax, B KaXp0#f TouKe rnaakoit KpHBOW y(s), OTHeCeHHOlH K HarTy-
pajJibHOMY HapaMeTpy, €CTCCTBCHHO BO3HHKAIOT [Ba OPTOTOHAJBIHX

ApYyr JIPyrTy BeKTOpa, OAHI — BEKTOpP CKOPOCTH, APYToil — BEKTOp yC-
KOpeHHs. DTOT BeKTOp yxkc He 00si3aH HMMeTh AJHHY, PABHYIO €IHHH-

- —-

' . - 40 (5) do (s) |
ne. Y1o6HO paccMOTpeTh eJHHHUHBIH BeKTop n(S) = " et
. $
TeM caMbIM NPH H3MCHCHHE napameTpa s Mbl MOJyYaeM BJIOJIK KpHBOii
raanKoe pCI]epHOC noze, T. e. ceMcHRCTBO ABYMGDHBIX pPCHEPOB BHAA:

(U(s) (s)). Bexkrop n(s] Ha3bIBaETCsl 8eKTOPOM HOPMAAL K KPHBOMH
B TO‘H\C s. KaxkaHlit pencp, noc/e ero mapaJsjeJbHOro nepenoca B Ha-
Uajgo KOOPAHHAT, OJHO3NAYHO OlPE/IesicT HEeKOTOpoe BpallcHue TaoC-
KOCTH BOKPYr Toukd 0; TeM caMBIM .penepHoe noje BAONDL KPHBOM
OHPCACAsieT HEKOTOpOE TJajKoe orobpakenie y(S) B rpyuiy oproro-
A ILHBIX MaTpiL, T. ¢. B FPynAy BpalueHufi maockoctd. Mnsimu ciao-
BAMH, MOXIIO ObLI0 0Lt CUHTATh, UTO KaxKjJast KpHBas y(S) HOpOXKIaeT
_ LICKOTOPY!O TJIAJKYI0 KDPHBYI, TOUKaMH KOTOPOH SIBJSIOTCSI OPTOro-

Hajdbuble Matpuub (2X2). MB H3yunM HCKOTOphIC cBOIicTBA  TOM
Kpupoil cpasy B MIIOTOMCPHOM caydae, T. €. JJIsl Cl1ydas TajiKkofl KpH-

BOM, pACHOJIOXCHHOA B MHOTOMCPIIOM €BKJHAOBOM Ipoctpancrie (06
ITOM — HIKE).
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Onpepgpencecnuel. Ilycre raasxass xpupasi oTHeceHa K HATy-
panstnoMmy napamerpy. Kpusuauol kpusold B TOuKe S Ha3blBacrcs Be-

L
d?rs
JH4UHA  R(S) = ————(—)—
ds?
[TockoabKy KpnBu3Ha (Mo onpefes]eHIIo) ABJIACTCA MOAYJCM BEK-
-

TOpa yCKOPECHHS, To—fid;(s)——k(s)n(s) Tae ;;(s) ~—ch'op 1opMa-
. 52

JH K KpHBOl B TOUKe S, a

Y AV d'y |2 -
k(s)= \/ - .
ds? ds?
-~ - - .
Ecnu ey, ez — eMHUUHBlE OPTOrOHAJBIBIG BEKTODBI, 3ajalouie je-

KapToBBl KOOPAHHATH Ha wiockoctd R%*(x, y), To Bekrop HOpManu
MOXKHO 3aNMCATh B sIBHOM BHAE TaK

1

- d?x dzy Y di > | d2y '_>
n(s) = i - . (4 — & |.
(s) ( ds? - ds? ) . ( ds? ! B ds? 2)

Onpepneaecune 2. Paduycom Kpusuanol rIajkoi KpUBOIl B TOY-
Ke § HasbiBaercst yueso R (s) =1/k(s).

[Ipexpae yeM ABUraThCst AaJnblie, PAaCCMOTPHM T€ APOCThie NMpUMe-
PBl KDUBBIX, KOTOpPbleé ODOCHOBBLIBAIOT BbIGOp TEPMHHOB: «KPHUBH3HAY
H «pagdyc KpuBu3Hbl». Ilpocrefiras xpuBasgs Ha HJOCKOCTH, 3TO -—
1psiMasi, 3ajlaHHasi mapameTpHYecKd B BHIe JuHCHHEOIl BekTOp-(YIK-
unH: x(8)=x(0)+a-s; y(s)=y(0)+B-s, rie s — HaTypaabHbIH Na-
paMeTp. OTo HaKJa[bIBAET OTpAHUYECHUs Ha BHIOOP YHcea , B: SCHO,

YTO JOJKHO OHITh BHIIOJNIIEHO paBCHCTBO: Vo B? =1, Tax Kak
—

- * - dv(s)

v={(a, B) # |v(s)|==1. Torna BekTOp YyCKOpEHIsI y paBcH 1YJI0
S .

TOJKJACCTBEHIIO, @ AOTOMY KDUBH3HA NpPAMOI JIHHHHM TaKXe paBHa
itysio. COOTBETCTBCHHO, PAajHyC KPHBH3HLI NPAMOH JHHMH paBep Gec-
KOHEYHOQCTH ]

PacoMoTpHM Ha nJOCKOCTH OKPy:KHOCTB panuyca R. [Tapamerpu-
YCCKHE yDaBHEHHs] OKPYIKHOCTH [IMCIOT BHJI:

x(s)=x(0)  Rcos (%) y(s) = y(0) -+ Rsin (?)

Tlapamerp s usmensiercst or 0 1o 2x. Bexrop ckopocru

— s . i
o(s) = (_syn (—E)’ cos ( - ))
CaenosatenbHo,
Adv® _ (—a—l— cos('s—); — & sln (i)>
ds \ R R 5 ¢
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Takum o6pasoM, kKpHBH3HA OKPYXIIOCTH mocrosinna H pasua /R,
A4 PAJHYC KPHBUILE panen —— = R..
. e

Oanako npu pclleHHH MHOIHX KOHKPETHBIX 3a/a1  OKa3bIBACTCH,
UTO ypaBHCHHsSI KPHBOI OTICCCHBI 1le K HaTypaJbHOMY flapaMcrpy, a
K KaKOMYy-TO INPOH3BOJBHOMY ltapaMcTpy f, a NOTOMY TOJC3HO yMCTh
BRIYUC/IATL KPHBH3NY KPUBOH, OTHECEHHON ‘K HPON3BOJBHOMY Illapa-
MCTPY.

Tcopewma 1. ITycro enadxkan kpusasi y({) oTHeceHa K HeKOTOPO-
My napamerpy t, He obsaaressno HarypaseHomy. [Tycre e Touke f

-y

gexrop ckopoctu v(t) oTauten or nyas. Toecda umeer mecro opmyaa:

2 (s)
ds?

E i d
S Ve K
2de yepes x', x”,...00603anauensr npoussodnoe no napamerpy t.
Jokasateancrtso. ITycts 7(t) == (x (), y(&)— napameTpuilecxbe
3a/aHue 'y(t),;(t)::(x'(t), Y’ (f)) — BEKTOP CKOPOCTH; eCJd §-— HaTy-
_ paJibHbI mapaMeTp, TO JJist NPOH3BOJLHOH BEKTODP-¢byHKIUH c?(t) uMmeem:

k(s) =2 ‘l d

4 - day dt
L (t):~L,_

ds. ’ dt ds
-
B kauecipe ¢ BO3BMEM

;(t) ,'—;‘z;(t)/l ;(t)l = E%?_)-

M3 onpefeseHHs] KPHBH3HBEI T0JyuaeM:

po |7 | | _a (_g}_){_:‘ d (?(z) )l
ds? ds, \ ds, ds I_l;(l)l '
Jlance:
: (::(,) |= L v () )
NPT I AN
I laitmem ;i. Tak kak ds::\M‘dt, TO
i
__fi_t__: 1 e 1
R 40 1 17 ()|
_ |\ at
Orcopa:
L d ( v (0) )__
sl % N o)
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1 ( do (1) () <5
AT dt e df )
lv@®| Lo ()|
:-__‘_("“__;j; d Il,l,) o ) <7~_ r ifﬁ’f“‘)
|7 12 A |71 o) )
Tax kak
d_ o d =7, e
Tt'r IZ:T(r,r)‘:-:.‘Z(r,r],
TO
k-—’ dzr(s) ) | r" -_—;b' (rl' r”) ‘
» 712 |7

Bonee noapoGHo:

! e 1 ‘ =~
> I r) " " ’ 'x" "y”
PO (' N Ky XX + 'y e |

17 e

|7|z |7’|! (x)2 -1 {y")?
1 . ', W ] -
b (0 e e
7 ()21 ()2

i od

L] ( YR —xyy” );;l! 1 ( y () -y K %" )g
2

T VR |7 Rt )
Orciona:
R = () - (' ) () ('Y = X'Y) 1
! ry: nor 7 ‘, . (lx”.’/’“_y”xl)2 '
TP (YK =y X)) e T
Mrak: fo - —X0 =X0"] TeopeMa aoKasaua.

()2 )
- - .
BepHeMest K H3yuyenuio #BiKeHHst perepa (v (s), a(s)) upi name-
leHny iapamerpa s. OKasbiBacTest, 4TO IPOH3BOALBLC OT BCKTOPOB -
Hepa yJIOBJACTBOPSIOT [IPOCTBIM COOTHOLICHISIM, Ha3biBACMBLIM «bopmy-
aam @peuey.
Tecopema 2. Ecau enradkas Kpusas OTHECeHA K HATYPAALHOMY
HAPAMETPY, TO 86INOAHEHDL PABCHCTBU:

, do@) oo dil)
0 == e (8)n(s), 5 k(s)v(s).

JlokasartcancrBo. [lcpBas dopmyaa ®pernc HenocpeAcTBen-
O CJACAYCT M3 OHpeacacHus KpHsH3unl k(s). Ocranoch IPOBEPHTL
. -

propyio ¢opmyay. PaccMorpum BOKTOpP-(DYHKUUIO 7n2(S); B CHaAY oipe-
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- -

neaciing, nmeem: (n(s), n(s))=1. B cuny aeMmmnl 2 umecMm:

(ﬁg,i Em):uq:oi%g—:mem,

.

rie A -- gekoropasi raajgkas ¢yuxkuus or s. Haifigem 3ty ¢dyHKEUIO.
- -
[Mpoauddepenuupyem no s roxkiectso: (v, n) ==0. [Toayuum:

d—b - = d—i
)
ds '~ ds

OTKY 12 k(r-z.,'_r;) r- (;, )»_’) =0, T. e. k—=—A. TeopcMa j0Ka3aHa.

Bekropol v u n Moryt 6biTh oprain3osansl B crosibel; torpa ¢Gop-
MyJibl DpeHe HPHHIIMAIOT BH: . .

A duds ( Ok)<5) ( Ok)
- = ~ |, roe X = —
dn/ds —k0/\p —k 0 '

KOCOCHMMETPHUECKAST MATpHIIA. DTOMY COOTHOUICHHIO MOXHO NpH-
JlaTh TPO3pauHbii reoMceTpUuecKHH cMLIcJA. PaccMoTpiM B TOUKe S
-

- -
penep o (s)=(v(s),n(s)) H cmMecTUMCS N0 KPHBOH r(S) H3 TOUKHU $ B
Oeckonecuno OJH3KYIO TOUuKy s-+As
(puc. 1). Tlepenecsa napaJjaenblo
. penep w(s+As) B Toury s, noay-
uiM B TOUKe § JiBa penepa: w(s) H

7(s) V)

T(5+) .

Puc. 1 Puc. 2

m(.g—{—As), npHucM w($+4As) nosydaeTcs U3 penepa o (S) noBopoToM

Ha OCCKOUCUIIO Magwil yrod Ap. CnenoBaTenbHO, MOXKHEO CUHTATL, UTO

penepal w(s), w(s-+As) cBs3aubl OpPTOTORAJNBLHBIM npeobpaszoBaniem:

ofs4-As)=A(As)w(s), rae A(As)= (“ cos Ay SmAcP) Pasnarast -
, ‘ : —sin Ap cos Ag

byHKWH cos A, sinAg B psan no MaJgeMy npupaueriio Ag u ape-
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nicOperast yacHaMH BTOPOro 1IOPsi/Ika MaJoCTH 00 Ag, HOJIydacM:

«(1 0\ 0 Ag
A(A @) = v vv, T. €, 0(S |-AS) ==
(Ao (0 1)'(~Atp 0)' ( )
0 Ag
= o(s) - 4oL, T. e w (s) ==
(s) (—A(p 0 )(9}(5) (s)

i . 0 dg (s)

= lim L( 0 ACP) w(s) = “ o (s),

As—0 As -—-A(PO —d(p(?) 0
ds

TAe @(s) — yros 1nosopota peinepa (S) OTHOCHTENbIO KAaKOTO-TO
(ITKCHPOBAULIOTO Penepa Ha WIAOCKOCTH (CKaMeM, OTIOCHTCILHO pere-

d
pa w(0)). B 1o xe Bpems, us popmyn dpelte caenyer, qTod— w(s) =
S

0

k(s)=dgp(s)/ds. Takum o0pa3oM, KpPHUBH3HA KPHBOH B TOUKE S MOXKCT
OLITh MHTCPHPETHPOBAHA KAaK CKOPOCTb H3MCHCHHs yraa ¢(s) B 3ToH
Touke. B cayuae mnockoil KpHBOH 3ajaHHC QYUKUHH R(S) HOJHOCTLIO
ompeAeasieT KpUBYIO, ccau TodbKo k=0 jns ncex §. DBosee Touno,
UMEeT MecTo - ' B

Tcopema 3. MTycre 3adana enadkas yukyua k(s), nHe obpa-
Warouwanca 8 HoAL OA8 8cex S, Taklx, 4To a<<s<<b. Toeda na naoc-

5
KOCTU cyujecTeyer eaadkan kpusas r(s), onpedesaemas OUHOIHAUHO
¢ TOYNHOCTbIO 00 NAPAALCAbHO20 NEPEHOCA Il OPTOZOHAAbHOZO npeobpa-
308aHUA, DAA KOTOPOL k(S) A6ARCTCA KPUBUBHOL, @ S — HATYPAAbHOIM
napamerpom. :
Jdokaszarteibcrno. PaccMmorpum cuctemy asddgepenuHals-

- -

_ . [dv(s)/ds ( 0 k(s)) o(s) \

iLIX ypaBueHmui: | e > .+ rae k(s) --sa-

dn (s)/ds - l(s) 0 n(s)
Jdamnuada dpyukuusa. Tak kak k(s) =0, T0 110 TCOpCME CyILEeCTBOBAHIIS 1l
C/UHIICTBEIIHOCTH H3 TCOPHH JH(phepeHitadbEbIX ypasHenuil, sra ciic-
TCMa HMeCT (eAlllCTBeHHOoe, NPH HKCHPOBANULIX HAYAMLHLIX JarIIbLIX)
PCLICHNC, TJIAAKO NPOAOJKAIOUICeCss HA BCCh  NHTEpBAJN a<s<Ch.
-

0 k(s :
= P ®(s). CpaniruBas MONYYCHHBIC MAaTPHILbI, BHAIM, UTO
— k(s

- dr (s) ~
CneloBATCNLHO, MOXKIIO PACCMOTPCThL YPaBHCHHC: Y =k (S)v (8).
- S

[To Tem Ke HpUUMHAM, 3TO ypaRHCHHE MMCET pCILCHIIC, O/HO3Ha4HO
onpe/lesiciioc 1Pl 3aalH) AYaJbilblX LANIBIX H TPOJOJNKAIOLLCECH
a Bech HHTepnan a<<s<<Cb. Tak kak nIOOHC ABA HAYAJBHLIX JAHHLIX
MOryT OBLIThL COBMELIEN Ha IJIOCKOCTH IlapanJjesbHbiM ICPCHOCOM i
ODTOTOHAJILHLIM 1peobpasoBainueM, To, CA¢/I0BATCABLIIO, OANO3HAUHO
OUPEACNCILIOE PCIIEHHE, (DHKCHPYETCst C TOYHOCTBIO [0 npeo()pasona-
HHit yKazaHHoro Tiina. Teopema xokazauna. -

Cacpyer obeyauth poab yejaoBusa: k(s)=0. Ha puc. 2 npuseicinl

-
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JIBE KPHBLIC A UJIOCKOCTH, HMCIOLLHC COBNAaAalolue riaakue (yiki

k(s), HO, OUCBHANO, 110 MEPCBOAUMEIC APYT B JPyra napajfejnuniMit

nepenocaMn U oprorottalbHLMU HipcolpasosanusMu. O6e KpuBbIC CO-

CTaBACHLl M3 JYr OKpYxKHoCTefl. PasnHuHBil XapaxkTep HOBC/CHIS

THX KPHBBIX OCOOCHHO OTYETIINRO' UPOSIBAACTCS  [PU pACCMOTpeIY
-

BEKTOP-PYHKUHH HOpManu n( s). llopmain ni(s) JUIST KpHBOH r1(S)
Bce ppemst HaupasJeHa B Touky O — neHTp oxpyxkioctd, Kpusast
- -

ri(8) siBAsCTCst IMajKO# KPHBOM, a KpuBasl 7»(S) e rvajkas, Tak Kak
—

BTOpas POH3BOAHAS pajHyc-BeKropa r»(S) TCPAHT paspelB B Touke P.
D10 0OCTOATCABCTBO CBSI3aHO C TEM, UTO KPHBH3NA 2(S) SBASCTCH OT-
JHUYHOH 0T HYJst NOCTOSIHHOH BO BCCX TOUKAX
obenx KpuBbX. OfHAKO MOXHO AOOHTLCH TO-
ro, uroful 00GC KpPHBLIC, HMEMOUIHE COBHALAI0-
UIHC KPHBU3HbLE, OLUTH HCKOHTPYIHTUDLL M [J1aj-
k. M3 ApHBCACHNOTO BHIE NPUMCpPA TOMAT-
HO, KakK lajo mnocrymarh. PaccmMoTpum upo-
5<5, 5>5,¥ HOBOJDLHYIO TIAJKYIO KpHBYIO, (’py'l.iKU.Hﬂ KpH-
BHU3UBI KOTOPOH SIBJASCTCA TAaAKOH H B HEKO-
Pic. 3 TOPOH ' TOMKe $==8§; o6paulacTcs B HOJL BMe-
CTe €O BCEMH CBOHMH [MPOH3BOJHLIMI BCEX
HOPSLLKOB. (ymecmoaanue TaKHX KPHBLIX BBITCKAeT H3 TcopeMmbl 3,
[IPHMEHeIHOM K riagkoi ¢dyukuuu R(S), umewueli noak .Geckoneu-
HOro HOPSiAKA B OAHON N3 KOMIEBbIX TO4EK: @ MAH b, rae a<ls<b.
Torpa, conpsirast JBe TakHe KPHBBIE B HX o0uUIel KOHIEBOH TOuke, B
KOTOPOIl (yHKIHH KPHBH3HLL 00pallaoTcs B HOJMb BMECTE CO BCCMH
CBOUMH ITPOH3BOAHBIMH, MLl M MOJy4aeM JABE IMTaJKHe KPHUBDLIE, MMCIO-
He coBlHajalomiHe QYHKIHH KPHBH3HBI, HO He KOHIPYIHTHBIC (CM.
puc. 3).
2. Teopus npocTpaHcTBeHHbIX KpuBhIX. Popmyant ®peHe
-

PaccMoTpHM Teuepb IJIAAKYIO KPHBYIO 7 (f) B CBKJHIOBOM [IpOCT-
pancrse R", orHecemnom K J@KapTOBBIM KoopauHaTaMm xi, .. x™, T, e.

L ,
r(f)==(x'({), .., x*(f)). OxasniBacrcs, 1To, Kak H B MJOCKOM cJjyuae,
- .

C KamKA0il TOUKOH KpHBOH 7(S) MOXKIO OJHO3HAUHO CBA3ATH HOKOTO-
PBUA periep, KOTOpLIA Oyjaer IN1a/AKO MCHSITbCSL BJOJL KPUBOH r1pil 13-
MCHCHHH 1aTypasibHoro napamerpa s. Ilpexcae ueM mepexoauth K 1o-
CTPOCHHIO 3TOr0 peitepa, KOTOPBI Mbl HaszoBeM «pencpoM  dpeites,
HO aunajorui ¢ INIOCKHM  CJydyacM, JIOKaXKeM BCOOMOTATC/bHOE
YTBCpIKJLCILIE O m{q)q)cpeﬂuuponauﬂu MaTpHYHO3HAUNBX (DYHKILIIL.

PaccMoTpim raaakylo KpHBYIO B JIHHCHIIOM IIPOCTPAHCTBC MATPHIL,
T. ¢. OfLONapaMerpuueckoe cemeierso A(f), rae mapamerp [ naMe-
sieTest Ha - murepsane —a<</<la, a A(t) — marpuna (nXn), koagp-
(uuicHTLl KOTOPOit CyTL Taakne dynxkuittt uo {. TlpeanonoxnmM, 4To
see matpuunt A(f) (mpn Bcex — a<Ct<C@) sIBJAAIOTCH OPTOTOHAJIDBILI-
MIl MatpiuaMyu ¢ onpegcyurencm +1, a takxke, uro A(0)=F, rae
[l — caunHunas MaTpiua.
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Jlemma 3. O6osnauum wepes X= A ) |1=o npouaaoc)uyro 3T020
OJHONAPAMET PUHECKO20O CeMelicT8a oproooua/zbubzx marpuy A(l) npu
t=0, 1. ¢ X-—310 Mmarpuua, COCTABAEHHAA U3 (HYHKYUL Budu
dag; (1)

dt ¢
Marpuya.

Hoxkxazartcancrso. Kan\zLy}o omoroua.nbnyxo MaTpuuy All)
MOXHO 1IPCACTaRINATL ¢66C KaK JHHEHHLH oneparop, ACHCTBYIOUME B
N-MCPIIOM CBKJIHJOBOM I[IPOCTPAHCTBC, NPHUCM 3TOT ONEPaTop coxpa-
ISIET CHKJIHOBO CKAJSPUOE UPOH3BCACIHC. 310 o3HAuacT, 4TO U

, e A(t)y=(a;;(t)). Toeda X — xococummerpuyecxkas

—
mo()blx JIBY X BOKTOpOB x yER“ uMeeT Mmecto ToxkaectBo: (A(f)x,

- L d
(t)y):(x, y). [Tockosnbky cacsa CTONT IJlaakast QYyHKUMst OT f, TO
MOJKIIO  paccMoTperh c¢¢ Hpou3soAHylo 1o f npu  f==0. Tlogyunm

A% AW Y 1 (AW % AWDG)] =0, 1. c. (X5, 5) - (%, Xy) = 0.

- >

Basan o KaueeTie BEKTOPOn X // Oa3HCHBIC BOKTOPHI ¢; N L, cootper-
-
CTBCHHO (TlC e,..., 2n — opToGaznc B R”) wogaydacu: (Xe,, e) 1 (F,.
-
Xc/): , MTO H 0311aYacT KOCYI0 CHMMETpPUIO MaTpuibel X B opro-
— -

passce ey, ..., €n. Jlemma jloxkaszana.

3amceuanuc. Ilockoabky MIIOMKCECTBO OPTOrOHAABHBIX MaTpIlL
RO KaK -1HOJIMHOMKCCTBO B JHICHHOC NPOCTPAHCTBO BCCX MaTpHIL
pasmepa (nXn), To raaakylo KpuByio (/) MOXKHO paccMaTpuBati
KK IVIJIKYI0 ‘RPIBYIO B n*-MCPHOM JuHciiitoM npocrpanctse. C 91oi
TOUKH apCiHst MaTpuna X==A({ ) | t=0 . CCTECTBEHHO OTOXK/ACCTBASACTCS
¢ OOLIUUBIM BEKTOPOM, oxopocm r.zuuucoi’x kpisoii A(¢) npu (=0.

Marpnunostnaunyio dytkunio A(f) MOXKIO pPa3JOKHTL B TOUKE
f==0 110 crercHusiMm OCCKOHEUHO MaJOF0 HPHpPanICHHA

At:AAl) - E - 2O Ay
.. } dt (=0

Torja marpuna X nossasieress Kak «koadduuutenrs upn Al Ilepeii-
JIeM Telieph K noctpoerinio perepa @pere.

ITyetn r(s) -—raaikast BekTop-OyHKLHS, 3ajamoulas  [AaAKYIo
TPAOKTOPAIO y(S) B CBKJIHJIOBOM lIpOCTpaHCTHE R». Tlpenionoxkum,
-
dr 47 dnr .
HTO DpH a=gs=<h nee BCKTOPL! BITjla: ——, N JIMHCH-
' ds ds> dst
3 .
HO HE3aRHCHMBI Nplt Kaxiom s. Toraga B kaxioil TOUKe r(S) BO3HH-
KaeT penep (1e 0pTOHOPMEDPOBAURNLIAY), cOCTAaBJCHULI N3 BCKTOPOB
- -
dr(s) o dr(s)
I
Ay UPC/HOJA0KeHIOH JHlCHIHON He3aBHCHMOCTH IIPOH3BOJIHBIX pajiuyc-
-
dk r

H IVIGJAKO MOHSI}OULH}“ICH OT TOUKH K TOYke. B cu-

BCKTOpa, 1MeeMm, uto Bee

] OTIMUIBL OT uydasi, l={k<Cn
as



Mpeaxnomenne 1. [ycre 7(3) — eaa0ras  BeKTOP-hYRKNUA

-
- dak r “ v
8 R u nycre k-1 npoussodnasn y 0KA3AAGCH AUHENIHO 3a8UCUMOL
S .
dr a7 de-1y
r r ~tr o

OT NPOU3BOGHbIX ——, y e, ——— 8 KaxAoil TOHKE unTepsana

ds ds? dsk~1

-

k
asgs<<b,  npuuem %S—kr—#:O npe a<<s<<b u sce npouszsodnnie

- —~
dr dklr
ds 7T dskmt

-2

sas r(s) yeauxom codepxurcs 8 HexkoTopoil (k—1)-meprot naockoc-
7 de-17
dsk—1
HAET €B0OE20 nOAOXeHUA 8 npocTpancrtée R™ npu uameHenuu s or a
do b. |

JoxkazarteabcTBo. B cuay ycnoBHs, CYLIeCTBY!OT TJIajKHe
dyuruun A;(s), 1<{i<{k—1, Takue, uTo B KaXKJOH TOUKE S HMCCM:

Aunelno nesasucumor npu a=<s<Cb. Toeda kpu-

" dr
Til, HATAHYTOIL HA BEKTOPbLL R . 31a NAOCKOCTHL He me-
S

- k—1 >
d*r dtr . . u .
e K;(s)—d—i. B cuay Jsuilciinoil HC3aBUCHMOCTH BEKTOPOB
S S
dr dk-tr .
e e 2TH BCKTODHL MOXHO MPUHATS 32 6a3uc B MJIOCKOC-
S S~ :

1 RFY, HaTsnyTofi Ha 3TH BeKTOpbl. JJst TOro uTobb /[0KA3aTb, UTO
kpuBas y(s) Bce BpCMs OCTaeTCs B OJHOI M TOH Ke k-Meplloif nJjoc-
KOCTH, JOCTAaTOYHO TOKAa3aTh, UTO MJIOCKOCTL RA-!(s) ue McusierT
cBOero noJsioxeiust B npocrpasctse R™ npu uamenenun s. [Mockoabky

>
bt dr dk-1r

f6asucom B R¥-1(s) cayxar sekTopubi T T 1o JIOCTaTou-
: ds dsk™

HO TNOKa3aTh, UTO NMPOH3BOANAsA 3TOro 06asica COCTOHT H3 BCKTOPOB,
pasjaraiouxcst no atoMy 6aszucy. OpuaKko 9T0 04CBHIHO B- CHIY yC-
Josus npetoxkenus. Jloka3aTenperso 3aKomieHo.

- -

n

r »
I/ITaK, CCJIH BCKTOPbI —!—, ce —d—:“ JUHILCTTIO [fe3apHcuMbl,  ToO
{as S

>

Kpisasa r(s) 1e COACPKIUTCS MY B Kakofl (rn—1)-Mepioi 110CKOCTH B
R»—1R”, nenojasuxiion APIL H3MCHCHHI S, H()CTponM TCIIEPb B KaX-
JIOH TOUKC s OPTOHOPMHpOBAIMILIT 0a3uc, BCKTOPBL  KOTOPOro Oy/iCeM
“d—;

. :
== T,. JareMm pac-
| ds

- dr
o0o3nauarh uepe3 Ty, ..., Tn. 110J0KHM -
S

-
- d*r
CMOTPHM JABYMCPIYIO IJOCKOCTh, HATANYTYIO HA BEKTOPH T¢ U =
s
-

1t BplOepeM B ATOIM IJIOCKOCTH BCKTOP T, OPTOroHaMbIIbIH T Tak kak,
- >

dr azr " g
I_IO IpCANoJT0XKeIIHIO, —— I - JHHEHITO He3aBUCHMDI, TO To HMCCT

ds ds¢
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- .
d*r o g '
Cacayoidit  BekTop T3 BulbepeM B

dsz ’

HCHYJAEBYIO APOCKUHIO Iia

o
: a3 r > -

TPpexXMeptoM MNpPOCTpAaHCTBe, HATAHYTOM Ha -d—s, Tey, Ty, T. €. HA BEK-
. S

L - -
ddr d?r dr

-
TOPbl , , —, MPHUCM B KayecTBe ts BO3bMEM BEKTOp, OPTO-
ds? ds? ds
-
. " - ~ dzr
'OHAaJbHbIN NJAOCKOCTH, }IaTSIHyTOH Ha BCKTOpr T2, T1 (T. Cc. Ha 0t Y
S

—

dr w“
d—) [Ipojoazasi npouecc, Mbl I NOJYYAaEM HCKOMBIH OPTOHODMH]O-
s

- -

BaHIIBIA PEIC) Ty, ..., Tn. SICHO, UTO NPH H3MEIICHHII §, BCKTOPLI pelle-
-
pa t(s) Tax»Ke IJajKo MeHsIOTCst OT TOUKH K Touke. Kak u B nJjoc-
. . -
KOM clyuae, pacCMOTPHM MpPOH3BOJHLI@ OT BEKTOPOB pelcepa T(s)=
— -

= (11(s), ..., Tn(s) ). OkasniBacTcst, UTO OHH TaKXKe YAOBACTBOPAIOT
HPOCTBIM COOTHOUICHHSM, obobuiatomiuM dopmyasl Ppere st miaoc-
Koit KpHBOH,

-
Tcopewma 4. [lycre caadkasn xpusas r(s) 6 R* ornecena k Ha-
- —
dr dnr
TYPAALHOMY NAPAMETPY S, i NYCTO GEKTOPbL. — =" .. , ——
“ S

Hedasucumol 8 Kaxeooi rtouke a<s<Cb. Toeda cywecrsyror raxue
eradkue pyukyuu ke (s), .., kn(s), 4TO0 8wINOAHAOTCA TONIecTs8a
(popmyaot Ppene):

AUHCLHO

{ —>
dt,
ds

-
== kg TZ'

-
d,

) -
- ka Ta b kg Tl'
ds

P S T T

->
dtn_y

-~ -
o = k,, Tﬂ —_ kn—l Tn—2,
)

-
dv,

[ dS — kl‘l Tu_l.

—
dT[
ds

m. e.

- - . '
= k[+[ Tidg1— ki Ti—1, 20e k1>= kn+| = 0.

- '
JokaszatenbcTBo. Tak Kak BekTop T, (ans ! < i<{n) comepxur-
-5 -

. . dr dtr
Cs1 B JIHHEHIIOH 060.1'10‘1}(3 BCKTOPOB 'd—, ey —, TO €ero npPoH3BOAHas
. S ,

dst
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—

dt “  w
L copepuTcs B JuHefiHoNl 060JOUKe BCKTOPOB
LS
> > Lo
dr dr  d*lr
ds b “« 0. 1 dSL ? dsl"l Al .
T. €. CYHIECTBYIOT HEKOTOpble QYHKLMM @; ;(S), ... , & ;11(S) Takue, uto
—- i1 :
dt; N -
= Z a, () 7 (s).
j=1

Taxkum o6pasom, ecsu ‘Mbl cocTaBuM MaTpuuy X pasmepa (12X /), BbIpa-
— -

dx d :
LN, 25 yepes penep
s ds

‘JKAoLYI0 Habop BEKTOPOB

- -, —
T(s) n (T.h *ee Tn)a -
TO OHa OyJeT MMETh CJAeNYIOUIMH BHI:

‘ layy ay : )

Qg Qg Ay b

Qa3 (33 Qag
X =n - ;
Qa1 n—2

. 0 Ap—1,n—1 Anu—1 i
( An_1n Apn J

C Apyroil CTOPOHDI, 11aM 3BCCTUL! HCKOTOPHIC JONOJHITC/bIIBIC CBOH-
crea matpuubl X. B camom Jllenie, kak M B JBYMEPHOM CJyuac, Mbl
MOXCM HMHTCDIPCTHPOBATL TEpeMciieltne peiepa t(s) B0/, KPHBOE
y(s) B TepMuHax cemeiicTBa opTOrouadaninix  MaTpuu A(S) Taknx,
uto t(s)==A(s)-1(0). 3asaunc 310ro OUOHAPAMCTPHUECKOIO CCMedt-
CTBA OJHO3HAUIO ONPCIENSCT 3IBOJIOWHIO pelicpa T(S) HpH usMmele-
umn s. Torja, ouenupno, Matpuna X GyjcT cOBUANATL C NPON3BOINOI

dA (s - . .
Ma’FP HILLI —~—d—()— npu s:= 0. B cuny  aemmm 3, wMarpuna X Oyjer
S .
KOCOCHMMETPHUYCCKOH, T. C.
‘ ( )
0 —ap ‘
ap, 0 ——ay 0 |
X @3 0 s ' ’
. i
"| 0 T | 0 —=lu—1,n !
i an—l,n 1
( J

Basap B KauccTse Gyuxunit £i(s) dyuxuun @ 1(s), ML 1L oayuacs
JLOKA3aTCALCTBO TCOPCMII. :
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PaccMorpuM Tpexmepubit cayuafi: n==3. 3aecs (opmyan Ppene
IPHHHMAIOT BHA:

i - dr, - = dy -
L = by Ty =y Ta— Ty —— = — R Ty,
ds ds

BekTop 1:1 ABASETCA eHHHURNM BEKTOPOM CKOpPOCTH KpHBOIi r(s) H
06BluHO O6O03Hadaercd uepes v(s) Bekrop Tg(s) connanaeT C NpOH3-

=Y

BOMHONl MO § OT BEKTOpa CKOPOCTH U, TaK Kak ——d— _J_-v H |v (s)|=
! S

=I=const. 31ecs MB HCHOIbL30BAJH TOT (DAKT, YTO S -— HATYpa/b-
-y

- — -
HHI mapamerp. Bekrop 13 oproronanen v H n = , T. €. MOXHO

S
C‘{HTaTb qyTo Oll coBnagaeT ¢ BEKTOPHAIM' nponanene}mem BCKTOpOB

v, . Bemop 7 HasuBaioT BEKTOPOM HOPMAAU K (KpHBOH r(s) a Bek-
TOP b-——[v n] — BeKTOpoM OurOpMaiu X KpHBOH r(s) 3neck uepes
-

[v, n] MB 0603HAUHAH BEKTOPHOE MPOHU3BEACHHE v u n B stux 0Go-
3HaueHUsXx hopmynn OpeHe 3anuIIyTCS TaK:

b = n; L = b —bkU, ——— = —%n.
ds ds ds .

3aech k(s)=~Ry(S) u HaseiBaeTCl KpUBU3HOL KPHBOM, a x(s):
-

==Fk;(S) H Ha3WBaercsi KPy4eHuem KPHBOM. (I/I'noma BekTop n(s) Ha-
3HBAIOT HE NMPOCTO «IIOpMaJIblO» a «2AABHOL HOPMAABIO» K KPHBOI

7(s)).

Hans ynoGerna pa601'b[ c KpUBH3HOH KpHBOH, Oyjiem Bcerga CuH-
-

-—
dv .dv
TaTh, 4YTO BeKTOp Tg ¢toBnagacr C_d_— y ; Torna k(s) conna-
S © as . .
Jnaer ¢ MonyneM BeKTOpa — () H, CJACAOBATCABIO, ABJASCTCS MOJOXKHU-

TENLIBIM UHCAOM (MBI chTaeM, YTO COOTBCTCTBYIOUIHC HPOH3BOLNbIE
paluyc-pegTopa OTJAUYNBL OT nynaa). Ecan kpHBas naockas, To BCKTOP
OHHODMAJIH SIBASETCS MOCTOSIHHBIM BCKTOPOM, HC MCHSICTCS HPH H3Me-
HEHMY TOUKH Ha KPUBOH; B YAaCTHOCTH, KPYUeHHC KPHBOH paBdo HyJIO.
Cae0BaTeNbHO, TJIOCKHC KDHBBIC MOIYT OBITH  OXapaKTCPH30BallLi
(c Toukn spcunst R3) Kak KpHBBIC ¢ HyJeBbM KpyucnueMm. Mayuum
Bosee MOAPOGHO poJIb KPYYCHHst IPOCTPAUCTBEUNON KPHBON B TOM
CIyuae, KOLAA KPyUeHHE OTJHUIO OT lyJs. PacemoTpuM cKoabacclne

pencpa (v n b) BIOML KPHBOH 1 OyieM  HPOCKTHPOBATH  BEKTOPHI
L d
b(s) n(s) H v(s) Ha IIOCKOCTh, HATSAUYTYIO Ha BCKTOpLL b (So),
(so), rjae So — HekOTOpoe (hUKCHPOBAHHOC 3[faUCHHE MapameTpa s,
a 3HayeHHe § npeanoaaramoTcs Geckolictuno OJMH3KHMII K So. [Ipd sTOM

6 A. C. Muwenxo, A, T, domenka . 161



BCKTOP CKOPOCTIL CIPOCKTHPYCTES B BekTop GeCKOICUHO Madoil JJIHIbL,
a IOTOMY MOXKIO CUHTATL (B HCPBOM NMPHOAHKCHIINY), UTO 3TOT BCKTOP

-» -
HPOCKTHPYCTCsT B HOJbL. Tornpa B MJIOCKOCTH b(so), n(So) BO3NHKaET

IICKOTOPOC ABHXKCHIIC BCKTOPOB b(s) n( ), cnpocmnponammw Ha 3Ty
wiockocth, Mz dopmya Pdpere caclyer, uTo 3TO  JIBHXKCIIHE OIHCH-
- -

dn - db ind
nactest popMyanamu: — = uby 0 = — %N, T. C. ABHKEHIIC ONpe-
IS S
3 0«
JIRJISIETC KOCOCHMMCTPHUCCKOH MaTpHILell % 0} UTO Onpejenaser
- -

Geckoneyno Madikii nosopot penepa b, n. Cacaosatesbilo, BCKTODE

- -
b, 1 BpaullaloTed OTHOCHTCALHO BCKTOpa CKOpDOCTH KpHBOﬁ, npruem
CKOPOCTh, 3TOTO BpAULCHHA OJXIO3IIAUH0 33aCTCSI KPYUCIIHCM KpHBOl"'I

Puc. 4

(oTcooa, KCTATH, NPOMCXOLHT U CaM TepMHH «Kpyuenues). IIpH sToM
KPHBAsi TCPAeT CBOK IWIOCKYI0O (POPMY H CTaHOBHTCS <«H3OTHYTOH B
IIPOCTpAlICTBEeY, CCJIH 0HA TlepBoHadanbho Ghija mnockoit. Mtak, Moxiio -
CYUTATh, TO NPOCTPAlCTBCHIAS KPHBAsT (B MAaaOM) MOXCT OBITH Mo-
JyYCHa M3 IJIOCKOIl KpHBoOIl, ecau IABHTAThCA MO Hefl ¢ paBHoMcepriofl
CKOPOCTDbIO, «IIOJIKPYUHBAsl» B KaX{Ahlii MOMEHT BpeMelH 3Ty KPUBYIO
¢ nomolikio Kpyycnus » {pic. 4.)

3amcuyannc. Kak 11 B caydyae NJOCKOH KPUBOH, cyliecTByeT
nabop MIBAPHANTOB, OAHO3NAUIO (C TOWHOCTHIO A0 ABHIKCHHSI TpCX-
MCpPHOT0 1POCTPAICTBA) ONPCACATIOUMIT [AaJKYI0 KPUBYIO. DTH HuBA-
PHAHTBl — KPUBH3HA H KDYyUCHHC KpHBOH; 3alaHHe 3THX ABYX (YHK-
umii onpeaciser raaakylo KpHBylo. [lokasaTenbcTBO NPOBOAHTCH B
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TOUHOCTH 1O TOH € cXCMC, KaKasi GBI YIKC HCHOJL30BAHA MPH J0-
kasareqpcrnse Teopembl 3. Ilockospky B ganbueiimiem  Mel e GyacM
M0/J1b30BaTbCH 3THM (PAKTOM, TO J0OKA3aTENbCTBO «TPCXMEPHOTO YT-
BCPMACHHSA» MBI ONyCKaeM.

Pacemorpum raaaxyio xpusyio 8 R®, TlycTs BeKTOp CKOPOCTH 31O
KDHBOH OTJHYEH OT HYJS B Ka)KAOH TOUKC.

Mpennoxenue 2. Iradkan Kpusas ¢ HeHYAeBbIM BCKTOPOM
CKOPOCTU ABAACTCA 2AAUKUM OOHOMEpHbIM  MHO2000pa3ueM, 24Aa0KO
gaoxHceHHbM 8 R™.

Hoxazarteabcrtro, To, u4To KkpuBas SIBASCTCH TAALKHM'
MII0ro06pA3HEM, HENOCPEACTBCHHO CJAEAYCT 13 ONpepeJicHUsT [M1aaKoro
muoroo6pasust. OCTacTesi MPOBEPUTH, UTO OHA SIBASICTCS TVIALKHM MO~
mitoroobpasdem B R, s vero nyxHo u3yuutsh auddepeHuuan oro-
Gpaxkeluus BJOXKEHHS {, T. €. JuHCcHHOe oTobpaxcenue .di. [Tockoabky
OHO MNOJIHOCTLIO OTpefessieTcsl BeKTOpOM CKOpO-

CTH KPHBOH, To MaTpuua $xoGu HMeeT MaKCH-

MaJILHBIR PaHr B KaXKJoll TOUKe KPHBOIM, a No-

TOMY KpuBas apasercs noAMunoroofpasuem.

" 3ameuanwe. Kpupas, pacrosoxeHHas B

IVIOCKOCTH H H300pa)KeHHAas Ha pHc. S, ABJSET-

€51 IJIaJIKUM  MIIOrooGpasueM, HO He sBJseT-

ca MMagKHM noAMHoroo6pasHeM B  MJIOCKOCTH.

fleno; uto ona MoxeT OLIThL 3ajaiia ¢ NOMOLLIO Puc. 5
paiuyc-BeKTopa € TJAaJKHMH KOMIIOHEHTaMH

x(f), y(f), odHakKo B BeplIMHAX TpPEYroJbHHKA

BEKTOD CKOPOCTH ROJXKeH ofpamaThesl B HOJb, YTOOLI KPABAA MOTrJaa
CACJAATh PE3KH# TIOBOPOT.

Slcio, uto “JoGoe oArnoMepHoe rJjajkoe 3aMkHyroc (T. e. He-
#Mciolnlee kpast) muorooOpasue auddeomopduo aubo npsimoit  (He-
KOMIIAKTHOe MHoroo6pasue), Ju60 OKPYHHOCTH (KOMIIAKTHOC MIIOTO-
obpasie). Takum o6pasoM, Bce OLHOMEPHBIC MHOTO0GDA3HsST HCUCPIBI-
BalOTCs TOABKO JABYMS DA3/JHUHBIMU Mijoroobpasusamii. ITH MIloroo6-
pasds yxc He AuddeoMoppubl, TaK KakK NpsAMas HCKOMIAKTHA, a OK-
PYXHOCTh KOMNAKTHA,

3anaun Kk § 1.

I. JTokasatb, uTo ccau y MJOCKO KPIHBOf  KpPHBH3HAa TOXACCT-
BCIHO paBlla HyJo, TO 3TO — MpsMast JIIHHSL.

2. JlokazaTh, 4TO B TPEXMCPHOM NPOCTPAHCTBE MJIOCKIC KPHBbIC
xan(u(upusylouﬂ yeaosniem x==0,

3. JokasaTts, 4To NpsiMbie B TPCXMEDPHOM NpOCTpPaHCTBE XapakKTe-
pusytorest yesonusimu: k==0, x=0.

4. Onncarh KJaace KpiBBX, s Kortophix k==const, x=const.

5. JlokazaTb, 4YTO- TPAeKTOPHH JBIKEHIIsT MaTeprnajslofi  TOUKH
B UCHTPAJLIOM CIVIOBOM [MoJie SIBAAIOTCA MJAOCKIMH KPHBBIMH,
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§ 2. TOBEPXHOCTH. '
NEPBASl B BTOPASl KBAJIPATHYHBIE ®OPMbI

1. MepBas kBagparnunaa gopma

Pacemorpum cBkiaugoso npocrpanctso R® n nyern V»—! — raap-
Koe mnojaMporoo6pasnc pasmepHocTH A—| (Uad, Kak TOBOPSIT, «KO-
pasMepHocTi ojuli»), BJoxeuinoe B R™. B mnacrtosiuem mnaparpade
MLl 6y/eM, B OCHOBIIOM, HITEPCCOBATBCA TOJNBKO JOKAJABHBIMH CBOIi-
CTBaMu 3TOH{ THIEPIOBEPXHOCTI, He HUTEPECYsich e€e Taofalabnloil
CTPYKTYPOIl, MO3TOMY MOXINO CHIFTATh, UTO Y HAC HPOCTO HMEeTCH
raajgkoe pjoxelne jiicka D' B R*. Bolme Mb yxe o0cyxianu
passnunieic cnocolbl 3ajalis. Muoroo6pasuil, B ToM 4HCJae THNepno-
sepxuocreir. [Mast ynoberna, sepGepeM napaMerpuueckoe  3afatiue
Vi-loro e, 6ynem cuutaTh, uTo V7= (uau Bjaoxeinbld anck Dn—1)

- -

onpejedsicTcsl  TJAKKHM  pajgnyc-BektopoM  r=r(u!, ..., un~)<R®,

rae -napaMerpn (KoopAamHaTht) -ul, .., u®! MeHSIIOTC B HEKOTOPOM

JAHCKC B eBK/IHJIOBOM npocTpancTBe napamerpon Re—!(ul, .., un-1).

ITockoabKy MBI cuuTaeM, UTO paANyc-BEKTOD ONpCACAsCT TIaiKoe
-

—
ar . or

nOlLMIIOI‘OOGpaBHe, TO 3TO Oo3uamaeT, uyTo BeKTOpr T’ . Fyr)
¢ " -

JIHICIiIO He3ABHCUMB B Kamuo#t Touke obaactu onpeletenus, Ha-
NOMIIUM, UTO 3TH BEKTOPH HBJAAKTCHA KAacaTeJAbHBIMH K COOTBETCT-
BYIOIIHM KOOPAMNATHLIM JHUUSAM, NPOXOASMIUM Yyepe3 BBIODAHHYIO
Touky P na nosepxrocta V»~!. Kaxk 6binio nokasaHo Beille, riaajikoe
Biaoxkenne Vn—! B R* nopoxpaaer na V»-! HH}IyquoBaHHy}O ‘puma-
HOBY MeTpHKY. HanomHuM 31y KoncTpykuuio. [lyers x!, ..., x» —
HdekapToBel KoopAunatel B R™, Toraa paawyc-BeKrop r 3ajaercst Ha-
60p0M hma,mmx quHKmm x’(u‘ Yy ICisgan, Tlyern ds?=

— 2
Z (dx')* — cpkangosa MerpHka B R™; Toma BO3HHKAeT CJaenyio-
i=1

1ias KBaapaTtuyHas gopma:

oo n n—l1 )
ds? | n-1 = X(dxi (2, ... u" ) = E 2 ( ) =
te=l i1 g
n n—1 A
= E E Ok dur =
' ouk  owp
il=1 k,p=|
e o7 &
Y watawr g, = (- =)
k,p=1

3gech uyepes <, > o603HaueNo cxajspHoe npousseleHHe B R™.
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OnpegeneHnue. llepsoii xeadparu4noil ¢opmod eunepnosepx-
#ocre V=l B R™  maskiBaetcst ¢opma  ds*|pu-1 = Z &, dut du”,
. -k,p

rac QyHKUHY grp (¢!, ..., u™1) onpefleseHs Bhille,

DynkuHH gap 3aBUCAT OT PaJHYC-BEKTOpPA THIIEPMOBEPXIOCTH H
MClSII0TCS, BoOOUIE roBopst, TNPH H3MEHeHHH DajHyc-BeKTopa, T. €.
uptn geopMmauuu runeprnosepxHocTu. lleppas kpajparmunas dopma
onpejc/acHa Ua BCKTOpax, KacarteabHeix kK V—!: Gonee touno, ccau

- -

a,beTpVn~1 — aBa npousBoablbiX KacaTedbibix BEKTOpa, TO ONpc-
T

JICJICHO * CKAJISIPHOG  MPOH3BC/ICIIHE (a, D) jaynty = &pp afb’ =

n—1} -
=z Z gkpa"b”. HanomHuM, uto B Heasix yrpolielns o0603HauCHII
k,p=1
MBI O[IyCKdacM 3HaK CYMMHPOBAIiHs, KOIJa CYMMHDOBAHHC BEACTCH
110 COBMAJalUIIM BepPXHUM M NHXHHM HHIekcaM. M3 reomerpuue-
CKOro cMbicaa (QYHKUHA ggrp CAEGAYCT, YTO CKAJASIPHOE [POH3BCAECHHE

—- -
(a, 6) jan-1, TNPOCTO COBMANACT C OOBMNLIM CBKJINIOBLIM CKaJsip-
- -

IIbIM NPOU3BeJeHHEM BEKTOpPOB @ H b, paccMaTpHBaeMbiX KaK BCKTO-
pel oObeMJioiiero mnpocrpamnctsa R®.  Matpnua Merpuueckoro Terl-

sopa @, cocranaennas w3 dyuruuit gnp (¢!, ..., u""'), nMeer BHA:
.gll g12 “ e gl,IL——l -
G=| .......0..

. Sn—1,1 En—1,2+ .+ !gﬂ——-l,n—-l

HanoMHHM, uTO pHMaHOoBa MeTpPHKA BO3HHMKaja Yy Hac paHee Kak
HCKOTOPHIT 00'beKT, YAOOHLI A BBHIUMCAEHHS JJAHH TAAJKMX KPH-
BbIX, PACMOJOXKEHHLIX Ha nosepXHocTH., C 3TOH TOUKH 3peHMdA, AJNHHA
ayru y(t), pacnonoxenHot B V»—!, Buipaxaercas mno cdopmyae:

b lar e
lf;(ﬂt)):fl/(y, y) dt. B tepmunax ¢yHKUnit grp(#) 3T0 Ke

BhIpaxKeHHne npuoépeTaeT BHA: . .

b n—l ¢

bon | . duk (t)  du (f)
iy () _j k;_xgk‘,(u(t»-—-dt 220 ar

Jta opMmysna  «BHITOAMHEE»s TeM, 4YTO B Heli y4acTBYWOT (YHKUHH
gnp (W), Ne 3aBucsllie OT BbLIGOpA KPHBON Ha momepxHoctn V-l
4 3aBHCSILLKHE TONBKO OT caMoil moBepxHocTH V—! y or ee mapamer-
pnzauun. Kpome Toro, 3t (yHKUMM He MEHSIOTCS NPH H30METPHSIX
HOBEPXHOCTH, HANPDUMED, NMPH H3rHOAHHU IUIOCKOCTH B UMJHHJIP.
Pacemorpum Tenepnb, Kakod Bui mpHofperaet mepsBasi KsBajpa-
THyuas opMa AaS PA3NHUHBIX CNOCOOOB 3aJaHusi  THICPNOBCPXIO-
ctih.  Ilyets V! samano B Buge rpaduka  x"==f(x!, .., x"7).
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HUmeem:

n—1

< dst |t = 2 (dx)® i (dx™ (x4, ..., )P ==

— ALY éf ) af' k no_
Yot B e dkde —

[= k,p==1

n—I1

9 o - ¢ n= e
- Z ( & a,fk a,fp ) Cdxtdx” = g, (1, ..., XY dxt .

Hnorna 6yaem o6osmauath

of
@ 1epes [, Tlycts Teneps nomepx-
ox

Hocth V"=l 3anana ¢ noMombio HesBHONL (YHKUHH, T. €. B BHJe:

F(x', .., x") =0, rge or

#O Torga, mno TeopeMe 0. HesIBHOH

(DYHKUHH, CYWECTBYCT (noxa.nbno) pelledHe ypasHeHusn F(x!,..,x")== .
=0 pupa: x*=/{(x',.., x»1), npuuem 0f/0xi= — (0F/0xi)/(OF[0x").
Iloacrapasis Bmecto f o Bhipaxenus Buga (0F/0x*)[(0F[0x™), no-
JdyuaeM & = (g,,), rae

_ aF  oF oF \? L8
g’“’—[( oxk  oxP )/(ax H k"

PaccMoTpuM  uacTHBII cnyualt — BJOXeHHC JBYMEDHOH moBepxiHo-
CTH B TpeXMepHOe EBKIMI0BO MPOCTPAHCTBO. Myers V2 3agano na-
PaMCTpHUCCKII: r(u v). Torga mepsas kpagparnunas ¢dopma

oébllmo 3AMIHCHIBACTCA B BHAE: dsQ(VQ)—Edu2+2qudv—l—dez rae
E= <ru,r1,> F= <ru, ry>, G= <r,), r1>, — Koatbtpnunomm dop-
MBI, BBIPAKCHHLIC Yepe3 KOMNOHEHTHl PagHyc-BCKTOpA r
2 2 2 2 2 2

E=xy Fyutzi, F=xx, 144,122, CG=% | o 2.
Hanommim, yto merpuka ds?(V?) uasmizaercs KoudpopMio- GBKJIIUIO-
Bolt, ccant =G u ['=0.

PaccmorpnM npiiMep nepBofi KBaapaTnuno#f ¢opMut mjast mopepx-
HoCcTel Bpawenus, Baoxkehninoix B RY, Ilyers B R® BBeaeust mmianiig-
pHUCCKHC KOOpAHHATHI (r, (,2) H mycTh ABYMCpPHAast MOBEpXHOCTL 3a-

patta napamerpideckn (p=u; z==v; r=r(v)). Torga BbluHCAEHHE
aaer

ds? (V2) = dv? - r* (v)ydu? - (dr (v)) = (1 -1 (re)}) dv?® | rtdu®.
3mecs F(u,v)=0, [£(u,v)=r2(v), G(u,v)'=1--(ry)®. Tor daxr,
uro I'=0 o3nayaer, 4YTO0 KOODAMILATHLIE JIIIIH U=Uy=C¢C
==ip=const oproronasnibpl Apyr Apyry B Kaxmpoil Toukc (puc. 6).
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Jemma 1. Iycre V'R — eaadkoe nodmuocoobpasue u
& — nepsas xkeadparuudas opma. Tozda ¢popma G  nesupoxdena.
HJoxaszateasctno. B cuay onpeaenennst  pagiyc-BekTopa

- = -

r=r(u!, .., ur~1) Bce Bektopu rpk, 1< Ahk<n—1, aunciino nesa-

pBucHMbl B Toukax P, npunaanexaumx V-l Tlockoabky Marpuna
—-— -—

& cocrapacna U3 CKaNAPHBIX NDOU3BCACIHHH BCKTODOB rpe W rps

- -
T. ¢ @ =({re, rp)), 106 — ucshpoxacua. Jlemma Jokazaua.
10T aKT MOXKIO YCMOTPETh H H3 TCOMCTPHUCCKHX coolpaike-
nuil: ecad OBl cHMMCTpHucckas Mat-
‘Z. : puna @ 6L1a REPOKACHA, TO TOT-
: Ja no kpaiimefi Mepe oauno ec cob-
2 crpednoe  yYuesao  Oukio 6Ll pablio
V' " HYJK, a TOrAd UyJacBoe coGCTBCHHOC
' yHeJo HMeaa Obl M HCXOMasl ¢BKJH-
J0Ba METpPHKA, 4YTO [POTHBOPCUHT

ee onpejeseiuio.

Puc. 6 . Puc. 7

2. Bropan kBaapaTHuHan hopMa
Iyers V2! — runepmosepxrocts B R”, 3ajganmas paauyc-Bek-
- -

- -
Topom Buga: r=r(ul, .., u""). Ilyets n=n(P) — eAMHIYHBI BeK-
TOp, OpToroHaaLHBd nopepxiiocty Vr—!' B touke P. OnpenenHM

— =
Kpaaparuunyo ¢opmy Q(u,a), 3anaB ee 3HaueHHs Q(a a) ans
-

upouznsoapnoro Bektopa asTp(Vn-!). [as 3toro paccMoTpuM
IPOUSBOJLHYIO TMIAAKYI0 KpuBYIO y(I), Jexamyio na V*~' u mpoxo-

. -
Admyo vepe3 Touky P, npuuem rax, uro vy(0)=~P, y(0)=a.
Tukasn xkpupas Bcerga cyuiectyer, XoTss H onpejenena lICOANO3HAN -

no (puc. 7). Tak Kaxk Baoab KpuBoil y(f) pamxyc-BeKTOp 7 aBasercs
byukueir or ¢, 10 a = r(u(t))|e=0. Pacemorpum pekTop-thyHk-

167



— R =~ d2 -
niro  r o= r(u (t)) H ec nponsnonﬂyxo no t, r.e. r=="7r(u(t).
Oo6osnaunm ucpes r-. 3HaueHHe £ npu =0, DT0 W ecTb BrOpaf

-

NPON3BOAHAS DajllyC-BEKTOpPA r MO HAaNpaB/JeHHIO BEKTOpa .
Onpepgenenue. Tlonoxum: Q(a, a) = (r—; n).
' * a
OnpesesleHHOe HAMH YHCJIO SIBJASIETCST BEJMUHHOH TNPOEKLHH BeKTopa

-

- .
r— Ha BeKTop HopMaau n B Touke P (cM. puc. 8). Bhiunc/uM 3HauCHHC
a

— = . —
Q(a, a) B sipHOM BuJe uepe3 KoOpAHHATH BeKTopa r. lMecm:

dr = duk () drr = dukt  dup . dk
=T ; — F . k p . Ser .
af G e L T e e
da =, - g dut  dur
—-——-rut,n=<\r —_— —, n) 1 0
< a0 ) e e )
- d2uk - d3uk '+~ -
- <r“k a n> =—a (ran)=0
- Unml - S
rpe & Tp(Vr=l), n i Tp (V')
d{f’ - - duk duP Q(-ni —
Lymas =(r & _ny 1L == a, a
( dir oo > ( utuP |t==0? ) dit =0 dt =0 , @)
[}
L1
[ S
1
H A3
g
a
Puc. 8 , v Puc. 9

l

[Ip# 3TOM cJjeyer [MMOMHHTB, 4YTO BEKTOD @  HMMEET  KOOPAHHATHI:
dut (0) dun=t (0) \ .
T, ey “-'—‘dt_ , T. €., OKOHUYATEJbHO: .

— = e P
Q(a, ay =(n, r ap |i.0) a*a”.
Sra KBaj|paTHiHas ¢opMa ofHO3MAUHO ompefensier OHAMHEHHYIO q)opMy

Q(a b) 3HAYeHHEe KOTOPOH Ha Tape [POUSBOJLHBEIX BCKTODOB a be
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= Tp V"' onpesensercst Tak: Q(a, 3) = q,, (P) a*b”, rae
kp(P) = (r k p’f:ot n)'

Jlemma 2. Bupascenue Q(a b)ﬁqkp atb?, 2de a, be TV onpe-
deasiemn . buaunednyo gopmy.

Joxasareascrso. HMmeem:

— -
qk'p’ = (ruk'up' |[;O’ n’) =

out o’ ; r(0) -\ _ out o
ot u” ( duk oup >* ok P Gep»

T. e. QYHKUMH §;p NpeoSPA3YIOTCA 1PU 3aMeHE KOOp/JIHAT KaK Ko3d-
(dbunenTor 6uauneitHol GopMsl, UTO H TPe6OBAJIOCH.

—_
Onpcaeacnne. Dumanaehnas dopma Q(a,b) maseBacrcs s8ro-

poii k8adparudnod gropmoli nosepxnocruy Vr—'cR®,
Sleno, uro dopma Q 3aBucHT OT cnocofa BJaoKeHnss V7! B Rn,
T. . mpH magkoil gedopmaunu Vi ara dopma, BooGuie rosops,
Oyner Meustbes. LIpi aToM ara dopma yxe He sABJIsIeTCS UNBAapUaHT-
HOH OTHOCHTENbIIO H3oMeTpHHI V7—! B R"; Tak HanpuMep, NpH H3CH-
Gammu V7l 1. e. npn Takolt raagkoli gedopmanuu R®, npu Koto-
pofi mepsas ¢opMma 1c Mensiercs, ¢opma Q Oyner, BooBue rosops,
H3MEHAThCH. I-Ianpumep, nycrthb V2 — JByMépHas MJI0CKOCTh B R¥,

TOrAa pafuyc-BeKTOp r(u U} MOXHO cuuTaTh JuieiiHoll QyHKIHEH

or napamerpos u, v. CJaegonartenbHo, neppas Gopma sBJSeTCS

CBKJAHA0BOM MIIOCKOI merpukoit: du?+dv? (puc. 9). Tenepb pacemor-

puM H3OMeTpHuHOe mpeobpasoBalme V2 — cBepThHIBAHHE MJIOCKOCTH

R? B muaunAp, ocb KOTOPOTO mapaaJgenbHa ocH ox (pue. 10). Slcuo,

uro Bropas ¢dopMa uMIHIADA OTJHYHA OT HyJasl, TaK Kak OTJIMUIIO
S

oT nyast uMeao: <r.., n>. B TO XKe Bpems, BTopas ¢opMa maocKo-
et R? TOXAECCTBEHHO paBHA HYJIO, CJCLOBATE/bBIO, NMPH WU3rHOanhu
(T. e. npu u3omeTpUH) BTOpad GopMa M3MeHHI1aCh.
Pacemorpum drikenpoBanioe noiMHorooGpasue VP—'cR®, myers
Pe=Vn-1, B gaxpoii Touke P onpegenena napa dopm: & u Q (nep-
Bast u Bropas ¢opmu). C 3ToR mapoi cBsizanr HaGop WHCJAOBBIX
HIBAPHAIITOB, NO3BOJSIOUWIX H3ydaTh V7"~! He3aBncuMo OT BBeJCH-
HOIl na Hel cuerembt koopamiaT. O6oswaurm uepes & u Q wmarpu-
6l cooTBercTBYtONMX (GOPM H PACCMOTPHM NOJUHOM MO TepeMcH-
noit A: det(Q—A®). IMockoanky popma & HeseipoxaeHa (CM. JeM-
My 1), To cymocmycr marpuua &~ ob6parnas k &, caenonaresiio,
y]paBlicHHC det (8-'Q—AL) =0 3KBUBAJIEHTHO ypaBlICHHIO:
st(Q~M‘5)—O OGo3iaunm ycepes Ayq, ..., An— COOCTBEHNbIE uHcaa
matpunsl &-'Q, rt. c. kopun ypaBHcHusi det(Q—A® )=0. Bckope
MBI JIOKQIKEM, UTO BCE ONW BCUCCTBCHHM. 3anuuieM XapakTepHCTH-
n—

ueckuit mosinHoM F(X) B BHIC: Z oM, rae o — chmeTpuqocxue
k=0

GOyHKme 0T KOPHCH Ay, ..oy Ap—is
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JJemma 3. Oynryuu op (M, -y Ana1) AGANOTCA UHBAPUAHTAMU
napot hopm & 1 Q, 1. e. cOXpanHsIOTCA RPU NPOUZBORLHOL HEBOLI-
poXCOeHHOL 3aMeHe KOOPOUHAT 8 OKPeCcTHOCTU Touku PeVn—i,

HdogkazartenncrBo. Ilpu perynapHoft 3aMeHe  KOODJHHAT

, x—>Xx" B OKPeCTHOCTH TOUKH P B Ka-
caTenblioM npocrpauctBe TpVn-t
BO3IHKACT MHAYLHPOBAHHOE JNHICH-
HOe HeBLIPOKAeHHOe MpeofpaszoBa- -
Hie ¢ IOMOILbIO MaTpHUnl S KoGH:
J:Tp—Tp. Ilpu atom marpuusl @
n Q uoxsepraioresi npeoGpasoBa-
HHIO: G @ Jr=6&"; Q—
-»JQJIT=Q’. Creposarensiio:

Puc. 10 . Puc. 11

det ((8)=' Q' —AE) =det[(J") ™" (@' Q —AE) J'| =
= det(8~'Q —\E),

4yT0 M TpeboBaJsocy. - :
Hac 6yayr ocobewHo HHTepecoBaTh HHBADHAHTHI:

n—} n—1

(1) oy == ¥ &, = Spur (87" Q); (2) Our =[] &, = det (87" Q).
f==

k=l

Ocransunie oy, 2<<k<<n—2, onuceiBaloT O6oJiee TOHKHE CBOICTBA
Vn—1' 'KOoTOpHIMH MBI cefiyac 3aHHMATLCA He 6yaem. [ToCKOAbKY
G-1Q+:0, ecstn Q5:0, TO cyuecTByeT XOTf 6bl OJHH HHBAPHAHT
Oy, OTNHYHBIL OT uyas. MHBApHAHTH 0) U Op-y ABJAAIOTCA <«KPaHHH-
M{» HHBapualtTamu (puc. 11).

Onpeacaenue. ODyukuna H(P)=oc¢(P)=10,(A1, .., An—1)
HAa3HBACTCH CpedHeli Kpususnoi nosepxwocru Vn-'R®™ g rouxe
PeVr-t, Oyukuusa K(P)=0n-1(P) =0n-1(M, ..., An—1) HasbiBaeTcs
2ayccogol Kpususxoill nogepxrocry Vi—'cR® B rtouke P. '

Eciu n=3 u V’<R? 10 H(P)=M+M; K(P)=M\-ho.

Teopema 1. Bee coGcTsennsie 4ucaa Ay, .., An—y RAP6L HOPM

&, Q sewecrsennol. B Tom caydae, ko2da Bce uucaa Ay, ., An—t
- -

nonAPHO PA3AL4Hbl, BCe COOCTBEHNbIE BEKTOPLL ey, ..., en_| MATPUYbL

B-1Q s3aumHo 0pTOZOHANBHBL, KAK  OTHOCUTEAbHO obBematoued
esxaudogoii merpuxu 8 R", Tax u OTHOCUTEAbHO PUMAHOBOL MeTpPU-
ku, undyyuposannot na V' gromenuem Vr-l—R
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NoxasartenbctBo. [To usecriofi Tcopeme n3 anre6pol oG-
CTBEHIIbIC UiicJd CHMMETPHYECKOH MAaTPHULI BelecTBeHlibl H BCC ee
cOOCTBEIIHLIC BCKTOPbl B3aHMHO OPTOrOUAJIbHBL Al Pa3JIHUHBIX COO-
crBenitelx unces. [loka 4To 3Ta TeopeMa He MOXKeT OHITh TNpHUMeHe-
na B lawch CUTyauuH, Tak Kak mMarpuuna 8 -'Q, soobuie rosopsi, He
cumMerpuuna. Cummerpua G-1Q wumena 6b, HanpuMep, MeCTO, eCJH
ot 8 n Q rommyrtupoBanu. Tak xak ¢opma & (P) cnmmerpHuHa
npH KaxjaoMm P, TO B HeKOTOPOH OKpecTHOCTH P cyluecTByeT pery-
JsipHas 3aMciia KoopAHHAT X—- X', TaKas, utTo B OJHOR Touke P
¢opma & (P) npuBoauTCA K AHArOHAJBHOMY BHAY. Takoe npusefc-
Hile BO3MOXKI10, BooOUle TOBOPf, TOAbKO B 0xHoil TodKe. IlocKOJibKY
npuBejeHHe K [AHATOHAJBHOMY BHAY HEOOXOAHMO OCYULeCTBHTh
TONIBKO B OJHOH TOUKe, TO B KauyeCTBe HCKOMOI 3aMCHLI A0CTATOYHO
B38Tb JAuHelinyio sameny. Tipuscas & k auaroHasbHOMY BUAY, MOX-
110 3aTeM HPHUBECTH ec K eJHIHUHOI MaTpille, NpHMelsst PacTsKCilUs

BAOJb TnaBubIX oceil ¢opmet. [lycts A — swmueiinetii  omepaTtop
A TpVn—l—s Tpyn-1, ocymecTBistoluuil npusefcne & Kk cgunumu-
woii Marpuue;, torna & =AEAT=AAT. Matpuua [, BO3HHUKalOLas]
HocJe BHMOJHeltns: A, onpeacnsict opro6asuc ¢y, ..., Guoy B TpVn-i
Moayuaem: det(Q—AG ) =dct[A(A'Q(A-)T—AE)AT]. Paccmor-
pum  dopmy Q=BQB?, rme B=A-!. HcxoaHoe ypaBHemuc
det(Q-—A®)=0 3zamuwercs B 6asuce @i, .., Pp—1 B BHAC

det (Q—AE)==0, tak xak detA5£0. Ilpu srom QT=Q, TaK Kak

QT=Q. Cnenonanano, Bce CcOOCTBeHHBle uucaa M CcoOCTReHibie

BeKTOpHl Yy ¢opMbt Q u MaTpulibl B-1Q — onuu u Te XKe. Tak Kak

dopma Q@ cumMmeTpHYHa, TO Bce ee CcOGCTBCHHBIe uucaa (T. e.

Mi, ...y An—1) BEILCCTBEHHB I, B CJyyae, KOTJa BCe OHH NOMApHO pas-.

JIMUHBl, BCe €€ COBCTBCHIIbIE BEKTOPb! B3aHMHO OPTOrOHAa/bHBL. JTO Clie-
- —

JyeT H3 H3BECTHOH TeopeMbl ajareOpHI. 9[)T0683HC ey, ..., en_y He 063-
3aH COBNajaTh ¢ oprobasncom (Fx, . @n-i. Teopema HoKaszawua.
Kak BHIHO H3 J0Ka3aTe/lbLCTBA, B ciyuae, KOrpa BCe COGCTBCII-
Ublc 4HCcha pa3mme|., opTo6a3HT —2’1, vy €n—y B muockoctH TpVn—I
onpejeneH oaHostiauno. Ecau xke cpean Ay, ..., An—; €CTb COBMAAAIO-
HIHE, TO OCTAeTcsi JOBOJBCTBOBATHCH TOJLKO COOTHOLIENHEM: _éilzj,‘
ccan A=Ay Ecan coberselniioe UlCNO HMEET KPAaTHOCTL R, TO eMy
OTHCYAeT R-MepHoe HHBApHaHTIOe NOATPOCTPAHCTBO, BEKTOPbI KOTO-
pOro YMHOXAIOTCsl Ha OO U TO 2Ke YHCJAO A; B 3TOM NOAMNPOCTpPaH-
CTBe MOXHO Takxke BbOpaTh k-MCBHbU"{ OBTOGaSHC (1eomnosnavdol).

Onpenesenne. Bekropet e, .., e, (OnpegesnenHsie 0KHO-
311aYN0, ecyaH Aj=A; NPH i=j) 11a3bIBAIOTCA 2AABHbIMU HANPABACHUS-
Mu eunepnosepxHocTu V=1 B Touke P, HJIH TJaBHLIMH OCAMIL

WTak, MBl CBf3aJH C KAX/JA0H TOUKOH rmiepnoBepxHoctu V-t op-
[ -

HO3HAYHO ONpeACJCHHBIA (ecau A;=M; NpH i#=j) opTo6asuc ey, ..., €4y,

171



’ —
raafiko sapucsmeit or P. Oproronannuoct, BeKropon {e;} mmeer me-
CTO Kak B oObeMJIiolled eBKJAUAOBOA MeTPHUKe, TaK M B HHAYLHMPOBAIl-
noft metpuke a V-l R™,
—+ - .

[Mockonbky B oprobasuce ey, .. ¢,y Martpuua @ cranosures

CANMIMYION, TO A1, ..., An-l COBHAIAT ¢ COOGCTBEHHBIMM UHCJIAMH
— . —r

dhopmu Q, 3aMICAHHON B oprobasuce ey, ..., €,_i.

Paccmorpum  wacTumlil  caydaht. Ilyete V*' R" sajama B Buge
,rpapuka x" == f(x%, ..., x"1); nycTh mJaocKocTb Tp V™1 B HEKOTOPOH.

Puc, 12

Touke Pes V"1 coBmajaer ¢ IVIOCKOCTbIO IepeMeHHBIX xi, ... , x*71

. bl '

(puc. 12). Torna uopmanb n(P) Kk V"1 B Touke P uMeCT KOOPAMHATHI

(0, ..., 0,1); papuyc-BekTop r, onuchBarOWMi mopepxuocts V471, yuMeer
— -

BUA: r==r(xt, Lo, @) = (X, Ll XY f(xY, L., 20 Y). Tak  Kak
THIEPAOCKOCTb (x1, ... , X 1) == Tp V"1 Kkacaercst V"1 B TOuKke P, TO

BBIIO/IHEHO COOTHOICHHE —g?—’ =0, 1 <i<n—1; orciona: 8(P)==E,
, :
TaK Kak gy = f [+ 8;;. PaccmorpuM Marpuiy Q = (q;), rae

10%f (P)

— -
Gij = (rpiphi 1) = 3xi oxl

Hrak, Q = (f,,7(P)) cosnajaer ¢ marpuueil reccuana dyrkman f B oY
ke P. Cpexnssi xpuBusua f1(P) umeer Buj: ~ :
. n—1

H(P)=Spur (8™ Q) =SpurQ =Y / k.
Ans rayccopoit KpususHul K (P) noayuaem: .

k(P) = det (87 Q) =Tdet Q1= det (f,1,i (P)).
Jlnst nBymepHO# IOBePXHOCTH (NPH 71 == 3) nosyuaem:

=gk HP) =1 1 2L =,
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o 2
- —— — oneparop Jlansaca ®a naockocru RE;
ot oyt

K (P) = det (; x* ;') = Fex foy— Fau.

gy ray
3. Snememapuau TEOPHA I'JAABKHX KDPHBBLIX Ha runepnonepxnocm

PaCCMOTpHM NpOH3BOABLUIYI0 TOYKY P=Vn-1, i nycto n(P) —
iopManb K  THIEPIOBEPXIOCTH
/?(,o//

rae A =

Vn-t g R*. Paccmotpum  npous-
BOJBIYIO ABYMEDIIYIO IJIOCKOCTb RZ,
fapoxoAfmyo dYepe3d P M nepece-
xatouyto V71 no wekoropoi rian-
Kol KpuBOil y(t)=R*MNV»t (no-
npexHeMy Hac HHTEDECYIOT  TOJLKO
coOLITHS, NPOUCXOASAIINE B MaJoi
OKPECTHOCTH TOUKH P). .

Onpenenexnue. I'nanxas
kpuBafi y({)=R?*N V"' yasniBa-
CTCH NAOCKUM Cederuem 2unepno-
“gepxnocry V-t Rn,

Yepes Touky P ynpoxoam 6ee-
KOHEY0 MHOTO TUIOCKUX ceveHuil.
B 1o e, Bpewms, pajeko He BcsiKast Puc. 13
rnagkaf  Kpusas  yc< Vet ogs- '

JasteTcsl ANOCKHM ceqcHuem V7' I{ng Toro utobmr y V! ne 6maa

MJIOCKAM CeueHHeM, [OCTATOYHO, UTOOb Yy HMeaa [HeHyJeBoe Kpyue-

nue. Ilyete y — myockoe ceuenne V7! (3adukcapyeM cofepxkailyio

ce njockoctb R?) u nycth Touka 0 =— Hauano KOODAMHAT, H3 KO-
—_

—

Vﬂé’ﬁ’”

TOPOro BHIXOAHT pajauyc-BekTop r==r(u', .., um1), onucuBalOIHA
. —_

NOBEePXHOCTL V71 NPHRAJICKHT TIOCKOCTH R?. TIlyers m(P) —

BCKTOP HOpMaJH K Muockolt xpmBoit y=RZO V-l cogepxauuiiics

B R?2 (puc. 13). [MTockoabKy MblI paccMaTpuBacM HOPOH3BOJLEOE ILIO-
CKoe CedeHHe, TO 1OpMatu n U m, Boobuie roBops, (e COBIajgalor.
BeegeM Ha KpuBoii y=RZN V- wparypanpiibli napamerp s:
y=v(s) (§ — AnnHa ,uym) Torﬂa B IIOCKOCTH R? xpupas y(S)
3ajaeTcsi PaAHyC-BCKTOPOM rxr(s) rje r(s)_..r(u‘(s) L umr1(s)).
-
d? r(s)
ds?
rae k(s) +— Kpueusita kpuBoil y(s) B Touke P. Hanomuum Takxe,
are) > - -
__’:i =mhk(s), rae m=m(P), Pe y(s). C ppyroit crTopo-

B cuny ¢opmyn dpeile aa8 MIOCKHX KPHBLIX HMeeM: k(S) =

uTo
— d — R .
1B, cCIu a4 = Tr(s)— BEKTOP CKODOCTH KDHBOfi y(S) B Touke P,
s .
TO (B Cily onpeaeJiciingd BTOpoi opmbl Q) mmeeM: A
- d‘z? —- —- — s
Q(a, a) = (—d-_;—, n) = (km, n) = k{m, n) = kcos®,
S .
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-

rpe 8 — yron Mexpy HOpMansMH m H n B Touke P (cM. puc. 13).
C apyroit cTOpOIILI,

Q(t_{,t;;:Q(d? d?):Q<d—;, d—;);

ds ' ds dt dt
d N (BN dr  dr
() =la) el )
rae t — npousnom)nbu‘Lmaﬂxni’x napamerp - BAOJb KPHBOH vy==

dr - . u
=R V-t 3neco =0 IIPOH3BOJILEBI  KacaTeTbHBIH BeK-

TOp K KpHBOii y B Touke P..Ecau a= (a!, .., @), TO:
> . alaf
koos = —L(@0 9
gijaia-j gtlaiﬂj '

. -
ITockonibky B HanpaBJeHHH Ji060ro KacaTelbHOTO BeKTOpa Q&S
TpVn1. MOXKHO NPOBECTH KPHBYK Yy, SBJAAIOILYIOCH TJIOCKHM ceue-
HHEeM, TO, cJefoBaTeNbHO, HAMH JOKa3aHa

- .
Teopema 2. das awboeo kacareasroco sexropa a=TplV7-1

. . - -
u 2106020 nAOCKO20 cedenus y (TakKo20, 4T0 y=a) OTHOUWEHUE BTO-
poii gpopmel & nepsoil pasHo k-cos 8, 1. e. ,

T el
CACTR R U] —— = kcosh,
@(E’I;) g[j(l(l/

‘

KpuBuana k HasbiBaeTcs KpuBUBHON NAOCKO20 cedenus.
Cpean nnocKMX ceueHHH BblgeseH KJAcC HOPMAaJbHBIX CeYeHHH.
Onpenencﬂne Hnocxoe ceyentte y=R2NV»-' B TOoUKe P

HaspiBaeTcs HOPDMAALHOLM, eCIN n(P)eR2 T. e. =0.
Takum o6pasoM, Kaxpoe HopMaJbHOE cedeliHe y B TOYKe P
eV""’ B3aHMHO-OJHO3HAYHO ~ 3a7aeTCA  KACATE/NbHBIM  BEKTOPOM

aeTpV"-'l, T. e. JAByMCpHasl MJIOCKOCTb R?, onpejensiowas 310 Ce-
yeHHe, HATSIHyTa i1a JBa BCKTOpA: HopMa.nb n(P) H  BeKTOp ae

eTpVr-1. Bpamas maockocrs R? BOKpyT n(P), noJjiyuaeM Bce HOp-
MaJblibic ceuets riinepnosepxHoctH V! B Touke P.

Has nopmanbnoro ceuennss y=R?MNVn—t poxkaszawnas B Teope-
Me 2 dopMmyJia NpHHHMAET BHA:

boe Q(,a) _ qid
@(a::;) gil(ll(),j ’

tak Kak (0=0. Tak kax KpHBu3Ha NJIOCKOTO_ CeeHHs (B1OJIb BEKTO-.
'Y

pa a), oépasymmero yros € ¢ HOpMaJblo n(P) 3aBHCHT OT 8, TO

3Ty (pym(umo ciieayeT ‘3anucuBaTh B BHAe k(0, 0.) B cHay A0Ka3aH-
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110r0 yTBCPXKACHIS: le(O,(_;) cos 0=k(0,o—;), rae k(0, (;) — KpHBH3HA

1IOpMaJILHOrO ceueHHUs (BA0JIb BCKTOPA a).
TdKHM 00pa3oM, ec/iH (13BecTia KpHBI3iA HOPMAJILHOTO CeYeHHH.

k (0, a) TO KPUBH3HA JII060OIr0 MJOCKOO CeueHHs (BAOJDL a), ofpa-

-~ — -

sylougero yrost 0 ¢ n, naxoaurcst 13 hopmyas:k (0, a) == e -k(0, u).
cos

Teneps nanoMminiM, uto B chaTCJIbHOH MJI0CKOCTH TpVn—! Bcerna

.onpejeseiinl TJaBHble HanpapJICHUA el(P) . en_l(P), onpejeJstio-
uHecs oAN03iaullo, Korja A;7XA; npu i7=j. PaccMoTpum 3TH «raab-

- -
Hbte ocu» e (P), .., e, (P) H TNOCTPOUM MO KaXKAOMY H3 HHX
2
COOTBETCTBYIOLIEE HOPMasNbHOC TJIOCKOE CCUBHHE v, - R ) VL,

9 — —
rae mnockocTb R warswyra na n(P), e;(P). Bee rnasnne nanpas-

=Y
jgeiig e;(P) B3auMHO OpTOroHaNLHHL B €BKJIHJOBOH MeTPHKe Ha
TpVn=1, O60o3HayuM uepe3 k;(P) KpHBH3HY HOPMAJbHOTO ceuelds y;
(3111 ceucius mrorﬂa [1a3bIBAIOTCH IVIABHLIMH  HODMAJIBIIBIMH  Cceye-
HHSIMH) .
Teopema 3. Cobcrsennbie Hucaa Ay, ..., hn—y co8nadawor ¢ Kpu-
susnamu ky, ..., kn_y 2208HOIX HOPMANBHOIX CEHCHUIL.
. gijotal .
Hdokasateabctno. M3 TeopeMn 2 umcem: kcos():-—-—al—j;
[0
41‘,'(1"0-’ s

TaKk Kak 0=0 ;g HOpMaJbHOr0 CedYyeHus, TO R= rae

giyaial ’

- " .

@ — ONpeelsIomHi BEKTOP HOPMaJbHOrO ceucins, DUKCHpyem B
—_p -

TpVn—t oprobasuc ey, ..., €n—y; TOrAa gij="90sj; ¢:j==5;;i; CJlenoBa-
TeJbHO, -

n--{

Z A; (al)z

b o= (=1

n—1\

Z (0.’)’

i==|

-
Ecnu aesTpVr—! coBnafaer ¢ OgHHM d3

-—p
e;, T0: ki=0>\;, 4TO H TPebOBAJOCL.

-
Pacemotpum B TpV™! npoM3BO/IbHHIT BEKTOP @ H  PACCMOTPUM
— L4
lopMasLHoe ceueliiie BAoAb a. O6osnauum yepes ¢; (1<<i<<n—I1)
- -5 —_

yriabl, o6pasdyeMble a € IJVIaBHLIMH HanpaBieHHIMH €j, ..., €n—g
(puc. 14). -

Hpennoxenune 1. [daa nHopmarsnoeo cewenus 80oab npous-
=Y
80461020 sexkTOpa ac=TpVr=1 gernoaneno coorHowenue (Gopmyaa
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Jiirepa):
= n—1
k=k(a)= Z A, cos? ;.

i=l1

N ! -
Hokasartenbcrso. B cuny TeopeMb 3 HMmeeM:

n—\

Z A'i (0'[)2 n—-1 n—1

k(a) nl—l = 2 A 2 A, cos? @,

Z (@) i=l 2 (al)? i=ul

=1 =1

rie
af | af
CO8 @; = =——
n—1 lal
Z (ab)?
i=1
. ind - ’ ai
rae depes- |a| oGosnaweda mauHa a. To, 9TO €08 @; = ——, OHe-
: g lal
BHAIO. ‘
dopmyna Ditnepa nosposaser HCCAeA0BATh TaK 11A3BIBAEMBIE «IKCT-
peManbible CBOHCTBa» rJiaBHBIX KpHBHBH My «ey An—1.  PaccMOTpHM
— X .
KPHBH3HY HOpMdﬂbHOIO cCcYeHHs k(a) Kak OGYHKIHIO OT aeTpV“-
Tak kak k(a) k(pa) rac p=0 — BelecTBeRHOe WHCIO, TO k(a)

. 3aBHCHT TOJLKO OT xmnpannmoumx KOCHHYCOB: COS @y, ..., COS ¢p—1,

n—1
TAe @y, ..., Pnoy — BBejeiHble paHee YIVbl; IIPH 3TOM Z cos?; = 1.
i==1
Tak KaK {cos 4, <z<n——l} MOJKHO CUHTATL KOOPAHWHATAMM e]H-
}mlmoro BCKTOpAa a/|a| TO, NMONOXHB Xi=c0s ¢;, |<Ti<n—1, Mox-
. n—1
110 CYUTATD, UTO k(u) == h(x, ..., X T) = Z A (x)%, siBasiercs raaf-
: ey
Koit ¢ynknyeit Ha ¢depe S™2, 3apandodt ypaBucuxeMm: (x!)2+4...
— -~
web (271 2=1 B TpVn-1, Tak xak k(a)=£~k(—a), TO MOXKHO CHH-

. —
TaTh, UTO KPHBH3HA k(a) sBAseTcA rilaAkoil ¢yHnKuueH Ha NPOCKTHB-
oM npoctpaiuctse RPm-2=87-2/Z, (itanomuum, uto RP"-2—rpan-
. -
xoe MuorooGpasie). Urak, k(a) okaswiBaeTcAa (yuruucii o1 n—2
) n—1
fnepeMenibix (xl,... , Xl Z (x)? = 1). Tak kak ctpepa S*2 u

f==

npoekTHsiloe npoctpancrtso RP"~2 — rjagkne MHoroo6pasus, To B
OKPECTHOCTIE KaiKJoH ToukM xe=S7"-2 MOXKHO BBECTH JIOKAJbHble KO-
OpAHHATHI yl, ..., yn? (uanpuMep, npH x’"“’}O,'KoopmmaTaMn Ha
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S22 MOXKHO CYHTATH X', .., x*~2), HazoBeM TOuKy x,&=S™2? kpuruue-

. “ 0 ,
ckotl pns hyukuuy f(x), sagaunoit Ha Sn—2, ecau —f—‘ =0, Ii<
. Y" |xe
9 i} oyt
< n—2. Tak kak { = yL , TO TOUKA Xo, OKa3aBIUIUCh KpH-
Oy oyl By
THYECKOH B KaKofi-To OfiHOfl CHcTeMe KOOpAMHAT y', .., y*~?, aBToMa-

Tiidecku OyAeT kpHTHYecKo#l M B J1060H Apyroii cucTeMe KOOpPJAHHAT.
Tem cambiM ompeneseHHe KPHTHYECKOHR TOUKH HHBApHaHTIO.

Bonpoc: KakHe KpuTHUCCKME TOUYKH HMceT Ha cdepe St—2c
n—1

cTpVn-! rnaakas GyHKuHs k(-&) == Z A (X2 W, K.pOMC TPro, Ka-

i=1
-
KHe 3HaUeHHs NPHHHMAeT KPHBH3HA k(a) B 3THX KPDHTHYECKHX TOUKAX

(T. e. BRONML HaNpaBJeHUN a, COOTBCTCTBYIOHY KPHTHUCCKHM ToM-
KaM Ha chepe S™2)?

Teopema 4. Kpuruseckumu rowxamy Gyuiyun KpususHol k(a)
Ha chepe S 2=TpVn—l 58a410TCR 8 TOYHOCTW TOUKu Buda =-e;,
© -

ISissn—1 (7. e. KoHybL seKTOPO8 -e;) 8 Tom caydae, Kozda h;
- -

FA; npu is=j. B roukax —e; pynkyun k(a) npurumaer 3nauenus,
pasHeie A, 1<Cisin— 1. B 3ToMm cmbicae 24aBHblE KPUBU3HbLL H8-

-

ASIOTCA  SKCTPEMANOHOIMU  BHAUCHUAMU (yHKyuu Kpususnol k(a).

Ecau cpedu cobcrgentoix wucea {A;} ecTe cosnadaroujue, To yraepiuc-
—

Jenue npukumaer 8UO: KpuTu4eckumu rouxkamu ¢ynkyuu k(o) a8-
ASUOTCSL 8 TOUHOCTU KOHYbL BCeX COGCTBEHHLIX B8eKTOpo8 (hopmout Q.
ﬂ.oxasaTenbc'rBo paCCMOTpHM IIPOM3BOJILHYIO 6unnﬂeﬁﬂyro CHM-

METPHUHYIO QopMy B(x l/) onpezie/leHHyl0 Ha BCKTOpax x yER"—‘

Hanpumep, B Kauectse B MOXHO B35iTh BTOPYIO opMy Q(x y) qiix'yl.

B (%, 4)
|x 2

e ) —
Tiueckne TOuKH f(x). SIcHo, uto f(x) = B(x, %), ecmu |x] = 1. To, uro
X, &= S*2 Apnsgercs KPHUTHUECKOH TO‘XKOH aas ¢yukaud f (x), o3rauaer:

HOCTpO}{M byHRIHIO f(X) = , rie x e S*2. Haitnem Bce Kpu-

i =o ans mo6oro BekTopa b, KacaTeJlbHOro K S"™2 B TOUKE X,

db Xo .

e uepes —i_':— 06o3HaueHa POu3BOAHaA f(x) Mo HarpaB/eHHO b, T. €.

db (x, '

—df— /AU S L) -b, rae Yy — JioKaJbHble KOOPHHATBI OKOJI0

db Xo oyt Xo ’
Hcnonn3yss SKBHBAJICHTHOE ONpejeJieHHe 3TOR NMPOM3BONHOH, HMeeM:

—di— M , The y(f)— mobad KpHBasi, HEJHKOM Jexaulas Ha

db Xo dt jt=0 ' N

cfepe S*=2, npuuem y(0) == x,, def‘t) o (cM. puc. 15). Orcioza
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d
f(;’t(t)) -0 %B (v (8), ¥ (D). 0. Tockonbry B R*—1 > S~ durcn-

POBaHO ckansptioe npousseeline { , }, 1o dopme B (x, y) MOXKHO B3aUM-
HO-OJJHO3HAYHO COMOCTaBUTb CHMMeTphHuusii onepatop B:R*—!— R" Ta-

KOf, ‘{TOB(—J’C, {7) = (;, 'Bg/’), T.e. f(x)=> B(J—C: ;c’)::()?, B;), rae xeS—i—

- .
KOoHell BeKTOpa x, uiyiero u3 0 B x&
e= §"2. Otcioaa

df () | __d
S io———d't—B(Y(l)yY(t)) ==
d
= T(V(t), By (4)) =
d
(v, B—v(t))=
d
<T v (1), By (f) ) -
(B2 () =

=2 (v, BY (D).

= 2 (b, Bx,) =0, 1. e. {b,
Xy
on) = 0. Tak xak (b on) =0 ansa moboro b e T,c(,S“—2 TO BeKTOP
on OpTOroHaseH T,“S“—2 (cM. puc. 15). Hrak, on KOJUTHHeaper xo,
T. €. k(xo)x0 = on, rae A (x,) %= 0 — cobcrBeHHOR (Bemecmeuﬂoe) YHCJIO.
Tem cambiMm, KpHTH'-leCKHMH Toukami QyHKuHH f(x)= B(x x) Ha
S™-? ABNf0TCA B TOYHOCTH Te H TOJLKO Te TOYKH, KOTOpble fIBJSIOT-
Cfl KOHLAMH CAMHHYHBIX coOCTBeltithix BeKTOpoB (opMmbl B. Tak kak

H3 coOCTBeHHBbIX BeKTOPOB (GopMbi B MoXKHO BbOpaTh oprobasuc, TO
A(x) coBanacr ¢ COOGCTBCHHBIM 3HAUCHUCM, KOTOPOMY COOTBCTCTBYET

-
=}, TO

=0

‘i F(x)

Tak kak —d- Y (t)

BCKTOD xo Tcopema aokasaua.
TIyers n==3 o V2 Bnoxcha B R®. Tora topmyna ditnepa npH-

HuMaer sux: k(a )—Mcos @r1HAo2cos?ps, e cosq-cosipe=1 (HyCTb
MZ>=h), T. C k(a)—(kx—kz)cos%pl—{-}»z flcHo, uto _MHUHMYM k(a)
AOCTHracTes MpH €OS 2p1=0: k(a)- Ag; MAKCHMYM k(a) JOCTHTaeTcs

npu cos?p=1: k(a)——}». Ecnn Aj=My, TO k(a)—-k(—}u=}v2) (cM.
puc. 16},
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C reomeTpHuecKoil TPaKTOBKOH TNaBHBIX KPHBH3H CBfi3all KpacH-
sulil reoMeTpHuccKHii 00pa3: TaKk Ha3blBaeMas KBaJApHKa HOpMaJb-
[ILIX KPHBH3H: ACOS%Qi+...4An—1CO82p,— =const. [Ipu 3ToMm, Hanpas-
JICHHSI, COOTBETCTBYIOUIME IKCTPeMaNbHbiM (KPHTHUCCKHM) 3HAUCHU-
M KDHBH3HBI, COBHAJZAIOT C [JIaBHBIMH OCfIMH 9TOfl NOBEPXHOCTH.

2
PR S
Ao a, (= 1(@0 | 1
Vg

<

)
z,(x’)z— [a,] (x2)2=const >0

Puc. 16
Ecan Bce roaBHble KPUBHM3HBL Aj, ..., An—y HCOTPHILATENbHH!, TO KBan-
PHKA ABJSIETCS 3JJJIHNCOUJOM C [JTABHBIMH NOJYOCSAMH I/VA,- .

l<i<n—1, 1. e. Benuuuna i-if raasuoit noayocu pasa Vr;, raxe
r;— COOTBeTCTBYIOIUHH PafHyC KPUBH3HBI i-T0 HOPMAaJbHOIO CeYeHHs
yi=RIO V-1,

Pas6epem cayuafi apymepuol rioBepxuoctn V2R3, OxassiBaercs,
rayccoBa KpuBH3Ha K (P) oTBeuacrt 3a AOBOJLHO BaXKHble J10KaJjb-
lble  XapaKTepHUCTHKH [ABYMepHOH mnoBepxrocTH. Hamomuum, uto
K(P)=0M\-}y, a NOTOMY BHIAENSIOTCA TPH CJyUas:

a) K>0; 6) K<0; B) K=0. Orcopa:

a) {}”1>Onnw {}"<O- 6) !A1>Ounn' {}V1<0'

Ay >0 Ay <O Ay < 0 Ay >0
B) {ll:ommz lM#O W Ay = Ay = 0.
Ay =0 ,

Ay 0
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Hocrarouno paccMoTpers ToOALKO caydan: (a) A;>0, A>0; (6)
A>0, Aa<<0; (B) A;=0, ho%=0; A, =21,=0.
B cayuae (a) nosepxuocts V2 MMeer 0KoJ10 TOukH P (J0KaJbLHO)
BUI, MoKazaHmnifl na puc. 17. 3pech V2 pacnonoxena no OgHy cTo-
POHY OF Kacaresblioil JOCKOCTH B
touke P. B cayvae (6) V2 umeer
OKoJ0 Touku P (JloKalbio) BHA, O-
kazaunbr wa puc. 18, 3pecn V2
pacuojoxena mo ofe CroOpolbE OT
TpV2 Touku P Takoro Tulla [a3bl-
BalOTCs  CeANOBLIMH  (cennamu).
* Mnorpa nx HA3LIBAIOT TOYKAMH Iie-
pesana. B cayuae (B) a0, A=0
nosepxHocrs V% uMeer (J0KasbHO)
- okojo P Buf, nokasaunnlit 12 pHc.
19. Tak kax Az%he, TOo V2 uMeer
B 3T0# TouKe P B TOYHOCTH ABZ Op-
TOrolaJbHBIX JAABHBIX [allpaBie-

LV

Puc, 17

R .
‘HHSL ey, e;. He cneayer aymate, uts V2 okono toukH P, B KOTOpO#
M==Ag==0, JOKAJIBHO yCTpOEHA KaK NJIOCKOCTh (C MCTPHYECKOH TOUKH
3pehusn). Jeno B Tom, uto ccau Bropas dopma Q amuyanpyeres B P

Puc. 18

{T..e. Koria A=Xiy==0), To JoKaabHast cTpyktypa V2 okoso P He
kpagpatHuna. [Tpimep: B Kauecrze V2 BossMmeM rpaduk z=f(x, yJ =
=Re(x+iy)*=x3—3xy?> (cM. puc. 20 —rpaduk «obesnannero cen-
aa»). Iepsas dopma @ B touke (x==0, y=0) uMeer BHA: g;==0:;.
Bropas ¢opma Q B rtouke (0,0) Bupoxaena: Aj=i;==0. 3xecb
Q=1(qi;), rae qy=[a, 7. ¢ Q=6-( xy yx » Q=0 B Touke
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Puo. 21 '



(0, 0). Cucrema anuuit yposHs Q)yuxupm f(x,y) B oxkpectnoctn (0, 0)
HMEeT BHJ, TOKa3anublii na puc. 21.

4. TayccoBa n cpeliHsii KPMBH3HBI nBymepHux nosepxHocreii

Ha¥izem sBublii BAA rayccoBoil M cpealcii KpHBH3N 1S SBHOCO
3ajanng gByMepHo# noeepxHocTH. [Tycts V2R3 3ajzana B BHae rpa-
¢duka z=f(x, y), rre (x,y,2) — nekaproBbl Koopauuatel B R3. [lycts
f(0,0)=0; Torga KoopaHHaTHAs MJOCKOCTb (X, y) — KacaTeaphas K
V2 B Toure (0, 0). Tak xak

Xy 14y

10 K =detQ = fufyy— 2, H="S5purQ = f, |- fy = M - hy. Haxox-
penne H v K B Toukax, oranunbix ot (0, 0), Tpebyer Bhuuchenui. [TycTs

6= (1; g) Q= (1[;4/‘13)’ torga ©—! 2—53—((_;_;2) rae g—=det &;
@_@__1 " GL—FM GM — FN)

—FL.\-EM —MF -} EN
H = Spur(@-‘Q) "'———(GL-—2MF-| EN);

K =det (8-1Q) = =2 =0

Ecin 2z = f(x, y), To ds? —(1 1 f)dx2 - 2f fdxdy (1 1- ff) dy®. Tak
Kak  pajuyc- BekTOp V3, -3ajanHoi rpadukom 2 = f(x,y), HMeeT BHIL:

(%) = (x Y, (%, y)), 70 \
Tee = (0,0, fea); Ty = (0.0, ), 7 = (0,0, f,);

m—_Ede—h  _ le—f) .
lgrad 2 — ) | Vitrer
L — fx cM = ey N = fuy )
V1+f2+f2  Vaisesg VFEng
Orciopna:

H — GL—2MF + EN _U+F) fxx'—‘2fxfyfxu+(l+fx) fuy .
L+ f24 £ S ak R ’

Faxfuy— f2y

0+ f"’ + f2)3’2
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layccoBa u cpeansas KPUBH3ILL SBIAIOTCSH CKAJAPULIME BYNKIUAMH,
ONPCACACHIIBIMIT B Ka)K/IOH TOYKC TMOBCPXHOCTH N HHBApHAlTaAMH - HO-
BCPXHOCTH; B UACTHOCTH, ONH [IC 3aBHCAT OT BLIOOpa JIOKAJLULIX
KOOpP AHHAT. '

BoiudeanM rayccoBy M CcpeaNiol0 KPHBH3NULI CTANAapTHO BJOXKCIL-
Hoi cepsl S’ R3. Tak Kak Jioboe HopMmadblioc ceuctine S?2 B IPOH3-
BOJLIONR TouKe P sBASCTCS 3KBATOPOM, TO Ay == Ay ::—[le, rie R —
papuyc cohepnl. CaezoBaTeanllo, KPHBH3IA 1000ro 110pMaibHOro ce-
qenus pasda A = —, a notomy K = —l—, H= l, B UYACTIOCTH,

R R? R
rayccoBa H CpCIHSIST KDHBH3IIbI NOCTOSINIDLL.

[ayccoBa n cpeassi KPHBH3NLL ABYMepHOH NMAOCKOCTH paBlbl
HYJO.

Oupepenenunc. OpyMmepHas mnomepxuocth V2R3 naswiBacTes
NOBEPXHOCTHIO NOCTOAHHOL KPUBU3HOL, €ClM Cro rayccoBa KpHeusua K
NOCTOSHHA.

Tak nanpumep, cranfaptHas cdepa S? M eBKAMZOBA MIOCKOCTb
SIBJSIOTCA MHOTO0OPa3uAMH NOCTOANNON KPHBH3HHL.

Onpepnenenue. [pymepras nomepxrocTh VZcR3® HazeiBacTes
NOBEPXHOCTEI0 NOAONUTEALHOU, HYAEB0U, OTPULATEAbHOU KPUBU3HUL,
©CJIH, COOTBETCTBEHHO, rayccoBa KpHBH3HA TNOBEPXHOCTH BO BCCX CC
TOUKaX NMOJOMHTENbHA, PABHA HYJIO, OTpHUATCAbLUA.

CranpapTHas AByMepHas cdepa sIBAsieTcd MHOrooGpasueM MOoJio-
XHUTeJIbHOH (NMOCTOSTHHOH) KPHBU3HBIL.

3agaua. [okawxure, uro noBepxHocTh V2R3, 3amaBaeMas

e 42 22 1
ypaBHeuHeM: vy A Ty - - = (s1uHnCconA), sIBAsETCA MOBEpX-

HOCTLID CTpOro NOJIOXHTEJTbHOM KpHBH3HBI, eC/JH TOJYOCH a, b, ¢ OT-
auutisl oT 0 U oo, aJTJTHHCOH}} MO2KHO 3allHCaTb NapaMeTpHUYECKH Tak

==aco80cos @,y =>bcosOsing; z=csinb.

EBknunoBa aBymepuasi NJOCKOCTL sBJAETCS MHOrooOpa3HeM Hy-
JleBoll NMOCTOSHHOI KpHBH3HG. [IprMep mMHOroo6pa3us OTpHIATEILHON
2
fxxfyy—"f
KpHBH3HBL faer rpaduk: z=x?—y% fleno, ut0 K =—v 0 =
(l 4-fx_4'fy)2
. —4
(L4 (x4 4%)?
spasieTcs nepeMeHnoll dyukuuedl. Xotenoch Obl, MO aHAJOrMHH ¢ 0O-
BCPXIIOCTAMH TOJOXKHTCABION H 1yJCBOR KPUBH3HBI, NOCTPOHTH MHO-
roo0pasHc MOCTOTHHONR OTpHIaTe bHOH KpHBH3HLI V2R3, Ceffuac Mbt
yKameM OAHY H3 TakHX noBepxsocTcH. TeM caMmiM Mbl JOKaXeM
YTBCPXK ACHHC: 8 TPEXMEPHOM e8KAUAOBOM NPOCTPAHCTBE CYU4eCT-
8Y10T (A0KAALHO) NOBEPXHOCTU NOCTOSHHOU NOAOKUTCALHOU, HYACBOU
U oTpuyaTeAbHOU 2aYCCOB0U KPUBUIHBL.

< 0. B srom npuMepe rayccoBa KpHBH3HA
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PaccMOTpHM Ha TJIOCKOCTH (X, ) TIJalKylo KpPHBYIO Y, pacroso-
JKCHHYI0O B TCPBOM KBAjpaliTe, €O CJHEAYIOUIHM CBOHCTBOM: JIJHHA
OTPE3Ka KacaTeJbHOH OT TOYKH KacanHd C KPHUBOH 10 TOUKH mepece-s
YeHHs KacaTeJbHOH ¢ OCbl0 0x NOCTOAHHA M paBua a (puc. 22). Ilpu
nepeMenieHHH Touku A 1mo KpuBoit y Touka B CKOJb3HT 1O OCH 0%
H orpesok AB uMeer NoCTOSHHYIO AJnHYy, paBhylo a. Kpusas y
MOKeT ObITb TOJyyeHa YHCTO MeXaHHUeCKHM IyTeM, €cjH CBA3aTb
ABe TOUKH: A M B HepacTsIKHMOH HMTLIO IJIHHBI @ M, moMectHB A

A |48]= g = const
IAgl-

|

|
4

X
Puc. 22

v B B monoxenus Ao, Bo, cooTBercTBeHHO (cM. pHc. 22), nauarhb
nepemewath Touky B mo ocu ox. Tlpu stoM Touka A Gyner mpouep-
YHBATL KPHUBYIO 7y, Kacaoumylocss ocH oy B Touke Ao M HMelomyio
ACHMOTOTY — OCb 0X. IIpH 3TOM MbI cuHTaeM, uTo Toukd A H B CKOJIb-
35T 10 MJIOCKOCTH Oe3 TpCHHs; TOrga BEKTOp CKOpocTH OyaeT Bce
BpeMsl Hanpam/JeH BAOJb HHTH, coeauhsowedt Toukn A u B, T. e.
ABMKenuc Touku B Gyner oanosmauno onpenesneno. Haitnem aundde-
penunanbHoe ypaslierMe KpuBofi y. M3 Ttpeyronbamka AB, (cm.
puc. 22) umeem: .tg@ =—y , rie y = y(x) —rpapux y; asing = y.
Orcroza:

Yy dg. " : VE TR

—, T. €. TH o fy X = e e
Vi VT ’ y o

rae x = x(y) -—rpapux y. Hrak:

sinQ ==

a

a
=ﬂw:—§§Vﬁfww=~w§
Y

JVa"’ —y S- Va’ —y?

a

= ,._aZSI __._d_!i.___._‘__'VaZ___yZ — ___]/az__ y2 -

yVaﬁ—yB
4 iln( a4Vai— 4t )
2 a—VaEZF |

Hrak, mur mosyuunu siBaylo opmyay rpadrka x=x(y). Paccmorpum
IOBEPXHOCTL BpAlUCHHA, TOJy4qaloulylocss TPH BPamleHHH KpPHBOH vy
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BOKpYr ocu ox (cM. puc. 23). IMonyqaromascs nosepxtocth V? nasnt-
pacTcd moBepxnocthio BenbrpaMu, MaH nceBpocdepoii; 3To nocie-
lice Ha3BaHHC Mbl NpOKOMMeuTHpyeM no3xe. Haiizem rayccoBy kpH-

o s et e S e e -

Pire. 23. TTomepxuocth DeasTpamit

BH3HY nosepxioctH Beantpamu. [last 5TOr0 HYXHO YMCTL BBLIUHCJIATH
rayccoBy KpHBH3HYy [OBEPXHOCTH Bpaulends. Pewum 3Ty 3ajgauy
B obuiem BHJIC, .

Pacemorpum B R? (X, y, 2) nosepxHocts Bpawmerus V2, oGpaso-
BAHIIYIO BpaicliMeM BOKPYr OCH 0X rJ1ajkoli KpuBoii x==x(y) (T. c.
ob6pasywomeii), pacrofoXeHHoR
B 1yockoctH oxy. Ha V2 sosznu-
KaeT KOOpAMiaTHas CceTb: mna-
pasJIe/l B MEPHIHANBL, 3TAa CeTb
opToroHaJbHa B TOM ~CMBICHC,
YTO B KaXAO# TOUKC KOOPAH-
HATHbIe JIHHHH OepeceKarTcs
104 NpPSAMBIM - YyIJIOM (cm.

puc. 24).
Jlemma 4. B raxdoid tou- ,
KC  HOBEPXHOCTU spauienus o Ducl 24

eAagHoLiec HANpasAeHus, T. c. Ha-
NPUBACHUS, OTGCUAIOUUE 2AABHLIM KPUBUIHAM N, ko, 820U MOXCHO
CUUTATL cOBNADAIOUUMU € HANPABASHUAMU MepuduaHa U napasseru,
npoxodauyumu uepes aTy TOUKY.

Bamcuanue. B dopmyaupoeke JemMmbl, ynorpebass TepMHUH
«MOKIO CHHTATL», MDI HMCJIH B BHAY CJCAYIOILICE: CCIH A155Ag, TO
IJIaBIIbIC HAMpaBJ/CHHA OfIpCACHCHLl OAHO3HANIO U COBNAjaloT ¢ Ha-
UpaBJCHHAMH MepHJHalla H 1apajJgcaH; cclH Aj=JAs, TO TOTJA JIiO-
0oc uanpasJende — IJAaBIOC, B MACTIOCTH H B3AUMIIO-OPTOTONAILIILIE
nanpasJcnds MepujHana 1 napaJssestit.

JlokaszarteanceTrBo. Kak Mbl 311acM, IJIaBILIMH HaNpaBJjeHHs-

-

M B TpV? gBugiorest Te H TOJLKO Te OpTOGasnchl €y, €, B KOTOPLIX
obe Gopmut: 8 u Q — anarouanpun. Slcuo, uro mepsas ¢popma G
Anaronajniia B CHCTEMC KOOpAHIAT, NOPOXKACHNON MepHAHANAMH H
mapaanejsaMu (CM., narnpumep, suiudencuie dopmut & jgusg nosepx-
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noct Bpatuenus). Ocrasoch JokasaTh, UT0 B 3TOH Ke CHCTCME KO-
opiamaTt auarodaqabna u ropast gopma Q. Ilyern (u, v) — koopan-
HaTol Ha V2, mopoajiaioiige KOOpJHIATHYIO CCTh: MCpHAHAHBI—Ta-
paagacan. Hago nokasats, uro ‘

M = (fuy, 1y=0,

rae 7(u,v)—pannyc-3cxrop V2, n— HOpPMATb K V’;. Q= (;A:/) — BTO-
pasi dopma. PaccmMoTpPUM UMAHHADPHYeCKMe Koopauuartet (r, ¢, x) B R3;

nycre V? 3apactest oGpaayror_ueH r = r (x); Torha pamuyc-BeKTOp r(x, ¢)
nosepxHocTH V2 umeeT BH/L r(x @) = (x, r (x)-co8 @, r (x) sin ¢) (cm.
puc. 25) Orciona r,“p = (0, — r'sin (p, r’ cos ). HopManb K V? uMeerT.
A no==(r', —cos @, — sin @)/V 1 -1-(r')%. SlcHo, uro (rxq,, n) =0, uro

1 Tpe6oBasocs. Hrak, Q = (0 N)’ YTO ¥ JIOKA3bIBAET JieMMY.

Puc. 25

Jlemma 5. I'ayccosa xkpususna K(P) s Touke PeV?, 2de VZ—

|rll
MOBEPXHOCTL 8PAWEHUS, UMeeT 6Uu0: |K| =
r-(L+ ()32
=r(x) — ypaguenue 06pa3_/10u46u noeepxuocm spauienus V2 8 yu-
AUHOPUHCCKUX KOOPOUHATAX.

, ede r=

Samcuanune. MubiMu cioBaMu, K = MA,, roe —___—,:- ==
rV1F({)2

=M\ ~— KPHBH3a HOPMAaJLIIOrO CCUEHHS, BAOJL ltalpaBJiciusa mapad-

Jesu B Touke P. BooOiic roBopsi, nopMagbioe ceucliuc B lranpasJe-

M apaJiicyil e CoBIajacT ¢ camModl napaJiennio (3ta ¢opmyna
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JL151 KpUBH3ubL A, Oylder gokazana nike). Hanee: A,=—#k(x) — KpH-
BH31A TJIOCKOM KpHBOH y=y(X) B TOUKe X, T. €. KPHBH3HA MCPUAHAIIA.

HokazareabcTBo. B culy JieMMble4, r1aBHbiC [alipaBaCHUS
COBMAIAIOT ¢ HANpaBJCHHAMHM MepHAHANA U TapajteiH, NPOXOgslLixX
uepes Touky P, a notomy K(P) =AjAg, TAC Ag U Ay — KPHBH3HBI 1110C-
KHX KDHBBIX: MCPHJNaHa M HOPMAJLHOTO CeueHHs BROJL HanpaBJCHHS
napajjenii, cootsercTRenno. [locKoMbKY Tapaasienn fBJASCTCH  OK-
PYAKHOCTBIO, TO € KPHBH3HY Mbl HIKC MCOOJNL3YEM A5 HAaXOAAEHHs
KPHUBH3HL llOPMasibioro ceuenus. Tak Kak Mepujman cosmajact ¢

o r
ofpasvioutelt r=r(x), TO Ay(X) == , UTO CJCAYeT U3

(L ()
dbopmyn ®peuc nna AAockuX KpuBbiX. HaliaeMm A, (x) s nopmasnbito-
ro ceyenus BAOAbL HanDamienus napatniejus B Todke P=.(x, 2(x)).

PdCCMOTpHM napaisenh Kak ILIOCKOC ccuelne V2, torza xpuBuszna

2(0, (1) ITOrO CCUCHUS (B0 (1, oTpeAcaneMOro napamicianio) paBia
1/r(x), Tak Kak pajaHyc OKpYXKIOCTH-NapaJiiesn pascll r( ). 3nech

yroa § pasch yray Mexay HopM:uibio K V2 U BekTOopoM m, pacno.io-
MCHILIM B NJIOCKOCTH TapaJJestu (puc 26) HanomuumM, uto

k(e, G):Es—ﬂ—'k(o, (1) ’

(cM. Boiwe). 3xecy k(0, a) =550 o5 0-& (0, @) — unTepecyoulas
Hac kpuBu3Ha A,. Ocrasoch naiitu cos 0, rae 8 — yron MeXxay eauHuu-

HbIMH BCKTOpaMH it H n. Tak Kak B njaockectH x0f BEKTOp rm HMEET

xoopaunatst (0, 1), a BekTop n— KOODAHHATbI V%—T—)" ~(—r’, 1), 10
oy
1
€08 0 =z —————_ ClegoBareapHo, A, (X . Orciona
B ) = oy |
'Kl — 1 1771 —_ [ |

FVTEERE 7
JleMMa Joka3aHa.

Jlemma 6. [Hosepxrocto EC/ibl‘paMu ABASCTCSL MHO2006 pusuem
NOCTOSIHHOLL  OTPUKATENbHON KPUBU3HLL (KPUBU3HU CTPO20 OTpUUa-
TCALHA). ,

HoxazateancTro. [lockoabky mosepxnocth bBenbTpamm as-
JAscrest NOBEPXHOCTLIO BpauleHHs, TO AJsl TNOjAcucTa rayccoBoit KpH-
BI3HB MOXHO BOCHOJMb30BATLCS (OPMYJOH, BLIBCACUHON B JcMme 5.
Dyukunsg y=y(x) ssaserca obparHoil QyHKUHell K pynkumun

—x(y) = —Va—gp Ef—”*ln( )

2

HaiileHHOA HamH Danee. Kak Owbulo yxKe MOACYHMTAHO,

- —-Va-——-_/ " a2

——; OTCI0Jla X = ———r—

X
v — -
Yy Vet
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cJiejoBaTelibHO,

» »

r e —X -
P (1 : _\?
wr (1)
Sk o S W
S a*”

3HaK «MHHyC» BO3IHK BCJEACTBHE TOro, UYTo KpuBaf y==y(X) BHINYyK-
Jla BHH3, a TOTOMYy, Do OTUOWEHHI0O K JioOoMy BuiOopy HOpMAaJH

- .
n(P), cobCTBeHHble uWHCHAA Ai, Ae WMEIOT pasjHulble 3Haku. Hrax,
1 . [
K = —-—, 4T0 H J0KA3bIBACT JEMMY.
i a

Hrak, mb ykasaau B R3, .no xpafineii mepe Joka/bHO, MOBEPX-
HOCTH HOCTOSIIHON NOJOXKUTCAbIOH, nyJeBoH M OTpHLATEJLIION rayc-
coBO# KpiBu3lbl. Miloroo6pasue NOCTOSIIHON NOJOXKHTENHHON KpH-
BH3IIbI (cepa) sBAsieTcss KOMMAKTHBIM H 3aMkHYTHIM (8e3 Kpasi) -
MHOrooGpasueM; Mioroobpasne HyJaeBOofl KPHUBH3HBE (NJIOCKOCTH HJIM
Kouyc, ofpasoBauiisii ceMeficTBOM NpAMBIX, HCXOAAMMX H3 OJIHOH
TOUYKH, KOHEUHOH uNH OecKOHeuHOW, M CKOML3SIMX N0 NPOH3BOJbHOK
rmafkoit mnockoit KpuBo#l, y B R®) sapisiercs HekoMnakTHhiM (6e3
Kpasi) OTKpPHITHM Muioroo6pa3HeM. [IpenbsiBleHHOe HaMH MHOr006-
pasHe OTPHUATCJALHOH TNOCTOAHNON KPHBH3HBI OTVIHYaeTC OT Npejbi-
AyUWIHX JABYX IIDHMepOB Te€M, H4TO 3Ta IOBEPXHOCTb He fABJsETCA
3aMKnyTbiM MHOrooOpasmeM M He MoxeT OblTb NpojoJiKena Ha Oec-
KOHCYHOCTh. DTa NMOBEPXHOCTb (CM. pHC. 23) HMeeT rpaHHIly — OKPyX-
IOCTL pajHyca @ ¢ ICHTpPOM B Hauaje KoopAauHAT 0, mpHYeM MOXKHO
noxka3aTb (Mbl 31ech ile OyAeM M3yyaTh 3TOT BONPOC AeTaNbHO), YTO
MOBCPXHOCTH He MOWeT OBITh MPOJOJKeNna 3a 3Ty OKPYXKHOCTH €

coxpaneuneM yciaosus: K(P) = — -—l;- <O0.
F a !

O6buno 3Ty TOBCPXHOCTL «JOCTPAUBAIOT», A00aBJAsIsl TIOBEPXHOCTD,
CHMMETDHUHYIO HCXOANIOH OTHOCHTEJbHO MJIOCKOCTH yoz (pHc. 27).
DTa MOBEPXHOCTL HMEET «OKPYKHOCTb H3J0Ma», B TOUKAX KOTOPOH
NOBEPXHOCTb He SIBJAsieTCsl IMaJKuM moamuorooGpasdem B R®. Oxaswi-

Baercsl, UTO MOABJEHHE 3TOH OKpPYKHO-
r mn n CTH, COCTaBJeHNOH H3 0cobbIX TOYeK,

He cayyaitno. Ha nepBeiii B3rJaaf, 3THX
ocobernocTeli MoXHo Bb0 Ob1 u3be-
®aTb, MNPOJOIKHB MOCTPOEHHYIO BHIIE
«BOPONKY» 3a OKDYXINOCTb pajHyca a;
—— _ w— llANDHMED, TAK, Kak 3TO MOKas3ano Ha .
puc. 28. (Hanomuum, uto B Touxe Ao
na ocH oy rpaduk ob6pa3ylolled Kaca-
ercd ocit 0y.) Opsako clenas Taxoe
/ IpojoKenue, Mpl obuapyxupaem, UTO
Puc. 26 " MoJyyaloliasics TNOBEPXIoCTh BpauleHBst
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yKe He ABJAETCH NOBEePXHOCTBbIO OTPHUATENbHON KPHBH3UBL UYaclb
nopepxuocry, 3ameraemast ayroin AoC (cM. puc. 28), aBasierca no-
BEPXNOCTbIO TOJOKHTEALION KpHBH3HbI, TaK Kak Ayra AoC Bbimyk/aa
nBepX (B oTuuue oT Ayrd AzA).

Pre. 27. Ceuenne monepxHoct Beanrpamu

CirepoBaTenblio, BO3HHKAeT NMOAO3PEHNE, YTO MBI He MOXEM Npo-
KOJDKHTL ty1afikuM oGpa3oM nmoBepXxHOCTL DeubTpaMu 3a OKPYXKHOCTD,
[IPOMCPUHBACMYI0 TOUKOH Ay TpH BpamieHHH BOKPYT OCH OX, C cOXpa- -
IIeHNEM YCJIOBHS OTpPHLUATENHLHO- y C :
cTH KpuBu3Hbl. TakuMm obpasow,
nalWy HOmBITKH HOCTPouTh B R®
3aMKIUyTOE, KOMUAKTIOE uiaH He- A
KOMTIaKTHOE, HO yXOAdllee 10
BCCM lrampasJjenusm Ha Gecko-
eYHOCTh  Mioroofbpasmue Mocro-
SIHHOW OTPHILATEJABHON KPHBH3HH,
aTaJKMBaeTcd na TPYAHOCTH. l
3nech JMerko yBHAETb CYILECT-
BenHoe OTJHYle TOBepXUoCTel
MOCTOSIHHON OTpPHILATEAbHON KpH-
BH3HBI  OT 'MOBepXHocreil rno-
CTOANHOMN [1ONOKHTEILIOH KpHUBH3HBI (MOBEPXHOCTH mNepeMEeHHOH OT-
pHIlaTeJbnOM KPHBH3HLI, yXoasiniie B R3 Ha GecKOHEUHOCTb MO BCEM
vanpapJeHHsM, CYyLIeCTBYIOT: HampuMep, yKasaHnas HaMH paHee No-
BCPXHOCTL FHMepoandyeckoro mapabosioHaa z==x%-—y?; 3jgech raye-
COBa KpHBHM3HA OTpHUATelbHAa H CTPEMHTCs K Hy/Ji0 Ha OeckoHeu-
IOCTH, HanmpuMep, ccau x?4-y>—>o0), ‘B camoMm gese, cranjgaprhas
JiByMcpHan cepa HMeeT TNOCTOHHYIO TOJOMHTENBHYI0O KDHBH3HY B
HIAYUHPOBAHIION 3THM BJIOXKellHeM MeTpHKe.

T >

Pre. 28
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Yto0bl MTPOABHHYTHCS HEMIIOrO Aajiblic B MOIKWMAHUH CHOMHBLIETN-
CSl CHTyalHH, Hafi/leM HHAYUHPOBAHHYIO PHMaHOBY MCTPHKY Ha <«BO-
pouxe» Benbrpamu, Broxeunofi 8 R3. Bpeaem B R® uusuijgpuicckue
KOOpJHuarn (x, r, ¢), rjie x—x, y=rcosg, z=rsing (1. e. ocb 0Xx —
och BpalleHHA); TOT/Ja IMHLYLKPOBANIASE MCTPHKA 1la TOBEPXHOCTH
Bpaweuus ¢ oOpasyouefi, 3anasaemoit dynkiuuvei x=x(r), umeer
BHA: .

P=(dx(r))* ¢+ dr? ' ride® = (1 ! (x )3 dr® 1 ride®.

. at—r? - dr?
B namwem npumepe: x, = — —V—— (cM. Bbiue), T. e.ds® =-——+
T . r
-+ ride?. : ,
Yreepxkacnuce |. Pumanosa merpuxa, uHlyyuposasnas HQ
nogepxuocty Beavtpamu ob6semarouels eskaudosoti merpuxoll, a8-
asiercs merpukol Jlobauesckoeo.

1
JokazartcancTBo. PaccMOoTpuM 3amcuy: U=@,v=—,;
r

) 2 2 3L A3
Toraads? = U—4dtﬂ LA _dut +dvt

= = , UTO, O%eBH/]HO, U JOKAa3bBaEeT
yTBepKACHHC.

Mrtak, J0Kaanbimo MOBCPXHOCTL DenbTpaMu H3oMerpHuYHa [J0C-
Koctu JloBaueBckoro, T. e. Mul NMOCTPOMIH H3OMCTPHUHOE BIOMEHHE
HeKoTOpo#H oOsacTd miockoctd JloOaueBCKOro B TpexmMepHOe eBKJH-
J0BO TpocTpaHCTBO. Kakasi uMeHHO 4acTb NJocKocTH JloGauenckoro
JOMycKaeT H30MeTpHUHOC BJOXeHHe B R3 (B BHAe noBepXHOCTH
BenntpaMu)? C caMoro iauyajia OTMCTHM, UYTO BCSI IOBEPXHOCTb
BeanTpamu me H30MeTpuUlla HHKAKOMY KYCKy miockoctd Jlofaues-
ckoro. B caMom nmedse, nopepxiocte Beantpamu romeomopdna AHCKY
C BLIKOJNIOTOH TOYKOM, C/eoBaTeNblo, ecaH Obl 3TO KOJAbLO ObLIIO
romcoMopdno 00sacTd B 1AOCKOCTH JloOGauenckoro, To OecKOHEuYHO
ylaneniasi Touka BopoukH DBenvTpaMu aonxua Ooia 6l otobpa-
3UTLCA B HEKOTOPYIO KOMEMHYI0 TOUKY MJOCKOCTH JloGauenckoro (cM.
puc. 29). 3710 UPOTHBOPEUUT TOMY, UTO GECKOUCUHO yaajseniiast TOUKa
BOpoHKH BenuTpamu ynanena nHa GecKoHeulioe paccTosiiie OT TOpJIO-
BHHbl BOPOHKH.

B /CHCTBHTEJSLHOCTH, U3OMCTPHYHO Ha o0nacTh B miocKoctu Jlo-
6aucsckoro orobpaxacrest Bopotka DBenabTpaMu nociac paspesa BAOJb
JoOok 13 cBoux obpasywouinx (cM. prc. 30). Coorsercreyiouias eft
obaacth 1a uaockoctd JloGaucsckoro (B mouenu IlyaHwkape) moka-
3ata Ha puc. 31. dra obmact, (ua puc. 31 owa ormeuena CuMBONA-
Mu oo, Ag, By) 3saxiiouena mexiy ABYMS NMapasileiblIbiMy PSIMbIMH
(8 cMuicae reoMeTpHH JIoOaucBCKOro), BHIXO/SIIIHMYE H3 OZHOH TOUKH
oo tra abcoatote, n ayroit Ael3y, apasiiomelica Ayrofl aaudnl 2n (ecad

=1), 1acThI0O OKPYXKHOCTU (B CBKJHAOBOM CMbicjie), Kacatoulehes
TOYKH oo Ha alcoIoTe,
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Takum oGpasoM, obsacts (oo, Ao, By) sizasierest GeckoneuHoli f1o-
JOCOH, 3AKMIOUCHNON  MCKJY JABYMS NApaJIC/ALULIMU NPSAMBIMHE M
orpanieHioi ¢ ojiloro Kouua ayroit AqB,.

Bﬂ
Puc. 30

Paccmorpum na mogenu Ilyauxape asa cemeficTBa KOOpAHHATHBIX
JHHHA,  OOpA3YIONIMX  OpPTOroHAaJLIIYI0 CeTKy (KakKk B CBKJIHAOBOM
CMbICJle, TAK H B. cMbicae MerpHKH JIoGaueBcKoro, MOCKONAbLKY obe
MCTPHKH OTJM4aloTCs Apyr OT Jpyra Ha . oo
Kot opMHublt Muoxurens)., OOHO cemeHcTBO
ABJIAETCS  MIIOJKCCTBOM  TapaJefbHbiX Mps-
Mblx (B cmuicie  JloGaueBCcKOro),  BLIXO-
ASILIMX M3 OAHOH TOYKH oo la abcodiore,
T. C. AyraMu OKpYyXHOCTeil (B €BKJIUL0BOM
cMblcsie), BLIXOMSIHHMH Ha a6CcoMoT moja ups-
MLIM yrjoM. Bropoe cemeiictBO 06pa3oBaHo
MIIOKECTBOM OK]YXKItocTel, Kacawouluxcs ab-
€ol10Ta B TOuKe oo (cM. piuc. 32). 3ITa cuc-
TCMa TPAeKTOPhit cOBIIAAAeT ¢ CHCTeMoll Ju-

IR YPOBHA BellecTBellloll B MUKMON uacrell Puc. 31
KOMITEKCHO-aHATUTHUCCKONl dynkuuH f(2) =
1 —1 .
=1/z, 1. e. Ref(2)=—cosq, Imf(2) =——sing, racz=rei;
r r

COOTBCTCTBYIOUIHEC YpDABHEHHSA

1
L cos ¢ = const,; — sin ¢ = const,.
r . r
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Orta Koop/jHHAaTHasl ceTKa OpToronannbHa. B TO Bpems, Kak OAlO
H3 STHX ceMeliCTB COCTOHT H3 NPSIMbIX B reoMerTpHH JloBauescKoro,
TPAeKTOPHH BTOPOro ceMeHCTBa NPSIMbIMH reomeTpHH JlofaueBckoro
He SBASIOTCS. ITH TPaeKTOPHH OJHO3HAUIO ONpEACHSIOTCsl TeM CBOH-
CTBOM, 4TO BCe «TEpTCHAMKYJSIPBL>, BLINYIICHILIC H3 TOUEK TpaeKTo-
PHH, TMapaJsiicablibt Apyr ApYry M IcpeceKalorcst B TOUKe oo, NpHHam-
Aexkauell abcostoTy (HANOMHHM, 4TO afCcoAl0T HEe RpHHAMJIEKUT

Puc. 32

niockoctH Jlo6auesckoro) (cM. puc. 32). Jlerko A0KasaTb (npoBepb-
te!), 4To JOOble JBE TPAEKTODHH BTOPOrO ceMeHCTBA KOHIPYIHTHBI,
T. €. MOTYT GLITb TiepeBefCHB ApYr B Apyra HeKOTOpOH W30MCTpHeH
miockoctd Jlo6auesckoro (T. c. AuddeoMopdH3MOM, COXPAISIIOUIHM
puManoBy MerTpHKy). Bosce Toro, B KauecTBe TakOH M30METPHH MOX-
IO B3SThH JApoGHO-jHHelnoe npeofpasoBalive BHAA w:——-——z;[;,
a, b, ¢, d —nogxoaamum odpa3oM nogobpalnbie KOMIJIEKCHbIE UHCIA.
Bopotuewm, ator dakr uam e norpedyercs.

HtaK, paccMOTpum IpOI3BOJLIYIO TPacKTOpHIO BTOPOro cemell-
cTBa (OKpYXKHOCTL ¢ KacalMcM B TOUKE 00) M 1la LCH — MPOH3BOJb-
HYI0 napy Touek Ao, Bp, OTCTOSILHX JApyr OT Apyra 1la paccrosiiuu 27
(Mbt cuurtacm, u4ro a=1 H paauyc cskaujgoBoil mopenu Ilyaukape
TOXe papen c¢jauuune). Torjpa no/doca, 3akzouciilasi MCKAY JAByMA
neprcHauKyasipaMu (Ao, 00) u (By, oo), BOCCTAlOBJACHHLIMH B TO'-
Kax Ap u By, H30MCTpHUHA pa3pczaiyoil BAOIL MepHjHaHa BOpOHKE
Beabrpamu. [Ipu 3TOM opTorolladplias cerka MCPHAHAHOB H Lapad-
Jeneii na Bopouke DBeabTpaMil IICPCXOJHT B OPTOTOLAJNLHYIO CETKY
TPaeKTOpUH TIepBOr0 H BTOPOro cemciicte ha MoacaH [lyankape,
B nosoce (oo, Ao, By) (cm. puc. 33). Ha nnockoctu JloGauenckoro
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(Kak H 1ta CBKJIHJOBOH TIOCKOCTH) BCCrja CYUICCTBYCT OTParKeHHe
OTHOCHTC/LHO HPOH3BOJLHOR LPSIMON; B 4acTIOCTH, OTPa3HB ILOJOCY
(00, Ay, Bgy) OTHOCHTCABLHO npsamoil (oo, Ag), ML NOJYUHM HOBYIO
MOJMIOCY, H3OMCTPHYHYIO HCXOAlLIOH (oo, Ao, Bg) u peaqH3yoIiyocs
B Bijle paspesannofl BoponkH BennrTpamu B R3. Orpaxast Tencph 3ty
HOBYylO Tlosocy (oo, Ay, Ag) OTHOCHTCJLIIO UpsIMOK (oo, A;), monyua-
eM rnosocy (oo, Ag, A) ¢ Temu Kc cBolicTBaMH u T. 4. OTpaxeHue
OTHOCHTC/ILHO NPSMOA Ha MNOCKOCTH JloGayeBCKOTO SIBJISICTCS W30-
MeTpHeH, a NOTOMY TpaeKkTo-
pHSI BTOPOTO ceMeHCTBa, Mpo-
XOASAasl yepe3 napy Touek
Ao, B, nepeiger B cebs, Tak
Kak niobast  d30MeTpus, Co-
XpaHnsiioliast TOYKy 0o, mepc-
BOJIUT TPACKTOPIH BTOPOIO

Puc. 33 Pnc. 34

cemeilcrBa cHoBa B TPAaeKTOpHH 9TOro e cemedicrsa. Bee orpeskH
(Ar, Ap—1), 1<<k<<oo, uMelOT oanHAKOBYIO AJHhy, pasuylo 2x. Co-
BCPIUCHIIO  allajlorHuliast IMpoieaypa OOpOoXKAaeT noJjocht (oo, By,
B—), 1<<k<<oo, ¢ TemMH X cBoicTBaMu, TeM camuiv Bech adck D?,
OrPANKUCHULIE TpacKTOpllell BTOporo ceMeHcTBA (OKPYKHOCTLIO), pas-
OnBacTcst ma GCCKOLCUNIOC YHCJAO NMOJIOC, CXOASIHIMXCS B TOUKE 00 Ha
abcoaore. Tencph yae MOXKIIO MOCTPOHTL OTOOpakelle BCOro JAHCKa
D? na Bopouky Beavrpamu (yxe Ges paspesa) B R® takum olpasom,
urobnl Kaxpgas mogoca tHuita (oo, Ay, Ap-a), (oo, Ay, By), (oo, By,
Bi-1), 1<<k<oo n3oMmeTpHuHO oTOOGpasunach Ha BopolKy Beanrpa-
mu. I1pu 3Tom auck D? 6yjer GecKOHeUlOC MHCJIO Pa3 HaMaThiBATHCS
1ta Bopouky beanTpamu (cm. puc. 34).

Bonpoc: moxno an nzomerpauiio peaanszonath B R3, B BHAC
ABYMEpPHOIl DOBCPXHOCTI MOCTOSIHIION OTPHLLATC/ABHON KPHBH3ULL 1le
TOJALKO nosocy (oo, As, By) (uau o6y ApYyrywo roqaocy, cit uio-
MCTpHUIEYIO), 1O H BClo HAocKoeTh JloGauesckoro? OrseT oTpuua-
TCALIBIR, JloKasaTeiLeTBO nepeant3yeMOCTH miockoeTH JloGauescKo-
ro 8 R3 secuoma unerpusuanniio w npuuaasckut H. B. Edumosy.

IT0 — 0oHO H3 IayGOKHX OTHHUMH MCXKIAY MCTPHKaMH MOJOXKII-
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TCALHOH M OTpPHILATENLHOR KpUBH3HbL. O6paTHM BHHMAaHHE Ha TO, YTO
HHIYIHPOBAHIas MeTPHKa Ha Bopouke BennTpamu coBmana ¢ MeTpH-
Ko#i JloOauesckoro. [IpH srom merpuka JloGaueBckoro MoxKer ObITb
onpcjcieHa «a0CTpakTHO», OE30TIOCHTCALHO K BJOXKEHHIO B eBKJH-
JOBO TNPOCTPAaNCTBO, & B CHJY YKa3allHOI0 COBNaJClHS 3Ta MeTpHKa
obmnajaeT rayccoBoil KpHBH3HOH. XOTSl Hallle HCXOAHOE OMpeaescHHe
rayccoBofi KpHBH3HH HCIOJb30BaJO BJOXKeHHe Vr—'-—R™ u, caeno-
BaTeJNbHO, FayccoBa KPHBH3HA 3aBHcesna OT mepBoil W BTOpoil dopMm,
OJIHAKO, KaK TelCpb OKa3bLiBaeTCsl, rayccoBa KPHBH3IA, MO-BHAHMOMY,
He 3aBHCHT OT BTopoH (opMBL, T. e. ABaseTcs QYHKUHEH TOJAbKO OT
pumanoBofi MeTpHKH O; B uacTHOCTH, KpuBH3na K He MeHsicTcs NpH
n3omeTpusix V»~! B R™. JTa TeopeMa, BLIUHCISIOWAN FayccoBy KpH-
BH3HY ' TOJBKO B TepMHHaxX DHMaHOBOH MeTpuku, OyjAeT AoKasaHa
HaMH I033Ke.

PaccMoTpuM Temepb Cpe/HIOI KpHBH3RY moBepxHocTelt V2 RS,
Kak 6bi10 oTMeueHO, CpeiHsisi KpUBH3HA 3aBHCHT OT criocoba BJaoxe-
nus V2R3, 1. e. onpejeasieTcs KakK MepBoi, Tak U BTOPOH HopMaMH.
Ilpu H3ydeHHH CBONCTB rayccono#l KpHBH3HBI Mbi pellajH, B 4YacT-
HOCTH, TaKyio 3ajadyy: HaHTH JByMepHble [0BEpXHOCTH, HMeILHe
3a/lallHyI0 TOCTOSIHHYIO KpUBH3HY. MB A0BOJBLHO JIErKO Hpe/lbsBHIH
TaKHe TMpHMepbi, T. €. IPHMCPbL MOBEPXHOCTCHl THOCTOAHHON IOMOXKH-
TCABHOH, HYJCBOH H OTPHILATENbHOH KPHBH3HBIL. XOTSl Mbt H lie 6yaeM
3JIcCh TOTO J10Ka3LIBaTh, HO JIOBOJIBIIO JIETKO ONHCATL BCE MOBEPX-
Hoctd V2, uMmclowpe HOCTOSUINYIO KPHBH3HY. HanpuMep, nBymepHoe
rlajakoe KOMIaKTHoe 3aMKHyTOe PHMaHOBO MHoroo0Gpaswe MOCTOSIH-
HOfl TMOJIOXKHTENbHOH KpHBH3HLI FoMeoMopdHO aubo cdepe, au60 Mpo-
eKTHBHOH maocKocTH. COOTBETCTBYIOMIAA 3ajaua O MOBEpXIOCTSIX MO-
CTOSIHHOH cpeJHell KPHBH3MHLL, T.'e. IpobjeMa ONucaHus MoBepxHOCTeH
MOCTOSIHHON cpeAHcH KpHBH3HBI, 3HAUHTEJLHO CJ0XKHCE H pellaeTcs
31aynTesbHO MeHee 3P PeKTHBHO, UeM B CJyyac rayccOBOH KpHBH3HHL.
PaccMOTpPHM, HampHMep, MOBEPXHOCTH HyJeBoil cpeimell KpHBH3ILI —
TaK HasblBacMbBle MHHHMaJbHble IOBEPXHOCTH. IJTH TMMOBEPXHOCTH,
KCTATH, XapaKTepH3YIOTCSl TCM CBOHCTBOM, YTO IJIOWA/L HX JOKaJLHO
MHHHMaJbla 10 CPaBHEHHIO ¢ MJOILAALIO APYFHX FHIEPIOBCpXHOCTeH,
OTJIHYAlONIHXCS OT HCXONHON TOMLKO BHYTpH (sioforo) wapa pocra-
Touo Maznoro pajmyca (cM. puc. 35). Dusuyeckoil MOJeNbI0 MHHH-
MaJbHbIX loBepxHOcTell V2R3 gBasiiorcss «Mbuiblibie MJIENKH», BO3:
HHKaIOUHe Ha 3aMKIYTbIX KOHTYpaX, H3TOTOBJECHHBIX H3 IPOBOJIOKH,
MOCJIC H3BJACUEHHS MX H3 COCYy/Ja, HAMOJHEHHOro MbUILHOH BOMO#H.
[Tpy 3TOoM Ha oaHu M TOT XKe KOHTYpP MOXKHO HaTSIHYTh, BooOLIe
rOBOPS, HECKONBKO MHIIMaNbHBIX TJIcHoK. PacemoTpum VPR3 i Bbl-

BC/IEM YpaBliellhe JBYMEpHbIX MHUHMAJLHLIX nosepxuocTeld. Tak Kak
GL — 2MF + EN
= e , To ypaBHcHue //=0 upunumaer sua: GL —
MR
— 2MF-+EN=0. Ecait 1oBepxHocTb 8ajana C TOMOWbLIO IpadHKa
z=[(x,y), To:

ds? = (1 -+ fo)dx?  2f,f,dxdy - (1 + f})dy?
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L. fex C M = fry N - fyu

VIR tr VIFR+7 VU
CJACHOBATEIBHO, o
(l|fz)fxx_2fxyfxfy P(l 1f3)fyy:O

YiKe caMm BHJ ITOTO YPABHEHHS B YACTHBIX POH3BOAHBIX (pCLIeHHSIMH
KOTOPOI'0 M SIBASIOTCY MUHHMaJbHBIE MOBEPXHOCTH) [OKa3biBaeT, UTO
pCHICHHST €0 JIOBONBLHO CJOXHBL. TIpuMepbl: CBKAHJIOBa  11J10CKOCTL
R2CR® sBasieTcst MHIHMAaJbLHON NOBEPXHOCTLIO, TAaK Kak Q==0 (npo-
sepurel). :

Boice caokKNblil 1pHMep HEKOMIaKTIONH MUHHMAaNLION [0BePX-
HocTH TMOJyYdaercsl Tak: paccMoTpuM B 'R? e oprorowanpiwie, fepe-
cexatomMecss B Touke O, mpamoie [ H [y (DHKCpr(‘l\; paAMyo [ H

Puc.  35. OBbem Vi=! = ofnem ’ Puc. 36
Vn—\ -

Oyjem nepeMcliath BAOMbL HEE, ¢ ROCTOSIIIHOH CKOPOCTBIO &, NPSIMYIO
[y, onnospeMenHo Bpamaf lp ¢ NOCTOSHION YTJIOBOH CKOPOCTBIO ©
Bokpyr ocH [, (Bo3HHKaeT pHHTOBOe ABHxeuHe). [lpsimast [, Oyaer
3aMetaTnh lICKOTOpoe JAByMeplioc Iaakoce nmoamHoroo6pasue V2R3,
KOTOpOC 11a3siBactest npamovim 2eauxoudom (cM. puc. 36).

Yiupakueuue: JJ0KazaTb, YTO INpPSIMOIl TeJHKOHJ — MHUHHMANE-
Hast HoBepXHOCTL, JIist y1o06CcTBA BBHIUHCTAEHHE HYXKHO BBECTH Ha HeM
KOOp/UnaTht, HIEAYHUUPOBAHHLIE NIJHIJPHUECKHMH KOOpAUHATAMH B
R3 ¢ ocnwo =0z, : :

Ortmerum, uro Jaiobasi MHIHMAaJbIas NoBepXlocTh V2R3 uMeer
HCNOMOAKHTEbHYO [aycCcoBy KpHBH3LY, TaK -Kak A-+he=6,

Caeayomuil upumep 6yner cssidad ¢ KoutypoM I'R3, rpe moa I
HontMacrea iajkoe BJIOXKCHHe Habopa okpy:xHocTe#l B R3, KoTopbie
e niepecekatoresi. PaceMOTpHM  HEKOMIIAKTHYI0O MHHHMAaibHY®O 110-
BCPXIIOCTL  Bpalleinsg, o0pa30BaHHYIO BpalleHHEM BOKDYr OCH 0X
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o o o X
rnankoil kpusoit y(f), 3apaBacmoil ypasueintem gy ==ach—, Kak
a

H3BCCTIIO H3 Kypca dHafaH3a, »Ta KpHBas onpceacaser (hopMy Mmpo-
BHCAfIHSL TSDKEJOH 1lenH, 3aKpemsenHoili B AByx ToukKax: A u B
(puc. 37). TIpu 3TOM Mbl npejnonaraeM, UTO THXKCJAasA H(CHDL MOJLBC-
LleHa AOCTAaTOYHO BHICOKO, TaK WTO KpHBasi y(X) Ic NMepccekaer OcH

1%

1
. .
)
'
1
'

Puc. 37 Puc. 38

)
ox. CHsa TspKCCTH Danpabaelia BIrU3, BAOAL ocH 0y. COOTBCTCTBYIO-
a8 BOBEpPXHOCTL lasbiBactest xarexoudom (puc. 38). Haiigem H.
M3 nokasareancrsa JeMMBL D BHIO, UTO .

1 y”
H=)\ lkz Tz —_— - FSalae
! Y TF(y)° (1 b (e
1
== (ach —'—Y—)_l (1 -4~ sh? i) P
a a
— _3,4
———l—chi(l 4--shgi) a0,
2 a a

Htak, KaTCHOHA — MHHMMaJbiast JIOBEpXllocTh, Ecall paccMoTpeThb
TOILKO Ty 4acTh KaTCHOHJA, KOTOpAs Jakjouena Mexay JByMAa
OKPYXKIIOCTSIMH, 00pa3oBallHbiMi BpameieM touck A u B Boxpyr
OCH 0x, TO IMOJNY4YHM MpPHMED MHIHMAJLIOIN HOBEPXIOCTH, HATSIYTOR
ia xouryp I, cocTosiuMil H3 3THX ABYX TpaltMuilbtx OKPYKHOCTCH.
3aech naM npefocTaBiasgercst cayuail MmpoACMOUCTPHPOBATL, UTO pe-
UICITHC 33jaull 11a. OTLICKAIMC MHIUMAJLIOH IVIEHKH ¢ 3ajlallHbiM
KOITYPOM B KaUucCcTBe TpaHMIbl [IeeJHIICTBCHHO. B caMom aene, Kpome
yxe npeIbsABJEHHOTO HaMHM pelieHust (puc. 38), cyulccTByeT eile
0JHa MHHHMWILIAA IICUKA C TCM € IpalllulibiM KOLTYPOM — 3TO
JIBa JIHCKa, 3aTSIrHBAIOIMIIC FpallHulinie okpyxKiocrn (puc. 39). Dra
MHIMMaJIblasi icnka cylecTnyer jaast oot napel Touek A u B,
B TO BpPCMS KAaK KaTeHOHJ JaJjicKe li¢c BCCrja narsirMpaeTcsl Ha rpa-
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HHUIIBIC OKpYXKHOCTH. SlcHO, uTo ecnu Touku A u B pacrosoxeHbl
JAOCTATOUIO JafCKO JPyr OT ApPYyra, TO KATCHOHJ IOCTPOHTDL LENb3s
(cM. puc. 40). IlpensitcTBHe K €ro NocTpOEHHIO 0cOOeHHO HArJasLno
NpPOSIBJASETCsl, KOrja MbI HauyH- '
1ACM  pa3ABHraTb TPaHHYILIC
OKPYXKHOCTH, pacTsirMBasi Kare-
HOHJL, MEepBOlauadbllo MOCTPOEH-
Huift IS JOCTaTouHo — GJIM3KO
pacuonoxeiinx todek A u B.
[Tpouecc pacTsiKeHust nokasail
na puc. 41. Tlpu pacTsiXKelluu
TSDKeJMast Lelb HaydHaeT NpPOoBU-
caTb, . TOPJIOBHHA KATCHOHJA :
yMeHbLIAeTCsl, W B MOMEHT ee Puc. 39

KacaHHsl € OCBbID OX rayccosa

KPHBH31Ia MOBEPXIIOCTH B TOUYKe Kacamnust ofpamaercs B 6eckoHed-
HOCTb (MBLLILHAS IJIEHKa Pa3pbiBaeTcs)., ‘

B

Puc. 41

Ente oauit nprMep KOHTYpa, /ISl KOTOPOTO CYUWECTBYIOT ABa pe-
menwst ypapHenust H=0, nokasaH ua pHc, 42. 31ecb 06¢ MHHHUMATb-
lble nJIeHKH roMcomopoéunt apyr Apyry. B 3asucumocru or crocoba
BJIOKCHHSt oKpyxhocTH S! B R® Menserca W BHJ 3aTATHBAOLIUX ee
MHIIKMAJbHBIX MJIeHOK. [IpH cTanaapTHOM BJOXKEHHH S! B IJIOCKOCTDb
(X, y) : x*4y?=1 munuManLHasy NUCHKA, 3aTATMBAIOMLAsl 3TOT KOH-
Typ, TOJBKO ofla H coBlafaer ¢ JHcKoM x24y2<{1. Ecau xe S! aBa
Pasa obopauHBaeTcs BOKpPYr OCH 02, TO pelleHHe ypaBHeHHs1 H =0
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ssasieTcsas aucroMm Me6uyca (cM. puc. 43). Ecau S! o6Gopauuaercs
BOKPYT OCH 0z TpH pa3a, TO pelllenHe ypasueHHs H=0 ssasercs
«TpoinbiM JaHcToM Me6Guyca» (cm. puc. 44). Ero MOXHO mNOJY4HTS,
nepeMernast B0Jb OKPYXKHOCTH, CTAHAAPTHO BJ@XEHHOH B IIOCKOCTD,
TPHAHCTIHK», COCTaBJEHHBIH H3 TpeX OTPe3KOB OJHHAKOBOH MJHHH,
_CXOASAIUKXCST N0/ paBHBIMH yraaMy 2n/3. IIp 3TOM TPHIMCTHHK 10J-

- r - §-8 pewenue 2-e peweve

Puc. 43

¥eH mocse moJoro o0opoTa BOKPYD OKPYXKHOCTH liepeiiTH B celst
¢ nosoporoMm na 2m/3 (cm. puc. 44). [lpouecc nocrpoennst 3THX mo-
BePXHOCTel B HEKOTOPOM CMBLIC/]IE aHAJIOTHYCH MOCTPOEHHIO TIPSIMOTO
reankonja. «Tpo#Hoit Jjuct MebGuyca» romeomopden M0BEpXHOCTH
C camorepeccuenHsiMH, MTOKa3alnoit Ha pHc. 45. .
MunumanbHast mJaeHka, loKa3aHHasi lta pHc. 44, B’ OTJHYHC OT
IpeAbIAYLIHX TIPHMEpOB, HMEeT MIIOro ocoOBIX TOueK, CHHryJasipHocTef,
T. €. TOYEK, HHKAKas OTKpbLITas OKPeCTIOCThL KOTOPLIX HeE roMeoMopd-
Ha AucKy. OKpecTHOCTbH KaX/JAOH TakoH TOYKH HMeeT CTPYKTypy, INo-
Ka3auHylo Ha pHc. 46, T. e. TPH NOJIOBHIKH JIHCKa CKJceHbl MO obie-
My nduameTpy. Jlerko coobpasutb, 4To J106as ocobas TOYKa ABymep-
HOH MHIKHMAaJbLHOH TIUIEHKH, SIBJAsIOIeHCcA HEKOMNAaKTHOH moBepX-
HOCTbI0 6e3 rpaHHLbL, HMeeT CTPYKTypy, NoKa3aHHylo Ha pHc. 46.
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B camoMm mese, ccan B 0COBOH TOUKC CXOAATCS ABE TOJOBHIIKH QHCKA,
TO TOTZA OKPECTHOCTL TOUKM roMeoMmopdha jiicky. Ecan B ocoGoit
TOUYKC CXOJASATCH UCThIpE MOJOBHIKH JAHcKa (cM. puc. 47), 10 cylecT-
pyer pehopmallnsl OKPECTHOCTH, yMenbiiafomash miontajgh. CyMmap-
nast midia orpeakoB AB, AC, AD, AR Goavuic cymmapiiofl AgHHBI
orpeskoB A’B, A'R, A’A”, A”C, A”D (pacmaj ucTuipeXkpatioit oco-

Cevenue Pacnad ocodennocmy A=A'UA™

Pic, 47

GeniocTy 11a TpexxKpatubic ocobemioctn). Jdas mimnvanniunx 110K
C rpaHHiefl 310 yTBepKACHIC yiKe ncmeptio. Tipnmep npneepceH Ha
pHc. 48. 3mcch UCTHIPCXKPATHLIC TOMKI 3anoaisior orpedok AB. Y-

Puc. 48 . Puc. 49

Tepecho, YTo Ma TOT ¥e Kouryp I', 10 W3rOTOBACHILIH H3 1POBOJOKH
KOHEUHON TOJULHHD, MO:KHO HATALYThL elile OQHY MbLUILHYIO IUICHKY,
ocobple TOUKH KOTOpOfl, pacnoJoxKeHHbie BIOJL OTpPe3Ka AB (cM.
puc. 49), AB/sOTCs yiKe TPeXKPATHLIMA.

C - MHHHMAJIBHLIMH [OBEPXHOCTSIMH TCCHO CBSI3alibl TaK ilaspiBae-
Mble rapMolimueckue mnosepxuoctH V2R3 Tlyers V? zapmano Tak:

- - . - V2
r=r(u,v), TAe U,V — KpUBOJHIIeAHDIE KOOpAHNATL lia V<.
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Onpengencuuc. Paauyc-Bekrop r(u,v) uasLIBaeTcs 2apmoHu-
- —

arr a2r
4eCKUM OTHOCHTE/NLHO KOOPDAHHAT U, U, eC/H o ~[-——a—? =0, T.e.
u B 7
sy
Ar=0, rue A —oncpatop Jlansaca B KoopAHHATAX U, V.

5
Pannyc-sexrop r(u, v), rapMonuueckuil B KoopauHatax (u,v), He
o0si3an O6bITL rapMOlIMUEGCKIIM B JPYTHX KOOpaHHatax u', v'.
Onpenenennc. [lopepxuoers V2R3 HasmBaeTcsl 2apmorude-
cKkOl, ccad ona MOxeT OblTh 3ajala C MOMOILBIO HeKOTOPOro rapMo-
-

IIHMCCKOI'0 paiHyc-BeKTopa r{u, ¥) B HEKOTOPBLIX KPHBOJHUCHHBIX KO-
OPJAHIIATAX U, U.

-

ByjceMm roBOpHTb, 4TO DagMyC-BEKTOp r (U, U) MUHUMQACH, CCIH
cpellsst KpMBH3HA ero TOXKAECTBCIIHO paBHa nynio. Tak Kak (yHKUUA
H=Mh1+X;— CRaJsip H, B UaCTHOCTH, HC MCHSIETCsI IIPH DCTYASIPIBIX
3aMcHax KOOpPAHHAT Ha MOBEPXHOCTH, TO €CJH PajHyC-BCKTODP SIBJsIET-
¢s1 MHHHMAJbIBIM OTHOCHTEIbHO OJHON cHCTeMbl KOOPAHHAT, OH OyneT
MHIHMaJAbHLIM ¥ OTHOCHTENbHO JI00o#l Apyrofi perynspHof cHcTeMbl
koopauuar. Hrak, nouwsTHe MHMHMaJbHOM IMJEHKH HC 3aBHCHT OT
BBe/JleNHBIX Ha Helt Kooppguunat. [Ijs rapMOHHUYECKHX TNOBEpPXHOCTCH
5TO0 y2Ke He TaK, a INOTOMY OOGBLIUHO TOBOPST O TapMOHHYECKHX

-

oroGpaxcuusnx r:D(u, v)—R3(x, y, 2), rne D(u, v) — obnacti ha
->
niockoct (4, v), a r(u, v) —oToOpaxKeHHe, onpegensiollce M0BepX-

nocTs V2R3 OtoGpaxenue r, rapMoHMYeCKOe B OXHHX KOOpZHHA-

TaX, y)ke He Oyner, BooQIile TOBOPS, FapDMOHAYECKHM B JIPYTHX KOOD-

AMHaTtax (npuBegute npuMep!). IlpuMep rapmosHueckodl moBepx-
- -

rocTu: 3amaguMm r(x, y) dopmyjoii: r(x, y) = (x, y, x> — y*), rae x, y,
2 — JekapToBbl KoopAuHaTh B R3, T. e, moBepxuoctb V2 3agaercs rpa-
(hUKoM z;—rx?z—y?, OTHECEHHHIM X AeKapTOBOM CHCTeMe KOODAMHAT.
- -
Slcuo, uro ( sz |- t;Z/"’ )r =0, T.c. noBepxHocth z=x?—y? — rap-
Mondueckasi. B TO :Kc BpeMmsl oHa He MuHHM3jbHa: H==0 toabKO B
Touke (0, 0), a B Ipyrux Toukax H=£0.
~ Hamomnum, uto KpuBOMHEelHble KOOpAHHATBI (U, U) Ha NOBepX-
Hoctn VACR® HasbiBalOTCSl KOHGPOpMHGIMU, e€CIH B HHUX METpHKa
Edu?4-2Fdudv+Gdv?, wugyuuposannas Ha V2 06beMJIOLIeil eBKJIU-
JIOBOW METpPHKOH, siBAsieTcs AMaronananhol, T. c¢. E=G, F=0.
3ameuanuc. PaccMOTPEM AByMepHOe T1aJKO€ PHUMallOBO MHO-
rooGpasue, na KOTOpoM 3aJala pUManoBa MeTpHKa ds?, ne 06s3a-
TeJILHO HHAYLHPOBaHNasi KaKMM-1uGo BioxkeHHem M2 B R3 ¢ peute-
CTBeHIIOAHaJdUTHICCKUMH Ko3dduuuentamu £, F, G, paccmatpuBae-
MLIMH KakK (yHKUHH - OT JIOKaJbHLIX KPHBOJHICHHEIX KOODAMHAT U, U.
Torna, okasbiBaercst, aasi J06oil Toukn PeM? cymecrsyeT TaKas
oKpectHocTh U=U(P), uto B U MOXIO BBCCTH KOOPAHIIATHI p, ¢
(ABIAOUAECS] BEUICCTBEHHO-AHANUTHYCCKHMA (BYHKIHUSAMH OT HCXOJ-
HLlX KoopmuHaT 4, U), B KOTOPHX ds? umeer BHA: A(p, q) (dp*+dq?),
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T. €, KOOpIHHATH P, g OyayT KoldopMHbIMH. JLOKa3aTeabCTBO HECJIO K-
HO, ofnako TpeOyeT CCBIIKH 1d TCOPEMY CYULECTBOBAIIMA pPEHICIHSA
CrNIENHaNnLHOr0  YpaBHEGHHA B YAacTHLIX MPOM3BOAHLIX (ypaBHeHHs
BeanTpamu — Jlannaca), uTo BHIXOZUT 32 pPaMK{ Hauwero Kypca.

Kak cBsi3anbl rapMOHHuecKHe H MHHHMAaJbHbie BEKTOPH B R¥?
ITpumep rapmMouH4ecKoro, Ho He MHHHMAaJbHOIO BCKTOpPA Mbl IIPHBEJH.
Bepno nu obpathoe, 1. e. n1060H Jin MHIMMAaJBHBIH BCKTOP — rapMmo-
HHYECKHH? IDTO TOMXKE HEBEPHO (anBeimTe npumep!). Tem ne McHee
HMEET MECTO cliefyloliee.

Yreepxaenuc 2. Murnumanronoii 8exTop, 3anucannolli @ KoH-
POopMHbIX KOOPOUHATAX, ABARCTCA 2APMOHULCCKUM.

JIOKasaTeJIbCTBo IMycrt (¢, v) — KOHPOPMHBIC KOOpZXHHATHI,

a r(u v) — BEKTOp, OHHCbIBalOmHH MHBHMAUIbHYIO IICIKY. Hanowm-
HHUM, uT0 E= G <r,), Fo>>== <ru, ru> F <ru, r,,> TpeGyercsa
JI0OKa3aTb, 4TO ruu—{—r,,,,—O [Monoxnm a==ruu+rm, Tak Kak H 0,
T0 GL 2MF+EN 0, 1. e. 1+N 0. Orciona <a,n> <ruu,n>+
+<fm,,n> L+N 0 rae n——HopMabe K V2 Ocranoch A0OKasaTh,
4TO <a, ru> <o,, ﬁ> =0, TaK Kax toraa a Oyner HMeTb HyJieBble
CKanfpHblE NPON3BEACIHS C OPTOrOHANLHHIMH BEKTOpaMHU Tus Tor T. €
n JoJKeH OHITh HYJEBHIM BCKTOPOM. Jlﬂ(b(bepeﬂuﬂpyﬂ _ToxecTa
E= G F 0, nosyuaem:’ <r,,u, ru> <ruv, fu> <ruv, ru>-—-—
=<, ru> <ruu) rn>——~<ru, ruv> <rvu, o> =—<ru, ruv>.

Orciona <a r,,> <ru,,, r,,>——— <rvu, rv> 0. "AHajornuuo:
<L, r,>=0, 4T0 H TpeGoBaJioCh.
~ -

3aMeuaune. Boime Mb coobmuan (6e3 goKazaTeabctsa), 4TO

B OKpPecTHOCTH JI000fi TOUKH [BYyMeplOiH BeHICCTBEHHO-allaJUTHUeC-.

KOff MOBEpPXHOCTH MOMHO BBECTH KOHGOpPMHBIe KoOpauHaTbl. MoxHo
J0Ka3aTh (3T0T akT HeTpHBHAAeH), uyTo jaobast MHHHMaJblas MJEH-
Ka MoXeT OblTh 3ajala BeIlecTBEHHO-aHAJIUTHUECKHM pajgHyC-BeKTo-
pOM, a clleA0BaTeNbHO, B OKPECTHOCTH J000H TOUKH HAa MHHHMAJIbHOR
TIOBEPXHOCTH BCErfa MOXHO BBECTH - KOUMOPMHDLIC KOOPIHHATLL

3anaun k § 2.

1. HokasaTb, uTO ecaM rayccoBa H CpCIHAS KPUBH3HBLI TOXIECT-
BEHHO DaBHBI HYJI0; TO NMOBepXHOCTL B R® sABAfeTCa MIOCKOCTLIO.
2. Tlyct, nosepxiuocTs S o6pasoBaya KacaTeAbHLIMH IIPAMbIMH

K KpHBOH. BLIpa3uTh rayccoBy H cpeAHIOI0 KPHBH3HLI NOBEPXHOCTH S -

uepe3 KpHBU3ilY U KpYUeHHC KPUBOH.
. 3. B mpexsigywedt 3ajaue 1nokasatb, YTO MCTPHKA Ha [I0BCDX-
HOCTH 3aBHCHT TO/IbKO OT KPHBH3HbI KpHBOI.



§ 3. rpynnbl NPEOBPA3OBAHHA

1. Mpocreiiune npuMepb rpynn npeoGpaszoBaHuil

3xech Mbl 6yjeM H3yuaTh OCHOBHbie NpHMepbl Ipynn npeo6paso-
BaHH# MeTpuK, T. €. orofpaxeHuit MHOroo6pasuit, COXPaHSIOLWLUX
merTpuKy. PaccMoTpHM pumanoBo muHorooGpasue M™ ¢ meTpHKO# gij.

Onpeneaenue. Jupdeomopdnsm [ Muoroobpasus M» ua ce-
Os1 nasbiBaercst dsuoKeruem PHUMAHOBOH METPHKH gy, HJH u3omer-
-pueti, ecaM pHMaHOBA MeTpHKa NpH 3TOM OTOGpakeHHH NEpPexOmHT
B cels, T. e. BLITOJIILNO TOKAECTBO:

1
Zro(Y) = &1 (x(y)) Oxt(y) oxl(y)

ay* ay" '
rae y', .., y"-— NOKasnbiibie KOOPAHHATHI B HEKOTOpO#t OKPeCTHOCTH
TOUKH yeM™, xL, ..., x® — JOKaJabHble KOODJHHAThI B HeKOTopoﬁ OK-

pecTHOCTH TOukH xeM";, xi=xi(y!,.., y"), 1=<{i<{n,— dyHKUUA,
3ajaomue (10KaabHo) oTobpaxeuue [, npuueM x==f(y).

Mbpt panu «kooppduaTHOe» onpejeieHuHe H3omeTpuu. HMnorpa Goi-
BacT yA00HO -NOJAb30BAaThCsl HHBAPHAHTHBIM ONpEHeNcHHeM, He Hc-
HOJIL3YIOUHMM JIOKA/blibie KOOPAMHATHL, BbIOOpP 'KOTOPBIX HCEOXHO3HA-
ueil. Ilpn orobpaxenun [ audbdepenunan df orobpaxaer T, M" wa
T:M™, npuuem 3710 oToOpaxkeuHe —— JUHEHHBIH H30MOpP}H3M, TAK KaK
f— D,H(b(beOMop(bHSM. B -kaxj0M H3 KacateabHbiX npoctpaHcrs T, Mn
u T,M".onpeueneHo ckaasipuoe npoussefetne: <, >y 1 <,>x CO-
OTBETCTBEHIID, NOCTPOCHHOE 0O . pIIMaHOBOH METpHKE, T. €. B JOKabL-
HBIX KOOpIHuATax y', .., y" HMeeM: <a b>,,.~--g”(y)a*b7 rae a be
eT,M»,

Onpepenenue. L'me(peomopqnusm f MHOI‘006p83PIH M* wua ceba

HasbiBaeTCs usomempuetl, ecau (a b) g = (df(a) d/’(b))x A moGbix
a, bETM" = f(y).
Jlemma L. Koopdunatnoe u unsapuantHoe onpedeienus u3o-
METPUU IKBUBUAEHTHOL.
- -
Hokasateabcrpo. Ilyerb asT,M", a = (a, ... ,a") B J0-
-

KaJbHBIX KOOpAHHATAaX I, ..., y"; orcwoja df(a)< T, M" umeer Bua:

(A @y =2 o

1

12K Kak df : T M"—T M" 3anaercs Mannueﬁ S1ko6n. Orcropa

- > . i i
(d] @), d] B)); = g (x (g) P 2 g g, gk,
YTO H JIOKA3bIBaeT JIEMMY. :
Jlemma 2. Muoswecrso 8cex usomeTpuil pumanos8a MHo2006pa-
sus M™ obpasyer epynny (8 arcebpaudeckom cmeicae).
HokazatenbctTnBo. To, YTO KOMIO3HIHA HIOMETPHIT — cHOBA
H30OMETpPHs, BHITEKAeT M3 npasBusa JHQPepeHUHPOBAHUA CJA0KHOMN
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QYUKIHH M 3aKOHA H3MCHCHHS KO3(D(MHUHEHTOB g;; NMpH 3aMCHC KO-
opaunat. To, uto [~! amasercsi H3OMeETpPHCH, BLITCKACT M3 TOr0, UTO
matpuna ko6u [~! ssasercs matpuuei, obpatioit Kk marpuue SIko6H
J(f). B.kauectBe eAHIMUHOrO »JeMENTa TPYIIbl CJACAYET B3ATL TONK-
JecrBentioe npeoBpasosaitue. JleMma mokasana.

Ipynna usomerputd pumaunosa MHoroo6Gpasust M7 o6buuo crab-
XaeTcsl TONOJOTHeil u3 mnpoctpaiicTBa oToGpaxenHil H ofo3nauactes
uepe3 Iso(M"). PacemorpuM npocTeitline mp UM e p bl.

1. B kauectBe M' Bo3nLMEM BenieCTBEHHYIO MpsiMylo (IICKOMOakKrT-
1Hoc oJHOMepHOe MHOrooGpasuc) ¢ eBKAMZOBOH MeTpUKO# ds?=—dx?,
rge x — KoopauHara Ha mnpsimoil. Ilycts f— puddeomopdusm R! na
ce0s1, 3anaBaeMbid, CJCIOBATC/bIIO, CTPOrO BO3pacTaloinci (HaH y6bl-
Baoulei) ¢QyHkuHeli x=[(y); ycjoBHe, U0 [ — H30MCTPHS, HACT, 4YTO
ds? = (f,)?dy® =dy?, 1. e. (f)? =1, 1. e [ umeer au6o Bur: [(y)=
==y+a, 160 [(y)=—y-+0, rae a H b — NPOU3BOJLIILIE TOCTOANNDIE,
Hrak, rpynna u3oMerpHit BetecTBenuoil npsaMoii romcomopdna mape
BCULCCTBCHHBLIX MPAMBIX  (coGCTBeHIIble H30MCTPHH, COXpalsiolue
ODHEHTAIHIO 1PIMON # 11cCOOCTBCHHBIC H3OMETPHH).

OTOT MpHMep SBJISIeTCsl UPAKTHUCCKH EIHICTBCHILIM TPUMCPOM,
B KOTODOM, OCT4BasiCh, a 3JCMeHNTAPHOM YPOBIC, MOXKIIO HANTH MOJ-.
HYI0 IpyNny H30McTpHit Miloroo6pasns. [eno B TOM, 4TO Tpynuo
JIOKa3bIBATL MOJHOTY NPCAbABJACIINO MOATPYNNLI B I'PYNINe BCEX H30-
MeTpHit. B npenwigyuieM npuMepe 3TO YAaJ0Ch TOJBLKO 3a cueT TOro,
UTO TJiaAKkasn GyUKiHs, aMeroliast NTOCTOSIHHYI0 NPOH3BOAHYIO, SIBJASIET-
csl JMHeiHON. Bekope Mbl mozHaKoMHMCS ¢ NOHBATHEM reofe3HuecKOR
JJIST PHMANOBOH METPHKH M TOrJAa CMOXKEM JOKa3hiBaTh IOJHOTY He-
KOTOPHIX MPeAbsiBJEHHBIX MOATPYNIl B Tpyie BceX H30MeTpui.

2. PaccMOTpHM  eBKJAHAOBY [JBYMEpHYIO IJIOCKOCTb H “HaiigeM
TpYnny H3oMeTpHi, cOoXpaHsIOWHX TOuKy 0-—nauano KOOpAMHAT.
Bygem uckarn M30MeTpHM CpefH JHHeHbIX NpeobpasoBanuii mioc-
KOCTH (MOXKHO NOKa3aTbh, uTo J006as H30MeTPHs IJIOCKOCTH — JUnek-
i1a; HO cefiuac Mbl 1ie GygeM Ha 3TOM OCTaHaB/JuBaTLCsA). TpeGoBaHue
MHBapHaHTHOCTH MeTpukn dx?+dy?, gi;=0;;, 3aNuchHIBaeTCA B BHJE
matpuunoro ypasuenus: E=AAT, rgc A:R*>—R?— nuuefinioe mpe-
o6pasosaiiic. ITO — ONpegeleHde OPTOrOHAJLIOH TPYMiLL, T. ¢. B.
NauHom cjayuae — rpynnbs O(2), cocroduicit ©3 MaTpHI BHEA:

cos ¢ sing COS @ sin cp) (ne-
(—sin(p cos ¢ Bing -~—cos @
cobeTBellHbe Bpamelis, Han oTpaxcHus). CoGcrBenibic Bpaiieilns
o6pasyior unoarpyuny B O(2), oboanauaemyio SO(2); necoGerpen-
Hble Bpauclysi noarpynnbl He obGpasytor. [Togrpynna SO(2) smuser-
€51 HOpMaJabLHLIM jeautedsem B O(2); caexomsaTennhHo, onpejescna
¢akrop-rpynna O(2)/SO(2), usomopdHaa Z, (UMKJIHUCCKOII Ipynne
sroporo mnopsiaka). I'pymia O(2) siisiercs MOArpynmnoil B rpynmne
BCEX HM3OMCTPHE OKpY:KIIOCTH, ciiabxelnoi cTamjapriiod puMaHoBo#
merpukoit ds?=d¢? [lockonbky O(2) cOCTOHT U3 MaTpHu, TO, cJie-
JIOBATEILIIO, »TA [pyNna npeBpaliaercs B TOMOJIOTHYCCKOE: TPOCTPat-

) (cofcrBeliiblc Bpalenus) o (
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CTBO, CCJIH COTMOCTABIThL Kax{Oft MaTpuue 3nauendHe yria ¢ (413
coOcTBEHHBIX Bpaulehud). Takum 00pa3oM, MHOXCCTBO MatpHi, 00-
pasyromux O(2), roMmeoMopdHO [ABYM 3K3eMIUISipAM OKDPYKHOCTH;
cacnosatesnbio, O(2) Moxer ObITL cualKeHa CTPYKTYPOH raajikoro
O/UTOMCPIIOr0 3aMKHYTOrO (HCCBA3HOro) MHOrooGpasust (puc. 50).

Hokaxure, uto rpynna O(2) coBnamaer ¢ rpynuoil Beex H30MCT-
pHil OKPY:KIIOCTH ¢ MeTpUKOH ds?’=dg?. YKa3auuec: NOCTYMUTDb
1o anasoruu ¢ rpynmnoii Iso(R').

3. JIBMiKeude eBRAHJOBON [JOCKOCTH MOXIIO 3aMucathL B BHJE:

- - b d -
y=Ax+b, rue A=0(2), a BexTOp b omupemensieT napassenbHbIN
nepenioc (€ABHT) Ha MAOCKOCTH. $lcno, uro

BCU TaKuC rpeo6pa3oBanis COXPAHSIOT (10\,50(7)
CBKJINAOBY MCTPHKY (mposepnre!). Kak 50z 0-1)
Oy/CT IMOKa3aHO jaJjce, OHM HCUEpIbiBa-
10T co6010 BCE H3OMETPHH NJI0OCKOCTH. Ity
FPYNIY MOXKHO NPCACTaBHTL B BHJE Mar- .
piiL
T 15 A N4
rlals] ~ ()
—|— Pic.
o ol uc. 50

- - -

(ITposepbTe, uto coorsercrsue (y=Ax-+b)—>T sBIsiCTC H30MOP-
¢rsmom rpymn). Caemosaresblio, KaK H B INpefbllyUIeM MOpuMepe,
rpynna Iso(R?) Mowxer ObiTL npespaulelia B TOMOJOTHYECKOE MPO-
CTpailcTBo, roMeoMopdHoc NPAMOMY - NPOU3BEAEHHIO MNApbl OKpPYXK-
ocTeill Ha eBKJAHJOBY UJOCKOCTL M TeM CaMBbIM 3T0 MII0XKECTBO MOXKeT
OuThL ciaGKeno CTpPyKTypoil TIJiaJKoOro TpexMeplioro Miioroobpasus
(IICKOMIIAKTIIONO 1, HCCBA3IIOIO —- COCTOSIIUErO M3 JIBYX KOMIIOHEIT
CBY3IIOCTH). .

4. Pacemorpum uijieQuuiTabie Merpuki. 3anaaum 1a R? uuge-
(p1iuTHYIO MeTpHKY -—dx?-dy?, TNpeBpallaloulyio ABYMepHoC OpoOCT-
P4lCTBO B NCCBAOEBKI/UIOBY I1IJIOCKOCTD R’. Matpuua nepsoit dop-

—1
Ml B nocrosiilia u  HMeeT BHJA: B = . Caeposarteabho,

0 1
co/lil MBL XOTUM HalTH BCe JiMIeHUbie OAUOPOALLle npeobpaloBaliud,
CoXpansiomue 3Ty METPHKY, TO HOJKHbI pellnTh ypaBHenue: B=

2 2
=ABAT, rne A:Ri—Rj— nuneilinoe npeo6Gpa3osanue. 3anHcas
a o
cro B Buge: - A = 4l MmoJiyuacMm CHCTeMy ypaslieHuil na a, b, ¢,
~ c

d: a?—b*=1;, ac=bd;, d*—c¢?*=1. Pewass cHcTeMy, MNoJyYacm:

_ (=chy :};shxp)
! (—_}:sh\p 4+ chyp,’
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HH
s 1 ﬂ ‘
e e
- g 1 — B2
a-|. P Vi—p s rpe 2B, B thy;
(TR S ‘
e N A

¥ JONYCTHMBIMH SIBJASIIOTCSl CJeAylomHe KOMOHMHAIHH 3HAKOB:
P — TR —_ e\
(Yo (= )ees (D)= (T e,

3acech mpecTaBICHb BCe BO3MOXKIIBIe BapuauTol [Tanpumep, ( ‘ )

— |-

npuHaaieknr @, rak KaK 3aMewus | Ha —¢, Mbl NpeBpauiacu

’ ‘ ) B : f (nranomuuM, uto sh(—y)=-—shyp, ch(—y)=
=chy). Tem campim 8 =8,|J8,|JG; |G, (nposepvre!) u &N
NG, =, ccan i7j. B camom pgene, nomycTuM, HampuHMep, UTO
G, NG, ¢; rorga chg==—chy{, she=—shy, uro HcBo3MOKHO,
MocKoJbKY ch >0 npu a1060oM . AnaJOrHuHo ycraHabJlBacTCs, UTO
@ln@I - Q.

Tak kak rpymna & sBasieTcs rpynnoil OZNOPOIHBIX H30MCTHHHA
R}, T0 ec npco6pasoBaHus NEPEBOXAT B cebsi MHOXKECTBO {—x2-4
+y?=1}U {—x2+y?=—1},. 7. e. napy nceBEOOKPYKHOCTell BeIHCCT-
BEIHOTO ¥ MIMMOro pajguycoB. B cayuae eBxkannoBoil maockoctd R2
KAXKJ0€ BpAleHHC ONpeAeNsyioch YIJIOM [OBOPOTa ¢ OpTopenepa;
alajoruyibii napaMmeTp MHl BBeIeM M B ciyuae [CeBAOEBK/IHIOBON

- -
niockoctd Ri. Paccmorpum opTopenep: e;== (1,0), es=(0, 1). Tor-
/a3, nox pefictBHeM wusoMeTpHM A, 3ToT penep npeobpasyercs Tak,
KakK nokasawo Ha puc. 51. BBegem BMecro OGBIUHOrO eBKJHZOBOrO
yrJaa foBOpOTa ¢ Yrosa THIepOOJHYECKOro I0BOPOTAa \, I[1OJOXKHB
B=thy (cm. Bbiwre); npu sToM rpynna & mupespamacress B rpynmy
runepboaHuecKUX MoBOpoTOB. HanoMuum, 9TO rpylna oOpTOTOHAJbL-
ILlX npeobpas3oBanHil CBKJAMJOBOM MJIOCKOCTY coOCTOsa M3 ABYX
CBA3HLIX KoMmnoHenT. I'pynna runepOoJHuyecKHX TOBOPOTOB YCTPOeHa
0oJlec CJAOKHO: OHA COCTOMT H3 UCTLpeX KOMIIONENT CBSIBHOCTH.
310 — muoxecrsa G;, &,, G;, G, T. e.

(R Y
N A e A Sl A G )
—o00 <Y< 00, TTockombky Mut peasusosanu rpynny & B suge rpyn-

Nbl MaTpHIL, TO I'pynna @ BkAajguiBaercs Kak MOAMHOXKEeCTBO B 4YETHI-
pexMepHOE BCIHICCTBCHHOE €BKJHIAO0BO [MpPOCTPAHCTBO BCEX MATpPHIk

ab
BHIA ( (a, b, c,de R), a notomy Hacnelyer TOMOJOFHIO, Tpe-
c

.
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1

spauaoiyto rpynny & -B ronorsornueckoe upocrpancrso. Ornocu-
TCJABLHO 3TOH TOMOJNOIrHH KaXXjoc M3 nogMHoxecrs &, |1<Ci<l4, sB-
Js1CTCsl JIHHEHHO CBA3HLIM. B- caMoM Jene, paccMOTpuM, nampHmep,

o ch shyy
marpuust THna @, Torpa gnsa moGoit mapul MaTpHi; ( by P‘)

: ship, chiy,
(Ch Py shp,

MOXIO yKas3aTh NenpepbiBHbI nyth y(f), coelu-
shyp, chp,

cht sht
= vy (f); < <P,
it cht) =Y (1) Y SES e

Comepulellio aHaJorHuwio N pOBepsieTcs JinHeHHAasi CBA3HOCTL M OC-

nsowMii ux B Muoxecrse &, aro: (

Pue. 51

’ ) ' ' g = (—(1] ._?)'
g3 == ((1) ___(1)) ,

w=l39

TaabHbX ‘noaMuowects: &,, Gy, @, M3 31X uersbipex CRA3NILIX KOM-

. chy shy

IOICHT Nojarpynmnoi  sigasiercss tosabko &, 1, c. (npo-
: shy. chy

seporel). OcranbHble KOMMOHEHTbl MOArpynnamu ne asiasiores. Ha-

HpHMEp, NpOH3Belenue ABYX MaTpHIL BMAa | “\) AaeT (d‘ il)

1. ¢, ecn o, e B, 10 a-p=@,, o-f &£ B, Lanununas marpuna
upunagaexur &, Ipynmna & ssasercs MOAMNOXKCCTBOM B YCTHIPCX-

‘a by, | .
MepHoM HPOCTpAHCTBC MaTpHIL ( d); npu srom kaxjaoc G; 1<i<<
c - 4

<4, roMeoMopd1i0 BElLeCTBCHION NpsiMOi. DTOT romeoMopbHusm (ua-
npumep, mast &) ycraHaBauBaercs cOOTHeceHHeM Kaxaoil Marphuie

(ch\p shy

anaueHuss yrja . ITO COOTBCTCTBHE B3aHMHO-OXHO-
shy chy

207



anauto u HenpephiBilo (cM. puc. 52). I'pynna & nepesoaut B cebs
NCeBLOOKPYMHOETH MHHMOro pagHyca ---x24y?=--1. Ha puc. 53
OKa3aHO JeficTBHC. 4YeTbhipex TmpeoOpa3oBalni — MPCACTABUTCICH
8,, 8,, 8 ¥,. Ananoruunbie coObiTHsi NPOHCXOJAT H C IMCCBIOOK-
PYKHOCTBLIO BCIMCCTBCIHOIO pajHyca.

Puz, B3. a. gy =e= ((1) (1)) — TOXJIECTBEHHO® T1Peo6pasoRanye

6. g, = (_(1) __(1)) —— OTpaXKeHHe OTHOCHTEJLHO Hauaja KOOPIHHAT,
_ (-4—1
g ==

0 _(1)) ~— OTpPaXKeHHe OTHOCHTEJLHO OCH OX,

r. g4= {_—(1) (1)) — OTpakKeiHie OTHOCUTENLHO OCH OI/

I'pynna @ kommyratusua (nposepbre!). B 3TOM OHa nHamoMuHaeT
rpynny O (2), Toxe kommyratusuywo. [loarpynna &) — nopMaJibibift:
neautesas B &, nockonbky g'qg, rre g 8, g= &, asnsercs no-
npexcHeMy npco0pasopanueM THna I, Tak Kak nonyuaercsd u3 npcob-
pasosanuss THNa | 3aMciioff KOOPIHHAT € NMOMOIULIO THIEPOOJHICCKO-
ro nosopota. Mrak, onpegescna cdakrop-rpynna &/8,, nopsizox
KOTOPO#H paBeH 4lc/y CBA3HbiX KOMIoHeuT B &, T. . 4. Tak kak &
kommyrarusua, To &/8; Toxe roMmyratusia. CymecTBYIOT TOJHKO
JIBe KOMMYTATHBHbie Tpynnu 4-ro nopsitka: Z,PZ, u Z,. Kaxoh
uMenHo rpymice usomophua /@2 CocraBum Tabuinny YMHOXKCHHR
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21, G, €3, G4, SBJSIOIMUXCA MPEACTABHTENSAMH B CBOMX KOMIIOHEHTAX
CBSI3NOCTI (CM. Bbillle). BuruncieHue gaer:

[
3

1 2 3 4 .
1 1 2 3 4
2 2 1 4 3
3 3 4 1 2
‘ 4 4 3 2 1 .

Hrak, 8/8, uzomopdua Z, @ Z,. B 3T0OM -— oT/iHUHe rpynnbl Bpaurc-

HHH NCCBJOOKPYAKIOCTH OT IpYNmbl BpawenHii oOHYHON OKPYAKHOCTH.

5. Paccmotpum rpynny u3oMeTpHH aByMepiiofi cdrepbl, paccMart-

pHBacMofi Kak puMmarroBo MHorooOpasHe ¢ MeTpHKOH, HHAYLHPOBaH-

o# craujapritkiv  BaoxeuneM B R3. Cnauana pacemorpum R™ o

nafacM rpynily JigicHibiX oAUOPOAHBIX Hpeobpasosauuit A, coxpa-
n

HSUOLIMX eBKJHIOBY METpPHKY ds? == Z (dx%)*. Tak kak matpuua (g;;)
: i=1 '
I O\
meer Bug E=| " }, To uMmeeM: E=AAT, peweHusMH 3TOro-
0 1 )

VPaBHCHYSI BASIIOTCS OPTOTOHAJbHble MATpHIKL, o6pasylouue rpynny:
O (n). B nucit comepxurcs noarpynna SO(n), cocrosimasi U3 cober-
BCHIIBIX (¢ ONpegenuresneM, paBHbIM —+1) BpaueHuil; ocranbHble Bpa-
uelkst  (HecoberBellibie)  noArpynnet  He oOpasytor. [logrpynna
SO (n) — nopManbubiit geauresr B O(n) u dakrop-rpynna O(n)/
{SO(n) wuzomopdua Z,. Ilycrs n=3; torga O(3) COXpaHHCT eBKIH-
NoBy MeTpuKy B R3, ciegoBartennpro, mepeBouuT B ceba S?2:x2+y%+
+2?=R?=const. Urak, O(3) — noarpynna B Iso(S?). Manee Mt
nokamxem, uro O(3)=Is0(S?). Paccmorpum SO(3)=0(3). Tak Kak
SO(3) peanu3oBaiia Kak NMOJAMHOXKCCTBO B MPOCTPAHCTBE BCEX Mart-
piul, (3X3) ¢ BewlecTBElHBIME KO3(DGhHIHEHTAMH, OTOXKICCTBASICMOM
¢ RY 1o ona cnab:kaeTcsi MHAYUUPOBAHNON TONOMOTHEN, TPEBPAUILASCE
B TOINOJIOTHYECKOe MPOCTPAHCTBO.

JTemma 3. I'pynna SO(3), xaxk Tonosoeudeckoe npocrpancrao,
2OMCOMOPPHG TPEXMEPHOMY NPOEKTUBHOMY npocTpancrey RP3,

IloxasateabcrBo. [lyetb A-—3nement SO(3); tornza B R®
cymiecTsyer HemogsuxkHas och [(A), Takas, urto geficteue A B R3
CBOAMTC K NOBOpOTy BOKpyr [(A) Ha Hekortophit yroa ¢(A). Ecin
Az=E, 1o [(A) onpexencha onil03HaYHO. PaccMOTPHM  [JIOCKOCTb
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I[(A), oproronaabuyio ogi [(A) n npoxoasmyio ucpes 0; 8 IT1(A)
BbibepeM 1POU3BONLHBIA BEKTOP Z,, H TycTh e_’;ﬁaexrop, noaydaio-’
muﬁcn u3 e_: npu noaopo’rc Ha yron (p(A) (CM. puc. 54). Hononnum
e,, 6‘2 TPETHHM, BEKTOPOM e3 §106) penepa (e(, ez‘ 03) Tax, uToﬁu OpHCIL-

- -
TalHs penepa (e‘, ez, 03) COBMNANa C OpHeHTALNel penepa (al, 2, a3),
e I - i !
rac (ai, ap, az) — nekoropbiit dukcuposaunubit penep B R3. [(A) npe-

BpallaeTcda B BelIECTBEHHYIO npsiMyIo, ecnan ua Hell MoOXIHo 3a14aThb
-

HaNpaBJeHHe ¢ JIOMOWILI €3 H OTVIOXKHTbL 3Hauvedue @(A). Mur onno-
3HaLIHO conoctaBusn KaxjaoMy AeSO(3) Touky B R3, 06o3Haunm ee
P(l, @). Slcuo, uro P(l, n)=P(,

—x), TaK Kak noBopoT BOKpyr[(A)
Ha M M Ha —m — coBnanawT. Ecau
xe |@(A)|<m, 10 P(l, ) coort-
BETCTBYET OJHOMY H.TOJBKO OJHOMY
‘Bpauendio A. Heupepuisino menss
A, mbl-HenpepuBHO Mmerisem P (!,
¢); BepHo u obparnoe. Mrak, Mo
B3aHMHO-OJHO3MAUHO M HempephLiB-
HO B 00e CTOPOHBI OTOXJECTBHJIU
opTOroHanbHble npeobpasosaHus A
C TOYKaMH TpPEXMepHOro uiapa pa-
‘AHYCa W, HA TPAaHHIE KOTOpPOTO
(1. e. Ha cepe panmyca ) cKuie-
€HBI THAMETPAJTbHO .npomaonono;x-
nbie Toukn P(l, ) wu P(l, —mn).

QOcranocn foKasaTb, 4YTO 3TOT «IIap . CO CcKJefiKaMH Ha TrpaHuue»
romeomopthesd RP3. Opuno s onpepenennit RP? peanusyer cro xax
ny4yok mpaMelx B R* npoxonsumux uepes 0; 3Ta Mo/esb 3KBHBAJIEHT-
Ha Ciefyiolied: HYXKHO B3ATh S? H OTOMICCTBHTH Yy Hee JHAMETpaJib:
HO TIpOTHBODOJOKHBIC TOukKM. sl 3sToro myxio B3fATL noaychepy
S} M OTOKIECTBHTH AHAMCTPATBLHO NPOTHBONOJNOKHEIC TOUKH Ha ee
rpanHue, T. e, — ia sksatope S? (cm. puc. 55). [Toaychepa auddeo-
Mopdua TpexMepHOMY IHCKY; 11H<1)q)eomop¢>H3M MOXKIHO OCYLUeCTBHTb
OPTOrOHA/LHBIM TPOCKTHpOBalHeM S Ha D3 (cm. puc. 55). Urak,’
RP3 romeomopduo D3 ¢ OTOXKAECTBIEHHBIMY AHAMETPAJbIO [POTHBO-
TIOJIOKIIBIMH TPallIIbIME TOYKaMH. JleMMma jokasana.

.Tak rkax RP3— guneitnto csstano, to O(3) cocrouT 13 AByX HOM-
1I0IICHT JHUCHION CBA3NOCTH.

6. PaccmoTpum rpynny maoMeTphit miockocti JloGaueBckoro co
CTAaHAAPTHOH pHManoBod MeTpukoH. PaccMoTpuM peanHsanuio mnuaoc-
Kocth JIoGaueBCKOro Ha BepXHedl MNOJYNJIOCKOCTH C MeTpPHKOH

dz dz
(z—2)
ApoGHO-nHHeHHBIX npeobpa3soBaHHil KOMIWIEKCHOR TJOCKOCTH

Puc. 54

Bysem uckaTh rpynny H3omeTpHH 3Tolf METpHKM CpeRH

az4+b '
c24-d )’
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az+4-b

a, b, ¢, d=C. MH3ayuuMm jelcTBHe TpeolGpa3oBanHil = id

3
"

na eBKIHAOBY MeTpuky dzdz. Tak Kak dw= % dz (nposepbrel),
CcZ ~|-
TO ,
- dwdw = 2= 4y 7.
jez4-d

UraK, MeTpHKa AOMHOMXACTCS HA CKAJspHBIH NepeMEeHHBIH MHOXU~
Tenb, T. €, ApoOGHO-/1HHelHbic npeobpa3oBants KondOpMHEL. IDTH Tpe-~
00pa30BaHHA COXPaHSIOT KOCHHYCbI YINIOB MEXAY MepeceKaiomuMHCs

Puc. 55

KPHBbIMH; OCTaJOCh IIPOBEPHTDL, UTO COXPAHANTCA CaMH OPDHEHTHpO-~

BauHble yrawl. [loacuutaeM axkoOMan J(w:——a:%) H yGepumes,

UTO OH MOJONKHTEJeH. [lycts zeR?;, weR? w= —az—_*‘]_—’;—; dw—
cZ -

= (Z)dZ‘,_, 7"(2) ::ﬁ; TZRZiR2; T!cREZREy (CM. pHC. 56)‘

CaocpomatennHo, peicTBhe df orobpaxenus [:2z— @ 3aNHCLIBACTCR
TaK: df (2)=1-2, rac AeC. [lyerb A=u-iv, u, veR, Torpa martpu-

, T. C. KO-
—v U .

Ouaun pamen u?+v? u monoxutencit. OtGepeMm M3 Bcex ApoGHO-THHEl-
HLIX 11peoOpasoBannit TC H TONBKO Te, KOTOpbie NepeBoadT B celn
BCPXHIOK MOMYINIOCKOCTD.

Jlemma 4. [Ipeobpasosatue w =

1a HKOGH B BCIIECTBEHNION 3alHCH MMEeT BHI: (

b
22th nepesodur e ceba sepx-
cz4-d .

HIOK nOAYnAOCKOCT6 Toeda u ToabKe Teedd, koeda (a, b, ¢, d)=
=p(a, V, ¢, d'), ede a’, V', ¢/, d’=R, p=C, p70; 1. e. kozda 8ce
koapuyuentot (a, b, ¢, d) nponopyuonarsHol 4eTsepke BeulecTaen-
Hoix wucen (a’, b, ¢/, d’); u, xpome toro, ad—bc>0.
Hokasatenbcrpo. [lycTh yerBepka Ko3(h(HUMEHTOB TPONOP-
HHOha/Mblia BeUleCTBCHHOH -ueTBepKe (KOoTOpyW cpasy ofo3Hauum
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qepes a, b, ¢, d). Slcuo,, yro BeurecTBeHHas och NePCXOAHT B cel.
JlokaxeM, 4TO CcclM TOYKA 2 NPHIIAUICHKHT BepXIicit MONyIJIOCKOCTH,

To ec obpas w= ﬂ% TOXKe [IPHUAJJEXHT BepxHel noJymnjioc-
. C2 .
KOCTH, T. €. uto Im (‘ZZ—H) >0. B camom zesae
cz--d
W — (az+b) (cz+d) _ ac(z2) +bd __adz+- bcz |
- Ycz--d)? T T HezFdl*P ! TezfdP?
d—b ’
Imw=-22"° .Imz >0,
|cz,4-d|?
Tak Kak ad-—bc>0; Imz>0. O6paruo. Ilycts w:% nepeso-
. cZ
IHT B cels BEpXHIOID I[0JymJIocKocTb, TpebyeTcs jpoKa3aTb, 4TO Cy-

1

dt/z

2_ p2

T R?*= R
Puc. 56

LICCTBYCT OOUIHIE MIIOJKHTCHL p, Takoit, uro (a, b, ¢, d) nponopuuo-

najbubl BeniecrBenHniM (@, o, ¢/, d’). Ecin 2=z, to w=w. Creno-
BATCALHO, NPH TNPOH3BOALHOM X&R nMeewm:

ax+b _ ax+b
cx+d  ixgd

npu x == l:
a+4-b a4+ b ' .

— — ER; C'j‘)\rd: C.]. d; . C == —-7\, d-
" 7 P uv pclpd; (m—p)c=(p—N)

PaccmarpuBas cayyail o0ulero uosoxenns, T. c. korga p-—p7=0,
p — A=%0, nonyuaem: c==Ed, ER. Hrak, Bcc ueTbipe KOMUJIEKCHBIX
uncaa a, b, ¢, d pacrnonoxenn Ha oAxoit npamoit (puc. 57). [omHo-
kaa Ha OOWHH KOMIJICKCHBI MHOMHTEIb, MOXXEeM IOBEPUYTb 3TY
NpAMYIO I1a BellecTBelnylo ocb. JIcMMa RZokaszana,
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az+b
. oz
a, b, ¢, d=R, ad — bc>0, asanerca usomerpueid naockocru Jlo6a-
4C8CK020. A

HokaszaTeabcTso. UMeeM:

Jlemma b. JlioGoe npeobpaszosanue W=

TaKoe, IO

ad—tbe .. dwdw _  dzdz

W = ’ — - ’
(cz+d)? v — w)? (z—2)?

uyro 1 TpeboBaJIOCh.
Tak kak ad — be¢>0, To MOXHO CYHTATh, uTo ad —bc=1.
Mpeanoxenuc 1. I'pynna usomerpuii naockocru Jlobaveacko-
20 Iso(Ls) codepocur nodepynny, uzomop@ryro epynne SL(2;R)/Z,,
7. e. (haxtop-epynne SL(2; R) marpuy (2X2) ¢ sewecT8eHHuMU KO-

'Y
74 | " 4 ?

11

A A
NN\

Pue. 57 . Pue. 58

shpuguentamu u onpedeauresem 1 no nodepynne Z,, cocroswell
us npeobpasogarnuii £ uw —E.

az--b
HoxaszateanbctBo. PaccMoTpuM w = "
cZ -
wad-—bc=1. B cuny Jemmbl 5, 3T0 — u3ometpiu. Ux coBoKynnocThb

oGpasyer rpynmy. B camom jede:
, { az+b , , [ az+bN ., (@a+cb’yz 4+ (b~ db')
cz--d ¢t 4-d (ca--edyz--(c'bH-dd’)
CHOBA Mpco6Pa3OBAaKUC ¢ BCLICCTBCIIIBIME KO3(D@HUHENTAMH H Of-

peieantenesm, pasubim 1. Tak kak ad — be£0, To cyuiecTByeT o6part-
lioe nipeo6pagoBanice TOro Ke THild. PaccMOTpUM Telleph MAaTPHIHIYIO

rpymry SL(2; R) — rpynny (a Z) rac a, b, ¢, dER 1t ad —be=1.
c

, rne a, b,c,d=R

[locrpoum oToGpaskenue (p:SL(:Z; R)— &,, rie &, —rpynna npe-

o0pasoBanufi w= az+d , 4, b, ¢, d=R, ad —bc=1. Tlonoxum
(54
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q)-(a b) —atb . Hcno, uto @ — roMoMopduaM (nposepbTe!). dnu- -

c d cz-kd

MmopdHOCcTL ¢ oucBuaHa. Haknem Kerg. fceno, uro ¢(g)=9¢(—g),

a notoMy Ker ¢9oZy= (E, ——E] Hokaxem, uto Kergp=2Z,. Tlyers
az+b azlp

e(g)=q(g), T e wtd  cird s OTCORE

.L:.i_:h;—a-‘:.c_:; ; a+b = a,+bl;b:::hbl; d:M’;
b d a c' ctd d--d
a:=pa’ c=pc’y pa'd -t Ab'c’ =pc't’ + Ad'a’;
w—A)(@'d —b'¢'y=0; p=A, a'd —b'c’ =1.
I’ITaK,-i,—“;L,:—g;—: £ =M T.e g =Ag T.e. A==x1,
b d a c

g’ = -+ g, uto H TPeboBaNOCh.

3agaua. Iloxamn‘e yto SL (2, )/ZQ—CBHSHOE Tononomqec-
Koe NpOoCTpaHCTBO.

Hc cnenyer nymats, uto npeoGpasosaihs SL(2, R)/Zy ucuepmbi-
BatwT Iso(L;). B camom pene, pacCMOTPHM go: z—>—2; 3TO oTobpa-
XKeHHe M[epCBOAHT BePXIIOI0 HOJMYIIOCKOCTE B cebs M coxpaHser
MeTpHKy JloGaueBckoro (orpax\exmc OTHOCHTEJbHO OCH 0Y). B TO Xe *

az+b azi b KOH(OPM-

BPCMS go l'le HMceT BHAA’ ~———-—|_—d B camoMm pgene,
Hbl (CM. Bbillle), T. €. COXPAaHSIIOT OpHeHTHPOBaHHBie yribl. Ilpeobpa-
30BalHe go:2—>—2 KOHMOODMHBIM He ssidercsi (cM. puc. 58).

HTak, Mbl JODKINGI elle  pPacCMOTPeTh MNpeo0pasoBaHHs g (2) BHIA

w=:g(2) = ——9_51_-3—, rae a, b, ¢, de R, ad—bc = 1. [Ipyramu cno-
_ cz-d : .,
BAMH: W = -—5‘—2_—+—E-’-—-, rae a, b, c,deR, ad—bc=-—1. O6osHauuM
ccz-kd :

MHOKECTBO BCEX TakuX mpeoGpasosanuuii ueped &,. Muoxectsa 8, u &,
roMeoMOp(hHHBI, Tak Kak Jiofoe g &, umeer BHAL g - Zof» Te fe @1,
H TaK KaK g, U [-—-U30MeTpHH, TO M g,f-— uaomeTpusi. [omeomopdu3m
yCTalaB/IHBACTCH NYTEM YMHOXeHHs Muoxected @, wa goe= @,. [adee,

®,N®, = &, TaK Kax w1 b = az + B . B camoMm zese, 2Fb o
. 2 +d 'YZ+ § cz+d
xpaHﬂeT‘opHeHmpoaaHHble YIVBL, a oz tb ~— He COXpPaHAeT."
vz -8

Jlemma 6. Muoxecnso & = &, 8, ={f}U{g./} A6A5lemes. 2pyn-
noti, 8 Komopoti &, — nodepynna, a &, — ne nodepynna.

JokaszaTeabCcTBO. PaccCMOTpPHM COBOKYNHOCTL BCEX BeUIECT-
BCHHBIX MaTpHl, (2X2) c onpepesutenem =1; 3To, oueBHAHO, TpYyT-

na, KOTOpyio Mbl 0603HauuM udepe3a L(2; R):{ e Z) ad—bc=:|:l}.
c
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Dta r pym[d Kak TOHOJOIHYCCKOE NpOCTPAHCTBO, HeCBA3HA:
B HCH ABe KoMuotentol cBasnoctu: L(2; RYy=L{UL,, rac

le{(a ”), ad — be = 1}, Lﬁ—_:[(a b), ad —be = — 11,
d ' d ‘

(4 c

Hoarpynna Ly panee nHamn o6Gosnauatace SL(2; R). Tloctpoum
¢ L—. @; ecnu ' :

A= (a Z)ELL, 10 @A) = f= @ f2) =212 ad—pe= | I;
¢

cz4+d
ecJlu
B= (a b)ELz, TO (p(B) =ge @,, gz );a_z——}—?_, ad —bc = — [.
c d cz4-d

flcHo, uto @ — roMomopthuam (nposepbre!). danee: ¢ — sanmumopduaM,
¢ Iic B3aUMHO-OJHO3HA4YHO U HMeeT sAxpo. L1 HaXOXACHUA sApa
JIOCTATOYHO HalTH npoofpas eAMHHYHOro 3jcMenta rpynnst &. Kak
u B [Tpennoxkennun 1, nokaswiBaercs, uto Ker(q) =Z,, rae Zo= (+L,
~—EY}; ara nompyrma—uemp B L(2; R). JIeMMa Joka3zana. Pak-
THUCCKH AOKa3aHa

JIeMMa 7. I'pynna 8 = 6,6, = {/}U{g} uaomoptﬁua L(2 R)/Z,,
20e

L(2; R):{(z Z) ad—bc =+ 1}, Z, = (E, —E).

Htak, Mbl npeJbsaBUHIH B I'pynne H30MeTpHi mIockocTh JloGaues-
CKOro MNOATpyNmy, COCTOAWIYI0O H3 ABYX KOMIOHEHT JIHHeinofl cBdAs-
noctd, a uMmenHo: & =~ L(2; R)/Z,. CKOJILKMMH napamMeTpaMH ONH-

) ) ab
CLIBAIOTCS 3JeMeHThl 3Tl rpymnnbi? Tak Kak LE R):{( d);
c

ad——bc':l},To sneMent ge@ 3anaeTcs 3 He3aBHCHMBIMH NapaMert-

paMHu.

JJemma 8 [Ipynna SL(2; R), kak Tonoao2u4eckoe npocTpax-
(76O, 20MCOMOPPHA NPAMOMY NPOU3BLOCHUIO OKPYNCHOCTU HA CBKAU-
doBYy nAOCKOCTL, A NOTOMY MONCT GbiTd CHAOHEHA CTPYKTYpoii 2aad-
KOCO Tpexmepro2o miuo2o00pasust (HekomhaxkTHozo). CooTaeTcTaeH o,
L(2; R) comeomophna npamomy npoudsedenuto 08Yx IK3eMNAAPOA
()/\]’)I/OfCHOLTu Ha eBKAUDOBY NAOCKOCTS. _

Nokasareancrso. M3 kypca aarebpul caepyer, uto aioGoc
JidilelfHoe OAHOPOAHOe npeo(Gpa3oBatHe eBKJAHAOBOH MJOCKOCTH C Of-
penenuteneM -1 MoxeT ObITh O103HAUYHO NPEACTABJEHO B BHAC KOM-
Mo3unuy cobcTBeHNOro BpallleHHsl H TpeyroabHoro MpeoGpasoBalius
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(reopema o0 oproronanusanun Gasuca). Hrtax, mobas MmatpHua
g=SL(2; R) pomyckaer (0Jn031naqio) MpeacTasiende B Bijge 0Opo-

o
H3 . . . cos¢ sin g B Ts
BCACHUSL MaTpHI: g = . 1 |. Tax xaxk wmart-
—sing cose 0 —
. Q

a P\

cos sin ¢ .
¢ P) 00pasyoT OKPYKIOCTh, 8 MaTPHILbI 0 T

pHUDLI
—sing cos ¢
03
€BKJIH0BY MIOCKOCTL, TO JeMMa JIOKa3aHa.

Tonosornueckas crpykrrypa L (2; R)/Z; 6oace cnoxHa.

Kak Gygmer mnokasano, nmoarpynna L(2; R)/Z, noJHOCTLIO ucuep-
neiBaer coGow scio rpynny Iso(Lg). OTmeTHM TakiKe, 4t0 IpyTNOH
H3oMeTpHii chepbl M maocKoctH JI06aueBCKOrG HMEIOT OQHHAKOBYIO
pa3MepliocTb H MOryT ObiTh cHaGKelbl CTPYKTYpOH [TaJKHX Tpex-
MEpIIbIX MHOr00Gpa3suii. ‘

3aMcuaHHe O Ipynne H30METPHH MNCEBJOEBKIHNOBA MPOCTpaH-
crea R}. Hanomumm, uto* rpynmna HusoMeTpiii JByMepiioii cdheph
coBmana ¢ rpynnod nzoMerpuii R3, ocrasasiomux Ha mecte Touky O,
T. e.’c rpynnoit O(3). CosepnieHHO alafAorHuHO MIOCKOCTL JloGayes-
CKOro Moxer OBITL peanan3oBana B R} B BHjie OmHOM U3 TOJNOCTER
ABYXMoOJoCTHOro runepbosonna (mcesiocdepsl MHHMOro pajiiyca),
u Jo6oe ABHKciHe MIockocTH JloGauesckoro OyleT MHIAYUHPOBAHO
HeKOTOpOH H3oMeTpHel R}. [TockoabKy ncesgocdepa MHHMOro pa-
JHyca COCTOHT M3 JIBYX CBSI3HBIX KOMNOHeHT, To Iso(L;) He ucuep-
neBacT co6oio scio rpynny Iso(RY),, rae ucpes Iso(R?)(, oGo3iave-
Hel Bce HaoMctpHH RY, ocrapasiomme nenoasHkuoii touky O. Cre-
AyeT nobaBuTh ellc peo0pasoBalikd, NOPOKAEHHbIE OTpPaKEHHAMH,
NepecTaBIAWAMY  ABC nodAocTH . runepbonouna. Hraxk, rpynna
Iso(R}), COCTOMT H3 ucThipex CBA3IBIX KoMmnoxeHT. Ha pre. 59 mo-
KaszaHbt 4 npeoOpasoBanns, g, g, g3 L4 COXpauswllHe nceerochepy
Sio> L, u npumapicKaugie K pPa3THUHBIM KOMIMOUEHTAM CBSI3HOCTH
rpynnet Iso (R}),. ,

7. Eme pas BepHeMcsl K Ipyniie ABMKCHU{T CBKJIHAOBON TJIOCKOCTH.
Haiinenubic namn npeobpasoBanitst BHAA ;:A_;c—l—?b’, rae A=0(2),
3ER2, MOXKHO 3anHcaTb B KoMmmJaekcHolt d¢opme: w=az-}b, rae
beC, a=C, |a|=1, 1. e. w=¢'?-2-+b. Dra rpynna npeoGpazopa-
M H30MophHa MaTpHUHON rpynme, coctosiuicHt M3 MaTpHL BHAA
(8 II))’ rjc a==e'®, CoXpalcnie eBkAHAOBON METPHKHM ciefyeT U3

ToXAecTBa: dw=adz; dwdw=|a|2dzdz.
Kak u B ciayuae IJIOCKOCTH, JCTKO NPOBCPSETCs, 4TO Ipymna Ju-
Hefinpix u3oMetpuil Iso(R™) eBkamjioBoro mnpocrpanctsa R™ MoxXeT

- i d -
ObITL NpeAcTaBienHa Kak rpymita mnpeobpasoBanuii y=Ax-+b, rae
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- .
MaTpula A NpHuAJIeXHT opToroHasbHOR rpynme O(rn), a BekTop b
sajaet casur. Ipynna Iso(R") usomopdna matpuunoit rpynmne, co-

A b

crosilledl H3 MaTpHL BHIA: Mrak, rpynna Iso(R?),

)

0......0f1 |
I

E————————— |
KaK TOTOJOrHYecKoe MpPOCTPAICTBO, roMcoMopdiia NPAMOMY MpOHU3-
sedennio O(n) XR®, rae O(n) 1 R™ paccmMaTpHBaoTCs KakK TOMOJO-

vIlYeCKHC NPOCTPAHCTBA. IJTO pPA2jdoMelHe, BIPOUYEM, Ite ABJSACTCH
FPYMIOBBIM.

Puc. 59. a. g =c— TOXICCTBeHlioe NpeobpasoBalue, 6. gs — OTpaxemlile B IJIOCKO-
CTH Yz, B. gs — OTpaxenue B TOuke 0, I. g4 — OTpaxciue B MVIOCKOCTH YX

2. MaTtpuuHbie rpynns npeodpa3oBaHnwuii

Mbi BHend, yTo Bee pasobpailinple MPHMCpLl Py OKasbIBaJHCDH
7T01OJOTHYCCKHMH TPOCTPAHCTBAMH, 11a KOTOPLIX MOXHO OO ccTe-
CTBEHHO BBCCTH CTPYKTYpY TIJlaikux MuorooOpasuit. ITpu atoM Mol
110J1b30BAJIHCL TONOJOrKell, Bosnukatoleli ua rpynne npeoGpasoBaninit
1OC/Ie ¢C BIIOJKEHHs B TPYNIy MATpHIl, TOMOJOTHS B KOTOPOH omlpefe-
JseTess oObMHKM  00pa3oM: MaTpHULI CUHTATCH OJAH3KHMH, CCJIH
oun 6JaU3KM no3ncMmenTHo. Takum o0pa3oM, CCTGCTBEINIO BO3HHK ile-
KOTOpHH KJ1ace rIajKHXx MHOrooOpasuil, ToUkH 11a KOTOPbIX MOXKHO
«VMHOMXATb», NMPHUEM ITQ YMIIOKCHHC YOBJCTBOPACT BCCM AKCHOMAM
astreOpanueckoil rpyuubl. Buigeaum 9Ty cHTyaino ¢ JoMOIbIO clie-
IIAJLIIOTO ONpegesienys. ~ ' ‘

Onpepcncuune. [nagkoe muoroobpasue M™ naseiBaercs epyit-
noi Jlu, ecaim Ha nem 3ajannp Ba IIafgkux orobpaxeius: f: MnX
KMr—M» (ymuoxenuc) u v:Mr—-Mn (B3aTHe obpaTuoro 3sJie-
menta), o6o3llavaeMble OGbIMHO Tak: [(x, y)=x-y, v(x)=x"1,
4 TAKXKC CYLIeCTBYyeT OTMeYellHad TOUKa ee=M™, ypoBnersopsiomas,
BMecre ¢ oToOpaxeHusMu f, v cootnowenusam: (1) x-(y-2y=(x-y)-z;
(2) e-x=x-e=x; x-x"'=x".x=e.
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O6wmuno tpebyercs, uroGnl oncpantil [ 0 v OBLTH HeNpepbIBHLIMH,
ONNAKO BO BCCX KOUKPETHBIX TPHMCPAX, € KOTOpbIMH MLl Oyaem
HMCTL AeJ0, IPyNunoBnie onepauid OyayT rAafKAMH, a TOTOMY Mbi
H BBCJAHM B onpededienne rpyunsl JIA jMenno tinagkHc ortobpakenus
[ uw. ~
Onpencaenne MioxecrBo saeMmcHroB g rpynns Jiu @&, ko-
TOpble MOXKHO COCAMHHTB HCMPCPLIBILIM JIyTCM € CAHHHUEHR TpyNIbL
@, naspiBaeTCH CBA3HOL KOMNOHEHTOU edunuyn epynnot @ u obosHa-
yacrca yepes @&,

Yreepxacunce 1. Mroxectao @, ssaserca nodepynnoii ¢ .
Boace Tozo, B,— nopmareneli deaurear 6 &, a nortomy onpede/ze-
na hakrop-epynna  S/G,,

Jdokaszatcancerso. [lyets gy, go= @y, Tpebyerca Roxkasarth,
uto g -2 Go. B cuuy onpegencius &y cymectByior nenpepsiBiibie
nyti yi({) u ya(f), takue, uro yi(0)=e, yi(l)=g 1 y2(0)=e,
yo (1) ==g,. Pacemorpum nyts y:/—8&, rac y(£) =y (f)-y2(?).
B cuay necnpepuintocrit onmepanud ymuoxenus B @ nyr, y(£) Henpe-
pBiBell, a MoToMy gi- g9 B4, tak Kak y(0) =v(0) - v2(0)=¢e; y(1) ==
=y (D) y2(1) =g\ -go. Jokaxem, uto aias moboro go= G, u snioboro
g= @ sacement ggog~! npuHaanexur G, Taxk xak ge= @, 1O CY-
nlecTByCT ucnpepHBuni nyth y(f), Tako, uto y(0)=e, y(l)=go.
PaccmorpuM 1oBbili myrh ¢(f)=gy({}g~'; on ieunpepuBeH B CHAY
HCNPepLIBHOCTH ONCPAIHE yMHOXKeHUs; B TO ke BpeMms, ¢(0)=e;
o(1) =ggog™, 1. e. ggog~'e G,. YTBCpKAEHHE NOKA3AlO. '

[Ipumeper rpynn JIn Ham yxe H3BecTHbl. Tax, rpynma opTOroHaNb-
HbIX MaTpHu sBascres rpynmoit JIw (nposeppre!). Pacemorpum oc-
HOBHBIC IHIpHMepbl MaTpHunpix rpynit. Bce 3T rpynnsl SBJAAIOTCA
rpynraMi JI,  oJlHako Mpl He GyAeM J0KasbBaTh 3TOro, OrpaliliuHB-
ILHCh HEKOTOPBIMH UACTIIBIMU CAyUa M.

1. Moanas auueitnas rpynna @ L(n, R) u B/ (n; C). Paccmor-
PHM CEKJIHAOBO npoctpanctso R? M MHOIKCCTBO BCeX HCBLIPOMKACH-
HBIX JIHHEHHBIX OMHOPURHLIX NpeolpasosBanuil-R" B cefsa, T. e. MHO-
WKeCTBO BCOX-HEBLIPOMJICHIILIX MaTPHIL (AX A1) ¢ BCIlleCTBeHIIbIMH KO-
sdunuentaMu. ITo MAokecTso obosnadacres ucpes &L (n; R).
Anajoriuno onpeaensicrea 1 @ L(n; C).

Jemma 9. Muowecrea 8L (n;, R)y u Gl (n; C) ssasorca zpyn-
namu Ju. .

JdogaszarcancTBo. PaccMOTpHM Ui ollpefesiennocTs  MHO-
#ceerso @ L(n; R). Tor dakr, uro mnoxecrso @ L (n; R) oGpasyer
rpynny (B dnre6panr1ecxoM cMmuicae), oueBnjen. Ocranoch npose-
puth, uto @ L(n; R) MoxHO cHalaHTHL CTPYKTYpOIl rJagKoro MIroro-
0Opa3Hg TAKOro, YTO BCe [IPYNNOBRC oOlepankd OyayT rJIajKHMH.

A ;
Sleno, uto 8L (n; R) = R"\{det (g) =0}, rac eskanioBo fpocTpaH-
ctBo R™ OTOMKACCTB/ICHO € NPOCTPANCTBOM BCCX MaTpHll MOpSAKA
(Hag nojcm R) Tak kak ypasHchnte det(g) =0 unoaunoMuanLHo, TO

2
MHOXCCTBO R \{det (g) = 0} orkpuro B R™, T. c. aBasiercs  06-
nacrpio 8 RY, a NOTOMY — rAaAKIM MHorooGpasiem pasmeptocTd n.
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YMuOXKeHHe MaTpHI ABJAsieTcsi IVIAAKOM onepaiHell, TaK KaK Kaxbil
3JCMEHT MaTpuubl AB siBasiercs NOJAHHOMOM BTOPOro TopAaka OT
siaeMenToB Matpul A u B. Kampablii aseMent o6paTioit MaTpuinr A~
SIBASIETCA  palionannnoil ¢yukiueit oT saeMcntos Matprusl A (co
3HAMCHATC/ACM, OTJHYHBIM OT HYAS B CHAY IHEBbIPOKAEHHOCTH A).
Enuunuest rpynnst 8 L (n; R) sBaserca martpuuma E. AHanOrHYHbIM
yrem Rokaszweisaerca, uto & L(n; C) —rpynna JIn. Jlemma noka-
3aHA, '

2. CneudaavHas auuefinaa rpynna SL(n; R) n SL(n; C). I'pynna
SlL(n; R) onpenenasiercs kak noamuoxectBo B & L(n; R), 3anaBac-
moc ypaBuenneMm det(g)=1. Slciio, WTO 3ITO MIIOKECTBO HBJISCTCA
IPYNNOH W TOMOJOTHYECKHM INpOCTPAHCTBOM. B JfeHCTBHTeALHOCTH,
SL(n; R) sBasieTcs raajkuM MHorooGpasueM, 1o Mbl He Oynem 3pech
9To AoKasbBaTb. I'pynna SL(n; C) omnpenensieTcs KakK nojrpynna B
® L(n; C), ynrosherBopsiomas cooTHowennio det(g)=1. Pa3smep-
nocrs SL(n; R) pasna n?—1, a pasmeproctb SL(n; C) pasua
2n% — 2.

3. Oproronaasnaa rpynmna O(n; R) u O(n; C). Paccmorpum R~

n

b A
¢ Oununeftnoit  dopmoi: (a, b) = Za’b", 3apamuell  eBKJII0BO
i=I .
ckansphuoe npoussescune. I'pynna O(n; R) onpenensiercss Kak rpyii-
Na BEUICCTBEHHbIX MaTpHll A TOpsAKa N, COXPAHAIOUHMX ITO CKansip-
b

O€ NPOM3BCHAEHHE, T. C. YAOBJICTBOPAIOIWMNX - cooTliollenHio: <Aag,
-

—_ — o~ -—
Ab>=<a, b> pmaa mobuix a, b=R". OGCnuno rpynna O(n; R)
obo3navaercas O(n). Tpynna O(n; C) onpeenserca AaHaJOTHUHQ.
Ipynna O(n) copepxur noxrpynmy, otosnavaeMmyio SO(n) H Hasbi-
BZl;fMy}O cneyHaJbHON OpToroHanbHolt rpymmoii: geSO0(n), ecin
det(g)=1.

JTemma 10. I'pynna SO(n) aunelino casana u cosnadaer ¢ Kom-
nonenroll eduruyst 8 epynne O(n). Paxrop-epynna O (n)[SO(n)
usoMopdpra Zy, 1. e. O(n) cocrour u3 08Yyx CBA3HbIX KOMNOHEHT.

Hokaszareabcrso. U3 Kypca ajdreGpbl HM3BeCTHO, YTO AJA
aoGoro anementa goe=SO(n) cyllecTByeT TaKoe OpPTOrOHAJbHOE mpe-
o0pasoBande ge0(n), uT0 a=ggog~' ecTh MaTpuua BHAa (ecaH
/1=2k, 4eTHO):

cos @, sin g
— 8in @; cos ¢, 0
..' '
0 Cos @, COoS @,
—5in @, C0s @,
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H marpuueil BuaAa (ecnu n==2k-1, HcueTHO):

cos ¢, sin ¢,
— sing, cos @, 0
B
|
cos @, sin g, |
0 — sin ¢, cos @,
| 0 !

B xauectse lenpephBIOro NYTH vy (f), COENUHAIONIETO Lo C eAHHHLEH
E, nocraTouHo paccMoTpeTh cileiyloniee ceMciicTBO MaTpHIL:

cos ¢, sin @, 0
—8in @, cos ¢,!
a(f) = (Pl % | rrey()=g'a(h)g.

0 R I

Urak, SO(n)=(0(n))o. Tak KaK MHOXECTBO OPTOrOHaJhbHBLIX MaT-
puy ¢ onpenciutenem —1 romeomopdhio SO(n), To orciofa | cieAyeT
J0Ka3aTeJlLCTRO JICMMB.

; -
Hnorpa ynobuo npeacrasasts O(n) xak moamuoxecrso B R,
G (13 al 3 N
onpejensicMoe  cHeTemoil  ypasucunii: AAT=F, rpge R" oromaccr-
BJICHO C JIHIIEAHLIM IIpOCTpaHCTBOM MaTpHil A nopsanxa n.
Paccmorpum B R™ dopmy: <A B> SpurABT. $cuo, uro 3TO
CKaJSIPIOC 11POU3BEACHHC — CBKJIHAOBO B (Ga3HCC, COCTOSILCM H3 cJjle-
w . 1
AYIONIHX BCKTOPOB (KaXkAblii BekTop B R OTOXJECTBNEH ¢ MaTpH-
—
el mopsiaka n1): e;; (Bce 3JCMEHTBl MaTpHlsl PaBibl HYJIO, Kpome OX-
1IOT0, paBHOro CAHHHIC M Pacnosozennoro B {-f cTpoxke H j-M cTosb-
ne; 1<<i, j<<n). Ecan

(A=Yafe,, B= Zb'e,,, 10 (4, BY == Spur AB" = ¥, o b,
i,J if
NTO, OYEBHJHO, COBIAAACT CO CKAJAPIBIM CBKIHJOBLIM NpoU3BeIeHH-
CM B OpTo6asncc {e”} OroxpccrBisias kaxAayio matpuny Ae R”
¢ BekTopoM A Za, €, MBI MOJEeM COMOCTaBHTL €H eBKIHIO0BY

JJINIY BCKTOPa A Wile IIA||2—SpurAAT Kax 6nmo ormeueno, O(n)
pcaiysoBaila Kak noamioxeccrso B R™, yposierBopsiouice ypasHe-
nmo: AAT=E. Cneposateabuio, g AeO0(n) umeem: [A|=Vn,
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o 21 2
7. ¢. O(n) pacnosoxena B craipaprthoit chepe 8" < R" pamnyca
Vn, {puc. 60).

4. ¥Ynurapnaa rpynna U(n) u cheumanbHas YHHUTapHas rpynna
SU(n). PaccmorpuM KoMmmickchoe npoctpatictBo Cm, orileceHnoe K
KoopauuaraM 2',..,2" H cHa0aHM ero 3pMHTOBLIM CKaJsipHBIM Tpo-

n

—_ = —_—
nasencidem: {a,b)=ReY @', accoumnpoBaniniM c Gunnieinoi

i=1
n

KoMmnJieKcno-3uaunoit opmoit 'Z allf. Yepes U(n) obozunauum rpyi-
i=1

ny BeexX AHICHNLIX onepatopoB B G, coxpalstionyix 1o CKajsploe

NpoH3Bejiche, T. C. lpvnny BCCX  KOMTICKCHO-3HAIBIX ManIILL A

nopsiika n, Takux, YTO <a b> <Aa Ab> JL1s1 06LIX a, heCr.
D10 ycJoBHE 3KBHBAJENTHO MaTpHY-

Homy  ypasneuue AAT=E, rac S
3naK  «uepra» . 0603HayaeT KOMI-
nexchoe conpsixkenue, OTciofa: eciu
geU (n), 1o det (g)= €%  Onpe-
neaum SU(n) xak noarpynny B U(n),
taxyio, uro det(g) =

Jlemma 11. prnna U(n) uepyn-
na SU(n) auneilino ceasue, T1. e.
c08nadalor Co C80UMU KOMNOHEHTAMU
edunuyebl.

HoxaszareanncTBO. Paccmor-
pum SU(n); u3 Kypca anrebpoi  u3-
BecTHo, 4To Anf Jiodoro gee=SU(n)
cyuiecTByeT ynurapHoe npeoGpasoBa- Puc. 60
Hue gl (n), takoe, yto a=ggog '—

IHaronanbliasi MaTpuna BHaa:

%t

e[(l’l
eiwz 0 )
. P . ) @2 lesZ
0 : e[(pn
. y
(3mecy €%, 1 << k<< n, —coGeTBEHHbIC MHCAA oncparopa go). B ka-

UCCTBC HENpEpHBHOro NyTH y(t), coeaunnsmwinero go ¢ £, pocrartouto
paccMoTpeTh HenpepbiBHOC ceMeficTBO MmaTpHuu: y(!)=g-la(t)g, rae

-2 )
. - ' 0
i@, 1
a(h = e -
0 i (QIJI——tE (pk)
k=1
{ ' e
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Hcno, uro y(0)=FE, a y(l)=go. Csasnocth U(n) noxa3niBacrcs
4HaJOrHuHo: B KauccTse y(f) pocraTouuo B3sTh nyth y(¢)=g-la(l)g,
rae

eiqn!

a(t) ) et'(pn_lt
0 cifpnt
Jlemma pokasaua. | .

3apaua. Jokawure, uto U(n) (Kak TOnoJIOrHUECKOC MpocTpail-
CTBO) H30MOphHa mpsMoMmy inpou3dBenenuin SU(n) na S

3anaua. [lycrn @ —ceasnas rpynna JIw 1 H — ce juckperias
nopmanbHas noarpymna. (Iloarpynna H nasbiBaercss JHCKpCTHOH,
ecid eauHuna rpynnm @ oOxajaer Tako#l oTKPLITOR OKPCCTHOCTDLIO
U, yto B Helt COAePKHTCSL TOJbLKO OAMH 3jeMenT H — epnunua.)
Jokaszatb, yto mobas AHCKpeTHass HopMaJdbiiag noarpynna ff jexur
B letpe @, 1. e, KOMMyTHpyeT co Bcelt rpynnoit &, .

Huorpa yno6uo npescraBaarh U(n) kKak mojMHOXKECTBO B R*™,
onpefensemoc cHcTemol ypasnennit: AAT=E, rae R™ = C* orox-
JECTBJIEHO ¢ JHHEeHHbIM POCTPAHCTBOM BCEX KOMIJIEKCHO-3HAUHLIX

MaTpHL A nopaaka n. Paccmorpum B C” cnaJmpuoe TPOH3BC/IEHHE:
<A B>= Re Spur ABT. PaccmmpHM B R™ Gasuc, cocrostmuit u3

ManHLl.[ I ’ ‘ { e BCE€ 3JeMEHTH paBHBbl HYJIO, KpoMe

O/HOr0, PacnoJoXeHHoro B k-M cronlue H B j-ﬁ crpoke, 1Tk, j<n

- -~ T —- = . —r
Ecin A, BeC", 1o (A, B) = Re Spur AB" = 2 alb!, uto cosnaza-
i,j=1
eT ¢ 3DMHTOBBIM CKAJAPHLIM NpoH3BefetHeM B €, OTOMAECTBJIEH-
HuM ¢ R™, Oroxjecrsisisi Kaxiayio marpuuy A ¢ BeKpoOM MOXeM

COTOCTABHTh €H eBKJAHAOBY AMHHY Bektopa A: lIA |2=Re Spur AAT,;
CuregoBatreanto, U(n) pacnosoxena B chepe S* pamnyca Vn.

Joxaszae nuueciinyio cssizwocts SO(n) u SU(n), uoxameM crte-
IYIOILEC YTBCPKAEHHE.

Jlemma 12, I'pynna B L{n; R) COCTOUT U3 'd8Yx KOMNONCHT AU-
neliroll ceasnocTu. I'pynna @L(n C) aunetino ceasna.

HokazareanctBo. pyuna &L(n; R) pacnanacrcst B 00n.cH-
neunc AByx noamioxects: Go={g:detg>0} - u &;={g:detg<0}.
OTH NOJAMHOXecTBa He TNEPCCCKAIOTCH, TaK KaK onpeieNHTenh Mat-
pHLUbl — Iafkas QYUKUHS OT c¢ KO3 HIUHCHTOB, T. C. KOOpJAHHAT

a2 .
B RY. [ainee, &; romcomoppuo &,; romcomopdpuam ycTanassmipaer-

0

1
—1

¢ otoOpaxennemM g—-ag, rie a = Ocrafoch foKa-

0
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3ath cBasnocTh ®g. Tak kak Kaxawit aemenr g G, moxer GhITh
HHTEPIPCTHPOBAH KakK IICKOTOPHIH 6asnc B R™, To, mpuMcHas 13BeCT-
HRH - npolece  OpTOronajdH3aunn Gasuca, HOJAydaeM, UTO g MOKIO
NpeACTaBHTL TakK: g==qa-¢, rjc ae=S0(n), a ¢-—Bepxuerpeyronias
maTpuia. Marphua g MoxeT ObITh Terncpb NEMPEpbBILIM 06pa3om
npojeopMHpoBalia B MaTpHuy o; AAS 3TOTO JIOCTATOUHO PaCCMOT-
peTh HenpepuBUbIY nyTh (1) =a- ¢ ({), rjc

o ! (1—1)
@ut |- (1 —1) ot
0
@l - (1—1)

bl

¢ () =

Ocranoch cocnathest na cwsianocts SO(n). Jlemma pokaszana g
& L(n; R). Pacemorpum @ L(n, C). llocrponm raajikoe orobpae-
nue f: @L(n; C)—S'; nonoxis [(g)=dct(g). OGpasom & L(n; C)
SIBJISIETCS] OKPYXHOCTDL; Npoo0pazom CHHHubL ita S! gBAsieTcs noA-
- MITOXKECTBO Matpull B & L(n; C), Takux, uro det(g)==1, 1. e. [~ (1) =
=S8L(n; C). TlockonbKy OKpPYMKHOCTb JHLCIIHO cBsi3na, TO JOCTa-
TOMIO JIOKa3aTh JUHEeHHyIo cBsanocth rpynnns SL(n; C). Tlpumensis
npolecc OpToronaMii3auiy, NpHBOASIHIA OT NMPOHU3BOJNLHOTO YHHMO-
AYJAPHOro KOoMmmiekcuoro fasuca K 9pMHTOBY, CBOJMM, KAK H Bbillie,
Bonpoc o cBfisHoctn SL(n; C) K Boupocy o cBs3HoctH SU(n); ata
noc/iefHsis IPynna cBs3Ha B cujay Jemmbl 1. Jlemma 12 poxasana.

Gameuanue. Ceasnocrn &L (n; C) n uecwssuocth 8 L(n; R)
MOXI10 mosicuTs (HecTpora) ewe tak: rpynna @ L(n; R) nonyuaercs

n3 R™ nyrem BmiGpacwhiBanus rumeprnosepxuoctd det(g)=0, «pas-
aeasiomeii> R na ase o6sacth, oana us KOTOPBLIX H CCTh CBSI3NAS
KoMnoueHTa cauunun B @ L (n; R). B xommickcHom caydae @ L(n; C)
nosyuaercs u3 €* = R* BhibpacbiBaHHCM NoAMHoKecTBa det(g) =0,
KOpasMepHocTh KOTOPOro paBHa JIBYM (C BCHIECTBCHHOH TOUKH 3pe-
nus), Tak Kak KoMmmackcioc ypastieiue det(g) =0 sxsuBascuruo
nByM BewectBeHHBIM: Re(det(g)) =0, Im(det(g))=0. Huryurtusno
$iCHO, YTO MOBEPXHOCTh «KOPa3MCPIOCTH jBa» ne pasbusaer R
a jlpa Kycka.

Mu onpepennnn U(n) Kak rpynny maTtpHl, COXpaHSIOUHX Be-

. n

. > - —_—
IeCTReHH0-3HauHOe CKAJSAPHOC T:pOM3BejicHHe {a, b) = Rez atb* .
k=1
OnHako, Hapsily ¢ uiM, B C"* uMeeTcst accouMHpoBatinas GuiaHHelnas
n

— po
KOMNJIeKCHo-31a4nas topma (a, b) ——Z a*b®, a noromy ecrccrBeH-
) fo==
Ho BoauukaeT rpynna martpuu, U (n)’, coxpansiomux sty GopMmy, 1. e.
- - -5 -

— -

VIOBJIETBOPSAIOIUMX ToxaecTBY: (Ba, Bb)=(a, b) ans mobuXx a, b
eCn, Bonpoc: coBnajalor au U(n) u U(n)"?
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Jdemma 13, I'pynna U(n) u epynna U(n)’ cosnadaror.

- -
Hoxasateanctno. [Tockoanky U(rn)” coxpausier (a, D),
ol1a coxpausieT (1o OTJAC/ABLIOCTH) ¢C BCILCCTBCUIYIO I MILIMY IO tacTH,

-

4 TaK Kak <(? b>= Re(c? l?) TO U3 coxpauenus Gopmel (a b) ege-
AYeT coxXpareiue <a b> I/ITdK U(n)’ c:U(n) O6pariio, uyero nau
sgeMcHT AU (n), 1. c <Aa Ab> <a b> px MOGHIX a, bheCn,
Tak Kak 9TO TOX/IECTBO BCPIO. IIPH J1}06le a beC" ,TO Ol mMeeT
MCCTO H AJS Napbl BEKTOPOB BHja: LZ; b, T. c. Re(za ) Rc( (¢ )
Ab). Tax Kak oreparop A — Komnnexcubm TO A(ta) =tAu C1CA0BA-
TeJIbHO, Im(a b)_‘_-Im(Aa Ab) UTO o3HauACT coxpaHene MIHMO#

YaCTH (bopri (a, b). Taxum o('>pL130M A coxpansiet (a b) T. C.
U(n)cU(n)’. Jlemma nokasana.

B jnanpuefimmem Mol e OyaeM pasJsuuath ITH JIBe TPYNNLI HHBa-
PHaAHTIOCTH.

OOcyHM OmepallHIo «OBCHIECTBJACHHAY, TO3BOASIONIY OTOMK/JICCT-
BJISITh C" ¢ R, Buibepem B C* 3pMuTOB 6asuc ;1 . _;,’n, T. . J11060i'1
BEKTOD zeCn JOTIyCKaeT CAHHCTBENIOE pasjioxelue T=z 0,+

B 4 en, rue z"—x"—{—ty" xk, Y ER paCCM()FpHM MIIOXKCCTBO OPTO-
TOHAJbHLIX (OTHocuTenbuo <a b>) BEKTOpPOB: ¢y, ..., e,,, ze[,..., ien.

. * —- -
Torna ans moboro z&Ch posiKaer pasjioxenue: 2 :2 xte, -
ke.-=1

-
- 2 y*(ie,), rne x*, y*<=R. dro nossoasicr oroxiectsuth C* ¢ R,
=1

-
Orobpaxkenne ¢ : Cr—>R2", peiicrByiotice no popmyae g (2) = (x2, ...,
L Xy, L, yn), 6yaem nasnBaTh onepaTopoM oBeutectaeHus C*. Uro
- = -

TIPOHCXOJHUT ¢ 3pMHTOBO (popmoii (a, b) nocse npumenenns ¢? Slco,
4TO

E a”b"’—»Z (xF | iyh) (¢t —id*) =

k=1

— Z (xkck - ykd/\ . 2 /(Ck kd/{),

k=] 1
(Z, _l;> =: Re (Z, .E;) —-)-2 (x"’ck N ykdk),
k=l

HHBIMH CJAOBAMH, CKaJjsipHoe 3pMHTOBO nponssexenne B C” nepexopur
noc/je OBELueCTBJIEHHS B €BKJIHJIOBO CKaJspHOC npoH3seieHHc B R2%
Kakoil c¢Mblcsl BKJIagbiBaeTcsl B cJoBa: «3ajath B R2® Kowmmuickc-
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nyo crpykrypy»? Pacemorpiim  oBeuiectsiactiie ¢ @ C"—R2%; toran
B R?" Bosnukaer oprobasnc {ey, icy}, 1=Tk<Cn, upuuyeM RZ"NR"EB

@LR""—C" Hrak, B R Bo3nuxacr JrllliCHHbm oncpatop A, rne:
(x)_-zx S{Lno o A?=—F u A( ten)———eh, T c. B oprobasuce
-
(cl, ey 1l 181,... teh) marpuua A nmeer sup A = E ) EO) rae £ —
CALIMHUUHAS MaTpila NopsiAka 1. 3ToT olepatop uMeer 2n cobcTBeil-
HBIX HeeN: M=..=Anp==4-1, Apy=..=lg,==-—1i (nposepbre!),
npuuem A — oprorounaden: A=S0(2n).

Onpenenennc. ByjgeMm rosopurs, wro oprocowassuelli opepa-
10p A=S0O(2n) B R?" Takoli, uro Al=—F, onpedesser komnaex:-
HYt0 CTpyKTYpy B R*™,

Mupl onpaBiacM 3TO ONPC/ICHCINE, CCIAH TIPCABIBUM OTOXRICCTBIIC
une R?n ¢ €, noctpocinoe ¢ nomounio A. [Mockoanky A -— oproro-

lfaJqselt, T0 MyTCcM OpPTOroHaJIbLHoOro noBopora Oasiica, ero MOXKHO NMpH-
BECTH K BUAY: )

cos (Pl sin ¢1 0
A= l
0 |
“cosq, sing,
—sin @, Cos @,
Tak kag A2 =—FE, T0 -

q)k == —12‘—-— I" lkﬂ;’lke Z.

Henast cure oany 3ameny 6a3uca (Il(‘pCCTaHOBKH) MOKeM TPHBCCTH

A K Buay: A_;(E_—% . Mrax, Bo3nuk dexoropulil oprobasuc

- - -

- R -— - -
€1y.. 28 L1, oy L, Takodl, urto Afen) =tn; A(ly) =-—c,. Hararipas na
- - -
€1, ..-,€, mpocTpanctBo R™{e,}, noayuacm passoxcnue R*=R"{e} D
-> - — - e d -+
M R*{1;), taxoe, uto A:R*{e}—R{l,}; A :R"{#}—R"{e,}. Cac-
-—

JosaresLino, moboft ¢ &R jonyckaeT CUIHCTBCHIYIO 2alllich BHJA:

Ead - - - = e . .
a=x4Ay, rac x, y=R{e,}. Tax kak A?=—F, To Mbl nojay1acm C"

paccMOTpPER Bee KOMILICKCHBIC JTHIICHIBIC KOMOUNau BCKTOPOB e ,,}
CROMLKO KOMIJICKCHLIX CTPYKTYp MO0 3ajath B R*7? FluniMy
coosami, Kak omicath pee Takine AeES0(2n), uro A?==—I[i. Tax xax
A=—A-1 A-1=AT, 10 AT=—A, 1. ¢. A ap/isicTcsl KOMIIICKCION
CTPYKTYPOIl TOrjla H TOJALKO TOU/1d, KOIJLA OH KOCOCIMMETpHCH.
Pacemorpum opeurecrsicnue ¢ : C*—R??, H 1ycTh 2R —
[IpOU3BONLIAs ABYMEpHas BCULCCTBENUAS MIOCKOCTD. Korga 11?2 sas-
JACTCA KOMIACKCHOH mpsiMoil, T. c. sissicress o6pa3oM KOMIICKCIOH
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npsiMoil nocsie oseuecTBacHHA? OKa3bBaercs, uTo I12 sBsieTcs KOMN-
JAckcHOfl NMpAMoii Torda M TOJLKO TORa, KOrAa OHa SIBASICTCA HH-
BAapHaHTHOIl MJOCKOCTbIO aasi oneparopa A:RI—R2" Jlokasarenn-
CTBO OCTARJISIEM UHTATCJIO.

Kakne coOuitist npoucXoast ¢ yuuTaphoil rpynnofl nocse opetne-
ctBacinst ¢ C—R22? [lycrn, Ae=U(n); 10CKONLKY OH coxpansier
3pMUTOBY (HOPMY, TO HOCJC OBCUICCTBJCHHS Ol NpeBpaTHTCS B OIe-
patop ¢/, aciicrsyrouii 38 R u coxpansiioniii cskJanaosy dopmy,
TaK Kak 3pMHTOBa (opma mepexoAMT B eBkMAoBY. Tak kak @A
COXpausiCT CBKJHJIOBY (OPMY, TO OH SBASICTCS 3JEMEHTOM IDYITIBI
O (2n). Kakos siunifi Bua Baoxkeuns ¢:U(n)—0(2n)? _

Mpeanoxeunne 2. Monomoppuzm ¢ : U(n)—SO(2n), 803Hu-
karowuii npu osewecrasenuu ¢ : C—R2", sanucwisaercs Tax:

A=Cot zB—»( _B)ESO(Qn)
o \B C
ede C u B — sewecrsentn.. Kpome roeo: @U(n)=S0(2n)MN
Ne&L(n; C). :
- -
Hoxkazareabctso. [lycms ey, .., e, —6asac B C*; Torpa npm.
— - —

-

@: C"—R? 3107 6a3uc NEPEXOAHUT B €|, ..., €n; L€y, ..., i€n; OTCIOAA
(C+iB)er=_Cep+B(iey); (C-iB) (iey) = —Bey 4 C(iey), T. e.
PA = (B ~C .IMpamoe BuuucaenHe mnoKasbiBaeT, uto det(pAd)=

= detA|2 T. e. det(pd)>0, L[oxameM terepp, uto @U(n)=
O (2n)NeBL(n; C). Iycrs quE(pU(n) TOrAa, ¢ OJHOH CTOPOHLI,
q)AeSO(2n) (cM. Bbilie), ¢ Apyro#t cTopotsl, ¢A mnojsydeH oBemiect-
BJIEHHEM KOMILIEKCHOTO HEBBIDOAKAEHIIOrO omepaTtopa, T. e. QA&
¢ BL(n; C); orcwoga: eU(n)=SO(2n)Ne® L(n; C). OﬁpaTHo
nycts g&S0(2n) u gesg G L(n; C). Iro 3uauHuT, 4TO ¢ HMEET BHX:
B _.C , T.c geoU(n). Ilpennoxkenne gokasaHo.
Umeeress eme oano ouepupnoe Baoxenne U(n)>SO(n) B BUge
NOArpynnbl BEUICCTBCHHBIX MaTPHLL.

- -
Ecin A=U(n) —onepatop yMHOXKeHHss Ha i, T. e. Az=iz, To
0 —E
nocJje OBCUICCTBJICHHS OH llpeBpallaeTcs B (E 0>_Bb1me 6b110
yCTailOBJIEHO, UTO MHOXKECTBO KOMILJIEKCIbIX CTPYKTyp B R?" coBna-,
JAaeT cO MHOXECTBOM BceX OpTOroHaJbHBIX KOCOCHMMETPHYECKHX
marpun. Ecin A=S0(2n) — Komnjekcuas cTpykTypa, TO CYUlecTBYeT
tTakasi MatpHua CSO0 (2n), uto A=CT C-!, rge
01
—10 0

n-[ I
0 0
|

1
0
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Bepto 1 obparuoce: soboit onepatop Buaa CT,C-! spasiercst Komn-
;1IcKCHOM crpykTypoi. Takum 06pa3oM, MHOKCCTBO BCCX KOMIIJIEKCIHBIX
CTPYKTYp B R?™ MoxeT OBITh OTOXKACCTBICHO CO MIIOXKCCTBOM MaTpHIL
sua CToC-!, rae C=S0(2n).

Moxudo noKasaTo (MBI 3TOro Aenath lie GyieM), UTO BCe MaTpHu-
lILIC TPYNIBL, Nepeuncliedibie HaMH, SBASIOTCS rpynnamu JiH.

5. CumnaexkTtHueckas rpynna Sp(n) onpegeasieTcss ¢ NOMOIbIO
anrc6pbr kBatephmoinioB Q. Hanomuum oupenencuune Q. PacemoTpum
R, otiiccennoe K opro0asficy, BEKTOPLI KOTOporo 06031aYHM Yepes
I, i, j, k; TakHM oGpasoM, joboit ge=R* 3anuuerca tak: g=a° 14
+al-i+a?-j4ad-k, rae a°% a', a?, a*=R. Onpenesnum yMHOXKeEHHE
s R* samap ero na Oasmce [, i, j, B, a 3arem npopoNKUB Ha Bce
sexropnt H3 RY. TaGnuua umeer BuA:

i j —k —1 i
k k i —i | =1

Bosiunkaer uerbipexMepnas airebpa najg R, accoumaTHBHas, HO lie

komMyTaTHBHass. Ona H HasbiBaeTcs anrebpoit ksatepuHoHoB Q. B Q

CYNICCTBYET onepauus conpsiKesus: g—g=a-1 —al-i—a?-j—ad-k

M olicpalds B3sSTHs o0paTuoro sjneMedta (AJNs OTIMYHOrO OT HYJS):
3

g'=4q/|q|?, rne q|2=q-q=2(a‘)“. B Q wumeercst ckansipioe Be-
[ =0 _
HCCTBCHHO-3nauloe npou3selchue: <gq;, 2> = Re(gy-q2). 3necs
qepes gi-g; 0603naueHo npousBeldende B Q. Saemcnrsl g=Q Haszb-
BAIOTCSA KBUTEPHUOHAMU; KBATEPHHOUDB!, V KoTophX a’®=0, 1a3nBalor-
Csl MIMMBIMH; KoopaMHaTta a’ B pasnoxkenuu g==a°-1+-al-i+a?-j+
-a*-k oboszunauvacres tak: a’=Re(q); urax: g=Re(g)+Im(g).
Teneph Mbl MOXEM PACCMOTPCTL A-MCpHOC KBATEPHHMOIINOE NPOCT
- -

pancrso Qn ¢ Gasucom ey, ..., €y, T. ¢. J1000H BekTOp a&= Q" ponycka-
- n —
CF OJHO31AYNYIO 3allHCh BIAA: Q= Z gte,, rae g*=Q.
: b=l

Oupenenenne. Cumnresruneckod epynnot Sp(n) HaswiBaercs
COBOKYIHOCThL BceX JHICHULIX KBaTepHUoliHbiX nNpeobpasoBanuit Qn,

- . 227



'

COXpaHsAIOmUX Touky 0, oCTaBJASIONIHX HHBaPHaAHTHBIM CJelylollee
CKaJiipHoe npou3BeaeHHe B Q.

(@, b) = Re (Y @B, 7. e Sp(n) = {A:Q" @, (a,b) =

= (Aa, Ab), a, b= Q).

Uucno .n nasbiBaetcs KgarepHuoHrol pasmeproctoro Q. llpoctpan-
cTBO Q" MOKIIO Kalonuucckd oroxjiectsiTh ¢ €2, Ilonoxum n=1;
torna Q'=Q; uycrs g=a°®-14-a'.i4a?-j+a3-k;, Torma, Hcrnoandys
TabNuuy YMHONCIHHS, ¢ MOXKHO 3amucath B BHAC g=(a’+a'i)+
+jla?—adi) =2'+j2?, rae z'=a’+4ali, z2=a%+a% — KOMIJICKCHbIe
qyHcna. Bpulonnugs 3Ty onepanuio BJOJL KaxK/0H KBaTCPHHOHNHOH KO-
opauuatet B Qn, monyuaem oromaccrBicuue: QrarC?:. Kak u B
KOMIJICKCIIOM cJayuae, napsajay ¢ Sp(n) -ompenescHa rpynmna HHBa-
PHAHTIIOCTH KBATCPUHONHO-311auI0il HOpMHL

n
= Z akb*; a*, b* = Q.
k=

-
BepHo yTBepixkaenue: rpynma uuBapuautioctu (a, b) cosmajgaer c-
rpyrmnoit Sp(n). IlokasartenncTro NPC/IOCTaBASEM HHTATC/IO KaK 06s-
3aTCABHOC yNpakHeHHe.

PaccMoTpiM onepauHio «OKOMIIJICKCHBaliHst» (He MyTaTh ¢ KOMI-
JexcupHukauucit!), T. e.— oroxkgectBiacunst Qr ¢ C*. Yrto mpoHcxo-

-

JHT NPH 3TOH ONCpaulu ¢ KBaTepilMoulio-sHauuoi ¢opmoit (a, b)?
[Tonoxnm n=1, Toraa:

a-b>(p-+jg)(c i jd) = (p -, jq)-(c —dj) = (pc— jgdj)—
| — (pdj —jg c) = (pc -1 qd) - |- (— pd 4- o) j; |
afecs a—pjq, b—»c—f—jdﬂ (eM. Bbmie). Mpl BOCMOJIB30BaJIMCh CO-

OTHOUICHHSAMH:  jg== q], ]2———1; a-b=b-a (nposepnre!). Ipu mpo-
U3BOJIBIIOM 7t (popma (a l)) hopcxomrr B popMy:

(p/\'Ek kdk ) (q C/e /ed/e) i;
) L

rie

al, ..o, a) > (p i g .t i)
b, ..., 0> (- ~jd-1; Lo et -|-.j47").

228



n
flciio, uto dopma (a, b)gpy = Z (pPc* + ¢g*d*) comnajaer ¢ 3pMHTO-

n
— -
Boit ¢dopmoit B C?%; a dopma (a, b)ye, = Z (g*c* — p*d*) smasierest
k=1
. - - —
KOCcOoCUMMCeTpHUCcCcKoH, T. ¢. (4, b)yem=—(0, a),wM Ecan onepatop
-—

e
A Qn—Qn coxpausti (@, 0)unr, TO NOCAC oTONKACCTBICHH QM ¢
—- - PEN
C2m, ou coxpansier yme ABe dopMbl: (g, b)oypm U (@, b)ken. To, uTO
- -

onecpaTop coxpanscT (a, b)spm, O3HAMACT, UTO O CTAHOBHTCH YIHHTap-

HbIM ofepaTopoM. Mbl JlokasasH, uto Sp(s1) MoxeT OnlTh BJOXEHa B

U(2n) Kak noarpymna TeX 3/1eMCHTOB, KOTOpbic coxpausior B C??
: n

-— =
KoCOCHMMeTpHuccKyio  hopMy (@, 0)yen = Z (g*c* — p*d*). 3pec, €2
k=1
cuuTaercst upeacrapaenibiM B Buje C*E@CH, 1. ¢. KoopaxHaTtl B C?n
-
pa3buTH 1a ABe rpynmnst: a=(pl, ..., p"; ¢q', .., q").

3anauva. Hafinure siBuyio dopmyay Aas BaoxeuHs Sp(n)—
——»U(Qn).

[Tpeanoxenne 3. I'pynnot 8L(n; R), & L(n; C), SL(n; R),
SL(n; C) nexomnaktHey, epynnet U(n), SU(n), O(n), SO (n), Sp(n)
KOMNAKTHo! (KaK TOnoAO2u4ecKue npocTpancTea).

HokadatenbcTBo. Hekomnarktuoers & L(n; R), 8 L(n; C)
BbITEKaeT H3 TOro, UTO 3TH TPYIMNBl -— HcorpaHHueHHble objgacTH B
eBKJHAOBOM TmpocTpanctBe. Komnakrtuocern U(n), SU(n), O(n),
SO(n) BbITEKaeT H3 TOro, YTO MbI PCAJH30BaJH HX 3aMKHYTBIMH
orpaHuuelIBIMA NoAMHOXecTBaMu B cdepe. Komnakruocth Sp(n)
BLITCKACT U3 TOro, UTO 5Ta [pyMNia pcaJju3oBalia KaK 3aMKHYTOe
NOIMHOXECTBO B U(2n) [Tpennoxenne njoxasano.

6. Mpl e HcuepnaJH CcOHcOK Bcex rpynn JIu. CyILLeCTBleT ele
KaK KOMNaKTHble, TAK H HekoMnakTHeie rpynnst JIn. Hanpumep, cpenn
HCKOMIIAKTHBIX rpynn JIu Gonmwylo poaws urpaiot rpynnut O(n, k) n
SO(n, k), rae O(n, k)-—rpynna HHBapuautTHocTH thopmel (B R?):

(a, b) = — Z alt! + Z al). Tpynna SO(n, k) —noarpynna yHH-
i=1 =kt
Monyssapnuix Marpull B O(n, k).

Paccmorpum 1iekoTopole rpynnbl JIM MaJsbix pasmepuocteil. Mer
BHj1csH, urto SO(2) romecomophua okpyxnocri; SO(3) romeomopdia
RP3, Slcno, uro U(1) = S'. Usyuum rpynnet Sp(l) u SU(2).

[Ipepuoweuunc 4. Fpynnot SU2) u Sp(l) uzomopprer (6 ar-
eehipauueckom cmoicae) 1 ooe comeomoppunt cghepe S3. I'pynna SO(3)
seaserest parrop-epynnoti SU(2) no nodepynne Z,, cocrosueld u3
saemenros (I, —L

Hokazarcabcrso. Ipynna Sp(1) neficrsyer B Q'=Q xax
YMIOXCIHE 11a «CKadsip» — KBaTCpHHOU, T. ¢. Kaxkiauit A:Q—-Q,
AeSp (1) umeer B Ag=¢q-d, rne ¢g=Q, a a=Q — puKcHpoBaliiuil

- 229



kBaTcpuHOH. Tak Kak (41, §2)xer=01"q2 _COXpaHsieTcst NPH AeHCTBHH
A, 10 (g1, g2)xre=(Aq1, AQ2)rer, T. & Q1g2=0q1daq=|a|?q1-qa, T. €.
|a|2——1 [a]=1. Tak Kak |a|:|b|=|a-b| (mposepsre!), T0 Sp(1)
H3oMoppua (B ajsre6paMycCKOM CMbicJe) rpynne BceX KBaTePHHOHOB
aeQ, Takux, yto |a|==1. TakHe KBaTepHHOHH 00pa3yioT chepy S3,
TaKk Kak |a|2—(a0 24-(a')2+4(a?)?+ (a®)2. Enpumnuelt rpynne S3
spasierea 1==(1, 0, 0, 0). HoxaxeM, uro Sp(1) usomopdra SU(2).
PacemoTpum BIOKEHHe Sp(n)—-U(2n) (cm. Bume). Tak Kak n==1,

TO BJIOXKEeHHe HMeeT BHA: ( B_q), T. €. COBOKYNNHOCTb TaKHX MaTpHI]

—qp _
o6pasyer Sp(l) 8 U(2), npuuem pp+gqg=1. B camom pene, neii-
cTBHe A :g—>g-d mocie <«OKOMIVIEKCHBAHHS» MMeeT BHA: ¢—>qd==
= (a-jB) (p+jq)=(ap~Bz)+(aq+Bp)j. T. €. OTHOCHTeJlbHO O0a-
3uca: ey==(a=1, p=0) H ;= (a=0, p=1) marpuuna onepartopa

umeer sua: (P 79|, uro u TpeGosasoch (nocae 3aMeHbl §—>—q).

q
‘Tak kak Kaxapii Ae<Sp(l) ectb HSOMCTpHH RY, To OoH coxpaHser

ueThipexmepHbiii o0bem, T. e. det p——q) , e [pl2+lg)*=],
q9 P

YTO H TpeboBaJNoCh. ,

Hrak, Sp(l) usomopdua yunmonyisipuoit noarpynne B U(2),

npHueM pasmepHocTb ee paBHa Tpem. Tak Kak SU (2) B U(2) Takxke

TpexMepHa, To Sp(l) u SU(2) nzomopdHn. Mbl JoKasaJH TaKxe,

uto asieMenth SU(2) ‘Moryr 6uTb 3anHCaHbl B BHAE: ( pq)'

—q P
lp1+-1q]2=1.

JokaxeM, uto cyuectByer romomopdusm f:SU(2)—SO (3),
TaKoMf, 4T0 OH — 3NHMOPPH3IM H uMeeT Apo, u3omopbHoe Z;. Peasn-
ayem SU(2) kak rpynny eAHHHYHBLIX KBAaTCPHHOHOB B Q; MOJOXHM'
[(a)=qaqad, rae a=S83 |a|=1; q=Q #n Re(g)=0, T. e. MHHMbIE
KBaTepHHONH, oOpasylouite R*cR%, oproronanbhoe k 1=Q. Torpa
[ —romoMopthusM, Tak Kak f(a,-a:) =aa:qd@:a,=f(a,)-[(asz). [lpe-
obOpasopanuc f(a) nepeBoAHT B cebs R® (MUHMBle KBaTEpHHOHBI) H
ABJACTCSA H30MeTpHUel, TaK Kak Re(aqgi@ag.a) =Re(aq,q:d) =Re(q,92).
Hrax, [(a)==SO(3) (8 cuay csasHoctn S* oOpas [(S°) sexur B
SO(3)). Haitnem sigpo f. Ecin agd==q npu mobom g=R? (Re(g) =
=0), To ag=gqa, |a|=1, 7. e. a===1, Tak KaK KOMMYTHpOBAalHe a
CO BCEMHM MIMMBIMH KBATEPHHOHAMH O3HAUaeT, UTO MHHMas 4acThb a
pasua uyaio. Taxk kak Ker(f)=Z,=(E, —FE), 1o dim(S%Z,) =3,
u tak Kak dimSO(3)=3, to f— anuMopdusm. IIpcanoxenue 1oka-
3am0.

Tor ¢dakt, uto SO (3)2z S%/Z, cooTBeTcTBYeT NpefcTaBaeHuio RP3
B BujJe Qaxtopa: S3/Zy, rae Z, pedctByer Ha S® Kak yMHOMKCHHE
BeKTopoB Ha —I.
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3apaun'k § 3.

1. Hokasatn, uro O(2) coBnagacr ¢ rpynHoil BceX M30OMCTPHH
OKPYIKIOCTH (C MeTpHKOH ds?==dp?).

2. Ilokaszatn, wro rpynna SL(2; R)/Z, sasiercst jmiciino-cussnou.

3. JJokazatp, uro rpytuna U(n) (xak TOMOJOrHUECKOE MpOCTpan-
¢TBO) roMeoMmoptua npsimomy npousBeIcnnio SU(n) 1a oKpyKHOCTD
S'. .

4. Tlyerr & —csiznas rpynna Jln, H — AnckpeTinil nopmass-
nbit geautenn, Jlokasats, uro H jexut B uentpe rpynnn 6.

5. Haiita sisuyio popmyany sroxenus Sp(n) =U(2n) no apanoruu
¢ Baoxennem U(n)=SO (2n).

§ 4. JHHAMHYECKHWE CUCTEMBI

HanoMuuM npocrefiiie cBoficrBa rpaaHeura rAagKoH (DY IIKIHH.

Mgl yxe 311aKOMBI C TIPHMCPOM BeKTopHoro noJsis v(x)_gradf(x)
rae [—ruagkas Qydkuus Ha R™. B 1efCTBHTENHHOCTH B KPHBOJIH-
HeHHLIX KoopjanHarax, grad He siBAfleTcst BEKTOPHLIM NoJeM, TaK Kak
y Hero-— HHON 3aKOH npeoOpas3oBaHHA M TpakToBaTb prad Kak noJje
MOXKIIO TOMLKO MPH HANHUHH pHMaloOBOH MCTpPHKH.

Hanomuum, ‘uro gradf CBA3aH C NMPOM3BOJHONH (QYHKUMH [ MO Ha-
d —_—
TIPaBJEHHIO BEKTOpA aER" cnenyoniuM obpasoM: -—iz(a grad f),

< da
d
rge —i———— HpOU3BOAHAA NO HampasJeHHo, <,> —eBKJIHA0BO Mpo-
da t

nssenenne. [lycts [ 3ajana wa R™; Torza oHa onpegensieT rumep-
NOBCPXHOCTH YpoBHs (ecan n=23, To 6yseM roBOpUTb O JOBCPXHOCTAX
VPOBHS, a eciH n==2, TO O JWHHAX YpoBHs). ['MnepnomepxHOCTDL
YPOBHs omHchiBaercst n— | mapaMmerpaMM (Ha n-napamerpoB B R™
HaJloXXeHa OJHA CBA3b: ypaBHeHHe f(x)=c=const), nosromy pas-
MCpDHOCTE rumepnosepxHoctd {f=c} paBna n—1, ecan-{f=c}—
riajkoe MHorooOpasue. )
Onpenenennue. Touka, xo&={f==c} Ha3biBaeTCcA &PUTUYECKOL

Toukot ¢yuxkyuu f, ecnu grad f(xg) ==0; 8 n'pomBqu_cnyrlae, "Xp Ha-
3LIBARTCA  HEncoboL (HeKkpuTu4eckol) TOo4YKOoL. x
MMpumep. IMycrp na R? 3amana ¢ysknua z=x2—y?; RIS
ypoBHR 2=0 nMeeT BHJ: X=-Y4 H COCTOHT H3 ABYX npsAmbix. Touka
0 — cauHcTBCHHAST KPHTHUECKAS TOUKA HTOH (QYNKUMH.
=

Myers xp= {f=c¢} — neocoGas Touxka. Bexkrop a, npunoxennwif
B TOUKEe Xy, 11a3bIBAETCS KACATeAbHbM K TMneprosepxuoctn {f=c}
‘eCNIM CYLIECTBYET IJajgkKas KpHpas y(f), HeTHKOM npmnannemama{\
—

{f=c} u rakas, uro v(0) ==x, 1 y(0) =a.
Jlemma 1. [Tycre f(x) — aaadkas ¢pynsyua na R* u xo={f=

=¢} — neocobas rouka. Toeda eextop gradf(x;) oprozomascH eu-
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—
nepnosepxrnoctu {f==c} 8 TO4Ke xo, T. e. gradf(x,) oprozonasen
o
atofomy eekTopy a, kacareavHomy Kk {{=c} @ Touke x,.
—

AU
HokaszatenvcTpo. Tak Kak (a, gradf) = ——, To KOCTaTOUHO
da
> d
BLIYHCJHTL MPOH3BOAUYIO [ HO nanpamficiyio a, T. ¢. —;f('y(t)) |¢=o0.

Tak kak f(y({))=c=const u tak KaK y({)c{=c}, 10 % = 0.
da
Jlemma pokasana. ;

Ecnn xoe {f=c¢} — KpurtHueckas TOUKa, TO gradf(xo)_O u ¢op-

—
MaJILHO MOXKHO cUuTaTh, uto grad f(x) oproromnaneH K {f==c} B Jio+
6ot ee TOuKe. /

—
Tak Kak HanpaBJeHHe H BeJmlmna grad f(x) ykaspiBaloT Hanpas-
JietiHe W CKopocThb pocrta ¢yuxknwd f, To ¢GyuKnus [ Bcerma pacrter
C MaKCHMaNbHON CKODPQCTbIO IO HOPMAJHW K CHOEPHOBEPXUOCTH YPOBIS.
HanoMuuM, yto 1ud rnagkoM MHOroo6pasuu M™ 3ajmaHo riaaikoe

BeKTopHoe noJse v(P) ec/ii B Ka)KILOH Touke P& Mn 3apaH BeKTOp
v(P)eTpM", rnamco 3aBHCALIHA OT TOUKH P.

. -—

B Ji0Kanbhoil CHCTeMe KOOpAHHAT X!, ..., X" BeKTopHOC noJe v (P)
Moxer OblTL 3amaHO Habopom mammx Gyurnuh: “vi(x', ..., x")
I<<i<<n. AuajorpunbiM 00pa3oM onpeneisAloTCss HeNpepbiBAble MoJs.
Onpenenenue Tqua Pos=M™ HaswBaercst ocobod pnsg Bek-

TOPHOr0 MoJs v(P) ecau v(Po)——() Oco6as Touka PysMn noast
v(P) HaSbIBael'Cﬂ 4304UPOBARKOM, cCill y Hee cymeCTByeT HCKOTOpast

OTKpHITas OKpLCTHOC’Ib U, B rotopoii nose v(P) ile HMeeT APYFHX
oc06e11HOCTcﬁ KpoMe TOuKH Po.

Bnpoqei, B (H3HKe OONLUIYIO POJL HFPAIOT paspHBHbLIE TMOJS, AB+
AfoLMEcT TNAAKIMY BCIOAY, KPOMeE [EeKOTOPOro -UHCJa H30JHDOBAH-
HBIX TO'EK PasppiBa na M. C npuMepaMil Mbl MO31IAKOMHMCH HHZKe.

Hycrh v(“P) — rJajikoe noge ua Mn. Hdl’IOMIIHM 4TO TPACKTOPHSA
y(t) H‘dJL\IBaCl‘Cﬂ HHTCTPANLHOR  KpHBOH moJsis v(P), ce y(t) =
_v('y(t)) . €. eC/M KacaTe/buLIe BCKTOPDLI CKODPOCTH K y(t) cosua-
JIOT C BCKTOPAMH MOJIsT v,

N PaCCMmpHM npumepsol [Tyers f(P) — dynkiuns na R? 1 Z(P):
z:g adf(P

(a). F(P)y=x2+y% g?z?df:(Qx, 2y). MnTerpanuiipic TpacKTOpUH
,00pa3yIOT MyYoK Jyuel, nexosmux u3 Touku 0 (puc. 61).

(6). [(P)= x2—y?, g?e-;df:( 2x, —2y). UurerpanbHble Tpae
'emopnn—nytm B‘conﬂumc B Touky O (puc. 62).

\
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(8). [(P)= —xy4y? gradf=(—2x, 2y). Uurerpanbhbic Tpack-
TopHH — runepOouibl (pHC. 63).

Bee nonst (a), (6), (B) umeror B Touke 0 0cobyio TOUKy. DYHK-
nusi [ uMeer B touke 0 B ciyuae (a) — MHHHMYM, B cayuae (G) —
MaKCHMYM, B ciiyuae (B) — CCAIOBYIO TOUKY.

Yacro o BekropnoM mojle v Ha M™ roBopAT Kak O MOTOKC KHI-
KOCTH, TeKynicd no muorooOpasnio. [IpH sroMm cunTaercs, uTo B KaX-
AOW MACTHIle XHAKOCTH MOMemiell” BeKTOp, YKa3biBaloUHil CKOPOCTD

Pnc. 61 Puc. 62

3To#t vactHUb. Ocobble TOYKH NOJS — 0cOOLie TOUKH MMOTOKa KHI-

KOocTH; HanpHMep, ocofas Touka Ha pHC. 61 — HCTOUHHK (KHIKOCTD

«nhiTeKaer» H3 Touxkn (), a ocobas Touka na puc. 62— ctok. Muter-
—-

pPOJILHBIE TPACKTOPUH N0Af U HIOLAA HA3LIBAIOTCH JIMIHAMH TOKa
JKIIKOCTH, [ABHXKEIIHe KOTOPOH OMIICHIBACTCST 3THM II0JICM CKOpOCTelf.
Jlaneko He Kaxabili peanbHbl NOTOK KHAKOCTH NOPOXKIAeT MoJe
B nameM cMbicae. [leno B TOM, UTO KOOpAMIATLI HAIMHX Tosell Ire
3UBHCAT OT BPCMEHH; HHBIMH CJOBAMH, COOTBCTCTBYIONIHE TaKHM
HOJISIM NOTOKH KIAKOCTH — CTallHoHapHule NOTOKH. [loTOkH, 3aBHCH-
I(Ie OT BPEMCHH, Ha3BIBAIOTCH lecTatnonapibiMi, Onn Moryt ObiTh

-
MOJIeIHPOBANILT ¢ ToMollblo ceMeficTBa mnogefi v (P, ¢), rnagko 3aBH-
CSHUMX OT Mapamerpa f. .

Kak B sBHOM BHje HalTH HHTerpaibHble TpaekTopuH noss? Co-
OTBCTCTBYIONHf annapaT paspaGoraH B TCOpHH OOLIKHOBEHHBIX AHG-

—_>
Gepennuanbibix  ypaBHenuid. Kaxmoe mnone v=(v'(P), .., v"(kP))
. . dx

MOXKHO OTOXKIECTBHTb C CHCTeMOH OOBIKHOBEHHBIX YpaBHeHHH: o =

=0oR(x!, .., x"), 1<Ck<Cn. HanoMHHM, 4TO a8TOHOMHLIMU CHCTEMaMH
ITa3bIBAIOTCA CHCTCMBEI, HpaBble YacTH KOTOprX He conepx{aT ABHO
napaMerp f. ABTOHOMHBIE CHCTEMbI COOTBETCTBYIOT CTALHOHAPHBIM
NOTOKaM XKHJKOCTH.
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OcraHoBHMCA Ha YacTHOM Ciydae, KOrJa NOBeJeHHe HHTErpafbs
HbIX TpackTopHil Moxer OHITh OMHCAHO B AOBOJIBHO IMPOCTHIX TEPMH=<
Hax..

Onpenmenenne. [lycth 3amaHa cHcTeMa JOHGpGdepeHUHaANbHBIX
. —>
ypaBuenu#, orBevaromux nonio v(P) mna M". Hnrezpasom cucremos

HasblBaeTcs raajgkas ¢ynguns f(P) Ha M™, nocTosHHas BIOJb BCeX
HHTErpajibHblX TPAEKTOPHH NMOTOKA.

Puc. 63 Puc. 64. Taxolt muterpanbholt Tpaek-
TOPHH, GHITb He MOKeT

[Tyers, f— unterpan. Tuncpnosepxuoctd {f==c} paccnausaior Mn

 TpY usMeHenuH ¢, PaccMoTpuM (PMKCHPOBAHHYIO THIIEPIOBEPXHOCTh

f(P)==co. I3 onpenenenns Huterpana cjaeayeT, UTO eCJH HITErpab-

Hasi TpaeKTopHs HMeer obiyi0 TOUKy ¢ {f==cCo}, TO BCcsi TpaeKTopust
-

ackHT B {f=co}. OTciopa caeayer, uto nose v(P) Kacaercs B Kax-

noil totuke P mosepxuoctd {f=f(P)} (cm. puc. 64). D10 o3Hnauaer,

4TO Kakjasi NMOBCPXHOCTL {f==¢} paccloena Ha HITCrpaJbHEE Tpa-
—>

eKTOpI motoka v. 1o No3BoJseT NOHH3NTL NOPALOK HCXOAMOH CH-
P : e

CTCMDI ypaBHendif na cAMnMIY, OI'PAHHUMB NOJE U Ha NOBEPXHOCTh
{f=rc}. Hanomumm, uro B OKpecTHOCTH J1060# HeocoGOH TOUKH AJst
grad | nosepxuoctn {f==c} ABAAIOTCA TafKHMH NOAMIOroo6pa3HsiMH
pasmepuoctn n— 1. Ecau nam gansl gBa (GyHKIHOHANLHO HE3aBHCH-
MbIX uuTcrpana [ B g (T. ¢. MOYTH BO BceX Toukax Mn gradf u
grad g nuHeiino ne3aBHCHMDL), TO MOPSI/IOK CHCTEMBI MOHHXKACTCS YXKe
Ha aBe cAHnHUL (cM. pHe. 65) B T. n. Ecan 3apan nabop us n—1
(YHKIHOHANbHO HE3aBHCHMbIX HHTErpajios, TO MOTOK MOJHOCTLIO HH-
TCTPHPYCTCA, T. €. BCC HHTCIPAJblibie TpaeKTOPHH MOTYT ObiTh OnMHca-
Hol Tak: y(f) = {[i=c} N ... V{fn—1=cn-1}, rae y(0) =P, fx(P)==cn,
I<<k<n—1. .

. ! -

Onpenenenne. Ilycts Ha M™ 3agannl nmoast vy, ..., vz OHHE
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- >
HA3LIBAIOTCA AUHEIHO He3a8UCUMOLMU, eCTH BeKTOphl Uy (P), ..., Ur(P)
JHHEeHH0 He3aBHCHMHI B KaxXJoH Touke P=Mn.
- o
Ecan xakoe-To noje Ug obpaiuaercs B HyJNL B IIGKOTOPOH TOUKE,

-

TO BCA CUCTEMA Uy, ... vh y¥e HC ABASeTcs He3aBHCHMOH.
Hpennomeﬂne l. Hycw n—=@ —epynna Ju. Toeda na G
gcezda _Cyuecrsyior n AUHEHO He3a8UCUMbIX 2AQ0KUX BEKTOPHbLLX

noael vl, vees U

Puc. 65 Puc. 66

HokazareabcTBo. DBygem cunrats, 'uto & — matpuunasd
rpynna. Paccmorpum Ha @ omnepanuio jesoro caeura L, :g—-ag.
flcno, uro L, sisaserca audpdeomoppusmom &. Paccmorpum einHH-

-—

iy e @; sapgagum B T, & 1 siuHefino HE3ABHCHMBIX BEKTOPOB €y, ...
..,e, B paccmoTpuM auddepenunan dL,: TS —T, 8. Tlonoxum:

5,,(a)=dL,,(_;;,). Tak kak L, — guddeomopdpusm, 1o dL, neBbpOXK-

>
JeN, T. e. BEKTOPH Up(a), l<Ch<Cn, auneciiiio He3aBHCHMEL.

Bckope Mbl NpenbsiBUM npHMeps M™, Ha KOoTopmix JioGoe riaal-
Koc noJe obsi3aTennlio HMeeT ocoOwle Toukn (T. ¢. Hyau). Murepec-
LI MpHMep TpeX He3aBHCHMLIX Hojell MOXHO nocTpouth Ha S3. Tak
kak S° romeoMoppua SU(2), to B cuny [lpepnoxenus 1, ma S3
CYUIECTBYIOT TPH HC3ABUCHMBIX MOJA. Hatigem ux siensift pug. [yet

—-

-
S'={q=Q; |q|=1}. Tonoxnu: v,(q)=ig; va(q)=iq; vs(q)=kq.
It nons Kacawres S? B TovKe ¢. B caMOM Jesie, BLIYHCAMM CKaaAsp-
lioe MpOH3BEAEHHE, HampHMep, <Lq, qg>. WMeem: <igg>=
=Re(ig-g) ==Re(i|q|?) =g4|*-Re(i) =

3apaua. Haiith B sBHOM BHIE HlITeI‘pa.HbeIe TPaeKTOPHH yKa-
3alHBIX noselt Ha chepe S3.

CpenH MiajAKHX nosefi na M" BbacjacH Klace TaK Ha3blBaeMbIX
rpajHeHTHHX HJIH TNorteunHafbHuiXx noned. OO6cyAuM NOHsATHe rpas
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auenta na M®. Tlyete M™ c¢naGxeHO PHUMaHOBON MeTpHKOH H f—
0

rnajkas ¢yuxkuus #a M7, Torga gradf = [a_ff
. X

paucrsa, ayajpHoro K TpMm, [lna Toro 4ToGbl MOJYUHTL BeKTOp,

—-—
paccMoTpuM (B JIOKaJILHOH CHeTeMe® KoopaHHaT) node u(P) : vk (x) =
ok taf (x)
=g (x)——.
dx )
oOpasyercsl Mo 3aKOHY NpcobpasoBauuas KOOPJAHHAT BeKTOpPA; €ro Ml
_—

H oGo3nauum ucpes grad f.

}—— aJeMeHT TPOCT-
Buiuuciende nokaswipaer, uto HaGop v!,..,v™ npe-

-
Onpepnencuue. [lorenyuarvnom nosem v(P) ma Mm uasu-
~ —
Baercst nojse BHAaa v(P)=grad[(P), rae [— rnagkas ¢yHxuHs Ha
M=, .
JlemMma 2. [lotenyuaroHoe nose He uUMeer 3AMKHYTelx UHTez-
pasvHbiX TpaekTopull Ges ocoGuix ToueK.
Hokaszarcabcrso. IlycTh cyuwecTByeT 3aMKHYTas HHTerpalib-
Has TPACKTOpHA (TaKHe TPAaeKTOPMH HA3LIBAIOTCH HHOrAa NepHOjHue-

. -—
CKHMH peulenusMu chctembl). Toraa x(f)=v(x), rie x(¢) — peuue-
nue. Ecin [ — nortenunan, to

—
e = (1,90 = g0l (x) = g (1) (x) = | grad f I > 0.
Otciona [ cTporo MOHOTONHO pacTeT B HampaBJeHHH Bo3pacTanus f.
Ho Ttak xax tpackropusa y(f/) 3aMKHyTa, TO uepe3 HCKOTOpoe BpeMs
Touka y(f) BCPHCTCA B mpexilee
y NoJOXeHHe, YTO NMPOTHBOPEYHT He-
* v{vy) _NpepuLBHOCTH f. JIleMMa foxasaia.
S Hanpumep, none, wusobpaxeH-
HOC Ha puc. 66, He MOTEHIHANLHO
(BpalieHne XHIKOCTH, BOKpYT  Ha-s
yaja KOOpAHIAT).

PaccMoTpuM 1noToKM Ha JBY-
MepHBIX MHOrooGpasusax. s mpo-
CTOTLI, OrpalHUHMCA JIOKaJbULIM
H3YYCITHEM MOTOKOB; TOTrAa MOXKHO
CUHTATL, YTO MOTOK pacCMaTpHBA-
CTCH 1A CBKJH/JOBOI  IJIOCKOCTH.
Byaem TpakToBaTh 110TOK KaK MOTOK MKHAKOCTH C MOCTOSIHIION MJIOT-
1nocTuio (pasnoit 1). M3yunM usMclcHHe Macchi XHAKOCTH B KaXAOH
TOUKE C TeuenlneMm BpeMeHH. Kak H3BCCTIO H3 Kypca OOGLIKHOBEUHBIX
Inddepenusanbiblx ypapHeHHH, ¢ KaXbM [O0TOKOM HHBapHAHTHHIM
o0pas3oM cBsizana ojjlonapaMeTpHyccKasi rpynna aupdceoMophusmon,
T. €. CABHIOB BJAOJB INTCrpAJLULX TpacKTopuft noss: OcoGrie TOUKH

Puc. 67

10TOKA — HeNOABMXKNEIC TOUKH AcicTBHA Tol rpynmul. [TycTbh nose v
HMeet koopaunatel (P(x, y), Q(x, y)). PaccMOTpHM H3MeHeliHe Mac-
¢l B GECKOHEUHO MaJjioM MPSIMOYroNbHHKE CO CTOpoHaMH dx, dy (CM.
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puc. 67). 3aecs (x, y) — Aexaprosni Koopaunatu. Ecan dm—_macca
AHAKOCTH B mpaMoyronbhuke (dx, dy), To dm=dx-dy. Tlycrb y(f) =

-

=0v(y(f)) — cucrema, orscuatoutast v. Ecnu vy(f) — peumenne, To !
onpeesicHo BRoJb y(f) ¢ TOUNOCTLIO AO CABHra;, MOMCHO CHHTATh, 4TO
v(0)==P, rae P — uexoropas Touxa. IlonoxnMm e, (P) = v(t,), roe
y(0)=P. . Otob6paxenne fi,— nuddeoMopdpusM. PaccMoTpim P==

Pruc. 68

= (X, §y) ¥ NMPUMEHHM K NpAMOYroJbHUKY (dx, dy) obGpaTHoe mpeol-
pasoBaHHe fi_ay, rae y({)=P. O6pasom (dx, dy) npu fi—ay OymeT
OecKOHeYHo Maubiii napasienorpamm 1. [Tpumenss fa, Mbl nepese-
aeM T' s (dx, dy) (cm. pHc. 68). Touka P==y(!) oTBcuaer 3ia4yeHHIO
t, a ce npoobpas npu fa; orseuacr 3navenuto {— Af. C uaMeHenHeM
{ macca dm (tYy=dx(t) -dy(t) Takkc melseTcs.

Jlemma 3. Hamenenue maccot 8 GECKOHEUHO MAAOM NPAMOYZOLL-
nurke (dx, dy) umeer 8ud:

d .
——(dm(t)) =
dt e
JoraszarteancTso. Bynem cuirrath, uro fa, sroant s (dx, dy)
1IOBYIO CIICTEMY KOOpAHMUIAT (3aMcHA ¢ MOMOUILIO MaJoro audgdeoMop-

¢nsma). B Hcxoamoil cucreMe Mbt nmedu: dm(l)==dx(t)-dy(1).
B 1ioBofl cucteMe HMeCM:

dx(t 1 Af)-dy(t1- Ab) = d(x (t) - At-x)-d(y(t) -+ At-y)) =
= (dx () - Atd (x)))-(dy (t) -+ Atd(y)) =
= (dx (¢) -+ AtdP (x, y))-(dy(t) 4 AtdQ(x, y)) =
_ 4oAt (PP gy 9P . 99 R
- (dx(t) 1At ( o 4 o dy)) , (dy(tH At ( 2 dx +—ay—dy)).

Tax xak B mepsom comuoxurene dP(x, y) Gepercs 1o npUpauiCinio
TOJILKO “BjIOJIbL OCH OX, TO B 3TOM COMHOXKHTCAC MpHpauienue Ay pas-

oP
1O UyJawo, T. €. OCTacTCA TOJNhKO dx(t)-}- At—a——- dx. Ananoruuio Bo
X

o 9

5 oy )dxdy.

-—

BTOPOM COMHOXHTEJe DPABHO HY/I0 MpHpamene BAOJAL OY, T. C. Ax
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Hcue3aer, a NoToMy octacrtest dy(f) | At%dy. Hrak,
Y

(dx(t) ) At%’}dx) (d_j(l) w2 "Q ):

=~ dx(t)-dy(f) | At-dx(f)dy(f) (a—” + 2,

Mu npenebperaem MasbiMH BbiCllero nopsaka. Orciona

Adm (t) = At- (g” 99 )dxdy,
X

4 Y
: (dm(t))—(ax _ ay)dxdy.

JleMma JfoKaszaHa.
aP (x, y) . QY sy

Ox oy
_b.
Baercs Ousepeeuuuezi notoka v. [loTOK Ha3biBaeTCs HecKHMAEMHM,

ecsH dlv(v)-—O
U3 neMMbl 3 CJIeflyeT, uTO H3MeHeHHe Macchl PaBHO HYJIO TOT/AA
H TOJLKO TOrAa, KOrja MOTOK HecxKiimMaeM. PaccMOTpHM aHazor dop-
MYJIbl, TIOJyucHHOH B JieMMe 3, aas objacTefl KOneuHOro pasmepa.
[Tycrs D — orpanuuenHass o6jacth ¢ KyCOYHO-IJIafAKOH rpaHHuef,
D(t) —ob6nacrtb, nonyuentass U3 D nyrem ee caBura BAOJbL HHTer-
-_

Onpenenenue Pynxuua div(v) =

pajLHBIX TPAEKTOpHUH v 11a BpeMs ! ¢ MOMOLIBIO OJHONAapaMeTpHUYeC-
kot rpymnui, Ilycrs naomans D (f) papua V(f) (ecaH NA0THOCTH
ugkoctH pasna 1, to V(!) —wmacca, 3akmoucunas 8 D(1)}).

[Tpeanoxenue 2. Jas 210601t oepanunennoli obaactu D(f)
umeenm:

av _.
dt

Ly

. -
E div (v)dxdy.
ik
Ilokxaszareancrtso. Jlocratouno pasbutn D(f) Ha 6GecKoued-
HO Manbi¢ NPSMOYIroJibHHKHY H HPHMENHThL deMMy 3.

4

Onpencanenne. [lotok v==(P, Q) uasniBacrtcs 0Oe38UxpessiMm,
ecinn Py=Q,.

OTo ycnosHEe MOXKIUO BHAOM3MCUNTL. PaccMOTpAM 1ia MJIOCKOCTH
POH3BOJILHLIA Iiafgkuii KonTyp C (CaMOHeNcpecekalollyiocs OKpyx-
HocTb), C=y(f); B KaxmOil TOuKe KOHTYpA BO3HHKAET WUHCJIO:

-
<v(y(1)), y{(t) > (CM pHc, 69). BuxpeMm motoka v BHOJAL C Ha3h-«

BaeTcst YHCIO: éf (v(y(t y(t Y dt.
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—
Jemma 4. [lorox v= (P, Q) — 6e3suxpesoii To20a u TOAbKO
T020a, Ko2da e20 8UxpL 80046 2106020 2A00K020 KOHTYPA PABEH HYAIO.
JHokasarteabctBo. Ilyetb D — o6anactb, orpannuennas C.
Hmeem:

[ @i voye = [ Poyoyast - ety =

o . )
- ?‘ (p A %) dt = L[(P,—Qx)dxdy; ¥(0) = y(2m).
0

3xec npumenena popMysia CToKca (cM. rﬁaay 6). Jlemma jpokasaHa.
"Tipeanoxenue 3. [ycrs ;—-Geaauxpesoﬁ noToK HA RAOC-
koctu. Toeda v NOTEHYUAACH, T. e. CYuwecTsyeT 2ia0kasn QYHKYUL
a(x, y) rakasn, 470 ;=g~rad a(x, y). Popma Pdx+Qdy— noanoul

Pue. 70

Juppepenyuan yncyuu a(x, y), onpedescnnol 00HO3HAYHO, ¢ TO4-
HOCTHI0 00 @00UTUBHOL NOCTOAHHO,

J{okasaTteabcTBo. [HyxHO npounterpupoBath CHCTEMy ypasiie-

. {) P )
it P o= Q :ﬂ—, NIPH YCJIOBHH, YTO o i Hnrerpupys 1o
ax dy ay ox

X Teppoe ypaBHeHue, TosydaeMm: a(x, y):S P(x, y)dx 1 g(y). Hud-

V]

X
deperumpyenm o y: 22 9 :'g D gy . %W gypa:
oy : oy dy
X

Q(x, 4) =S§Q§,§‘i’—dx—u dg (y)/dy,
J |
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nm: Q(x, ) = Q (%, y)--Q(0, y) - df];“’) . uto paet: g’ (y) = Q(0, v),
Y . :
T.e. gly) = J'Q(O, y)dy -1 C, rac C = const. Urak,

0
o y
P(x, y)dx - SQ(O, yydy | C.

0 o

a(x, y) =

' oa
Eciin Gbl MBI HayaJlM HHTEIPHPOBaHMe ¢ ypaBHeHMs @ = —,~ 1o mo-
Yy

ayunan 6pl: a(x, y) == gQ x, y) dy -i- j (x, 0)dx i C. Pyuxuus

a(x, y) — norenuHaj HOTOKa Onmitem a(x Y) reoMeTpHYECKH.
PaccMOTpHM ZBa KYCOYHO-TJIAJKMX NyTH: Y =y, |¥, H ¥ = Y1Uv2
(puc. 70). HCHo uTO
x
a(x, y) = SP (%, y)dx -+ ‘ Q(0, y)dy = j'(de-}-Qdy);
0 v
Yy x'
j Q(x, v) aux f (x, O)dxzj(PdHQdy),
0 0 P .
T. e. 3HaveHue a(x, y) MOXKHO MOJY4YHTb, NPOHHTErpHUpoBaB JHpdepen-
uHajpHyl0 dopmy o = Pdx -} Qdy Brois nmytd y, au6o BRoJp Y, Beny-
wux u3 Touku (0, 0) B TOouky (x, v).

Npennoxenue 4. Ilycmb nomox v Gessuxpesoi. Tozda ou no-
MeHYuaner, U nOMeHYUan 60CCMAHABAUBALIICA MAK:

a(x, y)=dex~!-Qdy=jco,
¥ ¥

20e vy — ar060ii Kycouro-caadkutl nyme, eclywuil us mouku (0, 0) 6 mox-
ge .y ) {

ky (x, y). Humezpan S W He zasucum.om eefopa nymu.
4

JokasareabcTno. JlokaxeM, uto S(de‘i‘ Qdy) He 3aBHCHMT OF

5
BbI6Opa NyTH (ec/M 1Auajo ¥ KoHell — (uKcupoBans). [lycts Yy’ — Apy-

rofi nyte 13 (0,0) B (X, y); paccCMOTpUM @G = E ©— f 0= j @}
, ' ¥ v YU—=v")
rie (— Y )—nyTh ¥, OPHeHTHPOBAHMEII B 0GPaTHOM nanpapenut (cM.

puc. 71). Toraa | (Pdx-1-Qdy) = f(de#Qdy)—O TaK Kak C =

YU—P)
= y|J(— ¥') — samxutyThlii KOHTYD, a ITOTOK fe3puxpeBoit (CACACTBHE H3
¢dopmysibl CTokea). HTak, a =0 u j‘m = | 0. Tak Kak He3aBHCHMOCTb

Y Y
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j(l) OT MYyTH JAOKal3aHa, TO A1 HAXOXJeHHA YHUC/JACHHOro 3HaueHus j‘(l)

MOXHO B3SITb ONMH M3 myTelf, NOKasaHHHIX..Ha puc. 70. l'lpelmomenne
AOKa3aHO.
Haumeirennic nauaneHoit Touku ILHTErpHPOBAIAR MCNICT a(x, l/) na

aJIHTHBIYIO nocToauuy. Tlyern v-—ﬁeaBuxpeBou H HCCHKHMaCMBIH.
Torga cro rKoopaunate; P u Q Takoswl, uto:

9P _ Q. P _ Q. p,_0a.,_ O
Ox ay ’ oy ax ' dy
0% 0% o e o
OTKYZQ: = A Pyl 0. Jlueeiinblit  nuddeperuuaibibiii onepatop BTO-
x y
- 3 2!
poro nopsiaka A = %—+— 662 (2anucaHHbl B JAEKapTOBbIX KOOPAMHa-
x Yy

Tax), HasuBactcs oneparopom Jlanasaca. ©yuxuus | (x, y), Takas, 4To
Af=0, Ha3bBaeTCA 2APMOHUYCCKOL.

Meul foKasadn, YTo 1OTCHUMAJ $e3BUXPEBOro M HECKHMACMOro I10-
TOKa -— rapMoiuucckast ¢Gynkuua. OGpluno a(x, y) paccMaTpHBAIOT
B Nape ¢ JpYruM InoteHuuanom: b(x, y) Ha2bIBaeMbIM CONPANCENHLLM
IIOTEHUNANOM, M/ TOTEHIHAJOM compspkeHdoro noroxa. Jlas ero

: Gl ab
ONPE/CACHHS, PAacCMOTPIM  CHCTEMYy: —-— = —Q; o P. Oyuxkus

X Y
b(x, y), sBasiioulascst pclieHHeM 3TOW CHCTEMBl, Ha3bBacTCH COMNps-
KeuueM motenunanoMm. Jlokaxem ero cyvimectBoBanne. [Tonoxim:

—~

~ - - R | ’
P=—Q; Q=P. Torna: _Z_b = P; a—b— Q, UpH YCTOBHH, UTO 6—0 o

. x y
0P 8Q aP

= ——; ——=——_ 3T0 -— cucreMa, KOTOPYIO Mhl BLIUIC TPOIH-
ox ' oOx ay - -

TerpupoBany aas naxoxpaenms a(x, y). HUrax, b(x, y) cymecrsver
H HIpact poJn notennHata a(x, y) jus noroka v= (P, Q) ==(--Q, ).

= P . ng .

[lotok v==(P, Q) nasnBaercs conpsiceruoim K NOToKky v== (P, Q).
Bepno 1 obpatnoe: noreunuan a(x, y) compsixen K b(x, y), T. C.
noTeNnian, JBaXK/LI conpnmcxmbm K a(x, ), conanacr ¢ uuM. [To-

- —b
TOKH U U U opToronaleHe: < v, v>—~-PQ—{—QP 0.
PaccmoTpuM naockoeTh (X, §¥) KaK HJIOCKOCTL KOMIJICKCHOI nepe-
Mclnoft 2=x-H{y H pPaccMOTPUM KOMTMJICKCHO-3HAUHYIO (YHKILHIO:
f(x, y)=a(x, y)-Fib(x, y), rie @ 0 b— noOTCIUIHAT U COMPSIKEHHDI

- 0 0
noreryHan necxHUmaemoro mnoroka v= (P, Q). Bwmecro —a& ag
X

OyjleM mHCaTL TPOCTO gy, Ly TaK Kak ay=P, a,==Q, bx:——Q by=
=P, 10 ax=b,, ay=—b, Takue ¢ynrunu [(x, y)=a--ib Hazw-

BAlOTCsl KOMILIEKCHO-ana THURCKHMH, a ypaBIICHIIS lia @ H b — ypaB-
nennsmu (yenosnamu) Komn—PuMana, Oyskunn a 1 b HasnBaioTcs,
COOTBETCTBLCIHO, BCHIECTBCHHOM H MHHMON 4acTsmu GyHkuud f: a==
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=Re(f), b=Im(f). HanoMHnM HekoTopble CBOHCTBAa KOMILJIEKCHO-
ananuTH4yecKuX QYHKUMHA. -
.= . 1 - —i =

[lyety z=x-+4iy, z=x—iy, Toraa x=7(z +2), y =-2—' (z—2),
noaroMy Jawbas ¢yukuus g(x, y)=u(x, y)-+iv(x, y), pasnaraio-
wascs B CXOASUIHACA Psifi MO MEPEMEHHBIM X, Y, MOXeT OHITb 3amH-
caHa tax: g(x, y)==g(z, z). Ilo npaBuay anuddepenunpoBatns Caox-
HOH yHKUMH:

L™ EREWENIE A

0z 0z Ox 0z OJy T2 ox oy
Auanornuiio —= = L (—a—— + i 9 BrigenyuM n3 MHoxectsa QyHK
_ 0z 2 \ ox dy )’ J

uMi g(z, ) TOJALKO TC, KOTOpbie 3aBHCAT TOJLKO OT 2. AHAJHTHUeCKH
6 -

3TO MOXHO 3anucaTth Tak: 0—_g(z, 2) =0. Taxue dyHKUMH H Ha3H-
z

3%@

N

A

N

Puc. 71 . Puc. 72

BAIOTCS KOMAACKCHO-AHAAUTUHCCKUMU, OHH pasnaraiorcst B CXOAsd~

. N ) 0
IIIHCST pAJL TOJMLKO MO CTeNensaM NnepeMeHHOon z2. Tak xak Tg— = U,
4

. ' . . . 0
TO gxtigy=0, 1. e. Uytive+i(uy+iv,)=0 u ycnosue —6—5’-‘=0
2z
3KBHBAJIEHTHO ypaBHeuuaM Komn-—Pumana: u,=v,, Uy=——0,.
Tem camuiM, HaMM Aokazarna '
-
Teopewma 1. Jwboll 6essuxpesoil u necxumaemstl nOTOK U=
i -
= (P, Q) moxmer 6uirs npedcrasaren 8 sude: v=grada(x, y), a co-
et o ad i
npaxcennoil norok v=(P, Q)6 sude v=gradb(x, y), ede Pynk-
yusa f(x, y)=a(x, y)+ib(x, y) — Komnarexcno-anaruTU"ECKAR & ON~

pedenena 0O0HO3HAUNO C TOUHOCTHIO (o0 aO0OUTUBHOL HOCTOAHHOU.
Bepro u obparnoe: ecan [(z) — Komnaexcro-anaAuTuveCKAA (QYHK-
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4us, TO NOTOKU _z;=grad Re(f(z)) u ;—:gradlm(f(z)) — Ge3guxpe-
a6l U HECHUMAeMble; KPOME TO20, ONU conpsasceRs. dpye dpyey.

-— -—

Wuterpannbusie TpaeKTOpHH v M v opToroHadblib. Pynruus f=
=a--ib na3bIBaeTC KOMAAEKCHOIM HOTEHY{UAAOM TIOTOKA. I/Iayth
TenepL oCcoOble TOUKH BEKTOPHEIX TONEH HA MJIOCKOCTH. v

-

[lyctp v -— Ge3aBuxpeBoil M HecxHUMaeMbijt noTok. Kak HafiTH Hyaw

v 1 v? U3 ypasucunit Komn—PuMaia umeem:
’ . 1 . . .
fz (Z) = —2“ (fx‘."‘ Lfy) =a,—id, = by |- be'

Jlemma 5. Touku, 8 Koropex f.(2) obpawaerca 8 nyab, cosna-

— —_
daor ¢ Hyaamu noToka v (3TU KHe TOUKL — HYAU HOTOKA U).

HokazaTteanbceTBo cpasy ciaelyer us: f, (2)=ay-—ia,=b,+ .
+iDy.
- 5

Hrak, aas naxoxmjaeuus Hyneft NMOTOKOB v, U AOCTATOYHO pPeIIHTL
ypasuenue f'(z)=0. Do cux nop M paccMaTpHBanu IJajKHe MOJS.
Ojnako Bce Mpopejeliible BEILC PACCyXKAeHHsT MOXHO NMOBTODHTL H
JUlsl TIOTOKOB, HMeIOUIHX H30/IMPOBaHHble TOUKH paspbiBa, KOTOpLIE,
KONeUHO, lie SIBASIOTCS pewlennsiMu ypaBrenus f'(z) =0.

[TpakTnuecku#t Bompoc: nycTh v — lleCXKHMaeMHill, Oe3BUXpCRO
—

notok; T. ¢. v=gradRe(f(2)), rae f(2) — anantiTHueckas QyHKUHs:
KaK HAaHTH HUTCTpaJbHBlEe TpaeKTOpHH 3Toro mnoas? OKaaniBactes,
neT HeoOXOAMMOCTH B SIBHOM BHIAE pelllaTh COOTBETCTBYIOHLYIO CHCTe-
My nuddepennalblieiX ypaBliciiii.

MMIpeanoxenne 5 [lycre f=a-+ib— Komnaekcro-anarutuye-

— —_

ckasn pynxyusn; v=grad(a); v=grad(b). Toeda b— unreepar dan
— — ) —

nOAS U, @ @-— UHTE2PAA QAL U, T. €. UHTC2PAAbHLIE TPACKTOPUU U

CYTL AUHLL YPOBHS hyRKYUWL b,-a unTezpasvHele TPACKTOPIL U — All-

HUU YpoBHA (yHKI UL a.

da = db ‘
Hokasarennctso. Jocratouno natitn  ——u——. Hanpumep,
d;; dv
- - da
— = (v, gradb) = a,b, -1 a,b, =0. Anmangornuno — =20, T ¢
dv do

@ M b NOCTOSIIHBE HA COOTBETCTBYIOWIHX TpaeKktopusx. lpemmomeniic
JlOKa3aHo.

[Tpumepst [lyers f(2) =2k, k=2; ['=kz*". fcHo, uto [/ (2) =0
TONbKO B TOukKe U; [f=r*{coskq--isinkp), 1. e. a=rFcosky; b=
==rksinkgp. Ha puc. 72 u3o6paxkenbl MHTerpaJjblible TPACKTOPHH
grad(a) (npu k=4). Hauaso xoopanuatr — ocobasi TouKa, nonayyaio-
lasgcs CJAMAHMEM HEeCKOJUBKHX ocoOeHHOCTeil MeHee BHICOKOTO NOpPSK-
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Ka (cM. 1nuxe). rIyCTb f=z* k=1, f==r-".(coske —isinkg). Ha
puc. 73 msoGpaxenn HiTerpansuole Tpaexkropun grad(a) (npu k=4),
flyers J(z) =In(z). 1la puc. 74 usoOpaxeunl HiTerpanblbie TpaeK-

Puc. 74. TloTeHuuan @(x, y) -
MHorosilayHast QyHKUHA

TOPHH ¥ H v. 3T0— Jjorapudpmuueckasi ocobelioctTe. PaccMoTpHM
I

¢ynkunio JKykoBckoro: f(z) =z-+—. Hurerpasvible TpaeKTOPHH
z

(nnst omyoro MOTOKA) ¢M. Ha puc. 75. 3alauva: MOCTpoilTe TpaeKTo-
PHH COTPSIKEHIIOr0 TTOTOKA. '

Puc. 75 Puc. 76. Junoan

[ycts f(z) — %(ln(z |-a)—In(z —a)); a — peurectsemio. Kap-

THUA oANoro Notoka mnokasamna wa puc. 76. [octpolite xapTuuy co-
IpSIKEHHOro TNOToKa. 3/1Ch MOXHO MPOHMIIOCTPUPOBATL CJAHSHHE
ocobcennocreit. TIpH a0 kaptHna noToka (cM. puc. 76) comnagaeT

244



¢ AHnoJeM (iABa 3apsjia, moMeuelinole B ocoGbix Toukax). [1pn a—-0,

f(2)=f.(2)=1/z, 1 mose punosist npespaumiacrcs B M[OJie TOTOKA,
OTBeYalollero 1nonocy neproro nopsigka {cM. puc. 77).

@'UU“U I
‘ \f\ Il

’ Puc. 77 ' Puc. 78. k=6

r k

Pacemorpum nomudom P, (2) = [](z—a;) ¢ upocTemMu Belect-
! . =l
BEHHBIMH KOpHﬂMH ITotox nokasaH Ha puc. 78. HyCTb BCC KOPHH o4

cTpeMsiTcA K HyJi0 (NOJMHOM Npeppauaercs B Ph(z)—z" Yy KoTOpO-

ro— TOJIbKO OJMII HOJb k-To nopsjka). [dedopMauuio notoka cM. Ha
puc. 79.

3agaua: HOCTpOHTe JepopMaunio GyHKuMH 2" K QYHKUHHA

(ﬂ (z— a‘) ¥ HapHCYHTe KapTHHY gedopMannn noroxa.

'W As
[\K N N

Puc. 79
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Ilo cux nop MBI paccMaTPHBaJH NMOTOKH Ha nuockocTH. Ilepeunc-
JleHHHC npHMepel MepeHocaTess Ba cdepy S? Crepeorpaduueckas
NPOEKIIHsl yCTAHABAHBAaeT COOTBETCTBHE MeXJy TouKaMH S? M TOuKa-
MH pacIUHpeHHOH KOMIVIEKCHOH IJIOCKOCTH (T. €. TIIOCKOCTH KOMI-
JICKCHOTO NepeMeHHOro, NnonoHeHHol BecKoHeuHo yAaJleHHOR TOuKo#).

=
ITorok v=grad Re(z) Ha R? nmeer GecKoneuHOCTb CBOeH EXHH-
cTBeyHo! ocobofl Touko#l; 3To — noJitoc 1-ro nopsiaka (eciu ero pac-
cMartpuBath Ha S?) (cm. puc. 80). Ha puc. 81
- IOKasaHa KayecTBEHHAs KapTHHa [OBeJeHHS
grad Re(z+41/z); grad Re(lhz); grad Im(Inz).
3anadqa: mocTpOUTb KapTHHY [oBeJAeHHSA
TPaeKTOPHH TOTOKOB: .
. az + b . 1 R ’

(a +iB) ]n(cz+d ) » I-In(z); 2% 4 In(2).
[TonuiTkn mnoctpouTs Ha S? riafikoe TnoJe
6es ocobeHHOCTeHl KOHYAlOTCA Heyladell; B yacT-
HOCTH, TIOCTPOEHHBIE Bbille TIOTOKH HMEIOT OCO-
GentoctH na S2 310 06CTOATENLCTBO HE CaY-
yafinno. JaguMm HHTYHTHBHOE OOGQCHOB2aHME TOrO
dakra, uro Juo6oe riajkoe TIoje Ha S?

Puc. 81

Puc. 82
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siMeeT ocobenHocTb. JlomycTuM, uato na S* moctpoeno mone Ges 0cCO-
oennoctedt. Tpeacrasum S? B Buie oObefHHeNHs ABYX JHCKOB: S?=
—D,UD,, rie D; — IHCK ¢ UeHTPOM B ceBepHoM mojioce N # Majoro
paanyca e, Dy — nononnenne x Dy {cMm. puc. 82). Tax xak noje rnaf-
KO€, TO MOXHO CUMTaTth, 4to B D 370
mose MNOCTOAHHO M €ro BEKTOPbl B
toukax A, B, C, D umernr HanpasJje-
HHe, ToKa3aHuoe Ha puc. 82. Bsenem
#a Dy u D, mekapToBH KOOPAHHATHI:
(2%, y") n (x%, y?). Torna B D, none

-
v (B 3THX KOOpJAMHATAX) HMMeEeT BHI,
floKasauHplfi Ha puc. 83. IToT BHA
MOKHO yCMOTpeThb ellle ¥ Tak. Pacrsi-

B

("‘2»92) '

HeM D; BIONb MEPHAHAHOB TaK, 4TO0H yi)
DH TOKpBLI MOYTH Bcio cdepy, 32 He-
kalouemiem Do Masoro paauyca. Tor- ~ Puc. 83

fa Mbl H MOJYYHM KapTHHY, NoKa3aH- ,

nyo na puc. 83. Tak kax pamnyc Dy MOXHO cUMTaThb MajblM, TO HH-
TYHTHBHO ACIO, UTO BUYTPH AOMKHA OBITb 0COOCHHOCTL; B NPOTHBHOM
cjayuac KapTHRA TPaeKToOpHi copnana Obl ¢ KapTuuoli B Dj.

§ 5, KJ'IACCHQ’HKAU,“H JBYMEPHBIX MOBEPXHOCTEH

B "atom naparpade Mbl H3yUHM CTPYKTYPY ABYMEDHBIX MHOroo6«
pasuil. HauneM ¢ obumx onpeneJdenuil, 3ateM — IPUMCPEL; NMOTOM —
Ppopmanniioe 10Ka3laTenbeTRO TCOPEMBE KAacCHBUKATHA.

1. MHorooGpasus ¢ Kpaem.

Paciupim noHsTHe IVIaJKOro MHOroo0pasHsi, BKJIIOUMB B Hero mojMHo-
Kecta B R®, 3ajaBaeMble ciHcTeMaMu yDPaBHeHHil M HepaBenctB. OfoaHa-

UM gepes Rﬁ.c: R* noaynpocTpaucTso, 3aaapacMoz Tak: x* » 0, (xi,...
..., ¥R, Tpamnuy R, 3azasaemyio: x* = 0, ofosnaunm uepes R§™.
Ecmn f:R}. —R! — HenpepsIBHas (GyHKIMsS, TO BO BCEX TOYKaX, BKJIOUAsT
W TpaHuYHble, OMPeseM auddepernnupyeMocte Gyuxkmun f. Ecan Touka
x, < RY. BayTpenuss, T.e. x* >0, 10 onpeseaenne audbepeHIHPyeMOCTH
obblyHoe. Ecan e ;OE R, r.e. x2=0, 10 cKaxeM, uto f quobe pen-
uHpyeMa B TOUKe xo,-’ €CJIM ‘CTPABeJIUBO padsoXKeHue:

Fx)=F(x) + Y a—d)+o0 (x — xy),

=1

0 (x— %o - .
*‘(j—:x—')'“=0 npH X —> Xy, X* > 0. Torna'a;=ifl(x,,) npa
[ x — xql ox

rae lim
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=12,...,n—1naq, llm——(f(
et 0 R

,xg)). Tlocneauuii npejfesl YyMeCTHO Ha3paTk 4YacCTHONH NPOH3BOJHOR

of .- : >
Ej— GYHKUMH [ B TOuKe X,. AHaJOrduHO onpepensieTcs Kaacc GYHKUmMR
xn
raaakoery C7, r=1,2, ... ,00. A -
OnpencacHue. MeTpuueckoe mpoctpanctso M 1asunBaetcs

2nadkum mHoeoobpasuem ¢ Kpaem, eciH CyLIecTBYeT TaKoM atrac
kKapT {U,} ¥ KoopamnaTHble roMeoMopuaMnl @q:lq—>Ve e Rl

rjie Vg — OTKpBITOe MHOXecTBO B RY, uTo ¢ysKuMM 3amenn Koop-
JMHAT

T T B O Ll I 67 S

PP ' Vas = Pa (Ua 1 Up) >V = @y (Ua N Up) —

raagkue ¢yukuMd Knacca Cr, r==1, 2, .., oo. Jluuefinvle KoOpUH-
vatol (x!, .., x") B R} MHAyuMpyoT noKanblibic KOOpAMHATH B Kap-
Te Uaix (P) = x*(@4P). Torna B 1060} JIOKAJTLHON CHCTEMe KOOpJH-
Hat uMeem: x2(P)>0. Touka Pe=M mnasbiBaeTca guyTpennerl TOY-
Ko#l, ecam x%(P)>0. Touka P HyaspiBaeTcs 2panu4Hol, eclH
£ (P)=0.

Ecan Touka P — BayTpesasfi, To B 1060 JOKaAblofi CHCTeMe
Koopaunat (x!,..,x") umeem: x"(P)>0. Ecam touka P — rpanuu-
Hast, TO B moéou JIOKanbloil cHcTeme (X1, . x") HMeeM: x™(P)==0. _
B camvom peite, lIOHYCTHM 4To NS }IeKOTOpOH TouKH P nmeercs aBe
cucteMbl koopaunat: (x%, .., x") u (y' .., y"), npuiem x*(P)>0,
?(P)=0. KOO]’)}IHHaTbI (x‘,..., X™) OCYLICCTBJISIOT roMeoMop(hH3M
Hekotopoit  okpectnoctH UM B ofaact, VR™, a KoopaudaTh
(y', ..., y*) —romcomopusmM ToHf ke oxpectHoctH U B o6aacts
V' RY.. PaceMorpum ¢yukunio nepexon