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BBenenue

B cBa31u ¢ pa3zBuTHeM TaKnX HATpaBIIEHN HAYKW U TEXHUKN, KAaK MeXaHU-
Ka, TeINIOTeXHNKa, MaTeMaTndeckKas XUMUA, CAMOJIeTOCTPOeHNe, BO3ZHUKJIIA
MOTPeOHOCTH He TOJIBKO BHIUUCIIEHUS TPUOJINKEHHBIX PElIeHN pa3IndHbIX
3a7ad, HO ¥ TapaHTUPOBAHHBIX OIIEHOK MX OJM30CTU K TOUHBIM pelIeHUIM.
[TosToMy mHTepec K MHTEPBAJIHPHOMY aHAJIN3Yy W BOIMPOCAM HBYCTOPOHHUX
OIIEHOK KaK K BO3MOXKHBIM CpelICTBaM OIleHKU MOTPeNTHOCTeN MpubiInKeH-
HBIX peIleHnl B TOCJIeHee BpeMs HapacTaeT. IHTepBaJbHBIN aHAJINA3 TIO-
ABUJICS CPaBHUTEJILHO HelaBHO KaK MeTol aBTOMAaTUUeCKOTr0o KOHTPOJIA OIIU-
6ok okpyriienus Ha DBM. BriociencTBuu oH TpeBpaTUsICS B OOUH U3 Pas-
NIeJIOB BHIYUCIIUTEIHHON MaTeMaTUKN, YUNTHIBAIOIINIA TaK¥ke OIIMOKUN NHC-
KPeTU3aIl YUCIIEHHBIX METOMOB, OIMMOKKA B HAYaJILHBIX HaHHBIX U T.11. Oc-
HOBHas uOes MHTEPBAJBHOI'O aHAJIN3a COCTOUT B 3aMeHe apudpMeTUUeCKUX
olepalnid W BeIleCTBEHHBIX (PYHKIUN Hal BelleCTBEHHBIMU YNCJIAMU WH-
TepBAJILHBIMU OllepaluaMu U QYHKIIUIMU, TIPeodpa3yonIuMy NHTePBaJIbI,
colepXkaIlrme >THU uncia. [[eHHOCTs MHTEPBATBHBIX PEITeHN 3aKITI0YaeTC T
B TOM, YTO OHM COOepKaT TOYHBIEe pellleHUsd UCXOMHBIX 3a1ad.

IBycTOpOHHIE METOIBI UMCIIEHHOTO aHaJIN3a M3BECTHHI pPAaHbIle WHTEP-
BaJILHBIX, U UX alllapaT 0 MOCJiefHeT0 BPpeMeHU He KCIIOJIb30BaJl MOHITUSL
MHTEPBAITLHOTO aHaym3a. g mosmydeHns ABYyCTOPOHHUX OIEHOK TPUMEHS-
IOTCSI pa3jInuHble IIPUEMBI 1 MeTOObI, B YaCTHOCTU OllepaTOpHBIEe HepaBeH-
CTBa, allOCTEPUOPHBIE U AIPUOPHBIE OILIEHKU IIOTPENIHOCTU, OIleHKU OoCTa-
TOYHBIX ujieHOB u T. . CljlelyeT OTMeTUTH, UTO HBYCTOPOHHUE METOIBI
O0OBIYHO HECKOJIBKO MPOIlle B peajin3alinil, YeM WHTepBaJIbHbIe, XOTd 1 0bJ1a-
MafoT HEKOTOPHIMU HefocTaTKaMu. B yacTHOCTHU, B HUX UCTIOIB3YIOTCS, KaK
MIPaBUJIO, TOYHBIE BXO/HBIE NaHHbIe, He YUYUTHIBaeTCSA BIINSHUE IIOTPEIIHOC-
Tell, CBA3aHHBIX ¢ mpuMeHeHneM JBM, HekoTopble MpreMbl TapaHTUPYIOT
BKJIIOUEHNE TOYHOTO PellleHNs TOJIBKO B aCUMIITOTHUKE, T. €. IPU T0CTaTO4-
HO MAaJIBIX Ifarax ceTku. OOHAKO MBYCTOPOHHME METOBI TOBOJIHHO MPOCTO
060011at0TCa ¢ OOBIKHOBEHHBIX MU depeHINaTLHBIX YpaBHeHUN Ha ypaBHe-
HUSA SJUTUNITAYECKOTO M mapabosimdeckoro Tuna. l[IpumeHeHme MHTEpPBAIIh-
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HOT'O aHAJIM3a K YPaBHEHUIM B YaCTHBIX IMPON3BONHBIX BCTPeYaeT GOIBIIINE
TPYIOHOCTU, & PE3YIILTATHI €70 YaCTO HEYIOBIETBOPUTEITHHEI.

CrtpemiteHne 06 beIUHUTH MOJIOKUTESIbHBIE CTOPOHBI IBYCTOPOHHUX W WH-
TePBAJIBHBIX METOJIOB aHAJIN3a MOCITY KMJIIO OMHON W3 Mejlell HAITMCAHUS STON
paboTsl. Takol MoK TETHFHON CTOPOHON MHTEPBAJIBHOTO aHAJIN3a TBIIIET-
Cs BOBMOXKHOCTD TIOJTHOTO yUeTa MOTPEITHOCTEN, HAunHas ¢ HETOYHBIX TaH-
HBIX MaTeMaTUYeCKON MOJEJIM U KOHYas oIImbKamu oKpyriieHus Ha JOBM.

NaTepBanbHbIl aHAN3 TIPeNCTABIIET COOONM OTHOCUTEIBHO MOJIONOE M
MHTEHCUBHO Pa3BUBAIOIIEECS HalpaBileHne MaTeMaTunku. [lepBas MmoHOTpa-
dus, TOCBATIIEHHAS WHTEPBAJIbHOMY aHaJmM3y, 6b11a omyosmkoBana P.E. My-
pom B 1966 r. [89], a Ha pycckom s3bike — FO.U. Ilokuusim B 1981 1. [67].
3atem B 1982 r. mznano yuebnoe nmocobue T.U. Hazapenko, JI.B. Mapuenxko
[54] no uHTepBamBEHBEIM MeTOmaM, a B 1986 r. — monorpadus C.A. Kanmer-
koBa, F0.U. Mlokuna, 3.X. Onnamesa [39]. Obuupuas u nonpobuas 6ub-
suorpadus 1Mo MHTEePBAJBHOMY aHanu3y umeercs B [3, 39, 73, 90].

[TepBoHauasTbHO MHTEPBAJIBbHBIE AJITOPUTMEI CTPOMIIUCH KaK HEITOCPENCT-
BeHHBIe 00OOITIEHUs BeIeCTBEHHBIX AJITOPUTMOB. 3aTeM BCe Yallle CTaJIu
HOSBIIATHCS CIeNuIecKre aJITOPUTMBL U JOMOJIHUTEIBHEIE orepalmn (Ta-
K€, KaK IepeCeveHne).

K nmacTosmmemy BpeMenu pa3paboTaHBI TpUeMBbl WHTEPBAITLHBIX BBIYUKC-
nennnt [3, 39, 54, 90, 92] u HeCKOJIBKO MAKeTOB MPUKIAJHEIX MPOTPAMM U
AJTOPUTMUYIECKUX MAKPOSI3HIKOB, PeAITN3YIONINX 3JIeMeHTH MHTEPBAJIHHOTO
aHaJIN3a Ha MAIIMHHOM YPOBHe I HecKosbkux TurnoB DBM [1, 41]. Bmec-
Te C TeM I CKOJIILKO-HUOYIb CJIOXKHBIX 3a7ad TOJTHOEe TTpUMeHeHUe MHTeP-
BaJIbHOTO aHAJIN3a YACTO NaeT HEYMOBJIETBOPUTEbHEIE Pe3yIbTAaThl M3-3a
Ype3MepPHBIX [IJINH TIOJIyYaeMbIX WHTepBaJioB. llejlo Bo BHyTpeHHel ycTa-
HOBKe, KOTOPYIO MBI Oy/leM Ha3bIBaTh MEeCCUMUCTUYECKMM ToaxomoM. OHa
CBOWCTBEHHA He TOJIBKO MeTOIaM WHTEePBAJIBHOTO aHAJIN3a, HO 1 HEKOTOPHIM
aIPUOPHBIM criocobaM oteHKu morpetnroctu [7, 15, 51, 59] u 3akmouaercs
B TPOCJIEXKWBAHUN HA KaXIOW SJIeMeHTAapPHOUW OIepalii BCEBO3MOXKHEIX, B
TOM YNCIIe HAWMXYIIINX, COUeTaHUN ToTpelrHocTen. YlcHO, 9TO TIpU 0OBIY-
HOM XOJIe BHIUMCIIEHUU OIMMMOKN MOTYT YCPeOHITHCS, KOMIIEHCUPOBATHCSI U
HaKalUTUBATHCS HAJIeKo He XyOIImM obpaszoM. B KoHeuHOM mTOre TTecCuMuC-
TUYeCKUe OIIeHKN TOYHOCTU Ha TOPANOK XyXkKe, YeM OHA €CTh HA CAMOM JIeJle.

BwmecTe ¢ Tem craTtuctuueckue [14] u npyrue perysspHbie moaxomsr [6, 7]
K MOJIEJTMPOBAHUIO TIOTPENTHOCTEN MAlOT B IEJIOM HETIOXOe KadeCTBEHHOe
TIpeICTaBJIEHNE O TIOBEIEHUN OIMOKM, HO He BIIEKYT rapaHTUPOBAHHBIX OIle-
HOK IJI KOHKPETHBIX MPUOJTNKEHHBIX PeNIeHU.
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s mocTpoeHnS NTEPAMOHHBIX MTPOIIECCOB UCTIOIb3YEeTCS TTPUHITUTI CKU-
MAaIOIUX OTOOpaXeHU i 6oJlee OOIUIA TIOIXOH, OCHOBAHHKEI Ha TeopeMe
[Maynepa o HenompuxkHON Touke [42, 44]. UTepannoHHEIil MeTOM MITs yTOY-
HEHUS TPAaHUIl MHTEPBAJILHOTO PENIEHNs C MOCTPOEHNEM CITeITNAITLHON MaT-
putbl epexona usiioxen B pabore .M. ['es [82].

Cpenu npaMbIX MeTOIOB HaboJIbIlTee BHUMAaHUE yIeJIEHO MHTEPBAJIBHOMY
o6obrrenuio Mmetona ["aycca [3, 39]. On Haubosiee >ddeKTUBEH MITT YACTHOTO
kitacca cucteM ¢ M-marpunamu [120]. B monorpadun [39] msyuen rakxke
MHTEPBAITLHBIA METOJT TIPOTOHKM IJIS CUCTEM C TPEeXIUArOHAJIBHBIMU MAT-
PUIIAMM.

Hawnbosee mostHO ucciienoBaHUs MPIMBIX U UTEPAITMOHHBIX MeTOJIOB Pelile-
HUS CUCTEM JIMHEMHBIX U HEJIMHENHBIX ajirebpanieckKux ypaBHEHUN ¢ MHTEP-
BaJILHBLIMU KO3 duiimeHTaMu IpecTaBiieHbl B KHure . Asmedenpna, FO. Xe-
pubeprepa [3].

CoBpeMeHHOEe COCTOSHIUE NBYCTOPOHHUX METOIOB B MCCJIEIOBAHUU IIPU-
MeHUTEJbHO K JIMHEWHBIM U HeJIMHEWHBIM ajirebpamdecKuM 3ajgadaM Hau-
6osiee mosiHo masoxkeHo B Monorpaduu H.C. Kypmens, B.A. llysapa [44].
Tam e oCBellleHBI BOMPOCH TBYCTOPOHHUX MUTEPAIIMOHHBIX METOIOB pellre-
HUS abCTPAKTHBIX OMEPATOPHBIX 3a/lad U MHTErPAJIbHBIX ypaBHeHUr Ppej-
roibMa u BosibTeppa BTOporo poma. Ilo cyiecTBy, pe3yibTaThl pellleHUs
MHTETPAITLHBIX YPaBHEHUN SBIIAIOTCS MOAUGUKAIIEN aJITOPUTMOB PellleH s
abCTPaKTHBIX OMePaATOPHBIX YPaBHEHWHN C IIPeOoJIeHUEM CIelnGuuecKux
TpynHOCTelr obocHOBaHMS Ha (GYHKIMOHabHOM ypoBHe. [losToMy MBI He
OylleM CIeluaJIbHO OCTaHaBINBATHCI HA DTON BETBU UCCIIEIOBAHUNA TBYCTO-
POHHUX METOMOB pellleHUs MHTETPAIILHBIX ypPaBHEHUN.

[Ipu BBIUMCITEHN WHTETPAJIOB C TMOMOINBLIO KBAaAPATYyPHBIX GOPMYJT BHI-
YNCJINTEJIN HadaJil CTAJIKUBATHCA C ABJIeHWEM NUCKPeTU3allu, ICHO OCO-
3HAHHBIM TI03Hee MpuU pelileHUn nuddepeHINATLHEIX 3agad. Cpenu mpo-
YUX BUOOB IOTPEITHOCTEN OIMOKU NUCKpPeTU3alluu B psjlie ciydaeB UTrpa-
OT TOMUHUPYIOIIYIO poiib. I[losToMy Ha mpoTAXeHUU TOCIIEMHUX HeCITU-
JIeTUI MpU OlleHKe TMOTPENTHOCTU NPUOJINKEHHBIX pelleHUNl UM yIeaseTcs
MIpUCTaJIbHOE BHUMAaHIUE.

OmnHo 13 TepBBHIX TPABUJI MIJId TPAKTUYECKOU OIEHKU ITOTPEITHOCTH THC-
KpeTu3alnu, Mo3BOJIIIoIIee MPUMEPHO OILIEHUTH BJIMSHUE STOU IO PEIIHOC-
TH, B HayaJle Tiporioro Beka npemyioxuia K.II. Pyure. 9To nmpaBuso nHTeH-
CUBHO WCIIOJIB30BAJIOCH CHayaJia B 06J1acTU KBaApaTyp, a 3aTeM B Pa3HOCT-
HBIX MeTOMIaX U MeTOole KOHEUHHIX 3JIeMeHTOB. OHO OCHOBAHO Ha Pa3JIoXKeHUN
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NPUGJIMIKEHHOTO PEIIeHus B BUe CyMMBI [53]
u" = w4 v + O(RF™), (0.1)

rlle U — KMCKOMOe TOYHOe pellleHne, v — Heu3BeCcTHasd QyHKIUsI, a h — Ma-
JILTA TTapaMeTp MUCKPEeTU3AIlnN, Yallle BCero mar pa3HocTHoU ceTku. Ilemoe
k xapakTepusyeT MOPAIOK TOYHOCTH IMPUOJITNKEHHOTO peliteHus, a m > 0 —
MaJIOCTh OCTATOYHOI'O YJleHa B CPAaBHEHUM C [JIaBHBIM YJIEHOM MOTPEITHOCTHU
h*v. TlockombKy u 1 v He 3aBuUCAT oT h, g mapaMmeTpa h/2 clpaBemuBo
pa3zJjioXeHue

]'L k
uh? =y + (5) U+O(hk+m).

Berarem ero u3 (0.1), n36aBisaicek ot u:

h k
uh = 2 =y (5) (2 — 1) + O(RH™).
OTcrona MOXHO ONPENeSIUTh [JIABHBIN YIEH MOTPEITHOCTH:
h_ b2
M2 _ e T 0.2
u u TR (0.2)

[Mockonbky B dhopmyste (0.2) orbporen ocTaTounsiit wien nopsaaka O(hY),
OHa He TIPUBOAUT K TapaHTUPOBAHHON OlleHKe, HO TP JOCTATOYHO MAJIBIX h
MEeVCTBUTEITLHO TAaeT MpeNcTaBIIeHNe O BeJIMUYNHE TTOTPEITHOCTH YUCIIEHHOTO
peIeHns.

E1rte omanM BaXXHBIM MTPUEeMOM BBISCHEHUS TOYHOCTU MIPUOJIMKEHHBIX pe-
MIIEHUA CJTyXKaT alpPUOpPHBIE OIEHKW, OCOOEHHO aKTWBHO WCIIOJIL3yeMble B
TeOpUN Pa3HOCTHBIX CXEM M MeTo/e KOHeUHBIX djieMeHTOB [6, 7, 8, 17, 11,
25, 35, 52, 59, 63, 104]. Kak npaBmio, oHU oNUparoTCs Ha CTapIIe MPo-
M3BOHBIE TOYHOTO PEeIeHus W HAIOT TPeNCTaBJIeHNe O TOPSIIKe TOUYHOCTH
TIpU U3MeJTbYEeHNN CeTKU, YTO OYeHb BaXKHO IIPU BEIOOpe Pa3HOCTHOW CXe-
MBI, KOHEUHBIX 3JIEMEHTOB WJIU mpu olleHke 3aTpaT Ha IBM. Ho nombiTkum
BEISICHEHUS TapaHTUPOBAHHBIX KOHCTAHT MNJI KOHKPETHOTO TPUOIIMKEHHO-
r'o pellleHns Yepe3 M3BeCTHHIE NJaHHBIE OOBIYHO TIPUBOMAT K BeCbMa I'PyOBIM
pe3yJibTaTaM, HapaAy C OOJBIMUMHU AHAJIUTUIECKUMU U TeOpPeTUUYEeCKUMU
TPYIHOCT IMU.

[Tepeitnem kK AByCTOPOHHUM MeTOIaM pellleHUS 3amaun Korm s oOhIk-
HOBEHHBIX MU PepeHITNaILHEIX YPaBHEHUA W CHUCTEM TIEPBOTO TIOPAOKA.
OnuH 13 TTepBBIX METOIOB PeITeHNs PTON 3a/laul [IJI1 OMHOTO YPaBHEHUS —
meton C.A. Hamnsiruna — mossuiics B 1919 1. [64]. DToT aHamMTHYECKNIT
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MEeTO/I TI03BOJISET UTEPAIMOHHO CTPOUTH MOCIJIEIOBATEILHOCTE TBYCTOPOH-
HUX pelleHnt, cXuMatnmxcs K Tounomy. Onnako Mmeton C.A. Yanmsiruna
MICTIOJTH30BAJI 3HAKOIIOCTOSHCTBO HEKOTOPBIX MPOMU3BOMHBIX OT IPaBOW Yac-
TU U TI0 STOU MPUYKNHE He PACITPOCTPAHIIICIS HEMOCPENCTBEHHO HA CUCTEMEBI
ypaBHEHUN.

g cucTeM ypaBHEHUU OILIEHKU YKJIOHEHUS TOYHOTO PEIeHUs OT IIPU-
6K eHHOTO GbIIK BriepBhie mosiydyensl B paborax C.M. Jlosuuckoro [48, 49]
C TIOMOITIBIO PellleHns BCIIOMOTATELHBIX 3a1ad.

HBycTOpOHHUE MeTONBI, paccMoTpeHHBIe B paborax A. II. 'opbyHoBa,
FO. A. IlTaxoBa [26], E. 9. Pemesa [56, 57|, H. II. Canuxosa [58], ocHoBaHEI
Ha MOCTPOEHUM NBYX UMCJIEHHBIX MeTOMIOB MHTErPUPOBAHUA, OCTATOUYHEIE
WIEHBI KOTOPBIX UMEIOT pas3Hble 3HaKM. [looToMy mosrydeHHBIE C TTOMOIITHIO
5TUX METOMIOB UKMCJIEHHBIE PEIIeHNS MOTYT CIIY KUTh I'PAHUIIAMU TBYCTOPOH-
HEro pelleHns.

B pa6ote X. Bayxa [71] usnoxeH nTepalnoHHBI METOI IIOCTPOEHUS aHAa-
JINTUYECKOTO MHTEPBAJILHOTO pellleHNns, OCHOBAHHBIN Ha OIleHKe HEBI3KWU.

B unTepBasibHOM aHaJm3e cienyeT BhimenTh paboTwl C. A. KammbikoBa,
1O. . Mokuna, 3. X. KOnnamresa [39]. B Hux npuBeneHbl MHTEPBAIIbHbIE
MeTonbl Tuma PyHre-KyTTa, AmaMca, ocHOBaHHBIE Ha TOJIyYeHUN WHTEP-
BaJILHOI (PYHKIIWU, COMepKAIIell OCTATOUHBIN YJIeH MOTPEITHOCTH, KOTOpas
CTPOUTCS Yepe3 U3BeCTHHIE TIPON3BOAHBIE MTPABON YaCTH.

Pa6ora E.A. BonkoBa [18] mocBsieHa oleHKaM MOrPENTHOCTH PeIeHUs
KpaeBHhIX 3aJa4 IJid OOBIKHOBEHHBIX Nu(PdepeHInaIbHbIX YyPaBHEHUN BTO-
poro nopsanka. OCHOBHOI MOOXOMl COCTOUT B OIleHKe MOTPENTHOCTHU AIPOK-
CUMAIIU C TPUBJIEUEeHUEM AIPUOPHBIX OIEHOK BBICIINX ITPOU3BOMHBIX OT
TOYHOTO PEIIeHNS.

Ipyroit nonxon ucnosbsyercs E.A. Bosnkoseim B [19]. Iliis otenku mo-
TPEITHOCTU UMeIOITleecs Pa3HOCTHOE pellleHre WHTePHOJIUPYyeTCcs Kyboudec-
KAMU CIJTailHAMU. 3aTeM YKJIOHEHWe CIUIATHOBOTO PEIIeHUs OIeHUBAaeTCS
Yepe3 MaKCUMYM HeBSI3KU U Ko>(pduiimeHTH ypaBHeHUs. B paboTe mokasa-
HO, YTO IINPUHA TTOJIOCH CTPEMUTCS K HYJTIO CO BTOPBIM MOPSIIKOM OT IITara
CEeTKMU.

E. Xancen [84] paccMaTpuBaeT WHTEPBAJIBHBIN AHAJIOT KOHEUYHO-
Pa3HOCTHOTO MeTO/Ia IJId pellleHns HeJIMHeHON KpaeBon 3amaun. Mcmonb3ys
allpUOPHBIe OIEHKU CTAPIINX IMPOM3BOMHBIX TOYHOTO PEIIeHUs, MOCTPOeHA
CUCTeMa WHTEPBAJbHBIX ypaBHEHUI, pellleHne KOTOPOW COHePXKUT TOYHOE
petrenue ucxomuon 3amaun. P.A. Ouuseitpa [96] u U. llpenep [100] mpen-
JIOXKMITU AHAJIOTUYHBIE MHTEPBaJIbHbIE METOIBI PeIlleHT KPaeBhIX 3a/1ad IS
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OGBIKHOBeHHEIX nuddepennnanbubrx ypasHenuit. FO. M. Mlokun [67] onucasn
MeTO]I ITOBBIIIEHHOTO TIOPSAIKa TOYHOCTH, UCIIONIB3yolnuil MmeTorn I'anepkuHa
C KyCOUHO-KyOU4IeCKIUMU (Y HKITISIMIL.

[Ipu mccnemoBaHNU ypaBHEHWI B YACTHBIX NPOU3BONHBIX JTOMUHUAPYIOT
nBa nonxofna. [lepBrIit oCHOBaH Ha OlIEHKaX OCTATOYHBIX WIEHOB Pa3HOCTHOI
CXeMbI. DTH OLEHKU TPeOYIOT 3HAHUS HEKOTOPOU alpuopHON MHGOpMAIIN
O TOYHOM PeIIeHNN U €ro mpom3BonHEIX [17]. Bropoit momxon ocHoBaH Ha
TEOPHHN OIlePaTOPOB MOHOTOHHOTO Tuma [42] m Teopemax cpaBHenus. B. An-
nensT [69] u U.®. Kpiokebepr [86] Takoe moCTpoeHMe MPOBENN C UCIIOIb-
30BaHUEM HEBSI3KW NMPUOIIMKEHHOTO aHaIuTHdecKoro perreHus. [loznHee B
paMKaX 5TOrO MOAXOIa CTAJ Pa3sBUBATHCSI METONBI, OCHOBaHHbIE HA AaIlo-
CTEPUOPHBIX OIEHKaX MOTPEIIHOCTU Pa3HOCTHHIX pernenuit. OmHa u3 mep-
Boix Takux pabor I.®. [Jaunmenko [28] 6rima omy6nukoBana B 1960 r. B
Hell pasHOCTHOe peleHne 3amaun upuxie mnsg ypasuenus [lyaccona cha-
YaJjia WHTEPIOIMPOBAIIOCH TIOJIMHOMOM, a 3aTeM 10 €T0 HeBSI3Ke OIl€HIMBAIACh
HIOTPEIIHOCTD Pa3HOCTHOrO pelernss. OMHAKO KOJIMYECTBO Y3JI0B CETKU OBI-
70 orpannyeno enuaunavu. E.A. Boskos [21] 5ToT HemocTaTOK yCTpaHII.
OH KCIO0IIB30BaIl KyCOUHO-JIOKAJIBHOE TIPOIOJIKEHIE CETOUHON QYHKINN, [0~
Ka3aJl CTpeMJIeHNe IINPUHEL IOCTPOEHHOTO KOPUAOPa IJIS MOrPENTHOCTH K
HYJIIO CO BTOPHIM MOPSAKOM OTHOCHTENIBHO IIara CeTKU.

NuTepBabHbIE METOIBI PEIIEHNS TapaboInIeCKNX YPaBHEHWUN [TPENCTAB-
nenbl B paborax E. Amamca, X. llnpeepa [68], E. ®aaca [81]. B uux unet
HOVCK TOJIMHOMUAJIBHON aIllIPOKCUMAIMN PA3HOCTHOTO PEIIEHUS, & 3aTEM C
TIOMOIIBIO TEOPEM CPABHEHUS OLIEHUBAETCS YKIIOHEHUE MIPUOIIMKEHHOTO Pe-
IIEHIS OT TOYHOTO.
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Croucok OCHOBHBIX 0003HAUYEeHUMN

O6siacTu 1 Npou3BOOHLIE

R™ — eBKJIMIOBO TPOCTPAHCTBO Pa3sMEPHOCTU N C TOUYKAMU & =
(1 ey Tpy)-

() — orpanuuenHas obsacTh B R", ) — ee rpanuma, ) = Q U 0Q.

(QQ — orkpwrThii mummEAp, O X (0,7), S —ero 60KoBas OBEPXHOCTH, ()
— €ro 3aMbIKaHIUE.

o
0%u(x) = HQ% —KJIacCYecKue u 0606IIMeHHbBIe TTPOU3BOMHEIE, O =
T 0z
(0, ..., ) — MyIBTUHHAEKC C HenbMu o; > 0 |a| = a1 + ... + «,,. Kpome
TOrO,
ou ou _ d%u(z)

Oyu(x) = (9—:131(33)’ Dou(x) = (9—:132(33)’ Orou(z) = 5210z,

a B cirydae z,t € R

Ou Ou
Opu(z,t) = 8—w(w,t), Opu(z,t) = a(a},t),
s 06BIKHOBEHHBIX IIPOM3BOAHLIX B ciiydae € R u mesoro k > 0
d*u(x)
OFu(z) = —~2.
() =~
v — eNUHUYHEBIA BeKTOp BHelmHeil HopMmasu K Of). g mpomsBogHON B

HallpaBJICHAN BHENTHEN HOPpMaJIn HUCIIOJIB3YyeTCA ob0o3HaUeHIe (9UUJ.

I/IHTepBaJ'IbeIe quciia 1 oliepanmnm

@ — WHTepPBAJIBHOE YUCIIO [a,d| ¢ rpaHumnamu a < a,a,a € R.
la| = max(|a|,|a|), meda = (a + a)/2,wida =@ — a.

b= (b;) = (by,...,b,) — BekTOp C deMenTaMu b;, 7 = 1,...,n.

b = (b;) = (b1,...,b,) — uHTepBaNBHBII BeKTOp C yeMeHTamu b;, i =
1,...,n,|b] = (|b;]), medb = (medb;), widb = (widb;).

A = (a;j) — MaTpunma n X n ¢ 31eMeHTaMu G;;,%,j = 1,...,n.

|A| = (|a;j| — unTepBamBPHAsL n X n MaTpHUA C SJIEMEHTaAMU @;j,%,] =

1,..,n,|A| = (|aij]),medA = (meda;;), wid = (wida,;).

A — mogmuOXecTBO MaTpuir R™".

0S5 — HauMeHBIITUN IO BKJIIOUEHWIO MHTEPBAJBHBIA BEKTOp, COMepXKa-
i S.



10 HNureppanenas MmaTeMaTuka
g npousBosabHou ¢yHKIuu f: ) — R ob6o3Haunm
int f = |inf f(2), sup f(@)]|,
£+ (2) = max{0, f(2)}, f_(z) = max{0, — f(z)},

Te. f=f, — f_.
fun(x) — obbenunenHoe pacmmpenue dyakumu f(x), 1. e. f,.(x) =

ne(®) — ecTecTBeHHOE pacuupenne Gyukunn f(x).

mo (&) — mu-opma.

f
f
IIpocTpancTBa 1 HOPMBI

R — MHOXeCTBO BCeX MHTEPBAJILHBIX YHCEJI.

R, — MHOXecTBO BCeX HEOTPUIATEILHBIX UMCEJT.

R" — mpocTpaHCTBO BCEX MHTEPBAJILHBIX BEKTOPOB PA3MEPHOCTH 7i C
sstemenTamu b = (by, ..., b,), z = (@1, ..., z,).

R™™ — MHOXeCTBO BCeX BEIIECTBEHHBIX 7 X N-MaTPHII.

Sﬁ% — MHOXKECTBO CIUIaliHOB cTemneHu m nedekTa k.

Pn(£2) — MHOXKeCTBO MHOTOUJIEHOB ITOJIHOW CTEIEHU 1M, ONPENeJIeHHBIX
Ha ).

s mpousBosbHEIX byHKIni: f: D — R, B TOM 4YnCJle CETOYHBIX, Ha
MHOxkecTBe DD C R" mosoxum

[ f1lsc,0 = sup | f(@)].
xeD
L,(§2)— npocTpaHCcTBO M3MepUMEIX Ha () QYHKIMI ¢ KOHEUHON HOPMOII

[ f]]o02 = Vraisgp Ifl, p=o0;

Ivm@=(ﬂﬂ%%, 1<p< oo
Q

Lo(2) — runmb6epToBO MPOCTPAHCTBO, CO CKAJIAPHBIM MPOU3BENeHUEM
(u,v) = [uvde.
Q
Wr(Q)(1 < p < oo, mesoe m > 0) — mpoctpanctso Cobosesa, co-
crosmtee n3 QyHrumit u € L,(Q), umerormmx o6GobIIeHHbE IPOU3BOIHbIE
0%u € L,(Q)V|a| < m. Hopma BBOAUTCS paBeHCTBOM

1/p
|[ullmp0 = ( > |I3QUIIZ,9> , 1< p<oo;

|| <m
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|ullmoon = 22 [[0%llc.0, P = o0

|| <m

o m
W, (Q) — monmpocTpascTso W ({2) apisdiormeecs 3aMEIKaHIEM B HOpMe
IE ||m’p’g_2 Bcex 6eckoHeuHo nuddepeHImpyeMblX QyHKIUI ¢ HocuTeseM B (2.

C™(§2) — (mestoe m > 0) 6aHAXOBO HIPOCTPAHCTBO (PYHKIIHIL, IMEOIITIX
HerpepbiBHBIE Ha () mpousBomubie 0“uV|a| < m. Hopma B HeM coBmamaer c

| lfm.oc 02
C™(Q) — (uesmoe m > 0,0 < v < 1) 6aHaX0BO NPOCTPAHCTBO QDYHKIUIA,
MMEIOIINX HempephiBHEIEe Ha () mpomsBoankie (o ['esbmepy ¢ mokasaresiem

v) 0%u¥|a| < m. Hopma B Hewm:

O%u(x) — O%u(x")|”
lullirocs = il + 5 sup 1274 = u@]
|la|=m @2 EQ |z — 2’|

|Al|, = sup ||Az||, — nopma maTpuier A € R"",1 < p < oo.

[lz|lp=1

1/p
||z||, = é}l z¥| — BekTopHas HopMa, 1 < p < co.
||z||~c = max |z;| — paBHOMepHas HopMa BekTOpOB 3 R™.

1<z<n
I — ToXHecTBEHHBIN OIePaTOp.

d;j —- cumBosa Kponexkepa.

CeTouHble o6Jj1acTN M Pa3HOCTHBI€ OTHOILICHMA

w={z;]a =2y <@ <..<ay=>b}— cerka (BoobIme roBops, HepaBHO-
MepHas) Ha oTpeske [a, b].

wp, = {x; = th,i = 0,1,...,n}— paBHOMepHas ceTka Ha oTpeske [0,1] c
mrarom h = 1/n.

), — ceTouHad o6JIACTE.
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BcmoMmorarenbHBIE CBeadeHNA

1.1. TeopeMbl cpaBHeHUA

Ilens sToro pasmesa — U3ydeHUe CBOMCTB OepaTOPOB B 6aHAXOBEIX IIPO-
CTPaHCTBaX U JI0Ka3aTeJIbCTBO TEOPEM CPaBHEHUS [JIS PEILIECHUs OlEPaTOop-
HBIX YpaBHEHUMN.

[Iycte B — BellleCcTBEHHOE GaHAXOBO MPOCTPAHCTBO ¢ HopMmoi || - ||, a
R, ={z € Rz > 0}.

BamkHyTOe MHOXKeCTBO K C B Ha3BIBA€TCA NOAONCUMEALHBIM KOHYCOM,
eCJIM BHITIOJIHAIOTCS CJIENYIOIINE YCIIOBU:

a) m3 u,v € K cuenyer, uro au+ fv € K Vo, € Ry;

b) ecimm u # 0, To Mo KpaiHel Mepe OAWH M3 5JIeMEHTOB (u WX —u) He
npuHamIeXuT K.

B cooTBeTcTBUM ¢ KOHycoM K BBefeM 4acTUYHYIO YIIOPSIOUEHHOCTE ClIe-
OYIOIMM 06pa30M: COOTHOIIEeHMe ¥ < v o3HadaeT, yTo v — u € K. Torma
B cTaHOBUTCS MOy yHOPSIOYEHHBIM JIMHERHBIM pocTpancTBoM [44]. Ecn
3a[aHO OTHOIIEHNE >, TO

u<v<E=Su=vwmu <.

B wacTHOCTM, NJ19 OTHOIIIEHNS > CIIPABENJIMBHI CBOMCTBA!

® U3 U > VU,V > W CHEAYeT U > W (TPaH3UTUBHOCTS);

U3 U >V, V> U CHeAyeT U = v (aHTUCUMMETPUYIHOCTS );

e u > u (pedIIeKCUBHOCTB );

o u3 u > 0 cienyer A\u >0 VA€E R,;

® U3 U] > VU1, Uy > Vg CHENYeT Ui + Us > V1 + vs.

Hawubosnee pactipocTpaHeHHBIN TTpUMep KOHYCA B JITHEWHOM TIPOCTPAHCT-
Be€ — MHOXECTBO 7T-MePHBIX BEKTOPOB C HEOTPHUIIATEJIbHBIMIA KOOpANHATA-
mu, T.e. K.

12
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AnasiornuHo B GyHKINOHAIBHEIX NpocTpaHcTBax C' u L, B KauecTBe KO-
Hyca MBI OyIeM 6paTh MHOXKECTBO HEOTPUILIATEBHBIX (DYHKIIAI.

MuoxecTBo M Ha3BIBA€TCA UACMUUHO YNOPAJOUEHHBIM, ECITU IJIS HEKO-
TOPBIX IIAp 3JIEMEHTOB U, v € M olpenesieHO OTHOIIEHNE U > V.

OTHoIlleHNe TOPAIKa HA3BIBAETCI NOAHbIM, €CJIA IJIA JIIOOBIX u,v € M,
nwmu < v, Wim u > v, 1l u = v.

MuoxecTBo M HaszbIBaeTCI YynopL0oueHHblM, NN LENbIO, eCJIM OTHOIIE-
HUE MOpAAKa Ha TOM MHOXKECTBE IOJIHOE.

PaccMoTpuM HECKOJIBKO MIPUMEPOB.

1. MHOXeCTBO BCEX BEIIECTBEHHBIX UMCEJI €CTh YIIOPIIOUeHHOE MHOKEC-
TBO.

2. IlpoctparcTBo R"™ MOXHO YaCTUYHO YIOPSAOUUTE CJIEAYIOIIMUM O06-
pasoM: [Jid OBYX BEKTOPOB u,v € R" cumraem u < v, ecium u; < v,
Vi=1,2,....n.

3. MuoxectBo C([a, b]) Bcex BellleCTBEHHBIX HEIIPEPHIBHBIX (yHKINN G-
IeT YaCTUYHO YIOPSIIOYEHHBIM, ecyid cuuTaTh u < v, korga u(z) < v(w),
Vo € [a,b].

COBOKYIIHOCTE BCeX ¥, TaKux, 4To u < x < v, Ille U,V, T — SIJIEMEHTEI
YaCTUYHO YIIOPAHOYEHHOTO MHOKECTBA, HA3hIBAETCI 0Mmpe3kom i 06o3HadA-
eTcs [u,v]. Takue cOBOKymHOCTU MBI TaKke 6yIeM Ha3BIBATH WHTEPBAJIHHEI-
MU 5JIEMEHTAMU U 6y[eM BbIIENATh KUPHBIM MpudToM: ¥ = [u, 7).

JIuneitaeiit onepatop G : B — B Ha3BIBaeTCI NOAONCUMEALHIM, €CIIN
npeobpasyetT kouyc K B cebs, T.e. u3 v > 0 ciegyet Gv > 0.

B R" ¢ konycom R’ TakuM onepaTopoM SBJISeTCS MAaTPHIA PasMepoM
n X n ¢ HeoTpuaTeabHeiMu semenramu. B C[0,1] u L,[0,1] npumep o-
JIOXKUTEIBHOTO ollepaTopa JaeT MHTerpajibHOe IIpeobpa3oBaHme

Gv = jk(w,t)v(t)dt

C HeOTPHIATETHLHBIM U HelrpephIBHEIM Ha [0, 1]? aapom k.
PaccmoTpum onepaTopHoe ypaBHeHMe BTOPOTO poAa

u=Gu+f (1.1)

C .HI/IHeI‘/JIHBIM Ol"paHI/I‘-IeHHBIM ITOJIOZKMNTEJIBHBIM OHepaTOpOM G . B — B
1 W3BeCTHOW mpaBoil dacThio f € B. llpemmosioxkuM, 4TO CHEeKTpasibHBIN
paaonyc

p(@) = lim ||G*||V* < 1. (1.2)

k—oo
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Ha ocHoBaHUU TpUHIMIIA CKATHIX 0ToOpaxkeHuit [44] 5To nmpuBoOAUT K OIHO-
3HAYHOI paspermmMocTu 3amaun (1.1).

Teopema 1. IIycmb dag 3adauu (1.1) ¢ ycaosuem (1.2) evinoarero ne-
pasencmeo f > 0, moeda u > 0. O

3 Teopemsl (1) BHITEKAIOT pe3yIbTaTH, HA3BIBAEMbIE TEOPEMAMU CPaB-
HeHIS [34].

Teopema 2. I[lycmb dag 3adau
ur = Gui + f1, u2 = Guy+ [ (1.3)
svinoaneno (1.2). Tozda uz f; < fo caedyem, umo u; < ug. O

PaccmoTpum ontepaTop H, ynoBieTBOPSAIONIAN CIIEAYOMIEMY HEPABEHCT-
By H < G wiu B nogpobuont 3anucu Hv < Gv Yv € K. B ciayuyae Mmo-
HOTOHHBIX HOPM CITEKTPaJIbHBIE PAINYCHI YTUX OMEPATOPOB YIOBIETBOPAIOT
HEpaBEHCTBaM

p(H) < p(G) < 1.
Teopema 3. [lycmb u,v — pewenusg 3adau (1.1) u
v=Hv+f

¢ npaeotd uacmuvio f > O(f < 0) u auHelHbIMU 02PAHUUEHHBLMYU TLOLOHCU-
meavnvimu onepamopanmu G, H co cnexkmpasvnvimu paduycamu menvute 1.
Toeda uz G > H caedyem v > v > 0(u<v <0). O

PaccmoTpum cityuait perymnspsoro onepatopa G [42], T. e. mpencTaiise-
MOT'0 B BUJIe Pa3HOCTH ABYX MOJIOXKUTEIbHBIX JIMHENHBIX ortepaTopoB G, G_

[27]:
G=G,—-G._.

B sTtoMm CJIy4da€ NMECIOTCA CJIEAYIOINNE aHaJIOT T€OpPpEM CPaBHECHHNA.

Teopema 4. [Iycmbs u — pewenue 3adauu (1.1) ¢ peeyagprvim onepa-
mopom G, a (v,w) € B2 — pewenue cucmemst

v = Guv—G_w+ fy, (1.4)
w = Gyw—G_v+ fo.

A nycmw dag onepamopa T : B2 — B?, onpedeagemoeo paserncmeon

(G, G
T‘(G_ G+)’
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CNEKMPAAbHBIL Paduyc

p(T) < 1. (1.5)

Tozda u3 nepasencmea
<SPS ) (1.6)

6bIMEKAIOM OYEHKU
v<u<w. (1.7)
HokasaTenbcrso. [lonmoxum z = —w u nepenuuem (1.4) B Bume

v=Gv+G_z+ fi, z=Giz+G_v— f. (1.8)
Kpome Toro, o6osHaunm y = —u u 3anuineM ypasHeHue (1.1) kak cuctemy
u = Giu+G_y+ f, (1.9)

y = Gyy—Giu+t f.

W3 nosmoxurenbHOCTU onepaTopoB Gy, G_ cienyeT MojoKNTEILHOCTE OIle-
patopa T B B?. Yunrwesas (1.5), npenmosioxeHus TeopeMBl 2 BHIOJIHE-
uet. Hockombky (f1,—f2) < (f,—f) B B%, To u3 TeopeMbi 2 cileyeT, 4To
(v,2) < (uyy) mm v <uwm —w < —u. O

PaccmoTpuM onepaToph

H <G, H_.<G., F.,<G,, F_<G_ (1.10)
1 CBA3aHHYIO C HUMU 3aJady
y=H,y—H 2+ fi, z2=Fz—-F_y+ fo. (1.11)

I penmonoxuM, uTo s omepatopa 1 : B2 — B2,

H, H
n= (% F+)

CNIeKTPAJILHBIN paluyc

p(T)) < 1. (1.12)

Teopema 5. [Iycmv dag 3adau (1.4), (1.11) evinoanenst ycaoeug (1.5),
(1.10), (1.12) v f1 <0 < fo. Toz2da

y<v<0<w<z0O (1.13)
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1.2. OnepaTopbl MOHOTOHHOI'O THIIA

[Iycts R u R* — muHelHBIe YaCTUYHO YIOPAMNOUYEHHBIE METPUUYECKUE
npoctpancTBa. OmnepaTop 1T’ uMeeT obsacTh onpenesieaus D C R u obiacTs
sHauenunn W C R*.

OmnepaTop T Ha3bEIBaeTCA OIEPATOPOM MOHOMOHHO20 MUNG, €CIIA U3 CO-
otHomtenns T'v < Tw cienyet v < w.

Ecan 3amano ypaBHeHUIe

Tu = s,
rae I’ — omepaTop MOHOTOHHOTO TUIIA, W M3BECTHHI NBA TMPUOIIMKEHHBIX
peleHns v, w, TaKue 9To:
Tv < s <Tuw,
TO
v<u<w.

B nmanpHeliiireM 5To CBOMCTBO MOHOTOHHBIX OIIEPATOPOB OyHOET MCIIOIB30-
BaTHCA IJII HAXOXKIEHUSI allOCTEPUOPHBIX OIEHOK MOTPEIIHOCTH U IIOCTPOE-
HIS IBYCTOPOHHUX PeIeHui OJIsS Psaa 3aIad.

BonbmmHcTBO JIMHENHEIX 1 HEKOTOPHIX KBA3WIMHEMHBIX YPaBHEHUN 3JI-
JIMIITUYECKOTO U IapabosInuyecKoro TUIIa BTOPOro IMopaaKa objiamaeT omepa-
TOpaMi MOHOTOHHOTO THIIA, IIOCKOJIBKY GYHKIUKM |'prHa OJI1 5TUX ypaBHe-
unii G > 0.

Paccmorpum kpaeByio 3amady Ojis KBa3sWINHENHOTO YpaBHEHUS BTOPOLO

(=),

x € Q,z € 09, rme 2 — orpaHndeHHas, CBI3aHHad 06JIaCTh MIPOCTPAHCTBA

IopAoKa

R", L(u) — KBa3WJINHENHBII OMepaTOp BTOPOTO MOPSAOKa BUIA

2
L(u) = Y aij(z,u, Du)D;; + b(z,u, Du), (1.15)
ij=1
aij = aji.
Mgt 6ymem nipemnonarath, uro v € H*(Q)N H; () u a;;,b — HenpepbiBHbIe
dyukimu, samannee Ha ) X R X R" [24].

Teopema 6. [lycmb 6binoaHensl Ycaosus:
1) onepamop L(u) 10KaABHO PABHOMEPHO IAAUNMUUER KA HYHKYUU U;
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2) koo Puyuenmur a;j(x, z,p) He 3asucam om z;

3) koadduyuenm b geagemca neybuisarowel Gynkyueld apeymenma z 6
Kaacdotd mouke (x,p) € Q@ X R*;

4) woadduyuenmer a;;,b — menpeprieno Juddepenyupyemvie Pyrryuu
nepemMeENHbIT P.

Tozda onepamop T — monomonrozo muna. O

Hajtee MBI TIpUBeNEM HECKOIJILKO TOIOJIOTUYECKUX TeOpeM O HeTOIBUK-
HOW TOYKe, KOTOpPBIe Oy/IeM WMCIIOITE30BaTh IJIS TMOCTPOEHUS ABYCTOPOHHUX
PeITeHn 1 HaXO0XKJIEeHNS alloCTEPUOPHBIX OIEHOK TOTPENTHOCTY YUCIEHHBIX
pelIeHn.

[TycTs HempepwIBHEBIN omepaTop 1', onpenesieHHBIN Ha MHOXKecTBe M si1e-
MeHTOB mpocTpaHcTBa R, oTrobpaxaer M B cebs, T'M C M. B Teopewme
Bpayspa [74] o HemogBuXHOI TOYKe MPOCTPAHCTBO R mpenctapiiseT coboil
n—MepHOe NeNCTBUTEIbHOEe TTpocTpaHcTBO R", a M — enquHWYHBIA mIap B
HEM; B TOM cjy4dae ornepaTop 1 mMeeT B M mo MeHBIIEll Mepe OMHY HeEIO-
IBUXKHYIO TOYKy u € M:

Tu = u.

O6o6imenne Teopemer Bpayspa Ha ciiydait 6aHaXOBBIX MPOCTPAHCTB — Te-
opema Illaynepa [42],[24].

Teopema 7 (IIlaynepa o HenmogBukHON TOuke). [Tycmv M — kom-
NAKMHOE 6bINYKAOE MHONCECTMB0 8 baHaxro8om npocmpancmee R u nycmo
T — nenpepvisnoe omobpascenue M 6 ceb6a. Tozda omobpaxcenue T umeem

HENO0J8UNCHYIW0 MouKY, cywecmeyem aaemenm u € M maxoi, umo Tu = u.
a

s Toro 4ToOB MOXKHO ObLI0 MpuMeHATH mpuHIMT [llaynepa nas ycra-
HOBJIEHUS HEMOJBUXKHON TOUYKHU omepaTopa, HeOOXONMMO WMeTh KpUTepuu
KOMIMTaK THOCTU MHOXKECTB B MPOCTPAHCTBAX, B KOTOPBIX HeUCTBYeT 3alaH-
HBIN oMepaTop.

MuoxecTBo pyukumit X' = {z}, ompemeneHHbsx B obmactu (), Ha3HI-
BalOTCA PABHOMEDPHO 02PAHUUEHHBIMYU, €CITU CYIIeCTBYeT KoHCTaHTa K:
z(t)| < K, Vt € Q.

MuoxecTBo dpyukimit X = {x}, onpenesieHHBIX B 06siacTu ), HA3BIBAIOT-
CA pasHoMePHO Henpepbierblmu, eciin Ve > 0,35 > 0 Takoe, uto Vii,ts € ():
||t1 — t2|| <6, Ve e X: |£13(t1) — w(t2)| < €.

ChopmynupyeM KpuTepuii KOMITaKTHOCTYA MHOXKeCTBA B ITpocTpaHcTBe C
IJIs cItydas, Korma ) — KOMITaKT.
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Jlemma 1. /[ag xomnaxmuocmu mHoxcecmea X Heobrodumo u docma-
mouro, 4mobvl PYHKYUU IMO20 MHONCECTNEA OBIAYU PABHOMEPHO 02PAHUUEH-
HBIMU U PABHOMEPHO HENDPEPBIEHBIMU.

I[Iycts R — mostyymnopsnodeHHOe 6aHaX0BO MPOCTPAHCTBO; PACCMOTPUM
ypaBHeHIe
Tu = u.

ycts saman omepatop T'(u,v): T(z,2) = Tx u omepatop T(u,v) ompe-
IesneH B BHIITyKJoM MHOXecTBe D X D, D C R, npudem omepatop 1'(u,v)
M30TOHHEIN TI0 ¥ W AaHTUTOHHBIN 110 v, T. €. [44]

T(u,v) < T(uy,vs), ecm u < ug,v < vy.

BameTum, uTo 060N OTPe30K V = [v, U], v,w € R SBIALETCS BBHIMTYKIIBIM
1 3aMKHY THIM.

Teopema 8. Ilycmb onpedeaensvt noc.iedosamesbHocmu Uy, Vy(uy < vg)
no gopmysan
U, = T(Up_1,Vn-1), (1.16)

Up = T(Un—laun—l)a
npuUem AL dIAEMEHMOE Uy, Vy, Ui, U1, CNPABEIAUBO COOMHOULEHUE
uy < up < vy < .
U MHOHNCECTNEO [Uy, V] KOMRakmMHO. To2da ypasnenue
Te ==z

umeem Ha ompesre [Uy,, v,] no kpainei mepe odno pewenue. O

1.3. CoeumajibHbIE aIImpoOKCUMAIIIN YN CIJIEHHBIX
pelreHun

B pasneljie paCCMAaTpPUBAaOTCAd MEeTOObI IIOCTPOCHUA CIICIWAJIBHBIX all-
HpOKCI/IMELHI/Iﬁ UNCJICHHBIX pemeHHﬁ, HeO6XOI[I/IMBIX IJId BBIUMMCJICHUA HEBA-
30K.

h

HpeI[HO.TIO}KI/IM, YTO HaM M3BE€CTHO YMCJICHHOE pPEIICHUEC U HeKOTOpOfI 3a-

Oadyn

Lu=f, z €,
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Ha cetke Q) = {z;lz; € Q,7 = 1,...,N}. Hama 3amaua mocTpouth He-
KoTopy®o dyukmmo s € H'(Q) N H(Q), ynoBaeTBOPONIYIO CIIeqy oI
Y CIIOBHSM

s(z) — u"(z)] < KR, z € Q.

Kpowme Toro, Mb1 Oy/ieM CTpeMUTHCS K TOMY, YTOOHI HEBI3Ka ObIIa KaK MOXK-
HO MeHbIIle B HEKOTOPOU HOpMe

||Ls — f|| = min,

riie h — XapaKTepHBIN pa3Mep CEeTKMH.

OI[ HOMEPHBIC 3ada4l

Paccmorpum cityyait, korma = [0,1] n

d d
u= - (pou)+qu=f, (1.18)
u(0) = u(1) = 0. (1.19)
OTHOCUTETLHO KO3()DUITMEHTOB MPENIIONOKUM, UTO
p(z) >c1 >0, g(z) >0, = € (0,1), (1.20)
g, f € C'[0,1], p € C"*0,1] (1.21)

ny1g HekoToporo 7 > 0.
Beenem nHa otpeske [0, 1] ceTky

Q) = {z;|z; = ih,i=0,1,...,N,h =1/N} N > 2.

PaCCMOTpI/IM Pa3HOCTHYIKO CXeMYy MOJId YMCJIICHHOI'O pPeEIlIcHWd 3ala4du

(1.18), (1.19)

— pidaul — p(z)diul + qul = fi,i=1,...,N -1, (1.22)
ul = uh =0, (1.23)
rmie
dlu; = Ui—|—12_hui—1,
P = Uiyl — 2};;@ tui1

I[aﬂee 6y,[[eM CUNTaTh
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[Mpenmosioxmm, dYTo HaAM HeOOXOOWMO TOCTPOUTH QYHKIUIO § €

W2[0,1]N I/f/2 [0,1]. Haubosee mpocToit cioco6 HaXOXKIOEHUSI § — BOCIOJIb-
30BATHCS SPMUTOBBIMHU CIUIAlHAMY TpeTheil cTerneHu. [IJis 5Toro B KaxaoM
y37le CeTKU HeoOXOMMMO 3amaTh 3HadeHus s(x;), s'(z;). Ha xaxmom oTpeske
[, @;y1] cmaiin s MoXkHO npencTaBuTh B Bue|36]

s(z) = p18(xi) + P2s(zi1) + ﬁlsl(ﬂfi) + &95(2iy1),
rmae
$1(t) = (1= )% (1 + 2t), ¢o(t) = £7(3 — 2¢),
() = t(1 — 12),6(t) = —t*(1 — t),t = (x — x;)/h.
Ecnu cnmaiin s mHTeprnosmpyeT Ha ceTke {2; HEKOTOPYyIO GYHKIINIO ¥ U B
y3.HELX Z; BBIIIOJIHAIOTCA yCJIOBUA

s(z;) = u(x;), s'(z;) = u'(z;). (1.24)
TO CIpaBelinBa Ciemymolnas Teopema [36].

Teopema 9. /Jlig spuumosvir cnaailinoe mpembeti cCmeneny cnpaéediu-
6bl OUEHKU

|8 — u”]|oc,0 < Kuh4_y||u4||oo,97 v=20,1,2,3.0

PaCCMOTpI/IM CJ'Iy‘-IELﬁ MHTEPIIOJNIAINN, KOT'la 3HAUYCHUA ITPOU3BOAHBIX B y3J/IaX
CE€TKU HaM HEN3BCCTHHEI. TOI‘I[EL MBI MO2K€M BOCIIOJIB30BAaThLCA Pa3sSHOCTHBIMU
IIPON3BOAHBIMM U IIOJIOZKNUTD

sa(z) = u(x), sy(z) = du(z),z € Q. (1.25)

PasnocTHEI oniepaTop J, ompemesuM CJedyIOmM o6pa3oM:

—11v(x) + 18v(x + h) — Yv(x + 2h) + 2v(x 4+ 3h), = =0;
1 ] v(z - 2h) — 6v(z — h) + 3v(z) + 2v(z + h), x=1-h;
6h | —2v(x — 3h) + Yv(z — 2h) — 18vu(z — h) + 11lv(x), = =1;

—2v(x — h) — 3v(x) 4+ 6v(z + h) — v(x + 2h).
OTOT pa3HOCTHHIN OllepaTOpP AIIPOKCUMUPYET IEPBYIO MPON3BOAHYIO C TOU-
nocthio O(h?). Cnenys pabore [36], MBI MOXeM OIEHUTH MOTPENIHOCTH TI0-

otv(z) =

CTPOEHHOrO CIUTaliHa S4. 3aMeTHM, 4TO Ha OTpeske [x;, x; 1] [36]

se) = s(@) < 1= )b max [(e)) ~ u(ey)], (126
|sh(z) — s'(z)] < ((1—=¢)]1—3¢] +¢2 — 3t]) x (1.27)
X max |u'(z;) — Opu(z;)|,

j=%,2+1

6¢ — 4)||u(z;) — Opulz;)|/h (1.28)
2 = 6t (@i1) — Brulwiss)| /b

V2]
=
—_~
&
~—
I

CIJ\
P
&
~—
A
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CnemoBaTeIbHO, IJIS S, CIIpaBENJINBa OIEHKA
15" — U || < KL RV ||4¥ |02, v =0,1,2. (1.29)
O6o3HaunM
Uz () = (u(z — h) — 2u(x) + u(z + h))/h2.

Jlemma 2. /[ag apmumosviz cnaatinos, UHMepnoAupYoUUT GYHKYUI U
na cemxe 2y, CNPaBENAUBO CACOYIOUEE HEPABEHCTNEO:

|s"(2)] < Cllttas|lc.0,
ede C' — woncmawma, ne 3asucgwag om h.

ITokazaTebcTBO. 3aMETUM, YTO Ha KaXIOM UHTepBaJE [T;, ;1] 8 MOXKHO
IIpPeICTaBUTh B BUIE

s"(z) = aj(ziy1 — ) /h + bj(z — z;)/h.

HemocpencTBeHHOI TTOACTAHOBKON HETPYIHO YOEMUTHCS, UTO

4 2 1

a; = gum(wz) - gum(wi—i—l) + gum(wi—l—2)7
2 7 2
b, = —§Um(wz) + §um($i+1) — gufc:c(wi—|—2)-
ITockomnpky s — nuHeiiHag GyHKIML, TO

|S”(CE)| < ma‘X{aivbi}v T € [wivwi—l-l]

18"(2)] < Cmax{ usa(@)]; Itze (@i1)|; [tao(@iso)|}, @ € 2, 2i0a).
I/I3 IIOCJIEMHETI'O HEPABEHCTBA N BBITEKACT YTBCPXKIACHUC JICMMBI. O

Jlemma 3. Cywecmeyem xoncmawma K, ne 3asucsuag om h, maxad,
umo

1" oo < K fllocgi=0,1,2. (1.30)

IokaszaTenscTBo. Ciyuait ¢ = 0 paccmoTpen B [59]:

ldhe" e, < K| Fllsc.s- (1.31)
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B pa6ote [60] npuBoauTCs cemyoliee HEPABEHCTBO IITE CETOYHBIX (Y HKITUI
¢ ycnosueMm (1.19):

1
[l lloc, < elldilloc., + —[dhu|oc 0 (1.32)

re € — MPOM3BOJIbHAL MOJIOKUTEIbHAL IIOCTOSHHAL. VI3 pa3HOCTHON CXEMBI
(1.22) BEITeKaeT HEPABEHCTBO:

17" e, < Culldiu[|oc.g, + Colldhul|.0, + 11f1l.0n- (1.33)

Pemuras copmectro (1.31), (3.1), (1.33), momyuaem (1.30) mpu ¢ = 1, 2. Jlemma,

nmokazaHa.
h

r_ 1, 0 _ 2,.h
roer =u(x;) — dyul, e =u"(x;) — dju?. Torma

13 JIEMMBEI 3 HEIIOCPEANCTBECHHO BBITCKACT OLICHKA

O6oznauum e; = u(xz;) — u

eIl < KR ([ || + [[u® |lsc.0), = 0,1, 2. (1.34)

I moCTpoeHNS 5pPMUTOBOTO CINIAHA S, MHTEPIIOJINPYIOIIEro YNCJIEHHOE
peurenne 3amaqdn (1.18), (1.19) mosmoxum:

s(z) = ul(z), s'(x) = du’(x),z € Q.
PaccMoTpyuM HeBA3Ky IMOCTPOEHHOTO 3PMUTOBOIO CINIAMHA S

¢(x,s) = Ls — f.

IMockonbky Lu — f = 0, To
L(s —u) = ¢(z,s).
OuennMm ||L(s — u)||x.0. Hng sToro npencrasum
L(u—s)=L(u—sy)+ L(+sr — sq) + L(sqa — s),

rlle S; — SPMUTOBBIN CIUIAlH, MHTEPIIOJINPYIOIINN U, CO 3HAUEHUIMU (1.24),
Sq — SPMUTOBHIA CIUIAWH, WHTEPHOJIUPYIOMIUN U, CO 3HAUEHUIMU (1.25).
Torma nmeeMm:

|L(u — s7)| < KR?||[u?|| .0,
|L(—s1 + s4)| < KR*|[u|].0-

IToxaxem, uTo

[si7(z) — s"(z)| = O(R?).
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PaccMmorpum ciyuait v = 2. 3aMeTHM, YTO B CUJIY JIEMMBI 2
[sa(z) — s"(2)| < Kl|dj(u — u")|].0-
Hasnee, B cumy (1.34)
i (u = u")(@)| < KR ([ |0+ |[u]]oc,0), @ € Q.

CJ’Iy‘-IELI/I vV = 0,1 IIOKA3bIBAIOTCA aHaJIOTUYHO. CHGHOB&TGHBHO, JOKa3aHa
TeopeMa.

Teopema 10. Cywecmeyem xkoncmawma K, ne 3asucawas om h, ma-
Kad, YMmo

16> 9) e < K[l O

PaccmoTpum errie oguH moaxon A1 TOCTPOEHWS OMHOMEPHEIX AITPOKCH-
Matmii. IlycTts HaMm Heobxommmo mocTtpouTh s € (9. Ha kaxmom oTpeske
[€;, ;1 1] IpencTaBUM $ KakK TOJIMHOM CTETEHU 7, T.e. HEOOXOMUMO OIpee-
mTh n + 1 xospdutment. g mocTuxeHns HeOOXOMUMON TITATKOCTU MEI
MOXKeM BOCIIOJIb30BaThCA Pa3HOCTHBIMU IMPOU3BOIHBIMU U MOJIOKUTH

s'(x) = Oul(x),i =0,1,2,...,q;2 € Q, (1.35)
rue (%u(a}),i =0,1,2,...— cremnuaJjbHble ollepaTOPHI, ANMIPOKCUMUPYIOIITHE
u(z), u(x), i = 1,2,..., KoTopsle MbI ompenesuM Hike. s mocTpoeHus

CIUTaiiHa $ Ha KaXIOM OTpe3Ke [x;, T;y1] 9TH yciioBus maioT 2q + 2 orpa-
Hudenns. B caygae n > 29 + 1 HaM Heobxommmo 3amaTh eltlie n — 2q — 1
orpaHmyenue. [las »Tol mMesm MOXKHO MOTPeOOBATH BHITIOITHEHWS CIIEMYIO-
IIX PaBEHCTB:

Ls(&) - f(&)=0,1=1,2,...,n—2g— 1,

roe {&} € [¢;, x;41] — MHOXKeCTBO y3710B HEKOTOPOI BCIIOMOIaTeJIHHON CET-
K. MOXHO HeCKOJIbKO yCJIOXKHUTH 3allady, HoTpeboBaB

S (Ls(€) = £(€))? — min.

=1
PaccMoTpennbie BIIIE 3aaun CBOMATCS B OOINIEM CiTydae K PeIIeHUuIO CUC-
TeM JIMHEWHBIX aJIreOpandecKuX ypaBHEHUN.
OcTanoBuMcs Ha TocTpoeHum omeparopos Jlu(z),i = 0,1,2,... Ilns
TON Mesu 3adUKCUPYeM HEKOTOpPYIO TOUKY X( U ompenesmM p € P" kKak
nosusoM p = Y7 a;(z — x°)" Takoit, uTo

ivjozilp(vi) —u"(v)[* + %@-le(wi) — f(wy)[* = min, (1.36)
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rae {v;} m {w;} — y3JIBI BCIIOMOTaTEIBHBIX CETOK TAKUX, YTO &) — TOUKA
KOHLIEHTPAIUU y3JI0B U

a; = a1/(g1(vi, z0) + a2),
Bi = bi/(ga(wi, xy) + ba).

puaem aj,as moxuo nosoxutsh O(h?), by = O(h?),by < 1 u

|n—|—1 |n—1.

gi(z,y) = ||z — y||"", g2z, y) = ||z — 9

[omo6HEIi BEIGOD v, §; 06ycioBite norpemtHocTsMu p(x) —u(z) u L(p(z) —
u(z)) B ciaydae BhIMosiHeHUs paBeHCTB p(zy) = u(xg) m d'(p(xy)/dz’ =
d'(u(zg)/dz',i = 1,2,...,n. anaga (1.36) cBOEUTCA K PeIeHUIO HEKOTO-
POIl CHCTEMBI JIMHEMHEIX aJireOpandecKuxX ypaBHEHNI

Ba =d.

CTpyKTypa 5TOll CUCTEMBI IJId OOIIero ciiydas 6ymeT MOAPOGHO BHIIIMCAHA
B CJIEAYIOIIIEM pa3ede.

Taxum o6pazoM, B ToYKe T( MBI MOXKeM BHUUCIUTE p(zg), d'p(zy)/dz’ n
nosoxuTh 9. = a; ,i =0,1,2,....

JIByMepHbIe 3amadyn

PaccMoTpuM ciiydail CrilaXXwBaHWS YUCJIEHHOIO PelleHus IBYMEPHOTO
SJUINIITAYECKOTO yPaBHEHNS, IIOJyYeHHOIO0 METOIOM KOHEYHBIX 3JIEMEHTOB
(MKD). Hamreit 3amaueit 6ymet noctpoenue dyukiun s € H2(Q) N HH(Q),
ABJISIOIIENCS KOHEYHO-3JIEMEHTHEIM BOCIIOJIHEHIEM YKCJIEHHOTO PpEeIIeHMS.
PaccMoTpuM U1 ONpeNesIleHHOCTH CJIEAYIONMIYI0 MOIEILHYIO 3a1ady:

Lu = f, z e Q, (1.37)
u(z) = 0, z € 09,

2 0 0
Lu=— 2 (9—:132 (aia—wiu) + qu.
Ml npennosioxuM, uTo Kosddunuents a; € C1(Q), q,f € C(Q) u uro
a; > ¢ > 0,q > 0,z € Q. lIpeamosoxum, uro peurenne 3amaun (1.37)
CYIIIeCTBYEeT U eIUHCTBEHHO.

IIyctes 7 — pasbuenue obmactu ), cocTaBjeHHOe U3 BJIeMeHTOB 1 u
O = U,T;, Tepeceuenue snementos T;, Tj,i # j: T; N'T; = @, wim obmas
CTOpOHAa, Wi obIas BepiuHa. h — mapameTp 7 .
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Ecnu 7; — TpuaHrynauus, TO NPOCTPAHCTBO KOHEYHBIX 3JIEMEHTOB S}
OITpEeNEesINM, BBOMIS KYCOYHO-TIOJIMHOMUAIbHEIN 6a3uc Ha T

S™ = {s(x)|s € H(Q) N Hy(Q), s|r € P",T € T}, (1.38)
rae P" — MHOXECTBO IOJIMHOMOB cTeneHu n. Ecim 7 — mpsaMoyrosbHoe
pasbueHune, TO TOAIIPOCTPAHCTBO S;° OIpeNesuM C TOMOMIBIO CIJIAIHOB JP-
muTa crenenu n [102, 76].

OYHKIIIO $ MOXKHO MPENCTABUTE KaK MOJIMHOM TsToi cternenu [102]. Ilis
9TOTO Ha KaXIOM TPeYTOoJIbHUKE Heobxommmo HanTu 21 KospduiineHT, u3 Ko-
TOpHIX 18 ompenengioTCsA 3HAYEHUSIMU B BEPIIMHAX U, O1u, Oyu, O7u, O su,
O2u. TlommHOMEI TIATON CTelmeHM Ha OOIIell CTOPOHe IBYX TPeyroJbHUKOB
COBHAHAIOT, TaK KaK TPU YCJOBUSA B KaXKION BepIINHE — 3HAUYeHUS QYHK-
A U U €€ TTPOU3BOIHBIX Uy, Uy BIOIb CTOPOHBI — OMHO3HAYHO 3aJaI0T €r0
KoadpuiimeH THI.

OcTaeTcs OTBHICKATh TPU JOMOJHUTETBHBIX OTPAHUYEHN, YTOOBI TIPOW3-
BOHAd 10 HOpPMaJIn S, Obljla HelmpephbiBHa MeXIy TpeyrosbHukamu. Omoux
crocob — mo6aBUTH 3HAUYEHUSA U, B CEpedrHe KaXKIOU CTOPOHBI TPEYTOJIb-
Huka. Tak Kak s, — ITOJIMHOM YeTBEPTOW CTEMeHNu OT ¢ BIOJIbL CTOPOHBI, OH
eNMHCTBEHHBIM 06pa30M 3a0aeTCs YTUM MapaMeTPOM BMeCTe CO 3HAUEHU MU
B BepiinHax (puc. 1.1).

CytrecTByeT crmoco6 MOCTPOUTH MaKpOSJIEMEHTHI Ha OOBEIUHEHUN He-
CKOJIBKUX TpeyroibHuKoB. Hambosiee m3BecTen siemeHT Kitada-Touepa:
obbennHeHne KyOndeCcKUX MOJIMHOMOB Ha TPeX MoATpeyrojibHuKax. [jg ero
MTOCTPOEHUST HeoOXoMNMO 3adaBaTh 3HAYEHUS U, O U, Ost, U O,U B CEpelnHe
KaXXIOl CTOPOHBI TPeyroJibHUKa, Bcero 12 mapaMmeTpoB. Tak Kak KaXIbIl
13 Tpex Kybudeckux nsjieMeHTOB uMeeT 10 cTemeHell cBobONBI, a MaKpOdJle-
MeHT — TOJILKO 12 y3JI0BRIX MapaMeTpoB, HYXKHO BBeCcTHU 18 orpaHuuyeHU.
DToro MOCTATOYHO M NOCTUXKeHWs TiagkocTu C'! BHyTpHm TpeyroabHHUKA
(puc. 1.2).

[IpuBenem obItiie TeOpeMBI AMMPOKCAMAINN KOHEUHBIMU SJIeMEHTaMMU
[102].

Teopema 11. IIycmb s € SF~! u 6asuc ydosaemsopgem ycaosuio 00-
Hopodnocmu nopadka q. Toeda dagi < q

max |D%u(z) — D%(z)| < C;h*™  max |DPu(z)|.0
2€T;,|al<=i z€T;,|B|<=k

Teopema 12. IIycmb s € SF~! u 6asuc ydosaemsopgem ycaosuio 00-
Hopodnocmu nopadka q. Toeda dagi < q

|D%u(z) — D%s(x)|iq < C’ihk_i|u(a})|k’g.|ﬂ
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U, Uy, Uy, Uy Ugyy Uyy
Un,
U, Uy, Uy, Uy Ugyy Uyy
Up
U, Ugy Uyy Uy Ugyy Uyy

Puc. 1.1. DneMeHTH OITOH CTEIEHN

Uy Ugy Uyy Uggy Ugyy Uyy

Unp,

Puc. 1.2. Qaementer Knadpa-Touepa

PaCCMOTpI/IM HpO6HeMy AIlIIpPOKCUMal YNCJICHHOT'O PECIIICHN A uh KoHeY-

HEIMHE 3JleMeHTaMu s € S5, k > 3, Tak uTo
ol
[Is]L,0m) < KA,

1Ls = fllz.0) < KA

,HJDI IIOCTPOCHNA KOHEUYHBIX 3JICMCHTOB BBICOKHNX cTeneHel MBI HyXIOa€M-
6 i s(x), 00 s(x), 1,5 =0,1,2
cs B 3HAHUU ollpelieJleHHOI'0 Habopa 3HadYeHuu s(x), 0; ;" s(x), 2,7 = 0,1,2,...
B HEKOTOPHIX Toukax ¢ € (2. IllycTs ) = (:130’1, :130’2) OlHA 13 TaKUX TOYEK.
,HJDI 9THUX ueﬂeﬁ PaCCMOTPHAM JIOKaJIBHBIE BCIIOMOT'aTEJIBHBIE CECTKU:

Zrsa =2}, zij = (2041, %ij.2):

zij1 = sign(1)abs(id)"/d+wzg 1, zi j2 = sign(j)abs(jé)" /d+xps,i,j = 0,£1,%2,. ..

rae r,6,d — mapamerpet u r > 1,0 > 0,d > 0 (puc. 1.3).
OnpenenuM p Kak 060OITIEHHBIN MOJIMHOM P = Z?ﬁo app(x — @) Tak, 94To

1

> alp(v!) — () + 2 Bi\Lp(v?) — F@D)P = min,  (1.39)
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Puc. 1.3. Ilpumep BCIIOMOTATENBHBIX CETOK

rie 1); — JINHEHO He3aBUCUMEIe GyHKIMK. IlycTh IJ14 onpenesleHHOCTH
o(z) = 1,91(x) = x1,92(2) = 22, ¥3(2) = 27,.
Y, (z) = 25,np = (n+2)(n +1)/2,

{vi}™, and {v?}?, — y37IBH BCHOMOTATeIbHEIX CETOK, PACTIONOKEHHEIX B

HeTloCpeICTBEHHOM 6JII/130CTI/I OT TOYKHU Tg. 3mech vy € Qp,v? € Zysdy, M1+
ng >n,+1,n; > 2n+1,

oG = O‘—l/(p(vilv wO)TH_l + 04_2),

Bi = B1/(p(vi,zo)" ' + Ba),

rae p(x,y) — paccTosHWe MeXIy TOYKAMU &,Y; _;,[3_; BEIDAXKAIOTCI B

TEepMNHaX TOYHOCTU YMUCJICHHOI'O pEIICHNA uh:

a_q, 04_2,/8_1 ~ ||u - uh”Loo(Qh)?

B_s & h||u — u"||z(0n)-

Bamaua (1.39) cBoAUTCS K PELIEHUIO CUCTEMBI JIMHEMHBIX ajireGpandecKnx
ypaBHEHUU

Ba =d,
rie
B = {bi;}i-0;
a = (ag,a1,0az,...,0,,),

bij = % oqtpi(vf — zo)i(v) — ) + iﬁlhﬁi(v? — m9) L (v} — z0),

=1
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¢=§WWWWMme+§@ﬂ@MMﬁ—m)

Takum o6pa3oM, MBI MOXeM MOJOXKUTEH s(zy) = p(a:o),@fjjs(azo) =
(923719(:130).

1.4. HekoTopble CBOMCTBAa BapHMalMOHHO-PA3ZHOCTHBIX
pelreHun

PaccMoTpuM clienyolliee JIMHeHOe ypaBHEHIE:
—Au+qu=f, v €Q, (1.40)
u=0, z € Q. (1.41)

Beenmem 6umnuneiinyio dopmy
2 o1
L(u,v) = /Q > OudjvdQ, VYu,v €W, ().
=1

PaccMoTpuM crcTeMy JIMHENHEBIX airebpamdecKnx ypaBHEHWI IJIS HaXOX-
IeHUs] BapualnoHHoro perenus 3amaqdn (1.40), (1.41)

N
Z /:,(Ui, Uj)Oéj = (f, Ui)- (142)
j=1
O603HaumM Yepes f BEKTOp MPABHIX YacTell CUCTEME f; = (f,v;). Has sro-
6ot pynkmmm u* € W1 (Q) dopmanbho ompenesum

uhij(a:l) = —]’L_2 /Q@uhﬁjvd(l,

W3 =5 S ().

1=14,j=1
B ciyuae paBHOMEpHOI TPUAHTYJIALAN BBIPAXKEHUS U;; COBIANAIOT C COOT-
BETCTBYIOIIMMYI KOHEUHO-Pa3HOCTHEIMI allIPOKCUMAIUIMK BTOPHIX IIPOM3-
BOIHEIX.
Bamumem (1.42) B crlenyfoieM Bume:

—(ul 4 uls) + (qut,u) /B2 = fi/R%1=1,...,N.

BozBenem obe wacTu paBeHCTBa B KBaJgpaT U MPOCYMMUPYEM:

N

> (w11 (@) + (w'aa () +

=1
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h 2 4 h h h h 2
(qu”,v)*/h* 4+ 2u"11u"99 — 2u"11(qu",v;) /R

N
—2ulg(qu”, v)) /h? = ZX: f2/nt.
=1

Ncronb3yst popMysIsl MHTErpUpOBaHUs N0 YacTaMm [59], mpeobpasyem BhIpa-
JXKeHue

g: Uhll(wl)uhzz(wz) = — g: uhl(wl)(uhzz(a:l))l =

N h 2
= > u'z(m))"
=1

HaJiee, MCIOTB3Y S € — HEPABEHCTBO, OIEHUM

N

éuhll(quh,vl)/hz < g:ls/?(uhll)z + g(quh,vl)2/(2sh4).

Crnaraemoe Y | (qu”,v;)? MoxHO omeHUTS

N
h 2 7112
> (qu*,u)” < C||fI[,
=1
rmae C — HEKOTOpaid KOHCTaHTa, HE 3aBUCIAIIIAad OT h OKOanTeHBHO IoJIy-
Ya€M OLICHKY

N 2 2 2 2 /1.4
Z_Zlu 11+ utey +uly < C||fIIF/R7,

nJjm

||z < C||£1]/R%, (1.43)

roe C — HEKOTOpad KOHCTaHTa, HE 3aBUCAIIIad OT h.

h

Ianee, eciu € = u—u", To, cylenys o6IIEN TeOPUM PA3HOCTHBIX cxeM [59],

IIoJiyda€cM OLEHKY

e]l2C < b2, (1.44)

rlle Y — HeKoTopas orpaHudYeHHas GYHKIIUSI, 3aBUCAIIAIL OT U, f,q U MPO-
M3BO/THBIX.

1.5. AnnpokcuManusa KyOomnmdecKMMU 3JIeMeHTaMu

PaccmoTpum ciyuait paBHomepnout TpuaHrysamuu. [lycts T — mpamo-
YTOJIBbHBI TPEYTOJIBHUK C KaTeTaMU, paBHBIMU h, 21, 29, 23 — €T'0 BEPIIINHHI,
z() — TOUKAa IlepecedyeHUs MeJInaH.
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Bynem cTponTh Kybudeckue smeMeHTH m3 CU Takum obpaszom. Ha kxax-
IIOM TPeyTroJibHUKe MBI TOTpedyeM BBITIOJIHEHUS COOTHOIIIEHUN:

h h h .
S(zl) =u (Zl)vais(zl) = 8@ u (Zl)vl =1,2,3;:=1,2;
HOTpe6yeM TaKZKe€ BBITIOJTHEHUA PAaBEHCTBa B IEHTPE TPEYrOJIbBHUKA

Ls(z9) = f(z0)-

Takum obpazom, miig mocTpoeHus s Ha 1’ mosydaeMm cuctemy n3 10 suHen-
HBIX ajireOpanydecKux ypaBHEHUN, YTO MOJHOCTHIO OMpeNesseT S.
[MIpencTaBum s B Bume

3 o
— el d
s(z,y) = X X ayz'y’
a=01i+j=a
JIemma 4. [lag xosdduyuenmos a;j,t+ j = 2,3 noaunoma s cnpaseo-
AUBBL CACDYIOWUE OYEHKU!

3
iy h h h
|aij] < Kijh™ j(lE(un(zl) + ula(z1) + ugy(21) + f(20))-

=1
I nmokasaTenbcTBa HOCTATOYHO BHIINCATH IPENCTABIIEHUE @;; Uepe3
uM(2;), OMu(z;), f(zy). Barem momctaBuTh BMecTo O'u’(z) mx KomedHo-
Pa3HOCTHEIE BEIPaXKEHNS M IeperpylIMpOBaTh cilaraeMble. Torma, Halpu-
Mep,

a1y = uly(22) + 3/4f(20),
as = h™H(uf)(2s) — 4uly(22) — uby(21) + uby(21) + 2usy(22)) /4.
O

Hecmoxno Y66I[I/ITI)C5I, 4YTO B CHIIY HOK&S&HHOﬁ JIEMMBI BBIIIOJITHEHO COOT-
HommeHnmne:

Busay)| K S Jul(za). (1.45)

i+j=2 a=1



I'rtaBa 2

OJJIeMEeHTbI NHTEPBAJIBHOT'O aHAJIN3aA

2.1. AuTepBajIibHbIE YUCIIA

Ion unmepeabrbim wuciom @ MbI 6yIeM MOHUMATH BeIleCTBEHHBIIN OT-
pe3ok [a,a], rie a < a. MHOXeCTBO MHTEPBAJIBHEIX YKCeSI MBI 6yIeM 0603Ha-
gaThb yepe3 R. Ilpu ¢ = @ = a unTepBanbHOE YKCIIO GyNEM OTOXIECTBIATE
C BeIlleCTBEHHBIM YNCJIOM a, cilenoBaTensiHo R C R. B nampreiimem Mol 6y-
IeM Ha3bIBaTh MHTEPBAJIbHEIE YUCIIA IPOCTO NHTepBajaMmu. [lupunol a —
5TO BeJINYNHA

wid(a) =a — a,

cepeduna — TOJIyCyMMa,
med(a) = (a +a)/2.

Ecnu S — menycToe orpaHndeHHOe MHOXKeCTBO B R”, To ero unmepea.ib-
ol 060s0ukot OS ompenes M HAMMEHBIITHN MO BKIIOUEHWIO NHTEPBAJIbHBIN
BEKTOpP, COmEPKAIIUAN S.

ApudpmeTuyeckue onepaium HaJ WHTEPBAJIHHBIMU YMCJIAMU BBeIEM CJie-
nytoruM obpasom. Ilycth a,b € R, Torga mojioxum

axb={zxylzr €a, y € b},

rme 3HakK (%) — omHa m3 omepauumil +,—,-, /. Ilpu nesmeHun wmHTepBa

b = [b, b] He moyKeH comepXKAaTh HOJIb. BBelmeHHbIe BHIIIe OepaIuy SKBUBA-
JIEHTHBI CJIeIYIOIIM:



32 I'masa 2

a/b=[a,a]/[b,b] = [a,a] - [1/b,1/b], O ¢ [b,b].

Ecnu a u b BEIpoXmafoTca B BeIeCTBEHHBIE UNCIIa, TO 9TU PaBEHCTBA
COBHAHAIOT C OOBIYHBIMKU apuMeTHUUEeCKUMU omepamuaMmu. VHTepBaJibHBIE
OIepaIiy CJIOKEHUS W YMHOXKEHUS OCTAOTCA KOMMYTATUBHBIMU U aCCOIM-
aTUBHBIMU, T.€. a,b,c € R

a+b=b+a,a+(b+c)=(a+b)+c,
a-b=b-a,a-(b-c)=(a-b)-c.
Ecau r(x) — HeupepsiBHas yHapHas omepanus Ha R, To

r(X) = [min r(z), maxr(z)]

orpenesiieT COOTBETCTBYIONIYyIO el omeparuio Ha R. Ilpumepamm Taxmx
VHapHBIX Ollepalliil MOT'yT CJIyXKUTh

exp(X),In(X),sin(X),...

Teneps ykaxeM oTIMYNST MHTEPBAJIHHON apudMeTUKN OT oOBIdHON. BMecTO
TUCTPUOYTUBHOCTU YMHOXKEHUS OTHOCUTEJIBHO CJIOXKeHus misd a,b,c € R,
T.e. a(b+ ¢) = ab + ac, BEIIONHSIETCSA CyOANCTPUOY THBHOCTD

a(b+c) Cab+ac.

Bamerum, uto R He sBiseTcs moseM: 5jaeMeHTH R He mMeioT o6paTHBIX
5JIEMEHTOB OTHOCUTEIBHO CJIOKEHWS U yMHOXeHUs. B wacTHocTH, @ - @ # 0
na/a # 1. BmecTo sTOr0 NECTBYIOT OBa APYTUX NMPABUJIA COKPAIIEHUS:

1.3 a4+ b=a+ c cinenyer b= c;

2.3 ab=ac n 0¢ a caenyer b=c.

NuTepBasipHble apudMeTHUeCKne Ollepannuu 06IanaoT CBONCTBOM MOHO-
MoOHKOCTU MO 6KAUeHWI0: U3 yerioBuil @ C ¢,b C d crienyroT BKIOUYeHNST

a+bCc+d, a—-bCc—d,

abCecd, a/bCc/d ecm 0¢d.

YHapHbIe onepaluy 06J1agaloT CXOOHBIMU CBOMCTBAMU:
XCY=rX)CrX),

r €Y = r(x) € r(X).
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Mer paciupum oTHotreHus mopsiaka x € {<, <, >, >} Ha UHTepBaJIbHBIE
TiepeMeHHBIE:
T*xY S T*xY NI BCEX T € T,Y € Y.

PaccTosHue p Mexnmy nByMs mHTepBajlaMu a, b onpemnesiseTCsa CenyIONTIM
obpazom

p(a,b) = max{|a —b],[a— B]}.

HJ’IH BBIPOXIOECHHBIX MHTEPBAJIOB BBCOCHHOE PaCCTOAHME CBOOUTCIA K OOBIU-
HOMY PaCCTOAHUIO MEXKNY BECIICCTBCHHBIMU YNCJIaMU:

p(a,b) = |a—b|.

PaccmoTpennas BrItile MeTpuka Ha R gaBigeTCS 4acTHBIM CIIydaeM Xayc-
nopdOBOIA.

Ecom U n V' — HemmycThle KOMITaK THBIEe MHOXKECTBA BeIlleCTBEHHBIX YK CET,
TO zaycdopdoeo pacCTOSHUE OMPENEIIeTCS Kak

p(U, V) = max{sup inf p(u,v),sup inf p(u,v)}.
vely uel uelr vEV

BBOIUI Ha MHOXKE€CTBE€ METPHUKY, MBI O€JIa€M €I'0 TOIIOJIOTUIYECKUM ITPOCTPaH-
CTBOM. HpI/I 93TOM IIOHATUA CXOOUMOCTHU N HEIIPEPBIBHOCTU MOTLYT OBITH HC-
IIOJIH30BAHBI OOBIYHBIM O6p&30M. HOCJ’IGI[OBELTGJ’IBHOCTI/I MHTEPBAJIOB CXOOAT-
Cid, €CJIN CXOOATCA ITOCJIENOBATEJIBHOCTHU I'PaHAIlI NHTEPBAJIOB. MeTpI/I‘-IeCKOG
IIPOCTPaHCTBO R c MeTpI/IKOfI pP ABJIAECTCA 3aMKHYTBIM METPUYECCKUM IIPO-
CTPaHCTBOM, 1 BBE€ICHHBIC apI/I(I)MeTI/I‘-IeCKI/Ie orepanv HEITPECPBIBHEIL.

2.2. I'mcrorpammHuas apudmMeTukKa

IIyctes X1, X9, ..., Xy — HezaBUCHMBIe CJIyYaliHble BEJIMYUHEI U Y oImpe-
nesisteTcss QYHKITMOHAJIBHON 3aBUCUMOCTBIO

Y:f(X17X27°°°7XN)° (21)

[IpenmosoXuM, 9TO IpK BHEYKUCICHNA (GYHKINN | KMCIOJIB3yIOTCI apud-
MeTudeckue onepaiun {+,—, -, /} u omepanuu Bo3BemeHus B creneHb {71},
HAXOXKIEHWS MaKCuMyMa u MuHuMyMa {max, min}. CiiyyaliHble BEeJTUUYMHBL
X;,l=1,2,..., N npuHuMaioT 3HaYeHUs B UHTEPBaJIax |a;, G|, ¥ IIIOTHOCTH
UX paclpeleseHus 3a0aeTCs KyCOYHO-TIOCTOHHON pyHkuument P)(xz) ciaenyio-
mero Buma: Touku {a! ,m = 0,1,..., M;} 06pa3yloT WHTepBaJbl HOCTOIH-
HEIX 3HadeHuil pynkmm F). Takue cioydaliHble BeJIMYNHEL OyIeM Ha3bIBaTh
2UCTNOZP AMMHBIMYU YUCAAMY WA 2UCTNO2DAMMAMY.
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TpebyeTcsa BEIUMCINTE INIOTHOCTH BEPOATHOCTU Py BenmmuwmHbl Y C 3a-
IIaHHOW TOYHOCTBIO B KJlacCe KYCOYHO-IIOCTOSHHBIX (PYHKIUU — TUCTO-
rpaMM.

s 5TOl 11e7IM MBI 3aMeHUM OOBIYHEIE OIepalliy Ha olepallny Hal TUC-
TOrPaMMHBIMU lepeMeHHBIMU.

NzBecTHnr anammTuyeckme QOPMYITBI OJIS ONMpPeNeIeHNsS TIJIOTHOCTU Be-
POATHOCTHU Pe3yJIbTaTOB apuPMeTUUeCKUX NeUCTBUN Hal CIIy4YalHBIMU Be-
sunuynHamu. Hanmpumep, njsd HaxoX[eHUS INIOTHOCTH BeposTHocTu Py .x,
CYMMBI OBYX CITYyYAWHBIX BeJImunH X + X9 MCTIOIB3yeTCS COOTHOIIIEHE

Pyix,= [Pz —v)B@)dv= [ Pi(v)P(z - v)dy, (2.2)

IUI HaXOXMEHUs TWIOTHOCTU BepoaTHocTH Py, x, 9acTHOrO OBYX CIIy-
yaiHberx Besmmund X1/ X

Pryx = [ vPi(ev)Po(v)dv — [ Pi(v)Py(a —v)dv.  (2.3)

Ha ocroBe dpopmys Tuma (2.2), (2.3) mist cienualibHO MOTOOPaHHEIX pas-
6reHU MHTEPBAJIOB 3HAUYEHUIN MCXOMHBIX CJIyYalHbIX BEJIMUYNH B HEKOTOPHIX
cIyJasgx ymaeTcCsd BOCCTAHOBUTH TOUYHO QYHKIIUIO INIOTHOCTU BEPOSTHOCTH.
Omnmako B ciIydasgx MPOM3BOJIBHBIX pa3bueHnt 5T GOPMYIIB He YIOOHBI IITT
YKCJIEHHBIX PacueToB.

OcCHOBHBI€E IPUHITAITEL Pa3pabOTKU TUICTOIPAMMHEIX OITEPAIIANA IPOIEMOH-
cTpUpyeM Ha IpuMepe omepalruu ciaoxenusd. Ilycts Z = X; + Xy, Torma
IJIOTHOCTDH BEPOATHOCTM Z OTJIIMYHA OT HYJIA Ha UHTepBaJle [af + od, oz}v_,l +
oy, ]. O6osnaunm dj, k= 0,1,..., K — TOYKM IesleHUs 5TOr0 MHTepBaJla
Ha K oTpeskoB. Torma BepoATHOCTH IOMAaHUI BEJIMYUHBI / B WHTEPBAJI
[d};, di1 1] onpenmensieTcs mo dopmyiie

P = ([, [Pe)P(y)dedy)/(disr — dn),

rre @ = {(@,y)ldi < 7+ < dysr}-
Ob6o3naunm 1l;; — mekapToBo mNpowsBeleHHe OTpe3Ka [oz},ozllﬂ], Ha

[oz?, O‘z+1] Torma

-1 M,y—

= Z 2. /H o | PriPridedy)/(dist — di) = (2-4)

=0 5=0

Mi—1 My—1

(> > PubPy|ly 0 Q) /(dieyr — di)-
=0 j=0
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3mecs |1I;; N Q| — mmomans nepecevennd npsaMoyronbauka 11, ¢ Q.
OueBUIHO, YTO TOYHOCTH BOCCTAHOBJIEHUS (PYHKIUU IIJIOTHOCTH BEPO-
ATHOCTH CJIyYalHON BeJIMYMHBL 7 3aBUCUT OT OPOOHOCTHU [eJIeHUS WH-
TepBaJla ee 3HadyeHMil. B mpakTudeckumx pacueTax [Jid YIIPOIIEHUS OIle-
paluil 1Mo pe3epBUPOBAHUIO MMAMATH BCe IPOMEXYTOYHBIE ONEPAaIlii MOXK-
HO BBINOJIHATEL C (PUKCUPOBAHHEIM, HO HOCTATOYHO OOJIBIIMM KOJIMYECT-
BOM Touek mejieHus. /Ijig cokpallleHns KoJIM4eCcTBa BBIUMCIEHUN B GpopMyJie
(2.4) ormomrenne |II;; N Q| /|11;;| MoxHO 3aMeHNTH NPUOIMKEHHON OLEHKON

(Bij — Aij)/(C2 — Ch1), roe

A= inf (z+y)=al+ a2
J (fbay)Esz( y) 0 0

B;; = sup (z+y) = Of}v_r1 + O‘?sz
(z,y)€ll;;

[C1, Cs] = [Asj, Bij] N [dgy D]

IIpoBeneM oOLIEHKY TOYHOCTM BOCCTAHOBJIEHUS (PYHKINUM IJIOTHOCTH Be-
POATHOCTH [JIf Oflepalliil cjioxkeHus. 1IpenmooxuM, 9To Toukn {al ,m =
0,1,..., M} obpasyoT paBHOMepHOe pasbueHne OTPE3KOB [a;, d;], & TOUKH
{dr, k = 0,..., K} oCylecTBIAAOT paBHOMEpHOE MeJieHre OTpe3Ka [ag, agl,
ABJILIOIIEr0CS MHTEPBAJIOM [OIYyCTUMBIX 3HAUYEeHMIl CJIy4allHOW BeJIMYMHEL
Z = X1+ X,. Oycrs v = (@y — ay)/K — niuHa KaxX[moro m3 MHTEPBa-
noB [dg, dki1],k=0,..., K — 1.

B cooTBeTCTBMM C IPUHATHIM IIOAXOOOM K OINPENeSIEHUIO 3HAYEHNUS IIJI0T-
HocTu P, Ha nnTepBase [di, d;.1] nMeem

1 pdiaa
PZ’kj = ;/dk Pz(U)dU,

rae Pz(v) — TouyHoe 3HaueHMe GYHKUNU ITIOTHOCTU BEPOSTHOCTH CIIydaii-
Holl BenmuuuHbI /. [losToMy

min Pgz(v) < Pz; < max Pz(v).
vE[dy,dy41] Z( )_ Z’k_ve[dk,dkﬂ] Z()

B cuny sTux HepaBeHcTB 1ipu & € [dy, dj, 1] umeem

|Pz(z) — Pgi| < max |Pg(x) — Pg(y)l.

Y€ [dy,dr 1]

BocnonszoBapmucek popmyson (2.2), momydaem

Ps(2) = Po(y)| < [ Pa()|Pa( — v) = Po(y — v)|dv < Mow(Py)v,
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rae w(Ps) max|, <y pefa,a] F2(% +v) — Pa(z). AHaTOrm4HO MOXKHO HMOKa3aTh,
uyTo

|Pz(z) — Pz(y)| < Miw(Py)v.

O6ozunaunm C'(+, P, P») = min{Mijw(P,), Maw(P»)}, Torma mis mo6oro
uaTepBaa [dy, dj 1]

|Pz(x) — Pz < C(+, P1, Po)v.

[MosTomy mist Toro, YTOOB MOCTPOEHHAS KyCOUHO-TIOCTOSHHAS ATITPOKCH-
Martust pyskuun Py () oTyimyasnack He 6oslee YeM Ha 3a/IaHHYTO BEJIMYNHY £,
KOJINYECTBO TOUEK PABHOMEPHOTO JIEJIEHUS UHTEPBAJIA [a(, G)] MOIKHO yIOB-
JIeTBOPATH HEPABEHCTBY

K > C(—|—,P1,P2)(60 —Qo)/é“.

AHajlornyHEIe OIEHKM MOXKHO IOJIyYUTH WM IS APYTUX apudMeTudec-
KMX olepaldii. Fciii IJI0THOCTH BepOATHOCTH CIIyYalHBIX BeJIUYUH X| U
X5 yXKe ABIAIOTCA Pe3yJIbTATOM IIPOMEXYTOUYHEIX NEMCTBUI WIN KyCOYHO-
IIOCTOSHHON AIMPOKCUMAIell TJIadKNX IIOTHOCTEN paclpeneseHnil ¢ Ko-
HEYHBEIM HOCHTEJIEM, TO IJIS OLEHKM TOYHOCTM TMCTOrPAMMHEIX OIepPalliil
IOCTyIaeM CJIeAyIoImuM obpa3oM. BBOONM OTKJIOHEHMS 3TWX BEJIMYNH OT
TouHEIX pacnpeneienuit d; = P, — P?, rme P — Tounoe 3HaueHne MmIOTHOC-
T BePOATHOCTH, a P, — KyCOYHO-IIOCTOSHHASL allpoKcuManud. BelnmuuHer
d; ynosnierBopstoT cooTHotrenuio |d;| < Cyv;, roe v; — mIMHA WHTEpBAJA
pasbuenus BesmunHbl X;; C; — COOTBETCTBYIOIIAS IOCTOIHHASL.

TouHoe 3HaYEHME INIOTHOCTH BEPOATHOCTH CJIydallHol BesmumHbl X +
Xs, coryacHo popmyite (2.2), paBHO

PYix, = /_OO P (v)P)(x — v)dv =

= /_O:O(PP(U) + dl(v))(P20(a3 - U) + dz(w — U))dv =
— /_O:o P (v)Py(z — v)dv + /_O:O d1(v)Po(z — v)dv+

un /_O:O Py(v)day(z — v)dv + /_O:O di(v)ds(x — v)dv.

O6o03naunm vepes Py, | x, KyCOYHO-IIOCTOSHHYTO AIIIPOKCUMAIINIO BHIPa-
xerus [*_ P (v)Py(z — v)dv. Torna

|P§(1+Xz o FX1+X2| < |P9(1+X2 - /_OO Pl(U)Pz(CE - U)dU|—|—
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+ [ Pi(v)Pr(z — v)dv — Px,ix,].

BTOpOG cjlaraeMoe B BTON (I)OpMy.He OL€HNBaCTCA IIPUBECOCHHBIM BBIIIIC ME-
TOOOM. HJ’IH IIepBOIro cJIaracMoro ClipaBeOdJIMBbI COOTHOIIICHU A

Pyix, — [ Pi(v)Pa(z — v)dv|

< Crvy + Covs + C1v1Covomin{| supp Py, | supp P},

rae | supp P;| — mepa Hocurens dpyukiuu Pj.

Ucrmonesys amroputMm pacdera ¢yHkumu (2.1) u OpUBEIEHHYIO BHI-
Ile TEXHUKY OIEHKM TOUYHOCTH, MOJIydaeM OIeHKY OTKJIOHEHUS KyCOUHO-
MOCTOSHHOM AaNIMpPOKCUMAaIINK, HaWIeHHOM C TMOMOINbI0 TUCTOTPAaMMHON
aprudMeTUK, OT TOYHOTO 3HAUYEHUS INIOTHOCTU BEPOSTHOCTHU. JTa OlEHKa
OymeT 3aBUCETH OT KOJMUECTBA TOUEK JleJIeHNS MHTePBaJIOB 3HAYEHUN TIPO-
MeXYTOUYHHIX BeJImumH. Mcrmosb3ys 5Ty 3aBUCMMOCTH, MOXHO BBIUUCIINTH
TOUYHOCTDH IIPOMEXYTOUHBIX OIePalIInil.

B xaudecTBe mpumepa pacCMOTPUM pellleHNe CIIENYIOMIeN ITPOCTeNIIen
CUCTEMBI JIMHENMHBIX aJireOpandecKnX ypaBHEHUN]:

a11¢1 + a12Ty = by, (2.5)

ag2%9 = by,

re ai i, 622 = [1,2], a12 = [0,1], b1, bs = [1,2]. I'ucrorpammer z1, ¢y npuse-
nmeHbl Ha puc.2.1.

Kax BugHO U3 IpUBENEHHOIO PUCYHKA, UCIOIb30BaHNE TUCTOrPAMMHOI
apuPMeTUKN IO3BOJIIET ONPeNeNTh Hanbojlee BEpPOITHBIE YU4aCTKH IIOIa-
NaHUS HEN3BECTHHIX.

2.3. NIuTepBajibHbIE PACHINPEHUS

B »ToMm pazneste MBI 6yneM paccMaTpUBATh HETIPEPHIBHBIE BEMTECTBEHHBIE
dyukmuu. [Ipumem mipm sTOM, UYTO BCce QYHKIINU, C KOTOPHIMU MBI OymeMm
AMeTh NeJI0, MOXKHO BBIYUCJINTH UCIIOJNB3Y S KOHEYHOe UNCJI0 apudmMerndec-
KX OIepaInii u orepaHioB. Takme QYHKINM MBI B HAJIbHENIIeM OyneM Ha-
3BIBATH payuorasbrbimu. OMHA U Ta XKe palMoHaJbHas QYHKIUS [ MOXKeT
MMeTh HeCKOJIBKO aHAJUTUYeCKUX MpedcTaBIIeHUN.

NuTepBanbHo-3HauHas QyHKIUA f Ha3BIBA€TCI MOHOMOHHOU NO 6KAN0-
yenuro, ecim Mg BeKTopoB a,b € R" u3 cootHomenus a C b BeITeKkaer,
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Puc. 2.1.

4TO
fla) C £(0).

3aMeTuM, 4TO COrJIACHO METOLY MaTeMaTH4eCKON MHOYKIWK U3 MOHOTOH-

HOCTU II0 BKJIIOYEHMIO IJjif MHTEPBAJbHBEIX OIepalliili 3TO CBOWCTBO CIIpa-

BE[JINBO IJIs JIFO6OTO PAlMOHAIILHOTO BhIpaxkeHus f(&x), comepkKarero me-

pPeMeHHEIE &1, ..., £, 1 NHTePBaJbHEIE KOHCTAHTEL C1, ..., Cp,.

Hycte f(x) — BemmecTBeHHas GYHKUUS, HENPEPHIBHAS B obiactu a C
R". O6vedunenmvim pacuwuperuem >Toll GYHKINN MBI 6yoeM Ha3bIBATh UH-
TepBasibHyo dyHkumo f, (x) mepemenuex & = (@1, ..., ¢,) C a, 3anaBae-
MyI0 paBEHCTBOM

Fun(®) = U f(=). (2.6)

zed
HenpepriBHOCTS QyHKIUU [ ABIIgeTCS TapaHTUEN TOTO, YTO MPU KaXKIOM &
npaBas 4acThb B (2.6) 6ymeT KOHEUHBIM OTPE3KOM.

Kak BumHo m3 (2.6), 06bennHeHHOE PACIINPEHNE MOHOTOHHO IO BKJIIO-
JeHU0. KpoMe TOro oHO MUHUMAJIFHO W3 BCEX BO3MOXKHBIX MHTEPBAJILHBIX
pacIiupeHun.

HazoBeM uwmepeatbrbim pacuiupenuem BelllecTBeHHON GyHKunu f(x),
x € D C R", uaTepBasgbHylo pyukumio f, * € R" Takylo, 4To

f(z) = f(z), VYzeD.

TOI‘I[EL IJIA JIFIO60T0 MOHOTOHHOTO IO BKJIIOUEHUIO MHTEPBAJIBHOI'O paClInupe-
HnA f nmMeeT MeCTO BKJIIOUCHUE

fu(2) C f(2), = CD.
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PaccMoTpuM BelrecTBeHHYIO panmoHaidpHy®o ¢yHkumo f(z),z € R".
s Hee MHTepBaJIbHOE PACHIMpPeHNe MOXKHO TOJYYUTH €CTECTBEHHBIM ITY-
TeM, eCJId 3aMeHUTh apryMeHTHl T; U apudMeTUdYeCcKne olepalnuyu COOTBeT-
CTBEHHO WHTEPBAJILHBIMU YNCIIaMU U omnepanusMu. Kak yxke roBopusioch,
HIOJIyYeHHOEe TakuM obpaszoMm ecmecmeennoe pacwupenue f,.(x) 6ymer mo-
HOTOHHO TI0 BKJIfoueHUto. [losTomy

fun(x) C fe(x)

g mobeix X € R”, 014 xoTophIX onpemesieHa mpaBasd 4acCTh.

OTMeTHM, UTO €CTEeCTBEHHOE MHTEPBaJIbHOE pPaCIIMPEHNEe CYIIECTBEHHO
3aBHUCHUT OT cIocoba 3alliC PalliOHAJILHOIO BHIPAJKEHMN.

Cy1iecTBYIOT CIIOCOOHI IPENCTABIIEHUS PAIllMOHAJILHBIX BEIPAXEHUI KOI-
Ila eCTeCTBEHHOE MHTEPBaJILHOE pacIIdpeHNe COBIANaeT C 06beIUHEHHBIM
[90].

Teopema 13. IIycmo f(z1,..,2,) — payuonasbroe 6bIpaNHCEHUE, 6 KO-
MOPOM KAHCOAL NEPEMEHHAT 6 CMPEUAECA He bosee 00H020 PA3a U MOALKO
6 nepeoti cmenewu, f,. (x1,...,2,) — €20 ecmecmeennoe pacwupenuve. To-
2da

Ffun(®1, .y xn) = fro(@1,.ony @)

dag awboeo nabopa (@1, ..., &,), makoeo, umo f,.(x1,...,x,) umeem cuvica.
O

B cnyuae, korna He ynaeTcs MOCTUTHYTH CUTYaINN, KOTa KaXaas Tepe-
MeHHas BCTpPedaeTCsd TOJBKO OWH pa3, Mo KpalHel Mepe Hallo CTPEMUTHCS
K YMEeHBIITEHUIO YKCJIa BXOXKIEHUN KaXIOW MepeMeHHON. JT0 OOBIYHO MpPU-
BOJIUT K YMEHBIIIEHWIO MIUPUHB WHTEPBAIILHOTO PACITAPEHMS.

Cynepniosuliuu  parimoHaJILHBIX W SJIEMEHTAPHBIX (QYHKIWN OXBaThIBa-
0T TIOAABJISIONIYIO YaCcTh HYXKHBIX HaM mpuMeHeHun. Mu1 6yneM Ha3bBaTh
ECMECNBEHHBIM UHMEPEAALHBIM PACUUDEHUEM TAKUX BHIPAKEHUN WHTEP-
BaJIbHBIe (QYHKIINN, B KOTOPHIX BeMIeCTBEHHBIE apryMeHTHl 3aMeHeHBl WH-
TepBAJILHEIMU YNCJIAMU, & BeIeCTBeHHBIE apupMeTUUeCKre OIlepalum —
MHTEPBAITLHBIMU OTIEPAITUSMU.

[Mycts F — MHOXeCTBO BeIeCTBEHHBIX QPYHKITAN, AJIT KOTOPHIX MBI MO-
XKeM CTPOUTh 0ObenuHeHHBIe MHTePBaIIbHEIE paciupenusd. B 5To MHOXecCT-
BO MBI BKJTFOUNM BC€ dJjileMeHTapHbie GyHKImu {sin, cos, In, exp, ...}, ux pa-
IIMOHAJTbHBIE KOMOWHAIINNA M CYTePIIO3UIINH.

Paccmorpum obobitienue Teopembr 13. g f € F mpenmosioxum, 4TO
MBI MOXEM TNpencTaBuTh f(xi,...,T,) Kak PalllOHAJIILHOE BEIPAXKEHUE OT
HEKOTOPHIX QyHKIWA g;(T, ..., T])-
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[MycTs pyuknunm g; obaanaroT CIIENYIOITUMA CBONCTBAMU:

1) st Kaxmoln GyHKIUHN g; TOCTPOEHO 06BeNNHEHHOe PaCIInpeHNE;

2) HaGOpHI EPeMEHHBIX ISl PA3HBIX (QYHKIWIA ¢; TOMApHO He IepeceKa-
TOTCH.

Torma, cmenaB 3aMeHy HepeMeHHBIX z; = g;(Tk, ..., &), MBI IOHATaeM B
obJ1acTh OeficTBUSA TeopeMbl 13 U MoXeM MOCTPOUTH i [ oObenuHeHHOe
pacIIupeHne.

IIpumep 1. Paccmorpum QpyHKImMO OByX mepeMeHHHIX f(z,y) = xy +
x 4+ y + 1. EcTecTBeHHOE MHTEpPBAJIBHOE pACIIUpeHNe >ToN QYHKINU He Oy-
TeT COBIMANATH C 00beMMHEHHBIM,, TIOCKOJIBKY TIepeMeHHBIE T, Y BCTPEYaIOTCA
6osiee omHOrO pasa. B kauecTBe QyHKIWMIA ¢g; MOXHO B3ATh ¢1(x) = x + 1,

g2(y) = y + 1. Torma f(z,y) = g1(x)g2(y) u, coorBercTBenHo, f(x,y) =

Ql(w)gz(y)°
BameTum, uTo npencrasienre QpyHkimu f co cBoiicTBamu 1), 2) B 6051b-

IIMHCTBE CJIy4YaeB HeBO3MOXKHO. OmMHAKO MBI OyeM CTPEMUTHCS BHITIOJIHUTH
5TU CBOMCTBA KaK MOXKHO TojiHee. FcTeCTBEHHO TIPENTIONOKNATD, UYTO TAKUX
npencTapiieHnii 6ymeT Heckosbko. ObosHaunm depes f,; pasnuaHbie WHTED-
BaJIbHBIE pacCITUPEHNs, MOPOXKIeHHBIE STUMU TpencTaBieHusMu. Torma B
KaueCcTBe HAWJIYUIllero U3 BO3MOXKHBIX MHTEPBAJIbHBIX PAaCIIMPEHNN MBI MO-
XKeM B3ITh

Fz1, ... @) =0 f (@1, .. 20).

ODTOT MPOCTON MpUEM Ha MPaKTUKe MO3BOJIIET CYIIIECTBEHHO CHUXATh IIIH-
PUHY MHTEPBAJILHBIX pacCUINpPeHUN.

3aMeTnM, 4YTO eCTeCTBeHHbIe MHTEPBAJIbHbIE PACITUPEHNS, KaK TPABUJIO,
MMeIOT 3HAUUTeJIbHO OoJjlee IIMPOKNE MHTEPBAJBl B CpaBHEHUU C oOBbenu-
HEHHBIMU pacIIupeHUIMU. PaccMoTpuM npueM yMeHBIIEHWS ITUPUHBI WH-
TepBAJIBHBIX BHIYMCIICHUN, onucaHHbiil B [89]. meto mosicHuM Ha mpuMepe
byHKIIMY OOHOU MepeMeHHOMN.

ycts f: @ — R menpepsiBHag ¢yHkuwms, a f,.(x) — ee ecTecTBeHHOE
MHTePBaJIbHOe paciimpenne. Pa3obkbeM @ Ha p MHTEPBAJIOB PABHOW JIJTUHBI

a= Q ai, wid(a:) = wid(a)/p.

P
Torma unrepsasn b = U f,.(a;) mo-npexuemy 6yneT comepxkarh 00benn-
=1

HeHHOe pacuiupenne f, (@), Ho, Kak IPaBWiIoO, OyAeT UMETH MEHBIIYIO IIIN-
puny, uem f,.(a;):

fun(a) CbC f,(a). (2.7)
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Bosnee Toro, mpu p — oo

wid(b) — wid(f,,(a)) = O(1/p). (2.8)

B mpunmume >ToT mpmeM MOXKHO paclpoCTPaHWThL M Ha OOJIBIINE pas-
MepPHOCTH, B TOM YHUCJIe OCTAHYTCS CIIpaBelJINBEIMU CBolicTBa (2.7) u (2.8).
Ho mns n mepemeHHBIX BeKTOp (@, ...,Q,) OYIET MOAPA3NENIATHCI yXKe Ha
p" paBHBIX JacTell. [losToMy Ipy IpaKTUYeCKNX BHYUCIEHUIX 3TOT IIPHeM
ICIIOJIB3Y€TCA TOJBKO IJI1 HeOOJIBIINX Pa3sMePHOCTENA.

Ecnmu m3BecTHBI MHTepBaJIbHEIE PACIINPEHNS MEPBLIX ITPOM3BOMHEBIX, TO
MO2KHO IIOCTPOUTH MHTEPBaJIbHEIE PACIINPEHNI CJIEAYIOIIIM 06pa3oM.

IIycts, nanpumep, f: R — R HenpepwiBHO muddepeHimpyeMas QyHK-
g Ha @ € R" u g, — uHTepBajbHBIE PACIIUPEHNS IIEPBBIX MIPOM3BOMHBIX
g; = 0f/0z;. llyctb ¢ = med(x), rme x € R™. Torma nms Bcex « € @

f@) = 1)+ X (O <), Eca

Samenas IIPOU3BOAHBIC UX MHTEPBaJIBHBIMUW PaCIIUpPEeHUAMMU, ITIOJIYUYUM CO-
OoTHOIIIeHNUE

F(x) C f(c) + 2 g;(z)(; - ¢),

j
ero nmpasasd 4acTh ollpenesigseT NHTEPBAJIbHYIO QYHKIIUIO

Fro(@) = F(0) + Y g5(2) (25 — ),

i=1

KOoTOpas 06BIUHO HaskIBaeTCs mu-popmont (mean value form [90]). Crpasen-
JIUB CIleqyfommil pe3ynsratT [75].

Teopema 14. Ilycmb npouseodnvie g; dag 6cex j = 1,...,n ydoeaemeo-
paiom yeaosuto Jlunwuya na a, v npu wid(z) — 0

wid(g;(z) — wid(g; ,,(2)) = O(wid(x)) Vi=1,..,n m VxCa. (2.9)

Tozda
wid(f,,, () — wid(f,.(x)) = O(wid*(z)) Vz C a. (2.10)

Ecau emecmo (29) cnpasedausa 6oaee 2pybad oyenkra
wid(g;(x)) <c Vj=1,..,n, VaCa, (2.11)
mo 6Mecmo (2.10) 8bINOAHIEMCI COOMHOULEHUE

wid(f,,,(z) — wid(f,,(z)) = O(wid(z)) Va C a.0
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Takum obpazoM, nMmes WHTepPBaIIbHBIE PACITUPEHUS TTPOU3BOMHBIX, MOKHO
MoJIydaTh mu-popMy PyHKIMU, objianalionieil 60bIllell acCUMITOTUYECKOM
TOUYHOCTHIO, UeEM UCXOOHBIE PAaCIIMPEeHNS TPOU3BOMNHBIX.

Huxe MBI paccMoTpUM MOIXO, TO3BOJISIOIINN CTPOUTH GJIM3KNME K ONTH-
MaJIbHBIM MHTePBaJIbHBIE PacCIIUpeHus OJid HeKOTOPBIX KJacCOB (PYHKIINU.

2.4. NHTepBalIbHbIE paCIIUpPEHUs IIOJIMHOMOB MHOI'MX
nepeMeHHbIX

B sTom pasznene n3oxkeH ajJropuTM HaX0XKIeHUS WHTEPBAILHBIX PaCIIIn-
PEHUl MOJIMHOMOB MHOTHX TE€PeMEHHBIX, IPUBENeHHBIN B pabdoTe [33].

Hycts f(z), © € R* — BemmecTBeHHas pannoHaiabHas QyHKIms. s Hee
MHTepBaJIbHOE pacIIUpeHre MOXKHO MOJIyUUTh €CTeCTBEHHBIM IIyTeM, €CJId
3aMeHUTH IlepeMeHHbIe T; U apudMeTUUecKue ollepalluyl — NHTePBaJIbHbIMU
repeMeHHEIMU U onepanusMu. [lomydenHoe Takum o6pa3oM MHTEpPBAIILHOE
paciipenne 6yneT MOHOTOHHBIM IO BKJIIOUEHUIO.

PaccmoTpum MeTon HaxoXmeHUS MHTEPBAJILHBIX PACIITUPEHNN M1 QYyHK-

AN BUIA
2

flz) = X ayziz;,

ij=0
roe vp = 1l u a;; € a;j, ¢; € x;. Hanee oboznaunm & = (x1, T2, ..., ;). Heob-
XOIMMOCTb HaXOXJIeHNS ONTUMAJIbLHEIX PACIINPEHNIA IJIS TOJIMHOMUAILHEIX
(YHKIMIT BO3HUKAET B Pa3JIMYHBEIX NIPWIOXKEHUIX, HAIIPUMepD, IIPU PelIeHun
CHCTeM HeJIMHEHLIX yPaBHEHUI MeTOIOM IIPOCTOM WTepaluy, IPu HaXoX-
NEeHNN IBYCTOPOHHUX pellleHmil nuddepeHnnaabHEIX YPaBHEHU C IPaBhI-
MU 4YacTaIMM, MMeIOIIMYI yKa3aHHEIL Buj. Hambosee gacTo Takue 3afadm
BCTPEUYAIOTCI B XUMWYECKON KUHETHUKeE.
3amMeTHM, 4TO MOCTPOEHNE NHTEPBaJIbHOro pacimupennd f MoxHO cBecTn
K HaXOXJeHUIO ming f, maxy f U NpeiacTaBieHn

f = [min f, max f).

HafII[eM maXqge f OcHoBHasg naoed MeTona 3aKJ/JIIo4acTCAd B TOM, YTOOBI IIOIIKI-
TaThCI HAUTH IepeMeHHbIC T;, OJId KOTOPHIX

0 ¢ 8, f(x). (2.12)

Torma, B 3aBucuMocTu oT 3Haka Oy, f(x), 3HaueHne maxg f GymeT mocTwu-
raThbCsa IS TPAHWYHBIX 3HAUYeHUN ;. B cuiry mpuBeneHHON BEITIIE TE€OPEMET
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13, ecTeCTBEHHOE MHTEPBAJIBHOE PACIINpeHNe I f OyaeT CoBIagaTh ¢ 06b-
eIITHEHHBIM.

Hycts Z: {i|wid(x;) # 0} — MHOXKeCTBO MHIEKCOB, TAKWUX, 4TO { € T =
wid(x;) # 0. Hukmuaro npoBepsieM mepemenHble &;,¢ € Z. s Tex mepe-
MEHHEBIX &;, 10 KOTOPBIM yAaJIOCh YCTaHOBUTH ycioBus (2.12), mpousBoqum
3aMeHy &; Ha &; WIN T; B COOTBETCTBIUM CO 3HAKOM O, f (@) u nckimoyaem ux
nnanekc u3 Z. luki npomoskaeTcs 1o Tex mop, moka yciosue (2.12) Boimos-
HSIEeTCS XOTS 6Bl ONUH pa3 Ha MHOXeCTBe 7 UM UIOeT CyXKeHHe WHTEePBAJIOB.
TeM caMbIM MBI OKOHUATeIBHO popmupyem x* C .

BeiGepem mepemeHHbIe &;, TI0 KOTOPHIM BBITTOJIHEHEL ABA YCIIOBUS:

a) f He comepXKuT KBagpaT NAHHOW IE€PEeMEHHON;

6) T — UMeeT HEHYJIEBYIO IINPIHY.

[Ipeo6pasyem dpynkumio f. IIpu mepemeHHOI TakKoro BHAa MOXHO IpPU-
BECTH TOMOGHBIE WIEHBI TaK, YTOOBI OHA BCTpevasach He 6oJiee OIHOTO pasa
I TOJIBKO B IlepBoil cTeneHu. Torma oHa He GymeT naBaTh BKjala B OIInG-
Ky NIpU BEIUNCJIEHUN NHTEPBAIBLHOTO PACIINPEHNS Ha nHTepBaje ¢*. Moxer
0Ka3aThCS, UTO IPU BCEX BBIAEJIEHHBIX TaKUM 00pa30M IePEMEHHBIX OIHO-
BPEMEHHO NIPUBECTH MONOOHEIE UJIEHBI He yaaeTcs. Torma mpuBoanM momos-
Hble YJIeHBl NIPU TeX IePeMEeHHBIX, IPU KOTOPBHIX 3TO BO3MOXKHO CHeNaTh
O/IHOBPEMEHHO, I I0JTyuaeM GYHKIMIO f.

Tlastee BHIMUCIINM [ — OLEHKY MakcuMyMa QYHKIMA f Ha z*. DTy oleHKY
yI06HO CIeIaTh C MOMOIIbI0 MeTona Bomkosa [20], Tak Kak B HEM HCIIOJB3Y-
I0TCS OLIEHKU C ITOMOIIBIO TTapaboJl o KaxkIoii mepeMeHHoll. B Harem cirydae
mapabosIbl TOYHO OTpaXalT HoBeleHne GyHKumu. B Merome mcrmosbsyert-
cst MHGOPMAINS O BTOPBIX [IPOM3BOAHBIX, KOTOPHIE IS PACCMaTpPUBaeMOIl
¢yuKunu f ABIAIOTCS GUKCHPOBAHHBIMI NHTEPBAIIAMIE.

3aaauMCs TOUHOCTHIO £, HAXOXKICHUS MakcuMyMa (yHkman f. lycTs
fo — sHauenne pynxumy f B cepenuue uHTepBana . Ecm

|f0_f|<87

TO CUeT OKOHUeH. B mMpOoTWBHOM ciiydae MBI MOXKEM BOCITOJIB30BATHCS aJl-
TOPUTMOM [iejleHus O6oJibIllell CTOPOHBI MHTepBaJia MomoJiaM W HeOOoJIh-
IO ero MoJiepHU3allneli: nejieHre Ha TPU YacTU, T.e. IpelicTaBlieHue T* =
x1 U xo U xg. Hajlee masg KaXIoro x; MPOAeTBIBAEM ONMUCAHHBIE BHITIIE TIPO-
LeNypHl U ompenesisgeM, B KAKOM &; HAXOIUTCSI TOYKa MaKcuMyMa (QyHKIINN.
AnropuT™m 3aKaHUYMBAET CBOIO PabOTy B OMHOM W3 CIIEAYIOIIUX CITyYaeB:

1) mHOXKecTBO Z TyCTO;
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2) muprHa 60JIBIIel TPAHN T MeHBbIIe £ —

I?Eaixwid(a:f) < e.
3) f comepXUT Kaxkmyto MepeMeHHYIO T;,i € 7 TOJHKO ONUH pa3 M TOIHKO B
TepBOU CTEIEeHN.

PaccMoTpum HECKOSTBKO TIPUMEPOB.

IIpumep 2. IlycTs nana dpysxums f = 2z — 2zy + y + 2. Tpebyercs
HallTU ee MHTePBaJIbHOE pacimpenne Ha nuaTepBasie € = [0, 1] x [0, 1]. Haii-
IIeM eCTeCTBeHHble MHTEePBaJIbHbIe pacuimpenus npousBomubix f, = [0, 6],
fy, = [-1,1]. Takum obpasom, nJis TepeMeHHOW T Ha WHTepBajle T eCcTh
MoHoToHHOCTD. CrnenoBatensho, z° = 1 X [0,1]. Beraucias f,, momywaem
f@’/ = —1. HoBeiii muTepBa z* = 1 X 0 uMeeT HyJeByIO HIIMPUHY, TOYKA
(1,0) — Touka makcumyMma QyHKIUM f. AHAJIOTUYIHO HAXOAWTCS TOYKA M-
HumyMa. Takum o6pasom, f(x) = [0,4].

IIpumep 3. Ilycts mana yukmus [ = 2zy + 22 + 22 — 2z + 2z. Tpe-

6yeTcs HAlTU ee WHTEPBAJbHOE paclIUpeHune Ha uHTepBasie € = [—1,1] X
[0,1] x [0,1]. Kak u B mpumepe 2, HAXONUM WHTEPBAJBHBIE PACIIUPEHUS
94acTHBIX mpousBomHbx f, = [—2,1], f; = [-2,2], f. = [1,5]. Torma
x* = [-1,1] x [0,1] x 1. IIoropuo Berumcnsem f, = [—-1,1], f, = [-2,2].

CyxXeHue MHTEPBAJIOB JaJIbIle He IIPOUCXOINT.

[lepeMeHHasg T yHOBIETBOPAET YCJIOBUAM aJICOPUTMA: HE CONEPKUT KBaI-
patau wid(x*) = 2. lIpuBonum momo6usIe wienst mo . [lonydyaem pyHKIMIO
f =22y +2—2)+ 2%+ 22, ecTecTBeHHOe UHTEPBaJIbHOE PACIIUPEHMe TOl
dyukimu Ha uaTepBasie ¥ = [—1,1] x [0, 1] X 1 coBnagaet ¢ 06beMUHEHHBIM,
IIOCKOJIBKY BCEe MHTepPBaJILHEIE II€PEMEHHEBIE BCTPEYaloTCI TOJILKO ONUH Pas
U TOJIBKO B IIEPBOIl CTeleHN (2 He MHTePBaJIbHAS [IePeMEHHAs ).

BaMeTuM, 4TO aJrOPUTM IIOCTPOEHNSI NHTEPBAJILHOIO PACIINPEHNI MOXK-
HO paclpOCTPaHUTL U Ha 6oJiee obIMe CIIydan ITOJIMHOMOB CTEIIEHU 77 OT
n nepeMeHHBIX. [[oKaxkeM KakK 5TO MOXKHO CHEJIATh Ha IIpUMepPe IIOJMHOMA,
TPeThell CTEIeHN OT TPeX IepeMEHHBIX

3
flz) = > aijpzizjey.
i,§. k=0
B n.1 anropurma o6bequHEeHHOEe MHTEPBAJILHOE PACIINPEeHNe yXkKe He OymeT
COBIIAJaTh C UX €CTEeCTBEHHEIM MHTEePBAJBHEIM paclIupeHneM. BciencTaue
5TOro HaJIM4lie MOHOTOHHOCTH 10 HEKOTOPEIM IIepeMeHHEIM MOXKeT OKa3aTh-
c HeBEHIABJEHHBIM. /)19 yTOYHeHNS 3Ha4YeHWII IPOM3BONHEIX 3aMeTHUM, 9TO
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OHU — TIOJIMHOMBI BTOPOW CTeleHU U HeoOXOOUMO yCTaHOBUTE JINOO OTpU-
11aTeJBbHOCTH 3HaUeHN MaKCUMyMa YaCTHOU IIPON3BOIHON Ha MHTepBaJe &,
6O TOJIOKUTETBHOCTh 3HAUeHUs ee MUHUMYMa Ha WHTepBaje X. CTaBs
3aady TaKuM obpa3oM, MBI CBOIUM ee K yXKe YIOMSIHYTOMY cjydar — Ha-
XOXKJOEeHUIO NHTEPBAJIBHOTO PAaCIINPEHUs NJIS MOJINHOMOB BTOPOU CTEIleHN.
Takum obpazom, MOXKHO PEKYPCUBHO TIOHNKATH CTEIEHD TTOJIMHOMOB U TO-
OUBATHCA 3HAUUTEJILHOTO CyXKeHUs IINPUHBI MHTEPBAIBHBIX PAaCHIUPEHUN.
OnucaHHBIN BHIIIIE TTONXOA MOXHO PACIpPOCTPAHUTh Ha CIIyYall Mpom3-
BOJIBHBIX BeIleCTBEHHBIX QYHKINUN, IJII KOTOPBIX U3BECTHHI NHTEPBaJIbLHEIE
pacumpenus g;. lIpeamonoxuM, 4To U3BeCTHH UHIEKCH ¢, IPU KOTOPHIX

0 ¢ gi(x). (2.13)

OTo O3Ha4daeT, 4TO IIO 3TUM II€epEMCHHBIM (I)YHKHI/DI MOHOTOHHa M1, CJIEOO-
BaTe€JIbHO, HUXKHAA 1N BEPXHIA I'PaHUIIbI (I)YHKHI/II/I JOCTUTaIOTCA IIPpU I'pa-
HUYHBIX 3HAaQUCHMUAX HNHTEpPBaJia. I/ICXOIUI n3 5TOro MBI MOXKEM IIOJIOZKHNTH

[(@) = [(z1), [(®) = [(22), e

z;, ecau g; > 0;
Z1; =1 Z;, ecan g < 0;
x;, eciim g; 3 0,

T;, ecaun g; < 0;
Zoi = L;, ecmu g; > 0;
x;, eciim g; 3 0.

TaxuM o6pazoM, BEUNCIIEHNE KaXKIOU U3 TPaHNUI NHTEPBAJILHOrO PacIlIipe-
HISA CBOOUTCS K BEIYNCIJIEHIIO NHTEPBAJILHEIX PACIIMPEHNI TOM XKe (hyHKIINN,
HO IIpu 6oJiee Y3KMX 3HAYEHUAX MHTepBaJbHOro apryMmenTa. [ajlee X Kax-
IOMY TaKOMy BBEIUKCJICHWIO MHTEPBAJILHOIO PACIIMPEHNS MBI MOXEM BHOBb
IPUMEHNTH ONHY W3 ME€PEYNCIICHHBIX BEIIIE IIPOLELyP.

IIpumep 4. PaccmoTpuM cienyomnnyro GpyHKINIO TpeX IepeMeHHEIX, 3a-
naunyio Ha [0,1]°, a = b= c = 0.5:

(@1, 2, ®3) = axi@exs + 2@ 29 + 2bxox3 4+ cx1 — (1 — b)) — bus.
HecmoxHo nmogcunTaTh, 4TO
81f(4]31, o, :12‘3) = [C, 24+a+ C] > O,

(92f(331,332,333) = [—1 — b, 1+a+ b] 5 0,
83f(331,332,333) = [—b,a + b] 3 0.
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ockombky f(x1,®s,T3) MOHOTOHHO BO3PACTAET MO X1, TO IJIS HAXOXKIEHIS
f MBI MOXeM IMOJIOKMTh o7 = Z; = 1. OTHOCUTeNbHO HMoBeleHns byHKINN
II0 BTOPOMY U TpeTheMy apryMeHTaM MBI HUYEro OIpelleJIeHHOTrO CKa3aTh
He MoxXeM. B sToM ciryuae

(92.](‘(51,)(2,)(3) = [1 — b, 1+a+ b] > 0,
O3f(T1,X2,X3) = [~b,a+ 1] 5 0.
Hasee mpu 1 = Ty = 1 B CIIIy TOJIOXKUTEILHOCTI YaCTHON IIPOM3BOIHON 10

BTOpOMY apryMmeHTy f(&1, 2, 3) BO3PACTAET IO L2, CIIENOBATEIIHHO, MOXKHO
TIOJIOXKUTE Lo = To = 1. Ilpn dukcupoBaHHBIX 3HAUEHUIAX 1 = 1,9 = 1

O3 f(Z1,%2,X3) =a+b> 0.

Taxum O6p&30M, HaM yIOaJIOCh ITOCJIEAOBATEJIBHO IIOCTPOUTH BEPXHIOKO I'Pa-
HHUIY MHTEPBAJBHOT'O PaCIIUPEHUA B BUIE

f(X17X27X3) - f(flafbf?))'

AHaslornuHo MOXKHO IIOCTPOUTHE N1 HNZKHIOIO I'PaHULLY

f(X1,X2,X3) = f(Elaﬁzala)-

Hecmoxno BHIOETH, YTO ITIOCTPOCHHOEC NHTECPBAJIBHOEC PaCIIIPpEHMUE COBIIagacT
C O6'beI[I/IHeHHBIM MHTEPBAJIbHBIM PaCHINPEHUEM.

2.5. MeToabl MUHNMMB3ANNN PYyHKITUNA

MeTon 30J10TOro ceyeHud

[Iycts Q — HekoTOpOe MHOXKecTBO U3 R, f(x) — dyHKuUms, onpeneseH-
Hasg Ha () U TIpUHUMAIOIas BO BCeX ToukaX () KoHeuHBIe 3HadeHUs. bynem
paccMaTpuBaTh 3amady MuHHMuU3aimu ¢ynkunu f(z) Ha .

Omnpenenenne 1. Touxy x, € Q nasvisarom Mmoukol MURUMYMa GYHK-
yuu na Q, ecau f(z,) < f(z),Ve € Q; seauuwuny f(x,) nasviearom nau-
menvwium 3nauenuen f(x) na Q. Muoscecmeo ecex mouex MUHUMYME Ha
Q 6ydem obosnauamv X,.

Ounpenesntenne 2. Oynrxyuo f(x) nazosem ynumodaavnol na ompesxe
[a,b], ecau ona nenpepwisna na [a,b], u cywecmeyiom wucaa o, B, a < a <
B < b maxue, wumo 1) f(z) cmpozo monomonno ybvieaem npu a < x < o
(ecau a < a); 2) f(x) cmpozo monomonno eospacmaem npu < & < b

(ecau B < b), 3) f(x) =infocpp f(2) npua <z < B,
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Coyuam, Korjia onuH WU IBa U3 OTPE3KOB [a, al, [a, B], [, b] BEIpoxma-
I0TCS B TOUKY, 3[1eCh He UCKIIIOYAIOTCA. B acTHOCTH, eciim o = (3, 1o f(2)
Ha30BEM CTPOTO YHUMOIAJILHON Ha oTpesKe [a, b].

IIpumep 5. Pyukmua f(x) = |z|+ |r — 1| — 1 yHuMonanbHa Ha TI060M
oTpeske [a,b]; dbyrkumns sin’(7/z) cTporo yHmMomansHa Ha [2/3,2], Ho He
6ymeT yHuUMomaabHON Ha [1/2,2].

[lepeiineM X ommcaHuio MeTOHa MUHUMU3AIUN YHUMOMAIBLHON (yHKIIN
Ha OTPe3Ke.

Kax m3BecTHO, 30JI0THIM CedeHHeM OTPe3Ka Ha3hIBaeTCA AeJIeHNe OTPes-
Ka Ha [Be HepaBHBIE YaCTHU TaK, 4TOOLI OTHOIIECHUE MJIMHBI BCETO OTPE3-
Ka K [JIMHE GOJIbIlell 4acTU paBHJIOCH OTHOIIEHWIO AJIMHEL GOJIbIIEN dac-
TU K OJIMHe MeHbIell JacTu oTpeska. HeTpymHo mpoBepuTh, YTO 30JI0-
TOe CcedyeHHUe OTpe3Ka |a,b] mpomsBommTcs OByMs Toukamu 1 = a + (3 —
V5)(b—a)/2 = a +0,381966011...(b— a) m z2 = a + (V5 —1)(b—a)/2 =
a + 0,618033989...(b — a), pacmoIOKEeHHBIMI CUMMETPAYHO OTHOCUTEIHHO
CepeIuHBI OTpe3Ka, mpuueM a < o1 < &9 < b,

(b—a)/(b—21) = (b—z1)/(z1—a) = (b-a)/(zs—a) = (x2—a)/(b—22) =

= (v/5+1)/2 = 1,618033989...

3aMedaTebHO 3[I€Ch TO, YTO TOYKA T{ B CBOIO OYepeldb IIPOM3BOOUT 30-
JIOTOe CedyeHUe OTPe3Ka [a,Ts|, TaK Kak To — 1 < &1 — a = b— xs 1
(x2 —a)/(x1 —a) = (1 — a)/(x2 — @1). AHATIOTUYIHO TOUYKA Ty IPOM3BOAUT
30JI0TO€ ceueHmne oTpe3ka [x1, b]. Onupaschk Ha 5To CBONCTBO 30JI0TOTO Ceve-
HIA, MOXKHO IPEIJIOKNATH CIIEMyIONINil METON MUHIMU3aNKA yHIMOIAJIbHOI
¢yukunu f(x) Ha oTpeske [a,b].

[Monoxum a; = a,b;y = b. Ha oTpeske [ay, bi] BosbMeM ToukM [x71,Xs],
IIPOM3BOMIAIINE 30JI0TOE CeueHue, U BeruuciauM 3Hadenus f(x1), f(x2). Ha-
nee, ecmn f(z1) < f(xg), To mpumeM as = a1, by = g, Ty = x1; ecinm
xe f(z1) > f(x2), TO ay = @1, by = by, Ty = x9. Tak xak Qyukuus f(z)
yHUMOIAbHA Ha [a,b], TO OTPe3oK [as,by] MMeeT xoTs GBI OmMHY OOIIYIO
TOUYKY CO MHOXeCTBOM X,, Touek muHuMyMa f(z) Ha [a,b]. Kpome Toro,
by — as = (v/5 —1)(b — a)/2, n BecbMa BaXHO TO, YTO BHYTPH |as, by] co-
IEPKUTCS TOUKA Ty C BEIUUCIIEHHBIM 3HadeHueM f(T2) = min{ f(z1); f(z2)},
KOTOpas MTPOM3BOAUT 30JI0TOE CeUeHUe OTpesKa [aq, bsl.

IIycTts yXe omIpemeseHBl TOYKU T1,T9,...,Tn_1, BEIYUCJIECHB 3HAYECHN
f(z1), f(x2),....f(xn_1), HAlImEH OTPE3OK [ap_1, by—1] TAKOM, ITO [an_1, bp_1]N
X, # 0, n usBecTHa TOYKa T,_1, IPOM3BOIAINAL 30JI0TOE CEYEHME OTPE3Ka



48 I'masa 2

[an—1,bn—1] m Takas, yro f(T,_1) = minj<,—1 f(2;),n > 2. Torma B xa-
YecTBe CIIEAYIOIIeNl TOYKU BO3bMEM TOYKY T, = @,_1 + b,_1 — Tp_1, TaK-
XKe TPOU3BOJISIIYIO 30JI0TOE CeUeHre OTPe3Ka [a,_1, b, 1], BEIYUCIUM 3HaUE-
uue f(x,). llycts mis ompeneneHHOCTH Ap—1 < T < Tp1 < by (corywain
Tp—1 < T, paccMaTpuBaeTcs aHagorngso). Eciu f(x,) < f(T,-1), To mona-
raeM a, = a,_1, b, = Tp_1, T = Ty, ecim ke f(x,) > f(Tp_1), TO @y, = Ty,
b, = by_1, Ty, = Tp,_1, HoBBIll 0OTpesoK [a,, b,] Takos, uTo [a,,b,] N X, # 0,
b, —a, = ((\/3 —1)/2)""}(b — a), Touka T, NPOM3BOAUT 30JI0TOE CeUueHUe
[am bn] n f(fn) = minlgign f(wz)

Ecnu uncro Berauciennii 3uadenuii f(x) 3apaHee He OrpaHIYEHO, TO O~
CaHHBII IIPOIIECC MOXKHO IIPONOJIXKATh, HAIIpUMEP, A0 TeX Iop, IIOKa He BEI-
IIOJIHUTCA HEepaBeHCTBO b, — a, < &, Tle € — 3ajJaHHaid TOYHOCTL. Ecim
XKe UICIIO BEIYUCIIEHNN 3HadeHNi GyHKImu f(x) 3apaHee XKeCTKO 3alaHO U
paBHO 71, TO IIPOIECC Ha 5TOM 3aKaHYNBAETC.

O6cyauM BO3MOXKHOCTHU YMCJIEHHON peajinm3allill MeToa 30JI0TOr0 cede-
aust Ha DBM. BameTum, uro uncio /5 va DBM nenzbexno 6ymeT 3aqaBaTh-
c IpUOIMKEHHO, II03TOMY IlepBad TOJKa &1 OyIeT HalllleHa ¢ HEKOTOPOIl Io-
IPEIIHOCTHI0. DTa MOrPENIHOCTh C BO3pacTaHUeM 7. PacTeT OYeHb GLICTPO
[12]. ITosToMy mcmonb30BaHMe HATPABIIEHHBIX OKPYTJIEHUN TIPU BHIYNCIICHUN
[an, b,] GymeT rapaHTUPOBATDH BBIMIOJIHEHNE YCIIOBUS [y, b,] N X, # (.

NmeeTca mocTaTodHo mpocTasd MogudUKaIus MeTONa 30J0TOr0 CEeUeHN,
II03BOJIAIONIAd N36€XKaTh CIUIIKOM OBICTPOrO BO3PACTaHUS IOrPELIHOCTEN
IpU OIpeeSieHUN TOYEK T, & UMEHHO Ha KaXkJIOM OTpeske [a,,b,] mpu BHI-
6ope cienymoleil TOYKN T, HyKHO OCTePeraThCs MOJb30BaThCA (hOPMYJION
Typy1 = @y + b, — T, M BMeCTO 5TOro JIydllle HEIIOCPEACTBEHHO MIPOU3BECTH
30JI0TO€ CEYEHME OTPE3KA [ay, by].

MeTon j1oMaHBIX

OnucaHHBIe BBIIIE METOIBI YACTO MPUXOINTCS IPUMEHITEH 6€3 alpUOpHO-
0 3HaHUS O TOM, UYTO MUHUMU3UPpYyeMas QyHKIUS IBJISeTCAS yHUMOOAJIbHON.
OnHako B 9TOM cCJIy4yae MOTPEINTHOCTHU B ONpeAesieHN MUHUMAJILHOTO 3Ha-
YeHUSI U TOUYeK MUHUMYMa QYHKINU MOTYT OBITH 3HaunTeTbHBIMU. Harpu-
Mep, IpUMeHeHNe 3TUX MeTONOB K MUHAMM3ALNN HelIpePhIBHBIX Ha OTpPe3Ke
dYHKIIUN TpuBeneT, BOOOIIle TOBOPS, JINIIIL B OKPECTHOCTEH TOYKU JIOKAJIBHO-
ro MAHUMYyMa, B KOTOPON 3HadYeHUe PYHKIIUU MOXKeT O4eHb OTJINYaThCI OT
MCKOMOT'0 MUHUMAJIBHOTO 3HaueHUs Ha oTpesKe. [losToMy mpencTaBiseTcs
BaXHBIM pa3paboTKa MeTOIOB IONCKa TJI00aIbHOTO MUHUMYMAa, MO3BOJIAIO-
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MIUX CTPOUTH MUHAMU3UPYIOIIUE IIOCIeN0BATEeJIbHOCTHI U MOJIyYUTh FapaH-
TUPOBaHHBIE pelleHNUs 3allad MUHUMU3AUUU I QYHKIUN, He 00s53aTeJIbHO
YHUAMOJIaJIbHBIX.

3Hech MBI PaCCMOTPUM OJIMH W3 TAaKWX METONOB IJIS Kilacca QYHKIIUMN,
YIIOBIIETBOPATOIUX ycJioBuio Jlumimita Ha oTpeske. Hamomanm

Onpenenenue 3. I'osopam, umo gynkyug f(z) ydosremeopgem ycao-
suro Jlunwuya na ompesre [a,b], ecau cywecmeyem nocmognnag L > 0
maxad, Ymo

f(@) = f(y) € L(z —y), =,y € [a,b]. (2.14)
HocTostauyto L HaspBator KoHcTanTon Jlunmmua ¢pyskumm f(z) Ha [a, b].
Ycnoue (2.14) uMeeT MPOCTOR reOMeTPUUECKUI CMBICII: OHO O3HAYAET,
YTO YrioBol KosduimeHT (TaHMeHC yrila HAKJIOHA) XOPIBI, COEMUHSIIOLIEN
nse Touku (x, f(z)), (v, f(y)) rpaduka ¢yukunu, conepxurcs B L mis Bcex
Touek ,y, € [a,b]. U3 (2.14) crenyer, uro ¢pyukims f(z) HenpepLIBHA Ha
oTpeske [a,b], Tak uro [12] MHOXecTBO X, Touek MunumyMma f(x) Ha [a,b]
HerycTo [12].

Teopema 15. IIycmo gynkyug f(x) nenpepviena na ompesre [a,b] u na
Kaxcdom, ompesre a; = [a;,a;11], [a,b] = U;a;, ydosaemeopgem ycaosuio
(2.14) ¢ xonemawmoi L;. Tozda f(x) ydoesemeopsem ycaosuio (2.14) na
scem ompesxre ¢ koncmanumoil L = U;L;.

Teopema 16. IIycmv ¢ynryugs f(x) Juddepenyupyema wa ompesxe
[a,b] u ee npouseodnag f'(x) na amom ompesre oepanuuena. Toeda f(x)
ydosaemsopgem ycaoeuio (2.14) ¢ konemawmoti L = f'([a, b]).

ycte dyukuus f(x) ymoBmeTBopser yciosuio (2.14) Ha orpeske [a,b].
BadukcupyeM Kakywo-aubo TOUKy v € [a,b] u onpemesnium GyHKIIIO

[ f) + Lz —v, € a,v],

OueBupnno, gyukuus [(z,v) KycodHo-JINHENHA Ha [a,b], n rpadpuk ee —
JIoMaHasd JIMHUA, COCTABJIEHHAA M3 OTPE3KOB OBYX IPIMBIX, MMEIOIINX yT-
noBeie Kosbdurmentsl L u L u nepecekatoruxcs B Touke (v, f(v)). Kpome
TOrO, B CIity ycyoBus (2.14)

f(z) > l(z,v),Vz € [a,b]. (2.15)
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Ot1o 3HaunT, 9YTO rpaduk GyHkuun f(x) JeXKUT BEIIIE JoMaHOM [(z,v) mpu
BCex Uz € [a,b] m uMeer c Heir obmiyo Touky (v, f(v)).

CsoiictBo (2.15) somanoit [(x,v) MOXKHO HCIIOIIB30BATH IS MOCTPOE-
HUSA CJIEAYIOIIEro MeTona, KOTOPEI Ha30BEM METOIOM JIOMAHBIX. JTOT Me-
TONl HAUMHAETCA C BBIOOpa MPOM3BOJIBHON TOUKM Ty € [a,b] m cocTas-
nenns ¢yukumu [o(x,z)) = l(x,z¢). Crenyromas Touka x; OHpemeIeT-
ca um3 ycnoBuil ly(z1) = mingep,plo(z). Hanee Geperca HoBas QyHKIMS
li(xz) = max{l(x,u1),lo(x)} u ouepemHas Touka Ts HAXOOUTCSI U3 YCIIOBUIL
li(z9) = mingep, 7 l1(x), z2 € [a,b] u T.m.

IIycTs Toukm zy,z — 1, ..., @, yxXe n3BecTHBL. Torma cocTaBigeTcd QyHK-
s

l(z) = max{{(z,x,),l,_1} = 62%15[(:13, )

n dileaymoiiaid TOYKa &Ly 1 OIIPEaeJIaAeTCAd yCJIIOBUAMUA

Ln(2py1) = min [, (x), 2,41 € [a,b].
z€la,

Ecnn munnmywm [,(x) Ha [a,b] mocTuraeTcs B HECKOIBKUX TOYKAX, TO B
KadeCTBe T, | MOXKHO B34Th JI00yI0 13 HuX. MeTom JIoMaHBIX OIUCAH.

OueBunno, [,(z) sSBIsSeTCS KyCOUHO-JIMHENHON (YHKIMEN U rpaduk ee
IpeacTaBiigeT coboll HEMPEePHBHYIO JIOMAHYIO JIMHWIO, COCTOAIILYIO M3 OT-
Pe3KOB MPAMBIX C YIJIOBHIMU HakjoHamu L miu L.

TakuMm obpazoMm, Ha KaXKIOM IIare MeTO[a JIOMAHBIX 3afada MUHUIMU-
sauu QyHkumu f(z) 3aMeHseTcs Gojiee MPOCTON 3aMadell MUHUMU3ALNAN
KycouHO-ynHeltHON pyHKuun [, (x), KoTopas npubnmxkaer f(x) cHusy, npu-

YeM T0CIIeNoBaTebHOCTE GyHKuuil {l,(x)} MOHOTOHHO Bo3pacTaer.

Teopema 17. IIycmo f(x) — npoussosvrag Pynkyug, ydoesemeopgio-
wag na ompeake [a,b] yeaosuw (2.14). Toeda nocaedosameavrocms &,
NOAYUEHHAA C TOMOUDIO ONUCAHHO20 MEMOOIA ALOMAHIT, MAKOEA, UMO

1) limy, oo f(2y) = limy o0 ln(T0g1) = fo = infepqp f(2), npuuen cnpa-
6€0AUBA OYEHKA

0 < flan) — fi < flzg) — lu(zn),n=1,2,..; (2.16)
2) {xn} cxodumes ko muoncecmsy X, mouex murnumyma f(z) na [a,bd].

Takum obpaszoMm, ¢ TTOMOMIBIO MeTOMIa JIOMAHBIX MOXKHO TOJIYYUTH peTle-
HIe 3a7lad MUHAMWU3AIUA TTEPBOTO W BTOPOTO TUTOB JId PYHKIIWNA, yIOB-
netBopsomux yciosuo (2.14). IIpocta u ymobHa s mpakxTUIeCKOro uC-
HoJsib30BaHus popmysia (2.16), narrmas oleHKY HEM3BECTHON MOTPELTHOCTH,
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yepes M3BECTHHIE BeJIMUMHEI, BEIUUCIIIEMEIE B IIPOLECCe Pean3allil MeTo-
Ia JIOMaHBIX. DTOT MeTOH He TpebyeT YHUMONAJIbHOCTY MUHUMKI3UAPYEMOI
dbyHKIIUM, 6ojlee Toro, GYHKIMUI MOXKET UMEThH CKOJIBLKO yTOOHO TOYEK JIO-
KaJILHOT'O KCTpeMyMa Ha paccMaTpuBaeMoM oTpeske. Ha xaxmoMm mare me-
TOIa JIOMAHBIX HYKHO MUHAMU3APOBATE KYCOUHO-JIMHENHYIO PYHKIINIO, YTO
MOXKET OBITEH CIEeJIaHO IMPOCTHIM IepeGopoM M3BECTHHIX BEPIINH JIOMAaHOM
l,(z), npudeM 3mech mepeboOp CYIECTBEHHO YNPOIHAeTCs Gyiaromaps TOMY,
yTo jomaHas [,(x) ornmuaercs ot somaHou [, i(x) He Gosee ueM OBYMSI
HOBBIMU BepinmHaMu. K JOCTOMHCTBY MeToHa OTHOCUTCSI M TO, YTO OH CXO-
OUTCA MPU JII060M BEIGOPE HAUYaJILHOU TOUKHU T).

K memocTaTkaMm MeToma JIOMaHEIX CJIEAYEeT OTHECTH TO, YTO C YBEJIMYEHN-
eM 4IcJia IIaroB n pacTeT TpebyeMbill o6beM naMmaTu OBM mia xpanenus
KOOpAWHAT BepIIuH JjioMaHoil [,(z). B ciemyiomem maparpage Gymer pac-
CMOTPEH OPYroll MeTof, II0 CBOell uiee GJIM3KUN K METOHY JIOMaHBIX, HO
IpeNbIBIILIOMMI MeHee XeCcTKue TpeboBaHUA K 0O6beMy IaMATU U GoJiee
ynoOHBIN A1 peanu3ariuy Ha DBM.

MeTon KacaTellbHBIX

Onpenenenue 4. Oynxyug f(x), onpedeaennag na ompesxe [a,b], na-
3b16aEMCT BLINYKAOU HA IMOM OMPE3KE, ECAU

Flou+ (1 - a)) < af(u) + (1 - a)f(v)

npu eécex u,v € [a,b], Va € [0,1].

Hycte dpyskums f(x) Beinykia u quddepeHIrpyeMa Ha oTpeske [a, b,
Takad GYHKIUSA YIOOBJIeTBOpAeT ycyioBuio Jlumiumia m yHUMoOZaJIbHA Ha
[a,b]. HosTomy mis munnmusanun f(x) Ha [a,b] IpUMEHNMEL IOYTH BCE OI-
CaHHBIE BBIIlE METOMBI, B YaCTHOCTH MeTo JioMaHbIX. OMHaKO eciii 3Haue-
Hust yukunu f(x) u ee npousBomHoi f'(z) BEIUUCISMIOTCS JOCTATOYHO MPO-
CTO, TO MOXKHO IIPeJIOKUTE IPYToii, BoobIle roBopd, 6osee 3(hdeK TUBHEIL
BapMaHT MeTola JIOMaHEIX, KOr[la B KadeCTBe 3BEHbEB JIOMAHEIX OepyTcs
OTPEe3KM KaCATEIbHBIX K rpaduky f() B COOTBETCTBYIOIUX TOYKAX.

Badukcupyem Kakywo-aubo TOUKy v € [a,b] u onpemesnium GpyHKIIIO

U(2,v) = f(v) + F () (e = v), @ € [a, ]

Cormacao [12]

l(z,v) < f(z),Vz € [a,b]. (2.17)
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B kayecTBe HauaJIbHOrO MPUOIMIKEHNUS BO3bBMEM JIIOGYIO TOUKY ) € [a,b]
(Hampumep, ) = a), coctaBum ¢Qysrmmo ly(x) = [(x,z¢) um onpemenum
Touky x; € [a,b] u3 ycmoBua ly(z1) = mingep,lo(z) (acHo, uTo mpm
f'(zy) # 0 6ymer o1 = a wm x; = b). [anee, GepeM HOBYIO (PyHKIIIIO
li(z) = max{l(x,z1),l)(x)} u caemyomyo Touky xs € [a,b] Halimem u3
yeaoBus [i(x2) = mingep,pli(z) u T.0. Ecmu roukn xg,z — 1,...,2, yxe
M3BECTHEI, TO COCTAaBJIgeM (DYHKIINIO

l(z) = max{{(z,x,),l,_1} = 6212)5[(:13, )
1 CIJIeAYIONTy 0 TOYKY T 1 ONPENESIUM U3 yCIIOBUI

ln(Tpy1) = xrél[ﬁ] l(z), xpt1 € [a,b].

Ecmu npu xakom-nmu6o n > 0 okaxercs f'(x, +0) > 0, f'(z, —0) <0
(ecim a < x, < b, To sTO paBHOCHIBHO ycyoBuo f'(z,) = 0, To 3amaua
MUHIMU3alUK y2Ke pellleHa W UTepaluy Ha >TOM 3aKaH4UBalOTCH.

Hetpynso Bumets, uto [, () — HempephIBHas KyCOUHO-JINHENHAS (QYHK-
g 1 ee rpaduK IpeacTaBiigeT coboll JIOMaHyIo, COCTOSINYI0 U3 OTPE3KOB
KacaTeJIbHBIX K rpaduky dyHkuuu f(z) B TOUKaxX xg, & — 1, ..., &,. [losToMy
ONMCaHHBIA METOJ €CTeCTBEHHO Ha3BaTh METOIOM KacaTeJIbHEIX.

Teopema 18. IIycmv gynryusg f(z) na ompesre [a,b] svinykaa u dug-
depenyupyema, a nocaedosamesprocms {&,} NOAYUEHA ONUCAHHBIM BbIULE
memodom Kacameavrviz, npuuem x, & X,, n =0,1,... Toeda

1) limy oo f(@n) = iMoo ln(Zny1) = fo = inf e f(2), u cnpasedausa
oYeHKa

0 < flan) — fi < flzg) — lu(zn),n=1,2,..;
2) {x,} cxodumesa ko mmoscecmsy X, mouex munumyma f(x) na [a,b]

uau, mounee, {x,} umeem ne Goaee d6yx npedesbHblT MOUEK, COBNADAOUUT
c z, = inf X, vau T, = sup X,.

MeTon KacaTeabHBIX 00JIaTaeT BCEMU TOCTOMHCTBAMM MeTO/A JIOMAHHIX.
HemocTaTok sToro MeTOMa: OH MPUMEHUM JIUIITb B CITy4ae, KOT/1a MUHUMU-
3upyeMas (yHKIUS BBILYKJIa U 3HaYeHUS PYHKIUU U ee IPOU3BONHBIX BHI-
YUCISIIOTCS TOCTATOYHO IIPOCTO.

MoxXHO TIpemyIoXUThH 60Jiee ymoOHYIO NI UCoib3oBaHus Ha JBM BHI-
YNCINTEJILHYIO CXeMY MeTola KacaTeJIbHBIX, KoTopasd He TpebyeT XpaHeHUS
B MAIIIHHON TaMaTH uHbopManuu 060 Beell ioMaHou [, (). A mMeHHO BO3b-

MeM a1 = a, by = b, Beruucanm f'(a1) = f'(a; + 0), f'(b1) = f'(by — 0). Ecam
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f'(a1) > 0 mwmm f'(by) < 0, To o Teopeme 11.5 [12] a € X, wm b € X, —
sanada pemreHa. [lostomy nycts f'(a1) < 0, f'(b1) > 0, To cormacuo Teope-
me 11.6 [12] osnauvaer X, C [a,b]. HycTs orpesok [a,_1,b, 1], n < 2, yxe
noctpoeH, nmpuueM f'(a,_1) < 0, f'(b,—1) > 0, X, C [an_1,b,_1]. Ob03HAUNM
Yyepes &, TOUKY HepecedeHns KacaTesbHbIX (2, a,_1), {(z,b,_1)

dcwo, uro a,_; < x, < b,_1. Berancnum f'(x,,). Ecom f'(z,) = 0, To
3a/jada pelleHa, UTepaluy Ha 5ToM 3akaHumBatorca. Ecim f'(z,) # 0, To
TI0JI0KIIM

Apn—1 lffl(wn) > 07
z, iff'(x,) <0,

z, iff'(z,) >0,

A if f'(z,) < 0.

ap, = (2.18)
[o moctpoenuo f'(a,) < 0, f'(b,) > 0, m X, C [an,b,]. UanykTuBHOE
ommcaHne MeTo[a 3aKoH4eHo. /13 reoMeTpHYeCKMX IOCTPOECHUI HETPYIHO
yCMOTPETH, YTO 5TOT METOJ COBIaJaeT C ONMCAHHBIM BEIIIE METOMOM Ka-
caTeJIbHEIX, B KOTOPOM 3a HadaJIbHYIO TOYKy bepeTci Ty = a. B To xe
BpeMs IpUBeJeHHas cXxeMa MeToa boJjlee MpocTa 1 yaoOHa IJIS peaii3aliin
Ha OBM; Ha KaXmoM IIare MeTofa 30eCh JOCTATOYHO XPaHUTh B HMaMATH
OBM Benuuuntr a,,, by, f(a,), f(bs), f'(an), f'(b,). Herpynno Bemucars sB-
HOe BBIpaXKeHUe [T TOYKU L, 1, OIPeRessieMont yciosueM l(x, a,) = I(x, by,)

IlepecevyeHns. KacaTeJIbHBIX B TOUKaX d,, b, npu f'(a,) < 0, f'(b,) > O:

(@) = £(b) +buf () — auf(an)
F'(bn) = F'(an) ’

[Mockombky ToMaHast M3 OTPE3KOB KacaTeIbHBIX alllIPOKCUMUPYyeT GYHK-

n>1. (2.19)

OouIo Jiydmlie, 4eM JIOMaHBbI€, TO CJIENAYET OXHNIOaTh, 4YHTO METOI KaCaTeJIbHBIX
OJIA BBITTYKJIBIX (I)YHKHI/Iﬁ CXoonTcCd 6BICTpee MeTOna JIOMaHBIX.

O1eHKa MUHAMYMAa CTPOTO BBLINYKJION (PYHKITAU

PaccmoTpum ajiropuT™M OIleHKM MUHMMAJIBHOTO 3HA4YeHUS MHOTOMEPHON
BBITTYKJION ¢yHKIUU. B HeM cHaudajia CTPOSIT N-MEPHBIN MPIMOYTOJILHUK,
collepXKaIluil TOYKY MUHUMYMAa, a 3aTeM HPU KCHOITB30BAHUM OIEHOK IIPO-
M3BOIHBIX HAXOMAT TapaHTUPOBAHHYIO OIIEHKY MUHUMAJIbHOTO 3HAUYeHUS.

[Iycts U — BRIMyKJIasg orpaHnyeHHas obmacth B R",n > 1, f — cTpo-
ro BBITyKJ1as, HelpephIiBHO nuddepennupyemas pyukiusg va U. [Ipenmosio-
JKUM, YTO U3BECTHHI KOHCTAHTHI L;, yIOBIEeTBOPAIOIINE HEPABEHCTBAM

of

9%, <L; on U, i=1,2,..,n. (2.20)
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O6o3HaunM 4vepes * TOYKYy MUHUMYMa, T. €.

f(z") = min f(z).

zelU

L— TOYKa, oauskad K r* u IoJIYUYCHHAaA KaK1M-JI100 13 MeTOoOOB

IIycTts @
MUHAMUI3aIuN QYHKIMA (M., HanmpuMep, [12]).

BospmeMm ¢ > 0 u mocTaBuM I1eJIbIO IOCTPOEHKE IMIPIMOYTOJILHUKA, VIO0B-
JIETBOPSIOIIETO IBYM Y CIJIOBUSIM:

— OH COHepPXKUT TOUYKY MUHMMYyMa T*;

— BHYTpH Hero 3HaveHus ¢yHkumu f(z) orsmuatorcs ot F(z*) Ha Benu-
4uHy He OoJiee €.

CHauaJia puBeIeM ajrOpuTM B ogHOMepHOM ciaydae. Mcxoms u3 (2.20),
IOCTATOYHO IMOCTPOUTH UHTEPBAJI, COAEPKAINNIL TOUKY * 1 UMEIOIIWIl 1JI1-
Hy He Gomnee dy = ¢/L;. Haiimem oTpe30K MpOM3BOJIBHOW [JIMHEL, COMEP-
XKarmuil z*. DToT MOMCK ONUIIEM pPeKyppeHTHo. B kadecTBe HayaJIbHOIO
sHaueHns BozbMeM z'. Paccmorpum k-ii miar. WMeercs HekoTopasd TodU-
ka z¥. OHa pas6buBaeT @ Ha IBe yacTU. B cmly BeIIyKiaocTH byHKIuEM f
TOYKa MUHUMYMa JIEXKUT Ha IIOJyUHTepBaJle, OpeaeiseMOM HEPaBEeHCTBOM
—sign(f'(z*))(z* — z) > 0.

I[TocTpoum ToOUKy
" = 2 — sign(f'(z*))dy, (2.21)
rae dj, = (1.5)*dy. Ecimn

sign(f'(z*)) = sign(f'(z"*1)), (2.22)

TO TepexonuM K mrary k + 1. B mpoTuBHOM ciiydae B CUJIY BBHIITYKJIOCTHU

dyuxmuu f

z* € [a,b], (2.23)
rae a = min(z¥, 2¥+1), b = max (2", zF+1). dcno, uTo mpu mocTaTOoUHON 6H-
soctu ' K T* 4epes KOHeWHOe YUCJIO IIAroB ycsiosue (2.23) BEIOSHAETCH.
IIocste 3TOro HEO6XOAMMO LMIMPUHY MHTEPBaJla JOBECTHU OO TpebyeMoll BeJln-
anasl. BEem |25 — 2% > djy, To momesmM oTpesok [a, b] momonaM u, mexoms
n3 3Haka BesmuuHbl f'((a + b)/2), BEIGepeM MOJIOBUHY, ComepikKallyio ™.
[loBTOpSs 5Ty HmpoLenypy, Yepes HECKOJIBKO IIaroB MBI IOJIy4YUM OTPE30K,
coflepXKalllnuii TOUKy x* ¢ mymHoit He 6osiee dy. Torma ycnosue 1 cnpaBemmeo

N3 IIoCTpocHNUA, a yCJIOBUE 2 BHITEKaeT U3 HEepaBCHCTBa

|f(z) — f(z*)] < |e—a*|L1 < dyL1 < e.
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Takum obpazoM, B OMHOMEPHOM CJTydYae aJITOPUTM TTOCTPOEH.

Teneps mpenmnosIoXMM, YTO AJIITOPUTM MOCTPOEH MJId pazMepHoCcTH N — 1.
OmnuiiteM ero mjis pa3sMepHOCTH 7.

BadukcupyeMm memoe i: 1 < i < n. Haunem c¢ Toukm z' m paccmort-
pum k-it miar. Ilycts u3BecTtHa Touka «”. [IpoBenem udepes Hee rumepruioc-
KocTh x; = xF. Ha 5Toif TUIepIIOCKOCTH TIOCTPOM (n — 1)-mepHBI# TpsIMO-
YTOJILHUK, BHYTPU KOTOPOTO HOCTUTAETCS MUHUMYM (Ha HTON IIJIOCKOCTN)
GYHKINN, OCTAJIbHBIE 3HAUEHUS OTIIMYAIOTCS OT MUHUMYMa HA BeJIMYUHY
He 6osiee £p = (n — 1)e/n. BepimHbl npsaMoyrosbHIKa 0603HAUYNM UYepes

y/,7=1,...,2"" u BEIUMCAUM B HUX 3HauYeHMU MpomsBoxHoi O f/Oz;:

v =0f(y)/0x;, j=1,..,2""L

+1

Eciu Bce v/ uMeloT ofuH 3HaK, TO BeIGepeM Touky ' ciemyrormmm obpa-

30M:

oF = b — sign(vl)dkei, (2.24)

rae dj, = ¢(1.5)¥/(Lin), a e; — 6asucuerit sexTop (0, ..., 1, ...,0) ¢ enmuHUIElt
B 1-i1 mosumu. Ecim xoTd 6B ABa 3Ha4eHNd v/ UMEIOT IIPOTUBOIIOJIOXKHELE
3HaKM, TO BEJIMUMHY &) OyIeM yMeHbBIIATh BABOE U CTPOMTH Ha TUIIEPILIOC-

KOCTHU T; = TF mpaMoyrolbHUKY MeHBIlero pasMepa 1o TexX Mop, oKa Bce v’
He OyIyT OMHOTO 3HaKa. JTO MOXHO CIeJIaTh BBUIY HEIPEPBIBHOCTH IIPO-
usBomHou Of /Ow;.

I[aﬂee Ha TUIIEPIIJIOCKOCTU IT; — CE?—H

HaiimeM (n — 1)-MepHBII mpsMoO-
YTOJIBHUK C BepluumHaMmu z;,7] = 1,..., 2"~ aHaJIOrMYHBIN NPAMOYTOIBHUKY,
TTOCTPOEHHOMY Ha TUIePINIOCKOCTH z; = zv. Ecmm

sign(9f(y')/0z;) = sign(0f(z')/0z;), (2.25)

TO TepexonuM K miary k + 1. B mpoTuBHOM ciiydyae mocTpoeHa mojioca V;,
collepXKaIlrias TOUKy *:

Vi =Azla; < z; < b},

a; = min(zf, 28, b; = max(zF, 2811, (2.26)

1 1
ITocie »Toro Heo6XOOMMMO IIMPUHY IIOJIOCHL V; moBecTH mo TpebyeMoil Be-
mraunst. BEem |zf — ™| > ¢/(Ln), To nmpoBenem rumepmiockocTs x; =
(z¥ + ™) /2, ma xoropoit mocTpoum (n — 1)-MepHEIH NPAMOYTOIBHEK, 06-
JIaJaIOIINil CBOMCTBAMU, aHAJIOTMYHEIMU IIOCTPOEHHBIM IIPIMOYTOJILHIKAM.
CpaBHUBag 3HaKWU B BepIIMHaX, BEIGEpeM II0JIOCY, comepxkalryio z*. YcHo,
YTO Yepe3 HECKOJIBLKO IIaroB IMOJIyYuM II0JIoCy V7, comepiKallyto TOUKY T*, C
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mmpuHoit He Gostee €/(L;n). BBumy mpousBosIbHOCTH ¢ TaKue HOJIOCHL CTPO-
M 11 Bcex ¢ = 1,2,...,n. Torma mckoMbil IPIMOYTOJILHUK OIpeNesIseTCs
X IlepecedyeHneM:

- elU, = V. (2.27)

IokaxeM, 9TO IpKM IOCTPOEHWM BEHIOJIHeHO ycijioBrme 1. PaccMmorpum k-in

mrar, npenuiectByomuil opmyste (2.24). Cormacuo pabore [103], B Touke

MIHAMyMa ¥, ONpeneiseMoil paBeHCTBoM f(y) = min f (), HampaBieHMIe
TE

— sign(0f(y)/0z;)e; (2.28)

yKa3bIBaeT Ha MOJIyIIPOCTPAHCTBO, cofepkailiee Touky z*. Ilo mocTpoenmio

BEKTOpPa

Bce v/ umeroT onuH 3HaK. ClienoBaTeIbHO, B CWIIY BHITYKJIOCTU QYHKIIMU f

sign(v’) = sign(0f(y)/0z;), j=1,2,..,2"%

Torma [103] z* € V;,i = 1,...,n u ycnoBue 1 BbIoONHEHO. Y clloBUe 2 BBITE-
KaeT 13 HeEpaBEeHCTBA

f(z) — f(z)] < 2L| _all<e

2.6. I/IHTepBaJ'ILHbIe NMHTEPIIOJIAIINOHHLIC 110JINHOMbBI

B »sToMm paznesnie MBI paccMOTpUM 3a1avy WHTEPHOJINPOBAHNSI MHTEPBAIb-
HBIX (PYHKIIUN WHTEePBAJbHBIMU aHAJOTaMWU WHTEPHOJSIUOHHBIX ITOJINHO-
MOB.

O6paTumcs K 3aaue HTEPIIOIUPOBaHUS QYHKIN MHTEPBAJIHLHBIMU Pac-
MMUPEHNIMI WHTEPIIOIAIMOHHBIX TTosmHOMOB Jlarpamxka.

[ycts 3anana pyaxmus f u nan (n+ 1) uarepBas g, 1, . . . , Ty, IPUIEM
x; # x;. llpeanonoxmM, 4To U3BECTHHL CJIEAYIOIINE OIEHKU:

Ti € wzaf(wz) € fi®i Cla,bli =0,...,n.

OHpeI[e.TII/IM HHTepBaJ’IBHBIfI I/IHTepHOJTHHI/IOHHBIfl ITIOJIMHOM HanaH}Ka KakK
MHTEPBAJILHOEC PaCIIUpPEHUE

L(w) - {L(CE)|CBZ € wl)f(wl) € fmz =0,..,n,x € :Iﬁ},
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rue L(z) = X0, fiw;(x) — unTepnonsunonnsiii mosuaoMm Jlarpamxka, mpo-
XOIAIIUI depe3 TOUKM (&;, f;). 3aMeTuM, 9TO HOCTPOEHHBIN NHTEPBAJIHHBII
TIOJIMHOM CYIIIECTBYET TOJIBKO IIPU yCJIOBUM

a) T, Na; = 0

1 KpOMe TOTO

PaBencTBO B b) B03MOXKHO TOJIBKO B Cilydae BEIPOKIEHHBIX NHTEPBAJIOB
wide; = 0, ¢+ = 0,1,...,n. OlleHKa MOTPEITHOCTHU CYIIeCTBEHHBIM 00pa3oM

nH)HC[a,b], Ho u ot wid(f;), wid(z;).

3aBIICUT He TOJBKO oT || f!

Onncannas HIKe MOTUPUKAINS MHTEPBAIFHOTO MHTEPIOJIAIINOHHOTO 110~
nuHOMa JlarpaHxka MO3BOJITET B HEKOTOPHIX CIIy4asx n3bexaTh HTUX He-
yIoOCTB.

[IycTs 3amana nuHTepBaibHasd dyukims f u nax (n+ 1) uaTepBan x, €1,
..y Ty, IDUIEM T; 7# T, T; 7+ T;.

PaccmoTrpum 3amauy npubnuxenus f uHTepBaibHOR dyHKumein L,

f(zi) = Lo(z:),i = 0,1,...,n. (2.29)

B I[a.]'ILHefIIHeM HaM HOHELI[O6I/ITC5I CclieninaJibHad apI/I(I)MeTI/IKEL Hald MHTEP-
BaJIBHBIMUW YUCJIaMW 1 OBYMEPHBIMHW BEKTOPpaMM:

(z1,22) & (y1,y2) = (T1 + Y1, T2 + ¥2),

= (
(3317332) ) (ylay2) = (931 —Y1,T2 — yz),

(1, 22) @ (y1,y2) = (T1Y1, T2y2),
(1, 22) @ (y1,y2) = (x1/y1, 22/ y2).

Omnepatop ¥ : R? — R BHIIONHAET BJIOKEHNe NBYMEPHBIX BEKTOPOB B MHO-
XKeCTBO MHTEPBAJILHBIX UMCeJI:

\Ij(vlv UZ) = [min{vlv U2}7 maX{Ul) U2}]7

Y(v1,v9) = (vg,v1). llpuBenem B KadecTBe L, aHAJIOr MHTEPIIOIIAIIOHHOMN
dyukmun Jlarpanxa:

L(@) = W(3 wi(z) © f(), (2.30)
rmae
Mjzi(z — ;) Iz (T — T5)
iz — zj)’ (T — 7;)

w;(z) = [
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HecnoxHo ybenurhes, uto moctpoenHas yukuus L, (x) yooBieTBopseT
ycoBusaM (2.29), B city4ae BHIPOXKIEHHBIX MHTEPBAJIOB [TEPEXOANT B N3BECT-
HBI WHTEPIIOJIIIMOHHBIN TToJiuHOM Jlarpanxka.

JlJ1s OLleHKN TOTPENTHOCTH MHTEePIOIIAIonHON dopmyssl (2.30) BBemeM
cJledyIoliee orpenesieHne IPON3BOIHON OT MHTEPBAIBHON QYHKIINN.

dyuknus f HaspiBaeTca 7E-nmuddepeHIIUpyeMoll B TOUKe &, €CIIA CY-
IleCTBYyeT JuHeitHoe oTobpaxenue dF : R? — R? u oTobpaxenue S : R? —
R? ¢ nByms cBolicTBamu [99]:

- 5(0,0) = (0,0),lima,—0 ISa2)ll — 0. nyg mo6oro BexTopa Az € R,
nexarrero B okpectaoctu Touku (0, 0);

- f(z® Az) © f(z) = dF(z @ Az @ S(Az).

OnpenenuM nBa kKitacca nudpdepeHnpyeMbix QyHKIIUN. ByneM roBopuTs,
uto f € Dj, ecau CcyIecTByeT KOHEUHBIN MIpenest

fi(@) = lim (f(z & Az) © f(@)) © Az,
u f € Dy, ecsin CyIIeCTBYET KOHEUHBIN HpeeT
f'(z) = lim (f(z & Az) © f(z)) © 9 (Az).

Ecmu f,g € D; To cipaBejIMBEL CieyIOITUe IPaBUTIA;

ecym f = const, To f' = (0,0);

ecin f =@, To f' = (1,1);

ecm f+g €Di, 1o (f+9) =Ff+4d;

ecn f,g,f ® g € {calD;, o (fog)=f o9+ fod,;

ecn f,g,f@g € {calD;, o (f0g) =(fog-fog)0(g®g;0¢g.

B cnyuae, korma dyHKIug f 3aBUCUT OT BellleCTBEHHOIO apryMeHTa, D;
COBIANAOT U IPOM3BOMHAL OIpeesideTCs W3 Ipeaesia

o fletAe) - f(a)
'f (:13) - AIZIBILlO Az

U COBIAaeT C MPOM3BOMHOM B [97].

Omnpenesienne 5. [Ipocmpancmeo @Gynkyutl, UMEOWUT HENDPEPLIEHbLE
npoussodnwvie u3 D;, 6ydem obosznauams D(C).

Teopema 19. IIycmv f € D(C), moeda dynrkyus f 6 nexomopod
oxpecmuocmu mouwu (z1,Ts) € R? npedcmasuma 6 oonom uz 06yz 6udoe:

F(z1,z2) = [fi(21), fo(x2)]

F(z1, 22) = [fi(®2), fo(z1)]-
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HokasarenscTBo. eiicrBurensHo, f(zy1,x2) = [fi(x1,®s), fi(z1,x2)] u dF
IIpeCTaBIMO B BUIE

dF(dCEl, dZEQ) = Fl(dwla dw2)T7

rae F' — marpura ¢ ssementamu {0f;/0z;}. B cuny nmocnensero paBeHcTsa
1 orpenesieHUs TPOMU3BOMHON TOJIyYaeM JImbo

of _ 0k _,

(9:132_(92131_ ’
oo

of _oh _,

(9:131_(92132_ ’

qTo " Tpe6OBaJIOCB Joka3aTh. U
I[aﬂee MBI MOXK€M BBECTHU IMIOHATHE IIPOMU3BOMAHBIX BBICIINX ITOPAIKOB

fn—l—l — (fn)l

Bosee TOTrOo, OJId BBeHeHHOfI HpOI/ISBOHHOfl eCTeCTBECHHBIM O6p&30M OKa3bIBa-
€TCA CIIpaB€OJINBBIM TE€Op€Ma O CpE€OHEM:

F(y1,y2) © fz1,22) = f(&1,8) ® (y1 — T1,¥2 — T2).

Ucnonb3ys noHsATUE MPON3BOIHON W TEOPEMEI O CPETHEM, CIIENYS AHAJIO-
TUYHBIM OIleHKaM MJIS BeIeCTBEHHBIX IMOJIMHOMOB JlarpaHika, OIeHUM IIO-
I'PELTHOCTH MHTEPIOIAINOHHON popmyst (2.30)

f(x) © Lu(z) = w(@) "V (&, &) /(n + 1)),

roe
n

w(z) = [[(z 6 =),
i=0
51 € (207§n)7£2 € (507§n)-
MBI MOXeM MOCTPOUTH AHAJOTUYHBIM 00pPa30M M WHTEPHOJIIIIMOHHYIO
dopmyny HrroToHa

N(z) = ¥(ayPa10(x0z))Da0(x0x))R(x0®1) . . Da,Q(2O®()®. . .Q(TO®,),

rmae
ay = f(x);
a1 = (f(z1) © f(=0)) @ (21 © ®y);
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az = (f(x2) © f(x0)) @ (26 ®0) @ (226 21)) S (f(21) © f(20)) O (226
x)) ® (X2 6 1))

[Mockommbky wmATepmONMITIMOHHAS dopMmyna HrioToHa mMeeT BuA 1momoO-
ueiil L (), ciienys npumeMaM KJ1acCHYeCKOr0 MaTeMaTHIeCKOTO aHaIM3a, IJIs
N (), MOXHO TOIYYNTH OLEHKN OCTATOYHBIX UJIEHOB.

B kauecTBe mpuMepa pacCMOTPUM MHTEPIOJANMIO GyHKIuM sin(7x) Ha
orpeske [—0.5,0.5]. Hecmoxuo y6enurscs, aro sin(nx) € D;.

[IycTh 3amaHbl y3/IBI UHTEPIIOJINPOBAHUS U 3HAUYCHUS QYHKINM HA HUX:
xy = [-0.5,-1/6]; f(zy) =[-1.0,—-0.5];

[—1/3,0.0]; f(21) = [_\/5/27 0.0];

xy =[—1/6,1/6]; f(x2) =[-0.5,0.5];

25 = [0.0,1/3]; (es) = [0.0,/3/2]

x4 = [1/6,0.5]; f(z4) = [0.5,1.0].

HeHOCpeI[CTBeHHOG BbBIYUCJICHUE TIOKA3bIBacT, 9YTO

1

||Si1’l S L4| |C[—0.5,0.5] = 2.39056e — 03.

CremyTolmuii IpuMep JeMOHCTPUPYeT NHTePIOIINnAo GYHKINNA T2 TT0ITH-

HoMmoM Ly Ha orpeske [—1.0,1.0] co cnenmansueiM BEIGOopoM y3ioB. Hecmox-
HO y6eInuThCA, YTO MHTepBaJIbHAd (GYHKINI T2 IPU PasINYHBIX 3HAUCHUIX

aprymMeHTa IMpruHaIJICXKHNUT Pas3/INYHBIM KJlaCcCaM Dz

3&11&111/1M Y3JIbI UHTEPIIOJINPOBAHNA N 3HAYCHNA (I)YHKHI/II/I 4132 Ha HUX:

xy = [0.0,0.0]; f(x¢) = [0.0,0.0];
21 = [~0.5,0.5]; f(21) = [0.0,0.25];
s = [~1.0,1.0]; f(a») = [0.0,1.0].
[IpencTaBuM MHTEPBaJIbLHEIN MHTEPIIOANMOHHEIN oJnHOM JlarpaHxa B
cllellyIoIIeM BUJIE:
2

Ly(x) = Y(wi(x))f(x:).
1=0
BameTum, 4TO0 ycioBue (2.29) s MOCTPOEHHOTO MOJINHOMA ITOTHOCTHIO BHI-
TIOJIHEHO N L2 = a:‘2 OJId BCEX & 9 O, HO 95TO CBOﬁCTBO COXp&HﬁIeTCH TOJIBKO
IJIS 5TOro BEIGOpA Y3JI0B.

HaHHBIT IpUMep TTOKa3bIBaeT HATIPABIIEHUS NAJTBHEUTITNX 0600ITeHNN TT0-
CTPOEHMS CHelNaJIbHBIX NHTEePBAJIbHBIX NHTEPIOISIIINOHHBIX TOJIMHOMOB.
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2.7. AHTepBaJIbHBIE CILJIAMHBI

B »ToM pa3zmese MBI 3aTpOHEM BOIPOCHI TOCTPOEHUS WHTEPBAIBHBIX
crtaiiHoB. OHU BBOOITCS KaK MHTePBaJIbHBIE PACIIMPEHUS IO OMpenesieH-
HBIM TTapaMeTpaM COOTBETCTBYIOINX BEMIECTBEHHBIX crytaiiHoB. Ilpum we-
60JIbIIION ampuopHON MHPOPMAIINU 00 MHTEPIIONUPYeMoill QYHKITUU CTPOIT-
cs ee IBYCTOPOHHUE TTPUOJIMKEHUS.

s gacTHOTO BUOA MHTEPBAIBHBIX QYHKIINN BBeAeM CJedyIOIIne TTOH -
tng. llycTs uHTepBasbHas GYHKIINSI UMeeT BUI

flz) = g:laigi(a:), roe g; € C"[a,b].
Torma ¢popmasibHyto pousBoaHyto oT f(x) ompemesuM TakuMm o6pasom:
O f(x) = éaiggk)(a:), k=0,..,m.
CooTBeTCTBEHHO, q)yHKum;
f(z) = éalgi(w), roe a; € a;,

6ymeM HasbIBaTh cyocenuem Pynryuu f Mo KOHCTAHTaAM ;.
[Ipusenem Heo6XOMUMBIE JIS NAJTBHENIIETO U3JI0KEHIUS SIIEMEHTHI TEOPUN
crtaiieoB [36]. IlycTs Ha oTpeske [a, b] 3amaHa ceTka

w={zla=z) <z <..<ay=>b}

c meabiMm N > 2 u maramu h; = ;.1 — x;, h = max h;.
= 0<i<N-—1
OyHKUMIO $ HA3BIBAIOT CIUIAiHOM cTereHn n nedekrta k (k — meoe,

1 <k <n)cysnamu Ha W, eCIn:

1) s(z) =Y aj(z —z;)' wa [zj,241], 7=0,..,N—142.31)
i=0
2)  s€C"*a,b. (2.32)

MHo0XKeCcTBO CINIAHOB, YIOBJIETBOPSIONINX STUM YCJIOBUSIM, 0603HAUYNM Ue-
pes S

O6paTuMcs K BOIIPOCY MHTEPIOIMPOBAHUS 3aJaHHBIX QYHKITAN CTIJTaliHAa-
MU HedeTHBIX cTerereil. [lomoxum nemoe m = (n — 1)/2 u 6ynem canrarh
medpert k < m + 1.
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Iycts f € C"*[a,b]. locTaBuM 3amady ompenesieHns CIUIaitHa s € S¥,
MHTEPIOJIMPYIOMero GyHKIUIO [ B CIEMYIOIIEM CMBICIIE:

s () = f9z;), i=1,.,N=1,5=0,....,k—1. (2.33)

IomostHUTENBHO 3aaeTcs elie o m+ 1 KpaeBoMy ycioBumo [a, b]. HacTo
OoHU OepyTcs B BUIe

sV(a) = fWa), V() =SV (b), j=0,..,m. (2.34)

Ycmous (2.33), (2.34) npuBonsar, coorBercTBeHHO, K 2(N — 1)k n (n + 1)
ypaBHeHuIM [y Kospdunuentos a;;. Eme (n — 2k + 1)(N — 1) ypaBue-
HUI BEITEKAIOT U3 YCJIOBUS HEMPEPBIBHOCTU IIPOU3BOAHBIX B COOTBETCTBUN
¢ (2.32). B urore mosmyuaeTcs cucTeMa JIMHENHBIX alireOpaniecKux ypaBHe-
HUI

Aa=0b (2.35)

c KBagpaTHoit MmaTpuieir A € RN (n+1)<N (”H), BEKTOPOM HEU3BECTHBIX a €

RN(+1)  yspecTroit mpasoit wacTsio b € RY (1

. He uccmenys obmmero city-
4Jas, B JaJIbHeNIIeM BBIIUIIEM 3Ty CUCTeMYy NJIS KOHKPeTHBIX IIPUMEPOB U
HCCJIeyeM ee pPa3pelInMOCTh.

Teneps mepeilineM K olpenesieHNI0O NHTEPBAILHBIX CIVIATHOB BeTITeCTBEH-
HOTO aprymeHTa. HeobxommMocTh nX MCMOTE30BaHNS BO3HUKAET, KOT 1A BMe-
CTO TOYHBIX 3HaUeHUN PYHKINU f U ee MPOU3BOIHBIX U3BECTHHI TOJIBKO WH-
TepBaJIbHBIE OIIeHKW, KOTOPHIM OHM MpUHAMIeXKaT. [IycTh n3BeCTHH MHTEP-

BaJIBHBI€ KOHCTAaHTHEI:
f92)e fl, i=1,..N—-1, j=0,.,k—1, (2.36)
f9a) € fis f90) € i G=0,00m (2.37)

O6bedurennbim UHRMEPEALbHbIM CNAGUHOM HA30BEM MHTEPBAIBHYIO (PYHK-
o S, : [a,b] & R ¢ 3sHaYeHUsIMMU:

SU(CIZ) - {S(CB)|S € Sn7 S(J)(wl) € fgv L= 17 °°7N - 17
: . ' J j J :
j=0,...,k—1; 5(7)(a) € fo, 5(7)(19) € fn, Jj=0,...,m}. (2.38)
OTa uHTepBaJbHAd QYHKIUI ABJILETCA OOBENMHEHHBIM PaCIIUPEHUEM CO-
OTBETCTBYIOIIIEIO MHOXKECTBA BellleCTBEHHBIX CIUIAHOB. IIpu sToM oHa He
MeeT TpencTasieHns Buna (2.31) u BEUUCIISIETCS JOBOIBHO CIIOKHO.

B npenmonoxennnu paspennmMoctu cucteMsl (2.35) mocTpoum 6ostee mpoc-
TYyI0 QYHKIUIO S TaKyI0, YTO

su(z) C s(z) Va € [a,b]. (2.39)



QJIGMGHTBI HHTEPBAJIBHOI'O aHAJIN3a 63

dyukumo s 6ymeM UCKATh B CIENYIOIIEM BUIE:
s(x) = z%)cij(a: —z;)" wma [xj,zj41] (2.40)

B xauecTBe BekTOpa ¢ = {cC;;j } BO3bMEM IPOU3BOJIBHBII NHTEPBAILHEIN BEK-
TOp, coliepXKalluil o0beTNHEHHOe MHOXKECTBO pellleHuN

X ={z|t=A""b, bebl,

rzie BeKTop b — mHTepBabHOE paciuupeHnne BeKTopa b u3 cuctemst (2.35),
nostyuennoe 3amenoit fU)(x;) ms f1. MeToBI MOy YeHIS I Y TOUHEHIS BeK-
TOPOB MBI IIOAPOGHO 06CY MM B pa3esie, IOCBAIIEHHOM CUCTeMAaM JIMHEMHBIX
aJire6panyecKnxX ypaBHEHNIA.

3ameTuM, 94TO B O6IIEM CiIydae CyKeHNMe NHTepPBaJbHON GyHKunu (2.38)
Mo WHTEepBaJLHEIM KOHCTaHTaM {c;;} He Bcerma 6ymeT crutaiimom us S¥,
IIOCKOJIBKY KOHCTAHTHIL C;j € C;j HOCJe CyXeHHUS MOT'YT He yIOBJIETBOPATH
cucteme (2.35).

Ecnn usBectHa ortenka HOPMEI || f||p.0c, TO MOKHO OCTPOUTH UHTEPBAIIL-
Hble GyHKIUY (), yINTHIBAIOIIIE OUINOKY AllIIPOKCIMALNY CIIAIHOB, Ta-
KIe 4TO

f92) e sV(z)+ri(z), =€la,b] (2.41)

s momydenns GyHKIWA 7;(2) BOCIOIB3yeMCS CIEAYIOMINM Pe3yJIbTaTOM

11].

Teopema 20. IIycms f € W2[a,b], 1 < p < n+1 u cnaatin s € S*
unmepnoaupyem f 6 cmuvicae (2.33),(2.34). Tozda

167(f = $)llse < KR || fllpoes
ede K; — woncmanmetl, ne 3asucquue om f u h. O

Homoxum ¢ = f — s u pasnokuM £(&) B OKPECTHOCTH TOUKH T;, | =
07°°°7N_ 17 S [wiawi—l—l]:

e(x) = e(x;) + €'(z;)(z — ;) /11 + ...
.. 8(k_1)(£13i)(£13 — a:i)k_l/(k -+ 8(k)(§)(a: — a:i)k/k!,
roe & € [z, 2;,1]. Hockombky eV (x;) =0, 0<j<k—1,To

le(@)] < (& = 2:)* /KU 0°(f = 8)lloc fwrsaisa
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€D (@)] < (& = 2)" 7/ (k = DO (F = 8)lloc. e

I[TosTOoMy Ha OCHOBaHWU TeOpPeMBI BJIOXKEHUS U3 W2p B L
ri(z) = [-1, 1) min{ K; "7 || f| .00,

—k k—i .
Kph? ™ (@ — i)™ [(k = 3)V | fllp.2} (2.42)
Ve e [ZEZ',ZEH_;[], i:O,l,...,N—l.
TeMm camMbIM HallleHBI MHTepBaJIbHBIe dyHKIMM 75, 7 = 0,1,...,p —1, mo3Bo-
JIAIONINE CTPOUTH TIOJIOCHI, collepXkalliie B cebe 3HaUeHUS j-U MTPOM3BOOHON

dyuxuun f.
Bsenentioe onpenesnenne nHTepBaIbHBIX CIUIANTHOB MPOMJIIIOCTPUPYEM Ha

TpuMepe CIJIafHOB cTerneHu n = 1, 3.
IIycTe Ha ceTke w 3amankl 3Havenus f; € f., + = 0,1,..., N. Ha unrep-
BaJie [&;,x;, 1] CTIJIAlH ePBOI CTEMeHN UMeeT BUIL

s(z) = fi(ziz1 — x)/hi + fiy1(x — 2;)/hi.

[TosTOoMy MHTEpPBAJIBHBIN CTIJTATH TIEPBOUN CTEIMEHN MOXKHO TIPeACTaBUTH CJTe-
OyoImuM obpasoMm:

s(z) = fil@irr — @) /hi + i1 (z — @) [hiy @ € [5, 2] (2.43)

OTMeTnM, YTO 3/eCh CyXKeHWe CIUIaliHA 0 WHTEPBAJILHBIM KOHCTaHTaM f,
O6yneT BeIllleCTBEHHBIM CIJIATHOM.

[Tepeitnem k MHTepBaJILHBIM KyOmdyecKuM crutatiHam. PaccmoTpuMm ciie-
IYIOIIY IO UHTEPBATBHYIO QYHKIWIO S, : [a,b] — r co 3HaueHUIMU

su(z) = {s(z)|s € S;, s(z;) € f?, i=0,...,N,
s"(a) € f5, $"(b) € fil}
3aMeTuM, 94TO BMECTO yCJIOBUI
s'(a) = f'(a), $'(b) = f(b),

BEITeKaomux u3 (2.34), MbI B3ssu GoJlee yIoTpeOUTEIBHEIE KPAEBhIE yCIIO-
Bus [36]

s"(a) = f"(a), s"(b) = f7(b), (2.44)
YTO He MEeHSIeT CYyTHU U3jiokeHus. B mTore Kkyomdeckuil ciijtaiiH Ha OTpe3KaXx
[zj_1,2;],7 =1,..., N umeer nBa npencrasienus [4]:

s(z) = Mj_1(z; — )’/ (6h;) + Mj(z — x;_1)*/(6h;)+
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+ (fi-1 = Mj-1h;/6)(xj — @) /h; + (f; — Mjh;/6)(z — wj-1) /Ry,  (2.45)
TN
s(a) = mj_1(z; — @)’ (x — xj1) /b5~
2 2
mj(z — xj_1)"(x; — x)/hj+
+fj-1(x; — 2)*(2(x — @j-1) + hy)/hj+
+ fi(z — 2j-1)*(2(x; — ) + hy) /h3, (2.46)
roe M; = s"(z;), m; = s'(z;), f; = f(z;). Bamenas M;,m;, f; na M,
m;, f; = f?, MEI [TOJIy9aeM COOTBETCTBYIOIIEE MPEACTaBIIeHE NHTEPBAJIb-
HOIl QYHKIIUM, codepkKalllell MHTePBAJILHBIN KyOnuecKuil crjtaiii. Bermuiirem
MHTepPBaJIbHEIE CUCTEMBI JIMHEMHBIX aJireOpandecKnX ypaBHEHMIA:
nns M ;
piMi1 +2M;+ XM = Dy, (2.47)
2 2
M= fy, My=fy,
D; =6((fj31— )/ hjr = (F; = Fi-0)/Ri)/(hi + hjsa),
Aj=hin/(hj+hjn),  p=1-= A5
s m;
AiMj 1 +2M; 4 pymj = Dj, (2.48)
2M+ My =3(f1 — fo)/h1 — h1S5/2,
2My + My =3(fy — Fxo1)/hn + hv Fr/2,
D; =3X(f; — fi=)/hi +3pi(Fjpa — Fj)/hjr. F=1,.., N -1
MaTpuIel 5TUX CUCTEM MMEIOT BellleCTBeHHEIE 3JIeMeHTEHI, a IIpaBhle Jac-
TH cofiepKaT MHTepBabHEIe unciia. KpoMe Toro, mpu ymnopamodeHnn ypas-
HEHNI 1 HEM3BEeCTHHIX 110 BO3PACTAaHMUIO j, MATPUILI CTAHOBATCI TPEXIUa-
TOHAJILHEIMU 1 CTPOrO AUArOHAILHO IIPeobJia aloiuMu. D TOo MO3BOJIIET WC-
I0JIb30BaTh IIPOCTOI METO[, CBOAAINNII BEIYMCJIEHNE MHTEPBAJILHOTO BEK-
TOpa K ONpEeNeIeHNI0 €r0 IPaHMIl U3 ABYX CUCTEM YPaBHEHHI C MCXOIHOI
MaTPHIEN, HO BEITECTBEHHBIMI IIPABEIMU YaCT IMI.

C moMolIpIo HallIeHHBIX MHTEPBAJIBHBIX YKCEII IIOCTPOUM MHTEPBAJILHY IO
dyukunio s(z) : [a,b] - R co 3HaYeHUIMU

s(x) = My ((w; — x)°/(6h;) — (z; — x)h; /6) +
+M;((x — x;_1)°/6h;) — (z — @j_1)h; /6)+
+ Fioalei —2)/hi + f (e — i)/ hy, (2.49)
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nJim
s(z) = Mj1(z; — a)*(x — z;_1)/h; -
—M (2 — zj1)*(x; — z)/h}
+fii(zy — @) (2(e — zj0) + hj) /hj+
+ fi(@ — 2j21)*(2(z; — ) + hy) /R, (2.50)
npu ¢ € [z;_1,%;],j7 = 1,..., N. Ilonyuennsie nuHTepBabHble QYHKIMU CO-

nepXaT WHTePBAJILHBIN KyOMdecKUl CIJIaliH S, .

BameTum, uTto eciu B (2.49) 6paTh cyxkeHme J; mo MHTepBaJILHEIM KOH-
craHTaM M ;, To B obIieM cjiydae MBI He IOJIy4YUM KyOWdecKoro CIjialiHa,
Tak Kak M ; MOTyT He yIOBIETBOPATH cucTeMe (2.47) u, Kak CIleICTBUe
storo, s' ¢ Cla,b]. Eciu 6pats cyxenne mo M ; B (2.50), To s' € CJa, b], Ho
s" ¢ Cla,b].

OToT (QaKT BBEIpaXxaeT TO OOCTOATETBCTBO, UTO MPU AIMIPOKCUMAITAN
QyHKIUN KyOMYeCKUMHU CIJTalHAMUW Ha KOHKPETHHIX KOMMBIOTEpaX B CBI-
3U ¢ OIMMOKaMU OKPYTJIIEHUS MOTYT TOJIyYaThCcd QYHKIAN, He SBITSIOTITECST
KyOM4eCKUMU CTIJTAaTHAMM.

PaccMoTpuM wHTepBaJibHBIE SPMUTOBH KyOWuecKme CINTAWHBI S
[a,b] - R. Ha xaxmom unrepsaie [z;_1,2;],j = 1,...,N, cormacuo ¢op-
Mydte (2.46), 5TU CIUTAfHEL IPEACTABAMEL B BIUIE:

si(z) = fiav((z = zj-0)/hy) + Fiw((e = 2jm0)/hy)+
+F (= 25)/hy) + Fw((z = z;)/hy),

rae v(z) = (|z|—1)%(2|z|+1), w(z) = z(]z|—1)?. O6paTum BHUMaHUE Ha TO,
YTO MHTEPBaJIbHBIE SPMUTOBEL CINIANHEL B OTJIMYKME OT KyOMUECKUX CILIAii-
HOB TOYHO BBIPAXKAIOTCS DTON GOPMYJIOH, T. e. S,(z) = s1(x). Kpome Toro,
CyXkeHWe §1 TIo KOHCTaHTaM f, fjl 6ymeT S5pMUTOBHIM KyOUUYECKUM CILIAl-
oM. CilemoBaTesIbHO, MPU AIIpPOKCUMAINK (QYHKIMI SPMUTOBBLIMU CILIAL-
HaM¥ HaJIndue OIMO6O0K B HaHHBIX HE CHMXKAET IJIAJIKOCTH CIUIailHa.
[lepeiineM majiee K BOIIPOCY IOJIyYeHMS OBYCTOPOHHUX AIIIPOKCUMALIMIL
dyukmmii. [Ipenmonoxum, o mid GyHKUUM f U3BECTHH €€ OLEHKN B HEKO-
TOpOU HOpMe, HampuMep B HopMax npoctpatctB WP [a, b] mnmu CPla, b]. Tor-
Ia MOXKHO IIOCTPOMTH MHTEePBAJIbHBIE MTOJIOCHL, BKJIIOYAOIIIE TOUHBIE 3HAUe-
HUA UHTEPIIOJMpPYyeMoii ¢pyHKImMK. B oblieM ciiydyae nHTepBajibHasd QyHKIUL
HOTPEIIHOCTH AaeTcs dpopmysioit (2.42), Ho oHa moBosibHO rpy6a. [locTponm
6oJiee y3KMe IOJIOCHI, HAIIPUMED, [IJId CIUIAiHOB IepBoil cTenenu. CHavasia
nycts f € C'la,b] u usBecTHE KoHCTaHTH K| B OlleHKe HOPM MPOM3BOIHOM

||fI||OO,[iBl,iB1+1] S Kl) l - 071, ,N— 1
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Torma r(z) = [—1,1]K;. CnemoBaTenpHO, Ha KaXIOM OTpPe3Ke [T, Tj11]
UHTepHoJaupyeMas QYHKIUI CONepPKUTCI B I0JI0oCe:

f(a:) € S(CB) + [-1, 1) K.
Kpome Toro,

: int ]f(a:) C s([z, wisa]) + [ 1, 1 K.

L1, Z1+1

Teneps nycrs f € C*[a,b] n msBects koHCcTaHTH Kg > || |0 (00, KB >
| fi |loc,jap) BAs KommomenT pasmoxenus f' = fI — f', rme fl(z) =
max{0, f"(z)||, u f’(z) = — min{0, f'(x)||. Torma, cienys mokazaTeabCTBY
[36], mosryqaem

S
—~
8
N’
I
=
—~
8
N’
I
w
—~
8
N’
I
—~
—~
B
A
I
8
N’
Be—— s

| (v —a;) f" (v)dv+

Orcrona
p(x) < (a:lﬂ—az/v—a: dv+
Tit1
(x — ;) / (i1 — V) dv) oo fwozi a1/ Pi-
O6o3HaunM
o(z) = ((ei1 — @)(&; — @) + (¢ — zi) (21 — @)*)/2h;.
Torna o(z) < o(x) I[na,x ] "(x) u aHaJIOTMYHO,
TE|TiyLit1
() > o(z) [min ]fﬁ(a:). CiteoBaTeIbHO,
TE|TiTit1

r(z) = [-Kpg, Kplo(x).
Takum o6pasom, mocTpoeHa GYHKIUS T, TaDAHTUPYIOIIas BKIIOUEHUE
f(z) € s(z) +r(e).

HepefmeM K M3YYCHUIO MHTEPBAJIBHBIX CIUIATHOB MHOTUX IepeMEHHbBIX.
Hawu6osee PaClIpOCTpaHEHbl OBa IIOoOAXOoHOa HJIA O606I[I6HI/I5I MOHITHNA CILJIal-
Ha Ha CJ'Iy‘-Iaf/i MHOI'UX IT€EPEMECHHBIX. HepBBIfI criocob CoOCTOUT B TEH30PHOM
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MpOU3BeNeHNN OTHOMEPHBIX CIJIATHOB, OH HOCTATOYHO MPOCT U OymeT uC-
TTOJIB30BaH B TIOCJIENYIOIINX TJIaBaX. 3/1eCh OCTAHOBUMCS Ha BTOPOM TOIXOIE,
pa3BUBaeMOM B TeOPUM KOHEYHBIX 3JIEMEHTOB.

[ pennonoxum, 9To ) — orpaHWYeHHas OTHOCBA3HaL obiacTsb B R2. Tpu-
aHTyIupyeM ee [55], T.e. TOCTPOUM 3aMKHYTHIN OJHOCBA3HBI MHOTOYTOJIh-
Huk ), C ), IpeIcTaBUMBIi B BUIe 06beIUHEHNS TPIMOCTOPOHHNUX 3aMK-
HYTHIX TPEYTOJILHUKOB 1;:

N
Q= UT.
1=1

ITprueM TpeyroJbHMKM TaKOBBI, YTO IlepecedeHUe OBYX pas3iIndHbIX 1;, 7T}
ecTh Jub0 BepllnMHa, MO0 IeJMKOM CTopoHa, Jubo T;,T; BoobIIe He mepe-
cekafoTcsa. PaccMoTpuM TMOJTHBIN TIOJTMHOM TIOPSOKA M

m

Pu(z,y) = Y auz'y.
h+1=0
B nuneitHoM cityuae (m = 1) on mmeer Bun Pi(z,y) = a1+ asx + asy u oo
ero OJHO3HAYHOI'O OIpedeSIeHNS MOCTATOYHO 3HAThH 3HadeHUs GyHKuuu [ B
BepIInHAaX 2;,1 = 1,2,3 Tpeyrosbauka 1.
[losimHOM BTOpPOW CTENEHU UMEET IIeCTh HeolpemeeHHBIX KodhduiineH-
TOB:

Py(z,y) = a1 + asx + azy + asx’ + asTy + a6y2.

[MycTs 2;,¢ = 4,5,6— cepenuubl cTopoH TpeyrosibHUKa 1. Jlerko BumeTsh,
YTO CYIIECTBYET €NUHCTBEHHBIN [TOJIMHOM P9, y), HNHTEPHONAPYOMil f B
ysnax z; : f(z;) = Ra(zi),t =1,...,6.

Mox#Ho mOCTPOUTH ANMIPOKCUMAIIAIO Ha TPeYyroJibHUKe T’ MiIs TOJTHBIX
KyOomdeckux moJimHoMoB. Kybudyeckuit mosimHOM

Py(z,y) = a1 + asx + asy + asx’ + asTy + a6y2—|—

-I-OL7€133 + aswzy + agwyz + a10y3

onpeneseTCs 3HaAYeHUSIMHU B AeCcITHU y3jax z;,t = 1,...,10, npudem z;,7 =
4, ...9 pacmosoXeHBI MapaMy Ha CTOPOHAX TPEYTOJILHUKA TaK, YTO AeJIIT UX
Ha paBHBIE YAaCTU, & 21( JIEXKUAT Ha MepecedeHNN MeInaH.

IIycts B y3max z;,¢ = 1,...,N Ha TpeyrosbHuUKe 1’ 3amaHbl 3HAUEHUS
dyukunnu f(z;) = f; € f;. HazoBeM unmepeatbHblm KOHEUHBIM dLEMERMOM
CTeNeHN M CJeAYIONTyI0 QYHKITUTO:
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ycTs ¢;(x,y) moIHbIe HOJIMHOMEL CTENEHN M TaKue, 9T0 ¥;(z;) = 0;5,1,j =
1,..., N. Torma mAaTepBaIbHEII KOHEUHEIN 3JIEMEHT MOXKHO IIPENCTaBUTh KaK

N
Po(x,y) = ; fii(z,y).

Hockombky ;(x,y) — BelecTBeHHbIe (YHKIWU, CyXKeHUe [0 HMHTEP-
BaJIbHBIM KoHCTaHTaM { f,} maeT KOHEUHEBIA 5JIEMEHT, amnmpoKCUMUPY IOTITAI
f(z,y).

IlepeiineMm HermocpencTBeHHO K KYCOYHO-JIMHEWHBIM djeMeHTaM. IlycTh
TpeyroJbHuK 1 mMeeT BepuiumHbl 2z; = (¥;,Y;); Torga Ga3MCHBEIA 3JIEMEHT
C BEpPIUINHON B TOUKe (&;,Y;) 3AlICHIBAETCS B BUIE

_ A(z,29,23) _ A(z1,2,23)
vi(2) = A(z1, 22, 23) Va(2) = A(z1, 22, 23)
_ A(z1,22,2)
¢3(Z) B A(Z17Z2az3),
z1 oy 1
z=(z,y), A(z1,29,23) =|®s y2 1].
z3 ys 1

CnenoBaTesbHO,
3
s1(2) = X Fitil2).

[TocTpoum Tostocy, conepxaiyto byukimio f. lycts f € C*(2), Torma
[36]

1(2) = 1) = LR (2) = (o)

rIie
Ri(z) = /(a:l — )01 f(v,y;)dv+
—I—/(yl —v)0a2f(z,v)dv + (x; — z) /812f(az,y)dv.
Orcrona )
o(z) € ;%(z)[ﬁi(z)»ﬁi(z)]a
rIie . . ' .
Ri(z) = 5(3% — ) mindy f+ 5(.%’ —y) mindpyf +
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+(z; — x)(yi — v) méﬂ Oaf-,

DO | =

_ 1
Ri(z) = (i — )’ max o fy + 5(.% —y)* max Oy f 4+

+(z; — ) (yi — ) max O f+ .

2.8. NHTepBajIbHBIE MHTErPaJIbl

NHaTerpupoBaHne HeNpPephHIBHLIX QPYHKIUN

Hycts f(x), © € [a,b] — HempepbIBHas BellleCTBEHHAs (QYHKIUA, NMe-
IOIIas B KayeCTBe MHTEPBAJILHOTO paciuupenus GyHkimo f(z), 3alaHHYO
npu x C [a,b], MOHOTOHHYIO MO BKJIIOUEHUIO W yIOBJIETBOPAIOIIYIO yCIIO-
Buto tuna Jlunmmma, 1. e. wid(f(z)) < L wid(x), rme L > 0 — nexoTopas
nocrogaHad. [lo Teopeme o cpenHeMm

Ef®ﬁ=ﬁmf®ﬁ:f@wmux
3meck £ € x. CnenoBaTesIbHO,

| F(®)dt = f(z)wid(). (2.51)

BospMeM mpousBosibHOe HaTypaJIbHOe UMCJIO T M PacCMOTPUM pa3bueHue
[a, b] Ha n mOmBIHTEpBATIOB &; = [;,T;), ¢ = 1,...,n, T.e. [z;, T;]N[z;, T;] = 0,
i# 7, la,b] = U @;. U3 cBOWICTB anqINTUBHOCTU BHITEKAET

[/ f@de =3 [, 50y 252

Allsis QyHKUMIT yOOBIIETBOPSAIONINX ycjioBuio Jlummuna cupaBeninBo
yTBepxaerue [90].

Teopema 21. Cywecmeyem xowcmanma L, ne 3asucawas om n, ma-
Kad, YMmo

ﬁf@ﬂwéif@ﬁMd@

wid(Y f(@:) wid ) < L. wid(z;)’
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O
Omnpenenum

=1
I[Iycts h = max wid «;. I3 Teopemsr 21 cienyet
wid I,, < Lh?.

IIycTh HenmpephIBHas, MOHOTOHHAS 110 BKJIIOUEHWIO MHTEpBaJibHad (yHK-
st f(t) npencraBuMa B Bue

£ =[£), F(®)]-

B sTom cityuae [89]

ﬁf@ﬁZ%%@ﬁiﬁ@ﬁ}

Ecnu Beimosnaeno skiouenne f(t) C g(t), Vt € [a, b], Torna

/ab F(t)dt /abg(t)dt.

B uwactHOCTH, eciin f(t) — uHTepBasBbHOE paciiupenue f(t), Torma

[ fwyde € [ #(t)de.

IIpumep 6. IlpenmosioxuM, YTO MBI XOTUM BHIUYUCIUTE CIIEMYIOTITUNA

N«

UHTerpaJ:
b 2
. —t

I = /0 e ' dt.

_ 42
Ilna dyHKImu e~' HecJI0XHO MOJIy4YUTh UHTepBaJbHOe pacHIMpeHHe, OCHO-

BaHHOe Ha psamax Temopa:

2 1 1 1 1 2
¢ R T e A PO I T

roe 0 € [0,1]. e € [e7",1]. Orpannunmcs n = 3,

2 1 1 1 2
—t 2 4 6 —t 8
(& El—t‘|‘§t —gt ‘|‘E[€ ,1]t

18 —t2 2 14 16

e L8 gt — gt _ 1)
B S ) B

(1-

e
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) 1 1 1 _
Tl 22—t S 8 ().
°c = ot gt gt =)

WTak, MBI MOXeM BBIUICIIATH WHTerpasbl oT GyHkumi f(t), f(t).

[lepeiineM K ciiy4yaro BEIUKMCIJIEHUS MHTEPBAaJIbLHBEIX MHTErPaJoB, OCHOBAaH-
HBIE Ha YNCJIEHHBIX KBaapaTypax. llycts f(x) — HenmpepbIBHasS QyHKII C
MHTepBasbHOI KoHcTanTol Jlunumua L = [L, L]:

f(z) = f(y) € L(z — y).

[Ipenmosoxum, uTo m3BecTHH 3Hadenus f; = f(x;),i=1,2,...,n

[IpenmosioxuM Takke, 9TO QPYHKIMS He ABIISETCA JTUHENHON, T. €. [L #
L], z; N x;;1 = 0. BameTnum, uyTo Ha orpeske [T;,z;. 1] pynkuus f(z) me
npesocxomuT Besmunasl mind f(T;) + L(z — 7;), f(zi1) + L(z — z;,1) }. Cre-
IOBaTeJIbHO, BHIIIOJIHEHO HEPaBEHCTBO

[ £(0)dt < (F@ALET)/2)(ET (T (@i FLE2i1) /2) (is1—).
rae & = (f(zip1) + f(Ti) + LT — Lzi) /(L - L).

MeTon Tpanenumn

I[Iyctes B y3max cetku a = xp < 1 <,...,< &, = b M3BeCTHHI 3HaUe-
uus f(z;) € f, n u3BecTHa oueHKa BTOpOU npousBonHoi ¢pyukimu f'(x) €

[Ef),FEz)], Va € [z;_1,x;]. Torma cupaBenimBo BKIIIOUEHIE

[/ 10t € 3 St = i) (Fi+ £.0) + R,

where R = —12 (@ — x4 1)3F(2)i-

B ciiyuae paBHOMEpHOIT CeTKU &; — ;_1 = h 5TU POPMYJIIBI yIPOIIAIOTCS:
b n—1 h
J, J0dt e n S fi+ 5(F0+ Fa) + R,
where R = —%2h?[min; E§2),maxi 722)].

IIpuMmeHeHUE cnJIallHOB

O6paTuMcs K BOIPOCY O MIpUMeHeHUU W3JI0KEHHON TeOopUHr amlpoKCuMa-
MV 71 MHTerpUpoBaHns GYyHKIMIT, 3aaHHbIX ¢ omubkoit. Ilycts fU) (x;) €
fi;j1=0,1,..,N;5=0,1,...,0 — 1 n usBecTHa anpuopHas uHpOpManus 06



QJIGMGHTBI HHTEPBAJIBHOI'O aHAJIN3a 73

f, mosBoststrotias moctpouts (). Kpome Toro, mycts s(x) — craiih, am-
MIPOKCUMUPYIOIIU f 1 TaKom, 4TO

f(z) € s(x) +r(z), € ]Ja,b]. (2.53)
Tormna
[ f(z)dz € [(s(z) + r(z))da = [L,I).

WNaTerpan B mpaBoll 4acTu, OOBIYHO, MOXKHO BBIUMUCIUTH TOYHO, OCOOEHHO
IIPOCTO — B CJIy4ae MOJIMHOMUAJILHBIX CIUIAHOB, KOT'/la Ha KaXKJIOM OTpe3Ke

[wlv wl—i-l]
2m—1

s(x) +7r(z) = Z% a;z’. (2.54)

I/IHTel"paJI OT MHTEPBAJILHOI'O IIOJIMHOMa CHOBa 6y,[[eT MHTEPBAJILHBIM IIO0JIN-

HOMOM BUIIA
b om—1 2m—1

/ ;0 a;zide = 3 (azt /(i + 1))

a 1=0

Uctnonb3ys pa3BuTHIN paHee MpUeM WHTEPIIOIATNN, MOXKHO HAXOMUTH WH-
TerpaJibl MHOTOMEPHBIX QYHKIINI, KOTOpPhie 3aJaHbl B KOHEUHOM Habope To-
YeK U NJIS KOTOPHIX M3BECTHHI OIEHKN CTAPINUX MPOW3BOMHEIX. B oTimume
OT TeOpUHU WHTerpPUpoBaHus, paspuToil B [39, 54|, maHHBI omxom He Tpe-
OyeT TpUBJieUeHNS TAKOTO MOHATUS, KaK NHTePBaJIbHOEe paclliupeHne QyHK-
1IN, 3aMeHssd ero almpuopHOU WHOpMAaIel o0 TIPOoU3BOAHBIX. B pame ciry-
JaeB HTO ObIBaeT IOJIE3HBIM, HallpUMep, KOTla UHTEePBaJIbHOE paclIupeHue
He U3BECTHO WJIU OUeHb I'pybdoe.

O6paTtumcs Teneph K BOIIPOCY allOCTEPUOPHOTO OIEeHUBAHUS OIMIMOOK WH-
TEerPUPOBAHNSA BeMTeCTBEHHBIX GyHKIMEA. IIycTh

I(z) = /xf(T)dT, z € (a,b). (2.55)

Hanee obosnaunm yepes I"(x) nmpubnumxentoe 3naueHue uHTerpaia (2.55),
HallleHHOEe KaKIM-JIi60 YnciieHHbIM MeTonoM. OtieHnM norperraocTs [ (@) —
I"(z). Oas »Toro mocTpomM mommaoM P, (a,b), UHTepIoMpy oM QyHK-
o [*(x) crenytrormum obpazom:

s(a) = I"(a) =0, s(b) = 1I"(b), (2.56)
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rae & € [a,b], {a =& <& < ... < &2 = b} — Habop BHYTPEHHUX y3JI0B.
O6oznaunm e(x) = I(x) — s(x). Ilockombky

dl(z) _
T = f(z), =€ (a,b),
rae p(x) = f(x) — %. CiteoBaTeIbHO,
(z —a)min p(x) < g(z) < (z — a) max p(z). (2.59)

3aMeTnM, YTO B ONpelesieHre ¢ BXOAAT KOHKpeTHHIe QYHKIIUM f U S.
OcTaHOBUMCS Ha BOIPOCE TOYHOCTH [BYCTOPOHHETO HepaBeHCTBA (2.59).
s 5Toro HaM TOHAMOOATCS ONEHKN Y U €:

£¥)(@)] = [IV(z) — sV (2)] < [I)(x) — s () |+

+ i) (@) — sW(z)], v=0,1. (2.60)

3mecy st € Py(a,b)— mosmusaom, muTepnonupyfommuii [(z) mo dopmysiam
(2.56)-(2.58). IlepBoe ciaraemoe B mpaBoil YacTu HepaBeHCTBa (2.60) ore-
HUBaeTCAd TaK:

[TV (2) — s§)(2)] < K (b= a)" ]| ]l n.sc-
HJI}I OILI€EHKMN BTOpOl"O cJiaraemMoro HpeI[CTELBI/IM IIOJIMHOM ST — S B BUE
st(x) — s(z) = ap + a1z + asx® + ... + a,z".

BameTuM, YTO B CHWJIIy IOCTPOEHUS ST,$ CIpPaBemInBa OIeHKa |a;| <
Ke(b)/(b— a)". CrenoBaresnbHo,

ol < Ki1(b = a)"|| fllnco + K2e(b)/(b - a)

[(z) = s(z)] < (K1(b = a)"|[ flln.0c + K26(0)/(b = a))(z — a).

IIng Toro 4To6H MOCTPOEHHAS alloCTEPUOPHAS OlIeHKa IMOTPEITHOCTH MHTEr -
pajla COOTBETCTBOBaJIa UCTUHHON MOTrPENTHOCTH, HEOOXOANMO COIJIacoBaTh
nopsaaku Besmwaut (b — a)" || flln.0c 1 £(b), T.e. cTenens moMHOMa HOJTKHA,
COOTBETCTBOBATH MOPIAKY TOYHOCTH MeTO[a MHTErPUPOBAHNA.
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2.9. Bonpochbl 1 ynpaxxXHeHU

1. IlocTpoiiTe ecTecTBEeHHOE N OOBENMHEHHOE MHTEPBAJIBLHOE PaCIINpe-
HUS U1 CJIeNYIONUX (DyHKIIVIA:

a) f(z) = 22% + 3z — 5;

6) f(z1,22) = 129 + 1 + 2 + 1.

2. Bymer 5 cnemyromas GpyHKIUS MHTEePBAJIbLHEIM PacIIIpeHreM HeKo-
topoil pyukimu f(z). Ecan ma, To xakoir?

a) f(x) =2[z,z] +[-1,1];

b)
[0, max{z?,7*}] + 2 eciu zZT < 0;
f(z) =1 [2%,7%] + 2 ecmm x> 0;
(72, 22] + 2 ecim z < 0.

3. HaiinmmrTe mHTepBaJIBHBIN MHTETPAJI HA [a, b] g QyHKIUNA
f(z) =[1,2]«* + [-1,1]z + [1,0].

4. WUcnonbsys popmyiry Teltsiopa, HaliinTe MHTEPBAILHYIO OIEHKY WH-
TerpaJa

/2
/0 / sin(z)dz.
5. IlocTpoliTe MHTEPBAIBHEIN SPMUTOB KyOMUeCKUN CINTAMH Ha OTpe3Ke
[0,1], ecim £, = [0.5,1], f; = [0,0.5], fi, = [-0.5,-0.5], f1 = [-0.5,—0.5].
6. Haiimure cymmy nByx ructorpammusix uucen a= {z € [1,3],p, =

0.5}, b= {x € [2,4],py = 0.5}.
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Anrebpanueckue 3amadn

3.1. HopmupoBaHHbBbIe IIPOCTPAHCTBA

[Mycts L — suHeliHOE TPOCTPAHCTBO, &,y € L — BeKTopa, A € R.

Onpenenenune 6. Pynuxyug ¢ : L — R na3visaemcea Hopmol, ecau 6bi-
NOAHENDL CAeYOUUE YCAOBUL:

1) p(x) > 0 dag 6cex x # (;
2) p(Az) = |Ap(e);
3) p(z+y) < e(z) + o(y)-

JIuneiiHOe IPOCTPAHCTBO, B KOTOPOM 3ajlaHa HOpMa, Ha3hIBAETCA HOPMU-
PO6aHHBIM, HOPMY BeKTOpa 0603Ha4aloT ||z||. 3ameTnm, 9T0 U3 2) BEITEKaeT
() =0.

B HOpMMpOBaHHOM IPOCTPAHCTBE MBI MOXKEM OMNPENEUTh PACCMOIHUE
p(x,y) Mexmy BekTOpaMu & U y Kak ||z — yl|-

PaccmoTpum mpumepsr HopMm B R™:

1) |[z|[x = i |@;| — [-HOpMA;

2) ||z||s = (=i |24]?)Y/? — eBxmumoBa HOpMa;

3) ||z||, = =i |zi|?)? — mopma Tenmbnepa, um l,-Hopma;

4) ||z||c = max; |z;| — c-HOpMA.
B R"™ MOXHO BBeCTH CKaJIipHOe Hpom3BeleHme (&,y) = X; &;y;, TOrAa
(z, ) = ||=[]5.

OKBUBAJIEHTHOCTDH HOPpM

[IycTs ¢ — HOpMa B JIMHEWHOM HpocTpaHcTBe L, Tormga i = ap (o > 0)
TaKXe IBJIL€TCI HOPMOIL.

Bynem roeBopuThb, uTo HOpMa ¢ Mmadscopupyem HopMy ¥: ¥ < @, ecm
Va € L BeinosieHo HepaBeHCTBO Y(x) < ¢(x).

76
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HOpMBI ¢ N ¢ Ha3bIBAOTCA 3K8UBAAEHTIIHbIMU, €CJIN CYIIIECTBYIOT II0JIO-
KHUTEJIbHBIE (X1 U (x9 TaKHE, UTO

arp < Y < asp.

Teopema 22. B R" [-nopma, c-HOpMa U €6KAUDOBA HOPME IKEUB AAEH -

Hbl.
IokaszaTenscTBo. s mroboit HopMst || - || cipaBenmuso
|zl = || 2 zieill < ad|zi| = aflzl]y, (3.1)
1 1
rme e; — 6asucHBIe BeKTopa U « = max;||e;||. Ho (3.1) mMoxHo oneHuTs
O-APYTOMY:
[|2]| < maxa;| > [es]] = B|2]|c, (3.2)
1

rae 0 =Y ||el| U3 (3.1) u (3.2) mosyuaem
o |zloo < lzl1 < Bllz]oc-

HOK&S&H& SKBUBAJICHTHOCTD l—HOpMBI 1 C-HOPMHI. ns OILI€HOK

1/2
max |z;| < (Z |CBZ|2) < V/nmax |z;|
1 i t

BEITEKAET SKBUBAJIEHTHOCTE C-HOPMBI M €BKJINIOBOI HOPMEL. Teopema moka-
3aHa. U
CopaBemuBa 6osiee obiras Teopema [9)].

Teopema 23. B R" sce HopMbl 3K6UBALEHMHDL.

Hopmbl maTpuin

HJ’IH MaTpHIll KaK 3JIECMCHTOB JIMHETHOTO IIPpOCTpPpaHCTBAa MOT'YT OBITH BBe-
OJCHBI Pa3/INYHbIC HOPMEI.

Onpenenenue 7. Mampuunag HOpMa HA3bIEAEMCT CO2AACOBAHHOU C
8EKMOPHOU HOPMOU, ecaU 0ad 41060T MAMPUYLL U 6EKMOPE 6bINOAHENO He-
PaABEHCMEO

|| Az|] < [[All]|2]] (3-3)
MoxHuo IIOCTPOUTE COor'JlaCOBaHHBIE HOPMBEI CJI€NYIOIITIM o6pa30M:

1A]] = sup, || Az]]. (3-4)
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Onpenenenue 8. Hopma, onpedesennas gopmyaot (3.4), nasvieaemes
UHIYYUP 08 AHHOU.

Teopema 24. Kascdad co2aaco8anHas HOPMA MAHCOPUPYEM UHIYYUPO-
6 AHHYIO.

Ecnu ||E|| = 1, To roBopar, uto “HopMma coxpanseT enuuuiry” . Hopmsr,
Y IOBJIETBOPAIOIINE Y CIIOBIIO

1AB|| < [[All - ]|B]]; (3.5)
HA3BIBAIOTCS KOAbYEELIMU HOPMaMU. [T KOIBIEBBIX HOPM

A< [IE]] - 1A,
criemoBaTenbHO, ||F|| > 1. Kpome Toro, cnipaBenmuso

JAM] < [JAI b = 1,2, ..

AT < [1A]7

Teopema 25. J/l1w6ag undyyupoearrnad HOPMaA COTPaHIEM €JUHUYY U
obaadaem KOALYEEBIM CEOUCTMEOM.

HepBa;I HaCThb O4Y€eBUAHAa. BTOpaJI BBITCKa€T N3 OIICHKI:

|AB|| = sup [[A(Bz)|| = ||A|||sup1||Bw||= Al - 11Bl]-

Onpenenenune 9. Cnexkmpaavubim paduycom mampuyst A nasvieaemes
YUCAO

P(A) = [Amas|;

ede |Apae| — Marcumasvrnoe cobecmeennoe wucao mampuyst A.

bynem o6o3nauaTh MHAYNUpPOBaAHHBIE HOPMBEI AHAJOTUYHO BEKTOPHBIM
Hopmam. HauGonee ynorpeburenbHbl ciemyornue HOpMbI [16]:

Al = max 3 |aj;],
J

[14]]1 = maxlai].
(2

MaTpuyHas HOpMa, UHIYITMPOBAHHAS €BKJIMIOBON, PaBHA

||A||2 = p(AA*) = Omazx,
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TII€ gy — MaKCHMAaJIBHOE CUHTYJIIpHOe umciio. B citydae caMocorpsaKeH-
HBIX MaTpuif A = A*
1A]l2 = p(A).

s HEBBIPOKIEHHON MAaTPUITHI

A7)z = o

man )
TNIE Qlpip — MUHAMAJIFHOE CUHTYIISIPHOE 9Uciio. YacTo UCTIOB3yeTCS €6KAU-
doea HOpMa, MaTPUITHI
1/2
1Al = | X lai;*
%

EBknunoBa HOpMa o6iiamaeT KOJIBIIEBHIM CBONCTBOM W SBJISETCS COTJIACO-
BaHHOU €BKJIMJOBON HOPMOI:

1 Az||2 < [[A]|zl|2]]2-

He cymmecTByeT BeKTOpHOU HOPMBI, KOTOpas WHAYIIMPOBaJia OBl €BKIIMIOBY
MaTPUYHYIO HOPMY.

BameTum, 9TO I 060 HHAYIIIMPOBAHHOM (COrIacOBaHHON ) MaTPUIHOI
HOPMBI I ¥ — COOCTBEHHOT'O BEKTOpa CIIPaBEIJINBO

|| Aol = [|Av[| < [|A[l][v]]-

CnenoBaTesibHO, HaMbOOJIbIIIEE IO MOAYJITIO COOCTBEHHOE UMCIIO He MPEBOCXO-
IUT MaTPUYHYIO HOPMY:
max |\ < [JA]l.

[Mockompky max; |A;| = p(A), To mocientiee HepaBEHCTBO MOKHO IIEPENUCATH
B BUE

p(A) < |IA]l.

Omnpenesterne 10. Mampuya A = (a;;) nasvieaemes M -mampuyed, ec-
at a;; < 0,1 # J u 6bIn0AHERO 00HO U3 IKEUEALEHMHBLL YCAOBULL:

1) detA#0u A7 > 0;

2) a; > 0,i=1,2,....,n u p(E — DA) < 1, 2de D — duaeonaav
mampuyst A;

3) ece cobcmeennvle 3HaAUEHUT MAMPUYLL A UMEIOM NOAOHCUMEALHBLE
8 EULECTNEEHHBLIE UACTNU;

4) dag kascdozo eexmopa x: Ax > 0 ewwmexaem x > 0.

Ecin B — M-matpunia u A > B, to A — M-matpuiia.
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3.2. IIpambie MeTOAbI

PaccMoTpum cuctemy MUHENHBIX ajire6panmdeckKnxX ypaBHEHUN

Az = b, (3.6)
roe b= (b;),i =1,...,n — m3BecTHHI BekTOp, A = (@4,),%,j=1,...,n —
HeBEIpOXKJeHHas MaTpuna. Torga BekTop ¢ = A~'b — pelnenne cucTeMsl

(3.6). Ilpennomoxum, uto A m b comepXkaT OUINOKN M W3BECTHO, UTO UX
3JIeMEeHTBHI IIPUHAAJIeXKaT COOTBETCTBYIOIINM NHTEPBAJIBHBIM YNCIaM

a;j € @y,
b; € bZ,Z,] =1,...,n.

HYCTB TaKXe, BCe MaTPpHUIBI 13 MHOXKE€CTBa A He BBIPOXIOECHDBI. MHuoxkec-
TBO BEKTOPOB

X ={z|Az=b,Ac A, be b}

Ha30BEM MHOMCECTNEOM peweHuzZ CUCTEMDBL
Az = b. (3.7)

IIpumep 7. IlycTth HeobxommMo pelMTh CUCTEMY WHTEPBAJILHBIX JIU-
HEeMHBIX ajireOpandecKux ypaBHEHUN

Ax=0b
c MmaTpureir A u npapoit yacThio b.

[274] [_271] [_272]
A= b= . (3.8)
[_172] [274] [_272]

MHoxecTBO BEKTOpOB X' [JId 5Toil 3amadun n3obpaxkeHo Ha puc. 3.1.

MuHMMAaIEHEIM MHTEPBAJIBLHEIM BEKTOPOM, COAEPKAINMM MHOXKECTBO €€
pellleHuti, ABILEeTCA MHTepBaJbHEIL BekTop = ([—4,4],[—4,4])T.

MuoxecTBo X MoXeT GBITH OMUCAHO CIedyroIuM obpasom [72]:

X ={z|ze R", Az Nb+# 0} (3.9)

nJjm

{z|z € R",0 € Az — b}.

CropaBemuBo ciiefyforee yTBepxkaerue [95].
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L2

(_3’ 4)

(_4’ _3)

(3’ _4)

Puc. 3.1. MuoxecTBO peutenuit cucreMs! (3.8)

3ameuanune 1.
r € X & |mid Az — mid b| < rad(b).

[locTaBuM 3ama4dy HallTU MHTEePBaJIbHELL BeKTOp € € R", comepxatmmit MHo-
XKecTBO X
CaMBIM IIPOCTEIM CIIOCOGOM [JIf Halllero mpumepa 6yner Meron Kpawme-
pa. HeiicrBurensuo, ms CIIAY A = (ayj), b = (b;), 7,7 = 1,2. Perenne
HAXOOUTCA 110 (hOpMyJIaM
Ay Ay

L1 = N L2 = A’
rie

A = ajjaz — ayza9,

A1 = biagy — baasy,
Ay = aj1by — a9b;.

Isis perterns CJIAY ¢ nnTepBasibHEIMU KOddduiimeHTaMu u3 mpumMepa (3.8)
crejlaeM MHTepBaJibHOe pacinupenue dopmyst Kpamepa. HemocpencTBeHHbBI-
MU BBIUKCJIEHISIMY ToiTydaeM &1 = [—6, 6], 2 = [—6, 6].

Kak BummM, oTBeT HECKOJIBKO IIIUPE ONTUMAIILHOTO. JDTOT (PaKT JIErKO
00BACHIETCS, TIOCKOJILKY PalliOHaJIbHbIE BRIPAXKEHUS NJIA &1, Lo HE YIOBJIIE-
TBOPSIOT YCJIOBUIO TeopeMbI 13, T.e. comepkKaT IepeMeHHbBIe H0Jiee OTHOTO
pasa.

[IpumensaTs ¢popmyiiel Kpamepa nisg peliieHust 60JIBLIINX CUCTEM KpaliHe
He PalliOHAJIbHO. B BHIUMCIIMTEIbHOW MaTeMaTUKe JIS STUX I1eJIeil NCIOITh-
3YIOT TpsAMble MeTonkl: MeTon 'aycca, LU- u () R-pasnoxeHus u T. 1.

PaccmoTpum eltie psm mpuMepos.
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L2

Puc. 3.2. MuoxectBo peutennit cucrems (3.10)

IIpumep 8. IlycTth HeobxommMo pelMTh CUCTEMY WHTEPBAJILHBIX JIU-
HEeMHBIX ajireOpandecKux ypaBHEHUN

[274] [_171] [_373]
A= b= . (3.10)
[_171] [274] [070]

MHO}KGCTBO BEKTOPOB X 3TOU 3a1a4Yn COI'JIaCHO 3aMeE€YaHNIO 1
X = {z|z € R?,2|zs| < |@1],2]@1| < 3+ |as}

1 nzobpaxkeHo Ha puc. 3.2.
IIpumep 9. IlycTs

2 « 1.2
A= b= . a,Be[0,1]. (3.11)
3 2 1.2
Bamerum, yTo no npasmwiy Kpamepa
x; =1.2(2-a)/(4 - af),

2o = —1.2(2 - B)/(4 — af).

[0.3,0.6]
OXx = .
[—0.6, —0.3]
[Ipumenss popmanbro mpaBmwio Kpamepa k cucteme (3.11), Mer nosmygaem
naTepBaabHbl BekTop ([0.3,1.2],[—0.8,1.2]).

CnenoBaTesbHO,
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0.5 T

Xsym

-0.5F X

£
Puc. %.3. MmuoxecTBO p PUYHOR MaTpPUIER

Haitnem ob6paTHyto MaTpuiry

Al =0 1 s

T=af | 5 » o, €[0,1]p =

[1/2,2/3] [0,1/3]
[0,1/3]  [1/2,2/3]

Hecmoxno ybemuThcsa, 9To

A b £ OX.
I[Iycts A — cuMMeTpuUYHas MaTpUIA
2 «
A= ,a € [0, 1].
a 2

MHoOXecTBO pellleHniI CUCTEMBI JIMHENHBIX aJireOpandecKnX ypaBHEHU
C CUMMETPUYHON MaTpullell IpeNcTaBiigeT coboll OTPe30K € KOHIAMU
(0.4,—-0.4), (0.6,—0.6). NuTepBanpHas 060/I09Ka MHOXKECTBA PEIIEHUN C
CUMMeTPUYHOI MaTpuilen

[0.4,0.6]
00X,y = £ 0X.
[—0.6,—0.4]

Meton I'aycca u LU-pa3ssioxxeHue

NuTepBanpubiii MeTon ['aycca mpencrasiiseT KOPpPEKTHOE MHTEPBAIILHOE
pacmmpenue MmeTona I'aycca mia CIIAY.
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PaccMmoTpum cucTeMy MHTEpPBaJILHBIX JIMHEWHBIX aJireOpandecKnx ypaB-
HEHUU C KBaJpPaTHOU MaTpUIlell pa3MepHOCTH N:

ai, a2, ... ap, ] b1
as, @, ... Qg T2 by

| ™. (3.12)
a,i, Quo ... Gpy T, b,

Meton I'aycca cocTouT m3 mByX XomoB: mpsMoro u obpatHoro. Ha mpsmom

XoJle C TIOMOIIIHIO 3JIeMeHTaPHBIX MpeobpazoBaHUl OyneM IMocieqoBaTeIbHO

CTPEMUTHCS NpuBecTH cucTeMy (3.12) K BepXHETPEYrOJIBHOMY BUY.
[TepBrrit mar. Ilpeobpasyem cuctemMy K BUILY

ap, ai2, ... Qi T by
0, aff, .. afl ||| | of 1
0, a£}2) . all) T bV

roe

(1)
a;’ =a; —lay,

b\ = b, — [i1bi,li = ai/aq;.

2

HaJjiee mepexomquM K TOACUCTEME C MATPUIEN AW g MIPaBOll YacCThIO bV
pasmepHocTu n — 1. [IpuMeHUM K 5ToW cucTeMe MepBBIN 1Iar u T. 0. OKOH-
YaTesbHO puBoaAnM cucteMy (3.12) K BepXHETPEYTOIBHOMY BULY

ap a2 ... Qiy X by
0 ag*z) . a%ﬁl) T2 | _ bg.*) (3.14)
0, 0 ...a% )\, b*)

nn n

O6paTHBII71 xon. Jllajiee mociiemoBaTEIbHO BBIUMCIISEM HEN3BeCTHERIE
Ly Lpy_190004L710
_ p(x *
Ln = b7(’L )/ ang,

i1 (%)
wi )

()

7

t=n-—1,..,1.

a

WNuTepBanbubiii MeTon ['aycca He Bcerjla MOXHO peajin30BaTh Haxke I
peryJiapHbIX MaTpuil A.
IIpumep Paitxmana
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PaccMoTpyUM MHTEePBaAJILHYIO MaTPUILY
1 [0,a] [0,a]

S(a)=1 [0,a] 1 [0,a]
[0,a] [0,a] 1

[Tpoons mpamont xon MeTona ['aycca, moryuaem

1 {0, a] [0, a]
S(a)~ |0 1 [—a*/(1 - a?),a/(1 — a)]
0 0 [1—-a*>-a*/(1—-a?,1+a*(1—a?)]

Hecnoxuo ybemurhes, ana soboro a € [(v/5 — 1)/2,1] crenyer, uto 0 €
[1 —a? —a?/(1 — a?),1 + a*(1 — a?)]. Takum obpaszom, meron 'aycca me
MOXKeT OBITH 3aKOHYEH.

Teopema 26. Ecau mampuya A — M-mampuya utu umeem oua2onaib-
Hoe mpeobaadanue, mo pewenue g no memody I'aycca cywecmeyem u

OxX C xg.

Cornacuo meTony XOoJIEIKOTO MAaTpPHUIly A MOXHO MPeICTABUTH B BUJE
TIPOU3BENIeHNS NBYX TPeyrosibHeIX MaTputl L, U.

llla 0 ... 0 1, U2 ... Uy

l los ... 0O 0, 1 ... n
p=| 0 =] e

Loty Ly ... Loy 0, 0 ... 1

Kospputmentsr maTpun L, U waxonaT nmo ¢popMmyam:
lil =aQa; OJjd 1= 1, ceey 1T,

U,; = ali/lll JJIA 1= 2,...,7’L.
I[aﬂee ClIpaBeJJIUBEI PEKYPPEHTHEIE COOTHOIIIECHMA:
s—1

lis = (a;s — Lirug;),i=s,...,n;s=2,3,...,n,
k=1

s—1
U = (a;s — Y, lpupi)/lss,i=s+1,..,n;s=2,...,n— 1.
k=1
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Ecim maTpunsr L, U nocTpoeHsl, mpemjiaraeTcsS CIEMYIONTAN aJITOPUTM.
CHavaJia peIratoT BCIIOMOTATEILHYIO CUCTEMY

Ly =0>.

Tak xax maTpuna L TpeyrosbHas, TO HETPYIHO BHIMICATH PEKYPPEHT-
HbIe COOTHOIIEHUI

Y, = bl/lllayz = (bz - l12y1)/l227 ey

n—1

3Has BEKTOp Y, HAXOOAT pellieHne cucTeMHI (3.12) ¢ MOMOIIBI0 TPeyTOIBHOI
maTputisl U.
Uz =y.

AHaJIOrMYHO BEIMIMCHIBAIOT PEKYPPEHTHBIE COOTHOIIICHNA

Ln =Ypy Tn-1=Yp 1 = Un-1nLn, .-y

n
T =Y — D ULT.
7=2

Meton LU-pasmoxeHus Haubosee MpeqnoOdTUTeENeH, ecian cucteMy (3.12)
HeOOXOMMMO pelIaTh NI Pa3HBIX MpaBhIX YacTel b. OnuH pa3 HYXHO Haii-
™ MaTpuitel L, U, a 3aTeM MoTb30BaThCS OOPATHBIM XOIOM HAaXOXKIEHUS
BeKTOpPOB Y, X.

IIpumep 10. Paccmorpum

2 [-1,0] 1.2
A= b= . (3.15)
[-1,0] 2 ~1.2

A — M-matpunia ¢ LU-pa3ioxeHueMm
L — ,U =

CnenoBaTesbHO,
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3.3. UTeparnnmoHHbIe MEeTOAbI

CrauaJsta IIpeaBapmuTEJIbHO PaCCMOTPUM HMTEPAIMOHHBIEC METOIOBI PCIIE-
HUSI CHUCTEM JIMHEMHBIX aﬂFe6paI/IquKI/IX ypaBHeHI/Iﬁ

Az = b, (3.16)
rmie
z = (z;),i =1,...,n — BEKTOp pEIIEHNS,
b= (b;),i =1,...,n — W3BECTHHII BEKTOP,
A = (a;;),t,j=1,...,n — HEBBIPOXKAEHHAS MaTpPHIA.

Jls1s IprMeHeHN NTEPAIMOHHBIX METO/IOB peltieHus cucrtema (3.16) momkna
OBITH Mpe/icTaBJieHA B BUIE

x = Bx + c. (3.17)

[IpuBenenne cucremst (3.16) x Buny (3.17) MOXKHO BBEINOIHUTH CIIENYFOIIIIM
obpazom. Ilycts H — HeBHIpOXIeHHas MaTpUIa, YMHOXIM 06e 4acTU pa-
BeHcTBa (3.16) Ha —H u mepeHeceM b B JieByI0 4acTh

—H(Az —b)=0
IobaBnga B obe 4acTH MOCJIETHEr0 PaBEHCTBa, MOJIydaeM
r— H(Az—-b) ==

cucTeMy »KBuBajileHTHYMO (3.17).
Ilng HaXOXIEeHNS BEKTOpa T IPUMEHNM MEeTO IIPOCTON MTepPalllin

Tit] = BCEZ + C,i = O, 1, 2... (318)

Teopema 27. /lig cxodumocmu memoda npocmoti umepayuu (3.18)
nPU 41060M HAUAALHOM NPUOAUNCEHUU L) HEOOLOOUMO U JOCMAMOUNHO, UMO-

61
p(B) < 1. (3.19)

CaencrBue 1. [locrmamounvim ycaosuem crodumocmu memoda npoc-
mot umepayuu (3.18) npu 41060M HAUALLHOM NPUBAUNCEHUY T() TEATEMCT
ycaosue ||B|| < 1.

IIpumep 11. IlycTs

0.5 0.5 0
B_(—0.5 0.5)’0_(—1)'
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Torma crekTpansueii panuyc p(B) = 0.5, Ho ||Bl|. = 1.
[lepeiimeM K MHTEPBAJILHEIM CUCTEMAM JIMHENHBIX aJIreOpandecKux ypas-
HEeHUN

Az =b. (3.20)

Ilsis mpeo6pasoBanus cuctemsr (3.20) x Bumgy (3.17) MOXHO HCIIOIIB30BATH
matpuity H = (mid A)~!, nosmyqaem

i1 — B:cl + C,i = O, 1, 2... (321)

HeobxommMoe n nocTaTOYHOE YCIIOBUE CXOMMMOCTU MHTEPBAJIHHBIX METO-
IIOB MIPOCTOM UTepaluu naeT Teopema [3].

Teopema 28. Memod npocmoi umepayuu (3.21) cxodumes x edurcm-
8EHHOU HENODBUNCHOU MOUKE YPAEHEHUS

x=Bx+c
npu A1060M HAUAALLHOM L) Mo2da U MOoAbKO moz2da, ko2da

p(|B) < 1. (3.22)

Cnenyer o6paTuTh BHUMaHIe Ha oTiudme ycyosus (3.22) ot (3.19).

BameTum, 9To, mockoisky p(|B|) =1, mas xy = ([0, 2], [0, 2]) u MmaTpumsr
B u3 mociiennero nmpuMepa WHTEPBaJILHEIL METOH IPOCToi nmTepamuu 3.21
He CXOOUTCI U &; = &g, ¢ = 1,2, ...

3 uepaBenctsa p(|B|) < || B||x BBITEKaeT mOCTATOUHOE yCIOBUE CXOI-
MOCTH MeTofia npoctoit ureparuu ||B||s < 1.

BaMeTuM, 4To eCiM MHOXKeCTBO peleHuit nuaTepBaiabHoit CIIAY X C ),

To X Cx;,1=1,2,3....

3.4. Y TOouHeHUue pelreHunin

[IpensmaraemMsIil MeTON OCHOBAH HA MUHUMU3AIIAN CIEITMAITBHBIX QYHKIIN-
oHaJioB. C MOMOITTBI0 QYHKIIMOHAJIOB TOCJIEIOBATETLHO HAXOAITCSI TPAHUIIBI
MHTEPBAJILHOTO PeIlleHUs CUCTEeMBI JIMHENHBIX NHTEePBAJIBLHBIX ajirebpanydec-
KX ypaBHeHun. MeTon HaxXoX OeHUS TPaHUI] MHTEPBAJILHLIX PEIIeHN pac-
cMaTpuBajics Takke B pabore XarceHa [83]. B Hell miis onpeneneHus rpaHuil
MHTEPBAJILHOTO pelleHUs NPUXOAWIIOCH HOMOJHUTEJIBHO pelllaTh CUCTEMBI
JIMHEWHBIX ajireOpanyecKUX ypaBHeHUI, HO 6oJjiee MPOCTOUW CTPYKTYpPH. B
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OTJINYMe OT >Tol paboThHl MpenjaraeMbIii MeTOH TO3BOJISEeT YTOUHATH W3-
BeCTHBIe MHTEePBAJIbHbBIE PelleHNs M0 HeoOXOAUMON TOUHOCTM.
PaccMoTpum cuctemy MUHENHBIX ajire6panmdeckKnxX ypaBHEHUN

Az = b, (3.23)
roe b = (b;),i = 1,...,n— m3BecTHH BekTOp, A = (a;;),%,5 = 1,...,n—
HeBBIPOXKJeHHad MaTpuua. Torma BekTop © = A~'b gBndeTcs perreHmeM

cuctemsl (3.23). IIpenmomoxum, uto A u b comepkaT ommOKN U W3BECTHO,
YTO WX BJIEMEHTHI MPUHAIIEXKAT COOTBETCTBYIOIINM WHTEPBAJIbHBEIM YNC-
JIaM

a;j € a;yj,
b; €b;,i,j=1,...,n.
HYCTL BCe ManI/IHBI N3 MHOXKeCTBa A He BBIpO}KI[eHBI. MHO}KGCTBO BeKTO-

POB

X ={z|Az=b,Ac A, be b}

Ha30BEM MHOXECTBOM pelHeHI/IfI CUCTEMBEBI
Az =b. (3.24)

I[TocTaBuM 3amady HalTU MHTePBaJbHBIN BeKTOp € € R", comepxarmui
MHOXKeCTBO X .
Pettenune 3amaun (3.23) MOCTABJIIET MUHUMYM QYHKITMOHATY

¢(x,A,b) = (Ax — b, Az — b),

rze (,) — eBKIMIOBO CKasIsapHoe mpousBenenne. Onpenenum ¢yHKIXOHA

n

T(V,W) = vergi;%v;(vi — wi)2.

O6partum BHuManwue, uto T (Az,b) = ®(z, A,b). llosTomy oueBumeH cieny-
O pe3yIbTaT.

JIemma 5. Pasencmeo T(Ax,b) =0 — neobrodumoe u docmamounoe
YCAOBUE MPUHAODAEHCHOCTIU NPOUZBOALHOZ0 8EKMOPA T MHONCECTEY X .

O6o3Haunm
p= sup (Az,Az) >0,
Ac A |jz||=1
vy= inf (Az,Az) > 0.

Ac A Jz]|=1
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Badukcupyem HeKoTopoe 1edioe i: 1 < 4 < m u BBeeM (PyHKIMOHAIEL
DE(z,a,i) = —x; + oT(Az,b),
DY (z,a,i) = x; + oT(Az, b), (3.25)

roe o > 0 — mapameTp, KoTopkIli MBI BEIGepeM noszmauee. llycts 8 (o, i) —
ONUH U3 BeKTOopoB, MunuMusupytonmit D®(z, o, 1), T.e.
R/ R . . . R .
D™z (a,1), o, 1) :;rel}%r%D (y,,1).

Awnasiornuno ompeniensercs BekTop (o, 1), Munnmusupytormmit D (z, o, ).

HycTs

i'(a,1) — KoMmIIOHEHTa C HOMEPOM j BEeKTopa 2B, 1).

Teopema 29. /lig eexmopos %, z¥ evinoangromes coomuowenus

1) zF(a, i) > 7, Va > 0,
2) lim, oo 2F(c, 1) = 75,
1) z¥(a,i) < z;,Va > 0,
2) lim, oo zX (v, 1) = z;.

HoxkasarenscTBo. OcTaHoBIMCS Ha cBoiicTBax 1), 2). Coiictsa 3), 4) mo-
KaspBatoTCS aHasiormyHo. [lokaxem, uto DE(z, o, 1) He MoXKeT MPUHUMATE
CBOEro MUHUMAJTbHOTO 3HadeHus Ha X . 3amerum, uto Vo € X, DR(z, o, 1) =
—x; . Paccmorpum z* € X Takolt, uto =} = T;. Bo3pMeM BekTOp ¢ ¢ KOM-
ITOHEHTAMU

z; =¢€bj+a;,j=1,...,n,
rne € OyneT BEIOpaHO nmo3agHee. BekTop x* 6ymeT B cuity BhIGOpa OJIMKANIITAM

BeKTOpoM 13 X K BEKTOpY Z°, T.e.

(f —a",z° —a") = nél)r(l(a: — ' — ). (3.26)

[Mockoneky z* € X, To HaninyTca A* € A,b" € b, 111 KOTOPHIX BBITIOJIHEHO
pPaBEHCTBO

A'z" = b".
CnenoBaTesbHO,
DRz, 0,i) < —xf — e+ a(A* (2 — 2*), A*(zf — 2*)) <
—z} — e+ ape’.
[Momoxum € = 1/(4pa), Toraoa

DE(zf, a,1) < D¥(z*, 1) = 7.
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Benencrsue, sToro MuHUMYM GyHKIMoHaMa DY Menpme —x;, uTo MoxXeT
TIPON3O0NTHU TOJIBKO MPU yCJIOBUAN
R _
T, > T;.

CsoiicTBo 1) mokasaHo.
Hanee, nycts A € A,b' € b Takue, uTo

R - t o€ 1t
D*(zf,a,1) = —a; — e+ aT (A2, )").
Torga Haiimercs ' € X, Ij19 KOTOPOro BEIIOJHEHO PaBEHCTBO
Alzt = b
Torma

DR(zf, 1) = —z} — € + a( Al(zf — 2¥), Al(z* — z)) >

—zf — e+ ay(zf — ', 2 — 2.
OTrcrona Ha ocHOBaHum (3.26) cienyer, 9To
DRz, a,i) = —a} — e+ ay(zf — ',z — o) =
= —z} — e+ apée’. (3.27)

W3 (3.27) HemocpencTBeHHO BEITEKaeT cBOCTBO 2). Teopema mokasana. s
MIPUOIINKEHHOTO HAXO0XKIeHUS KOMIIOHEHT BeKTopa & O X HOCTaTOYHO MWU-
HUMU3UPOBaTh GyHKIMoHaTE! (3.25) nmpu HekoTopoMm o > 0. 3a HavagbHOE
IPUOIINKeHE MOKHO B3SITh BEKTOP

2’ = (A1, (3.28)

roe A" =midA, b° =midb.

[Mockompky B obImeM ciaydae QyHKImoHaATE (3.25) He nupdepeHIHpye-
MBI, TO IIJIS WX MUHUMU3AIUNA CIIEAYeT MUCIOTb30BATh METOIBI, OCHOBAHHBIE
Ha WCIOJIb30BaHumn cybrpanuenToB [12]. 3amMeTum, uTo B MOCTATOYHO Ma-
JIOIl OKPECTHOCTU CBOWX TOYEK MUHUMYyMa QyHKIHOHAIEL (3.25) BEITYKJIBIE,
nuddepeHITUPYyEeMbIe U TPENCTABIIIOTCS B BUIE

DE(z,a,i) = —z; — e + a(Alz — b), Az — b)),

rae A, b' MOCTOAHHEL IJI1 BCeX BEKTOPOB T M3 JOCTATOYHO MAJIoil OKpecT-
HOCTY TOYKH MUHUMYMa, U BEIOPaHHI, ciaemys padore [83], u3 cooTHoIIeHAI

(X aljz; =)= min (3 ayz; —b)'i=1,...,n

j=1 aijEAij,biEbi j=1
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Torma (83
) Alg* = bt (3.29)

U IS HaXOXOeHUS T* HOCTATOYHO PEIINTh IOJyUYeHHYIO BeIleCTBEHHYIO
cucreMmy. [lomo6Hy10 METOANKY MOXKHO yCIEIIHO IPUMEHITh AJIS Y TOYHEHUS
yKe WM3BECTHHIX MHTEPBAJbLHBIX PeEIleHMil CUCTEM JIMHEMHBIX YpaBHEHUI.
B »ToM cilydae B KauecTBe Ha4yaJjIbHOTO MPUOIIMKEHUS IJIS MUHIMU3AIAN
¢dyukunonasos (3.25) HeoOXOMUMO B3ATH W3BECTHBIE IPAHUIIEI PEIIEHMUS.

[IponsumrocTpUpyeM 3TO Ha PEIIeHNN CUCTEMBI MHTEPBAJIbHBIX JIMHENHBIX
anrebpandyeckux ypasHenuit (3.8) [82]. MHoxecTBO BeKTOPOB X Mt 5TOM
3amaun m3obpaxeHo Ha puc. 3.1.

MuHIMAaJIBHEIM MHTEPBAJIbHEIM BEKTOPOM, COHEePIKAIINM MHOXECTBO €€
pellleHuii, IBJIdeTCa MHTepBalbHEI BekTop T = ([—4, 4], [—4,4])T.

B cooTBeTCTBUMM C TOCTPOEHHBIM METOIOM OLEHIM IPAHUILY HePBOM KOM-
IIOHEHTEI BeKTopa &, T.e. Tp. g sToro mojoxuM ¢ = 1 U MUHUMU3U-
pyeM cooTBeTcTByommii dyHKnmonan DT, npum sToM HaganbpHEIe 3Hade-
Hus BosbMeM cordiacHo (3.28) zp = (0,0)T, @ = 10. Torma nomydaem
cilemyIolliee NpUGIMKeHHOe 3HAUeHIe TOYKN MUHIMyMa dyHKImoHama DE:
zF = (4.618,3.207).

g ompenesieHNs T; yMHOXWMM WMHTeDPBaJIbHYIO MaTpuily A Ha BEKTOD
z®. Honyuaem

M zf _ 228 — 228 42F 4 121 _
ol [—1zf + 228, 228 + 421
[2.822,21.679]
[1.796, 22.064] (330

ITockonbKy npaBasd rpaHulla IepBoil KOMIIOHEHTH BeKTOpa X olpedeiieTcs
U3 pellleHUsS HEeKOTOPOM KOHKPeTHOW CHUCTEMEI JIMHEMHBIX ajirebpamdecKux
YPaBHEHWII, TO W3 CpaBHEHUS WHTepBajibHOro BekTopa (3.30) ¢ b B cuiy
6mmzocTu = u T; BEITeKaeT, uTo B cucreme (3.28)

2 -2 2
Al = b=
-1 2 2

Pemas cuctemy (3.29), nomyuaem z* = (4,3)T, T.e. mocTuraercs npasas
TOYHad MpaHUNa: T = ¢ = 4. AHAJIOTUYHO HAXOMATCS APYTUe KOMIOHEHTHI
BEKTOpa &.
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CrnenoBaTelbHO, PACCMOTPEHHBINI MeTO[l TO3BOJITET HAXOMUTHh TOUHBIE
TPaHUIIBl PeNIeHU MJIs CACTeM JIMHEMHBIX aJjirebpandyecKuX ypaBHEHU C
MHTEePBaJIbHBIMU KO3PPuiimeHTaMu.

3.5. Bonpochl 1 ynpaXHeHUsd

1. Buruucoure ||Al|»

[273]7 [_170] [070]
A= [_270]7 [272] [071]
[071]7 [_170] [_37_2]

2. Halitu MHOXeCTBO pellleHull CUCTeMBI JIMHEWHBIX aJirebpanyecKnx ypaB-
HEHUN

Ax =150

co ciaenyoIlen MmaTpuileit A 1 mpaBoit yacThio b:

[273] [_171] [072]
A — ,b =
[_171] [273] [072]
3. PemmThs cucTteMy JMHEWHBIX ajire6pamdecKnX YpaBHEHUN MeETOIOM
INaycca
Ax = b,
rmae
[273] [_171] [072]
A — ,b =
[_171] [273] [072]
4. byner sm MmaTpurna
[17 2] [_17 O]
A=
[_17 O] [17 2]

MHTepBaJibHOU M -MaTpuiie?
5. bynyTt nu cxommThcs cIlenyIone NHTEPBAJILHBIE UTEPAIINOHHBIE TTPO-
1I€CCHI

Xi—l—l = AXZ + d)

C MaTpunonaMmu
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0.7 —-04
A= ,
0.4 0.7
0.5 04
A= ,
0.4 0.5

0.5 —04
A= ?
—04 0.5

Kaxkoit HHTepBaJ’IBHBIfI Imponecc maceT OIITUMAJIBHBIC I'PaHUIBI pelHeHI/DI?
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Henunennnble ypaBHEeHUA

4.1. MeTon npocTon nTEepanunnu

[Tycts B HEKOTOpOH obstactu {2 C R™ 3amaHo oTobpaxeHue
v : R" — R", npuueM Ay J00bIX @,y € () BHITIOJHEHO HEPABEHCTBO

ple(z) — ¢(y)) < ap(z —y), (4.1)

rae 0 < a < 1. OrobpaxeHnue, ynoBiieTBopsolee cBoicTBy (4.1), Ha3bIBa-
eTcs cocumarouwum omobpaxcenuem. Touka x* HasBIBaeTCSI HeNnoA6UNCHOU
moukotl orobpaxenus ¢, ¢(x*) = x*. IIpyrumun cioBamu, HeNONBUKHAI
TOYKa — DTO pellleHne YpaBHEHUS

o(x) = .

Teopema 30 (o mpuHINIIE CXKUMAIOIINX 0TO6paxKeHui). Begkroe
cocuMaouee 0MoOPANCEHUE UMEEM 00HY U MOALKO 00HY HENOOBUNCHYIO
mouky x*, npuuen

* = lim 2" 4.2
@ = lim =, (4.2)
ede &y € ) — mpousseoabHOE HAUAALHOE NPUOAUNCENHUE,
k k—1
x" = p(x" ). (4.3)

HokazaTembcTBo. [lokaxeM, 94TO TOCIIEMOBATEIHFHOCTD {wk} dbyHIaMeH-
TajibHasg. leficTBUTETbHO, pACCMOTPUM TIPOIIECC, KOTOPHIN HA3HIBAETCS Me-
modom npocmot umepayuu;

CL‘l — QO(CL‘O), :132 — 90(331) — 902(330);33” — gp(wn—l) — gOn(CL‘O).
By,[[eM CUNTaTh OJId OIIPEOCJICHHOCTU T S m, IMeeM
pla" — ™) = p(p"(x) — ¢"(x)) < o"p(2’ — 2" ") <

95
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<a(p(a’ —&') + pla’ — &%) + ...+ p(a™ T — 2™ T")) <
<a"p(e —2 )1+ a+a?+ ... +a™ ") <apla’ — 21 /(1 - a).
[Mockompky o < 1, To mpu mocTaToYHO GosbIioM 71 BesmuuHa p(x” — ™)

CKOJIb YTOIHO MAJIa, TO MOCIIeNOBATEIBHOCTS { &) } GyHIaMeHTaIbHas U TIpe-
nen (4.2) cymectByet. Torna B cuily HEIPEPEIBHOCTH (0

p(x7) = p(lim o) = lim p(a") = fim =™ = 2",

Nrak, cyiecTBoBaHIEe HEITOABUKHON TOYKM IOKa3aHO, ITOKAXKEM €€ eIUHCT-
BEHHOCTL. Eciu

p(z) =z, p(y) =y,
TO HepaBeHCTBO (4.1) mpuHMMaeT BUA
plz —y) < ap(z — y).

CnenoBaTenbHo, p(x — y) =0 , unn @ = y. Teopema mokazaHa.
PaccmoTpum mpocTeiitiime mpuMeHeHNS IPUHITATIA CKUMAIOITAX 0TOOpa-
XKeHUU K pellleHnio HeJIMHEMHBIX ypaBHEHUI.
[TycTs 3apmano ypaBHeHUE ¢ OMHON HEW3BECTHOU &:

z = p(z), (4.4)

rae p(x) — samanHas QyHKUU. Y paBHeHne (4.4) MOXeT UMETH Pa3iIMIHOE
4ICJI0O KOPHEN WIN COBCEM HE MMETh PeEIleHNUI.

Ounpenesnienue 11. Pynkyug ¢ ydosaemeopgem na ompeske [a,b] ycao-
suro Jlunwuya ¢ NOCMOIHHOU &, €cau 0ad 406LT T1,xs € [a,b] ebvinoang-
emcsa HepaeenHcmeo

|o(@1) = p(a2)] < ey — . (4.5)

3ameuanue 2. Fcau ¢ynryugs ¢(x) Juddepenyupyema na ompeske
[a, b], mo ona ydosaemsopsem na [a,b] ycaosuro Junwuya ¢ nocmognnod

o < max p(z)]. (4.6)

Teopema 31. [lycme @ynrxyug ¢ ydosaemeopgem wa ompesxre [a,b]
ycaosuio Jlunwuya ¢ nocmoanrotl o, npuuem

0<a<l. (4.7)
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Toeda ypasnenue (4.4) umeem na ompesxe [a,b] eduncmeennoe pewenue

T, = kh_r)zlo xy, (4.8)
ede ) — HauasbHoe npubaudxcenue uz ompesra [a,b],
z, = p(z)_1). (4.9)

HoKa3aTeIhbCTBO HETTIOCPEACTBEHHO BEITEKAET W3 TMIPUHITUTIA CKUMATOTITIX
oTOoOpaKeHN.
Ouenum cropocThb cxomqumoctu (4.9). Umeem

z, = @(x,). (4.10)
Berarem (4.9) u3 (4.10), Torma
|z, — 21| < oF|z, — x| < oF(b—a). (4.11)

Takum obpazom, MBI BUIUM, YTO PACCTOSHUE MeXITy TOUYHHIM pellleHueM
HAIllero ypaBHeHU U MPUOJIMKEeHHBIM YObIBaeT B TeOMeTPUUECKO Iporpec-
cUn.

Ha mnpakTuke ypaBHeHus Buma (4.4) BCTpedaloTCs MOBOJIBHO PENKO.
OO6BIYHO HeJIMHEWHBIE YpaBHEHUS 3aJal0TCA B BUJIE

f(z) = 0. (4.12)

[IpuBenem cmoco6 mpeobpasoBaums (4.12) x Buny (4.4). 3amernm, 9TO
s sioboro k # 0 ciemyrolree ypaBHeHEe SKBUBAJIEHTHO MPEIbIAYIIEMY:

/(=)

=0 (4.13)
n
peg— 18 (4.14)
k
C.TIGI[OB&TG.TH)HO, MBI MOXKEM IIOJIO2KUTDH (70(33) = — % B CnJly 3aMc4dYaHUA

2 IS TOCTPOEHUSA CXONAINerocd IpoIllecca HaM HeOOXOMMMO BHITIOJIHEHNE
ycoBust (4.7):
['(z)

@) =1 -2 <1,

[Ipenmosnoxum, uto f'(z) Ha mHTEpBase [a, b] He MeHseT 3HAK U IJIS ONpe-
nenenroctu f'(z) > 0. Torma k MOXHO MOTOXKUTH

k = max f'(x).
Mﬂf()
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PaccMoTpuM cucTeMy JIMHERHBIX aJire6pandecKnX ypaBHEHUN BUAA
x = Bx + b, (4.15)

rne B — 3apganHas MaTpuiia n-ro nopsiaka, b € R" — 3anaHHBI BEKTOP.
[IpuBenem yciioBus, mpu KOTOPHIX oToOpaxkeHue Bx + b aBigeTcs cxKu-
MAaOIIM.

p(Bx — By) = p(Bx — y) < ap(z — y),

ApyrmMm CJIOBaMU, HeO6XOI[I/IMO BBIIIOJIHEHHNE yCJIOBUA:

sup PB2=Y) _ L Bv=0)
z,yER® p(ic - y) v£0 p(’U - O)
TN 3
sup [1(Bo]| < a. (4.16)
o0 |[v]]

B mpocTpaHcTBe KBaJpaTHLIX MAaTPUIl MBI MOXEM 3aJaTh HOPMY CJIENYIO-
M 06pa3oM:

||B|| = sup M (4.17)
0 |||
MoxHo moKa3aThb, 4TO
1Al < (X af)'2. (4.18)

4,j=1
CrnemoBaTelIbHO, MISI CXOOUMOCTHU METONA MIPOCTON WTEPALNU JOCTATOUYHO
H0Ka3aTh, 4TO HOpMa MaTpuilsl ||B|| yaoBieTBopseT ciienyoineMy HepaBeH-
ctBy ||B|| < o nnu BEIMOSTHEHO GOJlee CHIIBHOE yCIIOBUE

(3 B <a

1)
t,j=1

CucreMbl HeJIMHENHBLIX YpPaBHEHUN
PaccmoTpum cucTeMy HeJIMHEWHBIX YPaBHEHUU C 7 HEM3BECTHBIMU:
1 = @1(T1, T2, . .., Tp),

Ty = o1, T2y . .., Tp), (4.19)
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W B BEKTOPHOM BI[IE
x = p(x).
Ecnu oTobpaxkeHue ¢ cKIMaOIIlee, TO NI HAXOXK IEHIS PEIICHNS CUCTe-
M5l (4.19) MBI MOXKeM NPUMEHUTDH MeTOL IIPOCTHIX UTepaIuii

z! = ‘10(330)7 z’ = (10(331)7 conxt = @(wn_1)° (4°20)
[Ipenmosnoxum, 4To BEKTOP-QYHKIMA ( NMeET HellpephIBHBIE YaCTHEIE IIPO-
I3BOAHEIE 110 &1, L2, ..,L,, 1 0003HaunM A = (a;;), rae
ajj = max |0pi/0x;|. (4.21)
[Iycts @,y € Q. CoryacHo popMyJie KOHEUHBIX Mpupalienuii Jlarpanxa,
uMeeM Dioi(6)
n ©v; J
Pi\T) — Pi\Y) = Lj—Yj)-
@) - o) = 5 50, - )
CnenoBaTesbHO,
p(e) —p(y) = A(z - y)
u
plei(x) — vi(y)) = llpi(z — wi(y)l| = [|[A(z — y)]| <
< |[Al[llz =yl = |[Allp(z — y),
T. e

plpi(z) = wily)) < [|Allp(z - y).
Ecmu ||A]| < 1, To onepaTop ¢ SBIsSeTCS CKUMAIOIMIMM U UTEPAIMOHHBI

npouecc (4.20) cxomurcs.
B uATepBasbHOM BHIE METOM IIPOCTON MTEPALNN 3allCHIBAETCI KaK

=l = p(z')Na’, i=0,...
[TpuueM 1Jid HAYAJILHOTO NPUGIIMKeHUS & OJKHO BEHITIOIHATHCS BKITIOUE-

e &* C ',

4.2. MeTron HnroToHa

ycts f € C?[a,b] — HekoTOpasd MBaKIHI HeNpepHIBHO MuddepeHmpy-
eMasd pyHKIMg. PaccMoTpuM 3agady HaXoX/IeHUS KOpHS ypaBHEHUS:

f(z) = 0. (4.22)
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Teopema 32. IIycmv na ompeske [a,b] npouzeoduas f'(z) ne mengem
3nak u, kpome mozo, f(a)f(b) < 0, mozda na ompeske cywecmeyem Ko-
peHb T, ypasHenusd (4.22), npuvem eOuHcme ennbii.

Hoka3aTeJIbCTBO 5TOI TeOPEMBI OUEBUIHO U3 T€OMEeTPUUECKUX COOOpaxKe-
HUT.
I[IpuBeneM cirenyIomIyio MeOYKy TOXKIeCTBEHHHBIX ITPpeoOpa3oBaHUII:

—f(z0) = f(z:) = f(20) = f(§)(@ — 20), @0 € [a,b].

Pasnmenus o6e gacTtu paBencTsa Ha f'(£), nonyuaem

z —xo = —f(x0)/ [ (£),

z, =z — f(x0)/f(£), & € [xs, 0]

Taxum O6p&30M, €CJIN TOUKa X OJIM3Ka K Ty, TO B IIOCJIEONHEM pPaBE€HCTBE
MOXKHO 3aM€HHNTH HEN3BCCTHOEC 3HaAYCHIEC 5 Ha Iy. HonyqaeM HpI/I6.TII/I}KeHHOG
PaBEHCTBO

~ !
z, ~ xy— f(zo)/f (x0).
Ha ocHoBe 3Toro npubamxeHns ML MOXKeM IOCTPOUTH CJeAYIOMMWI nTepa-
IIMOHHEI IIPOIEeCC:

r; = a1 — f(@i)/f(21),i =1,2,. .., (4.23)

KOTOPHII Ha3BIBAIOT Memodom Heiomona umm — HocKonbKy (4.23) reomer-
pUYEeCKU O3HaYaeT YpaBHeHHEe KacaTelbHOU K rpaduky ¢yHKIuu f B TOUKe
T, 1 — MEMOJOM KACAMEALHBIL.

Ouenum ckopocTh cxomumoctu. CorstacHo popmyste Teisiopa nMmeem

(CB* - wi—l)z

2

0= f(z) = flzicr) = fl(@ima) (e — xi1) + f1(§)

Ty = Tj—_1 — f(wi—l)/fl(wi—l) + (z, — wi-lf%a € € [y, Ti—1].

Berunras w3 nociiensero paBeHcTBa (4.23) u npegnosnaras

f‘ll(é')
3w < B,

oIy daeM
|z — @] < B(zs — zio1)*
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OTcrona cienyeT, 9TO eCJIN BBINOIHEHO HEPABEHCTBO
Bz, — x| < 1, (4.24)

TO TIOTPENTHOCTE YOBIBaeT OUYeHB OBICTPO IO KBAIPATUIHOMY 3aKoHY. Uepes
n uTepaluil 6yneM UMeTh

i < Bl — 2"
[ = @in] < S(Bl. —2i))"

B kadecTBe mpumepa pacCMOTPUM CJIEAYIOIIee ypaBHEHNE:
flz)=2>-a=0,f(z) =2z.
MeTon HeroToHa 3amnuiiercd B Buie

2 _ 1
Tijtr] = &5 — u = 5(3% - a/a:i), (425)

3a HaJYaJIbHOE TIPUOJIMXKEeHNEe MOXKHO B3ITh TOUYKY Ty = a. T'eM caMBIM MBI
TTOJTY YMJIN M3BECTHYIO GOPMYJTy NI BHIYUCIIEHUS KBAaJIpPaTHBIX KOpHeH. 3a-
MeTuM, 4T0 ycyioBue (4.24) MoXeT He BHIIOIHATHCS, OMHAKO MBI MOXKEM WH-
TeprpeTupoBaTh Gopmyity (4.25) kak MeTon npoctoii nteparun. Hecioxuo
yOemMTHCI, YTO YCIIOBUE CXOMMMOCTH BHITIOJTHEHO M MTEPAITMOHHBIN TTPOIIECC
(4.25) 6ymeT cxomuThcda. BHauasile CKOPOCTH CXOAMMOCTH OyHET KakK y Me-
ToIa MPOCTOl uTepanun. B mampHeiieM npu BhINoJiHeHnU yciaoBus (4.24)
CKOPOCTH CXOMMMOCTHU Oy/leT KBagpaTUdHAas W MPOIeCC OUYeHb OBICTPO COU-
TeTCs.

[lepeiineM K mHTepBaJbHEIM MeTomaM Huioroma. Ilycts f € C! m us-
BecTHO, uTo =* € @' — xKopenb ypasuenus f(z*) = 0. lycts f/(£) # 0,
V¢ € 2.

NuTepBanbubii MeTon Hbl0TOHA MOXHO 3alcaTh B BUIIE
mid 2" = (mid * — f(mid ")/ f' (")) N z". (4.26)

IlocenoBaTembHOCTD { 2"}, BEramcstennas mo dpopmysam (4.26), obnamaeT
CBOIICTBaMMU:

1 2
A B e N L

klim b =z, o €, Vk.
— 00
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4.3. Meton KpaBuuka

[Ipenmosoxum, uTo GyHKIM [ yIOOBIETBOPAET yCJIoBUAM MeTona Huro-
Tona. PaccmoTpum onepatop K [85]:

K(z,z,y) =z —yf(z) + (1 —yf'(2))(z - ).
Teopema 33. IIycmb z* € 2. Onpedeaum nocaedosamesvrocms {x*}
2 = K (2*, 2t b N 2t

ede zF € ¥, y* npouseoavnvr. Toz0a:
1) z* € zF, Vk;
2) wid ¥ — 0 npu yeaosuu

1—yf' (") D[0,q], g<1, Vk.

Ha mpaxTuke B KadecTBe =¥ wacTo 6epyT mid ", a y* ~ (mid f'(z"))!
mw (mid f'(x*))~!. Bamernm, uro meTon Kpasuuka we TpebyeT obparmeHns

MHTEPBAJIBHBIX MaTpPHUII.

4.4. IIByCTOPOHHUE METOIbI

Pasmes mocssAIIeH 1By CTOPOHHIM NTEPAINOHHEIM MeTOAaM PeIleHns CIIC-
TeM HeJINHENHEIX yPaBHEHNI U MX CBA3M C MHTepPBaJIbHOI MaTeMaTuKoii. Ilo-
Ka3aHo, YTO MHOT'ME By CTOPOHHIE 1 NHTEPBaJIbHEIE NTEPALNOHHEIE IIPOLEC-
CBHI SKBHMBaJIeHTHEI. BoJjiee Toro, anmapaT MHTepBaJbLHON MaTeMaTHKI MOXK-
HO C YCIeXOM IPUMEHATH IS IOCTPoeHus >P(PEeKTUBHBEIX IBYCTOPOHHUX
NTEePaIOHHEIX IIPOIECCOB, HAXOXIEHNS I'PAHUI] JBYCTOPOHHWX PeIleHNI,
6IIM3KNX K OITHMAJILHEIM.

[Ipo6isieMe MOCTpOEHMS NBYCTOPOHHMX METOMNOB PEIleHUs CHCTEM HeJIn-
HelHBIX ypaBHEHUII MOCBAINEeHO 60JIbIIoe umciio paboT. B ocHoBHOM pabo-
THL 6a3MpyIOTCA Ha CIIedyIoIuX MoAxoaax: TeopeMe bpayspa o HEmOXBUXK-
HOIl Touke, TeopeMe MupaHna, IPUHINIIE CKATHIX OTOOpaXKeHMIA, METOME
Herorona. B monorpaguu [92] paccMaTpuBatoTCs MHTEpBaIbHBIE METOIbI
pellleHns CUCTeM HeJIMHEeNHBIX ypaBHeHuli. B MoHorpaduu [44] usnoxeHst
nTepalioHHEIe [TBYCTOPOHHIE METONBI, OCHOBaHHEIE Ha TeopeMe Bpayspa.
B pa6ore [82] mpuBoagTCS MTepAlMOHHEIE METObI, UCHIOIB3YIOIIIE Teope-
My Mupanna, B [91] — MmeTonmpl, oCHOBaHHbIE Ha TMPUHIINAIE CKUMATOIIAX
otobpaxenmnii. I[lonpobras 6nbmorpadus 1Mo NTepalrOHHEIM METOLAM €CTh
B MoHorpadusx [3, 92].
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PaccMmoTpum cucTeMy HeJIMHENHBIX ypaBHEHUI
L= f(wv k)v (427)

rne f ={fi}, , fi = fi(z,k); k € R™ — BekTOp mapameTpos, k € k;
x € R" — BeKTOp HEM3BECTHEHIX.
MHoxecTBO Beex perenuii cucteMs! (4.27) onpemenuM TakuMm o6pasom:

X ={z|x = f(z, k), k € k}. (4.28)

[IpuBeneM HECKOJIBKO BCIIOMOTATEBHBIX PE3yIbTAaTOB U3 MoHorpadpun [44].
[IycTs cymrecTByIOT BellleCTBeHHBIE PYHKITUN Fl(yl, ey Uny Bly vy Zn)y L =
1,2 Takue, uto pu y <y, z < Z BBHINOJIHEHH HEpaABEHCTBA

Fl(y,z) < Fl(g,2),l =1,2;i=1,...,n, (4.29)
KpoOoMeE TOTI'O, BBIIIOJIHEHBI HEPABEHCTBA
Flz,z) < fi(z, k) < FX(z, z). (4.30)
[TycTs BekTOpa 2, T € R" IBAAIOTCS pelIeHNEM CUCTEMBI

(g@ (4.31)

Torna joboe pelreHre & CucTeMbl (4.27) yooBIeTBOPSIET OLlEHKAM
r<z<T7T. (4.32)
BameTum, uro B cmty (4.29)

FYz,%) < min f(z, k), F*(Z,z) > max f(z, k).
kek ke
[lokaxeM, 4To B KadecTBe F' MOXKHO B34Th IPaHUIIEI MOHOTOHHOT'O TI0 BKJIO-
YEHNIO MHTepBaJIbHOrO pacumpenns ¢byHkiumii f. HelicTBUTeNBHO, MyCTh
F(z) = [F(z), F(x)] — unTepBasbHoe pactmmpenne yukunn f, z = [z, 7],
Torna ¢pyakuuu F, F nomHocTho ynosseTBopsioT ycrosmam (4.29), (4.30);
ycioBuo (4.29) — MOCKOJIBKY MHTEPBAJIBHOE PAaCIIMpeHre MOHOTOHHO IO
BKJIIOUeHNIO, yciaouio (4.30) — B cuily CBONCTB MHTEPBAJIBHEIX PacCIInpe-
HUU.
Takum obpaszom, cuctemy (4.31) MOXKHO MepenucaTh B BUIE

¢ =F(x),7=F(z) uau x = F(z). (4.33)
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4.5. IlocTpoeHue BeKTOpa HAYAJIbHBIX NPUOINXKEHUN

PaccmoTpum Borpoc o mocTpoeHNr BeKTOpa HAYAJTBHBIX TTPUOIMKEHUN
IUISL ITEPAIOHHOTO [IPoIiecca pelreHns cucTeMsl (4.33).

= F(z'),i=0,1,2,... (4.34)

0 — BekTOp HAYAIBHBIX NPUGIIKEHU, £* — pellleHne CICTeMEI

IIycts @
ypasuenuit (4.33). Torma mis cXomrMOCTH UTepalnoHHOTO mporecca (4.34)

HeOOXOIMMO BHITIOTHeHNE ycsioBus [44]:
z! = F(2") C 2°. (4.35)
DTo BKIIIOUEHNE BIE€UYET 3a CO0OIl Cileqyrolnue CBOMCTBa [3]:
XCea',i=0,1,2,...,. (4.36)

[Iycte F ynoBsieTBOpseT B HeKoTOpoil HopMe || - || ycmosuto Jlummmna c
KoHcTaHTo L < 1 B obmactu

||F(21) — F(22)|| < Ll|zy — @[, 21,22 C Q, (4.37)

TOT/Ia, B CWJTY TIPUHIINIIA CKUMAIOIINX OTOOpaXKeHN, NTePAITMOHHBIN TTPO-
tiecc (4.34) cxompmTcs mIst JI060r0 HAYAJIBHOTO HpUGINKeHUI &) € ().

B mHTepBasbHOM aHaM3e UTepalnOHHEIH Hpotecc (4.34) 4acTo 3amuch-
BaeTCSI B BUE

't = F(z)Nna'i=0,1,2,..., (4.38)

IpU 5TOM Ha BEKTOpP HaYaJIbHBIX IMPUOIMKEHN HaKJIadbIBAeTCS yCJIOBUE
4.35.

[Iycts x* — pellleHMe CHCTEMBI HEJIMHEMHBIX ypaBHEHUI IIPU HEKOTO-
pPOM KOHKDETHOM 3HadeHHn mapaMeTpoB k. Torma z* € ' u z* moxmo mC-
I0JIb30BaTh B KaueCTBe HAYaJILHOIO MPUOJIVKEHUS [JI1 PellleHUsS CUCTEMEI
(4.31). Ecam Bemmosieno ycsoBue (4.37), To mTeparmonHsiii nporecc (4.34)
cxonurcs K *. Ilpu sTom BEmosHeHue ycnosuil (4.36) He rapaHTUpyeTCS.
BameTum, yTo pemrenus cucteM (4.31) u (4.33) coBnanaoT, CjleI0BaTEIBHO,
B CIJTy GJIN30CTU HEKOTOPOTo X' K X*, MOXKHO IOCTPOMTH € CIlemyIommM
obpaszoM:

2’ = mid(z) + [-1, 1]wid(z)d, d > 1,

roe d — HEKOTOpPHI IapaMeTp, KOTOPHII MOXKHO OIEHHTH cjemnysd paboTe
[82] mnu HemocpencTBeHHO POBepUTH BHIOIHeHNe ycioBus (4.35). B city-
Yae Heymadl MOXHO WM HIPONOIKUTH uTeparmu (4.34), win yBemuuuts d.
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Takum obpazom, TpobileMa HaXOXIEHWS BEKTOpa HAYAJIBHBIX MPUOIIN-
KEeHUN J1d MHTEePBAJILHBIX UTEPAIMOHHBIX TPOIECCOB CBOAUTCA K MPUOIIN-

KeHHOMY peliieHuIo cucteMsl (4.31) ¢ BeleCTBEHHBIM HAYaJILHBIM BEKTOPOM
2 e Q.

4.6. Y TOUuHEHUE pelleHun

Hycts ¢ D X , ¢ = (@1, 22,...,&,) — HEKOTOPOE OBYCTOPOHHEE pelIle-
H1e. PaccMoTpuM ciiemytomnuii MHTEPBAJILHBIA BEKTOP:

g = (:131, cees i 159,511y .,:I‘n).

OH mpencTaBsIseT MHTEPBAIIBLHBIN BEKTOP &, Y KOTOPOTO ¢ KOMIIOHEHTA 3a-
MeHeHa Ha 4uciio ¢g. Kcimm MBI yMeeM onpeneniaTh, IiepeceKaeTcs JIU BEKTOP
g C MHOXeCTBOM X, TO ONTUMAJIFHOE 3HAYEHUE I &;

z; = inf{g|X¥' N g # 0}.
OnHako Ha MPaKTWKe IIPOITe ONMpPeNenThb, KOT1a
XNg=170.
B sTom ciiyuae
z; =sup{gl¥ Ng=0,z > g,Ve € X}. (4.39)

[lepeiimem k Bompocy 06 yrounenunu x. [loncraBum g B ypasuenue (4.34):

IIpU 3TOM -1 KOMIIOHEHTa BeKTopa ¢ NepelileT B HEKOTOpOe NHTepBaJIbHOE
4ICIIo g;.

Jlemma 6. ITycmv g' Ng = 0 uau, wmo mo e camoe g € g;. Toeda
XNg=170.
HokasarenbcTBo. IIpenmnoso)uM mpoTuBHOE, MyCTh 2 — HEKOTOPHIN BEKTOP
zekXNg,
HO TOT[a z SBJITETCS HEIOABUKHOI TOYKOIM HEKOTOpOro omeparopa F' € F

Fz=2¢€g
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1, CJIEMOBATEILHO, B CIJIy CBOMCTB MHTEPBAJIBHBIX MTEPAIMOHHBIX TPOIEC-
COB
Fz e g

Bnauut, g' N g # ) . [lonydennoe MpoTUBOpeUne MOKA3EIBAET JIEMMY.
Takum 06pazoM, MBI MOXKEM [MOCTPOUTDH UTEPAIMOHHOE Y TOUHEHIE II0 CJIe-
AYIOIIEl Ipoleaype:
ITPOLIEAYPA 1 {yrounenue i-it HUXKHe T'PaHu}.

0. .
g = (a:l,...,a:i_l,gi,wiﬂ,...,:cn),
IMoxa g' N g = () nuka

1. l
g =F(g),

0. .
g = (a:l,...,a:i_l,gi,aziﬂ,...,azn),
KOoHEN LUKJIA
T; = [2@7TZ]7

KOHeIl IIpolenyphl.
AHaJIOTUYHO CTPOUTCS MPOLleypa YTOUYHEHUS BEPXHEN I'PaHU.
PaccmoTpum errte omHy mpollenypy yTOUHEHUS WHTEPBAIIHHOTO PEIIEHMS.
O6paTtumcs HemocpencTBeHHO K ypaBHeHuio (4.27). IlycTs kak u mpexnme
HaM HeOOXOOWMO YTOYHUTH HUKHIOI TPAHUILY i-U KoopawHaTh. g sToro
yIIaJIAM U3 HEero ¢-10 CTPOKY U 3aPUKCUPyeM i-10 KOMIIOHEHTY.

r1 = fl(azl,...,gi,...,:cn) (440)
r,_1 = fi_l(azl,...,gi,...,:cn)
i1 = fi+1(w1,...,§i,...,wn)

T, = fole1, ... 2. .., %)

PemiuM mosydeHHy0 CUCTeMy WTepPaIMOHHEIM crocoboM. CXoaumMocTh
(4.40) HemoCpeACTBEHHO BHITEKAET W3 CXOAWMOCTH WCXOTHOW CUCTEMEI
(4.33). Illyctb 2 = (21, . -y Zi—1, &iy Zit1, - - - y Zn) — pelrenne cucteMsr (4.40),
Tora CIpaBelJINBa CJIeAYIOIas JIeMMa.

JlemMma 7. Buinoawnenue ycaosusg

0¢ - fi2) (4.41)

gaeuem 3a coboil

XNz =40.
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Ioka3aTeIbCTBO IMpoBedeM OT NmpoTuBHoro. Ilycts 4z € X' N z, Ho Torma 2z
SBJILETCA pelieHneM cucteMsl (4.33 ):

;=2 € filz1,. ., iy o ny Zn).

Takum obpasom, 0 € x; — f,(z), aro nporusopeunt yciopumo (4.41). Jlemma

nmokazaHa.

3ameuanue 3. M3 svinoanenud ycaosug 0 € z; — fi(z) 6 obwem cayuae
ne ebimexaem, umo X Nz = (.

Cnenys (4.39), s yTouHeHUs &;, HECIIOXKHO TOJIyIUTH Pa3IMIHEIE IIPO-
1eNypHhl, OCHOBaHHBIEe Ha aJICOpPUTMAaX HaXOXIEHUS SKCTPeMyMoOB pYyHKIIUMN,
HallpuMep, Ha MeTole JleJleHNs oTpe3Ka II0IoJIaM, MeTO/Ie 30JI0TOT0 CeUeHM
1 T.II.

YnciienHble NpuMepbI

PaccmoTpum unciennbie mpumepsl. Haunem ¢ jmuHeWHBIX ajrebpamdec-
KX CUCTEM C MHTEPBAJIBHBIMU KodddunmeHTamu [82]:

Ax = b,
rame A — MHTepBaJIbHasg MaTpuila, b — MHTepBaJIbHBIA BEKTOD:

[274] [_171]
[_171] [274]

[IpuBenem cuctemy k Bumy (4.27). st 5TOro mepenuineM CUCTEMY CIIETy-
FOITTM 0bpa3oM:

r=(I—-YA)xz-Yb,
rae Y — MaTpuiia Buma
1/3 0
0 1/38
Hanee, Ha puc. 4.1, 4.2 mokazaHbl MHOXECTBA PeIleHUN STON CUCTEMHEI IIPU
pPa3INYHBIX BeKTopax b, mpuBeneHbI TPaHUIIBI PEIeHUN MOJIyYeHHBIX B pa-
6ore [82]. [IpuMeHeHre yKa3aHHBIX BBIIIE METOIUK MO3BOJIUIO MOCTPOUTH
MHTEPBAIILHEBIE pellleHus, 6JIM3K1e K ONTUMAITbHBIM.
PaccMmoTpum Teneph HEIMHENHYIO CUCTEMY:

r1 = —k0332—|—]€1, (442)
Ty = 0.13312132—|—]€2,
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0,1.0)

Puc. 4.2. b =([1.0, 2.0],[1.0,2.0])

rae ko = [0.1,0.2], k; = [0.6,1.0], k2 = [0.0,0.45]. IuTepBanbHbIil UTepalu-
OHHBI IIPOIIECC CXOOUTCH K BEKTOPY

x = ([0.5,1.0],[0.0,0.5)),
OIITUMAJIBHBIC I'PaHNUIIbI MHOXKECTBA pelHeHI/IfI
z = ([0.505,1.0],[0.0,0.49725)).

B pesynbTaTe ucnosib3oBaHUS MPOIENYyPhl, OCHOBAHHON Ha JieMMe 7, TIOJIy-
YeHBI ONTUMAJIbHEIE TPAHUITHI MHOXKECTBA PEIIeHUN CUCTEMBI.

Ha puc. 4.3 npencraBieHo TOYHOe MHOXeCTBO peliieHuil cucteMsr (4.42)
1 peIleHns ¢ TIOMOITTHI0 MHTEPBAIILHOTO MeTO/Ia MMPOCTON UTEPAINN, a TaKkKe
YTOUYHEHHBIE TPAHUITBI PETITEHU.
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L2

0.5 1.0 B3]
Puc. 4.3. Y TouHeHmMe TpaHULl HEJIMHEWHBIX yPaBHEHUR

4.7. Bonpocsl u ynpaXHeHU

1. IlpwBecTu ypaBHeHUE K BUIY TPUTOTHOMY IIJIS METOJIa TIPOCTON UTe-
panun

2 —3=0.

Cnenatb nBe uTeparuu. Yemy paBHa KoHCTaHTa Jlummuiia?
2. 3BammcaTh CUCTeMBI HEeJIMHEWHBIX ypPABHEHU B BUle WHTEPBAJIILHOIO
MeTona MPOCTON UTepalnun

sin(fz+1)—y =1,
2¢ + cosy = 2.

?+r+3y =1,
2¢ +y> = 2.

HaiiTu BeKTOpHI HAYaTBHBIX TIPUOIIMKEHUN.
3. HammcaThs mHTepBaIbHEIN MeTOon HbloTOHA mMitd ypaBHEHUS

> —5=0.

Hanitu navansHoe HpI/I6.TII/I}KeHI/Ie 1 COoeJiaTh OBE NTCPpAalUN.
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S3amaunm Koum miaga cucrem OI1Y

B »sToit rmaBe MBI obpaTuMcs K 3amadaMm Kormu niis cucteM oOBIKHOBEH-
HBIX AuddepeHInaIbHbIX ypaBHeHU. OCHOBHOE M3JI0KeHUEe TIPOBEIEM JIS
CKaJIIpHOro ypaBHeHus (5.1), HO B KaXIOM cilydae yKaXkeM CIIOCOOBI 0606-
IMeHN S Ha CUCTEMBI YPAaBHEHU.

yl = f(wvy)v z > 0, (51)
y(0) = wo. (5:2)
B paszn. 5.1 obcyxknaroTcs MBYyCTOPOHHUE METOMBI C TOJITPHBIMUA OCTa-
TOYHBIMU WIEHAMU, TOABUBINKECS ofHuMY 13 TepBhixX [26, 30]. Cnenyer ot-
MeTUTh, UYTO OHU He MBYCTOPOHHME B CTPOTOM CMEBICIIE, TaK KaK He MafoT
rapaHTUN MPUHAIIIEXKHOCTU TOYHOTO PeITeHUs TTOCTPOEHHOMY KOPHUIOPY, HO
00J1aaloT TUM CBOMCTBOM B aCUMIITOTUYECKOM CMEICIIE: IPU CTPEMJIIEHUN
Irara pa3HOCTHON CeTKM B HYJITh MOCTPOEHHBIN KOPUIOpP BCe MeHee OTJIIMYa-
eTCd OT TapaHTUPoBaHHOTO. Bee mocitenytome MeTONBI MafOT IBYCTOPOHHEE
peltteHne B cTporom cMmbiciie. Hanbosiee meTasbHO M3JI0KEH METOI alloCTe-
PUOPHOTO OIIEHWBAHUS, B KOTOPOM MIJIS TBYCTOPOHHEWN OIEHKW WCITOJTh30Ba-
muck MaxopanTHbie pueMbl E. M. Jlosunckoro [49, 50].
[Tpu permtenuu cuctem O1Y BaXHO MMeThb HaJeXHBbIE UYMCIIEHHBIE METO-
nel. PaccmoTpuMm 3amagy Korrm

y=y°, te(0,1),
C HAYaJIbHBIM YCJIOBUEM
y(0) = 1.
Tounoe pemrerne sToro ypasuerus y(t) = 1/(1 — x). Kak BunHo peurenue
cymmecTByeT TosbKo Ha uHTepBade (0,1), B Touke ¢ = 1.0 pelrenue yxonur

“Ha 6eckoHeyHOCTDH . PemuM uncienHo 5Ty 3amauay metomom Pymre-KyrtTa
c marom h = 0.1.

110
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100 . . . . . . ; . .

90 i

80 r

70 1

60 r 1

50 r 1

40 T ]

30 r 1

20 ¢ 1

10 - .

01 02 03 04 05 06 07 08 09 1.0

Puc. 5.1. o — umcmennoe pelrenune

Kax Bunnao n3 puc. 5.1, uncyientoe perrterne B Touke t = 1.0 cymecTByeT.
Taxum obpasom, mpu unciaenHoM pettennu OIY HeobXomMMO UCTIOIIB30BATH
HaJleXKHBIE METOMBI U CJIEAUTD 3a MOTPENTHOCTHIO YNCIIEHHOTO petenus. g
5TON e MOXKHO TPUMEHSTH IIUPOKUN CIEKTP NBYCTOPOHHUX W WHTEP-
BaJILJILHBIX MeTon0B. OTHAKO 5TU METONHI 00JIaIafoT PAIOM 0COOEHHOCTEN.

[Tepen ommcanmeM MBYCTOPOHHUX W WHTEPBAJILHLIX METOIOB IMPUBEIEM
npumep P. E. Mypa [89], unmtocTpupyfommii Tak Ha3sIBaeMBIl 5pPeKT yra-
koBbIBaHI (wrapping effect). B nurepaType oH TakXke yacTo yHmoMuHaeT-
ca Kak 5pPekT packpyTku mwin >pdexT Mypa. OToT 39 PeKT mposBIIeT-
Cs B UpPe3MEepPHOM yBeJIMYEHUN IIWPUHBI NHTEPBAJIBHOIO PEIIEeHNS CUCTEMBI
nuddepeHITNATIFHBIX YPaBHEHUH 10 CPABHEHUIO C UICTUHHBIM. JTOT 3ddeKT
CBS3aH TOJILKO C BHY TPEHHUMU CBOMCTBaAMU MHTEPBAIIBHBIX METOJIOB 6€30T-
HOCUTEJILHO K OIIMOKaM YUCJIEHHBIX pellleHul.

[IpuBenem cuctemy nudpdepeHINATBHIX ypaBHeHnin [89]

Y1 = Yo,
Yo =—y1, t20 (5:3)



112 I'maBa 5

Puc. 5.2. OddekT ynakoBeiBanus

C Ha4YaJIbLHBIMU YCJIOBUAMMN
yl(o) €l + [_878]7 y2(0) € [_878]°

MHoXecTBO pelreHni 5To 3ama4n Ha (a3oBoOll MWIOCKOCTH (Yy1,Y2) Bpalia-
eTcsa OTHOCUTEJLHO Hadaja KoopauHaT. CMofe/npyeM YKiCIIEHHOE PellleHne
B MOMEHTEI BpeMmenu t; = j7, j = 0,1, ..., u mocTpouM uMHTEpBaJbHEIE pe-
IIeHNS, comepkKalue B cebe MHOXKecTBO pemrennit (puc. 5.2). B pesynprare
MBI BUIUM BO3pacTaHKe IMIMPUHLL NHTEPBAJILHOIO PellleHNns .

g npeomosieHus >Toro >pdeKTa ObIIN IPeIJIOKEHb pa3InUHbIE METO-
Obl, B 4aCTHOCTIH:

® aBTOMaTHYECKOe MMpeobpasoBanne KoopauHaT [88];

e npeobpasoBanue cuctembl OIIY k ymo6romy Bumy [105];

¢ orpaHnYeHKre MHOXKECTBA PEIleHUN HapaJiielenieqaMu, SJUIIICONIa-
ME U IpyruMmu Bugamu obsacteit [93],[65];

e aHajuTHU4YecKoe peienne cucteMmsl OIY u mocienympolmee mocTpoeHue
MHTePBaJIBHOTO pacumpenus [44], [98].

DddexT yrnakoBrIBaHUA 06CY K IaIICS Takke B paborax [13],[94], [90], [87]
u 1p.

[lonpo6HELl 0630p MO MHTEPBAJILHEIM MeTomaM perneHus cuctem OIY
umeetcs B [94], B MoHorpaduu [44] paccMaTpuUBarOTCS IBYCTOPOHHUE METO-
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IIbI, UCIIOJIB3YIOIINeE pa3JioXKeHNe ollepaTopa Ha W30TOHHYIO U aHTUTOHHYIO
cocTasisorue. B Mororpaduu [34] miis mocTpoeHUs NBYCTOPOHHUX pelire-
HUU UCCJIeNOBaHBI alloOCTePUOPHBIE OLIEHKU MOTPEITHOCTH.

5.1. Pa3zHocTHBIE MeTOoAbl C IIOJIAPDHBIMHNA OCTAaTOYHBbBIMMN
qJJIeHaMN

[IpuBenem acuMnTOTUYECKU IBYCTOPOHHIE MEeTOBI pellleHus 3aaaun Ko-
m. OHU OCHOBAHHBI Ha MOCTPOEHUM Maphl GOPMYJ MHTETPUPOBAHUS C TIPO-
TUBOMOJIOXHBIMU TI0 3HAKY TJIABHBIMU UJeHAMU MOTPENTHOCTH.

Bepuemcsa x 3amage Korm:

yl = f(wvy)v x > 07 (54)

y(0) = yo. (5.5)

OcHOBHYIO ner0 U3JI0XKNUM Ha mpumepe Metona Pyrra — Kyrra. Ilpen-
HOJ—IO}KI/IM, YTO HaM M3Be€CTHO TOYHO€ 3HadYeHHe y(wo) B HeKOTOpOfI TOYKE

x¢ > 0, n monsrTaeMcs HaiiTu 3HadeHue y(xg + h). s sToro BBemeM cite-
IYIOIIe BeJIMYUHEL [7]:

kj=hf(&m), & =m0+ ash, (5.6)

ny = y(a:o) + /Bj,lkl + ...+ /Bj,j—lkj—la ] = 1, ceey 11N, (57)

y"(xzo + h) = y(zg) + prk1 + ... + Pk (5.8)

3mecs o = {a}, B ={B,i}, — HaAGOPHI UNCIIOBEIX IIapaMeTPOB, BEIOUpae-

MBIX U3 YCIJIOBUN amnpokcuMarmu u yctorrauoctn [7]. [lomumo sTux o6wry-
HBIX TPeOOBaHUIA, TIONMBITaeMCS BEIOpATh MapaMeTPhl TakK, YTOOKI JIOKAJIbHAS
onrnbka mMeJsia CielMaJIbHBIA BUI:

y"(zo + h) — y(zo + h) = Ky (f) + O(RTH?). (5.9)

3nech ) — olpelesieHHBI OIEPaTOp, BhIpaXKaIoOIUCI yepe3 QyHKIWIO f
1 ee YaCTHBIE MPOM3BOMHBIE M He 3aBUCANUNA oT «,[3,p, a 7, HaobopoT,
BBIpaXKaeTCs TOJIBKO uepes «, (3, p. llemoe ¢ > 0 6Gymem Ha3bIBaTh CTelle-
HBIO MeToma. llepBoe citaraemoe B mpaBoit actu (5.9), 04eBUIHO, SIBIIETCS
[JIaBHBIM 4JieHOM JioKaJibHou omubku. IIpencraBum cebe, uTo ymacTcsa Haii-
T nBa HaGopa mapamerpos o'l B, p) x o2 33 p2)

(e, BV p1) = 5 = —(a®, @) p3)), (5.10)

TaKHX, 4YTO
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B pesymbraTre 6ymeM mMeTh OBe He3aBUCHMEBIE (DOPMYJIBI YMCJIEHHOTO WH-
TerpupoBaHUs Ha OTPe3Ke [zg, Ty + h], KoTopkle MafoOT ABa MPUOGIMKEHHBIX
3HAYEeHN: y(hl) =(zg+h)u y(hz)(a:o + h), npumaem

zo + h) + hTY(f) + O(hF?),

y(
y(hz)(wo + h) = y(xg + h) — A5 (F) + O(he?). (5.11)

ycts, nna onpenesentoctu, Y (f) > 0. Torma npu mocrarouno masioMm h
TIOTPEITHOCTEL B MepBoil popMyJie OymeT TMOJIOXKUTEJILHOW, a BO BTOPOU —
oTpuriaTebHON. B pe3ymbTaTe MBI TIOSTydaeM TBYCTOPOHHee MPUOITMIKEHME
TakKoe, 4TO

y(zo + h) € y(zo + h) = [ye)(zo + k), ya)(®o + h)]. (5.12)

Anasornunas cutyanus nmeeT Mecto npu JY(f) < 0, Ho B (5.12) mpene-
JIBL TepecTaBagoTcd MecTamu. CUTyalns oCcTaeTcsd HeOlpedesIeHHOM IIpU
obparennu B Hy7Ib ¢(f). Torma Hu mpm KakoMm MajioM h HeT rapaHTuu,
YTO IIEPBOE CjlaraeMoe OyHeT OIMpeNesiaTh 3HaK JIOKAJIHLHOI IOrPEITHOCTH.
B utore npuxoauTcs HamgeITHCS, YTO HEONPENEJIEHHOCTh BEUIMBAETCI B IIO-
rperHocTh 6ostee BEICOKOTO Topsaaka Majoctu O(h't?) u mpomcxonuT Ha
CPaBHUTEJILHO HEGOJIBIIOM yYacTKe Gm30cTh K HyI0 GyHKuun ( f).

OTOT aHaIN3 WLIIOCTPUPYET HECTPOTOCTDH OLEHOK, MPENOCTABILEMBIX
ACUMIITOTUYECKN IBYCTOPOHHMMU MeTOHaMU B Cilydae KpPYIIHOrO Imara h
WA CMEHHI 3HaKa y dyHKumu ().

ME1 HaJIOXK WM Ha TapaMeTPHL &, (3, p CTOJIBKO TpebOoBaHMIl, YTO BO3HIKA-
eT eCTeCTBEHHBII BOIIPOC O CyIIECTBOBAHUU TakKux Habopos. g mpumepa
BHINIUIIIEM (POPMYJIBI CTEIEeHN 2 U MOACHUM peaJIn3aliio ajlOPIUTMa B LIEJIOM.
Ilsist sTOrO BBEHmEM pasHOCTHYIO ceTKy wj, = {z; = ih,i = 0,1,...} ¢ marom
h > 0 u paccMoTpuM ABe TpexcTamuiinbie dopmynsl Pynre — Kyrra c
HaYaJIBbHBIM yCJIOBUEM Yy B Touke g [30]:

ki = hf(zo,y0), ko=nhf(zo+h/3,90+k1/3),
kY = hf (2o + h/2,90 + k2/2),
K2 = hf(zy + 5h/6, o + 5ka/6), (5.13)
Yl (o + h) = o + k5,
ylyy (wo + ) = yo + 2/5 k1 +3/5 kS
IIporiecc mHTerpmpoBaHUs MIPOUCXOOUT CJIEAYIOMUM obpa3oMm. IIycTh B He-

KOTOPOI1 TOUKe T € W), W3BECTHBI IPAHUIIE ACUMITOTIYECKH IBYCTOPOHHETO
peurtenns y(x). B3gB B KauecTBe HAYAIBLHOTO yCIIOBUS ¥y CHadasua §(z + h),



Samgaur Komrn 115

a 3aTeM y(z + h), mo popmysam (5.13) nomyuaem nBa uHTepBaa: yY,(r + h)
un yY,(x + h). Ix unTepBambHas 060JI0UKa HaeT aCUMITOTUYECKU ABYCTO-
portiee pemerne y(z + h). [lomaras mocmenosarensuo ¢ = 0, h, 2h, ..., MBI
MOXKeM BBIUUCIIUTH ACUMIITOTUYECKU NBYCTOPOHHUE OLeHKU Y(x) B J060oM
y3Jle CeTKU Wy,

®opMyJIBL C MOJIIPHBIMK MTOTPEITHOCTAMU AIMIPOKCUMAIINN MOXKHO CTPO-
UTh U Ha ocHoBe MeToma Amamca. OmHaKo HadajbHBEIE 3HAUYEHUS B STOM
MHOIOIIIArOBOM MeTOJIE TOJIKHELI OBITH HACUNTAHEL IPEABAPUTEILHO KaKIM-
Jn60 IBYCTOPOHHIM METOIOM.

5.2. Panwsr Tensiopa

Nznaraemsrii B Havadle paziesia MeTON — €CTEeCTBEHHOE WHTEPBAJIBHOE
o6obrreHne Metona Jiisiepa. On mossuscs B paborax P. E. Mypa [89] on-
HUM 13 TIEPBBIX CPENU METOMOB, KOTOPhIE B OTJINUME OT AJITOPUTMOB pa3zi.
5.1 maroT rapaHTUpOBaHHBIE NBYCTOPOHHUE OIleHKW. MBI M3JI0XKUM ero Ha
IIpUMepe OMHOTO ypaBHEHUs, HO 0000ITIeHNe Ha CIyYall CUCTEMBI OUE€BUIHO.
[MMupuaa mosryyaeMoro WHTEPBAILHOTO pPeIleHus OJIS TOYHBIX HAHHBIX —
sesmunaa O(h), 9TO BEITEKAET U3 MEPBOTO MOPSAKA TOYHOCTHU MeTOna Jii-
Jlepa Ha ceTKe ¢ miaroM h. B KoHlle pa3smesia MBI TIpuBeleM MOAUPUKAITUIN
MeTona 6oJjiee BBICOKOTO TOPSINKA TOYHOCTU M OCTAHOBUMCS Ha aJITOPUTMe
TIpeABapUTEIILHOTO MIPOTHO3a I'paHmIl peltedns. Paccmorpum 3anauy Korm

yl = f(y)v S (Ovl)v (514)
y(0) = yo € yo. (5.15)
[ycts y(z) € A, = [A,A] u f onpenenena ma A,, Kpome Toro, f uMeer

MHTepPBaJIbHOe paciiupenue f co CIeqyOIUMUA CBOMCTBAMMT:
1) f — HenpepsiBHasS QYHKUINS;
2) f MOHOTOHHA IO BKJIIOUEHMUIO;
3) cymectByet L > 0 Takoe, 9To

wid (f(y)) < Lwid (y) C A,.

BBenem pasnocTHYyIO CeTKY w), = {O =< <...<x, = l} C HIaramMm
h; = x;11 — ;. llpennosioxum, 4To yKe BHIUYKUCIIEHO NHTEPBAJIILHOE 3HAUEHME
y(x;) D y(x;). Torma Ve € [x;, z;y1] onpenenum

(z) = y(@:) + (z — z;) f(2),
Z:y(a:?j)+[0,hi]f(Ay), i=01,. . ..n—1. (5.16)
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B kxadecTBe HavaJBLHOrO 3HAUEHUST 6epeM

y(0) = y,. (5.17)

Homnaras B (5.16) « = @;41, monydaeM 3HadeHNe Y(x;11) U MPOAOIIKAEM
Ipolecc Ijif CJedyIolmero i. B mTore mocTpoeHa MHTepBajbHad (PYyHKIIL
y(z) ¢ KycouHo-nuHeliHbIMU rpaHutiaMu y(z) u g(z). Huas sToro merona
CIIpaBEeJINBO CJIEAYIOIIEE yTBEPKICHIE.

Teopema 34. 3adaua Kowu (5.14), (5.15) npu ycaosusr 1-3 umeem
eduncmeennoe pewenue y € y. Kpome mozo, cywecmeyrom KoHcmarmbl
c1,Cy MaKue, YUmo

wid (y(z)) < c1h 4 cowid (yo)-

®opmysiet (5.16) HoCAT Ha3BaHWE MeTOMA HepPBOro mopsaka. MoxHo mo-
CTPOUTH MeTONBI OoJiee BHICOKMX TOpAnkoB. B camom mese, mycThb y €
C*[0,1]. PaccmoTpuM pasioxenue B pan Teisiopa ¢ 0CTATOYHEIM UI€HOM
B ¢opwme Jlarpanxka:

y(@) = y(0) + X FiVad/j1 + Fy(6))2* /R, 8 € (0,1).

i=1

Ecam cymiecTBy1oT MHTepBaJIbHBIE PACIINPEHUS f(J), TO GOpMYJIEI MeToHa

k-l_‘O HOp;{ILKa 3aIINCHIBAIOTCI B C.TIGI[y:[OIHGM BUOE:
k=1 z — ;)
y() = y(z) + 3 fU 1>(y(a:i>)(j7,)+
=1 !

x — z;)"

—I_f(k_l)(Ay)( k!

IIpn sToM cunmTaeM, 4To BEImosiHeHo yciosue y([z;, z; + ¢]) C A,. U3 cBoii-
CTBa 3 HEMOCPEACTBEHHO BHITEKAET, YTO

wid (y(z)) < (cp_1/kDwid (A,)hS+

+ (1 + g cj_lhj) wid (y(z)).

Taxum obpa3zoM, MIMPUHA NHTEPBAJILHOIO PEIEHN ABJIS€TCSI BEJIMYMHON
O(hk) IUI1 TOYHBIX TaHHBIX.
IIpumep 12. Paccmorpuwm 3apgauy Korrm

ylzyzv 33207
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y(0) = 1.

Bremnuiem pasnoxenue B pan Teisiopa
y(z +h) = y(e) +y*(e)h + y°h°.
[Monoxum A = [1,2]. Torma

y(h) =14+ h+ Ah* =1+ h + A%,

7(h) =1+ h+ AR* =1+ h + 8h%.

BameTum, uTo Ha h HaksambBaeTcs orpanudenue Y(h) = 1+ h + 8h2 < 2.
Takum obpaszom, h < 0.296. .. [Homoxum h = 0.25 u Beraucanm y(0.25):

y(0.25) = 1+ 0.25 + (0.25)% = 1.3125,

7(0.25) = 1 + 0.25 + 8(0.25)* = 1.75.

Kak #erpymHo ybGemurhes, TouHoe pemmenme y(0.25) = 1.3333... €
[1.3125,1.75].

5.3. MeTon nocsienoBaTesibHbIX mpubnuxenun Ilukapa

Bamumem 3agaqy (5.4), (5.5) B Bume nHTer pajIbHOTo ypaBHeHus BoabTep-
pa u pemmM ero utepatusso. Ilycrs 3 (t) — HavanbHoe mpubmmkenue,
Torma

. 2 . .
y(H'l)(t) = Yo + /0 f(T,y(l)(T))dT, 1 =0,1,.. (5.18)

NaTepsanbueil meton Ilukapa sanumeM B cienymomemM Bume. IlycTs y €
y)(t) — nmavansnoe npubmmxennue, y(*)(0) = y,. Momoxum

. t . .
y () =g+ [ Flry(n)dr, i=0,1,... (5.19)

rie y¥) — mHTepBanbHBIE bYHKIMM, codepiKallie TodHOe pelenue y(t), a
f — umHTepBasBbHOE pacmmpeHue QyHKIMA | .

Isis peurenns 3amaqn (5.4), (5.5) nuHTepBaIbHEIM MeTOnOM (5.19) HEOGXO-
MO TIpeXk e BCero 3aJaTh HadasbHoe npubmmkerue y'"(t) 3 y(t). Kpome
Toro, dyakung f moJIKHa objamaTh CBOMCTBAMMU MOHOTOHHOCTH IO BKJIIO-
yeHNIo U JIUNIINI-HenpepHIBHOCTH:

wid (f(z,y)) < Lwid (y). Torna nrepannoHHbI IPOIECC CXOMUTCS.
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Isis Berumciienns wHTerpaia B (5.19) ciemyeT BOCIONB30BATHCS OTHAM
13 MeTONIOB MHTErPUPOBAHUSA MHTEPBAILHLIX PyHKIME. CXOOUMOCTH aJIro-
PUTMa BHITEKAET U3 CXOMUMOCTU COOTBETCTBYIOIIETO TIPOIlecca JIT MHTEP-
BaJILHOTO ypaBHeHUs BosbTeppa.

IIpumep 13. Paccmorpum 3amauy Korm

yl =y, x> 07
y(0) = 1.

[Tepenuiiem 3amady B BuAe MeToHa TOCIIENOBATETBHBIX TTpubauxenuin [1u-
Kapa

. t . .
yO (&) =yo+ [ F(ry(r)dr, i=0,1,..
HauaspHoe mpubnuxkenune BosbMeM B Bune Y, = [1,2]. Torma nomyuaem
yi =1+ [ [1,2)de = [1+ 2,1+ 2a],
maJjiee,

y2:1—|—/0$[1—|—:1:,1—|—2:13]d:13:[1—|—a:—|—:132/2,1—|—a:—|—:132].

5.4. JIByCTOpOHHHIE MeTOnbI

PaccMmoTpum cienyrornyo cucremy
z, = fi(t,z,k),i=1,..,n,t€ (0,1), (5.20)
z(0) = =,
rae ¢y € R" — BeKTOp HauaJIbLHBIX 3HAYEHUN, o) € &y,
k € R" — BexTOp mapaMeTpoB, k € k.

x € R" — BeKTOp HEM3BECTHHIX.
Hasee 6ynemM cuuTaTh, YTO & eCTh QYHKIUL ¢, k, T :

z=a(t, k,z). (5.21)
O6o3nauum yepes X'(t) MHOKecTBO peurennii cucteMsr O1Y:
X(t) = {a:(t,k,a:o)|a:0 € @, k € k}

Onpenesnenne 12. Munumaabroe no wupure 08YCMOPOHHEE PEULEHUE
x 3adauu (5.20) 6ydem na3vieamv ONMUMALLHBIM .
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IIycTs CYILIECTBYIOT BEIIeCTBEHHBIE dyHKIIT [44]
F'(tyy1y oy Yny 215+ - - 2n), | = 1,2; Taxue, uro npu y < ¥,z < z BHIIOJN-
HeHEI CJIeNyIoIIre HepaBeHCTBa:

Fl(t,y,z) < Fl(t,g%),2),l =1,2;i=1,...,n, (5.22)
rue y[zi] = (yl, e s Yic1y Zis Yitly e - - yn) Kpome Toro, BEITIOJTHEHBI HEpaBeH-
CTBa

Fi(z,z) < fi(z, k) < F}(z,z). (5.23)
Teopema 35. Ilycmv eexmop-pynryuu x, T € R" ydosaemesopsiom co-
OMHOWEHUAM
g < Flt,z,%),
> F*t,7,z), (5.24)
E(O) <z,
z(0) > .

Toeda awboe pewenue x cucmemvr (5.20) ¢ nauasbroim ycrosuem Ty <
z(0) < Ty ydosaemeopsem oyenkam

z; < z(t) < 7
BameTum, uTo B cmty (5.22)
FY(t,z,@) <inf f(t,z, k), F2(t,Z,z) > sup f(t,z, k)

1 B KadecTBe F' MOXKHO B3ITh TPAHUIIEI MOHOTOHHOTO TIO BKJIIOUEHUIO WH-
TepBaJIBHOTO pacuimpeHus GyHKIun f.

Onpenenenune 13. Pynkyug f Ha3vieaemcs u3omonnotl, ecau 8bINOA-
HIEMCT YCAOBUE

e <y= f(z) < f(y),
U aHmumOHHO’lZ, ECAY

z<y= f(z) > f(y)
@yHKUUﬂ Ha3bl6AEMCA JI/LOHOmOHHO’lZ, ECAU OHA UBOMOHHAA UAU AHITIUIMOH-
HaA.

3ameuanue 4. [[ycmv gynkyug f(x,y) usomonnad no & u aHmumon-
nad no y, moeda unwmepsaavroe pacwupenue f(x,y) umeem 6uo:

i(wvy) = f(zvy)vf(wvy) = f(Tvg)
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Cucremy (5.24) MOXKHO TepenucaTh TaKuM 06pa3oM:

Z; < f.(t 2 k), (5.25)
@ > fi(t, 2" k),
z(0) <,
z(0) > .

Pertrtene mocTpoenHo cucteMbl gaeT B o0ImeM ciydae 6oJiee TITMPOKOE,
YeM ONTUMaJIbHOE, IBYyCTOpPOHHee pelleHre. OOHAKO B HEKOTOPBHIX YaCTHHIX
citydasx pelenne cucteMsl (5.25) maeT omTuMaliibHEIE TpaHusl. PaccMoT-
pUM 5THU CITyYau.

[Iycts cuctema (5.25) nuMeeT cirenyomuil BUL:

Z = f(t,z, k), (5.26)
= f(t,z, k%),

z(0) = ),

z(0) = @,

rne k' € k. B sToM ciiydae &, T SIBISIOTCA HEKOTOPBIMU YACTHBIMU PEIIeHU-
AMUI WCXOIHON CUCTEMBI U, CJIeNOBaTEeJIbHO, OHU ONTUMAaJIbLHEL.
ChopMmynupyeM NOCTATOYHBIE YCJIOBUSA MJIS IIPEICTABIIEHUS CUCTEMEBI

(5.25) xak (5.26).

JlemMma 8. Ilycmb svinoarenst caedyrouue ycao8ud:

3220¢¢$zdz12,”m, (5.27)
. Of; L
signg - = const, j : wid(k;) # 0,Vk € k,Vz € x. (5.28)
J

Toeda cucmema (5.25) umeem sud (5.26).

HokasarenscTBo. [efictBurensro, ycmoBus (5.27), (5.28) rapanTupyor
IpeCTaBIIeHIe MHTEPBAJIBHOTO pacinpenus pyukimn f kak B (5.26) B cuity
MOHOTOHHOCTH f 1m0 @ u k. O

IIpumep 14.

ZE’l = —klazl, 5131(0) = 1, (529)
ZE’2 = kla:l - kQZEQ, 5132(0) = O,

roe

k; = k? exp(—EZ/RT) - ki, 1=1,2,
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(3

0.4

0.3

I'panuner MHOXeCcTBa pelleHMIH

0.2
0.1

1 1 L t

1 2 3 4 5 6 7 8 9 10
Puc. 5.3. IBycToponHee pelieHne

E;,R — xoucrauteiu T =T(t) € T.

Ora cucrema OY MomeaupyeT HMpPOCTENIIYI0O XUMHUYECKYIO DPeaKIIWIo.
Ilsis ypaBHeHUII XUMKUHETUKN XapaKTepHO BHIMOIHeHUWe ycioBuit (5.27)
[10].

Onnaxko ycnosus (5.28), Kak npaBuso, He BemodHA0TCE. Cuctema OIIY
IJ1S IBYCTOPOHHETO PEIIEHNS BEITJIAAUT CIIELyIOIIM 06pa30oM:

] = —kizy, (5.30)
2’2 = E@l—Ezlza

T, = —kiTy

f’2 = Elfl—szQ.

[TocTpoennas cucreMa pacmajaeTcs Ha IBe He3aBUCUMEIE TIOJICUCTEMBI, HO
TIOCKOJIBKY He BBITIOJIHEHO yCioBUE (5.28), TO IBYCTOPOHHEE peIlleHre MOy~
JaeTCs MIMpe UCTUHHOTO. B maHHOM TpuMepe IMMMPUHA TBYCTOPOHHETO pe-
trerns 3aBucut oT wid(kq), u ecaim wid(k;) = 0, To mosry4aeM onTuMasIbHBIE
TPAHUIIBI IJIS MHOXKECTBA PeITeHUN.

Ha puc. 5.3 npencrasieHo OBYCTOPOHHee pellieHue cucTeMsr (5.29).

[IpenmosioxmM, YTO W3BECTHO MOIMOJIHUTEJIbHOE nuddepeHIInaIbHoe
ypaBHeHUE

T = g(t,z,T). (5.31)

Torna, peras coBMecTHO cucTeMsl (5.30) u (5.31), MBI MOXKeEM OXKIAATH, YTO
IIUPUHA JBYCTOPOHHETO PEIIeHUs 3HAYUTEJIbHO YMEHBIIUTCSA. DTOT IPU-
Mep TIOKa3bIBaeT, YTO 3HAHWE MOTOJTHUTETbHOU WHOOPMAINU MOXKET OBITH
HaIlpaBJIeHO Ha yMeHbIlleHe TMUPUHBI JBYCTOPOHHUX PeITeHU.

Peurennie cuctemsr (5.25) B aHAIMTUYeCKOM BUZE B OOIEM CIIyUYae HEBO3-
MOKHO, TIOOTOMY MJIs HAXO0XKIEHUS PEeIIeHnsS MOXHO BOCITOJIB30BATHCS UNC-
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JIEHHBIMU MeTomaMu. B HEKOTOPHIX CITy4yasX MOTPEITHOCTIMHU MeTOa WH-
TerpPUPOBAaHNS MOXKHO NpeHeOpeds, Torma cucreMy (5.25) MOXKHO PeuInTh
MeTOIOM, HamboJlee YIOOHBIM IJI TaHHOWN 3aadu. F.ciim HeoOXommMBI rapaH-
TUPOBAHHBIE OIEHKW, TO MOXHO BOCIIOJTE30BATHCSA AllOCTEPUOPHBIMU OIIeH-
KaMU TTOTPEITHOCTU UMEIOIET0Cs YUCIIEHHOTO PEeTIeHm .

[Tepeitmem kK Bompocy 0 MOCTPOEHWN MBYCTOPOHHETO PEMIEHUA C yIETOM
TIOTPENITHOCTEN YUCIIEHHOTO MeTO/A.

5.5. AnocrepuopHas oleHKa HNOTPEHIHOCTH

PaCCMOTpI/IM ME€TOObI, OCHOBAHHBIC Ha allOCTCPUOPHBIX OLIEHKAX ITOI'PEII-
HOCTEN CTJIaKEeHHOTO Pa3HOCTHOI'O peIlIcHNA HCXOHHOfI 3aga4n. HpI/I‘-IeM Ha-
YaJIBHBIC HaHHBIC U IIpaBbI€ YaCTU CUCTEMBI MOI'YyT OBITH 3aJaHbl KaK NH-
TEepBaJIbHBIC. Taxkas CUTyalusd BOSHUKaECT PN HETOYHOM 3adaHNN HaHHbIX,
OIIINOKU KOTOPHIX JIeXKAaT B HEKOTOPLIX M3BECTHHIX IIpcAecliax, HaIIpUMeEpP B
rpenejiax OIIINOKU n3MepeHud, B Ipenejiax HeOOJIBLIIIOTO JNMHaAMNIYECKOT'O 13-
MeHeHud 1 T.II.

MeTonbl, ocHOBaHHbIe HAa MakopaHTaxX Jlo3mHckoro

PaccmoTpum cuctemy ypaBHeHUM

d
o= @), @e(0,), (5.32)
y(0) = g. (5.33)
Bmecs y(x) = (y1(z),y2(x), .-, yn(®)), 9 = (g1,-++y Gn) — BEKTOPHL C N KOM-
nouentamu, [ = (f1, fa, ..., fn) — BekTOp-dyHKUMS n + 1 apryMeHTOB:

fl(way) = fi(wvylvy% °°°7yn)7 1= 17 ceey T2
npuuem f; € C*([0,1] x R™),k > 3.

[IycTh KOMIIOHEHTEI TTPABON YacTH ypaBHEHUS (5.32) ABIIAIOTCS MpencTa-
BUTEJIIMU HEKOTOPHIX MHTepBalibHEIX pyHukuuii f;: f;(x,y) € fi(z,y), Hauans-
HEIe 3HaueHud g; € @;, TOe g; = [g,,J;] — WHTepBasbHEIe dncia. OTHOCH-
TeJIbHO pelreHns 3ana4n (5.32), (5.33) npenmosnoxnM, 9TO OHO CYIIIECTBYET,
emmHCTBeHHO U y; € CM0,1],i =1, ...,m.

IIng mocTpoeHUs OBYCTOPOHHErO PEINeHMd 3aJadldl C MHTePBaJIbHBEIMUI
DaHHBIME CHavaJIa pUOIKeHHO pemuM 3ana9y (5.32),(5.33) misa koHKpeT-
HEIX IpefcTaBuTenel f;, g;,1 = 1, ..., m, NCIoIb3y 1, HaIlpuMep, MeTon PyHre
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— Kyrra uerBeproro nopsnka [7] Ha paBHOMEPHOI Pa3HOCTHOM CeTKe
wp = A{z; =1h,i=0,1,...,n}, h=1/n,

roe n — uejoe. B pesyibTaTe Ha CeTKe wj IOJYydaeTCHs MPUOINKEHHOE
petrerme y!(z),i = 1, ...,n. C momomsio ypasHernus (5.32) B y3/1ax wj, MOKHO
BEIUMCIATD MIPUOIMKeHHEe 3HadeHns. [IpoBeneM depes Touxu y'(z),z € wy,
SPMUTOBHI CIUIAMHBI TPEThell cTermeHn s € S5 M OMpenesnM CJemdyorue
bysxuUMNT:

pi(x,s) = fi(z,s) —ds;/de,s = (S1,..ey Sm)-

OrmernM, uto BeIGpaHHBIll MeTon peutenns (Pynre — Kyrra uersep-
TOTO MOpSOKa) He UTPaeT 0coboil posin. BMecTo Hero MOXHO OBLIO B3SITH
JIF0601 IPYTON MeTOM, 06ECIIeUNMBAIOIINI TOYHOCTD HPUOINKEHHOTO pelle-
HUS TIOpAnKa h’.

Perum unciienso nBe 3amadn

d
e Wutw, ze(0,0), (5.34)
dx
u(0) =0
! d
T=Wu, 2e(0,), (5.35)
v(0) = 2,
re BEKTOPH W, 2 IMeIOT KOMIIOHeHTH w; = 1 u z; = (§i—g,)/2,i = 1,...,m.

Matpumnia W cocTouT m3 351€eMEeHTOB

W, = g;j(w,s), i=1,...,m,
Ofi L
Wi =|=—(z,s)|, 1#7, tj3=1,....,m.
S, i
(1) (2

[MTocTpouM >pMUTOBHI CILUIANHEBL S

YncJIeHHBbIe pelTeHn u?, Ulh,i =1,..m.

i, 8, , allllpOKCUMUPYIOIINe MOoJIyYeHHBIe

ByneM uckaTh IByCTOpOHHee pellleHUe B BUJE
y, = s; +[-1, 1]522) + asgl) (5.36)

C HEKOTOPOIl MHTEPBAIILHON KOHCTAHTON @ = [—a, a.
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BBenewm cnenytomniue mHTepBaJbHBIE QYHKITUN:

o/ o
8yj (213,9) € fy,i,j(wv [Qv 9]) - [f

ERL Ty,i,j]v 0 € [Qv g]a

i,7=1,2,...,m,
[fiv (152] = fz(wv 5) - dsl/da3
Hamnee, mycts §; > 0 — anpuopHO 3amaHHBIE KOHCTAHTHI TaKKe, UTO
yi(z) € si(z) + [-1,1]s (2) + [, 65" ().

DTU KOHCTAHTHI MOXHO BHIOPATh, UCosb3ys paborsr [39],[89]. Torma mo-

(2)

fy,i,i(a}) = fy,i,i(a}, T), Z = 1, ceey M,
Fyij(@) = max(| fi (z, )],
|iy’i’j(£13,’r)|), Z#]) Z)]: 17"'7m7
®,(x) = max(|g,(z, s)|, [@;(z, 5)|) — ds\” () /d+

+ f’:lfy,i,xac)s;?)(w),

moxkuMm r; = s; + [—1,1]s;” 4+ [=5;, 5i]s§1) U OIpenesinM

Wi() = ds (@) /de = 1 fuisy (@)
J:
s obecrieueHns OBYCTOPOHHUX OIIEHOK BBHIOEPEM @ CIIEMYIOIIUM 0O6pa3oM:

a = max (®;(z)/¥,;(x),0). (5.37)

OueHnM IIIPUHY MOy YeHHOIo IBYCTOpOHHero pelenus. Ilpeamomnoxum,
YTO YMCJIEHHEI MEeTOJ, C IOMOIILI0 KOTOPOro OBLIa pellleHa UCXOMHAd 3a-
na4da (5.32), (5.33), mMeeT TOUHOCTH

lei(@)| = lyi(e) — yi' ()] < exh. (5.38)

T
i
— SPMUTOB CIJIallH TPeThell CTelleHN, MHTePIOJUPYIOIINN Y; Ha CeTKe Wp,.

B cinyuae metona Pyure — KyTTa uerBepToro mopsnka k = 4. Ilycts s

Torma cyirecTByeT KOHCTAHTA ¢, HE 3aBUCAIIAs OT h,y, Takas, 4To [36]

|d¥ (y; — sZT)/da:”Hoo < ch4_”||yl~||4,oo, v=20,1. (5.39)
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Teopema 36. [lycmb s; unmepnoaupyem npubiuIcenHoe pewerue ylh
Toeda cywecmeyem xkoncmanma ¢, e 3asucgwad om h,y;, maxad, 4mo

| (y; — s:)/da” || < c(h4_”||yi||4’OO + hk), v=20,1. (5.40)
HoxkazarenbcTBo. OieHNM HOPMY
1d” (y; — i) /da”||se < || (y — 57 )|t

+|ld”(s] — si)/dz" ||, v =0,1.

B cuny mpenmosoxenus (5.38) mpubsvikeHHbIe 3HAUYEHUS MPOM3BOTHBIX
yi(x), i =1,...,m 6ymyT onpenesensi ¢ TouHocThio O(h¥):

|dsi(z)/dz — yi(z)]|s < csh® Yz € wy. (5.41)

[IpencTaBum sZT — 8; Ha OTpe3Ke [a:j, a:j+1] B BUJIE sZT —8; = a3t3 —|—0L2t2 +ait+
ayg, t =@ — x;. Torga us (5.38), (5.41) BrITekaeT, 4TO

|a0|7 |a1| < C4hk7 |a2| < C5hk_1, |a3| < C6hk_2.
CnenoBaTesbHO,
|d” (sF — s;)/da” || < czh®, v =0,1. (5.42)

O6rwenunsa ouenku (5.39), (5.42), momygaem (5.40). O

[TokaxeM, 9TO MOCTPOEHHOE NBYCTOPOHHee peltenne Buna (5.36) comep-
KHUT TOo4uHOe perreHne 3amadn (5.32), (5.33). Ing mokaszaTeabCTBa YTOTO
yTBEPXKIEHN UCCIIeyeM ypaBHeHMe IJid OoIIubKM y; — S;. lelcTBUTEeIbHO,
$; YIOBJIETBOPAIOT CJIEHYIOMMM PaBEHCTBAM:

ds;/dx = fi(z,s) — pi(z, s). (5.43)
Berarem (5.43) u3 (5.32):

d(yi - Si)/dil3 = fi(ﬂf,y) - fi(was) + (102'(3375)°
Ucnionmb3ysa TeopeMy o cpemHeM, IPUXOOUM K PABEHCTBY

dyi — s1)/de = 3 2L

Ly, )\Y; — S5 ‘|‘90u
3 o) = )

rae r; — HEKOTOpHle (PYHKIUN, IPUHAMAIOIINE B TOUYKe T 3HAYEHUS W3 WH-
TePBAJIOB ¢ KOHIaMu y;(x), s;(x).
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[IpuBemem BcmomMoraTeNbHYIO 3amady s BeKTOp-QyHKIAU: £ =

(81,...,8n)t
de
d— =Ve+ C, T € (07 1)7 (544)
£

£(0) = &y,

rae matpura V = {V;;}I:_;, mpuaem

Vii(x) > gi(w,rl), i=1,..,n,

0 f;
dy;
€0 = (8?7837 "'782)7 8? > |gi - Si(0)|a

C=(C-Cn)s  Gilz) > |pi(z,s)], z€(0,1).

Isis peurenns 3anaqn (5.44) npu ycmoBusax (5.45) cipaBemyinB cJtemy FOIINIT

Vii(z) > . di=1,..n %], (5.45)

(x,7;)

pesymnbTat [48]:

gi(x) > |yi(x) — si(z)], =« €]0,].
Bei6epem maTpuny V', nonarasa Vi; = fy’i’j. 3aMmeTnm, 4TO MaTpuUlla V ymos-
netrBopser ycioBmwsaM (5.45). CrenoBatenbho, u3 (5.42) BeITeKaeT HepaBeH-
CTBO

(d(s"”) +asV)/de = V(s? +as)); =
= (ds® /dz — V5?4 a(ds') /de — Vs')); > |-
(2) ( -1, 1]552)—|—a551) Ve €

[TosTomy s, —I—asl-l) > |y;—si|, crlemoBaTenbHO, Y; € s;+
[0, 1].

[Tokaxem, uTo Bcernma cymecTByeT uHTepBai (0,/), Ha KOTOPOM a ompe-
nestero. i1 5Toro paccMOTpUM BCIIOMOTaTeJIbHELE (yHKIIAN

\ifi = dsgl)/da: - Z Wijsg-l).
j=1

3aMeTnM, UTO B CUJIy TeopeMbl 36
\ill(a:) >1—ch® Vee(0,l), i=1,..,m.

Kpome Toro, mpenmosioxum, 4TO CymIecTBYeT KOHCTAHTA Cg TaKas, 4TO

[36]:
Foig = Wyl <es 3 (1) + 850
=1
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Tormna
J=1 \ji=1
[Tockombky 551)(0) =0,2=1,...,n,m 551) MHTEPIIOJIUPYET pellleHne 3a/1a9n

(5.34), IpeANoONIORUM, UTO CYIIECTBYET KOHCTAHTA Cg TaKas, ITO
sV < el Vi=1,..,n.

[TosTomy MoxuO BeIGpaTh Takue h,l , aro ¥,(x) > 0, u, ciemoBaTenbHO, @
ompeneJsieHo.

OueHnM mWUPUHY OBYCTOPOHHETO pellieHUs B ciaydae f. = f;,g. = g;.
3aMeTnM, 4TO ITAPUHA MOJIYUEHHOTO NBYCTOPOHHETO PeIeHUS 3aBUCUT OT
1)|

BeJINYNH a, |5£ , |5§2)|,i =1,..,m.

N3 ¢popmyser (5.37) BbITeKaeT omeHKa a < ¢ m(%,)lc) lpi(z, s)|.
ze(U,

[To Teopeme 36 ¢; MOXKHO OIEHUTH CIIEMYIONINM 0Opa30OM:

il < € (Bl + Bt max Jilace)

CJIea0BaTEJILHO,
a = c max (F’||y;]ls.c + A°).

[MMupuna p(a:) NIBYyCTOPOHHETO pelleHNUS OoTpaHnmYeHa TaKUM 00pa3oM:
p(z) < e max (B|lyillsqe + h)st (a).

HonyquHoe ABYCTOPOHHEEC pPeEIIeHNEe MOXHO YTOYHHUTBL, €CJIM BOCIIOJIB3O-
BaTbCAd BBIUYNCJICHHBIM a W IIOJIOZKUTDH 52 = aQ. TOI‘I[EL MOXHO BBIYNCJINTD
HOBEI€ 3Ha4YC€HUA Q.

Ilycrs f,;;, f MOHOTOHHEI IO BKJIIOYEHMIO, T. €. U3 YCJOBUA T; C Ti,1 =
1,...,n BerTekaer, uto f(x,7) C f(z,r). Torma @ < a u HOBoe IByCTOpOHHEE
pellleHue

y; = s;+[-1,1]s® + asl”

nMeeT MEHBIIYIO IINPUHY.
PaccmoTpum MomenmbHY10 3amady

d
ﬁ =by+ec, =ze(0,1), (5.46)

y(0) =9, w €y, bEb ceec.
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Tounoe pemtenne umeet Bun y = (Yo + ¢/b) exp(bz). BermomorarenbHeie 3a-
nady UMeoT BUI:

dyi
— =9} 1 0,1 5.47
dx yl"’ 9 &£ E( 9 )7 ( )
yl(O) = O
N d
Y2
—= =b 0,1 5.48
dx Y2, S ( 9 )7 ( )

y2(0) = (%o — ¥y)/2 = €o-
Nx Tounsie perrenus y; = exp(br)b—1,y, = gg exp(bx). [lockonbky 3amaua

J'IHHefIHa, OJIA BBIYUCJICHWA OBYCTOPOHHEI'O PEIICHUA HET HeO6XOI[I/IMOCTI/I

CTPOUTH PYHKIIUIO T U, CJIEMOBATEIBHO, allPUOPHO 3a1aBaTh 0.

Mycts 5,5, s®)— crmaiiipl, nHTepHOANPYIONINE YNCIIEHHbE PeIIeHIs

sanaq (5.46)-(5.48). Torma
® = |bs+ ¢ — ds/dz| — ds'? /dx + bs'?,
¥ = —bsY + dsV/da.

BameTum, uyTo B cuity TeopeMs 36 W(x) > 1— ch® > 0. Taxum o6pazom,
a ompenesieHo. [IBycTOpOHHee pellleHe MMeeT BU/I

y=s+[-1,1]s% + [—a,a]sV.
Ero mmpuna ynoBieTBopsaeT HepaBeHCTBY
p(z) < 25 () + 2asY (2),
npuueM p(0) = —2¢. [lockompky
a < ch® s < ch,s? <eg exp(bh),

TO

p(h) < 2egexp(bh) + ch*.

otz b < by < 0 p(h) < p(0), T.e. mMMpUHA TBYCTOPOHHETO pellleHns yObIBa-
er.
B xauecTBe umciieHHOrO IpuMepa OBLIA pellleHa 3aada

W o (1t e D+ Bt [ D + (L4 [, el

_36—3:v _ e—5:c + [—8,8](6_3‘@ + e—5:c _ e—:c))
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% =1+ [-cel)y + 2+ [-c,e])ya + (1 + [—¢&,e])y1y2—

—e T _ e—4:c + [—8,8](6_‘@ . e—2:c un e4x),

% = (24 [~ )y + B+ [—&,el)ys + (1 + [—¢,])yays — 2¢ > —

—e 7 4 [—g,e](e7® + 2e7%),

y1(0) — y2(0) = y3(0) = 1.0, & = 0.001.

B neir xosppuitmeHTH TpaBoil YacTU ABIIAIOTCA WHTEPBAJIbHBIMUA YNCITAMU.
Tounoe permrenne ipu € = 0 UMeeT BUI

yi(z) =€, yafz) = 6_2x, ys(xz) =e

—3z

Ncxonnas 3amada pemnaiiack MeTomoM Pynre — KyTTa weTBepToro mo-
panka c¢ marom h = 0.1. ITocite sToro nmpubimxkeHHoOe pellleHre UHTePIIOIN-
pPOBaJIOCh SPMUTOBHIMK CIUIalilHaMU TpeThell cTemeHu. IlosyuyeHHoe criia-
XKEeHHOe pellleHne WCIOIb30BajIoCh [JIS OIpeleseHns HeBA3KU. 3aTeM IIo
HEBA3Ke CTPOWIACh Maj)KOpaHTa [JIS OLUIMOKM CLJIaXKEHHOrO pelleHus. 3a-
Jadya TMOJIydeHUs OBYCTOPOHHEN OIEHKHM pellajiach Ha KaXIOM OTpPe3Ke
[7h, (j+1)R],7 =0,1,..., N—1. B kauecTBe HaYaJIHHBIX 3HAUEHUN IPUHIMA-
JIICH JTU60 IBYCTOPOHHUE PEIIEHNS, BRIUICIeHHEE Ha oTpeske [(j — 1)h, jh],
ecim j > 1, mm y;,1 = 1,2,3 ecoim j = 0. [l HaxoX neHUST a HAa KaXIOM OT-
peske [jh, (j + 1)h] ucmonp3oBauck MHTepBAJIBHBIE PaCIINpeHns QYHKINI
®,;, & mo x. Torma, obosHauas

orpenesinM a:

a= max (& (G + DA, 1€, G+ DAD]) -

[Tocste 5TOro ABYCTOPOHHEE PellleHre BRIYNCIIAIOCH 1o popmydte (5.34). Ilpn-
BelleM pe3yJIbTaThl YNCJIIEHHOT'O SKCIIepUMeHTA:
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komnioHeHTHI | Huxasaa | Tounoe | Bepxusas | Hlupuna
TpPaHUIa | pellleHNe | TpaHUlla x100
x=0.1
=1 0.904400 | 0.904837 | 0.905315 | 0.0916
1 =2 0.818347 | 0.818730 | 0.819149 | 0.0802
1 =3 0.740437 | 0.744081 | 0.744234 | 0.0897
x=0.5
=1 0.604271 | 0.606530 | 0.608983 | 0.4712
1=2 0.366810 | 0.367879 | 0.369035 | 0.2225
1= 0.222048 | 0.223130 | 0.224246 | 0.1198
x=0.9
=1 0.401540 | 0.406559 | 0.411946 | 1.0406
1= 0.164171 | 0.165248 | 0.166503 | 0.2932
1=3 0.066152 | 0.067205 | 0.068330 | 0.1178

CrauaJsta IIprHa KOMIIOHEHT MHTEPBAJBHOI'O PEIICHNA HapaCTacET. HpI/I

HaJ’IBHefIHIeM YBEJIMUECHUN T IIPONUCXOOUT CTEL6I/I.TII/I?>ELHI/I51 I PUHBI Ka}KHOfI

KOMIIOHEHTEI, a 3aTEeM NIET €€ YMCHBIIICHHIE.

N cnons3oBanue nudpdepeHNnAIbHBIX HEPABEHCTB

[Ipencrasum 3amaqy (5.25) B cileqyfoieM BUme:

Ii — f(taw[%]ak)v

z; = f, (5.49)
7 = Filt,a k)t e (0,0),
z(0) = ),
z(0) = 7.

[Ipenmosmoxum, uTo 3anada (5.49) pelleHa YNCIEHHO C UCIOJIb30BaHIEM

HEKOTOpPOTo Me€TOoa NMHTETPUPOBAHNA TOYHOCTHU P Ha CETKE

wy, =4z;,j =1,2,...,N},N — neoe.

B pesynbTaTe, Ha ceTKe w; uMeeM NpubiimkeHHbIe pereHus. C MOMOIITBIO
ypaBueHus (5.49) B y3max CeTKM W), MOXKHO BBIUNCIUTH NPUOIIKEHHBIE
3HaYeHNS IPOW3BOAHEIX &' (t). Mcmonp3yst moyueHHbIe 3HAUYEHUS, TIPOBEEM
wepes Touku z!'(t),Z!(t),t € wj, SPMUTOBHI CIFIANHEI s;,3; cTemeHn r — 1.

CropaBemyuBa TeopeMa [77].
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Teopema 37. IIycmb s unwmepnoaupyem npubausxtcennoe pewenue " .
Toeda cywecmeyem koucmanma C , ne 3asucgwag om h, " , maxag, umo

|d"(z — s)/dz" ||z 09 < C(R""||2||wr oy + RF), v =0,1,...,7 = 1.
Peurernie cuctemsr (5.25) GymeM nckaTh B BUIe
s =5+ as (5.50)

rlle ¢ — KOHCTaHTa, § — CIUIAHbI, MHTEPIOJIMPYIOIIe YNCIIEHHOE pellle-
Hie cienyiorreii cuctembr OIIY:
n

z; = >(0f,(s,k)/0z;)z; + (f(s,k) — ),

j=1

n

z; = >_(0fi(s,k)/07;)z; + (fi(s, k) — )+,

j=1

2(0)77(0) =0,
rmae
e={Jeemizn
D-={ Gaand ="

Honcrasus (5.50) B cuctemy (5.25), mosmydaeMm, 9To ¢ HOJIKHA yIOBIETBO-
PATH CledyIoIell CCTeMe HePaBEHCTB:

(§+ %1); < ii(tv (§+ asi, s+ ml)[(ﬁ_%l)i]v k)vt S (Ovl)v

(§ + ml); > Ti(tv (§ + as;, s+ ml)[(g—i—ml)i]v k)a
(s +asi)i < o,
(§ + ml)i > -
9Ty CUCTEMY HEPABCHCTB MOXKHO IIEpPEIICaTh B BUIOE€ CUCTECMEI HeJInHe-
HEIX YpaBHEHUII OTHOCUTEILHO O, O7:

a = q)l(gja)j
a = ®y(a,a).

[TocTpoennyto cucTeMy HeJIMHEWHBIX YPaBHEHUN MOXKHO PEITATH METOIIOM
IIPOCTON WTepalun

aiyr = P, @), (5.51)

a1 = ooy, ).



132 I'maBa 5

Hauamnrnuoe HpI/I6.TII/I}KeHI/Ie MOZKHO BBI6pELTI) CJICA YoM
oy, @ = 1.0. (5.52)

HecnoxHo BumeTs, 94T0 MTepannoHHbil npoiecc (5.51) ¢ Ha4aIbHBIM TIpU-
6rkerreM (5.52) CXOOUTCS MPHU JOCTATOYHO MaJjioM [.

Crnenytolriee HepaBeHCTBO OIEHUBAET IIMPUHY TTOCTPOEHHOTO TBYCTOPOH-
Hero pemrerus npu wid(k) = 0 u wid(z() = 0:

p(t) < C max {|[ellyen + h)s'(0), [l + )5(0), ), (5.53)
1=1,...,n
rage r — CTelleHb CHJ’I&fIHEL, P — HOpAOOK TOYHOCTU YMCJIEHHOI'O METOoHOa.

Teopema 38. IIycmv cucmema OLY (5.25) moocem 6vimv npedcmas-
aena 6 sude (5.26), ©* - onmumaavroe pewenue. Toeda

2(t) - 2'(t)] < CK,

|z

2(t) - 7 ()] < OR°,
ede o = min(r — 1,p).

IToka3aTeIbCTBO HEMTOCPENCTBEHHO BEITEKaeT u3 Gopmystsl (5.53).
TeM caMbIM MBI MOXeM M36eXaTh >h(PeKTa YIaKOBEIBAHNS, €CJIM MOKEM
npenctasuTh cutemy (5.25) B Bune (5.26).

5.6. AHaAJIN3 YYBCTBUTEJILHOCTH

OcHoBHas unes MOAXO0Na 3aKITIOUYAETCS B aHaJIM3e YACTHBIX ITPOU3BOIHBIX
pellleHns o TapaMeTpaM. JTOT MOIXOMI BO MHOI'OM IT€peCceKaeTCs CO CTaH-
NapTHBIM aHAJIM30M YyBCTBUTEJIBHOCTHU, U NIJIS €r0 peajim3allui NCIOJIb3Y-
0T anmapaT WHTepBaJbHOTO aHaim3a. [losToMy nastee 6yneM Ha3bIBATH €T0
MeTOIOM MHTEPBAJILHOrO aHaim3a yyBcTBuTesbHOCTH (MUAY).

[IpenmnooXuM, 9TO MBI XOTHM OILEHUTH T\) — BEpPXHIOK TPAHUILY x(t)
1o i-it koopaunarte TV > ;.

PaccmoTpum cucremy:

z, = fi(t,z, k), t €(0,1), (5.54)
CEZ(O) = T, 1= 1,...,7’L,

roe
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x € R" — BeKTOp HEM3BECTHHIX TIEPEMEHHBIX,
xy) € R" — BeKTOp HaYaJIbHBIX HAHHBIX, T) € X,
k € R™ — BexTOp mMapaMeTpoB, k € k.

IIycTs permtenne @ — QyHKuug ot t, k u xy:

= z(t, k,z). (5.55)
O6o3naunm uepes X' (t) — pemrenne cuctemsr OIIY
X(t) = {a:(t,k,a:o)|a:0 - wo,k - k}

g otteHkm T; paccmoTpuM cuctemy OI1Y

i = f(t,z,k), k ek, (5.56)
53(0) = 530 € xy.
3nechb B
ki, ecmm xf;(t) <O,
I;J =4 k;, ecnn azfj(t) >0,
k;, ecnu azfj(t) 50,
n
T, €cin az?j(t) <0,
&) = x5, ecan az?j(t) >0,
x), ecmm ay;(t) 30,
rie azfj(t) — mHTepBajbHOe pacuiupenue Oz;/0k; u az?j(t) — UHTEPBaJIb-

. . k 0
Hoe pacruupenne 0z;/0z;. Ecim untepsamner ;(t) u @;;(t) He comepxaT B
cebe 0, To cucrema (5.56) He COmepKUT MHTEPBAJIBHBIX [TAPAMETPOB U pe-
IIaeTCS MHTEPBAJILHBIMUA WM IBYCTOPOHHMMU METOHAMU C IIPOU3BOJILHOM
TOYHOCTHIO [78, 31].

NuTepBaiibHyo GQyHKIINIO azfj(t) u az?j(t) MOXKHO OIPEIEeINTh, OTHOBpE-
MeHHO perras cucteMmy (5.54) u cucremer O1Y:

" 9f; of;i
kt 7 k 1
= t,x, k) t,x, k 5.57
wzg 12213331( y Ly )wlj + (9]€J( y Ly )7 ( )
z;:(0) =0,i,j =1,2,...,n.
2V = zn: 8fi(t z, ke i,5=1,2,...,n. (5.58)
17 iz 833[ Y Y VR = Y
23;(0) = bij,

roe 6, — cuMBoJl KpoHekepa.
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Teopema 39. Ilycmwv

(9]‘; 0
O g 8]{.7(0,‘13 7k)7

8fz 0
0¢ &Bk(O,w k).

Toeda cywecmesyem ty > 0 maxoe, umo

0¢ wfj(t)a 0¢ w?g(t)

HokazaTembcTBo. [IpoBepseM, 4To Py BHITIOITHEHUN Y CIIOBUN TeOPEMBI TIPU

t = 0 mpaBBle YaCTH CUCTeM OOBIKHOBEHHHIX MU(PPEpPEeHINAIbHEIX YpaB-
Hermit (5.57), (5.58) He comepaT Hysell U BBHINOJIHEHBI cooTHOIIEHUs 0 &
azfj’(O), 0 ¢ :c?g’(O) CieoBaTesIbHO, CYIIECTBYET OKPECTHOCTHh HAYaJIBHON
touku t = 0, B KoTopoi 0 & acfj(t), 0¢ w?j(t).lil

Takum obpasom, 10 MoMeHTa t( > 0 MBI MOXKEM IMOCTPOUTE O TUMAJILHEIE
IpaHMIIBI MHOXKeCTBa pelennit cuctembl OI1Y.

[Ipusemem npumep:

zy = kzs,z1(0) =z € [-0.1,0.1], (5.59)

ZE’2 = —kwl,wz(O) = Zy2 € [09, 11],]€ ck= [10,20]
Ha puc. 5.4, cpaBHMBaeTCs OBYCTOPOHHEE pEIIEHUE, MMOJIyYeHHOE METO-
OJOM MHTEPBAJIBHOI'O aHaJIl3a YyBCTBHUTEJIBHOCTH, U TOYHOE PEIIICHUE. STO

CpaBHeHUe ITOKa3bIBaEeT, UTO IIPeJIOKEHHBIN MeTOM IIOCTPOMJI Ol TUMAaJIbHbIe
TPaHUIBI WHTEPBAJIBHOTO pellleHns Mo BpeMenu t ~ 0.71.

5.7. Teopusa orumbarormx

B sToM pasmesie MBI pacnpocTpaHuM Teopuio orubarommx [37] Ha pertire-
Hus cucteM OIY c mapamerpamu. Cemeticmeom pertenuin cuctembr OIY
Ha30BeM pelreHue 3anadn (5.54)

2(t, k), k € k. (5.60)

Yuacmrom ocubarowet; cemeiictsa (5.60) HazoBeM KpuByio r(t), ecim mpu
KaJX/IOM 3Ha4YeHuN ¢ oHa KacaeTcd XOTd OBl OMHOIO M3 pPEeIIeHUll ceMeicTBa
(5.60). CoorBeTcTBUE MeXAay t U k 3amaeTcs QyHKIIER

k= k(t),k(t) # const. (5.61)
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Puc. 5.4. 1 — TouHOe pellenme, 2 — METON WHTEPBAIBHOTO AHAIN3A IyBCTBUTEILHOCTHI

®yukunnu (5.61) HA3BIBAIOTCA 3a4KOHOM NPUKPENAEHUL.
g orubarorux ceMmernicTB peltenuit cucteM OIY mMoxHO chopmymupo-
BaTh HEOOXOOUMBIN TTPU3HAK OTUOATOIIIEN.

Teopema 40. Ecau y cemeticmea (5.60) ecmv ozubaiowadg r(t), mo

Oz(t, k) _
= 0, u r(t) ==(t, k(t)).

HOK&S&TGHBCBO ITIOJTHOCTBIO IIOBTOPAECT COOTBETCTBYIOIIICE NOKA3aTECJILCTBO

u3 [37).

IlocTpoeHue orubarorimx

s ompenesieHHOCTN PACCMOTPUM TTOCTPOEHMWe OTMOAIOINell CeMelCTBa
peutennit ¢ = x1(t, k), 3aBucsmeit ot ogHoro mapamerpa k. Takum ob6pa-
30M, IJIS TIPUOJIMKEHHOTO TOCTPOeHns orubarorreit cuctemy (5.54) perraem
coBmecTHO ¢ (5.57), (5.58). Hamee maxomum muoxkectBa 1 = {(¢,k)}, mpu
KOTOPBIX ¢ = 0. [Iycte T — omHO M3 TaKWX MHOXeCTB, t € [t1,ts] U ki
COOTBETCTBYET t1, ks — to. Torma, ucxons u3 CBOWCTB OrmbOAOIINUX, TTOJTY-

JaeM, YTO [JIs orubarotmeil r(t) ceMelilCTBa pellleHUl Ha oTpe3ke ¢ € [tq, o)
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BBIIIOJIHEHDBI CJICOYIOIMIME COOTHOIIECHMA:

z1(t1, k1) = r(t1);

zi(ti, k) = f(t, 2, k) = r'(t); (5.62)
z1(t2, ka) = r(t2);

2y (ta ka) = flta,x, ko) =r'(ts)

N3 (5.62) HecHOXKHO HMOCTPOUTH ANIIPOKCHMAIUIO OTMOAIONIEN HA OTPE3KE
t € [t1,ts], HAIpUMED WUCIIOIB3YS SPMUTOBEI CIUTARHEL. [lomoGHBIM 06pazoM
MOXKHO TIOCTPOUTH AJIS OTMOAIONINX B TOYKAX t1, {9 MPOU3BOMHEIE BHICOKUX
TOPSAIKOB W, COOTBETCTBEHHO, MOJIyUNTH 6ojlee TOYHYIO AIMTPOKCUMAIIIIO
TPaHUI MHOXKECTBA pPeIlTeHn.

YnciienHble NpuMepbI

B kauectBe IpuMepa paCCMOTPUM KHMHETHUYECKYIO MOIOEJIb, KOTOPad AB-
JIACTCA OCHOUJIIATOPOM:

¥ o R —y) bz k(-2 -y,
dt (5.63)
d—i = k3(1 — T — y) - k—3y°

[Ipu snauenusx mapamerpoB ki € [0.12,0.125], k1 = 0.01, ky = 1,k3 =
0.0032, k_3 = 0.002 cucrema (5.63) nmeer aBTOKONEGaHus. [latee cucre-
Ma (5.63) pemrasack npum 3HadeHmIXx mapamerpa ki = 0.12 m k; = 0.125
COBMECTHO ¢ cucTeMoit (5.57).

Hnsg unmrocTpanuy Ha puc. 5.5 NaHBl TaKkKe HECKOJBKO PEITeHUN L1 CUC-
Temsr (5.63). B Tex ciyuasx, korna 0 ¢ x}(t), B kauecTBe rpaHUIT ABYCTO-
POHHETO peTlleHns BHEIOMPAJI COOTBETCTBEHHO YAaCTHBIE PeIlleHUs MpPU 3Ha-
yeHusx mapamerpa k; = 0.12 mwm k1 = 0.125. B npoTuBHOM ciTyyae HaXo-
IUIIACH OTPe3KH [t1, ], Ha KoTophix 0 € 2 (t), n Ha HUX cTpowTHCH ormba-
forme. Ha pucyHke oAU TIoOKa3aHBI 6oJlee XKUPHOU JIMHUEN, TPYTYIO TPAHUITY
IBYCTOPOHHETO peIlleHns BHIOMpAJIM U3 YacTHBIX pelteHuil nipu k; = 0.12
i k; = 0.125.

M#e1 BuauM, 9TO TIPU CPABHUTEITHHO HEOOIBININX BEIYUCIUTEITLHBIX 3aTPa-
TaX MOXKHO TOCTPOUTH CXOJNATIIEECS MBYCTOPOHHEE pellleHre C TIPUeMITEMON
TOYHOCTBHIO.
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T

0.7+

0 1 2 3 4 5 ¢-10°

Puc. 5.5. IBycToponsee pemenne cucremsl (5.61)

5.8. IlocTpoeHue obGisiacTen, comepkKalluX MHOXKeCTBa
pelreHun

O6o3HaunM depe3 R MHOXKECTBO BCEX 7-MEPHBIX o6JiacTell. DJIeMEHTEI
5TOr0 MHOXKECTBa OyleM o603HadaTh Tak XKe, KaK ¥ NHTEPBaJIbHEIE YNCIIA.
Bynem paccMaTpuBaTh TOJIBKO Takne € € R, KOTOpbIe MOXKHO OJHO3HAYHO
ommcaTh KOHEYHEIM HabopoM IapaMeTpoB, HallpuMep, chephl, SJIINIICONIEL,
MHOIOIDAHHUKMA W T. II.

I[lepeiimeM K 3amade omeHKU B (pa30BOM IIPOCTPAHCTBE MHOXKECTBA pellle-
muit {z(t, k, )|k € k} cucremsr 06EIKHOBEHHBIX AU depeHIINATBHBIX YPaB-
HEHUI N-MePHBIM MapajulesienumnenoM &(t) € R

[a(t, ky2)|k € Ky € 2(0)} C a(t),

rae z(t, k,z)) — HEKOTOpPOe KOHKPeTHOe pelileHne cucTeMsr (5.49) ¢ mapa-
MeTpaMu k u HadasbHEIM yciioBueM &(0) B MoMmeHT Bpemenu ¢t = 0.

JIto6oii mapaJulesienuien MOXHO 3a1aTh HeKoTopoll BepuiuHoin O u peob-
paMu, BHEIXOOAIIUMU U3 Hee: e;,i = 1,2,...,n. CienoBaTebHO, KaXIOMY
TAKOMY 5JIEMEHTY & € R COIOCTaBUM BEKTOP IIapaMeTPOB v.

3ameTnM, YTO HaYaIbHOE COCTOSHIE CUCTeMHI (5.54) mpeacTaBiseT co-
60l HEKOTOPHIII MapaJsuleSiennies. IIpeaosoKuM, 9To B HEKOTOPEIL MOMEHT
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BpeMeHU ! HaM M3BeCTeH HapaJsutestermien ¥(t), comepXKammil MHOKECTBO
petrennit ucxomuon cuctemsl OIY. [TocTpoum MmHOKecTBO X

X(t, T, k,20) D {x(t+ 7, k,x)|k €k,zp € x(t)}.

OTO MHOXECTBO ONpeNe M MPUOINKEHHO, UCTOITB3Y I METOMBI UMCIIEH-
HOTO WHTETrPUPOBAHUS, HAIIPUMED MeTOon JUiepa

X(t, 7, k,z¢) D {a:h(t + T,k,w0)|a:h(t + 1, k,xg) = @ + tf(t, @, k), k € k}.

ScHo, uTo B nanHoM ciyyae rpanuua X (¢, 7, k, ) oTindyaeTCsa OT UCTUHHON
Ha BeJIMYMHY, He ripeshimtatoryto O(72). Taxum o6paszoM, 3Has B HEKOTOPHIi
MoMeHT BpeMeHn t z(t, k, (), MoxeM mocTpouts obnacts € (t + 7, k, x))

x(t+ 1,k,xy) D {X(t,7,k, 20|20 € (t, k,2)}. (5.64)

Cy1rtecTByeT M3BECTHHIN MPOU3BOJI TIPU MOCTPOEHUN Mapalljiesienumnena, o6-
nanatorrero cpoiicrBamu (5.64). BymeMm cTpeMuThCs CTPOUTH €ro TaKuM 00-
pas3oM, 9YTOOKI OH MMeJI HAUMEHBIITNN 00HEM.

Ecnu Vt, 7 > 0 m3BecTHEI BeKTOpHL v(t) u v(t + T), onuckBaoIIne MOBE-
TeHne MapaJjuiesienunena €, TO MOXKHO TIpelebHBIM ITePeX0I0oM MOCTPONTH
cuctemy OIIY, onuckBaIyo MoBeAeHMe U:

vi(t) = limqo(vi(t + 7) — vi(t)) /7.

CnenoBaTeslbHO, MOXKHO MOCTpouTh cucTemy OJIIY, onmuchIBaloIIyio moBene-
HUe TapaJulesileninIiie/ia, CollepXkKalllero MHOXKEeCTBO PelleHN MCXOOHOU CHUC-
TeMBI

v o= g(t,v, k), (5.65)
v(0) = wvy.

Ecsu M1 moctponsn cuctemy OIY (5.65) Tak, uro mo v(t) MOXKHO BOC-
CTAHOBUTH HEKOTOpble TpaekTopuu &(t,k,x), TO MOKHO HOMBITATHCA IIO-
CTPOMTH ONTHUMAJIbHEIE TPAHUIIEI MHOXECTBA PEIeHNI.

[IpuBemeM HECKOJIBKO YNCIIEHHBIX puMepoB. s cuctemsr (5.29) Ha puc.
5.6 IpuBeeHHI apaJleleuIeIHBIe OLIEHKI MHOXKECTBA PEIleHNi B pa3iind-
HEIE MOMEHTEI BPEMEHI.

Ha puc. 5.7 npencrasiieHbl napaJiiesennieHble OIeHKN MHOXeCTBa pe-
reHmit mts 3amaqn (5.59).
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Puc. 5.6. Ilapanmenenunenubie oMeHKN MHOXKECTBA PEINIEHUH CHCTEMBI (5.29)
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0.7 Y2
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0.0
-0.1
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-0.3
-0.4

-0.6

Y1

0.7 0.8 0.9 1.0 1.1 1.2 1.3

Puc. 5.7. [lapannenenunentsie oneHKY MHOXKECTBa pelleHuil cucteMsl (5.59)
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Puc. 5.8. Ilepeceuenne muororpanuukos, t = 0.5

Uccnenyem nmpuMeneHne o6j1acTell B BUlle MHOTOTDAHHUKOB Ha IPUMepe
caenytoren cucteMbr OIY:

Ty, = @, (5.66)
ZE’2 = —klazl —k2332
ki€ k= [025, 1.0],]€2 ek = [00,06]
HauasnbHble ycioBus mis »Toil 3amadnm — oTpesok ¢ koumamu (-0.5,0.5),

(0.5,1.5). BBemem errte onus napametp k € k = [0.0,1.0]. Torna mHauanpHBIE
YCJIOBHMS MOXKHO IPEACTAaBUTE B ITapaMeTPUYeCKOM BHIE:

0) — —0.5 I 1.0
“0=1{ o5 | **| 10
[TockosbKy BEIOOP 0O6IACTH B BUe MHOTOTPAHHWKA He OMHO3HAUEH, TO MJII
TIpeICTaBIIEHNS MHOXKECTBA PeITeHU WCIOIb30BAHBl BA PA3IUMYIHBIX MHO-
rorpanHuka. OHU BBIOpaHBI TAKUM 0Opa3oM, UTO HEKOTOPBIE UX BEPIIUHEI
Bcera jieXkaT Ha TpaHnIle MHOXKeCTBA pelleHnil. T'akuM obpa3oM, mepecedve-
HIe TUX MHOTOTPAHHUKOB He OTPHIBAETCSA OT MHOXecCcTBa peltenuit. Ha puc.
5.8, 5.9 mokazaHbBI epecedeHNs] MHOTOTPAaHHUKOB B MoMeHTHI ¢t = (0.5,1.0.
Kax Bunno 13 puc. 5.8, 5.9, HecMOTps Ha TO, YTO KaXK BT MHOTOT PAHHUK
nMeeT OOJIBINIME pa3Mephl, UX TlepecedeHme He obiragaeT 3PheKToM ymaKo-
BEIBAHUS.
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Y2
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Y1

0.0 0.5 1.0 1.5 2.0

Puc. 5.9. Ilepeceuenne muororpannukos, 1.0

5.9. IIpeo6pa3zoBanue cucrembl OJI1Y

Kax 61510 MOKazaHo, 6oJiee 6iraronpuaTeH BapUaHT IS TTOCTPOEHUS OTl-
TUMAJIBHBIX ABYCTOPOHHUX PellleHnil Koraa cucrema (5.25) mpencrasngercs
B Buze (5.26). Jo6uThcs 5TOro MOXKHO, B YaCTHOCTH, 3aMEHON [TePEMEHHEIX.

IIycTs

z = a(y), k = k(p). (5.67)

Torma, moACTaBUB 5TU COOTHOIIEHNS B cucTeMy (5.25), nomygyaeM mpeobpa-
3oBaHHYI0 cuctemy OIY

¥ = g(y,p), (5.68)
y(0) = y.

Basucumoctu (5.67) mOKHEL GBITH HOAO6PAHBl TAKAME, YTO QYHKIUL g
yIoBieTBOpseT ycioBuam (5.27), (5.28).
Cnenytommas TeopeMa TOBOPUT O BO3MOXKHOM BBIOOpe Mpeobpa3oBaHUs

(5.67) [5].

Teopema 41. B docmamouno masoti okpecmuocmu Heocobol mouku &
MOACHO 8bIOPAML cucmemy Koopounam (Y1, Y2, . . ., Yn) MAKYI0, YMO 8 IMUL
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Koopdunamaz ypaenenue (5.67) sanuwemcs 6 sude
yll =1,
yéaygw . °7y;L = 0.

Paccmorpum npumep (5.59). ChemaeM cirenyfoliiee npeobpa3oBaHue:
xy = rcos(¢),

zy = rsin(@).

Torma B HOBBEIX IepeMeHHBIX cucTeMa (5.59) samumimercs B Bue

d)l = k7¢(0) = Cy,
r'=0,7(0) = ry.

Hecmoxno ybemuThcsa, uTo mpeobpa3oBaHHas CUCTeMa He obitamaeT > dek-
TOM yNaKOBBIBaHUS, XOTS U ee pellleHre HeCKOJIBKO IINpe TOYHOIO.

5.10. Omenkn obGJjiacTelm HJOCTHUXKIMMOCTU

B kauecTBe npuMepa NpUMeHEHUs NapalijlesIeNuIeHbIX OUEeHOK i pe-
merns cucteM OJ1Y obpaTuMmcs K OmHOW W3 BaXHBIX 3aad YIPABIICHUS:
MOCTPOEHNE OLEHOK 06JIACTEN MOCTUKUMOCTH. JTOM 3a1ade MOCBAIIEHa MO-
Horpadus [65].

PaccMoTpuM yIpaBiiseMyIo CUCTEMY, OIUCHIBAEMYIO BEKTOPHBIM audde-
PEHIIABHBIM ypaBHEHNEM

g = f(t,z,u),t € (0,1), (5.69)

rae u € R™ — BekTop ympaBigoimux GYHKIINN, HA KOTOPHIA HAJOXKEHBI B
obI1eM citydae orpaHUYeHUs

u(t) € U(t, ). (5.70)

KpOMe TOT'O, MBI 6y,[[eM nmpeamnoJiaraTb, 4To B HaYaJIbHBEII MOMEHT BEBIIIOJI-
HEHBI OT'PaHNYCHNA

z(0) € X. (5.71)

Ecom npunats, uto U, X, nmpuHAOIIEX)KAT MPOCTPAHCTBY MNapaJjuiesienure-
IIOB, TO MBI IIPUXONUM K CTaHOapPTHOU ITIOCTAHOBKE IIOCTPOEHUS OLIeHOK MHO-
J)KeCTBa pelleHUN IJIS 3aad C HeolpeHeJIeHHOCT IMMU.
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Onpenenenue 14. Muoscecmseom docmuscumocmu D(t,xy) ynpasag-
emoti cucmemvr npu t > 0 naswieaemed cosokynwocms konyose r(t) ecex
mpaexmoputi 9moti Cucmembl, HAUUHAIOWUTCT 6 MOUKAT HAYAALHO20 MHO-
acecmea M:

D = {z(t)|u(t) € u(t),z(0) € x}.
MHoxecTBa HJOCTURUMOCTH UT'PAIOT BaXKHYIO POJIb B TEOPUU YIIPABILEMBIX
CHCTeM, OHI KCIIOJIB3YIOTCH IIPU PelIeHnN GOJIBIIOr0 KOJIMYeCTBa IIPUKJIaI-
HBIX 3aja4 yrnpasieHus [65]:

L OHeHKa BO3MOXKHOCTEN YIpaBJICHUA. 3Hasg MHOXKeCTBO JOCTNKNMOCTNI
D praBmIeMoﬁ CUCTEMBI, MOXKHO OLICHUTDHL BO3MOXHOCTH YIIpaBJICHUA.

e YTpaBJIfieMOCTh U WHTerpajibHble BOpoHKM. PaccMoTpmm MHOXKeCT-
Bo A(x), sSBAOIIEeCsS 06beINHEHNEM BCEX MHOXKECTB HOCTURKIMOCTI
D(t,x() npu Bcex t > 0. DTo MHOXKeCTBO MHOT' 1a HA3BIBAIOT UHTET PAIIb-
Holl BopoHKoii. Ecim A(x) coBmamaer co BceM (pa30BBIM IPOCTPAHCT-
BOM, TO CUCTEMY Ha3bIBAaIOT BIOJIHE YIIPaBJIIEMOU.

o OHeHKa BOSMYIHGHI/Iﬁ n 3aJavda O HaKOIIJICHUN BOSMYIHGHHﬁ.

¢ 3ajaua ONTUMAIILHOTO YIIPABIICHUS.
B kauyecTBe mprMepa pacCMOTPUM IBYMEPHYIO YIPABIISEMYIO CUCTEMY
T, = o, (5.72)
Ty = u,u€u=[-1,1],
z1(0) = x2(0) =0.

Corsacao pabore [65] mits 3amaun (5.72) TOYHOE MHOXKECTBO HOCTUKI-
MOCTHU B aBTOMOJIEJIbHBIX TIEPEMEHHBIX

G =ai/t?, &=t

nMeeT B
D=(1+6)*/4-05<& <05 (& —1)%/4,
&2 < 1.

Ha puc. 5.10 okazaHo cpaBHeHME TTapaJIIeIIENMUIIENHBIX W 3JLTUTICOU AT H-
HBIX OIIEHOK MHOXeCTBa HOCTUXKUMOCTHU. OTHOIIIEHNEe TIIONIANEeN SIITATICON-
moB — 0.1976, mapanmesnenuniennoB — 0.4. B sToM ciydae mapaJisesenu-
TIefIHBIe OIIEHKU HEeCKOJIBLKO JIyUIlle, YeM SILIUIICONIAIbHEIE. DTO 00y CIIOBIIE-
HO TeM, YTO TapaJulesieNnIenbl OB BHIOPAHBI TAKUM 00pa3zoM, UYTO ObLIIN
JKeCTKO TIPUBA3aHBI K MHOXKECTBY MOCTUXKUMOCTMH.
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L2 L2
1. 1
o6J1acTh JOCTHNXKINMOCTHI
SJIJINIICONOaJIbHaA OIIEHKa DapaJileJiclIunenHad OIleHKa

Puc. 5.10. CpaBHeHnme OIEHOK OGIACTEN HOCTURKUMOCTHI

5.11. Pemienune xecrxkux cucrem OI1Y

O6paTI/IMC5I K OI[HOfI 13 3ada4, BOSHUKaAIOIIINX B XIMIYECKON KMHETUKE

[77]:

zi = —20000x,
CBI2 = 20000x;— =z +z3, (573)
xh = Ty —I3,

2131(0) = 1O,y2(0) = yg(O) = 0.

B Touke t = 0 perrenne 3amaun (5.73) umeer ocobeHHOCTh. COGCTBEHHEIE
YKCJIa MATPUITHI, COCTABJIEHHON 13 KOG PUITMeHTOB >Tol 3amaun,— A; = 0,
Ay = —2, A3 = —20000. Ms1 6yneM cTpOUTH NBYCTOPOHHEE pPeIlleHUe C yue-
TOM TIOBeJIEHNS pellieHns B >Ton Touke. Ha riepBoM sTare MBI pelitmM 9ucjieH-
HO 3amady (5.73) criennmajbHEIM METONOM IS KeCTKWUX 3aJad. B gacTHOC-
TU, IJIS 5TOU 3a7aydu, IpUMeHSJIICS HedBHBIN MeTon Pyure-Kyrra. 3amaua
(5.73) mHTErpupoOBaIach Ha CeTKE Wy, C MMEPEMEHHBIM IIaroM hj = tj41 — i
hj, € [0.001,0.1].

Ucnonb3ys momydyeHHOe YKMCIIEHHOE pellleHne, MBI TTOCTPOUIIA B 30HE TTO-
CPaHCIIO CIlelIAJIbHBIN HeJIMHEWHBIN CIVIaliH

ri(t, " AF) = si(t) + cFexp(\it), t € [ty tipa], k=0,1,...,N —1.

3mech s; — SPMUTOBH Kybudeckue crutaitasl. KorcranTer ¢, A maxonmnmcs
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Puc. 5.11. CpaBHeHue IMIUPUHEL JBY CTOPOHHETO PEIIEHUS U OIMIAOOK YUCIEHHOTO PEUIEHUS

YUCJICHHO, OJId MX HAaXO0XICHNIA MWHUMHN3NPOBAJICA C.TIGI[YIOHJ;I/Iﬁ (I)YHKHI/IO-
HaJI:

ﬂ@M=%ﬁ%&QM—f®ﬂf- (5.74)

Bamaya MuanMuzanuu (5.74) CBOOUTCS K PELIEHNIO CUCTEMBI HEJIMHENHBIX

ypaBHEHUU
o0 _
dc
o
— = 0.
O\

Bue morpaHcios nCMoITh30BaIICsSd OOBIYHBIN SPMUTOBBIN KyOM4eCcKUN CIIJIAH.

PesynbraTsr pacueToB moka3ansl Ha puc. 5.11. Kakx MmoxHO BumeTs, 1mm-
pUHA IBYCTOPOHHETO PeIlleHns BHAYaJjle BO3PACTAET, 3aTeM CTaOMITN3UPyeT-
cs 1 yOBIBaeT.
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KpaeBbie 3amaunm njiss oObIKHOBEHHbBIX
nuddepeHIINAILHLIX YPAaBHEHUT

B sTom pasmerte Mu1 mcciienyem 3amauy Hwpuxie miid oOBIKHOBEHHOTO
nuddepeHITMAITLHOTO YpaBHEHUS BTOpoTo mopsanka. VzmaraeMblie MeTOHBI
citabo MpuUBA3aHBl K TUILY KPaeBOT'O YCJOBUS, U TO>TOMY OUYEBUIEH Ilepe-
HOC Pe3yJIbTaTOB Ha KOppeKTHHIe KpaeBble ycioBus Heitmana m HrroTona.
[Tosryuenbr olleHKM MIMPUHBI TBYCTOPOHHETO PENIEHNS KPAaeBOW 3adadm I
OOBIKHOBEHHOTO nuddepeHITnaTIbHOTO YpaBHEHUS. JDTOT aHAJIN3 BHITIOJTHEH
TaK¥Xke IJId YpaBHEHUS C MaJIbIM TTapaMeTpoM MpU CTapliiell TpOon3BOIHON.
HecMoTps Ha pemtenmne 3agaym TUIa MOTPAHCIIOS, 060CHOBaHa He 3aBUCATIIASL
OT £ IIUPUHA KOpUIopa OBYCTOPOHHErO pellleHNUs.

Nznoxenbr mHTepBAJIBHBIN MeTON PEIIeHU T KBa3WJIMHENHOTO ypaB-
HeHUS U IBYCTOPOHHUN MeTOH MIJIS YpaBHEHU C MaJIbIM MMapaMeTpoM IIpu
cTapiel mpou3BogHoi. OCHOBHOI BBIBOM, KOTOPBIN MOXKHO CHEJIATh U3 pe-
3yJIbTATOB CPpaBHEHUS MHTEPBAJJIBHBIX U AllOCTEPUOPHBIX METOHOB B ATOU U
TpexX MPenbIayIuX TJiaBaX, COCTOUT B TOM, UTO CYIIIeCTByeT IBa IOIXO-
na, o0JlagafollnX Pa3HBIMU CBONCTBAMHU U HOMOJHSIOIIAX APYT Opyra Ipu
pellleHnN pa3jIndHBIX 3a1ad.

6.1. AmocTepuopHoOe OIleHUBAaHUE

PaccmoTpuM amnocTepuopHoe olleHUBaHUE MOI'PENIHOCTU MpelBapuUTelb-
HO HallIeHHOI'0 NPUOJIMKEeHHOT'O Pa3HOCTHOrO PellleHNs, BOCIIOJIHEHHOTO 5P-
MUTOBEIM cIulaiiHoMm u3 S7 Ha Bech orpesok [0, 1]. HemocTatormue 3nauenus
IIPOM3BOLHOM CTPOUM C IIOMOIIBIO Pa3HOCTHBIX OTHOIICHUN.

ObocHoBaHMe KadeCcTBa ABYCTOPOHHETO IIPUOJINKEHNT CYIMIeCTBEHHO OT-
JmvdaeTcs OT NPeNbIoyInuX pasnesioB. CTaHmapTHasd pa3HOCTHAI cXeMa JaeT

147
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BTOpOfI IOpAOOK TOYHOCTU HpI/I6.TII/I}KeHH01"O PEeIIECHNA uh:

lu —u"| = O(h?*) ma @ (6.1)

Ipu ompenmeniennu uepes u”

BTOPOI MPOU3BOIHON, YUaCTBYIOIIIEN B BHI-
YNCJIEHUN HEBS3KU, 3a CUeT PazHOCTHOTrO NuddepeHITMPOBAHUS TOJIyUdaeM
tounocTh nopsanka O(1). IlosTomy oxumaemas BeJMUMHA HEBI3KUA TaKkKe
xapakTepusyercs Besmanuoii O(1). A MOCKONIBKY Ha OCHOBaHWUK TeOPEMBI
CpaBHeHUs MINPUHA NBYCTOPOHHETO pellleHUs SBJIAeTCS BEJIMUMHON OMHOTO
MOpS/IKa C HEBSI3KOWN, KAUeCTBO NBYCTOPOHHETO pellleHNs MOXKeT OKa3aThCd
HEYTeNTNTeIbHBIM. BMecTe ¢ TeM pe3yinbTaThl YNCIIEHHBIX SKCIIEPUMEHTOB
BIIOJIHE Y]IOBJIETBOPUTEJILHEIE.

[MosTomy niist obocHOBaHWS TOYHOCTH CJIeMyeT UCITOIB30BATEH OoJjlee TOH-
KIle CBOWMCTBA CIUIAMHOB W PA3HOCTHHIX cxeM. |'naBHEIN uitleH nuddepeHIIn-
aJIbHOM HEBSI3KU SBJISETCS OTPAHUYEHHBIM (PYHKIIMOHAJIIOM OT Pa3HOCTHON
HEBS3KM NTpUbIIMKeHHOTO perienns. OTciona MIMpUHA TBYCTOPOHHETO pellle-

HUSI MeeT TaKoU XKe IopAOOK MaJiIOCTHU, KaK IIOPAOOK AaIllIPOKCHMallu U

CXOIMMOCTM.
PaccmorpuM 3amauy Hupuxie mid ypaBHEHUS

Lu=—(pu) +qu=f, =ze€(0,1), (6.2)

w(0) = g, (1) = g1 (63)

OTHOCUTENTLHO QYHKINN P, q, [ TIPENNOSIOKUM, UTO OHU HEPEPLIBHEI HA

[0,1] m

p(z) >ec1 >0, g(z)>0 Vee(0,1). (6.4)

Il 9MCIIEHHOTO pelleHns IOCTABJIEHHON 3a[add IIOCTPOMM paBHOMEp-
Hyo ceTKy Wy, = {x; = th;i = 0,1,..., N} ¢ mrarom h = 1/N u uenbim
N > 2. Obosnauum uyepes wy, = {x; = ih; i =1,...,N — 1} MHOXKeCTBO

BHYTPE€HHUX TOYEK 5TON CETKM!.
Ka}KHOﬁ BHYTpeHHeﬁ TOYKE IIOCTaBUM B COOTBE€TCTBHEC Pa3HOCTHOE ypaB-
HeHue

— (pug)% +qu'=f Ha wy (6.5)

C ceTOYHOU (PyHKIIMen uh(a:), oTpeneJIeHHOW Ha Wj. 30eCh MO OIpenesIeHIIO
IJISL TPOU3BOJIBHOU (PYHKIIUU U

vy(2) = [v(a + h/2) — v(a — h2)]/h,

IIO>TOMY

(pU;;)% r=x; — [Pi—|—1/2(Ui—|—1 —v;) — pi—1/2(Uz’ - Ui—l)]/h2-
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3nech u majiee, Tlle 5TO He BHI3BIBAET MTBONHOTO TOJIKOBAHUSI, MBI OyIeM MC-
TI0JIB30BaTh 0603HaUeHue p, = p(x,) oI 7060 QYHKINN p B y3/1aX W), W
cpenuux Toukax. [{o6aBienne k ypaBHenusMm (6.5) IBYX KpaeBBIX yCIIOBUIL

u"(0) =gy, (1) =g (6.6)

naetr N + 1 ypaBuenuil miig orsickanusg N + 1 3Ha4YeHUI CeTOYHON QYHKIIAN
B y3Jj1axX Wy,.

Xoporto u3BecTHO (cM., HampuMep, [51, 53, 59]), uro pasHocTHas 3ama-

a (6.4)-(6.5) ycToiiumBa ¥ MMeeT BTOPOW MOPSAIOOK ANMPOKCUMANNU. DTO

BJIeYeT BTOPOH TOPAINOK CXOAWMOCTH, 4To U 3ammcaHo B (6.1). Peurenwe

yKa3aHHON 3aJadyl MeTOIOM IIPOTOHKM TaKiKe He BEI3BIBAET 3aTPyMHEHMIL.

B wTore MBI MIPUXOANM K MPUGIMKeHHOMY pelenmio 4", 6mmskomy K u® (c

TOYHOCTBIO /10 BIWSHUS OMINOOK OKPYTJIEHMUS ).
[TepeitneM Kk moCTpOEHWIO NBY CTOPOHHETO pellieHns. BocmoTHIM oIty YeH-

HOe Pa3HOCTHOe pellleHne i’ Ha BeCh OTPE30K [0,1] ¢ moMoIIBI0 SPMUTOBA
CIJIaliHa S € Sg. s 5TOro B KaxXO0M y3Jile T; € W), HeoOXOMMMO 3a/1aTh 3HA-

wenus s(x;) u s'(z;). [lepBoe ecTecTBEHHO MOOXWUTH PaBHEIM 4 (), a B Ka-
yecTBe §' () clleyeT B3ATh PA3sHOCTHYIO [IPOU3BOMHYIO, ¥IOBIIETBOPSIOLLY O
OBYM yCJIOBUAM. Bo-TIepBEIX, IpU JIFO60M T € @), €€ y3JIBl JOJIKHEI COCTO-
ATh TOJBKO M3 TOYEK Wj,. Bo-BTOPHIX, M1 obecliedeHNs HYKHOTO IOPAIKa
TOUHOCTH IBYCTOPOHHEro PElICHH OHa NOJDKHA, KAK MBI YBUIUM Jlajiee,
obecreunBaTh TPETHil MOPAMOK aNmpoKcuManuy Ha perrenmu u € C*[0,1].
OTUM yCIOBUSIM yIOOBJIETBOPAET, HAIIPUMED, PA3HOCTHAA IIPOU3BOAHAL

—1lv(z) + 18v(x + h) — Yv(x + 2h) + 2v(x + 3h), upm = = 0;

)
ah()—i v(x — 2h) — 6v(z — h) + 3v(z) + 2v(z + h), mpuz =1— h;
zV\T) = 6h | —2v(x — 3h) + Yv(x — 2h) — 18v(x — h) + 11v(z), mwpm z = 1;
—2v(x — h) — 3v(z) 4+ 6v(x + h) — v(z + 2h), B OCTAIBHBIX y3iIax.
(6.7)
Ha ocHoBanuu pazmena 2.7 paBeHCTBa
s=4" and s =0"a" wa @, (6.8)

ONIHO3HAYHO ONpeNesIToT ciulaiin s € S3. OH aNmpoKCUMUpyeT pellleHue u
Ha BceM orpeske [0, 1]. Haiimem ero HeBssky

o=DLs—f mna [0,1]. (6.9)

Temneps paccMoOTpuM IBa MpreMa MOCTPOEHUS IBYCTOPOHHUX PeITeHU pas-
HOW aJITOPUTMUYECKOUN CJIOXKHOCTU U PA3HON TOUHOCTH.
Aseopumam I. HalimeMm umciio o Takoe, 4TO

ol <o ma [0,1]. (6.10)
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DTO MOXKHO CHIeJIaTh C MOMOIIBIO AJITOPUTMOB, U3JI0KEHHBIX B pa3f. 2.5 U
[22]. Torna mBycTOpOHHEE pEllleHrE U, CONepIKAIIIEe U, 3AUCHIBAETCS B BUIE

w=s+—[-1,1], (6.11)

c1
rzie KoHcTaHTa 1 B3aTa u3 (4). [Ipencrasmenue (12) MoxHO 3anucaTh nHade:
s—afa <u<s+ale. (6.12)
IIng noxasaTesbCTBa >TUX HEPABEHCTB UCIIOIb3YyeM CJIEAYIOIINI Pe3yJIbTaT.

JIemma 9. IIpu swvinoamnenuu ycaoeut (6.4) dag 3adauu (6.2),(6.3)
CNPasediusa oYyeHKa

1
ells < —[1fl1 + masx{gol 3 (6.13)

HokasarenscTso. st pasnocTHo 3amauu (6.5),(6.6) aHamormasas oneHka
nokasana B [53]:

1
[|u]2, < o, max |f] + max{|gol, lo1]}- (6.14)

[lepexons k mpemeiy Ipu 1. — OO U WUCIOIL3YS HEIMPEPHIBHOCTHL [ U U,
ostyqaeM omieHKy (6.13), mockomsky u — wu.
[lepenuiiem paBencTso (6.9) B Buze

Lv=¢ mna (0,1), rme v=s-—u, (6.15)

u mo6aBuM KpaeBble ycioBus v = s — u ¢ ¢ = 0, 1. llpumensas nemmy (9)
5TON KpaeBOU 3a7ade C PeIlleHNeM v = § — U, MOJTyJaeM OIEHKY

1

[[olle < Cllloe + max]s = ul,

oTKyna c momorsio (6.10) BerTekaeT HepaBeHCTBO (6.12).
Asaeopumam II. PaccMoTpuMm 3amauy

Lv=1, z¢€(0,1), (6.16)
v(0) =v(1) = 0.

[ToBTOPUM myIs Hee BCIO TOCIENOBATEILHOCTH OMEPAlNil, MPUBOMAIIAX K
CIUTAHY , alIPOKCUMUpPYIoIeMy perenue Ha [0, 1]. A umenHo, MmeTomoM mpo-
FOHKU pelInM Pa3HOCTHYIO 3alady

— (pvg)% +quv*=1 mHa wy, (6.17)
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v"(0) = v"(1) = 0.
B uTore Ha ceTke @) MBI TIOIIyUYNM TPUOJINKEHHOE pPeIIeHMe ", Ucnionb3ys
pPa3HOCTHOEe OTHOIIEHUEe (6.7), IIOCTPOUM CIUIAWH S1 € S;, YIOBJIETBOPSIO-

I paBeHCTBAM
s1=73", s\ =0"" wma . (6.18)

I[aﬂee IIpeOIoJIOKNM, YTO OJId HEr'O CIIpaBE€OJINBO HEPABEHCTBO

Lsy > ¢2 > 0. (6.19)

D10 TpeboBaHMe BIIOJIHE €CTECTBEHHO MPU JOCTATOUYHO MAJIBIX A, TOCKOJIBKY
Ls; = 1+ O(h?), xax MBI NOKaxkeM f1ajiee.

Ha ocuoBanuu (6.19) ¢pyuxums ¢/ Ls; onpeneneHa Ha KaX/I0M UHTEPBAJIE
(2, ®;11) U B y371aX &; IMeeT Pa3phIBHL IEPBOTO POIa. JTO HO3BOJILET HANTH
yKe yIOMUHABIINMUCS MeTomaMmu paborsr [22] u pasa. (2.5) KOHCTAHTEL

a > Iﬁ%aﬁ((—go/ljsl), a< I[Iolilr]l(—go/le). (6.20)

Torga nIBycTOpOHHee pellleHKe, cofiepiKalllee U, 3alChIBaeTCI B BUIE
U = s+ as (6.21)
WM, 9TO TO XKe CaMoe:
s+as; <u< s+ as. (6.22)

It o6ocHoBaums (6.22) UCHOIB3yeM CIIEAYIOIIYIO TEOPEMY CpaBHEHU,
yCTaHABINBAEMYIO Ha OCHOBAHWUU TIPUHIUIIA MakcuMyMa [45].

Teopema 42. [Iycmv 6 3adaue (6.2), (6.3) npasag wacms f € L2(0,1)
u f >0 noumu scwody na (0,1), g9 <0, g1 <0. Toeda u> 0 na [0,1].

Paccmorpum dpysknmio v = s + @s; — u. Ha ocroBanmu (6.10), (6.20)
Lv=Ls+alLs;—Lu>¢p+als; >0 na (0,1).

Kpowme Toro, u3 onpenesnenus s u s; ciaenyet, uro v(0) > 0,v(1) > 0. ITos-
TOMY Ha ocHoBaHUU TeopeMsI (42) v > 0 Ha [0, 1]. OTciona BeITekaeT mpaBoe
HepaBeHCTBO B (6.22). JleBoe HepaBeHCTBO MOIyYaeTC IPUMEHEHUEM STOI
XKe TeopeMbl K PYHKIIMM v = U — § — QS1.

Teneps mccileqyeM MOBOJIBHO BaXKHEBIM BOIPOC O IIMPUHE IIOCTPOEHHBIX
kopunopoB B (6.13), (6.22). Y cioBus

p € C*0,1], gq,f € C?0,1] (6.23)
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obecrieuynBaOT JOCTAaTOYHYIO IVIadKOCTh pPEIICHUA:
u € C*0,1]. (6.24)

OTo BileueT myIA pasHocTHON 3amaun (6.5), (6.6) BTOpOIl MOPAMOK AIIPOK-
cHMAaIu 1 cXoauMocTH. I[o3ToMy eCcTeCcTBEeHHO OT IIMPUHEL KOPUIOPa TPe-
6oBaTh TAKOro XKe mnopsaaka Majoctu. CHadasla MBI IIOKaxkKeM, 94TO 06a aJiro-
pUTMa HafoT UMEHHO TaKue KOPUIOPHL 6€3 ydeTa BEUUCINTEILHON 0T Pelll-

HOCTW IPU PellleHnN Pa3HOCTHOM 3amaum, T. e. Korma 4" = u" KoHcTaHTEI
a, 0,02 B (6.10) u (6.20) ompenensoTcs TOYHO:
@ =|lpllx, @=maxp/Ls;, o=ming/Ls. (6.25)

3aTeM MBI TIPOCIIEINM, KaK BIIMAET BHIUNCIUTEIHHAS MTOTPEITHOCTE Ha YBe-
JIMYeHre MUPUHBI Kopuaopa. Ha ocHOBaHUY yCTOWYNBOCTY PA3HOCTHON CXe-
MBI OHa MMeeT He3HauuTesbHYI0 Besuuuny. Ho B Beipaxenun ¢ = Ls — f
CIUTAVH § OBaXObl nudpdpepeHInpyeTCsS, YTO B IPUHIINIIE MOXET YBeJINUNTH
B h™2 pa3 ommbKy u, ciemoBaTenbHo, mmpuHy U. Ho dakTmdueckm BKian
5TOU IOTPEIIHOCTU B LUIMPUHY KOPUOOpa OCTaeTCid Ha TOM XKe YPOBHe, Ha
KaKOM OHa BXOIOWT B HEBI3KY Pa3HOCTHON 3aJadu.

Mpr nokaxeMm oba pakTa B ciaydae p = 1. DTO CYIIIeCTBEHHO YIIPOIIAET
BBIKJIAJKI W MO3BOJISET HAIJISIIHO MPOCJIeNUTH BKJIal Pa3/IMYHBIX ITOrpelll-
HocTell. BMecTe ¢ TeM OOIMTHOCTE He TepseTCs, MOCKOIBKY COXPAHIIOTCS BCe
OCHOBHBIE ATallbl 000CHOBAHUA.

Jlemma 10. [ag cnaatinag s € S} co snauvenugmu (6.9) cnpasedausst
OYEeHKUY

Islloe < elldlloe 1 1|s"[lnc < crnax|i,

¢ KOHCManmamu ¢, ne 3aeucswumy om h,a", s.

IokazaTenbcTBo. PaccMoTpum crutaiin s Ha oTpeske [x;,x;11], 1 < i <
n—2. Ha ocaoBanum (6.9) u (6.7) crumaiin sBiiseTCs INHENHON KOMOUHAIIAEN
OATY 3HadeHu 4"

5003 z—z\"_,
s= 2. X Gk (7h ) Uit (6.26)

j=—1k=0
C BeCaMU Cj ;, He 3aBUCIIINMIU OT &, h, 1. Ilocite nuddepennmpoBanus mo-

JIy4yaeMm
5 di(z) -y

no_
5 = Z h2 ui—l—j)

=1

(6.27)
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rzie JuHeliHble QyHKUUN d; paBHOMEPHO OrDAHUYEHEL:
ldi| <e1 Vi=-1,...,3 Ha [x),2541] (6.28)
IToxaxem, uTo
s’ = ﬁoag%(wl) + /Blag%(wi+1) + ﬁzag%(xm) Ha [, @i01]. (6.29)

N3 cpaBuenus (6.27) u (6.29) BEITeKaeT cucTeMa ypaBHEHHI

By =d_1, — 206y + 1 = dy,
Bo — 2061 + (2 = dy,
B1 — 28y = da, B2 = ds.

U3 mepBoro m nByX TOCJIEIHUX yPABHEHU CIIEMYET, UTO
Bo = d_1,01 = d2 + 2d3, B2 = ds. (6.30)

BorscauM, O6ynyT Jim BHITIOITHATHCS Ba APYTUX yYpaBHEHUs, KOTOPHIE B pe-
sysbTaTe 3aMeHHl (6.30) npuobpeTaioT BUA

— 2d_1 + d2 + 2d3 = do n d_l - 2d2 - 3d3 = dl. (631)

PaccMoTpuM CIUIaiiH s B KOHKpPEeTHOI cuTyanuu, Korna 4" = ax + (3 Ha

BceM orpeske [0, 1]. [TockonbKy Ha MHOTOUSIEHAX CTEMEHN MEHBIIIE 404" =

Ou", crmaitn s TouHo Bocmpom3BOmUT U, T.e. s = ax + 3 Ha [z;, Ti11].
I[TosTomy

s'=0 ma [z;,T1] (6.32)

Bri6epem nBe maper «, [3:
a=1/h,f=—-x;/h u a=-1/h,0=—x,1/h.

Torma na ocHoBanmu (6.27) MBI IpUXOOUM K ABYM (QYHKINOHAJIHHBIM pa-
BE€HCTBaM

1 1
ﬁ(—d_l + dl + 2d2 + 3d3) =0 =mn ﬁ(—2d_1 - d0—|—
—|—d2 —|— 2d3) = O Ha [CBZ', wi—i—l])
skBuBasieHTHBIM (6.31). [losTomy ToxkmecTBo (6.29) meiicTBUTENBHO Cripa-
BelyiuBo. U3 Hero BEITeKaeT OLIEHKA

n
max_|s | < ey max
[:Biaxi-l—l] - L=y Li1,Ti42

s (x)] (6.33)

xrxr
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c KOHCTAHTOIl ¢y, He 3aBUCAIIEN oT h, i, ¢, s, 4", JlokasaTeabCTBO aHAJIOT Y-
HEIX yTBepkKaeHuii ajig ¢ = 0,n — 1, n HeCKOJIBKO IIpolIie, IIOCKOJILKY JIMHEN-
Has KoMbuHanus (6.27) B 5TUX CiIydyasx COOEPKUT TOJBKO UETHIPE 3Hade-
uug. O6benuHgd BCce YeThIpe CUTYalu, IPUXOAUM KO BTOPOMY HEpaBEHCTBY
JIEMMBI.

IlepBoe HepaBEeHCTBO BEITEKaET HEIOCPEACTBEHHO I3 OLIEHKY IIPaBoil Jac-
T B (6.26) 1 B aHAJIOTMYHEIX €My NPENCTABIEHUSX Ha MPYTUX OTPe3Kax.
O

Teneps 060cHyeM BTOPOI HOPAJ0K MaJIOCTH IIMPWHEL KOPUOOPa B aJjro-
puTMe 1 cHaudaja 6e3 ydeTa BBEIUMCINTEIBLHBEIX IOTPEITHOCTEN, KOra BEI-
rosteeHo (6.25).

Teopema 43. IIpu svinoanenuu ycaoeut (6.23)—(6.25) konemanma o u
wupuna wid u paeromepro na [0, 1] geagromes eeauvunamu O(h?).

IokazaTenbcTso. IlpencTaBuM pasHOCTE U — § B BUAE CYMMBL U — § =
(u—s2)+(s2—s3)+(s3—$), raie 9, $3— CIUTAltHEL U3 S2,, NHTEPHIOIUPYIOIIHE
U B CJIEMYIOIIEM CMEICIIE:

ss=u, sh,=u Ha W, (6.34)
sy=u, sy=0"u ma @. (6.35)

Iliis pasHocTu U — $9 Ha ocHoBaHuU [36] crpaBemMBa OlEHKA
167 (u — s9)||oc = O(A*™?), j§=0,...,3. (6.36)

Ha ocHoBanunm (6.24) pasHOCTHOe OTHOIIEHE 0"y ammpokcumupyet u' ¢
TPeThUM MOPSIIKOM TOYHOCTHU, ITO3TOMY

|sh — s5| = O(R®) ma @,

N3 (6.34), (6.35), kxpome ToroO, CilenyeT, UYTO Sy = SzHaW;,. C yIeTOM 5THUX
CBOIICTB, WCIIOJIb3y A BUI 6a3MCHEIX (DyHKIMIT SPMUTOBOrO CIUIAliHA Sy — S3,
IIPUXOOUM K OLIEHKE

187(s2 = s5)l|c = O(R* ), §=0,...,3. (6.37)

Pasuocts z = §3 — § TaKXe ABJIACTCA CIIATHOM WH3 S%, IIOCTPOEHHBIM IIO

3HAYeHNIM
z=u—u" m z'z@h(u—uh) Ha @}. (6.38)

[MosTomy Ha ocHoBaHuUM jeMMEL (10) cripaBemyIuBhHI OLIEHKN

1]l < ellu — "l = O(R?), (6.39)
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12" 00 < cn&gx‘(u — uh)%% (6.40)
3 pasnoctHOro ypapuenus (6.5) npu p = 1 BeITeKaeT paBeHCTBO
—(u — uh)%% + q(u — u") = O(h?), = € wy,.
C ero momoreio (6.40) mpeobpasyeTcs K BUILy
"] = O(h2). (6.41)

[MosTomy Ha ocHoBanuu (6.9) u (6.36), (6.37)
a = [lplle = [|L(s — w)ll < [I(s = u)"[|c+
Hlallwlls — ulloc = O(R?).

BcenencTBue sToro mmpuna nBycTopoHHero peutenns (6.12) mmm (6.11) meii-
cTBUTENbHO aBigercs sesmuutoit O(h?) Ha [0,1].

Teneps paccMoTpuM BOIPOCH TodHOCTH B ajropurme I1. BHoBe mpemmo-
JIOXKUM OTCYTCTBHE BHIYMCJIUTELHON IMOTPEITHOCTH, T. €. CINIAiiH § CTPO-
WTCS HETIOCPeNCTBEHHO 0 3HadeHnaM u” u cripasemmmBo (6.23).

CHauasna o6paTuM BHUMaHUE Ha TO, YTO M3 HOKAa3aTeIbCTBA TEOPEMEI
43 mns citafiHa S, MOCTpoeHHOro ¢ ydeToM (6.18), cmpaBemnmBa omeHka
|L(s1 — v)||oc = O(h?) u, cnenosaTtensho, ||Ls; — 1||oc = O(h?). losTomy
IIpY JOCTATOYHO MAJIBIX h ycitoBue (6.19) meficTBuTENBHO BBIIOIHSIETCS. 13
5Toll e TeopeMbl BEITeKaeT, uTo ||¢||. = O(h?). [losTomy, @ = O(h?),a =
O(h?), u mMpuUHa IBYCTOPOHHero pellleHms B ciydae (6.25) okasbiBaeTcs
pasnoit O(h?).

B sakmiouenue pasmesia o6paTuMcCA K BOIPOCY O IPUMEHEHUN BMECTO
KOHEUYHO-Pa3HOCTHOTO IOAXO0Ia MeTo/Ia KOHEUHEIX sJieMeHToB. CHadasa pac-
CMOTPUM CJIydail TJIaIKux Ko3PhUInueHTos p, g, f.

M cnosnb3oBatue MPOCTENIINX Ky COUYHO-JIMHENHBIX 6a3MCHBIX QYHKIUN Ha,
PaBHOMEPHOII CeTKe He BHOCUT HUKAKNX M3MEHEHUI HU B aJICOPUTMBI, HU B
0o6oCHOBaHNE UX TOYHOCTH. EQUHCTBEHHOE N3MeHEeHNEe KOCHETCS Pa3HOCTHO-
ro ypasHenus (6.5). HoBas cucTema Takxke MoxkeT OBITH 3allliCaHa B TPeX-
IUATOHAJIBHON (pOpMe U pellleHa MeTOIOM MPOToHKY [52, 53].

AnasiornuHble M3MeHeHU Ha >Talle (GOPMUPOBAHUA CUCTEMBI CETOUHBIX
ypaBHEHMI1 IIPOUCXOAAT IPU MCIOJIb30BAHUN JIATPAHKEBBIX KOHEYHBIX JIe-
MEHTOB CTelleHM 2 U BHIIIE. B TakoM cilydae MOPAHOK TOYHOCTH IIPUOIIN-
JKEHHOT'O pellleHns " TOBBIIAETCS, U TIOSTOMY IJIS BHIPABHUBAHUI C HUAM
MOPAIKA MaJIOCTH IINPUHEI KOPUAOPa IBYCTOPOHHErO PeIleHns CJeNyeT MC-
I0JIb30BaTh SPMUTOBEI CIUIANHEL CTEIIEHN 5 U BHIIIIE.
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Hanb6osiee unTepecHslin 3¢pHeKT MoaydaeTcs MPU UCIOIb30BAHUNA PMU-
TOBBIX KOHEYHBIX 5JIEMEHTOB WIS GOpMUPOBaHUI ceTOYHOU 3amadm (6.5),
HaIpUMep, SPMUTOBHIX CIUIAiHOB cTemeHn 3. MBI He 6ymeM ocTaHaBJIN-
BaThCd Ha GOPMUPOBAHNUN CUCTEMBI JIMHEMHBIX aJirebpandecKux ypaBHEHMI
nis Beramncitenns u”. B Kakoii-To Mepe 5To M3/I0XkeHO B pasf. 6.3 mid KBa-
sUMHeRHOro ypaBHeHus (cM. Takxke [51]). Marpuia cucteMbl cCTaHOBUT-
cd MATUANArOHAJIbHON. ['aBHELL 5PGEKT COCTOUT B TOM, YTO IOJIydaeMOe
pemterne u(uwua”) yxe mpuHaniexuT objacTu onpenesieHus nuddepen-
IUAJIBHOI 3a[a4dl, 4TO AOCTUraeTCsd MPUHAMJIEKHOCTHIO PEIIeHUs KJIaccy
WZ3(0,1). losTomy oTHamaeT HeOGXOMUMOCTD B IIAIKAX UHTEPHOIIHTAX U
IpuOJIMKEHHOE PellleHre CaMO UrPaeT PoJib CIjlaiiHa s. B mTore ajJropuTMsl
CYIIIECTBEHHO YIIPOIITAIOTC.

B cayduae paspbIBHBIX (KyCOYHO-TJIAAKUX) KO3()QUIMEHTOB D, q, f HeoO-
XOONMO CKOPPEKTHMPOBATEH aJIlOPUTMEL. Bo-IepBBHIX, HEOOXOOMMO CHeJIaTh
CeTKy W) KyCOYHO-PaBHOMEPHOI, COrJIACOBaB €€ y3JIbl C TOYKAMU Pa3phi-
Ba QYHKUUI p,q, f U UX COOTBETCTBYIOIIUX IIPOM3BOAHBIX, BJIMAIOIINX Ha
TOYHOCTH MPUOIMKEHHOTO pelteHns. Bo-BTophix, mig ¢ = 0, 1..., n pa3HoCT-
Has Tipom3BoaHas O"v; BEbupaeTcs 1o dopmysiam (6.7) Tak, ITOGH BCe y3ITH
JIeXaJIi B OMHON 30HE INIadKOCTH. B-TpeThux, nuddepenimaibHas 3a1a4a B
TOYKax pa3pbeiBa & GYHKINM p UMeeT HOMOJHUTEbHEIE yCIOBUS COrJIacoBa-
uus notoka [53]: (pu')|ero = (pu')|e—o. B pesymprare HeobxomuMo cTpouTh
KYCOUHO-TJIAOKIII MHTEPIIOJIAHT S, COrJIacys 3HaueHWUs IIPOU3BOMHON ps B
TouKax paspeiBa £. OIUH 13 CIIOCOGOB TaKOIrO COrJIaCOBAHUS IETAJIBLHO OIIN-
caH B pazn. 7.4.

6.2. NHTepBajibHOE peIllIeHue

PaccmoTpum npyroii mogxon K pemeruio 3amadn (6.2),(6.3), oTiauyaHbIi
oT obcyxkaaemoro B pasn. 6.1. OH mo-mpeXxHeMy KUCHOJIB3YeT CTaHIAPTHYIO
pasHocTHyI0 cxemy. Ho Ha sTOT pa3 BMecTOo TpubIMKEHHOU PA3HOCTHOU
CXeMBbI MBI CPOPMYJIMPYEM TOUYHYIO Pa3HOCTHYIO CXeMY, B KOTOPOUW ydTeM
oImmoKy anmpokcuMannu. [locKoibKy miid Hee M3BECTHBI TOIBKO TIPEIeThI 13-
MeHeHUS, TPUXOAUM K PelIeHN0 CUCTEMBI JINTHENHBIX aJjireOpaniecKux ypaB-
HEHUI C MHTEPBAJIbHOU MPaBoil YacThio. OTMeTUM, UTO B CUJTy CBOWCTB pas-
HOCTHOI CXeMBI TTIOUCK MHTEPBAIIBHOTO pellleHNs CBOAUTCA K pellleHNo ABYX
BeIlleCTBEHHBIX CUCTEM JIMHENMHBIX ajirebpandyecKuX ypaBHEHUU ¢ Tpexauna-
FOHAJILHOM MaTpPUIIEN.

Takum o6pazom, aJropuTM OIpenesieHNs WHTEPBAJIHLHOTO PEIIeHns, CO-
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IlepXKalllero TOYHOe pellleHNe nudpdepeHINATILHON 3a0adl, COCTOUT U3 Ye-
THIpex sTanoB. CHavajla HaXOMUM AIPUOPHBIE OIEHKU PEIIeHUs U ero He-
CKOJILKMX TTPOU3BOAHBIX. 3aTeM KOHCTPYUPYEM TOUHYIO Pa3HOCTHYIO CXeMY,
cofepXKallyio B IIPaBOl YaCTU HEN3BECTHYIO MOrPEITHOCTH allllPOKCUMAIINN.
OT Hee mepexomuM K ajrebpandecKoll 3ajade C M3BECTHOW WHTEPBAJIHHOM
npaBoll yacThio. I HakoHer ompenesnseM obe TpaHUITBI MHTEPBAIILHOTO pe-
mrenns. lTak, BHOBbL paccMOTpUM 3anady

Lu=—(pu) +qu=f ma (0,1), (6.42)
u(o) = go, u(l) =g (6.43)

¢ ycioBusamu (6.4). CHauasia OLEHUM ee pellleHue W YeTHIpe MPOM3BOIHBIX

yepes M3BECTHBIC NJaHHBIE. HpI/I 93TOM IIPEOIIOJIOZKMM BBIIIOJIHEHHBIMU CJICOY-
omye yCJIOBUA I'JIaKOCTH:

p € C’0,1], q,f € C?0,1]. (6.44)
Torma u3 [53] cienyeTt, aTo
u € C*0,1]. (6.45)

JIemma 11. [ag pewenus 3adauu (6.42),(6.43) ¢ ycaosugmu (6.1)
CNPa6edAUBbl OUYEHKU

||U(J)||OO < ij(pqufag())gl)a .7 = 0717 °°°747

ede V; — konkpemuuvie gopmyast, codepircaujue 3HaUeHUT

||p(k)||007 ||q(k)||007 ||f(k)||007907gl°

HOK&S&TGHLCTBO. Ha ocHoBanum jieMMBI (36)

1
[[ulle < Vo = || £]loc + max{|gol, o]}

[To Teopeme Jlarpanxka nHa orpeske [0,1] BBumy kpaeBrix ycioBuii (6.43)
HalieTcs Todka t, B KoTopoi u'(t) = g1 — go. Mcnonb3yem ToXmecTBO, 11O~
JIy4eHHO€e WHTerpupoBaHueM ypaBHeHUs (6.42):

(0 () + ple) (@) = [ (a(E)u(€) — F(€))de.

[TpoBons oueBmmHBIE TTpeobpa3oBaHU, IPUXOAUM K HEPABEHCTBY

p(z)u'(z)] < p()' ()] + [ la(€)u(€) — F(€)]de.
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Haee mosrydaem

1
1l < Vo= (llplleclgr = ol + llallselfulleo + 117 le)-

Beipasum v u3 (6.42):
o = (< + qu— f)fp. (6.46)

CnenoBaTesbHO,

1
17l < Vo = llpllcll oo + [lgllocllulloe + [1/]]:c)-

AHaslornyHo peKyppeHTHBIM 06pa30M OIeHNBAIOTCI TPEThI 1 YeTBEPTAad
npousBonHeie (a Takxke (pu')” u (pu’")') Ha ocHOBaHUEM TOXIECTB, BEITEKA-
formmx u3 nuddepennuposanns (6.46).

OTMeTUM, YTO IOJIyUYeHHbIE HEPABEHCTBA MPENCTABIIAIOT COOO0M OMUH 13
IIPMEMOB OLIEHKM PEIIEHN 1 ero IPOM3BOAHEIX. KOHKpeTHEIe 3a1aun IIpeIo-
CTaBJILIOT GOJIBIINIA BEIGOD, OCOOEHHO €C/IM HEOOXOANMO YUeCTh JIOKAJILHEIE
HEOIHOPOIHOCTM.

Teneps IOCTPOMM TOYHYIO pa3sHOCTHYIO cxeMy. IlJIa sToro mogcTaBuM pe-
menne quddepeHInabHON 3a0aul B JIEBYI0 9acTh Pa3HOCTHOTO yPaBHEHNII
(6.5). B pesynprare

LM = —(pug)s +qu=f+¢& mna wy, (6.47)
U(O) = 90, u(l) = g1,
rae £(x) — HOTPEIIHOCTD aNPOKCUMAINN, OIpenesieHHas Ha wy,. OreHuM

MaKCUMAaJIbHEIN pa3bpoc ee 3HadeHuil. I[jig 5TOro ¢ y4eToM IJIAIKOCTH
(6.44),(6.45) pasnoxum B psang Teisopa ¢pyHkImio v B Toukax ¢ + h/2, a
3aT€M KCIOIB3YeM pesysibTaThl TJ1. 7 Kauru [53]. B urore

h2
< v .
Sl < 193 o th] [u |[x33§h] p[+ (6.48)
h2 nm h’2 NS
+oq,max, [(pe)"| + 57 max (")’

N3 sremmer (11) HaM W3BeCTHBI MHTEPBAJIBI, B KOTOPHIX JI€XaT QyHKIWH,
BXOJIATIIE B TIPABYIO YaCTh ATOT0 HepaBeHCTBA. 1 akuM o6pa3oM, MBI yKasa-
JIN THTEPBAIIBHYO CETOYHY IO GYHKUNIO @), COmepKAIIyIO 3HAUEHNS OIIN0-
KU alllpoKCUMAaIAN:

£(x) € a(x) Vo € wp, (6.49)
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NpUYeM MIMPUHA KaXkIOTO U3 3TUX NHTepBajioB sBigercs Besmumnton O (h?).
Ilepeiinem x pasHOCTHON 3amade C MHTEPBAJIBHON IMPABON YaCTHIO:

L'u=f+a wa wy, (6.50)
u(0) = go, u(l)=gi. (6.51)
[Tockosmbky mpaBasg YacTh TOYHOU 3aadn (6.47) NPUHAOJIEXKNUT ITOKOMIIO-

HEHTHO ITpaBoyl YacTu 3anadn (6.51), Ha OCHOBaHWU OIpeNeeHUS BHEIITHETO
MHTEePBAJILHOTO PellleHns U CIpaBelJInBO BKJIIOUEHUE

u€Eu Y€y (6.52)

BMmecTo momcka BHEIIHEro MHTepPBaJIBHOTO peleHus ¥ 3amadu (6.51) pac-
CMOTPUM pellleHre NBYX 3alad C BelleCTBEeHHBIMU MPaBBIMU YaCTSIMU

L'"" = f + meda na wy, (6.53)
Uh(o) = 9o, uh(l) = g1,
1
LM = §Wida HA Wy, (6.54)

w"(0) = w"(1) = 0.
TOI‘I[EL AJIA TOYHOI'O PEIICHIMA (B y3J1ax pa3HOCTHOfI CeTKI/I) CIIpaB€OJINBBI

OlleHKU
o wt <u <o+ uw' ma @, (6.55)

u€u=v"4+[-1,1Jw" Veewu,.
IokaxeM nBa mociieqHUX cooTHomeHus. HanoMHuM, 94TO ISl pa3HOCTHO-

ro omepaTopa 3anadn (6.47) cupaBeniuB pa3sHOCTHHIN IPUHIUI MAKCUMYyMa,
13 KOTOPOrO BEITEKAET CIIeNyIOIIas TeopeMa cpaBHeHus [53].

Teopema 44. [Iycmv 6 3adaue (6.5),(6.6) f > 0 na wy,go > 0,91 > 0.
Toeda
u">0 on @ (6.56)

Pacemorpum yakumio z = v" + w" — v Ha @),. IIpu ee momcTaHoBKe B

omepaTop pasHOCTHEIX 3amad (6.53),(6.54) momydaem
1
L"z = meda + §Wida —&>0 on wy,

z(0) = 2(1) = 0.
ITosTomy m3 Teopemsr 44 ciemyer, uto z > 0. OTclona u U3 ompenesieHN

¢yHKUNU z BBHITeKaeT MpaBoe HepaBeHCTBO B (6.55). AHasormuto, nosiaras
2z =u — v" + wh, m3 Teopemsr 44 mosyUnM JeBoe HepaBeHCTBO.
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Teopema 45. IIpu svinoanenuu ycaosul eaadkocmu (6.44) wupumna no-
CTPOENH020 UNMEPE atbHOo20 pewenud u ecmb eeauvuna O(h?) pasrnomepro
HA Wy,

IokasarenscTBo. U3 mocTpoennit memmser 11 u ycroBuit ritaakoctu (6.44),
(6.45) BEiTexaeT, uro |[u?|| u |[p¥]|x,7 = 0,...,4,k = 0,...,3 — orpasu-
YeHHBIE BEJIMYUHEI, He 3aBucdmiue oT h. IlosToMy Ha ocHOBaHUN HepaBeH-
crBa (6.48) umeem wida(z) < ch? na wy,.

Ucmonesys omenky (6.15) nmpuMmenuTensHo K 3amade (6.54), mpuxomum K
BEIBOMY, 4TO ||w"||oe < ch?/c1. A mockompky widu(z) = w(z), To

widu < Zh2.
c1

HecmoTps Ha Takyo (aCUMITOTHYECKYIO ) OIIEHKY DU PEIeHUN KOHKPET-
HBEIX 3alla4 ¢ yMEPEeHHBIM h MOXKeT HabIIoOaThCcd Ype3MEPHO GOIbIIas K-
puHa MHTepBaJibHOro pemrenns. OHa, KaK IIpaBUjIoO, BEI3BaHa HeydadHBIMUI
allpUOPHBEIMK OLeHKaMK QYHKINNA ¥ U ee Mpou3BoaHbIX. ONUH 13 MpUEMOB
YIIyUIIEHUs STUX OLIEHOK COCTOMT B MCIOJIb30BAHUN TI0JIyYeHHON NMHDOpMAa-
1.

6.3. MeTon HhroToHa nJjif KBa3MJIMHEMTHOTO YPAaBHEHU A

[MponnsmmocTpupyem npuMeHeHe WHTEPBAJIBHBIX CIUVIAWHOB. [[BycTOpOH-
Hee pellleHle CTPOUTCS C UCTOIb30BaHEeM HeOOJIBLIIION anpuopHon nHpopMa-
X O MTPaBON YaCTU KBA3MIINHENHOTO OOBIKHOBEHHOTO NuddepeHInaTIHLHOTO
ypaBHeHUS. MeTo Mo3BoJIIET ONpPeNessSTh MOJIOCH], BKJIIOYAOINE TOYHOE
petttene. PaccMoTpuM ciiemyoIIyio 3anady:

—u'(z) + f(z,u,v') =0 ma (0,1), (6.57)

u(0) = u(1) = 0. (6.58)

Bmecs f(x,0, ) — HenpepoiBHas ¢pyukims o « € [0,1] u 0, ¢ Ha (—00, 00).
1

Beemem B mpocTpaHcTBe VT/2[O, 1] kBaswIMHelHY IO HOpMY
1 1
B(u,v) = /u'v'da: + /f(a:,u,u')vda:.
0 0

Bymem roBoputh, uTo KpaeBad 3amada (6.57),(6.58) umeeT o6obIeHHOE

peutenne u € W,[0, 1], ecin

o 1
B(u,v) =0 Yv e W,[0,1]. (6.59)
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CrpaBeJIMBHI CJIENYIOIIE TeOpeMEI [76].

Teopema 46. [Ilycmv cyuwecmeyem HeENPEPLIBHAT HEOMPUYAMEALHAT
Ppynryug g na R maxag, umo

|f(2,0,0)| < g(10])(1+ [¢]*) (6.60)

dag noumu ecex x € [0,1], — 0o < 0, < 0o, u nycme
(f(wvela (101) - f($,92, (102))(91 - 92) > (661)

> a(fy — 02)” — b(1 — p2) (61 — 65)
dag x € [0,1], — 0o < 01,05, 01, p2 < 00, 2de Koncmanmsl a,b ydossemeo-

PAOM COOMHOULEHUIM
max(—a,0)/7* + |b|/4 < 1.

Toeda 3adaua (6.57),(6.58) umeem eduncmeennoe o6obwennoe pewenue

u € VT/;[O, 1].

Teopema 47. [76] ITlycms f(z,0,¢) € C([o,1]x RX R) u cywecmeyrom
xoncmanmovr A, B maxue, umo

d
8£(w9,<,0)>A 0<ze<1l, —0<b,p<o0;
of
8(:139,(,0)‘<B, 0<z<1l, —-0<b,p<o0;

K = max(—A,0)/7* + B/4 < 1.

Toeda dag wwboeo pewenus u 3adavu (6.57),(6.58) cnpasedauewvt Hepasen-
cmea

[ull < 0.5]1]|s < M/2m(1 - K) = By,

o/ ||oe < (AM2 + (2 + 482)M?/(73(1 — K%)))}/? = By, (6.63)
20de
M = s%pl]lf(w 0,0)|, My = sup |f(=,0,0)|.
CBE xEOl
|9|</30

3ameuanmne 5. Ec./Lu feC™]0,1] x R x R), mo, kak sudno uz (6.57),

A1060€ peuenue u3 W [O 1] 6ydem npunadaesxcams maxsce C™2[0,1], npu-
uem

O"u(z) = ay(z)u(z) + Bu(z)v' () + 7u(2), (6.64)
2de ay, By, v, — onpedeaennvie mnozouaenst om f,0°  f/0z", 0" f]0x*06°,
u m.o.
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PaccMoTpyuM Bolpoc 0 IpUMeHEeHNN MHTePBaJIbHEIX SPMATOBEIX CIUIATHOB K
IBYCTOPOHHeMY pelrreHuio 3anaun (6.57),(6.58). Bo3spMeMm B KauecTBe KoHeu-
1

HOMEPHOTO TomnmpocTpancTBa W,[0, 1] mpocTpaHCTBO SPMUTOBBIX CIUTANHOB
S2. Ilna »Toro BBeleM paBHOMEpPHYIO ceTKy ¢ marom h = 1/N, N > 2, w), =
{; =ih,i=0,...,N}.
B mpocTpacTse S; BBefieM 6a3uc IJIA alTPOKCUMALIAN bYHKIAN
._{UH—U%ﬂﬂ+U,|ﬂ§L
w; =
0, t] > 1,
i=1,.,.N=-1; t=(z—a;)/h,

U ee TIPOM3BOIHON

_ 2
W:{KM )7, |t <1,
0, t| > 1,

i=N,.,2N; t=(z—x,_n)/h.

[TpubsmmxkenHoe peliienre OymeM MCKATh B BUIE

up(z) = 2é\:zclwl(t)

KosdpdputimenTH! ¢; B cooTBeTCcTBUM ¢ MeTonoM bybHoBa — I'asepkuna Oy-
IileM OIpelesIiTh U3 COOTHOIIEeHNN

1
/(u}lw; + f(z,up,uy), w;)de =0, i=1,..,2N. (6.65)
0

Cnenytoras TeopeMa JaeT OTBET Ha BOIPOC O Pa3pPelImMOCTH CHPopMy-
JINPOBaHHOU 3aladyu M, KpOMe TOI'0, OLUEHKY IS U — Up,.

Teopema 48. B npednoaoscenugz (6.60),(6.61) cywecmeyem edurcm-
6EHHBIU IAeMEHT UK € S;, ydosaemsopmowul (6.65). Kpome moeo, cy-
wecmeyem xowcmarwma Kqi maxag, wmo

[lu — upl|eo < 0.5||u’ — u’h||2 < K inf ||u' _ al||2.
w€eS3

Pasenctsa (665) MOZKHO IIEpPEIINCaThb B (I)OpMe CHUCTeMBI HeJIMHEHBIX
a.Hl"e6paI/I‘—IeCKI/IX ypaBHeHI/Iﬁ OTHOCHUTEJIBHO BEKTOPA KOS(I)(I)I/IHI/IGHTOB C =
{Cl, ...C2N}:

AC + F(C) =0,

1
2N
0
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F(C) = {f(O)},
= /f (a:,Zciwi,Zciwé) wjdz.
0 =1 =1

HaHHYI0 cucTeMy 6yleM pelllaTh MHTePBAJIbHBIM MeTonoM HiuioToHa. 3amnu-
IIeM ero B BUIe

Cy1) = Cy — (B)H(ACH) = F(CR)), *k=0,1,2,...,

rae C) = HQ(/@)Z’, C_’(k)i”?ivl — UHTEPBAJILHBLIN BEKTOP,

m = IN
City = {(Cyi + Cuayi) 12},

z 112N
— UeHTp uHTepBaiibHOro BekTopa C(;), B = {[ i i ””ij_l —- UHTEPBaJIb-

Had MaTpula C 3JIEMCHTaMN

1
{blj,bj} = a” /( CB U( ) U( ))wl,wj—l—
0

+ 7= (2, Uy, U'(k))w;wl) dz,

2N

2N

=1
BexTop D = (B)_l(ACZZ) —F (C’ZZ))) OyHmeM UCKaTh, pelllas CUCTEeMY JIMHE-
HBEIX aJirebpandecKux ypaBHEHUI C MHTEPBAJIBHBIMU KO3 UIMEHTaMM

DTo MOXHO CHeNIaTh, HAPUMep, MeTomoM, onucaHHeiM B [3]. Hauanswoe
IpuGINKeHIe TOCTPONM, UCIONB3Ys anpuopHbie oueHku (6.62),(6.63). Ilo-
JIOXKIIM

Y — [_B())BO]) 1= 1,...,N— 1,
{Q(O)UC(O)Z} - { [_Bl,Bl], i=N,.. 2N.

HTepaHI/II/I IIPpoOOOoJIZKMM OO TEX IIOP, ITOKa HE BBIIIOJIHUTCA YCJIOBUE

Ay 1C iy — Cyil <&,

rae € OyleM BBIOMpPATh COTJIACOBAHHBIM C TOYHOCTHIO IMOJIydyaeMOro Ipu-
bnuxenHoro pemrenus. Mcnonbsys unTepBajibHbid BekTOp C1), mMOCTpOUM
WHTEePBaJbHBIN SPMUTOBBIN CIJIATH

s(z) = gc(k)iwi(a:).
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3aMeTuM, 9TO TOT CIUIAH CONEPKUT TOUHOe peleHme cucteMsr (6.65),
T.e. u, € s. Torma

u(z) € s(z) + @(x), (6.66)
rie @(x) = Ki[— Ko, K3)h®*||uY||o, Ko = v/3/216. IeiicTBuTeNbHO, COrJIac-

HO TeopeMe 48

[lu — upl|eo < 0.5||u’ — u’h||2 < K inf ||u' _ al||2.
w€eS3

OueHrM TmpaByl0 YacTh HEPABEHCTBA, WCIOJB3YS AIMMPOKCHMAINOHHELE
CBOWCTBa YPMUTOBHIX CIUIANHOB [36]

inf [Ju = @[]s < |Ju' = syllz < [l = sl < Koh®[ul¥ ||, (6:67)
(ASIVES

rie ST — SPMHUTOBBIN CIVIAIH, HHTepHoaupyomui v. KorcranTy K| MOXHO
HalTH, cienys pabore [76]:

K1 =2(1+|Bs|/n* + B/4)/(1 - K),

roe

B, = max (fi(=,0,9)).
96[_30730]
¢€[-By1,B]

Ins ompenenenns ||u®||,, Bocmomesyemcs ampHOpHBIME — OlEHKAMM

(6.62),(6.63) u 3ameuyaHueM 5:

[luloc < Hoalloc| [l loo + 18]l [t 1oc + sl |- (6.68)

BBugy Toro, 4ro ampuOpHEIE OLIEHKNM MOLYT OBITH CJIUIIKOM IPyOHI-
MU, PaCCMOTPHUM BOIIPOC MX alOoCTEPUOPHOro yTodHeHud. VI3 cooTHoIIeHuUIt
(6.66), (6.68) BBRITEKAIOT HEPABEHCTBA

[Julle < max||s]loc + K1 Kah?[[u]|x,
! _ ! ! ! < ! ! ! <
1w loc = [ls7 = s+ vl < [ls7lloc + ||t = s7[loc <
< max ||s'] | + Koh®||ul?||.
sEs

[pusnekas >Tu oteHKN B (6.68), MOKHO CYIIIECTBEHHO YMEHBIIUTD HIMPUHY
kopumnopa B (6.66).
[IpowsLTrocTpUpyeM >TOT IpHeM Ha Ciedylollell 3agade:

—u" o’ +1/(1 4 (@))+



Kpaessre zagaun 165

+sin(mz)(n* + sin®(7z))(1 + 7% cos(rz)) + 1)/

/(1 4 7% cos(rz)) = 0, (6.69)

u(0) = u(1) = 0. (6.70)

TouHoe pemreHne 5Toll 3amauym paBHo sin(mx). s ducitenHoro pertre-

HUS WCIIOJIb30BaJIach paBHOMepHas ceTka ¢ mraroM h = 0.25. HauasmwpHoe

npubsnKeHue miis MeTona HbloToHa BBHIOPAHO CIIEMYIOIITAM: [Q(o)iaé(o)i] =

[—2,2], i=1,...,7. KomuuecTBo urepanuii mis merona HeioToHa paBHO
YeThIpeM, TIPA TOM JHOCTUTHYTa TOYHOCTH

max (C4); — C4);) < 0.0001.

1=1,...,
[Ipu mcmosb30BaHAN MOy YeHHBIX 3HaUeHnll C 4) GBI TOCTPOEH SPMUTOBEIIT
CIUTAfiH S, allpOoKCUMUpyomuil peurenre 3amadn (6.69), (6.70). Has nmero
6BITa HallleHa WHTepBaJIbHAs QYHKIWS (), comepKaIas OMIMOKH alpoK-

CUMAIN SPMHUTOBOLO CIIJIAHA
u(z) € s(z) + g(z), z €]0,1]. (6.71)

J5iss TOCTPOeHns (¢ WCHOIB30BAIINCH AlIPOKCHMAIMOHHBE oleHKN (6.62),
(6.63) u popmysta (6.66). PesympraTs cuera mpuBeneHsr B Tabu. 1.
Tabauna 1

x | Huxugas | Tounoe | Bepxusasa | Y TouHeHHas rpaHuria
TPaHUIIA | pellleHne | TPAHUIA | HUXKHSIS |  BEPXHSIS
0.1| 0.2603 0.3090 0.3575 | 0.3031 0.3147
0.2 0.5391 0.5877 0.6363 | 0.5819 0.5935
0.3 | 0.7605 0.8090 0.8577 | 0.7968 0.8214
0.4 | 0.9021 0.9510 0.9993 | 0.9384 0.9630
0.5| 0.9518 1.0000 1.0490 | 0.9881 1.0127
0.6 | 0.9021 0.9510 0.9993 | 0.9384 0.9630
0.7 0.7605 0.8090 0.8577 | 0.7968 0.8214
0.8 0.5391 0.5877 0.6363 | 0.5819 0.5935
0.9| 0.2603 0.3090 0.3575 | 0.3031 0.3147

[Mocste mocTpoenns nHTepBasibHOroO petenus (6.71), comepxkartero To4-

Hoe pemreHre 3anadn (6.69), (6.70), 6buta yrouneHa ||ulls, ||[v||2, a 3aTem
¢ mcnosb3oBaaneM (6.71) mocTpoena yTounennas omenka |[u?||y u, coor-
BETCTBEHHO, (. Y TOYHEHHOE MHTePBaJIbHOE peltieHne 3anadn (6.69), (6.70)
Takke MpeacTasieHo B Tabn. 1. Kak Bumno, HecMOTps Ha rpyGyio CeTKy,
MHTEPBAJIbHOE pellleHne TOCTATOUHO XOPOIIO AMIPOKCUMUPYET PellleHue 3a-

nauan (6.69), (6.70).
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6.4. KpaeBasga 3amaya Aji1a YpaBHEHUSA C MAaJIbIM
napaMeTpoM IIPU CcTapUIell NPOU3BOAHON

BuoBr obpaTumcs K KpaeBoW 3aJade HJIS ypaBHEHUS BTOPOTO MOPSIIKA.
Hammume masioro mapameTpa Ipu cTapliiell TPOW3BOMHON TPUBOMUT K pe-
IIeHNIO TUla IOrPaHC/IoA, U CTaHOapTHas Pa3HOCTHad cXeMa JlaeT IJIoXue
pesyabTaTsl [35]. [losTOMy HEO6XOMUMO MCIOJIB30BATH OMHY W3 CIIEIUAIIh-
HBEIX Pa3sHOCTHEIX cxeM [38, 47|, B KauecTBe KOTOPOil MBI BO3BMEM CXEMY
SKCIIOHEHIINAIIbHON moAroHKH [35]. OTimume TaKoro MeTona OT M3JI0KEHHO-
ro B pasn. 6.1 coctouT B TOM, YTO Pa3HOCTHOEe pellleHre MCXOMHON 3am1adu
MHTEePNOoJUPyeTCcs KyOUUeCKUMU >PMUTOBBIMU CIJIATHAMU U CTelNaTbHBI-
MU PYHKIUSIMU, YINTHIBAIOIIAMEI TOTPAHCIION. 3aTeM IO HeBSI3Ke MOCTPO-
€HHOT'0O MHTEPIOJITHTA HaXOOUTCS YKJIOHEHUEe TPUOJINKEHHOTO pellleHns OT
TOYHOT'O Ha OCHOBe MoOupUKAINU ajiropuTMa u3 pasm. 6.1.

PaccmoTpum 3agagy

Lu= - +qu=f ma (0,1), (6.72)
u(0) = u(1) = 0. (6.73)

Bneck ¢ € 1 — mosnoxuTeNbHBIN TapameTp. IIpenmnonoxum, 94To
q(z) >a >0, feC?0,1]. (6.74)

Ing HaXoXKIeHN IBYCTOPOHHNX OLIEHOK CHAadYaJla, PElllNM YMCJIEHHO 3a/1a-
uy (6.72),(6.73) pasHocTHEIM MeTOmOM. 71 5TOr0 MOCTPOMM Pa3HOCTHYIO
CXeMy SKCITOHEHIINATBHON MOATOHKY [35]

Lhh = 82avug% + qu” = f Ha w, (6.75)
u"(0) = u"(1) = 0, (6.76)
rie
2
viq(z) v = h/e. (6.77)

o, = :
5H (i a@)2)
B pa6ore [35] nokaszana cienyiomas
Teopema 49. Ilycmv o'(0) = a'(1) = 0. Toeda pewenue u 3adavu
(6.72),(6.73) u pewenue u* 3adauu (6.75), (6.76) ydoeaemeopsiom nepa-

8EHCMBY
[l — u"[]o < ch?,

ede ¢ ne 3asucum om i, h u €.
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HeCMOTpﬁl Ha TaKyl TOYHOCTL Pa3HOCTHOI'O pPEIIcHNA uh B y3JlaxX Ce€T-

KU, UHTEPHOIIINS KyOUdecKUMHU CIJIalHAMU MaeT MJIoXue pe3ybTaThl U
TeM XyXKe, yeM OJmKe K KoHIaM oTpes3ka. [losTomy Heob6Xommmo mcmoirs30-
BaTh [OMOJIHUTEIbHYIO MHpopMalnio o pelteHnu. C Takol IeJIbI0 BBeOeM
dyHKIUM TUNa IOrpaHCcIIos

Ily(z) = o exp(—x/q(0) /),
Il(z) = an exp(—(1 — z)\/q(1)/e),

roe oy = f(0)/q(0), o1 = f(1)/q(1). llycTts dyHKUUSA 2 SABISETCS pelile-
HIEeM 3a0a4i

Lz=f—-L(Ily+1I;) na (0,1),
2(0) = —ayg — a111;(0),
z2(1) = —eyIly(1) — ay,
torma u = z + Il + II;. OTHocuTenbHO 2z crpaBemuBa ciemyrornas [35]

JIemma 12. [Ipednoaoscum, wmo a'(0) = a'(1) = 0. Tozda

129 < e(1+e¥7), j=0,..,4.

Momoxum z" = u" — Iy — II;. Torma Ha ocHoBamum [35] cymmecTByeT

KOHCTaHTa ¢, He 3aBUCAIIAL OT h, £ U TaKas, 4TO
112" — 2||0 < ch®. (6.78)

Pemnwm 3anaqay (6.75),(6.76) meTonom nporosku. B pesynbraTe mpubinxeH-

Hoe pelreHne 4"

2" momyqaem "

, OTJIM4YaeTCA OT uh BKJIadOM OIIINOOK OKPYTJICHU. BwmecTo

h

= 4" — Iy — II;. Bocnosmamm 2" Ha Bech oTpesok [0, 1] spmu-

TOBBIM CIJIATHOM S € S;. Ha ocHoBanumu pazn. 2.7 OH eJTUKOM OTIpeessseTCs
3HaUEeHU MU

s=3" uw §=0":" ma @, (6.79)
Pasnoctras npoussonHas 0"v BBemeHa B pasi. 6.1. BossMeM ¢yHKIMIO

r=Ss —|— HO —|— Hl (680)

B KaueCcTBe “oceBoro”’ mpubiimxeHHOTo pelteHns. C ero moMoIrbio MoCTPONM
CPAHUIIBI IBYCTOPOHHETO PEITEHUS

r=r+pp, T=r+pp, (6.81)
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rlle ¢ UMeeT XapaKTep PYHKIIUN TTOTPAHCIION:
p(z) =1 — (exp(—vaz/e) + exp(va(z — 1)/¢))/
/(1 + exp(—va/e)),

ST

B, B BEIOEpEM CJIeAYIOIINM 00pa3oM:

p= max(f — Lr)/Le, B =min(f - Lr)/Le. (6.82)

O6paTuM BHUMaHUe HA TO, YTO
Lyo>a na [0,1], (6.83)

mosToMy uucia (3,3 onmpenesieHbl 1 KOHEYHHI.
HokaxkeM, 9TO TOUHOE pellleHre COMEPKMUTCSI B MHTePBaJle, OlpeneIIeMoM
byHKUIMAMU T, 7!

r+ B <u <74 B (6.84)
IlelicTBUTENIBHO
L= L(s+Bp) > f wa [0,1],
Lr=L(s+p¢)<f ma [0,1].

Kpome Toro,

5(0) + Bp(0) = u(0) =0, (1) + Be(1) = u(1) = 0.

I[TosToMy Ha ocHoOBaHUU TeopeMBI 42
r<u<f? wma [0,1]. (6.85)

Takum obpazoM, OJIs pelteHus U MOCTPOEHH BEPXHAST W HUXKHISI TPAHUITHL.
OuleHuM HWIMPUHY p = 7 — T TOr0 OBYCTOpPOHHero peliieHus. CHavajia
PacCMOTPUM CUTYyalUio 0e3 ydyeTa BHIYUCIUTEIBHBIX MTOTPENTHOCTEN, KOTa

i =" (6.86)
Il KOHCTAHTHI BHIYKCIIEHE 110 dopMysaM (6.82) TouHo.

Teopema 50. IIpu swvinoanenuu ycaosui (6.82), (6.86) wowcmarnmer
B, B u wupuna p pasromepno na [0,1] geamomes 6eauuunanu O(h?).
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IokasaTenbcrso. [IpencraBum pasHOCTH 2z — § B BUle CYMMBI 2 — § = (U —
s2) + (52 — 83) + (83 — 8), rHe s2, $3, — CIUIAHEL U3 S5, UHTEPHIOIUPYIOTHE
2 B CJIELYIOIIEM CMEICIIE:

So=2z,5=2 Ha W, (6.87)

s3=2z2,5=0"2 ma @, (6.88)

Ilns pasHocTu 7 — s Ha ocHoBanuu [35, 36] u Teopemer 49 crpaBemITUBEI
OTIEHKN

Iz = s2lloe < ch?[|2"]| = O(B7),
[1(z = 52)"[loc < ch?[[z¥]|o = O(R?7?).

OTrcrona

I|L(2 — 52)||sc = O(K?). (6.89)

Ha ocuoBanum (6.24) pasHOCTHOe OTHOIIEHUE 0"z ammpokcumupyer z' c
TPeThUM MOPSIIKOM TOYHOCTHU, IO3TOMY PaBHOMEPHO Ha Wy,

(52— s3)'| < eh¥][2]|.c = O(P™?) (6.90)

(52— sa)| < chl|2"]] = O(h). (6.91)

Kpowme Toro, s; = s3 Ha @),. CemoBaTeIbHO, SPMUTOB CINIAH So — S3 YIOB-
NeTBOpSeT CIAeNYIONUM olleHKaM: Ha ocHoBanuu (6.91) ||s2 — s3] = O(h?),
a Ha octosanuu (6.90) ||(s2 — $3)"||c = O(h%e™2). B urore

1L(s2 = 53)||o = O(h?). (6.92)

Pasnocts Y = 83 — § TaKiKeE ABJIACTCA CIUIATHOM 113 S%, IIOCTPOEHHBIM IIO
SHaYeHUIM

y=z-—2" u ¢y =0"2-2") ma @,. (6.93)

HOSTOMy Ha ocHOBaHUM JieMMBI 10 CIIpaB€OJINBBI OLICHKU

1yl < cllz = 2"l = O(h?) (6.94)

(6.95)

19|l < emax|(z — 2")sq].
3 pasnoctHOro ypapuenus (6.75) u jgeMMer 12, BEITEKaeT OLEHKA

— 820,,y%% + qy = O(h?) Ha w,. (6.96)
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3meck UCIo/Ib30BaHa TaKkKe paBHOMEpPHAas OrPaHMYeHHOCTE GyHKIUN 0, [IPK
v — 0. C nomormmsio (6.94), (6.96) npeobpasyem (6.95) x Buny ||y"||« =
O(h?c7%). TlosTomy ¢ yaetom (6.94) ||Ly||s = O(h?). O6benuuss >To pa-
BeHCTBO ¢ (6.89), (6.92), ¢ yueTrom (6.83) mosmyuaem, aTo

Bl <NIf = Lrfloo/a < ([[L(2 = s2) ]|+
HIL(s2 = s3)lloc + [|Lyllxc) /o = O(R).

Anasnoruuno |3| = O(h?) u B custy orpanudeHHOCTU QYHKIUM

1ol = (B = B)ll¢ll = O(R?).

TeHepL PaCCMOTPUM BJINAHNE BBIYNCJIINTCJIBHBIX HOl"pGlHHOCTGfI B CJIe-

h ~h

nytorren gpopme. IlycTh BMecTO ©” BBHIUMCITIEHO TPUOIIMKEHHOE pellleHne 4",

YIOBJIETBOPSIOLIee PA3HOCTHOM 3amaue
L' = f+6 ma WP, (6.97)
a"(0) = a"(1) = 0.
MakcuMaJIbHBLA YPOBEHB HEBSI3KM 0603HaUUM uepes A:
A = max 9]

TOI‘I[EL JId pa3sHOCTH wh = &h — uh CIIpaB€OJINBBI PaBC€CHCTBa

L'w"=f+6 ma wh (6.98)
w"(0) = w"(1) = 0.
Hapsny ¢ HUMEU paccMOTPUM pPaBEHCTBA IJIS MOCTOSHHOW (GYHKIUM W =
A/a na [0,1]
L'"w = Agq/a ma wy, w(0)=w(l)=A/a

Ha ocHoBaHUU pa3sHOCTHOI TeOpeMbl CPaBHEHUS [JIS STUX ABYX 3a/1a4 BBI-
TeKaeT OEHKA
w"| < w mHa @)

I[TosTomy
12" = 2o = [Ju" — @"[]c < A/c.

ITo 3HaHeHI/I$IM passoctn 2" — Z" mocTpomMm crmaiie sy € S? Takoit, 4ToO

ss = wh u 9sy = O"w" Ha @),. Torma HA OCHOBAHUU JIEMMEL (10)

lselle <A w [l < cmax|uly].
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[MosTomy ¢ yaerom (6.98) u Teopemsr 50 mosmydaem, 4TO
L7 = fllae = [1L(s = 2)[|x < ch? + cA.

Takum obpazoMm, BEIYUCIUTEIIFHAS TOTPENTHOCTH MPUBOAUT K TAKOMY XKe
BKJIay B IIUPUHY NBYCTOPOHHETO pellleHNs, KaK U B HEBI3KY MpPUOIUKEH-
Horo pemrenud. [IpakTudeckue anropuTMbl HaXoXIeHUd BequduuH (3, B na-
0T, COOTBETCTBEHHO, 3aHNKEHHYIO 1 3aBBIIIIEHHYIO OlleHKU. BimsHume Tako-
o pofa NOTPENIHOCTHU Ha IIUPUHY IBYCTOPOHHErO pelleHU IIPOCieKnBaeT-
CsI OYE€BUIHO.

B xadecTBe umciieHHOTO IpUMepa ObLJIA pellleHa CIIEMYIOMAs 3aaadas

2.1

Lu = —*u" + u = cos®(mz) 4 2e7m? cos(2mz), (6.99)

u(0) = u(1) = 0.

HeHOCpeHCTBeHHOfI HOI[CTELHOBKOﬁ JIET'KO Y66I[I/ITI)C5I, YTO TOYHOE pPeEIICHHUE
nmMeeT BUL

u(z) = —[exp(—(1 — z)/¢e) + exp(—z/¢)]/(1+

+exp(—1/¢)) + cos*(mz).

Tab6numa 2

x | Huxusgsa | Tounoe | Bepxusas | Hllupuna | Ommbka

TpaHUIlA | pellleHne | TPaHUIA YKC. PeIIl.
0.1 ] 0.90299 | 0.90446 | 0.90910 6.11 -1.58
0.2 ] 0.65206 | 0.65450 | 0.65817 6.11 -0.61
0.3 0.34182 | 0.34549 | 0.34794 6.11 0.61
0.4 | 0.09084 | 0.09549 | 0.09695 6.11 1.59
0.5 | -0.00109 0.0 0.00502 6.11 1.96

Bamaga (6.99) 6b11a peleHa ¢ IOMOIIBIO pa3sHOCTHOM cxeMslI (6.75), (6.76)
c mapamerpamu ¢ = 0.01,h = 0.1. PesynpTaThl cueTa mpuBeneHbl B TabI.
2, B KOoTOpOo#l aprymMeHTH = > (.5 OIyIIleHHI B CWIIy cuMMeTpuu. BHe tm0-
TPAHUYHOTO CJIOS IIUPUHA KOPUIOpa CTAOWIM3MPYyeTCA. ITO XapaKTepHas
YepTa MOoCTpoeHHOTo anropuTMma. [jig 6ojlee TOUYHOTO MBYCTOPOHHETO TIPU-
OMMKEeHNS MOXKHO aHAJIOTUYHBIM 06pa3zoM MonuuimpoBaTh ajgroputM 11 u3
pasn. (6.1), Ho, Kak yxke 06CyXKIaJIOCh, HOBHILIIEHNE TOYHOCTH B HEM COIIPO-
BOXKTA€TCS yBeJIMYEHNEM CIIOXKHOCTU.
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6.5. Bonpochkl 1 ynpaxXHeHUsd

1. CpenaTs nBe uTepaliun MHTepBaJibHOoro MeTona Ilukapa mig 3amaun
Komm

y =y,
y(0) = 1.
HauasnbHoe mpubnuxenne B311h Y, = [1, 2]. Ha kakom unTepsase (0, ) mox-

HO TIOCTPOUTH pellieHue?
2. HammcaTh MHTepBaJIBHBIN MeTO BTOPOTO Mopsanka /s 3anaun Ko

/
y =Y,

y(0) € [1,2].
CpemnaTp nBa mrara ¢ h = 0.1.

3. Kakag cuctema nuddepeHITMaIbHBIX HEPABEHCTB MaKOpUPyeT pelile-
Hue 3anaun Komm miisg cucremsr OIY:

¥ = y1y2 +[0,1],
yl2 = [17 2]y1 + [17 1]‘?

4. OHeHI/ITe IIOIrPEIIHOCTE PA3HOCTHOI'O pPEIIcHNA KpaeBOfI 3aJa4dnl Ha

cerke wy, = {0,7/4,7/2}:
—u' 4+ u = 2sin(z), z € (0,7/2),

u(0) =0, u(w/2)=1.
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KpaeBble 3amaun nJjis ypaBHEeHUN B
YaCTHBIX IIPOU3BOMAHLIX

7.1. IIBycTOpOHHUE METONbI

B manmoMm paszmesnie m3ydaroTcsS MeTONHI TIOCTPOEHUS NBYCTOPOHHUX pe-
eHn 1J18 nuddepeHITnaTbHBIX YPaBHEHUN C HEJIMHEHON MTPaBoOll YacCThIO.
s 5Toro mpemBapuTeIbHO HAXOMUTCSA MPUOJINKEHHOE pellleHne UCXOMTHON
3a7Ja9m KaKUM-JIMOO YMCIeHHBIM MeTomoM. Hampumep, MeTOnoM KOHEUHBIX
sstemenToB (MKD) ¢ ncnonp3oBaHneM KyCOUHO-JIMHENHBIX 6a3MCHBIX (QyHK-
1T WU C TIOMOITTLIO Pa3HOCTHHIX cxeM. l[losmyuenHoe mpubmkeHHOE peTite-
HUEe CTJIaXUBAeTCsS C MOMOIIBIO CIUIAWHOB MM KOHEUHBIX 3JIeEMEHTOB TUIIA
Knada-Touepa. Ilasee 1o BemmunHe HEBI3KM C TIOMOITIHIO CPABHEHUS C PeTlle-
HUSMUI HEKOTOPHIX BCIIOMOTATeJIbHBIX 3a/lad CTPOUTCSA KOPUAOP, B KOTOPOM
JIEXKUT pa3HUIla MeXIY MOCTPOEHHBIM CIJIaKeHHBIM pellleHUueM U TOUYHBIM.

PaccmoTpum 3apagy Hupuxie misd ypaBHEHUS 3JUIUITUYECKOTO TUIA

Lu = f(z,u), x € Q, (7.1)
u(z) = 0, z€ 09,

rae () — OTKPHITHI MHOTOYTOIBHNK W3 K2 ¢ rpanuteit O},

20 s,

Lu=- —(a;—u U.

i=1 &Bi( Oz; ) T4
[paBas wacTh f — HemnpepbiBHas GyHKIMS Ha ) X (—00,00), IJIT KOTOPOI
BBITIOJIHSETCS yCJIOBIE

Of(xz,n)/0u < q(x) <0 (7.2)
1, KpOMe TOro, CYIIeCTByeT KoHcTaHTa K Takasd, 4To
|[f(z,m)] < K(1+|n]), Vze. (7.3)

173
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Isis aucitennoro pentenns 3amaqan (7.1) mepeiineM K 0606IIeHHO HopMy-
smpoBKe. BBenem ousmmHennyio gopmy

2 ol
L(u,v) = /Q > 0udvdQ Yu,v €W, (Q).
1=1

1
(o]
Torna o6obreHHBIM pentenreM 3amaun (7.1) u3 W, (2) HassBaeTcs GyHK-

ouda U, yOooBJIETBOPAIOIIIAA TOXKIECCTBY

ol
L(u,v) = (f,v) YveW, (),
rze (-,-) — CKaJiapHOe Tpon3BefeHmne B Ly
(u,v) = /qudQ.

Ha ocuoBanmm paGotsl [76] 3amada (7.1) uMeeT enuHCTBEHHOE 0GOOIIIEHHOE
1
[
petrerne B W, (£2).

Teopema 51. Ilycmb evinoanenst ycaosusg (7.2), (7.3), mozda 3adaua

(7.1) umeem edurncmeennoe 0606wennoe pewerue U EI/I.}2 (Q).

d

CJ’IGI[YH MeTonoy KOHECYHBIX 3JIEMCHTOB, HpI/I6.TII/I}KeHH06 pPeIeHume uh 3aga-

uyu (7.1) MBI ompenesnM Kak (QYHKIUIO W3 S1, ymossieTBopsIoNIyIo ypaBHe-
HUIO

L(u",v") = (f,v"),vo" € S1, (7.4)
up, =0, na Q.

Ucnonbay s momydeHHOE YNCIIEHHOE PellleHne, MBI MOXKeM ITOCTPOUTH CIie-
nuankHyto Gyskmuo s € S3()) U BEUUCIUTH CIEMYIONIYI0 HeBA3KY:

¢(x,s) = Ls — f(z,s), ¢ € Q. (7.5)
Ncnonssya MKD, Haiinem npubimkeHHOe pellleHre CJIELYIOITel 3a0aun:

Liuy = 1, z € Q, (76)
ui(z) =0, z € 09, (7.7)
raoe L1 = Lu — qu.

IocTponM ammpoKcIMamuio 6oJlee TIagKol GyHKINeH 51 € S5 (Q) anaso-
TUYHO TOMY, KaK 3T0 OBLJIO ClieJIaHO BHIIIE.
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TOI‘I[EL ABYCTOPOHHEE PEIICHNE 6y,[[eM NCKaTh B BUIEC
u=>, + [gva]sl + [évﬁ]a

roe

o = max(¢/L1s1,0),a = min(¢/L;s1,0),
Q Q

B = I%%X(—asl —-5,0),8 = I%gzn(—gsl —5,0).

HJ’IH OJoKa3aTeJIbCTBa IIPUHAIJIC2KHOCTHA TOYHOI'O PEIICHUA ITOJIyYCHHOMY
ABYCTOPOHHEMY HCCJIEAYEM BCIIOMOT'aTE€JIBHYIO 3aa41y:

Liu = f, x € (, (78)
u(z) = v, z € 09,

rie f € Ly(Q),y € WZ(Q). Hanee nam nonamobutcs Teopema [21].

Teopema 52. Ilycms u € WZ(Q)) — pewenue 3adauu (7.8) u noumu
6¢100y Ha 0 6bINOAHAIOMCIT HEPAGEHCTNEA

v, [ >0,

mozada
u >0 wnaf).O

PaccMoTpuM IBe KpaeBble 3aJauu:
Luy —qui = f1, z € ,
Uy = O, T € 8ﬁ
Lus = f2, T e Q,
us =7, ¢ € ON.

ns TEeOpEMBI 52 HEIIOCPEACTBEHHO BBEITCKACT CJICOYIOIIIEE

3ameuanne 6. [Tycmo fi, fo € L2(Q), v € WE(Q) u noumu ec10dy na
Q) svinoanenbl HEpaBeEHCTEA

Tozda
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IIycTs
Ls = f(z,s) — ¢. (7.10)
Beranras (7.10) us (7.1), mosygaem

Lu—s)=¢+ f(z,u) — f(z,s).

[Ipumensas Teopemy o cpemHeM, TPUXOANM K YPAaBHEHUIO

L(u—s) = fl(z,&)(u — 5) + ¢,

rae £ — QYHKIUS, IPUHUMAIOIAA 3HAYeHUs, 3aKIIFOUEeHHBIE B MHTEPBAJIe C
KOHIIAMU U, S. 3aMeTHUM, YTO B CWJIy BhIOOpa @, 3, a, (3 cipaBelJIUBLI HEpa-
BEHCTBA

Li(as; +B) > ¢ Yz eQ,
as; + 08> —s Vr e o1,
Li(asi+8) < ¢ Vreq,
asi+ B < —s Vz € 0N.

Takum obpaszom B cuiny (52) u (6) mokasaHa cilemyioras Teopema [34].

Teopema 53. /lag nocmpoennvix cnaatinoe s, sy cnpasediusbl HEPAE eH-
cmea

stasi+ B <u<s+as + 6.0

OlleHUM TIUPUHY TIOJTyYEeHHOTO ABYCTOPOHHETO peliieHus. B 11es1ax ympo-
IMeHU S BHIKJIAMOK pacCMOTPUM 3aaady niisg ypaBHenus Ilyaccona, 3amaramoro

B obnactu 2 = (0,1) x (0,1)
— Au = f 6 Q, (7.11)
u =0 na 01,
pellieHre KOTOPOI yIOBJIETBOPAET YCIJIOBUIO:
u € WE(Q). (7.12)

IJ1s 4uCcIIeHHOTO pelleHrs STON 3ajdaun mocTpouM B () KBaJIpaTHYIO pas-
HOCTHYIO ceTKy. /719 5TOoro mpoBeneM mapaJiieTbHBIE TTPSIMBIE

a:l,i:ih,azz,j :jh,i,j:O,l,...,n,

rome n — uenoe, h = 1/n — war cerku. [l anmpokcuMaiuu ypaBHe-
Hust (7.11) mcmosb3yeM CTaHOAPTHYIO MSITUTOYEUHYIO PA3HOCTHYIO CXEMY,
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KOoTOpas B JaHHOM CJIydae MPaKTUUYECKU COBIMAIaeT C PA3HOCTHOW CXEMOM,
nocTpoennont mo MKD3.

h NMHTEPIIOJINPYEM 3PMHUTOBBHIMUA CIUTAaTHAMU S

Uucnennoe peliienne
[36], mis 5Toro B KaXImoM y3Jjile CETKM HeOOXONUMO 3aaBaTh 3HAUEHUS
s,018, 08,0198, [lig ux ompenesieHNs MOXKHO BOCIIOJIB30BATHCI PA3HOCTHEHI-

MK ITPpOU3BOOIHBIMMU.

Teopema 54. IIycms u € W2 (Q), moada
wid(u(z)) < Kh?,

ede h — zapaxmepuwviti pasmep cemkxu, K — xoncmanma, mesasucgu,ad
om h. Od

HamomuaumM, 9TO0 o11mbKa B IpUOIINKEHHOM PEITeHNN MaXOPUPYeTCS ITPU-
6MKeHHBIM pelileHneM 3amadu (7.8). B ciyuae, ecnim oHa pacnpenesiena
HepaBHOMEPHO, HaIpUMep MMeeT B HEKOTOPOW IoHo0JIaCTU 3HAUYUTEIIHHO
6oJIbIlIe 3HAYEHU, STO NpUBeNeT K TOMY, YTO IByCTOPOHHee pellleHune 0y-
IeT UMeTh Ha BCeW 00JIacTU IIUPUHY, XapaKTepU3yIMyo OIIUOKY JIUIITh
Ha HeboJstbIron momobsiactu. Takasd cuTyald MoXeT BO3HUKHYTH B CJIydae
ypaBHEHUS C MaJIbIM MapaMeTpoOM IIPU CTapIilell MPOM3BOMHON, TOUYEUYHBIX
ocobeHHOCTeN B Kox(pdPuiimeHTax, B YIJIOBHIX Toukax obsiacten. IlosTomy
IJIS YMeHbBIIeHUs IIUPUHBI IBYCTOPOHHETO PeIleHns MOXHO MCIIOJIb30BATh
pellleHne elfle OBYX HOMOJIHUTEIBHBIX 3a/1au OJIS JIYUYIIlero MaXKopUPOBaHUS
OIIINOKM.

PemumM nBe momosHUTENbHBIE 3aIaU:

Lu; = fi) T € Q, (713)
u, = 7, ¢ € 0N,i=2,3, (7.14)

roe

(z) = min ¢(y),

T
yed,
T

72(z) = max(=—s(y)), vs(z) = min (—s(y)),

Qx: [331—]2,331+h] X [$2—h,$2+h]ﬂ9,
89;5: [331—]2,331+h] X [$2—h,$2+h]m89.

yed,

fo(z) = max é(y), f
) V3

TOI‘I[EL CIIpaBE€OJINBBI HEPpABCHCTBA:

sstasi+B<u—s< sy +as;+ 0,
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30ech @, (3, a, (3 olpenesITioTCS TakK:

a = mﬁax(f—L(s—l—sz)/Llsl,O),g = mﬁin(f—L(s—l—s;;)/Llsl,O),

B = I%%X(—asl —5—59,0),8 = I%gzn(—gsl — s — s3,0).

[TosryuenHoe nBycTOpOHHee peliieHre OyneT 6oJjiee TOYHO OTPaX)aTh pe-
aJIbHOEe TIOBelleHUe OIMMOKNM. B KadecTBe YMCIIeHHOTO TIpUMepa pellleHa CJie-
nymolnas 3agada:

Au = exp(u) — exp(sin(mz ) sin(7wzsy)) — 7’ sin(may) sin(7wzy) 6 Q,
u =0 mna dN,
rme Q = (0,1) x (0,1), TouHoe pelreHue:
u = sin(mey) sin(7mz,).
Pemtenne nckanu ¢ uUCHoib30BaHUEM IIaKeTa IIPOrpaMM MeTo[a KOHeu-
uerx ssteMenToB MOK-1 [2]. [Tocsie sToro cTponiu BocmosiHeHrEe SJleMEHTa-
mu Knaga-Touepa. Tpuanryngaunn o6s1acTii CTpOMIIM paBHOMEPHEIE, IIarK
KBaJPaTHBIX CeTOK BhIOMpasmuch paBHbiMu 0.25, 0.125. PesynmbTaTh pacue-

TOB TIPUBEeNEeHH B Tabi. 3. B cuily cuMmMeTpuum pelreHus 4acTh 3HAUEHUN
OIyIIleHa.

Tab6auma 3
(1, x2) Huxuas | Tounoe | Bepxusgsa | [lupuna | Omubka
rpaHuiia | peiiieHue |rpaduna | X 100 x 100
h =0.25
(0.25, 0.25) 0.4895 0.5 0.5265 3.70 2.65
(0.5, 0.25) 0.6975 0.7071 0.7446 5.71 3.74
(0.5, 0.5) 0.9924 1.0 1.0530 6.06 5.03
h =0.125

(0.125, 0.125) | 0.1448 0.1464 0.1483 0.35 0.19
(0.25, 0.125) | 0.2685 0.2705 0.2741 0.55 0.35
(0.375, 0.125) | 0.3515 0.3535 0.3581 0.65 0.46
(0.5, 0.125) 0.3807 0.3826 0.3876 0.68 0.49
(0.25, 0.25) 0.4975 0.5 0.5064 0.89 0.65
(0.375, 0.25) |0.6510 0.6532 0.6617 1.06 0.84
(0.5, 0.25) 0.7050 0.7071 0.7162 1.12 0.91
(0.375, 0.375) | 0.8516 0.8535 0.8646 1.29 1.10
(0.5, 0.375) 0.9221 0.9238 0.9358 1.36 1.19
(0.5, 0.5) 0.9984 1.0 1.0129 1.44 1.29
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CorocTaBiisis pe3yIbTaThl YMCJIEHHBIX PACYE€TOB, BUIHO, UYTO MPUA YMEHbB-
IIeHUHX I1ara ceTKU B 2 pa3a IINPUHA BYCTOPOHHETO pelIeHUs yMeHBIIN-
Jlach MpuUMepHO B 4 pa3za. 3aMeTUM, UYTO 3HaUeHWe MIMPUHBI JBYCTOPOHHETO
pellleHnsI COMOCTAaBAMO C TOYHOCTHIO PA3HOCTHOU CXE€MBI.

7.2. KBasujamHeHbIEe 3JIJINIITNYECKIe YyPABHEHNA

PaccmoTpum kpaeByto 3amauy s KBazmIMHEWHOTO YPaBHEHUS BTOPOTO

HopAIKa,
L(u)u =0, z € Q, (7.15)
u=0, «cdQ, (7.16)
rae () — orpaHmuYeHHas, CBsA3aHHas obyiacTh mpocTpaHcTBa R™, L(u) —
KBa3WJIMHENHEI OllepaTop BTOPOro MOPAAKa BHUIA,
2
L(u) = Y aij(z,u, Du)D;; + b(z,u, Du), (7.17)

ij=1
aij = aji.
Mgt 6ymem nipemnonarath, uro v € H*(Q)N H; () u a;;,b — HenpepbisHbIe
dynkKIMM, 3amaHAbIe Ha ) X B X R".
[Mycts U — monmuOXKecTBO {2 X R X R™. OniepaTop Ha3LIBA€TCA IAAUNMU-
ueckuM Ha MHoxHcecmee U, ecnu MaTpuiia KosdduineHTos [a;;(, 2, p)] moso-
KUTEIBHO OMpenesieHa mist Beex (z,z,p) EU n € = (&1,...,&,) € R"—{0} :

0< A(wazap)|£|2 S aij(wazap)&fj S A(wazvp)|£|2

Omnepatop L(u) Ha3BIBa€TCS OMEPATOPOM MOHOMOHHKOZO MUNGA, ECIIN U3

—L(u)u < —L(v)v, x € 1,

u < v, x € 090

BBITEKAET
u < v, x € Q.

OmnpenenuMm MHTepBaJbHOE paclInpeHne onepaTopa L(v) ciemyommmM o6-
pa3oM:

L(v)s = {L(v)s|v € v}.
[penmosmoxum, uro 3amada (7.15), (7.16) peleHa YnciIeHHBIM METOIOM

LM(uMu" = 0, z € Qy, (7.18)



180 I'maBa 7

u" =0, =z €0. (7.19)
Bnecy L"(u") — pasmocTHas ammpokcumamms omepaTopa L(u) Ha ceTke
Q, = {z;},i =1,...,n. Heobxogmmo, MCHonb3ys N3BeCTHOE UUCIIEHHOE pe-

menne u” 3amaun (7.18), (7.19), oneHUTH HOrpeImHOCTH U — u.

OHepaTOpr MOHOTOHHOI'O THIIa

B sToM pasmesie MBI pacCMOTPUM AlOCTEPUOPHBIE OLEHKU MOIPENIHOCTY
peleHni KPaeBhIX 3a/1ad C OlepaTOpaMyu MOHOTOHHOTO THUIA. Y CJIOBUS, IPH
KOTOpHIX orepaTop L(u) MOHOTOHHOrO THUIA, CHOPMYITUPOBAHEL B CIIEAYIO-
1eit Teopeme [24]:

Teopema 55. [Iycmb 8binoaHeHbl Yycao6ud:

1) onepamop L(u) 10KaABHO PABHOMEPHO IAAUNMUUER KA HYHKYUU U;

2) koo Puyuenmur a;j(x, z,p) He 3asucam om z;

3) koadduyuenm b geagemca neybuisarowel Gynkyueld apeymenma z 6
Kaacdotd mouke (x,p) € Q@ X R*;

4) woapduyuenmut a;j,b geagiomes nenpepvisHo-JudPepenyupyemblmu
PYHNKYUIMU TEPEMENHBIT D.

Toeda onepamop L(u) — monomonnozo muna.

HJ’IH HaXOXK ICeHNA aHOCTepI/IOpHOfl OLICHKMH IIOT' pE€IITHOCTN HaM HeO6XOI[I/IMO
YUCJICHHO PEIINTH BCIIOMOTI'aTECJIbHYIO 3ada4y:

—L"uMul = o, z € Qy

ul =0, x € 08y,

Hanee s,s1 € H2(Q) N H}()) — annpokcuMmanuy YuciieHHBIX peleHuii u”,

(ul —u') /o criermaTEHEIMET KOHEUHEIMY 37IeMeHTaMU BEICOKUX CcTererelt [34],
[79].

Ms1 6ymem mckaTh MHTepBaJl, comepxkammit ommubky (x) = u(z) — s(x),
B BUE

e(z) € [, a]s1 + [, B, (7.20)

roe a, @, 3, 3 — HekoTopble KoHcTaHTHL. [asee, mycts s = s+[a, @]s1+[0, O]
u o, @, 3,3 yIOBIETBOPAIOT CIIENYIOMUM HEPABEHCTBAM:

— L(3)s > 0, z € Q, (7.21)

5>0, z € 09, (7.22)
~L(s)s<0, xeq. (7.23)

|
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s <0, x € 01. (7.24)

Torma B cuity MOHOTOHHOCTH omepatopa L(u)
s<u<s, x € Q.

Koucrauth o, @, 3, 3 6ymeM UCKATh MOSTAITHO, CHavalla HalleM Q, Q.
s 5Toro CIIeAyIONIyo CUCTeMY HepaBEeHCTB OylIeM pemIaTh MeTOIIOM
TI0CJIeIOBATEIBHBIX MTPUOINKEHUN:

—L(3;)541 >0, z€Q,

_L(ii)ii—l—l <0, ze€, i=0,1,...,

rae s; = s + [a;, ;)1 u Sg = 5. 3aMeTuM, YTO MPOIECC HAXOKIEHUS [, &)
6IcTpO cxomuTcs. Jlasiee KOHCTAHTEL 3, 3 ONPENeNaoTCs Ha TPAHUIIE

= min —s — s = max —S — as1.
p =i as, f=ma !

Hecnoxxno y6enuThbca B TOM, 9TO MOCTPOEHHEBIE (PYHKIMM S,S YIOBJIIETBO-
psaioT cucteme HepaBeHCTB (7.21),(7.22), (7.23),(7.24) u, cienoBaTesnbHO,
BrIToueHwe (7.20) BBIIOIHEHO.

OHepaTOpr HEMOHOTOHHOI'O THIIA

PaccmoTpum 3amady, xorma mis ormeparopa L(u) He BBIIOJIHEHBI YCIIO-
Bus 2), 3) Teopemsr 55. Torna omeparop L(u) MoXeT He GBITH OIIEPATOPOM
MOHOTOHHOT'O THIa. B 3TOM cilydae [Jid OLEHKH MOrPEIIHOCTEN YNCIeHHBIX
peIeHnil SIUINITUYEeCKIX YpaBHEHNI MOXKHO IpUMeHUTE TeopeMy lllaymepa
O HETIONBUIKHON Touke [24].

Msr1 BHOBB o6patmmMcs K (7.15), (7.16) ¢ nuddepeHInAIBLHEIM OIEPaTOPOM
Lu Buna (7.17).

[Iycts u — pemtenne 3anaun (7.15),(7.16), mpeamosoxum, 4TO

1) onepamop L(u) 10KaABHO PABHOMEPHO IAAUNMUUER KA HYHKYUU U;

2) kosdduyuenmor a;;,b geagomea nenpepvieno-duddepenyupyembiny
PYHKYUIMU NePEMEHHBIT P.

OmnpenesuMm orepaTop E(U, u), MOJIy4YeHHbIN u3 oneparopa L(u) ciemyro-
M 06pa3oM:

L(v,u) = a;j(z,v, Du)D;; + b(x,v, Du).

3aMeTnM, YTO MOCTPOEHHBIN KBa3WJIMHENHBIN orepaTop L obsiamaeT CBOMC-
TBOM MOHOTOHHOCTMU, IMOCKOJIBKY BCe CBONCTBA TeopeMbI 1 BBLITIOTHEHEI.
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[TosoxkuM v = u, cileoBaTeNIbHO, eCJIM HalileHa (PYHKIMI § TakKasd, 9TO
—L(v,5)5s > —L(u)u =0, x € (),

s>0, x € 01},

TO
s > u, x € Q.

Onpenenum s:

roe s, si OBLIIN OIIp€eneJICHbI BHBIIIIC.

Teopema 56. [lycmb 6vinoarena caedyouad CucCema HEPaseHCms:
—L(s,5)5 >0, x €Q,
s> 0, x € 01,
—f/(s,i)i <0, x € (),
s <0, x € 01,

moeda s codepacum pewenue 3adauu (7.15),(7.16).

IokazaTenbcTBo. [lelCTBUTENBHO, PacCMOTPUM OBe (GYHKINU U,2 €
H?(Q) N HY(Q),v € s Takue, 9TO

L(v)z =0, x € (),

z =0, x € 0Q.

IIycTs T o6paTHBI K ontepaTopy L, 3amaHHBINA cllenyiomuM obpaszom: Tv =
z, Tora
z="Ts.

3aMeTnM, 4TO

CnenoBaTesbHO,

AnHajiormuynso
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OTO0 paBHOCWITLHO YTBePKIEHUIO
Ts C s,

u3 KoToporo, B cwiy TeopeMsl lllaynepa o HemomBukHol Touke [24], BbITe-
KaeT yTBepXIeHUe TeopeMbl. [
Takum obpazoM, ommbKa © — S CONMEPXKUTCI B MHTEPBAJIe

u—s € [a,als; + [Q,B]

s HaxoXIeHus KOHCTAHT «,, (3,3 MOXHO BOCHOJIB30BATHCI CIIOCOOOM,
OMCAHHBIM BHIIIIE.

YucsieHHbI TpUMeEp

PaCCMOTpI/IM KBa3WJINHENTHOE SJUINIITIYECKOE YpaBHEHME BTOPOTO IIOpAn-

Ka
Lwu=(1-(u—r))Dyu+ (1+ (u—7)*)Dpu=f, =z,
u =0, x € 01,
rue Q = [0,1] X [0, 1],
r(z1,xs) = sin(wzp)sin(rzs), f = —2n%sin(mx;)sin(nzy). Tounoe pere-

HUe 5TON 3amaun — u = sin(mey) sin(mzy). OueBunto, uro omeparop L(u)
He MOHOTOHHOI'O TWIIA.

[IpenmosoXuM Ijis OIpenesIeHHOCTH, YTO MCXOMHAd 3alada pelleHa pas-
HOCTHBIM METOIOM

LM(uMu" = f", x € Qy,
uh =0, x € 0y,

rne ), — y3JIBl NPAMOYTOJILHON PAaBHOMEPHOUM CETKM C HIarom h.
B xauecTBe BcmoMoraTeIbHOW 3adadll MBI PEIIUM UYKMCJIEHHO Ha ceTKe {1},
cllenyiolllee ypaBHeHUe:

—Aul = 1, T Q,

u; =0, x € 0f).

[MycTts s,s; — anmpokKcuMAaIMM SPMUTOBBIMU CIJIAlHAMU TPETheN CTelle-

HI 4UCIeHHBIX pemmeHuii u”, u’ [34]. 3ameTuM, B HallleM ciIydae I S, S1

rpaHuyHbe ycsioBus (7.16) BBIIOIHEHBI TOYHO.
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IHHonoxum
s = s+ [a, @]s;.

Mpgz1 OymeM ncKaTh KOHCTAHTH &, OV, YIIOBIIETBOPAIOIINE CIIEYIOITEN CUCTEMe
HepPaBEeHCTRB:

L(s)s > f, z €, (7.25)

L(s)s < f, z € Q. (7.26)

II1a perreHns >TOM CUCTEMBI HEPaBEHCTB MOXKHO BOCIIOJIB30BATHCI METO-
IIOM TIOCJIEIOBATEILHBIX IPUOJINKEHNIT, OIIMCAHHEIM BEIIIIE.

Huxe IIpUBE€OECHO CPaBHEHHUE ELHOCTGpHOpHOfI OL€CHKHN IIOI'PC€IIHOCTH C
OIIINOKON YUCJIEHHOTO PeIIceHMA.

h | maxgq |wids| maxg, [u — u"|
0.25 | 9.43e-2 6.48e-2
0.125 | 1.92e-2 1.61e-2

7.3. MHOroceTo4HbINI MEeTOI

dopMynIupoBKa 3amadyn

PaccmoTpum kpaeByto 3agagy

Lu = f, z e Q, (7.27)
u(x) 0, z € 09,

rne () — orpaHuveHHas, CBsI3aHHas objlacTh mpocTpaHcTBa R", L — mud-

(bepeHIIMAIBHBIN ollepaTOpP BTOPOro MopsagKa BUAOA

2
i(ozigu) + qu. (7.28)

i=1 8332 xT;

Lu =

[Ipenmnosioxum, uTo Koabduruents a; € CH(Q), q, f € C(Q), g € C(ON) u
4To
a; >c>0,q>0,ze€ Q.

[Ipenmosoxum, uto pemuterne (7.27) CyImecTBYeT, eQUHCTBEHHO U U €
CYQ).

IMycts 7;,2: 0,1, ..., m — mocsenoBaTeIbHOCTH pa3buenuii {2 cocTodIen
13 BJIeMeHTOB [ m TaKux

QCUT;, T,NT;=0, i#j.
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Puc. 7.1. Ilpumep obmactent u pasbuenui

OnemeHTHI 15, 1; MOT'yT UMeTh MM OOIINMNA yToJI WM OOILIyI0 CTOPOHY PIC.
7.1.

Ecmu 7; — Tpuanryssius, TOraa MPOCTPAHCTBO KOHEUYHBIX SJIEMEHTOB
S[' ompenesiuM BBeleHUEM KYCOUYHO-TTOJIMHOMUAIBHOTO 6a3uca Ha T;:

SP(Th) = {s(z)|s € W3(Q),s|lr € P",T € Tp}, (7.29)

roe P — IIPOCTPaHCTBO IIOJIMHOMOB CTEIICHU 71.

IlocTpoeHue onepaTopa annmpoKcUMaIlun

OmnuiiteM BcioMoraTesIbHBIE PE3YJIBTATH IO MIOCTPOEHUIO KOHEUHBIX DJTe-
MEHTOB Ha Pa3InYHBIX pa3OUeHUIX.

PaccmoTpum 3amady anmpokcumarnm GYHKIIAN S; € Sﬁl(ﬁ) KOHEYHBIMU
3JIeMeHTaM S; € ng(ﬁ) WIW, OPYTUMU CJIOBaMU, OIpeNesiuM OIlepaTop

anmpokcumarmu A : SP(T;) — SP(T:)

S; = A(Z, Sj). (730)

Inis moctpoenns onepatopa A(7;, s;) HaM HEOGXOMAUMO 3HATEH HEKOTOPOE

MHOXKeCTBO 3Havenuit s;(z), D; js;(x),?,j = 0,1,2,... 071 HEKOTOPHEIX TOYEK
x € (.

Hanpumep, mpocTpaHCcTBO SS(T) ompenensgeTcs 3HadeHuIMu {s, Dis,
Dsys, Di1s, Dias, Days} B yzmax Tpuanryssiuu u D,s B cepemmHax CTo-
poH puc. 7.2.
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Uy Uzy Uyy Uzzy Uzys Vyy
UTL
Uy Uzy Uyy Uzzy Uzys Vyy

Un
Uy Uy Uyy Upzy Ugyy Uyy

Puc. 7.2. IIpocTpancTso 5'25(7)

ycts @y = (20,1, ®0,2) — ONHA U3 TaKUX TOUeK. B HEKOTOPHIX Cilydasx
HeoOXoOUMBIe 3HAUEHUS MPOU3BOMHBIX MOXKHO BBIUUCIINTE HEMOCPEeICTBEH-
HO WCIOJIB3Yyd QYHKIUIO s; Ha pa3bueHnu 7;. B GobIIMHCTBe CiIydaeB 5TO
3aTPYIHUTEIBHO, TOTAAa MBI 0OpaTuUMCS K pe3yiabTaTaM pasfeia 1.3.

Y MeHbIII€eHUE IINPNHBI ABYCTOPOHHEI'0O peIlIcHNA

Kak usBecTHO, mMpHHA OBYCTOPOHHEro pelneHus wid(u) 3HAYMTEHHO
3aBUCUT OT 3HAYEHUN MPOM3BOAHEIX B y3JIaX CETKM. 3aliMeMCS Yy TOUHEHUEM
IIPOM3BOIHEIX.

Hycts s € S§(7,,) — HeKoTOpOE TpubINKeHHOE peltieHne 3anadn (7.27).
M cnons3y4 5To pellleHne KaK HadaJlbHOE MPUOJIMIKEHNE, MBI IIOCTPOMM HOBOE
pellleHne Sy, Jalollee IBYCTOPOHHEE PEIIeHIe MEHBIIe IINPUHEL.

Mgz 6yneM UCKaTh Sg4.. KaK MpUOJIMKEHHOE PellleHne CJeAYoMen 3a0adn:

(I)p(sdec) = UEI,SI”lLI(I’}' )(I)p(U), (731)
rae ®,(v)
®,(v) = [|Lv = [l + K||v]|1,00)

3aMeTnM, 4TO IIAPUHA TBYCTOPOHHETO PEIIeHUs S, MOCTPOEHHOrO C WC-
MM0JIb30BaHUeM HeKOTOpou (PYHKIINU S, OTpaHUYeHa CJIeNYIOIINM HepaBeHCT-
BOM:

wid (s) < Cmax|Ls — f| + max |s]- (7.32)
Q

CitemoBaTesIbHO, [Jif YMEHbIIIEHNS IIUPUHBL IBYCTOPOHHETO PEIIeHNs MEIL
HOJIKHEL BEIOpPaTh (QYHKIMIO S TakKylo, YTO OHa MUHUMU3MPYET IIPaBYIO
yacTh HepaBeHCTBa (7.32). 3amernm, uto ¢yHkuus s = s(V) mosHOCTHIO
ompenesieHa cBouMu mapaMeTpamu V B y3iax cetku 7 . IIpenmonoxum, aro
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Puc. 7.3. IlpumMepsr BCIOMOTATENBHBIX CETOK

V* ompenesnger Jaydiryo GyHKIUO § B CMBICIE MUpUHEL Wids, Torma
(V") = min Bse(V), (7.33)
¢, (V)= Cmﬁa,x |Ls — f| + max |s].

[ockompky 3amada (7.33) BechbMa CJIOXKHas, MBI 6yoeM HCKATh ee IpPU-
b6nuxenHoe penitenne. Kak anmpokcumanmio pysakimonaia @, paccMmoTpum

cemeiicTBo dyHkunoHasioB @, = ||Ls — f||pw, + ||5||p.0ws, TO€ p > 0 — memsrin
mapameTp,
[ollp, = (X [])7, (7.34)
€y,
wp, Ow), — BcroMoraTesbHEle ceTKu puc. 7.3. Ecim BexTop V' oTymuaer-

cd OT ONTWMAaJIbHOTO V*, MBI MOXeM WCHPaBUTH ero, Haums V), BeIOupas
COOTBETCTBYIOMINN ITapaMeTpP p U BCIIOMOraTeJIbHbIe CeTKU W TaKue, 4YTO

0,(V1) < &p(V) = ®o(V1) < Pec(V).

Takum 06pa3oM, UCIONIB3Y A Sge. = $(V1), MBI MOXeM MOCTPOUTH ABYCTPOH-
Hee pellleHNe MeHBIIIeN IIUPUHEIL.

PaccmoTpum minsg pemeHms 3amaum CrellMaITBHBIA MeTO] TTOKOODIMHAT-
HOT'O CIIycKa. 3aduKcupyeM 3HaueHHUSI MapaMeTpoB V) BoO Bcex y3JjlaX CeTKHU
Tin, CKITIOUAS y3€JI CETKU ¢ HOMepoM 7. Torma ¢yHKINT s 6ymeT 3aBUCETH
TOJIBKO OT Habopa mapameTpoB V; u MbI 06o3HauuM s Kak s(z, V,1).
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Y Tounum V;

N (Vi) = min N(V).

[MpomosmxuM NUWKIMYeCKW yTOYHATH V; MO BCeM y3jJaM CEeTKH, MBI IIO-
JAydaeM IHocllelloBaTeIbHOCTE GyHKImit s',i = 1,2,... Ilporecc yrounenns
HauMHaeM C y3JI0B BOJIM3M rpaHULEl obsacTu Jf) U IBUXKeMCs o HalpaBJle-
HUIO K TeHTPY. Takol BBHIOOP TOCIIEMOBATETHHOCTH Y3JI0B 00YCIIOBIIEH TeM
dakxToM, 9To BONU3M rpaHUIEl Of) 3HaueHUe MapaMeTpoB V; ompenendioTcs
TOUHee, TIOCKOJIBKY HaM W3BeCTHHI 3HadeHUS QYHKIIVU Ha TPaHUILe.

MHoroceToYHbIN aJITOPUTM

[TycTs 3amana TOYHOCTH UIIM JOITYy CTUMAS IIIUPUHA TBYCTOPOHHETO peTlTe-
unsg € > 0. [lorpebyem, uToOBI mMpUHaA MBYCTOPOHHETO PEIIEHUS He TIpe-
BOCXOJIWJIA £:

wid(s) < e, z € Q. (7.35)

HocTpoum dpyukmmio sy € S§(Ty) Takyo, uro wid(s) ymoBreTBopseT
cooTHoteHuo (7.35).

[Ipu pereHnn NpakTUYECKNX 3a0a4 MBI CTPEMUMCS CTPOUTH PEIICHUE 33,
MUHIMAaJILHOE YICJIo omepalnii. MHOroceToYHbIe METOMBI — OMHM U3 TaKUX
aJICOPUTMOB.

IIyctb py = 2 < p1 < ... < P < 00 — TIOCIIENOBATEIBHOCTD II€JIBIX
qucesl.

[Ipenmosoxum, 4To YnceHHOe pelieHne 3amadn (7.27) sg € S5(7y) mo-
CTPOEHO C WCIOJb30BaHMEM MeTOIa KOHEUHHBIX 3JIEMEHTOB Ha CeTKe J) u
M3BECTHO, YTO Pa3MepPHOCTH npocTpaHcTBa S5 (7)) He Bemka.

Bameuanue 7. Fcau nam uzeecmuo wuciennoe pewenuve u, nosyuen-

HOE DPABHOCMHBIM MEMOJOM UAU MEMOOOM KOHEUHBIT IAEMEHMOE, C UC-
NOAL30BAHUEM KYCOUHO-AUHEUHBIE IAEMEHMOE, HAUAALLHOE MPUOAUNCEHUE
so € S ma cemxe Ty Mbl MOHCEM NOCTPOUMb, UCNOALIYL ANNPOKCUMAYUY
KOHEUHBIMU IAEMEHMAMYU 6bICOKUT NOPIOKOS, ONUCAHHBIL 6 pa3deae 1.3.

Hycts Cy = ®,,(Vy) n C; = @, (V;). Paccmorpum nepexorn ¢ cetkn 7,1
Ha ceTKY Tr,. [Ipenmosmoxum, uTo MEI MMeeM perieHue S,,_1 € Sy (Tm-1)-
ITocTponM pemrenue s,, Ha 7T,, C
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IMTar 1(annpokcumanus). Vcmosnb3ys onepaTop alnpoKCHMAII TOCTPO-
UM S0
Sm,0 = A(Tma Sm—l)-
IMTar 2 (yrounenwue). Vcnons3ys MeTON yTOYHEHWS PEIIEHUI Y TOYHAM
Sm,0 X TIOCTPOUM Sy, 1.
IMTar 3(ymenspinerne). B 3akiodeHre MBI IOCTPOUM PEIIIEHNE S, HA CET-
Ke 7, NCIIOJIB3Y S OIEPATOpP YMEHBIIEHU IIINPUHBL BY CTOPOHHETO PEIIeHNS

CP = Pm:
Sm = D(Sm1)-

Boraucimm mmmpuHy nByCcTOpOHHETO pellleHus. Kcim mupuHa ToCTpOeHHOTO
IBYCTOPOHHETO PeIlleHns yAOBIIETBOPSET HepaBeHCTBY (7.35), ciemoBaTesib-
HO, TpebyeMoe pellleHNEe TIOCTPOEHO, B MPOTUBHOM CcCJIydae MepeXonuM Ha
CIHIENYTOIITYO CETKY i1

3ameuanue 8. OJdun u3 603MONCHLIT NYMEL YMEHLWEHUTL WUPUHDL 08Y-
CMOPOHHEZO PEWEHUT — CCYULEHUE CEMKU 8 OKPECTMHOCTU MOUEK ¢ 60Ab-
WUMU 3HAYEHUIMY HEBA3OK.

Hycts v € C™1(Q), Torna mupuna oKoHYATEILHOTO IBYCTOPOHHETO Pe-
IIeHNS S yIIOBJIETBOPSAET CJeNYIOIeMy COOTHOIIEHUIO:

|[wid(s)]|z. (@) < KR, (7.36)

rme h — mmar cetku Ty , K — KoHCTaHTa, He 3aBUCAIIAI OT A.

YucsieHHbI TpUMeEp

PaccmoTpum MomenmbHY10 3amady

Au = f, z €Q, (7.37)
0, z € 0, (7.38)

U;

e
f = —2n%sin(mz;) sin(rzs), Q = [0,1] x [0, 1].

TodHoe pelreHUe >TOI 3aJaun:
u = sin(mey) sin(7mz,).

[TycTs HaM HeoOXOMMMO TIOCTPOUTH NBYCTOPOHHEE pellleHre C TTUPUHON, He
nipeBocxon e BeauunHy € = 0.01. @yHKIIUIO s UCKaJIM B BUE SPMUTOBHIX
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CILJTATHOB TPEeTBhEN CTEIeH!, CeTKN BHIOMPAJI paBHOMEPHBIMU C ITaraMu
h; = 27", mapameTpsl p; = 2"

[lepBas ceTka mMesa BCero ofgHy BHy TpeHH00 TouKy. Crinaia so(V)) 6511
ITOCTPOEH KaK MpUOJIMKEHHOE peIlleHre 3a1aun

®,(Vp) = mVin o, (V).

Bcnomoratenbasie ceTku wy, B (7.34) Boibupanu paBHOMepHBIME € h = h; /4.
3nauenust mmpuHsl wid(s;) MOCTPOEHHBIX NBYCTOPOHHUX PEIIEHU IPUBe-
TeHBI HUAXKE.

Howmep cetxn | wid(s;)
1 0.0629
2 0.0475
3 0.0136
4 0.0035

HJ’IH JOCTNXKEHN A Tpe6yeM0171 TOYHOCTHU, MBI IIOCTPOUJIN YETHIPEC CETKU.
Kax BUIOHO M3 TEL6J'II/IHBI, ACUMIITOTHNYECKAA CXOOMMOCTH ININPUHBI OABYCTO-
POHHETO pelIieHnd COOTBETCTBYET TeOpeTI/IquKOfl OILI€HKE.

3akaounTesIbHOE 3aMedaHue

PaccMoTpeHHBIN MeTO AJ1g TOCTPOEHNS ABYCTOPOHHETO PEIeHN I MOKET
6BITH C YCIIEXOM IPUMEHEH I IIMPOKOro KJIacca YPaBHEHUN B YaCTHBIX
IIPON3BOIHBIX.

Kaxk mokaszano B MoHorpaduu [34] omenka (7.36) MoxeT GBITH CIIpaBeIi-
Ba IJIA S, TIOCTPOEHHBIX HEMOCPENCTBEHHO KaK aIlllPOKCUMAIINN YNCIIEHHBIX
pertrennit u”
MeToe MOXeT OBITh paBHO enuHuMIaM. CileIoBaTeNbHO, IPU PEIIeHUN Pe-

AJIBHBIX 3a a4, [TPU YCJIOBUU, YTO HadYaJIbHbIC TaHHBIE JOCTaTOYHO XOpOoIIne,

Ha pPpaBHOMEPHBIX CE€TKaX, T.C. YNCJIO CETOK B MHOI'OCETOYHOM

HJOCTNXKEeHNe HeO6XOHHMOﬁ TOUHOCTU HE HOTpe6yeT OOJIBLIIIOTO YICJIa CETOK.

7.4. OnHOoMepHOe nmapabojimyeckoe ypaBHEHUeE

O6paTuMcs K OTHOMEPHOMY MapaboIniecKOMY YPaBHEHUIO TeMJIOMPOBO]I-
HOCTHU € K03(DPUIIMEHTOM, MMEIOIUM Pa3phIB MePBOTO pojia. Kro MoxKHO
PEeLINTh MeTOIIOM, OCHOBAHHBIM Ha BBIUUCJIEHUU HEBA3KM OT CIlelIUaJIbHO-
T'o CINTAHA, alMIPOKCUMUPYIOIIEro pa3sHOoCTHOe pelileHrne. CIIaliH MOCTPOEH
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TaK, 9YTOOBI Ha JIMHUU pa3pblBa KodhuireHTa ypaBHEeHUS IPU (UKCUPO-
BAHHOM & BBIMOJIHSJINCH YCJIOBUS COMPSKEHUS (HENPEPhIBHOCTH PELICHU U
HIOTOKA).

PaccMoTpuM ypaBHeHUe

Oyu = O0,(pOu) — qu + f, (7.39)

p(wat) > ¢y > an(wvt) > 07

roe (z,t) € Q = (0,1) x (0,7). Oupemerum 1 GYHKUNU U HAYAJIBHBIE U
KpaeBhIe yCJIOBU:

u(z,0) =0,z € [0,1], (7.40)
u(0,t) = wuo(t),t € [0,T],
u(1,t) = ui(t),t € [0,T],

[MpenmosoxmM, 4TO KO>PPUIIMEHTH ypaBHEHUS W T'PAHUYHBIE (QYHKIIAN
YIIOBJIETBOPAIOT YCJIOBUSIM

q)f € C(@)vu())ul € Cl([O,T])

[Iycts Kovdduiment p(x,t) MMeeT pasphiB MEPBOTO poaa Ha NpsMonl ¢ = &,
HI05TOMY Ha JIMHUN Pa3pbIBa BMeCTO ypaBHeHUs (7.39) BBITOIHIIOTCS yCITO-
BUA

[uk =0, [paxu]g =0, Vt € [O,T], (741)

rae [fle = lim, e f(@) — lim, e yo f(2). JIumnsg @ = £ menur ) Ha OBe 1I0-
mobstactu ()1, Qo, ¥ MITT KO PIUIIMEHTA p TPEANOIIAra0OTCSI BHITTOTHEHHBIMEI
cienyfornue ycyoBus: p,d,p € C 1(@i),i = 1,2, mpudeMm nJsg Kaxmou u3 1o-
nobstacteit (; Ha uHMN © = £ 3HadYeHne QYHKIUN GepeTcs paBHBIM IIpeIeiTy
110 COOTBETCTRBYIOIEN momobyiacTu. B 5ToM cMEICe TOHUMAaeTCS yCIIOBUE

8tu,(9§u € @mz = 1,2,

KOTOPO€ CUMTAETCS BHIIOJHEHHBIM IIPU daJibHENIIIeM U3JI0XKEHII.

BBenem paBHOMEpHYIO ceTKy wj Ha orTpeske [0,1] ¢ marom h = 1/n,
LEJBIM 7 > 2 U IPEeaNoyoXuM, 4To & € wy. DTo MpeanosokeHne He orpa-
HUYUBaEeT OOIIHOCTM, MOCKOJLKY BCerlla MOXHO CIeJaTh Mpeobpa3zoBaHUe
KOOPIUHAT, JIMHENHOE B KaXXIOW 30HE IJIAJKOCTU W IepeBonsdiee & B JIIO-
6y10 3aJaHHyI0 TOYKy. Kpome Toro, BBeleM paBHOMEPHEIE CETKM 10 BPEMEHN
Wr, W,y 1 Ha OIPIMOYTOJILHUKE @ P Whr = W X W

[Ipubnmxkentoe pererne 6ymaeM NCKaTh B COOTBETCTBUN C SBHOI CXeMOIl

u; = Lu™ 4+ f HA Wiy, (7.42)



192 I'maBa 7

rIe pa3HOCTHBIEe ollepaTOpPhl BBOOATCS 110 opMyJsIaM

T

Lu™ = (pul), — qu’,
" — u(e 4+ h/2) —u(z — h/2)
xr h 9
u(t) — u(t — 7').

Uy =
IomosIHIM pa3HOCTHBIE ypaBHEHN HadaIbHBIMUA U KPAE€BBIMU yCJIOBUIMMU
T
u(z,0) =0,z € wy,

u’(0,t) = wo(t), v’ (1,t) = wi(t),t € ws.

B [59] npuBomuTcs chemymolas olleHKa MOTPENTHOCTH:
e = |, < e(h” +7), (7.43)

rie ¢ He 3aBUCAT OT h,T.

PaccMoTpuMm Borpoc o BocmosiHeHUN peleHns v’ 3amadn 7.42 CIijiaitHoM
s € C1(Q,). B xauecTBe Takoro ciuiaifHa Ha ceTKe Wy, BO3bMeM TeH30pHOE
IIpou3BeIeHe OMHOMEDPHBIX CINIANHOB: Ha CeTKe W, — KyCOYHO-JIMHENHBIN
CIUTaiiH, HAa CeTKe W) — CIUIaiiH DpMuTa TpeTheit cTenenu [36]. [TosTomy
IJIs TIPENCTABJIeHNs CIUlaiiHa s na () B KaxmoMm ysie (x;,t;) € W), Gymem
3a[]aBaTh 3HaUeHN GYHKINN S;; U €€ IPOU3BOIHBIX J,8;;, IpudeM Ipu & = &
3aal0TCA [ABa 3HadYeHus npoussBonHoint 0,s(€ + 0,t;,0,s(§ — 0,t;. Torna Ha
KaK[[OM NIPAMOYTOJIBHUKE [, T;i11] X [t;,t;+1], cilenys [36], cIUTaliH § MOKHO
IIpPEICTABUTh B BUIE

s(z,t) = P(y)Fo(z),

rie BeKTOpH v, 0 € R? m maTpuna F:

Y(y) = (1-y,9),

Six Siiq s 0. 5:: O5iit s
F = 1] 1+1,j 9] £Si+1,j 2,
( Sij+1  Si+l,j+1 8:552'3'—1—1 (9;551'_1_173'_1_1 +1 #5
(1—2)*(1 + 2z)
(3 — 22)22
z(1 — 2)? ’
—22(1 — 2)

y=(t—t))/m, z=(x—z;)/h.

0 =
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IIng mocTpoeHNs S ompemes M B KaXKIOM y3Jjie 3HaYeHN:
s(z,t) =u"(x,t),a =0,h,...,§,...,1
Ops(x,t) = Ou(x,t),2 =0,h,...,6 =0, +0,...,1;t € w,.
PasnocTHEI oniepaTop J, ompenesuM TakuM o6pa3oM:

—1lv(z) + 18v(x + h) — Yv(x + 2h) + 2v(z + 3h

i v(x —2h) —6v(x — h) + 3v(z) + 2v(x + h
6h | —2v(z — 3h) + 9v(x — 2h) — 18v(x — h) + 11v(x

20(z — h) — 3v(z) + 6v(z + h) — v(z + 2h

nmpu ¢ = 0,& + 0;

),
h _ ), mpux =¢— h,1— h;
Oyv(e) = ), mpmz=¢—0,1;

),

B OCTAJIBHBIX y3JIaX.

Ha subun o = £ ciutaiid s OCTPOMM TaK, YTOOBI [IJIS HErO BHIIOJIHSJIACE
yciosus 7.41. IlosTomy B npsmoyromeuukax [€,€ + h] X [t;,t;41] MaTpuiy
F' zapaem Tax:

[ ( s(§,t;)  s(E+h,ty) vi(E+0,t)  Ous(§+ h,t)) )
s(€,tj41) s(E+h,ty) vip1(E+0,¢) Ops(E+h,ti41) )

a Ha MpAMOYrosbHUKAX [ — z,&] X [t;,t;41] momaraem
I = ( 5(£_hvtj) 5(£7tj) 8w5(£_hvtj) Uj(ﬁ—O,t) )
s(€ = hytjin) s(&tin) Oes(§— hytin) visa(§—0,t) /-
3nechb
8:BS(£ - 07 tl)p(é- - 07 t) + 8x5(£ + 07 tl)p(é- + 07 t)
2p(£ £0,¢)

OTMeTHM, 94TO IIpPU TAKOM ONpenesieHnu QYHKIMS s B mosoce & € (£ —

w(€£0,t) = A=7,5+1.

h,& 4+ h) 6yneT SuHENHON 10 ¢ TONBKO M1 QPYHKIWIA p, He 3aBUCAIINX OT .
[TosTomy B obrmieM citydae s SBASETCS HEKOTOPHIM 0600ITeHNEM CIJIATTHA TTO
t B6M3M £, COTIIACHO MOCTPOEHUIO BHITTOJTHEHEI COOTHOIIIEHMS

[S]g =0, [p@xs]g =0, Vt € [O,T]

CrnenoBaTebHO, JId S BHITIOJIHEHHI ycjioBus 7.41.
Bcerony Ha @), 3a uckimodeHneM JuHUN € = £, BBITOJHIETCS TOXIECTBO

Os = 8x(p8:v5) —qs+ f - ¢7

rie
¢ = —0is + 0,(p0ys) —qs + f.

C moMoIrbo pa3sHOCTHON CXeMBI 7.42 Ha CeTKe wj, PelnM 3a0ady

Ore = 0,(pOre) —qe+1 na Q\x=¢ (7.44)
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C HAYaJIbLHBIMHM N KPa€BBIMU YCJIOBUAMMNU
e(x,0) =0,z € [0,1], (7.45)
£(0,t) = e(1,t) = ¢(¢),t € [0,T]
1 yCJIOBUAMM COIIPAXKECHNA Ha JIMHUN T — 5
[e]le =0, [pdiele =0, Vt € [0,T].

IIo Pa3HOCTHOMY pPEILICHUIO e’ ¢ IIOMOIIBIO IIPUBEOCHHOT'O BBIIIE AJII'OPUTMAa
IIoCTpOM CILIaH S1. TOI‘I[EL ABYCTOPOHHEEC pelIcHUE 3allMChIBACTCA B BUIE

u=s+as +p0, (7.46)

rie o, 3 HaXomuM TaKuM 0Opa3oM:

a = m@ax(f — Li(s + B))/L1s1, (7.47)
o =min(f = Li(s + 8))/L1s1,
B = I[I&%}]({UO — 5(0,t),u; — s(1,t)}, (7.48)
B = min{uy — 5(0,1),u1 — (1, 1)}

[Tpu mocTaToyHo MaJILIX h, T CIUIAWH S$; AlIIPOKCUMUPYET pPellleHne 3a1aun
(7.44), Takum obpazom, Lis; ~ 1 ma Q. llosToMy BenMuuHBI &, o onpenerte-
HBI I KOHEYHBI.

It mokasaTenbcTBa BKioueHns (7.46) BOCIOIB3yeMCS TEOPEMOIL.

Teopema 57. IIycmo f € Lo(Q),up,u1 € Lo[0,T] u svinoangiomes ne-
pasencmea f > 0 noumu ecwdy na @, 0 < ug,u; < ¢ noumu dad 6Cex
t € [0,T]. Toeda pewenue 3adauwu (7.39) cywecmeyem, eduncmeenno u
ydosaemeopgem na ) nepasencmey u > 0.

IHokazaTenbcTBo. CylmecTBoBaHNe U eIUHCTBEHHOCTD PEIIeHUS 3aadl
(7.39) mokasansl B [46]. IlocTpoum mocmemoBaTenbHOCTH QyHKUMN P™ €
CclQ), f™ e C(Q), u,u € C0,T] Tak, uTobE p™, ocTaBasCh paBHO-
MEPHO OTPaHMYeHHBIMHU, CXOAUJINCH IIOYTH BCIOAY K p, [ cxomunuch K [ B
HOopMe mpocTpaHcTBa Lo(Q), uf’, u* cXommiuch K ug, U1 B HOpMe IIPOCTPaH-
ctBa Ly[0,T]. Kpome Toro, morpebyem, 4To6HI

" 20,0 <wugur' <,
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8u™(0,0) = f™(0,0), dul™(1,0) = F™(1,0).
Torma B cuty Teopemsr 4.5 u3 [46] perenus u™ 3amay
Opu™ = 0, (p"Opu™) — qu™ + f,
u™(z,0) =0,z € [0,1],
u™(0,t) = uy(t),t € [0,T],

u™(1,t) = ui(t),t € [0,T]

CXOmATCS CUITbHO B Lo(Q)) k pemenuio 3anmaqn (7.39),(7.40). 3amerum, gTo
IJI4 KaXkXoro u'™ B CUJTy IpHHIMIa MakcuMmyMa u'™ > 0 Ha Q. CrienoBaTesib-
HO, Wi pemrenns 3anadn (7.39),(7.40) BeimosHeHO HepaBeHCTBO u > 0 Ha
Q. Teopema nokaszana. O

[lokaxeM, uTo w = s + @s; + 3 > wu. IelicTBuTensHO, B obmacTu Q
BEITIIOJIHAETCA HEPaBEHCTBO

Lyw=Lis+alis;+ L8> Lis+ (f — Li(s + B) + L1 > f.

Ha xonmnax orpeska [0, 1] cipaBenmuso cootHourenne s1(0,t), s1(1,t) > 0,
II05TOMY

w(0,t) = 51(0,t) + B) > 51(0,t) + (wo(t) — 51(0,¢)) = up(t),

w(l,t) = s1(1,t) + B) > s1(1,¢) + (u1(t) — s1(1,t)) = ui(2).

CornacHo TeopeMme 57, w > u HOYTHU BCloLy Ha (). YuMTHIBag, 4To W, U
HeIIpephLIBHEI, IoJIydaeM, 4To w > u Ha (). Taxum xe ob6pa3oM MOXKHO IIO-
Ka3aTh, 4To v = s + as1 + B < u.O

Hasee oleHUM IIUPUHY TOJTYyYeHHOTO MBYCTOPOHHETO pelleHus. B 1essax
YIIPOITIeHUsI BEIKJIAIOK MajibHelliee 060CHOBaHIE IPOBENEM B ciiydae p = 1
Ha (. Taxum ob6pa3oM pelllaeM ypaBHeHHe

Ou = Ou + f (7.49)

¢ rpaHngHbMu ycsoBusmu (7.40) u, ecTecTBeHHO, 63 YCIOBUN CONPSKEHUS
(7.41). PasnocTHas 3anada (7.42) yupoImaeTcs COOTBETCTBYIOIMINM 06pa3oM.
[TokaxeM, 9TO MPOM3BOAHEIE HAXOAAT C TAKOM K€ TOYHOCTBIO, KAaK M CaMO
pemtenne u. g 5Toro HaM IOHAIOOMTCA CJeMyIOIIas
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Teopema 58. IIpu docmamouro eaadkom pewenuy u  3adauu
(7.49),(7.40) cywecmeyem xoncmanma c, ne 3asucqswag om h, T, maxad,

UMmo
(u" = w)a(z,t)| < c(h®+ 1),
(0 — el 0)] < (4 7), (7.50)
|(u" —u)i(z,t)| < c(h®+7), (x,t) € wyr.
Hoxkasarensctso. Ilycts v(z,t) = u(z,t) — v (x,t) mas (z,t) € wp,.
Tormna
vp = Lv+ ¢ na wy,, (7.51)
v(z,0) =0, z € wy, v(0,t) =v(1,t) =0, = € w,,
rie

h? h?
o(x,t) = —%8314(:13,771 + p(x, t)ﬁaiu(nz, t) + O.p(z, t);@iu(ng, t). (7.52)

Hanee momoxum w(x,t) = v(z,t) — v(z,t — 7). Hockompky v(z,0) = 0, ToO
w(z,t) = v(z,t). Ouennm w(xz,t). U3 (7.51) caenyer, gTo

Wy /T = Lw(z, ) + ¢z, 7).
Torna, cormacuo [59], momygaem
w (e ™) locwn < TS )0,
Hanee onenum w(x,t). llockompky
Wy /T = Lw(z, )+ Lv(z,t — 1) + ¢(z,7) =
= Lw(x,t) + w(z,t — 1) + ¢(x,t) — ¢(a,t — 1),
w(0,t) =w(l,t) =0,
cripaBeInBa olleHKa [59]
1w (s )lown < Wt = T)loown + TS 8) = Dt = T)||ooon < ctT(R*+7).
OxkoHuaTenbHO, TaK Kak ¢t < T,

lv(z,t) — v(z,t — 7))

T

<c(h®+7). (7.53)

[lepenuiiem pasnocTHOe ypaBuenue (7.51) mpu ¢ = const B ciemyfomeM
BUIE:

Lv=¢1=—¢+ v na w,
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v(0,t) = v(1,t) = 0.
Hockomneky B cumy (7.52), (7.53)
[161]]scwn < (R +7),
TO, CorJiacHo pabore [59],
v (2, 2)]
|vaw (2, t)]

N3 onenok (7.53), (7.54) HemoCpenACTBEHHO BEITEKAET YTBEPKIEHUE TEOpPe-
MEL.
O

c(h2 +7),x € wy,

<
< c(h*+ 7). (7.54)

Terneps 060cHyeM TaKON XKe MOPANOK MaJIOCTH TO T, h MMIUPUHBI KOPUAOPA
NIBYCTOPOHHETO peIlleHns, KaKoil UMeeT caMO NpUOIMKEeHHOe pellleHue.

Teopema 59. Ilycmos O%u,8;0%u,0iv € CYQ) u 7,h maxosr, umo
Lis1 > ¢ > 0 na Q. Toeda wupuna deycmoponnezo pewenug zadavu (7.49),
(7.40) geagemecs eeauuunoti O(h? + 1) na Q.

IHokaszaTenbcTBo. IlpencraBuM pasHOCTh U — § B BUIE CYMMBL U — § =
(w— s2)+ (s2— s3) + (s3 — s), TIme Sg, S3 - CINTAWHEL TOM e CTPYKTYPHI, 4TO
U s (JInHelHBIE 110 { M YPMUTOBHI CTEEHN 3 TIO & ), C TAaHHBIMU

S9 = U, 0,89 = Ozu, Ha Wh,,
= u,Oys3 = OF w
S3 = U, 0yS3 = Opu, Ha W,
Ilnst pasHOCTH U — S9 Ha ocHOBaHUU [36] CIpaBemIUBHI OLIEHKM

102w = 52)l|.0 = O(A%), [|0x(u = 52)l| .0 = O(7), (7.55)

KOTOPEIE JOKa3bIBAIOTCI CHavaja Ha JIMHUAX t;, T; COOTBETCTBEHHO, & 3aTeM
nepeHocsaTca Ha Bce (). Ha ocHOBaHMU T1aAKOCTU U Pa3HOCTHHIE OTHOIIEHUS
aﬁu AMMIPOKCUMUPYIOT J,U C TPETHUM IMOPSAKOM TOYHOCTU, TIOSTOMY

|55 — s3] = 0,]0,(s2 — 53)| = O(R®) npux €wy, t € (0,T).

C ydeToM BemmumHBI 6a3UCHBIX QPYHKIIMI SPMUTOBOTO CIJIANHA MPUXOINM K
OlleHKe

182(s2 = 53)l|.0 = O(R). (7.56)

BBuny nuueiinocTu critaiina (sg — S3) M0 ¢ Ha KaXXIOM WHTepBaJe [t;,t;11]
CIIpaBEeIJINBO PABEHCTBO

Oi(s2 — s3) = (82 — s3)t,t € wyr, @ € [0, 1].
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[Ipu ¢urcupoBanHoM t € w, QyHKUUS Oi(S2 — S3) ABIIETCS SPMUTOBHIM
KyOM4YeCKUM CIJIAfHOM CO 3HAaUYeHUSMU

h _
Oi(s2 — s3) = 0,0.4(s2 — s3) = Opus — Oy us Ha Wh, X wr.
Ha ocHOBaHMU; T'J1aIKOCTH U pa3jioXkeHMe B pap Telylopa JaeT paBeHCTBO
|Opus — 3gut| =O(h+T7/h) na @), X w;.

N3 onenku BemwumHBI 0A3MCHBIX (PYHKIIUN SPMUTOBOTO CIUIAWHA CJIEAYeT,
4TOo

18:(s2 = 53)ll.0 = O(h* + 7). (7.57)
OcTasnock paccMOTpeTh pa3sHOCTH s3 — s. lIpu dpukcupoBaHHOM ¢ € W, OHA

ABJISETCS KyOUUeCKUM SPMUTOBBIM CIUIAMHOM, [JI Hee CIPABEINBA JEMMa,
5.1.3 [34], m3 KOTOpOI BEITEKAET OIEHKA

10%(s3 — 8)| < c|(s3 — 8)4a| = O(R* + 1), x€]0,1]. (7.58)

Ee cripaBemmuBocTs st nmpoussodibHoro t € [0, T] ycTanaBiuBaeTCs JTUHEN-
Holl nHTepHossiuneii. [lpu ¢pukcupoBanaoM ¢ € w, QyHKIHI 2 = Ji(s3—s) =
(s3 — $); — SPMUTOBBIA CIJIANH CTEMEHN 3, YIOBIIETBOPSIOIINI YCIIOBUIO

z=(u—u"),0pz = 82(1& —u"); Ha W), X Wr.

Ha ocnoBanuu Teopemtr 58 |z(z,t)| = O(h*+71),(z,t) € wy,. 3ameTum, 4o
|0.2(x,t)| = O(h+71/h), (z,t) € wi,. C yaeToM BemauHbI 6a3UCHBIX QYHK-
Uil 3PMUTOBHIX CIUTaiiHoB uMeeM |z(z,t)| = O(h?+7) mpu = € [0,1],t € w,.
Is1g BEIBOZA 5TOI1 OLIEHKU C IIPOU3BOJILHEBIM ¢ UCIIOJIB3Y€eM JIMHENHY IO MHTEP-
nosianmio. B mTore

10:(s3 — 8)||oc.g = O(R* + 7). (7.59)
O6rwenunsa ouenku (7.55)-(7.59), mpuxonum K 3aKIIIOYEHNIO, UTO
1L1(u = 5)[|x.@ = O(h* + 7).

CnenoBaTesbHO, @, a, onpeneiseMbre popmystamu (7.47), IBILIOTCS BEIMYN-
namu nopanka O(h? + 7). C y4eToM UHTepPHOIUPYIONTAX CBONCTB KyCOYHO-
NUHEWHBIX GYHKIUN BEITeKaeT, uyTo 3,3 u3 (7.48) pasubr O(7?). Ilokasa-
TeJILCTBO OIPAHNYEHHOCTH CIIaliHa $1 BEITEKaeT HeITOCPEICTBEHHO U3 Orpa-
HUYEHHOCTHU ceTodHoil ¢pyHKImu €. Bce 5T0, BMecTe B3gaTOE, MPUBOOUT K
TpebyeMoil OLleHKe

widu = (& — a)s; —I—B—Q: O(h2—|—7').
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a
B xaugecTBe MJITIOCTPATUBHOIO IIpUMeEpPa pellcHa CJIeAyIollad 3adada:

Oru = 0,(pdyu) + f, (z,t) € Q = (0,1) x (0,1),
U(CB,O) =0,z € [07 1]7
u(0,t) = u(1,t) =0,t € [0, 1],
0.5 z<0.5,
M%QZ{LOw>Q&
(1 —2t)(—m*z?/2 + 722 /2 + (8 — 7?)/8) sin(mz)—
o t) = (n?sin(nz) + 2(—7*x + 7% /2)7 cos(mz)/2—
’ (—m22%/2 + 722 /2 + (8 — w?)/8)w?sin(mz))(1 — t)t, = < 0.5,
(1 — 2t)sin(nz) — n?sin(wz)(1 — t)t, = > 0.5,

IUIST KOTOPOW BBINOJIHEHBI yciyioBus conpsikerns (7.41) B Touke £ = 0.5.
Toumnoe perreHme >Tol 3aMaun BHIMUCKHIBAETCS aHAJTUTUIECKN:

0 — (1 — t)t(—m22?/2 + 7w’z /2 + (8 — w?)/8) sin(mrz) = < 0.5
we, 1) = (1 —t)tsin(mz), > 0.5 °

PesynbraTsl pacueroB mpuBenersl B Tabis. 4. [lpu BeIGpaHHOM yMeHB-
IIEHNW IIIaroB, Ha OCHOBaHWU OueHKU (7.43), MOTPEUTHOCTH Pa3sHOCTHOLO
pelteHns yMeHbITaeTcs B 4 pa3a. Jlerko mpoBepuTh, 4YTO 3TOMY YCJIOBUIO
YIIOBJIETBOPSAET IINMPUHA IIOJIOCHI MeXY BepXHEU U HUKHeU TPaHUllen.

Tab6aumna 4
x Huxnas Tounoe Bepxusas [MMupuna
TpaHuUIla pelreHmne TpaHuUIla TTOJTOCHI
]’Ll,hQZO.l, T:O.l, t=20.5
0.1 0.7477 0.7725 0.8083 0.0606
0.2 1.4222 1.4694 1.5350 0.1128
0.3 1.9575 2.0225 2.1105 0.1530
0.4 2.3012 2.3776 2.4792 0.1780
0.5 2.4196 2.5000 2.6060 0.1864
0.6 2.1876 2.2603 2.3569 0.1693
0.7 1.5711 1.6233 1.6939 0.1228
0.8 0.7957 0.8168 0.8533 0.0576
0.9 0.1573 0.1625 0.1700 0.0127
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hi,hs = 0.05, 7 = 0.025, t = 0.5

0.1 0.7662 0.7725 0.7797 0.0132
0.2 1.4574 1.4694 1.4828 0.0254
0.3 2.0060 2.0225 2.0407 0.0347
0.4 2.3582 2.3776 2.3988 0.0406
0.5 2.4796 2.5000 2.5221 0.0425
0.6 2.2418 2.2603 2.2804 0.0384
0.7 1.6100 1.6233 1.6379 0.0279
0.8 0.8101 0.8168 0.8242 0.0038
0.9 0.1612 0.1625 0.1640 0.0028

7.5. IIBymepHoe napabosmiyeckoe ypaBHEHUE

[MpomosmxuM m3ydeHMe MBYCTOPOHHUX METOJIOB pellleHus Mmapabosimdec-
KX ypaBHenuii. cxomaas nuddepeHnmaabHas 3a1ada, Ha 3TOT pa3 C IByMS
MIPOCTPAHCTBEHHBIMU TIEPEMEHHBIMHU, PEIIAeTCS METOIOM PACIIeIJIEHN . 3a-
TeM TIOJIyUeHHOe CeTOUYHOe pellleHre CTIIaXNBaeTCs C MOMOIIbIO CIIJIATHOB,
SABJISIOIINXCS TEH30PHBIM ITpOU3BeleHNEM NBYMEPHBIX KyOMYeCcKUX CILIall-
HOB TI0 TIPOCTPAHCTBEHHON ITepeMEeHHON 1 JIMHEWHBIX — I10 BpeMeHHOM. [la-
Jiee, 10 BeJIMYMHE HEBA3ZKU ITyTeM CpPaBHEHUS C pellleHueM HeKOTOPOU BCIIO-
MOT'aTeJIbHOU 3a/ladyu olpeesiieTcs NBYCTOPOHHee pellleHue.

Hycts Q C R? — orpanndennas o6aacTh ¢ rpanuteit 92, a  — OTKpHI-
o mwtmHAp 2 X (0,7) ¢ 60koBoit moBepxHOCTHIO S. Paccmorpum ypasHe-
HUe

Ou=Lu+f B Q, (7.60)

2
roe Lu = Y 0;(a;0u;) — qu. Ing GyHKIUM ¥ OMpenenM HadaIbHBIE U Cpa-
2
HITYHELE YCIIOBHS
u(z,0) =ug(z), z€Q,

u=g Ha S. (7.61)

KosddurimeHTsI ypaBHEHNST YIOBIIETBOPAIOT YCIIOBUSIM
a;>a>0, ¢g>0 Ha Q.

Ing npuMeHeHUs MeToda PaCIIeIlJIeHU IOCTPOUM Pa3HOCTHYIO CETKY B
() Tak, Kak 5TO cmenaHo B [34] mus obnacTu ¢ KpUBOJIMHENHON TpAaHUIIEH.
[Ipenmonaraercs, uro obacTh ) 3akiaoyeHa B kBaapatr [—b,b] X [—b,b].
[Tokpoem ero kBaapaTHOU CeTKOI ¢ ttaroM h = 1/n, o6pa3oBaHHOM TUHUSIME
x1; =th,xs; = jh,j = —n,...,n, n 0603HaAYNM Uepe3 wj MHOXKECTBO y3JIOB,
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nonanatommux B (). Beemem Takxke muoxkectsa 7, Q7 T;. Ha BpemennoMm
orpeske [0, 7] BBemeM CeTKY w, M HOJIOKUM Whr = W), X Wr.
Inis pasHocTHOI anmpokcuManmu onepatopoB L;u = O;(a;0;u) B y3max
CETKU W}, PACCMOTPUM TPEXTOYEUHBIE POPMYJIIBL B PECYJIAPHBIX Y3J1aX
h — T
Liu(z) = - <a1u%1>% , x€Q]
1
U YeTHIPEXTOUEUHBIE (HOPMYJIIBI
6a1((z1 +£)/2, 2)
5(6+1)(6 + 2)h?

(4=2d)ai(z1 £ h/2,w2)(u(w) —u(xy £ h,z))+

Liu(z) = (ufz) = u(€; z2)) -

(14 8)h?
-|-(1 - 5()2al—lgwg)}:;h)w2) (w(z) — u(e1 £ 2h,25)), «€ Q?lr'
hoo oy _ Bas(z1, (z2 +1)/2)
Hele) = 1) gy ) )
- 2”)(?f;’)i§ 12 () — ulwr, s+ h))+
DL BN (o) —u(or,ma e 20), 2 €0

B HeperyJIApHBIX y3JiaX. Mel 6yIeM n3ydaTh pa3sHOCTHYIO CXeMY pacIlelLie-
HIA, COCTOAINYIO M3 IUKJIMYECKN IIOBTOPIOIMINXCS IIPOCTPAHCTBEHHO-OIHO-
MepHEIX 3amad [53]. SanumreM ee, omyckas y QyHKUuil apryMmeT (z, t):

* _ (.t —
ul (@t —7) Liu' —qu' = f, (z,t) € wpr, (7.62)

T

*

ut=g, (x,t) €l Xw,
u” —u

—Lu" =0, (z,t) € whs, (7.63)

-
u =g, (z,t) €l X ws.

Ins HagaJia mpolecca CTABUTCS yCIIOBHE
u'(z,0) = uy(z), € wp. (7.64)

Hocnenyrommuii mporecc pelreHuss ceTodHBIX 3amad (7.62), (7.63) cocro-
UT B NPUMEHEHNN HEKOTOpPOM MONM(PUKAIIMU MeTOda IIPOrOHKM IJjif CIC-
TeM C CIJIBHBIM IUATOHAJIBHBIM TpeobnamanueM [53]. Brusaue Bbrumcsn-
TeJIBHOI IIOIPENTHOCTH 3[eCh BeCbMa MaJjlo, M MBI Ha HeM CIIEIMAaJIbHO He



202 I'maBa 7

ocTaHaBIMBaeMcs. B mrore mocie perenns 3amad (7.62), (7.63) mo ciosm
t = 7,27,...,T moJlydaeTcsa ceTo4HOe pellleHne u”, 3aJaHHOE B y3JIaX Wy, X @y .
B [60] mokasaHo, 4TO MpU MOCTATOYHON TIIAJKOCTH PEIIeHUs CYIIeCTBYET
KOHCTaHTa ¢, He 3aBHUCAINad OT T, h, U Takasd, 94TO

[l = " ocn, < (b + 7).

ITocTpouM BOCIOJIHEHME IIOJIyYEHHOTO YUCJIEHHOTO pelleHus u’ ¢ Io-
MOIIIBIO TEH30PHOTO IPOM3BeleHN CJeAYIONINX CINIAMHOB: Ha CeTKe W, —
Ky COYHO-JIMHEITHOTO CIUIaiiHa, Ha CeTKe wj,— IBYMEPHOr0 3pMUTOBA CILIali-
Ha. [[711 moCTpoeHMs spMUTOBa CIUIaliHa Ha CeTKe W) WUCIOJb3yeM MeTO[,
13JI0KEeHHEBIN B pasn. 1.3. HanoManmM HekoTophle TexHmdecKue meraim. Pac-
CMOTPUM (MKCUPOBAHHEIN cJioi ¢ € @,. IlockoJIbKy HaM HOTpebyloTCsa 3Ha-
YeHMS S Ha OOKOBOI IOBEPXHOCTH .S, HEOOXOONMO ONPENEUTH S Ha BCEX
KBaJpaTHBEIX T4elKaX, IMEIOIUX HemmycToe nepecedenne 2. O6o3HaunM de-
pes €0, MHOXKeCTBO BEPIIINMH BCeX TaKUX f4yeeK. B aToM ciydae i Joonpere-
JIeHUs 3Ha4YeHUl v’ BHe 0OJIACTHU CJledyeT KMCIOJIb30BaTh MHTEPIIOJIAINIO TI0
YeTEIpeM COCeIHUM y3JIaM, JIeXKaIlluM Ha, OIHOI MIPAMOI 1, BO3MOXKHO, BKJIIO-
vajomuM 3HadeHns v’ Ha S. oompenenennyro Ha (2, ceTOYHYIO (QYHKIIIO
BHOBB 0603HaunM udepes u’. JlajibHelllIee IocTpoeHne CILIaiiHa OCHOBAHO Ha,
dopmymnax [36]

s=u", Ois=0M", 0Oys=200u", Ops=dd,

t€Ew,, x€Qy.

3neck O — ceTOUHHII oMepaTop Ha MOAXOMSIIEM HYeTHPeXTOUedHOM TITab-
JIOHE, AIPOKCUMUPYIOIINAN TPOM3BOAHYIO J;, C TPETHUM MOPSIIKOM TOYHOC-
TH, a d! — CeTOUHEI omepaTop Ha TOAXONATIIEM TPEXTOUeUHOM IabIioHe,
AIIPOKCUMUPYIOIINI TIPON3BOAHYIO J; CO BTOPEIM mopsakoM TouHoctu. O6-
pasiBl TAKUX ollepaTopoB nMeloTcs B pasn. 1.3. llocie onpeneserns spMu-
TOBa CIUIaiiHa (&, t) Ha KaXkIOM BPEMEHHOM CJIoe ¢ MCIOJIB3Y€eTCs JIMHEeHA
MHTEPHOJSNN: 711 BCeX t € [t;,141]

tipg —t t—t;

s(z,t;) + —2Ls(z,tj41).

t) =
S(w, ) T T

OTMeTuM, YTO MOJIyUYEHHBIN CIUIAWH S BXONUT B 00JIACTH OINpeneseHus
nupdepenimaabHOrO oneparopa ypasHenus (7.60). CnemoBaTepHO, HOUTH
BCIONY Ha () BBITIOJHIETCS TOXIECTBO

Ors = Ls+ f — o,
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roe ¢ = Ls+ f — Os.
C momortribio chopMyIUpPOBAHHON paHee JIOKAJTHLHO-OTHOMEPHON Pa3HOCT-
HOI CXEMBI PEIINM CIIEAYIONIYIO 3a0a4y:

he=Le+1 z€Q,
C HAYaJIbHEIMU ¥ KPaeBLIMU yCJIOBUIMU

e(x,0) =0, z€Q,

e(z,t) =¢(t) z €S,

rae dyukims ¢ (t) > 0 BeIOUpaeTCs [IJIS BBIIOJHEHWS YCJIOBUS COTJIACOBA-
HUS TOpsnka | W MoXeT OBITH B3iTa, HampuMep, B Bume (t) = tx(¢) co
cpesatoreit pyukimeit x u3 [34]. [lo pasHocTHOMY peleHuto €7 Toil 3aKa4n
C TIOMOITIBIO TIPUBEIEHHOTO BBIIIIE AJITOPUTMa MOCTPOUM CIJIaliH S1. Torma
IByCTOpPOHHEE pellleHre 3aluCHIBaeTCI B BUE

s=s+as1+ 03 u, (7.65)

rnie o, 3 HaXOmAT CIIeNYIOIIUM 0Opa3oM:

8 = max {msa,x(g —s), mgx(uo(a:) — s(z, O))} : (7.66)

B = min {msin(g —s), m(%n(uo(a:) — s(a:,O))} ,

& = mgx(f — Li(s + B3))/Lsi,
a =min(f — Li(s + B))/Lsi,

bo]]

Liv = 0w — Lw.

JToka3aTeIbCTBO CyIIeCTBOBaHUS o, & U BKioueHus (7.65) moBTOpseT aHa-
JIOTMYHOE MOKA3aTeJIbCTBO U3 pasnena 7.4.

OlleHKY TIUPUHBI TOCTPOEHHOTO TBYCTOPOHHETO PEIIeHUs TTPOBeIeM I
MONEJILHOU 3a1a4u

u=Au+f, ze Q, (7.67)
u(z,0) =0, x€Q, (7.68)
u=0 x€S8.

Iasee GymeM canTaTh, YTO pelenne 3anaqn (7.67), (7.68) obnanaer cite-
IyIOIIel TIIagKOCThIO:

8ﬁu - C(Q), roe /8 = (/817/827/83)7 (769)
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Bi+B2+28<6 m ae€(0,1).
CropasemmuBa cienymormas [53]

Teopema 60. I[lycmv dag 3adawu (7.67), (7.68) evinoanenvt ycaosus
(7.69). Toeda dag pewenud u umeem MeCMO PA3AOHCEHUE

u = u+ hvy + Tus + (h4 + 7'2)777, T €  whr, (7.70)
ede Pynryuu vy, vy He 3asucam om h,T, a cemounadg Gynryug n’ oeparu-
yena

0%y, 0wy € C(Q), i,1=1,2, (7.71)
177 scwn, < e
O

HokaxeM, 9TO IMMUPUHA KOPUIOPA NBYCTOPOHHETO PEMIEHNT U MMeeT Ta-
KON e TOpPSANOK MAaJIOCTH, KaK IMOTPENTHOCTH UCXOMHOTO TMPUOIIMKEHHOTO
penteHus u’.

Teopema 61. I[ycmb evinoaneno ycaosue (7.69) u T, h maxosst, umo
Lisi > ¢ > 0 na Q. Tozda wupuna wids deéycmoponnezo pewenud 3a0auu
(7.67), (7.68) geagemcs seauuunoti O(h% + 1) pasnomepro na Q.

IHokaszaTenbcTBo. CTPYKTypa MOKa3aTeIbCTBAa COBIANaeT C TOW, YTO MC-
noJib3oBaHa B Teopeme 59. IlosToMy MBI M3JI0KUM €ro CXeMaTHYHO, yKa-
3aB TOJIBKO OCHOBHEIE >Tallbl. IlpemcTaBuM pasHOCTH U — § B BUIE CyMMEI
u—s=(u—s9)+ (sg—s3)+ (s3 — s), rme s9, S3 — CIUIAMHEL TOW XK€ CTPYK-
TYPHL, UYTO U S, T.€. JUHENHBIE 110 { U SPMUTOBHL CTEIEHN 3 10 T, To. OHUI
CTPOATCA IO CIIEAYIONINM JaHHBIM Ha (2, X @;:

S9 = u, 0159 = O1u, 0259 = Oou, O1289 = O12U;

S3 = U, (9153 = 8{116, (9253 = 831&, 81253 = d?d’;u

B y3max x € 0}, BREIXOOAIUX 3a Mpeneithl {), UCMoJib3yeTcs ryiagKoe Mpo-
noskenne pyukuuu u. Ha ocHoBanuu [36] mis pasHoCTH U — Sy CIIpaBENJINBA
OIleHKa

||8ﬁ(u - S2)||007Q = O(h2 + T)? /8 = (/817/827/83)7
B1+ Ba + 2063 < 2.

Isis 5Tux xe § 1o aHasormu ¢ pasmgesioM (7.1) mosygyaeTcs oleHKa

18" (s2 = 3)llc.0 = O(h* + 7).



HNureppanenas MmaTeMaTuka 205

n HaKOH€N, Ha OCHOBAHNN TC€OPEMBEI 60, JOKa3hIBa€TCAd OLIEHKA
187(s5 = 5)|c.0 = O(R* + 7).
I/ICHO.HL?)y}I TpHX IIOCJIEONHUE OLUCHKU, IIPUXOOVUM K BBIBOOY, UTO
lellx = [1L1(s = w)llx.0 = O(h* + 7). (7.72)

CorsacHO WHTEPIOINPYIOMM CBONCTBAM KyCOYHO-JIMHENHBIX (DY HKITII
18, 18] = O(r%). B cumy (7.66), (7.72) |al,|&| = O(h* + 7). HooTomy nisa

IIIPUHEL IBYCTOPOHHErO PEIIECHN BEHIIIOJHEHO PaBEHCTBO
widu = p(z,t) = wida - s1(z,t) + wid3 = O(h* + 7).0

Takum obpazom, MBI PACCMOTPEJI TIOCTPOEHNE MHTEPBAJILHBIX PeIIeHnN
IJIg YpaBHEHUN B YaCTHBIX MPOM3BOMHEIX. 19 HaX0XK IeHNST MHTEPBAILHBIX
PEeITeHNI MBI MCTIOJTE30BAJIN alloCTEPUOPHBIE OlleHKU morpenrHocTu. [lops-
IIOK CXOOUMOCTMU MOJIyYeHHBIX pelleHUI CoOBIIagaeT C MOPAOKOM CXOOUMOCTH
YNCJIEHHBIX pelleHnN.
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