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Fundamental constants
of nucleon-meson dynamics
O. BEDRIJ, W.I. FUSHCHYCH

Запропоновано новий феноменологiчний пiдхiд для обчислення констант протону та
нейтрону. В основу роботи покладено нестандартну iдею: стала Планка � та швид-
кiсть “свiтла” (мезону) c в нуклон-мезоннiй динамицi вiдмiннi вiд цих же констант
в квантовiй електродинамицi.

In this paper, we are proposing an approach to calculate fundamental physical
constants that characterize nucleon-meson dynamics. The approach is based on the
referenced papers [1, 2], and on the premise that fundamental constants are reducible
to mathematical relations and operations, which can be used to predict, define and
calculate other fundamental “natural” unit systems (quanta).
At the present, we have, when compared to available data on quantum electrody-

namics (electron-photon dynamics), very limited experimental fundamental constant
data for the proton and the neutron. Such constants as the neutron or proton radius,
or the Rydberg constant are not adequately defined in nucleon-meson dynamics.
From experiment, we know the mass and the charge of proton and neutron. Other

physical characteristics such as nuclear magneton. Compton wavelength of the proton
and the neutron are derived quantities, that incorporate � and c constants in the
relations. It is presently assumed in physics that electrodynamic constants of � and c
are applicable to characterization of nucleon-meson dynamics. Our calculations show
that constants � and c for nucleon-meson dynamics are different from the same
constants in quantum electrodynamics. This is natural, because the electron emits
a photon, while the nucleon emits a meson.
We propose that standard formulas for fundamental characteristics of proton and

neutron can be modified to represent the nucleon-meson constants and not electrody-
namic constants. Below we show the proposed modifications (Definitions of Quantities
are shown in [2]):

Standard Proposed
Relationships Relationships

Compton Wavelength of proton λp = �/mpc λp = �pmpvp

Compton Wavelength of neutron λn = �/mnc λn = �n/mnvn

Proton magneton µp = q�/2mpc µp = qp�p/2mpvp

Neutron magneton µn = q�/2mnc µn = qn�n/2mnvn

Proton radius rp = �pαfpmpvp, �p �= �

Neutron radius rn = �nαfn/mnvn, �n �= �

where vp and vn are velocities of mesons which are emitted by proton and neutron.
In our approach, we assume that:
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1. The physical relationships between quantities are the same for all inertial frames
of reference.
2. The scale-symmetry is a fundamental concept in all of physics, including the

photon, electron, meson, proton, neutron, etc.: that is, the scale-invariance of the
physical relationships between quantities with respect to the scale group.
3. Physical quantities have a fundamental relationship to, an equilibrium frame of

reference and that the equilibrium frame of reference is scale invariant [2].
When we consider that the laws of physics are invariant in all inertial frames

of reference, and that the scale-symmetry is a fundamental aspect of physical re-
lationships and constants, constant values that deal with quantum electrodynamics
(constants that satisfy physical relationships for electron mass, photon, Compton
wavelength, etc., ([2] — Table 1), are not applicable for the proton or neutron, which
have different masses and hence, different scales of reference.
Earlier [2] we stated that:

1 =
(
qx1
1 qx2

2 qx3
3 · · · qxs

s

)
/
(
pj11 p

j22pj33 · · · pjzz
)

(1)

or,

1 = Y ′/KX, (2)

where

Y ′ ≡ (
qx1
1 qx2

2 qx3
3 · · · pjzz

)
, (3)

1/KX ≡ (
pj1pj2pj33 · · · pjzz

)
, (4)

(qs)0 = 1, (q−1
s )0 = 1,

q1′ , q2′ , q3′ , . . . , qs′ , p1′ , p2′ , q3′ , . . . , pz′ are quantities,

x1′ , x2′ , x3′ , . . . , xs′ , j1′ , j2′ , j3′ , . . . , jz′ are real numbers,

K is the slope for line Y ′ = KX,

j, s, x, z = 1, 2, 3, . . . .

We require that the equations (1) and (2) are scale invariant. That is the equa-
tions (1) and (2) are invariant with respect to the following transformations:

q1 → q′1 = aq1, q2 → q′2 = aq2, q3 → q′3 = aq3, . . . , (5)

p1 → p′1 = ap1, p2 → p′2 = ap2, p3 → p′3 = ap3, . . . , (6)

where “a” is a scale transformation parameter, and all physical quantities (qs and pz)
have to be subjected to transformation. Hence, based on equations (1) and (2), it
follows that “1” is always invariant with respect to scale transformations (5) and (6).
Thus, electron, proton, and neutron constants are on the lines:

1 = Y ′/KeX, where Ke is the slope for electron line, (7)

1 = Y ′/KpX, where Kp is the slope for proton line, (8)

1 = Y ′/KnX, where Kn is the slope for neutron line, (9)
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Table 1. Fundamental Constants of Proton Dynamics

Symbols Constants Relationships of Quantities

Vop 1, 075827 · 10−36 Vop = m/d
hp 2, 667688 · 10−30 hp = W/f
mp 1, 672623 · 10−27 mp = F/Y
Sp 1, 440869 · 10−22 Cp = q/V
Lp 5, 635247 · 10−18 Lp = φ/i
φp 3, 491143 · 10−15 φp = F/H
Sp 1, 024662 · 10−12 Sp = V/E
Wp 2, 162829 · 10−12 Wp = Pt
λp 4, 435318 · 10−11 λp = v/f
αfp 1, 155117 · 10−2 αfp = S/2λ
1 1, 000000 · 100 1 = GR

R∞p 1, 504171 · 106 R∞p = α3
fp/S

Dp 1, 681364 · 107 Dp = q/A
Vp 3, 595937 · 107 Vp = H/D
Bp 3, 325110 · 109 Bp = E/v
Hp 6, 046079 · 1014 Hp = i/S
Ep 1, 195689 · 1017 Ep = V/S
fp 8, 107560 · 1017 fp = W/h

ωp 3, 509387 · 1019 ωp = (α)1/2

Table 2. Fundamental Constants of Neutron Dynamics

Symbols Constants Relationships of Quantities

Von 1, 077819 · 10−36 Von = m/d
hn 2, 671749 · 10−30 hn = W/f
mn 1, 674929 · 10−27 mn = F/Y
Cn 1, 442489 · 10−22 Cn = q/V
Ln 5, 640249 · 10−18 Ln = φ/i
φn 3, 493739 · 10−15 φn = F/H
Sn 1, 025295 · 10−12 Sn = V/E
Wn 2, 164127 · 10−12 Wn = Pt
λn 4, 437681 · 10−11 λn = v/f
αfn 1, 155214 · 10−2 αfn = S/2
1 1, 000000 · 100 1 = GR

R∞n 1, 503623 · 105 R∞n = α3
fp/s

Dn 1, 680739 · 107 Dn = q/A
Vn 3, 594539 · 107 Vn = H/D
Bn 3, 323482 · 109 Bn = E/v
Hn 6, 041484 · 1014 Hn = i/S
En 1, 194639 · 1017 En = V/S
fn 8, 100040 · 1017 fn = W/h

ωn 3, 505861 · 1019 ωn = (α)1/2

The equations (7)–(9) are straight lines in the X − Y ′ plane that go through the
Absolute frame of reference of 1. Therefore, all electron, proton, and neutron constants
are located on straight lines that have fixed slopes of Ke, Kp, and Kn, and a common
hidden Absolute frame of reference of 10◦ or 1. Note, because the lines with slopes
Ke, Kp, and Kn go through the center of equilibrium, it requires only one constant
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and the Absolute frame of reference of 1 to compute another set of constants for a new
particle.
We computed constants that characterize proton and neutron, by raising electrons

constant values ([2] — Table 1) to a power of the difference between the masses of
the proton (and neutron) and the electron [lnmp/me = 0, 89135 and lnmn/ lnme =
0, 89133]. Some of the calculations are listed in the Tables 1 and 2.

1. Bedrij O., Fundamental constants in quantum electrodynamics, Dopovidi Ukrainian Academy of
Sciences, 1993, № 3, 40–45.

2. Bedrij O., Scale invariance, unifying principle order and sequence of physical quantities and funda-
mental constants, Dopovidi Ukrainian Academy of Sciences, 1993, № 4, 67–73.
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On maximal subalgebras of the rank n − 1

of the conformal algebra AC(1, n)

A.F. BARANNYK, W.I. FUSHCHYCH

Проведено класифiкацiю максимальних пiдалгебр рангу n− 1 алгебри AC(1, n), якi
належать aлгeбpi AP̃ (1, n).

Consider the multidimensional eikonal equation(
∂u

∂x0

)2

−
(
∂u

∂x1

)2

− · · · −
(

∂u

∂xn−1

)2

= 1, (1)

where u = u(x) is a scalar function of the variable x = (x0, x1, . . . , xn−1), n ≥ 2.
In [1] it was established that the Lie algebra AC(1, n) of the group C(1, n) of the
Minkowski R1,n space with the metric x2

0−x2
1−· · ·−x2

n, where xn = u, is a maximal
algebra of the equation (1) invariance. The basis of the algebra AC(1, n) is formed by
such vector fields as:

Pα = ∂α, Jαβ = gαγxγ∂β − gβγxγ∂α, D = −xα∂α,
Kα = −2(gαβxβ)D − (gβγxβxγ)∂α,

where g00 = −g11 = · · · = −gnn = 1, gαβ = 0, when α �= β (α, β, γ = 0, 1, . . . , n).
The algebra AC(1, n) contains the Poincaré algebra AP (1, n) which is generated by
vector fields Pα, Jαβ and the extended Poincaré algebra AP̃ (1, n) = AP (1, n)+⊃ 〈D〉.
In order to reduce the equation (1) by subalgebras of the algebra AC(1, n), it

is necessary to describe all C(1, n)-nonequivalent subalgebras of this algebra. The
subalgebras K1 and K2 of the algebra AC(1, n) are called as C(1, n)-equivalent ones
if they have the same invariants with respect to C(1, n)-conjugation. Among C(1, n)-
equivalent algebras there exists one (maximal) subalgebra containing all the other
subalgebras. The maximal subalgebras K1 and K2 of the algebra AC(1, n) are equi-
valent if and only if K1 and K2 are C(1, n)-conjugated.
The maximal subalgebras of the rank n of the algebra AP (1, n) with respect to

P (1, n)-conjugation are described in [2]. The maximal subalgebras of the rank n of
the algebra AP̃ (1, n) with respect to P̃ (1, n)-conjugation are described in [3, 4].
The present article is a continuation of researches which were realized in [3, 4].
The full classification of the maximal subalgebras of the rank n − 1 of the algebra
AC(1, n) which are contained in the algebra AP̃ (1, n) has been carried out in the
present article. Ansatzes corresponding to these subalgebras reduce the equation (1)
to ordinary differential equations.
We will use the notations:

M = P0 + Pn, T =
1
2
(P0 − Pn), Ga = J0n − Jan, a = 1, . . . , n− 1,

AO[r, s] = 〈Jab | a, b = r, . . . , s〉, r ≤ s,

Доповiдi АН України, 1993, № 6, С. 38–41.
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AE[r, s] = 〈Pr, . . . , Ps〉+⊃ AO[r, s], r ≤ s,

AE1[r, s] = 〈Gr, . . . , Gs〉+⊃ AO[r, s], r ≤ s.

If s > r then AO[r, s] = 0, AE[r, s] = 0 by definition.
Let

Φ(r, s, γ) = 〈Gr + γPr, . . . , Gs + γPs〉+⊃ AO[r, s], r, s ∈ N, r ≤ s, γ ∈ R.

Let

Γd,q = U +⊃ F,

where F is the diagonal of AO[1, d] ⊕AO[d+ 1, 2d] ⊕ · · · ⊕AO[(q − 1)d+ 1, qd], and
U is the Abelian algebra which has the basis

G1 + γ1P1 + λ1P(q−1)d+1, . . . , Gd + γ1Pd + λ1Pqd,

Gd+1 + γ2Pd+1 + λ2P(q−1)d+1, . . . , G2d + γ2P2d + λ2Pqd,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
G(q−2)d+1 + γq−1P(q−2)d+1 + λq−1P(q−1)d+1, . . . , G(q−1)d +

+ γq−1P(q−1)d + λq−1Pqd,

where 0 ≤ γ1 < γ2 < · · · < γq−1, λ1 > 0, λ2 > 0, . . . , λq−1 > 0.
Results of the work [5] reduce the problem constructing invariants of any subalgeb-

ra of the algebra AP̃ (1, n) to the problem of constructing invariants of the irreducible
subalgebras of the orthogonal algebra AO(k) for all k ≤ n. The latter problem has
no solution in quadratures. Therefore, we shall restrict ourself considering of such
subalgebras of the algebra AP̃ (1, n) which projections onto AO[1, n] are subdirect
sums on the algebras AO[r, s]. Moreover, to find real solutions of the equation (1) it
is necessary to exclude from consideration such subalgebras of the algebra AP (1, n)
which with respect to equivalence contain P0 + Pn or P0. Therefore we prove the
following theorems.

Theorem 1. Let L be the maximal subalgebra of the rank n − 1 of the algebra
AP (1, n). Then L is C(1, n)-conjugated with one of the following algebras:
1) L1 = AE[1, n− 1];
2) L2 = AO[1,m] ⊕AE[m+ 1, n], m = 1, . . . , n, n ≥ 2;
3) L3 = AE1[1,m] ⊕AE[m+ 1, n− 1], m = 1, . . . , n− 1, n ≥ 2;
4) L4 = AO[1,m] ⊕AE[m+ 1, n− 1] ⊕ 〈J0n〉, m = 1, . . . , n− 1, n ≥ 3;
5) L5 = AO[0,m] ⊕AE[m+ 1, n− 1], m = 2, . . . , n− 1, n ≥ 3;
6) L6 = AO[0,m]⊕AO[m+1, q]⊕AE[q+1, n−1], m = 2, . . . , n−1, q = m+1, . . . , n,

n ≥ 3;
7) L7 = 〈G1 + P0 − Pn〉 ⊕AE[2, n− 1], n ≥ 2;
8) L8 = Φ(d0+1, d1, γ1)⊕· · ·⊕Φ(dt−1+1,m, γt)⊕AE[m+1, n−1], m = 1, . . . , n−1,

n ≥ 3;
9) L9 = 〈J0n + P1〉 ⊕AE[2, n− 1], n ≥ 2;
10) L10 = (AE1[1,m]⊕〈J0n+Pm+1〉)⊕AE[m+2, n−1], m = 1, . . . , n−2, n ≥ 3;
11) L11 = 〈J12 + P0〉 ⊕AE[3, n], n ≥ 2.

Theorem 2. Let L be the maximal subalgebra of the rank n − 1 of the algebra
AP̃ (1, n) which has a nonzero projection onto 〈D〉. Then L is C(1, n)-conjugated
with one of the following algebras:
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1) L1 = (AO[0, d] ⊕ AO[d + 1,m] ⊕ AO[m + 1, q] ⊕ AE[q + 1, n])+⊃ 〈D〉, d =
2, . . . , n− 2, m = d+ 1, . . . , n− 2, q = m+ 1, . . . , n− 1, 2n ≤ d+ q, n ≥ 4;
2) L2 = (AO[0,m]⊕AE[m+1, n− 2])+⊃ 〈D+αJn−1,n〉, m = 2, . . . , n− 2, n ≥ 4,

α > 0;
3) L3 = (AO[1,m] ⊕ AO[m + 1, q] ⊕ AE[q + 1, n])+⊃ 〈D〉, m = 2, . . . , n − 2,

q = m+ 2, . . . , n, 2m ≤ q, n ≥ 2;
4) L4 = (AE1[1,m] ⊕ AE[m + 1, n − 3])+⊃ 〈Jn−2,n−1 + cJ0n,D + αJ0n〉, m =

1, . . . , n− 3, n ≥ 4, c > 0, α ≥ 0;
5) L5 = (AO[1,m]⊕AO[m+1, q]⊕AE[q+1, n−1])+⊃ 〈D,J0n〉, m = 1, . . . , n−2,

q = m+ 1, . . . , n− 1, 2m ≤ q, n ≥ 3;
6) L6 = AE[3, n− 1]+⊃ 〈J12 + cJ0n,D + αJ0n〉, c > 0, α ≥ 0, n ≥ 3;
7) L7 = (AE1[1, d]⊕AO[d+1,m]⊕AE[m+1, n−1])+⊃ 〈D+αJ0n〉, d = 1, . . . , n−2,

m = d+ 1, . . . , n− 1, n ≥ 3, α ≥ 0;
8) L8 = (AO[1,m] ⊕ AE[m + 1, n − 1])+⊃ 〈D + αJ0n〉, m = 1, . . . , n − 1, n ≥ 2,

α ≥ 0;
9) L9 = (〈G1+2T 〉⊕AO[2,m]⊕AE[m+1, n−1])+⊃ 〈2D−J0n〉, m = 2, . . . , n−1,

n ≥ 3;
10) L10 = (AE1[1, d] ⊕ AO[d + 1,m] ⊕ AE[m + 1, n − 1])+⊃ 〈D + J0n + M〉,

d = 1, . . . , n− 2, m = d+ 1, . . . , n− 1, n ≥ 3;
11) L11 = (AO[1,m] ⊕ AE[m + 1, n − 1])+⊃ 〈D + J0n + M〉, m = 1, . . . , n − 1,

n ≥ 2;
12) L12 = (AE1[1,m] ⊕ AE[m + 1, n − 3])+⊃ 〈Jn−2,n−1 + αM,D + J0n + M〉,

m = 1, . . . , n− 3, n ≥ 4, α ≥ 0;
13) L13 = (AE1[1,m] ⊕ AE[m + 1, n − 3])+⊃ 〈Jn−2,n−1 + M,D + J0n〉, m =

1, . . . , n− 3, n > 4;
14) L14 = AE[3, n− 1]+⊃ 〈J12 + αM,D + J0n +M〉, n ≥ 3, α ≥ 0;
15) L15 = AE[3, n− 1]+⊃ 〈J12 +M,D + J0n〉, n ≤ 3;
16) L16 = (Γd,q ⊕AE[dq + 1, n− 1]+⊃ 〈D − J0n〉, d ≥ 2, n ≥ 5;
17) L17 = (Φ(d0 + 1, d1, γ1)⊕Φ(d1 + 1, d2, γ2)⊕ · · ·⊕Φ(dt−1 + 1, dt, γt)⊕AO[dt +

1,m] ⊕ AE[m + 1, n − 1])+⊃ 〈D − J0n〉, where d0 = 0, γ1 < γ2 < · · · < γt, t > 1,
m = 1, . . . , n− 2, n ≥ 3;
18) L18 = (Γd,q ⊕ Φ(l0 + 1, l1, µ1) ⊕ Φ(l1 + 1, l2, µ2) ⊕ · · · ⊕ Φ(lt−1 + 1, lt, µt) ⊕

AE[lt + 1, n− 1])+⊃ 〈D − J0n〉, where µ1 < µ2 < · · · < µt, t ≥ 1, l0 = dq.
L1–L11 and L1–L18 of the theorems 1 and 2 respectively and to carry out a

reduction of the equation (1). Consider, for example, the subalgebra L17. The ansatz

u2 =

[
−(x0 + xm] +

t∑
i=1

1
x0 − xm + γi

(
x2
di−1+1 + · · ·x2

di

)]
ϕ(ω) −

− x2
dt+1 − · · · − x2

m−1, ω = x0 − xm,

corresponds to this subalgebra. This ansatz reduces the equation (1) to equation
ϕϕ̇− ϕ = 0. Using the solution of this equation we find the following solution of the
equation (1):

u2 =

[
−(x0 + xm] +

t∑
i=1

1
x0 − xm + γi

(
x2
di−1+1 + · · · + x2

di

)]
×

× (x0 − xm + C) − x2
dt+1 − · · · − x2

m−1.
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Conditional symmetries of the equations
of mathematical physics
W.I. FUSHCHYCH

We briefly present the results of research in conditional symmetries of equations of
mathematical and theoretical physics: the Maxwell, D’Alembert, Schrödinger and KdV
equations, as well as the equations of heat conduction and acoustics. Exploiting condi-
tional symmetry, we construct a wide class of exact solutions of these equations, which
cannot be obtained by the classical method of Sophus Lie.

1. Introduction
The concept and terminology of conditional symmetry and conditional invariance

were introduced and developed in the series of articles [1–11] (see also Mathematical
Reviews for the years 1983–1993). Later, this concept was exploited by other authors
for the construction of solutions of various non-linear equations of mathematical phy-
sics. It turned out that nearly all the basic non-linear equations of mathematical
physics have non-trivial conditional symmetry [2, 9, 10].
We understand the conditional symmetry of an equation as being a symmetry (local

or non-local) of some non-trivial subset of its solution set (the formal definition of the
idea of conditional symmetry can be found in Appendix 4 of [2] and in the article [3]).
The general definition of conditional symmetry as the symmetry of a subset of the
set of solutions is non-constructive and requires further specification: the analytical
description of a condition (as an equation) on the solutions of the given equation,
which extend or alter the symmetry of the starting equation. Therefore, the basic
problem in the investigation of conditional symmetries is that of describing those
supplementary equations which increase or change the symmetry of the beginning
equation. This is very complex, non-linear problem in general (even in the case of
quite simple non-linear equations), which can often be significantly more complicated
than constructing solutions of the equation at hand. It is thus meaningful to talk of
the conditional symmetry of some class of equations.
Non-trivial conditional symmetries of a PDE (partial differential equation) allows

us to obtain in explicit form such solutions which can not be found by using the
symmetries of the whole set of solutions of the given PDE. Moreover, conditional
symmetries increase significantly the class of PDEs for which we can construct
ansatzes which reduce these equations to (systems of) ODEs (ordinary differential
equations). As a rule, the reduced equations one obtains from conditional symmetries
are significantly simpler than those found by reduction using symmetries of the full
set of solutions. This allows us to construct exact solutions of the reduced equations.
Looking back, we can say today, that many mathematicians, mechanicians and

physicists, such as Euler, D’Alembert, Poincaré, Volterra, Whittaker, Bateman, impli-
citly used conditional symmetries for the construction of exact solutions of the linear

in Proceedings of the International Workshop “Modern Group Analysis: Advanced Analytical and
Computational Methods in Mathematical Physics”, Editors N.H. Ibragimov, M. Torrisi, A. Valenti,
Dordrecht, Kluwer Academic Publishers, 1993, P. 231–239.
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wave equation. Some well-known solutions of this equation can not be obtained by
using only Lie symmetries of the full solution set.

2. Conditional symmetry of Maxwell’s equation
We shall first consider the first pair of Maxwell’s equations

∂E

∂t
= rotH,

∂H

∂t
= −rotE. (1)

The maximal invariance algebra (in the sense of Lie) of these equations is studied
in [2]. The basis elements of this algebra 〈∂0, ∂a, Jab,D〉 are

∂0 =
∂

∂x0
, ∂a =

∂

∂xa
, Jab = xa∂b − xb∂a + sab, a, b = 1, 2, 3,

D = xµ∂µ + const,
(2)

sab are 6 × 6 matrices realizing a representation of the group O(3). Thus the sys-
tem (1) is invariant under the four-dimensional translations ∂µ, the rotations Jab and
scale transformations D, but it is not invariant under the Lorentz boosts

J0a = x0∂a − xa∂0 + s0a, x0 = t, (3)

the matrices 〈s0a, sab〉 realizing a representation of the Lorentz group O(1, 3).
Theorem 1 ([2] 1983, [15] 1987). The system (1) is conditionally invariant under
the Lorentz boosts (3) if and only if the solutions of (1) satisfy the conditions

div E = 0, div H = 0. (4)

It is evident from this theorem, that the concept of conditional invariance of
a PDE is natural, and leads us, by purely group-theoretic means, to the fundamental,
overdetermined system of Maxwell’s equations.

3. Conditional symmetry of the wave equation
We now examine the non-linear D’Alembert equation

�u = F (u), u = u(x0, x1, x2, x3), (5)

F (u) being an arbitrary, smooth function. Equation (5) has conformal symmetry
C(1, 3) if and only if F = λu3 or F = 0 (see for instance [8, 10]). This is the
maximal symmetry of all of the solution set of equation (5). For an arbitrary function,
(5) admits only the symmetry groups P (1, 3).
Theorem 2 ([5], 1985). Equation (5), with F = 0 is conditionally invariant under
the infinite-dimensional algebra with basis elements

X = ξµ(x, u)
∂

∂xµ
+ η(x, u)

∂

∂u
, (6)

ξµ(x, u) = c00(u)xµ + cµν(u)xν + dµ(u), η(x, u) = η(u), (7)

where c00(u), cµν(u), dµ(u), η(u) are arbitrary functions of u, if one imposes the
condition

∂u

∂xµ

∂u

∂xµ
= 0. (8)
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In this way, the eikonal equation (8), significantly increases the symmetry of the
starting equation (5). The system of equations (5), (8), with F = 0, is consistent.

Theorem 3 ([10, 15], 1988, 1989). The equation (5) is conditionally invariant
under the conformal group, if

F =
3λ
u+ c

, (9)

∂u

∂xµ

∂u

∂xµ
= λ, (10)

where λ, c are arbitrary constants. The operators of conformal symmetry are

Kµ = 2xµD − (xαxα − u2)
∂

∂xµ
, µ = 0, 1, 2, 3,

D = xµ
∂

∂xµ
+ u

∂

∂u
.

(11)

Remark. It is important to note, that the operators (11) differ principally from the
conformal operators for equation (5), when F = 0 or F = λu3. In those cases, the
conformal operators are

K̂µ = 2xµD − xαx
α ∂

∂xµ
, D = xµ

∂

∂xµ
. (12)

The operators (11) are non-linear, whereas those in (12) are linear.

Thus the wave equation (5), (9), with non-linear condition (10), has a symmetry
possessed by neither the solution set for the linear equation, nor that for the nonlinear
equation.

4. Criteria for conditional symmetry
Let us consider some PDE

L(x, u(1), u(2), . . . , u(n)) = 0,
u(1) = (u0, u1, . . . , un), u(2) = (u01, u02, . . . , unn), . . . ,

uµ =
∂u

∂xµ
, uµν =

∂2u

∂xµ∂xν
, . . . .

(13)

Definition 1 (S. Lie, 1884). Equation (13) is invariant with respect to the opera-
tor (6) if

XsL = λL, (14)

where Xs is the s-th prolongation of (6), and λ = λ(x, u) is an arbitrary function.

Let us denote by the symbol

Q = 〈Q1, Q2, . . . , Qr〉 (15)

some set of operators which does not belong to the invariance algebra (IA) of equa-
tion (13).
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Definition 2 ([2], 1987). Equation(13) is said to be conditionally invariant under
the operators Q from (15), if there exists a supplementary condition on the solutions
of (13) of the form

L1(x, u, u(1), . . . , u(n)) = 0 (16)

such that (13) together with (16) is invariant under the Q.
Thus one has the following conditions

QsL = λ0L+ λ1L1, (17)

QsL1 = λ2L+ λ3L1 (18)

or

QsL
∣∣∣ L = 0
L1 = 0

= 0, QsL1

∣∣∣ L = 0
L1 = 0

= 0. (19)

An important class of supplementary conditions (16) is that for which the equation
L1 = 0 is a quasi-linear equation of first order

L1(x, u, u(1)) ≡ Qu = 0, (20)

Q = yµ(x, u)
∂

∂xµ
+ z(x, u)

∂

∂u
(21)

with yµ, z being smooth functions. In this case, we shall say that (13) is Q-conditio-
nally invariant.
In this way, the problem of finding the conditional symmetry of (13) reduces to

the solution of the equations (17), (18). The conditions (16), (20) can be considered
as equations for the construction of ansatzes for the starting equation (13). The
problem of calculating the conditional symmetry is far more complicated than the
usual method of Lie for finding the symmetry of the full solution set. In the case
of conditional symmetries, the defining equations are, as a rule, non-linear equations
which can be solved in only some cases. Fortunately, for most of the equations of
non-linear mathematical physics, one can construct partial solutions of the defining
equations.

5. A list of equations with non-trivial conditional symmetry
Conditional symmetries began to be exploited only quite recently, and the first

publications appeared only in 1983 [1, 2]. Now, the number of articles in this are
is increasing rapidly with each year, and therefore it is difficult to give a complete
list (for 1992) of important equations of mathematical physics possessing conditional
symmetry. So I shall only give those equations which we have studied and which are
interested from our Kievan point of view. We have put in brackets the year(s) when
the conditional symmetry of the given equation was found. More detailed information
about ansatzes and solutions of the above equations are to be found in the original
articles, a list of which are given in [2, 9, 11].

1. u0 + u11 = F (u) =


λu(u2 − 1),
λ(u3 − 3u+ 2),
λu3,

λu(u3 + 1).

(1988, 1990)
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2. iu0 + ∆u+ F (|u|)u = 0,

F (|u|) = λ1|u|4/r + λ2|u|−4/r, F (|u|) = λ3 ln(u∗u),
λ1, λ2, r arbitrary, real; λ3 arbitrary, complex.

(1990)

3. u00 = u∆u, u00 = c(x, u, u(1))∆u. (1987, 1988)

4. u01 − (F (u)u1)1 − u22 − u33 = 0. (1990)

5. u0 + ∇(F (u)∇u) = 0. (1988)

6. u0 + F (u)uk1 + u111 = 0. (1991)

7. u0 + (ϕ(u))11 +
N

x1
(ϕ(u))1 = F (u),

u0 + u11 +
3

2x1
u1 = λu3,

u0 + uu11 +
N

x1
uu1 = λu+ λ2.

(1992)

8. u0 + (u∇)u = −1
ρ
∇p,

ρ0 + div (ρu) = 0, p = f(ρ), p =
1
2
ρ2.

(1992)

9. γµ∂µΨ + F (Ψ̄Ψ)Ψ = 0. (1989)

10. (1 − uαu
α)�u+ uµuνuµν = 0. (1989)

6. Conditional symmetry and exact solutions of KdV type equations
To illustrate the constructive nature of conditional symmetries, we shall examine

the equation

u0 + F (u)uk1 + u111 = 0, (22)

where F (u) is a smooth function, k �= 0 is an arbitrary, real parameter. When F (u) =
u, k = 1, equation (22) coincides with the standard KdV equation.
Theorem 4 ([11], 1991). Equation (22) is Q-conditionally invariant with respect to
the following operators

Q = xr0∂1 +H(x, u)∂u (23)

with r an arbitrary, real parameter, in the following cases

1. F (u) = λ1u
(2−k)/k + λ2u

(1−k)/2, H(x, u) =
(
λ1k

2

)−1/k

u1/2; (24)

2. F (u) = (λ1 lnu)1−k, H(x, u) = (kλ1)−1/k; (25)

3. F (u) = (λ1 arcsinu+ λ2)(1 − u2)(1−k)/2,

H(x, u) = (kλ1)−1/k(1 + u2)1/2;
(26)
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4. F (u) = (λ1 sinh−1 u+ λ2)(1 + u2)(1−k)/2,

H(x, u) = (kλ1)−1/k(1 + u2)1/2;
(27)

5. F (u) = λ1u, H(x, u) = (kλ1)−1/k, (28)

where r = 1/k, k �= 0, λ1, λ2 are arbitrary, real parameters.
Exploiting the operator of conditional symmetry (23), one can construct ansatzes

for the solutions of equation (22), some of which I now exhibit.
The ansatz

u =

(
x1

2

(
kλ1x0

2

)−1/k

+ ϕ(x0)

)2

gives the solution

u =

(
x1

2

(
kλ1x0

2

)−1/k

+ λx
−1/k
0 − λ2/λ1

)2

when F (u) is as in (24). The ansatz

u = exp
(
ϕ(x0) + (kλ1x0)−1/kx1

)
gives the solution

u = exp
(
−k(kλ1)−3/k

k − 2
x

1−3/k
0 + λx

−1/k
0 + (kλ1x0)−1/kx1 − λ2/λ1

)
when F (u) is as in (25) with k �= 2. The ansatz

u = sin
(
ϕ(x0) + (kλ1x0)−1/kx1

)
gives the solution

u = sin
(
k(kλ1)−3/k

k − 2
x

1−3/k
0 + λx

−1/k
0 + (kλ1x0)−1/kx1 − λ2/λ1

)
for k �= 2.
Theorem 5 ([12], 1990). The equation

u01 − (F (u)u1)1 − u22 − u33 = 0 (29)

is invariant under under the infinite-dimensional algebra

X = ai(u)Ri, i = 1, . . . , 12, (30)

where ai(u) are arbitrary, smooth functions, if one adds to (29) the condition

u0u1 − F (u)u2
1 − u2

2 − u2
3 = 0. (31)

The operators Ri are given as follows:

Rµ+1 = ∂µ, µ = 0, . . . , 3, R5 = x3∂2 − x2∂3, R6 = x2∂1 + 2x0∂2,

R7 = x3∂1 + 2x0∂3, R8 = xµ∂µ,



Conditional symmetries of the equations of mathematical physics 15

R9 = x0∂0 + 2x1∂1 + 3x2∂2 + 3x3∂3 − 2
F (u)
Ḟ (u)

∂u, R10 = Ḟ (u)x0∂1 − ∂u,

R11 = x2∂0 + 2(x1 + F (u)x0)∂2, R12 = x3∂0 + 2(x1 + F (u)x0)∂3.

7. Antireduction
In [10], we have begun work on antireduction. By the term antireduction of a

PDE we understand the finding of such ansatzes which transform the given PDE into
a system of equations for some (unknown, and to be found) functions. In this process,
the number of independent variables may remain the same, or be reduced (dimensional
reduction), but the number of dependent variables increases. As a rule, one usually
exploits the converse of this, that is, one reduces to a system with fewer dependent
variables (reduction of components). To illustrate the effectiveness of antireduction,
we consider the equation for short waves in gas dynamics

2u01 − 2(x1 + u1)u11 + u22 + 2λu1 = 0. (32)

We impose the condition[
u111x

3/2
1

]
1

= 0 (33)

on (32). The general solution of (33) is

u = x
3/2
1 ϕ1 + x2

1ϕ
2 + x1ϕ

3 + ϕ4 (34)

with ϕi = ϕi(x0, x2), i = 1, 2, 3, 4 being arbitrary functions. Using (34) as an ansatz,
equation is reduced to a system with two independent variables

ϕ3 = 0, ϕ1
22 = 0, ϕ2

22 = 0, ϕ4
22 =

9
4
(ϕ2)2,

ϕ1
0 = ϕ1

(
3ϕ2 +

1
2
− λ

)
, ϕ2

0 = 2ϕ2
2 − ϕ2(1 − λ).

(35)

Solving the system (35), we found exact solutions of the starting equation (32) [11].
The above results are only a sample of those already obtained. They illustrate the

very fruitful nature of conditional symmetry and conditional invariance, and I hope
that I have been able to demonstrate that there are new aspects to this concept which
are yet to be exploited fully.
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Invariants of one-parameter subgroups
of the conformal group C(1, n)
W.I. FUSHCHYCH, L.F. BARANNIK, V.I. LAGNO

Дослiжена структура iнварiантiв одної з основних груп симетрiї математичної фiзи-
ки — конформної групи C(1, n) у просторi Мiнковського R(1, n) для n ≥ 3. Зокрема,
побудованi noвнi системи iнварiантiв однопараметричних пiдгруп групи C(1, n).

The conformal group C(1, n) of transformations in the Minkovsky space R(1, n)
takes the central place among the invariance Lie groups of mathematical physics [1].
Our interest in the functional invariants of one-parameter subgroups has been mo-
tivated by their application in finding solutions of diferential equations. In Ref. [2]
substitution (ansatz)

u(x) = f(x)ϕ(ω) + g(x) (1)

for construction of exact solutions of multi-dimensional equations is proposed. In
ansatz (1) the unknown function ϕ(ω) depends on the complete system of functional
invariants ω1, ω2, . . . , ωm of the one-parameter subgroups of the invariance Lie group
of the given equation.
In this paper complete systems of functional invariants of one-parameter subgroups

of the conformal group C(1, n) (n ≥ 3) are obtained. It should be noted that analogous
problem for Poincaré groups P (1, n) and P (2, n) in Refs. [3] and [4] is determined.
It is known that to each local Lie group corresponds its Lie algebra, in particular,

to group C(1, n) corresponds Lie algebra AC(1, n). Generators Pα, J0a, Jab, D, Kα

(α = 0, n, a, b = 1, n generate the basis of Lie algebra AC(1, n). We shall consider
the Lie algebra AC(1, n) as algebra of differential operators determined in the space
of scalar functions u(x) (x ∈ R(1, n)):

Pα = −∂α = − ∂

∂xα
, Jαβ = xα∂β − xβ∂α, xα = gαβx

β ,

gαβ = (1,−1, . . . ,−1) × δαβ , D = −xα∂α, Kα = 2xαD + s2∂α

(s2 ≡ xαxα = x2
0 − x2

1 − . . .− x2
n), α, β = 0, n.

(2)

It should be noted that the Lie algebra AC(1, n) (2) is an invariance algebra of
many differential equations [1].
The function F (x) (x ∈ R(1, n)) is the invariant of the on-parameter subgroups of

the group C(1, n) if and only if it is the solution of the differential equation

Lu = 0, (3)

where L is the corresponding one-dimensional subalgebra of the Lie algebra AC(1, n)
(2) (see, for example, [5]).
Consequently, the problem of finding of invariants of one-parameter subgroups,

of the group C(1, n) is reduced to finding the system of functionally-independent

Доповiдi АН України, 1993, № 3, С. 45–48.
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solutions of equation (3). Such systems of functionally-independent solutions of equa-
tion (3) will be called complete systems of invariants (CSI) of the corresponding
one-dimensional subalgebras of the algebra AC(1, n).
Lie algebra AP (1, n) = 〈Pα, Jαβ |α = 0, n, β = 1, n〉 is subalgebra the algebra

AC(1, n). CSI of one-dimensional subalgebras of the algebra AP (1, n) are constructed
in [3]. Consequently, we shall describe CSI of the one-dimensional subalgebras of the
factor algebra AC(1, n)/AP (1, n).
One-dimensional subalgebras of the algebra AC(1, n)/AP (1, n) are such algebras

[3, 6]:

L1 = 〈D + αJ0n〉 (0 < α ≤ 1); L2 = 〈D + J0n +M〉;
L3 = 〈Xt + αD + βJ0n〉 (α ≥ β ≥ 0, α �= 0);
L4 = 〈Xt + α(D + J0n +M)〉 (α > 0);
L5 = 〈J12 + β1J34 + · · · + βn

2 −1Jn−1,n + γD〉
(n ≡ 0 (mod 2), γ > 0, 0 ≤ β1 ≤ · · · ≤ βn

2 −1 ≤ 1);
L6 = 〈S + T 〉; L7 = 〈S + T ±M〉;
L8 = 〈Xt + α(S + T )〉 (α > 0); L9 = 〈S + T + αZ〉 (α > 0);
L10 = 〈Xt + α(S + T ) ±M〉 (α > 0);
L11 = 〈Xt + S + T +G1 + P2〉; L12 = 〈Xt + α(S + T ) + βZ〉 (α, β > 0);
L13 = 〈P0 +K0〉; L14 = 〈α(P0 +K0) + J12〉 (α > 0);
L15 = 〈α(P0 +K0) + J12 + β1J34 + · · · + βsJ2s+1,2s+2〉
(α > 0; 0 < β1 ≤ . . . ≤ βs ≤ 1; s = 1, 2, . . . , [(n− 2)/2]);
L16 = 〈α(P0 + L0) + J12 + γ1J34 + · · · + γn−3

2
Jn−2,n−1 + γn−1

2
(Kn − Pn)〉

(α > 0, 0 < γ1 ≤ · · · ≤ γn−1
2

≤ 1);

L17 = 〈J12 + γ1J34 + · · · + γn−1
2

(Kn − Pn)〉
(0 < γ1 ≤ · · · ≤ +γn−1

2
≤ 1),

(4)

where

Xt = α1J12 + α2J34 + · · · + αtJ2t−1,2t

(α1 = 1, 0 ≤ α2 ≤ · · · ≤ αt if t �= 1; t = 1, 2, . . . , [(n− 1)/2]),
M = P0 + Pn, T = 1

2 (P0 − Pn), S = 1
2 (K0 +Kn), G1 = J01 − J1n,

Z = J0n −D. In algebras L16 and L17 value n is an odd number.
Let y = y(x) = x0 + xn, z = z(x) = x0 − xn, ha = ha(x) = x2

2a−1 + x2
2a,

ϕa = ϕa(x) = arctg x2a

x2a−1
, ψ = ψ(x) = x2

1 + x2
2 + · · · + x2

n−1.

Record L : f1(x), f2(x), . . . , fs(x) designates that functions f1(x), f2(x), . . . , fs(x)
form CSI of the algebra L.

Theorem. Following functions are CSI of one-dimensional subalgebras of the algeb-
ra AC(1, n)/AP (1, n):

L1 : zx−1−α
1 , yxα−1

1 , x2x
−1
1 , x3x

−1
1 , . . . , xn−1x

−1
1 ;
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L2 : y − ln |z|, y − 2 ln |x1|, x2x
−1
1 , x3x

−1
1 , . . . , xn−1x

−1
1 ;

L3 : zαx−α−β2t+1 , yαxβ−α2t+1, αϕ1 − α1 ln |x2t+1|, αϕ2 − α2 ln |x2t+1|, . . . ,
αϕt − αt ln |x2t+1|, h1x

−2
2t+1, h2x

−2
2t+1, . . . , htx

−2
2t+1, x2t+2x

−1
2t+1,

x2t+3x
−1
2t+1, . . . , xn−1x

−1
2t+1;

L4 : zx−2
2t+1, y − 2 ln |x2t+1|, αϕ1 − α1 ln |x2t+1|, αϕ2 − α2 ln |x2t+1|, . . . ,

αϕt ln |x2t+1|, h1x
−2
2t+1, h2x

−2
2t+1, . . . , htx

−2
2t+1, h2x

−2
2t+1, . . . , htx

−2
2t+1,

x2t+2x
−1
2t+1, x2t+3x

−1
2t+1, . . . , xn−1x

−1
2t+1;

L5 : lnh1 − 2γϕ1, β1 lnh1 − 2γϕ2, . . . , βn
2 −1 lnh1 − 2γϕn

2
lnh1 − 2γϕn

2
,

x2
0h

−1
1 , h2h

−1
1 , . . . , h3h

−1
1 , . . . , hn

2
h−1

1 ;
L6 : (1 + z2)x−2

1 , y − zψ(1 + z2)−1, x2x
−1
1 , x3x

−1
1 , . . . , xn−1x

−1
1 ;

L7 : y ± 2 arctg z − z(1 + z2)−1ψ, (1 + z2)x−2
1 , x2x

−1
1 ,

x3x
−1
1 , . . . , xn−1x

−1
1 ;

L8 : y − z(1 + z2)−1ψ, (1 + z2)h−1
1 , αϕ1 − α1 arctg z, x2

2t+1h
−1
1 , h2h

−1
1 ,

h3h
−1
1 , . . . , hth

1
1, α2ϕ1 − α1ϕ2, α3ϕ1 − α1ϕ3, . . . ,

αtϕ1 − α1ϕt, x2t+2x
−1
2t+1, x2t+3x

−1
2t+1, . . . , xn−1x

−1
2t+1;

L9 : 2α arctg z + ln(x2
1(1 + z2)−1), 2α arctg z + ln(y + zψ(1 + z2)−1),

x2x
−1
1 , x3x

−1
1 , . . . , xn−1x

−1
1 ;

L10 : αy ± 2 arctg z − αz(1 + z2)−1ψ, αϕ1 − α1 arctg z, (1 + z2)h−1
1 ,

x2
2t+1h

−1
1 , h2h

−1
1 , h3h

−1
1 , . . . , hth

−1
1 , x2t+2x

−1
2t+1, x2t+3x

−1
2t+1, . . . ,

xn−1x
−1
2t+1, α2ϕ1 − α1ϕ2, α3ϕ1 − α1ϕ3, . . . , αtϕ1 − α1ϕt;

L11 : (1 + z2)x−2
2t+1, (x1 + zx2)(1 + z2)−1, ϕ2 − α2 arctg z,

y + 2(x1 + zx2)(1 + z2)−1 arctg z − zψ(1 + z2)−1,

arctg z − (x2 − zx1)(1 + z2)−1, h2x
−2
2t+1, h3x

−2
2t+1, . . . , htx

−2
2t+1,

x2t+2x
−1
2t+1, x2t+3x

−1
2t+1, . . . , xn−1x

−1
2t+1;

L12 : 2β arctg z + α ln |y − zψ(1 + z2)−1|, 2β arctg z + α lnh1(1 + z2)−1,

αϕ1 − α1 arctg z, α2ϕ1 − α1ϕ2, α3ϕ1 − α1ϕ3, . . . , αtϕ1 − α1ϕt,

h2h
−1
1 , h3h

−1
1 , . . . , hth

−1
1 , x2t+2x

−1
2t+1, x2t+3x

−1
2t+1, . . . , xn−1x

−1
2t+1;

L13 : (yz − ψ + 1)x−1
1 , x2x

−1
1 , x3x

−1
1 , . . . , xnx

−1
1 ;

L14 : 2αϕ1 − arctg((yz − ψ − 1)(2x0)−1), (yz − ψ + 1)x−1
3 ,

h1x
−1
3 , x4x

−1
3 , x5x

−1
3 , . . . , xnx

−1
3 ;

L15 : 2αϕ1 − arctg((yz − ψ − 1)(2x0)−1), (yz − ψ + 1)2h−1
1 , β1ϕ1 − ϕ2,

β2ϕ1 − ϕ3, . . . , βsϕ1 − ϕs+1, h2h
−1
1 , h3h

−1
1 , . . . , hs+1h

−1
1 ,

x2
2s+3h

−1
1 , x2s+4x

−1
2s+3, x2s+5x

−1
2s+3, . . . , xnx

−1
2s+3;

L16 : 2αϕ1 − arctg((yz − ψ − 1)(2x0)−1),
2γn−1

2
ϕ1 − arctg((yz − ψ + 1)(2xn)−1), ((yz − ψ − 1)2 + 4x2

0)(4h1)−1,

h2h
−1
1 , h3h

−1
1 , . . . , hn−1

2
h−1

1 , γ1ϕ1 − ϕ2, γ2ϕ1 − ϕ3, . . . ,

γn−3
2
ϕ1 − ϕn−1

2
;

L17 : 2γn−1
2
ϕ1 − arctg((yz − ψ + 1)(2xn)−1), (yz − ψ − 1)x−1

0 , γ1ϕ1 − ϕ2,

α2ϕ1 − ϕ3, . . . , γn−3
2
ϕ1 − ϕn−1

2
, h2h

−1
1 , h3h

−1
1 , . . . , hn−1

2
h−1

1 , h1x
−2
0 .



20 W.I. Fushchych, L.F. Barannik, V.I. Lagno

Values of numerical parameters are given in expression (4).
In order to prove the theorem it is sufficient to verify that each CSI satisfies the

equation (3).
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Системи нелiнiйних еволюцiйних рiвнянь
другого порядку, iнварiантнi вiдносно
алгебри Галiлея та її розширень
В.I. ФУЩИЧ, Р.М. ЧЕРНIГА

New classes of systems of nonlinear evolution equations are constructed which are
invariant in regard to the Galilei algebra and its extentions (including operators of
scale and projective transformations). New nonlinear generalisation of the Schödinger
equation are proposed which retain Galilean symmetry of the linear equation.

Нижче розглядаються системи нелiнiйних двовимiрних параболiчних рiвнянь
вигляду

λ1ψ
(1)
t = A11ψ(1)

xx +A12ψ(2)
xx +B(1), λ2ψ

(2)
t = A21ψ(1)

xx +A22ψ(2)
xx +B(2), (1)

де Anm = Anm(ψ(1), ψ(2), ψ
(1)
x , ψ

(2)
x ), B(n) = B(n)(ψ(1), ψ(2), ψ

(1)
x , ψ

(2)
x ) — довiльнi

комплекснi або дiйснi функцiї, неперервно диференцiйованi за всiма змiнними,

λn ∈ C, ψ(n)
t = ∂ψ(n)

∂t , ψ
(n)
x = ∂ψ(n)

∂x , ψ(n)
xx = ∂2ψ(n)

∂x2 , ψ(n) = ψ(n)(t, x) — шуканi
комплекснi або дiйснi функцiї, iндекси n i m скрiзь набувають значень 1, 2.
Система рiвнянь (1) узагальнює практично всi вiдомi двовимiрнi системи ево-

люцiйних рiвнянь другого порядку, якими описуються найрiзноманiтнiшi процеси
у фiзицi, хiмiї, бiологiї (досить згадати процеси тепломасопереносу, фiльтрацiї дво-
фазної рiдини, дифузiї при хiмiчних реакцiях, руху популяцiї в природi тощо) [1].
У випадку комплексних функцiй ψ = ψ(1) = ψ∗(2), C = A11 = A∗22, D =

A12 = A∗21, B = B(1) = B∗(2), λ1 = λ∗2 = i система рiвнянь (1) перетворюється на
пару комплексно спряжених рiвнянь, якi iнтерпретуватимемо як клас нелiнiйних
узагальнень рiвняння Шредiнгера, а саме:

iψt = Cψxx +Dψ∗
xx +B, (2a)

−iψ∗
t = C∗ψ∗

xx +D∗ψ∗
xx +B∗ (2b)

(нижче комплексно спряженi рiвняння (2b) скрiзь опущено). Очевидно, що при
C = k ∈ R, D = B = 0 рiвняння (2a) перетворюється на класичне рiвняння
Шредiнгера з нульовим потенцiалом

iψt = kψxx, 0 �= k ∈ R. (3)

Шляхом вiдповiдного вибору функцiї B(ψ,ψ∗, ψx, ψ∗
x) можна одержати найрiзно-

манiтнiшi нелiнiйнi узагальнення рiвняння (3), якi зустрiчаються в лiтературi
[2, 4].
Вiдомо, що лiнiйне рiвняння (3) iнварiантне вiдносно узагальненої алгебри

Галiлея AG2(1, 1) з базовими операторами [3, 4]

Pt = ∂t, Px = ∂x, (4a)

Доповiдi АН України, 1993, № 8, С. 44–51.
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Gx = t∂x − x

2k
J, J = i(ψ∂ψ − ψ∗∂ψ∗), (4b)

D = 2t∂t + x∂x + α(ψ∂ψ + ψ∗∂ψ∗), (4c)

Π = tD − t2∂t − x2

4k
J, α = −1

2
, (4d)

де ∂t = ∂
∂t , ∂x = ∂

∂x , ∂ψ = ∂
∂ψ , ∂ψ∗ = ∂

∂ψ∗ .
Алгебру, утворену операторами (4a), (4b), називають алгеброю Галiлея

AG(1, 1), а її розширення за допомогою оператора (4с) позначимо AG1(1, 1). Вiд-
значимо, що симетрiя багатовимiрних систем рiвнянь (1) при Anm = Anm(ψ(1),
ψ(2)), A12 = A21 = 0 дослiджена в роботi [4]. Проте для математичного мо-
делювання деяких процесiв необхiдно вимагати, щоб A12 �= 0, A21 �= 0 (див.,
наприклад, [2, 5]). З iншого боку, в останнi роки запропоновано деякi нелiнiй-
нi рiвняння Шредiнгера [6, 7], якi, згiдно з висновками роботи [4], не зберiга-
ють галiлеївську симетрiю лiнiйного рiвняння (3). Це пiдкреслює необхiднiсть
побудови систем рiвнянь вигляду (1), iнварiантних вiдносно ланцюжка алгебр
AG(1, 1) ⊂ AG1(1, 1) ⊂ AG2(1, 1).
Розглянемо алгебру Галiлея з зображенням (4а) i

Gx = t∂x − x

2
Jλ, Jλ = λ1ψ

(1)∂ψ(1) + λ2ψ
(2)∂ψ(2) . (5)

Теорема 1. Система нелiнiйних рiвнянь (1) iнварiантна вiдносно алгебри Галi-
лея з зображенням (4а), (5) тодi i тiльки тодi, коли вона має вигляд

1) у випадку λ1λ2 �= 0

λ1ψ
(1)
t = g11

(
ψ(1)
xx − (ψ(1)

x )2

ψ(1)

)
+ g12ψ

(1)

ψ(2)

(
ψ(2)
xx − (ψ(2)

x )2

ψ(2)

)
+

+ ψ(1)

f (1) +

(
ψ

(1)
x

ψ(1)

)2
 ,

λ2ψ
(2)
t = g21ψ

(2)

ψ(1)

(
ψ(1)
xx − (ψ(1)

x )2

ψ(1)

)
+ g22

(
ψ(2)
xx − (ψ(2)

x )2

ψ(2)

)
+

+ ψ(2)

f (2) +

(
ψ

(2)
x

ψ(2)

)2
 ,

(6)

де gnm = gnm(v, vx), f (n) = f (n)(v, vx) — довiльнi функцiї,

v = (ψ(1))λ2(ψ(2))−λ1 , vx =
∂v

∂x
≡
(
λ2
ψ

(1)
x

ψ(1)
− λ1

ψ
(2)
x

ψ(2)

)
v;

2) у випадку λ1 = 0, λ2 = λ �= 0

0 = g11ψ(1)
xx + g12ψ

(1)

ψ(2)

(
ψ(2)
xx − (ψ(2)

x )2

ψ(2)

)
+ ψ(1)f (1),

λψ
(2)
t = g21ψ

(2)

ψ(1)
ψ(1)
xx + g22

(
ψ(2)
xx − (ψ(2)

x )2

ψ(2)

)
+ ψ(2)

f (2) +

(
ψ

(2)
x

ψ(2)

)2
 ,

(7)
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де gnm = gnm(ψ(1), ψ
(1)
x ), f (n) = f (n)(ψ(1), ψ

(1)
x ) — довiльнi функцiї.

Доведення теореми 1, як i теорем 2, 3, грунтується на класичнiй схемi Лi, ре-
алiзацiя якої для знаходження галiлей-iнварiантних систем наведена в роботi [8].
Оскiльки викладки досить громiздкi, ми їх опускаємо.

Наслiдок 1. В класi нелiнiйних рiвнянь (2) алгебру AG(1, 1) (4a)–(4b) лiнiйного
рiвняння Шредiнгера (3) зберiгають тiльки такi:

i

k
ψt = g(1)

(
ψxx − (ψx)2

ψ

)
+ g(2) ψ

ψ∗

(
ψ∗
xx −

(ψ∗
x)

2

ψ∗

)
+ ψ

(
f +

(
ψx
ψ

)2
)
, (8)

де g(n) = g(n)(|ψ|, |ψ|x), f = f(|ψ|, |ψ|x) — довiльнi функцiї, |ψ| =
√
ψψ∗, |ψ|x =

∂|ψ|
∂x .

Легко помiтити, що рiвняння (8) при g(1) = 1, g(2) = 0 i f = a|ψ|β , β ∈ R

перетворюється на вiдоме рiвняння Шредiнгера зi степеневою нелiнiйнiстю, а при
g(1) = 0, g(2) = −1, f = −4|ψ|2x|ψ|−6 + a|ψ|2, a ∈ C — на рiвняння

i

k
ψt = − ψ

ψ∗ψ
∗
xx + aψ|ψ|2 − 2ψ

|ψx|2
|ψ|2 , (9)

яке за структурою нагадує рiвняння [6, 7]

iψt = c1ψxx + aψ|ψ|2 − cψ
|ψx|2
|ψ|2 , c1, c ∈ C. (10)

Вiдзначимо, що рiвняння (10), на вiдмiну вiд (9), не iнварiантне вiдносно алгебри
Галiлея, оскiльки воно не належить класу (8).
Розглянемо алгебри AG1(1, 1) i AG2(1, 1), якi є розширеннями алгебри Галiлея

AG(1, 1) (4а), (5), за допомогою операторiв

D = 2t∂t + x∂x + Iα, (11a)

Π = t2∂t + tx∂x − x2

4
Jλ + tIα, (11b)

де Iα = α1ψ
(1)∂ψ(1) +α2ψ

(2)∂ψ(2) , αn ∈ C (для рiвняння Шредiнгера (3) α1 = α2 =
α, λ1 = λ∗2 = i

k ). Виявляється, що класифiкацiя систем рiвнянь, iнварiантних
вiдносно алгебр AG1(1, 1) i AG2(1, 1), суттєво залежить вiд значення визначника

δ =
∣∣∣∣ α1 α2

λ1 λ2

∣∣∣∣, який, зокрема, при λ1 = 0, λ2 = λ �= 0 дорiвнює λα2.

Теорема 2. Система нелiнiйних рiвнянь (1) iнварiантна вiдносно алгебри
AG1(1, 1) з базовими операторами (4a), (5), (11a) тодi i тiльки тодi, коли
вона має вигляд
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1) у випадку λ1λ2 �= 0

λ1ψ
(1)
t = h11

(
ψ(1)
xx − (ψ(1)

x )2

ψ(1)

)
+ h12ψ

(1)

ψ(2)

(
ψ(2)
xx − (ψ(2)

x )2

ψ(2)

)
+

+ ψ(1)

v− 2
δW (1) +

(
ψ

(1)
x

ψ(1)

)2
 ,

λ2ψ
(2)
t = h21ψ

(2)

ψ(1)

(
ψ(1)
xx − (ψ(1)

x )2

ψ(1)

)
+ h22

(
ψ(2)
xx − (ψ(2)

x )2

ψ(2)

)
+

+ ψ(2)

v− 2
δW (2) +

(
ψ

(2)
x

ψ(2)

)2
 ,

де hnm = hnm(θ), W (n) = W (n)(θ) — довiльнi функцiї,

θ = vxv
1
δ −1 ≡

(
λ2
ψ

(1)
x

ψ(1)
− λ1

ψ
(2)
x

ψ(2)

)
,

якщо δ �= 0 або, якщо δ = 0 — вигляд

λ1ψ
(1)
t = h11

(
ψ(1)
xx − (ψ(1)

x )2

ψ(1)

)
+ h12ψ

(1)

ψ(2)

(
ψ(2)
xx − (ψ(2)

x )2

ψ(2)

)
+

+ ψ(1)

v2
xW

(1) +

(
ψ

(1)
x

ψ(1)

)2
 ,

λ2ψ
(2)
t = h21ψ

(2)

ψ(1)

(
ψ(1)
xx − (ψ(1)

x )2

ψ(1)

)
+ h22

(
ψ(2)
xx − (ψ(2)

x )2

ψ(2)

)
+

+ ψ(2)

v2
xW

(2) +

(
ψ

(2)
x

ψ(2)

)2
 ,

де hnm = hnm(v), W (n) = W (n)(v) — довiльнi функцiї, (v, vx — див. теорему 1).
2) у випадку λ1 = 0, λ2 = λ �= 0

0 = h11ψ(1)
xx + h12ψ

(1)

ψ(2)

(
ψ(2)
xx − (ψ(2)

x )2

ψ(2)

)
+ (ψ(1))1−2/α1W (1),

λψ
(2)
t = h21ψ

(2)

ψ(1)
ψ(1)
xx + h22

(
ψ(2)
xx − (ψ(2)

x )2

ψ(2)

)
+

+ ψ(2)

(ψ(1))−
2

α1W (2) +

(
ψ

(2)
x

ψ(2)

)2
 ,
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де hnm = hnm(θ0), W (n) = W (n)(θ0) — довiльнi функцiї, θ0 = ψ
(1)
x (ψ(1))

1
α1

−1,
якщо α1 �= 0 або, якщо α1 = 0 — вигляд

0 = h11ψ(1)
xx + h12ψ

(1)

ψ(2)

(
ψ(2)
xx − (ψ(2)

x )2

ψ(2)

)
+ ψ(1)(ψ(1)

x )1W (1),

λψ
(2)
t = h21ψ

(2)

ψ(1)
ψ(1)
xx + h22

(
ψ(2)
xx − (ψ(2)

x )2

ψ(2)

)
+

+ ψ(2)

(ψ(1)
x )2W (2) +

(
ψ

(2)
x

ψ(2)

)2
 ,

де hnm = hnm(ψ(1)), W (n) = W (n)(ψ(1)) — довiльнi функцiї.

Наслiдок 2. В класi нелiнiйних рiвнянь (2) алгебру AG1(1, 1) (4a)–(4b), (11a)
лiнiйного рiвняння Шредiнгера (3) зберiгають тiльки такi:

i

k
ψt = h(1)

(
ψxx − (ψx)2

ψ

)
+ h(2) ψ

ψ∗

(
ψ∗
xx −

(ψ∗
x)

2

ψ∗

)
+

+ ψ

(
|ψ|− 2

αW +
(
ψx
ψ

)2
)
,

(12)

де h(n) = h(n)
(
|ψ|x|ψ| 1

α−1
)
, W = W

(
|ψ|x|ψ| 1

α−1
)
— довiльнi функцiї, α = α1 =

α2 — параметр в операторi Iα, α �= 0.

Теорема 3. Система нелiнiйних рiвнянь (1) iнварiантна вiдносно узагальненої
алгебри Галiлея AG2(1, 1) з базовими операторами (4а), (5), (11) тодi i тiльки
тодi, коли вона має вигляд

1) у випадку λ1λ2 �= 0

λ1ψ
(1)
t = h11

(
ψ(1)
xx − (ψ(1)

x )2

ψ(1)

)
− λ1

λ2
(h11 + 2α1)

ψ(1)

ψ(2)

(
ψ(2)
xx − (ψ(2)

x )2

ψ(2)

)
+

+ ψ(1)

v− 2
δW (1) +

(
ψ

(1)
x

ψ(1)

)2
 ,

λ2ψ
(2)
t = −λ2

λ1
(h22 + 2α2)

ψ(2)

ψ(1)

(
ψ(1)
xx − (ψ(1)

x )2

ψ(1)

)
+ h22

(
ψ(2)
xx − (ψ(2)

x )2

ψ(2)

)
+

+ ψ(2)

v− 2
δW (2) +

(
ψ

(2)
x

ψ(2)

)2
 ,

де hnn = hnn(θ), W (n) = W (n)(θ) — довiльнi функцiї (v, θ — див. теореми 1, 2),
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якщо δ �= 0 або, якщо δ = 0 — вигляд

λ1ψ
(1)
t = h11

(
ψ(1)
xx − (ψ(1)

x )2

ψ(1)

)
− λ1

λ2
(h11 + 2α1)

ψ(1)

ψ(2)

(
ψ(2)
xx − (ψ(2)

x )2

ψ(2)

)
+

+ ψ(1)

v2
xW

(1) +

(
ψ

(1)
x

ψ(1)

)2
 ,

λ2ψ
(2)
t = −λ2

λ1
(h22 + 2α2)

ψ(2)

ψ(1)

(
ψ(1)
xx − (ψ(1)

x )2

ψ(1)

)
+ h22

(
ψ(2)
xx − (ψ(2)

x )2

ψ(2)

)
+

+ ψ(2)

v2
xW

(2) +

(
ψ

(2)
x

ψ(2)

)2
 ,

де hnn = hnn(v), W (n) = W (n)(v) — довiльнi функцiї;
2) у випадку λ1 = 0, λ2 = λ �= 0

0 = h11ψ(1)
xx + (ψ(1))1−2/α1W (1), (13a)

λψ
(2)
t = h22ψ

(2)

ψ(1)
ψ(1)
xx − 2α2ψ

(2)
xx (1 + 2α2)

(ψ(2)
x )2

ψ(2)
+ ψ(2)(ψ(1))−2/α1W (2), (13b)

де hnn = hnn(θ0), W (n) = W (n)(θ0) — довiльнi функцiї (θ0 — див. теорему 2),
якщо α1 �= 0 або, якщо α1 = 0

0 = h11ψ(1)
xx + ψ(1)(ψ(1)

x )2W (1), (14a)

λψ
(2)
t = h22ψ

(2)

ψ(1)
ψ(1)
xx − 2α2ψ

(2)
xx + (1 + 2α2)

(ψ(2)
x )2

ψ(2)
+ ψ(2)(ψ(1)

x )2W (2), (14b)

де hnn = hnn(ψ(1)), W (n) = W (n)(ψ(1)) — довiльнi функцiї.

Варто зауважити, що для AG2(1, 1)-iнварiантних систем рiвнянь (13), (14) зна-
чно простiше вирiшується питання їх iнтегрування. Дiйсно, завдяки вiдсутностi
шуканої функцiї ψ(2) у перших рiвняннях цих систем, вони перетворюються на
звичайнi диференцiальнi рiвняння другого порядку. Загальний розв’язок рiвняння
(14a) для довiльних функцiй h11, W (1) у неявному виглядi записується так:∫ [

exp
∫
W (1)/h11dψ(1)

]
dψ(1) + e−a(t)ψ(1) = x+ b(t),

Проiнтегрувавши цi рiвняння i пiдставивши знайденi розв’язки ψ(1)(t, x) в (13b)
i (14b), одержимо рiвняння для знаходження функцiї ψ(2), якi лiнеаризуються
замiною Φ = (ψ(2))−1/2α2 , α2 �= 0.
Таким чином, для вiдшукання функцiї Φ(t, x) в обох випадках одержуємо лi-

нiйне рiвняння вигляду

λ
∂Φ
∂t

= −2α2
∂2Φ
∂x2

+ ΦF (t, x),
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для iнтегрування якого можна вибрати той чи iнший класичний метод залежно
вiд конкретного значення функцiї

F (t, x) =


(ψ(1))−2/α1

(
W (2) −W (1)h

22

h11

)
, ψ(1)(t, x) — розв’язок (13a),

(ψ(1)
x )2

(
W (2) −W (1)h

22

h11

)
, ψ(1)(t, x) — розв’язок (14a).

Наслiдок 3. В класi нелiнiйних рiвнянь (2) алгебру AG2(1, 1) лiнiйного рiвняння
Шредiнгера (3) зберiгають тiльки такi рiвняння:

i

k
ψt = h

(
ψxx − (ψx)2

ψ

)
+ (h− 1)

ψ

ψ∗

(
ψ∗
xx −

(ψ∗
x)

2

ψ∗

)
+

+ ψ

(
|ψ|4W +

(
ψx
ψ

)2
)
,

(15)

де h = h
(|ψ|x|ψ|−3

)
, W = W

(|ψ|x|ψ|−3
)
— довiльнi функцiї.

У випадку h = 1, W = 0 рiвняння (15) переходить у лiнiйне рiвняння (3), а при
h = 1 — у рiвняння [4, 8]

iψt = kψxx + ψ|ψ|4W,
яке в свою чергу при W = λ1 + λ2|ψ|x|ψ|−3, λ1, λ2 ∈ C зводиться до [10]

iψt = kψxx + λ1ψ|ψ|4 + λ2ψ|ψ||ψ|x. (15′)

Зауважимо, що при k = −1, λ1 = −1, λ2 = −4 рiвняння (15′) вiдоме в лiтературi
як рiвняння Екгауса [11], проте, наскiльки нам вiдомо, досi нiхто не вказував на
такий факт:

Наслiдок 4. Рiвняння Екгауса iψt+ψxx+ψ|ψ|4+4ψ|ψ||ψ|x = 0 зберiгає симетрiю
лiнiйного рiвняння Шредiнгера, тобто алгебру з базовими операторами (4).
Разом з тим клас рiвнянь (15) мiстить таке нетривiальне узагальнення рiвняння

(3), що зберiгає його симетрiю, як

iψt = −k ψ
ψ∗ψ

∗
xx + kψ

((
ψx
ψ

)2

+
(
ψ∗
x

ψ∗

)2
)
. (16)

Зазначимо, що в рiвняннi (16) потенцiал

V =
(
ψx
ψ

)2

+
(
ψ∗
x

ψ∗

)2

= 2
(
2|ψ|2x − |ψx|2

)
/|ψ|2

— дiйсна функцiя.
При h = 0, W = −4

(|ψ|x|ψ|−3
)2 + a рiвняння (15) зводиться до рiвняння

i

k
ψt = − ψ

ψ∗ψ
∗
xx + aψ|ψ|4 − 2ψ

|ψx|2
|ψ|2 . (17)

Рiвняння (17) поряд з (9), (10) логiчно iнтерпретувати як нелiнiйнi рiвняння Шре-
дiнгера. Проте на противагу рiвнянням (9), (10), рiвняння (17) повнiстю зберiгає
симетрiю, тобто алгебру iнварiантностi AG2(1, 1) лiнiйного рiвняння (3).
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Виявляється, що вислiди, одержанi в теоремах 1, 2, 3, неможливо тривiальним
чином узагальнити на багатовимiрний випадок. Про це свiдчить

Теорема 4. В класi нелiнiйних (n+ 1)-вимiрних еволюцiйних систем

λkψ
(k)
t = Ak1ab(ψ

(1), ψ(2), ψ
1

(1), ψ
1

(2))ψ(1)
ab +Ak2ab(ψ

(1), ψ(2), ψ
1

(1), ψ
1

(2))ψ(2)
ab +

+B(k)(ψ(1), ψ(2), ψ
1

(1), ψ
1

(2)),
(18)

де k = 1, 2, ψ(k) = ψ(k)(t, x1, . . . , xn), ψ
1

(k) = (ψ(k)
1 , . . . , ψ

(k)
n ), ψ(k)

a = ψ(k)

∂xa
, ψ(k)

ab =

∂2ψ(k)

∂xa∂xb
, Akk1ab , B(k) — достатньо гладкi функцiї вiд 2(n+ 1) аргументiв, iнварi-

антними вiдносно алгебри Галiлея AG(1, n) [4] є тiльки системи вигляду

λkψ
(k)
t = Akk0

(
∆ψ(k) − ψ

(k)
a ψ

(k)
a

ψ(k)

)
+

ψ(k)

ψ(k1)
Akk10

(
∆ψ(k1) − ψ

(k1)
a ψ

(k1)
a

ψ(k1)

)
+

+Akk
∂v

∂xa

∂v

∂xb

(
ψ

(k)
ab − ψ

(k)
a ψ

(k)
b

ψ(k)

)
+

+
ψ(k)

ψ(k1)
Akk1

∂v

∂xa

∂v

∂xb

(
ψ

(k1)
ab − ψ

(k1)
a ψ

(k1)
b

ψ(k1)

)
+

+ ψ(k)B
(k)
0 +

ψ
(k)
a ψ

(k)
a

ψ(k)
, k, k1 = 1, 2, k �= k1,

(19)

де Ak1k20 , Ak1k2 , B(k)
0 — довiльнi функцiї аргументiв v = (ψ(1))λ2(ψ(2))−λ1 , θ =

∂v
∂xa

∂v
∂xa

. За iндексами a, b, що повторюються, слiд пiдсумовувати вiд 1 до n,
k2 = 1, 2.

Наслiдок 5. У випадку, коли система рiвнянь (19) являє собою пару комплексно
спряжених рiвнянь, одержуємо клас нелiнiйних узагальнень рiвняння Шредiн-
гера

iψt = A(1)

(
∆ψ − ψaψa

ψ

)
+

ψ

ψ∗A
(2)

(
∆ψ∗ − ψ∗

aψ
∗
a

ψ∗

)
+ ψB +

ψaψa
ψ

+

+A(3)(ψψ∗)a(ψψ∗)b

(
ψab − ψaψb

ψ

)
+

ψ

ψ∗A
(4)(ψψ∗)a(ψψ∗)b

(
ψ∗
ab −

ψ∗
aψ

∗
b

ψ∗

)
,

(20)

якi зберiгають алгебру AG(1, n) лiнiйного (n + 1)-вимiрного рiвняння Шредiн-
гера.

У рiвняннях (20) A(j), j = 1, 2, 3, 4, B — довiльнi функцiї вiд двох аргументiв
ψψ∗, (ψψ∗)a(ψψ∗)a, (ψψ∗)a ≡ ∂(ψψ∗)

∂xa
. Зокрема, клас рiвнянь (20) мiстить такi

нетривiальнi узагальнення рiвняння Шредiнгера, якi не мають аналогiв у класi
двовимiрних рiвнянь (2), як

iψt = k∆ψ + λ|ψ|α|ψ|a|ψ|b
(
ψab − ψaψb

ψ

)
,
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iψt = k∆ψ + λ
|ψ|a|ψ|b
|ψ|a1 |ψ|a1

(
ψab − ψaψb

ψ

)
,

iψt = k∆ψ + λ|ψ|a|ψ|b
(
ψab − ψaψb

ψ
+

ψ

ψ∗

(
ψ∗
ab −

ψ∗
aψ

∗
b

ψ∗

))
,

де iндекси a, a1, b = 1, 2, . . . , n, |ψ|2a ≡ (ψψ∗)a, λ, α ∈ C, k ∈ R.
Серед класу рiвнянь (20) вдається видiлити пiдклас рiвнянь вигляду

iψt = ∆ψ +A0

[
∆ψ − ψaψa

ψ
+

ψ

ψ∗

(
∆ψ∗ − ψ∗

aψ
∗
a

ψ∗

)]
+ ψ|ψ|4/nB0 +

+
|ψ|a|ψ|b
|ψ|2+4/n

A

[
ψab − ψaψb

ψ
+

ψ

ψ∗

(
ψ∗
ab −

ψ∗
aψ

∗
b

ψ∗

)]
,

(21)

якi зберiгають симетрiю AG2(1, n) лiнiйного (n+1)-вимiрного рiвняння Шредiнге-
ра. В рiвняннi (21) A0, A i B0 — довiльнi функцiї вiд аргумента |ψ|a|ψ|a|ψ|−2−4/n,
який є диференцiальним iнварiантом узагальненої алгебри Галiлея AG2(1, n) [4].
Наведемо кiлька прикладiв AG2(1, n)-iнварiантних узагальнень рiвняння Шредiн-
гера, якi не мають аналогiв у класi двовимiрних рiвнянь (2), а саме:

iψt = k∆ψ + λ
|ψ|a|ψ|b
|ψ|a1 |ψ|a1

|ψ|2ab
|ψ|2 ψ,

iψt = ∆ψ + α
∆|ψ|2
|ψ|2 ψ + λ

|ψ|a|ψ|b
|ψ|4+4/n

|ψ|2abψ,

iψt = −k ψ
ψ∗∆ψ∗ + k

(
ψaψa
ψ2

+
ψ∗
aψ

∗
a

ψ∗2

)
ψ + λ

|ψ|a|ψ|b
|ψ|a1 |ψ|a1

|ψ|2ab
|ψ|2 ψ.

(22)

Для побудови рiвнянь (22) було використано тотожностi

|ψ|ab =
∂2(ψψ∗)
∂xa∂xb

,

∆ψ − ψaψa
ψ

+
ψ

ψ∗

(
∆ψ∗ − ψ∗

aψ
∗
a

ψ∗

)
≡ ∆|ψ|2 − 4|ψ|a|ψ|a

|ψ|2 ψ,[
ψab − ψaψb

ψ
+

ψ

ψ∗

(
ψ∗
ab −

ψ∗
aψ

∗
b

ψ∗

)]
≡ [|ψ|a|ψ|b|ψ|2ab − 4(|ψ|a|ψ|a)2

] ψ

|ψ|2 .

На закiнчення вiдзначимо, що наслiдки 1–3 можна одержати шляхом констру-
ювання рiвнянь (8), (12), (13) за допомогою диференцiальних iнварiантiв алгебр
AG(1, 1), AG1(1, 1), AG2(1, 1), повний набiр яких описано в роботi [9].
Детальнiшому розгляду деяких конкретних еволюцiйних систем, описаних у

теоремах 1–3, у випадку дiйсних функцiй ψ(1), ψ(2) буде присвячена окрема пу-
блiкацiя.
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Умовна симетрiя та новi зображення
алгебри Галiлея для нелiнiйних рiвнянь
параболiчного типу

В.I. ФУЩИЧ, В.I. ЧОПИК

An effective method for finding conditional symmetry operators is constructed for a class
of Galilei noninvariant parabolic equations. The obtained operators form a basis of the
Galilei algebra. The additional conditions, under which the extension of a symmetry is
possible, are obtained. For the equations under consideration, the anti-reduction is carri-
ed out and some exact solutions are found by using the conditional Galilei-invariance of
its differential consequences.

Для класу Галiлей-неiнварiангних рiвнянь параболiчного типу запропоновано кон-
структивний метод знаходження операторiв умовної симетрiї, якi утворюють базис
алгебри Галiлея. Описанi додатковi умови, при яких можливе розширення симетрiї.
Проведено антиредукцiю, а також знайденi деякi точнi розв’язки розглядуваного не-
лiнiйного рiвняння, виходячи з умовної галiлей-iнварiантностi його диференцiальних
наслiдкiв.

Вступ. В роботi [1] вказано на такий парадоксальний факт: серед нелiнiйних
рiвнянь теплопровiдностi

u0 + ∂a(f1(x, u)ua) = f2(x, u), (1)

де

u0 = ∂/∂x0, x0 ≡ t, ∂a = ∂/∂xa, ua = ∂/∂xa, x = (x1, . . . , xn), a = 1, n,

якi широко застосовуються в рiзних областях математики та фiзики, немає жодно-
го рiвняння, для якого б виконувався принцип вiдносностi Галiлея. З симетрiйної
точки зору це значить, що рiвняння (1) нi при яких f1, f2 таких, що f1 �= const,
f2 �= const одночасно, не допускає алгебри Галiлея. Але виявляється, що з мно-
жини розв’язкiв рiвняння (1) можна видiлити пiдмножини, якi залишаються iн-
варiантними при перетвореннях Галiлея. Природньо постає питання знаходження
цих розв’язкiв. Цi пiдмножини розв’язкiв можна знаходити, використовуючи опе-
ратори умовної симетрiї рiвняння [2], а також, як буде показано нижче, оператори
умовної галiлей-iнварiантностi його диференцiйних наслiдкiв.
Iснує конструктивний метод для знаходження операторiв Q-умовної симет-

рiї [2]. Основним недолiком цих операторiв є те, що вони не утворюють алгебри
Лi. В роботах [3, 4] побудовано деякi оператори умовної симетрiї для рiвнянь ти-
пу (1), якi утворюють алгебру разом з базисними операторами симетрiї Лi, цього
рiвняння. Зауважимо, що алгоритмiчного методу знаходження операторiв умовної
симетрiї, якi утворювали б алгебру Лi, до цього часу не iснує.

Укр. мат. журн., 1993, 45, № 10, С. 1433–1443.
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В данiй роботi на прикладi нелiнiйного рiвняння

(∂0 + ua∂a)h(x, u) − ∆u = F (u), (2)

де

hu �= 0, ∆ = ∂2/∂xa∂xa, a = 1, n,

n — число просторових змiнних, запропоновано конструктивний метод знаходже-
ння алгебри умовної iнварiантностi. Цей метод грунтується на вимозi того, щоб
оператори симетрiї Лi рiвняння разом з операторами умовної симетрiї утворювали
базис алгебри Галiлея. Причому розглядаються рiзнi зображення алгебри Галiлея,
якi допускає рiвняння типу (2). Завдяки цьому вдається описати додатковi умови,
при яких можливi такi розширення симетрiї.
Процес знаходження алгебри умовної iнварiантностi ми розiб’ємо на кiлька

етапiв: перший етап — видiлення з класу рiвнянь (2) рiвняння, для якого можливе
розширення симетрiї до алгебри Галiлея; другий етап — знаходження зображення
алгебри Галiлея, iнварiантнiсть вiдносно якого ми будемо вимагати вiд видiленого
нами рiвняння; третiй етап — знаходження умов, при яких наше рiвняння умовно
галiлей-iнварiантне.
Очевидно, що наша робота буде мати змiст лише у тому випадку, коли одержа-

на перевизначена система рiвнянь буде сумiсною. У цiй статтi питання сумiсностi
ми окремо дослiджувати не будемо, але наведемо деякi нетривiальнi розв’язки
одержаних перевизначених систем.
1. Iнварiантнiсть вiдносно перетворень типу Галiлея. Опишемо всi дiйснi

функцiї h, F такi, при яких рiвняння (2) iнварiантне вiдносно операторiв

Xa = f(x0)∂a + g(x0)xa∂u, ∂u = ∂/∂u, (3)

якi породжують такi скiнченнi перетворення:

x0 → x′0 = x0, xa → x′a = xa + vaf(x0),
u→ u′ = u+ (xaνa + (1/2)v2f(x0))g(x0).

Зауважимо, що цi перетворення при f(x0) = x0 спiвпадають з перетвореннями
Галiлея.
За формулами Лi (див., наприклад, [2]) знайдемо друге продовження операто-

рiв (3):

(2)

X = X + (g′xa − f ′ua)∂u0 + g∂ua
, де ∂u0 = ∂/∂u0 , ∂ua

= ∂/∂ua
,

i подiємо ним на рiвняння (2). В результатi одержимо такi умови:

huugxa + huaf = 0, a = 1, n, (4)

−f ′hu + 2ghu + fhaa + gxahau = 0, (5)

g′huxa + hag − F ′gxa = 0. (6)

Для знаходження розв’язку системи рiвнянь (4)–(6) розглянемо два таких випад-
ки: hu = const та hu �= const.
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Випадок 1: hu = const. Не зменшуючи загальностi, можна прийняти, що hu =
1. У цьому випадку рiвняння (4) виконується тотожньо. Оскiльки h = h(u, x),
а функцiї f i g залежать тiльки вiд x0 то рiвняння (5) розпадається на такi
рiвняння:

haa = β, f ′ − 2g = βf, β ∈ R. (7)

Диференцiюючи рiвняння (6) по u, одержуємо умову на F :

F ′′ = 0 ⇔ F = αu+ α1, {α, α1} ⊂ R. (8)

Враховуючи (7), (8), пiсля диференцiювання рiвняння (6) по xa маємо

g′ + (β − α)g = 0 ⇒ g = λ exp{(α− β)x0}. (9)

Пiдставляючи (9) в (7), одержуємо умову на f(x0):

f ′ − βf = 2λ exp{(α− β)x0}.
Розв’язок останнього рiвняння знаходиться у виглядi f = A(x0) exp{βx0}, де
A(x0) задовольняє рiвняння

A′ = 2λ exp{(α− β)x0}.
Iнтегруючи це рiвняння, маємо

A =


2λ

α− 2β
exp{(α− 2β)x0} + λ1 при α �= 2β,

2λx0 + λ1 при α = 2β.

Остаточно одержуємо

f =


2λ

α− 2β
exp{(α− 2β)x0} + λ1 exp{βx0} при α �= 2β,

2λx0 exp{βx0} + λ1 exp{βx0} при α = 2β.
(10)

Пiдсумовуючи попереднi результати, одержуємо, що рiвняння

u0 + uaua + βxaua − ∆u = αu, α ∈ R, (11)

допускає оператори Xa, що визначаються (3), (9), (10) (використовуючи замiну
u = u′ − α1/α, константу α1 в (8) можна прирiвняти до нуля).

Зауваження 1. Рiвняння (11) при β = α/2−1 спiвпадає з рiвнянням ренорм-групи
(RG) Вiльсона [5, 6]. Симетрiя Лi цього рiвняння знайдена в [7]. Пiдкреслимо,
що випадок α = 2β не виконується для рiвняння RG Вiльсона.
2. При β = 0 рiвняння (11) замiною

u = ln v, (12)

зводиться до нелiнiйного рiвняння теплопровiдностi

v0 − ∆v = αv ln v. (13)

Симетрiйнi властивостi цього рiвняння дослiдженi в роботi [4]. Далi ми покажемо,
що рiвняння (13) може допускати ще одне зображення алгебри Галiлея.
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Знайдемо максимальну алгебру iнварiантностi (МАI) рiвняння (11).

Теорема 1. МАI рiвняння (11) задається таким набором базисних операторiв:

1) P0 = ∂0, X(1)
a = exp{βx0}∂a Jab = xa∂b − xb∂a, M = exp{αx0}∂u,

X(2)
a = exp{(α− β)x0}

{
2

α− 2β
∂a + xa∂u

}
при α �= 2β;

(14)

2) P0, X(1)
a = exp{βx0}∂a, Jab, M = exp{2βx0}∂u,

X(2)
a = exp{βx0}{2x0∂a + xa∂u} при α = 2β.

(15)

Доведення теореми проводиться за схемою Лi [2]. Оператори X(1)
a , X(2)

a одер-
жуються iз Xa при λ = 0 та λ1 = 0 вiдповiдно. Базиснi оператори (14) задоволь-
няють такi комутацiйнi спiввiдношення:

[P0,X
(1)
a ] = βX

(1)
a , [P0,M ] = αM,

[P0,X
(2)
a ] =

{
cX

(2)
a при α �= β, α �= 2β,

0 при α = 2β,

[P0, Jab] = [X(1)
a ,M ] = [Jab,M ] = [X(1)

a ,X
(1)
b ] = [X(2)

a ,X
(2)
b ] = 0,

[X(1)
a ,X

(2)
b ] = δabM, [X(1)

a , Jbc] = δabX
(1)
c − δabX

(1)
b ,

[X(2)
a , Jbc] = δabX

(2)
c − δacX

(2)
b ,

[Jab, Jcd] = δacJbd + δbdJac − δbcJad − δadJbc, c ∈ R.

З цих спiввiдношень випливає, що у кожному з випадкiв: 1) β = 0; 2) α = β;
3) α �= β; α �= 2β; рiвнянню (11) вiдповiдає iнша алгебра Лi. Жодна з цих алгебр
не є алгеброю Галiлея (про алгебру Галiлея див. [2, 8]).
Для випадку, коли α = 2β, оператори (15) задовольняють спiввiдношення

[P0,X
(1)
a ] = βX(1)

a , [P0,X
(2)
a ] = βX(2)

a + 2X(1)
a , [P0,M ] = 2βM,

[P0, Jab] = [X(1)
a ,M ] = [Jab,M ] = [X(1)

a ,X
(1)
b ] = [X(2)

a ,X
(2)
b ] = 0,

[X(1)
a ,X

(2)
b ] = δabM, [X(1)

a , Jbc] = δabX
(1)
c − δacX

(1)
b ,

[X(2)
a , Jbc] = δabX

(2)
c − δacX

(2)
b ,

[Jab, Jcd] = δacJbd + δbdJac − δbcJad − δadJbc.

(16)

З (16) випливає, що при β = 0 алгебра, що породжується операторами (15), за-
довольняє стандартнi комутацiйнi спiввiдношення алгебри Галiлея AG(1, n). Але
цей випадок не викликає зацiкавлення, оскiльки при α = 2β = 0 рiвняння (11)
замiною (12) зводиться до лiнiйного рiвняння теплопровiдностi (13) (α = 0). На-
далi при α = 2β ми розглядатимемо тiльки випадок, коли β �= 0. У цьому випадку
з (16) випливає, що рiвняння (11) також не допускає алгебри Галiлея.
Випадок 2: hu �= const. Для цього випадку розв’язок системи (4)–(6) задається

так:

hu = d1(u− λx2/2), ha = λd1xa(5λx2 − u) + d2, F ′ = α, dk ∈ R,

а функцiї f i g iз (3) мають вигляд

f = d exp{λx0}, g = λd exp{λx0}, d ∈ R.
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Тобто рiвняння

hu(u0 + uaua) + haua − ∆u = αu

iнварiантне вiдносно перетворень типу Галiлея, що породжуються (3). Надалi ми
обмежимося розглядом рiвняння (11).

2. Знаходження потрiбних представлень алгебри Галiлея. З комутацiйних
спiввiдношень для (14), (15) випливає, що всi оператори, за винятком P0 задоволь-
няють комутацiйнi спiввiдношення алгебри Галiлея. В роботi [4] показано, що для
алгебри Лi рiвняння (13) (частковий випадок рiвняння (11)) можна вказати такий
оператор Pt, що

[Pt,X(1)
a ] = [Pt,M ] = [Pt, Jab] = 0, [Pt,X(2)

a ] = c1X
(1)
a . (17)

Легко бачити, що при виконаннi (17) оператори Pt, X
(1)
a , X(2)

a , M , Jab утворюють
базис алгебри Галiлея, яку ми позначатимемо AG(1)(1, n). Нижче ми узагальнимо
цей результат для рiвняння (11) та вкажемо нове зображення алгебри Галiлея
AG(1)(1, n), що визначається спiввiдношеннями, вiдмiнними вiд (17).
Випадок 1. Знайдемо явний вигляд оператора Pt такого, що виконуються спiв-

вiдношення (17). Шукатимемо оператор Pt у виглядi

Pt = ξ0∂0 + ξa∂a + η∂u, ξµ = ξµ(x0, x, u), η = η(x0, x, u), µ = 0, n. (18)

З умови [Pt,X
(1)
a ] = 0 одержимо такi умови на коефiцiєнтнi функцiї оператора Pt:

βξ0 = ξaa , ξ0a = ξba = ηa = 0, a �= b. (19)

Аналогiчно одержуємо такi умови на функцiї ξµ, η:

βξ0 = ηu, ξa = xaξ
a
a , ξ0u = ξau = 0, (α− β)ξ0xa + ξa − xaηu = 0; (20)

а також

2 exp{(α− 2β)x0}((α− β)ξ0 − ξaa)/(α− 2β) = c1 при α �= 2β,
2(βx0 + 1)ξ0 − 2x0ξ

a
a = c1 при α = 2β, c1 ∈ R.

(21)

Розв’язуючи умови (19)–(21), знаходимо явний вигляд оператора Pt. Для випадкiв,
коли α �= 2β та α = 2β, цей оператор можна записати у єдиному виглядi:

Pt = exp{(2β − α)x0}(∂0 + βxa∂a + (αu+ f(x0))∂u). (22)

В результатi ми довели таке твердження.

Лема 1. Оператори Pt, X
(1)
a , M , Jab, X

(2)
a , що мають вигляд (14), (22) при

α �= 2β тa (15), (22) при α = 2β, задають базис алгебри Галiлея AG(1)(1, n), що
визначається комутацiйними спiввiдношеннями (16), (17).
Випадок 2. Нехай оператор T такий, що виконуються

[T,X(2)
a ] = [T,M ] = [T, Jab] = 0, [T,X(1)

a ] = c1X
(2)
a . (23)

Легко переконатися, що при виконаннi (23) оператори T , X(1)
a , X(2)

a , M , Jab утво-
рюватимуть базис алгебри Галiлея, яку ми надалi позначатимемо AG(2)(1, n).
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Оператор T шукатимемо у виглядi (18). З (23) одержимо такi умови на функцiї
ξµ, η:

ξ0a = ξba = ξ0u = ξau = 0, a �= b, ξa = xaξ
a
a , (24)

а також

ξaa = −c22 exp{(α− β)x0}/(α− 2β), (α− β)ξ0 = ξaa ,

(α− β)xaξ0 + ξa − 2ηa/(α− 2β) − xaηu = 0, αξ0 = ηu,

ηa = −c2 exp{(α− β)x0}xa при α �= 2β,
(25)

ηa = −c2xa, βx0ξ
0 + ξ0 − x0ξ

a
a = 0,

2βξ0 = ηu, βξ0 − ξaa = 2c2x0,

βxaξ
0 + ξa − 2x0ηa − xaηu = 0 при α = 2β.

(26)

З умов (24), (25) одержуємо явний вигляд T при α �= 2β:

T = exp{(α− β)x0}
(
∂0+ (α− β)xa∂a+

(
αu+ (α− 2β)2

x2

4
+ f1(x0)

)
∂u

)
.(27)

З (24), (26) випливає

T = x2
0∂0 + (βx0 + 1)x0xa∂a +

(
x2

4
+ 2βx2

0u+ f2(x0)
)
∂u при α = 2β. (28)

Лема 2. Оператори T , X(1)
a , M , Jab, X

(2)
a , що мають вигляд (14), (21) при

α �= 2β та (15), (28) при α = 2β, реалiзують представлення алгебри Галi-
лея AG(2)(1, n). Алгебра AG(2)(1, n) задається комутацiйними спiввiдношення-
ми (16), (23).

3. Умовна галiлей-iнварiантнiсть рiвняння (11).
Випадок 1. Вимагатимемо iнварiантнiсть рiвняння (11) вiдносно алгебри Галi-

лея AG(2)(1, n). Для цього подiємо другим продовженням оператора (22):

(2)

P t = Pt + exp{(2β − α)x0}[{f ′ + (2β − α)(αu+ f) − β(2β − α)xaua +

+ 2(α− β)u0}∂u0 + (α− β)ua}∂ua
+ (α− 2β)uaa∂uaa

)]

на рiвняння (11). Одержуємо:

(2)

P t{u0 + uaua + βxaua − ∆u− αu} = 2(α− β) exp{(2β − α)x0} ×
× {u0 + uaua + βxaua − ∆u− αu} + exp{(2β − α)x0} ×
× [α∆u+ 2(β − α)f + f ′].

(29)

З (29) випливає, що при α = 0, 2βf + f ′ = 0 рiвняння (11) iнварiантне (у сенсi
Лi) вiдносно AG(1)(1, n). Але при α = 0 рiвняння (11) замiною (12) зводиться до
лiнiйного рiвняння

v0 + βxava − ∆v = 0,
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симетрiя якого нескiнченна [7]. Надалi ми обмежимось розглядом таких α, що
α �= 0.

Подiємо
(2)

P t на рiвняння

α∆u+ 2(β − α)f + f ′ = 0. (30)

Одержимо

(2)

P t{α∆u+ 2(β − α)f + f ′} =
= (α− 2β) exp{(α− 2β)x0}{α∆u+ 2(β − α)f + f ′},

(31)

якщо функцiя f0(x) задовольняє рiвняння:

f ′′ + (4β − 3α)f ′ + 2(α− β)f = 0. (32)

Згiдно з критерiєм умовної iнварiантностi (див., наприклад, [2, 3]), з (29), (31)
випливає, що рiвняння (11) умовно iнварiантне вiдносно оператора Pt (22), якщо
f задовольняє (32), тобто

f = c1 exp{(α− 2β)x0} + c2 exp{(α− β)x0}, (33)

причому додаткова умова (30) з урахуванням (33) має вигляд

∆u = c1 exp{(α− 2β)x0}. (34)

Теорема 2. Рiвняння (11) умовно iнварiантне вiдносно алгебри Галiлея
AG(1)(1, n) = 〈Pt,X(1)

a ,M, Jab,X
(2)
a 〉, де оператор Pt задається (22), (33), а опе-

ратори X
(1)
a , M , Jab, X

(2)
a мають вигляд (14) при α �= 2β та (15) при α = 2β.

Додаткова умова має вигляд (34).

Для доведення теореми нам залишається перевiрити iнварiантнiсть додатковї
умови (34) вiдносно операторiв X(1)

a , M , Jab, X
(2)
a . Легко переконатись, що цi

оператори є абсолютними iнварiантами для цього рiвняння. Цей факт пiдтверджує
справедливiсть теореми.

Зауваження 3. Якщо вимагати додатково iнварiантнiсть вiдносно оператора P0, то
з (34) випливає умова c1 = 0. В роботi [4] знайдено МАI перевизначеної системи
рiвнянь (11), (34) при β = c1 = 0. Загальний розв’язок цiєї системи має вигляд

u = (d0 + daxa − d2α−1 exp{αx0}) exp{αx0},
де

d2 = dada, dµ ∈ R, a = 1, n, µ = 0, n.

Випадок 2. Вимагатимемо iнварiантнiсть рiвняння (11) вiдносно алгебри Галi-
лея AG(2)(1, n) при α �= 2β. Для цього подiємо другим продовженням операто-
ра T (27) на рiвняння (11). Одержимо

(2)

T {u0 + uaua + βxaua − ∆u− αu} =
= exp{(α− β)x0}[β{u0 + uaua + βxaua − ∆u− αu} + L1],
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де

L1 = βuaua + β(2β − α)xaua − (β − α)∆u+
+ (β/4)(α− 2β)2x2 − βf1 + f ′1 − (n/2)(α− 2β)2.

Справедлива рiвнiсть

(2)

T {L1} = exp{(α− β)x0}[2βL1 + L2], (35)

причому

L2 = α(β − α)∆u+ f
′′
1 − βf ′1 + 2β2f1 + (n/2)(α− 2β)2(α+ β). (36)

З (35), (36) випливає, що рiвняня L1 = 0 iнварiантне (у сенсi Лi) вiдносно опера-
тора T лише у таких випадках:

1) α = β, f ′′1 − βf ′1 + 2β2f1 + (n/2)(α− 2β)2(α+ β) = 0; (37)

2) β = 0, f ′′ + αf ′1 = 0. (38)

Для випадку (38) справедлива теорема.

Теорема 3. Рiвняння (11) при α �= 2β та β = 0 умовно iнварiантне вiдносно
алгебри Галiлея AG(2)(1, n) = 〈T,X(1)

a ,M, Jab,X
(2)
a 〉, де

T = exp{αx0}
(
∂0 + αxa∂a +

(
αu+ α2x

2

4
+ f1(x0)

)
∂u

)
, X(1)

a = ∂a,

Jab = xa∂b − xb∂a, M = exp{αx0}∂u, X(2)
a = exp{αx0}{(2/α)∂a + xa∂u},

(39)

причому додаткова умова має вигляд

L1 = α∆u+ f ′1 − (n/2)α2 = 0, (40)

де функцiя f1 задовольняє лiнiйне рiвняння (38).
При f1 = const рiвняння (11), (40) iнварiантнi вiдносно алгебри AG(2)(1, n)

(39), доповненої оператором P0.

Наслiдок. Нелiнiйне рiвняння теплопровiдностi (13) умовно iнварiантнe вiдно-
сно таких алгебр:

1) AG(2)(1, n) = 〈T,X(1)
a ,M, Jab,X

(2)
a 〉,

де

T = exp{αx0}
(
∂0 + αxa∂a +

(
α ln v + α2x

2

4
+ f1(x0)

)
v∂v

)
,

Jab = xa∂b − xb∂a, Pa = ∂a, M = exp{αx0}v∂v,
X(2)
a = exp{αx0}{(2/α)∂a + xav∂v}

(41)

при

f1 = d1 exp{−αx0} + d2, {d1, d2} ⊂ R;

2) 〈AG(2)(1, n), P0〉 при f1 = d2,
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причому додаткова умова має вигляд

α(v∆v − vava) − (α2n/2 + d1 exp{−αx0} + d2)v2 = 0. (42)

Зауважимо, що формули (41), (42) одержуються вiдповiдно з (39), (40) замi-
ною (12).

Зауваження 4. Ми довели, що у випадку 1 рiвняння (11) умовно iнварiантне
вiдносно оператора T при додатковiй умовi L1 = 0. Але при цьому рiвняння
L1 = 0 не допускає операторiв X

(1)
a . Тому у випадку (37) рiвняння (11) не є

умовно iнварiантним вiдносно алгебри AG(2)(1, n).

Подiємо другим продовженням
(2)

T на рiвняння L2 = 0, де L2 визначено в (36).
В результатi одержимо

(2)

T {L2} = exp{(α− β)x0}[(2β − α)L2 + F (x0)],

де

F (x0) = f ′′′1 + (α− 2β)f ′′ + β(4β − α)f ′1 + 2β2(α− 2β)2f1 + n(α− 2β)2β2.

Звiдси робимо висновок, що рiвняння (11) при додаткових умовах L1 = 0, L2 = 0
та умовi на функцiю f1: F (x0) = 0, iнварiантне вiдносно оператора T . Але, як i у
випадку (37), рiвняння (11) при цьому не допускає алгебри AG(2)(1, n).
Випадок 3. Вимагатимемо iнварiантнiсть рiвняння (11) вiдносно алгебри Галi-

лея AG(2)(1, n) при α = 2β. Для цього подiємо другим продовженням операто-
ра T (28) на рiвняння (11). Одержимо:

(2)

T {u0 + uaua + βxaua − ∆u− αu} =
= 2x0(βx0 − 1){u0 + uaua + βxaua − ∆u− αu} + L1,

де

L1 = 2βx2
0/∆u− 2βf2 + f ′2 − n/2. (43)

Справедливе рiвняння

(2)

T {L1} = x2
0(f

′′
2 − 2βf ′2 + βn).

Згiдно з критерiєм умовної iнварiантностi одержуємо, що рiвняння (11) при додат-
ковiй умовi

L1 = 2βx2
0∆u− 2β/f2 + f ′2 − n/2 = 0 (44)

iнварiантне вiдносно оператора T (28), якщо виконується

f ′′2 − 2βf ′2 + βn = 0. (45)

Загальний розв’язок останнього рiвняння задається так:

f2(x0) = d exp{2βx0} + nx0/2 + c, d ∈ R, c ∈ R.
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Теорема 4. Рiвняння (11) при α = 2β умовно iнварiантне вiдносно алгебри
Галiлея AG(2)(1, n) = 〈T,X(1)

a ,M, Jab,X
(2)
a 〉, де

T = x2
0∂0 + (βx0 − 1)x0xa∂a +

(
x2

4
+ 2βx2

0u+ nx0/2 + c

)
∂u, (46)

якщо виконується додаткова умова 2x2
0∆u− nx0 − 2c = 0.

Зауваження 5. Оператор T (46) при β = c = 0 спiвпадає з стандартним опера-
тором проективних перетворень [2]. У цьому випадку рiвняння (11) iнварiантне
вiдносно оператора (46) у розумiннi Лi.

Аналогом оператора масштабних перетворень для рiвняння (11) при α = 2β �= 0
є оператор

D = x0∂0 + (2βx0 + 1)xa∂a + (4βx0 + f ′2)∂u. (47)

Подiявши другим продовженням оператора (47) на рiвняння (11), будемо мати

(2)

D{u0 + uaua + βxaua − ∆u− αu} =
= 2(2βx0 − 1){u0 + uaua + βxaua − ∆u− αu} + L1,

де

L1 = 4βx0∆u− 2βf ′2 + f ′′2 . (48)

Виконується рiвнiсть
(2)

D{L1} = 2x0(f ′′′2 − 2βf ′′2 ). Таким чином, ми показали, що
рiвняння (11), (48) при

f ′′′2 − 2βf ′′2 = 0 (49)

iнварiантне вiдносно оператора D що має вигляд (47).

Теорема 5. Рiвняння (11) при α = 2β умовно iнварiантне вiдносно розширеної
алгебри Галiлея AG(2)(1, n) = 〈T,X(1)

a ,M, Jab,X
(2)
a ,D〉, де оператори T i D зада-

ються (46), (47), при виконаннi додаткових умов (44), (45) та умови третього
порядку

∂0(∆u) = 0. (50)

Для доведення теореми достатньо перевiрити, що при диференцiюваннi по x0

додаткова умова (44) спiвпадатиме з (48), (50), а умова на функцiю f2 (45) визна-
чатиме умову (49).

4. Висновки. З використанням запропонованого методу знаходження алгебр
умовної iнварiантностi ми досягли таких результатiв:
1) для нелiнiйного рiвняння (11) знайдено двi рiзних алгебри Галiлея AG(1)(1, n)

та AG(2)(1, n), якi є його алгебрами умовної iнварiантностi (див. теореми 2–4).
Причому кожна з цих алгебр допускає по два рiзних зображення (леми 1, 2);
2) знайдено додатковi умови, при яких наше рiвняння умовно галiлей-iнварi-

антне (див. (34), (40), (44), (50));
3) для редукцiї рiвняння (11) можна скористатися пiдалгебрами алгебр

AG(1)(1, n) та AG(2)(1, n), оскiльки структура алгебр Галiлея досить добре ви-
вчена [8];
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4) розв’язки рiвняння можна нетривiальним чином розмножувати по операторах
умовної симетрiї при умовi, що цi розв’язки задовольняють вiдповiднi додатковi
умови.

5. Антиредукцiя нелiнiйного рiвняння (11). Розглянемо такий анзац:

u = ϕ0(x0) + xaϕa(x0) + x2/4x0, (51)

де ϕµ(x0) — довiльнi функцiї вiд x0, x2 = xaxa, a = 1, n. Пiсля пiдстановки (51) в
рiвняня (11) одержимо

ϕ′
0 + ϕaϕa − αϕ0 − (n/2)x0 + xa(βϕa + ϕ′

a +
+ ϕa/x0 − αϕa) + x2(2β − α)/4x0 = 0.

З останнього рiвняння ми можемо зробити такий висновок: анзац (51) редукує
рiвняння (11) для функцiї u вiд (n+1) змiнної xµ при α = 2β до системи звичайних
диференцiальних рiвнянь

ϕ′
a + ϕa/x0 − βϕa = 0,

ϕ′
0 + ϕaϕa − 2βϕ0 − n/2x0 = 0,

(52)

для (n + 1) функцiї ϕµ вiд x0. Тобто анзац (51) здiйснює при α = 2β антиредук-
цiю [9] рiвняння (11) до системи (52), що складається iз (n+ 1) рiвнянь.
Система рiвнянь (52), на вiдмiну вiд рiвняння (11), легко iнтегрується. Загаль-

ний розв’язок системи (52) має вигляд

ϕa = da exp{βx0}/x0, ϕ0 = exp{2βx0}(nF (x0)/2 + d2/x0), (53)

де

F (x0) =
∫

(x0 exp{2βx0})−1dx0, d2 = dada, da ∈ R, a = 1, n.

Пiдстановка (53) в анзац (51) задає нам багатопараметричну сiм’ю pозв’язкiв не-
лiнiйного рiвняння (11).
Анзац (51) породжується набором таких операторiв:

Ga = 2x0∂a + ∂ua
, ua = ∂u/∂xa. (54)

Нелокальнi оператори Ga по змiнних xa породжують стандартнi перетворення
Галiлея xa → x′a = xa+ vax0, де va — груповi параметри. Але, як ми вище довели,
рiвняння (11) не допускає цих перетворень (як у розумiннi Лi, так i в термiнах
умовної iнварiантностi).
Оскiльки анзац (51), побудований по операторах (54), редукує рiвняння (11),

то виникає питання про зв’язок цього рiвняння з нелокальними операторами Галi-
лея (54). Справедлива така теорема.

Теорема 6. Диференцiальнi наслiдки рiвняння (11) умовно iнварiантнi вiдносно
нелокальних операторiв Ga (54), причому додаткова умова має вигляд Gau = 0.
Доведення теореми проведемо для випадку n = 1. Продиференцiюемо рiвнян-

ня (11) по x1 та проведемо у ньому нелокальну замiну

V 1 = u1. (55)
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Одержимо рiвняння

V 1
0 + βx1V

1
1 + 2V 1V 1

1 − V 1
11 + (β − α)V 1 = 0, (56)

де

V 1 = V 1(x0, x1), V 1
0 = ∂V 1/∂x0, V 1

1 = ∂V 1/∂x1.

Пiсля використання (55) оператор G1 набуває вигляду

G1 = 2x0∂1 + ∂V 1 . (57)

Дiючи другим продовженням оператора G1 (57) на (56), одержуємо

(2)

G1{V 1
0 + βx1V

1
1 + 2V 1V 1

1 − V 1
11 + (β − α)V 1} = βG1V

1 при α = 2β.

Згiдно з критерiєм умовної iнварiантностi [2, 3] рiвняння (56) Q-умовно iнварi-
антне вiдносно оператора Галiлея (57) при α = 2β. Враховуючи, що ми провели
замiну (55), переконаємося у справедливостi теореми 6 при n = 1.
Пiдсумовуючи попереднi результати, ми можемо зробити такий важливий вис-

новок: для редукцiї та знаходження точних розв’язкiв нелiнiйних рiвнянь важ-
ливо знати симетрiйнi властивостi не тiльки самого рiвняння, а й симетрiю
його диференцiальних наслiдкiв.
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Симметрiя та нелiївська редукцiя
нелiнiйного рiвняння Шредiнгера
В.I. ФУЩИЧ, В.I. ЧОПИК

Описанi нелiнiйнi рiвняння типу Шредiнгера, iнварiантнi вiдносно розширених груп
Галiлея. Вивчена умовна симетрiя таких рiвнянь i проведена їх редукцiя, побудованi
класи точних розв’язкiв.

1. Вступ. Розглянемо нелiнiйне рiвняння Шредiнгера

L1(u) ≡ Su− uF (u, u∗) = 0, (1)

де S = i∂/∂x0 +λ∆, x0 ≡ t, ∆ = ∂2/∂x2
1 + · · ·+∂2/∂x2

n, i
2 = −1, λ ∈ R, n — число

просторових змiнних.
Як вiдомо, рiвняння (1) iнварiантне вiдносно алгебри Галiлея AG(1, n) тодi i

тiльки тодi, коли F = F (uu∗). Базиснi оператори алгебри AG(1, n) мають вигляд

P0 = ∂/∂x0, Pa = ∂/∂xa, Jab = xaPb − xbPa, a, b = 1, n,
Q = i(u∂/∂u− u∗∂/∂u∗), Ga = x0Pa + (1/2λ)xaQ.

(2)

Iнших представлень алгебри Галiлея рiвняння (1) не допускає. В [1] описанi всi
нелiнiйнi рiвняння типу (1), iнварiантнi вiдносно таких розширень алгебри Галiлея
AG(1, n):

1) AG1(1, n) = 〈AG(1, n),D〉, (3)

де оператор масштабних перетворень D має вигляд

D = x2
0P0 + xaPa + kI, I = (u∂/∂u+ u∗∂/∂u∗), k ∈ R;

2) AG2(1, n) = 〈AG1(1, n), A〉, (4)

де оператор проективних перетворень A має вигляд

A = x2
0P0 + x0xaPa + x2(4λ)−1Q+

n

2
x0I, x2 = xaxa, a = 1, n.

Узагальнена алгебра Галiлея AG2(1, n), доповнена оператором I, являється ма-
ксимальною алгеброю iнварiантностi вiльного рiвняння Шредiнгера (1) (F = 0).
Однак, в [1] не дослiджене таке важливе питання: чи iснують рiвняння ти-

пу (1), якi були б iнварiантнi вiдносно алгебри (2) та iнших її розширень?
У данiй роботi дано ствердну вiдповiдь на це питання. Зокрема, доведено,

що рiвняння Шредiнгера з логарифмiчною нелiнiйнiстю u ln(uu∗) допускає два
рiзних розширення алгебри AG(1, n). Вивчена умовна симетрiя рiвнянь типу (1).
Показано, що рiвняння (1) з нелiнiйнiстю u ln(uu∗−1)+uF (uu∗) умовно iнварiант-
не вiдносно алгебри Галiлея у нестандартному представленнi. Здiйснена нелiївська
редукцiя та побудованi класи точних розв’язкiв розглядуваних рiвнянь.

Укр. мат. журн., 1993, 45, № 4, С. 539–551.
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2. Симетрiя Лi рiвняння (1). Iнформацiя про лiiвську симетрiю рiвняння (1)
мiститься в наступних твердженнях.

Теорема 1 [1]. Рiвняння (1) (F �= 0) iнварiантне вiдносно алгебр AG1(1, n) (3)
та AG2(1, n) (4) тодi i тiльки тодi, коли

F = λ1|u|−2/k, λ1 ∈ C, |u| = (uu∗)1/2,

F = λ2|u|4/n, λ2 ∈ C,

вiдповiдно.
Теорема 2. Серед рiвнянь класу (1) тiльки рiвняння з нелiнiйнiстю

F = λ3 ln(uu∗), λ3 ∈ C, λ3 = b+ ib1 (5)

iнварiантне вiдносно алгебр [2]:

1) AG3(1, n) = 〈AG(1, n), B〉 при b1 = 0, де B = I − 2bx0Q; (6)

2) AG4(1, n) = 〈AG(1, n), C〉 при b1 �= 0,
де C = exp{2b1x0}(I + i(b/b1)Q).

(7)

Зауваження 1. При b = 0 рiвняння (1), (5) iнварiантне вiдносно алгебри
AG4(1, n) = 〈AG(1, n), C(1)〉, де

C(1) = exp{2b1x0}I. (8)

Оператор C(1) одержується з (7) при b = 0.
Теорема 3. Рiвняння (1) iнварiантне вiдносно таких алгебр:

1) A1 = 〈P0, Pa, Jab, I〉, коли F = F (uu∗−1);

2) A2 = 〈P0, Pa, Jab, C
(1)〉, коли F = ib1 ln(uu∗−1) + F1(uu∗−1),

а оператор C(1) має вигляд (8);

3) A3 = 〈P0, Pa, Jab, Q
(1), G

(1)
a 〉, де

Q(1) = exp{2βx0}Q, G
(1)
a = exp{2βx0}(Pa + (β/λ)xa)Q,

коли F = −iβ ln(uu∗−1) + F2(uu∗), β ∈ R;

(9)

4) A4 = 〈P0, Pa, Jab, Q
(1), G

(1)
a , I〉,

коли F = −iβ ln(uu∗−1), β ∈ R, β �= 0;
(10)

5) A5 = 〈P0, Pa, Jab, Q
(1), G

(1)
a , βI + β1Q〉,

коли F = β1 ln(uu∗) − iβ ln(uu∗−1), β, β1 ∈ R;

6) A6 = 〈P0, Pa, Jab, Q
(1), G

(1)
a , C(1)〉,

коли F = ib1 ln(uu∗) − iβ ln(uu∗−1), β, b1 ∈ R;

7) A7 = 〈P0, Pa, Jab, I,D
(1)〉, D(1) = 2x0P0 + xaPa + dQ, d ∈ R, d �= 0,

коли F = λ4(uu∗−1)i/d, λ4 ∈ C;
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8) A8 = 〈P0, Pa, Jab, kI + dQ〉, k, d ∈ R, k �= 0, d �= 0,

коли F = F (uαu∗α
∗
), α = α1 − iα2, kα1 + dα2 = 0;

9) A9 = 〈P0, Pa, Jab, I,D
(2)〉, D(2) = 2x0P0 + xaPa + kI + dQ, k, d �= 0,

коли F = F (uαu∗α
∗
)(uu∗)−1, α = α1 − iα2, kα1 + dα2 = 0,

де k, d, α1, α2 — довiльнi дiйснi параметри.
Наслiдок 1. З теореми 2 випливає, що рiвняння

iu0 + λ∆u = λ3 ln(uu∗)u, λ3 = b+ ib1 (11)

iварiантне вiдносно таких скiнченних перетворень:

x0 → x′0 = x0, xa → x′a = xa, a = 1, n,

а також:

1) u→ u′ = exp{θ1(1 − 2ibx0)}u при b1 = 0;
2) u→ u′ = exp{θ2 exp{2b1x0(1 − i(b/b1)}}u при b1 �= 0;
3) u→ u′ = exp{θ3 exp{2b1x0}}u при b �= 0, b1 �= 0,

(12)

де θ1, θ2, θ3 — груповi параметри.
Наслiдок 2. З комутацiйних спiввiдношень для оператора B: [B,P0] = c1Q,
[B,Pa] = [B, Jab] = [B,Q] = [B,Ga] = 0, c1 ∈ R; та оператора C: [C,P0] = c2C,
[C,Pa] = [C, Jab] = [C,Q] = [C,Ga] = 0, c2 ∈ R, випливає, що алгебри AG3(1, n)
та AG4(1, n) рiзнi. Тобто рiвняння Шредiнгера з логарифмiчною нелiнiйнiстю
(5) допускає два рiзних розширення алгебри Галiлея AG(1, n).
Зауваження 2. Рiвняння (5) при λ3 ∈ R (b1 = 0) спiвпадає з рiвнянням, за-
пропонованим у роботi [3]. В цiй роботi вказанi перетворення (12) (за винятком
оператора B, що їх породжує). Це рiвняння використовується в ядернiй фiзицi
для опису нуклонiв та альфа-частинок. Дослiдженню цього рiвняння присвяченi
також роботи [2, 4].

Рiвняння

iu0 + λ∆u = −iβ ln(uu∗−1) + F2(uu∗), β ∈ R, (13)

широко використовується в математичнiй фiзицi i його називають фазовим рiв-
нянням Шредiнгера [4, 5].

Наслiдок 3. З комутацiйних спiввiдношень для алгебри A3 (9):

[P0, Pa] = [P0, Jab] = [Pa, Q(1)] = [Jab, Q(1)] = [G(1)
a , G

(1)
b ] = [Pa, Pb] = 0,

[P0, Q
(1)] = c1Q

(1), [P0, G
(1)
a ] = c2G

(1), [Pa, Jbc] = δabPc − δacPb,

[G(1)
a , Jbc] = δabG

(1)
c − δacG

(1)
b , c1, c2 ∈ R

випливає, що базиснi оператори цiєї алгебри не утворюють алгебри Галiлея.
Оператори G(1)

a породжують такi скiнченнi перетворення:

x0 → x′0 = x0, xa → x′a = exp{2βx0}θa + xa,

u→ u′ = u exp{i[(β/2λ) exp{4βx0}θ2 + exp{2βx0}xaθa]},
де θa — груповi параметри, θ2 = θaθa.
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3. Умовна симетрiя. Розглянемо рiвняння класу (1)

L1(u) ≡ Su− uF (uu∗) = 0, (14)

iнварiантне вiдносно алгебри Галiлея AG(1, n) (2). Вiдповiдь на питання про iсну-
вання операторiв умовної симетрiї рiвняння (14) випливає з наступних теорем.

Теорема 4. Рiвняння (14) умовно iнварiантне вiдносно таких алгебр:
1) A10 = 〈AG(1, n), Q(2)〉, Q(2) = xaPa − i ln(uu∗−1)Q, якщо F = −F ∗, i вико-

нується додаткова умова

L2(u) ≡ ∆|u| = 0, |u| = (uu∗)1/2; (15)

2) A11 = 〈A10, C
(1)〉, якщо F = ib1 ln(uu∗), b1 ∈ R, C(1) має вигляд (8) i

виконується (15);
3) A12 = 〈AG(1, n), Q(3)〉, Q(3) = x0P0 + xaPa − (i/2) ln(uu∗−1)Q, якщо функ-

цiя F приймає дiйснi значення (тобто F = F ∗) i виконується додаткова умо-
ва (15);

4) A13 = 〈A12, B〉, якщо F = b ln(uu∗), b ∈ R, оператор B має вигляд (6) i
виконується додаткова умова (15);

5) A14 = 〈AG(1, n), Q(4)〉, Q(4) = x0P0 +(i/2) ln(uu∗−1)Q i виконуються умови
F ∗ = F , L2(u) ≡ V0 + λVaVa = 0, 2V = −i ln(uu∗−1).
Теорема 5 [6]. Рiвняння (14) при

F = α1|u|2r−1
+ α2|u|−2r−1

, r, α1, α2 ∈ R, r �= 0, (16)

умовно iнварiантне вiдносно оператора

Q(5) = xaPa + rI − i ln(uu∗−1)Q, (17)

якщо L2(u) ≡ ∆|u| − α3|u|(r−2)/r = 0, α3 = α2λ
−1.

Наслiдок 4. Рiвняння Шредiнгера (14) з нелiнiйнiстю (16) умовно iнварiантне
вiдносно алгебри AG5(1, n) = 〈AG1(1, n), Q(5)〉, якщо виконується одна з умов:

α1 = 0, r = k (18)

або

α2 = 0, r = −k. (19)

Наслiдок 5. Рiвняння (14), (16) умовно iнварiантне вiдносно алгебри AG6(1, n)
= 〈AG2(1, n), Q(5)〉 при виконаннi однiєї з умов (18), (19) та умови, що k = −n/2.
Структура алгебри AG6(1, n) вивчена в роботах [7, 8].

Наслiдок 6. Оператор Q(5) породжує такi скiнченнi перетворення:

x0 → x′0 = x0, xa → x′a = exp(θ)xa,

u→ u′ = exp(rθ) exp{exp(2θ)}(uu∗−1)1/2|u|,
θ — груповий параметр.
Теорема 6. Рiвняння (14) з нелiнiйнiстю

F = iα1|u|−r−1
+α2|u|−(1+β)r−1

+α3|u|−(1−β)r−1
, αj , β, r ∈ R, j = 1, 3,(20)
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умовно iнварiантне вiдносно оператора

Q(6) = 2x0P0 + (1 + β)xaPa + iβ ln(uu∗−1)Q+ rI, r �= 0,

якщо ∆|u| = α4|u|1−(1+β)r−1
, α4 = α2λ

−1.
Наслiдок 7. Оператор Q(6) породжує такi скiнченнi перетворення:

x0 → x′0 = exp(2θ)x0, xa → x′a = exp((1 + β)θ)xa,

u→ u′ = exp(rθ) exp{exp(−2βθ)}(uu∗−1)1/2|u|,
θ — груповий параметр.
4. Умовна галiлей-iнварiантнiсть фазового рiвняння Шредiнгера. З кому-

тацiйних спiввiдношень для алгебри A3 (9) (див. наслiдок 3) випливає, що всi
оператори цiєї алгебри, за винятком оператора P0, задовольняють комутацiйнi
спiввiдношення алгебри Галiлея [1].

Твердження. Якщо оператор P (1)
0 має вигляд

P
(1)
0 = exp{−2βx0}(P0 − iβ ln(uu∗−1)Q), (21)

то оператори P
(1)
0 , Pa, Jab, Q(1), G(1)

a утворюють базис алгебри Галiлея, яку
позначатимемо AG(1)(1, n).
Справедливiсть цього твердження випливає з комутацiйних спiввiдношень для

оператора P (1)
0 :

[P (1)
0 , Pa] = [P (1)

0 , Jab] = [P (1)
0 , Q(1)] = 0, [P (1)

0 , G(1)
a ] = cPa, c ∈ R.

Вимагатимемо iнварiантнiсть фазового рiвняння Шредiнгера

Su+ iβu ln(uu∗−1) = 0 (22)

вiдносно оператора P (1)
0 . Результат сформулюємо у виглядi такої теореми.

Теорема 7. Фазове рiвняння Шредiнгера (22) умовно iнварiантне вiдносно ал-
гебри A15 = 〈AG(1)(1, n), P0, Q

(2), A(1), I〉, де
Q(2) = xaPa − i ln(uu∗−1)Q,

A(1) = exp{2βx0}(P0/β + 2xaPa − i ln(uu∗−1)Q+ (β/λ)x2Q− nI),

якщо виконається додаткова умова

L2 = V0 + λVaVa − 2βV = 0, 2V = −i ln(uu∗−1), β �= 0. (23)

Оператори P (1)
0 , Q(2) породжують такi скiнченнi перетворення:

x0 → x′0 = (2β)−1 ln(2βθ1 + exp{2βx0}), xa → x′a = exp{θ2}xa,
u→ u′ = exp

{
2iβ exp

{
θ1 + exp(2βx0)(2θ2 + ln((4iβ)−1 ln(uu∗−1)))

2βθ1 + exp(2βx0)

}}
|u|,

де θ1, θ2 — груповi параметри.
Наслiдок 8. Алгебра A15 iзоморфна алгебрi умовної iнварiантностi вiльного
рiвняння Шредiнгера [6]. Тобто оператори P

(1)
0 , Pa, Jab, P0, Q(2), Q(1), G(1)

a ,
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A(1), I реалiзують нове представлення алгебри AG6(1, n), доповненої операто-
ром I.
Дослiдимо симетрiйнi властивостi рiвняння (13) при додатковiй умовi (23).

Теорема 8. Рiвняння (13) умовно iнварiантне вiдносно таких алгебр Галiлея:
1) A16 = 〈AG(1)(1, n), P0〉, якщо функцiя F (uu∗) дiйсна;
2) A17 = 〈A16,D

(1)〉, якщо F = λ1|u|−2/k, λ1, k ∈ R, k �= 0, де D(1) = Q(2) +
2P0 + kI;

3) A18 = 〈A17, A
(1)〉, якщо F = λ2|u|4/n, λ2 ∈ R, k = −n/2.

Додаткова умова має вигляд (23).
Алгебра A18 iзоморфна алгебрi AG6(1, n). Це випливає з комутацiйних спiв-

вiдношень для цих алгебр [6–8].
Таким чином, доведено, що фазове рiвняння Шредiнгера умовно iнварiантне

вiдносно алгебри Галiлея у нестандартному представленнi.
Сформулюємо ще одну теорему про умовну iнварiантнiсть рiвняння (13).

Теорема 9. Рiвняння (13) умовно iнварiантне вiдносно таких алгебр:
1) A19 = 〈A3, Q

(2)〉, якщо функцiя iF (uu∗) дiйсна;
2) A20 = 〈A6, Q

(2)〉, якщо F = ib2 ln(uu∗), b2 ∈ R, при додатковiй умовi на
модуль функцiї u (15).
5. Доведення теорем. Повне доведення наведених теорем досить громiздке,

тому ми вкажемо тiльки основнi етапи його, опускаючи деталi.
Позначимо через X довiльний оператор з алгебри iнварiантностi рiвняння (1).

Для доведення теорем 1–3 необхiдно скористатися алгоритмом Лi.

1. Побудувати за формулами Лi друге продовження
(2)

X операторiв (див., на-
приклад, [1]).

2. Подiяти операторами другого продовження
(2)

X на многовид (1) i знайти ди-
ференцiальне рiвняння для функцiї F (u, u∗). Розв’язавши це рiвняння, одержимо
явний вигляд функцiй F (u, u∗), при яких рiвняння (1) має ту чи iншу симетрiю.
Для доведення теорем 4–9 потрiбно використати критерiй умовної iнварiант-

ностi. В розглядуваному випадку цей критерiй має вигляд [1, 6]

(2)

XL1 = g11L1 + g12L2 =
(2)

XL1

∣∣∣∣∣ L1 = 0
L2 = 0

= 0, (24)

(2)

XL2 = g21L1 + g22L2 =
(2)

XL2

∣∣∣∣∣ L1 = 0
L2 = 0

= 0, (25)

де g11, g12, g21, g22 — взагалi кажучи, деякi оператори. Розв’язавши систему (24),
(25), одержимо умови на u i u∗ при яких рiвняння (1) iнварiантне вiдносно опера-
тора X.
Наведемо доведення теореми 5 про умовну iнварiантнiсть рiвняння (14) вiднос-

но оператора Q(5) = X.

Дiючи оператором
(2)

X на многовид L1(u), одержимо

(2)

XL1(u) = 2L1 − 4λ∆|u||u|−1 + 2F − r(uFu + u∗Fu∗), (26)
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де Fu = ∂F/∂u, Fu∗ = ∂F/∂u∗. Отже,

L2(u) = −4λ∆|u||u|−1 + 2F − r(uFu + u∗Fu∗). (27)

Дiючи оператором
(2)

X на многовид L2(u), одержимо

(2)

XL2 = −2L2 + 4F − r2(uFu + u∗Fu∗ + u2Fuu + u∗2Fu∗u∗ + 2uu∗Fuu∗). (28)

З (26), (29) випливає, що рiвняння (14) iнварiантне вiдносно Q(5) при додатковiй
умовi L2(u) = 0, при чому нелiнiйнiсть F (|u|) повинна задовольняти умову

4F − r2(uFu + u∗Fu∗ + u2Fuu + u∗2Fu∗u∗ + 2uu∗Fuu∗) = 0,

де Fuu = ∂2F/∂u2, Fu∗u∗ = ∂2F/∂u∗2, Fuu∗ = ∂2F/∂u∂u∗. Всi iншi теореми про
умовну симетрiю доводяться по наведенiй схемi.

6. Нелiївська редукцiя рiвняння (14). Будемо шукати розв’язки чотириви-
мiрного рiвняння (14) з нелiнiйнiстю (16) у виглядi [6]

u(x) = u(x0, x1, x2, x3) = f1(x)ϕ1(ω) exp{if2(x)ϕ2(ω)}. (29)

Пiдставивши (29) у рiвняння (14), (16), одержимо

f10ϕ1 + f1ϕ1ω
ω0 + 2λf1a

f2a
ϕ1ϕ2 + λf1f2ωaωa(2ϕ1ω

ϕ2ω
+ ϕ1ϕ2ωω

) +
+ 2λf1a

f2ϕ1ϕ2ω
ωa + 2λf1f2a

ϕ1ω
ϕ2ωa + λf1∆f2ϕ1ϕ2 +

+ λf1f2ϕ1ϕ2ω
ωaa + 2λf1f2a

ϕ1ϕ2ω
ωa = ImF,

λ∆f1ϕ1 + λf1ϕ1ω
ωaa + λf1ϕ1ωω

ωaωa + 2λf1ω
ω0 − f1f20ϕ1ϕ2 −

− f1f2ϕ1ϕ2ω
ω0 − λf1f2a

f2a
ϕ1ϕ

2
2 − λf1f

2
2ϕ

2
2ω
ωaωa −

− 2λf1f2f2a
ϕ1ϕ2ϕ2ω

ωa = ReF (f1ϕ1),

(30)

де

fjµ = ∂fj/∂xµ, ϕjω = ∂ϕj/∂ω, ωµ = ∂ω/∂xµ,

ω = (ω1, ω2, ω3), µ = 0, 3, j = 1, 2.

Дiйснi функцiї f1(x), f2(x) повиннi бути так визначенi, щоб з (30) випливала
система рiвнянь для функцiй ϕ1(ω), ϕ2(ω), в яку входять тiльки змiннi ω =
(ω1, ω2, ω3). Тому функцiї f1, f2, ω1, ω2, ω3 повиннi задовольняти деяку систе-
му рiвнянь, яку будемо називати умовами peдукцiї. Бiльш детально про метод
редукцiї див. [9]. Отже, проблема редукцiї чотиривимiрного рiвняння (14), (16)
зводиться до розв’язання складної системи нелiнiйних рiвнянь (умов редукцiї).
Так, рiвняння (14), (16) редукується до системи ЗДР

θ1ϕ1 + θ2ϕ̇1 + λθ3ϕ1ϕ2 + λθ4(2ϕ̇1ϕ̇2 + ϕ1ϕ̈2) +
+ λθ5ϕ1ϕ̇2 + 2λθ6(ϕ̇1ϕ2 + ϕ1ϕ̇2) = 0,

θ7ϕ1 + θ8ϕ̇1 + θ9ϕ̈1 = α2ϕ
(r−2)/r
1 ,

θ10ϕ2 + θ11ϕ̇2 + λθ12ϕ
2
2 + λθ13ϕ̇

2
2 + 2λθ14ϕ2ϕ̇2 = α1ϕ

2/r
1 ,

ϕ̇j = ∂ϕj/∂ω, ϕ̈j = ∂2ϕj/∂ω
2, j = 1, 2,



50 В.I. Фущич, В.I. Чопик

якщо фукнцiї θ1, . . . , θ14 задовольняють такi умови редукцiї:

f10 = h(x)θ1(ω), ∆ω + 2f−1
1 f1a

ωa = θ9(ω)f−2/r
1 , f1ω

= h(x)θ2(ω),

f2 = θ10(ω)f2/r
1 , 2f1a

f2a
+ f1∆f2 = h(x)θ3(ω), f2ω0 = θ11(ω)f2/r

1 ,

f1f2ωaωa = h(x)θ4(ω), f2a
f2a

= θ12(ω)f2/r
1 , f1a

f2ωa = h(x)θ5(ω),

f2a
ωaωa = θ13(ω)f2/r

1 , f1f2a
ωa = h(x)θ6(ω), f2f2a

ωa = θ14(ω)f2/r
1 ,

∆f1 = θ7(ω)f (r−2)/r
1 , ωaωa = θ8(ω)f (r−2)/r

1 ,

(31)

де h(x) — довiльна функцiя вiд x, функцiї θ1, . . . , θ14 залежать вiд ω = ω(x).
Побудувати загальний розв’язок умов редукцiї (31), напевно, неможливо, але

знайти частиннi розв’язки не так важко. Далi наведемо деякi частиннi розв’язки
умов редукцiї (31) i вiдповiднi редукованi системи ЗДР для функцiй ϕ1(ω), ϕ2(ω).
1. Функцiї f1 = x

−1/2
1 , f2 = x2

1, ω = x0 задовольняють систему (31). Редукована
система ЗДР має вигляд

ϕ̇2 + 4λϕ2
2 +

4α1α2

3λ
= 0, ϕ1 =

(
3λ
4α2

)
, α2 �= 0, λα2 > 0. (32)

Загальний розв’язок рiвняння (32) задається виразом

ϕ2 =



√
α1α2√
3λ

tg
(
c− 4

√
α1α2√
3

)
при α1α2 > 0,

2
λ

√−α1α2√
3
(
1 − c exp

{−4
√

3−1
√−α1α2ω

}) −√−α1α2 при α1α2 < 0,

1
4λω + c

при α1 = 0.

(33)

Таким чином, формули (29), (32), (33) визначають однопараметричну сiм’ю роз-
в’язкiв нелiнiйного рiвняння Шредiнгера (14), (16). Використовуючи симетрiю
AG(1, n) рiвняння (14), за цим розв’язком можна побудувати [1] багатопарамет-
ричну сiм’ю розв’язкiв рiвняння (14), (16).
2. Функцiї f1 = x1, f2 = x2

1, ω = x0, r = 1, α2 = 0 задовольняють систему (31).
Редукована система ЗДР для ϕ1 i ϕ2 має вигляд

ϕ̇1 + 6λϕ1ϕ2 = 0, ϕ̇2 + 4λϕ2
2 + α1ϕ

2
1 = 0. (34)

Останнi еквiвалентнi системi

ϕ2 = − 1
6λ
ṫ, t = lnϕ1(ω), ẗ− 2

3
ṫ2 − 6λα1 exp(2t) = 0. (35)

В (35) зробимо замiну

ṫ2 = y(t). (36)

При цьому система редукованих рiвнянь (34) набуває вигляду

ϕ2 = − 1
6λ

√
y, ẏ − 4

3
y − 12λα1 exp(2t) = 0,
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звiдки маємо

ϕ2 = − 1
6λ

√
y, y = 18λα1 exp(2t) + c exp

(
4
3
t

)
, c = const. (37)

З системи (37) випливає

ϕ2 = −exp
(

2
3 t
)

6λ

√
c2 + 18λα1 exp

(
2
3
t

)
,

t =
3
2

ln
((√

2λα1ω + c1

)2

− c2
18λα1

)
, α1 �= 0, c1, c2 = const.

Остаточно маємо такi рiвняння:

ϕ2 = − 1
6λ
ϕ

2/3
1

√
c2 + 18λα1ϕ

2/3
1 ,

ϕ1 =
((√

2λα1ω + c1

)2

− c2
18λα1

)3/2

, c1, c2 = const.
(38)

Таким чином, при пiдстановцi ϕ1, ϕ2 з (38) в (29) одержуємо точний розв’язок
нелiнiйного рiвняння (14), (16).
3. При f1 = (x2)r/2, f2 = x2 ≡ x2

1 + x2
2 + x2

3, ω = x0 система редукованих
рiвнянь набуває вигляду

ϕ̇1 + 10λϕ1ϕ2 = 0, ϕ̇2 + 4λϕ2
2 + α1ϕ

2
1 = 0,

якщо α2 = 0, r = 1.
Якщо α2 �= 0, r = −3/2, то анзац (29) редукує (14), (16) до ЗДР

ϕ̇2 + 4λϕ2
2 +

4α1α2

15λ
= 0, ϕ1 =

(
15λ
4α2

)3/4

.

4. Функцiї f1 = (x2
1 + x2

2)
r/2, f2 = x2

1 + x2
2, ω =

√
2 arctg(x2/x1) − x0 задоволь-

няють систему (31). Система редукованих рiвнянь має вигляд:

2λϕ1ϕ̈2 + 4λϕ̇1ϕ̇2 − ϕ̇1 + 4λ(r + 1)ϕ1ϕ2 = 0,

2λϕ̇2
2 − ϕ̇2 + 4λϕ2

2 + α1ϕ
2/r
1 = 0, 2λϕ̈1 − r2λϕ1 − α2ϕ

−2/r
1 = 0.

(39)

5. Функцiї f1 = (x2
1 + x2

2)
r/2, f2 = x2

1 + x2
2, ω = (x2

1 + x2
2) exp{2α arctg(x2/x1) −√

2x0}, α ≥ 0, задовольняють систему (31). Редукованi рiвняння мають вигляд

2(1 + α2)ω2ϕ1ϕ̈2 + 4(1 + α2)ω2ϕ̇1ϕ̇2 + 4ωϕ̇1ϕ2 +

+
(

5 − 2α2 + 2r − 1√
2λ

)
ωϕ̇2ϕ1 + (1 + 2r)ϕ1ϕ2 = 0,

4(1 + α)ω2ϕ̇2
2 + 8ωϕ̇2ϕ2 −

√
2ωϕ̇2 + 4λϕ2

2 + α2ϕ
2/r
1 = 0,

4α2ωϕ̈1ϕ1 − 4α2ωϕ̇2
1 + 4(1 + α2)ω2ϕ̇2

1 + 4(1 + r + α2)ωϕ̇1ϕ1 − α2ϕ
(2−r)/r
1 = 0.

(40)

Зауважимо, що системи редукованих рiвнянь (39), (40) перевизначенi. Тому, при-
родньо, виникає питання сумiсностi систем ЗДР (39), (40). Для системи (39) при
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r = −1 можна вказати такi константи c1 i c2, що ϕ1 = c1, ϕ2 = c2. Тодi анзац (29)
задаватиме точний розв’язок системи нелiнiйних рiвнянь (14), (16).
Для знаходження розв’ язкiв нелiнiйного рiвняння

Su = iα1|u|−r−1
+ α2|u|−2r−1

(41)

(частковий випадок рiвняння (14), (20)) скористаємось анзацом [10]

u = f1(x)ϕ1(ω) exp{i(f2(x)ϕ2(ω) + g(x))}. (42)

Вкажемо деякi набори функцiй f1(x), f2(x), g(x), ω(x), якi задовольнятимуть
умови редукцiї рiвняння (41) та вiдповiднi редукованi рiвняння.
6. Набiр функцiй f1 = xr0, f2 = x−1

0 , g = x2
3/4λx0, ω = x2 задовольняє умови

редукцiї рiвняння (41). Вiдповiдна система редукованих рiвнянь матиме вигляд

λϕ1ϕ̈2 + (r + 1/2)ϕ1 + 2λϕ1ϕ̇2 = α1ϕ
(r−1)/r
1 ,

λϕ̇2
2 − ϕ2 + α2ϕ

−2/r
1 = 0, ϕ̈1 = 0.

(43)

При пiдстановцi частинного розв’язку системи (43)

ϕ1 =
(
r + 1
α1

)−r
, α1 �= 0, ϕ2 =

(
ω + c

4λ

)2

+ α2

(
r + 1
α1

)2

в анзац (42) одержуємо однопараметричну сiм’ю розв’язкiв рiвняння (41).
7. При f1 = xr0, f2 = x−1

0 , g = x2
3/4λx0, ω = (x2

1 + x2
2)

1/2 анзац (42) редукує
рiвняння (41) до системи ЗДР

λϕ1ϕ̈1 + λω−1ϕ1ϕ̇2 + 2λϕ̇1ϕ̇2 − λϕ1ϕ̇2 + r = α1ϕ
(r−1)/r
1 ,

λϕ̇2 − ϕ2 + α2ϕ
−2/r
1 = 0, ϕ̈1 − ϕ̇1 + ω−1ϕ̇1 = 0.

8. При f1 = xr0, f2 = x−1
0 , g = (x2

1 + x2
2)/4λx0, ω = x3 система редукованих

рiвнянь буде мати вигляд

λϕ1ϕ̈1 + 2λϕ̇1ϕ̇2 + (r + 1)ϕ1 = α1ϕ
(r−1)/r
1 ,

λϕ̇2 − ϕ2 + α2ϕ
−2/r
1 = 0, ϕ̈1 = 0.

Для редукцiї рiвняння (14) з нелiнiйнiстю, що задовольняє умову F = −F ∗,
скористаємось анзацом

u = ϕ1(ω) exp{i(f(x)ϕ2(ω) + g(x))}. (44)

Якщо виписати вiдповiднi умови редукцiї, то функцiї

f =
x2

1 + x2
2

x2
0

, g = 0, ω = ln ln(uu∗−1)1/2i − ln(x0(x2
1 + x2

2))

задовольнятимуть цi умови. Система ЗДР матиме вигляд

ϕ2(1 − 4λϕ2) = ϕ̇2(1 − 4λϕ2), 2ϕ2(2ϕ1 − ϕ̇1) = F (ϕ1)ϕ1. (45)

Для рiвняння Шредiнгера з логарифмiчною нелiнiйнiстю

F (uu∗) = ib1 ln(uu∗), b1 ∈ R, (46)
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частинний розв’язок системи рiвнянь (45)

ϕ2 =
1
4λ
, ϕ1 = exp

{
1 − c exp(−2λb1ω)

λb1

}
, b1 �= 0, c = const,

при пiдстановцi в анзац (44) задаватиме точний розв’язок (14), (46).
9. Анзац (44), де f = x−1

0 , g = 0, ω = x3, редукує рiвняння (14) з дiйсною
нелiнiйнiстю (F = F ∗) до ЗДР

ϕ1ϕ̈2 + 2ϕ1ϕ2 = 0, λϕ̇2
2 − ϕ2 = 0, λϕ̈1 = F (ϕ1)ϕ1. (47)

З (47) випливає, що ϕ1 = c1(ω + c2)−1/2, ϕ2 = ((ω + c2)/4λ)2 при F = (3/4)λ|u|8.
10. Анзац (44), де f = x−1

0 , g = 0, ω = (x2
1 + x2

2)
1/2, редукує рiвняння (14)

з дiйсною нелiнiйнiстю до ЗДР

ωϕ1ϕ̈2 + 2ω2ϕ̇1ϕ̇2 − ϕ1ϕ̇2 = 0, λϕ̇2
2 − ϕ2 = 0, λϕ̈1 − ω−1ϕ̇1 = F (ϕ1)ϕ1.

7. Анзац для фазового рiвняння Шредiнгера. Розв’язки рiвняння (22) буде-
мо шукати у виглядi (29). Для знаходження явного вигляду функцiй f1(x), f2(x),
ω(x), скористаємось тим, що фазове рiвняння Шредiнгера умовно iнварiантне вiд-
носно алгебри A15 (див. теорему 7). Наведемо деякi приклади нелiївської редукцiї
рiвняння (22) до системи ЗДР.
1) По пiдалгебрi корозмiрностi 1 〈Q(2) + kI, Jab〉 можна побудувати анзац (29),

де

f1 = (x2)k/2, f2 = exp{2βx0}x2, ω = exp{2βx0}, (48)

який редукує фазове рiвняння Шредiнгера (22) до системи ЗДР

βϕ′
1 + λ(2k + n)ϕ1ϕ2 = 0,

βϕ′
2 + 2λϕ2

2 = 0, (k2 + kn− 2k)(x2)−1 = 0.
(49)

Очевидно, ця система сумiсна тiльки тодi, коли k = 0, та k+n− 2 = 0. Загальний
розв’язок системи редукованих рiвнянь (49) має вигляд

ϕ1 = c2(2λω + c1)−(2k+n)β/2, ϕ2 =
β

2λω + c1
, c1, c2 ∈ R.

Пiдстановка ϕ1, ϕ2 в анзац (29), (48) дає такий розв’язок нелiнiйного рiвнян-
ня (22):

u = (x2)k/2c2(c1 + 2λ exp{2βx0})−(2k+n)β/2 exp
{
ix2 β exp{2βx0}

2λ exp{2βx0} + c1

}
,

де k задовольняє k(k + n− 2) = 0, n — число просторових змiнних.
2) Анзац (29), де

f1 = (x2
1+x2

2)
k/2, f2 = (x2

1+x2
2) exp{2βx0}, ω = arctg

x2

x1
−exp{2βx0},(50)

редукує рiвняння (22) до системи ЗДР

λϕ′′
2ϕ1 + 2λϕ′

1ϕ
′
2 − βϕ′

1 + 2λϕ1ϕ2(1 + k) = 0, (51a)
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λϕ′
2 + 2λϕ2

2 − βϕ′
2 = 0, (51b)

2ϕ′′
1 + k2ϕ1 = 0. (51c)

З рiвняння (51с) при k = 0 одержуємо ϕ1 = c1ω+c2, c1, c2 ∈ R. Загальна розв’язок
рiвняння (51в) має вигляд ϕ2 = λ−β

2λω+c3
, c3 ∈ R. Пiдстановка цих значень функцiй

ϕ1 i ϕ2 в рiвняння (51а) приводить до таких умов: 1) c2 = c3 = 0, λ = 2β;
2) c3 = 2c2/c1, λ = 2β = 1.
Таким чином, загальний розв’язок перевизначеної системи рiвнянь (51а)–(51с)

при k = 0 приймає такi значення:

1. ϕ1 = c1ω, ϕ2 = (4ω)−1 при λ = 2β;

2. ϕ1 = c1ω + c2, ϕ2 =
1

4ω + 4c2/c1
при λ = 2β = 1, c1 �= 0.

Пiдстановка цих значень ϕ1(ω), ϕ2(ω) в анзац (29), (50) задаватиме точний роз-
в’язок (22).
Отже, виходячи з умовної iнварiантностi фазового рiвняння Шредiнгера вiд-

носно алгебри A15, можна проводити нелiївську редукцiю i знаходити точнi не-
тривiальнi розв’язки цього нелiнiйного рiвняння.

Зауваження 4. Симетрiйним аналогом фазового рiвняння Шредiнгера (22) для
випадку, коли функцiя u дiйсна, є таке нелiнiйне рiвняння теплопровiдностi

u0 + λ∆u = βu lnu, λ, β ∈ R.

В роботi [11] вказано додаткову умову, при якiй це рiвняння умовно iнварiантне
вiдносно двох рiзних представлень розширеної алгебри Галiлея AG1(1, n). Заува-
жимо, що вдається знайти загальний розв’язок одержаної перевизначеної системи
рiвнянь. Вiн має вигляд

u = exp{(αaxa − λβ−1α2 exp{βx0} + α0)} exp{βx0},
α2 = αaαa, a = 1, n, αµ ∈ R.

(В цитованiй роботi вказано лише частковий розв’язок даної системи.)

8. Роздiлення змiнних для нелiнiйного рiвняння (11). Розв’язки галiлей-
iнварiантних рiвнянь типу (14) будемо шукати у виглядi

u = f(x0,x)ϕ1(ω1)ϕ2(ω2), ωk = ωk(x0,x), k = 1, 2. (52)

Опишемо всi функцiї F (uu∗), f , ω1, ω2 такi, щоб анзац (52) зводив рiвняння (14)
до системи рiвнянь

Φk(ωk, ϕk, ϕ′
k, ϕ

′′
k) = 0, k = 1, 2, (53)

де ϕk — новi комплекснозначнi функцiї, кожна з яких залежить вiд однiєї змiнної
ωk, ϕ′

k = ∂ϕk/∂ω
k, ϕ′′

k = ∂2ϕk/∂(ωk)2.
Пiдставляючи (52) в (14), одержуємо{

i
f0
f

+ λ
∆f
f

}
+
ϕ′
k

ϕk

{
iωk0 + 2λ

fa
f
ωka + λ∆ωk

}
+

+ 2λ
ϕ′

1ϕ
′
2

ϕ1ϕ2
ω1
aω

2
a + λ

ϕ′′
k

ϕk
ωkaω

k
a = F (ff∗ϕ1ϕ

∗
1ϕ2ϕ

∗
2)
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(тут по iндексах k, що повторюються, проводиться сумування). З останнього рiв-
няння випливає наступна теорема.
Теорема 10. Для того щоб анзац (52) зводив рiвняння (14) до системи рiвнянь
(53), необхiдно, щоб функцiя F (uu∗) задовольняла (5), а також виконувалися
умови:

if0 + λ∆f − λ3f ln(ff∗) = f(R1(ω1) +R2(ω2)),

iωk0 + 2λ
fa
f
ωka + λ∆ωk = Gk(ωk), ω1

aω
2
a = 0, λωkaω

k
a = Hk(ωk).

(54)

При виконаннi умов теореми 10 рiвняння (14) розщеплюється на таких два
рiвняння:

Rk(ωk)ϕk +Gk(ωk)ϕ′
k +Hk(ωk)ϕ′′

k = λ3ϕk(ϕkϕ∗
k),

де iндекс k приймає значення k = 1, 2.
Розглянемо випадок, коли

n = 3, f = f(x0, x3), ωk = ωk(x0, xk) (55)

i функцiя f задовольняє рiвняння Шредiнгера з логарифмiчною нелiнiйнiстю (11).
Наслiдок 9. Анзац (52), (55) розщеплює рiвняння (11) до системи рiвнянь

Gk(ωk)ϕ′
k +Hk(ωk)ϕ′′

k = λ3ϕk(ϕkϕ∗
k), (56)

де ωk задовольняють систему

iωk0 + λ∆ωk = Gk(ωk), λωkkω
k
k = Hk(ωk), k = 1, 2.

Для часткового випадку ωk = xk система (56) зводиться до рiвнянь λϕ′′
k =

λ3ϕk(ϕkϕ∗
k), λ3 = b+ ib1.
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5. Brüll L., Lange H., The Schrödinger–Langevin equation: special solutions and nonexistence of
solitary waves, J. Math. Phys., 1984, 25, № 4, 786–790.

6. Фущич В.I., Чопик В.I., Умовна iнварiантнiсть нелiнiйного рiвняння Шредiнгера, Допов. АН
УРСР, Сер. А, 1990, № 4, 30–33.

7. Фущич В.И., Баранник Л.Ф., Баранник А.Ф., Подгрупповой анализ групп Галилея, Пуанкаре и
редукция нелинейных уравнений, Киев, Наук. думка, 1991, 299 с.

8. Burdet G., Patera J., Perrin M., Winternitz P., The optical group and its subgroups, J. Math. Phys.,
1978, 19, № 8, 1758–1786.

9. Clarkson P., Dimensional reductions and exact solutions of a generalized nonlinear Schrödinger
equation, Nonlinearity, 1992, 5, 453–472.

10. Чопик В., Нелiївська редукцiя нелiнiйного рiвняння Шредiнгера, Укр. мат. журн., 1991, 43,
№ 11, 1504–1509.

11. Myronyuk P., Chopyk V., Conditional Galilei-invariance of multi-dimensional heat equation, in
Symmetry analysis of equations of mathematical physics, Kiev, Institute of Mathematics, 1992,
66–68.



W.I. Fushchych, Scientific Works 2003, Vol. 5, 56–66.

Symmetry analysis and ansatzes
for the Schrödinger equations
with the logarithmic nonlinearity
W.I. FUSHCHYCH, V.I. CHOPYK

Symmetry properties of the Schrödinger equations with the nonlinearity u ln(uu∗) are
investigated. It is shown that these equations are invariant with respect to various
extensions of the Galilei algebra AG(1, n). The conditional symmetry of these nonlinear
Schrödinger equations are investigated. Lie, non-Lie dimensional reduction and reduction
by number of dependent variables carried out. The exact solutions of these equations
are constructed.

1. Introduction. Let us consider the Schödinger equations with the logarithmic
nonlinearity:

Su ≡ bu ln(uu∗), b ∈ R (1)

and

Su ≡ (λ1 + iλ2)u ln(uu∗), λ2 �= 0, (2)

where S = i ∂
∂x0

+ λ∆, x0 ≡ t, ∆ = ∂2

∂xa∂xa
, a = 1, n, λ, λi ∈ R, n is the number of

space variables.
For the case when b is a real constant the equation (1) is equivalent to the equation

suggested by I. Bialynicki-Birula and J. Mycielski [1]. The equation (1) is investigated
by many authors using different methods (see e.q. [2, 3]). For this case the equation
of continuity:

∂ρ

∂x0
+ div j = 0,

ρ = (uu∗), j = (j1, j2, . . . , jn), ja = −iλ
(
u∗

∂u

∂xa
− u

∂u∗

∂xa

)
, a = 1, n

(3)

is satisfied.
For the case when λ2 �= 0 the equation of continuity (3) is not satisfied and the

formula:

∂ρ

∂x0
+ div j = λ2ρ ln ρ

can be considered instead of condition (3).
For the equation (2) the conditions:

∂ρ

∂x0
ja +

∂

∂xb
Tab = 0,
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where Tab is the stress tensor, a, b = 1, n, are not satisfied (in contrast with the case
of the equation (1) [1]).
It will be shown further, that symmetry properties of the equations (1) and (2) are

essentially different.

2. Lie symmetry. It is well-known that the equations (1), (2) are invariant under
the Galilei algebra AG(1, n) generates by operators:

P0 =
∂

∂x0
, Pa =

∂

∂xa
, Jab = xaPb − xbPa,

Q = i

(
u
∂

∂u
− u∗

∂

∂u∗

)
, Ga = x0Pa +

xa
2λ
Q.

(4)

However, it appears that the Lie symmetry of the Schrödinger equations with loga-
rithmic nonlinearity are not exhausted by the algebra (4).

Theorem 1. The equation (1) is invariant with respect to the algebra:

AG3(1, n) = 〈AG(1, n), B〉, (5)

where B = I − 2bx0Q, I = u ∂
∂u + u∗ ∂

∂u∗ .
Theorem 2. The equation (2) is invariant with respect to the algebra:

AG4(1, n) = 〈AG(1, n), C〉, (6)

where C = exp{2λ2x0}
(
I − λ1

λ2
Q
)
, when λ2 �= 0.

The above theorems can be proved using the Lie algorithm [4, 5].
The operator C generates the following finite transformations [6]:

x0 → x′0 = x0, xa → x′a = xa,

u→ u′ = exp
{
θ

(
1 − i

λ1

λ2

)
exp(2λ2x0)

}
u,

(7)

where θ is a group parameter.
Under transformations (7), the equation (2) becomes:

exp
{
−θ

(
1 − i

λ1

λ2

)
exp(2λ2x0)

}
[Su′ − (λ1 + iλ2)u′ ln(u′u′∗)].

This shows that the equation (2) is invariant with respect to the operator C.

Note 1. Solutions of the equation (1) can be generated by means of transformations [1]:

x0 → x′0 = x0, xa → x′a = xa, u→ u′ = exp{θ(1 − 2ibx0)}u
which are generated by the operator B.
From the commutation relations for the operator C

[C,P0] = d1C, [C,Pa] = [C, Jab] = [C,Q] = [C,Ga] = 0

and for the operator B

[B,P0] = d2Q, [B,Pa] = [B, Jab] = [B,Q] = [B,Ga] = 0, d1, d2 ∈ R

it follows that the algebras AG3(1, n) and AG4(1, n) differ.
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3. Lie reduction by number of independent variables. In this paper we sys-
tematically use symmetry properties of equations (1) and (2) to find their exact
solutions. The method of finding exact solutions of differential equations is based on
Lie’s ideas of invariant solutions and it is described in full detail in [4, 5].
In this section we describe the some ansatzes of codimension 1 and 2

u = f(x0,x)ρ(ω1, ω2) exp{g(x0,x) + ϕ(ω1, ω2)},
where the functions f , g and new variables ωi = ωi(x0,x) are determined by means
of operators of subalgebras of AG3(1, n) and AG4(1, n).
Let us consider some subalgebras of AG3(1, n), which reduce the equation (1) to

system of differential equations with one and two independent variables.
1) 〈B+αP0, Jab〉, α �= 0. The ansatz and corresponding systems of reduced equati-

ons has the form:

u = exp
{x0

α

}
ρ(ω) exp

{
i

[
− b

α
x2

0 + ϕ(ω)
]}

, α �= 0, α ∈ R, (8)

where ω = (x2)1/2, x2 = x2
1 + · · · + x2

n and

1
α
ρ+ 2λρ̇ϕ̇+ λρϕ̈+ λρ

n− 1
ω

ϕ̇ = 0,

λρ̈+ λ(n− 1)ω−1ρ− λρϕ̇2 = 2bρ ln ρ,

where ρ̇ = ∂ρ
∂ω , ϕ̇ = ∂ϕ

∂ω , ρ̈ = ∂2ρ
∂ω2 , ϕ̈ = ∂2ϕ

∂ω2 .
2) 〈B + αP0, J12 + βP3〉, α, β �= 0, α, β ∈ R

u = exp
{x0

α

}
ρ(ω1, ω2) exp

{
i

[
− b

α
x2

0 + ϕ(ω1, ω2)
]}

, α �= 0, α ∈ R, (9)

where

ω1 = (x2
1 + x2

2)
1/2, ω2 = arctg

x2

x1
− x3

β
.

The system of reduced equations has the form (for the case n = 3)

α−1ρ+ 2λρ1ϕ1 + 2λρ2ϕ2(ω−2
1 + β−2) + λρϕ11 +

+ λρϕ22(ω−2
1 + β−2) + λρω−1

1 ϕ1 = 0,
λρ11 + λρ22(ω−2

1 + β−2) + λρω−1
1 − λρϕ2

1 + ρϕ2
2(ω

−2
1 + β−2) = 2bρ ln ρ.

3) The ansatz

u = exp
{x0

α

}
ρ(ω1, ω2) exp

{
i

[
x0x1

α
− b

α
x2

0 −
x3

0

6λα
+ ϕ(ω1, ω2)

]}
(10)

when n = 3 reduces equation (1) to the system:

2λρ1ϕ1 + 2λρ2ϕ2 + α−1ρ+ λρ(ω−1
2 ϕ2 + ϕ11 + ϕ22) = 0,

λρ11 + λρ22 + λω−1
2 ρ2 − λρ(ϕ2

1 + ϕ2
2) = 2bρ ln ρ− (2λα)−1ρω1,

(11)
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where

ω1 =
λx2

0

α
− x1, ω2 = (x2

2 + x2
3)

1/2, α �= 0,

ρi =
∂ρ

∂ωi
, ϕi =

∂ϕ

∂ωi
, i = 1, 2.

Solving the system of reduced equations (11) one can following partial solution of the
equation (1)

u = exp
{

x2
0

8λαb
+
x0

α
− da1xa + c1 +

+ i

[
− x0

6λα
− 2b
α
x2

0 +
x0

α
da2xa + da3xa + c2

]}
,

(12)

where dak, ci, α ∈ R, k = 1, 2, 3, a = 1, n and dak satisfy the following conditions:

da1d
a
1 =

1
8b2λ2α

, da1d
a
2 =

1
8λ2b

, da1d
a
3 = − 1

2λα
,

da2d
a
2 =

α

4λ2
, da2d

a
3 = − b

λ
, da3d

a
3 =

1
16λαb2

− 2bc1.

It is easy to see that the exact solution (12) of the nonlinear equation (1) is
non-analytical by b.

Note 2. The ansatzes (7)–(9) follows from the fact that the equation (1) is invariant
to the operator B.

Let us adduce some examples of reduction of equation (2).

Example 1. 〈C + αP3, J12〉. The ansatz

u = exp
{

1
α

exp(2λ2x0)x3

}
ρ(ω1, ω2) ×

× exp
{
i

[
− λ1

αλ2
exp(2λ2x0)x3 + ϕ(ω1, ω2)

]}
, α �= 0,

(13)

where ω1 = x0, ω2 = (x2
1 + x2

2)
1/2 reduces equation (2) (when n = 3) to the system:

ρ1 + 2λρ2ϕ2 + λρ(ω−1
2 ρ2 + ϕ22) = 2λ2ρ ln ρ,

α−2λ exp(4λ2ω1)(1 − λ2
1λ

−2
2 )ρ+ λρ22 + λω−1

2 ρ2 − ρϕ1 − λρϕ2
2 = 2λ1ρ ln ρ.

Example 2. The ansatz

u = exp
{

1
2λ2α

exp(2λ2x0)
}
ρ(ω) exp

{
i

[
− λ1

2αλ2
2

exp(2λ2x0) + ϕ(ω)
]}

, (14)

where ω = (x2)1/2 reduces (2) when λ2 �= 0 to the system of ODE:

2λρ̇ϕ̇+ λρϕ̈+ λρω−1(n− 1)ϕ̇ = 2λ2ρ ln ρ,
λρ̈+ λ(n− 1)ω−1ρ+ λρϕ̇2 = 2λ1ρ ln ρ.
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Example 3. The ansatz

u = exp
{

arctg
x2

x1
exp(2λ2x0)

}
ρ(ω1, ω2) ×

× exp
{
i

[
λ1

λ2
exp(2λ2x0) arctg

x2

x1
+
x2

3 + · · · + x2
n

4λx0
+ ϕ(ω1, ω2)

]}
,

(15)

where ω1 = x0, ω2 = (x2
1 + x2

2)
1/2 reduces the equation (2) (when n ≥ 2) to the

system:

ρ1 + 2λ exp(4λ2ω1)
λ1

λ2
ρω−2

2 + ω2
2ϕ2ρ2 + 2λρω−1

2 ϕ2 + λρϕ22 +
n− 2
2ω1

ρ =

= 2λ2ρ ln ρ,
λ exp(4λ2ω1)ω−2

2 ρ(1 − λ2
1λ

−2
2 ) + 2λρ2(1 + ω−1

2 ) − ρϕ1 − λρϕ2
2 = 2λ1ρ ln ρ.

Example 4. The ansatz

u = exp(exp(2λ2x0)x1ρ(x0) ×
× exp

{
i

[
λ1

λ2
x1 exp(2λ2x0) +

x2
2 + · · · + x2

n

4λx0
+ ϕ(x0)

]}
,

(16)

reduces the equation (2) when λ2 �= 0 to the system:

ρ̇− 2λλ1λ
−1
2 ρ exp(4λ2x0) +

n− 1
2x0

= 2λ2ρ ln ρ,

ϕ̇ = λ exp(4λ2x0) + λλ1λ
−1
2 exp(2λ2x0) − 2λ1 ln ρ.

(17)

The system of equations (17) by means of the change of variables ρ = expφ is
reduced to a linear system of ODE which has the general solution of the form

φ =
λλ1

λ2
2

exp(4λ2x0) − exp(2λ2x0)
(
d1 +

n− 1
2

F (2λ2)
)
, d1 ∈ R,

ϕ =
λ

4λ2
exp(4λ2x0)

(
1 − 2λ2

1

λ2
2

)
+

λ1

2λ2
(λ+ 2d1) exp(2λ2x0) +

+ λ1(n− 1)
∫
F (2λ2) exp(2λ2x0)dx,

(18)

where

F (θ) =
∫

exp(−θx0)
dx0

x0
.

The substitution of (18) into the ansatz (16) gives the following solution of the equa-
tion (2) when λ2 �= 0 for n = 1

u = exp
{

(x1 − d1) exp(2λ2x0) +
λλ1

λ2
2

exp(4λ2x0) +

+ i

[(
λλ1 + 2λ1λ2d1

2λ2
2

− λ1

λ2
x1

)
exp(2λ2x0) +

λλ2
2 − 2λλ2

1

4λ3
2

exp(2λ2x0)
]}

.

Note 3. The ansatzes (13)–(16) are obtained from the fact that the equation (2) is
invariant with respect to the algebra AG4(1, n) (as distinct from the equation (1)).
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4. Component-wise reduction. The reduction by number of dependent variables
of the equations (1), (2) is possible because of invariance these equations respectively
to the operators B and C.
1) For reduction of the equation (1) by operator B it is necessary to change or

variables:

W = F (x0,x) − i(4bx0)−1 ln(u/u∗), V = ln |u| − i(4bx0)−1 ln(u/u∗), (19)

where F is a some real function.
Then the change of variables (19) is constructed, the equation (1) has the form:

F0 −W0 + V0 + 4λbx0(Fa −Wa + Va)(Wa + Fa) + 2λbx0(∆W − ∆F ) = 0,
λ(Fa −Wa + Va)(Fa −Wa + Va) + λ(∆F − ∆W + ∆V ) −

− 2bx0(W0 − F0) − 4λb2x2
0(Wa − Fa)(Wa − Fa) = 2bV,

where Fµ = ∂F
∂xµ
, Wµ = ∂W

∂xµ
, Vµ = ∂V

∂xµ
, ∆ = ∂2

∂xa∂xa
and the operator B has the form

B = ∂
∂W .

The reduction of the equation (1) by operator B is equivalent to the condition
W = 0.
Thus, we can find the solutions of the equation (1) in the form:

u = exp{V (x0,x) + (1 − 2ibx0)F (x0,x)}, (20)

where functions V and F satisfy the system:

F0 + V0 − 4λbx0(Fa + Va)Fa − 2λbx0∆F = 0,
λ(Fa + Va)(Fa + Va) + λ(∆F + V ) + 2bx0(F0 − 2λbx0FaFa) = 0.

(21)

Case 1. The functions V and F satisfy the conditions:

F = f1(x0), V = f2(x0) + ϕ(ω), ω = ω(x). (22)

Substitution of the expression (22) into (21) yields the ODE

(ϕ̈+ ϕ̇2)θ1(ω) + ϕ̇θ2(ω) = 2bλ−1ϕ, (23)

where

ωaωa = θ1(ω), ∆ω = θ2(ω), (24)

and

f1 = c2 − c1x
−1
0 , f2 = c1x

−1
0 , c1, c2 ∈ R. (25)

Note 4. The necessary conditions of compatibility and the general solution of system
(24) construct in papers [7, 8].

For the partially case ω = αaxa, αaαa = 1, αa ∈ R, a = 1, n, the equation (23)
has the form:

ϕ̈+ ϕ̇2 = 2bλ−1ϕ. (26)

This equation by means of change of variables

ϕ̇2 = Φ(ϕ)
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is reduced to a linear equation:

Φ̇(ϕ) + 2Φ(ϕ) = 4bλ−1ϕ.

The last equation can be easily integrated and the result is as follows:∫ [
ϕ+ c exp(−2ϕ) − 1

2

]−1/2

dϕ = (2bλ−1)1/2dω, c ∈ R. (27)

When c = 0 we get from (27) the following solution of (26):

ϕ =
b

2λ
(ω + c3)2 +

1
2
, c3 ∈ R. (28)

Summarizing results (20), (22), (25), (28) we write down the exact solution of equati-
on (1):

u = exp
{
b

2λ
(αaxa + c3)2 + c2 +

1
2
− 2ib(c2x0 − c1)

}
,

where ci ∈ R, i = 1, 2, 3, αaαa = 1.
Case 2. V = 0 and F satisfy the overdetermined system:

F0 − 4λbx0FaFa − 2λbx0∆F = 0,
λFaFa + λ∆F + 2bx0F0 − 4λb2x2

0FaFa = 0.

For this case the ansatz (2) has the form:

u = exp{1 − 2ibx0)F (x0,x)}. (29)

Consequence. The ansatz (29) gives the solutions of the equation (1) if the real
function F satisfy:

Ft − λbFaFa = 0, Ft + λb∆F = 0, t = x2
0. (30)

The system (30) have non-trivial symmetry properties:

Theorem 3. The overdetermined system (30) is invariant with respect to the exten-
ded Galilei algebra having basis elements:

Pt =
∂

∂t
, t = x2

0, Pa, Jab, Pn+1 =
∂

∂F
,

G(1)
a = FPa − xa(2λb)−1Pt, D(1) = 2t∂t + xaPa.

Note 5. The operator G(1)
a generates the transformation:

t→ t′ = t− (2λb)−1θaxa − (4λb)−1θ2a, xb → x′b = xb,

xa → x′a = xa + θaF, F → F ′ = F,

where θa is a group parameter.
2) For reduction of the equation (2) (λ1 �= 0) by operator C it is necessary to

change of variables:

W = F (x0,x, ω), ω =
1
2

exp(−2λ2x0)(ln |u| − (2iλ1)−1λ2 ln(u/u∗)),

V = λ1 ln |u| − i
1
2
λ2 ln(u/u∗).

(31)
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Substituting (31) for the partially case Fω = 1 into the equation (2) we get:

(2λ1)−1V0 − exp(2λ2x0)(F0 −W0) + 2λ[(2λ)−1Va −
− exp(2λ2x0)(Fa −Wa)((2λ2)−1Va + λ1(λ2)−1 exp(2λ2x0)(Fa −Wa)] +
+ (2λ2)−1λ[∆V + 2λ1 exp(2λ2x0)(∆F − ∆W )] − (λ1)−1λ2V = 0,

λ[(2λ1)−1Va − exp(2λ2x0)(Fa −Wa)(2λ1)−1Va − exp(2λ2x0)(Fa −Wa)] +
+ λ[(2λ1)−1∆V − exp(2λ2x0)(∆F − ∆W )] − (2λ2)−1[V0 +
+ 2λ1 exp(2λ2x0)(F0 −W0)] − λ(4λ2

2)
−1[Va + 2λ1 exp(2λ2x0)(Fa −Wa)] ×

× [Va + 2λ2 exp(2λ2x0)(Fa −Wa)] − V = 0,

and the operator C has the form:

C =
∂

∂W
. (32)

From (31), (32) follows that the solutions of the equation (2) (with λ1, λ2 �= 0) we
can find in the form:

u = exp
{
(2λ1λ2)−1V (λ2 + iλ1) − (λ1)−1F exp(2λ2x0)(λ2 − iλ1)

}
,

where the real functions V and F satisfy the system:

(2λ1)−1V0 − exp(2λ2x0)F0 + 2λ[(2λ1)−1Va − exp(2λ2x0)(Fa − (2λ2)−1Va) +
+ λ1(λ2)−1 exp(2λ2x0)Fa] +
+ (2λ2)−1λ[∆V + 2λ1 exp(2λ2x0)∆F ] − (λ1)−1λ2V = 0,

λ[(2λ1)−1Va − exp(2λ2x0)Fa] + λ[(2λ1)−1∆V − exp(2λ2x0)∆F −
− (2λ2)−1[V0 + 2λ1 exp(2λ2x0)F0] −
− λ(4λ2

2)
−1[Va + 2λ1 exp(2λ2x0)Fa]2 − V = 0.

(33)

Case 1: V = 0. For this case the ansatz

u = exp
{−(λ1)−1F exp(2λ2x0)(λ2 − iλ1)

}
reduces the equation (2) when λ1 �= 0 to the system:

F0 + λλ1(λ2)−1∆F = 0,
F0 + λλ1(λ2)−1 exp(2λ2x0)FaFa = 0.

Case 2: F = 0. For this case the ansatz

u = exp
{
(2λ1λ2)−1V (λ2 + iλ1)

}
reduces the equation (2) with λ1 �= 0 to the overdetermined system:

V0 + λ(λ2)−1VaVa + λλ1(λ2)−1∆V − 2λ2V = 0,
V0 + λ(λ2

1 − λ2
2)(2λ1λ2)−1VaVa − λλ2(λ1)−1∆V + 2λ2V = 0.

(34)

For the partially case λ2
1 = λ2

2 the system (34) has the form:

V0 + λ(2λ2)−1VaVa = 0, V0 + λ∆V ∓ 2λ2V = 0,
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and for the partially case 3λ2
1 = λ2

2 this system has the form:

V0 + λ(2λ2)−1VaVa − λ2V = 0,
√

3V0 ∓ λ∆V = 0.

5. Conditional symmetry. The symmetry of the equations (1), (2) can be extended
essentially, if we put a certain additional condition on its solutions (see [4, 9, 10]).
As to Schrödinger equations with the logarithmic nonlinearity one of such additional
conditions is vanishing of the interior potential [11] that is equivalent to the following
condition:

∆|u| = 0, |u| = (uu∗)1/2. (35)

Theorem 4. The equation (1) is conditionally invariant with respect to the following
algebras:

1) AG5(1, n) = 〈AG3(1, n), Q1〉,
where

Q1 = x0P0 + xaPa − i

2
ln(uu∗−1)Q

with additional condition (35);

2) AG5(1, n) = 〈AG(1, n), Q2〉,
where the operator Q2 is of the form [9]:

Q2 =
i

2
ln(uu∗−1)Q+ x0P0

if the module of the function u satisfies the condition

λ∆|u| = 2b|u| ln |u|. (36)

Note 6. The operator Q1 generates the following finite transformations:

x0 → x′0 = θ1x0, xa → x′a = θ1xa, u→ u′ = |u|(uu∗−1)1/2θ1 ,

and the operator Q2 generates the following transformations:

x0 → x′0 = θ2x0, xa → x′a = xa, u→ u′ = |u|(uu∗−1)−1/2θ2 ,

where θ1 and θ2 are group parameters.

Theorem 5. The equation (2) is conditional invariant with respect to the algebra:

AG7(1, n) = 〈AG4(1, n), Q3〉,
where

Q3 = Q1 −Q2 = xaPa − i ln(uu∗−1)Q,

and the operator C is of the form C = exp(2λ2x0)I. The additional condition has
the form (34).
Note 7. The operator Q3 generates the transformations:

x0 → x′0 = x0, xa → x′a = θ3xa, u→ u′ = |u|(uu∗−1)θ3 , a = 1, n.
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The following theorems can be proved by means of conditional invariance algori-
thm (see e.g. [5, 10]).
So we can see that the additional conditions (34) and (35) expand the symmetry

of the equations (1), (2).
6. Applications: non-Lie reduction. In this section we consider some non-Lie

ansatzes for the equations (1), (2) which cannot, be obtained by means of classical
Lie approach. The examples of non-Lie reduction of the Schrödinger equations with
degree nonlinearity are adduced in [12, 13].
1) The ansatz

u = x2
0ρ(ω1, ω2) exp{i[αaxa − 4bx0 lnx0 + x0ϕ(ω1, ω2)]},

ω1 =
x1

x2
, ω2 =

x2

x0
, αa ∈ R, a = 1, n

(37)

reduces the equation (1) to the system:

2ρ− ω1ρ1 − ω2ρ2 + 2λρ1ϕ1 + 2λρ2ϕ2 + λρ(ϕ11 + ϕ22) = 0,
ρ11 + ρ22 = 0,
λϕ2

1 + λϕ2
2 − ω1ϕ1 − ω2ϕ2 = 4b− λαaαa − 2b ln ρ, a = 3, . . . , n, αa ∈ R.

(38)

2) The ansatz

u = x2
0ρ(ω1, ω2) exp

{
i

[
x2

1

4λx0
− 4bx0 lnx0 + x0ϕ(ω1, ω2)

]}
, (39)

where

ω1 =
x1

x0
− arctg

x3

x2
, ω2 =

x2
2 + x2

3

x0

reduces the equation (1) (when n = 3) to the system:

2ρ− ω1ρ1(1 + ω−2
2 ) − ω2ρ2 + ρ2ϕ2 + ρω2ϕ2 + ρϕ11(1 + ω−2

2 ) + ρϕ22 = 0,
ρ11(1 + ω−2

2 ) + ω2
2ρ22 + ω2ρ2 = 0,

λ(1 + ω−2
2 )ϕ2

1 + λϕ2
2 − ω2ϕ+ ϕ− 4b+ 2b ln ρ = 0.

(40)

3) The ansatz

u = x2
0ρ(ω1, ω2) exp

{
i

[
x2

1

4λx0
− 4bx0 lnx0 + x0ϕ(ω1, ω2)

]}
,

ω1 =
x2

x0
, ω2 =

x3

x0

(41)

reduces the equation (1) to the system (when n = 3):

2ρ− ω1ρ1 − ω2ρ2 + 2λρ1ϕ1 + 2λρ2ϕ2 +
1
2
ρ+ 2λρ(ϕ11 + ϕ22) = 0,

ρ11 + ρ22 = 0,
λϕ2

1 + λϕ2
2 − ω1ϕ1 − ω2ϕ2 + ϕ− 4b+ 2b ln ρ = 0.

(42)

Note 8. The ansatzes (37), (39), (41) are obtained as a consequence of conditional
invariance of the equation (1) respect to the algebra AG5(1, n).
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4) The ansatz

u = exp
{

2
α

exp(2λ2x0)
}
ρ(ω) exp

{
i

[
exp

(
2x0

α

)
ϕ(ω)

]}
,

ω = (x2)1/2 exp
{
−x0

α

}
, α �= 0,

(43)

reduces equation (2) with λ1 = 0, λ2 �= 0 to the system ODE:

ρϕ̈+ ρ̇ϕ̇+ (n− 1)ω−1ρϕ̇+ α−1ωρ̇ = 2λ2ρ ln ρ,
ρ̈+ (n− 1)ω−1ρ̇ = 0,
λαϕ̇2 − ωϕ̇+ 2ϕ = 0.

(44)

The systems of reduced equations (38), (40), (42), (44) are overdetermined.
Therefore it is necessary to consider their compatibility.
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Symmetry and exact solutions
of multidimensional nonlinear
Fokker–Planck equation
W.I. FUSHCHYCH, V.I. CHOPYK, V.P. CHERKASENKO

Розглядається нелiнiйне рiвняння Фоккера–Планка. За рахунок накладання на кое-
фiцiєнти функцiї нелiнiйної додаткової умови вдалось значно розширити симетрiю
рiвняння Фоккера–Планка. Дослiджено умовну симетрiю, проведено редукцiю та
знайдено деякi точнi розв’язки цього рiвняння.

1. Let us consider equation

∂p

∂t
= −

n∑
k=1

∂

∂xk
(Akρ) +

1
2

n∑
i,k=1

∂2

∂xi∂xk
(Bikρ) + F (ρ), (1)

where ρ(t, �x), �x = (x1, . . . , xn), Ak(t, �x), Bik(t, �x), F (ρ) are smooth real functions.
If F (ρ) = 0, (1) coincides with classical linear Fokker–Planck equation (FPE), which
finds broad application in the theory of Markov processes. In this case [1] ρ is the
conditional probability density, �A = (A1, A2, . . . An) is a drift velocity vector, Bik are
elements of diffusion matrix B(t, �x) = ‖Bik‖ni,k=1.
In the cases, when (1) (for F (ρ) = 0) is equivalent to the linear heat equation, it

is possible to use effectively group-theoretical analysis methods to construct solutions
of the linear FPE [2]. In other cases equation (1) for fixed Ak and Bik, as a rule, has
no nontrivial symmetry. Thus, it is impossible to apply to it symmetry methods [3].
In [4] a new interpretation for the equations like (1) was proposed, it opens

wide possibilities for application of group-theoretical methods. The idea consists in
complementing (1) with equations for coefficient functions Ak and Bik. That is we add
to (1) some system of equations for Ak and Bik, (1) turns out then to be a nonlinear
system (even if F (ρ) = 0). Such an extended system, as we show, can have a nontrivial
symmetry which is used to construct exact solutions of equation (1).
Therefore our paper is based on the idea of nonlinear extension of equation (1).
2. We require the components of the vector �A to satisfy conditions having the

form of Euler’s equation for the ideal liquid

∂Ak
∂t

+Al
∂Ak
∂xl

= Fk(ρ). (2)

For the potential flow when Ak =
∂ϕ

∂xk
, Fk = ∂F1(ρ)

∂xk
, and Bik = Dik (D = const ≥ 0)

equations (1) and (2) can be written as

ρ0 + ρaϕa + ρ∆ϕ− D

2
∆ρ = F (ρ), (3)

Доповiдi АН України, 1993, № 2, С. 32–42.
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ϕ0 +
1
2
ϕaϕa = F1(ρ), (4)

where ρ0 = ∂ρ
∂x0
, x0 ≡ t, ϕa = ∂ϕ

∂xa
, a = 1, n. Thus we tend to investigate symmetry

properties and to construct families of solutions for (3), (4).
3. We assume D to be nonvanishing.

Theorem 1. Equation (3) for D > 0 is invariant under the following algebras:
1) A1 = 〈P0, Jab,Xa, Y, Pa〉, where

P0 =
∂

∂x0
, Pa =

∂

∂xa
, Jab = xaPb − xbPa, {a, b} = 1, n,

Xa = ga(x0)Pa + g′a(x0)xa
∂

∂ϕ
, Y = h(x0)

∂

∂ϕ
,

(ga, h are arbitrary smooth functions) for an arbitrary F (ρ);
2) A2 = 〈A1,D〉, where the operator of scale transformations D has the form

D = 2x0P0 + xaPa − 2
k
I,

where I = ρ ∂
∂ρ , for F = λρk+1, k �= 0;

3) A3 = 〈A2, A〉, where the operator of projective transformations A has the form

A = x2
0P0 + x0xaPa +

�x 2

2
∂

∂ϕ
− nx0I, if F = λρ

2
n +1,

where �x 2 = x2
1 + x2

2 + · · · + x2
n;

4) A4 = 〈A1, S〉, where

S = f(x0)P0 +
1
2
f ′(x0)xaPa +

1
4
f ′′(x0)�x 2 ∂

∂ϕ
− n

2
f ′(x0)I

(f is an arbitrary smooth function), if F = 0;
5) A5 = 〈A1, C0〉, where
C0 = exp{λx0}I, if F = λ ln p.

Proof of this and following theorems can be made using Lie’s algorithm (see, e.g.
[5, 6]).

Remark 1. Algebra A4 coincides with A3, if we require condition f ′′′ = 0 to be
satisfied.

Remark 2. In the case D = 0 equation (1) turns into Liouville’s equation. The
question on the symmetry of (4) (if F = 0) then can be answered by the following
theorem [7].

Theorem 2. Equation (4) with D = F = 0 is invariant under infinitely-dimensional
algebra which is generated by the operator

X = 2f1(x0)P0 + f ′1(x0)xaPa + f2(x0)
{
xaPa + 2ϕ

∂

∂ϕ

}
+

+ (f ′′1 + f ′2)
{
�x 2

2
∂

∂ϕ
− n

2
x0I

}
+ f3aPa + f ′3a(x0)xa

∂

∂ϕ
+ dI + cabJab.
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where f ′′′1 (x0) + f ′′2 (x0) = 0, cab = −cba, {d, cab} ⊂ R, f1(x0), f2(x0), f3a(x0), a =
1, 4, f4(x0) are an arbitrary smooth functions. Operators Xa lead to the following
finite transformations:

x′a = xa + ga(x0)θ, ϕ′ = ϕ+ ġa(x0)xaθ +
1
2
ga(x0)ġa(x0)θ2,

ρ′ = ρ, x′0 = x0, x′b = xb, where ġa = dga

dx0
, θ is a group parameter.

4. Let us now require the condition (4) on ϕ to be satisfied.

Theorem 3. The system of equations (3), (4) for D �= 0 and arbitrary F , F1 is
invariant under the algebra

1) AG(1, n) = 〈P0, Pa, Jab, Ga, Q〉, where Ga = x0Pa+xaQ, Q = ∂
∂ϕ and additio-

nally is invariant under the following algebras:
2) AG1(1, n) = 〈AG(1, n),D〉, if F = λρk+1, F1 = λ1ρ

k, k �= 0;
3) AG2(1, n) = 〈AG1(1, n), A〉, if F = λρ

2
n +1, F1 = λ1ρ

2
n ;

4) AG3(1, n) = 〈AG1(1, n), B〉, where the operator B has the form B = I+λ1x0Q,
if F1 = λ1 ln ρ, F = 0;

5) AG4(1, n) = 〈AG(1, n), C〉, where C = exp{λx0}
(
λ1
λ Q+ I

)
, if F = λρ ln ρ,

F1 = λ1 ln ρ, λ �= 0;
6) AG5(1, n) = 〈AG2(1, n), I〉, if F = F1 = 0, where λi are arbitrary real

constants, i = 1, 2.
Remark 3. Operator C with λ1 = 0 coincides with C0.

Remark 4. In the case D = 0 the system (3), (4) is employed in quanturn mechanics
and is called there “the classical approximation of the Schrödinger equations” [8]. Its
symmetry was investigated in [7].

5. Conditional symmetry. The system (3), (4) has conditional symmetry. The
condition which allows to enlarge symmetry of this system has the form

∆ρ = F2(ρ). (5)

Then the system of equations (3), (4), (5) is equivalent to the following system:

ρ0 + ρaϕa + ρ∆ϕ = F (ρ),

ϕ0 +
1
2
ϕaϕa = F1(ρ),

∆ρ = F2(ρ).

(6)

Theorem 4. The system of equations (6) for arbitrary F , F1, F2 is invariant under
the algebra AG(1, n) and additionally under the following algebras:

1) AG6(1, n) = 〈AG(1, n), Q1〉, where Q1 = xaPa + 2ϕQ if F is arbitrary and
F1 = F2 = 0;

2) AG7(1, n) = 〈AG(1, n), Q2〉, where Q2 = x0P0 − ϕQ for an arbitrary F2 and
F = F1 = 0;

3) AG8(1, n) = 〈AG(1, n), Q1 +Q2〉 for an arbitrary F1 and F = F2 = 0;
4) AG9(1, n) = 〈AG1(1, n), Q3〉, where the operator Q3 has the form: Q3 =

xaPa + 2ϕQ− 2
k I, if F = 0, F1 = λ1ρ

−k, F2 = 0, k �= 0;
5) AG10(1, n) = 〈AG1(1, n), Q2〉, if F = F1 = 0, F2 = λ2ρ

k+1, k �= 0;
6) AG11(1, n) = 〈AG1(1, n), Q1〉, if F = λρk+1, F1 = F2 = 0, k �= 0;
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7) AG12(1, n) = 〈AG(1, n), Q3〉, if F = 0, F1 = λ1ρ
−k, F2 = λρk+1, k �= 0;

8) AG13(1, n) = 〈AG1(1, n), Q4〉, where the operator Q4 has the form: Q4 =
x0P0 − ϕQ− 2

k I, if F = λρ
k+2
2 , F1 = λ1ρ

k, F2 = 0, k �= 0;
9) AG1(1, n) if F = λρk+1, F1 = λ1ρ

k, F2 = λ2ρ
k+1, k �= 0;

10) AG14(1, n) = 〈AG(1, n), Q3 +mQ4〉, m ∈ R, if F = λρ
mk+2

2 , F1 = λ1ρ
mk−k,

F2 = λ2ρ
k+1, k �= 0;

11) AG2(1, n), if F = λρ
2+n

n , F1 = λ1ρ
2
n , F2 = λ2ρ

2+n
n ;

12) AG15(1, n) = 〈AG2(1, n), Q1〉, if F = λ2ρ
2+n

n , F1 = F2 = 0;
13) AG16(1, n) = 〈AG2(1, n), Q2〉, if F = F1 = 0, F2 = λ2ρ

2+n
n ;

14) AG17(1, n) = 〈AG2(1, n), Q1 +Q2〉, if F1 = λ1ρ
2
n , F = F2 = 0;

15) AG18(1, n) = 〈AG2(1, n), Q1, Q2〉, if F = F1 = F2 = 0;
16) AG19(1, n) = 〈AG8(1, n), B〉, if F = F2 = 0, F1 = λ1 ln ρ;
17) AG4(1, n) = 〈AG(1, n), C〉, if F = λρ ln ρ, F2 = 0;
18) AG20(1, n) = 〈AG6(1, n), C0〉, if F = λρ ln ρ, F1 = F2 = 0, λ �= 0.

Remark 5. It follows from the commutation equalities that some of above mentioned
algebras coincide (for instance, AG(1, n) and AG12(1, n), AG7(1, n) and AG13(1, n)).
6. Reduction of the system (3), (4). Using the operators mentioned in Theo-

rems 3 and 4 we have constructed ansatzes and have obtained corresponding reduced
systems of equations. Some of them are adduced below (for the case of three spatial
variables, n = 3):
1) Ansatz ρ = exp

{
2x0
α

}
Φ(ω1, ω2), α ∈ R, α �= 0,

ϕ =
λ1

2α
x2

0 −
x3

0

3α2
+
x0x1

α
+ g(ω1, ω2), ω1 =

x2
0

α
− x1, ω2 = (�x 2)

1
2 ,

reduces (3), (4), if F = 0, F1 = λ1 ln ρ to the following system:(
2
α

+ g11 + g22

)
Φ + g1Φ1 + g2ω

−1
2 Φ +

D

2
(ω−1

2 + Φ11 + Φ22) = 0,

g2
1 + g2

2 = λ ln Φ +
2
α
ω1, where gi =

∂g

∂ωi
, Φi =

∂Φ
∂ωi

, i = 1, 2.

2) Ansatz ρ = exp
{

2x0
α

}
Φ(ω), ω = (�x 2)

1
2 , α �= 0

ϕ =
λ1

α
x2

0 + g(ω), with F = 0, F1 = λ1 ln ρ

reduces (3), (4) to the system:(
2
α

+
n− 1
ω

g′ + g′′
)

Φ + g′Φ′ +
D

2

(
Φ′′ +

n− 1
ω

Φ′
)

= 0,

(g′)2 = 2λ1 ln Φ, where g′ =
dg

dω
, Φ′ =

dΦ
dω

.

3) F = 0, F1 = λ1 ln ρ,

ρ = exp
{

2x0

α

}
Φ(ω, ω2), ω1 = (x2

1 + x2
2)

1
2 , ω2 = arctg

x2

x1
− x3

β
,

ϕ =
λ1

2α
x2

0 + g(ω1, ω2), {α, β} �= 0,
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2
α

+ g1ω
−1
1 + g11

)
Φ + g1Φ1 + g2Φ2(ω−2

1 + β−2) + g22Φ(ω−2
1 + β−2) +

+
D

2
(Φ11 + ω−1

1 Φ1 + Φ22(ω−2
1 + β−2)) = 0,

g2
1 + g2

2(ω−2
1 + β−2) =

λ1

2
ln Φ.

4) Ansatz

ρ = exp
{

2
λα

exp(λx0)
}

Φ(x3), ϕ = 2g(x3), {λ, α} �= 0, α ∈ R,

reduces (3), (4), if F = λρ ln ρ, F1 = 0, to the following system:

Φ′′ +
2λ
D

Φ ln Φ = 0,

g′ = 0, D �= 0.

5) Ansatz ρ = exp{2x1 exp(λx0)}Φ(x0),

ϕ =
λ1

λ
x1 exp{λx0} +

x2
2 + x2

3

2x0
+ g(x0), λ �= 0

reduces (3), (4), if F = λρ ln ρ, F1 = λ1 ln ρ, to the system ODE:

Φ′ + 2x−1
0 Φ + 2

(
D +

λ1

λ
exp

)
exp{2λx0}Φ = λΦ ln Φ,

g′ +
λ2

1

2λ2
exp{2λx0} = λ1 ln Φ.

6) Ansatz ρ = exp
{

2
αx3 exp(λx0)

}
Φ(ω1, ω2), {α, λ} �= 0, α ∈ R,

ϕ =
λ1

λ
exp{λx0}x3 + g(ω1, ω2), ω1 = x0, ω2 = (x2

1 + x2
2)

1
2 ,

reduces (3), (4), if F = λρ ln ρ, F1 = λ1 ln ρ, to the following system:

Φ1 + g2Φ2 +
(
ω−1

2 g2 +
λ1

λα2
exp{2λω1}

)
Φ +

D

2
(Φ22 + ω−1

2 Φ2) = λΦ ln Φ,

2g1 + g2
2 = λ1 ln Φ − λ2

1

2λ2α2
exp{2λω1}.

7) F = λρ ln ρ, F1 = λ1 ln ρ,

ρ = exp
{

2 arctg
x2

x1
exp(λx0)

}
Φ(ω1, ω2), ω1 = x0, ω2 = (x2

1 + x2
2)

1
2 ,

ϕ =
λ1

λ
exp(λx0) arctg

x2

x1
+

x2
3

2x0
+ g(ω1, ω2), λ �= 0,

Φ1 + ω−2
2

(
g2 +

(
D +

2λ1

λ

)
exp{2λω1}

)
Φ + g2Φ2 +

D

2
Φ22 +

+
D

2
ω−1

2 Φ2 + g22Φ = λΦ ln Φ,

2g1 + g2
2 = λ1 ln Φ −

(
λ1

λ
ω−1

2 exp{λω1}
)2

.
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8) F = λρ ln ρ, F1 = λ1 ln ρ,

ρ = exp
{

2
λα

exp(λx0)
}

Φ(ω), ϕ =
λ1

λα
exp(λx0) + g(ω), ω = (�x 2)

1
2 ,

g′Φ′ + Φ
(
g′′ +

n− 1
ω

g′
)

+
D

2

(
Φ′′ +

n− 1
ω

Φ′
)

= λΦ ln Φ,

(g′)2 = λ1 ln Φ.

9) Ansatz ρ = Φ(ω), ϕ = x0x3 − x3
0
3 + g(ω), ω = x3 − x2

0
2 for arbitrary F (ρ), F1(ρ)

reduces (3), (4) to the following system:

g′Φ′ + g′′Φ +
D

2
Φ′′ = F (Φ),

(g′)2 + 2ω = F1(Φ).

10) ρ = Φ(ω1, ω2), ϕ = x2
3

2x0
+ g(ω1, ω2), ω1 = x0, ω2 = (x2

1 +x2
2)

1
2 , F (ρ), F1(ρ) are

arbitrary functions,

Φ1 + g2Φ2 + Φ(g22 + ω−1
2 g2) +

D

2
(Φ22 + ω−1

2 Φ2) = F (Φ) − ω−1
1 Φ,

g1 + g2
2 = F1(Φ).

11) ρ = Φ(ω), ϕ = g(ω) − x0 − √
2 arctg x2

x1
, ω = (x2

1 + x2
2)

1
2 , F (ρ), F1(ρ) are

arbitrary functions,

g′(Φ′ + ω−1Φ) + g′′Φ +
D

2
(Φ′′ + ω−1Φ′) = F (Φ),

(g′)2 = 2F1(Φ).

12) ρ = Φ(x0), ϕ = x2
3

2x0
+ g(x0),

Φ′ + ω−1Φ = F (Φ),
(g′) = F1(Φ),

13) ρ = Φ(x3), ϕ = g(x3) − x0,

g′Φ′ + g′′Φ +
D

2
Φ′′ = F (Φ),

2 + (g′)2 = 2F1(Φ).

14) Ansatz ρ = xm0 Φ(ω), ϕ = x2
1+···+x2

k

2x0
+g(ω), where ω = x2

k+1+···+x2
k+l

2x0
, 0 ≤ k ≤ 2,

1 ≤ l ≤ 3 − k reduces (3), (4), if F = λρ
m−1

m , F1 = λρ−
1
m , to the system ODE:

(k +m)Φ + Φ′(2ωg′ − ω) + Φ(lg′ + 2ωg′′) +D(lΦ′ + 2ωΦ′′) = λΦ
m−1

m ,

(g′)2 − g′ = λ1ω
−1Φ− 1

m .
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15) Ansatz ρ = x2
0Φ(ω1;ω2), ω1 = x1

x0
, ω2 = x2

x0
, ϕ = 2λ1x0 lnx0+αx3+x0g(ω1, ω2),

α ∈ R reduces system (6), if F = 0, F1 = λ1 ln ρ to the following system:

2λ1 + g − ω1g1 − ω2g2 +
α2

2
= λ1 ln Φ,

Φ11 + Φ22 = 0,
2Φ − ω1Φ1 − ω2Φ2 + g1Φ1 + g2Φ2 + (g11 + g22)Φ = 0.

(7)

16) F = 0, F1 = λ1 ln ρ, F2 = 0,

ρ = x2
0Φ(ω1, ω2), ϕ =

x2
1

2x0
+ λ1x0 lnx0 + x0g(ω1, ω2),

ω1 =
x1

x0
− arctg

x3

x2
, ω2 = x−1

0 (x2
2 + x2

3)
1
2 ,

λ1 + g − ω2g2 +
1
2
g2
1(1 + ω−2

2 ) + g2
2 =

λ1

2
ln Φ,

Φ11(1 + ω−2
2 ) + Φ22ω

2
2 + Φ2ω2 = 0,

3Φ − ω2Φ2 + ω1(1 + ω−2
2 )Φ1 + g2Φ2 + g11(1 + ω−2

2 )Φ + (g22 + ω2g2)Φ = 0.

(8)

17) Ansatz ρ = x2
0Φ(ω1, ω2), ω1 = x2

x0
, ω2 = x3

x0
, ϕ = x2

1
2x0

+λ1x0 lnx0 + x0g(ω1, ω2)
reduces system (6), if F = 0, F1 = λ1 ln ρ, to the following system:

λ1 + g − ω1g1 − ω2g2 +
1
2
(g2

1 + g2
2) =

λ1

2
ln Φ,

Φ11 + Φ22 = 0,
3Φ + g1Φ1 + g2Φ2 + (g11 + g22)Φ − ω1Φ1 − ω2Φ2 = 0.

(9)

18) Ansatz ρ = exp{exp(λx0) lnx1}Φ(ω1, ω2), ϕ = x2
2

2x0
+ x2

1g(ω1, ω2), ω1 = x0,
ω2 = x2

x1
− x0x3

x1
reduces system (6), if F = λρ ln ρ, F1 = 0, to the system:

2g1 + 2ω2g2(ω−1
1 − 2) + g2 + g2

2(1 + ω2
1 + ω2

2) = 0,

exp(λω1)Φ +
1
2
Φ22(1 + ω2

1 + ω2
2) +

1
2
ω2Φ2(1 − 4 exp(λω1)) +

+ 2Φ exp(2λω1) = 0,
Φ1 + Φ2(ω−1

1 − 4ω2g) + gΦ(2 + 4 exp(λω1)) − 2(1 + exp(λω1))ω2g2Φ +
+ (g22Φ + g2Φ2)(1 + ω2

1 + ω2
2) + ω−1

1 Φ = λΦ ln Φ.

(10)

19) Ansatz ρ = exp
{

2
α exp(λx0)

}
Φ(ω), α �= 0,

ϕ = exp
{

2x0

α

}
g(ω), ω = (�x 2)

1
2 exp

{
−x0

α

}
, F = λρ ln ρ, F1 = 0

reduces (6) to the system ODE:

Φ′g′ + g′
n− 1
ω

Φ − 1
α
ωΦ + Φg′′ = λΦ ln Φ,

Φ′′ +
n− 1
ω

Φ′ = 0,

2
α
g − 1

α
ωg′ +

1
2
(g′)2 = 0.

(11)



74 W.I. Fushchych, V.I. Chopyk, V.P. Cherkasenko

Remark 6. Systems of reduced equations (7)–(11) are overdetermined.

7. Exact solutions of nonlinear Fokker–Planck equations. Below we list some
exact solutions of the FPEs in case of three spatial variables.

1) Equation (1) has a solution ρ = x−3
1 , if Ak = xk

x0
, F (ρ) = −6Dρ

5
3 ;

2) ρ = (x2
1 + x2

2)
− 3

2 , Ak =
xk
x0
, F (ρ) = −9

2
Dρ

5
3 ;

3) ρ = x−2
1 , A1 =

x1

x0
, A2 =

x2

x0
, A3 = 0, F (ρ) = −3Dρ2;

4) ρ = x−1
1 , Ak = δ1k

xk
x0
, F (ρ) = −Dρ3;

5) ρ = (x2)−
3
2 , Ak =

xk
x0
, F (ρ) = −3Dρ

5
3 ;

6) ρ = (x2
1 + x2

2)
− 3

2 , A1 =
x2

x0
, A2 =

x2

x0
, A3 = 0, F = −2Dρ3;

7) ρ = exp

{
2
α
x0 +

D2

λ

(
c± λ

D2
�x 2

)2
}
, {α, λ,D} �= 0, α ∈ R,

Ak = −D
(
c± λ

D2
(�x 2)

1
2

)
xk(�x 2)−

1
2 , F =

2
α
ρ, c ∈ R;

8) ρ = exp
{

2
α
x0 +

2
D
y(ω1) +

2
D
z(ω2)

}
, Ak =

∂ϕ

∂xk
, F =

2
α
ρ,

ϕ =
λ

2α
x2

0 −
x3

0

3α2
+
x0x1

α
+ y(ω1) + z(ω2),

ω1 =
x2

0

2α
− x1, ω2 = (x2

2 + x2
3)

1
2 ,

where z =
D

2λ

(
c3 +

2
D
ω2

)2

and y can be determined implicitly via relations

±D
(

2λ
D
y +

2
α
ω1

) 1
2

+
D2

λα
ln

∣∣∣∣∣λ
(

2λ
D
y +

2
α
ω1

) 1
2

± D

α

∣∣∣∣∣ = c− λω1, {λ, α} �= 0;

9) ρ = exp
{

2
D
y(ω1) +

2
D
z(ω2)

}
, Ak =

∂ϕ

∂xk
, F = 0,

ϕ = x0x3 − x3
0

3
+ y(ω1) + z(ω2), ω1 = x3 − x2

0

2
, ω2 = (x2

1 + x2
2)

1
2 ;

10) ρ = exp
{

2x1

x0
− (3 + 2λ) lnx0 + 2c

}
,

Ak = λδ1k +
xk
x0
, c ∈ R, F = 0;

11) ρ = exp{(2x3 − x2
0)

2}, Ak = (x0 + 1)δ3k,

F = ρ(2
√

2 ln
1
2 ρ− 4D ln ρ− 2D);

12) ρ = exp
{

2
α
x3 exp(λx0) − exp(λx0)Φ−λ(x0)

}
, α ∈ R,

A1 =
x1

x0
, A2 =

x2

x0
, A3 = 0, F = λρ ln ρ,
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and Φ−λ(x0) can be determined via relation:

Φγ(x0) =
∫

exp(γx0)
x0

dx0; (12)

13) ρ = exp
{

2 exp(λx0) arctg
x2

x1
− exp(λx0)Φ−λ(x0)

}
,

A1 =
x1

x0
, A2 =

x2

x0
, A3 = 0, F (p) = λρ ln ρ,

where Φ−λ(x0) is determined in (12);

14) ρ = exp
{

2x1 exp(λx0) − exp(λx0)Φ−λ(x0) − 2
(
c

λ2
− D

λ

)
exp(2λx0)

}
,

A1 =
c

λ
exp(λx0), A2 =

x2

x0
, A3 = 0, F = λρ ln ρ, c ∈ R; λ �= 0;

15) ρ = exp
{

2x1 exp(λx0) − 2 exp(λx0)Φ−λ(x0) − 2
(
c

λ2
− D

λ

)
exp(2λx0)

}
,

A1 =
c

λ
exp(λx0), A2 =

x2

x0
, A3 =

x3

x0
, F = λρ ln ρ; λ �= 0;

16) ρ = exp

 2
λα

exp(λx0) ± 2

(
c+ 2

(
− λ

D
x3

) 1
2
)2

 , {λ, α} �= 0,

Ak = 0, F = λρ ln ρ, {c, α} ⊂ R.
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On nonlinear representation
of the conformal algebra AC(2, 2)
W.I. FUSHCHYCH, V.I. LAGNO, R.Z. ZHDANOV

Одержано вичерпний опис нееквiвалентних представлень алгебри Пуанкаре AP (2, 2)
та конформної алгебри AC(2, 2) у класi диференцiальних операторiв першого по-
рядку. Встановлено, що iснують лише два нееквiвалентних представлення алгебри
AP (2, 2) одне з яких є нелiнiйним. Це представлення допускає розширення до пред-
ставлення повної конформної алгебри AC(2, 2). Розглянуто деякi узагальнення.

The central problem to be solved in the framework of the classical Lie approach to
the partial differential equation (PDE) study

F (x, u, u
1
, u
2
, . . .) = 0 (1)

is the construction of its maximal symmetry group. But the inverse problem of sym-
metry analysis of PDE-description of equations invariant under given transformation
group is not of less importance. For example, relativistic field theory motion equations
have to satisfy the Lorentz–Poincaré–Einstein relativity principle. It means that consi-
dered equations must int under the Poincaré group P (1, 3). Consequently, to study re-
lativistically-invariant equations one has to study representations of the group P (1, 3)
(see e.g. [1]).
There exists vast literature on the representations of the generalized Poincaré

groups P (n,m), n,m ∈ N but only a few papers are devoted to nonlinear representati-
ons [2, 3].
In the present paper we adduce results on description of unequivalent representa-

tions of the generalized Poincaré group P (2, 2) and its extention — conformal group
C(2, 2) acting as transformation groups in the space V = M(2, 2)×R

1, where M(2, 2)
is the Minkowski space with the metric tensor

gαβ =


1, α = β = 1, 2;

−1, α = β = 3, 4;
0, α �= β.

Lie algebra of the above conformal transformation group (called conformal algebra
AC(2, 2)) has the basis elements of the form

Q =
4∑
a=1

ξa(x, u)
∂

∂xa
+ η(x, u)

∂

∂u
(2)

that satisfy the following commutational relations:

[Pα, Pβ ] = 0, [Pα, Jβγ ] = gαβPγ − gαγPβ ,

[Jαβ , Jγβ ] = gαδJβγ + gβγJαδ − gαγJβδ − gβδJαγ ,

[D,Jαβ ] = 0, [Pα,D] = Pα, [Kα, Jβγ ] = gαβKγ − gαγKβ ,

(3)

Доповiдi АН України, 1993, № 9, С. 44–47.
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[Pα,Kβ ] = 2(gαβD − Jαβ), [D,Kα] = Kα, [Kα,Kβ ] = 0.

Here α, β, γ, δ = 1, 4.
Let us note that operators Pα, Jβγ form generalized Poincaré algebra AP (2, 2)

which is a subalgebra of the conformal algebra.

Definition 1. Set of operators Pα, Jβγ , D, Kα of the form (2) satisfying the commu-
tational relations (3) is called a representation of the conformal algebra AC(2, 2).
Definition 2. Representation of the algebra AC(2, 2) is called linear if coefficients of
its basis operators (2) satisfy the conditions

ξα = ξα(x), η = a(x)u. (4)

If conditions (4) are not satisfied, representation is called nonlinear.

It is well-known that commutational relations are not altered by the change of
variables

x′α = fa(x, u), u′ = g(x, u). (5)

That is why two representations {Pα, Jβγ ,D,Kα} and {P ′
α, J

′
βγ ,D

′,K ′
α}, are called

equivalent provided they are connected by the relations (5).

Theorem 1. There exist only two unequivalent representations of the Poincaré
algebra AP (2, 2):

1. Pα = ∂α, Jβγ = gβδxδ∂γ − gγδxδ∂β , (6)

2. Pα = ∂α, J12 = −x2∂1 + x1∂2 + ∂u,

J13 = x3∂1 + x1∂3 + cosu∂u,
J14 = x4∂1 + x1∂4 − ε sinu∂u,
J23 = x3∂2 + x1∂3 + sinu∂u,
J24 = x4∂2 + x2∂4 + ε cosu∂u,
J34 = x4∂3 − x3∂4 + ε∂u, ε = ±1.

(7)

Here ∂α = ∂/∂xα, ∂u = ∂/∂u; α, β, γ, δ = 1, 4, the summation over the repeated
indices from 1 to 4 is understood.
Because of the lack of the space we adduce only a sketch of the proof.
Since operators Pα, α = 1, 4 commute, there exists a change of variables (5)

reducing these to the form Pα → Pα, α = 1, 4 [4]. From the commutational relations
[Pα, Jβγ ] = gαβPγ − gαγPβ it follows that operators Jβγ are of the form Jβγ =
gβδxδ∂γ−gγδxδ∂β+ξβγδ(u)∂δ+ηβγ(u)∂u, where ξβγδ, ηβγ are some smooth functions,
β, γ, δ = 1, 4.
Substituting the obtained result into the third equality from (3) we get a system

of nonlinear ordinary differential equations. On solving it we arrive at the formulae
(6), (7).
Thus, there exists up to the equivalence relation (5) only one nonlinear represen-

tation of the algebra AP (2, 2). Applying the Lie method one can prove that the only
first-order PDE admitting algebra (7) is the eikonal equation

u2
x1

+ u2
x2

− u2
x3

− u2
x4

= 0.
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Using results of subalgebraic analysis of the algebra AP (2, 2) obtained in [5], one
can construct broad classes of exact solutions of the nonlinear PDE (8) by symmetry
reduction procedure.

Theorem 2. There exist only three unequivalent representations of the conformal
algebra AC(2, 2):

1. Pα, Jβγ are of the form (6),
D = xα∂α + ϕ(u)∂u,
Kα = 2gαβxβD − (gβγxβxγ)∂α,

(8)

2. Pα, Jβγ are of the form (6),
D = xα∂α + u∂u,

Kα = 2gαβxβD − (gβγxβxγ)∂α ± u2∂α,

(9)

3. Pα, Jβγ are of the form (7), D = xα∂α,

K1 = 2x1D − (gβγxβxγ)∂1 + 2(x2 + x3 cosu− εx4 sinu)∂u,
K2 = 2x2D − (gβγxβxγ)∂2 + 2(−x1 + x3 sinu+ εx4 cosu)∂u,
K3 = −2x3D − (gβγxβxγ)∂3 + 2(εx4 − x1 cosu− x2 sinu)∂u,
K4 = −2x4D − (gβγxβxγ)∂4 + 2(−εx3 + εx1 sinu− εx2 cosu)∂u.

(10)

Representation of the form (9) is realized on the set of solutions of the nonlinear
wave equation

gαβuxαxβ = λu3, λ ∈ R
1

under ϕ(u) = − 3
2u.

As shown in [6] the system of nonlinear PDE

gαβuxαxβ
= ±3u−3, gαβuxαxβ

= ±1

is invariant under the conformal algebra having basis operators (10).
A detailed study of the second-order PDE admitting conformal the algebra with

basis operators (7), (11) will be the topic of our future papers.
In conclusion, we adduce some generalizations of the above assertions.

Theorem 3. An arbitrary representation of the generalized Poincaré AP (n,m) with
max{n,m} ≥ 3 in the class of the operators (2) is equivalent to the standard repre-
sentation

Pα = ∂α, Jβγ = g̃βδxδ∂γ − g̃γδxδ∂β , (11)

where g̃αβ is the metric tensor of the pseudo-Euclidean space M(n,m), α, β, γ, δ =
1, 2, 3, . . . , n+m.
Consequently, only the algebras AP (1, 1) [2], AP (1, 2), AP (2, 1) [3] and AP (2, 2)

have the nonlinear representation.

Theorem 4. An arbitrary representation of the conformal group C(n,m) with
max{n,m} ≥ 3 is equivalent either to (9) or to (10) (where one must replace
tensor gαβ by g̃αβ).
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Нелокальные анзацы и решения
нелинейной системы уравнений
теплопроводности

В.И. ФУЩИЧ, Н.И. СЕРОВ, Т.К. АМЕРОВ

Нелинейная система теплопроводности нелокальной подстановкой сведена к скаляр-
ному нелинейному уравнению теплопроводности. Лиевская и условная инвариан-
тность скалярного уравнения использована для нахождения нелокальных анзацев,
которые редуцируют исходную систему к системам обыкновенных дифференциаль-
ных уравнений

Рассмотрим систему нелинейных уравнений

u0 = f(v)u11,

v0 = u11,
(1)

где u = u(x), v = v(x), x = (x0, x1) ∈ R
2, v0 = ∂v/∂x0, u0 = ∂u/∂x0, u11 =

∂2u/∂x2
1, которая часто встречается в теории тепломассопереноса. Нелокальная

замена

u = w0, v = w11 (2)

сводит систему (1) к одному уравнению

w00 = f(w11)w110. (3)

Проинтегрировав (3) по x0, будем иметь

w0 = F (w11), (4)

где F — первообразная функции f . Дважды продифференцировав (4) по x1, полу-
чим

w001 = ∂1(f(w11)w111). (5)

После замены

w11 = z (6)

имеем уравнение

z0 = ∂1(f(z)z1). (7)

Таким образом, система уравнений (1) свелась к нелинейному уравнению диффу-
зии (7).

Укр. мат. журн., 1993, 45, № 2, С. 293–302.
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Лиевская симметрия уравнения (7) исчерпывающе изучена Л.В. Овсяннико-
вым [1], а условная симметрия (7) исследована в [2, 3]. В настоящей статье при-
ведены лиевские анзацы, редуцирующие уравнение (7) к обыкновенным диффе-
ренциальным уравнениям (ОДУ). Путем преобразования лиевских и некоторых
нелиевских анзацев, посредством замен (2) и (6), описаны нелокальные анзацы,
редуцирующие систему (1) к системе ОДУ. Построены семейства точных решений
системы (1).
С использованием лиевской симметрии получены следующие неэквивалентные

анзацы для уравнения (7).
A. f(z) — произвольная гладкая функция:

z = ϕ(ω), ω = x1x
−1/2
0 ;

z = ϕ(ω), ω = λ0x0 + λ1x1.
(8)

Б. f(z) = ez:

z = ϕ(ω) + (2 + λ−1) lnx1, ω = x1x
λ
0 ;

z = ϕ(ω) + λ−1x1, ω = x1 + λ lnx0;
z = ϕ(ω) − lnx0, ω = x1;
z = ϕ(ω) + 2 lnx1, ω = x1e

λx0 ;
z = ϕ(ω) + lnx1, ω = x0.

(9)

С. f(z) = zk, k — произвольная постоянная, отличная от нуля:

z = ϕ(ω)x−
1
k (2λ+1)

0 , ω = x1x
λ
0 ;

z = ϕ(ω)x−1/k
0 , ω = x1 + λ1 lnx0;

z = ϕ(ω)e−
2λ
k x0 , ω = x1e

λx0 ;

z = ϕ(ω)x2/k
1 , ω = x0

(10)

Д. f(z) = z−4/3:

z = ϕ(ω)(x2
1 + λ1)−3/2, ω = x0;

z = ϕ(ω)x−3/2
1 , ω = x0;

z = ϕ(ω)(x2
1 + α2)−3/2, ω = x0 + λ arctg

x1

α
;

z = ϕ(ω)(x2
1 − α2)−3/2, ω = x0 + λArth

x1

α
;

z = ϕ(ω)x−3
1 , ω = λx0 + x−1

1 ;

z = ϕ(ω)e
3
2λx0 , ω = x1e

λx0 ;

z = ϕ(ω)x3/4
0 (x2

1 + α2)−
3
2 , ω = x0e

λ arctg
x1
α ;

z = ϕ(ω)x3/4
0 (x2

1 − α2)−
3
2 , ω = x0e

λArth
x1
α ;

z = ϕ(ω)x3/4
0 x−3

1 , ω = λ lnx0 + x−1
1 ;

z = ϕ(ω)x
3
2 (λ+ 1

2 )
0 , ω = x1x

λ
0 ,

(11)

где λ0 = const, λ1 = const, λ0 = const �= 0, α = const �= 0. Некоторые из анза-
цев (8)–(11) посредством преобразований (6) и (2) преобразуются в нелокальные
анзацы для системы (1).
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А. f(v) — произвольная гладкая функция:

1) u = ϕ1(ω) − ω

2
ϕ̇1(ω) + x1ϕ

2(x0) + ϕ3(x0),

v = ϕ̈1(ω), ω = x1x
−1/2
0 ;

2) u =
λ0

λ2
1

ϕ1(ω) + x1ϕ
2(x0) + ϕ3(x0),

v = ϕ̇1(ω), ω = λ0x0 + λ1x1;

3) u =
ϕ̇1(x0)

2
x2

1 + x1ϕ
2(x0) + ϕ3(x0),

v = ϕ1(x0).

Б. f(v) = ev:

4) u = −2λx−2λ−1
0 ϕ1(ω) + λx1x

−λ−1
0 ϕ̇1(ω) + ϕ2(x0)x1 + ϕ3(x0),

v = (2 + λ−1) lnx1 + ϕ̈1(ω), ω = x1x
λ
0 ;

5) u = λϕ1(ω)x−1
0 + ϕ2(x0)x1 + ϕ3(x0),

v = x1λ
−1 + ϕ̇1(ω), ω = x1 + λ lnx0;

6) u = − 1
2x0

x2
1 + x1ϕ

2(x0) + ϕ3(x0),

v = − lnx0 + ϕ1(x1);
7) u = −2λe−2λx0ϕ1(ω) + λx1e

−λx0 ϕ̇1(ω) + x1ϕ
2(x0) + ϕ3(x0),

v = 2 lnx1 + ϕ̈1(ω), ω = x1e
λx0 ;

8) u =
x2

1

2
ϕ̇1(x0) + x1ϕ

2(x0) + ϕ2(x0) + ϕ3(x0),

v = lnx1 + ϕ1(x0).

С. f = vk, k — произвольная постоянная (k �= 0):

9) u =
(
−1
k

(2λ+ 1) − 2λ
)
x
−(2λ+1)( 1

k +1)
0 ϕ1(ω) +

+ x1λx
− 1

k (2λ+1)−λ−1
0 ϕ̇1(ω) + x1ϕ

2(x0) + ϕ3(x0),

v = x
− 1

k (2λ+1)
0 ϕ̈1(ω), ω = x1x

λ
0 ;

10) u = x
−(1/k)−1
0

(
−1
k
ϕ1(ω) + λϕ̇1(ω)

)
+ x1ϕ

2(x0) + ϕ3(x0),

v = x
−1/k
0 ϕ̈(ω), ω = x1 + λ lnx0;

11) u = −1
k
x
−(1/k)−1
0 ϕ1(x1) + ϕ2(x0)x1 + ϕ3(x0),

v = x
−1/k
0 ϕ̈1(x1);

12) u = −2λ
(

1
k

+ 1
)
e2λ((1/k)+1)x0ϕ1(ω) +

+ λx1e
−λ((2/k)+1)x0 ϕ̇1(ω) + x1ϕ

2(x0) + ϕ3(x0),

v = e−
2λ
k ϕ̈1(ω), ω = x1e

λx0 ;
13) u = −ϕ̇1(x0) lnx1 + x1ϕ

2(x0) + ϕ3(x0),
v = ϕ1(x0)x−2

1 , k = −1;



Нелокальные анзацы и решения нелинейной системы уравнений 83

14) u = ϕ̇1(x0)[x1 lnx1 − x1] + ϕ2(x0)x1 + ϕ3(x0),
v = ϕ1(x0)x−1

1 , k = −2;

15) u = ϕ̇1(x0)
k2

(2 + k)(2 + 2k)
x

2+2k
k

1 + x1ϕ
2(x0) + ϕ3(x0),

v = ϕ1(x0)x
2/k
1 , k �= 0;−1;−2.

Д. f(v) = v−4/3:

16) u =
1
λ2

(x2
1 + λ2)1/2ϕ̇(x0) + x1ϕ

2(x0) + ϕ3(x0),

v = (x2
1 + λ2)−3/2ϕ1(x0);

17) u = −λ−2(x2
1 − λ2)1/2ϕ̇(x0) + x1ϕ

2(x0) + ϕ3(x0),

v = (x2
1 − λ2)−3/2ϕ1(x0);

18) u =
1

2x1
ϕ̇1(x0) + x1ϕ

2(x0) + ϕ3(x0),

v = x−3
1 ϕ1(x0);

19) u = −4x1/2ϕ̇1(x0) + x1ϕ
2(x0) + ϕ3(x0),

v = x
−3/2
1 ϕ1(x0);

20) u =
x2

1

2
ϕ̇1(x0) + x1ϕ

2(x0) + ϕ3(x0),

v = ϕ1(x0);
21) u = λx1ϕ

1(ω) + x1ϕ
2(x0) + ϕ3(x0),

v = x−3
1 ϕ̇1(ω), ω = λx0 +

1
x1

;

22) u = −λ
2
e−

λ
2 x0ϕ1(ω) + λx1e

λ
2 x0 ϕ̇1(ω) + x1ϕ

2(x0) + ϕ3(x0),

v = e
3
2λx0 ϕ̈1(ω), ω = x1e

λx0 ;
23) u = x1ϕ

2(x0) + ϕ3(x0),
v = ϕ1(x1);

24) u = x1x
−1/4
0

[
3
4
ϕ1(ω) + λϕ̇1(ω)

]
+ x1ϕ

2(x0) + ϕ3(x0),

v = x
3/4
0 x−3

1 ϕ̈1(ω), ω = λ lnx0 +
1
x1

;

25) u =
(
−λ

2
+

3
4

)
x
−λ

2 − 1
4

0 ϕ1(ω) + λx1x
λ
2 − 1

4
0 ϕ̇1(ω) + x1ϕ

2(x0) + ϕ3(x0),

v = x
3
2 (λ+ 1

2 )
0 ϕ̈1(ω), ω = x1x

λ
0 ;

26) u = x
−1/4
0

[
3
4
ϕ1(ω) + λϕ̇1(ω)

]
+ ϕ2(x0)x1 + ϕ3(x0),

v = x
3/4
0 ϕ̈1(ω), ω = λ lnx0 + x1;

27) u =
3
4
x
−1/4
0 ϕ1(x1) + x1ϕ

2(x0) + ϕ3(x0),

v = ϕ̈1(x1)x
3/4
0 ,
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где λ0 = const, λ1 = const, λ0 = const �= 0; ϕ1, ϕ2, ϕ3 — произвольные глад-
кие функции; ϕ̇1(ω) = dϕ1/dω, ϕ̈1(ω) = d2ϕ1/dω2. Выписанные выше нелиевские
анзацы редуцируют (1) к следующим системам ОДУ:

1)
1
4
ω2ϕ̈1(ω) − 1

4
ωϕ̇1(ω) +

1
2
f(ϕ̈1(ω))ω

...
ϕ1(ω) + c1ω + c2 = 0,

ϕ̇2(x0) = c1x
−3/2
0 ,

ϕ̇3(x0) = c2x
−1
0 ;

2)
λ2

0

λ2
1

ϕ̇1(ω) − f(ϕ̇(ω))λ0ϕ̈
1(ω) + c1ω + c2 = 0,

ϕ̇2(x0) = λ1c1,

ϕ̇3(x0) = λ0c1x0 + c2;
3) ϕ̈1(x0) = 0,

ϕ̇2(x0) = 0,
ϕ̇3(x0) = f(ϕ1(x0))ϕ̇1(x0);

4) 2λ(2λ+ 1)ϕ1(ω) − (3λ2 + λ)ωϕ̇1(ω) + λ2ω2ϕ̈1(ω) −
− λω3+ 1

λ eϕ̈
1(ω)...ϕ1(ω) + c1ω + c2 = 0,

ϕ̇2(x0) = c1x
−λ−2
0 ,

ϕ̇3(x0) = c2x
−2λ−2
0 ;

5) λ2ϕ̇1(ω) − λϕ1(ω)) − λeϕ̇
1(ω)+(ω/λ)ϕ̈1(ω) + c1ω + c2 = 0,

ϕ̇2(x0) = c1x
−2
0 ,

ϕ̇3(x0) = c2x
−2
0 + λ lnx0ϕ̇

2(x0);

6)
x2

1

2
+ eϕ

1(x1) + c1x1 + c2 = 0,

ϕ̇2(x0) = c1x
−2
0 ,

ϕ̇3(x0) = c2x
−2
0 ;

7) 4λ2ϕ1(ω) − 3λ2ωϕ1(ω) + λ2ϕ̈1(ω) − λeϕ̈
1(ω)

...
ϕ1(ω) + c1ω + c2 = 0,

ϕ̇2(x0) = c1e
−λx0 ,

ϕ̇3(x0) = c3e
−2λx0 ;

8) ϕ̈1(x0) = 0,

ϕ̇2(x0) = eϕ
1(x0)ϕ̇1(x0),

ϕ̇3(x0) = 0;

9)
(
−1
k

(2λ+ 1) − 2λ
)(

−1
k

(2λ+ 1) − 2λ− 1
)
ϕ1(ω) −

− λ

(
2
k

(2λ+ 1) + 3λ+ 1
)
ωϕ̇1(ω) + λ2ω2ϕ̈1(ω) −

− [ϕ̈1(ω)]k
[
−1
k

(2λ+ 1)ϕ̈1(ω) + λω
...
ϕ1(ω)

]
+ c1ω + c2 = 0,

ϕ̇2(x0) = c1x
− 1

k (2λ+1)−λ−2
0 ,

ϕ̇3(x0) = c2x
− 1

k (2λ+1)−2λ−2
0 ;
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10)
1
k

(
1
k

+ 1
)
ϕ1(ω) − λ

(
2
k

+ 1
)
ϕ̇1(ω) + λ2ϕ̈1(ω) −

− [ϕ̈1(ω)]k
(
−1
k
ϕ̈1(ω) + λ

...
ϕ1(ω)

)
+ c1ω + c2 = 0,

λ lnx0ϕ̇
2(x0) = −c1,

ϕ̇3(x0) = c2;

11)
1
k

(
1
k

+ 1
)
ϕ1(x1) +

1
k

(ϕ̈1(ω))k+1 + c1x1 + c2 = 0,

x
(1/k)+2
0 ϕ̇2(x0) = c1,

x
(1/k)+2
0 ϕ̇3(x0) = c2;

12) 4λ2

(
1
k

+ 1
)2

ϕ1(ω) −
(

4
k

+ 3)λ2ωϕ̇1(ω
)

+ λ2ϕ̈1(ω) −

− [ϕ̈1(ω)]k
(
−2λ
k
ϕ̈1(ω) + λ

...
ϕ1(ω)

)
+ c1ω + c2 = 0,

ϕ̇2(x0) = c1e
−λ( 2

k +1)x0 ,

ϕ̇3(x0) = c2e
−2λ( 2

k +1)x0 ;
13) ϕ̈1(x0) = 0,

ϕ̇2(x0) = 0,
ϕ̇3(x0) = ϕ̇1(x0)[ϕ1(x0)]−2;

14) ϕ̈1(x0) = 0,
ϕ̇2(x0) = ϕ̇1(x0)[ϕ1(x0)]−2,

ϕ̇3(x0) = 0;

15) ϕ̈1(x0)
k2

(2 + k)(2 + 2k)
= [ϕ1(x0)]kϕ̇1(x0),

ϕ̇2(x0) = 0,
ϕ̇3(x0) = 0;

16)
ϕ̈1(x0)
λ2

= [ϕ1(x0)]−4/3ϕ̇1(x0),

ϕ̇2(x0) = 0,
ϕ̇3(x0) = 0;

17) −λ−2ϕ̈1(x0) = [ϕ1(x0)]−4/3ϕ̇1(x0),
ϕ̇2(x0) = 0,
ϕ̇3(x0) = 0;

18) ϕ̈1(x0) = 0,

ϕ̇2(x0) = [ϕ1(x0)]−4/3ϕ̇1(x0),
ϕ̇3(x0) = 0;

19) −4ϕ̈1(x0) = [ϕ1(x0)]−4/3ϕ̇1(x0),
ϕ̇2(x0) = 0,
ϕ̇3(x0) = 0;
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20) ϕ̈1(x0) = 2[ϕ1(x0)]−4/3ϕ̇1(x0),
ϕ̇2(x0) = 0,
ϕ̇3(x0) = 0;

21) λ2ϕ̇1(ω) − λ[ϕ̇1(ω)]−4/3ϕ̈1(ω) + c1ω + c2 = 0,
ϕ̇2(x0) = −λϕ̇3(x0)x0 + c2,

ϕ̇3(x0) = c1;

22) λω
...
ϕ1(ω)[ϕ̈1(ω)]−4/3 +

3
2
λ[ϕ̈1(ω)]−1/3 − λ2ω2ϕ̈1(ω) −

− ϕ1(ω) − c1ω − c2 = 0,

ϕ̇2(x0) = c1e
λ
2 x0 ,

ϕ̇3(x0) = c2e
−λ

2 x0 ;
23) ϕ̇2(x0) = 0,

ϕ̇3(x0) = 0;

24) − 3
16
ϕ1(ω) +

λ

2
ϕ̇1(ω) + λϕ̈1(ω) − (ϕ̈1(ω))−4/3

[
3
4
ϕ̈1(ω) + λ

...
ϕ1(ω)

]
+

+ c1ω + c2 = 0,

x
5/4
0 ϕ̇3(x0) = c1,

x
5/4
0 [ϕ̇2(x0) − λ lnx0ϕ̇

3(x0)] = c2;

25)
(
λ

2
− 3

4

)(
λ

2
+

1
4

)
ϕ1(ω) +

λ

2
ωϕ̇1(ω) + λ2ω2ϕ̈1(ω) +

+
(

3
2
λ+

3
4

)
(
...
ϕ1(ω))−1/3 − λω[ϕ̈1(ω)]−4/3...ϕ1(ω) + c1ω + c2 = 0,

ϕ̇2(x0) = c1x
(λ/2)−(5/4)
0 ,

ϕ̇3(x0) = c2x
−(λ/2)−(5/4)
0 ;

26) − 3
16
ϕ1(ω) +

λ

2
ϕ̇1(ω) + λ2ϕ̈1(ω) − [ϕ̈1(ω)]4/3

[
3
4
ϕ̈1(ω) + λ

...
ϕ1(ω)

]
+

+ c1ω + c2 = 0,

ϕ̇2(x0) = c1x
−5/4
0 ,

ϕ̇3(x0) = c2x
−5/4
0 + λ lnx0ϕ̇

2(x0);

27) [ϕ̈1(x1)]−1/3 +
1
4
ϕ1(x1) + c1x1 + c2 = 0,

x
5/4
0 ϕ̇2(x0) =

3
4
c1,

x
5/4
0 ϕ̇3(x0) =

3
4
c2,

где c1, c2 — произвольные постоянные.
Если проинтегрировать приведенные выше уравнения и подставить их решения

в соответствующие анзацы, то получим решения системы (1). Приведем некоторые
из них:

А. u =
c1
2
x2

1 + c3x1 +
∫
f(c1x0 + c2)dx0 + c4, v = c1x0 + c2;
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Б. u = − 1
2x0

x2
1 + x1

(
− c1
x0

+ c3

)
− c2x

−1
0 + c4,

v = − lnx0 + ln
(
−x

2
1

2
− c1x1 − c2

)
;

u =
x2

1

2
(c1x0 + c2) + x1(ec1x0+c2 + c3) + c4,

v = lnx1 + c1x0 + c2;
C. u = −c1 lnx1 + c3x1 − (c1x0 + c2)−1 + c4,

v = (c1x0 + c2)x−2
1 , k = −1;

u = c1[x1 lnx1 − x1] + x1[−(c1x0 + c2)−1 + c3] + c4,

v = (c1x0 + c2)x−1
1 , k = −2;

u =
1

k + 1

(
−x0

(2 + k)(2 + 2k)
k(k + 1)

+ c1

)− 1
k−1

x
2+2k

k
1 + x1c2 + c3,

v =
[
−x0

(2 + k)(2 + 2k)
k(k + 1)

+ c1

]− 1
k−1

x
2
k
1 , k �= 0,−1,−2;

Д. u = (x2
1 + λ2)1/23(−4λ2x0 + c1)−1/4 + c2x1 + c3,

v = (x2
1 + λ2)−3/2(−4λ2x0 + c1)3/4;

u = −3(x2
1 − λ2)1/2(4λ2x0 + c0)−1/4 + x1c2 + c3,

v = (x2
1 − λ2)−3/2(4λ2x0 + c1)3/4;

u =
c1
2x1

+ x1[−3(c1x0 + c2)−1/3 + c3] + c4,

v = x−3
1 (c1x0 + c2);

u = −x1/2
1 48(16x0 + c1)−1/4 + x1c2 + c3,

v = x
−3/2
1 (16x0 + c1)3/4;

u = −3x2
1(−8x0 + c1)−1/4 + x1c2 + c3,

v = (−8x0 + c1)3/4;
u = c1x1 + c2,

ν = ϕ1(x1), ϕ1 — произвольная гладкая функция;

u = 3x−1/4
0 (

√
x1 − c1x1 − c2) + x1[−3c1x

−1/4
0 + c4] + [−3c2x

−1/4
0 + c5],

v = x
3/4
0 (−x−3/2

1 ),

где ci = const, i = 1, 5.
В работе [2] для уравнения (7) приведены условно инвариантные анзацы,

используя которые, можно построить нелокальные анзацы для системы (1). При-
ведем два таких анзаца для случая, когда f(v) = λev.
По анзацам для уравнения (7):

а) z = ln(ϕ(x0) − x1) + ln(ϕ(x0) + x1) − ln(2λx0);
б) z = 2 ln(ϕ(x0) + x1) − ln(−2λx0)

(12)

находим анзацы для системы (1):

а) u = ϕ̇1[(ϕ1 − x1) ln(ϕ1 − x1) + (ϕ1 + x1) ln(ϕ1 + x1) + ϕ1] −
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− x2
1

2x0
+ ẋ1ϕ

2(x0) + ϕ3(x0),

v = ln(ϕ1 − x1) + ln(ϕ1 + x1) − ln 2λx0,

где ϕ1 = ϕ1(x0);

б) u = 2ϕ̇1(x1 + ϕ1)[ln(x1 + ϕ1) − 1] − x2
1

2x0
+ x1ϕ

2 + ϕ3,

v = 2 ln(x1 + ϕ1) − ln(−2λx0),

(13)

которые редуцируют систему (1) к следующим системам ОДУ:

а) ϕ̇1 = 0, ϕ̇2 = −ϕ1x−2
0 , ϕ̇3 =

−(ϕ1)2

2x2
0

;

б) ϕ̇1 = 0, ϕ̇2 = ϕ1x−2
0 , ϕ̇3 =

(ϕ1)2

2x2
0

.

Решив редуцированные системы, по формулам (13) найдем точные решения систе-
мы (1):

а) u = −c
2
1 + x2

1

2x2
0

+ x1c2 + c3 +
c1
x0
x1,

v = ln
c21 − x2

1

2λx0
;

б) u = − x2
1

2x0
+
(
c2 − c1

x0

)
x1 − c21

2x0
+ c3,

v = 2 ln(x1 + c1) − ln(−2λx0).

Итак, приведенные результаты говорят о том, что нелинейные уравнения обла-
дают скрытыми нелокальными симметриями, которые к настоящему времени со-
вершенно не изучены и не использованы для их интегрирования.
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The conditional invariance and exact
solutions of the nonlinear diffusion equation
W.I. FUSHCYCH, N.I. SEROV, L.A. TULUPOVA

Исследована условная инвариантность нелинейного уравнения диффузии. Операто-
ры условной инвариантности использованы для построения анзацев, редуцирующих
данное уравнение к обыкновенным дифференциальным уравнениям. Найдены неко-
торые точные решения исходного уравнения.

Let us consider the nonlinear diffusion equation

H(u)u0 + u11 = F (u), (1)

where u = u(x) ∈ R1, x = (x0, x1) ∈ R2, u0 = ∂u
∂x0
, u11 = ∂2u

∂x2
1
, H(u) and F (u) are

arbitrary smooth functions.
Usually the equation (1) is investigated in the equivalent form

u0 + ∂1(f(u)u1) = g(u). (2)

In this way, for example, in papers [1, 2] Lie invariance of this equation was investi-
gated.
The present paper is a continuation of the works [3, 4], where the Q-conditional

invariance of the equation (1) was studied when H(u) ≡ 1 and H(u) = u−1, F (u) = 0.
In this paper Q-conditional invariance of the equation (1) is studied when H(u) and
F (u) are arbitrary functions. Using obtained operators of Q-conditional invariance
exact solutions of the given equation are found.
Let

Q = A(x, u)∂0 +B(x, u)∂1 + C(x, u)∂u, (3)

where A, B, C are smooth functions, be a differential operator of the first order,
acting on the manifold (x, u) ∈ R3.
The following theorem is proved analogously, as in [5].

Theorem 1. The equation (1) is Q-conditionally invariant under the operator (3), if
the functions A, B, C satisfy the following conditions:

Case 1. A = 1.

Buu = 0, Cuu = 2(B1u +HBBu),
3BuF = 2(C1u +HBuC) − (HB0 +B11 + 2HBB1 +HuBC),
CFu − (Cu − 2B1)F = HC0 + C11 + 2HCB1 +HuC

2;
(4)

Case 2. A = 0, B = 1.

CFu − CuF = HC0 + C11 + 2CC1u + C2Cuu +
Hu

H
C(F − C1 − CCu). (5)

Доповiдi АН України, 1993, № 4, С. 37–40.
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In formulae (4), (5) and everywhere below a subscript means differentiation with
respect to corresponding argument.

Theorem 2. The equation (1) is Q-conditionally invariant under the operator

Q = ∂0 + u∂1 + C(u)∂u, (6)

if it has form(
3λ1 +

λ2

u

)
u0 + u11 =

(
2λ1 +

λ2

u

)
P3(u), (7)

where P3(u) = λ1u
3+λ2u

2+λ3u+λ4 is arbitrary third-order polynomial of u, λk are
arbitrary constants, k = 1, 4. In this case C(u) = P3(u).

Proof. Substituting B = u, C = C(u) into (4), we have

Cuu = 2uH, F =
1
3
(2H − uHu)C, uHuu + 2Hu = 0.

Whence it appears that

H = 3λ1 +
λ2

u
, C = P3(u), F =

(
2λ1 +

λ2

u

)
P3(u),

The theorem is proved.
We use the operator (6) for finding solutions of the equation (7). The ansatz

obtained with the help of the operator (6) has the form

x1 −
∫

udu

P3(u)
= ϕ(ω), ω = x0 −

∫
du

P3(u)
. (8)

The ansatz (8) reduces the equation (7) to the ordinary differential equation (ODE)

ϕ̈+ P3(ϕ̇) = 0. (9)

Integration of the equation (9) depends on a form of the roots of the polynomial P3.
There are seven essentially different cases. We give one example of each case.

1) P3(u) = (u− 1)3, (ϕ− ω)2 = 2ω,

u = 1 +
x1 − x0

x0 − 1
2 (x1 − x0)2

;

2) P3(u) = (u+ 1)(u− 1)2, th (ϕ− ω) − 1 =
1

ϕ+ ω
,(

x0 + x1 + 1
u−1

)
u− 1

x0 + x1 + 1
u−1 − u

= th (x0 − x1);

3) P3(u) = (u− 2)(u2 − 1), exp 3(ϕ− ω) − 3 exp(ϕ+ ω) + 2 = 0,

u = −exp 3(x1 − x0) + 3 exp(x1 + x0) − 4
exp 3(x1 − x0) − 3 exp(x1 + x0) + 2

;
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4) P3(u) = (u− 1)(u2 + 2u+ 2),
3 cos(2ϕ− 2ω) + 4 sin(2ϕ− 2ω) + 5 = 2 exp(−4ϕ− 6ω),

u =
exp(−3x0 − 2x1) + 3 sin(x0 − x1) − cos(x0 − x1)
exp(−3x0 − 2x1) + 2 sin(x0 − x1) − cos(x0 − x1)

;

5) P3(u) = (u− 1)2, ϕ = ω + lnω, u = 1 + exp(x1 − x0);

6) P3(u) = u2 − 1, ϕ = ln chω, u =
chx0 − expx1

shx0
;

7) P3(u) = u2 + 1, ϕ = ln cosω, u =
− cosx0 + expx1

sinx0
.

Theorem 3. The equation

u0 + uu11 = λ1u+ λ2, (λ1, λ2 = const) (10)

is Q-conditionally invariant under the operator

Q = ∂0 +
u

x1
∂1 + (λ1u+ λ2)∂u. (11)

Proof. If we find a prolongation of the operator (11) and act on the equation (10),
then we have

Q̃(u0 + uu11 − λ1u− λ2) =
(

2u
x2

1

− 3u1

x1
+ 2λ1 +

λ2

u

)
×

× (u0 + uu11 − λ1u− λ2) −
(

2u
x2

1

− 2u1

x1
+ λ1 +

λ2

u

)
×

×
(
u0 +

uu1

x1
− λ1u− λ2

)
,

i.e.

Q̃S = αS + βQu,

The theorem is proved.
The ansatz

λ1v + λ2 = eλ1x0ϕ(ω), ω = u− λ2x0 − λ1
x2

1

2
, (12)

obtained with the help of the operator (11) reduces the equation (10) to the following
ODE

ϕ̈ = 0. (13)

Solving the equation (13) and using the ansatz (12), we find the solution of the
equation (10):

λ1u+ λ2 = eλ1x0

[
c1

(
u− λ2x0 − λ1

x2
1

2

)
+ c2

]
. (14)
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Now we give some more results on the Q-conditional invariance of the equation (1).
The results are written in the following order — an equation (1), a corresponded
operator, an ansatz, a reduced equation, a solution of the equation (1).

1) (λ1u
2 + λ2)u0 + u11 = λ2u

3, Q = λ2x
2
1∂0 + 3x1∂1 + 3u∂u,

u = x1ψ(ω), ω = x0 − λ2

6
x2

1, λ1ϕ
2ϕ+

λ2
2

9
ϕ̈ = λ3ϕ

3,

2) (λ1u
2 + λ2)u0 + u11 = λ3u

3 + 2u,
Q = λ2(1 + cos 2x1)∂0 − 3 sin 2x1∂1 + 6u∂u, u = ctg x1ϕ(ω),

ω =
3
λ2
x0 + ln sinx1, ϕ̈− 3ϕ̇+ 2ϕ+ 3

λ1

λ2
ϕ2ϕ̇ = λ3ϕ

3,

3) (λ1u
2 + λ2)u0 + u11 = λ3u

3 − 2u, Q = λ2∂0 + 3 thx1∂1 − 3u
ch2 x1

∂u,

u = cthx1ϕ(ω), ω =
3
λ2
x0 − ln shx1, ϕ̈+ 3ϕ̇+ 2ϕ+ 3

λ1

λ2
ϕ2ϕ̇ = λ3ϕ

3,

4) euu0 + u11 = eu,

a) Q = x1∂1 − 2∂u, u = ϕ(x0) − 2 lnx1, eϕϕ̇+ 2 = eϕ, u = ln
ex0 + 2
x2

1

,

b) Q = ∂1 + tg
x1

2
∂u, u = ϕ(x0) − 2 ln cos

x1

2
, eϕϕ̇+

1
2

= eϕ,

u = ln
ex0 + 1

2

cos2 x1
2

,

c) Q = ∂1 + th
x1

2
∂u, u = ϕ(x0) − 2 ln ch

x1

2
, eϕϕ̇− 1

2
= eϕ,

u = ln
ex0 − 1

2

cos2 x1
2

,

5) λuu0 + u11 = λu2,

a) Q = ∂0 +
(
u+

1
λx2

1

)
∂u, u =

1
λx2

1

+ ex0ϕ(x1),

x2
1ϕ̈− 6(2λ− 1)ϕ = 0,

b) Q = ∂0 −
(
u− 1

λ
W (x1)

)
∂u, u =

1
λ
W + ex0ϕ(x1), ϕ̈ = Wϕ,

u =
1
λ
W (x1) + ex0λ(x1),

where W (x) is the Weierstrass function, λ(x) is the Lame function.
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A new conformal-invariant non-linear spinor
equation

W. FUSHCHYCH, W. SHTELEN, P. BASARAB-HORWATH

We propose a new model for a spinor particle, based on a non-linear Dirac equation.
We invoke group invariance and use symmetry reduction in order to obtain a multi-
parameter family of exact solutions of the proposed equation.

1. Introduction
Since the discovery of the electron, many people have proposed and discussed the

hypothesis that the mass of the electron is generated by an electromagnetic field,
which the electron produces itself, so that the electron can be thought of as localized
electromagnetic energy. In other words, this means that the electron is described by
a non-linear dynamical system (see, for instance [1, 2] for these ideas). We propose
a realization of this old and interesting physical idea in the framework of the classical
theory of spinor fields. For the electron, we propose the following Lorentz-invariant
spinor equation

(iγ∂ −m(u, v, Ψ̄Ψ, jµjµ))Ψ = 0, (1.1)

where

γ∂ = γµ∂µ, µ = 0, 1, 2, 3

and the γµ are the Dirac matrices

γ0 =
(

1 0
0 −1

)
, γa =

(
0 σa

−σa 0

)
, a = 1, 2, 3,

where the σa are the 2 × 2 Pauli matrices

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
,

u = −1
2
FµνF

µν , v = −1
4
FµνF̃

µν ,

where Fµν is an antisymmetric tensor and

∂µF
µν = jν , ∂µF̃

µν = 0

with

F̃µν =
1
2
εµναβF

αβ

and εµναβ is the antisymmetric Kronecker symbol.

Preprint LiTH-MAT-R-93-05, Department of Mathematics, Linköping University, Sweden, 8 p.
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The electromagnetic field which the electron itself produces satisfies Maxwell’s
equations:

∂νF
µν = jν, with jν=eΨ̄γνΨ, (1.2)

where e is the charge of the electron.
We can interpret (1.1) as follows: the mass, m, of an electron is generated by the

electromagnetic field Fµν , and its own spinor field Ψ. In the usual Dirac equation,
m is a parameter which does not depend on the electromagnetic and spinor fields.
Equation (1.1), in contrast to the standard Dirac equation, is a complicated non-linear
equation, and as a result one has the following problem: how does one find at least
some non-trivial solutions of such an equation?
For the case of m depending only on the spinor field, some classes of exact

solutions of (1.1) have been found [5, 6, 10, 11]. In order to construct solutions of
(1.1), (1.2), we first examine the symmetries of this system, and then we give some
families of exact solutions. The system (1.1), (1.2) is non-linear even for m = const,
and can be thought of as a first modification of the Dirac equation in our approach.

2. Symmetries
In the spinor equation (1.1), (1.2), we shall consider the fields Fµν , Ψ̄, Ψ as

independent, and we shall look for symmetry operators of that system in the form

X = ξµ
∂

∂xµ
+ η(1)

µ

∂

∂Ψµ
+ η(2)

µ

∂

Ψ̄µ
+ η(3)

µν

∂

∂Fµν
,

where the coefficients are functions of x, Ψ, Ψ̄, Fµν . In finding these symmetry
operators, we use the method of Lie [4, 8, 9]. Indeed, after a painstaking calculation,
we obtain the following:

Theorem 1. The maximal point symmetry algebra of the system of (1.1), (1.2), with
m = const, has as basis the following vector fields:

∂µ = ∂/∂xµ, Jµν = xµ∂ν −xν∂µ+(σµνΨ)ρ
∂

∂Ψρ
+Fµρ

∂

∂F νρ
−F νρ ∂

∂Fµρ
,(2.1)

D = Ψµ ∂

∂Ψµ
+ Fµν

∂

∂Fµν
, (2.2)

P = Pµν
∂

∂Fµν
, (2.3)

where ∂µPµν = 0, ∂µP̃µν = 0 and

σµν = − i

4
[γµ, γν ].

Remark 1. The operator D generates scale transformations in the space of the fi-
eld variables Ψm, Fµν , not in Minkowski space R(1, 3). The operators 〈∂µ, Jµν ,D〉,
generate the extended Poincaré algebra [4].

If we assume dependence of the mass on the Lorentz-invariant quantities u, v,
defined in (1.1), (1.2), we retain invariance under the Poincaré group, but not always
under the extended Poincaré group. In fact, we have the following result:
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Theorem 2. The system (1.1), (1.2), where m is a function of the invariants u, v
defined in (2.1), (2.2), is invariant under the algebra generated by (1.3), (1.4) if and
only if

m =

{
m
( v
u

)
, u �= 0,

m = const, u = 0

Remark 2. Theorem 2 implies that there exists a wide class of non-linear systems
of the form (1.1), (1.2), which are invariant with respect to the extended Poincaré
algebra. This is so when we assume that the mass depends only on the electromagnetic
field.

3. Conformally invariant equations
In this paragraph, we shall describe equations of the form (1.1), (1.2), which are

invariant under the conformal group, under the assumption that the mass has the
following dependence on the fields:

m = λ1F1(u, v) + λ2(Ψ̄Ψ)k. (3.1)

The conformal group, C(1, 3) is well-known (see for instance [4], [5]). It consists
of the Poincaré group together with the following non-linear transformations:

x′µ =
xµ − cµx

2

σ
, (3.2)

Ψ′(x′) = σ(1 − (γc)(γx))Ψ(x), (3.3)

F ′
µν(x

′) = σ2Fµν + 2σ{xβ [(2(cx) − 1)(cµFβν − cνFβµ) −
− c2(xµFβν − xνFβµ)] + cα[xαFαν − xνFαµ −
− x2(cµFαν − cνFαµ)] + 2(cµxν − cνxµ)Fαβcαxβ},

(3.4)

x′µ = eθxµ, (3.5)

Ψ′(x′) = e−
3
2 θΨ(x), (3.6)

F ′
µν(x

′) = e−2θFµν , (3.7)

where the primes denote transformed quantities, θ and cµ are arbitrary real constants,
cx = cµx

µ, c2 = cµc
µ, x2 = xµx

µ.
Applying Lie’s method for calculating symmetry operators, one can prove the

following result:

Theorem 3. The system of equations (1.1), (1.2), with mass given by (3.1), is invari-
ant under the conformal group if and only if k = 1

3 and

F1(u, v) =

u
1
4F

( v
u

)
, u �= 0,

v
1
4 , u = 0,

(3.8)

where F is an arbitrary, smooth function.
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One can easily verify that (1.1), (1.2), with mass defined by (3.1), is indeed invari-
ant under the scale transformations (2.4)–(2.6). Substituting these into the equations
yields

[iγ∂ − λ1F1(e−4θu, e−4θv) − λ2e
θ(1−3k)(Ψ̄Ψ)k]Ψ = 0,

∂νF
µν = eΨ̄γµΨ, ∂νF̃

µν = 0.

The condition of invariance then gives

eθF1(e−4θu, e−4θv) = F1(u, v), θ(1 − 3k) = 0

which immediately implies k = 1
3 , and, differentiating with respect to θ, that F1

satisfies the equation

4u
∂F1

∂u
+ 4v

∂F1

∂v
= F1.

The general solution of this equation is easily shown to be that given by (3.8).
Conformal invariance follows by using the transformations

Ψ̄Ψ �→ σ3Ψ̄Ψ, u �→ σ4u, v �→ σ4v.

Remark 3. Requiring conformal invariance narrows quite considerably the class
of admissible systems (1.1), (1.2). Fixing the function F

(
u
v

)
, we obtain different

conformally-invariant equations for a spinor particle.

4. Exact solutions
We shall construct a class of exact solutions for the simplest conformally-invariant

system (1.1), (1.2), namely for the case F = 1, so that our system becomes(
iγ∂ − λ1u

1
4 − λ2(Ψ̄Ψ)

1
3
)
Ψ = 0,

∂νF
µν = eΨ̄γµΨ, ∂νF̃

µν = 0.
(4.1)

We shall look for solutions of this system by the method of reduction [4], that is we
reduce the system of partial differential equations to systems of ordinary differential
equations. For these, we use the following ansatzes [4, 5, 6, 7, 10, 11]:

Ψ(x) = ϕ(ω), Fµν(x) = fµν(ω), (4.2)

where ϕ(ω) is a four-component vector, fµν(ω) an antisymmetric tensor, ω = βx,
with β a constant vector satisfying β2 = 1. Substituting (4.2) into (4.1), we obtain
the reduced system of ordinary differential equations

i(γβ)ϕ̇− (
λ1z

1
4 + λ2(ϕ̄ϕ)

1
3
)

= 0,

βν ḟ
µν = eϕ̄γµϕ, βνf

µν = 0
(4.3)

with z = − 1
2fµνf

µν and the dot denotes differentiation with respect to the argu-
ment ω. Since fµν is anisymmetric, it follows that βµβν ḟµν = 0, so that the second
equation in (4.3) yields ϕ̄(γβ)ϕ = 0. Using the relation

γµγν + γνγµ = 2gµν
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and the fact that β is chosen so that β2 = 1, it is easy to show that (γβ)(γβ) = 1.
Multiplying the first equation of (4.3) on the left by ϕ̄(γβ) we then obtain

ϕ̄ϕ̇ = 0.

We therefore find that ϕ satisfies

ϕ̄ϕ = const, ϕ̄(γβ)ϕ = 0. (4.4)

These equations imply that we should look for solutions ϕ in the form

ϕ = exp(i(γβ)g(ω))χ, (4.5)

where g(ω) is a function we must find and χ is a constant vector which satisfies
χ̄(γβ)χ = 0. Since (γβ)2 = 1, it follows that

ϕ = [cos(g(ω)) − i(γβ) sin(g(ω))]χ, (4.6)

ϕ̄γµϕ = αµ cos(2g(ω)) + cµ sin(2g(ω)), (4.7)

αµ = χ̄γµχ, cµ =
i

2
χ̄[(γβ), γµ]χ. (4.8)

Clearly, αβ = 0. Equation (4.3) together with (4.6), (4.7), (4.8), can be written as

ġ = λ1z
1
4 + λ2(χ̄χ)

1
3 ,

βν ḟ
µν = e(αµ cos(2g) + cµ sin(2g)),

βν
˙̃
f
µν

= 0.

(4.9)

We now seek solutions of (4.9) of the form

g(ω) = κω,

fµν = ε[(αµβν − ανβµ) sin(2κω) − (cµβν − cνβµ) cos(2κω)],
(4.10)

where κ, ε are constants. Without loss of generality, we assume α2 = c2 = −1, since
we have β2 = 1, αβ = βc = αc = 0. With these conventions, (4.9) and (4.10) give

κ = λ1

√
ε+ λ2(χ̄χ)

1
3 , e = 2εκ. (4.11)

Let us now consider solutions of (4.11). The first case is when λ1 �= 0, λ2 = 0. Then

ε =
(

e

2λ1

) 2
3

, κ =
(
eλ2

1

2

) 1
3

. (4.12)

The second case is λ1 = 0, λ2 �= 0, which gives

κ = λ2(χ̄χ)
1
3 , ε =

e

2λ2(χ̄χ)
1
3
. (4.13)

Finally, when λ1 �= 0, λ2 �= 0 equation (4.12) becomes the cubic equation

y3 + py + q = 0, ε =
e

2κ
, (4.14)
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where

y =
√
κ = 3

√
−q

2
+
√
Q+ 3

√
−q

2
−
√
Q, Q =

eλ2
1

8
− λ2

2(χ̄χ)
27

.

In this way we obtain exact solutions of the system (4.1), (4.2) in the following form

ψ(x) = exp(−iκ(γβ)ω)χ, ω = βx, (4.15)

Fµν =
e

2κ
[(αµβν − ανβµ) sin(2κω) − (cµβν − cνβµ) cos(2κω)], (4.16)

αµ = χ̄γµχ, cµ =
i

2
χ̄[(γβ), γµ]χ,

β2 = 1, α2 = c2 = −1, αβ = αc = βc = 0.

For conformally invariant solutions of (4.1) we exploit the ansatzes [6, 7]

ψ(x) =
γx

(x2)2
ϕ(ω), ω =

βx

x2
, β2 = 1,

Fµν =
fµν(ω)
x2

− 2xρ[xµfρν(ω) − xνfρν(ω)]
(x2)3

.

(4.17)

Combining (4.1) and (4.17) yields the system of ordinary differential equations

−i(γβ)ϕ̇ = λ1z
1
4 + λ2(ϕ̄ϕ)

1
3 ,

βν ḟ
µν = −eϕ̄γµϕ,

βν
˙̃
f
µν

= 0

(4.18)

with z = − 1
2fµνf

µν , which is formally similar to (4.3). Using this fact, we can write
down the following solutions of (4.1), (4.17):

Ψ(x) =
γx

(x2)2
exp(iκ(γβ)ω)χ, ω =

βx

x2
, (4.19)

Fµν =
e

2κ(x2)2
{[
βµαν − βµαν) + 2(αµxν − ανxµ)ω +

+ 2
αx

x2
(xµβν − xνβµ)

]
sin(2κω) +

[
(cµβν − cνβµ) +

+ 2ω(xµcν − xνcµ) − 2
cx

x2
(xµβν − xνβµ)

]
cos(2κω)

}
,

(4.20)

where

αµ = χ̄γµχ, cµ =
i

2
χ̄[(γβ), γµ]χ,

β2 = 1, α2 = c2 = −1, αβ = αc = βc = 0.

The solutions found show that the system (1.1), (1.2) is consistent, at least in
certain cases of the mass function. Furthermore, we can calculate the mass corres-
ponding to these solutions:

m = λ1u
1
4 + λ2(ψ̄ψ)

1
3 =

κ

x2
.
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5. Conclusion
We have shown that there exists a consistent non-linear dynamical model for

a classical spinor particle, in which the mass is generated by an electromagnetic
field and a spinor field, which the particle itself creates. The proposed model (3.1)
is conformally-invariant, as is the class of solutions we obtain, For these solutions,
we have also found an explicit form for the Lorentz-invariant mass. The question of
quantizing the model (3.1) will be taken up in future papers.
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Generation of solutions for nonlinear
equations via the Euler–Amperé
transformation

W.I. FUSHCHYCH, V.A. TYCHYNIN

За допомогою контактного перетворення Ейлера–Ампера одержано формули роз-
множення розв’язкiв. Побудовано класи ДРЧП другого порядку, якi iнварiантнi вiд-
носно цього перетворення.

The invariance of DE under a nonlocal transformation of variables allows us to
generate its solutions from the known ones. The reducing of a nonlinear PDE to
a linear equation makes it possible to construct for it the formula of a nonlinear
superposition of solutions. In the present paper the solutions generating formulae
are obtained via the Euler–Amperé contact transformation. Classes of Euler–Amperé
invariant PDEs are constructed. The efficiency of the obtained formulae is illustrated
in several of examples.
1. Nonlocal invariance and the solutions generating formula. Let us consider the

Euler–Amperé transformation in the space R(1, n−1) of n independent variables [1, 2]:

u = yava − v, x0 = y0, xa = va,

vµ = ∂µv =
∂v

∂yµ
, a, b = 1, n− 1, δ ≡ det(vab) �= 0, µ, ν = 1, n− 1.

(1)

The first and second order derivatives are changing as

u0 = −v0, ua = ya,

v00 = −det−1(vab) det(vµν), u0a = −det−1(vab)v0baba(vcd),

uab = −det−1(vcd)aab(vcd) (a, b, c, d = 1, n− 1).

(2)

Hereafter the summation over repeated Greek indices is understood in the space
R(1, n−1) with the metric gµν = diag (1,−1, . . . ,−1) and over repeated Latin indices
it is understood in the space R(0, n − 1) with the metric gab = diag (1, 1, . . . , 1),
uµν = ∂µνu = ∂2u

∂xµ∂xν
, det(uab) = a00(uab). aλσ(uµν), aab(ucd) are the cofactors to

the elements uλσ and uab respectively, λ, σ = 0, n− 1.
Following expressions are absolute differential invariants of order ≤ 2 with respect

to (1) due to its involutivity:

f0(x0), f1(xa, ua), f2(x0,−u0), f3(u, xaua − u),

f4(u00,−det−1(uab) det(uµν)), f5(u0a,−det−1(uab)u0baba(ucd)),

f6(uab,−det−1(ucd)aab(ucd)).

(3)

Доповiдi АН України, 1993, № 7, С. 40–45.
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Here f0 is an arbitrary smooth function, and fk, k = 1, 6 are arbitrary smooth and
symmetric on arguments functions:

fk(x, z) = fk(z, x).

Let us construct by means of the expressions (3) the absolutely invariant under
transformation (1) second order PDE

F ({fσ}) = 0 (σ = 0, 6). (4)

F (·) is an arbitrary smooth function. Such equations are contained in the class (4):
u0 − uaua + x2 = 0, x2 = xaxa; (5.1)

λu0 − ∆u− det−1(ucd) Slid (ucd) = 0; (5.2)

u00 − det−1(ucd) det(uµν) = 0; (5.3)

λu0 − detm(ucd) + (−1)m·ndet−m·n(ucd) det[aab(ucd)] = 0; (5.4)

λu2h
0 + ϕ(xc)uaua + ϕ(uc)x2 = 0; (5.5)

λu2h
0 + ϕ(uc)uaua + ϕ(xc)x2 = 0; (5.6)

λu0 − ϕ(xc, u)∆ − det−1(ucd)ϕ(uc, xaua − u) · Slid (ucd) = 0. (5.7)

One can continue this list of equations (5) in the obvious manner. ∆ is the Laplacian,

Slid (ucd)
def= gabaab(ucd),

ϕ(x, z) is an arbitrary smooth function, λ is an arbitrary parameter, m, h are real
numbers.

Let
(1)
u (x0, x) be a known partial solution of Eq. (4). For constructing new solution

(2)
u (x0, x) of this Eq. (4) we rewrite the formula (1) in parametric form, replacing xa

for parameters τa, a = 1, n− 1. Substitute
(1)
u (x0, τ),

(1)
u a(x0, τ) to (1). So, as a result,

we obtain the formula

(2)
u (x0, x) = τa

(1)
u a(x0, τ) −

(1)
u (x0, τ) = τaxa −

(1)
u (x0, τ),

xa =
(1)
u a(x0, τ), a = 1, n− 1.

(6)

Here x = (x1, x2, . . . , xn−1), τ = (τ1, τ2, . . . , τn−1). The formula (6) allows us to
construct efficiently the new solutions of nonlinear equations (5) by resolving the last
system (6) with respect to parameters τ .

Example 1. Let us consider the equation

u0u11 − u2
11 + 1 = 0, (7)

which is invariant under the transformation (1). The function

(1)
u (x0, x1) = ϕ(ω), ω = α0x0 + α1x1
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is a solution of Eq. (7), when ϕ satisfies the first order ODE

q + 2(kϕ̇)−1
√

(kϕ̇)2 + 1 + 4kω + c1 = 0,

q ≡ ln
∣∣∣kϕ̇−√

(kϕ̇)2 + 1
∣∣∣− ln

∣∣∣kϕ̇+
√

(kϕ̇)2 + 1
∣∣∣ . (8)

Here k = 1
2α0, α1 = 1, α1 = 1, α0, c1 are arbitrary constants. In this case the

generating of new solutions is realized according to the formulae

(2)
u (x0, x1) = τ · ϕ(ω) − ϕ̇(ω), x1 = ϕ̇(ω), ω = 2kx0 + τ. (9)

From the second equation of the system (9) we get

τ = [ϕ̇]−1(x1) − 2kx0.

Here [ϕ̇]−1(x) is the inverse function to ϕ̇(x). Note, that

[ϕ̇]−1(x1) = ω, ϕ̇(ω) = ϕ̇(ω) = ϕ̇([ϕ̇]−1(x1)) = x1.

Then from the first equation of the system (9) we obtain

(2)
u (x0, x1) = τ · x1 + ϕ(2kx0 + τ). (10)

Here ϕ(2kx0 + τ) is a solution of ODE (8) of argument 2kx0 + τ . Due to equality

x1 =
(1)
u (x0, τ) = ϕ̇(2kx0 + τ) we get τ from the correlation (8)

τ = −
{
g∗ + 2(kx1)−1

√
(kx1)2 + 1 + 2kx0 + (4k)−1 · c1

}
,

g∗ ≡ ln
∣∣∣kx1 −

√
(kx1)2 + 1

∣∣∣− ln
∣∣∣kx1 +

√
(kx1)2 + 1

∣∣∣ . (11)

Thus, the solution u(x0, x1) is determined by the parametric system of equations

(2)
u (x0, x1) = ϕ

(
−q∗ − 2(kx1)−1

√
(kx1)2 + 1 − (4k)−1 · c1

)
−

− x1

{
g∗ + 2(kx1)−1

√
(kx1)2 + 1 + 2kx0 + (4k)−1 · c1

}
,

(12)

q + 2(kϕ̇)−1
√

(kϕ̇)2 + 1 + 4kω + c1 = 0, ϕ = ϕ(ω). (13)

Example 2. The equation

(u0 − ∆(2)u)(u11u22 − u2
12) − ∆(2)u = 0 (14)

is (1)-invariant, when the condition u11u22 − u2
12 �= 0 is satisfied. The partial solution

of Eq. (13) is

(1)
u = ln r2, r2 = x2

1 + x2
2.

Let us replace xa, a = 1, 2 in
(1)
u for parameters τa

(1)
u = ln ρ2, ρ2 = (τ1)2 + (τ2)2.
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and substitute this result into to the formula (6). We obtain

(2)
u (x0, x1, x2) = 2 − ln ρ2, xa = 2τaρ−2, a = 1, 2. (15)

Let us express τ1, τ2 through x1, x2 from the last two conditions of the system (15)

τa = 2xar−2, a = 1, 2. (16)

Substituting τ from (16) into the first equation of the system (15), we get the soluti-

on
(2)
u :

(2)
u = 2(1 − ln 2) + ln r2.

2. Nonlocal linearization and nonlinear superposition formula. Let us apply the
transformation (1) to a general second order linear PDE

bµν(y0, y)vµν + bµ(y0, y)vµ + b(y0, y)v + c(y0, y) = 0. (17)

y = (y1, y2, . . . , yn−1), bµν = bνµ, bµ, b, c are arbitrary smooth functions of y0, y. As
a result we get the nonlinear equation

{b00(x0, u
1
) det(uµν) − 2b0a(x0, u

1
)u0baba(ucd) +

+ bab(x0, u
1
)aab(ucd)}det−1(ucd) + b0(x0, u

1
) · u0 +

+ ba(x0, u
1
)xa − b(x0, u

1
)[xaua − u] − c(x0, u

1
) = 0.

(18)

Here u
1

= (u1, u2, . . . , un−1), a, b = 1, n− 1. Eq. (18) possesses the solutions super-

position property, which arises from the superposition of solutions of the linear equa-
tion (17)

(3)
v (y0, y) =

(1)
v (y0, y) +

(2)
v (y0, y).

Let
(k)
u , k = 1, 2 be known solutions of Eq. (18) and

(3)
u (x0, x) be a new solution of the

same equation. Let us express
(3)
u through

(1)
u and

(2)
u . Making use of Euler–Amperé

transformation (1), we get

(3)
u (x0, x) = ya

(3)
va −

(3)
v = ya(

(1)
va +

(2)
va) −

(1)
v − (2)

v ,

xa =
(3)
va =

(1)
va +

(2)
va, x0 = y0.

(19)

One can express
(1)
v and

(2)
v via

(1)
u and

(2)
u accordingly, where x are replaced for

parameters τ = (τ1, τ2, . . . , τn−1) in the first and θ = (θ1, θ2, . . . , θn−1) in the second
ones:

(k)
v =

(k)
τ a

(k)
u a −

(k)
u , k = 1, 2, y0 = x0 =

(k)
τ 0,

(1)
τ ≡ τ,

ya =
(k)
u a(

(k)
τ 0,

(k)
τ ),

(2)
τ ≡ θ,

(k)
v a =

(k)
τ a.

(20)
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Substituting the relations (20) into (19) we obtain the solutions superposition formula
for Eq. (18)

(3)
u (x0, x) =

(1)
u (x0, τ) +

(2)
u (x0, x− τ),

(1)
u a(x0, τ) =

(2)
u a(x0, θ), θ = x− τ.(21)

Here the second equation of the system (19) is used essentially xa = τa+θa for elimi-

nating parameters θa in the formula (21) and the designation
(2)
u a(x0, θ) ≡

(2)
u θa(x0, θ)

is adopted as well.
Example 3. Let us use as initial partial solutions

(1)
u (x0, x1) = x0 − 1

2
x2

1,
(2)
u (x0, x1) = k[1 + x1 − x0]

3
2 , k = −2

3

√
2

of the Euler–Amperé-linearizable equation

u0u11 + 1 = 0, u11 �= 0. (22)

Replacing the argument x1 for parameter τ in
(1)
u and for parameter θ = x1 − τ in

(2)
u

and making use of the formula (21), we obtain a new solution of Eq. (22)
(3)
u (x0, x1) = x0 − h− 2

3

√
2h

3
2 , h ≡ 2 + x1 − x0 ±

√
2(x1 − x0) + 3. (23)

Example 4. The nonlinear heat conduction equation

u0 det(uab) + ∆(2)u = 0,
∆(2) ≡ ∂2

1 + ∂2
2 , det(uab) �= 0

(24)

admits the linearization under the transformation (1) to the equation

v0 − ∆(2)v = 0.

This Eq. (24) possesses the partial solution in parametric form
(1)
u (x0, x1, x2) = θx−1

1 r2 + 2x0x1θ
−1, r2 = x2

1 + x2
2,

x1(8πx2
0) = ±θ exp{−θ2r2(8x0x

2
1)

−1}.
(25)

Let the second solution of Eq. (24) take the form
(2)
u (x0, x1, x2) = x2

1 − x2
2. (26)

Making use of the formula (21) we obtain the new solution
(3)
u :

(3)
u (x0, x1, x2) = θ(x1 − θ)−2

(
x1 − 1

2
θ

)
(r2 + θ2 − 2x1θ) +

+ 2x0θ
−1

(
x1 − 1

2
θ

)
+

1
4
θ2 − x2

2(x1 − θ)−2

(
x1 − 1

2
θ

)2

,

8πx2
0

(
x1 − 1

2
θ

)
= ±θ exp

{
−θ2 (r2 + θ2 − 2x1θ)

4x0(x1 − θ)2

}
,

(27)

θ is the parameter to be eliminated.

1. Гуpсa E., Iнтегрування рiвнянь з частинними похiдними першого порядку, Київ, Рад. шк., 1941,
415 c.

2. Фущич В.И., Тычинин В.А., Жданов Р.З., Нелокальная линеаризация и точные решения неко-
торых уравнений Монжа–Ампера, Дирака, Препринт № 85.88, Киев, Институт математики АН
УССР, 1985, 28 с.
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Hodograph transformations and generating of
solutions for nonlinear differential equations
W.I. FUSHCHYCH, V.A. TYCHYNIN

Перетворення годографа однiєї скалярної функцiї в R(1, 1) та R(1, 3), а також двох
скалярних функцiй в R(1, 1) використанi для розмноження розв’язкiв нелiнiйних
piвнянь; побудованi класи годограф-iнварiантних piвнянь другого порядку.

The results of using the hodograph transformations for solution of applied problems
are well-known. One can find them for example in [1, 2, 3]. We note also the paper [4],
in which a number of invariants for hodograph transformation as well as hodograph-
invariant equations were constructed.
1. Hodograph-invariant and -linearizable equations in R(1, 1). Let us consi-

der the hodograph transformation for one scalar function (M = 1) of two independent
variables x = (x0, x1), n = 2:

u(x) = y1, x0 = y0, x1 = v(y),

δ = v1 = ∂1v =
∂v

∂y1
�= 0, y = (y0, y1).

(1)

Differential prolongations of the transformation (1) generate such expressions for the
first and second order derivatives:

u1 = v−1
1 , u0 = −v0v−1

1 , (2)

u11 = −v−3
1 v11, u10 = −v−3

1 (v1v10 − v0v11),
u00 = −v−3

1 [v2
0v11 − 2v0v1v10 + v2

1v00].
(3)

It is clear that (1) is an involutory transformation. This allows to write a set of
differential expressions of order ≤ 2, which are absolutely invariant under the trans-
formation (1):

f0(x0), f1(x1, u), f2(u1, u
−1
1 ), f3(u0,−u0u

−1
1 ), f4(u11,−u−3

1 u11),
f5(u10,−u−3

1 (u1u10 − u0u11)), f6(u00,−u−3
1 [u2

0u11 − 2u0u1u10 + u2
1u00]).

(4)

Here f0 is an arbitrary smooth function, f i, i = 1, 6 are arbitrary functions symmetric
on arguments, i.e. f i(x, z) = f i(z, x). So, the second order PDE invariant under the
transformation (1) has the form

F ({fσ}) = 0, {fσ} = {f0, f1, . . . , f6}, σ = 0, 6, (5)

F is an arbitrary smooth function.
Such well-known equations are contained in the class (5):

1. u2
0 − u2

1 − 1 = 0 — the eikonal equation; (6)

Доповiдi АН України, 1993, № 10, С. 52–58.
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2. u11 − u00[u2
0u11 − 2u0u1u10 + u2

1u00] = 0 — the Born–Infeld equation; (7)

3. u00u11 − u2
10 = 0 — the Monge–Amperé equation; (8)

4. u0 = f(u1)u11, f(u1) = f(u−1
1 )u−2

1 — the nonlinear heat equation [5]. (9)

Particularly, such equation as

u0 − u−1
1 u11 = 0 (10)

is contained in the last class (9).

Let
(1)
u (x0, x1) be a known solution of Eq. (5). To construct a new solution

(2)
u (x0, x1) let us write the first solution replacing in it an argument x1 for parameter

τ :
(1)
u (x0, τ) and substitute it to the hodograph transformation formula (1). So, we

obtain the solutions generating formula for Eq. (5).

(2)
u (x0, x1) = τ, x1 =

(1)
u (x0, τ). (11)

Let us now describe some class of (1)-linearizable equations. Making use of for-
mulae (1) to transform general linear second order PDE

bµν(y)vµν + bµ(y)vµ + b(y)v + c(y) = 0, y = (y0, y1), µ, ν = 0, 1, (12)

we obtain

b00(x0, u)u−3
1 (u2

0u11 − 2u0u1u10 + u2
1u00) −

− 2b10(x0, u)u−3
1 (u1u10 − u0u11) + b11(x0, u)u−3

1 u11 +

+ b0(x0, u)u−1
1 u0 + b1(x0, u)u−1

1 − b(x0, u)x1 − c(x0, u) = 0.

(13)

bµν , bµ, c are arbitrary smooth functions, b10 = b01. Summation over repeated indices
is understood in the space R(1, 1) with the metric gµν = diag (1,−1). The repeated
use of this transformation to Eq. (12) turn us again to the Eq. (11).
For any equation of the class (12) the principle of nonlinear superposition is sati-

sfied

(3)
u (x0, x1) =

(1)
u (x0, τ),

(1)
u (x0, x1) =

(2)
u (x0, x1 − τ), (14)

Here
(k)
u (x0, x1), k = 1, 2 are known solutions of Eq. (12),

(3)
u (x0, x1) is a new solution

of this equation. Parameter τ must be eliminated due to second equality of the sys-
tem (13). For example, such equations important for applications are contained in this
class (12):

u0 − u−2
1 u11 = 0, u0u11 − u1u10 = 0,

u2
0u11 − 2u0u1u10 + u2

1u00 = 0, u0 − c(x0, u)u1 = 0.

Let us consider now an example of constructing new solutions from two known ones
by means of solutions superposition formula (13).

Example 1. A nonlinear heat equation

u0 − u−2
1 u11 = 0
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is reduced to the linear equation

v0 − v11 = 0 (15)

Therefore, the formula (13) is true for (14). The functions

(1)
u = x1,

(2)
u =

√
x1 − 2x0 (16)

are both partial solutions of Eq. (14). We construct a new solution
(3)
u of this Eq. (14)

via
(1)
u and

(2)
u . It has the form

(3)
u (x0, x1) = −1

2
±
√

1
4

+ x1 − 2x0, (17)

2. Hodograph-invariant and -linearizable equations in R(1, 3). The hodo-
graph transformation of a scalar function u(x) of four independent variables x =
(x0, x1, x2, x3) has the form

v(x) = y1, x1 = v(y), xθ = yθ, θ = 0, 2, 3. (18)

Prolongation formulae for (18) are obtained via calculations [6, 7]:

u1 = v−1
1 , uθ = −v−1

1 vθ, u11 = −v−3
1 v11,

u1θ = −v−3
1 (v1v1θ − vθv11), vθθ = −v−3

1 (v2
1vθθ − 2vθv1v1θ + v2

θv11),
uθγ = −v−3

1 [v1(v1vθγ − vγv1θ) − vθ(v1v1γ − vγv11)].

(19)

Here θ, γ = 0, 2, 3, θ �= γ. Making use of involutivity of the transformation (18) we
list for it a such set of absolute differential invariant expressions of order ≤ 2:

f0(x0, x2, x3), f1(x1, u), f2(u1, u
−1
1 ), f3(uθ,−u−1

1 uθ),

f4(u11,−u−3
1 u11), f5(u1θ,−u−3

1 (u1u1θ − uθu11)),
f6(uθθ,−u−3

1 (u2
1uθθ − 2u1uθu1θ + u2

θu11)).

f7(uθγ ,−u−3
1 [u1(u1uγθ − uγu1θ) − uθ(u1u1γ − uγu11)]).

(20)

There is no summation over θ here, as before, f0 is an arbitrary smooth function, f j ,
j = 1, 7 are arbitrary symmetric.
An equation invariant under transformation (18) has the form

F ({fλ}) = 0 (λ = 0, 7). (21)

The solutions generating formula has the same form as (10)

(2)
u (x0, x1, x2, x3) = τ, x1 =

(1)
u (x0, τ, x2, x3). (22)

Here
(1)
u (x) is a known solution of Eq. (21),

(2)
u (x) is its new solution. The following

well-known equations are contained in this class (21):

1. u2
0 − uaua − 1 = 0, a = 1, 3, the eikonal equation;

2. (1 − uνu
ν)�u− uµuνuµν = 0, µ, ν = 0, 3, the Born–Infeld equation [8];

3. det(uµν) = 0 the Monge–Amperé equation.
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Here summation over repeated indices is understood in the space R(1, 3) with the
metric gµν = diag (1,−1,−1,−1).

�u = ∂µ∂
µu = u00 − u11 − u22 − u33

is the d’Alembert operator,

uaua = u2
1 + u2

2 + u2
2 + u2

3 = (∇u)2.
The class of hodograph-linearizable equations in R(1, 3) is constructed analogously

as above. Making use of transformation (18) for linear equation (11), written in
R(1, 3), we get

b11(xδ, u)u−3
1 u11 + bθθ(xδ, u)u−3

1 (u2
1uθθ − 2u1uθu10 + u2

θu11) +

+ bγθ(xδ, u)u−3
1 [u1(u1uγθ − uγu10) − uθ(u1u1γ − uγu11)] +

+ b1(xδ, u)u−1
1 uθ − b(xδ, u)x1 − c(xδ, u) = 0, xδ = (x0, x2, x3).

(23)

Here δ, θ = 0, 2, 3 and summation over θ is understood in the space R(1, 2) with
metric g̃θγ = diag (1,−1,−1).
Note, that multidimensional nonlinear heat equation

u0 − u−2
1 (1 + u2

2 + u2
3)u11 − u22 − u33 + 2u−1

1 (u2u12 + u3u13) = 0 (24)

reduces due to transformation (18) to linear equation v0 = ∆(3)v, where ∆(3) ≡
∂2
1 + ∂2

2 + ∂2
3 is the Laplace operator.

So, the solutions superposition formula for the equations (23) and (24) is

(3)
u (x0, x1, x2, x3) =

(1)
u (x0, τ, x2, x3), (25)

(1)
u (x0, τ, x2, x3) =

(2)
u (x0, x1 − τ, x2, x3). (26)

Example 2. Let partial solutions of Eq. (24)

(1)
u = x0 − x2 − x3 − ln

x1 − c2
c1

,
(2)
u =

[
9
4
c23(x1 − c4)2 − x2

2 − x2
3

] 1
2

be initial for generating a new solution
(3)
u . Then this new solution of Eq. (24) is

determined via (25), (26) by the equality

(3)
u 2(x) + x2

2 + x2
3 = c3

[
x1 − c2 − c1 exp{x0 − x2 − x3 −

(3)
u (x)}]2,

c3 =
9
4
c23, c2 = c4 + c2.

(27)

Thus, the formula (27) gives us a new solution of Eq. (24) in the implicite form.
3. Hodograph-invariant and -linearizable systems of PDE in R(1, 1). Let

us consider two functions uµ(x0, x1), µ = 0, 1 of independent variables x0, x1. The
hodograph transformation in this case, as is known [2], has the form

u0(x0, x1) = y0, u1(x0, x1) = y1, x0 = v0(y0, y1), x1 = v1(y0, y1),
δ = u1

1u
0
0 − u1

0u
0
1 �= 0, δ∗ = v1

1v
0
0 − v1

0v
0
1 �= 0.

(28)
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The first and second order derevatives are changing as

u1
1 = δ∗−1v0

0 , u1
0 = −δ∗−1v1

0 , u0
1 = −δ∗−1v0

1 , u0
0 = δ∗−1v1

1 , (29)

u1
11 = −δ∗−3 · [(v0

0)2(v1
0v

0
11 − v0

0v
1
11) + (v0

1)2(v1
0v

0
00 − v0

0v
1
00) −

− 2v0
1v

0
0(u1

0v
0
10 − v0

0v
1
10)],

u1
00 = −δ∗−3 · [(v1

0)2(v1
0v

0
11 − v0

0v
1
11 + (v1

1)2(v1
0v

0
00 − v0

0v
1
00) −

− 2v1
0v

1
1(v1

0v
0
10 − v0

0v
1
10)],

u1
10 = δ∗−3 · [v0

0v
1
0(v1

0v
0
11 − v0

0v
1
11) + v0

1v
1
1(v1

0v
0
00 − v0

0v
1
00) −

− (v1
0v

0
10 − v0

1v
1
10)(v

1
1v

0
0 + v1

0v
0
1)],

u0
11 = −δ∗−3[(v0

0)2(v0
1v

1
11 − v1

1v
0
11) + (v0

1)2(v0
1v

1
00 − v1

1v
0
00) −

− 2v0
1v

0
0(v0

1v
1
10 − v1

1v
0
10)],

u0
00 = −δ∗−3[(v1

0)2(v0
1v

1
11 − v1

1v
0
11) + (v1

1)2(v0
1v

1
00 − v1

1v
0
00) −

− 2v1
1v

1
0(v0

1v
1
10 − v1

1v
0
10)],

u0
10 = −δ∗−3[v0

0v
1
0(v0

1v
1
11 − v1

1v
0
11) + v0

1v
1
1(v0

1v
1
00 − v1

1v
0
00) −

− (v0
1v

1
10 − v1

1v
0
10)(v

1
1v

0
0 + v1

0v
0
1)].

(30)

Let us now construct the absolute differential invariants with respect to (28)–(30) of
order ≤ 2. Making use of involutivity of this transformation we get

f1(xµ, uµ), µ = 0, 1, f2(uµµ, δu
ν
ν), µ �= ν, µ, ν = 0, 1,

there is no summation over repeated indices here,

f3(uµν ,−δ−1uµν ), µ �= ν, µ, ν = 0, 1;
f4(u1

11,−δ−3[(u0
0)

2(u1
0v

0
11 − u0

0u
1
11) + (u0

1)
2(u1

0u
0
00 − u0

0u
1
00) −

− 2u0
1u

0
0(u

1
0u

0
10 − u0

0u
1
10)]),

f5(u1
00,−δ−3 · [(u1

0)
2(u1

0u
0
11 − u0

0u
1
11) + (u1

1)
2(u1

0u
0
00 − u0

0u
1
00) −

− 2u1
0u

1
1(u

1
0v

0
10 − u0

0u
1
10)]),

f6(u1
10,−δ−3 · [u0

0u
1
0(u

1
0u

0
11 − u0

0u
1
11) + u0

1u
1
1(u

1
0u

0
00 − u0

0u
1
00 −

− (u1
0u

0
10 − u0

0u
1
10)(u

1
1u

0
0 + u1

0u
0
1)]),

f7(u0
11,−δ−3 · [(u0

0)
2(u0

1u
1
11 − u1

1u
0
11) + (u0

1)
2(u0

1u
1
00 − u1

1u
0
00) −

− 2u0
1u

0
0(u

0
1u

1
10 − u1

1u
0
10)]),

f8(u0
00,−δ−3[(u1

0)
2(u0

1u
1
11 − u1

1u
0
11) + (u1

1)
2(u0

1u
1
00 − u1

1u
0
00) −

− 2u1
1u

1
0(u

0
1u

1
10 − u1

1u
0
10)]),

f9(u0
10,−δ−3[u0

0u
1
0(u

0
1u

1
11 − u1

1u
0
11) + u0

1u
1
1(u

0
1u

1
00 − u1

1u
0
00) −

− (u0
1u

1
10 − u1

1u
0
10)(u

1
1u

0
0 + u1

0u
0
1)]).

(31)

All functions fk, k = 1, 9 are arbitrary smooth and symmetric.
So, we now are able to construct the hodograph-invariant system of second order

PDEs

F σ({fk}) = 0, k = 1, 9, σ = 1, 2, . . . , N. (32)
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We construct a new solution
(2)
u = (

(2)
u 0,

(2)
u 1) of system (32) via known solution

(1)
u = (

(1)
u 0,

(1)
u 1) according to the formula

(2)
u (x) = τ, x =

(1)
u (τ). (33)

Here x = (x0, x1), τ = (τ0, τ1), τµ are parameters to be eliminated out of system (33).
Example 3. Let us consider the simplest hodograph-invariant system of first order
PDE

u1
0 − u0

1 = 0, u1
1 − u0

0 = 0. (34)

It is easily to verify, that pair of functions

(1)
u 0 = 2x0x1 + c,

(1)
u 1 − x2

0 + x2
1

is the solution of system (34). Making use of formula (33) one obtain the new solution
of this system

(2)
u 1 = ± 1√

2

[
x1 ±

√
x2

1 + (x0 − c)2
] 1

2

,

(2)
u 0 = ±x0 − c√

2

[
x1 ±

√
x2

1 + (x0 − c)2
]− 1

2

.

(35)

Let us consider the linear system of first order PDEs

bσνµ (y)vνµ + bσν(y)vν + cσ(y) = 0. (36)

Here bσνµ , b
σν , cσ are arbitrary smooth functions of y = (y0, y1), summation over

repeated indices is understood in the space with metric g∗µν = diag (1, 1). This
system (36) under transformation (28) reduces into system of nonlinear PDEs

bσ0(u)δ−1u1
1 − bσ0

1 (u)δ−1u0
1 − bσ1

0 (u)δ−1u1
0 +

+ bσ1
1 (u)δ−1u0

0 + bσ0(u)x0 + bσ1(u)x1 + cσ(u) = 0.
(37)

The solutions superposition formula for the system (37) has the form

(3)
u 0(x0, x1) =

(1)
u 0(τ0, τ1),

(1)
u 0(τ0, τ1) =

(2)
u 0(x0 − τ0, x1 − τ1),

(3)
u 1(x0, x1) =

(1)
u 1(τ0, τ1),

(1)
u 1(τ0, τ1) =

(2)
u 1(x0 − τ0, x1 − τ1).

(38)

Making use of designations u = (u0, u1), x = (x0, x1), τ = (τ0, τ1), one can rewrite
the formula (38) in another way:

(3)
u (x) =

(1)
u (τ),

(1)
u (τ) =

(2)
u (x− τ). (38a)

Example 4. It is obviously, that two pairs of functions

(1)
u =

1
2
x0,

(1)
ρ = (2λ)−1

√
1
4
x2

0 − x1,

(2)
u = x−1

0

[
1
2
c1 + x1

]
,

(2)
ρ = (2λx0)−1c0

(39)
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give two partial solutions of the system

u0 + uu1 + 4λ2ρρ1 = 0,
ρ0 + u1ρ+ uρ1 = 0.

(40)

Let us apply the formula (38) to construct a new solution
(3)
u ,

(3)
ρ via (39). Finally we

get

(3)
u 2(x0, x1) − c22(x0 − 2

(3)
u (x0, x1))−2 − x0

(3)
u (x0, x1) + x1 +

1
2
c1 = 0,

(3)
ρ (x0, x1) = (2λ)−1

[
x0

(3)
u (x0, x1) −

(3)
u 2(x0, x1) − x1 − 1

2
c1

] 1
2

.
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New conditionally invariant solutions
for non-linear d’Alembert equation
W.I. FUSHCHYCH, I.A. YEGORCHENKO

We describe all ansatzes of a specific form that reduce the non-linear d’Alembert equa-
tion. In this way we obtain some new solutions of the equation with a polynomial
non-linearity.

1. Introduction. Let us consider a non-linear d’Alembert equation of the form

�u = λuk, (1)

where u = u(x0, x1, x2, x3) is a real function; k �= 1, λ are parameters,

�u ≡ ∂2u

∂x2
0

− ∂2u

∂x2
1

− ∂2u

∂x2
2

− ∂2u

∂x2
3

.

Equation (1) is invariant under the Poincaré algebra AP (1, 3)+⊃ D with the follo-
wing basis operators:

∂0, ∂a, J0a = x0∂a + xa∂0, Jab = xa∂b − xb∂a,

D = x0∂0 + xa∂a +
2

1 − k
u∂u,

(2)

when k is arbitrary, k �= 1. Here a, b = 1, 2, 3, and we imply summation over the
repeated indices from 1 to 3. We shall not consider here the special case k = 3 when
equation (1) is invariant under the conformal algebra.
All similarity solutions for equation (1) are adduced in [1, 2]. The similarity

ansatzes corresponding to three-dimensional subalgebras of the algebra (2) have the
form

u = f(x)ϕ(ω), (3)

where f(x) is some function, ω = ω(x) is a new invariant variable.
In this paper we try to search for a wider class of solutions than similar ones

by means of the ansatz (3). Some ansatzes of this form were described in [3]. An
example of such ansatz is

u = (x2)−1/2ϕ(αx), (4)

where x2 = x2
0 − xaxa, α2

0 − αaαa = 0.
The substitution (3) reduces equation (1) to an ordinary differential equation of the

functions f and ω satisfy the following set of equations:

�f = fkS(ω),
2fµωµ + f�(ω) = fkT (ω), ωµωµ = R(ω)fk−1.

(5)

Preprint LiTH-MAT-R-93-07, Department of Mathematics, Linköping University, Sweden, 9 p. (revised
version).
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Here fµ ≡ ∂f
∂xµ
, the summation over the repeated Greek indices is as follows:

fµωµ ≡ f0ω0 − faωa, a = 1, 2, 3; S, T , R are some functions; T and R do not
vanish simultaneously.
Further we shall consider the system (5) for the case ωµωµ = 0.
2. New ansatzes for the d’Alembert equation (1). We succeeded to find all

solutions of the system (5) for ω = αx, α2 = 0. In this case the system (5) reduces
to the equations

�f = fkS(αx), 2fµαµ = fkT (αx).

Its solutions have the following form:

f = [h(ω, βx, γx) + δx)]
1

1−k , (6)

where the parameters αµ, βµ, γµ, δµ satisfy the relations αβ = αγ = δ2 = βγ = 0,
αδ = −β2 = −γ2 = 1.

h =
1
2

(βx)2(ω +B1) + 2B2
3(βx)(γx) + (γx)2(ω +B2)

(ω +B1)(ω +B2) −B2
3

, (7)

h =
(βx)2

2ω +B1
, (8)

h = B1βx+B2 +
B2

1

2
ω. (9)

Here B1, B2, B3 are some constants. If B1 = B2, B3 = 0 we get an ansatz that is
equivalent to (4).
3. Operators of conditional symmetry for equation (1). The notion of conditi-

onal symmetry had been defined in [2, 4–6]. This approach enabled to construct wide
classes of exact solutions for nonlinear partial differential equations of mathematical
physics (see [2, 4–6, 8]). In this paper we do not search specially for operators of
conditional symmetry but for ansatzes of the form (3) explicitly.
The following statement describes the operators of conditional invariance corres-

ponding to ansatzes of the form (3) with ω = αx, α2 = 0, f being of the form (6), (7).
Theorem 1. Equation (1) with the additional conditions

L1 = fβµuµ − βµfµu = 0,
L2 = fγµuµ − γµfµu = 0,
L3 = 2δµuµ(1 − k) − fk−1u = 0

(10)

is invariant under operators:

Q1 = r(x)(fβµ∂xµ − βµfµu∂u) = 0,
Q2 = r(x)(fγµ∂xµ − γµfµu∂u = 0,
Q3 = r(x)(2δµ∂xµ − 1

1−kf
k−1u∂u = 0,

(11)

where r(x) is an arbitrary non-zero function, f satisfies the equations

fµδµ =
1

1 − k
fk, �f = fkS(ω), (12)

where S is some function.
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The above theorem can be proved by means of the Lie algorithm (see e.g. [7]).

Note 1. The same ansatzes may also be obtained from the Lie symmetry operators.

4. Exact solutions of equation (1). The ansatz (3) with ω = αx, α2 = 0, f of the
form (6), (7) reduces equation (1) to the following ordinary differential equation:

ϕ′ 2
1 − k

+ S(ω)ϕ = λϕk, (13)

S(ω) being of the form

S(ω) = − 1
1 − k

ω +B1 +B2

(ω +B1)(ω +B2) −B2
3

,

Equation (13) for arbitrary constants B1, B2, B3, k �= 1 can be solved in quadratures:

ϕ =
√
θ

[
λ(1 − k)2

2

∫
θ(ω)

k−1
2 dω

] 1
1−k

, (14)

where θ = (ω +B1)(ω +B2) −B2
3 .

Substituting (14) into (3) with f of the form (6), (7), we can obtain a class of
solutions for the non-linear d’Alembert equation (1).
5. Compatibility and solutions of the system (5) with ωµωµ = 0. In this case

R(ω) = 0, so T (ω) must not vanish. We can take T (ω) = 2
1−k and obtain the system

fµωµ +
1
2
f�ω =

1
1 − k

fk, �f = fkS(ω). (15)

If �ω = 0, then from the first equation of (15)

f =
[
h(ω, θ1, θ2) + θ3)

] 1
1−k , (16)

where θ1, θ2, θ3 are functions on x,

θ1µθ
1
µ = θ2µθ

2
µ = −1,

θ1µωµ = θ2µωµ = θ3µθ
3
µ = θ1µθ

2
µ = 0,

θ1µθ
3
µ = 1.

(17)

With the substitution (16) the second equation (15) reduces to the form

Φθ1θ1 + Φθ2θ2 = Ŝ(ω), 2Φω − Φ2
θ1 − Φ2

θ2 = 0. (18)

The compatibility and solutions of the system of Laplace and Hamilton–Jacobi
equations were considered in detail in [8]. The system (18) is compatible iff

Ŝ(ω) =
ρ′

ρ
, where ρ′′′ = 0.

If we take for the solutions of the system (17)

θ1 = βx, θ2 = γx, θ3 = δx,

where βµ, γµ, δµ are parameters satisfying (6), we shall get the solutions (6), (7)–(9)
of the system (15).
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Note 2. A system similar to (15) arose in [8] while searching for ansatzes of the form
u = exp(if(x))ϕ(ω) for a nonlinear Schrödinger equation 2iut + uaa − uF (|u|) = 0.
It is known [9] that complex n-dimensional non-linear d’Alembert equation can be
reduced by similarity methods to (n− 1)-dimensional Schrödinger equation.
Note 3. The ansatz (3), (6), (7) can be used to get solutions also for complex non-
linear d’Alembert equation, the function ϕ being complex-valued.

For the equation

�u = λu(uu∗)
k−1
2 ,

we get the reduced equation

2ϕ′ − ρ′

ρ
ϕ = λ(1 − k)(ϕϕ∗)

k−1
2 ,

where ρ = (ω +B1)(ω +B2) −B2
3 .

From the reduced equation we can find ϕ:

ϕ =
√
ρ

[
λ(1 − k)2

2

∫
ρ

k−1
2 dω

] 1
1−k

exp iσ,

where σ is an arbitrary constant.
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Anti-reduction of the nonlinear wave
equation
W.I. FUSHCHYCH, R.Z. ZHDANOV

Ми запропонували конструктивний метод зведення рiвняння з частинними похiдни-
ми до декiлькох рiвнянь з меншим числом незалежних змiнних. Застосувавши цей
пiдхiд до багатовимiрного нелiнiйного хвильового рiвняння, ми побудували низку
принципово нових анзацiв, якi редукують його до двох звичайних диференцiальних
рiвнянь.

The wide class of solutions of the multi-dimensional wave equation

�u ≡ ux0x0 − ∆3u = F (u) (1)

can be obtained by means of the following ansatz [1–3]:

u = ϕ(ω), (2)

where ϕ is an arbitrary smooth function and ω = ω(x) is the absolute invariant of
some three-dimensional subgroup of the Poincaré group P (1, 3). As a result, one
gets ordinary differential equation (ODE) for a function ϕ(ω). That is why, the term
“reduction” is used: a number of dependent and independent variables is decreased.
On the other hand, there are examples of ansatzes reducing one nonlinear partial

differential equation (PDE) to two or even to three equations [4]. Such procedure
leads to an increase of the number of dependent variables and is called an “anti-
reduction” [4].
In the present paper we suggest a regular approach to the anti-reduction of the

nonlinear differential equation (1).
Consider the ansatz

u(x) = f(x, ϕ1(ω1), ϕ2(ω2), . . . , ϕN (ωN )) (3)

and the following ordinary differential equations:

ϕ̈i = Ri(ωi, ϕi, ϕ̇i), i = 1, N, (4)

where f , Ri are smooth enough functions, ωi = ωi(x) ∈ C2(Rn,R1), i = 1, N . If
substitution of (3) into Eq. (1) with subsequent exclusion of the second derivatives ϕ̈i,
i = 1, N according to (4) yields an identity with respect to variables ϕ̇i, ϕi, i = 1, N
then we say that the anti-reduction of nonlinear PDE (1) to N ODE takes place.
In fact, the above definition contains an algorithm of the anti-reduction. We are

going to realize it, provided N = 2.
Theorem. The equation (1) with a logarithmic nonlinearity

�u = λu lnu, λ ∈ R
1 (5)

Доповiдi АН України, 1993, № 11, С. 37–41.
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is the only nonlinear wave equation belonging to the class of PDE (1) that admits
anti-reduction to two second-order ODE and that is more the ansatz (2) has the
form

u(x) = a(x)ϕ1(ω1)ϕ2(ω2), (6)

where a(x), ω1(x), ω2(x) are smooth functions satisfying the system of PDE

1) ω1xµ
ω2xµ

= 0,
2) a�ωi + 2axµωixµ

= 0, i = 1, 2,
3) ωixµ

ωixµ
= Qi(ωi), i = 1, 2,

4) �a = λ ln a.

(7)

Here Qi are arbitrary smooth functions, hxµ
gxµ

= hx0gx0 −
3∑
a=1

hxa
gxa

.

Omitting intermidiate computations, we adduce main steps of the proof.
Substituting (3) with N = 2 into Eq. (1), we get

fxµxµ
+

2∑
i=1

{fϕi
(ϕ̈iωixµ

ωixµ
+ ϕ̇i�ωi) + fϕiϕi

ϕ̇2
iωixµ

ωixµ
+ 2fϕixµ

ωixµ
ϕi} +

+ 2fϕ1ϕ2 ϕ̇1ϕ̇2ω1xµ
ω2xµ

= F (f(x, ϕ1, ϕ2)).

Replacing ϕ̈i by Ri(ωi, ϕi, ϕ̇i) and splitting the obtained equality with respect to
ϕ̇1, ϕ̇2, we have

Ri = Ai(ωi, ϕi)ϕ̇2
i +Bi(ωi, ϕi)ϕ̇i + Ci(ωi, ϕi), i = 1, 2,

ω1xµ
ω2xµ

fϕ1ϕ2 = 0.

Since the equality fϕ1ϕ2 = 0 leads to the case Fuu = 0, we can put fϕ1ϕ2 �= 0
whence ω1xµ

ω2xµ
= 0.

By force of the above facts we get

1) fϕiϕi
+Aifϕi

= 0, i = 1, 2,

2) fϕi
(Biωixµ

ωixµ
+ �ωi) + 2fϕixµ

ωixµ
= 0,

3) fxµxµ
+

2∑
i=1

Cifϕi
ωixµ

ωixµ
= F (f),

4) ω1xµ
ω2xµ

= 0.

(8)

From the first two equations of the system (8) it follows that

f = H1(ω1, ϕ1)H2(ω2, ϕ2)a(x) + b(x),

where Hi, a(x), b(x) are arbitrary smooth functions.
By redefining functions ϕi : ϕi → ϕ̃iHi(ωi, ϕi), i = 1, 2, we may choose

f = a(x)ϕ1(ω1)ϕ2(ω2) + b(x), (9)

whence A1 = A2 = 0.
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From the Eq. 2 of the system (8) by force of (9) it follows that Bi = Bi(ωi),
i = 1, 2. Consequently, by redefining functions ωi

ωi → ω̃i = Wi(ωi), i = 1, 2,

we may choose B1 = B2 = 0. As a result, the system (8) is read

1) ω1xµ
ω2xµ

= 0,
2) a�ωi + 2axµ

ωixµ
= 0, i = 1, 2,

3) (�a)ϕ1ϕ2 + �b+ a[C1(ω1, ϕ1)ϕ2ω1xµ
ω1xµ

+
+ C2(ω2, ϕ2)ϕ1ω2xµ

ω2xµ
] = F (aϕ1ϕ2 + b).

(10)

The only thing left is to split Eq. 3 from (10) with respect to variables ϕ1, ϕ2.
Dividing Eq. 3 into ϕ1ϕ2 and differentiating it with respect to variables ϕ1ϕ2 we get
{(ϕ1ϕ2)−1[F (aϕ1ϕ2 + b) − �b]}ϕ1ϕ2 = 0, whence

a2x2 d
2F

dω2
− ax

dF

dω
+ F = �b, x = ϕ1ϕ2, ω = ax+ b. (11)

Differentiation of (11) with respect to x yields

ax
d3F

dω3
+
d2F

dω2
= 0.

Since we are interested in a nonlinear case, the inequality F̈ �= 0 holds. Hence, it
follows that

...

F (F̈ )−1 = −(ax)−1

or

F̈ (
...

F )
−1

= −ω + b.

Differentiating the above equality with respect to ω we obtain nonlinear ODE for
F (ω): F̈

...

F −2(
...

F )2 = 0, which general solution reads F (ω) = α−2
1 (α1ω+α2) ln(α1ω+

α2)+α3ω+α4 and what is more b = −α2α
−1
1 (without loss of generality we may put

b = α2 = 0).
In the above formulae α1, α2, α3, α4 are arbitrary real constants, α1 �= 0.
Substitution of the expression for F

F = λ1ω lnω + λ1ω + λ3 (12)

into Eq. 3 from the system (10) yields

ωixµ
ωixµ

= Qi(ωi), i = 1, 2,
Ci = λ1Q

−1
i (ωi)ϕi lnϕi, i = 1, 2,

�a = λ1a ln a+ λ2a, λ3 = 0.

Since in Eq. (12) λ1 �= 0, we can rescale the function ω → kω in such a way that
F (ω) takes the form F = λ1ω lnω. The theorem is proved.
Note. A classical example of the anti-reduction of mathematical physics equations is
the procedure of separation of variables. But the method of separation of variables can
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be effectively applied to linear second-order PDEs only, whereas the anti-reduction
procedure is evidently applicable to nonlinear differential equations.
Thus each solution of the system (7) after being substituted into ansatz (6) reduces

the nonlinear PDE (5) to two second-order QDEs

Qi(ωi)ϕ̇i = λϕi lnϕi, i = 1, 2.

Let us write down some particular solutions of Eqs. (7) under a = 1.

1. ω1 = ln(x2
0 − x2

3), ω2 = ln(x2
1 + x2

2);
2. ω1 = ln(x2

0 − x2
3), ω2 = x1;

3. ω1 = x0, ω2 = ln(x2
1 + x2

2);
4. ω1 = ln(x2

1 + x2
2), ω2 = x3;

5. ω1 = x0, ω2 = x1;

6. ω1 = (x2
0 − x2

1 − x2
2)

−1/2, ω = x3;

7. ω1 = x0, ω2 = (x2
1 + x2

2 + x2
3)

−1/2;
8. ω1 = x1 cosω1 + x2 sinω1 + ω2, ω2 = x1 sinω1 − x2 cosω1 + ω3.

In the above formulae ω1, ω2, ω3 are arbitrary smooth functions on x0 + x3.
Let us emphasize that the above ansatzes can not be obtained within the frame-

work of the classical Lie approach (see, e.g. [5, 6]), because the maximal symmetry
group admitted by Eq. (5) is the Poincaré group P (1, 3) [2] and the general form of
Poincaré-invariant ansatz is given by the formula (2).
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On the new approach to variable separation
in the wave equation with potential
W.I. FUSHCHYCH, R.Z. ZHDANOV, I.V. REVENKO

Пропонується конструктивний пiдхiд до розв’язання проблем роздiлення змiнних
для двомiрного хвильового рiвняння utt − uxx = V (x)u. У рамках цього пiдходу
описанi yci потенцiали, що допускають, роздiлення змiнних i вказанi вiдповiднi
системи координат.

A problem of variable separation (VS) in the wave equation

ux0x0 − ux1x1 + V (x1)u = 0 (1)

as considered in [1–3], consists of two problems. The first one is to describe all
functions V (x1) providing VS in (1) in, at least, two inequivalent coordinate systems.
The second one is to describe all coordinate-systems such that equation (1) admits
VS for a given potential V (x1). Surprisingly enough, the both problems are not
completely solved yet.
Our approach to the problem of VS in the wave equation (1) is based on the idea

of its reduction to two ordinary differential equations

ϕ̈i = Ai(ωi, λ)ϕi +Bi(ωi, λ)ϕi, i = 1, 2 (2)

with the use of ansatz of special structure [4–6]

u = A(x0, x1)ϕ1(ω1(x0, x1))ϕ2(ω2(x0, x1)). (3)

In the formulas (2), (3) A1, A2, B1, B2, A, ω1, ω2 are sufficiently smooth real
functions, λ ∈ R

1 is some parameter, no summation over i is carried out.
The formulas of the form (3) can be found in the classical works Euler, d’Alembert,

Batemen and by some other contemporary mathematicians (see, for example, the
review by Koornwinder [7]).

Definition. We say, that equation (1) admits VS in the coordinates ω1, ω2 if substi-
tution of the ansatz (3) into (1) with subsequent exclusion of the second derivatives,
ϕ̈1, ϕ̈2 according to formulas (2) turns it into zero identically with respect to the
variables ϕ̇1, ϕ̇2, ϕ1, ϕ2, λ.
Substituting ansatz (3) into differential equation (1), expressing functions ϕ̈i in

terms of ϕ̇i, ϕi, i = 1, 2 and splitting the obtained expression with respect to the
independent variables ϕ̇1ϕ̇2, ϕ̇1ϕ2, ϕ1ϕ̇2, ϕ1ϕ2 we get the following system of nonli-
near partial differential equations:

1) A�ω1 + 2Axµ
ω1xµ +AA1ω1xµ

ω1xµ = 0,
2) A�ω2 + 2Axµ

ω2xµ +AA2ω2xµ
ω2xµ = 0,

3) �A+A(B1ω1xµ
ω1xµ +B2ω2xµ

ω2xµ) +AV (x1) = 0,
4) ω1xµ

ω2xµ = 0.

(4)

Доповiдi АН України, 1993, № 1, С. 27–32.
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Hereafter, the summation over the repeated Greek indices is under-stood in the
Minkovski space M(1, 1) with a metric tensor gµν = diag (1,−1).
Thus to describe all potentials V (x1) and coordinate systems ω1, ω2 providing VS

in (1) one has to solve nonlinear system (4). At first glance such an approach seems
to have poor prospects: to solve linear equation (1) it is necessary to integrate rather
complicated system of nonlinear partial differential equations (4). But system (4) is
overdetermined one. This fact has enabled us to construct its general solution in
explicit form. Let us emphasize that the same is true when reducing nonlinear wave
equation to the ordinary differential equation [5, 6] .
It is not difficult to show that from the forth equation of system (4) it follows that

(ω1xµ
ω1xµ)(ω2xµ

ω2xµ) �= 0. (5)

Differentiating equations 1), 2) from (4) and using (5) we have

A1λ = A2λ = 0.

Consequently, the relation B1λB2λ �= 0 holds. Differentiating equation (3) with
respect to λ, we get

B1λω1xµ
ω1xµ +B2λω2xµ

ω2xµ = 0

or

B1λ

B2λ
= −ω2xµ

ω2xµ

ω1xµ
ω1xµ

.

Differentiating the above equality with respect to λ, we obtain

B1λλ

B1λ
=
B2λλ

B2λ
. (6)

Since function Bi depends on the variable ωi and the functions ω1, ω2 are inde-
pendent, it follows from (6) that

Biλλ = κ(λ)Biλ, i = 1, 2.

Integration of the above ordinary differential equations yields

Bi = Λ(λ)fi(ωi) + gi(ωi), i = 1, 2.

After redefining the parameter λ, we have

Bi = λfi(ωi) + gi(ωi), i = 1, 2. (7)

Substituting (7) into equation (3) and splitting the obtained equality with respect
to λ, we come to the following partial differential equations:

3a) �A+A(g1ω1xµ
ω1xµ + g2ω2xµ

ω2xµ) + V (x1)A = 0,
3b) f1ω1xµ

ω1xµ + f2ω2xµ
ω2xµ = 0.

(8)

Before integrating overdetermined system of nonlinear equations (4), (8), make an
important remark. It is evident, that the ansatz structure does not change with the
transformation of the form

A→ Ah1(ω1)h2(ω2), ωi → Φ1(ωi), i = 1, 2. (9)
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That is why, solutions of system (4), (8) connected by relations (9) are considered
as equivalent.
Making the change (9) in equations 1), 2), 3b) by the appropriate, choice of

functions hi, Φi one can obtain f1 = f2 = 1, A1 = A2 = 0. Consequently, functions
ω1, ω2 satisfy the equations

ω1xµ
ω2xµ = 0, ω1xµ

ω1xµ + ω2xµ
ω2xµ = 0.

whence

(ω1 ± ω2)xµ(ω1 ± ω2)xµ = 0.

Integrating the above equations we get

ω1 = f(ξ) + g(η), ω2 = f(ξ) − g(η), (10)

where f , g are arbitrary smooth functions, ξ = 1
2 (x1 + x0), η = 1

2 (x1 − x0).
Substitution of the formulas (10) into equations 1), 2) from (4) yields the following

equations for a function A(x0, x1)

(lnA)x0 = 0, (lnA)x1 = 0,

whence A = 1.
At last, substituting the obtained results into the equation 3b) from (8) we come to

a conclusion that the problem of integration of system (4), (8) is reduced to solution
of the functional-differential equation

V (x1) = [g1(f + g) − g2(f − g)]
df

dξ

dg

dη
. (11)

And what is more, solution with separated variables (3) reads

u = ϕ1(f(ξ) + g(η))ϕ2(f(ξ) − g(η)). (12)

To integrate (11) it is convenient to make the hodograph transformation

ξ = P (f), η = R(g) (13)

with Ṗ �≡ 0, Ṙ �≡ 0, equation (11) taking the form

g1(f + g) − g2(f − g) = Ṗ (f)Ṙ(g)Ṙ(g)V (P +R). (14)

Evidently, equality (14) is equivalent to the following relation:

(∂2
f − ∂2

g)[Ṗ (f)Ṙ(g)V (P +R)] = 0

or

(
...

P Ṙ− ...

R Ṗ )V + 3Ṗ Ṙ(P̈ − R̈)V̇ + Ṗ Ṙ(Ṗ 2 − R̈2)V̈ = 0. (15)

Without going into details of integration of equation (15) we give the final results.

Theorem 1. The general solution of (15) is given by one of the following formulas:

1. V = V (x1) is an arbitrary function, Ṙ = Ṗ = α;

2. V = m(x1 + C)ṗ2 = αP + β, Ṙ2 = αR+ γ;
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3. V = m(x1 + C)−2, P = F (f), R = G(g),

Ḟ 2 = αF 4 + βF 3 + γF 2 + δF + ρ,

Ġ2 = αG4 − βG3 + γG2 − δG+ ρ;

(16)

4. V = m sin−2(x1 + C), P = arctgF (f), R = arctgG(g),

where F , G are determined by (16);

5. V = m sh−2(x1 + C), P = arthF (f), R = arthG(g),

where F , G are determined by (16);

6. V = m ch−2(x1 + C), P = arctgF (f), R = arthG(g),

where F , G are determined by (16);

7. V = m exp(−αx1), Ṗ 2 = αe2P + βeP + γ, Ṙ2 = αe2R + δeR + ρ;
8. V = cos−2(x1 + C)[m1 +m2 sin(x1 + C)],

Ṗ 2 = α2 sin 2P + β2, Ṙ2 = α2 sin 2R+ β2;

9. V = ch−2(x1 + C)[m1 +m2 sh(x1 + C)],

Ṗ 2 = α sh 2P + β ch 2P − γ2, Ṙ2 = α sh 2R− β ch 2R− γ2;

10. V = sh−2(x1 + C)[m1 +m2 ch(x1 + C)],

Ṗ 2 = α sh 2P + β ch 2P − γ2, Ṙ2 = −α sh 2R+ β ch 2R− γ2;

11. V = m1 expC1x1 +m2 exp 2Cx1, P̈ = αṖ 2 + β, R̈ = αṘ2 + β;

12. V = m1 +m2(x1 + C)−2, Ṗ 2 = αP 2 + βP + γ, Ṙ2 = αR2 − βR+ γ;

13. V = m, Ṗ 2 = αP 2 + β1P + γ1, Ṙ2 = αR2 + β2R+ γ2.

Here α, βi, γi, σ, ρ, m, m1, m2, C are arbitrary real constants.

Thus, Theorem 1 gives the complete solution of the problem of VS in wave equa-
tion (1).

Note 1. Equation (1) with potentials V = m sin−2 x1, V = m ch2 x1, V = m sh−2 x1

is reduced to equation (1) with the potential V = mx−2
1 by the changes of variables

1
2
(y1 ± y0) = arctg

1
2
(x1 ± x0),

1
2
(y1 ± y0) = arcth

1
2
(x1 ± x0),

1
2
(y1 + y0) = arctg

1
2
(x1 + x0),

1
2
(y1 − y0) = arcth

1
2
(x1 − x0).

Note 2. Equation (1) with the potential V = m expCx1 is reduced to the Klein–
Gordon–Fock equation �u+mu = 0 with the change of variables

1
2
(y1 ± y0) = C−1 exp

C

2
(x1 ± x0).
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It is evident that the equation (1) admits VS in Cartesian coordinates ω1 = x0,
ω2 = x1 under arbitrary function V (x1). That is why the most interesting potentials
are such that there exist new coordinate systems providing VS. From the Theorem 1
and Notes 1, 2 it follows that equations (1) admitting VS in, at least, two inequivalent
coordinate systems, are locally equivalent to one of the following wave equations

1. �u+mu = 0,
2. �u+mx1u = 0,
3. �u+mx−2

1 u = 0,
4. �u+ (m1 +m2x

−2
1 )u = 0,

5. �u+ (m1 +m2 sinx1) cos−2 x1u = 0,

6. �u+ (m1 +m2 shx1) ch−2 x1u = 0,

7. �u+ (m1 +m2 chx1) sh−2 x1u = 0,
8. �u+ (m1 +m2e

x1)ex1u = 0.

(17)

A detailed analysis of the coordinate systems providing VS in equation (17) will
be carried out in our future work.
In conclusion, we note that the equation (1) is intimately connected with the wave

equation

vtt − C2(x)vxx = 0. (18)

This connection is given by the formula

v(t, x) =
√
C(x)u

(
t,

∫
dx

C(x)

)
. (19)

Applying the Theorem 1 and the formula (19) it is not difficult to carry out VS in
partial differential equation (18).
Besides, Lorentz-invariant wave equation

uy0y0 − uy1y1 + U(y2
0 − y2

1)u = 0 (20)

can also be reduced to the form (1), where U(τ) = 1
4τ V (ln τ) by the change of

variables

y0 = ex1/2 chx0, y1 = ex1/2 shx0.

That is why, one can at once, point out all potentials U = U(τ), τ = x2
0−x2

1 providing
VS in the wave equation (20):

U = mτ−1 ln τ, U = mτ−1(ln τ)−2, U = m1τ
−1 +m2τ

−1(ln τ)−2,

U = mτ−1, U = τ−1(m1 +m2 sin ln τ)(cos ln τ)−2,

U = τ−1(m1 +m2 sh ln τ)(ch ln τ)−2,

U = τ−1(m1 +m2 ch ln τ)(sh ln τ)−2, U = m1 +m2τ.
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Orthogonal and non-orthogonal separation
of variables in the wave equation
utt − uxx + V (x)u = 0
R.Z. ZHDANOV, I.V. REVENKO, W.I. FUSHCHYCH

We develop a direct approach to the separation of variables in partial differential equa-
tions. Within the framework of this approach, the problem of the separation of vari-
ables in the wave equation with time-independent potential reduces to solving an over-
determined system of nonlinear differential equations. We have succeeded in constructing
its general solution and, as a result, all potentials V (x) permitting variable separation
have been found. For each of them we have constructed all inequivalent coordinate
systems providing separability of the equation under study. It should be noted that the
above approach yields both orthogonal and non-orthogonal systems of coordinates.

1. Introduction
Separation of variables (SV) in two- and three-dimensional Laplace, Helmholtz,

d’Alembert and Klein–Gordon–Fock equations has been carried out in classical works
by Bocher [1], Darboux [2], Eisenhart [3], Stepvanov [4], Olevsky [5], and Kalnins
and Miller (see [6] and references therein). Nevertheless, a complete solution to the
problem of sv in a two-dimensional wave equation with time-independent potential

(� + V (x))u ≡ utt − uxx + V (x)u = 0 (1)

has not been obtained yet. In (1) u = u(t, x) ∈ C2(R2,R1), V (x) ∈ C(R1,R1).
Equations belonging to the class (1) are widely used in modern mathematical

physics and can be related to other important linear and nonlinear partial differential
equations (PDE). First, we mention the Lorentz-invariant wave equation

uy0y0 − uy1y1 + U(y2
0 − y2

1)u = 0. (2)

The above equation can be reduced to the form (1) with the change of variables [7]

t = exp(y1/2) cosh y0, x = exp(y1/2) sinh y0

and what is more, potentials V (τ), U(τ) are connected by the following relation:

U(τ) = (4τ)−1V (τ).

Another related equation is the hyperbolic type equation

vx0x0 − c2(x1)vx1x1 = 0 (3)

that is widely used in various areas of mathematical physics.
Equation (3) is reduced to the form (1) by the change of variables

u(t, x) = [c(x0)]−1/2v(x0, x1), t = x0, x =
∫

[c(x1)]−1dx1

J. Phys. A: Math. Gen., 1993, 26, P. 5959–5972.
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and what is more

V (x) = −c3/2(x1)[c1/2(x1)], (4)

where x =
∫

[c(x1)]−1dx1.
The third related equation is the nonlinear wave equation

Wtt − [c−2(W )Wx]x = 0. (5)

By substitution W = Rx, equation (5) is reduced to the form

Rtt − c−2(Rx)Rxx = 0.

Applying to the above equation the Legendre transformation

x0 = Rt, x1 = Rx, vx0 = t, vx1 = x, v = tRt + xRx −R,

we obtain (3). Consequently, the method of SV in the linear equation (1) makes it
possible to construct exact solutions of the nonlinear wave equation (5).
Let us also mention the Euler–Poisson–Darboux equation

vtt − vxx − x−1vx +m2x−2v = 0 (6)

that is reduced to an equation of the form (1)

utt − uxx + (m2 − 1/4)x−2u = 0

by the change of dependent variable v(t, x) = x−1/2u(t, x).
For the solution of (1) with separated variables ω1(t, x), ω2(t, x), we use the ansatz

u(t, x) = Q(t, x)ϕ1(ω1)ϕ2(ω2) (7)

which reduces PDE (1) to two ordinary differential equations (ODE) for functions
ϕ1, ϕ2.
There exist three possibilities for SV in (1). The first is to separate it into two

second-order ODE. The second possibility is to separate (1) into first-order and second-
order ODE, and the third possibility is to separate (1) into two first-order ODE. In
the present paper we shall investigate in detail the first two possibilities. The third
possibility requires special separate consideration and will be the topic of future
publications.
Consider the following ODE:

ϕ̈i = Ai(ωi, λ)ϕ̇i +Bi(ωi, λ)ϕi, i = 1, 2, (8)

where Ai, Bi ⊂ C2(R1 × Λ,R1) are some unknown functions, λ ∈ Λ ⊂ R
1 is a real

parameter (separation constant).

Definition 1 [7, 8]. Equation (1) separates into two ODE if substitution of the
ansatz (7) into (1) with subsequent exclusion of the second derivatives ϕ̈1, ϕ̈2

according to (8) yields an identity with respect to the variables ϕ̇i, ϕi, λ (considered
as independent).
On the basis of the above definition one can formulate a constructive procedure of

SV in (1), suggested for the first time in [7]. At the first step, one has to substitute
expression (7) into (1) and to express the second derivatives ϕ̈1, ϕ̈2 via functions ϕ̇i, ϕi
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according to (8). At the second step, the equality obtained is split with respect to the
independent variables ϕ̇i, ϕi, λ. As a result, one obtains an over-determinated system
of partial differential equations for functions Q, ω1 and ω2 with undefined coefficients.
The general solution of this system gives rise to all systems of coordinates providing
separability of (1).

Definition 2. Equation (1) separates into first- and second-order ODE

ϕ̇1 = A(ω1, λ)ϕ1,

ϕ̈2 = B1(ω2, λ)ϕ̇2 +B2(ω2, λ)ϕ2

(9)

if substitution of the ansatz (7) into (1) with subsequent exclusion of derivatives
ϕ̇1, ϕ̈2 according to (9) yields an identity with respect to the variables ϕ1, ϕ̇2, ϕ2,
λ (considered as independent).
Let us emphasize that the above approach to SV in (1) has much in common with

the non-Lie method of reduction of nonlinear PDE suggested in [9–11]. It is also
important to note that the idea to represent solutions of linear differential equations in
the “separated” form (7) goes as far as the classical works by Fourier and Euler (for
a modern exposition of the problem of SV, see Miller [12] and Koornwinder [13]).

2. Orthogonal separation of variables in equation (1)
It is evident that (1) admits SV in Cartesian coordinates ω1 = t, ω2 = x under

arbitrary V = V (x).
Definition 3. Equation (1) admits non-trivial SV if there exist at least one coordi-
nate system ω1(t, x), ω2(t, x) different from the Cartesian system providing its
separability.
Next, if one makes in (1) the following transformations:

t→ C1t, x→ C1x,

t→ t, x→ x+ C2, Ci ∈ R
1

(10)

then the class of equations (1) transforms into itself and what is more

V (x) → V ′(x) = C2
1V (C1x),

V (x) → V ′(x) = V (x+ C2).
(10a)

That is why potentials V (x) and V ′(x), connected by one of the above relations,
are considered as equivalent ones.
When separating variables in (1) one has to solve an intermediate problem of

description of all inequivalent potentials such that the equation admits non-trivial
SV (classification problem). The next step is to obtain a complete description of the
coordinate systems providing SV in (1) with these potentials.
First, we adduce the principal results on separation of (1) into two second-order

ODE and then give an outline of the proof of the corresponding theorems.

Theorem 1. Equation (1) admits non-trivial SV in the sense of Definition 1 iff the
function V (x) is given, up to equivalence relations (10a), by one of the following
formulae:

(1) V = mx;
(2) V = mx−2;
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(3) V = m sin−2 x;

(4) V = m sinh−2 x;

(5) V = m cosh−2 x;
(6) V = m expx;
(7) V = cos−2 x(m1 +m2 sinx);

(8) V = cosh−2 x(m1 +m2 sinhx);

(9) V = sinh−2 x(m1 +m2 coshx);
(10) V = m1 expx+m2 exp 2x;
(11) V = m1 +m2x

−2;
(12) V = m.

(11)

Here m, m1, m2 are arbitrary real parameters, m2 �= 0.
Note 1. Equation (1) having the potential (6) from (11) is transformed with the change
of variables [7]

x′ = exp(x/2) cosh t, t′ = exp(x/2) sinh t

into (1) with V (x) = m.

Note 2. Equations (1) having the potentials (3), (4), (5) from (11) are transformed
into (1) with V (x) = mx−2 by means of changes of variables [7]

x′ = tan ξ + tan η, t′ = tan ξ − tan η,
x′ = tanh ξ + tanh η, t′ = tanh ξ − tanh η,
x′ = coth ξ + tanh η, t′ = coth ξ − tanh η.

Hereafter ξ = 1
2 (x+ t), η = 1

2 (x− t) are cone variables.
By virtue of the above remarks, the validity of the assertion follows from Theo-

rem 1.

Theorem 2. Provided equation (1) admits non-trivial SV in the sense of Definition 1,
it is locally equivalent to one of the following equations:

(1) �u+mxu = 0;
(2) �u+mx−2u = 0;
(3) �u+ cos−2 x(m1 +m2 sinx)u = 0;

(4) �u+ cosh−2 x(m1 +m2 sinhx) = 0;

(5) �u+ sinh−2 x(m1 +m2 coshx) = 0;
(6) �u+ expx(m1 +m2 expx)u = 0;
(7) �u+ (m1 +m2x

−2)u = 0;
(8) �u+mu = 0.

(12)

Thus, there exist eight inequivalent types of equations of the form (1) admitting
non-trivial SV.
It is well known that there are 11 coordinate systems providing separability of the

Klein–Gordon–Fock equation �u +mu = 0 into two second-order ODE [6]. Besides
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that, in [14] it was established that the Euler–Poisson–Darboux equation (6), which
is equivalent to the second equation of (12), separates in nine coordinate systems.
That is why cases V (x) = m and V (x) = mx−2 are not considered here.
As is shown below, the general form of solution with separated variables of (12) is

as follows:

u(t, x) = ϕ1(ω1(t, x))ϕ2(ω2(t, x)), (13)

where ϕ1(ω1), ϕ2(ω2) are arbitrary solutions of the separated ODE

ϕ̈i = (λ+ gi(ωi))ϕi, i = 1, 2 (14)

and explicit forms of the functions ωi(t, x), gi(ωi) are given below.
Theorem 3. Equation �u+mxu = 0 separates in two coordinate systems

(1) ω1 = t ω2 = x, g1 = 0, g2 = mω2;

(2) ω1 = (x+ t)1/2 + (x− t)1/2, ω2 = (x+ t)1/2 − (x− t)1/2,

g1 = −1
4
mω4

1 , g2 = −1
4
mω4

2 .

(15)

Theorem 4. Equation �u+sin−2 x(m1 +m2 cosx)u = 0 separates in four coordinate
systems

(1) ω1 = t, ω2 = x, g1 = 0, g2 = cos−2 ω2(m1 +m2 sinω2);

(2)
{
x
t

}
= arctan sinh(ω1 + ω2) ± arctan sinh(ω1 − ω2),

g1 = (m1 +m2) sinh−2 ω1, g2 = −(m1 −m2) cosh−2 ω2;

(3)
{
x
t

}
= arctan

sn (ω1 + ω2)
cn (ω1 + ω2)

± arctan
sn (ω1 − ω2)
cn (ω1 − ω2)

,

g1 = m1 dn2ω1 cn−2ω1 sn−2ω1 +m2[cn−2ω1 − dn2ω1 cn−2ω1],

g2 = m1k
4 sn2ω2 cn2ω2 dn−2ω2 +m2k

2[cn2ω2 dn−2ω2 − sn2ω2];

(4)
{
x
t

}
= arctan

(
k

k′

)1/2

cn (ω1 + ω2) ± arctan
(
k

k′

)1/2

cn (ω1 − ω2),

g1 = m1[dn2ω1 cn−2ω1 + k2 sn2ω1] +m2[(k′)2 cn−2ω1 + k2 cn2ω1],

g2 = m1[dn2ω2 cn−2ω2 + k2 sn2ω2] +m2[(k′)2 cn−2ω2 + k2 cn2ω2].

(16)

In the above formulae (16) k, k′ = (1−k2)1/2 are the moduli of corresponding elliptic
Jacobi functions, and k is an arbitrary constant satisfying the inequality 0 < k < 1.
Theorem 5. Equation �u+ cosh−2 x(m1 +m2 sinhx)u = 0 separates in four coordi-
nate systems

(1) ω1 = t, ω2 = x, g1 = 0, g2 = cosh−2 ω2(m1 +m2 sinhω2);

(2)
{
t
x

}
= − ln

[(
k′

k

)1/2

cn (ω1 + ω2)

]
± ln

[(
k′

k

)1/2

cn (ω1 − ω2)

]
,

g1 = m1(k′)2 dn−22ω1 +m2 cn 2ω1 dn−22ω1,

g2 = m1(k′)2 dn−22ω2 +m2 cn 2ω2 dn−22ω2;
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(3)
{
x
t

}
= − ln sinh

1
2
(ω1 + ω2) ± ln cosh

1
2
(ω1 − ω2),

g1 = cosh−2 ω1(m1 −m2 sinhω1), g2 = cosh−2 ω2(m1 −m2 sinhω2);

(4)
{
x
t

}
= ln

sn 1
2 (ω1 + ω2)

cn 1
2 (ω1 + ω2)

± ln dn
1
2
(ω1 + ω2),

g1 = −m1k
2 sn2ω1 + k2m2 snω1 cnω1,

g2 = −m1k
2 sn2ω2 + k2m2 snω2 cnω2.

(17)

Here k, k′ = (1−k2)1/2 are the moduli of corresponding elliptic functions, 0 ≤ k ≤ 1.

Theorem 6. Equation �u + sinh−2 x(m1 + m2 coshx)u = 0 separates in eleven
coordinate systems:

(1) ω1 = t, ω2 = x, g1 = 0, g2 = sinh−2 ω2(m1 +m2 coshω2);

(2)
{
x
t

}
= − ln

1
2
(ω1 + ω2) ± ln

1
2
(ω1 − ω2),

g1 = (m1 −m2)ω−2
1 , g2 = (m1 +m2)ω−2

2 ;

(3)
{
x
t

}
= − ln sin

1
2
(ω1 + ω2) ± ln sin

1
2
(ω1 − ω2),

g1 = (m1 −m2) sin−2 ω1, g2 = (m1 +m2) sin−2 ω2;

(4)
{
t
x

}
= − ln sinh

1
2
(ω1 + ω2) ± ln sinh

1
2
(ω1 − ω2),

g1 = sinh−2 ω1(m1 +m2) coshω1), g2 = sinh−2 ω2(m1 −m2 coshω2);

(5)
{
t
x

}
= − ln cosh

1
2
(ω1 + ω2) ± ln cosh

1
2
(ω1 − ω2),

g1 = sinh−2 ω1(m1 −m2 coshω1), g2 = sinh−2 ω2(m1 −m2 coshω2);

(6)
{
x
t

}
= ln tanh

1
2
(ω1 + ω2) ± ln tanh

1
2
(ω1 − ω2),

g1 = cosh−2 ω1(m1 −m2), g2 = − cosh−2 ω2(m1 +m2);

(7)
{
x
t

}
= ln tan

1
2
(ω1 + ω2) ± ln tan

1
2
(ω1 − ω2),

g1 = cos−2 ω1(m1 +m2), g2 = cos−2 ω2(m1 −m2);

(8)
{
x
t

}
= arctanh cn (ω1 + ω2) ± arctanh cn (ω1 − ω2),

g1 = (m1 +m2) dn2ω1 cn−2ω1 + (m1 −m2)k2 sn2ω1,

g2 = (m1 −m2) dn2ω2 cn−2ω2 + (m1 +m2)k2 sn2ω2;

(9)
{
x
t

}
= arctanh dn (ω1 + ω2) ± arctanh dn (ω1 − ω2),

g1 = (m1 +m2)k2 cn2ω1 dn−2ω1 + (m−m2)k2 sn2ω1,

g2 = (m1 −m2)k2 cn2ω2 cn−2ω2 + (m1 +m2)k2 sn2ω2;

(10)
{
x
t

}
= arctanh sn (ω1 + ω2) ± arctanh sn (ω1 − ω2),

(18)
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g1 = (m1 +m2) sn−2ω1 + (m1 −m2)k2 sn2ω1,

g2 = (m1 +m2)k2 cn2ω2 dn−2ω2 + (m1 −m2)k2 dn2ω2 cn−2ω2;

(11)
{
x
t

}
= ± ln cn (ω1 + ω2) ± ln cn (ω1 − ω2),

g1 = −m1 sn−2ω1 −m2 cnω1 sn−2ω1,

g2 = −m1 sn−2ω2 −m2 cnω2 sn−2ω2.

Here k are the moduli of corresponding elliptic functions, 0 < k < 1.

Theorem 7. Equation �u + expx(m1 +m2 expx)u = 0 separates in six coordinate
systems:

(1) ω1 = t, ω2 = x, g1 = 0, g2 = expω2(m1 +m2 expω2);

(2)
{
x
t

}
= − ln cos(ω1 + ω2) ± ln cos(ω1 − ω2),

g1 = −2m1 cos 2ω1 − 1
2
m2 cos 4ω1,

g2 = −2m1 cos 2ω2 − 1
2
m2 cos 4ω2;

(3)
{
x
t

}
= ln sinh(ω1 + ω2) ± ln sinh(ω1 − ω2),

g1 = −2m1 cosh 2ω1 − 1
2
m2 cosh 4ω1,

g2 = −2m1 cosh 2ω2 − 1
2
m2 cosh 4ω2;

(4)
{
x
t

}
= ln cosh(ω1 + ω2) ± ln cosh(ω1 − ω2),

g1 = −2m1 cosh 2ω1 − 1
2
m2 cosh 4ω1,

g2 = −2m1 cosh 2ω2 − 1
2
m2 cosh 4ω2;

(5)
{
x
t

}
= ln cosh(ω1 + ω2) ± ln sinh(ω1 − ω2),

g1 = −2m1 sinh 2ω1 − 1
2
m2 cosh 4ω1,

g2 = −2m1 sinh 2ω2 − 1
2
m2 cosh 4ω2;

(6)
{
x
t

}
= ln(ω1 + ω2) ± ln(ω1 − ω2),

g1 = 2m1 + 2m2ω
2
1 , g2 = −2m1 + 2m2ω

2
2 .

(19)

Theorem 8. Equation �u+(m1 +m2x
−2)u = 0 separates in six coordinate systems:

(1) ω1 = t, ω2 = x, g1 = 0, g2 = m1 +m2ω
−2
2 ;

(2)
{
x
t

}
= exp(ω1 + ω2) ± exp(ω1 − ω2),

g1 = 4m1 exp 2ω1, g2 = m2 cosh−2 ω2;
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(3)
{
x
t

}
= sin(ω1 + ω2) ± sin(ω1 − ω2),

g1 = 2m1 cos 2ω1 +m2 sin−2 ω1, g2 = −2m1 cos 2ω2 +m2 cos−2 ω2;

(4)
{
x
t

}
= sinh(ω1 + ω2) ± sinh(ω1 − ω2),

g1 = 2m1 sinh 2ω1 +m2 sinh−2 ω1,

g2 = −2m1 sinh 2ω2 −m2 sinh−2 ω2;

(5)
{
x
t

}
= cosh(ω1 + ω2) ± cosh(ω1 − ω2),

g1 = 2m1 cosh 2ω1 −m2 cosh−2 ω1, g2 = 2m1 cosh 2ω2 −m2 cosh−2 ω2;

(6)
{
x
t

}
= (ω1 + ω2)2 ± (ω1 − ω2)2,

g1 = −16m1ω
2
1 +m2ω

−2
1 , g2 = −16m1ω

2
2 +m2ω

−2
2 .

(20)

We now give a sketch of the proof of the above assertions. Substituting ansatz (7)
into (1), expressing functions ϕ̈i via functions ϕ̇1, ϕi by means of equalities (8) and
splitting the equation obtained with respect to independent variables ϕ̇i, ϕi we obtain
the following system of nonlinear PDE:

(1) Q�ωi + 2(Qtωit −Qxωix) +QAi(ωi, λ)(ω2
it − ω2

ix) = 0, i = 1, 2; (21)

(2) �Q+Q[B1(ω1, λ)(ω2
1t − ω2

1x) +B2(ω2, λ)(ω2
2t − ω2

2x)] +QV (x) = 0; (22)

(3) ω1tω2t − ω1xω2x = 0. (23)

Here � = ∂2
t − ∂2

x.
Thus, to separate variables in the linear PDE (1) one has to construct the general

solution of the system of nonlinear equations (21)–(23). The same assertion holds true
for any general linear differential equation, i.e. the problem of SV is an essentially
nonlinear one.
It is not difficult to become convinced of the fact that, from (23), it follows that

(ω2
1t − ω2

1x)(ω
2
2t − ω2

2x) �= 0. (24)

Differentiating (21) with respect to λ and using (24) we obtain

A1λ = A2λ = 0,

whence B1λB2λ �= 0. Differentiating (22) with respect to λ, we have

B1λ(ω2
1t − ω2

1x) +B2λ(ω2
2t − ω2

2x) = 0

or

B1λ

B2λ
= −ω

2
2t − ω2

2x

ω2
1t − ω2

1x

.

Differentiation of the above equality with respect to λ yields

B1λλB2λ −B1λB2λλ = 0
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or

B1λλ

B1λ
=
B2λλ

B2λ
.

Since functions B1 = B1(ω1), B2 = B2(ω2) are independent, there exists a func-
tion κ(λ) such that

Biλλ = κ(λ)Biλ, i = 1, 2.

Integrating the above differential equation with respect to λ we obtain

Bi(ωi) = Λ(λ)fi(ωi) + gi(ωi), i = 1, 2,

where fi, gi are arbitrary smooth functions.
On redefining the parameter λ→ Λ(λ), we have

Bi(ωi) = λfi(ωi) + gi(ωi). (25)

Substitution of (25) into (22) with subsequent splitting with respect to λ yields the
following equations:

�Q+Q[g1(ω2
1t − ω2

1x) + g2(ω2
1t − ω2

1x)] + V (x)Q = 0, (26)

f1(ω2
1t − ω2

1x) + f2(ω2
2t − ω2

2x) = 0. (27)

Thus, system (21)–(23) is equivalent to the system of equations (21), (23), (26), (27).
Before integrating, we make a remark: it is evident that the structure of ansatz (7) is
not altered by transformation

Q→ Q′ = Qh1(ω1)h2(ω2), ωi → ω′
i = Ri(ωi), i = 1, 2, (28)

where hi, Ri are smooth-enough functions. This is why solutions of the system under
study connected by relations (28) are considered to be equivalent.
Choosing the functions hi, Ri in a proper way, we can put in (21) and (27)

f1 = f2 = 1, A1 = A2 = 0.

Consequently, functions ω1, ω2 satisfy equations of the form

ω1tω2t − ω1xω2x = 0, ω2
1t − ω2

1x + ω2
2t − ω2

2x = 0,

whence

(ω1 ± ω2)2t − (ω1 ± ω2)2x = 0.

Integrating the above equations, we obtain

ω1 = F (ξ) +G(η), ω2 = F (ξ) −G(η), (29)

where F,G ⊂ C2(R1,R1) are arbitrary functions, ξ = (x+ t)/2, η = (x− t)/2.
Substitution of (29) into (21) with A1 = A2 = 0 yields the following equations:

(lnQ)t = 0, (lnQ)x = 0,

whence Q = 1.
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Finally, substituting the results obtained into (26), we have

V (x) = [g1(F +G) − g2(F −G)]
dF

dξ

dG

dη
. (30)

Thus, the problem of integrating an over-determined system of nonlinear differen-
tial equations (21)–(23) is reduced to integration of the functional-differential equa-
tion (30).
Let us summarize the results obtained. The general form of solution of (1) with

separated variables is as follows

u = ϕ(F (ξ) +G(η))ϕ2(F (ξ) −G(η)) (31)

where ϕi are arbitrary solutions of (14), functions F (ξ), G(η), g1(F +G), g2(F −G)
being determined by (30).
To integrate Eq. (31) we make the hodograph transformation

ξ = P (F ), η = R(G), (32)

where Ṗ �≡ 0, Ṙ �≡ 0.
After making the transformation (32), we obtain

g1(F +G) − g2(F −G) = Ṗ (F )Ṙ(G)V (P +R). (33)

Evidently, equation (33) is equivalent to the following equation:

(∂2
F − ∂2

G)[Ṗ (F )Ṙ(G)V (P +R)] = 0

or

(
...

P Ṗ
−1 − ...

R Ṙ
−1)V + 3(P̈ − Ṙ)V̇ + (Ṗ 2 − Ṙ2)V̈ = 0. (34)

Thus, to integrate (30) it is enough to construct all functions P (F ), R(G), V (P +R)
satisfying (34) and to substitute them into (33).
In [8] we have proved the following assertion:

Lemma. The general solution of (34) determined up to transformation (10) is given
by one of the following formulae:

(1) V = V (x) is an arbitrary function, Ṗ = α, Ṙ = α;

(2) V = mx, Ṗ 2 = αP + β, Ṙ2 = αR+ γ;
(3) V = mx−2, P = Q1(F ), R = Q2(G),

Q̇2
1 = αQ4

1 + βQ3
1 + γQ2

1 + δQ1 + ρ,

Q̇2
2 = αQ4

2 − βQ3
2 + γQ2

2 − δQ2 + ρ;
(35)

(4) V = m sinh−2 x, P = arctanhQ1(F ), R = tanQ2(G)

and Q1, Q2 are determined by (35);

(5) V = m sinh−2 x, P = arctanhQ1(F ), R = arctanhQ2(G)

and Q1, Q2 are determined by (35);

(6) V = m cosh−2 x, P = arccothQ1(F ), R = arctanhQ2(G)
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and Q1, Q2 are determined by (35);

(7) V = m expx,

Ṗ 2 = α exp 2P + β expP + γ, Ṙ2 = α exp 2R+ δ expR+ ρ;
(8) V = cos−2 x(m1 +m2 sinx),

Ṗ 2 = α sin 2P + β cos 2P + γ, Ṙ2 = α sin 2R+ β cos 2R+ γ;

(9) V = cosh−2 x(m1 +m2 sinhx),

Ṗ 2 = α sinh 2P + β cosh 2P + γ, Ṙ2 = α sinh 2R− β cosh 2R+ γ;

(10) V = sinh−2 x(m1 +m2 coshx),

Ṗ 2 = α sinh 2P + β cosh 2P + γ, Ṙ2 = −α sinh 2R+ β cosh 2R+ γ;
(11) V = (m1 +m2 expx) expx,

P̈ = −Ṗ 2 + β, R̈ = −Ṙ2 + β;
(12) V = m1 +m2x

−2,

Ṗ 2 = αP 2 + βP + γ, R̈2 = αR2 − βR+ γ,

(13) V = m,

Ṗ 2 = αP 2 + βP + γ, Ṙ2 = αR2 + δR+ ρ.

Here α, β, γ, δ, ρ, m1, m2, m are arbitrary real parameters; x = ξ + η = P +R.
Theorems 1 and 2 are direct consequences of the above Lemma. To prove Theo-

rems 3–8 one has to integrate the ODE for P (F ), R(G) and substitute the expressions
obtained into formulae (32)

1
2
(x+ t) = P (F ) ≡ P ((ω1 + ω2)/2),

1
2
(x− t) = R(G) ≡ R((ω1 − ω2)/2)

and into (33).
Thus, the problem of separation of the wave equation (1) into two second-order

differential equations is completely solved.
Since all coordinate systems ω1, ω2 satisfy equation (23), we have orthogonal

separation of variables. To obtain non-orthogonal coordinate systems providing sepa-
rability of (1) one has to carry out SV following Definition 2.

3. Non-orthogonal separation of variables in equation (1)
Utilizing the SV procedure in (1) determined by Definition 2, we come to the

following assertions (corresponding computations are omitted).

Theorem 9. Equation (1) admits SV in the sense of Definition 2 iff it is locally-
equivalent to one of the following equations:

(1) �u+mu = 0;
(2) �u+mx−2u = 0,

where m is an arbitrary real constant.
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Theorem 10. Equation �u+mu = 0 separates in two coordinate systems

(1) ω1 = ξ, ω2 = ξ + η,

ϕ̇1 = −λϕ1, ϕ̈2 = λϕ̇2 +mϕ2;
(2) ω1 = ξ, ω2 = ln ξ + ln η,

ϕ̇1 = −λω−1
1 ϕ1, ϕ̈2 = λϕ̇2 +m exp(ω2)ϕ2.

Theorem 11. Equation �u+mx−2u = 0 separates in eight coordinate systems

(1) ω1 = ξ, ω2 = ξ + η,

ϕ̇1 = −λϕ1, ϕ̈2 = λϕ̇2 +mω−2
2 ϕ2;

(2) ω1 = ξ, ω2 = arctan ξ + arctan η,
ϕ̇1 = −λ(1 + ω2

1)ϕ1, ϕ̈2 = λϕ̇2 +m sin−2 ω2ϕ2;
(3) ω1 = ξ, ω2 = arctanh ξ + arctanh η,

ϕ̇1 = −λ(1 − ω2
1)−1ϕ1, ϕ̈2 = λϕ̇2 +m sinh−2 ω2ϕ2;

(4) ω1 = ξ, ω2 = arccoth ξ + arccoth, η,

ϕ̇1 = λ(1 − ω2
1)−1ϕ1, ϕ̈2 = λϕ̇2 +m sinh−2 ω2ϕ2;

(5) ω1 = ξ, ω2 = arctanh ξ + arctanh η,

ϕ̇1 = −λ(1 − ω2
1)−1ϕ1, ϕ̈2 = λϕ̇2 −m cosh−2 ω2ϕ2,

(6) ω1 = ξ, ω2 = arccoth ξ + arccoth η,

ϕ̇1 = λ(1 − ω2
1)−1ϕ1, ϕ̈2 = λϕ̇2 −m cosh−2 ω2ϕ2;

(7) ω1 = ξ, ω2 =
1
2
(ln ξ − ln η),

ϕ̇1 = −λ(2ω1)−1ϕ1, ϕ̈2 = λϕ̇2 −m cosh−2 ω2ϕ2;
(8) ω1 = ξ, ω2 = ξ−1 + η−1,

ϕ̇1 = λω−2
1 ϕ1, ϕ̈2 = λϕ̇2 +mω−2

2 ϕ2.

In the above formulae λ is a separation constant, ξ = 1
2 (x+ t), η = 1

2 (x− t).
As a direct check shows, the above coordinate systems do not satisfy (23). Conse-

quently, they are non-orthogonal.

4. Conclusion
Let us say a few words about the intrinsic characterization of SV in (1). It is

well known that the solution of the second-order linear PDE with separated variables
is a joint eigenfunction of mutually-commuting symmetry operators of the equation
under study (for more detail, see [13, 14]). Below, we construct the second-order
symmetry operator of (1) such that solution with separated variables is its eigenfunc-
tion and parameter λ is an eigenvalue.
Making in (1) the change of variables (29), we obtain

uω1ω1 − uω2ω2 = V (ξ + η)[Ḟ (ξ)Ġ(η)]−1u.

Provided (1) admits SV, by virtue of (33) there exist functions g1(F+G), g2(F−G)
such that

V (ξ + η)[Ḟ (ξ)Ġ(η)]−1 = g1(F +G) − g2(F −G).
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Since F +G = ω1, F −G = ω2, equation (36) takes the form

uω1ω1 − uω2ω2 = [g1(ω1) − g2(ω2)]u

or

Xu = 0, X = ∂2
ω1

− ∂2
ω2

− g1(ω1) + g2(ω2).

Clearly, the operators Qi = ∂2
ωi

− gi(ωi), i = 1, 2 commute with the operator X,
i.e. they are symmetry operators of (1) and, what is more, the relations

Qiu = Qiϕ1(ω1)ϕ2(ω2) = λϕ1(ω1)ϕ2(ω2) = λu, i = 1, 2

hold.
It should be noted that V.N. Shapovalov carried out classification of potentials V (x)

such that (1) admitted a non-trivial second-order symmetry operator [15] but he lost
cases (4) and (9) from Theorem 1.
It was shown by Osborne and Stuart [16] that the method of SV could be applied

to nonlinear PDE. In [8] we suggested a regular approach to SV in nonlinear par-
tial differential equations. In future publications we intend to apply this approach to
separate variables in the nonlinear wave equation utt − uxx = F (u).
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Редукция многомерного уравнения
Даламбера к двумерным уравнениям

А.Ф. БАРАННИК, Л.Ф. БАРАННИК, В.И. ФУЩИЧ

We give a classification of the maximal subalgebras of rank n − 1 for the extended
Poincaré algebra AP̃ (1, n), which is realized on the set of solutions of the d’Alembert
equation �u + λuk = 0. These subalgebras are used for constructing the anzatses
reducing this equation to differential equations with two invariant variables.

Проведена класифiкацiя максимальних пiдалгебр рангу n − 1 розширеної алгебри
Пуанкаре AP̃ (1, n), яка реалiзується на множинi розв’язкiв рiвняння Даламбера
�u+λuk = 0. Одержанi пiдалгебри використано для побудови анзацiв, що редукують
це рiвняння до диференцiальних рiвнянь з двома iнварiантними змiнними.

1. Введение. В настоящей статье изучается редукция нелинейного уравнения
Даламбера

�u+ λuk = 0 (1)

к двумерным уравнениям. Здесь u = u(x) — скалярная функция переменной u =
(x0, x1, . . . , xn), k — произвольное вещественное число, отличное от 1, а

�u =
∂2u

∂x2
0

− ∂2u

∂x2
1

− · · · − ∂2u

∂x2
n

.

В [1, 2] установлено, что алгеброй инвариантности уравнения (1) является ал-
гебра Ли AP̃ (1, n) расширенной группы Пуанкаре P̃ (1, n), базис которой образуют
такие векторные поля:

J0a = x0∂a + xa∂0, Jab = xb∂a − xa∂b, Pµ = ∂µ,

D = −xµ∂µ +
2

k − 1
u∂u,

где

∂µ =
∂

∂xµ
, ∂u =

∂

∂u
, a, b = 1, . . . , n, µ = 0, 1, . . . , n.

Это позволяет использовать подалгебры алгебры AP̃ (1, n) для проведения реду-
кции уравнения (1) к диференциальным уравнениям с меньшим числом перемен-
ных.
Если ω1(x), . . . , ωm(x), ωm+1(x, u) — полная система инвариантов некоторой

подалгебры L алгебры AP̃ (1, n), то анзац

ωm+1 = ϕ(ω1, . . . , ωm) (2)

Укр. мат. журн., 1994, 46, № 6, С. 651–662.



140 А.Ф. Баранник, Л.Ф. Баранник, В.И. Фущич

преобразует уравнение (1) в уравнение, содержащее только ϕ, ω1, . . . , ωm и прои-
зводные от ϕ по ω1, . . . , ωm. Число m связано с рангом r алгебры L соотношением
m = n+ 1 − r.
Случай m = 1 исследован в [1–6]. Случай m = 2 для n ≤ 3 рассматривался в

[1–3], а для произвольного n такое исследование с привлечением подалгебр алге-
бры Ли AP (1, n) группы Пуанкаре P (1, n) проведено в [7]. Поэтому для заверше-
ния изучения случая m = 2 необходимо выполнить редукцию по тем подалгебрам
ранга n− 1 алгебры AP̃ (1, n), которые имеют ненулевую проекцию на 〈D〉.
В данной статье с точностью до P̃ (1, n)-эквивалентности найдены все макси-

мальные подалгебры ранга n− 1 алгебры AP̃ (1, n), имеющие ненулевую проекцию
на 〈D〉, для каждой из них построен анзац (2), посредством которого проведена
редукция уравнения (1) к дифференциальному уравнению с двумя переменными.
2. Основные обозначения и некоторые общие замечания. Базисные элемен-

ты алгебры AP̃ (1, n) связаны следующими коммутационными соотношениями:

[Jαβ , Jγδ] = gαδJβγ + gβγJαδ − gαγJβδ − gβδJαγ .

[Pα, Jβγ ] = gαβPγ − gαγPβ , [Pα, Pβ ] = 0, [D,Jαβ ] = 0, [D,Pα] = Pα.

где g00 = −g11 = · · · = −gnn = 1, gαβ = 0 при α �= β, α, β, γ, δ = 0, 1, . . . , n. Ал-
гебра AP̃ (1, n) содержит алгебру Пуанкаре AP (1, n), порожденную Jαβ и Pα, ор-
тогональную алгебру AO(n) = 〈Jab | a, b = 1, . . . , n〉, псевдоортогональную алгебру
AO(1, n) = 〈Jαβ |α, β = 0, 1, . . . , n〉, коммутативный идеал V = 〈P0, P1, . . . , Pn〉.
Важной подалгеброй алгебры AP̃ (1, n) является нормализатор N изотропного про-
странства 〈P0 + Pn〉 в алгебре AP̃ (1, n). Нетрудно получить

N = 〈M,T, P1, . . . , Pn−1, G1, . . . , Gn−1〉+⊃ (AO(n− 1) ⊕ 〈D,J0n〉),
где

M = P0 + Pn, T = (P0 − Pn)/2, Ga = J0a − Jan, a = 1, . . . , n− 1,
AO(n− 1) = 〈Jab | a, b = 1, . . . , n− 1〉.

Алгебра N содержит расширенную изохронную алгебру Галилея

AG̃(0, n− 1) = 〈M,P1, . . . , Pn−1, G1, . . . , Gn−1〉+⊃ AO(n− 1).

В работе будут использованы еще и такие обозначения:

AO[r, s] = 〈Jab | a, b = r, . . . , s〉, r ≤ s;
AE[r, s] = 〈Pr . . . , Ps〉, +⊃ AO(r, s), r ≤ s;
AE1[r, s] = 〈Gr . . . , Gs〉, +⊃ AO(r, s), r ≤ s;
V [1, n− 1] = 〈G1, . . . , Gn−1〉, W [1, n− 1] = 〈P1, . . . , Pn−1〉;

π — проектирование N на 〈D,J0n〉. Если s > r, то, по определению, AO[r, s] = 0,
AE[r, s] = 0.
Для проведения редукции уравнения (1) по подалгебрам алгебры AP̃ (1, n) необ-

ходимо описать подалгебры этой алгебры с точностью до P̃ (1, n)-эквивалентности.
Две подалгебры K1, K2 алгебры AP̃ (1, n) называются P̃ (1, n)-эквивалентными,
если с точностью до P̃ (1, n)-сопряженности они имеют одни и те же инварианты.
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Среди подалгебр, имеющих одну и ту же полную систему инвариантов, существу-
ет одна (максимальная) подалгебра, содержащая все остальные подалгебры. Будем
называть ее i-максимальной подалгеброй алгебры AP̃ (1, n). Две i-максимальные
подалгебры K1 и K2 алгебры AP̃ (1, n) эквивалентны тогда и только тогда, ко-
гда K1 и K2 P̃ (1, n)-сопряжены. Таким образом, для нахождения с точностью
до P̃ (1, n)-сопряженности всех анзацев, редуцирующих уравнение (1) к диферен-
циальным уравнениям с двумя инвариантными переменными, требуется описать
i-максимальные подалгебры ранга n− 1 алгебры AP̃ (1, n) с точностью до P̃ (1, n)-
сопряженности.
При доказательстве излагаемых результатов нам понадобится следующая лем-

ма.

Лемма 1. Пусть L — максимальная подалгебра алгебры AP̃ (1, n), K1 — по-
далгебра L. Тогда в L существует подалгебра K2, удовлетворяющая таким
условиям:

1) K2 — i-максимальная подалгебра алгебры AP̃ (1, n);
2) K1 ⊂ K2;
3) K1 и K2 имеют одни и те же инварианты.

Доказательство. Пусть ω1, . . . , ωs — полная система инвариантов подалгебры K1.
Обозначим через K2 i-максимальную подалгебру алгебры AP̃ (1, n), имеющую пол-
ную систему инвариантов ω1, . . . , ωs. Докажем, что K2 ⊂ L. Действительно, пусть
f — произвольный инвариант алгебры L. Так как K1 ⊂ L, то f является инвари-
антом подалгебры K1 и в силу теоремы об универсальном инварианте получаем
f = f(ω1, . . . , ωs). Так как L — i-максимальная подалгебра алгебры AP̃ (1, n), то
отсюда вытекает, что K2 ⊂ L. Лемма доказана.

Из результатов, изложенных в п. 3 [7], следует, что задача построения инва-
риантов произвольной подалгебры алгебры AP̃ (1, n) сводится к задаче построе-
ния инвариантов неприводимых подалгебр ортогональной алгебры AO(k) для всех
k ≤ n. Последняя же задача в общем случае, видимо, неразрешима в квадрату-
рах. В связи с этим ограничимся рассмотрением только тех подалгебр алгебры
AP (1, n), проекции которых на AO(1, n) являются под прямыми суммами алгебр
вида AO[r, s].
3. Максимальные подалгебры ранга n − 1, не содержащие P0 и

P0 + Pn. В следующих ниже леммах L обозначает максимальную подалгебру
алгебры AP̃ (1, n), имеющую ненулевую проекцию на 〈D〉 и не содержащую P0 и
P0 + Pn.

Лемма 2. Если проекция L, на AO(1, n) не имеет в пространстве V инвариан-
тных изотропных подпространств, то L сопряжена с одной из таких алгебр:

L1 = (AO[0, d] ⊕AO[d+ 1,m] ⊕AO[m+ 1, q] ⊕AE[q + 1, n])+⊃ 〈D〉,
d = 2, . . . , n− 2, m = d+ 1, . . . , n− 2, q = m+ 1, . . . , n− 1,
2n ≤ d+ q, n ≥ 4;

L2 = (AO[0,m] ⊕AE[m+ 1, n− 2])+⊃ 〈D + αJn−1,n〉,
m = 2, . . . , n− 2, n ≥ 4, α > 0;

L3 = (AO[1,m] ⊕AO[m+ 1, q] ⊕AE[q + 1, n])+⊃ 〈D〉,
m = 2, . . . , n− 2, q = m+ 2, . . . , n, 2m ≤ q, n ≥ 2.
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Доказательство. Если D ∈ L то L = K +⊃ 〈D〉, где K — максимальная по-
далгебра ранга n − 2 алгебры AP (1, n), относящаяся к классу 0 и являющаяся
расщепляемой. Отсюда на основании теоремы 4 [7] получаем, что L сопряжена
с L1 или L3. Если D �∈ L, то в силу леммы 1 L = N +⊃ 〈D + αJn−1,n〉, α > 0
где N — максимальная подалгебра ранга n − 2 алгебры AP (1, n − 2). В силу [4]
алгебра N сопряжена с AO[0,m] ⊕AE[m+ 1, n− 2], 2 ≤ m ≤ n− 2, n ≥ 4. Лемма
доказана.

Лемма 3. Если L ⊂ N и π(L) = 〈D,J0n〉, то L сопряжена с одной из таких
алгебр:

L4 = (AE[1,m] ⊕AE[m+ 1, n− 3])+⊃ 〈Jn−2,n−1 + cJ0n,D + αJ0n〉,
m = 1, . . . , n− 3, n ≥ 4, c > 0, α ≥ 0;

L5 = (AO[1,m] ⊕AO[m+ 1, q] ⊕AE[q + 1, n− 1])+⊃ 〈D,J0n〉,
m = 1, . . . , n− 2, q = m+ 1, . . . , n− 1, 2m ≤ q, n ≥ 3;

L6 = AE[3, n− 1]+⊃ 〈J12 + cJ0n,D + αJ0n〉, c > 0, α ≥ 0, n ≤ 3.

Доказательство. Согласно геореме IV.3.4 [6] алгебра L сопряжена с алгеброй
(U1 +U2)+⊃ F , где U1 ⊂ V [1, n−1], U2 ⊂W [1, n−1], а F ⊂ AO(n−1)⊕〈D,J0n〉. В
силу леммы 1 L = K +⊃ 〈D + X1, J0n + X2〉, где X1,X2 ∈ AO(n − 1), а K —
максимальная подалгебра ранга n − 3 алгебры AG̃(0, n − 1). Поскольку алге-
бра AE1[1,m] +⊃ 〈J0n〉, имеющая ранг m + 1, сопряжена с подалгеброй алгебры
AO[0,m + 1], не являющейся в ней максимальной, то по лемме 1 получаем, что
X2 �= 0 при U1 �= 0. В этом случае согласно предложению 2 [6] алгебра L со-
пряжена с L4. Если U1 = 0, то на основании этого же предложения 2 алгебра L
сопряжена с L5 или L6. Лемма доказана.

Лемма 4. Пусть L ⊂ N, π(L) = 〈D + αJ0n〉 и L — расщепляемая алгебра при
α = ±1. Тогда L сопряжена с одной из таких алгебр:

L7 = (AE1[1, d] ⊕AO[d+ 1,m] ⊕AE[m+ 1, n− 1])+⊃ 〈D + αJ0n〉,
d = 1, . . . , n− 2, m = d+ 1, . . . , n− 1, n ≥ 4, α ≥ 0;

L8 = (AO[1,m] ⊕AE[m+ 1, n− 1])+⊃ 〈D + αJ0n〉,
m = 1, . . . , n− 1, n ≥ 2, α ≥ 0;

L9 = (〈G1 + 2T 〉 ⊕AO[2,m] ⊕AE[m+ 1, n− 1])+⊃ 〈2D − J0n〉,
m = 2, . . . , n− 1, n ≥ 3.

Доказательство. Если α �∈ {0,±1,−1/2}, то в силу теоремы IV.3.4 [6] алгебра
L сопряжена с алгеброй (U1 + U2)+⊃ F , где U1 ⊂ V [1, n − 1], U2 ⊂ W [1, n − 1],
а F ⊂ AO(n − 1) ⊕ 〈D + αJ0n〉. По лемме 1 L = K +⊃ 〈D + αJ0n + X〉, где
X ∈ AO(n−1), а K — максимальная подалгебра ранга n−2 алгебры AG̃(0, n−1).
Согласно теореме 1 [7] алгебра K совпадает с точностью до сопряженности с одной
из алгебр

AE1[1, d] ⊕AO[d+ 1,m] ⊕AE[m+ 1, n− 1],
1 ≤ d ≤ n− 2, d+ 1 ≤ m ≤ n− 1, n ≥ 3;

AO[1,m] ⊕AE[m+ 1, n− 1], 1 ≤ m ≤ n− 1, n ≥ 2.

Так как [X,K] ⊂ K, то X принадлежит проекции L на AO(n−1), а значит, можно
предполагать, что X = 0, и мы получаем алгебры L7, L8.
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Пусть α = −1/2. Тогда согласно теореме IV.3.4 [6] алгебра L сопряжена с
алгеброй (U1 + U2)+⊃ F , где U1 ⊂ V [1, n − 1] + 〈T 〉 (как пространство), U2 ⊂
W [1, n − 1], а F является подалгеброй алгебры AO(n − 1) ⊕ 〈2D − J0n〉. Если
проекция U1 на 〈T 〉 равна 0, то L совпадает с L7 или L8. Допустим, что проекция
U1 на 〈T 〉 совпадает с 〈T 〉. Если G1+2T,G2 ∈ L, то L содержит [G1+2T,G2] = 2P2,
[P2, G2] = M , что противоречит предположению относительно L. Отсюда вытекает
U1 = 〈G1 + 2T 〉. Если U2 �= 0, то по теореме Витта U2 = 〈Pm+1, . . . , Pn〉, n ≥ 2, а
значит, L сопряжена с алгеброй L9.
В силу теоремы 1V.3.4 [6] случаи, когда α = ±1 и L — расщепляемая алгебра,

не отличаются от рассмотренного случая α �∈ {0,±1,−1/2}. Лемма доказана.
Лемма 5. Пусть L — нерасщепляемая подалгебра алгебры N и π(L) = 〈D+J0n〉.
Тогда L сопряжена с одной из таких алгебр:

L10 = (AE1[1, d] ⊕AO[d+ 1,m] ⊕AE[m+ 1, n− 1])+⊃ 〈D + J0n +M〉,
d = 1, . . . , n− 2, m = d+ 1, . . . , n− 1, n ≥ 3;

L11 = (AO[1,m] ⊕AE[m+ 1, n− 1])+⊃ 〈D + J0n +M〉,
m = 1, . . . , n− 1, n ≥ 2;

L12 = (AE1[1,m] ⊕AE[m+ 1, n− 3])+⊃ 〈Jn−2,n−1 + αM,D + J0n +M〉,
m = 1, . . . , n− 3, n ≥ 4, α ≥ 0;

L13 = (AE1[1,m] ⊕AE[m+ 1, n− 3])+⊃ 〈Jn−2,n−1 +M,D + J0n〉,
m = 1, . . . , n− 3, n ≥ 4;

L14 = AE[3, n− 1]+⊃ 〈J12 + αM,D + J0n +M〉, α ≥ 0, n ≥ 3;
L15 = AE[3, n− 1]+⊃ 〈J12 +M,D + J0n〉, n ≥ 3.

Доказательство. Согласно теореме IV.3.4 [6] алгебра L, сопряжена с алгеброй
(U1 + U2)+⊃ F , где U1 ⊂ V [1, n − 1], U2 ⊂ W [1, n − 1], а L ⊂ AO(n − 1) ⊕
〈D + J0n,M〉. Легко убедиться, что алгебры 〈G2j−1, G2j , G2j−1,2j〉 и 〈G2j−1, G2j〉
являются эквивалентными. Поэтому если D+J0n+γM+δJn−2,n−1 ∈ L и δ �= 0, то
по лемме 1 U1 ⊂ V [1, n−3] и U2 ⊂W [1, n−3]. В этом случае Jn−2,n−1 +βM ∈ L, а
следовательно, алгебра L, сопряжена с K +⊃ 〈Jn−2,n−1+βM,D+J0n+γM〉, где K
— максимальная подалгебра ранга n−3 алгебры AG̃(0, n−3). Нетрудно получить,
что с точностью до сопряженности K совпадает с AE1[1,m] ⊕ AE[m + 1, n − 3],
1 ≤ m ≤ n − 3, n ≥ 4, или AE[1, n − 3], n ≤ 3, а потому L сопряжена с одной
из алгебр Lj , j = 12, . . . , 15. В оставшихся случаях в силу предложения 2 [7]
алгебра L сопряжена с L10 или L11. Лемма доказана.

Для выделения оставшихся алгебр нам необходимы дополнительные обозначе-
ния. Для любых двух натуральных чисел r и s, r ≤ s, положим

Φ(r, s, γ) = 〈Gr + γ1Pr, . . . , Gs + γPs〉+⊃ AO[r, s], γ ∈ R.

Пусть, далее, Γd,q = U +⊃ F , где F — диагональ в AO[1, d] ⊕AO[d+ 1, 2d] ⊕ · · · ⊕
AO[(q − 1)d+ 1, qd], а U — коммутативная алгебра, имеющая базис

G1 + γ1P1 + λ1P(q−1)d+1, . . . , Gd + γ1Pd + λ1Pqd,

Gd+1 + γ2Pd+1 + λ2P(q−1)d+1, . . . , G2d + γ2P2d + λ1Pqd,
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
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G(q−2)d+1 + γq−1P(q−2)d+1 + λq−1P(q−1)d+1, . . . ,

G(q−1)d + γq−1P(q−1)d + λq−1Pqd,

0 ≤ γ1 < γ2 < · · · < γq−1, λ1 > 0, λ2 > 0, . . . , λq−1 > 0.

Лемма 6. Если L — нерасщепляемая подалгебра алгебры N и π(L) = 〈D− J0n〉,
то L сопряжена с алгеброй L′, для которой π(L′) = 〈D + J0n〉, или с одной из
алгебр

L16 = (Γd,q ⊕AE[dq + 1, n− 1])+⊃ 〈D − J0n〉, d = 2, n ≥ 5;
L17 = (Φ(d0 + 1, d1, γ1) ⊕ Φ(d1 + 1, d2, γ2) ⊕ . . .⊕ Φ(dt−1 + 1, dt, γt) ⊕

⊕AO[dt + 1,m] ⊕AE[m+ 1, n− 1])+⊃ 〈D − J0n〉,
где d0 = 0, γ1 < γ2 < · · · < γt, t > 1, m = 1, . . . , n− 2, n ≥ 3;

L18 = (Γd,q ⊕ Φ(dq + 1, l1, µ1) ⊕ Φ(l1 + 1, l2, µ2) ⊕ · · ·
· · · ⊕ Φ(lt−1 + 1, lt, µt) ⊕AE[lt + 1, n− 1])+⊃ 〈D − J0n〉,

где µ1 < µ2 < · · · < µt, t ≥ 1, l0 = dq.
Доказательство. В силу теоремы IV.3.4 [6] алгебра L, сопряжена с алгеброй U +⊃
F , где U ⊂ V [1, n−1]+W [1, n−1] (как пространство), а F ⊂ AO(n−1)⊕〈D−J0n, T 〉,
причем если проекция L, на 〈T 〉 является ненулевой, то [T,U ] ⊂ U . Посколь-
ку [T,Ga] = 2Pa, [Pa, Ga] = M и M �∈ L, то в последнем случае проекция U
на V [1, n − 1] является нулевой. Но тогда применим O[1, n]-автоморфизм алге-
бры AP̃ (1, n), соответствующий матрице diag [−1, 1, . . . , 1], который преобразует
〈−J0n,M〉. Поэтому можно предполагать, что проекция L на 〈T 〉 является нуле-
вой.
Согласно лемме 1 L = K +⊃ 〈D−J0n+X〉, где X ∈ AO(n−1), а K — максималь-

ная подалгебра ранга n − 2 алгебры AG̃(0, n − 1). Последнее обстоятельство по-
зволяет воспользоваться перечнем таких подалгебр, приведенным в теореме 1 [7].
Учитывая, что [D − J0n,K] ⊂ K, нетрудно получить, что L, сопряжена с одной из
алгебр L16, L17, L18. Лемма доказана.

Теорема. Максимальные подалгебры ранга n − 1 алгебры AP̃ (1, n), имеющие
ненулевую проекцию на 〈D〉 и не содержащие P0 и P0 + Pn, исчерпываются
с точностью до P̃ (1, n)-сопряженности алгебрами L1, . . . , L18, описанными в
леммах 2–6.
4. Редукция по подалгебрам, не содержащим P0 и P0 + Pn. Подалгебра

Lj , j = 1, . . . , 18, имеет полную систему инвариантов вида ω1(x), ω2(x), uf(x)−1.
Поэтому для каждой из этих подалгебр анзац (2) удобно представить в виде [1, 2,
6]

u = f(x)ϕ(ω1, ω2), (3)

где ϕ — неизвестная функция. Легко видеть, что

�u = ϕ�f + 2ϕ1(∇f∇ω1) + 2ϕ2(∇f∇ω2) + f{ϕ11(∇ω1∇ω1) +
+ 2ϕ12(∇ω1∇ω2) + ϕ22(∇ω2∇ω2) + ϕ1�ω1 + ϕ2�ω2},

(4)

где

ϕ11 =
∂2ϕ

∂ω2
1

, ϕ12 =
∂2ϕ

∂ω1∂ω2
, ϕ22 =

∂2ϕ

∂ω2
2

, ϕ1 =
∂ϕ

∂ω1
, ϕ2 =

∂ϕ

∂ω2
,
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∇g∇h =
∂g

∂x0

∂h

∂x0
− ∂g

∂x1

∂h

∂x1
− · · · − ∂g

∂xn

∂h

∂xn
.

Редукцию уравнения (1) удобно проводить с использованием формулы (4), по-
скольку она сводит нахождение �u к менее громоздким вычислениям производных
от функций f , ω1, ω2.
Редуцированное уравнение, соответствующее анзацу (3), имеет вид

a11(x)ϕ11 + a12(x)ϕ12 + a22(x)ϕ22 + b1(x)ϕ1 + b2(x)ϕ2 + c(x, ϕ) = 0.

Ниже для каждой подалгебры Lj , j = 1, . . . , 18 указываем соответствующие ей
функции f , ω1, ω2, a11, a12, a22, b1, b2, c.
1. Алгебра L1:

f(x) = (x2
m+1 + x2

q)
1/(1−k),

ω1 =
x2

0 − x2
1 − · · · − x2

d

x2
m+1 + · · · + x2

q

, ω2 =
x2
d+1 + · · · + x2

m

x2
m+1 + · · · + x2

q

,

a11 = 4ω1(1 − ω1), a12 = −8ω1ω2, a22 = −4ω2(1 + ω2),

b1 = 2(d+ 1) +
2q − 2m− (2q − 2m− 8)k

1 − k
ω1,

b2 = 2(d−m) +
2q − 2m− (2q − 2m− 8)k

1 − k
ω2,

c =
2(m− q) + (2q − 2m− 4)k

(1 − k)2
ϕ+ λϕk.

2. Алгебра L2:

f(x) = (x2
n−1 + x2

n)
1/(1−k),

ω1 = α ln(x2
n−1 + x2

n) − 2 arctg
xn
xn−1

, ω2 =
x2

0 − x2
1 − · · · − x2

m

x2
n−1 + x2

n

,

a11 = 4(α2 + 1), a12 = −8αω2, a22 = 4ω2(ω2 − 1),

b1 =
8α

1 − k
, b2 =

4(k + 1)
k − 1

ω2 − 2m− 2, c =
4

(1 − k)2
ϕ− λϕk.

3. Алгебра L3:

f(x) = (x2
1 + · · · + x2

m)1/(1−k), ω1 =
x2

1 + · · · + x2
m

x2
0

,

ω2 =
x2
m+1 + · · · + x2

q

x2
0

, a11 = 4ω2
1(ω2 − 1), a12 = 8ω2

1ω2,

a22 = 4ω2
2(ω2 − 1), b1 = − 8ω1

1 − k
+ (6ω1 − 2m)ω1,

b2 = (6ω2 − 2q + 2m)ω2, c =
−2m+ 2(m− 2)k

(1 − k)2
ϕ+ λϕk.

4. Алгебра L4:

f(x) = (x2
n−2 + x2

n−1)
1/(1−k),
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ω1 = 2 ln(x0 − xn) − (1 + α) ln(x2
n−2 + x2

n−1) − 2c arctg
xn−1

xn−2
,

ω2 =
x2

0 − x2
1 − · · · − x2

m − x2
n

x2
n−2 + x2

n−1

, a11 = 4[c2 + (1 + α)2],

a12 = 8[(1 + α)ω2 − 1], a22 = 4ω2(ω2 − 1), b1 =
8(1 + α)
k − 1

,

b2 =
4(k + 1)ω2 − (2m+ 4)(k − 1)

k − 1
, c =

4
(k − 1)2

ϕ− λϕk.

5. Алгебра L5:

f(x) = (x2
0 − x2

n)
1/(1−k), ω1 =

x2
1 + · · · + x2

m

x2
0 − x2

n

, ω2 =
x2
m+1 + · · · + x2

q

x2
0 − x2

n

.

a11 = 4ω1(ω1 − 1), a12 = 8ω1ω2, a22 = 4ω2(ω2 − 1),

b1 =
4(k + 1)
k − 1

ω1 − 2m, b2 =
4(k + 1)
k − 1

ω2 − 2q + 2m, c =
4

(1 − k)2
ϕ+ λϕk.

6. Алгебра L6:

f(x) = (x2
1 + x2

2)
1/(1−k), ω1 =

x2
0 − x2

n

x2
1 + x2

2

,

ω2 = (1 + α) ln(x2
1 + x2

2) − 2 ln(x0 − xn) + 2c arctg
x2

x1
,

a11 = 4ω1(1 − ω1), a12 = 8(ω1 − 1), a22 = −4[(1 + α)2 + c2],

b1 = 4 +
4(1 + k)
1 − k

ω1, b2 = −8(1 + α)
1 − k

, c =
4

(1 − k)2
ϕ+ λϕk.

7. Алгебра L7:

f(x) = (x2
d+1 + · · · + x2

m)1/(1−k), ω1 =
x2

0 − x2
1 − · · · − x2

d − x2
n

x2
d+1 + . . .+ x2

m

,

ω2 = 2 ln(x0 − xn) − (1 + α) ln(x2
d+1 + · · · + x2

m), a11 = 4ω1(1 − ω1),
a12 = 8[1 − (1 + α)ω1], a22 = −4(1 + α)2,

b1 = 2(d+ 2) + 2(m− d− 4)ω1 +
8ω1

1 − k
,

c = −2(m− d)(1 + k)
(1 − k)2

ϕ+ λϕk, b2 = 2(1 + α)(m− d− 2) +
8(1 + α)

1 − k
.

8. Алгебра L8:

f(x) = (x2
0 − x2

n)
1/(1−k), ω1 =

x2
0 − x2

n

x2
1 + · · · + x2

m

,

ω2 = 2 ln(x0 − xn) − (1 + α) ln(x2
1 + · · · + x2

m), a11 = 4ω2
1(1 − ω1),

a12 = 8ω1[1 − (1 + α)ω1], a22 = −4(1 + α)2ω1,

b1 =
4(3 − k)ω1

1 − k
+ (2m− 8)ω2

1 , b2 =
8

1 − k
+ 2(1 + α)(m+ 2)ω1,

c =
4

(1 − k)2
ϕ+ λϕk.
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9. Алгебра L9:

f(x) = (x2
2 + · · · + x2

m)1/(1−k), ω1 =
(x0 − xn)2 − 4x1

(x2
2 + · · · + x2

m)1/2
,

ω2 = 3[ln(x0 − xn)2 − 4x1] − 2 ln[6(x0 + xn) − 6x1(x0 − xn) − (x0 − xn)3],

a11 = 16 + ω2
1 , a12 =

96
ω1
, a22 =

144(1 − eω2)
ω2

1

, b1 =
(m− 4)k −m

1 − k
ω1,

b2 = −48 + 72eω2

ω2
1

, c =
(6 − 2m)k + 2m− 2

(1 − k)2
ϕ− λϕk.

10. Алгебра L10:

f(x) = (x2
d+1 + · · · + x2

m)1/(1−k), ω1 =
x2
d+1 + · · · + x2

m

x0 − xn
,

ω2 =
x2

0 − x2
1 − · · · − x2

d − x2
n

x0 − xn
+ ln(x0 − xn), a11 = −4ω2

1 , a12 = −4ω2
1 ,

a22 = −4ω1, b1 = −
[
2(m− d) +

8
1 − k

]
ω1, b2 = 2dω1,

c =
2(d−m) + 2(m− d− 2)k

(1 − k)2
ϕ+ λϕk.

11. Алгебра L11:

f(x) = (x2
1 + · · · + x2

m)1/(1−k), ω1 =
x2

1 + · · · + x2
m

x0 − xn
,

ω2 = x0 + xn + ln(x0 − xn), a11 = −4ω2
1 , a12 = −4ω2

1 , a22 = 4ω1,

b1 =
4(−2 −m+mk)

1 − k
ω1, b2 = 0, c =

−2m+ 2k(m− 2)
(1 − k)2

ϕ+ λϕk.

12. Алгебра L12:

f(x) = (x2
n−2 + x2

n−1)
1/(1−k), ω1 =

x2
n−2 + x2

n−1

x0 − xn
,

ω2 =
x2

0 − x2
1 − · · · − x2

m − x2
n

x0 − xn
+ ln(x0 − xn), a11 = 4ω2

1 , a12 = 4ω2
1 ,

a22 = −4ω1, b1 =
4(3 − k)ω1

1 − k
, b2 = −2mω1, c =

4
(1 − k)2

ϕ− λϕk.

13. Алгебра L13:

f(x) = (x2
n−2 + x2

n−1)
1/(1−k), ω1 =

x2
n−2 + x2

n−1

x0 − xn
,

ω2 =
x2

0 − x2
1 − · · · − x2

m − x2
n

x0 − xn
+ 2arctg

xn−1

xn−2
, a11 = −4ω2

1 , a12 = −4ω2
1 ,

a22 = −4ω2 − 4, b1 =
4(−3 + k)

1 − k
ω1, b2 = 0, c = − 4

(1 − k)2
ϕ+ λϕk.

14. Алгебра L14:

f(x) = (x2
1 + x2

2)
1/(1−k), ω1 =

x2
1 + x2

2

x0 − xn
,
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ω2 = x0 + xn + ln(x0 − xn) + 2α arctg
x2

x1
, a11 = 4ω2

1 , a12 = 4ω2
1 ,

a22 = 4(α2 − ω1), b1 =
4(3 − k)
1 − k

ω1, b2 = 0, c =
4

(1 − k)2
ϕ− λϕk.

15. Алгебра L15:

f(x) = (x2
1 + x2

2)
1/(1−k), ω1 =

x2
1 + x2

2

x0 − xn
,

ω2 = x0 + xn + 2arctg
x2

x1
, a11 = 4ω2

1 , a12 = 4ω2
1 ,

a22 = 4, b1 =
4(3 − k)ω1

1 − k
ω1, b2 = 0, c =

4
(1 − k)2

ϕ− λϕk.

16. Алгебра L16:

f(x) =

{
−(x0 + xn) +

q−1∑
i=1

1
x0 − xn + γi

(x2
(i−1)d+1 + · · · + x2

id)

}1/(1−k)

,

ω1 = x0 − xn, ω2 =
y2
1 + y2

2 + · · · + y2
d

{f(x)}1/(1−k) .

где

yj =
q−1∑
i=1

λix(i−1)d+j

x0 − xn + γi
− x(q−1)d+j , j = 1, . . . , d,

a11 = 0, a12 = 4, a22 = 4

{
1 +

q−1∑
i=1

λ2
i

(ω1 + γi)2

}
ω2, b1 =

4
1 − k

,

b2 = 2d

[
1 −

q−1∑
i=1

ω2(ω1 + γi) − λ2
i

(ω1 + γi)2

]
, c =

2d
1 − k

q−1∑
i=1

1
ω1 + γi

ϕ− λϕk.

17. Алгебра L17:

f(x) =
(
x2
dt+1 + · · · + x2

m

)1/(1−k)
, ω1 = x0 − xn,

ω2 =
−(x0 + xn) +

t∑
i=1

1
x0−xn+γi

(x2
di+1+1 + · · · + x2

di
)

x2
dt+1 + · · · + x2

m

, a11 = 0, a12 = 4,

a22 = 4ω2
2 , b1 = 0, b2 =

t∑
i=1

4(di − di−1)
ω1 + γi

− 2(m− dt) − 2(m− d1 − 4)k
1 − k

ω2,

c =
2(m− dt) − 2(m− dt + 2)k

(1 − k)2
ϕ− λϕk.

18. Алгебра L18:

f(x) =

{
q−1∑
i=1

1
x0 − xn + γi

(x2
(i−1)d+1 + . . .+ x2

id) +
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+
t∑
i=1

1
x0 − xn + µr

(x2
lr−1

+ . . .+ x2
lr ) − (x0 − xn)

}1/(1−k)

,

ω1 = x0 − xn, ω2 =
y2
1 + y2

2 + · · · + y2
d

f(x)1/(1−k)
,

где

yj =
q−1∑
i=1

λix(i−1)d+j

x0 − xn + γi
− x(q−1)d+j , j = 1, . . . , d,

a11 = 0, a12 = 4, a22 =

[
1 +

q−1∑
i=1

λ2
i

(ω1 + γi)2

]
ω2, b1 =

4
1 − k

,

b2 = 2d+ 2d
q−1∑
i=1

λ2
i − ω2(ω1 + γi)

(ω1 + γi)2
− 2

t∑
r=1

(lr − lr−1)ω2

ω1 + µr
,

c =

[
2d

1 − k

q−1∑
i=1

1
ωi + γi

+
2

1 − k

t∑
i=1

lr − lr−1

ω1 + µr

]
ϕ− λϕk.

5. Редукция по подалгебрам, содержащим P0 или P0 + Pn. В настоящем
пункте проведем редукцию уравнения (1) к дифференциальным уравнениям с дву-
мя инвариантными переменными, используя подалгебры алгебры AP̃ (1, n), содер-
жащие P0 или P0 + Pn.
Пусть L — некоторая подалгебра алгебры AP̃ (1, n). Если P0 ∈ L, то любое

решение u = u(x) уравнения (1), инвариантное относительно L, не зависит от x0

и потому является решением уравнения

−�u+ λuk = 0 (5)

евклидовом пространстве En, где

�u =
∂2u

∂x2
1

+ · · · + ∂2u

∂x2
n

. (6)

Уравнение (5) инвариантно относительно расширенной алгебры Евклида AẼ(n)
= 〈P1, . . . , Pn, J12, . . . Jn−1,n〉+⊃ 〈D1〉, генераторы которой имеют вид

Pa = ∂a, Jab = xb∂a − xa∂b, D1 = −xa∂a +
2

k − 1
u∂u, a, b = 1, . . . , n.

Аналогично, если P0 + Pn ∈ L, то любое решение уравнения (1), инвариантно
относительно L, имеет вид u = u(x0 − xn, x1, . . . , xn−1) и потому является реше-
нием уравнения (5) в евклидовом пространстве En−1. Поэтому в рассматриваемых
случаях для редукции уравнения (5), а значит, и уравнения (1) к двумерным
уравнениям достаточно классифицировать максимальные подалгебры ранга n − 2
алгебры AẼ(n), имеющие ненулевую проекцию на 〈D1〉.
Теорема 2. Максимальные подалгебры ранга n − 2 алгебры AẼ(n) имеющие
ненулевую проекцию на 〈D1〉, исчерпываются с точностью до Ẽ(n)-сопряжен-
ности следующими алгебрами:

L19 = (AO[1, d] ⊕AO[d+ 1,m] ⊕AO[m+ 1, q] ⊕AE[q + 1, n])+⊃ 〈D1〉,
d = 1, . . . , n− 2, q = d+ 1, . . . , n− 1, m = q + 1, . . . , n, n ≥ 3;
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L20 = (AO[1,m] ⊕AE[m+ 1, n− 2])+⊃ 〈D1 + αJn−1,n〉,
m = 1, . . . , n− 2, n ≥ 3, α > 0;

L21 = (K ⊕AE[m+ 1, n− 2])+⊃ 〈D1 + αJ〉,

где K — диагональ в AO[1, d] ⊕ AO[d + 1, 2d], J =
d∑
a=1

Ja,a+d, d = 2, . . . , [n/2],

m = 2d+ 1, . . . , 2[n/2], α ≥ 0.
Доказательство аналогично доказательству теоремы 1.
Подалгебрам L20, L21 соответствуют следующие анзацы и редуцированные

уравнения.
1. Алгебра L20:

f(x) = (x2
1 + · · · + x2

d)
1/(1−k), ω1 =

x2
1 + · · · + x2

d

x2
m+1 + · · · + x2

q

,

ω2 =
x2
d+1 + · · · + x2

m

x2
m+1 + · · · + x2

q

, a11 = 4ω1(1 − ω1), a12 = −8ω1ω2,

a22 = −4ω2(1 + ω2), b1 = 2(d+ 1) +
2q − 2m− (2q − 2m− 8)k

1 − k
ω1,

b2 = 2(d−m) +
2q − 2m− (2q − 2m− 8)k

1 − k
ω2,

c =
2(m− q) + (2q − 2m− 4)k

(1 − k)2
ϕ+ λϕk.

2. Алгебра L21:

f(x) = (x2
n−1 + x2

n)
1/(1−k), ω1 = α ln(x2

n−1 + x2
n) − 2 arctg

xn
xn−1

,

ω2 =
x2

1 + · · · + x2
m

x2
n−1 + x2

n

, a11 = 4(α2 + 1), a12 = −8αω2, a22 = −4ω2(ω2 − 1),

b1 =
8α

1 − k
, b2 =

4(k + 1)
k − 1

ω2 − 2m− 2, c =
4

(1 − k)2
ϕ− λϕk.
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Q-symmetry generators and exact solutions
for nonlinear heat conduction
N. EULER, A. KÖHLER, W.I. FUSHCHYCH

We investigate conditional invariance by considering Q-symmetry generators of the
nonlinear heat equation ∂u/∂x0 − λ∂2u/∂x2

1 = f(u), where λ is a real constant and
f an arbitrary differentiable function. With the obtained Q-generators we construct
exact solutions by the use of similarity ansatze and reductions to ordinary differential
equations. A generalization to m-space dimensions is performed.

1. Introduction
Most nonlinear partial differential equations are not integrable and cannot be

treated via the inverse scattering transform, nor its generalization. Such equations
are mostly treated by numerical methods. Interesting qualitative and quantitative
features are however often missed in this manner and it is of great value to be
able to obtain exact analytic solutions of nonintegrable equations. The application
of Lie transformation groups, whereby a transformation is obtained that leaves the
differential equation invariant, is useful in finding exact solutions (see [1–8]). If an
equation is invariant under some Lie transformation group, the equation is said to
have a symmetry. It is known that the integrability and the existence of symmetries
is connected. This was studied in connection with the Painlevé test (see [1–3]). Many
important nonintegrable partial differential equations have no significant symmetries.
In this article we consider conditional symmetries of partial differential equations as
introduced in [9–13]. We make use of these conditional symmetries to obtain exact
solutions. The following equation is studied:

∂u

∂x0
− λ

∂2u

∂x2
1

= f(u), (1)

where x0 indicates time, λ is a real constant, and f an arbitrary differentiable function.
For nonlinear functions f this equation plays an important role in nonlinear heat
transfer processes.
Before we consider conditional symmetries of (1), let us briefly describe the classi-

cal Lie approach and introduce our notation [1]. We are concerned with a partial
differential equation of order r with m+ 1 independent variables (x0, x1, . . . , xm) and
one field variable u, i.e. an equation of the form

F

(
x0, . . . , xm, u,

∂u
∂x0

, . . . ,
∂ru

∂xj1 · · · ∂xjr

)
= 0, (2)

where 0 ≤ j1 ≤ j2 ≤ · · · ≤ jr ≤ m, j = 0, . . . ,m. The submanifold R
r of the r-jet

bundle Jr(M, 1) is determined by the constrained equation

F (x0, . . . , xm, u, u0, . . . , uj1···jr ) = 0, (3)

Physica Scripta, 1994, 49, P. 518–524.
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where the dimension of the differential manifold M is m. A Lie transformation group
that leaves (3) invariant is generated by a Lie (point) symmetry generator Z, defined
by

Z =
m∑
j=0

ξj(x0, . . . , xm, u)
∂

∂xj
+ η(x0, . . . , xm, u)

∂

∂u
. (4)

Zv is the associated vertical form of (4) on J1(M, 1), defined by

Zv =

η − m∑
j=0

ξjuj

 ∂

∂u
, (5)

where Zv�θ = Z�θ. Here θ is a differential 1-form, called the contact form on
J1(M, 1), defined by

θ = du−
m∑
j=0

ujdxj

with js∗θ = 0. Here js∗ denotes the pull-back map. Equation (3) is called invariant
under the prolonged Lie symmetry generator Z̄v if

LZ̄v
F =̂ 0, (6)

where =̂ indicates the restriction to solutions of (3) and its prolongations. L denotes
the Lie derivative. Z̄v is found by prolonging the vertical generator Zv, i.e.,

Z̄v = U
∂

∂u
=

m∑
j=0

Dj(U)
∂

∂uj
+ · · · +

m∑
j1,...,jr=0

Dj1···jr (U)
∂

∂uj1···jr
+ · · · ,

where

U = η −
m∑
j=0

ξjuj ≡ Zv�θ

and Dj is the total derivative operator. A similarity ansatz for (2) is obtained by
solving the linear partial differential equation

js∗(Zv�θ) = 0, (7)

with Zv an associated vertical Lie symmetry generator for the equation. This ansatz
will reduce the dimension of (2) by one. The solution of the reduced equation is known
as a similarity solution of (2). Thus, the existence of a symmetry provides us with
a similarity ansatz and a possible exact solution can be calculated. The converse is
however not and true, i.e., any exact solution of a partial differential equation is not
associated with a symmetry of the equation. For such solutions one can introduce
conditional symmetries, i.e. symmetries that leave the equation invariant under some
additional condition.

2. Q-symmetry generators
Following [9–13] we give the definition for conditional invariance of (2).
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Definition. Equation (3) is called Q-conditionally invariant if

LQ̄v
F ̂̂= 0 (8)

under the condition

Qv�θ = 0. (9)

Q is called the Q-symmetry generator and Q̄v the prolonged vertical Q-symmetry
generator.

Here ̂̂= indicates the restriction to solution of F = 0 and (9) together with their
prolongations. Q is considered in the form of a Lie symmetry generator.

Let us now study (1) by the used of the above definition. We are interested only
in nonlinear functions f . From the definition it follows that the Lie derivative (8), for
the equation

F ≡ u0 − λu11 − f(u) = 0 (10)

under the condition

Qv�θ ≡ η − ξ0u0 − ξ1u1 = 0, (11)

has to be studied. Let us consider the Q-symmetry generator in the form

Q = c
∂

∂x0
+ ξ1(u)

∂

∂x1
+ η(u)

∂

∂u
, (12)

where c is an arbitrary real constant. We can state the following

Theorem 1. The generator

Q = k1
∂

∂x1
+ η(u)

∂

∂u
(13)

is a Q-symmetry generator for (1) if an only if

f(u) = η(u)
(
− λ

k2
1

dη

du
+ c1

)
, (14)

where η is an arbitrary differentiate function of u and k1, c1 are arbitrary real
constants.

Proof. By applying the Lie derivative (8) and condition (9), with generator (13), we
obtain the following determining equations using computer algebra [15, 16]:

c3λ
d2ξ1
du2

= 0, −3cλ
d2ξ1
du2

η2 + (3cf + 2η)
dξ1
du

ξ21 + 2cλ
d2η

du2
ξ1η = 0,

c

(
3cλ

d2ξ1
du2

η − 2
dξ1
du

ξ21 − cλ
d2η

du2
ξ1

)
= 0

and

λ
d2ξ1
du2

η3 − 3f
dξ1
du

ξ21η + f
dη

du
ξ31 − λ

d2η

du2
ξ1η

2 − df

du
ξ31η = 0.
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For c �= 0 the general solution of the above four equations gives only a linear function
f(u) = a1u+ a2, where a1 and a2 are arbitrary real constants. For c = 0 the general
solution

ξ1(u) = k1, f(u) = η(u)
(
− λ

k2
1

dη

du
+ c1

)
,

follows.

Consider the Q-symmetry generator in the form

Q = ξ0(u)
∂

∂x0
+ c

∂

∂x1
+ η(u)

∂

∂u
, (15)

where c is an arbitrary constant. We can state the following

Theorem 2. The generator

Q =
k2

u+ k1

∂

∂x0
+ c

∂

∂x1
+
[
−2

3
c2

λk2

(
1
2
u2 + k1u

)
− k3

u+ k1
+ k4

]
∂

∂u
(16)

is a Q-symmetry generator for (1) if an only if

f(u) =
2
3
η

ξ0
, (17)

where

ξ0 =
k2

u+ k1

and

η = −2
3
c2

λk2

(
1
2
u2 + k1u

)
− k3

u+ k1
+ k4.

Here k1, . . . , k4 are arbitrary real constants.
Proof. Applying the Lie derivative (8) and condition (9), with generator (15), the
determining equations are given by

c(3fξ0 − 2η) = 0,

λ
d2ξ0
du2

ξ0η − 2λ
(
dξ0
du

)2

η + 2λ
dξ0
du

dη

du
ξ0 + 2c2

dξ0
du

− λ
d2η

du2
ξ20 = 0,

c

[
−d

2ξ0
du2

ξ0 + 2
(
dξ0
du

)2
]

= 0

and

−f dξ0
du

η + f
dη

du
ξ0 − df

du
ξ0η = 0.

For c = 0 only linear functions f are obtained for the general solution of the above
system. If c �= 0, f follows from the first determining equation and the condition on η
is in the form of a linear second order equation, namely

d2η

du2
+

2
u+ k1

dη

du
+

2c2

λk2
= 0.

The general solution, given in theorem 2, follows.
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For the nonlinear equation

∂u

∂x0
+
∂2u

∂x2
1

= auk, (18)

with a and k arbitrary real constants, and k �= 1, we can state the following

Theorem 3. The generator

Q =
∂

∂x0
+ ξ1(x0, x1)

∂

∂x1
+ α(x0, x1)u

∂

∂u
, (19)

is a Q-symmetry generator for (18) if and only if the following conditions on ξ1 and
α are satisfied:

∂α

∂x0
+
∂2α

∂x2
1

= (k − 1)α2, (20)

∂ξ1
∂x0

− (k − 1)αξ1 =
k + 3

2
∂α

∂x1
(21)

and

∂ξ1
∂x1

=
1 − k

2
α. (22)

The proof follows directly from the invariance condition (8) together with (9).
Note that the above condition on ξ1 reduces to the following third order ordinary
differential equation:

2
k − 1

d3ξ1
dx3

1

+ ξ1
d2ξ1
dx2

1

= 0,

which can be transformed to the Abel equation of the second kind

xy
dy

dx
+ y2 +

(
7x+

k − 1
2

)
y + 6x2 + (k − 1)x = 0

where

ξ1
x1

= P (ξ1), P (ξ1) = ξ21x(z), z = ln(ξ1),
dx

dz
= y(x).

With other special ansätze for ξ0, ξ1 and η we obtain the following results for (1)
with λ = −1.

Theorem 4. 1. The generator

Q = 2
√
x0

∂

∂x1
+ f(u)

∂

∂u
(23)

is a Q-symmetry generator for (1) (λ = −1), if and only if f satisfies the equation

f
d2f

du2
= 2. (24)
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The general solution of (24) is given by

±
∫

df√
4 ln f + k̃1

= u+ k̃2,

where k̃1 and k̃2 are integrating constants.
2. The generator

Q = x1
∂

∂x1
+ f(u)

∂

∂u
(25)

is a Q-symmetry generator for (1) (λ = −1), if and only if f satisfies the equation

f
d2f

du2
= 2

(
df

du
− 1

)
. (26)

The general solution of (26) is given by

f(u) = ±
√

(w − 1) exp(w)/k̃1,

where w is obtained from

±
∫ √

k̃−1
1 (w − 1)−1 exp(w)dw = u+ k̃2.

Here k̃1 and k̃2 are integrating constants.

The proof follows by applying the invariance condition (8) together with (9).
Let us make some remarks on Q-symmetries. The determining equations for Q-

generators are nonlinear over-determined systems of differential equations. This is
in contrast to Lie symmetry generators where the determining equations are linear
differential equations. It is obvious that every Lie symmetry of an equation is also a
Q-symmetry but that the converse is not true, so that the above Q-symmetries do not
generate Lie transformation groups that leave the equation invariant. If we multiply a
Q-symmetry (or Lie symmetry) of a particular equation by an arbitrary function, we
again find a Q-symmetry for that equation.

3. Q-similarity solutions
Let us now make use of theorems 1 to 4 to construct exact solutions of (1). The

similarity ansatz is obtained by solving the linear partial differential equation

js∗(Q�θ) ≡ ξ0
∂u

∂x0
+ ξ1

∂u

∂x1
− η = 0. (27)

We seek the general solution of (27) in the form

ψ(x0, x1, u) = φ{ω[x0, x1, u(x0, x1)]},
where ψ is an arbitrary function of its arguments and φ is an arbitrary function of the
similarity variable ω. We call solutions, obtained by Q-symmetries, the Q-similarity
solutions.
Let us consider the following cases:
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Case l(a): Consider the equation

∂u

∂x0
− λ

∂2u

∂x2
1

= − λ

k2
1

exp(2u) + k2 exp(u). (28)

This corresponds to η = exp(u) for the Q-symmetry given in theorem 1. By solving
(27) for the Q-symmetry

Q = k1
∂

∂x1
+ exp(u)

∂

∂u

we obtain the similarity ansatz

u = − ln
(
φ(ω) − x1

k1

)
and ω = x0.

On insertion into (28) we obtain the reduced equation

dφ

dω
− k2 = 0. (29)

An exact solution of (28) is thus given by

u(x0, x1) = − ln
(
−x1

k1
+ k2x0 + k3

)
,

where k1, k2, k3 are arbitrary real constants.
Case l(b): Consider the equation

∂u

∂x0
− λ

∂2u

∂x2
1

= −(b5u5 + b3u
3 + b1u). (30)

This corresponds to η = a3u
3 + a1u for the Q-symmetry given in theorem 1 with

k1 = 1 and

a1 =
1
6λ

b3√3λ
b5

+

√
3λb23
b5

− 12b1λ

 , a3 =

√
b5
3λ
,

c1 = −1
3

√
3λb23
b5

+
2
3

√
3b23λ
b5

− 12b1λ

 .

By solving (27) for the Q-symmetry

Q = k1
∂

∂x1
+ (a3u

3 + a1u)
∂

∂u
,

we obtain the similarity ansatz

u =
√
a1

φ(ω)
exp(a1x1/c)

√
1 − a3φ2(ω) exp(2a1x1/c) and ω = x0.

The reduced equation is given by

dφ

dω
− a1c1φ = 0, (31)
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with the general solution

φ(ω) = c̃ exp(a1c1ω).

Here c̃ is an arbitrary real constant. An exact solution of (30) is thus given by

u =
c̃
√
a1 exp[a1(x1 + c1x0)]√

1 − a3c̃2 exp[2a1(x1 + c1x0)]
.

Case 2: Consider the equation

∂u

∂x0
− λ

∂2u

∂x2
1

= −b3u3 − b2u
2 + b1u+ b0. (32)

This corresponds to η(u) = q3u
2 + q2u+ q1 for the Q-symmetry in theorem 2. Here

q3 = −c
√
b3
2λ
, q2 = − c

3

√
2
λb3

b2, q1 =
c√
λb3

(
b1√
2

+
√

2b22
9b3

)
.

The real constants b1, b2, b3 are related to the constants k1, k2, k3 and k4 in the
Q-symmetry given in theorem 2 by the relations

k1 =
b2
3b3

, k2 =
c

3

√
2
λb3

, k3 = 0, k4 =
b1c√
2λb3

+
2cb22

9
√

2λb3b3
,

where

b0 =
b1b2
3b3

+
2b32
27b23

.

In terms of b2 and b3, ξ0 is given by

ξ0(u) =
c
√

2b3√
λ(3b3u+ b2)

.

In order to solve (27) for the above given ξ0 and η we must solve the equation

d2y

dε2
− q2

dy

dε
+ q3q1y = 0,

where

u = − 1
q3

d

dε
(ln y).

ε is the group parameter. Thus, there are three cases to be studied:

q22 − 4q1q3 = 0, q22 − 4q1q3 < 0, q22 − 4q1q3 > 0.

Case 2(a): Consider q22 − 4q1q3 = 0, i.e.,

b1 = −1
3
b22
b3
.
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The similarity ansatz is given by

u =
b2[x1 − φ(ω)] − 3

√
2b3λ

3b3[φ(ω) − x1]
and ω = x0 − 3b3

(3ub3 + b2)2
.

The reduced equation then takes the form

d2φ

dω2
− 1

3λ

(
dφ

dω

)3

= 0, (33)

which has the general solution

φ(ω) = −3λ

√
− 2

3λ
ω + c̃1 + c̃2.

Here c̃1, c̃2 are arbitrary real constants. Solving for u, an exact solution of (32) takes
the form

u =
6
√

2b3λ(x1 − c̃2) − b2(x2
1 − 2c̃2x1 − 9λ2c̃1 + 6λx0 + c̃22)

3b3(x2
1 − 2c̃2x1 − 9λ2c̃1 + 6λx0 + c̃22)

.

Case 2(b): Consider q22 − 4q1q3 < 0, i.e.

b1 +
b22
3b3

< 0.

The similarity ansatz is then given by

u = − β

q3

1
tan{β[x1 − φ(ω)]/c} − α

q3
,

ω = x0 +
c2

3λβ2
ln

{[
1 +

β2

(q3u+ α)2

]−1/2
}
,

where

α =
q2
2
, β =

1
2

√
4q1q3 − q22 .

The reduced equation takes the form

A
d2φ

dω2
+B

dφ

dω
+ C

(
dφ

dω

)3

= 0, (34)

where

A = 6b3(81b41b
4
3 + 108b31b

2
2b

3
3 + 54b21b

4
2b

2
3 + 12b1b62b3 + b82),

B = 9b1b3(81b41b
4
3 + 135b31b

2
2b

3
3 + 90b21b

4
2b

2
3 + 30b1b62b3 + 5b82) + 3b101 ,

and

C = −1
3
A.

The general solution of (34) is

φ(ω) =
A

B

√
B

C
arctan

√
exp(2Bω/A) − Cc̃1/A+ c̃2,
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where c̃1, c̃2 are arbitrary real constants. An implicit solution of (32) can then be
given in the form

A

B

√
B

C
arctan

√
exp

(
2Bx0

A

)[
1 +

β2

(q3u+ α)2

]−c2B/(2Aβ2λ)

− Cc̃1
A

+

+
c

β
arctan

(
− β

q3u

)
= x1 − c̃2.

Case 2(c): Consider q22 − 4q1q1 > 0, i.e.

b1 +
b22
3b3

> 0.

The similarity ansatz is then given by

u =
φ(ω) exp(A1 +A2)(q2 +

√
∆) − 4q3

√
∆b2

12q3
√

∆b3 − 2q3φ(ω) exp(A1 +A2)

and

ω = −2uq3 + q2 −
√

∆
2uq3 + q2 +

√
∆

exp(−x1

√
∆/c),

where

A1 =
x0

√
∆

cq3
√

2b3

(
−b2q2q3 + 3b3q1q3 +

b22q
2
3

3b3

)
,

A2 =
x1

c

(
q2
2

+

√
∆
2

− b2q3
3b3

)
and

∆ =
2c2

λ

(
b22
3b3

+ b1

)
.

The reduced equation is given by

d2φ

dω2
= 0 (35)

so that the two nontrivial exact solution of (32) take the form

u = [±2{6S1S2

√
2S2cc̃1 exp[(3

√
2S2x1b3 + S1S2x0)/(2S1b3)] +

+ 3S2λc̃
2
1 exp[(

√
2S2x1b3 + S1S2x0)/(S1b3)] +

+ 18S2
2b3c

2 exp[(2
√

2S2x1/S1]}1/2 +

+ 2
√
λc̃2(b2 −

√
3S2) exp[(3

√
2S2x1b3 + S1S2x0)/(2S1b3)] −

− 2
√

6S2b3c(2b2 −
√

3S2) exp[
√

2S2x1/S1] −
− 2

√
λb2c̃1 exp[(

√
2S2x1b3 + S1S2x0)/(2S1b3)] ×

× 1
6b3

[2
√

6S2b3c exp[
√

2S2x1/S1] +
√
λc̃1 ×

× exp[(
√

2S2x1b3 + S1S2x0)/(2S1b3)] −
−√

λc̃1 exp[(3
√

2S2x1b3 + S1S2x0)/(2S1b3)]−1,
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where

S1 =
√

3λb3, S2 = 3b1b3 + b22.

Note. The case λ = −1 and f(u) = b̃3u
3 + b̃1u+ b̃0, i.e. the equation

∂u

∂x0
+
∂2u

∂x2
1

= b̃3u
3 + b̃1u+ b̃0 (36)

has been studied by Fushchych et al. [14]. This case can be obtained from theorem 2
by considering

k1 = 0, k2 =
c

3

√
2
b̃3
, k3 = − c

2
b̃0

√
2
b̃3
, k4 =

c

2
b̃1

√
2
b̃3
,

i.e.

Q =
∂

∂x0
+

3
2

√
2b̃3u

∂

∂x1
+

3
2
(b̃3u3 + b̃1u+ b̃0)

∂

∂u
.

Case 3: Consider the equation

∂

∂x0
+
∂2u

∂x2
1

= au3. (37)

From theorem 3, with α = x−2
1 , it follows that

Q = x2
1

∂

∂x0
+ 3x1

∂

∂x1
+ 3u

∂

∂u
.

The similarity ansatz is then given by

u = x1φ(ω), ω = x0 − 1
6
x2

1

so that the reduced equation takes the form

d2φ

dω2
= 9aφ3. (38)

The general solution, in terms of an elliptic integral, is given by∫ φ

0

dτ√
c1 + τ4

=
3
2

√
3a(ω + c2)

so that a solution of (37) can be given in the form∫ u/x1

0

dτ√
c1 + τ4

=
3
2

√
2a

(
x0 − 1

6
x2

1 + c2

)
.

Case 4(a): From theorem 4.1 we obtain the implicit ansatz

df

du
= φ(x0) +

x1√
x0
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for (1) where f satisfies (26) and λ = −1. The reduced equation takes the following
form

dφ

dx0
+

1
2x0

φ− 2 = 0 (39)

so that an exact solution of the nonlinear partial differential equation is

df

du
=

x1√
x0

+
4
3
x0.

Case 4(b): From theorem 4.2 we obtain the implicit ansatz

df

du
= x2

1φ(x0) + 1

for (1) where f satisfies (26) and λ = −1. The reduced equation takes the following
form

dφ

dx0
− 2φ+ 2φ2 = 0 (40)

so that an exact solution of the nonlinear partial differential ansatz equation is given
by

df

du
=

x2
1

1 + c1 exp(−2x0)
+ 1

4. Generalization to m + 1 dimensions
For a generalization for m space dimensions we consider the equations

∂u

∂x0
+

1
2n

∆u = au3, (41)

∂u

∂x0
+

1
2n

∆u = f(u), (42)

where a and n are real constants, f satisfies

f
d2f

du2
= 2, and ∆ ≡ ∂2

∂x2
1

+ · · · + ∂2

2x2
m

.

An exact solution for (41) is found to be

u =
2β · x

3ax0 − (β · x)2
,

where β · x =
m∑
j=1

βjxj , etc., with βj arbitrary real constants.

This solution is obtained from the Q-symmetries

Qj = 2ρj
∂

∂x0
+ 3au

∂

∂xj
+ 3aρju3 ∂

∂u
,

where ρ2 = an and j = 1, . . . ,m. This leads to the ansatz

u =
2

φ(ω) − 2β · x , ω = − 1
u2

− 2ax0



Q-symmetry generators and exact solutions 163

from which the reduced equation

2
d2φ

dω2
=
(
dφ

dω

)3

follows. From the Q-symmetry

Qj = αj(α · x)2
∂

∂x0
+ 3α · x ∂

∂xj
+ 3αju

∂

∂u

with α2 = 1 and j = 1, . . . ,m, the ansatz

u = α · xφ(ω), ω = x0 − 1
6
(α · x)2

reduced (41) to the equation

d2φ

dω2
= 9aφ3. (43)

An exact solution for (41) is then given by∫ u/(α · x)

0

dτ√
c1 + τ4

=
3
2

√
2a

[
x0 − 1

6
(α · x)2 + c2

]
.

For (42) we obtain the Q-symmetries

Qj = 2
√
x0

∂

∂x0
+ γjf(u)

∂

∂u
,

where γ2 = 2n and j = 1, . . . ,m. This leads to the implicit ansatz

df

du
=

γ · x√
x0

+ φ(x0),

and the reduces equation

dφ

dx0
+

φ

2x0
− 2 = 0. (44)

An exact solution of (42) is then given by

df

du
=

γ · x + c1√
x0

+
4
3
(x0).

5. Concluding remarks
From the above results it is clear that the study of Q-symmetries provides a

useful method for obtaining exact solutions for nonlinear partial differential equations.
Note that all the reduced equations: (31), (33)–(35), (38)–(40), (43), (44) that were
obtained by Q-symmetry reductions are integrable and we were able to solve these
reduced equations in general.
Generalized Q-symmetries, in the form of Q-Bäcklund symmetries, defined by

QB = g(x0, . . . , xm, u, u0, . . . , uj1···jq )
∂

∂u
, (45)
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can be considered for eq. (2). Here q > r. This will extend the number of exact
solutions for (2). We could find no Q-Bäcklund symmetry for eq. (1) with nonlinear f .
In [1, 17] an example is given to demonstrate the method by which one can obtain
exact solutions with Lie–Bäcklund generators. Note that, in the case of Lie–Bäcklund
or Q-Bäcklund symmetries for (2), one can, in general, not find the general solution
of the equation

js∗(QB�θ) = 0. (46)

This is due to the fact that (46) is usually more complicated, in that it has a higher
order of derivatives and of nonlinearity, than (2). By, however, considering linear
combinations of symmetries in the contraction (46), one can combine (2) and (46) to
eliminate some derivatives or non-linearities (see [1, 17]).
In the study of conditional symmetries one can consider additional differential

equations as conditions for (2), and then study the symmetry properties of the combi-
ned two equations. However, one then has to consider the compatibility problem
between (2) and the additional equation. This approach was studied, and exact soluti-
ons were obtained, for the multi-dimensional d’Alembert equation [18, 19] and some
nonlinear equations of acoustics [20].
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Галiлей-iнварiантнi системи
нелiнiйних рiвнянь типу Гамiльтона–Якобi
та реакцiї-дифузiї
В.I. ФУЩИЧ, Р.М. ЧЕРНIГА

All systems of (n + 1)-dimensional evolutional second-order equations invariant under
chain of algebras AG(1, n), AG1(1, n), AG2(1, n) are described. The obtained results
are illustrated by the examples of reaction-diffusion equations and Hamilton–Jacobi type
systems.

1. Вiдомо, що система (n+ 1)-вимiрних рiвнянь дифузiї (теплопровiдностi)

λ1Ut = ∆U, (1.a)

λ2Vt = ∆U, (1.b)

де U(t, x), V (t, x) — шуканi дiйснi функцiї, Ut = ∂U
∂t , Vt = ∂V

∂t , x = (x1, . . . , xn),
iнварiантна вiдносно узагальненої алгебри Галiлея AG2(1, n) з базою

Pt = ∂t, Pa = ∂a, (2.a)

Qλ, Ga = tPa − 1
2
xaQλ, Jab = xaPb − xbPa, (2.b)

D = 2tPt + xaPa + Iα, (2.c)

Π = t2Pt + txaPa − |x|2
4
Qλ + tIα, αk = −n

2
. (2.d)

У спiввiдношеннях (2) i скрiзь далi Iα = α1U∂U+α2V ∂V , Qλ = λ1U∂U+λ2V ∂V ,
∂U = ∂

∂U , ∂V = ∂
∂V , ∂t = ∂

∂t , ∂a = ∂
∂xa
, αk, λk ∈ R

1, а за iндексами a i b, що
повторюються, передбачається сумування вiд 1 до n; k = 1, 2.
Алгебра утворена операторами (2a)–(2b) називається алгеброю Галiлея, а її

розширення за допомогою оператора (2c) позначимо AG1(1, n).
Очевидно, що одиничнi оператори Qλ i Iα є лiнiйно залежними лише у випадку

δ =
∣∣∣∣ α1 α2

λ1 λ2

∣∣∣∣ = 0. У зв’язку з цим одержуємо два випадки принципово рiзних

представлень алгебр AG1(1, n) та AG2(1, n) при δ = 0 i δ �= 0, чого не було
у випадку одного рiвняння дифузiї (iнварiантнiсть нелiнiйного рiвняння дифузiї
вiдносно низки пiдалгебр алгебри AG2(1, n) дослiджена в [1]).
Зазначимо, що у випадку,коли система рiвнянь (1) є парою комплексно спря-

жених рiвнянь Шрьодiнгера, тобто U = V ∗, λ1 = λ∗2 = i, оператори Qλ i Iα лiнiйно
незалежнi. Це приводить до того, що нелiнiйнi узагальнення рiвняння Шрьодiн-
гера, якi повнiстю зберiгають його симетрiю [2], принципово вiдрiзняються вiд
нелiнiйних узагальнень системи рiвнянь дифузiї (1) при δ = 0.

Доповiдi НАН України, 1994, № 3, P. 31–37.



166 В.I. Фущич, Р.М. Чернiга

Розглянемо систему щонайможливiших квазiлiнiйних узагальнень системи рiв-
нянь (СР) дифузiї (1) вигляду

λ1Ut = AabUab + CabVab +B1, (3.a)

λ2Vt = DabUab + EabVab +B2, (3.b)

де Aab, Cab, Dab, Eab, B1, B2 — довiльнi дiйснi неперервно диференцiйованi фун-
кцiї вiд (2n + 2) змiнних U , V , U1, . . . , Un, V1, . . . , Vn. Iндекси a = 1, . . . , n та
b = 1, . . . , n бiля функцiй U i V означають диференцiювання за xa та xb.
СР (3) узагальнює практично всi вiдомi нелiнiйнi системи еволюцiйних рiвнянь

першого i другого порядкiв, якими описуються найрiзноманiтнiшi процеси у фiзи-
цi, хiмiї, бiологiї (досить згадати процеси тепломасопереносу, фiльтрацiї двофазної
рiдини, дифузiї при хiмiчних реакцiях, динамiки руху популяцiй, тощо) [3, 4].
У пропонованiй роботi описанi всi системи еволюцiйних рiвнянь (3), якi iн-

варiантнi вiдносно ланцюжка алгебр AG(1, n) ⊂ AG1(1, n) ⊂ AG2(1, n), та про-
iлюстровано одержанi вислiди на прикладах СР реакцiї-дифузiї та систем типу
Гамiльтона–Якобi.
2. В алгебру симетрiй системи рiвнянь дифузiї (1) входять оператори Ga,

a = 1, . . . , n, якi є диферецiйним вираженням справедливостi принципу вiдно-
сностi Галiлея для них. Також вiдомо [1], що оператори Галiлея тiсно пов’язанi з
фундаментальним розв’язком рiвняння дифузiї. У цьому зв’язку логiчним вигля-
дає пошук у класi систем рiвнянь (3) галiлей-iнварiантних нелiнiйних узагальнень
системи (1).

Теорема 1. Система нелiнiйних рiвнянь (3) iнварiантна вiдносно алгебри Галi-
лея з представленням (2а), (2b) тодi i тiльки тодi,коли вона має вигляд

λ1Ut = ∆U + U [A1∆(lnU) + C1∆(lnV ) +B1] +
+ Uωaωb

[A2(lnU)ab + C2(lnV )ab],
λ2Vt = ∆V + V [D1∆(lnU) + E1∆(lnV ) +B2] +

+ Vωaωb
[D2(lnU)ab + E2(lnV )ab],

(4)

де ωa = ∂ω
∂xa

≡ (λ2Ua/U −λ1Va/V )ω, ω = Uλ2 ·V −λ1 , (lnU)ab = ∂2(lnU)
∂xa∂xb

, (lnV )ab =
∂2(lnV )
∂xa∂xb

, а Ak, Bk, Ck, Dk, Ek — довiльнi функцiї вiд абсолютних iнварiантiв
AG(1, n) ω i θ = ωaωa, k = 1, 2.

Доведення теореми, як i наступних теорем, грунтується на класичнiй схемi
Лi, реалiзацiя якої для знаходження ґалiлей-iнварiантних систем наведена в [5].
Оскiльки викладки досить громiздкi, то тут вони опущенi.
Зазначимо, що у випадку λ1 = 0, тобто перше рiвняння системи (3) елiптичне,

абсолютнi iнварiанти алгебри Ґалiлея значно спрощуються, а саме ω = U , θ =
UaUa.
При побудовi СР вигляду (3) якi володiють AG1(1, n)- та AG2(1, n)-iнварiант-

нiстю, структура таких систем суттєво залежить вiд визначника δ.

Теорема 2. Нелiнiйна СР (3) iнварiантна вiдносно алгебри AG1(1, n) з базовими
операторами (2a)–(2c) тодi i тiльки тодi коли вона має вигляд
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1. Випадок δ �= 0

λ1Ut = ∆U + U [A1(θ̂)∆(lnU) +A2(θ̂)∆(lnV ) + ω−2/δB1(θ̂)] +

+ Uω2/δ−2ωaωb[C1(θ̂)(lnU)ab + C2(θ̂)(lnV )ab],

λ2Vt = ∆V + V [D1(θ̂)∆(lnU) +D2(θ̂)∆(lnV ) + ω−2/δB2(θ̂)] +

+ V ω2/δ−2ωaωb[E1(θ̂)(lnU)ab + E2(θ̂)(lnV )ab].

(5)

2. Випадок δ = 0

λ1Ut = ∆U + U [A1(ω)∆(lnU) +A2(ω)∆(lnV ) + ωaωaB1(ω)] +

+ U
ωaωb
ωa1ωa1

[C1(ω)(lnU)ab + C2(ω)(lnV )ab],

λ2Ut = ∆V + V [D1(ω)∆(lnU) +D2(ω)∆(lnV ) + ωaωaB2(ω)] +

+ V
ωaωb
ωa1ωa1

[E1(ω)(lnU)ab + E2(ω)(lnV )ab],

(6)

де Ak, Bk, Ck, Dk, Ek — довiльнi функцiї, k = 1, 2, θ̂ = ωaωaω
2/δ−2 — абсолю-

тний диференцiйний iнварiант першого порядку алгебри (див. теорему 1).

У випадку виродження першого рiвняння СР (3) в елiптичне (λ1 = 0) абсолютнi
iнварiанти в системах (5), (6) спрощуються i θ̂ = UaUaU

2/α1−2 при δ �= 0, ω = U
при δ = 0.

Теорема 3. У класi СР (3) алгебру iнварiантностi AG2(1, n) рiвнянь (3) зберi-
гають тiльки такi, якi мають вигляд

1. Випадок δ �= 0

λ1Ut = α̂∆U + UA(θ̂)[λ2∆(lnU) − λ1∆(lnV )] + Uω−2/δB1(θ̂) +

+ (1 − α̂1)
UaUa
U

+ Uω2/δ−2ωaωbC(θ̂)[λ2(lnU)ab − λ1(lnV )ab],

λ1Vt = α̂2∆V + V D(θ̂)[λ2∆(lnU) − λ1∆(lnV )] + V ω−2/δB2(θ̂) +

+ (1 − α̂2)
VaVa
V

+ V ω2/δ−2ωaωbE(θ̂)[λ2(lnU)ab − λ1(lnV )ab].

(7)

2. Випадок δ = 0

λ1Ut = α̂1∆U + UA(ω)[λ2∆(lnU) − λ1∆(lnV )] + UωaωaB1(ω) +

+ (1 − α̂1)
UaUa
U

+ U
ωaωb
ωα1ωa1

C(ω)[λ2(lnU)ab − λ1(lnV )ab],

λ2Vt = α̂2∆V + V D(ω)[λ2∆(lnU) − λ1∆(lnV )] + V ωaωaB2(ω) +

+ (1 − α̂2)
VaVa
V

+ V
ωaωb
ωa1ωa1

E(ω)[λ2(lnU)ab − λ1(lnV )ab],

(8)

де A, B1, B2, C, D, E — довiльнi функцiї, α̂k = −2αk/n, k = 1, 2 (αk — див.
оператор Iα), a1 = 1, 2, . . . , n.

Можна помiтити, що у випадку α1 · α2 �= 0 СР (7) i (8) локальною замiною
U → U α̂1 , V → V α̂2 зводяться до систем такої ж структури, але з α̂k = 1, тобто
α̂k = −n/2. Випадок α1 = α2 = 0 — особливий i нище буде розглянутий.
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Одержанi класи AG2(1, n)-iнварiантних СР (7) i (8) мiстять, зокрема, такi не-
лiнiйнi узагальнення СР (1) як

λ1Ut = ∆U + e1U∆(lnω) + e2Uω
2/δ−2ωaωb(lnω)ab,

λ2Vt = ∆V + e3V∆(lnω) + e4V ω
2/δ−2ωaωb(lnω)ab, δ �= 0

та

λ1Ut = ∆U + e1U∆(lnω) + e2Uωaωaω
β2 ,

λ2Vt = ∆V + e3V∆(lnω) + e4V ωaωaω
β2 , δ = 0,

де e1, e2, e3, e4, β1, β2 ∈ R, (lnω)ab = λ2(lnU)ab − λ1(lnV )ab.
У випадку виродження першого рiвняння системи (3) в елiптичне (λ1 = 0)

AG2(1, n)-iнварiантними є тiльки СР вигляду

0 = A1(θ̂)∆U +A2(θ̂)
UaUb
Ua1Ua1

Uab + U1−2/α1B1(θ̂) +

+ UC(θ̂)
[
∆(lnV ) − UaUb

Ua1Ua1

(lnV )ab

]
, θ̂ = UaUaU

2/α1−2,

λ2Vt = α̂2∆V +
V

U

(
D1(θ̂)∆U +D2(θ̂)

UaUb
Ua1Ua1

Uab

)
+

+ V U−2/α1B2(θ̂) + (1 − α̂2)
VaVa
V

+ V E(θ̂)
[
∆(lnV ) − UaUb

Ua1Ua1

(lnV )ab

]
,

(9)

якщо δ �= 0 та

0 = A1(U)∆U +A2(U)
UaUb
Ua1Ua1

Uab + UaUaB(U) +

+ C(U)
[
∆(lnV ) − UaUb

Ua1Ua1

(lnV )ab

]
,

λ2Vt = α̂2∆V + V

(
D1(U)∆U +D2(U)

UaUb
Ua1Ua1

Uab

)
+

+ V UaUaB2(U) + (1 − α̂2)
VaVa
V

+ V E(U)
[
∆(lnV ) − UaUb

Ua1Ua1

(lnV )ab

]
,

(10)

якщо δ = 0. У формулах (9), (10) Ak, Bk, Dk, E, C — довiльнi функцiї, α̂2 =
−2α2/n.
В роботi [6] показано,що iнтегрування двовимiрних СР вигляду (9), (10) зво-

диться до iнтегрування лiнiйного рiвняння дифузiї з джерелом.

Зауваження 1. Одержанi вище теореми 1–3 справедливi i для випадку СР (3)
з комплексними функцiями, тому вони є нетривiальним узагальненням вислiдiв
роботи [6] на багатовимiрний випадок.

Зауваження 2. Для запису всiх побудованих вище галiлей-iнварiантних СР можна
скористатися тотожностями

(lnU)ab =
Uab
U

− UaUb
U2

, (lnV )ab =
Vab
V

− VaVb
V 2

.

Такий запис, очевидно, буде корисним при фiзичному iнтерпретуваннi одержаних
СР.
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3. Звернемо увагу на те, що локальна замiна U = M(Û), V = N(V̂ ), де M , N
— довiльнi диференцiйованi функцiї, зводить будь-яку СР з симетрiєю AG(1, n),
AG1(1, n) чи AG2(1, n) до локально-еквiвалентної системи з такою ж симетрiєю,
але з iншим представленням операторiв Qλ i Iα, а саме:

Q̂λ = λ1M

(
dM

dÛ

)−1
∂

dÛ
+ λ2N

(
dN

dV̂

)−1
∂

∂V̂
,

Îα = α1M

(
dM

dÛ

)−1
∂

dÛ
+ α2N

(
dN

dV̂

)−1
∂

∂V̂
.

Зокрема, у випадку M = expU , N = expV одержуємо

Q̂λ = λ1
∂

∂Û
+ λ2

∂

∂V̂
, Îα = α1

∂

∂Û
+ α2

∂

∂V̂
. (11)

В цьому випадку клас СР, iнварiантних вiдносно алгебри AG2(1, n) з представ-
ленням (2), (11), у випадку δ = 0 має вигляд

λ1Ût = α1∆Û +A(ω̂)(λ2∆Û − λ1∆V̂ ) + ÛaÛa + ω̂aω̂aB1(ω̂) +

+ C(ω̂)
ω̂aω̂b
ω̂a1 ω̂a1

(λ2Ûab − λ1V̂ab),

λ2V̂t = α2∆V̂ +D(ω̂)(λ2∆Û − λ1∆V̂ ) + V̂aV̂a + ω̂aω̂aB2(ω̂) +

+ E(ω̂)
ω̂aω̂b
ω̂a1 ω̂a1

(λ2Ûab − λ1V̂ab),

(12)

де ω̂ = λ2U − λ1V , ω̂a = λ2Ua − λ1Va.
У випадку α1 = α2 = 0, A = B = C = D = E = 0 СР (12) зводиться до систем

вигляду (нижче знак̂опущено)
λ1Ut = UaUa +B1(ω)ωaωa,
λ2Vt = VaVa +B2(ω)ωaωa, λ1 · λ2 �= 0.

(13)

СР (13) природньо назвати узагальненням незачепленої СР Гамiльтона–Якобi (Г–
Я)

λ1Ut = UaUa,

λ2Vt = VaVa.
(14)

На вiдмiну вiд симетрiї одного рiвняння Г–Я [7, 8] локальна симетрiя СР
(14) вичерпується алгеброю AG2(1, n) (2), (11) при α1 = α2 = 0 з додатковими
операторами

PV = ∂V , D1 = −t∂t + U∂U + V ∂V . (15)

Таким чином, СР (13) вичерпуються всi нелiнiйнi узагальнення вигляду

λ1Ut = UaUa +B1(U, V, U1, . . . , Un, V1, . . . , Vn),
λ2Vt = VaVa +B2(U, V, U1, . . . , Un, V1, . . . , Vn)

(16)

системи Г–Я, якi зберiгають її симетрiю AG2(1, n).
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У випадку B1 = 0 симетрiя СР (13) розширюється за допомогою операторiв

P̂V = B−γ
2 ∂V , γ = λ2

1/(1 + λ2
1),

D̂1 = −t∂t + U∂U +
(
λ2

λ1
U −B−γ

2

∫
Bγ2 dω

)
∂V .

Аналогiчнi додатковi оператори з’являються в алгебрi симетрiй СР (13) i при
деяких конкретних функцiях B1B2 �= 0. Зокрема, для B1 = −1/λ2

1 одержуємо
AG2(1, n)-iнварiантну систему

Ut = −λ1

λ2
2

VaVa +
2
λ2
UaVa,

Vt = −λ2

λ2
1

UaUa +
2
λ1
UaVa

з додатковими операторами (15).
Виявляється, серед нелiнiйних узагальнень системи Г–Я (13) iснує СР з унi-

кальними симетрiйними властивостями, а саме, при B1 = B2 = −1/λ2
1 (нижче

λ1 = 1, λ2 = λ).

Теорема 4. Максимальна (в розумiннi Лi) алгебра iнварiантностi СР

Ut = UaUa,

Vt = −λUaUa + 2UaVa
(17)

породжується базовими операторами

Pt, Pa, Jab, Qλ = λ∂U − ∂V , X = W (λU − V )∂V ,

Ga = tPa − 1
2
xaQλ, D = 2tPt + xaPa,

Π = t2Pt + txaPa − |x|2
4
Qλ, G1

a = UPa − 1
2
xaPt,

D1 = 2U∂U + xaPa, Π1 = U2∂U + UxaPa − |x|2
4
Pt,

Ka = xatPt −
(

1
2
|x|2 + 2tU

)
Pa + xaxbPb + xaUQλ,

(18)

де W — довiльна диференцiйована функцiя.
Зазначимо, що наявнiсть в алгебрi iнварiантностi СР (17) оператора X з довiль-

ною функцiєю W є природньою, оскiльки друге рiвняння системи лiнiйне вiдносно
функцiї V . Значно цiкавiшим є те, що СР (17) можна вважати узагальненням кла-
сичного рiвняння Г–Я на випадок двох шуканих функцiй, адже оператори (18) при
W = 1 породжують таку ж алгебру, що й рiвняння Г–Я. Вважаємо,що це дуже
важливий факт, оскiльки тривiальне узагальнення згаданого рiвняння до СР (14)
не зберiгає симетрiю рiвняння Г–Я.
4. Розглянемо нелiнiйну систему еволюцiйних рiвнянь вигляду

λ1Ut = ∆U + f(U, V ),
λ2Vt = ∆V + g(U, V ),

(19)
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де f , g — довiльнi диференцiйованi функцiї. Системи рiвнянь реакцiї дифузiї
вигляду (21) в останнiй час iнтенсивно дослiджуються (див., напр. [3, 9]). Як ви-
пливає з теорем 1–3, клас СР (19) мiстить системи з широкою симетрiєю. Зокрема,
iнварiантними вiдносно алгебри Галiлея будуть всi СР рiвнянь вигляду

λ1Ut = ∆U + Uf(ω),
λ2Vt = ∆V + V g(ω), ω = Uλ2 · V −λ1 .

(20)

У випадку f = β1ω
−2/δ, g = β2ω

−2/δ, βk ∈ R матимемо iнварiантнiсть вiдносно
алгебри AG1(1, n). Нарештi при δ = n

2 (λ1 − λ2), тобто α1 = α = −n/2, одержуємо
CР

λ1Ut = ∆U + β1U
1+λ2γV −λ1γ ,

λ2Vt = ∆V + β2U
λ2γV 1−λ1γ ,

де γ = 4/n/(λ2 − λ1), λ1 �= λ2, βk ∈ R, яка зберiгає AG2(1, n) симетрiю лiнiйної
СР (1).

Зауваження 3. Дифузiйна СР (18) при λ1 = −λ2 = λ замiною

U = Y + Z, V = Y − Z, Y = Y (t, x), Z = Z(t, x) (21)

зводиться до СР

λ
∂Y

∂t
= ∆Z + f̂(Y,Z),

λ
∂Z

∂t
= ∆Y + ĝ(Y,Z),

iнварiантнiсть якої вiдносно ланцюжка алгебр AG(1, n) ⊂ AG1(1, n) ⊂ AG2(1, n)
з одиничним оператором Qλ = λ

(
Y ∂
∂Z + Z ∂

∂Y

)
описується шляхом застосування

замiни (21) до СР вигляду (18) з вiдповiдною симетрiєю.
На закiнчення наведемо ще одну цiкаву систему рiвнянь вигляду (19), а саме

λUt = ∆U + β1U
2/V,

λVt = ∆V + β2U, β1 �= β2, βk ∈ R.
(22)

Максимальна алгебра iнварiантностi СР (22) є узагальненою алгеброю Галiлея з
базовими операторами (2a), (2b) та

D = 2tPt + xaPa − 2U∂U −
(
n

2
+

β2

β1 − β2

)
Qλ,

Π = tD − t2Pt − |x|2
4
Qλ − λ

β1 − β2
V∂U

.

(23)

Мiж iншим, серед СР вигляду (18) у випадку λ1 = λ2 = λ не iснує AG2(1, n)-
iнварiантних зi стандартним представленням (2). Проективний оператор (23) по-
роджує групу скiнченних перетворень

t′ = t/(1 − pt), x′a = xa/(1 − pt), p ∈ R,(
U ′

V ′

)
= (1 − pt)2+

n
2 +β̂ exp

(
− λp|x|2

4(1 − pt)

)
A(t)

(
U
V

)
, β̂ =

β2

β1 − β2
,
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де матриця A(t) =

(
1 λp

(1−pt)(β2−β1)

0 (1 − pt)−2

)
не дiагональна, а в перетвореннях генеро-

ваних оператором (2d) аналогiчна матриця дiагональна [5].
Деякi класи точних розв’язкiв СР (22) одержано в роботi [10].
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Симетрiйна редукцiя i деякi точнi розв’язки
рiвняння Монжа–Ампера

В.I. ФУЩИЧ, В.М. ФЕДОРЧУК, О.С. ЛЕЙБОВ

For the Monge–Amperé equation the ansatzes which reduce this equation to differential
equation with a less number of the independent variables have been constructed. Some
exact solutions of the equation under investigation have been found.

У роботах [1, 2] вивчена симетрiя i на основi спецiальних анзацiв побудованi
класи точних розв’язкiв багатовимiрного рiвняння Монжа–Ампера.
Дана робота присвячена вивченню рiвняння вигляду

det(uµν) = 0, (1)

де u = u(x), x = (x0, x1, x2, x3) ∈ R4, uµν ≡ ∂2u
∂xµ∂xν

, µ, ν = 0, 1, 2, 3. Результати
робiт [1, 2] дають змогу, зокрема, зробити висновок про те, що група iнварiан-
тностi рiвняння (1) мiстить як пiдгрупу узагальнену групу Пуанкаре P (1, 4) —
групу поворотiв та зсувiв п’ятивимiрного простору Мiнковського. Для дослiджен-
ня рiвняння (1) використано пiдгрупову структуру [3–7] групи P (1, 4). На основi
неспряжених пiдгруп групи P (1, 4) побудованi анзаци, якi редукують рiвняння (1)
да диференцiальних рiвнянь iз меншою кiлькiстю незалежних змiнних, проведена
вiдповiдна симетрiйна редукцiя. На основi розв’язкiв редукованих рiвнянь побу-
дованi деякi класи точних розв’язкiв рiвняння Монжа–Ампера.
Нижче виписанi анзаци, якi редукують рiвняння (1) до звичайних диференцi-

альних рiвнянь (ЗДР), одержанi ЗДР та розв’язки рiвняння Монжа–Ампера

1.1. u2 = ϕ2(ω) − x2
1 − x2

2 − x2
3, ω = x0, ϕ′′ = 0,

u2 = (c1x0 + c2)2 − x2
1 − x2

2 − x2
3.

1.2. u2 = −ϕ2(ω) + x2
0, ω = (x2

1 + x2
2 + x2

3)
1/2, ϕ′′ = 0,

u2 = x2
0 − (c1(x2

1 + x2
2 + x2

3)
1/2 + c2)2.

1.3. u2 = ϕ2(ω) + x2
0 − x2

1 − x2
2, ω = x3, ϕ′′ = 0,

u2 = x2
0 − x2

1 − x2
2 + (c1x3 + c2)2.

1.4. u2 = ϕ2(ω) + x2
0 − x2

3, ω = (x2
1 + x2

2)
1/2, ϕ′′ = 0,

u2 = x2
0 − x2

3 + (c1(x2
1 + x2

2)
1/2 + c2)2.

1.5. u2 = ϕ(ω), ω = (x2
1 + x2

2 + x2
3 − x2

0)
1/2, ϕ′′ = 0,

u2 = c1(x2
1 + x2

2 + x2
3 − x2

0)
1/2 + c2.

Доповiдi НАН України, 1994, № 1, P. 47–54.
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1.6. u2 = ϕ2(ω) + x2
0 − x2

1 − x2
2, ω =

c

α
x3 + ln(x0 + u),

ϕ′′ϕ2 − ϕ′′ϕ′ϕ− ϕ′3 = 0, u = k1 exp
( c
α
x3 + k2

)
±

±
[(
k1 exp

( c
α
x3 + k2

)
+ x0

)2

− x2
1 − x2

2

]1/2

, k1, k2, c, α = const,

c, α > 0.
1.7. u2 = −ϕ2(ω) + x2

0 − x2
1 − x2

2, ω = x3 + α ln(x0 + u), α > 0,
1
α
ϕ′′ϕ2 − ϕ′′ϕ′ϕ− ϕ′3 = 0, u = k1 exp

(x3

α
+ k2

)
±

±
[(
k1 exp

(x3

α
+ k2

)
− x0

)2

− x2
1 − x2

2

]1/2

, k1, k2 = const.

Анзаци (1.1)–(1.7) можна записати у такому виглядi:

h(u) = f(x)ϕ(ω) + g(x), (2)

де h(u), f(x), g(x) — заданi функцiї; ϕ(ω) — невiдома функцiя; ω = ω(x, u) —
одновимiрнi iнварiанти пiдгруп групи P (1, 4).

2.1 2x0ω = −ϕ(ω) + x2
1 + x2

2 − x2
3, ω = x0 + u,

1
2
ω2ϕ′′ − ωϕ′ + ϕ = 0,

u = −x0

(
1 +

1
c2

± 1
2c2

[(2x0 + c1)2 + 4c2(x2
1 + x2

2 + x2
3)]

1/2 − c1
2c2

)
.

2.2
αx2

3

2ω
− 2ωx0 = ϕ(ω) − x2

1 − x2
2 − x2

3 + αx0, ω = x0 + u, α > 0,

(2ω + α)2ϕ′′ − 4(2ω + α)ϕ′ − 8ϕ = 0,

x2
1 + x2

2 −
2(x0 + u) + α

x0 + u

[
(x0 + u)x0 − x2

3

2

]
=

=
(
x0 + u+

α

2

)
(c1 + c2(x0 + u)).

2.3
αx2

3

2ω
+ 2ωx0 = −ϕ(ω) + x2

1 + x2
2 + x2

3 + αx0, ω = x0 + u, α > 0,

(2ω − α)2ϕ′′ − 4(2ω − α)ϕ′ + 8ϕ = 0,

x2
1 + x2

2 −
2(x0 + u) − α

x0 + u

[
(x0 + u)x0 − x2

3

2

]
=

=
(
x0 + u− α

2

)
(c1 + c2(x0 + u)).

2.4 2(ω2 − ω)(ω − x0) + ω(x2
1 + x2

2 + x2
3) = 2ϕ(ω) + x2

1 + x2
2, ω = x0 + u,

ω2(ω − 1)2ϕ′′ − 2ω(2ω2 − 3ω + 1)ϕ′ + 2(3ω2 − 3ω + 1)ϕ = 0,
(x0 + u)x2

3

2
− (1 − (x0 + u))

[
u(x0 + u) +

x2
1

2
+
x2

2

2

]
=

= (x0 + u)(x0 + u− 1)(c1(x0 + u) + c2).
2.5 2(ω2 + ω)(ω − x0) + ω(x2

1 + x2
2 + x2

3) = 2ϕ(ω) − (x2
1 + x2

2), ω = x0 + u,

ω2(ω + 1)2ϕ′′ − 2ω(2ω2 + 3ω + 1)ϕ′ + 2(3ω2 + 3ω + 1)ϕ = 0,



Симетрiйна редукцiя i деякi точнi розв’язки рiвняння Монжа–Ампера 175

(x0 + u)x2
3

2
− (x0 + u+ 1)

[
u(x0 + u) +

x2
1

2
+
x2

2

2

]
=

= (x0 + u)(x0 + u+ 1)(c1(x0 + u) + c2).

Анзаци (2.1)–(2.5) запишемо таким чином:

h(ω, x) = f(x)ϕ(ω) + g(x), (3)

де h(ω, x), f(x), g(x) — заданi функцiї; ϕ(ω) — невiдома функцiя; ω = ω(x, u)
— одновимiрнi iнварiанти пiдгруп групи P (1, 4). Анзаци (2.1)–(2.5) редукують
рiвняння Монжа–Ампера до лiнiйних ЗДР.
Випишемо анзаци, якi редукують рiвняння (1) до двовимiрних ди ференцiаль-

них рiвнянь з частинними похiдними, i вiдповiднi їм редукованi рiвняння.

3.1 u2 = ϕ2(ω1, ω2) + x2
0 − x2

3, ω1 = x1, ω2 = x2, detϕ = 0,

detϕ ≡
∣∣∣∣ϕ11 ϕ12

ϕ21 ϕ22

∣∣∣∣ , ϕij ≡ ∂2ϕ

∂ωi∂ωj
, i, j = 1, 2.

3.2 u2 = ϕ2(ω1, ω2) − x2
3, ω1 = x0, ω2 = (x2

1 + x2
2)

1/2,

ϕ2 detϕ = 0, ϕi ≡ ∂ϕ

∂ωi
, i = 1, 2.

3.3 u2 = −ϕ2(ω1, ω2) + x2
0, ω1 = (x2

1 + x2
2)

1/2,

ω2 =
x3

α
+ arcsin

x2√
x2

1 + x2
2

, α > 0, ϕ(ω3
1ϕ1 detϕ− ϕ2

2ϕ22) = 0.

Анзаци (3.1)–(3.3) можна записати у виглядi (2), де ω = ω(x) = (ω1(x), ω2(x)) —
двовимiрнi iнварiанти пiдгруп групи P (1, 4).

4.1 2x0ω1 = −ϕ(ω1, ω2) + x2
1 + x2

2, ω1 = x0 + u, ω2 = x3,

ω2
1 detϕ+ 2ω1ϕ2ϕ12 + 2(ϕ− ω1ϕ1)ϕ22 − ϕ2

2 = 0.

4.2 2x0ω1 = −ϕ(ω1, ω2) + x2
3, ω1 = x0 + u, ω2 = (x2

1 + x2
2)

1/2,

ϕ2[ω2
1 detϕ+ 2ω1ϕ2ϕ12 + 2(ϕ− ω1ϕ1)ϕ22 − ϕ2

2] = 0.

4.3
α

µ
arch

x0

ω
− arcsin

x1

ω1
= ϕ(ω1, ω2) − x3

µ
, ω1 = (x2

1 + x2
2)

1/2,

ω2 = (x2
0 − u2)1/2, ϕ1ϕ2 detϕ+

α2

µ2ω3
2

ϕ1ϕ11 − 1
ω3

1

ϕ2ϕ22 −

− α2

µ2ω3
2ω

3
2

= 0, α, µ ∈ R, α, µ > 0.

4.4
1

3µ2
(2(ω2 − µx3))1/2(µx3 + 2ω2) − arcsin

x2

ω1
= ϕ(ω1, ω2) − x0,

ω1 = (x2
1 + x2

2)
1/2, ω2 = µx3 +

(x0 + u)2

2
,

µ4ω3
1ϕ1ϕ2 · detϕ− ω3

1ϕ1ϕ11 − µ4ϕ2ϕ22 + 1 = 0, µ > 0.

4.5
1
3
(2ω2 + x3)(2(ω2 − x3))1/2 = ϕ(ω1, ω2) − x0, ω1 = (x2

1 + x2
2)

1/2,

ω2 = x3 +
(x0 + u)2

2
, ϕ1(ϕ2 detϕ− ϕ11) = 0.
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Анзаци (4.1)–(4.5) можна записати у виглядi (3), де ω = ω(x, u) = (ω1(x, u),
ω2(x, u)) — iнварiанти пiдгруп групи P (1, 4).

sin
x2

ω1
= ϕ(ω1, ω2) +

1
d

ln(x0 + u), ω1 = (x2
1 + x2

2)
1/2,

ω2 = (x2
3 + u2 − x2

0)
1/2, d > 0, ϕ2

[
1
dω2

(
1
d
ϕ1 − 1

ω1

)
detϕ−

− 1
dω2

ϕ2

(
3ϕ1ϕ2 − dω2ϕ1ϕ

2
2 +

1
dω2

ϕ1 − 1
ω1ω2

)
ϕ11 −

− 1
d2ω2

(
dϕ3

1 +
2
ω2

1

ϕ1 +
1
ω3

1

)
ϕ22 +

4
dω2

ϕ2

(
ϕ2

1 +
1
ω2

1

)
ϕ12 +

+ ϕ2

(
3

dω3
1ω2

ϕ2 +
1
ω3

1

ϕ2
2 +

1
ω2

2

ϕ3
1 +

2
dω2

1ω
2
2

ϕ1 +
1

d2ω3
1ω

2
2

)]
= 0.

Iншi анзаци редукують рiвняння (1) до тривимiрних диференцiальних рiвнянь
з частинними похiдними вигляду

Adetϕ = B1M11 +B2M22 +B3M33 + 2B4M12 + 2B5M13 + 2B6M23 + P,

де

detϕ ≡
∣∣∣∣∣∣
ϕ11 ϕ12 ϕ13

ϕ21 ϕ22 ϕ23

ϕ31 ϕ32 ϕ33

∣∣∣∣∣∣ , M11 ≡
∣∣∣∣ϕ22 ϕ23

ϕ32 ϕ33

∣∣∣∣ , M22 ≡
∣∣∣∣ϕ11 ϕ13

ϕ31 ϕ33

∣∣∣∣ ,
ϕij ≡ ∂2ϕ

∂ωi∂ωj
, i, j = 1, 2, 3, M33 ≡

∣∣∣∣ϕ11 ϕ12

ϕ21 ϕ22

∣∣∣∣ , M12 ≡
∣∣∣∣ϕ21 ϕ23

ϕ31 ϕ33

∣∣∣∣ ,
M13 ≡

∣∣∣∣ϕ21 ϕ22

ϕ31 ϕ32

∣∣∣∣ , M23 ≡
∣∣∣∣ϕ11 ϕ12

ϕ31 ϕ32

∣∣∣∣ ,
Вигляд коефiцiєнтiв A, B1, . . . , B6, P залежить вiд розглядуваного анзацу. Нижче
випишемо анзаци i вiдповiднi їм коефiцiєнти редукованого рiвняння.

5.1 u = ϕ(ω1, ω2, ω3), ω1 = x0, ω2 = (x2
1 + x2

2)
1/2, ω3 = x3,

A = ϕ2, Bi = 0, i = 1, . . . , 6, P = 0, ϕi ≡ ∂ϕ

∂ωi
, i = 1, 2, 3.

5.2 u2 = −ϕ2(ω1, ω2, ω3) + x2
0, ω1 = x1, ω2 = x2, ω3 = x3,

A = 1, Bi = 0, i = 1, . . . , 6, P = 0.

Анзаци 5.1 i 5.2 можна записати у виглядi (2), де ω = ω(x) = (ω1(x), ω2(x), ω3(x))
— тривимiрнi iнварiанти пiдгруп групи P (1, 4).

6.1 2x0ω3 = −ϕ(ω1, ω2, ω3) + x2
3, ω1 = x1, ω2 = x2, ω3 = x0 + u,

A = ω2
3 , B1 = B2 = 0, B3 = 2(ω3ϕ3 − ϕ), B4 = 0; B5 = ω3ϕ1,

B6 = −ω3ϕ2, P = 0.

6.2
1
e

arcsin
x2

ω1
+

1
2

arcsin
x3

ω1
= ϕ(ω1, ω2, ω3), ω1 = (x2

1 + x2
2)

1/2,

ω2 = (x2
3 + u2)1/2, ω3 = x0, A = ω2

1ω
2
2(e2ω1ϕ1 + 4ω2ϕ2),
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B1 = −ω2
2(4e2ω3

1ω2ϕ
3
1ϕ2 + 8ω1ω2ϕ1ϕ2 − 1),

B2 = −ω2
1(4e2ω1ω

3
2ϕ1ϕ

3
2 + 2e2ω1ω2ϕ1ϕ2 − 1), B3 = −4e2ω3

1ω
4
2ϕ1ϕ2ϕ

2
3,

B4 = ω1ω2(e2ω2
1ϕ

2
1ω

2
2ϕ

2
2 + 4e2ω2

1ω
2
2ϕ

2
1ϕ

2
2 + 1),

B5 = −4ω1ω
3
2(e2ω2

1ω
2
1 + 1)ϕ2ϕ3, B6 = e2ω3

1ω2ϕ1ϕ3(4ω2
2ϕ

2
2 + 1),

P = e2ω3
1ϕ1ϕ

2
3ϕ11 + 4ω3

2ϕ2ϕ
2
3ϕ22 + (e2ω3

1ϕ
3
1 + 2ω1ϕ1 + 4ω3

2ϕ
3
2+

+2ω2ϕ2)ϕ33 − 2ω1(e2ω2
1ϕ

2
1 + 1)ϕ3ϕ13 −

− 2ω2(4ω2
2ϕ

2
2 + 1)ϕ3ϕ23 − ϕ2

3, e �= 0.

6.3 arcsin
x2

ω1
− 1
e

arch
x0

ω2
= ϕ(ω1, ω2, ω3), ω1 = (x2

1 + x2
2)

1/2,

ω2 = (x2
0 − u2)1/2, ω3 = x3, A = ω2

1ω
2
2(ω1ϕ1 − e2ω2ϕ2),

B1 = ω2
2(e2ω3

1ω2ϕ
3
1ϕ2 + 2ω1ω2e

2ϕ1ϕ2 + 1),
B2 = ω2

1(e2ω1ω
3
2ϕ1ϕ

3
2 − 2ω1ω2ϕ1ϕ2 + 1),

B3 = e2ω3
1ω

3
2ϕ1ϕ2ϕ

2
3, B4 = ω1ω2(ω2

1ϕ
2
1 − e2ω2

2ϕ
2
2 − e2ω2

1ω
2
2ϕ

2
1ϕ

2
2 + 1),

B5 = e2ω1ω
3
2(ω2

1ϕ
2
1 + 1)ϕ2ϕ3, B6 = ω3

1ω2(e2ω2
2ϕ

2
2 + 1)ϕ1ϕ3,

P = ω3
1ϕ1ϕ

2
3ϕ11 − e2ω3

2ϕ2ϕ
2
3ϕ22 + (ω3

1ϕ
3
1 + 2ω1ϕ1 − e2ω3

2ϕ
3
2 +

+ 2ω2ϕ2)ϕ33 − 2ω1(ω2
1ϕ

2
1 + 1)ϕ3ϕ13 −

− 2ω2(e2ω2
2ϕ

2
2 + 1)ϕ3ϕ23 − ϕ2

3, e > 0.

6.4 arcsin
x2

ω1
+

x3

εω2
= ϕ(ω1, ω2, ω3), ω1 = (x2

1 + x2
2)

1/2,

ω2 = x0 + u, ω3 = x2
3 − 2x0(x0 + u), ε = ±1,

A = 4
(
ϕ1 + ϕ3

2ω2
2

ω1

)
, B1 = −4

(
2ω2

2ϕ
3
1ϕ3 +

4ω2
2

ω2
1

ϕ1ϕ3 − 1
ω3

1

)
,

B2 = −4
(

2ω2
2ϕ1ϕ

2
2ϕ3 +

2
ω2
ϕ1ϕ2 − 2ω3

ω3
2

ϕ1ϕ3 − 4ω3

ω1
ϕ2

3 −
1

ω1ω2
2

)
,

B3 = −8ω2
2ϕ1ϕ

3
3, B4 = 4

(
2ω2

2ϕ
2
1ϕ2ϕ3 +

2ω2
2

ω2
1

ϕ2ϕ3 +
1
ω2
ϕ2

1 +
1

ω2
1ω2

)
,

B5 = −8ω2
2

(
ϕ2

1 +
1
ω2

1

)
ϕ2

3, B6 = 8ϕ3

(
ω2

ω1
ϕ3 +

1
ω2
ϕ1 − ω2

2ϕ1ϕ2ϕ3

)
,

P = 8ϕ2
3

(
2ω3ϕ1ϕ

2
3 + 2ω2ϕ1ϕ2ϕ3 +

2
ω2

2

ϕ1ϕ3 +
1
ω1
ϕ3

)
ϕ11 +

+
8ω2

2

ω3
1

ϕ3
3ϕ22 + 4

(
2ω2

2

ω3
1

ϕ2
2ϕ3 − 2ω3

ω3
1ω

2
2

ϕ3 +
2

ω3
1ω2

ϕ2 +
1
ω2

2

ϕ3
1 +

2
ω2

1ω
2
2

ϕ1 +

+
8ω3

ω2
1

ϕ1ϕ
2
3 + 4ω3ϕ

3
1ϕ

2
3

)
ϕ33 − 16ω2

(
ϕ2

1 +
1
ω2

1

)
ϕ3

3ϕ12 − 16
(
ω2

ω2
1

ϕ2ϕ3+

+
2ω3

ω2
1

ϕ2
3 +

1
ω2

1ω
2
2

+
1
ω2

2

ϕ2
1 +

ω3

εω2
ϕ2

1ϕ
2
3

)
ϕ3ϕ13 −

− 16ω2

(
ω2

ω3
1

ϕ2 − 2
ω1
ϕ1 − ϕ3

1

)
ϕ2

3ϕ23 −

− 8
(

2ω2

ω3
1

ϕ2ϕ3 +
2ω3

ω3
1

ϕ2
3 −

2
ω2

1

ϕ1ϕ3 − ϕ3
1ϕ3 +

1
ω3

1ϕ
2
2

)
ϕ2

3.

6.5 arch
x0

ω3
= ϕ(ω1, ω2, ω3) − c

α
x3, ω1 = (x2

1 + x2
2)

1/2,
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ω2 =
x3

α
+ arcsin

x2√
x2

1 + x2
2

, ω3 = (x2
0 − u2)1/2, c > 0, α ∈ R, α > 0,

A =
1
ω3
ϕ1 − c2

ω1
ϕ3, B1 = ϕ3

1ϕ3 +
2c
ω2

1

ϕ1ϕ2ϕ3 +
1

ω3
1ω3

ϕ2
2,

B2 = ϕ1ϕ
2
2ϕ3 + c2, B3 = ϕ1ϕ

3
3 −

2
ω2

3

ϕ1ϕ3 +
c2

ω1ω3
3

,

B4 =
(
c2

ω2
1

ϕ2 − c

ω2
1ω3

ϕ2
2 − ϕ2

1ϕ2 + cϕ2
1

)
ϕ3,

B5 = − 1
ω2

3

ϕ2
1 −

c

ω2
1ω

2
3

ϕ2 + ϕ2
1ϕ

2
3 +

c

ω2
1

ϕ2ϕ2
3,

B6 =
(
cϕ2

3 +
1
ω2

3

ϕ2 − ϕ2ϕ
2
3 −

c

ω2
3

)
ϕ1,

P =
1
ω2

3

(ϕ2 − c)2ϕ1ϕ11 −
(

1
ω3

1

ϕ2
2ϕ

3
3 −

2
ω3

1ω
2
3

ϕ2
2ϕ3 − 1

ω3
3

ϕ3
1 −

− 2c
ω2

1ω
3
3

ϕ1ϕ2

)
ϕ22 − 1

ω3
1

(ϕ2 − c)2ϕ2
2ϕ3ϕ33 − 2

ω3
3

(ϕ2 − c) ×

×
(

1
ω2

1

− ϕ2
3

)
ϕ12 − 2

ω3
1

(ϕ2 − c)
(

1
ω2

3

− ϕ2
3

)
ϕ2

2ϕ23 − 1
ω3

1ω
3
3

(ϕ2 − c)2ϕ2
2.

6.6
1
3α

(
2
α
ω3 + x3

)
(2(ω3 − αx3))1/2 = ϕ(ω1, ω2, ω3)) − x0,

ω1 = (x2
1 + x2

2)
1/2, ω2 = arcsin

x2√
x2

1 + x2
2

− x0 + u

α
,

ω3 = αx3 +
(x0 + u)2

2
, α > 0, A = ω2

1(ω1ϕ1 + α2ϕ3),

B1 = ϕ2
2, B2 = −α2ω3

1ϕ1ϕ3, B3 =
ω2

1

α2
, B4 = −α2ω1ϕ2ϕ3,

B5 =
ω1

α
ϕ2, B6 =

ω3
1

α
ϕ1,

P =
ω3

1

α2
ϕ1ϕ11 + α2ϕ2

2ϕ3ϕ33 +
2ω1

α2
ϕ2ϕ12 − 2

α
ϕ2

2ϕ23 − 1
α2
ϕ2

2.

6.7 arcsin
x3

ω3
= ϕ(ω1, ω2, ω3) − x0

α
, ω1 = (x2

1 + x2
2)

1/2,

ω2 =
x0

α
− arcsin

x2√
x2

1 + x2
2

, ω3 = (x2
3 + u2)1/2, α ∈ R, α > 0,

A =
1
ω1
ϕ3 +

1
ω3
ϕ1, B1 =

1
ω3

1ω3
ϕ2

2 +
1
ω2

1

ϕ1ϕ
2
2ϕ3 − 2

ω2
1

ϕ1ϕ2ϕ3 − ϕ3
1ϕ3,

B2 = −(ϕ2 − 1)2ϕ1ϕ3, B3 =
1

ω1ω3
3

− 2
ω2

3

ϕ1ϕ3 − ϕ1ϕ
3
3,

B4 =
(

1
ω2

1

ϕ2
2 −

1
ω2

1

ϕ2 + ϕ2
1ϕ2 − ϕ2

1

)
ϕ3,

B5 = −ϕ2
1ϕ

2
3 −

1
ω2

3

ϕ2
1 −

1
ω2

1

ϕ2ϕ
2
3 −

1
ω2

1ω
2
3

ϕ2,

B6 =
(

1
ω2

3

ϕ2 − 1
ω2

3

ϕ2ϕ
2
3 − ϕ2

3

)
ϕ1,
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P =
1
ω3

3

(ϕ2 − 1)2ϕ1ϕ11 +
(

1
ω3

1

ϕ2
2ϕ

2
3 +

2
ω3

1ω
2
3

ϕ2
2ϕ3 +

1
ω3

3

ϕ3
1 +

+
2

ω2
1ω

3
3

ϕ1ϕ2

)
ϕ22 +

1
ω3

1

(ϕ2 − 1)2ϕ2
2ϕ3ϕ33 − 2

ω3
3

(ϕ2 − 1) ×

×
(
ϕ2

1 +
1
ω2

1

ϕ2

)
ϕ12 − 2

ω3
1

ϕ2
2(ϕ2 − 1)

(
ϕ2

3 +
1
ω2

3

)
ϕ23 − 1

ω3
1ω

3
3

(ϕ2 − 1)2ϕ2
2.

6.8
1
c

arcsin
x3

ω3
= ϕ(ω1, ω2, ω3) − x0

α
, ω1 = (x2

1 + x2
2)

1/2,

ω2 =
x0

α
− arcsin

x2√
x2

1 + x2
2

, ω3 = (x2
3 + u2)1/2,

0 < c < 1, α ∈ R, α > 0, A =
1
ω1
ϕ3 +

1
c2ω3

ϕ1,

B1 =
1

c2ω3
1ω3

ϕ2
2 +

1
ω2

1

ϕ1ϕ
2
2ϕ3 − 2

ω2
1

ϕ1ϕ2ϕ3 − ϕ3
1ϕ3,

B2 = −(ϕ2 − 1)2ϕ1ϕ3, B3 =
1

c2ω1ω3
3

− 2
c2ω2

3

ϕ1ϕ3 − ϕ1ϕ
3
3,

B4 =
(

1
ω2

1

ϕ2
2 −

1
ω2

1

ϕ2 + ϕ2
1ϕ2 − ϕ2

1

)
ϕ3,

B5 = −ϕ2
1ϕ

2
3 −

1
c2ω2

3

ϕ2
1 −

1
ω2

1

ϕ2ϕ
2
3 −

1
c2ω2

1ω
2
3

ϕ2,

B6 =
(

1
c2ω2

3

ϕ2 − 1
c2ω2

3

+ ϕ2ϕ
2
3 − ϕ2

3

)
ϕ1, P =

1
c2ω3

3

(ϕ2 − 1)2ϕ1ϕ11 +

+
(

1
ω3

1

ϕ2
2ϕ

2
3 +

2
c2ω3

1ω
2
3

ϕ2
2ϕ3 +

1
c2ω3

3

ϕ3
1 +

2
c2ω2

1ω
3
3

ϕ1ϕ2

)
ϕ22 +

+
1
ω3

1

(ϕ2 − 1)2ϕ2
2ϕ3ϕ33 − 2

c2ω3
3

(ϕ2 − 1)
(
ϕ2

1 +
1
ω2

1

ϕ2

)
ϕ12−

− 2
ω3

1

ϕ2
2(ϕ2 − 1)

(
ϕ2

3 +
1

c2ω2
3

)
ϕ23 − 1

c2ω3
1ω

3
3

(ϕ2 − 1)2ϕ2
2.

Анзаци (6.1)–(6.8) можна записати у виглядi (3), де ω = ω(x, u) = (ω1(x, u),
ω2(x, u), ω3(x, u) — iнварiанти пiдгруп групи P (1, 4).
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Symmetry reduction and exact solutions
of the Navier–Stokes equations
W.I. FUSHCHYCH, R.O. POPOVYCH

Ansatzes for the Navier–Stokes field are described. These ansatzes reduce the Navier–
Stokes equations to system of differential equations in three, two, and one independent
variables. The large sets of exact solutions of the Navier–Stokes equations are
constructed.

1 Introduction

The Navier–Stokes equations (NSEs)

�ut + (�u · �∇)�u−��u+ �∇p = �0,

div �u = 0
(1.1)

which describe the motion of an incompressible viscous fluid are the basic equations
of modern hydrodynamics. In (1.1) and below �u = {ua(t, �x)} denotes the velocity
field of a fluid, p = p(t, �x) denotes the pressure, �x = {xa}, ∂t = ∂/∂t, ∂a = ∂/∂xa,
�∇ = {∂a}, � = �∇ · �∇ is the Laplacian, the kinematic coefficient of viscosity and fluid
density are set equal to unity. Repead indices denote summation whereby we consider
the indices a, b to take on values in {1, 2, 3} and the indices i, j to take on values in
{1, 2}.
The problem of finding exact solutions of non-linear equations (1.1) is an important

but rather complicated one. There are some ways to solve it. Considerable progress in
this field can be achieved by means of making use of a symmetry approach. Equations
(1.1) have non-trivial symmetry properties. It was known long ago [37, 2] that they
are invariant under the eleven-parametric extended Galilei group. Let us denote it by
G1(1, 3). This group includes the Galilei group and scale transformations. The Lie
algebra AG1(1, 3) of G1(1, 3) is generated by the operators

P0, Jab, D, Pa, Ga,

where

P0 = ∂t, D = 2t∂t + xa∂a − ua∂ua − 2p∂p,

Jab = xa∂b − xb∂a + ua∂ub − ub∂ua , a �= b,

Ga = t∂a + ∂ua , Pa = ∂a.

Relatively recently it was found by means of the Lie method [8, 5, 26] that the
maximal Lie invariance algebra (MIA) of the NSEs (1.1) is the infinite-dimensional
algebra A(NS) with the basis elements

∂t, D, Jab, R(�m), Z(χ), (1.2)

J. Nonlinear Math. Phys., 1994, 1, № 1, P. 75–113; № 2, P. 156–188.
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where

R(�m) = R(�m(t)) = ma(t)∂a +ma
t (t)∂ua −ma

tt(t)xa∂p, (1.3)

Z(χ) = Z(χ(t)) = χ(t)∂p, (1.4)

ma = ma(t) and χ = χ(t) are arbitrary smooth functions of t (degree of their
smoothness is discussed in Note A.1).
The algebra AG1(1, 3) is a subalgebra of A(NS). Indeed, setting ma = δab, where

b is fixed, we obtain R(�m) = ∂b, and if ma = δabt then R(�m) = Gb. Here δab is the
Kronecker symbol (δab = 1 if a = b, δab = 0 if a �= b).
Operators (1.2) generate the following invariance transformations of system (1.1):

∂t : �̃u(t, �x) = �u(t+ ε, �x), p̃(t, �x) = p(t+ ε, �x)

(translations with respect to t),

Jab : �̃u(t, �x) = B�u(t, BT�x), p̃(t, �x) = p(t, BT�x)

(space rotations),

D : �̃u(t, �x) = eε�u(e2εt, eε�x), p̃(t, �x) = e2εp(e2εt, eε�x)

(scale transformations),

R(�m) : �̃u(t, �x) = �u(t, �x− �m(t)) + �mt(t),

p̃(t, �x) = p(t, �x− �m(t)) − �mtt · �x− 1
2 �m · �mtt

(these transformations include the space translations

and the Galilei transformations),

Z(χ) : �̃u(t, �x) = �u(t, �x), p̃(t, �x) = p(t, �x) + χ(t).

(1.5)

Here ε ∈ R, B = {βab} ∈ O(3), i.e. BBT = {δab}, BT is the transposed matrix.
Besides continuous transformations (1.5) the NSEs admit discrete transformations

of the form

t̃ = t, x̃a = xa, a �= b, x̃b = −xb,
p̃ = p, ũa = ua, a �= b, ũb = −ub, (1.6)

where b is fixed. Invariance under transformations (1.5) and (1.6) means that (�̃u, p̃) is
a solution of (1.1) if (�u, p) is a solution of (1.1).
A complete review of exact solutions found for the NSEs before 1963 is contained

in [1]. We should like also to mark more modern reviews [16, 7, 36] despite their
subjects slightly differ from subjects of our investigations. To find exact solutions
of (1.1), symmetry approach in explicit form was used in [2, 31, 32, 6, 20, 21, 4,
17, 15, 12, 10, 11, 30]. This article is a continuation and a extention of our works
[15, 12, 10, 11, 30]. In it we make symmetry reduction of the NSEs to systems
of PDEs in three and two independent variables and to systems of ODEs, using
subalgebraic structure of A(NS). We investigate symmetry properties of the reduced
systems of PDEs and construct exact solutions of the reduced systems of ODEs when
it is possible. As a result, large classes of exact solutions of the NSEs are obtained.
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The reduction problem for the NSEs is to describe ansatzes of the form [9]:

ua = fab(t, �x)vb(ω) + ga(t, �x), p = f0(t, �x)q(ω) + g0(t, �x) (1.7)

that reduce system (1.1) in four independent variables to systems of differential equati-
ons in the functions va and q depending on the variables ω = {ωn} (n = 1, N), where
N takes on a fixed value from the set {1, 2, 3}. In formulas (1.7) fab, ga, f0, g0, and
ωn are smooth functions to be described. In such a general formulation the reducti-
on problem is too complex to solve. But using Lie symmetry, some ansatzes (1.7)
reducing the NSEs can be obtained. According to the Lie method, first a complete
set of A(NS)-inequivalent subalgebras of dimension M = 4−N is to be constructed.
For N = 3, N = 2, and N = 1 such sets are given in Subsections A.2, A.3, and
A.4, correspondingly. Knowing subalgebraic structure of A(NS), one can find explicit
forms for the functions fab, ga, f0, g0, and ωn and obtain reduced systems in the
functions vk and q. This is made in Section 2 (N = 3), Section 3 (N = 2) and Secti-
on 4 (N = 1). Moreover, in Subsection 2.3 symmetry properties of all reduced systems
of PDEs in three independent variables are investigated, and in Subsection 4.3 exact
solutions of the reduced systems of ODEs are constructed. Symmetry properties and
exact solutions of some reduced systems of PDEs in two independent variables are
discussed in Sections 5 and 6. In Section 7 we make symmetry reduction of a some
reduced system of PDEs in three independent variables.
In conclusion of the section, for convenience, we give some abbreviations, notati-

ons, and default rules used in this article.

Abbreviations:

the NSEs: the Navier–Stokes equations

the MIA: the maximal Lie invariance algebra (of either a some equation or a some
system of equations)

a ODE: a ordinary differential equation

a PDE: a partial differential equation

Notations:

C∞((t0, t1),R): the set of infinite-differentiable functions from (t0, t1) into R, where
−∞ ≤ t0 < t1 ≤ +∞

C∞((t0, t1),R3): the set of infinite-differentiable vector-functions from (t0, t1) into
R

3, where −∞ ≤ t0 < t1 ≤ +∞
∂t = ∂/∂t, ∂a = ∂/∂xa

, ∂ua = ∂/∂ua , . . .

Default rules:
Repead indices denote summation whereby we consider the indices a, b to take on

values in {1, 2, 3} and the indices i, j to take on values in {1, 2}.
All theorems on the MIAs of PDEs are proved by means of the standard Lie

algorithm.
Subscripts of functions denote differentiation.
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2 Reduction of the Navier–Stokes equations
to systems of PDEs in three independent variables

2.1 Ansatzes of codimension one

In this subsection we give ansatzes that reduce the NSEs to systems of PDEs in three
independent variables. The ansatzes are constructed with the subalgebraic analysis of
A(NS) (see Subsection A.2) by means of the method discribed in Section B.

1. u1 = |t|−1/2(v1 cos τ − v2 sin τ) + 1
2x1t

−1 − κx2t
−1,

u2 = |t|−1/2(v1 sin τ + v2 cos τ) + 1
2x2t

−1 + κx1t
−1,

u3 = |t|−1/2v3 + 1
2x3t

−1,

p = |t|−1q + 1
2κ

2t−2r2 + 1
8 t

−2xaxa,

(2.1)

where

y1 = |t|−1/2(x1 cos τ + x2 sin τ), y2 = |t|−1/2(−x1 sin τ + x2 cos τ),

y3 = |t|−1/2x3, κ ≥ 0, τ = κ ln |t|.
Here and below va = va(y1, y2, y3), q = q(y1, y2, y3), r = (x2

1 + x2
2)

1/2.

2. u1 = v1 cos κt− v2 sin κt− κx2,

u2 = v1 sin κt+ v2 cos κt+ κx1,

u3 = v3,

p = q + 1
2κ

2r2,

(2.2)

where

y1 = x1 cos κt+ x2 sin κt, y2 = −x1 sin κt+ x2 cos κt,

y3 = x3, κ ∈ {0; 1}.
3. u1 = x1r

−1v1 − x2r
−1v2 + x1r

−2,

u2 = x2r
−1v1 + x1r

−1v2 + x2r
−2,

u3 = v3 + η(t)r−1v2 + ηt(t) arctanx2/x1,

p = q − 1
2ηtt(t)(η(t))

−1x2
3 − 1

2r
−2 + χ(t) arctanx2/x1,

(2.3)

where

y1 = t, y2 = r, y3 = x3 − η(t) arctanx2/x1, η, χ ∈ C∞((t0, t1),R).

Note 2.1 The expression for the pressure p from ansatz (2.3) is indeterminate in the
points t ∈ (t0, t1) where η(t) = 0. If there are such points t, we will consider ansatz
(2.3) on the intervals (tn0 , t

n
1 ) that are contained in the interval (t0, t1) and that satisfy

one of the conditions:

a) η(t) �= 0 ∀ t ∈ (tn0 , t
n
1 );

b) η(t) = 0 ∀ t ∈ (tn0 , t
n
1 ).

In the last case we consider ηtt/η := 0.



184 W.I. Fushchych, R.O. Popovych

4. �u = vi�ni + (�m · �m)−1v3 �m+ (�m · �m)−1(�m · �x)�mt − yi�n
i
t,

p = q − 3
2 (�m · �m)−1((�mt · �ni)yi)2 − (�m · �m)−1(�mtt · �x)(�m · �x) +

+ 1
2 (�mtt · �m)(�m · �m)−2(�m · �x)2,

(2.4)

where

yi = �ni · �x, y3 = t, �m,�ni ∈ C∞((t0, t1),R3).

�ni · �m = �n1 · �n2 = �n1
t · �n2 = 0, |�ni| = 1. (2.5)

Note 2.2 There exist vector-functions �ni which satisfy conditions (2.5). They can be
constructed in the following way: let us fix the vector-functions �ki = �ki(t) such that
�ki · �m = �k1 · �k2 = 0, |�ki| = 1, and set

�n1 = �k1 cosψ(t) − �k2 sinψ(t),

�n2 = �k1 sinψ(t) + �k2 cosψ(t).
(2.6)

Then �n1
t · �n2 = �k1

t · �k2 − ψt = 0 if ψ =
∫

(�k1
t · �k2)dt.

2.2 Reduced systems

1–2. Substituting ansatzes (2.1) and (2.2) into the NSEs (1.1), we obtain reduced
systems of PDEs with the same general form

vav1
a − v1

aa + q1 + γ1v
2 = 0,

vav2
a − v2

aa + q2 − γ1v
1 = 0,

vav3
a − v3

aa + q3 = 0,
vaa = γ2.

(2.7)

Hereafter subscripts 1, 2, and 3 of functions denote differentiation with respect to y1,
y2, and y3, accordingly. The constants γi take the values

1. γ1 = −2κ, γ2 = − 3
2 if t > 0, γ1 = 2κ, γ2 = 3

2 if t < 0.
2. γ1 = −2κ, γ2 = 0.

For ansatzes (2.3) and (2.4) the reduced equations have the form

3. v1
1 + v1v1

2 + v3v1
3 − y−1

2 v2v2 − (
v1
22 + (1 + η2y−2

2 )v1
33

)− 2ηy−2
2 v2

3 + q2 = 0,
v2
1 + v1v2

2 + v3v2
3 + y−1

2 v1v2 − (
v2
22 + (1 + η2y−2

2 )v2
33

)
+

+ 2ηy−2
2 v1

3 + 2y−2
2 v2 − ηy−1

2 q3 + χy−1
2 = 0,

v3
1 + v1v3

2 + v3v3
3 − (

v3
22 + (1 + η2y−2

2 )v3
33

)− 2η2y−3
2 v1

3 + 2η1y−1
2 v2 +

+ 2ηy−1
2 (y−1

2 v2)2 + (1 + η2y−2
2 )q3 − η11η

−1y3 − χηy−2
2 = 0,

y−1
2 v1 + v1

2 + v3
3 = 0.

(2.8)

4. vi3 + vjvij − vijj + qi + ρi(y3)v3 = 0,
v3
3 + vjv3

j − v3
jj = 0,

vii + ρ3(y3) = 0,
(2.9)
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where

ρi = ρi(y3) = 2(�m · �m)−1(�mt · �ni),
ρ3 = ρ3(y3) = (�m · �m)−1(�mt · �m).

(2.10)

2.3 Symmetry of reduced systems

Let us study symmetry properties of systems (2.7), (2.8), and (2.9). All results of this
subsection are obtained by means of the standard Lie algorithm [28, 27]. First, let us
consider system (2.7).

Theorem 2.1 The MIA of system (2.7) is the algebra

a) 〈∂a, ∂q, J1
12〉 if γ1 �= 0;

b) 〈∂a, ∂q, J1
ab〉 if γ1 = 0, γ2 �= 0;

c) 〈∂a, ∂q, J1
ab,D

1
1〉 if γ1 = γ2 = 0.

Here J1
ab = ya∂b − yb∂a + va∂vb − vb∂va , D1

1 = ya∂a − va∂va − 2q∂q.

Note 2.3 All Lie symmetry operators of (2.7) are induced by operators from A(NS):
The operators J1

ab and D
1
1 are induced by Jab and D. The operators ca∂a (ca = const)

and ∂q are induced by either

R(|t|1/2(c1 cos τ − c2 sin τ, c1 sin τ + c2 cos τ, c3)), Z(|t|−1),

where τ = κ ln |t|, for ansats (2.1) or
R(c1 cos κt− c2 sin κt, c1 sin κt+ c2 cos κt, c3), Z(1)

for ansatz (2.2), respectively. Therefore, Lie reductions of system (2.7) give only
solutions that can be obtained by reducing the NSEs with two- and three-dimensional
subalgebras of A(NS).

Let us continue to system (2.8). We denote Amax as the MIA of (2.8). Studying
symmetry properties of (2.8), one has to consider the following cases:
A. η, χ ≡ 0. Then

Amax = 〈∂1,D1
2, R1(ψ(y1)), Z1(λ(y1))〉,

where

D1
2 = 2y1∂1 + y2∂2 + y3∂3 − va∂va − 2q∂q,

R1(ψ(y1)) = ψ∂3 + ψ1∂v3 − ψ11y3∂q, Z1(λ(y1)) = λ(y1)∂q.

Here and below ψ = ψ(y1) and λ = λ(y1) are arbitrary smooth functions of y1 = t.
B. η ≡ 0, χ �≡ 0. In this case an extension of Amax exists for χ = (C1y1 + C2)−1,

where C1, C2 = const. Let C1 �= 0. We can make C2 vanish by means of equivalence
transformation (A.6), i.e., χ = Cy−1

1 , where C = const. Then

Amax = 〈D1
2, R1(ψ(y1)), Z1(λ(y1))〉.
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If C1 = 0, χ = C = const and

Amax = 〈∂1, R1(ψ(y1)), Z1(λ(y1))〉.
For other values of χ, i.e., when χ11χ �= χ1χ1,

Amax = 〈R1(ψ(y1)), Z1(λ(y1))〉.
C. η �= 0. By means of equivalence transformation (A.6) we make χ = 0. In this

case an extension of Amax exists for η = ±|C1y1 +C2|1/2, where C1, C2 = const. Let
C1 �= 0. We can make C2 vanish by means of equivalence transformation (A.6), i.e.,
η = C|y1|1/2, where C = const. Then

Amax = 〈D1
2, R2(|y1|1/2), R2(|y1|1/2 ln |y1|), Z1(λ(y1))〉,

where R2(ψ(y1)) = ψ∂3 + ψ1∂v3 . If C1 = 0, i.e., η = C = const,

Amax = 〈∂1, ∂3, y1∂3 + ∂v3Z
1(λ(y1))〉.

For other values of η, i.e., when (η2)11 �= 0,

Amax = 〈R2(η(y1)), R2(η(y1)
∫

(η(y1))−2dy1), Z1(λ(y1))〉.

Note 2.4 In all cases considered above the Lie symmetry operators of (2.8) are
induced by operators from A(NS): The operators ∂1, D1

2, and Z
1(λ(y1)) are induced

by ∂t, D, and Z(λ(t)), respectively. The operator R(0, 0, ψ(t)) induces the operator
R1(ψ(y1)) for η ≡ 0 and the operator R2(ψ(y1)) (if ψ11η − ψη11 = 0) for η �= 0.
Therefore, the Lie reduction of system (2.8) gives only solutions that can be obtained
by reducing the NSEs with two- and three-dimentional subalgebras of A(NS).

When η = χ = 0, system (2.8) describes axially symmetric motion of a fluid and
can be transformed into a system of two equations for a stream function Ψ1 and a
function Ψ2 that are determined by

Ψ1
3 = y2v

1, Ψ1
2 = −y2v3, Ψ2 = y2v

2.

The transformed system was studied by L.V. Kapitanskiy [20, 21].
Consider system (2.9). Let us introduce the notations

t = y3, ρ = ρ(t) =
∫
ρ3(t)dt,

R3(ψ1(t), ψ2(t)) = ψi∂yi
+ ψit∂vi − ψittyi∂q,

Z1(λ(t)) = λ(t)∂q, S = ∂v3 − ρi(t)yi∂q,
E(χ(t)) = 2χ∂t + χtyi∂yi

+ (χttyi − χtv
i)∂vi − (2χtq + 1

2χtttyjyj)∂q,
J1

12 = y1∂2 − y2∂1 + v1∂v2 − v2∂v1 .

Theorem 2.2 The MIA of(2.9) is the algebra

1) 〈R3(ψ1(t), ψ2(t)), Z1(λ(t)), S, E(χ1(t)), E(χ2(t)), v3∂v3 , J
1
12〉,

where χ1 = e−ρ(t)
∫
eρ(t)dt and χ2 = e−ρ(t), if ρi = 0;

2) 〈R3(ψ1(t), ψ2(t)), Z1(λ(t)), S, E(χ(t)) + 2a1v
3∂v3 + 2a2J

1
12〉,
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where a1, a2, and a3 are fixed constants, χ = e−ρ(t)
(∫

eρ(t)dt+ a3

)
, if

ρ1 = e
3
2ρρ̂−

3
2−a1

(
C1 cos(a2 ln ρ̂) − C2 sin(a2 ln ρ̂)

)
,

ρ2 = e
3
2ρρ̂−

3
2−a1

(
C1 sin(a2 ln ρ̂) + C2 cos(a2 ln ρ̂)

)
with ρ̂ = ρ̂(t) = | ∫ eρ(t)dt+ a3|, C1, C2 = const, (C1, C2) �= (0, 0);

3) 〈R3(ψ1(t), ψ2(t)), Z1(λ(t)), S, E(χ(t)) + 2a1v
3∂v3 + 2a2J

1
12〉,

where a1 and a2 are fixed constants, χ = e−ρ(t), if

ρ1 = e
3
2ρ−a1ρ̂

(
C1 cos(a2ρ̂) − C2 sin(a2ρ̂)

)
,

ρ2 = e
3
2ρ−a1ρ̂

(
C1 sin(a2ρ̂) + C2 cos(a2ρ̂)

)
with ρ̂ = ρ̂(t) =

∫
eρ(t)dt, C1, C2 = const, (C1, C2) �= (0, 0);

4) 〈R3(ψ1(t), ψ2(t)), Z1(λ(t)), S〉
in all other cases.

Here ψi = ψi(t), λ = λ(t) are arbitrary smooth function of t = y3.

Note 2.5 If functions ρb are determined by (2.10), then eρ(t) = C|�m(t)|, where C =
const, and the condition ρi = 0 implies that �m = |�m(t)|�e, where �e = const and |�e| = 1.

Note 2.6 The vector-functions �ni from Note 2.2 are determined up to the transfor-
mation

�n1 = �n1 cos δ − �n2 sin δ, �n2 = �n1 sin δ + �n2 cos δ,

where δ = const. Therefore, δ can be chosen such that C2 = 0 (then C1 �= 0).

Note 2.7 The operators R3(ψ1, ψ2) + αS and Z1(λ) are induced by R(�l) + Z(χ) and
Z(λ), respectively. Here �l = ψi�ni + ψ3 �m, ψ3

t (�m · �m) + 2ψi(�nit · �m) = α,

χ− 3
2 (�m · �m)−1((�mt · �ni)ψi)2 − 1

2 (�mtt · �ni)ψ3ψi + 1
2 (�ltt · �ni)ψi = 0.

If �m = |�m|�e, where �e = const and |�e| = 1, the operator J1
12 is induced by e

1J23 +
e2J31 + e3J12.
For

�m = β3e
σt(β2 cos τ, β2 sin τ, β1)T

with τ = κt+ δ and βa = const, where β2
1 + β2

2 = 1, the operator ∂t + κJ12 induces
the operator ∂y3 − β1κJ1

12 + σv3∂v3 if the following vector-functions �ni are chosen:

�n1 = �k1 cosβ1τ + �k2 sinβ1τ, �n2 = −�k1 sinβ1τ + �k2 cosβ1τ, (2.11)

where �k1 = (− sin τ, cos τ, 0)T and �k2 = (β1 cos τ, β1 sin τ,−β2)T .
For

�m = β3|t+ β4|σ+1/2(β2 cos τ, β2 sin τ, β1)T
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with τ = κ ln |t + β4| + δ and βa, β4 = const, where β2
1 + β2

2 = 1, the operator
D + 2β4∂t + 2κJ12 induces the operator

D1
3 + 2β4∂y3 − 2β1κJ1

12 + 2σv3∂v3 ,

where D1
3 = yi∂yi

+ 2y3∂y3 − vi∂vi − 2q∂q, if the vector-functions �ni are chosen in
form (2.11). In all other cases the basis elements of the MIA of (2.9) are not induced
by operators from A(NS).

Note 2.8 The invariance algebras of systems of form (2.9) with different parameter-
functions ρ3 = ρ3(t) and ρ̃3 = ρ̃3(t) are similar . It suggests that there exists a local
transformation of variables which make ρ3 vanish. So, let us transform variables in
the following way:

ỹi = yie
1
2ρ(t), ỹ3 =

∫
eρ(t)dt,

ṽi =
(
vi + 1

2yiρ
3(t)

)
e−

1
2ρ(t), ṽ3 = v3,

q̃ = qe−ρ(t) + 1
8yiyi

(
(ρ3(t)2) − 2ρ3

t (t)
)
e−ρ(t).

(2.12)

As a result, we obtain the system

ṽi3 + ṽj ṽij − ṽijj + q̃i + ρ̃i(ỹ3)ṽ3 = 0,
ṽ3
3 + ṽjv3

j − ṽ3
jj = 0,

ṽii = 0

for the functions ṽa = ṽa(ỹ1, ỹ2, ỹ3) and q̃ = q̃(ỹ1, ỹ2, ỹ3). Here subscripts 1, 2, and
3 denote differentiation with respect to ỹ1, ỹ2, and ỹ3, accordingly. Also ρ̃i(ỹ3) =
ρi(t)e−

3
2ρ(t).

3 Reduction of the Navier–Stokes equations
to systems of PDEs in two independent variables

3.1 Ansatzes of codimension two

In this subsection we give ansatzes that reduce the NSEs to systems of PDEs in two
independent variables. The ansatzes are constructed with the subalgebrical analysis of
A(NS) (see Subsection A.3) by means of the method discribed in Section B.

1. u1 = (rR)−1((x1 − κx2)w1 − x2w
2 + x1x3r

−1w3),

u2 = (rR)−1((x2 + κx1)w1 + x1w
2 + x2x3r

−1w3),

u3 = x3(rR)−1w1 −R−1w3,

p = R−2s,

(3.1)

where z1 = arctanx2/x1 − κ lnR, z2 = arctan r/x3, κ ≥ 0.
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Here and below wa = wa(z1, z2), s = s(z1, z2), r = (x2
1 + x2

2)
1/2, R = (x2

1 + x2
2 +

x2
3)

1/2, κ, ε, σ, µ, and ν are real constants.

2. u1 = |t|−1/2r−1(x1w
1 − x2w

2) + 1
2 t

−1x1 + x1r
−2,

u2 = |t|−1/2r−1(x2w
1 + x1w

2) + 1
2 t

−1x2 + x2r
−2,

u3 = |t|−1/2w3 + κr−1w2 + 1
2 t

−1x3,

p = |t|−1s− 1
2r

−2 + 1
8 t

−2R2 + ε|t|−1 arctanx2/x1,

(3.2)

where z1 = |t|−1/2r, z2 = |t|−1/2x3 − κ arctanx2/x1, κ ≥ 0, ε ≥ 0.

3. u1 = r−1(x1w
1 − x2w

2) + x1r
−2,

u2 = r−1(x2w
1 + x1w

2) + x2r
−2,

u3 = w3 + κr−1w2,

p = s− 1
2r

−2 + ε arctanx2/x1,

(3.3)

where z1 = r, z2 = x3 − κ arctanx2/x1, κ ∈ {0; 1}, ε ≥ 0 if κ = 1 and ε ∈ {0; 1} if
κ = 0.

4. u1 = |t|−1/2(µw1 + νw3) cos τ − |t|−1/2w2 sin τ +
+ νξt−1 cos τ + 1

2 t
−1x1 − κt−1x2,

u2 = |t|−1/2(µw1 + νw3) sin τ + |t|−1/2w2 cos τ +
+ νξt−1 sin τ + 1

2 t
−1x2 + κt−1x1,

u3 = |t|−1/2(−νw1 + µw3) + µξt−1 + 1
2 t

−1x3,

p = |t|−1s− 1
2 t

−2ξ2 + 1
8 t

−2R2 + 1
2κ

2t−2r2 +

+ ε|t|−3/2(νx1 cos τ + νx2 sin τ + µx3),

(3.4)

where

z1 = |t|−1/2(µx1 cos τ + µx2 sin τ − νx3),

z2 = |t|−1/2(x2 cos τ − x1 sin τ),
ξ = σ(νx1 cos τ + νx2 sin τ + µx3) + 2κν(x2 cos τ − x1 sin τ),
τ = κ ln |t|, κ > 0, µ ≥ 0, ν ≥ 0, µ2 + ν2 = 1, σε = 0, ε ≥ 0.

5. u1 = |t|−1/2w1 + 1
2 t

−1x1,

u2 = |t|−1/2w2 + 1
2 t

−1x2,

u3 = |t|−1/2w3 + (σ + 1
2 )t−1x3,

p = |t|−1s− 1
2σ

2t−2x2
3 + 1

8 t
−2R2 + ε|t|−3/2x3,

(3.5)

where

z1 = |t|−1/2x1, z2 = |t|−1/2x2, σε = 0, ε ≥ 0.
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6. u1 = (µw1 + νw3) cos t− w2 sin t+ νξ cos t− x2,

u2 = (µw1 + νw3) sin t+ w2 cos t+ νξ sin t+ x1,

u3 = (−νw1 + µw3) + µξ,

p = s− 1
2ξ

2 + 1
2r

2 + ε(νx1 cos t+ νx2 sin t+ µx3),

(3.6)

where

z1 = (µx1 cos t+ µx2 sin t− νx3),
z2 = (x2 cos t− x1 sin t),
ξ = σ(νx1 cos t+ νx2 sin t+ µx3) + 2ν(x2 cos t− x1 sin t),
µ ≥ 0, ν ≥ 0, µ2 + ν2 = 1, σε = 0, ε ≥ 0.

7. u1 = w1, u2 = w2, u3 = w3 + σx3,

p = s− 1
2σ

2x2
3 + εx3,

(3.7)

where

z1 = x1, z2 = x2, σε = 0, ε ∈ {0; 1}.

8. u1 = x1w
1 − x2r

−2(w2 − χ(t)),

u2 = x2w
1 + x1r

−2(w2 − χ(t)),

u3 = (ρ(t))−1(w3 + ρt(t)x3 + ε arctanx2/x1),

p = s− 1
2ρtt(t)(ρ(t))

−1x2
3 + χt(t) arctanx2/x1,

(3.8)

where

z1 = t, z2 = r, ε ∈ {0; 1}, χ, ρ ∈ C∞((t0, t1),R).

9. �u = �w + λ−1(�ni · �x)�mi
t − λ−1(�k · �x)�kt,

p = s− 1
2λ

−1(�mi
tt · �x)(�ni · �x) − 1

2λ
−2(mi

tt · �k)(�ni · �x)(�k · �x),
(3.9)

where

z1 = t, z2 = (�k · �x), �mi ∈ C∞((t0, t1),R3),

�m1
tt · �m2 − �m1 · �m2

tt = 0, �k = �m1 × �m2, �n1 = �m2 × �k,

�n2 = �k × �m1, λ = λ(t) = �k · �k �= 0 ∀ t ∈ (t0, t1).

3.2 Reduced systems

Substituting ansatzes (3.1)–(3.9) into the NSEs (1.1), we obtain the following systems
of reduced equations:

1. w2w1
1 + w3w1

2 − w1w3 cot z2 − (w1)2 − (w2 + κw1)2 sin2 z2 −
− (w3)2 − (

(κ2 + sin−2 z2)w1
11 + w1

22 − κw1
1 − 2w3

2 − 2w2
1 −

− 2w1
)
sin z2 + w1

2 cos z2 − w1 sin−1 z2 − (2s+ κs1) sin2 z2 = 0,
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w2w2
1 + w3w2

2 + w3(w2 + 2κw1) cot z2 −
− κ

(
(w1)2 + (w3)2 + (w2 + κw1)2 sin2 z2

)−
− (

(κ2 + sin−2 z2)w2
11 + w2

22 + 3κw2
1 + 2κ(w3

2 + κw1
1 + w1)

)
sin z2 +

+ (2w1
1 + 2w3

1 cot z2 − w2 − 2κw1) sin−1 z2 −
− (w2

2 + 2κw1
2) cos z2 + 2κs sin2 z2 + (1 + κ

2 sin2 z2)s1 = 0,
w2w3

1 + w3w3
2 − (w3)2 cot z2 − (w2 + κw1)2 sin z2 cos z2 −

− (
(κ2 + sin−2 z2)w3

11 + w3
22 + κw3

1 + 2w1
2

)
sin z2 +

+ (2w1 + w3
2 + w2

1 + κw1
1) cos z2 + s2 sin2 z2 = 0,

w1 + w2
1 + w3

2 = 0.

(3.10)

Hereafter numeration of the reduced systems corresponds to that of the ansatzes in
Subsection 3.1. Subscripts 1 and 2 denote differentiation with respect to the variables
z1 and z2, accordingly.

2–3. w1w1
1 + w3w1

2 − z−1
1 w2w2 − (

w1
11 + (1 + κ

2z−2
1 )w1

22

)−
− 2κz−2

1 w2
2 + s1 = 0,

w1w2
1 + w3w2

2 + z−1
1 w1w2 − (

w2
11 + (1 + κ

2z−2
1 )w2

22

)
+

+ 2κz−2
1 w1

2 + 2z−2
1 w2 − κz−1

1 s2 + εz−1
1 = 0,

w1w3
1 + w3w3

2 − 2κz−2
1 w1w2 − (

w3
11 + (1 + κ

2z−2
1 )w3

22

)
+

+ 2κ(z−2
1 w2)1 − 2κ

2z−3
1 w1

2 + (1 + κ
2z−2

1 )s2 − εκz−2
1 = 0,

w1
1 + w3

2 + z−1
1 w1 + γ = 0,

(3.11)

where γ = ±3/2 for ansatz (3.2) and γ = 0 for ansatz (3.3). Here and below the
upper and lower sign in the symbols “±” and “∓” are associated with t > 0 and t < 0,
respectively.
4–7. For ansatzes (3.4)–(3.7) the reduced equations can be written in the form

wiw1
i − w1

ii + s1 + α2w
2 = 0,

wiw2
i − w2

ii + s2 − α2w
1 + α1w

3 = 0,
wiw3

i − w3
ii + α4w

3 + α5 = 0,
wii = α3

(3.12)

where the constants αn (n = 1, 5), take on the values

4. α1 = ±2κν, α2 = ∓2κµ, α3 = ∓(σ + 3/2), α4 = ±σ, α5 = ε.

5. α1 = 0, α2 = 0, α3 = ∓(σ + 3/2), α4 = ±σ, α5 = ε.

6. α1 = 2ν, α2 = −2µ, α3 = −σ, α4 = σ, α5 = ε.

7. α1 = 0, α2 = 0, α3 = −σ, α4 = σ, α5 = ε.

8. w1
1 + (w1)2 − z−4

2 (w2 − χ)2 + z2w
1w1

2 − w1
22 −

− 3z2w1
2 + z−1

2 s2 = 0,
(3.13)

w2
1 + z2w

1w2
2 − w2

22 + z−1
2 w2

2 = 0, (3.14)

w3
1 + z2w

1w3
2 − w3

22 − z−1
2 w3

2 + z−2
2 (w2 − χ) = 0, (3.15)
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2w1 + z2w
1
2 + ρ1/ρ = 0. (3.16)

9. �w1 − λ�w22 + s2�k + λ−1(�ni · �w)�mi
t + z2�e = �0, (3.17)

�k · �w2 = 0, (3.18)

where y1 = t and

�e = �e(t) = 2λ−2(�m1
t · �m2 − �m1 · �m2

t )�kt × �k + λ−2(2�kt · �kt − �ktt · �k).
Let us study symmetry properties of reduced systems (3.10) and (3.11).

Theorem 3.1 The MIA of (3.10) is given by the algebra 〈∂1〉.

Theorem 3.2 The MIA of (3.11) is given by the following algebras:

a) 〈∂2, ∂s,D
2
1 = zi∂i − wa∂wa − 2s∂s〉 if γ = κ = ε = 0;

b) 〈∂2, ∂s〉 if (γ,κ, ε) �= (0, 0, 0).

All the Lie symmetry operators of systems (3.10) and (3.11) are induced by
elements of A(NS). So, for system (3.10) the operator ∂1 is induced by J12. For
system (3.11), when γ = 0 (γ = ±3/2), the operators D2

1, ∂2, and ∂s (∂2 and ∂s)
are induced by D, R(0, 0, 1), and Z(1) (R(0, 0, |t|−1/2) and Z(|t|−1)), accordingly.
Therefore, the Lie reductions of systems (3.10) and (3.11) give only solutions that
can be obtained by reducing the NSEs with three-dimensional subalgebras of A(NS)
immediately to ODEs.
Investigation of reduced systems (3.13)–(3.16), (3.17)–(3.18), and (3.12) is given

in Sections 5 and 6.

4 Reduction of the Navier–Stokes equations
to ordinary differential equations

4.1 Ansatzes of codimension three

By means of subalgebraic analysis of A(NS) (see Subsection A.3) and the method
described in Section B one can obtain the following ansatzes that reduce the NSEs to
ODEs:

1. u1 = x1R
−2ϕ1 − x2(Rr)−1ϕ2 + x1x3r

−1R−2ϕ3,

u2 = x2R
−2ϕ1 + x1(Rr)−1ϕ2 + x2x3r

−1R−2ϕ3,

u3 = x3R
−2ϕ1 − rR−2ϕ3,

p = R−2h,

(4.1)

where ω = arctan r/x3. Here and below ϕa = ϕa(ω), h = h(ω), r = (x2
1 + x2

2)
1/2,

R = (x2
1 + x2

2 + x2
3)

1/2.

2. u1 = r−2(x1ϕ
1 − x2ϕ

2), u2 = r−2(x2ϕ
1 + x1ϕ

2),
u3 = r−1ϕ3, p = r−2h,

(4.2)
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where ω = arctanx2/x1 − κ ln r, κ ≥ 0.

3. u1 = x1|t|−1ϕ1 − x2r
−2ϕ2 + 1

2x1t
−1,

u2 = x2|t|−1ϕ1 + x1r
−2ϕ2 + 1

2x2t
−1,

u3 = |t|−1/2ϕ3 + (σ + 1
2 )x3t

−1 + ν|t|1/2t−1 arctanx2/x1,

p = |t|−1h+ 1
8 t

−2R2 − 1
2σ

2x2
3t

−2 +

+ ε1|t|−1 arctanx2/x1 + ε2x3|t|−3/2,

(4.3)

where ω = |t|−1/2r, νσ = 0, ε2σ = 0, ε1 ≥ 0, ν ≥ 0.

4. u1 = x1ϕ
1 − x2r

−2ϕ2,

u2 = x2ϕ
1 + x1r

−2ϕ2,

u3 = ϕ3 + σx3 + ν arctanx2/x1,

p = h− 1
2σ

2x2
3 + ε1 arctanx2/x1 + ε2x3,

(4.4)

where ω = r, νσ = 0, ε2σ = 0, and for σ = 0 one of the conditions

ν = 1, ε1 ≥ 0; ν = 0, ε1 = 1, ε2 ≥ 0; ν = ε1 = 0, ε2 ∈ {0; 1}
is satisfied.
Two ansatzes are described better in the following way:
5. The expressions for ua and p are determined by (2.1), where

v1 = a1ϕ
1 + a2ϕ

3 + b1iωi,

v2 = ϕ2 + b2iωi,

v3 = a2ϕ
1 − a1ϕ

3 + b3iωi,

p = h+ c1iωi + c2iωωi + 1
2dijωiωj .

(4.5)

In formulas (4.5) we use the following definitions:

ω1 = a1y1 + a2y3, ω2 = y2, ω = ω3 = a2y1 − a1y3;
ai = const, a2

1 + a2
2 = 1; a2 = 0 if γ1 = 0;

γ1 = −2κ, γ2 = − 3
2 if t > 0 and γ1 = 2κ, γ2 = 3

2 if t < 0.

bai, Bi, cij , and dij are real constants that satisfy the equations

b1i = a1Bi, b3i = a2Bi, c2i + a2γ1b2i = 0,
b21Bi + b22b2i − γ1a1Bi + d2i = 0,
B1Bi +B2b2i + γ1a1Bi + d1i = 0,
(B1 + b22)(B2 + a1γ1 − b21) = 0.

(4.6)

6. The expressions for ua and p have form (2.2), where va and q are determined
by (4.5), (4.6), and γ1 = −2κ, γ2 = 0.

Note 4.1 Formulas (4.5) and (4.6) determine an ansatz for system (2.7), where
equations (4.6) are the necessary and sufficient condition to reduce system (2.7)
by means of an ansatz of form (4.5).
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7. u1 = ϕ1 cosx3/η
3 − ϕ2 sinx3/η

3 + x1θ
1(t) + x2θ

2(t),
u2 = ϕ1 sinx3/η

3 + ϕ2 cosx3/η
3 − x1θ

2(t) + x2θ
1(t),

u3 = ϕ3 + η3
t (η

3)−1x3,

p = h− 1
2η

3
tt(η

3)−1x2
3 − 1

2η
j
ttη

j(ηiηi)−1r2,

(4.7)

where ω = t,

ηa ∈ C∞((t0, t1),R), η3 �= 0, ηiηi �= 0, η1
t η

2 − η1η2
t ∈ {0; 1

2},
θ1 = ηitη

i(ηjηj)−1, θ2 = (η1
t η

2 − η1η2
t )(η

jηj)−1.

8. �u = �ϕ+ λ−1(�na · �x)�ma
t ,

p = h− λ−1(�ma
tt · �x)(�na · �x) + 1

2λ
−2(�mb

tt · �ma)(�na · �x)(�nb · �x), (4.8)

where ω = t, �ma ∈ C∞((t0, t1),R), �ma
tt · �mb − �ma · �mb

tt = 0,

λ = λ(t) = (�m1 × �m2) · �m3 �= 0 ∀t ∈ (t0, t1),
�n1 = �m2 × �m3, �n2 = �m3 × �m1, �n3 = �m1 × �m2.

4.2 Reduced systems

Substituting the ansatzes 1–8 into the NSEs (1.1), we obtain the following systems of
ODE in the functions ϕa and h:

1. ϕ3ϕ1
ω − ϕaϕa − ϕ1

ωω − ϕ1
ω cotω − 2h = 0,

ϕ3ϕ2
ω + ϕ2ϕ3 cotω − ϕ2

ωω − ϕ2
ω cotω + ϕ2 sin−2 ω = 0,

ϕ3ϕ3
ω − ϕ2ϕ2 cotω − ϕ3

ωω − ϕ3
ω cotω + ϕ3 sin−2 ω − 2ϕ1

ω + hω = 0,
ϕ1 + ϕ3

ω + ϕ3 cotω = 0.

(4.9)

2. (ϕ2 − κϕ1)ϕ1
ω − (1 + κ

2)ϕ1
ωω − ϕ1ϕ1 − ϕ2ϕ2 − κhω − 2h = 0,

(ϕ2 − κϕ1)ϕ2
ω − (1 + κ

2)ϕ2
ωω − 2(κϕ2

ω + ϕ1
ω) + hω = 0,

(ϕ2 − κϕ1)ϕ3
ω − (1 + κ

2)ϕ3
ωω − ϕ1ϕ3 − ϕ3 − 2κϕ3

ω = 0,
ϕ2
ω − κϕ1

ω = 0.

(4.10)

3–4. ϕ1ϕ1 − ω−4ϕ2ϕ2 + ωϕ1ϕ1
ω − ϕ1

ωω − 3ω−1ϕ1
ω + ω−1hω = 0,

ωϕ1ϕ2
ω − ϕ2

ωω + ω−1ϕ2
ω + ε1 = 0,

ωϕ1ϕ3
ω + σ1ϕ

3 + νω−2ϕ2 − ϕ3
ωω − ω−1ϕ3

ω + ε2 = 0,
2ϕ1 + ωϕ1

ω + σ2 = 0,

(4.11)

where

3. σ1 = σ, σ2 = (σ + 3
2 ) if t > 0,

σ1 = −σ, σ2 = −(σ + 3
2 ) if t < 0.

4. σ1 = σ2 = σ.

5–6. ϕ3ϕ1
ω − ϕ1

ωω − µ1iϕ
i + c11 + c21ω = 0,

ϕ3ϕ2
ω − ϕ2

ωω − µ2iϕ
i + c12 + c22ω + γ2a2ϕ

3 = 0,
ϕ3ϕ3

ω − ϕ3
ωω + γ1a2ϕ

2 + hω = 0,
ϕ3
ω = σ,

(4.12)
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where µ11 = −B1, µ12 = −B2−γ1a1, µ21 = −b21+γ1a1, µ22 = −b22, σ = γ1−B1−b22.
7. ϕ1

ω + θ1ϕ1 + θ2ϕ2 − (η3)−1ϕ3ϕ2 + (η3)−2ϕ1 = 0,
ϕ2
ω − θ2ϕ1 + θ1ϕ2 + (η3)−1ϕ3ϕ1 + (η3)−2ϕ2 = 0,

ϕ3
ω + η3

t (η
3)−1ϕ3 = 0,

2θ1 + η3
t (η

3)−1 = 0.

(4.13)

8. �ϕω + λ−1(�nb · �ϕ)�mb
t = 0,

�na · �ma
t = 0.

(4.14)

4.3 Exact solutions of the reduced systems

1. Ansatz (4.1) and system (4.9) determine the class of solutions of the NSEs (1.1)
that are called the steady axially symmetric conically similar flows of a viscous fluid
in hydrodynamics. This class of solutions was studied in a number of works (for
example, see references in [16]). For ϕ2 = 0 it was shown, by N.A. Slezkin [34], that
system (4.9) is reduced to a Riccati equation. The general solution of this equation
was expressed in terms of hypergeometric functions. Later similar calculations were
made by V.I. Yatseev [38] and H.B. Squire [35]. The particular case in the class of
solutions with ϕ2 = 0 is formed by the Landau jets [24]. For swirling flows, where
ϕ2 �= 0, the order of system (4.9) can be reduced too. For example [33], an arbitrary
solution of (4.9) satisfies the equation

ϕ2ϕ2 sin2 ω − sinω(Φω sin−1 ω)ω + 2Φω cotω + 2Φ = const,

where Φ = (ϕ3
ω − 1

2ϕ
3ϕ3) sin2 ω − ϕ3 cosω sinω, and the Yatseev results [38] are

completely extended to the case ϕ2 sinω = const.
2. System (4.10) implies that

ϕ2 = κϕ1 + C1,

h = κ(1 + κ
2)ϕ1

ω + (2κ
2 + 2 − κC1)ϕ1 + C2,

(1 + κ
2)ϕ1

ωω + (4κ − C1)ϕ1
ω + ϕ1ϕ1 + 4ϕ1 +

+ (1 + κ
2)−1(C2

1 + 2C2) = 0,
(1 + κ

2)ϕ3
ωω − (C1 − 2κ)ϕ3

ω + (1 + ϕ1)ϕ3 = 0.

(4.15)

If ϕ3 = 0, the solution determined by ansatz (4.10) and formulas (4.15) coincides with
the Hamel solution [18, 23]. In Section 6 we consider system (6.14) which is more
general than system (4.10).
3–4. Let us integrate the last equation of system (4.11), i.e.,

ϕ1 = C1ω
−2 − 1

2σ2. (4.16)

Taking into account the integration result, the other equations of system (4.11) can
be written in the form

hω = ω−3ϕ2ϕ2 + C2
1ω

−3 − 1
4σ

2
2ω,

ϕ2
ωω − ((C1 + 1)ω−1 − 1

2σ2ω)ϕ2
ω = ε1,
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ϕ3
ωω − ((C1 − 1)ω−1 − 1

2σ2ω)ϕ3
ω − σ1ϕ

3 = νω−2ϕ2 + ε2. (4.17)

Therefore,

h =
∫
ω−3ϕ2ϕ2dω − 1

2C
2
1ω

−2 − 1
8σ

2
2ω

2, (4.18)

ϕ2 = C2 + C3

∫ |ω|C1+1e−
1
4σ2ω

2
dω +

+ ε1
∫ |ω|C1+1e−

1
4σ2ω

2
(∫ |ω|−C1−1e

1
4σ2ω

2
dω

)
dω.

(4.19)

If σ1 = 0, it follows that

ϕ3 = C4 + C5

∫ |ω|C1−1e−
1
4σ2ω

2
dω +

+
∫ |ω|C1−1e−

1
4σ2ω

2
(∫ |ω|−C1+1e

1
4σ2ω

2
(ε2 + νω−2ϕ2)dω

)
dω.

(4.20)

Let σ1 �= 0 (and, therefore, ν = 0). Then, if σ2 �= 0, the general solution of equation
(4.17) is expressed in terms of Whittaker functions:

ϕ3 = |ω| 12C1−1e−
1
8σ2ω

2
W (−σ1σ

−1
2 + 1

4C1 − 1
2 ,

1
4C1,

1
4σ2ω

2),

where W (κ, µ, τ) is the general solution of the Whittaker equation

4τ2Wττ = (τ2 − 4κτ + 4µ2 − 1)W. (4.21)

If σ2 = 0, the general solution of equation (4.16) is expressed in terms of Bessel
functions:

ϕ3 = |ω| 12C1Z 1
2C1

(
(−σ1)1/2ω

)
,

where Zν(τ) is the general solution of the Bessel equation

τ2Zττ + τZτ + (τ2 − ν2)Z = 0. (4.22)

Note 4.2 If σ2 = 0, all quadratures in formulas (4.18)–(4.20) are easily integrated.
For example,

ϕ2 =


C2 + C3 ln |ω| + 1

4ε1ω
2 if C1 = −2,

C2 + C3
1
2ω

2 + 1
2ε1ω

2(lnω − 1
2 ) if C1 = 0,

C2 + C3(C1 + 2)−1|ω|C1+2 − 1
2ε1C

−1
1 ω2 if C1 �= −2, 0.

5–6. Let σ = 0. Then the last equation of system (4.12) implies that ϕ3 = C0 =
const. The other equations of system (4.12) can be written in the form

h = −γ1a2

∫
ϕ2(ω)dω,

ϕiωω − C0ϕ
i
ω + µijϕ

j = ν1i + ν2iω,
(4.23)

where ν11 = c11, ν21 = c21, ν12 = c12 + γ2a2C0, ν22 = c22. System (4.23) is a linear
nonhomogeneous system of ODEs with constant coefficients. The form of its general
solution depends on the Jordan form of the matrix M = {µij}. Now let us transform
the dependent variables

ϕi = eijψ
j ,
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where the constants eij are determined by means of the system of linear algebraic
equations

eij µ̃jk = µijejk (i, j, k = 1, 2)

with the condition det{eij} �= 0. Here M̃ = {µ̃ij} is the real Jordan form of the matrix
M. The new unknown functions ψi have to satisfy the following system

ψiωω − C0ψ
i
ω + µ̃ijψ

j = ν̃1i + ν̃2iω, (4.24)

where ν1i = eij ν̃1j , ν2i = eij ν̃2j . Depending on the form of M̃, we consider the
following cases:

A. det M̃ = 0 (this is equivalent to the condition det M = 0 ).

i. M̃ =
(

0 ε
0 0

)
, where ε ∈ {0; 1}. Then

ψ2 = C1 + C2e
C0ω − 1

2 ν̃22C
−1
0 ω2 − (ν̃12 − ν̃22C

−1
0 )C−1

0 ω,

ψ1 = C3 + C4e
C0ω − 1

2 ν̃21C
−1
0 ω2 − (ν̃11 − ν̃21C

−1
0 )C−1

0 ω +

+ ε
(
− 1

6 ν̃22C
−2
0 ω3 − 1

2 (ν̃12 − 2ν̃22C−1
0 )C−2

0 ω2 +

+
(
C1 + (ν̃21 − 2ν̃22C−1

0 )C−2
0

)
C−1

0 ω − C2C
−1
0 ωeC0ω

) (4.25)

for C0 �= 0, and

ψ2 = C1 + C2ω + 1
6 ν̃22ω

3 + 1
2 ν̃12ω

2,

ψ1 = C3 + C4ω + 1
6 (ν̃21 − C2)ω3 + 1

2 (ν̃11 − C1)ω2 − 1
120 ν̃22ω

5 − 1
24 ν̃12ω

4
(4.26)

for C0 = 0.

ii. M̃ =
(

κ1 0
0 0

)
, where κ1 ∈ R\{0}. Then the form of ψ2 is given either by

formula (4.25) for C0 �= 0 or by formula (4.26) for C0 = 0. The form of ψ1 is given
by formula (4.28) (see below).

B. det M̃ �= 0 (this is equivalent to the condition det M �= 0).

i. M̃ =
(

κ1 0
0 κ2

)
, where κi ∈ R\{0}. Then

ψ2 = ν̃22κ
−1
2 ω + (ν̃12 − C0ν̃22κ

−1
2 )κ−1

2 + C1θ
21(ω) + C2θ

22(ω), (4.27)

ψ1 = ν̃21κ
−1
1 ω + (ν̃11 − C0ν̃21κ

−1
1 )κ−1

1 + C3θ
11(ω) + C4θ

12(ω), (4.28)

where

θi1(ω) = exp
(

1
2 (C0 −

√
Di)ω

)
, θi2(ω) = exp

(
1
2 (C0 +

√
Di)ω

)
if Di = C2

0 − 4κi > 0,

θi1(ω) = e
1
2C0ω cos

(
1
2

√−Diω
)
, θi2(ω) = e

1
2C0ω sin

(
1
2

√−Diω
)

if Di < 0,

θi1(ω) = e
1
2C0ω, θi2(ω) = ωe

1
2C0ω

if Di = 0.
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ii. M̃ =
(

κ2 1
0 κ2

)
, where κ2 ∈ R\{0}. Then the form of ψ2 is given by formula

(4.27), and

ψ1 =
(
ν̃11 − (ν̃12 − C0ν̃22κ

−1
2 )κ−1

2 − C0(ν̃21 − ν̃22κ
−1
2 )κ−1

2

)
κ

−1
2 +

+ (ν̃21 − ν̃22κ
−1
2 )κ−1

2 ω + C3θ
21(ω) + C4θ

22(ω) − Ciη
i(ω),

where

ηj(ω) = D−1
2 ω

(
2θ2jω (ω) − C0θ

2j(ω)
)

if D2 �= 0,

η1(ω) = 1
2ω

2e
1
2C0ω, η2(ω) = 1

6ω
3e

1
2C0ω if D2 = 0.

iii. M̃ =
(

κ1 −κ2

κ2 κ1

)
, where κi ∈ R, κ2 �= 0. Then

ψ1 = (κiκi)−1(ν̃21κ1 + ν̃22κ2)ω + (κiκi)−1(ν̃11κ1 + ν̃12κ2) −
− C0(κiκi)−2

(
ν̃21(κ2

2 − κ
2
1) − ν̃222κ1κ2

)
+ Cnθ

1n(ω),
ψ2 = (κiκi)−1(−ν̃21κ2 + ν̃22κ1)ω + (κiκi)−1(−ν̃11κ2 + ν̃12κ1) −

− C0(κiκi)−2
(
ν̃212κ1κ2 + ν̃22(κ2

2 − κ
2
1)
)

+ Cnθ
2n(ω),

where n = 1, 4,

γ =
√

(C2
0 − 4κ1)2 + (4κ2)2,

β1 = 1
4

√
2(γ + C2

0 − 4κ1), β2 = 1
4
|κ2|
κ2

√
2(γ − C2

0 + 4κ1),

θ11(ω) = θ22(ω) = exp
(
( 1
2C0 − β1)ω

)
cosβ2ω,

−θ21(ω) = θ12(ω) = exp
(
( 1
2C0 − β1)ω

)
sinβ2ω,

θ13(ω) = θ24(ω) = exp
(
( 1
2C0 + β1)ω

)
cosβ2ω,

θ23(ω) = −θ14(ω) = exp
(
( 1
2C0 + β1)ω

)
sinβ2ω.

If σ �= 0, the last equation of system (4.12) implies that ψ3 = σω (translating ω,
the integration constant can be made to vanish). The other equations of system (4.12)
can be written in the form

h = −γ1a2

∫
ϕ2(ω)dω − 1

2σ
2ω2,

ϕiωω − σωϕiω + µijϕ
j = ν1i + ν2iω,

(4.29)

where ν11 = c11, ν21 = c21, ν12 = c12, ν22 = c22 + γ2a2σ. The form of the general
solution of system (4.29) depends on the Jordan form of the matrix M = {µij}. Now,
let us transform the dependent variables

ϕi = eijψ
j ,

where the constants eij are determined by means of the system of linear algebraic
equations

eij µ̃jk = µijejk (i, j, k = 1, 2)

with the condition det{eij} �= 0. Here M̃ = {µ̃ij} is the real Jordan form of the
matrix M. The new unknown functions ψi have to satisfy the following system

ψiωω − σωψiω + µ̃ijψ
j = ν̃1i + ν̃2iω, (4.30)
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where ν1i = eij ν̃1j , ν2i = eij ν̃2j . Depending on the form of M̃, we consider the
following cases:

A. det M̃ = 0 (this is equivalent to the condition det M = 0).

i. M̃ =
(

0 ε
0 0

)
, where ε ∈ {0; 1}. Then

ψ2 = C1 + C2

∫
e

1
2σω

2
dω − σ−1ν̃22ω + ν̃12

∫
e

1
2σω

2(∫
e−

1
2σω

2
dω

)
dω, (4.31)

ψ1 = C3 + C4

∫
e

1
2σω

2
dω − σ−1ν̃21ω +

∫
e

1
2σω

2(∫
e−

1
2σω

2
(ν̃11 − εψ2)dω

)
dω.

ii. M̃ =
(
σ 0
0 0

)
. Then the form of ψ2 is given by formula (4.31), and

ψ1 = C3ω + C4

(
ω
∫
e

1
2σω

2
dω − σ−1e

1
2σω

2)
+ σ−1ν̃11 +

+ σ−1ν̃21
(
σω

∫
e

1
2σω

2
λ1(ω)dω − e

1
2σω

2
λ1(ω)

)
,

where λ1(ω) =
∫
e−

1
2σω

2
dω.

iii. M̃ =
(

κ1 0
0 0

)
, where κ1 ∈ R\{0;σ}. Then ψ2 is determited by (4.31), and

the form of ψ1 is given by (4.33) (see below).

B. det M̃ �= 0, det{µ̃ij − σδij} = 0 (this is equivalent to the conditions det M �= 0,
det{µij − σδij} = 0; here δij is the Kronecker symbol).

i. M̃ =
(
σ ε
0 σ

)
, where ε ∈ {0; 1}. Then

ψ2 = C1ω + C2

(
ω
∫
e

1
2σω

2
dω − σ−1e

1
2σω

2)
+ σ−1ν̃12 + vspace1mm

+ σ−1ν̃22
(
σω

∫
e

1
2σω

2
λ1(ω)dω − e

1
2σω

2
λ1(ω)

)
,

(4.32)

ψ1 = C3ω + C4

(
ω
∫
e

1
2σω

2
dω − σ−1e

1
2σω

2)
+ σ−1ν̃11 +

+ σω
∫
e

1
2σω

2
λ2(ω)dω − e

1
2σω

2
λ2(ω) + σ−1(ν̃21ω − εψ2),

where λ1(ω) =
∫
e−

1
2σω

2
dω, λ2(ω) = σ−1

∫
e−

1
2σω

2
(ν̃21 − εψ2

ω)dω.

ii. M̃ =
(

κ1 0
0 σ

)
, where κ1 ∈ R\{0;σ}. In this case ψ2 is determined by

(4.32), and the form of ψ1 is given by (4.33) (see below).

C. det M̃ �= 0, det{µ̃ij − σδij} �= 0 (this is equivalent to the condition det M �= 0,
det{µij − σδij} �= 0: here δij is the Kronecker symbol).

i. M̃ =
(

κ1 0
0 κ2

)
, where κi ∈ R\{0;σ}. Then

ψ1 = κ
−1
1 ν̃11 + (κ1 − σ)−1ν̃21ω + |ω|−1/2e

1
4σω

2 ×
×
(
C3M

(
1
2κ1σ

−1 + 1
4 ,

1
4 ,

1
2σω

2
)

+ C4M
(

1
2κ1σ

−1 + 1
4 ,− 1

4 ,
1
2σω

2
))
,
(4.33)
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ψ2 = κ
−1
2 ν̃12 + (κ2 − σ)−1ν̃22ω + |ω|−1/2e

1
4σω

2 ×
×
(
C1M

(
1
2κ2σ

−1 + 1
4 ,

1
4 ,

1
2σω

2
)

+ C2M
(

1
2κ2σ

−1 + 1
4 ,− 1

4 ,
1
2σω

2
))
,
(4.34)

where M(κ, µ, τ) is the Whittaker function:

M(κ, µ, τ) = τ
1
2+µe−

1
2 τ 1F1

(
1
2 + µ− κ, 2µ+ 1, τ

)
, (4.35)

and 1F1(a, b, τ) is the degenerate hypergeometric function defined by means of the
series:

1F1(a, b, τ) = 1 +
∞∑
n=1

a(a+ 1) . . . (a+ n− 1)
b(b+ 1) . . . (b+ n− 1)

τn

n!
,

b �= 0,−1,−2, . . ..

ii. M̃ =
(

κ1 −κ2

κ2 κ1

)
, where κi ∈ R, κ2 �= 0. Then

ψ1 = (κjκj)−1(κ1ν̃11 + κ2ν̃12) + ((κ1 − σ)2 + κ
2
2)−1((κ1 − σ)ν̃21 + κ2ν̃22)ω +

+ C1Re η1(ω) − C2Im η1(ω) + C3Re η2(ω) − C4Im η2(ω),

ψ2 = (κjκj)−1(−κ2ν̃11 + κ1ν̃12) +
+ ((κ1 − σ)2 + κ

2
2)−1(−κ2ν̃21 + (κ1 − σ)ν̃22)ω +

+ C1Im η1(ω) + C2Re η1(ω) + C3Im η2(ω) + C4Re η2(ω),

where

η1(ω) = M
(

1
2 (κ1 + κ2i)σ−1 + 1

4 ,
1
4 ,

1
2σω

2
)
,

η2(ω) = M
(

1
2 (κ1 + κ2i)σ−1 + 1

4 ,− 1
4 ,

1
2σω

2
)
, i2 = −1.

iii. M̃ =
(

κ2 1
0 κ2

)
, where κ2 ∈ R\{0;σ}. Here the form of ψ2 is given by

(4.34), and

ψ1 = (ν̃11 − ν̃12κ
−1
2 )κ−1

2 +
(
ν̃21 − ν̃22(κ2 − σ)−1

)
(κ2 − σ)−1ω +

+ |ω|−1/2e
1
4σω

2
(
C3θ

1(τ) + C4θ
2(τ) − σ−1θ1(τ)

∫
τ−1θ2(τ)Ciθi(τ)dτ +

+ σ−1θ2(τ)
∫
τ−1θ1(τ)Ciθi(τ)dτ

)
,

where τ = 1
2σω

2,

θ1(τ) = M
(

1
2κ2σ

−1 + 1
4 ,

1
4 , τ

)
, θ2(τ) = M

(
1
2κ2σ

−1 + 1
4 ,− 1

4 , τ
)
.

Note 4.3 The general solution of the equation

ψωω − σωψω − (n+ 1)σψ = 0,

where n is an integer and n ≥ 0, is determined by the formula

ψ =
(
dn

dωn
e

1
2σω

2
)(

C1 + C2

∫
e

1
2σω

2
(
dn

dωn
e

1
2σω

2
)−2

dω

)
.
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Note 4.4 If function ψ satisfies the equation

ψωω − σωψω + κψ = 0 (κ �= −σ),

then
∫
ψ(ω)dω = (κ + σ)−1(σωψ − ψω) + C1.

7. The last equation of system (4.13) is the compatibility condition of the NSEs
(1.1) and ansatz (4.7). Integrating this equation, we obtain that

η3 = C0(ηiηi)−1, C0 �= 0.

As ϕ3
ω = −η3

ω(η3)−1ϕ3 = 2θ1ϕ3, ϕ3 = C3η
iηi. Then system (4.13) is reduced to the

equations

ϕ1
ω = χ1(ω)ϕ1 − χ2(ω)ϕ2,

ϕ2
ω = χ2(ω)ϕ1 + χ1(ω)ϕ2,

(4.36)

where χ1 = −C−2
0 (ηiηi)2 − θ1 and χ2 = θ2 − C3C

−1
0 (ηiηi)2. System (4.36) implies

that

ϕ1 = exp
(∫
χ1(ω)dω

)(
C1 cos

(∫
χ2(ω)dω

)− C2 sin
(∫
χ2(ω)dω

))
,

ϕ2 = exp
(∫
χ1(ω)dω

)(
C1 sin

(∫
χ2(ω)dω

)
+ C2 cos

(∫
χ2(ω)dω

))
.

8. Let us apply the trasformation generated by the operator R(�k(t)), where

�kt = λ−1(�nb · �k)�mb
t − �ϕ,

to ansatz (4.8). As a result we obtain an ansatz of the same form, where the functi-
ons �ϕ and h are replaced by the new functions �̃ϕ and h̃:

�̃ϕ = �ϕ− λ−1(�na · �k)�ma
t + �kt = 0,

h̃ = h− λ−1(�ma
tt · �k)(�na · �k) + 1

2λ
−2(�mb

tt · �ma)(�na · �k)(�nb · �k).

Let us make h̃ vanish by means of the transformation generated by the operator
Z(−h̃(t)). Therefore, the functions ϕa and h can be considered to vanish. The equation
(�na · �ma

t ) = 0 is the compatibility condition of ansatz (4.8) and the NSEs (1.1).

Note 4.5 The solutions of the NSEs obtained by means of ansatzes 5–8 are equivalent
to either solutions (5.1) or solutions (5.5).

5 Reduction of the Navier–Stokes equations
to linear systems of PDEs

Let us show that non-linear systems 8 and 9, from Subsection 3.2, are reduced to
linear systems of PDEs.
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5.1 Investigation of system (3.17)–(3.18)

Consider system 9 from Subsection 3.2, i.e., equations (3.17) and (3.18). Equation
(3.18) integrates with respect to z2 to the following expression:

�k · �w = ψ(t).

Here ψ = ψ(t) is an arbitrary smooth function of z1 = t. Let us make the transfor-
mation from the symmetry group of the NSEs:

�̃u(t, �x) = �u(t, �x−�l) +�lt(t),

p̃(t, �x) = p(t, �x−�l) −�ltt(t) · �x,

where �ltt · �mi −�l · �mi
tt = 0 and

�k · (�lt − λ−1(�ni ·�l)mi
t + λ−1(�k ·�l)�kt

)
+ ψ = 0.

This transformation does not modify ansatz (3.9), but it makes the function ψ(t)
vanish, i.e., �k · �̃w = 0. Therefore, without loss of generality we may assume, at once,
that �k · �w = 0.
Let f i = f i(z1, z2) = �mi · �w. Since �m1

tt · �m2 − �m1 · �m2
tt = 0, it follows that

�m1
t · �m2 − �m1 · �m2

t = C = const. Let us multiply the scalar equation (3.17) by �mi

and �k. As a result we obtain the linear system of PDEs with variable coefficients in
the functions f i and s:

f i1 − λf i22 + Cλ−1
(
(�mi · �m2)f1 − (�mi · �m1)f2

)− 2Cλ−2
(
(�k × �kt) · �mi

)
z2 = 0,

s2 = 2λ−2(�ni · �kt)f i + λ−2(�ktt · �k − 2�kt · �kt)z2.
Consider two possible cases.
A. Let C = 0. Then there exist functions gi = gi(τ, ω), where τ =

∫
λ(t)dt and

ω = z2, such that f i = giω and g
i
τ − giωω = 0. Therefore,

�u = λ−1(giω(τ, ω) + �mi
t · �x)�ni − λ−1(�kt · �x)k,

p = 2λ−2(�ni · �kt)gi(τ, ω) + 1
2λ

−2(�ktt · �k − 2�kt · �kt)ω2 −
− 1

2λ
−1(�ni · �x)(�mi

tt · �x) − 1
2λ

−2(�k · �mi
tt)(�n

i · �x)(�k · �x),
(5.1)

where �m1
t · �m2 − �m1 · �m2

t = 0, �k = �m1 × �m2, �n1 = �m2 × �k, �n2 = �k × �m1, λ = |�k|2,
ω = �k · �x, τ =

∫
λ(t)dt, and giτ − giωω = 0.

For example, if �m = (η1(t), 0, 0) and �n = (0, η2(t), 0) with ηi(t) �= 0, it follows that

u1 = (η1)−1(f1 + η1
t x1), u2 = (η2)−1(f2 + η2

t x2), u3 = −(η1η2)t(η1η2)−1x3,

p = − 1
2η

1
tt(η

1)−1x2
1 − 1

2η
2
tt(η

2)−1x2
2 +

+
(

1
2 (η1η2)tt(η1η2)−1 − (

(η1η2)t(η1η2)−1
)2)

x2
3,

where f i = f i(τ, ω), f iτ − f iωω = 0, τ =
∫

(η1η2)2dt, and ω = η1η2x3. If �m1 =
(η1(t), η2(t), 0) and �m2 = (0, 0, η3(t)) with η3(t) �= 0 and ηi(t)ηi(t) �= 0, we obtain
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that

u1 = (ηiηi)−1
{
η1(gω + ηitxi) − η2

(
η3
t (η

3)−2ω + η2
t x1 − η1

t x2

)}
,

u2 = (ηiηi)−1
{
η2(gω + ηitxi) + η1

(
η3
t (η

3)−2ω + η2
t x1 − η1

t x2

)}
,

u3 = (η3)−1(f + η3
t x3),

p = 2(η3)−1(η1η2
t − η1

t η
2)(ηiηi)−2g + 1

2λ
−1 ×

×
{
λ−1

(
(η3
ttη

3 − 2η3
t η

3
t )η

iηi − 2η3η3
t η
iηit − 2(η3)2ηitη

i
t

)
ω2 +

+ (η3)2
(
(η2η2

tt − η1η1
tt)(x

2
1 − x2

2) − 2(η1
ttη

2 + η1η2
tt)x1x2

)− ηiηiη3η3
ttx

2
3

}
.

Here f = f(τ, ω), fτ − fωω = 0, g = g(τ, ω), gτ − gωω = 0, τ =
∫

(η3)2ηiηidt,
ω = η3(η2x1 − η1x2), and λ = (η3)2ηiηi.

Note 5.1 The equation

�m1
t · �m2 − �m1 · �m2

t = 0 (5.2)

can easily be solved in the following way: Let us fix arbitrary smooth vector-functions
�m1,�l ∈ C∞((t0, t1),R3) such that �m1(t) �= �0, �l(t) �= �0, and �m1(t) ·�l(t) = 0 for all
t ∈ (t0, t1). Then the vector-function �m2 = �m2(t) is taken in the form

�m2(t) = ρ(t)�m1 +�l(t). (5.3)

Equation (5.2) implies

ρ(t) =
∫

(�m1 · �m1)−1(�m1
t ·�l − �m1 ·�lt)dt. (5.4)

B. Let C �= 0. By means of the transformation �mi → aij �m
j , where aij = const and

det{aij} = C, we make C = 1. Then we obtain the following solution of the NSEs
(1.1)

�u = λ−1
(
θij(t)gjω(τ, ω) + θi0(t)ω + �mi

t · �x− λ−1((�k × �mi) · �x)
)
�ni− λ−1(�kt · �x)�k,

p = 2λ−2(�ni · �kt)(θij(t)gi(τ, ω) + 1
2θ
i0(t)ω2) + 1

2λ
−2(�ktt · �k − 2�kt · �kt)ω2 −

− 1
2λ

−1(�ni · �x)(�mi
tt · �x) − 1

2λ
−2(�k · �mi

tt)(�n
i · �x)(�k · �x).

(5.5)

Here �m1
t · �m2 − �m1 · �m2

t = 1, �k = �m1 × �m2, �n1 = �m2 × �k, �n2 = �k × �m1, λ = |�k|2,
ω = �k · �x, τ =

∫
λ(t)dt, and giτ − giωω = 0. (θ1i(t), θ2i(t)) (i = 1, 2) are linearly

independent solutions of the system

θit + λ−1(�mi · �m2)θ1 − λ−1(�mi · �m1)θ2 = 0, (5.6)

and (θ10(t), θ20(t)) is a particular solution of the nonhomogeneous system

θit + λ−1(�mi · �m2)θ1 − λ−1(�mi · �m1)θ2 = 2λ−2
(
(�k × �kt) · �mi

)
. (5.7)

For example, if �m1 = (η cosψ, η sinψ, 0) and �m2 = (−η sinψ, η cosψ, 0), where
η = η(t) �= 0 and ψ = − 1

2

∫
(η)−2dt (therefore, �m1

t · �m2 − �m1 · �m2
t = 1), we obtain

u1 = η−1
(
f1 cosψ − f2 sinψ + ηtx1 − 1

2η
−1x2

)
,

u2 = η−1
(
f1 sinψ + f2 cosψ + ηtx2 + 1

2η
−1x1

)
,

u3 = −2ηtη−1x3,

p = (ηttη − 3ηtηt)η−2x2
3 − 1

2 (ηttη−1 − 1
4η

−4)xixi.
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Here f i = f i(τ, ω), f iτ − f iωω = 0, τ =
∫

(η)4dt, and ω = (η)2x3.

Note 5.2 As in the case C = 0, the solutions of the equation

�m1
t · �m2 − �m1 · �m2

t = 1 (5.8)

can be sought in form (5.3). As a result we obtain that

ρ(t) =
∫ |�m1|−2(�m1

t ·�l − �m1 ·�lt − 1)dt. (5.9)

Note 5.3 System (5.6) can be reduced to a second-order homogeneous differential
equation either in θ1, i.e.,(

λ|�m1|−2θ1t

)
t
+
((

(�m1 · �m2)|�m1|−2
)
t
+ |�m1|−2

)
θ1 = 0 (5.10)

(then θ2 = |�m1|−2(λθ1t + (�m1 · �m2)θ1)), or in θ2, i.e.,(
λ|�m2|−2θ2t

)
t
+
(
−((�m1 · �m2)|�m2|−2

)
t
+ |�m2|−2

)
θ2 = 0 (5.11)

(then θ1 = |�m2|−2(−λθ2t + (�m1 · �m2)θ2)). Under the notation of Note 5.1 equation
(5.10) has the form:(

(�l ·�l)θ1t
)
t
+ |�m1|−2(�m1

t ·�l − �m1 ·�lt)θ1 = 0. (5.12)

The vector-functions �m1 and �l are chosen in such a way that one can find a fundamen-
tal set of solutions for equation (5.12). For example, let �m× �mt �= 0 ∀ t ∈ (t0, t1). Let
us introduce the notation �m := �m1 and put �l = η(t)�m× �mt, where η ∈ C∞((t0, t1),R),
η(t) �= 0 ∀t ∈ (t0, t1). Then

�m ·�l = 0, �mt ·�l − �m ·�lt = 0, �m2 = −(∫ |�m|−2dt
)
�m+ η�m× �mt,

�k = η�m× (�m× �mt), λ = (η)2|�m|2|�m× �mt|−2,

�n2 = η|�m|2 �m× �mt, �n1 =
(∫ |�m|−2dt

)
�n2 + (η)2|�m× �mt|−2 �m,

θ11(t) =
∫

(η)−2|�m× �mt|−2dt, θ21(t) = 1 − θ11
∫ |�m|−2dt,

θ12(t) = 1, θ22(t) = − ∫ |�m|−2dt,

θ10(t) = 2
∫ (

((�m× �mt) · �mtt)|�m× �mt|−2 +
∫
η−1|�m|−4dt

)
η−2|�m× �mt|−2dt,

θ20(t) = −θ10(t) ∫ |�m|−2dt+ 2
∫
η−1|�m|−4dt.

Consider the following cases: �m × �mt ≡ �0, i.e., �m = χ(t)�a, where χ(t) ∈
C∞((t0, t1), R), χ(t) �= 0 ∀t ∈ (t0, t1), �a = const, and |�a| = 1. Let us put

�l(t) = η1(t)�b+ η2(t)�c,

where η1, η2 ∈ C∞((t0, t1),R), (η1(t), η2(t)) �= (0, 0) ∀ t ∈ (t0, t1), �b = const, |�b| = 1,
�a ·�b = 0, and �c = �a×�b. Then

�m2 = −(χ ∫ χ−2dt
)
�a+ η1�b+ η2�c, �k = χη1�c− χη2�b,

λ = (χ)2ηiηi, �n2 = (χ)2(η1�b+ η2�c), �n1 =
(∫
χ−2dt

)
�n2 + χηiηi�a,

θ11 =
∫

(ηiηi)−1dt, θ21 = 1 − θ11
∫
χ−2dt, θ12 = 1, θ22 = − ∫

χ−2dt,

θ10 = 2
∫

(η2
t η

1 − η2η1
t )χ

−1(ηiηi)−1dt, θ20 = −θ10 ∫ χ−2dt.
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Note 5.4 In formulas (5.1) and (5.5) solutions of the NSEs (1.1) are expressed in
terms of solutions of the decomposed system of two linear one-dimensional heat
equations (LOHEs) that have the form:

giτ = giωω. (5.13)

The Lie symmetry of the LOHE are known. Large sets of its exact solutions were
constructed [27, 3]. The Q-conditional symmetries of LOHE were investigated in [14].
Moreover, being decomposed system (5.13) admits transformations of the form

g̃1(τ ′, ω′) = F 1(τ, ω, g1(τ, ω)), τ ′ = G1(τ, ω), ω′ = H1(τ, ω),
g̃2(τ ′′, ω′′) = F 2(τ, ω, g2(τ, ω)), τ ′′ = G2(τ, ω), ω′′ = H2(τ, ω),

where (G1,H1) �= (G2,H2), i.e. the independent variables can be transformed in
the functions g1 and g2 in different ways. A similar statement is true for system
(5.19)–(5.20) (see below) if ε = 0.

Note 5.5 It can be proved that an arbitrary Navier–Stokes field (�u, p), where

�u = �w(t, ω) + (�ki(t) · �x)�li(t)
with �ki,�li ∈ C∞((t0, t1),R3), �k1 × �k2 �= 0, and ω = (�k1 × �k2) · �x, is equivalent to
either a solution from family (5.1) or a solution from family (5.5). The equivalence
transformation is generated by R(�m) and Z(χ).

5.2 Investigation of system (3.13)–(3.16)

Consider system 8 from Subsection 3.2, i.e., equations (3.13)–(3.16). Equation (3.16)
immediately gives

w1 = − 1
2ρtρ

−1 + (η − 1)z−2
2 , (5.14)

where η = η(t) is an arbitrary smooth function of z1 = t. Substituting (5.14) into
remaining equations (5.13)–(5.15), we get

q2 = 1
2

(
(ρtρ−1)t − 1

2 (ρtρ−1)2
)
z2 − ηtz

−1
2 − (η − 1)2z−3

2 + (w2 − χ)2z−3
2 , (5.15)

w2
1 − w2

22 +
(
ηz−1

2 − 1
2ρtρ

−1z2
)
w2

2 = 0, (5.16)

w3
1 − w3

22 +
(
ηz−1

2 − 1
2ρtρ

−1z2
)
w3

2 + ε(w2 − χ)z−2
2 = 0. (5.17)

Recall that ρ = ρ(t) and χ = χ(t) are arbitrary smooth functions of t; ε ∈ {0; 1}.
After the change of the independent variables

τ =
∫ |ρ(t)|dt, z = |ρ(t)|1/2z2 (5.18)

in equations (5.16) and (5.17), we obtain a linear system of a simpler form:

w2
τ − w2

zz + η̂(τ)z−1w2
z = 0, (5.19)

w3
τ − w3

zz + (η̂(τ) − 2)z−1w3
z + ε(w2 − χ̂(τ))z−2 = 0, (5.20)
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where η̂(τ) = η(t) and χ̂(τ) = χ(t). Equation (5.15) implies

q = 1
4

(
(ρtρ−1)t − 1

2 (ρtρ−1)2
)
z2
2 − ηt ln |z2| −

− 1
2 (η − 1)2z−2

2 +
∫

(w2(τ, z) − χ̂(τ))2z−3
2 dz2.

(5.21)

Formulas (5.14), (5.18)–(5.21), and ansatz (3.8) determine a solution of the NSEs
(1.1).
If ε = 0 system (5.19)–(5.20) is decomposed and consists of two translational

linear equations of the general form

fτ + η̃(τ)z−1fz − fzz = 0, (5.22)

where η̃ = η̂ (η̃ = η̂ − 2) for equation (5.19) ((5.20)). Tilde over η is omitted below.
Let us investigate symmetry properties of equation (5.22) and construct some of its
exact solutions.

Theorem 5.1 The MIA of (5.22) is given by the following algebras

a) L1 = 〈f∂f , g(τ, z)∂f 〉 if η(τ) �= const;
b) L2 = 〈∂τ , D̂, Π, f∂f , g(τ, z)∂f 〉 if η(τ) = const, η �∈ {0;−2};
c) L3 = 〈∂τ , D̂, Π, ∂z + 1

2ηz
−1f∂f , G = 2τ∂τ − (z − ηz−1τ)f∂f , f∂f ,

g(τ, z)∂f 〉 if η ∈ {0;−2}.
Here D̂ = 2τ∂τ + z∂z, Π = 4τ2∂τ + 4τz∂z − (z2 + 2(1 − η)τ)f∂f ; g = g(τ, z) is an
arbitrary solution of (5.22).

When η = 0, equation (5.22) is the heat equation, and, when η = −2, it is reduced
to the heat equation by means of the change f̃ = zf .
For the case η = const equation (5.22) can be reduced by inequivalent one-

dimensional subalgebras of L2. We construct the following solutions:

For the subalgebra 〈∂τ + af∂f 〉, where a ∈ {−1; 0; 1}, it follows that
f = e−τzν(C1Jν(z) + C2Yν(z)) if a = −1,
f = eτzν(C1Iν(z) + C2Kν(z)) if a = 1,
f = C1z

η+1 + C2 if a = 0 and η �= −1,
f = C1 ln z + C2 if a = 0 and η = −1.

Here Jν and Yν are the Bessel functions of a real variable, whereas Iν and Kν are
the Bessel functions of an imaginary variable, and ν = 1

2 (η + 1).

For the subalgebra 〈D̂ + 2af∂f 〉, where a ∈ R, it follows that

f = |τ |ae− 1
2ω|ω| 12 (η−1)W

(
1
4 (η − 1) − a, 1

4 (η + 1), ω
)

with ω = 1
4z

2τ−1. Here W (κ, µ, ω) is the general solution of the Whittaker equation

4ω2Wωω = (ω2 − 4κω + 4µ2 − 1)W.

For the subalgebra 〈∂τ + Π + af∂f 〉, where a ∈ R, it follows that

f = (4τ2 + 1)
1
4 (η−1) exp(−τω + 1

2a arctan 2τ)ϕ(ω)
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with ω = z2(4τ2 + 1)−1. The function ϕ is a solution of the equation

4ωϕωω + 2(1 − η)ϕω + (ω − a)ϕ = 0.

For example if a = 0, then ϕ(ω) = ωµ
(
C1Jµ( 1

2ω) + C2Yµ( 1
2ω)

)
, where µ = 1

4 (η + 1).
Consider equation (5.22), where η is an arbitrary smooth function of τ .

Theorem 5.2 Equation (5.22) is Q-conditional invariant under the operators

Q1 = ∂τ + g1(τ, z)∂z +
(
g2(τ, z)f + g3(τ, z)

)
∂f (5.23)

if and only if

g1
τ − ηz−1g1

z + ηz−2g1 − g1
zz + 2g1

zg
1 − ητz

−1 + 2g2
z = 0,

gkτ + ηz−1gkz − gkzz + 2g1
zg
k = 0, k = 2, 3,

(5.24)

and

Q2 = ∂z +B(τ, z, f)∂f (5.25)

if and only if

Bτ − ηz−2B + ηz−1Bz −Bzz − 2BBzf −B2Bff = 0. (5.26)

An arbitrary operator of Q-conditional symmetry of equation (5.22) is equivalent to
either an operator of form (5.23) or an operator of form (5.25).

Theorem 5.2 is proved by means of the method described in [13].

Note 5.6 It can be shown (in a way analogous to one in [13]) that system (5.24) is
reduced to the decomposed linear system

faτ + ηz−1faz − fazz = 0 (5.27)

by means of the following non-local transformation

g1 = −f
1
zzf

2 − f1f2
zz

f1
z f

2 − f1f2
z

+ ηz−1,

g2 = −f
1
zzf

2
z − f1

z f
2
zz

f1
z f

2 − f1f2
z

,

g3 = f3
zz − ηz−1f3

z + g1f3
z − g2f3.

(5.28)

Equation (5.26) is reduced, by means of the change

B = −Φτ/Φf , Φ = Φ(τ, z, f)

and the hodograph transformation

y0 = τ, y1 = z, y2 = Φ, Ψ = f,

to the following equation in the function Ψ = Ψ(y0, y1, y2):

Ψy0 + η(y0)y−1
1 Ψy1 − Ψy1y1 = 0.
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Therefore, unlike Lie symmetries Q-conditional symmetries of (5.22) are more
extended for an arbitrary smooth function η = η(τ). Thus, Theorem 5.2 implies that
equation (5.22) is Q-conditional invariant under the operators

∂z, X = ∂τ + (η − 1)z−1∂z, G = (2τ + C)∂z − zf∂f

with C = const. Reducing equation (5.22) by means of the operator G, we obtain the
following solution:

f = C2

(
z2 − 2

∫
(η(τ) − 1)dτ

)
+ C1. (5.29)

In generalizing this we can construct solutions of the form

f =
N∑
k=0

T k(τ)z2k, (5.30)

where the coefficients T k = T k(τ) (k = 0, N) satisfy the system of ODEs:

T kτ + (2k + 2)(η(τ) − 2k − 1)T k+1 = 0, k = 0, N − 1, TNτ = 0. (5.31)

Equation (5.31) is easily integrated for arbitrary N ∈ N. For example if N = 2, it
follows that

f = C3

{
z4 − 4z2

∫
(η(τ) − 3)dτ+ 8

∫(
(η(τ) − 1)

∫
(η(τ) − 3)dτ

)
dτ
}

+

+ C2

{
z2 − 2

∫
(η(τ) − 1)dτ

}
+ C1.

An explicit form for solution (5.30) with N = 1 is given by (5.29).
Generalizing the solution

f = C0 exp
{−z2(4τ + 2C)−1 +

∫
(η(τ) − 1)(2τ + C)−1dτ

}
(5.32)

obtained by means of reduction of (5.22) by the operator G, we can construct solutions
of the general form

f =
N∑
k=0

Sk(τ)
(
z(2τ + C)−1

)2k ×
× exp

{
−z2(4τ + 2C)−1 +

∫
(η(τ) − 1)(2τ + C)−1dτ

}
,

(5.33)

where the coefficients Sk = Sk(τ) (k = 0, N) satisfy the system of ODEs:

Skτ + (2k + 2)(η(τ) − 2k − 1)(2τ + C)−2Sk+1 = 0,

k = 0, N − 1, SNτ = 0.
(5.34)

For example if N = 1, then

f =
{
C1

(
z2(2τ + C)−2 − 2

∫
(η(τ) − 1)(2τ + C)−2dτ

)
+ C0

}
×

× exp
{
−z2(4τ + 2C)−1 +

∫
(η(τ) − 1)(2τ + C)−1dτ

}
.

Here we do not present results for arbitrary N as they are very cumbersome.
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Putting g2 = g3 = 0 in system (5.24), we obtain one equation in the function g1:

g1
τ − ηz−1g1

z + ηz−2g1 − g1
zz + 2g1

zg
1 − ητz

−1 = 0.

It follows that g1 = −gz/g+ (η− 1)/z, where g = g(τ, z) is a solution of the equation

gτ + (η − 2)z−1gz − gzz = 0. (5.35)

Q-conditional symmetry of (5.22) under the operator

Q = ∂τ +
(−gz/g + (η − 1)/z

)
∂z (5.36)

gives rise to the following

Theorem 5.3 If g is a solution of equation (5.35) and

f(τ, z) =
∫ z
z0
z′g(τ, z′)dz′ +

+
∫ τ
τ0

(
z0gz(τ ′, z0) − (η(τ ′) − 1)g(τ ′, z0)

)
dτ ′,

(5.37)

where (τ0, z0) is a fixed point, then f is a solution of equation (5.22).

Proof. Equation (5.35) implies

(zg)τ = (zgz − (η − 1)g)z

Therefore, fz = zg, fτ = zgz − (η − 1)g and

fτ + ηz−1fz − fzz = zgz − (η − 1)g + ηg − (zg)z = 0. QED.

The converse of Theorem 5.3 is the following obvious

Theorem 5.4 If f is a solution of (5.22), the function

g = z−1fz (5.38)

satisfies (5.35).

Theorems 5.3 and 5.4 imply that, when η = 2n (n ∈ Z), solutions of (5.22) can be
constructed from known solutions of the heat equation by means of applying either
formula (5.37) (for n > 0) or formula (5.38) (for n < 0) |n| times.
Let us investigate symmetry properties and construct some exact solutions of

system (5.19)–(5.20) for ε = 1, i.e., the system

w1
τ − w1

zz + η̂(τ)z−1w1
z = 0, (5.39)

w2
τ − w2

zz + (η̂(τ) − 2)z−1w2
z + (w1 − χ̂(τ))z−2 = 0. (5.40)

If (w1, w2) is a solution of system (5.39)–(5.40), then (w1, w2 + g) (where g =
g(τ, z)) is also a solution of (5.39)–(5.40) if and only if the function g satisfies the
following equation

gτ − gzz + (η̂(τ) − 2)z−1gz = 0 (5.41)
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System (5.39)–(5.40), for some χ̂ = χ̂(τ), has particular solutions of the form

w1 =
N∑
k=0

T k(τ)z2k, w2 =
N−1∑
k=0

Sk(τ)z2k,

where T 0(τ) = χ̂(τ). For example, if χ̂(τ) = −2C1

∫
(η̂(τ) − 1)dτ + C2 and N = 1,

then

w1 = C1

(
z2 − 2

∫
(η̂(τ) − 1)dτ

)
+ C2, w2 = −C1τ.

Let χ̂(τ) = 0.

Theorem 5.5 The MIA of system (5.39)–(5.40) with χ̂(τ) = 0 is given by the
following algebras

a) 〈wi∂wi , w̃i(τ, z)∂wi〉 if η̂(τ) �= const;
b) 〈2τ∂τ + z∂z, ∂τ , w

i∂wi , w̃i(τ, z)∂wi〉 if η̂(τ) = const, η̂ �= 0;
c) 〈2τ∂τ + z∂z, ∂τ , w

1z−1∂w2 , wi∂wi , w̃i(τ, z)∂wi〉 if η̂ ≡ 0.

Here (w̃1, w̃2) is an arbitrary solution of (5.39)–(5.40) with χ̂(τ) = 0.

For the case χ̂(τ) = 0 and η̂(τ) = const system (5.39)–(5.40) can be reduced
by inequivalent one-dimensional subalgebras of its MIA. We obtain the following
solutions:

For the subalgebra 〈∂τ 〉 it follows that
w1 = C1 ln z + C2,

w2 = 1
4C1(ln2 z − ln z) + 1

2C2 ln z + C3z
−2 + C4

if η̂ = −1;

w1 = C1z
2 + C2,

w2 = 1
4C1z

2 + 1
2C2 ln2 z + C3 ln z + C4

if η̂ = 1;

w1 = C1z
η̂+1 + C2,

w2 = 1
2C1(η̂ + 1)−1zη̂+1 + C2(η̂ − 1)−1 ln z + C3z

η̂−1 + C4

if η̂ �∈ {−1; 1}.
For the subalgebra 〈∂τ − wi∂wi〉 it follows that

w1 = e−τz
1
2 (η̂+1)ψ1(z), w2 = e−τz

1
2 (η̂−1)ψ2(z),

where the functions ψ1 and ψ2 satisfy the system

z2ψ1
zz + zψ1

z +
(
z2 − 1

4 (η̂ + 1)2
)
ψ1 = 0, (5.42)

z2ψ2
zz + zψ2

z +
(
z2 − 1

4 (η̂ − 1)2
)
ψ2 = zψ1. (5.43)
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The general solution of system (5.42)–(5.43) can be expressed by quadratures in terms
of the Bessel functions of a real variable Jν(z) and Yν(z):

ψ1 = C1Jν+1(z) + C2Yν+1(z),
ψ2 = C3Jν(z) + C4Yν(z) + π

2Yν(z)
∫
Jν(z)ψ1(z)dz − π

2 Jν(z)
∫
Yν(z)ψ1(z)dz

with ν = 1
2 (η̂ − 1);

For the subalgebra 〈∂τ + wi∂wi〉 it follows that
w1 = eτz

1
2 (η̂+1)ψ1(z), w2 = eτz

1
2 (η̂−1)ψ2(z),

where the functions ψ1 and ψ2 satisfy the system

z2ψ1
zz + zψ1

z −
(
z2 + 1

4 (η̂ + 1)2
)
ψ1 = 0, (5.44)

z2ψ2
zz + zψ2

z −
(
z2 + 1

4 (η̂ − 1)2
)
ψ2 = zψ1. (5.45)

The general solution of system (5.44)–(5.45) can be expressed by quadratures in terms
of the Bessel functions of an imaginary variable Iν(z) and Kν(z):

ψ1 = C1Iν+1(z) + C2Kν+1(z),
ψ2 = C3Iν(z) + C4Kν(z) +Kν(z)

∫
Iν(z)ψ1(z)dz − Iν(z)

∫
Kν(z)ψ1(z)dz

with ν = 1
2 (η̂ − 1).

For the subalgebra 〈2τ∂τ + z∂z + awi∂wi〉 it follows that
w1 = |τ |ae− 1

2ω|ω| 14 (η̂−1)ψ1(ω), w2 = |τ |ae− 1
2ω|ω| 14 (η̂−3)ψ2(ω)

with ω = 1
4z

2τ−1, where the functions ψ1 and ψ2 satisfy the system

4ω2ψ1
ωω =

(
ω2 +

(
a− 1

4 (η̂ − 1)
)
ω + 1

4 (η̂ + 1)2 − 1
)
ψ1, (5.46)

4ω2ψ2
ωω =

(
ω2 +

(
a− 1

4 (η̂ − 3)
)
ω + 1

4 (η̂ − 1)2 − 1
)
ψ2 + 2|ω|1/2ψ1. (5.47)

The general solution of system (5.46)–(5.47) can be expressed by quadratures in terms
of the Whittaker functions.

6 Symmetry properties and exact solutions
of system (3.12)

As was mentioned in Section 3, ansatzes (3.4)–(3.7) reduce the NSEs (1.1) to the
systems of PDEs of a similar structure that have the general form (see (3.12)):

wiw1
i − w1

ii + s1 + α2w
2 = 0,

wiw2
i − w2

ii + s2 − α2w
1 + α1w

3 = 0,
wiw3

i − w3
ii + α4w

3 + α5 = 0,
wii = α3,

(6.1)

where αn (n = 1, 5) are real parameters.
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Setting αk = 0 (k = 2, 5) in (6.1), we obtain equations describing a plane convecti-
ve flow that is brought about by nonhomogeneous heating of boudaries [25]. In this
case wi are the coordinates of the flow velocity vector, w3 is the flow temperature, s
is the pressure, the Grasshoff number λ is equal to −α1, and the Prandtl number σ is
equal to 1. Some similarity solutions of these equations were constructed in [22]. The
particular case of system (6.1) for α1 = α2 = α4 = α5 = 0 and α3 = 1 was considered
in [31].
In this section we study symmetry properties of system (6.1) and construct large

sets of its exact solutions.

Theorem 6.1 The MIA of (6.1) is the algebra

1. E1 = 〈∂1, ∂2, ∂s〉 if α1 �= 0, α4 �= 0.
2. E2 = 〈∂1, ∂2, ∂s, ∂w3 − α1z2∂s〉 if α1 �= 0, α4 = 0, (α1, α2, α5) �= (0, 0, 0).

3. E3 = 〈∂1, ∂2, ∂s, ∂w3 − α1z2∂s, D̃ − 3w3∂w3〉 if α1 �= 0, αk = 0, k = 2, 5.
4. E4 = 〈∂1, ∂2, ∂s, J, (w3 + α5/α4)∂w3〉 if α1 = 0, α4 �= 0.
5. E5 = 〈∂1, ∂2, ∂s, J, ∂w3〉 if α1 = α4 = 0, (α2, α3) �= (0, 0), α5 �= 0.
6. E6 = 〈∂1, ∂2, ∂s, J, ∂w3 , w3∂w3〉 if α1 = α4 = α5 = 0, (α2, α3) �= (0, 0).

7. E7 = 〈∂1, ∂2, ∂s, J, ∂w3 , D̃ + 2w3∂w3〉 if α5 �= 0, αl = 0, l = 1, 4.

8. E8 = 〈∂1, ∂2, ∂s, J, ∂w3 , D̃, w3∂w3〉 if αn = 0, n = 1, 5.

Here D̃ = zi∂i − wi∂wi − 2s∂s, J = z1∂2 − z2∂1 + w1∂w2 − w2∂w1 , ∂i = ∂zi
.

Note 6.1 The bases of the algebras E6 and E8 contain the operator w3∂w3 that is not
induced by elements of A(NS).

Note 6.2 If α4 �= 0, the constant α5 can be made to vanish by means of local
transformation

w̃3 = w3 + α5/α4, s̃ = s− α1α5α
−1
4 z2, (6.2)

where the independent variables and the functions wi are not transformed. Therefore,
we consider below that α5 = 0 if α4 �= 0.

Note 6.3 Making the non-local transformation

s̃ = s+ α2Ψ, (6.3)

where Ψ1 = w2, Ψ2 = −w1 (such a function Ψ exists in view of the last equation of
(6.1)), in system (6.1) with α3 = 0, we obtain a system of form (6.1) with α̃3 = α̃2 = 0.
In some cases (α1 �= 0, α3 = α4 = α5 = 0, α2 �= 0; α1 = α3 = α4 = 0, α2 �= 0)
transformation (6.3) allows the symmetry of (6.1) to be extended and non-Lie solutions
to be constructed. Moreover, it means that in the cases listed above system (6.1) is
invariant under the non-local transformation

ẑi = eεzi, ŵi = e−εwi, ŵ3 = eδεw3, ŝ = e−2εs+ α2(e−2ε − 1)Ψ,

where

δ = −3 if α3 = α4 = α5 = 0, α1, α2 �= 0;
δ = 2 if α1 = α3 = α4 = 0, α2, α5 �= 0;
δ = 0 if α1 = α3 = α4 = α5 = 0, α2 �= 0.
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Let us consider an ansatz of the form:

w1 = a1ϕ
1 − a2ϕ

3 + b1ω2,

w2 = a2ϕ
1 + a1ϕ

3 + b2ω2,

w3 = ϕ2 + b3ω2,

s = h+ d1ω2 + d2ω1ω2 + 1
2d3ω

2
2 ,

(6.4)

where a2
1 + a2

2 = 1, ω = ω1 = a1z2 − a2z1, ω2 = a1z1 + a2z2, B, ba, da = const,

bi = Bai, b3(B + α4) = 0,
d2 = α2B − α1b3a1, d3 = −B2 − α1b3a2,

(6.5)

Here and below ϕa = ϕa(ω) and h = h(ω). Indeed, formulas (6.4) and (6.5) determine
a whole set of ansatzes for system (6.1). This set contains both Lie ansatzes, construc-
ted by means of subalgebras of the form

〈a1∂1 + a2∂2 + a3(∂w3 − α1z2∂s) + a4∂s〉, (6.6)

and non-Lie ansatzes. Equation (6.5) is the necessary and sufficient condition to
reduce (6.1) by means of an ansatz of form (6.3). As a result of reduction we obtain
the following system of ODEs:

ϕ3ϕ1
ω − ϕ1

ωω + µ1jϕ
j + d1 + d2ω + α2ϕ

3 = 0,
ϕ3ϕ2

ω − ϕ2
ωω + µ2jϕ

j + α5 = 0,
ϕ3ϕ3

ω − ϕ3
ωω + hω − α2ϕ

1 + α1a1ϕ
2 = 0,

ϕ3
ω = σ,

(6.7)

where µ11 = −B, µ12 = −α1a2, µ21 = −b3, µ22 = −α4, σ = α3 −B. If σ = 0, system
(6.7) implies that

ϕ3 = C0 = const,
h = α2

∫
ϕ1(ω)dω − α1a1

∫
ϕ2(ω)dω,

and the functions ϕi satisfy system (4.23), where ν11 = d1+α2C0, ν21 = d2, ν12 = α5,
ν22 = 0. If σ �= 0, then ϕ3 = σω (translating ω, the integration constant can be made
to vanish),

h = − 1
2σ

2ω2 + α2

∫
ϕ1(ω)dω − α1a1

∫
ϕ2(ω)dω,

and the functions satisfy system (4.29), where ν11 = d1, ν21 = d2 + α2σ, ν12 = α5,
ν22 = 0.

Note 6.4 Step-by-step reduction of the NSEs (1.1) by means of ansatzes (3.4)–(3.7)
and (6.4) is equivalent to a particular case of immediate reduction of the NSEs (1.1)
to ODEs by means of ansatzes 5 and 6 from Subsection 4.1.
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Table 1. Complete sets of inequivalent one-dimensional subalgebras of the algebras
E1 − E8 (a and al (l = 1, 4) are real constants)

Algebra Subalgebras
Values of
parameters

E1 〈a1∂1 + a2∂2 + a3∂s〉, 〈∂s〉 a2
1 + a2

2 = 1

E2
〈a1∂1 + a2∂2 + a3(∂w3 − α1z2∂s)〉,
〈∂1 + a4∂s〉, 〈∂w3 − α1z2∂s〉, 〈∂s〉

a2
1 + a2

2 = 1,
a4 �= 0

E3

〈a1∂1 + a2∂2 + a3(∂w3 − α1z2∂s)〉, 〈∂1 + a4∂s〉,
〈D̃ − 3w3∂w3〉, 〈∂w3 − α1z2∂s〉, 〈∂s〉

a2
1 + a2

2 = 1,
a3 ∈ {−1; 0; 1},
a4 ∈ {−1; 1}

E4
〈J + a1∂s + a2w

3∂w3〉, 〈∂2 + a1∂s + a2w
3∂w3〉,

〈w3∂w3 + a1∂s〉, 〈∂s〉

E5
〈J + a1∂s + a2∂w3〉, 〈∂2 + a1∂s + a2∂w3〉,
〈∂w3 + a1∂s >,< ∂s〉

E6

〈J + a1∂s + a2w
3∂w3〉, 〈∂2 + a1∂s + a2w

3∂w3〉,
〈J + a1∂s + a3∂w3〉, 〈∂2 + a1∂s + a3∂w3〉,
〈w3∂w3 + a1∂s〉, 〈∂w3 + a1∂s〉, 〈∂s〉

a2 �= 0,
a3 ∈ {−1; 0; 1}

E7
〈D̃ + aJ + 2w3∂w3〉, 〈J + a1∂s + a2∂w3〉,
〈∂2 + a1∂s + a2∂w3〉, 〈∂w3 + a2∂s〉, 〈∂s〉

a2 ∈ {−1; 0; 1},
a1 ∈ {−1; 0; 1}
if a2 = 0

E8

〈D̃ + aJ + a3w
3∂w3〉, 〈D̃ + aJ + a3∂w3〉,

〈J + a1∂s + a4w
3∂w3〉, 〈∂2 + a1∂s + a4w

3∂w3〉,
〈J + a1∂s + a2∂w3〉, 〈∂2 + a1∂s + a2∂w3〉,
〈w3∂w3 + a1∂s〉, 〈∂w3 + a1∂s〉, 〈∂s〉

ai ∈ {−1; 0; 1},
a4 �= 0
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Now let us choose such algebras, among the algebras from Table 1, that can be
used to reduce system (6.1) and do not belong to the set of algebras (6.6). By means
of the chosen algebras we construct ansatzes that are tabulated in the form of Table 2.

Table 2. Ansatzes reducing system (6.1) (r = (z2
1 + z2

2)1/2)

N
Values
of αn

Algebra
Invariant
variable

Ansatz

1
α1 �= 0,
αk = 0,
k = 2, 5

〈D̃ − 3w3∂w3〉 ω = arctan z2z1
w1 = r−2(z1ϕ1 − z2ϕ

2),
w2 = r−2(z2ϕ1 + z1ϕ

2),
w3 = r−3ϕ3, s = r−2h

2
α1 = 0,
α5 = 0

〈∂2 + a1∂s + a2w
3∂w3〉,

a2 �= 0 ω = z1
w1 = ϕ1, w2 = ϕ2,
w3 = ϕ3ea2z2 ,
s = h+ a1z2

3
α1 = 0,
α4 = 0 〈J + a1∂s + a2∂w3〉 ω = r

w1 = z1ϕ
1 − z2r

−2ϕ2,
w2 = z2ϕ

1 + z1r
−2ϕ2,

w3 = ϕ3 + a2 arctan z2z1 ,
s = h+ a1 arctan z2z1

4
α1 = 0,
α5 = 0

〈J + a1∂s + a2w3∂w3〉
a2 �= 0 if α4 = 0 ω = r

w1 = z1ϕ
1 − z2r

−2ϕ2,
w2 = z2ϕ

1 + z1r
−2ϕ2,

w3 = ϕ3ea2 arctan
z2
z1 ,

s = h+ a1 arctan z2z1

5
α5 �= 0,
αl = 0,
l = 1, 4

〈D̃ + aJ + 2w3∂w3〉 ω = arctan z2z1−−a ln r

w1 = r−2(z1ϕ1 − z2ϕ
2),

w2 = r−2(z2ϕ1 + z1ϕ
2),

w3 = r2ϕ3, s = r−2h

6
αn = 0,
n = 1, 5 〈D̃ + aJ + a1∂w3〉 ω = arctan z2z1−−a ln r

w1 = r−2(z1ϕ1 − z2ϕ
2),

w2 = r−2(z2ϕ1 + z1ϕ
2),

w3 = ϕ3 + a1 ln r,
s = r−2h

7
αn = 0,
n = 1, 5

〈D̃ + aJ + a1w
3∂w3〉,

a1 �= 0
ω = arctan z2z1−−a ln r

w1 = r−2(z1ϕ1 − z2ϕ
2),

w2 = r−2(z2ϕ1 + z1ϕ
2),

w3 = ra1ϕ3, s = r−2h
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Substituting the ansatzes from Table 2 into system (6.1), we obtain the reduced
systems of ODEs in the functions ϕa and h:

1. ϕ2ϕ1
ω − ϕ1

ωω − ϕ1ϕ1 − ϕ2ϕ2 − 2h+ α1ϕ
3 sinω + 2ϕ2

ω = 0,
ϕ2ϕ2

ω − ϕ2
ωω + hω − 2ϕ1

ω + α1ϕ
3 cosω = 0,

ϕ2ϕ3
ω − ϕ3

ωω − 3ϕ1ϕ3 − 9ϕ3 = 0,
ϕ2
ω = 0.

(6.8)

2. ϕ1ϕ1
ω − ϕ1

ωω + α2ϕ
2 + hω = 0,

ϕ1ϕ2
ω − ϕ2

ωω − α2ϕ
1 + a1 = 0,

ϕ1ϕ3
ω − ϕ3

ωω + (a2ϕ
2 + α4 − a2

2)ϕ
3 = 0,

ϕ1
ω = α3.

(6.9)

3. ωϕ1ϕ1
ω − ϕ1

ωω + ϕ1ϕ1 − ω−4ϕ2ϕ2 − 3ω−1ϕ1
ω + α2ω

−2ϕ2 + ω−1hω = 0,
ωϕ1ϕ2

ω − ϕ2
ωω + ω−1ϕ2

ω − α2ω
2ϕ1 + a1 = 0,

ωϕ1ϕ3
ω − ϕ3

ωω + a2ω
−2ϕ2 − ω−1ϕ3

ω + α5 = 0,
2ϕ1 + ωϕ1

ω = α3.

(6.10)

4. ωϕ1ϕ1
ω − ϕ1

ωω + ϕ1ϕ1 − ω−4ϕ2ϕ2 − 3ω−1ϕ1
ω + α2ω

−2ϕ2 + ω−1hω = 0,
ωϕ1ϕ2

ω − ϕ2
ωω + ω−1ϕ2

ω − α2ω
2ϕ1 + a1 = 0,

ωϕ1ϕ3
ω − ϕ3

ωω + a2ω
−2ϕ2ϕ3 − ω−1ϕ3

ω + (α4 − a2
2ω

−2)ϕ3 = 0,
2ϕ1 + ωϕ1

ω = α3.

(6.11)

5. (ϕ2 − aϕ1)ϕ1
ω − (1 + a2)ϕ1

ωω − ϕ1ϕ1 − ϕ2ϕ2 − ahω − 2h = 0,
(ϕ2 − aϕ1)ϕ2

ω − (1 + a2)ϕ2
ωω − 2(aϕ2

ω + ϕ1
ω) + hω = 0,

(ϕ2 − aϕ1)ϕ3
ω − (1 + a2)ϕ3

ωω + 2ϕ1ϕ3 − 4ϕ3 + 4aϕ3
ω + α5 = 0,

ϕ2
ω − aϕ1

ω = 0.

(6.12)

6. (ϕ2 − aϕ1)ϕ1
ω − (1 + a2)ϕ1

ωω − ϕ1ϕ1 − ϕ2ϕ2 − ahω − 2h = 0,
(ϕ2 − aϕ1)ϕ2

ω − (1 + a2)ϕ2
ωω − 2(aϕ2

ω + ϕ1
ω) + hω = 0,

(ϕ2 − aϕ1)ϕ3
ω − (1 + a2)ϕ3

ωω + a1ϕ
1 = 0,

ϕ2
ω − aϕ1

ω = 0.

(6.13)

7. (ϕ2 − aϕ1)ϕ1
ω − (1 + a2)ϕ1

ωω − ϕ1ϕ1 − ϕ2ϕ2 − ahω − 2h = 0,
(ϕ2 − aϕ1)ϕ2

ω − (1 + a2)ϕ2
ωω − 2(aϕ2

ω + ϕ1
ω) + hω = 0,

(ϕ2 − aϕ1)ϕ3
ω − (1 + a2)ϕ3

ωω + a1ϕ
1ϕ3 − a2

1ϕ
3 + 2aa1ϕ

3
ω = 0,

ϕ2
ω − aϕ1

ω = 0.

(6.14)

Numeration of reduced systems (6.8)–(6.14) corresponds to that of the ansatzes
in Table 2. Let us integrate systems (6.8)–(6.14) in such cases when it is possible.
Below, in this section, Ck = const (k = 1, 6).
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1. We failed to integrate system (6.8) in the general case, but we managed to find
the following particular solutions:

a) ϕ1 = −6℘(ω + C3,
1
3 (4 − 2C1), C2) − 2,

ϕ2 = ϕ3 = 0, h = 2ϕ1 + C1;
b) ϕ1 = −6C2

1e
2C1ω℘(eC1ω + C3, 0, C2) + 3C2

1 − 2,
ϕ2 = 5C1, ϕ3 = 0,
h = −12C2

1e
2C1ω℘(eC1ω + C3, 0, C2) − 2 − 13

2 C
2
1 − 9

4C
4
1 ;

c) ϕ1 = C1, ϕ2 = C2, ϕ3 = 0, h = − 1
2 (C2

1 + C2
2 ).

Here ℘(τ,κ1,κ2) is the Weierstrass function that satisfies the equation (see [19]):

(℘τ )2 = 4℘3 − κ1℘− κ2. (6.15)

2. If α3 = 0, the last equation of (6.9) implies that ϕ1 = C1. It follows from the
other equations of (6.9) that

ϕ2 = C3 + C2e
C1ω − (a1C

−1
1 − α2)ω,

h = C6 − α2C3ω − α2C2C
−1
1 eC1ω + 1

2α2(a1C
−1
1 − α2)ω2

if C1 �= 0, and

ϕ2 = C3 + C2ω + 1
2a1ω

2,

h = C6 − α2C3ω − 1
2α2C2ω

2 − 1
6α2a1ω

3

if C1 = 0. The function ϕ3 satisfies the equation

ϕ3
ωω − C1ϕ

3
ω + (a2

2 − α4 − a2ϕ
2)ϕ3 = 0. (6.16)

We solve equation (6.16) for the following cases:

A. C2 = a1 − α2C1 = 0:

ϕ3 =


e

1
2C1ω

(
C4e

µ1/2ω + C5e
−µ1/2ω

)
, µ > 0,

e
1
2C1ω

(
C4 + C5ω

)
, µ = 0,

e
1
2C1ω

(
C4 cos((−µ)1/2ω) + C5 sin((−µ)1/2ω)

)
, µ < 0,

where µ = 1
4C

2
1 − a2

2 + α4 + a2C3.

B. C1 = a1 = 0, C2 �= 0 ([19]):

ϕ3 = ξ1/2Z1/3

(
2
3 (−a2C2)1/2ξ3/2

)
,

where ξ = ω + (C3a2 − a2
2 − α4)/(a2C2). Here Zν(τ) is the general solution of the

Bessel equation (4.22).

C. C1 = 0, a1 �= 0 ([19]):

ϕ3 = (ω + C2a
−1
1 )−1/2W

(
ν, 1

4 , (
1
2a1a2)−1/2(ω + C2a

−1
1 )2

)
,

where ν = 1
4 ( 1

2a1a2)−1/2
(
a2
2−α4−a2C3 + 1

2a2C
2
3a

−1
1

)
. Here W (κ, µ, τ) is the general

solution of the Whittaker equation (4.21).
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D. C1 �= 0, C2 �= 0, a1 − α2C1 = 0 ([19]):

ϕ3 = e
1
2C1ωZν

(
2C−1

1 (−a2C2)1/2e
1
2C1ω

)
,

where ν = C−1
1

(
C2

1 +4(α4 +a2C3 −a2
2)
)1/2

. Here Zν(τ) is the general solution of the
Bessel equation (4.22).

E. C1 �= 0, a1 − α2C1 �= 0, C2 = 0 ([19]):

ϕ3 = e
1
2C1ωξ1/2Z1/3

(
2
3

(
a2(a1C

−1
1 − α2)

)1/2
ξ3/2

)
,

where ξ = ω+
(
a2
2 − 1

4C
2
1 −C3a2 −α4

)
/
(
a2(a1C

−1
1 −α2)

)
. Here Zν(τ) is the general

solution of the Bessel equation (4.22).
If α3 �= 0, then ϕ1 = α3ω (translating ω, the integration constant can be made to

vanish),

ϕ2 = C1 + C2

∫
e

1
2α3ω

2
dω + a1

∫
e

1
2α3ω

2
(∫

e−
1
2α3ω

2
dω

)
dω + α2ω,

h = C3 − 1
2 (α2

2 + α2
3)ω

2 − α2C1ω − α2C2

(
ω
∫
e

1
2α3ω

2
dω − α−1

3 e
1
2α3ω

2
)
−

− α2a1

(
ω
∫
e

1
2α3ω

2(∫
e−

1
2α3ω

2
dω

)
dω − α−1

3 e
1
2α3ω

2 ∫
e−

1
2α3ω

2
dω + α−1

3 ω
)
,

and the function ϕ3 satisfies the equation

ϕ3
ωω − α3ωϕ

3
ω + (a2

2 − α4 − a2ϕ
2)ϕ3 = 0. (6.17)

We managed to find a solution of (6.17) only for the case a1 = C2 = 0, i.e.,

ϕ3 = e
1
4α3ω

2
V
(
α

1/2
3 (ω + 2a2α2α

−2
3 ), ν

)
,

where ν = 4α−1
3

(
α4 + a2C1 − a2

2(α
2
2α

−2
3 + 1)

)
. Here V (τ, ν) is the general solution of

the Weber equation

4Vττ = (τ2 + ν)V. (6.18)

3. The general solution of system (6.10) has the form:

ϕ1 = C1ω
−2 + 1

2α3, (6.19)

ϕ2 = C2 + C3

∫
ωC1+1e

1
4α3ω

2
dω − 1

2α2ω
2 +

+ a1

∫
ωC1+1e

1
4α3ω

2
(∫

ω−C1−1e−
1
4α3ω

2
dω

)
dω,

(6.20)

ϕ3 = C4 + C5

∫
ωC1−1e

1
4α3ω

2
dω +

+
∫
ωC1−1e

1
4α3ω

2
(∫

ω1−C1e−
1
4α3ω

2
(α5 + a2ω

−2ϕ2)dω
)
dω,

h = C6 − 1
8α

2
3ω

2 − 1
2C

2
1ω

−2 +
∫

(ϕ2(ω))2ω−3dω − α2

∫
ω−1ϕ2(ω)dω. (6.21)

4. System (6.11) implies that the functions ϕi and h are determined by (6.19)–
(6.21), and the function ϕ3 satisfies the equation

ϕ3
ωω−

(
(C1−1)ω−1+ 1

2α3ω
)
ϕ3
ω +

(
a2ω

−2(a2−ϕ2) − α4

)
ϕ3 = 0. (6.22)
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We managed to solve equation (6.22) in following cases:

A. C3 = a1 = 0, α3 �= 0:

ϕ3 = ω
1
2C1−1e

1
8α3ω

2
W (κ, µ, 1

4α3ω
2),

where κ = 1
4

(
2 − C1 − (4α4 + 2α2a2)α−1

3

)
, µ = 1

4 (C2
1 − 4a2

2 + 4a2C2)1/2. Here
W (κ, µ, τ) is the general solution of the Whittaker equation (4.21).
Let α3 = 0, then

ϕ2 =


C2 + C3 lnω + 1

4 (a1 + 2α2)ω2, C1 = −2,
C2 + 1

2C3ω
2 + 1

2a1ω
2(lnω − 1

2 ), C1 = 0,

C2 + C3(C1 + 2)−1ωC1+2 − 1
2C

−1
1 (a1 − α2C1)ω2, C1 �= 0,−2.

B. C3 = a1 − α2C1 = 0:

ϕ3 =


ω

1
2C1Zν(µ1/2ω), µ �= 0,

ω
1
2C1(C5ω

ν + C6ω
−ν), µ = 0, ν �= 0,

ω
1
2C1(C5 + C6 lnω), µ = 0, ν = 0,

(6.23)

where µ = −α4, ν = 1
2 (C2

1 − 4a2
2 + 4a2C2)1/2. Here and below Zν(τ) is the general

solution of the Bessel equation (4.22).

C. C3 = 0, C1 �= 0: ϕ3 is determined by (6.23), where

µ = 1
2a2C

−1
1 (a1 − α2C1) − α4, ν = 1

2 (C2
1 − 4a2

2 + 4a2C2)1/2.

D. C1 = a1 = 0: ϕ3 is determined by (6.23), where

µ = − 1
2a2C3 − α4, ν = (−a2

2 + a2C2)1/2.

E. C3 �= 0, C1 �∈ {0;−2}, a2(a1 − α2C1) − 2α4C1 = 0:

ϕ3 = ω
1
2C1Zν(µω1+ 1

2C1),

where µ = 2C1/2
3 (C1 + 2)−3/2, ν = (C1 + 2)−1(C2

1 − 4a2
2 + 4a2C2)1/2.

F. C1 = −2, C3 �= 0, a2(a1 + 2α2) + 4α4 = 0 ([19]):

ϕ3 = ω−1ξ1/2Z1/3( 2
3C

1/2
3 ξ3/2),

where ξ = lnω + C−1
3 (a2

2 − a2C2 − 1).

G. C1 = 2, C3 < 0, 1 − a2
2 + a2C2 ≥ 0:

ϕ3 = W (κ, µ, 1
2 (−C3)1/2ω2),

where κ = 1
8 (−C3)−1/2(−4α4+a2

2−2α2a2), µ = 1
2 (1−a2

2+a2C2)1/2. Here W (κ, µ, τ)
is the general solution of the Whittaker equation (4.21).

5–7. Identical corollaries of system (6.12), (6.13), and (6.14) are the equations

ϕ2 = aϕ1 + C1, (6.24)

h = a(1 + a2)ϕ1
ω + (2 + 2a2 − aC1)ϕ1 + C2, (6.25)
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(1 + a2)ϕ1
ωω + (4a− C1)ϕ1

ω + ϕ1ϕ1 + 4ϕ1 + (1 + a2)−1(C2
1 + 2C2) = 0. (6.26)

We found the following solutions of (6.26):

A. If (1 + a2)−1(C2
1 + 2C2) < 4:

ϕ1 =
(
4 − (1 + a2)−1(C2

1 + 2C2)
)1/2 − 2. (6.27)

B. If C1 = 4a:

ϕ1 = −6℘
(

ω

(1 + a2)1/2
+ C4,

4
3
− (C2

1 + 2C2)
3(1 + a2)

, C3

)
− 2. (6.28)

Here and below ℘(τ,κ1,κ2) is the Weierstrass function satisfying equation (6.15). If
C2 = 2 − 6a2 and C3 = 0, a particular case of (6.28) is the function

ϕ1 = −6(1 + a2)ω2 − 2 (6.29)

(the constant C4 is considered to vanish).

C. If 1 �= 4a, (1 + a2)−1(C2
1 + 2C2) − 4 = −9µ4:

ϕ1 = −6µ2e−2ξ℘(e−ξ + C4, 0, C3) + 3µ2 − 2, (6.30)

where ξ = (1 + a2)−1/2µω, µ = 1
5 (4a−C1)(1 + a2)−1/2. If C3 = 0, a paticular case of

(6.30) is the function

ϕ1 = −6µ2e−2ξ(e−ξ + C4)−2 + 3µ2 − 2, (6.31)

where the constant C4 is considered not to vanish.
The function ϕ3 has to be found for systems (6.12), (6.13), and (6.14) individually.

5. The function ϕ3 satisfy the equation

(1 + a2)ϕ3
ωω − (C1 + 4a)ϕ3

ω − (2ϕ1 − 4)ϕ3 − α5 = 0.

If ϕ1 is determined by (6.27), we obtain

ϕ3 = exp
(

1
2 (1 + a2)−1(C1 + 4a)ω

)×
×


C5 exp(ν1/2ω) + C6 exp(−ν1/2ω), ν > 0

C5 cos((−ν)1/2ω) + C6 sin((−ν)1/2ω), ν < 0
C5 + C6ω, ν = 0

+

+


−α5(2ϕ1 − 4)−1, 2ϕ1 − 4 �= 0
−α5(4a+ C1)−1ω, 2ϕ1 − 4 = 0, C1 + 4a �= 0
1
2α5(1 + a2)−1ω2, 2ϕ1 − 4 = 0, C1 + 4a = 0

 ,

where ν = 1
4 (1 + a2)−2(C1 + 4a)2 − (1 + a2)−1(4 − 2ϕ1).

6. In this case ϕ3 satisfy the equation

(1 + a2)ϕ3
ωω − C1ϕ

3
ω = a1ϕ

1.
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Therefore,

ϕ3 = C5 + C6 exp
(
(1 + a2)−1C1ω

)
+ a1C

−1
1

(∫
ϕ1(ω)dω +

+ exp
(
(1 + a2)−1C1ω

) ∫
exp

(−(1 + a2)−1C1ω
)
ϕ1(ω)dω

)
for C1 �= 0, and

ϕ3 = C5 + C6ω + a1(1 + a2)−1
(
ω
∫
ϕ1(ω)dω − ∫

ωϕ1(ω)dω
)

for C1 = 0.

7. The function ϕ3 satisfy the equation

(1 + a2)ϕ3
ωω − (C1 + 2a1a)ϕ3

ω + (a2
1 − a1ϕ

1)ϕ3 = 0. (6.32)

A. If ϕ1 is determined by (6.27), it follows that

ϕ3 = exp
(

1
2 (1 + a2)−1(C1 + 2a1a)ω

)×
×


C5 exp(ν1/2ω) + C6 exp(−ν1/2ω), ν > 0
C5 cos((−ν)1/2ω) + C6 sin((−ν)1/2ω), ν < 0
C5 + C6ω, ν = 0

 ,

where ν = 1
4 (1 + a2)−2(C1 + 2a1a)2 − (1 + a2)−1(a2

1 − a1ϕ
1).

B. If C1 = 4a, that is, ϕ1 is determined by (6.27), we obtain

ϕ3 = exp
(
a(a1 + 2)(1 + a2)−1ω

)
θ(τ),

where τ = (1 + a2)−1/2ω + C4. Here the function θ = θ(τ) is the general solution of
of the following Lame equation ([19]):

θττ +
(
6a1℘(τ) + a2

1 + 2a1 − a2(2 + a1)2(1 + a2)−1
)
θ = 0

with the Weierstrass function

℘(τ) = ℘
(
τ, 1

3

(
4 − (1 + a2)−1(C2

1 + 2C2)
)
, C3

)
.

Consider the particular case when C2 = 2 − 6a2 and C3 = 0 additionally, i.e., ϕ1

can be given in form (6.29). Depending on the values of a and a1, we obtain the
following expression for ϕ3:

Case 1. a1 �= −2, a1 �= 2a2:

ϕ3 = |ω|1/2exp
(
a(2 + a1)
1 + a2

ω

)
Zν

((
(2 + a1)(a1 − 2a2)

)1/2
1 + a2

ω

)
,

where ν = (1
4 − 6a1)1/2.

Case 2. a1 = −2: ϕ3 = C5ω
4 + C6ω

−3.

Case 3. a1 = 2a2:

Case 3.1. 48a2 < 1: ϕ3 = |ω|1/2e2aω(C5ω
σ + C6ω

−σ), where σ = 1
2

√
1 − 48a2.

Case 3.2. 48a2 = 1, that is, a = ± 1
12

√
3: ϕ3 = |ω|1/2(C5 + C6 lnω).
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Case 3.3. 48a2 > 1: ϕ3 = |ω|1/2e2aω(C5 cos(γ lnω) + C6 sin(γ lnω)
)
, where

γ = 1
2

√
48a2 − 1.

C. Let the conditions

C1 �= 4a, (1 + a2)−1(C2
1 + 2C2) − 4 = −9µ4

be satisfied, that is, let ϕ1 be determined by (6.30). Transforming the variables in
equation (6.32) by the formulas:

ϕ3 = τ−1/2 exp
(

1
2 (C1 + 2aa1)(1 + a2)−1ω

)
θ(τ),

τ = exp
(−µ(1 + a2)−1/2ω

)
,

we obtain the following equation in the function θ = θ(τ):

τ2θττ +
(
6a1τ

2℘(τ + C4, 0, C3) + σ
)
θ = 0, (6.33)

where σ = µ−2
(
a2
1 + 2a1 − 1

4 (1 + a2)−1(C2
1 + 2aa1)2

) − 3a1 + 1
4 . If σ = 0, equation

(6.33) is a Lame equation.
In the particular case when ϕ1 is determined by (6.31), equation (6.33) has the

form:

τ2(τ + C4)2θττ +
(
6a1τ

2 + σ(τ + C4)2
)
θ = 0. (6.34)

By means of the following transformation of variables:

θ = |ξ|ν1 |ξ − 1|ν2ψ(ξ), ξ = −C−1
4 τ,

where ν1(ν1 − 1) + σ = 0 and ν2(ν2 − 1) + 6a1 = 0, equation (6.34) is reduced to a
hypergeometric equation of the form (see [19]):

ξ(ξ − 1)ψξξ +
(
2(ν1 + ν2)ξ − 2ν1)ψξ + 2ν1ν2ψ = 0.

If σ = 0, equation (6.34) implies that

(τ + C4)2θττ + 6a1θ = 0.

Therefore,

θ = C5|τ + C4|1/2−ν + C6|τ + C4|1/2+ν

if a1 <
1
24 , where ν = (1

4 − 6a1)1/2,

θ = |τ + C4|1/2
(
C5 + C6 ln |τ + C4|

)
if a1 = 1

24 , and

θ = |τ + C4|1/2
(
C5 cos(ν ln |τ + C4|) + C6 sin(ν ln |τ + C4|)

)
if a1 >

1
24 , where ν = (6a1 − 1

4 )1/2.
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7 Exact solutions of system (2.9)

Among the reduced systems from Section 2, only particular cases of system (2.9) have
Lie symmetry operators that are not induced by elements from A(NS). Therefore,
Lie reductions of the other systems from Section 2 give only solutions that can be
obtained by means of reducing the NSEs with two- and three-dimensional subalgebras
of A(NS).
Here we consider system (2.9) with ρi vanishing. As mentioned in Note 2.5, in

this case the vector-function �m has the form �m = η(t)�e, where �e = const, |�e| = 1, and
η = η(t) = |�m(t)| �= 0. Without loss of generality we can assume that �e = (0, 0, 1),
i.e.,

�m = (0, 0, η(t)).

For such vector �m, conditions (2.5) are satisfied by the following vector �ni:

�n1 = (1, 0, 0), �n2 = (0, 1, 0).

Therefore, ansatz (2.4) and system (2.9) can be written, respectively, in the forms:

u1 = v1, u2 = v2, u3 =
(
η(t)

)−1(
v3 + ηt(t)x3

)
,

p = q − 1
2ηtt(t)

(
η(t)

)−1
x2

3,
(7.1)

where v = v(y1, y2, y3), q = q(y1, y2, y3), yi = xi, y3 = t, and

vit + vjvij − vijj + qi = 0,
v3
t + vjv3

j − v3
jj = 0,

vii + ρ3 = 0,
(7.2)

where ρ3 = ρ3(t) = ηt/η.
It was shown in Note 2.8 that there exists a local transformation which make ρ3

vanish. Therefore, we can consider system (7.2) only with ρ3 vanishing and extend
the obtained results in the case ρ3 �= 0 by means of transformation (2.12). However it
will be sometimes convenient to investigate, at once, system (7.2) with an arbitrary
function ρ3.
The MIA of (7.2) with ρ3 = 0 is given by the algebra

B = 〈R3(ψ̄), Z1(λ), D1
3, ∂t, J

1
12, ∂v3 , v

3∂v3〉
(see notations in Subsection 2.1). We construct complete sets of inequivalent one-
dimensional subalgebras of B and choose such algebras, among these subalgebras,
that can be used to reduce system (7.2) and do not lie in the linear span of the
operators R3(ψ̄), Z1(λ), J1

12, i.e., the operators which are induced by operators from
A(NS) for arbitrary ρ3. As a result we obtain the following algebras (more exactly,
the following classes of algebras):
The one-dimentional subalgebras:

1. B1
1 = 〈D1

3 + 2κJ1
12 + 2γv3∂v3 + 2β∂v3〉, where γβ = 0.

2. B1
2 = 〈∂t + κJ1

12 + γv3∂v3 + β∂v3〉, where γβ = 0, κ ∈ {0; 1}.
3. B1

3 = 〈J1
12 + γv3∂v3 + Z1(λ(t))〉, where γ �= 0, λ ∈ C∞((t0, t1),R).

4. B1
4 = 〈R3(ψ̄(t)) + γv3∂v3〉, where γ �= 0,

ψ̄(t) = (ψ1(t), ψ2(t)) �= (0, 0) ∀ t ∈ (t0, t1), ψi ∈ C∞((t0, t1),R).
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The two-dimentional subalgebras:

1. B2
1 = 〈∂t + β2∂v3 , D

1
3 + κJ1

12 + γv3∂v3 + β1∂v3〉,
where γβ1 = 0, (γ − 2)β2 = 0.

2. B2
2 = 〈D1

3 + 2γ1v
3∂v3 + 2β1∂v3 , J

1
12 + γ2v

3∂v3 + β2∂v3 + Z1(ε|t|−1)〉,
where γ1β1 = 0, γ2β2 = 0, γ1β2 − γ2β1 = 0.

3. B2
3 = 〈D1

3 + 2κJ1
12 + 2γ1v

3∂v3 + 2β1∂v3 , R3(|t|σ+1/2 cos τ, |t|σ+1/2 sin τ) +
+ γ2v

3∂v3 + β2∂v3 + Z1(ε|t|σ−1)〉, where τ = κ ln |t|,
(γ1 + σ)β1 − γ2β1 = 0, σγ2 = 0, εσ = 0.

4. B2
4 = 〈∂t + γ1v

3∂v3 + β1∂v3 , J
1
12 + γ2v

3∂v3 + β2∂v3 + Z1(ε)〉,
where γ1β1 = 0, γ2β2 = 0, γ1β2 − γ2β1 = 0.

5. B2
5 = 〈∂t + κJ1

12 + γ1v
3∂v3 + β1∂v3 , R3(eσt cos κt, eσt sin κt) +

+ Z1(εeσt) + γ2v
3∂v3 + β2∂v3〉, where (γ1 + σ)β1 − γ2β1 = 0,

σγ2 = 0, εσ = 0.
6. B2

6 = 〈R3(ψ̄1) + γv3∂v3 , R3(ψ̄2)〉, where ψ̄i = (ψi1(t), ψi2(t)) �= (0, 0)
∀ t ∈ (t0, t1), ψij ∈ C∞((t0, t1),R), ψ̄1

tt · ψ̄2 − ψ̄1 · ψ̄2
tt = 0, γ �= 0.

Hereafter ψ̄1 · ψ̄2 := ψ1iψ2i.

Let us reduce system (7.2) to systems of PDEs in two independent variables. With
the algebras B1

1–B
1
4 we can construct the following complete set of Lie ansatzes of

codimension 1 for system (7.2) with ρ3 = 0:

1. v1 = |t|−1/2(w1 cos τ − w2 sin τ) + 1
2y1t

−1 − κy2t
−1,

v2 = |t|−1/2(w1 sin τ + w2 cos τ) + 1
2y2t

−1 + κy1t
−1,

v3 = |t|γw3 + β ln |t|,
q = |t|−1s+ 1

2 (κ2 + 1
4 )t−2r2,

(7.3)

where τ = κ ln |t|, γβ = 0,

z1 = |t|−1/2(y1 cos τ + y2 sin τ), z2 = |t|−1/2(−y1 sin τ + y2 cos τ).

Here and below wa = wa(z1, z2), s = s(z1, z2), r = (y2
1 + y2

2)1/2.

2. v1 = w1 cos κt− w2 sin κt− κy2,

v2 = w1 sin κt+ w2 cos κt+ κy1,

v3 = w3eγt + βt,

q = s+ 1
2κ

2r2,

(7.4)

where κ ∈ {0; 1}, γβ = 0,

z1 = y1 cos κt+ y2 sin κt, z2 = −y1 sin κt+ y2 cos κt.

3. v1 = y1r
−1w3 − y2r

−2w1 − γy2r
−2,

v2 = y2r
−1w3 + y1r

−2w1 + γy1r
−2,

v3 = w2eγ arctan y2/y1 ,

q = s+ λ(t) arctan y2/y1,

(7.5)
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where 1 = t, z2 = r, γ �= 0, λ ∈ C∞((t0, t1),R).

4. v̄ = (ψ̄ · ψ̄)−1
(
(w1 + γ)ψ̄ + w3θ̄ + (ψ̄ · ȳ)ψ̄t − z2θ̄t

)
v3 = w2 exp

(
γ(ψ̄ · ψ̄)−1(ψ̄ · ȳ))

q = s− (ψ̄ · ψ̄)−1(ψ̄tt · ȳ)(ψ̄ · ȳ) + 1
2 (ψ̄ · ψ̄)−2(ψ̄tt · ψ̄)(ψ̄ · ȳ)2,

(7.6)

where z1 = t, z2 = (θ̄ · ȳ), γ �= 0, v̄ = (v1, v2), ȳ = (y1, y2), ψi ∈ C∞((t0, t1),R),
θ̄ = (−ψ2, ψ1).

Substituting ansatzes (7.3) and (7.4) into system (7.2) with ρ3 = 0, we obtain a
reduced system of the form (6.1), where

α1 = 0, α2 = −1, α3 = −2κ, α4 = γ, α5 = β if t > 0 and

α1 = 0, α2 = 1, α3 = 2κ, α4 = −γ, α5 = −β if t < 0

for ansatz (7.3) and

α1 = 0, α2 = 0, α3 = −2κ, α4 = γ, α5 = β

for ansatz (7.4). System (6.1) is investigated in Section 6 in detail.
Because the form of ansatzes (7.3) is not changed after transformation (2.12), it is

convinient to substitute their into a system of form (7.2) with an arbitrary function ρ3.
As a result of substituting, we obtain the following reduced systems:

3. w3
1 + w3w3

2 − z−3
2 (w1 + γ)2 − (w3

22 + z−1
2 w3

2 − z−2
2 w3) + s2 = 0,

w1
1 + w3w1

2 − w1
22 + z−1

2 w1
2 + λ = 0,

w2
1 + w3w2

2 − w2
22 − z−1

2 w2
2 + γz−2

2 w1w2 = 0,
w3

2 + z−1
2 w3 = −η1/η.

(7.7)

4. w1
1 + w3w1

2 − (ψ̄ · ψ̄)w1
22 = 0,

w3
1 + w3w3

2 − (ψ̄ · ψ̄)w3
22 + (ψ̄ · ψ̄)s2 + 2(w1 + γ)(ψ̄ · θ̄)(ψ̄ · ψ̄)−1 −

− 2(ψ̄t · ψ̄)(ψ̄ · ψ̄)−1w3 + (2ψ̄t · ψ̄t − ψ̄tt · ψ̄)(ψ̄ · ψ̄)−1z2 = 0,
w2

1 + w3w2
2 − (ψ̄ · ψ̄)w2

22 + γ(ψ̄ · ψ̄)−1
(
w1 + (ψ̄t · θ̄)(ψ̄ · ψ̄)−1z2

)
w2 = 0,

w3
2 + ηt/η = 0.

(7.8)

Unlike systems 8 and 9 from Subsection 3.2, systems (7.7) and (7.8) are not reduced
to linear systems of PDEs.
Let us investigate system (7.7). The last equation of (7.7) immediately gives

(w3
2 + z−1

2 w3)2 = w3
22 + z−1

2 w3
2 − z−2

2 w3 = 0,
w3 = (χ− 1)z−1

2 − 1
2ηtη

−1z2,
(7.9)

where χ = χ(t) is an arbitrary differentiable function of t = z2. Then it follows from
the first equation of (7.7) that

s =
∫
z−3
2 (w1 + γ)2dz2 − 1

2 (χ− 1)2z−2
2 + 1

4z
2
2

(
(ηt/η)t − 1

2 (ηt/η)2
)
− χt ln |z2|.
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Substituting (7.9) into the remaining equations of (7.7), we get

w1
1 − w1

22 +
(
χz−1

2 − 1
2ηtη

−1z2
)
w1

2 + λ = 0,

w2
1 − w2

22 +
(
(χ− 2)z−1

2 − 1
2ηtη

−1z2
)
w2

2 + γz−2
2 w1w2 = 0.

(7.10)

By means of changing the independent variables

τ =
∫ |η(t)|dt, z = |η(t)|1/2z2, (7.11)

system (7.10) can be transformed to a system of a simpler form:

w1
τ − w1

zz + χ̂z−1w2
z + λ̂|η̂|−1 = 0,

w2
τ − w2

zz + (χ̂− 2)z−1w2
z + γz−2w1w2 = 0,

(7.12)

where η̂(τ) = η(t), χ̂(τ) = χ(t), and λ̂(τ) = λ(t).
If λ(t) = −2Cη(t)(χ(t) − 1) for some fixed constant C, particular solutions of

(7.10) are functions

w1 = Cη(t)z2
2 , w2 = f(z1, z2) exp

(
γC

∫
η(t)dt

)
,

where f is an arbitrary solution of the following equation

f1 − f22 +
(
(χ− 2)z−1

2 − 1
2ηtη

−1z2
)
f2 = 0. (7.13)

In the variables from (7.11), equation (7.13) has form (5.22) with η̃(τ) = χ(t) − 2.
In the case λ(t) = 8C(χ(t) − 1)η(t)

∫
η(t)(χ(t) − 3)dt (C = const), particular

solutions of (7.10) are functions

w1 = C
(
(η(t))2z4

2 − 4z2
2η(t)

∫
η(t)(χ(t) − 3)dt

)
,

w2 = f(z1, z2) exp
(

1
2 (γC)1/2η(t)z2

2 + ξ(t)
)
,

where ξ(t) = −(γC)1/2
∫
η(t)(χ(t) − 3)dt+ 4γC

∫
η(t)

(∫
η(t)(χ(t) − 3)dt

)
dt and f is

an arbitrary solution of the following equation

f1 − f22 +
(
(χ− 2)z−1

2 − ( 1
2ηtη

−1 + 2(γC)1/2)z2
)
f2 = 0. (7.14)

After the change of the independent variables

τ =
∫ |η(t)| exp

(
4(γC)1/2

∫
η(t)dt

)
dt, z = |η(t)|1/2 exp

(
2(γC)1/2

∫
η(t)dt

)
z2

in (7.14), we obtain equation (5.22) with η̃(τ) = χ(t) − 2 again.
Let us continue to system (7.8). The last equation of (7.8) integrates with respect to

z2 to the following expression: w3 = −ηtη−1z2 +χ. Here χ = χ(t) is an differentiable
function of z1 = y3 = t. Let us make the transformation from the symmetry group
of (7.2):

¯̃v(t, ȳ) = v̄(t, ȳ − ξ̄(t)) + ξ̄t(t), ṽ3 = v3, q̃(t, ȳ) = q(t, ȳ − ξ̄(t)) − ξ̄tt(t) · ȳ,
where ξ̄tt · ψ̄ − ξ̄ · ψ̄tt = 0 and

ξ̄t · θ̄ + χ+ ηtη
−1(ξ̄ · θ̄) − |ψ̄|−2(ξ̄ · ψ̄)(ψ̄t · θ̄) + |ψ̄|−2(ξ̄ · θ̄)(θ̄t · θ̄) = 0.
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Hereafter |ψ̄|2 = ψ̄ · ψ̄. This transformation does not modify ansatz (7.6), but it makes
the function χ vanish, i.e., w̃3 = −ηtη−1z2. Therefore, without loss of generality we
may assume, at once, that w3 = −ηtη−1z2.
Substituting the expression for w3 in the other equations of (7.8), we obtain that

s = z2
2 |ψ̄|−2

((
1
2 ψ̄tt · ψ̄ − ψ̄t · ψ̄t − (ψ̄t · ψ̄)ηtη−1

)|ψ̄|−2 + 1
2ηttη

−1 − (ηt)2η−2
)
−

− 2(ψ̄t · θ̄)|ψ̄|−2
∫
w1(z1, z2)dz2,

w1
1 − η1η

−1z2w
1
2 − |ψ̄|2w1

22 = 0,
w2

1 − η1η
−1z2w

2
2 − |ψ̄|2w2

22 + γ|ψ̄|−2
(
2(ψ̄t · θ̄)|ψ̄|−2z2 + w1

)
w2 = 0.

(7.15)

The change of the independent variables

τ =
∫

(η(t)|ψ̄|)2dt, z = η(t)z2

reduces system (7.15) to the following form:

w1
τ − w1

zz = 0,

w2
τ − w2

zz + γ| ¯̂ψ|−4η̂−2
(
2(¯̂ψt · ¯̂θ)η̂z + w1

)
w2 = 0,

(7.16)

where ¯̂
ψ(τ) = ψ̄(t), ¯̂

θ(τ) = θ̄(t), η̂(τ) = η(t).
Particular solutions of (7.15) are the functions

w1 = C1 + C2η(t)z2 + C3

(
1
2 (η(t)z2)2 +

∫
(η(t)|ψ̄|)2dt),

w2 = f(t, z2) exp
(
ξ2(t)z2

2 + ξ1(t)z2 + ξ0(t)
)
,

where (ξ2(t), ξ1(t), ξ0(t)) is a particular solution of the system of ODEs:

ξ2t − 2ηtη−1ξ2 − 4|ψ̄|2(ξ2)2 + 1
2C3γη

2|ψ̄|−2 = 0,
ξ1t − ηtη

−1ξ1 − 4|ψ̄|2ξ2ξ1 + 2γ(ψ̄t · θ̄)|ψ̄|−4 + C2γη|ψ̄|−2 = 0,
ξ0t − 2|ψ̄|2ξ2 − |ψ̄|2(ξ1)2 + γ

(
C1 + C3

∫
(η(t)|ψ̄|)2dt)|ψ̄|−2 = 0,

and f is an arbitrary solution of the following equation

f1 − |ψ̄|2f22 +
(
(ηtη−1 + 4|ψ̄|2ξ2)z2 + 2|ψ̄|2ξ1)f2 = 0. (7.17)

Equation (7.17) is reduced by means of a local transformation of the independent
variables to the heat equation.
Consider the Lie reductions of system (7.2) to systems of ODEs. The second basis

operator of the each algebra B2
k, k = 1, 5 induces, for the reduced system obtained

from system (7.2) by means of the first basis operator, either a Lie symmetry operator
from Table 2 or a operator giving a ansatz of form (6.4). Therefore, the Lie reduction
of system (7.2) with the algebras B2

1 −B2
5 gives only solutions that can be constructed

for system (7.2) by means of reducing with the algebras B1
1 and B

1
2 to system (6.1).

With the algebra B2
6 we obtain an ansatz and a reduced system of the following

forms:

v̄ = φ̄+ λ−1(θ̄i · ȳ)ψ̄it, v3 = φ3 exp
(
γλ(θ̄1 · ȳ)),

s = h− 1
2λ

−1(ψ̄itt · ȳ)(θ̄i · ȳ),
(7.18)
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where φa = φa(ω), h = h(ω), ω = t, λ = ψ11ψ22 − ψ12ψ21 = ψ̄1 · θ̄1 = ψ̄2 · θ̄2,
θ̄1 = (ψ22,−ψ21), θ̄2 = (−ψ12, ψ11), and

φ̄t + λ−1(θ̄i · φ̄)ψ̄it = 0, φ3
t +

(
γλ−1(θ̄1 · φ̄) − γ2λ−2(θ̄1 · θ̄1))φ3 = 0,

λ−1(θ̄i · ψ̄it) + ηtη
−1 = 0.

(7.19)

Let us make the transformation from the symmetry group of system (7.2):
¯̃v(t, ȳ) = v̄(t, ȳ − ξ̄) + ξ̄t, ṽ3(t, ȳ) = v3(t, ȳ − ξ̄), s̃(t, ȳ) = s(t, ȳ − ξ̄) − ξ̄tt · ȳ,

where

ξ̄t + λ−1(θ̄i · ξ̄)ψ̄it + φ̄ = 0. (7.20)

It follows from (7.20) that ξ̄tt = λ−1(θ̄i · ξ̄)ψ̄itt, i.e., θ̄itt · ξ̄− θ̄i · ξ̄tt = 0. Therefore, this
trasformation does not modify ansatz (7.18), but it makes the functions φi vanish.
And without loss of generality we may assume, at once, that φi ≡ 0. Then

φ3 = C exp
(∫ (

γλ−1|θ|)2dt), C = const.

The last equation of system (7.19) is the compatibility condition of system (7.2) and
ansatz (7.18).

8 Conclusion

In this article we reduced the NSEs to systems of PDEs in three and two independent
variables and systems of ODEs by means of the Lie method. Then, we investigated
symmetry properties of the reduced systems of PDEs and made Lie reductions of
systems which admitted non-trivial symmetry operators, i.e., operators that are not
induced by operators from A(NS). Some of the systems in two independent variables
were reduced to linear systems of either two one-dimensional heat equations or two
translational equations. We also managed to find exact solutions for most of the
reduced systems of ODEs.
Now, let us give some remaining problems. Firstly, we failed, for the present, to

describe the non-Lie ansatzes of form (1.6) that reduce the NSEs. (These ansatzes
include, for example, the well-known ansatzes for the Karman swirling flows (see
bibliography in [16]). One can also consider non-local ansatzes for the Navier–Stokes
field, i.e., ansatzes containing derivatives of new unknown functions.
Second problem is to study non-Lie (i.e., non-local, conditional, and Q-conditional)

symmetries of the NSEs [13].
And finally, it would be interesting to investigate compatability and to construct

exact solutions of overdetermined systems that are obtained from the NSEs by means
of different additional conditions. Usually one uses the condition where the nonli-
nearity has a simple form, for example, the potential form (see review [36]), i.e.,
rot((�u · �∇)�u) = �0 (the NS fields satisfying this condition is called the generalized
Beltrami flows). We managed to describe the general solution of the NSEs with the
additional condition where the convective terms vanish [29, 30]. But one can give
other conditions, for example,

��u = �0, �ut + (�u · �∇)�u = �0,

and so on.
We will consider the problems above elsewhere.
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Appendix

A Inequivalent one-, two-, and three-dimensional
subalgebras of A(NS)

To find complete sets of inequivalent subalgebras of A(NS), we use the method given,
for example, in [27, 28]. Let us describe it briefly.
1. We find the commutation relations between the basis elements of A(NS).
2. For arbitrary basis elements V , W 0 of A(NS) and each ε ∈ R we calculate the

adjoint action

W (ε) = Ad(εV )W 0 = Ad(exp(εV ))W 0

of the element exp(εV ) from the one-parameter group generated by the operator V
on W 0. This calculation can be made in two ways: either by means of summing the
Lie series

W (ε) =
∞∑
n=0

εn

n!
{V n,W 0} = W 0 +

ε

1!
[V,W 0] +

ε2

2!
[V, [V,W 0]] + · · · , (A.1)

where {V 0,W 0} = W 0, {V n,W 0} = [V, {V n−1,W 0}], or directly by means of solving
the initial value problem

dW (ε)
dε

= [V,W (ε)], W (0) = W 0. (A.2)

3. We take a subalgebra of a general form with a fixed dimension. Taking into
account that the subalgebra is closed under the Lie bracket, we try to simplify it by
means of adjoint actions as much as possible.

A.1 The commutation relations and the adjoint representation
of the algebra A(NS)

Basis elements (1.2) of A(NS) satisfy the following commutation relations:

[J12, J23] = −J31, [J23, J31] = −J12, [J31, J12] = −J23,

[∂t, Jab] = [D,Jab] = 0, [∂t,D] = 2∂t,
[∂t, R(�m)] = R(�mt), [D,R(�m)] = R(2t�mt − �m),
[∂t, Z(χ)] = Z(χt), [D,Z(χ)] = Z(2tχt + 2χ),

[R(�m), R(�n)] = Z(�mtt · �n− �m · �ntt), [Jab, R(�m)] = R( �̃m),
[Jab, Z(χ)] = [Z(χ), R(�m)] = [Z(χ), Z(η)] = 0,

(A.3)

where m̃a = mb, m̃b = −ma, m̃c = 0, a �= b �= c �= a.

Note A.1 Relations (A.3) imply that the set of operators (1.2) generates an algebra
when, for example, the parameter-functions ma and χ belong to C∞((t0, t1),R)
(C∞

0 ((t0, t1),R), A((t0, t1),R)), i.e., the set of infinite-differentiable (infinite-differen-
tiable finite, real analytic) functions from (t0, t1) in R, where −∞ ≤ t0 < t1 ≤ +∞.
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But the NSEs (1.1) admit operators (1.3) and (1.4) with parameter-functions of a less
degree of smoothness. Moreover, the minimal degree of their smoothness depends
on the smoothness that is demanded for the solutions of the NSEs (1.1). Thus, if
ua ∈ C2((t0, t1) × Ω,R) and p ∈ C1((t0, t1) × Ω,R), where Ω is a domain in R

3, then
it is sufficient that ma ∈ C3((t0, t1),R) and χ ∈ C1((t0, t1),R). Therefore, one can
consider the “pseudoalgebra” generated by operators (1.2). The prefix “pseudo-” means
that in this set of operators the commutation operation is not determined for all pairs
of its elements, and the algebra axioms are satisfied only by elements, where they are
defined. It is better to indicate the functional classes that are sets of values for the
parameters ma and χ in the notation of the algebra A(NS). But below, for simplicity,
we fix these classes, taking ma, χ ∈ C∞((t0, t1),R), and keep the notation of the
algebra generated by operators (1.2) in the form A(NS). However, all calculations
will be made in such a way that they can be translated for the case of a less degree
of smoothness.

Most of the adjoint actions are calculated simply as sums of their Lie series. Thus,

Ad(ε∂t)D = D + 2ε∂t, Ad(εD)∂t = e−2ε∂t,

Ad(εZ(χ))∂t = ∂t − εZ(χt), Ad(εZ(χ))D = D − εZ(2tχt + 2χ),
Ad(εR(�m))∂t = ∂t − εR(�mt) − 1

2ε
2Z(�mt · �mtt − �m · �mttt),

Ad(εR(�m))D = D − εR(2t�mt − �m) −
− 1

2ε
2Z(2t�mt · �mtt − 2t�m · �mttt − 4�m · �mtt),

Ad(εR(�m))Jab = Jab − εR( �̃m) + ε2Z(mamb
tt −ma

ttm
b),

Ad(εR(�m))R(�n) = R(�n) + εZ(�mtt · �n− �m · �ntt), Ad(εJab)R(�m) = R( �̂m),
Ad(εJab)Jcd = Jcd cos ε+ [Jab, Jcd] sin ε

(
(a, b) �= (c, d) �= (b, a)

)
,

(A.4)

where

m̃a = mb, m̃b = −ma, m̃c = 0, a �= b �= c �= a,

m̂d = md cos ε+ m̃d sin ε, m̂c = mc, a �= b �= c �= a, d ∈ {a; b}.
Four adjoint actions are better found by means of integrating a system of form (A.2).
As a result we obtain that

Ad(ε∂t)Z(χ(t)) = Z(χ(t+ ε)), Ad(εD)Z(χ(t)) = Z(e2εχ(te2ε)),
Ad(ε∂t)R(�m(t)) = R(�m(t+ ε)), Ad(εD)R(�m(t)) = R(e−ε �m(te2ε)).

(A.5)

Cases where adjoint actions coincide with the identical mapping are omitted.

Note A.2 If Z(χ(t)) ∈ A(NS)[C∞((t0, t1),R)] with −∞ < t0 or t1 < +∞, the
adjoint representation Ad(ε∂t) (Ad(εD)) gives an equivalence relation between the
operators Z(χ(t)) and Z(χ(t + ε)) (Z(χ(t)) and Z(e2εχ(te2ε))) that belong to the
different algebras

A(NS)[C∞((t0, t1),R)] and A(NS)[C∞((t0 − ε, t1 − ε),R)]
(A(NS)[C∞((t0, t1),R)] and A(NS)[C∞((t0e−2ε, t1e

−2ε),R)])

respectively. An analogous statement is true for the operator R(�m). Equivalence of
subalgebras in Theorems A.1 and A.2 is also meant in this sense.
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Note A.3 Besides the adjoint representations of operators (1.2) we make use of di-
screte transformation (1.6) for classifying the subalgebras of A(NS),

To prove the theorem of this section, the following obvious lemma is used.

Lemma A.1 Let N ∈ N.

A. If χ ∈ CN ((t0, t1),R), then ∃ η ∈ CN ((t0, t1),R) : 2tηt + 2η = χ.

B. If χ ∈ CN ((t0, t1),R), then ∃ η ∈ CN ((t0, t1),R) : 2tηt − η = χ.

C. If mi ∈ CN ((t0, t1),R) and a ∈ R, then ∃ li ∈ CN ((t0, t1),R) :
2tl1t − l1 + al2 = m1, 2tl2t − l2 − al1 = m2.

A.2 One-dimensional subalgebras

Theorem A.1 A complete set of A(NS)-inequivalent one-dimensional subalgebras
of A(NS) is exhausted by the following algebras:

1. A1
1(κ) = 〈D + 2κJ12〉, where κ ≥ 0.

2. A1
2(κ) = 〈∂t + κJ12〉, where κ ∈ {0; 1}.

3. A1
3(η, χ) = 〈J12 + R(0, 0, η(t)) + Z(χ(t))〉 with smooth functions η and χ.

Algebras A1
3(η, χ) and A1

3(η̃, χ̃) are equivalent if ∃ ε, δ ∈ R, ∃λ ∈ C∞((t0, t1),R):

η̃(t̃) = e−εη(t), χ̃(t̃) = e2ε(χ(t) + λtt(t)η(t) − λ(t)ηtt(t)), (A.6)

where t̃ = te−2ε + δ.

4. A1
4(�m,χ) = 〈R(�m(t)) + Z(χ(t))〉 with smooth functions �m and χ: (�m,χ) �≡

(�0, 0). Algebras A1
4(�m,χ) and A1

4( �̃m, χ̃) are equivalent if ∃ ε, δ ∈ R, ∃C �= 0, ∃B ∈
O(3), ∃�l ∈ C∞((t0, t1),R3):

�̃m(t̃) = Ce−εB�m(t), χ̃(t̃) = Ce2ε
(
χ(t) +�ltt(t) · �m(t) − �mtt(t) ·�l(t)

)
, (A.7)

where t̃ = te−2ε + δ.

Proof. Consider an arbitrary one-dimensional subalgebra generated by

V = a1D + a2∂t + a3J12 + a4J23 + a5J31 +R(�m) + Z(χ).

The coefficients a4 and a5 are omitted below since they always can be made to vanish
by means of the adjoint representations Ad(ε1J12) and Ad(ε2J31).
If a1 �= 0 we get ã1 = 1 by means of a change of basis. Next, step-by-step we

make a2, �m, and χ vanish by means of the adjoint representations Ad(− 1
2a2a

−1
1 ∂t),

Ad(R(�l)), and Ad(Z(χ)), where

�l ∈ C∞((t0 + 1
2a2a

−1
1 , t1 + 1

2a2a
−1
1 ),R3),

η ∈ C∞((t0 + 1
2a2a

−1
1 , t1 + 1

2a2a
−1
1 ),R),

and �l, η are solutions of the equations

2t�lt −�l + a3a
−1
1 (l2,−l1, 0)T = �̂m, 2tηt + 2η = χ̂+

1
2
(�ltt · �̂m−�l · �̂mtt)



232 W.I. Fushchych, R.O. Popovych

with �̂m(t) = a−1
1 �m(t − 1

2a2a
−1
1 ) and χ̂(t) = a−1

1 χ(t − 1
2a2a

−1
1 ). Such �l and η exist in

virtue of Lemma A.1. As a result we obtain the algebra A1
1(κ), where 2κ = a3a

−1
1 .

In case κ < 0 additionally one has to apply transformation (1.6) with b = 1.
If a1 = 0 and a2 �= 0, we make ã2 = 1 by means of a change of basis. Next, step-

by-step we make �m and χ vanish by means of the adjoint representations Ad(R(�l))
and Ad(Z(χ)), where �l ∈ C∞((t0, t1),R3), η ∈ C∞((t0, t1),R), and

a2
�lt + a3(l2,−l1, 0)T = �m, a2ηt = χ+

1
2
(�ltt · �m−�l · �mtt).

If a3 = 0 we obtain the algebra A1
2(0) at once. If a3 �= 0, using the adjoint repre-

sentation Ad(εD) and transformation (1.6) (in case of need), we obtain the algebra
A1

2(1).
If a1 = a2 = 0 and a3 �= 0, after a change of basis and applying the adjoint

representation Ad(R(−a−1
3 m2, a−1

3 m1, 0)) we get the algebra A1
3(η, χ̃), where η =

a−1
3 m3 and χ̃ = a−1

3 χ+ a−2
3 (m1

ttm
2 −m1m2

tt). Equivalence relation (A.6) is generated
by the adjoint representations Ad(εD), Ad(δ∂t), and Ad(R(0, 0, λ)).
If a1 = a2 = a3 = 0, at once we get the algebra A1

4(�m,χ). Equivalence relation
(A.7) is generated by the adjoint representations Ad(εD), Ad(δ∂t), Ad(R(�l)), and
Ad(εabJab).

A.3 Two-dimensional subalgebras

Theorem A.2 A complete set of A(NS)-inequivalent two-dimensional subalgebras
of A(NS) is exhausted by the following algebras:

1. A2
1(κ) = 〈∂t, D + κJ12〉, where κ ≥ 0.

2. A2
2(κ, ε) = 〈D, J12 +R(0, 0,κ|t|1/2) + Z(εt−1)〉, where κ ≥ 0, ε ≥ 0.

3. A2
3(κ, ε) = 〈∂t, J12 + R(0, 0,κ) + Z(ε)〉, where κ ∈ {0; 1}, ε ≥ 0 if κ = 1 and

ε ∈ {0; 1} if κ = 0.

4. A2
4(σ,κ, µ, ν, ε) = 〈D + 2κJ12, R

(|t|σ+1/2(ν cos τ, ν sin τ, µ)
)

+ Z(ε|t|σ−1)〉,
where τ = κ ln |t|, κ > 0, µ ≥ 0, ν ≥ 0, µ2 + ν2 = 1, εσ = 0, and ε ≥ 0.

5. A2
5(σ, ε) = 〈D, R(0, 0, |t|σ+1/2) + Z(ε|t|σ−1)〉, where εσ = 0 and ε ≥ 0.

6. A2
6(σ, µ, ν, ε) = 〈∂t + J12, R(νeσt cos t, νeσt sin t, µeσt) +Z(εeσt)〉, where µ ≥ 0,

ν ≥ 0, µ2 + ν2 = 1, εσ = 0, and ε ≥ 0.

7. A2
7(σ, ε) = 〈∂t, R(0, 0, eσt) +Z(εeσt)〉, where σ ∈ {−1; 0; 1}, εσ = 0, and ε ≥ 0.

8. A2
8(λ, ψ

1, ρ, ψ2) = 〈J12 + R(0, 0, λ) + Z(ψ1), R(0, 0, ρ) + Z(ψ2)〉 with smooth
functions (of t) λ, ρ, and ψi: (ρ, ψ2) �≡ (0, 0) and λttρ − λρtt ≡ 0. Algebras
A2

8(λ, ψ
1, ρ, ψ2) and A2

8(λ̃, ψ̃
1, ρ̃, ψ̃2) are equivalent if ∃C1 �= 0, ∃ ε, δ, C2 ∈ R,

∃ θ ∈ C∞((t0, t1), R):

λ̃(t̃) = eε(λ(t) + C2ρ(t)), ρ̃(t̃) = C1e
−ερ(t),

ψ̃1(t̃) = e2ε
(
ψ1(t) + θtt(t)λ(t) − θ(t)λtt(t) +

+ C2(ψ2(t) + θtt(t)ρ(t) − θ(t)ρtt(t))
)
,

ψ̃2(t̃) = C1e
2ε(ψ2(t) + θtt(t)ρ(t) − θ(t)ρtt(t)),

(A.8)

where t̃ = te−2ε + δ.
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9. A2
9(�m

1, χ1, �m2, χ2) = 〈R(�m1(t)) +Z(χ1(t)), R(�m2(t)) +Z(χ2(t))〉 with smooth
functions �mi and χi:

�m1
tt · �m2 − �m1 · �m2

tt = 0, rank
(
(�m1, χ1), (�m2, χ2)

)
= 2.

Algebras A2
9(�m

1, χ1, �m2, χ2) and A2
9( �̃m1, χ̃1, �̃m2, χ̃2) are equivalent if ∃ ε, δ ∈ R,

∃ {aij}i,j=1,2 : det{aij} �= 0, ∃B ∈ O(3), ∃�l ∈ C∞((t0, t1),R3):

�̃mi(t̃) = e−εaijB�mj(t),

χ̃i(t̃) = e2εaij
(
χj(t) +�ltt(t) · �mj(t) −�l(t) · �mj

tt(t)
)
,

(A.9)

where t̃ = te−2ε + δ.

10. A2
10(κ, σ) = 〈D + κJ12, Z(|t|σ)〉, where κ ≥ 0, σ ∈ R.

11. A2
11(σ) = 〈∂t + J12, Z(eσt)〉, where σ ∈ R.

12. A2
12(σ) = 〈∂t, Z(eσt)〉, where σ ∈ {−1; 0; 1}.

The proof of Theorem A.2 is analogous to that of Theorem A.1. Let us take an
arbitrary two-dimensional subalgebra generated by two linearly independent operators
of the form

V i = ai1D + ai2∂t + ai3J12 + ai4J23 + ai5J31 +R(�mi) + Z(χi),

where ain = const (n = 1, 5) and [V 1, V 2] ∈ 〈V 1, V 2〉. Considering the different
possible cases we try to simplify V i by means of adjoint representation as much as
possible. Here we do not present the proof of Theorem A.2 as it is too cumbersome.

A.4 Three-dimensional subalgebras

We also constructed a complete set of A(NS)-inequivalent three-dimensional subal-
gebras. It contains 52 classes of algebras. By means of 22 classes from this set one
can obtain ansatzes of codimension three for the Navier–Stokes field. Here we only
give 8 superclasses that arise from unification of some of these classes:

1. A3
1 = 〈D, ∂t, J12〉.

2. A3
2 = 〈D + κJ12, ∂t, R(0, 0, 1)〉, where κ ≥ 0. Here and below κ, σ, ε1, ε2, µ,

ν, and aij are real constants.

3. A3
3(σ, ν, ε1, ε2) = 〈D, J12 + ν

(
R(0, 0, |t|1/2 ln |t|)+Z(ε2|t|−1 ln |t|))+Z(ε1|t|−1),

R(0, 0, |t|σ+1/2) + Z(ε2|t|σ−1)〉, where νσ = 0, ε1 ≥ 0, ν ≥ 0, and σε2 = 0.

4. A3
4(σ, ν, ε1, ε2) = 〈∂t, J12+Z(ε1)+ν

(
R(0, 0, t)+Z(ε2t)

)
, R(0, 0, eσt)+Z(ε2eσt)〉,

where νσ = 0, σε2 = 0, and, if σ = 0, the constants ν, ε1, and ε2 satisfy one of the
following conditions:

ν = 1, ε1 ≥ 0; ν = 0, ε1 = 1, ε2 ≥ 0; ν = ε1 = 0, ε2 ∈ {0; 1}.

5. A3
5(κ, �m

1, �m2, χ1, χ2) = 〈D + 2κJ12, R(�m1) + Z(χ1), R(�m2) + Z(χ2)〉, where
κ ≥ 0, rank(�m1, �m2) = 2,

t�mi
t − 1

2 �m
i + κ(mi2,−mi1, 0)T = aij �m

j ,

tχit + χi = aijχ
j , aij = const,
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(a11 + a22)
(
a21 �m

1 · �m1 + (a22 − a11)�m1 · �m2 − a12 �m
2 · �m2 +

+ 2κ(m12m21 −m11m22)
)

= 0.
(A.10)

This superclass contains eight inequivalent classes of subalgebras that can be obtained
from it by means of a change of basis and the adjoint actions

Ad(δ1D), Ad(δ2J12), Ad(R(�n) + Z(η)),(
Ad(δD), Ad(εabJab), Ad(R(�n) + Z(η))

)
if κ > 0 (κ = 0) respectively. Here the functions �n and η satisfy the following
equations:

t�nt − 1
2�n+ κ(n2,−n1, 0)T = bi �m

i,

tηt + η = biχi + 1
2 t(�nttt · �n− �ntt · �nt) + �ntt · �n+ κ(n1n2

tt − n1
ttn

2).

6. A3
6(κ, �m

1, �m2, χ1, χ2) = 〈∂t + κJ12, R(�m1) + Z(χ1), R(�m2) + Z(χ2)〉, where
κ ∈ {0; 1}, rank(�m1, �m2) = 2,

�mi
t − κ(mi2,−mi1, 0)T = aij �m

j , tχit = aijχ
j ,

and aij are constants satisfying (A.10). This superclass contains eight inequivalent
classes of subalgebras that can be obtained from it by means of a change of basis and
the adjoint actions

Ad(δ1∂t), Ad(δ2J12), Ad(R(�n) + Z(η)),(
Ad(δ1∂t), Ad(δ2D), Ad(εabJab), Ad(R(�n) + Z(η))

)
if κ = 1 (κ = 0) respectively. Here the functions �n and η satisfy the following
equations:

�nt + κ(n2,−n1, 0)T = bi �m
i,

ηt = biχi + 1
2 (�nttt · �n− �ntt · �nt) + κ(n1n2

tt − n1
ttn

2).

7. A3
7(η

1, η2, η3, χ) = 〈J12 +R(0, 0, η3), R(η1, η2, 0), R(−η2, η1, 0)〉, where
ηa ∈ C∞((t0, t1),R), η1

ttη
2 − η1η2

tt ≡ 0, ηiηi �≡ 0, η3 �= 0.

Algebras A3
7(η

1, η2, η3) and A3
7(η̃

1, η̃2, η̃3) are equivalent if ∃ δa ∈ R, ∃ δ4 �= 0:

η̃1(t̃) = δ4(η1(t) cos δ3 − η2(t) sin δ3),
η̃2(t̃) = δ4(η1(t) sin δ3 + η2(t) cos δ3),
η̃3(t̃) = e−δ1η3(t),

(A.11)

where t̃ = te−2δ1 + δ2.

8. A3
8(�m

1, �m2, �m3) = 〈R(�m1), R(�m2), R(�m3)〉, where
�ma ∈ C∞((t0, t1),R3), rank(�m1, �m2, �m3) = 3, �ma

tt · �mb − �ma · �mb
tt = 0.

Algebras A3
8(�m

1, �m2, �m3) and A3
8( �̃m

1
, �̃m

2
, �̃m

3
) are equivalent if ∃ δi ∈ R

3, ∃B ∈ O(3),
∃ {dab} : det{dab} �= 0 such that

�̃ma(t̃) = dabB�m
b(t), (A.12)

where t̃ = te−2δ1 + δ2.
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B On construction of ansatzes for the Navier–Stokes
field by means of the Lie method

The general method for constructing a complete set of inequivalent Lie ansatzes of
a system of PDEs are well known and described, for example, in [27, 28]. However,
in some cases when the symmetry operators of the system have a special form, this
method can be modified [9]. Thus, in the case of the NSEs, coefficients of an arbitrary
operator

Q = ξ0∂t + ξa∂a + ηa∂ua + η0∂p

from A(NS) satisfy the following conditions:

ξ0 = ξ0(t, �x), ξa = ξa(t, �x), ηa = ηab(t, �x)ub + ηa0(t, �x),
η0 = η01(t, �x)p+ η00(t, �x).

(B.1)

(The coefficients ξa, ξ0, ηa, and η0 also satisfy stronger conditions than (B.1). For
example if Q ∈ A(NS), then ξ0 = ξ0(t), ηab = const, and so on. But conditions (B.1)
are sufficient to simplify the general method.) Therefore, ansatzes for the Navier–
Stokes field can be constructing in the following way:
1. We fix a M -dimensional subalgebra of A(NS) with the basis elements

Qm = ξm0∂t + ξma∂a + (ηmabub + ηma0)∂ua + (ηm01p+ ηm00)∂p, (B.2)

where M ∈ {1; 2; 3}, m = 1,M, and

rank{(ξm0, ξm1, ξm2, ξm3), m = 1,M} = M. (B.3)

To construct a complete set of inequivalent Lie ansatzes of codimension M for the
Navier–Stokes field, we have to use the set of M -dimensional subalgebras from Sec-
tion A. Condition (B.3) is neeeded for the existance of ansatzes connected with this
subalgebra.
2. We find the invariant independent variables ωn = ωn(t, �x), n = 1, N, where

N = 4 −M, as a set of functionally independent solutions of the following system:

Lmω = Qmω = ξm0∂tω + ξma∂aω = 0, m = 1,M, (B.4)

where Lm := ξm0∂t + ξma∂a.
3. We present the Navier–Stokes field in the form:

ua = fab(t, �x)vb(ω̄) + ga(t, �x), p = f0(t, �x)q(ω̄) + g0(t, �x), (B.5)

where va and q are new unknown functions of ω̄ = {ωn, n = 1, N}. Acting on
representation (B.5) with the operators Qm, we obtain the following equations on
functions fab, ga, f0, and g0:

Lmfab = ηmacfcb, Lmga = ηmabgb + ηma0, c = 1, 3,
Lmf0 = ηm01f0, Lmg0 = ηm01g0 + ηm00.

(B.6)

If the set of functions fab, f0, ga, and g0 is a particular solution of (B.6) and satisfies
the conditions rank{(f1b, f2,b, f3b), b = 1, 3} = 3 and f0 �= 0, formulas (B.5) give an
ansatz for the Navier–Stokes field.
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The ansatz connected with the fixed subalgebra is not determined in an unique
manner. Thus, if

ω̃l = ω̃l(ω̄), det
{
∂ω̃l
∂ωn

}
l,n=1,N

�= 0,

f̃ab(t, �x) = fac(t, �x)F cb(ω̄), g̃a(t, �x) = ga(t, �x) + fac(t, �x)Gc(ω̄),

f̃0(t, �x) = f0(t, �x)F 0(ω̄), g̃0(t, �x) = g0(t, �x) + f0(t, �x)G0(ω̄),

(B.7)

the formulas

ua = f̃ab(t, �x)ṽb(¯̃ω) + g̃a(t, �x), p = f̃0(t, �x)q(¯̃ω) + g̃0(t, �x) (B.8)

give an ansatz which is equivalent to ansatz (B.5). The reduced system of PDEs
on the functions ṽa and q̃ is obtained from the system on va and q by means of
a local transformation. Our problem is to find or “to guess”, at once, such an ansatz
that the corresponding reduced system has a simple and convenient form for our
investigation. Otherwise, we can obtain a very complicated reduced system which
will be not convenient for investigation and we can not simplify it.
Consider a simple example.
Let M = 1 and let us give the algebra 〈∂t + κJ12〉, where κ ∈ {0; 1}. For this

algebra, the invariant independent variables ya = ya(t, �x) are functionally independent
solutions of the equation Ly = 0 (see (B.4)), where

L := ∂t + κ(x1∂x2 − x2∂x1). (B.9)

There exists an infinite set of choices for the variables ya. For example, we can give
the following expressions for ya:

y1 = arctan
x1

x2
− κt, y2 = (x2

1 + x2
2)

1/2, y3 = x3.

However choosing ya in such a way, for κ �= 0 we obtain a reduced system which
strongly differs from the “natural” reduced system for κ = 0 (the NSEs for steady
flows of a viscous fluid in Cartesian coordinates). It is better to choose the following
variables ya:

y1 = x1 cos κt+ x2 sin κt, y2 = −x1 sin κt+ x2 cos κt, y3 = x3.

The vector-functions �f b = (f1b, f2b, f3b), b = 1, 3, should be linearly independent
solutions of the system

Lf1 = −κf2, Lf2 = κf1, Lf3 = 0

and the function f0 should satisfy the equation Lf0 = 0 and the condition f0 �=
0. Here the operator L is defined by (B.9). We give the following values of these
functions:

�f 1 = (cos κt, sin κt, 0), �f 2 = (− sin κt, cos κt, 0), �f 3 = (0, 0, 1), f0 = 1.

The functions ga and g0 are solutions of the equations

Lg1 = −κg2, Lg2 = κg1, Lg3 = 0, Lg0 = 0.
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We can make, for example, ga and g0 vanish. Then the corresponding ansatz has the
form:

u1 = ṽ1 cos κt− ṽ2 sin κt, u2 = ṽ1 sin κt+ ṽ2 cos κt, u3 = ṽ3, p = q̃, (B.10)

where ṽa = ṽa(y1, y2, y3) and q̃ = q̃(y1, y2, y3) are the new unknown functions. Substi-
tuting ansatz (B.10) into the NSEs, we obtain the following reduced system:

ṽaṽ1
a − ṽ1

aa + q̃1 + κy2ṽ
1
1 − κy1ṽ

1
2 − κṽ2 = 0,

ṽaṽ2
a − ṽ2

aa + q̃2 + κy2ṽ
2
1 − κy1ṽ

2
2 + κṽ1 = 0,

ṽaṽ3
a − ṽ3

aa + q̃3 + κy2ṽ
3
1 − κy1ṽ

3
2 = 0,

ṽaa = 0.

(B.11)

Here subscripts 1,2, and 3 of functions in (B.11) denote differentiation with respect
to y1, y2, and y3 accordingly. System (B.11), having variable coefficients, can be
simplified by means of the local transformation

ṽ1 = v1 − κy2, ṽ2 = v2 + κy1, ṽ3 = v3, q̃ = q + 1
2 (y2

1 + y2
2). (B.12)

Ansatz (B.10) and system (B.11) are transformed under (B.12) into ansatz (2.2) and
system (2.7), where

g1 = −κx2, g2 = κx1, g3 = 0, g0 = 1
2κ

2(x2
1 + x2

2), (B.13)

γ1 = −2κ, and γ2 = 0. Therefore, we can give the values of ga and g0 from (B.13)
and obtain ansatz (2.2) and system (2.7) at once.
The above is a good example how a reduced system can be simplified by means of

modifying (complicating) an ansatz corresponding to it. Thus, system (2.7) is simpler
than system (B.11) and ansatz (2.2) is more complicated than ansatz (B.10).
Finally, let us make several short notes about constructing other ansatzes for the

Navier–Stokes field.
Ansatz corresponding to the algebra A1

4(�m,χ) (see Subsection A.2) can be cons-
tructed only for such t that �m(t) �= �0. For these values of t, the parameter-function χ
can be made to vanish by means of equivalence transformations (A.7).
Ansatz corresponding to the algebra A2

8(λ, ψ
1, ρ, ψ2) (see Subsection A.3) can be

constructed only for such t that ρ(t) �= 0. For these values of t, the parameter-function
ψ2 can be made to vanish by means of equivalence transformations (A.8). Moreover,
it can be considered that λtρ − λρt ∈ {0; 1}. The algebra obtained finally is denoted
by A2

8(λ, χ, ρ, 0).
Ansatz corresponding to the algebra A2

9(�m
1, χ1, �m2, χ2) (see Subsection A.3) can

be constructed only for such t that rank(�m1, �m2) = 2. For these values of t, the
parameter-functions χi can be made to vanish by means of equivalence transforma-
tions (A.9).
The algebras A2

10(κ, σ), A2
11(σ), and A2

12(σ) can not be used to construct ansatzes
by means of the Lie algorithm.
In view of equivalence transformation (A.11), the functions ηi in the algebra

A3
7(η

1, η2, η3) (see Subsection A.4) can be considered to satisfy the following conditi-
on:

η1
t η

2 − η1η2
t ∈ {0; 1

2}.
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Ansätze of codimension one
for the Navier–Stokes field and reduction
of the Navier–Stokes equation
W.I. FUSHCHYCH, R.O. POPOVYCH, G.V. POPOVYCH

Використовуючи максимальну в сенсi Лi (нескiнченновимiрну) алгебру iнварiант-
ностi рiвнянь Нав’є–Стокса, побудований повний набiр нееквiвалентних лiєвських
анзацiв корозмiрностi один для поля Нав’є–Стокса. З їх допомогою проведено ре-
дукцiю рiвнянь Нав’є–Стокса до систем ДРЧП з трьома незалежними змiнними.
Вивченi симетрiйнi властивостi редукованих систем.

Finding exact solutions of the Navier–Stokes equations (NSEs) for an incompres-
sible viscous fluid is an actual problem of mathematical physics and hydrodynamics.
There are some ways to solve this problem. One of them is a usage of symmetry
analysis [1–8]. In this article we construct a complete set of inequivalent ansatze of
codimension one for the Navier–Stokes field. Using them, we reduce the NSEs to
systems of partial differential equations in three independent variables and study their
symmetry properties.
It is known that the NSEs

�ut + (�u · �∇)�u− ∆�u+ �∇p = �0, div �u = 0 (1)

are invariant under the infinite dimensional algebra A(NS) with basic elements

∂t = ∂/∂t, D = 2t∂t + xa∂a − ua∂ua − 2p∂p,
Jab = xa∂b − xb∂a + ua∂ub − ub∂ua , a �= b,

R(�m(t)) = ma(t)∂a +ma
t (t)∂ua −ma

tt(t)xa∂p, Z(χ(t)) = χ(t)∂p.
(2)

Here and from now on �u = �u(t, �x) = {ua} is the velocity field of a fluid, p = p(t, �x) is
the pressure, �x = {xa}, ∂t = ∂/∂t, ∂a = ∂/∂xa, �∇ = {∂a}, ∆ = �∇ · �∇, ma = ma(t),
χ = χ(t) are arbitrary smooth functions of t (for example, from C∞((t0, t1),R)),
a, b = 1, 3, i, j = 1, 2, repetition of an index signifies a sum.
The set of operators (2) determines the maximal, in the sense of Lie, invariance

algebra of the NSEs [9–11].

Theorem 1. A complete set of A(NS)-inequivalent one-dimensional subalgebras of
A(NS) is exhausted by such algebras:

1) A1
1(κ) = 〈D + 2κJ12〉, κ ≥ 0;

2) A1
2(κ) = 〈∂t + κJ12〉, κ ∈ {0; 1};

3) A1
3(η, χ) = 〈J12 +R(0, 0, η(t)) + Z(χ(t))〉,

where algebras A1
3(η, χ) and A1

3(η̃, χ̃) are equivalent if ∃ ε, δ∈R, ∃λ∈C∞((t0, t1),R):

(η̃, χ̃)(t) = (e−εη, e2ε(χ+ λ̈η − η̈λ))(te2ε + δ); (3)

Доповiдi НАН України, 1994, № 4, P. 37–44.
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4) A1
4(�m,χ) = 〈R(�m) + Z(χ)〉, (�m,χ) �= (�0, 0),

where algebras A1
4(�m,χ) and A1

4( �̃m, χ̃) are equivalent if ∃ ε, δ ∈ R, ∃ c �= 0, ∃B ∈
O(3), ∃�l ∈ C∞((t0, t1),R3):

( �̃m, χ)(t) = (ce−εB�m, ce2ε(χ+�̈l · �m− �̈m ·�l))(te2ε + δ). (4)

Theorem 1 is proved by the method described in [12, 13].
With the algebras A1

1–A
1
3 from theorem 1 and with the algebra A1

4 (if some addi-
tional demands are satisfied) one can construct such a set of inequivalent ansätze of
codimension one for the Navier–Stokes field:

1. u1 = |t|−1/2(v1 cos τ − v2 sin τ) + 1
2x1t

−1 − κx2t
−1,

u2 = |t|−1/2(v1 sin τ + v2 cos τ) + 1
2x2t

−1 + κx1t
−1,

u3 = |t|−1/2v3 + 1
2x3t

−1,

p = t−1q + 1
8 t

−2xaxa + 1
2κ

2t−2r2,

(5)

where

τ = κ ln |t|, r = (x2
1 + x2

2)
1/2, y1 = |t|−1/2(x1 cos τ + x2 sin τ),

y2 = |t|−1/2(−x1 sin τ + x2 cos τ), y3 = |t|−1/2x3;

here and from now on va = va(y1, y2, y3), q = q(y1, y2, y3), numeration of ansätze
corresponds to that of algebras in theorem 1.

2. u1 = v1 cos κt− v2 sin κt− κx2,

u2 = v1 sin κt+ v2 cos κt+ κx1,

u3 = v3, p = q + 1
2κ

2r2,

(6)

where y1 = x1 cos κt+ x2 sin κt, y2 = −x1 sin κt+ x2 cos κt, y3 = x3.

3. u1 = x1r
−1v1 − x2r

−1v2 + x1r
−2,

u2 = x2r
−1v1 + x1r

−1v2 + x2r
−2,

u3 = v3 + η(t)r−1v2 + η̇(t) arctg x2/x1,

p = q − 1
2 η̈(t)(η(t))

−1x2
3 − 1

2r
−2 + χ(t) arctg x2/x1,

(7)

where y1 = t, y2 = r, y3 = x3 − η(t) arctg x2/x1.

Remark 1. The expression for the pressure p from the ansatz (7) is indeterminate in
points t ∈ {t0, t1}, where η(t) = 0. If there are such points t, we will consider the
ansatz (7) in intervals (tn0 , t

n
1 ) that are contained by the interval (t0, t1) and for which

one from the conditions

a) ∀ t ∈ (tn0 , t
n
1 ) : η(t) �= 0;

b) η(t) ≡ 0 in (tn0 , t
n
1 )

is satisfied. In the last case we consider that η̈/η := 0.
4. With the algebra A1

4(�m,χ), an ansatz can be constructed only for such a t
wherefor �m(t) �= �0. If this condition is satisfied, it follows from (2) that the algebra
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A1
4(�m,χ) is equivalent to the algebra A1

4(�m, 0). An ansatz constructed with the algebra
A1

4(�m, 0) is

�u = vi�ni + (�m · �m)−1v3 �m+ (�m · �x)(�m · �m)−1 �̇m− yi�̇n
i
,

p = q − 3
2 (�m · �m)−1(( �̇m · �ni)yi)2 − (�m · �m)−1( �̈m · �x)(�m · �x) +

+ ( �̈m · �m)(�m · �m)−2(�m · �x)2,
(8)

where yi = �ni · �x, y3 = t,

�ni = �ni(t), �ni · �m = �n1 · �n2 = 0, |�ni| = 1, �̇n 1 · �n2 = 0. (9)

Remark 2. Vector-functions �ni satisfying conditions (9) exist. They can be construc-
ted in such a way: let us fix vector-functions ki = ki(t) for which �ki · �m = �k1 · �k2 =
0, |�ki| = 1 and set

�n1 = �k1 cosψ(t) − �k2 sinψ(t), �n2 = �k1 sinψ(t) + �k2 cosψ(t). (10)

Then �̇n 1 · �n2 = �̇
k 1 · �k2 − ψ̇ = 0 if

∫
(�̇k 1 · �k2)dt.

Substituting the ansätze (5), (6) to the NSEs (1), we obtain reduced systems of
PDEs that have the same general form

vav1
a − v1

aa + q1 + γ1v
2 = 0,

vav2
a − v2

aa + q2 − γ1v
1 = 0,

vav3
a − v3

aa + q3 = 0,
vaa = γ2,

(11)

where the constant γi, takes the values

1. γ1 = −2κ, γ2 = − 3
2 , if t > 0, γ1 = 2κ, γ2 = 3

2 , if t < 0.
2. γ1 = −2κ, γ2 = 0.

For the ansätze (7), (8) reduced equations have the form

3. v1
1 + v1v1

2 + v3v1
3 − y−1

2 v2v2 − [v1
22 + (1 + η2y−2

2 )v1
33 + 2ηy−2

2 v2
3 ] + q2 = 0,

v2
1 + v1v2

2 + v3v2
3 + y−1

2 v1v2 − [v2
22 + (1 + η2y−2

2 )v2
33 − 2ηy−2

2 v1
3 ] +

+ 2y−2
2 v2 − ηy−1

2 q3 + χy−1
2 = 0,

v3
1 + v1v3

2 + v2v3
3 − [v3

22 + (1 + η2y−2
2 )v3

33] − 2η2y−3
2 v1

3 + 2η̇y−1
2 v2 +

+ 2ηy−1
2 (y−1

2 v2)2 + (1 + η2y−2
2 )q3 − η̈η−1y3 − χηy−2

2 = 0,

y−1
2 v1 + v1

2 + v3
3 = 0.

(12)

4. vi3 + vivij − vijj + qi + ρi(y3)v3 = 0,
v3
3 + vjv3

j − v3
jj = 0,

vij + ρ3(y3) = 0,
(13)

where

ρi = ρi(y3) = 2(�m · �m)−1( �̇m · �ni), ρ3 = ρ3(ẏ3) = (�m · �m)−1( �̇m · �m). (14)
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Let us study symmetry properties of the systems (11)–(13). All following results
are obtained with the standard Lie algorithm [11, 12]. At first consider the sustem (11).

Theorem 2. The maximal, in the sense of Lie, invariance algebra of (11) is the
algebra

a) 〈∂a, ∂q, J1
12〉 if γ1 �= 0;

b) 〈∂a, ∂q, J1
ab〉 if γ1 = 0, γ2 �= 0;

c) 〈∂a, ∂q, J1
ab,D

1〉 if γ1 = γ2 = 0.

Here

J1
ab = ya∂b − yb∂a + va∂vb − vb∂va , D1 = ya∂a − va∂va − 2q∂q.

All Lie symmetry operators of (11) are induced by operators from A(NS). Namely,
the operators J1

ab, D
1 are induced by Jab, D and the operators ca∂a (ca = const), ∂q

is done by

R(|t|1/2(c1 cos τ − c2 sin τ, c1 sin τ + c2 cos τ, c3)), Z(|t|−1)

for the anzatz (5) and by

R(c1 cos κt− c2 sin κt, c1 sin κt+ c2 cos κt, c3), Z(1)

for the anzatz (6) respectively. Therefore, Lie reduction of the system (11) gives only
solutions that can be obtained by reducing the NSEs with two- and three-dimensional
subalgebras of A(NS). Let us proceed to the system (12). Let Amax be the maximal,
in the sense of Lie, invariance algebra of (12). Studying symmetry properties of (12),
one has to consider the following cases.
A. η, χ ≡ 0. Then

Amax = 〈∂1,D
1
2, R1(ψ(y1)), Z1(λ(y1))〉,

where D1
2 = 2y1∂1 + y2∂2 + y3∂3 − va∂va − 2q∂q, Z1(λ(y1)) = λ(y1)∂q, R1(ψ(y1)) =

ψ∂3 + ψ1∂v2 − ψ11y3∂q; here and from now on ψ = ψ(y1), λ = λ(y1) are arbitrary
smooth functions of y1 = t.
B. η ≡ 0, χ �= 0. In this case expansion of Amax is for χ = (C1y1 + C2)−1, where

C1, C2 = const. Let C1 �= 0. It can be done with the equivalence transformation (3)
so that the constant C2 will vanish, i.e. χ = Cy−1 where C = const. Then

Amax = 〈D1
2, R1(ψ(y1)), Z1(λ(y1))〉.

If C1 = 0, χ = C = const and

Amax = 〈∂1, R1(ψ(y1)), Z1(λ(y1))〉.
For other values of χ, i.e. when χ11χ �= χ1χ1,

Amax = 〈R1(ψ(y1)), Z1(λ(y1))〉.
C. η �= 0. With the equivalence transformation (3), we do χ = 0. In this case

expansion of Amax is for η = ±|C1y1 + C2|1/2, where C1, C2 = const. Let C1 �= 0.
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It can be done with the equivalence transformation (3) so that the constant C2 will
vanish, i.e. η = C|y1|1/2, where C = const. Then

Amax = 〈D1
2, Z

1(λ(y1)), R2(|y1|1/2), R2(|y1|1/2 ln |y1|)〉,
where R2(ψ(y1)) = ψ∂3 + ψ1∂v3 . If C1 = 0, i.e. η = C = const;

Amax = 〈∂1, Z
1(λ(y1)), ∂3, y1∂3 + ∂v3〉.

For other values of η, i.e. when (η2)11 �= 0,

Amax = 〈Z1(λ(y1)), R2(η(y1)), R2

(
η(y1)

∫
(η(y1))−2dy1

)
〉.

In all cases considered above, Lie symmetry operators of (12) are induced by
operators from A(NS). Namely, the operators ∂1, D1

2, Z
1(λ(y1)) are induced by ∂t,

D, Z(λ(t)) respectively. In case η ≡ 0 the operator R1(ψ(y1)) and in case η �= 0
the operator R1(ψ(y1)) where ψη̈ − ψη̈ = 0 are done by R(0, 0, ψ(t)). Therefore, Lie
reduction of the system (12) gives only solutions that can be obtained by reducing the
NSEs with two- and three-dimensional subalgebras of A(NS).
When η = χ = 0 the system (12) describes axisymmetric motion of a fluid and can

be transformed into a system of two equations for a stream function Ψ1 and a function
Ψ2 that are determined by

Ψ1
3 = y2v

1, Ψ1
2 = −y2v3, Ψ2 = y2v

2.

The transformed system has been studied by L.V. Kapitanskiy [8].
Consider the system (13). Let us introduce the notations

t = y3, ρ̃ =
∫
ρ3(t)dt, R3(ψ1(t), ψ2(t)) = ψi∂i + ψit∂vi − ψittyi∂q,

Z1(λ(t)) = λ(t)∂q, S = ∂v3 − ρi(t)yi∂q,

E(χ(t)) = 2χ∂t + χtyi∂yi + (χttyi − χtv
i)∂vi −

(
2χtq +

1
2
χtttyjyj

)
∂q,

J1
12 = y1∂2 − y2∂1 + v1∂v2 − v2∂v1 .

Theorem 3. The maximal, in the sense of Lie, invariance algebra of (13) is the
algebra

1) 〈R3(ψ1(t), ψ2(t)), Z1(λ(t)), S, E(χ1(t)), E(χ2(t)), v3∂v3 , J
1
12〉,

where χ1 = e−ρ̃(t)
∫
eρ̃(t)dt, χ2 = e−ρ̃(t), if ρ1 = ρ2 = 0,

2) 〈R3(ψ1(t), ψ2(t)), Z1(λ(t)), S, E(χ(t)) + 2a1v
3∂v3 + 2a2J

1
12〉,

where a1, a2, a3 are fixed constants, χ = e−ρ̃(t)
(∫
eρ̃(t)dt+ a3

)
if

ρ1 = e
3
2 ρ̃(t)(ρ(t))−

3
2−a1(C1 cos(a2 ln ρ̂(t)) − C2 sin(a2 ln ρ̂(t))),

ρ2 = e
3
2 ρ̃(t)(ρ(t))−

3
2−a1(C1 sin(a2 ln ρ̂(t)) + C2 cos(a2 ln ρ̂(t))),

(15)

where ρ̂(t) =
∣∣∫ eρ̃(t)dt+ a3

∣∣, C1, C2 = const, (C1, C2) �= (0, 0);

3) 〈R3(ψ1(t), ψ2(t)), Z1(λ(t)), S, E(χ(t)) + 2a1v
3∂v3 + 2a2J

1
12〉,
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where a1, a2 are fixed constants, χ = e−ρ̃(t) if

ρ1 = e
3
2 ρ̃(t)−a1ρ̂(t)(C1 cos(a2ρ̂(t)) − C2 sin(a2ρ̂(t))),

ρ2 = e
3
2 ρ̃(t)−a1ρ̂(t)(C1 sin(a2ρ̂(t)) + C2 cos(a2ρ̂(t))),

where ρ̂(t) =
∫
eρ̃(t)dt, C1, C2 = const, (C1, C2) �= (0, 0);

4) 〈R3(ψ1(t), ψ2(t)), Z1(λ(t)), S〉 in all other cases.

Here ψi = ψi(t), λ = λ(t) are arbitrary smooth functions of t = y3.
Remark 3. If functions ρb = ρb(t) are determined by (14), eρ̃(t) = C|m̃(t)|, where
C = const and it follows from the condition ρ1 = ρ2 = 0 that �m = |�m(t)|�e, where
|�e| = 1, �e = const.
Remark 4. Vector-functions �ni from remark 2 are determined up to the transforma-
tion

�n1 = �n1 cos δ − �n2 sin δ, �n2 = �n1 sin δ + �n2 cos δ,

where δ = const. Therefore, choosing δ, we can do so that C2 = 0 (then C1 �= 0).

The operators R3(ψ1, ψ2) + αS, Z1(λ) are induced by R(�l) + Z(χ), Z(λ) respec-
tively, where �l = ψi�ni + ψ3 �m, ψ3

t (�m · �m) + 2ψi(�nit · �m) = α, χ− 3
2 (�m · �m)−1(ψi(�mt ·

�ni))2 − 1
2ψ

3ψi(�mtt · �ni) + 1
2ψ

i(�ltt · �ni) = 0,
If �m = |�m(t)|�e, where �e = const, |�e| = 1, the operator J1

12 is induced by e
1J23 +

eJ31 + e3J12. For

�m = β3e
σt(β2 cos τ, β2 sin τ, β1)T , β2

1 + β2
2 = 1, τ = κt+ δ,

the operator ∂t + κJ12 induces the operator ∂y3 − β1κJ12 + σv3∂v2 if such vector-
functions �ni are chosen:

�n1 = �k1 cosβ1τ + �k2 sinβ1τ, �n2 = −�k1 sinβ1τ + �k2 cosβ1τ, (16)

where �k1 = (− sin τ, cos τ, 0)T , �k2 = (β1 cos τ, β1 sin τ,−β2)T . For

�m = β3|t+ β4|σ+1/2(β2 cos τ, β2 sin τ, β1)T , β2
1 + β2

2 = 1,
τ = κ ln |t+ β4| + δ,

the operator D + 2β4∂t + 2κJ12 induces the operator

D1
3 + 2β4∂y3 − 2βκJ12 + 2σv3∂v3

if vector-functions �ni are chosen in the form (15). In all other cases the basis elements
of the maximal, in the sense of Lie, invariance algebra of (13) are not induced by
operators from A(NS).

Remark 5. The invariance algebra of a system of the form (13) with a parameter-
function ρ3 = ρ3(t) is like one with a different parameter-function ρ̃3 = ρ3(t). It
suggest an idea that there is a local transformation of variables with which one can
make ρ3 to vanish. Indeed, let us transform variables in the way

ỹi = yie
1
2 ρ̃(t), ỹ3 =

∫
eρ̃(t)dt, ṽi =

(
vi +

1
2
yiρ

3(t)
)
e−

1
2 ρ̃(t), ṽ3 = v3,

q̃ = qe−ρ̃(t) +
1
8
yiyi[(ρ3(t))2 − 2ρ̇3(t)]e−ρ̃(t).
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As a result, we obtain the system

ṽi3 + ṽj ṽijj + q̃i + ρ̃i(ỹ3)ṽ3 = 0,
ṽ3
3 + ṽj ṽ3

j − ṽ3
jj = 0,

ṽij = 0,

for functions ṽa = ṽa(ỹ1, ỹ2, ỹ3), q̃ = q̃(ỹ1, ỹ2, ỹ3), where ρ̃i(ỹ3) = ρi(t)e−
3
2 ρ̃(t), sub-

scripts 1, 2, 3 mean differentiation with respect to ỹ1, ỹ2, ỹ3 accordingly.
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Antireduction and exact solutions
of nonlinear heat equations

W.I. FUSHCHYCH, R.Z. ZHDANOV

We construct a number of ansatzes that reduce one-dimensional nonlinear heat equations
to systems of ordinary differential equations. Integrating these, we obtain new exact
solution of nonlinear heat equations with various nonlinearities.

By the term antireduction for a partial differential equation (PDE) we mean the
construction of an ansatz which transforms the PDE to a system of differential equati-
ons for several unknown differentiable functions. As a rule, such procedure reduces
the PDE under consideration to a system of PDE with fewer numbers of independent
variables and greater number of dependent variables [1–4].
Antireduction of the nonlinear acoustics equation

ux0x1 − (ux1u)x1 − ux2x2 − ux3x3 = 0 (1)

is carried out in the paper [2] with the use of the ansatz

u =
1
3
x1ϕ1(x0, x2, x3) − 1

6
x2

1ϕ2(x0, x2, x3) + ϕ3(x0, x2, x3). (2)

In [3] antireduction of the equation for short waves in gas dynamics

2ux0x1 − 2(2x1 + ux1)ux1x1 + ux2x2 + 2λux1 = 0 (3)

is carried out via the following ansatz:

u = x1ϕ1 + x2
1ϕ2 + x

3/2
1 ϕ3 + ϕ4, ϕi = ϕi(x0, x2). (4)

Ansatzes (2), (4) reduce equations (1), (3) to system of PDE for three and four
functions, respectively.
In the present paper we adduce some new results on antireduction for the nonlinear

heat equations of the form

ut =
(
a(u)ux

)
x

+ F (u). (5)

The antireduction of equation (5) is performed by means of the ansatz

h
(
t, x, u, ϕ1(ω), ϕ2(ω), . . . , ϕN (ω)

)
= 0 (6)

where ω = ω(t, x, u) is a new independent variable. Ansatz (6) reduces equation (5) to
a system of ordinary differential equations (ODE) for the unknown functions ϕi(ω),
i = 1, N.

J. Nonlinear Math. Phys., 1994, 1, № 1, P. 60–64.



248 W.I. Fushchych, R.Z. Zhdanov

Below we list, without derivation, explicit forms of a(u) and F (u), such that
equation (5) admits an antireduction of the form (6). For each case the reduced ODE
are given.

1. a(u) = θ̈(u)θ(u), F (u) =
(
λ1 + λ2θ̇(u)

)(
θ̈(u)

)−1
,

θ̇(u) = ϕ1(t) + ϕ2(t)x, ϕ̇1 = (λ2 + ϕ2
2)ϕ1 + λ1, ϕ̇2 = (λ2 + ϕ2

2)ϕ2;

2. a(u) = uθ̇(u), F (u) =
(
λ1 + λ2θ(u)

)(
θ̇(u)

)−1
,

θ(u) = ϕ1(t) + ϕ2(t)x, ϕ̇1 = λ2ϕ1 + ϕ2
2 + λ1, ϕ̇2 = λ2ϕ2;

3. a(u) = θ̇(u), F (u) =
(
λ1 + λ2θ(u)

)(
θ̇(u)

)−1
,

θ(u) = ϕ1(t) + ϕ2(t)x, ϕ̇1 = λ2ϕ1 + λ1, ϕ̇2 = λ2ϕ2;
4. a(u) = λuk, F (u) = λ1u+ λ2u

1−k, uk = ϕ1(t) + ϕ2(t)x+ ϕ3(t)x2,

ϕ̇1 = 2λϕ1ϕ3 + λk−1ϕ2
2 + kλ2, ϕ̇2 = 2λ(1 + 2k−1)ϕ2ϕ3 + kλ1ϕ2,

ϕ̇3 = 2λ(1 + 2k−1)ϕ2
3 + kλ1ϕ3;

5. a(u) = λeu, F (u) = λ1 + λ2e
−u, eu = ϕ1(t) + ϕ2(t)x+ ϕ3(t)x2,

ϕ̇1 = 2λϕ1ϕ3 + λ1ϕ1 + λ2, ϕ̇2 = 2λϕ2ϕ3 + λ1ϕ2, ϕ̇3 = 2λϕ2
3 + λ1ϕ3;

6. a(u) = λu−3/2, F (u) = λ1u+ λ2u
5/2,

u−3/2 = ϕ1(t) + ϕ2(t)x+ ϕ3(t)x2 + ϕ4(t)x3,

ϕ̇1 = 2λϕ1ϕ3 − 2
3
λϕ2

2 −
3
2
λ1ϕ1 − 3

2
λ2,

ϕ̇2 = −2
3
λϕ2ϕ3 + 6λϕ1ϕ4 − 3

2
λ1ϕ2,

ϕ̇3 = −2
3
λϕ2

3 + 2λϕ2ϕ4 − 3
2
λ1ϕ3, ϕ̇4 = −3

2
λ1ϕ4;

7. a(u) = 1, F (u) = (α+ β lnu)u, lnu = ϕ1(t) + ϕ2(t)x,
ϕ̇1 = βϕ1 + ϕ2

2 + α, ϕ̇2 = αϕ2;
8. a(u) = 1, F (u) =

(
α+ β lnu− γ2(lnu)2

)
u, lnu = ϕ1(t) + ϕ2(t)eγx,

ϕ̇1 = α+ βϕ1 − γ2ϕ2
1, ϕ̇2 = (β + γ2 − 2γ2ϕ1)ϕ2;

9. a(u) = 1, F (u) = −u(1 + lnu2)
(
α+ β(lnu)−1/2

)
,∫ ln u(

2ατ + 4βτ1/2 + ϕ2(t)
)−1/2

dτ = x+ ϕ1(t),

ϕ̇1 = 0, ϕ̇2 = 4β2 − 2αϕ2;
10. a(u) = 1, F (u) = −2(u3 + αu2 + βu),

(a) α = β = 0

u =
(
ϕ1(t) + 2ϕ2(t)x

)(
1 + ϕ1(t)x+ ϕ2(t)x2

)−1
,

ϕ̇1 = −6ϕ1ϕ2, ϕ̇2 = −6ϕ2
2;

(b) α2 = 4β �= 0

u =
(
−α

2
ϕ1(t) +

(
1 − α

2
x
)
ϕ2(t)

)(
eαx/2 + ϕ1(t) + ϕ2(t)x

)−1

,

ϕ̇1 = −α
2

4
ϕ1 − αϕ2, ϕ̇2 = −α

2

4
ϕ2;

(c) α2 > 4β
u =

(
(A+B)ϕ1(t)eBx + (A−B)ϕ2(t)e−Bx

)×



Antireduction and exact solutions of nonlinear heat equations 249

× (
e−Ax + ϕ1(t)eBx + ϕ2(t)e−Bx

)−1
,

A = −α
2
, B =

1
2
(α2 − 4β)1/2,

ϕ̇1 =
(
α2

2
− 3β − α

2
(α2 − 4β)1/2

)
ϕ1,

ϕ̇2 =
(
α2

2
− 3β +

α

2
(α2 − 4β)1/2

)
ϕ2;

(d) α2 < 4β
u =

(
ϕ1(t)(A cosBx−B sinBx) + ϕ2(t)(A sinBx+

+B cosBx)
)(
e−Ax + ϕ1(t) cosBx+ ϕ2(t) sinBx

)−1
,

ϕ̇1 =
(
α2

2
− 3β

)
ϕ1 − α

2
(4β − α2)1/2ϕ2,

ϕ̇2 =
(
α2

2
− 3β

)
ϕ2 +

α

2
(4β − α2)1/2ϕ1.

In the above formulae θ = θ(u) ∈ C2(R1,R1) is an arbitrary function; λ, λ1, λ2,
α, β, γ are arbitrary real constants; overdot means differentiation with respect to the
corresponding argument.
Most of above adduced system of ODE can be integrated. As a result, one obtains

a number of new exact solutions of the nonlinear heat equation (5). Detailed study of
reduced systems of ODE and construction of exact solutions of equation (5) will be a
topic of our future paper. Here we present some exact solutions of the nonlinear heat
equation

ut = uxx + F (u)

obtained with the help of ansatzes 7–10 which are listed above.

1) F (u) =
(
α+ β lnu− γ2(lnu)2

)
u,

(a) ∆ = β2 + 4αγ2 > 0

u = C

(
cos

∆1/2t

2

)−2

eγx+γ
2t +

1
2γ2

(
β − ∆1/2tg

∆1/2t

2

)
;

(b) ∆ = −β2 − 4αγ2 > 0

u = C

(
ch

∆1/2t

2

)−2

eγx+γ
2t +

1
2γ2

(
β + ∆1/2th

∆1/2t

2

)
;

(c) ∆ = β2 + 4αγ2 = 0

u = Ct−2eγx+γ
2t +

1
2γ2t

(βt+ 2);

2) F (u) = −u(1 + ln u2)
(
α+ β(ln u)−1/2

)
,

(a) α �= 0∫ ln u(
2ατ + 4βτ1/2 + Ce−2αt + 2β2α−1

)−1/2
dτ = x;

(b) α = 0∫ lnu(
4βτ1/2 + 4β2t

)−1/2
dτ = x;
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3) F (u) = −2u(u2 + αu+ β),
(a) α2 = 4β

u =
(
1 − α

2
(x− αt)

)(
x− αt+ C exp

(
α

2

(
x+

αt

2

)))−1

;

(b) α2 > 4β

u =
(
(A+B)C1 exp

(
(A+B)(x− αt)

)
+ (A−B)C2 ×

× exp
(
(A−B)(x− αt)

))(
exp(3βt) + C1 exp

(
(A+B)(x− αt)

)
+

+ C2 exp
(
(A−B)(x− αt)

))−1

,

A = −α
2
, B =

1
2
(α2 − 4β)1/2;

(c) α2 < 4β
u =

(
(αAC1 −BC2) cosB(x− αt) + (AC2 +BC1) ×

× sinB(x− αt)
)(

exp
(
3βt−A(x− αt)

)
+

+ C1 cosB(x− αt) + C2 sinB(x− αt)
)−1

,

A = −α
2
, B =

1
2
(4β − α2)1/2.

In the above formulae C, C1, C2 are arbitrary constants.
It is worth noting that the above solutions can not be obtained with the use of

the classical Lie symmetry reduction technique [6]. That is why they are essentially
new. Another impotant feature is that solutions 3(a) and 3(c) are soliton-like soluti-
ons. Consequently, nonlinear heat equation with cubic nonlinearity admits soliton-like
solutions.
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Conditional symmetry and anti-reduction
of nonlinear heat equation
W.I. FUSHCHYCH, R.Z. ZHDANOV

Введено поняття Q-умовної iнварiантностi диференцiальних рiвнянь вiдносно ве-
кторних полiв Лi–Беклунда. Це дозволило провести редукцiю ряду нелiнiйних рiв-
нянь теплопровiдностi до систем звичайних диференцiальних рiвнянь (нагадаємо,
що при редукцiї з допомогою векторних полiв Лi в результатi одержуємо одне реду-
коване рiвняння).

The key idea making it possible to solve a linear heat equation

ut = uxx

by the method of separation of variables is reduction of it to two ordinary differential
equations (ODE) with the help of the special ansatz (see, e.g. [1, 2])

u(t, x) = R(t, x)ϕ1(ω1(t, x)ϕ2(ω2(t, x)).

Unfortunately, the method of separation of variables can not be applied to nonli-
near second-order partial differential equations. However, some progress is possible
if we apply the anti-reduction procedure. The main idea is the same with the one of
the method of separation of variables. Namely, we look for a solution of a nonlinear
differential equation using the special ansatz reducing it to several equations which
have a less number of independent variables [3]. With application to the nonlinear
heat equation

ut = [a(u)ux]x + F (u) (1)

it means that its solution is searched for (1) in the form

G(t, x, u, ϕ0(ω), . . . , ϕN (ω)) = 0, (2)

where ω = ω(t, x) is a new independent variable, ϕ0(ω), ϕ1(ω), . . . , ϕN (ω) are smooth
functions satisfying some system of ODE.
The principal difficulty of the anti-reduction procedure is the proper choice of

the ansatz (2). In the present paper we construct a number of ansatzes reducing
nonlinear heat equations of the form (1) to ODE. These ansatzes are obtained by
using Q-conditional invariance of the equation under study with respect to some Lie–
Bäcklund vector field (the definition of Q-conditional invariance with respect to the
Lie vector field was suggested in [4]).

Definition.We say that Eq. (1) is Q-conditionally invariant under the Lie–Bäcklund
vector field

Q = η
∂

∂u
+ (Dtη)

∂

∂ut
+ (Dxη)

∂

∂ux
+ · · · (3)

Доповiдi НАН України, 1994, № 5, P. 40–43.
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if there exist such a finite-order differential operator

X = R0 +R1Dt +R2Dx +R3D
2
t + · · ·

and the function R that the equality

Q(ut − auxx − ȧu2
x − F ) = X(ut − auxx − ȧu2

x − F ) +Rη (4)

holds.
In the above formulae (3), (4) Dt, Dx are total differentiation operators and η, R,

R0, R1, . . ., are functions on t, x, u, ux, uxx, . . ..
Roughly speaking, Eq. (1) is Q-conditionally invariant with respect to the vector

field (3) if the system{
Eq. (1),
η(t, x, u, ux, uxx, . . .) = 0

is invariant under the vector field (3) in a usual sense. That is why, to study Q-
conditional invariance of Eq. (1) one can apply the standard infinitesimal algorithm [5].
But the system of determining equations for η is nonlinear (let us remind that in the
classical Lie approach determining equations are always linear).
We look for conditional symmetry operator (3) with

η = D2
xg(u), g(u) ∈ C2(R1,R1). (5)

Lemma. Eq. (1) is Q-conditionally invariant with respect to the Lie–Bäcklund vector
field (3), (5) if the functions a(u), F (u), g(u) are given by one of the following for-
mulae:

1) a(u) = θ̈(u)θ(u), F (u) = (λ1 + λ2θ̇(u))(θ̈(u))−1, g(u) = θ̇(u); (6a)

2) a(u) = uθ̇(u), F (u) = (λ1 + λ2θ(u))(θ̇(u))−1, g(u) = θ̇(u); (6b)

3) a(u) = θ̇(u), F (u) = (λ1 + λ2θ(u))(θ̇(u))−1, g(u) = θ̇(u). (6c)

In (6) λ1, λ2 are arbitrary constants, θ ∈ C3(R1,R1) is an arbitrary function.
The proof of the lemma is rather tedious, therefore it is omitted. We restrict

ourselves by proving that Eq. (1) with a(u), F (u) from (6a)

ut = [θ(u)θ̈(u)ux]x + (λ1 + λ2θ̇(u))(θ̈(u))−1 (7)

is Q-conditionally invariant with respect to the Lie–Bäcklund vector field (3) under
η = θ̈(u)uxx +

...

θ (u)u2
x.

Consider an over-determined system

ut = (θθ̈ux)x + (λ1 + λ2θ̇)θ̈−1,

η ≡ θ̈uxx +
...

θu2x = 0.

Introducing a new independent variable v = θ̇(u), we get

vt = θ(u)θ̈(u)vxx + vv2
x + λ1 + λ2v,

vxx = 0
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or, equivalently,

vt = vv2
x + λ1 + λ2v,

vxx = 0.
(8)

The Lie–Bäcklund vector field Q = (θ̈uxx +
...

θu2
x)

∂
∂u + · · · takes the form

Q̃ = vxx
∂

∂v
+ vtxx

∂

∂vt
+ vxxx

∂

∂vx
+ · · · (9)

Acting by the operator (9) on the first equation from (8) we get

Q̃(vt − vv2
x − λ1 − λ2v) = D2

x(vt − vv2
x − λ1 − λ2v) + (4v2

x + 2vvxx)vxx.

Hence, it follows that system (9) is Q-conditionally invariant under the Lie–
Bäcklund vector field (9).
To construct solution invariant under the Lie–Bäcklund vector field (3), (5) one

has to solve an equation η ≡ D2
xg(u) = 0. General solution of the above equation

reads

g(u) = ϕ0(t) + xϕ1(t), (10)

where ϕ0, ϕ1 are arbitrary smooth functions. Replacing in (10) g(u) by θ(u) we get
ansatz for Eq. (7) invariant with respect to the Lie–Bäcklund vector field (3) with

θ̇(u) = ϕ0(t) + xϕ1(t). (11)

Substitution of (11) into Eq.(7) yields the system of two ODE for ϕ0(t), ϕ1(t)

ϕ̇0 = (λ2 + ϕ2
1)ϕ0 + λ1, ϕ̇1 = (λ2 + ϕ2

1)ϕ1,

which general solution has the form

ϕ0 = −λ1

λ2
+
λ1

λ2
(e2λ2t − 1)−1/2 arctg(e−2λ2t − 1)1/2,

ϕ1 = λ
1/2
2 eλ2t(1 − e2λ2t)−1/2.

(12)

Substituting the obtained formulae into (11) we get the exact solution of the
nonlinear heat equation (7). Since the maximal in Lie’s sense invariance group of
Eq. (7) is the two-parameter group of translations with respect to t, x, solution (11),
(12) can not be obtained by the symmetry reduction procedure. Consequently, it is
essentially new.
In the same way we construct Q-conditionally invariant ansatzes for Eqs. (5), (6b)

and (5), (6c). They are of the form

θ(u) = ϕ0(t) + ϕ1(t)x. (13)

Substituting (13) into the corresponding nonlinear equations we get the following
systems of ODE:

ϕ̇0 = λ2ϕ0 + ϕ2
1 + λ1, ϕ̇1 = λ2ϕ1

and

ϕ̇0 = λ2ϕ0 + λ1, ϕ̇1 = λ2ϕ1.
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Provided the functions a(u), F (u) take a more specific form, it is possible to
construct ansatzes reducing Eq. (1) to three, four and even five ODE. Corresponding
results are listed below

1) a(u) = λuk, F (u) = λ1u+ λ2u
1−k, uk = ϕ0(t) + ϕ1(t)x+ ϕ2(t)x2;

2) a(u) = λeu, F (u) = λ1 + λ2e
−u, eu = ϕ0(t) + ϕ1(t)x+ ϕ2(t)x2;

3) a(u) = λu−3/2, F (u) = λ1u+ λ2u
5/2,

u−3/2 = ϕ0(t) + ϕ1(t)x+ ϕ2(t)x2 + ϕ3(t)x3;

4) a(u) = λu−4/3, F (u) = λ1u+ λ2u
7/3,

u−4/3 = ϕ0(t) + ϕ1(t)x+ ϕ2(t)x2 + ϕ3(t)x3 + ϕ4(t)x4.

(14)

(the formulae 4 from the above list were obtained by Galaktionov [6]).
Here λ, λ1, λ2 are arbitrary real constants; ϕ0(t), ϕ1(t), . . ., ϕ4(t) are arbitrary

smooth functions.
It is interesting to note that the cases 1, 2, 4 exhaust all possible nonlinearities

a(u) such that invariance group of Eq. (1) is wider than two-parameter translation
group [7].
Besides the above mentioned cases, we established that Eq. (1) with a(u) = 1,

F (u) = 2
3

(
C3 + C2u− 1

3C
2
1u

3
)
, Ci ∈ R

1 is Q-conditionally invariant under the Lie–
Bäcklund vector field (3) with η = uxx − C1uux − 1

3

(
C3 + C2u− 1

3C
2
1u

3
)
. This fact

can also be used for antyreduction of the corresponding nonlinear heat equation.
In conclusion let us mention another important point. It is well-known that Eq. (1)

admits the Lie–Bäcklund vector field only if it is equivalent to the linear heat equation
or to the Burgers equation [8]. Consequently, the conception of conditional invariance
widens essentially our possibilities to use a non-Lie symmetry to solve nonlinear
partial differential equations.
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On linear and non-linear representations
of the generalized Poincaré groups
in the class of Lie vector fields
W.I. FUSHCHYCH, R.Z. ZHDANOV, V.I. LAHNO

We study representations of the generalized Poincaré group and its extensions in
the class of Lie vector fields acting in a space of n + m independent and one
dependent variables. We prove that an arbitrary representation of the group P (n, m)
with max{n, m} ≥ 3 is equivalent to the standard one, while the conformal group
C(n, m) has non-trivial nonlinear representations. Besides that, we investigate in
detail representations of the Poincaré group P (2, 2), extended Poincaré groups P̃ (1, 2),
P̃ (2, 2), and conformal groups C(1, 2), C(2, 2) and obtain their linear and nonlinear
representations.

1 Introduction

The central problem to be solved within the framework of the classical Lie approach
to investigation of the partial differential equation (PDE)

F (x, u, u
1
, u
2
, . . . , u

r
) = 0, (1)

where symbol u
k
denotes a set of k-th order derivatives of the function u = u(x),

is to compute its maximal symmetry group. Sophus Lie developed the universal
infinitesimal algorithm which reduced the above problem to solving some linear over-
determined system of PDE (see, e.g. [1–3]). The said method enables us to solve
the inverse problem of symmetry analysis of differential equations — description
of equations invariant under given transformation group. This problem is of great
importance of mathematical and theoretical physics. For example, in relativistic field
theory motion equations have to obey the Lorentz–Poincaré–Einstein relativity prin-
ciple. It means that equations considered should be invariant under the Poincaré
group P (1, 3). That is why, there exists a deep connection between the theory of
relativistically-invariant wave equations and representations of the Poincaré group
[4–6].
There exists a vast literature on representations of the generalized Poincaré group

P (n,m) [6], n,m ∈ N but only a few papers are devoted to a study of nonlinear
representations. It should be noted that nonlinear representations of the Poincaré and
conformal groups often occur as realizations of symmetry groups of nonlinear PDE
such as eikonal, Born–Infeld and Monge–Amperé equations (see [3] and references
therein). On sets of solutions of some nonlinear heat equations nonlinear represen-
tations of the Galilei group are realized [3]. So, nonlinear representations of the
transformations groups are intimately connected with nonlinear PDE, and systematic
study of these is of great importance.

J. Nonlinear Math. Phys., 1994, 1, № 3, P. 295–308.



256 W.I. Fushchych, R.Z. Zhdanov, V.I. Lahno

In the present paper we obtain the complete description of the Poincaré group
P (n,m) (called for bravity the Poincaré group) and of its extensions — the extended
Poincaré group P̃ (n,m) and conformal group C(n,m) acting as Lie transformation
groups in the space R(n,m)×R

1, where R(n,m) is the pseudo-Euclidean space with
the metric tensor

gαβ =


1, α = β = 1, n,

−1, α = β = n+ 1, n+m,
0, α �= β.

The paper is organized as follows. In Section 2 we give all necessary notations and
definitions. In Section 3 we investigate representations of groups P (n,m), P̃ (n,m),
C(n,m) with max{n,m} ≥ 3 and prove, in particular, that each representation of
the Poincaré group P (n,m) with max{n,m} ≥ 3 is equivalent to the standard li-
near representation. In Section 3 we study representations of the above groups with
max{n,m} < 3 and show that groups P̃ (1, 2), C(1, 2), P (2, 2), P̃ (2, 2), C(2, 2) have
nontrivial nonlinear representations. It should be noted that nonlinear representati-
ons of the groups P (1, 1), P̃ (1, 1), C(1, 1) were constructed in [9] and of the group
P (1, 2) — in [10].

2 Notations and definitions

Saying about a representation of the Poincaré group P (n,m) in the class of Lie
transformation groups we mean the transformation group

x′µ = fµ(x, u, a), µ = 1, n+m, u′ = g(x, u, a), (2)

where a = {aN , N = 1, 2, . . . , n +m + C2
n+m} are group parameters preserving the

quadratic form S(x) = gαβxαxβ . Here and below summation over the repeated indices
is understood.
It is common knowledge that a problem of description of inequivalent representa-

tions of the Lie transformation group (2) can be reduced to a study of inequivalent
representations of its Lie algebra [1, 2, 12].

Definition 1. Set of n+m+ C2
n+m differential operators Pµ, Jαβ = −jβα, µ, α, β =

1, n+m of the form

Q = ξµ(x, u)∂µ + η(x, u)∂u (3)

satisfying the commutational relations

[Pα, Pβ ] = 0, [Pα, Pβγ ] = gαβPγ − gαγPβ ,

[Jαβ , Jµν ] = gανJβµ + gβµJαν − gαµJβν − gβνJαµ
(4)

is called a representation of the Poincaré algebra AP (n,m) in the class of Lie vector
fields.
In the above formulae

∂µ =
∂

∂xµ
, ∂u =

∂

∂u
, [Q1, Q2] = Q1Q2 −Q2Q1, α, β, γ, µ, ν = 1, n+m.
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Definition 2. Set of 1 + n + m + C2
n+m differential operators Pµ, Jαβ = −Jβα, D

(µ, α, β = 1, n+m) of the form (3) satisfying the commutational relations (4) and

[D,Jαβ ] = 0, [Pα,D] = Pα (α, β = 1, n+m) (5)

is called a representation of the extended Poincaré algebra AP̃ (n,m) in the class of
Lie vector fields.
Using the Lie theorem [1, 2] one can construct the (1+n+m+C2

n+m)-parameter
Lie transformation group corresponding to the Lie algebra {Pµ, Jαβ ,D}. This trans-
formation group is called a representation of the extended Poincaré group P̃ (n,m).
Definition 3. Set of 1+2(n+m)+C2

n+m differential operators Pµ, Jαβ = −Jβα, D,
Kµ (µ, α, β = 1, n+m) of the form (3) satisfying the commutational relations (4),
(5) and

[Kα,Kβ ] = 0, [Kα, Jβγ ] = gαβKγ − gαγKβ ,

[Pα,Kβ ] = 2(gαβD − Jαβ), [D,Kα] = Kα,
(6)

is called a representation of the conformal algebra AC(n,m) in the class of Lie
vector fields.

(1 + 2(n+m) +C2
n+m)-parameter transformation group corresponding to the Lie

algebra {Pµ, Jαβ ,D,Kµ} is called a representation of the conformal group C(n,m).
Definition 4. Representation of the Lie transformation group (2) is called linear if
functions fµ, g satisfy conditions fµ = fµ(x, a) (µ = 1, n+m), g = g̃(x, a)u. If these
conditions are not satisfied, representation is called nonlinear.
Definition 5. Representation of the Lie algebra in the class of Lie vector fields (3)
is called linear if coefficients of its basis elements satisfy the conditions

ξα = ξα(x), α = 1, n+m, η = η̃(x)u, (7)

otherwise it is called nonlinear.
Using the Lie equations [1, 2] it is easy to establish that if a Lie algebra has a

nonlinear representation, its Lie group also has a nonlinear representation and vice
versa.
Since commutational relations (4)–(6) are not altered by the change of variables

x′α = Fα(x, u), u′ = G(x, u), (8)

two representations {Pα, Jαβ ,D,Kα} and {P ′
α, J

′
αβ ,D

′,K ′
α} are called equivalent pro-

vided they are connected by relations (8).

3 Representations of the algebras AP (n, m),
AP̃ (n, m), AC(n, m) with max{n, m} ≥ 3

Theorem 1. Arbitrary representation of the Poincaré algebra AP (n,m) with
max{n,m} ≥ 3 in the class of Lie vector fields is equivalent to the standard repre-
sentation

Pα = ∂α, Jαβ = gαγxγ∂β − gβγxγ∂α (α, β = 1, n+m). (9)
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Proof. By force of the fact that operators Pα commute, there exists the change of
variables (8) reducing these to the form Pα = ∂α, α = 1, n+m (a rather simple
proof of this assertion can be found in [1, 3]). Substituting operators Pα = ∂α, Jαβ =
ξαβγ(x, u)∂γ + ηαβ(x, u)∂u into relations [Pα, Jβγ ] = gαβPγ − gαγPβ and equating
coefficients at the linearly-independent operators ∂α, ∂u we get a system of PDE for
unknown functions ξαβγ , ηαβ

ξαβγxµ
= gµαgγβ − gµβgγα, ηαβxµ

= 0, α, β, γ, µ = 1, n+m,

whence

ξαβγ = xαgγβ − xβgγα + Fαβγ(u), ηαβ = Gαβ(u).

Here Fαβγ = −Fβαγ , Gαβ = −Gβα are arbitrary smooth functions, α, β, γ = 1, n+m.
Consider the third commutational relation from (4) under 1 ≤ α, β, µ, ν ≤ n,

β = µ. Equating coefficients at the operator ∂u, we get the system of nonlinear
ordinary differential equations for Gµν(u)

Gαν = GαβĠβν −GβνĠαβ (11a)

(no summation over β), where a dot means differentiation with respect to u.
Since (11a) holds under arbitrary α, β, ν = 1, n, we can redenote subscripts in

order to obtain the following equations

Gβν = GβαĠαν −GανĠβα, (11b)

Gαβ = GανĠνβ −GνβĠαν (11c)

(no summation over α and ν).
Multiplying (11a) by Gαν , (11b) by Gβν , (11c) by Gαβ and summing we get

G2
αµ +G2

βµ +G2
αβ = 0,

whence Gαν = Gβγ = Gαβ = 0.
Since α, β, ν are arbitrary indices satisfying the restriction 1 ≤ α, β, ν ≤ n, we

conclude that Gαβ = 0 for all α, β = 1, 2, . . . , n.
Furthermore, from commutational relations for operators Jαβ , α, β = 1, n we get

the homogeneous system of linear algebraic equations for functions Fαβγ(u), which
general solution reads

Fαβγ = Fα(u)gβγ − Fβ(u)gαγ , α, β, γ = 1, n,

where Fα(u) are arbitrary smooth functions.
Consequently, the most general form of operators Pµ, Jαβ with 1 ≤ α, β ≤ n

satisfying (4) is equivalent to the following:

Pµ = ∂µ, Jαβ =
(
xα + Fα(u)

)
∂β − (

xβ + Fβ(u)
)
∂α.

Making in the above operators the change of variables

x′µ = xµ + Fµ (u), µ = 1, n, x′A = xA, A = n+ 1, n+m, u′ = 0

and omitting primes we arrive at the formulae (9) with 1 ≤ α, β ≤ n.
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Consider the commutator of operators Jαβ , JαA under 1 ≤ α, β ≤ n, n+ 1 ≤ A ≤
n+m[

Jαβ , JαA
]

= [xα∂β − xβ∂α, gαγxγ∂A − gAγxγ∂α +
+ FαAγ(u)∂γ +GαA(u)∂u] = xA∂β − xβ∂A.

(12a)

On the other hand, by force of commutational relations (4) an equality

[Jαβ , JαA] = JβA (12b)

holds. Comparing right-hand sides of (12a) and (12b) we come to conclusion that
FαAγ = 0, GαA = 0. Consequently, operators JαA = −JAα with α = 1, n, A =
n+ 1, n+m have the form (9).
Analogously, computing the commutator of operators JαA, JAB under 1 ≤ α ≤ n,

n + 1 ≤ A,B ≤ n + m and taking into account commutational relations (4) we get
FABγ = 0, A,B = n+ 1, n+m, γ = 1, n. Consequently, operators JAB are of the
form

JAB = xB∂A − xA∂B +GAB(u)∂u, A,B = n+ 1, n+m.

At last, substituting the results obtained into commutational relations

[JαA, JαB ] = −JAB
(no summation over α), where α = 1, n, A,B = n+ 1, n+m, we get

GAB = 0, A,B = n+ 1, n+m.

Thus, we have proved that there exists the change of variables (8) reducing an
arbitrary representation of the Poincaré algebra AP (n,m) with max{n,m} ≥ 3 to the
standard representation (9). Theorem is proved.

Note 1. Poincaré algebra AP (n,m) contains as a subalgebra the Euclid algebra AE(n)
with basis elements Pα, Jαβ , α, β = 1, n. When proving the above theorem we have
established that arbitrary representations of the algebra AE(n) with n ≥ 3 in the
class of Lie vector fields are equivalent to the standard representation

Pµ = ∂µ, Jαβ = xα∂β − xβ∂α, µ, α, β = 1, n.

Theorem 2. Arbitrary representation of the extended Poincaré algebra AP̃ (n,m)
with max{n,m} ≥ 3 in the class of Lie vector fields is equivalent to the following
representation:

Pα = ∂α, Jαβ = gαγxγ∂β − gβγxγ∂α, D = xα∂α + εu∂u, (13)

where ε = 0, 1; α, β, γ = 1, n+m.
Proof. From theorem 1 it follows that a representation of the Poincaré algebra
AP (n,m) = 〈Pµ, Jαβ〉 can always be reduced to the form (9). To find the explicit
form of the dilatation operator D = ξµ(x, u)∂µ + η(x, u)∂u we use the commutational
relations [Pα,D] = Pα. Equating coefficients at linearly-independent operators ∂µ, ∂u,
we get

ξµxα
= δµα, ηxα

= 0,

where δµα is a Kronecker symbol; µ, α = 1, n+m.
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Integrating the above equations we have

ξµ = xµ + Fµ(u), η = G(u),

where Pµ(u), G(u) are arbitrary smooth functions.
Using commutational relations [Jµν ,D] = 0 we arrive at the following equalities:

gµγFγ∂ν − gνγFγ∂µ = 0; µ, ν = 1, n+m,

whence Fγ = 0, γ = 1, n+m.
Thus, the most general form of the operator D is the following:

D = xµ∂µ +G(u)∂u.

Provided G(u) = 0, we get the formulae (13) under ε = 0. If G(u) = 0, then after
making the change of variables

x′µ = xµ, µ = 1, n+m, u′ =
∫ (

G(u)
)−1

du

we obtain the formulae (8) under ε = 1. Theorem is proved.

Theorem 3. Arbitrary representation of the conformal algebra AC(n,m) with
max{n,m} ≥ 3 in the class of Lie vector fields is equivalent to one of the following
representations:
1) operators Pµ, Jαβ, D are given by (13), and operators Kα have the form

Kα = 2gαβxβD − (gµνxµxν)∂α; (14)

2) operators Pµ, Jαβ, D are given by (13) with ε = 1, and operators Kα have the
form

Kα = 2gαβxβD − (gµνxµxν ± u2)∂α. (15)

Proof. From theorem 2 it follows that the basis of the algebra AP̃ (n,m) up to the
change of variables (8) can be chosen in the form (13).
From the commutational relations for operators Pα = ∂α and Kβ = ξβµ(x, u)∂µ +

ηβ(x, u)∂u we get the following system of PDE:

ξβµxα
= 2gαβxµ − 2gανxνδβµ + 2gβνxνδµα, ηβxα

= 2εgβαu.

Integrating these we have

ξβµ = 2gβνxνxµ − gανxαxνδβµ + Fβµ(u), ηβ = 2εxβu+Gβ(u),

where Fβµ, gβ are arbitrary smooth functions, α, β, µ, ν = 1, n+m.
Next, we make use of commutational relations [D,Kα] = Kα. Direct computation

shows that the following equalities hold

[D,Kα] = [xµ∂µ + εu∂u, 2gαβxβ(xµ∂µ + εu∂u) − gµνxµxν∂α +
+ Fαβ(u)∂β +Gα(u)∂u] = 2gαβxβ(xµ∂µ + εu∂u) −
− (gµνxµxν)∂α + (εuFαβu − Fαβ)∂β + ε(uGαu −Gα)∂u.
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Comparison of the right-hand sides of the above equalities yields the system of
PDE

2Fαβ = εuFαβu, Gα = ε(uGαu −Gα), α, β = 1, n+m. (16)

In the following, we will consider the cases ε = 0 and ε = 1 separately.
Case 1, ε = 0. Then it follows from (16) that Fαβ = 0, Gα = 0, α, β = 1, n+m,

i.e. operators Kµ are given by (14) with ε = 0. It is not difficult to verify that the
rest of commutational relations (6) also holds.
Case 2, ε = 1. Integrating the equations (16) we get

Fαβ = Cαβu
2, Gα = Cαu

2,

where Cαβ , Cα are arbitrary real constants.
Next, from the commutational relations for Kα, Jµν it follows that

Cαβ = Cδαβ , Cα = 0,

where C is an arbitrary constant, α, β = 1, n+m.
Thus, operators Kµ have the form

Kµ = 2gµνxνD − (gαβxαxβ)∂µ + Cu2∂µ. (17)

Easy check shows that the operators (17) commute, whence it follows that all
commutational relations of the conformal algebra hold.
If in (17) C = 0, then we have the case (14) with ε = 1. If C �= 0, then after

rescaling the dependent variable u′ = u|c|1/2 we obtain the operators (15). Theorem
is proved.

Note 2. Nonlinear representations of the conformal algebra given by (13) with ε = 1
and (15) are realized on the set of solutions of the eikonal equations [3, 14]

gµνuxµ
uxν

± 1 = 0

and on the set of solutions of d’Alembert–eikonal system [15]

gµνuxµ
uxν

± 1 = 0, gµνuxµxν
± (n+m− 1)u−1 = 0.

Thus, the Poincaré group P (n,m) with max{n,m} ≥ 3 has no truly nonlinear
representations. The only hope to obtain nonlinear representations of the Poincaré
group is to study the case when max{n,m} < 3.

4 Representations of the algebras AP (n, m),
AP̃ (n, m), AC(n, m) with max{n, m} < 3

Representations of algebras AP (1, 1), AP̃ (1, 1), AC(1, 1) in the class of Lie vector
fields were completely described by Rideau and Winternitz [9]. They have established,
in particular, that the Poincaré algebra AP (1, 1) has no nonequivalent representations
distinct from the standard one (9), while algebras AP̃ (1, 1), AC(1, 1) admit nonlinear
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representations. In the paper [10] nonlinear representations of the Poincaré algebra
AP (1, 2)

Pµ = ∂µ, J12 = x1∂2 + x2∂1 + ∂u,

J13 = x1∂3 + x3∂1 + cosu∂u, J23 = x2∂3 − x3∂2 − sinu∂u,
(18)

were constructed and besides that, it was proved that an arbitrary representation
of the algebra AP (1, 2) in the class of Lie vector fields is equivalent either to the
standard representation or to (18).
In the paper [11] we have constructed nonlinear representations of the algebras

AP (2, 2) and AC(2, 2).
Theorem 4. Arbitrary representation of the Poincaré algebra AP (2, 2) in the class
of Lie vector fields is equivalent to the following representation:

Pµ = ∂µ, µ = 1, 4,
J12 = x1∂2 − x2∂1 + ε∂u, J13 = x3∂1 + x1∂3 + ε cosu∂u,
J14 = x4∂1 + x1∂4 ∓ ε sinu∂u, J23 = x3∂2 + x2∂3 + ε sinu∂u,
J24 = x4∂2 + x2∂4 ± ε cosu∂u, J34 = x4∂3 − x3∂4 ± ε∂u,

(19)

where ε = 0, 1.
Proof. When, proving the theorem 1, we have established that the operators Pµ, Jαβ
can be reduced to the form

Pµ = ∂µ, Jµν = gµαxα∂ν − gναxα∂µ + Fµνα(u)∂α +Gµν(u)∂u, (19a)

where Fµνα = −Fνµα, Gµν = −Gνµ are arbitrary smooth functions; µ, ν, α = 1, 4.
Consider the triplet of operators J12, J13, J23. From commutational relations (4)

we obtain the following system of nonlinear ordinary differential equations for functi-
ons G12, G13, G23:

G23 = G13Ġ12 −G12Ġ13, G13 = G12Ġ23 −G23Ġ12,

G12 = G13Ġ23 −G23Ġ13,
(20)

(a dot means differentiations with respect to u).
Multiplying the first equation of the system (20) by G23, the second — by G13

and the third — by G12 and summing we get an equality

G2
12 = G2

13 +G2
23. (21)

In the following one has to consider cases G12 �= 0 and G12 = 0 separately.
Case 1, G12 �= 0. General solution of the algebraic equation (21) reads

G12 = f(u), G13 = f(u) cos g(u), G23 = f(u) sin g(u), (22)

where f(u), g(u) are arbitrary smooth functions.
Substitution of (22) into (20) yields ġf2 = f . Since f(u) = g12 �= 0, the equality

ġ = f−1 holds. Consequently, the general solution of the system (20) is of the form

G12 = ġ−1, G13 = ġ−1 cos g, G23 = ġ−1 sin g,

where g = g(u) is an arbitrary smooth function.
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On making the change of variables

x′α = xα, α = 1, 4, u′ = g(u),

which does not alter the structure of operators Pµ, Jµν (19a), we reduce operators
J12, J23, J13 to the form

J12 = x1∂2 − x2∂1 + ∂u + F̃12α(u)∂α,

J23 = x3∂2 + x2∂3 + (sinu)∂u + F̃23α(u)∂α,

J13 = x3∂1 + x1∂3 + (cosu)∂u + F̃13α(u)∂α,

(23)

where F̃12α, F̃23α, F̃13α, α = 1, 4 are arbitrary smooth functions.
Substitution of (23) into (4) yields the system of linear ordinary differentional

equations, which for general solution reads

F̃121 = V̇ +W, F̃122 = Ẇ − V, F̃123 = Q̇, F̃131 = V̇ cosu−Q,

F̃132 = Ẇ cosu, F̃133 = Q̇ cosu− V, F̃231 = V̇ sinu, F̃232 = Ẇ sinu−Q,

F̃233 = Q̇ sinu−W, F̃124 = R, F̃134 = R cosu− C1 sinu,

F̃234 = R sinu+ C1 cosu.

Here V , W , Q, R are arbitrary smooth functions on u, C1 is an arbitrary constant.
The change of variables

x′1 = x1 − V (u), x′2 = x2 −W (u),
x′3 = x3 −Q(u), x′4 = x4 −

∫
R(u)du, u′ = u

reduce operators J12, J23, J13 to the form

J12 = x1∂2 − x2∂1 + ∂u,

J13 = x3∂1 + x1∂3 − C1 sinu∂u + cosu∂u,
J23 = x3∂2 + x2∂3 + C1 sinu∂u + sinu∂u,

(24)

the rest of basis elements of the algebra AP (2, 2) having the form (19a).
Computing commutational relations (4) for operators Jab; α, β = 1, 4 given by

formulae (19a) with µ = 1, 3, ν = 4 and (24) we obtain system of equations for
unknown functions Fµ4α, Gµ4 ; α = 1, 4; µ = 1, 3. General solution of the system
reads

G14 = ∓ sinu, G24 = ± cosu, G34 = ±1, C1 = 0,
F141 = F242 = F343 = C2, Fα4β = 0, α = β,

where C2 is an arbitrary constant.
Substituting the result obtain into the formulae (19a) and making the change of

variables

x′α = xα, α = 1, 3; x′4 = x4 + C2; u′ = u

we conclude that operators Jα4, α = 1, 3 are given by (19) with ε = 1.
Case 2, G12 = 0. In this case from (21) it follows that G12 = G13 = G23 = 0.

Computing commutators of operators J12, J14 and J12, J24 we get G14 = G24. Next,
computing commutator of operators J13, J23 we came to conclusion that G34 = 0.
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Substitution of operators Jµν from (19a) with Gµη = 0, µ, ν = 1, 4 into commu-
tational relations (4) yields a homogenerous system of linear algebraic equations for
functions Fµνα. Its general solution can be represented in the form

Fµνα = Fµ(u)gνα − Fν(u)gµα, µ, ν, α = 1, 4,

where Fµ(u) are arbitrary smooth functions.
Consequently, operators (19a) take the form

Pµ = ∂µ, Jαβ = gαγ(xγ + Fγ(u))∂β − gβγ(xγ + Fγ(u))∂α.

Making in the above operators the change of variables x′µ = xµ + Fµ(u), µ = 1, 4,
u′ = u we arrive at formulae (19) with ε = 0. Theorem is proved.
Theorem 5. Arbitrary representations of the extended Poincaré algebra AP̃ (2, 2) in
the class of Lie vector fields is equalent to one of the following representations:
1) Pµ, Jαβ are of the form (19) with ε = 1, D = xµ∂µ;
2) Pµ, Jαβ are of the form (19) with ε = 0, D = xµ∂µ + ε1u∂u, ε1 = 0, 1.

Theorem 6. Arbitrary representation of the conformal algebra AC(2, 2) in thew
class of Lie vector field is equivalent to one of the following representations:
1) Pµ, Jαβ are of the form (19) with ε = 0,

D = xα∂α + ε1u∂u, ε1 = 0, 1,
Kα = 2gαβxβD − (gµνxµxν)∂α;

2) Pµ, Jαβ are of the form (19) with ε = 0,

D = xα∂α + u∂u,

Kα = 2gαβxβD − (gµνxµxν ± u2)∂α;

3) Pα, Jµν are of the form (19) with ε = 1,

D = xα∂α,

K1 = 2x1D − (gµνxµxν)∂1 + 2(x2 + x3 cosu∓ x4 sinu)∂u,
K2 = 2x2D − (gµνxµxν)∂2 + 2(−x1 + x3 sinu± x4 cosu)∂u,
K3 = −2x3D − (gµνxµxν)∂3 + 2(±x4 + x1 cosu− x2 sinu)∂u,
K4 = −2x4D − (gµνxµxν)∂4 + 2(∓x4 ± x1 sinu∓ x2 cosu)∂u,

where µ, α, β, ν = 1, 2, 3, 4.

Proofs of the theorems 5 and 6 are similar to the proofs of the theorems 2, 3 that
is why they are omitted.
In conclusion of the Section we adduce all nonequivalent representations of the

extended Poincaré algebra AP̃ (1, 2) [10]
1) Pµ, Jαβ are of the form (9),

D = xµ∂µ + εu∂u, ε = 0, 1;

2) Pµ, Jαβ are of the form (18),

D = xµ∂µ
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and the conformal algebra AC(1, 2) [10]
1) Pµ, Jαβ are of the form (9),

D = xµ∂µ + εu∂u, ε = 0, 1,
Kα = 2gαβxβD − (gµνxµxν)∂α;

2) Pµ, Jαβ are of the form (9),

D = xµ∂µ + u∂u,

Kα = 2gαβxβD − (gµνxµxν ± u2)∂α;

3) Pµ, Jαβ are of the form (18),

D = xµ∂µ,

K1 = 2x1D − (gµνxµxν)∂1 + 2(x2 + x3 cosu)∂u,
K2 = −2x2D − (gµνxµxν)∂2 + 2(−x1 + x3 sinu)∂u,
K3 = −2x3D − (gµνxµxν)∂3 − 2(x1 cosu+ x2 sinu)∂u.

Here µ, α, β, ν = 1, 2, 3.

5 Conclusion

Thus, we have obtained the complete description of nonequivalent representations
of the generalized Poincaré group P (n,m) by operators of the form (3). This fact
makes a problem of constructing Poincaré-invariant equations of the form (1) purely
algorithmic. To obtain all nonequivalent Poincaré-invariant equations on the order N ,
one has to construct complete sets of functionally-independent differential invariants
of the order N for each nonequivalent representation [1, 2].
For example, each P (n,m)-invariant first-order PDE with max{n,m} ≥ 3 can be

reduced by appropriate change of variables (2) to the eikonal equation

gµνuxµ
uxν

= F (u), (25)

where F (u) is an arbitrary smooth function.
Equation (26) with an arbitrary F (u) is invariant under the algebra AP (n,m)

having the basis elements (9). Provided F (u) = 0, n = m = 2, it admits also the
Poincaré algebra with the basis elements (19) [11].
Another interesting example is provided by P (1, n)-invariant PDE (n ≥ 3). In [16]

a complete basis of functionally-independent differential invariants of the order 2 of
the algebra AP (1, n) with the basis elements (9) has been constructed. Since each
representation of the algebra AP (1, n) with n ≥ 3 is equivalent to (9), the above
mentioned result gives the exhaustive description of Poincaré-invariant equations (1)
in the Minkowski space R(1, n).
It would be of interest to apply the technique developed in [15] to construct PDE

of the order higher than 1 which are invariant under the Poincaré algebra AP (2, 2)
with the basis elements (19).
In the present papers we have studied representations of the Poincaré algebra in

spaces with one dependent variable. But no less important is to investigate nonlinear



266 W.I. Fushchych, R.Z. Zhdanov, V.I. Lahno

representations of the Poincaré algebra in spaces with more number of dependent
variables [17]. Linear representations of such a kind are realized on sets of solutions
of the complex d’Alembert, of Maxwell, and of Dirac equations. If nonlinear rep-
resentations in question would be obtained, one could construct principially new
Poincaré-invariant mathematical models for describing real physical processes.
We intend to study the above mentioned problems in our future publications.

Besides that, we will construct nonlinear representations of the Galilei group G(1, n),
which plays in Galilean relativistic quantum mechanics the same role as the Poincaré
group in relativistic field theory.

1. Ovsiannikov L.V., Group analysis of differential equations, New York, Academic Press, 1982.

2. Olver P., Applications of Lie group to differential equations, Berlin, Springer, 1986.

3. Fushchych W.I., Shtelen W.M., Serov N.I., Symmetry analysis and exact solutions of equations of
nonlinear mathematical physics, Dordrecht, Kluwer Academic Publ., 1993.

4. Wigner E., Unitary representations of the inhomogenerous Lorentz group, Ann. Math., 1939, 40,
149–204.

5. Gelfand I.M., Minlos A., Shapiro Z.Ya., Representations of the rotation and Lorentz groups,
Moscow, Fizmatgiz, 1958.

6. Fushchych W.I., Nikitin A.G., Symmetry of equations of quantum mechanics, Moscow, Nauka,
1990; New York, Allerton Press, 1994.

7. Rideau G., An analytic nonlinear representation of the Poincaré group, Lett. Math. Phys., 1985, 9,
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Nonlocal ansatzes
for nonlinear wave equation
W.I. FUSHCHYCH, I.M. TSYFRA

Запропоновано нелокальнi анзаци, що редукують нелiнiйнi хвильовi рiвняння до
системи хвильових рiвнянь з меншим числом незалежних змiнних. Показано, що цi
анзаци можна одержати, використовуючи оператори нелокальної симетрiї рiвняння.

1. In the present paper we suggest a nonlocal ansatz

∂u

∂xµ
= aµν(x, u)ϕν(ω) + hµ(x, u), µ, ν = 0, 1, 2, 3, (1)

for reduction of the second order nonlinear differential equation

gµν(x, u)
∂2u

∂xµ∂xν
+ F

(
x, u,

∂u

∂xµ

)
= 0 (2)

to the system of equations for some functions ϕν(ω), ω = (ω1, ω2, ω3). The functions
aµν(x, u), hµ(x, u) are determined from the condition that the equation (2) is reduced
to the system of equations for ϕν(ω) (for more detail about the reduction method see
[1, 2]).
To illustrate the efficiency of the ansatz (1) we consider two nonlinear two-dimen-

sional equations of type (2)

u12 = u1F1(u1 − u), (3)

u00 = F2(u11), (4)

where uµν ≡ ∂2u
∂xµ∂xν

, uµ = ∂u
∂xµ
, F1, F2 are smooth functions.

2. For equation (3) we shall search for ansatz (1) in the form

∂u

∂x1
= ϕ1(ω) + h1(x, u),

∂u

∂x2
= ϕ2(ω) + h2(x, u), (5)

h1, h2, ω has to be determined in the way that functions ϕ1, ϕ2 satisfy the system of
the ordinary differential equations with a new independent variable ω [1, 2]. Substitu-
ting (5) into (3) and using the compatibility condition u12 ≡ u21, we obtain

∂h1

∂x2
− ∂h1

∂u
(ϕ2 + h2) +

∂ϕ1

∂ω

∂ω

∂x2
= (ϕ1 + h1)[ϕ1 + h1 − u],

∂h2

∂x1
+
∂h2

∂u
(ϕ1 + h1) +

∂ϕ2

∂ω

∂ω

∂x1
= (ϕ1 + h1)[ϕ1 + h1 − u],

∂h1

∂x2
+
∂h1

∂u
h2 = h1F1[h1 + ϕ1 − u],

(6)

Доповiдi НАН України, 1994, № 10, P. 34–39.
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ϕ2
∂h1

∂u
+
∂ϕ1

∂ω

∂ω

∂x2
= ϕ1F1[h1 + ϕ1 − u] = R1(ω),

∂h2

∂x1
+
∂h2

∂u
h1 = h1F1[h1 + ϕ1 − u],

ϕ1
∂h2

∂u
+
∂ϕ2

∂ω

∂ω

∂x1
= ϕ1F1[h1 + ϕ1 − u] = R2(ω),

(7)

where R1(ω), R2(ω) are unknown functions. System (7) is a condition on functions
h1, h2, ω(x1, x2) guaranteeing that system (6) depends on the ω only, i.e., ansatz (5)
reduces partial differential equation to a system of ordinary differential equations for
functions ϕ1 and ϕ2. Hence, in order to describe ansatzes of type (5) it is necessary
to solve nonlinear system (7). Here, we get a particular solution of system (7) only,
namely

h1 = u, h2 = F1[ϕ1(x2)]u, ω = x2. (8)

It is easy to verify that solution (8) satisfies system (7) and in this case reduced
system (6) takes the form

ϕ2(x2) +
∂ϕ1

∂x2
= ϕ1(x2)F1[ϕ1(x2)]. (9)

Having integrated the system

∂u

∂x1
= u+ ϕ1(x2),

∂u

∂x2
= F1[ϕ1(x2)]u+ ϕ1(x2)F1[ϕ1(x2)] − ∂ϕ1

∂x2
(10)

one can obtain particular solutions of equation (3). The solution of equation (10) is
given by the formula

u = −ϕ1(x2) + cex1+
∫
F1(ϕ1(x2))dx2 , (11)

where ϕ1(x2) is an arbitrary smooth function and C is an arbitrary constant.
3. Now we suggest the method of construction of ansatzes (1), based on a nonlocal

symmetry of the equation

∂2u

∂x1∂x2
= F

(
u,

∂u

∂x1
,
∂u

∂x2

)
. (12)

We consider the first order system

V 1
2 + V 1

3 V
2 = F (x3, V

1, V 2), (13)

V 1
2 + V 2

3 V
1 = F (x3, V

1, V 2), (14)

corresponding to the equation (12), where V ki ≡ ∂V k

∂xi
, x3 ≡ u, ∂u

∂xi
≡ V i.

The problem of construction of all ansatzes from the class (1) for equation (12) is
equivalent to the problem of finding all operators of the Q-conditional symmetry [1,
2, 5].
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Theorem 1. The system (13), (14) is Q-conditionally invariant under the operators
Q1 = ∂x1 , Q2 = ∂x3 + η1∂V1 + η2∂V2 if and only if the functions η1, η2 satisfy the
following equation

η1
V2

= 0, η1
x2

= η1
x1

= η2
x1

= 0, η2
V 1 =

F

V 1
,

η1
x2

− η1
V 1F = F ′

x3
+ η1F ′

V1
+

F

V 1
F ′
V2

− η1 F

V 1
− η1

x3
V 2.

(15)

The correctness of Theorem 1 is easily verified with the help of the infinitesimal
criterion of the Q-conditional invariance [1, 5]. Thus, arbitrary setting η1(x3, V

1)
as a function on x3, V 1 we get classes of nonlinearities F (x3, V 1, V 2) with which
equation (12) admits operators {Q1, Q2}. In the case of equation (3) η1, η2 are as
follows: η1 = 1, η2 = F1(V 1 − x3), F = V 1F1(V 1 − x3). It should be noted that Q2

is not a prolongation of Lie operator, but it is the nonlocal symmetry operator of the
equation (12). Operators {Q1, Q2} lead to the ansatz (10).
Then we consider the equation

u00 = F2(u11), (16)

where F2 is an arbitrary smooth function. Using the invariance of equation (16) under
the operators ∂x0, ∂x1, ∂u, x1∂u, x2∂u we write it in the form of the following system

V 0
1 = V 1

0 , V 2
0 = V 1

1 , V 0 = F2(V 2), (17)

where u00 ≡ V 0, u01 ≡ V 1, u11 ≡ V 2.

Theorem 2. The system (17) is invariant with respect to the continuous group of
transformations with the infinitesimal operator

Q = ξ0∂x0 + ξ1∂x1 (18)

if ξ0, ξ1 are a solution of the system of equations

∂ξ0

∂x0
=
∂ξ0

∂x1
=
∂ξ1

∂x0
=
∂ξ1

∂x1
= 0,

∂ξ0

∂V 1
=

∂ξ1

∂V 0
F ′

2(V
2) +

∂ξ1

∂V 2
,

∂ξ1

∂V 1
=

∂ξ0

∂V 0
F ′

2(V
2) +

∂ξ0

∂V 2
.

(19)

The finite transformations

x′0 = x0 + aξ0, x′1 = x1 + aξ1 (20)

correspond to the operator (18). Formulae (18), (19) give the operator of the nonlocal
symmetry of equation (16). With the help of this operator, one can construct nonlocal
ansatzes reducing the equation (16) to the system of three ordinary differential equa-
tions for three unknown functions. The analogous procedure has been called an ati-
reduction in [6].
Furthermore, the finite transformations (20) can be used for generating new solu-

tions. The transformations (20) are more general than contact ones since ξ0, ξ1 are
the functions on u00, u01, u11.
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For example, we shall take F2(u11) = sinu11. In this case one of the solutions of
system (19) is

ξ0 =
c

2
(V 1)2 − C cosV 2 +D, ξ1 = cV 1 sinV 2 +DV 1, (21)

where C,D = const. We start from a solution of the equation u = x0x1
2 − sinx0. Then

V 0 = sinx0, V 1 = x1, V 2 = x0. (22)

Using the transformations (20) we obtain the system

V 0 = sin
[
x0 + a

( c
2
(V 1)2 − C cosV 2 +D

)]
,

V 1 = x1 + a[CV 1 sinV 2 +DV 1],

V 2 = x0 + a
[ c
2
(V 1)2 − C cosV 2 +D

]
.

(23)

Thus, in order to find new solutions of equations (16) it is necessary to solve the
overdetermined but compatible system

V00 = sin
[
x0 + a

( c
2
(u01)2 − C cosu11 +D

)]
,

u01 = x1 + a[cu01 sinu11 +Du01],

u11 = x0 + a
[ c
2
(u01)2 − C cosu11 +D

]
.

(24)

The maximal local invariance group of equation (16) is the 7-parameter group. The
basic elements of the corresponding algebra are

P0 = ∂x0 , P1 = ∂x1 , P2 = ∂u, D = x0∂x0 + x1∂x1 + 2u∂u,
Q1 = x1∂u, Q2 = x2∂u, Q3 = x1x2∂u.

(25)

It can be shown, that the system (24) has no solutions invariant under the operator
α0P0 +α1P1 +α2P2 + dD+β1Q1 +β2Q2 +β3Q3, where α0, α1, α2, d, β1, β2, β3 are
arbitrary constants. Therefore, no solution of system (24) is invariant one for equation
(16).
Further, we consider the equation

[F (u)]1 = u22. (26)

We write the equation (26) in the form of the system

F (u) = θx2 , ux2 = θx1 . (27)

Theorem 3. The system (27) is invariant with respect to the one-parameter Lie
group generated by an operator of the form

Q = −x1∂x1 + θ∂x2 + u∂u (28)

if F = 1
lnu .

Operator (28) is a nonlocal symmetry operator of equation (26). We use It to
construct the nonlocal ansatz and exact solutions of the equation(

1
lnu

)
1

= u22. (29)
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The ansatz

u =
f(θ)
x1

, θ =
x2

ϕ(θ) − lnx1
(30)

corresponds to operator (28), where f(θ), ϕ(θ) are unknown functions.
Substituting (30) into (27) we obtain the reduced system of ordinary differential

equations

θϕ′ + ϕ = ln f, f ′ = θ. (31)

The solution of system (31) has the form

ϕ =
θ2

2
ln
θ2 + 2c

2
− θ2

2
+ C ln(θ2 + 2c) + c1, f =

θ2

2
+ c. (32)

Using the formula (30) and the substitution 1
lnu = z we obtain the solution of the

equation

z1 +
(

1
z2
e

1
z z2

)
2

= 0 (33)

namely

e
1
z =

θ2

2
+ c,

θ =
x2

θ2

2 ln θ2+2c
2 − θ2

2 + C ln(θ2 + 2c) − lnx1 + c1
.

(34)

Formulae (34) give the solution of the nonlinear diffusion equation (33). In conclusion,
we emphasize that the finite transformations

x′1 = e−ax1, x′2 = x2 + aθ, z′ =
z

1 + az
, θ′ = 0 (35)

can be used for the nonlocal generating of solutions of equation (33), since the system
(27) admits the operator (28) in Lie sense. In this case the formula of generating
solutions takes the form

z′′ =
z′(e−ax1, x2 + aθ)

1 − az′(e−ax1, x2 + aθ)
, (36)

where θ is the solution of the system

θx1 = −z′x2

(
1

(z′)2
e

1
z′

)
, θx2 = z′, (37)

z′ is the initial solution and z′′ is the new solution of the equation (33), a is an
arbitrary constant.
Suggested approach can be effectively applied for the nonlocal generating of solu-

tions of equations which are invariant with respect to the group of contact transfor-
mations.
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Nonlinear representations for Poincaré
and Galilei algebras and nonlinear equations
for electromagnetic fields
W.I. FUSHCHYCH, I.M. TSYFRA, V.M. BOYKO

We construct nonlinear representations of the Poincaré, Galilei, and conformal algebras
on a set of the vector-functions Ψ = ( �E, �H). A nonlinear complex equation of Euler
type for the electromagnetic field is proposed. The invariance algebra of this equation
is found.

1. Introduction
It is well known that the linear representations of the Poincaré algebra AP (1, 3)

and conformal algebra AC(1, 3), with the basis elements

Pµ = igµν∂ν , Jµν = xµPν − xνPµ + Sµν , (1)

D = xνP
ν − 2i, (2)

Kµ = 2xµD − (xνxν)Pµ + 2xνSµν , (3)

is realized on the set of solutions of the Maxwell equations for the electromagnetic
field in vacuum (see e.g. [1, 2])

∂ �E

∂t
= rot �H,

∂ �H

∂t
= −rot �E, (4)

div �E = 0, div �H = 0. (5)

Here Sµν realize the representation D(0, 1) ⊕D(1, 0) of the Lorentz group.
Operators (1)–(3) satisfy the following commutation relations:

[Pµ, Pν ] = 0, [Pµ, Jαβ ] = i(gµαPβ − gµβPα), (6)

[Jαβ , Jµν ] = i(gβµJαν + gανJβµ − gαµJβν − gβνJαµ), (7)

[D,Pµ] = −iPµ, [D,Jµν ] = 0, (8)

[Kµ, Pα] = i(2Jαµ − 2gµαD), [Kµ, Jαβ ] = i(gµνKβ − gµβKα), (9)

[Kµ,D] = −iKµ, [Kµ,Kν ] = 0, µ, ν, α, β = 0, 1, 2, 3. (10)

In this paper the nonlinear representations of the Poincaré, Galilei, and conformal
algebras for the electromagnetic field �E, �H are constructed. In particular, we prove
that the continuity equation for the electromagnetic field is not invariant under the
Lorentz group if the velocity of the electromagnetic field is taken in accordance with

J. Nonlinear Math. Phys., 1994, 1, № 2, P. 210–221.
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the Poynting definition. Conditional symmetry of the continuity equation is studied.
The complex Euler equation for the electromagnetic field is introduced. The symmetry
of this equation is investigated.

2. Formulation of the main results
The operators, realizing the nonlinear representations of the Poincaré algebras

AP (1, 3) = 〈Pµ, Jµν〉, AP1(1, 3) = 〈Pµ, Jµν ,D〉, and conformal algebra AC(1, 3) =
〈Pµ, Jµν ,D, Kµ〉, have the structure

Pµ = ∂xµ
, (11)

Jkl = xk∂xl
− xl∂xk

+ Skl, (12)

J0k = x0∂xk
+ xk∂x0 + S0k, k, l = 1, 2, 3, (13)

D = xµ∂xµ
, (14)

K0 = x2
0∂x0 + x0xk∂xk

+ (xk − x0E
k)∂Ek − x0H

k∂Hk , (15)

Kl = x0xl∂x0 + xlxk∂xk
+ [xkEl − x0(ElEk −H lHk)]∂Ek +

+ [xkH l − x0(H lEk +ElHk)]∂Hk ,
(16)

where

Skl = Ek∂El − El∂Ek +Hk∂Hl −H l∂Hk ,

S0k = ∂Ek − (EkEl −HkH l)∂El − (EkH l +HkEl)∂Hl .

The operators, realizing the nonlinear representations of the Galilei algebras
AG(2)(1, 3) = 〈Pµ, Jkl, G(2)

k 〉, AG(2)
1 (1, 3) = 〈Pµ, Jkl, G(2)

k ,D〉 have the form:
Pµ = ∂xµ

, Jkl = xk∂xl
− xl∂xk

+ Skl, (17)

G2
k = xk∂x0 − (EkEl −HkH l)∂El − (EkH l +HkEl)∂Hl , (18)

D = x0∂x0 + 2xk∂xk
+ Ek∂Ek +Hk∂Hk . (19)

We see by direct verification that all represented operators satisfy the commutation
relations of the algebras AP (1, 3), AC(1, 3), AG(1, 3).

3. Construction of nonlinear representations
In order to construct the nonlinear representations of Euclid-, Poincaré-, and Gali-

lei groups and their extensions the following idea was proposed in [2, 3]: to use
nonlinear equations invariant under these groups; it is necessary to find (point out,
guess) the equations, which admit symmetry operators having a nonlinear structure.
Such equation for the scalar field u(x0, x1, x2, x3) is the eikonal equation

∂u

∂xµ

∂u

∂xµ
= 0, µ = 0, 1, 2, 3 (20)

which is invariant under the conformal algebra AC(1, 3) with the nonlinear operator
Kµ [2, 3].
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The nonlinear Euler equation for an ideal fluid

∂vk
∂t

+ vl
∂vk
∂xl

= 0, k = 1, 2, 3 (21)

which is invariant under nonlinear representation of the AP (1, 3) algebra, with basis
elements

Pµ = ∂xµ
, Jkl = xk∂xl

− xl∂xk
+ vk∂vl

− vl∂vk
, (22)

J0k = xk∂0 + x0∂xk
+ ∂vk

− vkvl∂vl
, (23)

was proposed in [3] to construct the nonlinear representation for the vector field.
Note that equation (21) is also invariant with respect to the Galilei algebra AG(1, 3)
with the basis elements

Pµ = ∂xµ
, Jkl = xk∂xl

− xl∂xk
+ vk∂vl

− vl∂vk
, Ga = x0∂xa

+ ∂va
. (24)

As mentioned in [2, 3] both the Lorentz–Poincaré–Einstein and Galilean principles
of relativity are valid for system (21). We use the following nonlinear system of
equations [4]

∂Ek

∂x0
+H l ∂E

k

∂xl
= 0,

∂Hk

∂x0
+ El

∂Hk

∂xl
= 0, (25)

for constructing a nonlinear representation of the AP (1, 3) and AG(1, 3) algebras
for the electromagnetic field. To construct the basis elements of the AP (1, 3) and
AG(1, 3) algebras in explicit form we investigate the symmetry of system (25). We
search for the symmetry operators of equations (25) in the form:

X = ξµ∂xµ
+ ηl∂El + βl∂Hl , (26)

where ξµ = ξµ(x, �E, �H), ηl = ηl(x, �E, �H), βl = βl(x, �E, �H).
Theorem 1. The maximal invariance algebra of system (25) in the class of operators
(26) is the 20-dimensional algebra, whose basis elements are given by the formulas

Pµ = ∂xµ, (27)

J
(1)
kl = xk∂xl

− xl∂xk
+ Ek∂El − El∂Ek +Hk∂Hl −H l∂Hk , (28)

J
(2)
kl = xk∂xl

+ xl∂xk
+ Ek∂El + El∂Ek +Hk∂Hl +H l∂Hk , (29)

G(1)
a = x0∂xa

+ ∂Ea + ∂Ha , (30)

G(2)
a = xa∂x0 − EaEk∂Ek −HaHk∂Hk , (31)

D0 = x0∂x0 − El∂El −H l∂Hl , (32)

D1 = x1∂x1 + E1∂E1 +H1∂H1 , (33)

D2 = x2∂x2 + E2∂E2 +H2∂H2 , (34)

D3 = x3∂x3 + E3∂E3 +H3∂H3 . (35)
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Proof. To prove theorem 1 we use Lie’s algorithm. The condition of invariance of the
system L( �E, �H), i.e. (25), with respect to operator X has the form

X
1
L
∣∣∣
L=0

= 0, (36)

where

X
1

= X + [Dα(ηl) − EljDα(ξj)]∂El
α

+ [Dα(βl) −H l
jDα(ξj)]∂Hl

α
,

Elα =
∂El

∂xα
, H l

α =
∂H l

∂xα
, l = 1, 2, 3; α = 0, 1, 2, 3

is the prolonged operator. From the invariance condition (36) we obtain the system of
equations which determine the coefficient functions ξµ, ηl, βl of the operator (26):

ηlk = 0, ηl0 = 0, βlk = 0, βl0 = 0, ξµαν = 0, ξµEa = 0, ξµHa = 0,
ηk = −Ekξ00 + ξk0 +Eaξka − EaEkξ0a,

βk = −Hkξ00 + ξk0 +Haξka −HaHkξ0a,

(37)

where

ηlk =
∂ηl

∂xk
, ηl0 =

∂ηl

∂x0
, ξµEa =

∂ξµ

∂Ea
, ξµαν =

∂2ξµ

∂xα∂xν
.

Having found the general solution of system (37), we get the explicit form of all
the linear independent symmetry operators of system (25), which have the structure
(27)–(35). Operators of Lorentz rotations J0k is given by the linear combination of
the Galilean operators G(1)

k and G(2)
k :

J0k = G
(1)
k +G

(2)
k . (38)

All the following statements, given here without proofs, can be proved in analogy
with the above-mentioned scheme.

4. The finite transformations and invariants
We present some finite transformations which are generated by the operators J0k:

J01 : x0 → x′0 = x0 ch θ1 + x1 sh θ1,
x1 → x′1 = x1 ch θ1 + x0 sh θ1,
x2 → x′2 = x2, x3 → x′3 = x3,

(39)

E1 → E1′
=
E1 ch θ1 + sh θ1
E1 sh θ1 + ch θ1

, H1 → H1′
=
H1 ch θ1 + sh θ1
H1 sh θ1 + ch θ1

,

E2 → E2′
=

E2

E1 sh θ1 + ch θ1
, H2 → H2′

=
H2

H1 sh θ1 + ch θ1
,

E3 → E3′
=

E3

E1 sh θ1 + ch θ1
, H3 → H3′

=
H3

H1 sh θ1 + ch θ1
.

(40)
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The operators J02, J03 generate analogous transformations. θ1 is the real group
parameter of the geometric Lorentz transformation. Operators G

(2)
k generate the

following transformations:

G
(2)
1 : x0 → x′0 = x0 + θ1x1, xk → x′k = xk,

Ek → Ek
′
=

Ek

1 + θ1E1
, Hk → Hk′ =

Hk

1 + θ1H1
.

Analogous transformations are generated by the operators G(2)
2 , G(2)

3 . Operators G(1)
k

generate the following transformations:

G
(1)
1 : x0 → x′0 = x0, x1 → x′1 = x1 + x0θ1,

x2 → x′2 = x2, x3 → x′3 = x3,

E1 → E1′
= E1 + θ1, H1 → H1′

= H1 + θ1,

E2 → E2′
= E2, E3 → E3′

= E3,

H2 → H2′
= H2, H3 → H3′

= H3.

The operators G(1)
2 , G(1)

3 generate analogous transformations.
It is easy to verify that

I1 =

(
1 − �E �H

)2

(
1 − �E2

)(
1 − �H2

) , �E2 �= 1, �H2 �= 1 (41)

is invariant with respect to the nonlinear transformations of the Poincaré group which
are generated by representations (28), (38).
The invariant of the Galilei group which is generated by representations (28), (31)

has the form:

I2 =
�E2 �H2(
�E �H

)2 , (42)

whereas the Galilei group which is generated by representations (28), (30) has the
invariant

I3 = ( �E − �H)2. (43)

5. Complex Euler equation for the electromagnetic field
Let us consider the system of equations

∂Σk

∂x0
+ Σl

∂Σk

∂xl
= 0, Σk = Ek + iHk. (44)

The complex system (44) is equivalent to the real system of equations for �E and �H

∂Ek

∂x0
+ El

∂Ek

∂xl
−H l ∂H

k

∂xl
= 0,

∂Hk

∂x0
+H l ∂E

k

∂xl
+ El

∂Hk

∂xl
= 0.

(45)
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The following statement has been proved with the help of Lie’s algorithm.

Theorem 2. The maximal invariance algebra of the system (45) is the 24-dimensio-
nal Lie algebra whose basis elements are given by the formulas

Pµ = ∂xµ
,

J
(1)
kl = xk∂xl

− xl∂xk
+ Ek∂El − El∂Ek +Hk∂Hl −H l∂Hk ,

J
(2)
kl = xk∂xl

+ xl∂xk
+ Ek∂El + El∂Ek +Hk∂Hl +H l∂Hk ,

G
(1)
a = x0∂xa

+ ∂Ea ,

G
(2)
a = xa∂x0 − (EaEk −HaHk)∂Ea − (EaHk +HaEk)∂Hk ,

D0 = x0∂x0 − Ek∂Ek −Hk∂Hk ,

Da = xa∂xa
+ Ea∂Ea +Ha∂Ha (no sum over a),

K0 = x2
0∂x0 + x0xk∂xk

+ (xk − x0E
k)∂Ek − x0H

k∂Hk ,

Ka = x0xa∂x0 + xaxk∂xk
+ [xkEa − x0(EaEk −HaHk)]∂Ek +

+ [xkHa − x0(HaEk + EaHk)]∂Hk .

(46)

The algebra, engendered by the operators (46), include the Galilei algebras
AG(1)(1, 3), AG(2)(1, 3) and Poincaré algebra AP (1, 3), and conformal algebra
AC(1, 3) as subalgebras. Operators G(2)

a generate the linear geometrical transforma-
tions in R(1, 3)

x0 → x′0 = x0 + θaxa (no sum over a), xl → x′l, (47)

as well as the nonlinear transformations of the fields

El + iH l → El
′
+ iH l′ =

El + iH l

1 + θa(Ea + iHa)
(no sum over a),

El − iH l → El
′ − iH l′ =

El − iH l

1 + θa(Ea − iHa)
.

(48)

The invariant of the group G(2)(1, 3) is

I4 =

(
�E2 − �H2

)
+ 4

(
�E �H

)2(
�E2 + �H2

)2 . (49)

Operators J0k generate the linear transformations in R(1, 3)

x0 → x′0 = x0 ch θk + x0 sh θk,
xk → x′k = xk ch θk + x0 sh θk (no sum over k),
xl → x′l = xl, if l �= k,

(50)

as well as the nonlinear transformations of the fields

Ek + iHk → Ek
′
+ iHk′ =

(Ek + iHk) ch θk + sh θk
(Ek + iHk) sh θk + ch θk

,

Ek − iHk → Ek
′ − iHk′ =

(Ek − iHk) ch θk + sh θk
(Ek − iHk) sh θk + ch θk

.
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If l �= k, then

El + iH l → El
′
+ iH l′ =

El + iH l

(Ek + iHk) sh θk + ch θk
,

El − iH l → El
′ − iH l′ =

El − iH l

(Ek − iHk) sh θk + ch θk
(no sum over k).

(51)

The invariant of group P (1, 3) is

I5 =
1 − 2

[
( �E2 − �H2) − 1

2 ( �E2 − �H2)2 − 2( �E �H)2
]

[
1 − ( �E2 + �H2)

]2 , �E2 + �H2 �= 1. (52)

The operator K0 generates the following nonlinear transformations in R(1, 3) and
linear transformations of the fields

xµ → x′µ =
xµ

1 − θ0x0
,

Ek → Ek
′
= Ek + θ0(xk − x0E

k),

Hk → Hk′ = Hk(1 − θ0x0).

(53)

The operators Ka generate nonlinear transformations in both R(1, 3) and of the fields

x0 → x′0 =
x0

1 − xaθa
, xa → x′a =

xa
1 − xaθa

.

If k �= a, then

xk → x′k =
xk

1 − xaθa
,

Ea + iHa → Ea
′
+ iHa′ =

Ea + iHa

1 + θa[x0(Ea + iHa) − xa]
,

Ea − iHa → Ea
′ − iHa′ =

Ea − iHa

1 + θa[x0(Ea − iHa) − xa]
.

If k �= a, then

Ek + iHk → Ek
′
+ iHk′ =

Ek + iHk + θa(Ea + iHa)xk
1 + θa[x0(Ea + iHa) − xa]

,

Ek − iHk → Ek
′ − iHk′ =

Ek − iHk + θa(Ea − iHa)xk
1 + θa[x0(Ea − iHa) − xa]

(no sum over a).
(54)

Note 1. Setting �Σ = a�E + ib �H, where a, b are arbitrary functions of the invariants
�E2, �H2, �E �H, we obtain more general form of the equation (44). The equation

∂Σk

∂x0
+ Σl

∂Σk

∂xl
= F ( �E �H, �E2, �H2)Σk

is invariant only under some subalgebras of algebra (46) depending on the choice of
function F .
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Note 2. If we analyse the symmetry of the following equations(
∂

∂x0
+ El

∂

∂xl
+H l ∂

∂xl

)
Ek = 0,(

∂

∂x0
+ El

∂

∂xl
+H l ∂

∂xl

)
Hk = 0;

(∗)

or

∂Ek

∂x0
= ±

(
El

∂

∂xl
+H l ∂

∂xl

)
Hk,

∂Hk

∂x0
= ±

(
El

∂

∂xl
+H l ∂

∂xl

)
Ek,

(∗∗)

we obtain concrete examples of nonlinear representations for the Poincaré and Galilei
algebras. This problem will be considered in a future paper.

6. Symmetry of the continuity equation and the Poynting vector
Let us consider the continuity equation for the electromagnetic field

L( �E, �H) ≡ ∂ρ

∂x0
+ div ρ�v = 0. (55)

According to the Poynting definition ρ and ρvk have the forms

ρ =
1
2
( �E2 + �H2), ρvk = εklnE

lHn. (56)

Theorem 3. The nonlinear system (55), (56) is not invariant under the Lorentz
algebra, with basis elements:

Jkl = xk∂xl
− xl∂xk

+ Ek∂El − El∂Ek +Hk∂Hl −H l∂Hk ,

J0k = xk∂x0 + x0∂xk
+ εkln(El∂Hn −H l∂En), k, l, n = 1, 2, 3.

(57)

To prove theorem 3 it is necessary to substitute ρ and ρvk, from formulas (56),
to equation (55) and to apply Lie’s algorithm, i.e., it is necessary to verify that the
invariance condition

J
1
µν

(
L( �E, �H)

)∣∣∣
L=0

≡ 0 (58)

is not satisfied, where J
1
µν is the first prolongation of the operator Jµν .

Theorem 4. The continuity equation (55), (56) is conditionally invariant with
respect to the operators Jµν , given in (57) if and only if �E, �H satisfy the Maxwell
equation (4), (5).
Thus the continuity equation, which is the mathematical expression of the conser-

vation law of the electromagnetic field energy and impulse is not Lorentz-invariant if
�E, �H does not satisfy the Maxwell equation. A more detailed discussion on conditional
symmetries can be found in [1, 2].
The following statement can be proved in the case when

ρ = F 0( �E, �H) and ρvk = F k( �E, �H), (59)

where F 0, F k are arbitrary smooth functions F 0 �≡ 0, F k �≡ 0.
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Theorem 5. The continuity equation (55), (59) is invariant with respect to the
classic geometrical Lorentz transformations if and only if

r(B) = 4, (60)

where r(B) is the rank of the Jacobi matrix of functions Fµ.
In conclusion we present some statements about the symmetry of the following

systems:

∂ �E

∂x0
= rot �H + �F1( �E, �H),

∂ �H

∂x0
= −rot �E + �F2( �E, �H),

div �E = R1( �E, �H), div �H = R2( �E, �H),
(61)

∂(R�E)
∂x0

= rot (R �H),
∂N �H

∂x0
= −rot (N �E),

div (R�E) = 0, div (N �H) = 0.
(62)

Here

R = R(W1,W2), N = N(W1,W2), W1 = �E2 − �H2, W2 = �E �H.

div (R�E +N �H) = 0. (63)

Theorem 6. The system of equations (61) is invariant under the Lorentz algebra
with the basis elements (57) if and only if

�F1 ≡ �F2 ≡ 0, R1 ≡ R2 ≡ 0.

Theorem 7. The system of equations (62) is invariant under the Lorentz algebra
(57) if R and N are arbitrary functions of the invariants W1 = �E2− �H2, W2 = �E �H.
Theorem 8. The equation (63) is invariant under the Lorentz algebra with the basis
elements (57) if and only if �E, �H satisfy the system of equations

∂(R�E +N �H)
∂x0

= rot (R �H −N �E).

Thus it is established that, besides the generally recognized linear representation of
the Lorentz group discovered by Henry Poincaré in 1905 [5], there exists the nonlinear
representation constructed by using the nonlinear equations of hydrodynamical ty-
pe [4]. It is obvious that for instance the linear superposition principle does not hold
for a non-Maxwell electrodynamic theory based on the equation (25) or (45).
The nonlinear representations for the algebras AG(1, 3), AP̃ (1, 2), AP̃ (2, 2),

AC(1, 2), AC(2, 2) for a scalar field have been considered in [6], AP (1, 1) in [7],
and AP (1, 2) in [8].
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On the new approach to variable separation
in the two-dimensional Schrödinger equation

R.Z. ZHDANOV, I.V. REVENKO, W.I. FUSHCHYCH

Для двовимiрного рiвняння Шредiнгера з потенцiалом, який не залежить вiд часової
змiнної, повнiстю розв’язано задачу класифiкацiї потенцiалiв, при яких воно допу-
скає роздiлення змiнних. Для кожного з потенцiалiв описано всi системи координат,
в яких роздiлюється вiдповiдне рiвняння Шредiнгера.

There is a lot of papers devoted to separation of variables (SV) in the two-
dimensional Schrödinger equation

iu1 + ux1x2 + ux2x2 = V (x1, x2)u (1)

with some specific V (x1, x2) (see, e.g. [1–3] and references therein). Saying about
the problem of SV in the Eq. (1), we imply two mutually connected problems. The
first one is to describe all functions V (x1, x2) such that the equation (1) admits
separation of variables (classification problem). The second problem is to construct
for each function V (x1, x2) all coordinate systems making it possible to separate
corresponding Schrödinger equation.
As far as we know, the first problem has been solved provided V = 0 [3] and

V = αx−2
1 + βx−2

2 [1] and the second one has not been considered in the literature at
all. We guess that a possible reason for this was absence of an adequate mathematical
technique to handle the classification problem. In the paper [4] we suggested a new
approach to SV in partial differential equations which enabled us to solve the problem
of SV in two-dimensional wave equation with time independent potential [4]. In the
present paper we give the complete solution of the problem of SV in the Schrödinger
equation (1) obtained within the framework of the above said approach.
Solution with separated variables is looked for in the form of the ansatz [4]

u = Q(t, �x)ϕ0(t)ϕ1(ω1(t, �x))ϕ2(ω2(t, �x)), (2)

where ϕ0(t), ϕ1(ω1(t, �x)), ϕ2(ω2(t, �x)) are smooth functions satisfying ordinary diffe-
rential equations (ODE)

dϕ0

dt
= U0(t, ϕ0, λ1, λ2),

d2ϕa
dω2

a

= Ua

(
ωa, ϕa,

dϕa
dωa

;λ1, λ2

)
, a = 1, 2,

(3)

and Q, ω1, ω2 are functions to be determined from the requirement that ansatz (2)
reduces Eq. (1) to ODE, λ1, λ2 ⊂ R

1 are arbitrary parameters (separation constants).
It is important to emphasize that functions Q, ω1, ω2 do not depend on the parameters
λ1, λ2.
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Because of the lack of space we have no possibility to adduce all necessary com-
putations. That is why, we shall restrict ourselves by pointing out main steps of
realization of the approach to SV suggested in [4].
First of all, we note that the substitution

ω1 → ω′
1 = Ω1(ω1), ω2 → ω′

2 = Ω2(ω2), Q→ Q′ = Qψ1(ω1)ψ2(ω2) (4)

does not alter the structure of relations (2), (3). That is why, we introduce the
following equivalence relation: (ω1, ω2, Q) is equivalent to (ω′

1, ω
′
2, Q

′) provided (4)
holds with some Ωa, ψa.
Substituting (2) into (1) with account of equalities (3) and splitting obtained rela-

tion with respect to independent variables ϕ0, ϕa, ϕaa, λa, a = 1, 2 we conclude that
up to the equivalence relation (4) equations (3) take the form

dϕ0

dt
= (λ1R1(t) + λ2R2(t) +R0(t))ϕ0,

d2ϕa
dω2

a

= (λ1B1a(ωa) + λ2B2a(ωa) +B0a(ωa))ϕa

and what is more, functions ω1, ω2, Q satisfy the over-determined system of nonlinear
partial differential equations

1)
2∑
b=1

ω1xb
ω2xb

= 0,

2)
2∑
b=1

[Ba1(ω1)ω1xb
ω2xb

+Ba2(ω2)ω2xb
ω2xb

] +Ra(t) = 0, a = 1, 2,

3) 2
2∑
b=1

Qxb
ωaxb

+Q

(
iωat +

2∑
b=1

ωaxbxb

)
= 0, a = 1, 2,

4)
2∑
b=1

[B01(ω1)ω1xb
ω2xb

+B02(ω2)ω2xb
ω2xb

]Q+ iQi +

+
2∑
b=1

Qxbxb
+R0(t)Q− V (�x)Q = 0.

(5)

Thus, to solve the problem of SV for the linear Schrödinger equation it is necessary
to construct the general solution of the system of nonlinear equations (5). Roughly
speaking, to solve a linear equation one has to solve a system of nonlinear equations!
This is the reason why so far there is no complete description of all coordinate systems
providing separability of the four-dimensional d’Alembert equation.
But in the case involved we have succeeded in integration of nonlinear system (5)

for ω1, ω2, Q. First, we have established that the general solution of equations 1–3
from (5) determined up to the equivalence relation (4) splits into four inequivalent
classes

1) ω1 = A(t)x1 +W1(t), ω2 = B(t)x2 +W2(t),

Q(t, �x) = exp

[
− i

4

(
Ȧ

A
x2

1 +
Ḃ

B
x2

2

)
− i

2

(
Ẇ1

A
x1 +

Ẇ2

B
x2

)]
,
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2) ω1 =
1
2

ln(x2
1 + x2

2) +W (t), ω2 = arctg
x1

x2
,

Q(t, �x) = exp

[
−IẆ

4
(x2

1 + x2
2)

]
,

3) x1 =
1
2
W (t)(ω2

1 − ω2
2) +W1(t), x2 = W (t)ω1ω2 +W2(t),

Q(t, �x) = exp

[
i

4
Ẇ

W
[(x1 −W1)2 + (x2 −W2)2] +

i

2
(Ẇ1x1 + Ẇ2x2)

]
,

4) x1 = W (t) chω1 cosω2 +W1(t), x2 = W (t) shω1 sinω2 +W2(t),

Q(t, �x) = exp

[
i

4
Ẇ

W
[(x1 −W1)2 + (x2 −W2)2] +

i

2
(Ẇ1x1 + Ẇ2x2)

]
.

(6)

Here A, B, W , W1, W2 are arbitrary smooth functions on t. Dot means differentiation
with respect to t.
Substituting obtained expressions for Q, ω1, ω2 into the last equation from the

system (5) and splitting with respect to the variables x1, x2 we get explicit forms of
potentials V (x1, x2) and systems of nonlinear ODE for functions A(t), B(t), W (t),
W1(t),W2(t). We have suceeded in integrating these and in constructing all coordinate
systems providing SV in the initial equation (1). Complete list of these systems takes
two dozens of pages, so we are to restrict ourselves to adducing explicit forms of
potentials V (x1, x2) such that the Schrödinger equation (1) admits SV.

1) V (�x) = V1(x2
1 + x2

2) + V2

(
x1

x2

)
(x2

1 + x2
2)

−1;

2) V (�x) = V2

(
x1

x2

)
(x2

1 + x2
2)

−1;

3) V (�x) = [V1(ω1) + V2(ω2)](ω2
1 + ω2

2)−1,

where x1 =
1
2
(ω2

1 − ω2
2), x2 = ω1ω2;

4) V (�x) = [V1(ω1) + V2(ω2)](sh2 ω1 + sin2 ω2)−1,

where x1 = chω1 cosω2, x2 = shω1 sinω2;
5) V (�x) = V1(x1) + V2(x2);
6) V (�x) = kx2

1 + V2(x2);
7) V (�x) = k1x

2
1 + k2x

−2
1 + V2(x2), k2 �= 0;

8) V (�x) = kx2
1, k �= 0;

9) V (�x) = k1x
2
1 + k2x

2
2, k1k2 �= 0;

10) V (�x) = k1x
2
1 + k2x

−2
1 , k1k2 �= 0;

11) V (�x) = k1x
2
1 + k2x

2
2 + k3x

−2
2 , k1k3 �= 0;

12) V (�x) = k1x
2
1 + k2x

2
2 + k3x

−2
1 + k4x

−2
2 , k3k4 �= 0, k2

1 + k2
2 �= 0;

13) V (�x) = k1x
−2
1 + k2x

−2
2 ;

14) V (�x) = 0.

(7)

In the above formulae V1, V2 are arbitrary smooth functions, k, k1, k2, k3, k4 are
arbitrary real constants.
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Note 1. The Schrödinger equation with the potential

V (�x) = k(x2
1 + x2

2) + V1

(
x1

x2

)
(x2

1 + x2
2)

−1, k = const, (8)

is reduced to the Schrödinger equation with the potential

V ′(�x′) = V ′
1

(
x′1
x′2

)
(x′21 + x′2)−1 (9)

by the change of variables

t′ = α(t), �x′ = β(t)�x, u′ = exp(iγ(t)�x2 + iδ(t)).

(explicit form of the functions α(t), β(t), γ(t), δ(t) depends on the sign of the
parameter k in (8)). Since the above change of variables does not alter the structure
of ansatz (2), when classifying potentials V (x1, x2) providing separability of Eq. (1)
we consider potentials (7), (8) as equivalent.

Note 2. It is well-known (see, e.g. [5, 6]) that the general form of the invariance
group admitted by Eq. (1) is as follows:

t′ = f(t, �θ), x′a = ga(t, �x, �θ), a = 1, 2, u′ = h(t, �x, �θ)u, (10)

where �θ = (θ1, θ2, . . . , θn) are group parameters.
Since transformations (10) do not alter the structure of the ansatz (2), systems of

coordinates t′, x′1, x
′
2 and t, x1, x2 are considered as equivalent.

Thus, there exist fourteen inequivalent types of the Schrödinger equations of the
form (1) admitting SV. Consequently, the classification problem for Eq. (1) is solved.
Next, we shall obtain all coordinate systems providing separability of the Schrö-

dinger equation having the potential V = k1x
2
1 + k2x

2
2 (the harmonic oscillator type

equation). Explicit forms of the coordinate systems to be found depend essentially
on the signs of the parameters k1, k2. Here we consider the case, when k1 < 0,
k2 > 0 (the cases k1 > 0, k2 > 0 and k1 < 0, k2 < 0 will be considered in a separate
publication). It means that Eq. (1) can be written in the form

iut + ux1x1 + ux2x2 +
1
4
(a2x2

1 − b2x2
2)u = 0, (11)

where a, b, are arbitrary real constants (the factor 1/4 is introduced for further
convenience).
We have proved above that to describe all coordinate systems t, ω1, ω2 providing

separability of Eq. (11) one has to construct the general solution of system (5). The
general solution of equations 1–3 from (5) splits into four inequivalent classes listed
in (6).
Analysis shows that only solutions belonging to the first class can satisfy equati-

on 4 from (5). Substituting corresponding formulae for ω1, ω2, Q into equation 4
from (5) with V = 1

4 (a2x2
1 − b2x2

2) and splitting with respect to x1, x2 one gets

B01(ω1) = α1ω
2
1 + α2ω1, B02(ω2) = β1ω

2
2 + β2ω2,(

Ȧ

A

)·
−
(
Ȧ

A

)2

− 4α1A
4 − a2 = 0, (12a)
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(
Ḃ

B

)·
−
(
Ḃ

B

)2

− 4β1B
4 + b2 = 0, (12b)

θ̈1 − 2
Ȧ

A
θ̇1 − 2(2α1θ1 + α2)A4 = 0, (12c)

θ̈2 − 2
Ȧ

A
θ̇2 − 2(2β1θ2 + β2)B4 = 0, (12d)

Here α1, α2, β1, β2 are arbitrary real constants.
Integration of the system of nonlinear ODE (12a–d) is carried out in the Appendix.

Substitution of the formulae (A.4)–(A.9) into expressions 1 from (5) yields the comp-
lete list of coordinate systems providing separability of the Schrödinger equation (11).
These systems can be reduced to the canonical form if we use the Note 2. The
invariance group of Eq. (11) is generated by the following basis operators [6]:

P0 = ∂t, I = u∂u, M = iu∂u, P1 = ch at∂x1 +
ia

2
(x1 sh at)u∂u,

P2 = cos bt∂x2 −
ib

2
(x2 sin bt)u∂u, G1 = sh at∂x1 +

ia

2
(x1 ch at)u∂u,

G2 = sin bt∂x1 +
ib

2
(x2 cos bt)u∂u.

(13)

Using the finite transformations generated by the infinitesimal operators (13) and
the Note 2 we may choose in the formulae (A.4)–(A.9) C3 = C4 = D1 = 0, C2 =
D2 = 1, D3 = D4 = 0. As a result we come to the following assertion.
Theorem. The Schrödinger equation (11) admits SV in 21 inequivalent coordinate
systems of the form

ω0 = t, ω1 = ω1(t, �x), ω2 = ω2(t, �x), (14)

where ω1 is given by one of the following formulae:

x1(sh a(t+ C))−1 + a(sh a(t+ C))−2, x1(ch a(t+ C))−1 + a(ch a(t+ C))−2,

x1 exp(±a(t+ C)) + a exp(±4a(t+ C)), x1(a+ sh 2a(t+ C))−1/2,

x1(a+ ch 2a(t+ C))−1/2, x1(a+ exp(±2a(t+ C)))−1/2, x1

(15)

and ω2 is given by one of the following formulae:

x2(sin bt)−1 + β(sin bt)−2, x2(β + sin 2bt)−1/2, x2. (16)

In the above formulae C, α, β are arbitrary real parameters.
It is important to note that explicit form of the coordinate systems providing

separability of Eq. (11) depends essentially on the parameters a, b contained in the
potential V (x1, x2). It means that in the free case (V = 0) the Schrödinger equation
does not admit SV in such coordinate systems. Consequently, they are essentially
new.
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Appendix. Integration of nonlinear ODE (12a–d).
Evidently, equations (12a–d) can be rewritten in the following unified form:(

ẏ

y

)·
−
(
ẏ

y

)2

− αy4 = k, z̈ − ẏ

y
ż − (αz + β)y4 = 0. (A.1)

Provided k = −a2 < 0, system (A.1) coincides with equations (12a,c) and under
k = b2 > 0 — with equations (12b,d).
First of all, we note that the function z = z(t) is determined up to addition of an

arbitrary constant. Really, the coordinate functions ωa has the following structure:

ωa = yxa + z, a = 1, 2.

But the coordinate system t, ω1, ω2 is equivalent to the coordinate system t,
ω1 + C1, ω2 + C2, Ca ∈ R

1. Hence, it follows that the function z(t) is equivalent to
the function z(t) + C with arbitrary real constant C. Consequently, provided α �= 0,
we may choose in (A.1) β = 0.

The case 1. a = 0. On making the change of variables in (A.1)

w =
ẏ

y
, v =

z

y
(A.2)

we get

ẇ = w2 + k, v̈ + kv = βy3. (A.3)

First, we consider the case k = −a2 < 0. Then the general solutions of the first
equation from (A.3) is given by the formulae w = −a cth a(t + C1), w = −a th a(t +
C1), w = ±a, C1 ∈ R

1, whence

y = C2 sh−1 a(t+ C1), y = C2 ch−1 a(t+ C1),
y = exp[±a(t+ C1)], C2 ∈ R

1.
(A.4)

The second equation of system (A.3) is linear inhomogeneous ODE. Its general solu-
tion after being substituted into (A.2) yields:

z = (C3 ch at+ C4 sh at) sh−1 a(t+ C1) +
βC4

2

2a2
sh−2 a(t+ C1),

z = (C2 ch at+ C4 sh at) ch−1 a(t+ C1) +
βC4

2

2a2
ch−2 a(t+ C1),

z = (C3 ch at+ C4 sh at) exp[±a(t+ C1)] +
β

8a2
exp[±4a(t+ C1)],

C3, C4 ∈ R
1.

(A.5)

The case k = b2 > 0 is treated in the analogous way, the general solution of (A.3)
being given by the formulae

y = D2 sin−1 b(t+D1),

z = (C3 cos bt+ C4 sin bt) sin−1 b(t+D1) +
βD4

2

2b2
sin−2 b(t+D1),

(A.6)
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The case 2. α �= 0, β = 0. On making the change of variables in (A.1)

y = expw, v =
z

y

we get

ẅ − ẇ2 = k + α exp 4w, v̈ + kv = 0. (A.1a)

The first ODE from (A.1a) is reduced to the first-order linear ODE

1
2
p′(w) − p(w) = k + α exp 4w

to by the substitution ẇ = (p(w))1/2, whence

p(w) = α exp 4w + γ exp 2w − k, γ ∈ R
1.

Equation ẇ = p(w) has a singular solution w = C = const such that p(C) = 0. If
ẇ �= 0 then integrating equation ẇ = p(w) and returning to the initial variable y, we
get ∫ y(t) dτ

τ(ατ4 + γτ2 − k)1/2
= t+ C1.

Taking the integral in the left-hand side of the above equality we obtain the general
solution of the first ODE from (A.1). It is given by the following formulae:
under k = −a2 < 0

y = C2(α+ sh 2a(t+ C1))−1/2, y = C2(α+ ch 2a(t+ C1))−1/2,

y = C2(α+ exp[±2a(t+ C1)])−1/2,
(A.7)

under k = b2 > 0

y = D2(α+ sin 2b(t+D1))−1/2. (A.8)

Here C1, C2, D1, D2 are arbitrary real constants.
Integrating the second ODE from (A.1a) and returning to the initial variable z we

have
under k = −a2 < 0

z = y(t)(C3 sh at+ C4 ch at) (A.9)

under k = b2 > 0

z = y(t)(D3 cos bt+D4 sin bt)

where C3, C4, D3, D4 are arbitrary real constants.
Thus, we have constructed the general solution of the system of nonlinear ODE

(A.1) which is given by formulae (A.5)–(A.9).



290 R.Z. Zhdanov, I.V. Revenko, W.I. Fushchych

1. Boyer C., Lie theory and separation of variables for the equation iUt + Ux1x1 + Ux2x2 − (αx−2
1 +

βx−2
2 )U = 0, SIAM J. Math. Anal., 1976, 7, № 3, 230–263.

2. Miller W., Symmetry and separation of variables, Massachusetts, Addison-Wesley, 1977, 285 p.

3. Boyer C., Kalnins E., Miller W., Lie the theory and separation of variables, 6: The equation iUt +
Ux1x1 + Ux2x2 = 0, J. Math. Phys., 1975, 16, № 3, 499–511.

4. Fushchych W.I., Zhdanov R.Z., Revenko I.V., On the new approach to the variable separation in the
wave equation with potential, Докл. AH Укpaины, 1993, № 1, 27–32.

5. Niederer U., The maximal kinematical group of the free Schödinger equation, Helv. Phys. Acta,
1972, 45, № 5, 802–810.

6. Boyer C., The maximal kinematical invariance group for an arbitrary potential, Helv. Phys. Acta,
1974, 47, № 5, 589–605.



W.I. Fushchych, Scientific Works 2003, Vol. 5, 291–310.

Separation of variables
in the two-dimensional wave equation
with potential
R.Z. ZHDANOV, I.V. REVENKO, W.I. FUSHCHYCH

The paper is devoted to solution of a problem of separation of variables in the wave
equation utt−uxx +V (x)u = 0. We give a complete classification of potentials V (x) for
which this equation admits a nontrivial separation of variables. Furthermore, we obtain
all coordinate systems that provide separability of the equation considered.

Дана стаття присвячена розв’язанню проблеми роздiлення змiнних для хвильового
рiвняння utt − uxx + V (x)u = 0. Вказанi всi потенцiали V (x), для яких дане рiв-
няння допускає нетривiальне роздiлення змiнних. Крiм того, одержанi всi системи
координат, в яких роздiлюється дослiджуване рiвняння.

1. Introduction. In this paper, we study the two-dimensional wave equation with
potential

(� + V (x))u ≡ utt − uxx + V (x)u = 0, (1)

where u = u(t, x) ∈ C2(R2,R1) and V (x) ∈ C(R1,R1), by using the method of
separation of variables (SV). Equations belonging to class (1) are widely used in the
modern quantum physics and can be related to other linear and nonlinear equations
of mathematical physics (these relations will be discussed below, at the end of the
article). In particular, class (1) contains the d’Alembert equation (with V (x) = 0) and
the Klein– Gordon–Fock equation (with V (x) = m ≡ const).
The separation of variables in two- and three-dimensional Laplace, Helmholtz,

d’Alembert, and Klein–Gordon–Fock equations had been carried out in the classical
works by Bocher [1], Darboux [2], Eisenhart [3], Stepanov [4], Olevsky [5], and
Kalnins and Miller (see [6] and references therein). Nevertheless, a complete solution
of the problem of SV in equation (1) is not obtained yet.
When speaking about solution of equation (1) with separated variables ω1, ω2, we

mean the ansatz

u(t, x) = A(t, x)ϕ1(ω1(t, x))ϕ2(ω2(t, x)) (2)

reducing (1) to two ordinary differential equations for the functions ϕi(ωi)

ϕ̈i = Ai(ωi, λ)ϕ̇i +Bi(ωi, λ)ϕi, i = 1, 2, (3)

In formulas (2) and (3), A,ω1, ω2 ⊂ C2(R2,R1), Ai, Bi ⊂ C2(R1×Λ,R1) are some
unknown functions, λ ∈ Λ ⊂ R

1 is a real parameter (separation constant).

Definition 1. Equation (1) admits SV in the coordinates ω1(t, x), ω2(t, x) if the
substitution of ansatz (2) into (1) with subsequent exclusion of the second derivati-
ves ϕ̈1, ϕ̈2 according to (3) yields an identity with respect to the variables ϕ̇i, ϕi, λ
(considered as independent ones).

Укр. мат. журн., 1994, 46, № 10, P. 1343–1361.
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On the basis of the above definition, one can formulate the procedure of SV in
equation (1). At the first step; one has to substitute expression (2) into (1) and to
express the second derivatives ϕ̈1, ϕ̈2 via the functions ϕ̇i, ϕi according to equati-
ons (3). At the second step, the obtained equality is splitted with respect to the
independent variables ϕ̇i, ϕi. As a result, one gets an overdetermined system of par-
tial differential equations for the functions A, ω1, ω2 with undefined coefficients. The
general solution of this system gives rise to all systems of coordinates that provide
separability of equation (1).
Let us emphasize that the above approach to SV in equation (1) has much in

common with the non-Lie method of reduction of nonlinear differential equations
suggested in [7–9]. It is also important to note that the idea of representing solutions
of linear differential equations in the “separated” form (2) goes as far as to classical
works of Euler and Fourier (for a modern exposition of the problem of SV, see
Miller [6] and Koornwinder [10]).
The present paper is organized as follows: In the first section, we adduce principal

assertions about SV in equation (1). In the second section, the detailed proof of these
assertions is given. In the last section, we briefly discuss the obtained results.

2. List of principal results. It is evident that equation (1) admits SV in the
Cartesian coordinates ω1 = t, ω2 = x for an arbitrary V = V (x).

Definition 2. Equation (1) admits a nontrivial SV if there exists at least one coordi-
nate system ω1 = (t, x), ω2(t, x), different from the Cartesian system, that provides
its separability.

Next, if, in equation (1), one makes the transformations

t→ C1t, x→ C1x, t→ t, x→ x+ C2, Ci ∈ R
1,

then the class of equations (1) transforms into itself and, moreover,

V (x) → V ′(x) = C2
1V (C1x),

V (x) → V ′(x) = V (x+ C2).
(4)

This is why the potentials V (x) and V ′(x) connected by one of the above relations
are regarded as equivalent ones.

Theorem 1. Equation (1) admits a nontrivial SV iff the function V (x) is given up
to the equivalence relations (4) by one of the result formulas:

(1) V = mx;
(2) V = mx−2;
(3) V = m sin−2 x;

(4) V = m sh−2 x;

(5) V = m ch−2 x;
(6) V = m expx;
(7) V = cos−2 x(m1 +m2 sinx);

(8) V = ch−2 x(m1 +m2 shx);

(9) V = sh−2 x(m1 +m2 chx);

(5)
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(10) V = m1 expx+m2 exp 2x;
(11) V = m1 +m2x

−2;
(12) V = m.

Here, m, m1, m2 are arbitrary real parameters, m2 �= 0.
Note 1. Equation (1) with the potential V (x) = m expx is transformed by the change
of variables [11]

x′ = exp
x

2
ch t, t′ = exp

x

2
sh t

into equation (1) with V (x) = m (i.e., into the Klein–Gordon–Fock equation).

Note 2. Equations (1) with potentials 3, 4, 5 from (5) are transformed into equation (1)
with V (x) = mx−2 by the changes of variables [11]

x′ = tg ξ + tg η, t′ = tg ξ − tg η,
x′ = th ξ + th η, t′ = th ξ − th η,
x′ = cth ξ + th η, t′ = cth ξ − th η.

Here, ξ = (x+ t)/2, η = (x− t)/2 are cone variables.
In virtue of the above remarks, Theorem 1 implies the following assertion:

Theorem 2. Provided that equation (1) admits a nontrivial SV, it is locally equi-
valent to one of the following equations:

(1) �u+mxu = 0;
(2) �u+mx−2u = 0;
(3) �u+ cos−2 x(m1 +m2 sinx)u = 0;

(4) �u+ ch−2 x(m1 +m2 shx) = 0;

(5) �u+ sh−2 x(m1 +m2 chx) = 0;
(6) �u+ ex(m1 +m2e

x)u = 0;
(7) �u+ (m1 +m2x

−2)u = 0;
(8) �u+mu = 0.

(6)

Thus, there exist eight inequivalent types of equations of the form (1) that admit
a nontrivial SV.
It is well known that there are eleven coordinate systems that provide separability

of the Klein–Gordon–Fock equation (� + m)u = 0 (see, e.g., [12]). This is why the
case V (x) = const is not considered here.
As is shown in Section 2, the general form of the solution of equations (6) with

separated variables is as follows:

u(t, x) = ϕ1(ω1(t, x))ϕ2(ω2(t, x)); (7)

here, ϕ1(ω1), ϕ2(ω2) are arbitrary solutions of the separated ordinary differential (6)
here, equations

ϕ̈i = (λ+ gi(ωi))ϕi, i = 1, 2, (8)

and the explicit form of the systems ωi(t, x), gi(ωi) is given below.
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Theorem 3. The equation �u+mxu = 0 separated in two coordinate systems

(1) ω1 = t, ω2 = x, g1 = 0, g2 = mω2;

(2) ω1 = (x+ t)1/2 + (x− t)1/2, ω2 = (x+ t)1/2 − (x− t)1/2,

g1 = −m
4
mω4

1 , g2 = −m
4
ω4

2 .

(9)

Theorem 4. The equation �u + sin−2 x(m1 + m2 cosx)u = 0 is separated in four
coordinate systems

(1) ω1 = t, ω2 = x; g1 = 0, g2 = sin−2 ω2(m1 +m2 cosω2);

(2)
{
x
t

}
= arctg sh(ω1 + ω2) ± arctg sh(ω1 − ω2),

g1 = (m1 +m2) sh−2 ω1, g2 = −(m1 −m2) ch−2 ω2;

(3)
{
x
t

}
= arctg tn (ω1 + ω2) ± arctg tn (ω1 − ω2)

g1 = m1 dn2ω1 cn−2ω1 sn−2ω1 +m2[sn−2ω1 − dn2ω1 cn−2ω1],

g2 = m1k
4 sn2ω2 cn2ω2dn−2ω2 +m2k

2[cn2ω2 dn−2ω2 − sn2ω2];

(4)
{
x
t

}
= arctg

((
k

k′

)1/2

cn (ω1 + ω2)

)
± arctg

((
k

k′

)1/2

cn (ω1 − ω2)

)
,

g1 = m1[dn2ω1 cn−2ω1 + k2 sn2ω1] +m2[(k′)2 cn−2ω1 + k2 cn2ω1],

g2 = m1[dn2ω2 cn−2ω2 + k2 sn2ω2] +m2[(k′)2 cn−2ω2 + k2 cn2ω2].

(10)

In formulas (10), k, k′ =
√

1 − k2 are the moduli of the corresponding elliptic
Jacobi functions and k is an arbitrary constant satisfying the inequality 0 < k < 1.

Theorem 5. The equation �u + ch−2 x(m1 + m2 shx)u = 0 is separated in four
coordinate systems

(1) ω1 = t, ω2 = x, g1 = 0, g2 = ch−2 ω2(m1 +m2 shω2);

(2)
{
x
t

}
= − ln

((
k′

k

)1/2

cn (ω1 + ω2)

)
∓ ln

((
k′

k

)1/2

cn (ω1 − ω2)

)
,

g1 = m1(k′)2 (dn2ω1)−2 +m2 cn 2ω1 (dn2ω1)−2,

g2 = m1(k′)2 (dn2ω2)−2 +m2 cn 2ω2 (dn2ω2)−2;

(3)
{
x
t

}
= − ln sh

1
2
(ω1 + ω2) ± ln ch

1
2
(ω1 − ω2),

g1 = ch−2ω1(m1 −m2shω1), g2 = ch−2ω2(m1 −m2shω2);

(4)
{
x
t

}
= ln tn

1
2
(ω1 + ω2) ± ln dn

1
2
(ω1 + ω2).

g1 = −m1k
2 sn2ω1 + k2m2 snω1 cnω1,

g2 = −m1k
2 sn2ω2 + k2m2 snω2 cnω2.

(11)

Here, k, k′=
√

1−k2 are the moduli of the corresponding elliptic functions, 0 < k < 1.
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Theorem 6. The equation �u + sh−2x(m1 + m2chx)u = 0 is separated in eleven
coordinate systems

(1) ω1 = t, ω2 = x, g1 = 0, g2 = sh−2ω2(m1 +m2chω2);

(2)
{
x
t

}
= − ln

1
2
(ω1 + ω2) ± ln

1
2
(ω1 − ω2),

g1 = (m1 −m2)ω−2
1 , g2 = (m1 +m2)ω−2

2 ;

(3)
{
x
t

}
= − ln sin

1
2
(ω1 + ω2) ± ln sin

1
2
(ω1 − ω2),

g1 = (m1 −m2) sin−2 ω1, g2 = (m1 +m2) sin−2 ω2;

(4)
{
x
t

}
= − ln sh

1
2
(ω1 + ω2) ∓ ln sh

1
2
(ω1 − ω2),

g1 = sh−2ω1(m1 +m2chω1), g2 = sh−2ω2(m1 −m2chω2);

(5)
{
x
t

}
= − ln ch

1
2
(ω1 + ω2) ∓ ln ch

1
2
(ω1 − ω2),

g1 = sh−2ω1(m1 −m2chω1), g2 = sh−2ω2(m1 −m2chω2);

(6)
{
x
t

}
= ln th

1
2
(ω1 + ω2) ± ln th

1
2
(ω1 − ω2),

g1 = ch−2ω1(m2 −m1), g2 = −ch−2ω2(m2 +m1);

(7)
{
x
t

}
= ln tg

1
2
(ω1 + ω2) ± ln tg

1
2
(ω1 − ω2),

g1 = cos−2 ω1(m1 +m2), g2 = cos−2 ω2(m1 −m2);

(8)
{
x
t

}
= arth cn (ω1 + ω2) ± arth cn (ω1 − ω2),

g1 = (m1 +m2) dn2ω1 cn−2ω1 + (m1 −m2)k2 sn2ω1,

g2 = (m1 −m2) dn2ω2 cn−2ω2 + (m1 +m2)k2 sn2ω2;

(9)
{
x
t

}
= arth dn (ω1 + ω2) ± arth dn (ω1 − ω2),

g1 = (m1 +m2)k2 cn2ω1 dn−2ω1 + (m−m2)k2 sn2ω1,

g2 = (m1 −m2)k2 cn2ω2 cn−2ω2 + (m1 +m2)k2 sn2ω2;

(10)
{
x
t

}
= arth sn (ω1 + ω2) ± arth sn (ω1 − ω2),

g1 = (m1 +m2) sn−2ω1 + (m1 −m2)k2 sn2ω1,

g2 = (m1 +m2)k2 cn2ω2 dn−2ω2 + (m1 −m2) dn2ω2 cn−2ω2;

(11)
{
x
t

}
= − ln cn (ω1 + ω2) ± ln cn (ω1 − ω2),

g1 = −m1 sn−2ω1 −m2 cnω1 sn−2ω1,

g2 = −m1 sn−2ω2 −m2 cnω2 sn−2ω2.

(12)

Here, k is the modulus of the corresponding elliptic functions, 0 < k < 1.
Theorem 7. The equation �u+ ex(m1 +m2e

x)u = 0 is separated in six coordinate
systems

(1) ω1 = t, ω2 = x, g1 = 0, g2 = eω2(m1 +m2e
ω2);
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(2)
{
x
t

}
= − ln cos(ω1 + ω2) ∓ ln cos(ω1 − ω2),

g1 = −2m1 cos 2ω1 − m2

2
cos 4ω1,

g2 = −2m1 cos 2ω2 − m2

2
cos 4ω2;

(3)
{
x
t

}
= ln sh (ω1 + ω2) ± ln sh (ω1 − ω2),

g1 = −2m1ch2ω1 − m2

2
ch 4ω1,

g2 = −2m1ch 2ω2 − m2

2
ch 4ω2;

(4)
{
x
t

}
= ln ch(ω1 + ω2) ± ln ch(ω1 − ω2),

g1 = −2m1ch 2ω1 − m2

2
ch 4ω1,

g2 = −2m1ch2ω2 − m2

2
ch 4ω2;

(5)
{
x
t

}
= ln ch(ω1 + ω2) ± ln sh(ω1 − ω2),

g1 = −2m1sh 2ω1 − m2

2
ch 4ω1,

g2 = −2m1sh 2ω2 − m2

2
ch 4ω2;

(6)
{
x
t

}
= ln(ω1 + ω2) ± ln(ω1 − ω2),

g1 = 2m1 + 2m2ω
2
1 , g2 = 2m1 + 2m2ω

2
2 .

(13)

Theorem 8. The equation �u + (m1 + m2x
−2)u = 0 separated in six coordinate

systems

(1) ω1 = t, ω2 = x, g1 = 0, g2 = m1 +m2ω
−2
2 ;

(2)
{
x
t

}
= exp(ω1 + ω2) ± exp(ω1 − ω2),

g1 = 4m1 exp 2ω1, g2 = m2ch−2ω2;

(3)
{
x
t

}
= sin(ω1 + ω2) ± sin(ω1 − ω2),

g1 = 2m1 cos 2ω1 +m2 sin−2 ω1, g2 = −2m1 cos 2ω2 +m2 cos−2 ω2;

(4)
{
x
t

}
= sh(ω1 + ω2) ± sh(ω1 − ω2),

g1 = 2m1sh2ω1 +m2sh−2ω1,

g2 = −2m1sh2ω2 −m2sh−2ω2;

(5)
{
x
t

}
= ch(ω1 + ω2) ± ch(ω1 − ω2),

g1 = 2m1ch2ω1 −m2ch−2ω1, g2 = 2m1ch2ω2 −m2ch−2ω2;

(6)
{
x
t

}
= (ω1 + ω2)2 ± (ω1 − ω2)2,

g1 = −16m1ω
2
1 +m2ω

−2
1 , g2 = −16m1ω

2
2 +m2ω

−2
2 .

(14)
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It was established in [13] that the Euler–Poisson–Darboux equation

Vtt − Vxx − x−1Vx +m2x−2V = 0

is separated in nine coordinate systems. Since the above equation is reduced to the
equation utt−uxx+(m2−1/4)x−2u = 0 by the change of dependent variable ν(t, x) =
x−1/2u(t, x), equation (1) with V (x) = λx−2 is also separated in nine coordinate
systems.
It has been understood not long ago [6, 14] that SV is intimately connected with

the symmetry properties of the equation under the study. Therefore, it is important
to investigate the symmetry of equation (1).
Clearly, equation (1) with an arbitrary V (x) is invariant under the two-dimensional

Lie algebra that has the basis elements Q1 = ∂t, Q2 = u∂u. Below, we adduce without
a proof the assertion which gives a complete description of the potentials V (x) that
provide an extension of the symmetry algebra admitted by equation (1).

Theorem 9. Equation (1) admits additional symmetry operators (i.e., operators not
belonging to the algebra 〈∂t, u∂u〉) iff the potential V (x) is given by one of the
following formulas:

(1) V (x) = m expx;
(2) V (x) = mx−2;
(3) V (x) = m sin−2 x;

(4) V (x) = m sh−2 x;

(5) V (x) = m ch−2 x;
(6) V (x) = m, m ∈ R

1,

with the additional symmetry operators having the form

(1) Q3 = exp
{

1
2
(t− x)

}
(∂x − ∂t), Q4 = exp

{
−1

2
(x+ t)

}
(∂x + ∂t);

(2) Q3 = x∂x + t∂t, Q4 = (x2 + t2)∂t + 2tx∂x;
(3) Q3 = sin t cosx∂t + sinx cos t∂x, Q4 = − cos t cosx∂t + sinx sin t∂x;
(4) Q3 = sh t chx∂t + shx ch t∂x, Q4 = ch t chx∂t + sh t shx∂x;
(5) Q3 = shx ch t∂t + sh t chx∂x, Q4 = sh t shx∂t + ch t chx∂x;
(6) Q3 = ∂x, Q4 = t∂x + x∂t.

This theorem is proved by the standard Lie method (see, e.g., [15, 16]).

Corollary. If equation (1) admits additional symmetry operators, then it is locally
equivalent to one of the equations �u+mu = 0 or �u+mx−2u = 0.
Thus, separability of equations 1, 3–7 from (6) is not connected with their Lie

symmetry. To explain this fact one has to take into account the second-order (non-
Lie) symmetry operators of equation (1). This problem will be briefly discussed in the
last section.

3. Proof of Theorems 1–8. To prove the assertions listed in the previous section
one has to apply the above described procedure of SV to equation (1).
By substituting ansatz (2) into equation (1), expressing the functions ϕ̈i in terms

of the functions ϕ̇i, ϕi, with the help of equalities (3), and splitting the obtained
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equation with respect to independent variables ϕ̇i, ϕi, we get the following system of
nonlinear partial differential equations:

1) A�ω1 + 2(Atω1t −Axω1x) +AA1(ω1, λ)(ω2
1t − ω2

1x) = 0, (15)

2) A�ω2 + 2(Atω2t −Axω2x) +AA2(ω2, λ)(ω2
2t − ω2

2x) = 0, (16)

3) �A+A[B1(ω1, λ)(ω2
1t − ω2

1x) +B2(ω2, λ)(ω2
2t − ω2

2x) +AV (x) = 0, (17)

4) ω1tω2t − ω1xω2x = 0. (18)

Here, � ≡ ∂2
t − ∂2

x.
Thus, to separate variables in the linear differential equation (1) one has to con-

struct a general solution of system of nonlinear partial differential equations (15)–
(18). The same assertion holds true for a general linear differential equation, i.e., the
problem of SV is essentially nonlinear. This is the reason why, even for the classical
d’Alembert equation �4u ≡ utt − ∆3u = 0, there is no complete description of all
coordinate systems that provide its separability [6].
It is not difficult to become convinced of that from (18). Since the functions ω1,

ω2 are real, we have

(ω2
1t − ω2

1x)(ω
2
2t − ω2

2x) �= 0. (19)

Differentiating equations (15), (16) with respect to λ and using (19), we get A1λ =
A2λ = 0.
Consequently, the relation B1λB2λ �= 0 holds. Differentiating with respect to λ we

have

B1λ(ω2
1t − ω2

1x) +B2λ(ω2
2t − ω2

2x) = 0

or B1λ/B2λ = −(ω2
2t − ω2

2x)/(ω
2
1t − ω2

1x). Differentiation of the above equality with
respect to λ yields B1λλ/B1λ = B2λλ/B2λ. But the functions B1 = B1(ω1), B2 =
B2(ω2) are independent, whence it follows that there exists a function such that
Biλλ = K(λ)Biλ, i = 1, 2.
Integrating the above differential equation with respect to λ, we get

Bi(ωi) = Λ(λ)fi(ωi) + gi(ωi), i = 1, 2,

where fi, gi are arbitrary smooth functions.
On redefining the parameter λ→ Λ(λ), we have

Bi(ωi) = Λfi(ωi) + gi(ωi), i = 1, 2, (20)

Substitution of (20) into (17) with a subsequent splitting with respect to λ yields
the following equations:

�A+A[g1(ω1)(ω2
1t − ω2

1x) + g2(ω2)(ω2
2t − ω2

2x) + V (x)A = 0, (21)

f1(ω1)(ω2
1t − ω2

1x) + f2(ω2)(ω2
2t − ω2

2x) = 0. (22)
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Thus, system (15)–(18) is equivalent to the system of equations (15), (16), (20)–
(22). Before integrating it, we make a remark. It is evident that the structure of
ansatz (2) is not changed by the transformation

A→ A′ = Ah1(ω1)h2(ω2),
ωi → ω′

i = Ri(ωi), i = 1, 2,
(23)

where hi, Ri are some smooth functions.
This is why solutions of the system under the study, connected by relations (23),

are considered as equivalent ones.
By a proper choice of the functions hi, we can put Ri, f1 = f2 = 1 and A1 = A2 =

0 in equations (15), (16), (22).
Consequently, the functions ω1, ω2 satisfy equations of the form

ω1tω2t − ω1xω2x = 0, ω2
1t − ω2

1x + ω2
2t − ω2

2x = 0,

whence (ω1 ± ω2)2t − (ω1 ± ω2)2x = 0. Integrating the above equations, we get

ω1 = f(ξ) + g(η), ω2 = f(ξ) − g(η), (24)

where f, g ⊂ C2(R1,R1) are arbitrary functions, ξ = (x+ t)/2, η = (x− t)/2.
Substitution of (24) into equations (15), (16) with A1 = A2 = 0 yields the following

equations for a function A = A(t, x): (lnA)t = 0, (lnA)x = 0, whence A = 1.
At last, substituting the obtained results into equation (21), we have

V (x) = [g1(f + g) − g2(f − g)]
df

dξ

dg

dη
. (25)

Thus, the problem of integration of the overdetermined system of nonlinear diffe-
rential equations (15)–(18) is reduced to the integration of the functional-differential
equation (25).
Let us sum up the obtained results. The general form of the solution of equation (1)

with separated variables is as follows:

u1 = ϕ1(f(ξ) + g(η))ϕ2(f(ξ) − g(η)); (26)

here, ϕi are arbitrary solutions of equations (8) and the functions f(ξ), g(η), g1(f+g),
g2(f − g), V (x) are determined by (25).
To integrate equation (25) we make the hodograph transformation

ξ = P (f), η = R(g), (27)

where Ṗ �≡ 0, Ṙ �≡ 0.
After making transformation (27), we get

g1(f + g) − g2(f − g) = Ṗ (f)Ṙ(g)V (P +R). (28)

Evidently, equation (28) is equivalent to the equation

(∂2
f − ∂2

g)[Ṗ (f)Ṙ(g)V (P +R)] = 0

or

(
...

P Ṗ
−1 − ...

R Ṙ
−1)V + 3(P̈ − R̈)V̇ + (Ṗ 2 − Ṙ2)V̈ = 0. (29)
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Thus, to integrate equation (25) it suffices to construct all functions P (f), R(g),
V (P +R) satisfying (29) and substitute them into equation (28).
Let us prove the following assertion.

Lemma. The general solution of equation (29), determined up to transforma-
tions (4), is given by the one of the following formulas:

(1) V = V (x) is an arbitrary function, Ṗ = α, Ṙ = α;

(2) V = mx, Ṗ 2 = αP + β, Ṙ2 = αR+ γ; (30)

(3) V = mx−2, P = F (f), R = G(g),

Ḟ 2 = αF 4 + βF 3 + γF 2 + δF + ρ,

Ġ2 = αG4 − βG3 + γG2 − δG+ ρ;

(31)

(4) V = m sin−2 x, P = arctgF (f), R = arctgG(g),
and F, G are determined by (31);

(5) V = m sh−2x, P = arthF (f), R = arthG(g)
and F, G are determined by (31);

(6) V = m ch−2x, P = arcthF (f), R = arcthG(g)
and F, G are determined by (31);

(7) V = m expx,

Ṗ 2 = α exp 2P + β expP + γ, Ṙ2 = α exp 2R+ δ expR+ ρ;

(8) V = cos−2 x(m1 +m2 sinx),

Ṗ 2 = α sin 2P + β cos 2P + γ, Ṙ2 = α sin 2R+ β cos 2R+ γ;
(32)

(9) V = ch−2x(m1 +m2shx),

Ṗ 2 = α sh 2P + βch 2P + γ, Ṙ2 = α sh 2R− βch 2R+ γ;
(33)

(10) V = sh−2x(m1 +m2chx),

Ṗ 2 = α sh 2P + βch 2P + γ, Ṙ2 = −α sh 2R+ βch 2R+ γ;
(34)

(11) V = (m1 +m2 expx) expx,

P̈ = −Ṗ 2 + β, R̈ = −Ṗ 2 + β;
(35)

(12) V = m1 +m2x
−2,

Ṗ 2 = αP 2 + βP + γ, R̈2 = αR2 − βR+ γ,
(36)

(13) V = m,

Ṗ 2 = αP 2 + βP + γ, Ṙ2 = αR2 + δR+ ρ.

Here α, β, γ, δ, ρ, m1, m2, m are arbitrary real parameters; x = ξ + η = P +R.
Proof. Since the functions P , R in (29) are arbitrary, equation (29) is equivalent to
the following system of equations:

(HffffH
−1
f −HgggH

−1
g )V (H)+3(Hff −Hgg)V̇ (H)+(H2

f −H2
g )V̈ (H) = 0,(37)
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Hfg = 0; (38)

here, H = P (f) +R(g).
Taking differential consequences of equation (37), we have

Hffff = HfffHffH
−1
f + V̇ V −1(HgggH

−1
g H2

f − 4HfffHf ) +

+ V̈ V −1(3HggH
2
f − 5HffH

2
f ) +

...

V V −1(H2
gH

2
f −H4

f ),

Hgggg = HgggHggH
−1
g + V̇ V −1(HfffH

−1
f H2

g − 4HgggHg) +

+ V̈ V −1(3HffH
2
g − 5HggH

2
g ) +

...

V V −1(H2
fH

2
g −H4

g ).

(39)

For system (39) to be compatible, it is necessary that relations Hffffg = Hggggf =
0 hold. Differentiating the first equation in (39) with respect to g and taking into
account relations (39), we get

(HfffH
−1
f −HgggH

−1
g )(5V̇ 2V −2 − 4V̈ V −1) + (Hff −Hgg) ×

× (8V̈ V̇ V −2 − 5
...

V V −1) + (H2
f −H2

g )(
...

V V̇ V −2 − (
...

V V −1)·) = 0.
(40)

Since equation (40) is a necessary compatibility condition for a system (39), one
has to supplement the system under study (equations (37), (38)) by equation (40). To
investigate the system of equations (37), (38), (40) it is necessary to consider several
inequivalent cases.

Case 1. Let V̈ = 0, V̇ �= 0. Then equalities Hff = Hgg = 2α, α = const hold.
Hence, we have

V = m(H + C) ≡ m(x+ C),
P (f) = αf2 + β, R(g) = αg2 + γ, β, γ ⊂ R

1,

i.e., we obtain the potential listed in the lemma under number 2.
Case 2. Let V̈ �= 0 and let equation (40) be a consequence of equation (37). In this

case, the coefficients of V , V̇ , V̈ must be proportional

(5V̇ 2V −2 − 4V̈ V −1) = (8V̈ V̇ V −2 − 5
...

V V −1)(3V )−1 =

= (2
...

V V̇ V −2 − ....

V V −1)(V̈ )−1.

From the above equalities, we get a system of two ordinary differential equations
for a function V = V (H)

...

V = 4V̇ V −1 − 3V̇ 3V −2, (41)
....

V = 2
...

V V̇ V
−1 − 4V̈ 2V −1 + 5V̇ 2V̈ V −2. (42)

But equation (42) is the differential consequence of equation (41). The general
solution of equation (41), determined up to equivalence relations (4), is given by one
of the following formulas [17]:

V1 = mH−2, V2 = m sin−2H,

V3 = m sh−2H, V4 = m ch−2H, V5 = m expH;
(43)

i.e., we obtain potentials listed in the lemma under numbers 3–7.
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By substituting V = V1 = mH−2 into (37) and replacing H by P (f) + R(g), we
get

(P +R)2(
...

P Ṗ
−1 − ...

R Ṙ
−1) − 6(P +R)(P̈ − R̈) + 6(Ṗ 2 − Ṙ2) = 0. (44)

By differentiating (44) with respect to f and g, we obtain

(P +R)(ḣ1Ṗ
−1 − ḣ2Ṙ

−1) = 2(h1 − h2),

where h1 =
...

P Ṗ−1 and h2 =
...

R Ṙ−1.
Differentiation of the above equation with respect to f and g yields the following

relation:

(ḣ1Ṗ
−1)·Ṗ−1 = (ḣ2Ṙ

−1)·Ṙ−1. (45)

Since the functions P (f), R(g) are independent, it follows from (45) that the
equalities

(ḣ1Ṗ
−1)· = 12αṖ , (ḣ2Ṙ

−1)· = 12αṘ. (46)

hold, where α is an arbitrary real parameter.
Integration of equations (46) yields

Ṗ = αP 4 + C1P
3 + C2P

2 + C3P + C4,

Ṙ2 = αR4 +D1R
3 +D2R

2 +D3R+D4,

where C1, . . . , C4, D1, . . . , D4 are arbitrary real constants. Substituting the above
result into the initial equation (44), we get restrictions on the choice of arbitrary
constants

C1 = −D1 = β, C2 = D2 = γ, C3 = −D3 = δ, C4 = D2 = ρ.

Thus, we have obtained the potential listed in the lemma under number 3.
It is straightforward to verify that the equations obtained by the substitution of

functions V = m sin−2H, V = m ch−2 with H = P (f) + R(g) into (37) are reduced
to equation (44) by the following changes of variables:

P → arctgP, R→ arctgR,
P → arthP, R→ arthR,
P → arcthP, R→ arcthR;

i.e., the potentials listed in the lemma under numbers 4–6 are obtained.
Equation (1) with the potential V = m expH is reduced to the Klein–Gordon–Fock

equation (see case 4 and Note 2 below).
Case 3. Let V̈ �= 0 and assume, in addition, that equation (41) does not hold.

In this case, we can exclude from equations (37), (40) the third derivatives of the
function H

Hff −Hgg +A(H)(H2
f −H2

g ) = 0, (47a)

where

A(H) = (
....

V −2
...

V V̇ V
−1 − 4V̈ 2V + 5V̈ V̇ 2V −2)(

...

V −4V̈ V̇ V −1 + 3V̇ 3V −2)−1.
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It follows from (47a)

Hfff = ȦHf (H2
g −H2

f ) − 2HffHfA, Hggg = ȦHg(H2
f −H2

g ) − 2HggHgA,

(we have used equation (38)).
By taking the first differential consequence of the above equations with account of

equation (38), we get

2Ȧ(Hff −Hgg) + Ä(H2
f −H2

g ) = 0. (48)

Clearly, equations (47a) and (48) are consistent iff the function A(H) satisfies the
following ordinary differential equation:

Ä = 2ȦA,

the general solution of which is given by one of the formulas (up to scaling H → CH).

A = C, A = tg (H + C), A = −th (H + C),
A = −cth (H + C), A = −(H + C)−1, C ∈ R

1.

Next, we consider the above cases separately.
Case 3.1. A(H) = C, C �= 0. In this case, equation (47a) takes the form

Pff −Rgg + C(P 2
f −R2

g) = 0 (47b)

or

Pff + CP 2
f = Rgg + CR2

g = β, β ∈ R
1.

Finally, we get

Pff = −CP 2
f + β, Rgg = −CR2

g + β. (49)

Differentiating the first equation with respect to f , the second equation with
respect to g, and subtracting, we get

PfffP
−1
f − PgggP

−1
g = −2C(Pff −Rgg). (50)

Substituting (49), (50) into equation (37), we come to the equation for V = V (H),

V̈ − 3CV̇ + 2C2V = 0

the general solution of which reads

V = m1 expCH +m2 exp 2CH, m2,m2 ⊂ R
1. (51)

It is not difficult to check that function (51) satisfies equation (47b) provided that
A(H) = C. Consequently, if the potential is given by formula (51) (after rescaling
H → CH, we can choose C = 1), then the functions P (f), R(g) are determined by
equations (35).

Case 3.2. A = tg(H + C). Multiplying equation (47) by ctg (H + C) and differen-
tiating the obtained expression with respect to f and g, we arrive at the equation

(PfffP−1
f − PgggP

−1
g ) − 2ctg (H + C)(Pff −Rgg) = 0. (52)
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After excluding the function ctg (H + C) from (47) and (52), we get an equation
with separated variables

(PfffP−1
f − PgggP

−1
g ) + 2(P 2

f −R2
g) = 0,

whence

PfffP
−1
f + 2P 2

f = θ, RgggR
−1
g + 2R2

g = θ. (53)

In (53), θ is an arbitrary real constant.
Substitution of formulas (52), (53) into equation (37) gives the equation for V =

V (H),

V̈ − 3 tg (H + C)V̇ − 2V = 0

the general solution of which has the form [17]

V = cos−2(H + C)[m1 +m2 sin(H + C)]. (54)

As a direct check shows, the function V (H) (54) satisfies equation (47b) with
A = tg (H + C).
Integrating equations (53), we get

P 2
f = C1 sin 2P + C2 cos 2P + γ, P 2

g = D1 sin 2R+D2 cos 2R+ γ, (55)

where Ci, Di, and γ are arbitrary real constants.
Substitution of (55) into (47) with A = tg (H+C) yields the following restrictions

on the choice of the constants Ci, Di: C1 = D1 = α, C2 = D2 = β.
Thus, provided that the function V (H) is given by (44), the functions P (f), R(g)

are determined by equations (32).
Case 3.3. A = −th (H + C). In this case, one can obtain the following differential

consequence of equation (47):

PfffP
−1
f − PgggP

−1
g = 2 cth (P +R+ C)(Pff −Rgg). (56)

Excluding the function ctg (H +C) from equations (47), (56), we get the equation

PfffP
−1
f − PgggP

−1
g = 2(P 2

f −R2
g),

whence

PfffP
−1
f − 2P 2

f = θ, RgggR
−1
g − 2R2

g = θ. (57)

In (57), θ is an arbitrary real constant.
Integration of equations (57) gives

P 2
f = C1 sh 2P + C2 ch 2P + γ, R2

g = D1 sh 2R+D2 ch 2R+ γ, (58)

where Ci, Di, and γ are arbitrary real constants.
Substituting expressions (56), (57) into (37), we obtain an equation for V (H),

V̈ + 3 th (H + C)V̇ + 2V = 0,

the general solution of which has the form [17]

V = ch−2(H + C)(m1 +m2sh(H + C)), mi ∈ R
1. (59)
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It is not difficult to become convinced of the fact that function (59) satisfies
equation (47b) with A = −th (H + C).
At last, substituting (57) and (58) into (47), we get C1 = D1 = α, C2 = −D2 = β.

Consequently, if the potential V (H) is given by formula (59), then functions P (f)
and R(g) are determined by equations (33).

Case 3.4. A = −cth (H+C). In this case, one can obtain the following differential
consequence of equation (47):

PfffP
−1
f −RgggR

−1
g = 2 th (P +R+ C)(Pff −Rgg). (60)

Using equations (37), (47), and (60), we get an equation for V (H),

V̈ + 3 cth (H + C)V̇ + 2V = 0,

the general solution of which has the form [17]

V = sh−2(H + C)(m1 +m2 ch(H + C)), mi ∈ R
1. (61)

By direct computation, one can check that function (61) satisfies equation (47b)
with A = −cth (H + C).
Next, by eliminating the function th (H+C) from equations (47) and (60), we get

an equation with separated variables

PfffP
−1
f − PgggP

−1
g − 2P 2

f + 2R2
g = 0,

whence

PfffP
−1
f − 2P 3

f = θ, RgggR
−1
g − 2R2

g = θ.

Here, θ is an arbitrary real constant.
Integration of the above ordinary differential equations shows that the functions

P (f) and R(g) are determined by equations (58), where Ci, Di, and γ are arbitrary
real constants. Substituting (58) into equation (47), we have the following restrictions
on the choice of Ci, Di:

C1 = −D1 = α, C2 = D2 = β.

Thus, if the function V (H) is given by (61), then functions P (f) and R(g) are
determined by equations (34).

Case 3.5. A = −(H + C)−1. In this case, it follows from (47a) that the equality
PfffP

−1
f = RgggR

−1
g holds. Hence, we get equations for P (f), R(g),

Pfff = θPf , Rggg = θRg (62)

with arbitrary θ ∈ R
1. Moreover, the equation for V (H) has the form V̈ +3(H+C)V̇ =

0, whence

V = m1 +m2(H + C)−2, mi ∈ R
1. (63)

It is not difficult to check that function (63) satisfies (47b) with A = −(H+C)−1.
Integration of equations (62) yields the following result:

P 2
f = αP 2 + C1P + C2, R2

g = αR2 +D1R+D2, (64)

here α, Ci, and Di are arbitrary real constants.
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Next, substituting (64) into (47), we get C1 = −D1 = β, C2 = D2 = γ.
Thus, if the potential V is given by (63), then the functions P (f), R(g) are

determined by equations (36).
Case 4. V (H) = m = const. In this case, equation (37) reads PfffP

−1
f =

RgggR
−1
g , whence

Pfff = θPf , Rggg = θRg, (65)

where θ ∈ R
1 is an arbitrary constant.

Integrating (65), we get equations listed in the lemma under number 13.
Case 5. V (H) is an arbitrary function. In this case, the coefficients of V̈ , V̇ , V

in (37) must vanish. Consequently, the relations

HfffH
−1
f = HgggH

−1
g , Hgg = Hff , H2

f = H2
g

hold. Hence, we have Hf = α, Hg = α, α ∈ R
1. The lemma is proved.

Theorems 1, 2 are direct consequences of the above lemma. To prove Theorems
3–8, one has to integrate ordinary differential equations (30), (32)–(36) and substitute
the obtained expressions into (27),

1
2
(x+ t) = P (f) ≡ P

(
ω1 + ω2

2

)
,

1
2
(x− t) = R(g) ≡ R

(
ω1 − ω2

2

)
,

and (28).
Integration of equations (30), (32)–(36) is carried out in a standard way [17, 18],

the obtained result depends essentially on relations between parameters α, β, γ, δ, ρ.
This procedure demands very cumbersome computations; this is why we omit details.
With the above remarks, the proof of Theorems 1–8 is completed.

4. Discussion. Let us say a few words about intrinsic characterization of SV in
equation (1). It is well known that the solution of a second-order partial differential
equation with separated variables is a joint eigenfunction of mutually commuting
second-order symmetry operators of the equation under study (for more details, see [6,
10, 14]). Below we construct, in an explicit form, a second-order symmetry operator
of equation (1) such that the solution with separated variables is its eigenfunction and
the parameter λ is an eigenvalue.
Making the change of variables (24) in equation (1), we get

uω1ω1 − uω2ω2 = V (ξ + η)(ḟ(ξ)ġ(η))−1u. (66)

Provided that equation (1) admits SV, by virtue of equation (25), there exist
functions g1(f + g) and g2(f − g) such that

V (ξ + η)(ḟ(ξ)ġ(η))−1 = g1(f + g) − g2(f − g).

Since f + g = ω1 and f − g = ω2, equation (66) takes the form

uω1ω1 − uω2ω2 = (g1(ω1) − g2(ω2))u

or

Xu = 0, X = ∂2
ω1

− ∂2
ω2

− g1(ω1) + g2(ω2).
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It is evident that the operators Qi = ∂2
ωi

− gi(ωi), i = 1, 2, commute with the
operator X, i.e., they are symmetry operators of equation (1) and, moreover, the
relations

Qiu = Qiϕ1(ω1)ϕ2(ω2) = λϕ1(ω1)ϕ2(ω2) = λu, i = 1, 2

hold.
Thus, each solution of equation (1) with separated variables is an eigenfunction of

some second-order symmetry operator admitted by equation (1).
Now, let us turn to partial differential equations related to equation (1). First, we

consider the wave equation

�u+ U(y2
0 − y2

1)u = 0. (67)

It occurs [11] that equation (67) is reduced to the form (1) by the change of
variables

t = exp
(

1
2
y1

)
ch y0, t = exp

(
1
2
y1

)
sh y0

and, moreover, the potentials V (τ), U(τ) are connected by the relation

U(τ) =
1
4τ
V (τ). (68)

Consequently, to obtain all potentials U(y2
0 − y2

1) such that equation (67) ad-
mits a nontrivial SV, one has to substitute potentials V (x) listed in Theorem 2 into
formula (68). The solution with separated variables has the form (7), where

y1 + y0 = exp{P ((ω1 + ω2)/2)}, y1 − y0 = exp{R((ω1 − ω2)/2)}.
The explicit form of the functions P and R is given in Theorems 3–8.
Another related equation is the following equation of hyperbolic type

vx0x0 − vx1x1c
2(x1) = 0, (69)

which is widely used in various areas of mathematical physics (see, e.g. [19] and
references therein).
Equation (69) is reduced to the form (1) by the change of variables

u(t, x) = [c(x1)]−1/2v(x0, x1) t = x0, x =
∫

[c(x1)]−1dx1,

and, moreover,

V (x) = −c3/2(x1)(c1/2(x1))··
∣∣
x=

∫ dx1
c(x1)

. (70)

Thus, to describe all functions c(x1) that provide separability of equation (69),
it suffices to integrate the ordinary differential equation (70). Let us show how to
reduce the nonlinear equation (70) to a linear one.
On making in (70) the change of the variable

c(x1) = (ẏ(x1))−1,
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we get

...
y =

3
2
ÿ(ẏ)−1 + 2V (y)ẏ3.

The above equation with the change of the variable ẏ = z2(y) is reduced to the
form

zyy − V (y)z = 0. (71)

So, the general solution of the nonlinear equation (70) is given by the formula

c(x1) = z−2(y(x1)), (72)

where z(y) is a general solution of the linear differential equation (71) and the function
y(x1) is determined by the quadrature∫ y(x1)

z−2(τ)dτ = x1 + C, C ∈ R
1. (73)

Consequently, the problem of description of all functions c(x) such that equa-
tion (69) admits a nontrivial SV is reduced to the integration of the linear ordinary
differential equation (71), where V is given by (6). Solutions with separated variables
have the form

ν =
√
c(x1)ϕ1(ω1(x0, x1))ϕ2(ω2(x0, x1)),

where the functions ωi, are determined by the equalities

1
2

(
x0 +

∫
dx1

c(x1)

)
= P

(
ω1 + ω2

2

)
,

1
2

(
x0 −

∫
dx1

c(x1)

)
= R

(
ω1 − ω2

2

)
,

and the explicit form of P and R is given in Theorems 3–8.
Let us also note that, by using the corollary of Theorem 9 and formulas (71)–(73),

it is not difficult to obtain the results of Bluman and Kumei [19]. In that paper, they
have pointed out all the functions c(x1) that provide the extension of the symmetry
group admitted by equation (69).
The third related equation is the nonlinear wave equation

Utt − [c−2(U)Ux]x = 0. (74)

By substitution U = Vx, equation (74) is reduced to the form

Vtt − c−2(Vx)Vxx = 0.

Applying the Legendre transformation

x0 = Vt, x1 = Vx, vx0 = t, vx1 = x, v + V = tVt + xVx,

we get equation (69). Consequently, the method of SV in the linear equation (1) makes
it possible to construct exact solutions of the nonlinear wave equation (74).
In conclusion, we suggest a possible generalization of the definition of SV in order

to take into consideration nonlinear partial differential equations,

U
(
x, u, u

1
, u
2
, . . . , u

N

)
= 0, (75)
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where x = (x0, x1, . . . , xn−1) and the symbol u
k
denotes the collection of k-th order

derivatives of the function u(x).
When speaking about a solution of equation (75) with separated variables ωi =

ωi(x, u), i = 1, n, we mean the ansatz

F (x, u, ϕ1(ω1), . . . , ϕn(ωn)) = 0, (76)

which reduces equation (75) to n ordinary differential equations

ϕ
(N)
i = fi

(
ωi, ϕi, ϕ̇i, . . . , ϕ

(N−1)
i , �λ

)
. (77)

In the above formulas, ωi ∈ CN (Rn+1,R1), fi are some sufficiently smooth func-
tions, and �λ = (λ1, . . . , λn−1) are real parameters.
We say that equation (75) admits SV in the coordinates ωi(x, u), i = 1, n, if the

substitution of ansatz (76) into (75) with subsequent elimination of the N -th order
derivatives ϕ(N)

i , i = 1, n, yields an identity with respect to the variables ϕi, ϕ̇i, . . .,
ϕ

(N−1)
i , i = 1, n, �λ (considered as independent ones).
An application of the above approach to SV in nonlinear equations will be the topic

of our future publications.
Here, we present without derivation some results on separation of variables in

a two-dimensional nonlinear wave equation obtained with the use of the above descri-
bed approach.
We have succeeded in separating variables in the following PDE:

1) �2u = λ1(chu+ (sh 2u) arctg eu) + λ2 sh 2u;
2) �2u = λ1e

u + λ2e
−2u;

3) �2u = λ1(shu− (sh 2u) arctg eu) + λ2 sh 2u;

4) �2u = λ1

(
2 sinu+ (sin 2u) ln tg

u

2

)
+ λ2 sin 2u;

5) �2u = λ1u+ λ2u lnu,

where λ1 and λ2 are arbitrary constants.
Below, we adduce ansatzes for u(x) which provide a separation of equations 1–5

and corresponding reduced ordinary differential equations.

1) u(x) = ln tg(ϕ1(x0) + ϕ2(x1)),
ϕ̇2

1 = C cos 4ϕ1 +Aϕ1 +B1, ϕ̇2
2 = C cos 4ϕ2 −Aϕ2 +B2,

where C, A, B1 and B2 are arbitrary constants satisfying the relations A = λ1/2,
B1 −B2 = λ2/2;

2) u(x) = ln(ϕ1(x0) + ϕ2(x1)),
ϕ̇2

1 = 2Aϕ3
1 +Bϕ2

1 + Cϕ̇1 +D1, ϕ̇2
2 = −2Aϕ3

2 +Bϕ2
2 − Cϕ2 +D2,

where A, B, C, D1 and D2 are arbitrary constants satisfying relations A = λ1,
D2 −D1 = λ2/2;

3) u(x) = ln th (ϕ1(x0) + ϕ2(x1)),
ϕ̇2

1 = C ch 4ϕ1 +Aϕ1 +B1, ϕ̇2
2 = C ch 4ϕ2 −Aϕ2 +B2,



310 R.Z. Zhdanov, I.V. Revenko, W.I. Fushchych

where C, A, B1 and B2 are arbitrary constants satisfying the relations A = λ1/2,
B1 −B2 = λ2/2;

4) u(x) = 2 arctg exp(ϕ1(x0) + ϕ2(x1)),
ϕ̇2

1 = C sh 2ϕ1 + 2Aϕ1 + 2B1, ϕ̇2
2 = C sh 2ϕ2 − 2Aϕ2 + 2B2,

where C, A, B1, and B2 are arbitrary constants satisfying the relations A = λ1,
B1 −B2 = λ2;

5) u(x) = exp(ϕ1(x0) + ϕ2(x1)),
ϕ̇2

1 = C1e
−2ϕ1 +Aϕ1 +B1, ϕ̇2

2 = C2e
−2ϕ2 −Aϕ2 +B2,

where C1, C2, A, B1, and B2 are arbitrary constants satisfying the relations A = λ1,
B1 −B2 = λ2 − λ1.
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New solutions of the wave equation
by reduction to the heat equation
P. BASARAB-HORWATH, L. BARANNYK, W.I. FUSHCHYCH

In this article we make a new connection between the linear wave equation and the
linear heat equation. In this way we are able to construct new solutions of the linear
wave equation, using symmetries and conditional symmetries of the heat equation.

1. Introduction
The linear wave equation in (1 + n)-dimensional timespace R(1, n)

�u =
∂2u

∂x2
0

− ∂2u

∂x2
1

− · · · − ∂2u

∂x2
n

= −m2u (1)

is fundamental to mathematical physics: it describes spinless mesons when n = 3,
and is the paradigm of a hyperbolic equation. Its symmetry properties are also known
[1, 2], and one has the following result concerning the Lie point symmetries of (1):

Proposition 1. The maximal Lie point symmetry algebra of equation (1) has basis

Pµ = ∂µ, I = u∂u, Jµν = xµ∂ν − xν∂µ (2)

when m �= 0 and

Pµ = ∂µ, I = u∂u, Jµν = xµ∂ν − xν∂µ,

D = xµ∂µ, Kµ = 2xµD − x2∂µ − 2xµu∂u
(3)

when m = 0, where

∂u =
∂

∂u
, ∂µ =

∂

∂xµ
, xµ = gµνx

ν ,

gµν = diag (1,−1, . . . ,−1), µ, ν = 0, 1, 2, . . . , n.

The symmetries can be used to build ansatzes for exact solutions of (1), which then
reduce the equation to a partial differential equation with fewer independent variables
or even to an ordinary differential equation [1, 2]. These ansatzes and reductions
are based on a subalgebra analysis of parts of the symmetry algebra. The reduced
equations do not always have nice symmetry properties, so that a full analysis of the
resulting equations has not been carried out to this date. In this article we study
a reduction which, as far as we know, has not been done before, and which links up
solutions of the wave equation (1) in R(1, n) with those of the linear heat equation in
R(1, n−1). We consider equation (1) with real u: the complex case with nonlinearities
is studied in [3].
In [1, 2, 4], the reduction of the nonlinear wave equation

�u = F (u) (1a)

J. Phys. A: Math. Gen., 1995, 28, P. 5291–5304.
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is considered and its reduction (to equations with a smaller number of independent
variables) is studied with respect to the following algebras: AP (1, n) = 〈Pµ, Jµν〉
when F (u) is arbitrary; AP̃ (1, n) = 〈Pµ, Jµν ,D〉 when F (u) = λup with p an arbitrary
constant; AC(1, 3) = 〈Pµ, Jµν ,D,Kµ〉 when F (u) = λu3.
The linear equation (1), unlike the nonlinear one (1a), admits a new symmetry

operator: I = u∂u so that (1) is invariant under the algebras 〈Pµ, Jµν , I〉 for m �= 0
and 〈Pµ, Jµν , I,D,Kµ〉 for m = 0. However, until now, reductions of (1) have been
based only on subalgebras of 〈Pµ, Jµν〉 and 〈Pµ, Jµν ,D,Kµ〉. In this paper we take
the subalgebra 〈Pµ, I〉 in both cases, it allows us to reduce the hyperbolic equation (1)
to the parabolic heat equation and, in this way, we are then able to exploit the
exact solutions of the heat equation to construct solutions of the wave equation. This
is the central result of our paper. It may at first sight seem rather strange that a
Poincaré-invariant equation is reducible (with an appropriate ansatz) to one that is
Galilei-invariant. However, it is known (see [5]) that the Galilei algebra can be found
within the Poincaré algebra, so that one may even expect the original equation to
‘contain’ a Galilei-invariant one.

2. Reduction to the heat equation
In this paper we limit ourselves to (1 + 3)-dimensional time-space R(1, 3), but the

generalization of our result to higher dimensions is obvious as the reduction remains
the same.
We now turn to the construction of the ansatz which reduces (1) to the heat

equation. Equation (1) is invariant under the operators Pµ, I and is therefore also
invariant under any constant linear combination of them:

τµ∂µ + ku∂u,

where k, τµ are constants. This latter operator then gives us the following invariant-
surface condition

τµuµ = ku

which gives the Lagrangian system

dxµ
τµ

=
du

ku

and it is not difficult to show that this, in turn, is equivalent to the Lagrangian system

d(cx)
cτ

=
du

ku
(4)

for any constant four-vector c, with cx = cµxµ, cτ = cµτµ. Choose now τ so that
τ2 = τµτµ = 0, namely τ is light-like, and choose four-vectors β, δ, ε so that

β2 = δ2 = −1, ε2 = −m
2

k2
, τβ = τδ = βδ = βε = δε = 0, τε = 1. (5)

On choosing c in (4) to be τ , β, δ, ε we obtain the system

d(τx)
0

=
d(βx)

0
=
d(δx)

0
=
d(εx)

1
=
du

ku
. (6)
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The general integral of (6) is given by

u = ek(εx)v(τx, βx, δx), (7)

where v is a smooth function of its arguments (we assume that all our operations
are smooth, at least locally). Treating (7) as an ansatz for equation (1), we find,
on substituting (7) into (1), writing t = τx, y1 = βx, y2 = δx, performing some
elementary computations and using (5), that v satisfies the linear heat equation (we
have chosen k = 1

2 for convenience)

∂v

∂t
=
∂2v

∂y2
1

+
∂2v

∂y2
2

. (8)

The Cauchy problem for equation (8) is well posed for t > 0, and (8) has solutions
which are singular for t = 0. This then leads to a similar problem for the wave
equation when τx = 0, which is a characteristic (τ2 = 0), so that the initial-value
problem for (8) at t = 0 is related to the initial-value problem of (1) on a characteristic.
This latter is known as Goursat’s problem, and has been studied in [12], to which we
refer the reader for more details.
The linear heat equation in (1+1) spacetime dimensions has been studied extensi-

vely: its symmetry properties [2, 6, 7] and its conditional symmetries (also known
as non-classical symmetries [6], Q-conditional symmetries in [2]) are known. The
symmetry algebra of the linear heat equation in 1 + 2 timespace can be found in [7]
but for the sake of completeness, we give it in the following proposition.

Proposition 2. The maximal Lie point symmetry algebra of equation (8) is the
extended Galilei algebra AG3(1, 2) with a basis given by the following vector fields

T = ∂t Pa = −∂ya
, Ga = t∂ya

− 1
2
yav∂v, M = −1

2
v∂v,

J12 = y1∂y2 − y2∂y1 , D = 2t∂t + y1∂y1 + y2∂y2 − v∂v,

S = t2∂t + ty1∂y1 + ty2∂y2 −
(
t+

1
4
(
y2
1 + y2

2

))
v∂v.

(9)

Remark 1. We have not included the symmetry v → v + v1, where v1 is an arbitrary
solution of (8).

If we had considered equation (1) in R(1, 4), then we would have obtained the
linear heat equation in 1 + 3 dimensions with our reduction. Note also that there is
a Lie-algebraic reduction of (1) in R(1, 4) to equation (1) in R(1, 3), which amounts
to omitting dependency on one of the spatial variables. In this way, we are able to
use the wave equation in R(1, 4) as a bridge in constructing solutions of the wave
equation in R(1, 3) from those of the heat equation in 1 + 3 dimensions.
The invariance of equation (8) under the group G2(1, 2) which the above algebra

generates then allows us to obtain a nine-parameter family of exact solutions whenever
one solution is given.
The commutation relations of the algebra (9) are

[Pa, Gb] = δabM, [P1, J12] = P2, [P2, J12] = −P1,

[Pa,D] = Pa, [Pa, S] = Ga, [Pa, T ] = 0, [M,X] = 0 for all X ∈ AG3(2),
[Ga, Gb] = 0, [D,Ga] = Ga, [T,Ga] = Pa, [S,Ga] = 0,
[J12, T ] = [J12,D] = [J12, S] = 0, [T,D] = 2T, [T, S] = D, [D,S] = 2S.
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Clearly, we see that the subalgebra 〈Pa, Ga,M〉, a = 1, 2 is an ideal (maximal and
solvable, and therefore the radical of the algebra [8, 9]). Our algebra is seen to be the
semi-direct sum 〈J12, S, T,D〉 + 〈Pa, Ga,M〉. In turn, we can verify that 〈S, T,D〉 is
a semi-simple Lie algebra which we can take as being a realization of ASL(2,R), the
Lie algebra of SL(2,R). To see this, we take X1 = 1

2D, X2 = 1
2 (T−S), X3 = 1

2 (T+S)
as a new basis, and obtain the commutation relations of SL(2,R):

[X1,X2] = −X3, [X2,X3] = X1, [X3,X1] = X2.

Thus we obtain

〈J12, S, T,D〉 = 〈J12〉 ⊕ 〈S, T,D〉 = 〈J12〉 ⊕ASL(2,R)

which is the Lie algebra of O(2) ⊗ SL(2,R).
The elements of the group G2(1, 2) are considered as transformations of a space

with local coordinates (t, y1, y2, v) and points with these coordinates are mapped to
points (t′, y′1, y

′
2, v

′). The finite transformations defining this action are obtained by
solving the corresponding Lie equations. For the subalgebra 〈J12, S, T,D〉 = 〈J12,X1,
X2,X3〉 we solve the Lie equations as follows:

J12 :
dt′

dρ
= 0,

dy′1
dρ

= −y′2,
dy′2
dρ

= y′1,
dv′

dρ
= 0,

t′|ρ=0 = t, y′a|ρ=0 = ya, v′|ρ=0 = v

which gives the finite transformations

t′ = t, y′1 = y1 cos ρ− y2 sin ρ, y′2 = y1 sin ρ+ y′2 cos ρ, v′ = v.

Then we have the corresponding equations for X1, X2, X3

X1 : t′ = eν1t =
eν1/2t+ 0

0 · t+ e−ν1/2
, y′a = eν1/2ya =

ya
0 · t+ e−ν1/2

,

v′ = e−ν1/2v,

X2 : t′ =
t cosh ν2 + sinh ν2
t sinh ν2 + cosh ν2

, y′a =
ya

t sinh ν2 + cosh ν2
,

v′ = v(t sinh ν2 + cosh ν2) exp
(

(y2
1 + y2

2) sinh ν2
4(t sinh ν2 + cosh ν2)

)
,

X3 : t′ =
t cos ν3 + sin ν3
cos ν3 − t sin ν3

, y′a =
ya

cos ν3 − t sin ν3
,

v′ = v(cos ν3 − t sin ν3) exp
(
− (y2

1+y2
2) sin ν3

4(cos ν3−t sin ν3)
)
.

Thus, we see that the action of the group generated by 〈J12, S, T,D〉 can be given
in the form

t′ =
ζt+ η

κt+ σ
, y′1 =

y1ε cos ρ− y2ε sin ρ
κt+ σ

, y′2 =
y1 sin ρ+ y2 cos ρ

κt+ σ
,

v′ = (κt+ σ)v exp
(
κ(y2

1 + y2
2)

4(κt+ σ)

)
with ζσ − ηκ = 1, and ε = ±1 corresponds to the possibility of space reflections
under which (8) is manifestly invariant (the group O(2) has two components). The
parameters ζ, η, κ, σ correspond to the action of SL(2,R).
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Solving the Lie equations defined by each of the other infinitesimal generators
in (9), we obtain finite transformations such that (t, y1, y2, v) → (t′, y′1, y

′
2, v

′) as
follows:

Gi : t′ = t, y′i = µit+ yi, y′j = yj for j �= i,

v′ = v exp
(
−1

2

(
µ2
i

2
t+ µiyi

))
,

Pi : t′ = t, y′i = yi − λi, y′j = yj for j �= i, v′ = v,

M : t′ = t, y′i = yi, v′ = v exp
(
−1

2
θ

)
.

3. Subalgebras and ansatzes
Having obtained and discussed the symmetry algebra of equation (8), we now pass

to listing the subalgebras of AG2(1, 2) which are inequivalent up to conjugation by
G2(1, 2), and giving the corresponding reduced equations. In those cases where it
is possible, we integrate these equations. The method of obtaining subalgebras up to
conjugation is described in [4, 10]; here we simply present our results. The reductions
we have obtained have been verified with MAPLE.
3.1. Reduction to ordinary differential equations by two-dimensional subal-

gebras. Here we list the subalgebras, with restrictions on any parameters entering
into the algebra, and then we give the corresponding ansatz and finally the differenti-
al equation which arises, with its solution. In all the cases, we can take the real
and imaginary parts of the solutions, as the reduced equations are linear. This is
understood when complex arguments appear.
3.1.1.

〈P2, T + αM〉 (α = 0,±1) : v = e−αt/2ϕ(ω), ω = y1, ϕ̈+
1
2
αϕ = 0.

Integrating this reduced equation, we find the following cases

ϕ = C1ω + C2 for α = 0,

ϕ = C1 exp
(
ω√
2

)
+ C2 exp

(
− ω√

2

)
for α = −1,

ϕ = C1 cos
(
ω√
2

+ C2

)
for α = 1.

From these we obtain the following exact solutions of (8):

v = C1y2 + C2 for α = 0,

v = et/2
(
C1 exp

(
y1√
2

)
+ C2 exp

(
− y2√

2

))
for α = −1,

v = e−t/2C1 cos
(
y1√
2

+ C2

)
for α = 1

with C1, C2 being arbitrary constants.
3.1.2.

〈D + (2α+ 1)M,T 〉 (α ∈ R) : v = y
−(α+3/2)
1 ϕ(ω), ω =

y2
y1
,

(ω2 + 1)ϕ̈+ (5 + 2α)ωϕ̇+
(

3
2

+ α

)(
5
2

+ α

)
ϕ = 0.
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For α = − 5
2 we have

ϕ = C1ω + C2.

If α = − 3
2 then

ϕ = C1 arctanω + C2.

For α �= − 3
2 ,− 5

2 then

ϕ = C1(1 + ω2)−(α/2+3/4) cos
((

3
2

+ α

)
arctanω + C2

)
.

The exact solutions being:

v = C1y2 + C2y2, α = −5
2
,

v = C1 arctan
y2
y1

+ C2, α = −3
2
,

v = C1(y2
1 + y2

2)−(α/2+3/4) cos
((

3
2

+ α

)
arctan

y2
y1

+ C2

)
α �= −3

2
,−5

2
.

3.1.3.

〈D + (4α+ 1)M,P2〉 (α ∈ R) : v = t−(α+3/4)ϕ(ω), ω =
y2
1

t
,

4ωϕ̈+ (2 + ω)ϕ̇+
(

3
4

+ α

)
ϕ = 0.

If we make the transformation ω → ξ = −ω
4 in this ODE, we obtain

ξϕ′′ +
(

1
2
− ξ

)
ϕ′′ −

(
α+

3
4

)
ϕ = 0,

where ϕ′ denotes differentiation with respect to ξ. The solutions of this equation are
given in terms of the Pochhammer–Barnes confluent hypergeometric function (see
for example Vol. 1, ch. 6 of [11])

Φ(a; b; z) =
∞∑
n=0

(a)nzn

(b)nn!

with b �= 0 and where (a)n = a(a+ 1)(a+ 2) · · · (a+ n− 1), n ≥ 1. We find then [11]

ϕ = C1Φ
(
α+

3
4
;
1
2
;−1

4
ω

)
+ C2

(
−1

4
ω

)1/2

Φ
(
α+

5
4
;
3
2
;−1

4
ω

)
.

Thus we find the exact solution

v = t−(α+ 3
4 )
[
C1Φ

(
α+

3
4
;
1
2
− y2

1

4t

)
+ C2

(
−y

2
1

4t

)1/2

Φ
(
α+

5
4
;
3
2
;−y

2
1

4t

)]
.

3.1.4.

〈G1, P2〉 : v = exp
(
−y

2
1

4t

)
ϕ(ω), ω = t, ϕ̇+

1
2ω
ϕ = 0
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which integrates to give the exact solution

v = C|t|−1/2 exp
(
−y

2
1

4t

)
.

3.1.5.

〈P2, T +G1〉 : v = exp
(
t3

6
− y1t

2

)
ϕ(ω), ω = t2 − 2y1,

16ϕ̈− ωϕ = 0.

To treat this ODE, first write ϕ =
√
ωψ(z) with z = ω3/2/6. Then ψ satisfies

ψ′′ +
1
z
ψ′ −

(
1 +

1
9z2

)
ψ = 0

which is the equation for the Bessel function J±1/3(iz) (these two are linearly
independent solutions) (see Vol. 2, section 7.2.2 of [11]). Consequently, we have

v =
(
t2 − 2y1

)1/2
exp

(
t3

6
− ty1

2

)
×

×
[
C1J1/3

(
i
(
t2 − 2y1

)3/2
6

)
+ C2J−1/3

(
i
(
t2 − 2y1

)3/2
6

)]
as an exact solution of the heat equation.
3.1.6.

〈J12 + αD − α(4β + 2)M,T 〉 (α > 0, β ∈ R),

v =
(
y2
1 + y2

2

)β
ϕ(ω), ω = α arctan

(
y1
y2

)
+

1
2

ln
(
y2
1 + y2

2

)
,

(α2 + 1)ϕ̈+ 4βϕ̇+ 4β2ϕ = 0.

Integrating this equation, we obtain

ϕ = C1ω + C2 for β = 0

and

ϕ = C1 exp
(
− 2βω

1 + α2

)
cos

(
− 2αβω

1 + α2
+ C2

)
for β �= 0.

These then give us the exact solutions

v = C1

[
α arctan

(
y1
y2

)
+

1
2

ln
(
y2
1 + y2

2

)]
+ C2 for β = 0,

v = C1

(
y2
1 + y2

2

)β
exp

(
− 2βω

1 + α2

)
cos

(
2αβω
1 + α2

+ C2

)
for β �= 0,

where

ω = α arctan
(
y1
y2

)
+

1
2

ln
(
y2
1 + y2

2

)
.
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3.1.7.

〈J12 + 2αM,D − (4β + 2)M〉 (α ≥ 0, β ∈ R),

v = tβ exp
(
α arctan

y1
y2

)
ϕ(ω), ω =

y2
1 + y2

2

t
,

ω2ϕ̈+
(
ω +

ω2

4

)
ϕ̇+

(
α2

4
− βω

4

)
ϕ = 0.

This equation gives

ϕ̈+
(

1
4

+
1
ω

)
ϕ̇+

(
α2

4ω2
− β

4ω

)
ϕ = 0.

Its solutions can be given in terms of Whittaker functions W (k;m; z) (see Vol. 1,
ch. 6, pp. 248–251 of [11]) and one obtains

ϕ =
e−ω/8√

ω
W

(
−(β + 1/2);

iα

2
;
ω

4

)
and hence

v =
tβ+1/2√
y2
1 + y2

2

exp
(
−y

2
1 + y2

2

8t

)
exp

(
α arctan

y1
y2

)
W

(
−(β + 1/2);

iα

2
;
y2
1 + y2

2

4t

)
.

3.1.8.

〈J12 + 2αM,T + βM〉 (α ≥ 0, β = 0,±1),

v = exp
(
α arctan

y1
y2

− βt

2

)
ϕ(ω), ω = y2

1 + y2
2 ,

ω2ϕ̈+ ωϕ̇+
(
α2

4
+
βω

8

)
ϕ = 0.

We have the following cases:

ϕ = C1 + C2 logω for α = β = 0,

ϕ = C1 cos
(
−α

2
logω + C2

)
for α �= 0, β = 0,

ϕ = Jiα

(√
βω

2

)
for α ≥ 0, β �= 0.

Consequently, we have the following solutions of (8)

v = C1 + C2 log
(
y2
1 + y2

2

)
for α = β = 0,

v = exp
(
α arctan

y1
y2

)
C1 cos

(
−α

2
log

(
y2
1 + y2

2

)
+ C2

)
for α �= 0, β = 0,

v = exp
(
α arctan

y1
y2

− βt

2

)
Jiα

(√
β (y2

1 + y2
2)

2

)
for α ≥ 0, β �= 0.
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3.1.9.

〈J12 + S + T + 2αM,G1 + P2〉 (α ∈ R),

v =
(
t2 + 1

)−1/2
exp

[(
1 − t2

4t

)(
y1 + ty2
t2 + 1

)2

− y2
1

4t
− α arctan t

]
ϕ(ω),

ω =
y1 + ty2
t2 + 1

, ϕ̈+ (α+ ω2)ϕ = 0.

This equation is known as the Weber equation. Its solutions are the real and imaginary
parts of the functions

D−√
α(±(1 + i)ω),

where Dν(z) are the Weber–Hermite (parabolic cylinder) functions (Vol. 2, ch. 8,
section 8.2 of [11]). This gives the following exact solutions of (9):

v =
(
t2 + 1

)−1/2
exp

[(
1 − t2

4t

)(
y1 + ty2
t2 + 1

)2

− y2
1

4t
− α arctan t

]
×

×D√
α

(
±(1 + i)

y1 + ty2
t2 + 1

)
and the real and imaginary parts of this function give us exact solutions of the heat
equation (9).
3.1.10.

〈J12 + 2αM,S + T + 2βM〉 (α ≥ 0, β ∈ R),

v =
(
t2 + 1

)−1/2
exp

[
−β arctan t+ α arctan

y1
y2

− t
(
y2
1 + y2

2

)
4 (t2 + 1)

]
ϕ(ω),

ω =
y2
1 + y2

2

t2 + 1
, ϕ̈+

1
ω
ϕ̇+

(
1
16

+
β

4ω
+

α2

4ω2

)
ϕ = 0.

The solutions of this equation can be given in terms of Whittaker functions [11],
and we obtain the following exact solutions of the heat equation as a result:

v =
(
y2
1 + y2

2

)−1/2
exp

[
−β arctan t+ α arctan

y1
y2

− t(y2
1 + y2

2)
4(t2 + 1)

]
×

×W

(
iβ

8
;
iα

2
;
i
(
y2
1 + y2

2

)
2 (t2 + 1)

)
.

In the above cases we have been able to describe exact solutions of (8) in terms
of elementary functions or confluent hypergeometric functions. Using the notation
introduced in equations (8) and (7), we are thus able to construct strikingly new
exact solutions of the linear wave equation (1).

3.2. Reduction to partial differential equations by one-dimensional subal-
gebras. Here we list the subalgebras, the relevant parameters, ansatzes and reduced
equations, without constructing their exact solutions. We use ϕ1 to denote the partial
derivative with respect to ω1, and ϕ22 means the second derivative with respect to ω2,
and so on.
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3.2.1.

〈P2〉 : v = ϕ(ω1, ω2), ω1 = t, ω2 = y1, ϕ1 = ϕ22.

This is the heat equation in 1 + 1 spacetime dimensions. The symmetries and condi-
tional symmetries of the heat equation are well known. A discussion of these can be
found in [6] and in appendix 7 of [2].
3.2.2.

〈G1 + P2〉 : v = exp
(
−y

2
1

4t

)
ϕ(ω1, ω2), ω1 = t, ω2 = y1 + ty2,

(1 + ω2
1)ϕ22 − ϕ1 − ω2

ω1
ϕ2 − 1

2ω1
ϕ = 0.

3.2.3.

〈T + αM〉 (α = 0,±1) : v = exp
(
−αt

2

)
ϕ(ω1, ω2), ω1 = y1, ω2 = y2,

ϕ11 + ϕ22 +
1
2
αϕ = 0.

This equation is the Laplace equation for α = 0. Solutions can be obtained by using
separation of variables.
3.2.4.

〈T +G1〉 : v = exp
(
t3

6
− y1t

2

)
ϕ(ω1, ω2), ω1 = t2 − 2y1, ω2 = y2,

4ϕ11 + ϕ22 − 1
4
ω1ϕ = 0.

3.2.5.

〈J12 + 2αM〉 (α ≥ 0),

v = exp
(
α arctan

y1
y2

)
ϕ(ω1, ω2), ω1 = y2

1 + y2
2 , ω2 = t,

4ω2
1ϕ11 + 4ω1ϕ1 + ω1ϕ2 + α2ϕ = 0.

3.2.6.

〈J12 + T + 2αM〉 (α ∈ R),

v = exp(−αt)ϕ(ω1, ω2), ω1 = y2
1 + y2

2 , ω2 = t+ arctan
y1
y2
,

4ω2
1ϕ11 + ϕ22 + 4ω1ϕ1 − ω1ϕ2 + αω1ϕ = 0.

3.2.7.

〈J12 +
α

2
D + α(2β − 1)M〉 (α ≥ 0, β ≥ 1/2),

v = tβϕ(ω1, ω2), ω1 = log t+ α arctan
y1
y2
, ω2 =

y2
1 + y2

2

t
,

α2ϕ11 + 4ω2
2ϕ22 − ω2ϕ1 + (4ω2 + ω2

2)ϕ2 + βω2ϕ = 0.
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3.2.8.

〈D + (4α− 2)M〉 (α ≥ 1/2) : v = t−αϕ(ω1, ω2), ω1 =
y2
1

t
, ω2 =

y2
2

t
,

4ω1ϕ11 + 4ϕ2ϕ22 + (2 + ω1)ϕ1 + (2 + ω2)ϕ2 + αϕ = 0.

3.2.9.

〈S + T + αJ12 + 2βM〉 (α > 0, β ∈ R),

v =
(
t2 + 1

)−1/2
exp

[
−β arctan t− t(y2

1 + y2
2)

4 (t2 + 1)

]
ϕ(ω1, ω2)

ω1 =
y2
1 + y2

2

t2 + 1
, ω2 = arctan

y1
y2

+ α arctan t,

4ω1ϕ11 +
1
ω1
ϕ22 + 4ϕ1 − αϕ2 +

(
β +

ω1

4

)
ϕ = 0.

3.2.10.

〈S + T + 2αM〉 (α ∈ R),

v =
(
t2 + 1

)−1/2
exp

[
−α arctan t− t(y2

1 + y2
2)

4(t2 + 1)

]
ϕ(ω1, ω2),

ω1 =
y2
1

t2 + 1
, ω2 =

y2
2

t2 + 1
,

4ω1ϕ11 + 4ω2ϕ22 + 2ϕ1 + 2ϕ2 +
(
α+

ω1 + ω2

4

)
ϕ = 0.

3.2.11.

〈S + T + J12 + α(G1 + P2)〉 (α > 0),

v = (t2 + 1)−1/2 exp
[
(1 − t2)(y1 + ty2)2

4t(t2 + 1)2
− y2

1

4t

]
ϕ(ω1, ω2),

ω1 =
y1 + ty2
t2 + 1

, ω2 =
ty1 − y2
t2 + 1

= α arctan t,

ϕ11 + ϕ22 − (2ω1 − α)ϕ2 + ω2
1ϕ = 0.

4. Some conditional symmetries of the 2 + 1 heat equation
In this section we give the conditional symmetries of equation (8). The defining

equations are nonlinear coupled partial differential equations, which we do not solve,
except in one case, leaving the others for consideration in a later publication. We have
the following result.

Proposition 3. Equation (8) is conditionally invariant under

X = ξ0
∂

∂t
+ ξ1

∂

∂y1
+ ξ2

∂

∂y2
+ η

∂

∂v

when the coefficients satisfy the following conditions:

(i) ξ0 = 1 : ξ1y1 = ξ2y2 , ξ1y2 = −ξ2y1 , η = Av +B,

where ξ1, ξ2, A, B are functions of t, y1, y2 and satisfy the system

ξ1t + 2ξ1ξ1y1 + 2Ay1 = 0, ξ2t + 2ξ2ξ2y2 + 2Ay2 = 0,

At = Ay1y1 +Ay2y2 − 2Aξ2y2 , Bt = By1y1 +By2y2 − 2Bξ2y2 .
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(ii) ξ0 = 0, ξ1 = 1 : ξ2y2 = ξ2ξ2y1 , η = Av +B,

where ξ2, A, B are functions of t, y1, y2 and satisfy the system

ξ2t − ξ2y1y1 − ξ2y2y2 + 2ξ2y1ξ
2
y2 − 2ξ2Ay1 − 2Aξ2y1 = 0,

At = Ay1y1 +Ay2y2 + 2AAy1 − 2Ay2ξ
2
y1 ,

Bt = By1y1 +By2y2 + 2BAy1 − 2By2ξ2y1 .

(iii) ξ0 = ξ1 = 0, ξ2 = 1 : η = Av +B,

where A is a function of t, y2 only, and B is a function of t, y1, y2 and satisfy the
equations

At = Ay2y2 + 2AAy2 , Bt = By1y1 +By2y2 + 2BAy2 .

As is clear in the above three cases, the systems of equations involved are highly
nonlinear, and cannot be solved in general. However, the equation for the function A
in case (iii) is recognized to be the Burgers equation. This equation can be linearized
by the Hopf–Cole transformation A = wy2/w, where w is a solution of the heat
equation wt = wy2y2 (see for example [2]). The solutions obtained in this way can
then be used to build ansatzes first for the 2 + 1 heat equation (8) and then, in turn,
the linear wave equation (1), using the ansatz (7).
Ansatzes can also be obtained from the symmetry algebra of the Burgers equation.

Indeed, the symmetry algebra of the equation

At = Ay2y2 + 2AAy2 (10)

is generated by the operators

∂t, ∂y2 , 2t∂y2 − ∂A, 2t∂t + y2∂y2 −A∂A,

t2∂t + ty2∂y2 −
(
tA+

y2
2

)
∂A.

(11)

The operator (11) gives the ansatz

A = −y2
2t

+
1
t
ψ
(y2
t

)
(12)

which gives, on substituting into (10), the equation

ψ̈ + 2ψψ̇ = 0

for ψ, where the dot denotes differentiation with respect to the variable ω = y2/t.
This equation readily integrates to

ψ̇ + ψ2 = c,

where c is a constant. This gives us three cases:

c = 0 : ψ = t/(kt+ y2), (13)

where k is a constant;

c = a2, a > 0 : ψ = a

(
t exp

(
2ay2
t

)
− 1

)/(
t exp

(
2ay2
t

)
+ 1

)
(14)
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with l �= 0 a constant;

c = −a2, a > 0 : ψ = −a tan
(
a2 +

ay2
t

)
. (15)

Substituting these into (12), one obtains exact solutions of (10). We use these exact
solutions for A together with theorem 3 (iii) (with B = 0) as follows. The equation (8)
is conditionally invariant under

∂y2 +Av∂v (16)

and this gives us an ansatz for v to be substituted into (8), and this, in turn, gives us
an exact solution of (8) which, when we combine it with (7), gives an exact solution
of (1). We list the results of these stages for each of the equations (13)–(15).
The ansatz for v from (13) is

v = (kt+ y2) exp
(−y2

2/4t
)
Φ(t, y1),

where Φ(t, y1) satisfies

Φt = Φy1y1 −
3
2
Φ

and consequently we find that v is given by

v = (kt+ y2) exp
(−y2

2/4t− 3t/2
)
Φ(t, y1),

where Ψ(t, y1) satisfies the (1 + 1)-dimensional heat equation.
The ansatz for v from (14) is

v = ea
2/t

[
l exp

(−(y2 − 2a)2/4t
)

+ exp
(−(y2 + 2a)2/4t

)]
Φ(t, y1),

where Φ(t, y1) satisfies

Φt +
(

1
2t

− a2

t2

)
Φ = Φy1y1

and using this we eventually find that v is given by

v =
1√
t

[
leay2/t + e−ay2/t

]
exp

(− (
4a2 + y2

2

)
/4t

)
Ψ(t, y1), (17)

where Ψ(t, y1) satisfies the (1 + 1)-dimensional heat equation.
The ansatz for v from (15) is

v = cos
(
a2 +

ay2
t

)
exp

(−y2
2/4t

)
Φ(t, y1),

where Φ(t, y1) satisfies

Φt +
(

1
2t

− a2

t2

)
Φ = Φy1y1 ,

so that we obtain

v =
1√
t
cos

(
a2 +

ay2
t

)
exp

(− (
4a2 + y2

2

)
/4t

)
Ψ(t, y1), (18)

where Ψ(t, y1) satisfies the (1 + 1)-dimensional heat equation.
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We can now combine equations (17)–(19) with equation (7) to obtain new solutions
of (1):

u = [k(τx) + (δx)] exp
(

(εx)
2

− (δx)2

4(τx)
− 3(τx)

2

)
Ψ((τx), (βx)),

u =
1√
(τx)

[
lea(δx)/(τx)+ e−a(δx)/(τx)

]
exp

(
(εx)
2

− (4a2+(δx)2)
4(τx)

)
Ψ((τx),(βx)),

u =
1√
(τx)

cos
(
a2 +

a(δx)
(τx)

)
exp

(
(εx)
2

− (4a2 + (δx)2)
4(τx)

)
Ψ((τx), (βx)),

where Ψ(t, x) is any solution of the (1 + 1)-dimensional heat equation.
One can, in principle, perform the same procedure for the other conditional

symmetry operators defined in theorem 3; however, it is first necessary to obtain
some exact solutions of the systems. These latter are quite nonlinear and require
further treatment, and we leave this to a future publication.

5. Conclusion
We have been able to give a new reduction of the linear wave equation in 1 + 3

timespace dimensions to a linear heat equation in 1 + 2 timespace dimensions, that
is, a reduction of a hyperbolic equation to a parabolic one. The further reductions of
this heat equation by two-dimensional subalgebras (inequivalent under the action of
G2(1, 2)) to ordinary differential equations leads to exact solutions in terms of special
functions. These are of interest in their own right. Conditional symmetries can also
be used to obtain new exact solutions. Using these solutions of the heat equation, one
can construct new solutions of the linear wave equation. In concluding, we remark
that the complex nonlinear wave equation

�Ψ + F (|Ψ|, ∂µ|Ψ|∂µ|Ψ|)Ψ = 0,

where F is an arbitrary smooth function of its arguments and Ψ is a complex function,
can be reduced by the same ansatz as (7) (but with k imaginary) to a nonlinear
Schrödinger equation with the same nonlinearity. Some of these equations admit
soliton solutions. We report on these results in [3].
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Amplitude-phase representation for solutions
of nonlinear d’Alembert equations
P. BASARAB-HORWATH, N. EULER, M. EULER, W.I. FUSHCHYCH

We consider the nonlinear complex d’Alembert equation �Ψ = F (|Ψ|)Ψ with Ψ
represented in terms of amplitude and phase, in (1 + n)-dimensional Minkowski space.
We exploit a compatible d’Alembert–Hamilton system to construct new types of exact
solutions for some nonlinearities.

1. Introduction
Let us consider the general nonlinear complex d’Alembert equation in (1 + n)-

dimensional Minkowski space

�Ψ = F (|Ψ|)Ψ, (1)

where F is a smooth, real function of its argument, Ψ is a complex function of 1 + n
real variables, and

� =
∂2

∂x2
0

− ∂2

∂x2
1

− · · · − ∂2

∂x2
n

.

Equation (1) plays a fundamental role in classical and quantum field theories, and in
superfluidity and liquid crystal theory. Many exact solutions have been found using
Lie symmetry methods [6, 11, 12, 13, 8, 7], as well as with conditional symmetries [7].
In this paper we use the representation Ψ = ueiv, where u is the amplitude and

v is the phase (both real functions). On substituting this in (1), we find the following
system:

�u− u(vµvµ) = uF (u), (2)

u�v + 2uµvµ = 0. (3)

We use the notation

uµvµ =
∂u

∂x0

∂v

∂x0
− ∂u

∂x1

∂v

∂x1
− · · · − ∂u

∂xn

∂v

∂xn
.

The system (2), (3) is obviously equivalent to the starting equation (1). However,
equations (2), (3) has the advantage that it gives us the possibility of making functio-
nal and differential connections between the amplitude and phase, which substantially
simplifies the problem of integrating equation (1). Moreover, in assuming the simplest
possible relations between the amplitude and phase, we are able to construct exact
solutions of (2), (3), and hence of (1).
We now seek solutions of (2), (3). We consider two cases: (i) the amplitude

as a function of the phase, u = g(v); (ii) the phase as a function of the amplitude,
v = g(u). This is reminiscent of the polar description of plane curves in geometry. The

J. Phys. A: Math. Gen., 1995, 28, P. 6193–6201.
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system (2), (3) then yields a pair of equations for the phase v in the first case and for
the amplitude u in the second case. There then arises the question of the compatibility
of the two equations obtained, and we solve it by exploiting the compatible system

w =
λN

w
, wµwµ = λ, (4)

where λ = −1, 0, 1 and N = 0, 1, . . . , n. Exact solutions for the system (4) are given
in table 1 in section 2.
The system (4) is a particular case of the d’Alembert–Hamilton system

�w = F1(w), wµwµ = F2(w), (5)

The system (5) was studied by Smirnov and Sobolev in 1932, with w = w(x0, x1, x2)
and F1 = F2 = 0. Collins [2–4] studied (5) with w a function of three complex
variables, and obtained compatibility conditions for the functions F1(w), F2(w). For
(1 + 3) and higher dimensional Minkowski space, (5) was studied by Fushchych and
co-workers [9, 10]: they obtained compatibility conditions for F1(w), F2(w) and some
exact solutions.
Here, we exploit the results of Fushchych et. al [10], applying them to the

system (4). Moreover, the compatibility of (4) dictates the type of nonlinearity F (u)
which can appear in (1). This is the novelty of our approach to finding some exact
solutions of (1).

2. Solutions
2.1. u = g(ν). We now assume that the amplitude is a function of the phase:

u = g(v). Inserting this assumption in (2), (3), we obtain

�v =
−2gġF (g)

gg̈ − 2ġ2 − g2
= F1(v), (6)

vµvµ =
g2F (g)

gg̈ − 2ġ2 − g2
= F2(v) (7)

with ġ = dg/dv.
We now deal with (6), (7) in two ways: (i) assume forms for F1, F2 so as to make

equations (6), (7) compatible; (ii) transform equation (4) locally so as to agree with
(6), (7).
First, let us make the assumption

F1(v) =
λN

v
, F2(v) = λ

with N,λ �= 0. Then equations (6), (7) become a compatible system [10], and we also
find that g and F must satisfy

gg̈ − 2ġ2 − g2 − g2

λ
F (g) = 0,

−2ġ
g

= N. (8)

From (8) it now follows that

g(v) = σv−N/2, F (v) = −λ+ λ
N

2

(
1 − N

2

)
σ−4/Nv4/N ,

where σ �= 0 is an arbitrary real constant.
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With this, we have obtained the following:

Result 1. An exact solution of (1) with nonlinearity

F (|Ψ|) = −λ+ σ−4/Nλ
N

2

(
1 − N

2

)
|Ψ|4/N

is given by

Ψ(x) = σv(x)−N/2eiv(x),

where v(x) is a solution of the compatible system (4) for N,λ �= 0.
Our next step is to perform a local transformation of (4). We do this by setting

w = f(v) in (4) (with λ �= 0), with f a real, smooth function such that ḟ �= 0. With
this substitution, we obtain the system:

�v =
λN

f(v)ḟ(v)
− λf̈(v)
ḟ3(v)

, (9)

vµvµ =
λ

ḟ2(v)
. (10)

The system (9), (10) is obviously compatible since it is the local transformation of
an already compatible system. However, it should be noted that this does not mean
that the exact solutions we obtain by using (9), (10) are equivalent to those obtained
from (8), since we have introduced some extra freedom via the function f .
We now equate the right-hand sides of (6), (7) with the right-hand sides of (9),

(10), respectively. A little algebraic manipulation gives us

g(v) = σ

(
ḟ(v)
fN (v)

)1/2

, (11)

where σ is an arbitrary non-zero constant. Thus we have a differential relation between
f and g which we can integrate. For N = 1 we obtain

f(v) = C exp
(

1
σ2

∫ v

g2(ξ)dξ
)

(12)

and g has to satisfy the integro-differential equation

gg̈ − 2ġ2 − g2 − C2

λσ4
g6 exp

(
1
σ2

∫ v

g2(ξ)dξ
)
F (g) = 0. (13)

For N �= 1 we find

f(v) =
(

1 −N

σ2

∫ v

g2(ξ)dξ + C

)1/(1−N)

, (14)

C being an arbitrary real constant, and with the following condition on g:

gg̈ − 2ġ2 − g2 − 1
λσ4

g6

(
1 −N

σ2

∫ v

g2(ξ)dξ + C

)2N/(1−N)

F (g) = 0. (15)
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Our result is summarized in the following:

Result 2. (i) The function

Ψ(x) = g(v(x)) exp[iv(x)]

is a solution of (1) whenever g is a solution of (13) and w(x) = f(v(x)) is a solution
of

�w =
λ

w
, wµwµ = λ

with f given by (12).
(ii) The function

Ψ(x) = g(v(x)) exp[iv(x)]

is a solution of (1) whenever g is a solution of (15) and w(x) = f(v(x)) is a solution
of

�w =
λN

w
, wµwµ = λ

with f given by (14) for N �= 1.
One may treat (13) and (15) in two ways: consider F as given, and then attempt

to solve for g, or make an assumption about g and then find the corresponding F .
We take this second approach, and in doing so, we determine the function f which
appears in (12) and (14), which also relates (4) to the system (6), (7).
This is illustrated in the following example, where we take g as g(v) = vβ . Then

we obtain after some elementary manipulation

w = f(v) = Cv1/σ2

when N = 1, β = − 1
2 In this case we find the corresponding nonlinear version of (1)

and an exact solution:

�ψ +
λσ4

C2

(
1
4
|ψ|4/σ2 − |ψ|4(1−σ2)/σ2

)
ψ = 0,

ψ(x) =
(

1
C
w(x)

)−σ2/2

exp

[
i

(
1
C
w(x)

)σ2]
,

where w is a solution of

�w =
λ

w
, wµwµ = λ.

The solutions of this system are given in table 1. We can choose the nonlinearity
in the above wave equation by choosing σ. For instance, for σ2 = 2

3 we obtain the
equation

�Ψ −
(

2
3

)2
λ

C2

(
|Ψ|2 − 1

4
|Ψ|6

)
Ψ = 0. (16)

Equation (16) is of the type considered by Grundland and Tuczynski [12].
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For N = 2, β = −1 we obtain the following wave equation and exact solution:

�Ψ +
1
σ8

(
|Ψ|2 +

1
λσ4

|Ψ|6
)

Ψ = 0, (17)

Ψ(x) = (C − w(x))σ2 exp
[
i

1
(C − w(x))σ2

]
, (18)

where w is a solution of the compatible system

�w =
2λ
w
, wµwµ = λ

and exact solutions of this system are given in table 1. Equation (17) is also of a type
considered by Grundland and Tuczynski [12]. Our exact solutions are new.
2.2. ν = g(u). We now assume that the phase is a function of the amplitude:

v = g(u). On substituting this in equations (2), (3), we obtain

�u =
(u2g̈ + 2uġ)F (u)
ug̈ + 2ġ + u2ġ3

≡ F1(u), (19)

uµuµ =
−u2Ḟ (u)

ug̈ + 2ġ + u2ġ3
≡ F2(u). (20)

Here ġ = dg/du.
We perform the same analysis as before. First, letting F1(u) = λN/u, F2(u) = λ,

λ �= 0, we find (after some computation)

g(u) = −σu
N+1

N + 1
+ σ1, F (u) =

λN

u2
− λσ1

u2(N+2)
.

Having determined g and the nonlinearity of the wave equation (19), we have the
following:

Result 3. An exact solution of (1) with nonlinearity

F (|Ψ|) = λN |Ψ|−2 − λσ1|Ψ|−2(N+2)

is given by

Ψ(x) = Cu(x) exp
( −iσ

(N + 1)u(x)(N+1)

)
,

where λ �= 0 and C �= 0 is an arbitrary real constant, and where u(x) is a solution of
the system (4).
Another way of dealing with (19), (20) is to transform (4) locally using the

transformation w = f(u) with ḟ �= 0, which gives us

�u =
λN

f(u)ḟ(u)
− λf̈(u)
ḟ3(u)

, (21)

uµuµ =
λ

ḟ2(u)
. (22)
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Then, equating the right-hand sides of (21), (22) with the right-hand sides of (19),
(20), we find (for λ �= 0, as before) that

u2ġ(u) = σ
ḟ(u)
fN (u)

,

where σ �= 0 is an arbitrary real constant. Again we see that there are two cases to
consider: N = 1 and N �= 1.
For N = 1 we obtain

f(u) = C exp
(

1
σ

∫ u

ξ2
dg(ξ)
dξ

dξ

)
(23)

with C an arbitrary real constant. The condition on g is

ug̈ + 2ġ + u2ġ3 +
u4C2

λσ2
ġ3 exp

(
1
σ

∫ u

ξ2
dg(ξ)
dξ

dξ

)
F (u) = 0. (24)

When N �= 1, f is given by

f(u) =
(
C − N − 1

σ

∫ u

ξ2
dg(ξ)
dξ

dξ

)1/(1−N)

(25)

with C an arbitrary real constant and with the following condition on g:

ug̈ + 2ġ + u2ġ3 +
u4

λσ2

(
C − N − 1

σ

∫ u

ξ2
dg(ξ)
dξ

dξ

)2N/(1−N)

F (u) = 0.

This reasoning can be summarized in the following:

Result 4. (i) The function

Ψ(x) = u(x) exp(ig(u(x)))

is a solution of (1) whenever g is a solution of (24) and w(x) = f(u(x)) is a solution
of

�w =
λ

w
, wµwµ = λ

with f given by (23).
(ii) The function

Ψ(x) = u(x) exp(ig(u(x)))

is a solution of (1) whenever g is a solution of (26) and w(x) = f(u(x)) is a solution
of

�w =
λN

w
, wµwµ = λ

with f given by (25) for N �= 1.

We treat equations (24) and (26) relating g to the nonlinearity F as before: we
assume a form for g and treat the equations as determining F . Taking g(u) = uβ ,
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we have the following examples of the wave equation, exact solution and relation
between u and w:

N = 1, β �= −2.

�Ψ +
λσ2

C2
|Ψ|−2

(
1 +

β + 1
β2

|Ψ|−2β

)
exp

[ −β
σ(β + 2)

|Ψ|β+2

)
Ψ = 0,

Ψ(x) = u(x) exp[iu(x)β ],

u =
(
σ(β + 2)

β
ln
∣∣∣w
C

∣∣∣)1/(β+2)

,

where w is a solution (listed in table 1) of the compatible system

�w =
λ

w
, wµwµ = λ.

N �= 1, β �= −2.

�Ψ + λσ2|Ψ|−2

(
1 +

β + 1
β2

|Ψ|−2β

)(
C − (N − 1)β

σ(β + 2)
|Ψ|β+2

)2N/(N−1)

Ψ = 0,

Ψ(x) = u(x) exp[iu(x)β ],

u =
(
σ(β + 2)
(N − 1)β

(C − w1−N )
)1/(β+2)

,

where w is a solution (listed in table 1) of the compatible system

�w =
λN

w
, wµwµ = λ.

If we choose β = −1, N = 2, C = 0, then we find that the wave equation is

�Ψ + λσ−2|Ψ|2Ψ = 0 (26)

with the exact solution

Ψ(x) = u(x) exp
(

i

u(x)

)
and

u(x) = σw(x),

where w solves

�w =
2λ
w
, wµwµ = λ.

Equation (27) is of some interest: of all the possible nonlinearities F (|Ψ|), the
nonlinearity F (|Ψ|) = |Ψ|2 gives the widest possible symmetry group, admitting
the conformal group. Equation (27) (and indeed equation (1)) can be reduced to the
nonlinear Schrödinger equation in (1 + 2)-dimensional time-space (see [1]) with the
same nonlinearity. This equation also admits the widest possible symmetry group
for nonlinearities of the given type. It can be reduced to the (1 + 1)-dimensional
nonlinear Schrödinger equation with the same nonlinearity, and this equation has
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soliton solutions (the well known Zakharov–Shabat soliton). Using this soliton, we
can construct a new type of solution of the hyperbolic wave equation (27). Of course,
this does not imply that (27) has soliton solutions located in three-dimensional space.

3. Conclusion
We have demonstrated an approach which can give new exact solutions of some

nonlinear wave equations of the same type as (1). The novelty in our approach lies
in the fact that we exploit the compatibility conditions for the d’Alembert–Hamilton
system to dictate the type of nonlinearity and the exact solution(s). Moreover, some
of the equations we obtain appear to be of interest in physics, but we are unable to
make any statement about the physical nature of the exact solutions we obtain, as
our approach has not used any physical criteria to single out any type of solution.
Of course, this is not the only approach possible; we could, for instance, reduce (1)

to the Schrödinger equation (as in [1]) and then apply a similar method to this
new equation in the amplitude-phase representation. Also, it is possible to consider
a more general connection between the amplitude and phase, such as u = G(vµvµ)
for some function G. This leads to a system involving the Born–Infeld equation,
which has a very wide symmetry group, and we obtain new exact solutions of (1).
This differential connection between amplitude and phase will of course be important
when we allow nonlinearities dependent on derivatives, such as F (|Ψ|,Ψ∗

µΨµ). We
will report on this work in a forthcoming paper.
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Planck’s constant is not constant
in different quantum phenomena

O. BEDRIJ, W.I. FUSHCHYCH

Висунута iдея про те, що стала Планка h в мезодинамiцi iстотно вiдрiзняється
вiд сталої Планка в електродинамiцi. Запропонованi рiвняння руху для електрона,
протона i нейтрона, в яких стала Планка має рiзнi значення.

At present, it is a generally accepted axiom that the Planck’s constant

h = 6.626 · 10−34J · s (1)

has the same meaning and value in electrodynamics, mesodynamics, quantum theory,
theory of quarks, gravidynamics, etc. Planck’s fundamental quantum hypothesis, put
forward for the explanation of the energy spectrum of black body radiation, is ad hoc
employed in all quantum physics.
In [1] we have suggested the following hypothesis: the fundamental value of

Planck’s constant h in mesodynamics is considerably different from (1). This assumpti-
on, for example, can be explained by the fact that in mesodynamics, not a photon but a
meson is emitted, which mass does not equal zero. There are no fundamental grounds
to assume that h in mesodynamics has to have the value of (1) [1–4].
In this short note we focus on the equation of motion for the fundamental particles

(e — electron, p — proton, n — neutron) based on the aforementioned hypothesis.
Schrödinger equations for electron, proton and neutron have the following form in our
approach:

i�e
∂Ψe

∂t
= − �

2
e

2me
∆Ψe + Vc(x)Ψe, (2)

i�p
∂Ψp

∂t
= − �

2
p

2mp
∆Ψp + VpΨp, (3)

i�n
∂Ψn

∂t
= − �

2
n

2mn
∆Ψn + VnΨn, (4)

∆ ≡ ∂2

∂x2
1

+
∂2

∂x2
2

+
∂2

∂x2
3

,

where

�e = �, �p �= �, �n �= �,

�e — Planck’s constant for electron (electrodynamics); �p — Planck’s constant for
proton (mesodynamics); �n — Planck’s constant for neutron (mesodynamics).

Доповiдi НАН України, 1995, № 12, С. 26–27.



336 O. Bedrij, W.I. Fushchych

The Ve, Vp, Vn potentials are assumed to be depended on he, hp and hn, the wave
functions Ψe, Ψp and Ψn as well as the coordinates of particles.
In addition, let us consider Poincaré invariant equations of motion for meson and

for e, p, n. As is known, the energy of an elementary particle is defined by formulae:

E2 = c2p2
a +m2c4, p2

a = p2
1 + p2

2 + p2
3, (5)

where m is the mass of a particle; c is the velocity of light in vacuum; pa is
momentum. Formulae (5) give us the following Poincaré-invariant equations for
particles

−�
2
µ

∂2u

∂t2
=
(− �

2
µc

2∆ +m2
µc

4
)

+ Vµu, (6)

i�e
∂Ψe

∂t
=
{
−i�eγ0γk

∂

∂xk
+mec

2γ0

}
Ψe + VeΨe, (7)

i�p
∂Ψp

∂t
=
{
−i�pγ0γk

∂

∂xk
+mpc

2γ0

}
Ψp + VpΨp, (8)

i�n
∂Ψn

∂t
=
{
−i�nγ0γk

∂

∂xk
+mnc

2γ0

}
Ψn + VnΨn, (9)

where Ψe, Ψp, Ψn are four-component wave functions; u is a scalar wave function
for meson with mass mµ; γµ are 4 × 4 Dirac’s matrices. Equations (7), (8) and
(9) are Dirac’s equations with different Planck’s constants, Ve = Ve(Ψe,Ψp,Ψn, x, t),
Vp = Vp(Ψe,Ψp,Ψn, x, t), Vn = Vn(Ψe,Ψp,Ψn, x, t).
Consequently, to describe interactions between electron and proton, electron and

neutron, etc., it is necessary to use different values for �e, �p and �n in equations
(6)–(9).
A phenomenological approach, proposed in [2–4] for determining fundamental

constants and based on a few known constants, gives us the following values [2, 3]:

he = 6.626 · 10−34J · s, hp = 2.612 · 10−30J · s, hn = 2.668 · 10−30J · s.
Obviously, because he, hp and hn enter most of quantum relationships, we must re-
view the standard theoretical schemes and possibly explore new physical experiments.
This fundamental challenge will take time. Our main objective is to show a new
possibility for description of interactions of particles which is related to a new value
of h.
According to [5, 6], formulae (5) can be used for nonlinear generalization of

equations of motion for elementary particles. Assume that in formulae (5) c is not
constant but a function of field (or a functional with respect to fields)

c = c

(
Ψ̄Ψ,

∂Ψ̄Ψ
∂xµ

∂Ψ̄Ψ
∂xµ

)
. (10)

Therefore, we can obtain from (10) a nonlinear equation of the type (6)–(8). This
assumption means that velocity of a signal is a function of field [5, 6) and not
a constant, as is presently accepted for the velocity of light in vacuum. The latter
statement is a cornerstone of modern quantum physics. We should like to emphasize
that here we have discussed a new glance on this fundamental point.
A more detailed development of these ideas will be published elsewhere.
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Ansatz ’95

W.I. FUSHCHYCH

In this talk I am going to present a brief review of some key ideas and methods which
were given start and were developed in Kyiv, at the Institute of Mathematics of National
Academy of Sciences of Ukraine during recent years.

Plan of the talk

The simplest classification of equations.

What is ansatz? The problem of PDE reduction without symmetry.

Conditional symmetry. How can we expand symmetry of PDE?

Conditional symmmetry of Maxwell and Schrödinger systems.

Q-conditional symmetry of the nonlinear wave equation, which is not invariant with
respect to the Lorentz group.

Conditional symmetry of the Poincaré–invariant d’Alembert equation.

Conditional symmetry of the nonlinear heat equation.

Reduction and Antireduction.

Antireduction of the nonlinear acoustics equation.

Antireduction of the equation for short waves in gas dynamics.

Antireduction of nonlinear heat equation.

Nonlocal symmetry, new relativity principles.

Non–Lie symmetry of the Schrödinger equation.

Time is absolute in relativistic physics.

New equations of motions.

High–order parabolic equation in Quantum Mechanics.

Nonlinear generalization of the Maxwell equations.

Equations for fields with the spin 1/2.

How to extend symmetry of on equation with arbitrary coefficients?

1 Classification of equations

Every field of science must begin from some classification. We have today a lot of
classifications of differential equations: parabolic, hyperbolic, elliptic, ultrahyperbolic

J. Nonlinear Math. Phys., 1995, V.2, N 3–4, P. 216–235.



Ansatz ’95 339

etc. I believe that it is most appropriate for our Conference to divide all equations of
mathematics into two classes: B and B̄

Newton

Eikonal

Hamilton

�

�

�

�

Euler

Heat
Monge-Ampere

Born-Infeld

d’Alembert

Maxwell

Navier-Stokes
Korteweg-de Vries

Boussinesq

Schrödinger

Dirac
Yang-Mills
...

�

�

�

�

Kernel

B≡Beauty

B

It is seen from the adduced picture that all fundamental equations of mathemati-
cal physics are united into one class B. From the point of view of existing now
classifications they belong to essentially different classes. Equations from the class B
have wide symmetry, and by this feature they are substantially different from other
equations of mathematics.
It is important to point out that there are close relations among these different

equations, which have not been investigated yet till now. For example, if we know
solutions of the heat equation, we can construct solutions for the wave (d’Alembert)
equation. By means of solutions of the Dirac equation, solutions of the Maxwell, heat,
Yang–Mills, and other equations [18] can be obtained.

2 Ansatz reduction of PDE without using symmetry

Let us consider a PDE

L(x, u, u(1), u(2), . . . u(n)) = 0,

u = u(x), x = (x0, x1, . . . , xn), u(1) = (u0, u1, u2, . . . , un), uµ =
∂u

∂xµ
,

u(2) = (u00, u01, . . . , unn), uµν =
∂2u

∂xµ∂xν
.

(2.1)
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Depending on the explicit form of L, equation (2.1) can belong to B or B̄. In
mathematical physics we often come across equations of the following type:

Lu ≡ �u− F (x, u, u(1)) = 0. (2.2)

What can we say today about solutions of equations (2.1), (2.2)? The answer is
trivial: Nothing.
If equation (2.2) belongs to the class B and is invariant with respect to the Poincaré

group P (1, n), that is, a nonlinear function F (x, u, u(1)) has the special form

F (x, u, u(1)) = F

(
u,

∂u

∂xµ

∂u

∂xµ

)
(2.3)

then for equation (2.2) we can construct some classes of exact solutions, study Pain-
levé properties, construct approximate solutions, study asymptotic properties, etc.

Definition 1. (W. Fushchych, 1981, 1983 [1, 2, 3]) We shall call a formula

u = f(x)ϕ(ω) + g(x), (2.4)

an ansatz for equation (2.2) if after substitution of (2.4) we get an equation for the
function ϕ(ω) which depends only on new variables ω = (ω1, ω2, . . . , ωn−1), where
f(x), g(x) are given functions.
If (2.4) is an ansatz for (2.2), then the latter is reduced (the number of independent

variables decreases by one) to an equation for the function ϕ(ω).
Thus the problem of reduction of an equation reduces to description of three

functions 〈f(x), g(x), ω〉 which leads to an equation for ϕ(ω) with less number of
variables.
We can display schematically the process of reduction for an 4–dimensional equati-

on in the following way:
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E3 is a set of three-dimensional equations, E2 is a set of two-dimensional equations,
E1 is a set of one-dimensional equations with the following inclusion E3 ⊂ E2 ⊂ E1.
That is, from one principal equation we obtain the whole set of ODE. Having

solved the ODE, we find exact solutions of a multidimensional equation.
Description of ansatzes of the form (2.4) for the nonlinear wave equation is an

extremely difficult nonlinear problem. In the simplest case, when we put f(x) = 1,
g(x) = 0 for the nonlinear Poincaré–invariant d’Alembert equation

�u = F (u), (2.5)

the problem of reduction of (2.5) to ODE reduces to construction of solutions for the
following overdetermined system for ω (Fushchych W., Serov M. 1983 [3])

�ω = F2(ω),

∂ω

∂xµ

∂ω

∂xµ
=
(
∂ω

∂x0

)2

−
(
∂ω

∂x1

)2

−
(
∂ω

∂x2

)2

− · · · −
(
∂ω

∂xn

)2

= F2(ω).
(2.6)

If ω is a solution of the system (2.6), then the multidimensional equation (2.5) reduces
to ODE with variable coefficients

a2(ω)ϕ̈(ω) + a1(ω)ϕ̇(ω) + a0(ω)ϕ(ω) F (ϕ) = 0 (2.7)

A solution of equation (2.5) has the form

u(x0, . . . xn) = ϕ(ω), ω = ω(x0, x1, . . . , xn), (2.8)

ϕ is a solution of equation (2.7).
Compatibility and general solutions of system (2.6) are described in detail in

papers of Zhdanov, Revenko, Yehorchenko, Fushchych (1987–1993, [4–6]). As we
see, without using explicitly the symmetry of equation (2.5), we can reduce a multi-
dimensional wave equation to ODE. It is obvious that all ansatzes and solutions, which
are constructed on the basis of the classical method by Sophus Lie, can be obtained
within the framework of our approach. The subgroup analysis of the Poincaré group
P (1, n) (Patera J., Winternitz P., Zassenhaus H., 1975–1983, [7, 8] Fedorchuk V.,
Barannyk A., Barannyk L., Fushchych W., 1985–1991 [9–11]) gives only a part of
possible ansatzes.

Note 1. P. Clarkson and M. Kruskal (1989 [12]) implemented the approach suggested
by us in 1981–1983 [1, 2, 3] for the one-dimensional Boussinesq equation and const-
ructed in explicit form ansatzes and solutions which cannot be obtained within the
framework of the classical S. Lie method. In the literature, this approach is often
called the “direct method of reduction”. I believe that it would be more consistent and
correct to call this method of construction of PDE solutions a method of ansatzes.

3 Conditional symmetry

The Lie symmetry, as known, is a local symmetry of the whole set of solutions.
The Lie algorithm enables us to define the invariance algebra for an arbitrary given
equation and to construct ansatzes.
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The term and the concept “conditional symmetry” was introduced and developed
in our papers (1983–1993, [2, 3, 13–18]). This extremely simple concept has appeared
to be efficient and enabled us to discover a nature of many ansatzes which could not
be obtained within the framework of the Lie method.
Conditional symmetry is the symmetry of subsets of equation’s solutions. Knowing

conditional symmetry of an equation, we can construct non–Lie ansatzes and soluti-
ons. It is more difficult to study conditional symmetry of a given equation than to
study its classical Lie symmetry. The difficulty is related to the fact that to find
conditional symmetry of an equation, it is necessary to solve nonlinear determining
equations.
During recent years, there are intensive studies in this promising direction, and

today we can make following general conclusion:

Corollary 1. Principal nonlinear equations of mathematical physics have conditional
symmetry.
Let us denote by the symbol

Q = 〈Q1, Q2, . . . , Qr〉 (3.1)

some set of operators which does not belong to the invariance algebra (IA) of equation
(2.1).

Definition 2. (Fushchych W., Nikitin A., Shtelen W. and Serov M., 1987 [13, 14, 18],
Fushchych W. and Tsyfra I. (1987 [15])). Equation (2.1) is said to be conditionally
invariant under the operators Q from (3.1), if there exists a supplementary condition
on the solutions of (3.1) of the form

L1(x, u, u(1), . . . , u(n)) = 0 (3.2)

such that (3.1) together with (3.2) is invariant under Q.

Thus, one has the following criterion of conditional invariance [13, 15, 18]

QsL = λ0L+ λ1L1, (3.3)

QsL1 = λ2L+ λ3L1, (3.4)

where λ0, λ1, λ2, λ3 are some differential expressions, Qs is the s-th prolongation by
Lie.

Definition 3. We shall say that an equation is Q-conditionally invariant if the additi-
onal equation L1 = 0 is a quasilinear equation of the first order

L1(x, u, u(1)) ≡ Qu = 0, (3.5)

Q = ξµ(x, u)
∂

∂xµ
+ η(x, u)

∂

∂u
, (3.6)

with η being a smooth function.

Thus, the problem of finding the conditional symmetry of a equation reduces to the
solution of equations (3.3), (3.4). As a rule, the determining equations for calculating
ξµ and η are nonlinear equations.
As is known, in the classical approach ξµ, η satisfy a linear system of differential

equations which, because of being overdetermined, can be solved.
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3.1 Conditional symmetry of the Maxwell equations

The first equation where we had noticed conditional symmetry was the Maxwell
subsystem [13]

∂ �E

∂t
= rot �H,

∂ �H

∂t
= −rot �E. (3.7)

It is possible to prove by means the standard Lie method that the maximal invari-
ance algebra of system (3.7) is an 8-dimensional extended Euclid algebra AE1(4) with
basis elements:

Pµ = i
∂

∂xµ
, Jab = xapb − xbpa + Sab, D = xµP

µ, (3.8)

where Sab are 6×6 matrices, which realize a reduced representation of the Lie algebra
of the group SU(2).
Thus, system (3.7) is not invariant with respect to the Lorentz transformations,

which are generated by operators

Joa = xoPa − xaP0 + S0a, (3.9)

〈Sab, S0a〉 are matrices which realize a finite-dimensional representation of the Lie
algebra of the Lorentz group S(1, 3).

Theorem 1. (Fushchych W. and Nikitin A. 1983 [13]). System (3.7) is conditionally
invariant under the Lorentz boosts (3.9) if and only if the solutions of (3.7) satisfy
the conditions

div �E = 0, div �H = 0. (3.10)

Thus, system (3.7) only together with equations (3.10) is invariant under the Lorentz
group.

Note 2. 90 years ago H. Lorentz (1904, April 23), H. Poincaré (1905, June 5, July 23),
A. Einstein (1905, June 30) discovered the theorem about invariance of the full
Maxwell system (3.7), (3.10) with respect to rotations in the four-dimensional pseudo-
Euclidean space-time. This theorem is a mathematical formulation of the fundamental
Lorentz–Poincaré–Einstein principle of relativity.

3.2 Conditional symmetry of linear Schrödinger systems

Let us consider the multicomponent system of disconnected Schrödinger equations:

SΨ =
(
p0 − p2

a

2m

)
Ψr = 0, r = 1, 2, . . . , n,

p0 = i
∂

∂x0
, pa = −i ∂

∂xa
, a = 1, 2, 3,

Ψ = (Ψ1,Ψ2, . . . ,Ψn), Ψ = Ψ(x0 = t, x1, x2, x3).

(3.11)

It is evident that every separate Schrödinger equation (3.11) is invariant with
respect to a scalar representation of the group G2(1, 3), a full Galilei group.
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Let us consider a problem of existence of nontrivial vector, spinor, tensor represen-
tations of the full Galilei group, which are realized on the set of solutions of system
(3.11).
We demand system (3.11) be invariant with respect to the following linear repre-

sentations of the algebra AG2(1, 3)

P0 = i
∂

∂x0
, Pa = −i ∂

∂xa
, M = im,

Ja = xapb − xbpa + Sa, Sa =
1
2
εabcSbc,

Ga = x0pa − xap0 + λa, D = 2x0P0 − xkPk + λ0,

A = x0D − x2
0P0 +

1
2
mx2

k − λaxa,

(3.12)

where matrices Sa, λ0, λa satisfy the commutation relations [29]

[Sa, Sb] = iεabcSc, [λa, λb] = 0, [λ0, Sa] = 0,
[λaSb] = iεabcSc, [λ0, λa] = iλa.

(3.13)

Theorem 2 (Fushchych and Shtelen, 1983, [19]). System of equations (3.11) is condi-
tional invariant under representation AG2(1, 3) (3.12) if(

λ0 − 3
2
i− 1

m
λkPk

)
Ψ = 0, (3.14)

(λ2
1 + λ2

2 + λ2
3)Ψ = 0. (3.15)

3.3 Q-conditional symmetry of Lorentz noninvariant nonlinear
wave equation

Let us consider the following wave equation (Fushchych and Tsyfra 1987, [15])

Lu ≡ �u+ F (x, u
1
) = 0 (3.16)

F (x, u
1
) = −

(
λ0

x0

)2 (
∂u

∂x0

)2

+
(
λ1

x1

)2 (
∂u

∂x1

)2

+

+
(
λ2

x2

)2 (
∂u

∂x2

)2

+
(
λ3

x3

)2 (
∂u

∂x3

)2

, xµ �= 0,

(3.17)

λµ are arbitrary parameters.
Equation (3.16) is invariant only with respect to scale transformations and trans-

lations:

xµ → x′µ = ebxµ, u→ u′ = e2bu, u→ u′ = u+ c,

b is a real parameter.
Let us consider a Lorentz-invariant ansatz

u = ϕ(ω), ω = xµx
µ = x2

0 − x2
1 − x2

2 − x2
3. (3.18)
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This ansatz, despite the fact that (3.16) is not invariant with respect to the Lorentz
group, reduces equation (3.16) to ODE

ω
d2ϕ

dω2
+ 2

dϕ

dω
+ λ2

(
dϕ

dω

)2

= 0 (3.19)

whose solutions are given by the functions

λ = λ2
0 − λ2

1 − λ2
2 − λ2

3,

ϕ(ω) = 2(−λ2)1/2 tan−1 ω(−λ2)−1/2 for− λ2 > 0,

ϕ(ω) = −(λ2)−1/2ln

{
(λ2)1/2 + ω

(λ2)1/2 − ω

}
for− λ2 < 0.

What is the reason of such reduction? From the classical point of view, ansatz (3.18)
must not reduce the Lorentz non–invariant equation (3.16) to ODE.
The reason of all this is the fact that equation (3.16) is conditionally invariant with

respect to the Lorentz group.

Theorem 3 (Fushchych and Tsyfra, 1987 [15]). Equation (3.16), (3.17) is conditio-
nally invariant with respect to the Lorentz group if the following six conditions are
added:

Jµνu = 0, Jµν = xµ
∂

∂xν
− xν

∂

∂xµ
, µ, ν = 0, 1, 2, 3. (3.20)

Thus, equation (3.16) together with the additional condition (3.20) is invariant
with respect to the Lorentz group. The condition (3.20) picks out the subset from the
whole set of solutions which is invariant with respect to the Lorentz group.

3.4 Conditionally conformal symmetry
of the Poincaré-invariant d’Alembert equation

Let us consider the nonlinear d’Alembert equation with an additional condition

�u+ F (u) = 0, (3.21)

∂u

∂xµ

∂u

∂xµ
= F1(u). (3.22)

Theorem 4 (Fushchych, Zhdanov, Serov 1989 [18]). Equation (3.21) is conditionally
invariant under the conformal group if

F = 3λ(u+ c)−1, (3.23)

∂u

∂xµ

∂u

∂xµ
= λ, (3.24)

where λ, c are arbitrary constants. The operators of conformal symmetry are

Kµ = 2xµD − (xαxα − u2)
∂

∂xµ
, µ = 0, 1, 2, 3 (3.25)
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D = xµ
∂

∂xµ
+ u

∂

∂u
. (3.26)

Remark 3. Formulae (3.25), (3.26) give a nonlinear representation for the conformal
algebra AC(1, 3).

An ansatz for the system

�u = u−1, ∂µu∂
µu = 1 (3.27)

has the form (Fushchych and Zhdanov, 1989 [4])

u2 = (aµxµ + g1)2 − (bµxµ + g2)2, (3.28)

where g1 = g1(θµxµ), g2 = g2(θµxµ) are arbitrary smooth functions, aµ, bµ, θµ are
arbitrary complex parameters satisfying the condition

aµa
µ = −bµbµ = 1, aµb

µ = aµθ
µ = bµθ

µ = θµθ
µ = 0.

Remark 5. The problem of compatibility and construction of solutions of the d’Alem-
bert–Hamilton system are considered in detail in [5, 6].

3.5 Conditional symmetry of the nonlinear heat equation

Let us consider the equation

u0 + �∇[f(u)�∇u] = 0, f(u) �= const. (3.29)

Ovsyannikov L. (1962, [20]) carried out the complete classification of the one-
dimensional equation (3.29). Dorodnitsyn A., Knyaseva Z., Svirshchevskii S. (1983,
[21]) carried out group classification of the three-dimensional equation (3.29) From
the analysis of these results it follows.

Conclusion 1. (Fushchych 1983 [2]). Among equations of the class (3.29), there are
no nonlinear equations invariant with respect to Galilei transformations which are
generated by the operators

Ga = x0∂a +M(u)xa
∂

∂u
, (3.30)

M(u) is constant.

Theorem 5 (Fushchych, Serov, Chopyk 1988 [16]). The equation (3.29) is conditional
invariant under the Galilean operators (3.30) if

u0 +
(�∇u)2
2M(u)

= 0, (3.31)

M(u) =
u

2f(u)
. (3.32)

Conclusion 2. The nonlinear equation (3.29) with the additional condition (3.31) is
compatible with the Galilei relativity principle.
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Conclusion 3. If

f(u) =
1

2m
uk, M(u) =

2m
kn+ 2

u1−k, (3.33)

f(u) = eu, M(u) = 1, (3.34)

where m, k are arbitrary constants, kn+2 �= 0, then equation (3.29) is conditionally
invariant with respect to Galilei transformations.

Q-conditional symmetry of the one-dimensional equation

u0 − u11 = F (u)

was studied in detail (Fushchych and Serov, 1990, [22, 23]). Recently these results
were obtained by Clarkson P. and Mansfield E. (1994, [24]).

4 Reduction and antireduction

Under the term “reduction–antireduction”, we understand a decreasing of dimension
of an equation with respect to independent variables and increasing (antireduction)
by the number of dependent variables. That is we have simultaneously the process of
reduction (by the number of independent variables) and antireduction (increasing the
number of reduced systems with respect to the original equation) [25].
In the classical Lie approach as a rule the number of components of dependent

variables for reduced systems does not increase.

Example 1. Let us consider the nonlinear acoustics equation (Khokhlov–Zabolotskaja
equation)

u01 − (u1u)1 − u22 − u33 = 0, (4.1)

u = u(x1, x2, x3).

The ansatz (Fushchych and Myronyuk, 1991 [26])

u =
1
3
x1ϕ

(1)(ω0, ω2, ω3) +
1
6
x2

1ϕ
(2)(ω0, ω2, ω3) + ϕ(3)(ω0, ω2, ω3), (4.2)

ω0 = x0, ω2 = x2, ω = x3

antireduces four-dimensional equation (4.1) to the system of coupled three-dimensional
equations for functions ϕ(1), ϕ(2), ϕ(3)

∂2ϕ(1)

∂ω2
2

+
∂2ϕ(2)

∂ω2
3

= (ϕ(2))2,

∂2ϕ(1)

∂ω2
2

+
∂2ϕ(1)

∂ω2
3

+
∂ϕ(1)

∂ω0
− ϕ(1)ϕ(2) = 0,

∂2ϕ(3)

∂ω2
2

+
∂2ϕ(3)

∂ω2
3

− 1
3
ϕ(2)ϕ(3) − 1

3
∂ϕ(1)

∂ω0
+

1
9
(ϕ(1))2 = 0.

(4.3)

The formula (4.2) gives a non-Lie ansatz for equation (4.1).



348 W.I. Fushchych

Example 2. Let us consider the equation for short waves in gas dynamics

2u01 − 2(2x1 + u1)u11 + u22 + 2λu1 = 0,
u = u(x0 = t, x1, x2).

(4.4)

The ansatz (Fushchych and Repeta 1991, [27])

u = x1ϕ
(1)(ω0, ω2) + x2

1ϕ
(2)(ω0, ω2) + x

3/2
1 ϕ(3) + ϕ(4),

ω0 = x0, ω2 = x2

(4.5)

antireduces one three-dimensional scalar equation (4.4) to a system of two-dimensio-
nal equations for four functions

ϕ(3) = 0,
∂2ϕ(1)

∂ω2
2

= 0,
∂2ϕ(2)

∂ω2
2

= 0,

∂2ϕ(4)

∂ω2
2

=
9
4
(
ϕ(1)

)2
,

∂ϕ(1)

∂ω0
= ϕ(1)

(
3ϕ(2) +

1
2
− λ

)
.

(4.6)

4.1 Antireduction and ansatzes for the nonlinear heat equation

Let us consider the nonlinear one-dimensional heat equation

∂u

∂t
=

∂

∂x

{
a(u)

∂u

∂x

}
+ F (u), (4.7)

∂u

∂t
=
∂2u

∂x2
+ F (u). (4.8)

We consider an implicit ansatz

h
(
t, x, u, ϕ(1)(ω), ϕ(2)(ω) . . . , ϕ(N)(ω)

)
= 0, (4.9)

which reduces the two–dimensional equation (4.7) to the system of ODE for functi-
ons ϕ(1), . . . , ϕ(N). We have constructed a quite long list of ansatzes which reduce
equation (4.7) to the system of ODE (Zhdanov R. and Fushchych W. 1994, [33]).

Example 3. If in (4.7)

a(u) = λu−3/2, F (u) = λ1u+ λ2u
5/2, (4.10)

then the ansatz [33] is as follows

u−3/2 = ϕ(1)(t) + ϕ(2)(t)x+ ϕ(3)(t)x2 + ϕ(4)(t)x3, (4.11)

ϕ̇(1) = 2λϕ(1)ϕ(3) − 2
3
λ(ϕ(2))2 − 3

2
λ1ϕ

(1) − 3
2
λ2,

ϕ̇(2) = −2
3
λϕ(2)ϕ(3) + 6λϕ(1)ϕ(4) − 3

2
λ1ϕ

(2),

ϕ̇(3) = −2
3
λ(ϕ(3))2 + 2λϕ(2)ϕ̇(4) − 3

2
λ1ϕ

(3),

ϕ̇(4) = −3
2
λ1ϕ

(4).

(4.12)
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Having solved the system of ODE (4.12), by formula (4.11) we construct exact soluti-
ons of the equation (4.7).

Example 4. If in (4.8)

F (u) =
{
α+ β lnu− γ2(lnu)2

}
u, (4.13)

then the ansatz

lnu = ϕ(1)(t) + eγxϕ(2)(t) (4.14)

reduces (4.8) to the system of ODE

ϕ̇(1) = 2 + βϕ(1) − γ2(ϕ(1))2,

ϕ̇(2) =
{
β + γ2 − 2γ2ϕ(1)

}
ϕ(2).

(4.15)

It is possible to construct solutions of system (4.15) in the explicit form. Depending
on the sign of the quantity d = β2 + 4αγ2 we get the following solutions of the
nonlinear equation (4.8), (4.13).

Case 4.1 d > 0

u = c

(
cos

d1/2t

2

)−2

exp
(
γx+ γ2t

)
+

1
2γ2

(
β − d1/2tg

d1/2t

2

)
. (4.16)

Case 4.2 d < 0

u = c

(
ch

|d|1/2t
2

)−2

exp
(
γx+ γ2t

)
+

1
2γ2

(
β + |d|1/2th |d|1/2t

2

)
. (4.17)

Case 4.3 d = 0

u = ct−2 exp
(
γx+ γ2t

)
+

1
2γ2t

(βt+ 2). (4.18)

Example 5. If in (4.7)

a(u) = λuk, F (u) = λ1u+ λ2u
1−k, (4.19)

then the ansatz

uk = ϕ(1)(t) + ϕ(2)(t)x+ ϕ(3)(t)x2 (4.20)

antireduces (4.7) to the system of ODE

ϕ̇(1) = 2λϕ(1)ϕ(3) + λk−1(ϕ(2))2 + kλ2,

ϕ̇(2) = 2λ(1 + 2k−1)ϕ(2)ϕ(3) + kλ1ϕ
(2),

ϕ̇(3) = 2λ(1 + 2k−1)(ϕ(3))2 + kλ1ϕ
(3).

(4.21)
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5 Non-Lie symmetry, new relativity principles

5.1 Non-Lie symmetry Schrödinger equation

Let us consider the Schrödinger equation(
i
∂

∂x0
− p2

a

2n

)
u(x0, �x) = 0. (5.1)

It is well known that the maximal (in the Lie sense) invariance algebra (5.1) is
the full Galilei algebra AG2(1, 3) = 〈P0, Pa, Jab, Ga,D,A〉

P0 = i
∂

∂x0
, Pa = −i ∂

∂x0
, a = 1, 2, 3,

Jab = xapb − xbpa, Ga = x0pa −mxa,

D = 2x0P0 − xkPk, A = x0D − x2
0P0 +

1
2
mx2

a.

(5.2)

Operators Ga generate the standard Galilei transformations:

t→ t′ = exp {iGava} t exp {−iGava} = t, (5.3)

xa → x′a = exp {iGbvb}xa exp {−iGcvc} = xa + vat. (5.4)

Let us put the following question: do symmetries which are not reduced for the
algebra (5.2) exhaust for equation (5.1)?

Answer: The Schrödinger equation (5.1) has additional symmetries (supersymmetries,
non-Lie, nonlocal) which are not reduced to the Galilei algebra AG2(1, 3) [29].
One of results in this direction is the following:

Theorem 6. (Fushchych and Seheda 1977 [28]). The Schrödinger equation (5.1) is
invariant with respect to the Lorentz algebra AL(1, 3)

Jab = xapb − xbpa, (5.5)

J0a =
1

2m
(pGa +Gap), p = (p2

1 + p2
2 + p2

3)
1/2 = (−∆)1/2. (5.6)

It is not difficult to check that the operators 〈Jab, J0c〉 ≡ AL(1, 3) satisfy the
commutation relations

[Jab, J0c] = i(gacJb0 − gbcJa0), [J0a, J0b] = −iJab.
It is important to point out that J0a are integral-differential symmetry operators and
generate nonlocal transformations

xa → x′a = exp {iJobVb}xa exp {−iJ0cVc} �= Galilei transform. (5.4), (5.7)

t→ t′ = exp {iJ0aVa} t exp {−iJ0bVb} = t. (5.8)

Hence the operators J0a (5.6) generate new transformations which do not coincide
with the known Galilei and Lorentz transformation. Thus we have new relativity
principle. It is defined by formulae (5.7), (5.8).
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5.2 Time is absolute in relativistic physics

The four-component Dirac equation lies in the foundation of the modern quantum
mechanics

γµp
µΨ = mΨ(x0, x1, x2, x3). (5.9)

Here γµ are 4 × 4 Dirac matrices.
Since the time of discovery of this equation it is known that (5.9) is invariant with

respect to the Poincaré algebra AP (1, 3) = 〈Pµ, Jµν〉 with the basis elements

Pµ = i
∂

∂xµ
, J (1)

µν = xµpν − xνpµ + Sµν , Sµν =
i

4
(γµγν − γνγµ). (5.10)

Operators J (1)
µν generate the standard Lorentz transformations

t→ t′ = exp
{
iJ

(1)
0a va

}
t exp {−iJ0bvb} , (5.11)

xa → x′a = exp
{
iJ

(1)
0b vb

}
xa exp {−iJ0cvc} . (5.12)

Hence, the fundamental statement follows that time t ∈ T (1) and space �x ∈ R(3) are
the single pseudo-Euclidean space-time with the metric

s2 = x2
0 − x2

1 − x2
2 − x2

3. (5.13)

Let us put another question: Do there exist symmetries in equation (5.10) which
cannot be reduced to the algebra AP(1,3) (5.11)?

Answer: The Dirac equation (5.9) has a wide additional symmetry (supersymmetry,
non-Lie symmetry) which cannot be reduced to the algebra AP (1, 3) (5.10) [13, 29].
I shall say here briefly about one of such symmetries.

Theorem 7. (Fushchych 1971, 1974 [30, 31]. The Dirac equation (5.9) is invariant
with respect to the following representation of the Poincaré algebra

P
(2)
0 = H = γ0γapa + γ0m, P (2)

a = −i ∂

∂xa
, a = 1, 2, 3, (5.14)

J
(2)
ab = xapb − xbpa + Sab, Sab =

i

4
(γaγb − γbγa), (5.15)

J
(2)
0a = x0pa − 1

2
(xaH +Hxa). (5.16)

Thus we have two different representations of the Poincaré algebra AP (1, 3) (5.10)
and (5.14)–(5.16).
The representation (5.15) and (5.16) generates nonlocal transformations

xa → x′a = exp{iJ (2)
ab vb}xa exp{iJ (2)

0c vc} �= Lorentz transform, (5.17)

t→ t′ = exp{iJ (2)
0b vb}t exp{−iJ (2)

0c vc} = t. (5.18)

Thus, time does not change in relativistic physics. Time is absolute in relativistic
physics.
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There are two nonequivalent possibilities (duality) for transformations of coordi-
nates and time: Lorentz transformation (5.11), (5.12) and non-Lorentz transformation
(5.17), (5.18).
The Maxwell and Klein–Gordon–Fock equations are also invariant under nonlocal

transformations (5.17), (5.18) when time does not change. However energy and
momentum are transformed by the Lorentz law [31,32]. We have new relativity prin-
ciple (5.17), (5.18).
What is the reason of such a paradoxical statement? The reason is that the

operators J (2)
0a are non-Lie symmetry operators and the standard relation (S. Lie’s

theorems) between Lie groups and Lie algebras is broken.
So, physics is not equivalent to geometry and geometry is not physics. Physics is

Nature. Theoretical Physics is only a Model of Nature!

6 On some new motion equations

Some new motion equations are adduced in this section. These equations are generali-
zations of known classical equations. Symmetry of these equations has not been
investigated.

6.1 High order parabolic equation in quantum mechanics

The Schrödinger equation (5.1) is not the only equation compatible with the Galilei
relativity principle. A more general equation was suggested in [1, 2]

(λ1S + λ2S
2 + · · · + λnS

n)u = λu,

S ≡ p0 − p2
a

2m
, S2 = S · S, Sn = Sn−1S,

(6.1)

λ, λ1, λ2, . . . , λn are arbitrary parameters. Equation (6.1) as well as the classical
equation (5.1) is invariant with respect to the Galilei transformations but it is not
invariant with respect to scale and projective transformations.
A new equation for two particles (waves):

p0u1 =
1

2m1
p2
au1 + V1

(
t, x1, x2, . . . , x6, u1, u2

)
,

p0u2 =
1

2m2
p2
a+3u2 + V2

(
t, x1, x2, . . . , x6, u1, u2

)
,

u1 = u1(t, x1, x2, x3), u2 = u2(t, x4, x5, x6), V1 and V2 are potentials.

6.2 Nonlinear generalization of Maxwell equations

If we assume that the light velocity is not constant [34], we can suggest some
generalizations of the Maxwell equations

∂ �E
∂t = rot {c( �E2, �H2, �E �H) �H}, ∂ �H

∂t
= −rot {c( �E2, �H2, �E �H) �E},

div {a( �E2, �H2, �E �H) �E} = 0, div {b( �E2, �H2, �E �H) �H} = 0,
(6.2)
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where a, b and c are some functions of electromagnetic field;

∂ �E

∂t
= rot {c( �B2, �D2, �B �D) �B} +�j,

∂ �H

∂t
= −rot {c( �B2, �D2, �B �D) �D},

or

∂ �D

∂t
= rot {c( �E2, �H2, �E �H) �E} +�j,

∂ �B

∂t
= −rot {c( �E2, �H2, �E �H) �E},

(6.3)

λ1
�D + λ2� �D = F1( �E2, �H2, �E �H) �E + F2( �E2, �H2, �E �H) �H,

λ3
�B + λ4� �B = R1( �E2, �H2, �E �H) �E +R2( �E2, �H2, �E �H) �H,

(6.4)

div �D = ρ, div �B = 0, (6.5)

where F1, F2, R1, R2 are functions of fields �E and �H, c in equations (6.2), (6.3) can
be a function of (t, �x), c = c(t, �x), or depend on the gravity potential V , c = C(V ).
Nonlinear wave equations for �E and �H have form

∂2 �E

∂t2
− c2∆ �E = 0,

∂2 �H

∂t2
− c2∆ �H = 0, (6.6)

or

∂2 �E

∂t2
− ∆(c2 �E) = 0,

∂2 �H

∂t2
− ∆(c2 �H) = 0; (6.7)

or

∂2

∂t2

(
1
c2
�E

)
− ∆ �E = 0,

∂2

∂t2

(
1
c2
�H

)
− ∆H = 0, (6.8)

with one of the conditions

c2 =
1
2

(
∂ �E
∂t

)
+
(
∂ �H
∂t

)
(rot �H)2 + (rot �E)2

(6.9)

or

∂c2

∂xµ
∂c2

∂xµ
= 0. (6.10)

or

cµ
∂c2
∂xµ

= λ(E2 �H2, �E �H)Fαβcβ , (6.11)

cα is the four-velocity of the light (electromagnetic field), c2 = cαc
α.

Equations of hydrodynamical type for electromagnetic field have form

∂ �E

∂t
= a1

{
�∇× (�c× �H)

}
+ a2

{
�∇× (�c× �E)

}
,

∂ �H

∂t
= b1

{
�∇× (�c× �E)

}
+ b2

{
�∇× (�c× �H)

}
,

∂�c

∂t
+ (�c�∇)�c = R1

�E +R2
�H,

(6.12)
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�c is the three-velocity of the light, where a1, a2, b1, b2, R1, R2 are functions of �E2,
�H2, �E �H.
Maxwell’s equations in a moving frame with the velocity can be generalized in

such forms

∂ �E

∂t
+ λ1vk

∂ �E

∂xk
+ λ2 rot �H = 0,

∂ �H

∂t
+ λ3vk

∂ �H

∂xk
+ λ4 rot �E = 0,

or

∂ �E

∂t
+ λ1vk

∂ �H

∂xk
+ λ2 rot �H = 0,

∂ �H

∂t
+ λ3vk

∂ �E

∂xk
+ λ4 rot �E = 0,

with the conditions ∂vk

∂t + vl
∂vk

∂xl
= 0.

6.3 Equations for fields with the spin 1/2

Fields with the spin 1/2 are described, as a rule, by first-order equations, by the Dirac
equation. However, such fields can be also described by second-order equations. Some
of such equations are adduced below:

pµp
µΨ = F1(ψ̄ψ)Ψ, ψ̄γµp

µΨ = F2(ψ̄Ψ); (6.13)

pµp
µΨ = R1(ψ̄ψ)Ψ, (ψ̄γµΨ)pµΨ = F2(ψ̄ψ)Ψ; (6.14)

pµp
µΨ = F1(ψ̄ψ)Ψ, (ψ̄γµΨ)(ψ̄pµΨ) = F3(ψ̄ψ); (6.15)

pµp
µΨ + λγµp

µΨ = F (ψ̄ψ)Ψ; (6.16)

pµp
µΨ = F1(ψ̄ψ)Ψ, p0Ψ = {(ψ̄γ0Ψ)(ψ̄γkψ)pk +mΨ̄γ0Ψ}Ψ.

6.4 How to extend symmetry of an equation
with arbitrary coefficients?

Let us consider the a second-order equation

aµν(x)
∂2u

∂xµ∂xν
+ bµ(x)

∂u

∂xµ
+ F (u) = 0. (6.17)

Equation (6.17) with arbitrary fixed coefficients has only a trivial symmetry (x →
x′ = x, u → u′ = u). However, if we do not fix coefficient functions aµν(x), bµ(x),
such an equation can have wide symmetry. E.g., if aµν , bµ satisfy the equations

�aµν =
∂u

∂xµ

∂u

∂xν
F1(u) (6.18)

or

�bµ = F2(u)
∂u

∂xµ
, �aµν =

∂2u

∂xµ∂xν
F3(u), (6.19)

then the nonlinear system (6.17), (6.18), (6.19) is invariant with respect to the Poin-
caré group P(1,3). Let us emphasize that here even if we put F1 = 0, F2 = 0,
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equations (6.17), (6.18), (6.19) are a nonlinear system of equations. With some parti-
cular functions F1 and F2, it is possible to construct ansatzes which reduce system
(6.17), (6.18), (6.19) to the system of ordinary differential equations.
So, considering (6.17) as a nonlinear equation with additional conditions for aµν ,

bν , we can construct the exact solution for eqation (6.17). The adduced idea about
extension of the symmetry of (6.17) can be used for construction of exact solutions
for motion equations in gravity theory.
The second example of equations which have wide symmetry is

vµvν
∂2Fαβ
∂xµ∂xν

= 0, (6.20)

vµ
∂vν
∂xµ

= 0. (6.21)

If in (6.20) vµ are fixed functions the equation, as a rule, has trivial symmetry.
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reductions of nonlinear equations, Kiev, Naukova Dumka,1991, 300 p.

12. Clarkson P., Kruskal M., New similarity reductions of the Boussinesq equation, J. Math. Phys., 1989,
30, № 10, 2201–2213.

13. Fushchych W., Nikitin A., Symmetries of Maxwell’s equation, Reidel Dordrecht, 1987, 230 p. (Russian
version 1983, Naukova Dumka 1983).

14. Fushchych W., How to extend symmetry of differential equations?, in Symmetry and Solutions of
Nonlinear Mathematical Physics, Kiev, Inst. of Math. Ukrainian Acad. Sci., 1987, 4–16.

15. Fushchych W., Tsyfra I., On reduction and solutions of nonlinear wave equations with broken
symmetry, J.Phys. A: Math. Gen., 1987, 20, № 2, 45–47.

16. Fushchych W., Serov M., Chopyk V., Conditional invariance and nonlinear heat equations, Dopovidi
Ukrainian Acad. Sci., 1988, № 9, 17–20.



356 W.I. Fushchych

17. Fushchych W., Serov M., Conditional invariance and exact solutions of nonlinear acoustic equation,
Dopovidi Ukrainian Acad. Sci., 1988, № 10, 27–31.

18. Fushchych W., Shtelen W., Serov M., Symmetry analysis and exact solutions of equations of nonlinear
mathematical physics, Kluwer Academic Publishers, 1993, 430 p. (Russian version, 1989, Naukova
Dumka).

19. Fushchych W., Shtelen W., On linear and nonlinear systems of differential equations invariant under
the Schrödinger group, Theor. and Math. Fisika, 1983, 56, № 3, 387–394.

20. Ovsyannikov L., Group analysis of differential equations, Moscow, Nauka, 1978.

21. Dorodnyzyn W., Knyazeva I., Svirshchevski S., Group properties of the heat equation with a source
in two and three dimensions, Defferentsial’nye Uravneniya, 1983, 19, № 7, 1215–1224.

22. Fushchych W., Serov M., Conditional symmetry and reduction of nonlinear heat equation, Dopovidi
Ukrainian Acad. Sci., 1990, № 7, 24–28.

23. Serov M., Conditional invariance and exact solutions of nonlinear heat equation, Ukr. Math. J., 1990,
42, № 10, 1370–1376.

24. Clarkson P., Mansfield E., Algorithms for the nonclassical method of symmetry reductions, SIAM J.
Appl. Math., 1994, 54, № 6, 1693–1719.

25. Fushchych W., Conditional symmetry of the equations of mathematical physics, Ukr. Math. J., 1991,
43, № 1, 1456–1470.

26. Fushchych W., Myronyuk P., Conditional symmetry and exact solutions of nonlinear acoustics equa-
tion, Dopovidi of the Ukrainian Acad. Sciences, 1991, № 8, 23–26.

27. Fushchych W., Repeta V., Exact solutions of equations of gas dynamics and nonlinear acoustics,
Dopovidi of the Ukrainian Acad. Sciences, 1991, № 8, 35–38.

28. Fushchych W., Seheda Yu., On a new invariance algebra for the free Schrödinger equation, Doklady
Acad. sci. USSR, 1977, 232, № 4, 800–801.

29. Fushchych W., Nikitin A., Symmetries of equations of quantum mechanics, Allerton Press, 1994,
500 p. (in Russian 1990, Moscow, Nauka).

30. Fushchych W., On additional invariance of relativistic equations of motion, Teor. and Matem. Fizika,
1971, 7, № 1, 3–12.

31. Fushchych W., On additional invariance of the Dirac and Maxwell equations, Lettere Nuovo Cimento,
1974, 11, № 10, 508–512.

32. Fushchych W., On additional invariance of the Klein–Gordon–Fock equation, Dokl. Acad. Sci. USSR,
1976, 230, № 3, 570–573.

33. Fushchych W., Zhdanov R., Antireduction and exact solutions of nonlinear heat equation, J. Nonlinear
Math. Phys., 1994, 1, № 1, 60–64.

34. Fushchych W., New nonlinear equations for electromagnetic field having the velocity different from c,
Dopovidi of the Ukrainian Academy of Sciences, 1992, № 4, 24–28.



W.I. Fushchych, Scientific Works 2003, Vol. 5, 357–364.

Galilei invariant nonlinear Schrödinger type
equations and their exact solutions

W.I. FUSHCHYCH

In this paper we describe wide classes of nonlinear Schrödinger-type PDEs which are
invariant under the Galilei group and its generalizations. We construct sets of ansatzes
for Galilei invariant equations, and exact classes solutions are found for some nonlinear
Schrödinger equations.

1. Introduction
Let us consider the following nonlinear equations

L1(ψ,ψ∗) ≡ SΨ − F1(x, ψ, ψ∗),

S = p0 − p2
a

2m
, p0 = i

∂

∂x0
, pa = −i ∂

∂xa
, a = 1, 2, 3,

(1)

L2 ≡ p0ψ + gab(x0, �x, ψ, ψ
∗)

∂2ψ

∂xa∂xb
+ F2(x0, �x, ψ, ψ

∗, ψ
1
, ψ

1

∗) = 0,

ψ ≡ ψ(x0, x1, x2, x3), x0 ≡ t, ψ
1
(x) =

{
∂ψ

∂xa

}
, ψ

1

∗ =
{
∂ψ∗

∂xa

}
,

(2)

where F1, F2, gab are some smooth functions,

L3ψ ≡ Sψ − F3(ψ,ψ∗, ψ
1
, ψ

1

∗, ψ
2
, ψ

2

∗),

ψ
2
(x) ≡

{
∂2ψ

∂xa∂xb

}
, ψ

2

∗(x) ≡
{

∂2ψ∗

∂xa∂xb

}
.

(1′)

In the present paper we consider the following problems.

Problem 1. Describe all nonlinear equations (1), (2) which are invariant with respect
to the Galilei group and its various generalizations.

Problem 2. Study the conditional symmetry of equation (l).

Problem 3. Construct classes of exact solutions for Galilei invariant equations.

The results of this talk have been obtained in collaboration with R. Cherniha,
V. Chopyk and M. Serov.

2. Galilei invariant quazilinear equations
Theorem 1 [1]. There are only three types of equations of the form (1)

Sψ = λF (|ψ|)ψ, (3)

In Proceedings of the International Symposium on Mathematical Physics “Nonlinear, Deformed
and Irreversible Quantum Systems” (15–19 August, 1994, Clausthal, Germany), Editors H.-D. Doebner,
V.K. Dobrev and P. Nattermann, Singapore – New Jersey – London – Hong Kong, World Scientific, 1995,
P. 214–222.
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Sψ = λ|ψ|kψ, k ∈ R, (4)

Sψ = λ|ψ|4/nψ, n = 1, 2, 3 . . . , (5)

which are invariant, correspondingly, with respect to the following algebras:

AG(1, n) = 〈P0, Pa, Jab, Ga, Q〉, a = 1, 2, . . . , n,

P0 = i
∂

∂x0
≡ p0, Pa = −i ∂

∂xa
≡ pa,

Jab = xapb − xbpa, Ga = x0pa −mxaQ, Q = i

(
ψ
∂

∂ψ
− ψ∗ ∂

∂ψ∗

)
;

(6)

AG(1, n) = 〈AG(1, n),D〉,
D = 2x0p0 − xapa − kI, k ∈ R, I = ψ

∂

∂ψ
+ ψ∗ ∂

∂ψ∗ ;
(7)

AG(1, n) = 〈AG1(1, n),Π〉,
Π = x2

0p0 + x0xapa +
m

2
x2Q+

n

2
x0I,

(8)

λ is arbitrary parameter, n is the number of space variables.
Note 1. If we put F = 0 in (1) we obtain the standard linear Schrödinger equation
and its maximal invariance algebra is AG2(1, n).
Corollary 1. There is only one nonlinear equation in the class of Schrödinger equa-
tions (1)(

p0 − p2
a

2m

)
ψ = λ|ψ|4/nψ (9)

which has the same symmetry as the linear Schrödinger equation.
Let us answer the following question: whether there exist other equations in

the class (1) invariant under the Galilei algebra AG(1, n) but not invariant under
operators D and Π (7), (8).
The following theorem answers this question.

Theorem 2 [2]. There is only one equation of the form (1)(
p0 − p2

a

2m

)
ψ = λ ln(ψψ∗)ψ, λ = λ1 + iλ2 (10)

which is invariant with respect to the following algebras:

AG3(1, n) ≡ 〈AG(1, n), B1〉, λ1 �= 0, λ2 = 0, B1 = I − 2λ1x0Q;

AG4(2, n) = 〈AG(1, n), B2〉, λ3 �= 0, B2 = exp(2λ2x0)(I + iλ1λ
−1
2 Q).

Note 2. The maximal invariance algebra of equation (10) with logarithmic nonlinearity
contains operators not admitted by the linear equation (1).

Corollary 2. Operators B1, B2 generate the following transformations for ψ:

ψ → ψ′ = exp{(1 − 2iλ1x0)θ1}ψ for λ2 = 0,
ψ → ψ′ = exp{θ2[2x0λ2(1 − iλ1λ

−1
2 )}ψ, λ2 �= 0,

ψ → ψ′ = exp{θ3 exp(2λ1x0)}ψ, λ1 �= 0, λ2 �= 0,

where θ1, θ2, θ3 are group parameters.
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The following equation is widely used for description of dissipative systems

i
∂ψ

∂t
=

1
2m

∆ψ − iβ ln(ψ(ψ∗)−1)ψ + F2(ψψ∗)ψ. (11)

Equation (11) is usually called the phase Schrödinger equation or the Schrödinger–
Langevin equation [4].
The main difference of equation (11) from equations (3), (4), (5), (10), (11) is that it

is not invariant with respect to the Galilei transformations. This equation does not the
standard Galilei relativity principle. However equation (11) has interesting symmetry
properties.

Theorem 3 [2]. The maximal invariance algebra of equation (11) is a 11-dimensional
Lie algebra

A = 〈P0, Pa, Jab, G
(1)
a , Q〉,

G(1)
a = exp{2βx0}

(
pa +

βm

2
xa

)
Q, Q1 = exp{2βx0}Q.

Corollary 3. Operators G(1)
a generate the transformations

x0 → x′0 = x0, xa → x′a = xa + exp{2βx0}θa, (12)

ψ → ψ′ = ψ exp{i[βm exp(4βx0)θ2 + exp(2βx0)xaθa]}, (13)

where θ2 = θaθa, θa are group parameters.

So operators G(1)
a as distinguished from the Galilei operators, generate nonlinear

transformations (12). In the first approximation by β (12) coincides with the Galilei
transformations. It is known that the Galilei transformations are of the form

x0 → x′0 = x0, xa → x′a = xa + x0θa,

ψ → ψ′ = exp
{
im

(
�θ�x+

1
2
(�θ)2x0

)}
ψ(x′).

(14)

3. Galilei invariant nonlinear equations
with first order derivatives

Let us consider equations

Sψ = F (x, ψ, ψ∗, ψ
1
, ψ

1

∗). (15)

Theorem 4 [5]. There exist four classes of equations of the form (15) which are
invariant with respect to Galilei algebras:

AG1(1, n) : Sψ = F1(|ψ|, (�∇|ψ|)2)ψ; (16)

AG1(1, n) : Sψ = |ψ|−2/kF2(|ψ|−2+2/k(�∇|ψ|)2)ψ, (17)

Sψ = (�∇|ψ|)2F3(|ψ|)ψ; (18)

AG2(1, n) : Sψ = |ψ|4/nF4(|ψ|−2−4/n(�∇|ψ|)2). (19)
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Let us adduce some simplest G2(1, 3) invariant equations:

Sψ = λ|ψ|4/3ψ, (20)

Sψ = λ|ψ|2 ∂|ψ|∂|ψ|
∂xa∂xa

ψ. (21)

4. Conditional symmetry of the nonlinear Schrödinger equation
Let us consider some nonlinear differential equation of s-th order:

L(x, ψ, ψ
1
, ψ

2
, . . . , ψ

s
) = 0, (22)

ψ
s
designates the set of all s-th order derivatives.

Let us assume that equation (22) is invariant with respect to a certain Lie algebra
A = 〈X1,X2, . . . , Xn〉, where Xk are basis vectors of the algebra A.
This means that the following conditions must be satisfied:

X
s
kL = RL, (23)

where X
s
k is the s-th prolongation of the operator Xk ∈ A, R = R(x, ψ, ψ

1
, . . .) is some

differential expression.
Let us consider a set of operators which do not belong to the invariance algebra

of equation (22)

Y = 〈Y1, Y2, . . . , Yr〉, Yk ∈ A.

Definition 1 [6, 7]. We shall say that equation (22) is conditionally invariant with
respect to the operators Y if there exists an additional condition

L̃1(x, ψ, ψ
1
, . . . , ) = 0 (24)

on solutions of equation (22), such that equation (22) together with (24) is invariant
with respect to the set of operators Y . This means that the following conditions are
satisfied:

Y
s
kL = R0L+R1L̃1, Y

s
kL̃ = R2L+R3L̃1,

where R0, R1, R2, R3 are some smooth functions, Y
s
k is the s-th Lie prolongation of

the operator Yk ∈ Y .

It is evident that Definition 1 makes sense only if system (23), (24) is compatible.
The notion of conditional symmetry has turned out extremely efficient, and during

recent years it was established that d’Alembert, Schrödinger, Maxwell, heat, Boussi-
nesq equations possess nontrivial conditional symmetry. The problem of detailed
description of conditional symmetry for principal equations of mathematical physi-
cs remains open [6, 7].

Theorem 5 [2, 8]. Equation(
p0 − p2

a

2m

)
ψ = F (|ψ|)ψ (25)
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is conditionally invariant with respect to the operator

Y = xapa + r

(
ψ
∂

∂ψ
+ ψ∗ ∂

∂ψ∗

)
− i ln(ψ(ψ∗)−1)Q, (26)

if

F = a1|ψ|2r−1
+ a2|ψ|−2r−1

, r �= 0 (27)

L̃1(u) = ∆|ψ| − a3|ψ|(r−2)/r = 0, a3 =
1
2
a2m, r, a1, a2 ∈ R. (28)

Corollary 4. Operator (26) generates the following finite transformations

x0 → x′0 = x0, xa → x′a = exp θ · xa, (29)

ψ → ψ′ = exp(rθ) exp{exp(2θ)}(ψ(ψ∗)−1)1/2|ψ|, (30)

θ is the group parameter.

Formula (30) gives nonlinear transformations for the function ψ.
So equation (25), (27) together with (28) admits an additional operator Y (26).

Equation (25) with the nonlinearity (27) without the additional condition (28) is not
invariant with respect to the operator (26).
Having the additional symmetry operator (26) we can construct new ansatzes.

5. Reduction and exact solutions of nonlinear equations
Let us consider the simplest equations (1), (2) which are invariant with respect to

algebra AG2(1, 3):

i
∂ψ

∂t
= −∆ψ + λ|ψ|4/3ψ, (31)

i
∂ψ

∂t
= −∆ψ + λ|ψ|−2 ∂|ψ|

∂xk

∂|ψ|
∂xk

ψ. (32)

We shall search for the solutions in the form [7]

ψ = f(t, �x)ϕ(w), w ≡ (w1, w2, w3), wk = wk(t, �x). (33)

Definition 2. We shall say that the formula (33) is an ansatz for equations (31), (32)
if functions f(x), w1, w2, w3 have such structure that four-dimensional equations are
reduced to three-dimensional ones for the function ϕ(w). Equations obtained for ϕ(w)
depend only on w.

The problem of reduction in the general formulation is an extremely difficult
problem and it requires explicit description of functions f(x), w1, w2, w3 which
satisfy a nonlinear system of equations. We do not think that it is possible now to
construct the general solution of these equations. But in case of an equation having
rich symmetry properties the problem of reduction and description of f(x) and w can
be partially reduced to an algebraic problem of description of inequivalent subalgebras
of this equation [7].
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By means of subalgebraic structure of the algebra AG2(1, 3) we have constructed
quite a large list of ansatzes which reduce four-dimensional equations (31), (32) to
three-dimensional ones. I adduce some of them.
Ansatzes for equations (31), (32).

1. ψ(x) = exp
(
i
x2

3

4t

)
ϕ(w),

w1 = t, w2 = x2
1 + x2

2, w3 = x3 − t arctan
x2

x1
.

(34)

The reduced equation

i

(
∂ϕ

∂w1
+

ϕ

2w1
+
w3

w1

∂ϕ

∂w3

)
= −4w2

∂2ϕ

∂w2
2

−
(

1 +
w2

1

w2
2

)
∂2ϕ

∂w2
3

+ λ|ϕ|4/3ϕ. (35)

2. ψ = (t2 + 1)−3/4 exp
{
i

4

( |�x|2t
1 + t2

+ 2α arctan t
)}

ϕ(w),

w1 =
x1√

1 + t2
, w2 =

x2√
1 + t2

, w3 =
x3√

1 + t2
.

(36)

The reduced equation

− ∂2ϕ

∂w2
1

− ∂2ϕ

∂w2
2

− ∂2ϕ

∂w2
3

− (2α− �w�w)
4

ϕ+ λ|ϕ|4/3ϕ = 0, (37)

where α is an arbitrary real parameter.

3. ψ = (t2 + 1)−3/4 exp
{
i

4

( |�x|2t
1 + t2

+ 2β
tx2 − x1

t2 + 1
arctan t

)}
ϕ(w),

w1 =
tx1 + x2

t2 + 1
+ β arctan t, w2 =

tx2 + x1

t2 + 1
, w3 =

x3√
t2 + 1

.

(38)

The reduced equation

i

(
β
∂ϕ

∂w1
+ w1

∂ϕ

∂w2
− w2

∂ϕ

∂w1

)
= ∆ϕ+

1
4
(2βw2 + �w�w)ϕ+ λ|ϕ|4/3ϕ. (39)

Having investigated symmetry of reduced equations which depend on three vari-
ables and then of ones depending on two variables we come finally to ordinary di-
fferential equations of the form

A(w)
d2ϕ

dw2
+B(w)

dϕ

dw
+ C(w)ϕ+ λ|ϕ|4/3ϕ = 0, (40)

where A(w), B(w), C(w) are second degree polynomials.
Having solved equations (40) we construct exact solutions of the four-dimensional

nonlinear Schrödinger equations (31) by means of the formulae (34), (36), (38).
Solutions of equation (32) constructed by means of ansatzes (34), (36), (38).

ψ(t, �x) =
exp(ia0t)

{√−γ cos(�a�x)}3/2
, λ > 0, a0 < 0;

ψ(t, �x) =
exp(ia0t)

{√−γ sh(�a�x)}3/2
, λ > 0, a0 > 0;

ψ(t, �x) =
exp(ia0t)

{√−γ ch(�a�x)}3/2
, λ < 0, a0 > 0;



Galilei invariant nonlinear Schrödinger type equations 363

ak are arbitrary real parameters and what is more �a�a = a2 = 4
9 |a0|, γ = 3λ/5a0.

One can see that all obtained solutions depend non-analytically on the parameter λ
(constant of interaction).
The obtained three-dimensional partial solutions can be used for construction of

multi-parameter families of exact solutions. Really, as equation (31) is invariant with
respect to 13-parameter group G(1, 3), that means the following.
If ψ1(t, �x) is a solution of equation (31), then functions

ψ2(t, �x) = exp
{
i

2

(
�v�x+

�v 2t

2

)}
ψ1(t, �x+ �vt),

ψ3(t, �x) = exp
{
− i

4
θ�x 2 + 2�v�x+ �v 2t

1 − θt

}
(1 − θt)−3/2ψ1

(
t

1 − θt
,
�x− �vt

1 − θt

) (41)

are also solutions of the same equation. �v, θ are real parameters.

6. Galilei invariant nonlinear equations
with second order derivatives

Now we formulate one result about the equations (1′) which are invariant under
AG2(1, n) (for more details, see [9]).
Theorem 6 [9]. The equations

Sψ = A0

{
∆ψ − ψ−1 ∂ψ

∂xa

∂ψ

∂xa
+ (ψ∗)−1ψ

[
∆ψ∗ − (ψ∗)−1 ∂ψ

∗

∂xa

∂ψ∗

∂xa

]}
+

+A1|ψ|4/nψ +A2|ψ|−
2n+4

n
∂|ψ|
∂xa

∂|ψ|
∂xb

×

×
{

∂2ψ

∂xa∂xb
− ψ−1 ∂ψ

∂xa

∂ψ

∂xb
+ (ψ∗)−1ψ

[
∂2ψ∗

∂xa∂xb
− (ψ∗)−1 ∂ψ

∗

∂xa

∂ψ∗

∂xb

]}
,

A0 ≡ A0(w), A1 ≡ A1(w), A2 ≡ A2(w) w =
∂|ψ|
∂xa

∂|ψ|
∂xa

|ψ|− 2n+4
n

are invariant under AG2(1, n) algebra. A0, A1, A2 are arbitrary smooth functions.
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On new exact solutions
of the multidimensional nonlinear
d’Alembert equation

W.I. FUSHCHYCH, A.F. BARANNYK, YU.D. MOSKALENKO

On the present paper new classes of exact solutions of the nonlinear d’Alembert
equation in the space R1,n, n ≥ 2,

�u+ λuk = 0 (1)

are built. Here �u = u00−u11−· · ·−unn, uµν = ∂2u
∂xµ∂xν

, u = u(x), x = (x0, x1, . . . , xn);
µ, ν = 0, 1, . . . , n. Symmetry properties of equation (1) have been studied in papers
[1, 2] in which it was established that equation (1) is invariant under the extended
Poincaré algebra AP̃ (1, n):

J0a = x0∂a + xa∂0, Jab = xb∂a − xa∂b, Pµ = ∂µ,

S = −xµ∂µ +
2u
k − 1

∂u (a, b = 1, . . . , n; µ = 0, 1, . . . , n).

Using the subgroup structure of the group P̃ (1, 2) in papers [1, 2] some classes
of exact solutions of equation (1) in the space R1,2 were built. The analogous results
in the space R1,3 were obtained in [3, 4]. The generalization of results for the n-
dimensional case was considered in [5, 6]. In order to find exact solutions, symmetry
ansatzes reducing equation (1) to ordinary differential equations were applied in above
mentioned papers.
In the present paper in order to build exact solutions of equation (1), symmetry

ansatzes reducing equation (1) to equations of two invariant variables are used. We are
interested in these ansatzes because a reduced equation often has additional symmet-
ries. This fact permits to apply these ansatzes for finding new solutions of the present
equation. Let us cite as an example the ansatz u = u(x0 − xn, x1, . . . , xn−1) which
was considered in [6]. The corresponding reduced equation has the infinite group of
invariance. Note that this ansatz is built by one-dimensional subalgebra 〈P0 + Pn〉.
In the present paper the series of ansatzes of such a kind as u = u(ω1, ω2), where

ω1 = x0 − xm, ω2 = x2
0 − x2

1 − · · · − x2
m, 2 ≤ m ≤ n, is considered. These ansatzes

are built by the subalgebras AE1[1,m − 1] ⊕ AE[m + 1, n], where AE1[1,m − 1] =
〈G1, . . . , Gm−1, J12, . . . , Jm−2,m−1〉, AE[m + 1, n] = 〈Pm+1, . . . , Pn, Jm+1,m+2, . . .,
Jn−1,n〉, Ga = J0a − Jam, a = 1, . . . ,m− 1, and if m = n we think AE[m+ 1, n] = 0.
The ansatz u = u(ω1, ω2) reduces equation (1) to the equation

4ω1u12 + 4ω2u22 + 2(m+ 1)u2 + λuk = 0. (2)

Let us investigate symmetry of the equation (2).

Доповiдi НАН України, 1995, № 2, P. 33–37.
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Theorem 1. The maximal algebra of invariance of equation (2) in the case of k �= 0,
m+1
m−1 and m > 1 in the Lie sense is the 4-dimensional Lie algebra A(4) which is
generated by such operators:

X1 = ω1
∂

∂w1
+ ω2

∂

∂ω2
− 1
k − 1

u
∂

∂u
, X2 = ω2

∂

∂w2
− 1
k − 1

u
∂

∂u
,

M = ωl1

(
ω1

∂

∂w1
+ ω2

∂

∂ω2
− m− 1

2
u
∂

∂u

)
, l =

(m− 1)(k − 1)
2

− 1.

Theorem 2. The maximal algebra of invariance of equation (2) in the case of
k = m+1

m−1 and m > 1 in the sense of Lie is the 4-dimensional Lie algebra B(4) which
is generated by such operators:

S = ω1 lnω1
∂

∂ω1
+ ω2 lnω1

∂

∂ω2
− m− 1

2
(lnω1 + 1)u

∂

∂u
,

Z1 = ω1
∂

∂ω1
+ ω2

∂

∂ω2
− m− 1

2
u
∂

∂u
,

Z2 = ω2
∂

∂ω2
− m− 1

2
u
∂

∂u
, Z3 = ω1

∂

∂ω2
.

Let us consider two cases.
1. The case k �= m+1

m−1 . Classify one-dimensional subalgebras of the algebra A(4)
with respect to G-conjugation, where G = expA(4). Ansatzes, built by these sub-
algebras, reduce the equation (2) to ordinary differential equations. Note that the
operators of the algebra A(4) satisfy the following commutation relations: [X1,X2] =
0, [X1,X3] = 0, [X1,M ] = lM , [X2,X3] = −X3, [X2,M ] = 0, [X3,M ] = 0.
Theorem 3. Let K be one-dimensional subalgebra of the algebra A(4). Then K is
conjugated with one of the following algebras: 1) K1 = 〈X1 + αX2〉; 2) K2 = 〈X2〉;
3) K3 = 〈X1 + αX3〉 (α = ±1); 4) K4 = 〈X3〉; 5) K5 = 〈M + αX2〉 (α = 0,±1);
6) K6 = 〈M + αX3〉 (α = ±1).
The following ansatzes correspond to the subalgebras K1–K6 of the theorem 3:

K1 : u = ω
α+1
1−k ϕ(ω), ω = ω2ω

−α−1
1 ;

K2 : u = ω
1

1−k

2 ϕ(ω), ω = ω1;

K3 : u = ω
1

1−k

1 ϕ(ω), ω =
ω2

ω1
− α lnω1;

K4 : u = ϕ(ω), ω = ω1;

K5 : u = (ω1
1ω2)

1
1−kϕ(ω), ω =

α

l
ω−l

1 + ln
ω2

ω1
;

K6 : u = ω
1−m

2
1 ϕ(ω), ω =

ω2

ω1
+
α

l
ω−l

1 .

These ansatzes reduce equation (2) to ordinary differential equations with an
unknown function ϕ(ω):

K1 : −4αωϕ̈+
4(l − αk)
k − 1

ϕ̇+ λϕk = 0;

K2 : − 4ω
k − 1

ϕ̇− 4l
(k − 1)2

ϕ+ λϕk = 0;

K3 : −4αϕ̈+
4l

k − 1
ϕ̇+ λϕk = 0;
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K4 : λϕk = 0;

K5 : −4αϕ̈+
4α
k − 1

ϕ̇+ λϕk = 0;

K6 : −4αϕ̈+ λϕk = 0.

The equation corresponding to the subalgebra K1, in case α = 0 has the solution

ϕ1−k =
λ(k − 1)2

4l
(ω + C).

In consequence we obtain the following solution of equation (1)

u1−k =
λ(k − 1)2

4l
(ω2 + Cω1). (3)

If α = 2l
k+1 , then the equation corresponding to the subalgebra K1 assumes

− 8lω
k + 1

ϕ̈− 4l
k + 1

ϕ̇+ λϕk = 0.

The particular solution of this equation is

ϕ1−k =
λ(k − 1)2

4l
(ω

1
2 + C)2.

Therefore, equation (1) has the following solution:

u1−k =
λ(k − 1)2

4l

(
ω

1
2
2 + Cω

k−1
2(k+1)
1

)2

. (4)

If α = l(k+1)
2 , then the equation corresponding to the subalgebra K1 assumes

−2l(k + 1)ϕϕ̈− 2(k + 2)ϕ̇+ λϕk = 0.

This equation has the solution

ϕ1−k =
λ(k − 1)2

4l

(
ω

1
2 + Cw

k−1
2(k+1)

)2

.

Therefore, equation (1) has the following solution

u1−k =
λ(k − 1)2

4l

{
ω

1
2
2 + Cω

l(k+1)+2
2(k+1)

1 ω
k−1

2(k+1)
2

}2

. (5)

The equations corresponding to the subalgebras K5 and K6 have such solutions:

ϕ1−k =
λ(k − 1)2

4l
(1 + Cωl), ϕ1−k =

λ(k − 1)2

8α(k + 1)
(ω + C)2.

Therefore, equation (1) has the following solutions:

u1−k =
λ(k − 1)2

4l
ω2(1 + Cωl1), (6)

u1−k =
λ(k − 1)2

8α(k + 1)
ωl−1

1

(
ω2 +

α

l
ω1−l

1 + Cω1

)2

. (7)
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2. The case k = m+1
m−1 . The basis elements of the algebra B(4) satisfy the following

commutation relations: [S,Z1] = −Z1, [S,Z2] = 0, [S,Z3] = 0, [Z1, Z2] = 0, [Z1, Z3] =
0, [Z2, Z3] = −Z3.

Theorem 4. Let L be one-dimensional subalgebra of the algebra B(4). Then L is
conjugated with one of the following algebras: 1) L1 = 〈Z1 + αZ2〉 (α = 0,±1);
2) L2 = 〈Z2〉; 3) L3 = 〈Z1 + αZ3〉 (α = ±1); 4) L4 = 〈Z3); 5) L5 = 〈S + αZ2〉;
6) L6 = 〈S + αZ3〉 (α = ±1).
The following ansatzes correspond to the subalgebras L1–L6 of theorem 4:

L1 : u = ω
1−m

2
2 ϕ(ω), ω = ω2ω

−d−1
1 ;

L2 : u = ω
1−m

2
2 ϕ(ω), ω = ω1;

L3 : u = ω
1−m

2
1 ϕ(ω), ω =

ω2

ω1
− α lnω1;

L4 : u = ϕ(ω), ω = ω1;

L5 : u = (ω1 lnα+1 ω1)
1−m

2 ϕ(ω), ω =
ω1 lnα ω1

ω2
;

L6 : u = (ω1 lnω1)
1−m

2 ϕ(ω), ω =
ω2

ω1
− α ln(lnω1).

These ansatzes reduce equation (2) to ordinary differential equations with an
unknown function ϕ(ω):

L1 : −4αω2ϕ̈+ 2α(m− 3)ωϕ̇+ λϕ
m+1
m−1 = 0;

L2 : −2(m− 1)ωϕ̇+ λϕ
m+1
m−1 = 0;

L3 : −4αϕ̈+ λϕ
m+1
m−1 = 0;

L4 : λϕ
m+1
m−1 = 0;

L5 : −4αω3ϕ̈+ 2((m− 3)α+m− 1)ω2ϕ̇+ λϕ
m+1
m−1 = 0;

L6 : −4αϕ̈− 2(m− 1)ϕ̇+ λϕ
m+1
m−1 = 0.

The equation corresponding to the subalgebra L2 has the solution

ϕ
2

1−m = − λ

(m− 1)2
(lnω + C).

Therefore, the equation (2) has the following solution

u
2

1−m = − λ

(m− 1)2
(ω2 lnω1 + Cω2). (8)

The equation corresponding to the subalgebra L3 has the particular solution

ϕ
2

1−m = − λ

4αm(m− 1)
(ω + C)2.

Therefore, equation (2) has the following solution

u
2

1−m = − λ

4αm(m− 1)ω1
(ω2 − αω1 lnω1 + Cω1)2. (9)
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In the case of an equation corresponding to the subalgebra L5 α = 0 or α = 1−m
m−3

(m �= 3) we obtain the equations:

2(m− 1)ω2ϕ̇+ λϕ
m+1
m−1 = 0, −4(1 −m)

m− 3
ω3ϕ̈+ λϕ

m+1
m−1 = 0.

The solutions of these equation are:

ϕ
2

1−m = − λ

(m− 1)2
(ω−1 + C), ϕ

2
1−m = − λ

(m− 1)2
ω−1.

Hence equation (2) has the following solutions:

u
2

1−m = − λ

(m− 1)2
lnω1(ω2 + Cω1), (10)

u
2

1−m = − λ

(m− 1)2
ω2 lnω1. (11)

Using the groups of invariance of equations (1) and (2) we can duplicate the
solutions (3)–(11). In consequence we obtain multiparametric exact solutions of equa-
tion (1). Write out these solutions for equation (1) in the space R1,3 using the following
notations: a = (a0, a1, a2, a3), b = (b0, b1, b2, b3), c = (c0, c1, c2, c3), yµ = xµ + αµ
(µ = 0, 1, 2, 3), a · b = a0b0 − a1b1 − a2b2 − a3b3, ε = ±1.

1) u1−k = σ(y · y)(1 + ε(b · y)k−2), σ =
λ(k − 1)2

4(k − 2)
, b · b = 0;

2) u1−k = σ
{

[(y · y)(1 + ε(b · y)k−2)]
1
2 + α(b · y) 3(k−1)

2(k+1) [1 + ε(b · y)k−2]
k−1

2(k+1)

}2

,

σ =
λ(k − 1)2

4(k − 2)
, b · b = 0, α ∈ R;

3) u1−k = σ
{

[(y · y)(1 + ε(b · y)k−2)]
1
2 + α(b · y) k(k−1)

2(k+1) (y · y) k−1
2(k+1)

}2

,

σ =
λ(k − 1)2

4(k − 2)
, b · b = 0, α ∈ R;

4) u1−k = σε(b · y)k−3[(y · y) + ε(b · y)3−k]2, σ =
λ(k − 1)2

8(k − 2)(k + 1)
, b · b = 0;

5) u1−k = σ[(y · y) + (a · y)2][1 + ε(b · y) k−3
2 ], σ =

λ(k − 1)2

2(k − 3)
,

a · a = −1, a · b = 0, b · b = 0;

6) u1−k = σ
{

[((y · y) + (a · y)2)(1 + ε(b · y) k−3
2 )]

1
2 +

+ α(b · y) k−1
k+1 (1 + ε(b · y) k−3

2 )
k−1

2(k+1)

}2

,

σ =
λ(k − 1)2

2(k − 3)
, a · a = −1, a · b = 0, b · b = 0, α ∈ R;

7) u1−k = σ
{

[((y · y) + (a · y)2)(1 + ε(b · y) k−3
2 )]

1
2 +

+ α(b · y) (k−1)2

4(k+1) ((y · y) + (b · y)2) k−1
2(k+1)

}2

,
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σ =
λ(k − 1)2

2(k − 3)
, a · a = −1, a · b = 0, b · b = 0, α ∈ R;

8) u1−k = σε(b · y) k−5
2 [(y · y) + (a · y)2 + ε(b · y) 5−k

2 ]2;

σ =
λ(k − 1)2

4(k − 3)(k + 1)
, a · a = −1, a · b = 0, b · b = 0;

9) u−1 = −λ
4
(y · y) ln(b · y), b · b = 0, k = 2;

10) u−1 = −λε
24

(b · y)−1[(y · y) − ε(b · y) ln(b · y)]2, b · b = 0, k = 2;

11) u−2 = −λ ln(b · y)[(y · y) + (a · y)2],
a · a = −1, a · b = 0, b · b = 0, k = 3;

12) u−2 =
λε

8
(b · y)−1[(y · y) + (a · y)2 − ε(b · y)]2,

a · a = −1, a · b = 0, b · b = 0, k = 3.
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Symmetry classification
of the one-dimensional second order equation
of hydrodynamical type

W.I. FUSHCHYCH, V.M. BOYKO

The paper contains a symmetry classification of the one-dimensional second order equa-
tion of hydrodynamical type L(Lu) + λLu = F (u), where L ≡ ∂t + u∂x. Some classes
of exact solutions of this equation are pointed out.

In [1, 2] the following generalized Navier–Stokes equation

λ1L�v + λ2L(L�v) = F
(
�v 2

)
�v + λ4∇p, (1)

was proposed, where

L ≡ ∂

∂t
+ vl

∂

∂xl
+ λ3�, l = 1, 2, 3,

�v =
(
v1, v2, v3

)
, vl = vl(t, �x), p = p(t, �x), ∇ is the gradient, � is the Laplace operator,

λ1, λ2, λ3, λ4 are arbitrary real parameters, F
(
�v 2

)
is an arbitrary differentiable

function.
In the one-dimensional scalar case, when λ3 = 0, λ4 = 0, equation (1) has the

form

λ1Lu+ λ2L(Lu) = F (u), (2)

where u = u(t, x), L ≡ ∂t + u∂x.
In the case when λ2 = 0 and F (u) = 0, equation (2) is known to describe the

simple wave

u = ϕ(x− tu), (3)

where ϕ is an arbitrary function. Formula (3) gives the general solution of the equation

∂u

∂t
+ u

∂u

∂x
= 0.

If λ2 �= 0, then equation (2) can be rewritten in the form

L(Lu) + λLu = F (u), λ = const. (4)

Equation (4), in expanded form, is written as follows

∂2u

∂t2
+ 2u

∂2u

∂t∂x
+
∂u

∂t

∂u

∂x
+ u

(
∂u

∂x

)2

+ u2 ∂
2u

∂x2
+ λ

(
∂u

∂t
+ u

∂u

∂x

)
= F (u).
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372 W.I. Fushchych, V.M. Boyko

This equation with arbitrary F (u) is evidently invariant under the two-dimensional
algebra of translations that is determined by the operators

P0 = ∂t, P1 = ∂x. (5)

In the present paper we carry out a symmetry classification of the equation (4),
i.e., we describe functions F (u), with which the equation (4) admits more extensive
Lie algebras than the two-dimensional algebra of translations (5).

Symmetry classification
Symmetry classification of (4) is performed on the base of the Lie algorithm [3,

4, 5] in the class of first-order differential operators

X = ξ0(t, x, u)∂t + ξ1(t, x, u)∂x + η(t, x, u)∂u. (6)

Remark. In cases 1.4, 2.3, 2.4 we assume that

∂ξ0

∂u
= 0,

∂ξ1

∂u
= 0.

It is obvious, that the cases λ = 0 and λ �= 0 will be essentially different for the
investigation of symmetries of the equation (4). If λ �= 0, then one can always set
λ ≡ 1 (there exists a change of variables). For this reason we consider the cases
λ = 0 and λ = 1 separately.
I. Let us consider equation (4), when λ = 0, i.e., the equation

L(Lu) = F (u). (7)

Symmetry classification of (7) leads to five distinct cases.
Case 1.1. F (u) is an arbitrary continuously differentiable function. The maximal

invariance algebra in this case is the two-dimensional algebra (5).
Case 1.2. F (u) = a exp (bu), a, b = const, a �= 0, b �= 0. Without loss of generality

we can put b ≡ 1 (there exists a change of variables). The maximal invariance algebra
of the equation

L(Lu) = a exp (u) (8)

is a three-dimensional algebra, whose basis elements are given by the operators

P0 = ∂t, P1 = ∂x, Y = t∂t + (x− 2t)∂x − 2∂u. (9)

The finite transformations which are generated by the operator Y in (9) have the
form:

t→ t̃ = t exp (θ),
x→ x̃ = (x− 2θt) exp (θ),
u→ ũ = u− 2θ.

Hereafter θ is a real group parameter of the corresponding Lie group.
We note that Y in (9) can be represented as the linear combination of the dilatation

and Galilei operators

Y = (t∂t + x∂x) − 2(t∂x + ∂u) = D − 2G.
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The operators D and G commute, thus the transformations corresponding to Y can
be interpreted as a composition of dilatation and Galilei transformations, i.e., as
a composition of dilatation on t and x with a change of inertial system. On the other
hand, the operators (9) form a subalgebra of extended Galilei algebra, although the
extended Galilei algebra is not the invariance algebra of the equation (8). The same
results are valid for other cases of equation (4).
Case 1.3. F (u) = a(u + b)p, a, b, p = const, a �= 0, p �= 0, p �= 1. The maximal

invariance algebra of the equation

L(Lu) = a(u+ b)p (10)

is a three-dimensional algebra, whose basis elements are given by the operators

P0 = ∂t, P1 = ∂x,

R = t∂t +
(
p− 3
p− 1

x− 2b
p− 1

t

)
∂x − 2

p− 1
(u+ b)∂u.

(11)

The operator R generates the following finite transformations:

t→ t̃ = t exp (θ),

x→ x̃ = x exp
(
p− 3
p− 1

θ

)
− bt exp (θ),

u→ ũ = (u+ b) exp
(
− 2
p−1θ

)
− b.

If b �= 0, then R can be again represented as a linear combination of dilatation and
Galilei operators.
Case 1.4. F (u) = au + b, a, b = const, a �= 0. In consequence of a change of

variables one can always set a ≡ 1 or a ≡ −1. Let us consider these cases.
a) The invariance algebra of the equation

L(Lu) = u+ b (12)

is a seven-dimensional algebra, whose basis elements are given by the operators

P0 = ∂t, P1 = ∂x,

Y1 = (x+ bt)∂x + (u+ b)∂u,
Y2 = cosh t∂x + sinh t∂u,
Y3 = sinh t∂x + cosh t∂u,
Y4 = cosh t∂t + (x+ bt) sinh t∂x + ((x+ bt) cosh t+ b sinh t)∂u,
Y5 = sinh t∂t + (x+ bt) cosh t∂x + ((x+ bt) sinh t+ b cosh t)∂u.

(13)

The operators Y1–Y3 generate the following finite transformations (because the trans-
formations for Y4 and Y5 are cumbersome we omit their explicit form):

Y1 : t→ t̃ = t,
x→ x̃ = (x+ bt) exp(θ) − bt,
u→ ũ = (u+ b) exp(θ) − b.

Y2 : t→ t̃ = t,
x→ x̃ = x+ θ cosh t,
u→ ũ = u+ θ sinh t.
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Y3 : t→ t̃ = t,
x→ x̃ = x+ θ sinh t,
u→ ũ = u+ θ cosh t.

The operator Y1 in (13) can be again represented as a linear combination of the
dilatation and Galilei operators.
b) The invariance algebra of the equation

L(Lu) = −u+ b (14)

is a seven-dimensional algebra, whose basis elements are given by the operators

P0 = ∂t, P1 = ∂x,

R1 = (x− bt)∂x + (u− b)∂u,
R2 = cos t∂x − sin t∂u,
R3 = sin t∂x + cos t∂u,
R4 = − cos t∂t + (x− bt) sin t∂x + ((x− bt) cos t− b sin t)∂u,
R5 = sin t∂t + (x− bt) cos t∂x − ((x− bt) sin t+ b cos t)∂u.

(15)

The operators R1–R3 generate the following finite transformations (because the
transformations for R4 and R5 are cumbersome we omit their explicit form):

R1 : t→ t̃ = t,
x→ x̃ = (x− bt) exp(θ) + bt,
u→ ũ = (u− b) exp(θ) + b.

R2 : t→ t̃ = t,
x→ x̃ = x+ θ cos t,
u→ ũ = u− θ sin t.

R3 : t→ t̃ = t,
x→ x̃ = x+ θ sin t,
u→ ũ = u+ θ cos t.

The operator R1 in (15) can be again represented as a linear combination of dilatation
and Galilei operators.
Case 1.5. F (u) = a, a = const. In the case a �= 0 (there exists a change of

variables) without loss of generality we can admit that a ≡ 1. Thus we consider the
cases a = 0 and a = 1 separately.
a) The maximal invariance algebra of the equation

L(Lu) = 0 (16)

is a ten-dimensional algebra, whose basis elements are given by the operators

P0 = ∂t, P1 = ∂x,

G = t∂x + ∂u, D = t∂t + x∂x, D1 = x∂x + u∂u,

A1 =
1
2
t2∂t + tx∂x + x∂u, A2 =

1
2
t2∂x + t∂u, A3 = u∂t +

1
2
u2∂x,

A4 = (tu− x)∂t +
1
2
tu2∂x +

1
2
u2∂u,

A5 =
(
t2u− 2tx

)
∂t +

(
1
2
t2u2 − 2x2

)
∂x +

(
tu2 − 2xu

)
∂u.

(17)
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We note, that subalgebras 〈P0, P1, G〉 and 〈A1,−A2, G〉 in the representation (17)
define two different representations of the Galilei algebra AG(1, 1) [3].
The finite transformations which are generated by the operators (17) have the form

(because the transformations for A4 and A5 are cumbersome we omit their explicit
form):

G : t→ t̃ = t,
x→ x̃ = x+ θt,
u→ ũ = u+ θ.

D : t→ t̃ = t exp(θ),
x→ x̃ = x exp(θ),
u→ ũ = u.

D1 : t→ t̃ = t,
x→ x̃ = x exp(θ),
u→ ũ = u exp(θ).

A1 : t→ t̃ =
2t

2 − θt
,

x→ x̃ =
4x

(2 − θt)2
,

u→ ũ = u+
2xθ

2 − θt
.

A2 : t→ t̃ = t,

x→ x̃ = x+
1
2
θt2,

u→ ũ = u+ θt.

A3 : t→ t̃ = t+ θu,

x→ x̃ = x+
1
2
θu2,

u→ ũ = u.

b) The maximal invariance algebra of the equation

L(Lu) = 1 (18)

is a ten-dimensional algebra, whose basis elements are given by the operators

P0 = ∂t, P1 = ∂x, G = t∂x + ∂u,

B1 = t∂t + 3x∂x + 2u∂u, B2 =
(
x− 1

6
t3
)
∂x +

(
u− 1

2
t2
)
∂u,

B3 =
1
2
t2∂t +

(
tx+

1
12
t4
)
∂x +

(
x+

1
3
t3
)
∂u, A2 =

1
2
t2∂x + t∂u,

B4 =
(
u− 1

2
t2
)
∂t +

(
1
2
u2 − 1

8
t4
)
∂x +

(
tu− 1

2
t3
)
∂u,

(19)
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B5 =
(
tu− x− 1

3
t3
)
∂t +

(
1
2
tu2 − 1

2
t2x− 1

24
t5
)
∂x +

+
(

1
2
u2 +

1
2
t2u− tx− 5

24
t4
)
∂u,

B6 =
(
t2u− 2tx− 1

6
t4
)
∂t +

(
1
2
t2u2 − 2x2 − 1

3
t3x− 1

72
t6
)
∂x +

+
(
tu2 − 2xu+

1
3
t3u− t2x− 1

12
t5
)
∂u.

The algebra, generated by the operators (19), includes again two different Galilei
algebras 〈P0, P1, G〉 and 〈B3,−A2, G〉 as subalgebras.
The finite transformations which are generated by the operators (19) have the

form (because the transformations for B4, B5 and B6 are cumbersome we omit their
explicit form):

B1 : t→ t̃ = t exp(θ),
x→ x̃ = x exp(3θ),
u→ ũ = u exp(2θ).

B2 : t→ t̃ = t,

x→ x̃ =
(
x− 1

6
t3
)

exp(θ) +
1
6
t3,

u→ ũ =
(
u− 1

2
t2
)

exp(θ) +
1
2
t2.

B3 : t→ t̃ =
2t

2 − θt
,

x→ x̃ =
12x− 2t3

3(2 − θt)2
+

4t3

3(2 − θt)3
,

u→ ũ = u+
2t2

(2 − θt)2
+

12x− 2t3

3t(2 − θt)
− 12x+ t3

6t
.

II. Let us consider equation (4) for λ �= 0. As it was noticed above, we can set
λ ≡ 1. Symmetry classification gives in this case four principally distinct cases.
Case 2.1. F (u) is an arbitrary continuously differentiable function. The maximal

invariance algebra of the equation

L(Lu) + Lu = F (u), (20)

is the two-dimensional algebra (5).
Case 2.2. F (u) = au3 − 2

9u, a = const, a �= 0. The maximal invariance algebra of
the equation

L(Lu) + Lu = au3 − 2
9
u (21)

is a three-dimensional algebra, whose basis elements are given by the operators

P0 = ∂t, P1 = ∂x, Z = exp
(

1
3
t

)(
∂t − 1

3
u∂u

)
. (22)
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The operator Z generates the following finite transformations:

t→ t̃ = −3 ln
(

exp
(
−1

3
t

)
− θ

3

)
,

x→ x̃ = x,

u→ ũ = u

(
1 − 1

3
θ exp

(
1
3
t

))
.

Case 2.3. F (u) = au + b, a, b = const, a �= 0. The invariance algebra of the
equation

L(Lu) + Lu = au+ b (23)

is a five-dimensional algebra, whose basis elements are given by the operators

P0 = ∂t, P1 = ∂x, Z1 =
(
x+

b

a
t

)
∂x +

(
u+

b

a

)
∂u,

and two other operators depending on constant a have the form
a) a = − 1

4

Z2 = exp
(
−1

2
t

)(
∂x − 1

2
∂u

)
, Z3 = exp

(
−1

2
t

)(
t∂x +

(
1 − 1

2
t

)
∂u

)
,

b) a > − 1
4 , a �= 0

Z4 = exp(αt)(∂x + α∂u), Z5 = exp(βt)(∂x + β∂u),

where

α =
−1 −√

4a+ 1
2

, β =
−1 +

√
4a+ 1

2
,

c) a < − 1
4

Z6 = exp(γt)(sin δt∂x + (γ sin δt+ δ cos δt)∂u),
Z7 = exp(γt)(cos δt∂x + (γ cos δt− δ sin δt)∂u),

where

γ = −1
2
, δ =

√−(4a+ 1)
2

.

The corresponding finite transformations have the form:

Z1 : t→ t̃ = t,

x→ x̃ =
(
x+

b

a
t

)
exp(θ) − b

a
t,

u→ ũ =
(
u+

b

a

)
exp(θ) − b

a
.

Z4 : t→ t̃ = t,

x→ x̃ = x+ θ exp(αt),
u→ ũ = u+ αθ exp(αt).
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Z3 : t→ t̃ = t,

x→ x̃ = x+ θt exp
(
−1

2
t

)
,

u→ ũ = u+ θ

(
1 − 1

2
t

)
exp

(
−1

2
t

)
.

Z6 : t→ t̃ = t,

x→ x̃ = x+ θ sin δt exp(γt),
u→ ũ = u+ θ(γ sin δt+ δ cos δt) exp(γt).

Z7 : t→ t̃ = t,

x→ x̃ = x+ θ cos δt exp(γt),
u→ ũ = u+ θ(γ cos δt− δ sin δt) exp(γt).

Case 2.4. F (u) = a, a = const. The invariance algebra of the equation

L(Lu) + Lu = a (24)

is a five-dimensional algebra, whose basis elements are given by the operators

P0 = ∂t, P1 = ∂x, G = t∂x + ∂u,

Q1 =
(
x− a

2
t2
)
∂x + (u− at)∂u, Q2 = exp(−t)(∂x − ∂u).

(25)

The finite transformations for Q1, Q2 have the form:

Q1 : t→ t̃ = t,

x→ x̃ =
(
x− a

2
t2
)

exp(θ) +
a

2
t2,

u→ ũ = (u− at) exp(θ) + at.

Q2 : t→ t̃ = t,

x→ x̃ = x+ θ exp(−t),
u→ ũ = u− θ exp(−t).

Construction of solutions
In the case when the equation (4) has the form

L(Lu) + λLu = a, a, λ = const (26)

the change of variables

t = τ, x = ω + uτ, u = u (27)

enable us to construct the general solution of (26). In consequence of the change of
variables (27) we obtain:

L =
∂

∂t
+ u

∂

∂x
→ ∂τ ,

Lu =
∂u

∂t
+ u

∂u

∂x
→ uτ

1 + τuω
.
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After the change of variables the equation (26) has the form

∂τ

(
uτ

1 + τuω

)
+ λ

(
uτ

1 + τuω

)
= a. (28)

Integrating (28) one time, we get the linear nonhomogeneous partial differential
equation. Finding first integrals of the corresponding system of characteristic equa-
tions and doing the inverse change of variables we find the solutions of (26).

Remark. We notice that the solution of equation 1 + τuω = 0 in variables (t, x, u) is
x = f(t), where f(t) is an arbitrary function. Thus (26) is equivalent to an ordinary
differential equation in this singular case.

Let us illustrate it on the example of equations (16). After the change of variables
(27), equation (16) is rewritten in the form:

∂τ

(
uτ

1 + τuω

)
= 0. (29)

Integrating (29) we obtain

uτ
1 + τuω

= g(ω), (30)

where g(ω) is an arbitrary function.
If g(ω) ≡ 0, then uτ = 0 and we get the solution of type (3) (because, it is

obvious that the solution of equation Lu = 0 is a solution of (16)). When g(ω) �= 0,
in accordance with arbitrary choice of g(ω) we can set g(ω) = −2(dh(ω)/dω)−1.
Therefore (30) has the form

uτ +
2τ
h′(ω)

uω = − 2
h′(ω)

. (31)

The system of characteristic equation for (31) is

dτ

1
=
h′(ω)dω

2τ
=
h′(ω)du

−2
. (32)

Hence, we obtain two first integrals:

τ2 − h(ω) = C1, u±
∫

dω√
h(ω) + C1

= C2. (33)

Integrating (33) and expressing C1 and C2 by (τ, ω, u) we find a solution of (30) in
the form

Φ(C1, C2) = 0, (34)

where Φ is an arbitrary function. Performing in (34) the inverse change of variables
we get a solution of (16). For instance, we set h(ω) = ω. Then the expression

x− ut− t2 = ϕ(u+ 2t), (35)

defines the class of implicit solutions of equation (16), where ϕ is an arbitrary function.
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The same results we can obtain for other cases of (26). If F (u) �= const in (4)
then this method does not lead to solutions. Below we give some classes of solutions
of equations (26):
1. L(Lu) = 0

1.1. x− ut+
C

2
t2 = ϕ(u− Ct);

1.2. u± ln(x− ut∓ t) = ϕ
(
t2 − (x− ut)2

)
;

1.3. u+
t(x− ut)3

t2(x− ut)2 − 1
= ϕ

(
t2 − 1

(x− ut)2

)
;

1.4. u = ϕ

(
x− ut

exp (t2)

)
− x− ut

exp (t2)

∫
exp

(
t2
)
dt;

2. L(Lu) = a

x− ut+
a

3
t3 +

C

2
t2 = ϕ

(
u− a

2
t2 − Ct

)
;

3. L(Lu) + Lu = a

x− ut− C(t+ 1) exp(−t) +
a

2
t2 = ϕ (u+ C exp(−t) − at) ,

C = const, ϕ is an arbitrary function.
Thus, we have investigated the symmetry classifications of (4) and pointed out

all functions F (u) under which the invariance algebra of (4) admits the extension.
The new representations which may have an interesting physical interpretation are
obtained. In the case F (u) = const we described the algorithm of construction of
the general solution of (4) and pointed out some solutions. The symmetry properties
of (4) can be used for a symmetry reduction and construction of the solutions and for
their generation by finite group transformations [3, 4, 5].
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Galilei-invariant nonlinear systems
of evolution equations
W.I. FUSHCHYCH, R.M. CHERNIHA

All systems of (n + 1)-dimensional quasilinear evolution second-order equations invari-
ant under chain of algebras AG(1, n) ⊂ AG1(1, n) ⊂ AG2(1, n) are described. The
results obtained are illustrated by the examples of the nonlinear Schrödinger equations,
Hamilton–Jacobi-type systems and of reaction-diffusion equations.

1. Introduction
The (n+ 1)-dimensional diffusion (heat) system of equations

λ1Ut = ∆U,
λ2Vt = ∆V,

where U = U(t, x), V = V (t, x) are unknown differentiable real functions, Ut =
∂U/∂t, Vt = ∂V/∂t, x = (x1, . . . xn), λ1, λ2 ∈ R, is known to be invariant under the
generalized Galilei algebra AG2(1, n) [1, 2]

Pt = ∂t, Pa = ∂a, (2a)

Qλ = λ1U∂U + λ2V ∂V , Ga = tPa − xa
2
Qλ, Jab = xaPb − xbPa, (2b)

D = 2tPt + xaPa + Iα, (2c)

Π = t2Pt + txaPa − 1
4
|x|2Qλ + tIα, αk = −1

2
n. (2d)

In relations (2) and elsewhere hereinafter Iα = α1U∂U + α2V ∂V , ∂U ≡ ∂/∂U , ∂V ≡
∂/∂V , ∂t ≡ ∂/∂t, ∂a ≡ ∂/∂xa, αk ∈ R, k = 1, 2 and a summation is assumed from 1
to n over repeated indices.
The algebra produced by the operators (2a), (2b) is called the Galilei algebra

AG(1, n), and its extension by using the operator (2c) will be refereed to as AG1(1, n)
[1, 2].
Clearly, the unit operators Iα and Qλ are linearly dependent only in the case when

the determinant

δ =
∣∣∣∣ α1 α2

λ1 λ2

∣∣∣∣ = 0.

As a result we obtain two essentially different representations of algebras AG1(1, n)
and AG2(1, n) for δ = 0 and δ �= 0, in contrast to the case of a single diffusion
equation (the nonlinear diffusion equation invariant with respect of a set of AG2(1, n)
subalgebras was studied in [2, 3]).

J. Phys. A: Math. Gen., 1995, 28, P. 5569–5579; Preprint LiTH-MAT-R-95-18, Department of Mathe-
matics, Linköping University, Sweden, 12 p.
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Note that in the case when the system (1) is a pair of complex conjugate Schrö-

dinger equations, i.e. U =
∗
V , λ1 =

∗
λ1 = i, the operators Iα and Qλ are linearly

independent. This results in the fact that nonlinear generalizations of Schrödinger
equations, preserving its symmetry [1], differ essentiallyfrom nonlinear generaliza-
tions of the diffusion system (1) at δ = 0.
Now consider a system of quasilinear generalizations of diffusion equations (1) of

the form

λ1Ut = AabUab + CabVab +B1,

λ1Vt = DabUab + EabVab +B2,
(3)

Aab, Cab, Dab, Eab, B1, B2 being arbitrary real or complex differentiable functions of
2n+2 variables U, V, U1, . . . , Un, V1, . . . , Vn. The indices a = 1, . . . , n and b = 1, . . . , n
of functions U and V denote differentiating with respect to xa and xb.
The system (3) generalizes practically all the known nonlinear systems of first-

and second-order evolution equations, describing various processes in physics, chemi-
stry and biology (heat and mass transfer, filtration of two-phase liquid, diffusion in
chemical reactions etc.) [4–7].

In the case of complex U =
∗
V , Aab =

∗
Eab, Cab =

∗
Dab, B1 =

∗
B2 = B, λ1 =

∗
λ2 = i

the system (3) is transformed into a pair of complex conjugate equations. We treat
them as a class of nonlinear generalizations of Schrödinger equations, namely:

iUt = AabUab +
∗
Dab

∗
Uab +B, (4a)

−i ∗
U t =

∗
Aab

∗
Uab +DabUab +

∗
B (4b)

(hereinafter complex conjugate equations (4b) are omitted).
For Aab = Dab = Daa = 0, a �= b, Aaa = −h equation (4a) is obviously

transformed into a Schrödinger equation with nonlinear potential B:

iUt + h∆U = B. (4′)

By choice of the corresponding potential B = B(U,
∗
U,U1, . . . , Un,

∗
U1, . . . ,

∗
Un) a great

variety of Schrödinger equation generalizations, known from the literature (see e.g. [1,
2, 8, 9, 10]) can be obtained.
In case of zero potential B a classical Schrödinger equation is obtained

iUt + h∆U = 0 (5)

invariant under AG2(1, n) algebra with the basic operators (2) [11], where

Qλ = − i

h
(U∂U − ∗

U ∂ ∗
U

), Iα = α(U∂U +
∗
U ∂ ∗

U
). (6)

Note that the algebra AG2(1, n) in the case of the Schrödinger equations is called
the Schrödinger algebra [11].
In the present paper all the systems of evolution equations of the form (3), invari-

ant under the chain of algebras AG(1, n) ⊂ AG1(1, n) ⊂ AG2(1, n), are described.
The results obtained are illustrated by the examples of the nonlinear Schrödinger
equations, reaction-diffusion equations and Hamilton–Jacobi type systems.
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2. Description of systems (3) with Galilean symmetry
The algebra of symmetries for the system of equations (1) contains the Galilei

operators Ga, a = 1, . . . , n, being a mathematical expression of the Galilei relativistic
principle for equations (1). The Galilei operators are also known [3] to be closely
related with the fundamental solution of the diffusion equation. We recall that if some
system of PDEs is invariant with respect to the Galilei algebra or its extention, then it
gives a wide range of possibilities for the construction of multiparametric families of
exact solutions [1, 12, 22]. Moveover the Galilei operators and the projective operator
(2d) generate non-trivial formulae of multiplication of solutions. These formulae can
be used to convert stationary (time-independent) into non-stationary ones with a
different structure.
In view of this it seems reasonable to search for Galilei-invariant nonlinear

generalizations of system (1) in the class of system (3).

Theorem 1. The system of nonlinear equations (3) is invariant under the Galilei
algebra in the represention (2a), (2b) if and only if it has the form:

λ1Ut = ∆U + U [A1∆lnU + C1∆lnV +B1] +
+ U [A2ωaωb(lnU)ab + C2ωaωb(lnV )ab],

λ2Vt = ∆V + V [D1∆lnU + E1∆lnV +B2] +
+ V [D2ωaωb(lnU)ab + E2ωaωb(lnV )ab],

(7)

where (lnU)ab ≡ ∂2 lnU/∂xa∂xb, (lnV )ab ≡ ∂2 lnV/∂xa∂xb, ∆lnU ≡ (lnU)11 +
· · · + (lnU)nn, ∆lnV ≡ (lnV )11 + · · · + (lnV )nn, ω = Uλ2V −λ1 , ωa = ∂ω/∂xa ≡
(λ2Ua/U − λ1Va/V )ω and Ak, Bk, Ck, Dk, Ek, k = 1, 2 are arbitrary functions of
absolute invariants of the AG(1, n) algebra ω and θ = ωaωa.
The proof of this and the following theorems is based on the classical Lie scheme,

which is realized in [3, 12] for obtaining the Galilei invariant equations. The detailed
cumbersome calculations are omitted.
Note that in case where λ1 = 0, i.e. the first equation of system (3) being elliptical,

the absolute invariants of the Galilei algebra simplify considerebly: ω = U , θ = UaUa.
In case of systems of the form (3) being AG1(1, n)- and AG2(1, n)-invariant the

structure of such systems essentially depends on the determinant δ.

Theorem 2. The nonlinear system (3) is invariant with respect to algebra AG1(1, n)
with basic operators (2a)–(2c) if and only if it has the form:

(i) In case when δ �= 0

λ1Ut = ∆U + U [A1(θ̂)∆ lnU +A2(θ̂)∆ lnV + ω−2/δB1(θ̂)] +

+ Uω2/δ−2[C1(θ̂)ωaωb(lnU)ab + C2(θ̂)ωaωb(lnV )ab],

λ2Vt = ∆V + V [D1(θ̂)∆ lnU +D2(θ̂)∆ lnV + ω−2/δB2(θ̂)] +

+ V ω2/δ−2[E1(θ̂)ωaωb(lnU)ab + E2(θ̂)ωaωb(lnV )ab].

(8)

(ii) In case when δ = 0

λ1Ut = ∆U + U [A1(ω)∆ lnV +A2(ω)∆ lnV + ωaωaB1(ω)] +
+ U(ωa1ωa1)

−1ωaωb[C1(ω)(lnU)ab + C2(ω)(lnV )ab],
λ2Vt = ∆V + V [D1(ω)∆ lnU +D2(ω)∆ lnV + ωaωaB2(ω)] +

+ V (ωa1ωa1)
−1ωαωb[E1(ω)(lnU)ab +E2(ω)(lnU)ab],

(9)
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where Ak, Bk, Ck, Dk, Ek, k = 1, 2 being arbitrary functions, θ̂ = ωaωaω
2/δ−2 and

ω are the absolute first-order invariants of the algebra AG1(1, n), a1 = 1, . . . , n (ωa,
ω see theorem 1).

In the case when the first equation of system (3) degenerates into an elliptical
(λ1 = 0) equation, the absolute invariants in systems (8) and (9) simplify and θ̂ =
UaUaU

2/α1−2 for δ �= 0, ω = U for δ = 0.

Theorem 3. The nonlinear system of equations (3) is invariant with respect to
algebra AG2(1, n) with basic operators (2) (α1, α2 are arbitrary constants) iff it has
the form:

(i) In case when δ �= 0

λ1Ut = α̂1∆U + UA(θ̂)(λ2∆lnU − λ1∆lnV ) + Uω−2/δB1(θ̂) +

+ (1 − α̂1)UaUa/U + Uω2/δ−2ωaωb[λ2(lnU)ab − λ1(lnV )ab]C(θ̂),

λ2Vt = α̂2∆V + V D(θ̂)(λ2∆lnU − λ1∆lnV ) + V ω−2/δB2(θ̂) +

+ (1 − α̂2)VaVa/V + V ω2/δ−2ωaωb[λ2(lnU)ab − λ1(lnV )ab]E(θ̂).

(10)

(ii) In case when δ = 0

λ1Ut = α̂1∆U + UA(ω)(λ2∆lnU − λ1∆lnV ) + UωaωaB1(ω) +
+ (1 − α̂1)UaUa/U + U(ωa1ωa1)

−1ωaωb[λ2(lnU)ab − λ1(lnV )ab]C(ω),
λ2Vt = α̂2∆V + V D(ω)(λ2∆lnU − λ1∆lnV ) + V ωaωaB2(ω) +

+ (1 − α̂2)VaVa/V + V (ωa1ωa1)
−1ωaωb[λ2(lnU)ab − λ1(lnV )ab]E(ω),

(11)

where A, B1, B2, C, D, E being arbitrary functions, α̂k = −2αk/n, k = 1, 2 (αk see
operator Iα).

It can be noticed that in case where α1α2 �= 0 systems (10) and (11) can be reduced
by the local substitution U → U α̂1 , V → V α̂2 to the systems of the same structure,
but with α̂k = 1, i.e. αk = −n/2. The specific case of α1 = α2 = 0 will be considered
in what following.
The classes of AG2(1, n)-invariant systems (10) and (11) thus obtained contain, in

particular, such genaralizations of equations (1) as (δ �= 0)

λ1Ut = ∆U + e1U(λ2∆lnU − λ1∆lnV ),
λ2Ut = ∆V + e2V (λ2∆lnU − λ1∆lnV )

and (δ = 0)

Ut = ∆U + e1U
∂(UV −1)
∂xa

∂(UV −1)
∂xa

,

Vt = ∆V + e2V
∂(UV −1)
∂xa

∂(UV −1)
∂xa

,

where e1, e2 ∈ R.
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In the case where the first of equations (3) degenerates into an elliptical one
(λ1 = 0), the AG2(1, n)-invariant systems of equations are simply

0 = A1(θ̂)∆U +A2(θ̂)(Ua1Ua1)
−1UaUbUab + U1−2/α1B1(θ̂) +

+ UC(θ̂)[∆ lnV − (Ua1Ua1)
−1UaUb(lnV )ab],

λ2Vt = α̂2∆V +
V

U
D1(θ̂)∆U +

V

U
D2(θ̂)(Ua1Ua1)

−1UaUbUab +

+ (1 − α̂2)VaVa/V + V U−2/α1B2(θ̂) +

+ V E(θ̂)[∆ lnV − (Ua1Ua1)
−1UaUb(lnV )ab]

(12)

if δ �= 0, and

0 = A1(U)∆U +A2(U)(Ua1Ua1)
−1UaUbUab + UaUaB1(U) +

+ C(U)[∆ lnV − (Ua1Ua1)
−1UaUb(lnV )ab],

λ2Vt = α̂2∆V + V D1(U)∆U + V D2(U)(Ua1Ua1)
−1UaUbUab + V UaUaB2(U) +

+ (1 − α̂2)VaVa/V + V E(U)[∆ lnV − (Ua1Ua1)
−1UaUb(lnV )ab],

(13)

if δ = 0. In equations (12), (13) Ak, Bk, Dk, E, C are arbitrary functions, θ̂ =
UaUaU

2/α1−2, α̂2 = −2α2/n. In [13] integration of two-dimensional systems of equati-
ons (12), (13) form was reduced to the integration of linear heat equation with a
source.

3. Galilei-invariant nonlinear generalizations of the Schrödinger equation
As noted above, a class of nonlinear generalization of Schrödinger equation (4)

is a specific case of evolution equations (3). On the basis of theorems 1, 2 and 3
this enables one to describe all quasilinear generalizations of Schrödinger equation
(5), which are invariant with respect to a chain of algebras AG(1, n) ⊂ AG1(1, n) ⊂
AG2(1, n).
Corollary 1. In the class of nonlinear equations of the form (4) algebra AG(1,n)

(2a),(2b) with Qλ = − i
h (U∂U−

∗
U ∂ ∗

U
) is admitted only for equations given by

iUt + h∆U = U [A1∆lnU +A2∆ln
∗
U +B] +

+ U [A3|U |a|U |b(lnU)ab +A4|U |a|U |b(ln
∗
U)ab],

(14)

where Aj = 0, j = 1, 2, 3, 4 and B are arbitrary complex functions of two arguments

|U | and |U |a|U |a; |U |2 = U
∗
U , |U |a = ∂|U |/∂xa.

In case Aj = 0 the class of equations (14) is reduced to an equation

iUt + h∆U = UB(|U |, |U |a|U |a) (15)

obtained in [1, 12], whose specific case is a Schrödinger equation with power nonli-
nearity U |U |β , β = const.
By using the identities

∆ln |U |2 = (∆|U |2 − 4|U |a|U |a)/|U |2,
Re (∆U/U) + |∇U |2/|U |2 = ∆ ln |U | + |U |a|U |a/|U |2,
Im (∆U/U − UaUa/U

2) = (∆ lnU − ∆ln
∗
U)/2i
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it is easily to show that the class of the Galilei-invariant equations (14) contains the
equation

iUt + ∆U =
id

2
U∆|U |2/|U |2 + U [d1(Re (∆U/U) + |∇U |2/|U |2) +

+ d2Im (∆U/U − (∇U/U)2) + d3(Re (∇U/U)2) + |∇U |2/|U |2)],
where ∇U = (∂U/∂x1, . . . , ∂U/∂xn), d1, d2, d3 ∈ R, proposed in [9] from certain
physical considerations. By the way, a nonlinear generalization of the Schrödinger
equation [8]

iUt = (id1 − h)∆U + id1U |∇U |2/|U |2 + UB(|U |),
does not preserve Galilean symmetry of the linear Schrödinger equation. Instead it
would be appropriate to propose Galilei-invariant nonlinear equations of the class (14)

iUt = c∆U + (h− c)
∗
U (∇U)2/|U |2 + UB(|U |),

and [13]

iUt = −h∆U + cU∆|U |2/|U |2 + UB(|U |),
where c is arbitrary complex constant and B is an arbitrary complex function.

Corollary 2. In the class of nonlinear equations of the form (4) algebra AG1(1, n)
(2a), (2b), (2c), (6) is admitted only for equations given by

(i) In the case α �= 0

iUt + h∆U = U [D1∆lnU +D2∆ln
∗
U +|U |−2/αB] +

+ U |U |2/α−2[D3|U |a|U |b(lnU)ab +D4|U |a|U |b(ln
∗
U)ab],

(16)

where Dj , j = 1, 2, 3, 4 and B are arbitrary complex functions of the argument
|U |2/α−2|U |a|U |a;

(ii) In the case α = 0

iUt + h∆U = U [D1∆lnU +D2∆ln
∗
U +|U |a|U |aB] +

+ U(|U |a1 |U |a1)
−1[D3|U |a|U |b(lnU)ab +D4|U |a|U |b(ln

∗
U)ab],

(17)

where Dj = Dj(|U |), j = 1, 2, 3, 4 and B = B(|U |) are arbitrary complex functions.
It is easily seen that the class of the AG1(1, n)-invariant equations (14) contains

the well-known nonlinear Schrödinger equation

iUt + h∆U + cU |U |2 = 0 (18)

which in the case n = 1 is integrated by inverse scattering method [14]. Note that in
the case n = 2 equation (17) is invariant under the AG2(1, 2) algebra [12, 15].
Corollary 3. Within the class of nonlinear equations of the form (4) algebra
AG2(1, n) (2), (6) for α = −n/2 of the linear Schrödinger equation (5) is conserved
only for equations given by

iUt + h∆U = UE1∆ln |U | + U |U |4/nB + U |U |−4/n−2E2|U |a|U |b(ln |U |)ab. (19)
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In equation (19) E1, E2 and B are arbitrary complex functions of the argument
|U |−4/n−2|U |a|U |a, which is an absolute invariant of the generalized Galilei algebra
AG2(1, n).
If we consider a representation of AG2(1, n) algebra with basic operators (2), (6)

for α = 0, a principally different class of quasilinear second-order equations, invariant
with respect to this algebra, namely

iUt + hUaUa/U = UE1(|U |)∆ ln |U | + U |U |a|U |aB(|U |) +
+ UE2(|U |)(|U |a1 |U |a1)

−1|U |a|U |b(ln |U |)ab.
(20)

is obtained.
It is easily seen that within the class of equations (20) there is not a single linear

equation, the simplest one among them being Hamilton–Jacobi equation for a complex
function

iUt + hUaUa/U = 0

which is reduced to a standard form

iWt + hWaWa = 0, Wa =
∂W

∂xa
, Wt =

∂W

∂t

by a local substitution U = expW , W = W (t, x1, . . . , xn).
In case E1 = E2 = 0 equation

iUt + h∆U = U |U |4/nB (21)

is obtained from the class of equations (19) which had been obtained in [1, 12]. Note
that at B = c = const equation (21) is transformed into an equation with fixed power
nonlinearity, studied in a series of papers (for n = 1 [16, 17], n = 2 [18] and n = 3 [1,
2, 12, 19]). In [1, 12] multiparametric families of invariant solutions of equation (21)
of the form

iUt + h∆U = cU
|U |a|U |a
|U |2

are also constructed and systematized.
Being written in the case of one spatial variable (n = 1), after simple transformati-

ons the class of equations (19) is given by

iUt + hUxx = UE1(ln |U |)xx + U |U |4B, U = U(t, x), x = x1, (22)

E1 and B being arbitrary complex functions of the argument |U |−3|U |x.
Obviously, a specific case of equation (22) is given by

iUt + hUxx + c1U |U |4 + c2U |U ||U |x = 0 (23)

which at h = 1, c1 = 1, c2 = 4 is known as Eckhaus equation [20, 21]. Equation
(23) has been studied in detail for arbitrary constant values of c1 and c2 in [22]. A
multidimensional generalization of equation (23), posessing AG2(1, n) symmetry, can
be proposed

iUt + h∆U + c1U |U |4/n + c2U |U |−1+2/n(|U |a|U |a)1/2 = 0. (24)
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4. Galilei-invariant systems of Hamilton–Jacobi-type
It should be noted that the local substitution U = M(Û), V = N(V̂ ), where

M , N are arbitrary differentiable functions, reduces any equation system with the
symmetry AG(1, n), AG1(1, n) or AG2(1, n) to a locally equivalent system with the
same symmetry, but with different representation of operators Qλ and Iα, namely

Q̂λ = λ1M

(
dM

dÛ

)−1

∂Û + λ2N

(
dN

dV̂

)−1

∂V̂ ,

Iα = α1M

(
dM

dÛ

)−1

∂Û + α2N

(
dN

dV̂

)−1

∂V̂ .

In the particular case where M = exp(Û), N = exp(V̂ ), we obtain

Q̂λ = λ1∂Û + λ2∂V̂ , Iα = α1∂Û + α2∂V̂ . (25)

In this case the class of equation systems, invariant with respect to AG2(1, n) algebra
in the representation (2), (25), at δ = 0 is given by

λ1Ût = α̂1∆Û +A(ω̂)(λ2∆Û − λ1∆V̂ ) + ω̂aω̂aB1(ω̂) +

+ ÛaÛa + C(ω̂)(ω̂a1 ω̂a1)
−1ω̂aω̂b[λ2Ûab − λ1V̂ab],

λ2V̂t = α̂2∆V̂ +D(ω̂)(λ2∆Û − λ1∆V̂ ) + ω̂aω̂aB2(ω̂) +

+ V̂aV̂a + E(ω̂)(ω̂a1 ω̂a1)
−1ω̂aω̂b[λ2Ûab − λ1V̂ab],

(26)

where ω̂ = λ2Û − λ1V̂ , ω̂a = λ2Ûa − λ1V̂a and A, B1, B2, C, D, E are arbitrary
differentiable functions.
In case where α̂1 = α̂2 = 0, A = C = D = E = 0 the system of equations (26) is

reduced to the systems of the form (the symbols ·̂ being omitted below)
λ1Ut = UaUa + ωaωaB1(ω),
λ1Vt = VaVa + ωaωaB2(ω), λ1λ2 �= 0

(27)

It is natural to call system (27) a generalization of the noncoupled system of the
Hamilton–Jacobi (HJ) equations

λ1Ut = UaUa, λ1Vt = VaVa. (28)

In contrast to the symmetry of a single HJ equation [2, 23], the local symmetry of
the system (28) is exhausted by AG2(1, n) algebra (2), (25) at α1 = α2 = 0 with
additional operators

PV = ∂V , D1 = −t∂t + U∂U + V ∂V . (29)

Thus, all the nonlinear generalizations of the form

λ1Ut = UaUa +B1(U, V, U1, . . . , Un, V1, . . . , Vn),
λ1Vt = VaVa +B2(U, V, U1, . . . , Un, V1, . . . , Vn)

(30)

of HJ system, preserving its symmetry AG2(1, n), are exhaused by system (27).
Among the non-linear generalizations of HJ system (27), a system of equations

with unique symmetry properties exists, namely for B1 = 0, B2 = −1/(λ2)2 (in the
following λ1 = 1, λ2 = λ).
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Theorem 4. The maximal (in the sense of Lie) algebra of the invariance for the
system of equations

Ut = UaUa,

Vt = −λUaUa + 2UaVa
(31)

is generated by the basic operators

Pt, Pa, Jab, Qλ = λ∂U − ∂V , X = W∂V , Ga = tPa − xa
2
Qλ,

D = 2tPt + xaPa, Π = t2Pt + txaPa − 1
4
|x|2Qλ,

G1
a = UPa − xa

2
Pt, D1 = 2UPU + xaPa,

Π1 = U2PU + UxaPa − 1
4
|x|2Pt,

Ka = xatPt −
(

2tU +
1
2
|x|2

)
Pa + xaxbPb + xaUQλ,

(32)

where W are an arbitrary differentiable function of λU − V .
Note that the presence of the operatorX including an arbitrary function W in the

invariance algebra for the system (31) is natural, since the second equation of the
system is linear with respect to the function V . Much more interesting is the fact
the system (31) can be considered as a generalization of classical HJ equation to the
case of two unknown functions, since for W = 1 the operators (32) generate the
same algebra as the HJ equation. We consider this fact to be very important, since a
trivial generalization of the above-mentioned equation to the system of (28) does not
preserve the symmetry of the HJ equation.

5. Galilei-invariant reaction-diffusion systems
Now consider a nonlinear system of evolution equations, given by

λ1Ut = ∆U + f(U, V ),
λ2Vt = ∆V + g(U, V ),

(33)

where f , g are arbitrary differentiable functions. The systems of reaction-diffusion
equations (33) has been studied intensively of late (see, e.g., [4, 6, 7]). As follows
from theorems 1, 2 and 3, the class of systems (33) contains systems with broad
symmetry. In particular, all the systems of equations of the form

λ1Ut = ∆U + Uf(ω), ω = Uλ2V −λ1 ,

λ2Vt = ∆V + V g(ω)
(34)

will be invariant under the Galilei algebra AG(1, n).
Note 1. In the case, where λ2 = λ1 = λ, f = d1((U + V )/V )d0 − 1, g = d2((U +
V )/V )d0 − d3 and d0, d1, d2, d3 ∈ R the system (34) is the particular case of the
conservation equations for normal and mutant cells [7, 24].
In case where f = β1ω

−2/δ, g = β2ω
−2/δ, δ �= 0 (δ is defined in the introduction)

there will be invariance under the algebra AG1(1, n). Finally, for δ = −n(λ2 − λ1)/2,
i.e. α1 = α2 = −n/2, the system of equations

λ1Ut = ∆U + β1U
1+λ2γV −λ1γ ,

λ2Vt = ∆V + β2V
1−λ1γUλ2γ

(35)
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is obtained (where γ = 4/(n(λ2 − λ1)), λ2 �= λ1, βk ∈ R), preserving the AG2(1, n)-
symmetry of the linear system (1).

Note 2. For λ2 = −λ1 = λ the diffusion system (33) is reduced by substitution

U = Y + Z, V = Y − Z, Y = Y (t, x), Z = Z(t, x) (36)

to the system of equations

−λYt = ∆Z + f1(Y,Z),
λZt = ∆Y + g1(Y,Z),

whose invariance under the chain of algebras AG(1, n) ⊂ AG1(1, n) ⊂ AG2(1, n)
with the unit operator Qλ = λY ∂Z + λZ∂Y is described by the substitution (36)
being applied to the system of equations of the form (33) with the corresponding
symmetry.
It is interesting to consider system (33) in case where one of the equations

degenerates into an elliptical one. Without reducing generality we consider λ2 = 0,
λ1 = 1. Then according to the theorem 1, all systems of the form (33) for λ2 = 0,
λ1 = 1 and posessing AG(1, n) symmetry are given by

Ut = ∆U + Uf(V ), (37a)

0 = ∆V + g(V ), (37b)

where f and g being arbitrary functions.
For the system (37) a clear physical treatment can be suggested. Namely, eqution

(37a) is the heat equation with spatial source of energy absorption (extraction) q =
Uf(V ), proportional to the temperature U, with an additional condition of elliptical
equation (37b) being imposed on proportionality coeficient f(V ) (in particular we can
consider f(V ) = V ). Thus we have obtained a class of nonlinear heat equations with
an additional condition for the source that preserve Galilean symmetry of the linear
heat equation. This result is quite non-trivial, since it is well-known fact that among
nonlinear heat equations with a source

Ut = ∆U + q(U)

not a single one is invariant with respect to Galilei algebra AG(1, n) [3]. As it is seen,
this “symmetry contradiction” between the linear and nonlinear heat equations can be
solved in two ways: either the source is supposed to depend explicitly on temperature
and independent variables t, x1, . . . , xn [3], or an additional condition equation (37b)
upon the source is imposed as above.
It should be noted that in case f = β1V

2/α2 , g = β2V
1+2/α2 , 0 �= α2, βk ∈ R

system (37) is invariant under AG1(1, n) algebra (2a)–(2c). If the system (37) has
the form

Ut = ∆U + β1UV
4/n, (38a)

0 = ∆V + β2V
1+4/n, (38b)
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it is invariant under AG2(1, n) algebra with basic operators (2) for λ2 = 0, λ1 = 1,
i.e. heat equation (38a) with nonlinear condition (38b) for the source conserves all
the non-trivial Lie symmetry of the linear heat equation

Ut = ∆U.

Note 3. If V is a fixed given function on independent variables t, x1, . . . , xn, equation
(38a) can lose any symmetry.
In conclusion, the interesting system of the form (33) should be considered,

namely

λUt = ∆U + β1U
2V −1,

λVt = ∆V + β2U, β1 �= β2.
(39)

Theorem 5. The maximal algebra of invariance for the system (39) is the generali-
zed Galilei algebra with the basic operators (2a), (2b) and

D = 2tPt + xaPa − 2U∂U −
(
n

2
+

β2

β1 − β2

)
Qλ,

Π = −t2Pt + tD − 1
4
|x|2Qλ − λ

β1 − β2
V ∂U .

By the way, among the systems of the form (33) in case where λ2 = λ1 = λ there
is not an AG2(1, n)-invariant system in the standard representation (2). Note that the
system (39) can be considered as a particular case of the conservation equations for
normal and mutant cells [7, 24].
Some classes of exact solutions for the system (39) are obtained in [25].
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Symmetries and reductions
of nonlinear Schrödinger equations
of Doebner–Goldin type
W.I. FUSHCHYCH, V. CHOPYK, P. NATTERMANN, W. SCHERER

We compute symmetry algebras for nonlinear Schrödinger equations which contain an
imaginary nonlinearity as derived by Doebner and Goldin and certain real nonlinearities
not depending on the derivatives. In the three-dimensional case we find the maximal
symmetry algebras for equations of this type. Admitting other imaginary nonlinearities
does lead to similar symmetry algebras. These symmetries are used to obtain explicit
solutions of these equations by means of reduction.

1. Introduction
Recently, a new nonlinear Schrödinger equation as the evolution equation of a

quantum mechanical system on R
n has been derived from general principles by

Doebner and Goldin [1–4]. Their derivation is based on the representation theory
of the semidirect product of the group of diffeomorphisms with the smooth functi-
ons on R

n and results in the replacement of the usual continuity equation ρ̇ = −�∇�j
(where ρ = ψ̄ψ and �j = �

2mi (ψ̄ �∇ψ − �∇ψ̄ψ)) associated with the linear Schrödinger
equation by the Fokker–Planck equation ρ̇ = −�∇�j + d∆ρ describing diffusion of the
probability density ρ. This Fokker–Planck equation for the probability density can be
derived from a nonlinear Schrödinger equation which has to be of the form

i�ψ̇ =
(
− �

2m
∆ + V + i

�d

2
∆ρ
ρ
ψ + F [ψ, ψ̄]

)
ψ, (1)

where F is assumed to be an arbitrary real functional. Doebner and Goldin proceeded
with the requirement that F [ψ, ψ̄] should have similar properties as the imaginary
nonlinear functional, and were thus led to a five parameter functional including deri-
vative terms [4]. Galilei-invariant nonlinear Schrödinger equations of type (1), where
d = 0 and F depends on the wave function and its first order derivatives, were
described by Fushchych and Cherniha [5].
On the other hand, equations similar to (1) have been considered in plasma phy-

sics [6] and for d = 0 and F [ψ, ψ̄] = aρ it reduces to the usual nonlinear Schrödinger
equation which appears in many subfields of physics. It seems therefore worthwhile to
investigate the Lie symmetries for equations of this type and to use them to construct
solutions. This is what we shall do in this paper.
Obviously, we shall have to restrict the functional F suitably since otherwise it

would be impossible to say anything at all about the symmetries of this equation.
Whereas the maximal Lie symmetry of the Doebner–Goldin equation has already
been calculated [7], we shall restrict our considerations in this paper to another class
of functional F given by (sufficiently smooth) functions f of a single real variable:

F [ψ, ψ̄] := �f(ρ), (2)

Rep. on Math. Phys., 1995, 35, P. 129–138.
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which includes many physically interesting models [8, 9]. Although we leave the
framework set by Doebner and Goldin if f is not real, we will consider a slightly
morel general case of complex valued functions f since calculations are similar. For
d = 0 the Lie symmetry of this nonlinear Schrödinger equation has been discussed in
[10, 11, 12].
In Section 2 we will determine the maximal Lie symmetries of the nonlinear

Schrödinger equations (1) with functional of type (2). It turns out that the most
prominent cases, i.e. f(p) ≡ ρk and f(ρ) ≡ ln ρ, admit the largest symmetry algebras.)
Subalgebras of the maximal symmetry algebras will be used in Section 3 to reduce
equation (1) and find exact solutions. We close this paper with some further remarks)
on the equations and the solutions obtained.

2. Lie symmetry algebra
2.1. n ≤ 3. First, we shall treat the physically most interesting case of three space

dimensions (n = 3) for which we will determine the maximal Lie symmetry algebra
of equation (1) with the complex valued functional (2). In order to do so, we write ψ
in terms of an amplitude function R and a phase function S:

ψ(�x, t) = R(�x, t)eiS(�x,t).

With the decomposition of f into the real and imaginary parts, f = u+iv, equation (1)
is thus equivalent to two real evolution equations:

∂tR+
�

2m

(
R∆S + 2�∇R · �∇S

)
− d

(
∆R+

(�∇R)2

R

)
−Rv(R2) = 0, (3)

∂tS +
�

2m

(
(�∇S)2 − ∆R

R

)
+ u(R2) = 0. (4)

Vector fields acting on the space of independent (x1, x2, x3, t) and dependent (R,S)
variables

X = ξj∂xj
+ τ∂t + φ∂R + σ∂S ,

are generators of a Lie symmetry of the equations (3) and (4), if the coefficients
ξj , τ , φ, σ satisfy the so-called determining equations. A detailed description of
the theory can be found in the monographs [10, 13, 14]. Since the procedure is
purely algorithmic, we use a Mathematica program [15] to obtain these equations.
This leads to 62 determining equations among which only two contain the real and
imaginary part of f . These two equations determine the functional F of equation (1).
The integration of the 60 remaining equations yields the following coefficients of the
vector field X:

ξj = (2c1t+ c2)xj + wjlxl + vjt+ aj ,

τ = 2c1t2 + 2c2t+ 2c3,
φ = α(t)R,

σ =
m

�
(c1�x2 + vkxk) + β(t),

(5)
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where ci, vj and aj are real constants, wjl is an antisymmetric matrix with real
constant coefficients, and α and β are real functions of time. The two remaining
determining equations which contain the functions u and v thus read

α(t)R2u′(R2) + (2c1t+ c2)u(R2) +
1
2
β′(t) = 0, (6)

α(t)R2v′(R2) + (2c1t+ c2)v(R2) − 1
2
(α′(t) + 2nc1) = 0. (7)

For the cases n = 1, 2 the resulting equations are exactly the same, with the
understanding that in equation (7) the dimension n has to be inserted. In order
to calculate the maximal symmetry, we solve the ordinary differential equation (7)
for α and then (6) for β, requiring that the resulting functions do not depend on R.
Neglecting the case of constant functions u = C — which can be transformed to zero
by the map ψ �−→ eiCtψ — this leads to the following six possible cases.
1. For arbitrary functions u and v one has to require that their coefficients and the

inhomogeneous terms in equations (6) and (7) vanish, which leaves only the centrally
extended Galilei algebra g(n = 3) = 〈H,Pj , Jjk, Gj , Q〉 with ten generators:

H = ∂t, Pj = ∂xj
, Jjk = xj∂xk

− xk∂xj
,

G = t∂xj
+
m

�
xj∂S , Q = ∂S .

(8)

2. A larger algebra is obtained if u and v are of the from

u(R2) = λ1R
2k, v(R2) = λ2R

2k,

in which case equations (6) and (7) reduce to linear inhomogeneous equations in u
and v, respectively. Requiring the coefficients and the inhomogeneous term to vanish
allows the maximal Lie symmetry to contain an additional generator

D = 2t∂t + xk∂xk
− 1
k
R∂R, (9)

and this algebra 〈H,Pj , Jjk, Gj , Q,D〉 has been named the Galilei similitude algeb-
ra [16]. D generates the dilations.
3. Calculations of the previous case show that the Lie symmetry has an extra

generator if k = 1
n = 1

3 :

C = t2∂t + txk∂xk
+
m

2�
�x2∂S − ntR∂R, (10)

yielding the maximal Lie symmetry algebra of the free linear Schrödinger equa-
tion [17] 〈H,Pj , Jjk, Gj , Q,D,C〉 (Schrödinger algebra). The transformations genera-
ted by C are called projective or conformal transformations.
4. If u(R2) = λ1 ln(R2) and v = λ3 is a constant, we obtain the maximal Lie

symmetry algebra 〈H,Pj , Jjk, Gj , Q,D,B〉, where
B = R∂R − 2λ1t∂S . (11)

Note that for nonvanishing λ1 the constant λ3 can be transformed to zero by the map
ψ �−→ e−λ3t+iλ1λ3t

2
ψ.
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5. If u(R2) = λ1 ln(R2) and v(R2) = λ2 ln(R2) + λ3 with λ2 �= 0, equation (7)
leads to a simple differential equation for α(t) and equation (6) determines β(t) up to
a constant. Hence, the maximal symmetry algebra is 〈H,Pj , Jjk, Gj , Q,D,A〉, where

A = e2λ2t

(
R∂R − λ1

λ2
∂S

)
. (12)

6. Finally, if u and v vanish identically, the maximal Lie symmetry algebra is
〈H,Pj , Jjk, Gj , Q,D′, I〉, the direct sum of the Schrödinger algebra (though with
a different representative D′ of the generator of dilations) with a one-dimensional
algebra generated by I, where

D′ = 2t∂t + xk∂xk
, (13)

I = R∂R. (14)

The invariance under I reflects real homogeneity of the equation (1); together with Q
it generates complex rescalings of ψ.
2.2. n > 3. In all cases the algebras remain symmetry algebras for arbitrary di-

mension n. We believe that they are still maximal, but we have no proof of maximality
for arbitrary n. The algebras of the cases 1–3 and 6 have been studied in [18], and
the finite transformations they generate are well known. The structure of the algebra
of case 4 was investigated in [12, 19, 20].
As for the generators B and A, they generate the following finite transformations:

ψ �→ gBε ψ, gBε ψ(�x, t) = exp(ε(1 − i2λ1t))ψ(�x, t),

ψ �→ gAε ψ, gAε ψ(�x, t) = exp
(
ε

(
1 − i

λ1

λ2

))
e2λ2tψ(�x, t),

3. Reduction and exact solutions
Using the operators of symmetry we will construct ansätze reducing equation (1)

to a system of ordinary differential equations (ODEs). The algebras of the cases 1–3
and 6 are subalgebras of the maximal symmetry algebra of the linear Schrödinger
equation; their structure was studied in detail and corresponding ansätze are well
known. Thus we concentrate on the cases 4 and 5, and particularly on the reduction
by those subalgebras containing the “new” generators A and B. The solutions obtained
in this way might reflect the nonlinear structure of equation (1) with f(ρ) := (λ1 +
iλ2) ln ρ+ iλ3. We consider mainly the case of three spatial variables, n = 3.
3.1. Case 4: f(ρ) := λ1 ln ρ+ iλ3; or u(R2) = λ1 ln(R2), v(R2) = λ3

1. 〈B +G1, G2, G3〉. The ansatz

ψ(�x, t) = exp
{
x1

t
+ g(t) + i

[
−2λ1x1 +

m

2�

�x2

t
+ h(t)

]}
(15)

reduces equation (1) to the system

dg

dt
=
(

2�λ1

m
− 3

2

)
1
t

+ 2d
1
t2

+ λ3,

dh

dt
= −2�λ2

1

m
+

�

2m
1
t2

− 2λ1g(t).
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Having solved this system we find the solution

ψ(�x, t) = tk exp
{
λ3t+ (x1 − 2d)

1
t

+ c1 + i

[
−2λ1x1 +

m

2�

�x2

t
− λ1λ3t

2−

− 2λ1kt ln t+ 2λ1

(
k − c1 − �λ1

m

)
t+ 4dλ1 ln t− �

2m
1
t

+ c2

]}
,

where k := 2�λ1
m − 3

2 and c1, c2 are real constants.
2. 〈B + αH, J12 + βP3〉, α ∈ R�=0, β ∈ R. For λ3 = 0, the ansatz

ψ(�x, t) = exp
{
t

α
+ g(ω1, ω2) + i

[
−λ1

α
t2 + h(ω1ω2)

]}
, (16)

with ω1 := (x2
1 + x2

2)
1
2 and ω2 := arctan

(
x2
x1

)
− βx3, reduces equation (1) to the

system

h11 + h22

(
1 +

β2

ω2
1

)
+
h1

ω1
+ 2g1h1 + 2g2h2

(
1 +

β2

ω2
1

)
−

− 2md
�

(
g11 + g22

(
1 +

β2

ω2
1

)
+
g1
ω1

+ 2g2
1 + 2g2

1 + 2g2
2

(
1 +

β2

ω2
1

))
=

=
2m
�

(
λ3 − 1

α

)
,

g11 + g22

(
1 +

β2

ω2
1

)
+
g1
ω1

+ g2
1 + g2

2

(
1 +

β2

ω2
1

)
−

− 4mλ1

�
g − h2

1 − h2
2

(
1 +

β2

ω2
1

)
= 0,

where subscripts denote derivatives, i.e. g1 := ∂g/∂ω1, etc.
3. 〈B + αH + βG1, J23〉, α ∈ R�=0, β ∈ R. The ansatz

ψ(�x, t) = exp
{
t

α
+ g(ω1, ω2) + i

[
mβ

�α
x1t− λ1

α
t2 − mβ2

3�α2
t3 + h(ω1ω2)

]}
, (17)

with ω1 := βt2

2α − x1 and ω2 := (x2
2 + x2

3)
1
2 reduces equation (1) to the system

2g1h1 + 2g2h2 + h11 + h22 +
h2

ω2
− 2md

�

(
g11 + g22 +

g2
ω2

− 2g2
1 − 2g2

2

)
=

=
2m
�

(
λ3 − 1

α

)
,

h2
1 + h2

2 −
2βm2ω1

�2α
− g11 − g22 − g2

ω2
− g2

1 − g2
2 +

4λ1m

�
g = 0.

For α = 1/λ3, λ3 �= 0 and d �= �/2m we have found the following partial solution of
this system:

g(ω1, ω2) =
mβ

2�αλ1
ω1 +

m�λ1

�2 − 4m2d2
ω2

2 +
�

2

�2 − 4m2d2
+

(�2 − 4m2d2)mβ2

16�3α2λ3
1

,

h(ω1, ω2) =
2md

�
f(ω1, ω2).
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The corresponding solution of equation (1) has then the form

ψ(�x, t) = exp
{
t

α
+

mβ2

4�α2λ1
t2 − mβ

2�αλ1
x1 +

m�λ1

�2 − 4m2d2
(x2

1 + x2
2) +

+
�

2

�2 − 4m2d2
+

(�2 − 4m2d2)mβ2

16�3α2λ3
1

+

+ i

[
mβ

�α
tx1 +

(
m2β2

2�2α2λ1
− λ1

α

)
t2 − mβ2

3�α2
t3 − m2dβ

�2αλ− 1
x1 +

+
2m2dλ1

�2 − 4m2d2
(x2

2 + x2
3) + c

]}
.

4. 〈B + αH, Jjk〉, α ∈ R�=0. The ansatz

ψ(�x, t) = exp
{
t

α
+ g(ω) + i

[
−λ1

α
t2 + h(ω)

]}
, (18)

where ω :=
√
x2

1 + x2
2 + x2

3, reduces equation (1) to the system

d2h

dω2
+

2
ω

dh

dω
+ 2

dg

dω

dh

dω
− 2md

�

(
d2g

dω2
+

2
ω

dg

dω
+ 2

(
dg

dω

)2
)

=
2m
�

(
λ3 − 1

α

)
,

d2g

dω2
+

2
ω

dg

dω
+
(
dg

dω

)2

−
(
dh

dω

)2

− 4mλ1

�
g = 0.

Its partial solution for the case α = 1/λ3 and d �= �/2m is

g(ω) =
�

�2 − 4m2d2

(
mλ1�x

2 +
3
2

�

)
,

h(ω) =
2m2dλ1

�2 − 4m2d2
�x2 + c,

where c is an arbitrary real constant. The corresponding solution of equation (1) has
then the form

ψ(�x, t) = exp
{
t

α
+

�

�2 − 4m2d2

(
mλ1�x

2 +
3
2

�

)
+

+ i

[
2m2dλ1

�2 − 4m2d2
�x2 − λ1

α
t2 + c

]}
.

3.2. Case 5: f(ρ) := (λ1 + iλ2) ln ρ; or u(R2) = λ1 ln(R2), v(R2) = λ2 ln(R2);
λ2 �= 0.
1. 〈A+ αP1, G2, G3〉, α ∈ R�=0. The ansatz

ψ(�x, t) = exp
{

1
α
e2λ2tx1 + g(t) + i

[
− λ1

αλ2
e2λ2tx1 +

m

2�

x2
2 + x2

3

t
+ h(t)

]}
reduces equation (1) to the system of ODEs

dg

dt
− 2λ2g = −1

t
+

1
α2

(
�λ1

mλ2
+ 2d

)
e4λ2t,

dh

dt
= −2λ1g +

�

2mα2

(
1 − λ2

1

λ2
2

)
e4λ2t.
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Having solved this system we obtain the following exact solution of equation (1):

ψ(�x, t) = exp
{

1
α
e2λ2tx1 + ce2λ2t +

1
2λ2α2

(
�λ1

mλ2
+ 2d

)
e4λ2t −

−Ei(−2λ2t)e2λ2t + i

[
− λ1

αλ2
e2λ2tx1 +

m

2�

x2
2 + x2

3

t
− λ1c

λ2
e2λ2t − λ1

λ2
ln(2λ2t) +

+
�

8mα2λ2

(
1 − 3

λ2
1

λ2
2

− 4md
�

)
e4λ2t +

λ1

λ2
Ei(−2λ2t)e2λ2t

]}
,

where c is a real constant and Ei(ax) =
∫ exp(ax)

x dx = lnx +
∑
k=1

akxk

k!k . This solution

is non-analytical in λ2, and for n = 1 can be written in explicit form.
2. 〈A+ αJ12, G3〉, α ∈ R�=0. The ansatz

ψ(�x, t) = exp
{

1
α
e2λ2t arctan

(
x2

x1

)
+ g(t, ω) +

+ i

[
− λ2

αλ1
e2λ2t arctan

(
x2

x1

)
+
mx2

3

2�t
+ g(t, ω)

]}
,

where ω =
√
x2

1 + x2
2, reduces equations (1) to the system

g1 +
�

2m

(
h22 +

h2

ω
+ 2g2h2 − 2λ1

α2λ2
e4λ2t

1
r2

)
−

− d

(
g22 +

g2
ω

+ 2g2
2 +

2
α2
e4λ2t

1
r2

)
− 2λ2g = 0,

h1 +
�

2m

(
h2

2 − g22 − g2
ω

− g2
2 − 1

α2

(
1 − λ2

1

λ2
2

)
e4λ2t

1
r2

)
+ 2λ1g = 0,

3. 〈A+ αH, J12 + βP3〉, α ∈ R�=0, β ∈ R. The ansatz

ψ(�x, t) = exp
{

1
2αλ2

e2λ2t + g(ω1, ω2) + i

[
− λ1

2αλ2
2

e2λ2t + h(ω1, ω2)
]}

,

where ω1 =
√
x2

1 + x2
2, ω2 = β arctan

(
x1
x2

)
− x3, reduces equations (1) to the system

h11 +
h1

ω1
+ 2g1h1 + h22

(
1 +

β2

ω2
1

)
+ h2

2

(
1 +

β2

ω2
1

)
−

− 2md
�

(
g11 +

g1
ω1

+ 2g2
1 + g22

(
1 +

β2

ω2
1

)
+ g2

2

(
1 +

β2

ω2
1

))
− 4mλ2

m
g = 0,

g11 +
g1
ω1

+ g2
1 − h2

1 + g22

(
1 +

β2

ω2
1

)
+ g2

2

(
1 +

β2

ω2
1

)
−

− h2
2

(
1 +

β2

ω2
1

)
− 4mλ1

m
g = 0.

4. 〈A+ αP3, J12〉, α ∈ R�=0. The ansatz

ψ(�x, t) = exp
{

1
α
e2λ2tx3 + g(t, ω) + i

[
− λ1

αλ2
e2λ2tx3 + h(t, ω)

]}
,
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where ω =
√
x2

1 + x2
2, reduces equations (1) to the system

g1 +
�

2m

(
h22 +

h2

ω
+ 2g2h2 − λ1

α2λ2
e4λ2t

)
−

− d

(
g22 +

g2
ω

+ 2g2
2 +

2
α2
e4λ2t

)
− 2λ2g = 0,

h1 +
�

2m

(
h2

2 − g22 − g2
ω

− g2
2 − 1

α2

(
1 − λ2

1

λ2
2

)
e4λ2t

)
+ 2λ1g = 0.

4. Conclusions
We have determined the maximal Lie symmetries of equation (1) with an F of

the form F [ψ, ψ̄] := �f(ρ), and have found six different algebras containing among
others the centrally extended Galilei algebra, the Galilei similitude algebra, and the
Schrödinger algebra. Reduction and ansätze for these algebras have been studied
previously.
New maximal symmetry algebras, due to the nonlinear character of the equation,

appear in the case f(ρ) = (λ1 + iλ2) ln(ρ) (see cases 5 and 6 in Section 2.1). For
these cases we have obtained reduced equations for various subalgebras. The ansätze
resulting from these reductions lead to differential equations which we have solved
explicitly in some cases and thus we have obtained explicit solutions of (1). Those
reduced equations, which we have not been able to solve explicitly, are still much more
suitable to numerical treatments than the original equation (1). The list of subalgebras
which we have used for reduction in the case of the new algebras is by no means
complete. In view of the successes of the reduction technique it seems warranted
to obtain a classification of their subalgebras. The non-Lie anzätze for the nonlinear
Schrödinger equation were constructed by Fushchych and Chopyk [21].
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Symmetry reduction and exact solutions
of nonlinear biwave equations
W.I. FUSHCHYCH, O.V. ROMAN, R.Z. ZHDANOV

Symmetry analysis of a class of the biwave equations �2u = F (u) and of a system of
wave equations which is equivalent to it is performed. Reduction of the nonlinear biwave
equations by means of the Ansätze invariant under non-conjugated subalgebras of the
extended Poincaré algebra AP̃ (1, 1) and the conformal algebra AC(1, 1) is carried out.
Some exact solutions of these equations are obtained.

1 Introduction

It was customary for the classical mathematical physics to use as the mathemati-
cal models for describing real physical processes linear partial differential equations
(PDE) of the order not higher than two. All fundamental equations of mathematical
physics such as the Laplace, heat, Klein–Gordon–Fock, Maxwell, Dirac, Schrödinger
equations are the first- or the second-order linear partial differential equations. But
now there are strong evidences that linear description is not satisfactory (especial-
ly it is the case in the quantum field theory [1]). That is why, it was attempted to
generalize the classical equations in a non-linear way in order to get more satisfactory
models. There exist different principles of the choice of such generalizations but up
to our mind the most natural and systematic is the symmetry selection principle.
A classical illustration is a group classification of nonlinear wave equations

�u = F (u). (1)

Here and further � = ∂2/∂x0 − ∂2/∂x1 − · · · − ∂2/∂xn is the d’Alembertian
in the (n + 1)-dimensional pseudo-Euclidean space R(1, n) with the metric tensor
gµν = diag (1,−1, . . . ,−1), µ, ν = 0, n; xµ = xνgµν ; F (u) is an arbitrary smooth
function; u = u(x) is a real function; the summation over the repeated indices from 0
to n is understood.
With an arbitrary F (u) equation (1) is invariant under the (n+1)(n+2)

2 -parameter
Poincaré group P (1, n) having the following generators:

Pµ =
∂

∂xµ
, Jµν = xµ

∂

∂xν
− xν

∂

∂xµ
, µ, ν = 0, n. (2)

But equation (1) taken with an arbitrary nonlinearity F (u) is too “general” to be
a reasonable mathematical model for describing a specific physical phenomena. To
specify a form of F (u) symmetry properties of the linear wave equation are utilized.
It is well-known that PDE (1) with F (u) = 0 in addition to the Poincaré group
admits a one-parameter scale transformation group and a (n+ 1)-parameter group of
special conformal transformations (see, e.g. [2]). Therefore, it is not but natural to

Preprint ASI-TPA/13/95, Arnold-Sommerfeld-Institute for Mathematical Physics, Germany, 1995, 14 p.
Reports on Math. Phys., 1996, 37, № 2, P. 267–281.
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postulate that those nonlinearities are admissible which preserve a symmetry of the
linear equation. It has been proved in [3] that there are only two functions F (u),
namely

F (u) = λ(u+ C)k, F (u) = λ expCu, (3)

where C, k �= 0 are arbitrary constants, such that Poincaré-invariant equation (1)
admits a one-parameter scale transformation group. Furthermore, it was known long
ago that the only equation of the form (1) admitting the conformal group C(1, n)
is the one with F (u) = λ(u + C)

n+3
n−1 . Consequently, choosing from the whole set of

PDE (1) equations having the highest symmetry we get the ones with very specific
nonlinearities.
A procedure described above is called group or symmetry classification of PDE (1).

A method used is the classical infinitesimal Lie’s method. Given a representation of
a Lie transformation group (which is fixed by a requirement that this group should
be admitted by the linear wave equation), the problem of symmetry classification of
equations (1) is reduced to solving some linear over-determined system of PDE. This
system is called determining equations (for more detail, see [2, 5]).
But what is most important, the Lie’s method can be applied not only to classify

invariant equations but also to construct their explicit solutions by means of symmetry
reduction procedure. And one more important remark is that equations having broad
Lie symmetry often admit non-trivial conditional symmetry, which can be also used
to obtain their particular solutions [2].
In [6] the description has been suggested of different physical processes with the

help of nonlinear partial differential equations of high order, namely

�lu = F
(
u,

∂u

∂xµ

∂u

∂xµ

)
. (4)

where �l = �(�l−1), l ∈ N; F (· , · ) is an arbitrary smooth function.
The equations (4) were considered from different points of view in [2, 7, 8],

where the pseudo-differential equations of type (4) were also studied (in this case l is
fractional or negative).
Assuming l = 1 and F = F (u) in (4) we obtain the standard nonlinear wave

equation (1), which describes a scalar spin-less uncharged particle in the quantum
field theory. Symmetry properties of the equation (1) were studied in [2, 3, 4] and
wide classes of its exact solutions with certain concrete values of the function F (u)
were obtained in [2, 3, 9, 10, 11].
In this paper we restrict ourselves to symmetry analysis of the biwave equation

�2u = F (u), (5)

which is one of the simplest equations of type (4) of the order higher than two (l = 2,
F = F (u)).

2 Symmetry classification of biwave equations

In order to carry out a symmetry classification of the equation (5) we shall establish
at first the maximal transformation group admitted by the equation (5), provided F (u)
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is an arbitrary function. Next, we shall determine all the functions F (u) such that
the equation (5) admits a more extended symmetry.
Results of symmetry classification of the equation (5) are presented below.

Lemma 1 The maximal invariance group of the equation (5) with an arbitrary
function F (u) is the Poincaré group P (1, n) generated by the operators (2).

Theorem 1 Any equation of type (5) admitting a more extended invariance algebra
than the Poincaré algebra AP (1, n) is equivalent to one of the following PDE:

1. �2u = λ1u
k, λ1 �= 0, k �= 0, 1; (6)

2. �2u = λ2e
u, λ2 �= 0; (7)

3. �2u = λ3u, λ3 �= 0; (8)

4. �2u = 0. (9)

Here λ1, λ2, λ3, k are arbitrary constants.

Theorem 2 The symmetry of the equations (6)–(9) is described as follows:
1. (a) The maximal invariance group of the equation (6) when k �= (n+5)/(n−3),

k �= 0, 1 is the extended Poincaré group P̃ (1, n) generated by the operators (2) and

D = xµ
∂

∂xµ
+

4
1 − k

u
∂

∂u
. (10)

(b) The maximal invariance group of the equation (6) when k = (n+ 5)/(n− 3),
n �= 3 is the conformal group C(1, n) generated by the operators (2) and operators

D(1) = xµ
∂

∂xµ
+

3 − n

2
u
∂

∂u
,

K(1)
µ = 2xµD(1) − (xνxν)

∂

∂xµ
.

(11)

2. (a) The maximal invariance group of the equation (7) when n �= 3 is the
extended Poincaré group P̃ (1, n) generated by the operators (2) and

D(2) = xµ
∂

∂xµ
− 4

∂

∂u
. (12)

(b) The maximal invariance group of the equation (7) when n = 3 is the
conformal group C(1, n) generated by the operators (2) and operators

K(2)
µ = 2xµD(2) − (xνxν)

∂

∂xµ
. (13)

3. The maximal invariance group of the equation (8) is generated by the opera-
tors (2) and

Q = h(x)
∂

∂u
, I = u

∂

∂u
,

where h(x) is an arbitrary solution of the equation (8).
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4. The maximal invariance group of the equation (9) is generated by the opera-
tors (2), (11) and

Q = q(x)
∂

∂u
, I = u

∂

∂u
,

where q(x) is an arbitrary solution of the equation (9).

The proof of the Lemma 1 and the Theorems 1, 2 is carried out by means of the
infinitesimal algorithm of S. Lie [2, 5]. Since it requires very cumbersome computa-
tions, we adduce a general scheme of the proof only.
Within the framework of the Lie’s approach an infinitesimal operator of the equa-

tion (5) invariance group is looked for in the form

X = ξµ(x, u)
∂

∂xµ
+ η(x, u)

∂

∂u
. (14)

The criterion of invariance of the equation (5) with respect to a group generated
by the operator (14) reads

X
4

(�2u− F (u))
∣∣∣
�2u=F (u)

= 0, (15)

where X
4
is the 4-th prolongation of the operator X.

Splitting the equation (15) with respect to the independent variables, we come to
the system of partial differential equations for functions ξµ(x, u) and η(x, u):

ξµu = 0, ηuu = 0, µ = 0, n,

ξi0 = ξ0i , ξij = −ξji , i �= j, i, j = 1, n,

ξ00 = ξ11 = · · · = ξnn ,

2ηνu = (3 − n)ξν00, ν = 0, n,

(16)

�2η − ηF ′(u) + F (u)(ηu − 4ξ00) = 0. (17)

Besides, when n = 1, there are additional equations

η00u = 0, η01u = 0, (18)

that do not follow from the equations (16) and (17).
In the above formulae we use the notations ξµν = ∂ξµ/∂xν , ηµ = ∂η/∂xµ and so

on.
System (16) is one of the Killing equations in the Minkowski space-time. Its

general solution is well-known and can be represented in the following form:

ξν = 2xνxµcµ − xµx
µcν + bνµx

µ + dxν + aν ,

η = ((3 − n)cµxµ + p)u+ κ(x),
(19)

where cµ, bνµ = −bµν , d, aν , p are arbitrary constants, κ(x) is an arbitrary smooth
function.
Substituting the expression (19) into the classifying equation (17) and splitting it

with respect to u we arrive at the statements of the Lemma 1 and the Theorems 1, 2
according to the form of F (u).
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It follows from the assertions proved that the equation of type (4) is invariant
under the extended Poincaré group P̃ (1, n) if and only if it is equivalent to one of the
equations (6), (7) or (9). Let us note that an analogous result was obtained for the
wave equation (1) in [3].
The following statement is also a consequence of the Theorems 1, 2 but because

of its importance we adduce it as a theorem.

Theorem 3 Equation (5) admits the conformal group C(1, n) if and only if it is
equivalent to the following:

1. �2u = λ1u
(n+5)/(n−3), n �= 3; (20)

2.�2u = λ2e
u, n = 3. (21)

Let us note that conformal invariance of the equation (20) has been first ascertai-
ned in [12] and that of equation (21) – in [2] by means of the Baker–Campbell–
Hausdorff formula. It is also worth noting that conformal invariance of the nonlinear
polyharmonic equations has been studied in [13], which enables constructing some
their exact solutions.
In conclusion of the Section let us emphasize an important property of the linear

biwave equation (9) with n = 3, which is a consequence of the Theorems 2, 3.
Corollary. There exist two inequivalent representations of the Lie algebra of the
conformal group C(1, 3) on the solution set of the equation (9) [2, 6, 8]:

1. P (1)
µ = Pµ, J (1)

µν = Jµν ,

D(1) = xµ
∂

∂xµ
, K(1)

µ = 2xµD(1) − (xνxν)
∂

∂xµ
;

2. P (2)
µ = Pµ, J (2)

µν = Jµν ,

D(2) = xµ
∂

∂xµ
+

∂

∂u
, K(2)

µ = 2xµD(2) − (xνxν)
∂

∂xµ
,

where the operators Pµ, Jµν are determined in (2).

3 Symmetry classification of system of wave equations

Introducing a new variable v = �u in (5) we get a system of partial differential
equations

�u = v,
�v = F (u), (22)

which is equivalent to the biwave equation (5).
Symmetry properties of the system (22) are investigated by analogy with the

previous Section. That is why, we restrict ourselves to formulating the corresponding
assertions omitting their proofs.

Lemma 2 The maximal invariance group of the system (22) with an arbitrary
function F (u) is the Poincaré group P (1, n) generated by the operators (2).
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Theorem 4 Any system of type (22) admitting a more extended invariance algebra
than the Poincaré algebra AP (1, n) is equivalent to one of the following:

1. �u = v,

�v = λ1u
k, λ1 �= 0, k �= 0, 1;

(23)

2. �u = v,

�v = λ2u, λ2 �= 0;
(24)

3. �u = v,

�v = 0.
(25)

Theorem 5 The symmetry of the systems (23)–(25) is described in the following
way:

1. The maximal invariance group of the system (23) is the extended Poincaré
group P̃ (1, n) generated by the operators (2) and

D = xµ
∂

∂xµ
+

4
1 − k

u
∂

∂u
+

2(1 + k)
1 − k

v
∂

∂v
.

2. The maximal invariance group of the system (24) is generated by the opera-
tors (2) and

Q1 = u
∂

∂u
+ v

∂

∂v
, Q2 = v

∂

∂u
+ λ2u

∂

∂v
,

Q3 = h1(x)
∂

∂u
+ h2(x)

∂

∂v
,

where (h1(x), h2(x)) is an arbitrary solution of the system (24).
3. The maximal invariance group of the system (25) is generated by the opera-

tors (2) and

D = xµ
∂

∂xµ
+ 2u

∂

∂u
, Q1 = u

∂

∂u
+ v

∂

∂v
,

Q2 = v
∂

∂u
, Q3 = q1(x)

∂

∂u
+ q2(x)

∂

∂v
,

where (q1(x), q2(x)) is an arbitrary solution of the system (25).

It follows from the statements above that, unlike the biwave equations, the exten-
ded Poincaré group P̃ (1, n) is the invariance group of the system (22) only in two
cases, namely, when the system (22) is equivalent to (23) or (25). Moreover, there are
no systems of the form (22) which are invariant under the conformal group. Therefore,
in the class of Lie operators, the invariance algebras of the biwave equations and the
corresponding systems of the wave equations are essentially different.
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4 Reduction and exact solutions
of the equation �2u = λeu

As follows from the Theorem 2 the maximal invariance group of the equation (7) with
n = 1 is the extended Poincaré group P̃ (1, 1) with the generators

P0 =
∂

∂x0
, P1 =

∂

∂x1
, J01 = x0

∂

∂x1
+ x1

∂

∂x0
, (26)

D(2) = x0
∂

∂x0
+ x1

∂

∂x1
− 4

∂

∂u
. (27)

To construct exact solutions of the above equation we shall make use of the
symmetry reduction procedure. A principal idea of the said procedure is a special
choice of a solution to be found. This choice is motivated by a representation of
symmetry group admitted. It is known that if an equation admits a Lie transformation
group having a symmetry operator

X = ξµ(x)
∂

∂xµ
+ η(x)

∂

∂u
, (28)

then its solutions can be looked for in the form [2]:

u(x) = ϕ(ω) + g(x), (29)

where ϕ(ω) is an arbitrary smooth function, and what is more, functions ω(x) and
g(x) are to satisfy the following conditions:

ξµ(x)
∂ω

∂xµ
= 0, ξµ(x)

∂g(x)
∂xµ

= η(x).

To obtain all the P̃ (1, 1) non-conjugated Ansätze (29) we have to describe all the
inequivalent one-dimensional subalgebras of the Lie algebra ÃP (1, 1) spanned by the
operators (26) and (27) (see [2, 11]). In the paper we make use of a classification
adduced in [11]. Omitting cumbersome intermediate computations we give P̃ (1, 1)
non-conjugated Ansätze in the Table 1.

Table 1
N Algebra Invariant variable ω Ansatz

1◦ D − J01 x0 + x1 u = ϕ(ω) − 2 ln(x0 − x1)

2◦ D + αJ01, α �= −1
(1 + α) ln(x1 − x0)−

− (1 − α) ln(x0 + x1)
u = ϕ(ω) − 4

α + 1
ln(x0 + x1)

3◦ D − J01 + P0
ln(x0 − x1 + 1/2)−

− 2(x0 + x1)
u = ϕ(ω) − 2 ln(x0 − x1 + 1/2)

4◦ J01 x2
0 − x2

1 u = ϕ(ω)

5◦ P0 x1 u = ϕ(ω)

6◦ P0 + P1 x0 − x1 u = ϕ(ω)
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Remark. Inequivalent subalgebras adduced in the Table 1 are constructed by taking
into account an obvious fact that equation (7) is invariant under transformations of
the form:

x′0 → x0,

x′1 → −x1;
and

x′0 → x1,

x′1 → x0.
(30)

Substituting the Ansätze obtained into the equation (7) we get the following
ordinary differential equations (ODE) for a function ϕ(ω):

1◦ 0 = λeϕ,

2◦ ϕ(4)(α2 − 1)2 + 2ϕ(3)α(1 − α2) − ϕ(2)(1 − α2) =
λ

16
exp

(
ϕ+

2ω
α+ 1

)
,

3◦ ϕ(4) − ϕ(3) =
λ

64
eϕ,

4◦ ϕ(4)ω2 + 4ϕ(3)ω + 2ϕ(2) =
λ

16
eϕ,

5◦ ϕ(4) = λeϕ,

6◦ 0 = λeϕ.

Equation 5◦ has a particular solution

ϕ = ln
(

24
λ

(ω + c)−4

)
, λ > 0,

that leads to the following exact solutions of the equation (7):

u = ln
(

24
λ

(x0 + c1)−4

)
, λ > 0,

u = ln
(

24
λ

(x1 + c2)−4

)
, λ > 0.

(31)

Here c, c1, c2 are arbitrary constants. This solutions are invariant under the
operators P0 and P1 accordingly.
In conclusion of the section let us note that the solutions (31) can be also obtained

by making use of the Ansatz in a Liouville form [2]:

u = ln

24
λ

(
ϕ̇1(ω1)ϕ̇2(ω2)

)2

(ϕ1(ω1) + ϕ2(ω2))
4

 , ω1 = x0 + x1, ω2 = x0 − x1,

that reduces the equation (7) to one of the following systems:

1. ϕ̈1 = 0, ϕ̈2 = 0;

2. ϕ̈1 =
2ϕ̇2

1

ϕ1
, ϕ̈2 =

2ϕ̇2
2

ϕ2
.

Here ϕ̇ and ϕ̈ stand for the first and the second derivatives with respect to
a corresponding argument.
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Integrating the above systems we get the following exact solutions of the equa-
tion (7):

u = ln
(

24
λ

(a2 − b2)2

(ax0 + bx1 + c)4

)
, (32)

where a, b, c are arbitrary constants.
The solution (32) can be obtained from (31) by means of the final transformations

of the extended Poincaré group with generators (26) and (27).

5 Reduction and exact solutions
of the equation �2u = λuk

It follows from the Theorem 2 that the equation (6) with n = 1 is invariant under the
extended Poincaré group P̃ (1, 1) with generators (26) and

D = x0
∂

∂x0
+ x1

∂

∂x1
+

4
1 − k

u
∂

∂u
. (33)

If some equation admits a symmetry operator

X = ξµ(x)
∂

∂xµ
+ η(x)u

∂

∂u
, (34)

then its solutions can be looked for in the form [2]:

u(x) = f(x)ϕ(ω), (35)

provided functions ω(x) and f(x) satisfy the following system:

ξµ(x)
∂ω

∂xµ
= 0, ξµ(x)

∂f(x)
∂xµ

= η(x)f(x). (36)

A complete list of P̃ (1, 1) non-conjugated Ansätze invariant under the inequivalent
one-dimensional subalgebras of the algebra P̃ (1, 1) is given in the Table 2.

Table 2

N Algebra Invariant variable ω Ansatz

1◦ D − J01 x0 + x1 u = (x0 − x1)
2

1−k ϕ(ω)

2◦ D + αJ01, α �= −1 (x0 − x1)(x0 + x1)
α−1
α+1 u = (x0 + x1)

4
(1−k)(α+1) ϕ(ω)

3◦ D + J01 + P0

(x0 + x1 + 1
2
)×

× exp

(
2(x1 − x0)

)
u = exp

(
4

k−1
(x1 − x0)

)
ϕ(ω)

4◦ J01 x2
0 − x2

1 u = ϕ(ω)

5◦ P0 x1 u = ϕ(ω)

6◦ P0 + P1 x0 + x1 u = ϕ(ω)
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Let us note that similar Ansätze for the nonlinear wave equation

�u = λuk, (37)

were obtained in [3].
Substituting the Ansätze obtained into the equation (6) we get the following ODE

for a function ϕ(ω):

1◦
1 + k

(1 − k)2
ϕ(2) =

λ

32
ϕk,

2◦ (α− 1)2ϕ(4)ω2 + 2(α− 1)(α+ 1)2
(

3k + 1
1 − k

+ 2α
)
ωϕ(3) +

+ 2
(
α2 − 4α+ 3 +

6α− 10
1 − k

+
8

(1 − k)2

)
ϕ(2) =

λ

16
(α+ 1)2ϕk,

3◦ ϕ(4)ω2 +
5k − 1
k − 1

ϕ(3)ω +
4k2

(1 − k)2
ϕ(2) =

λ

64
ϕk,

4◦ ϕ(4)ω2 + 4ϕ(3)ω + 2ϕ(2) =
λ

16
ϕk,

5◦ ϕ(4) = λϕk,

6◦ λϕk = 0.

Equations 1◦, 2◦, 4◦ have particular solutions of the form:

ϕ =
(

64
λ

(k + 1)2

(k − 1)4

) 1
k−1

ω− 2
k−1 , k �= −1

and equation 5◦ has a particular solution of the form

ϕ =
(

8
λ

(k + 1)(k + 3)(3k + 1)
(k − 1)4

) 1
k−1

ω− 4
k−1 , k �= −1,−3,−1

3
,

which lead to the following solutions of the equation (6):

u =
(

64
λ

(k + 1)2

(k − 1)4

) 1
k−1 (

(x0 + x1 + c1)(x0 − x1 + c2)
)− 2

k−1
, k �= −1,

u =
(

8
λ

(k + 1)(k + 3)(3k + 1)
(k − 1)4

) 1
k−1

(x0 + c3)
4

1−k , k �= −1,−3,−1
3
,

u =
(

8
λ

(k + 1)(k + 3)(3k + 1)
(k − 1)4

) 1
k−1

(x1 + c4)
4

1−k , k �= −1,−3,−1
3
,

where c1, c2, c3, c4 are arbitrary constants.
Note that equation (37) has analogous solutions (see e.g. [2]).

6 Reduction and exact solutions
of the equation �2u = λu−3

It follows from the Theorems 2, 3 that the equation

�2u = λu−3 (38)
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with n = 1 is invariant under the conformal group C(1, 1) with generators (26) and

D(1) = x0
∂

∂x0
+ x1

∂

∂x1
+ u

∂

∂u
,

K(1)
µ = 2xµD(1) − (xνxν)

∂

∂xµ
, µ, ν = 0, 1.

(39)

By analogy with the preceding Section solutions of the equation (38) are looked
for in the form (35), where functions ω(x) and f(x) are the solutions of the system
(36), and what is more, the operator (34) belongs to the invariance algebra of the
equation (38).
To obtain all the C(1, 1) non-conjugated Ansätze we use the one-dimensional

inequivalent subalgebras of the conformal algebra AC(1, 1) adduced in [11].
Solving for each subalgebra equations (36) we arrive at the collection of C(1, 1)-

invariant Ansätze which are presented in the Table 3.

Table 3.

N Algebra Invariant variable ω Ansatz

1◦ P0 + K
(1)
0

arctg(x1 − x0)+
+arctg(x1 + x0)

u =
(
(x0−x1)

2 + 1
)1/2

×
×
(
(x0+x1)

2 + 1
)1/2

ϕ(ω)

2◦ P0 + K
(1)
0 + α(K

(1)
1 − P1)

0 < α < 1

(α − 1)arctg(x0 − x1)+
+(α + 1)arctg(x1 + x0)

u =
(
(x0−x1)

2 + 1
)1/2

×
×
(
(x0+x1)

2 + 1
)1/2

ϕ(ω)

3◦ P0 + K
(1)
0 + K

(1)
1 − P1 x0 + x1

u =
(
(x0 − x1)

2 + 1
)1/2

×
×ϕ(ω)

4◦ 2P1 + K
(1)
0 + K

(1)
1

x0 + x1+

+
1

2
ln

1 + x0 − x1

1 − x0 + x1

u =
(
(x0 − x1)

2 + 1
)1/2

×
×ϕ(ω)

5◦ 2P1 − K
(1)
0 − K

(1)
1

x0 + x1+
+arctg(x0 − x1)

u =
(
(x0 − x1)

2 + 1
)1/2

×
×ϕ(ω)

6◦ P0 + K
(1)
0 + K

(1)
1 − P1−

−β(J01 + D(1)), β > 0

ln(x0 + x1)−
−βarctg(x1 − x0)

u =
(
(x0 − x1)

2 + 1
)1/2

×
×
(
x0 + x1

)1/2

ϕ(ω)

We omit subalgebras not containing the conformal operator (39) since they were
considered in the preceding Section.
Substituting Ansätze obtained in the equation (38) we get the following reduced

ODE for a function ϕ(ω):

1◦ ϕ(4) + 2ϕ(2) + ϕ =
λ

16
ϕ−3;

2◦ (α2 − 1)2ϕ(4) + 2(α2 + 1)ϕ(2) + ϕ =
λ

16
ϕ−3;

3◦ ϕ(2) =
λ

16
ϕ−3;

4◦ ϕ(4) − ϕ(2) =
λ

16
ϕ−3;
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5◦ ϕ(4) + ϕ(2) =
λ

16
ϕ−3;

6◦ 4β2ϕ(4) + (4 − β2)ϕ(2) − ϕ =
λ

4
ϕ−3.

The general solution of the equation 3◦ is of the form

ϕ = ±
√

(c1ω + c2)2

c1
+

λ

16c1
, ϕ = ±

√
1
2

√−λω + c,

where c, c1, c2 are arbitrary constants, c1 �= 0.
Hence we obtain the following exact solutions of the equation (38):

1. u = ± 1√
2

(
λ

a1

)1/4 ∣∣(x0 + x1 + a2)2 − a1

∣∣1/2∣∣x0 − x1 + a3

∣∣1/2,
2. u = ± 1√

2

(
λ

b1

)1/4 ∣∣(x0 − x1 + b2)2 − b1
∣∣1/2∣∣x0 + x1 + b3

∣∣1/2,
3. u = ±1

2

(
λ

c1c2

)1/4 ∣∣(x0 − x1 + c3)2 + c1
∣∣1/2∣∣(x0 + x1 + c4)2 + c2

∣∣1/2,
where ai, bi, cj , i = 1, 3, j = 1, 4 are arbitrary constants.
Besides, the expression

u = ±λ1/4
∣∣(x0 − x1 + c1)(x0 + x1 + c2)

∣∣1/2
(c1, c2 are arbitrary constants) was proved in the Section 4 to be the exact solution
of the equation (38).

Conclusion

Thus, we have shown that the symmetry selection principle is a natural way of classi-
fication of physically admissible nonlinear biwave equations. Requiring an invariance
with respect to the extended Poincaré group picks out very specific nonlinearities (3).
And the demand of a conformal invariance yields, in fact, a unique nonlinear PDE
(20), (21).
As equations obtained in this way admit broad Lie symmetry, one can apply the

symmetry reduction procedure to find their exact solutions. An important part of the
said procedure is a construction of special substitutions which reduce the equation
under study to PDE with less number of independent variables. Given a subgroup
classification of the equation under study, a procedure of construction of such substi-
tutions is entirely algorithmic. Of course, there is no guarantee that the reduced
equations can be solved explicitly. But our experience as well as a rich experience of
other groups engaged in the field of group-theoretical, symmetry analysis of nonlinear
partial differential equations evidence that it is almost always possible [2, 5, 14, 16].
The reason is that PDE obtained by means of reduction of some initial PDE admitting
broad Lie symmetry also possess a hereditary symmetry. Moreover, in some excepti-
onal cases this symmetry can be much more extensive than the one of the initial
equation. An example is given in [15], where it is established that some equations
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obtained by means of reduction of the nonlinear Poincaré-invariant Dirac equation
admit infinite-parameter symmetry groups. Since a maximal symmetry group of the
initial equation is the ten-parameter Poincaré group, this symmetry is essentially new.
The source of it is the conditional symmetry of the nonlinear Dirac equation [2, 15].
In the present paper we have applied the symmetry reduction procedure to reduce

to ODE the fourth-order nonlinear biwave equations of the form (5) having two
independent variables x0, x1 and to construct its explicit solutions. A problem of
symmetry reduction of these equations has been completely solved in a sense that
any solution of PDE (5) invariant under a subgroup of the conformal group C(1, 1)
(which is a most extensive group that can be admitted by equation of the form (5))
is equivalent to one of the Ansätze given in the Tables 1–3. And what is more, these
Ansätze can be applied to reduce any two-dimensional PDE, provided it is invariant
under the Poincaré, extended Poincaré and conformal groups having the generators
(2), (10)–(13). But it does not mean that all possibilities to reduce PDE (5) to ODE
are exhausted. New reductions can be obtained by utilizing conditional symmetry
of the biwave equation in the way as it has been done for a number of nonlinear
mathematical physics equations in [2]. This problem is under investigation now.
An another interesting problem is to carry out symmetry reduction of the biwave

equation in the four-dimensional Minkowski space-time. This work is now in progress
and will be reported elsewhere.
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Symmetry and some exact solutions
of non-linear polywave equations
W.I. FUSHCHYCH, O.V. ROMAN, R.Z. ZHDANOV

We have studied the maximal symmetry group admitted by the non-linear polywave
equation �lu = F (u). In particular, we establish that equation in question ad-
mits the conformal group C(1, n) if and only if F (u) = λeu, n + 1 = 2l or
F (u) = λu(n+1+2l)/(n+1−2l), n + 1 �= 2l. Symmetry reduction for the biwave equation
�2u = λu−3 is carried out and some exact solutions are obtained.

Recently a number of works (see, e.g., [1, 2, 3]) have appeared pointing out the
possibility to choose linear and non-linear polywave equations

�lu = F (u) (1)

as possible mathematical models describing an uncharged scalar particle in quantum
field theory.
Here �l = �(�l−1), l ∈ N; � = ∂2

x0
− ∂2

x1
− · · · − ∂2

xn
is d’Alembertian in (n+ 1)-

dimensional pseudo-Euclidean space R(1, n) with metric tensor gµν = diag(1,−1, . . . ,
−1), µ, ν = 0, n; F (u) is an arbitrary smooth function and u = u(x) is a real function
(the case l = 1, n = 1 has been studied earlier [4], that is why we put l + n > 2).
In the following, a summation over the repeated indices from 0 to n is understood,
rising and lowering of the vector indices is performed by means of the tensor gµν , i.e.
xµ = gµνxν .
But the fact that the non-linear partial differential equation (PDE) in question is

of high order makes the prospects of studying such a model rather obscure. Using
group properties of equation (1) seems to be the only way to get some non-trivial
information about the said equation and its solutions. It occurs that PDE (1) admits
wide symmetry group which, in fact, is the same as the one of the standard wave
equation

�u = F (u). (2)

The main tool used is the infinitesimal Lie method (see, e.g., [5]). But an appli-
cation of it to study of symmetry properties of equation (1) is by itself a non-trivial
problem in the case l > 1. It should be emphasized that because of arbitrariness
of the order (l) and of the number of independent variables (n) one can not apply
symbolic manipulation programs [6, 7]. We have succeeded in constructing the maxi-
mal symmetry group admitted by equation (1) using the remarkable combinatorial
properties of the prolongation formulae.

Theorem 1. The maximal invariance group of PDE (1) with arbitrary smooth func-
tion F (u) is the Poincaré group P (1, n) generated by the operators

Pµ = ∂xµ
, Jµν = xµ∂xν

− xν∂xµ
, µ, ν = 0, n. (3)

Europhys. Lett., 1995, 31, № 2, P. 75–79.
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It is established below that the equation of the type (1) admitting the group, which
is more extensive than the Poincaré group, is equivalent up to the change of variables
to one of the following equations:

1. �lu = λ1u
k, λ1 �= 0, k �= 0, 1; (4)

2. �lu = λ2e
u, λ2 �= 0; (5)

3.�lu = λ3u, λ3 �= 0; (6)

4. �lu = 0. (7)

Here λ1, λ2, λ3, k are arbitrary constants.
Maximal invariance groups of the equations (4)–(7) are described by the following

statements.

Theorem 2. Equation (4) has the following symmetry:
Case 1. k �= (n+ 1 + 2l)/(n+ 1 − 2l), k �= 0, 1. The maximal invariance group of

(4) is the extended Poincaré group P̃ (1, n) generated by the operators (3) and

D = xµ∂xµ
+

2l
1 − k

u∂u.

Case 2. k = (n+ 1 + 2l)/(n+ 1 − 2l), n+ 1 �= 2l. The maximal invariance group
of (4) is the conformal group C(1, n) generated by the operators (3) and operators

D(1) = xµ∂xµ
+

(2l − n− 1)
2

u∂u,

K(1)
µ = 2xµD(1) − (xνxν)∂xµ

, µ, ν = 0, n.
(8)

Theorem 3. Equation (5) has the following symmetry:
Case 1. n �= 2l−1. The maximal invariance group of (5) is the extended Poincaré

group P̃ (1, n) generated by the operators (3) and

D(2) = xµ∂xµ
− 2l∂u. (9)

Case 2. n = 2l − 1. The maximal invariance group of (5) is the conformal group
C(1, n) generated by the operators (3) and operators

K(2)
µ = 2xµD(2) − (xνxν)∂xµ

, µ, ν = 0, n. (10)

Theorem 4. The maximal invariance group of the equation (6) is generated by the
operators (3) and

Q∞ = f(x)∂u, I = u∂u,

where f(x) is an arbitrary solution of PDE (6).
Theorem 5. The maximal invariance group of the equation (7) is generated by the
operators (3), (8) and

Q∞ = q(x)∂u, I = u∂u,

where q(x) is an arbitrary solution of PDE (7).
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The proof of the Theorems 1–5 carried out by means of the infinitesimal algorithm
of S. Lie [5] requires very cumbersome computations. That is why, we omit it.
An important consequence of the Theorems 1–5 is the following statement.

Theorem 6. The non-linear PDE (1) is invariant under the conformal group C(1, n)
iff it is equivalent to the following

1.�lu = λ1u
n+1+2l
n+1−2l , n+ 1 �= 2l; (11)

2. �lu = λ2e
u, n+ 1 = 2l. (12)

Remark 1. Conformal invariance of the equation (11) was first ascertained in [8]
and that of equation (12) was done in [3] by means of Baker–Campbell–Hausdorff
formulae.

Assuming l = 1 in (11) we obtain the well-known result [3]; that non-linear wave
equation (2) admits the conformal group if it is equivalent to the PDE

�u = λu
n+3
n−1 when n �= 1.

Remark 2. When l = 2 it follows from the Theorem 6 that in the four-dimensional
space R(1, 3) there is only one C(1, 3)-invariant equation

�2u = λeu.

One of the important applications of the Lie groups in mathematical physics is
the finding exact solutions of non-linear PDE. To this end one has to construct so
called invariant solutions [2, 3, 5] which reduce PDE under study to equations with
less number of independent variables (in particular, to ordinary differential equations).
Integrating these one gets exact solutions of the initial PDE. A procedure described
is called symmetry (or group-theoretical) reduction of differential equations. Here
we perform symmetry reduction of the conformally-invariant biwave equation in the
two-dimensional space R(1, 1):

�2u = λu−3. (13)

Making use of inequivalent one-dimensional subalgebras of the conformal algebra
AC(1, 1) [9] one can obtain the following C(1, 1)-inequivalent Ansätze which reduce
the equation (13) to ordinary differential equations. For each case the reduced equati-
ons are given:

1. u = ϕ(ω), ω = x0 or ω = x1,

ϕ(4) = λϕ−3;
2. u = ϕ(ω), ω = x2

0 − x2
1,

ϕ(4)ω2 + 4ϕ(3)ω + 2ϕ(2) =
λ

16
ϕ−3;

3. u = (x0 + x1)1/2ϕ(ω), ω = x0 − x1,

ϕ(2) = −λ
4
ϕ−3;

4. u = (x0 + x1)1/(α+1)ϕ(ω), ω = (x0 − x1)(x0 + x1)(α−1)/(α+1);

ϕ(4)ω2 + 4ϕ(3)ω +
(α− 2)(2α− 1)

(α− 1)2
ϕ(2) =

λ

16
(α+ 1)2

(α− 1)2
ϕ−3, α > 1;
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5. u = exp(x0 − x1)ϕ(ω), ω =
(
x0 + x1 +

1
2

)
exp

(−2(x0 − x1)
)
,

ϕ(4)ω2 + 4ϕ(3)ω +
9
4
ϕ(2) =

λ

64
ϕ−3;

6. u =
(
(x0 − x1)2 + 1

)1/2
ϕ(ω), ω = x0 + x1,

ϕ(2) =
λ

16
ϕ−3;

7. u =
(
(x0 − x1)2 + 1

)1/2
ϕ(ω), ω = x0 + x1 + arctan(x0 − x1),

ϕ(4) + ϕ(2) =
λ

16
ϕ−3;

8. u =
(
(x0 − x1)2 + 1

)1/2
ϕ(ω), ω = x0 + x1 +

1
2

ln
1 + x0 − x1

1 − x0 + x1
,

ϕ(4) − ϕ(2) =
λ

16
ϕ−3;

9. u =
(
(x0 − x1)2 + 1

)1/2(
x0 + x1

)1/2
ϕ(ω),

ω = ln(x0 + x1) − β arctan(x1 − x0),

4β2ϕ(4) + (4 − β2)ϕ(2) − ϕ =
λ

4
ϕ−3, β > 0;

10. u =
(
(x0 − x1)2 + 1

)1/2((x0 + x1)2 + 1
)1/2

ϕ(ω),
ω = (γ − 1) arctan(x0 − x1) + (γ + 1) arctan(x0 + x1),

(γ2 − 1)2ϕ(4) + 2(γ2 + 1)ϕ(2) + ϕ =
λ

16
ϕ−3, 0 ≤ γ < 1.

Integration of the reduced equations gives rise to exact solutions of the non-linear
biwave equation (13). Here we present some exact solutions of this equation obtained
with the use of Ansätze 3 and 6:

u = ±λ1/4
(
x2

0 − x2
1

)1/2
,

u = ± 1√
2

(
λ

c1

)1/4 ∣∣(x0 − x1)2 − c1
∣∣1/2(x0 + x1)1/2,

u = ±1
2

(
λ

c2

)1/4 (
(x0 − x1)2 + 1

)1/2∣∣(x0 + x1)2 + c2
∣∣1/2,

(14)

where c1, c2 are arbitrary constants.
Since the conformal group C(1, 1) is a maximal symmetry group of equation (13),

formulae 1–10 give “maximal” information about its solutions which can be obtained
within the framework of the Lie approach. It means that any solution invariant under
a subgroup of the symmetry group of PDE (13) can be reduced by a transformation
from the group C(1, 1) to one of the Ansätze 1–10.
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Symmetry properties, reduction and exact
solutions of biwave equations
W.I. FUSHCHYCH, R.Z. ZHDANOV, O.V. ROMAN

We have studied symmetry properties of the biwave equations �2u = F (u) and the
systems of wave equations which are equivalent to them. Reduction of the nonlinear
biwave equations with the use of subalgebras of the extended Poincaré algebra ÃP (1, 1)
and the conformal algebra C(1, 1) was carried out. Some exact solutions of these equati-
ons were obtained.

It was suggested in [1] to describe different physical processes with the help of
nonlinear partial equations of high order, namely

�lu = F
(
u,

∂u

∂xµ

∂u

∂xµ

)
. (1)

Here and further � = ∂2/∂x0 − ∂2/∂x1 − · · · − ∂2/∂xn is d’Alembertian in (n + 1)-
dimensional pseudo-Euclidean space R(1, n) with metric tensor gµν = diag(1,−1, . . .,
−1), µ, ν = 0, n; �l = �(�l−1), l ∈ N; xµ = xνgµν ; F (·, ·) is an arbitrary smooth
function; u = u(x) is a real function; the summation over the repeated indices from 0
to n is understood.
Equations (1) were considered from different points of view in [2, 3, 4], where the

pseudodifferential equations of type (1) were also studied (in this case l is fractional
or negative).
Assuming l = 1 and F = F (u) in (1) we obtain the standard wave equation

�u = F (u) (2)

which describes a scalar spinless uncharged particle in quantum field theory. Sym-
metry properties of equation (2) were studied in [4, 5, 6] and wide classes of its
exact solutions with certain concrete values of the function F (u) were obtained in
[4, 5, 7, 8, 9].
In this paper we restrict ourselves by considering the biwave equation

�2u = F (u) (3)

which is one of the simplest equations of type (1) of high order (l = 2, F = F (u)).

1 Symmetry classification of the biwave equation

In order to carry out a symmetry classification of equation (3) we shall establish
at first the maximal transformation group admitted by equation (3) provided F (u)
is an arbitrary function. After that we shall determine all the functions F (u) when
equation (3) admits more extended symmetry.
Results of symmetry classification of equation (3) are cited in the following

statements.
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Lemma 1 The maximal invariance group of equation (3) with an arbitrary function
F (u) is the Poincaré group P (1, n) generated by the operators

Pµ =
∂

∂xµ
, Jµν = xµ

∂

∂xν
− xν

∂

∂xµ
, µ, ν = 0, n. (4)

Theorem 1 All the equations of type (3) admitting more extended invariance algeb-
ra than the Poincaré algebra AP (1, n) are equivalent one of the following:

1. �2u = λ1u
k, λ1 �= 0, k �= 0, 1; (5)

2. �2u = λ2e
u, λ2 �= 0; (6)

3. �2u = λ3u, λ3 �= 0; (7)

4. �2u = 0. (8)

Here λ1, λ2, λ3 are arbitrary constants.

Theorem 2 The symmetry of the equations (5)–(8) is described in the following
way:

1. (a) The maximal invariance group of equation (5) when k �= (n + 5)/(n − 3),
k �= 0, 1 is the extended Poincaré group P̃ (1, n) generated by the operators (4) and

D = xµ
∂

∂xµ
+

4
1 − k

u
∂

∂u
.

(b) The maximal invariance group of equation (5) when k = (n + 5)/(n − 3),
n �= 3 is the conformal group C(1, n) generated by the operators (4) and

D(1) = xµ
∂

∂xµ
+

3 − n

2
u
∂

∂u
,

K(1)
µ = 2xµD(1) − (xνxν)

∂

∂xµ
.

(9)

2. (a) The maximal invariance group of equation (6) when n �= 3 is the extended
Poincaré group P̃ (1, n) generated by the operators (4) and

D(2) = xµ
∂

∂xµ
− 4

∂

∂u
. (10)

(b) The maximal invariance group of equation (6) when n = 3 is the conformal
group C(1, n) generated by the operators (4) and

K(2)
µ = 2xµD(2) − (xνxν)

∂

∂xµ
. (11)

3. The maximal invariance group of equation (7) is generated by the operators (4)
and

Q = h(x)
∂

∂u
, I = u

∂

∂u
,

where h(x) is an arbitrary solution of equation (7).
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4. The maximal invariance group of equation (8) is generated by the operators
(4), (9) and

Q = q(x)
∂

∂u
, I = u

∂

∂u
,

where q(x) is an arbitrary solution of equation (8).

The proof of Lemma 1 and Theorems 1, 2 is carried out by means of the infinitesi-
mal algorithm of S. Lie [4, 10]. Since it requires very cumbersome computations we
only give a general scheme of the proof.
In the Lie approach the infinitesimal operator of equation (3) invariance group is

of the form

X = ξµ(x, u)
∂

∂xµ
+ η(x, u)

∂

∂u
. (12)

The invariance criterion of equation (3) under group generated by the opera-
tors (12) is

X
4

(�2u− F (u))
∣∣∣
�2u=F (u)

= 0, (13)

where X
4
is the 4-th prolongation of the operator X.

Splitting equation (13) with respect to the independent variables, we come to the
system of partial differential equations for functions ξµ(x, u) and η(x, u):

ξµu = 0, ηuu = 0, µ = 0, n,

ξi0 = ξ0i , ξij = −ξji , i �= j, i, j = 1, n,

ξ00 = ξ11 = · · · = ξnn ,

2ηνu = (3 − n)ξν00, ν = 0, n,

(14)

�2η − ηF ′(u) + F (u)(ηu − 4ξ00) = 0. (15)

Besides, when n = 1, there are additional equations:

η00u = 0, η01u = 0, (16)

that do not follow from equations (14) and (15).
In the above formulae we use the notations ξµν = ∂ξµ/∂xν , ηµ = ∂η/∂xµ and so

on.
System (14) is a system of Killing equations. The general solution of equations

(14), (16) is of the form:

ξν = 2xνxµcµ − xµx
µcν + bνµx

µ + dxν + aν ,

η = ((3 − n)cµxµ + p)u+ κ(x),
(17)

where cµ, bνµ = −bµν , d, aν , p are arbitrary constants, κ(x) is an arbitrary smooth
function.
Substituting (17) into the classifying equation (15) and splitting it with respect

to u we obtain statements of Lemma 1 and Theorems 1, 2 according to the form
of F (u).
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It follows from the statements proved that the equation of type (1) is invariant
under the extended Poincaré group P̃ (1, n) iff it is equivalent one of equations (5), (6)
or (8). Let us note that the analogous result was obtained for the wave equations (2)
in [5].
The following statement also is the consequence of the Theorems but since it is

important we adduce it as a Theorem.

Theorem 3 Equation (3) is invariant under the conformal group C(1, n) iff it is
equivalent to the following:

1. �2u = λ1u
(n+5)/(n−3), n �= 3; (18)

2. �2u = λ2e
u, n = 3. (19)

Let us note that conformal invariance of equation (18) was first ascertained in [11]
and that of equation (19) was done in [4] by means of Baker–Campbell–Hausdorff
formulae.
In conclusion of the Section let us emphasize an important property of the linear

biwave equation (8), when n = 3, which is the consequence of Theorems 2 and 3.
Corollary There exist two nonequivalent representations of the Lie algebra of the
conformal group C(1, n) on the set of solutions of equation (8) [1, 3, 4]:

1. P (1)
µ = Pµ, J (1)

µν = Jµν ,

D(1) = xµ
∂

∂xµ
, K(1)

µ = 2xµD(1) − (xνxν)
∂

∂xµ
;

2. P (2)
µ = Pµ, J (2)

µν = Jµν ,

D(2) = xµ
∂

∂xµ
+

∂

∂u
, K(2)

µ = 2xµD(2) − (xνxν)
∂

∂xµ
,

where the operators Pµ, Jµν are determined in (4).

2 Symmetry classification of system
of wave equations

Introducing a new variable v = �u in (3) we get the system of partial differential
equations

�u = v,

�v = F (u),
(20)

which is equivalent to the biwave equation (3).
Symmetry properties of the system (20) are investigated by analogy with the

previous Section. So we only formulate statements analogous to the preceding ones
without proving them.

Lemma 2 The maximal invariance group of the system (20) with an arbitrary
function F (u) is the Poincaré group P (1, n) generated by the operators (4).
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Theorem 4 All the systems of type (20) admitting more extended invariance algebra
than the Poincaré algebra AP (1, n) are equivalent one of the following:

1. �u = v,

�v = λ1u
k, λ1 �= 0, k �= 0, 1;

(21)

2. �u = v,

�v = λ2u, λ2 �= 0;
(22)

3. �u = v,

�v = 0.
(23)

Theorem 5 The symmetries of the systems (21)–(23) is described in the following
way:

1. The maximal invariance group of the system (21) is the extended Poincaré
group P̃ (1, n) generated by the operators (4) and

D = xµ
∂

∂xµ
+

4
1 − k

u
∂

∂u
+

2(1 + k)
1 − k

v
∂

∂v
.

2. The maximal invariance group of the system (22) is generated by the opera-
tors (4) and

Q1 = u
∂

∂u
+ v

∂

∂v
, Q2 = v

∂

∂u
+ λ2u

∂

∂v
, Q3 = h1(x)

∂

∂u
+ h2(x)

∂

∂v
,

where (h1(x), h2(x)) is an arbitrary solution of the system (22).
3. The maximal invariance group of the system (23) is generated by the opera-

tors (4) and

D = xµ
∂

∂xµ
+ 2u

∂

∂u
, Q1 = u

∂

∂u
+ v

∂

∂v
,

Q2 = v
∂

∂u
, Q3 = q1(x)

∂

∂u
+ q2(x)

∂

∂v
,

where (q1(x), q2(x)) is an arbitrary solution of the system (23).

It follows from the foregoing statements that unlike the biwave equations, the
extended Poincaré group P̃ (1, n) is the invariance group of the system (20) only in
two cases, namely, when (20) is equivalent to (21) or (23). Moreover, the system
(20) is not invariant under the conformal group for any functions F (u). Therefore,
in the class of Lie operators, the invariance algebras of the biwave equations and the
corresponding systems of wave equations are essentially different.

3 Reduction and exact solutions
of the equation �2u = λeu

As follows from Theorem 2 the maximal invariance group of the equation (6), when
n = 1 is the extended Poincaré group P̃ (1, 1) with generators

P0 =
∂

∂x0
, P1 =

∂

∂x1
, J01 = x0 ∂

∂x1
− x1 ∂

∂x0
, (24)
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D(2) = x0
∂

∂x0
+ x1

∂

∂x1
− 4

∂

∂u
. (25)

It is known that if an equation admits the symmetry operator

X = ξµ(x)
∂

∂xµ
+ η(x)

∂

∂u
(26)

then its solutions can be found in the form [4]:

u(x) = ϕ(ω) + g(x). (27)

For the substitution (27) to be an ansatz for the equation with the symmetry
operator (26), the functions ω(x) and g(x) are to satisfy the following conditions:

ξµ(x)
∂ω

∂xµ
= 0, ξµ(x)

∂g(x)
∂xµ

= η(x).

To obtain all the P̃ (1, 1)-nonequivalent ansatzes (27) we have to describe all the
nonequivalent one-dimensional subalgebras of the Lie algebra ÃP (1, 1) spanned by the
operators (24) and (25) (see [4, 9]). In the paper we make use of classification given
in [9] and omitting rather cumbersome computations we write P̃ (1, 1)-nonequivalent
ansatzes in Table 1.

Table 1.
N Algebra Invariant variables ω Ansatz

1◦ D − J01 x0 + x1 u = ϕ(ω) − 2 ln(x0 − x1)

2◦ D + αJ01, α �= −1
(1 + α) ln(x1 − x0)−

− (1 − α) ln(x0 + x1)
u = ϕ(ω) − 4

α + 1
ln(x0 + x1)

3◦ D − J01 + P0
ln(x0 − x1 + 1/2)−

− 2(x0 + x1)
u = ϕ(ω) − 2 ln(x0 − x1 + 1/2)

4◦ J01 x2
0 − x2

1 u = ϕ(ω)

5◦ P0 x1 u = ϕ(ω)

6◦ P0 + P1 x0 − x1 u = ϕ(ω)

Remark. Inequivalent subalgebras listed in Table 1 are built by taking account of the
obvious fact that equation (6) is invariant under the transformations of the form:

x′0 → x0,

x′1 → −x1;
and

x′0 → x1,

x′1 → x0.
(28)

Substituting ansatzes obtained in (6) we get the following equations for the functi-
on ϕ(ω):

1◦ 0 = λeϕ,

2◦ ϕ(4)(α2 − 1)2 + 2ϕ(3)α(1 − α2) − ϕ(2)(1 − α2) =
λ

16
exp

(
ϕ+

2ω
α+ 1

)
,

3◦ ϕ(4) − ϕ(3) =
λ

64
eϕ,

4◦ ϕ(4)ω2 + 4ϕ(3)ω + 2ϕ(2) =
λ

16
eϕ,

5◦ ϕ(4) = λeϕ,

6◦ 0 = λeϕ.
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Equation 5◦ has the partial solution

ϕ = ln
(

24
λ

(ω + c)−4

)
, λ > 0,

that leads us to the following exact solutions of equation (6):

u = ln
(

24
λ

(x0 + c1)−4

)
, λ > 0,

u = ln
(

24
λ

(x1 + c2)−4

)
, λ > 0.

(29)

Here c, c1, c2 are arbitrary constants. This solutions are invariant under the operators
P0 and P1 accordingly.
To finish the Section let us note that the solutions (29) can be obtained by making

use of the ansatz in Liouville form [4]:

u = ln

24
λ

(
ϕ̇1(ω1)ϕ̇2(ω2)

)2

(ϕ1(ω1) + ϕ2(ω2))
4

 , ω1 = x0 + x1, ω2 = x0 − x1,

which reduces equation (6) to one of the following systems:

1. ϕ̈1 = 0, ϕ̈2 = 0;

2. ϕ̈1 =
2ϕ̇2

1

ϕ1
, ϕ̈2 =

2ϕ̇2
2

ϕ2
.

Here ϕ̇ and ϕ̈ mean the first derivative and the second one of the corresponding
argument.
Finding the general solution of the systems we get the following exact solutions

of equation (6):

u = ln
(

24
λ

(a2 − b2)2

(ax0 + bx1 + c)4

)
, (30)

where a, b, c are arbitrary constants.
Solution (30) can be obtained from (29) by the transformations of the extended

Poincaré group with the generators (24) and (25).

4 Reduction and exact solutions
of the equation �2u = λuk

It follows from Theorem 2 that when n = 1 the equation (5) is invariant under the
extended Poincaré group P̃ (1, 1) with the generators (24) and

D = x0
∂

∂x0
+ x1

∂

∂x1
+

4
1 − k

u
∂

∂u
. (31)

If an equation admits the symmetry operator

X = ξµ(x)
∂

∂xµ
+ η(x)u

∂

∂u
(32)
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then its solutions can be found in the form [4]:

u(x) = f(x)ϕ(ω) (33)

provided functions ω(x) and f(x) satisfy the following system:

ξµ(x)
∂ω

∂xµ
= 0, ξµ(x)

∂f(x)
∂xµ

= η(x)f(x). (34)

With an allowance for invariance of equation (5) under the changes of variables
(28) we write P̃ (1, 1)-nonequivalent ansatzes of the form (33) in Table 2.

Table 2.
N Algebra Invariant variables ω Ansatz

1◦ D − J01 x0 + x1 u = (x0 − x1)
2

1−k ϕ(ω)

2◦ D + αJ01, α �= −1 (x0 − x1)(x0 + x1)
α−1
α+1 u = (x0 + x1)

4
(1−k)(α+1) ϕ(ω)

3◦ D + J01 + P0

(x0 + x1 + 1
2
)×

× exp

(
2(x1 − x0)

)
u = exp

(
4

k−1
(x1 − x0)

)
ϕ(ω)

4◦ J01 x2
0 − x2

1 u = ϕ(ω)

5◦ P0 x1 u = ϕ(ω)

6◦ P0 + P1 x0 + x1 u = ϕ(ω)

Let us note that analogous ansatzes were obtained in [4] for the nonlinear wave
equation

�u = λuk. (35)

Substituting the ansatzes obtained to equation (5) we get the following equations
for the function ϕ(ω):

1◦
1 + k

(1 − k)2
ϕ(2) =

λ

32
ϕk,

2◦ (α− 1)2ϕ(4)ω2 + 2(α− 1)(α+ 1)2
(

3k + 1
1 − k

+ 2α
)
ωϕ(3) +

+ 2
(
α2 − 4α+ 3 +

6α− 10
1 − k

+
8

(1 − k)2

)
ϕ(2) =

λ

16
(α+ 1)2ϕk,

3◦ ϕ(4)ω2 +
5k − 1
k − 1

ϕ(3)ω +
4k2

(1 − k)2
ϕ(2) =

λ

64
ϕk,

4◦ ϕ(4)ω2 + 4ϕ(3)ω + 2ϕ(2) =
λ

16
ϕk,

5◦ ϕ(4) = λϕk,

6◦ λϕk = 0.

Equations 1◦, 2◦, 4◦ have the partial solutions of the form:

ϕ =
(

64
λ

(k + 1)2

(k − 1)4

) 1
k−1

ω− 2
k−1 , k �= −1,
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and equation 5◦ has the partial solution of the form

ϕ =
(

8
λ

(k + 1)(k + 3)(3k + 1)
(k − 1)4

) 1
k−1

ω− 4
k−1 , k �= −1,−3,−1

3

which lead us to the following solutions of equation (5):

u =
(

64
λ

(k + 1)2

(k − 1)4

) 1
k−1 (

(x0 + x1 + c1)(x0 − x1 + c2)
)− 2

k−1
, k �= −1,

u =
(

8
λ

(k + 1)(k + 3)(3k + 1)
(k − 1)4

) 1
k−1

(x0 + c3)
4

1−k , k �= −1,−3,−1
3
,

u =
(

8
λ

(k + 1)(k + 3)(3k + 1)
(k − 1)4

) 1
k−1

(x1 + c4)
4

1−k , k �= −1,−3,−1
3
,

where c1, c2, c3, c4 are arbitrary constants.
Note that equation (35) has analogous solutions (see [4]).

5 Reduction and exact solutions
of the equation �2u = λu−3

It follows from Theorems 2 and 3 that when n = 1 the equation

�2u = λu−3 (36)

is invariant under the conformal group C(1, 1) with the generators (24) and

D(1) = x0
∂

∂x0
+ x1

∂

∂x1
+ u

∂

∂u
,

K(1)
µ = 2xµD(1) − (xνxν)

∂

∂xµ
, µ, ν = 0, 1.

(37)

By analogy with the previous Section solutions of equation (36) can be found in
the form (33) where functions ω(x) and f(x) are the solutions of the system (34)
provided the operator (32) belongs to the invariance algebra of equation (36).
To obtain all the C(1, 1)–nonequivalent ansatzes we use the one-dimensional

nonequivalent subalgebras of the conformal algebra AC(1, 1) adduced in [9].
Omitting rather cumbersome computations and taking account of equation (36)

being invariant under the changes of variables (28) we write nonequivalent ansatzes
in Table 3.
We omit subalgebras not containing conformal the operator (37) since they were

considered in the previous Section.
Substituting ansatzes obtained in (36) we get the following equations for the

function ϕ(ω):

1◦ ϕ(4) + 2ϕ(2) + ϕ =
λ

16
ϕ−3;

2◦ (α2 − 1)2ϕ(4) + 2(α2 + 1)ϕ(2) + ϕ =
λ

16
ϕ−3;
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Table 3.

N Algebra Invariant variables ω Ansatz

1◦ P0 + K
(1)
0

arctg(x1 − x0)+
+arctg(x1 + x0)

u =
(
(x0−x1)

2 + 1
)1/2

×
×
(
(x0+x1)

2 + 1
)1/2

ϕ(ω)

2◦ P0 + K
(1)
0 + α(K

(1)
1 − P1)

0 < α < 1

(α − 1)arctg(x0 − x1)+
+(α + 1)arctg(x1 + x0)

u =
(
(x0−x1)

2 + 1
)1/2

×
×
(
(x0+x1)

2 + 1
)1/2

ϕ(ω)

3◦ P0 + K
(1)
0 + K

(1)
1 − P1 x0 + x1

u =
(
(x0 − x1)

2 + 1
)1/2

×
×ϕ(ω)

4◦ 2P1 + K
(1)
0 + K

(1)
1

x0 + x1+

+
1

2
ln

1 + x0 − x1

1 − x0 + x1

u =
(
(x0 − x1)

2 + 1
)1/2

×
×ϕ(ω)

5◦ 2P1 − K
(1)
0 − K

(1)
1

x0 + x1+
+arctg(x0 − x1)

u =
(
(x0 − x1)

2 + 1
)1/2

×
×ϕ(ω)

6◦ P0 + K
(1)
0 + K

(1)
1 − P1−

−β(J01 + D(1)), β > 0

ln(x0 + x1)−
−βarctg(x1 − x0)

u =
(
(x0 − x1)

2 + 1
)1/2

×
×
(
x0 + x1

)1/2

ϕ(ω)

3◦ ϕ(2) =
λ

16
ϕ−3;

4◦ ϕ(4) − ϕ(2) =
λ

16
ϕ−3;

5◦ ϕ(4) + ϕ(2) =
λ

16
ϕ−3;

6◦ 4β2ϕ(4) + (4 − β2)ϕ(2) − ϕ = λ
4ϕ

−3.

The general solution of equation 3◦ is of the form

ϕ = ±
√

(c1ω + c2)2

c1
+

λ

16c1
, c1 �= 0;

ϕ = ±
√

1
2

√−λω + c,

where c, c1, c2 are arbitrary constants.
Hence we obtain the following exact solutions of equation (36):

1. u = ± 1√
2

(
λ

a1

)1/4 ∣∣(x0 + x1 + a2)2 − a1

∣∣1/2∣∣x0 − x1 + a3

∣∣1/2,
2. u = ± 1√

2

(
λ

b1

)1/4 ∣∣(x0 − x1 + b2)2 − b1
∣∣1/2∣∣x0 + x1 + b3

∣∣1/2,
3. u = ±1

2

(
λ

c1c2

)1/4 ∣∣(x0 − x1 + c3)2 + c1
∣∣1/2∣∣(x0 + x1 + c4)2 + c2

∣∣1/2,
where ai, bi, cj , i = 1, 3, j = 1, 4 are arbitrary constants.
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Besides, the expression

u = ±λ1/4
∣∣(x0 − x1 + c1)(x0 + x1 + c2)

∣∣1/2
(c1, c2 are arbitrary constants) was proved in Section 4 to be the exact solution of
equation (36).
In conclusion let us note that we can obtain the same solutions using the following

ansatz

u = ϕ1(ω1)ϕ2(ω2), ω1 = x0 + x1, ω2 = x0 − x1,

which reduces equation (36) to the system of ordinary differential equations for the
unknown functions ϕ1(ω1) and ϕ2(ω2), namely

ϕ̈1 =
c

4
ϕ−3

1 ,

ϕ̈2 =
λ

4c
ϕ−3

2 ,
(38)

where c is an arbitrary constant.
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Symmetry reduction and exact solutions
of the Yang–Mills equations

V.I. LAHNO, R.Z. ZHDANOV, W.I. FUSHCHYCH

We present a detailed account of symmetry properties of SU(2) Yang–Mills equations.
Using a subgroup structure of the Poincaré group P (1, 3) we have constructed all
P (1, 3)-inequivalent ansatzes for the Yang-Mills field which are invariant under the
three-dimensional subgroups of the Poincaré group. With the aid of these ansatzes
reduction of Yang-Mills equations to systems of ordinary differential equations is carried
out and wide families of their exact solutions are constructed.

1 Introduction

Since Newton’s and Euler’s works, exact solutions of differential equations describing
physical processes were highly estimated. Green, Lame, Liouville, Cayley, Donkin,
Stokes, Kirchhoff, Poincaré, Stieltjes, Forsyth, Volterra, Appel, Macdonald, Weber,
Bateman, Whittaker, Sommerfeld and many other famous researchers constructed
different classes of exact solutions of linear Laplace, d’Alembert, heat, and Maxwell
equations.
Nowadays, this constructive branch of mathematical physics is not so popular as

earlier. But if one wants to have some nontrivial information on solutions of basic
motion equations in quantum mechanics, field theory, gravitation theory, acoustics,
and hydrodynamics, then the more intensive research work should be carried out in
order to develop analytical methods of solution of partial differential equations (PDE).
And what is more, unlike the mathematical physics of the 19th century, modern
mathematical physics is essentially nonlinear. It means that all principal equations
of modern physics, biology and chemistry are nonlinear. This fact complicates very
much the problem of constructing their exact solutions (see, e.g. [1] and references
therein).
Up to now, we have comparatively few papers devoted to construction of exact so-

lutions of nonlinear multi-dimensional d’Alembert, Maxwell, Schrödinger, Dirac, Max-
well–Dirac, Yang–Mills equations. Whereas, a huge amount of papers and monographs
are devoted to construction of exact solutions of equations for gravitational field. It
is difficult even to estimate the number of papers and monographs, where the soliton
solutions of the one-dimensional nonlinear KdV, Schrödinger and Sine-Gordon equa-
tions are studied. We are sure that the above mentioned equations should deserve
much more attention of researchers in mathematical physics.
With the present paper we start a series of papers devoted to construction of new

classes of exact solutions of the classical Yang–Mills equations (YME) with the use of
their Lie and non-Lie symmetry. Here we study in detail symmetry reduction of YME
by Poincaré-invariant ansatzes and obtain wide families of its exact Poincaré-invariant
solutions.

J. Nonlinear Math. Phys., 1995, 2, № 1, P. 51–72.
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By the classical YME, we mean the following nonlinear system of twelve second-
order PDE:

∂ν∂
ν �Aµ − ∂µ∂ν �Aν + e[(∂ν �Aν) × �Aµ − 2(∂ν �Aµ) × �Aν + (∂µ �Aν) × �Aν ] +
+ e2 �Aν × ( �Aν × �Aµ) = �0.

(1.1)

Here ∂ν = ∂
∂xν
, µ, ν = 0, 3, e = const, �Aµ = �Aµ(x0, x1, x2, x3) is the three-component

vector-potential of the Yang–Mills field (called, for bravity, the Yang–Mills field).
Hereafter, the summation over the repeated indices µ, ν from 0 to 3 is understood.
Raising and lowering the vector indices is performed with the aid of the metric tensor

gµν =


1, µ = ν = 0,

−1, µ = ν = 1, 2, 3,
0, µ �= ν

(i.e. ∂µ = gµν∂ν).
It should be said that there were several reviews devoted to classical solutions

of YME (see [2] and the literature cited there). But, in fact, symmetry properties of
YME were not used. The solutions were obtained with the help of ad hoc substitutions
suggested by Wu and Yang, Rosen, ’t Hooft, Corrigan and Fairlie, Wilczek, Witten
(for more detail, see [2]).
The structure of our paper is as follows. In the second Section we give all

necessary information about symmetry properties of YME and about a solution
generation procedure by virtue of the finite transformations of the symmetry group
admitted by YME. In Section 3 we construct P (1, 3)-inequivalent ansatzes for the
Yang–Mills field invariant under the three-parameter subgroups of the Poincaré
group. Section 4 is devoted to reduction of YME to systems of ordinary differential
equations (ODE). Integrating these in Section 5 we construct multi-parameter fami-
lies of exact solutions of YME. In Section 6 we consider some generalizations of
the solutions obtained and, in particular, construct the generalization of Coleman’s
solution.

2 Symmetry and solution generation
for the Yang–Mills equations

It was known long ago that YME are invariant with respect to the group C(1, 3) ⊗
SU(2), where C(1, 3) is the 15-parameter conformal group having the following
generators:

Pµ = ∂µ,

Jαβ = xα∂β − xβ∂α +Aaα∂Aa
β
−Aaβ∂Aa

α
,

D = xµ∂µ −Aaµ∂Aa
µ
,

Kµ = 2xµD − (xνxν)∂µ + 2Aaµxν∂Aa
ν
− 2Aaνx

ν∂Aa
µ
,

(2.1)

and SU(2) is the infinite-parameter special unitary group with the following basis
generator:

Q = (εabcAbµw
c(x) + e−1∂µw

a(x))∂Aa
µ
. (2.2)
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In (2.1), (2.2) ∂Aa
µ

= ∂
∂Aa

µ
, wc(x) are arbitrary smooth functions, εabc is the third-

order anti-symmetrical tensor with ε123 = 1. Hereafter, summation over the repeated
indices a, b, c from 1 to 3 is understood.
But the fact that the group with generators (2.1), (2.2) is a maximal (in Lie’s

sense) invariance group admitted by YME was established only recently [3] with the
use of a symbolic computation technique. The only explanation for this situation is a
very cumbersome structure of the system of PDE (1.1). As a consequence, realization
of the Lie algorithm of finding the maximal invariance group admitted by YME
demands a huge amount of computations. This difficulty had been overcome with the
aid of computer facilities.
One of the remarkable possibilities provided by the fact that the considered equati-

on admits a nontrivial symmetry group gives the possibility of getting new solutions
from the known ones by the solution generation technique [1, 4]. This technique is
based on the following assertion.

Lemma. Let

x′µ = fµ(x, u, τ), µ = 0, n− 1,

u′a = ga(x, u, τ), a = 1, N,

where τ = (τ1, τ2, . . . , τr) be the r-parameter invariance group of some system of
PDE and Ua(x), a = 1, N be its particular solution. Then the N -component function
ua(x) determined by implicit formulae

Ua(f(x, u, τ)) = ga(x, u, τ), a = 1, N (2.3)

is also a solution of the same system of PDE.
To make use of the above assertion we need formulae for finite transformations

generated by infinitesimal operators (2.1), (2.2). We adduce these formulae following
[1, 2].
1. The group of translations (generator X = τµPµ)

x′µ = xµ + τµ, A
d
µ
′ = Adµ.

2. The Lorentz group O(1, 3)
a) the group of rotations (generator X = τJab)

x′0 = 0, x′c = xc, c �= a, c �= b,

x′a = xa cos τ + xb sin τ,
x′b = xb cos τ − xa sin τ,
Ad0

′ = Ad0, Adc
′ = Adc , c �= a, c �= b,

Ada
′ = Ada cos τ +Adb sin τ,

Adb
′ = Adb cos τ −Ada sin τ ;

b) the group of Lorentz transformations (generator X = τJ0a)

x′0 = x0 cosh τ + xa sinh τ,
x′a = xa cosh τ + x0 sinh τ, x′b = xb, b �= a,

Ad0
′ = Ad0 cosh τ +Ada sinh τ,

Ada
′ = Ada cosh τ +Ad0 sinh τ, Adb

′ = Adb , b �= a.
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3. The group of scale transformations (generator X = τD)

x′µ = xµe
τ , Adµ

′ = Adµe
−τ .

4. The group of conformal transformations (generator X = τµK
µ)

x′µ = (xµ − τµxνx
ν)σ−1(x),

Adµ
′ = [gµνσ(x) + 2(xµτν − xντµ + 2ταxατµxν − xαx

ατµτν − τατ
αxµxν ]Adν .

5. The group of gauge transformations (generator X = Q)

x′µ = xµ,

Adµ
′ = Adµ cosw + εdbcA

b
µn

c sinw + 2ndnbAbµ sin2 w

2
+

+ e−1

[
1
2
nd∂µw +

1
2
(∂µnd) sinw + εdbc(∂µnb)nc

]
.

In the above formulae σ(x) = 1 − ταx
α + (τατα)(xβxβ), na = na(x) is a unit

vector determined by the equality wa(x) = w(x)na(x), a = 1, 3.
Using the Lemma it is not difficult to obtain formulae for generating solutions of

YME by the above transformation groups. We adduce them omitting derivation (see
also [3]).
1. The group of translations

Aaµ(x) = uaµ(x+ τ).

2. The Lorentz group

Adµ(x) = aµu
d
0(ax, bx, cx, dx) + bµu

d
1(ax, bx, cx, dx) +

+ cµu
d
2(ax, bx, cx, dx) + dµu

d
3(ax, bx, cx, dx).

3. The group of scale transformations

Adµ(x) = eτudµ(xe
τ ).

4. The group of conformal transformations

Adµ(x) = [gµνσ−1(x) + 2σ−2(x)(xµτν − xντµ + 2ταxατµxν −
− xαx

ατµτν − τατ
αxµxν)]udν((x− τ(xαxα))σ−1(x)).

5. The group of gauge transformations

Adµ(x) = udµ cosw + εdbcu
b
µn

c sinw + 2ndnbubµ sin2 w

2
+

+ e−1

[
1
2
nd∂µw +

1
2
(∂µnd) sinw + εdbc(∂µnb)nc

]
.

Here udµ(x) is an arbitrary given solution of YME; A
d
µ(x) is a new solution of YME;

τ , τµ are arbitrary parameters; aµ, bµ, cµ, dµ are arbitrary parameters satisfying the
equalities

aµa
µ = −bµbµ = −cµcµ = −dµdµ = 1,

aµb
µ = aµc

µ = aµd
µ = bµc

µ = bµd
µ = cµd

µ = 0.

Besides that, we use the following designations: x + τ = {xµ + τµ, µ = 0, 3},
ax = aµx

µ.
Thus, each particular solution of YME gives rise to a multi-parameter family of

exact solutions by virtue of the above solution generation formulae.
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3 Ansatzes for the Yang–Mills field

A key idea of the symmetry approach to the problem of reduction of PDE is a special
choice of the form of a solution. This choice is dictated by a structure of the symmetry
group admitted by the equation under study.
In the case involved, to reduce YME by N variables one has to construct ansatzes

for the Yang–Mills field Aaµ(x) invariant under N -dimensional subalgebras of the
algebra with the basis elements (2.1), (2.2) [1, 5]. Since we are looking for Poi-
ncaré-invariant ansatzes reducing YME to systems of ODE, N is equal to 3. Due to
invariance of YME under the Poincaré group P (1, 3), it is enough to consider only
subalgebras which can not be transformed one into another by group transformati-
on, i.e. P (1, 3)-inequivalent subalgebras. Complete description of P (1, 3)-inequivalent
subalgebras of the Poincaré algebra was obtained in [6] (see also [7]).
According to the classical symmetry approach, to construct the ansatz invariant

under the invariance algebra having the basis elements

Xa = ξaµ(x,A)∂µ + ηbaµ(x,A)∂Ab
µ
, a = 1, 3, (3.1)

where A = {Aaµ, a = 1, 3, µ = 0, 3}, one has
1) to construct a complete system of functionally-independent invariants of the

operators (3.1) Ω = {wi(x,A), i = 1, 13};
2) to resolve relations

Fj(w1(x,A), . . . , w13(x,A)) = 0, j = 1, 13 (3.2)

with respect to the function Aaµ.
As a result, one gets the ansatz for the field Aaµ(x) which reduces YME to the

system of twelve nonlinear ODE.

Note. Equalities (3.2) can be resolved with respect to Aaµ, a = 1, 3, µ = 0, 3 if the
condition

rank ‖ξaµ(x,A)‖3 3
a=1 µ=0 = 3 (3.3)

holds. If (3.3) does not hold, the above procedure leads to partially-invariant solu-
tions [5], which are not considered in the present paper.
In [1, 4] we established that the procedure of construction of invariant ansatzes

could be essentially simplified if coefficients of operators Xa have the following
structure:

ξaµ = ξaµ(x), ηbaµ = ρbcaµν(x)A
c
ν (3.4)

(i.e. basis elements of the invariance algebra realize the linear representation). In this
case, the invariant ansatz for the field Aaµ(x) is searched for in the form

Aaµ(x) = Qabµν(x)B
b
ν(w(x)). (3.5)

Here Bbν(w) are arbitrary smooth functions and w(x), Qabµν(x) are particular solutions
of the system of PDE

ξaµwxµ
= 0, a = 1, 3,

(ξaν∂ν − ρbcaµα)Qcdαβ = 0, µ = 0, 3, a, b, d = 1, 3.
(3.6)
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Basis elements of the Poincaré algebra Pµ, Jαβ from (2.1) evidently satisfy the
conditions (3.4) and besides the equalities

ηbaµ = ρaµν(x)Abν , a, b = 1, 3, µ = 0, 3 (3.7)

hold.
This fact permits further simplification of formulae (3.5), (3.6). Namely, the ansatz

for the Yang–Mills field invariant under the 3-dimensional subalgebra of the Poincaré
algebra with basis elements of the form (3.1), (3.7) should be looked for in the form

Aaµ = Qµν(x)Baν (w(x)), (3.8)

where Baν (w) are arbitrary smooth functions and w(x), Qµν(x) are particular solutions
of the following system of PDE:

ξaµwxµ
= 0, a = 1, 3, (3.9)

ξaα∂αQµν − ρaµαQαν = 0, a = 1, 3, µ, ν = 0, 3. (3.10)

Thus, to obtain the complete description of P (1, 3)-inequivalent ansatzes for the
field Aaµ(x) invariant under 3-dimensional subalgebras of the Poincaré algebra, one
has to integrate the over-determined system of PDE (3.9), (3.10) for each P (1, 3)-
inequivalent subalgebra. Let us note that compatibility of (3.9), (3.10) is guaranteed
by the fact that operators X1, X2, X3 form a Lie algebra.
Consider, as an example, the procedure of constructing ansatz (3.8) invariant under

the subalgebra 〈P1, P2, J03〉. In this case system (3.9) reads
wx1 = 0, wx2 = 0, x0wx3 + x3wx0 = 0,

whence w = x2
0 − x2

3.
Next, we note that coefficients ρ1µν , ρ2µν of the operators P1, P2 are equal to

zero, while coefficients ρ3µν form the following (4 × 4) matrix

‖ρ3µν‖ 3
µ,ν=0 =

∥∥∥∥∥∥∥
0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

∥∥∥∥∥∥∥
(we designate this constant matrix by the symbol S).
With account of the above fact, equations (3.10) take the form

Qx1 = 0, Qx2 = 0, x0Qx3 + x3Qx0 − SQ = 0, (3.11)

where Q = ‖Qµν(x)‖3
µ,ν=0 is a (4 × 4)-matrix.

From the first two equations of system (3.11) it follows that Q = Q(x0, x3). Since
S is a constant matrix, a solution of the third equation can be looked for in the form
(see, for example, [4])

Q = exp {f(x0, x3)S}.
Substituting this expression into (3.11) we get

(x0fx3 + x3fx0 − 1) exp {fS} = 0



Symmetry reduction and exact solutions of the Yang–Mills equations 437

or, equivalently,

x0fx3 + x3fx0 = 1,

whence f = ln(x0 + x3).
Consequently, a particular solution of equations (3.11) reads

Q = exp {ln(x0 + x3)S}.

Using an evident identity S = S3 we get the following equalities:

Q =
∞∑
n=0

(n!)−1(ln(x0 + x3))nSn =

= I + S[ln(x0 + x3) + (3!)−1(ln(x0 + x3))3 + · · ·] +
+ S2[(2!)−1(ln(x0 + x3))2 + (4!)−1(ln(x0 + x3))4 + · · ·] =

= I + S sinh(ln(x0 + x3)) + S2(cosh(ln(x0 + x3)) − 1),

where I is a unit (4 × 4)-matrix.
Substitution of the obtained expressions for functions w(x), Qµν(x) into (3.8) yi-

elds the ansatz for the Yang–Mills field Aaµ(x) invariant under the algebra 〈P1, P2, J03〉

Aa0 = Ba0 (x2
0 − x2

3) cosh ln(x0 + x3) +Ba3 (x2
0 − x2

3) sinh ln(x0 + x3),
Aa1 = Ba1 (x2

0 − x2
3), Aa2 = Ba2 (x2

0 − x2
3),

Aa3 = Ba3 (x2
0 − x2

3) cosh ln(x0 + x3) +Ba0 (x2
0 − x2

3) sinh ln(x0 + x3).
(3.12)

Substituting (3.12) into YME we get a system of ODE for functions Baµ. If we will
succeed in constructing its general or particular solutions, then substituting it into
formulae (3.12) we get an exact solution of YME. But such a solution will have an
unpleasant feature: independent variables xµ will be included into it in asymmetrical
way. At the same time, in the initial equation (1.1) all independent variables are on
equal rights. To remove this defect one has to apply solution generation procedure
by transformations from the Lorentz group. As a result, we will obtain an ansatz for
the Yang–Mills field in the manifestly-covariant form with symmetrical dependence
on xµ.
In the same way, we construct the rest of ansatzes invariant under three-dimen-

sional subalgebras of the Poincaré algebra. They are represented in the unified form

Aaµ(x) = {(aµaν − dµdν) cosh θ0 + (dµaν − dνaµ) sinh θ0 +
+ 2(aµ + dµ)[(θ1 cos θ3 + θ2 sin θ3)bν + (θ2 cos θ3 − θ1 sin θ3)cν +
+ (θ21 + θ22)e

−θ0(aν + dν)] + (bµcν − bνcµ) sin θ3 −
− (cµcν + bµbν) cos θ3 − 2e−θ0(θ1bµ + θ2cµ)(aν + dν)}Baν(w).

(3.13)

Here θµ, µ = 0, 3, w are some functions whose explicit form is determined by the
choice of a subalgebra of the Poincaré algebra AP (1, 3).
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Below, we adduce a complete list of 3-dimensional P (1, 3)-inequivalent subalgebras
of the Poincaré algebra following [7]

L1 = 〈P0, P1, P2〉; L2 = 〈P1, P2, P3〉;
L3 = 〈P0 + P3, P1, P2〉; L4 = 〈J03 + αJ12, P1, P2〉;
L5 = 〈J03, P0 + P3, P1〉; L6 = 〈J03 + P1, P0, P3〉;
L7 = 〈J03 + P1, P0 + P3, P2〉; L8 = 〈J12 + αJ03, P0, P3〉;
L9 = 〈J12 + P0, P1, P2〉; L10 = 〈J12 + P3, P1, P2〉;
L11 = 〈J12 + P0 − P3, P1, P2〉; L12 = 〈G1, P0 + P3, P2 + αP1〉;
L13 = 〈G1 + P2, P0 + P3, P1〉; L14 = 〈G1 + P0 − P3, P0 + P3, P2〉;
L15 = 〈G1 + P0 − P3, P0 + P3, P1 + αP2〉; L16 = 〈J12, J03, P0 + P3〉;
L17 = 〈G1 + P2, G2 − P1 + αP2, P0 + P3〉; L18 = 〈J03, G1, P2〉;
L19 = 〈G1, J03, P0 + P3〉; L20 = 〈G1, J03 + P2, P0 + P3〉;
L21 = 〈G1, J03 + P1 + αP2, P0 + P3〉; L22 = 〈G1, G2, J03 + αJ12〉;
L23 = 〈G1, P0 + P3, P1〉; L24 = 〈J12, P1, P2〉;
L25 = 〈J03, P0, P3〉; L26 = 〈J12, J13, J23〉;
L27 = 〈J01, J02, J12〉.

(3.14)

Here Gi = J0i − Ji3 (i = 1, 2), α ∈ R.
Ansatzes for the Yang–Mills field Aaµ(x) are of the form (3.13), functions θµ(x),

µ = 0, 3, w(x) being determined by one of the following formulae:

L1 : θµ = 0, w = dx; L2 : θµ = 0, w = ax; L3 : θµ = 0, w = kx;
L4 : θ0 = − ln |kx|, θ1 = θ2 = 0, θ3 = α ln |kx|, w = (ax)2 − (dx)2;
L5 : θ0 = − ln |kx|, θ1 = θ2 = θ3 = 0, w = cx;
L6 : θ0 = −bx, θ1 = θ2 = θ3 = 0, w = cx;
L7 : θ0 = −bx, θ1 = θ2 = θ3 = 0, w = bx− ln |kx|;
L8 : θ0 = α arctan(bx(cx)−1), θ1 = θ2 = 0,

θ3 = − arctan(bx(cx)−1), w = (bx)2 + (cx)2;
L9 : θ0 = θ1 = θ2 = 0, θ3 = −ax, w = dx;
L10 : θ0 = θ1 = θ2 = 0, θ3 = dx, w = ax;

L11 : θ0 = θ1 = θ2 = 0, θ3 = −1
2
kx, w = ax− dx;

L12 : θ0 = 0, θ1 =
1
2
(bx− αcx)(kx)−1, θ2 = θ3 = 0, w = kx;

L13 : θ0 = θ2 = θ3 = 0, θ1 = 1
2cx, w = kx;

L14 : θ0 = θ2 = θ3 = 0, θ1 = −1
4
kx, w = 4bx+ (kx)2;

L15 : θ0 = θ2 = θ3 = 0, θ1 = −1
4
kx, w = 4(αbx− cx) + α(kx)2;

L16 : θ0 = − ln |kx|, θ1 = θ2 = 0, θ3 = − arctan(bx(cx)−1),
w = (bx)2 + (cx)2;

L17 : θ0 = θ3 = 0, θ1 =
1
2
(cx+ (α+ kx)bx)(1 + kx(α+ kx))−1,

(3.15)
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θ2 = −1
2
(bx− cxkx)(1 + kx(α+ kx))−1, w = kx;

L18 : θ0 = − ln |kx|, θ1 =
1
2
bx(kx)−1, θ2 = θ3 = 0,

w = (ax)2 − (bx)2 − (dx)2;

L19 : θ0 = − ln |kx|, θ1 =
1
2
bx(kx)−1, θ2 = θ3 = 0, w = cx;

L20 : θ0 = − ln |kx|, θ1 =
1
2
bx(kx)−1, θ2 = θ3 = 0, w = ln |kx| − cx;

L21 : θ0 = − ln |kx|, θ1 =
1
2
(bx− ln |kx|)(kx)−1, θ2 = θ3 = 0,

w = α ln |kx| − cx;

L22 : θ0 = − ln |kx|, θ1 =
1
2
bx(kx)−1, θ2 =

1
2
cx(kx)−1,

θ3 = α ln |kx|, w = (ax)2 − (bx)2 − (cx)2 − (dx)2.

Here ax = aµx
µ, bx = bµx

µ, cx = cµx
µ, dx = dµx

µ, µ = 0, 3, kx = ax+ dx.

Note. Basis elements of subalgebras L23, L24, L25, L26, L27 do not satisfy (3.3). That
is why, ansatzes invariant under these subalgebras are partially-invariant solutions
and are not considered here.

4 Reduction of the Yang–Mills equations

In order to reduce YME to ODE it is necessary to substitute ansatz (3.13) into (1.1)
and convolute the expression obtained with Qµα(x). As a result, we get a system of
twelve nonlinear ODE for functions Baν (w) of the form

kµγ �̈Bγ + lµγ �̇Bγ +mµγ
�Bγ + egµνγ �̇Bν × �Bγ + ehµνγ �B

ν × �Bγ +

+ e2 �Bγ × ( �Bγ × �Bµ) = �0.
(4.1)

Coefficients of the reduced ODE are given by the following formulae:

kµγ = gµγF1 −GµGγ , lµγ = gµγF2 + 2Sµγ −GµHγ −GµĠγ ,

mµγ = Rµγ −GµḢγ , gµνγ = gµγGν + gνγGµ − 2gµνGγ ,
hµνγ = (1/2)(gµγHν − gµνHγ) − Tµνγ ,

(4.2)

where gµν is a metric tensor of the Minkowski space R(1, 3) and F1, F2, Gµ, . . . , Tµνγ
are functions on w determined by the relations

F1 = wxµ
wxµ , F2 = �w, Gµ = Qαµwxα

, Hµ = Qαµxα
,

Sµν = QαµQανxβ
wxβ , Rµν = Qαµ�Qαν ,

Tµνγ = QαµQανxβ
Qβγ +QανQαγxβ

Qβµ +QαγQαµxβ
Qβν .

(4.3)

Substituting functions Qµν(x) from (3.13), where θµ(x), w(x) are determined by
one of the formulae (3.15) into (4.2), (4.3) we obtain coefficients of the corresponding
systems of ODE (4.1)

L1 : kµγ = −gµγ − dµdγ , lµγ = mµγ = 0,
gµνγ = gµγdν + gνγdµ − 2gµνdγ , hµνγ = 0;
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L2 : kµγ = gµγ − aµaγ , lµγ = mµγ = 0,
gµνγ = gµγaν + gνγaµ − 2gµνaγ , hµνγ = 0;

L3 : kµγ = −kµkγ , lµγ = mµγ = 0, gµνγ = gµγkν + gνγkµ − 2gµνkγ ,
hµνγ = 0;

L4 : kµγ = 4gµγw − aµaγ(w + 1)2 − dµdγ(w − 1)2 − (aµdγ + aγdµ)(w2 − 1),
lµγ = 4(gµγ + α(bµcγ − cµbγ)) − 2kµ(aγ − dγ + kγw), mµγ = 0,
gµνγ = ε(gµγ(aν − dν + kνw) + gνγ(aµ − dµ + kµw) −

− 2gµν(aγ − dγ + kγw)),

hµνγ =
ε

2
[gµγkν − gµνkγ ] + αε[(bµcν − cµbν)kγ + (bνcγ − cνbγ)kµ +

+ (bγcµ − cγbµ)kν ];
L5 : kµγ = −gµγ − cµcγ , lµγ = −εcµkγ , mµγ = 0,

gµνγ = gµγcν + gνγcµ − 2gµνcγ , hµνγ =
ε

2
(gµγkν − gµνkγ);

L6 : kµγ = −gµγ − cµcγ , lµγ = 0,
mµγ = −(aµaγ − dµdγ), gµνγ = gµγcν + gνγcµ − 2gµνcγ ,
hµνγ = −[(aµdν − aνdµ)bγ + (aνdγ − aγdν)bµ + (aγdµ − aµdγ)bν ];

L7 : kµγ = −gµγ − (bµ − εkµ)(bγ − εkγ), lµγ = −2(aµdγ − aγdµ),
mµγ = −(aµaγ − dµdγ),
gµνγ = gµγ(bν − εkν) + gνγ(bµ − εkµ) − 2gµν(bγ − εkγ),
hµνγ = −[(aµdν − aνdµ)bγ + (aνdγ − aγdν)bµ + (aγdµ − aµdγ)bν ];

L8 : kµγ = −4w(gµγ + cµcγ), lµγ = −4(gµγ + cµcγ),

mµγ = − 1
w

(α2(aµaγ − dµdγ) + bµbγ),

gµνγ = 2
√
w(gµγcν + gνγcµ − 2gµνcγ),

hµνγ =
1

2
√
w

(gµγcν − gµνcγ) +
α√
w

((aµdν − aνdµ)bγ +

+ (aνdγ − dνaγ)bµ + (aγdµ − aµdγ)bν);
L9 : kµγ = −gµγ − dµdγ , lµγ = 0,

mµγ = bµbγ + cµcγ , gµνγ = gµγdν + gνγdµ − 2gµνdγ ,
hµνγ = aγ(bµcν − cµbν) + aµ(bνcγ − cνbγ) + aν(bγcµ − cγbµ);

L10 : kµγ = gµγ − aµaγ , lµγ = 0,
mµγ = −(bµbγ + cµcγ), gµνγ = gµγaν + gνγaµ − 2gµνaγ ,
hµνγ = −[dγ(bµcν − cµbν) + dµ(bνcγ − cνbγ) + dν(bγcµ − cγbµ)];

L11 : kµγ = −(aµ − dµ)(aγ − dγ), lµγ = −2(bµcγ − cµbγ), mµγ = 0,
gµνγ = gµγ(aν − dν) + gνγ(aµ − dµ) − 2gµν(aγ − dγ),
hµνγ = 1

2 [kγ(bµcν − cµbν) + kµ(bνcγ − cνbγ) + kν(bγcµ − cγbµ)];

L12 : kµγ = −kµkγ , lµγ = − 1
w
kµkγ , mµγ = −α2

w2
kµkγ ,

gµνγ = gµγkν + gνγkµ − 2gµνkγ ,

hµνγ =
1

2w
(gµγkν − gµνkγ) +

(4.4)
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+
α

w
((kµbν − kνbµ)cγ + (kνbγ − kγbν)cµ + (kγbµ − kµbγ)cν);

L13 : kµγ = −kµkγ , lµγ = 0, mµγ = −kµkγ ,
gµνγ = gµγkν + gνγkµ − 2gµνkγ , hµνγ = −((kµbν − kνbµ)cγ +

+ (kνbγ − kγbν)cµ + (kγbµ − kµbγ)cν);
L14 : kµγ = −16(gµγ + bµbγ), lµγ = mµγ = hµνγ = 0,

gµνγ = 4(gµγbν + gνγbµ − 2gµνbγ);
L15 : kµγ = −16[(1 + α2)gµγ + (cµ − αbµ)(cγ − αbγ)],

lµγ = mµγ = hµνγ = 0,
gµνγ = −4[gµγ(cν − αbν) + gνγ(cµ − αbµ) − 2gµν(cγ − αbγ)];

L16 : kµγ = −4w(gµγ + cµcγ), lµγ = −4(gµγ + cµcγ) − 2εkγcµ
√
w,

mµγ = − 1
w
bµbγ , gµνγ = 2

√
w(gµγcν + gνγcµ − 2gµνcγ),

hµνγ =
1
2
[ε(gµγkν − gµνkγ) +

1√
w

(gµγcν − gµνcγ)];

L17 : kµγ = −kµkγ , lµγ = − 2w + α

w(w + α) + 1
kµkγ ,

mµγ = −4kµkγ(1 + w(α+ w))−2, gµνγ = gµγkν + gνγkµ − 2gµνkγ ,
hµνγ = 1

2 (α+ 2w)(gµγkν − gµνkγ)(1 + w(α+ w))−1 −
2(1 + w(w + α))−1((kµbν − kνbµ)cγ + (kνbγ − kγbν)cµ +
+ (kγbµ − kµbγ)cν);

L18 : kµγ = 4wgµγ − (kµw + aµ − dµ)(kγw + aγ − dγ),
lµγ = 6gµγ + 4(aµdγ − aγdµ) − 3kγ(kµw + aµ − dµ), mµγ = −kµkγ ,
gµνγ = ε(gµγ(kνw + aν − dν) + gνγ(kµw + aµ − dµ) −

− 2gµν(kγw + aγ − dγ)),
hµνγ = ε(gµγkν − gµνkγ);

L19 : kµγ = −gµγ − cµcγ , lµγ = 2εkγcµ, mµγ = −kµkγ ,
gµνγ = gµγcν + gνγcµ − 2gµνcγ , hµνγ = ε(gµγkν − gµνkγ);

L20 : kµγ = −gµγ − (cµ − εkµ)(cγ − εkγ), lµγ = 2εkγcµ − 2kµkγ ,
mµγ = −kµkγ ,
gµνγ = gµγ(εkν − cν) + gνγ(εkµ − cµ) − 2gµν(εkγ − cγ),
hµνγ = ε(gµγkν − gµνkγ);

L21 : kµγ = −gµγ − (cµ − αεkµ)(cγ − αεkγ), lµγ = 2(εkγcµ − αkµkγ),
mµγ = −kµkγ ,
gµνγ = −gµγ(cν − αεkν) − gνγ(cµ − αεkµ) + 2gµν(cγ − αεkγ),
hµνγ = ε(gµγkν − gµνkγ);

L22 : kµγ = 4wgµγ − (aµ − dµ + kµw)(aγ − dγ + kγw),
lµγ = 4[2gµγ + α(bµcγ − cµbγ) − aµaγ + dµdγ − wkµkγ ],
mµγ = −2kµkγ ,
gµνγ = ε(gµγ(aν − dν + kνw) + gνγ(aµ − dµ + kµw) −

− 2gµν(aγ − dγ + kγw),
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hµνγ =
3ε
2

(gµγkν − gµνkγ) − εα[kγ(bµcν − cµbν) +

+ kµ(bνcγ − cνbγ) + kν(bγcµ − cγbµ)];

where kµ = aµ + dµ, ε = 1 for ax+ dx > 0 and ε = −1 for ax+ dx < 0.

5 Exact solutions of the Yang–Mills equations

When applying the symmetry reduction procedure to the nonlinear Dirac equation,
we succeeded in constructing general solutions of a large part of reduced systems
of ODE. In the case involved we are not so lucky. Nevertheless, we obtain some
particular solutions of equations (4.2), (4.4).
The principal idea of our approach to integration of systems of ODE (4.2), (4.4)

is rather simple and quite natural. It is a reduction of these systems by the number
of components with the aid of ad hoc substitutions. Using this trick we construct
particular solutions of equations 1, 2, 5, 8, 14, 15, 16, 18, 19, 20, 21, 22 (α = 0).
Below we adduce substitutions for �Bµ(w) and corresponding equations.

1. �Bµ = aµ�e1f(w) + bµ�e2g(w) + cµ�e3h(w),

f̈ − e2(g2 + h2)f = 0, g̈ + e2(f2 − h2)g = 0, ḧ+ e2(f2 − g2)h = 0.

2. �Bµ = bµ�e1f(w) + cµ�e2g(w) + dµ�e3h(w),

f̈ + e2(g2 + h2)f = 0, g̈ + e2(f2 + h2)g = 0, ḧ+ e2(f2 + g2)h = 0.

5. �Bµ = kµ�e1f(w) + bµ�e2g(w), f̈ − e2g2f = 0, g̈ = 0.

8.1. (α = 0) �Bµ = kµ�e1f(w) + bµ�e2g(w),

4wf̈ + 4ḟ − e2g2f = 0, 4wg̈ + 4ġ − w−1g = 0.

8.2. �Bµ = aµ�e1f(w) + dµ�e2g(w) + bµ�e3h(w),

4wf̈ + 4ḟ − α2

w
f − 2αe√

w
gh+ e2(h2 + g2)f = 0,

4wg̈ + 4ġ +
α2

w
g +

2αe√
w
fh+ e2(f2 − h2)g = 0,

4wḧ+ 4ḣ− w−1h+
2αe√
w
fg + e2(f2 − g2)h = 0.

14.1. �Bµ = aµ�e1f(w) + dµ�e2g(w) + cµ�e3h(w),

16f̈ − e2(h2 + g2)f = 0, 16g̈ + e2(f2 − h2)g = 0,

16ḧ+ e2(f2 − g2)h = 0.

14.2. �Bµ = kµ�e1f(w) + cµ�e2g(w), 16f̈ − e2g2f = 0, g̈ = 0.

15.1. �Bµ = aµ�e1f(w) + dµ�e2g(w) + (1 + α2)−
1
2 (αcµ + bµ)�e3h(w),

16(1 + α2)f̈ − e2(h2 + g2)f = 0, 16(1 + α2)g̈ + e2(f2 − h2)g = 0,

16(1 + α2)ḧ+ e2(f2 − g2)h = 0.

15.2. �Bµ = kµ�e1f(w) + (1 + α2)−
1
2 (αcµ + bµ)�e2g(w),

16(1 + α2)f̈ − e2fg2 = 0, g̈ = 0.

(5.1)
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16. �Bµ = kµ�e1f(w) + bµ�e2g(w),

4wf̈ + 4ḟ − e2g2f = 0, 4wg̈ + 4ġ − w−1g = 0.

18. �Bµ = bµ�e1f(w) + cµ�e2g(w),

4wf̈ + 6ḟ + e2g2f = 0, 4wg̈ + 6ġ + e2f2g = 0.

19. �Bµ = kµ�e1f(w) + bµ�e2g(w),

f̈ − e2g2f = 0, g̈ = 0.

20. �Bµ = kµ�e1f(w) + bµ�e2g(w),

f̈ − e2g2f = 0, g̈ = 0.

21. �Bµ = kµ�e1f(w) + bµ�e2g(w),

f̈ − e2g2f = 0, g̈ = 0.

22. (α = 0) �Bµ = bµ�e1f(w) + cµ�e2g(w),

4wf̈ + 8ḟ + e2g2f = 0, 4wg̈ + 8ġ + e2f2g = 0.

In the above formulae we use designations �e1 = (1, 0, 0), �e2 = (0, 1, 0), �e3 =
(0, 0, 1).
Thus, combining symmetry reduction by the number of independent variables and

reduction by the number of dependent variables we reduce YME to rather simple ODE.
It is worth reminding that effectiveness of the widely used ansatz for the Yang–Mills
field suggested by t’Hooft et al [2] is closely connected with the fact that it reduces
the system of twelve PDE to one nonlinear wave equation.
Next, we will briefly consider a procedure of integration of equations (5.1).
Substitution f = 0, g = h = u(w) reduces the system of ODE 1 from (5.1) to the

equation

ü = e2u3, (5.2)

which is integrated in elliptic functions [8]. Besides that, ODE (5.2) has a solution
which is expressed in terms of elementary functions u =

√
2(ew − C)−1, C ∈ R

1.
ODE 2 with f = g = h = u(w) reduces to the form ü+ 2e2u3 = 0.
This equation is also integrated in elliptic functions [8].
Integrating the second equation of system of ODE 5 we get g = C1w + C2,

Ci ∈ R
1. If C1 �= 0, then the constant C2 can be neglected, and we may put C2 = 0.

Provided C1 �= 0, the first equation from system 5 reads

f̈ − e2C2
1w

2f = 0. (5.3)

A general solution of ODE (5.3) is given by formula f = w1/2Z 1
4
( ie2 C1w

2).
Hereafter, we use the designation Zν(w) = C3Jν(w) +C4Yν(w), where Jν , Yν are

Bessel functions, C3, C4 are arbitrary constants.
In the case C1 = 0, C2 �= 0 a general solution of the first equation from system 5

reads f = C3 coshC2ew + C4 sinhC2ew, where C3, C4 are arbitrary constants.
At last, provided C1 = C2 = 0, a general solution of the first equation from

system 5 has the form f = C3w + C4, C3, C4 ∈ R
1.

A general solution of the second ODE from system 8.1 is of the form g = C1
√
w+

C2(
√
w)−1, where C1, C2 are arbitrary constants.
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Substituting the expression obtained into the first equation we get

4w2f̈ + 4wḟ − e2(C1w + C2)2f = 0. (5.4)

Under C1, C2 �= 0 a solution of ODE (5.4) is not known. In the remaining cases
its general solution reads

a) C1 �= 0, C2 = 0 f = Z0

[
ie

2
C1w

]
,

b) C1 = 0, C2 �= 0 f = C3w
eC2
2 + C4w

− eC2
2 ,

c) C1 = 0, C2 = 0 f = C3 lnw + C4.

Here C3, C4 are arbitrary constants.
We do not succeed in obtaining particular solutions of system 8.2. Equations 14.1

coincide with equations 1, if one changes e by e
4 . Similarly, equations 14.2 coincide

with equations 5, if one changes e by e
4 . Next, equations 15.1 coincide with equations 1

and equations 15.2 – with equations 5, if one replaces e by e
4 (1 + α2)−

1
2 .

System of ODE 16 coincides with system 8.1 and systems 19, 20, 21 – with
system 5. We did not succeed in integrating equations 18.
At last, system 22 (α = 0) with the substitution f = g = u(w) reduces to the form

wü+ 2u̇+
e2

4
u3 = 0. (5.5)

ODE (5.5) is Emden–Fowler equation and the function u = e−1w− 1
2 , is its parti-

cular solution.
Substituting the results obtained into corresponding formulae from (5.1) and then

into the ansatz (3.13), we get exact solutions of the nonlinear YME (1.1). Let us
note that solutions of systems of ODE 5, 8.1, 14.2, 15.2, 16, 19, 20, 21 satisfying the
condition g = 0 give rise to Abelian solutions of YME. We do not adduce them and
present only non-Abelian solutions of YME.

1. �Aµ = (�e2bµ + �e3cµ)
√

2(edx− λ)−1;

2. �Aµ = (�e2bµ + �e3cµ)

[
λ sn

(√
2

2
eλdx

)
dn

(√
2

2
eλdx

)][
cn

(√
2

2
eλdx

)]−1

;

3. �Aµ = (�e2bµ + �e3cµ)λ[cn (eλdx)]−1;

4. �Aµ = (�e1bµ + �e2cµ + �e3dµ)λ cn (eλax);

5. �Aµ = �e1kµ|kx|−1
√
cxZ 1

4

[
i

2
eλ(cx)2

]
+ �e2bµλcx;

6. �Aµ = �e1kµ|kx|−1[λ1 cosh(eλcx) + λ2 sinh(eλcx)] + �e2bµλ;

7. �Aµ = �e1kµZ0

[
i

2
eλ((bx)2 + (cx)2)

]
+ �e2(bµcx− cµbx)λ;

8. �Aµ = �e1kµ[λ1((bx)2 + (cx)2)
eλ
2 + λ2((bx)2 + (cx)2)−

eλ
2 ] +

+ �e2(bµcx− cµbx)λ((bx)2 + (cx)2)−1;
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9. �Aµ =
[
�e2

(
1
8
(dµ − kµ(kx)2) +

1
2
bµkx

)
+ �e3cµ

]
λ sn

(
e
√

2
8
λ(4bx+ (kx)2)

)
×

× dn

(
e
√

2
8
λ(4bx+ (kx)2)

)(
cn

(
e
√

2
8
λ(4bx+ (kx)2)

))−1

;

10. �Aµ =
[
�e2

(
1
8
(dµ − kµ(kx)2) +

1
2
bµkx

)
+ �e3cµ

]
×

× λ

[
cn

(
e
√

2λ
8

(4bx+ (kx)2)

)]−1

;

11. �Aµ =
[
�e2

(
1
8
(dµ − kµ(kx)2) +

1
2
bµkx

)
+ �e3cµ

]
×

× 4
√

2(e(4bx+ (kx)2) − λ)−1;

12. �Aµ = �e1kµ
√

4bx+ (kx)2Z 1
4

(
ieλ

8
(4bx+ (kx)2)2

)
+ �e2cµλ(4bx+ (kx)2);

13. �Aµ = �e1kµ

(
λ1 cosh

(
eλ

4
(4bx+ (kx)2)

)
+

+ λ2 sinh
(
eλ

4
(4bx+ (kx)2)

))
+ �e2cµλ;

14. �Aµ =
{
�e2

(
dµ − 1

8
kµ(kx)2 − 1

2
bµkx

)
+

+ �e3

(
αcµ + bµ +

1
2
kµkx

)
(1 + α2)−

1
2

}
×

× λ sn

[
eλ

√
2

8
(4(αbx− cx) + α(kx)2)(1 + α2)−

1
2

]
×

× dn

[
eλ

√
2

8
(4(αbx− cx) + α(kx)2)(1 + α2)−

1
2

]
×

×
{

cn

[
eλ

√
2

8
(4(αbx− cx) + α(kx)2)(1 + α2)−

1
2

]}−1

;

15. �Aµ =
{
�e2

(
dµ − 1

8
kµ(kx)2 − 1

2
bµkx

)
+

+ �e3

(
αcµ + bµ +

1
2
kµkx

)
(1 + α2)−

1
2

}
×

×
{

cn
[
eλ

4
(4(αbx− cx) + α(kx)2)(1 + α2)−

1
2

]}−1

;

16. �Aµ =
{
�e2

(
dµ − 1

8
kµ(kx)2 − 1

2
bµkx

)
+

+ �e3

(
αcµ + bµ +

1
2
kµkx

)
(1 + α2)−

1
2

}
×

× 4
√

2(1 + α2)
1
2 [e(4(αbx− cx) + α(kx)2)]−1;

17. �Aµ = �e1kµ

{√
4(αbx− cx) + α(kx)2 ×

(5.6)
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× Z 1
4

(
ieλ

8
(4(αbx− cx) + α(kx)2)2(1 + α2)−

1
2

)}
+

+ �e2

(
αcµ + bµ +

1
2
kµkx

)
λ(4(αbx− cx) + α(kx)2)(1 + α2)−

1
2 ;

18. �Aµ = �e1kµ

{
λ1 cosh

[
eλ

4
(1 + α2)−

1
2 (4(αbx− cx) + α(kx)2)

]
+

+ λ2 sinh
[
eλ

4
(1 + α2)−

1
2 (4(αbx− cx) + α(kx)2

]}
+

+ �e2

(
αcµ + bµ +

1
2
kµkx

)
λ(1 + α2)−

1
2 ;

19. �Aµ = �e1kµ|kx|−1Z0

[
ieλ

2
((bc)2 + (cx)2)

]
+ �e2(bµcx− cµbx)λ;

20. �Aµ = �e1kµ|kx|−1[λ1((bx)2 + (cx)2)
eλ
2 + λ2((bx)2 + (cx)2)−

eλ
2 ] +

+ �e2(bµcx− cµbx)λ((bx)2 + (cx)2)−1;

21. �Aµ = �e1kµ|kx|−1
√
cxZ 1

4

(
ieλ

2
(cx)2

)
+ �e2(bµ − kµbx(kx)−1)λcx;

22. �Aµ = �e1kµ|kx|−1[λ1 cosh(λecx) + λ2 sinh(λecx)] + �e2(bµ − kµbx(kx)−1)λ;

23. �Aµ = �e1kµ|kx|−1
√

ln |kx| − cxZ 1
4

(
ieλ

2
(ln |kx| − cx)2

)
+

+ �e2(bµ − kµbx(kx)−1)λ(ln |kx| − cx);

24. �Aµ = �e1kµ|kx|−1[λ1 cosh(λe(ln |kx| − cx)) + λ2 sinh(λe(ln |kx| − cx))] +

+ �e2(bµ − kµbx(kx)−1)λ;

25. �Aµ = �e1kµ|kx|−1
√
α ln |kx| − cxZ 1

4

(
ieλ

2
(α ln |kx| − cx)2

)
+

+ �e2(bµ − kµ(bx− ln |kx|)(kx)−1)λ(α ln |kx| − cx);

26. �Aµ = �e1kµ|kx|−1[λ1 cosh(λe(α ln |kx| − cx)) +

+ λ2 sinh(λe(α ln |kx| − cx))] + �e2(bµ − kµ(bx− ln |kx|)(kx)−1)λ;

27. �Aµ = {�e1(bµ − kµbx(kx)−1) + �e2(cµ − kµcx(kx)−1)}e−1(xµxµ)−
1
2 ;

28. �Aµ = {�e1(bµ − kµbx(kx)−1) + �e2(cµ − kµcx(kx)−1)}f(xµxµ),

wf̈ + 2ḟ + (e2f3/4) = 0, w = xµx
µ = (ax)2 − (bx)2 − (cx)2 − (dx)2.

In the above formulae Zα(w) is the Bessel function; sn, dn, cn are Jacobi elliptic
functions having the modulus

√
2

2 ; λ, λ1, λ2 = const.
In the present paper we do not analyze in detail the obtained solution. We only note

that the solutions numbered by 27 is nothing more but the meron solution of YME [2].
In the Euclidean space meron and instanton solutions were obtained by Alfaro, Fubini,
Furlan [9] and Belavin, Polyakov, Schwartz, Tyupkin [10] with the use of the ansatz
suggested by ’t Hooft [11], Corrigan and Fairlie [12] and Wilczek [13].
Another important point is that we can obtain new exact solutions of YME by

applying to solutions (5.6) the solution generation technique. We do not adduce
corresponding formulae because of their cumbersomity.



Symmetry reduction and exact solutions of the Yang–Mills equations 447

6 Some generalizations

It was noticed in [14] that group-invariant solutions of nonlinear PDE could provide us
with rather general information about the structure of solutions of the equation under
study. Using this fact, we constructed in [4, 14] a number of new exact solutions
of the nonlinear Dirac equation which could not be obtained by symmetry reduction
procedure. We will demonstrate that the same idea will be effective for constructing
new solutions of YME.
Solutions of YME numbered by 7, 8, 19, 20 can be presented in the following

unified form:

�Aµ = kµ �B(kx, cx) + bµ �C(kx, cx), (6.1)

where kx = kµx
µ, cx = cµx

µ, kµ = aµ + dµ.
Substituting the ansatz (6.1) into YME and splitting the equality obtained with

respect to linearly-independent four-vectors with components kµ, bµ, cµ, we get

1. �Cw1w1 = �0,

2. �C × �Cw1 = �0,

3. �Bw1w1 + e �Cw0 × �C + e2 �C × (�C × �B) = �0.

(6.2)

Here we use designations w0 = kx, w1 = cx.
A general solution of the first two equations from (6.2) is given by one of the

formulae

I. �C = �f(w0),

II. �C = (w1 + v0(w0))�f(w0),

where v0, �f are arbitrary smooth functions.
Consider the case �C = �f(w0). Substituting this expression into the third equation

from (6.2) we have

�Bw1w1 + e�fw0 × �f + e2 �f(�f �B) − e2 �f2 �B = �0. (6.3)

Since equations (6.3) do not contain derivatives of �B with respect to w0, they can
be considered as a system of ODE with respect to the variable w1. Multiplying (6.3)
by �f we arrive at the relation ( �B �f)w1w1 = 0, whence

�B �f = v1(w0)w1 + v2(w0). (6.4)

In (6.4) v1, v2 are arbitrary smooth enough functions.
With account of (6.4) system (6.3) reads

�Bw1w1 − e2 �f2 �B = e�f × �fw0 − e2(v1w1 + v2)�f.

The above linear system of ODE is easily integrated. Its general solution is given
by the formula

�B = �g(w0) cosh e|�f |w1 + �h(w0) sinh e|�f |w1 +

+ e−1|�f |−2 �fw0 × �f + |�f |−2(v1w1 + v2)�f,
(6.5)

where �g, �h are arbitrary smooth functions.
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Substituting (6.5) into (6.4) we get the following restrictions on the choice of the
functions �g, �h:

�f�g = 0, �f�h = 0. (6.6)

Thus, provided �Cw1 = 0, a general solution of the system of ODE (6.3) is given
by the formulae (6.5), (6.6). Substituting (6.5) into the initial ansatz (6.1) we obtain
the following family of exact solutions of YME:

�Aµ = kµ{�g(kx) cosh e|�f |cx+ �h(kx) sinh e|�f |cx+

+ e−1|�f |−2 �̇f × �f + (v1(kx)cx+ v2(kx))�f} + bµ �f

where �f(kx), �g(kx), �h(kx), v1(kx), v2(kx) are arbitrary smooth functions satisfying

(6.6), �̇f = d�f
dω0

.

The case �C = (w1 + v0(w0))�f(w0) is treated in analogous way. As a result, we
obtain the following family of exact solutions of YME:

�Aµ = kµ

{
(cx+ v0(kx))

1
2

[
�g(kx)J 1

4

(
ie

2
|�f |(�c�x+ v0(kx))2

)
+

+ �h(kx)Y 1
4

(
ie

2
|�f |(cx+ v0(kx))2

)]
+

+ (v1(kx)cx+ v2(kx))�f + e−1|�f |−2 �̇f × �f

}
+ bµ(cx+ v0(kx))�f,

where �f(kx), �g(kx), �h(kx), v0(kx), v1(kx), v2(kx) are arbitrary smooth functions
satisfying (6.6), J 1

4
(w), Y 1

4
(w) are the Bessel functions.

Another effective ansatz for the Yang–Mills field is obtained if one replaces in (6.1)
cx by bx

�Aµ = kµ �B(kx, bx) + bµ �C(kx, bx). (6.7)

Substitution of (6.7) into YME yields the following system of PDE for �B, �C:

�Bw1w1− �Cw0w1− e( �B × �Cw1 + 2 �Bw1 × �C + �C × �Cw0) + e2 �C × (�C × �B) = �0.(6.8)

We succeeded in integrating system (6.8), provided �C = �f(w0). Substituting the
result obtained into (6.7), we come to the following family of exact solutions of YME:

�Aµ = kµ{(�g + |�f |−1�g × �fbx) cos(e|�f |bx) + (�h+ |�f |−1�h× �fbx) sin(e|�f |bx) +

+ e−1|�f |−2 �̇f × �f + (v1(kx)bx+ v2(kx))�f} + bµ �f,

where �f(kx), �g(kx), �h(kx), v1(kx), v2(kx) are arbitrary smooth functions.
Besides that, we obtained the following class of exact solutions of YME:

�Aµ = kµ�e1v0(kx)u2(bx) + bµ�e2u(bx),

where �e1 = (1, 0, 0), �e2 = (0, 1, 0); v0(kx) is an arbitrary smooth function; u(bx) is a
solution of the nonlinear ODE ü = e2u5, which is integrated in elliptic functions.
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In conclusion of this Section we will obtain a generalization of the plane-wave
Coleman solution [15] ]

�Aµ = kµ(�f(kx)bx+ �g(kx)cx). (6.9)

It is not difficult to verify that (6.9) satisfy YME with arbitrary �f , �g.
Evidently, solution (6.9) is a particular case of the ansatz

�Aµ = kµ �B(kx, bx, cx). (6.10)

Substituting (6.10) into YME we get

�Bw1w1 + �Bw2w2 = �0, (6.11)

where w1 = bx, w2 = cx.
Integrating the Laplace equations (6.11) and substituting the result obtained into

(6.10) we have

�Aµ = kµ(�U(kx, bx+ icx) + �U(kx, bx− icx)).

Here �U(kx, z) is an arbitrary analytical with respect to z function. Choosing �U =
1
2 (�f(kx) − i�g(kx))z we get Coleman solution (6.9).

7 Conclusion

Thus, starting from the invariance of YME under the Poincaré group we have obtained
wide families of its exact solutions including arbitrary functions. In our future papers
we intend to describe exact solutions of YME invariant under the extended Poincaré
group and conformal group.
Besides that, we will study exact solutions which correspond to the conditional

and non-local symmetries of the Yang–Mills equations (1.1)
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Conditional symmetry and new classical
solutions of the Yang–Mills equations
R.Z. ZHDANOV, W.I. FUSHCHYCH

We suggest an effective method for reducing the Yang–Mills equations to systems of
ordinary differential equations. With the use of this method we construct the extensive
families of new exact solutions of the Yang–Mills equations. Analysis of the solutions
thus obtained shows that they correspond to the conditional (non-classical) symmetry
of the equations under study.

1 Introduction

A majority of papers devoted to construction of explicit form of the exact solutions of
SU(2) Yang–Mills equations (YMEs)

∂ν∂
νAµ − ∂µ∂νAν + e

(
(∂νAν) × Aµ − 2(∂νAµ) × Aν +

+(∂µAν) × Aν
)

+ e2Aν × (Aν × Aµ) = 0
(1)

are based on the ansätze for the Yang–Mills field Aµ(x) suggested by Wu and
Yang, Rosen, ’t Hooft, Corrigan and Fairlie, Wilczek, Witten (see [1] and references
therein). There were further developments for the self-dual YMEs (which form the
first-order system of nonlinear partial differential equations such that system (1) is its
differential consequence). Let us mention the Atiyah–Hitchin–Drinfeld–Manin method
for obtaining instanton solutions [2] and its generalization due to Nahm. However,
the solution set of the self-dual YMEs is only a subset of solutions of YMEs (1)
and the problem of construction of new non self-dual solutions of system (1) is, in
fact, completely open (see, also [1]). As the development of new approaches to the
construction of exact solutions of YMEs is a very interesting mathematical problem,
it may also be of importance for physics. The reason is that all famous mathematical
models of elementary particles such as solitons, instantons, merons are quite simply
particular solutions of some nonlinear partial differential equations.
A natural approach to construction of particular solutions of YMEs (1) is to utilize

their symmetry properties in the way as it is done in [9, 10, 16] (see, also [15],
where the reduction of the Euclidean self-dual YMEs is considered). The apparatus
of the theory of Lie transformation groups makes it possible to reduce system of
partial differential equations (PDEs) (1) to systems of nonlinear ordinary differential
equations (ODEs) by using special ansätze (invariant solutions) [10, 18, 20]. If one
succeeds in constructing general or particular solutions of the said ODEs (which is
an extremely difficult problem), then on substituting the results in the corresponding
ansätze one gets exact solutions of the initial system of PDEs (1).
Another possibility of construction of exact solutions of YMEs is to use their condi-

tional (non-Lie) symmetry (for more details about conditional symmetry of equations
of mathematical physics, see [6, 8] and also [10, 12]) which has much in common with

J. Phys. A: Math. Gen., 1995, 28, P. 6253–6263.
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a “non-classical symmetry” of PDEs by Bluman and Cole [3] (see also [17, 19]) and
“direct method of reduction of PDEs” by Clarkson and Kruskal [4]. But the prospects
of a systematic and exhaustive study of conditional symmetry of system of twelve
second-order nonlinear PDEs (1) seem to be rather remote. It should be said that so
far there is no complete description of conditional symmetry of the nonlinear wave
equation even in the case of one space variable.
A principal idea of the method of ansätze, as well as of the direct method of

reduction of PDEs, is a special choice of the class of functions to which a possible
solution should belong. Within the framework of the above methods, a solution of
system (1) is sought in the form

Aµ = Hµ

(
x,Bν(ω(x))

)
, µ = 0, 3,

where Hµ are smooth functions chosen in such a way that substitution of the above
expressions into the Yang–Mills equations results in a system of ODEs for “new”
unknown vector-functions Bν of one variable ω. However, the problem of reduction
of YMEs posed in this way seemed to be hopeless. Really, if we restrict ourselves to
the case of a linear dependence of the above ansatz on Bν

Aµ(x) = Rµν(x)Bν(ω), (2)

where Bν(ω) are new unknown vector-functions, ω = ω(x) is a new independent
variable, then a requirement of reduction of (1) to a system of ODEs by virtue of (2)
gives rise to a system of nonlinear PDEs for 17 unknown functions Rµν , ω. What is
more, the system obtained is no way simpler than the initial Yang–Mills equations (1).
It means that some additional information about the structure of the matrix function
Rµν should be input into the ansatz (2). This can be done in various ways. But the
most natural one is to use the information about the structure of solutions provided
by the Lie symmetry of the equation under study.
In [11] we suggest an effective approach to the study of conditional symmetry of

the nonlinear Dirac equation based on its Lie symmetry. We have observed that all
Poincaré-invariant ansätze for the Dirac field ψ(x) can be represented in the unified
form by introducing several arbitrary elements (functions) u1(x), u2(x), . . . , uN (x).
As a result, we get an ansatz for the field ψ(x) which reduces the nonlinear Dirac
equation to system of ODEs provided functions ui(x) satisfy some compatible over-
determined system of nonlinear PDEs. After integrating it, we have obtained a number
of new ansätze that cannot in principle be obtained within the framework of the
classical Lie approach.
In the present paper we will demonstrate that the same idea proves to be fruitful

for obtaining new (non-Lie) reductions of YMEs and for constructing new exact
solutions of system (1).

2 Reduction of YMEs

In the paper [16] we have obtained a complete list of P (1,3)-inequivalent ansätze
for the Yang–Mills field which are invariant under the three-parameter subgroups of
the Poincaré group P (1,3). Analyzing these ansätze we come to conclusion that they
can be represented in the unified form (2), where Bν(ω) are new unknown vector
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functions, ω = ω(x) is a new independent variable and functions Rµν(x) are given by
the formulae

Rµν(x) = (aµaν − dµdν) cosh θ0 + (aµdν − dµaν) sinh θ0 + 2(aµ + dµ) ×
× [(θ1 cos θ3 + θ2 sin θ3)bν + (θ2 cos θ3 − θ1 sin θ3)cν +
+ (θ21 + θ22)e

−θ0(aν + dν)] − (cµcν + bµbν) cos θ3 −
− (cµbν − bµcν) sin θ3 − 2e−θ0(θ1bµ + θ2cµ)(aν + dν).

(3)

In (3) θµ(x) are some smooth functions and what is more θa = θa(ξ, bµxµ, cµxµ),
a = 1, 2; ξ = 1

2kµx
µ = 1

2 (aµxµ + dµx
µ); aµ, bµ, cµ, dµ are arbitrary constants

satisfying the following relations:

aµa
µ = −bµbµ = −cµcµ = −dµdµ = 1,

aµb
µ = aµc

µ = aµd
µ = bµc

µ = bµd
µ = cµd

µ = 0.

Hereafter, summation over the repeated indices from 0 to 3 is understood. Rai-
sing and lowering of the indices is performed with the help of the tensor gµν =
diag(1,−1,−1,−1), e.g. Rαµ = gαβRβµ.
A choice of the functions ω(x), θµ(x) is determined by the requirement that

substitution of the ansatz (2) in the YMEs yields a system of ODEs for the vector
function Bµ(ω).
By the direct check one can convince one self that the following assertion holds

true.
Lemma. Ansatz (2), (3) reduces YMEs (1) to system of ODEs iff the functions ω(x),
θµ(x) satisfy the following system of PDEs:

ωxµ
ωxµ = F1(ω), (4a)

�ω = F2(ω), (4b)

Rαµωxα
= Gµ(ω), (4c)

Rαµxα
= Hµ(ω), (4d)

RαµRανxβ
ωxβ = Qµν(ω), (4e)

Rαµ�Rαν = Sµν(ω), (4f)

RαµRανxβ
Rβγ +RανRαγxβ

Rβµ +RαγRαµxβ
Rβν = Tµνγ(ω), (4g)

where F1, F2, Gµ, . . ., Tµνγ are some smooth functions, µ, ν, γ = 0, 3. And what is
more, a reduced equation has the form

kµγB̈
γ + lµγḂ

γ +mµγB
γ + eqµνγḂ

ν × Bγ + ehµνγB
ν × Bγ +

+ e2Bγ × (Bγ × Bµ) = 0,
(5)

where
kµγ = gµγF1 −GµGγ ,

lµγ = gµγF2 + 2Qµγ −GµHγ −GµĠγ ,

mµγ = Sµγ −GµḢγ ,

qµνγ = gµγGν + gνγGµ − 2gµνGγ ,

hµνγ =
1
2
(gµγHν − gµνHγ) − Tµνγ .

(6)
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Thus, to describe all ansätze of the form (2), (3) reducing the YMEs to a system
of ODEs one has to construct the general solution of the over-determined system of
PDEs (3), (4). Let us emphasize that system (3), (4) is compatible, since the ansätze
for the Yang–Mills field Aµ(x) invariant under the three-parameter subgroups of the
Poincaré group satisfy equations (3), (4) with some specific choice of the functions
F1, F2, . . . , Tµνγ [16].
Integration of system of nonlinear PDEs (3), (4) demands a huge amount of

computations. That is why we present here only the principal idea of our approach to
solving the system (3), (4). When integrating it we use essentially the fact that the
general solution of system of equations (4a), (4b) is known [13]. With ω(x) already
known we proceed to integration of linear PDEs (4c), (4d). Next, we substitute the
results obtained in the remaining equations (4) and get the final form of the functions
ω(x), θµ(x).
Before presenting the results of integration of system of PDEs (3), (4) we make

a remark. As the direct check shows, the structure of the ansatz (2), (3) is not altered
by the change of variables

ω → ω′ = T (ω), θ0 → θ′0 = θ0 + T0(ω),
θ1 → θ′1 = θ1 + eθ0

(
T1(ω) cos θ3 + T2(ω) sin θ3

)
,

θ2 → θ′2 = θ2 + eθ0
(
T2(ω) cos θ3 − T1(ω) sin θ3

)
,

θ3 → θ′3 = θ3 + T3(ω),

(7)

where T (ω), Tµ(ω) are arbitrary smooth functions. That is why, solutions of system
(3), (4) connected by the relations (7) are considered as equivalent.
Integrating the system of PDEs within the above equivalence relations we obtain

the set of ansätze containing the ones equivalent to the Poincaré-invariant ansätze.
We list below the corresponding expressions for the functions θµ, ω:

θµ = 0, ω = d · x; (8a)

θµ = 0, ω = a · x; (8b)

θµ = 0, ω = k · x; (8c)

θ0 = − ln |k · x|, θ1 = θ2 = 0, θ3 = α ln |k · x|,
ω = (a · x)2 − (d · x)2; (8d)

θ0 = − ln |k · x|, θ1 = θ2 = θ3 = 0, ω = c · x; (8e)

θ0 = −b · x, θ1 = θ2 = θ3 = 0, ω = c · x; (8f)

θ0 = −b · x, θ1 = θ2 = θ3 = 0, ω = b · x− ln |k · x|; (8g)

θ0 = α arctan(b · x/c · x), θ1 = θ2 = 0,
θ3 = − arctan(b · x/c · x), ω = (b · x)2 + (c · x)2; (8h)

θ0 = θ1 = θ2 = 0, θ3 = −a · x, ω = d · x; (8i)

θ0 = θ1 = θ2 = 0, θ3 = d · x, ω = a · x; (8j)
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θ0 = θ1 = θ2 = 0, θ3 = −1
2
k · x, ω = a · x− d · x; (8k)

θ0 = 0, θ1 =
1
2
(b · x− αc · x)(k · x)−1, θ2 = θ3 = 0, ω = k · x; (8l)

θ0 = θ2 = θ3 = 0, θ1 =
1
2
c · x, ω = k · x; (8m)

θ0 = θ2 = θ3 = 0, θ1 = −1
4
k · x, ω = 4b · x+ (k · x)2; (8n)

θ0 = θ2 = θ3 = 0, θ1 = −1
4
k · x, ω = 4(αb · x− c · x) + α(k · x)2; (8o)

θ0 = − ln |k · x|, θ1 = θ2 = 0,
θ3 = − arctan(b · x/c · x), ω = (b · x)2 + (c · x)2; (8p)

θ0 = θ3 = 0, θ1 =
1
2
(c · x+ (α+ k · x)b · x)(1 + k · x(α+ k · x))−1,

θ2 = −1
2
(b · x− c · xk · x)(1 + k · x(α+ k · x))−1, ω = k · x;

(8q)

θ0 = − ln |k · x|, θ1 =
1
2
b · x(k · x)−1, θ2 = θ3 = 0,

ω = (a · x)2 − (b · x)2 − (d · x)2;
(8r)

θ0 = − ln |k · x|, θ1 =
1
2
b · x(k · x)−1, θ2 = θ3 = 0, ω = c · x; (8s)

θ0 = − ln |k · x|, θ1 =
1
2
b · x(k · x)−1, θ2 = θ3 = 0,

ω = ln |k · x| − c · x;
(8t)

θ0 = − ln |k · x|, θ1 =
1
2
(b · x− ln |k · x|)(k · x)−1,

θ2 = θ3 = 0, ω = α ln |k · x| − c · x;
(8u)

θ0 = − ln |k · x|, θ1 =
1
2
b · x(k · x)−1, θ2 =

1
2
c · x(k · x)−1,

θ3 = α ln |k · x|, ω = (a · x)2 − (b · x)2 − (c · x)2 − (d · x)2,
(8v)

where a · x stands for aµxµ and α is an arbitrary real constant.
We do not consider reduction of YMEs with the help of the above ansätze, because

it is studied in a great detail in [16].
We concentrate on the cases when the new (non-Lie) ansätze are obtained. It

occurs that the procedure described gives rise to non-Lie ansätze provided the func-
tions ω(x), θµ(x) within the equivalence relations (7) have the form

θµ = θµ(ξ, bνxν , cνxν), ω = ω(ξ, bνxν , cνxν). (9)
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The list of inequivalent solutions of system of PDEs (3), (4) satisfying (9) is
exhausted by the following solutions:

θ0 = θ3 = 0, ω =
1
2
k · x, θ1 = w0(ξ)b · x+ w1(ξ)c · x,

θ2 = w2(ξ)b · x+ w3(ξ)c · x;
(10a)

ω = b · x+ w1(ξ), θ0 = α
(
c · x+ w2(ξ)

)
,

θa = −1
4
ẇa(ξ), a = 1, 2, θ3 = 0,

(10b)

θ0 = T (ξ), θ3 = w1(ξ), ω = b · x cosw1 + c · x sinw1 + w2(ξ),

θ1 =
(

1
4
(εeT + Ṫ )(b · x sinw1 − c · x cosw1) + w3(ξ)

)
sinw1 +

+ +
1
4
(
ẇ1(b · x sinw1 − c · x cosw1) − ẇ2

)
cosw1,

θ2 = −
(

1
4
(εeT + Ṫ )(b · x sinw1 − c · x cosw1) + w3(ξ)

)
cosw1 +

+
1
4
(
ẇ1(b · x sinw1 − c · x cosw1) − ẇ2

)
sinw1;

(10c)

θ0 = 0, θ3 = arctan
(
[c · x+ w2(ξ)][b · x+ w1(ξ)]−1

)
,

θa = −1
4
ẇa(ξ), a = 1, 2, ω =

(
[b · x+ w1(ξ)]2 + [c · x+ w2(ξ)]2

)1/2
.

(10d)

Here α �= 0 is an arbitrary constant, ε = ±1, w0, w1, w2, w3 are arbitrary smooth
functions on ξ = 1

2k · x, T = T (ξ) is a solution of the nonlinear ODE

(Ṫ + εeT )2 + ẇ2
1 = κe2T , κ ∈ R

1, (11)

where a dot over the symbol denotes differentiation with respect to ξ.
Substitution of the ansatz (2), where Rµν(x) are given by formulae (3), (10), in

the YMEs yields systems of nonlinear ODEs of the form (5), where

kµγ = −1
4
kµkγ , lµγ = −(w0 + w3)kµkγ ,

mµγ = −4 (w2
0 + w2

1 + w2
2 + w2

3)kµkγ − (ẇ0 + ẇ3)kµkγ ,

qµνγ =
1
2
(gµγkν + gνγkµ − 2gµνkγ),

hµνγ = (w0 + w3)(gµγkν − gµνkγ) +
+ 2(w1 − w2)

(
(kµbν − kνbµ) cγ + (bµcν − bνcµ)kγ + (cµkν − cνkµ)bγ

)
;

(12a)

kµγ = −gµγ − bµbγ , lµγ = 0, mµγ = −α2(aµaγ − dµdγ),
qµνγ = gµγbν + gνγbµ − 2gµνbγ ,
hµνγ = α

(
(aµdν − aνdµ)cγ + (dµcν − dνcµ)aγ + (cµaν − cνaµ)dγ

)
;

(12b)

kµγ = −gµγ − bµbγ , lµγ = −ε
2
bµkγ , mµγ = −κ

4
kµkγ ,

qµνγ = gµγbν + gνγbµ − 2gµνbγ , hµνγ =
ε

4
(gµγkν − gµνkγ);

(12c)
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kµγ = −gµγ − bµbγ , lµγ = −ω−1(gµγ + bµbγ), mµγ = −ω−2cµcγ ,

qµνγ = gµγbν + gνγbµ − 2gµνbγ , hµνγ =
1
2
ω−1(gµγbν − gµνbγ).

(12d)

3 Exact solutions of the nonlinear
Yang–Mills equations

The systems (5), (12) are systems of twelve nonlinear second-order ODEs with vari-
able coefficients. That is why there is a little hope to construct their general solutions.
But it is possible to obtain particular solutions of system (5) whose coefficients are
given by expressions (12b)–(12d).
Consider, as an example, system of ODEs (5) with coefficients given by the

expressions (12b). We seek its solutions in the form

Bµ = kµe1f(ω) + bµe2g(ω), fg �= 0, (13)

where e1 = (1, 0, 0), e2 = (0, 1, 0).
On substituting the expression (13) into the above mentioned system we get

f̈ + (α2 − e2g2)f = 0, f ġ + 2ḟg = 0. (14)

The second ODE from (14) is easily integrated to give

g = λf−2, λ ∈ R
1, λ �= 0. (15)

Substitution of the result obtained in the first ODE from (14) yields the Ermakov-
type equation for f(ω)

f̈ + α2f − e2λ2f−3 = 0,

which is integrated in elementary functions [14]

f =
(
α−2C2 + α−2(C4 − α2e2λ2)1/2 sin 2|α|ω)1/2. (16)

Here C �= 0 is an arbitrary constant.
Substituting (13), (15), (16) into the corresponding ansatz for Aµ(x) we get the

following class of exact solutions of YMEs (1):

Aµ = e1kµ exp (−αc · x− αw2)
(
α−2C2 + α−2(C4 − α2e2λ2)1/2 ×

× sin 2|α|(b · x+ w1)
)1/2 + e2λ

(
α−2C2 + α−2(C4 − α2e2λ2)1/2 ×

× sin 2|α|(b · x+ w1)
)−1

(
bµ +

1
2
kµẇ1

)
.

In a similar way we have obtained five other classes of exact solutions of the
Yang–Mills equations

Aµ = e1kµe
−T (b · x cosw1 + c · x sinw1 + w2)1/2Z1/4

(
(ieλ/2)(b · x cosw1 +

+ c · x sinw1 + w2)2
)

+ e2λ (b · x cosw1 + c · x sinw1 + w2) ×
× (

cµ cosw1 − bµ sinw1 + 2kµ[(1/4)(εeT + Ṫ )(b · x sinw1 −
− c · x cosw1) + w3]

)
;
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Aµ = e1kµe
−T (C1 cosh[eλ(b · x cosw1 + c · x sinw1 + w2)] + C2 sinh[eλ×

× (b · x cosw1 + c · x sinw1 + w2)]
)

+ e2λ
(
cµ cosw1 − bµ sinw1 +

+ 2kµ[(1/4)(εeT + Ṫ )(b · x sinw1 − c · x cosw1) + w3]
)
;

Aµ = e1kµe
−T (C2(b · x cosw1 + c · x sinw1 + w2)2 + λ2e2C−2

)1/2+
+ e2λ

(
C2(b · x cosw1 + c · x sinw1 + w2)2 + λ2e2C−2

)−1×
× (

bµ cosw1 + cµ sinw1 − (1/2)kµ[ẇ1(b · x sinw1 − c · x cosw1) − ẇ2]
)
;

Aµ = e1kµZ0

(
(ieλ/2)[(b · x+ w1)2 + (c · x+ w2)2]

)
+ e2λ

(
cµ(b · x+ w1) −

− bµ(c · x+ w2) − (1/2)kµ[ẇ1(c · x+ w2) − ẇ2(b · x+ w1)]
)
;

Aµ = e1kµ
(
C1[(b · x+ w1)2 + (c · x+ w2)2]eλ/2 + C2[(b · x+ w1)2 +

+ (c · x+ w2)2]−eλ/2
)

+ e2λ[(b · x+ w1)2 + (c · x+ w2)2]−1 ×
× (

cµ(b · x+ w1) − bµ(c · x+ w2) − (1/2)kµ[ẇ1(c · x+ w2) −
− ẇ2(b · x+ w1)]

)
.

Here C1, C2, C �= 0, λ are arbitrary parameters; w1, w2, w3 are arbitrary smooth
functions on ξ = 1

2k · x; T = T (ξ) is a solution of ODE (11). In addition, we use the
following notations:

k · x = kµx
µ, b · x = bµx

µ, c · x = cµx
µ,

Zs(ω) = C1Js(ω) + C2Ys(ω), e1 = (1, 0, 0), e2 = (0, 1, 0),

where Js, Ys are the Bessel functions.
Thus, we have obtained broad families of exact non-Abelian solutions of YMEs (1).

It can be verified by direct and rather involved computation that the solutions obtained
are not self-dual, i.e. that they do not satisfy self-dual YMEs.

4 Conclusion

Let us say a few words about symmetry interpretation of the ansätze (2), (3), (10).
Consider as an example, the ansatz determined by expressions (10a). As a direct
computation shows, generators of a three-parameter Lie group G leaving it invariant
are of the form

Q1 = kα∂α, Q2 = bα∂α − 2[w0(kµbν − kνbµ) + w2(kµcν − kνcµ)]
3∑
a=1

Aaν∂Aaµ ,

Q3 = cα∂α − 2[w1(kµbν − kνbµ) + w3(kµcν − kνcµ)]
3∑
a=1

Aaν∂Aaµ .

(17)

Evidently, the system of PDEs (1) is invariant under the one-parameter group G1 ha-
ving the generator Q1. But it is not invariant under the groups having the generators
Q2, Q3. Consider, as an example, the generator Q2. Acting by the second prolongation
of the operator Q2 (which is constructed in a standard way, see e.g. [18, 20]) on the
system of PDEs (1), after some tedious algebra we obtain the following equality:

Q2
2

Lµ = 2
(
w0(kµbν − kνbµ) + w2(kµcν − kνcµ)

)
Lν +

+ 2
(
ẇ0(kµbν − kνbµ) + ẇ2(kµcν − kνcµ)

)
Q1A

ν − (18)
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− ∂µ
(
(w0bν + w2cν)Q1A

ν − kν(w0Q2A
ν + w2Q3A

ν)
)−

− (w0bµ + w2cµ)∂νQ1Aν − kµ
(
w0(w0bν + w2cν) +

+ w2(w1bν + w3cν)
)
Q1A

ν + e
(
(w0bν + w2cν)Q1A

ν−
− kν(w0Q2A

ν + w2Q3A
ν)
)× Aµ + 2e(w0bνA

ν + w2cνA
ν)×Q1Aµ −

− 2ekνAν × (w0Q2Aµ + w2Q3Aµ) + eAν × (w0bµ + w2cµ)Q1A
ν −

− ekµAν × (w0Q2A
ν + w2Q3A

ν).

In the above expressions we use the designations

Lµ ≡ ∂ν∂
νAµ − ∂µ∂νAν + e

(
(∂νAν) × Aµ − 2(∂νAµ) × Aν +

+ (∂µAν) × Aν
)

+ e2Aν × (Aν × Aµ),
Q1Aµ ≡ kα∂αAµ,

Q2Aµ ≡ bα∂αAµ + 2
(
w0(kµbν − kνbµ) + w2(kµcν − kνcµ)

)
Aν ,

Q3Aµ ≡ cα∂αAµ + 2
(
w1(kµbν − kνbµ) + w3(kµcν − kνcµ)

)
Aν

and by the symbol Q2
2
we denote the second prolongation of the operator Q2.

As underlined terms in (18) do not vanish on the set of solutions of YMEs,
system of PDEs (1) is not invariant under the Lie transformation group G2 having
the generator Q2. On the other hand, system

Lµ = 0, QaAµ = 0, a = 1, 2, 3

is evidently invariant under the group G2. The same assertion holds for the Lie
transformation group G3 having the generator Q3. Consequently, the YMEs are con-
ditionally-invariant with respect to the three-parameter Lie transformation group G =
G1 ⊗G2 ⊗G3. This means that solutions of the YMEs obtained with the help of the
ansatz invariant under the group with generators (17) can not be found by means of
the classical symmetry reduction procedure.
As rather tedious computations show, the ansätze determined by the expressions

(10b)–(10d) also correspond to conditional symmetry of YMEs. Hence it follows, in
particular, that the YMEs should be included into the long list of mathematical and
theoretical physics equations possessing non-trivial conditional symmetry [7].
Another interesting observation is that specifying the arbitrary functions contained

in non-Lie ansätze in an appropriate way, one can obtain some Lie ansätze. Really,
expressions (8c), (8l), (8m), (8q) are particular cases of expressions (10a), expressions
(8a), (8e), (8f), (8g), (8n), (8o), (8s), (8t), (8u) are particular cases of expressions
(10b), (10c) and expressions (8h), (8p) are particular cases of the expressions (10d).
So if we denote the invariant solutions of the Yang–Mills equations symbolically by
the dots in some space of solutions of system of PDEs (1), then some of them can be
connected by curves which are conditionally-invariant solutions! Thus, at the first the
distinct glance solutions are the particular cases of more general solutions. A similar
assertion holds for the nonlinear wave [13] and the Dirac [11] equations. On the other
hand, some invariant solutions (namely those determined by expressions (8b), (8d),
(8i), (8j), (8k), (8r), (8v)) can not be connected with other solutions by the curve
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which is a conditionally-invariant solution of the form (10). A possible explanation of
this fact is that there exist more general conditionally-invariant solutions of YMEs.
The above picture admits an analogy with a case when equation under study has

general solution. In that case, each two solutions can be connected by a curve which
is a solution of the equation. The only exceptions are the singular solutions which
are obtained by some asymptotic procedure. So one can guess that there exists such
collection of conditionally-invariant solutions of YMEs that the majority of invariant
solutions are their particular cases and the remaining ones are obtained from these by
an asymptotic procedure. However, this problem so far is completely open and needs
further investigation.
One last remark is that the procedure suggested yields also some well-known exact

solutions of YMEs. For example, the ansatz for the Yang–Mills field determined by
expressions (2), (3) and (8v) gives rise to the meron and instanton solutions of the
system (1), originally obtained with the help of the Ansatz suggested by ’t Hooft [21],
Corrigan and Fairlie [5] and Wilczek [22] (for more details, see [16]).

Acknowledgments. One of the authors (RZ) is supported by the Alexander von
Humboldt Foundation.

1. Actor A., Rev. Mod. Phys., 1979, 51, 461.

2. Atiyah M.F., Hitchin N.J., Drinfeld V.G., Manin Yu.A., Phys. Lett. A, 1978, 65, 185.

3. Bluman G., Cole J., J. Math. Phys., 1969, 18, 1025.

4. Clarkson P.A., Kruskal M.D., J. Math. Phys., 1989, 30, 2201.

5. Corrigan E., Fairlie D.B., Phys. Lett. B, 1977, 67, 69.

6. Fushchych W.I., Ukr. Math. J., 1991, 43, 1456.

7. Fushchych W.I., in Proceedings of the International Workshop “Modern Group Analysis”, Editors
N. Ibragimov, M. Torrisi and A. Valenti, Dordrecht, Kluwer Academic Publishers, 1993, 231.

8. Fushchych W.I., Serov N.I., Chopyk V.I., Dopovidi Akad. Nauk Ukrainy, Ser. A, 1988, № 9, 17.

9. Fushchych W.I., Shtelen W.M., Lett. Nuovo Cim., 1983, 38, № 2, 37.

10. Fushchych W.I., Shtelen W.M., Serov N.I., Symmetry analysis and exact solutions of nonlinear
equations of mathematical physics, Kiev, Naukova Dumka, 1989.

11. Fushchych W.I., Zhdanov R.Z., Nonlinear spinor equations: symmetry and exact solutions, Kiev,
Naukova Dumka, 1992.

12. Fushchych W.I., Zhdanov R.Z., Ukr. Math. J., 1992, 44, 970.

13. Fushchych W.I., Zhdanov R.Z., Revenko I.V., Ukr. Math. J., 1991, 43, 1471.

14. Kamke E., Differentialgleichungen. Lösungmethoden und Lösungen, Leipzig: Akademische Verlags-
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On non-Lie ansatzes and new exact solutions
of the classical Yang–Mills equations
R.Z. ZHDANOV, W.I. FUSHCHYCH

We suggest an effective method for reducing Yang–Mills equations to systems of ordi-
nary differential equations. With the use of this method, we construct wide families
of new exact solutions of the Yang–Mills equations. Analysis of the solutions obtained
shows that they correspond to conditional symmetry of the equations under study.

1 Introduction

The majority of papers devoted to construction of the explicit form of exact solutions
of the SU(2) Yang–Mills equations (YME)

∂ν∂
ν �Aµ − ∂µ∂ν �Aν + e[(∂ν �Aν) × �Aµ − 2(∂ν �Aµ) × �Aν + (∂µ �Aν) × �Aν ] +

+ e2 �Aν × ( �Aν × �Aµ) = �0
(1)

is based on the ansatzes for the Yang–Mills field �Aµ(x) suggested by Wu and Yang,
Rosen, ’t Hooft, Corrigan and Fairlie, Wilczek, Witten (see [1] and references therein).
And what is more, the above ansatzes were obtained in a non-algorithmic way, i.e.,
there was no regular and systematic method for constructing such ansatzes.
Since one has only a few distinct exact solutions of YME, it is difficult to give

their reliable and self-consistent physical interpretation. That is why, the problem of
prime importance is the development of an effective regular approach for constructing
new exact solutions of the system of nonlinear partial differential equations (PDE) (1)
(see also [1]).
A natural approach to construction of particular solutions of YME (1) is to uti-

lize their symmetry properties in the way as it is done in [2–4, 13]. Apparatus
of the theory of Lie transformation groups makes it possible to reduce the system
of PDE (1) to systems of nonlinear ordinary differential equations (ODE) by using
special ansatzes (invariant solutions) [5, 6]. If one succeeds in constructing general
or particular solutions of the said ODE (which is extremely difficult problem), then
substituting results into the corresponding ansatzes, one gets exact solutions of the
initial system of PDE (1).
Another possibility of construction of exact solutions of YME is to use their condi-

tional (non-Lie) symmetry (for more details about conditional symmetry of equations
of mathematical physics, see [7, 8] and also [9]). But the prospects of a systematic
and exhaustive study of conditional symmetry of the system of twelve second-order
nonlinear PDE (1) seem to be rather obscure. It should be said that so far we have
no complete description of conditional symmetry of a nonlinear wave equation even
in the case of one space variable.
In [9] we suggested an effective approach to study of conditional symmetry of

the nonlinear Dirac equation based on its Lie symmetry. We have observed that all

J. Nonlinear Math. Phys., 1995, 2, № 2, P. 172–181.
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Poincaré-invariant ansatzes can be represented in the unified form by introducing
several arbitrary elements (functions) u1(x), u2(x), . . . , uN (x). As a result, we get an
ansatz for the Dirac field which reduces the nonlinear Dirac equation to a system
of ODE provided functions ui(x) satisfy some compatible over-determined system of
nonlinear PDE. After integrating it, we have obtained a number of new ansatzes that
cannot in principle be obtained within the framework of the classical Lie approach.
In the present paper we construct a number of new exact solutions of YME (1)

with the aid of the above described approach.

2 Reduction of YME

In the papers [2, 13] we adduce a complete list of P (1, 3)-inequivalent ansatzes for the
Yang–Mills field which are invariant under three-parameter subgroups of the Poincaré
group P (1, 3). Analyzing these ansatzes, we come to the conclusion that they can be
represented in the following unified form:

�Aµ(x) = Rµν(x) �Bν(ω), (2)

where �Bν(ω) are new unknown vector-functions, ω = ω(x) is a new independent
variable, functions Rµν(x) are given by

Rµν(x) = (aµaν − dµdν) ch θ0 + (aµdν − dµaν) ch θ0 +
+ 2(aµdµ)[(Θ1 cos θ3 + θ2 sin Θ3)bν + (θ2 cos θ3 − θ1 sin θ3)cν +

+ (θ21 + θ22)e
−θ0(aν + dν)] − (cµcν + bµbν) cos θ3 −

− (cµbν − bµcν) sin θ3 − 2e−θ0(θ1bµ + θ2cµ)(aν + dν).

(3)

In (3) θµ(x) are some smooth functions and what is more, θa = θa(ξ, bµxµ, cµxµ),
a = 1, 2, ξ = 1

2kµx
µ = 1

2 (aµxµ + dµx
µ); aµ, bµ, cµ, dµ are arbitrary constants

satisfying the following relations:

aµa
µ = −bµbµ = −cµcµ = −dµdµ = 1,

aµb
µ = aµc

µ = aµd
µ = bµc

µ = bµd
µ = cµd

µ = 0.

Hereafter, summation over the repeated indices from 0 to 3 is understood. Risi-
ng and lowering of the indices is performed with the help of the tensor gµν =
diag (1,−1,−1,−1), i.e. Rαµ = gαβRβµ.
The choice of the functions ω(x), θµ(x) is determined by the requirement that

substitution of the ansatz (2) into YME yields a system of ordinary differential equati-
ons for the vector function �Bµ(ω).
By a direct check, one can become convinced of that the following assertion holds

true.

Lemma. Ansatz (2), (3) reduces YME (1) to a system of ODE if the functions ω(x),
θµ(x) satisfy the system of PDE

1. ωxµ
ωxµ = F1(ω),

2. �ω = F2(ω),
3. Rαµωxα

= Gµ(ω),
4. Rαµxα

= Hµ(ω),

(4)
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5. RαµRανxβ
ωxβ = Qµν(ω),

6. Rαµ�Rαν = Sµν(ω),
7. RαµRανxβ

Rβγ +RανRαγxβ
Rβµ +RαγRαµxβ

Rβν = Tµνγ(ω),

where F1, F2, Gµ, . . . , Tµνγ are some smooth functions, µ, ν, γ = 0, 3. And what is
more, the reduced equation has the form

kµγ �̈B
γ + lµγ �̇B

γ +mµγ
�Bγ + eqµνγ �̇B

ν × �Bγ +

+ ehµνγ �B
ν × �Bγ + e2 �Bγ × ( �Bγ × �Bµ) = �0,

(5)

where

kµγ = gµγF1 −Gµgγ ,

lµγ = gµγF2 + 2Qµγ −GµHγ −GµĠγ ,

mµγ = Sµγ −GµḢγ ,

qµνγ = gµγGν + gνγGµ − 2gµνGγ ,

hµνγ =
1
2
(gµγHν − gµνHγ) − Tµνγ .

(6)

Thus, to describe all ansatzes of the form (2), (3) reducing YME to a system of
ODE, one has to construct the general solution of the over-determined system of PDE
(3), (4). Let us emphasize that system (3), (4) is compatible, since ansatzes invariant
under the Poincaré group satisfy equations (3), (4) with some specific choice of the
functions F1, F2, . . . , Tµνγ .
Integration of the system of nonlinear PDE (3), (4) demands a huge amount of

computations. That is why, we present here only the principal idea of our approach
to solving system (3), (4). When integrating it, we use essentially the fact that the
general solution of the system of equations 1, 2 from (4) is known [10]. With already
known ω(x), we proceed to integration of the linear PDE 3, 4 from (4). Next, we
substitute the results obtained into the remaining equations and get the final form of
the functions ω(x), θµ(x).
Before presenting the results of integration of the system of PDE (3), (4), we

make a remark. As a direct check shows, the structure of the ansatzes (2), (7) is not
altered by the change of variables

ω → ω′ = T (ω), θ0 → θ′0 = θ0 + T0(ω),

θ1 → θ′1 = θ1 + eθ0(T1(ω) cos θ3 + T2(ω) sin θ3),

θ2 → θ′2 = θ2 + eθ0(T2(ω) cos θ3 − T1(ω) sin θ3),
θ3 → θ′3 = θ3 + T3(ω),

(7)

where T (ω), Tµ(ω) are arbitrary smooth functions. That is why, solutions of system
(3), (4) connected by the relations (7) are considered as equivalent.
It occurs that new (non-Lie) ansatzes are obtained, if functions ω(x), θµ(x) up to

the equivalence relations (7) have the form

θµ = θµ(ξ, bνxν , cνxν), µ = 0, 3,
ω = ω(ξ, bνxν , cνxν),

(8)

where ξ = 1
2kνx

ν , kν = aν + dν .
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The list of inequivalent solutions of the system of PDE (3), (4) satisfying (8) is
exhausted by the following solutions:

1. θ0 = θ3 = 0, ω =
1
2
kνx

ν ,

θ1 = w0(ξ)bµxµ + w1(ξ)cµxµ, θ2 = w2(ξ)bµxµ + w3(ξ)cµxµ;
2. ω = bµx

µ + w1(ξ), θ0 = α
(
cµx

µ + w2(ξ)
)
,

θa = −1
4
ẇa(ξ), a = 1, 2, θ3 = 0;

3. θ0 = T (ξ), θ3 = w1(ξ),
ω = bµx

µ cosw1 + cµx
µ sinw1 + w2(ξ),

θ1 =
[
1
4
(εeT + Ṫ )(bµxµ sinw1 − cµx

µ cosw1) + w3(ξ)
]

sinw1 +

+
1
4
[
ẇ1(bµxµ sinw1 − cµx

µ cosw1) − ẇ2

]
cosw1,

θ2 = −
[
1
4
(εeT + Ṫ )(bµxµ sinw1 − cµx

µ cosw1) + w3(ξ)
]

cosw1 +

+
1
4
[
ẇ1(bµxµ sinw1 − cµx

µ cosw1) − ẇ2

]
sinw1;

4. θ0 = 0, θ3 = arctg
[(
cµx

µ + w2(ξ)
)(
bµx

µ + w1(ξ)
)−1]

,

θa = −1
4
ẇa(ξ), a = 1, 2, ω =

[(
bµx

µ + w1(ξ)
)2 +

(
cµx

µ + w2(ξ)
)2]1/2

.

(9)

Here α �= 0, ε are arbitrary constants, w0, w1, w2, w3 are arbitrary smooth functions
of ξ = 1

2kµx
µ, T = T (ξ) is a solution of the nonlinear ODE(

Ṫ + εeT
)2 + ẇ2

1 = κe2T , κ ∈ R
1. (10)

Substitution of the ansatz (2), where Rµν(x) are given by formulae (3), (9), into
YME yields systems of nonlinear ODE of the form (5), where

1. kµγ = −1
4
kµkγ , lµγ = −(w0 + w3)kµkγ ,

mµγ = −4(w2
0 + w2

1 + w2
2 + w2

3)kµkγ − (ẇ0 + ẇ3)kµkγ ,

qµνγ =
1
2
(gµγkν + gνγkµ − 2gµνkγ),

hµνγ = (w0 + w3)(gµγkν − gµνkγ) + 2 (w1 − w2)
[
(kµbν − kνbµ)cγ +

+ (bµcν − bνcµ)kγ + (cµkν − cνkµ)bγ
]
;

2. kµγ = −gµγ − bµbγ , lµγ = 0, mµγ = −α2(aµaγ − dµdγ),
qµνγ = gµγbν + gνγbµ − 2gµνbγ ,
hµνγ = α

[
(aµdν − aνdµ)cγ + (dµcν − dνcµ)aγ + (cµaνcνaµ)dγ

]
;

3. kµγ = −gµγ − bµbγ , lµγ = −ε
2
bµkγ , mµγ = −κ

4
kµkγ ,

qµνγ = gµγbν + gνγbµ − 2gµνbγ , hµνγ =
ε

4
(gµγkν − gµνkγ);

4. kµγ = −gµγ − bµbγ , lµγ = −ω−1(gµγ + bµbγ), mµγ = −ω−2cµcγ ,

qµνγ = gµγbν + gνγbµ − 2gµνbγ , hµνγ =
1
2
ω−1(gµγbν − gµνbγ).

(11)



On non-Lie ansatzes and new exact solutions of the classical YME 465

3 Exact solutions of the nonlinear
Yang–Mills equations

Systems (5), (11) are systems of twelve nonlinear second-order ODE with variable
coefficients. That is why, there is a little hope to construct their general solutions.
But it is possible to obtain particular solutions of system (5), which coefficients are
given by the formulae 2–4 from (11).
Consider, as an example, the system of ODE (5) with coefficients given by the

formulae 2 from (11). We look for its solutions in the form

�Bµ = kµ�e1f(ω) + bµ�e2g(ω), fg �= 0, (12)

where �e1 = (1, 0, 0), �e2 = (0, 1, 0).
Substituting the expression (12) into the above mentioned system, we get

f̈ + (α2 − e2g2)f = 0, f ġ + 2ḟg = 0. (13)

The second ODE from (13) is easily integrated

g = λ f−2, λ ∈ R
1, λ �= 0. (14)

Substitution of the result obtained into the first ODE from (13) yields the Ermakov-
type equation for f(ω)

f̈ + α2f − e2λ2 f−3 = 0,

which is integrated in elementary functions [11]

f =
[
α−2C2 + α−2

(
C4 − α2e2λ2

)1/2 sin 2|α|ω]1/2. (15)

Here C �= 0 is an arbitrary constant.
Substituting (12), (14), (15) into the corresponding ansatz for �Aµ(x), we get the

following class of exact solutions of YME (1):

�Aµ = �e1kµ exp
(−αcx− αw2

)[
α−2C2 + α−2

(
C4 − α2e2λ2

)1/2 ×
× sin 2|α|(bx+ w1)

]1/2 + �e2λ
[
α−2C2 + α−2

(
C4 − α2e2λ2

)×
× sin 2|α|(bx+ w1)

]−1
(
bµ +

1
2
kµẇ1

)
.

In a similar way, we have obtained five other classes of exact solutions of the
Yang–Mills equations

�Aµ = �e1kµe
−T (bx cosw1 + cx sinw1 + w2

)1/2
Z1/4

( ieλ
2
(
bx cosw1 +

+ cx sinw1 + w2

)2)+ �e2λ(bx cosw1 + cx sinw1 + w2) ×

×
[
cµ cosw1− bµ sinw1 + 2kµ

(1
4
(
εeT + Ṫ

)(
bx sinw1 − cx cosw1

)
+ w3

)]
;

�Aµ = �e1kµe
−T [C1 ch eλ

(
bx cosw1 + cx sinw1 + w2

)
+ C2 sh eλ

(
bx cosw1 +

+ cx sinw1 + w2

)]
+ �e2λ

[
Cµ cosw1 − bµ sinw1 +

+ 2kµ
(1

4
(
εeT + Ṫ

)
(bx sinw1 − cx cosw1) + w3

)]
;
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�Aµ = �e1kµe
−T [C2

(
bx cosw1 + cx sinw1 + w2

)2 + λ2e2C−2
]1/2 +

+ �e2λ
[
C2(bx cosw1 + cx sinw1 + w2)2 + λ2e2C−2

]−1 ×
×
{
bµ cosw1 + Cµ sinw1 − 1

2
kµ
[
ẇ1(bx sinw1 − cx cosw1) − ẇ2

]}
;

�Aµ = �e1kµZ0

( ieλ
2
[
(bx+ w1)2 + (cx+ w2)2

])
+ �e2λ×

×
{
cµ(bx+ w1) − bµ(cx+ w2) − 1

2
kµ
[
ẇ1(cx+ w2) − ẇ2(bx+ w1)

]}
;

�Aµ = �e1kµ
[
C1

(
(bx+ w1)2 + (cx+ w2)2

)eλ/2 +

+ C2

(
(bx+ w1)2 + (cx+ w2)2

)−eλ/2 + �e2λ
[
(bx+ w1)2 + (cx+ w2)2

]−1×
×
{
cµ(bx+ w1) − bµ(cx+ w2) − 1

2
kµ
[
ẇ1(cx+ w2) − ẇ2(bx+ w1)

]}
.

Here C1, C2, C �= 0, ε, λ are arbitrary parameters; w1, w2, w3 are arbitrary smooth
functions of ξ = 1

2kx, T = T (ξ) is a solution of ODE (10).
Besides that, we use the following notations:

kx = kµx
µ, bx = bµx

µ, cx = cµx
µ,

Zs(ω) = C1Js(ω) + C2Ys(ω), �e1 = (1, 0, 0), �e2 = (0, 1, 0),

where Js, Ys are Bessel functions. Thus, we have obtained the wide families of exact
non-Abelian solutions of YME (1).
In conclusion we say a few words about a symmetry interpretation of the ansatzes

(2), (7), (10). Let us consider, as an example, the ansatz determined by the formulae 1
from (9). As a direct computation shows, generators of the three-parameter Lie group
leaving it invariant are of the form

Q1 = kα∂α,

Q2 = bα∂α −
{[
w0(kµbν − kνbµ) + w2(kµcν − kνcµ)

] 3∑
a=1

Aaν
}
∂Aaµ ,

Q3 = cα∂α − 2
{[
w1(kµbν − kνbµ) + w3(kµcν − kνcµ)

] 3∑
a=1

Aaν
}
∂Aaµ .

(16)

Evidently, the system of PDE (1) is invariant under the one-parameter group having
the generator Q1. But it is not invariant under the groups having the generators Q2,
Q3. At the same time, the system of PDE

∂ν∂
ν �Aµ − ∂µ∂ν �Aν + e

[
(∂ν �Aν) × �Aµ − 2(∂ν �Aµ) × �Aν + (∂µ �Aν) × �Aν

]
+

+ e2 �Aν × ( �Aν × �Aµ) = �0,

Q0
�Aµ ≡ kα∂α �Aµ = �0,

Q1
�Aµ ≡ bα∂α �Aµ + 2

[
w0(kµbν − kνbµ) + w2(kµcν − kνcµ)

]
�Aν = �0,

Q2
�Aµ ≡ cα∂α �Aµ + 2

[
w1(kµbν − kνbµ) + w3(kµcν − kνcµ)

]
�Aν = �0

is invariant under the said group. Consequently, YME (1) are conditionally-invariant
under the Lie algebra (16). It means that the solutions of YME obtained with the help
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of the ansatz invariant under the group with the generators (16) can not be found by
the classical symmetry reduction procedure.
As rather tedious computations show, the ansatzes determined by the formulae

2–4 from (9) also correspond to conditional symmetry of YME. Hence it follows,
in particular, that YME should be included into the long list of mathematical and
theoretical physics equations possessing a nontrivial conditional symmetry [12].
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Symmetry and reduction
of nonlinear Dirac equations
R.Z. ZHDANOV, W.I. FUSHCHYCH

We present results of symmetry classification of the nonlinear Dirac equations with
respect to the conformal group C(1, 3) and its principal subgroups. Next we briefly
consider the problem of classical and non-classical symmetry reduction and construction
of exact solutions for the nonlinear Poincaré-invariant Dirac equations. In particular,
a class of exact solutions is constructed which can not be in principle obtained within
the framework of the classical Lie approach.

The Dirac equation is a system of four complex partial differential equations of the
form

(iγµ∂xµ
−m)ψ(x) = 0, (1)

where ψ = ψ(x0, �x) is a four-component function-column, γµ are 4× 4 Dirac matrices

γ0 =
(
I 0
0 −I

)
, γa =

(
0 σa

−σa 0

)
and σa are usual 2 × 2 Pauli matrices.
In fact in the following we do not use an explicit representation of the Dirac

matrices, we use the commutational relations

γµγν + γνγµ = 2gµν = 2


1, µ = ν = 0,

−1, µ = ν = 1, 2, 3,
0, µ �= ν

only.
Nonlinear generalizations of the Dirac equation were suggested by Ivanenko [1]

[iγµ∂xµ
−m+ λ(ψ̄ψ)]ψ = 0 (2)

and by Heisenberg [2]

[iγµ∂xµ
+ λ(ψ̄γµγ4ψ)γµγ4]ψ = 0. (3)

Here ψ̄ = (ψ∗
0 , ψ

∗
1 ,−ψ∗

2 ,−ψ∗
3) is a four-component function-row, γ4 = γ0γ1γ2γ3,

λ = const.
The above equations can be obtained in a unified way within the framework of

symmetry approach. For the equation of the form

[iγµ∂xµ
+ F (ψ̄, ψ)]ψ = 0 (4)

In Proceedings of the International Symposium on Mathematical Physics “Nonlinear, Deformed
and Irreversible Quantum Systems” (15–19 August, 1994, Clausthal, Germany), Editors H.-D. Doebner,
V.K. Dobrev and P. Nattermann, Singapore – New Jersey – London – Hong Kong, World Scientific, 1995,
P. 223–229.
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to be physically acceptable generalization of the linear Dirac equation (1) it must obey
the Einstein relativity principle. From mathematical point of view, it means that on
the set of solutions of Eq. (4) some representation of the Poincaré group P (1, 3) is
to be realized. Consequently, one has to describe all the matrices F (ψ̄, ψ) such that
Eq. (4) is invariant under the Poincaré group. Furthermore, it is known that the
massless Dirac equation is invariant under the 15-parameter conformal group C(1, 3).
Therefore it is of interest to describe nonlinear equations (4) admitting conformal
group. Such procedure is usually called symmetry or group-theoretical classification
of nonlinear equations (4).
First, we give the results of symmetry classification and then turn to the problem

of constructing exact solutions of the nonlinear Dirac equations (4).

Theorem 1. System of partial differential equations (4) is Poincaré invariant iff

F (ψ̄, ψ) = F1(ψ̄ψ, ψ̄γ4ψ) + F2(ψ̄ψ, ψ̄γ4ψ)γ4, (5)

where F1, F2 are arbitrary complex functions.

Theorem 2. System of PDE (4) is invariant under the extended Poincaré group
P̃ (1, 3) = P (1, 3)×⊂ D(1), where D(1) is a one-parameter group of scale transforma-
tions generated by the following infinitesimal operator:

D = xµ∂µ + k, k ∈ R
1, (6)

iff the matrix-function F (ψ̄ψ) is of the form (5), Fi being determined by the formulae

Fi = (ψ̄ψ)1/2kF̃i(ψ̄ψ/ψ̄γ4ψ), i = 1, 2, (7)

with arbitrary complex functions F̃i.

Theorem 3. System of PDE (4) is invariant under the 15-parameter conformal group
C(1, 3) = P̃ (1, 3)×⊂ K(4), where K(4) is a 4-parameter group of special conformal
transformations which is generated by the following infinitesimal operators:

Kµ = 2xµD − xνx
ν∂µ +

1
2
(γµγν − γνγµ)xν , µ = 0, . . . , 3, (8)

iff F (ψ̄, ψ) is of the form (5), (7) with k = 3/2. In formula (8) D is the operator (6)
with k = 3/2, xµ = gµνxν , ∂µ = gµν∂ν , µ, ν = 0, . . . , 3.

Proof of the Theorems 1–3 is carried out with the help of the infinitesimal Lie
algorithm [3, 4].
Thus, there exists rather narrow class of Poincaré invariant equations of the

form (4)

[iγµ∂xµ
+ F1(ψ̄ψ, ψ̄γ4ψ) + F2(ψ̄ψ, ψ̄γ4ψ)γ4]ψ = 0. (9)

To construct exact solutions of the nonlinear Dirac equation (9) we apply the
symmetry reduction technique.
The general idea of symmetry reduction of PDEs can be formulated in a very

simple and natural way. Since coefficients of Eq. (9) do not depend explicitly on the
variable x0, we can look for a particular solution which is also independent of x0

ψ = ϕ(x1, x2, x3). (10)
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After substituting (10) into Eq. (9) we get system of PDEs with three independent
variables

[iγ1∂x1 + iγ2∂x2 + iγ3∂x3 + F1(ϕ̄ϕ, ϕ̄γ4ϕ) + F2(ϕ̄ϕ, ϕ̄γ4ϕ)γ4]ϕ = 0. (11)

But from the group-theoretical point of view independence of Eq. (9) of the va-
riable x0 means that this equation is invariant under the one-parameter group of
displacements with respect to x0

x′0 = x0 + θ, �x ′ = �x, ψ′ = ψ. (12)

Similarly, (10) is a manifold in the space of variables x, ψ invariant under the
group of displacements with respect to x0.
Thus, imposing on the solution to be found requirement of invariance with respect

to the one-parameter group (12) which is a subgroup of the invariance group of Eq. (9)
we reduce it by one independent variable.
Now we turn to the general case. Let Eq. (9) be invariant under the one-parameter

transformation group

x′µ = fµ(x, θ), ψ′ = F (x, θ)ψ, (13)

where fµ are some real functions and F is a variable 4 × 4 matrix.
It is known, that there exists such change of variables

ωµ = ωµ(x), ϕ = B(x)ψ, (14)

where B(x) is some invertible 4 × 4 matrix, that the group (13) in the space of
variables ωµ, ϕ takes the form

ω′
0 = ω0 + θ, �ω′ = �ω, ϕ′ = ϕ. (15)

Consequently, if we make in the initial equation (9) the change of variables (14),
then the equation obtained will be invariant under the one-parameter group of dis-
placements (15). Therefore, a substitution ϕ = ϕ(ω1, ω2, ω3) reduce it to a system of
PDEs with three independent variables ω1, ω2, ω3.
In the initial variables the above said substitution reads

ψ(x) = A(x)ϕ(ω1(x), ω2(x), ω3(x)), (16)

where A(x) = B−1(x).
And what is more, substitution of the expression (16) into Eq. (9) reduce it to

a system of PDEs with three independent variables ω1, ω2, ω3.
In fact, we gave a sketch of the proof of the reduction theorem, which is of utmost

importance for applications of Lie transformation groups in mathematical physics.
Namely, solution invariant under the one-parameter subgroup of the invariance group
of the nonlinear Dirac equation reduce it to a system of PDEs with three independent
variables. Obviously, a solution invariant under a three-parameter subgroup of inva-
riance group reduce the nonlinear Dirac equation to a system of ordinary differential
equations (ODEs).
So each three-parameter subgroup of the Poincaré group P (1, 3) gives rise to an

Ansatz

ψ(x) = A(x)ϕ(ω(x)), (17)
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which reduces the nonlinear Dirac equation (9) to a system of ODEs for a function
ϕ(ω).
In practice it is more convenient to work with Lie algebras. Let the operators

Qa = ξaµ(x)∂xµ
+ ηa(x), a = 1, 2, 3 (18)

form a three-dimensional Lie algebra corresponding to a given three-parameter sub-
group G3 of the group P (1, 3). Then a solution invariant with respect to the group
G3 has the form (18), where function ω(x) and matrix function A(x) are determined
by the following equations:

1. ξaµ(x)∂xµ
ω(x) = 0, a = 1, 2, 3,

2. (ξaµ(x)∂xµ
+ ηa(x))A(x) = 0, a = 1, 2, 3.

(19)

Classification of P (1, 3)-inequivalent subalgebras of the Lie algebra of the Poincaré
group P (1, 3) has been carried out in [5]. There are, in particular, 27 inequivalent
three-dimensional subalgebras. Solving for each of these system of PDEs (19) we
obtain 27 Ansätze reducing the nonlinear Dirac equation to systems of ODEs.
Consider, as an example, a subgroup which Lie algebra has the following basis

elements:

Q1 = ∂x0 , Q2 = ∂x3 , Q3 = x2∂x1 − x1∂x2 +
1
2
γ1γ2.

Ansatz corresponding to the above algebra has the form

ψ(x) = exp
(
−1

2
γ1γ2 arctan

x1

x2

)
ϕ(x2

1 + x2
2). (20)

Substituting the above Ansatz into Eq. (9) after some tedious transformations we
get a system of ODEs

iγ2
dϕ

dω
+
i

2
ω−1/2γ2ϕ+ [F1(ϕ̄ϕ, ϕ̄γ4ϕ) + F2(ϕ̄ϕ, ϕ̄γ4ϕ)γ4]ϕ = 0.

For the nonlinear equation suggested by Ivanenko F1 = m+ (ϕ̄ϕ) and F2 = 0. In
such a case the above system is integrated. Substituting the result obtained into the
Ansatz (20) we get an exact solution of the nonlinear equation (2)

ψ(x) = (x2
1 + x2

2)
λ
2 χ̃χ− 1

4 exp
(
−1

2
γ1γ2 arctan

x1

x2

)
exp

(
−m(x2

1 + x2
2)

1/2
)
χ,

where χ an arbitrary constant four-component column.
Symmetry approach to construction of exact solutions of PDEs is so systematic and

algorithmic that one could get an impression that in this way all Ansätze reducing
Eq. (9) to systems of ODEs can be obtained. Luckily, it is not so. The source of
principally new Ansätze is the conditional symmetry of Eq. (9).
To study conditional symmetry of PDEs one can apply Lie algorithm but the

problem is that the determining equations for coefficients of vector field admitted
are essentially nonlinear. This is a reason why more or less systematic results on
conditional symmetry of PDEs are obtained only for two-dimensional equations.
But we suggested a method making it possible to obtain rich information about

conditional symmetry of such a complex nonlinear model as Eq. (9).
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The principal idea is based on the following observation: all Ansätze invariant
under three-parameter subgroups of the group P (1, 3) can be represented in the
following unified form [6]:

ψ(x) = exp ((γ1θ1(x) + γ2θ2(x))(γ0 + γ3)) ×
× exp (θ0(x)γ0γ3 + θ3(x)γ1γ2)ϕ(ω(x)).

(21)

Specifying the functions θµ(x), ω(x) we get from (21) all Poincaré invariant Ansät-
ze mentioned above.
The idea is not to impose ad hoc conditions on the functions θµ, ω. The only

condition is a requirement that substitution of expression (21) into Eq. (9) yields
a system of ODEs for a four-component function ϕ(ω).
As a result, one gets a system of twelve nonlinear PDEs for five functions. From

the first sight it looks even more complicated than the initial Eq. (9). But the fact that
said system is strongly over-determined enabled us to construct its general solution.
In this way we have obtained not only all Poincaré invariant Ansätze (which is

quite predictable) but also six principally new classes of Ansätze which correspond to
conditional symmetry of the equation under study.
We adduce, as an example, the following Ansatz

ψ(x) = exp
(1

2
(w′

1γ1 + w′
2γ2)(γ0 + γ3) + C(y2

1 + y2
2)−1/2(y2γ1 − y1γ2) ×

× (γ0 + γ3)
)

exp
(
− 1

2
γ1γ2 arctan

y1
y2

)
ϕ(y2

1 + y2
2),

(22)

where ya = xa + wa, a = 1, 2, wa = wa(x0 + x3) are arbitrary functions, C is an
arbitrary constant.
It is readily seen that provided C = 0, w1 = w2 = 0 formula (22) gives the Ansatz

(20) which has been obtained with the use of the invariance group of Eq. (9). This
example demonstrates that invariant solutions are very special cases of conditionally
invariant solutions.
It is important to emphasize a principal difference between invariant and condi-

tionally-invariant Ansätze. Ansatz (20) invariant under the three-parameter subgroup
of the Poincaré group can be used to reduce any Poincaré invariant system of PDE.
But conditionally-invariant Ansatz (22) can be used for Eq. (9) only. It means that
the last Ansatz contains more precise information about structure of solutions of the
equation under study.
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Reduction of the self-dual Yang–Mills
equations. I. The Poincaré group

R.Z. ZHDANOV, V.I. LAHNO, W.I. FUSHCHYCH

We have obtained a complete description of ansatzes for the vector-potential of the
Yang–Mills field invariant under 3-parameter P (1, 3)-inequivalent subgroups of the Poi-
ncaré group. Using these, we carry out a reduction of the self-dual Yang–Mills equations
to system of ordinary differential equations.

Для вектор-потенцiалу поля Янга–Мiллса побудовано повний набiр iнварiантних
вiдносно P (1, 3)-нееквiвалентних пiдгруп групи Пуанкаре анзацiв, з використанням
яких проведено редукцiю самодуальних рiвнянь Янга–Мiлса до систем звичайних
диференцiальних рiвнянь.

Classical SU(2) Yang–Mills equations form a system of twelve nonlinear second-
order partial differential equations (PDE) in the Minkowski space R(1, 3). But one
can obtain an important subclass of solutions by considering the following first-order
system of PDE:

�Fµν =
i

2
εµναβ �F

αβ , (1)

where �Fµν = ∂µ �Aν − ∂ν �Aµ + e �Aµ × �Aν is a tensor of the Yang–Mills field; ∂µ =
∂/∂xµ, εναβ is the antisymmetric fourth-order tensor; µ, ν, α, β = 0, 3. Hereafter,
the summation over the repeated indices from 0 to 3 is understood, rising and
lowering of the tensor indices is carried out with the help of the metric tensor
gµν = diag (1,−1,−1,−1) of the Minkowski space.
Equations (1) are called self-dual Yang–Mills equations. They are very interesting

because of the fact that any solution of equations (1) automatically satisfies Yang–
Mills equations (see, e.g. [1]). Moreover, symmetry groups of the Yang–Mills and of
the self-dual Yang–Mills equations are the same. Maximal symmetry group admitted
by equations (1) is the conformal group C(1, 3) supplemented by the gauge group
SU(2) [2].
In the present paper, we carry out a symmetry reduction of the self-dual Yang–

Mills equations (1) by using ansatzes for the vector-potential of the Yang–Mills
�Aµ(x) invariant under the three-parameter subgroups of the Poincaré group P (1, 3) ⊂
C(1, 3).
It is known that the problem of classification of inequivalent subgroups of a Lie

transformation group is equivalent to the one of classification of inequivalent sub-
algebras of the Lie algebra (see, e.g. [3, 4]). Complete description of P (1, 3)-inequiva-
lent three-dimensional subalgebras of the Poincaré algebra AP (1, 3) had been obtained
in [3].

Укр. мат. журн., 1995, 47, № 4, P. 456–462.
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To establish correspondence between the three-dimensional subalgebra of the
symmetry algebra of equations (1) having the basis elements

Xa = ξaµ(x,A)∂µ +
3∑
b=1

ηbaµ(x,A)
∂

∂Abµ
, a = 1, 3, (2)

where {Aaµ, a = 1, 3, µ = 0, 3}, and the ansatz for �Aµ(x) reducing equations (1) to
a system of ordinary differential equations, one has:
(1) to construct a complete system of functionally-different invariants of the

operators (2) ω = {ωi(x,A), i = 1, 13};
(2) to resolve the relations

Fj(ω1(x,A), . . . , ω13(x,A)) = 0, j = 1, 13 (3)

with respect to the functions Aaµ.
As proved in [5], the above procedure can be significantly simplified if coefficients

of operators (2) have the following structure:

ξaµ = ξaµ(x), ηbaµ =
3∑
c=1

Rbcaµν(x)A
c
ν . (4)

The ansatz for �Aµ can be searched for in the form

Aaµ(x) =
3∑
c=1

Qabµν(x)B
b
ν(ω(x)), (5)

where Bbν(ω) are arbitrary smooth and the functions ω(x), Qabµν(x) satisfy the system
of PDE

ξaµ(x)ωxµ
= 0,

3∑
c=1

(ξaµδbc∂µ −Rbcaµν)Q
cd
να = 0.

(6)

Here, δbc is the Kronecker symbol, a, b, d = 1, 3, α = 0, 3.
On the set of solutions of equations (1), the following representation of the Poincaré

algebra is realized:

Pµ = ∂µ, Jµν = xµPν − xνPµ +
3∑
a=1

(
Aaµ

∂

∂Aaν
−Aaν

∂

∂Aaµ

)
, µ, ν = 0, 3. (7)

Consequently, relations (4) hold true. Moreover, expression for ηbaµ has the form

ηbaµ = Raµν(x)Abν , a, b = 1, 3, µ = 0, 3. (8)

That is why formulae (5), (6) can be rewritten in a simpler way. Namely, an ansatz
for the vector-potential of the Yang–Mills field �A(x) invariant under a subalgebra of
the algebra AP (1, 3) with basis operators (7) should be searched for in the form

Aaµ(x) = Qµν(x)Baν (ω(x)), (9)
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where Baν (ω) are arbitrary smooth functions and functions ω(x), Qµν(x) satisfy the
system of PDE

ξaµ(x)ωxµ
= 0,

ξaα(x)∂αQµν −Raµα(x)Qαν = 0,
(10)

where a = 1, 3, µ, ν = 0, 3.
Thus, to get a complete description of P (1, 3)-inequivalent ansatzes invariant under

three-dimensional subalgebras of the Poincaré algebra, one has to integrate over-
determined system of PDE (10) for each subalgebra. Let us note that compatibility of
equations (10) is guaranteed by the fact that the operators X1, X2, X3 form a Lie
algebra.
Bellow, we adduce a complete list of C(1, 3)-inequivalent three-dimensional subal-

gebras of the Poincaré algebra AP (1, 3) following [4]:

L1 = 〈P0, P1, P2〉, L2 = 〈P1, P2, P3〉,
L3 = 〈P0 + P3, P1, P2〉, L4 = 〈J03 + αJ12, P1, P2〉,
L5 = 〈J03, P0 + P3, P1〉, L6 = 〈J03 + P1, P0, P3〉,
L7 = 〈J03 + P1, P0 + P3, P1〉, L8 = 〈J12 + αJ03, P0, P3〉,
L9 = 〈J12 + P0, P1, P2〉, L10 = 〈J12 + P3, P1, P2〉,
L11 = 〈J12 + P0 − P3, P1, P2〉, L12 = 〈G1, P0 + P3, P2 + αP1〉,
L13 = 〈G1 + P2, P0 + P3, P1〉, L14 = 〈G1 + P0 − P3, P0 + P3, P2〉,
L15 = 〈G1 + P0 − P3, P1 + αP2, P0 + P3〉, L16 = 〈J12, J03, P0 + P3〉,
L17 = 〈G1 + P2, G2 − P1 + αP2, P0 + P3〉, L18 = 〈G1, J03, P2〉,
L19 = 〈J03, G1, P0 + P3〉, L20 = 〈J03 + P2, G1, P0 + P3〉,
L21 = 〈G1, J03 + P1 + αP2, P0 + P3〉, L22 = 〈G1, G2, J03 + αJ12〉,
L23 = 〈G1, P0 + P3, P1〉, L24 = 〈J12, P1, P2〉,
L25 = 〈J03, P0, P3〉, L26 = 〈J01, J02, J12〉,
L27 = 〈J12, J23, J13〉,

Here, Gi = J0i − Ji3 (i = 1, 2), α ∈ R.
Let us consider, as an example, the procedure of construction of ansatz (9) invari-

ant under subalgebra L4 (α = 0). In this case, system (10) reads

ωx1 = ωx2 = 0, x0ωx3 + x3ωx0 = 0, (11a)

Qx1 = Qx2 = 0, x0Qx3 + x3Qx0 − SQ = 0, (11b)

where Q = ‖Qµν(x)‖3
µ,ν = 0,

S =

∥∥∥∥∥∥∥∥
0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

∥∥∥∥∥∥∥∥ .
The first integral of system (11a) has the form ω = x2

0 − x2
3. Next, from first two

equations of system (11b), it follows that Q = Q(x0, x3). Since S is a constant matrix,
solutions of the third equation from (l1b) can be looked for in the form (see, e.g. [6])

Q = exp{f(x0, x3)S}.
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By substituting this expression into (11b), we get

(x0fx3 , x3fx0 − 1) exp{fS} = 0,

where f = ln(x0 + x3).
Consequently, a particular solution of equations (lib) can be chosen in the following

way:

Q = exp{ln(x0 + x3)S}.
By using evident identity S = S3, we obtain the equality

Q = I + S sh(ln(x0 + x3)) + S2(ch(ln(x0 + x3)) − 1), (12)

where I is a unit (4 × 4)-matrix.
By substituting the obtained expressions into formula (9), we get an ansatz for

�Aµ(x) which is invariant under the algebra L4

Aa0 = Ba0 (x2
0 − x2

3) ch(ln(x0 + x3)) +Ba3 (x2
0 − x2

3) sh(ln(x0 + x3)),
Aa1 = Ba1 (x2

0 − x2
3), Aa2 = Ba2 (x2

0 − x2
3),

Aa3 = Ba3 (x2
0 − x2

3) ch(ln(x2
0 − x2

3)) +Ba0 (x2
0 − x2

3) sh(ln(x2
0 − x2

3)), a = 1, 3.
(13)

The above ansatz has such an unpleasant feature as an asymmetric dependence
on independent variables xµ. To remove this asymmetry, one has to use a solution
generation procedure [7]. As a result, we arrive at the following representation of the
Poincaré invariant ansatz for the vector-potential of the Yang–Mills field:

�Aµ(x) = Qµν(x) �Bν(ω) = {(aµaν − dµdν) ch θ0 + (dµaν − dνaµ) sh θ0 +

+ 2kµ[(θ1 cos θ3 + θ2 sin θ3)bν + (θ2 cos θ3 − θ1 sin θ3)cν +

+ (θ21 + θ22)kν exp(−θ0)] + (bµcν − bνcµ) sin θ3 − (cµcν − bµbν) cos θ3 −
− 2(θ1bµ + θ2cµ)kν exp(−θ0)]} �Bν(ω).

Here, aµ, bµ, cµ, dµ are arbitrary constants satisfying the following equalities:

aµa
µ = −bµbµ = −cµcµ = −dµdµ = 1,

aµb
µ = aµc

µ = aµd
µ = bµc

µ = bµd
µ = cµd

µ = 0,

kµ = aµ + dµ, Qµ, ω are some functionals of x whose explicit form depends on the
choice of the algebra AP (1, 3), µ = 0, 3. Below, we adduce a complete list of functions
Qµ, µ = 0, 3, ω co corresponding to three-dimensional subalgebras of the Poincaré
algebra (7).

L1 : θµ = 0, ω = dx;
L2 : θµ = 0, ω = ax;
L3 : θµ = 0, ω = ax+ dx;
L4 : θ0 = − ln |ax+ dx|, θ1 = θ2 = 0, θ3 = a ln |ax+ dx|,

ω = (ax)2 − (dx)2;
L5 : θ0 = − ln |ax+ dx|, θ1 = θ2 = θ3 = 0, ω = cx;
L6 : θ0 = bx, θ1 = θ2 = θ3 = 0, ω = cx;
L7 : θ0 = bx, θ1 = θ2 = θ3 = 0, ω = −bx+ ln |ax+ dx|;
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L8 : θ0 = α arctg[bx(cx)−1], θ1 = θ2 = 0, θ3 = − arctg[bx(cx)−1],
ω = (bx)2 + (cx)2;

L9 : θ0 = θ1 = θ2 = 0, θ3 = −ax, ω = dx;
L10 : θ0 = θ1 = θ2 = 0, θ3 = dx, ω = ax;

L11 : θ0 = θ1 = θ2 = 0, θ3 = −1
2
(dx+ ax), ω = ax+ dx;

L12 : θ0 = θ2 = θ3 = 0, θ1 =
1
2
(bx− αcx)(ax+ dx)−1, ω = ax+ dx;

L13 : θ0 = θ2 = θ3 = 0, θ1 =
1
2
cx, ω = ax+ dx;

L14 : θ0 = θ2 = θ3 = 0, θ1 = −1
4
(ax+ dx), ω = 4bx− (ax+ dx)2;

L15 : θ0 = θ2 = θ3 = 0, θ1 = −1
4
(ax+ dx),

ω = 4(αbx− cx) − α(ax+ dx)2;
L16 : θ0 = − ln |ax+ dx|, θ1 = θ2 = 0, θ3 = − arctg[bx(cx)−1],

ω = (bx)2 + (cx)2;

L17 : θ0 = 0, θ1 =
1
2

cx+ (α+ ax+ dx)bx
1 + (ax+ dx)(α+ ax+ dx)

,

θ2 = −1
2

bx− cx(ax+ dx)
1 + (ax+ dx)(α+ ax+ dx)

, θ3 = 0, ω = ax+ dx;

L18 : θ0 = − ln |ax+ dx|, θ1 =
1
2

bx

ax+ dx
, θ2 = θ3 = 0,

ω = (ax)2 − (bx)2 − (dx)2;

L19 : θ0 = − ln |ax+ dx|, θ1 =
1
2

bx

ax+ dx
, θ2 = θ3 = 0, ω = cx;

L20 : θ0 = − ln |ax+ dx|, θ1 =
1
2

bx

ax+ dx
, θ2 = θ3 = 0,

ω = cx+ ln |ax+ dx|;
L21 : θ0 = − ln |ax+ dx|, θ1 = −1

2
−bx+ ln |ax− dx|

ax+ dx
, θ2 = θ3 = 0,

ω = cx+ α ln |ax+ dx|;
L22 : θ0 = − ln |ax+ dx|, θ1 =

1
2

bx

ax− dx
, θ2 =

1
2

cx

ax− dx
,

θ3 = α ln |ax+ dx|, ω = (ax)2 − (bx)2 − (cx)2 − (dx)2.

Here, ax = aµx
µ, bx = bµx

µ, cx = cµx
µ, dx = dµx

µ, µ = 0, 3.
Note. Ansatzes invariant under subalgebras L23, L24, L25, L26, L27 yield so-called
partially-invariant solutions (the term was introduced by L.V. Ovsyannikov [8]) which
cannot be represented in the form (13) and are not considered here.

Substitution of ansatzes (13), (14) into system of PDE (1) demands very cumberso-
me computations. This is why we omit these and adduce only the final result-system
of ordinary differential equations for �Bµ(ω).
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General form of the reduced system is the following:

�Tµν =
1
2
εµαβ �T

αβ , µ, ν = 0, 3, (14)

where

�Tµν = Gµ(ω) �Bµ −Gν �Bµ −Hµνγ(ω) �Bγ + e �Bµ × �Bν

and functions Gµ(ω),Hµγ(ω) are calculated according to the following formulae:

Gµ(ω) = Qµνωxν
,

Hµνγ(ω) = QαµQαγxβ
Qβν −Qαν −Qαγxβ

Qβµ.

In the above formulae, overdot means differentiation with respect to ω.
Thus, the form of the reduced equations for functions �Bµ(ω) depends on the

explicit forms of functions Gµ(ω), Hµνγ(ω). Below, we adduce a list of these functions
corresponding to ansatzes (13), (14).

L1 : Gµ = −dµ, Hµνγ = 0;
L2 : Gµ = aµ, Hµνγ = 0;
L3 : Gµ = kµ, Hµνγ = 0;
L4 : Gµ = ε[aµ − dµ + kµω],

Hµνγ = −ε[(aµdν − dµaν)kγ + α(kν(bγcµ − cγbµ) − kµ(bγcµ − cγbν))];
L5 : Gµ = cµ, Hµνγ = −ε(aµdν − dµaν)kγ ;
L6 : Gµ = cµ, Hµνγ = (aµdγ − aγdµ)bν + (aνdγ − aγdν)bµ;
L7 : Gµ = −bµ + εkµ, Hµνγ = −(aµdγ − aγdµ)bν + (aνdγ − aγdν)bµ;
L8 : Gµ = 2cµ

√
ω,

Hµνγ =
1√
ω
{(cµbν − cνbµ)bγ + α[(dµaγ − aµdγ)bν − (dνaγ − aνdγ)bµ]};

L9 : Gµ = −dµ, Hµνγ = −aµ(bνcγ − cνbγ) + aν(bµcγ − cµbγ);
L10 : Gµ = aµ, Hµνγ = (bµcγ − cµbγ)dν − (bνcγ − cνbγ)dµ;

L11 : Gµ = aµ − dµ, Hµνγ =
1
2
[(bνcγ − cνbγ)bµ − (bµcγ − cµbγ)bν ];

L12 : Gµ = kµ,

Hµνγ =
1
ω
{(kµbν − kνbµ)bγ − α[(kµbγ − kγbµ)cν − (kνbγ − kγbν)cµ]};

L13 : Gµ = kµ, Hµνγ = (kµbγ − kγbµ)cν − (kνcγ − kγbν)cµ;

L14 : Gµ = 4bµ, Hµνγ =
1
2
(bµkν − bνkµ)kγ ;

L15 : Gµ = 4(cµ − αbµ), Hµνγ =
1
2
(bµkν − bνkµ)kγ ;

L16 : Gµ = 2cµ
√
ω,

Hµνγ = ε(aµdν − aνdµ)kγ − 1√
ω
kγ − 1√

ω
(bµcν − cµbν)bγ ;

L17 : Gµ = kµ,

Hµνγ =
1

1 + ω(ω + α)
{2(bνcµ − bµcν)kγ + (kµcν − kνcµ)bγ +
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+ (kνbµ − kµbν)cγ + (α+ ω)(kµbν − kνbµ)bγ +
+ ω(kµcν − kνcµ)cγ};

L18 : Gµ = ε(kµω + aµ − dµ),
Hµνγ = ε[(kµbν − kνbµ)bγ + (aµdν − kνbµ)kγ ];

L19 : Gµ = cµ, Hµνγ = ε[(kµbν − kνbµ)bγ + (aµdν − aνdµ)kγ ];
L20 : Gµ = cµ + εkµ, Hµνγ = ε[(aµdν − aνdµ)kγ + (kµbν − kνbµ)bγ ];
L21 : Gµ = cµ + εαkµ,

Hµνγ = ε[(aµdν − aνdµ)kγ + (kµbν − kνbµ)bγ − (kµbν − kνbµ)kγ ];
L22 : Gµ = ε(kµω + aµ − dµ),

Hµνγ = ε{(kµbν − kνbµ)bγ + (kµcν − kνcµ)cγ +
+ α[(bµcγ − cµbµ)kν − (bνcγ − cνbγ ] + (aµdν − aνdµ)kγ}.

Here, kµ = aµ + dµ, ε = 1 for ax+ dx > 0 and ε = −1 for ax+ dx < 0.
Thus, using symmetry properties of the self-dual Yang–Mills equations and sub-

algebraic structure of the Poincaré algebra, we reduced system of PDE (1) to the
system of ordinary differential equations (15). Let us emphasize that system (15)
contains nine equations for twelve functions, which means that it is underdetermined.
This fact simplifies essentially finding its particular solutions.
If one constructs a solution of one of equations (15) (general or particular), then

substitution of the obtained result into the corresponding ansatz from (13). (14) yields
an exact solution of the nonlinear self-dual Yang–Mills equations (1). We intend to
study in detail the reduced system of ordinary differential equations (15) and construct
new classes of exact solutions of equations (1) but this will be a topic of our future
publication.
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On the new approach to variable separation
in the time-dependent Schrödinger equation
with two space dimensions
R.Z. ZHDANOV, I.V. REVENKO, W.I. FUSHCHYCH

We suggest an effective approach to separation of variables in the Schrödinger equation
with two space variables. Using it we classify inequivalent potentials V (x1, x2) such that
the corresponding Schrödinger equations admit separation of variables. Besides that,
we carry out separation of variables in the Schrödinger equation with the anisotropic
harmonic oscillator potential V = k1x

2
1 + k2x

2
2 and obtain a complete list of coordinate

systems providing its separability. Most of these coordinate systems depend essentially
on the form of the potential and do not provide separation of variables in the free
Schrödinger equation (V = 0).

1 Introduction

The problem of separation of variables (SV) in the two-dimensional Schrödinger
equation

iut + ux1x1 + ux2x2 = V (x1, x2)u (1)

as well as the most of classical problems of mathematical physics can be formulated
in a very simple way (but this simplicity does not, of course, imply an existence
of easy way to its solution). To separate variables in Eq. (1) one has to construct
such functions R(t,x), ω1(t,x), ω2(t,x) that the Schrödinger equation (1) after being
rewritten in the new variables

z0 = t, z1 = ω1(t,x), z2 = ω2(t,x),
v(z0,z) = R(t,x)u(t,x)

(2)

separates into three ordinary differential equations (ODEs). From this point of view
the problem of SV in Eq. (1) is studied in [1–4].
But no less of an important problem is the one of description of potentials V (x1, x2)

such that the Schrödinger equation admits variable separation. That is why saying
about SV in Eq. (1) we imply two mutually connected problems. The first one is to
describe all such functions V (x1, x2) that the corresponding Schrödinger equation (1)
can be separated into three ODEs in some coordinate system of the form (2) (classi-
fication problem). The second problem is to construct for each function V (x1, x2)
obtained in this way all coordinate systems (2) enabling us to carry out SV in Eq. (1).
Up to our knowledge, the second problem has been solved provided V = 0 [2,

3] and V = αx−2
1 + βx−2

2 [1]. The first one was considered in a restricted sense
in [4]. Authors using symmetry approach to classification problem obtained some
potentials providing separability of Eq. (1) and carried out SV in the corresponding

J. Math. Phys., 1995, 36, № 10, P. 5506–5521.
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Schrödinger equation. But their results are far from being complete and systematic.
The necessary and sufficient conditions imposed on the potential V (x1, x2) by the
requirement that the Schrödinger equation admits symmetry operators of an arbitrary
order are obtained in [5]. But so far there is no systematic and exhaustive description
of potentials V (x1, x2) providing SV in Eq. (1).
To be able to discuss the description of all potentials and all coordinate systems

making it possible to separate the Schrödinger equation one has to give a definition
of SV. One of the possible definitions of SV in partial differential equations (PDEs)
is proposed in our article [6]. It is based on the concept of Ansatz suggested by
Fushchych [7] and on ideas contained in the article by Koornwinder [8]. The said
definition is quite algorithmic in the sense that it contains a regular algorithm of
variable separation in partial differential equations which can be easily adapted to
handle both linear [6, 9] and nonlinear [10] PDEs. In the present article we apply the
said algorithm to solve the problem of SV in Eq. (1).
Consider the following system of ODEs:

i
dϕ0

dt
= U0(t, ϕ0;λ1, λ2),

d2ϕ1

dω2
1

= U1

(
ω1, ϕ1,

dϕ1

dω1
;λ1, λ2

)
,

d2ϕ2

dω2
2

= U2

(
ω2, ϕ2,

dϕ2

dω2
;λ1, λ2

)
,

(3)

where U0, U1, U2 are some smooth functions of the corresponding arguments, λ1, λ2 ⊂
R

1 are arbitrary parameters (separation constants) and what is more

rank
∥∥∥∥ ∂Uµ∂λa

∥∥∥∥2 2

µ=0 a=1

= 2 (4)

(the last condition ensures essential dependence of the corresponding solution with
separated variables on λ1, λ2, see [8]).

Definition 1. We say that Eq. (1) admits SV in the system of coordinates t, ω1(t,x),
ω2(t,x) if substitution of the Ansatz

u = Q(t,x)ϕ0(t)ϕ1

(
ω1(t,x)

)
ϕ2

(
ω2(t,x)

)
(5)

into Eq. (1) with subsequent exclusion of the derivatives dϕ0/dt, d2ϕ1/dω
2
1, d

2ϕ2/dω
2
2

according to Eqs. (3) yields an identity with respect to ϕ0, ϕ1, ϕ2, dϕ1/dω1,
dϕ2/dω2, λ1, λ2.
Thus, according to the above definition to separate variables in Eq. (1) one has

(i) to substitute the expression (5) into (1),

(ii) to exclude derivatives dϕ0/dt,
d2ϕ1
dω2

1
, d2ϕ2/dω

2
2 with the help of Eqs. (3),

(iii) to split the obtained equality with respect to the variables ϕ0, ϕ1, ϕ2, dϕ1/dω1,
dϕ2/dω2, λ1, λ2 considered as independent.

As a result one gets some over-determined system of PDEs for the functions
Q(t,x), ω1(t,x), ω2(t,x). On solving it one obtains a complete description of all
coordinate systems and potentials providing SV in the Schrödinger equation. Natural-
ly, an expression complete description makes sense only within the framework of our
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definition. So if one uses a more general definition it may be possible to construct new
coordinate systems and potentials providing separability of Eq. (1). But all solutions
of the Schrödinger equation with separated variables known to us fit into the scheme
suggested by us and can be obtained in the above described way.

2 Classification of potentials V (x1, x2)

We do not adduce in full detail computations needed because they are very cumber-
some. We shall restrict ourselves to pointing out main steps of the realization of the
above suggested algorithm.
First of all we make a remark, which makes life a little bit easier. It is readily

seen that a substitution of the form

Q→ Q′ = QΨ1(ω1)Ψ2(ω2),
ωa → ω′

a = Ωa(ωa), a = 1, 2, λa → λ′a = Λa(λ1, λ2), a = 1, 2,
(6)

does not alter the structure of relations (3), (4), and (5). That is why, we can introduce
the following equivalence relation:

(ω1, ω2, Q) ∼ (ω′
1, ω

′
2, Q

′)

provided Eq. (6) holds with some Ψa, Ωa, Λa.
Substituting Eq. (5) into Eq. (1) and excluding the derivatives dϕ0/dt, d2ϕ1/dω

2
1 ,

d2ϕ2/dω
2
2 with the use of equations (3) we get

i(Qtϕ0ϕ1ϕ2 +QU0ϕ1ϕ2 +Qω1tϕ0ϕ̇1ϕ2 +Qω2tϕ0ϕ1ϕ̇2) + (�Q)ϕ0ϕ1ϕ2 +
+ 2Qxa

ω1xa
ϕ0ϕ̇1ϕ2 + 2Qxa

ω2xa
ϕ0ϕ1ϕ̇2 +Q

(
(�ω1)ϕ0ϕ̇1ϕ2 +

+ (�ω2)ϕ0ϕ1ϕ̇2 + ω1xa
ω1xa

ϕ0U1ϕ2 + ω2xa
ω2xa

ϕ0ϕ1U2 +
+ 2ω1xa

ω2xa
ϕ0ϕ̇1ϕ̇2

)
= V Qϕ0ϕ1ϕ2,

where the summation over the repeated index a from 1 to 2 is understood. Hereafter
an overdot means differentiation with respect to a corresponding argument and � =
∂2
x1

+ ∂2
x2
.

Splitting the equality obtained with respect to independent variables ϕ1, ϕ2,
dϕ1/dω1, dϕ2/dω2, λ1, λ2 we conclude that ODEs (3) are linear and up to the
equivalence relation (6) can be written in the form

i
dϕ0

dt
=
(
λ1R1(t) + λ2R2(t) +R0(t)

)
ϕ0,

d2ϕ1

dω2
1

=
(
λ1B11(ω1) + λ2B12(ω1) +B01(ω1)

)
ϕ1,

d2ϕ2

dω2
2

=
(
λ1B21(ω2) + λ2B22(ω2) +B02(ω2)

)
ϕ2

and what is more, functions ω1, ω2, Q satisfy an over-determined system of nonlinear
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PDEs

(1) ω1xb
ω2xb

= 0,
(2) B1a(ω1)ω1xb

ω1xb
+B2a(ω2)ω2xb

ω2xb
+Ra(t) = 0, a = 1, 2,

(3) 2ωaxb
Qxb

+Q(iωat + �ωa), a = 1, 2,
(4)

(
B01(ω1)ω1xb

ω1xb
+B02(ω1)ω2xb

ω2xb

)
Q+ iQt + �Q+R0(t)Q−

− V (x1, x2)Q = 0.

(7)

Thus, to solve the problem of SV for the linear Schrödinger equation it is necessary
to construct general solution of system of nonlinear PDEs (7). Roughly speaking, to
solve a linear equation one has to solve a system of nonlinear equations! This is the
reason why so far there is no complete description of all coordinate systems providing
separability of the four-dimensional wave equation [3].
But in the case involved we have succeeded in integrating system of nonlinear

PDEs (7). Our approach to integration of it is based on the following change of
variables (hodograph transformation)

z0 = t, z1 = Z1(t, ω1, ω2), z2 = Z2(t, ω1, ω2), v1 = x1, v2 = x2,

where z0, z1, z2 are new independent and v1, v2 are new dependent variables corres-
pondingly.
Using the hodograph transformation determined above we have constructed the

general solution of Eqs. (1)–(3) from Eq. (7). It is given up to the equivalence relation
(6) by one of the following formulas:

(1) ω1 = A(t)x1 +W1(t), ω2 = B(t)x2 +W2(t),

Q(t,x) = exp

{
− i

4

(
Ȧ

A
x2

1 +
Ḃ

B
x2

2

)
− i

2

(
Ẇ1

A
x1 +

Ẇ2

B
x2

)}
;

(2) ω1 =
1
2

ln(x2
1 + x2

2) +W (t), ω2 = arctan
x1

x2
,

Q(t,x) = exp

{
− iẆ

4
(x2

1 + x2
2)

}
;

(3) x1 =
1
2
W (t)(ω2

1 − ω2
2) +W1(t), x2 = W (t)ω1ω2 +W2(t),

Q(t,x) = exp

{
iẆ

4W
(
(x1 −W1)2 + (x2 −W2)2

)
+
i

2
(Ẇ1x1 + Ẇ2x2)

}
;

(4) x1 = W (t) coshω1 cosω2 +W1(t), x2 = W (t) sinhω1 sinω2 +W2(t),

Q(t,x) = exp

{
iẆ

4W
(
(x1 −W1)2 + (x2 −W2)2

)
+
i

2
(Ẇ1x1 + Ẇ2x2)

}
;

(8)

Here A, B, W , W1, W2 are arbitrary smooth functions on t.
Substituting the obtained expressions for the functions Q, ω1, ω2 into the last

equation from the system (7) and splitting with respect to variables x1, x2 we get
explicit forms of potentials V (x1, x2) and systems of nonlinear ODEs for unknown
functions A(t), B(t), W (t), W1(t), W2(t). We have succeeded in integrating these
and in constructing all coordinate systems providing SV in the initial equation (1).
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Here we consider in detail integration of the fourth equation of system (7) for the
case 2 from Eq. (8), since computations needed are not so lengthy as for other cases.
First, we make several important remarks which introduce an equivalence relation

on the set of potentials V (x1, x2).

Remark 1. The Schrödinger equation with the potential

V (x1, x2) = k1x1 + k2x2 + k3 + V1(k2x1 − k1x2), (9)

where k1, k2, k3 are constants, is transformed to the Schrödinger equation with the
potential

V ′(x′1, x
′
2) = V1(k2x

′
1 − k1x

′
2) (10)

by the following change of variables:

t′ = t, x′ = x + t2k,

u′ = u exp
{
i

3
(k2

1 + k2
2)t

3 + it(k1x1 + k2x2) + ik3t

}
.

(11)

It is readily seen that the class of Ansätze (5) is transformed into itself by the
above change of variables. That is why, potentials (9) and (10) are considered as
equivalent.

Remark 2. The Schrödinger equation with the potential

V (x1, x2) = k(x2
1 + x2

2) + V1

(
x1

x2

)
(x2

1 + x2
2)

−1 (12)

with k = const is reduced to the Schrödinger equation with the potential

V ′(x1, x2) = V1

(
x′1
x′2

)
(x′21 + x′21 )−1 (13)

by the change of variables

t′ = α(t), x′ = β(t)x, u′ = u exp
{
iγ(t)(x2

1 + x2
2) + δ(t)

}
,

where
(
α(t), β(t), γ(t), δ(t)

)
is an arbitrary solution of the system of ODEs

γ̇ − 4γ2 = k, β̇ − 4γβ = 0, α̇− β2 = 0, δ̇ + 4γ = 0

such that β �= 0.
Since the above change of variables does not alter the structure of the Ansatz (5),

when classifying potentials V (x1, x2) providing separability of the corresponding
Schrödinger equation, we consider potentials (12), (13) as equivalent.

Remark 3. It is well-known (see e.g. [11, 12]) that the general form of the invariance
group admitted by Eq. (1) is as follows

t′ = F (t,θ), x′a = ga(t,x,θ), a = 1, 2, u′ = h(t,x,θ)u+ U(t,x),

where θ = (θ1, θ2, . . . , θn) are group parameters and U(t,x) is an arbitrary solution
of Eq. (1).
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The above transformations also do not alter the structure of the Ansatz (5). That
is why, systems of coordinates t′, x′1, x

′
2 and t, x1, x2 are considered as equivalent.

Now we turn to the integration of the fourth equation of system (7). Substituting
into it the expressions for the functions ω1, ω2, Q given by formulas (2) from Eq. (8)
we get

V (x1, x2) =
(
B01(ω1) +B02(ω2)

)
exp{−2(ω1 −W )} +

1
4
(Ẅ − Ẇ 2) ×

× exp{2(ω1 −W )} +R0(t) − iẆ .
(14)

In the above equality B01, B02, R0(t), W (t) are unknown functions to be determi-
ned from the requirement that the right-hand side of (14) does not depend on t.
Differentiating Eq. (14) with respect to t and taking into account the equalities

ω1t = Ẇ , ω2t = 0

we have

Ẇ exp{−2(ω1 −W )}Ḃ01 + α̇(t) exp{2(ω1 −W )} + β̇(t) = 0, (15)

where α(t) = 1
4 (Ẅ − Ẇ 2), β(t) = R0 − iẆ .

Cases Ẇ = 0 and Ẇ �= 0 have to be considered separately.
Case 1. Ẇ = 0. In this case W = C = const, R0 = 0. Since coordinate systems

ω1, ω2 and ω1 +C1, ω2 +C2 are equivalent with arbitrary constants C1, C2, choosing
C1 = −C, C2 = 0 we can put C = 0. Hence it immediately follows that

V (x1, x2) =
[
B01

(
1
2

ln(x2
1 + x2

2)
)

+B02

(
arctan

x1

x2

)]
(x2

1 + x2
2)

−1,

where B01, B02 are arbitrary functions. And what is more, the Schrödinger equa-
tion (1) with such potential separates only in one coordinate system

ω1 =
1
2

ln(x2
1 + x2

2), ω2 = arctan
x1

x2
. (16)

Case 2. Ẇ �= 0. Dividing Eq. (14) into Ẇ exp{−2(ω1−W )} and differentiating the
equality obtained with respect to t we get

exp{4ω1} d
dt

(
α̇(Ẇ )−1 exp{−4W})+ exp{2ω1} d

dt

(
β̇(Ẇ )−1 exp{−2W}) = 0,

whence

d

dt

(
α̇(Ẇ )−1 exp{−4W}) = 0,

d

dt

(
β̇(Ẇ )−1 exp{−2W}) = 0.

Integration of the above ODEs yields the following result:

α = C1 exp{4W} + C2, β = C3 exp{2W} + C4,

where C,  = 1, 4 are arbitrary real constants.
Inserting the result obtained into Eq. (15) we get an equation for B01

Ḃ01 = −4C1 exp{4ω1} − 2C3 exp{2ω1},
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which general solution reads

B01 = −C1 exp{4ω1} − C3 exp{2ω1} + C5.

In the above equality C5 is an arbitrary real constant.
Substituting the expressions for α, β, B01 into Eq. (14) we have the explicit form

of the potential V (x1, x2)

V (x1, x2) =
[
B02

(
arctan

x1

x2

)
+ C5

]
(x2

1 + x2
2)

−1 + C2(x2
1 + x2

2) + C4,

where B02 is an arbitrary function.
By force of the Remarks 1, 2 we can choose C2 = C4 = 0. Furthermore, due to

arbitrariness of the function B02 we can put C5 = 0.
Thus, the case Ẇ �= 0 leads to the following potential:

V (x1, x2) = B02

(
arctan

x1

x2

)
(x2

1 + x2
2)

−1. (17)

Substitution of the above expression into Eq. (14) yields second-order nonlinear
ODE for the function W = W (t)

Ẅ − Ẇ 2 = 4C1 exp{4W}, (18)

while the function R0 is given by the formula

R0 = iẆ + C3 exp{2W}.
Integration of ODE (18) is considered in detail in the Appendix A. Its general

solution has the form
under C1 �= 0

W = −1
2

ln
(
(at− b)2 − 4C1

)
+

1
2

ln a,

under C1 = 0

W = a− ln(t+ b).

Substituting obtained expressions for W into formulas (2) from (8) and taking into
account the Remark 3 we arrive at the conclusion that the Schrödinger equation (1)
with the potential (17) admits SV in two coordinate systems. One of them is the polar
coordinate system (16) and another one is the following:

ω1 =
1
2

ln(x2
1 + x2

2) −
1
2

ln(t2 ± 1), ω2 = arctan
x1

x2
. (19)

Consequently, the case 2 from Eq. (8) gives rise to two classes of the separable
Schrödinger equations (1).
Cases 1, 3, 4 from Eq. (8) are considered in an analogous way but computations

involved are much more cumbersome. As a result, we obtain the following list of
inequivalent potentials V (x1, x2) providing separability of the Schrödinger equation.
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(1) V (x1, x2) = V1(x1) + V2(x2);
(a) V (x1, x2) = k1x

2
1 + k2x

−2
1 + V2(x2), k2 �= 0;

(i) V (x1, x2) = k1x
2
1 + k2x

2
2 + k3x

−2
1 + k4x

−2
2 , k3k4 �= 0,

k2
1 + k2

2 �= 0, k1 �= k2;
(ii) V (x1, x2) = k1x

2
1 + k2x

−2
1 , k1k2 �= 0;

(iii) V (x1, x2) = k1x
−2
1 + k2x

−2
2 ;

(b) V (x1, x2) = k1x
2
1 + V2(x2);

(i) V (x1, x2) = k1x
2
1 + k2x

2
2 + k3x

−2
2 , k1k3 �= 0, k1 �= k2;

(ii) V (x1, x2) = k1x
2
1 + k2x

2
2, k1k2 �= 0, k1 �= k2;

(iii) V (x1, x2) = k1x
2
1 + k2x

−2
2 , k1 �= 0;

(2) V (x1, x2) = V1(x2
1 + x2

2) + V2(x1/x2)(x2
1 + x2

2)
−1;

(a) V (x1, x2) = V2(x1/x2)(x2
1 + x2

2)
−1;

(b) V (x1, x2) = k1(x2
1 + x2

2)
−1/2, k1 �= 0;

(3) V (x1, x2) = (V1(ω1) + V2(ω2))(ω2
1 + ω2

2)−1, where ω2
1 − ω2

2 = 2x1, ω1ω2 = x2;
(4) V (x1, x2) = (V1(ω1) + V2(ω2))(sinh2 ω1 + sin2 ω2)−1, where coshω1 cosω2 = x1,
sinhω1 sinω2 = x2;
(5) V (x1, x2) = 0.

In the above formulas V1, V2 are arbitrary smooth functions, k1, k2, k3, k4 are
arbitrary constants.
It should be emphasized that the above potentials are not inequivalent in a usual

sense. These potentials differ from each other by the fact that the coordinate systems
providing separability of the corresponding Schrödinger equations are different. As
an illustration, we give the Fig. 1, where r = (x2

1 + x2
2)

1/2 and by the symbol V (),
 = 1, 4 we denote the potential given in the above list under the number . Down
arrows in the Fig. 1 indicate specifications of the potential V (x1, x2) providing new
possibilities to separate the corresponding Schrödinger equation (1).
The Schrödinger equation (1) with arbitrary function V (x1, x2) (level 1 of the

Fig. 1) admits no separation of variables. Next, Eq. (1) with the “root” potentials
V () (level 2), V1, V2 being arbitrary smooth functions, separates in the Cartesian
( = 1), polar ( = 2), parabolic ( = 3) and elliptic ( = 4) coordinate systems,
correspondingly. Specifying the functions V1, V2 (i.e. going down to the lower levels)
new possibilities to separate variables in the Schrödinger equation (1) arise. For
example, Eq. (1) with the potential V2(x1/x2)r−2, which is a particular case of the
potential V (2), separates not only in the polar coordinate system (16) but also in
the coordinate systems (19). The Schrödinger equation with the Coulomb potential
k1r

−1, which is a particular case of the potentials V (2), V (3), separates in two coordi-
nate systems (namely, in the polar and parabolic coordinate systems, see below the
Theorem 4). An another characteristic example is a transition from the potential V (1)

to the potential k1x
2
1 + V2(x2). The Schrödinger equation with the potential V (1) ad-

mits SV in the Cartesian coordinate system ω0 = t, ω1 = x1, ω2 = x2 only, while the
one with the potential k1x

2
1 + V2(x2) separates in seven (k1 < 0) or in three (k1 > 0)

coordinate systems.
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A complete list of coordinate systems providing SV in the Schrödinger equations
with the above given potentials takes two dozen pages. Therefore, we restrict ourself
to considering the Schrödinger equation with anisotropic harmonic oscillator potential
V (x1, x2) = k1x

2
1 +k2x

2
2, k1 �= k2 and Coulomb potential V (x1, x2) = k1(x2

1 +x2
2)

−1/2.

3 Separation of variables in the Schrödinger
equation with the anisotropic harmonic
oscillator and the Coulomb potentials

Here we will obtain all coordinate systems providing separability of the Schrödinger
equation with the potential V (x1, x2) = k1x

2
1 + k2x

2
2

iut + ux1x1 + ux2x2 = (k1x
2
1 + k2x

2
2)u. (20)

In the following, we consider the case k1 �= k2, because otherwise Eq. (1) is
reduced to the free Schrödinger equation (see the Remark 2) which has been studied
in detail in [1–3].
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Explicit forms of the coordinate systems to be found depend essentially on the
signs of the parameters k1, k2. We consider in detail the case, when k1 < 0, k2 > 0
(the cases k1 > 0, k2 > 0 and k1 < 0, k2 < 0 are handled in an analogous way). It
means that Eq. (20) can be written in the form

iut + ux1x1 + ux2x2 +
1
4
(a2x2

1 − b2x2
2)u = 0, (21)

where a, b are arbitrary non-null real constants (the factor 1
4 is introduced for further

convenience).
As stated above to describe all coordinate systems t, ω1(t,x), ω2(t,x) providing

separability of Eq. (20) one has to construct the general solution of system (8) with
V (x1, x2) = − 1

4 (a2x2
1 − b2x2

2). The general solution of Eqs. (1)–(3) from Eq. (7) splits
into four inequivalent classes listed in Eq. (8). Analysis shows that only solutions
belonging to the first class can satisfy the fourth equation of (7).
Substituting the expressions for ω1, ω2, Q given by the formulas (1) from (8) into

the equation 4 from (7) with V (x1, x2) = − 1
4 (a2x2

1 − b2x2
2) and splitting with respect

to x1, x2 one gets

B01(ω1) = α1ω
2
1 + α2ω1, B02(ω2) = β1ω

2
2 + β2ω2,(

Ȧ

A

)·
−
(
Ȧ

A

)2

− 4α1A
4 + a2 = 0, (22)

(
Ḃ

B

)·
−
(
Ḃ

B

)2

− 4β1B
4 − b2 = 0, (23)

θ̈1 − 2θ̇1
Ȧ

A
− 2(2α1θ1 + α2)A4 = 0, (24)

θ̈2 − 2θ̇2
Ḃ

B
− 2(2β1θ2 + β2)B4 = 0. (25)

Here α1, α2, β1, β2 are arbitrary real constants.
Integration of the system of nonlinear ODEs (22)–(25) is carried out in the

Appendix A. Substitution of the formulas (A.2), (A.4)–(A.6), (A.8)–(A.11) into the
corresponding expressions 1 from (8) yields a complete list of coordinate systems
providing separability of the Schrödinger equation (21). These systems can be trans-
formed to canonical form if we use the Remark 3.
The invariance group of Eq. (21) is generated by the following basis operators [11]:

P0 = ∂t, I = u∂u, M = iu∂u, Q∞ = U(t,x)∂u,

P1 = cosh at∂x1 +
ia

2
(x1 sinh at)u∂u,

P2 = cos bt∂x2 −
ib

2
(x2 sin bt)u∂u,

G1 = sinh at∂x1 +
ia

2
(x1 cosh at)u∂u,

G2 = sin bt∂x2 +
ib

2
(x2 cos bt)u∂u,

(26)

where U(t,x) is an arbitrary solution of Eq. (21).
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Using the finite transformations generated by the infinitesimal operators (26) and
the Remark 3 we can choose in the formulas (A.4)–(A.6), (A.8), (A.10), (A.11)
C3 = C4 = D1 = 0, D3 = D4 = 0, C2 = D2 = 1. As a result, we come to the
following assertion.

Theorem 1. The Schrödinger equation (21) admits SV in 21 inequivalent coordinate
systems of the form

ω0 = t, ω1 = ω1(t,x), ω2 = ω2(t,x), (27)

where ω1 is given by one of the formulas from the first and ω2 by one of the formulas
from the second column of the Table 1.

Table 1. Coordinate systems proving SV in Eq. (21).

ω1(t,x) ω2(t,x)

x1

(
sinh a(t+ C)

)−1+α
(
sinh a(t+ C)

)−2
x2(sin bt)−1 + β(sin bt)−2

x1

(
cosh a(t+ C)

)−1+α
(
cosh a(t+ C)

)−2
x2(β + sin 2bt)−1/2

x1 exp(±at) + α exp(±4at) x2

x1

(
α+ sinh 2a(t+ C)

)−1/2

x1

(
α+ cosh 2a(t+ C)

)−1/2

x1

(
α+ exp(±2at)

)−1/2

x1

Here C, α, β are arbitrary real constants.

There is no necessity to consider specially the case when in Eq. (20) k1 > 0,
k2 < 0, since such an equation by the change of independent variables u(t, x1, x2) →
u(t, x2, x1) is reduced to Eq. (21).
Below we adduce without proof the assertions describing coordinate systems provi-

ding SV in Eq. (20) with k1 < 0, k2 < 0 and k1 > 0, k2 > 0.
Theorem 2. The Schrödinger equation

iut + ux1x1 + ux2x2 +
1
4
(a2x2

1 + b2x2
2)u = 0 (28)

with a2 �= 4b2 admits SV in 49 inequivalent coordinate systems of the form (27),
where ω1 is given by one of the formulas from the first and ω2 by one of the formulas
from the second column of the Table 2. Provided a2 = 4b2 one more coordinate
system should be included into the above list, namely

ω0 = t, ω2
1 − ω2

2 = 2x1, ω1ω2 = x2. (29)



Variable separation in the time-dependent Schrödinger equation 491

Table 2. Coordinate systems proving SV in Eq. (28).

ω1(t,x) ω2(t,x)

x1

(
sinh a(t+ C)

)−1+α
(
sinh a(t+ C)

)−2
x2(sinh bt)−1 + β(sinh bt)−2

x1

(
cosh a(t+ C)

)−1+α
(
cosh a(t+ C)

)−2
x2(cosh bt)−1 + β(cosh bt)−2

x1 exp(±at) + α exp(±4at) x2 exp(±bt) + β exp(±4bt)

x1

(
α+ sinh 2a(t+ C)

)−1/2
x2(β + sinh 2bt)−1/2

x1

(
α+ cosh 2a(t+ C)

)−1/2
x2(β + cosh 2bt)−1/2

x1

(
α+ exp(±2at)

)−1/2
x2

(
β + exp(±2bt)

)−1/2

x1 x2

Here C, α, β are arbitrary constants.

Table 3. Coordinate systems proving SV in Eq. (30).

ω1(t,x) ω2(t,x)

x1

(
sin a(t+ C)

)−1+α
(
sin a(t+ C)

)−2
x2(sin bt)−1 + β(sin bt)−2

x1

(
β + sin 2a(t+ C)

)−1/2
x2(β + sin 2bt)−1/2

x1 x2

Here C, α, β are arbitrary constants.

Theorem 3. The Schrödinger equation

iut + ux1x1 + ux2x2 −
1
4
(a2x2

1 + b2x2
2)u = 0 (30)

with a2 �= 4b2 admits SV in 9 inequivalent coordinate systems of the form (27),
where ω1 is given by one of the formulas from the first and ω2 by one of the
formulas from the second column of the Table 3. Provided a2 = 4b2, the above list
should be supplemented by the coordinate system (29).
Remark 4. If we consider Eq. (1) as an equation for a complex-valued function u of
three complex variables t, x1, x2, then the cases considered in the Theorems 1–3 are
equivalent. Really, replacing, when necessary, a with ia and b by ib we can always
reduce Eqs. (21), (28) to the form (30). It means that coordinate systems presented
in the Tables 1, 2 are complex equivalent to those listed in the Table 3. But if u is
a complex-valued function of real variables t, x1, x2 it is not the case.

Theorem 4. The Schrödinger equation with the Coulomb potential

iut + ux1x1 + ux2x2 − k1(x2
1 + x2

2)
−1/2u = 0

admits SV in two coordinate systems (16), (29).
It is important to note that explicit forms of coordinate systems providing separabi-

lity of Eqs. (21), (28), (30) depend essentially on the parameters a, b contained in
the potential V (x1, x2). It means that the free Schrödinger equation (V = 0) does not
admit SV in such coordinate systems. Consequently, they are essentially new.
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4 Conclusion

In the present paper we have studied the case when the Schrödinger equation (1)
separates into one first-order and two second-order ODEs. It is not difficult to prove
that there are no functions Q(t,x), ωµ(t,x), µ = 0, 1, 2 such that the Ansatz

u = Q(t,x)ϕ0(ω0(t,x))ϕ1

(
ω1(t,x)

)
ϕ2

(
ω2(t,x)

)
separates Eq. (1) into three second-order ODEs (see Appendix B). Nevertheless, there
exists a possibility for Eq. (1) to be separated into two first-order and one second-order
ODEs or into three first-order ODEs. This is a probable source of new potentials and
new coordinate systems providing separability of the Schrödinger equation. It should
be said that separation of the two-dimensional wave equation

utt − uxx = V (x)u

into one first-order and one second-order ODEs gives no new potentials as compared
with separation of it into two second-order ODEs. But for some already known
potentials new coordinate system providing separability of the above equation are
obtained [9].
Let us briefly analyze a connection between separability of Eq. (1) and its symmet-

ry properties. It is well-known that each solution of the free Schrödinger equation with
separated variables is a common eigenfunction of two mutually commuting second-
order symmetry operators of the said equation [2, 3]. And what is more, separation
constants λ1, λ2 are eigenvalues of these symmetry operators.
We will establish that the same assertion holds for the Schrödinger equation (1).

Let us make in Eq. (1) the following change of variables:

u = Q(t,x)U
(
t, ω1(t,x), ω2(t,x)

)
, (31)

where (Q,ω1, ω2) is an arbitrary solution of the system of PDEs (7).
Substituting the expression (31) into (1) and taking into account equations (7) we

get

Q
(
iUt+

(
Uω1ω1 −B01(ω1)U

)
ω1xa

ω1xa
+
(
Uω2ω2 −B02(ω2)U

)
ω2xa

ω2xa

)
= 0.(32)

Resolving Eqs. (2) from the system (7) with respect to ω1xa
ω1xa

and ω2xa
ω2xa

we
have

ω1xa
ω1xa

=
1
δ

(
R2(t)B21(ω2) −R1(t)B22(ω2)

)
,

ω2xa
ω2xa

=
1
δ

(
R1(t)B12(ω1) −R2(t)B11(ω1)

)
,

where δ = B11(ω1)B22(ω2) −B12(ω1)B21(ω2) (δ �= 0 by force of the condition (4)).
Substitution of the above equalities into Eq. (32) with subsequent division by

Q �= 0 yields the following PDE:

iUt +
R1(t)
δ

(
B12(ω1)

(
Uω2ω2 −B02(ω2)U

)−B22(ω2)
(
Uω1ω1 −B01(ω1)U

))
+

+
R2(t)
δ

(
B21(ω2)

(
Uω1ω1 −B01(ω1)U

)−B11(ω1)
(
Uω2ω2 −B02(ω2)U

))
= 0.
(33)
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Thus, in the new coordinates t, ω1, ω2, U(t, ω1, ω2) Eq. (1) takes the form (33).
By direct (and very cumbersome) computation one can check that the following

second-order differential operators:

X1 =
B22(ω2)

δ

(
∂2
ω1

−B01(ω1)
)− B12(ω1)

δ

(
∂2
ω2

−B02(ω2)
)
,

X2 = −B21(ω2)
δ

(
∂2
ω1

−B01(ω1)
)

+
B11(ω1)

δ

(
∂2
ω2

−B02(ω2)
)
,

commute under arbitrary B0a, Bab, a, b = 1, 2, i.e.

[X1,X2] ≡ X1X2 −X2X1 = 0. (34)

After being rewritten in terms of the operators X1, X2 Eq. (33) reads(
i∂t −R1(t)X1 −R2(t)X2

)
U = 0.

Since the relations[
i∂t −R1(t)X1 −R2(t)X2,Xa

]
= 0, a = 1, 2 (35)

hold, operators X1, X2 are mutually commuting symmetry operators of Eq. (33).
Furthermore, solution of Eq. (33) with separated variables U = ϕ0(t)ϕ1(ω1)ϕ2(ω2)
satisfies the identities

XaU = λaU, a = 1, 2. (36)

Consequently, if we designate by X ′
1, X

′
2 the operators X1, X2 written in the

initial variables t, x, u, then we get from (34)–(36) the following equalities:[
i∂t + �− V (x1, x2),X ′

a

]
= 0, a = 1, 2,[

X ′
1,X

′
2

]
= 0, X ′

au = λau, a = 1, 2.

where u = Q(t,x)ϕ0(t)ϕ1(ω1)ϕ2(ω2).
It means that each solution with separated variables is a common eigenfunction of

two mutually commuting symmetry operators X ′
1, X

′
2 of the Schrödinger equation (1),

separation constants λ1, λ2 being their eigenvalues.
Detailed study of the said operators as well as analysis of separated ODEs for

functions ϕµ, µ = 0, 2 (in the way as it is done for the free Schrödinger equation in
[2, 3]) is in progress and will be a topic of our future publications.
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Appendix A. Integration of nonlinear ODEs (22)–(25)

Evidently, equations (22)–(25) can be rewritten in the following unified form:(
ẏ

y

)·
−
(
ẏ

y

)2

− 4αy4 = k, z̈ − 2ż
ẏ

y
− 2(2αz + β)y4 = 0. (A1)
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Provided k = −a2 < 0, system (A.1) coincides with Eqs. (22), (24) and under
k = b2 > 0 – with Eqs. (23), (25).
First of all, we note that the function z = z(t) is determined up to addition of an

arbitrary constant. Really, the coordinate functions ωa have the following structure:

ωa = yxa + z, a = 1, 2.

But the coordinate system t, ω1, ω2 is equivalent to the coordinate system t,
ω1 + C1, ω2 + C2, Ca ∈ R

1. Hence it follows that the function z(t) is equivalent to
the function z(t) + C with arbitrary real constant C. Consequently, provided α �= 0,
we can choose in (A.1) β = 0.

The case 1. α = 0. On making in (A.1) the change of variables

w = ẏ/y, v = z/y (A2)

we get

ẇ = w2 + k, v̈ + kv = 2βy3. (A3)

First, we consider the case k = −a2 < 0. Then the general solution of the first
equation from (A.3) is given by one of the formulas

w = −a coth a(t+ C1), w = −a tanh a(t+ C1), w = ±a, C1 ∈ R
1,

whence

y = C2 sinh−1 a(t+ C1), y = C2 cosh−1 a(t+ C1),
y = C2 exp(±at), C2 ∈ R

1.
(A4)

The second equation of system (A.3) is a linear inhomogeneous ODE. Its general
solution after being substituted into (A.2) yields the following expression for z(t):

(C3 cosh at+ C4 sinh at) sinh−1 a(t+ C1) +
βC4

2

a2
sinh−2 a(t+ C1),

(C3 cosh at+ C4 sinh at) cosh−1 a(t+ C1) +
βC4

2

a2
cosh−2 a(t+ C1),

(C3 cosh at+ C4 sinh at) exp(±at) +
βC4

2

4a2
exp(±4at), C3, C4 ⊂ R

1.

(A5)

The case k = b2 > 0 is treated in an analogous way, the general solution of (A.1)
being given by the formulas

y = D2 sin−1 b(t+D1),

z = (D3 cos bt+D4 sin bt) sin−1 b(t+D1) +
βD4

2

b2
sin−2 b(t+D1),

(A6)

where D1, D2, D3, D4 are arbitrary real constants.
The case 2. α �= 0, β = 0. On making in Eq. (A.1) the change of variables

y = expw, v = z/y

we have

ẅ − ẇ2 = k + α exp 4w, v̈ + kv = 0. (A7)
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The first ODE from Eq. (A.7) is reduced to the first-order linear ODE

1
2
dp(w)
dw

− p(w) = k + α exp 4w

by the substitution ẇ = (p(w))1/2, whence

p(w) = α exp 4w + γ exp 2w − k, γ ∈ R
1.

Equation ẇ = (p(w))1/2 has a singular solution w = C = const such that p(C) = 0.
If ẇ �= 0, then integrating the equation ẇ = p(w) and returning to the initial variable
y we get∫ y(t) dτ

τ(ατ4 + γτ2 − k)1/2
= t+ C1.

Taking the integral in the left-hand side of the above equality we obtain the general
solution of the first ODE from Eq. (A.1). It is given by the following formulas:
under k = −a2 < 0

y = C2

(
α+ sinh 2a(t+ C1)

)−1/2
,

y = C2

(
α+ cosh 2a(t+ C1)

)−1/2
,

y = C2

(
α+ exp(±2at)

)−1/2
,

(A8)

under k = b2 > 0

y = D2

(
α+ sin 2b(t+D1)

)−1/2
. (A9)

Here C1, C2, D1, D2 are arbitrary real constants.
Integrating the second ODE from Eq. (A.7) and returning to the initial variable z

we have
under k = −a2 < 0

z = y(t)(C3 cosh at+ C4 sinh at) (A10)

under k = b2 > 0

z = y(t)(D3 cos bt+D4 sin bt), (A11)

where C3, C4, D3, D4 are arbitrary real constants.
Thus, we have constructed the general solution of the system of nonlinear ODEs

(A.1) which is given by the formulas (A.5)–(A.11).

Appendix B. Separation of Eq. (1)
into three second-order ODEs

Suppose that there exists an Ansatz

u = Q(t,x)ϕ0(ω0(t,x))ϕ1

(
ω1(t,x)

)
ϕ2

(
ω2(t,x)

)
(A12)
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which separates the Schrödinger equation into three second-order ODEs

d2ϕ0

dω2
0

= U0

(
ω0, ϕ0,

dϕ0

dω0
;λ1, λ2

)
,

d2ϕ1

dω2
1

= U1

(
ω1, ϕ1,

dϕ1

dω1
;λ1, λ2

)
,

d2ϕ2

dω2
2

= U2

(
ω2, ϕ2,

dϕ2

dω2
;λ1, λ2

) (A13)

according to the Definition 1.
Substituting the Ansatz (A.12) into Eq. (1) and excluding the second derivatives

d2ϕµ/dω
2
µ, µ = 0, 2 according to Eqs. (A.13) we get

i(Qtϕ0ϕ1ϕ2 +Qω0tϕ̇0ϕ1ϕ2 +Qω1tϕ0ϕ̇1ϕ2 +Qω2tϕ0ϕ1ϕ̇2) + (�Q)ϕ0ϕ1ϕ2 +
+ 2Qxa

ω0xa
ϕ̇0ϕ1ϕ2 + 2Qxa

ω1xa
ϕ0ϕ̇1ϕ2 + 2Qxa

ω2xa
ϕ0ϕ1ϕ̇2 +

+Q
(
(�ω0)ϕ̇0ϕ1ϕ2 + (�ω1)ϕ0ϕ̇1ϕ2 + (�ω2)ϕ0ϕ1ϕ̇2 + ω0xa

ω0xa
U0ϕ1ϕ2 +

+ ω1xa
ω1xa

ϕ0U1ϕ2 + ω2xa
ω2xa

ϕ0ϕ1U2 + 2ω0xa
ω1xa

ϕ̇0ϕ̇1ϕ2 +
+ 2ω0xa

ω2xa
ϕ̇0ϕ1ϕ̇2 + 2ω1xa

ω2xa
ϕ0ϕ̇1ϕ̇2

)
= V Qϕ0ϕ1ϕ2.

Splitting the above equality with respect to ϕ̇0ϕ̇1, ϕ̇0ϕ̇2, ϕ̇1ϕ̇2 we obtain the
equalities:

ω0xa
ω1xa

= 0, ω0xa
ω2xa

= 0, ω1xa
ω2xa

= 0. (A14)

Since the functions ωµ, µ = 0, 2 are real-valued, equalities (A.14) mean that there
are three real two-component vectors which are mutually orthogonal. This is possible
only if one of them is a null-vector. Without loss of generality we may suppose that
(ω0x1 , ω0x2) = (0, 0), whence ω0 = f(t) ∼ t.
Consequently, Ansatz (A.12) necessarily takes the form (5). But Ansatz (5) can

not separate Eq. (1) into three second-order ODEs, since it contains no second-order
derivative with respect to t.
Thus, we have proved that the Schrödinger equation (1) is not separable into three

second-order ODEs.
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On the general solution of the d’Alembert
equation with a nonlinear eikonal constraint
and its applications
R.Z. ZHDANOV, I.V. REVENKO, W.I. FUSHCHYCH

We construct the general solutions of the system of nonlinear differential equations
�nu = 0, uµuµ = 0 in the four- and five-dimensional complex pseudo-Euclidean spaces.
The results obtained are used to reduce the multi-dimensional nonlinear d’Alembert
equation �4u = F (u) to ordinary differential equations and to construct its new exact
solutions.

1 Introduction

Kaluza [1] was the first who put forward an idea of extension of the four-dimensional
Minkowski space in order to use it as a geometric basis for unification of the
electromagnetic and gravitational fields. Nowadays, Kaluza’s idea is well-known and
there are a lot of papers where further development and various generalizations of
this idea are obtained [2].
In [3–5] it was proposed to apply five-dimensional wave equations to describe

particles (fields) having variable spins and masses. Such physical interpretation of the
five-dimensional equations is based on the fact that the generalized Poincaré group
P (1, 4) acting in the five-dimensional de Sitter space contains the Poincaré group
P (1, 3) as a subgroup. It means that the mass and spin Casimir operators have conti-
nuous and discrete spectrum, respectively, in the space of irreducible representations
of the group P (1, 4) [3–6].
The simplest P (1, 4)-invariant scalar linear equation has the form

�5u+ χ2u = 0, χ = const, (1)

where �5 is the d’Alembert operator in the five-dimensional Minkowski space with
the signature (+,−,−,−,−).
The problem of construction of exact solutions of the above equation is, in fact,

completely open. One can obtain some its particular solutions applying the symmetry
reduction procedure or the method of separation of variables (both approaches use
essentially symmetry properties of the whole set of solutions of Eq. (1)). In the
present paper we suggest a method for construction of solutions of partial differential
equation (1) which utilizes implicitly the symmetry of a subset of the set of its
solutions. Namely, a special subset of its exact solutions obtained by imposing an
additional constraint

u2
x0

− u2
x1

− u2
x2

− u2
x3

− u2
x4

= 0,

which is the eikonal equation in the five-dimensional space, will be investigated.
As shown in [7, 8], the system obtained is compatible if and only if χ = 0. We

J. Math. Phys., 1995, 36, № 12, P. 7109–7127.
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will construct general solutions of multi-dimensional systems of partial differential
equations (PDE)

�nu = 0, uµu
µ = 0 (2)

in the four- and five-dimensional complex pseudo-Euclidean spaces.
In (2) u = u(x0, x1, . . . , xn−1) ∈ C2(Cn,C1). Hereafter, the summation over the

repeated indices in the pseudo-Euclidean space M(1, n − 1) with the metric tensor
gµν = diag (1,−1, . . . ,−1︸ ︷︷ ︸

n−1

) is understood, e.g. �n ≡ ∂µ∂
µ = ∂2

0−∂2
1−· · ·−∂2

n−1, ∂µ =

∂/∂xµ.
It occurs that solutions of system of PDE (2), being very interesting by itself, can

be used to reduce the nonlinear d’Alembert equation

�4u = F (u), F (u) ∈ C(R1,R1), (3)

to ordinary differential equations, thus giving rise to families of principally new exact
solutions of (3). More precisely, we will establish that there exists a nonlinear map
from the set solutions of the system of PDE (2) into the set of solutions of the
nonlinear d’Alembert equation, such that each solution of (2) corresponds to a family
of exact solutions of Eq. (3) containing two arbitrary functions of one argument. It
will be shown that solutions of the nonlinear d’Alembert equation obtained in this
way can be related to its conditional symmetry.
The paper is organized as follows. In Section 2 we give assertions describing

the general solution of system of PDE (2) in the n-dimensional real and in the
four- and five-dimensional complex pseudo-Euclidean spaces. In Section 3 we prove
these assertions. Section 4 is devoted to discussion of the connection between exact
solutions of system (2) and the problem of reduction of the nonlinear d’Alembert
equation (3). In Section 5 we construct principally new exact solutions of Eq. (3).

2 Integration of the system (2):
the list of principal results

Below we adduce assertions giving general solutions of the system of PDE (2) with
arbitrary n ∈ N provided u(x) ∈ C2(Rn,R1), and with n = 4, 5, provided u(x) ∈
C2(Cn,C1).
Theorem 1. Let u(x) be a sufficiently smooth real function of n real variables
x0, . . . , xn−1. Then, the general solution of the system of nonlinear PDE (2) is given
by the following formula:

Aµ(u)xµ +B(u) = 0, (4)

where Aµ(u), B(u) are arbitrary real functions which satisfy the condition

Aµ(u)Aµ(u) = 0. (5)

Note 1. As far as we know, Jacobi, Smirnov and Sobolev were the first who obtained
the formulas (4), (5) with n = 3 [9, 10]. That is why, it is natural to call (4), (5)
the Jacoby–Smirnov–Sobolev formulas (JSSF). Later on, in 1944 Yerugin generalized
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JSSF for the case n = 4 [11]. Recently, Collins [12] has proved that JSSF give the
general solution of system (2) for an arbitrary n ∈ N. He applied rather complicated
differential geometry technique. Below we show that to integrate Eqs. (2) it is quite
enough to make use of the classical methods of mathematical physics only.

Theorem 2. The general solution of the system of nonlinear PDE (2) in the class
of functions u = u(x0, x1, x2, x3, x4) ∈ C2(C5,C1) is given by one of the following
formulas:

(1) Aµ(τ, u)xµ + C1(τ, u) = 0, (6)

where τ = τ(u, x) is a complex function determined by the equation

Bµ(τ, u)xµ + C2(τ, u) = 0, (7)

and Aµ, Bµ, C1, C2 ∈ C2(C2,C1) are arbitrary functions satisfying the conditions

AµA
µ = AµB

µ = BµB
µ = 0, Bµ

∂Aµ
∂τ

= 0, (8)

and what is more,

∆ = det

∥∥∥∥∥∥∥∥
xµ
∂Aµ
∂τ

+
∂C1

∂τ
xµ
∂Aµ
∂u

+
∂C1

∂u

xµ
∂Bµ
∂τ

+
∂C2

∂τ
xµ
∂Bµ
∂u

+
∂C2

∂u

∥∥∥∥∥∥∥∥ �= 0; (9)

(2) Aµ(u)xµ + C1(u) = 0, (10)

where Aµ(u), C1(u) are arbitrary smooth functions satisfying the relations

AµA
µ = 0 (11)

(in the formulas (6)–(11) the index µ takes the values 0, 1, 2, 3, 4).
Theorem 3. The general solution of the system of nonlinear PDE (2) in the class of
functions u = u(x0, x1, x2, x3) ∈ C2(C4,C1) is given by the formulas (6)–(11), where
the index µ is supposed to take the values 0, 1, 2, 3.
Note 2. Investigating particular solutions of the Maxwell equations, Bateman [13]
arrived at the problem of integrating the d’Alembert equation �4u = 0 with an
additional nonlinear condition (the eikonal equation) uxµ

uxµ = 0. He has obtained the
following class of exact solutions of the said system of PDE:

u(x) = cµ(τ)xµ + c4(τ), (12)

where τ = τ(x) is a complex-valued function determined in implicit way

ċµ(τ)xµ + ċ4(τ) = 0, (13)

and cµ(τ), c4(τ) are arbitrary smooth functions satisfying conditions

cµc
µ = ċµċ

µ = 0. (14)

(hereafter, a dot over a symbol means differentiation with respect to a corresponding
argument).
It is not difficult to check that solutions (12)–(14) are complex (see the Lemma 1

below). An another class of complex solutions of the system (2) with n = 4 was
constructed by Yerugin [11]. But neither the Bateman’s formulas (12)–(14) nor the
Yerugin’s results give the general solution of the system (2) with n = 4.
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3 Proofs of Theorems 1–3

It is well-known that the maximal symmetry group admitted by equation (1) is finite-
dimensional (we neglect a trivial invariance with respect to an infinite-parameter
group u(x) → u(x) + U(x), where U(x) is an arbitrary solution of Eq. (1), which is
due to its linearity). But being restricted to a set of solutions of the eikonal equation
the set solutions of PDE (1) admits an infinite-dimensional symmetry group [14]! It
is this very fact that enables us to construct the general solution of (2).

Proof of the Theorem 1. Let us make in (2) the hodograph transformation

z0 = u(x), za = xa, a = 1, n− 1, w(z) = x0. (15)

Evidently, the transformation (15) is defined for all functions u(x), such that
ux0 �≡ 0. But the system (2) with ux0 = 0 takes the form

n−1∑
a=1

uxaxa
= 0,

n−1∑
a=1

u2
xa

= 0,

whence uxa
≡ 0, a = 1, n− 1 or u(x) = const.

Consequently, the change of variables (9) is defined on the whole set of solutions
of the system (2) with the only exception u(x) = const.
Being rewritten in the new variables z, w(z) the system (2) takes the form

n−1∑
a=1

wzaza
= 0,

n−1∑
a=1

w2
za

= 1. (16)

Differentiating the second equation with respect to zb, zc we get

n−1∑
a=1

(wzazbzc
wza

+ wzazb
wzazc

) = 0.

Choosing in the above equality c = b and summing up we have

n−1∑
a,b=1

(wzazbzb
wza

+ wzazb
wzazb

) = 0,

whence, by force of (16),

n−1∑
a,b=1

w2
zazb

= 0. (17)

Since u(z) is a real-valued function, it follows from (17) that an equality wzazb
= 0

holds for all a, b = 1, n− 1, whence

w(z) =
n−1∑
a=1

αa(z0)za + α(z0). (18)

In (18) αa, α ∈ C2(R1,R1) are arbitrary functions.
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Substituting (18) into the second equation of system (16), we have

n−1∑
a,b=1

α2
a(z0) = 1. (19)

Thus, the formulas (18), (19) give the general solution of the system of nonlinear
PDE (16). Rewriting (18), (19) in the initial variables x, u(x), we get

x0 =
n−1∑
a=1

αa(u)xa + α(u),
n−1∑
a=1

α2
a(u) = 1. (20)

To represent the formulas (20) in a manifestly covariant form (4), (5) we redefine
the functions αa(u) in the following way:

αa(u) =
Aa(u)
A0(u)

, α(u) = − B(u)
A0(u)

, a = 1, n− 1.

Substituting the above expressions into (20) we arrive at the formulas (4), (5).
Next, as u = const is contained in the class of functions u(x) determined by the

formulas (4), (5) under Aµ ≡ 0, µ = 0, n− 1, B(u) = u+const, JSSF (4), (5) give the
general solution of the system of the PDE (2) with an arbitrary n ∈ N. The theorem
is proved.
Let us emphasize that the reasonings used above can be applied to the case of

a real-valued function u(x) only. If a solution of the system (2) is looked for in a class
of complex-valued functions u(x), then JSSF (4), (5) do not give its general solution
with n > 3. Each case n = 4, 5 . . . requires a special consideration.

Proof of the Theorem 2. Case 1: ux0 �= 0. In this case the hodograph transformation
(15) reducing the system (2) with n = 5 to the form

4∑
a=1

wzaza
= 0,

4∑
a=1

w2
za

= 1, wz0 �≡ 0 (21)

is defined.
The general solution of nonlinear complex Eqs. (21) was constructed in [15]. It is

given by one of the following formulas:

(1) w(z) =
4∑
a=1

αa(τ, z0)za + γ1(τ, z0), (22)

where τ = τ(z0, . . . , z4) is a function determined in implicit way

4∑
a=1

βa(τ, z0)za + γ2(τ, z0) = 0 (23)

and αa, βa, γ1, γ2 ∈ C2(C2,C1) are arbitrary smooth functions satisfying the relations

4∑
a=1

α2
a = 1,

4∑
a=1

αaβa =
4∑
a=1

β2
a = 0,

4∑
a=1

αa
∂βa
∂τ

= 0; (24)
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(2) w(z) =
4∑
a=1

αa(z0)za + γ1(z0), (25)

where αa, γ1 ∈ C2(C1,C1) are arbitrary functions satisfying the relation
4∑
a=1

α2
a = 1. (26)

Rewriting the formulas (23), (24) in the initial variables x, u(x), we have

x0 =
4∑
a=1

αa(τ, u)xa + γ1(τ, u), (27)

where τ = τ(u, x) is a function determined in implicit way
4∑
a=1

βa(τ, u)xa + γ2(τ, u) = 0, (28)

and the relations (24) hold.
Evidently, the formulas (27), (28) are obtained from (6)–(8) with a particular

choice of functions Aµ, Bµ, C1, C2

A0 = 1, Aa = αa, C1 = −γ1,

B0 = 0, Ba = βa, C2 = −γ2,
(29)

where a = 1, 4.
Next, by force of inequality wz0 �≡ 0 we get from (22)

4∑
a=1

(αaz0 + αaτ τz0)xa + γ1z0 + γ1τ τz0 �= 0. (30)

Differentiation of (23) with respect to z0 yields the following expression for τz0 :

τz0 = −
(

4∑
a=1

βaz0xa + γ2z0

)(
4∑
a=1

βaτxa + γ2τ

)−1

Substitution of the above result into (30) yields the relation

(
4∑
a=1

βaτxa + γ2τ

)−1

∣∣∣∣∣∣∣∣∣∣

4∑
a=1

αaz0xa + γ1z0

4∑
a=1

αaτxa + γ1τ

4∑
a=1

βaz0xa + γ2z0

4∑
a=1

βaτxa + γ2τ

∣∣∣∣∣∣∣∣∣∣
�= 0.

As the direct check shows, the above inequality is equivalent to (9) provided the
conditions (29) hold.
Now we turn to solutions of the system (21) of the form (25). Rewriting the

formulas (25), (26) in the initial variables x, u(x) we get

x0 =
4∑
a=1

αa(u)xa + γ1(u),
4∑
a=1

α2
a(u) = 1.
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Making in the equalities obtained the change αa = AaA
−1
0 , a = 1, 4, γ1 =

−C1A
−1
0 , we arrive at the formulas (10), (11).

Thus, under ux0 �≡ 0 the general solution of the system (2) is contained in the
class of functions u(x) given by the formulas (6)–(9) or (10), (11).

Case 2: ux0 ≡ 0, u �= const. It is a common knowledge that the system of PDE
(2) is invariant under the generalized Poincaré group P (1, n− 1) (see, e.g. [16])

x′µ = Λµνxν + Λµ, u′(x′) = u(x),

where Λµν , Λµ are arbitrary complex parameters satisfying the relations ΛαµΛαν =
gµν , µ, ν = 0, n− 1. Hence, it follows that the transformation

u(x) → u(x′) = u(Λµνxν) (31)

leaves the set of solutions of the system (2) invariant. Consequently, provided u(x) �=
const we can always transform u to such a form that ux0 �= 0. Thus, in the case 2 the
general solution is also given by the formulas (6)–(11) within the transformation (31).

Case 3: u = const. Choosing in (10), (11) Aµ = 0, µ = 0, 4, C1 = u = const we
come to the conclusion that this solution is described by the formulas (6)–(11).
Thus, we have proved that, within a transformation from the group P (1, 4) (31),

the general solution of the system of PDE (2) with n = 5 is given by the formulas
(6)–(11). But these formulas are represented in a manifestly covariant form and are
not altered with the transformation (31). Consequently, to complete the proof of the
theorem it is enough to demonstrate that each function u = u(x) determined by the
equalities (6)–(11) is a solution of the system of equations (2).
Differentiating the relations (6), (7) with respect to xµ, we have

Aµ + τxµ
(Aντxν + C1τ ) + uxµ

(Aνuxν + C1u) = 0,
Bµ + τxµ

(Bντxν + C2τ ) + uxµ
(Bνuxν + C2u) = 0.

Resolving the above system of linear algebraic equations with respect to uxµ
, τxµ

,
we get

uxµ
=

1
∆
(
Bµ(Aντxν + C1τ ) −Aµ(Bντxν + C2τ )

)
,

τxµ
=

1
∆
(
Aµ(Bνuxν + C1u) −Bµ(Aνuxν + C2u)

)
,

(32)

where ∆ �= 0 by force of (9). Consequently,

uxµ
uxµ = ∆−2

(
BµB

µ(Aντxν + C1τ )2 − 2AµBµ(Aντxν + C1τ )(Bντxν + C2τ ) +
+AµA

µ(Bντxν + C2τ )2
)

= 0.

Analogously, differentiating (32) with respect to xν and convoluting the expression
obtained with the metric tensor gµν , we get gµνuxµxν

≡ �5u = 0.
Next, differentiating (10) with respect to xµ we have

uxµ
= −Aµ(Ȧνxν + Ċ1)−1, µ = 0, 4,

whence

uxµxν
= −(ȦµAν + ȦνAµ)(Ȧαxα + Ċ1)−2+AµAν(Äαxα + C̈1)(Ȧαxα + Ċ1)−2.
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Consequently,

uxµ
uxµ = AµA

µ(Ȧνxµ + Ċ1)−2 = 0,

�5u ≡ uxµxµ = −2(AµȦµ)(Ȧνxν + Ċ1)−2 +

+AµA
µ(Äνxν + C̈1)(Ȧνxν + Ċ1)−2 = 0.

The Theorem 2 is proved.
The Theorem 3 is a direct consequence of the Theorem 2. Really, solutions of the

system of PDE (2) with n = 4 are obtained from solutions of the system of PDE (2)
with n = 5 provided ux4 ≡ 0. Imposing on functions u(x) determined by the formulas
(6)–(11) a condition ux4 ≡ 0 we arrive at the following restrictions on the functions
Aµ, Bµ, C1, C2:

A4 = 0, B4 = 0

the same as what was to be proved.

4 Applications: reduction of the nonlinear
d’Alembert equation

Following [8, 15, 16], we look for a solution of the nonlinear d’Alembert equation

�4w = F (w), F ∈ C1(R1,R1) (33)

in the form

w = ϕ(ω1, ω2), (34)

where ωi = ωi(x) ∈ C2(R4,R1) are supposed to be functionally-independent. The
functions ω1(x), ω2(x) are determined by the requirement that the substitution of
(34) into (33) yields two-dimensional PDE for a function ϕ = ϕ(ω1, ω2). As a result,
we obtain an over-determined system of PDE [16]

�4ω1 = f1(ω1, ω2), �4ω2 = f2(ω1, ω2),
ω1xµ

ω1xµ = g1(ω1, ω2), ω2xµ
ω2xµ = g2(ω1, ω2),

ω1xµ
ω2xµ = g3(ω1, ω2), rank

∥∥∥∥ ∂ωi∂xµ

∥∥∥∥2 3

i=1µ=0

= 2,
(35)

and besides, the function ϕ(ω1, ω2) satisfies a two-dimensional PDE,

g1ϕω1ω1 + g2ϕω2ω2 + 2g3ϕω1ω2 + f1ϕω1 + f2ϕω2 = F (ϕ). (36)

Consider the following problem: to describe all smooth real functions ω1(x), ω2(x)
such that the Ansatz (34) reduces Eq. (33) to an ordinary differential equation (ODE)
with respect to the variable ω1. It means that one has to put coefficients g2, g3, f2
in (36) equal to zero. In other words, it is necessary to construct a general solution
of the system of nonlinear PDE

�4ω1 = f1(ω1, ω2), ω1xµ
ω1xµ = g1(ω1, ω2),

ω1xµ
ω2xµ = 0, ω2xµω2xµ

= 0, �4ω2 = 0.
(37)
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The above system includes Eqs. (2) as a subsystem. So, the d’Alembert-eikonal
system (2) arises in a natural way when solving the problem of reduction of Eq. (33)
to PDE having a smaller dimension (see, also [15, 17]).
With an appropriate choice of a function G(ω1, ω2) the change of variables

v = G(ω1, ω2), u = ω2

reduces the system (37) to the form

�4v = f(u, v), vxµ
vxµ = λ, (38)

uxµ
vxµ = 0, uxµ

uxµ = 0, �4u = 0, (39)

rank
∥∥∥∥ vx0vx1vx2vx3

ux0ux1ux2ux3

∥∥∥∥ = 2, (40)

where λ is a real parameter taking the values −1, 0, 1.
Before formulating the principal assertion, we will prove an auxiliary lemma.

Lemma 1. Let a = (a0, a1, a2, a3), b = (b0, b1, b2, b3) be four-vectors defined in the
real Minkowski space M(1, 3). Suppose they satisfy the relations

aµb
µ = bµb

µ = 0,
3∑

µ=0

b2µ �= 0. (41)

Then, an inequality aµaµ ≤ 0 holds.
Proof. It is known that any isotropic non-null vector b in the space M(1, 3) can be
reduced to the form b′ = (α, α, 0, 0), α �= 0 by means of a transformation from the
group P (1, 3). Substituting b′ = (α, α, 0, 0) into the first equality from (41), we get

α(a′0 − a′2) = 0 ⇔ a′0 = a′3.

Consequently, the vector a′ has the following components: a′0, a
′
1, a

′
2, a

′
0. That is

why, a′µa
′µ = a′20 − a′21 − a′22 − a′20 = −(a′21 + a′22 ) ≤ 0. As the quadratic form aµa

µ is
invariant with respect to the group P (1, 3), hence it follows that aµaµ ≤ 0.
Let us note that aµaµ = 0 if and only if a2 = a3, i.e. aµaµ = 0 if and only if the

vectors a and b are parallel.

Theorem 4. Eqs. (38)–(40) are compatible if and only if

λ = −1, f = −N(
v + h(u)

)−1
, (42)

where h ∈ C1(R1,R1) is an arbitrary function, N = 0, 1, 2, 3.
Theorem 4. The general solution of the system of Eqs. (38)–(40) being determined
within a transformation from the group P (1, 3) is given by the following formulas:

a) under f = −3
(
v + h(u)

)−1, λ = −1(
v + h(u)

)2 = (−ȦνȦν)−1(Ȧµxµ + Ḃ)2 +

+ (−ȦνȦν)−3(εµναβAµȦνÄαxβ + C)2,
Aµx

µ +B = 0;

(43)
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b) under f = −2
(
v + h(u)

)−1, λ = −1(
v + h(u)

)2 = (−ȦνȦν)−1(Ȧµxµ + Ḃ)2, Aµx
µ +B = 0, (44)

where Aµ = Aµ(u), B = B(u), C = C(u) are arbitrary smooth functions satisfying
the relations

AµA
µ = 0, ȦµȦ

µ �= 0, (45)

c) under f = −(v + h(u)
)−1, λ = −1(

v + h(x0 − x3)
)2 =

(
x1 + C1(x0 − x3)

)2 +
(
x2 + C2(x0 − x3)

)2
,

u = C0(x0 − x3),
(46)

where C0, C1, C2 are arbitrary smooth functions;
d) under f = 0, λ = −1

(1) v = (−ȦνȦν)−3/2εµναβAµȦνÄαxβ + C, Aµx
µ +B = 0, (47)

where Aµ = Aµ(u), B = B(u), C = C(u) are arbitrary smooth functions satisfying
the relations (45);

(2) v = x1 cos
(
C1(x0 − x3)

)
+ x2 sin

(
C1(x0 − x3)

)
+ C2(x0 − x3),

u = C0(x0 − x3),
(48)

where C0, C1, C2 are arbitrary smooth functions.
In the above formulas (43), (47) we denote by εµναβ the completely anti-symmet-

ric fourth-order tensor (the Levi-Civita tensor), i.e.

εµναβ =


1, (µ, ν, α, β) = cycle (0, 1, 2, 3),

−1, (µ, ν, α, β) = cycle (1, 0, 2, 3),
0, in the remaining cases.

Proof of the Theorems 4, 5. By force of (40) u �= const. Consequently, within
a transformation from the group P (1, 3) ux0 �= 0. That is why, one can apply to
Eqs. (38)–(40) the hodograph transformation

z0 = u(x), za = xa, a = 1, 3, w(z) = x0, v = v(z0, za).

As a result, the system (38), (39) reads

3∑
a=1

w2
za

= 1,
3∑
a=1

wzaza
= 0, (49)

3∑
a=1

vza
wza

= 0, (50)

3∑
a=1

v2
za

= −λ,
3∑
a=1

(vzaza
+ 2w−1

z0 vza
wzaz0) = −f(v, z0). (51)
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As v(z) is a real-valued function, λ ≤ 0. Scaling, if necessary, the function v we
can put λ = −1 or λ = 0.

Case 1: λ = −1. As it is shown in the Section 2, the general solution of the system
(49) in the class of real-valued functions w(z) is given by the formulas (18), (19) with
n = 4. Substituting (18) into (50), we obtain a first-order linear PDE

3∑
a=1

αa(z0)vza
= 0, (52)

whose general solution is represented in the form

v = v(z0, ρ1, ρ2). (53)

In (53),

z0, ρ1 =

(
3∑
a=1

α̇2
a

)−1/2 ( 3∑
a=1

α̇aza + α̇

)
,

ρ2 =

(
3∑
a=1

α̇2
a

)−3/2 3∑
a,b,c=1

εabczaαbα̇c

are the first integrals of Eq. (52) and what is more,
3∑
a=1

α̇2
a �= 0 (the case αa = const,

a = 1, 3 will be treated separately), εabc is the third-order anti-symmetric tensor with
ε123 = 1.
Substitution the expression (53) into (51) yields the system of two PDE for

a function v = v(z0, ρ1, ρ2)

vρ1ρ1 + vρ2ρ2 + 2ρ−1
1 vρ1 = −f(v, z0), (54)

v2
ρ1 + v2

ρ2 = 1. (55)

To get rid of an arbitrary element (function) f(v, z0) from (54) we consider instead
of system (54), (55) its differential consequence

vρ2(vρ1ρ1 + vρ2ρ2 + 2ρ−1
1 vρ1)ρ1 − vρ1(vρ1ρ1 + vρ2ρ2 + 2ρ−1

1 vρ1)ρ1 = 0, (56)

v2
ρ1 + v2

ρ2 = 1, (57)

that is obtained by differentiating the first equation with respect to ρ1, ρ2, multiplying
the expressions obtained by vρ2 and −vρ1 , respectively, and summing.
Further, we will consider the subcases vρ2ρ2 = 0 and vρ2ρ2 �= 0 separately.
Subcase 1.A: vρ2ρ2 = 0. Then,

v = g1(z0, ρ1)ρ2 + g2(z0, ρ1), (58)

where g1, g2 ∈ C2(R1,R1) are arbitrary functions.
Substituting (58) into (57) and splitting an equality obtained by the powers of ρ2,

we have

g1ρ1 = 0, g2
1 + (g2ρ2)

2 = 1,
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whence

v = αρ1 ±
√

1 − α2ρ2 − h(z0). (59)

Here α ∈ R
1, h is an arbitrary smooth function.

Inserting (59) into (56) we get an algebraic equation α
√

1 − α2 = 0, whence
α = 0,±1.
Finally, substitution of (59) into (54) yields the equation for f(v, z0)

2αρ−1
1 = −f

(
αρ1 ±

√
1 − α2ρ2 − h(z0), z0

)
. (60)

From Eq. (60) it follows that, under α = 0,

f = 0, v = ±ρ2 − h(z0) (61)

and under α = ±1,

f = −2
(
v + h(z0)

)−1
, v = ±ρ1 − h(z0). (62)

Subcase 1.B: vρ2ρ2 �= 0. In this case one can apply to Eqs. (56), (57) the Euler–
Ampére transformation

z0 = y0, ρ1 = y1, ρ2 = Gy2 , v +G = ρ2y2, vρ1 = −Gy1 , vρ2 = y2,

vρ2ρ2 = (Gy2y2)
−1, vρ1ρ2 = −Gy1y2(Gy2y2)−1,

vρ1ρ1 = (G2
y1y2 −Gy1y1Gy2y2)(Gy2y2)

−1.

(63)

Here y0, y1, y2 are new independent variables, G = G(y0, y1, y2) is a new function.
Being rewritten in the new variables y, G(y) the Eq. (57), becomes linear

Gy1 = ±
√

1 − y2
2 ,

whence

G = ±y1
√

1 − y2
2 +H(y0, y2), H ∈ C2(R2,R1). (64)

Making in the Eq. (56) the change of variables (63) and inserting the expression
(64), we transform it as follows(

y2 − (1− y2
2)3/2Hy2y2

)−2(3y2Hy2y2 + (y2
2 − 1)Hy2y2y2

)
+ 2y−2

1 y2Hy2y2 = 0.(65)

Splitting (65) by the powers of y1 and integrating the equations obtained, we get

H = h1(y0)y2 + h2(y0).

Substituting the above result into (64) and returning to the initial variables z0, ρ1,
ρ2, v(z0, ρ1, ρ2) we obtain the general solution of the system of PDE (56), (57)

v + h2(z0) = ±([ρ2 − h1(z0)]2 + ρ2
1

)1/2
. (66)

At last, inserting (66) into the equation (54), we arrive at the conclusion that the
function f is determined by the formula (42) with N = 3.
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If αa = const, a = 1, 3, then the equality α2
1 + α2

2 + α2
3 = 1 holds. Applying, if

necessary, a transformation from the group P (1, 3) one can put α1 = α2 = 0, α3 = 1,
i.e. u = C0(x0 − x3), C0 ∈ C2(R1,R2).
As a consequence of Eqs. (39) we get v = v(ξ, x1, x2), where ξ = x0 − x3, and

what is more, Eqs. (38) take the form

v2
x1

+ v2
x2

= 1, vx1x1 + vx2x2 = −f(v, C0(ξ)
)
. (67)

It is known [15, 18] that Eqs. (67) are compatible if and only if f = 0 or f =
−(v + h(u))−1, h ∈ C1(R1,R1). And besides, the general solution of (67) is given by
the formulas (48) and (46), respectively.
Thus, we have completely investigated the case λ = −1.
Case 2: λ = 0. By force of the fact that the function v is a real one, it follows

from (51) that v = v(z0). Consequently, an equality v = v(u) holds that breaks the
condition (40) which means that under λ = 0 the system (38)–(40) is incompatible.
Thus, we have proved that the system of nonlinear PDE (38)–(40) is compatible if

and only if the relations (42) hold and that its general solution is given by one of the
formulas (46), (48), (61), (62), and (66). To complete the proof, one has to rewrite
the expressions (61), (62), (66) in the manifestly covariant from (43), (44), (47).
Consider, as an example, the formula (62)

v = ±ρ1 − h(z0) ≡ ±
(

3∑
a=1

α̇2
a(u)

)−1/2 ( 3∑
a=1

xaα̇a(u) + α̇(u)

)
− h(u), (68)

the function u(x) being determined by the formula (20),

3∑
a=1

αa(u)xa + α(u) = x0,
3∑
a=1

α2
a(u) = 1. (69)

Let us make in (68), (69) a substitution αa = AaA
−1
0 , α = −BA−1

0 , whence

Aµ(u)xµ +B(u) = 0, AµA
µ = 0,

v = ±
(

3∑
a=1

(ȦaA−1
0 −AaȦ0A

−2
0 )2

)−1/2

×

×
(

3∑
a=1

xa(ȦaA−1
0 −AaȦ0A

−2
0 ) +BȦ0A

−2
0 − ḂA−1

0

)
− h(u) =

= ±
(

3∑
a=1

(Ȧ2
aA

−2
0 +A2

aȦ
2
0A

−4
0 − 2ȦaAaȦ0A

−3
0 )−1/2

)
×

×
(

3∑
a=1

xa(ȦaA−1
0 −AaȦ0A

−2
0 ) +BȦ0A

−2
0 − ḂA0

)
− h(u) =

= ±
(
−ȦµȦµA−2

0 −AµA
µȦ2

0A
−4
0 + 2ȦµAµȦ0A

−3
0

)−1/2

×
×
(
−A−1

0 (xµȦµ + Ḃ) +A−2
0 Ȧ0(xµAµ +B)

)
− h(u) =

= ∓(−ȦµȦµ)−1/2(xµȦµ + Ḃ) − h(u).
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The only thing left is to prove that ȦµȦµ < 0. Since AµAµ = 0, the equality
ȦµA

µ = 0 holds. Consequently, by force of the Lemma −ȦµȦµ ≥ 0, and what is
more, the equality ȦµȦµ = 0 holds if and only if Ȧµ = k(u)Aµ. General solution of
the above system of ordinary differential equations reads Aµ = l(u)θµ, where l(u) is
an arbitrary function, θµ are arbitrary real parameters obeying the equality θµθµ = 0.

Hence it follows that αa = AaA
−1
0 = θaθ

−1
0 = const, and the condition

3∑
a=1

α̇2
a �= 0

does not hold. We come to the contradiction, whence it follows that ȦµȦµ < 0.
Thus, we have obtained the formula (44). Derivation of the remaining formulas

from (43), (47) is carried out in the same way. The theorems are proved.
Substitution of the results obtained above into the formula (34) yields the following

collection of Ansätze for the nonlinear d’Alembert equation (33):

(1) w(x) = ϕ
([(−Ȧν(u)Ȧν(u))−1(

Ȧµ(u)xµ + Ḃ(u)
)2 +

+
(−Ȧν(u)Ȧν(u))−3(

εµναβAµ(u)Ȧν(u)Äα(u)xβ + C(u)
)2]1/2

, u
)
;

(2) w(x) = ϕ
((−Ȧν(u)Ȧν(u))1/2(Ȧµ(u)xµ + Ḃ(u)

)
, u
)

;

(3) w(x) = ϕ
([(

x1 + C1(x0 − x3)
)2 +

(
x2 + C2(x0 − x3)

)2]1/2
, x0 − x3

)
;

(4) w(x) = ϕ
((−Ȧν(u)Ȧν(u))−3/2(

εµναβAµ(u)Ȧν(u)Äα(u)xβ + C(u)
)
, u
)

;

(5) w(x) = ϕ
(
x1 cosC1(x0 − x3) + x2 sinC1(x0 − x3) + C2(x0 − x3), x0 − x3

)
.

(70)

Here B, C, C1, C2 are arbitrary smooth functions of the corresponding arguments,
Aµ(u) are arbitrary smooth functions satisfying the condition AµA

µ = 0 and the
function u = u(x) is determined by JSSF (10) with C1(u) = B(u), n = 4. Note
that arbitrary functions h contained in the functions v(x) (see above the formulas
(43), (44), (46)) are absorbed by the function ϕ(v, u) at the expense of the second
argument.
Substitution of the expressions (70) into (33) gives the following equations for

ϕ = ϕ(u, v):

(1) ϕvv +
3
v
ϕv = −F (ϕ), (71)

(2) ϕvv +
2
v
ϕv = −F (ϕ), (72)

(3) ϕvv +
1
v
ϕv = −F (ϕ), (73)

(4) ϕvv = −F (ϕ), (74)

(5) ϕvv = −F (ϕ), (75)

Equations (4), (5) from (71)–(75) are known to be integrable in quadratures.
Therefore, any solution of the d’Alembert-eikonal system (2) corresponds to some
class of exact solutions of the nonlinear wave equation (33) that contains arbitrary
functions. Saying it in another way, the formulas (70) make it possible to construct
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wide families of exact solutions of the nonlinear PDE (33) using exact solutions of the
linear d’Alembert equation �4u = 0 satisfying an additional constraint uxµ

uxµ = 0.
It is interesting to compare our approach to the problem of reduction of Eq. (33)

with the classical Lie approach. Within the framework of the Lie approach functions
ω1(x), ω2(x) from (34) are looked for as invariants of the symmetry group of the
equation under study (in the case involved it is the Poincaré group P (1, 3)). Since the
group P (1, 3) is a finite-parameter group, its invariants cannot contain an arbitrary
function (a complete description of invariants of the group P (1, 3) had been carried
out in [19]). Therefore, the Ansätze (70) cannot, in principle, be obtained by means
of the Lie symmetry of the PDE (33).
All Ansätze listed in (70) correspond to a conditional invariance of the nonlinear

d’Alembert equation (33). It means that for each Ansatz from (70) there exist two
differential operators Qa = ξaµ(x)∂xµ

, a = 1, 2 such that

Qaw(x) ≡ Qaϕ(ω1, ω2) = 0, a = 1, 2

and besides, the system of PDE

�4w − F (w) = 0, Qaw = 0, a = 1, 2

is invariant in Lie’s sense under the one-parameter groups with the generators Q1, Q2.
For example, the fourth Ansatz from (16) is invariant with respect to the operators:
Q1 = Aµ(u)∂µ, Q2 = Ȧµ(u)∂µ. A direct computation shows that the following rela-
tions hold:

Qi
2

(�4ω) = −(Ȧαxα + Ḃ)−1Aµ∂µQiw, i = 1, 2,

[Q1, Q2] = 0,

where Qi
2
stands for the second prolongation of the operator Qi. Hence it follows

that the nonlinear d’Alembert equation (33) is conditionally-invariant under the two-
dimensional commutative Lie algebra having the basis elements Q1, Q2 (for more
details about conditional symmetry of PDE see [20, 21]). It should be said that the
notion of conditional symmetry of PDE is closely connected with the “non-classical
reduction” [22–24] and “direct reduction” [25] methods.

5 On the new exact solutions
of the nonlinear d’Alembert equation

According to [26], general solutions of Eqs. (74), (75) are given by the following
quadrature:

v +D(u) =
∫ ϕ(u,v)

0

(
−2

∫ τ

0

F (z)dz + C(u)
)−1/2

dτ, (76)

where D(u), C(u) ∈ C2(R1,R1) are arbitrary functions.
Substituting the expressions for u(x), v(x) given by the formulas (4), (5) from

(70) into (76) we obtain two classes of exact solutions of the nonlinear d’Alembert
equation (33) that contain several arbitrary functions of one variable.
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Equations (71) and (72) with F (ϕ) = λϕk are Emden–Fowler type equations. They
were investigated by many authors (see, e.g. [26]). In particular, it is known that the
equations

ϕvv + 2v−1ϕv = −λϕ5, (77)

ϕvv + 3v−1ϕv = −λϕ3 (78)

are integrated in quadratures. In the paper [27] it has been established that Eqs. (77),
(78) possess a Painlevé property. This fact makes it possible to integrate these by
applying rather complicated technique. In [28] we have integrated Eqs. (77), (78) using
a standard technique based on their Lie symmetry. Substituting the results obtained
into the corresponding Ansätze from (70) we get exact solutions of the nonlinear PDE
(33) with F (w) = λw3, λw5, which include an arbitrary solution of the system (2)
with n = 4. Consequently, we have constructed principally new exact solutions of the
nonlinear d’Alembert equation (33) depending on several arbitrary functions. Let us
stress that following the classical Lie symmetry reduction procedure one can not in
principle obtain solutions with arbitrary functions since the maximal symmetry group
of Eq. (33) is finite-dimensional (see, e.g. [16]).
Below we give new exact solutions of the nonlinear d’Alembert equation (33)

obtained with the use of the technique described above. We adduce only those ones
that can be written down explicitly
1. F (w) = λw3

(1) w(x) =
1

a
√

2
(x2

1 + x2
2 + x2

3 − x2
0)

−1/2×

× tan

{
−
√

2
4

ln
(
C(u)(x2

1 + x2
2 + x2

3 − x2
0)
)}

,

where λ = −2a2 < 0,

(2) w(x) =
2
√

2
a
C(u)

(
1 ± C2(u)(x2

1 + x2
2 + x2

3 − x2
0)
)−1

,

where λ = ±a2;

2. F (w) = λw5

(1) w(x) = a−1(x2
1 + x2

2 − x2
0)

−1/4
{

sin ln
(
C(u)(x2

1 + x2
2 − x2

0)
−1/2

)
+ 1

}1/2

×

×
{

2 sin ln
(
C(u)(x2

1 + x2
2 − x2

0)
−1/2

)− 4
}−1/2

,

where λ = a4 > 0,

(2) w(x) =
31/4

√
a
C(u)

(
1 ± C4(u)(x2

1 + x2
2 − x2

0)
)−1/2

,

where λ = ±a2.

In the above formulas C(u) is an arbitrary twice continuously differentiable functi-
on on

u(x) =
x0x1 ± x2

√
x2

1 + x2
2 − x2

0

x2
1 + x2

2

,

a �= 0 is an arbitrary real parameter.
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6 Conclusion

The present paper demonstrates once more that possibilities to construct in explicit
form new exact solutions of the nonlinear d’Alembert equation (33) (as compared
with those obtainable by the standard symmetry reduction technique [16, 19, 27]) are
far from being exhausted. A source of new (non-Lie) reductions is the conditional
symmetry of Eq. (33).
Roughly speaking, a principal idea of the method of conditional symmetries is the

following: to be able to reduce given PDE it is enough to require an invariance of
a subset of its solutions with respect to some Lie transformation group. And what is
more, this subset is not obliged to coincide with the whole set. This specific subsets
can be chosen in different ways: one can fix in some way an Ansatz for a solution to
be found (the method of Ansätze [16, 17] or the direct reduction method [25]) or one
can impose an additional differential constraint (the method of non-classical [22–24]
or conditional symmetries [20, 21]). But all the above approaches have a common
feature: to find new (non-Lie) reduction of a given PDE one has to solve some
nonlinear over-determined system of differential equations. For example, to describe
Ansätze of the form (34) reducing Eq. (33) to ODE one has to integrate system of five
nonlinear PDE (37). This is a “price” to be paid for the new possibilities to reduce a
given nonlinear PDE to equations with less number of independent variables and to
construct its explicit solutions.
As mentioned in the Introduction, the Ansatz (34) can also be interpreted as a map

(more exactly, a family of maps) from the set of solutions of the linear d’Alembert
equation,

�4u = 0 (79)

into the set of solutions of the nonlinear d’Alembert equation (33).
Really, we started with a subset of solutions of Eq. (79) which was chosen by

an additional eikonal constraint uxµ
uxµ = 0. Then, we constructed the functions

v(x) and ϕ(v, u) in such a way that the function w(x) determined by the equality
w = ϕ(v(x), u(x)) satisfied the nonlinear d’Alembert equation (33) (see below the
Fig. 1).
There is an analogy between the map described above and Bäcklund transforma-

tions of partial differential equations. System of PDE (38)–(40) and the Ansatz (34)
(level 2 of the Fig. 1) can be interpreted as a Bäcklund transformation of a set of
solutions of linear PDE (level 1 of the Fig. 1) into a set of solutions of nonlinear
PDE (level 3). A principal difference is that a classical Bäcklund transformation acts
on the whole spaces of solutions of equations under study and the above map acts
on subsets of solutions of the linear and nonlinear d’Alembert equations. It is known
that technique of linearization of PDE with the use of Bäcklund transformations
can be effectively applied to two-dimensional equations only. The results obtained in
the present paper imply the following way of extension of applicability of Bäcklund
transformations: one should consider Bäcklund transformations connecting subsets of
solutions of linear and nonlinear equations. And these subsets may not coincide with
the whole sets of solutions.



514 R.Z. Zhdanov, I.V. Revenko, W.I. Fushchych

As an illustration we consider the case when in (33) F (w) = 0, i.e. the case when
the map constructed above transforms a subset of solutions of the linear d’Alembert
equation into another subset of solutions of the same equation. Integrating ODE (71)–
(75) we obtain explicit forms of functions ϕ(v, u)

(1) ϕ(v, u) = f1(u)v−2 + f2(u),
(2) ϕ(v, u) = f1(u)v−1 + f2(u),
(3) ϕ(v, u) = f1(u) ln v + f2(u),
(4) ϕ(v, u) = f1(u)v + f2(u),
(5) ϕ(v, u) = f1(u)v + f2(u),

where f1, f2 are arbitrary smooth enough functions. Consequently, we have the
following maps transforming subsets of solutions of the linear d’Alembert equation
(79) into another subsets of its solutions:

(1) u→ f1(u)
[(−Ȧν(u)Ȧν(u))−1(

Ȧµ(u)xµ + Ḃ(u)
)2 +

+
(−Ȧν(u)Ȧν(u))−3(

εµναβAµ(u)Ȧν(u)Äα(u)xβ + C(u)
)2]−1+ f2(u),

(2) u→ f1(u)
[(−Ȧν(u)Ȧν(u))1/2(Ȧµ(u)xµ + Ḃ(u)

)]−1 + f2(u),

(3) x0 − x3u→ f1(x0 − x3) ln
[(
x1 + C1(x0 − x3)

)2 +

+
(
x2 + C2(x0 − x3)

)2]−1/2 + f2(x0 − x3),

(4) u→ (−Ȧν(u)Ȧν(u))−3/2(
εµναβAµ(u)Ȧν(u)Äα(u)xβ + C(u)

)
,

(5) x0 − x3 → f1(x0 − x3)(x1 cosC1(x0 − x3) +
+ x2 sinC1(x0 − x3) + C2(x0 − x3).

Note that in the cases 4, 5 function f2 is absorbed by arbitrary functions C, C2.
And one more remark seems to be noteworthy. If one takes as a particular solution

of the system (2) the function u(x) = (x0x1 ± x2

√
x2

1 + x2
2 − x2

0)/(x
2
1 + x2

2) and



General solution of the d’Alembert equation with a nonlinear eikonal constraint 515

substitutes it into the first, second and fourth Ansätze from (70), then the following
Ansätze are obtained:

(1) w(x) = ϕ

(
x2

1 + x2
2 + x2

3 − x2
0,
x0x1 ± x2

√
x2

1 + x2
2 − x2

0

x2
1 + x2

2

)
,

(2) w(x) = ϕ

(
x2

1 + x2
2 − x2

0,
x0x1 ± x2

√
x2

1 + x2
2 − x2

0

x2
1 + x2

2

)
,

(4) w(x) = ϕ

(
x3,

x0x1 ± x2

√
x2

1 + x2
2 − x2

0

x2
1 + x2

2

)
.

Provided the above Ansätze do not depend on the second argument, the usual Lie
Ansätze are obtained which are invariant under some subgroups of the Poincaré group
P (1, 3) [19]. Consequently, if we imagine invariant solutions as dots in a solution
space of the nonlinear d’Alembert equation, then through some of them one can
draw curves which are conditionally-invariant solutions. In this respect a number of
interesting questions arise, let us mention two of these:

(1) Is any invariant solution of the nonlinear d’Alembert equation (33) a particular
case of some more general conditionally-invariant solution?

(2) Does there exist such conditionally-invariant solution of Eq. (33) that all invari-
ant solutions of Eq. (33) are its particular cases? (saying about invariant soluti-
ons we mean solutions invariant under some subgroup of the symmetry group
of Eq. (33)).

An answer to the first question seems to be positive. A positive answer to the
second one would provide us with a concept of a “general invariant solution”. But so
far this problem is completely open and needs further investigation.
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equations via the Euler–Amperé transformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

W.I. Fushchych, V.A. Tychynin, Hodograph transformations and generating
of solutions for nonlinear differential equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

W.I. Fushchych, I.A. Yegorchenko, New conditionally invariant solutions
for non-linear d’Alembert equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .112

W.I. Fushchych, R.Z. Zhdanov, Anti-reduction of the nonlinear wave equation . . 116

W.I. Fushchych, R.Z. Zhdanov, I.V. Revenko, On the new approach
to variable separation in the wave equation with potential . . . . . . . . . . . . . . . . . . . 120

R.Z. Zhdanov, I.V. Revenko, W.I. Fushchych, Orthogonal and non-orthogonal
separation of variables in the wave equation utt − uxx + V (x)u = 0 . . . . . . . . . . 126

А.Ф. Баранник, Л.Ф. Баранник, В.И. Фущич, Редукция многомерного
уравнения Даламбера к двумерным уравнениям . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
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