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INPEJIHUCJIOBUE

DTy KHUTY Mbl PELIMJH HalHCaTb MO TPeM IPHYHHAM.

Bo-nepBbIX, B MpaKTHKE BBIYUCJIEHHH METOM CTYUIEHHS CETOK SIBJISETCS
MOIIHBIM CPEJICTBOM MJf YHCJIEHHOTO pelleHHs IIHPOKOro Kpyra 3ajgay ¢
rapaHTHPOBAHHOH TOYHOCTbIO. OfHAKO JaXKe MAaTeMAaTHKH-TIPUKJIAJAHUKH He
BCerjJa 3HAIT BO3MOXHOCTH 3TOrO MeTOAA M KaK UM TPaMOTHO MOJb30-
BaTbCsl. DOJIBLIIMHCTBO K€ MHXKEHepOB, PACCUMTHIBAIOUIMX CBOM 3afa4yM Ha
KOMIIBIOTEPAaX, MOYTH He CJ/bILIAMH O HEM.

Bo-BTOpBIX, Cpeau CeTOK ecTb OOHH BaXKHBIH KJAacC — KBa3HPABHO-
MepHble ceTKH. OHH JIerkKo amanTHpyOTCs KO MHOTHM 3ajadaM, H IpH
3TOM MO3BOJISIOT HCIOJIb30BATh BCE BO3MOXKHOCTH METOJA CTYIIEHHS CETOK.
DT0 faeT BO3MOXKHOCTb JOOHUBATbCS BBICOKOH TOYHOCTH NPH MaJsoM 00beMe
BBIUMCJIEHHH JaxKe [JIs BeCbMa CJ0XKHBIX 3aad. Ho o Tako#l BO3MOXKHOCTH
3HaeT celyac JHMLIb y3KMH Kpyr HanOoJsee KBaJIH(HULUHPOBAHHBIX ClelUa-
JIUCTOB.

B-TpeTbuX, KBa3HPAaBHOMEPHbIE CETKH C KOHEYHbLM YHCJIOM HHTEPBAJIOB
MOKHO CTPOHMTb Jla’Ke B HEOrpaHHYEHHOH 00/1aCTH: MOCJENAHHUH y3eJ CeTKH
6yneT 6eCKOHEUHO yHOAJeHHOH TOUKOH. DTO MO3BOJHJIO HAM B IMOCJEIHHE
TOBI TPeJIoKHUTb 3(P(PeKTUBHbIE METOAbl pellleHHs] MHOTHX KJAacCOB 3a/ad
B HEOTPaHHWYEHHOH 06JIaCTH: HECOOCTBEHHBIX MHTErpasioB, KpPaeBbIX H Ha-
YasNbHO-KpaeBblX 3aad /s AuddepeHIHaNbHbIX ypaBHeHHH. Meton ecre-
CTBEHHO II€PEHOCHTCSI Ha HHTerpajbHble U HHTerpo-AH(depeHIHalbHble
YPaBHEHHs, a TaKxKe Ha J11060e YHUCJIO U3MEepeHUH.

Bce 310 oTKpBIBaeT LHpoYaKite BO3SMOXKHOCTH, O KOTOPBIX MOKA MOYTH
HUKTO He nofo3peBaeT. Hampumep, MOXHO eCTECTBEHHO pelliaTb a3pPOJH-
HaMHU4yecKHe 3aJayd J03BYKOBOrO OOTEKaHHs, Tle TPAHHYHBIM YCJIOBHEM
SIBJISIeTCSl HEBO3MYILEHHOCTh Haberawllero noToka Ha GeCKOHEeYHOM yja-
JIEHHH OT 006TeKaeMoro Tesa (ceifyac Takue 3aa4yd PeLIalOT FPOMO3AKHMHU
MCKYCCTBEHHBIMH IPHEMAMH).

HackosbKo HaM H3BECTHO, BIepBble KBa3HpaBHOMEpPHble CETKH (M cam
3TOT TepMuH) npeatoxua A.A. Camapcku#t okono 1952 r. Ero xosnekTuB
BBITIOJIHSJT TOTJA pacyeT MOLIHOCTH B3pbIBA MEPBOH COBETCKOH TepMosiiep-
HoH GoMObl. 3agmava Obla KpalHe CJIOXKHAS, @ pacyeThl BEJUCh BPYYHYIO,
Ha asnekTpoapudpmomeTpax “Mepcenec”: 10 mycKa MepBoi MPUIHUYHOH OTe-
gyectBeHHOH DBM “Crpena” ocraBasoch ele 6osblie ropa. Heobxonumo
OblJI0 TIpefe/IbHO SKOHOMH3HUPOBATh BbIYMCJAEHHs W OpaTh CeTKy U3 HeGOoJb-
IIOT0 YHCJA Yy3JI0B, MHAde pacyeThl He YJIOXKHJAHCH Obl B cpokd. Ho wu
TOYHOCTb TpeboBaJsiach BbICOKAs, a JJIsl 3TOTO B HEKOTOPBIX y4acTKax cJe-
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noBaJjio OpaTh Masbli war. Kak ke yIOBJETBOPUTH 3THM NPOTHBOPEUHBBIM
TpeOOBaAHUSIM?

Torma A.A. Camapckuil MpemsioKuU/I HEPABHOMEPHYIO CETKY C TaKHMH
maraMmu Ay, 4ToObl PA3HOCTb COCEAHHUX LIATOB OblJIa MHOTO MEHbLIE CaMHX
waros: hyy1 — hy, = O(h2). Ho nanekue uHTepBajibl MOTYT INpPH 3TOM
CUJIBHO PA3JIMUaThCsi. DTO MO3BOJSJIO CTPOUTh CETKH MOAPOOHBIE B HAHOO-
Jiee BaXKHBIX y4acTKaX M pelKHe BIAJH OT 3THX ydacTkoB. Obliee 4HC/IO0
UHTEPBAJIOB U 00bEM pACUYeTOB OKA3BIBAJIHCh HEOOJBIIUMH, & TOYHOCTD
BBIUMCJIEHHH oCTaBasach BBICOKOH. OH HasBa/s 3TH CETKH KBa3HpaBHOMED-
HBIMH.

B pesysnbrare BaxHBIE pacyeThl OblIM INPOBeIEHB B CPOK, a B3pBIB
MepBOH COBETCKOM TepMosiiepHO# GoMmObl B 1953 r. GiecTsiiie MOATBEPIU
UX TOYHOCTB.

Ony6nukoBaHa Oblia 3Ta MAes MHOro nosgHee. Ho omuMH U3 aBTOpPOB
(H.H. Kanutkun) paGoraer B kossektuBe A.A. Camapckoro ¢ 1958 r. u
NO03HAKOMHUJICS C Hel “U3 mepBbIX pyK’. OH CHCTEMATHYECKH HCIIOJb30BAJ
ee B CBOoel paboTe W BKJIKOYMJ B KypC JIEKIHH, KOTOPbIE YUTAJ CTYLEHTaM
¢usuueckoro Qakysnprera MIY B 1970-e rompel, u xHury “YucseHHble
metonbl” (1978 r.).

Jlnist 3TOro MpUILIOCH AaTh CTPOrOoe MaTeMaTHUecKoe olpefie/ieHHe KBa-
3UpaBHOMepHBIX ceToK. OKasaJjoch, UTO 3TO OnpeneseHde obobuiaercs Ha
HEOrPAaHUYEHHYI0 06J1acTh. DTO MO3BOJMJO TOTAA K€ MOCTPOUTb HOBBIE
MEeTO/bl BBIYMCJIEHUS] HECOOCTBEHHBIX MHTErpajioB, a MO3[Hee — peLleHHs
UHTerpasbHbIX ypaBHeHUH. Ho suib oxkoso 2000 r. ynasnock MOHSATb, Kak
pacIpoOCTPaHUTh 3TY HUAELI0 HA KpaeBble 3a/laUud B HEOTPAHHUYEHHOH 06J1acTH.
Cpasy BO3HHKJIO OYeHb MHOTO INIPHUJIOKEHHH K 3ajadyaM, KOTOpble paHee
C TPYIOM pellaji HCKYCCTBEHHBIMH MpHEMaMH HJH BooOlle He yMeJH
peLiath.

DTy KHUTY Mbl MHCaJM AJs ABYX KaTeropuil untareseil. OpHa — 3To0
BbIYMCUTENHU-TIPAKTHKH, (PU3HKH W HHXKEHephbl, CaMOCTOSITEJNbHO H3ydaB-
IIMe YHCJIeHHble METO/Bl, a TaK¥Ke CTYHEHTHl H aCMHUPaHTbl, KOTOPbIM KHHTa
MOXKET CJYKHTb y4eOHBIM nocobueM. J{f HUX MBI TOAPOGHO H3JIOKHIIH
METOJ CTYIIAIOUIUXCSl CETOK M NMPaKTHYeCKHe TNPHEeMBbl €ro HCMOJb30BaHUS.
Bce usnoxeHue MocTpoeHo MpocTo, He TpebyeT yrayO/aeHHOTO 3HAHHS Ma-
TeMaTHKH U HJJIIOCTPUPOBAHO GOJIBIINM KOJMYECTBOM NpuMepoB. [1pu 3ToM
NoApoOHO PacCcKasblBaeTCsl M NOKa3blBaeTCs, KAK HAN0 CTPOHUTb aJTOPHTM
U MporpaMmy, 4ToObl OHH AaBajM OTBET C FapaHTHPOBAHHOH TOUHOCTBIO M
TNPOBOAMJIN THATHOCTHKY OLIHOOK.

Jlpyrasi KaTeropusi — 3TO OMNbITHble MaTeMaTHKH-TIPHKIagHUKH. Ob6Line
acrekThl, OMMCAHHbIE BbIIIE, MM 3HAKOMBI, HO Ja)Ke OHH MOTYT HaHTH
noJe3HOe B TOH JOCTATOYHO IMOJHOHM M TIIATEJbHOH MeTOAHKE pelleHHs
NPUKJAIHBIX 3a7a4, KOTopas H3JjoxkeHa B kHure. Ho HauGosee uHTepec-
HBIMHM /15 HUX OyOyT HOBBle NEpPCNeKTHBB METOdAa KBa3HPAaBHOMEPHBIX
CeTOK, 0COOEHHO JJ/Isi Cly4asi HeOrpaHHUeHHOH 06sacTH. 3/1ech OHH HalHAyT
pSIL HOBEHIUHX pe3y/bTaTOB, He BCE W3 KOTOPHIX JAa)ke YCIIeJH MONacThb
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B XKYpPHaJbl, U MPUMEHHTb 3TH MOAXOLBI K PELIEHHI0 CBOUX COOCTBEHHBIX
3anad.

Kuura pasgeseHa Ha rsaBbl, nmaparpadbl ¥ MYHKTHL. Pojib TpaguiHOH-
HOro BBeJleHHsl urpaert raasa |. B kaxo#l riase cBosi HyMepauus Gpopmyd,
PHUCYHKOB, TabJIML, IPUMEPOB, TEOPEM H OMpeleseHHi (He 1Mo maparpadam,
a cnuomrHast). CeblIKM Ha (POPMYJIbl, PUCYHKH U T.II. JaHHOMH IVIaBbl HMEIOT
caenywomnit Bua: ¢opmyna (32), puc. 15. Ecaum HyXHO cocsaThcsi Ha
Ipyryto raaBy, To nuinyT: dopmyna (IV, 32), puc. I1.15. Ecau Hamo
COCJIaTbCsl HA TEKCT B JAHHOM naparpade, TO NMUIIYT: CM. M. 3, Ha APYyroH
naparpad 3TOH xKe [VIaBbl CChlIaloTCs Tak: M. § 1, 1. 3; cchliKa Ha Apyrylo
raaBy uMeet Bun: . [V, § 1, n. 3. [lpu cceikax Ha JauTepatypy MUILYTCS
(haMHJIMH BCeX WJIM TEPBOTO M3 aBTOPOB W rof, Hampumep [Xaiipep u ap.;
1990].

B KoHLle KHUTM NpUBeNEH CIHCOK JuTepatypbl. [las ymo6cTBa OH co-
CTaBJeH B a/(PaBUTHOM IOpsiKe MO (aMuauu nepBoro asTopa. CHHCOK
COZIEpKUT y4eOHble NOCOOMS W MOHOTpa(HH, B KOTOPHIX €CTb IVIaBHI, CIle-
1MaJIbHO TOCBsILIIEHHbIE CTYIIEeHHIO ceToK. M3 Hux Tombko [Mapuyk, 1lai-
nypoB; 1979] uesnnkom mocssitiieHa 3Toi Teme. OfHAKO KBa3HpaBHOMEpPHbIE
CeTKH PacCMOTPeHBl TOJbKO B ofHOH kHure — [Kamutkun; 1978]. Kpome
TOTO, B CIIHCOK JIMTEPATYpPhl BOLIJIM CTaTbH B XKypHaJax, rae ony6/JHKOBaH
psiI OPUTMHAJIBHBEIX PE3Y/bTAaTOB, KAK yKe CTAaBLIMX KJACCHYECKHMH, TaK H
HoBeHIIMX. OCHOBHblE METOAbl M WJEH, H3JIO)KEHHble B KHHIe, Mbl “00Ka-
ThIBaJH” B JIEKIIHOHHBIX Kypcax, KOTOpPble YHTAJNH CTyIEeHTaM (pU3UYEeCKOrO
(akysnbTeTa MOCKOBCKOTO TOCYIApCTBEHHOTO YHUBepcHTeTa, MOCKOBCKOr0O
(DU3UKO-TEXHHYECKOTO HHCTHTYTa U MOCKOBCKOIO HHCTHUTYTA 3JIEKTPOHHOU
TeXHHUKH.

HekoTopble MHTepecHble HauyaJbHO-KpaeBble 33a4d B HEOrPaHHYEHHOH
obnactu npennoxkuiau Ham A.T. Ceewnrikos u 10.[1. Ilinernep. CoBmecTHO
¢ aBTOpaMH paboTaju Hal MPUJIOKEHHUSIMH M YYacTBOBAJM B pacueTax
TIPUMEPOB aCIHUPAHTBI U CTYyAeHTbl MOCKOBCKOrO (DU3HKO-TEXHHUECKOTO HH-
ctutyTa 1 MOCKOBCKOTO HHCTHTYTA 3J1€KTPOHHOU TexHHKU A.A. BosiTHes,
O.A. Kauep, A.b. Kopsiruna, I1.B. Kopskuu, K.W. Jlyuxuii, A.C. Manu-
croB, M.A. [Mauun, C.JI. [Tanuenko, H.M. lllasixos. B odopmnenuu kuuru
OLIyTHMYIO ToMollb okasanu cotpynHukn MMM PAH T.I'. Epmakosa u
JI.B. Ky3bmrHa. Bcem UM MBI BbIpakaeM MCKpPEHHIOK 0J1arofapHOCTb.

MHorue MeTonbl, HM3/N0XKeHHble B 3TOH KHUTre, OblIM pa3paboTaHbl B
XOle BBITIOJIHEHUS TPOEKTOB, MoanepKaHHbX rpaHtaMu PODU NeNe 93-
01-00861, 96-01-00305, 97-01-00005, 99-01-00082, 00-01-00151, 02-01-
00066, 02-10-00253, 03-01-00439, INpesuaeHTCKON MPOrpaMMOil MOALEPK-
KM Hay4HbIX IIKOJ W MoJoAbiX KaHaupatoB Hayk HIII-1918.2003.1, MK-
1907.2004.9 u ®@oHpmoM comelcTBHSI OTEYECTBEHHOH HayKe.

Asmopot



Fmasa |
O YUCJIEHHOM AHAJIU3E

DT1o BBOAHAs IJaBa. B Hell paccMaTpuBAarOTCsl CTaIUM peLIEHHs ecTe-
CTBEHHOHAYUYHBIX W TEXHUYECKHUX 3a1ay: NOCTPOEHHE MATeMaTHYeCKOH Mo-
Iend, pa3paboTKa YHUCJEHHOTO MeTOoHa, pacdyeT W oOOCHOBaHHE €ro Tod-
HOCTH. JleTasbHO paccMaTpUBAeTCsl MPHPOAA IMOTPELIHOCTH M Pa3JHYHBIE
TNPUYHHBl ee BO3HUKHOBEHHUs. M3/0)keHHe COMpOBOXKIAETCS KPATKUM HCTO-
PHUYECKHUM OYEPKOM.

§ 1. Maremaruueckoe MoaeIUpoOBaHUE

1. HemHoro ucropuu. Yxe B riyGOKOH OPEBHOCTH CYHUTAJNOCh, YTO
HayKa 3aHUMaeTCsl HeNpeJIOXKHbIMH M HeH3MeHHBIMH HCTHHAMM: eCTeCTBeH-
Hble HAayKH OTKpPbIBAIOT 3aKOHBI NPHPOAbLI, a MareMaTHKa NPHAAeT 3THM
3aKOHaM COBepllIeHHY0 (opMy. Yke ApXHUMen OTKDBLI 3aKOH pblyara u Bbl-
TANKHBAILYI0 cHy (“ApXUMen OTKPBII HAPOLY: TEJO, BIEPHYTOE B BOLY,
BBITUPAeT OTTYAbl Macca BbiMepTol Boabl”). CHJ/bHelIIee MOATBEpXKACHHE
3TOH TOYKH 3peHus nan Mcaak HbloToH, ony6aukoBaBwuil B 1687 r. cBoi
Tpyn “MartemaTHueckue Hadasa HaTypasabHO# uaocopun”. OH chopmynu-
pOBaJl OCHOBHbIE 3aKOHbBI MeXaHUKH. OH e co3fajl MaTeMaTH4eCKHH amma-
pat — nuddepeHHaNbHOE W HHTETPaJbHOE HCUUCAEHHS] (ONHOBPEMEHHO C
HUM W Ja)ke 4yTb paHblie To ke caesan [otgpun Busbrensm Jleibuuu),
4TO MO3BOJIMJIO AATh CTPOrMe MaTeMaTHuecKue (OpPMYJMPOBKH 3ajad H
MHOTHE M3 HUX TOYHO pelHTb. TPUyM(OM MeXaHHKH CTaJH BbIBEJEHHBIE
emle HploTOHOM 3aKOHBI IBHXKeHHs HeOECHBIX TeJl.

C 3TOro MOMeHTa HayaJioch OypHOEe pa3BUTHE MeXaHHKH. PopMysupo-
BAJIUCh BCE HOBble YAaCTHBIE 3aJaud. MHOTHe W3 HUX TOYHO peLIa/IUCh; IJ1s
UHBIX CO3[aBa/jiMCh YHUCJEHHbIEe METOAbl pelleHuss (HO 00 3TOM MO3[Hee).
Cranu pa3sBUBaTbCS ApPYrHe pasjesbl GU3HKH; /151 ONMUCAHHUS 3a4au CIJIOLI-
HOHM cpenbl (TemJONpPOBOAHOCTb, rasojMHaMHKa M T.M.) Obla paspaboTaH
annapar ypaBHEHHH B YaCTHBIX NPOM3BOAHLIX. DBJjecTslMM 3aBeplieHHeM
3TOTO MepHoia CTaju ypaBHeHUs MakcBessa AJsi 3JeKTPOMAarHUTHOrO M3-
JaydeHusi (MX HOJTO He XOTeJM MpPH3HABaTh, HO 3KcHepuMeHTH [eHpuxa
['epua no ob6HapyxKeHHIO 3JeKTpoMarHUTHbIX BosH M Ilerpa Huxomnaesuua
JleGeneBa mo M3MepeHUIO TaBJEHHs CBETa NMOCTABHJH 3[eCh TOUKY).

Tak ganioch no Havasia XX Beka. A 3arem...

3atem Xenapuk Anton Jlopent, Aupu Ilyankape u Anpbepr DiiH-
IITeHH CO3MaJH CIeLHaNbHYI0 TEOPHI0 OTHOCHTeJabHOCTH. Kiaccudeckas
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HBIOTOHOBCKAsi MEXaHHMKa 0Ka3aJiach YaCTHBIM CJIy4aeM PesIiTHBUCTKOH Me-
XaHHKH, CNPaBEMJIMBbIM NPH CKOPOCTSIX MHOTO MEHbIIMX CKOPOCTH CBeTa.
To, 4To TpH BeKa CUUTAJOCH TOYHBIM 3aKOHOM MPHUPOJbI, OKa3aJ0Ch JHLIb
HEKHUM TNPUOJIHKEHHEM.

Uepes nBa mecsiTUeTHs IocJenoBas HOBbH yaap. JdpsuH Ulpenus-
rep u Bepuep ¢on TeiizeH6epr 3a/n0KHJM OCHOBBl KBAHTOBOH MEXaHHKH.
HeloTOHOBCKAs MeXaHHMKa OKa3a/jach YacTHBIM CJydaeM KBaHTOBOH, KO-
ria pasMepbl Tes CTaHOBATCS MHoro Gosbile aTtoMHbIX. Hakowew, Ilosb
Jlnpak cosnan euie Gojee 0OLLYI0 TEOPHIO —PEJISITUBHCTCKYIO KBaHTOBYIO
MEXaHHKY, TaK¥Ke HeMENJIEHHO MOATBEPKAEHHYI0 SKCIIEPUMEHTAMH HCKJIIO-
YUTEeJbHO BBICOKOH TOuHOCTH. Kpome Toro, Teopus [lupaka npexackasasa,
4TO MOMHMO 3JIeKTPOHA JOJI’)KHA CYIEeCTBOBATb 4aCTHIIA C TOH Ke Macco,
HO TIOJIOXKHTEJbHBIM 3apsiioM — Mo3uTpoH. K Bckope mo3uTpoH Obli 06HAa-
py2KeH B KCIIepHMeHTaX. DTO yOeIHsI0 BCeX COMHEBAIOLIMXCS.

B pesysbTare y4eHble 0CO3HAJ/H, YTO aGCOJIIOTHO TOYHBIX (DYHAAMEH-
TaJIbHBIX 3aKOHOB — HCTHH B MOCJEJHEeH MHCTAHUUH — HeT. JI16oi 3akoH
SIBJISIETCS JIMIUb TPHUOJIMKEHHBIM OINHCAHHEM IMPHPOABI, YACTHBIM CJydaeM
6osiee 0011ero 3akoHa (OBITb MOXET, ellle He OTKPbITOro). OH JOCTATOYHO
TOYHO BBINIOJIHSIETCS JIMLIb B ONpeleseHHbIX YCJAOBUSAX, HAPUMeEp: He CJIHLI-
KOM GOJIbILMX CKOPOCTSX, HE CJMIIKOM MaJsblX pasMepax Tes u T.1m. Hamno
TOJIKO 4eTKO C(OPMYJNHPOBATb 3TH YCJIOBHS NPHUMEHHMOCTH M CJAEIUThH 3a
TeM, 4TOObl He BBIXOAUTb 32 UX I'PAHUILBL.

Ho Benb npubiauxkeHUsIMH NOJb30BAIHCh HAMHOrO paHblie. Hampumep,
ypaBHeHUsl ra30fiHHaMUKH (ypaBHeHUs Dilepa) JOCTATOUHO CJIOKHbIE; TOY-
HO OHH He pellalTCs, a pellaTh MX YHCJIEHHO AOBOJBHO TpypoeMko. Ho
€CJIM HaCc HHTEPEeCYIOT He JIo0ble ABHXEHHS Macc rasa, a JHlb HeGoJblIne
KoJieOaHHs [NaBJIEHHS, TO YAAeTcs NMPUOJIHKEHHO 3aMEHHTb 3TH ypaBHEHUS
ropasfo OoJiee MPOCTBIM ypaBHEHHEM aKyCTHKH. Ero He TpyoHO TOYHO
pEeLIUTb, M OHO IIPEBOCXOJHO ONHCHIBAET MHOTHe SBJIEHHs, TaKHe Kak
pacrnpocTpaHeHue 3ByKa. Ho mjs onucaHus CH/IBHOTO B3pbIBA YpaBHEHHe
AKYCTHKH YK€ He MPUTOAHO, T.K. 3[eCb H3MeHEeHHe JaBJEeHHs BEJHKO, H
HapyllUeHbl YCJIOBHS IPHMEHUMOCTH.

Takue npubaukenusi crpousnuch ¢ XVIII Beka, HecnelHbIMU B Te TOIBI
TeMIIaMH, MPOBEPS/IUCh M CTAHOBHJIUCb KJACCHYECKHMH, T.e. BXOAHJIH B
30J10TOH (DOHA HAYKH W BCeCTOPOHHe u3ydanucb. OpHako ¢ 1940-x romos
CTPEMHTEJIbHOE Pa3BHTHe TEXHHKH, OCHOBAHHOH Ha CJIOXKHBIX (PU3UYECKHX
U XHMHYECKHX MPHUHIUNAX, NMOTPe6OBaI0 aKKypaTHOTO MPOEKTHPOBAHUS
U TIUIATeJbHOIO pacyeTa HOBBIX KOHCTPYKUHMH. Ilpuioch paspadarbiBaThb
crenuanbHoe NpUOJHKeHHe 1J1s KaXA0H KOHKPEeTHOH 3afaul HJH sIBJEHHS.
Takue npubauKeHHs CTAHd HA3bIBATb MOLEJSIMH NAHHOTO SIBJIEHHSI.

2. Martemaruueckass Mofe/b. Pa3iHuaioT [Be CTafHH MOCTPOEHHS
moznesu. CHavyasna 0OCYXKJIAIOT pa3Hble CTOPOHbI M MPOLECCHl JAAHHOrO $IB-
genusi. [Ipy 3TOM OlIEHUBAIOT, KaKHe Mpolecchl U (hakToOpbl 00s3aTeNbHO
Hago yuyecTb, a KakHe — TMpeHeOPeXUMO MaJjbl ¥ MOTyT ObITb OTOPO-
weHbl. OToOpaHHble (PAKTOPBI COCTABMASAIOT npedmemuyro (MeXaHHUECKYIO,
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(PU3HUECKYIO0, XUMHUUECKYI0, GHOJOTMYECKYI0, COLHONOTHYECKYIO U T. I.) MO-
Iesb siBJeHHs. 3aTeM O0TOOpaHHble (PAKTOPBl OMHUCBIBAIOT MATEMATHYECKUMHU
ypaBHeHUsAMH (anreGpaudeckKuMu, AH(GQepeHIHaNbHbBIMH, UHTErPaJbHbIMU
M T.1.). DTy COBOKYMHOCTb ypaBHEHH HA3bIBAIOT MAMEMAMUUECKOL MO-
JeJblo.

[TosicHuM 3TO Ha mprMepax 0aJIHCTUYECKHX 3anad.

[Tpumep 1. [lycTb KameHb OpolleH CO CKOPOCTbIO g MOA YIJIOM
K TOPHU3OHTY C BBICOTHI Yy (puc. 1). YuTeM TOJNBKO CHJIy NpPUTSKEHHs,

Y

Yo

0 z
Puc. 1. [Toset MoJsioTa (CTJIOWIHAS JHHHKS) U BOJIaHa (TTYHKTHP)

JIeHCTBYIOILYI0 BEPTHKAJbHO BHH3, 3TO U eCTb (pu3uyeckasi Mofesb. Toraga
COIJIaCHO HbIOTOHOBCKOM MeXaHHKe [BHXXEHHE IO TOpPH30HTaJsH OyoeT pas-
HOMEPHBIM, a M0 BEPTHKAJIU — PaBHOYCKOPEHHBIM:
. gt2
T = ot cos a, yzyo—l—votsma—T; (1)

snech t — Bpemsi, g ~ 10 M/c?> — ycKopeHHe CBOOGOAHOrO MajeHHs. Ypas-
HeHnusi (1) sBASIOTCS MaTeMaTHYeCKOH MOIEJbI0 W ONHOBPEMEHHO [MaloT
pelleHHe B MapaMeTpUuecKod ¢opme (poJsb mapameTpa urpaet t). MoxHO
UCKMIOUUTD t U3 (1) ¥ MOJMy4YuTh TPAEeKTOPHUIO MOJIETa, KOTOPAash OKa3blBaeTcs
napa6oJioi: 5
gx
Y=y +rtga— ———. @)
2vg cos” «
[Tonarast y = 0, HaiineM AasbHOCTb GpoCKa:
vosina + 1/ vg sin” a + 2gyo 5
Tfin = Uy COS — U (3)
g Yo—0 g

JanbHocTh OpocKa 3aBUCHT OT yrya <. MOXKHO na)ke sSIBHO HAaHTH OMNTH-
MaJIbHBIH yroJ, 06ecneduuBaoOLHid HauOOMbLIYIO NAJbHOCTb OpOCKa:

vor/ V2 + 2 2
1 - 0 0 gYo N U_O (4)

1
—F— —— =, Lopt = s
2(1 + gyo/vZ) W0 V2 8 %0—0 &

sin 2«

sin opt =

npu Yo = 0 onTUMa/bHBIH yTOM Crpt = 45° (4T0 3HAIOT faXKe LIKOJbHUKH),
a 1pu yo > 0 oH MeHblue.
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dta Momesb oyeHb mpocta. Ho rme oHa mpumeHuma? OHa Xoporio
OTMCHIBAET TOJNIET CPABHUTEJSbHO HEOGOJBIIMX MACCHBHBIX TeJN C yMepeH-
HBIMH CKOPOCTSIMH (OpPOCOK KaMHsi, TOJKaHHE siipa, MeTaHHe MOJIOTa).
O6paboTKa CMOPTHBHBIX KMHOCHEMOK TMOKA3bIBAET, UTO JIyUIlHe METaTeJH
MOJIOTa BBINYCKAIOT CHapsif Tox yriom 42-43° (6pocoK HIeT ¢ BHICOTHI
mneda yo ~ 1.5 M), a HauvasbHas cKopocThb vy ~ 20 M/c obecrmeuynBaer
JAJbHOCTb Topt ¥ 41-42 M.

[Tpumep 2. TlonpoGyem mnpumeHuTb Momesb (1) K ApyruM oObek-
taM. Kpyrias nyns BpeMeH HallecTBHSI (DPaHLy30B MMeJsa CKOPOCTb g >
> 100 m/c u, corsmacHo ¢opmyne (4), mMoria Obl JeteTh Ha 1 KM U GoJee.
OnHako nanbHOGOHHOCTD pyKe# Torna He npesbimana 200 M. OdeHb Harsi-
JIeH TOoJIeT BOJIaHA B OaIMHUHTOHE: C KAaKOH CKOPOCTBIO €ro HU MOChlIal, OH
Jajblie ~ 36 M He MOJIETHUT; BAOOABOK XOPOIIO BHAHO, UTO TPAEKTOPHS €ro
noJieTa He napadoJsuueckasi, a UMeeT OoJlee KPyTOoe CHHXKeHHe (MTyHKTHP Ha
puc. 1).

[TpuuuHa JIerKO yraiblBaeTcsi — HAlIO Y4YeCTb CONPOTHBJEHHE BO3MY-
xa. Ero cuna F HampaBsieHa o0paTHO CKOPOCTH V, a ee BeJMYHMHA IpH
cpenHuX (03BYKOBBIX) CKOPOCTSIX TPUMEPHO MPOMOPIHOHANbHA KBaApaTy
ckopoctH, T.e. F' =~ —k(v)v, toe k(v) = kov. Kosdduuuent ky 3aBucuT oT
pasmepoB U (OPMBI TeJia U CBOHCTB BO3AyXa (TeMmrepaTypbl U MJIOTHOCTH).
[IpumeM 3Ty (H3HYECKYI0 MOAEb M 3aMHUILEM MaTeMaTHYECKYIO MOLENb —
HbIOTOHOBCKHE YpaBHEHHs ABHMKEHHS JJISI KOODAMHAT X, Y W KOMIIOHEHT
CKOPOCTEH Vg, Uy:

dx dy dvg k(v) dvy k(v)

P T i An T L

rge m — eCTb Macca TeJa,

k(v) =kov, v=(vi+v )]/2 (6)
YpaBHeHHe HafO HOMOJHHUTH HAYaJbHBIMH yCJI0BHsMH mpH ¢ = O:
z(0) =0, y(0)=yo, vz(0)=wvpcosa, vy(0)=wpsinc. (7)

HoBasi Moniesib CylIecTBeHHO cyoxkHee, U peumuTh 3axady (5)—(7) siBHO
yxe He ypaercsi. OQHaKO OHa CYyIIeCTBEHHO TouHee. HeTpymHO umMcjIeHHO
PELINTb ee HAa KOMIMbIOTEPE U YBUAETh BCe Te 3(PeKThl (HECUMMETPUIHOCTD
TPAEKTOPHH W YMeHbllIeHHe 1aJbHOCTH), O KOTOPBIX FOBOPUJIOCH Bhile. [1ist
MaJsiblX HadasnbHbIX cKopocTel k(v) & 0, u monesn (5)—(7) nepexonut B (1).

3amerum, uto aast mogesu (5)—(7) ynaercss HAlTH 4aCTHBIH caydaH, rie
CTPOMTCS TOUHOe peleHue. PaccMOTpHUM MOJET BepTHKAJIbHO OPOLIEHHOTO
tena: o = 90°. Torma v,t =0 u ot = 0, a ocTaBIIMecs ypaBHEHUs TPHHH-
MaloT CJIELYIOMHE BU:

dy dv _

ko
a0 g =8F 0% y0) =y v0)=uw>0. (8
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“

3aech 3HAaK “—” COOTBETCTBYeT CTAfiMM MMOJeTa BBEPX, a 3HaK “+” — cra-
IUM TIafieHusl. YpaBHEHMeE [JIs1 CKOPOCTH MHTErPHUPYETCSl TOYHO: Ha CTalHH
noabreMa
1 ovy —tg(ogt) ko
vt)=—  ——>2>20 g=,/—, 0t ty, 9
() o 1+ ovtg(ogt) mg S )

rae BpeMms noabema

tup = éarctg(avo) R —— (10)

vg—o0 208
Ha cragum napenus

1 1
Bpewmsi mopbema 0Kasasochb KOHEUHBIM, CKOJIb Obl OOJBIION HM Oblna Ha-
4asibHAas CKOPOCTb, & CKOPOCTb MafieHHsl He IpeBblllaeT HEKOTOPOH mpe-
IeJIbHOH, YTO KapAHHagbHO OoTiaHuaeTcs oT momeau (1). Bbicota nompema
HaXOAMTCS UHTETPHPOBAHHEM CKOPOCTH:

t

y(t) =yo + JU(T)dT. (12)
0

ITOT MHTErpas TakkKe TOUHO OepeTcs, HO (DOPMYJbl PA3JIMYHBL JJISI CTAAHUH
nogbeMa 0 < ¢ <ty ¥ cmycka typ < t; mepBast U3 3THX (GOPMYJ LOBOJIBHO
rpOMO3JIKa. 3HauyeHHe Y, = Y(typ) ONpenessieT MAKCHMA/bHYIO BBICOTY
nofbeMa.

[Tpumep 3. CoBpeMeHHble BUHTOBKH M OPYAHSI M3TOTABJMBAIOT C BbI-
COKOH TO4HOCTbIO. OOblYHASL CHAHNEPCKasi BHHTOBKA MOXKET MOPa3UTh lLIe/b
Ha 800 M, kpynHoKanubepHas — Ha 1.5-2 KM, a manbHOOOHHOE MOPCKOe
opynue npu ctpesbbe Ha 30 kM naer pacceuBaHue +3 M. OnHaKo AJs1 TOU-
HOrO TNOMajaHusi B LieJlb HAJO0 MPAaBHUJIbHO YCTAHOBHUTb MPHIEN, T.€. BEPHO
ONpeNeNnTh yroa . Pacuer 3TUX yIJIoB fesaloT 1mo MofessM Thna (5), HoO
JOMOJNHEHHBIX ellle PsiaoM 3((eKTOB:

— HayaJsibHble CKOPOCTH vy AOCTHraloT celfyac ajsi mynap ~ 1 km/c, a
IJIsl CHAapsIIOB ~ 2 KM/C, MO3TOMY 3aBUCHMOCTb k(v) CTAHOBUTCS ropasfo
foJiee CJIOXKHOH;

— KO03(P(HULHEHT Ky 3aBUCHT OT IJIOTHOCTH M TeMIIEpaTypbl BO3AYyXa,
KOTOpble MOT'YT MEHSITbCsl BIOJIb TPAcChl MoJeTa, 4To TpeOyeT BHECEHHs
TOMPABOK;

— HaJO YUUTHIBATb ABHIKEHHE LEJIH;

— HaJi0 BHOCHTb IONPABKH Ha CKOPOCTb M HaNpaBJ/IeHHe BETpa;

— W ellle MHOTO APYTHX [ONPABOK; TaK B MOPCKOM 00€ BHOCAT Haxe
TNONpaBKy Ha BpalleHue 3emJu!

PaHblile Takye MOMPaBKH 3apaHee PACCUUTHIBAINCH M M€YaTajuch KHH-
JKeUyKoH, KOTOPYI0 apTHUJIJIEPUCThl HOCHJIH ¢ coboil. Ho yxe B mepByio
MHPOBYIO BOHHY y MOPSIKOB MOSIBUJIMCb MeXaHHYeCKHe YCTPOHCTBA AJIs aB-
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TOMaTH3aluu HaBogKH. Celdyac COOTBETCTBYIOLIME MPOrPAMMBI BKJIKOYEHHI
B KOMIIBIOTEPHbIE CHCTEMBI yIpaBjeHus orHeM. Ho cHalineps mo-npexHemy
aepxkat TabJuIly CTpesbl B TOJOBe.

Obuyan menOenyus BUIHA U3 PACCMOTPEHHBIX NpUMepoB. Eciu ydecthb
JIMIIb HEMHOTHME BaxKHeHIre 3(PeKThl, TO MOXKET MOJYUHThCS AOCTATOYHO
npoctasi Mofiesib. Ee HeTpyaHO OyfeT YHCJEHHO PacCUMTaTh, a TO M MOJY-
YUThb sIBHOE pellleHHe. OnHAaKO Mofesb OyneT rpyGoil U MPUMEHUMOH JIHIIb
K CHJIbHO OTPaHHYEHHOMY KDYTY SIBJEHHH.

Ecnu yuectb cadiikoMm MHOTO 3((eKTOB, TO MOAENb OKaXKETCsi BeCbMa
TO‘IHOI‘/)I, HO OYeHb CﬂO)KHOﬁ; HEHW3BECTHO, CyMeeM JIM Mbl IPOBECTH I10
Hell pacyeTbl, T.e. HaUAYTCsS JM MOAXOASIIHE aJTOPUTMBI W XBATHT JIH
MOII[HOCTH KOMIIbIOTEPA.

[TosTomy xopoluasi MOAE/Ib — 3TO PA3yMHBIH KOMIPOMHCC MEXAIY Tpe-
GOBaHUSIMH K TOJHOTE M TOYHOCTH MOJENH H HAIIMMH BBIYMCIHTENbHBIMH
BO3MOXKHOCTIMU. K cuacTbio, GbICTPOE Pa3BHTHE KOMIIbIOTEPOB MO3BOJISET
MOCTOSIHHO YJYYIIATh MOIEJIH.

OnHako 3aMeTHM, YTO 3TO JIMIIb TEHJEHUHs, a He 3aKOoH. K3BecTHbI
npuUMepsl, Koraa Gojiee MpoCTas MOAENb OKasblBajach M GoJiee TOUHOH.
TaK, BCe CpeaHEeBEKOBble ACTPOHOMBI IpeACKa3biBaJu IOJOXKEHHE IJaHET,
COJIHEUHblE W JIyHHbIE 3aTMeHHs M0 TeolleHTpHUeckod mopenu [Irosemest
(mnanetst, Jlyna n CoJsiHlle IBHXKYTCS MO MaJbiM KPyraM-3MHIHKAAM, [eH-
TPbl KOTOPBIX BPAUIAIOTCA BOKPYT 3eMJIM MO OGOJBIIHM KPyraM-LHKJaM).
Horauu Kemsiep mpeaioxku/a MNpoCTYIO TeJIHOLEHTPUUECKYIO MOLENb C 3J-
JIMITHYECKUMU OpOUTAMH, OKasaBlyiocs 6osee TouHoi. U Tosbko HbloToH
00BSCHUJ, NIOUEMY OHA TPaBHUJbHA.

Tak 4TO MOCTpPOEHHE XOpolled MOJeNH — He MPOCTO HayKa, HO H
HCKYCCTBO.

HampawiBaercst BOmpoc: a 3adeM 3TO HYXKHO 3HaTb MaTeMaTHKY-
MPUKJIAAHUKY? Belb OH TOJBKO peliaeT MpemioKeHHYI MaTeMaTHUECKYIO
3afauy, a (hopMyIHPYIOT Mofesb Apyrue. Ha 3ToT Bompoc oTBeTHM MO3XKe.

3. Mogeab—aaroputmMm—mnporpamma. [locne toro, Kak maTemaTHye-
CKast MOJIeJIb [IOCTPOEHA, ee ypaBHEHUS Halo pelwlnThb. JI/1s mpocTeHux Mo-
nenell Bpoze (1) ynaercsi mosy4uTh pellieHHe B IBHOM BHIe. BoJbLIMHCTBO
Mozesiell TpeOyeT YHCJAEHHOTO pelleHHsl, U Halo BbIOPATb WJIH MOCTPOUTH
AJTOPHUTM pacuera.

JIJ1s1 HecJI0KHBIX Mofiesielt ynaeTcsi 060HTUCh OMUCAHHBIMH B YUeOHHUKAX
aJTOPUTMAMU: ONHHUM HJIM KOMOWHAlMeH HeCcKOMbKHX. Tak, AJs CHCTEMBI
nuddepeHrasbHbiX ypaBHeHHH (5)—(7) Xopolide pe3yabTaTbl AACT YHC-
JIEHHOE HHTerpHpoBaHHe MO SIBHbIM cxeMaM PyHre—KyTTbl, XesaTesbHO
4-ro nopsiika TOYHOCTH. MOXKHO BOCIOJb30BATHCS CTAHOAPTHBIMH IIPO-
rpaMMaMH, UMEIOIHMHCS BO MHOIMX [aKeTax MaTeMaTHUYeCKHX MPOrpaMm.
Ho mpu aTom Hajmo 4eTKO NpencTaB/siTh, KAaKOBA MOTPELIHOCTb Pacyera,
NPEeNyCMOTPEH JIM B MPOrpaMMe KOHTPOJIb TOYHOCTH, M HAaCKOJbKO MOXKHO
eMy 10BepsiTb. Bo MHOTHX ciydasix 3TOT NPOrpaMMHBIH KOHTPOJb OKas3bl-
BaeTCsl WJJII03Uel (MpUMepsl 3TOro OyayT npuBefeHbl B riase II).
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Jlns c/IOXKHBIX Mojesed HMelollHecss aJropuTMbl MOTYT OKa3aTbCs
HETPUTOAHBIMH HJIH Majio3((eKTHBHBIMH. Torna MpUXOAMTCS pas3padatel-
BaTb OPUIHHAJbHbIE AJTOPUTMBl, 0O0CHOBBIBATb HX TOYHOCTb H OTJIAaXKHBATb
nporpaMmy. Iljsi KOHTPOJIS NPaBUJbHOH paboOThl aArOPUTMOB M NPOrpaMM
TOJIe3HO HCIIOJB30BaTh YacTHOEe TouHOe pelieHue Bpoxe (9)—(11), ecau ero
ynaercs HauTH. Jlanee B KHUTre OyqyT MOKa3aHbl HEKOTOPBIE PHEMBI TAKOT'O
KOHTpoJisl. EcTb W crmocoObl NpoBepKH, He TpedylolHe 3HAHHS TOUYHBIX
pelleHuH.

HakoHnel, nporpaMma HaleKHO OTJaXKeHa M HayagJucb pacueTbl. Ho
yCIOKanWBaTbhcs elle paHo. Hamo BepHyTbCs K HCXOOHOMY $IBJEHHIO H
B35Tb HECKOJIbKO 3KCIIEPUMEHTOB, POBEIEHHBIX B 3aMETHO Pas3J/H4aiolUX-
csl yCJIOBHAX (HampuMep, OPOCKH ¢ pasHbBIMH CKOPOCTSIMH g MOA PasHbIMH
yraaMu «). Ecaii Bce pacueThl XOpOLIO COBMNAIYT € 3KCIEPHMEHTAJIbHO H3-
MEepEHHBIMH [IJIMHAMH HJIM KHHOCBEMKAMH TPAEKTOPHH, TO MBI CIIPABHJIHCD
¢ 3amaueil. Ecau ke oKasannch 3aMeTHble PACXOXKAEHHUS. ..

Torna Hano 3aHOBO NpoBepsiTh Bee. [IpH 3TOM 3aKa34HK YBEPEH, YTO ero
MOJleJIb NIPaBHJIbHA, @ BUHOBAT MaTeMaTHK, KOTOPbIH HeNpaBU/IbLHO HalHCal
aJropuTM MK mporpaMmy (“B so6oit ckosb yrofHO MaJjIof mporpaMme ecTh
10 MeHbluel Mepe onHa ownbka”). Ha camom nesie v Monesib MOXKET 4ero-To
CYLIECTBEHHOTrO He ydyecTb. Jlaxke B He TAKOH yXK CJOXKHOH MOAENH IoJieTa
cHapsina (npumep 3) CHHUCOK (PAKTOPOB MOXKHO MPOJOJXKUThL: BpallleHHe
CHapsja, Mpeleccuss OCH BpAILEHHs, 3aBHCUMOCTb YCKOPEHHS CBOOOLHO-
ro MNajeHdus g OT BBHICOTbl Y (MeHsIeTCS pacCTOsSIHHE OT LEeHTpa 3eMJH),
najeHue IUIOTHOCTH aTMocgeprl ¢ BbicoToH. [TosaToMy MareMaTHK HOJIKeH
pasobpaTbesl M B MOZiesIH. A BO3MOXKHO, KOHTPOJIbHBIE 3KCIEPUMEHTHI OBIJIH
NPOBeleHbl HEAKKYPaTHO, B HUX TOXe HaLo pa3obpaTbes.

§ 2. AcTOYHUKYU MOTrPemHOCTH

TepmuHbl “yuicjieHHble MeTONb M “NPUOJMIKEHHBIH aHa/u3” — CHHO-
HUMBI. Besikuil pas ToyHas 3ajava 3ameHsieTcs Mpub/nKeHHOH. Ckaxew,
0 3aJaHHOH BeJIHYHHE W HYXKHO BBIUUCJAUTH %. CHUMBOJIMYECKH 3alHLIEM
onepaluio Tak:

= A(w). (13)

Mpumep 4. u = A(w) = | w(x)dr. VHTerpansl naxe 0T MPOCTHIX

Qe—

KOMOWHAUMH 3/1eMEHTAPHBIX (DYHKUKH [ajeKo He BCeraa yIaeTcsl B3siTh
TOYHO. BO3MOXKHBI clleyolue Crnocobbl yIpoLleH st 3aiauH.

1) w(z) ~ w(x) = P(x); no teopeme Beiiepiutpacca BCAKYIO TIALKYIO
beHK[[I/I[O MO2KHO l'lpI/I6JII/I3I/ITb NNOJIMHOMaMH, a HUHTerpaJbl OT IMOJHUHOMOB
6epyTcs TOUHO.
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2) MoxHO PHOJHKEHHO 3aMEHHTb MHTErpaj MHTErpajibHOi CyMMOoki:
b
Jw(az)da: =A~ A= Zw(:ﬁi)hi;
. 5

A—A upu h—0.

3) MoxHO B3Tb KOMOHHAUHIO criocoboB w(z) ~ w(z) u A ~ A.

Bynem cuuTaTh, UTO W pellieHHe MPUOJIMKEHHOU 3a1auu GJH3KO K TOU-
HoMy ¥ = u. Ho Kak OlleHHTb TOYHOCTb U — u? JlJist 3TOro MmoHagoGUTCs
MOHSITHE HOPMBI.

1. Bennunnbl u Hopmbl. Kak wucxonHble NaHHBIE, TaK W pelIeHHe
MOT'YT ObITb BEJMYMHAMM PA3JUYHBIX THIOB. DTO MOTYT ObITb YHCJA U,
w; BEKTOPbl pasHOH pasmepHocTH U = {up, 1 <p < P}, w = {w,, 1 <
< ¢ < Q}; MaTpuilbl; QYHKUKH OIHOH nepeMeHHON u(x), w(y) UaIH MHOTHX
NepeMeHHBIX; BEKTOP-(OYHKUHHM W T.1. IIpH 3TOM aprymeHT (apryMeHTh)
(DYHKLHM MOXKET GBITb HENPEPHIBHBIM @ < T < b WM JUCKPETHBIM T € €,
rae Q@ = {x,, 1 <n < N} ecTb HeKOTOpasH ceTKa.

[TpouIIOCTPHPYEM CKAa3aHHOE HEKOTOPBIMH MPUMEPaMH.

e Pelaercss ypaBHeHMe C OJHHM HEH3BECTHBIM; U, W CyTb YMCJA,
BEIECTBEHHbIE HJIM KOMIJIEKCHbIE,

e Pemaercss cucrema N JNHHEHHBIX WM HeJHHEHHbIX YpaBHEHUH C
TaKUM Ke YHCJIOM HEeHM3BECTHBIX; U, W CYTh BEKTOPbl OJMHAKOBOH pasmep-
Hoctu N.

e UNuiercs onpenesieHHbli uHTErpa ot w(x); MOCJEAHSS €CTh PYHKIUS
HEMpPepbIBHOrO apryMeHTa, U €CTb YKCJIO.

e CrpouTcs cryafiH-anmnpokcuMalus (YHKUHH, TaOyJHPOBaHHOH Ha
cetke §); UCXOAHbIE NaHHble — (PYHKIHMs AHCKPETHOTO aprymeHta w(xy),
KOTOPYIO TaK¥Ke MOXKHO pacCMaTpuBaTh Kak BeKTop {w,}; peuenue u(x)
ecTb (DYHKIIMS HElpepblBHOTO apryMeHTa.

e Pemaercsa pudpepenunanboe ypasenue du/dx = w(u,x); HCXOA-
Hble [aHHble — HeMpepbiBHAsE PYHKIMS ABYX apryMeHToB w(u, ), pelieHHe
ecTb HempepbiBHas (QyHKUHS ofHoro aprymenta u(z). OmHako s duc-
JIEHHOTO MHTErPUPOBAHHSI BBOIUTCH CETKA {Zy }, T. 4. YUCJEHHOE pelleHHe
OKasbiBaeTcsl PYHKIHMEH TUCKPETHOro aprymeHTa u(Ty,).

KosinuecTBeHHOH MepOH TOUHOCTH SIBJISIETCS HOPMA MOTPELIHOCTH. YKa-
XKEM HEKOTOpble Haubojiee yrnoTpeGUTesibHble HOpMbI. [lJisi 4dc/aa u eCcTb
eMHCTBEHHAs. HOpMa

Jull = Ju] .

s orpanudeHHsix ¢QyHkuui u(z), x € [a,b], BBOOHTCS uebblleBCKast
HOpMa

lulle = max Ju(z)], (14)

€la,b]
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a st QYHKIME, HHTErPUPYEMBIX C KBaipaToM ¢ BecoM p(x), — rujbbep-
TOBa HOpMa
b 1/2
fully, = | [w@p@az| o) >0, (15)

a

Jlns GpyHRUME THCKPETHOTrO aprymeHTa u(Z,) HJIM BEKTOPOB {u,} BBOLAT
IHUCKpeTHble aHasoru HopM (14), (15):

1/2

N

2

lull = max fual, Jull, = (Y pu] . pe>0. (16)
NI :l

Jns matpun yrnotpebJsiioT elle 60Jbliee YHCJA0 HOPM.

BupHo, 4To /s OfHOH M TOH »Xe BEJHYMHBI MOTYT HCIOJIb30BAThCS
pasHble HOpPMbl. MexXAy HHMH CYLIEeCTBYIOT OIpelesieHHble COOTHOLIEHHS.
Jlast GyHKIMH HenpepblBHOIO apryMeHTa 9TO OfHOCTOPOHHHE HepaBeHCTBa;
TaK 1/2

b
o jp<x>daz > Jlull, -

[u

[Iput 3TOM W3 MaJIOCTH HOPMBI, CTOSIIIEH B JIeBOM 4acTH, CJELyeT MasoCThb
HOPMBI, CTOSIILIEH B TPaBOH YacTH, HO He HA0OOPOT; TO K& OTHOCHUTCH K
CXOIMMOCTH METONOB B AaHHBIX HopMmaX. [lepByi HOpMy HasbBalOT GoJjee
cuabHoil, uem Bropylo. HarnsmHoe oTivuue mexmay Hopmamu (14) u (15)
TaKOBO: MaJoCTh HOpMbl C' 03Hadaet, 4to u(x) Maja BO BCeX TOUKax [a, b;
MaJioCTh HOpMbl Lo 03Hauaet, uTo u(x) Masa MoYTH BO BCEX TOYKAX, HO Ha
He3HAUMTEe/bHOH 4acTH [a, b] MOXKeT ObITh He MaJa.

Jnsg QyHKUUHE THCKPETHOro (KOHEUHOMEpPHOr0) apryMeHTa HepaBeHCTBa
MeX1y HopMaMu ABycTopoHHHe. Hampumep, njs (16) BbimosHseTcs

1/2

N
lulle-{doon ) = lully, > lull- /[ min pn.
n=1

[TosTOMy M3 CXOZMMOCTH B OJHOH HOpMe CJefyeT CXOOHUMOCTb B IpPYroOH.
Takue HOPMBI Ha3bIBAIOT IKBUBANEHMHbIMU. B KOHEUHOMEPHBIX NPOCTPaH-
CTBax BCe HOPMBblI 3KBHBaJIEHTHbl, HO B G€CKOHEYHOMEPHOM IPOCTPAHCTBE
3TO He TakK.

Pas3nn4anT TPH MCTOUHHKA TOIPEIIHOCTH PEIUeHHs: TMOrPEIIHOCTb HC-
XOIHBIX JNAaHHBIX, TOIPEIIHOCTh METONA M INOrpelIHOCTh OKpyrieHuid. Pac-
CMOTPHUM HX TMOAPOOHEE.

2. Heycrpanumasi norpemHoctb. Ta 4acTb NOTPELIHOCTH pelleHHs,
KoTOpasi 00ycJloBJIeHa OLIHOKAMH HCXOIHBIX NaHHBIX dw 3anaudd (13), paBHa
dA

su=22 6w, ol < |52 - 16wl (17)
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OHa 3aBHCHUT TOJIbKO OT UCXOAHOU 3afauu (13) u omuGOK HavyaJbHBIX AaH-
HBIX, T.€. HUKaKOe HCKYCCTBO BBIYMCJIUTEJS He MOXKeT ee yMeHbIIUTb. [lo-
ITOMY ee Ha3blBalOT HeycTpaHUMOU. OHa TeM GoJiblile, YeM XykKe 00YCJIOB-
JeHHOCTh 3anauu (13) u uyem GoJibllle MOTPELIHOCTh HAYaJbHBIX MNaHHbIX.
Jlyisi OLleHKH ee BeJUYHMHBI HA0 BBISICHHUTb BeJMYHHBl 000UX (DaKTOpOB,
T.e. || dw] u ||dA/dw]].

3agaua (13) MoxeT ObITh YUCTO MaTeMaTHYeCKOH JHOO0 00paboTKOM
IKCIIepUMeHTa/IbHBIX JAaHHbIX. Kak HHM YAHBUTENbHO, KaueCTBEHHBIH Xa-
pakTep HMCXOAHBIX JAHHBIX W HMX MOTPELIHOCTH B OOOMX CJy4asiX CXOXKH.
MaremaTHuecKie JaHHbe MOTYT ObITh (QyHKIMEH w(x) WiIH Tabmuled wy;
nocJsieiHee 0GBIUHO, KOTA HEMOCPEACTBEHHOE BblUHCAeHHE w(X) HACTOIBKO
TPYIOEMKO, UTO CHEeJaHO 3apaHee Ha HEKOTOPOH ceTKe. DKCIEPHUMEHT JaeT
HE TOJIbKO TAOJHIY Wy; CYUECTBYET MHOTO SKCIEPUMEHTOB, PETHCTPUPYIO-
X GYHKIHIO w(x), HAPUMED OCILHJIIOrPAMMBIL.

[TorpemHoCTb B Kax A0 TOYKe COCTOMT U3 CHCTEeMaTHUeCKOH M caydail-
HOH owu6oK. Iy 3KCrepruMeHTaAbHBIX AaHHBIX 3TO 001en3BecTHO. Ho 3T0
CMpaBelJIMBO M AJIsi MaTeMaTHYeCKUX 33134, eCJIH W CaMo SIBJSETCs] Pe3yJib-
TaTOM TPYLOEMKOrO BCIIOMOraTe/bHOIO MaTeMaTHUecKoro pacyerta. Torna
pOJIb CUCTEMATHYECKOH OLIMOKH HMrpPaeT MOTPELIHOCTb BCIIOMOraTebHOrO
MeTOJ1a, a POJIb CJAYYalHON OLIMOKH — OIIMOKA OKPYTJIEHHsT KOMIbIOTEPHBIX
BblYMC/IEHHE (M. 1. 3 U 1. 4).

BesuunHy  MOTPElIHOCTH — yOOOHO — XapaKTepu3oBaTb  OTHOLIEHH-
em ||dw]|/||w]|. dast npocTedux GpyHKIHHE, MATEMATHYECKH BHIYHCAEMbIX
Ha (80-64)-paspsiHbIX KOMIbIOTEpPaX, OHa MoXeT cocTaBasTh 10720
10716, TIpy CcAOKHBIX MaTeMaTHYeCKHX BBIUMC/IEHHSX OTHOCHTE/bHAs
norpewmHocTh BospactaeT g0 1078-1073. Jlna skcnepuMeHTanbHO H3Me-
pAEMBIX BeJMUHH JaXke B aCTPOHOMHH M Teofe3HH TOYHOCTb Jyure 1076
PeKO NOCTHraeTcsi; B TeXHMKe OHa o6bl4HO cocTaBiser 1074-1072, a
B TepefoBbIX 00/aCTIX HAyKH ((pHU3MKa NJOTHOH IJ1a3Mbl, XHMHUecKas
KHHETHKa U T.1.) MoxkeT yxyamatbesi 1o 0.1 u Gosee.

Ilnsi oueHKH HeycTpaHuMo# norpewHoctd (17) Hamo 3Hath ||[dA/dw]|.
Ee He uacTo ynaercs omnpenesuTb TeopeTHYeCcKH. Ha mpakTHKe MOXKHO
MPUMEHSTh CJeAYIOLHE crocol6. Perinm 3anady (13) HeCKONbKO pa3, HCKYyC-
CTBEHHO NMPHOaB/IAs K w pas/HdHble BapHaluu dw;. B pesynbrate peutenus
TMOJIyUHM COOTBETCTBYIOIIHE UM BapHalUKMH 0u;. COCTaBUM OTHOIUEHHS Cj =
= [[0u;||/||0w;]|; ecan oHM GMM3KM MO MOPSAAKY BEJNHUYHHbI, TO HX CpelHee
3HaueHHe MOXHO MPUHATD 32 ||[dA/dwl|.

OnucaHHbIH cnoco6 TPYLOEMOK H HecTpor, H6O B HeM OLIeHMBAIOTCS
OHOBpPEeMEHHO ycToH4nBOCTH 3aauu (13) u anroputma ee peenus. [lo-
3TOMY €ro HCIOMb3YIOT penko. K coxasnenuo, yaiie BCero orpaHHYMBalOTCs
MHTYUTHBHOH OlLIEHKOH 0GYCJIOBJIEHHOCTH, YTO HEHAaNeXkHO.

3. IorpemHocTs MeToma. MHoOrue ajqropuTMbl CTPOSIT TaK, YTOOB! Y
HUX ObIIM YIpaBJsiOllHe MapaMeTpel. Hamnpumep, y UTepallMOHHOTO aJro-
pPUTMa 3TO YHCJO UTepalui ¢, Y PasHOCTHOTO — MIAr CeTKHU h. AJropuTM
CTPOSIT TaK, YTOObl NPH CTPEMJIEHUH MapaMeTpa K HEKOTOPOMY Mpelesy
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(g =00, h — 0 u T.1.) YHCTIEHHOE pellleHHe CTPEMMJIOCH OBl K TOYHOMY.
OT/MMYMe YUCJEHHOTO peLIeHUs] OT TOYHOTO IIPH KOHKPETHOM 3HAueHHH
napameTpa HasblBalOT MOTPELIHOCTHIO METOJA.

CaMm (akKT CXOZHMOCTH H CKOPOCTb CXOAHMOCTH YCTaHABJHBAKIT TEO-
PETHUECKUMH HCCJENOBAHUSAMH MJs1 KaXKIOTO MeTO#a OTAeJbHO. EcTh W
HEKOTOpble MOJNYIMIHPHUECKHE CIOCOObl HUCC/IENOBAHHS CXOTMMOCTH M ee
CKOPOCTH (HampuMep, MO pacyeTaM Ha CryLIAIOLIMXCS ceTKax). Bce arto
TNO3BOJISIET OLEHHBATh MOTPELIHOCTb MeTOAa B KOHKPETHbIX pacyerax H
BBIOHMpATDb NapaMeTpsl MeTofa AJsl ofecrnedeHus 3aJaHHOH TOYHOCTH.

[TapameTpsl Leseco06pasHo BHIGUPATh TaK, YTOOb! MOTPEIIHOCTh METOJA
OblJla MeHbllle HEyCTPaHUMOH NorpellHocTH B ~ 10 pas. 3ameTHO GoJblias
MOrPEIIHOCTh YXYAIIAeT OOUIYI0 TOYHOCTh; 3aMETHO MeHbluasg — He YJyd-
waet o6lIeld TOYHOCTH, HO YBEJNHYHBAET TPYLOEMKOCTb PACUETOB.

EcTb MeTOmbl, namliue TOYHBIH OTBET 332 KOHEUHOE YHCJIO AeHCTBHE.
Hanpumep, 3To siBHOe pellleHHe ypaBHEHHs B 3JeMeHTapHbIX (YHKIUAX,
WK pellleHHe CUCTEM JIMHEHHBIX ypaBHeHH# MeromoMm [aycca. B Hux or-
CYTCTBYET NOTPEIIHOCTh METOAA.

4. TlorpemHocTh OKpyrJieHusi. Bce uucsa 3anuchiBalOTCS U Onepa-
[IMY HAa HUMH TIPOU3BOJSITCS ¢ KOHEUHBIM YHCJIOM 3HAKOB, T. €. C OIIHOKAMH.
Yucso & ¢ OlIHMOKOH 3alHChIBAIOT KaK

r+ A wnm xz(l+4),

rae A HasbBalOT abCOMIOTHON OWIMOKOH, a § — OTHOCHTenbHOH. Pasyme-
eTcsl, 3TO He TOYHble 3HAUEHHs OIUMOOK; OIMIHOKH SIBJSIOTCS CJyYalHBI-
MM BeJMYMHAMH (HX pachpeieseHuss MOXKHO CYMTATh raycCOBBIMH), a A,
0 — WX CTaHIApPTHBIMM YKJOHeHHsIMH (cTanmaptamu). [Ipu C/OKEHUH HJIH
BBIYUTAHUM YHCEJ CKJAABIBAIOTCS KBaAPAaThl CTAHAAPTOB HX aOCOJIOTHBIX
OLIHOOK:

(.T]iA])i(aﬁ'QiAg)_)(.T]:t.TQ):‘:\/A%‘i’AQ, (18)

a IpH YMHOXKEHUH HUJH NeJIEHHH TO 2Ke KacCaeTCsd OTHOCHUTEJIbHbIX OILHOOK:

[21(1£00)] - [wo(1 £6)]F" — (21 -23') (1 £4/67 +63).  (19)

Owunbka OKpyr/ieHHs NPH KOMIIBIOTEPHOH 3allMCH 4YHCJA COCTaBJseT IIO-
JIOBUHY MOCJEeNHEro paspsjaa MaHTHcchl. [lns xommbloTepos ¢ 32-, 64- u
80-paspsamHbLIMK YHCAAMH 3T0 cocTaBaseT dg ~ 1078, 10716 u 1020 coot-
BeTcTBeHHO. [Ipu BhimosHeHuH N TOC/e0BATeNbHbIX YMHOXEHHH U JeJe-
HHIl OTHOCHTeJbHas OIHMGKa, coracHo (19), ysenuuusaetca B /N pas.
Jlaxke pH OrPOMHBIX YMCJaX NeHCTBHH, KOTOPBIE BBINOJIHSAIOT COBPEMEHHbIE
KommbloTephl, d - /N ocTaeTcsi HeGobIIOH BenuunHO. Kasamoch Gl
olHOKaMH OKPYIJIEHUS B KOMIIbIOTEpPaX MOMKHO NpeHeOpeub, H YYUTBHIBATDb
UX JIMIIb TIPH “PydYHBIX” pacyeTax ¢ MaJjblM YHCJIOM 3HAKOB.

OpnHako Npy CNOXKEHHSIX U BbluMTaHUAX (18) BenanunHa x) + x9 MOXKET
CTaTh OU€Hb MaJsIOH WU COMOCTABUMOMH C OLIMOKOH. DTO HABEPHSKA CJAYUHUTCS
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IpU MJI0XOH 00yCJOBNEHHOCTH 3aiadd (13), HO MOXKeT MPOHU30HUTH U IPH
xopollel 06yCI0BNIEHHOCTH 33241, HO HEYIAa4YHOM NOCTPOEHHH aJTOPHUTMA.
Takue npumeps! 6ynyT npuBeneHsl nanee. [loaTomy faxe NpH BbIYUCTEHHSIX
Ha MHOrOpaspsiAHBIX KOMIbIOTEPAX Hesb3st 3a0bIBaThb 00 OLIMOKAX OKpyTrJe-
HHUS.

OcHOBHasi peKOMeHJAllMsl TaKOBa: CyMMapHble OLIMOKH OKpYIJIEeHHS
JOJKHBI ObITb MeHee NOrpelliHOCTH MeTona, 1o KpakHed Mepe B ~ 10 pas.
Jliast aToro csenyeT BHIOMPaTb MHOTOpAspsiAHBIA KOMIbIOTEP, MPOBOIHUTH
pacyeThl ¢ ABOHHOH TOYHOCTBIO W 0oOpallaTh BHHMaHHe Ha TOHKOCTH MaTe-
MaTHYeCcKoro ofecredeHHs: He Jio6oe MaTeMaTHYecKoe oOecredyeHHe MO03-
BOJISIET TTOJHOCTBIO HCIOJIb30BATh BCE Pa3psiibl, HMEIOLIHECs B TPOLEccope.



Fmasa II
CIT'YIIEHUE PABHOMEPHBIX CETOK

B 310l rnaBe PacCMOTPEHbI MPUHIIUIIBI BBIYHCJIEHUH Ha CeTKaxX M MoKa-
3daHO, KaK MOXKHO OUEHHUTb HMX TOrPelIHOCTH K (I/IJ'II/I) IMOBBLICUTb TOYHOCTD,
€CJIM BBIINOJIHUTD pacydeTbl HAa HECKOJIbKHMX PABHOMEPHLIX CETKaX C pPa3HbIM
YUCJIOM Y3JIOB. NanoxeHbr [IpaKTHYeCKHEe NPHUEMbl KOHTPOJISA TOYHOCTH H
JHUArHoCTHKH OLL[I/I6OK, [oJie3Hble OJi1 COCTaBJIEHHUA M OTJAAAKHU MPOrpaMM.

§ 1. TouHOCTH CETOYHBIX METOIOB

1. Bpruncienne Ha ceTkKax. B 3amauax mareMaTH4yecKOro aHasau3sa
BO3HUKAKT QYHKIUH u(T), ¢ KOTOPHIMU TPEOYeTCs: YTO-TO CAENATh: POUH-
TerpUpOBaTh, NPoAU(QepeHIHPOBATb, PEIIUTb UHTErpasbHoOe UaH audde-
peHlMaJbHOEe YpaBHEHHEe, KOTOPOMY yIOBJIETBOPsieT 3Ta PyHKuHUsA. Eciu He
yhaeTcsl TOYHO PelIHWTb 10 KOHL@A 3ahady, TO 00pallaloTcs K UHCIEHHOMY
aHaJ/n3y.

B 4ucseHHOM aHa/M3e Mbl NPOM3BOAMM pacueTbl, T.dY. B NPHHLMIE He
MOXKeM HCIO0JIb30BATh 3HAUeHHe (PyHKIHUH BO BCeX TOUKaxX 06JIaCTH ee ompe-
neseHdsl (3TUX TOYeK OECKOHEUHO MHOro0). MBbl BBIHYK/A€Hbl OTPAHUYUTHCS
KOHEYHbIM UYHCJIOM TOYeK, T.e. CeTKOH. BBemeM HeoGXoaMMble NOHSTHS,
paccmaTpuBasi /st IPOCTOTH (PYHKUHH ONHOH MepeMeHHOH.

[TycTsb 3anana GyHkuus u(zr) Ha oTpeske a < & < b. DTO MOXKHO TaK¥kKe
samucath Tak: ¢ € G, G = [a,b]. BBemem B 310l obsnactu cetky dy
Y3JaMH T

Oy ={2,,0<n< Nja=xp <z <29 <...<xy=Db}. (1)
Touku x,, HasoBeM yaiamu ceTKU. [llazom CeTKH HA30BEM BEJUUHHY
hp=xp —xp—1, 1<n<N. (2)
Pasromeproil Ha3bBaIOT CETKY, BCE IIAT¥ KOTOPOH OJMHAKOBBI:

b—a
N

CETKy C HEOJMHAKOBbIMHU ILIaraMH Ha3bIiBAlOT HepaBHOMepHOﬁ. OTpe3OK

hn=h=

3)

Tpog Lx<ay, 1<nN, (4)
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HAa3bIBAIOT N-M UHMEPBALOM CETKH. BBOLAT TakKe cepeluHy MHTepBaJa:
Ty + Tp—
xn_l/gz%; I<n<N. (5)
PaccMaTpuBaeMyio GYHKUHIO 4(2) TPH 3TOM BHIYHC/SIIOT B IEJBIX HIH
NOJYLEAbIX Y3JaX CeTKH:

Up = U(Tn), Up—i/2 = U(Tp_1/2)- (6)

Ilo aHasornu MOXKHO BBeCTH JIIOOYIO APOOHYIO OO UHTEPBAJIa U 3HAUEHUS
(YHKLMH B HHX, €CJIH 3TO NOTpedyeTcs.

Sameuanue 1. Onpenenenne (5) mosyuesbix y3joB (CEpefiuHH HH-
TePBAaJIOB) HCMOJb3YIOT HA PABHOMEPHBIX M MPOU3BOJIbHBIX HEPaBHOMEPHBIX
cetrkax. Ho B rmaBe Il MBI yBHOuUM, YTO OJIS1 OXHOTO CHENHAJBHOTO BHIA
HepaBHOMEPHBIX CETOK BBITOAHO JaTh MHOE OMpeeseHHUe.

Sameuanue 2. MHorna y3nabl ¢y U (MIH) Ty CTABAT HE HA TpaHHIlAX
obnactu [a, b], a BHYTpH ee, noJaras a < xg Wi xy < b. OGbIUHO TP 3TOM
pasMellalT BHE 00JIACTH JIOTMOJHHUTEJbHbIE Y3/bl T_| < @ WIH TNy > b U
9KCTPAMOMUPYIOT u(Z) BHE 00JACTH B 3TH Y3Jbl. DTO ObIBAET MOJE3HO AJIS
HEKOTOPBIX BHIOB KpPaeBbiX 3ajay.

Mnoeomeprocme. Jlis PyHKIMH MHOTHX TepeMEHHbIX 4 (X), 3aJaHHOH
B MHOroMepHo# obsacti (G, TakkKe BBOAAT ceTKH. Eciu G ecTb MHOro-
MEpHbIH NIPSMOYTOJIbHBIH NapaJiiesielliie]], B HeM HeTPYIAHO BBECTH MPSMO-
YTOJbHYIO CETKY; AJS Clydast ABYX NePEeMEHHbIX OHA BBIMVIAAUT CJENYIOLINM
obpasoMm:

G=la<z<b a<y<p,
Oy = { (T, ym) 1 0<n <N, 0<m < M}, (7)
aLaxy<zr<..<zy<b ay<y <..<yu <0

OG6o01eHHeM TIOHATHST UHTepBaJa OyneT siueiika CeTKH:
-1 KT < T, Y1 KYSYm), I<nKN, I<m<M, (8)

a UeJNbIMH Y3/1aMH CETKH OYyAyT TOYKH (Zy,Ym). 3HaueHHe (YHKIHM B
y3Jaax 0003HayaT
Unm = u(‘rn»ym) (9)

AHAJIOTHYHO MOXXHO BBECTH MOJIYLEJbIE Y3JIbI.

OTU BbIpaXKeHHs eCTeCTBEHHO 0000LIAITCs Ha J1000e YHCJIO H3Mepe-
HUi. MHorue o6/acTu GoJiee CJA0XKHON (hopMmbl (LHAUHAP, chepy, SJMHI-
COMJ M T.M.) MOXHO MpeoOpa3oBaTb B MPSIMOYTOJIbHBIH MapaJ/esenuies
COOTBeTCTByEOHleﬁ 3aMeHOH NepeMeHHbIX U B HOBBIX KOOpAHHATax BBECTH
ceTky (7). DTO 3KBHUBaJEHTHO BBEJEHHIO KPHUBOJHMHEHHBIX KOOpAHMHAT B
obnactu G.

Yaqbl cetku THna (7) o6pa3oBaHbl epeceyeHHeM CeMEHCTB KOOPIHHAT-
HBIX JUHHE (B MHOrOMEPHOM CJydae — THIEpMIOCKOCTeH); TaKHe CeTKH
Ha3bIBAIOTCS peeyasipHoimuy. SUedikodt pery/sipHOH CeTKH MOXKeT ObiThb He
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TOJIBKO KPHBOJHMHEHHBIH NPSIMOYTOJbHUK, HO H TPEYyTONbHHK HJH JI0O0H
MHOTOYTOJIBHUK (MHOTOTPAaHHHK B MHOTOMEpHOM ciiydae). K Takum cetkam
B TOJIHOH Mepe OTHOCATCS Te COOOpaKeHHsl O CTYLIEHUH CETOK M OlleHKax
TOYHOCTH, KOTOpble PACCMOTPEHb! B JAHHOH KHHTE.

Ho B MHOromepHOM ciyyae eCTb M TaKHe CHTyallMH, KOIJa y3Jbl CeT-
KH — 3TO KakK yTOAHO BblOpaHHble TOYKH objactd G. Torma Guurkaiiine
TOUKM KaKUM-TO 00pa3oM COeNMHAIOT, pasbuBas o6smacTb G Ha suelKU-
MHOTOTPaHHHUKH (3TO caMo siBJsieTcsi HempocToH 3ajaueil). Takue ceTku
Ha3bIBAIOT HepecysapHbiMy; UX Mbl He OyleM paccMaTpHBaTb B JaHHOH
KHHUTe.

Metonbl BBIUHCIEHHS Ha CeTKaxX CTa/JM MHTEHCHUBHO pa3BMBATbCH C
koHia XVII Beka. ¥Yxe Mcaak HbloTOH U ero coBpeMeHHHKH MpPeNJOXKH-
Ju psap QopMys I/ MHTEpIOJHPOBAHHS, YHCJIEHHOIO WHTETPHPOBAHHUS H
nuddepeHurpoBanus. Jleonapa ditjep Hanucas NepBylo CXeMy UHCIEHHOTO
pellleHHs] OOBIKHOBEHHBIX AH(depeHIHadbHBIX ypaBHEHHH (cxXemy Joma-
HBIX) W TEePBYI0 PA3HOCTHYIO CXeMy JJIsI YpaBHEHHsl B YACTHBIX NPOU3BOJ-
HBIX (siBHas cxeMa JDfsiepa AJsi ypaBHEHUs TENJONPOBOIHOCTH), KOTOPYIO
BBIYHC/IUTENH HCIIOJMb30BaMu BIoTh 10 1940-x romos. IlepBeie MeTombl
OblJIM HECJIO2KHBIMM, HO MaTeMaTHKH MpPOAOJIKAJH KOHCTPYUpOBaTb OoJsee
CJIOXKHble CXeMbl, 100MBasCh BLICOKOH TOUHOCTH.

OpHako Kak MPOKOHTPOJIMPOBaTh 3Ty TodHoCTh? C KoHia 1790-x romos
MaTeMaTHKH CTaJ{ YAeISTb MHOTO BHHUMAHHS OllEHKE MOTPEIHOCTH BbIYHC-
aenudt. Kosed Jlyu JlarpaHk moCTpoWs OLIEHKY MOrpelrHoCTH psina Ted-
Jopa, a OriocteH Koirn 060cHOBas CXOAMMOCTb CXEMbl JIOMAHHBIX Diljiepa.
[TonyueHHble OLlEHKH ObINH aNIPHOPHBIMH, B HUX MOTPELIHOCTD BblPaXKasach
Yepe3 HEKOTOPYIO MPOU3BOAHYIO u(x). DTO GBLIO HE CJAHIIKOM YIOGHO MpPH
NPaKTHYECKOM MPUMEHEHHH.

[TpaxkTukam Gosblie mopoulen crnocod, npensoxenHolt Kapsaom Jasu-
nom Tosbme Pynre B 1985 r. mjist 4nC/IEHHOTO WHTErPUPOBAHHST OGBIKHO-
BEHHBIX AU(QepeHllHaNbHBIX yPaBHEHHUH 10 ero HOBOH cxeme. PekomeH-
J0BaJOCh TPOBECTH JBA pacyeTa: Ha CeTKe ¢ LIaroM h W 3aTeM ¢ BABOE
MeHbLIUM LiaroM. O6a pacueTa CpaBHHBAJHUCh, H COBNAJAIOLINE 3HAKH CUHU-
Tasuch BepHbiMU. JIbtouc Ppail PuuapncoH, 3aHMMAaBLIMHACS ypaBHEHHSMH
B YaCTHBIX Mpou3BonHbiX, B 1910 r. ycoBeplueHCTBOBa/ 3TOT crnocod (HO
noJiHOe oObsicHeHHe pAaj gauiib B 1927 r.). OH nokasas, Kak MO OBYM
pacueram ¢ waraMd h W h/2 1o cxeme p-ro MOPsSiLKA TOYHOCTH MOMKHO
TOJIYYUTh XOPOLIYIO OLIEHKY TMOTPELIHOCTH, a TAKXKe MOBBICHTb TOYHOCTb
pesysbTata. DTH CMOCOOb He TpeGoBajsM 3HAHUS MPOU3BOAHBIX u(x) H
JaBaJid aroCTEPHOPHYIO OLIEHKY.

[TosnHee Takue npoLeAypbl ObIIH MOCTPOEHD! AJIS1 IPOU3BOJBLHOTO YHC/A
pacyeToB Ha MOCJeNOBaTeNbHO cryuampmuxcs cetkax. OHH O3BOJSIOT
NoJIy4yaTh pe3yJibTaT, 110 MOrPEIIHOCTH 3KBUBAJNEHTHBIH pacueTy Mo cXeMe
ropaszfo GoJsiee BBICOKOTO MOPSIAKA TOYHOCTH, YyeM HcxonHas cxema. Obuue
(hopMyJsibl TAaKOTO pacueTa cpaBHHUTENbHO rpomMo3akd. Ho PomGepr B 1955 r.
HalleJ MNPOCTOH BapHaHT 3THX (GOPMYJ, €CaH MPH KaXKAOM OYepelHOM
CTYILEHHH LIar CeTKH YMeHbIIaeTCsl POBHO BJBOE.
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ITU MeTOIbl IPUMEHUMBl MPAKTHUECKH K JIOOBIM 3aayaM ¢ CETOUHBIM
NpejAcTaB/AeHHeM (YHKIHHM: K HHTEPNOJISILHH, YHCJAeHHOMY nuddepeHin-
POBAHMIO, YHCJEHHOMY HWHTErPHPOBAHHIO, pelleHHio 3anad Komwu u kpa-
€BBbIX 3a7ad JJsl OOBIKHOBEHHBIX IU((epeHIHaNnbHbIX yPaBHEHHH, 3anad
IJIs1 yPaBHEHHH B YaCTHBIX MPOU3BOAHBIX, AJIS HHTErPaJbHBIX W MHTErpo-
nuddepeHIIHATBHBIX ypaBHEHUH. Bojiee Toro, 10 CHX 1MOp 3TO €TUHCTBEH-
HBIH CMOCO0 MOJMYYHTb [JISi CETOUHBIX pEIeHHH aCHUMITOTHYECKH TOYHYIO
OlleHKY TmorpelrHocTH. OHH CJ1yKaT HAJEkKHOH OCHOBOH [JIsi MOCTPOEHHS
NPOrpaMM ¢ KOHTPOJIEM TOYHOCTH. B 3ToH ryiaBe OyneT MoKasaHo, KaK 3TO
JeJsaeTcs.

Onnako KjaccHueckass (OpMyJHpPOBKA 3TOrO METOAA pacCUYWTaHa Ha
paBHOMepHble ceTKH. [IpakTrHdeckue ke pacyeTsl 3a9acTyio TpeGyoT Hepas-
HOMEpPHBIX CEeTOK, aJaNTHUPOBAHHBIX K KOHKPEeTHbIM 3anadaMm. B riase IlI
O6yoeT pacCMOTPeH BaXKHBIH KJacC HepaBHOMEPHBIX CeTOK, Ha KOTOPBIX
MEeTO[, CTYIIEHHS TTOJHOCTBIO PaclpOCTPAHSETCS.

2. IlorpemHOCTh CETOYHBIX METONOB. PaccMOTpPHM OCHOBHbIE THITHY-
Hble CeTOuHble (POPMYJBl M HX MOTPEIIHOCTH Ha MPUMepax MPOCTEHIIHX
KBaapaTypHbX opmys. IlycTh HamO BBIUHMC/AHUTH ONpefe/eHHbIH HHTerpalg

y a 6 8

a T T b T Tn—1 Zn, Tp—1 Zn

Puc. 1. Uuc/seHHOe HHTETpPUpPOBaHHe: a) BBeleHHe CeTKH, 0) (opmyJ/a JieBbIX Mps-
MOYTOJIbHHKOB, B) (hOpMysa CpeaHUX

OT HEKOTOpo# (QYHKIMU u(x), KOTOpas MPENNoNaraeTcss HHTErpPUPYeMOk
(6omee merasbHEIE TpeGOBaHUS K Hel cdopMmyaupyeM mosxe). s atoro
BBeJeM Ha OTpe3Ke [a,b] HEKOTOPYIO MPOH3BOJbHYIO HEPABHOMEPHYIO CET-
Ky 2y (1) 1 nmpeacTaBUM HHTErpaj Kak CyMMY MHTErpaJioB N0 HHTEpBaJaM
cetku (puc. 1,a):

Tn

b N
U= aJu(w)da: = ;J u(x)da. (10)

JlniHa KaXaoro WHTepBasa paBHa h,. BeibepemM NpoOH3BOJBHO B Kax-
IOM HMHTepBaJje Mo Touke &, € [rp_1,xy] U 3amennm unrerpan (10) unre-
rpajibHOH CyMMOH:

N
Uv=> un)hn & €n 2], Uv — U (11)

max hp,—0
n=1
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Kak usBecTHO, 15 M0GOH HHTErpUpyeMOi (PYHKIUH (B YACTHOCTH, JAJIS
KYCOUHO-HEMNpPEePbIBHON) HHTErpa/bHasi CyMMa CXOAHTCS K MHTErpasny, eciu
IJUHBl BCeX HWHTEpBAaJOB CTpeMsiTcs K HyJo. Takum o6pasom, (11) ectb
IIpUMep CXOJASIIErocs CeTOUHOr0 MeTOAa.

Ho kxak oueHHTb CKOPOCTb CXOLMMOCTH, T.€. 0aTb OLEHKY IOrpelIHo-
cTu? {5l IpOU3BOMIbHOM HHTErpUpyeMoH GyHKIHU u(z) 3TO, BOOOIIE TOBO-
psi, Hesib3sl cnesath. Hano HamoxuTe Ha u(x) Goslee JKeCTKHe OrpaHHUEHH S,
HanpuMep NoTpe6GOBaTh HEMPEPBIBHOCTH MJIM KYCOYHOH HENpepbBHOCTH Ca-
MOH u(x) U HEKOTOPOro KOJNMYeCTBA ee MPOU3BOAHBIX. Jlsisi ympolieHus
BCEX BBIBOIOB Mbl OGHIYHO GyeM HAUMHATH C KECTKOrO OrpaHudyeHust: u(r)
ecmo docmamouHo eAa0dKas GYHKYUs, T.e. IMeeT CTOJNbKO HelpepblBHbIX
Y OrpaHUYEHHBIX POH3BOAHBIX, CKONBKO MOHAL0OUTCS M0 XO4Y H3JI0XKEHHUS.
Mbi GyieMm Takke KOHKPETH3HPOBATh 3T0 TpeGosanue: u(x) ecmo p eaad-
Kas QyHKYU, T.€. OHA U ee D NPOU3BOLHBIX HelpepblBHbl M OrPAaHHYEHDI.
MaremaTuku ropopsat: “p pas HenpepblBHO nuU(depeHUpyemMas QyHKIUS
HO 3TO AJMHHHee. A 3aTeM Mbl OymeM ocsiab/sTe TpeGOBaHHsS, a UMEHHO
YMEHbIIATb P W 3aMeHSTb HENPEPbIBHOCTh HA KYCOUHYIO HENPEepPBIBHOCTb U
BBISICHATD, K YeMy 3TO IPHBELET.

Janee 6yneM Hcnosb30BaTh 0003HAUEHHS:

M,y = [[u?c = s WD (@), ¢=0,1,2,..; (12)
xE€|a,

q = 0 cooTBeTCTBYeT caMO (DYHKIHH.

Jlegvie npamoyeonvrhuku. Boibepem B KauecTBe &, JEBYIO TPaHUILY
UHTepBada: &, = Tp_1. DTO COOTBETCTBYET 3AIUTPUXOBAHHOMY MPSMOYTOJb-
HUKY Ha puc. 1,6, a unterpanbuyio cymmy (11) B aToM csyyae HasbIBaIOT
(OpMYJIOH JIEBBIX MPSIMOYTOJbHHKOB:

N
UN :Zun—lhn: (13)
=1

aHAJIOTMYHO MOXKHO Hamucath (POPMYJTy MpaBBIX MPsIMOYrosnbHHUKOB. HMccie-
nyeMm norpetuHocTs hopmyasl (13), npeanonarast u(x) [OCTATOUHO TIagKOH.

JIJ1s1 3TOro B KaXKIOM WHTEpBaJie CETKH Pa3JioKHUM (PYHKLHIO 10 (op-
myne Tefinopa, Gepsi eBbId KOHell MHTEpBaJsa 3a LIeHTP Pas3JokKeHHs:

u(z) = Z #u(‘”(:ﬁn_l)(az —Tp_1)%; (14)
=0 T

KOJIHUECTBO 4JIeHOB CyMMHI (14) ompepensieTcs rmafgkocTbio GyHKUMH. Ecau

NIPOUHTErpUpoBaTh psinbl (14) B CBOMX HMHTepBasax, T.€. OT Tp_| AO Tp,

TO MHTerpupoBaHHe IaBHBIX useHOB (¢ = 0) naer dopmyny JeBbIX mOps-

MOYTONBHHUKOB (13). 3HAUMT, HHTErPUPOBAHHE OCTAJbHBIX YJEHOB [aeT
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MOTPEIIHOCTD ITOH (hOPMYJIBL:

hq+l

Ry=Uy-U=— ZZqH), @ . (15)

n=1q=1

HanomuuM, 9T0 3TO BbIpakeHHe MOTPELIHOCTH CMPaBeIJUBO MAJsI POU3-
BOJIbHOM HEPABHOMEPHOH CeTKH.

3anuiem ¢opmyast (13) u (15) nasa caydas paBHoMepHOH ceTKH. Me-
Hsist B (15) MOpsIOK CyMMHpPOBAHHUS, MOJYUHM:

N
Uv=hY tn1, Ry=Y Agh?, h=const, (16)

rae KoahuureHT A, caMH ABJIAIOTCA MHTErPajJbHLIMH CYMMaMH H TpH-
GJIMKEHHO 3aMeHSIIOTCSl HHTerpajsaMH, KOTOpble TOUHO 6epyTcsi, a HMEHHO

N b
___h (@ __ 1 (q) _
A o 1)!;%_] @t l)!Ju (z)dx + O(h)

u(q_')(a) —u(q_])(b)
(¢g+ D)

+O(h). (17)

Takum o06pa3oM, HAa pPaBHOMEPHOH CeTKe TMOTPeLIHOCTb (POPMYJbl JIEBBIX
MpsIMOYTOJIbHUKOB (13) packsianbiBaeTcsi B psifi IO CTEMEHsIM 1iara CeTKH h.
ITOT psll CONEPXKUT BCe cTemeHd ¢ > | wara h. [aBHbIH YJjieH OMIMOKH
npornopunoHasnes h, T.e. Ry = O(h), a dopmyna (13) umeer mnepsbiii
MOPSIIOK TOUHOCTH.

Ouenka (16) 3anucbiBaeTcsi 0 BbIMOJHEHHs] BBIYUC/JAEHHH, TOITOMY ee
Ha3bIBAIOT alpUOPHOH. 3amuileM [JIaBHbIH YjI€H OIIHOKH:

Ry ~ Ah~ g[u(a) —u(b)]. (18)

Korma h — 0, octasibHble ujieHbl morpeniHoctd (16) ropasmo MeHblie 3TO-
ro 4jeHa, U MMH MOXHO TpeHebOpedb. [losTomy ouenky (18) HasbiBaT
ACHMIITOTUYECKH TOYHOH WJM MPOCTO acumnmomuueckoii. UTobbl BBIBOL
3TOH OlleHKH OBl cripaBensnuB, psiabl (16) u (14) mosmKHBI comepkaTh uJjeH
¢ uM(x), 1.e. u(z) nOMKHA MMETh HeNpepLIBHYIO M OrpaHMYeHHYIO 1-10
TIPOU3BOIHYIO.

[TocTpoenue anpuopHo#l oueHkH (18) mo3Bo/sieT MPOBOAWTHL BbIYHC/IE-
HHUSI ¢ TAPaHTHPOBAHHOK MOTPEIIHOCTBIO €. JIJIs1 9TOr0 OCTATOYHO BHIOPATDH
Tako war h, 4tobsl BeimosmHsock |Ry| < & cormacHo dopmyse (18). Tlo-
CKOJIbKY 3Ta Oll€HKa aCHMITOTHYECKasl, TO Tpebys |Ry| & &, Mbl MOJIy4UM
ONTHMAJbHOE 3HaueHHe Miara: GOJBLIMH WAl NpPUBEIET K MPeBbIILEHHIO
YPOBHSI MOT'PELIHOCTH, MEHBIIHMH IIAr HeONpaBIAHHO YBEJIUYHUT 00bEM BbI-
YHUCJIEHUH.
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Crnenaem cyliecTBeHHOe 3aMeuaHue. [lpubivkeHHas 3aMeHa HHTe-
rpajibHbIX cyMM B (17) uHTerpasaMu npaBujbHa. ONHAKO HEJb3s MPOCTO
TaK [OACTABJATb 3TH HHTerpadbl B (16): Beib 3aMeHbl AeJaTUCh INPH-
GanxkeHHo ¢ touHocTbio O(h), W Ka)kaas Takasi MOMpAaBKa MMEET TOT Ke
MOPSIIOK, U4TO U Caenywoluil uied B gopmyne (16).

DPopmyna cpednux. PucyHok 1,6 nokaseiBaet, yTo (opMysa MpsiMo-
YrOJIBHUKOB HecUMMeTpHuHa. [locTpoMM CHMMETPUYHYIO KBapaTypHYIO
topmyay. Has 3Toro B KadecTse &, BO3bMEM CepelHHy HHTepBana: &, =
= Tp_1/2. ITO MO-TIpexkHeMY MHaeT (OPMYyJTy CPEIHHX HA MPOM3BOJIBHOM
HepaBHOMEPHOH CeTKe:

N
Un = Zhnun—l/Q- (19)

n=I

ﬂJ’IH OorpeneseHrus ee TOrpellHOCTU HUCIOJb3yeM B KaxXIOM HWHTepBaJe
JIOKAJIbHbI€ PA3JIOKEHHS C UEHTPAMU B CepelrHaxX MHTEPBAJIOB!

u(x) = Z q—u(q_]/g(a" —Tn_12)?, Tpo) < < Ty (20)
q=0

[ToncTaHoBKa I/1aBHBIX u/ieHOB psifioB (20) B MHTerpasbl MO-NpeXHEMY 1aeT
BLIOpDAHHYI0 KBaApaTypHy (opmysny. OnHaKo jfajiee BCe YJieHBl C HeyeT-
HBIMH ¢ 00pAIal0TCs B HYJb NPH MHTEPUPOBAHUK 6Jarofapsi CHMMETPHH,
U BbIpaXKeHHe JJIsl IOTPELIHOCTH CONEPKHUT TOJbKO YETHBIE YJIEHBI:

h2q+]

(24)
ZZ P2+ 1) w1/ @)

_]q

Ha paBHOMepHO# ceTKe OlleHKa MOTPEIIHOCTH MPHHHMAeT CJepyloHE
BHJL:
Ry = ZthQq, h = const. (22)
=

3necb Ko3(P(PUUUEHTHl TaKKe CYThb HHTerpasibHble CyMMBbl, NPHOIHKEHHO
3aMeHsieMble HHTEerpaamHu:

b

N

_ h 20) _ 1 J (29) 9y _

By——— " — ey + on?) =
’ 22q(2q+1>!;“"—‘/2 Py ) @de O

a
u(2q_])(a) _ u(Qq_')(b)

- Piog O(r). (23)

Ecau orpaHuuuTbCsl NepBBIM ujeHOM psifa (22), TO MOJydYHUM amnpHOPHYIO
ACUMIITOTHYECKYIO OLIEHKY MOTPELIHOCTH:

Ry~ 1o o/ (a) — /()] = O(h). (24)
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®dopmysa cpeqHHX HMEeT BTOPOH MOPSIAOK TOYHOCTH, UYTO CYIIECTBEHHO
Jydine, 4eM AJst (pOpMyJIbl MPSIMOYTOJbHHKOB. J[pyroe BaXKHOE OT/IHYHE
3aKJ/o4aeTcss B TOM, 4To psif (16) comepkHT Bce cTemeHH h MOApsiA, a
psan (22) TonbKO YeTHbIE CTEMeHH.

AnpuopHyio oueHky (24) Takke MOXKHO HCIO/B30BAaTh MAJsi BeIGOpA
wara h, obecrneurBarpoIlero 3apaHee 3agaHHyi0 TOYHOCTh pacueta. [IpaBna,
5TO HEMHOrO MeHee yHOOHO, 4eM mJsi (hOpPMyJibl MPSIMOYTOJbHHUKOB: TaM B
OlIEHKY BXOIMJIH TOJbKO 3HaueHusi u(x), KOTOPbie Mbl BCE PABHO [OJIKHbI
BBIYHC/ISTD, 3[€Ch K€ Hal0 JOMOJHHUTENbHO BBIYMCAHTH u'(x), 4TO He
BCerja XKesaTejqbHo. DTO HAMEK Ha TO, UTO B APYTHX CJydasX alpHOPHbIe
OLIEHKHM MOT'YT OKas3aThCsl ellle GoJiee CJOKHBIMH M MeHee yIOOHBIMH /ISt
[PAaKTHYECKOTO HUCIIO/b30BAHHUS.

Hmoeu. Mbl paccMOTpesiM XOTS W NPOCTeHIlINe, HO THIIHYHbIE 00pa3Ibl
CeTOUHBIX (OPMYJ U ANPHOPHBIX OLIEHOK WX morpelrHoctell. Ha paBHomep-
HBIX CETKaX MpPH JOCTATOYHO IVIAAKUX (YHKIHSX MOTPEIIHOCTb pasJaraercs
B psj no creneHsM wara h. Ecau rnaBHbIH 4seH psiga MOTPeIIHOCTH
ectb O(hP), To cerouHasi Gopmysa UMeeT p-H MOPSIOK TOYHOCTH. Psin must
MOTPELIHOCTH MOXKET COAEPKATb BCE CTeNeHW h MoAapsii, HaYMHAas ¢ p-H,
HO MOXKET COEpPXKAaTb JIMLIb CTENEeHH TOH Ke YeTHOCTH, UTO U p (IepBoe
THIWYHO [1J1 HECHMMETPHUYHBIX CETOUHBIX (hOpMYJ, BTOPOe — [Jis CHM-
MeTPHUUHbIX). UHCJI0 UjeHOB psiia MOTPELIHOCTH (TOuHee, MaKCHMaJjbHast
CTeMeHb Il1ara) 3aBUCHUT OT MMIAAKOCTH (YHKIMH.

3. T'nagkocth M HacblmeHue. Kak BiHsieT cTeneHb IMIaAKOCTH (PYHK-
IIMH HA TOYHOCTb CETOUHBIX (POPMYJ M OLEHKY MorpeliHocTH? PaccMoTpum
3TO MOAPOOHO Ha TpHMepe (HOPMYJbl NPSMOYTOJbHHKOB (13).

Ecau u(x) uMeeT orpaHUYEHHYI0 M HEMpPEepbiBHYH 1-10 MPOHU3BOAHYIO,
TO WJIeH ¢ 3TOH NMPOM3BOAHOK ocTaercsi B psine Teitsiopa (14) u octaTouHOM
usiere (16), npuuem uurerpan ot u'(x) B (17) MOXKHO TOUHO B3sITh, YTO H
OblT0 cresnaHo. B uTore okaseiBaeTcs CHpaBefJIMBOH alpHOpHAs aCHMIITO-
Tueckas otieHka (18), osnauatomas norpeursocts O(h).

OTkaxeMcsi OT TpeGOBaHHUSI HENpPEPBIBHOCTH 1-i MPOU3BOAHOMH, HO co-
XpaHUM TpeboBaHHE OrpaHHUEHHOCTH. Torjaa nepBeIM ujieHOM psja Teisopa
(14) MOXKHO TOJIb30BAaTbCS TONBKO B TeX HMHTepBanax, rae u'(x) Hempe-
pbiBHA. B Tex uHTepBasiax, rue u'(x) paspbiBHA, MPUXOMAUTCS OTPAHHUHTHCS
Jullb 6onee rpyboH OlLLEeHKOH:

|u(m) - Un_]| < (l‘ - wn—]) max |’U/(ZL’) y Tpo1 KT K Ty (25)

Teneps, Bo-TepBBIX, MOC/AE MOACTAHOBKU (25) B octaTouHbi useH (16),
(17) B cooTBeTCTBYIOWIMX MHTerpanax cymmbl (18) nas A; Bmecto u),_,
BO3HHKaeT max |u'(x)| B 3ToM HHTepBaje. Bo-BTOpbIX, Ha MpakTHKe He
4acTO YHAeTCsl YCTAHOBHTb, B KAKMX HMEHHO WMHTepBajax u' paspbiBHA.
[TosToMy (akTHYeCKH NPUXOMMTCS BO BCEX HHTEPBA/JaX 3aMeHsSTb u_,
Ha M, = ||u/||¢. Torna BMecto acummnroTHdeckod oueHku (18) nosyuaem
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MaXOPaHTHYI0, XOTs TOXE AMPHOPHYIO OLEHKY:

by —a)My =0 (h), M = max |v/(z)|. (26)

Ryl < =
| N| =2 z€[a,b]

Xots ToyHOCTb TO-mipexkHeMy ecTb O(h), HO Ma)KopaHTHasi OlEHKA Xy¥kKe
aCHMITOTHYECKOH. Bo-mepBbIX, 0OBIYHO OHA CYIIECTBEHHO 3aBbIlIEHA, T.U.
aTnpHOPHBIN BEIGOP A mJist mosydeHHss TpeGyeMOH TOUHOCTH € HAa OCHOBAaHHH
(26) mpUBOOUT K CYUIECTBEHHOMY YMEHbILIEHHIO Liara, T.e. K HeOlpaBiaH-
HOMY yBeJHYeHHI0 oObeMa BbluWcJeHHH. Bropylo ke mpuunHy o6cynum
IaJjiee, KOTa pacCMOTPHM METOJ CTYIIEHHs CETOK.

Ewe ocnabum TtpeGoBanusi. Dymem cuurath u(x) orpaHudeHHOH U
HerpepblBHOH, HO HenuddepeHuupyeMol ¢yHkuued. Torna nosbsoBaTbes
psinom Te#inopa BooOllle HeJlb3sl, U OLEHUTb OCTATOYHBIH YJieH HEBO3MOXKHO.
Cymma (13) cxomuTcss K HHTerpasy, MOCKOJbKY OHA HHTerpaJjbHas, HO
cKopocTb cxonuMocTH xyxke O(h) W HeusBecTHa. [lajee Ha YHC/JIEHHOM
npuMepe 310 6yIeT MPOHJIIOCTPUPOBAHO.

PaccMoTpum o6patHyto cutyanuio. [lycts u(x) uMeer GoJibliee 4HCIIO
HenpepbiBHBIX Mpou3BoAHbIX. Torna B psgax (14) u (16) umeercs Gosblie
yjeHoB, HO olieHKa (18) ocraercs mpexHeil. Bosiee BBICOKOrO MopsiaKa
TOYHOCTH Mbl He MOJydaeM.

Takum obpasom, ajs HopMyJbl IPIMOYTOIbHHUKOB (13) ecTb HeKoTOpas
ontuMasbHas tagkocTb p = | dyHkuuu w(z), obecneuuBawouias mnpe-
nenptyio TouHoctb O(h). Ecan rmagkocts w(x) Xyke ONTHMaJbHOH, TO
(haKTHYECKHH MOPSIOK TOUHOCTH (DOpPMYyJsBl XyKe mpefenapHoro. Ho ecsu
TJIAAKOCTh JIyYlle ONTHMasbHOH, TO MOPSAOK TOYHOCTH He MOBBILIAETCS.
DTo cBOHCTBO ceTouHOH (opMyabl (13) HA3BIBAIOT HaACbLUEHUEM.

dopmyna cpeIHHUX TaKxkKe 00/1aaeT HACBILIEHHEM, HO /ISl ONTHMAaJbHOH
IaKOCTH p = 2, Koraa ee TounocTh O(h?). Kaxkaoe yXymuenue riaaaxkocTt
Ha eMHUIY YMeHbIIAeT NMOPSAOK TOXKe Ha enuHHIy. CBOHCTBO HACHILEHHS
UMeeTcss y OOJBLIMHCTBA CETOYHBIX METOMIOB.

N36eiTounas riagkocTb Ha MepBblH B3MIsA Kaxercs HeHYxkHOH. Ho
Jajee yBHAHM, YTO OHA IMOJIe3HA, T.K. MO3BOJSET YJIYULIHTb TOYHOCThb
METOJOM CTYILEHHS CETOK.

§ 2. CrymeHne paBHOMEPHBIX CETOK

1. AnocrepuopHasl OlleHKa TOYHOCTU. PaccMoTpuM 06llyr0 mocTa-
HOBKY 3ajauu. [lycTb Hago YHMC/JEHHBIM PacueToM HAaWTH HEKOTOPYIO BeJH-
4HHY, TOYHOE 3HaueHHe KOTOpoi paBHO U; oHO HaMm He M3BecTHO. Pacuer
BBITIOJIHAETCS HAa paBHOMepHOH ceTke () ¢ 4ucaAOM HHTepBaoB N H
uwaroM h = (b — a)/N; BblUHC/IEHHS 10 CETOYHOH (hOpMyJe HAIOT BEJHYH-
Hy Uy, KoTOpas siBisietcs: npubJsrkeHdeM K U.

Bynem cunrtate, 4TO A/ CETOYHOH (POPMYJbI POBEAEHO TEOPETHUECKOE
UccseoBaHHe M TOJyyeHa alpHOpHasi OLleHKAa MOTPEIIHOCTH B BHAE Psila
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[0 cTeneHsaM wara h:

Ry =Uyn—U =Y AP0 = AghP. (27)
q=0

OueBHIHO, TOUHOCTb 3TOH ceTouHo# hopmyasl ectb O(hP); 1Jist TPOU3BOJIb-
HBIX HECHMMETPHYHO MOCTPOEHHBIX (POPMYJ OOBIYHO BesNHYMHA s = 1, [
CUMMETPHYHBIX popmyn s = 2. Uucso uneHoB cyMMmbl B (27) omnpenensercs
“3armacoM IJIafKOCTH ; €CJIM VIaAKOCTh ONTHMAaJbHa (B TOYHOCTH obecie-
YHBaeT HacbllleHHe), TO CyMMa COIepXKHUT TOJbKO onuH uJjeH ¢ = 0. Ecan
NPEBbILIAET ONTHMAJbHYIO Ha [ €IUHHI, TO MOSBJSIOTCS YJEHB ¢ Sq < [.
[TepBeiit uneH psna AphP ecTb acHUMNTOTHYecKasl OLlEHKA MOTPELIHOCTH.

[IpoBeneM pacueThl Ha JBYX Pa3HBIX ceTKax ¢ yHucjoM y3/a0B Ny = N U
Ny =7rN, 1.e. c waramu h = (b —a)/N u h/r. Yucna Ny u Ny uessie, HO
MX OTHOLIEHHE 7 MOXKET ObITh HelleJIbIM; 1151 ONpele/IeHHOCTH ToJiaraem r >
> 1, T.e. BTOpas cetka GoJsiee noapo6Ha. COOTBETCTBEHHO, pacueT Ha Hel
jgact 6oJiee TOYHBIH pe3yJbTar.

Jlasi 06ouX pacyeToB COOTHOLIEHHUs (27) MepenuiiemM B BHIe

RNEUN—U, RTNEU,«N—U, (28)

IIpu4YeM IIpHU y4deTe TOJbKO IJIABHOI'O 4JieHa OLIUOKH CIipaBeqJinBO l'lpI/I6J'II/I-
2KE€HHO€ COOTHOIIeHHe

Ry ~ Agh? = 17 - A, (;)p ~ PR, . (29)

Bbiutem BTOpoe paBeHCTBO (28) W3 mepBOro; HEU3BECTHOE TOYHOE 3Haue-
Hue U mpu 3TOM cokpatutes. Uckmwouas panee Ry ¢ momoibio (29),
MOJIYYHM COOTHOLLEHHE

Un —Uyn

R.n =
rN Tp—l

(30)
®opmyna (30) mokasbiBaeT, YTO MO pe3y/nbTaTaM pacueTa Ha JBYX CeTKax
MOXXHO MOJIyUHTb OLEHKY MOTPELIHOCTH. DTa OlleHKa SIBJSIeTCS anocme-
pUOPHOU, T.K. MIPOBOAMUTCH He 10, a IMOCJ€ BbIMOJHEHHs pacueToB. Kpome
TOTO, OHAa He MaXKOPAHTHAsl, & ACUMAMOMULECKAS.

Takum o6pa3om, BBIMOJHHWB pacyeT Ha ABYX CETKax, Mbl MOJydYaeM B
KauecTBe OTBeTa 3HaueHHe Ha OoJjee rycTod cetke Upy, a B KauecTBe €ro
norpenrHoctd — oueHky (30). [TockonbKy 3TO acCMMOTOTHYECKasl OlEHKa,
TO MpPH JOCTATOYHO MAaJIOM liare MOAPOOHOH CEeTKH 3Ta OlleHKa OymeT
o4eHb 0/1M3Ka K (haKTHUUECKOH MOrpelHocTH. Ec/ii norperHocTs 0Kasanach
GoJibllie 3a[JJAaHHOTO £, TO 0epyT elle Oojee TYCTYI0 CETKY. DTOT Crocod
MIpoBeAeHHSA pacCHYeTOB C FapaHT}’IpOBaHHO}‘/JI TOYHOCTBIO ABJIFAETCA OAHHUM U3
CaMbIX HaJeXHbIX MpakTHueckux npuemoB. Ouenky (30) HeTpymHO BKJIO-
YHUTh B JIIOOYIO MPOTPAMMY.

OnHako 3Ta OlEHKA MPaBUJbHA JIHIIb TPH COOMIOAEHHH IBYX YCJIOBHH:
1) ¥3 TeopeTHUYECKHX HCC/IENOBAHHU H3BECTEH MOPSIIOK TOYHOCTH p ce-
TOYHOH (hopMyJibl; 2) ceTouHasi (DYHKUHS u(Z) HMeeT IAJKOCTb He XyKe
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ONITUMaJbHOH, ofecrneduBamllel HacbilleHHe ¢opMyasl. [Ipy HapyiieHuu
3THUX YCJOBHH OLEHKA CTAHOBUTCS OLIMOOYHOH.

Boibop waea. Ilyctb TpeGyeTcsl MOJYYHTb MOTPEIIHOCTb He GoJee €.
Kak BbIOpaTh HEOOXOMMUMbIH 1IAT (Y4UCJA0 HHTepBaJsoB) ceTku? HauuHaior ¢
TOTO, YTO HA [VIa30K BBIOHPAIOT HE C/IMIIKOM OOJIbLINE, HO pasyMHble YHcia
untepBasoB N u rN. Ha 3THX ceTKax NMpPOU3BOASIT PACUeThl C BHIYUCAEHHEM
anoctepropHoit otieHky norpetusoctr (30). Ecan okaszanocs, uto |R,.y| <
< €, TO TpebyeMasi TOUHOCTb AOCTUTHYTA U pPacueT OKOHYEH.

B npoTuBHOM ciydae HaIo CTYCTHTh CeTKY, BHIOpaB HOBOe 7 > 7.
[TockosbKy MOrpeHoCcTb yobiBaeT Kak h? ~ r~P, njg nonydenus |Rypy| =
= ¢ cnenyeT BeIOpaTh

5

1/p
?m<—|R’"N|> > (31)

a 4yucJI0 y3J0B Tpebyemo# ceTku Oynet rN (pasymeercs, OKpPyIJIEHHOE M0
1eJI0T0).

Dopmyioi (31) pasyMHO MOMB30BATHCS, €CJIH OTHOLIEHHE /7 MOMyUH-
Jocb HeGosblMM. Ecau e 7 3> r, 3T0 03Ha4aeT, YTO MepBble CETKH OblIH
CJIMIIKOM TPyOBIMM M AaJH MJIOXYK TOUHOCTb. [IpOorHO3MpoBaTb HYKHBIH
Iar Mo HUM PUCKOBAHHO, W JKE€JAaTeJNbHO MPOBEPUTb TOUHOCTH €llle OfHUM
pacueToM. A 3TO yXKe HaeT 3amyTaHHYIO “KyXHI~ B MOCTPOEHHH MPOrpam-
Mbl, He TOBOPSI O JIMLIHHUX pacyerax.

O6cynum emte BbiGop r. PopmasnbHO JI060E 7 TMO3BOJSET OLEHHUThb
TOo4YHOCTb. Hampumep, 4ToObl MHUHHMH3HPOBAaTh OOBEM pACUETOB, MOXKHO
B3siTb ceTk ¢ N u N + 1 unrepBanamu; torga r = 1 + 1/N. Ho mpu
stoM 3HaueHus Uy u U,y BecbMa OJIM3KH, U HAXOXKJAEHHE UX PA3HOCTH B
(30) mpuUBOAMT K 3HAUHTENBHOH OLIMOKE OKPYT/EHHs. 3HAUMUT, 3HAUEHHS T
JOJIXKHBI OBITh 3aMeTHO Gosblie 1.

[TpakTHKH NpennovYUuTaIOT MPOCTYIO U JIETKO MPOrpaMMHUpyeMyto Mpolie-
nypy. BeibuparoT noBosibHO IpyOyro HaualbHYO ceTKy {1y, mojarawr r = 2
U TIPOBOASIT BBIUMCJIEHUS] HA 3TUX ABYX ceTKax. Ecsu TpeGyemasi TOUHOCTD €
He JNOCTUTHYTA, NEPBYI0 CETKY OTOPACBHIBAIOT, a BTOPYIO CHOBA CrYyUIAIOT
BaBoe. [loBTopsiioT mpouenypy A0 TexX MOp, MOKa HAa MOCJAe[HEH CeTKe He
TMOJIYYUTCS] 3aJaHHAST TOUHOCTbD.

[Ipumep 1. Pyure B 1895 r. mpoBomus pacyeTbl MO CXeMe TOYHO-
ctu O (hz), Cryllasi CeTKy BIBOE M CUMTasi BEPHBIMH COBNAJAIOIIHe 3HAKH,
T.e. nojarass Roy =~ Un — Usn. Ho mpu p =2 u r = 2 cornacuo (30) mno-
TPELIHOCTh NPUMEPHO BTPOE MeHbllle 9TOH PasHOCTH, T.d. PyHre HecKosbKo
NepecTPaxoBbIBaJCH.

2. IloBblmeHue TOYHOCTH. [3 pacueroB Ha ABYX CETKAX MOMXKHO H3-
BJIeYb ellle GOJbLIYIO NMOJb3y. BennunHa R, N fBJAsSETCS OLEHKOH Morper-
HocTH 11 U,y He Mo NMopsiiKy BeJMYHMHBI, & aCHMITOTHYECKOH, T.e. OHa
COBMAJAeT C UCTHHHOH OLIHOKOH C TOYHOCTBIO JO MasblX 0oJsiee BbICOKOIO
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nopsinka. 3Hauut, npubassss ee K U,y (TouHee, BblUKTAs1), MOJYYUM GoJjiee
To4YHOe npubarxkenue K U:
(1 Urn —Un
UrN = UrN - RrN = UrN + ﬁ- (32)
OleHUM MOTPEIIHOCTh 3TOr0 YTOYHEHHOro 3HaueHus. [lopcrtaBisisi B
npasyto yacTb (32) passoxkenue (27) nsis waros h u h/r, nonydum

1 1 h p+s+sq
By = v - =, (1)
q=0

7,za[rs(qul) _ 1]

rP—1 ’

Psn nnst morpewHoctd aHajorddyeH (27), Toabko war ero h/r coot-
BETCTBYeT BTOPOH CeTKe, W HayMHaeTcs psin ¢ (p + S)-# CcTemeHu Iua-
ra. CjenoBaTesbHO, yaydilleHHbIH pe3ynabtaT (32) vMeeT GoJjiee BBICOKYIO
tounocTs O(hPT$), T.e. npuGaBieHHe ACHMITOTHYECKOH anoCTEPHOPHOM
TMOTPELIHOCTH YJyYlIaeT MOPSAOK TOYHOCTH CETOYHOH (POPMYJibl HA BeJH-
4HHY S.

OnHako HaJo MOMHHUTb, YTO AJisl CIPaBeIJIMBOCTH NpeacTtaBienus (33)
He0OX0IUMO, YTOOBl B CyMMY BXOAMJ XOTsS Obl ONMH YJ€H, T.€e. BBIIOJHS-
Joch By ~ A #0. A nast atoro dyHkuus u(x) H0MKHA ObITh HA S €IHHHIL
6oJsiee T1aKOH, 4eM JIJIsl HACHILEHHs] HUCXONHOH CeTOUHOU (popmysbl. Mox-
HO CKa3aTh MHave: BCsi npolenypa (32) nocTpoeHUs yIyUlIeHHOTO pelleH s
ecTb Hekasi HoBas cerouHasi (opmyna toudoctd O(hPTS), HaceieHue
KOTOPOM HacTymaeT npu GoJiee BBICOKOH rIagKkocTH u(x).

Bot nouemy n3GbITo4Hast TIAAKOCTD 4 () B MCXOLHOH CETOUHOU (opmy-
Jle He Oecriosle3Ha: OHa N03BOJIET YTOYHATH pellleHHe METONOM CryLIeHHS
CETOK.

Boipaxkenue (33) ecTb anpuopHasi OlleHKAa MOTPELIHOCTH YTOYHEHHOTO
pesysnbrata tuna (32). Kak MOXHO MOJYYHTb amnoCTEPHOPHYIO OLIEHKY,
Oyzner pacckasaHo B M. 4. OGbIUHO 2Ke, BBINOJHSAS pacyeT M0 IBYM CETKaM,
6epyT U,f}\; B KayeCTBE OKOHYATEJbHOTO Pe3y/lbTaTa U CUHUTAIOT, UYTO €ro
TMOrPEIHOCTD ellle MeHblle, yeM R,y .

(33)

By = —Agpi

[Tpumep 2. [lycTh uncIO HHTEPBAJIOB PAaBHOMEPHOH ceTKH [N uyeTHOe,
a ee war paseH h. OOGbeIUHUM MOMAPHO KaXJAbll HEYETHBIH HHTEpBaJ C
MPaBBIM YETHBIM, T.€. [Tp—_1, %] C [Xn, Tni1], The N — HedeTHoe. Torna
00beMHEHHble HHTePBaJ/bl 00PA3ylOT CETKY C LAroM 2h U YHCJAOM HHTEp-
BaJsioB N/2 (BMECTO CrylleHHs] CETKH MOJyUHIIOCh paspsikeHue). [Ipumernm
(dopmyny JeBbIX NPSIMOYTOJbHHKOB K Iape HCXOAHBIX HHTEPBAJIOB H MOJY-
UM TPUOJHKEHHBIH HHTErpaJ

Un = hup_1 + huy; (34)
ec/I IPUMEHHTb Ty ke (OPMYJy K CIBOEHHOMY HHTEpPBaJy, TO MOJyYUM
Uny2 = 2hup— (35)
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(3mech mJisi mPOCTOTHI 3amuck yrnotpebssiercst 6ykBa U, mpuHsATast [Jisl WH-
TEerpaJjoB Ot a 10 b, X0Tsi Toraa Gbl CyMMHPOBAJKCH BCE Mapbl MHTEPBAJIOB).

Tounocts dopmyn (34), (35) ects O(h), T.u. p=1 u r = 2. Torna
tdopmyna (32) naer

UY = Un + (Un — U g) = 2. (36)

HetpynHo 3ameTHTb, YTO MoJyuusach opMmysa CpefHUX s 0ObeluHeH-
HOTO MHTEPBANA [Tp_1, Tpt1], @ €€ NOPAAOK TOUHOCTH P = 2 IEHCTBUTEIBHO
Ha e[MHUILY BbIlIEe, YeM Y (pOPMYJIbl MPSMOYTONbHHKOB.

3anoMHHM ellle, UTO BMECTO CTYIIEHHs CETKH MOXKHO M0JIb30BaThCs pas-
psiKeHUeM; 37echb yHnoTpebssinoch 0COOEHHO YHNOOHOe paspsiKeHHe BIBOE,
KOrga U3 CeTKH BbI6paCbIBaIOTCH BC€ HEYETHbIE Yy3JIbl.

3. PekyppeHTHoe crymeHue. B 1. 2 yxe ynomMuHasoch, 4TO IpH
pacueTax ¢ 3aJaHHOH TOUHOCTbIO IMPUXOAUTCS HECKOJBbKO pas CrylaTh
ceTky. [lokaxeM, 4TO Takue pacyeTbl MO3BOJSIOT KAPAHHAJNBHO YJIYUIIHTDb
TOYHOCTb, €CJIH CeTOYHAasl (PYHKIHS HOCTATOUHO [VIAAKAsl, T. €. Pa3JoKeHHe
MOrPEIIHOCTH M0 cTemneHsM wiara (27) comepKHUT J0CTATOUHO MHOTO UJIEHOB.

PaccmoTpum cayuail, Korna kaxkaasi Caeayloliasi CeTKa B OHO U TO XKe
YUCJIO pas T TYylle Npenblayliel; TpH 3TOM (POPMYJBl MPUMYT OCOOEHHO
MPOCTOH BHA, YTO BaXKHO MAJISI MPUKJAAHBIX mporpamM. Jss ynporuieHus
3allHCH HEMHOT0 H3MeHHM 0003HadeHHs. UHCJI0 MHTEPBAJOB HadaJbHOM
ceTku 0603HauuM Ny = N, torna k-a cetka umeer Ny, = r¥ N UHTEpPBAJOB
(k=0,1,2,...); Bce 3TH 4HcJa AO/KHBI OBbITb LEJbIMH (r MOXeT ObITb
HellesbiM). Pe3ysbTaT pacueTa no oCHOBHOH ceTOYHOH (opmyse Ha k-i cet-
ke o6o3HauuM Uy, BMecTo U,k . lasiee MOCTPOUM C/EAYIOUIHME aJTOPUTM,
WJLTIOCTPUpYeMbli Tabuuied 1.

Tab6auma 1. PekyppeHTHOe CrylieHHe CeTKH B ' pas3

TTopsii0K TOYHOCTH
k Ny,
P p+s p+2s p+ 3s
o [ NJw [ =T -T-1T-=-T-1-=
1 rIN Uo] R|| U]] - - - —
2 r’N | Uy Ry» Us Ry U — —
3 N | Up Ri3 Us Ry Uss R33 Uss

Bo-nepBbix, 6epem mapy cocenHux cetok: (k — 1)-to u k-10, k =1,2, ...
OrTHollleHKe UX Waros paBHO 7. PacueT mo ncxomnHod opmyJe HaeT Ha HUX
Besauuunbl Uy p_| ¥ Upg, umerontye touroctb O(hP). Pacuer no dopmysam
(30) u (32) nns xKakpod mapbl aeT ANpHOPHYIO OLEHKY MOrPELIHOCTH
3HaueHHus BeJH4HHbl Uy, U yTOUHEHHOE 3HaYeHUe; 0003HaUMM HX depe3 Ry
1 U}, COOTBETCTBEHHO U 3amuiiueM B k-# ctpoke. Tak mosyunm aBa ctosbia
TabauLbl 1; epBasi CTPOKa B HUX OCTAeTCsl He3aNoJHeHHOH.

2 H.H. Kanutkun u np.
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Bo-Bropnix, cronben Ujp, MOXKHO paccMaTpHBaTh KaK pacyeTbl MO HO-
BOi ceTouHoH opmyse Tounoctu O(hPTS), MOCKOMBKY M/ 3THX BEJHYUH
ampHopHasi OlleHKa TOUHOCTH HMeeT TOT ke BHM (33), uto u (27); oTinuue
TOJIBKO B HayasbHOH cTerneHH wwara. OTHOIIEHHE ILATOB COCEJHHX CETOK
no-npexkHeMy paBHO 7. CJleoBaTeJbHO, AJs1 9THX BesqHduH Ujp—1 U Uk
(k=2,3,...) Tak:Ke MOXKHO BBIUHCJIHTb allOCTEPHOPHYIO OLIEHKY MOrPeLIHO-
¢t Rog ¥ yTouHeHHOe 3HaueHHe Us i no dpopmynam (30) u (32), HO TOJIBKO
nonctasiss B Hux 7P+ Bmecto rP. HalineHHble BesMYMHBI 06pasyloT 1Ba
c/IefyoIWKX cTonbua Tabauubl 1, © B HUX OTCYTCTBYIOT YK€ [B€ IepBble
crpokH. HoBoe yTounenHoe snauenue Uy, umeer TouHocTb O(hPH2S).

AHaJIOrMYHO CTPOSITCS C/IEAYIOUHE CTOJIOUb, U MONYYaeTCsi TPEYToJib-
Has tabauua. B ee k-H cTpoke pe3ysnbTaT HaMBBLICLIErO MOPSAKA TOYHOCTH
p + sk ectb Ugp, CTOSIIMU HA NMPaBOM KOHIE CTPOKH. Takum obpasom,
PEKYPPEHTHOE CTYlIEeHHEe CETKH 9KBHBAJIEHTHO MOCTPOEHHIO CXEM BBICOKOTO
nopsiika TOYHOCTH.

Sameuanue 3. Yucno cryiieHust cetku (ctpouek B Tabuauie 1) mo-
KeT ObITh GOJBIINM; METOHHUYecKHe pacyeThl mpoomsit ¢ 10—15 cryme-
HUsAMH. OIHAKO YHCJIO CTOJNOLOB OrPAHHYEHO IVIAAKOCTBIO HCIOJb3YyeMOH
¢byHkuuu u(x). [ToBbIIATL MOPSAOK TOYHOCTH MOXKHO JIHIIb A0 TEX MOp,
TIOKa OH He TpEeBbILIAET CTeNeHH h B MOCJEHEM UJieHe Pa3JIoXKeHHs] UCXOJ-
Ho# morpeuiHocTH (27). OcTaJjibHble CTOJOIbI TAOMHUIBI 3aMONHSTh HENb3S.

Hanpumep, mnycte 8 pa3 HenpepwiBHO auddepeHuupyemMasi (yHK-
uusi u(x) wuHTerpupyercs no ¢opmyne cpennux (19). Ee nopsmok
TOYHOCTH p = 2, pasaoxenue (21), (27) comepxut u”(x) u umeer
npupalleHie CTeneHd § = 2, T.4. MOCJEIHUH YJieH PAa3JIOXKEeHHUS] CONEPIKUT
u®h®. BugHo, YTO TONBKO TPHIKIAB MOXKHO TOBBIIATH TOYHOCTD.
[Tocaennum cronbuom Oymet Usg.

3ameuaHnue 4. BoamoxxkHa HecTaHpaptHas cutyauusi. [lasi hopmyiibl
JIEBBIX TIPAMOYTobHUKOB (13) norpewnocts (18) ectb O(h) u passaraercs
B psifl O BCeM cTemneHsM h, T.e. s = 1. B npumepe 2 nokaszaHo, 4To mepBoe
cryuenue naet popmysry cpenuux tounoctd O(h?), kak u oxupanocs. Ho
y (bopMyJIBl CpefHUX S = 2. 3HAYUT, BTOPOE YTOUHEHHE NOBBILIAET TOYHOCTh
cpasy mo O(h%), BmMecto oxunaemoro O(h%). Onnako crannaprtHas mpoiie-
Jypa ¢ OfHHM M TeM XKe § = | 3TOro He YUHTHIBAET, T.U. TPETbe yTOYHEHHE
MCKaIoYaeT HecyuecTsylouuil uaen O(h?).

OnHako owWHOOYHBIX pe3y/NbTaTOB NPH 3TOM He moJgyyaercsi. [Ipocto
MOXHO OblJIO GOJlee KOHOMHO OpPTraHH30BaTh BBIYMCJIEHHS, €CJH 3apaHee
TEOpPeTHYECKH BBIICHHTb TaKoe NoBeleHHe morpeirHoctd. Ho sto penko
yaaeTcsl chesath.

4. MHoromepHoCTh UM Ha0Opbl CEeTOK. 3ajaua MOXeT COLepXkaTb
MHOTO He3aBHCHMBIX MepeMeHHbIX. Hanpumep, (yHKUHsA pacnpeneseHus
yacTull B rasax u(t,x,y, 2, Uy, Uy, V;) 3aBHCHT OT BPeMeHH t, Tpex KOoop-
IUHAT X, Y, Z U TPeX KOMIIOHEHT CKOpocTH. ITo Kakno# U3 mepeMeHHbIX
BBOAMTCS CBOSI CETKA CO CBOMM YHCJOM HHTEPBAJOB, T.€. CBOMUM T, hg,
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hy, hz, Yz, Yy, V2. IlorpeuIHoCTb OCHOBHOrO YHCJIEHHOTO METOAa HMeeT
3a4acTyi0 pasHbIH MOPSIOK MaJOCTH MO KaXkKIOMY M3 3THX Iaros. Onuiiem
TUIIMYHBE CHTYallHH, OrPAHUYMBASICh [1Jisi POCTOTHI ABYMs [epeMEHHbIMU
t, x v waramu 7, h. OHU coGpaHbl B Tabnulle 2, a TJIaBHbIH Yji€H TOrperl-
HOCTH HUMeeT BUL:

R~ AP + Bh? = O(7P + h9). (37)

[Topsimok TOUHOCTH p, ¢ MO KaxKAOH NMepeMeHHOH OnpefesisieTcsl BbIOpaHHBIM
MEeTOLOM M INpearoJaraeTcss U3BECTHBIM.

Ta6auna 2. TunnyHble [IOrpelIHOCTH MHOTOMEPHBIX 3adad

Z

3anaua UucneHHbIH MeTOR [TorpemHocts | p:q | 74, To

UucTo HesgBHAs cXeMa
(6e3yc/10BHO ycTOHUHBAS O(r + h) 1 | re=ry
W MOHOTOHHas)

YpaBHeHHe
nepeHoca

YpaBHenue | Uncrto HesBHas cxeMma
2. TernJIo- (6e3yciioBHO yeToHuHBas O(r + h?) 12 | rp =12
NPOBOIAHOCTH | U MOHOTOHHaSsI)

YpaBHeHue | Cxema C MOJyCyMMOH
3. TEMJIo- (6e3ycoBHO yeroiunsas, | O(7% 4 h?) L1 | re=ry
TIPOBOJHOCTH | HO HEMOHOTOHHAS)

KomniekcHast cxema

YpasHenue Posenbpoka (6e3ycJ/ioBHO
2 g2 : —
4. Terno- YCTOMUMBA U MOUTH O(r" + 1) Ll re=ra
MPOBOAHOCTH

MOHOTOHHA)

YpaBHenue | Cxema MOBbILIEHHON
5. TEMJIo- TOYHOCTH (6e3yCJOBHO o(r* + ') 12 | ry =12
MPOBOAHOCTH | yCTOHYMBA )

YpaBHenue | JIByxcrapuiiHas cxema
6. TEMJIo- Posen6poka o(r® + h?) 32 | =12
npoBopHoCTH | (A-ycroiiunBas)

JlanbHelilye 4jeHbl pas/oKeHHs MOIPEIIHOCTH Cofep:KaTt Bce OoJiee
BBICOKHME CTeNeHH T W h, Au60 HAylMe mouapsn, JHOO TOH Ke YEeTHOCTH,
4TO W IJaBHble, U 3TO 3aBUCHT OT CHMMETPUUYHOCTH UYHCJ/IEHHOTO MeTOAa
OTHOCHUTEJ/IbHO JAHHOH MepeMeHHOH, T.e. M0 KaXKA0H NepeMeHHOH XapakTep
Pa3JIoKeHHsT MOXKET ObITb CBOH.

BosHukaer Bompoc, KOTOPOro He OblJO B OJHOMEPHbIX 3aadax: BO
CKOJIbKO pa3 CTyUIATh CETKH MO Pa3HbIM MepeMeHHbIM?

JLJ1st OIHOKPATHOTO CTYIEHHs OTBET OYeBHIEH. AMOCTEPHOPHOE HAXOXK-
neHre R OCHOBAaHO Ha TOM, YTO JJIf CXeMbl p-I'O TOpSiiKa MPH CrYLIeHHH
CeTKH B T pa3 MOTpelIHOCTb yOblBaeT B HM3BECTHOE YMCJO Pa3, a MMEHHO
rP. [naBHBIE ujeH morpemwrHoctd (37) COCTOMT M3 ABYX PaBHOMPABHBIX
c/araeMblX. 3Ha4HUT HaJ0, YTOOB! IPH CTYILEHHH CETOK OHH YObIBAaJIH B OHO

DA
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U TO XKe gucyo pas. Ly 3Toro KoapPUIMEeHTH CTYIUIeHUS KaXKI0H CEeTKH Ty
U T, JOJKHBI YIOBJETBOPSITH COOTHOILIEHHIO

rf =rd. (38)
Torma nsisi OUEHKH MOrPELIHOCTH W yTOYHEHHS] PELUEHHs MO-TPEKHEMY
MOXXHO mosib30oBaTbest popmynamu (30) u (32), moactas/sisi B HUX B Kade-
ctBe P Bequuuny (38). Hanpumep, nnsa 1-#, 3-# u 4-i cxeMm Tabauubl 2
BBIMOJIHSIETCS P = ¢, T.4. Ty = Tz U CETKH M0 OOEHM MEPEeMEeHHBIM CJIeIyeT
CTYLIATh B OAMHAKOBOE YKCJO Pa3; 3TO OUeHb MPOCTO.

Onuako ais 2-i U 5-ii cxeM BHITIONHACTCS ¢ = 2p, OTKY/AA Iy = T'2; eCHu
Mbl 3aXOTHM YMEHBIIHTb LIAT MO NMPOCTPAHCTBY BABOE (1, = 2), TO WIar Mo
BpEMEHH HAA0 yMeHbLIHTb BueTBepo (r; = 4). Eule cioxHee 6-1 cxema,
rae caenyet 6paTh 1y = Tz

[Tpu GosblOM 4YHCJIe TEepEeMEHHBIX [JIaBHBIH 4JsieH morpelrHoctd (37)
COMEPKHUT OOJbIlie CJaraeMblX, H B KaXAOM MOXET CTOSTb CBOSI CTe-
neHb — MOPSIOK ToYHOCTH. Ho mpuHUMI ocTaeTcsi TOT xke: KOIPPUIHEHTbI
CTYIEHHs BCEX CETOK BHIOMPAIOT TakK, 4TOObl Kaxkaoe cjaraemoe B (37)
YMEHbIIAN0Ch B OIHHAKOBOE YHCJIO pas.

Tpydoemxocms MeTona CTYIIEHHSI CETOK CHJBHO BO3pacTaeT B MHOIO-
MepHBIX 3afayax. B caMom gnesie, B OZHOMEPHOM CJjydae IMpPH CTYyUIEHHH
CETKH B 7 pa3 TPYLOEMKOCTb BO3pacTaeT OObIYHO TOXKE B 7 Pa3; 3TO XOPOLIO
BUIHO Ha MpUMepe KBaApPATYPHbIX (hOPMYJ MPSIMOYTOJbHUKOB UK CPETHUX.
OnHako B JIBYMEPHOM CJyudae faxke MPU P = ¢ U Ty = T = T YHCJO Y3JIO0B
JIByMEpHOl CeTKH BO3PACTAeT B 4T, = I'> Pa3; BO CTOMBKO e pas, eciu He
Gosibllie, BO3pacTaeT TPyAoeMKOCTb (T.e. B 4 pasa npu r = 2). Eue xyxe
CHTYallMsl y CXeM ¢ 2p = ¢, The 7y = 7’2, T.4. YUCJIO Y3JI0B H TPYA0eMKOCTb
BospacTaeT Kak 7> (B 8 pas npu 7, = 2). A 1s 3anay ¢ eile GOJIbIINM
YHCJIOM H3MepPeHHH TPYLOoeMKOCTb KaTacTPOPpUUECKH HapacTaer.

Takum o00pasom, CryleHue MHOTOMEPHBIX CETOK OKa3blBaeTCsl TPYHO-
eMKHUM mpoieccoM. UToObl YMEHBIIUTh TPYNOEMKOCTh, YKeJaTeJbHO BbIOU-
paTh 1, Kak MOXHO Onuxe K exuHuile. Ho 3mech Mbl cTaskuBaemcs C
HETIPUSATHBIM OTPAaHUYEHHEM: YKCJIO MHTEPBAJIOB CETKH MO KaxAOH Mepe-
MEHHOH [O/IXKHO ObiThb LesbiM. EC/AM Mbl XOTHM MHOTOKDPATHO CryIaTh
CEeTKH, TO ILEJbIM HOMXKHO OBITh r’gNo, k=0,1,2,..., tne Ny — HayaJb-
HOe YHCJIO UHTepBaJoB. HanMeHbllee 4uc/0, KOTOPoe 3TO 0OecreyHBaerT,
ecTh 1y = 2.

Hab6opet cemok. CyuiecTBYIOT HEKOTOPble HAGOPBI LIEJbIX YHUCEJ, KOTO-
pble OueHb YAOOHO HCIOJb30BATh AJISI MOCTPOEHHS CTYLIAIOUIMXCS CETOK.
OHu npencTaBiseHbl B Tabsulle 3 U 06JaJAIOT CAEAYIOUMMH CBOHCTBAMHM.

[lepBblil HaGOp TPUBHAJNEH — UYHCJA HHTEPBAJOB YBEJIUYUBAIOTCS POBHO
B/BOE, a B KaueCTBe HayaJbHOrO YHC/JAa HHTEPBAJOB MOXKHO OpaTh Ji060e
gucso Ny. DTOT HaGOp MPHUTOAeH AJs JIOObIX lesel, BKIYass peKyppeHT-
HOe MOBbILIIEHHE Ha MHOTO MOPSIAKOB MyTeM MHOTOKDPATHOTO CTYIEHUs CeT-
ku. Ho Bbillle TOBOPUJIOCH, UTO T = 2 MPUBOAUT K OOJIbLIOH TPyoOEMKOCTH
JIJIsT MHOTOMEpPHBIX 3ajad. [ljisi OfHOMEpHbBIX 3afa4 TPYAOEMKOCTb OCTaeTCs
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NpUeMJIEMOH, HO TOYKH Ha rpadukax MOrpelHOCTH (nasnee B §2) Jjexar
JIOBOJIBHO PENKO.

B ocrasbHbIX Habopax OTHOIIEHHWE YMCesJ MHTEepPBaJoB (MM BeJIUYMH
[IAaroB) COCENHUX CETOK MOUTH OAMHAKOBO. OHO ¢ XOpOLIeH TOYHOCTBHIO
paBHO APOOHOH cTemeHH NBOHKH; B Tabjulle 3 yKa3aHO MaKCHMaJbHOe OT-
Jrure (PaKTHUECKOTO T OT 3TOTO cpenHero sHadenus (B %). Takue HaGOpBI
TOJIE3HBl JaXKe [Jis OAHOMEPHBIX 3ajady, MO0 MO3BOJSIOT I'Yylle MOCTABHUTD
TOUKH Ha rpaukax MOTPElIHOCTH. B MHOrOMepHbIX 3agadax OHHM JOaloT
MHOTOKPATHOE yMEHbIIEeHHe TPYAO0EMKOCTH PACYeTOB.

Ta6numa 3. Pekomennyemble HAGOPB! CETOK
Ne r Ha6op N
2 touno | Ny | 2Ny | 4Ny | 8Ny | 16Ny | 32N, | 64N,
21724 02%| 12 | 17 | 24 | 34 | 48 | 68
21724 1.0%| 5 7 10 14 20 28 40
213408% | 12 | 15 | 19 | 24 | 30 | 38 | 48 | ...
244 21% | 10 | 12 | 14 17 | 20 | 24 | 28 | 34

L | W || —

B camom pene, Bo3bMeM 1-10 uau 3-10 cxemy u3 Ttabauusl 2. ns
HUX p = q U Ty = T5. Beibop mepBoro Hatopa CeToK M3 TabJulbl 3 AaeT
YeThIPEXKPATHOE YBEJUUEHHE TPYAOEMKOCTH MPH KaXKI0M CrylieHHH. Ecau
e B3ATh 2-# MK 3-i HAGOPBI 7 = 1y ~ 2!/2, To TpymOEMKOCTb BO3pacTaeT
BCErO B 7T,T; A 2 pa3a MpH KaXKIOM OYepelHOM CrYIIeHHH. DTO BJABOE
BbIrOgHee, yeM npd 1-m HaGope cerTok. McmosbsoBanue 4-ro uiu 5-ro
Habopa naeT ele GOJbILYID SKOHOMHIO.

Jns 2-i u 5-# cxeMm ¢ = 2p u Hago Opath 1 = 7"an~ Ecau B3aTh 75 =
=212 (r.e. 2-1 unn 3-ii HaGopb ceTku) u 7y = 2 (I-ii HaGop CceTOK),
TO TPYLOEMKOCTb Bo3pacTaeT B 25/2 = 2.8 (BMecTo 8 pas, Kak ObLIO ObI
npu 7y = 2). Ecam ke B3sath 1y, = 24 u ry = 212 10 TpynoemkocTs
BospacTaer Juulb B 25/4 ~ 1.7 pas npu KakJI0M CTYIIEHHH CETOK.

Boamoxkubl W apyrue KomOGuHauuu. Tak masg 6-d cxeMbl TOUYHO-
ctv O(73 + h?) wano ry = r;/°. BosbmeM n/is1 Bpemenu 4-i HaGop ¢ r; =
= 2/3 a pns mpocrpaHcTBa — 2-H Mam 3-i HaGopel ¢ T, ~ 2'/2. Hx
COOTHOLIIEHHE TaKoe, KaKoe HYKHO.

Oepanuuenus. V13 Bcex HaGopoB TabJ/uIbl 3 TOJMbKO MEPBbIE HAYMHAET-
csl ¢ IPOM3BOJIBHOIO YHCJ/a Y3/10B. Bee octanbHble HA0 HAYMHATD TOJIBKO C
OJIHOTO M3 YHCEeJ COOTBETCTBYIOUIETO psifia (XOTs He 00513aTe/bHO ¢ MEPBOro
qucsa).

3HayeHHe 7 /s KaXKAOH Mapbl CETOK Habopa HEMHOTO OTJIWYAeTCsl OT
cpentero r. [TosToMy 3HayeHHe MOrpelIHOCTH (OHA Ke TOMpaBKa), Ompe-
JIeIeHHOe M0 CPEAHUM T, HEeCeT AOTMOJHHUTENbHYIO OMIHOKY (IPUMEpPHO B P
pas GoJibllie, UeM OTHOCHUTEJIbHAsSI OLIMOKA T, 4TO MOXKET COCTaBAsATh 1-8%).
ITO MO3BOJSET XOPOLIO TMPOBECTH MEePBOE IKCTPAMONAIHOHHOE YTOUHEHHE
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(Rip u Uy B Taba. 1); HO HaxoXK[eHHE MOrPELIHOCTEH-MONPaBOK OoJiee
BBICOKHMX TMOPSIAKOB y2Ke BPSiI JIH BO3MOXKHO. TOJIbKO [/Isi OUY€Hb YAa4HOTO
2-ro Habopa eCTb HajleXjla HCMOJb30BaTh BTOPOE YTOUHEHHE, HO yKe He
TpeTbe.

OL[HaKO yBeJ’II/I‘II/IBaTb KOJIUYeCTBO CTpOK B Ta6.}]I/IHe 1, T. €. l'IpOBO,C[I/ITb
MHOTO CTYIIEHHH [0 MOCTHXKEHHs 3aJaHHOH TOYHOCTH, BCE 3TH HaOOPbI
I03BOJIAIOT.

§ 3. KoHTpoab u quarHoctuka

1. Ornagka mporpamm. Xopollasi MporpaMMa J0J’)KHa CONep:KaTb He
TOJIbKO pacueT BeJquuMHbl U 1O 3alaHHOH CEeTOUHOH (hopMmyJse, HO U MPO-
LHeIypy PeKyppPeHTHOTO CryleHHsl CeTKH B T pa3. B HadasbHBIX JAHHBIX
TMpU 3TOM 33JaI0T YUCJIO UHTEpPBaJoB Ny HauaJbHOU CETKH, MAKCHMAJbHOE
YHCJIO CTYIIEHUH (HMCXOMs M3 MOIIHOCTH KOMIbIOTepa) W KO3(D(HUIIHEHT
cryuenust r. [lo ymosnyanuio 6epyt r = 2, H60 3TO HaHWMeHblee YHCJIO,
KOTOpoe TpH moGoM Ny ofecrneunBaeT leJ0uHCIeHHOCTb Beex Ny = rF N
(o mpyrux BbIGOpax 1 MOTOBOPHM IMO3XKe). 3afaeTcsi Takke Tpebyemas
TMOTPELIHOCTD £ AJisi BIOPAHHOH HOPMBI PELIeHHUSI.

O6s13aTesIbHBIM TPHEMOM TIPOBEPKH TPOTPAMM SIBJSIETCS TECTHPOBAHHE
Ha 3ajade (Jydlle HECKOJbKHX 3a1a4ax) C M3BECTHBIM TOYHBIM pelleHH-
eM, MpHYeM AOCTATOYHO IVIAJKUM; YeM Bbllle [JIaJAKOCTh, TeM Jyulle. B
MePBYI0 OUepesib MPOBEPSIOT CXOAUMOCTh ceTouHoro petenus Uy, (cTosberr
taba. 1) Kk Toudomy U npu yBesndeHuu k (kK — 00). OnHAKO BBITOMHSATH 3TO
BU3yaJsbHO MO Tabusuie | He oyeHb ynoOHO. Jlydllle BBIYHUC/ISATD HCTHUHHYIO
MOrPELIHOCTb HA KaXKJOH CeTKe

Rop,=Uy —U, k=0,12..., (39)

BbIaBaTh ee BbIOPAaHHYI0 HOPMY H BH3yaJabHO npoBepsiTh ||Rox| — O
npu kK — 00; Tak Jerde KOHTPOJHPOBATb CXOAMMOCTb B JajleKHX 3HaKax.
DTa MOrpelHoCTb OlleHeHa MO0 TOYHOMY pelleHHIO 6e3 MPHUMeHeHHs Crylie-
HHS CETOK, MO3TOMY B BesuuMHe R, BblOpaHO 3HauyeHHe uHAekca [ = 0,
aHel=1.

OnHako 3Toro HenocratodHo. Ecim B opmyse cpenHHX TOUHOC-
i O(h?) 6yner crenana onucka B MHAeKCe (B3SITO U,_| BMECTO Up—1/2),
TO MONYYHTCS (POPMYJA JIEBBIX MPAMOYronbHUKOB TouHocTH O(h). Cxonu-
MOCTb BCe PAaBHO OyJeT, TOJbKO C XYJALUIHM NOPSAAKOM. 3HAUHT, HAJ0 NPOBe-
PATB ellle MOPSIIOK CXOAMMOCTH: BHIMIOJHSETCS JIM COOTHOLIeHHe ||R|| = AhP
¢ TeopeTudeckuM p. Jlas 3TOro cTpoSIT rpadHK B NBOHHBIX JOrapH(MHUe-
ckux nepeMeHHbIX 1g || Rog|| ot 1g N (vau —1g h). [pu TouHoM cTeneHHOM
3aKOHe yObIBaHUS 3TOT rpauk OyneT MpsMOH JHMHHEH ¢ HaKJOHOM tga =
= —p. [lockosbKy cTelneHHOH 3aKOH €CTb JHIIb aCHMITOTHKA NMpH N —
— 00, peasibHbl# Tpaduk OyneT KPUBOH, aCHMITOTHYECKH Mepexonsilied B
HY2KHYIO psiMyIo (puc. 2). HenpaBusbHbIN HAKJIOH 3TOH JTHHHUH CBUIETEJIb-
cTByeT 00 oLIMOKe B MpOrpaMmme.
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Eure 6osbire nHpopMauuu naer pacyeT 3(PQeKTHBHOrO MOpsSiAKa TOY-
HOCTH — CpeJHero HakJoHa Ka)JOro ydacTka KpHBOH Ha pucyHKe 2 (OT
OJIHOM PACYeTHOH TOUKH [0 APYTOM):

R I/ Ful)
Pok lgr ’ Ni—i

=const, k=12 .. (40)

[lpu k — 00 3(pheKTUBHBIA HAKJIOH Py, — p. DTO CTPeMJIeHHe MPH 60Jb-
IIMX K MOHOTOHHO, IPHYEM MOHOTOHHOCTb OOBIYHO COXPAHSETCS U B HadaJe
cronbua. ATo yao6HO BU3YyasJbHO KOHTPOJHPOBATH, BBIAABAS CTOJOEL Dy
(raba. 4).

PexkomeHznyeTcst yCHIUTB NMPOBEPKY, MCMOJb3Yys yTouHeHus Uj, 13 Tad-
auupl 1. JIng HUX Takke BLIYHUC/IAIOT TOYHblE 3HAUEHMS MOIPEIIHOCTEH,
BBIYMTAsl TOYHOE pelleHHe:

Ry=Uxp-U, 1=123,.., k=123,..; (41)

3nechb | — uHpeKe cronbua, k — nHaeke cTpokH; s [ = 0 pacyer yxe mnpo-

39). K i 10 6 Ryg|| ~ hrtts
BefieH B (39). Kaxnpiii [-# cTosber norpeiHocTy || Ry COTJIaCHO
aTlpHOPHBIM OLlEHKAaM, NO03TOMY COOTBETCTBYIOlIAsi KPHUBasi B JABOHHOM JIO-
rapu(pMUUecKoM MacliTade TaKxkKe aCHMIITOTHYECKH BbIXOAUT HA MNPSIMYIO
C HaKJOHOM tga = —(p+1s), KaKk MOKa3aHO Ha pHUCYHKe 2. AHaJOrHYHO
175 6oJiee TIIATEJbHOTO AHAJIM3a BBIUHC/AIOTCS CTOJOLB 3¢ (hEeKTHBHBIX
TNoKasaTeJsiell CTeneHH:

__lg([[Rux—[l/IIRuxll)
P = ,

o 1=1,2,..., k=12.. (42)

Oxupaercst, 4to B [-M crosbue py, — p+ Is npu k — 00; 3TH CTOOLHI
cobupaiot B Tabauiy 4.

Ecnn Bce 3¢pdekTHBHBIE NOPSAIKH TOYHOCTH OBICTPO CXOASTCS K Teope-
TH4YecKUM npenesnaMm U Uj, — U, TO ¢ 1OCTaTOYHOH YBEPEHHOCTHIO MOXHO
CUHTATh NPOTPAMMY OTJIA2KEHHOH.

Ecau npenes 3p(eKTHBHBIX MOPSAKOB TOUHOCTH ONpEAE/JeHHO MeHblle
TEopeTHYeCcKoro, To JHO0 TecToBasl (PYHKIIUS HEAOCTATOYHO [VafKasi, JUbo
uMeeTcst omnbka B nporpaMme. Ecau aeKTHBHblE NOPSAKH TOYHOCTH
OKa3aJuch 0oJbllie TEOPETHYECKHUX, TO NPOrpaMMa MPaBHJbHA, A TEOPETH-
4ecKoe HccelloBaHHe OBbIJIO HEeLOCTATOUHO MOJHBIM, M €ro MOXHO YJyu-
ILUTD.

[Tpumep 3. PaccmoTpum (opMysy CpeIHHX Ha paBHOMEPHOH ceT-
ke (19) u BeIGepeM B KauecTBe TecToBOH (yHKIMH u(x) = exp(x), 0 < & <
< 4, Bce Npou3BOAHbIE KOTOPOH CYLIECTBYIOT U HENpPEepbIBHBI (TEM CaMbIM
orpanuyensl). Torna TOUHbBIH OTBET

4
U= Ju(a:)dx = ¢ — 1 =53.59815003, u(x) = e”. (43)
0
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PesysbTaThl pacyeToB NpeACTABJEHbl Ha PUCYHKe 2 W B Tabuule 4.
BunHo, uto Bce 3((eKTHBHbIE MOPSAKH TOYHOCTH COOTBETCTBYIOT OXKH-
JaeMbIM, CETOUYHbIH pacdyeT CXOAHTCS K TOYHOMY. PucyHOK 2 HarisaHO
I0Ka3bIBAET, HACKOJBKO YJNYyYILAeTCs TOYHOCTb MPH PEKYPPEHTHOM yTOY-
HeHuU pelieHus. [lockosbKy camu (oOpMysbl yTOYHeHHs (32) UMEWT HHU-
YTOXKHO MaJyl0 TPYLOEMKOCTb IO CPABHEHHIO C BbIYHUCJIEHHSIMH 110 OC-
HOBHOH CeTOYHOH (popMyJie, TPYLOEMKOCTb IOJYy4eHHUs] BCeX BENHYHH Ha
OJIHOH FOPH30HTAJbHOH JIMHHHK TaOMULbl 2 NPAKTHYECKH OIMHAKOBA. BuaHO,
4TO BBIFOJHO MPOBOAHTb MHOTO YTOUHEHHH, CKOJIBKO MO3BOJSET IMIafAKOCTb
(hYHKIHH.

IRy
24
0'.\' *—e
\\.\o\
N
e
—61 % e
8 N
~10- \.\-\ :
—12] AN
—141 123\. °]=2
—16- ; : ;
0 L 1gN, 2 3

Puc. 2. TlorpemHocTy pelieHus U peKypPPEeHTHBIX YTOUHEHHH [/ MpuUMepa 3

Ta6auma 4. dpdekTUBHBIE TOPSIAKA TOUYHOCTH (IO TOUHOMY peLIEHHI0) AJIS

nprmepa 3
k | N Uok Ig [ Roxll | Pox Dik Dok Dsk Dak
0| 1 | 2955622 | 1.38097 — — — —
1| 2 | 45.60764 | 0.90258 | 1.58919 — — — —
2 51.42836 | 0.33642 | 1.88073 | 3.52365 — — —
3 53.04388 | —0.25657 | 1.96890 | 3.86434 | 5.51208 — —
416 | 53.45883 | —0.85693 | 1.99214 | 3.96480 | 5.86149 | 7.50979 —
51 32 | 53.56327 | —1.45907 | 1.99803 | 3.99112 | 5.96409 | 7.86092 | 9.50928
6 | 64 | 53.58943 | —2.06167 | 1.99951 | 3.99777 | 5.99094 | 7.96405 | 9.86045
Teopus | 53.59815 -0 2 1 6 8 10

[Ipumep 4. Ilpoussenem pacuer Toro xe uHTterpana (43) no dopmyie
JIEBBIX MPSIMOYTOJIbHUKOB Ha paBHOMepHOH ceTke (16). TecTuposanue mpo-
BeJEHO aHAJIOTHYHO MPUMEPY 3, ero pe3yJbTaThbl MPEACTABJIEHbl HA PUCYH-
Ke 3 ¥ B Tabauue 5. BumHO, 4TO 31€ch MepBble ABE JHMHHUH MOTPELIHOCTEH
M TepBble IBa CT0/101A 3(Q(PEeKTHBHBIX MOPSAKOB TOUHOCTH BeAyT ceds B
COOTBETCTBHH C MPOCTEHIINMH aMPHOPHBIMH OLIEHKAMH, HO TPeThbsl KpHUBasi
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Puc. 3. [TorperiHoCTH pellleHUs U PeKYPPeHTHBIX YTOUHEHHH AJisl mpHuMepa 4

Ta6auua 5 DPhekTHBHBIE MOPSAKH TOYHOCTH (IO TOUHOMY peLIeHHIO) A

npumepa 4

k| Nk Uok Ig || Rox | Do P Doy, D3y, Dag

0| 1 | 4.00000 | 1.69737 — — — — —

1 16.77811 | 1.56784 | 0.42979 — — — —

2| 4 |31.19288 | 1.35187 [0.71665 | 1.58919 — — —

3 41.31062 | 1.09069 |0.86664 | 1.88073 | 3.52365 — —

41 16 | 47.17725 | 0.80850 |0.93635 | 1.96890 | 3.86434 | 2.95741 —

5| 32 |50.31804 | 0.51647 |0.96903 | 1.99214 | 3.96480 | 3.75067 | 5.44757
6| 64 | 51.94065 | 0.21970 |0.98474 | 1.99803 | 3.99112 | 3.93767 | 5.84578
7 | 128 | 52.76504 | —0.07962 | 0.99243 | 1.99951 | 3.99777 | 3.98441 | 5.96019
8 | 256 | 53.18050 | —0.37962 | 0.99623 | 1.99988 | 3.99944 | 3.99610 | 5.99015
9 | 512 |53.38905 | —0.68042 | 0.99812 | 1.99997 | 3.99988 | 3.99901 | 5.97297
Teopus | 53.59815 —00 1 2 3 4 5

U cToJbel] — HeT: OHM IOKAa3blBAIOT AHOMAaJIbHYI0 TOYHOCTb. [lpuuuHa

3TOr0 oOcCyXnanacb B 3aMe4daHuu 4, §2. BriBox: nmporpaMma npaBHJbHA,
a TeopeTHUECKHe HCCJeoBaHHs OblIH He TOJNHbIMH.

2. Kourpoas pacueroB. Korma nporpamMma oTsa)keHa, Mo HeH Mpowus-
BOAAT pacueTbl HOBBLIX 3ajay, IJle TOYHbIH OTBeT HeusBecTeH. Kak HalTH
NpUOJMKEHHOE pelleHHe ¢ TOrPeIlHOCTbI0 He OoJjiee 3anaHHoro e? s
3TOTO HCMOJIB3YIOT PEKYPPEHTHOe CryllleHHe CeTKM M paccMaTpHBaloT Tad-
Jauny | anocTepHOpHBIX OLEHOK mnorpemwHocTd. Ho mis mosiHOH yBepeH-
HOCTH PACCUMTBIBAIOT ellle Tabaully 3(P(PeKTHUBHBIX MOPSAKOB TOYHOCTH,
MCIMOJb3ys GJIM30CTh allOCTEPHOPHbBIX OLEHOK MOrPelIHOCTH [y, W TOUHBIX
norpewHocTedl Ry (pasHulla B UHAEKCAX | MOAYEPKUBAET, UTO MOrpelL-
HOCTH Rjj, OleEHeHbl NPH CTYIIEHHH CeTKH M He TPeOYIOT 3HaHHS TOUHOrO
pellleHHsl, a MOTPelIHOCTH [%j_|j OLleHeHB 10 TOUHOMY pelleHHIO 6e3
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CTYILEHHS CETKH):

Ig([[Rok—1ll/ I Rul) 1=1.9 .. k=19 (44)

bk = lgr ,

Vx cBomsaT B TaGaully, aHaJorHuHyio Tabauue 4, a Bejuuunbl 1g || Ryl
NPEeACTaB/SAI0T Ha rpadpukax (aHaJOrHUHO puc. 2). 3aTeM aHajJHu3UPYIOT
TOJIyYEHHBIE PE3YJIbTaTHI.

Ecnu cTonbubl py (HaKJOHBI [-X JIHHUH) CTPEMSITCS K TEOPETHUECKHM
npegesaMm p + sl — S, TO MOXHO YBEPEHHO CKasaTb, 4TO (yHKuus u(x)
MUMeeT JOCTATOUHYIO [JIaAKOCTh, a BCe pacueThl AOCTOBepHH. Torma B
TPeyrosbHOH TabJ/Hle MOrpelIHOCTeH NBHTAIOTCS CJIeBa HANpaBO CHadasa
no 2-ii cTpoke (B Hel TOJBKO OJHA MOTPELIHOCTB), MOTOM MO 3-H W T.Q.
OcTaHaB/AMBAIOTCS TOTAA, KOTAA BIEPBbIe BBIMOJHHUTCS ycioBue ||Rik|l < e.
CoortBercTBylolllee 3HaueHHe Uy, CUUTAIOT UCKOMBIM OTBETOM.

Ec/an B KaKUX-TO cTOJ6IAX 9((PEeKTHBHBIN MOPSIOK TOUHOCTH OKa3aJcs
BblLlIe TEOPETHYECKOro, NeHCTBYIOT TaK XKe.

Ecan HauuHasi ¢ Kakoro-to crosndua 3(pQeKTHBHBIH MOPSIOK TOYHO-
CTH OMpEJeJIEHHO HHXKe TEOPETHUECKOro, TO u(x) HEeIOCTATOUHO TJIafKasi.
JlocTOBEpPHBI TOJILKO T€ CTOJOLBI, TAE P CTPEMSITCS K TEOPETHUECKOMY
npefeny. Bce cTon6ubl, Jexalide npaBee MX, Hago OTOPOCHTb M JaJjee
He HCNoJb30BaTh. [10 ocTaB/IeHHBIM CTONOLAM MPOU3BOAUTCS BHIGOP OTBe-
ta Uy, ¢ morpewHoctbio || Rkl < €, kKak onucaHo Bbilue.

[Topsidok evivucaenuti BeirofieH noctpounbiil. OcHoBHasi BemuuuHa Upg
pacCUUTHIBAETCS He HA BCEX CETKax Cpasy, T.K. 3TO HEONpPaBAAHHO YBe-
Jauanio Ol TpymoeMkocTb. [locsie pacyeta Ha MepBOM M BTOPOH ceTKax
HAYHHAETCSl COCTABJIEHHE TPEYTOJNbHHKA aroCTEPHOPHBIX MOTPELIHOCTEH,
YTOYHEHHBIX 3HAYeHUH U 3(PPEKTHBHBIX MOPSAKOB TOYHOCTH. 3areM Ha
€[IMHUILY YBEJIUYHBAIOT HOMEpP CETKH k, BHIUUCSIOT Upy U 0OYepeqHy o CTpo-
Ky TpeyrosbHuka. ONHOBPEMEHHO AHAJU3UPYIOT MOBENEHHE K BBISICHSIOT
KOJIMYECTBO NOCTOBEPHBIX CTONMOLOB. Pacyer npekpaiiaoT Ha To# ceTke, Ha
KOTOPO# AOCTUrHYTA 3afaHHasi TOYHOCTb.
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Puc. 4. TlorperiHOCTH pelleHHs U PeKYPPEHTHBIX YTOUHEHHUH [ MpuUMepa 5 oleHe-
HbI [10 CTYLIEHHIO CETKH U He TPeGYIOT 3HaHHs TOUHOro pelueHus. CTpesKoH yKasaH
pacuet, B KOTOPOM BIepBble Oblla JOCTHIHYTA 3alaHHasi TOYHOCTb € = 1078
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Ta6auma 6. DpdekTUBHBIE MOPSAKA TOYHOCTH AJIsSI IPHMepa 5

k| Nk Uok lg Ry Pik P2k D3k Pak Dsk
0| I |29.55622 — — — — — —
1| 2 |45.60764 | 1.67719 — — — — —
2| 4 |51.42836| 0.66281 | 1.46343 — — — —
3 53.04388 | —0.61895 | 1.84919 | 3.49504 — — —
4| 16 | 53.45883 | —1.97822 | 1.96101 | 3.85721 | 5.50514 — —
5| 32 |53.56327 | —3.35770 | 1.99017 | 3.96302 | 5.85976 | 7.50807 —
6 | 64 |53.568943 | —4.74229 | 1.99754 | 3.99067 | 5.96366 | 7.86050 | 9.50885
Teopus | 53.59815 —00 2 4 6 8 10

[Tpumep 5. [IpoBenem pacuer ¢ KOHTPOJIEM [Jisi YCJOBHH mpumepa 3,
T.e. uHTerpana (43) mo dopmyne cpemuux, Tpedys € = 1078, dpdekTus-
Hble MOPSIAKH TOYHOCTH, NpelCTaBjeHHble B Tabaule 6, o4eHb OJHU3KH K
tabnuue 4. I'paduk anocTepHoOpHBIX MOTPEIIHOCTEH TaKKe OueHb GJIHU30K K
JIMHUSM MCTHHHBIX morperiHoctedt (puc. 4). B tabauie 7 npuBeneHbl 3Ha-
YeHUs HHTerpasa, MojyyeHHble MPH PEKYPPEHTHOM CTYIIEHHH, U anocTe-
PHOPHO OlleHEHHbIe TOrPEIIHOCTH. JIerko BHIETb, UTO 3aJaHHAsi TOUYHOCTb
BIIEPBblE IOCTHraeTcs B CTPOKe k =5 u B ctosidue | = 4. Takum oGpasowm,
OKOHYATeJIbHBIH pe3ysabTaT nojydeH Ha ceTke N = 32 1o yTOUHEHMIO C
norpetuHocTbio O(hS).

Ta6auua 7. 3HaueHUst UHTerpaja B NpHUMepe O, MONYyUeHHble 0 OCHOBHOH
cetouHolt opmyine Upy, PU PeKyPPEHTHOM crylieHHu cetku Uy, W amnocrte-
PHODHBIE OLIeHKH UX TOYHOCTH Ryj. Briepsble 3agaHHas TouHOCTb € = 1078

nocturaercs mpu k =5, | =4, N = 32

k| N Uok Uik Ry Usy Ryy,

0| 1 |29.55622 — — — —

1| 2 |45.60764 | 50.95811 | 5.35047 — —

2| 4 |51.42836 | 53.36860 | 1.94024 | 53.52929 0.1607

3| 8 |53.04388|53.58239 | 0.53851 | 53.59664 | 0.01425
4|16 | 53.45883 | 53.59714 | 0.13832 | 53.59812 | 9.8348E—4
51 32 |53.566327 | 53.59809 | 0.03482 | 53.59815 | 6.3063E—5H
k|Ni| U Rap Usk Ry

ol 1| — — — -

12| — . - .

ol 4| — - - -

3] 8 5359771 000107 - -

4|16 | 53.59815 | 2.3537E_5 | 53.59815 | 1.715E—6

5132 |53.59815 | 4.0531E—7 | 53.59815 | 9.423E—9
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[Tpumep 6. [TonpoGyeM BbIUKCAUTH MO (GOPMYJie CPETHUX CJIEAYIONIHN

HHTErpads:
4.5

U= J w(z)dr = 12.125, u(zx) = |=|.
)

(45)

Bosbmem HauasnbHylo ceTkKy No = 1 ¥ K03 (HUUMEHT CTylleHHUs T =
= 2. [IpoBezneM pacuert, cOCTaBUM TaGJHILY MOTPELIHOCTEH U 3PPEKTUBHBIX
nopsimkoB (Tabs. 8), a TakkKe PUCYHOK 5 ¢ rpauKaMH TMOrPEIIHOCTEH.
BunHo, 4TO yXKe JIMHHS MOTPELIHOCTH OCHOBHOH (opmysnbl | = O He sBAsd-
eTcsl MJaBHOHM KPHUBOH, a COOTBETCTBYIOIIHH 3((eKTUBHBIN MOPSIOK TOUHO-
CTH Poi HEMOHOTOHEH M He CTPEMHTCS K TeOpPeTHUeCKOMy Mpeleny p = 2,
X0Ts KoJjiebJsieTcsi OKoJio Hero. [loBeneHue morpelrHocTedl “yTOYHEHHBIX”
pelleHHH MOKa3blBaeT, YTO PeasbHOIO YTOYHEHHS HeT.

Takue pesy/nbraThl CBHAETENLCTBYIOT O HEJOCTaTOYHOH IVIAAKOCTH
byukuuu u(z). B camom pese, oHa HempepbiBHA, HO u'(x) UMeeT paspbiB
npu = = 0. Dra enuHcTBeHHas ocobasi TOYKA CYIIECTBEHHO YXYMIILIAeT

Ig IRy
2.
=0

0 i
Puc. 5. TlorpelHoCTH pelleHus ¥ PeKyPPeHTHbIX YTOYHEHHH AJsi mpuMepa 6

Tab6anua 8 dbdeKTHBHbIE NOPSAKH TOUYHOCTH (IO TOUHOMY PeLIeHHI0) 15

npumepa 6
k| N Uok Ig [Roll | Pox Pk Dok Psi Pag
0 1 8.12500 | 0.60273 — — — — —
1| 2 |10.56250 | 0.19404 |1.35614 — — — —
2| 4 |11.98438 | —0.85290 | 3.47393 | 1.16993 — — —
3| 8 |[11.98438 | —0.85290 | 0.00000 | 1.24511 | 1.23563 — —
41 16 | 12.12402 | —3.01368 | 7.16993 | 1.62560 | 1.57049 | 1.55718 —
51 32 |12.12402 | —3.01368 | 0.00000 | 5.54432 | 3.82911 | 3.60523 | 3.55471
6 | 64 | 12.12402 | —3.01368 | 0.00000 | 0.00000 | 2.06274 | 2.44946 | 2.54758
71128 | 12.12462 | —3.42238 | 1.35614 | 2.41504 | 2.90689 | 2.98932 | 3.00367
8 | 256 | 12.12497 | —4.46931 | 3.47393 | 1.16993 | 0.39514 | 0.18597 | 0.13412
Teopus | 12.12500 —00 2 4 6 8 10
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CXOIMMOCTb, @ OIEHKA MOTPENIHOCTH H3 ACHMIITOTHYECKOH MpeBpaIiaercs
B Ma)KOpPaHTHY0 (0TCIO/Ia HEIJIaBHOCTh KPHBBIX Ha PUC. 5).

OnHaKO ec/iM PACTIONIOXKHUTh Y3Jibl CETKH TaK, 4TOOB 0CoBast TOYKa T =
=0 craja ys3J0OM OCHOBHOH M BCEX MOCJENYIOUMX CETOK, TO MOJOXKEHHE
KapauHaJbHO MeHsieTcst. MiuTerpad (45), no cyiiecTsy, paséuBaeTcs Ha 1Ba
vHTerpasa no orpeskam [—2,0] u [0,4.5], Ha KaXKIOM H3 KOTOPHIX (PYHK-
uMs HeorpanudeHHo nudpepenuupyema. OTcroaa CaeAyeT PEKOMEHAALHS:
nocmagy 6 karoyro ocobyro MouKy y3es Cemkil.

Takue CETKM HA3bIBAIOT CHEYUAAbHbIMU, HO WX HE BCErNa yAaeTcs
clles1aTh PaBHOMEPHBIMH.

[Tpumep 7. Boluucaum no dopmysie cpefHUX HHTErpas

4
U= Ju(m)d:ﬁ -8, wu(z)= %\/5 (46)
0

3neck umeercst ocobasi Touka & = 0, B kotopoi u'(0) = co. OHa rpaHuYHasi,
T. 4. aBTOMATHUeCKH OyAeT y3/a0M ceTKH. BoiGepeM Ny = | v r = 2 u mpose-
JIeM pacyeT Mo CTAHJAPTHOH METOAMKE; ero pe3y/bTaThl AaHbl B Tabmule 9 U

lgHRzkH.l:O
-1 :\'
I=1"0
_2 125\.\0
=30
-3 \Q
0 1 1gv, 2

Puc. 6. [lorpeiHocTy pelieHUst U PeKYPPEHTHBIX YTOUHEHHUH AJs1 puMepa 7

Ta6numa 9. dpdekTUBHBIE NOPSIIKHA TOYHOCTH (MO TOYHOMY PELLEHHI0) AJs
npumepa 7

Nig Uok Ig || Rox | Pok Dk Do, Dsy, Dag
8.48528 | —0.31436
2 | 8.19615 | —0.70820 | 1.30685
8.07573 | —1.12200 | 1.37306 | 1.48732
8.02839 | —1.54863 | 1.41566 | 1.49736 | 1.49950
16 | 8.01044 | —1.98352 | 1.44305 | 1.49951 | 1.49997 | 1.49999
32 | 8.00379 | —2.42383 | 1.46102 | 1.49991 | 1.50000 | 1.50000 | 1.5000
64 | 8.00137 | —2.8515 | 1.47305 | 1.49998 | 1.50000 | 1.50000 | 1.5000
Teopus | 8.00000 —00 2 4 6 8 10

DO | W|IN [~ O
e}
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Ha pUCYHKe 6. 3[ech NOTPEIIHOCTh OCHOBHOTO pacueTa Ry H300paxkaercs
NJIaBHOH KPHBOH, W MeEpPBHIH cTOJOEl Do MJIABHO CTPEMHTCS K Mpenesy,
HO 3TOT IIpeles] He TOJNBKO OTJIMYAeTCs OT TEOPETHUECKOro p = 2, HO U
He sABJseTcS LeJbiM 4ucaoM! DTO CBA3aHO C TeM, YTO OEeCKOHEYHOCTb
TPOM3BONHOM HOCHT XapakTep u' () ~ x~'/2, Heenoit cTeneny.

BunHo, 4TO mpH TaKHX OCOOEHHOCTAX [a)ke ClelHasbHasi CeTKa He
crnacaeT oT HempusitHocTe#l. Ho naHHBIH MeTon KOHTpOJISL MO3BOJISET HX
BBISIBUTb.

3. Omwu6ku okpyrieHus. Cryuiasi CeTKM U PEKYPPEHTHO TMOBbILIAS
MOPSIIOK TOYHOCTH, Mbl He MOXKEM HEOTPaHHYEHHO YMEHbLIATh MOrpeLl-
HOCTb, Belb PAHO HWJHM MO3LHO Mbl BBIXOAHM Ha OLIMOKH OKPYIJIEHHS.
[TonpoGyeM ampHOpPHO OLEHHTb 3TOT Mpefie — HAUJYUIIYIO JOCTHKHUMYIO
TOYHOCTb M Te CeTKH, Ha KOTOPBIX OHa peanusyercs. ChesnaeM 3To AJs
OHOMEpPHBIX 3aJ1ad, pelllaeMblX Ha KOMIbIOTEpE C OTHOCHTEJbHOH TOYHO-
cTbio & (nasa 64-paspamHbIX YKcesa ¢ miasapliell Toukoi 0 ~ 10716).

[TycTb OCHOBHOH omepaTop 3afauyd CONEPXKHT BBIUHCJEHHEe ¢-H Mpo-
u3BOMHOH wu(x). D10 (akTHuecKu TpeGyeT BBIUMCJEHHSI Pa3HOCTH ¢-TO
MopsiiKa JJsl COCENHHMX CEeTOYHBIX 3HAaueHWH u,. CorsacHo riase | mpu
5TOM BHOCHTCSI owHOKa OKpyrieHuss ~ o/h? ~ N9, Kpome Toro obuiee
YHCJIO OMepaluil BO BCeX y3JaX CeTKH ~ IN; Mo mpaBuJiaM CTATHCTHKH 3TO
NPUBOIKMT K YBEJHUEHUIO TOJHOH OLIMGKH OKpyraeHus emie B ~ N'/2 pas.
IMosTomy nosHast omnGKa okpyraenus ectb 0CoNIT1/2 rre Cy — komcTan-
Ta, 3aBUcslLasg OT 3a4aud (¢ = 0 COOTBETCTBYeT 3a7a4ye UHTETPUPOBAHHS).

PexyppeHTHOe MOBbIIIEHHEe TOUHOCTH KBHBAJIEHTHO TOCTPOEHUIO HEKO-
TOPOT'O HOBOTO UYHCJIEHHOTO METO[a, HUMEIOLIero MOpsaoK TOYHOCTH P >
> p. Ero norpewnocts ects O(hP) = ¢N~F| rne koncraunta ¢ saBucut ot
3a1a4H.

[TosiHast MOrPeLIHOCTb £ eCTh CyMMa MOTPeIIHOCTel MeToa U OKpyTJe-
Husi. [Ipn Manbix N MOrpeurHocTb MeTOAA BeJHKa, a NMOTPELIHOCTb OKPYT-
JeHds npeHe6pexumo Masa. [Ipu yBesnnueHun N MOTpelIHOCTb MeTOAA
YMeHbIIaeTCsl, a MOTPEIIHOCTh OKPYI/IeHHs! Bo3pacTaert. [IpuMepHo Tam, rae
OHH CPaBHHBAIOTCS, JOCTHTAeTCsl MUHUMYM MOJMHOH morperuHocTH. OTcrona
MOJIy4YaloTCsl CJIeAYIOlIe 3HaUeHHsT ONTHMAaJbHBIX CETOK U TOYHOCTH:

Ig(0Co/c) Ig (6Co/c) (47)
P+qg+1/2 1+ (¢g+1/2) /P

Koadduuuentsl ¢, Cy aulb A5 MJI0X0 OOYCJOBJNEHHBIX 3aad Mo-
TYT CHJIBHO OTJIMYATBbCS OT €JUHHLBI; MO3TOMY /s OOJIBLIMHCTBA OLIEHOK
MOXHO MOJOXHUTb ¢ ~ Cy ~ 1, lgc ~ 1gCy ~ 0. TunuuHeiMu ABAAIOTCA
3HaueHHs1 ¢ = 0 (3a7a4u HHTETPUPOBAHHUS) U ¢ = 2, T. €. TEIJIONPOBOLHOCTH,
aKyCTHKH ¥ T. 1. ;g 64-paspsiaHbix Boiudcaenuit lgd = —16. B Tadauue 10
TNPHUBEJieHbl OLEHKH ONTHMAaJ/bHbIX CETOK H TOYHOCTH.

M3 tabmuubl u ¢dopmynasl (47) BUOHO, YTO AJSI METOLOB HEBBICOKOTO
nopsinka TouHoctd P < 3 (a ato, Hampumep, cxema TouHoctd O(h) mioc
[1Ba TOBBIILIEHHS] TOYHOCTH IO CTYIIEHHSIM CETKH) PasyMHO HCIOJb30BaTh
O4eHb NOAPOOHbe ceTKH. /11 MEeTONOB BHICOKOTO MOpsSiiKa TOUHOCTH P >

lg Nopt = — lgeopt = 1gc+
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Ta6numa 10. OntumanbHble CeTKH /s 64-pa3psiiHBIX BBIYHUCIEHUH

Pl 112 ]3]4]5]6

q

0 |107]64 | 46| 36|29 |25
lg N

2 146362923 19] 17
Lol 0 J107]128]137] 142 145|148
82 46|71 87|99 107|113

> 4 onTUMyM [OCTHMraeTcsl y»Ke Ha CKpPOMHBIX cetkax N ~ 100-1000, a
Ja/pHellllee CrylleHHe CETKH yXKe yXyALaeT TOYHOCTb 3a CYeT OLIHOOK
okpyrseHusi. Uem Gosblile ¢, TeM MeHblie onTHManbHoe N U XyKe Npeaesb-
Hasi TOYHOCTh; Jierue MOJYYHTh BBICOKYIO TOUHOCTb B 337a4aX YHCJIEHHOTO
UHTETPUPOBAHUS, YeM ITIPH PELIeHUH YPAaBHEHUH B YACTHBIX NMPOHW3BOIHBIX.

Ecsut 2xe MPOBOAHTD BBIUMCJEHHUS ¢ 32-pa3psiiHbIMU dYucaami lg § ~ —8§,
TO BCe 4YHCJa B Tab/ulle HAf0 yMeHbIIUTb BABoe. ONTHMaJsbHble CETKH
15 xopownx MetonoB OynyT umetb N =~ 10-30, npepesbHas TOYHOCTb
cocTaBUT 4-6 BepHBIX 3HAKOB (M TO JIMIIb Ha XOPOLIO OGYCJIOBJIEHHBIX
3anauax). [losTomy elle pas HalmOMHHM, 4TO B pacyeTax BCerjaa CJleayer
UCIO0Jb30BaTh MaKCHMAJIbHYIO Pa3psilHOCTh, NMPEOCTABJ/ISEMYI0 KOMIbIOTe-
pOM M MaTeMaTHYeCKHM oOecledeHHeM.

B npaxkTHuecKUX BBIUHCJIEHHSX OCOOEHHO paclpocTpaHeHbl: AJsS Ypas-
HEHWEl B YaCTHbIX MPOM3BOAHBIX — CHMMeTpPHYHble cXxeMbl TouHocTH O(h?)
C pasJoXKeHHeM OLIMGKH Mo cTeneHaM h?; s sanad Koru s 06bIKHOBeH-
HBIX AH(depeHIHaNbHbIX YpaBHEHUH — HECHMMeTpHUHble cXeMbl PyHre—
Kyrta Tounoctu O(h?') ¢ pasnoxenuem ommu6ku mo Bcem crenensm h. B
060HX caydasX IBYKpaTHOE CryllleHHe CeTKH C MOBbIIIEHHeM MopsiaKa TOY-
Hoctu paet B urore O(h%). D10 uamie Beero u 0KasbIBaeTCS ONTHMAbLHBIM.

JMuaznocmuka. B npakTH4eCKHX BHIYHC/IEHUAX HEOOXOAHMO O6GHAPYKH-
BaTb OLUMOKH OKPYIJIEHHS] U CBOEBPEMEHHO IpephiBaTh pacyer. s storo
cJefyIolMM 00pa3oM aHAJIU3UPYIOT I'paUKH MOTpeLIHOCTed WJau TabJu-
ubl Rjj W JIOKAJbHBIX HAKJOHOB Dy (3(heKTHBHBIX MOPSAKOB TOYHOCTH).

[Toxa ceTkH nOCTATOUHO IpPyObl, OLIMOKH OKPYIJVIEHHS] MpeHeOpeKHMO
masibl. Torma somanbie pii(Ni) MOHOTOHHO CTPEMSATCS K CBOMM Teope-
TUYeCKHM mpefenaM p; (puc. 7,a), snomanble lg Ry, TakXe MOHOTOHHO
CTPEMSTCS K CBOMM TeopeTHueckuM acumnroram. OTkiaoHeHue py(Ny) oT
MOHOTOHHOTI'O CTpPeMJIEHUS] K TeOpPeTHUeCKOMY Mpefesy MOXKeT ObiTb JHGO
BO3pacTaHUeM |pjx — py|, MM60 CMeHOH 3HaKa BEJNUYHHBI (pix — P;) TPH
Oo4yepeHOM yBeJHYeHHH HOMepa ceTKM Ha enuHully. [lepBoe ke Takoe
OTKJIOHEHHE 03Ha4yaeT, UTO OLIMOKH OKPYIJIEHHS CTAHOBATCS 3aMETHBIMH.
BesonacHee Bcero mpekpaiiatb pacyeTbl UMEHHO B 3TOT MOMEHT. DTOT
KPHUTEPHUH NPOLOJIKEHHs cueTa yIoOHO 3aMHCcaTh B BHIE

0 < Lkt ZPL (48)
Pk — D1

Ecau onHO M3 HepaBeHCTB HapyLIAeTCsl, pacyeT MPEKpallaeTcs.
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Puc. 7. ITorpewnocty (a) 1 3pheKTHBHbIE MNOPSAKH TOYHOCTH (6) NPH PEKyppPeHT-
HOM cryiieHut. CTpesKH yKa3blBalOT Ha 3aMeTHble OLIMOKH OKDYI/eHHs

W3 rtabauubl 8 BHAHO, YTO IJIsi KaXKAOTO [-rO TOBBILIEHUS TOYHOCTH
KPUTEPHH OCTAHOBKH BBIMOJIHSAETCS NPHU CBOeM k. DTO k TeM MeHblle, 4eM
Gosblie [, T.e. HaJbHHe CTOJOLBI TaOJHIl MOTPELIHOCTEH M JIOKAJbHBIX
MOPSIAKOB TOYHOCTH obOpe3aloTcsi Ha GoJiee paHHUX CTpouKax (6osee rpyobIx
ceTkax). B cTonbuax ¢ MeHbUIMM | MOXKHO HCIOJIb30BaTh 0OJbLIE CTPOK-
CeTOK; HO, CyAsl MO TOH e TabJsHlle, NpefesbHasi TOUHOCTb £; B KaXKIOM
cTosiblle OyneT TeM MeHblle, yeM MeHblie ero Homep [ (MOCKOJIbKY IpH
3TOM MeHbllle NMOPSiIOK pesysbrata P).

OnHako nocseHHe PAcCyKAEHHs MOJHOCTBIO CIPABENJIUBbl JHLIb AJIS
JIOCTATOYHO XOPOLIO OOYCJOBJMEHHBIX 3amad. s odeHb MJI0X0 06yCJ/OB-
JIEHHBIX 3aJay (HampuMep, O4YeHb MeIJIeHHO CXOASILIMXCS HecOOCTBEHHBIX
MHTETPasoB) MOXKET OKAa3aThbCsl, YTO B NEPBLIX CTOJAOUAX TaOJHIBl YTOYHE-
HUU OymeT NOCTHXKHMA Jydllasi MpefesibHas TOYHOCThb, YeM B CJIEAYIOLIHX
cronbuax. [TosTomy pekomeHayeTcsl MPOAOJIKATH CTYIIEHHE CETOK IO TeX
Top, MOKa BO BCeX CTOJOIAX He BBIOJHHUTCS KPUTepHE ocTaHOBKH. [locse
5TOTO CPAaBHUBAIOT MocjenHue |Rjx| Bo Bcex cTOMOUAX M BHIGHPAIOT HaM-
MeHbIIYI0 BeJHuHHy. OHa M NMPUHHUMAETCsl 32 HAMMEHbLIYIO JOCTHKHMYIO
TMOTPELIHOCTh, & COOTBETCTBYMIlee 3HaueHHe Uy, — 3a HauJsyullee INpH-
O/IMXKeHHe K TOYHOMY peLleHHIO.

Pasywmeetcsi, ecnu ellle paHblie OyfeT AOCTHUTHYTA 3aJaHHAs TOYHOCTb
(cM. m. 2), To pacyeT MOXKHO Cpa3y NMPEeKPaTHUTh.

3ametum, uto Kputepuil (48) — HekoTopasi mepectpaxoBka. Jlaxe mo-
CJie ero BbIMOJHEHHs MOTPELIHOCTh MOXKET ellle HEKOTOPOe YHCJIO CTYIeHHH
y6biBath (puc. 7,6). OmHako BBIHTH Ha GOJblLIME OLIMOKH OKPYIJIEHHS
HACTOJIbKO BEPOSITHO, UTO JIydllle OCTAHOBHTLCS PaHbLeE, YeM IMO3KE.

4. MHOI‘OMepHOCTL. B MHOTOMEPHBIX 3aadaxX BCeraa MO2KHO HUCIOJb-
30BaThb CrylleHHe CeTOK, HAaXOAUTb OLEHKY I[JIABHOI'O 4YJieHa MOrpPelIHOCTH
U TNPOBOAUTb OAHOKPATHOE IMIOBbILIEHHE IMOpAAKa TOYHOCTH; HO HEe [Jid
BCe€X METOA0B MO2KHO BBLINIOJIHATL PEKYPPEHTHOE MHOTOKPAaTHOE MOBbILLIEHHE
rnopsiika TOYHOCTH. [TosicHuMm 3TO Ha pruMepe ABYMEPHBIX CXEM.
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Cornacuo (37), (38), ryiaBubiil unen morpewmHoctd ectb O(7P 4+ h9),
U 1JIS ero HaxXOXJEeHHs W UCKJIOUeHHS Hafo CTylLlaThb CETKH MO t U & B
cooTHoteHUH ¥ = rd. B ofHOMEpHBIX 3aa4yax MOrPeLIHOCTb pas/araercs
B psan (27), comepxaiiuii crenenu wara p+ ks, k=0, 1, ... (o6biuHo s = 1
IJIST HECUMMETPHYHO MOCTPOEHHBIX CXeM, § = 2 — JJIs CUMMETPHYHBIX).
Ecan umeroress 2 nmepeMeHHble ¢ M 2, TO MO KaXKAOH M3 HHX CXeMa MMeeT
CBOM TIOPSIAKH TOYHOCTH P U ¢ M CBOM DA3JIOKEHHS MO CTeNeHsIM Iiara s
1 0. [TosToMy mocJ/ie HCKJ/IOUeHHS TJIaBHOTO 4JjieHa MOTPEeLIHOCTH OCTaeTcs
caenyowui yied O(7PT$ + h919). OueBuaHO, ANISl €T0 MCKJIIOUEHHS HAZO
crymarh ceTkH B oTHolenusax r/+® = rdto 310 cooTHowIEHHE COBMECTHMO

¢ mpebAyiuM cryiieHueM (38) TOJbKO NMPH BBIMOJHEHHH YCJOBHS

p q
Pl (49)

Ecau MeTOx TakoB, UTO IJIsl PAa3JiOKEHHs €ro MOTPELIHOCTH BBINOJHE-
HO ycsoBHe (49), TO ONHO M TO XKe COIJIACOBAHHOE CTYIEHHe CeTOK IO
o6euM rnepeMeHHbIM (38) MO3BOJISIET PEKYPPEHTHO HCKJIOYATh TJIABHBIA H
BCe CJeAyIolHe uJieHbl psina norpeliHoct. Ecau ke ycjaosue (49) He
BBIIIOJIHEHO, TO crylleHHe (38) MO3BOJSIET HCKJIOYHTh TOJNBKO T[JABHBIH
yjieH norpelrHocTH (37), Ho GoJsiee BHICOKHE yxKe He yHaeTcs.

B kauecTBe mpuMepa NpoOaHAJH3HPYEM CXEMbl, MepeyHc/ieHHble B Tal-
Jauue 2.

— UucTo HesiBHas cxeMa JJIsi YpaBHEHHsl MepeHoca UMeeT p = q =
= 1. OHa HecHMMeTpUYHA [0 KaXKJIOH MepeMeHHOH , T.4. s = 0 = I.
CootHoweHue (49) BBIOJHEHO, W BO3MOXHO PEKYPPEHTHOE MOBBIILEHHE
NOpsiIKA TOYHOCTH NPH COOTHOLIEHHH CTYIIEHHS Ty = Ty

— UucTo HesiBHast cxeMa 1Jis YPABHEHUS TEIJIONPOBOLHOCTH HMEET p =
=1, ¢ = 2. OHa HecUMMeTpUYHA 10 { U CHMMETPHYHA MO X, T.4. S =
=1, a 0 = 2. CooTHotuenue (49) BbIMOIHEHO, ¥ BO3MOXKHO PeKyppeHTHOE
TOBBILIIEHHE MOPSIAKA TOUHOCTH MPH COOTHOLIEHHH CTYUIEHHS Ty = T7.

— Cxema ¢ MoJycyMMOH 1Jis ypaBHEHHs INepeHoca UMeeT p = q = 2.
OHa cUMMeTpHYHA N0 Kax/A0H NepeMeHHOH , T.4. s = 0 = 2. COOTHOLIeHHe
(49) BbIMOJIHEHO, W BO3MOXKHO PEKYPPEHTHOE MOBLILIEHHE MOPsSIKa TOUHO-
CTH IIPH COOTHOLIEHHH CTYLIEHHS Ty = Ty,

— CxeMa TNOBBILIEHHOH TOYHOCTH [/ YPaBHEHHs TEIJIONPOBOAHOCTH
(5-1 cxema) umeer p = 2, ¢ = 4. OHa CHMMeTpHUHA [0 00EUM MepeMeHHbIM,
T.4. s = 0 = 2. CootHouleHHe (49) He BBIMONHEHO, ¥ BO3MOXHO JIMIIb
OlHOKpaTHOe moBbieHke TounocTd 10 O(74 + hb).

Omnaodka npoepammer. Kak 1 B OFXHOMEPHBIX CJydasx, OHa IIPOBO-
OWUTCA Ha TECTOBBIX 3aaX C AOCTATOYHO IVIAAKHUMH pPeLIeHHAMHU; 00BIYHO
TaKHe TeCTbl HeTPYAHO MOCTPOHUThb. O6si3aTeIbHO IPOBOAUTCS HCCEN0BAHKE
CXOIUMOCTH K TOUHOMY PEILEeHHIO NPH COIIACOBAHHOM CTYLIEHHH CETOK IO
06euM (BceM) MepeMeHHbIM B COOTHOIIEHHH rf = rd. Ecau TeopeTHyeckoe
UCCJ/IeI0BAHHE [0KA3aJ/0 BBIOJHUMOCTb COOTHOIIEHHUs (49), To mpoBepsIoT

U PEKYPPEHTHOE MOBbILIEHHE MOPsAAKa TOYHOCTH.
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PekomeHnyeTcsi HOMONHUTENBHAS IPOBEPKA, T. €. HEOOXOIUMO (PHKCHPO-
BaTb CETKY [0 OINHOH M3 MepeMeHHbIX U MHOTOKPATHO CTyILATh MO APYTroH.
IIpyn 3TOM uHC/IEHHOE pelleHHe NOJKHO CXOOUTbCS K Mpenesy, HO 3TOT
npenes OyfeT TOYHBIM pellieHHeM He HCXOMHOH (anddepeHIHaIbHOM U T. IT.)
3amaud, a nuddepeHIHaIbHO-PA3HOCTHOH 3aadd. B nopasasitoniem 60Jb-
IIMHCTBE TECTOB MJIS ITOTO Mpefesa TPYAHO MOCTPOMTb TOYHOE BhIparke-
Hue. [ToaToMy Hcc/ienoBaHHe TaKOH CXOAMMOCTH TPOBOIST HE BbIYMTAHHEM
TOYHOTO pelleHHs (34ech Mbl €ro He 3HaeM), a CpPaBHEHHEM YHCJEHHBIX
pellleHHH Ha ABYX COCENHHX CeTKaX, KaK OMHCAHO B II. 2.

Takoe uccienoBaHue BaxHO, T. K. T03BOJISIET IPOBEPUTH, AEHCTBUTENBHO
JIY Pa3jiokKeHHe IOrPEelHOCTH MO JAHHOMY LIAry COLEPXKHT Te CTeleHH,
KOTOpBIE TIPeCKAa3blBAET TEOPHS.

Konumpons. Korna nporpamMma OT/aXKeHa, B CTallMOHApHBIE pacyeThl
BKJIIOUAIOT CTYIIEHHe CEeTOK OJHOBPEMEHHO M0 BCEM IepeMeHHBIM B Teo-
PeTHYECKHX COOTHOLIEeHHsX. Bcerma mpenycMaTpuBaiT pacueT amnocTepH-
OpHOH MOTPEIIHOCTH U OfHOKPATHOE MOBbILIEHHe MOpsiika TOYHOCTH. Ecun
IJIsI CXeMbl BBIMOJIHEHO CoOTHolleHue (49), To cienyeT NpenycMOTpeThb
M peKyppeHTHOe IMOBbILIeHHe MopsiAKka TOYHOCTH. ONHAKO Ha NpaKTHKe
MHOTOKPATHOE MOBLILIEHHWE TPYAHO OCYIIECTBUTb, BeAb CHJIbHOE CryIlIleHHe
MHOTOMEDHBIX CETOK NPHBOAUT K TPYLOEMKHM pacueTam.

§ 4. IIpousBoabHbie HAGOPHI CETOK

1. Cxema MHOrokpaTtHoro cryimeHnusi. [laHHbII naparpag nocBsilleH
TeXHHKe MPOBENEHUs PaCYeTOB C KOHTPOJEM TOYHOCTH HA MPOU3BOJbHOM
Habope CEeToK.

[Tyctb HekoTOpOE perieHke u(x) BEIYHC/ISETCS] CETOYHBIM METOOM, HMe-
OLUIUM p-ﬁ l'lOpHILOK TOYHOCTH. ECJII/I TOYHOE peLueHHe HMeeT NOCTATOYHO
BBICOKHE HelpepbIBHbIE MPOU3BOAHbIE, TO CETOYHOe pelueHue y(x;h) Ha
ceTKe ¢ wwaroMm h pasnaraetcs B psif

y(x; h) = u(x) + Z vp(x)h". (50)

3mece & — yagbl CeTKH; v.(r) — HEKOTOpas KOMOWHAIMSI 7-X YaCTHBIX
MPOU3BOJHBIX, 3aBUCSAIIAst OT BBIOPAHHOTO MeToia (B c/aydae, eCiu T —
He CcKajisip, a BeKTop, Korga u(x) ecThb (DYHKIHS HECKOJbKHX MepeMeH-
HBIX); YHCJIO YJIEHOB B CyMMe OIpPEeNeJsieTCsl KOJUYEeCTBOM HEMpepbiBHBIX
MPOU3BOAHBIX 4 () ¥ MperoJaraeTcsi 10CTaTOYHO GoJbIINM. BbiGepem mo-
CJIEIOBATENIbHOCTD CETOK, /ISl MPOCTOTHI PABHOMEPHBIX, C LIATaMH COOTBET-
cTBeHHO hy, (1 < n < N), tme hy > hg > ... > hy. Torna pasgaoxenue (50)
MOXKHO 3amucaTh B (hopme

ynl(a:):u(a:)+2v,.(x)h;, 1<n<N, (51)
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rae yni1(x) = y(x; hy) 0603HAUAET YHCJIEHHOE pellleHHe, MOJYYEHHOE HC-
XO[HBIM CETOYHBIM METOMIOM TpH wiare M.

Bo3sbMeM y4acTOK MOC/EN0BATENLHOCTH CETOK IJIMHOH M ¢ 1araMu hy,
n—m+1<k<n (m < n). Hailnem Ko3QhUIHEHTB! Yipm, SABASIOINIHECS
pelieHHeM CHCTEMbI JIMHEHHBIX ypaBHEHUH

n
Z Venm = 1;

k=n—m+1
: (52)
Z Venmhp =0 mpu p<r<p+m—2.
k=n—m+1
CocTaBUM JIMHEHHYI0 KOMOUHAIHIO
n
Y (@) =D Venmy (2). (53)

k=n—m+1

[Moncrasasisi (51) B (53) u yuurthiBasg (52), HETPYAHO YOEIUTHCS, UTO
nepBbie m — 1 ujeHoB passoxenus (51) cokpairamores, U

n

ynm(a:) = u(x) + Z Ur(x) Z ﬁ)/knmh?]; =

r=p+m-—1 k=n—m+1
= u(z) + O(hPt™=1).  (54)

Takum ob6pasom, sauHedHast KomOuHauus (H3) (haKTHUECKH SIBJISIETCS
CeTOYHbIM pACYeTOM MOBbIIEHHOrO (p 4+ m — 1)-ro mopsiaka TOYHOCTH,
npHueM o6beM HOMONHHUTENbHBIX BBHIYHCJAEHHH 1JIs1 ee HAXOXKJEHHUs MpeHe-
OpeXHMO MaJjl 10 CPABHEHHIO C TeM, KOTOPbIE HEOOXOAUM [l HaxOX[e-
HHSE 1 ().

OnuiieM TpPagUIMOHHYIO TPOLEAYPY OLEHKH MOrpewHocTH (puc. 7).
BhIMosiHUM pacyeTsl Ha MepBOH, BTOPOH M T.A. CETKAX W BBIYHCIUM Y (1),
umeroline TouHocTe O(hP). 3areM MO KaXKHOH Mape COCEIHHX CETOK,
T.e. 3HaueHUH Ynp_11(z) ¥ Yn1(x), HalimeM 3HAUYEHUS Ypo(X), HUMEIOLIHE
tounocts O(hPT!). Tlo kaxmoil Tpofike cOceHMX CETOK HaliieM 3Haue-
HUsA Yp3(x) Tounoctn O(hPT2) w 1.1, Ws (54) BuMAHO, YTO pasJoxeHHe
MOTPEUIHOCTH Yy () HauuHaeTes ¢ unena O(RPT™~1), Ho 310T usen or-
CYTCTBYET B MOTPEILIHOCTH Y m1(x). [loaTOMY anocmepuoproll ouerkot
no2petunHocmu Ynm () A6a5emes 6eAUtUHA

Apin () = Ynm+1(2) = Ynm (). (55)

DT0 He MaXKOPAHTHAsH OLEHKA, a TOYHAsI ACHMIITOTHYECKAs. DTO 3HAUHT,
uto mpH h — 0 (akTHyeckas MOrPElHOCTb CTAHOBMTCS CKOJb YTOAHO
Onu3KoH K BesrurHe Ay, ().
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N30xxeHHBIH crioco® TpeGyeT MHOTOKPATHOTO pelleHHs JUHEHHBIX CH-
creM (52). Jlanee GynyT mosydeHbl Kak HecJOXKHble sIBHble, TaK U OUeHb
POCTble PeKyppeHTHble (POPMYJbl HX pelleHHs. DTO, BO-NePBbIX, 3aMETHO
VIPOLLAET U YAELIEBJSET BECh AJTOPUTM IKCTPATNOJSIIUH; BO-BTOPHIX, 3TO
T103BOJISIET HAJe?KHO KOHTPOJIMPOBATh MOSIBIEHHE OLIMOOK OKPYIJIEHHSs], YTO
0COOEHHO CYILIECTBEHHO INpH pacueTax Ha 16-pas3psiiHBIX MepPCOHAJbHBIX
KOMIIbloTepaXx. B 1Lie/sioM 3TO M03BOJMSET B ONpefeJeHHOM CMbIC/Ie ONTHMH-
3UpOBATh NPOLEAYPY CTYLIEHHS CETOK.

2. fIBHoe pemenune. CHauajia MpUBeJEeM HEKOTOPbIE BCIIOMOraTeJIbHbIE
cooTHolleHusi. HamoMHUM H3BeCTHOe BbIpaXkeHue /s onpeaeutess Bau-
JIepMOH/a:

1 h R ooRp!

2 m—1
(I R T L | )
lth ....... hm_] 1<j<i<m

M3 Hero HeMe/JIeHHO CJieflyeT BbipaXkKeHHe [JIsi ONPENEJUTENsT HECKOb-
KO OoJiee 00IIEro BHIA:

WP pptto L pptmet
Vo(hiy oo b)) = | oo =10 II (h—hy)-
RE, REFD L RPFMSLL g=1Igj<i<m
(56)
[ToTpebyloTcst ellle HeKOTOpble cOOTHOLIeHHs. [lycTh HHAEKC k 3aKio-
yeH B mpefesnax m < k < n. Torna cpasy BHIHO, UTO

ﬁ he = hi” ﬁ h. (57)
q=m

q=m,q#k

HerpynHo takxke y6enutbes, 4To

I (hi-ny)
(h—h): m<j<isn _
m<j<i<n(i,j#k) ' ’ H (hz - hk) : H (hk - h])

k<i<n m<j<k
II (-
= (e - (58)

|

m<j<n, £k

Tenepp MOXKHO HamucaTbh IBHOE BBIpaXKEHHe MJI CHCTEMbI JIHHEHHBIX
ypaBHeHu# (52). OHO BbIpa)kaeTcsl yepe3 OTHOLIEHHe ONpefesUTelNel Mo
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npasusy Kpamepa:

P P P p
hn—m+l hn—m+k—1 hn—m+k+1 hn
p+1 pt1 p+1 p+1
Pl o B e O ROk o BB
p+m—2 p+m—2 p+m—2 pt+m—2
- R e BT O RDTT S e hR
nm -
n—m+l<k<n 1 1
P
I<m<n hn—m-H hP
p+1 p+1
hn—m-H hn
p+m—2 p+m—2
h‘n—m+l h’"

Paszqoxum ob6a omnpenesnuTesns Mo sjgeMeHTaM NepBOH CTPoku. B dmc-
JIUTEJIe TOJbKO ajrebpanueckoe AOMOJHEHHe Kk-TO 3JeMeHTa OKa3blBaeTCsi
HeHyJeBbIM (BCe OCTajibHbie MHHOPbHI COlepKaT HysaeBoi ctosbelr). Kpome
TOTO, BCE MHHOPbI SIBJASIIOTCS OMPENEJHUTENSMH, TPAHCTIOHHUPOBAHHBIMH K
(56); uHmeKcH MPH h y HHUX WAYT He TOAPSA, TPOMYyIIEH WHAEKC, COOT-
BETCTBYIOIIHE HOMepy 3jeMeHTa CTPOKU. C yuyeTOM 3TOr0 M COOTHOIIEHHH
(57), (58) mosmyuum:

n

| 11 (hi — hy)

s=n—m+1 n-m+1<j<i<n
s#k ij#k
'Yknm:(_l)k n n =
> (=1° | I 1T (hi = hy)
g=n—m+l s=n+m-—1 n-m+1<j<i<n
s#4q “j#aq
. (59)
i ” II (hi = hy)
n—-m+1<j<ig<n
A
_ § ij# _ (60)
> (=D ERg? II (hi = hy)
g=n—m+1 n—-m+1<j<i<n
ij#q
hi? 11 (hi, = hy)™!
n—-m+1<j<n
i # k
S 7 : (61)
> he? II (hi — hy)~"
g=n—m+l n—-m+1<j<n
i#aq
n—m+1<k<n, I<m<n
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Dopmysna (61) TpebyeT HAUMEHbBIIIETO KOJHYECTBA ONEpPalHil U siBJIsieTCS
HauboJiee MPHUTONHOH MJisi HEMOCPENCTBEHHOrO BBIYHCJ/EHHS KOo3(h(hHUIIHeH-
TOB Yknm. OOHAKO Aajee OyaeT MOCTPOEH elile GoJiee SKOHOMHbBIE €rnocod
BBIUHCJIEHHSI.

3. Pexkyppentnnbie ¢opmynbl. [lokaxkeM, 4TO pellieHHe MOBbILIEHHOH
TOYHOCTH MOXKHO CTPOUTDb peKyppeHTHO. [TycTh yxKe HaiiieH cTos6el pelie-
HUH Ypm (), umerowux (p +m — 1)-# nopsinok Tounoctd. Torna moBeICHTE

n—1o.
n o 0O
m m+1
Puc. 8. PexyppeHTHOe crylieHue Puc. 9. TpeyrosnbHUK TOrpeLIHOCTEH

MOPSIIOK TOYHOCTH €llle HA €IHHUIY MOXKHO C MOMOLIBIO JHHEHHOH KOMOH-
HallMU IBYX TAKMX COCENHHUX pelleHHH (cM. puc. 8 u 9)

anmynm(x) - yn—],m(x)

Yn.m+1(2) = (@nm — 1) (62)

MpU COOTBETCTBYIOLIEM BbiOOpe KOI((DHUIIUEHTA Gy, HE 3aBUCSIIETO OT .
B camom pnene, nogcraBuM (54) ¢ COOTBETCTBEHHO CABMHYTHIMH HHIEKCAMH
B (62) u nonyunm

Ynmt1(z) = u(x) +

n n—1
1
+ —anm 1 Z Ur(flf) Anm Z ’Yknmhz — Z ’Yk,n—l,mhz

r=p+m-—1 k=n—m+1 k=n—m

Ecau nonoxurs

n—1

Z 'Yk,n—l,mh£+m_]
Uy = =0 , (63)

n

S wamhpt!

k=n—m+1

TO ofpalaeTcss B Hy/b KBaJpaTHas CKOOKa, SIBJASIOIIASCS MHOXKHTeNEeM
NMPH Vptm—1(2). Torna B cymMMe oCTalOTCSI TOJMBKO 4JIeHBI G0Jiee BBICOKOTO
nopsiika MajoCTH, H

Ynm+1(2) = u(z) + O(hP*™)

CTAHOBUTCA HCKOMBIM DELICHHUEM MOBBILIEHHOH TOYHOCTH.
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Dopmyan (59)-(61), (63) MoxkHO mpeoGpasoBaTh K OYEHb HECJOMKHOH
pekyppeHTHOH mporeaype. COOTBETCTBYOIIHE TPeobpa3oBaHKst HCIOJb3Y-
10T cootHoiteHust (57), (58) M oOYeHb TPOMO3AKH, XOTSI U He CJIHIIKOM
TpyaHbl. OKOHYATENbHBIE Pe3yJbTaT TaKOB:

1 =1, Cntimer = (hn —hp_m)enm mpu I <m<n—1;, (64)
doi =1, dpmer = (hp —hp—m)dnm 1pu 1 <m<n—2; (65)
bnl = h;pw bn,m-l—l = Cnmbnm - dnmbn—l,m NpH I<m<n—1; (66)
anm:M mpuy 1 <m<n—1. (67)
dnmbn—l,m
B uacTtHOCTH, OTCIONA JIETKO MOJYYHTh
a _ (hn—l )p a o hn—l - hn—2 . h;p B h;—p
nl — o ’ n2 — B — B h;_pl — h;_pr

a _ (hn—l — hn—B)(hn—Z - hn—S)
n3 (hrr — bn1) (hen — hin—)

(hn—t = hn—2)(hy,” = h,2y) = (o — hn—1) (R, 2 — R F,)
(hn—l - hn—3)(h‘;fl - h;f2) - (hn—l - hn—Z)(hr_lfz - h?’_lfS)

Paccuutaem no dopmynaM (64)—(67) ueTbipe TpeyrosbHble MaTpH-
Ubl Crimy Apmy Opm U Gpan, 3aBUCSIIHE TOJBKO OT Habopa CeTOK, HO HE OT .
3anoOMHUM MAaTPHUIY Gpp,. C €€ MOMOLIBI0 y2Ke MPH JIOOBIX 3HAYEHUSX &
MOXKHO BBIYUCJISITh YTOUHEHHBIE 3HAUEHHS Ypm (L) U HX alPHOPHbBIE OIIEHKH
MOrPelHOCTH Ay () 1o dopmysam (62) u (55).

J1/1s TIOJIHOTBI M3JI0XKEHHs OTMETHM [(Ba BaXKHBIX YACTHBIX caydas (W3-
BECTHBIX paHee), KOTNa MaTPHIA G, 3aMHMChiBaeTcsi 0COGEHHO MpocTo. B
NepBOM CJlydae UCXOAHadA cXeMa HMeeT l'[epBbIﬁ MOPAAOK TOYHOCTH; TOraa
(cm. [Xatipep u ap., 1990])

hn—m

Upm = o (p = 1) (68)

Bo BTOpoM ciydae Iiar¥ MOCJEIOBATE/BHBIX CETOK YOBIBAOT B reO-
METPHUECKOH MporpeccHu co 3HameHateseM 1/l; torga (cm., Hampumep,
[Mapuyk, Hla#inypos, 1979])

U = PT™ (B = hpy /). (69)

Haubonee uacto ucnosbsyior | = 2, u60 3TO HAaUMeHbIlIee YUCJIO0, KOTAa
Ka)<jaasi Mpeablaylas ceTKa BJAOXKEHa B MOCJENYIONLYI0 (HETPYIHO MOHSTh,
YTO COBMAjIeHHe Y3JI0B TOCJE[0BATENbHbIX CETOK CYIIECTBEHHO YIPOIIAeT
IKCTPATOJSALHIO).

B [Xaiipep u mp., 1990] nprBemeHbl Tak)Ke HEKOTOpble MEHee BaX-
Hble CJydau, KOraa KO3(P(PUIUHUEHTHl VYipm BbBIPAXKATCS 0COOEHHO MPOCTO.

Onmumusayus CTpaTernd pacyera 3akJrwdaercss B cjenyoiiem. Mat-
putibl Ko3(duurentoB (64)—(67) HaxomsT A/ HECKOJbKO GoJbliero N,
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YeM peasibHO PACCUMTHIBAIOT HCIOJIb30BaTh. PacueThl MPOBOASAT CHadasa
TOJBKO Ha TEPBBIX IBYX CETKAX, BBIYHUC/SIOT YTOUHEHHE W MOTPELIHOCTb.
Ecau nocTHrHyTasi TOYHOCTb JOCTATOYHA, BBIYMCJAEHHS NPeKpallaloT.
Ecsu morpewmHocTh 0OKaszasach 6oJblie 3aJaHHOH BEJHUYHHBI, TO BBI-
TOJHSIIOT PacueT Ha TPeTbed ceTKe. DTO MO3BOJISET MPOBECTH yXKe JBa
yTouHeHUs. [IpH HEyNOBJIETBOPHTENBHOM pe3yJbTaTe MOAKJIIOYAIOT CJely-
IOULYIO CETKY U T.A. TakUM 006pa3oM 00beM BBIUHCJAEHHH MONydaeTCss MHHH-
MaJIbHBIM, HEOOXOMUMBIM JJIsI TIOJYUeHHs] 3alaHHON TOUHOCTH (TpH HaHHOM
anpHOPHO BBIOPAHHOH IOCJEN0BATEIbHOCTH CETOK; BOMPOC ONTHMAJbHOTO
3aKOHA MOCTPOEHHS] CETOK OYeHb CJIOXKEH W 3[eCh He PacCMaTpUBAETCs).

SameuyaHnue. B m-m cronbue MaTpuilbl CTOAT YMCJEHHBIE pelle-
HHUS Ynm(X), HMeIOLIME OMH U TOT Ke (n + m — 1)-if MOpsSAOK TOUHOCTH.
Yem GoJiblile M, TEM MEHbIIMM IIaraM COOTBETCTBYET 3TO PELIEHHE, T.e.
TeM MeHblle (aKTH4ecKas MOTPeIIHOCTb. TakuM 00pa3oM, HaMBbICLIAS
TOYHOCTb JOCTHraeTcss B HHxKHeH N-H cTpoke marpuisl. B 3Toil cTpoke
HAWMBBICIIKH MOPSIIOK TOYHOCTH HMEeT 3HAYEHHe.

Pasnocts ynn(z) — yn.N—1(2) = Ay n—1(x) ecTb OlEHKA MOTpPEIIHO-
ctd BesmmduHbl Yy y—i (). [TorpemHocTs ®e BeJanuuHbl Yy (x) ocTaercs
He oueHeHHOH. OQHAKO OOBIYHO B KAYeCTBE HAMJYULIErO MPHOJIHKEHHUS
K y() GepyT HMEHHO BeJMYHHY Yy N (Z) W NPEAINoNaraiT, 4To ee MOrpell-
HOCTb He MpeBOCXOAHT Ay n—i(T).

4. NTuarnoctuka. CQopMysHpOBaHHbIE BhIIIE CTPATETHs] ONTHMH3A-
[IMH ¥ 3aMeYaHHe He YUMUTHIBAIOT BJMSHHS NBYX (DAKTOPOB, a UMEHHO ellle
GoJiee BBICOKHX u4JieHOB pasJsioxkenust (50) u ommbok okpyrienus. [Tocaen-
HHe MPUBOISAT K TOMY, YTO [PU YMEHbIIIEHHH IlIara CETKH TOYHOCTb CHaYasa
yJAydIIaeTcsi, a MOTOM HauYHWHAeT YXYAIIAThCsl. DTO SIBJEHHE XOPOLIO MPO-
neMoHcTpupoBaHo B [Mapuyk, Hla#inypos, 1979] Ha mpumepax ¢ TOUHBIMH
petnenusMi. OQHAKO OCTAETCst OTKPBITBIM BOMPOC: KaK OOHAPYXKUTh TAKYIO
CUTYAlMIO B NPUKJAJHOM pacyeTe, Te TOYHOE pellieHHe HEM3BECTHO, U KaK
TPH 5TOM JOGUTbCS 3aaHHON TOYHOCTH?

[IpennosoxuM MOKa, 4TO yKasaHHble ABa (PAKTOpa HECYIEeCTBEHHBI.
Torma norperiHocTs (55) ¢ XOpoluei TOYHOCTbIO paBHA MEPBOMY UJIEHY
pasJsoxenus (54):

Apm () = Opm (), (70)
roe n
5nm(1’) = Up+m—1 ({L‘) Z 'Yknmhz+m_l~ (71)
k=n—m+1

3mech U nasee 3HAaK MPHOJHKEHHOTO PAaBEHCTBA O3HAYaeT yKasaHHe Ha
posb 3TUX ABYX (aktopoB. CpaBHuas Bbipaxenue (71) ¢ (63), mMoxHO
YBUAETD, UTO
U, = 6n—l,m($)'
Snm ()
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[TepemHOXKasi Takue COOTHOLUIEHHs [Jis1 MEPBbIX HHAEKCOB 7, n — 1,
n—2,...,m+ 1, nonydum

Sum() = 2@ (72)

[Toncrasass (62) B (55), Hailinem

A () = LomEL = tninl®), (73)
CootHotenusi (70), (72) u (73) Mo3BOMSIOT OCYIIECTBUTh AUATHOCTHKY
pacueta. Paccmorpum, Kak 3710 cienyer nenatb (cM. [Kaautkuu, 1978]).
3adukcupyem m (T.e. BbiOepeMm cTos0ell Ha puc. 8) U paccCMOTPUM
3aBUCUMOCTb Ay, () OT Opm (). Ecait 6bl He GbLJIO HH CTApIIHMX YJEHOB
MOrPELIHOCTH, HY OIIKMOO0K OKDPYIJIEHHS, TO 3TH BEJMYHHbI ObIIH Obl CTPOTO
paBHBI. DTO 0COOEHHO YIOOHO M300pasUTh Ha rpaduke, rae Mo ocsiM OpAH-
HaT U abCIKCC OTJIOKEHB COOTBETCTBEHHO

n
M =1g|Apm(z)] v & = lgk H+lakm = —1g|0pm(z)] + aem (),
=m

& () = 1g [0mm ()

(74)

Toraa crporomy paseHcTBY B (70) cooTBeTcTBOBasa Obl MpsiMasi ¢ HAKJIO-
HoM —1 (puc. 9).

[Tpu maabx n, T.e. GoabliMX hp, POJNb CTApPIIMX YJEHOB 3aMETHA,
a OWHOKH OKPYIVIEHHS NMpeHeOpexKHMO Ma-
Jbl; TIpH GOMBIIMX N KapTHHa obpaTHas. 188um
[TockosIbKy cTapline uJIeHbl PeryJsipHO 3a-
BUCAT OT IlAra, a MNOIPELIHOCTb OKpyTJe-
HHA — CTOXACTHYECKH, TO KaueCTBEHHOe
noBefeHre OyneT nMogo6HO JOMaHOH, U300-
paxkeHHOH Ha pucyHke 10. B ee seBoit ua-
CTH HAKJIOHBl T0CJeN0BaTe/bHbIX 3BEHbEB
OynLyT MOHOTOHHO TmpubaMKaATbCA K —1,
T.€. JIOMaHasi IBJSETCS BOTHYTOH WJIM Bbl-
nyksoi. Hapyienne MOHOTOHHOCTH NPOU3-
BOIHOH (3Be3/10uKa Ha rpaHke) yKasbBaeT
Ha MOsIBNeHUe OLIMOOK OKpyIJ/eHHs; Aanb-  Puc. 10. BusyasnbHblit KOHTPO/b
Helllllee CTyIIEHHEe CeTKH Hal0 NMPOAO/KATb  BIMSHHS OLIMOOK OKPYI/IEeHHS
KpailiHe ocTopoxHO. HapyiieHue MOHOTOH-
HOCTH CcaMoOl JIOMaHOH (ABe 3Be3[0YKH) O3HayaeT mpeob/agaHHe OLIMOOK
OKPYIJIEHUS]; JaJjibHelilliee CrylleHHe CeTKH HEeLOMyCTHMO.

Haunyuiryio TOYHOCTb, NOCTHXKHMMYIO Ha BBIOPAHHOH I0CJeN0BaTe/b-
HOCTH CETOK IPH BBIYHCJEHHAX C JAHHOH paspsIHOCTbIO, NPHMEPHO Xa-
paKTepH3yeT MepBbld MHHUMYM JioMaHOH Ha pucyHke 10. OueBHIHO, 4eM

lgH anm
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6oJbliIe pa3psiiHOCTDb, TeM ITy0xKe 3TOT MHHUMYM. BinsHue BoiGopa nocJe-
IOBATEJBHOCTH CETOK XOPOILIO HccaenoBano B [Mapuyk, [laiinypos, 1979].

3aMeyaHue. JlaHHBIH aHa/MU3 JIETKO MPOBOAMUTCS B PEXHUME AHAJIO-
ra “4ejloBeK—KOMIIbIOTEP” ¢ HCIIO/b30BAHHEM IpahUyecKOro U300paKeHHs.
AsropuT™MHU3anys ero HeCKObKO GoJjiee CJI0KHAS.

Ilonnasa duaenocmuka. Brelllle onycaH aHaJ/U3, TO3BOJISIONIME BEIOPATH
HaWJYYLIHHA OTPE30K MOCJEN0BATEJbHOCTH CETOK Al (PUKCHPOBAHHOTO M.
[TosHblil aHa/MM3 HOMKeH BKJIOYATh ONTHMH3ALHUI0 M, KOO MHOTOKpPATHOE
MOBBILIEHHE MOPSIAKA TOYHOCTH MOXKET OKa3aThbCsl HEBBITOLHBIM MJISi pe-
wenui, y koropbix max |y(")(x)| GbicTpo Bo3pacTaeT ¢ yBeJMuEHHEM T
OnuuieM 6J0K-CXeMy COOTBETCTBYIOLIErO aJrOpPHUTMa, pa3paboTaHHOro B
[KanutkuH, Kysbmuna, 1975] nnsi pellieHdsi TOBOJNBHO TPYAHOH KpaeBou
3aja4H.

1. 3anaem TpeGyemyio MOTPEIIHOCTb &, BbIOWPAEM 3aKOH MOCTPOEHHS
TOCJIEI0BATEBHOCTH CeTOK {h,} ¥ PacCUMTHIBAEM MATPHIY Gppy TPH 1 <
<n < N, tne N pocratouHo Besuko (peanbHo N = 6-10).

2. Iyctb BoiNOMHEHB pacueTsl peteHust yi(x) npu 1 < k < n. Paccuu-
THIBAEM YTOUHEHHbIE PelleHus Yrm(2), | <m < k < n.

3. Jlng Hauasa aHasu3a BbOMpaeM n = 3 Wi 4.

4. Tlpu KaXIoOM m TPOBOLUM OINHCAHHBIA BbILE aHAJMU3 TOYHOCTH.
Ecnu npu KakoM-HHOyIb M JOCTHCHYTA MOTPelHOCTb |Agm,(z)| < &, To
pacyeT 3aKaHUMBAETCS], H B KAYECTBE OTBETA BBIAAIOTCS 3HAUEHHE Yk m+1(T)
¥ TorpewHocTb Agy, (). Eciin HU mpu Kakom m He ymaetcst HOGUThCS
3a[JaHHOH TOYHOCTH, TO YBeJHYHBAeM N HA €IUHHILY U MOBTOPSiEM aHAJU3.

5. Ecnu mpu uekotopom m = M Ha nomano#t (puc. 10) mocTHrHyT
MHHHMYM E,, KOTOpbIH GoJsbllle £, TO AaJjbHellllee MOBbILIEHHe MOPSAKA
TOYHOCTH GeCCMBICIEHHO HM3-3a OLIMOOK OKpyrieHus. Hano yBenuuusath n,
HO paccMaTpuBaTb TOJbKO M < M.

6. Ecniu HU pu KakoM m He ynaeTtcsi JOCTHYb TOYHOCTH £, TO BbIOUpa-
eTcsl Takoe T, TPH KOTOPOM Emp = Mine,,. B KadecTBe oTBeTa BbIAAIOTCH
COOTBETCTBYIOLIEE 3HAYEHHE Yk 77 (X) U £ C IPUMeYaHHEM “OLIMOKH OKPYT-
JieHus”.

PasymeeTtcst, 3HaueHusi BbiOpaHHbIX k, m, M, T 3aBucsT oT x. VX Toxe
TOJIe3HO BbIAABATh 1JIs1 MH(OPMALIHH.

Yactub il cayuaid. OcobeHHO ynoOHO B pacyeTax CrylleHHe CEeTOK
BIBOE, T.e. hp, = h,_1/l mpu | = 2. Torma Kaxpas NpeabAyllas CeTKa
BJIOXKEHA B MOCJENYIOLYI0, a HAJH4He COBMANAMOUIHX Y3JIOB CYLIECTBEHHO
ympotaet skctpanosiuno. OHu ucnonb3oBaiucs B [Kanntkun, Kyspmuna,
1975], a B [Mapuyk, aiinypos, 1979] nokaszaHo HX MPeHMYIIECTBO MPH
BBIYMC/IEHUSIX C He CJHLIKOM OO0JbLIOH paspsiaHOCTbio. B 3sToM ciyyae
noactaHoska (69) B (74) naet

en=mMm—-m)p+m-1)1gl, =2,

T. €. abCLHCChl JJOMaHOH Ha pucyHKe 10 OynyT 3KBUAHCTAHTHBL.
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5. JlomonHeHue. PaccMOTPUM HECKOJBKO CYLIECTBEHHBIX AJIsl MPAKTH-
KM CHUTyallM#, Ha KOTOpBIE NaHHble pPe3ysbTaThl 0006IIAI0TCS MOJHOCTBIO
UJIH YaCTHYHO.

Cummempuurole Cxemb, — 3TO CXeMbl, KOTOpPblE MPH OJHOBPEMEHHOH
CMeHe 3HaKa Iara h 1 HanpaBJeHHsl HyMepaluuy HHIEKCOB NIEPEXONAT CaMH
B cebsi (cm., Hanpumep, [Xatipep u ap., 1990]). [Ipumepamu Takux cxem
ABJsAOTCS (QopMyJsbl Tparneldid U CHMIICOHA JJISi YHCJIEHHOTO WHTETPHUPO-
BaHus, uan cxema Kpanka—-HukosnbcoH njs1 mapabosndeckoro ypaBHEHHUS.
Ha paBHOMepHBIX ceTKax TMOrPEIIHOCTb TAKHX CXeM pasJaraercs B psl,
cofepKalllMil TOJbKO ueTHble cTerleHH wiara. Tem caMbeiM BMecTo (H1)

noJryyaem
Yn1 () = ul(x) + Z v, (2)h2T. (75)

HerpynHo BHIeTb, 4TO B 3TOM CJy4ae COXPaHSIOTCS BCE MPEbLAYIIHe
paccyxaeHus, Toabko B popmysaax (52)—(74) Bciony BMeCTO Ay, caeayert mo-
ctaBuTh hZ. 31ech Kak/o0e CrylileHHe ceTKH MOBbIIIaeT NOpsI0K TOYHOCTH
He Ha eMHHUIy, & Ha ABOUKY, T.€. KCTPAMOJALUS 0COOEHHO 3(PPEKTUBHA.

K6a3upa8uwnepnbte cemku. IlycTh MMeeTCs MOCJENOBATENBHOCTD Ce-
TOK Wy, = {x ;i=0,1...,1} n=1,2,... (I < I,y1), cocTaBjeHHas U3

HEpPaBHOMEPHBIX CETOK, T. €. h(" = Ei)] xl(n) # const, a 3aBUCHT OT 1.
JUsist IPOM3BOJIbHBIX HEPABHOMEPHBIX CETOK ONHCAHHAsH BbiLIE SKCTPAIOJsi-
1Ksl, 04eBUAHO, HenpuMeHuMa. OfHAKO eCTh OfMH BaXKHBIH cjydai, Koraa
OHa BO3MOXHa.

BosbMeM HekoTOpyto (yHKIHMIO = = t)(t), CTPOro BospacTamwllyo (T.e.
Y/ (t) > 0) ¥ UMEILLYI0 AOCTATOUHOE YHCJIO HENMPEPbIBHBIX MPOU3BOAHbIX.
Bb16epeM 10 TepeMeHHOH ¢ MOCJ/1ef0BATENbHOCTb PABHOMEPHBIX CETOK {2y, =
= {t:i=0,1,...,I,}, y xotopeix 7(" = t(n) " = const = (T/I,,)
He 3aBMCHT OT i; 31ech T — rojiHash AJIMHA OTpe3Ka Torpa ceTku w, =
= {x; (). =0,1,. S In}, toe 332 ™ = w(tﬁ")) Ha3bIBAIOTCS KBABUPABHOMED-
HOLMU. HOZL'-IepKHEM, YTO MOHSITHE KBA3HMPABHOMEPHOCTH OTHOCHTCS He K
OIHOU HEPABHOMEPHOH CETKe, a K WX MOCJe0BATENbHOCTH (HACKOIbKO HAM
M3BECTHO, KBa3HPaBHOMEPHbIE CeTKH Obld Brepsble npeasoxenbl A.A. Ca-
MapCKHM).

Ec/iH CeTKH KBa3WPaBHOMEPHbI, TO OOBIYHO HETPYAHO [OKAa3aTb, YTO
passioxenue ook (51) coxpaHsieTcst, TONBKO BMECTO Iuara ro & Hauo
CTaBUTb PABHOMEPHbIH War 1Mo ¢ WJH, 4To yAoOHee, OOGPATHYIO BEJNUUUHY
YKCJIa HHTEPBAJIOB:

Yn1 () = u(z) + Z W ()1, (76)

Pasymeercst, Ko3Q(UUHUEHTH B Y/J€HAX DPA3JIOKEHHs] MPH ITOM APyrHe M
cofiepKat MPOU3BOAHBIE He TOJIBKO u(x), HO u (t).

JloKa3aTeibCTBO TAKOrO Pa3JjiOXKEHHsi MPOBOAMTCS MJISI KaXKIOH KOH-
KPEeTHOH CXeMbl OTAebHO (cM., Hampumep, [Kaautkuu, 1978]), npuuem
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geM GoJiblliee KOJUYECTBO YJIEHOB Pa3JjioxkeHHUsl TpebyeTcs 060CHOBAThH (T. €.
gyeM 0O0JIbllIee YUCIO CTYIIEHUH CETKH MPEANOJaraeTcsi HCroab30BaTh), TeM
6oJiblliee YUCIO HEMpPEePhIBHBIX MPOU3BOAHBIX JOJKHO HMETh MpeoOpa3oBa-
Hue x = t(t). OueBHIHO, B 3TOM CJydae OMHCAHHAS BBILIE IKCTPATOJISIHS
Ha CTYIIAMNMXCSI CeTKAaX CoxpaHsietcs, ecau B (opmyasl (52)—(74) mon-
crauth I, ! BMecTo hy,.

[loBeneHHe CHMMETPHUHBIX CXeM Ha KBa3HPAaBHOMEPHBIX ceTKax OoJiee
cnoxHo. McenenoBaHue KOHKPETHBIX CXeM MOKA3biBAaeT, YTO Pa3JjoXkKeHHe
(76) s HeKOTOPBIX cXeM (HampuUMep, KBaApaTypHOU (OpMyJibl Tpameluii)
COIEPKHUT TOJbKO YeTHble cTerneHu I,, T.e. B popmyin (52)—(74) caeny-
eT monctasaATh I, 2 BMecTo Ay, a KaxJoe CrylleHHe CeTKH MOBbIlIaeT
MOPSIIOK TOYHOCTH Ha NBOUKY. ILJsi APYrHX Ke cXeM (HalpHMep, CXeMBl
Kpanka-HukosbcoH) HedeTHble uJieHbl pas3noxeHus (76) He ucuesaioT, U
MPUXOIUTCS T10JIb30BAThCs OOLIEH NPOLEAYPOH SKCTPANIONSALHH.

Ocobennocmu pewenus. Eciv HEKOTOPbIE IPOU3BOHbBIE pelieHus u(x)
pa3pbIBHBI /WK HEOTPAHUYEHHBI, TO PA3JIOXKEHHE MOTPELIHOCTH He HMeeT
Buga (51), U OMHCAHHYIO MPOLENLYPY 3KCTPAMOJSIIHMH HAa CryU[AIIHXCS
CeTKax MPOBOAHTb HEJb3sl.

Onnako B psize caydaeB (cu., Hampumep, [[M. Mapuyk, B.B. llai-
nypoB, 1979]) /i KOHKPETHBIX CXeM, OMpeIeeHHbIX THIIOB 0COOEHHOCTEM
pelleH s ¥ CIIeNHAIbHO TOI00PaHHBIX MTOCAEN0BATENBHOCTEH CETOK yaaeTCs
YCTAHOBUTh CIPABeNJHMBOCTb PA3JIOKEHHH Gosiee 0OLIEro BUAA:

Yn1(z) = u(z) + Evr(x)hff, O<a<ag <... (77)
=1

3mecb o — M3BECTHble YHCJa, He 0053aTesbHO LieJble, a HHTepBa-
JIBl Qpy] — ( He 0053aTesIbHO OJMHAKOBbie. B 3TOM ciiydyae mo aHaJjoruu
¢ (52)—(54) HETPYAHO MOCTPOUTb IKCTPATIONSAIHIO

Yam(2) = D T (@), (78)
k=n—m+I1

rae Ko3(h(hUIHeHThl JHHEHHOH KOMOUHALUK (78) SBJISIOTCS pelleHUeM CH-
CTeMbl JMHEHHBIX ypaBHEHHH

n

Z Tknm =1 Wknmhgr = U(IE) + O(ham)’
k=n—m+1 k::nz—'r:n+l (79)

I<r<m-1.

[TorpeuiHocTb 3KcTpanosiiuuu (78) moayyaem nopcraHoBkod (78), (79)
B (77):

Yam(@) = u(@) + " 0p(2) Y Fpumhi” = ul@) + O(h™),  (80)
r=m k=n—m-+1
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T. €. MOIKJIOUYEHHE KaXKI0H HOBOH CETKH MO3BOJISIET UCKJIOUUTh OUepeHOH
4sieH passoxenus (77).

Janbuetiiiee ynpoiienue Gopmyn (78)—(80), aHasorudHoe BbIMOJJHEH-
HOMY [IJif PeryJsipHbIX pelieHHH, B OOLIeM CJydae He YAAeTCsl CHeNaTh.
OnHako, HeCMOTpSl Ha 3TO, M JJIsS PelleHHH ¢ 0COGEHHOCTSIMH METOH 3KC-
TPANOJISIIHK HAa CTYLIAIOUMXCS CeTKaX sBJseTcs] 3(PPEKTHBHEIM CIOCOO0M
MOBBILIEHHsS] TOYHOCTH [PU HECJOXKHBIX HMCXOLHBIX CXEMaX U YMEPEHHOM
oObeMe BbIYUCIEHHUH.

6. Ilpunoxenune. [IpuBeneM noKaszaTesbCTBa HEKOTOPBIX HAMHCAHHBIX
Boie opmys. PexyppenTHeie cootHowtenus (64), (65) nmoc/enoBarebHbIM
YMHOXKEHHEM JIeTKO MPHUBOASITCS K SIBHOMY BHAY:

n—1

1 =1, Chpm= H (hi — hp—pm) mp 2< m<n—1, (81)

i=n—m-+1
n—I1
dpi =1, dom= [ (hn—hi) mpn 2<m<n—1. (82)
i=n—m+1

Cxemul nepsozo nopsoka. Ecnu p = 1, 1o u3 dpopmyn (64)-(66) Hetpya-
HO TOJIYYHTDb MEPBble CTOMOIBI MATPHULBL Dyt

1 hp — hn—
bnl = H’ an = _—hnhn—] l,
b i = o ) = ) (e = )
n3 hnhn—lhn—2 ’

OTcroga Jerko yraabiBaeTcs OOILIMH BUJL 3TOH MaTpHILbL:

11 (hi = hy)

b = (—1)m -1 2EmsISiEn : (83)

n

I

g=n—m+1

Bbipa)keHHe JierKo AOKa3biBaeTCs METOAOM MOJHOM MaTeMaTHYeCKOoH
UHAYKUKH. B camom nesie, oHo BepHo npu m < 3. [lycTb OHO BepHO BIJIOTb
no Hekotoporo m. Torna, moacrasass (81) u (83) B (66), mosyuum

(_l)m_lbn,mH =
n—1 n—1
II (e = hoem) - T (hi = hy) IT (B =he)- T (hi—hy)
r=n—m-+1 n—m+1<j<i<n . r=n—m-+I1 n—-m<j<i<n-—1
- n n—1
II IT h
g=n—m-+l qg=n—m

(84)
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3ameTuM, 4TO

n

H hq = H hfjm’

g=n—m+1 q=n—m

n—1 n
hr_hn—m
A | e e

r=n—m+1 r=n—m+1

n
I t=tuw) I i-h)= J[ (-1

r=n—m+1 n—m+I1<j<i<n n—-m<j<isn

(85)

C yueToM 3THX paBeHCTB NepBoe cjaraeMoe B (84) mpeoGpasyercs K

BULY
I[I  (hi-hy

hn—m n—-m<j<i<n

hn - hn—m n

hq

g=n-—-m

Ananoruuno npeo6GpasyeM BTopoe caaraemoe (84) K TakKUM Ke MPOH3-
BEJlEHHsIM, TOJIbKO OOLIMM MHOXHTeJeM B 3TOM chaydae Oynet h,/(hy, —
— hp—m). [ogcranoBka sTux BbipaxeHuil B (84) maer

I (hi—ny)

b = (_l)mn m<j<7,<n
n,m -

th

g=n—m

CpaBnubas ero ¢ (83), 3aBepiiaeM [0Ka3aTeNbCTBO.
Tenepb nonctaBum Bhipaxenus (81), (82) u (83) B dopmyay (67), uto
naet

ﬁ (hr_hn—m)' H h_h) H h

o r=n—-m-+1 n—-m+1<j<i<n qg=n—m
Onm = n—1 n

M -ty T -r- I

r=n—m-+1 n—m<j<i<n g=n—m-+1

[IpuMeHsist K YKMCJHTENIO M 3HAMeHATes o npeobpasoBanus Tuma (85),
JIeTKO nosyuum dopmyny (68):

a _ hn—m
nm —
hn

4TO U Tp66OBaJ'IOCb JOKa3aThb.
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Ob6uyuti cayqati. IlprBeneM OCHOBHbIE 3Tallbl 10KA3aTeJbCTBA CIIPABEL-
auBoctH dopmya (64)—(67) mnas mpoussosbHOoro p. M3 (66) u (81), (82)
JIETKO BBIYKCJIUTD

bns = (hn—l - hn—?)h;p - (hn - hn—2)h;£1 + (hn - hn—l)h;fg-
Otciopa yragsiBaetcsi o0liasi He peKyppeHTHAs 3aMuch
bum = Y (=1 1T (hi = hy).  (86)

qg=n—m+1 n—m+1<j<i<n;i,j#q

OHa [0Ka3blBaeTCsl aHAJOTHUHO MPeIbIAyIEMYy Caydai, METOIOM TMOJ-
HOM MaTeMaTHYeCKOH UHIAYKIMH; MPH 3TOM HCIOJb3YIOTCS Mpeobpa3oBaHus
tuna (85), cpein KOTOPBIX OTMETHUM OJHO:

n—1

H (hy = hr—m) - H (hi = hj) =

r=n—m-+1 n—m+1<j<i<n;i,j#q
_ hq - hn—m
S II (hi = ;). (87)

n—m<j<i<n;i,j#q

s (67), (81), (82) u (86) caemyer

S (=1)(hg = hnm)hg? - 11 (hi — hy)

A, = _q:"—nﬁl n—m<j<i<ni.iZqe . (88)
> (1) hn = ho)hg” - 1T (hi — hy)
qg=n—m n—m<j<i<n,i,j#q

npudyeM o6e CyMMbl MOXXHO 6paTh B OJMHAKOBBIX Mpefesax ¢ < n—m < n,
ubo nobapysieMble NIPU 3TOM CJaraeMble PaBHbI HYJIIO.

Janee 3amertum, uto Qopmyna (63) — He eIHMHCTBEHHOE MpPEACTaBJe-
HHE G YEPE3 Ygpm. BENUUHHBL Yp mt1(X) U Yn—1m () CyTh JHHEHHBIE
KOMOWHAIUU BEJHUMH Yk () ¢ AUanasoHoM uHaekcoB n —m < k < n. pu
3TOM Y1 () He 8x00um B Yp_1.m (), @ Yn—m.1(z) He 8xo0um B ypm(x).
[Toncraasisi Bhipaxkenust tvna (53) B (62) M cpaBHHBast KO3(P(UIHEHTbI
PH Yn1(T) ¥ Yn—m.1(x), monyunm Gosiee yaoGHbIE MpPeCTABJIEHHS:

) 1 -mmn-—1,
U = _ Onnmdl o A = 1 — In-—mn-lm (89)
Ynnm+1 — Ynnm Yn—m,n,m-+1

N3 (60) ¢ yueTom Toro, uro k = n, nojydaem:

II (hi = hy)

n—-m+1<j<i<n—1

Ynnm = h;p n

ST (=D h? 11 (hi — hy)

g=n—m-+1 n—m+1<j<i<n,i,j#q
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YBeJqMYUB 30eCh WHIOEKC ™M Ha €IUHUILY, 3aMULIEM Yppm4l. llOCTE
3TOrO ¢ yueToM npeobpasoBanus (87) Haiimem

(hn — hn—m) Z (_l)qhq_ﬂ7 H (hi = hj)

Ynnm q m n—m<j<i<ni,j#q
Ynn,m+1 n _ ’
Z (_l)q(hq - hn—m)hq P H (hi - hj)
qg=n—m-+1 n—m<j<i<n.i,j#q

MpUYEeM HHXKHIOK CyMMY MOXKHO OpaTth B TeX Ke Mpejesiax, 4To U BEPXHIOH,
100 cjaraeMoe ¢ ¢ = n — m B Hed paBHO Hy:si0. [lomcTaBisist mocsenHee
BblpaXkeHHe B mepBylo u3 Qopmya (89), ybexpaeMcsi B COBNajeHHH Hai-
JIEHHOTO Ay, € (88). Tem cambimM dopmysnsl (64)—-(67) nokasaHbl.

AHajlorHUHO TPOBOAMTCS MpeobGpazoBaHue BTOPOH u3 opmya (89)
K ¢opme (88); MOMyTHO 3TO MOKAa3biBAET SKBUBAJNEHTHOCTb 00eux (op-
My (89).



F'masa III
KBA3UPABHOMEPHBIE CETKH

B sToll rnaBe BBeneHO omnpeneseHHe KBAa3HMPAaBHOMEPHBIX CETOK, HAHbI
NpUMEpPbl ONHOMEPHBIX CETOK Ha KOHEUHOM OTpe3Ke, MOJYNPSMOH U MPSIMOH,
a TakXKe B 3a/1a9ax CJOUCTBIX cpel. [TokaszaHo, KaK CTPOHTh MHOTOMEDHbIE
peryJsipHele KBa3HpaBHOMepHble CeTKH. V3/10)keHbl OCHOBHBIE TMPHHIHIIBI
BBIUMCJ/IEHHS] MHTErpajoB W IMPOM3BOAHBIX Ha KBA3HPABHOMEPHBIX CETKaX.
[TokasaHo, 4TO MeTOH CTyIEHHUs CEeTOK IOJHOCTbIO TMPUMEHUM AJs KBa-
3MPaBHOMEPHBIX CETOK. YCTAHOBJIEHA CBA3b MEXAY KBa3UPABHOMEPHBIMH H
alanTHBHBIMH CETKaMH, a TaKKe MeTOAOM 3aMeHBl lepeMeHHbIX.

§ 1. IlocTpoeHue KBa3MpaBHOMEPHBIX CETOK

1. CemeiicTBa cetok. OpHa ceTka siBseTCsl JTHOO PaBHOMEPHOH, JUOO
HepaBHOMEPHOH; HUKAKUX aJIbTepHATUB 31ech HeT. Ho mpu crylieHnu ceTok
paccMaTpUBAIOT He OJHY CETKY, a HEKOTOpPOe CeMeHCTBO CeTOK {2 ¢ pasHbl-
MM 4ucaaMK UHTepBasoB [N. Torna MOXXHO NMOCTPOUThL KaKHe-TO ceMeHCTBa
HEePaBHOMEPHBIX CETOK, 00/afalollie HYXKHBIMM HaM cBoicTBaMu. OueHb
BaXKHBIM SIBJISIETCSl CEMEHCTBO KBa3MPABHOMEPHBIX CETOK.

[TycTe Hac HHTEPeCYIOT CETKH MO & C 4YHUCJIOM HHTepBajoB N Ha
orpeske a < x < b; 0603HauuM ux yepe3 Qn[r] ={a =z <z <29 < ...
... <apy = b}. Beenem BcriomoratesibHyto nepemennyio &, a < € < (. Pac-
CMOTPHM HeKoTopoe mnpeoGpasoBanue x(€), obsanaiwiiee Ha OTpe3Ke o <
< € < (B caenyoluMu TpeMsi CBOHCTBAMH:

1) mocTaTodHO rAfKo, T.d. CYUIECTBYET NOCTATOYHO MHOTO HEIpephiB-
HbIX OIPAHHYEHHBIX IPOU3BOAHBIX

1©) <My q=01.p, p> L a<e<p ()
2) cTpOro MOHOTOHHO:

2l =2m>0, a<&<pB; (2)
3) npeobpasyer oTpe3oK [, 8] B oTpesok [a, b]:

a=z(a), b=z(F). (3)

3 H.H. Kanurkun u ap.
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[Toctponm no nepemenHoi & Ha [« 3] paBHOMepHble ceTkH wy[{] co
BCEBO3MOXKHbBIMU dncaaMu uHTepBajsoB N = 1,2,3,...:

b =a+ OO —0 1N, (4)
unpekc N B &, 0ObIUHO OylneM omyckaTb M nucatb npocto &,. Kaxnon
cetke wyl|€] mpeobpasoBanue x(£) CTABUT B COOTBETCTBHE HEKOTOPYIO
ceTky Qp[z]:

Tun = 2p =2(€nn) = 2(&), n=0,1,...,N. (5)

Takum 06pasom, ceMeHCTBY PaBHOMEPHBIX CETOK wy [£] COMOCTABIEHO HEKO-
Topoe ceMelcTBO ceTok 2y [z]. Kakumu cBoficTBamu oHO oGianaet?

Ecsin npeo6pasosanue x(§) obnamaer cBoiictBamu (1)-(3), To cemeii-
CTBO ceTOK y[x], MOPOKIEHHOE CEMEHCTBOM PaBHOMEPHBIX CeTOK wy (],
Ha3bIBAETCS KBA3UPABHOMEPHOIM.

JIJist KpaTKOCTH CJIOBO “CeMeiCTBO” 4acTo OMyCKaIT U FOBOPSIT MPOCTO O
KBa3HPaBHOMEpPHbIX ceTKaX. CeMeHCTBO COMEPXKHUT CETKH CO BCEBO3MOXKHbI-
mu N = 1,2, 3, ...; 1Jsi IPaKTUYECKOTO UCIMOJb30BAHUS M3 HETO OOBIYHO BbI-
OUpAIOT KAaKHe-TO MOCJAe0BaTeNbHOCTH N, HAMPUMEp CTYUIAIOIINECs] CETKH
¢ Ny, = r*Ny. Ha onsom 1 ToM e otpeske x € [a, b] cyuiecTByeT 6ecKoHey-
HO MHOTO Pas/JMYHbIX CEMEHCTB KBa3MPaBHOMEPHBIX CETOK, MOPOXKAEHHBIX
pasJMYHBIMU TpeobpasoBanusMu = (); Te WM HHble MPEOOpPa3OBaHKs MOA-
OUpAIOT B 3aBHCHMOCTH OT 3a[aud, KOTOPYIO MPEACTOUT pellaTb HA 3THX
ceTKax.

Y mopoxpaiotieil paBHOMepPHOH CeTKH wy [£] cepennHa u BooO1ue sobast
Npo6Has 4acTb UHTEpPBANA [, —1, &) ONPeesieTest Mo OObIYHBIM JTMHEAHBIM
dopmyaam (cm. ra. I1):

_ bt bn _ (B-a)(n—1/2)
Sn—1/2 = e = a+ - N

by =Yn-1+ (1 —=7)&, 0<y< L

OnHako A/l KBAa3HPAaBHOMEPHOH CETKH cepeluHa W Jtobasi ApoOHasi 4acTb
MHTEpBasa [Tp_1, Lp] CTPOMTCS C MOMOIIBIO TOTO K€ HEJHHEHHOTO MOPOXK-
JaIoIIero npeobpasoBaHUs:

(6)

Tn—1/2 = x(fn—l/?)» Ty = T(En—r); (7)

MO3TOMY JJIsl Hee JIHHeHHble COOTHOLIeHHsI (6) HEBEPHBI:

n-— + n
Tp—1/2 o %, Tpony F YTn—1 + (1 = 7)2n.

Bce 310 yno6HO HJMIOCTPUPOBATH C MOMOIIbIO rpaduKka (yHKIHH, 006-
paTHOH K mopoxpawiiemy npeotpaszoBanuio x(£). OTIOKHM X MO OCH
abcuunce, £ — mo ocu opauHat (puc. 1). Ha otpeske [«, 3] ocu opaunat
u300pakeHa paBHOMEpHAsi CeTKa ¢ LeJbIMH M MoJayuensiMM y3namu. Ilo
Hell ¢ nomouibio rpaduka z(£) Ha otpeske [a,b] ocu abeiuce MocTpoeHa
KBa3HpaBHOMEpHas CeTKa.



§ 1. T[locmpoenue K8A3UPABHOMEPHBLY CEMOK 67

l

—O———>
X

Puc. 1. KBasupaBHomepHas ceTka (npuMep 1). Toukn — LeJible Y3Jbl CETKH, KPYK-
KH — ToJaylesble

YroGbl crycTuTh ceTky {dy[z] B 7 pas, Hamo BO CTOJNBKO XKe pas
CTYCTHUTb HCXOOHYIO CeTKYy wy[€]. OcoGeHHO HArVIAIHO CryLIeHHe BIBOE
(r = 2). U3 dopmya (6), (7) v pucyHka | BHAHO, UTO MPH 3TOM BCE IIeJible
y3Jbl HAYaJbHOH CETKH CTAHOBSITCS YETHBIMH y3/IaMH yIABOEHHOH CETKH, a
NoJTyliesible TOYKH Haya/ bHOH CETKH — HEUeTHbIMH y3/aMH YIBOEHHOH ceT-
KH. DTO MOATBEPKAAET PA3YMHOCTb JAHHOTO Crocoba BBEAEHHS MOJMYLEbIX
(npoGHBIX) Y3JI0B KBa3HPaBHOMEPHOH CETKH.

PaBHoMepHasi ceTKa wy[{| HMeeT MOCTOSIHHBIH LIar:

— —
A=¢E, — &l :BT:const:O(N h. (8)
JlnuHbl waros h, KBasupaBHOMEepHOH ceTkH (y[x] HeonHHAKOBBI. Hcrmob-
3ys pasnoxkenue x(§) B pan Teilsopa—MakJjopeHa ¢ UEHTPOM B MOJYILEJOH
TouKe &,_1/9, MOMYYHM [/l HUX CJIeRyIOlIee BbipaXKeHHe:

1 -
I = @ = anmt = 2 (Guo1) A+ 52" (€1 /2) A% + .. = O(NT1); (9)

6ylarofapsi CHMMETPHH 3TOH (DOPMYJIbI, PA3JNOXKEHHE COAEPIKHT CTerneHdH A
TOJIBKO OfIMHAKOBOH YETHOCTH, a YHCJIO YJIEHOB B HEM ONpee/sseTcs Iaaj-
KocTbio mpeoGpasoBanusi x(£). Haiimem us (9) oTHOlIeHHe IBYX IIArOB ¢
pa3HbBIMH HOMEpaMH:

hm x’(é‘m—]/?)] [ 2
—=-———~1+0A]. 10
hn |:-'13,(§n—]/2) ( ) ( )
Bropasi xBajpaTHas cKoGKa 3[ech MOYTH Bcerga paBHa | ¢ TOYHOCTBIO
no O(N~?). Ho ecan uHTepBa/ibl coceiHHe, T.e. m = n + 1, To mepsas
KBajipaTHas CKoGKka Toxxe mouth pasHa 1. [le#icTBuTenbHO, @' (&p41/2) =
=2'(&,) £0.52"(£,)A + O(A?) u (10) npespamaercs B

b1 _ z” (&) 2 -1
= —1+[x'(5n>]A+O(A)‘1+O(N ). (11)

OrHolleHye cocefHMX LIAroB crpeMutess K 1 mpu N — oo; Jerko ybe-

3*
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JMTbCS, Y4TO PasHOCTb COCEAHMX IMAroB hnyi — h, = O(N=2) = O(h2),
KakK M MHCaNoch B NPeIucJoBHH. BoT moyemy Takue ceTKH OblIM Ha3BaHbI
KBa3UpaBHOMepHbIMH. B To ke Bpemss u3 (10) BHIHO, YTO OTHOLIEHHE
JaNeKHX 11aroB MOXeT ObiTb JIIOObIM, OOJBbLIMM HJH MajeHbKHM, U He
cTpeMHTCsS K 1 mpu yBesndeHHH dnchaa y3/0B ceTkd. Ha pucynke 1 xoporuo
BUJIHO, YTO MEPBLIH W MOCJAETHHIH 1ark A, CHIbBHO Pa3JHUUYaOTCS.

Paznoxennem z(€) B pan Teilopa HeTPyAHO Tak»kKe MPOBEPHTb, UTO
TPaJMIMOHHOE OIpeJe/ieHHe CepelHHBbl WHTepBasa W HoBoe (7) BecbMa
OU3KU:

" 2
A g = T0m oy o). ()

OnHako HaNOMHHM, 4YTO HECMOTPSl Ha MaJylo pasHUILY, ONpefeseHHe
(7) uMeeT npUHUMNHAJBHOE MPEUMYILIECTBO — TOYHOE COBMEIEHHE MpH
CTYILIEHMH CeTKH BIBOE; Jajee YBHAWUM, UYTO B HeOTpaHHYEHHOH 06/acTH
TMOSIBJISIETCS IOMONHUTENbHOE YaIyUllleHHe.

3ameruM, 4T npeobpasoBanue x:(€) BBOAHUT MOJNb30BATENb, OPHEHTHUPY-
fcb Ha 0COOEHHOCTH KOHKDETHOW 3afaud WJM KJacca 3aiad. YHoOHO mJsi
HeCHMMeTPHUHbIX 3a1a4 Bbloupath o« =0 u F = 1, a I8 CHMMeTPHUYHBIX —
a=—-1up=1;rorna A=1/N nm A =2/N COOTBETCTBEHHO.

OTMeTHM TakKe HHTepeCHble COOTHOLIEHHS] MEXY TPOHKAMH COCEIHHX
IIaTOB, KOTOpbIE JIETKO BBIBOASTCS pasJjoxeHHeM B psif Teiisopa:

1

hn=§(mh1+th)P+%XN‘%]:(MHIJMHYM{1+OQV44;

(13)
[IEHTPAJIbHBIH IIAT ¢ OTHOCHTENbHOH TOYHOCTBIO O(N‘Q) paBeH cpefiHe-
apu(pMeTHYeCKOMY HJIH CpeHEereOMeTPHUECKOMY CBOHX JIEBOTO H MPaBOTO
cocena. [Tockosnbky O(N‘Z) €CTb J0CTATOUHO MaJjasi BeJIHUHHA TPH peasib-
HbiX N ~ 100 u GoJiee, TOUHOCTb 3TUX COOTHOLIEHHUH BeJIMKA.

Ceyuenue. Elle 060MNBITHEE COOTHOLLIEHHS LIAr0B MPH CTYLEHHH CeT-
KH POBHO BABOe. Bce y3ibl MepBOH CeTKH CTAHOBATCS YeTHBIMH y3JaMH
HOBOH. HeueTHble ke y3/ibl HOBOU CETKH HEJST KaXKAbld HHTepBaJs h, Ha
JIeBbIH h), W npaBblil h). AHAJOrMYHBIMH PA3JIOKEHHSIMH MOXKHO TOJYUYHTb
TaKHe TNPHUONHKEHHble COOTHOLIEHHS:

Q

/
hn 8 hn+l

1 hi 1/4 .
hn—l ’

Shn_1 =
(14)

Q

N — N

1/4
3 1 1 5 1 1 K
ghn + ghn—l ~ (h?zhn—l)l/4 ~ ghn - _hn+l ~ < > N
5
8

N — o

B % Sho+ ghng 2 5 (B hne) /4 = ha -

8

MX OTHOCHTeJIbHas TOUHOCTh Takke O(N~2).

[Tpumep 1. Ilycts pacecmarprBaemast GyHKUHS u(x) GHICTPO MEHSIETCS
BOJIM3H JIEBOH IPAHUIIBI OTPe3Ka [a, b], HO MefieHHO — Baaau oT Hee. Torna
Halo cOenaTb CeTKy QN[x] rycTod BOJIM3M JIeBOH TpaHHUIbl, HO BOJH3U
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NPaBOH T'PaHMIBI CETKA MOXKET OBITb NOCTATOYHO PenKOd. MoxHO B3STb,
HampuMep, TaKoe MOpOXKaaloliee MpeobpasoBaHHeE:
c§
e~ —1
() =a+(b—a)———r7,
e" —1
Jlerko mpoBepuTh, uTO NpeoGpasoBaHue (15) ynoBJeTBOpsieT BCeM Tpe-
GyembIM ycsoBusM (1)—(3). BennunHa ¢ ecTb ynpapJsiolyil napamerp; dyem
OH GOJIbllIe, TEM CHJIbHEE CTYIIATCS WAark h, Y JeBOH TPaHUIlbL.
Jlnst mpeo6pasosanus (15) crpaBensuBbl COOTHOIIEHHSI:

c>0, 0<E<L. (15)

c§
w/(é‘) — c(b_ (l) ce ’ hn+l _ €C/N — const ~ 1 + i’
e’ —1 hn
| N (16)
~ ) P —L RSP
h] ~ C(b a) (ec — l)N’ » ec.

OTHOLIIEHHSs COCeHUX LIATOB OAMHAKOBDI, T. €. LIard 00pasyloT reoMeTpHye-
cKylo nmporpeccuio. OTHoLIeHHe HaUGOJIbILIero ara by K HauMeHblIeMy )
y2Ke TIPU ¢ > 3 CTAHOBUTCSI OUYeHb OOJBILIKM, a NEePBbIH AT MPU STOM OYeHb
Mas: B (e¢ — 1)/c pas meHblie wara paBHomepHo# cetku h = (b —a)/N.

Wmenno atot cayyadt (npu ¢ = 2) nzobpaxeH Ha pucyHke 1. 3ameTum,
4TO eCJIH HYXKHa CeTKa, rycrast BOJIM3H NPaBOH I'paHHUUbl U peaKas BOJMH-
34 JIEBOH, TO MOXKHO TaKXKe BOCIOJIb30BaThCs NpeobpasoBaHueM (15), HO
B3aB ¢ < 0.

[Tpumep 2. lMoctpoum apyroe npeobGpasoBaHue, MOPOKIAIOIIEE CET-
Ky Q0 [x] TakKe ¢ MaJBIMKU HHTEPBAJaMH BOJIM3H JIEBOH PAHUIIB U TOPA31I0
60/1bIIMMH — BOJM3H TPaBOH:

m
x(g):a—l—(b—a)%, c>1, m>0, 0<&<] (17)
3[eCh eCTh JABa YIPAaBJSIONIMX MapameTpa ¢ U m. BbimojHeHHe yc/a0BHH
(1)-(3) nmerxo mpoBepuTh. KauecTBeHHO 3Ta ceTKa MOXoxKa Ha mpumep 1.
BesMuuHbl 111aTOB TaK»Ke MOHOTOHHO yBEJHYMBAIOTCSl CJeBa HamnpaBo (HO,
pasymMeercsi, He B F€OMETPHUYECKOH MPOTPECCHH).
Jlns npeo6pasoBanus (17) BBIMOJMHSIOTCS CAEAYIONIHE COOTHOLIEHHS:

, mc+(m—1

P(©) = (- a)e - LG
hlz(b—a)%, hN*@‘@%» (18)

ha zcmw >(1—1/c)™™.

hy (c— 1)t

BunHo, 4To BesqMUKMHA HaWMeHbluero wara hy cocrasaser (1 — 1/c)™-w
HOJII0 OT iara paBHOMepHOH ceTKH h = (b—a)/N W CTaHOBHTCS OuYeHb
Maso# pu ¢ — 1 uam m > 1. B 3ToM caydae OTHOLIEHHe MaKCHMaJbHOro
mwara hy K MHHHMAJbHOMY ellle OoJblle, HO CaM MAaKCHMaJbHbIH Liar
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OCTaeTCsl He CTOJb GOMBIIMM — Beero Jiuwb B 1 +m/(c — 1) pas Gosblue
paBHOMepHOTO h.

HauGosnee uenecoo6pasuo mnognarath B (17), (18) sHauenune m = 1,
OCTaBJIsisi TOJBKO OIMH yMpaBJsiolUi napametp c. Yem Gauxke ¢ K 1, Tem
MEHbIlI€ Ha4aJ/JbHbI€ UHTEPBAJIbI.

CpaBHeHue mpuMepoB | ¥ 2 MOKa3biBaeT, YTO KAYECTBEHHO CXOMHBIE
KBa3HUPaBHOMEPHbIE CETKH MOXXHO CTPOHTb C MOMOIbIO 3aMETHO OTJIHYAI0-
[IMXCS 110 BUAY NpeoOpa3oBaHUH.

[Tpumep 3. I[Tonpodyem Bmecto (15) uau (17) npuMeHuTh Mpeodpaso-
BaHHe

() =a+(b—a)’ 0<EL],

JJIS1 TIOCTPOEHUS CeTKH, MOAPOOHON BOMH3M JIeBOH rpaHuiel. Ecau moctpo-
UThb rpaduK, aHAJOTMYHBIH PHUCYHKY 1, TO XOpOLIO BHAHO, YTO IeEpBblE
ward ceTkd Oy [z] peficTBUTENbHO GYAYT 0UeHb MaJbiMi. ONHAKO /s 3TOH
cetkt hy = (b—a)/N? u hy = 3(b — a)/N?, 1.4. otHowenue hy/h; =3 u
He crpemutcsi K 1 mpu N — o0o. CeTKa OKas3ajach He KBa3HPaBHOMEPHOH.

[IppunHa B TOM, YTO YCJIOBHE MOHOTOHHOCTH (2) He BIOJIHE COOJIIONEHO.
BMmecTo CTpOroro HepaBeHCTBA BBINOJIHEHO JHiib Hectporoe z'(£) > 0,
obpautatoiieecss B paBeHcTBO npH = 0. MmeHHo BO/IHM3KM 3TOH TOYKH
OTHOLLIEHHe COCeJHMX WIaroB He cTpemutcs K 1. Takoe HegomycTHMO AJIS
MHOTHX NPHJIOXKEHUH.

[Tpumep 4. Hepenko npuxomurcs peiath 3afgadd O IMpoleccax B
CJIOMCTOH Cpelle C uepelOBaHHEM TOJICTBIX M TOHKHX CJIOEB (Hampumep, O
MPOXOXKAEHHH 3BYyKa 4epe3 OKOHHBIE MaKeT U3 TOHKHX CTEKOJ M JOBOJIBHO
GOJIBILUX TPOMEXYTKOB). [/l MpaBUJIBHOH DPAa3HOCTHOH ANNpPOKCHMAllHMH
ypaBHeHl’Iﬁ CEeTKH JOOJI2KHbI ObITb KBAa3WPABHOMEPHbBIMH W TIPUTOM CIIELHU-
ajJibHbIMK (T. €. TPaHWIbl CJOEB JAOJKHBI ObITh y3JlaMH CETKH), a YHCJO
WHTEPBAJIOB B TOHKHX CJIOAX — HE MaJIbIM. Ho JJid 9KOHOMHYHOCTH HAnIo,
4TOGBI B TOJICTBIX CJIOSIX HHTEPBAJIOB HE GBLIO CJUIIKOM MHOTO — MPUMEPHO
CTOJIbKO e, CKOJIbKO M B TOHKHX. [locTporm mprMep TakoH ceTKH.

J1J1st IPOCTOTH BbIGEPEM TPEXCJIOHHYHD CHMMETPUUHYIO KOH(PHUIYpPALMIO
ofl1el TOMLKHBL 2b ¢ OBYMSI IPAHUYHBIMH TOHKHMH CJIOSMH (HMX TOJILIU-
Ha @ < b) ¥ TOJCTBIM CPEeIHHUM CJ0eM. [paHUIbl 3TUX CJI0EB — TOUKU & =
= —b, =b+a, b —a, b. PaccMoTpum crenyioliee npeodpasoBaHue:

_ c / _ c
"= e T e (19)

(
>0, d>0, —-1<E<L.

Ono ypmoBseTBopsieT TpedoBaHusM (1)—(3).

OnHo ycsoBue agsisi moxGopa mnapametpos ¢, d odeBupHo: x(1) = b. B
KayecTBe BTOPOro ycJoBust Bo3bMeM x(§x) = b — a, rae & — HEKOTOpoe
BblOpaHHOe HaMH dncao (0 < &, < 1). D10 o3Hauaet, yTO OOlEe UYHCJIO
MHTEPBAJIOB CETKH PACIPEAEIUTCS TaK: 1045 £« — B LEHTPAJbHOM TOJICTOM
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cnoe, (1 —¢&,)/2 — B kaxknoM ToHkoM. [lomcranoBka (19) B 3T ycmoBHs
llaeT mapameTpsbl
(b—a) —b*¢ b

d=——" ">~ _ *_2—1 1,
a(2b—a)é&l 2J§ )>

Cob—a) [ 1= 17 -0l
¢= "¢ L(zb_@} Sl Ui vl B

3lech NMPUOJHKEHHBIE PABEHCTBA OTHOCATCS K cily4aio b >> a, To4Hble —
K ob11emy.

Pasymeercsi, BeJM4IHHY &, W TOJHOE YHCJIO HHTepBasoB N HAalo Bbl-
Gupatb Tak, 4tobbl N (1 —&,)/2 Obuto uesbiMm guciaom. TobKO B 3TOM
cslydae yses CEeTKH BCerga OyleT nonajartbh Ha IpaHMIy paspena cpex. Ha
pUCYHKe 2 MoKasaH mpuMep Tako# cetku mis a = 1, b =6, £* =0.5, N =
=12,

(20)

= ’

Puc. 2. Cetka (19) nns TtpexcnaoiHOH 3amauu. ToukW — rpaHuUlbl o6sacTed, a
BepPTHKaJbHbIE JTUHHHU COOTBETCTBYIOT y3/1aM CETKH

Bo Bcex paccMOTpEHHBIX INIPHMepax HCIOJb30BaNUCh Mpeofpasosa-
Hust 2(€), uMerolIHe 6eCKOHEUHO MHOTO HEMpPEpBIBHBIX POU3BOAHBIX, NaXkKe
B MHOTOCJIOMHBIX 3aauax. DTO ONTHMAJbHAS CUTYyalHUsl.

2. HeorpannyenHass o0Jactb. DBbille HesiBHO IIpeAoJaranoch,
4ro [a,b] — orpaHudeHHbIH oTpe3oK. OpHAKO CYILIECTBYeT HeMaJo
3a7a4 B HeorpaHudeHHoH o6gactd. [lpocreliium mnpumMepoM cayXKar
HeCOOCTBEHHBIE HHTErpasbl OT u(X) Ha MOMYyIpsAMO# U nMpsMoi. B kpaeBbix
3ajayax ans nuddepeHnHaNbHbIX YPaBHEHHH TaKXKe BO3MOXKHA NTOCTAHOBKA
KpaeBblX YCJOBUH B GeCKOHEYHO yHaJleHHOH TOuUKe; B 3a7adaX KBaHTOBOH
MeXaHHKH 00 HepreTHYeCKUX YPOBHSX B 3aJaHHOM IOJle, HANpHMep, 3TO
YCJIOBHSl OBICTPOrO 3aTyXaHHs BOJHOBOH (PyHKUMH Ha OGeCKOHEYHOCTH.

OueBHIHO, B HEOrpaHUYEHHOH 006/1aCTH HEBO3MOXKHO BBECTH paBHOMep-
HYIO CETKY C KOHEYHbIM YHMCJIOM HHTEPBAJIOB. DTO [0 CHX NOP CYIECTBEHHO
OrpaHHYMBAJIO NIPHMEHEHHe CeTOYHBIX MeTOOB K IOfOGHBIM 3anadam. On-
HaKO 0Ka3aJ/10Ch, YTO KBA3HPABHOMEPHYIO CETKY B HEOrPaHHUEHHOH 06JacTH
HeTpyxHO nocTpouTb. [lokaxkem 3To.
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[Tycts 3amana nogynpsmas [a, +00), T. €. o6aactb a < x < +00. Bribe-
peM Takoe mpeoGpasoBatue x(£) 05 KOHeuHOro oTpeska o < & < [3, 4To6hI
OHO YJIOBJIETBOPSIJIO YCJOBUSIM CTPOTOM MOHOTOHHOCTH (2) U OTOOpaXKeHHUs
rpanui; otpeska (3). IMocsennee osHauaer, uto x(f) = 4o00. Ycnosue
JOCTAaTOYHOH IVIAJKOCTH MPUIETCS U3MEHUTb, HOO Terepb BCe MPOH3BOAHBIE
2D (€) 6ynyr obpamarbest B GeckoHeunocTb mpu & = (3. [lostomy BMe-
cto (1) motpebyem, 4To6bl B 06s1acTH ¢ < € < 3 CYLIECTBOBAJIO NOCTATOYHO
MHOTO HerpephIBHBIX MPOM3BOAHBIX (%) (£).

dTta wules TIOJHOCTBIO TMEPEHOCHTCS Ha CJaydald JieBOH MoJymnps-
MO —o0 < x < b uau cayda# npsMod —oo < x < +oo. Hamomuum, dro
Mbl BCErAa MOXKeM BbIOpaTh Takoil Macwirtad mo &, utobel Obuio o = 0,
G=1uma=-—1, [ =1. [IpounnoctpupyemM cKkazaHHOe NMPUMEPAMH.

[Mpumep 5. Ilycts Hamo Ha moaymnpsiMoit a < & < +00 MOCTPOUTD KBa-
3UpaBHOMEpHYIO ceTKy )y (x|, HauGosee TYCTYO BOJU3M JIEBOH TPAHUILHI.
BosbmemM npeoGpasoBaHue

_ € 1y — LA (m=1)¢ :

3nech ¢ > 0, m > 0 — ynpasasiolye napaMeTpsl. Takas ceTka MOCTPOeHa
Ha pucyHke 3. Ee nocsenHuil ysesnm okasbiBaeTcsi G€CKOHEUHO yaasleHHOH

3
1

0 > S

IN-1/2 T

Puc. 3. KBasupaBHOMepHasi ceTka Ha nosaynpsMod. Touku — liesible y3Jbl CETKH,
KPYKKH — TIOJTyLeJIble

TOYKOH, T. €. £y = +00. COOTBETCTBEHHO, MOCJAEAHNH UHTEPBAT [TN_1, TN )
HeorpaHUYeH; pa3yMeeTcsi, BCe OCTaJbHble HHTepBaJbl orpaHuueHsl. OnHa-
KO Cepe/iMHa X'y _1/g MOC/EIHEr0 HEOrPAHHYEHHOTO MHTEepBa/a OKa3blBaeT-
Csl KOHEUHOM TOUYKOH, H TO K€ OTHOCHTCS K JI0OOH APOOHOH TOYKE T N_-,
0 <y < 1! o ewle pas 1eMOHCTPUPYET PA3yMHOCTb ONpeJeseHHsl Cepent-
Hbl HHTepBaga (7).

OnwuieM npocTeHIIHH anpHOPHbIH crnoco6 moadopa napaMmeTpoB Mpeod-
paszoBanus (21). Llesecoo6pasHoe 4ucI0 HHTEPBAJIOB ceTKH N ompenesns-
€TCs MOLIHOCTbIO HAllero KOMIbIOTepa. Ec/HM MBI CTPOMM CeTKy, T'YCTYIO
BOJIM3H JIEBOH 'PAHMUIIBI, TO HESBHO MpeaInoJaraeM, 4To oHa HauboJiee Bax-
Ha AJsl aKKYPaTHOTrO pelleHus 3anadd. [lepBoMy 1iary cooTBeTcTBYeT & =
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= 1/N, a mepso#i nonopuHe Bcex maros — &y = 1/2; moxpcrapnss ux
B (21), mosyuaem:
- C __ om—1

h] NN, .’IZ'N/Q—CL—Q C. (22)
BennuuHa nepBoro mara npakTH4eCKH He 3aBUCHT OT m; MO3TOMY ¢ MOAOHU-
paloT Tak, 4ToObl MepBBIH LIAr 0Ka3aJcs AOCTaTOYHO MaJjblM U 0OecrnednuBast
HYKHYIO TOYHOCTb pacdera. Ha#ings ¢, nonbupaeM m H3 YCJIOBHS, UTOOBI
MI0JIOBMHA MHTEPBAJOB CETKH OXBaTHJa HauboJsiee BaXxKHYIO 06J1aCTb MOJY-
NPSIMOH; YeM LIMpe 3Ta 00/1aCThb, TeM GoJbllee m NPUXOAUTCS OpaTh.

[Tpumep 6. [lycte Ha mosmympsiMollt B mpuMepe 5 mopGop mapameTpoB
naer m < 1. 1o Bpsig Ju uesecoobpasHo. Jlydile MpPemJOXKHUTh ApPyroe
npeobpa3oBaHue C TOXOXKHUMH KaueCTBAMH W OJHHUM YIIPABJSIONIMM Mapa-
METPOM:

C
z(€) =a—cln(l = ¢), x’(ﬁ):m, 0<e<l. (23)
[lepBBili wWar mJisi HEro TOYHO TakoH ke, Kak (22), HO TOJNCETKH HMeeT
HUHYIO NPOTAXKEHHOCTD:

hy z% T/ —a=cln?. (24)

KauecTBeHHO ceTKa BHIMVIIAMT TaK XK€, KaK HA PUCYHKE 3.
[Mpumepsl 5 1 6 Jerko 0600IIAKOTCS HA TOMYTIPAMYI0 —00 < T < d.

[Tpumep 7. IlocTpoum Ha mpsiMod —oo < & < 400 KBasHpaBHOMep-
HyI0 CeTKy, HauboJsee TyCTyI0 BOJHM3H TOYKM & = @. [lJist 3TOro BO3bMeM
npeoOpasoBaHue, aHajorudHoe (21) u3 mpumepa 5, HO HMeOllee ABa I0-
Joca:

€ , 14 (2m — 1)¢
x(§)=a++m, x(ﬁ):c%m, —-1<g<1; (29
(1-¢) (1-gym*!
3nech ¢ > 0, m > 0 — napameTpbl. 3HaueHUsl MapaMeTPOB MOAOHPAIOT
aHajiortyHo npumepy 5. Tak, HauMeHbLWIMM [IaroMm OymeT LEeHTPAJbHbIH
3
i

R o)

Puc. 4. KBaaHpaBHomepHaﬂ CeTKa Ha HpﬂMOﬁ; TOYKH — IeJible Yy3JIbl, KPYXKKH —
noJayueJibie
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(mpu N HedeTHOM OH OIWH, NMPH uYeTHOM N HX J[Ba); C y4YeTOM TOTO,
4To [} —« = 2, BeJMYMHA HAMMeHbLIEero lara paBHa hy o & 2¢/N. dto
no3BoJseT nogo6path ¢. KauyecTBeHHO mpollefypa NOCTPOEHHS 3TOH CETKH
u3oOpaykeHa Ha puUcCyHKe 4; Ternepb OECKOHEUHO YyNAJEHHBIMH TOUYKAMHU
SIBJSIIOTCS Y3JIbl T U TN .

Crenaem nBa 3ameuyaHusi. Bo-mepBblX, Mbl HEBHO INIpearnoJiaraju, 4To
y3abl &, ¥ x, uMeloT Hymepauuio n = 0,1,..., N; 310 no3sojsier 6paTh
mo6oe N, deTHoe W HedeTHoe. Ho Ha wuHTepBae —1 < £ < 1 moxHO
TaKXe ecTEeCTBEHHO BBECTH [Ipyrylo HyMmepaluio y3noB: —N < n < N,
TOrZa y3ed &) OKa3blBaeTCs LEHTPAJIbHBIM, a Y3Jbl T_N U &Ny — OecKoHed-
HO YlaJleHHBIMH TOYKaMH. Takasi CHMMeTpHUsI MpeACTaBJseT ONpenesieHHOe
yno06CTBO, HO MOJHOE YHCJIO MHTEPBAJOB IPH 3TOM 00s13aTENbHO YETHOE.

Bo-BTopBIX, ecau B3ATh npeoGpazoBaHue (25) TosnbKo Ha oTpeske 0 <
< € < 1, 10 mosyuMM KBasupaBHOMEPHYIO ceTKy n[x] Ha mpaBoil mody-
npsiMoit @ < & < 400; OHa OYeHb Moxoxka Ha mpumep 5. Ecau xe B3sATh
otpe3ok —1 < ¢ < 0, To (25) macT KBa3HPaBHOMEPHYIO CETKy Ha JieBOH
nosynpsiMmosl —oo < < a.

[Tpumep 8. KBasupaBHOMEpHYIO CETKY Ha NPSIMOH MOXHO MOCTPOUTDH
¥ aHaJOTHYHO TNpHMepy 6, ¢ MOMOLIbIO JOrapu(PMHYeCKH OeCKOHEUYHOrOo
npeoOpa3oBaHUS:

2 =a—Sn(1-€), (€)= +Sm(1-€), -1<e<l.
£ 1-& ¢
(26)
dTa ceTKa TaKXKe KAayeCTBEHHO MOX0XKA HA PUCYHOK 4, U ee leHTpaJbHbIN
untepsan hy /o ~ 2¢/N. Eciu B3aTh npeobpasoanue (26) Ha oTpeskax —
-1 <&<0umm 0< €< 1, oHO aeT KBa3HPAaBHOMEPHble CETKH Ha JIeBOH
UJIU TIPABOH MOJIYMPSIMOH.

[Tpumep 9. [lpuBenem elle ooHO KpacHBOe Npeodpa3oBaHue, Haollee
KBa3UPABHOMEPHYIO CeTKYy Ha MpPsIMOH:

C

x(f)=a+c-tgg, 2'(6)=—0, -S<E<CZ. (27)
cos” & 2 2
Ono oueHb 6sM3KO K mpeobpasoBanuio (25) ¢ m = 1. Ho ero Harisa-
Hee MOXKHO WJIJIIOCTPUPOBATh HA PUCYHKe O, rae & ecTb yros, a paauyc
OKPY2KHOCTH PaBeH C; MPOEKI[HH PaBHBIX AYT OKPYKHOCTH Ha MPSIMYI0 Aal0T
vHTepBasbl ceTKU. Ecsu orpannuutbhes otpeskamu —m/2 < € < 0 uiam 0 <
< € < /2, To npeobpasosanue (27) AaeT CETKH Ha MOJYNPSIMBIX.

N

Ty Iy IN-1 IN-1/2

Puc. 5. KBasupaBHoMepHas ceTka (27) Ha MOJYNpsMOH; TOYKM — LeJble Y3Jbl,
KPYKKH — TOJyLleJble
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Bo Bcex paccMOTpeHHBIX MpuMepax mpeobpasoBanus (E) umenu Gec-
KOHEYHO MHOT'O HeNpepblBHBIX Ha ¢ < € < [3 MPOU3BOAHBIX. DTO BAXKHO AJIs
MeTOofla CTyIEeHHs CeTOK. Hamo o Bo3MOXKHOCTH u3beraTh npeoOpa3oBaHUH
C paspbiBaMH faxKe BBICOKMX MPOHM3BOAHBIX.

3. AnanTuBHOCTb. B COBpeMeHHBIX BBIUHCJIEHUSIX, OCOOEHHO B 3a-
Jadax JJisi YpaBHEHHH B 4YaCTHBIX MPOHM3BOIHBIX, OYEHb NOMYJSPHBI TaK
HasblBaeMble adanmuerbie CeTKH. DTO CEeTKH, Iepelalolllde He TOJBKO
00611He 0COOEHHOCTH HEKOTOPOTO KJIacca 3a/1ad, HO U XapaKTep KOHKPETHOTO
UCKOMOro peliieHusl. VX cTposiT 0ObIYHO He 1O pelleHHs 3afadH, a B XOJe
ee peLIeHHs], OMHOBPEMEHHO C HCKOMBIM TOYHBIM peIIeHHeM. AJIrOPUTMBL
UX TTOCTPOEHHS] PA3HOOOPa3Hbl U JOBOJIBHO CJIOXKHBI.

[TpocTefilunM npUMepoM SIBJSIETCS aBTOMATHYECKHH BBIOOp LIara INpH
pemieHuu 3anayu Komn pisi oObIKHOBEHHBIX AH((epeHIHaIbHBIX YpaBHe-
Hui (cMm., Hanpumep, [Xaiipep u ap.; 1990] uau [Xaiipep, Bauuep; 1999]).
[Tpu 3TOM 3ajaOT AOMYCTHMYIO OLIMOKY € W C TOMOIIBI HEKOTOPOro
KpUTepHsi (IO JIOKAJbHOMY CTYIIEHHIO Llara /M [0 TaK Ha3blBaeMBIM BJIO-
JKEHHBIM CX€MaM) OINpEeAeJsiOT TAKY BeJHUHHY OuepefHOro wara Ay, npu
KOTOPOH BHOCHMAasi Ha HeM IOIPEIIHOCTb He NpeBblllaeT €. B pesynbrate
war h, BbiGHpaeTcst GOJIBIIMM TaM, TJe HCKOMOe pelleHHe u(x) MeHsieTcs
MeJIEHHO, U MaJblM B paHOHaX ObICTPOrO U3MEHEHHs pelleHHs.

Ha pucyHke 6 kKauecTBEHHO MOKa3aH aBTOMAaTHYeCKHH BbIOOp 1ara B
3ajade O ropeHHd nopoxa. Ilpouecc HauMHaeTcs MelJIEHHO M CUUTAETCA

n

Puc. 6. ABTOMaruueckuii BbIGOp luara B 3ajade TENJIOBOIO B3PbIBa; ® — HANEXKHO
paboTarlMi aJropuT™M BbIOOpa, © — HEeHaNeXKHbIH

C KPYIHBIM LIaroM. 3aTeM TFOpeHHe YCKOpsieTCs MOYTH A0 B3pbiBA M Liar
yMeHbLIaeTcsl B COTHM M ThicsuM pas. Kornma Gosbliasi 4acTb peakuuH
NPOTEeKJa, UIeT MeJJIEeHHOe I0TOpaHHe, U Lar CHJIbHO YBEe/JIHYHBAETCH.

Ceywenue. AnanTtvBHble CETKH MO3BOJSIOT AOOHUTHCS XOPOLIEH TOYHO-
CTH pacyeTa NPU yMepeHHOM 4ucJje HHTepBasnoB ceTKH N. OpHaKO KOH-
TPOJIb TOUHOCTH MPH 3TOM MOXKHO MPOBOAMTH JIMLIb HA YPOBHE WHTYUTHB-
HOro npHeMa, npepJsarasiierocsi Pynre B 1895 r.: mpoBecTH BTOpOH pacuer,
YMeHBLINB BCe LIark B 7 > 2 pas, CPaBHUTb Pe3y/bTaThl U CYNTATh BEPHBIMH
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COBMaaIINe 3HAKH. BripoueMm, cpaBHUTH pe3ysnbTaThl OyAET HEMPOCTO, UOO
BC€ Y3JIbl 3THUX ABYX CETOK MOTLYT He COBMNAaHaThb.

3ameTuM, 4YTO BbiOpaHHble IIard (CceTKa) afanTHPOBaHbl K pellie-
HHIO u(x) U YKCIEHHOMY METONY €ero HaxoXjeHHs. Ecau cMeHUTb MeTOx
YHCJIEHHOTO UHTETPUPOBAHMUS, TO JJIsl TOTO XKe pelnenust u(x) Oyaer BoIOpa-
Ha Jpyrasi ceTkKa.

Kounmpono. AnanTtrBHbie CETKH BO MHOTOM MOXO0XKH Ha KBa3HPaBHOMEp-
Hble. OnHaKO B pacyerax Ha ANaNTHBHBIX CETKAX €CTb MPHUHIIMIIHAJIbHAS
TPYAHOCTb: KaK IOJYYHTh allOCTEPHOPHYIO OLEHKY TOYHOCTH? Pasymeercs,
HaJ0 yMeHbILIaTb €, HO 10 KAaKOMY 3aKOHY — HeH3BeCTHO. PacyeThl Ha Te-
CTOBBIX MPUMepaXx MOKAa3bIBAIOT, YTO HA OJHHX KJjaccax 3anad (GpakTHyeckas
MOTPEITHOCTh MOXKeT ObIThb GOJbllle €, HA APYTMX — MeHblle. Bro6aBok
aflalTHBHBIE CETKH JJISl Pas3HbIX € He BIIOJIHE NONOOHbI APYT APYTY: €C/H Ha
pHcyHKe 6 BBECTH 110 OCH abCcuuce eAIMHBIN A5 BceX ceToK oTpe3ok 0 < € <
<1, tne £ =n/N, To OHU CTaHYT GIU3KUMHU, HO BCE Ke OYIYT HECKOJBKO
OTJIMYATHCS.

Takoe OTCyTCTBHE YETKHX 3aKOHOMEPHOCTEH HEe MO3BOJISIET HCIIOJIb30-
BaTb [J/Is1 afalITUBHBIX CETOK Te NPHEMBI CTYIEHHs CeTOK, KOTOpble XOPOLIO
paboTaloT 1Jisl paBHOMEPHBIX CeTOK (Kak nokasaHo B ra. II) u kBasupasHo-
MEpHBIX CeTOK (Kak OyaeT mokasaHo B §2).

[TpeononeTsb naHHYIO TPYAHOCTb MOXKHO CJIeAYIOIIMM 0Opa3oM. BeiGepem
JOCTAaTOYHO (HO He cJULIKOM) MaJioe €. [TocTpouM COOTBETCTBYIONLYIO afarn-
TUBHYIO ceTKy Qy[x] ¢ umcaom yanos N(g) u waramu hy, (). Ee yanamu u
06J1aCThIO OrpenesneHus: OyAyT

n
T = a, xnzxo—l—th, 1<n<N; zy=b (28)
k=1

AnnpoxkcuMupyeM afanTHBHYW ceTky (28) HeKOTOpBIM AOCTATOYHO
[JIaIKUM ¥ CTPOTO MOHOTOHHBIM MpeobpasoBanueM x =~ P (), £ € [0, 1], Tak,
4TOOBl TOUHO MepefaBajliCh KOHIbI OTPe3Ka:

a=u1x9=%0), b=ay=2(1), (29)

U TPUOJIHKEHHO, HO C XOpOLUeHd OTHOCHTEJNbHOH TOUHOCTBIO TepelaBalich
IIaTH CeTKH:

le, 1<n<N, gnzﬁ. (30)

hn N
KBasupaBHOMEpHbIE CETKH, MOPOXKIEHHbIe NpeoGpasoBanuem P(€), cryuia-
IOTCSl MO OObIYHBIM MpaBUJaM 1. 1; Ha HHUX, Kak OymeT nokasaHo B §2,
MOXXHO IOJIy4aTb alloCTEPHOPHbIE OLEHKH TOYHOCTH aHAJIOTMYHO PaBHOMEp-
HBIM ceTKaM. B To xe Bpemsi OHHM oueHb OJIM3KH K aJaNTHBHBIM CETKaM.

Pa3zpsascenue. MoXHO NPeMJIOKUTh Ipyrod crnoco6. BuiGepeM 3aBeno-
MO MaJjioe €, 4ToObl 00eCHeYHTb NOCTATOYHO BBICOKYIO TOYHOCTb. CJjierka
MoBapbHUpyeM ero, yToObl YHC/JO0 MHTepBasoB N Haleso jeaunoch Ha 2F.
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Ha mosnyuenno#t cetke Qn[r] BEIOPOCHM BCe HEUETHBIE Y3Jbl U TMOJSYUHM
cetky Qnyo[z]. B He#t Taxke BHIOPOCHM Bce HedeTHBIE y3Jibi, TOJYYHB
cetky Qpny4[z], u Tak k pas. HauGomee monpobHas ceTka MOxeT ObiTb
TOYHO ONHCAHA HEKOTOPHIM CTPOTO MOHOTOHHBIM mpeoGpasoBanuem P(€):
IOCTATOYHO MOCTPOHUTH MOHOTOHHYIO HOCTATOYHO [VIAAKYIO HHTEPIOJSIIHIO.
Torpa Besi omucaHHasi COBOKYIHOCTb CETOK OyfieT MOPOXKAEHA 3THM Mpe-
00pa3oBaHUeM, T.e. sIB/ISTbCS KBA3MPABHOMEPHOH [M0C/IE10BATEIbHOCTBIO.
CpaBrenve u(x) Ha THX CETKAaX MPOU3BOAHTL YIOGHO, GO OHH HMMEIOT
MHOTO COBIMAJAMLIHX Y3JI0B.

Annpokxcumayus. lenecoobpaseH c/efyOHH C0co0 NOCTPOEHHUS all-
npokcumatyu ®(§), ynosnersopsioiieit yeaosusim (29), (30). Breibepem Ha
orpeske 0 < £ < 1 HEKOTOpPYIO CHCTEMY JIMHEHHO HE3aBHCHMBIX (YHK-
UHH @, (€) ¥ MOCTPOUM 0GOOIIEHHBIH MHOTOUJIEH:

M
(&) = > empm(§), (31)
m=0

rae ¢, — cBoGoaHbie mapametpsl. [loactasass (31) B (29), moayuum nBa
JIMHEHHBIX ypaBHEHHSI, MO3BOJISIOIME HCKJIOUMTh [Ba MapaMeTpa. YCJIoBHe
(30) Gynem TpakToBaTh METOAOM HAMMEHbIIHX KBaJpaTOB:

N )
3 [—‘I’(&) — PG 1] — min. (32)
hin
n=1
[IpupaBHUBasi HyJNIO NPOU3BOAHBIE OT KBaApaTHUHOH (opmbl (32) mo
OCTABIIMMCSI HE3aBHCHMBIM MapaMeTpam, [OJYYUM CHCTEMY JHHEHHBIX
ypaBHEHUH mJsi 3THX mNapameTpoB. OTClofa BHIHO, YTO MOJXKHO BBIMOJ-
Hatbest M < N + 1, T.e. 060011eHHBId MHOrO4JIEH He MOXET COHepKaTb
CJIMIIKOM MHOTO csaraembix. Ha mpaktuke xenatenbHo M < N + 1 (ecau
npu 3ToM cooTHouieHHs1 (30) BBIMOMHSAIOTCS C MPHAHYHOM TOUHOCTBIO);
TOTIa 3TO €CTECTBEHHOe TpeOGOBaHHe [/ METOAa HAMMEHbIIHX KBaAPaTOB.
[ToctponB npeoGpasoBanue P (&), HaLo NPOBEPHUTH, OYAET JIM OHO CTPOTO
MOHOTOHHBIM (caM 1o cebGe OMHCAHHBI METON 3TOr0 HE TrapaHTHPYeT).
Cnaatinb, BBICOKOH CTENEHH p MOTYT OKa3aThCsi OCOOEHHO MPOCTBIMH
IJI1sl ONIUCAHHOU annpokcumauuu. Beenem Ha otpeske 0 < € < 1 Hebombiuoe
YHCJIO TaK HA3bIBAEMbBIX Y3JIOB CIJIAMHA 7)y,:

O=mp<m<m<..<nu=1, M<N. (33)

I'paHuuHble y3JBl 7)9, 7p COBNAAIOT C TPAHUYHBIMH Y3JaMH CeTKH &,
&N, HO BHYTpeHHHe MOryT He coBrnagaThb. [losuHOMHambHbIH crtailH S(§)
cremenu p nedekta 1 umeer, Kak u3BeCTHO, (p — 1)-10 HeNpepHIBHYIO
TIPOU3BOJHYIO, @ €ro p-s1 MPOU3BOAHAS KYCOYHO NOCTOSIHHA W paspblBHA B

Y3J1aX Ny



78 Ia. 1ll. Keasupasromeprole cemku

3amnuiem 3TOT CHJIallH B TaK Ha3biBaeMOH ryio0aJjibHOH (opMe:

p M—1
SE =Y arE—m)" + > bl —nm)t, m<E<nM,  (34)
k=0 m=1
rjie BBEJEHA yCeYeHHas CTeneHHas (yHKIUS
p _ J &, £20,
a—{Q€<Q (35)

[pu Takoit 3anucu Bce KOIPQPUIHEHTH CIMIAHHA ak, by, SIBISIOTCS HE3aBU-
CUMBIMU CBOGOJHBIMM MapaMeTpaMHu, a X 4Hc/0 paBHO p + M (ve M + 1,
Kak Obly10 Bbillie). [lepBoe u3 ycsoBuit (29) cpasy naet ag = a, a ocTajbHble
HaXOASTCS ONHUCAHHBIM BBILIE aJTOPHTMOM.

Yoeoenue. OnHoKpaTHOe CryllleHHe aaNnTHBHOH CeTKH B © = 2 pasa
MOXKHO MPOBECTH ropasno 6osiee mpocTeiM crniocodoMm. Bocmonbsyemest op-
mysaMu (14) nesnenus wara “nomnosaM” [1Jsi KBa3upaBHOMepHOUH ceTKH. OHU
npUO/MKEHHbIE, T.d. [IPH pacyeTe MPSMO N0 HUM mnoayuutcs hl, + hll #
# hy,. Hamo BBeCTH HOPMHPOBKY TaK, UTOOBI MONYUHUTb paBeHCTBO. Kpome
TOTO, JAJISi KaXJAOTrO TMOJyllara eCTb uYeTblpe BapHaHTa 3alUCH; KaKoH M3
HUX BBIOpATh?

[Tocko/ibKy ananTHBHbIE CETKH He BCerga ObIBAlOT BHICOKOTO KayecTBa
(hns1/hyn MOXeT 3aMeTHO oTMuYaThes OT 1), GesonacHee BHIGMPATb BEJH-
YHHBl ¢ APOOHBIMH CTENEHSIMH; 1Jif KaXKIOH MOJIOBHHBI LIAra MpeanoyTH-
TesbHell OPHEHTHPOBATbCSl HA BapHaHT ¢ OaMkKalIUM K Hell cocenom. C
YUYETOM 3TOTO TOJYYHM JJIsi BHYTPEHHHUX HHTEPBAJIOB CETKH:

1 1/4
R N (36)
OTKyJa
B! fon - fin 2<n<N L

- b h ’
N T (Y ) L O (Y T
(37)
IIJIH epBoro U MmocCJ€AHEro UHTEepBaJad NPUXOAUTCH IOJAb30BATbCA OAHHUM
cocenom, 4To gaet

o hy K = hi .
Lot/ T (/) (38)
/ N " hN

hN N

L+ (ho fhy 1) L+ (hyo/hn)'?

Dopmyabt (37), (38) mpuromHbl AJisi ONHOKPATHOTO CTYIIEHHSI CETKH.
[IpyMeHHUMOCTh MX K PEKYPPEHTHOMY CTYIEHHIO HesiCHA U TpeGyeT HOmodi-
HUTEJbHOTO HccsenoBanus. ONHAKO [aXKe ONHOKpPATHOe CrylleHHe MO03BO-
JIIeT TONYUYUTh alOCTEPHOPHYIO OLEHKY MOTPEIIHOCTH.
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Cbou aneopummos. 3amMeTvM, YTO €CJHM COCE[HHE IIATH anarTHB-
HOH CeTKH h, CHJABHO OTJIMYAIOTCS, TO YCJOBHE MOHOTOHHOCTH JI060H
annpokcumanun P(£), B ToM uHcse CrIaiHOBOH, MOXeT HapylaTbesi. B
psiie caydaeB ynaercsi JOOWTbCSI MOHOTOHHOCTH, HCIOJIb3Ysl HHble Gasuc-
Hble (YHKLHH, B YAaCTHOCTH runepbosnuyeckue crjainel. Ho Boobie 310
CBUIETEJbCTBYEeT 00 OIPOMHBIX I'DajiHEHTaX TOYHOIO pelleHHs, a B 3THX
YCJIOBUSX OOBIUHBbIE YHCJIEHHBIE METOIB He MOT'YT 00ecreuuBaTh BBICOKOH
TOYHOCTH.

Jpyroil npuunHoi c60eB MOXKeT ObITh HEyNAuHBIH aJrOpUTM MOCTPOe-
HHs CaMOU afanTHBHOU ceTKH (KPYXKKH Ha puc. 6). Hawa npaxrtuka pac-
4eTOB II0Ka3aJja, YTO Jaxke H3BeCTHble 3apyOexkHble MaKeTbl MPHKJALHBIX
TNIPOrpaMM HepelKo JAIOT Takue cOOM B COBEpIIEHHO 6e300MIHbIX yyacTKax
TOYHOTO peLIeHHUS.

[Tpu c6osax m1060ro THNA NPaBHJbHOE CLYIIEHHe CEeTKH CTaHOBHUTCH
HEeBO3MOXHBIM, HOO B 3TOM cJy4yae alaNnTHBHAs CeTKAa HeIKBUBAJEHTHA
KBa3MPAaBHOMEPHOH.

4. MHuoromepHocTb. [lycTb nmeercss MHoromepHast obsactb (G. Bge-
IeM B Hel KOOPIOHWHATHI Z,Y,... KoopnuHaTHble JIHHUK (IOBEPXHOCTH, TH-
TNEePIOBEPXHOCTH) & = const, ¢y = const, ... MOT'YT OBITb KPUBBIMU (HemJoc-
KHMH) U HEOPTOrOHaJMbHBIMU. Ho mepecedeHHs: 3THX JIMHUH UM OBEPXHO-
CTel & = T, Y = Ym, - .- OOPABYIOT PETYISIPHYIO CETKY Trm.. = (T, Yy ---)-
B aTom ciyyae MOXKHO NMOCTPOHTb KBAa3HPABHOMEPHbIE CETKH.

Jlast aTOrO MO KaXKJA0# KOOpAHHATE BBOAMM CBOE MOPOXKIalollee Mpeod-
pasosauue (&), y(n),... ¥ N0 mepeMeHHbIM &, 1), ... GepeM paBHOMEpHbIE
ceTkd. OcoGeHHO NMPOCTO 3TO AesaeTcsi, ecau 06jacte G B KOOPAMHATAX X,
Y,... €CTb KPHUBOJHHEHHBIH YeThIpeXyroMbHUK (mapasnenenunen). Torna
B NepeMeHHbIX &, 7),... 9Ta 00/1aCThb CTAHOBUTCS MPSIMOYTOJbHHKOM (Ipsi-
MOYTOJIbHBIM MapaJijiesenunenom). Boonp Kaxmold KOOpAUHATHON JHHUU &
MeHsleTCsl B OJHUX M TexX ke mnpefesnax. MoxHo cuurtate, uto 0 < € < 1,
¥ BBECTH OTHOMEPHYIO ceTky &, = n/N, 0 <
< n < N. AHaJIOTHYHYIO CETKY CO CBOMM YHC-

JIOM HHTepBaJoB M MOXHO BBECTH MO BTOPOH p N
nepeMeHHOH: Ny, = m/M, 0 < m < M, u T.4. 7 \

Ecan o6nacte G He SIBJASETCST TaKHM f ‘-
NPSIMOYTOJbHHKOM, TO €€ MOXHO MOMECTHTb 7
BHYTpPb HEKOTOPOTO NpPSMOYTOJbHUKA (puc. 7) \ //
U TPUMEHHTb K HEMY OIMHMCAHHYIO MPOIEeNy- L %

py. Ilpu 3TOM OTpe3KH KOOpPAMHATHBIX JIMHUH,
fornaslixve BHYTPb G, 6yLLyT coaepkKaTb He Puc. 7. JIBymepHasi KBasu-
BCe€ BO3MO2KHble 3Ha4YeHUHdA HUHAEKCOB N, M, ... paBHOMEpHAas ceTKa
... Ho mHoromepnasi cetka Bce paBHO OyneT
KBa3HpaBHOMepHOﬁ, a ee CryuleHue BbINOJHACTCA CrylleHHeM paBHOMEPHBIX
ceToK Mo &, 1,...

HerpynHo BUIEeTb, UTO CryllleHHe IBYMEPHOH CETKH POBHO B 1 = 2
pasa mo Kax/oH MepeMeHHOH aHAJOTHYHO OLHOMEepHOMY ciayudaio. Kaxnas
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KOOpJMHATHAS JIMHHS HUCXOJHOH CETKH CTAHOBHUTCS 4eTHOH JMHHEH HOBOH,
a Kaxjas “nosyiesas’” JIMHUS HCXOMHOU CETKH CTAHOBUTCS HEUETHOH Jiu-
HUel HOBOH. TakuMm 06pa3om, Kaxkaas si9edKa HCXOLHOW CETKH HeNHTCS Ha
YyeTblpe HOBble SUEHKH.

OnHako BO MHOTHX 3afa4yaX KO3(P(UIMUEHTH CTYIIEHHs 1O PasHbIM KO-
opauHaTaM OblBaeT BHIFOAHO OpaThb pPa3JWYHbIMU. Takue MpHMepsl TOKa3aHbI
B CJIEAYIOUIUX I/aBax.

OTMeTHM TaK¥XKe, YTO MOXKHO CTPOUTb KBa3HPaBHOMEpDHbIE CETKH He
TOJIBKO C YETBIPEXYTOJbHBIMH STUEHKAMH, HO TaKXKe C TPEeyTrOJbHBIMH HJIH
IIECTHYTOJbHBIMH. TpeyrosbHble MoJyya-
IOTCSI OAMHAKOBBIM JHArOHAJbHBIM Je/IeHH-
€M KBa3HUpPaBHOMEPHBIX YeThIPeXYTOJbHbIX,
a LIeCTHYToJbHBlE — O00beIUHEHHEM Tpe-
yrosbHbix (puc. 8).

Heoepanuuennas obaracme He Tmpen-
Puc. 8. Tlpumepbl mocTpoenus ~ CTABJSET NPHHUMIMAJIBHBIX 3aTPyAHEHHH.
CeTOK C TpPeyToJbHbIMH H Ile- HYCTb, HanpuMmep, Haao MOCTPOUTb CETKY

CTHYTOJIbHBIMH sUefKaMH Ha noaymaockocTd y > 0. Bosbmem mps-

MOYTOJIbHblE KOODAHMHATHl B [JHMaNasoHax
—00 < x < 400, 0 <y < +oo. [lonbGepeM COOTBETCTBYIOIHE OIHOMEPHbIE
npeobpa3oBaHusi, onucaHHole B m. 2. [losyuyuM KBasHpaBHOMEPHYIO pery-
JISIPHYIO CeTKY, KaueCTBeHHO H300pa-
YKEHHYI0 Ha pUCyHKe 9.

MoxHo noctynuth uHave. [lepeii-
JIEeM OT [€KapTOBBIX KOOpAHHAT (,Y)

Y
T
Puc. 9. KBasupaBHOMepHasi ceT- Puc. 10. KBasupaBHomepHas ceTka
Ka B MOJYTJIOCKOCTH B IJIOCKOCTH

K mosisipHeiM (p, @) (B TpexmepHOM ciydae — K chepuueckum). Heorparu-
4eHHa JIMLIb paguanbHas KoopanHata 0 < p < +00, U 06/1aCTh ee onpeneJe-
HHS eCcTb MOJYNIpsAMasi. YTJIoBasi KOOPAUHATA OrpaHUYEeHa Ha MOJYII0CKOCTH
orpeskoM 0 < ¢ < 7, a Ha maockocTH — oTpe3dkoM 0 < ¢ < 27.

OTMEeTUM TOJNBKO ONHY TOHKOCTb MAJISl TJIOCKOCTH: 3aBHCHMOCTb BCEX
(GYHKUUE OT yria siBisieTcst 2m-nepuonuueckoil. [losTomy npeo6pasoBaHue
st yraa @(n), 0 < n < 1, KOKHO ObiTh HOCTATOYHO TVIAAKHM BMECTeE
CO CBOMM INepHopHuecKuM mpoposmkenuem (puc. 10). Hapyuenue storo
YCJIOBHS MOXKET KaTacTpo(U4eCKH YXYNIIHTb TOUHOCTb MHOTHMX PacyeToB.

JLs1s1 TOJTyNJIOCKOCTH MOCJ/IEHET0 OrPAaHHUYEHHS He CYIIeCTBYeT.
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Adanmusrocme. B MHOrOMepHbBIX 3aauax TaKxKe 4acTO CTPOSAT anar-
THUBHbBIE CETKH. CBeCTI/I UX K KBAa3WMPaBHOMEPHLIM B 06HIeM cJydae HeJib3d.
Ho ecnu 3TH ceTKu perynsipHbl, TO MOXKHO MOCTPOUTh MPOIENYPY UX ORHO-
KpPaTHOTO CrylieHus BaBoe. [IpousiocTpupyemM 3TO Ha MpUMepe ABYMEPHOH
ceTkH (puc. 11).

Puc. 11. CrymeHue perynspHOH aJanTHBHOH CETKH

[lycTe n/si onpenesieHHOCTH peryJsipHasi CeTKa COCTOMT M3 4YeThbipex-
YTOJIbHUKOB (Y3J/I0B U COENMHSIOUIMX HX NPSIMBIX OTPE3KOB), KOTOpbIE 00-
pasylT JIOMaHble JIUHHH CeTKH (TJagKHX KPHUBBIX JIMHUH B alaNlTHBHBIX
ceTKax Her). Bmosib Takoil snuHUM GepeM Tpu coceqHux iwara h,_i, Ay,
hn+1, PAaBHBIX JJIMHAM OTPE3KOB Ha pucyHKe 11. 3ateM no ogHOMEpHbLIM
dopmysaM (37) mesnuM LeHTPaJbHBIE OTPe30K Ha [Ba: JeBbIH h) W mpa-
Bblit h!). Ecsin paccmartpuBaeMblil OTPE30K ONMHPAeTCsl HA IpaHHIly 06/1acTH
M UMeeT TOJIbKO OJHOIO COCela, TO HCIOMb3YIT hopmysl (38).

PasnenuB TakuM 06pasoM Ka)KAyI0 M3 YeThIpeX CTOPOH sUelKH Ha [Be
YacTH, COEAUHSIOT NOJNYUYeHHBE TOUKH NPSIMbIMH H JeJSIT HCXOAHYIO YeThl-
PEXYTOJIbHYIO s4elKy Ha YeTblpe UeThpeXyroJsibHble (MYHKTHPHbIE JHHHH
Ha puc. 11). CrylieHHasi ceTka MocTpoeHa.

Takasi mpouenypa npuMeHuma K perynaspHoi cetke (puc. 11). Taxxe
CTyLIAeTCs peryJsipHasi TpeyroJbHasi afanTHBHAsH CeTKa.

AHajioruuHoO cryuiaeTcs TpexmepHasi peryJsipHas ceTKa, NOCTPOEHHas
M3 MapajijiesleluNeloB WIH TeTPasipoB: KaxKaoe pedpo JAENUTCS Ha [Be
yactd no QopmynaaM (37), B rpaHHuHbIX suyelikax — (38); mosyueHHbie
TOUKH COENMHSIIOT MJIOCKOCTSMH, AeNSUIMMH s4eliKy Ha 8 siueek TOH ke
(hopMBI.

[IprMeHsTb NAHHBIE MeTOH He CJeNyeT B TpeX cJjaydasx. Bo-mepBbix,
171 PEKYPPEHTHOTO CTylleHHs (CTYCTHTb 3THM METOIOM MOXKHO MHOTO-
KPaTHO, HO H3BJIeYb [0Jb3Y U3 3TOrO TPYAHO, T.K. MOBBILIEHHE TOUHOCTH
Ha HECKOJIbKO MOPSIAKOB MOXKeT U He NPOU30UTH).

Bo-BTOpBIX, [/ HEpPEry/spHbIX CETOK (OOBIYHO 3TO TPEYroJbHbIE CET-
KH). B 3TOM csiyyae HesicHO, KaKHe OTPE3KH, HCXOASIIHE W3 OFHOrO y3Ja,
c/leyeT CUMTaTh NMPONOJ/RKEHHEM APYyT ApPyTra.

B-TpeTbuX, ec/aM HCXOAHAsl afanTHBHAs CeTKa MOCTPOeHa HeyAauHo H
CONEPXKHUT MPOIOJIKAIOIIME APYT APYTa OTPE3KHU C OTHOLIEHHUSIMH hpii/hyp
CYILIECTBEHHO GOJblle UK MeHblie 1.
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§ 2. AnnpokcuManys MHTErpajoB U MPOU3BOAHBIX

1. Annpokcumauusa uHTerpasoB. B riase [l Oblid HamucaHbl Mpo-
CTeHIlMe KBaupaTypHbele Qopmysbl JeBbix npsmoyrosabHukos (I1.13), a
MUMEHHO

N N
Un =3 tnihn, Rymy> w3, hn=ap—o0 1, (39)
— :l

u cpennux (I11.19):

N N

1

Un = E Up—1/2hn, By = Y E "_1/2h§z- (40)
n=1 n=1

OHH cocTaB/eHbl 1Jis1 TPOU3BOJIbHOM CEeTKH, B TOM 4YHCJe W JJIs KBa-
3upaBHOMEpPHOH. BmecTe ¢ HUMM TMpUBEIEHbl TJIaBHbIE YJIEHBl WX MOTpeLl-
nocre#t (I11.15) u (I1.21). HanmoMHuM, 4TO AJsi OCTATOUHO TIaAKUX (DyHK-
uu# u(xr) NOrpeliHoOCTh B KaXKIOM N-M HHTEpBaje CEeTKH pasjiaraercss B
psiL 1O CTeNeHsM wara hy,; 0Js HeCHMMeTpUUHOH (opmyasl (39) sToT psin
COIEPXKUT BCE CTeNeHH hy,, a I cCHMMeTpU4YHOH (popMyibl (40) — TOJIBKO
YeTHble CTEMeHH.

Kak Benyt ce6si morpemHoctd ¢opmya (39), (40) mpu yBenuueHHH
4pcJia MHTepBaJoB ceTkH [N, B o0lleM ciydae ckasaTb Hesb3si. OmHako
IJS KBa3HPABHOMEPHBIX CETOK 3TO MOXKHO ceJsaTbh. B camom nene, ecau
KBa3upaBHOMepHasi ceTka () [x] MOpOXKAeHa AOCTATOYHO IMIALKHM MPeos-
pasoBaHueM x(§), TO [Jisl ee 1IArOB CIPaBENJHBO COOTHOIIEHHE

hn =Tpn —Tp-1 = l';z A[ + O(A)] ) ]/QA[I + O(AQ)]
N 41
A= — &1 = B @D

N = const.

[ToxcTaB/isist 3TH COOTHOLIEHHUS B MOTPEIIHOCTb (POPMYJIBI IPSIMOYTOJbHUKOB
(39), monyuum

Ry ~ A? Zu ( ?x J (Z—E) d«fzcons‘u.A—Const (42)

Anasnoruunast mogctanoska (41) B (40) paeT norpeiiHocTb (HOPMYJb CPe-
HHUX Ha KBa3HPABHOMEPHOU CeTKe:

g
2 3
3. A [du (do - 9  const
RNN—z:u”_l/2 Th_1/9) Nﬁj@(%) d€ =~ const - A = N
[e%

(43)

Jls1s1 paBHOMEPHBIX CETOK MOTPELIHOCTH 3TUX (hopMys UMesH BUI R,
~ const - h uaM ~ const - h? cOOTBeTCTBEHHO. BHAHO, 4TO 1/ KBa3HpaB-
HOMEpHBIX CETOK HX BHJ OKa3a/cs TOYHO TAKHM JKe, C OYEeBHIHOH 3aMme-
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HO#M h — A, u 3aKkoH yObiBaHusl npu Bo3pacTaHuu N TOT Ke. DTO 3HAYMT,
YTO MPHU CTYIIEHWH KBA3HPABHOMEPHBIX CETOK MOXKHO HAXONHUTb aCHMIITOTH-
YeCcKYI0 alloCTEPHOPHYIO OLIEHKY MOTPELIHOCTH, a TAKKe MOBbIIIATh MOPSII0K
touHoctu no ¢opmynam (II. 31) u (II. 29), roe Ko3pdHUIIHEHT 7 TOT XKe
caMblil — OTHOLIEHHe YHces HHTepBa/oB N JBYX CETOK.

Ecau nposectu pasnoxenne (GyHKuud u(z) u x(£) B psambl mo cre-
neHssM A, MOXKHO MOJIYYUTb COOTBETCTBYIOLIHE PsIAbl AJIsI MOTPELIHOCTEH,
yTouHsolMe TJiaBHble dieHbl (42) u (43). B stom cayuae pasi hopmydibl
NPSIMOYTOJIbHUKOB K (42) n06aB/slOTCS YJeHbl psiia CO BCEMM CTEMeHs-
mu A ~ N~ nonpsan. Jlns Gopmysisl cpepuux K (43) 6aaronaps CMMMeTpPHH
N00ABMSIOTCST CTemeHH A TOJbKO ¢ OAWHAKOBBIMH udeTHOCTMH. [losTomy
Ha KBA3HPaBHOMEPHBIX CeTKaX MOXKHO MPOBOAMTb MHOTOKPATHOE CrYIIeHHe
CEeTOK C PeKYPPEeHTHBIM MOBbILIEHHEM MOpsiAKa TOUHOCTH M COOTBETCTBYIO-
IIUMH aNlOCTEPUOPHBIMH OlLlEHKAaMH IMOT'PELIHOCTH, KAaK W Ha PaBHOMEPHBIX
cetkax. [lo-npexHemy a7 GOPMYNEl CPEIHUX § = 2, T.e. KaXKaas JHILIHIS
CeTKa MO3BOJISIET MOBBICHTD MOPSIIOK TOYHOCTH HA 2.

Ilcesdopasromeprsie cemku. B rnase I paccmaTpuBasoch MHTErpH-
poBaHuie GYHKUHU u(x), KOTOpask B OAHOH TOUKe (MJIH B KOHEUHOM YMCJIe
TOUYEK) paspbiBHA MJIM HMeeT pa3pblB HEKOTOPOH MPOM3BOAHOH, HO BO BCeEX
OCTaJ/IbHBIX TOYKAX HeNpepblBHA U OrpaHHuYEHa BMECTe C LOCTATOYHBIM YHC-
JIOM CBOUX NPOM3BOLHBIX. DBIIO MOKAa3aHO, 4TO JJISi YHCJEHHOrO HHTErpH-
pOBaHHUSI TaKUX (DYHKUMH 11e7eCO00pa3HO BBOLUTDL CIElMAJIbHbIE CETKH, Y
KOTODBIX BCE YIOMSIHYTble TOYKH pa3pbiBa fBJSIOTCS y3aaMu. Kak crymarsb
TaKHe CeTKH?

[TocTpoUTb KBa3MPaBHOMEPHYIO CETKY, OLHOBPEMEHHO SIBJSIOLLYIOCH
CrelUaNbHOH, B NMPUHLMIIE MOXKHO, HO 1OCTaTOUHO TpyAHO. Ho nns uesneit
YHCJIEHHOTO MHTErPHPOBAHHS JOCTaTOYeH ropasno GoJsiee NMPOCTOH CHocod.
BosbMeM nepBylo creliManbHYI0 CeTKY, BBIOpPaB B KauecTBe y3J/I0B BCe TOUYKH
paspbiBa u(r) W ee TMPOM3BOAHBIX M N0GABHB K HUM J1060€ KOJMYECTBO
IPYTUX y3J0B. BTopyio ceTKy Mmo/siyduM JeseHHeM KaXKIOro HHTepBaja 1-i
CETKH Ha [Be paBHble YacTH. Tak ke CTPOHUM 3-10 CETKYy U3 2-H CEeTKH H T.[.
JIerko BUAETb, UTO AJIS1 YUCJIEHHOIO MHTETPUPOBAHUS HA TAKOH MOCJ/ENO0Ba-
TEJIBHOCTH CTYUIAIOUIUXCS CETOK IKCTPANOJMSALHOHHBIN MeTon PuuapacoHa
NPUMEHUM B TOJHOM oObeMe (KO3(pQHUIHEHT cryueHus r = 2). MoxHO
MHOTOKDPATHO TOBBILIATH MOPSAOK TOYHOCTH W BBIYHMC/ATb ANOCTEPHOPHYIO
OLIEHKY TIOrPELIHOCTH.

OpnHako Takyve CeTKH IPHHUMIIHANBHO OTJIUYHBl OT KBa3MPaBHOMEPHbIX:
l-1 ceTka Gyner comepxkaTh rpynmbl no 2'~! paBHBIX HMHTepBasoB, MOJY-
YeHHbIX IBOWYHBIM JeJleHHeM HHTepBaja l-il ceTKH. 3aTO MpPH Mepexone OT
OJHOH TaKOH TPyIINbl HHTEPBAJIOB K COCEeAHEN BO3HMKAET CKa4OK: hp41/hyp
OyneT TaKHUM e, KakK ajs 1-i ceTkH, U He OyneT cTpeMuTbes K 1 npu N —
— 00.

[TosToMy Takue ceTKH OyneM HasbiBaTh ncesdopasHomepHoimu. OHHU
JaI0T XOpOLIHe Pe3yJbTaThl TOJNbKO AJs UHCJIEHHOTO HHTErPUPOBAHHS, HO
IJ5 BBIUHMCJIEHHS TIPOM3BOIHBIX OHHM (DAaKTHUECKH HEIPHUTONHBL.
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2. CuMMeTpUYHble ANNPOKCUMAIMM MPOU3BOAHBIX. Haubosee ya-
CTO TPUXOOUTCSl BBIYHC/SITH HA CETKAX [epBble W BTOPblE [POU3BOJ-
Hele u(x). 3agaun ¢ Gosiee BHICOKMMH POU3BOAHBIMH BCTPEYAIOTCSI MHOTO
pexe (HampuMep, 3aayM YIpyroro 6pycka, rjae Gpurypupyer 4-si mpou3Boa-
Hast). PaccMoTprm mpocrefiline ceTouHbie aMMpOKCUMAIIMK 3THX TPOU3BO/-
HbIX Ha MPOHM3BOJIbHOU ceTKe (puc. 12).

Tn-1  Tn-1/2 T Tnt1/2  Tngl

Puc. 12. AnnpokcuManusi IPOU3BOAHBIX Ha CETKe

HpH COCTaBJIEHUH PA3HOCTHBIX CXE€M HaM 0OBIYHO HY2KHbI ITPOHU3BOJAHbIE

He B JIIOOBIX TOYKaX, a TOJbKO B y3JaX Xy HJIH MOJYLEJbIX TOYKAX xn—l/2~

Haunewm ¢ nepBoﬁ HpOI’ISBOL[HOI;I B N-M Yy3Ji€¢ U COCTAaBHUM [IJid €€ olpeneJse-
HuUs HpOCTeﬁLUGe CHUMMETPUYHOE BbIpa>KE€HHE!:

’ Un+1 — Un—1 Un+1 — Un—1 (44)

Uy, R =
Tn+l — Tn-—1 hn-H + hn

Hcenenyem ero tTouHocTs. Jl/is 3TOro 3amuiieM pasjoxeHdue B psiabl Teid-
Jopa:

1
_h4+lu////n + O(th),

1 1
Uptl = Up + Apgrul, + §h%+1u§{ + gth_lu;{’ + 51/n

Up—1 = Up — hpuy, + éh%u;{ - éhiu’,{’ + ihiumln — O(h%)
(45)

[Toncrasasis (45) B (44), noayuum

Un+1 — Un—1

hn+1 - hn " 1
hn-H + hn Y

+ = (R2 )+ hpgrhn + B2l +

Suy Tt g

1
+ 5 (gt = hn) (7 g + Bo)u""n + O(RY). (46)

BunHo, 4To ecsn ceTka MPoU3BoJIbHAS (B YACTHOCTH, NCEBIOPAaBHOMEpHAsI),
o "

TO TVIaBHBIH ujieH MmorpeHoctd ectb (hpi1 — hyp)ul /2 = O(h), 1.e. dop-

MyJaa (44) uMeet JIMLIb MepPBbIE MOPSAOK TOUHOCTH. Ho mnsi KBasupaBHoO-

MepHOH CeTKH MO/IOXKEHHE CYLIECTBEHHO MEHSTCH: hy = a7,y ;oA + O(A?)

v hpyy = 37;;+1/2A + O(A?®). TloacranoBKa 3THX BhpaskeHuit B (46) naet

Ungl 7 Un=l g 4 1A2[x;;u;; + ()2l + O(AY). (47)
hn+l + hn 2

TakuM 06pasoM, Ha KBa3MPAaBHOMEPHOH CeTKe IMIaBHbIH UjleH MOTperHOCTH

ectb O(A?) = O(N~?), a cnenyromuii 3a Hum ectb O(A*), 1.4. morpemw-

HOCTb HMeeT BTOPOH MOPSIZOK MAJOCTH M pasjaraeTcsi B PAA MO YeTHBHIM

crenensm A.



§ 2. Annpokcumayus urmeeparos u npoussooHsLx 85

[TpocTefiinas anmpokcHMaLUs EPBOH NPOHU3BOAHOH B MOJYLEJI0H TOUKe
MUIIeTCs M0 aHaJjoruu ¢ (44):
1 ~ Un —Un-1

Un—l/? =~ hn (48)

Eciu ceTka KBasupaBHOMEpHasi, TO MPH €e CTYUIEHHH BABOE BCE Y3Jibl H
NoJIyleJible TOYKH CTAPOH CETKH CTAHOBSITCS COOTBETCTBEHHO YETHBHIMH H
HEYETHBIMH y3J1aMHM HOBOH ceTKH. [l09TOMy Ha CryIIeHHOH BIBOE CeTKe
(48) mepexonuT B (44), U MOrpeIIHOCTb amnpoKcUMalk (48) MOXKHO olle-
HUBaTbh corsacHo (47), moacrasasis tyaa war A/2. BumHo, 94To anmpokcH-
malust (48) umeeT BTOPO# MOPSAOK TOYHOCTH, @ MOrPELIHOCTD PA3JIaraercst
B PSIIL MO YETHBIM cTemeHsM A.

Bropyio Mpou3BOAHYIO B n-H TOYKE MOXKHO pacCMaTpHUBaTh Kak MEPBYO
TIPOM3BOIHYIO OT MEePBOH MPOoU3BOAHOH. Torma ee HETPYIHO BBHIPASHTH Yepes
3HayeHHs ¥’ B COCEIHHX MOJYLEJbIX TOYKAX:

U U%+1/2 - U%—1/2 - 2 Unsl = Up  Up = Un—| (49)
" mn-i--l/? _wn—l/2 hn +hn+l hn+l hn '

HccsienyeM MOTPemIHOCTb 3TOH anmpoKCHMAllMH, MOACTaBJsAS B MPaBYIO
yacTtb (49) pasnoxenue (45). [oayunm

2 _ Un4+1 — Un _ Un — Un—1 _
hn + hn+l hn+l hn

hn+13_ hn ug/

=u” + (h2 + Ry + B2 )u" + ... (50)

Onsatb BHUOHO, YTO Ha HpOHSBOJ'IbHOﬁ HepaBHOMepHOﬁ CEeTKe TJIaBHbIM 4YJie-
HOM IMOTPEIIHOCTH SABJIACTCA

(hn+] _ hn)u/”

)]

T.e. opmyna (49) umeer suib nepBeiil MOPsiOK TouHOCTH. Ha KBasupas-
HoMepHo#H ceTke (H0) mpuHUMaET BUJ

2 Untl —Un _ Un —Un—1\ _
b + Bt hnt1 I

—’LL//—I—AQ[ ! ’LL///—I— ( ) " ] —I—O(A4) (51)

Takum 06pasom, Ha KBa3HpaBHOMEpPHOH ceTke ammpokcumaiius (49) umeer
BTOPOH MOPSIIOK TOYHOCTH, a MOTPELIHOCTb PasJiaraeTcsi B psifi 0 YETHHIM
creneHsm A.

Bce namucaHHble 3[ech BblpaKeHHs1 AJIsi TIEPBOH U BTOPOH NPOU3BOJ-
HBIX CUMMeTpU4HBl. [lo aHaJoruy MOXKHO HANUCaTh AMNpPOKCHMALMH IS
CTapLINX MPOHU3BOAHBIX, HO OHH MOTPEOYIOT NPUBJEUEHHs GOJMbIIEr0 YHCIA
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37108. Hanpumep, mas anmpokcuMauuu u'”’”, Hamgo n0GaBUTb elle Upio,
n+t

T.€. HCMO/Ib30BaTh b y3/10B. [lorpeiHocTb BCex TUX anMpoOKCHMAIME Ha
KBa3HpaBHOMepHOH ceTke uMeeT TodnocTh O(A?) = O(N~2), a nis amo-
CTEpPHOPHOH OIEHKH MOTPEIIHOCTH H TOBBILIEHHUs MOPSAAKA TOYHOCTH MOXKHO
HCTIO/Ib30BaTh CTYILIEHHe CETOK, PUYEM MHOTOKDPATHOE.

3. Hecummerpuunsie annpokcumanuu. OmnUcaHHbIE B 1. 2 CUMMET-
pUYHbIE ANMPOKCUMAlMK TPOU3BOAHBIX YAOOHbBI [1Jisi BHYTPEHHUX Y3JIOB
ceTkd. Ho B 3amucy rpaHUYHBIX YCJI0BHH AMs Au(QepeHIHanbHbIX ypas-
HEHUH MOTYT COlepXKaThCsl NPOU3BOJHbIE, A [J151 TPOU3BOAHON B TPAHUYHOM
y3Jie CUMMETPHUHYI0 PA3HOCTHYIO 3aMHCh COCTaBUTb HeJb3si. Kak npu sTom
NOGHUTBCST BTOPOTO MOpsiika TOYHOCTH? PaccMoTpuM 3TOT BOmpoc, orpaHu-
YUBAsiCh JJIs IPOCTOTHI BbIYUC/IEHHEM TOJIbKO TMEepPBOM MPOM3BOAHON (T.K. B
KpaeBble YCJOBHSI [Jisi HauboJiee pacrlpoCTpaHeHHbIX AU(QepeHiiHagbHbIX
ypaBHEHHH BTOPOTO MOPSiiKAa He MOTYT BXOAWTb GoJjiee BBICOKHE MPOWU3BOM-
HbIE).

AnnpokcnmManuusi u () HHTEPIONSIIHOHHBIM MHOro4sieHoM HbioToHa, mo-
CTPOEHHBIM MO TPeM y3JaM — 3TO MHOTOUJIEH BTOPOH CTeleHH, TOYHO
nepefamwlfi 3HaYeHUs] PYHKIIUU B 3THX TpeX y3Jjax:

Un — Un—1

w(x) = Up—1 + (x —xn_l)h— +

1 n - Un n — Un—
+ (x—xn_l)(x—xn)hn+l —- (“ ;'Hl“ _u h: 1> + O(h3).
(52)

CaM 3TOT MHOrodJieH 00ecrneuydBaeT TPEeTHH MOPsSAOK TOYHOCTH B JIOOOH
1eIOH WJIM HellesJoH TOYKe Ha IPOM3BOJIBHOH HepaBHOMepHOH ceTke. Ero
rnepBast IPOM3BOJIHAS TaKXKe B JIIOOOH TOYKe HMeeT BTOPOH MOPSIOK TOYHO-
CTH!

n — Un— 2 — dn—1 "7 Ln n - Un n n—
R T e e e e REC()
(53)

[MoncraBasisi B (53) 3HAUEHUS T = Tp_|, Tn, Tpil, TOJYUHUM POU3BOAHBIE
B y3J/1aX CETKH:

oy = (e e st —elfnllest o), 64
u;l _ (un—H — un)hn/hzy_:]_:-hi'lf: — u'n,—l)hn+l/hn + O(h2), (55)

/ _ (Un+] —un)(2+hn/hn+l)_ (un _un—])hn+l/hn 2
Upyy = . +O(RY). (56)
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[Monuepkuem, uto dopmysl (54)—(56) UMEIOT BTOPO#H MOPSIAOK TOYHOCTH
Ha MPOH3BOJIBHOH HepaBHOMepHOU ceTke. Ha KBasHpaBHOMEpHBIX CeTKaXx,
Kak OblIO MOKa3aHO Bellle (44), /s NPOM3BOAHBIX B LIEHTPAJNbHOH TOUKe
MOJKHO HamHcaTh ropasio 6osee mpoctyio dopmyay Touroctd O(h?):

/ Un+1 — Un—1 2
Un = T o + O(h%). (57)
OnHAKO 3TO YMpPOIIEHHE HETPHBHAJBHO. J[JIs1 MPOM3BOAHBIX B KpakHUX
TOYKAX HE YHaeTcst 3aMeTHO YIPOoCcTUTh (opmyabl (54) u (56) B cayuae
KBa3UPABHOMEPHOH CETKH.

Ecau ucnosnb3oBaTth Bhipaxenus: (54)-(56) Ha KBa3HPaBHOMEPHHIX CET-
Kax, TO norpewHocts Oyzer const - A[l + O(A?)]; 310 MoXHO noKasaTh
pasJyiokeHueM B psinbl Teitsiopa (anasoruuuo 1. 2). TeM caMbiM K HUM MOX-
HO TPUMEHSATD CTYIEHHe CeTKH W mpouenypy Puuapacona (pasymeercsi, Ha
POU3BOJIbHBIX CETKAX HTOTO HEJb3sl [eJaTh).

§ 3. Cayuyait HeorpaHM4YeHHOH 06JaCTH

1. 3amena mara. Kak nokasano B § 1, KBasupaBHOMEpHBIE CETKH
MOXHO CTPOMTb AaXKe B HeorpaHudeHHoH ob6sacTH. OfHAKO B 3TOM CJyuae
(opMasibHOEe TIPHMEHEeHHe BbIpaXKEHHH, MoJyueHHBIX B § 1-2, craHoBuTCH
HEBO3MOXHBIM. B camom nmese, mycTh AJIsi ONpeNeJEHHOCTH 3alaHa IoJy-
npsamasi 0 < x < +o0o. Torna xy = +00 U hy = +00, T.K. MOCAENHHH
HHTepBaJ CeTKH OeckoHedeH. [Ipu BBIYHCJIEHHWH HHTerpasa mno QGpopmysaam
npsAMOYTo/bHUKOB (39) uin cpennux (40) sHaueHus uy_| HIH Un_|/2
OTJIMYHBI, BOOOIIE TOBOPSi, OT HYyJsl (XOTSI MaJibl, MOCKOJBKY MHTErpaJs IMoji-
pasyMmeBaeTcsi CXOASIIIUMCS). DTH 3HAYEHHsT MOJKHBI YMHOXKATbCs HA Ay,
KOTOpoe GeCKOHEeYHO BeJHKO. TakuM 00pa3oM, MHTerpajbHas CymMMa OKa-
3bIBaeTcsl OECKOHEYHOH TpH /to60M N, UTo GeCCMBICJEHHO.

AHajiornuHa cuTyauusi ¢ MpoM3BOAHBIMH. PacdyeT mpoM3BOAHON B mpH-
MbIKAIOLIEM K IpaHMlle UHTepBaje OKasbiBaeTcs HeBepHbIM. Hanpumep, no
(opmyJe (57) MoNyYUM B MPUTPAHUYHOM Y3Jie

1 o UN —UN-_—2 _ _
U N Ry 0 (=20 9
KaKOBbl Obl HH OblJIM KOHEUHble 3HAUEHHS Uy B y3/aX. 3HAUUT, NPABUJIBHO
nepenaTh 3HaueHue u)y_, (opmysioi (57) B HeorpaHHYEHHOH 0GJACTH He
yaoaeTcs.

OnHako MOXHO TaK BHUIOM3MEHHTb BCe BBIPAXKEHHsI, YTO OHH OYAyT
pPa3yMHO paclpoCTPaHATbCS HAa OeCKOHe4YHYylo obsacTb. EcTh nBa Takux
crnioco6a. Bo-nepBbiX, MOXKHO BOCIIOJb30BATHCS APOOHBIMH TOUKAMMU:

1
hn =2p —Tp—1 = m(%—v - xn—l+’y) - 2(9571—1/4 - xn—3/4)'

y—1/4
(59)
BO'BTOPbIX, 3TO 3aMeHa

h,n =Ty —Tp—1 ~ xﬁ(fn—l/?) <A, (60)



88 Ia. 1l KsasupasromepHole cemku

Ha xBasupaBHOMEpHBIX CETKaX B KOHEYHOH 00sacTH 00e 3aMeHbl UMEIT
oTHocuTebHYI0 orpemsocts O(A?). B camom fiene, pasnaras (&) B pambl
Teiinopa ¢ eHTPOM B TouKe &, /9, IETKO MOJTYYHM

[ockobKy h,, = O(A), 370 o3Hauaer abcomoTHyo omuoky O(A3)
M oTHOCHTesbHYI0 oumu6Ky O(A?). AnajnorudHoe pasjiokeHHe HEeTPYIHO
MOJYYUTb W IJst 3aMeHbl (59).

3nauenne y B (59) ¢opManbHO MOXKHO OpaTb JIOOBIM B Pa3yMHBIX
npegenax 0 < v < 1/2. HauGosiee npocToil W ynoGHBIN BHI JajbHeMlIHe
bopmyabl pHoGpeTatoT mpu ¥ = 1/4.

Beipaxenus (59), (60) annpoKCHMHDYIOT Iary A, JHIIb B OTPaHHYEH-
Ho# obsactu. [lis HeorpaHuueHHOH 06/acTH npeoGpasoBaHue x(§) TakoBo,
4yro camo x(§) W ero MpOU3BOAHbIE O0PAlAIOTCS B OECKOHEYHOCTD, T.d.
npaBasi 4acTb paBeHCTBa (61) MoxeT cTaTb MHOro GoJiblle caMoil BeJH-
YHHbI x;_l/Q - A. Ho Mbl umeem mpaBo BBecTH mnpasble wactd (59), (60)
KaK CaMOCTOSITeJIbHble ONpeNeJIeHHs liara, NPUrogHble B HEOrpaHHUEHHOH
00/1aCTH ¥ O0YeHb OJIM3KHE K TPaLUIHOHHOMY OINpeNeJIeHHIO B C/ydae orpa-
HUYEHHOH 06/IacTH.

2. Annpokcumanus. PaccMOTpPHM, KaKOH BHA MPHHHMAIOT MPOCTEH-
urve (OpMyJIbl YHCAEHHOTO HHTErPUPOBaHHs W AU((hepeHIUPOBaHHS TIPH
3amenax wara (60) uau (59) ¢ v = 1/4. dopmyJia JeBbIX NPSIMOYTONbHHUKOB
MPUMET BH[,

N N
Uy :Zun_]x;_l/zA unn Uy :2-Zun_|(xn_1/4—xn_3/4).

pt =t

! (62)

Jlnst (hopMyJibl CPENHUX MOMYUHM

N N

Unv =Y tn_1/oth oA man Uy =23 tn_12(Tn_1a — Tnz/a).
=1 =1

! ! (63)

BI/IL[HO, YTO Telepb BCe YJI€Hbl HHTETPAJbHbIX CYMM W CaMH CYMMbl OCTAOT-
Csl KOHEYHBIMU TIPH JIIOOBIX KOHeYHbIX N (BOMpPOC O CXOAUMOCTH Tpu N —
— 00 HaJ0 HCCJeI0BaTh 0C000).

AHaJIOTHYHO /11 CUMMETPUYHBIX TTPOU3BOAHBIX: BMECTO MEPBOH TPOU3-
BofHOU (48) monyyaem

Up — Un—1 ’ Un — Un-—1

. (64)

/ ~
Up_1/2 =~

ROIRPIYAN Tp—1/4 — Tn—_3/4)

a [J1s BTOpO# mpousBopHo# BMecTo (49) nmeem

u;; ~ 1 : (Un-H —Un  Un _un—l> (65)

/ 2 / /
TnA Tpt1/2 Tp—1/2
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HJIHN

'LL,/n{ ~ 1 < Un+1 — Un _ Un — Un—1 > . (66)

2(Tnti/2 — Tn-1/2) \ Tnt3/s — Tntijs  Tno1/4 — Tn_3/4

Jlaxke B HeorpaHu4yeHHO# 006/aCTH 3[eCh He BO3HHKaeT GeCKOHeYHOCTeH B
3HAMEHATeJIsIX, MMOCKOJIbKY BCe APOOHBIE TOUKHU PAHHUYHOrO GECKOHEYHOTO
HHTEepBaJa OCTATCS KOHeYHbIMH. [103TOMY passiduHble MPOH3BOAHbBIE Ha
rpaHuIlaX He 0o6pallaloTCsl B HYJH H peasibHO 3aBHCAT OT 3HAYEHHH U,
B 0ECKOHEUHO YyHaJeHHOM y3Je W COCeAHHX C HHUM. DTO MO3BOJSIET pac-
CUHTHIBATH Ha PA3yMHYO alMPOKCHMAIHIO TPAHHYHBIX YCJIOBHH (XOTSI 3TOT
BOIPOC HAMO CIEIMAJbHO HCC/IEIOBATh AJISI KaXKI0r0 KOHKPETHOrO KJjacca
3amay).

JInsi OMHOCTOPOHHEH AaNMpPOKCHMAalMH MepBOH MPOU3BOAHOH (54) nau
(56) COOTBETCTBEHHO MOMYUHM:

/ /
€T ¢ Loy
(tn — un_])(2+ M) — (Uns1 — un) =12

/
’ Tn—1/2 Tpt1/2 9
U = O(A%) =
-l 2, A +0(a7)

Tn43/4 — Tntl/4

Tn—1/4 — Tp-3/4
(un_un—l)[2+ j| _(un-f—]_un)M
_ Tpn—1/4 — Tn-3/4 Tn+3/4 — Tpt1/4 +
2(@nt1/2 — Tn—1/2)

+0O(A?%);  (67)

/ /
Ty —1/5 €T o
(un-H - un)(2 + 7—]/2) - (un - un—])rl;l/z

’ Tn+1/2 Tn—1/2 D)
Ui = +O(A%) =
ot 22, A (A%

(un+| _ un) [2 + Tp—1/4 — wn—3/4] _ (Un _ un_])$n+3/4 — Tnt1/4
_ Tn+3/4 — Tn+1/4 Tn—1/4 — Tn-3/4 +
2(Znt1/2 — Tn—1/2)

+ O(A?). (68)

Jasi mepBod TPOW3BOAHOH B CpefHEH TOYKE MpOIlle BCEro HaMUCaTh
anagior (57):

/ Un+1 — Un—1 2 Un+1 — Un—1 2
=2 " L O(A%) = O(A%); (69

MOXHO HamucaTb Takxe aHajor (55), HO 3TO naeT GoJjiee IPOMO3IKHE
BbIpaXKeHHS.

Bce dopmyasl ags npousBoaHbix (64)—(69) uMeoT BTOpOH MOPSAOK
amnmpoKCUMAIIHH.
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3. CpaBHeHNe C MeTOAOM 3aMeHbl mepeMeHHOM. [lepBbili BapuaHT
(dopmynbl cpenHux (63) MOXKHO HHTEPIPETHPOBAThH CJELYIOUIUM 00Pa3OM.
[IpousBenem B HCXONHOM HHTerpasje 3ameHy nepemeHHbniXx x — &. Torma
unterpan Gymer Opatbes mo & ot dynrunu u(x(§))z’(€). Ipumenus x
HeMY KJIaCcCHUYECKYIO (pOpMYyJy CPeIHHX, MONYUYHUM B TOYHOCTH HAMHCAHHYIO
nepByto popmyny (63).

Anajornunble cooOpaXkeHHsi BepHBI [ 4acTH (HOPMYyJ BHIYHUCIIEHHS
TPOU3BOJHBIX.

OnHako MeToJ KBa3HPAaBHOMEPHBIX CETOK — OoJiee OOIIMH TMOAXOL,
yeM 3aMeHa mnepemeHHbiX. Hampumep, yxe BTOpasi ¢dopmyna (63) u obe
dopMysibl (62) He 3KBHUBaJIEHTHbI 3aMeHEe MEePEMEHHbIX C MOCJEdYIONHM
IPUMEHEHHEeM KJIACCHUECKUX KBaAPATYPHBIX (OPMYII.

§4. Annpokcumauus (PyHKLUA B IByMEPHOU
HeorpaHU4YeHHOU 00JacTH

1. CkansgpHoe mnpousBeieHue. 3ajada O TNPUOJIHXKEHHH (QYHKIHH
JIByX MepeMeHHbIX M0 ee 3HAYeHHsIM B NUCKPETHOM Habope TOUeK Hajiex-
HO pelleHa JHIIb B CJydae peryjaspHOH paBHOMEepHOH ceTkH. Ecau xe
CeTKa CHJIbHO HEepaBHOMEpHAa, TO CTaHAApPTHble METOHbl anMpOKCHUMAalHH
CTaHOBSITCSl HENpUroAHbIMH. [IpakTHKaM XOpOLIO W3BECTHO, YTO HHU OJHH
CTaHJAPTHBIH I'pa)oroCTPOUTENb He NaeT YAOBJIETBOPHUTEJNbHOIO KadecTBa
TIpH MOCTPOEHHH MOBEPXHOCTEH 110 CBeeHHSM, 3alaHHbIM Ha CHJIbHO HepaB-
HOMEpHOH WJIM HeperyJsipHON IBYMEPHOH CeTKe.

[Tpu pacyerax B HeorpaHU4YeHHBIX 0OJIACTSX Mbl HCIOJb3yeM pEryJsp-
Hble KBa3MpaBHOMEpHbIE IByMepHble CeTKH. Takasi ceTKa, MMesl KOHEUHOe
YUCJIO y3JI0B, MOKPbIBAET HEOrPAHHUYEHHYI0 06JacTb. CoceHHe HHTEepBAJbI
TaKOH CETKH MOYTH OJMHAKOBbI, XOTS AaJeKHe MOTYT CHJbHO OTJIMYATbCS.
JIBymMepHasi annpokcHManusi Ha TakoH ceTKe HeoOXOAMMa JJis BOCCTAHOB-
JIEHHsl YHCJIEHHOTO pelleHUs! B JI0O0H TOuKe HeOrpaHHYeHHOH 00J1aCTH MO
pesysbTaTaM CeTOYHbIX PacyeToB.

Hcnonb3yem B3BellleHHBIH METOA HAaUMEHBIIMX KBaapaToB. [IpumeHuMm
CJIEAYIOLLYI0 HYMEPALHIO Y3J0B DEry/lsipHOH NMPAMOYTOJbHOH KBAa3HPABHO-
MepHOH CeTKH:

OmnpenenuM ckassipHOe NPOH3BeNeHHe IBYMEPHbIX CETOYHbIX (PYHKIHUH
no ¢opmyne

N-—1 M—1

(f.g) = Z Z fnmgnm(wn-l-]/? _$n—l/2)(ym+l/2_ym—l/2)'

n=—N+lm=—M+1
(70)
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D10 BbIpaxKeHHe MPUOJHKAET ABYMEPHBIH HHTErpaJ

[o el o]

J J [z, y)g(z, y)dudy (71)

— 00 —O0

¢ TounocThio O(N~! + M~1), nockonbKy He yuuThIBaeT BKJana Tex MoJo-
BUHOK Si9eeK, KOTOpble MPUMBIKAIOT K rpaHunam. [las GosblIHHCTBA 3amau
B OrpaHUYEHHOH 00JIaCTH TAKOH TOYHOCTH HENOCTATOYHO.

B HeorpaHuueHHOH 06/1aCTH YaCTO MPUXOAUTCS pelliaTh 3aJadu, B KOTO-
pbiX (PYHKUHH 00pallatoTes B HYJb Ha GECKOHEUHOCTH, MPHUYEM A0CTATOYHO
ObicTpo. B Takux 3amadax BKJaA TPAHUUHBIX sueeK MpPeHeOpeKHUMO Madl,
u cymma (70) npubiuxkaer unterpan (71) ¢ Tounoctbio O(N~2 + M~2).
HMwmeHHO 3TOT cirydail OyfeT pacCMOTPEH HHUXKe.

C 1pyro#t CTOPOHbI, eC/IH TPAKTOBATb MHOXKHTENH (Zy41/2 — Tn—1/2) X
X (Ym+1/2 — Ym—1/2) B BHIOPAHHOM HAMH CKa/APHOM NPOHM3BENEHHH Kak
BeC, TO B Halled MoAH(UKAIMHM MeTOJa HaUMEeHbIIHX KBaJpaTOB TOUKA
UMeeT TeM OOJIBIIMH Bec, ueM OoJibliasi TJIOLIAAb Y COOTBETCTBYIOUIEH el
S4YelKH KBa3UPAaBHOMEPHOH CETKH. DTO OMNpaB/aHO, KOTAA JaHHbIE BO BCEX
TOYKAX 3alaHbl C MPHMEpPHO OAMHAKOBOH TOUHOCTBIO, HO CETKa CHJIbHO
HepaBHOMEpHas.

2. ba3ucHble (yHKumu. B kadecTBe 6asucHBIX (YHKIHH BblOepem
(DYHKLUHH CJefyIollero BUaa:

¢i(a,y) = H(w) Hily)e s /2012,

(72)
0<k<K-1, 0<I<L-1, 1<j<J=K-L
3nech
[k/2) (202
= k! 1=z
Hy(z) = k! Z( 1) T (73)
— IMOJIMHOMbI apMI/ITa, KOTOpre, KaK HU3BECTHO, OpTOFOHaJ’IbeIZ
J He(x)Hy(z)e ®dz =0 npu k# L. (74)

Basuchble (yHKUMH (72) 3KCMOHEHUHAJbHO 3aTyxaloT Ha oo. U3 (74)
cJIeyeT, uTO OHM OPTOrOHaJbHbI B cMbicje HHTerpana (71). Jlas Hux
cymma (70) anmpoxcumupyet uuterpas (71) ¢ Tounoctsio O(N~2 + M~2).
[Tostomy 6asuc (72) OymeT MOYTH OPTOrOHAJEH B CMbICJE CKaJSIPHOTO
npousBenerus (70): HemHaroHaJbHbIE 3J€MEHThI MATPUIBl CKAJSIPHBIX MPO-
usBeieHui 6yayT oueHb MaabiMu O(N~2 + M~2).

[TycTb BHIGpaHO J 6a3uCHBIX (DYHKIHKH, ¥ UCXOAHBIE NaHHBIE U(Tn, Ym),
—-N+1<nN-1, —M+1<m< M -1, 3agansl BoO BHyTPEHHHUX
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y3/1axX KBa3HPaBHOMEPHOH CETKH ¢ 4HCJOM y3i0B (2N — 1)(2M — 1) > J.
Haiinem JsuHelHYI0 anmpoKCUMalMI0 MO BBIOPAHHOH cHUCTeMe O6a3HCHBIX
hyHKUUH

J
pla,y) = ajpie,y) (75)
=1

M3 YCJIOBHS HAWJYUIIEro CPeJHEKBAIPATHUHOTO MPUOMIKEHHS B CMBbICJE
HOpMBI, TIOPOXKIEHHOH CKaJsipHBIM Tpou3BeneHueM (70):

N-1 M-—1
Z Z [U(ZEH, ym) - cp(a?n, ym)]Q X

n=—N+lm=—M+1
X ($n+1/2 - xn_1/2)(9m+1/2 - ym—l/2) = min.

KoadhuiueHnTsl Takol JUHEHHONH aNNPOKCHMAIIMH SIBJSIIOTCS pellleHHeM
CHUCTEMbI JIHHEHHbIX airebpandeckux ypaBHenuil (CJIAY) ¢ martpuuei [pa-
Ma, COCTaBJIEHHOH M3 CKaJsspHbIX NPOU3BeNeHHH 6a3UCHBIX (DYHKIHH:

Lij = (v ¢5)-
IIJ'IH JOCTHUXKEHUSA BbICOKOI:I TOYHOCTH BaxKHa xopomaﬂ O6YCJ'IOBJ'IeHHOCTb
matpuubl ['. [TpoBemem ciepyiolide TeCThI.

Tect 1. [ToMHOXHM MaTpHIy HA €IUHHUYHBIE CTOJNOEL H MOJYYEHHbBIH
pesysbTaT ucnosb3yeM B KadecTBe mpaBod wactu CJIAY. Hopma ortkione-
Hus nonydenHoro peteruss CJIAY oT enunuuHoro cronbua GymeT Mepoit
obycJioBaeHHocTH ||A|.

Acl

Puc. 13. O6yc/0B/eHHOCTD MATPHILbl CKAJISIPHBIX TPOM3BEIEeHUH NHArOHAJbHOH OT
YHCJIa Y3JI0B CeTKH M MaKCHMaJsbHOHM CyMMApHOH CTeleHH MOJHUHOMOB

Pesynbrar Takoro tecta npuBeneH Ha pucyHke 13. OO6ycJOBJIEHHOCTD
MaTpHLbl 3aBHCHUT OT YMCJa Ga3sHUCHBIX (PYHKUHMH M YHC/IA TOYeK CeTKH. B
TecTe HCIO0J/b30BAaHO PABHOE YHCJO Y3JI0B CETKH MO 06EUM IPOCTPAHCTBEH-
HbiM nepeMeHHbIM N = M. Yucso 6asucHbIX QyHKIUH yIOOHO XapaKTepH-
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30BaTh 0 = L + K — 2 — MaKCHMaJ/ibHOH CYMMAapHOH CTeNeHbIO TOJMHOMOB
B hopmysie (75). Ha pucynke 13 npusenena norpemidocts ||Alle B Tecte 1
B 3aBHCHMOCTH OT ¢ u N. (B 3Toli M mnocsiefyolUX HJMIOCTpaLHUSIX
nosaraem N = M, T.4. TOJHOe YHMC/IO y3J0B CeTKH paBHO (2N — 1)2))
B wmupokoM AuamasoHe 3THX NapaMeTpPOB OLIMOKA B NPOBENEHHOM TecTe
He TPeBOCXOAUT 1079-10~7. OmubKa 3KCIOHEHIUAIBHO HapacTaeT, Korjna
YHCJIO TOUEK CETKH CTAHOBUTCSI CPABHUMO C YHCJOM GA3sHCHBIX (DYHKIHH.
DTO NOATBEPKIAeT XOPOLIyio 06yCIOBIEHHOCTb MAaTpHIlbl ['pamMa B pabGouem
JManasoHe napaMeTpoB. Xopolias OOGYCJOBIEHHOCTb MaTPHIBl CBsi3aHa,
MpeX e BCEro, ¢ YAAUHbIM BbIOOPOM Ga3HCHBIX (GYHKUHE (72) U CKaJsSpHOTO
npoussenenus (70).

Tect 2. Bnuzocth cucTeMbl 6a3UCHBIX (PYHKIMH K OPTOrOHaJbHOH B
CMBICJIe BBIOPAHHOTO CKaJSPHOTO MPOW3BeleHHs OTpa)KaeTcsi Ha CTPYKTY-
pe marpuubl [pama. MaTpuia opToroHa/JbHOH CHCTeMBbl Obla Gbl JHaro-
HaJbHOH. Mepoil OpPTOrOHa/MbHOCTH CHCTEMbl MOXKET CJIYKHTb OTHOLIEHHe
He/IMaroHaJbHOH YacTH cepuueckoil HOpMbl MaTpHlbl [ K nHaroHasbHOM:

J J
DY (enes)
i _ i=li=li#j
S5 J

(05, 03)
1

J

HecmoTpst Ha TO, 4TO uMcauTeNb 3TOE Apo6u comepxut J(J — 1) HeoTpu-
laTeJbHBIX CJlaraeMbiX, a 3HaMeHaTejb — J cjaraeMbiX, BeJquddHa Sj/Sy
ocTaeTcsl MaJoHd B paboyeM [uanasoHe nmapaMmeTpos. ['paduk 3aBUCHMOCTH
BeJUYMHBL S| /Sy OT MakCHMa/bHOH CYMMapHOH CTEleHH MOJMHOMOB O H
napametpa ceTkM N = M npuBesieH Ha puUCyHKe 14.

Puc. 14. OTHouleHWe HeIUaroHaJbHOH 4acTH C(epuyecKOH HOPMbI MATPHULbl CKa-
JISPHBIX TIPOU3BEIEHUH K NMArOHAJbHOH OT YMCJA Y3J0B CETKH M MaKCHMaJbHOH
CYMMAapHOH CTeneHH MOJHHOMOB

OnucaHHbIH NOAXOA OBl YCIELUIHO MPUMEHEH AJsl MOCTPOEHUS (PYHKIIUH
IBYX IePEMEHHbIX, alllIPOKCHMHUPYIOIIEH pe3y/bTaThl ABYMEPHBIX pacdyeToB
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Ha KBA3HPaBHOMEPHOH ceTKe. I/l OLEHKH TOYHOCTH Pe3yJ/bTaT AMMpOKCH-
MallMd CPaBHHUBAJICSI C UCXOAHBIMH JAHHBIMH — pe3yJbTaTaMH YHUCJEHHOTO
pelleHHs] HAauyaJbHO-KpaeBoH 3anadd. MakcumasibHOe MO MOLYJ/IO0 OTKJOHE-
HUe alnpoKCHMHUPYIOIIEH (QYHKIMH OT UCXOAHBIX NAHHBIX, HANpUMep MJs
umcsia y3a0B ceTkd N = 128, 6biio mopsanka 10710, MexonHeMu naHHBIME
IJs 3ajaud IBYMEPHOH AaNMpoKCHMAllMH B OMUCAHHOM CJIydae CJIyKHJH
pes3y/bTaThl CETOUHBIX PACUETOB, KOTOpble ObLIW MPOBENEHbl C KOHTPOJEM
TOYHOCTH, H MX TNOTPELIHOCTb cocTaBuaa npuMepHo 10~8. Takum o6pasom,
JIByMepHasi CpelHeKBaJpaTHUHAasi alMpoKCUMAlUsl 110 MpPeaJoXKeHHOMY aJl-
TOPUTMY TMO3BOJISIET HAUTH YHCJIEHHOE pelleHHe 33/la4l B MPOU3BOJIbHOH
TOYKe HEOTPAHHYEHHOH O00JIACTH MO pe3y/JbTaTaM pacyeToB Ha KBa3HpaB-
HOMEpPHOH CeTKe ¢ O4eHb BBICOKOH TOYHOCTbIO. De3 momoliy nocTpoeHHOH
aINMpOKCUMAIIMOHHOH (PYHKIHH HEBO3MOXKHO Obl0 OBl BH3yasJU3HUPOBATH
pes3yJ/IbTaThl PacyeToB.

Honynnockocmo. V3noxenHblii MeTon Obll NMPUMEHEH TakXke H JJs
3aja4 B MOJYIJIOCKOCTH & € (—00,+00), y € [0,+00). B atom ciyuae
yI06HO BBIOpATh cjeyiolye 6asucHble GyHKIMU:

i(x,y) = Hi(x)Ly(y)e ™ 1*7v/?, (76)

roe
q

k
Li(y) = (k) (-1)1 =~

= (@)’k-q)!

— mnoJiuHOMBI Jlarrepa.
bBasucHble (DYHKIMH TOYHO OPTOrOHAJbHBI B CMBICJE CKaJISIPHOTO MPO-
U3BeJIeHHUs

(f.8)= T dx Tf(:r, y)g(z,y)dy
—00 0

H l'lpI/I6JII/I)KeHHO OPTOTOHAJIbHBI B CMbICJIE CE€TOYHOTO CKaJIAPHOIrO MPOHU3BE-
JEeHHUsA

N—-1 M-I

(f.8) = Z Z fnmgnm(xn-l-l/Q - xn—l/Q)(ymH/Q - ym—l/?);

n=—N+1 m=0

4ToObl MPAaBUJABHO TNepefarth cgaaraemble ¢ m = 0, 3mech cjaenyer moJa-
ratb y_19 = 0.

Bce moBepxHocTH Ha pucyHkax raas VI, VII, uamoctpupyromux pe-
3y/bTaThl JABYMEPHBIX PACUETOB, MOCTPOEHBI C MPHUMEHEHHEM ONHCAHHOTO
aJITOPUTMA AMMPOKCUMAIIHH.

3. HenuHneiiHas cpemHekBajapaTH4yHas annpokcumamus. Dblio 3a-
ME€YeHO, 4TO CYIIECTBEHHO MOBBICHTb TOYHOCTb aNMpPOKCHMALHHU B Ciayyae
HeOrpaHHYeHHOT0 WHTepBaJa, He YBeJHUHBash pa3MepHOCTb 0a3nca, MOXKHO
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neperss K HeNHHEHHOH CpefHEKBaApaTHYHOH amnnpokcuMmaurd. [loscHum
5TOT MPHEM Ha MpUMepe ONHOMepHOU 3anauu. [lyctsb GyHkiusa f(x) 3anana
CBOMMH 3HAUEHHMSMH BO BHYTPEHHHX y3/aX KBAa3HPaBHOMEDPHOH CETKH Zp,
—N + 1< n< N — 1, nokpeiBarleil Bclo npsimyto. byneMm ncnosbsoBaThb
OasucHble QyHKIMU Buga (72), HO BBedeM MAaCIITAOUPYIOUIMH MHOXHTEJb
B apryMeHT 0a3HCHBIX (PYHKUHH:

i) = Hi(pr) -exp (— 420),

[eomeTpuyueCcKHi CMBIC/ TAKOTO NpHEMA B CJAefyIOLIeM: MeHss MaclliTa-
OUpyIOLIUH MHOXKHUTENb, MBI COBMellaeM 00JaCTH aKTHBHOTO HM3MeHEeHHS
6asucHbIX (QYHKUMH W npubsavkaeMmod (yHKUMH. B caydae GeckoHeuHOH
006/1aCTH 3TO 0COOEHHO BaXKHO.

Llenecoo6GpasHocTh TAKOrO MOAXOAA MJUIIOCTPHpyeT pucyHok 15. Ha
HeM H300pakeHa 3aBUCHMOCTb OLIMOKH amlNpOKCHUMAallMK OT MacliTabupy-
ollero Koad@uiuenTa g B moJyaorapudmudeckoM Mmaciitabe. XapakTep
3aBHCUMOCTH YKa3blBaeT Ha TO, YTO Pa3HOCTb 3THX ABYX BEJUYUH MeHSET
3HaK, a HOpMa IIOIPEIIHOCTH TOYHO NPOXOAHT depe3 Hosb. Kpome Toro,
TUIIMYHA CUTYyalMsi, KOTAa MHHHMYM OIIMOKH O4YeHb IMyOOKHH M Y3KHH.
3HayMT, MOBLILIEHHE KaUecTBa ANNPOKCHMAlLIMH TPeOyeT ONpefesieHUs [t C
MaKCUMaJIbHO BO3MOKHBIM UHCJIOM 3HAKOB.

lglf—ely,
0_

0.5 1.5 2.5 3.5
1

Puc. 15. TlorpemHocTh anmnpoOKCHMAllMd B 3aBHCHMOCTH OT MaclUTaGHpYIOLIEro
MHOXKHTeJISl B apr'yMeHTe 6a3uCHOH (DYHKLHH

PaccmoTpuM OTKJ/IOHEHHe aNNpoOKCHMAalUK OT MCXOAHBIX HaHHBLIX B ce-
TOUHOH HopMe Lo Kak HeJMHEHHYI0 (DYHKLHIO, 3aBHUCSILYI0 HE TOJNBKO OT
K03(QPHUIHEHTOB JUHEHHOH aNNpoOKCUMalKWH, HO W OT MacliTaGHpYIOLIero
MHOXHTEJISl B apryMeHTe 6a3UCHBIX (PYHKIIUH:

M
I(ag,ar,....an, 1) = |1 (2) = Y arpr(p)ll Ly, (77)
k=0

rae f(z) — 3amaHHasi ceTouHasi QyHKIHS.
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B kauecTBe 4yMCJIEHHOrO MeTOMA MOMCKA MHHUMyMa HeJUHEHHOH (PyHK-
uuu (77) pekoMeHAyeTCs HCIOJb30BaTh KBa3WHbIOTOHOBCKHE HTEpallHH
[dsunuc ma., [Iuabeab, 1988]. DToT anroputM MHHHMH3AIHUKH peasH30-
BaH, Hampumep, B cTaHaapTHoi Gubauoreke IMSL sisbika Poptpan [bap-
tenbes, 2001].

[IpyiMeHeHue TaKko¥ HeJHHEHHOH anmpOKCHMAIMKU MO3BOJHIO CYIile-
CTBeHHO (Ha 3—4 mopsifika) YAyUIIUTh TOUHOCTb AMMPOKCHMAIIHH, He MeHsIs
pa3Mep 0asuca M, CJeI0BaTeJNbHO, HEe YBeJHUYHBAast 0ObEM BbIUHCJIEHHH.



Fnasa [V

KBAJIPATYPbI HA KBA3WPABHOMEPHBIX
CETKAX

B rsnaBe Mbl BBIBOOUM pas3jHuHble KBajpaTypHble (OPMYyJbl HAa KBa3u-
PaBHOMEpHBIX CeTKaxX: MPOCTeHIIrHe aHaJord (GopMys Tpamneuud U cpen-
HHX, HMMeIOlllMe BTOPOH MOPSHOK TOYHOCTH, M KOJIJIOKALHOHHO-CETOYHBIE
(hopMysbl BHICOKHX INOPSKOB TOYHOCTH, CXOAHble ¢ (opmynamu laycca-
Kpuctoddpens. Has Bcex 3TUX (HOpPMYJ NMPUMEHHM 3KCTPANOJSLHOHHBIH
Meton Pu4apacoHa, 4yTo no3BoJisieT BBIIONHATb pacyeThl ¢ FapaHTHPOBAHHOH
TOYHOCTbIO. OCOBEHHO BBIFOAHBI 3TH METOIBI 1/ BHIUHCJAEHHS] HeCOOCTBEH-
HBIX MHTErpaJsoB Ha MPSIMOH U MOJYNPSIMOH, NIOCKOJIbKY OHH JAIOT XOPOILHE
pes3yJIbTaThl Jaxe /s caabo yObiBalomux QyHKIHH (IPHU CTENEHHbIX 3aKO-
Hax yOwiBaHus), rae Meron [aycca—Kpucroddesas npakTHuecKd HermpuMe-
HHUM. DTO MO3BOJSET PELIUTb Pl aKTYaJbHbIX (PHU3HYECKHX U TEXHHYECKHX
3ajau.

§ 1. IIpocreitmne opmyiibl

1. ®opmyna tpanmeuuit. dta Gopmysa He yoMHHajach B ryiase I, HO
€€ BbIBOL TPHUBHAJICH. I/IHTeraJI 10 OOHOMY HHTEpBaAJy CETKH 3aMEHSAeTCH
MJIONIAbI0 TPAMEelHHd ¢ OCHOBAHUSIMHU Up—] H Un W BBICOTOH hy (puc. 1).
ITO faeT Ha MPOW3BOJBHOM HEpPaBHOMEPHOH ceTKe

N
Uv=Y hn%. (1)
n=1

dopmyna (1) mocTpoeHa CUMMETPHUYHO, MOITOMY ee
MOTPEIIHOCTh B KaXKJOM HHTepBaJjie pasJsaraetcs B psij
M0 CTeNeHsAM h%. [naBHBIA 4YJleH MOTPEIIHOCTH comep- Ty 1 Ty
KUT ug_l/z, MOCKOJIbKY YJIeHBl Pa3JIOKEHHUS C u%_l/z Puc. 1. Ksanpa-
coKpaulaTes B culy cummetpud. MnTerpan u ero mo-  rypuas dopmyaa
TPELIHOCTh HMEIOT Pa3MepHOCThb [hu], MO3TOMY TVIaBHBIH Tpanemu
YJieH MOTPELTHOCTH MOJKeH (C TOYHOCThIO [0 UHCJ/IEH-

HOTO MHOXKHTEJISI) COCTOSITb M3 CJIaraeMbiX hf’lug_l/g. DTOT YMCJEHHBIH

KO3((GHUIMEHT MOXKHO ONpeNesHThb, HAarpuUMep, MOACTaHOBKOH u(x) = z°,

4TO Aaer N
1 3
Ry~ 5 Z_:l ity /o- (2)

4 H.H. Kanutkun u ap.
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DTa NOTpelHOCTb BABOE GoJiblie, YeM AJsi (POPMYJbl CPENIHHX, U UMeeT
MPOTHUBOINOJIOKHBEIN 3HAK. Ha paBHOMepHOi ceTke ¢dopmyna (2) nepexomut
B CJIe[YIOLLYI0 aCHMITOTHYECKYIO OLEHKY:

b b
~ —hQZhu _1p R —J "(z)dx = }112[ '(b) —u'(a)], h = const.

a

(3)
Takum ob6pasoM, Qopmysna Tpamnendil UMeeT BTOPOH MOPSIIOK TOYHOCTH.
Hanomuum, yto dopmyab (1), (2) oTHOCSATCS K MPOU3BOJIbHBIM Hepas-
HOMEpHBIM CeTKaM, HO B (2) 3a TOYKY Z,_|/o NPUHHUMAETCS CepeluHa
HHTepBaJjia B 0ObIYHOM CMbicJe (MmoJycymma ero KoHioB). Ho Ha npousBoiib-
HBIX CeTKaxX roBOpUTb 00 oOlleM MOpsiiKe TOYHOCTH MpPH yBeaudeHHH N

HEBO3MOXKHO.

Keasupasnomepnote cemku. [loka orpaHHUMMCsT KOHEUHOH 00/1aCThIO
[a,b]. Torma Bce HHTEpPBAJbLI HMEIOT KOHEUHBIE IJIHHBI Ay, T. 9. BUL (GOpMy-
abl Tparneuu# (1) mpuromeH mJst anmnpokcumanuu WHterpasa. Hamo Jnub
AKKYPATHO MOJNYYHUTh AMPUOPHYIO OLEHKY MOrPEILIHOCTH.

Ins storo nanee Gynem noHumathb (n — 1/2)-10 TouKy x,_1/9 B CMbIC/IE
KBa3upaBHOMEPHOH ceTKH. BBenem o6osHauenue v(§) = u(x(§)) u 3ameHuMm
B uHTerpate dr = x'(£)d¢. Torma TouHOe BbIpaXKeHHe MMOTPEIIHOCTH (op-
MyJibl Tpaneuui (1) npuMeT c/efyrOLHE BUA:

N €
R M el GG s
n=I Emei

[Mpeanosnaras noka gpyHkuuio v(§) u nopoxaawiiee npeodpasosanue (&)
HeorpaHU4YeHHO AH((epeHIHPYeMbIMH, PA3JIOXKHM BCE BEJHUHHBl B Kax-
fom uHTepBase B psiabl Tednopa—MaksopeHa ¢ UEHTPOM B TOYKe &y _1/9.
YuuTBHIBas CUMMETPHIO U COKpallleHHe HeueTHbIX 4JIEHOB, JIETKO TOJNyUUM:

2'(€) = %(f - fn—l/Q)me(mH)(fn—l/Q), 1€ —&n—1/2] < %; (6))
m=0
o = —xn_l/z—AZ B SaCm ey a) A =22 6)
L m,(m) _ A
)= o6& i), 1€ Eamipl <55 (D)
m=0
w =y %U(Qm)(fn—lﬂ); (8)

m=0

HamoMHHUM, 4TO [c, 3] ecTb oTpe3ok uameHenus &. B dopmynax (5)-(8)
durypupytor npoussoansie v(™ (£) = d™v/dE™, KoTOpbIe BHIYUCASAIOTCA 110
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OOBIUHBIM TIPaBUJIAM:

V() =W/ (@)2'(§),  v"(€) = u'(2)x"(€) +u" (2)[«' (€)]° 9)
U T.A. B ciydae, ecsiu cyulecTByeT JIMLIb OrPAaHHYEHHOE YHUCJIO TPOU3BOL-
HBIX, TO YHMCJIO YIeHOB B cymMMax (5)—(8) ompenessieTcss mopsiAiKaMu Cyliie-
CTBYIOIIMX Mpou3BoaHbX. Ho dyHKIMIO u(x) HAM 3a1210T, U ee CBOHCTBA
OT Hac He 3aBHCST, a npeobpaszoBanue z(&) Mbl BoiGupaem camu. OTtciona
cJleflyeT OYeBHIHAs peKOMeHaalus: suibupame x(€) nado mak, umobei e2o
eaadkocme Goira He xyxce, wem y u(x).
HanomuuM, 4TO BCe mpuMepbl MOPOXKIAIOIIMX NMPeoOpa3oBaHUU B IJa-
Be III Opiu HeorpaHuueHHO AU (DEPEHIHUPYEMBIMH.
[ToncraBum (5)-(8) B (4) W mpousBeseM Bce HHTerpupoBaHusi. bBaaro-
napst CUMMeTpHH (OpMyJl BCe HedeTHble cTereHH mara A cokparsites. 1o
naer

Ry = Y 4nA’"H = 0(A%) = O(N7?); (10)
m=0

31eCh IVIaBHBIH UJIeH MOrPelIHOCTH ¢ yueToM (9) umeeT Koa(pUIHEHT

=1 Z "(En-1/2)7"(§n172) = V' (€nr/2)a” (n1y2)] =

N
- % S ou (@no2) [ (Gl (1)
n=I

He’rpyzu-[o TaK2Ke 3aMeTHUTb, YTO MJid (10) €CTb IMpOoCTad aCHUMIITOTHYECKAsA

Oll€eHKa 8
~ ApA? ?QJ (dﬁ> d = Ot (12)

Takum 006pasom, Ha KBa3HPaBHOMEPHBIX CeTKaX (opmynaa Tpaneuni
(1) umeer BTOpO# MOPSIIOK TOYHOCTH, a €€ MOrPELIHOCTh pasJjaraercsi B
psaf no yeTHsM creneHsaM A% ~ N~2. CremosaTesbHO, NPH pacyeTax Ha
CTYLIAIOIIMXCS] CeTKaX MOXHO TO0JIb30BATbCS MeTONOM PuyapacoHa Kak
JJIsT arlOCTEPUOPHOH aCHMMITOTHYECKOH OLEHKH MOTPEIHOCTH, TaK W sl
TMOBBIILEHHS MOPSAKA TOYHOCTH. [lJif 3TOrO COCTaBJ/SIOT TakKHe Xe Tpe-
yroJbHble Tabauipl, Kak B raase I, a mox koadpduuHeHTOM CrylieHus r
Mo pasyMeBalOT OTHOLIEHHE YUCes MHTepBaJsoB ceToK [V.

MoKHO NpPOBOAHTb MHOTOKPAaTHOE CrYylleHHEe CETOK W peKyppeHTHoe
MOBHILIEHHE MOopsiika ToUHOCTH. [lockoabKy morpeiitocTs (10) pasnaraetcs
B PSII 10 YEeTHBIM cTeneHsaM N, TO KaXoe CTylleHHe MO3BOJISIET MOBBICHTD
MOPSIIOK TOYHOCTH Ha § = 2.

Heoepanuuennan obracme. Eciu paccmaTpuBaeTcss HecOOCTBEHHbIH
UHTerpas Ha npsiMod (@ = —oo, b = +00), TO MOXKHO MOCTPOUTb KBa-
3UPAaBHOMEPHYIO CETKY, HO AJHHBI €e TPaHUYHBIX HHTEpPBaoB h| WU hy

4%
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6eckoHeuHbl. Ecin GepeTcst HHTerpaJ Mo moJynpsiMod, To 6eCKOHeueH OfHH
U3 3TUX HHTepBaJsoB. [lo3TOMy HemocpenctBeHHO (opmyny Tpaneuuid (1)
TIPUMEHSITh HEJb3s.

OnHako MOXKHO BOCIIOJIb30BAaTbCsl OLHOH U3 3aMeH A, UMEIOIIHX BTOPOH
MOPSIIOK TOYHOCTH HA KBa3HPAaBHOMEPHBIX CETKaX, OMHCaHHbIX B raase [II,
§3. Tak, samena hy, =~ 2'({,_1/2)A naer crenyomui Bapuant GOPMyJIbl
Tpanenu:

al A B-a
Un =) (un-1 +un),_ypp5. A="5 (13)

n=I

sameHss hy = Tp — Tn_1 = 2(Tp_1/4 — Tp_3/4), TOJYUUM APYroH BapHaHT
(hopMyJIBl Tpamenu:
N
Un = E (Un—1 + un)(Tn_1/4 — Tn_3/4)- (14)
n=1
O6e (Gopmy/bl IAIOT KOHEUHYIO BEJMYMHY CYMMBbl B CJydyae HeOrpaHUYeH-
HO# 00J1acTH, T.e. opMasibHO OHH TpuMeHUMbl. OcCTaeTcs HCCIEN0BATb HUX
MOrPELIHOCTb.
Hns storo u3 cymm (13) uau (14) BbHIYMTAIOT HHTErpaj aHaJOrMYHO
(4) u moxpcrasasior pasnoxenuss (5), (7), (8); Bmecto (6) mosb3yoTCS
pasJoxKeHHeM

A = (A/4) "
mn—1/4—$n—3/4252 2m/+1 2,1 )o). (15)

OnsaTh B CHJIYy CUMMETPHUH BCe HedeTHble cTermeHH A COKpalaoTcs, T.d.
MOrpelIHOCTh OKasbiBaeTcsi psaoM no crenensm A% suma (10). Pasymeer-
csl, Ko3(dULHeHTE 3Toro pana OyAyT HHBIMH. Tak, [/ [VIaBHOTO uJleHa
MOTpellHOCTH BapuaHTa (13) mosyuaem BeIpaxeHue

2 N
A&
Ry ~ AA° = 50 " [Bugere — (viig)eeln—1/2 ~

2 s )
~ A—4J {U§£(§)$£(§) - j—gz[v(g);pg(g)]} de = C(])\JLZSt (16)

a ans Bapuanta (14)

N
1 | 1
Ry~ AA* = A% [gvggxg + g Ve — ﬂ(m’é)éé]n_w ~
8 n=1
1 1
~ & { Luce(€)0e(6) + gro(€hoeee(©) - g S lo(E)ae(e >]} ag = o,

(17)
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3nech unpeke £ osHauaet nuddepenuuposanue no . Ms (16), (17) BugHo,
4To B 00IIeM cJaydae OT mpeoGpasoBanus x(£) Hamgo TpebGoBaThb MOpPsAKA
[JIAJKOCTH Ha eIHHHILY BBILIE, YeM HMeeT u(x).

OueBHAHO ClefyIOllee AOCTATOUHOE YCJOBHE: €CJIH BCE HHTErpasbl B
otieHkax (16), (17) abcomoTHO CXOAsIIMeCs, TO BAPUAHTBI (POPMYJIbI Tparie-
i B HeorpaHuueHHoi obaactu (13), (14) cxomsTcs CO BTOPbIM MOPSIAKOM
TOYHOCTH.

DTO yC/IOBHE 3aBHUCHT OT MOBEJEHHs He TOJMbKO u(x), HO W mpeobpa-
soBanus x(§). Hampumep, paccMoTpuM uHTerpas Ha noaynpsimod 0 < z <
< 400 maa oyHkuuu u(z), yOblBaolledl Ha GECKOHEUHOCTH Kak u(x) =
~ const - 77; cam MHTerpas abCOJIOTHO cXOAHTCA TpH <y > 1. BriGepem
npeobpasosanue z (&) = c£/(1 — €)%, § > 0, neobssarenbHo uesoe. Torna
yKa3aHHOE [OCTATOYHOE YCJIOBHE CXOAMMOCTH (opmysbl Tpameuuit (13)
und (14) BbimoJHsIeTCS TPH

2

v>14 5 (18)

Hau6osiee yacto BeiGupaemoe mnpeobpasosanue (&) = c£/(1 — £) coorser-

cTByeT 0 = 1; 3TO rapaHTHPyeT CXOAMMOCTb KBAAPATyPHOH (GOPMYyJIbI JIHLIb

npu v > 3 (KctaTH, npeobpasoBaHue T = ¢ - tg£ TOXKe COOTBETCTBYET § =

= 1). Ecaiut ke B3sTb mpeoOpa3oBaHue ¢ JOCTATOYHO GOJBLIMM §, TO MOXKHO
rapaHTHPOBAaTb CXOAHUMOCTb IpH Jio6oM v > 1.

[Tpumep 1. HeBbinonHeHue ycsoBus (18) NPUBOIHMT K CHH2KEHHIO
NopsiiIka TOYHOCTH MeTona. [lJisi BBIUMCJEHUS] MHTErpaJa
oo

J dv__ 7
1+a° 2’

0

UCMOJb3yeM KBAApATypHYO (GOpMysny Tpamneluii Ha KBa3HUPaBHOMEPHOH
CeTKe, IOKPBIBAIOLIEH MNOMYNPAMYIO.

Hcnonbayem nBa pasHbiX npeo6paso-  lg/Ry
BaHHsl, MOPOXKIAIOUIHX TAKYIO CETKY: 01 oo

) x(€) = c-tgé (5= 1), | %og,

@) =c/(1-6P (5=3).  _,| oo,

Bropas ceTka ymoBJerBopsieT 6l e, °°‘0-o~0_o §=1
yeaoBuio (18), Torma kak ans mep- oy %00,
BOH 3TO yCJIOBHE HapylleHO. YObiBa- —8 '1.\

HMe TOrPeIHOCTH YHCJeHHoro pewe-  —107 "o‘% 5=3
HHS C POCTOM YHCJA Y3JIOB CETKH B —12- \.\._
ABOHMHOM JIorapu(MH4eCcKOM MacliTa-  —14 Y
Ge nokasaHo Ha pucyHKe 2. Kpyx- 0 1 2 3 4 5 6 7

KH COOTBETCTBYIOT pacyeTaM Ha TaH-
reHIIHa/JbHOH CeTKe, a TOYKH — Ha
cTeneHHOH ceTke. B mepBoM ciyuae
MOPSIIOK TOYHOCTH NAajfaeT A0 MepBo-

IlgN

Puc. 2. Hapyuenue ycnosus (18) npu-
BOAMT K CHHMIKEHHIO MOpsiiKa TOUHOCTH
KBaApaTypHOH (hOpMyJIbl
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ro, TOrAa Kak MpU BbinmoJiHeHU ycjoBust (18) dopmyna Tpameruit umeer
TeopeTHyecKuH nopsiaok TouHoctH Ry = O(N~?)

3ametuM Takxke, uto (opmysnl (13), (14) MPUTOAHBEI KaK B HEOrpaHH-
YeHHOH, TaK W B OTPAHHUYEHHOH 00/acTH; B MOCJEOHEM CJIydae BOMPOC 00
UX CXOTMUMOCTH TPHBUAJIEH.

2. ®opmyaa cpepnux. [lo aHanoruu ¢ opmy/oH Tpameuui, Hamu-
IIeM TPH BapuaHTa (POpMyJibl CPeIHHUX HAa KBAa3HPAaBHOMEDHOH CeTKe:

N
UN = Zun_l/Q(«Tn - xn—l), (19)
N
Un = Zun—l/Q “2(Tp_1/4 — Tn_3/4), (20)
N
Un = Z Up—1/2 - Te(§no1/2)A; @21

n=1
3/1eCh APOOHbIE 0JH HHTepBaJa MOHUMAIOTCS B CMbIC/I€ KBAa3MPaBHOMEPHOHM
cetku. Bapuant (19) npuromeH TOJNbKO [Jisi OrpaHUYeHHOH o6JacTH, a
BapuaHThl (20), (21) cnpaBemyiuBbl Kak AJsi OTPaHUYEHHON 06JIaCTH, Tak U
JI/IS1 HEOTPAHUYEHHOH.

[TorpewHocTH 3THX (HOPMYJ HAXOASIT TAKXKe TMOACTAHOBKOH Pa3J/IoKeHH
(5)-(8) u (15). OnsTh B CHJIy CHMMETPHH (POPMYJ OCTAIOTCS PSIAbl THIA
(10) mo yetHbIM cTemeHsiMm A, a rJiaBHbIe YJIEHbl MOTPEIIHOCTH MPUHHUMAIOT
COOTBETCTBEHHO CJIEAYIOUIMH BUL:

N
AS
Ry~ -5 > [vegwe + 2veaee],, g =

n=1

) B
= 5 [lee©ae(©) + uel©)accOlte. 22

N [e3%
RN%AT;Z[ vrgee — (v 5)55] i
n=l , 2
%J{ v(§)weee(§) — dz[v(f)xg(g)]}dQ (23)

n=1

dig(vl‘g)} . (24)



§ 1. Ilpocmetiwue gopmyro 103

[MocsienHee BbipaXKeHHE MOXKHO MOJYYHTb H3 aCHMMIITOTHYECKOH OLEHKH
(I1.24) samenoit hy, =~ x'(§,—1/2)A.

B HeorpanuueHHol 06/1aCTH I0CTATOYHOE YCJIOBHE CXOIMMOCTH CO BTO-
PBIM TOPAAKOM TOYHOCTH TOJHOCTbIO aHAJOTHYHO (OpMYyJie Tpameuui.

3amena nepemennovix. Ecnu BbinosHeHo npeobpasoBanue x(E), TO Hc-
XOIHBIH MHTerpas, KOTOPbIH MOr OpaThCs MO HEOTPAaHUYEHHOH 006./acTH,
NepexoquT B HHTErpaj Mo KOHeYHOMY OTPe3Ky:

b B
U= ju(az)dm - Jw(é)d& w(€) = u(x(€))ze(€). (25)

He mnpole su HemocpeACTBEHHO BBIYHCJAHUTH MOCJAEIHHE HHTerpas ¢ Io-
MOIIbIO KBaJpaTypHOH (hOpMYJbl Tpalelrd MM CPeIHHX Ha PaBHOMEpHOH
ceTKe 1o nepeMeHHo# £? He okaxkeTcsi M METOA KBAa3HPABHOMEPHBIX CETOK
9KBHBAJIEHTHBIM TAKOMY TOAXOLY?

BunHo, uto s GopMysbl cpeqHHUX BapHaHT (21) HeHCTBUTENBHO TOUHO
9KBHBAJIEHTEH BBIYHCJEHHIO BTOPOrO HHTerpasa (25) Ha paBHOMEpHOH ceT-
ke. OnHako BapuaHTbl (19) u (20) 3KBHBaJIEHTHBIMU 3TOMY CIOCOOY y2Ke
He ABJASIOTCS. A /s POPMYJIBI Tpameuuid HU OOMH W3 BapHaHTOB M. | He
9KBUBAJIEHTEH TAKOMY CIOCOOY.

BosmoxHo Takxke, uto w(f) Ha KoHUAX oTpeska [, 3] okaxkercs
HEOrpaHUYEHHOU MK OyIeT UMeTh HeOrpaHHUYeHHbIe MPOU3BOAHBIE. [lepBoe
03HAYAEeT, YTO HOBBIH MHTErpaj OKa)KeTCsi TaKxKe HeCOOCTBEHHBIM, XOTS 110
IPYTo¥ MpUUHHE. DTO OCJOKHUT ero BeluHcaeHHe. HeorpaHuueHHOCTh Npo-
U3BOJHBIX TAKXKe OCJOXKHHUT BBIUUCJ/IEHHs] HA PABHOMEPHBIX 110 & CeTKax, H60
MO3BOJIUT MOJIb30BATHCS JHIIb (POPMYJaMH HEBBICOKOTO TMOPSIAKA TOYHOCTH.
[TosToMy MeTOR 3aMeHBI MepeMeHHBIX He HMeeT 3aMeTHBIX NPEeHUMYIIECTB
nepej METONOM KBa3HPaBHOMEPHbBIX CETOK.

Dopmyna Jinepa. OctaTouHblil 4neH (24) vMeeT 0COGEHHO MPOCTOH
BHJ, U €ro HEeTPYAHO BBIYHUCJHUTH anpHopHO. Torma ero MOXKHO BBECTH Kak
TNONPaBKy Y MOJYYUTb (HOPMYJY TMOBBILIEHHOH TOYHOCTH, JIHIIb HE3HAYH-
TeJbHO OTJIMYAONLYIocs 0T (opMyJIbl cpefHuX (21):

N 2 =06

Uy = AZ (vre)p_1/2 — ?—4 [d%(mé)]

n=1 §=a

TorpewsocTs 3Tol Gopmyasl ectb O(A*), 1.e. ona umeer uetepThii Mo-
PAIOK TOYHOCTH. DTO 00001eHHe H3BECTHOH KBaApaTypHOU (hopMysbl Di-
Jiepa Ha cjy4ail KBasupaBHOMEpPHOH ceTKH. Jlanee MOXKHO $IBHO BBIYUCJHTH
IJIaBHBIH YJ/IeH MOTPELIHOCTH 3TOH (DOPMYJBl, y4ecTb ero Kak CJAeLyIOLLyIo
TNONPAaBKy M T.A. DTOT Npolecc JAcT Lenouky (opmysa dinepa—MakiopeHa
BBICOKHX TMOPSAKOB TOUHOCTH.
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Atu popmyabl 3PHEeKTUBHBI IJsT TeX HeCOOCTBEHHBIX HHTErpajioB, y
KotopblX w(§) = u(x(§))re(§) vMeeT orpaHHYeHHBIE BBICOKHE MPOM3BOL-
Hple. OCOOEHHO OHHM BBITOAHBI, €CJM 3TH INPOU3BOAHble 00palLlAIOTCS B
HyJb Ha KOHLAX OTPEe3Ka, T.K. TOLAA [JOMNOJHHTE/bHBIE UJIeHbl NPONajaloT,
M caM BapuaHT (opmysbl cpenHux (21) obGecrneunBaeT BBICOKMH MOPSIAOK
TOYHOCTH.

Dopmyrvt Taycca-Kpucmogpghers 4acto peKOMEHAYIOT IJsi BbIUMCJIE-
HUSI HECOOCTBEHHBIX WHTErpPaJIOB Ha MOJYNPSIMOH WJH NpsMod. Dto ¢op-
MYJIBl HAaUBBICIIEH ajredpanuecKod TOUHOCTH, T.K. (opmyna ¢ N ysnamu
TOYHA 1/ MHorodseHa crteneHd 2N — 1 (MO3TOMy HHOTAA TOBOPST, YTO
3TH (QOPMYJBl HMEIT MOPSAOK TOUHOCTH 2N — 1, XOTd 3TO HeCcTporoe
BbIpaXKeHHe).

Onnako peanbHo (opmynamu laycca—Kpucroddenss MoxkHO M0JIb30-
BaTbCs TOJBKO B TEX CJydasiX, Korna TabyJHpOBaHBl UX y3Jbl U Beca. OHH
HUMeIOTCS] B JIUTepaType JHIb 15 (GYHKIHUH, yObIBAOMIUX Ha GECKOHEUHO-
cTH Kak exp(—x) Ha moMynpsMoi MK Kak exp(—x?) Ha mpsMoii. DTO JHIIb
MaJjiasl 4acTh BCEX NMPAaKTHYECKH HHTEepeCcHbIX caydaeB. A mpocreiiue dop-
MyJIbl METOfla KBAa3HPAaBHOMEPHbIX CETOK JIETKO [03BOJISIOT HHTEIPHUPOBATh
(DYHKLHH CO CTENEeHHBbIM H JIIOOBIMH IPYTHMH 3aKOHAMH yObIBaHHS.

[Tpumep 2. PaccMoTpum HecoOCTBEHHBIH HHTErpas

oo

J dx _T
1422 2

0

BBeneM KBa3supaBHOMEPHYIO CETKY, MOKpbIBalLyio mnoaynpsmyo [0, 00),
IPUTOAHYIO0 AJISl BBIUMCJEHHS HECOOCTBEHHOrO HHTerpasa mjas (QyHKLHH,
cjabo yObiBaollell Ha OGeCKOHeYHO-

Ig Ry et (7 = 2):
01 ag ¢
9. o, () =c ——.
- \ © (1-¢)°
—6- \, \°‘°~o\o Ha npumepe BbluMciaeHHs 3TO-
—8- oy ro HeCOOCTBEHHOI'O HHTerpaJja cpas-
—10+ \Ob\o\ HUM [IBa BapHaHTa 3amucH (popMmy-
—12 \ %oy, JIbl CPEeIHHMX Ha KBa3HPAaBHOMEPHOH
—14- % ees .,-A-".""’.‘o)ﬁ cetke (20) u (21). [IpoBenem TecThl
—16- oe® Ha CTYUIAIOUIUXCS] CeTKAaX U HaHeceM
-8Bl Ha rpauK 3aBHCHMOCTb IOI'PELIHO-
0 1 2 4 5 6
lgN CTH KBaJIpaTypHBIX (OPMYJI OT YHCJIA

Y3JIOB CETKH B JBOHHOM JiorapuMu-
geckoM Maciitabe (puc. 3).
XapakTep yObIBaHHSI MOTPELIHO-
cTH KBaapaTypHo#t dopmyabl (20)
COOTBETCTBYET CTENEeHHOH 3aBUCHMOCTH MOTPELIHOCTH OT YHCJA Y3J0B CeT-
KW (mpsiMasi B JBOHMHOM JorapudmudeckoMm Maciutade). HakmoH mpsmoit

Puc. 3. TecTrl Ha cryllaloluxcsl KBa-
3MPaBHOMEPHBIX CeTKax AJsi (DOPMYJIbl
cpepHux: o — (20), ¢ — (21)
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TMONTBepKaeT BTOPOH MOPANOK TouHOoCTH Metoma |Ry| ~ N2, Ho pe-
3yJIbTaThl JJIsi KBaAPATypHOH (hopMmyJibl (21) MPUATHO yAMBJSAIOT: XapakTep
3aBUCHMOCTH TOTPEIIHOCTH OT YHCJ/IA Y3JI0B He CTENEeHHOH, a SKCTIOHeHIIH-
anbHblil [Ry| ~ e V.

§ 2. KoJssoKanimoHHO-ceTo4YHbIe (hOPMYJIbI

1. Kommokamusa. Ilyctb TpeGyercs HAUTH 3HaUeHHe HHTerpasa

b
U= ju<x>p<x>dx, pl) #0, (26)

rae BecoBasi PyHKIMs p(x) HempepbiBHA Ha uHTepBase (a,b). Uaie Bcero
GyHKUIHIO u(x) TPUGAUKAIOT MHOTOUJIEHOM, YTOObI Y2Ke OT HEro BHIYHC/INUTD
uHterpas. Takasg anmnpokcHMauus NMO3BOJSAET NMOJYYUTb (POPMYJY UYHCJEH-
HOIO HMHTETPUPOBAHUSI AJI BBIUHCJEHHs 3HaueHus U, KOTOpOe JIHHEHHO
3aBHCHUT OT 3HaueHHs1 GYHKUMH u(T) B y3aax:

M
U= Z cmu(Tm) + R,

m=1

rae BeJHWYHHDBI Xy, HA3bIBAIOT Y3JaMH, Cp, — BeCaMH, a RM — TOrpelIHo-
CThbIO.

DPopmynet Faycca—Kpucmogpgpens. Onnum 13 Haubosiee UHTEPeCHBIX
acnekToB (POPMyJBl SIBJISIETCS BBHIOOP Y3JI0B M BeCOB. 3aAada 3aKJ/I04aeTcs
B non6ope 2M napaMeTpoB Tak, YToObl KBaapaTypHasi opmysa

b M
U= Ju(m)p(m)dm ~ Z emU(Tim)
a m=1

OblJla TOYHA [OJis JIOOOro MHOrodseHa creneHd He Bbiwe 2M — 1. Oka-
3bIBAaeTCs, 9TO MOXKHO cjesartb. IlosydeHHass KBajpaTypHasi (opmyJa Ha-
3biBaetcs opmynoi aycca—Kpucroddens. MoxHO Takxke H0Ka3aTh, 4TO
yasnamu opmysel [aycca—Kpuctoddens: sBaASIOTCS HYJH MHOTOUJIEHOB CO-
oTBeTCTByWOMIIEH cTeneHn Pys(x), opToroHasbHbX Ha [a,b] ¢ Becom p(x).
CJI02KHOCTb 33[]a4¥ 3aKJI0UAETCs B TOM, UTO AJis KaXKA0r0 HOBOI'O Beca HaM
HeOoOXOIUMO 3HATh CBOIO CHUCTEMY OPTOTOHAJbHBIX MHOTOUJIEHOB U 3HAYEHUS
ux Hysed. JIuiib [1ji1 HEKOTOPBIX (DYHKUMH p(z) 3TH HaGOpbl M3BECTHHbI.

Knaccuueckaa ¢opmyna I'aycca. Briepsbie Gpopmysy Takoro THma Ino-
ctpous Tayce ans cayuast p(x) = 1. JluHeldHbIM npeoGpa3oBaHHEM MOXKHO
nepefitu ot ortpeska [a,b] K orpesky [—1,1]. Ha Hem oproroHasbHb ¢
€IMHHUYHBIM BecoM MHorousieHs! Jlexannpa. Hysnu 3THX MHOrou/eHOB CHM-
METPHUYHbl OTHOCHUTEJIbHO CEepeAuHbl OTpe3Ka, W INpHU MaAJ€HbKHX CTENeHAX
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ISl HUX M3BeCTHa To4Has (hopMysa B paiukanax. [IpuBemem ysjbl U Beca
npocTedunx dopmys mist otpeska [—1, 1]:

M=1, x=0 c¢ =2 (27)
M=2 —-x=x9=+/1/3, c1=c=1; (28)
M=3, -z =x3=+/3/5, x3=0, ¢;=¢c3=5/9, ¢2=28/9; (29)

15+ 2v30 15 —2v30
M:4, —xlzaj: T’ —372:[1:3: T’
o=y = 87V30 g 2 18TVE0 50
1 — ¢4 = 36 ’ 2 — @ = 36 ’
35+ 2v70 35 —2v70
M:5, —x]:x5: T’ —x2:x4: T’
322 — 13V 70 322 + 13V70 128
=0 a=6="—"FgG — @=a4="gqp = 55

(31)
BunHo, uto y3/bl 4 Beca (27)—(31) cHMMETPUUYHBI OTHOCHUTEJIBHO Cepe-
IUHBl OTPe3Ka HWHTErPUPOBAHHUS.
[TpuBeseM MaXKOpaHTHYIO OLIEHKY MOTPELIHOCTH KJaCCHYeCKOH (hopMmy-
abt Taycca, npudeM He 1uist mpeoGpasoBaHHOro otpeska [—1, 1], a Hemocpen-
CTBEHHO JJIsl HCXOIHOTO OoTpeska [a, b]:

—a)®M T (M —-a —a\*M
il < G 1)[(2%'!)]3 e = S (Sr) s 32

nocJsieiHee MPHOJIHKEHHOE PABEHCTBO MOJYUYEHO 3aMeHOH (haKTOPHAJIOB M0
dopmyse Crupaunra. B orenke (32) HeT Takoro maJjioro rnapamerpa, Kak
war h. Ero posb urpaer sBenuunna (b —a)/(3M). Ilpu goctaToyHo Gosb-
wux M asrta BedauudHa B cTerneHH 20 CTAHOBHTCS MAaJjoi, Ha 4YeM |
OCHOBAHA BBICOKAs TOYHOCTH (popmysbl Iaycca (pasymeercs, ecau u(2M)
HeBeJsiMKa). ¥ ObICTPO MeHSOIIKXCs QYHKIUH (HalmpuMep, CHJIBHO OCLHJI-
JINPYIOIIMX) BBICOKHE MPOM3BOAHbIE HE MaJIbl, U [/l HUX (opmysbl [aycca—
Kpucrodessi He 06ecrednBaT XOPOLIEH TOUHOCTH.

OGbIYHO B JIMTEpAType YKa3blBaeTCsl, 4TO pacuet 1o (opmyne [aycca—
Kpucrogesnsi ycroituus. 1o He BIOJHE BepHO. PesysbraThl pacyera uyB-
CTBHTEJIbHBl K TOUHOCTH, ¢ KOTOPOM 3aiaHbl y3Jbl ¥ Beca opmyisl. Ec-
J¥ OHH 3aJaHbl TOYHBIMH (opmynamu Bpome (27)—(31), To KommbioTEp
BBHIYHCJISIET KX C MAIIMHHOH TOYHOCTbIO, YTO O0ECIEUHBAET yCTOHUHBOCTD
(9TO BBIUKMCJIEHHE CTOHUT MPOBOAHTH C MAaKCHMaJsbHOH Pa3psiIHOCTBIO KOM-
noiotepa). Ecsin ke Gpatb y3Jbl ¥ Beca M3 CIPABOYHOH JIUTEPATYPHI, T/e
OHU He BCeraa MpHUBEJieHbl C J0CTATOUHBIM KOJHYECTBOM 3HAKOB, TOUHOCTD
pacyera 3adactyio pe3ko yxyauaercs. [loatomy siBHble BbipaxeHusi (27)-
(31) ocoGeHHO lieHHBI IJIsi TPAKTHKH.
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Memoo Jlesuna. llopmoiineM K 3amade ¢ Apyroil cTtopoHsl. BmecTo
MOMCKA aNMpPOKCHUMALUK ISl TIOABIHTErPaJbHOH QYHKIIMH, NONpobyeM TpH-
6MM3UTh TIepBOOOPAsHYI0 151 Hee. PacCMOTPUM HMHTerpas

b
U= Ju(w)ep($)dx, (33)

roe u(x) u p(x) moryT GbITh, BOOOILIE TOBOPS, KOMILIEKCHBIMH. [IpaBo
BbiGopa (yHKIMH p(x) ocTaeTcs 3a Hamu. Breibepem ee Tak, 4Tobbl u(r)
MeHslJlach MeJJIeHHO.

BosbmeM cucTeMy JHHEHHO-HE3aBUCUMBIX (QYHKUHE ¢ (x), 1 < m <
< M, v Ha oTpeske [a, b] TOJOKUM

u(x)eP® ~ %[w(m)ep(z)], (34)

rae w(x Z CmPm (T

Brezen Ha [a bl M rouek kosnokauuu & € [a,b], 1 < k < M. Ilo-
TpefyeM, 4TOOBl B TOYKAX KOJJIOKALMH npn6J1mKeHHoe paBeHCTBO (34)
BBITIOJIHSIOCH TOYHO:

u(z)eP® = %[w(m)e”(m)], r=2¢&, 1<k<M.

Torna nas onpenesieHusi KO3Q(UUHUEHTOB Cpy, MOJYUHUM CHUCTEMY JHHEH-
HbIX ypaBHeHHH nopsinka M:

M

Y cmlem(E) + P/ (E)em(Er)] = ulé), 1<k<M.  (35)

m=1
Martpuna cucreMbl ypaBHeHWH (35) MO/KHA ObITb HEBBIPOXKIEHHOH, YTO
HakJ/aJblBaeT IOMOJHHUTEIbHbBIE YCJAOBHsS Ha BbIOOP TOUEK KOJJIOKAlMH H
OYHKUHMH @, (x). M3-32 yBesmuueHus uucaa ypaBHeHHd M oGyciioBieH-
HOCTb cHcTeMbl (35) MoxkeT yxynuatbesi. LlesecoobpasHo pelaTb ee MeTo-
noM [aycca ¢ BHIOOPOM TVIABHOTO 3J1€MeHTa. BHIYHCAUB KOIDDUIIUEHTH Cppy,
Mbl TIOMYYUM TPUOJIHIKEHHOE 3HAUeHHe WHTerpaJsa:

b M
b

U= J'u(x)ep(“ﬁ)dx ~ Z[cmgpm(x)ep(“ﬁ)]
a m=1 @

B YaCTHOCTH, KOT'Jla €CTb BCEro ogHa TOYKa KOJIJIOKAllhuH, CUCTEMa COCTOUT
U3 €IUHCTBEHHOI'0 YpaBHEHHUS. 1o JaeT HaM

u(r) .
@1(&) +p' (&) (&)
Ecau B kauectBe & BbIOpaTh cepenuHy uHTepBasa T = (a +b)/2, a B
kadecTBe (YHKUMH @1(x) BbOpaTh | (MOXKHO JIOOYI0 KOHCTAHTY, T.K.

Cl =
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9TO He H3MEHMT Pe3yJbTaTa), TO KBaapaTypHasi GOopMyJa [Jisi BEIYUCIEHHUS
HHTErpaja Gyner
u(f)(ep(b) _ ep(a))

P (T)

YesioBHe pas3pelMocTy CUCTEMbI CTaHOBUTCS pocThiM: p'(T) # 0. OHo
HaKJ/IalbIBA€T JOMONHHUTENbHOE YCIOBHE Ha BBIGOP MOKA3aTesisi IKCIIOHEHTHI.
OnHako Mbl 3apaHee He 3HaeM, 4To p'(x) # O UMEHHO B CepefiMHe OTpesKa.
Bbiio 6bl pasyMHbIM MOTPeGOBATh BBIMOJIHEHHs 3TOCO YCJIOBHSI BO BCEX
Toukax [a,b]. Tak Kak MBI HMeeM [eJO C HelpephIBHBIMH (DYHKIHIMH,
370 BaedeT p'(x) > 0 uau p'(x) < 0 Ha BceM uHTepBase. C/e10BaTeNbHO,
MOKa3aTesb SKCMOHEHTH P(x) [O/KeH ObiTh (DYHKIMEH MOHOTOHHOH. B
YaCTHOCTH,

U~

b
—aa —ab
U= Ju(a:)e_o‘xd:c ~u(@)Se——

Cucrema (35) JHHEHHBIX ypaBHEeHHUH OyleT BCeraa HMeTb eMHCTBEHHOe
pelleHHe B TOM H TOJBKO B TOM CJydae, KOraa

det[er, (§) + P/ (€e)em (&) # 0, 1<m< M, 1<k<M.

B oflem ciyuae onpeesnTb, Kakue cucTeMbl GYHKUHE p(z) ¥ @ ()
VIOBJIETBOPSIOT TAKOMY YCJIOBHIO, 3aTPYIHUTENBHO.

Konnokayus ons npouseonvrozo éeca. PaccMOTpUM HHTerpasn

U= Ju(m)p(x)dac (36)

rae Bec p(x) BHIOUPAETCs TaK, 4TOOb BBAENUTb ObICTPOMEHSIIOLLYOCS YaCTh
nofbIHTerpanbHoro Bhipaxkenus. Ipu p(z) = eP(®) nomyuaem meton Jlesu-
Ha. Takke Mbl TIpeanoJaraeM, 4uto

u(@)pla) ~ L fw(x)p(x)] (37)

Ha untepBase [a,b]. Kak u B metone Jlesuna, npencrasisiem w(z) 0606-
IIEHHBIM MHOTOYJIEHOM M0 TepBbIM M (QYHKUMSAM CHCTEMBI { ¢y, }:

M
w(z) = Z CmPm(T)
m=1

Ha BCeM HHTepBaJje, W BBOAMM M Touek kossokaumit & € [a,b], 1 <k <
< M. PaccmatpuBasi B 3THX TOUKax NMPHOMHIKEHHOE PABEHCTBO KaK TOUHOE,

T. €.
u(€p(En) = olw(Ep(&)), 1<k <M, (38)
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noJiydaeM JUHEHHYIO CHCTEMY ypaBHEHHH IJIs1 KO3(h(PHUIIHEHTOB:

M

> cn [enl6) +om(@) 28 u(e). 1<k<M @)
m=1

[Tonyuennasi cuctema ypaBHenuid (39) mnoxoxka Ha cuctemy (34) B
metosie JleBuHa. [lelicTBuTenbHO, ecau nonoxuth p(z) = In(p(x)), To oHa
MOJIHOCTBIO C Hell coBmafet. [Ipubi/nKeHHOe 3HaUeHHe HHTerpaja B clydae
MPOU3BOJILHOTO Beca eCThb

b o ,
U= Ju(a" x)dr ~ Z emem () p(x)) E (40)
a m=l1

OpHako Bce paBHO BO3HMKaeT npodJsema Bbloopa Beca. [louemy Mbl He
MOXeM B3SITb ero nmpocTo enuHuued? [lpensaraembiii 3mech MeToOn Bblfe-
JisieT ObICTPONIEPEMEHHYI0 COCTABJISIONIYIO TEPBOOOPA3HOH IJIs1 TOTO, UTOOBI
ocTaBlIyloCs 4acTb w(x) MOXKHO OBLIO XOPOLIO MPHUOMH3UTb JHHEHHOH
KOMOHHAIHEel BHIOPaHHBIX (PDYHKUME @, (), KOTOPBIE MEHSIIOTCS Ca1abo.

OpHako Mbl He 3HaeM HH TOUHYIO MepBOOOpPa3Hyl0, HH ee OBICTPO-
MeHsiolLylocs cocraBasionylo. Ho Mbl genaeM npennosnoxeHde, 4TO U3
11epBo06PA3HOH MOXKHO BBIAEJHTb TOT K€ CaMbli Bec, YTO W Yy MOJbIHTe-
rpajibHOH (PYHKIIMH, OCTABUB TOJBKO MeIJIeHHO MeHsiouyocs w(z). A 31o
y2Ke IOMOJIHUTENbHOE YCIOBHE, KOTOPOE Mbl HAKJAAbIBAEM Ha BLIOOP TAKOTO
Beca. Bepuemcs k ¢opmyne (37). [pomuddepeniupyem mpaByo 4acTb H
pasgenum Ha p(x)o6e YacTH BbIpaXKEHHUs:

u(z) =~ w'(z) + w(z) p’(w).

Mbi xotuM, drtobbl GyHrumu u(z), w'(x) u w(z) ObIM MeINeHHO
MeHsiouMucs. CJjle10BaTeIbHO, AO/KHO He CHJIbHO HM3MEHSITbCS W OT-
nouwenue p'/p (wau p(x) B mertome Jlesuna). Koweuno, 310 He sBs-
eTcsl [IOCTATOYHBIM YCJoBHeM BbiGopa Beca. Hampumep, nssi uHTerpa-

oo

na J P(a:)e‘x_xzda:, rae P(x) — caabo mensomascs QyHKIMsI, B KA4€CTBE

0 2
Beca Jydllle BbIGPaTh BCIO SKCIOHEHTY, HEXeJH TOJbKO p(x) = e~ %, s
KOTOPOH OTHOLIeHHe p'/p TakkKe cJabo H3MEHSIeTCs.

B npuHume, Mbl He HaKJ/aAbBaJd OCOGBIX YCJIOBHH Ha CHCTEMY (DYHK-
uH# @ (), KpoMe paspemnmoctd cucteMbl (39). MeTon Kosokaui f1oJ-
XKeH paboTaTh AJIsl JIOObIX JHHEHHO-He3aBUCHMbIX (QyHKUHHA. OfHUM U3 Ba-
pUAHTOB BbIGOpA TaKUX (YHKIMH ABJSETCS CHCTEMA MHOTOUJIEHOB oy, (1) =
=2m !, 1 <m < M. Onnako “ueHtpupoBaHHas” cuctema @p,(r) =
=(@x-2)™ ", 1<m< M, rneT=(b+a)/2 — cepenvina uHTepBana,
MOXKET YJIYUIIHUTh 06y€JIOBJIEHHOCTb CHCTEMBI.
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Pasnomepras cemka. Pa3o6beM Hall WHTepBas Ha N paBHBIX YacTeH.
[Monyunm {z,} — cerky Ha [a,b], tme zyp = a, xny = b. IlpencraBum
uHTerpas (36) B BHIE CyMMBb

b N In
U= Ju(a:)p(:c)dx = Z J u(z)p(x)dx. (41)
a n:lwn_]

Ha kaxIOM H3 MONYYeHHBIX OTPE3KOB [Ty_i,Ty] BOCMOJAb3yeMCs MO-
JIyUeHHOE Hamu KBanpaTypHoi dopmynoi (40). Tlpu atom pyHruus w(x)
Ha Ka)KIOM HHTepBaJje OyneT, BooOlle TOBOpsi, CBOsi; 0003HAUUM ee dYe-
pe3 wy(x), x € [Tp_1,2y]. Takas cymmapHas GyHKuHs w(z) OKa3blBaeTCs
PaspbiBHOH BO BHYTPEHHHUX y3JaX Zn, 1 < n < N — 1. B pesynbrate
NOJyYHM

N Tn
U= lwn@p@)| " = wx@apley) +
n=1 n—1
N—1

+ ) plan)[wa(zn) — wati(2a)] — wolzo)p(0).  (42)

n=1

PaspbiB dyHKkunud w(x) B y3/nax CeTKH JaeT AOMOJHHUTENbHBbIH BKJIaL —
craraeMble B mocsenHedl cyMMme paBeHcTBa (42). MiMeHHO 3TO oT/iMuaer
KOJIIOKALIHOHHO-CETOUHY0 opmyay (42) OT 0ObIYHOH KOJJIOKAIHOHHOH
dopmynsl (40).

OnuiieM nogpo6HO KOJIIOKALIMOHHO-CETOYHbIH asroputM. Ha Kax-
JIOM 7-M HHTepBaJie BBOOUTCS CBOH HabOp TOUeK KOJJIOKAUUH Ekn €
€ [Xn—1, Tp]; YHCIO TOUEK KOJIJIOKAIIHH OLHHAKOBO BO BCeX MHTepBasiax 1 <
<k < M, u cTposiTcsl OHH TO ONHMHAKOBHIM 3aKoHaMm. CucTeMmbl Gasuc-
HBIX (DYHKUIMH TakxXke CcTpoATcs Mo oOlleMy 3aKOHY, HO (DOpMajibHO MOTYT
0Ka3aThbCsl Pa3NUYHBIMM B PA3HbIX MHTEpBaNaxX: Ymp(z), 1 < m < M,
X € [Tp_1,Xy]; IPUMEPOM SIBJSIETCSI CHCTEMA CTEIeHeH, LEeHTPUPOBAHHBIX
OTHOCHTEJIbHO CepefiH CeTOYHBIX WHTEpPBAJIOB:

‘pmn(x):(x_xn—l/Q)m_]’ L<m<M, x€ vy, 2] (43)
Pasymeercsi, Bec p() OLHHAKOB BO BCEX HHTEpBaJax.

B kaxpnom vHTepBaJse nopbHpaeTcss cBos NepBooOpasHas

M
wp(x) = Z CrnPmn(T), T E [Tn_1, Tp]. (44)
=1

KoahpHUHeHTh! ¢y, opMynbl (44) ompenensitoTcsi U3 YCJIOBHs KOJIIOKA-
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OWH, T.€. PEIIeHHeM CHCTEMBI JIMHEHHBIX ypaBHeHHfIZ

M

Z I:(vpmn(gkn) + @mn(&kn) ((gkn)):| (§kn) 1<k M. (45)
m=1

3areM Ha KaXAOM HHTEPBaJe [X,_[, L, MHTErpas BLIUHCIASETCS KaK pas-
HOCTb MepBO0OOPAa3HbIX HA €ro IPAHUIAX, a MOJHBIH HHTETpaJl ONpeessieTcs
CYMMHPOBaHHEM 110 MHTepBaJaM:

N M
Tn

Un = Z Z CmnPmn () p(2) . (46)

n=1 | m=1 Fn—t

Hwmenno anroputm (43)—(46) ucnosb3yeTcst B MPAKTHUECKHUX BBIUUCJIEHHSIX.

Kak uesnecoo6pasHo BbGHpaTh y3Jabl Kosutokauuu? Ecan p(x) =1, a
ceTKa &, paBHoMepHas (h = x, — x,_| = const), To npeacTaBseTCs LeJe-
CO00pasHbIM HCIMOJb30BaTh HyJaH MHorodseHoB Jlexaunpa (27)—(31), npu-
BOAMMBIE K KaXKJIOMY OTAeJbHOMY HHTepBasy. B oleHke norpeuHocTH (32)
[IPY 3TOM TIOSIBJISIETCS] MHOXKHTEb (h/3M)2M Torna npusenenusie B (27)-
(31) HaGopbl y3n0B ofecredrBaloT odeHb BhICOKYI0 TouHoCTb a0 O(h!0).

Huxe 6ynet nokasaHo, 4TO aHAJMOTHUHBIH BEIOOP TOYEK KOJIJOKALMH BO3-
MOXKEH TPH JOCTATOYHO MPOU3BOMBHBIX p(Z) ¥ KBa3HPaBHOMEPHBIX CETKaX.

Kesasupasrnomepnas cemxa. I'pahyk nopplHTerpabHON (PYHKUHMH AaeT
BBIUHC/UTENIO MH(OPMALIMIO O MOBEAEHHH (PYHKIHM M y4acTKax OTpe3Ka
UHTErpPUPOBAHMS, BHOCSIIMX OCHOBHOH BKJajJ B HHTerpas. PasymHo cry-
CTUTb CETKy Ha TaKWX ydacTKax. Mcnosb3oBaHue paBHOMEPHOH CETKH B
3TOM CJydae JJs JOCTHXKEHHs XOpOIUeHd TOUHOCTH TpebGyeT HernpHeMJIeMO
Gosbiioro o6beMa BbIUMC/IeHHH. B ciydae ke GeCKOHEYHOTO HHTepBaJsa
paBHOMepHasi ceTKa BoBce HerpuronHa. [IpousBosibHast HepaBHOMEpPHAS CeT-
Ka He IO03BOJIIeT KOHTPOJHMPOBATb TOYHOCTb PAcyeToB. DTOH NpobJeMbl
N03BOJISIET H30€XKAaTh UCIOIb30BAHHE B pacueTaX KBAa3HPaBHOMEPHBIX CETOK.
B YaCTHOCTH, KBAa3MPABHOMEPHYIO CETKY MOXKHO ITOCTPOUTb B HEOTPAHUYEH-
HOH 006.1aCTH.

Beckoneunoii unmepean. Ocobyio OCTOPOKHOCTb HANO MPOSIBJIATH B
c/lydae HeOrPaHHYEHHOH 00JIaCTH HHTerpHpOBaHMs. [paHHUHBIM HHTEpBaJ
KBa3UPaBHOMEPHOH CeTKM B 3TOM cJjydae HeorpaHuueH. [IpeneGpeub um
HeJb3sl, T.K. 3apaHee HaM HEW3BECTEH €ro BKJal B CyMMapHBIH HHTerpals.
Ecau (yHKUMS He ABJseTCS KCINIOHEHILMANbHO 3aTyXalolled, 3Ta n06aBka
MOXeT IOCTHraTh nopsinka 1/N, uTo BpsiL JiH ABASETCS YIOOBJETBOPUTEJb-
HbIM. [IpHMeHeHHe MeToa KOJIOKALHH K OeCKOHEUHOMY HHTEPBasy UMeeT
CBOM 0CO0EHHOCTH. PaccMOTpUM BKJIaZ 3TOro ydyacTka:

TN

J u(@)p(z)de = wy(zn)p(zn) — wy(@N-1)p(TN-1).

TN -1
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Ecsn npubauxkath w(x) MHOTOUYJIEHAMH, TO TPH GOJIBIIOM KOJHYECTBE
TOYeK KOJJIOKALUH, a c/lefloBaTesNbHO, U NP OOJbLIOH CTeleHH MHOrouJe-
Ha, w(x) MOXKeT pacT ObicTpee, 4eM 3aryxaeT Bec. [Ipu Takux yc/ioBUSX
pesysbTaThl pacyeTa He MOTYT OKasaTbcs BepHbIMHM. OTciona moJydaem
JIOTIOJIHUTE/IbHBIE OTPAHMYEHHST HA BBIGOP CHCTEMBI ¢y, () M KOJMYECTBA
TOYEeK KOJIJOKALHH!

lim ¢ (z)p(z) =0, 1< m< M.

r—00

Dynkyuu, umeroujue HeckoabKko ocobennocmed. PaccMoTpuM HecoO-

CTBEHHBIH HHTerpasn
400
—x
e
U= ——dx.
vz
0

OH uMeeT Be 0COOEHHOCTH — Ha OECKOHEUHOCTH U B HyJse. B momoGHbIX
cjlydast JajleKko He BCerfa yaaeTcss BBECTH €IMHYI0 KBa3HPaBHOMEDHYIO
CEeTKY, T.K. TPyQHO INpPUAyMaTb sIBHOe OeCKOHEeYHO IVIafIKoe BBIpaXKEHHe
nJsi npeoOpasoBanus x(£), XOpOLIO Cryliaiolee CeTKy BOJM3H KaXKIou
CUHTYJISIDHOCTH M paspexkuBaiollee ee Ha OGeckoHeuHocTH. Hepmocrarodno
yIoauHBIH BEIOOP MPe0OpPa30BaHHUS MOXKET CYLIECTBEHHO YXYALIUTh TOYHOCTb
pacuera. [loatomy Takue WHTerpaJbl cjenyeT pasOUTb Ha 4acTH, paccMmart-
pUBas KaxAylo U3 HUX KaK OTIeNbHbIH HHTerpaj co CBoel KBa3HpaBHOMED-
HOHM CeTKOH, YUMThIBAIOLIEH HYKHYIO 0COOEHHOCTbD.

2. IlorpemrHOCTh KOMIOKALIMOHHO-CETOYHBIX (POPMYII.

Pasnomepnas cemxa. PaccMOTPUM TMPOU3BOJIBbHBIE HHTEPBAN [Tp_1,
Zy]. Nasnee GymeM ocTaBaThCsl B 3TOM HHTEpPBaJe, OTOMY HHAEKC N 4acTo
Gynem omyckaTb. BBemem cepenuHy uHTepBasna T = (x, + xp_1)/2 1 ero
IJUHY h = Ty — Tp_1.

Crnenaem 3ameHy nepeMeHHbX © =T + (, —h/2 < ( < h/2, u 3anuiwem
oTpe3ok psna Teisopa

O q

u(@) = 30 S0 =0+ Ty + Pl + e+,
i

TAe 3a UEHTP pa3J/ioXKeHWs MpUHATAa CepeinHa HHTepBajia T. B cayuae

KOHEYHOTO KOJIHUECTBa HEMPEPbIBHBIX U OTPAHHUEHHBIX MPOU3BOAHBIX PS

MOXXHO 060pBaTh B COOTBETCTBYIOLIEM MECTe, MOJNYYHB OCTATOUHBIN UsieH

nopsigka O(h®). [Toatomy pasiee Besje GyfeM 3aMUCHIBATL CYMMY OeCKOHEU-

HOTO psifia, CUMTasi, YTO OH OOPBIBAETCS, €C/AU TPOU3BOLHBIX HEAOCTATOUHO.

O6osnaunm F(z) = u(z)p(x) u ¥(x) = ﬁ[w(w)p(x)] HMcTHHHOE 3HaueHue
MHTErpaja 10 3TOMYy WHTepBajly S W ero NpUO/MKEHHOe 3HAYeHHe O



§ 2. Koanrokauuonno-cemouroie gopmyavl 113

OKa3bIBAIOTCA PaBHBI COOTBETCTBEHHO

- h/2
~ 1,79V p@) (3
S = J F(z)dr = J F(:E+C)dc=h2% @
o ) =0
T h/2 (@)
o= J U (x)dx = J U(T + ()d¢ = hzw @
Ty —h/2

1 npu q 4eTHOM
rae g = , T.K. HedeTHble CTeNeHH BbINAJAIT B CHUIY
0 npu g HeueTHOM

CUMMEeTpHH.
Torna ycsoBre KossloKauuu GyfeT BHIVISAETb TaK:

F@+G)=YT+G), 1<ESM,;
31eChb Ck; — TOYKH KOJJIOKAIIUU B JIOKaJIbHOﬁ CHUCTEeMe KOOp,ELI/IHaT HH-

TepBaJa.
3amnuiiem ero B BHje

i 2_% (FO(z) — 9@ (7)) = 0. (47)
=0

YMHOxUM Kaxjaoe u3 M paeHcTB (47) Ha MPOU3BOJIbHBIE KO3(D(HUIH-
€HT Qv YU CJIOXKHM:

M oo
ZZ F<q (@) — v (7)) = 0. (48)
k=1q=0

Torna Beipaxenue (48) moxkHO no6aBuTh K (S — 0)/h, He U3MeHUB 3Haue-

HUA:
© (q) 7) — v (g 4 M
B SR [(g/ﬂ 5(,_2%@%]- (49)
k=1

q=0

ITonyuenue nopadka mounocmu M. Popmyna (49) BepHa mpu Jio-
ObIX . Ecsam moTpeGoBaTh paBeHCTBA HysI0 TepBbIX M KBagpaTHBIX
cK0OOK B cymme (49), To mas onpenenenus oy, 0 < k < M — 1, nonyuum
CHCTEMY JIHHEHHBIX aireGpanuecKUX ypaBHEHHH, ONpPefesUTe b MaTpHIIbI
KOTOpOH ecThb ompenenuTenb BaHnepMoHAa, oTAHUHBIH oT HyJs. [loaTomy
Takue ag, 0 <k < M — 1, HallgyTes; 3TO rapaHTHPyeT MOTPELIHOCTb KBaj-
patypHoit popmyasl S — o = O(hM), nockonbky || < h/2. Cnenosatesn-
HO, [1Js1 MPOU3BOJbHO PACIOJNOKEHHBIX TOUYEK KOJIJIOKALHH MOTPELIHOCTD
kBaapatypHoi dopmyasl ects O(1/NM).
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Boib6op y3no6. Taxkxke Mbl MOXKeM BHIOUpATh U pacnosoxkerue M Todek
KoJlsToKallui. Mcnosb3yst 3Ty cTeneHb CBOGOABI, MOXKHO OOPATHTb B HYJb
etite M KBaapaTHBIX CKOOOK B BbipaxKeHHH HJisi morpeiiHocTH (49). Takum
o6pasom, norpemsocth craner O(1/N?M), 1 e. Mbl nosbiliaeM nopsiioK
TOYHOCTH BABOe. [IpH 3TOM yKasaHHAsi TOUHOCTb MOJY4aeTCsl He3aBUCHMO
or F(z) nu ¥(x) (a cremoBarenbHo, u s Jo6oro BeiGopa Beca p(x)).
TpeGyeTcsi TOIBKO HAJHYKE HENMPEPHIBHBIX W OTPAHHYEHHBIX TPOU3BOMHBIX
BIJIOTH 10 2M -ro mopsiaKa, 4todbl B cymme (48) MoxHO Oblo yuecTb 2M +
+ 1 coaraembix. Urtak, nas awboix ¢pyukyut u(x) u p(x) Habop onmu-
MANLHLLX MOUEK KOAAOKAUUU OOUH U mOm dxe.

Hanpumep, BosbmeM Bec p(z) = | W 6asucHyl cHCTeMy @, (x) =
= (x — 7)™ !. Torma ¥(x) oxaswbiBaeTcsa MHOrodjieHoM cTermeHu 2M — 1.
3ajaua cBenacbh K Kjaccudeckoil ¢opmysie laycca. A nns Hee KBajpa-
TYpHbIe y3J/bl 3afaHusi (PYHKUHH, 00eCledrnBaOIHe MAaKCHMAaJIbHYIO TOY-
noets O(h*M), cyts Hynu mHorounenos Jlexannpa crenenn M. Caemo-
BAaTeJbHO, OHH JKe SIBJSIOTCS ONTHMAJbHBIMH TOYKAMH KOJJIOKALMH JJIs
MPOU3BOJIbHBIX (DYHKUHE H BECOB.

Oco60 OTMETHM OTJHYHe MOJNYUYEHHBIX TOYeK OT Y3JI0B B (hopMyJax
[aycca—Kpucroddens: pacrnosnoxeHrue NOCIeIHHX 3aBUCHT OT Beca, KO-
TOpPbIH Mbl BbIOpajdu. B KOJNJIOKAMOHHOM »Ke METOfe HYJH [OJHHOMOB
JlexkaHnpa ¥ TOJBKO OHH TOIHBI 1J1s1 BceX BecoB. Ha mpakTHKe J0CTaTOYHO
3HATb HYJH TOJIbKO TEPBBIX O MHOTOYJEHOB: OHH MpHBeNeHbl B (27)-
(31). HMasbHeiiliee yBesJHueHHe KoJM4YecTBa ypaBHeHHE B cucteme (39)
yXyAllaeT ee 0OYCNOBJEHHOCTb. A [ MepBBIX 5 MHorouseHoB JlexaHn-
pa HyJaM U3BeCTHb B pangukasnax. Cjeayer mo3aGOTHTbCS O HOCTAaTOYHO
TOYHOM BBIYHCJIEHHH TIOJIOKEHHUS] 3THX HYyJeH, MOCKONBKY pe3yJbTaT CTONb
e YYBCTBHUTEJEH K TOUHOCTH MX 3afaHus, Kak W Aas ¢opmyn [aycca-—
Kpuctoddens. PekomeHnyeTcss HCNO/b30BaTb HAHUOOJBIIYIO Pa3psiAHOCTD
qrceJs, JOCTHKUMYIO Ha DBM.

Ksasupasnomepnas cemka. Ilycts x = x(n): (o, f] — [a,b] — npo-
M3BOAsLLAS (DYHKLMSI KBA3UPABHOMEPHOH CeTKH. [/1afkocTb (yHKIMK x(7))
MO3BOJISIET HAM CJeJIaTh B MHTErpaje 3aMeHy lepeMeHHbIX:

b
U=jF@Mx=JF@@»f@Mn=jﬁmmn (50)

(63 (63

MpY 5TOM HAM HEBAXKHO, KOHEYeH HWJIM HeT uHTepBan (a,b). 3ameTuwm,
UTO Mbl CBeJH 3ajady K BBIUYMCJEHHIO KBaJpaTyphl C HCHOJb30BAHHEM
PaBHOMEPHOH CETKH Ha KOHEUYHOM MHTepBaJie, HO ¢ Apyrod dyHkuued F(n).
JleficTBUTEIBHO, MBI TIpubJKaeM (50) MUHTErpasoM

b B I}
U%J¢@M$=waw»fmwn=J@mwn (51)

«
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¥ YCJIOBHE KOJUIOKALMH JIst MHTepBana [a, b
Flg)=¥(n), 1<k<M,

PaBHOCHJIbHO YCJIOBHIO KOJIJIOKALMK [JIst MHTepBasa [«, (3]

F(re) = ¥(7x),

TIe T, — TOYKH KOJJIOKALMH 110 NEPEMEHHOH 1), COOTBETCTBYIOIINE TOUKAM
KOJIJIOKALMH &) 10 MepeMeHHOH & B cMbic/ie npeobpasoBanus ().

CuienoBatesibHO, MOPSAAOK TOYHOCTH KBaJApPaTYPHOH KOJIJIOKAILLMOHHO-Ce-
touHo#t dopmyas O(N~2M) coxpausiercs. Hy»KHO ML MOMHHMTB, 4TO Me-
HSIETCS] YCJIOBHE OrPAHHYEHHOCTH MPOU3BOAHBIX, T.K. (QYHKIMH HECKOJBKO
MOAH(DHUIHPYIOTCS.

OepanuuenHocms npoussodneix. Pasymeercsi, ecau cama (YHK-
unsi F(x) unu ee Hy»KHble MPOM3BOAHBIE HEOTpaHHUYEHbl, TO (Gopmysa
KOJIJIOKAllMH HempurogHa. B cjaydae O6ecKOHEUHOro HHTEpBajda 3TO
0COGEHHO aKTya/JbHO, T.K. MPOM3BOJAHbIE NOJKHBI ObITh OrpaHHYEHbl He
Tonbko 'y F(n), Ho u y dyukuun U(n), oas nepBooGpasHOd KOTOPOH
UCIMOJb30BAJIOCh TNPUOJIMKEHHe MHOrOYJEHAMH, HEOrPAaHHYEHHbIMH Ha
6eCKOHEYHOCTH.

Iloepewnocmo pewenus nunetinot cucmemot. Ilpy HCronb30BaHHH
KOJIJIOKAIIMOHHO-CEeTOYHOTO MeTofa [IJs Ka)KIOro HHTepBasia CeTKH MpH-
XOIMTCS pellaTh CUCTEMY JIMHEHHBIX ypaBHeHUH (39), 06ycJOBIEHHOCTD
KOTOPOH C pPOCTOM 4YHCJa y3J0B Kossokauuu M pesko yxynmaercs. Ha
NPaKTHKe ONAcCHO HCIOJb30BaTh 0ojiee O Y3JI0B KOMJIOKALHH, HO 3TOTO
OGBIYHO BIIOJIHE JOCTATOUHO HJIs1 JOCTHIKEHHs HYXKHOH TOUYHOCTH.

Pezynapnoii u nepeeynsapHoui pexcumot. Ilpy mpaBuibHOM BbhIGOpe
Y3JI0B KOJJIOKALIMM TOTPENIHOCTb KBafpaTypHoil hopmyasl ectbh O(h*M).
CJienyeT 0XHAATh, YTO NPH NOCTATOYHO MaJsIeHbKOM Liare h MOTPELIHOCTDb
ectb € = Ch*M + O(h*N*1), rue BTopoe ciaraemoe npeHeGPeXHMO MaJo
Mo CpaBHeHMIO ¢ nepBbiM. [paduk 3aBucumoctH lge ot lgh acumnroruue-
cKH GJIM30K K TPSIMOU ¢ Ko3(pduuneHToM HakjaoHa —2M . Takoe y6riBaHuUe
TNOIPEIIHOCTH C POCTOM UHCJA Y3JIOB CETKH HA30BEM pecyAspHbiM pecu-
mom. fcHo, dto mpu Masbix N BBIXOA Ha HEro elle He NOCTHUraeTcs B
CUJIy BJIMSIHHSI BTOpPOro cJjaraemoro. I[Ipy odeHb ke MaJjblX Liarax CeTKH,
T.€. IpPH OOJBIIOM KOJHYeCTBe HHTepBasoB [N, KaK TOBOPHJOCH BBHILIE,
CKaXeTCsl BJMSHHE MOTPELIHOCTH PeLleHHs] CHCTEMBbI JIMHEHHBIX YpaBHEHHH
U olIMOOK OKpyryieHHs. To ecTb pexXUM YObIBAHHS MOTPELIHOCTH C POCTOM
4HCJIA Y3JI0B HEPecyAApHbLl.

3. IIpumepsi. [lpousocTpupyem NpHMeHeHHe KOJIJIOKALMOHHO-CETOY-
HbIX KBaJpPATYPHBIX (POPMYJ Ha MpHMepax.
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I[Tpumep 3. Jas Hauana BoiGepeM B KauecTBe TECTOBOM OBICTPO 3aTy-
Xaloly10 MOABIHTErPAMbHYI0 HYHKIIHIO

J e Py = 2£;' (52)
0

JlocTaToyHO pas3yMHBIM BBIOOPOM Beca OyHeT BCe MOABIHTETpabHOE
BoipaxkeHue. Torna oTHoweHue p'/p = —2pr MeHsIeTCs] He TaK 3HAUMTENbHO
0 CPaBHEHHIO C CAMHM BecoM p(x) = e~P'7", Ha pucytke 4 npeicTasiesl
pesysbTaThl TecTa Ha CryLIAILIUXCs ceTKax. B nBoliHOM Jorapugpmude-
CKOM MacuiTade MoKa3aHo yOblBaHHE MOTPELIHOCTH YHCJEHHOrO pelleHHSs
IpY TOCJIEA0BATEJbHOM YIBOEHHHM YHCJA Y3J0B CETKH. UepHble 3HAYKH
COOTBETCTBYIOT BEIOOPY Y3JI0B KOJIJIOKALMHK B HY/IAX MOJHHOMOB JlexkaHzpa
IJIs1 Pa3HOro 4ucjaa Todek Kossokauuu M. IlycTble 3HaYKW A/ TOrO XKe
YHCJa TOYEK KOJJIOKAUMH M MOKAa3blBAOT PE3y/bTAThl NMPH MPOU3BOJbHOM
PAaCIOJIOXKEHUH Y3JI0B KOJIJIOKALIHH.

IgRy|
O_
_2_
_4_
_6_
_8_
_10_
_12_
_14_
_16-
_18_

Puc. 4. Tect Ha crymawomuxes cetkax AJjs npuMepa 3. UepHble 3HAUKU — Y3JIbl

KOJIJIOKALIMH BBIOPaHbl B HYJISX MOJMHOMOB JleXKaH[pa; MyCTble 3HAYKH — IPOH3-

BOJIbHBIH BBIOOpP y3J0B KoJsokauuu. ¢ — M =1, B — M =2, A — M =3, ¢ —
M=4+%—-M=5

[TopsimoK TOYHOCTH COOTBETCTBYET TEOPHH. Ec/M y3sbl pacnosoxeHbl
B Hy/ndX NoJHHOMOB JlexkaHpapa, Mbl TosydyaeM HAakKJOH KPHBOH, COOT-
setcTBylomuil Ry = O(N~2M). Ecan e nocTaBHTh y3Jbl KOMJIOKAIHH
TIPOM3BOJILHO, TO MOPSIAOK TOYHOCTH MafaeT BABOE.

Bbln nmpoBeneH Tak:Ke CJeAYIOUMH sKcrepUMeHT. /s [ByX TO4YeK KoJ-
Jgokauuu M = 2, y3/bl BEIOHpPAJHCh CHMMETPHUYHO OTHOCHTEJNbHO KOHIOB
uHTepBaJsa. [Ipubaukas nosoXkeHue 3TUX IBYX TOUEK K MOJIOXKEHHIO HyJeH
nonuHoMa JlexkaHapa BTOPOH CTeNeHHU U COXPaHss MPU 3TOM CHMMETPHYHOe
pacroJio’KeHHe 3THX TOUYeK, Mbl CJIEAHJIH 33 MOPSAKOM yObIBAHHS MOTPELIHO-
cty. ToyHOCTD Be3le UMeJsa BTOPOH MOPSAOK H Pe3KO H3MeHsJ1a ero 10 4-ro
JIMILB TIPH OJIM3KOM COBMAAEHHUH Y3JI0B KOJIJOKALMH C HYJSIMH TOJHHOMOB
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Jlexannpa. D10 roBOPUT O HEOOXOOUMOCTH TPeLesbHO aKKyPAaTHO 3a1aBaTh
MOJIOXKEHHE TOYEK KOJIJIOKAIMH.

Boibop napamempoé cemku. B pacuerax HCNO/Nb30BAJOCh CeMeli-
CTBO KBa3UPABHOMEPHBIX CETOK, MOPOXKIEHHOe MpeobpasoBanueM (7)) =
= c-tg(mn/2), n € [0,1], u moKpHIBawIee MOMYIPIMYI0. XapaKTepHBIH
pasMep 006JiacTH, Haiolled OCHOBHOM BKaam B uHTerpan (52), ectb 3/p.
PasymHo notpe6oBath, 4ToOB B 3TOH 06/1aCTH OKas3asjach MOJOBHHA Y3J/0B
cetku. OTtkyna noayuyaem ¢ = 3/p. JIeHCTBUTENBHO, NPH BBIUMCJIEHHH HH-
terpasna (52) ns p = 1, U3MeHUB 3HauYeHHe MaclITaGHOro Ko3(hQUIHeHTa
cetkd ¢ ¢ = 10 Ha ¢ = 3, B 3KCIepUMEHTe yaJoCh ObICTpee BBIUTH Ha
3a[JaHHBIH YPOBEHb TOYHOCTH.

OTMeTHM, YTO TOPU3OHTAJIbHBIE YYACTKH KPHBBIX COOTBETCTBYIOT BBIXO-
Iy Ha OWIHOKH OKPYTJIeHHs; uX ypoBeHb ~ 10719-10~1% cyerka ymenbua-
eTcsl Ipy yBeaudeHnu M.

BunHo, uro ¢opmyser 8—10-ro nopsinka 06ecrneyuBarOT 04eHb BHICOKYIO
TOYHOCTb YK€ MPH HEeOOJMBIIOM YHCJ/e HHTEPBAJOB.

[Tpumep 4. Tenepr BbiGepem OoJiee CJ0XKHYIO MOALIHTErPAIbHYIO
(DYHKLHIO ¢ MeJUJIEHHBIM CTENEHHBbIM 3aTyXaHHeM

oo

U — arctg(z) da.
J' Vat+ a2+ 1

ApkraHreHc — MelJIEHHOMEHSIOLIAsICs (yHKIIHsI, T03TOMY B KauecTBe Beca
pasymHo BhIOpaTh p(r) = ——— — —. Jng M = | u Touke KoJ-

1/m4_|_m2_|_1 x—>oom2
Jokaiuu & = 0 corsacHo (27) Mbl MoJiydaeM MOJIHOE COBMaJeHHe ¢ TeopHeH
(puc. 5), T.e. HAKJIOH JIMHHK COOTBETCTBYET BTOPOMY MOPSIAKY TOUHOCTH.
OpnHako ¢ yBeJHYeHHEM 4YHCJA Y3JI0B KOJJIOKAUMH TOYHOCTb HaxKe YXYA-
maercs, T.e. Ipd M > 2 BCe HAKJIOHBI COOTBETCTBYIOT NE€PBOMY MOPSIIKY
TouHocTH! DTO ¢BsA3aHO ¢ Tem, yto npd M > 1 dyHkuus w(x) pacrer Ha

Puc. 5. PesysbTatThl TecTa Ha CTYUIAKOIIMXCS CeTKaxX AJs npumepa 4
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GeCKOHEYHOCTH Kak MoJuHoM ctenenu M, a moatomy lim w(x)p(xz) 4 0
T—00

M BKJIQJ TNOCJETHEr0 MHTepBajga He MOXKeT ObITh Y4TeH BEpPHO, YTO COOT-
BeTCTBYyeT obliell TouHocTH pacueta O(N~1).

[Tpumep 5. PaccMOTpuUM MHTerpas oT OCUHJIHPYIOUeH (QyHKUHH
oo
J c;)sp:dem
"+ a
0
Ecsu nmpuUMeHSITh KOJIJIOKALIMOHHO-CETOUHBIH METON K MHTErpasy, 3aIu-
CaHHOMY B Tako# (hopMe, TO He yIaeTCs MOJYUHTb CXOAHMMOCTb Jaxe IpH
OIHOHM TOYKe KOJIJIOKaluuu. BeibpaB B KauecTBe Beca ObICTPOHU3MEHSIOLLY-
f0Csl 4acTh MOAbIHTErpaibHOl GyHKuHH p(x) = cos(px), noayuum p'/p =
= —ptg(px). O MeNJeHHOM HU3MEHEeHHH 3TOH APOOH TOBOPUTH HE MPUXO-
IUTCS; TIoJydeHHass PYHKIHS OKasblBaeTCs NaKe HeOorpaHMYeHHOH.
1y npobreMy MOXHO peIIHTb, YYHTHIBAs COOTHOIIeHHe cos(px) =
= Re[e'P*] u nepexoisi K KOMIJIEKCHOMY MHTErpaJy
00 .
J ﬂdm = Te—lapl,
2’ +a a
— 00
B kauecTBe Beca syullle BEIOpaTh BCe MOABIHTErPAbHOE BblpaXKeHHe, TOr/a
npo6Jema MocaefHero HHTepBasa CHUMAETCs, 10 KpakHed Mepe, A/ OfHOH
Toukd. Ha pucyHke 6 BUAHO, YTO mnpsiMasi yObIBaHHSI OLIMOKH C POCTOM
qHCsa Y3JI0B CETKH, COOTBETCTBYIONIAS OJHOH TOYKE KOJJIOKALHMH, HMeeT
TaHTeHC yr/ia HakaoHa —2, T.e. Ry = O(N~2). [Ipu GoablueM 4uce y3/oB
KOJIIOKALIHH YBeJUYEHHS TMOPSiKA TOUHOCTH METOHA He MPOUCXOOMT H3-3a
HEBO3MOXXHOCTH TPABHUJIbHO yUeCTb BKJAJ MOCJAEIHEr0 HHTepBaJa.

lfg?m M=1
_alM=3,
STEEN
B N
—5 .\:.
1 M=4

—6_ ®-0-0—

-7l M=5

_8

—9

—104

—114

2
1 3 1gN4 5 6

Puc. 6. Pe3ynbraThl TecTa Ha CryLIAIOUIUXCS ceTKax AJs NpUMepa 5
3ametum, uto maxe npu M = 1 KpuBas NMOTPELIHOCTH He MJaBHas.

@DaxTUYeCKH pe3yJbTaThl XykKe, ueM B NpuUMepe 4, XOTS MNOABIHTErpaJb-
Has (yHKUUS yOblBaeT C TOH K€ CKOPOCTBIO, a CaM HHTerpas IpuMe-
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pa 5 cxomuTest faxe OblcTpee M3-3a 3HAKONEPEMEHHOCTH MOABIHTErPAIBHOM
¢yHkuuud. [IpyyrHa B TOM, 4TO MOTPELIHOCTb BBHIPAXKAETCS Yepe3 CTapline
POM3BOJHblE MOABIHTErpaNbHON (YHKUHH; Osarogaps OCLHJIHPYIOLIEMY
XapaKkTepy TMOABIHTErpajJbHON (YHKUHH B MpUMepe 5, ee MPOM3BOAHBIE
MeJJIeHHO yOBIBAIOT Ha G€CKOHEUHOCTH.

§ 3. BplunciaeHue niasMeHHbIX MUKPOIOJIEN

1. Mopeap miasMeHHOro MUKponoJsa. PacnpesesneHue HanpsikKeHHO-
CTH MHKPOCKOIHYECKOTO 3JIeKTPHUUYECKOro I0Jisl B IJa3Me CTPOUTCS MeTo-
IAMH CTATUCTHUECKOH (U3UKH 4epe3 uHTerpans dypbe

F(E) = %% Tsin (E£01> Q (1) ldl; (53)

0

snech F — HanpsikeHHOCTb MukpomnoJs. Jas ¢pypbe-o6pasa Q(I) B [[pum,
1972] mocTpoeH psiii MOAEJbHBIX TPHUOIHKEHUH. DTH TPUOTHKEHHUS ObIJIH
YCOBEpILEHCTBOBAHbl B KaHAWAATCKOM nucceprtauuu [[onocHo#, 1995], roe
TOJIyUeHO CJlefylollee BbpaXKeHHE:

3/2
mQ(l) = _mi - im) S . (54)
€k 1—|—g(zkl)'/ a7 4 2200 (2 /1)
3ﬂer Zk, Tk — 3apdgAbl U KOHUEHTpAallMh HOHOB IlJIa3Mbl, T — KOH-

LeHTpalUs 3JeKTPOHHOH; Zy — 3apsl, B OKPECTHOCTH KOTOPOrO HILETCS
Mukpornode; I' — napamerp HeuneanbHOCTH; Ey — XapakTepHbld mMacuiTad.
B pa6ore [[omocuoi, 1995] He GbLI MOCTPOEH XOPOIIHH METOM BHIYMCJIE-
HUS AaHHOrO WUHTerpasa. Habmopanuch cayuau, korga Ha “xBocte” (hyHK-
unu pacnpenesenusi f(F) nosiBasiack HEMOHOTOHHOCTb. Huxke mokasaHo,
KaK MpHMeHeHHe KOJIJIOKAIlMOHHO-CETOUHBIX METO/OB I03BOJISIET BBIUUC/INTD
3TOT UHTErpas ¢ BBICOKOH TOUHOCTBIO.

Hac wuntepecyer pacuer uHTerpasia (53), COmepXKaliero OCUHJIISIIHIO
U 3KCIIOHEeHIMaJbHOe 3aTyxaHHe. PellnM 3agady ¢ ynpouleHHOH (pyHKIH-
eit Q(1), coxpansiouieit 0co6eHHOCTH 0K0JI0 0 U 00:

l2

Q) = exp (—1“—H> (55)

Cpenaem sameny p = E/Ey. Wnterpan (53) ¢ TOYHOCTbIO 10 MHOXHTEJIsI

paBeH
o0

I(p) = j sin(pr) exp ( -

0

2

a
1+

)m;. (56)
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Kak mbl yke 3Haem, B ciydae OCUMJIISIIHH CjelyeT MeperTH K KOMILJIEKC-
HBIM (PYHKLHSAM:

i 2
I(p) =Im J exp ( — 1(:_% + ip:c) xdx. (57)
0

Ha pucyHke 7 mokasaHO yGbIBaHMe MOTPELIHOCTH BHIYHCJEHHS HHTe-
rpana (57) ¢ POCTOM YHCJA Y3J0B CeTKH NPH DA3/HUHOM dYHC/e y3JI0B
kosutokauuu M = 1, 2, 3, 4, 5. Hanuuue peryssipHOro pexuma yObIBaHUS
TOTPENIHOCTH TOBOPUT O BHICOKOH HaleXKHOCTH Pe3y/bTaToB. I10psmoK TOU-
HOCTH METOJa Besjle COOTBETCTByeT TeopeTHdeckomy Ry = O(N2M),

g Ry|
M=1

—21 .\.\.
—44 o\ o\.\

LR o
—6 NN  §

6_ [} .\'\. .\.\.\
-8 \ .\ e ©
-0 N\ W e
N\,

4
IlgN

Puc. 7. PesynbTaTbl TeCTOB Ha CIYIIAIOUIUXCS CETKAX MPH BbIYUCAEHHH MJ1a3MEeHHbIX
MUKpOMoJied. 3aBUCUMOCTb JoraprdMa MOrpelrHoCTH OT Jorapudma 4yuciaa y3JoB
ceTkd N TIpH pa3HOM uHCJe TOYeK Kosjokauuu M

Jlnsi pelieHHs OCHOBHOH 3aa4d — BBbIYHCJEHHs MJ1a3MeHHOTO MHK-
porosisi — paccudTaeM 3HaueHHs HMHTerpana (57) mJjsi pas/HuHBIX ap-
TYMEHTOB p. 3aMeTHM, 4YTO C YBeJHYeHHeM p TMOAbIHTerpajbHasi (yHK-
UHsl BCE CHUJIbHEE OCUMJIMPYET M 3ajada BblYMCJeHHs HHTerpata (57)

1(p)
0.8

0.6+
0.4+
0.2

0.0

0 2 4 6p8 10 12 14

Puc. 8. Pacnipenenienue naasMeHHOr0 MUKPOMOJS
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yeaoxusietcst. Ilpumep 3aBucumoctd I(p) AJst pas/iUUHBIX 3HAYEHHE @
npuBefieH Ha pucyHke 8. MoxkHO 00paTHThb BHHUMaHWE, 4TO TPU YyBe-
JIMUEHHH 3IKCIOHEHIIMAJbHOrO 3aTyXaHHs KpuBas “paciuidpsietcs”, a ee
MaKCHMyM yMeHbliaeTcsi. Takyke BHIHO, YTO TpPH YBEJMYEHHH OCIHJI-
Jasiudi 3HadeHue I(p) ObICTPO MajaeT, W MPU JOCTHIKEHUH MM [ODPSIA-
ka 10713-10~"° panpueimui pacyeT CTaHOBUTCS GECCMBICJAEHHBIM H3-3a
OLIMOOK OKPYTJIEHHs, KOTOPble HMEIOT Takoi xe mnopsaok. HemMoHOTOH-
HocTb I(p) He HaGmoOmaeTcs BIJIOTb [0 BbIXOAA HA OLIHOKH OKPYTJIEHHS.



[naBa V
CIIEKTPAJIBHBIE 3AJJAYH

B 3To# rnaBe MoCTpOeHbl UMCJEHHBIE METOIBl HAXOXKAEHHS CIHEKTPOB
nuddepeHManbHEIX ONepaTopoB B HeorpaHW4deHHOH ob6nactu. IIpoBeneHo
CpaBHeHHe MeToJa AONOJHEHHOrO BEKTOpa, MeTO#a 0OpaTHbIX HTepalHi H
00paTHBIX HTepalHi CO CABUIOM MO CKOPOCTH CXOAMMOCTH H YCTOHYMBOCTH.
[ToxasaHa HempuMeHHMOCTb (PAa30BOrO MeTOAA B CJydae HeOorpaHUYeHHOH
o6Js1acTH.

§ 1. U3BecTHbIe MeTOABI

[Tonpo6Hee ocTaHOBUMCS Ha 3ajade BBIUHUCJ/EHHUS CleKTpa AU depeHIH-
aJIbHOTO omeparopa. JTH 3aflaud MOTYT ObITh JUHeHHBIMH Bu(x) = pv(x),
rie B — nuddepeHuuanbHblil onepaTop (BKJ/OUYAKIIMHA IPAHUYHbBIE YCJIO-
BHs1), uaH HeauHedneiMu B(v(x), u) = 0. IIpuMepom HesJMHEHHBIX 3anad
SIBJISIIOTCS HHTEerpo-AuddepeHLHanbHble ypaBHeHHs1 XapTH—Doka 11 MHO-
r03JIeKTPOHHOTO atoma (cM., Hampumep, [Jlannay, Jluduun, 1963]).

CHayasia [1J/1s1 YHCJIEHHOTO peLleHHs] TaKUX 3aJad HCIOJb30BaJH METOX
cTpesibObl. OnHAKO BO3HHMKAJM Cepbe3Hble TPyAHOCTH: 1) comyTcTByHOLIas
3agaua Kolru Hepeiko OKasbiBasach OUeHb IJIOXO OOYCJIOBJIEHHOH MpPH Ha-
JIMYHU 0COOBIX TOYEK, a TaKXKe B cjydyae GOMbLIOH HJM 10MyOeCKOHEUHOH,
KaK B KBAaHTOBOM MeXaHHKe, 00/1acTH; 2) 0ObIUHO COOCTBEHHBIX 3HAUEHHH
MHOTO, U CTpesbba MOIJia CXOIUThCSI HEH3BECTHO K KAKOMY H3 HHX, HJIH
BOOOILe HE CXOAUTHCSI.

[IpeonosieTh MepBYIO TPYAHOCTb NO3BOJSIET CETOYHBIH MeTon. Bmenem
ceTky w = {zn, 0 < n < N}, nuddepenimanbhbiil onepatop B annpokcu-
MHpYeM Pa3HOCTHBIM orepatopoM A W mosjyuuM anreGpadHyecKyro 3anady
A(u,A) =0, roe u = {u,} ectb cerouHass (DYHKUHs; OUEBHIHO, U, A
~ v(xy), A = p. dta KpaeBas 3afaya 0OLIYHO XOPOLIO OOYCJOBJEHA NaXKe
TP MJI0X0H 06yc/oBaeHHOCTH 3afaud Kown. Jlyisi 6eCKOHEUHOH /M O4YeHb
60JIbLION 06JIaCTH TPUMEHHM aJaNlTHBHYIO KBa3HPaBHOMEPHYIO CETKy CO
CreluasbHON anmnpokcumaiueit npoussogubix (ra. I, §2). Anre6pauye-
ckyto 3agady A(u,\) = 0 pelidM HTepalHOHHBIM METOIOM IOTMOJHEHHOTO
BEKTOpa, NPHUrOAHbIM MIJsl HeJHHeHHbIX 3ajad. Ho Bompoc o cxomumocTH
UTepalri ocTaeTcs.

BTopylo TPyAHOCTb yoAuHO MPEOAOJEBAIOT JIMLIb AJs JUHEHHOH 3a1auu
[Itypma—JIuyBua/s; HO HMEHHO K Hel CBOASATCST MHOTHME aKTyaJbHble
npo6sieMbl (B YaCTHOCTH, KBaHTOBOH MeXaHHKH). DTO [esaloT (ha3oBbIM
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meronom [Huxkudopos u ap., 2000]. Monnudukanuu 3TOro MeToga CXOASITCS
K HYXKHOMY COOCTBEHHOMY 3Ha4yeHHI0, mpuueM 3a 2—4 utepauuu. OgHako
TakHe MOIM(DHUKALMH Y3KO ClElHANH3UPOBaHbEl U TPeOyIOT afanTallu Hy-
JIEBOrO TIPUOJIVKEHHS K 3ajaye.

Huxxe paccMoTpeHbl 3a1auu ¢ JUHEHHBIMU onepatopamu B, A. Jlas 3a-
nauu ltypma—JIuyBus/s mocTpoeH BapuaHT, He TpeOyIOLIMi aganTauuy —
METOJ JOMOJHeHHOro BeKTopa (asbl. OfHAaKO MOKA3aHO, YTO BCE BAPHAHTHI
(hazoBoro MeToma HempuUMeHMMbl B Oosbliux o6jacTsx. s omeparopa
TIPOU3BOJILHOTO MOPSIAKA Y/AyullleH MeTON OOpPaTHBIX UTEpalHi CO CIBHIOM,
KOTOPbIH CXOIMTCSl OueHb OBICTPO, XOTs 3apaHee HEU3BECTHO, K KAKOMY
COOCTBEHHOMY 3HA4YeHHIO.

§ 2. Metoapbl, MpUrogHbie B OrpaHUYEHHON 00JaCcTU

1. JlomonHeHHbIi BeKTOp ha3bl. OH cTpoutes aust 3apaud Ultypma—
JluyBunns

£ [p@ %] + a@e@) = i(@)u()

dx dz ’

p(x) >0, q(z)>0, r(x)>0, wv(a)=uv(b)=0.

B 1950-x rogax .M. CoGo/ib Mpensoxus nepeitd K (pasoBbiM MepeMeH-
HBIM: BBECTH HOBble (DYHKIMH aMIIUTYABl p(x) U (assl ¢(T) COOTHOLIEHH-
samu (cM., Harmpumep, [Huxudopos u ap., 2000])

(1)

v(z) = p(z) sin p(z),
& pla) @

& plo) cosp(x), plx)>0.

[ToncraHoBka (2) B (1) mokasbiBaeT, uTo 3afadya Ha COOCTBEHHbIE 3HAUEHMUS
(hopMyIUpYyeTCsT TOMBKO 151 (hasbl:

Z—ﬁ = F(z,p(x),\) = }ﬁ cos? p(x) + [q(x) — Ar(x)] sin® p(x),
pla) =0, @(b) =Tk,

rie k= 1,2,... — 4ucj0 NoayBosH (basbl, T.e. HOMEpP COOCTBEHHOrO 3Ha-
YeHwUs.

3)

Teopewma. 3adaua (3) umeem eduncmsentoe pewierue N, pr(T);
BEAUHUHLL N\l MOHOMOKHKO Yyboisarom ¢ pocmom k.

[TockonbKy nist uessix | cnpaBeniuso ¢’ (wl) = 1/p(nl) > 0, To kaxpo0-
My Kk COOTBETCTBYET TOJIbKO OJIHO pelieHHe 3TOH 3ajauu; MPH 10Kas3aTeJb-
CTBE HaJl0 YUMTHIBATh, 4T0 npousBoHas [y’ (x)]/ON = —r(x) sin® p(z) < 0
BCIOZY, KPOMe OTHE/bHbIX TOYeK & = 7/, B KOTOPbIX OHa 0Opaliaercs B
Hyab. [TosToMy (2, A) MOHOTOHHO YGBIBAaeT MO A, U OYEBHAHA EIHHCTBEH-
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HOCTh pellieHHst 3afa4u Ha coOcTBeHHble 3HadeHus (3). OueBUIHO TakXe,
4TO Aj, MOHOTOHHO yOBIBaeT mo k.

Takum o6pasom, mepexon K (hase MO3BOJSIET BBIAEIHTh H3 CIEKTpPa 3a-
nauu (1) Hy»kHOe coGcTBeHHOe 3HaueHue. Peruus 3anady (3) u Hailas ¢k (x)
U Ak, TONYYUM aMIJIUTYAy UHTETPUPOBAHHEM COOTHOIIEHHS

% Inp(z) = ﬁ —q(z) + Ar(x)| sin p(x) cos p(x)

C TOYHOCTBIO 10 HOPMHPOBOYHOTO MHOKHTEJIS.
[To-BunumMoMy, BbiGpaHHas 3ameHa (2) mpu p(x) # | NpUBOAUT K Hawu-
GoJiee IPOCTHIM (hOPMyJIAM [JIsi PELIaeMbIX 3a/4ad.
JLisl 4nC/IeHHOH peasiM3alliy WCIIOJb3yeM HIEH0 TOTMOJHEHHOTO BEKTOPa
[Kanutkun, 1965]. O6osHauum @, = @(x,) U annpokcumupyem (3) pas-
HOCTHO#H cxeMmoit TounoctH O(h?):

Pn — Pn—1 _ ©On + Pn-1 )
mn_mn—l F(‘rn—l/Q’ 2 ,)‘ )

(4)
1<n<N; 9 =0, o¢ny=rk

BBenem nonosnHeHHbIH BeKTOp (hasbl ¢ N + 2 KOMIOHEHTAMH:

@ = {@079017"'»%0]\[,80]\[4.] = )\}.

Jlns Hero 3apaua (4) ectb cucteMa N + 2 HeJIMHEHHBIX YPaBHEHHH C TaKHUM
JKe UHCJIOM Heu3BeCTHbIX. Ee cjenyer peliath HTepalHOHHBIM METOAOM
HbioToHa uiu ero HempepbiBHbIM aHajorom [2Kunkos, Ilysbinun, 1967],
[EpmakoB, Kanutkun, 1981]. B6imau pelieHust utepanud CXOasiTCs KBaj-
patuuHo. CXOOUMOCTb BJAJHM OT PelLleHHs] UCC/Ief0oBaNach Ha TecTax.

[Ipumep 1. Bosbmem B KadectBe 3amaud (l) paguanbHyl 4YacTb
ypaBHenus lpenutrepa /s aToMa BOAOpoaa B ChepHyecKUX KOOPAHHATAX
[[lannay, Jlngpmuu, 1963], BLIOpaB aTOMHbIE €IHHMIBI. DTOMY COOTBET-

o 2 U(l+1
H =1 =1 ol - 218D
v (5)

A=-2FE, a=0, b=R,

3necb R — panuyc atoma, E — sHeprust ypoBHs, [ =0, 1,... ecTb opOu-
TaJbHOE KBaHTOBOE 4yHcyo, k = 1,2,... ecTh pafrasbHOe KBAHTOBOE YUCJIO.

Jlns R = oo TouHble co6cTBeHHble 3HadeHus A = (k +1)~2, a co6-
CTBEeHHble (DYHKIHH 3KCIIOHEHIHanbHO 3aTyxalT. Hampumep, mpu k = 1
pelLleHHeM SIBJSETCS

v(x) = const - ! exp (—%) . (6)

Pewennsi 3amaun (1), (5) GaM3KH K mpefesbHbIM MpH Godbiinx R; Ha
npakTHke goctatouHo R > 20. 9To obecrneynBaeT XOPOLIUH TeCT.
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Pacuemoit. B nogoGHEIX CETOUHBIX 3a7a4aX TEPMHH “CXONHMOCTh” HMe-
er nBa ynotpebieHus. OfHH — 3TO CXOAMMOCTb CETOYHOTO pelLIeHHs K
TouHOMy mpH N — 00; OHA CJeflyeT U3 aMNPOKCHMAalHH H YCTOMYHBOCTH,
U GyIeT MpOMJJIIOCTPHPOBAHA MO31Hee. BTOpod — CXOZMMOCTb HTEpalH-
OHHOTO TNpOoLecca HaX0XKIEHHsl CETOYHOro pellieHus. DTo ceifuac HanboJee
HHTepecHo, 160 ompenessieT 3((heKTHBHOCTb aJrOpUTMA.

CXOIMMOCTb WTepallHil HITIOCTPUpyeTcs: Ha mpumMepe (5) mpu R = 22,
k=1, 1 =1 nna paBHomepHoil ceTkd ¢ N = 100. CeTouHoe pelieHHe
OMNpenesisiioch ¢ BBICOKOH TOYHOCTBIO 110 COLIEALIMMCS HTEpalUsiM U HC-
TN0JIb30BAJIOCh [/ HAXOXKIEHHS TIOrPEIIHOCTEl Ha NepBbiX UTepauusax. Hy-
JeBoe npubsrKeHue npoduis () 6panoch JHHEHHbIM (4TO €CTECTBEHHO
U YHHBEDPCAJIbHO):

(0) _ xr—a
o (a) = wh—,

a A9 [10B0/IbHO [a/€KO OTCTOSNO OT TOUHOTO.

3aBucuMocThb morpemnHocTH |A(S) — \| o uMcna uTepanmii nokasaHa Ha
pucyHke 1. BupHo, uTo mepBasi UTepalusl Aa)ke YXYIIIaeT TOUHOCTb (U3-
sa moxoro A(?)). Ho nanee mpouecc GLHICTPO NMPUXOZMT B 06JACTb KBaj-
PaTUYHOH CXOOUMOCTH, W NOCTATOYHO LIecTH uTepauud. Takum obpasowm,
METOJ IONOJHEHHOr0 BeKTOpa (hasbl MO CKOPOCTH NPAKTUYECKH He YCTyNaeT
JYYIIUM CrelHanusdpoBaHibiM Metonam [Huxudopos u ap., 2000], a no
YHHBEPCAJBbHOCTH CYIIECTBEHHO NPEBOCXOIUT HX.

lg\zé)\i B
O-0__ B
7:::‘gg/éo‘o‘O-o—o—o—é[Eo—o-o—o-o—o
—24 o e |®%e.
®-
\e \I ®-0-¢.
\\o *e B
6 2\ onc A\
\0/‘. B
ol e
e OU
~14- ‘\'\
Secttsestittloys
—18
-2 2 6 s 10 14 18
Puc. 1. CxonumocTs utepauuii: [IB (-0-) — MeTon [OTMOJHEHHOTO BEKTOpa MpH

MJIOXOM HayaJbHOM MPUOJMKEHHH, HUTEepPalUH CXOLATCS K peLIeHHI0 ¢ APYTHMH
KkBaHTOBbIMU uHcaamu (k= 2, [ = 0); JIB (-e-) — MeTox AOMOJHEHHOTO BEKTOPA,
CXOMUMOCTb K HYXXHOMY co6cTBeHHOMY 3HaueHuio (k= 3, [ = 0); [IBD (-e-) —
METOJ JOTOJHEHHOTO0 BEKTOpa (hasbl AJsi PABHOMEPHOH CETKH HA KOHEYHOM MpOo-
mexytke R =22 (k= 1,1 =1); IBO®M (-e-) — MmeTox AOMOJHEHHOTO BEKTOpa
(hasbpl ¢ BbIOOPOM Haya/bHOIO NPUOMHXKEHUS MO pe3ysnbTaTaM pacyeToB Ha Gosee
rpy6oit cetke; OU (-e-) — meton o6patHoit utepauuu (k= 3, l = 0); OUC (-o-) —
Metop o6paTHOH uTepauuu co casuroM (k = 3, I = 0); uncso y3J0B CETKH BO BCeX
pacuerax N = 100
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HavanbHoe mnpubmanrkeHue OJs UTEPALMOHHOTO Tpoliecca Bhille OBIIO
BHIOpaHO JuHEeHHBIM. Ec/i Ke cHayajia MPOBECTH pacdeT HA rpyOoOH ceT-
Ke M MOJy4eHHOe pelleHHe B3sThb B KauecTBe HAuyaJbHOrO MPUOJIHKeHHs
17l UTepalMOHHOr0 mpolecca Ha GoJee MOAPOGHOH CeTKe, TO CKOPOCTb
cxomuMmocTH BospactaeT [Mapuyk, Iladinypos, 1979] u mias mosydeHus
pexopnuoit Tounoctd 1016 nocratouno Bcero Tpex urepanmii. Tem cambiM
MHOT'OCETOUHBIH MeTO[, JOTMOJHEHHOro BeKTopa (pasbl M0 CKOPOCTH MpeBOC-
XOOUT Bce cyliectBytouiue [Huxkudopos u ap., 2000].

2. BeckoHeuHasi 06JacTb. J{/is CIEKTPOCKONUH pa3pexeHHbIX ra3oB
caenyet 6patb R > 1. OpHako pacueThl MPUBEAEHHOr0 Mpumepa npu R >
> 40 u paBHOMepHO# ceTke N = 100 pmaBajqu pacXOAHMMOCTb HTepalHi.
Cryuenvem cetkd 1o N = 1000 ynaBajsochb OTOIBHHYTb I'PAHHUILYy Pacxo-
OUMOCTH HTepalluit 1o R &~ 55, HO AajbHelilllee MPOABHKEHHe ObIJIO MOYTH
HEBO3MOXHBIM (pHc. 2).

o(z)/m
1.0 y 2
0.5 /
57113
0.0 . . : :
0 10 20 _ 30 40

T

Puc. 2. Pacuer npu ouenb Gosbiiom R = 41.5, N = 100, k = 1. Lucpsl oxono
KPHBBIX — HOMepa uTepalui. BuiHO, 4TO UTepalMH He CXOASATCS

[Ipuuuna sToro okasajach (yHmameHTasbHOH. [losiokuM R = 0o H
Bo3bMeM TouHOe peliende (6). Torma u3 (2) Jerko MOJAY4YHTb TOUHOE
pelueHue st (hasbl:

ctgs&(x)=171—l%y ctgw(<><>)=—l+%» k=1 ()

Taxum 06pasoM, ¢(00) # 7. AHaNOTHYHBIE TOUHBIE PELIEHHs] MOXKHO T10-
CTPOUTH JJIst IPOU3BOJIBHOTO K, mprueM omsiTh p(00) # wk. CienoBatesbHO,
¢aszosoiii memod He daem npasurvHozo npedera npu R — oo.

Taxkum o6pasom, (pa3oBblil METOA MPHMEHHM JHLIb AJsl He OueHb 6O0Jb-
mwux R. CraBuTb Xe npu K = 00 TpaHHYHOE YCJOBHE, TOYHO COOTBET-
ctByioliee (7), 6GecCMBIC/IEHHO: OHO OYAeT MPHUBSI3aHO K CHelH(HUECKOMY
Buay ¢(z), T.e. He OyIET YHUBEPCAJbHBIM.

Opnnako pomyctuMble R noBosnbHO Besnuku. [losatomy (asoBelii Merton
OCTaeTCsl MPUTOAHBIM [J/1si PACYETOB CIEKTPOB KPHUCTAJJIOB HJH MJOTHOH
MJIa3Mbl, He TOBOPS yxKe O KoJeOaHHAX ynpyrux MemOpaH. [naBHoe ero
IPEUMYIIECTBO — CXOAUMOCTb K HYXKHOMY COOCTBEHHOMY 3HA4€HHIO, NpH-
4yeM O4YeHb ObICTpasi.
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§ 3. UrepanyoHHblie MeTOABI BBIUUCIEHHUS CIIEKTPOB
B HeOrpaHMYEHHBIX 00JaCTIX

1. O6patHble wutepanum. JluHeiliHylo nuddepeHHaNbHYIO 3anady
npousBosibHOro mopsifika Bv(x) = pw(r) MOXHO aNnmpOKCHMHPOBATH
ceTouHOH 3amauedl Au = Au. DTO 3ajaya Ha COOCTBEHHble 3HAUEHUS
matpuibl A mopsnka N — 1 (ecau KpaeBbie ycaoBusi ug = uy = 0),
npu4eM OOBIYHO HY?KHBI JIMLIb HECKOJIBKO MEPBBIX COOCTBEHHBIX 3HAUEHHH
U BeKTOpoB. Kak ux Jy4ie HailTH? B

[Tyctb n3BecTHO Xopoluee MPUOJIHXKeHHE A K OJHOMY M3 COOCTBEHHbBIX
sHaueHH# Mg, T.e. |A — A\g| € |A — M|, m # k. Torna MoXKHO NPUMEHHTh
npotiecc oO6paTHbIX WTepalui (cM., Hampumep, [Yuakuucon, 1970; Kanur-
kuH, 1978]): -~

(A= XE)ulstD) = ¢(8), (8)

Bekrop u(®) cxomutes no nanpasienuio K k-My cOGCTBEHHOMY BEKTODY.
OuepenHoe MPHONHKEHHe K COOCTBEHHOMY 3HAYEHHIO OTPENENSIOT U3 CO-

OTHOIUEHHUSA _
AEHD X)) ulsHD) (o), 9)

CXOaUMOCTb JIMHEHHAs CO 3HAMeHaTeJeM

A — Akl

min A= Am|

~

<1

MO3TOMY YHCJIO HUTEPAIHH YyBCTBHUTEJBHO K BHIGOPY A, HO CJaG0 3aBHCHT
or BuiGopa u®). Ecam X BhOpaHo Hayaady, To mpoliecc coimercsi K GH-
XKallemy Ag.

Onnako sektopsl u*t) u u(®) e napannenbHel, a B MTEpaType HeT
HHKaKHMX YKa3aHHH, KaK KOHKPETH3HpPOBaTb MoHsATHe GauszocTd B (9). Ilo-
TpebyeM MJIS 3TOTO MUHHMAJbHOIO PACXOXKIEHHs MpPaBoOH U JieBOH udacTel
B (9):
= min. (10)

Ly

wan_xﬂp+n_M@

Jlist HeapMUTOBBIX MaTpull A (HecaMoCONpsiKEHHbIX OrnepaTopoB B) cob-
CTBEHHbIE BEKTOPBI MOTYT ObITb KOMIJIEKCHBIMH, [TO3TOMY HOpPMa H CKaJsip-
Hble MPOU3BEIEHUST PABHBI:

N
lallf, = (u,u),  (u,w) =" puuswn, (11)
=1

TZie 1151 OOLHOCTH BBeJEHb! BellleCTBEHHBIE Beca p, > 0, a 3Be3/104Ka 03Ha-
YyaeT KOMIIJIEKCHO compsikeHHOoe uucyao. Munumusupys (10) ¢ yuetom (11),
MOy YHM

NEDRMON

)\(s-l-l) _ X+ (
(u(s+'),u(s+l))
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Iocne Boiuncaenns AT crenyer nopmuposats Bektop u(st! Ha enn-
HUIlY BO M30eXKaHHe NeperolHeH s, a 3aTeM BBIIOJIHATh CJIeAYIOLLYI0 HTe-
paLKIo.

2. OGpaTHble utepauuu co cABUroM. CXOIMMOCTb UTepalluil Kapou-
HaJIbHO yayuliaeTcs, ecau B (8), (10) BMeCTO A MOACTABUTL 3HAYeHHe NON
HalileHHOe Ha Tpeablayiied wurtepaiuu. s npousBosbHBIX MaTpul, A
CXOJIMMOCTb CTAHOBHUTCSI KBaApPaTHUHOH (KaK W [JIsT METOAA HOTOJHEHHOrO
BEKTOpa), a AJs 3PMHUTOBBIX MATpPHIl — Ja)ke KyOWuecKoH [YHJIKHHCOH,
1970].

OnHako Takasi CXOMHMOCTb FapaHTHPOBAHA JIHIIb B MaJOi OKPECTHOCTH
petiieHust. CKOPOCTb CXOAUMOCTH BIAJH OT PEllieHHs] H 06J1acTh CXOAHMOCTH
TPYAHO YCTaHOBHTb TeopeTHuyecku. HeoOxomumo Hcc/enoBaHHe Ha TecTax
¥ COTOCTaBJEHHE C KOHKYPEHTHBIMH METONAMH.

[Tpumep 2. Paccmarpusaercs: 3amada (1), (5) mpu R = oco. st Hee
HCIIOJIb3YEeTCsl Pa3HOCTHAsI CXeMa Ha KBA3HPaBHOMEDPHOH CETKE C Ty = 00,
NPUrOAHAsl Ha MOJYNPSMOH:

1 ( Un—-1 — Un o Un — Un+1 )
Tn41/2 = Tn—1/2 \Tn—1/4 — Tn-3/4 Tn43/4 — Tn41/4
1 1

+4(E+ - W+ 1)

Tn 2.’Ei

)un —0, (12)

I<n<N-1, wyp=uny=0, N=-2FE.

OHa nomnoJiHseTcsl YCIOBHEM HOPMHPOBKH
N-1
2 _ 2 _
[ull;, = E (Tpyi1/2 — Tno1/2) up = L. (13)
n=1
3mech TakKe HHTEpECHa CXOAHMOCTb HTEPAIlMOHHOTO MPOLEecca peLleHHs
CeTOYHBIX ypaBHeHUH (12).

Pesynomamot pacyemos. YrcieHHble pacyeTbl MOATBEPAMIH, YTO Me-
TOJ 06(§)aTHbIX UTepallil Majo YYBCTBUTEJNEH K H(yJIEBOMy IpUOMHKe-
HHIO u% ) Uneno uTepauui Obl10 HEOOJMBIINM, €CIH uno) UMeJsla OrpaHHYeH-
Hyl0 ceTouHyl0 HopMmy (13); maxe MpH OueHb MJIOXOM u?) = const, korna
3Ta HOpPMa HeorpaHU4YeHa, CXOAUMOCTb COXPaHSA/ACD.

Tpu BriGope AV B unrepsane (Ag_1 + A\g) < 20O < (\g + A1) ure-
pauuu CXOmMJHuCh K Ag. UeM cusbHedl AY) oTCTOSIIO OT rpaHHML, 3TOrO
VHTEpBaJ/a, TeM MeHblle OblJI0 YHCJIO HTepalri; HO HaKe BOJH3H I'PAHMIL
OHO OCTaBaJIOCh HEBGOJIbLIHM.

CxonumocTb wuTepauuit mas tecta ¢ k=3, | =0 mpu N = 100
loKasaHa Ha pucyHke 1. BupHo, 4yTo oOpaTHble HTepauuH 06e3 CABHra
CXOHsiTCs MUHeHHO (TpsiMasi B MOJyJMorapupMHUecKOM MacluTade), MpUueM
TpenesbHask TOUHOCTD, ONpeaessieMast OIHMOKAMH OKPYIJIEHHSs, NOCTHTAeTC s
3a 10 nrepaunii. BkaoueHne ciBura nNpuBOAHT K KyOHUECKOH CXOAHMOCTH,
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W JIOCTATOUHO BCEro 3 UTepalui; OUIMOKa OKDPYIJIEHHs] MPH 3TOM OOJiblle,
HO He3HAYUTEJNBHO.

3mech Takxke 11e/1eC000Pa3HO B Ka4eCTBe HA4aJbHOTO MPUOJIHKEHHUS LIS
(hyHKILHH HCIOJb30BaThb Pe3y/bTaThl pacdera Ha Gojee rpyOoH ceTke.

3. Merox nononHeHHoro Bekropa. Jlisi cpaBHeHMs Ha puCyHKe |
NpUBEAEHBI pacyYeTbl IO MeTOoAYy MHOIIOJHEHHOIO BEKTOpa. HpI/I TOM 2Ke
HYJIEBOM TPHOJIMKEHHH TepBasi UTepalys yHasseTcss OT pelleHHs, 3aTeM
MTepallMH CXOASTCS JIMHEHHO W JOBOJNBHO MeNJIEHHO, W JIHIIb BOJH3H
pemeHusa CXOOAUMOCTb CTAHOBHUTCA KBaL[paTPI‘IHOfI. C HEeCKOJIbKO Xyaumero
HYJIEBOT'O MPHUOJIMKEHHS] UTepAllUM CXOASTCS yXKe K PelIeHHI0 C IPYyTHMH
KBAHTOBBIMH udHcJaMH. CXONHMMOCTb OKas3ajach OueHb YyBCTBUTEJbHOH K
BbIOOPY HYyJeBOro npubmanxkeHus. [103ToMy MeTOX HOMONHEHHOTO BEKTOpa
CYILIECTBEHHO MeHee HajlekeH (IpaB/a, MepeHOC HAYa/IbHOTO MPHOJIHIKEHUS
17151 YHKIHY ¢ Gojiee rpyOoi CETKH CYLIECTBEHHO yIy4dllaeT CXOAUMOCTB).
EnuHCTBEHHOE MPEeUMYIIEeCTBO 3TOrO METOA B TOM, UTO €ro OLIMOKH OKpYT-
JIeHHsI HECKOJIbKO MeHbIIe.

§ 4. CpaBHeHHe UTepPALMOHHBIX METO/IOB

1. Cxogumocth mo mary. CXOAUMOCTb CETOYHOrO pelleHHs] K TOYHO-
My npu N — 0O [OKa3blBaeTCsl MPH PA3yMHBIX OTPAaHUYEHHSIX HA KOI(-
(unreHTh ypaBHeHus. PasHocTHbie cxembl (4) u (12) uUMerOT ammpoxcu-
maiuio O(N~2), u yuc/ieHHble pacyeThl Ha TecTaX MOATBEPKAAIT TaKylo
TOYHOCTb, B TOM YHCJe NMpu R = o0o.

Wanoctpauusi mpuBeneHa Ha pUcyHKe 3, rae ajis k = 2, | = 1 nokasaHa
3aBHCHUMOCTb OT N MOrpelrHocTed A M CETOUHBIX HOPM ¢ U lo mis {un}.
B nBoiiHoM sorapudmuueckoM Maciuitabe JHHHMH TIpsIMble, YTO YKa3blBaeT

lgA u(z)
—92 o 154
.\,\. 0.15
—3 \‘\.:‘\. 0.104
el 0.05]
—4+ .\‘\. \.\.\0 Iy '
~ e 0.00-
;) o e e
- \-\. —0.05-
—6- \.\0 A —0.10
2.0 2.5 30 IgN 0 50 100 150 200 =z
Puc. 3. [orpewHocts cetouHoro peite-  Puc. 4. Co6cTBeHHAs QyHKUUS A5 k =
HUs 0 Tecta npu k=2, 1=1, R = =7,1=1, R = 00; TOUKH — CETOUHbIE
= 00; A — JJs COOGCTBEHHOro 3Haue- 3nauenus npu N = 100, kpuBas — Tou-
HHS, ¢ U lg — AJS COOTBETCTBYIOIIHUX HOe pelleHue

CEeTOUHBIX HOPM COOCTBEHHbIX (YHK-
uui. Toukn — pacueTbl, OHM COefiMHe-
Hbl JIHHHUAMU

5 H.H. Kanutkun u np.
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Ha CTENeHHYK 3aBUCHUMOCTb OT IN. MIX HaKJ/JOH TOYHO COOTBETCTBYET CTe-
TeHH 2.

Camo perrenve 1 R = oo n300pakeHO Ha pUCYHKe 4; pacueT 31ech
cootBerctByeT N = 100. BupHo xopolee coBnaseHue Tpu HeOGOJbILIOM
4{CJie TOYeK CeTKH Ha KaXK/ble MOJBOJHbBI pellleHHsi. DTO NeMOHCTPUPYeT
YAa4YHOCTb NPEe/JIOKEeHHbIX Pa3HOCTHBIX CXeM.

2. T'panune! cxogumocTH. [paHHUIBl CXOOMMOCTH NPENJIOKEHHBIX Me-
TOJIOB OINPENEJSIJIUCh BAPbUPOBAHUEM HAYaJIbHOTO TPUOJMHKEHUS 1Js COO-
CTBEHHBIX (DYHKUHH U COOCTBEHHBIX 3HaueHHH. MeTon AOMOJHEHHOTO BeK-
TOpa CXOOUTCS Ja)Ke MPH BecbMa NAJIEKOM HAa4yasbHOM TPHUOJMKEHUH JJIs
dynkuun 69 (x) = 0.1. Ho Haua/bHOe 3HaueHHe 3HEPrHHM B 3TOM CJyudae
HY’KHO 3aJaTb O4YeHb TOYHO (MOTPEIIHOCTb COOCTBEHHOTO 3HAUEHHsI He
6oJiee HECKOJIBKUX MPOLIEHTOB OT AJIMHbI HHTEPBAsa MEXIY COCEIHUMHU COO-
CTBEHHBIMH 3HaueHUsiMH). Ecsiu ke HayasibHOe npub/vKeHue s GYHKIHH
sagano y6wsaomum Kak u(?)(z) = 0.1/x, To rpaHULbl CXOAMMOCTH s
COOCTBEHHBIX 3HAueHHH CylecTBeHHO paciuupsitotesi. OmNHAKO XapakTep
CXOIMMOCTH HEYNOBJIETBOPUTEJ/bHBIH. [IpH YeTHBIX 3HAUEHHSIX | TPaHHUIbI
CXOIMUMOCTH JJIsl COOCTBEHHBIX 3HAYEHHH, COOTBETCTBYIOLUIMX HEYETHBIM K,
o4eHb IWHPOKHe. CXOMUMOCTH Ke K COOCTBEHHOMY 3HaueHH k = 2 moay-
YUTb He YAAeTcsl, Jaxe eCJIM OueHb TOYHO 33[aThb HauaJbHOE MPUOJIHKEHHEe
1715 9Hepruu. K npyrum ueTHbIM k CXOZMMOCTb HAbJ/I01AeTCsl B OY€Hb Y3KHX
npenesax. Hao6opoT, npH HeueTHBIX | CXOZMMOCTb XOpOLIA TOJBKO [Jis
COOCTBEHHBIX 3HAUEHHH, COOTBETCTBYIOLUIMX YeTHBIM 3HaueHHAM k.

Takoll xapakTep CXOIUMOCTH MOXKHO OOBSCHHTb, HCCJIEN0BAB OTKJOHE-
HHe YHCJIEHHOTrO pelleHHs OT To4Horo. Ha pucyHke 1 3ameTHa HeMOHO-
TOHHOCTb TOTPEIHOCTH MeToHa AomoJHeHHoro Bekrtopa. [lpu [ = 0 nas
4eTHOro k = 2 mepBas HTepalys 0TOpacbiBaeT YHCJIEHHOE pelleHHe ropasfio
Jajblie OT TOYHOrO, 4eM Ans HedeTHoro k = 3. [lostomy meron cxomutes
TOJIBKO [J151 BTOPOrO CJIyyasi.

ATtoT HemocTaTOK MeTona HbrOTOHA XOpolIO HM3BecTeH [Js pelleHHs]
(YHKLHOHA/MbHBIX YpPaBHEHHH ¢ ONHOH mepeMeHHOH. Eciu HauasibHOe npu-
6JMKeHHe BBIOPAHO C HEeyNAa4HOH CTOPOHBI OT KOpHS, TO IepBasi UTepalus

=2
=1 e
—
=0
e
S —

— o~
I

Merton JIB Merox OUC

I
oS = N

;

3 4 5 6
T'panuIBl cCXOAUMOCTH
npu BEIOOpE KBAHTOrO yucna k

o
f—
[\V]

Puc. 5. CpaBHeHHe TpaHHIl CXOAUMOCTH A MetonoB JIB u OKC
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0TOpachIBAET MPOIECC MAJEKO OT KOpHs. B MHOTOMEpPHOM CJ/Iydae Mbl HMeeM
MOXOXKYIO KapTHHY.

Ecau 3apaTb HadasbHOe NpUOMXKeHHe AJs (PYHKIHMH KCIOHEHLHAJb-
HO yOBIBAIOIIHUM u(o)(x) = 0.le”® (xapakTep yObIBAHUSI COOTBETCTBYET
ACUMITOTHKE TOYHOTO pelueHus npu [ = 0), TO IPaHULBI CXOOUMOCTH IJIs
COOCTBEHHBIX YHCEJ CTAHOBATCS ellle LIMpe, U CXOOUMOCTb HaOJI0gaeTcs
UMeHHO K OJirkaiieMy coOCTBEHHOMY 3HadeHHI0. Takoi KOMIPOMHCC MPH
BEIOOpE HAYaJbHOTO NPUOIHKEHHUST MOXKHO CUHTATbh ONTHUMAJbHBIM AJs AaH-
HOTO METOJa.

['paHribl CXOOTUMOCTH MeTona OOpaTHOH HTEepaluu CO CIBHUIOM LIMpE,
YeM y MeToja HOMNoJHeHHOro Bektopa. IIpu 3amaHuu HadanbHOro npuod.IH-
JKEeHUS AJ (PYHKUHMH 3KCIOHEHIHAJbHO yObIBAIOLIMM, HHTEPBAJBl CXOLH-
MOCTH INpaKTHYECKH IIOJHOCTBIO MOKPLIBAIOT YHCJAOBYIO OCb. CpaBHeHHe
TPaHHUI CXOIUMOCTH [J/15 METOLOB NONOJHEHHOrO BeKTOpa W 06paTHOH uTe-
palMu OTpaXkeHO Ha PHUCYHKe .



F'masa VI

KJACCHUYECKHE YPABHEHUA
B HEOTPAHUYEHHOH OBJIACTHU

B rnaBe mpensioxkeHbl YUCJEeHHble METOAbl pelleHHs 3afad AJis KJacCH-
YeCKHX ypaBHEHHUH MaTeMaTHueCKOH (PU3WKH B HeOrpaHHUYeHHOH 00/acTH
C HCIMOJb30BAHMEM KBa3HPaBHOMEpHbIX ceToK. MHorue wH3BecTHble pas-
HOCTHble CXeMbl MOAMU(HUIIMPOBAHBI JJIs1 CJy4dasi HEOTPAHHUEHHOH 06JacTH.
[lokaszaHo, 4TO TakHe CBOHCTBA PA3HOCTHBIX CXeM, KaK YCTOHUYHMBOCTb, B
3TOM CJ/lydae OMNpelessloTCs CHeKTPOM oOllepaTopa, allpOKCHMHPYIOLIEro
NPOM3BOAHbBIE HA KBa3UpaBHOMepHOH ceTke. [losyueHbl HEKOTOpble OllEHKH
Ha T'PAHUILBl TAKOTO CIEKTpa.

§ 1. ITapabGonuueckue ypaBHeHUS

1. YpaBHeHHE TENJIONPOBOTHOCTH NIJs MNPSIMOA U MOJYHPSIMOM.
PaccMOTpUM OHOMEpPHOE ypaBHEHHE TEMJIONPOBOLHOCTH Ha MPSIMOH

U = Ugg + f(x,t), x€(—00,+00), te€]0,T],
u(z,0) = fo(z).

CrienyeT TakkKe 3aaTbh KpaeBble YCJIOBHUS NMpH & — £00.
BBeneM KBasHpPaBHOMEPHYIO CETKY, MOKPBIBAWOLIYI0 BCIO MPSIMYIO, Ha-
npumep taHreHuuanpHyto (II1. 27)

(1

™
2N

[Tpumenum wmeton npsiMbix. B KauecTBe HEM3BECTHOTO PaCCMOTPHUM
BEKTOD 3HaueHWH (PyHKUMH u(x,t) BO BCEX Y3JaX CETKH Upt = u(Xy,t).
AnnpoxkcHMHpyeM BO BCeX BHYTPEHHHX Y3JaX CETKH BTOPYIO MpPOCTpaH-
CTBEHHYIO IIPOH3BOLHYIO CO BTOPBIM MOPSAKOM, MCIOJMb3ys] CHMMETPHUYHYIO
pasjie/IeHHYI0 Pa3HOCTb C APOOHBIMH y3JaMH:

du_n _ 0.5 < Un41 — Un  Up — Un—| >+fn,

dt Tn41/2 = Tn—1/2 \ Tn+3/4 — Tnt1/4 Tn—1/4 — Tn-3/4

-N+1<n<N-1

wnzc-tg< ) —-N<n<N. (2)

Jlns pelieHusi mosydyeHHOH cHcTeMbl OOBIKHOBEHHBIX AU(QepeHIiHanb-
HbIX ypaBHeHHH BHOA d
U

yri G(u)
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HCIOMb3yeM ONHOCTanuiHOe ceMedcTBO cxem Posen6poka [Rosenbrock,
1963]:
Up = up + T7Reky, (E —arGy)k = G(uy),

-N+1<n<N-1

3)

snecs Gy, = 0G /Ou — matpuua 9kobu, E — enuuuuHas Matpuua, 7 — wiar
M0 BPEMEHH, U, — pElIeHHe Ha TEKYIIEM BPEMEHHOH cJoe, U, — pelleHHe
Ha HOBOM BPEMEHHOM CJIo€, (v — YMCJIEHHBIH MapameTp, ONpene/soLIHi
CeMeHCTBO ONHOCTAAMUHBIX cxeM PoszeHbpoka. Takum o6pas3om, BeKTOp
k = {k,} onmpenensieTcst u3 pelIeHHs CHCTEMBI JHHEHHBIX ypaBHEHHH C
matpueid E — arG,,.

HensBecTHBIMH B J1eBOH 4acT cHcTeMbl (3) SIBJISIOTCS 3HaueHHUs ky,
—N+ 1< n< N —1; cCOOTBeTCTBEHHO, MOPSIIOK JIMHEHHOH CHCTEMbl pa-
BeH 2N — 1, a B matpuny fAkobu G, BXOAAT TOJbKO MPOU3BOAHBIE IO U,
C YKa3aHHbIMH 3Ha4YeHUsMH HHAeKca n. Ho B mpaByw dacTb JIMHEHHOH
cucTeMbl (3) BXOIAT TaK Ke 3HAUEHHS U_y U Uy ; OHHU OepyTcsl U3 KpaeBbIX
3HaueHHH 3agauu (1), T.e. Ha co. BosMoxHOCTH TaKkoH MOCTAHOBKH Obliia
o6bsicHeHa B riase III.

Peltenue sivHelHOH cucTeMbl (3) c/eqyeT BBINOJHSATH MPSIMBIMH MeTO-
namu (Hampumep, metonoMm [aycca ¢ BeiGopoM rjiaBHOTO 3semeHTa). [lpu
9TOM I1€PeXOl C HCXOLHOIO CJIOSI Ha HOBBIH NPOHM3BOAMTCS 32 KOHEUHOE,
3apaHee H3BeCTHOe UMCJO ONepalui, Kak B fBHBIX cxeMax. B To xe Bpems
naxoxaenue k = {k,} U3 peuieHuss JUHEHHOH CUCTEMBI BHOCHT B CXEMY
(3) HesiBHOCTD. [lo3aTOMY TakHe CXeMbl Ha3bIBAalOT SIBHO-HESBHBIMH.

Heo6xonMMo 0TMETHTB, UTO AJSl JIMHEHHBIX 3aad Matpuua GG, ocTaercs
OLHOH W TOH 2Ke Ha BCeX BPeMeHHBIX ¢/10aX. [Io3ToMy HeT HeOOXOAHMMOCTH
pelaTh JHHEHHYIO cucTeMy (3) Ha Ka)KIOM BPEMEHHOM CJIO€; HOCTATOYHO
eIMHCTBEeHHBIH pa3 HaiiTh obpatHyio Matpuny (E — arGy)~". Takoi moa-
XOJl CYLIEeCTBEHHO IMOBbIILIAeT 3KOHOMHYHOCTb MPENJIOKEHHOIO YHCJEHHOTO
MeTOa.

[py pasHbIX mapaMeTpax « cxema (3) obsafaeT pasHBIMH CBOHCTBAMH.
[Ipu o = 0 310 siBHAs cxema; oHA MMeeT mnorpemHocTb O(T) H YCJIOBHO
yeroitumba npu 27 < h? (h — HaMMeHbUIME AT NPOCTPAHCTBEHHOM CeTKH).
DTOT BapHAHT CXeMbl NIPAKTUYECKH HENPUIOfieH MM pacyeTa KeCTKHX
3aja4y, B TOM YMCJ/e 3a[a4 TeNJONPOBOAHOCTH.

[lpu o = 0.5 nnst ypaBHeHHs TermonpoBopHocTH (1) mosydaercss us-
BecTHast cxema “c mosycymmoi”. OHa umeer TouHocTh O(72) U 6e3yca0BHO
yCTOHUYMBA; NO3TOMY €e YacTO HCHOJb3YIOT B pacderax. OnHaKo mo kJjac-
cu(HKalMH XKeCcTKUX 3anad (cM., Hampumep, [Xaiipep, Bauuep, 1999]) ona
quiib A-ycroiiunBa. [lostomy B pacuerax 3ajad TelsIONPOBOLHOCTH IPHU
GOJIbLIMX IPAJHEHTAX PelleHHs] MOTYT BOSHUKHYTb HENPHSTHOCTH (HANpH-
Mep, He(hU3HUeCKOoe HapylleHHe MOHOTOHHOCTH).

[Ipuy o = 1 nosayuaercs Tak HasbiBaeMasi oOpaTHasi cxeMa JiJjepa
(uucto HesBHasi). Ona Ll1-ycroituuBa, uTo obecneunBaeT O€3yCJOBHYIO
YCTOHUMBOCTb M XOpOIlee KaueCTBEHHOe MOBeleHHe YHCJIEHHOTO pelleHHs.
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OnHako OHAa HMEET HEBBICOKYI TOYHOCTE O(T), YTO MpPENsTCTBYET ee
MPUMEHEHHIO.

OnucaHHble BbIlIEe CXeMbl BelllecTBeHHB. OIHAKO CYIIECTBYET OfHA KOM-
nJeKcHasi cxeMa 3Toro cemeiicta ¢ a = (1 +4)/2 [Posen6pok, 1963]. Ona
o6/1aiaeT yHHKANbHBIMHU CBOfcTBaMu: TouHocTb O(72), L2-yeToiunBOCTb H,
COOTBETCTBEHHO, 0€3yC/I0BHAS YCTOHYHBOCTb. DTa cxeMa 00/1alaeT BbICOKOH
HafeXKHOCTbIO W MPHUTOfHA [/ pacueTa 3adad C CHJbHOH KECTKOCTbIO; B
YaCTHOCTH, OHA N03BOJISET XOPOLIO PACCYUTHIBATD TEIJIONPOBOAHOCTD AaXKe

npy GOJBIIMX TPAJUEHTaX peLleHHs.

w(z,t) MMeHHO 3Ta cXeMa HCHOJb30BaHA B

1.04 OMHUCaHHBIX HHMXKE pacyeTax.

0.5 B KauecTBe HIIIOCTPALIMK BO3MOXK-
0.0 HOCTeH MeToJa NpUBEAEM pacdeT 3afa-
_0.5 YU [ YPaBHEHHS TelJIONPOBOAHOCTH
10l C Pa3pbIBHBIM HAYaJbHbIM yCJIOBHEM

-30-20-10 0 10 20 30 I, 20,

folw) = { -1, z<0.

Takasi MoCTaHOBKA 3aa4H MOLEJHUPYET
BBIDABHHMBAHHe TeMIepaTypsl Ha rpa-
HHLle JABYX CpPel C pPa3HbIMH TeMIle-
paTypaMH, 3aHHMAIOIIMMH HEOrPaHWYEHHOe MOJYNPOCTPAHCTBO. PasyMHO#M
MOCTAHOBKOH sIBJISIETCS1 KpaeBoe ycjoBre u(+00,t) = fo(+oo) = £1, corna-
COBaHHOE C HayaJbHBIMH NAHHBLIMH. PesysbTaThl pacdeta AJs PasiHUHbBIX
MOMEHTOB BPeMeHH MPHBEJEHbl Ha PH-

Puc. 1. BeipaBHHBaHHe Temmepary-

pBl Ha TpaHMle ABYX Cpel;, KPHBbIE

COOTBETCTBYIOT MOMEHTaM BpeMeHH
t =0, 20, 40, 60, 80, 100

cyHke 1. lglAl,
Jlns rnaaKkoro HadasibHOrO Mpodu- 4] ‘\
2
ast temnepatypel fo(z) = e~% usBect- \
Ho (cM., Hanpumep, [Boroso6os, Kpas-  —51 o
1oB, 1998]) TouHoe peleHue \.
wlanp) - P/ 40} 6 \

' VI+4t ] "
OHO GBIJIO HCIIOJNB30BAHO JJIs TECTH- . *
poBaHHs PaboOThl NporpaMmbl. Pesyib- 1 2 lgN 3

TaThl TECTa Ha CTYWAIOUMXCA CeTKAX  pyc 9 Teer ma CryUAIOMUXCS CeT-
npuBeeHbl Ha pucyHke 2. JIupdepeH-  yax nng ypassenus TennonposoaHo-
1MasnbHas 3anada (1) Oblaa anmpokcu- CTH Ha TpAMO#
MMpOBaHa HaMM ¢ TouHOCTbIO O(72 +

+ N~2), nosTomy crylieHHe BpeMeHHOH M TMPOCTPAHCTBEHHOH CETOK Haslo
IPOBOJUTL B OfHO M TOXKe 4HCJ/O pa3 r. Haubosee yno6Ho BbIOpaTh r = 2,
T.K. B 3TOM CJlydyae Bce y3Jbl OoJiee pefiKOH KBa3HPAaBHOMEPHOMH MpPOCTpaH-
CTBEHHOH CETKH COBMAJAIOT C YUETHLIMH y3JIaMH CETKH C YABOEHHBIM YHCJIOM
y3JIOB, U CPaBHHUBAThb MeXJAy COOOH YHCJEHHble pelleHHs B 3THX TOYKax
0COOEHHO MPOCTO.
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Y6eiBanue ceTo4HoH HOpMHL C 1mo-  w(z,t)

TPEIIHOCTH YHCJEHHOro peleHus A 1]

C  pOCTOM YHMC/IA Y3/IOB CETKH B ol

JIBOUHOM JIOTaPH(MHUIECKOM MacLITa-

6e — npsvas aupust, Taurenc yraa  O-0

HaKJOHa KoTopol tga = —1.988 mon-  0.44

TBEPXKJAeT MOPSAOK TOUHOCTH METO- (9.

na O(N—2 + 72). CpasHeHHe NpOBO- 0.0]

nuaoch B MoMeHT Bpemenu t = 10.0. ’ . , . : .
Ilar no Bpemenu 7 = N~'. Ilpopuiu~ —10 -6 -2 ,2 6 10

pelleHHs AJiIsi MOMEHTOB BpeMeHH t =
= 0.0, 1.0, 2.0, 5.0, 7.0, 10.0 usobpa-
JKeHbl Ha PHCYHKe 3.

Puc. 3. [Ipocuan temnepatypsl B MO-
meHThl BpeMenu ¢t = 0.0, 1.0, 2.0, 5.0,
7.0, 10.0

3adauu na nonynpamoii. [lpennoxeHHBI METON NO3BOJSET TAKXKE MO-
LEJIUPOBATh PACIPOCTPAHEHHE KPAaeBOro peXHMa. PacCMOTpUM ypaBHeHHe
TEMJIONPOBOAHOCTH HA MOJYNPSIMOH:

z €[0,00), te€]0,7T],
u (0,t) = ut.

Ut :uzz+f(w’t)’
u(z,0) = fo(),

3nech Takxke cjaefyer N00ABHTb KpaeBoe YCJOBHE NPH & — +00.
[TocTpouM KBa3HpaBHOMEPHYIO CETKY, MOKPbIBAIOLLYIO NOJAYIPSAMYIO, Ha-
npumep

(4)

xn:c-tg(ﬁ>, 0<n<N.
MonesibHas 3a1a4a 06 OCTBIBAHHM MOJNYGECKOHEUHOTO cTepxkHs fo(z) =

= Uy u put = 0 umeer TouHoe peuerue (cMm., Hampumep, [Boroso6os,
Kpasuos, 1998]), BeparkaeMoe uyepes

lglAl, (QYHKIMIO OIIUOOK:
_2_

] u(x,t) = Uy® 2 ,
-3 (z,t) = Uy ( 5 \/Z>
—4 @

2 2
0
_6.
\ ATo TOUHOe pelieHHe OBIJIO HCIOJb-

30BaHO [1J1 TECTHPOBAHHS MeTOfa Ha
crylamouuxes cetTkax. PasymHo# mo-
CTaHOBKOH sIBJISIleTCS KpaeBoe yCJIo-
Bie u(+00,t) = fo(+00) = Uy, co-
IJIaCOBAHHOE C HA4yasbHBIMH JAHHBIMH.

PesynbraThl TecTa nokasaHbl Ha pUCyHKe 4. YOblBaHMe MaKCUMyMa
MOJLYJISl IOTPELIHOCTH C POCTOM YHCJA Y3JI0B CETKH B ABOMHOM JIorapHpMH-
yecKoM MaciuTabe MOATBep:KaaeT MopsaoK TodHocTH Metona O(72 4+ N~2).

1 2 1gN 3
Puc. 4. PesynbraThl TecTa Ha cry-

IAKOUKUXCS CeTKaxX ISl ypaBHeHHs
TEMNJIONPOBOAHOCTH Ha MOJYNPSAMOH
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2. YpaBHeHUEe HEJWHEHHOHW TEIIONPOBONHOCTH U ropeHus. Pac-
CMOTPUM (PHM3UYECKHH TMPOLECC WHHUIMUPOBAHHS TOPEHHs, ONHCHIBAEMBIH
CJIENYIOIUM HeJMHEHHbIM ypaBHEHHEM TeIJIONPOBOIHOCTH:

U = (u2u$)z +u?, xe(—o0,+o0), te€l0,7],
u(+oo,t) =0, wu(x,0)= fo(z).

B (5) K03 QHUIHEHT TenJIoNpPOBOAHOCTH 3aBHCUT OT TEMMEPATyphl MO
HeJIMHEHHOMY 3aKOHY k ~ u’, a BTOpoe c/jaraeMoe B MPaBOil YacTH OMHCHI-
BaeT MPOIECC BblIENEHHs] SHEPrUU TPU TOPEHHH CIIOIIHOH cpenbl. MHTeH-
CHBHOCTb TOPeHMS TaKKe HeJMHeHHO 3aBHCHT OT TeMIepaTyphbl ~ u”.

OnHUM M3 TJIaBHBIX Pe3y/NbTaTOB KOHKYPEHIHH 3THX BYX HEJHHEHHbBIX
MPOIIECCOB TEMJIONepenadu U TemIoBblaeeH s sBasieTcs: 3(D(DEKT JoKau-
3allMu mpoiiecca ropeHusi. CBOHCTBA pelleHHs CYIIeCTBEHHO pa3/aHyaioTcs
B caydasx =3, 8>3, B <3.

C TOUKM 3peHHs aMMpOKCHUMAIMH MPOCTPAHCTBEHHON MPOU3BOLHON
yoo6HO ypaBHEHHE 3amucaTh B BUIE

1,3
up = §(U Yoz + . (6)
Annpokcumupyem (6) B y3jgax KBasMpaBHOMEPHOH ceTKH (2), MOKPHI-
Balollell BCIO 06/1aCTb, THe HIIETCs pelleHue x € (—00, +00). [lpumeHnsis
MeTOZ MPSIMBIX, TTONYy4UM AH(D(epeHIHaNbHO-PA3HOCTHYIO CHCTEMY ypaBHe-
HHUH:

dun _ 0.5 ( Unit = Un U = Unog >+ug

©®)

dt Tpg1/2 = Tpo1/2 \ Tni3/a — Tnii/d Tp—1/4 — Tn_3/4

—-N+1<n<N-1

3HaueHHs U_py M uy OepyTcs M3 PAHHYHBIX YCJIOBHH.
[Tosy4eHHYI0 CHCTEMY YHCJEHHO HHTErPHUPYEM C NPHUMEHEHHEM CXeMbl
Posen6poka 13 cemeticTa (3) ¢ KoMIJIeKCHbIM mapameTpom o = (1 4 )/2.
[TocTpoeHHBI! METOZ MO3BOJSIET HCCJIE-

u(z,t) IOBaThb DAa3JIMUHble DPEXHMBI TFOPEHHS.
1.0 YacTHBIH cyyal 3TOro ypaBHEHUS
0.8] up = (Wtg)q, (7
0.61 COOTBETCTBYIOIIMH  pPacHpoOCTpPaHEeHHIO
0.4 Ten/ja MNpH OTCYTCTBHH TOPEHHsi, pac-
0.1 cmorped B [Camapckuil u np., 1987],
0.01 TJle IOCTPOEHO YaCTHOE aBTOMOJEJbHOE
' . : : —  pelleHHe 1Jsi MCHOBEHHOTO TOYEYHOI'O
—4 -2 0 z 2 4

UCTOYHHMKA, COOTBETCTBYIOLIEE PEXKHUMY
Puc. 5. PacmpocTpaHeHHe Temo-  TEMJIOBBIX BOJIH: TEMJIOBOE BO3MYIIEHHE
BbIX BOJIH. JIHHMH HA rpaduke COOT-  pacrnpocTpaHseTcss ¢ KOHEYHOH CKOpo-
BETCTBYIOT MOMEHTaM BPEMEHH I =  crpj0, B 3TOM NPHHIMIHAILHOE OTJIH-

=0,3,6,9,12, 15 qHhe MeXaHU3Ma HeJMHEHHOH TemnJsonpo-
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BOJHOCTH OT JIMHEHHOro MexaHu3Ma nepepadu temsa (1). Pesyabratel pac-
yeToB A4S ypaBHeHus (7), IPHBEIEHHbIE HAa PHCYHKE D, MOKAa3blBAIOT, YTO
TEIJIOBble BOJHbI PACTIPOCTPAHSKOTCS HE TOJBKO OT TOYEUHOrO MCTOUHMKA.
Pacuer mpoBeneH [Jisi HauaJbHOTO mpoduis Temmnepatypsl fo(z) = e

Paccmorpum caygait = 3, 94TO COOTBETCTBYET HAJMYHIO B CPEle HC-
TOYHHKA TEMNJIOBOKH SHEPIHH:

utz(uum) +u?; € (—o0,4+00), te[0,T],
u(too,t) =0, wu(x,0)= fo(z).

Ero aBToMOze/ibHOE pellleHHe TMPUBENEHO, HANpuMep, B Kypce JeKluH
[CeemnukoB u ap., 1993]:

— cos 2
u(z,t) = ﬁ <\/—>
0,

DTo pelieHHe JIOKAJH30BaHO B 0GJACTH |a¢| < mv/3 /2, BO BCex TOUKax
KOTOPOH TeMIepaTypa HeOrpaHHYeHHO Bo3pacTaeT. TemymoBast CTPyKTypa
HasbiBaeTcsl S-peKUMOM ¢ O00OCTPEHHEM U IMPEeACTaBJseT CO00H CTOAUYIO
TeMIEPATyPHYIO BOJHY.

PesynbTathl pacyeToB npHBeieHbl Ha pucyHKe 6. HavasnbHblé npodusb

ﬁcos i |x| < ﬂ
2 \/§ ’ X 2 ’

0, |af>™¥2

9)

COOTBETCTBYET BPEMEHH CYIIEeCTBOBaHHs TelIoBoi cTpyKTypel 1p = 1.0.
[nankocTb HauaspHOrO MpPOGUAA HapyllaeTcs B TOYKAX T = j:7r\/§/2.
JJ1st coxpaHeHust o61ield TOYHOCTH pac-

yeta O(72 + N~2) wano ctpoutb npo-  u(%t)

CTPAHCTBEHHYIO CETKY TaKHM 006pasoM,
4yTOObl OJNMH M3 Y3JOB CEeTKH Bce- g
rla momagan B TOUKM x = 4my/3 /2

3TO MOXHO CHeJaTb, HANpUMeEp, Bbl- 4]
6paB B (2) MaciTaGHBIH KO3 PHIHU-

ent ¢ = m/3/2. Tpu t — Ty Temne- o
paTypa B LIeHTpe TeMJOBOH CTPYKTY-

pel (8) cTpemHTCS K OECKOHEUHOCTH,

M pelleHHe paspyimiaetcsi. PacueT mpo- -4 @ —2 0 5 2 4
BOLMJICS HA CETKe, MOKPLIBAWILEH BCIO  py. 6 Jokarusauus mpoiecca ro-
mpsMyl @ € (—00,+00). Ha pucyH-  penua; S-pesum ¢ oboctpenmen.
Ke 6 XOpolo BHIHO, YTO TeIJoBasf  Jlyuuwu COOTBETCTBYIOT MOMEHTaM
CTPYKTypa [eHCTBHTE/JbHO He pacmpo-  spemenu t = 0.0, 0.6, 0.82, 0.93,
CTpaHseTCd 3a Mpefebl OTpe3ka ¥ € 0.97, 0.99

€ [-V37r/2,v/37/2].
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Pacemotpum 3anaay (5) aast cayuas § = 2. [Ipu aToM TemsioBasi CTPyK-
Typa TaKKe pPA3BHUBAeTCs B peXHMe ¢ 000CTpeHHeM, (DPOHTH TEIMJIOBOH
CTPYKTYPBI PaCLIMPSIOTCS CO BCE YBEJIUYHMBAIOLIEHCS CKOPOCTBIO U B MOMEHT
000CTpeHHUsT TemJoBasi CTPYKTypa OXBAThIBAET BCIO MPSIMYIO, HarpeBasi ee
BCIOAY 10 GeCKOHEeUHOH TeMmepaTypel. Takol mpoliecc ropeHHsi Ha3bIBaeT-
csi HS-pexumoM. Ha pucyHke 7 npuBeneHbl pe3y/ibTaThl pacueToB auas HS-
pexxuma ropenusi. HauanpHblil npoduib BbiOpaH GUHUTHBIM (9), TaKUM XKe
KaK ¥ B aBTOMOJeJIbHOM pellleHHH (8) mjst caydasi 3 = 2, HO pelleHHe yiKe
He JIOKaJausyeTcss B npocTpaHcTBe. O4eBHAHO, AJf 3TOTO CJlydast KpaeBble
YCJIOBUSI HALO CTaBUTh Ha 00: u(+o00,t) = 0.

u(z,t) w(z,t)
10
8. 151
6 104
41

5
Ombbietlr™ N 0- : . : ‘
-6 -4 -2 02 4 6 —4 -2 0 ¢ 2 4
Puc. 7. Pexum HS-ropenus. Jlu- Puc. 8. LS-pexxum ropenus. Jlu-
HHU COOTBETCTBYIOT MOMEHTaM Bpe- HHMHU COOTBETCTBYIOT MOMEHTaM BpeMe-
Menu t = 0.0, 1.2, 1.4, 1.55, 1.6, nu t = 0.0, 0.78, 0.79, 0.7907, 0.791,

1.63 0.7911

[Ipy B = 4 MOLIHOCTb HCTOYHHKA 3IHEPrOBBIAEJEHHUS NPH OOJbLIMX
TeMIepaTypax Bbllle, 4eM B pexxHMe S-ropenus. [loatomy sokanusaius
NposiB/IsieTCsl CUJbHee. Bcsi sHeprus sokanausyeTcs BO Bce cyxxarolleics
OKDECTHOCTH MaKCHMyMa TeMIepaTypbl. Tako# mpoliecc ropeHHsi Ha3blBa-
ercst LS-pexumom.

Ha pucynke 8 npuBezneHbsl npoduau temnepaTtypel B LS-pexume rope-
HHS 1718 Pas/M4YHbIX MOMEHTOB BpeMeHH. HauanbHbll npoduiab Temmepa-
Typel BblOpaH (GUHUTHBIM (9). B 3ToM ciydae JoKasusauusi MOHHUMaeTcs
B 3((}eKTHUBHOM cMbicjie. B MOMeHT o60cTpeHHs TeMmIlepaTypa HEOrpaHH-
YEeHHO BO3PACTaeT B MaJsiok (MHOTO MeHblie LIHPHHBI HAYaJbHOrO MPO(HuJIs)
OKPECTHOCTH MaKCHMyMa.

3. JIsymepHOoe mapabonuecKoe ypaBHEHHE; MPOTOJBHO-IIONEpey-
Had cxema. PaccmoTpum B 06sactu —oo < o < 00, —00 < Yy < 00 Hayalb-
HO-KpaeBYIO 3afauy /sl YpaBHEHHs MapaboJHyecKoro THIa

% = Aou—u+ fz,y,t), € (—o00,4+00), te€l0,T], 00

u(x,y,0) = fo(z,y).
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CJleflyeT Takxe 3ajaTh TpaHHuHbBle 3HadeHus u(w,y,t) mpu x° + 3> — oo.
[Tycte past onpenesneHHOCTH

lim  u(x,y,t) =0. (11)
a:2+y2—>oo
Jlast moctpoenus yucgeHHoro petneHusi 3agaud (10) ucrmonb3yem aBy-
MepHYI0 KBa3UPaBHOMEPHYIO CETKY MO TMPOCTPAHCTBEHHBIM MepeMeHHbBIM,
HanpuMep TaHTeHIIMaAbHYIO

(12)
ym:cytg(%), ~M<m<M.

Macmrabupie KO3(Q(OUIHEHTE CETKH Cz, Cy M UYHCJO Y3J0B MO KaXIOH
npocTpaHcTBeHHOH mepemeHHoH 2N + 1, 2M + 1 MoryT GbITb pasJHYHBL.

CHayaJsia JJ1sl IPOCTOTHl BEIGEPEM PABHOMEPHYIO BPEMEHHYIO CETKY ti =
= k7. Ha HyneBOM BpeMeHHOM cJlo€ 3HAUEHUS] CETOUHOH (PYHKIIMH U3BECT-
Hbl U3 HAYaJbHOTO YCJIOBHSI.

Jlns monydeHHs1 pelleHHs CETOYHOrO YpaBHEHHUS] MPUMEHUM OIHY U3
JIYYLIUX JBYMEpPHbIX 9KOHOMHYHBIX CXEM — IMPOAOJBHO-TIONEPEUHYIO CXEMY
[Peaceman, Rachford, 1955] Tounoctu 0(7'2):

1

55 (uk:+0 5 ulfLm) _ Azm[ ]k+05 + A [ ] _ UI:L;I;LO‘S + fk:+0 5
1
05 (uk‘-l-l _ uz;l-noﬁ) — Axm[ ]k+05 + A [ ]k‘;l—nl k‘-l-05 fk-I—O 5'

3,[[er HCIIOJIb30BAaHaA allpoKCHMalus ornepartopa Jlanjaca Ha KBa3WpaBHO-
MepHOI:'I CeTKe, NMpuUroaHasi B HeOFpaHH'—IeHHOﬁ obsacTu:

AQ ~ Aacac + Ayy,

0.5 Un+1m — Unm  Unm — Un—1,m
Tn+1/2 — Tn—1/2

A _ 0.5 Un,m+1 — Unm Unm — Un,m—1
yy[Wlnm = - '
Ym+1/2 — Ym—1/2 \ Ym+3/4 — Ym+1/4 Ym—1/4 — Ym-3/4 (13)
|

B [Camapckuii, 1977] nmomepeuHass cxeMa B OrpaHU4YeHHOH o06JjacT Oes-
yCJIOBHO ycroduuBa. Huke (B m. 5) Gymer mokasaHo, 4TO W B CJy-
Yyae HeOrpaHHYeHHOH O06JIACTH NpPOAOJbHO-TIONEepeyHas cxeMa Ge3yCJOBHO
YCTOHUHMBA.

Jlisi TeCTHPOBAHHSI NaHHOTO METOAA B HEOTPAHMYEHHOH 06MacTH Obla
NpPOBeleH pacyeT Ha CryLIAOMKXCs ceTKaxX. UHC/eHHOe pelleHHe 3aja-
gyu (10) past pasauunbix 3Hauenuit N = M = 8, 16, 32, 64, 128 cpasuu-
BaJloch ¢ TouHbIM. Korna HeomHOPORHOCTh B MpaBoi 4acT ypasHeHHs (10)
f= rqe_0‘5”2(A sin qp + B cos qp) u HauanmbHoe ycaosue fo(z,y) = 0, Tou-

wa[u]nm =
Tn+3/4 =~ Tntl/4 Tn—1/4 = Tn-3/4
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HOe pellleH’e 3a7ayM MoJydaeTcst MpHU MOMOIIM MHTErpajbHOrO Mpeobpaso-
BaHHUA XaHKeJs:

—32/2

u = (Asingyp + B cosqy) J 62
S
0

1 — —(82+1)t q+1 ) 14
- ( e )Jq(sr)s ds. (14)

3pech = (22 +4%)/? u ¢ = arctg(y/x) — nonsApHBIe KOOPAMHATHI Ha
MJIOCKOCTH, ¢ — HEOTPHILATEJIbHOE LIeJIoe YUCIIO.

Mu BeGuparn N = M wu 7 = N~!'. Crymas ceTku, NoJydeHHOe
YUCJIEHHOE pellleHHe CPaBHHUBAJIHU C TOYHBIM, MOACUMTAHHBIM [JIsi MOMEHTA
Bpemenu t = 0.25, B CETOYHBIX HOpPMaX ¢ H l.

lglA
—34 o
[}

N
—41 \\
] \QC\

6/ l2 \:\
7] s:
1 2 IlgN 3

Puc. 9. Y6biBaHHe MOTPEIIHOCTH YUCJIEHHOTO pelLleHHs] ABYMepHOH HauasibHO-Kpae-
BOH 3ajauu A/ ypaBHEHHS NapaboJHyecKoro THIa C POCTOM YHCJA Y3JO0B KBa3H-
PaBHOMEPHOH CeTKH MOATBepKAaeT MOPSAOK TOUHOCTH MEeTOAa O(N‘2 + M2+ TZ)

Y6biBaHMEe MOTPEILHOCTH B 00€UX HOPMAaxX C yBEJHYEHHEM YMCJA Y3JI0B
MOJTHOCTBIO COOTBETCTBYeT MOPAAKY TouHocTH Mertona O(N—2 4+ M~2 +
+ 72). TpaduK 3TOi 3aBHCHMOCTH B JBOHHOM JIOrapM()MHYECKOM MaCIITa-
O6e — mnpsiMast ¢ KO3QPHUIHEHTOM HakaoHa —2 (cM. puc. 9).

4. YcTOWYMBOCTh TPOAOJBbHO-IIONEPEeUHON cxeMmbl. Jlias noKasa-
TeNbCTBA 0€3yCNOBHOH YCTOHUHMBOCTH MPOAOJbHO-MONEPEUHON CXeMbl Ha
MPOU3BOJILHOM MPOCTPAHCTBEHHOH ceTKe MOTpedyeTcs cjaeaytolias JeMma.

Jlemma. Ilyetb b, > 0, Torna TpexauaroHasbHasi CAMMETPHUYHAs MaT-
puua D, T.4.

dnn:bn"'bn—l—ly dn—l,n:dn,n—l =—-b,, 1<n<N, (15)

TOJIOKHUTEJIbHO OIpe/esieHa.
lokaszartenbcTBO. PaccmoTpuM KBagpaTuyHyto dopmy

N N N-—1
(33, D:I?) = Z (bn + bn+l)x% - Z bpxp_1T, — Z bn+]xnxn+l-
n=2 =1

n=1
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CpuBurasi Ha | HMHIEKC CYMMHDPOBaHHSI B MOCJENHEH CyMMe U BO BTOPOM
4jleHe MepBOH CYMMEI, OJY4YHUM

N4+1
(z, Dx) anaz + Z by’ 1 — Qan:ﬁn_lazn =
N
= b[ib% + bN-l—lfL'%v + an(l’n — ZL’n_l)Q >0
n=2

npu Jo6eix x # 0. JleMma nokasaHa.

CnenctBHue. Bee coGcTBeHHbIE 3HAUEHHs MaTPUllbl DD MONOXKHUTEINb-
HBI, a ee COOCTBEHHBIE BEKTOpPa 06pa3yIOT OPTOTOHAMNbHBIH 6a3uc.

HcenenyeMm ycToH4HBOCTD NPOOJNBHO-NONEPEYHON CXeMbl HAa KBa3HpaB-
HOMEepHOH MpocTpaHCTBeHHOH ceTKe (12) mpUMeHHTEebHO K ypaBHEHHIO

W = Wey + Wyy — f(,9,1). (16)

[TorpewHocTs peliernsi 0w = & yOOBJAETBOPSIET OAHOPOLHOMY Pa3HOCT-
HOMY YPaBHEHHIO

k+1/2 ok
% = Ara[€H172] + Ayy €],
k1 pkt1/2
e = M€Y 4 Ay €5,

HMcenenyem cpoficTBa omnepaTopoB Agz U Ayy, KOTOpble anMpOKCHMHPYIOT
BTOpLIE NIPOCTPAHCTBEHHbIE Npou3BogHble. M3 (13) cnemyert, uTo neiicTBHe
3TUX OINEpPaTOPOB PABHOCHJBHO YMHOXKEHHIO CETOYHOH (DYHKUHH & Ha cJe-
LYIOLIHe MATpPHIIbL:

Ao = XAE, Ay =EBY. (17)
3nech marpuubl A, B SBJASIOTCS CUMMETPUYHBIMH TPeXAHaroHaJ bHbIMH:

1 1

An— i An n— 7. . 1
L (Tn—1/4 — Tn—3/4) . (Tnt3/4 — Tnti/4)
Ann:—An—l,n_An-I—l,n» -N+1 <n<N_ 1? (18)
1 1
Bm,m—l = Bm,m—l—l = (

(?Jm—]/4 - ym—3/4) ' Ym+3/4 — ym+]/4)’
Bypm = =Bmm-1 = Bpmt1, —M+1<m<M-1, (19)
a maTpulibl X, Y — [HaroHasbHbBIMH, T.U.
0.5 0.5
Ymm = ,

(ym+|/2 - ym—|/2) (20)
—N+1<n<N-1, —-M+1<m<M-1.

Xnn =

(l’n+1/2 - xn—l/Z)‘
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3amerum, uyto Matpuiel —A W —B wumeror Bun (15) U B cHJIY JeMMBI
SIBJISIIOTCSL TOJIOXKHUTENbHO OINpPENeJeHHBIMH, 3HAYHUT, [Jsi MPOU3BOJBHOTO
crosba p KBafpaTHIHble (HOPMBI

—pTAp>0 u —p'Bp>0. (21)

Kpome Toro, Bce co6cTBeHHBIe yucaa MaTpull —A U —B TOJN0XKUTEb-
Hel. JluaroHasnpHble MaTpuibl X U Y COmepXKAaT TOJNBKO MOJIOKHTENbHbIE
3/IeMeHThI, CJefoBaTe/IbHO, onpenenensl X /2 u Y'1/2,

C yuerom (17) mpomoJsibHO-TIONEpeYHasi CXeMa MMeeT BUI:

k+1/2 ok
§ e ¢ :XA€k+l/2+§kBY,
§k+l()—55Tk+l/2 — XAk 12 4 gy,

TTOMHOXKHMB 3TH MaTpHuHble ypaBHeHMs cieBa Ha X /2 u cnpasa
Ha Y ~!/2) npeoGpasyeM ux K c/eyiomemMy BHLY:

X2k /2y =12y =1/2gky 172
0.57 a

— XI/QAX]/QX—]/2£k+]/2y—]/2 +X—I/2£ky—l/2yl/23yl/2,
X2y 12 L 12kt /2y -1/
0.57 -
:XI/QAXI/QX_1/2§k+1/2Y_1/2—|—X_1/2§k+1Y_1/2Y1/QBY1/2,

BBoxsi oGosHauenuss martpui 0% = X—V2eky =12 p — X1/24X1/?
u Py =Y'2BY'/2 nonyuaem

9k‘+|/2 _ ek‘

_ k+1/2 k
05" P60 + Py0", (22)
oF+ —ghtz k4172 k+1
— o5 = P,0 + Pyt (23)
Matpuna —P, = —X'/2AX"/? cummerpudHa M MONONKHTENBHO OMNpe-

nenena. JleiictButensho, PJ = (X1/2AX'/2)T = x1/2T g x1/2T _
= X'/2AX"/? = P,. Jlns npou3BoIbHOrO cTOMONUA P KBaApaTHYHas (opMa

—pTPp = _pTXl/QAXl/Qp _ —(Xl/Qp)TAX‘/Qp <0

OKasa/jach  TOJOXHTEJNbHOH  (MocsiefiHee  HepaBeHCTBO  CMpaBelJHBO
B cuiry (21)). Ir1o noKasbiBaeT MOJOXKHTENbHYIO OINpele]eHHOCTh
Matpuubl —F;.

Awnanornuno —P, = —Y'/2BY"/? takke cuMMeTpuuHa U MOJOKHTeb-
HO OMpejie/ieHa.
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3HauuT, BO-NEPBLIX, BCe COOCTBEHHbIe 3HAYeHUA MaTpUl —F, u —Fy
TOJIOKUTEJIbHBI, BO-BTOPBIX, HX COOCTBEHHblE BEKTOPHl 00pasyloT OpPTOro-
HaJ/IbHBIH 6a3uc.

0O603HauuM COOCTBEHHbIE BEKTOPbl M COOCTBEHHbIE 3HAYEHHUS] MATPHIL
—P, u —P, kak

P = 0,a@ w - 50T P, = g7, (24)

OpToroHa/bHOCTh COOCTBEHHBIX BEKTOPOB (24) MOHUMAaeTCsl B CMBICJIE CKa-
JISPHOTO TPOU3BENEHHS, a UMEHHO

0y = Zag’)ag) =0
(b9 b Zb D)pl)

npu q # .
Matpuubl Buaa a(®p?) o6pasyf0T ynoOHbBIH 6a3uc, OPTOrOHANBHBIH B
cMeicsie ckansapHoro npoussenerus (U, V) = > tupmUpm AI8 CETOUHBIX

dynxiumit OF = X—1/2¢ky =172 1.4,
@07, (™) =S KON Y alWa) =0, g4 1 #p
m n

Besikas Matpuna 6% MoxeT GbITh pPeACTaBJIeHa B BUJIE ee PasjokKeHHs
Mo YKa3aHHOMY 6asucy:

ZZ Ola@p0" ek =33 gEX 20y Y2 (25)
q 1

T
PaCCMOTpI/IM ceTouHyl0 (yHKIMIO uacTHoro Buga 6F = a(@ . p()

rae a(® . p - MPOM3BOJIbHbIE COOCTBEHHBIE BEKTOPbl MaTpull — Py, —Py.
Hcnoabays (22) u (23), moayuum

ght1 1/2€k+lY /2 _ 1-0570q 1-0.5781 g _
ql 1 + 0570 1+0575 @

_ 1 -0.5704 ) 1 —0.576 —1/2pk y—1/2
" 1+ 0570y l+0.57’ﬁlX ¥

Torpa n/s MOrpelIHOCTH YHCJ/IEHHOTO peLlleHHsl CIpaBelJ/IMBa CJenylollas
dopmyaa AJs Nepexoia Ha CJeAYIOUIUMH BpeMeHHOH CJOH MO MPOROJNbHO-
NonepevyHon cxeme:

k41 _ 1 =057aq 10575 o1
S 1 +0.57a, 1+0.576 Squ (26)
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Boluncsisis HopMy lg CETOUHBIX (DYHKIHH

N-1 M—1

€1, = Z Z Enm (Tri1/2 — Tno1/2) Um+1/2 = Ym—1/2)

n=—N+lm=—M+1
B paBeHcTBe (26), moaydum

leai" I, = lpatlllEgill,

e _ 1-05ra, 1-0576
Pi = 11057, 1+0570

€CTb MHOXHTEJb POCTAa ONHOM KOMIOHEHTBHI PA3JIOXKEHHSI MOrPelIHOCTH
no co6cTBeHHOMY 6asucy MaTpul —F, —FP,. B culy nojoxuTeabHOCTH
COOCTBEHHBIX 3HaUeHHH g > 0 1 [ > O BBINOIHSAETCS HEPABEHCTBO |pgr| <
< | mpu n06OM COOTHOIIEHHH MPOCTPAHCTBEHHBIX M BPEMEHHBIX IIATOB.

T
Otciona B cuay oproroHanbHoctd Gasuca al@b)” caenyer, uto B 06-
meM cayuae Hé’“"”l2 < mz}x|pql|||£k||l2. OTKyga ciefyeT paBHOMEepHas

no N u M oueHKa A/ HOPMbI MOTPELIHOCTH Héle Ha J1I060M BpeMeHHOM
caoe [|€[],, < [[€%]],,

3ameuanue l. Ecau NpUMEHHTb MPOOJNBHO-TIONEPEUHYIO CXEMY K
peleHuio napabosuueckoro ypaHeHus Buga (10), To B goKasaTesbCTBe
6e3yC/I0BHOM YCTOMYHBOCTH HAMO JHIIb 3aMeHuTb — Py = —X/2AX /2 ya
—P,=—-X'"?AX'? — E, rne E — envuuuHas MaTpuua. ITo NpHUBELeT K
CMEIEHHIO [PAHHUIL CTIeKTPa MaTpHulibl — P, Ha 1 B CTOPOHY MOJIOXKHTEIbHBIX
3HAYeHWH U He HapywwT ycaosue |p| < 1.

3ameuanue 2. McenenoBanue ycTOHYMBOCTH NPOLOJIBbHO-TIONEPEYHON
CXeMbl B CJyuyae CUMMETPHUYHBIX ONEpPAaTOPOB MOKHO HAHTH, HampuMep, B
[Camapckuii, BabuuieBny, 2003]. OTmeTuM 0COGEHHOCTH PacCMOTPEHHOH
Bblllle 3ajaud. Bo-mepBbiX, omepaTopbl He CHUMMETPHYHBI, BO-BTOPBIX, H3
PaBHOMEPHOH OTrPAaHHYEHHOCTH 3IHEPreTH4YeCKOH HOPMBI, CBSI3aHHOH C ce-
TOUHBIM oneparopoM Jlamnaca, He cjenyeT paBHOMEpHasi OrPaHMYEHHOCTb
HOPMBI [9, T.K. B HEOTPaHWUYEHHOH OOJIACTH He BBINOJHSIETCS HEPABEHCTBO
®puppuxca. Pematomum o6CTOATENBCTBOM, N03BOJAIOIMM 10Ka3aTh 6es-
YCJIOBHYIO YCTOHYMBOCTb PACCMOTPEHHOH CXeMbl, SIBJSETCS TO, YTO Olepa-
TOPbl UMEIOT OOIIHMH COOCTBEHHBIH Ga3uc.

5. Ouenka cnekrpa. Jl/s 10Ka3aTebCTBA YCTOHUHUBOCTH MPOLOJNBHO-
TMOTNEPEUYHOl CXeMbl B HEOTPAHUYEHHOH 00JIACTH Mbl BOCIIOJIb30BAHCh TEM,
YTO BCe COOCTBEHHBI€ 3HAUEHHS MATPHILBI, aNMpPOKCHMHUPYIOLIEH BTOPYIO
MPOU3BOAHYI0 HA KBAa3HPaBHOMEPHOH ceTKe, OTpHliaTesbHbl. OIHAKO IS
MoJIy4eHHs 3HA4YeHHs ONTHUMAJBbHOIO lIara no BpeMeHH, KOoJru4YeCTBa UTepa-
1MH, HeOGXOMMMBIX [IJis1 BHIXOJA HA 3a[JaHHYI0 TOYHOCTb, H T. 1. HEOGXOIMMO
3HATb TpPaHUIbl CIEKTpa. TouHO aHaJUTHYECKH HAWTH 3TH FPaHUIlbl He
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TpeJCTaBAseTCs BOSMOXKHBIM, OIHAKO YHAeTCs MOMYdYHTh HEKOTOphIe OLeH-
KH.

Tak Kak crekTpbl omepatopoB A, = XA u X'/2AX'/? copnagaior
u marpuna X'/2AX'/? cumMeTpHuHa M TpexAMaroHaibHa, TO OLEHKY
max || yroGHee MoydaTh MMEHHO IS 5TOI MaTPMILBl, OHA UMeeT CJefy-

IOILYI0 CTPYKTYPY:

XI/ZAXI/ZZ : : ,

0 bon—9 don—g bon—i
0 0  bov—1 don-i
rue
B 05 1
N \/$n+1/2 — Tp-1/2 \/wn+3/2 — Tpy1/2 Tnt3/4 — $n+l/4’

b

0.5 1 1
dn-l—N = - + )
Tp41/2 = Tn—1/2 \ Tn43/4 — Tn1/4 Tn—1/4 — Tn-3/4
~N+1<n<N-1.
JJIsT CHMMeTpUYHOH TpeXAMarOHaJbHOM MAaTPHIBl MOXKET OBITb HaHIeH

MHTepBaJ, BHYTPH KOTOPOTO JieXKaT Bce COOCTBEHHble 3HaueHHs [[omyHOB,
2002]: o < oy < upax, THE

, min (dk — |bk~| — |bl<:+1

a = min {dl — |by bl

), dan—1 = |ban -1},

«Q =max d; + |bg|, max (dp + |bg| + [brr1]), don—1 + [bon_1]|}-
masx {di + [bo 008X (i [bel + [brr]), dov—1 + [bow i}

IIpeo6pasys siBHbIE BbIpaKeHHst 1st daeMenToB Matprisl X /2AX /2 npu-
MeHsisl pasjioxkeHHe B psj Teilopa ¢ ydyeToM uJeHOB A0 nopsika N2
BKJ/IIOUHTEJbHO, MOJydaeM

. N N N
o= min - |7+ = -
—N+1<n<N -1 Tn \Tnt1/2  Tp-1/2
_ N B N .
3311+1/2\/37%37%+| 3311+1/2\/375137;z—1
2 " " 2
e Ly ) 9 () VL g
~N+I<n<N—1 [/ ()] N*a'(nn) 4 \ Na'(nm)

MaKCI/IMYM B BbIpA2KE€HHHU (27) NOCTHUTraeTCd TaMm, rjae mar CeTKH MHHHU-
maJseH. B CJlydyae HCIIOJb30BaAHUA TaHTeHLHAJNbHOH CEeTKH (2) MakKCHUMyM
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peanusyerca mpu n = 0, T.K. MMHHMaJbHBIH IIAT CETKH COOTBETCTBYET
Touke nepernba Qyukuuu z(n); nosromy x’(ny) = x”(0) = 0. Ipu 3TOoM
B Cjlyyae CTyIIeHHsi ceTKH K Touke z = O mpeoGpasosanue x(7) CTPOro
MOHOTOHHO M BHIIYKJO BHU3 Tpu 2 > 0, U BBIMYKJO BBEPX MpH T <
< 0 (2"(0) > 0). B aToM Ba)XHOM 4YaCTHOM CJiy4ae BepHA CJEAyIolas
OLIEHKA HAa HHUXKHIOKW TPAHMILY CIIEKTPa OMepaTopa BTOPOH MPOM3BOMHON Ha
KBa3UPaBHOMEPHOH CeTKe B HEOrPAHHUYEHHOH 00JacTH:

4N?

/ 2°
[2'(0)]
WNHupopmanusa o rpaHUIax CEKTPa MATPHUILIbI, allMPOKCHMHUPYIOIIEH BTOPYIO
MPOU3BONHYI0 HAa CETKe, B psiie CJAydYaeB MOMOTaeT ONTHMAJIbHO BHIOMPATh

napaMeTpbl Pa3HOCTHOH CXeMbl M, CJe[JOBaTeJNbHO, CTPOUTb GoJee 3(dek-
TUBHBIE W YCTOHYHBbIE METOIbl PACUETOB.

0>a;>a>— (28)

§ 2. dnMnTUYeCcKNe ypaBHEHUS

1. Cuert Ha ycTaHOBJeHue. [Ipy YHCJIEHHOM pelleHHH KpaeBbIX 3a1ad
IJIs SJJIMITUYECKUX YPaBHEHHH HCIOJb3YIOTCS pasyuyHble MeTonbl. OnuH
U3 HHX — CYeT Ha YCTaHOBJIEHHE; NPH 3TOM HILETCS pelleHHe 3BOJIOLH-
OHHOH 3ajauu [l MapabosH4yecKoro ypaBHeHHs C TeM ke AuddepeHLH-
aJbHBIM OINepaTopoM IO MPOCTPAHCTBEHHBIM IMEpEMEeHHBIM 10 BbIXOAA Ha
CTallMOHAPHBIH peXuM. Tak, Hapsiny ¢ ypaBHeHHeM

Aou—u—P=0 (29)
MOXHO PAcCMaTpUBaTh BOJIOIHUOHHYIO 3a4auy /sl ypaBHeHHs
ow
i Dow —w — P. (30)

[Tpu t — oo pelieHde 3BosolIMOHHOrO ypaBHeHust (30) cTpemuTCs K
pellleHHI0 cTallHoHapHOH 3amauu (29) w — wu.

2. OntumanasHbIi mar. Ecau napabosuyeckoe ypaBHEHHE HCIIOJb3Y-
eTcs JJISi pelleHUs 3JJIMNTHUECKOTO YPABHEHHS CUETOM HAa yCTaHOBJEHHE,
TO LIAT BBIOUPAIOT M3 YCJIOBHSI BBIXOAA HA CTALMOHAPHOE pelleHHe 33 Hau-
MeHblllee YHUCJI0 1Waros. /st paBHOMEPHOH CeTKH B OrpaHHUYeHHOH 00/acTH
M3BECTEH aJrOPUTM BbIOOPA ONTHMAJIBHOIO IIara MPOAOJbHO-NONEePeYHOH
cxeMbl. [TocTpouM Takoi ajaroput™ AJsi HEOrpaHUYEHHOH 00/1aCTH B Caydae
KBa3UPABHOMEPHOH CETKH.

JLaisi BEIGOpa ONMTUMAJIBHOTO 1IAra B MPOAOJbHO-TIONEPEUHOH CXeMe HYX-
HO 3HATb I'PAHHMIBI CMIEKTPa CHMMETPHUHBIX MaTpull —P; u —P,. CornacHo
(26), kaxpaast KOMIIOHEHTa CETOYHOrO pelieHust B BhIOpaHHOM Gasuce (25)
3aTyXaeT Mo 3aKOHY

é.k_H _ 1-057aq 1- 0.57‘ﬁ1€k
a T 140570, 1405750
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Halinem onTHMasbHBIH 1IAar 10 BpPeMEHW H3 YCJOBHS HAUCKOPEHILIEro
3aTyXaHUs Ha4aJbHBbIX JAHHbBIX

. 1 —0.57a,
min max
7 gl |1+0.57a4

|1 -0.578
14+ 0.576;

CHavasia BeiGepeM HaHMeHee cab0 3aTYyXaU[YI0 KOMIIOHEHTY, MOTOM BbI-
fepeM LIar Mo BPeMEHH, COOTBETCTBYIOUIMH MaKCHMAJbHOMY 3aTyXaHHIO
3TOH KOMINOHeHThl. Bce co6cTBeHHble 3HAaYeHHs MaTpull —F U —FP, noso-
xuTesabHbl. IlycTb nsBecTHbl rpanuibl cnektpa 0 < o < ag < aupax ¥ 0 <
< ﬂ < ﬂl < ﬂmaw

JHpo6e (1 —0.57ay)/(1 +0.57cy) npu g > 0 MOHOTOHHO yObBIBaeT
B npenesnax ot 1 no —1. IloaTomy cBOero MakCHMMaJbHOrO MO MOAYJIO
3Ha4YeHHs 3Ta APOOb JOCTHUTAET Ha TPAHUIAX:

max 1 -057ay| 1 —-0.57a 6o max 1 —0.57ay| _ 0.5Tamax — 1
q |14+057ay| 1+4+057a q |14+057a,| 1+0.5Tmax
Amnajornuto
1-0576| 1-0.5706 1 -0.5761|  0.57fmax — |
max | s 3| T 15058 "M0° M1 0508 | T T+ 0670

Takum o6pasom, MenseHHee APYTHX 3aTyXaloT KOMIIOHEHTbl, COOTBET-
CTBYIOLIHE I'PAHHLAM CIIEKTPa, IIPHYeM C POCTOM T MOAYJb MHOXKHTEJNS PO-
CTa KOMIIOHEHTbI, COOTBETCTBYIOLIEH HHXKHEH rpaHHle CIIeKTPa, YMeHbla-
eTcs, a BepxHeH — Hao60poT, yBesaHuHBaeTcsd. Boibepem 7y TakuM, 4TOOHI
MHOXHTEJH POCTa 3THX KCTPEMAasbHbIX KOMIIOHEHT OblIH OLMHAKOBBIMH:

1 —0.57« 1= 0.578 _ 0.57p0tmax — 1 _ 0.570max — 1
1+057a 140578 14+0.570amax | + 0.570Bmax |

(31)

dror war u OyoeT OnMmuUMAAbHbIM, T.K. MIPH HHOM liare Mo BpeMeHH
3aTyXaHHWe OIHOM M3 IPAHUUYHBIX KOMIOHEHT OyneT GoJsiee MenJeHHbIM. K3
cooTHoureHus (31) MOXHO SIBHO BBIPa3UTh Ty:

o (amax + ,Bmax) - (a + 5)
0= 2\/amaxﬁmax(0€ + B) - aﬂ(amax + /Bmax) ' (32)

HcenenyeM CKOpPOCTb BbIXOZA HAa CTAallHOHAPHOE peLIeHHe B CuUeTe Ha
YCTaHOBJIEHHE C ONTHMAaJIbHbBIM [Iarom. Hal'lOMHI/IM, 4TO B CJiy4dae orpa-
HUYEeHHOH 06/1aCTH CUeT Ha YCTAHOBJIEHHE C OMTHMaJbHBIM IIaroM Tpedy-
et K ~ N waros. Ham npuxogusoch peiiath ABa THMa napaboauyecKux
ypaBHeHui: ypaBHeHue (10), KOTOpoe COAEpPKHT AMCCHUIIATHBHOE CJara-
eMoe —u, W aHaJOTHYHOEe ypaBHeHHe 0Oe3 AuCCHMATHBHOrO djeHa (16).
CKOpOoCTH BBIXONA Ha CTallMOHApHOe peIlleHHe MJsi 3THX [BYX CJydYaeB
pasnuyHbl. [Ipy pelieHuu 3agaud Ha BCEH MJIOCKOCTH B OTCYTCTBHE CHJIb-
HOM aHU3OTPOMHH UMEeT CMBIC/ BHIOHPATh OMHHAKOBYIO KBA3HPABHOMEDPHYIO
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CeTKy 10 x ¥ 10 y. Torna rpaHullbl CeKTpa B yPaBHEHHWH C OUCCHUIIATHBHBIM
cjaraeMbM OyayT

a=F+1 " omax = Bmax + 1, (33)
a Oes JHUCCHUIIATUBHOI'O 4JIeHa
o= ﬁ H  Qmax = ﬁmax‘ (34)
ILTIH 9TUX ABYX CJYy4ae€B ONTHUMAJbHbBIE 1IAr¥ PABHbI

To = 2\/ 2Brnax - QB
(Bmax + 1) Bmax (268 + 1) = (B + 1) B(20max + 1)

ﬂmax - B
—g [ Paw—B
0N BB — B

a MaKCUMaJIbHbI€ MO MOAYJIIO MHO2KHUTEJIU POCTA COCTABJAIOT

2
_1-05m(B+1) 1-05m8 _[1-05m83
p(7o) = 1405608 +1) 110508 p“b)_'<1+05mﬁ> (36)

COOTBETCTBEHHO. 371€Chb [max H [ — HAWUOOJbIIMH U HAWMEHbIIHH IO
MOJLYJII0 COOCTBEHHbIE 3HaueHust MaTpuubl — P, = —X /2AX1/2 (18), (20).
AT cOOCTBEHHble 3HAYEHHUS] Mbl BBIUHCJSIM MPH MOMOIIM CTaHIAPTHBIX
npouenyp FORTRAN. Oxkasasock, uto ¢ poctom N — 4Yucja y3J0B T0
KaXX[I0i MPOCTPAHCTBEHHOH NEPEMEHHOH — ¢ XOpOILUeH TOYHOCTBIO [max ~
~ N?u 3~ N2 AcMMNTOTHKA A5 GOJIBLIEr0 MO MOAYJIO COGCTBEHHOTO
3HAuUeHHs] CJefyeT Takxke M3 olleHKH (28). Hamomuuwm, uto B ciyuae
OTPaHMYEHHOH 06/1aCTH TPAHHIBI CHeKTPa Fmax ~ N2 u 3 ~ 1. CornacHo
(35) u (36), B HeoTrpaHHUYEHHOH 00/aCTH

o~N"1" u p(rg)~1-N"!

(35)

ISl ypaBHEHHs] C JUCCHIIATHBHBIM YJIEHOM, H
~N"2 u p(r)~1—-N2

6€e3 OMCCHUNATHBHOrO YJjeHa.

Ecnu npu cyere Ha ycTaHoBseHHe Tpefyemasi TOUHOCTb € K 1, TO
HeoOXOAMMOe JIsl JOCTHKEHHUsT 3TOH TOYHOCTH YHCJIO IIAroB M0 BpeMeHH K
MOXHO OLEHHTb M3 cooTHomenus pX(7y) = . Takum obpasom, cueT Ha
YCTAHOBJIEHHE B HEOTPaHUYEHHOH O6JACTH C ONTHMajbHbIM waroM (32)
TpebyeT C/EYIOLIEro YUCa [AroB M0 BPeMeHH: MPH HAJHYHK TUCCHUIIATHB-

HOro cJjaraemMoro Ine

K~—25_ N,
In p(70)

a 6e3 MUCCHUMATHBHOTO CJIaraeMoro

K ~ N2.
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JLoist cpaBHeHHS TIPOBOAMJICS CUET HA YCTAHOBJIEHHE CTAllHOHAPHOTO pe-
LIeHHs ¢ pas/WYHBIMH LIaraMu 1o BpeMeHH. [IpH pacuerax ¢ onTHMasbHBIM
waroM (32) 4ucio 1waros, HeoGX0AMMOe AJis1 NOCTHKeHHUs1 TpebyeMol Tou-
HOCTH, OBLJIO B IeCATKY pa3 MeHbLIe, YeM MIPH CJAY4aiHOM, XOTsS U Pa3yMHOM
Ha nepBbld B3rssn BbiOope mmara. Ha pucyHnke 10 mokasaHo 4ucJo LIAroB

IgK
3.6
3.2
2.81
2.4
2.0
1.6

51 Gl 3

Puc. 10. Uncso maros no BpeMeHd K Tpy cueTe HA YCTAHOBJIEHHE B 3aBUCHMOCTH

oT BeJM4MHEI wara 7. Munnmym K = 64 gocturaeTcs rpu ONTHMAaJbHOM LIare 7y ~

~ 0.3957. T'opusoHTa/ bHAs LITPUXOBAs JHHHS TOKa3biBaeT uucao waros K = 56
B CUeTe Ha YCTaHOBJIEHHE C 4eObIlIeBCKUM HAa00OpOM LIaroB

no BpeMeHH K, HeoOXomuMoe MJIsi BBIXOAAa Ha CTal[MOHApPHOE pelleHHe C
TouHocTbio € = 10713 B 3aBMcHMOCTH OT Im1ara no Bpemenu 7. Pacuer npu-
BelleH [/ YPaBHEHHUs ¢ TUCCHIATHBHBIM CJlaraeMblM Ha KBa3HPaBHOMEPHOH
ceTKe, MOKpbIBaolell BCIo MI0cKocThb (12) U MMelolell paBHOE YHCJIO Y3J10B
no obeuM mnepemenHbiM (N = M = 32). B nBoiiHom norapupmudeckom
Maciutabe BUIHO, YTO NMPH OTKJOHEHMH BEJHMYMHBI LIara 1o BPEMEHH OT
ONTHMAJIbHOTO YHCJIO LIArOB B CYeTe Ha YCTAHOBJEHHE KaTaCcTPO(HUUECKH
HapacTaeT (B JaHHOM caydae corsiacHo (35) 7y ~ 0.3957).

M3BecTHO, UTO MpH pacuerax ¢ 4eObILIEBCKUM HAaOOpPOM IIArOB, MOXKHO
CHM3HTb YHCJIO IIAroB B CueTe Ha ycTaHOBJAeHHe 10 ~ /N . 10T Habop
IIATOB MO BPEMEHH BHIOUPAIOT U3 YCJIOBHS HAUOOJBILETO 3aTyXaHHUs Ha4aJlb-
HBIX JaHHBIX 338 (PUKCHpOBaHHOe 4Hcio maroB K. ONTUManbHBIM SIBJISETCS
cJenyolnit Habop waros [cM., Hanpumep, Camapekuii, 1977]:

w(2k — 1) -
2K ’

L2 Vi~ VA
K&~ maphs #- m—i+\/—

3nech € — Tpebyemasi TOYHOCTb pacyeTa, a |, Yo CBSI3aHbl C ONTHMAaJbHbIM
IarOM COOTHOLIEHHSIMH

e =2 [(v2 + )+ (v2 —71) cos
(37)

2N

plro) = Yo+
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YuutbiBast (35) u (36), a TakXkKe aCHMITOTHYECKOE [OBEIEHHE TPAHHUIL
CMeKTpa, MOJYYUM MJist pacyeTa ¢ 4eObllIeBCKHUM Ha0OpOM IL1aroB

K%;lng— !
I3

2
In(1/p) _h(me—ﬁm»—mmmmg

I[J'IH YpaBHEHUA C ONUCCHUIIATHBHBIM CJaraeMbiM H 6e3 Hero COOTBETCTBEHHO

—\/N lng 7 Kwﬁlng.
2 € 2 €

KN

B orpanudyeHHoH o6sacTv U 6€3 QUCCHMATHBHOIO CJIaraeMoro cyeT Ha
YCTaHOBJIeHHe ¢ 4eGbIeBCKHUM HabopoM maros Tpedyet K ~ /N . CHuxke-
HHe CKOPOCTH c4eTa Ha YCTAHOBJIEHHE B HEOPAHUYEHHOH 00J1acTH CBA3aHO
C TeM, YTO B HEOrPaHHUEHHOH 06/1aCTH HHXKHSAA TPaHHUIa criekTpa 3 ~ N2,
TOrJla KaK B OrpaHH4eHHOH objactu [ ~ 1.

Ha pucynke 10 ropusoHTta/ibHas JHHHUS yKasbiBaeT uucao K = 56 B
CUeTe Ha YCTaHOBJIEHHe C 4eObllIeBCKUM HAa0OPOM IIaroB, HEOOXOAUMOE 115
JocTHKeHHs TouHocTH € = 10~ !% B TecToBOM 3amaue. JI9 MaHHOrO uMcsIa
Y3JI0B MPOCTPAHCTBEHHOH CETKH 4eOBIIIEBCKHH HAOOp LIArOB HAeT COBCEM
He3HAUMTeNbHbIH BHIUTPLILL. Bosiee Toro, B c/iydae pacyeToB MO MPOLOJLHO-
TMONepeyHol CcXeMe ¢ MepeMEeHHbIM BpPeMeHHBIM ILIAroM MPOrOHOYHbIE KO-
3 GHULUHEHTH PUXOIUTCS MEepecYUThIBATb HAa KaXKJIOM HOBOM BpEMEHHOM
CJI0€, W BHIMTPBILIA B CKOPOCTH PabOThl NPOrpaMMbl AJisl HEGOJBILOTO YHCaa
y3JI0B IIpocTpaHcTBeHHOH ceTkH N < 60 mpakTuueckd HeT. KoHeuHo, njs
KBa3MPaBHOMEPHBIX CETOK C OOJIbLIMM YHCJIOM Y3JI0B BBIFOJHEE HCIIOJb30-
BaTb 4eObllIeBCKUE Habop maros. Ecau xe pelnaetcs 3anada tuna (16), roe
HeT AHMCCHNATHBHOIO CJaraeMoro, o0eclneduBalollero ObICTPOe 3aTyXaHHe
HavaJIbHbIX TAHHBIX, TO CYET HA YCTAHOBJIEHHE MPAKTHUECKH HEBO3MOXKEH
6e3 ueObilIeBCKOro Habopa ILIAroB.

B [Camapckuii, 1977] npuBeneH ajropuTM BbIGOpa MEepPEeMEHHOTro Miara
no 2KopaaHy, MO3BOJISIONIME CHU3UTh YMCJO LIArOB B CUeTe HA YCTAHOB-
genue 10 K ~ InN. OngHako Ha Tex KBa3WpaBHOMepHbIX ceTkax (N <
< 512), KoTOpble MBI HCIOJMb30BAJIH B pacyeTax, TOT aJCOPUTM [aeT Hecy-
IECTBEHHbIH BBIMIPBILI 10 CPABHEHHIO ¢ 4eObllIeBCKMM HAa0OpOM IIAroBs, HO
TMIPUBOAHT K CYLECTBEHHOMY YCJIOXKHEHHIO NPOrpaMMBbl.

§ 3. T'unep6oanyeckue ypaBHeHUS

1. OnHomepHoe BoJiHOBOe ypaBHeHue. HesiBHasi cxema ¢ Becamm.
PaccMoTpum onHOMepHOe ypaBHEHHE KOJieOAaHWH C HaYaJlbHBIMH NAHHBIMH:

oy Hu
— = — + ,t s
o oa® fa.1) (38)

u(x,0) = fi(z), w(z,0) = fo(z);

JJ151 TIONHOH TOCTAHOBKH 3aJjaud TpeOyeTcsl TaKxkKe JBa 'PAHUYHBIX YCJIOBHUS,
HampuMep 3HaueHust u(r,t) HA MPaBO M JIEBOH IpaHHIAX OTpe3Ka 10 .
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JLis uucyeHHOTO pacueTa ypaBHeHHs (38) 4acTo HCHOMNB3YIOT Ge3yCJOBHO
yCTOMUMBLIE HesBHBIE CXeMbl C BecaMu, HMeiompe TouHocTh O(72 + h?)
(cm. [Camapckuii, 1977]). DT cXeMbl UITYTCS HA HEPABHOMEPHBIX CETKAX,
HO HCCJIEOBAHBI JIUIIb B CJAy4ae OrpaHHYEHHOH 06/1acTH.

HMccnenyem Bompoc o TOM, KAKHMH CBOHCTBaAMH OyayT o0/afaTh TakHe
CXeMbl Ha KBA3UPABHOMEPHBIX CETKaX.

CocTaBUM CXeMy C BeCaMH MPH MPOCTPAHCTBEHHBIX MPOM3BOAHBIX Ha
pa3HBIX BPEMEHHbIX CJIOSIX:

1,k k k—
P(un-l—l _2un + Uy, l) =

= 0 Ago[u)FH (1 = 20) Ao [ulf + oA [uli=" + £5, (39)

l1<n<N-1;

k41 k+1 o o
3HAYE€HHs U H Upn 6epyTCH U3 T'PAHUYHDBIX YCJIOBHUH. 3pech ans BTOpPOH

NPOCTPAaHCTBEHHON MPOU3BOLHON HCIMOMB30BaHO oO03HavYeHUe (13).

3HaueHus u! Ha NMepBoM BPEMEHHOM CJIoe HAXONATCH C MCIOJb30Ba-
HHEeM HayaJlbHbIX YCJOBHE; Ha OCTa/NbHBIX CJIOSIX pasHocTHas cxema (39)
006pasyeT OTHOCHTEJbHO u’f[‘" CUCTEMY YpaBHEHHMH ¢ TpeXaHaroHa/JbHOH
MaTpHULEH, pelleHHe KOTOPOH HAaXOAUTCS MeTOJOM MNPOrOHKH.

HccnenyeM yCcTOHYHBOCTb HESIBHOM CXeMbl ¢ BeCaMH Ha KBa3HPaBHO-
MepHOH ceTke.

[TorpewHocTb peleHust du = £ OyAeT YAOBJETBOPSITH OLHOPOLHOMY
Pa3HOCTHOMY ypPaBHEHHIO

1 -
S(ET -2 67 =

= UAM[&]ZH + (1= QU)AMK]Z + UAM[&]Z_I- (40)

3ameTum, uTO HeHcTBHe omnepatopa Ay, PABHOCHIBHO YMHOXKEHHIO CETOY-
HOHM (YHKLHMH £ HA CJIefyIOIHe MATPHILLBI:

Aacac§ = XA&»
rae Matpuua A €CTb CUMMETPHUYHAas TpexXAHuaroHaJibHasl, T. 4.
1 1
An—],n = An+l,n =

—) —)
Tn—1/4 — Tn-3/4 Tn43/4 — Tpt1/4

Ann = _An—l,n - An—l—l,n’
a MaTpula X — JUuaroHaJibHas

0.5
Xpp = ——F——.
Tn41/2 = Tp—1/2
CgoiicTBa onepaTtopa A usyuasauch B §3 n.m. 3-4. B gactHocTH, GbLIO
nokasaso, 4yto omepatop P, = X'/2AX'? umeer cobeTBeHHBIl 6asuc H
BCe COOCTBEHHbIe 3HAYEHHsl €ro CTPOr0 MeHbllle HYJIs.
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ITycts al?d — cobeTBenHbIH BekTop P,, Torma an(‘I) = aqa(‘I), JIOMHO-
XKUM 3TO BhpakeHue Ha X '/%:

g X120 D = X12P,q@ = X12(X'2AX/%)a(D = XAX/2a(9.

Taxum obpasom, (@ = X'/24(0) ecth coGerTBenHbIl BeKTOp Omneparo-
pa Ay; = XA, a 370 03HavaeT, YTO ClpaBelJIMBa CJeAylollasi JeMMa.

Jemma 1. Onepatop A,, uMeeT coGeTBennbiil 6asuc {¢(?} u Bee ero
COOCTBEHHBIE 3HAUEHHSs OTPHUIATEJNbHBI.
MBI MOXeM pPasfioKHTh MOrpelHocTh EF Ha Kak[oM BpeMeHHOM cJioe

no Gasucy {¢(@}, 1.u.
=) k. (41)
q

TMoncrasasis B (40) u npupaBHuBas Kosdduuments npu (9, noayuaem

k—1

1 _
—2( it 20’; —I—c’; ) =oay, ck+l + (1 - 20)aqc’,§ +oage

HJH

— C

A 2+ (1 —20)a,r” ok ke
q 2 q q :

1 —oaqT

Xoporo ussecTHo (cM., Hanpumep, [Bytysos u ap., 2001]), uto k-i useH
PEKYPPEHTHO 3aaHHOH TaKHUM OOpPA30M MOCJEN0BATENbHOCTH MPEACTABHM
B BUIIE

cy— bcg cy— acg (42)

3mech @ M b — KOPHM KBaipaTHOrO ypaBHeHus 2° —pz+ 1 =0, p =
=124 (1 -20)a,7?]/(1 — oayT?).

JLnst mokasaTesbCTBA YCTOHUMBOCTH CXeMBl NOCTAaTOYHO MOKAa3aTb, YTO
Ka)<as M3 KOMIIOHEHT B pasJiokeHuH (41) He HapacTaeT ¢ poctoM K.
CarenoBaresibHo, B (42) Heobxomumo motpeboBaTh, uTobbl |a| < 1 u [b] <
< 1. Ho ab =1 1 3TO BO3MOXHO TOJNBKO TPH KOMIJIEKCHO COTIPSIXKEH-
HBIX KOPHSIX; TpH 3TOM |a| = |b| =1, re. mpu |p| <2 mmm -2 <

<24 (1 —20)agm?/(1 — 0ay7?) < 2. TlpaBoe HEPaBEHCTBO BbIMOJIHAETCS
aBTOMaTHuecKH, a Jesoe cBomutes K —4 < (1 —4o)a, 7% Ecan o > 1/4,
TO CIIPaBa CTOMT HEOTpHUIlaTe/JbHOE YHMCJIO U HEPaBEeHCTBO BhINOJHeHO. Ec-
an o < 1/4, HeoOXoHUMO MOTPeGOBaTh, YTOOHI

1

2
<
m(?,x|aq|7' S1i—s

Takum ob6pasom, crpaBefsuBa CJeNyIOLlash TeopeMa.
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Teopema 1. Eciiu 0 > 1/4, 10 cxema (40) GesycsioBHO yCTOHYHBA,
ecau o < 1/4, To cxema yCJIOBHO yCTOHYHBA MPH

1
< .
\/(1/4 — o) m3x|aq|

3ameuanue. TpynHonpoBepsieMoe yciaoBHe s caydas o < 1/4 B
TeopeMe | MoxeT ObITb 3aMeHEHO Ha O6oJjiee MPOCTOE: CXeMa YCJIOBHO

yCTOHUMBA NIpH .

V(/4=o)lal’

rie o ompeneneHo dopmynoi (28). Ecnu nmopoxparoliee npeobpasoBaHue
x(n) cTPOro MOHOTOHHO M BBIMYKJO BHH3 npu & > 0 U BHINYKJO BBEPX
npu x < 0, To cXeMa yCJIOBHO yCTOHYHBA IPH

2TN 1

dm)<\au4—af

I'nadkue u 0606uennovle mecmossie peuleHuss. Mbl IPOTECTHPOBAIH
HeSIBHYIO CXeMy ¢ BecaMH JJis 3anadd (38) Ha Tpex THNAxX peLleHHi:
1) rmankve HavyaJbHbElE NaHHblE

file)=e ", fox)=0, flz,t)=0;

2) HerJiaJK1e HauaJibHble JaHHbIE

T <

@ ={ 5 S pw 0 s -0

3) MozeJHMpOBaHHE BJMSHHUS TOUYEUHOIO MCTOYHHKA MTHOBEHHOrO Aei-
cTBUs ((hDyHIaMeHTaJbHOE peLleHHe), T.e.

flz, t) =6(x)d(t — ).

Tecmoesvie pacuemor. B cxemy ¢ BecaMu BXOAMT NapameTp o. Bbliu
MpPOBeJeHbl YHCJEHHbIE pPacueTbl C PasJHYHBIMH 3HAYEHUSMH O, YTOObI
OTPEeNEe/IUTh BJHSHHUE ITOTO MapaMeTpa Ha OTKJIOHEHHe A CEeTOUHOro pelle-
HUs OT TOYHOTO B PA3JIHUHBIX HOpMax. Pe3ysbTaThl pacueToB B HOpMax ¢
u lo mpexncraBieHbl Ha pucyHkax 11 u 12. Okaszanoch, YTO 3TO BJHSIHHE
3aBHCHUT TaK»Ke OT COOTHOLIEHMS IIAaroB MO BPEMEHH H MO MPOCTPAHCTBY.
Ha kBasupaBHOMepHOU ceTKe B KauecTBe aHajora uncjaa KypaHTa s MOXHO
B35Tb OTHOLLUEHHE Liara rno BpeMeHH K MHHHMaJbHOMY LIAry Mo MpocTpaH-
CTBY.

ITH pacyeThl NMO3BOJSAIOT CHENAThb CJAEAYIOUIHEe BbIBOABI: OLIMOKA B HOp-
Me ¢ ¥ B HOpMe [y c1ab0 3aBHUCUT OT 0 (3TOT 2Ke BHIBOA CJAEIYyeT U3 aHa/n3a
HEBSI3KH), MpPH MaJjleHbKHX uucaax KypaHTa owmmnGka MOHOTOHHO pacTeT
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1Al
\__/LO
— 05 0 T 05
1073,
01 1094
: 0.1
0 10 204,30 40 0 10 20 4530 40
Puc. 11. OTK/IOHEHHe CETOYHOrO pe- Puc. 12, OTKJ/IOHeHHe CeTOYHOro
IIEHHs] OT TOYHOTO B HOpME ¢, B 3a- pelleHHsl OT TOYHOTO B HOpMe [y, B
BHCHMOCTH OT IMapaMeTpa ¢ TP pas- 3aBHCHMOCTH OT TapameTpa o MpH
JIMUHBIX uncaax KypaHra. 3Hauenus s pasiu4HbIX 4Hcaax Kypanra. 3Ha-
yKa3aHbl OKOJIO KPHBBIX UeHHs e YKa3aHbl OKOJIO KPHBbIX

C POCTOM O, MPH GOMBIINX MOXKET HMEeTb MHHHMYM MPH HEKOTOPOM O #
# 0. To-Buaumomy, HanGosee yno6Hoe 3HaueHue o = 1/2, T.k. cxema (40)
UMeeT HanboJiee POCTOH BHI.

3adaua akycmuxu u cxema Po3enbpoka. YpaBHeHHe BTOPOTO MOPsiIKa
B 3a7a4e 00 OJHOMEPHBIX KOJeGaHHSIX

Ut = Ugg + f(.%',t),
u(x,0) = fi(x), w(x,0)= fo(x), u(foo,t)=0,

MOXHO 3aMEeHHTb 9KBHBAJIEHTHOH €My NapoH ypaBHEHHH MepBOro Mopsiaka,
BBeJSl TOTEHIMAJ/bl CKOPOCTEH U MPaBOH YaCTH:

v@wzp&w&,F@w=ﬁ@ﬁ@
0 0

PesynbTupytoliasi cucteMa ypaBHEHHH MepBOro MopsiiKa NPUHUMAET CJIeNy-
IOLIHUH BUJ:
Up = Vg, V= Uy + F(x,t),

Mm®=ﬁM»v@®=Jb®%,u&wﬁ=0
0

Bynewm pewatb ee ogHocTanuiiHbiM MeTonoM PoseHOpoka.

BBeneM KBasMpaBHOMEPHYIO CETKY, MOKPHIBAIOI[YI0 BCHO OECKOHEUHYIO
NpsMy0; OTHECEM 3HauyeHHsi cMelleHust u(Tp,t) = U, K UEJbIM Yy3JaMm
CEeTKH, a 3HauYeHHs TOTEHIHANa CKOPOCTH U(ZTy41/2,t) = Upyi/o M MPaBOH
vactH F(2,41/0,t) = Fpq1/2 — X nonyuensim ysnam. Torma mpoctpas-
CTBEeHHasi alMpPOKCHMAllUsi Ha KBa3UPaBHOMEPHOH CETKe CHCTEeMbl aKyCTH-
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YeCKUX YPaBHEHUH TPUBOAUT K CJAEAYIONIEH cHCTeMe OOBIKHOBEHHBIX (-
(hepeHIMATBHBIX YPABHEHUH:
dun  Unt1/2 — Un—1/2
— =,

-N+1<n<N-1,

dt Tpp1/2 = Tno1/2

dvpy1/2 Unt1 — U
/7 =05— " 4 F , - N<n<N-1.
dt Ty 43/4 — Tnt1/4 n+l/2 S

BBenem HOBBIH BeKTOp HeH3BECTHHIX W pasmepHocTtd 4N — I, cocras-
JIEHHBIH M3 JBYX MCKOMBIX CETOYHBIX (QYHKUMH {tn} ¥ {Unq1/2}:

Wop = Up, —N+1<n<N-—1,

Won+1 = Un41/2> -N<n<N-1.
s Hero mosy4uM cuUcTeMy OObIKHOBEHHBIX NU(QepeHIIHaNbHbIX ypaBHe-
HUH dw
— =G(w,x,t),
= ( )

IJI51 pelleHHs] KOTOPOH HCIOJb3yeM OfHOCTanuiHylo cxemy Posen6pokxa
[Rosenbrock, 1953]: R
W = w + TRek,

(E—atGu)k =G.
3nece E — enuHuyHas marpuua, G,, — Matpuua fko6u, B KOTOpO# B
IaHHOM CJIy4yae OTJIMYHbI OT HYJISI TOJbKO BEpPXHSsSl U HUXKHSIS KOJHATOHAJH:
1
Tnt1/2 — wn—l/Z,
0.5
Tn43/4 — Tn+1/4 '

(43)

[Gw]Qn,2n+] = _[Gw]Qn,Qn—l =
(44)
Gulont12nt2 = —[Guwlont1.2n =

Kak ckaszano B § 1, mpu o = 0.5 sta cxema obsnagaer L1-ycToiumBo-
cThio, a mpu « = 0.5 4+ 30.5 — L2-ycTOHYHBOCTBIO; B 0OOUX CJydasix OHa
UMeeT BTOPOH MOPSLOK TOUHOCTH 110 BPEMEHH.

3ameTtuM, 4TO B MeTofe Po3eHOpOKa MPUXOOUTCS peLlaTbh CHCTEMY
JIMHEHHBIX ypaBHEHWH, MaTpyla KOTOPOH B NAHHOM CJy4yae He MeHseTCs
TNpH Tepexofe co cJosi Ha cioil. [loaTomy obpalaTh MaTpHIly NPHUXOLUTCS
BCEro OIMH pas, 4TO CYLIECTBEHHO CHHXKaeT BpeMsi pacuera. [locKosbKy
KOMIIJIeKcHasi cxema PoseHOpoka MHoro HamexHee (cM. § 1), mpencraBiieH-
Hble Jajiee WIJIOCTPATHBHBIE PAacyeThl BEJHCH MO Hell.

Jng uamocTpalMy  BO3MOXKHOCTEH MeTOfa MpHUBENEM pacuyeT BOJI-
HOBOHW KapTHHbI, MOPOXKIEHHOH IaagkuM umnyabcoM u(z,0) = e
M MMIYJbCOM, HMEIOIIHM pas3pbiB  mepBoi npoussogHoi u(x,0) =
= (1—1|z|){0(x+1)—0(x— 1)}, tne 6(x) — o¢yukuua Xesucaiina.
Yucsom KypaHTta B ciiyyae KBa3MpaBHOMEPHOH CETKH Ha30BEM OTHOLLUEHHE
miara no BpeMeHH K MHHMMaJbHOMY H3 IIAroB MO MPOCTPAHCTBY & =
= 7N/c. Bce pesynbraThl mnpuBeneHsl agsi ducaa Kypanra @ = 1.
Pesynbrathl npencrasieHbl Ha pucyHke 13 (a, 6). BugHo, uto nmmysbe



156 I'n. VI, Kaaccuueckue ypasHenus 8 HeoepaHuierHot obiacmu

u(z,t) u(z,t)
1.0+ 1.0
0.8+ 0.8+
0.6+ 0.6

0.4+ 0.4+
0.2+ 0.21

0.0 0.0
-10 -5 0 , 5 10

; s -0 -5 0 5 10

Puc. 13. PacnpocrpaHenue riankoro (a) v Hernankoro (6) UMOysabca B CHCTEMeE

ypaBHeHH# akycTHKH. Pacuer mo cxeme Po3eHOpOKa ¢ KOMIJIEKCHBIMH KO3((hHIIH-

eHTamu. LlentpanbHeiii umnynbe cootBeTcTBYeT ¢ = 0.0. OH pacnapaercst Ha ABa

OIVHAKOBBIX MMITyJbca, GErylHX B pa3Hble CTOPOHBI. [IpHBeIeHHble KPHUBBIE COOT-

BETCTBYIOT MOMeHTaM Bpemenu ¢t = 0.0, 2.5, 5.0, 7.5, 10.0. Kpy»Ku — 4HCJeHHBIH
pacuet, JIUHHUSI — TOYHOE peLIeHHe

pacrpocTpaHsieTcsi, TOUHO COXPaHsst CBOIO (POPMY Jaxe MpPH 3HAUMTEJHbHOM
yHaJleHHH OT HCTOYHHKA KOJIeOaHHH, YTO SIBJISETCS BaXKHBIM JOCTOHHCTBOM
NpeNJIO’KeHHOH CXeMBbl.

[Ipy pacueTax OpyrHMH CXeMaMH HapylleHHe (OpMbl HMITYJbCa BHU3Y-
aJbHO 3aMEeTHO, KOTZla UMITYJbC CMeIaeTcsl OT HCTOUHHMKA KoJeOaHHiH Ha
paccTosiHHe MOPSIAKA ero HayasbHOH LIHPHUHBL.

KosnuecTBEHHO 3TO CBOHCTBO COXpaHeHHs (OPMbl MOXKHO MPOHJIIIO-
CTPUPOBATb rPaUKOM 3aBUCHMOCTH MOTPELIHOCTH YHCJIEHHOTO pelleHHs OT
BPEMEHH B ABYX CETOYHBIX HOpMax ¢ u ly (puc. 14 u puc. 15). Ilorperu-

N
0.08+

0.06
0.04+

0.021 ¢

0.00 == 0.8 10 12 14 16 1.8 2.0 2.2

0 2 4 6 8t1’01'21’41'6
Puc. 14. TlorpewHocTs ragkoro pe-
LeHHs B pas3nuuHblx HopMmax. Cy-
IeCTBEHHOE HApacTaHHe MOrPeLIHo-
CTH YHCJIEHHOTO pelleHHs Hab/Iofaer-

Cd, KOrga UMIYJbC CMellaeTcCsd B 00-
JIaCThb, Tle CeTKa AO0CTATOYHO peakas

IgN

Puc. 15. TlorpemHocts ragKkoro pe-
1IeHUs (@) U HeryiagkKoro (o) B pasHbIX
HopMax. TecThl Ha CrYUIAIOLIUXCS CeT-
Kax TMOATBEPXKIAIOT BTOPOH MOPSIOK
TOUHOCTH METOfa Ha TJIAJKHUX pelle-
Husx. Ha HersiankoMm pelueHHH MeTO.
UMeeT MepBbIH MOPSA0K TOUHOCTH
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HOCTb HAUMHAeT CyUIECTBEHHO HApACTaTh, KOTA UMITYJbC CMEIAeTCsl B Ty
06J1acTh, Te Y3Jbl KBa3UPABHOMEPHOH CETKH PACIOJIOXKEHBbl JaJeKo APYT
ot apyra. Ecnu tpebyercsi cuutath 10 GOJBLIMX BpeMeH, TO HEOOXOAHUMO
pasyMHO BbIOpaTh MaclITaOHBIH KO3(pDHUUHEHT K OOoJbllee HYHUCIO Y3J/O0B
CeTKH.

Pe3ysnbTaThl TECTOB Ha CrYLIAIOUIMXCSA CETKAX MOATBEPXKIAIOT MOPSIOK
tounoctu cxembl O(72 + N~72) Ha rnankux pemenusx. Ha pucynke 15
npuBeneH rpaduk yObIBaHHS MOTPELIHOCTH YHUCJEHHOTO PElleHHs C POCTOM
YHCJIA Y3JI0B CETKH AJisl IVIAAKOTO W HerJagkoro peuieHusi. Ha Hersagkom
pellleHHH MeTOl MMeeT MepBbIHl MOpsiIoK TOYHOCTH. CpaBHEHHe MPOBOAH-
Jocb B MOMeHT BpemeHH t = 1.0.

Hccnedosanue ycmoiiuugocmu. [TorpelHOCTb YHCJIEHHOTO PelleHHs B
cxeme Pozen6poka GyneT yLOBJIETBOPSTh ONHOPOAHOMY yYPaBHEHHIO

(E—arGu)k =GpE, a=(1+1)/2,
§A= &+ TRek,

KOTOpO€ MOXKHO Iepernucarb B BelleCTBEHHOH (bOpMe:
7'2 2 -
E -Gy + 3Gy | E=E. (45)

Jlemma 2. Co6eTBeHHbBIe 3HaUeHHA Ag MaTpulbl Gy, — YHCTO MHHMBIE,
3a uckjodeHneM A = 0 (A, = ipg, jg € Real), u coorsercTBylomui 310N
MaTpHlle OrnepaTop B JHHEHHOM TMPOCTPAHCTBE HAaM MOJieM KOMIIJIEKCHBIX
yHces UMeeT cOOCTBEeHHBIH Oasuc.

JlokaszaTeabcTBO. ¥Y106HO, ucmogab3ysi (44), npenctaButb Gy, B
Bune G, = XK, rue X — 3To IUMaroHajbHasi MaTPUILA C MOJIOXKHTENbHBIMU
qyucJaaMU Ha auaroHand, K — KOCOCMMMETpDHUHAasi MaTpHlla, y KOTOPOH
Ha BepxHeH KoauaroHasd CTOSAT 4ucaa —1, a Ha HHXKHeH — uyucaa 1.
Marpuna S = X'/2K X'/? xococummeTpuuHas 1 uMeeT coGCTBEeHHbIH Ga-
3UC, BCE ee COOCTBEHHbIe 3HAUYEeHMS YMCTO MHHMBbIE 338 HCKJIOYeHHeM \ =
= 0 (oueBugHo, iS — spmuroBa). Ilycth (@ — COGCTBEHHBIH BeKTOp
Martpuusl S, T.e.

S¢ (@) — g(q

JIOMHOKHM 5TO paBeHCTBO cjeBa Ha X !/2:
X12x1V2Ex\2cl) = /\qXI/Qc(q)

HJIHU

GuX'/2¢ = /\le/QC(q)

rorna X'/2¢(9) ectp coberBeHHBIll BekTOp Gy C TEM XKe Ag. Tak kak
matpuiia X '/? HeBbpoxeHa, TO {XI/QC(‘? } ectb COﬁCTBEHHbII/I 6asuc Gy,
YTO U Tpeb6OoBaJOCh 10KA3aTh.
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JlanbHeHne Uccaef0BaHHs yOOOHO MPOBECTH B JWHEHHOM MPOCTPaH-
CTBe HaJ MOJIeM KOMILIEKCHBIX yuces. JII060H BEeKTOp ¢ AEHCTBHUTEJNbHBIMU
KOOPAMHATAMH MOXKHO HWHTEPIPETHPOBATh KAK 3JEMEHT 3TOr0 JIHHEHHOTO
npoctpaHctBa. [lostomy, pasnaras & B ¢dopmyse (45) no coGCTBEHHOMY

6azucy Gy,
5 = Z :“'qC(q)
q

He0OXOIUMO [10Ka3aTh, YTO Kax/Aas U3 KOMIIOHEHT He HapacTaeT IpH Iepe-
XOJle Ha CJeNYIOUIHH BpeMeHHOH ¢Joi. D10 U OyeT 03HaYaTb YCTOHYHBOCTh
cxeMbl. MHOXHTE/b pOCTa AJIST ¢-H KOMIOHEHTbl U ero MOAYJb PaBHbI

1
1 —itpg — 0.57'2;1(1’

~1/2
|pq|:< +T4“q> <1

Takum o6pasom, crpaBensuBa TeopeMa.

Pq =

Teopema 2. Cxema PoszeHbpoka ¢ KOMMJIEKCHBIM KO3 (hHUIIHEH-
oM o = (1 4 4)/2 pas ypaBHEHHH aKYCTHKH Ge3yCJOBHO YCTOHYHMBA.

2. JIsymMepHOe BOJHOBOE ypaBHEHHeE. 3allHlleM JBYMEpPHYIO 3a1auy
IJ1s1 ypaBHEHUs KoJieOaHUH ¢ HAauyaJbHBIMH JAHHBIMH:

Fu_ O
ot 02t oy

u(z,y,0) = fi(z,y), ue(z,y,0) = folz,y);

B KayecTBe I'PAHMYHOrO YCJOBHsS MOXKHO 3aiath, Hanpumep, u(z,y,t) Ha
rpaHHIe NPOCTPAHCTBEHHOH 00/1aCTH.

BBeneM ABYMepHYIO KBa3HPaBHOMEPHYIO CETKY MO OOeHM IMpOCTpaH-
CTBEHHBIM NepeMeHHbIM (12) M paccMOTPUM aHAJIOr OLHOMEPHOH CXeMbl C
BeCaMH:

+f(2,y.t),

1
_2( Ic+l 2nm+u l)_

= (Moo + Ay {ofulit! + (1= 20)[uln, + o[ulin} + Fins

TIPY 3TOM IIPEAIOoJIaraeTcs, YTo BCe LIArd 10 BPeMeHH T OJHHAKOBBI.
DTy cXeMy MOXKHO NepenucaTb B CJeAYIOLEeM BHJE:

B —T J(Am + Ayy)][u]k+l 2E +T (1 —20)(Agz + Ayy)]u ]
- [E - TQO(A:M + Ayy)][u]ﬁ;ll + T2f7lfm‘

3nech Ha BEpXHEM BpPeMEHHOM CJIoe BCTpedyaeTcs TPYyAHO oOpaTHMBIH oOrle-
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patop
B=F —71%0(Ayy + Ayy);

€ro MOXKHO MPHUOMHKEHHO 3aMeHHTh (haKTOPH30BaHHBIM onepatopoM C':
C=(E—71%0M0)(E—720A40) =
=E —720(Agz + Ayy) + 7' 0% Apu Ay, = B+ O(T).

Mockonbky C — B = O(7*), samena B na C He HapymaeT anmmpoKCHMa-
1 O(7?). ®aKTOPH30BaHHBIH OMEpaTop JErko paspeliaeTcs nocjeaoBa-
TeJIbHBIMH OIHOMEPHbIMU MPoroHKaMu. Oco6eHHO yIo6eH OH [Jis MPOorpaM-
MupoBanusi B ciaydae o = 0.5.

3amMeuaHHue. cDélKTOpI/ISOBE:lHHble CXeMbl NIPUMEHHUMbI [JIs JI000Tr0 YHC-
Jla IPOCTPAHCTBEHHBIX NEPEMEHHbIX.

Has onpenenenuss 3h(eKTUBHOrO MOPSAKAa TOYHOCTH MOCTPOEHHOIO
YHCJEHHOTO METO/la B HEOTPAHHUEHHON 00/acTH OblJIM MPOBEEHbl TECThI HA
crymamwoiuxest cetkax. C HUCMONb30BaHUEM HMHTErpajbHOro MpeodpasoBa-
Hus XaHkess MOXHO mocTpouth (cMm. [Bymak u ap., 1980, c. 567]) TouHoe
pellieHue ABYMEPHOTO ypaBHEHHs KoJeOaHHE B HeOrpaHHUEHHOH 06JacTH
[JIsl YaCTHOTO CJydasi pajguabHON CHMMETPHH:

f(z,y,t) =0, 1

fi(z,y) = m, folz,y) =0,

u(@,y,t) — 0, wu(z,y,t)=Re ! ,
Fhyieo Vit a2 g2

Pesy/ibTaThl CPAaBHEHHS YMCJEHHOTO PELIEHHs MJis Pas3JUYHOTO 4YHMCJaa
Y3JI0B CETKH IPHUBEJEHbl Ha PUCYH-
ke 16. Kaxkmblii HOBbIH pacuer co- lg|Al.

OTBETCTBYET y/BOEHMIO YMCJ]A y3J0B gl \

M0 KaX/10H NPOCTPAHCTBEHHOM mepe- \.

MEHHOHU H yMeHbLLIeHI/IIO BABOE Ila- —4

ra mo BpeMeHH. TaHreHC HaKJOHA \\

npsIMOH B JABOHHOM Jorapugpmuye- — —b-

CKOM Maclitabe paBeH —2, UTO TOM- \\
TBepAKAaeT TouHoCTb Metona O(t2 4+ —61 . ,
+ N2+ M72). 1 2  |gN 3

B kauecTBe uaOCTpalLMi BO3-
MOKHOCTEH MpPeiIOKEeHHOr0 YUCJ/eH-
HOrO MeTOfa IMpHBeNeM pe3yJbTaThl
pacueToB AJsl IBYMEPHOTO ypaBHEHHs KoJeOaHHH ¢ KyOUYeCKOH HeJMHeMH-
HOCTBIO B HEOr'DAaHHYEHHOH 06JaCTH:

Puc. 16. TecTsl Ha cryuiammuxes ceT-
Kax A/5 (aKTOPU30BAHHON CXeMbl

Utt = Ugg + Uyy + ’LL3,
u(z,y,0) = sin(x) sin(y)e > V.
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Puc. 17. UucneHHoe peleHre ypaBHeHUH KoseGaHUH ¢ KyOHUECKOH HeJMHEHHOCTbIO
B HEOTPAHHWUEHHOH 00J1acTH

Pewenus nns momentoB Bpemenu t = 0.0, 1.0, 2.0, 3.0 mpuBeneHsl Ha
pucyHke 17.

§4. YpaBHeHUe HeJMHEHHOro rnepeHoca

PaccmoTpum 3agmauy Ha BCell YUCJIOBOH MPSIMOH [Jisi KBa3HJIMHEHHOTO
YpaBHEHHsl, B KOTOPOH, KaK M3BECTHO, Ha)e MpPH I[VIAAKHX HadasbHBIX
JAHHBIX MOTYT BO3HHKATb Pa3pbIBbl pelleHHs:

up + uuy, =0, € (—o00, +00),
u(z,0) = fi(x).

HpennonaraeTCH, 4qTo u(:v,t) COXpaHAET 3HAK, a TPAaHUYHOE YCJIOBUE CTa-

(46)
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BUTCS MIPH © — —00 st u > 0, npu & — 400 1 u < 0. Jlanee npenrmo-
Jaraem u > 0.

J1J1s1 YHCJIEHHOTO PelleH st TOH 3a4aukl CPABHUM [BE CXEMBI: KOMILIEKC-
Hylo cxemy Posen6poka u cxemy Oeryiiero cueta. Iljisi omnpeneseHHOCTH
Gynem pewath 3agady B caydae fi(z) = 0.5 — arctg(x)/n. Takue Hauasib-
Hble HEBO3paCTalollHe NaHHbIE, KAK H3BECTHO, MPUBOASAT K Pa3PbIBHOMY
PpeLlIeHHIO.

Cxema Posenbpoka. Beenem KBasHpaBHOMEPHYIO CETKY, MOKPBIBAKO-
IyI0 TPSIMYI0 H alnpoOKCHMHUPYeM MEePBYI0 MPOCTPAHCTBEHHYIO MPOM3BOM-
HYIO CO BTOPBIM INOPSIAKOM TOYHOCTH:

dun, _ u%z—l - u?l
dt A(Tp_1/4 — Tn_3/4)

, —N+1<n<N.

Takass HecummeTpuuHasi opMa 3amnucu oOecleudBaeT JHIIb TEPBBIH II0-
panok anmpokcumanun O(N~!), a ucnonbsoBaHue APOGHBIX Y3/I0B fesaeT
(hopMyJy TIPUTOHOM [Jisi HeorpaHUueHHOH 06/acTh (nogpobuee cM. ri. I11).

Jlns peleHHsi mosyueHHOH CUCTeMBbl OOBIKHOBEHHBIX NU((hepeHIHanb-
HbIX YpaBHEHHU TMPHMEHHUM KOMIIEKCHYl0 cxeMmy Posen6poka (43). Mar-
pulla cUcTeMbl ajredpaduecKUX ypaBHEHWH, BO3HMKawlias B cxeme Po-
3eHOpOKa, B JAHHOM cJlydyae JAByXJHaroHajbHas, U ee obpaleHHe TpedyeT
Bcero ~ N apudmMeTHUeCKHX AeHCTBUH.

Cxema 6eeyujeeo cuema. [locTpouM KOHCEPBATHBHYIO HESBHYIO CXEMY
17151 3afgauu (46) (310 omHOCTafMiHAs BellleCcTBeHHass cxema Po3eHOpoka, ¢
napameTpoM o = 1.0, obaanatoiiasi L1-ycToitunBocTbio):

an_un_ ai—l_ai —N—|—1<n<N
- ’ X .
T 4(Tn—1/a — Trn_3/a) =

Ona (opmasibHO HesiBHAsl, HO HEH3BECTHOE 3HAYEHHE U, SIBHO BbIPaXkKaeTcs
Yyepes3 3HaUeHHeE B MPEAbIAYILIEM Y3Je U3 pelleHHs KBaJpaTHOIO YPaBHEHHUS:

1/2
k+1

4 4
uﬁ“ = (Un—l)2 + ;(%—1/4 - xn—3/4)uﬁ + ;(%—1/4 - xn—3/4)2 -

2
= —(@n1ja = Tng), —N+1<n<N;

M3 JBYX KOpPHEH KBajJPaTHOTO ypaBHEHHs 3[eCb BHIOPAH MOJOXKHTEJBHBIH.
Tem cambiM, HCIOJB3Ys MPaBoe TPaHHYHOE YCJIOBHE, MOXKHO OJHO 3a IpY-
TUM BBIYMCJIUTD Uy 110 ABHBIM (hOpMYJIaM.

JL/1si IPUBENEHHOrO BbILE TVIAAKOTO MOHOTOHHO yObIBAIOUIEr0 HAYaJib-
HOro MpoduJis pelieHre MOCTENEeHHO 3BOJIOIHOHUPYET B paspbiBHOe. [lpu
9TOM aMILIMTYa Pa3pblBa MOCTENEHHO BO3PACTAET, aCUMIITOTHYECKH CTpe-
Msicb K 1. CKOpOCTb [BHMXKEHHsI pa3pbiBa TaKXKe MMOCTENEHHO BO3PACTaer,
crpemsick K 0.5. DTo wusnulIHE CJI0KHBIA TecT. Bocrnosbayemcs: Gosee

6 H.H. Kanutkun u np.
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u(z,1)
t=0 ¢t=100 t=2(3)(2 t=300

0.9-

0.6+

%
!
¢

0,3+ & \

0.0 woooo—oﬁ—\)— o0—o

0 50 100 ,150 200

Puc. 18. PeaynbraThl pacueTtoB naJis

VPaBHEHHS] HeJHHEHHOro InepeHoca

Mo KOMILJIEKCHOH cxeme PoseHOpoka

(ToukH) U cxeme Oeryiero cyera
(Kpy»KH)

MPOCTBIM

x>0,

TECTOM Ha MOJYNPSIMOH:
u(0,t) =1, fi(x)=0;

[0 nmpu x> 0.5t
u(@,t) = { 1 nmpu 2 <0.5¢t

Takoe peleHue ecTh CKAuOK eIu-
HUYHOH aMILIMTYMIbl, PACIIPOCTPAHSIO-
uuiics BmpaBo co ckopocThio  0.5.

JIns cpaBHEHHs 3THX CXeM [pHu-
BeIeM pe3y/bTaThl PAacueToB [Jsi pas-
JIMUHBIX MOMEHTOB BpeMmeHu (puc. 18).
ToyHoe pellleHHe, COOTBETCTBYIOLIEE
JIAaHHOH MOCTaHOBKe 3a/1a4H, Pa3pbIBHO.
PaspoiB nBuxercsi co ckopoctbio 0.5

BrpaBo. OGe cXeMbl XOPOLIO MEPesa0T
Ka4eCTBEHHOE IMOBEeACHHE pelIeHUsA U YOOBJIETBOPUTEJIbHO OINKUCBIBAIOT CKO-
pOCTb IBHXKEHHUsI pa3pbiBa. [Ipy Masibix BpeMeHax pe3yJsibTaThl, MOJyYeHHbIe
no o6eduM cxemaM, MPaKTHYECKH HePas3JMUYMMbl; CYIIECTBEHHOE pas/iudde
TMOSIBJISIETCS MIPH JOBOJIHO OOJIBLIMX BpeMeHax (pas3pblB yCHeBaeT MPOHTH
paccrosiive B 200 pa3 GouJiblliee ero BHICOTHI).

Kesa3upasnomeprasa cemka no épemenu. O6e ONUCAaHHBIE CXEMBI J10-
MyCKAlOT HUCMOJb30BAHHE NEPEMEHHOrO L1ara He TOJBKO 10 NPOCTPAHCTBY,
HO W TO BpeMeHH. BrifepeM KBa3WpaBHOMEPHYIO CETKY [0 BpPeMeHH Tak,
4TOOB Ha (DPPOHTE pas3pblBa OTHOLIEHHE BPEMEHHOI'O W MPOCTPAaHCTBEHHOrO
IIaroB ObIIO MOCTOSIHHBIM M paBHbIM 1. COOTBETCTBYIOIIHE pe3yJbTaTbl
npuBefeHbl Ha pucyHkax 19 u 20.

Kak BumHo u3 pucyHkoB 19 u 20, cxema PoseHOpoka pa3masbiBaeT
pa3pbiB BCETO HA ONMH-IBA MHTEpBaJa CEeTKH, TOTAA KaK Y CXeMbl Oerylero
cyeta 3TO cocTaBisieT 4-5 y3noB. UMcJ/eHHBle pelleHHs] NMPHUBEIEHBl IS

u(z,t) u(z,t)
1-0)“—|—.—r~—- ”ﬁv'ﬂ'*"ﬂt\.
os{ % ¢t 4 1 L% o8l % 4T 1YY
06 1 | \ o6y 14 11| 1 1
0.41 °\. l 04 | l\ | ] '\ ‘\ '\
02{ ¢ 0.2] R EEER
0.0] et \ s 0.0- N ) I
0 20 40 z 60 0 20 40 g 60

Puc. 19. Pacuerbl mo BpeMeHH KOM-

nnekcHoH cxemod PoseHbpoka s

ypaBHEHHS HeJIMHEHHOro nepeHoca c
KBa3HpPaBHOMepHOH CeTKOH

Puc. 20. PacueTbl mo BpeMeHH cXxe-

MOH Oerylero cyeta A/ ypaBHEHUS

HeJIMHEHHOro MepeHoca C KBa3Wpas-
HOMEpHOH CeTKOH



§ 4. ¥pasnenue neaunelinoeo neperoca 163

momenToB Bpemenu ¢ = 0.0, 20.54, 40.76, 60.07, 80.00, 99.86, 121.79. Ho
cxema Posen6poka HEMOHOTOHHAS, U MPH HEYIAUHOM BBIOOpE IIara Mo Bpe-
MeHH (OTHOLIEHHe LIATOB MO BPeMeHH U NPOCTPaHCTBY Ha (DPOHTE pasphiBa
CYLIeCTBEHHO OoJiblile MM MeHblle 1) MOXKeT HapyllaTbcsi MOHOTOHHOCTE.
[IpaBna, y cxembl Geryliiero cueta maatoil 3a HeCKOJBKO Jydlllee KayecTBO
TNIOBEJIeHHsI pelleHHus sIBJAseTCsl XyAllasi TOYHOCTb (Hampumep, B 2-3 pasa
GoJiblilee pa3MasblBaHre (PPOHTA).

[1py Mcrob30BaHUM KBAa3HPABHOMEPHOH BpPeMEHHOH CEeTKH Liar Mo Bpe-
MEeHH CHJIbHO HapacTaeT, M TeM HH MeHee, Ja)ke NPH pacyeTe Pa3pbiBHBIX
pelleHHi o6e cXeMbl JAIOT afleKBAaTHBIE Pe3y/bTaT MPaKTHYEeCKH BIJIOTH A0
TOT'O MOMEHTa, KOT/la Pa3pblB AOCTHraeT KpaiHero npaBoro (GeCKOHEeUHOro)
UHTepBaja ceTkd. OTHOLIEHHe IIara MO BpPeMeHH K MHHHMaJbHOMY H3
1aroB MPOCTPAHCTBEHHOH ceTKU npu 3ToM pocturaet 10000; HecMmoTpsi Ha
3TO, 00l1ast TOUHOCTh PACUYETOB OCTAETCS XOpOLIeH.

6*



[Fnmasa VII

HEKJACCUYECKHE YPABHEHUA
COBOJIEBCKOI'O THIIA

B rsnaBe nocTpoeH yCTOHUYMBBIH UHCNEHHBIH METOJ pelleHHs HayajbHO-
KpaeBbIX 3a1a4 JJisl yPaBHEHHH BbICOKOTO MOPsSAKA COO0JEBCKOrO THIA, BO3-
HUKAIOIKX MPH MOAEJHPOBAHHH BOJHOBBIX MPOLECCOB B Cpenax ¢ aHM30-
TPOMHOH nucnepcued. Mertox NMpUMeHeH K PasjHuHBIM COOONEBCKUM ypaB-
HeHHsIM KaK B OOHOMEPHOM, TaK H B AByMepHOM cjayd4asix. Mcrnosb3oBanue
KBa3HPAaBHOMEPHBIX CETOK IO3BOJIMJIO DEIlaTh 33fa4l B HEOTPAHHUYEHHBIX
obsactax. [IpoBeeHbl TeCThl Ha CTYLIAIOLUIMXCA CETKAX C HCIOJb30BAHHEM
CrelHa/ bHO MOCTPOEHHBIX aBTOPAMH TOYHBIX pelLleHHH.

§ 1. MaremaTtuueckue MojeJu, MPUBOASILME
K C000JIeBCKUM ypaBHEHUSM

MHorue 3ana4u reopU3nKH, OKEAHOJOTHH, (PU3UKH aTMOC(hephl, (DU3HKH
MarHHTOYNOPSIAIOYEHHBIX CTPYKTYpP, CBSI3aHHbIE C PACHPOCTPAHEHHEM BOJIH
B Cpelax ¢ CHJIbHOU AMcCHepcHel, MPUBOAAT K JHUHEHHbIM AU depeHHalb-
HbIM YPaBHEHHSIM B YaCTHbIX [IPOM3BOJHbIX, HEPA3pEIIEHHBIM OTHOCHTENbHO
CTaplied MPOHW3BOIHOH MO BPEMEHHU:

p—1
AgDYu+Y " Ay yDiu=f,
q=0
rae Ao, Ay, ..., A, — nuHeliHble nHdOhepeHIHaNbHbIE OMepaTophbl MO Mpo-

CTPAHCTBEHHBIM MepeMeHHbIM. TakHe ypaBHEHHs] 4acTO HAa3blBAIOT ypaB-
HEHUSIMH COGOJIEBCKOTO THMA, T.K. UMeHHO ¢ paboTel [CoGoses, 1954]
Ha4yaJsioCh UX CHCTEMAaTHUYECKOe HU3yueHHe.

HccnenoBanre 3TUX ypaBHEHHWH BeNeTCSl B HECKOJbKHUX HalpaBJ/IEHHUSIX:
JIOKa3aTeJIbCTBO PA3pPEliMMOCTH HAuyaJbHO-KPAeBbIX 3alad B Pa3JIHUHBIX
MOCTAHOBKAX, MOCTPOEHHE ACUMIITOTHKH pelleHHH, CIeKTpaJsbHble 3a[aqH,
YHCJIeHHBIE pacueThl U T.JA. [IpuBeneM HEKOTOpbIe MPUMEpHI.

1) YpaBHenue CobGoseBa, OMUCHIBaIOlee MaJble KojeGaHHs Bpallaro-
HIeHCS XKHUJIKOCTH:

2 2 2
rﬂeA328_+a 9

P 8_a:§ 8_:1:§ — TpexMepHbIH onepaTop Jlannaca.
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2) YpaBHeHHe 5 o

MOSIBUJIOCH MPH H3YUEHHWH HEKOTOPBIX THIIOB BOJIH B TOHKHX CJIOSIX KHIKO-
CTH Ha MOBEPXHOCTH Bpallatliierocs raodyca. B okeanosoruu 3T mpotec-
Cbl Ha3bIBalOT BoJiIHaMK Poccou.

3) OcHOBHOe ypaBHeHHEe THHAMHKH HAeaJbHOH HecXKHMaeMo# CTpaTH-
(pI/ILLI/IpOBaHHOfI KHUIKOCTH UMEEeT BU[

2
[Agu — U] + Wi Agu + o {% - ﬂgu} =0,

ot o I3
> 9

snech Ag = — + —
2} Ox3

4) ypaBHEHI/Ie HMOHHO-3BYKOBbIX BOJIH B He3aMarHW4YeHHOH MJasMe:

2(A3U—U)+A3U—O
ot
Llenblil psin HOBBIX YPaBHEHHH, OMUCHIBAIOIIMX BOJHOBBIE MPOLECCH B
pa3MUHBIX Cpelax C CHJbHOM AWcHepcHel, moaydeH B pabore [Kopmycos
u 1p., 1999]. Hixke mpuBefeHbl HEKOTOPbIE M3 HHX.
5) YpaBHeHHe XOJIOIHOH MJIa3Mbl BO BHELIHEM MArHUTHOM MOJE:

9 [ & o
Py <§ +w§> (8_ +w No®d(x,t) +

o* ) ) R
+ =+ +w +wy | == = divFy.
(57 ) (57 +h) (3 +oh ) 3 = o

6) YpaBHeHHe CIIUHOBBIX BOJIH B (heppHUTax THNA “JierKasi MJI0CKOCTh

2 2 2 2 2 2
6—2 +w gu + 82 —I—wQ gu + 82 +w Ou =0.
ot Bm] ot Bmg ot 3333

Bompoc o cyliiecTBOBaHMH KJAaCCHYECKHX pellleHHH COOTBETCTBYIOMIMX
HavyaJbHO-KPaeBbIX 33/1a4 AJs COO0JIEBCKUX YpaBHEHWH peliaeTcsi 0ObIYHO
C TIOMOIIbIO PA3BUTOrO B MOCJEAHHE AECATHJETHS METOJa AMHAMHUYECKHX
noteHuuanos [[a6os, Ceemnukos, 1990]. Bonpoc o enHHCTBEHHOCTH MO-
JIyUEHHBIX peLIeHHH HccenyeTcsi OOBIYHO C MOMOIIbIO IHEPreTHUECKOro
Metona. OnHAKO TOUHBIE SIBHble DELIEHUs [/ TaKUX 3ajad yaaeTcs Mo-
JIYYUTb TOJNBKO B HeOOJbLIOM KJjacce KaHOHHYecKuX obOsacteil. Kpome
TOrO, Psii YPaBHEHHE [omycKaeT 000OIlIeHHS, B KOTOPBIX MPHUCYTCTBYIOT
U HeJMHeHHble YJIeHbl; 3TO €CTeCTBEHHO OrpaHHYMBAET MPHMeHEHHe HHTe-
TpasibHBIX MPeo0pa3oBaHUU [Jis TOJNYYEeHHUs] SBHbIX pelleHHd. BosHuKaer
HeoOXOOUMOCTb pa3paboTKU 3(P(PeKTUBHBIX YHCJEHHBIX METOLOB pelleHHs
TaKUX 3ajay.
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§ 2. MeTtoa KBa3upaBHOMEPHBIX CETOK B OJHOMEPHOM
ciayyae

1. YpaBHeHHe MOHHO-3BYKOBBIX BOJH. [lsis anpo6anyuu HOBOTO MOJA-
XOla K peIleHHI0 YPaBHEHHH COCTABHOTO THIA MBI BbIOpaH ypaBHEHHE,
OMHCHIBAIOIlee HOHHO-3BYKOBbIE BOJIHBI B HE3aMarHUYeHHOH IJa3Me:

pe

—(Au —u) + Au = 0. (1)

ot
Jlaist aTOro ypaBHEHUSs OKa3aHbl TEOPEMBI O CYLIECTBOBAHUH U €HHCTBEH-
HOCTH pelleHHUs] Haya/bHO-KpaeBOHM 3aJaud [1Ji IIHPOKOro KJjacca obna-
creil. Kpome Toro, usBecTHBI TOuHble pelleHHsi ypaBHeHHs (1), KoTopble
MOXXHO HCIIOJIb30BaTh AJIl TECTHPOBAHUS YUCJEHHBIX METOIOB.

Haunem omucaHue 4YHCIEHHOrO MeTONA pelleHHs Ha4aabHO-KpPaeBbIX
3ajau 1/ ypaBHeHHH co00/eBCKOro THIa ¢ CaMOro NMPOCTOr0 OLHOMEPHOro
cayyas.

3anpaua I. PaccmoTpum onHomepHoe ypaBHeHue (1), KoTopoe siBAsieT-
sl OTHOMEpPHbIM YpaBHEHHEM HOHHO-3BYKOBbIX BOJH. OHO TaK»Ke BO3HHKAeT
B OIHOMEPHOM CJlyyae H3 OCHOBHOTO YpPaBHEHHS] NHHAMHMKH HJeasbHOH
HeCKUMAaeMOH CTPaTHU(PHUIIMPOBAHHON KHUAKOCTH U, KPOME TOTO, BCTpPeYaerT-
Csl B HEKOTOPBHIX MOJEJISIX, OMHCBHIBAIOUIMX BOJIHOBBIE MPOLECCH B AJHHHBIX
JIMHUSIX. DyieM peliath 3aauy Ha NMoJynpsiMoi, Ha JIeBOH rpaHulle KOTOPOH
3anaH kpaeBod pexuMm f(t). OTcyTCTBHE HCTOYHHKOB Ha GECKOHEYHOCTH
03HAUYaEeT BHIMIOJHEHHE YCJIOBUS wllgloo u(x,t) = 0. JONOJHSIOT MOCTAHOBKY

3ajlauyl HadajibHble YCJIOBHUsl il QYHKUMM u(2,t) U ee MPOU3BOLHOH MO
BpEMEHHU:

(Ugy — W)yt + Uz =0, x€[0,00), te€[0,T]
u(0,t) = f(t), wu(+o0,t) =0, wu(z,0)= fo(x), wu(z,0)=fi(x).
(2)
Jannoe nuddepeHHaNbHOE YpAaBHEHHE YETBEPTOTO MOPSiAKa HEOOBIYHO
TeM, 4TO NpPU CTapliedl MPOW3BOAHOHU MO BpPEMEHU CTOUT HEOTPAHWYEHHBIH
nuddepeHIMaIbHBIE ONepaTop M0 NPOCTPAHCTBEHHOH MepeMeHHOH.

Tounoe pemwenue. Peuenne 3agaun (2) MOXKHO MOJYYHTb MpPH
nomoiuu npeobpasoBanus Jlannaca. [losoXuM assg MPOCTOTH HadasbHbIE
ycaoBusi HyseBbiMu fo(x) = fi(x) = 0. Torna o6pas Jlanmaca U(x,p) uc-
KOMOH (pyHKUHH u(x,t) SBJSETCS peLIeHHeM 3a[auM:

pQ(Umc - U) + wa = 0,
U(0,p) = F(p), U(co,p) =0.

OTcrofa J1erko HaxoLuM

U(z,p) = F(p)exp (—%)
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Takum obpasoM, TouHOe pelleHde 3agaud (2) 3amuchiBaeTcsl B BHJE
uHTerpana MessnHa:

o+ioco
1
u(w,t) = 5 J F(p) exp (—%) ePldp. (3)

YucnaeHnHoe pemeHue. [lonyyeHHoe TouHoe pelueHue (3) 3amauu
(2) BeImHCcaHO B KBagpaTypax. AHaJMTHYECKH BBIYHCJAUTH HHTerpas (3)
He TMpPeACTaBJseTCs] BO3MOXKHBIM Jaxe MAJIsT CaMbIX NPOCTBIX KPaeBbIX pe-
x)uMoB f(t). 3amaua uncjeHHOTO o6palleHust npeoGpasoBanus Jlamsaca
TNIPeACTABJsIET OTAEJbHYIO XOPOLIO H3ydeHHYIo npobaeMy. [Iporpammer mis
obparieHusi npeobpasoBaHus Jlamjmaca BXoOnsAT, HampuMmep, B OHOJHOTEKY
IMSL craugaptabix nporpamu siabika FORTRAN (cwm., Hanpumep, [Bapre-
HbeB, 2001]). HagexHo 3T mporpaMMbl paGoTaioT JMIIb AJsT HEGOJbIINX
3HAUeHHWH t, YTO CBSI3aHO C TPYLHOCTBIO BBIUMCJEHHUS] UHTETpada OT CHJIBHO
ocuuanupyoiei GyHkuuu B (3). Jlas nosydeHus XopolueH TOUHOCTH yKa-
3aHHble CTAHIAPTHBIE TporpamMmbl obpalleHdst nmpeobpasoBanus Jlammaca
TPeBGYIOT HelpHeMJIeMO GOJBIIOrO BpeMeHH cyeTa.

Jpyro# mogxon okasajcs 6oJiee yoauHbiM. Pa3oO6beM HCXOHHOE ypaB-
HeHHe Ha nBa. OmHo GymeT comepXaTb AU(depeHIHPOBAHHE TOJBKO IO
BpeMeHH, IPYroe — TOJbKO 1O MPOCTPAHCTBY. DTO MOXKHO CHeJaTh, BBeS
HOBYIO (DYHKIIHIO

O(z,t) = ugy(x, t) — ulx, t). (4)

st Hee 3amaua (2) 3amuchiBaeTCst B BHAE

Py +P+u=0,
®(z,0) = fi(z) — folz), (5)
Py(z,0) = f{'(z) — fi(2).

Hac uHTepecyeT HeorpaHuueHHast 06/1aCTh H3MEHEHHS MPOCTPAHCTBEH-
HO# mepemenHo# x € [0, 00). [ToaToMy BBeieM KBa3HpaBHOMEPHYIO CETKY Ha
NONYNpsAMO#, MOPOXIEHHYIO, HAmpHMep, MpeodpasoBaHUEM, aHAaJOTHYHBIM
(11.27):

xzx(ﬁ)zc-tg(%g), £eo,1). 6)

B sTOM cayuae ynoGHa caenywouiasi Hymepauus ysqaos: x, = x(&p),
&, =n/N, 0 <n < N. Illpu KoHeuHoM umucse y3i0B N KpaliHHH y3eu
CeTKM Ty = 00. TeM caMblM IpaBoe KpaeBOe YCJIOBHE CTaBUTCS HeIo-
CpelcTBeHHO Ha OGeckoHeyHocTH. [losioBHHA y3/10B ceTKH (6) JeXKHUT Ha
oTpeske I, € [0, c|; U3 3TUX coobpaXkeHHE BHIGUPAIOT MACIITAGHBIH KO3(-
(bULHEHT c.

CeTKy NoO BpeMeHHOH IepeMeHHOH MAJsl NPOCTOTb BO3bMEM paBHOMep-

HOH:
tp =kr, 0< k<K, 7=T/K = const.
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Annpokcumaunus u anropurtm. Annpokcumupyem (5) ¢ TouHO-
ctbio O(72) Ha paBHOMEPHOH BpEMEHHOH ceTKe:

B+l ogk k-1
On 2(1;"““1)" +®F 4+ uk =0,

T (7)
I<n<N-1, O0<K<EL<K-1.

O npumenenuu (7) ans k = 0 Oymer ckazaHo Huxe. [losydeHHOe Bbipake-
Hue (7) SIBHO pa3peluMo OTHOCHTEJIbHO HeusBecTHoro sHauenus ®FF! na
HOBOM BPEMEHHOM CJIOE.

AnnpoxchpreM Ha KBa3MPaBHOMEPHOH ceTKe ypaBHeHue 4) c nopsiz-
koM TouHoctH O(N~2) no dopmyae (I11.66), npuronHoil B HeorpaHUUEHHOH
o6nacty. [l HeM3BeCTHBIX 3HaueHHH GyHKiuU uft! Ha HOBOM BpeMeHHOM
cJloe TIONYYHUM TPeXTOueuHOe ypaBHeHHe

K+l ket K+l ket
Ph+1 — 0.5 Upjl — Un Un  —Up_i \ k4
n - Up

Tn+1/2 = Tn—1/2 \ Tn+3/4 — Tn4l1/4 Tn—1/4 — Tn-3/4

I<Sn<N-1, 0<Kk<K-1

(8)

HanomuuM, 4TO 3/eCh 3HaUeHUE Tpy,, 0 < |o| < 1, B ApoGHBIX y3/ax
onpezesisieTcss TeM ke peobpa3oBaHHEM (6) Tnio = T(nio); Ente =
= (n + 0)/N. Hcnonb3oBaHne ApOOHBIX Y3JI0B B aMMpPOKCHMAlHH BTOPO#H
MPOU3BOAHON TapaHTHPYET KOPPEKTHLIH yUeT KPaeBOro YCJAOBUS TPH Ly =
=00 (cm. . 111, §2).

TpexrtoueuHoe ypaBHeHHe (8) pelraeTcsi METOLOM MPOTOHKH. Takum
06pa3soM, pasHocTHble ypaBHeHus (7) u (8) nosposioT Bbiukcautb ®F  uk
BO BCEeX BHYTPEHHHX Yy3JaX NPOCTPAHCTBEHHO-BPeMeHHOH ceTKH 2 < k <
<K, 1<n<N-1.

YdueT HauaMbHBIX U KpPaeBbhlX yCJIOBPIId 3HayeHusd u’g, 0<

< k < K, onpesensiiotesi KpaeBbM pexkuMoM uf = f(tx). W3 ycinosus
paBeHCTBa HyJ10 peruenuss u(x,t) Ha GECKOHEUHOCTH MOJydYaeM u’fv =0,
0<Ek<K.

CeTquoe pellleHHe Ha HYJEBOM CJO€ u, H3BECTHO W3 Ha4aJbHOTO
YCJIOBHUS: u = fo(xy). llpu t = 0 ucnosb3yem nepBoe HayaJbHOE YCJIOBHE
B (D) 1/1s1 ompenesieHus

0

(I)O = 6/(»’%) - fO(xn)

[Ipn k = 0 B BblpaxkeHue (7) Bxomut ®. ', KOTOpoe MOXKHO HaHTH, HC-
MoJIb3ysi BTOPOe HadaJsbHoe ycaoBHe B (). Annpoxcnmupyem €ro, COXpaHss
o6utyto TouHocTb O(72):

ol — @,

Bilen )= b0 = ) - iz ©)

Uckarouas @, u3 (9) u (7), npu k = 0 mosyuuM siBHOe BblpaKeHHe IJIst
BBIYUC/IEHUS <I>
HOFpeLL[HOCTb MoCTpOeHHO# anmnpokckmaly sagaun I ects O(72 + N~2).
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2. Pesyabrarbl pacuyetroB. ONHCAHHBIH aJrOPUTM OblJ IPUMEHEH MJIs
qUCJAeHHOro peileHusi 3amadn . Ha pucynke | mokasaHbl pesy/bTaThl
pacueToB /sl HYJEBbIX HayaJbHBIX YCJIOBHH KM KPaeBOroO pekKMa, Koseb-
Jiolierocs ¢ 4actoTo w = 0.3:

u(0,t) = arctg?(10t) sin(wt). (10)

[Ipn gacToTax KpaeBoro pexuMa w < | yCTAHOBHBIIASCS BOJIHOBaS
KapTHHA HMeeT XapaKTep GerylinxX BOJH 9aCTOTHl W, PACIPOCTPAHSIOLIHXCS
Ha OeckoHeyHOCTb. Ecan ke w > 1, BosHOBasg KapTHHA TNpH OOJBIINX
BpeMeHax MpHOOpeTaeT XapaKkTep CTOSUHUX BOJH.

u(,t) u(z,t) 0
2.5
2.0- 107 A
1.0 0.0
0-51 ~0.54
0 2 4 6,8 10 12 0 5 10 15 ;20 25

Puc. 1. Ilpopunu pewenus 3agauu |
¢ KpaeBbIM pexxumoM (10) mpy w < 1,
MMeIOT XapakTep Oeryluel BOJHEI, pac-
npocTpaHsioueicss Ha 6eCKOHEUHOCTb.

Puc. 2. dBomonus pelenus 3anadu I ¢

Haua bHBIM ycaoBHeM u(z, 0) = z’e ™",

OKOJO KPUBbIX YKa3aHbl MOMEHTHI Bpe-
MeHH

JIMHUK COOTBETCTBYIOT MOMEHTaM Bpe-
meHu t =0, 2, 4, 6, 8, 10

Kpome Toro, pacueTsl NPOBOAUJIKCH U AJISI HEHYJIEBBIX HAYaJIbHBIX yCJIO-
Buii. Ha pucynke 2 mokasaHa 3BoJolMst HavyajbHoro mpoduas u(x,0) =
= e ?,

Tecmuposanue memoda. Ins onpeneneHuss 3QpQPeKTUBHOrO MOPsAKA
TOYHOCTH TOCTPOEHHOI'O YHCJEHHOrO MeTOAa OblIM MPOBEJeHbl TECTbl Ha
Crylialommxcs cetkax. YucneHHOe pellleHHe MJIST KAXAOH CeTKH CPaBHH-
Bajioch ¢ TouHbIM peiieHueM (3). Murerpan Menauna B (3) Bbruucasacs
npu momolu crangaptHol npotenypsl s3sika FORTRAN nns obparienus
npeo6pasoBanus Jlanmaca. Tak Kaxk MorpewrHocTb pasHOCTHOH aIMPOKCH-
Mauuu 3afadn ectb O(72 + N~2), cryuienue BpeMeHHOH H MPOCTPaHCTBEeH-
HOH CeTOK HYXKHO MPOBOAHTb B OAHO M TO Ke 4Hc/I0 pa3 r. PasymHO
BBIOPATb 7" = 2, T. K. B 3TOM CJIy4ae 4eTHbIe y3Jibl HOBOH MPOCTPAHCTBEHHOH
CeTKH COBMAJAIOT C y3JaMH GoJjiee peIKOi CEeTKH, H B 3THX TOYKaX pelle-
HHSI MOXXHO CPaBHHMBATb MeXnay co0oH. UHc/0 y3/10B NPOCTPAHCTBEHHOH H
BPEMEHHOH CETOK pa3yMHO BBIOMPATh TaK, 4TOObl MHHHMAaJbHbIH H3 IIArOB
MPOCTPAHCTBEHHOH ceTKH (6) hy = 2 — 2o &~ ¢m/(2N) 6bl1 Gbl paBeH wary
no Bpemenn 7 = T /K. 1o paetr K =~ 2NT/(cr), U TyCTOTY CETKH MOXKHO
0XapaKTepH30BaTh €AHHCTBEHHBIM YHcIOM V.
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Xapaktep y6biBanus norpeumHoctd AF = u(x,,t;) — uf uncaennoro

pelLIeHHst ¢ POCTOM YHCJIA y3/10B N OTJIMYHO COOTBETCTBYET TEOPETHUECKO-
My miopsaaky Todroctd O(72 + N~2) (puc. 3): HaK/IOH MPAMOi B JABOMHOM
JlorapugMuyecKkoM Maciutade paBeH —2. Pe3ysbTaThl NpUBeNeHbl 1Js IBYX
CETOYHBIX HOPM C H lg, KOTOpblE ONMpEeAEJSIOTCS CAeIYIOLUM 06pa3oM:

: (11)

— k
18] = max Ak

N 1/2
AL = [ (A + A% (@n1ya = Tns)| (12)

n=1
IlocnenHee BeIpaXkeHHe MPUOMHKAET HECOOCTBEHHBIH HUHTErpPall
o 1/2
J A%(x,t)dx
0

¢ Tounoctbio O(N~2) (cm. (I11.14)). Hopmbl morpemnocteii B (11) u (12)
CBOW MJil Ka)KJoro BpeMeHHoro cjost k. Ha pucyHke 3 pesysnbraThl mpu-
BOAATCA JJISI Te€X BPEMEHHBIX CJIO-
IglAl eB k, KOTOpble COOTBETCTBYIOT MOMEH-
~15 Ty BpeMmenu t = 1.0.
Pe3ysibTaThl TecTa Ha CTYIIAIONIIHUX-
¢ csl ceTKaxX MOATBEPKAAIOT, 4TO IO-
CTPOEHHBIH aJIFOPUTM H3eT BO3MOX-
b HOCTb BBIUHCJISITH pelleHHe 3ajgaud |
—35 CO BTOPbIM TOPSAKOM TOYHOCTH IO
BpeMeHH W mpocTpaHcTBY. Heobxonu-
lgN 2.2 2.6 MO OTMETHUTb, UYTO IJi OOCTUXKEHHS
3aJaHHOTO YPOBHSI TOYHOCTH £ pacyeT
10 NPe/JIOKEHHOMY aJropUTMy Tpedy-
€T B JIeCATKH pa3 MeHbLIEro BpeMeHH,
4eM BbIYHCJIEHHE HHTErpaja B TOYHOM
peleHuH (3) ¢ UCMOIb30BaHUEM CTaH-
naptHbix mognporpamm sissika FORTRAN nsisi o6patuenunsi npeo6GpasoBa-
nus Jlangaca.

—-2.5

1.4 1.8

Puc. 3. Y6biBaHHe MOrpeIIHOCTH UHC-

JIEHHOTO pEeLIeHHsI C POCTOM UHCJ/Ia

y3710B ceTKM NN B CEeTOYHBIX HOPMax
culy

3apaua Il Ha mpsimoil. PaccMoTpuM ypaBHEHHE HOHHO-3BYKOBBIX
BOJIH Ha MPSIMOH, AOMOJHHUB €ro HYJeBbIMH TPAHUYHBIMH W HEHYJIEBbIMH
HavaJbHbIMH YCJOBUSAMH /151 (PYHKIHUH U ee MPOH3BOLHOM:

(uxx - u)tt +Uug, =0, z€ (_OO» OO), te [0, T],

u(+o0,t) =u(—00,t) =0, wu(z,0) = fo(x), u(x,0)= fi(z).
(13)
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3anaua (13) moxeT ObITh pellieHa ¢ MOMOIIbI0 HHTErpasbHOro mnpeodpa-
3oBaHus Dypoe:

+oo
u(o,t) = 5 J {fo(p) cos (%) t
n J?I(IJ)\{)p?;*'1 sin( pt 1 > }exp(ipx)dx, (14)

P+
_ +o00o ~ +o00o
folp) = J fo(x) exp(—ipz)dz,  fi(p) = J f1(x) exp(—ipzr)dz.

YUucnenHoe pewmweHue. Mcrnosb3yeM KBa3WpaBHOMEPHYIO CETKY,
MOKPBIBAIOLIYIO BCIO MPSAMYI0 (—00, +00):

xzx(ﬁ):atg(g—g), cel-1,1]. (15)

B atom ciyuae ynobHa ciepyolias HyMepauus yaiaos: o, = (&), &, =
=n/N, —N < n < N. Kpaiinie y3/bl KBa3upaBHOMEPHOH CETKH, MOPOXK-
IeHHOH TpeobpasoBaHueM (15), sexaT B GeCKOHEUHO YAAJeHHBIX TOYKAX,
T.e. T4 N = £00.

BpeMeHHYI0 ceTKy A/l IPOCTOTH BO3bMEM PaBHOMepHOU: t = Tk, 0 <
<k<K,7=T/K.

Anroput™ peluenus 3afaud Il nmoJHOCTBIO aHANIOTHUEH aTOPUTMY AJIS
3apauu [. EquHcTBeHHOE OT/iHuKe — B popmyaax (7) u (8) a/1s HaX0XK AeHHs
pelleHust BO BHYTPEHHUX y3JaX CEeTKH;
rpaHHIbL H3MeHeHHs HHAekca —N + u(z,t)
+1<n< N —1 CcooTBeTCTBYIOT CeT- 1.0
ke (15), mokphiBawIIell BCIO MPSIMYIO.

0.6 2

Pe3ynomamot pacuemos. Ilns un-

MOCTPAIHK BO3MOMKHOCTEl MeToxa Obi- 02} ""ﬁ X
J¥ TPOBEJIEHbl pacueTsl AU Pasjud-  _q.9l “ 't"
HBIX Hada/bHbIX ycsoBHi. Ha pucyn-

—0.6 , ; ; . :

Ke 4 mokasaHa 9B0JIISIQ_CLI/IH HayaJ/lbHOT 0 Y0 6 % 3 .6 10
npoduas u(x,0) = e .

Puc. 4. [1pouan peienus 3agauu 11

Tecmupoeauue memoda. Jnsa Te- IJiSl HauaJbHOTO YCJOBHUS U(CL',O) =

CTHPOBAaHHs METOAA HCMOMb30BAIOCh  — ¢~ Oxoso KPHMBBIX yKa3aHsl CO-
TouHoe pewenue (14). Meronuka Te- OTBETCTBYIOILIHE MOMEHTbI BpPEMeHH
CTHPOBAHHSA AHAJOTHYHA MeTOLUKE,

OMHCAHHOW B 3ajade I, ¢ TeM JHLIb OTJIHYHUEM, YTO MPH BBIYUCJEHHH HOPM
TIOTPELIHOCTEH CJefyeT UCIONb30BaTh (hOPMYJIbI

Al = _max (A%,
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N 1/2

||A||lz = Z (Ak + An I)Q(xn—l/4 - wn—3/4) ,
—N+1

YUHTHIBAIONME TPAHUIBI U3MEHEHUs] HHAEKCOB Il CETKH Ha MpPSMOH X €
€ (—00,00). PesysbTaThl TecTa Ha CryMIAIONMXCS CETKAX MOATBEPKAAIOT
nopAnoK TodHocTH Metoma O(72 + N~2).

[ToctanoBka nBymepHo# 3apmauu Il Paccmorpum 3amauy o
BO30yXKIEeHUHU IBYMEPHbIX HOHHO-3BYKOBBIX BOJIH BHE Kpyra paguyca a C
rpaHUYHBIM ycjoBUeM JlupuxJje. B mo/sipHBIX KOOpAHHATAX OHA NPHHHMAeT
BHLL

(AQU — u)tt + AQU =0,
r= V@ E 7 €faco), ¢ = arctg(y/a) € 0,27, (16)
Uy = It ul g =g =0, lm u(r.t) =0

2
3nech Ag = %% (r%) + T—IZ;—(PZ — nByMepHBIH oneparop Jlansaca. Ilyctb

byukuus f(p,t), 3agamolias KpaeBoH PEXHM Ha Kpyre r = a, SIBJASETCS
IBaXKJbl HEMpPEPBIBHO AU(depeHIrpyeMoil IO 000UM apryMeHTaM U 27-Te-
PHOAMYECKOH IO NepeMeHHOH . 3alulleM ee pasJjoxkeHue B psan Pypee:

flpt) = 2 B cos(gp) + fo(t)sin(gg).  (17)

q=1

Torna petuenue 3anauu (16) MoxeT ObITh MOCTPOeHO B Buie psiga Pypbe:

+o00
u(r, p,t) = w + Z [ag(r,t) cos(qp) + bg(r, t) sin(qyp)], (18)
q=1

K03(P(PUILHEHTbl KOTOPOTrO

o+i00
ag(r.t) = o j a«m% %exp@wdp,
U+izoo
aq(r»t)=ﬁ | aq(p) Z;\/—”p:r exp(pt)dp, (19)

o+ioco

by(r,t) = Lﬂ J Eq( ) Z?\/—v”‘ exp(pt)dp,

T—100
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3zech oy (p), Bq(p) — oGpasel Jlanaca kosdduinentos Pypbe oy (t), F4(t)
pana (17); K4(z) — dyukuns Maknonanbna. BetBb KopHs BbiGHpaeTcs
Tak, 4yToObl  lim P _q.

Ipl = o0 /p?+1

Rep > 0
[ToBenenue pemenus (18), (19) npu HEKOTOPBIX KOHKPETHBIX T'PAHHY-
HbIX YCJOBHSIX H3ydajoch B pabore [Aubuiun, [lnetnep, 1994]; Tam, B
YaCTHOCTH, OBl PACCMOTPEH BOMPOC O CTAOUIN3ALMH pelleHus pH ¢ — 00
U O CYLIECTBOBAHWH PeXHMa yCTAHOBUBILUXCS KOJeOaHUH.
HenocpencTBeHHOH NPOBEPKOH MOXKHO yOeqUTbCs, 9TO KO3(PPHUIHEHTHI
pasnoxenus Pypoe a,4(r,t), by(r,t) B (18) ynoBneTBopsitoT ypaBHeHHIO

1o/ d 9 R, 10/ 0 9Ry

¢=0,1,2,...,

rae Ry(r,t) = aq(r,t), mmbo Ry(r,t) = by(r,t).

B nanbHeiiiemM OyneM paccMaTpHUBaTh HauasbHO-KPAEBYIO 3ajauy Jis
ypasHeHust (20), 1OMOJIHHUB €ro rPAHHYHBIM YCJIOBHEM NPH 1 = a, Ry(a,t) =
= oy (t), mibo Ry(a,t) = B4(t), HyneBEIMM YCIOBUSIMH MIPH 1 = 00, a TaKXKe
HYJIEBBIMH HAYaJIbHbIMH YCJOBHSIMH.

OTmeTuM, uTO yHoGHee paccMaTpuBaTh 3agady s QyHKUMH w(r,t) =
= /I Ry(r,t), T.K. B 3TOM cJydae ypaBHeHHe Aas w(r,t) He COLEPKHT
nepBOH MPOU3BOLHOH 110 7

o’ w 9w w w
W(er+W_qP—w>+er+m—P:0, (21)
q=0,1,2,...
BBeneM HOBYI0 (YHKIHIO, aHAJOTHUHYIO (4):
¢ =wn+ 5~ ¢ (22)
4r T
noactasJss (22) B (21), moayuum
<I>tt—|—<I>—|—w=O. (23)

Takum obpasom (21) pacuienusoch Ha (22) u (23), KaXagoe U3 KOTOPBIX
COMEPKUT AU PEPEHIIHPOBAHHE TOJBKO MO BPEMEHU HJH TOJMbKO MO MPO-
CTPaHCTBY.

B nanbHeiilieM aJropuT™M HaXOXAEHHSI CETOYHOTO peLleHHs s 3a1a4u
(22), (23) anajoruyeH ajropuTMy pelieHus 3agauu [. B Tom suib pas-
HHIA, YTO MPOCTPAHCTBEHHAS CETKA MOKPLIBAET MOJYIPAMYIO T € [a, 00) 1
BMeCTO ceTKU (6) Hy»KHO HCIOJIb30BaTh KBA3HPABHOMEPHYIO CETKY, MOPOXK-
JIEHHYIO Mpeo6pa3oBaHHeM

r:r(f):a—i—otg(%g), £el0,1].
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Ha pucynke 5 nokasansl npo¢uau pemenusi 3apaud 11l pas BHew-
HOCTH Kpyra eIHHHYHOTO paguyca ¢ TpaHH4YHbIM ycaoBueM u(l,p,t) =
= sin?(t/4). TIpu TakoM BBIGOpe KPAaeBOro peXuMa pelleHHe He 3aBHCHT
oT ¢. IlomyyeHHOe 4YHCJ/IEHHOE peEIleHHe XOPOLIO COMJIAaCyeTcsl ¢ TOYHBIM
peienuem (18).

u(r,t) u(r,t)
8 0.410.5
0.8+
) 0.3 0.4
0.6-
0.24 0.3
0.4
02 0.14 0.2
“ 0.1
0.0 0.0 0.0
2 6 10 ,14 18 2 1 2 3 . 4 5
Puc. 5. [Ipodunu peuenus 3agauu 111 Puc. 6. IIpoduan pewenus sagauu IV
I/ BHELIHOCTH €IMHHYHOro Kpyra ¢ B C(hepHuecKH CHUMMETPHYHOM CJjyuae
TPAHUYHBIM PEXKHMOM, COOTBETCTBY1O- N/ KDaeBOIO PeXHMa, COOTBETCTBYIO-
UM pexkuMy Oeryied BoaHbl. OKolo uero crosyeidl BosiHe. OKOJO KPHBBIX
KPHBbIX [TOKa3aHbl MOMEHTBI BPEMEHH yKa3aHbl MOMEHTBI BpeMeHH

3apgaua [V. Meton sierko o6o0iiaercss AJsl pelleHHs] BHELIHeH Ha-
4aJIbHO-KpaeBOH 3afa4yu O BO30OYKIEHHH HOHHO-3BYKOBBIX BOJIH B CJydae
TPexX MPOCTPAHCTBEHHBbIX MepeMeHHbIX C KPaeBbIM PEXHMOM, 3aaHHbIM Ha
ctpepe. HUccnenyeM dacTHBIN ciydail, KOTJla TPAaHUUYHBIA PEXHM, a CJeJ0-
BaTeJbHO W pelleHHe u, He 3aBHUCUT OT yroB 6 u ¢. B cdepruyeckux
KOOp/IMHATaX 3ajaua NPUHHMAeT BHJ

(Asu —u)y + Agu =0,
r€la,00), ¢e€[0,2x], 6¢€]0,n], (24)

u’r:a = f(t)‘ u’t:O = ut’t:O =0, TE{I—noo u(r, ¥ e’t) =0.

3necy Az — cepudeckuit oneparop Jlamsaca, B JaHHOM cJydae OH COB-

. . 1 0
nMajaeT co cBoel pajua/ibHOH YacTbio Az = — — (rQ—).
72 or or

CraHOapTHOU 3aMeHOH w = ru ypaBHeHHe (24) MPUBOLUTCS K ypaBHe-
HHUIO BUJA (2); Torna s pelleHHs 3alauyl MOXKHO HCIIOJb30BATh aJCOPUTM,
NpeasoXKeHHbIH fns 3anayuu .

Jns pemenuss 3agauu [V takxke peanusyloTcss nBa pas3iHYHBIX THIA
BOJIHOBBIX TPOLIECCOB B 3aBHCHMOCTH OT YacTOTHl KpaeBoro pexkuma f(t).
Ha pucynke 6 mnokasaHbl pe3ysnbTaThl pacyeToB [/ KPaeBOrO pexXu-
ma u(0,t) = 0.25 arctg?(10t) sin(2t), COOTBETCTBYIOIIEr0 PeXKUMY CTOsTUEE
BOJIHB.
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3apaua V. PaccMOTpUM HauasbHO-KPaeBYIO 3a1a4y AJisl HeJHHEHHOro
YpaBHEHUS COCTABHOTO THIMA. DTO ypaBHEHHE ONMUCHIBAET HEJIHHEHHbIE BOJI-
Hbl B IJIMHHBIX JIHHUSX (HAMpuMep, TeserpagHbix) ¢ aucrnepcueit [JIonrpes,
1981]. 3anaua craBuTcs Ha MpsAMOU (—00, +00):

(Uge — u+2u%)gt + Upe =0, x € (—00,00), t€][0,T];
u(+00,t) = u(=00,t) =0, u(,0) = fo(z), w(z,0)=fi(z).
T0 ypaBHEHHe HMEET YacTHOEe PelleHHe B BHIE YeIHHEHHOH BOJIHBI

\J1—1/¢
u(z,t) = (25)

ch[{/1 -1/ - (z+ct)]

NpHU 3HAYeHHAX napamerpa ¢ > 1, 3aJalollero CKOpPoCTb JBHXKEHHs YelH-
HEHHOH BOJIHHI.

JInsi mocTpoeHUsT YHCJIEHHOTO aJrOpUTMa HaXOXKJIeHHsl pelleHUs Oynem
MOCTYIATh TaK ke, KakK U B 3afaue [. Beenem dyHKuMIO

D = upy — u+ 2u°.
Torpa nas ¢pyukuun ® cnpaBepsvBa 3amada, aHasoruuHas (5):
Oy +P+u—2u®=0,
®(2,0) =0, @,(z,0)=0.

Hano oTMeTuTb, UTO ONMMCAHHBIN MpPHEM pacllelJeHHs] ypaBHEHHS COCTaB-
HOIO THIIA Ha [Ba, KaXJ0e H3 KOTOPHIX COAEPXKHUT AH((epeHLHpOBaHHE
TOJIbKO [0 BPEMEHHOH HJIM TOJNBKO IO MPOCTPAHCTBEHHOH NepeMeHHOH,
JOCTATOUYHO YHHBEpCaJ/eH; OH MOAXOAMT, B TOM 4MCJ/e, H JJS HeJHHEHHBIX
ypaBHEHHUH.

YpaBHenre (26) anmpokCUMHpyeM CO BTOPbIM MOPSIAKOM TOUHOCTH H
NoJly4aeM SIBHYIO TPEXCJOHHYIO cXeMy A/ HaxoxpaeHus ® Ha cienyiouem
BpeMeHHOM cusoe. JI/1 HaXOXOeHUs u Ha CJAENYIOLUleM BPEMEHHOM CJloe
HeOOXOMMO PelLIHTb HeJHHEHHYIO KpaeBylo 3ajauy:

(26)

Upe — U + 2u° = D,
u(—00,t) = u(+o0,t) = 0.

Ee anmpokcumanus Ha KBa3upaBHOMepHOH ceTke (15) MpUBOAUT K HeJH-
HelHOU cHcTeMe airedpanyecKUX YpaBHEHHUH:

k+1 k+1 k+1 k+1
0.5 ( Upt1 — Un Up = Up_ >_

Tn43/4 — Tnt1/4 Tn—1/4 — Tn-3/4

Tn41/2 — Tn—-1/2
— bt 2(ult)d = okt (27)

Wby =uk =0, -N+1<n<N-1
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Jlasi pellieHust 3TOH HeJUHEHHOU cucTeMbl (27) Mbl IPUMEHSIJIH METOJ
HbioToHa. B KadecTBe HauasbHOTO NMPHOJMMKEHHsS] pa3yMHO BbIOMpPATh 3Ha-
YeHUs: (PYHKUHH Ha TpelblAylleM BPEeMEHHOM CJIO€; TOTAA MJIsi pelLleHHs
HeJIMHEeHHOH cucTeMbl (27) H0CTaTOYHO Bcero 3—4 HTepalvu.

—20 —10 0 , 10 20

Puc. 7. Tlpotduan pemwenus 3amaund V. CKOPOCTb IBHXKEHHS YeTHHEHHOH BOJIHBI
COOTBETCTBYeT TeopeTHUecKoH. OKOJIO KPHUBBIX YKa3aHBI MOMEHTHl BPEMEHH. ® —
YHCJIEHHOE DelleHHe, CIJIOLIHAS JHHUS — TOUHOe

PesysnbraThl pacueToB MoKasaHbl Ha pucyHKe 7. HauanbHbIH MMIy/bC

o) Ji—1/e )
u(z,0) = , ¢=2,
ch(y/1—=1/c¢ - (z+ 15))

coxpaHsist (opMy, PacmpoCTpaHsieTCsi BIPAaBO CO CKOPOCTBIO ¢ = 2, UTO CO-
OTBETCTBYeT TeOpUH. ToUuKaMH MOKa3aHO YMC/IEHHOE pelleHue, JUHHAMH —
TOuHOe perreHue (25).

§ 3. [IBymepHBbI# cayuyai

1. JIsymepHble HOHHO-3BYKOBBIE BOJIHBI. DyneM paccMaTpuBaThb Ha-
HaJIbHO-KpaeBble 3a4a4u B PA3JIMYHbIX HEOTPAHWUYEHHDBIX IO MPOCTPAHCTBEH-
HBIM MepeMeHHBIM ABYMEPHbIX 00/1aCTAX AJIs1 TPEX YpaBHEHHH, OTHOCSIIHX-
csl K cobosieBckoMy Tuy. PaceMoTpum 6oJsiee mogpoOHO (hPU3UYECKUH CMbICI
KaXJ0ro M3 ypaBHEHHH.

1. YpaBHeHHe MOHHO-3BYKOBBIX BOJIH B He3aMarHHYEHHOH MJasMe:
(Agu — u)g + Agu = 0; (28)

3necb Ay — omnepatop Jlamnaca no AByM MPOCTPAHCTBEHHBIM MEPEMEHHbIM,
U UMEET CMBIC/I IMHAMHYECKOTO OTKJIOHEHHUsT KOHIEHTPAIHH UOHOB OT CPEJ-
Hero 3HauyeHusi. BoiBon (28) MoxHO HalTH, Hanpumep, B [[abos, 1998]. D10
ypaBHEHHE TaKXKe BO3HHKAET MPH PACCMOTPEHWH IBYMEPHBIX BHYTPEHHUX
rpaBUTallMOHHBIX BOJH [[a60B, CBelinukos, 1990], BO3HHKAIOIIUX BHYTPH
JKHAKOCTH Ha TPaHHIle €€ CJIOEeB.
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BynyT paccmoTpeHbl nBe pasavdHble NOCTAHOBKHM 33aJaud [OJs 3TOTO
ypaBHeHUs. [lepBasg — B 06/1acTH, HeOrpaHUYEHHOH MO 0OEUM MPOCTPaH-
CTBEHHBIM IepeMeHHbIM:

(Agu — u)se + Agu =0,
z € (—00,+00), y€ (—oo,+00), te0,T]; (29)
lim  wu(z,y,t) =0, u|t:0 = folx,y), “t|t:0 = fi(x,y).

/$2 +y2 —00

Bropasi mocraHOBKa OTHOCHTCS K MOJYIJIOCKOCTH C 3afaHHBIM KpaeBbIM
PEXUMOM:

(Agu — u)yy + Agu =0,
x € (—00,400), y€E0,+0), tel0,T];
lim u(z,y,t) =0, u|y: = f(x,t),

$2+y2 —00

ul,_g = fola.y), Ut|t:0 = filz,y).

(30)

2. B pamkax monesu ByccuHecka, npeanoJsarawouei caabyo crpaTudu-
KallMio XKHUAKOCTH, CHCTEMa ypaBHEHHH Dijiepa pefyluupyeTcss K ypaBHe-
HMIO ABYMEPHbBIX I'PAaBUTAIIMOHHO-THPOCKONHUYECKHX BOJH, UMEIOLIEMY BHI

2

a 9 2

ﬁAQU + Witigy + aUyy = 0, (31)
rae v — (YHKLUHS TOKa, CBI3aHHAs C KOMIOHEHTaMH CKOPOCTHM YacTHIL
XKHIKOCTH V = {v], Uy} COOTHOLIEHUSMH V| = Uy, Vg = —Uy; /2 — HacTo-

Ta Bpaulenus, 3 > 0 — napamerp cTpaTHdUKALUH, wy = /238 — 4Yacrora
Beficsinsa—Bpenra.

PaccMoTpuM Haua/sbHO-KpaeBYlO 3ajady [HJjs 3TOTO ypaBHEHHs B MOJY-
MJIOCKOCTH T € (—00, +00), y = xtgy. Takas 3ajaua onucbiBaeT BOJHOBYIO
KapTHHY B CTPaTH(HIUPOBAHHOH M BpallAMOUIENCs XKHUAKOCTH, 3aMOJHSIO-
el COCYN ¢ HAKJOHHBIM JHOM, 31eCb Y — YroJ HakJjoHa. [loc/e 3ameHbl
nepeMeHHbIX T = x’ cosy — y'siny u y = a’sin~y + ¢’ cosy nocraHoBka
Ha4a/bHO-KPaeBOH 3a[auy BBIMVIAAUT TaK:

62
@Azu + Agrar + Pgry + vty =0,
' € (—o0,+@), ¥y €[0,+00), te€][0,T] (32)
lim u(z',y',t) =0, u

o = [, 1),
Ve —oo y'=0
ul,_o = fol@'y),  wl,_o = fi(@,y).

3pech A = arcos?y + Bsin?y, p = (o — f)sin2y, v = Beos’ v + asin®~,
a omeparop Jlamjaca BbIUMCJSETCS B LITPMXOBAHHBIX NepeMeHHbIX: Ag =
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¥
= 12 + 72"

ox 0
O6yoyT OMYILEHHI.

3apnauy ynoOHee peluaTb B 3amucH (32), rae najee WITPUXH

3. Uenbl#t psn Mopesell (U3UKH MOJYNPOBONHUKOB, (DU3UKH IJ1a3Mbl,
THAPOAUHAMUKH CTPATH(OHUIHMPOBAHHBIX MU (DUJBTPYIOUIMXCS KHUAKOCTEH,
TEOpUH “NOJI3y4YecTH  3J1eMEHTOB KOHCTPYKLUHH M Ap. NPHUBOAAT K HeKJac-
CUYeCKHM HadasibHO-KpPaeBbIM 3aJayaM [Jis BOJIOLHOHHBIX YpaBHEHHH B
YaCTHHIX NPOM3BOAHBIX IceBAonapadosndeckoro tuna. Hanbosee nosHbIH
00630p pa3NMYHBIX TaKHX Mopeseil MoxkHO Halltu B [Kopmycos, CaeruHu-
koB, 2003]; Tam »ke TpUBeNEH BLIBOA pPsila HOBBIX JIMHEHHBIX W HeJIH-
HeHHbIX BOJIHOBBIX ypaBHEHHH NCEBIONAapabosHueCcKOro THIA, SBJSIOLINXCS
MHOTOMEPHBIMH OOOOIIEHUSIMM H3BECTHBIX OIHOMEPHBIX ypPaBHEHWH THIA
Benmxamena—bona—Maxouu u benmkamena—Bona—Maxonu—broprepca.
Mer 6ynem paccMaTpHBaTh HadaJbHO-KPAeBYIO 3ajady AJsl CJeNyIOIIero
ypaBHEHHS IceBaONapaboayecKoro THIa:

(Agu — u) + Agu + Pu =0,

x € (—00,400), ye€0,+x), te]0,T]; (33)
lim  w(z,y,t) =0, wu(x,y,0)= folz,y).
z?4y* —o0

DTO ypaBHEHHE CONEPXKHT TOJBKO MEPBYIO INPOU3BOAHYI IO BpeMeHH,
4TO HeOOXOAHMMO YUHUTBIBATb MPHU MOCTPOEHHH DPA3HOCTHOH CXeMBbl TOYHO-
ctu O(72).

AnropuTm pelreHUss HadaJbHO-KpaeBo# 3amauu. CHaya-
Ja 175 OTpelesieHHOCTH paccMoTpuM 3anady (29). B §2 6bin npennoxen
METOfl pellieHHst aHaJOrMYHOM 3ajayd B OfHOMepHOM cjaydae. O6G0OLUIUM
3TOT MeTOA IJIsl CJydas JBYX MPOCTPAaHCTBEHHbIX NepeMeHHBIX. PaszobbeM
ypaBHeHue (28) Ha pBa. Opno OymeT comepxaTh AU(depeHIHpOBaHHE
TOJIBKO 10 BpEMEHH, APYroe — TOJBKO MO MPOCTPAHCTBY:

<I>tt—|—<I>+u=0, (34)
Aou —u = P. (35)

Jlaist pelleHUs 3TOH 3aJa4y NOCTPOMM ABYMEPHYIO KBAa3HPAaBHOMEPHYIO CeT-
Ky, MOKPbIBAIOILYIO BCIO MJIOCKOCTb:

wnzcxtg(%>, —-N<n<N,

(36)
ym:cytg<%), —M <m < M.
[To BpeMeHH AJis MPOCTOTbI BO3bMEM PaBHOMEPHYIO CETKY

tp =kr, 0<k<K, 7=T/K = const.
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Anmpokcumupyem ypasaenue (34) ¢ tTounoctbio O(72):

PrH _ ok -1
=S L2 @, 4l =0, (37)

T

-N+1<n<N-1, -M+1<m<M-1, 0<k<K-1;

BO3MOXKHOCTb MCIMOJIb30BaHUs 31ech k = 0 o6cyxaanach paHee. YpaBHeHHe
(35) anmpoxcumupyem ¢ TouHocTbio O(N 2 + M~2):

(Aww+Ayy_E)[u]k+] (I)ﬁj—nl’ (38)
—-N+1<n<N-1, -M+1<m<M-1, 0<k<K-1.

31ech HUCMONB30BaHbl 0003HAYEHHUS MJIs OMEPATOPOB, AMMPOKCHMHPYIOIIHX
BTOpble TPOCTPAHCTBEHHblE MPOU3BOJHbIE HA KBa3UPABHOMEPHOH CeTKe B
HeorpaHHW4YeHHOH 00JIaCTH:

A [U]ﬁm _ 0.5 < uth,m —uk, B uk,, — uﬁ_l,m > ’
($n+1/2 - iEn—1/2) ($n+3/4 - $n+1/4) (ivn—l/4 - iUn—3/4)
k k k k (39)
Ayy [Umm _ 0.5 < Unmtl — Unm  Unm — Unm—1 > '
(ym+1/2 - ym—l/Q) (?/m+3/4 - ym+1/4) (ym—]/4 - ym—3/4)(40)

YuTeHo, 4TO

[AQU(:E’ Y, t)]ﬁm = Aﬂm[u]ﬁm + Ayy [u]ﬁm + O(N_Q + M_Q)' (41)

YdeT HavaabHBX ycnosn i. Ha HysneBOM BpeMeHHOM cJioe 3Ha-
YeHHUs CETOYHBIX Cl:)yHKLLI/II/I ’LL U q) HU3BECTHbI U3 HA4YaJIbHBIX yCJIOBI/IfI
3agaud (29):

u?lm = fO(xn» ym) 4! ‘I)%m = AQfO(xn’ ym) - fO(xn» ym)

[Tpu nepexome Ha TmepBHId BpeMeHHOH caoit dopmyna (37) nas k =
= 0 conepxut HeuspecTHble Benuuunsl -1 Cornaco (34) v HavasbHBIM
ycJIoBUsIM 3afaud (29),

Qy(x,y,0) = Aguy —up = Ao f) — fi.

AnnpoxkcUMHpysi NepBYIO NPOHU3BOAHYIO MO BpeMeHH npu ¢ = 0 co BTOPLIM
MOPSIAKOM TOUHOCTH, MOJYYHUM

P — Prm
<Dt($n,ym,0) = — o5

DTo ¥ ecTb HefocTalollee ypaBHeHHe. PaccmarpuBasi (37) mpu k =0 u
(42) xak cucTeMy ypaBHEHHE OTHOCHTeJbHO HeusBecTHhX ¥ ! u @)
TNOJIYYHM SIBHYIO (DOPMYJy AJIs TEepexofa Ha NepBblH BpeMEeHHOH CJIOH:

ol =0 700 —0.57%(@0  +ul ).

+0(7?). (42)
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[pu k # 0 ypaBHenusi (37) siIBHO pa3pelidiMbl OTHOCHTEJBHO HEH3BECT-
HeiX BennuuH ®FEl u opmyna mepexonma Ha HOBHIE BpeMeHHOH cJiofi
BBITVISIIUT CJIENYIOUIAM 00pa3oM:

szj;@l = 2®f7,m - @Z%l - TQ(q)fzm + uflm)

Jlns HaxoxjeHus sHadeHuit ufbt! wa HOBOM cJoe HEOOXOMMMO pelIMTH
cuctemy (38), KoTopasi y»Ke HesiBHA OTHOCHMTE/JbHO HeH3BeCTHbIX uktl.
YpaBHeHue (38) siB/seTCS] CETOYHBIM aHAJIOTOM 3JJIUIITHUECKOTO YPABHEHHUS

Aoy —u— P =0. (43)
Hapsiny ¢ 3TUM ypaBHeHHEM pacCMOTPHM 3BOJIIOIIMOHHYIO 33134y
0
a—:,}:AQw—w—q). (44)

[Ipu t' — oo pelleHHe 3BOJIOLHOHHOTO ypaBHeHHsi (44) cTpeMuTCs
K peLIeHHI0 CTalMoHapHOH 3amaud (43), T.e. w — u. [losaTOoMy BMecToO
3JUIMIITHYECKOrO ypaBHeHUs (43) paccMOTpHUM mapabo/inueckoe ypaBHEHHe
(44), crauuoHapHoe pellleHHe KOTOpOro u OymeT pelieHdeMm (43). IDToT
MPUEM HA3BIBAETCSI CHEMOM HA YCMAHOBAeHUe. AJrOpUTM pelueHHs mapa-
Go/MHuecKUX 3ana4 noapobHo OyneT onuca nagee (§4, m. 1).
[lpu uucseHHOM pelleHHH 3anaud (43) HCMONB30BAJCS CJEAYIOUIHE
KPUTEPUH YCTAHOBJIEHUs cTalMoHapa. CYMTa/IOCh, UTO
ow
o 0, ecan |Aow —w— P <e. (45)
B pacuerax ucrnosbsosatoch ¢ = 107!, uro 3aBemomo rapanTHpoBaso
HeoOXOAMMYIO TOYHOCTb pacueToB. MeHbllIHe 3Ha4YeHUs £ He liesecoobpas-
HBI, T.K. HE BCerga ynaeTcsi NOOHTbCSI BBIMOJHEHHsT ycjoBusi (45) u3-3a
ownboK OKpyriaeHus. st HOCTHXKeHHs ycjoBusi (4D) 3a MHHHMaJbHOE
YHCJIO 11AroB OBl HCIIONb30BAH aJTOPUTM BbIOOpa ONTHMaJbHOrO 1ara (§ 4,
1. 2). [1pu aTom Heo6XooUMOe YHUC/IO AEHCTBUE U BpeMsi paboThl POrpaMMbl
CHHXKAJIUCh B NECSITKH pas.

Tecmuposanue mournocmu memoda. [1penyioxKeHHbBIH aJrOPUTM MO3BO-
JISIET MOCTPOUTD CeTOYHOe pelieHHe 3aaauu (28). TouHOCTb MPeaNONKEHHOTO
MeToja Obla HCCJ/Ief0BAHA MYyTEM CPAaBHEHHSI C TOYHBIM peLIeHHEM.

Ecau B 3anaue (29) BbiGpaHbl Haua/ibHbIE YCIOBHS

ul,_, = rle”" [ Asin(lp) + Beos(lp)], ue|,_, =0,

TO pelleHHe MOXKeT ObITh MOCTPOEHO MPH MOMOIIH HHTErpajbHOrO npeobpa-
30BaHHsl XaHKeJs:

+oo

u = [Asin(lp) + Bcos(lp) J l‘HJ (sr)e 2/2005<t75>ds, 46
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3IeCh 7' U ( — TIOJISIPHbIE KOOPAMHATHl Ha MJIOCKOCTH, | — HEOTpHUIATENbHOE
1esioe YUCJIo.

Tounoe petienne (46) MOXKHO HCMOJb30BATh [JIsi TECTUPOBAHHUS Tpel-
JIOXKeHHOro Metona. [ljisi 3TOro MPOBOAUTCS CTAHAAPTHBIH pacdeT Ha Cry-
waronuxes cetkax. TouHocTb npeasokenHol cxembl O(N =2 + M~2 + 72);
MO3TOMY CETKH MO0 &, Y U t CryllaTh HAf0 B OfHO U TO Ke uucJjo pa3. Eciu
YHCJIO Y3JI0B KBa3HpaBHOMePHOH ceTKH (36) yBeJIUYUTD B Ba pasa, TO Y3Jbl
HOBOH CETKH C HYeTHbIMM HOMEpPaMH B TOYHOCTH COBMALYT C y3JaMu GoJiee
penKoil ceTKH. DTO MO3BOJUT CPABHUBATb PelleHHUs] Ha pasHblX ceTKax. Ml
MPOBEJIM pacueThl ¢ PaBHBIM YHMCJOM Y3JI0B MPOCTPAHCTBEHHBIX ceTOK N =
=M =8, 16, 32, 64, 128. Yucsao y3soB BpeMeHHOH CETKH MOAOHPAJIOCDH
TaKUM 06pa3oM, uTOOBI 11ar paBHOMEPHOH BPEMEHHOH CeTKHM Obll paBeH
MUHHMMAaJIbHOMY LIary NMPOCTPAHCTBEHHON ceTKH. Mepoil MorpemHocTH cay-
JKHJIa Pa3HOCTh TOYHOTO pellieHus (46) ¥ UHUCJIEHHOTO pEIEHHs] B y3Jax
cetku AF = u(xp, ym, tr) — uk, .

lgA

Puc. 8. Y0blBaHHe MOrpelIHOCTH UYMCJ/EHHOrO pelleHHsl HauaJbHO-KpaeBOH 3anauu
AN ypaBHEHHS HOHHO-3BYKOBLIX BOJH C POCTOM 4HCJA Y3JI0B KBas JJaBHOMepHOI/I
CeTKH TOATBEPKAAeT NOPAIoK TouHocTH Metona O(N ™2 + M~

Ha pucyHke 8 mokasaHa MOTPELIHOCTb YMCJEHHOro peruenus ||A| B
CETOUHBIX HOpPMaX ¢ U lo:

Al = max ‘Afm , (47)
-N+I<n<N-1
“MAI<m< M1

1All7, = Z Z *(Tns1/2 = Tro1/2) Ymt1/2 = Ym—1/2)- (48)

—N+1Im=—M+1

PesyanaTbI TNPUBEIEHBl 1JIS BPEMEHHOrO CJIos k, COOTBETCTBYIOLIETO MO-
MeHTy BpeMeHH t = 1. YObIBaHHe TOrPELIHOCTH B 00eMX HOpPMAax C YBeJH-
YeHHeM uYMCJa y3J0B COOTBETCTBYeT MOPsAKY TouHocTH MeToma O(N~2 +
+ M~2 + 72); rpaduK 3ToH 3aBHCHMOCTH B JBOHHOM JIOTapH(DMHYECKOM
Macuitabe — mpsiMas ¢ Ko3(D(HUIHEHTOM HakjJoHa —2. DKOHOMHYHOCTb
MIOCTPOEHHOT'0 METOAA MOATBEPKIAET, UTO PaCUeT UUCJIEHHOTO PEIleHHs MO0
NPEeNJIOKEHHOMY aJropuTMy TpefyeT Ha MOPSIOK MeHble BPeMeHH, 4YeM
BbIYMCJIEHHE C TOH e TOYHOCTbIO HecOOCTBEHHOro HHTerpana B (46).
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2. KoncepBaTuBHOCTBH cxeMbl. [locTpoeHHasi pasHocTHas cxema 00-
JIaNlaeT BaXKHBIM TPAKTHYECKHUM CBOKCTBOM KOHCEpPBaTHBHOCTH. IlycTb
byHkuuu s(z) ¥ g(x) 3agaHbl B y3/1aX KBa3HPABHOMEDPHOH CETKH Tp, —N <
< n < N, v nepBast U3 HUX YIOBJETBOPSIET HYJNEBHIM KPAEBbIM YCJOBHUSIM
sy = s_ny = 0. Torna /i HUX CTPaBENJIUB CJAENYIONIHE aHAJOT HHTErpU-
POBaHHsI [0 YACTSIM:

N-1 N-1
Z 5n(8nt1/2 — 8n—1/2) = — Z 2(Tp43/4 — Ty1/4)8nt1/2[82 nr1/2:
=—N+1 n=—N
(49)
3nech B
[8m]n+l/2 = St~

2%p43/4 — Trgi/4

ectb annpokcumanus (I11.64) nepBo#t MPOM3BOAHOM B MOJYLENBIX y3JaX
KBa3HpaBHOMEPHOH CeTKH, NPUTOfHAsk B HEOTPAaHHUEHHOH 06/acTH.

[Toctpoennast pasHoctHasi cxema (37), (38) Moxer ObiThb 3amucaHa
CJIeIYIOIHM 00Pa3oM:

ohtl — 20k + @k

. +OF +ub, =0, (50)
ko [uz]ﬁﬂ/zm - [uw]ﬁ—l/z.m [uy]l:).,erl/? - [uy]ﬁ,m—l/Z k
Or = + — Uy, (O1)
Tnt1/2 = Tn—1/2 Ym+1/2 = Ym—1/2

“-N+1<n<N-1, -M+1<m<M-1, 1<k<K

[MonctaBum (51) B (50), ILOMHO}KI/IM Ha BEJHUMHY (Tpyi/2 — Tp_1/2) X
X (Ym+1/2 = Ym—1/2) (U uktl —yk—1) /(27) u npocymmupyem no Bcem n u m.
Hcnonb3yst IUCKpPeTHBIN aHaﬂor I/IHTerI/IpOBaHI/IH no dactsam (49), noaydum

gRt _ gk

T

—0, (52)
rae

N-1 2

1 = [ux]ﬁ+1/2,m [“w]nﬂ/zm
SRS : ><
n=—N

m=—M+1

X 2(Tny3/a = Tng1/4) Yma1/2 = Ym—1/2) +
. ~ 2

k k-1
§ Z Z [Uy]n,m+1/2 - [uy]n,m+l/2 «
T

—N+1m=—M

X 2(Tny1/2 = Tno1/2) Ym+3/4 — Ymt1/4) +
N—-1 M—1
t3 Z [Um]fw-l/zm : [Ufc]z;%/zm X
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X 2(Tny3/a = Tny1/4) Ymt1/2 = Ym—1/2) +

N-—1 M—1

1 k k—1

+ Z Z [uy]n,m+l/2 : [uy]n,m-l-l/Q X
n=—N+lm=—M

N

X 2(Tny172 — Tno1/2) Ym+3/a — Ymi1/4) +

! N-1 M—1 . B—1\ 2
Upm — Unm
SR

n=—N+1m=—M+1

o

X (Tpg1/2 = Tne1/2) Ymt1/2 = Ym—1/2)-  (53)

CorsiacHo (53) BesmuurHa S He M3MEHSIETCS [IPU MEPeXOjie Ha CJelyro-
MU BpeMeHHOH c¢/ioi. OTMeTHM, YTO B HEMPEepPbIBHOM C/ydae HMeeT MeCTO
3aKOH COXpaHeHHs SHeprHH

+00 400
E=< J J (W, +u? +ul + uit + u%) dzdy = const. (54)

— 00 —O0

Bennuuna S B (53) anmpokcumupyeT unTerpad (54) Ha KBasHpaBHO-
MepHo#l ceTke (36) ¢ Tounoctbio O(N~2+ M=%+ 72). Orciona MOXHO
6b10 oxkuaath, uto S¥ — S = O(7?), 1 < k < K, onHaKo BHIMOJHAETCS
crporoe coxpanenne S¥ = SO Takum 06pasoM, B MOCTPOEHHOI Pa3HOCTHOR
CXeMe BBIMOJHSETCS Pa3HOCTHBIF aHaJor 3aKOHA COXpaHeHHs sHepruu (54).
[TocTpoeHHasi pasHoCTHAsI cxeMa 06JIafaeT BaXKHbIM /ISl a[IeKBATHOIO OMH-
CaHUs (HU3HYECKHX MPOLECCOB CBOHCTBOM KOHCEPBATMBHOCTH, YTO ObLJIO
MOATBEPKIEHO PACUETAMH.

3. Ilpumepsl pacyeTa MOHHO-3BYKOBBIX BOJH. B KauecTBe HJIO-
CTpalUH BO3MOXKHOCTEH MeToAa Oblsl BbINOJHEH pacdyeT BOJHOBOH KapTHHBI
s 3apadd (29). Boliu B3sTH JBYMepHasi HeorpaHHieHHas o6/aacTh U
HayasbHble YCJIOBUS u’t:O = r1e” %5 sin ) + 7’38_0'57"3 sin 3¢y, U’t‘t:O =0,
TZle BeJHUHHBL T, T9, {1, P9 BBIPAXKAIOTCSA Yepe3 & U Y C MOMOLLbIO COOT-
HOWIEHUH & — 3 = r1cosyy, Yy = rysing), £ + 3 = rycos e, y = rosin ps.
Pesynbrathl pacuera npuBefieHbl Ha pucyHKe 9. Pelienne npencrasiseHO B
momeHThl Bpemenu t = 1.0, 3.5, 7.0, 9.0.

[Tpu nmomolM OMHUCAHHOTO MeTOfa TakxKe Obla pellieHa HauyaabHO-Kpae-
Basl 3a7a4a B MOJYIJIOCKOCTH. /1 3TOr0 MCNONb30Balach KBAa3HpaBHOMED-
Hasi ceTKa, MOKPbIBAIOIAs MOMYIJIOCKOCTh —00 < & < 00, 0 < ¢ < 00:

™
xn—cxtg(ﬁ), -N<n<N, 55)
™

ymzcytg(m), —-M <m< M.
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Puc. 9. PacmpocTpaHeHHe HOHHO-3BYKOBBIX BOJIH B HEOrPaHHYEHHOH HBYMEpHOH
obmacTu. PelieHue mpeacTaBneHo B MOMeHTBI BpeMenu ¢ = 1.0, 3.5, 7.0, 9.0

Hnsa 3amaun (30) B MOJYIMJIOCKOCTH ObIIM B3SIThl HadaJbHble YCJIO-
Bust u(x,y,0) = ug(x,y,0) = 0 u kpaesoil pexum u(z,0,t) = sin(0.5¢) x
x (1 +2?)~!. PesyabTaThl pacueta mnpencTabieHb Ha pucyHke 10 /s
MOMeHTOB Bpemenu t = 3.5, 7.0, 10.5, 14.0.

4. Mogucdukanusa MeTroAa [Js ypaBHEHHsS TpPaBUTAaILMOHHO-TUPO-
CKOMMYECKUX BOJIH. [IpensiokeHHbI MeTof 0e3 Tpyaa MOLH(HIHDPYeTCs
IS APYTUX YpaBHEHHH COCTaBHOTO THMa. Mbl MPUMEHUJH ero AJs ypas-
HEHHsl TPABUTALMOHHO-THPOCKOMHYECKHX BOJH (32) H OLHOTO MOMAEJBHOTO
TnceBAONapadonuecKoro ypaBHeHus (33). DTy aBa MpUMepa HIJIIOCTPUPYIOT
BO3MOXKHbIE BHUIOM3MEHEHHs] METOAMKH B CJydae aHH30TPOIHOTLO ypaBHe-
HUst (32) Wi ypaBHEHHsI, CONEPXKALIEro JHIIb MEPBYI MPOU3BOAHYIO MO
BpeMeHH (33).
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Puc. 10. PacrmpocTpaHeHHe HOHHO-3BYKOBEIX BOJIH B MOJYyTJIOCKOCTH. KpaeBo# pe-
xum u(z,0,t) = sin(0.5t)(1 + 2°) ', Pemenne npenctasjeHo B MOMeHTbI BpeMe-
uu ¢t = 3.0, 6.0, 9.0, 14.0

PaccmoTpum HadasbHO-KpaeByio 3apgauy (32). UucsaeHHbi#i Meton Tpe-
6yeT MULIb HeGOMbIIOH MOnU(HKaLHH. Pa3obbeM ypaBHeHHe Ha [Ba:

Dy + Mgy + gy + VUgy = 0, (56)
AQU = Ugy + uyy = . (57)

JList pelueHust 3alauu B MOJMYIVIOCKOCTH HCIOJb3YeM [IBYMEPHYIO KBa-
3upaBHOMepHYyI0 ceTky (H5). BpemeHHYI0 CeTKy [Jis MPOCTOTH BO3bMeM
PaBHOMEPHOH:

ty, =k, 0<k<K, 7= =const.

==
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t=288

Puc. 11. Beryuas BosnHa B cTpaTH(ULMPOBAHHOH Bpallaolledcs KUAKOCTH. Pere-
HHe MpeJCTaBJeHO B MOMEHTHI BpeMeHH t = 3.8, 6.2, 8.8, 10.8

Annpokcumupyem ypaBHeHue (56) Ha paBHOMEPHOH MO BPEMEHH CEeTKe
¢ TouHoctbio O(72):

Ol — 2<I>ﬁm L
+ + )‘Aww [u]nm + NAwy [u]nm + ’/Ayy [u]nm - 0 (58)

~N+1<n<N-1, I<m<M-1 O0<kE<K-L
YpaBHenue (57) anmnpoKCHMHPYeTCsi BbIpaXKeHHEM
xx[u]k+l +Ayy[u]k+l <Dk+l (59)

nm

-N+1<n<N-1, I1<m<M-1, O0<kE<K-1
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)

Ll
Wi
:55,’{;//’11,’/

Ji

Puc. 12. Crosiuast BoiHa B CTPaTU(HUIUPOBAHHOH Bpallaiolieficss KuaKocTH. Pere-
HHe Npe/CTaBJeHO B MOMeHTh! Bpemenu ¢t = 2.0, 4.0, 6.0, 8.0

B »3Toil 3ajmaye HeOOGXOOMMO INOCTPOHTb AMNINPOKCHMALHIO MAJS BTO-
poif CMellaHHOH NPOM3BOAHOM HA KBa3HPABHOMEPHOH CeTKe C MOPSAKOM
tounoctd O(N~2 + M~2):

Awy[u]k _ Uﬁ+1,m+1 +uﬁ—1,m—1 - u'ﬁ—l,m+l — Uﬁ+1,m—1, (60)
nm 4 r172 = Tno1/2) Wmy1/2 = Ym—1/2)

-N+1<n<N-1, I<m<M-1, O0<E<K-L

AJsropuTM MOCTPOEHHS PELleHHs MOJYUYeHHbIX CETOUHbIX YPaBHEHHH He
npetepreBaer u3MeHeHu#. CHadasna W3 ypaBHeHHs (58) HaxomuM 3Hade-
nue ®F+l pa cienyonem cioe. 3atem npuUMeHsieM CYeT Ha yCTAaHOBJEHHe
ans Haxoxzenus uktl us ypasuenus (60).

HM3BecTHO, 4TO B 3aBHCHMOCTH OT COOTHOLUEHHs NapaMeTpPoOB B 3ajaue
(32) BO3MOXHO BO30y:KI€HHe ABYX THUIIOB BOJHOBBIX IPOLECCOB: GEryIINX
(puc. 11) u crosiunx (puc. 12) BosH.
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5. MoaenbHoe mnceBaonapaboJuuecKoe ypaBHeHHMe. Termepb pac-
CMOTPHUM HauaJibHO-KpaeByto 3anauy aJsi ypaBHeHus (33). Pazo6bem ypas-

HEHHe Ha J1Ba:
O, + P+ (1 +8)u=0, (61)
Agu —u = P. (62)

YpaBHeHHe (61) comep:KHUT JIMLIb NEPBY MPOU3BOAHYIO MO BpPEMEHH,
MO3TOMY AJIs ToJydeHHss TodHocTH O(72) MBI HCTO/IB30OBATH CXeMy THIA
MPEeIUKTOP-KOPPEKTOP:

oErl =@k —7[®F 4+ (B+ Db, ]+ 0577 @8 + (B4 uk,]. (63)

B ocTa/bHOM aJTrOPHTM MOCTPOEHHUST YHCJIEHHOTO PellleH sl TOJHOCTbIO aHa-
JIOTMYeH OMHMCaHHOMY BBILIE.

B kayecTBe WJIIOCTpAllMK NpUBeNEeM YHUCJEHHOE pellleHHe 3anauu (33)
IJIsi HadasbHOro ycnoBusi fo(x,y) = e‘xQ_myzy\/x? +y2. YuuTsiBas To,
4TO HayasIbHOe YCJIOBHE 3aTyXaeT B HANpaBJeHHH OCH y ropasfo OwicTpee,
4eM B HalpaBJeHHH OCH T, B pacyeTax l1eJecooOpasHO HCIOJIb30BaTh pas-

Hble MacuTaGHble KOI(MMHIMEHTH ¢; H ¢y IBYMEpPHOH KBa3HPaBHOMEPHOH
cetku (36).

Puc. 13. UucneHHoe pellieHHe Haya/bHO-KPaeBOH 3aJaud B HeOrpPaHUYEHHOH 06.a-
et mas ypasHenust (Aou — u)r + Aou + Bu = 0, B = 2. Peluenue npepctaBieHo
B MOMeHT BpeMenH t = 0.5

Pesysibrathl pacueToB mJsi MOMeHTa BpeMeHH t = 0.5 mpencTaB/ieHbl Ha
pucyHke 13.



IF'masa VIII
JBYMEPHBIE BA3KHWE TEYEHHUA

B aToH ryaBe MEMOHCTPHUPYETCS MCIIOJNb30BaHHE KBA3HPAaBHOMEDPHBIX
CETOK [IJis1 TIONYYEHHS PelleH|st BHYTPEHHUX H BHEIIHHX IBYMEPHBIX 3a[ay
IUHAMMKH BSI3KOTO rasa C TapaHTHPOBAHHOH TOUYHOCTBIO TPH HAJWYMH
IPUCTEHOYHBIX TIOTPAHUYHBIX CJI0EB CO 3HAYMTETbHBIMHM TPaIHEHTAMH ras30-
JTUHAMMYECKUX TIepeMeHHbIX. PaccMOTpeHbl BaXKHble /s MPAKTHKY 3a1a4u:
npsiMasi 3ajgada comngia JlaBasisi, a HMEHHO 3ajada O pacyere JI0- H CBEDPX-
3BYKOBOT'O CMEIIaHHOTO TE€YEHHsI B COIJIE 3aaHHOTO KOHTYpa MpH HAJUYUH
MHHHMaJbHOTO ceuyeHust (cM., Hampumep, [[Tupymos, Pocasikos, 1990]),
¥ 3ajlaya CBEPX3BYKOBOTO OOTEKaHWsl IJIa[AKOTrO 3aTyIJIEHHOro Teja (CM.,
nanpumep, [[onoBaues, 1996]).

§ 1. IlorpanuuHslii cjI0i B comie

1. TazomuHaMuuyeckas Mmopeab. HaubGosee o01ed KHUHETUYECKU U
TepMOAHHAMHYECKH 000CHOBAHHON KOHTHHYAJIbHOH MOJEJIbIO BS3KUX Teye-
HUH siBJsieTcs cucTeMa ypaBHeHUE HaBbe—Crokca. Pacuer TeyeHus B KaHa-
Jie (comJie) Ha OCHOBE 3TOH MOAEJH NPeNCTaB/seT TPYLOEMKYIO NPOLENypY,
0COOEHHO /151 MPOTSKEHHBIX KaHAJNOB M MpH uucaax PefiHosnbaca Re >
> 1. B nocnenHem cjydae 1esecoo6pasHO HCHOJIb30BATbh YIPOIIEHHbBIE
HaBbe-CTOKCOBCKHE MOJEJH, 0630p KOTOPBIX 1/ BHYTPEHHUX TE€UYEHHH [aH,
nanpumep, B [Jlanun, Crpesen, 1989; Poros, Coxkososa, 2002, a]. dru
MOZI€JIM OCHOBAHBI Ha KOMIO3MTHBIX YPAaBHEHHSX, ONMHCHIBAIOIIMX KaK BS3-
KHe, TaK U HeBsi3KHe 00/1aCTH TeueHHH. BeIUHCIHTENbHOE MPEUMYIIECTBO
YIPOILEHHBIX HABbEe-CTOKCOBCKHUX MOJeJeH 3aKJUaeTcs B 3BOJIOIHOHHOM
XapaKTepe YpaBHEHHUH 110 NPOAOJbHOH KOOPAMHATE, OTCUHMTBIBAEMOH B Ipe-
UMYIIECTBEHHOM HAIpaBJ/eHUH TedyeHusi, U Ojarogaps 3TOMy B BO3MOX-
HOCTH HCIIOJIb30BaTh MAJS UX HMHTETPUPOBAHHS 3SKOHOMHUHbIE MaplieBble
0 MPOROJILHOH KOOpPAUHATE YHCJ/IeHHble MeToAbl. Huxe paccMoTpeHa opHa
U3 YIPOIIEHHbIX HABbe-CTOKCOBCKUX MOAeJed — mnapabosndueckas MOLENb
TJIaJKOTO KaHaja. DTa MOfe/b afleKBaTHO OMMCBIBAET T€UYEHHs MPH YMepeH-
HBIX ¥ OOJIbLIMX YKCJaX Re B KaHa/sax nmepeMeHHOTO CedeHHsi ¢ yMepeHHOH
MPOJOJbHOM KPUBH3HOM KOHTYpa cTeHKH KaHana [Poros, CokosioBa, 1995,
1997; Rogov, Sokolova, 1998].

[TapaGosnnyeckass Moje/b TJaAKOTO KaHaja MOJy4aeTcs YIPOIIeHHEM
nosnHblX ypaBHeHHH HaBbe—CToKca, 3amuCaHHBIX B KPHUBOJHHEHHBIX Op-
TOTOHAJIbHBIX KoopauHaTtax (£, 7, (), aganTHPOBAaHHBIX K (OpMe CTEHKH
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KaHa/ia ¥ ero ocH. Dsiaromapsi 3ToMy MOAeJb TJIaIKOTO KaHaja MO3BOJsIeT
aleKBATHO OIMMCATh MPOLECCH MOJEKYJSIPHOTO MepeHoca B MOTPAaHHYHBIX
CJIOSIX OKOJIO MCKPUBJIEHHBIX CTEHOK KaHasa. Mcrmosb3oBaHue reoMerpuye-
CKH afaNTHPOBAaHHBIX KOODIMHAT JAET TaK»Ke BO3MOXKHOCTb MPHMEHEHHs
IJ151 YUCJIEHHOTO WHTErPUPOBAHUS YPABHEHMH NAHHOM MOIENH Pa3HOCTHBIX

CXeM BBICOKOTO MOPSIAKA alMpPOKCHMAIIHH.
B ciiyuae cuMMeTPHYHOrO KaHasia afanTHPOBAHHAS CUCTEMA KOOPAHHAT
CBsI3aHa ¢ AEKapTOBOM (x, Yy, 2) WK UMJIUHAPHUIECKOH (x, ¥, ) cucTeMaMu
KoopauHat (puc. 1) cienymoiiumu co-

v OTHOLIEHUSIMH:
Y
= €T = —
¢=E@y) n= s
= z, TJIOCKHH CJy4ai,
I (¢, OCecUMMEeTPHYHBIH cJayyaH,
aq

(1
e KOHTYP CTEHKHM KaHa/la 3a1aercs
Puc. 1. Kpusouneiinas oproronans- [VAAKOH QyHKumed y = Yw(x). Ko-

Has CHCTeMa KOOpAMHAT, amantupo-  OPAMHATa § sABS€TCA TPONOJBHOU |
BaHHasd K KOHTYpYy CTEHKH KaHaJja OTCYHUTBIBAETCS B HAINPaBJIEHHUHU OCHOB-

Y = yuw(2) HOIO Te4yeHHs, 1) — IMoIepeyHas Ko-

OpAUHATa, KOTOPAasi OTCUHUTBIBAETCS OT

OCH KaHaja. 31ecb M jAajiee MHAEKC w NPHUIHMCAH 3HAYEHUSM BEeJHUHH Ha
CTeHKe.

Kpusosuneithast koopauHara & = £(x,y) HaxXOMUTCS M3 YCJOBHS COB-
najgeHuss KoopauHat & M x Ha OcH KaHama y = 0 M YCJIOBHS OpTOroO-
HaJIbHOCTH KOOPIMHATHBIX JUHHH & = const U 7) = const, KOTOpoe MOXKeT
ObITh BBIPaXKEHO C MOMOIIbI0 NU(PEepeHIMaNbHOTO YPaBHEHHUST B 4aCTHBIX
MIPOU3BOAHBIX TE€PBOTrO MOPSIAKA:

yu(z) 06 19¢
yw(z) 0z YOy =0 @

MurerpupoBaHue ypaBHeHHs (2) NpU YCIOBHH COBMNAfEHHUsT MPOJOIbHBIX
KOODAHHAT & U & HAa OCH KaHaJsa JaeT HesBHOe IpeJcTaBjleHHe 15 (YHK-

unu £(z,y):

_ v _ (@
() = () + L, @) Jyum)dm. 3)

[lapametper Jlame H¢, H,, H: opTOoroHa/ibHOH KpPUBOJHHEHHOH cHcTe-
Mbl KoOpaHHAT (&, 1), () UMEIOT BHI:

Hg _ yw(g)yi/u(x) 1 Yw 33) (4)

/ ) C - y
w(x)yw(g) /1 + nZy/i(m) /1 + ,,7 y/z
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rie v = 0 ms miIockoro caydas 4 v = 1 [JIsi 0CeCHMMETPHYHOTO CcJIydas],
a x Kak QyHKUMSA & U 1) HAXOOUTCS U3 yPaBHEHHS

2
() + P2 () =o0.
Oyukuuio (€, 7) MOXKHO HAUTH TaKKe U3 PELICHHS CJAeNYIOlIeH 3a1a4u
Koun Ha otpeske 1 € [0, 1]:

dx _ nyw (@)Y (@)

: , T = npu =0.
o1ty () o

KpususHbl npononbHbiX K¢ ¥ nonepeuHbix K, KOODAMHATHBIX JHHHH
aJanTHUPOBAHHOH CHCTEMbI KOOPAMHAT JAIOTCS CAeAYIOHUMH (hOpMyaaMH:

K — _ 1 OlnHe _ Yo ()
OH [y @)
(5)
— _Lalan — _ylw(m) 1 o
A TN ) ) Ke

L+ 2y, (x)

3anuiuieM CUCTEMY ypaBHEHMH MOJEJH [VIAJAKOTO KaHajia B Ge3pasmep-
HOH cbopMe, UCKJIIOYMB HW3 Hee IJIOTHOCTb C ITOMOUIbIO YpaBHEHHS COCTOsA-

HHA COBEPIUIEHHOro rasa:

_ P
=1 G)

rie p, p U1 1T — TJIOTHOCTb, CTAaTMYECKOe NaBJEHHe U TeMIlepaTypa rasa
COOTBETCTBEHHO.

B pesysbrate umeem:

ypaBHEHHE Hepa3pbiBHOCTH

pou _ pudl +U_} _ —(%(ngv) + HHy K, 28 (7)

ypaBHEHHE UMITYJIbCOB B MPOEKIIHH Ha 0OCb &

ypudu | Op) _ _ ou _
H"(T o€ 85>_ ngU(an Hanu>—|—

1 0 | He (0Ou ou .
o e (3 o) | - et (5 i) - o

YpaBHEHHE UMITYJIbCOB B IIPOEKIHHU HA OCb 7)

op

2
TPU .
gy Hy K =0, )
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ypaBHEeHHEe 3HEepruu

’YH;I)U |:(,)/ _ l)ua_u + 6_T:|

ou OT
9 T bE } +

= —Hepv {(fy - l)ug—?7 + an

1o [(He [, du A\ ar

3mecb w M v — TMPONOJbHAsE W TomepedHast (hH3MUYECKHe KOMIIOHEHTHI
BEKTOpPa CKOPOCTH B aJaNTHPOBAHHON CHCTeMe KOOPAMHAT, (L U A — K03d-
(ULMEHTB TUHAMHYECKOH BSI3BKOCTH M TEMJIONPOBOLHOCTH rasa. YpaBHEHHS
BBIMUCAHBI [JI51 CJIyYast MJIOCKOTO TEUEHHs] B CUMMETPUYHOM KaHase.

B ypaBuenus (6)—(10) Boriuau Ge3pasmepHbie KOMIJIEKCHI, TOCTPOEHHbIE
MO MaclITAOHBIM BeJMYHHAM (C MHIEKCOM *): 7y = Cps/Cyx — OTHOLIEHHE
TENJ0eMKOCTEeH TMPH MOCTOSIHHOM [AaBjeHHH W oObeMe (IIOKa3aTesb aaua-
6atel), Re, = pyusri/ps — unciao PeitHonbaca, Pr = fi.cpe /A — uncio
[Ipanatasi. B kayecTBe MacliTaGHBIX BeJMYHH BHIOPAHBI: [JIs MJOTHOCTH
M TeMIlepaTypbl — WX 3HaueHHs Ha OCH B HA4YaJbHOM CedeHHH KaHaja
(comma); msisi KOMIIOHEHT CKOPOCTH — BeJIMYMHA CKOPOCTH 3BYKa, COOTBET-
cTBylollas MacluTabHoi Temmepatype; a, = (YRT,)'/2, rie R — rasosas
TMOCTOSIHHAS; [/Is1 JaBJIeHUs] — BeJIHUHHA p,uy; AJs1 IepeMEHHBIX, HMeIOlHX
pPa3MepHOCTb [JHHBl — TOJYBBICOTA T MHHHMAJBHOTO (KPUTHYECKOTO)
CevyeHHUs COoILa.

PacuerHasi o6;acTb orpaHHYMBAeTCs OCblo cUMMeTpuH 7) = 0, TBepro#
KPUBOJIMHEHHOU cTeHKOH 1) = |, BXomHbIM & = &y U BHIXOAHBIM & = &y
CEeUYeHHUsIMH.

[panuuHble YyC/IOBHS AJIsi pelieHHsi MPsSMOH 3amaud comia JlaBans B
paMKax napaboJM4ecKOol MOJesH TIafIKoro KaHasa (hopMyJIHpYIOTCs Clefy-
IOLUM 00pa3oM.

Hns ypauenuit (8) u (10) BTOpOro mopsinka OTHOCHTEJBHO 7) 3aja-
IOTCSI CJIEAYIOIIME KPAeBble YCJOBUS: MPHJHMIAHUS HA cTeHke u = 0; 160
Temionsonsiiun creHku 01/0n = 0, nu60 (QUKCHPOBAHHOH TeMIepaTyphbl
T = Ty; cuMmmeTpun Ha ocu Ou/On = T /0n = 0. lns ypasuenutii (7), (9)
MEepPBOro MOpsiika OTHOCHTEJNBHO 1) HA CTEHKe 3ajaercsi ycsosue v = 0, a Ha
ocu cuMmeTpun — v =0, p = 1.

Bo BXOIHOM ceueHHH, PAaClOJOXKEHHOM B NO3BYKOBOH 00/acTH, IJs
IBOJIIOIIMOHHBIX MO MPOAOJAbHON KoopauHate ypaBHenuit (7), (8), (10) 3ana-
oTest Tpoduan u/u, (ug — CKOPOCTb Ha ocu), T' Kak QYHKIMH TOMNepeyHoH
KoopaHHaTH 7). [Ipodusb p B 3TOM CEYEHHH PaCCUMTHIBAETCS W3 ypaBHe-
Hus (9) Npu ero 3afaHHOM 3HAYEHHUH P, HA OCH.

OceBoe 3HaueHHe CKOPOCTH U, W KPUTHUYECKHH pacxon rasa @i, depes
comso [ITupymos, PocasikoB, 1990] ompemensitoTcsi M3 IOMOJHUTETBHOTO
YCJIOBHS HA MPABOU IPaHHUIE NO3BYKOBOH 00J1aCTH, T. €. HA 3BYKOBOH JIMHUH.
DTO rpaHHYHOE YCJOBHE €CTh YCJOBHE IMIQAKOrO MPOLOJ/IKEHHS pelleHHs
uepes 3BYKOBYIO JIMHHIO M¢ = 1, Ha KOTOPOH BBIPOXK/JaeTcsl 3BOJIIOLHOHHAS
MaTpuia K03 UIHEHTOB MPU MPOLOJbHBIX TPafHeHTax u, 1 ¥ p B MOACH-
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creme ypasHenui (8), (10) u (7):

~ypu/T 0 |
Hy | v(y=O)pu?/T  ~Apu/T 0 |. (11)
vp/T —ypu/T? ~u/T

JleTepMUHAHT 9TOH MaTpUIlbl npornopuonaned u?/T — 1 = Mg — | u paBeH
nymo npn Mg = 1, rne M¢ = u/T"/? — noxasnbHoe uucao Maxa Baodb
HampasJeHuss £. DTa MaTeMaTH4yecKas OCOOEHHOCTb YpaBHEHHH MOIEJH
TMafKoro KaHaja, ONMUCHIBAKOleH ABYyMepHble Bsi3KMe TeueHHUs NpPH yMe-
PEHHBIX W GOJIBIIMX YHcJaX Re, aHajorndyHa ocoGeHHOCTH ypaBHEHHH 1Jisi
OIHOMEpPHbIX TeueHHH HeBsiakoro rasa (cM. [[Tupymos, Pocasikos, 1990],
[A6pamoBuy, 1991]) ¥ NPUBOAUT K BETBJEHHUIO UHCJAEHHBIX MHTErPabHBIX
KPHUBBIX B TPAHC3BYKOBOH 06JiacTH TedeHHs. M3 3TOro BeTBJEHHS MOXHO
OnpeNesuTh 3HaYeHHe KPUTHIECKOTO pacxona Qin, KOTOPOMY COOTBETCTBYET
CMeIIaHHOe J0- U CBEPX3BYKOBOe TeueHHe rasa B comje JlaBans. s
HaXOXKAEHHUS Qi MOXKHO MCIIOJIb30BATh JIMO0 MeTon auxotromuu [Kamutkuu
u 1p., 1999], mm6o Gosee GuicTpoitl MeTon mapa6oa [Poros, 2001].
AHanus cucTeMbl ypaBHeHHH MapaboHuecKol MOJIesH TIafKoro KaHaJa
METOJOM XapaKTepPHUCTHK MOKA3bIBAET, UTO ee MaTeMaTHUeCKHH THI — napa-
6osndeckuil. [ToaTomMy 1/ YHCJIEHHOTO MHTErPUPOBAHHSI NaHHOH CHCTEMBbI
ypPaBHEHHH HCMOJIb30BAHA MaplieBast (IBOJIIOIIMOHHAS [0 BPEMEHHIION0OHOH
KoopauHaTe &) pasHocTHas cxema. [IpoM3BoAgHbIE MO MOMEpPeuHOH KOop-
IOMHATEe 1) alMPOKCHMHUPOBAHbl KOHEUHBIMH Pa3HOCTSIMH Ha TPEXTOYEYHOM
abJoHe ¢ YeTBEPTBHIM MOPSAKOM TOYHOCTH, Kak W B [KanuTkuH u np.,
1999]. [IponsBoaHbie MO MPOAOABHOM KOOpAHHATE & amMPOKCHMHUPOBAHBI Je-
BbIMH pasHOCTSMH. [Ipy 3TOM mepBbli MaplIeBBIH IIAT OCYUIECTBJISETCS MO
TPeXCTAJUHHON CXeMe, HCIOMb3Yollel Ha KaXKAOH CTalHH CXeMy NepBOro
NopsiiIka TOYHOCTH MO & W MOBBILIEHHE TOYHOCTH A0 BTOPOrO NMOpsiAKa Ha
Noc/IefIHEH CTaluK C TIOMOLILBIO TIPOLENYPbl SKCTPAMOJALUY 110 Prdapacony.
JlanbHelillee MaplieBoe HHTErPUPOBAHUE OCYIUIECTBISETCS 110 TPEXCAOHHOM
cxeMe, B KOTOPOH MPOMOJbHAS MPOM3BOLHAS OT MCKOMOH (pyHKUMH f Ha
TekyieM (n + 1)-M MaplLIeBoM cJioe annpoKCHMHPOBAHA COTIACHO (hopMyJie

of _ Iy — S Py Sott = fo  fo— fao )
<6_§>n+l_ hn i " b + hn ( Pt hn, + O(hé)’
(12)

tae hy = &, — &p—1. OTMETHM, UTO TpexcJ/oiHas MaplieBasi cXeMa OKasa-
Jach Gosiee yCTOMYUBOH MO OTHOLIEHHIO K BBICOKOYACTOTHBIM BO3MYIEHH-
fM, yeM aByxcaobiHas cxema [Kamutkun u gp., 1999]. Ms-3a ocobento-
CTH 3BOMIOLHOHHON MaTpulibl (11) Ha 3BYKOBOH JIMHMH MaplieBasi cxeMma
perynsipusyetcsi B 00JaCTH CMEIUIAHHOTO J0- H CBEPX3BYKOBOTO TeYeHHS
[Kanutkuu u ap., 1999].

3aMeTHM, 4TO K TOYHOCTH pacyeTa XapaKTepUCTHK COMes MpelbsiBJsi-
FOTCSl JOCTATOYHO KeCTKHe TpeGoBaHusi. Hanpumep, Xopolio U3BECTHO, YTO
MepBbie HEyHauHble 3aMyCcKH (hpaHIy3CcKOH pakeThl “Apuan” OblIH CBsI3aHbI
C TPOTapoM CTEHOK coreJ ABurateis. [[09TOMY Ba)KHO HAfEXKHO PACCUHUTHI-

7 H.H. Kanutkun u np.
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BaTb TEIJIOBbIE MOTOKH HA CTEHKH COMJA, KOTOpPble NOCTHUTAIT MaKCHMaJb-
HBIX 3HauYeHHH B 06sacTu ropua comna [Kamutkun u ap., 1997]. Beiurpsim
B Tsre comyia Ha 1.5 % paBHOCHJIEH Y BOEHHIO MOJIE3HOH HATrPy3KH, KOTOPYIO
MOKET BbIBECTH Ha OpPOUTY JieTaTesbHbIH annapar.

PaccmoTpuM TpHMeHeHHe KBa3UPAaBHOMEDHBIX CETOK MJisi pacyeTa Xa-
pPaKkTepuCTHK comes JlaBaJjsi ¢ TapaHTHPOBAHHOH TOYHOCTHIO. B KayecTBe
TpUMepa UCCJeNyeM JIAMUHAPHOE CMeLIaHHOe J0- U CBEPX3BYKOBOE TeUeHHe
OIHOPOIHOTO COBEpLIEHHOro rasa (Bo3ayxa) B MJIOCKOM COIJIE C 3aJaHHBIM
runep6o/sudeckuM KOHTypoM. Ilocsennuii xapakrtepusyercss ero Ge3pas-
MepHo# KpuBH3HOH K, = 0.5 B MHHHUMaJbHOM (KPHUTHYECKOM) CeYeHHH
comta £ =0 ¥ yrmaMu HakJ/OHA JIeBOH M MPaBOH aCUMITOT rHnep6oJbl K
JIMHUU CUMMETPHH COMIA: < lim = 30°, ag1im = 20° (cM. puc. 1). Pacyer
MPOBOMMJICS OT BXOMHOTO cedeHust comia & = &, = —15 10 BBIXOMHOTO
ceuenusi £ = &gy = 50.

Teuenue xapakrtepusyercss uucjaoMm Pefinonbaca Re,. > 50, a ras —
caenyromumu napamerpamu: Pr = 0.71, v = 1.4, nokasaTtesib CTeNeHH B
3aBHCHMOCTH BSI3KOCTH OT TeMrepatypsl paseH 0.76.

2. KBasupaBHomepHble ceTKH. lllar pasHOCTHOH ceTKH BblOpaH paB-
HOMEpPHBIM B MPOJONbHOM HANpaB/JeHHH W HepaBHOMEPHBIM (CO CryleHHeM
K CTeHKe IpH Re, >> 1) B mornepeuHoM. Y3/bl CeTKH B NONEPEYHOM Halpas-
JIEHHH 33JaI0TCSI CJIEAYIOUUMH (POPMYIaMH:

11— X’ m o Re,
Um—ﬁﬁ T—m» X—M» (13)

rae Homep yssia m = 0 cooTBeTCTByeT OCH comJa, a Homep m = N, —
ero cTeHke; IV, — 4YHCJO HHTep-

Uin BAaJIOB PA3HOCTHOH CETKH B IMoOIe-
0.08 peuHoM HanpasJjieHHd. CeTka Oblsia
e BbIOpaHa TaKWM 00pasoM, 4UTO MpH
0.06- Re, — O ona craHOBUTCS paBHO-
MepHOH, a mpu Re, — oo oHa cry-
0.041 uaetcst BOJM3M CTEHKH. PHCyHOK 2
JIEMOHCTPUPYET MOJIOXKEHHe Y3JI0B

4 HepPaBHOMEPHOMH 110 7) CETKH Ha INpH-
0'02'% Mepe Mpous MPOAOJIbHOH CKOPO-
CTH BO BXOIHOM CEYeHHH COIl/Ia MPH

Re, =400 u N, = 12 u 24. Tlpu
yBeJIMYeHHH uMcaa HHTepBanoB N,
BIBOE HMeeT MECTO BJIOXKEHHe Me-
Hee moapoOHOH (rpy6oi) ceTKH B

0.00 T . . " .
00 02 04 06 08 1.0

]

Puc. 2. PacnonoxxeHne y3/0B HepaBHO-

MepHOJi CeTKH B NIOePEYHOM Hanpasie- Sostee MOTPOBHYIO (MeKYIO).

HUH Ha TpuMepe TMPOMHJIA MPOLOJILHOMH

CKOPOCTH BO BXOIHOM CEUEHHH COIIa. Cerka (13) siBnsieTcsi KBasupas-

Re, = 400,0 — N, = 12, ¢ — N,, =24  HOMEpHOH. DTO MO3BOJISET YBEJH-
YUTh TOUHOCTb PEILEeHHUs] IKCTParno-

Jasiidedt mo PuuapiacoHy mMpH CTyIIEHHH CEeTKH B Jit0o60e YMCJIO0 pas, He

o6si3atesibHO 1eqoe [Kanutkun, 1978].
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3. CerouHass CXOOMMOCTh M TOYHOCTb CXeMbl. CKOPOCTb CXOIMMO-
CTH YHCJIEHHOTO DELIeHHs K PELIeHHI0 CUCTeMbl TU((epeHIHaNbHbIX YPaB-
Heuuit (7)-(10) u pakTHUeCKast TOYHOCTb PA3HOCTHOM CXEMbI TIPOBEPSIUCD
Ha BJIOXKEHHBIX CETKaX.

Ha pucyHke 3 mokasaHa CKOPOCTb CXOAMMOCTH 3HAYeHHs] KPUTHUECKOTO
pacxofia, PaCCYUTAHHOIO HA CeTKe ¢ YUCAOM y3J0B N, K npeneny N — oo.
DTOT mpefes ONpenessiicsi ¢ AeCSATbIO BePHBIMH 3HaKaMU MYTeM PacyeToB
Ha OueHb MOAPOGHBIX CETKAX C IKCTpanossuuedl no Puuapacony (em. ra. I1-
[1I). BbluuTaHue 3TOro mpeaesa M3 pacyeTHOro (i MpH KOHKpeTHOM N
[aBaJI0 MOTPELIHOCTb 3TOT0 pacyeTa. 3aBUCHMOCTb MOTPELIHOCTH OT N
H300paXkeHa Ha PUCYHKe 3 B IBOHHOM JIorapH(pMHUYECKOM Macuitade.

. §

15 1gn 20

Puc. 3. Y6biBaHMe MOrpelIHOCTH MIPH BBIYHUCJ/IEHUH KPUTHYECKOrO 3HAYEHHs pacxona

Qin TIPH CTYLIEHUH CeTKH. Kpy»KKH IOKa3blBAlOT pe3yJ/bTaThl pacyeToB Npu Re, =

= 50, toukn — mnpu Re, = 800. CrJouIHble JUHHK TPEACTABJSIOT JHUHEHHbIE

annpokCHMalli¥ M0 MeTOdYy HaMMeHbLIMX KBajpaToB pPe3y/bTaToB pacuyeTos. [IBe

BepXHHE JIMHUK COOTBETCTBYIOT CTYILEHHIO MO NPOLOJbHOM KOOpAMHATE, ABe HHX-
HUe — M0 NOMepeyHoH

CrylieHle CEeTKH MPOBOAMUJIOCH KaK OTAEJNBHO MO MPOLOJbHOH H TMole-
peYHOH KOOpAMHATAM, TaK H COBMECTHO. DPPEKTUBHBIN MOPSIIOK TOYHOCTH
TMPU CTYLIEHUH CETKH B MPOAOJbHOM HAaNpaBJeHHH oKasaJscsi paBHbIM 2.03
u 2.02 mpu Re, = 50 u 800 COOTBETCTBEHHO, a MPH CTYIUIEHHH CETKH
B mornepeyHoM HampaBjieHud — paBHbiM 4.00 u 3.96 npu Re,. = 50 wu
800. Takum ob6pasom, (paKTHUYeCKHe TOPSAKH TOYHOCTH Pa3HOCTHOrO pe-
eHust OJIM3KH K TEOPETHYECKUM MOPSiAKAM aMMpPOKCHMAlMK PasHOCTHOM
cxeMbl. CrylieHHe CETKH MO MPOLOJBHOH KOOpPIMHATE MPOBOLHJIOCH TPH
(bMKCHPOBaHHOM UMCJle HHTEPBAJIOB B MONepeuHoM Hanpas/ieHuH N, = 34,
a CrylleHHe [0 IMOMEPeYyHOH KOOpAHWHATe — MpH (DUKCHPOBAHHOM YHCJ/IE
MHTEePBaJ/IOB B MPOJOJNbHOM HanpasjeHuH N¢ = 64.

Yucsia HHTEPBAOB PA3HOCTHOM CETKH MPH €€ CTyUIEeHHH OIHOBPEMEHHO
B 000MX HampaBleHHsX 3afaBananch paBHbiMH (Ng, Np) = (8,12), (16,17),
(32,24) u (64,34). Ilpu sTOM uMcaO WAroB mo & TOYHO YABAWBAETCS, a
no 71 ysenauuuBaercss B V2 pas ¢ TouHocTbio 0.2 % (HECKOJIbKO XYALIYIO
touHocTbh 1.0% naBasna 6bl mocsemosatenbHocts Ny =5, 7, 10, 14, ...).

7%
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Ha pucynke 3 abeuucca N paBHa Ng B c/ydae CrylieHHsS CETKH B
MPOLOJIBHOM HAalNpaBJeHHH HJH 10 000MM HAaNpaBJeHHSIM OfHOBPEMEHHO H
paBHa IV, B c/lydae CTylleHHs CEeTKH B IOINepeYyHOM HanpabjeHHH. Bepx-
HHe JIMHHH Ha DUCYHKe COOTBETCTBYIOT CTYIIEHHMIO CETKH IO MPOAOJbHOH
koopauHate. C 3THMH JIMHUSAMH TpadHuecKH COBMNAAT JHHHH, COOT-
BETCTBYIOIIME CTYIIEHHIO CeTKH M0 000MM KoopAvHAaTtaM. HurkHue JHHUH
COOTBETCTBYIOT CI'YLIEHHIO CETKH 10 MONepeyHol KoopanHate. OTHOLIEHHe
unces uHTepBanoB N¢/Ny, MPH KOTOPBIX AOCTHraeTCs ONMHAKOBAsI BeJIH-
YKMHA HEBS3KH B 3HAYEHUM pacxona, NpuMepHO paBHO 4.0 MpH HOCTATOYHO
MaJlbIX Iarax CeTKH.

PucyHox 4 mnokaseiBaeT CKOPOCTb CXOIHMOCTH HEBSI3KM B BeJHUHHE
pacxona BHOJb COMJA TPU COBMECTHOM CTYILIEHHH CETKH MO MPOAOJbHOMY
U TMIOINepevyHOMY HarpasJeHUsIM. BUIHO, 4To HeBsi3Ka yObIBaeT B 4 pasa npu
yMeHblIeHUH wara no & B 2 pasa. Pacuer mnokasbiBaeT, YTO JIOKaJbHble
MaKCHMyMbl B HeBsi3Ke MO pacxomy (CM. puc. 4) HOCTHramoTcsi B ropJe
COMJIa U KOPPEJHUPYIOT C JOKAJbHBIMH MaKCUMyMaMH CKOPOCTH M3MeHEeHHs
KPUBH3HBI KOHTYpa COILJIA.

Q/ Qiwn—1% Q/ Qin—1,%

1
0.051 Re,=50 Re, =800

0.06-
0.04-
1

0.03- 0.04
0.02-

9 0.02-
0.01 '/\/\ M

4\ 3 3 4

0.00 : : . : . =

= - 2 1.0 1 2

a 3 2 1 ¢ 0 1 2 ¢

Puc. 4. Y6biBaHue TIOTPELIHOCTH B BeJIMUKMHe pacxofa () BIOJb COMJIA MPH CTYIIEeHUH

CEeTKH B IPOAOJBHOM M IONEpPeuHOM HANpaBJeHHsIX OJHOBPEMEHHO; a) Re, = 50,

0) Re, = 800. Kpuble /-4 paccuuTaHbl NP MPOROMbHBIX warax he = 1/8, 1/16,
1/32 u 1/64 coOTBETCTBEHHO

[IpencraBneHHble pacyeThl BBIMOJHEHbl Ha PABHOMEPHOH 1Mo & CeTKe.
OnHako ¢ TOYKH 3peHHs] SKOHOMHH pecypcoB DBM GoJsiee BbIrofHbI pacye-
Thl Ha HepaBHOMEPHOH MponoJbHOH ceTKe. [locKo/bKY HeBfi3Ka B pacxofe
SIBJISIETCS MAKCHMAaJIbHOH B 00/1aCTH ropJia COMJia, TO B pacyeTax MpPOAOJb-
HbIH IIAr KUMeeT CMBIC/ yBEeJMYMBATb OT TOpJia K BXOLHOMY W BBIXOLHOMY
y4acTKaM COMJa, HAa KOTOPbIX KPHUBH3HA Maja W H3MEHseTCs MeMIJeHHO.
[Topxonsium 6yneT cjaenyOUIMH BBIOOP MPOMOJNBHOrO LIara:

hé.n = y%u(gn) h{,min» (14)

rae hg¢min €CTb NPOAOJbHBIA 1Al B MHHMMAJbHOM CEeYeHHH comna, &, —
n-# y3esa pasHOCTHOH CeTKH.
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§ 2. IlorpaHuyHBINA CJI0OUA NPU 00TEeKAHUU

1. TasoguHamMuyeckas Mofeab. DyzneM paccMaTpuBaTh CTallHOHApHOE
TedeHHe BSI3KOTO, TEIJIONPOBOLHOIO COBEPLIEHHOTO ras3a OKOJIO IJIaJKOro
0CECHMMETPHYHOI'0 HJIM IIJIOCKOTO 3aTYIJIEHHOTO Tesa, 00TeKaeMOro paBHO-
MEePHBIM CBEPX3BYKOBBIM MOTOKOM IIOJ HYJIEBBIM YoM atakd. [Ipu ymepeH-
HBIX ¥ OOJIbIIUX YHCJIaX Re Takoe TeueHHe aeKBATHO ONHCHIBAETCS CHCTE-
MO ypaBHEHHH MOJIHOrO BsI3KOro yaapsHoro ciqosi [Davis, 1970]. dast 3agau
CBEpPX3BYKOBOIO OOTEKaHHs pelleHHs] 3TOH cucTeMbl OJM3KH K pelleHU-
sSIM TMOJHOH cucTeMbl ypaBHeHHH Hasbe—Crokca [BesouepkoBexkuil (pen.),
1974; TpomoB u np., 1999]. [as 3agay runepsByKoBOro 00TEKaHHs 3aTyTl-
JIGHHBIX T€J Ta30BbIM IOTOKOM ¢ uucJgoM Maxa M., > 3 0CHOBHOH BKJaJ
B pelleHHe BHOCHUT Tumep6oJ0-napado-
JIM4eckasi 4acTb CHCTEMBl YypaBHEHUH
TOJIHOTO BSI3KOTO YAAPHOro cJjosl. DTa
4acTb NAHHOHM CHCTEeMbl YpaBHEHHH co-
CTaBJsET MaTeMaTHYeCKyl0 OCHOBY MO-
JlesId TUIEepPOOHUECKOro BA3KOTO yaap-
goro cJjos [Poros, Cokonosa, 2001 wu
2002, 6]. PaccmatpuBast manee Teue-
HUs ¢ yhcaamMd Mg, > 3, B KauecTse
onpefesgionlell Mogend BO3bMEM MO-
Jiesb THnepOoJMyecKoro BA3KOro yaap-
HOT'O CJIOS.

Mopnenb runep6OIHUECKOTO BSI3KO-
r0 YAApHOTO CJIosl, TaK e Kak H 6o-
Jiee CJI0XKHAsi MOJeJb IOJIHOTO BSI3KO-
rO YAAPHOTrO CJIOsl, SIBJISETCS JBYXCJOH-
Ho#. BosmylneHHas o6sacTe TeueHUs
OKOJIO 00TeKaeMOro Tesa pastuBaeTcs
Ha CTPYKTYpY TOJIOBHOH YHAapHOH BOJI-
Hbl U BA3KUH YAApHBbIH cod — 06sacThb
MeXAy YAApHOH BOJIHOW M IOBEPXHO-
cTbio Tesma (cM. puc. 5). B paMkax 3ToH MoOmesH HaBbe-CTOKCOBCKYIO
CTPYKTYPY YAApHOH BOJIHBI MOXXHO OIpelesNHTb II0cje pacyeTa OCHOBHOH
BO3MYLIEHHOH 00/1aCTH TeYeHHs] — yIAPHOTO CJIOS.

YpaBHeHHs1 MOZe/M rUnepOONHUECKOr0 BA3KOrO YAAPHOT'O CJIOS, OMUCHI-
BaWOIIHe TeYeHHe B YIAPHOM CJIOe OKOJO MJIOCKOTO HJIH OCECHMMETPHUYHOTO
3aTYIJIEHHOT'O TeJia, 0OTEKaeMOro Moj HYJEBBIM YIVIOM aTakKH, B MepeMeH-
HBIX (2, 7)) HMEIOT CJEeAYIOIIHH BHUA:

Puc. 5. KaptuHa oOTekaHus 3aTyI-
JIEHHOTO TeJla CBEPX3BYKOBBIM MOTO-
KOM BSI3KOTO rasa

v _ 773//3 9 (v 10, _
% (r" pu) v O (r pu) + e B (r"Hypv) =0, (15)
du 1 ( dp .\ pdps Vou ny, dp _
U + 5 <w—a$ (1 w)p—s d:v) v on  yepdn + Kyuv =
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1 0 e ou  Kyysu
= — r"H — = 2", 16
v’ Hiyp On { IM(‘% H ﬂ 1o

u% VBv H1@
or ' ysdn ' yspOn

— K,u?=0, (17)

K2 Lo o Vo 1,9 o\] _
uge [h+2(u —l—v)} erséh7 [h+2(u +v)} =
1 0 orT ou  Kyysu
= rYHy | Ao— + pu | — — —22— . (18
'r/’ysan{ l[ In : (877 H, >:|} ( )
3nech

x

r =Ty + ycosa, rw:Jsinad:c, H; =1+ Kyy,

dys do
y;:dl;, Kw:—%, V = Hyv —ny.u, (19)
2
w = min 1,0% , 0<o< .
1+ (y—1)M;

B stux ypasHenusix 1 = y/ys(x) ecTb HOPMUpPOBAHHAsI MOIMEpeyYHasi
KOODJIMHATA; T, iy — eCTECTBEHHbIE OPTOrOHAJbHbIE KOOPAMHATHI, CBSI3aHHBIE
C TIOBEPXHOCThbIO 0OTeKaeMoro Tesa (cM. puc. 5); ys — OTXOA TOJIOBHOH
yAapHOH BOJIHBI OT MOBepxHOoCcTH Tesa y = 0; 7 — paccTosiHHE [0 OCH
(MJI0CKOCTH) CHMMETPHH TeJsa; 7y U K, — KOHTYp MOBEPXHOCTH OOGTeKae-
MOTO TeJia U €r0 KPUBHM3HA, (v — YTOJ MEXy KacaTeJbHOH K MOBEPXHOCTH
U ocblo (MJIOCKOCTbIO) cuMMeTpuu Tesa; H; — xosadduuuent Jlame; u,
v — KacaTeJbHasi M HOpMaJbHasi K MOBEPXHOCTH TeJjia COCTaBJSIOLIHE
BEKTOpPAa CKOPOCTH; h — ymesbHasl 3HTAJIbIMs rasa; g U A — Kodpdu-
IIHEHTbl BSI3KOCTH W TeronpoBogHocTH; v = 0 uau 1 mjst miockoro wiu
OCECHMMETPUYHOTO TEeUeHHs] COOTBETCTBEHHO. HurKHHME HHAEKCH € u w
MPUIIKUCAHBl 3HAYEHHSIM BEJMYHH HENOCPENCTBEHHO 3a yIApPHOH BOJIHOH M
Ha MoBepxXHOCTH Tesa. B dopmyse (19) koapduuueHT o 3anaH U OJU30K K
eIMHHIIE; Y — [OKa3aTesb anuabatsl; M, — omnpeiesieHHOe 10 MPOAOJIbHOM
COCTaBJISAIONIEH CKOPOCTH JIOKaJbHOE 3HayeHHe yucia Maxa.

[IpousBopHast OT KOHTypa VAAPHOH BOJIHBI, BXOsllas B YypaBHEHHs
(15)—(18), cBsizaHa ¢ ee HCKOMBIM OTXOJIOM ¥s F€OMETPHUECKHM COOTHOILIIE-
HHEM

dys
d?jn =tg(8— a)Hs, Hy =1+ Kyys, (20)
rae 3 — yroJ MexXIy KacaTesJbHOH K YAAPHOH BOJIHE M OCbI0 CHMMETPHH
tesa (cM. puc. b).

YpaBuenusi (15)—(20) 3ambikaOTCsi ypaBHEHHEM COCTOSIHHSI COBEpIIEH-

HOro rasa
p = pRT (21)
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U 3aBUCHMOCTSIMH HTAJbIHU h, KO3(DDUIUEHTOB BA3KOCTH [4 U TEMJONPO-
BOAHOCTH A OT TeMIepaTyphl.

CucTema ypaBHEHHE MOJE/H THIIEPOOJHUECKOTO BI3KOTO YAAPHOTO CJI0s
MONy4YaeTcsl M3 CHCTEMbl YPAaBHEHHH MOMIEJNH MOJHOTO BSI3KOTO YIAPHOTO
CJI0sl B Pe3yJIbTaTe MPUONHKEHHUS AJIs1 IPOLOJNBHOTO I'PAIUEHTA JABJIEHHUS B
YpaBHEHUU MPOAOJIbHOTO MMIyJabca (16) B M03BYKOBHIX 00/1aCTX TEUEHHSsI
[Poros, CokosioBa, 2002, 6]. B cBepx3BYKOBBIX 00JaCTSAIX ypaBHEHHS ITHX
MozeJiell COBNaAaoT.

B ypaBHeHUsIX MOne U THepOOIUIECKOr0 BI3KOr0 yIapHOro CJosi HMe-
eTcst 0COOEHHOCTb Ha OCH cUMMeTpuu Tedenuss x = 0. Ha »3To#t ocu mnpo-
JIOJIbHAsT CKOPOCTh ¥ U MPOJOJbHbIE TPAAUEHTHl U, P, P PaBHbI HYI0. UTOOHI
paspeliuTh 3Ty OCOGEHHOCTh, BBOASATCS PACTSHYTas B OKPECTHOCTH OCH
CUMMETPHH MPOAOJIbHAS KOOPIHHATA

x
&= Jcos adzx (22)
0
¥ HOPMHUPOBAHHAsK MPOIOJbHAS CKOPOCTh
_
U= . (23)

BeenenHas koopauHara £ cOBNagaeT ¢ LHJIMHAPUIECKOH KOOPAHHATOH 2
B C/Iyyae OCECHMMETPHYHOrO TeueHHs (CM. PHC. 5) MJIH C COOTBETCTBYIOLILEH
J€KapTOBOH KOOPAMHATOH, OTCUHUTHIBAEMOH BJOJb MJOCKOCTH CHMMETPHH
OT MepelHel TOYKH TOPMOXKeHHsl moToka (Touka O Ha puc. 5), B caydae
TJIOCKOTO TeYeHHs.

YpaBuenusi (15)-(20) B HOBBIX MepeMeHHBIX B Ge3pa3MepHO# (opme
TIPUMYT CJAENYIOUHHA BHI:

gaﬁg(pu) + %(fp) + hpu =0, (24)

9, o dp p dps

0 B r THip L@_U_Kwu B
+ 3, [fpu TSP~ Rew < i )]

Ys On

_ TKuwysp L@_u _ Kyu
Reso

+ (h 4 TKyys sina)pu? + 7K pyspuv + (27 — D)yip =0,  (25)

19} 19}
ga—g(puv) + 8_17(pr + 7Hp) — gKypu® + hpuv — qusp =0,  (26)
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0 x x
ga—g(puT ) + hpuT™ +

+§n{fPT*—TH1“ { ! 8—T+u0052a<18—u—Kwu>]}=0,

Rew |ysPr dn ys O H,
(27)
T =T+ %(u2 cos? a + v?),
dys _ tg(B— o) .
d£ - Ccos (1 + wa‘/s)v (28)
31€Ch Y
_ (T r_ dys
e <rw> C T e (29)
f=71(Hv—nyucos®a), g=ryscos’a,
30
h = (21 — 1)y’ cos® a + qys sin a, q:uHIC(T)SQ-I—TKw. (30)

B ypaBHenusix (24)-(28) u ¢opmynax, NpuBeNeHHbIX HHXKE, uepTa Haj
BEJMYMHOH w omylleHa. Bce BeJMYMHBI, HMeIIMe PA3MEPHOCTb [IJIHHBI,
OTHeCEeHbl K paguycy 3aTymjeHusi R, KOMIOHEHTbl BEKTOPa CKOPOCTH —
K Vi, TIOTHOCTb — K poo, NABJICHHE — K poo V.2, TeMIepaTypa — K Vozo/cp,
KO3((HUIHEHT BSI3KOCTH — K [loo. HUKHHe HHAeKCH 00 W O MpHMHCaHbI
3HAuUeHHsIM BeJHYMH B HaberawoleMm
MOTOKE M Ha OCH (MJIOCKOCTH) CHM-
MeTpuH. [Ipy HamucaHuW ypaBHEHHH
(24)-(28) mpenmonara/noch, 4TO Tel-
JIOEMKOCTH rasa 4 uucio [Ipanntas Pr
MOCTOSTHHBI.

PacyerHass o6sacTb oOrpaHUyYHBa-
eTcsl TBepHOH KPUBOJHHEHHOH CTeH-
kot 77 = 0, TOJIOBHOH yHapHOH BOJI-
HOH 7 = 1, ocbio cuMmerpud x = 0
U BBIXOIHBIM CEUEHHEM T = Zoyt, pac-
TIOJIOXKEHHBIM B 00JIaCTH TpeuMylile-
CTBEHHO CBEPX3BYKOBOTO TeueHHUsI (CM.
puc. 6).

KpaeBbiMH yCJIOBHSIMH [JISI ypaB-
HeHuil (24)-(28) oTHOCHTEJNBHO Mepe-
MEeHHBIX U, v, T, p IBJASIOTCS: HAa yoapHOH BoJHe (T.e. mpu 1) = 1) — TpH
U3 deTbipex 0600IIeHHBIX COOTHOLEeHUH PeHkuHa—-Ttoronuo misi ug, vs, Ts
[CosoBaues, 1996; Tupckuit, 1997]; Ha o6Tekaemoil moBepxHOCTH (MpH 1) =
= 0) — 3agaHHas TeMnepaTypa, yCJIOBHS MPUJIHNAHUS U HEIPOTEKAHUS 1J1s
KOMIIOHeHT ckopocTH. OctaBlleecsi (4eTBepToe) COOTHOLIeHHe PeHKHHa-

['toronno | L
= — 4+ [ 1-T=—==2)sin? 31
pe= o ( - ) 8 (31)

T

Moo

z=0
Puc. 6. Pacyernas o6sacTb
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CBsI3bIBAET yros (3 ¢ ps ¥ T U COBMECTHO ¢ ypaBHeHUeM (28) CayKUT aJist
onpeJesieHHs] HEHU3BECTHOTO OTXOAA YAAPHOH BOJIHBI ¥s.

HauanbHble ycsoBHsT /11 HCKOMBIX (DYHKIHH Ha OCH (IIJIOCKOCTH) CHM-
METPHH ONPEeNeISIOTCS U3 pPelleHUs] CUCTeMbl 0OBIKHOBEHHBIX AU hepeHIy-
aJbHBIX ypaBHEHHH, B KoTopble NpH & = O BEIpOXKAAIOTCS ypaBHeHUs (24)-
(28). Ilpu atom pacrpeneneHuss UCKOMBIX (DYHKLUHE Ha OCH CHMMETPHH,
a TakXe 3Ha4eHHEe OTXONA Ys0 3ABHUCAT OT BEJHUMHBI KPUBHU3HBI yHApPHOU
BOJHBI K.

KpususHa ynapHoil BosHbBl Ky ONpefessieTcsi U3 JAOMOJHHTENbHOrO
YCJIOBHS Ha NPaBOH TpaHHMIle N03BYKOBOH 06/1acTH (3BYKOBOH JHHUH M, =
= 1). JleTepMHHAHT 3BOJIFOLMOHHOH MATPHIBl MPH NPOLOJNBHBIX TPaiHeH-
Tax u, v, I, ps B YpaBHEHHUsX THUNepOOJHUECKOr0 BSI3KOTO YIAPHOTO CJIOf,
KaK W JeTepMHHAHT MaTpHLbl NpU IpajHeHTax u, v, 1, p B YpaBHEHHSX
TIOJIHOTO BSI3KOT'O YIAPHOTO CJIOsi, Ha 3BYKOBOH JIMHHUM paBeH Hyuo. Besen-
CTBHE IJIOXOH OOYCJIOBJIEHHOCTH 3BOJIOLUOHHON MAaTPHIbl, UHTErpajbHble
KpUBble ypaBHEHHH T'UIepOONHYECKOr0 BSI3KOTO YAApHOTO CJIOsl, COOTBET-
CTBYIOIME Pa3/IMUHBIM 3HaueHUsIM Ky, BETBSITCS B OKPECTHOCTH 3BYKOBOH
JauHud. [lonoGHoe MoBeleHHMe WHTErpasbHBIX KPUBBIX HMEET MECTO W IJIsi
ypaBHeHUH, ONHCHIBAIOIIMX BsI3KOE CMeIllaHHOe TeueHHe B comje JlaBass
(cm. §1). B cnyuae BHYTpeHHHX TedyeHHH aHaJOroM BeJU4MHBbl Ko sB-
JISIeTCsl BEJIMYMHA PacxXofia rasa (Qip. AHaNOTHUHO CYIIECTBOBAHHIO €IMH-
CTBEHHOTO 3HauyeHHs1 KpuTHYeckoro pacxona [[Tupymos, Pocasikos, 1990],
IJs ypaBHEHUH TrunepboJUYecKOro B3KOTO YIAPHOTO CJIOS TaKXKe Cylle-
CTBYeT HEKOTOpoe “KpUTHuUecKoe” 3HaueHHe K gp, KOTOPOMY COOTBETCTBYET
eIMHCTBeHHAs (TpefesibHAsl) MHTErpajbHas KpHUBasi, KOTOpas MOXKeT OBITb
rJIaJKO TPOIOJI’KEHa 3a 3BYKOBYI JIMHHIO. DTa WHTerpajbHasi KpHBas H
€CTb HCKOMOE pelleHHe 3a1ayuH.

AHasnus cucTeMbl ypaBHEHHE HIepOOSHUECKOrO BI3KOTO YAAPHOrO CJIOS
METOIOM XAapaKTePUCTHK MOKA3blBA€T, YTO OHA HMMeeT CMEIUAHHbIH TH-
nep6oso-napadonudeckuil tum. Jas duc-

JIEHHOTO MHTErpHpOBaHHus JNAHHOH CHCTEMBI 11_

YPaBHEHHH MCMONb30BAaHA Ta K€ MaplleBas

pasHoCTHasl cxema, YTO M [JIsl MHTErpUpo- 121 //"

BaHMs ypaBHeHHH mapabosudeckoit momesnu 10 g

rnagkoro kanazaa (§1). 8- -7
PaccmoTpum nprMeHeHHe KBasHpaBHO- 6 e

MepHBIX CeTOK AJsS pacyeTa C rapaHTHPO- o 7

BAHHOH TOYHOCTbIO XapaKTEPUCTHK B3aHMO- 9] //

JIeUCTBUSl CBEPX3BYKOBOI'O [a30BOr0 MOTOKA rd

¢ oO6TekaeMbIM TeJsioM. B kKauecTBe mpumepa O(j 10 20 , 30 40

pAcCMOTPHUM JIAMHHApPHOE OGTEKaHHEe [JIMH-
HOTO 3aTYIJIEHHOTO Tesa (pakeTbl) ogHopox- — PHC. 7. Kontyp oGrekaemoro
HBIM COBEpIIeHHBIM Ia30M (BO3LYXOM) C 7y = Tzﬂaa(CMZMH:” ﬂoHHHaﬂz i ro-

JIOBHas Has BOJIH HITpHU-
=14, p~ T%, Pr=0.7; uucieHHoe 3Ha- yaap p

. XOBasi JIMHUS)

yeHue KOIPDUIMEHTOB 3THX 3aBHCHMOCTEH
/s BO3lyXa Opajiuch U3 CIPABOYHMKOB. BeapasMepHbIil KOHTYp Tesa H3o6-
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pakeH Ha pPUCYHKe 7 CIJIOIIHOH KpuBo#. OH paccUMTHIBAJICS MO 3aJaHHOU
A KoM MOHOTOHHO# (QyHKUMM o = ax). TeueHue xapakTepU3yeTCsl YUC-
JaMu Mo, = 5 1 Reoo = 10%.

2. KBasupaBHOMepHble ceTKH. PacuyeTHass 00/acTb B KOOpAHHA-
tax (§,n) siBasiercs npsimoyrosbHukoM. llar pasHocTHOH ceTKH BbIGpaH
PaBHOMEPHBIM MO TPOJOJBHOH KoopAuMHaTe & M HepPaBHOMEPHBIM IO
TnornepevHol KoopAHHaTe 1) (CO CrylieHHeM K cTeHKe MpH Rey, > 1).

Y3Jibl CETKH B MONEPEYHOM HAMpPAaBJIEHUH 33[aI0TCS CAEAYIOLIHUMH (op-
MyJIaMH:

1_1_7”2 m ___ Reo
T~ N, X'~ 320+ Rey)’

rie HoMmep y3/aa m = 0 cOOTBETCTBYeT cTeHKe (MOBEPXHOCTH Tesa), a HO-
mep m = N, — rOJIOBHOH yHapHOH BOJIHe; 371ecb [V, eCTb YHCJI0 HHTEPBAJIOB
Pa3HOCTHOM CEeTKHM B MOMepeyHOM HampaBJ/eHWHH; uucao PeiiHosbaca Reg
CBSI3aHO C YHCJIOM Re,, dopmysoi

Nm = T, T=1- (32)

Reg = #© Re,., 33)
() o (
roe T() — TeMnepaTypa aﬂua6amqecxu 3aTOpMO}KeHHOI‘O Ha6eraromero

notoka. CeTka Oblja BbiOpaHa TakuMm oOpa3om, 4to mnpu Rey — O oHa
CTaHOBHUTCSl PaBHOMEPHOH, a Npu Rey — 0o OHa HeOorpaHUYEHHO CryllaeTcs
BOJIM3KM CTEHKH. TakuM 00pasom, MO MOMepeyHOH KOOpAHHATE 1) CeTKa
IBJISIJIACH KBA3UPaBHOMEPHOH.

3. CeTouHas CXOAMMOCTb M TOYHOCTb CXe€MbI. PacCUMTaHHbBIH KOH-
Typ TOJIOBHOH yHApHOH BOJIHBI M300pakeH Ha pucyHke 7. Ha pucynke 8
TMOKa3aHbl BaXKHeHIlIHe XapaKTepH-

IOQC’H, IOQOf, Pw CTHUKH B3aHUMOJEHCTBHUSI BBICOKOCKO-
3.01 POCTHOTO Ta30BOTO MOTOKa ¢ 00Te-
9 54 KaeMbIM TeJOM — KO3((HUIIUEHTHI

tpeHusi Cy ¥ KOHBEKTHUBHOH TerJo-

41
2.0 nepenaurt Cpy, KOTOpBIE oOIpenessi-
10TCs (hopMysnaMu
Cp = 2
Poovozo (34)
Cn T

poovoo(Hoo - hw) ’
rape 7T, — BfI3KO€ TpeHHe Ha CTEeH-

Puc. 8. BeanuuHbl BAOJbL MOBEPXHO-

K — TEIJIOBOH MOTOK B CTEH-

CTH 06TEKaeMOro TeJ/a: 1aBJeHHe Py, — S }1}”_ L € JI(Q) ° 9 020 cre
nynktupHas, Cy x 10° — wrpuxosas, <Y 11 = + (u” +07)/2 — nonnas
Cr X 10? — clilowHas JHHAS yIeJbHasi 3HTaJbNus rasa. Ms pu-

CyHKa BHJIHO, YTO 3HAueHMs [aBJie-
HHS Ha NOBEPXHOCTH M TEIJIOBOTO MOTOKA B CTEHKY AOCTHraloT MakKCUMyMa
B NepefHeld KPUTHYECKOH TOuKe TeJa.
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Ha pucynkax 9-11 mokaszaHbl CKOPOCTH CXOIUMOCTHU 3HAYEHHH HCKO-
MbIX BEJHMYHMH MPH CTYLUIEHHH CETOK K TOUHBIM 3HAYeHHSM; IOCJeNHHE
OTIpeeNAIOTCS IKCTpanoysiuded 1no Pu4apacoHy 3HaueHWH, MOJyYeHHBIX
IJIsT ABYX CaMbIX TOAPOOHBEIX ceToK. CryllleHHe PasHOCTHOH CETKH MPOBO-
JIUJIOCh O TIPOAOJBHOH U MOMEpeyHOH KOOpAUHATe KaK pasfelbHO, TaK H
coBMecTHO. CrylleHHe B MPOAOJBHOM HAaMpaBJeHUH MPOBOAMJOCH HA IO-
cJleloBaTeIbHOCTH ceTok ¢ Ng = N, = 24, 34, 48 u 68; sgece N, = 1/hg,
a h, — mocrosiHHBIN wWar no nepeMeHHoi x. [lo momepeuHoll KoopauHaTe 7
CrylileHHe MPOBOAMJIOCH Ha MOCJeN0BaTEIbHOCTH ceToK ¢ [N, = 24, 34, 48,
68 u 96. Takum 06pa3om, YKCJO IIATOB MPH CTYIIEHHH CETKH OTAEJIbHO
M0 pasHbIM HAIpAaB/JEHUAM yBeJHuMBaeTcs B v/2 pa3 ¢ TouHocTbio 0.2%.
KosinuecTBO MHTEpBAJOB PA3HOCTHOH CETKH INPH €€ CIYLIEHHH COBMECTHO
B 000MX HamnpaB/eHHsX 3anaBajoch paBHbiM (N¢, Ny) = (24,48), (34,57),
(48,68) u (68,81). Ilpu TakOM CrYIIEHUH KOJHUYECTBO MHTEPBAJNOB CETKH
Mo ¢ yBeJHYMBAJIOCh PUMEPHO B /2 pas, a 10 1) — MPHMEpHO B V2.

lg(Ayy), 18(ACpy)

Puc. 9. Y6biBaHHe MOTPELIHOCTH MPU BbIYMCIEHHH 3HaueHus ys (x = 35) (uudpa /

OKOJIO JIMHHUH) W K03(D(hHLMEeHTa cOompoTHBeHHs naBjeHus Cp, (unudpa 2) npu

CT'YILEHHH TIPOJOJbHON CeTKH (IBe BepXHHE JIMHHH) U NONePeyHOl CeTKH (HHXKHUE

JAuHKM). Kpy>KKH M KPeCTHKM — UYHCJEHHble PAaCueThl, JHHHM — aNIpOKCHUMalUH
3aBUCHMOCTEH

Ha pucynkax 9-11 a6cuncca N paBHa Ng B ciiydae CTyIIeHHs CETKH B
NPOJOJILHOM HAMNpaB/JeHUH WJM M0 OOOUM HAMpaBJIEHHSM OLHOBPEMEHHO H
paBHa NN, B c/llydae CTyllleHHs CETKH B IOMNepeyHoM HanpasjeHuH. ITpu-
XOBble IHHHH Ha PUCYHKax 9—11 mpencTaB/isiioT JMHEHHbE alMPOKCHMALUH
M0 METOAY HAUMEHbLIMX KBaApPATOB Pe3y/lbTaTOB PACUETOB, MOKA3aHHBIX
TOUKaMH.

Ha pucynke 9 nokasaHa cXOOUMOCTb 3HaYe€HHH OTXOHa yOAPHOH BOJ-
HBl Ys NMPH & = 35 M Ko3(dULHEHTa CONPOTHBJeHUs AaBieHus Cp, npH
U3MeJsibdeHUH ceTKH. Bepxuue sunun [ v 2 Ha pucyHke 9 COOTBETCTBYIOT
CTYUIEHHIO CETKH MO MPOAOJbHOH KoopauHate. C 3THMH JIMHHSAMH rpadu-
YecKH COBMNANAIOT JHMHHH, COOTBETCTBYIOLIHE CTYLIEHHMIO CETKH MO 06eHM
KoopauHataM. HuxkHue quHuKM [ W 2 Ha NaHHOM DHCYHKE COOTBETCTBYIOT
CTYIUIEHHIO CETKH MO MoNepeuHol KoopauHate. DPp(eKTHBHbIH MOPSI0K TOU-
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HOCTH IIPH CTYUIEHHH CETKH B MPOAOJbHOM HarpaBJeHHH 0Ka3aJjCsl PaBHBIM
1.87 n 1.83 mna ys u Cp, COOTBETCTBEHHO, a TPH CTYLIEHHH CETKH B
monepeyHoM HampaBaeHHH — paBHbiM 3.70 u 3.25 n/is BbllIeyKa3aHHBIX
BEJIMYHH.

I5(ACH)
lg(A\CDf) —3.0-
_3] —35] T
“a
¢ —4.01 .
.\‘\. ‘\.
. —4.51 T
ey —5.0 N
e —5.51 N
1.4 1.6 1.8 2.0 —60 ' ' ‘
. 6 ey . 1.4 1.6 1gN 1.8 2.0
Puc. 10. Y6blBaHMe MOrpeLIHOCTH NPH Puc. 11. Y6biBaHHe MOrpemHoCTH Npy
BBIUMCJIEHHH 3HaueHHs KO3((hHIHEHTa BBIUMCJ/IEHHH 3HaYeHHUs KOd(pHIHeHTa
conporusJenus TpeHust C'py MpPH Cry- renoooMeHa Cy B IepegHed KPHUTH-
I[EHHH CEeTKH 4ecKOH TOUKe TeJ/a NPH CTYILIeHHH CeT-

KH

Ha pucynke 10 mokasaHa CcXOOMMOCTb 3Ha4yeHHs KO3(pQUIHEeHTa cO-
npoTupJeHus TpeHus Cpy NpH U3MesbueHHHM ceTKH. Ha 3tom pucyHke
KPYy2>KOYKH TOKa3blBAIOT CETOYHYI0 CXOAMMOCTb IO 1), KPECTHKH — Mo &,
a TPeyroJbHHKH — MO0 HaNpaBjeHHsIM & U 1) OLHOBPeMeHHO. D PeKTUBHBIN
MOPSIIOK TOYHOCTH CXEMBl MPH CTYILIEHHH CETKH M0 7) OKa3aJjcsi paBHbIM
3.52, mo £ — 1.60, a no & u n ogHoBpemenHo — 2.40.

PucyHox 11 uasocTpupyeT cXOOMMOCTb 3HadeHHs] KO3(h(UIMeHTa Tell-
JgoobmeHa C'i B nepefiHell KPUTHUECKOH TOYKe TeJsa TMPH CTYUIEHHH CETKH.
Ha 3ToM puCyHKe Kpy»KOUYKH MOKa3blBalOT CETOYHYIO CXOAMMOCTb IO Ha-
TPaBJIEHUIO 7), @ TPEYTOJbHUKH — I10 HANpaBjeHUsaM & U 1) OIHOBPeMEHHO.
Db PeKTUBHBIH NOPALOK TOUHOCTH CXEMbl NMPH CTYIIEHHH CETKH IO Iepe-
MEHHOH 1) 0KasaJicsi paBHbIM 3.55, a 1o & W 1 onHoBpeMeHHO — 1.93.



F'nmasa IX
HUHTETPAJIBHBIE YPABHEHUA

YpaBHeHHs], cofepaKalllie HEeH3BEeCTHYIO (DYHKIMIO MOA 3HAKOM HHTe-
rpaja, 4acTo BO3HHMKAIOT B Pas3/iH4YHBIX 06JacTaX HayKH. Xopoliuil o630p
Pa3/UYHBIX aHANTUTHUECKHUX M YHUCJEHHBIX METOJOB pelleH sl HHTerpalbHbIX
ypaBHeHHH MOXHO HallTH B KHure [Mamxupos, [loasuun; 1999]. B stoit
IJ1aBe pacCMOTpPeH MeTon KBaapaTyp. CeTOYHbIH MEeTOH MO3BOJSET, UCIOJb-
3ysl MPOLEAYPY CrYILIEHHS] CETOK, MPOU3BOAMTb BBIYMCJIEHHS C KOHTPOJIEM
TOYHOCTH M MPOBOAHTb PEKYPPEHTHOE YTOYHEHHE peIleHHsl 10 METOALY
PudapacoHa, CylecTBEHHO MOBBILIAS TOYHOCTb PACUETOB NMPAKTHYECKU Oe3
yBeJHueHHs 00beMa BbIYMC/IEHHH; MPU 3TOM MOXKHO HCIIOJNb30BAaTh Kak
paBHOMEpHbIe, TAK U KBa3UPaBHOMEPHBIE CETKH, B TOM YHCJe U B Heorpa-
HHYeHHOH obJacTH.

§ 1. Meton kBagparyp

1. Aaroputm. Paccmotpum ypaBHenne @penrosnbma Il-ro pona:

w(x) — A | K(z,s)u(s)ds = f(z), a<z<b. (1)

e e

Wnes MeTona KBagpartyp 3akJ/OUaeTcss B 3aMeHe MHTerpaja B ypaBHe-
Huu (1) HeKOTOPOU MPUO/IMKEHHON KBaApaTypHOH (POPMYJOL:

N
F(z)de =Y cuF (@), (2)
=1

Qe

Te T, — y3Jbl, a ¢, — Beca KBaApaTypHOU (HOPMYJIHL.

Beenem B kBaspate [a <x<b a<s< b] OJIMHAKOBbIE CETKH 10 00eUM
KOOPAHHATAM: Tp, Sp, 1| < n < N; B KauecTBe Y3JI0B 3THX CETOK BO3bMeM
y3Jbl BeIOpaHHOH KBanpaTypHoil (opmysbl. Ecsu BeiOpaHa KBagpaTypHas
(dopmysa Tpaneuui, To ysaamu OyAyT rpaHHUHble TOYKH MHTEPBAJIOB; €C/IH
HCTIOJb3YyeTCsl KBaapaTypHas (popMysa CPefHHX — CepelHHbl HHTEPBAJIOB.
3amensis unterpan B (1) mo kBagpaTypHoH dopmyne (2), mpUXoOoHM K
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cJenyioleld HeOMHOPOAHOH CHCTEMe JIMHEHHBIX ajareOpaniyecKux ypaBHeHHH
1J15 ONpefie/IeHUs] 3Ha4YeHHH HEU3BECTHOH (DYHKLHH Uy B y3JaX CETKH Ty,
1<n<N:

N
un—)\Zch(:rn,sm)um:fn, I1<n<N. (3)

m=1

YpaBHeHue (3) ynoGHO 3amucaTbh B MaTpPUUHOH (hopMe:
Y - MAY =F. (4)

3mech Matpuia A HMEeT 3JEMEHTHl Gpy = K (Tp,$m), a Y u F
SIBJISIIOTCS BEKTOP-CTOJIOIAMH, COCTABJEHHBIMU W3 3HAUEHHH HEU3BECTHOU
(YHKUMH Uy YU TNpaBod 4acTH f, ypaBHeHHs (1) B y3/jax CeTKH Zp, 1 <
<n<N.

OTMeTHM, 4TO MaTpHLa cHcTeMBI (3) siBsieTCs, BOOOIIE rOBOPSi, MJIOTHO
3aM0JHEHHON M HespMuTOBOH. Ecanm 1/\ He coBmajaetr HH C OZHMM H3
COOCTBEHHBIX 3HaueHHH Matpuiubl A, To cuctema (3) UMeeT eIHHCTBEHHOE
pewenue. Cucrema (4) OymeT xopoiio 0O0ycJOBJeHa, ecid A He Oyner
JIeXXaTb B MaJsloFl OKpPECTHOCTH KAaKOro-iH60 H3 COOCTBEHHBIX 3HaueHHH
SIpa UHTErpaJbHOro ypaBHeHus (1).

YpaBHenue Bosbreppa II-ro pona umeer cienyrouiui Bua:

u(x) — )\JK(:U, s)u(s)ds = f(z), a<ax<b. (5)

Ero mMoxHO MHTepnpeTHpoBaTb Kak ypaBHeHue Ppenrosbma II-ro poxa,
nosarasi K(x,s) =0, ecin x < s; npu atom matpuua A cucremsr (4)
SIBJISIETCS] TPEYTONbHOM, U cucTeMa (4) peluaeTcsi 0OpaTHBIM XOIOM MeTOfa
laycca.

Boi6op keadpamypnoii popmynst. Ecnu K(x,s) u f(x) umeoT gocra-
TOYHOE YHCJIO HelpepbiBHBIX MPOU3BOAHBIX, TO MOXHO BBIOMpaThb KBaapa-
TypHble Qopmysbl (2) BBICOKOTO TopsiAka TOUHOCTH. OnHAKO SKOHOMHUYHEe
BbIOpaTb 60Jiee MPOCThIE KBaApATYpHble (POPMYJIbl (Tpanelui Uil CPeqHuX)
U, NPOBOJS CTyl[EHHE CETKH, YTOUHSATb pelleHHe Mo MeToAy Puuapncona.
J7is1 yTOYHeHUs pelleHHs MPU CTYLIEHHH CEeTOK yHnoOHee BCEro Takasi CH-
Tyalusi, Korja 06oJjiee MogpoOHasi CeTKa CONEP:KUT BCe y3Jibl HoJsiee peiKOu.
Jlasi popmysibl Tpameuui 3TO TMPOUCXOAHT YKe INpH CTYLIeHHH B 2 pasa,
a ans (opMyJibl CPEIHHUX TMPUAETCS CTYCTHTb MHUHHMYM B 3 pasa. Takum
00pa3oM, 06beM BBIYUCJEHHUH TPH CTYIIEHUH CETOK C MCIONb30BaHHEM (op-
MyJbl CpeqHUX GOoJblle; TeM caMbiM (hOpMyJia TPanelnid NpeAnoYTUTE/bHEE.

Ecau o6sacTe WHTerpupoBaHus B ypaBHeHuu (1) HeorpaHuyeHa (omuH
UK 00a mpejesa HHTEerPUPOBaHUS 00pAllaloTCsl B GECKOHEUHOCTh), HCITO/b-
30BaHHe METO/la KBAAPATyp AJisl pellieHHsI HHTErpaJbHOr0 ypaBHEHHE TaKXKe
BecbMa 3¢ dekTuBHO. [Ipu 3TOM 1Ie/6C006pa3HO UCMONB30BATh KBA3HPABHO-
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MepHBIe CETKH, MOKPBIBAIOIIME HEOTPAHHUEHHYIO 00/IaCcTh, U KBaJpaTypHble
dopmyaner Bupa (I11.62), (I11.63) uau (IV.13), (IV.14), npurogHbie naJs
HeorpaHU4YeHHOH 06/acTH.

2. TectupoBanue metona. TecTHpoBaHHMe MeTOAA YAOOHO MPOBOLHUTD
Ha ypaBHEHUSX, UMEIOLINX TOUHBlE pelleHus. Tak B ciaydae ypaBHeHus (1)
MO2KHO B34ITb BBIPOXKIEHHOE AP0

Z Qq(z)wg(s). (6)

B cayuae ypasuenust (5) YL[O6HO B3SITb SIAPO, 3aBUCSILIEE OT PA3HOCTH

ApryMeHTOB: .

u(z) — /\JK(J: — s)u(s)ds = f(x). (7)
0

Wurerpan B ypaBHeHUH (7) mpencTtaBaseT co0oil BOJbTEPPOBCKYIO CBEPTKY,
U pellleHHe MOXeT OblTb HaHAEHO, HalpHMep, C MOMOIIbIO HHTErpajbHOro
npeobpasoBanus Jlannaca.

Ecnu o6actb WHTErpupoBanus (—oo, +00) U SIAPO 3aBHCHUT OT PasHo-
CTH apryMeHTOB, T. €.

+o00

u(x) — A J K(x — s)u(s)ds = f(x), (8)

TOrJa TOUHOE pelleHHe CTPOUTCS ¢ MOMOILIbI0 peobpasoBaHus Pypee.
TecTupoBaHHe MeTOLA MPOBOAMJIOCH HA CJEAYIOLIMX MPUMepax.

[Ipumep 1. PaccMoTpum ypaBHeHUE
w/2
u(z) — A J sinz cos s - u(s)ds = sinx. 9)
0

ITO ypaBHEHHE C BBIPOXKJAEHHBIM SPOM, M TOYHOE pellleHHe HAXOMHUTCS C
TIOMOLILbIO HECJIOXKHBIX BBIKJAI0K:
2sinx
u(z) = 5
Jlns Bbruucsenusi uHterpana B (9) ObliM BbIOpaHBl paBHOMEpHAsi CET-
kKa xp, = mn/(2N), 0 < n < N (y3/ibl B 3TOM Cjlydyae €CTECTBEHHO HyMe-
poBarb ¢ Hynesoro) ¥ KBajapatypHas popmyna tpaneuuit (IV.1). TounocTsb
3T0# KBaapaTypHo# (opmyabl ects O(N~2). Bbln BHINOIHEH CTAHAAPTHBIH
TECT Ha CTyLIAIUIUXCd ceTKax anas A = 3. UucieHHoe pelleHMe cpaBHHBA-
Jochb ¢ ToyHbIM (10) B ceTOUHOUH HOpME c.
Pesysnbrathl Tecta npHBefieHbl Ha pPUCYHKe 1, e B IBOHHOM Jora-
pudMUUecKoM MacliTabe M0Ka3aHO yObIBAaHHE IMOIPEIIHOCTH UYHCJIEHHOTO

(10)
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peutenus ||All. ¢ ynBoenuem uucsia ysios cetku N = 8, 16, 32, ..., 1024.
Haksion rpadvka MOrpeIHoOCTH B TOYHOCTH COOTBETCTBYET MOPAAKY TOU-
Hoetn O(N~2).

—10
—12- 2
—14]

—16 : . ;

1 2 gN 3
Prc. 1. PesysbTaTbl TecTa Ha Cryuiamoluxcs ceTkax Anas npumepa 1. Touku —
pacCuMTaHHble 3HAueHMs IOTPEIIHOCTH, [JS HarlsgHOCTH OHH COeJHMHeHbl JHHH-
aMu. Lludpsl oKosMo MUHHMH O3HauyawoT: 0 — pacueT MO HMCXOHLHOH KBaipaTypHOH
(opmyise, | — mepBoe KCTPANONSLHOHHOE YTOUHEHHe N0 PuuapacoHy, 2 — BTopoe

9KCTPANoJISIIUOHHOe YTOUHeHHe 1o Puuapacony

Pe3ysbTaThl, NOJMyUeHHBIE MO ONHCAHHOMY BbILIE AJTOPUTMY, TOMEYeHbI
Ha pucyHKe 1 undpodd 0. Bbouio Tak ke NPOBEIEHO 3KCTPANOJISIHOH-
HOe YTOUHEHHe pelleHHs Mo MeTony PuuapmcoHa, KoTopoe TpeOyeT BCEero
HECKOJIbKUX apU(pMETHYECKHX AEHCTBHH M NMPAKTHYECKH He YBEJHYHBAET
BpeMsi o0llero pacuera. Pesynbratsl nepsoro (uugpa /) u BToporo (uucd-
pa 2) yTouHeHHs N0 PuuapacoHy Take NpeacTaB/eHbl HAa pPUCYyHKe 1.
[lorpemHocTh MEPBOrO YTOUHEHHOTO peleHHsi uMeer mopamok O(N %),
Broporo — O(N~5), 4To MOMHOCTBIO COOTBETCTBYET TeOpHH. YKe BTOpOe
yTOUHEHHe AaeT BO3MOXKHOCTb JOCTHUb MaliMHHOH TounoctTd 107'® mpu
gncae y3a0B cetkd N = 1024, torna Kak pacueT Mo HCXONHOH KBajpa-
TYpHOH (hopmysie Tpameuus IJs TOCTHKEHHs TAKOH TOUHOCTH MOTpe6oBal
6B HempHeMsieMo GoJbIIoro uuc/ia y3nos ceTkd N ~ 108, Pemenue cu-
cTeMbl anreOpandyecKWX ypaBHEHHH TaKOH pa3MepHOCTH MOTpeboBajio Obl
OTPOMHBIX BBIYHCJIHTENbHBIX PECYPCOB U MPH HauboJjee pacnpoCcTpaHEeHHOH
ceiyac paspsiHOCTH BbIYMC/IHMTE/BbHOH TEXHUKH NMpPUBeJO Obl K HAKOIJIEeH-
HOH oIIMOKe OKDYIJIEHHS, CDABHUMOH C CaMHMM pelleHHeM.

[Tpumep 2. PaccmoTpum ypaBHeHHe

u(x) — )\Jcos(x — s)u(s)ds = sinx. (11)
0

[IpumenuB npeobpasoBanue Jlamnaca, noaydyum

~ 1
- 2 ) =_-
u(p)< p2+1> P+ 1
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roe

gu (11):

+o00o
- _ ~ 1
u(p) = e PPyu(x)dz, =
)= | e, )= 5——
0
O6pautast npeobpasoanne Jlamnaca, MOJYYyMM TOYHOE pelleHHe 3aja-
Ao /2 / ‘
e 7sin (xy /1 — (A/2)2
( ) A < 2,
1= (A/2)?
u(x) = xer? N =2,

emﬂsin(xm) A] > 2

Jlisi 4WCJIEHHOTO pelleHHst 9TOro ypaBHeHus Ha oTpeske x € [0, 7]

BblOepeM KBaApaTypHYIO (opMysay Tpaneluui Ha paBHOMEpPHOH CeTKe X, =
=nT/N, 0 < n < N. dnementsl matpulisl A B popmyne (4) GynyT umersb
CJIeyIOIHH BUA:

1) eciu n =m =0, 0o agg = 0;
2) ecaii n >0 um =0 uiu m =n, T0 anmzﬁcos(a:n—a:m);

3)ecsun>0u0<m<n, T0 apy = Ncos(a:n—a:m);

4)ectun>0un<m, TO Gum = 0.
Martpuua cucrembl (4) B 3TOM ciydae OymeT HUXKHeH TPEyrosbHOH, U

cuctema (4) serko peraetcsi 0OpaTHbBIM Xon0M Metona [aycca. Heo6xonumo
CJeOUTh 3a TeM, YTOOBI JHUAaroHaJibHble 3JIEMEHThI 3TOH MaTpHUlbl HE ObLIH

lg|Al,
—94

[
o =
mN/

Puc. 2. PesynbraTbl TecTa Ha CryLIAOUUMXCS ceTKax st npumepa 2. Touku —
paccyuTaHHble 3HAYEHHUS! TNOTPELIHOCTH, AJS HArVIAAHOCTH OHHM COEJUHEHBl JIMHH-
amu. Ludpsl okosmo JUHHH o3HayawT: (0 — pacueT MO WCXOAHOH KBaApaTypHOH
thopmyse, I — mepBoe 3KCTPANOJSIIUOHHOE yTOuHeHHe no Puuapacony, 2 — BTopoe

9KCTPANoNSLMOHHOE YTOUHeHHe Mo PuyapacoHy
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Obl paBHBl WJM OJM3KH K HyJ0. Takas CUTyalusi BO3MOXKHA, €CJIH MPH
(ukcupoBaHHOM N abCOJIOTHOE 3HaYeHHe A JIOCTATOYHO BeJHMKO. OnHaKo
oas Jwoboro A Halmercss Takoe N, HayMHasg ¢ KOTOPOro CHCTeMa Oynet
BCerja Xopolio 00ycJ/I0BJeHa.

Belid mpoBeneHbl pacyeThl Ha CETKAaX C UYHUCJIOM Y3JOB CeTKH N =
= 32, 64,...,2048 npu pazauuHbix 3HadeHusix A. Jas A = —2 6blio mpo-
BeJleHO 3KCTPAMNoJISAIHOHHOe YTOYHEHHe pelleHHs Mo MeTody Puuapacona.
PesysbTaThl NpHBefeHbl HA PUCYHKe 2: MOKa3aHO yObIBaHHE MOTPELIHOCTH
YHUCJIEHHOTO peLIeHHs] B CETOYHOH HOpME C MPH YABOEHHH YHCJA Y3JIOB.
Ludpa 0 okono JHUHHH COOTBETCTBYET OCHOBHOMY pacuetry, uudpa [ —
nepBoe yTouHeHHe N0 PuuapacoHy, uudpa 2 — BTOpPOe YTOUHEHHE II0
Puuappacony. ¥r/bl HAaK/JIOHOB TPa(UKOB MOTPELIHOCTH B IBOHHOM JIOTapHU-
MMYeCKOM MaciuTabe MOATBepKAal0T TOYHOCTh OCHOBHOTO pacyeta O (N ~2),
nepBoe SKCTPAMOJALMOHHOE YTOYHEHHe yaydmaeT TouHocTh a0 O(N %),
Bropoe — 10 O(N~5), uto mosHoOCTBIO cOOTBeTCTBYeT Teopuu. OTMeTHM,
4yTO Ha camo# ryctoil cetke (2048) oinbGKa OCHOBHOrO pacyeTa COCTaBJIsI-
et ~ 10~7; nByKpaTHOe yTouHeHHe MO PHYapACOHY CHHIKAeT TMOTrPelIHOCTh
NMPAKTHYeCKH 10 YPOBHS MAIIHHHOH ToyHOCTH ~ 10717,

[Tpumep 3. PaccMoTpum ypaBHeHHe

+oo
u(x) — A J e~ 17=sly(s)ds = e 17, (12)

— 00
Hcnosib3ys npeo6pasobanue Dypoe, B cayuae A < 1/2 HETpyAHO MONy4YHTh
e~ V12X [z
Vi—2x '

Jlist uncsieHHOTo pelieHus: ypaBHeHUst (12) Gynem HCMONb30BaTh KBa3U-
PaBHOMEPHYIO CeTKYy X, = ¢ - tg(mn/(2N)), —N < n < N, NOKpHIBAIOIILYIO
BCIO 06s1aCTh 2 € (—00, +00). 3amensiss uHTerpasn B (12) mo KBagpaTypHO#H
dopmyse tpaneuuit (IV.14), npurogHoit n/s HeorpaHdHueHHOH 006J1aCTH,
MOJTy4HUM

(13)

u(z) =

N
un =AY (el by, el el ) (s s = Smogya) =
m=—N+I1

eIzl _N<n <N, (14)

Onnako mokaxewm, uto ypaBHenus (14) co 3HaueHussMu n = +N orien-
JITIOTCSL OT CUCTEMBI U SIBHO peluaioTcsi. B camom fesie, mpu 3TUX HHIEKCAX
IKCIIOHeHTHl B cyMMe (14) obpalialoTes B Hy/b, U OCTaeTcs U+ y = fony =
= 0. [losToMy MOXKHO CUHTaTh, YTO HHAeKC B (14) M3MeHsieTcs B mepeje-
gax —N+1<n<N-1.
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YdauTeIBasA, UTO B KPAeBBIX TOUKAX CETKH PO HHTErpajbHOrO ypas-
HeHUsi obpaliaercsi B HyJb, nepenuiieM (14) B ynoGHOM [1Jisi YHCJIEHHOTO
pelLleHHs BHAE!

M-1
wp =AY e (s s = Snaa ot Smyajs = Smy1/a) =
m=—M+1
:e_|a3n|, _N—|—1<TI,<N—1

dnpo wuHTerpasbHOro ypaBHeHusi (12) uMeeT paspbiB MPOU3BOAHON
npu x = s. [lpu Mcnosb3oBaHUU (OPMYJbl Tpameluil y3es KBagpaTypHOH
(bopMyJibl BCEra MONAAaeT B TOUKY pa3pblBa MPOU3BOLHON i1pa HHTErpaJb-
HOrO ypaBHeHMsl. DTO PaBHOCHJBHO TOMY, YTO 00JIaCTb HHTErPHPOBaHHUS
B (12) pasbuBaercs Ha 1ABe, B KaXKIOH H3 KOTOPBIX MOAbIHTErpaJsibHas
($hyHKIHST OeCKOHEYHO TIafKas.

Hcnonb3oBaHue crenuabHOM KBAa3HPABHOMEPHOH CETKH MO3BOJISIET He
TOMBLKO MOJIydaTh TeOpeTHueckHil mopamok tounoctdH O(N~2), HOo mpoBo-
IOUTb SKCTPAMOJISIIMOHHOE YTOUHEHHe N0 PHUYapACOHY, KaXKIbIH pa3 yBesu-
YHBasi MOPSAOK TOYHOCTH Ha 2. TeCTHl Ha CTylIAIONUIMXCs CeTKaX MOATBep-
o1y 3¢ (GEeKTHBHOCTh NpelJIoKeHHOro nonxona. Ha pucyHke 3 mokasaHo
OTKJIOHEHHEe YHCJIEHHOTO pelileHHst OT TouHoro (13) B ceToyHOl HopMe ¢ aJist
oCHOBHOro pacyera (1udpa 0 0KoJo JUHHK), TepBoro (1udpa /) u BTOPOro
(undpa 2) axkcTpanosiiMOHHOrO yTOUHeHHs no Metony Puuapacona. CHoa
y2Ke BTOPOE YTOUHEHHe MO3BOJIsIeT BHIATH Ha yPOBEHb MALIMHHON TOYHOCTH
NpH yucse y3/0B ceTkd N = 2048.

lglAl,

—9]

|
f
=

~

—107
—121
—141

-16 , . . :
1 2 1gN 3 4

Puc. 3. Pesysbrarbl Tecta Ha cryuiamomuxcs cetkax agas npumepa 3.Touku —
paccyMTaHHble 3HAUEHHS! TMOTPELIHOCTH, AJS HArVIAHOCTH OHHM COeJWHEeHBbl JHHH-
amu. Lludpsl okosmo JHHUH 03HaualT: 0 — pacueT MO HMCXONHOH KBalpaTypHOH
(opmyse, | — mepBoe KCTPANOJIALHOHHOE YTOUHEHHe o PuuapacoHy, 2 — BTOpoe
IKCTPANONSALHOHHOE YTOUHeHHe Mo Puuapacony

Crnenaem 3amedaHHe. YTOYHeHHe 10 PHUapACOHY COOTBETCTBOBAJIO TEO-
PHH NOTOMY, YTO Ha BCEX CETKAaX IOJHOE YHMCJO UHTepBajoB 2N OblO 4yeT-
HbIM. [Ipy 3TOM 06sacTb HHTErPHPOBAHUS (paKTHYeCKH pa3bHBajach Ha IBe
He3aBUCHUMblE NMONOOJACTH Ty, K Sy H Ty 2 Spp, @ B KAXKAOH U3 3TUX N0100-
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Jacted sinpo 6eckoHeuyHo raaakoe. Eciu mensith nupeke n B npenenax 0 <
<n <N (rg = —00, xy = +00) U BbIOUpaTh HeyeTHoe N, TO MOPSIOK
TOYHOCTH MOKET OKa3aTbCsA CYUIECTBEHHO XYK€ TE€OPETHUYECKOTO.

§ 2. O0TexkaHue Tesa MOTOKOM CTpaTU(UIIPOBAHHON
KHUIKOCTH

1. Mogenb. B knaccuueckoil rMApoAHHAMHKE HIeaJbHOH HeCKHUMae-
MOH XKHIKOCTH OTHOH M3 OCHOBHBIX 3a/ad siBJIseTCsl 3ajada o0 oOTeka-
HHUH TeJ MJIOCKOMAapaJieibHbIM MOTOKOM. B ciyyae ofHOPOMHOMN XKUAKOCTH
TakWe 3afadd CBOASTCS K BHEUIHHM KpaeBbIM 3ajadyaM /s ypaBHEHHs
Jlannaca. PaccmoTpuM 3amady o 1ByMepHOM OOTEKaHWH TeJl MJIOCKOMapaJ-
JIeIbHBIM TTIOTOKOM CTPaTH(UIIMPOBAHHON KUAKOCTH B caydae, KOraa rnapa-
metp €2 = gl /VZ mau; 3nech Vy — CKOPOCTb MOTOKA HA GECKOHEYHOCTH, | —
XapakTepHBIH pasMep TeJa, g — YCKODeHHe CHJBl TSKecTH. Benuunna £
paBHa o6patHomy uucay Ppyna 1/Fr.

Kak wusBectHo (cM., Hampumep, [[a6os, 1998]), B omHOpomHOM MOJE
CHJIBI TSI)KECTH TOTOK CTPATH(MHUIIMPOBAHHOMN KHUAKOCTHU OTMUCHIBAETCS YpaB-
HeHueM Jlio6peitsb—2KakoTeH, KoTopoe B 6e3pa3MepHbIX MEPEMEHHBIX H B
npUbJIKEHUH OOJbIIMX uucea Ppyna 3anuchiBaeTcsl B BUIE

/
Agu+ 120 gy )
2 pi(u)

roe Ay ecTb IByMepHbH onepatop Jlamnaca, u(z,y) nmeer cMbica Ge3pas-
MepHOH (DYHKUHH TOKa, a omepatop V o3HayaeT rpajadeHT. B mpaxtuue-
CKH BaXKHOM CJIy4ae SKCIOHEHIHaJbHON CTPaTH(HUKALMH M0 BEPTHKAIbHOM
koopaunate po(y) = Ae=2%Y, pi(u) = po(lu), p?> = Bl; torna ypasHeHue
Hio6peiinb—2KakoTeH NpUHUMAET BUL

Agu 4 p2(|[Vul> = 1) = 0. (16)

0, (15)

[TpennosnoxuM, 4To TeyeHHe pacCMaTPHBAEMOrO IJIOCKONAPaJ/eabHOr0
MI0TOKA BO3MYILIEHO HAJUYHEM 0OTEKaeMOro UM MpensiTcTBUs {2, orpaHUYeH-
Horo kKoHTypoM I'. Ha KoHType BbiMOJHEHO yc/oBue o6TeKaHus (V - n)|F =
= 0, K0TOpO€e 3KBHBAJIEHTHO

u|F = ug = const; (17)

ycJa0BHE€ HEBO3MYUIEHHOCTH IIOTOKA Ha 6ECKOHEYHOCTH B 6e3pa3Meprlx
[NEPEMEHHbIX HUMEET BUJ

u—y|T_>+oo:0, r=+z2+y2. (18)

Wrak, 3agnaya oO6TeKaHUsl Tesa MOTOKOM 3SKCIIOHEHIHANbHO CTpPATH(HU-
[IMPOBAHHOM KUIKOCTH B MPUOJMKEHHH Gosbiinx uyuces Ppyna cogutcs
K peltuenuio ypaBHenus (16) ¢ ycaousmu (17) u (18). Kak usBectHo [Bu-
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nanse, 1978], ypasuenue (16) MoxkeT ObITb JHHEAPU30BAHO 3aMEHOH U =
= —p~?Inv. Jlns HeusBecTHOH (yHKIMH v(x,y) TMOJydaeM ypaBHeHHe

Agv—u4v=O (19)
C JIOTOJIHUTE/IbHBIMH YCJIOBUSIMH
2 2
—_ e K'Y — _ L, Mu
v—e ‘r—>+ =0, v’r—e 0, (20)

Paspemumocts 3agaun (19), (20) caenyeT U3 HM3BECTHBIX Pe3yJbTaTOB
TEOPUH KDPAeBBbIX 3a[ay [l JUIMITHYECKUX YPaBHEHWUH, U B cjydae IJaj-
KOro KOHTypa [’ 3amaga Bcerma paspelivma B KJaCCHYECKOM CMBbICIIE.

2. Penykinusi K HHTerpajJbHOMY YpaBHEHHIO. BBeneM (yHKIHIO
2
w=uv—e *Y torma 3amauy (19), (20) moxHO mepenucath B BUJIE:

Aow — ptw =0, (21)
w|r—>+oo =0, (22)
wp = f(Py) = eH W — e (23)
Bynem uckatb petienue 3anaud (21)—(23) B Bue noteHuHa a JBOHHOrO
cJiost o
w () = = [ WlP) o= Fo(y Raar) dlp. (24)
r

3nece M € R2\Q, P €T, np — BHewHsa HopManb K KOHTYpy I B
touke P, K, — dpynkuusa Maknonanbia ¢-ro vuaekca, 2y p — paccTosiHue
ot Touku M po rtouku P. [loteHuuan (24) ymnoBnaeTBOpsieT YpaBHEHHIO
(21) B obnacti R?\Q ¥ yc/lOBUAM PeryJspHOCTH Ha GeCKOHeuHOCTH (22).
[ToTeHuuan [BOHHOrO CJIOS TEPNUT PaspelB MpH Nepexone uepe3 KoHTyp [

we(P) =w(P) — wu(P),

snech we(P) — mpenesbHOe 3HaueHHe MOTEHIMaja B TOuKe P CHapyXkH,
W — TpsMOe 3HAYeHHe MOTeHIHaa Ha KOHType. DTO NMPUBOAMT C YYETOM
rPaHHUYHOrO yC/I0BHs (23) K MHTerpajsbHOMY ypaBHeHHI0 Dpearosbma BTO-
poro poxa:

[ 0P) g Kol i) e = 7P = (R, (25)
T

Briuncass MIPOM3BOAHYIO IO HOPpMaJH, MOJYyYUM

[ WP 0 Ry cospdlp = mry) = 1R (20
I

30eCh ¢ — yroJ MexJy BHyTPeHHeH HopMaJblo B Touke P 1 BekTopoM PFy.
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3. IlocTpoenne uucneHHoOro pemeHus. [IpyUMeHUM A/ YUCJIEHHOTO
pellleHHs] UHTerpaJjbHOr0 ypaBHeHus (26) MeTon KBaapaTyp, OMHUCAHHBIM
B § 1. K/toueBbIM MOMEHTOM B 3TOM METOJIE SIBJISIETCSI BHIOOP KBapaTypHO#
(hOpPMYJIBI ¥ y3JI0B CETKH.

B kauecTBe mepBOro mpuMepa pPacCMOTPUM 3agady OOTEKaHHSI TOTO-
KOM 3KCIIOHEHIHaJbHO CTPATH(HIHPOBAHHOH KUAKOCTH KoHTypa I, orpa-
HUYHBaKOlEro enuHudnbil kpyr Q = {r < 1}. B 3ToM cayuae MoxHO
MPOTECTHPOBATh UHCJEHHBIH METOJ Ha TOUHOM pelleHUH. PellleHHe Tako#
3a/lauk MOCTPOEHO METOOM pasieneHus nepemeHHsix B [[abos, 1998]. Mas
¢byHxkuuu v B 3agaue (19), (20) pelieHue BHIIVISIUT TaK:

v = exp(—p?rsin 0) + exp(—pug) —

+o00o 2
— Z Iq(/ﬁ)%exp (iqﬁ—l—i%q). (27)
g=—00 a

3nech I, — dynkuun Mudenbaa, a r, § — noaspHble KOOPAHHATHI, ecTe-
CTBEHHBIM 00pa3oM CBsi3aHHble ¢ Kpyrom. /s anmpokcHMalMH MHTerpasa
B (26) BeIGepeM (opmyny cpenHux. Ha enqMHHUHOM Kpyre MOCTPOHM paB-
HOMEpHYIO CETKY, T.d.

2 . (2
xnzcos<%), ynzsm(%), 0<n<N. (28)

OueBugHo, N-5 TOUKA TOH CETKH COBINAAAET C HYJIEBOH.

dnpo B ypaBHeHuu (26) OyneT HempepbiBHbIM, OAHAKO MPOW3BOAHAS
Oyner uMeTb paspbiB npu P = F). Ilpu ucnosb3oBaHUM KBagpaTypHOH
(OpMyJIbl CPEHUX CJIELYeT BBIAEJHUTb 3TY OCOOEHHOCTb:

jmm% In(Rp,p)dlp — JMP)%{KMMRPOP) + In(Rp,p) }dlp -
N r

—mu(R) = f(Fo). (29)
PaccMoTpUM aHAMUTHYECKYIO (PYHKIIHIO
InRpp, +i¥(P, Py), (30)

rne W(P, Fy) ecTb yros, U3MepeHHbIH MPOTHB YaCOBOH CTPEJKH MEXIY
oceto OX u Bektopom FPyP. B cuny aHanutuuHoctd (30) BbINOJIHEHDI YCIO-
Bust Komn-Pumana, u sigpo B nepBoM cjaraemoMm (29) MOXHO 3aMEHHTb
Ha MPOM3BOAHYIO MO KacaTesbHOH oT dyHKuuH ¥(P, Py). dxpo Bo BTopoM
cjaraeMoM yzke OyneT IJIafiKHUM.

Yuc/eHHBIH pacyeT CBOAUTCS K PELLeHHI0 CHCTEeMbl JIMHEHHBbIX ypaBHe-
HHUH, NOJYYeHHBIX NPH 3aMeHe HHTerpasoB B (29) KBagpaTypHBIMH (opMy-
JIAMH CPeHHUX NPSIMOYTOJbHUKOB Ha ceTke (28).

3aBHCHMOCTb HOPMBI MOTPEIIHOCTH ||All, OT uKc/a HHTEpPBANOB CETKH
N wunsobpaxeHa Ha pucyHke 4 B ABOHHOM JOrapupMHYecKOoM MacliTabe.
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lglAl,
—3

Puc. 4. PesynbTathl TecTa Ha CrylialolMXCcs ceTKax A5 3afauk 00TeKaHHs eAlMHUY-
HOTO Kpyra MOTOKOM CTPaTH(HULHPOBAHHOM XKUAKOCTH. Hak/oH rpaduka yOblBaHUS
MOTPEIIHOCTH C POCTOM YMCJIA Y3JI0B CETKH yKasblBaeT Ha TouHoCTh Metona O(N ~°)

PacueTHble TOYKH JI€XKAT NPAKTHYECKH HA MPSMOH C HAKJOHOM —3; 3TO
cootsetctByer TounocTH O(N~3%), xota mcnonbsosanHas (opmyna cpej-
HUMX MPSAMOYTOJBHHKOB MMeeT TouHocTb Jumb O(N~2) 1as cKo/lb yromHo
raaakux GpyHkuui. Kak oObsCHUTD 3TOT HEOXKHAAHHBIH Pe3y/bTaT?

[TpuurHa B TOM, YTO B JAHHOM CJlyyae KBajpaTypHasi (opMyJ/a CpPeAHHX
aINMpOKCHMHUPYET HHTErpaJ OT MepHOAHUeCKON (DYHKIHH, A5 KOTOPOH (op-
MyJa CPeIHHUX MOXKeT NaBaTh 0oJiee BBICOKHH MOPSIOK TOYHOCTH. B 3TOM
caydae 3(PQeKT HacblllleHHs OTCyT-

CTBYET, U MOPSIOK TOUHOCTH (POPMYJIbI 2
cpenHUX OymeT TeM Bbille, 4eM 60Jb-
1Ie TOPSIOK TJ1aJKOCTH (DYHKIHH. 1
PesysbraThl YHC/IEHHBIX PacyeToB
3agayd 06 O0OTEeKaHWH eIUHHUYHOIO 0-
Kpyra MOTOKOM CTPaTH()HIHPOBAHHOH
XKHUIKOCTH TPHBENeHbl Ha PUCYHKEe 5. 1|
[Tokasanbl JuUHUKM TOKa u = const,
COBNajaiole C TPACKTOPUAMH IBH-
KEHH$ YaCTHI[ XKHUAKOCTH. Pacuer Bbl- -2 -1 0 ;1 2
nosHer s kpaesoro ycuosus (17) Puc. 5. O6rekaHue eIHHHYHOTO Kpy-
up = —2. ra (KUpHas JIUHHUSI) TOTOKOM CTpa-

OTMeTHM, 4TO  MPeIJIOKEHHBIH TU(ULHPOBaHHOH xkuaKocTH. [loka-
TMOAXOM Jerko o6oOliaeTcsi AJS 3a-  3aHbl JMHAH YPOBHA (DYHKIHH TO-
Jauu OOTEKaHHSl CHCTEMBbl TeJ MOTO-  Ka u = const. 3HaueHue MOTeHUMANa
KOM CTPaTH(PHUIHUPOBAHHOU >KUJIKOCTH. Ha eIMHUYHOM KpyTe g = —2
O1nvuue COCTOUT JHILIb B TOM, UYTO
MPUXOIUTCS pellaTh CHCTEMY HHTerpasbpHbX ypaBHeHHH. Ha pucynke 6
NpUBeJeHbl Pe3y/bTaT PACcUeToB AJ18 33a4a4d 0OTEeKaHUs IBYX KPYIOB.

Pesynbrathl pelieHus 3afadd 06 06TEKAHHH 3JIIMIICA, HAKJIOHEHHOTO K
TIOTOKY, U300paxkeHbl Ha pUcyHKe 7. [y1aBHAs NOJYOCh 3JIIHIICA COCTABJISET
yron 37/4 ¢ HampaBJieHHEM HEBO3MYIEHHOTO MOTOKA.
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Puc. 6. O6TekaHue AByX KPYyroB NOTO- Puc. 7. O6TekaHye HAaKJIOHHOTO 3J-

KOM CTPaTH(HULHPOBAHHON KHUIKOCTH. JIUNCA TMOTOKOM CTPaTH(HLHPOBAH-

[ToxasaHbl JIMHUM YPOBHS (YHKLHH HOH XuakocTH. [lokazaHbl JIMHUU
TOKa u = const YPOBHSl (DYHKLIMH TOKa u = const

B pamkax naHHOH Mone/aH CTPaTH(HUIHPOBAHHON XHUAKOCTH (B OTIHYHE
OT cJyyasl XKMAKOCTH C TOCTOSTHHOH TJIOTHOCTBIO p = const) BO3MOXKHO
o0TeKaHHe TeJl ¢ 3aJaHHOH HeHyJeBOU LUpPKYyJasiuued. O6 3TOM CBUIETENb-
CTBYIOT 3aMKHYThle JIHHHH TOKa Ha PUCYHKax 5—7.
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