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PREFACE

Rien ne sert de courir,
il faut partir a point.
Jean de la Fontaine

Many physical processes in nature, whose correct understanding, prediction, and control
are important to people, are described by equations that involve physical quantities together
with their spatial and temporal rates of change (partial derivatives). Among such processes
are the weather, flow of liquids, deformation of solid bodies, heat transfer, chemical reac-
tions, electromagnetics, and many others. Equations involving partial derivatives are called
partial differential equations (PDEs). The solutions to these equations are functions, as
opposed to standard algebraic equations whose solutions are numbers. For most PDEs we
are not able to find their exact solutions, and sometimes we do not even know whether a
unique solution exists. For these reasons, in most cases the only way to solve PDEs arising
in concrete engineering and scientific problems is to approximate their solutions numeri-
cally. Numerical methods for PDEs constitute an indivisible part of modern engineering
and science.

The most general and efficient tool for the numerical solution of PDEs is the Finite
element method (FEM), which is based on the spatial subdivision of the physical domain
into finite elements (often triangles or quadrilaterals in 2D and tetrahedra, bricks, or prisms
in 3D), where the solution is approximated via a finite set of polynomial shape functions.
In this way the original problem is transformed into a discrete problem for a finite number
of unknown coefficients. It is worth mentioning that rather simple shape functions, such
as affine or quadratic polynomials, have been used most frequently in the past due to
their relatively low implementation cost. Nowadays, higher-order elements are becoming
increasingly popular due to their excellent approximation properties and capability to reduce
the size of finite element computations significantly.

The higher-order finite element methods, however, require a better knowledge of the
underlying mathematics. In particular, the understanding of linear algebra and elementary

XXv



xxvi PREFACE

functional analysis is necessary. In this book we follow the modern trend of building
engineering finite element methods upon a solid mathematical foundation, which can be
traced in several other recent finite element textbooks, as, e.g., [18] (membrane, beam and
plate models), [29] (finite element analysis of shells), or [83] (edge elements for Maxwell’s
equations).

The contents at a glance

This book is aimed at graduate and Ph.D. students of all disciplines of computational engi-
neering and science. It provides an introduction into the modern theory of partial differential
equations, finite element methods, and their applications. The logical beginning of the text
lies in Appendix A, which is a course in linear algebra and elementary functional analy-
sis. This chapter is readable with minimum prerequisites and it contains many illustrative
examples. Readers who trust their skills in function spaces and linear operators may skip
Appendix A, but it will facilitate the study of PDEs and finite element methods to all others
significantly.

The core Chapters 1-4 provide an introduction to the theory of PDEs and finite element
methods. Chapter S is devoted to the numerical solution of ordinary differential equations
(ODEs) which arise in the semidiscretization of time-dependent PDEs by the most fre-
quently used Merhod of lines (MOL). Emphasis is given to higher-order implicit one-step
methods. Chapter 6 deals with Hermite and Argyris elements with application to fourth-
order problems rooted in the bending of elastic beams and plates. Since the fourth-order
problems are less standard than second-order equations, their physical background and
derivation are discussed in more detail. Chapter 7 is a newcomer’s introduction into com-
putational electromagnetics. Explained are basic laws governing electromagnetics in both
their integral and differential forms, material properties, constitutive relations, and interface
conditions. Discussed are potentials and problems formulated in terms of potentials, and
the time-domain and time-harmonic Maxwell’s equations. The concept of Nédélec’s edge
elements for the Maxwell’s equations is explained.

Appendix B deals with selected algorithmic and programming issues. We present a uni-
versal sparse matrix interface sMatrix which makes it possible to connect multiple sparse
matrix solver packages simultaneously to a finite element solver. We mention the advantages
of separating the finite element technology from the physics represented by concrete PDEs.
Such approach is used in the implementation of a high-performance modular finite element
system HERMES. This software is briefly described and applied to several challenging
engineering problems formulated in terms of second-order elliptic PDEs and time-harmonic
Maxwell’s equations. Advantages of higher-order elements are demonstrated.

After studying this introductory text, the reader should be ready to read articles and
monographs on advanced topics including a-posteriori error estimation and automatic adap-
tivity, mixed finite element formulations and saddle point problems, spectral finite element
methods, finite element multigrid methods, hierarchic higher-order finite element methods
(hp-FEM), and others (see, e.g., [9, 23, 69, 105] and [111]). Additional test and homework
problems, along with an errata, will be maintained on my home page.

PAVEL SoLIN

El Puso. Texus.
August, 2005
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CHAPTER 1

PARTIAL DIFFERENTIAL EQUATIONS

Many natural processes can be sufficiently well described on the macroscopic level, with-
out taking into account the individual behavior of molecules, atoms, electrons, or other
particles. The averaged quantities such as the deformation, density, velocity, pressure,
temperature, concentration, or electromagnetic field are governed by partial differential
equations (PDEs). These equations serve as a language for the formulation of many engi-
neering and scientific problems. To give a few examples, PDEs are employed to predict and
control the static and dynamic properties of constructions, flow of blood in human veins,
flow of air past cars and airplanes, weather, thermal inhibition of tumors, heating and melt-
ing of metals, cleaning of air and water in urban facilities, burning of gas in vehicle engines,
magnetic resonance imaging and computer tomography in medicine, and elsewhere. Most
PDEs used in practice only contain the first and second partial derivatives (we call them
second-order PDEs).

Chapter | provides an overview of basic facts and techniques that are essential for both the
qualitative analysis and numerical solution of PDEs. After introducing the classification and
mentioning some general properties of second-order equations in Section 1.1, we focus on
specific properties of elliptic, parabolic, and hyperbolic PDEs in Sections 1.2-1.4. Indeed,
there are important PDEs which are not of second order. To mention at least some of them,
in Section 1.5 we discuss first-order hyperbolic problems that are frequently used to model
transport processes such as, e.g., inviscid fluid flow. Fourth-order problems rooted in the
bending of elastic beams and plates are discussed later in Chapter 6.

Partial Differential Equations and the Finite Element Method. By Pavel Solin 1
Copyright © 2006 John Wiley & Sons, Inc.



2 PARTIAL DIFFERENTIAL EQUATIONS

1.1 SELECTED GENERAL PROPERTIES

Second-order PDEs (or PDE systems) encountered in physics usually are either elliptic,
parabolic, or hyperbolic. Elliptic equations describe a special state of a physical system,
which is characterized by the minimum of certain quantity (often energy). Parabolic prob-
lems in most cases describe the evolutionary process that leads to a steady state described
by an elliptic equation. Hyperbolic equations describe the transport of some physical
quantities or information, such as waves. Other types of second-order PDEs are said to
be undetermined. In this introductory text we restrict ourselves to linear problems, since
nonlinearities induce additional aspects whose understanding requires the knowledge of
nonlinear functional analysis.

1.1.1 Classification and examples

Let O be an open connected set in R™. A sufficiently general form of a linear second-order
PDE in n independent variables z = (z1, 2o, .. zn)T is

" 0 Ou
k2621<”8 >+§<8z (bu)+c,az>+a0u—f (1.1)

where a,; = a;;(2),b; = b;(2),¢; = ¢.(2),a0 = ag(z) and f = f(z). For all derivatives
to exist in the classical sense, the solution and the coefficients have to satisfy the following
regularity requirements: u € C(0), a;, € C*(0),b; € C*(O), ¢, € CHO), a0 € C(O),
f € C(O). These regularity requirements will be reduced later when the PDE is formulated
in the weak sense, and additional conditions will be imposed in order to ensure the existence
and uniqueness of solution. If the functions a;}, b;, ¢;, and ag are constants, the PDE is said
to be with constant coefficients. Since the order of the partial derivatives can be switched for
any twice continuously differentiable function u, it is possible to symmetrize the coefficients
a,; by defining
G;Ljew = ( O'I"lq + aO’I’lg)/Q

and adjusting the other coefficients accordmgly so that the equation remains in the form
(1.1). This is left to the reader as an exercise. Based on this observation, in the following
we always will assume that the coefficient matrix A(z) = {a,, };‘J:l is symmetric.

Recall that a symmetric n x n matrix A is said to be positive definite if
vTAv >0 forall0#veR"
and positive semidefinite if
vTAv >0 forallv € R™.

Analogously one defines negative definite and negative semidefinite matrices by turning the
inequalities. Matrices which do not belong to any of these types are said to be indefinite.

Definition 1.1 (Elliptic, parabolic and hyperbolic equations) Consider a second-order
PDE of the form (1.1) with a symmetric coefficient matrix A(z) = {ay, }7 ;=1

1. The equation is said to be elliptic at z € O if A(z) is positive definite.

2. The equation is said to be parabolic at z € O if A(z) is positive semidefinite, but not
positive definite, and the rank of (A(z),b(z).c(z)) is equal 1o n.



SELECTED GENERAL PROPERTIES 3

3. The equation is said to be hyperbolic at z € O if A(z) has one negative and n — 1
positive eigenvalues.

An equation is called elliptic, parabolic, or hyperbolic in the set O if it is elliptic, parabolic,
or hyperbolic everywhere in O, respectively.

Remark 1.1 (Temporal variable t) In practice we distinguish between time-dependent
and time-independent PDEs. If the equation is time-independent, we put n = d and
z = x, where d is the spatial dimension and x the spatial variable. This often is the case
with elliptic equations. If the quantities in the equation depend on time, which often is the
case with parabolic and hyperbolic equations, we put n = d + 1 and z = (x, t), where t
is the temporal variable. In such case the set O represents some space-time domain. If the
spatial part of the space-time domain O does not change in time, we talk about a space-time
cylinder @ x (0,T), where Q C R and (0,T') is the corresponding time interval.

Notice that, strictly speaking, the type of the PDE in Definition 1.1 is not invariant under
multiplication by —1. For example, the equation

2
~Ay=f <whereA Z ;2 1nR3> (1.2)
i=1

is elliptic everywhere in R® since its coefficient matrix A is positive definite,
100
A=101 0
0 01
However, the type of the equation

Ay =—f

cannot be determined since its coefficient matrix

is negative definite. In such cases it is customary to multiply the equation by (—1) so
that Definition 1.1 can be applied. Moreover, notice that Definition 1.1 only applies to
second-order PDEs. Later in this text we will discuss two important cases outside of
this classification: hyperbolic first-order systems in Section 1.5 and elliptic fourth-order
problems in Chapter 6.

Remark 1.2 Sometimes, linear second-order PDEs are found in a slightly different form
S3ay £ 3502 4 ag(em = f(2) (13)
et 8218% ot 0z,

usually with a symmetric coefficient matrix A(z) = {aU}L =1~ When transforming (1.3)
into the form (1.1), it is easy 1o see that the matrices A(z) and A(z) are identical, and
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thus either one can be used 10 determine the ellipticity, parabolicity, or hyperbolicity of the
problem. Moreover, if the coefficients a;; and b; are sufficiently smooth, the two forms are
equivalent.

Operator notation It is customary to write elliptic PDEs in a compact form
Lu=f,

where L defined by

9 du - 1o} ou
Lu=— Z 8_1, (aija_T_/') +iz=; (6_1‘7 (bzu) +Cla_$1'> + agu (1.4)

i.g=1

is a second-order elliptic differential operator. The part of L with the highest derivatives,

_i i(ai> (1.5)
oz, \ Y ox, )’ )

ij=1

is called the principal (leading) part of L. Most parabolic and hyperbolic equations are
motivated in physics, and therefore one of the independent variables usually is the time ¢.
The typical operator form of parabolic equations is

where L is an elliptic differential operator. Typical second-order hyperbolic equation can
be seen in the form

5u
where again L is an elliptic differential operator. The following examples show simple
elliptic, parabolic, and hyperbolic equations.

B EXAMPLE 1.1 (Elliptic PDE: Potential equation of electrostatics)

Let the function p € C(2) represent the electric charge density in some open bounded
set @ C RY, If the permittivity € is constant in {2, the distribution of the electric
potential ¢ in {2 is governed by the Poisson equation

—eAp = p. (1.8)

Notice that (1.8) does not possess a unique solution, since for any solution ¢ the
function p + C, where C is an arbitrary constant, also is a solution. In order to
yield a well-posed problem, every elliptic equation has to be endowed with suitable
boundary conditions. This will be discussed in Section 1.2.
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B EXAMPLE 1.2 (Parabolic PDE: Heat transfer equation)

Let 2 C R? be an open bounded set and ¢ € C(Q2) the volume density of heat sources
in 2. If the thermal conductivity &, material density g, and specific heat c are constant
in €2, the parabolic equation
08 k
P Eag=L (1.9)
ot  pc oc
describes the evolution of the temperature 6(x,t) in 2. The steady state of the
temperature (96/0t = 0) is described by the corresponding elliptic equation

—kAf = q.

Similarly to the previous case, the solution 6 is not determined by (1.9) uniquely.
Parabolic equations have to be endowed with both boundary and initial conditions in
order to yield a well-posed problem. This will be discussed in Section 1.3.

B EXAMPLE 1.3 (Hyperbolic PDE: Wave equation)

Let 2 C RYbe an open bounded set. The speed of sound a can be considered constant
in {2 if the motion of the air is sufficiently slow. Then the hyperbolic equation

2
%—(LQA]):O (1.10)
describes the propagation of sound waves in €2. Here the unknown function p(z, t)
represents the pressure, or its fluctuations around some arbitrary constant equilibrium
pressure. Again the function p is not determined by (1.10) uniquely. Hyperbolic
equations have to be endowed with both boundary and initial conditions in order
to yield a well-posed problem. Definition of boundary conditions for hyperbolic
problems is more difficult compared to the elliptic or parabolic case, since generally
they depend on the choice of the initial data and on the solution itself. We will return
to this issue in Example 1.4 and in more detail in Section 1.5.

1.1.2 Hadamard’s well-posedness

The notion of well-posedness of boundary-value problems for partial differential equations
was established around 1932 by Jacques Salomon Hadamard.

J.S. Hadamard was a French mathematician who contributed significantly to the analysis
of Taylor series and analytic functions of the complex variable, prime number theory, study
of matrices and determinants, boundary value problems for partial differential equations,
probability theory, Markov chains, several areas of mathematical physics, and education of
mathematics.

Definition 1.2 (Hadamard’s well-posedness) A problem is said to be well-posed if
1. it has a unique solution,
2. the solution depends continuously on the given data.

Otherwise the problem is ill-posed.
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Figure 1.1 Jacques Salomon Hadamard (1865-1963).

As the reader may expect, well-posed problems are more pleasant to deal with than the ill-
posed ones. The requirement of existence and uniqueness of solution is obvious. The other
condition in Definition 1.2 denies well-posedness to problems with unstable solutions. From
the point of view of numerical solution of PDEs, the computational domain 2, boundary and
initial conditions, and other parameters are not represented exactly in the computer model.
Additional source of error is the finite computer arithmetics. If a problem is well-posed,
one has a chance to compute a reasonable approximation of the unique exact solution as
long as the data to the problem are approximated reasonably. Such expectation may not be
realistic at all if the problem is ill-posed.

The concept of well-posedness deserves to be discussed in more detail. First let us
show in Example 1.4 that well-posedness may be violated by endowing a PDE with wrong
boundary conditions.

B EXAMPLE 1.4 (Ill-posedness due to wrong boundary conditions)

Consider an interval 2 = (—a.a), ¢ > 0, and the (inviscid) Burgers’ equation

d a
Eu(l‘ )+ u(.r‘t)au(x, t) = 0. (1.11)

This equation is endowed with the initial condition

u(x.0) = upl{r) =x. = €. (1.12)
where wuy is a function continuous in (—«.a) such that up(+a) = =a, and the
boundary conditions

u{ta.t) = ta. t>0. (1.13)

The (inviscid) Burgers’ equation is an important representant of the class of first-order
hyperbolic problems that will be studied in more detail in Section 1.5. In particular,
after reading Paragraph 1.5.5 the reader will know that every function u(x,t) that
satisfies both equation (1.11) and initial condition (1.12) is constant along the lines



SELECTED GENERAL PROPERTIES 7

Teo(t) =zo(t+1), w0 €, (1.14)
depicted in Figure 1.2.
t
i
B
—a -1 0 I a4 X

Figure 1.2 Isolines of the solution u{z, t) of Burgers’ equation.

It is easy to check the constantness of the solution u along the lines (1.14) by
performing the derivative

d
azu(:rm (t).1).

From this fact it follows that the solution to (1.11), (1.12) cannot be constant in time
at the endpoints of 2. Hence the problem (1.11), (1.12), (1.13) has no solution.

Some problems are ill-posed because of their very nature, despite their initial and bound-
ary conditions are defined appropriately. This is illustrated in Example 1.5.

B EXAMPLE 1.5 (Ill-posed problem with unstable solution)

Consider the one-dimensional version of the heat transfer equation (1.9) with nor-
malized coefficients,

ou  0%u

ot 0z (1.15)
describing the temperature distribution within a thin slab 2 = (0, 7) in the time
interval (0, 7). We choose an initial temperature distribution u(z, 0) = ug(z) such
that ug(0) = uo(mw) = 0, fix the temperature at the endpoints to u(0) = u(m) = 0
and ask about the solution u(z, t) of (1.15) for t € (0.7'). The initial condition ug(z)
can be expressed by means of the Fourier expansion

ug(z) = Z e sin(na). (1.16)

n=1

Thus it is easy to verify that the exact solution u(z, t) has the form
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¢
w(z.t) = Z (',,e_“zf sin(n.) (1.17)
n=1
and hence that
Z( e Tsin(nr) (1.18)
n=1

is the solution corresponding to the time ¢ = 7". Notice that the coefficients c“,c_”zf
converge to zero very fast as the time grows, and therefore after a sufficiently long
time 7" the solution will be very close to zero in {2. Hence, the heat transfer problem
evidently is a well-posed in the sense of Hadamard.

Now let us reverse the time by defining a new temporal variable s = 7" — t. The
backward heat transfer equation has the form

e . % ~0
ds  orr

We consider an initial condition 1 () corresponding to s = 0, i.e., to ¢t = 7. Again,
1ip(x) can be expressed as

Qg (r Z d, sin(n.x) (1.19)

n=1

and the exact solution @ (. s) has the form

g Ay ¥stu(ng).

n=1

Notice that now the coefficients d,,¢" * are amplified exponentially as the backward
temporal variable s grows. This means that the solution of the backward heat transfer
equation does not depend continuously on the initial data 44 (.z), i.e., that the backward
problem is ill-posed.

Suppose that we calculate some numerical approximation of the solution w(xr. T')
for some sufficiently large time 7" and then use it as the initial condition () for the
backward problem. What we will observe when solving the backward problem is that
the solution u(x, s) begins to oscillate immediately and the computation ends with
a floating point overflow or similar error very soon. Because of the ill-posedness of
the backward problem, chances are slim that one can get close to the original initial
condition ug(x) at s = 7.

Remark 1.3 (Inverse problems) The ill-posed backward heat transfer equation from Ex-
ample 1.5 was an inverse problem. There are various types of ill-posed inverse problems:
For example, it is an inverse problem to identify suitable initial state and/or parameters for
some physical process to obtain a desired final state. Usually, the better-posed the forward
problem, the worse the posedness of the inverse problem.
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1.1.3 General existence and uniqueness results

Prior to discussing various aspects of the elliptic, parabolic, and hyperbolic PDEs in Sections
1.2-1.5, we find it useful to mention a few important abstract existence and uniqueness
results for general operator equations. Since this paragraph uses some abstract functional
analysis, readers who find its contents too difficult may skip it in the first reading and
continue with Section 1.2.

In the following we consider a pair of Hilbert spaces V' and W, and an equation of the
form

Lu= f, (120)

where L : D(L) C V' — W is a linear operator and f € W. The existence of solution to
(1.20) for any right-hand side f € W is equivalent to the condition R({L) = W, while the
uniqueness of solution is equivalent to the condition N (L) = {0}.

Theorem 1.1 (Hahn-Banach) Ler U be a subspace of a (real or complex) normed space
V,and f € U’ a linear form over U. Then there exists an extension g € V' of f such that
g(u) = f(u) for all uw € U, moreover satisfving ||gllv- = || fllv--

Proof: The proof can be found in standard functional-analytic textbooks. See, e.g.,
[34, 65] and [100]. [ |

Theorem 1.1 has important consequences: If vy € V and f(vy) = 0 forall f € V7,
then vy = 0. Further, for any vy € V there exists f € V' such that || f||v = 1 and
f(vo) = |luo|lv. The following result is used in the proof of the basic existence theorem:
For any two disjoint subsets A, B C V, where A is compact and B convex, there exists
f €V’ and v € Rsuch that f(a) < v < f(b) foralla € Aand b € B.

Theorem 1.2 (Basic existence result) Let V.W be Hilbert spacesand L : D(L) C V —
W a bounded linear operator. Then R(L) = W if and only if both R(L) is closed and
R(L)* = {0}.
Proof: If R(L) = W, then obviously R(L) is closed and R(L)* = {0}. Conversely,
assume that R(L) is closed, R(L)* = {0} but R(L) # W. The linearity and boundedness
of L implies that R(L) is a closed subspace of W. Let w € W \ R(L). The set {w} is
compact and the closed set R{L) obviously is convex. By the Hahn-Banach theorem there
exists a w* € W’ such that (w*.w) > 0 and (w*. Lv) = 0 for all v € D(L). Therefore
0 # u* € R(L)*, which is a contradiction. [ |
In order to see under what conditions R(L) is closed, let us generalize the notion of
continuity by introducing closed operators:

Definition 1.3 (Closed operator) An operator T : D(T) C V. — W, where V and W
are Banach spaces, is said to be closed if for any sequence {v, }>; C D(T), v,, — vand
T(v,) — wimply that v € D(T) and w = Th.

It is an easy exercise to show that every continuous operator is closed. However, there
are closed operators which are not continuous:

B EXAMPLE 1.6 (Closed operator which is not continuous)

Consider the interval {2 = (0, 1) C R, the Hilbert space V' = L?({2) and the Laplace
operator L : V' — V, Lu = —Au = —u”. This operator is not continuous, since,
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e.g, Lv ¢ V forv = z71/3 € V. We know that the space C§°(Q) is dense in L?(Q)
(see Paragraph A.2.10). To show that L is closed in V, for an element v € V consider
some sequence {vy, }52, C Cg°(?) such that v, — v, and such that the sequence
{—Av, }5%, converges to some w € V. Passing to the limit n — oo in the relation

/ —Avppdx = —/ v, Apdx  forall p € CF(Q),
Q Q

we obtain

/uupd:c: —/ vApdz  forall p € C5°(Q2).
Q Q

Therefore w = —Aw and the operator L is closed.

Theorem 1.3 (Basic existence and uniqueness result) Let V. W be Hilbert spaces and
L:D(L) C V — W a closed linear operator. Assume that there exists a constant C > 0
such that

[[Lv|lw > Clivllv  forallv € D(L) (1.21)

(this inequality sometimes is called the stability or coercivity estimate). If R(L)1 = {0},
then the operator equation Ly, = f has a unique solution.

Proof: First let us verify that R(L) is closed. Let {w, }3>, C R(L) such that w,, — w.
Then there is a sequence {v,}%, C D(L) such that w,, = Luv,. The stability estimate
(1.21) implies that C|[vn, — vmllv < ||ws — wm||w, which means that {v,, }32 , is a Cauchy
sequence in V. Completeness of the Hilbert space V' yields existence of a » € V' such that
v, — v. Since L is closed, we obtain v € D(L) and w = Lv € R(L). Theorem 1.2 yields
the existence of a solution. The uniqueness of the solution follows immediately from the
stability estimate (1.21). |

Now let us introduce the notion of monotonicity and show that strongly monotone linear
operators satisfy the stability estimate (1.21):

Definition 1.4 (Monotonicity) Ler V be a Hilbert space and L € L(V,V"). The operator
L is said to be monotone if

(Lv,v) >0 forallveV, (1.22)
it is strictly monotone if
(Lw,v) >0 forall0#v eV, (1.23)
and it is strongly monotone if there exists a constant Cp, > 0 such that
(Lv,v) > Cr|vl|®>  forallve V. (1.24)

For every u € V the element Ly € V' is a linear form. The symbol {Lv,v), which means
the application of Lu to v € V, is called duality pairing.
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The notion of monotonicity for linear operators is a special case of a more general
definition applicable to nonlinear operators. Anoperator7 : V' — V" is said to be monotone
if (Tu — Tv,u —v) > 0forall u,v € V. itis strictly monotone if (T'u — Tv,u — v) >
0 forall u,v € V, u # v, and it is strongly monotone if there exists a positive constant C},
such that (Tw — Tw, u — v) > Cpllu — v||? forall u,v € V. The concept of monotonicity
for operators is related to the standard notion of monotonicity of real functions: A function
f : R — R is monotone if the condition z; < x4 implies that f(z1) < f(z2). The same
can be written as the condition ( f(z;) — f(z2))(z1 — z2) > Oforallz{,z2 € R.

Lemma 1.1 Let V be a Hilbert space and L € L{V, V") a continuous strongly monotone
linear operator. Then there exists a constant C > 0 such that L satisfies the stability
estimate (1.21).

Proof: The strong monotonicity condition (1.24) implies
Crlvlly < (Lv,v) < [[Lo]lv-follv,
which means that
Crlvlly < | Lvllv-

The following theorem presents an important abstract existence and uniqueness result
for operator equations:

Theorem 1.4 (Existence and uniqueness of solution for strongly monotone operators)
Let V be a Hilbert space, f € V' and L € L{V, V") a strongly monotone linear operator.
Then for every f € V' the operator equation Lu = | has a unique solution u € V.

Proof: According to Lemma 1.1 the operator L satisfies the stability estimate (1.21).
Moreover, if v € R(L)"', then (Lv,v) = 0 and

Cllv||> < (Lv.v) =0

Hence R(L)* = {0}, and the conclusion follows from Theorem 1.3. |

1.1.4 Exercises

Exercise 1.1 Use Definition 1.3 to show that every continuous operator L : V. — W,
where V and W are Banach spaces, is closed.

Exercise 1.2 Consider a second-order PDE in the form (1.1) with a nonsymmetric coeffi-
cient matrix A(z). Symmetrize the coefficient matrix by defining A = (A + AT)/2. Find
out how the remaining coefficients b;, ¢;, and aqy have to be adjusted so that the equation
remains in the form (1.1). Hint: Write a,, = (a;; + a,,)/2+ (a;; — a;,)/2.

Exercise 1.3 Consider a second-order PDE in the alternative form (1.3),

_ Z ”8282 +Zb7 +(10u—f
U<j i—1

ig=1
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where a,; = aj; foralll <i,j < n

1. Turn the equation into the conventional form (1.1),

o 0 ou
— Z az (aua ) +Z (a—ZL (bﬂL) +Cia—zz) +aou = f.
ig=1 i=1

2. Write the relations of the coefficients a;;,b;, ¢;, ag and a,, l;l, ¢;, ag-
Exercise 1.4 Use Definition 1.1 to show that equation (1.8) from Example 1.1 is elliptic.
Exercise 1.5 Use Definition 1.1 to show that equation (1.9) from Example 1.2 is parabolic.

Exercise 1.6 Use Definition 1.1 to show that equation (1.10) from Example 1.3 is hyper-
bolic.

Exercise 1.7 Verify that the function u(x. t) defined in (0, ) by the relation (1.17) is the so-
lution of the heat-transfer equation (1.15) with the boundary conditions w(0,t) = u(n,t) =
Oforallt > 0.

Exercise 1.8 /n R® consider the equation
Ou (1+27) 2 &%u (1) 2 5 (14 48) 2%u VTP du o1
- z - =
ot Y ox? da? o2 dz:

and decide if (and where in R?) it is elliptic, parabolic, or hyperbolic.

Exercise 1.9 In R? consider the equation

d%u 8*u J*u Ou ,
e +(1—2%) o7 + (1 —23) o2 1‘1:1:2% = siu(e ) cos(xam).
and decide if (and where in R?) it is elliptic, parabolic, or hyperbolic.

Exercise 1.10 In R® consider the equation

Ju 9%u
—Au -2 -2 =
“ or 1d2 01‘2.’173 f

and decide if (and where in R?) it is elliptic, parabolic, or hyperbolic.

Exercise 1.11 [n R® consider the equation

. 8%u 5 0%u 9% ou 2
— g z - .,2_ 14+ 7922 — el
(1—ua7 tz) o (1—+—r2)0Jl (l+11),) +( +7.3)0“ ¢

and decide if (and where in R®) it is elliptic, parabolic, or hyperbolic.

Exercise 1.12 /n R? consider the equation

9u &u |2\ O%u
G~ 0 = (1= ) g =0

and decide if (or where in R?) it is elliptic, parabolic, or hyperbolic.
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1.2 SECOND-ORDER ELLIPTIC PROBLEMS

This section is devoted to the discussion of linear second-order elliptic problems. We begin
by deriving the weak formulation of a model problem in Paragraph 1.2.1. Properties of
bilinear forms arising in the weak formulation of linear elliptic problems are discussed
in Paragraph 1.2.2. In Paragraph 1.2.3 we introduce the Lax-Milgram lemma, which
is the basic tool for proving the existence and uniqueness of solution to linear elliptic
problems. The weak formulations and solvability analysis of problems involving various
types of boundary conditions are discussed in Paragraphs 1.2.5-1.2.8. Abstract energy of
elliptic problems, which plays an important role in their numerical solution (error estimation,
automatic adaptivity), is introduced in Paragraph 1.2.9. Finally, Paragraph 1.2.10 presents
maximum principles for elliptic problems, which are used to prove their well-posedness.

1.2.1 Weak formulation of a model problem

Assume an open bounded set & C R? with Lipschitz-continuous boundary, and recall the
general linear second-order equation (1.1),

n

0 Ou
_Za‘lz(lja )+§((‘3$l(bzu)+q%

) +agu = f, (1.25)

3

where the coefficients and the right-hand side satisfy the regularity assumptions formulated

in Paragraph 1.1.1. In this case we put n = d. Equation (1.25) is elliptic if the symmetric

coefficient matrix A = {a,, };{j:l is positive definite everywhere in 2 (Definition 1.1).
Consider the model equation

-V -(a1Vu) +agu=f in Q, (1.26)

obtained from (1.25) by assuming a;;(x) = a,(x)é,, and b(xz) = c(x) = 0in 2. For the

existence and uniqueness of solution we add another important assumption:
a1{(x) > Cpypn, >0 and ag(x) >0 infd (1.27)

The problem (1.26) is fairly general: Even with ag = 0 it describes, for example, the
following physical processes:

1. Stationary heat transfer (u is the temperature, a; is the thermal conductivity, and f
are the heat sources),

2. electrostatics (u is the electrostatic potential, a; is the dielectric constant, and [ is
the charge density),

3. transverse deflection of a cable (u is the transverse deflection, a is the axial tension,
and f is the transversal load),

4. axial deformation of a bar (u is the axial displacement, a; = F A is the product of the
elasticity modulus and the cross-sectional area, and f is either the friction or contact
force on the surface of the bar),

5. pipe flow (u is the hydrostatic pressure, a; = 7.D%/128u, D is the diameter, 1 is the
viscosity and f = O represents zero flow sources),
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6. laminar incompressible flow through a channel under constant pressure gradient (u
is the velocity, a; is the viscosity, and f is the pressure gradient),

7. porous media flow (u is the fluid head, a, is the permeability coefficient, and f is the
fluid flux).

To begin with, let (1.26) be endowed with homogeneous Dirichlet boundary conditions
u(x) =0 ondQ. (1.28)

This type of boundary conditions carries the name of a French mathematician Johann Peter
Gustav Lejeune Dirichlet, who made substantial contributions to the solution of Fermat’s
Last Theorem, theory of polynomial functions, analytic and algebraic number theory, con-
vergence of trigonometric series, and boundary-value problems for harmonic! functions.

Figure 1.3 Johann Peter Gustav Lejeune Dirichiet (1805-1859).

Classical solution to the problem (1.26), (1.28) is a function u € C?(Q2) N C(Q)
satisfying the equation (1.26) everywhere in {2 and fulfilling the boundary condition (1.28)
at every € 9. Naturally, one has to assume that f € C(Q2). However, neither this nor
even stronger requirement f € C(Q) guarantees the solvability of the problem, for which
still stronger smoothness of f is required.

Weak formulation In order to reduce the above-mentioned regularity restrictions, we
introduce the weak formulation of the problem (1.26), (1.28). The derivation of the weak
formulation of (1.26) consists of the following four standard steps:

1. Multiply (1.26) with a test function v € C§*(Q?),
-V - (a,Vu)v + aguv = fo.

2. Integrate over €2,

"Au=0



SECOND-ORDER ELLIPTIC PROBLEMS 15

—/V-(a1Vu)vd:c+/a0uvd:c: fvdz.
¥ o ¥

3. Use the Green’s formula (A.80) to reduce the maximum order of the partial derivatives
present in the equation. The fact that v vanishes on the boundary 92 removes the
boundary term, and we have

/a1Vu~Vvdm+/aguvd:c:/fvd:c. (1.29)
0 Q Q

4. Find the largest possible function spaces for u, v, and other functions in (1.29) where
all integrals are finite. Originally, identity (1.29) was derived under very strong
regularity assumptions u € C%(Q) N C(Q) and v € C§°(N). All integrals in (1.29)
remain finite when these assumptions are weakened to

u,v € HYQ), fe L*}Q), (1.30)

where H3 () is the Sobolev space Wolz(ﬂ) defined in Section A.4. Similarly the
regularity assumptions for the coefficients a; and ag can be reduced to

al,a()EL:’O(Q). (1.31)

The weak form of the problem (1.26), (1.28) is stated as follows: Given f € LQ(Q), find a
function u € Hg (£2) such that

/a1Vu-Vv+a0uvd:c:/fvd:c forallvEHé(Q). (1.32)
Q Q

The existence and uniqueness of solution will be discussed in Paragraph 1.2.4.
Let us mention that the assumption f € L2(£2) can be further weakened to f € H~(Q),
where H~1(£2), which is the dual space to H} (), is larger than L%(£2). Then the integral

| fode

is interpreted as the duality pairing {f, v) between H~1(2) and H}(£2).

Equivalence of the strong and weak solutions Obviously the classical solution to
the problem (1.26), (1.28) also solves the weak formulation (1.32). Conversely, ifthe!eak
solution of (1.32) is sufficiently regular, which in this case means u € C*(Q) N C(Q), it
also satisfies the classical formulation (1.26), (1.28).

In the language of linear forms Let V = H}(Q). We define a bilinear form a(-, ) :
VxV -R,

a(u,v) = /(a1Vu - Vv + aguv) dz,
0

and a linear form![ € V",
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) ={l,v) = /vad:c.

Then the weak formulation of the problem (1.26), (1.28) reads: Find a function v € V such
that

a(u,v)=1(v) forallve V. (1.33)

This notation is common in the study of partial differential equations and finite element
methods.

1.2.2 Bilinear forms, energy norm, and energetic inner product

In this paragraph we learn more about bilinear forms for elliptic problems, and introduce the
notions of energy norm and energetic inner product. Every bilinear forma : V x V — R
in a Banach space V' is associated with a unique linear operator A : V' — V"’ defined by

(Au)(v) = (Au,v) = a(u,v) forallu,v € V. (1.34)

Lemma 1.2 Relation (1.34) defines a one-to-one correspondence between continuous bi-
linear forms a : V x V — R and linear continuous operators A : V — V',

Proof: If A € £(V, V'), then the mapping a : V x V — R defined by (1.34) is bilinear
and bounded,

la(u, )| < [[Aullv-|lolly < [[Allllellvllvllv - forallu,v e V.

Conversely, let a{-, -) be a continuous bilinear form on V' x V. For any u € V the map
v — a(u,v) defines a continuous linear operator on V. Hence there exists an element
Au € V' such that (1.34) holds. The bilinearity and boundedness of a(-,-) implies the
linearity and boundedness of A. |

Basic properties of bilinear forms in Hilbert spaces are introduced in Definition 1.5 and
discussed in Lemma 1.3:

Definition 1.5 Ler V' be a real Hilbert space, o : V x V — R a bilinear form and
AV — V' alinear operator related t0 a(-, -) via (1.34). We say that

1. a is bounded if there exists a constant Cyq > 0 such that |a{u,v)| < Cy|ull||v|| for
allu,v eV,

2. ais positive ifa{v,v) > 0 forallv € V,
3. a is strictly positive if a(v,v) > O forall0 # v € V,

4. ais V-elliptic (coercive) if there exists a constant C, > Osuch thata(v,v) > Cy||v|?
forallv eV,

5. ais symmetric ifa{u,v) = a(v,u) forall u,v € V.
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Lemma 1.3 Under the assumptions of Definition 1.5 it holds:

1. The bilinear form a is bounded if and only if the linear operator A is bounded.
2. The bilinear form a is positive if and only if the linear operator A is monotone.

3. The bilinear form a is strictly positive if and only if the linear operator A is strictly
monotone.

4. The bilinear form a is V-elliptic if and only if the linear operator A is strongly
monotone.

5. The bilinear form a is symmetric if and only if the linear operator A is symmetric
(Le., if (Au,v) = (Av,u) forall u,v € V).

Proof: Left to the reader as an exercise. |

Definition 1.6 (Energetic inner product, energy norm) Let V' be a Hilbert space and
a:V xV — R a bounded symmetric V-elliptic bilinear form. The bilinear form defines
an inner product

(u,v)e = a(u,v) (1.35)
in'V, called energetic inner product. The norm induced by the energetic inner product,

l[ulle = V/(u, w)e, (1.36)
is called energy norm.

It is easy to verify that || - ||, and (-, -). fulfill all properties of norm and inner product
(use Definitions A.24 and A.41).

Lemma 1.4 Let V be a Hilbert space and a : V x V' — R a bounded symmetric V -elliptic
bilinear form. The energy norm induced by a is equivalent to the original norm in'V,

Cillully <llulle < Collullv forallu eV, (1.37)

where C,Cy > 0 are some real constants.
Proof: Left to the reader as an exercise. |

If the V-elliptic bilinear form a(-,-) is not symmetric, it does not represent an inner
product, but still it induces an energy norm. Ifa : V x V. — C, then the symmetry
requirement a{u,v) = a{v,u) is replaced with the sesquilinearity requirement a(u, v) =
a(v,u).

Both the energetic inner product (-, -). and the energy norm || - || represent important
tools in the error analysis and numerical solution of elliptic PDEs. They are used to derive
both a-priori and a-posteriori error estimates, to guide refinement strategies for adaptive
finite element methods, and for other purposes. We will return to this topic later, after
introducing the finite element discretization in Chapter 2.
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1.2.3 The Lax—Milgram lemma

The Lax-Milgram lemma is the basic and most important tool for proving the existence and
uniqueness of solution to elliptic problems.

Theorem 1.5 (Lax-Milgram lemma) LetV bea Hilbertspace, a : V xV — Rabounded
V-elliptic bilinear form and | € V'. Then there exists a unique solution to the problem

a(u,v) =1(v) forallveV. (1.38)

Remark 1.4 (Lax-Milgram vs. Riesz) If the bilinear form a(-,-) is symmetric, then the
unique solution u € V of equation (1.38) is nothing else than the unique representant of the
linear form | € V' with respect to the energetic inner product (- ) = a(-,-). In this sense
the Lax—-Milgram lemma is a special case of the Riesz representation theorem (Theorem
A.15).

Proof: The uniqueness of solution follows immediately from the V-ellipticity of the
bilinear form a. We will use Theorem 1.2 to verify the existence. Let A : V — V' be
the linear operator associated with the bilinear form a via (1.34). Then A is bounded and
strongly monotone. By L = JA : V — V denote the isometric dual mapping from the
Riesz theorem,

a{u,v) = (Au,v) = (JAu,v) forallu,v e V.
Recall that R(L) = V if and only if R(L) is closed and R(L)* = {0}. To show that
R(L) is closed, let {u,}22; C R(L) be a sequence converging to some function u. Then
U, = JAw, where {wn},‘;ozl C V. Lemma 1.1 yields the existence of a constant C' > 0
such that

[un — umll = |T A(wy — wm)l| = [|A(wn — wm)|| > Cllwy — wip|-

Hence {w,, }52_, is a Cauchy sequence that has a limit w € V. It holds

l[un — T Aw|| = |T A(wn — w)|| = [[A(wn — w)|| < Coflwn —w| — 0.

Therefore u = JAw € R(L) and R(L) is closed. To prove that R(L)1 = {0}, take an
arbitrary u € R(L)*. Then for any v € V it is

0= (JAv,u) = a(v,u).

Putting v = u, we obtain that the energy norm ||u||. = 0 and thus that u = 0. |

1.2.4 Unique solvability of the model problem

The existence and uniqueness of solution to the model problem (1.33) can be proved using
the Lax—Milgram lemma (Theorem 1.5) under the following assumptions:

Lemma 1.5 Assume that a1(z) > Cpyun > 0and ag(xz) > 0 a.e. in Q. Then the weak
problem (1.33) has a unique solution u € V.
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Proof: Since aj,ag € L(Q), there exists a Cypo,r < 00 such that |a1(x)| < Cipey and
lao(z)| < Criax ae. in Q. Then,

la(u,v)| < / (a1|Vu - V| + agluv]) de < Chga / (|Vu-Vov|+ |uv|)de.  (1.39)
Q Q

Since Vu, Vv € [L%(2)]¢, the Holder inequality (A.50) yields

1 3

H z
/ |Vu - Volde < (/ |Vu|2d:c) (/ |Vv|2d:c) = |u|1.2[v]1.2- (1.40)
Ja Q 0

Analogously, for the product |uv| one obtains

1 1
H 3
|luv| de < (/ uzdm) (/sz vzd:c> = |lull g2 ||2]| L2- (1.41)
Q Q

The norm || - ||1.2 is obtained by adding a nonnegative term to the seminorm | - |} 2,

lulr2[vlie < lluflxzllvfle- (1.42)
Similarly for the L%-norm,
lullzzllvlice < ullialvlle. (1.43)
Finally, relations (1.39) to (1.43) together yield
la(u, )| < 2Cmar||ullr2lv]l12,
which means that the bilinear form is bounded with the constant C, = 2C,,,,.. Next let
us prove the V-ellipticity of a(-,-). Using the Poincaré-Friedrichs’ inequality (Theorem

A.26) in the space V' = H}(Q), together with the nonnegativity of ag and strict positivity
of a;, we obtain that there exists a constant Cj,¢ > 0 such that

a(v,v) /a1|VU|2+aovzd:c2/(L1|Vv|2d:c
Q Q

v

Conin / |Vo|? d& = Crninlvli 2 > CranCipllvll 2 forallv € V.
Q

Thus the bilinear form a(-, -) is bounded and V-elliptic, and the Lax-Milgram lemma yields
the existence and uniqueness of solution for every f € L?(f). [ |

Discussion of the existence and uniqueness of solution for elliptic operators of the general
form (1.25) can be found, e.g., in [93].
1.2.5 Nonhomogeneous Dirichlet boundary conditions

In this paragraph we consider the model equation (1.26) endowed with more general Dirich-
let boundary conditions of the form
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u(z) = g(®) on Q. (1.44)

where ¢ € C(9R). For the purpose of the weak formulation we consider a function
G € C*(Q)NC(Q) such that G = g on 392 (the so-called Dirichlet lift of g). Notice that G
is not unique, but we will show later that the solution is invariant under its choice. Writing
u = G + U, the problem (1.26), (1.44) can be reformulated to:

Find U € CZ(Q) such that

V[ VU +G)+aU+G) = f inQ,
U+G g onof,

or, equivalently,

=V - (aVU) + agU f+V-(a\VG)—agG inQ, (1.45)
U = 0 on 89, (1.46)

Except for an adjusted right-hand side, this problem is identical to the model problem (1.26),
(1.28). We proceed analogously as in Paragraph 1.2.1 to derive its weak formulation:
Find U € V = H}(Q) such that
a(U,v) =l(v) forallveV (147)

with

a(U,v) = /(a1VU Vv +aUv)dze, veV,
Ja

—~

=
<

N
I

/(fv —a\VG-Vv—qyGr)dz, veV,
Q

This weak formulation is defined under much weaker assumptions on f, g, and G. In
particular, we can assume that f € L?(£2) and G € H' () with the trace g € H 2 (%2).

We have seen in Paragraph 1.2.4 that the bilinear form a(-, -) is bounded and V-elliptic.
In other words, the Lax—-Milgram lemma yields the existence and uniqueness of solution to
(1.47) for every Dirichlet lift G.

Independence of the solution uw = U + G on the Dirichlet lift G: Assume that
Uy+ Gy =u; € HY(Q) and Uz + G2 = uz € H(Q) are two weak solutions. By (1.47)
the difference u; — uz € V = H}(Q) satisfies

aluy —uz,v) =0 forallve V.
Taking u; — w2 for v and using the V-ellipticity of the bilinear form a, we obtain

0 =a(u; —uz,u; — uz) > Ce|luy — u2||%,

This means that
ur —uzfv =0,

i.e., that u; = ug a.e. in Q.
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1.2.6 Neumann boundary conditions
Consider the model equation (1.26) with Neumann boundary conditions of the form

ou

5 = 9 on 952, (1.48)

where g € C(0€). This time we have to strengthen the positivity assumption on the
coefficient ag to

ag(x) > e >0 in £ (1.49)
The weak formulation of the problem (1.26), (1.48) is derived as follows: Assume that
u € C®(Q)NCHY). Multiply (1.26) with a test function v € C=(Q) N C* (), integrate
over 2, and use the Green’s theorem to reduce the maximum order of the partial derivatives.

The boundary integrals do not vanish as they did in the homogeneous Dirichlet case, and
we get an extra boundary term,

/(aIVu-Vv—f-aouv)d:B—/ al@vdS:/fvd:c.
Q a0 ov Q

Here v is the unit outer normal vector to Q and Ju /0 = Vu-v. Substituting the boundary
condition (1.48) into the boundary integral, and weakening the regularity assumptions, we
obtain the following weak formulation:

Given f € L*(Q) and g € L2(0Q), find u € V = H'(Q) such that

/(aIVu-Vv+a0uv)d:c:/fvd:c—}-/ aigvdS forallv e V.
Q 0 a0

Stated in the language of linear forms, one has to find a function u € V such that
a(u,v) =1l{v) forallveV, (1.50)

where

2
£

P
|

/a1Vu-Vv+a0uvd:c forall u,v € V,
Q

—~

=
<

<
I

/fvd:c—}-/ ajgvdS forallv € V.
Q a0

Notice that although the bilinear form a(-, -) is given by the same formula as in the case of
Dirichlet boundary conditions, it is different since the space V' changed.

The boundedness of the bilinear form a(-,-) in V' x V can be shown analogously to
the proof of Lemma 1.5. Notice, however, that one cannot use the Poincaré-Friedrichs’
inequality to prove the V-ellipticity of a(-,-), since now the solution is not zero on the
boundary. Here the additional assumption (1.49) comes into the play, and we obtain

a(v,v) > min(Cin, CAymin)”U”%/-

The Lax-Milgram lemma guarantees that the problem (1.50) has a unique solution v € V.
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Remark 1.5 (Neumann problem without the assumption (1.49)) The assumption(1.49)
guarantees the presence of a nonzero L2-term in the bilinear form. Without this term, nei-
ther the classical nor the weak formulation has a unique solution in Sobolev spaces. For
example, if v is a solution of —Au = f with Neumann boundary conditions, then also
u+ C, where C is an arbitrary constant, is a solution. Let us formulate this problem in the
weak sense:

Find u € HY () such that

/Vu-Vvd:n:/fvd:c—f-/ gudS forallve HY(Q). (L.51)
Q 0 an

Using the test function v = 1 € HY(Q), one finds that a necessary condition for (1.51) to
have a solution at all is

/fd:c—f-/ gdS =0. (1.52)
Q 8Q

It follows from a deeper analysis in the quotient space H* () /R that condition (1.52) is
sufficient for the existence and uniqueness of solution in H*(Q) /R (see, e.g., [6]).

Remark 1.6 (Essential and natural boundary conditions) Dirichlet boundary conditions
are sometimes called essential since they essentially influence the weak formulation: They
determine the function space in which the solution is sought. On the other hand, Neumann
boundary conditions do not influence the function space and can be naturally incorporated
into the boundary integrals. Therefore they are called natural.

1.2.7 Newton (Robin) boundary conditions

Another frequently used type of natural boundary conditions involves a combination of
function values and normal derivatives. Consider the model equation (1.26) equipped with
such boundary conditions,

-V - {a1Vu) + agu f inqQ, (1.53)

C1u+(,‘2'g—:i = g ond, (1.54)

where f € C(Q2), g € C(09),and ¢, c2 € C() are such that ¢jce > 0and 0 < € < |eg]
on OL2. The positivity assumptions (1.27) and (1.49) on the coefficients ag, a; apply.
For a sufficiently regular function u € C%(Q2) N C1(1QY), the weak identity

/a1Vu~Vv+a0uvd:B—/ al—vdS /fvd:c
Q N

is derived analogously to the Neumann case. Using the boundary condition (1.54), we
obtain the following weak formulation:
Given f € L?(Q), g € L*(8Q), and ag,a, € L>=($2), find v € V = H*(Q) such that

11101

/a1Vu~Vv+a0uvd:c+/ vdS = /fvd:c—f-/ N9.,48 forallv € V.
Q an €2 an €2
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In other words, it is our task to find u € V such that

a(u,v) =1l{v) forallveV, (1.55)
where
a1C,
a(u,v) = / aVu- Vv +qpuvde + / —uvdS forallu,v eV,

Q a0 C2

a1 g
lv) = /fvd:c—}-/ —vdS forallveV.

Q a0 €2

Since the bilinear form a(-,-) is both bounded and V-elliptic (use Theorem A.28), the
Lax-Milgram lemma implies that problem (1.55) has a unique solution u € V.

1.2.8 Combining essential and natural boundary conditions

What remains to be discussed is the combination of essential and natural boundary condi-
tions. Let us choose, for example, the Dirichlet and Neumann conditions for this purpose.
Hence, let the boundary 9% be split into two nonempty disjoint open parts I'p and Iy, and
consider the problem

-V -(a\Vu) +apu = f inQ, (1.56)
u = gp onlp, (1.57)
3]
9% _ 4y onTw. (1.58)
ov

The weak formulation is derived as follows: First extend the function gp € C(I'p) to the
rest of the boundary 92 by introducing a function gp € C(99) suchthat gp = gp onT'p.
The nonuniqueness of this extension is not going to cause any problems. Next find some
Dirichlet lift G € C?(Q2) N C(Q) of gp (i.e., G = gp on ON). The solution u is sought in
the form v = U + G analogously to the pure Dirichlet case. The equations

V- VU+G)]+aU+G) = f inQ, (1.59)
(U+G) = 4gp on FD, (160)
M = gy only, (1.61)
ov
yield

V- (a,VU)+al = [f+V-(a1VG)—aeG inQ, (1.62)
U = 0 onTp, (1.63)

U+ G
—(E——) = gN onI'n. (1.64)

The appropriate space for the function U is
V={ue H(Q); u=00onTp}. (1.65)

Applying the standard procedure that we went through several times, we arrive at the weak
identity
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/ (e, VU - Vu + apUv) dx
0

:/(fvfa1VG~vaa0Gv)dm+/
Q ov

- (ala(U +G)

v) d§S forallve V.

Using the Neumann boundary condition (1.64) on Iy, we finally obtain the following weak
problem:
Find a function U in the space V' such that

a(U,v) =1(v) forallveV, (1.66)
where
a(U,v) = /ﬂ(aIVU~VU+a0U1))d:B, UwvevV, (1.67)
lv) = /Q(fv—a1VG~Vv—aon)d:c+/r agyvdS  forallv e V.

The bilinear form a(-,-) is bounded and V -elliptic (the proof is analogous to Paragraph
1.2.4). The Poincaré-Friedrichs’ inequality holds in V" due to the zero boundary condition
for U on I'p (see Remark A.8). Therefore the Lax—Milgram lemma implies that problem
(1.66) has a unique solution U € V. As usual, the final solution satisfying both the essential
and natural boundary conditions is v = U + G.

1.2.9 Energy of elliptic problems

It was mentioned in Paragraph 1.1.1 that elliptic problems usually describe some equilibrium
or minimum-energy state of a system. In this paragraph we introduce the explicit form of
the abstract energy, at least for symmetric problems. The most important numerical scheme
based on the minimization of the abstract energy, the Ritz method, will be discussed later
in Chapter 2.

Theorem 1.6 Let V be a linear space, a : V x V' — R a symmetric V-elliptic bilinear
form and ] € V'. Then the functional of abstract energy,

1
E(v) = Qa(v,v) —(v). (1.68)
attains its minimum in 'V at an element w € V if and only if
a(u,v) =1l(v) forallve V. (1.69)

Moreover, the minimizer v € V' is unique.

Proof: Let (1.69) hold. Then

1
Eu+tv) = —Q—a(u +tv,u + tv) — l{u + tv)

E(u) + ta(u,v) — 1(v)) + —;—tza(v,v) (1.70)
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forall u.v € Vandt € R. If u € V satisfies (1.69), then the last equation with ¢ = 1
implies
1
E(u+v)=E(u)+ ia(v. v) > E(u) forall0#£veV.

Thus u € V' is a unique minimizer of (1.68).
Conversely, if E has a minimum at w € V, then for every v € V' the derivative of the
quadratic function ¢(t) = E(u + tv) must vanish at t = 0. By (1.70),

0=¢(0) = alu,v) — l(v),

and (1.69) holds. |

Another interesting theoretical application of the energy-minimization concept is an
alternative proof of the Lax-Milgram lemma for symmetric elliptic problems in convex
sets:

Theorem 1.7 (Lax-Milgram lemma for convex sets) Let W be a closed convex set in a
Hilbert space V and a : V x V' — R a bounded V-elliptic bilinear form. Then for every
I € V' there exists a unique u € W such that E(u) = inf{E(v); v € W}, where

E(v) = —;—u(v,v) — {v).

Proof: The functional F is bounded from below since

L
2C.,

e e

, _ 2
(Callell = 1)? - 5= = =5

1 2
E(v) 2 5 Callvll™ — vl =
Let g = inf{E(v); v € W} and let {v,,}2.; be a minimizing sequence, i.e.,
lim E(v,) = €p.

Then

N

Cu H?/'n - 7)m||‘2 ll(?)n — VUmy U — T)rn)

= 2(1(’[}”, vn) + 2“(777n- Um) - a(vn + U,y Up + Um)

= 4E(v,) +4E(vm) — 8E <%>

< 4E(v,) +4E(vm) — 8eg,

where %(’U” + vy,,) € W thanks to the convexity of W. Now E(v,), E(v,,) — ¢, implies
lvn — v || = 0 as n,m — co. Thus {v, }22., is a Cauchy sequence in V" and there exists
alimtu € V, v, — wu. Since W is closed, we also have u € W. The continuity of £
implies

E(u)= lim E(v,) = inf E(v).
(u) = Jim E(v,) = inf E(0)
Let us show that the solution « € W is unique. Suppose that both u; and u2 are solutions.
Clearly the sequence up, us. ug, 2, . . . s @ minimizing sequence. Above we saw that every
minimizing sequence has to be a Cauchy sequence. Thus u; = us. ]
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1.2.10 Maximum principles and well-posedness

Another important aspect of elliptic problems is the existence of maximum principles. We
find it useful to present several of them here and illustrate how they imply the well-posedness
of elliptic problems. The counterpart of the maximum principles on the numerical level are
the discrete maximum principles (see, e.g., [11, 14, 19, 31, 57, 67] and [112]), which find
particularly important application in problems where physically nonnegative quantities like
the temperature, density, or concentration are computed.

Theorem 1.8 (Basic maximum principle) Consider an open bounded set @ C R% and a
symmetric elliptic operator of the form

5%u
Lu= - Z aij(:c)az—(%, (171)
Ly

where a;; € C(). Letu € C%(Q) N C(Q) be the solution of the equation Lu = f, where
feCf)and
<0 inQ.

Then the maximum of u in § is artained on the boundary 8. Furthermore it holds thar if
the maximum is attained at an interior point of ), then the function u is constant.

This result remains true under less restrictive assumptions on the coefficients a;;,.

Proof: Recall that L is elliptic if the coefficient matrix A(z) = {as;}¢,.; is positive
definite in £2. First we carry out the proof under a stronger assumption that f < 0 in .
Suppose that there exists some € (2 such that

u(&) = sup u(x) > sup u(x). (1.72)
TeQ TEon
Since A(Z) = {a;;(Z) }%:1 is symmetric and positive definite, it is diagonalizable and has
positive real eigenvalues Ay (), A2 (&), ..., A¢(2). Thus there exists a nonsingular d x d
matrix C such that

A=CrAER)C,
where A = diag(A\; (&), A\2(Z), . .., Aq¢(Z)). In a new coordinate system defined by
£=¢(z) =

we have that

0 > f(z)=(Lu)(T)

O*u
— -1 : Ry -
= lgl A(Z)C)y; BE0E; ()
d
= z:: i@ (%2 ), (1.73)

i=1

which is a contradiction since A, (&) > Oforall 1 < i < d,and & € Q\ 9 is a maximum
point of u, meaning that

&%u

— () <0 foralll <i<d.
ogz *)
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Next let us prove the result for the weaker assumption f < 0 in {2. Again, suppose that
there exists some & € 2 satisfying (1.72). Consider the function

d

h(x) = > (z, — )%

=1

Since the maximum point £ of u lies in the interior of 2 and h(x) is bounded in £, for a
sufficiently small § > O the function w(x) = u(x) + Bh(x) attains its maximum at some
interior point &g € . Since

d*h
Oz;0z;

(x) =26, forallze

we have
d ~
(Lw)(z) = (Lu)(x) + B(LA)(x) = f(x) — 26 _an(x) = f(x) <0 inQ
i=1
Thus we can apply the result of the first part of the proof. |

B EXAMPLE 1.7 (Maximum principle)
Consider an open bounded set 2 = (-1, 1)2 C R? and the Poisson equation
—Au=-4 mnQ (1.74)
(L = —~ A is obtained from (1.71) putting a,, = &;;). The solution u has the form
u(zy,z2) = 22 + 22 + C,
where C' € R is an arbitrary constant to be determined from the boundary conditions.

Since f < 0 in ©, the maximum principle (Theorem 1.8) implies that v attains its
maximum on the boundary 9. This indeed is true, as shown in Figure 1.4.

Figure 1.4 Maximum principle for the Poisson equation in 2D.
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Immediate consequences of the maximum principle are the minimum principle, compar-
ison principle, and the continuous dependence of the solution on boundary and initial data.
Most of these results are straightforward consequences of Theorem 1.8. We encourage the
reader to perform the proofs using the hints given.

Corollary 1.1 (Minimum principle) LerQ C R be an open bounded setand L an elliptic
operator of the form(1.71). If Lu = f > 0inQ, then u attains its minimum on the boundary
o

Proof: Apply Theorem 1.8to % := —u. |

Corollary 1.2 (Comparison principle) Let @ C R? be an open bounded set and L an
elliptic operator of the form (1.71). Suppose that functions u,v € C? (Q)NC(Q) solve the
equations Lu = f, and Lv = f,, respectively, and

fu < fv inQ,
u < v ondQ.

Thenu < vin S

Proof: Apply the minimum principle to w := v — u. ]

Corollary 1.3 (Continuous dependence on boundary data) Ler Q@ C R® be an open
bounded set and L an elliptic operator of the form (1.71). Suppose that uy and uy solve
the equation Lu = [ with different Dirichlet boundary data. Then

sup Jui(x) —uz(x)| = sup |ui(x) — uz(z)|.
TeN Teon

Proof: The function w = u; — uq satisfies the homogeneous equation Lw = 0 in {2,
Apply both the maximum and minimum principles to obtain the result. |

Before introducing the continuous dependence of solution on the right-hand side, we
need to define the notion of uniform ellipticity:

Definition 1.7 (Uniform ellipticity) A linear elliptic operator L of the form (1.4) is said
to be uniformly elliptic in an open set Q@ C R? if there exists a constant C4 > 0 such that

ETA@)E > Callél® forall§ € RY,
and all © € Q, where A(x) is the corresponding coefficient matrix.

Corollary 1.4 (Continuous dependence on the right-hand side) Ler Q C R® be an open
bounded set and L an elliptic operator of the form (1.71). Moreover, assume that L is
uniformly elliptic in Q. Then there exists a constant C only depending on the set Q and the
uniform ellipticity constant C 4, such that

lu(z)| < sup |u(y)|+ C sup |f(y)] (1.75)
Yo YyeQ

forall x € Q.

Proof: Since Q2 is bounded, it is contained in some open ball B(0,r). Let
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d
w(zx) =1r? - fo
i=1

Clearly 0 < w < r? in Q. Since

8w

2 = -2,
3x13xj 5]

it is Lw > 2dC 4, where C4 is the uniform ellipticity constant of L. Let

1
v(z) == sup |u(y)|+w(w)57=— sup |Lu(y)|.
yean 2dCa yeoan

Then Lv > |Lu|in 2 and v > |u| on OS2, The comparison principle implies that —v(x) <
u(z) < () in Q. Since w < r2, (1.75) holds with C = r?/(2dC.). [ |

Corollary 1.5 (Elliptic operator with a Helmholtz term) Consider an elliptic operator

L of the form

¢ 5%u
Lu=— Z (L”(w)m +a0(:c)u
Uil

i,j=1
with ag(x) > 0in Q. Then Lu < 0in Q implies that

sup u(x) < max{0, sup u(z)}.
Ten Teon

Proof: Without loss of generality, let x4 € 2 be such that

u(xo) = sup u(y) > 0.
Yyen

Then (Lu)(xy) — ag(To)u(xo) < (Lu){xg) < 0, and the principal part Lu — aou defines
an elliptic operator of the form (1.71). The conclusion follows from Theorem 1.8. [ |

1.2.11 Exercises
Exercise 1.13 Show that the bilinear form a(., -) from (1.55) is bounded and V-elliptic.

Exercise 1.14 Show that relation (1.35) in Lemma 1.4 defines an inner product. Further
show that the energy norm (1.36) induced by this inner product satisfies the relation (1.37)
(i.e., that it is equivalent to the norm || « ||y ).

Exercise 1.15 Ler Q@ C R? be an open bounded set with Lipschitz-continuous boundary.
Let the boundary 9¢) be split into two nonempty disjoint open parts Ty and T p such that
Ty UTp = 90 Consider boundary data (real functions) g, gp defined on Ty and T p,
respectively. Write the weak formulation of the boundary value problem for the Poisson
equation

—Au=f,
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equipped with boundary conditions

O @)+ u(e) = gn(@),  wET.

and

u(x) = gn(x), zelp.

where f is a real-valued load function defined in Q. Identify the largest function spaces
where the solution u as well as the test functions v and data gy, gp, and f must lie in order
that all integrals in the weak formulation be defined.

Exercise 1.16 Prove Corollary I.1.

Exercise 1.17 Prove Corollary 1.2.

1.3 SECOND-ORDER PARABOLIC PROBLEMS

Next let us turn our attention to linear parabolic problems (the notion of parabolicity was
introduced in Definition 1.1). Let € C R? be an open set with Lipschitz-continuous
boundary. We will study a class of linear parabolic equations

ou .
§+Lu—f in Q. (1.76)

where ¢ is the time, u = u(x,t), f = f(x,t) and L is an elliptic operator of the form
(1.1) with time-independent coefficients. The equation (1.76) is considered in a space-time
cylinder Qr = Q@ x (0,7), where 7" > 0.

1.3.1 Initial and boundary conditions

Boundary conditions for parabolic problems are analogous to the elliptic case: Dirichlet,
Neumann, Newton, and combined (see Section 1.2), For simplicity, let us denote them by

(Bu)(x,t) = g(x.t) forall (z.t) € Q2 x (0,7). (1.77)

Parabolic problems describe evolutionary processes, and thus one needs to provide an initial
condition of the form

u(x,0) = up(x) forallxz € Q. (1.78)

If the problem is considered in the classical sense, then the initial condition uq(x) must
moreover satisfy the boundary conditions (this is known as compatibility condition).

1.3.2 Weak formulation

At every time instant the solution is sought in a closed subspace V' C H'(£2) such that
H} () C V. The form of the space V depends on the boundary conditions analogously to
the elliptic case (see Paragraphs 1.2.5-1.2.8).
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For the analysis of existence and uniqueness of solution we need to introduce function
spaces and norms for time-dependent functions:

Definition 1.8 First by L9(0, T; W*P(Q)) we denote the space
LYO, T;WEP(Q) = {u:(0,T) — WrP(Q);

T
u is measurable and / ()|} ,.qdt < oo},
0

endowed with the norm

1
T 3
lullLeo.riwse ey = lu)lf 0 dt | (1.79)
0 Y4

The symbol u(t) stands for a function of x such that u(t) : € — u(x,t). Further we define
the space

C(0,T), LP(Q)) = {u : [0,T] — LP(Q); [lu(t)||p.2 is continuous in [0, T]}.  (1.80)

Analogously we use the W*P-norm in Q to define the space

C0, T); W*P(Q)) = {u:[0,T] — WHEP(Q); ||u(t)||lx.p.a is continuous in [0,T]}.
(1.81)

Weak formulation The weak formulation of parabolic problems is derived using a pro-
cedure analogous to elliptic equations. For example, in the case of homogeneous Dirichlet
boundary conditions the weak formulation of the problem (1.76), (1.77), (1.78) reads:

Given f € L*(Qr) and uo € V = H}(Q), find u € L*(0,T:V) N C([0, T}; L*(Q))
such that

d%(u(t),v)Lz +a(u(t),v) = (f{t),v)2 forallveV, te (0,T), (1.82)
u(0) = g, (1.83)

where the bilinear form a(-, -) corresponds to the elliptic operator (1.1),

Ou Ov Ov Ou
a(u,v) = /sz ”z: aija_xja_zl - ; (bzué_xl - Civa_zi) +aguv | da. (1.84)
The other types of boundary conditions are handled analogously to elliptic problems.

1.3.3 Existence and uniqueness of solution

Since the difficulty of the proof of existence and uniqueness of solution to the problem
(1.82), (1.83) exceeds the scope of this text, we restrict ourselves to formulating the principal
theoretical result, and providing appropriate references.
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We need to introduce the notion of weak coercivity of the form a(u, ) in the space V'
There exist two constants ¢y 2 > 0 and ¢z > 0 such that

alu,u) + collull2: > er2llul|y.  forallue V. (1.85)

If the form a(u, v) is V-elliptic (coercive), then this inequality holds with ¢, = 0. This is
the case, for example, for the heat transfer equation Ju/0t — Au = f with homogeneous
Dirichlet boundary conditions. In general, condition (1.85) is satisfied for all types of
boundary value problems we deal with, provided that all coefficients a;;, b;, ¢;, and ag of
the operator (1.4) belong to L>=((2).

Before introducing the existence and uniqueness theorem, let us show an interesting
trick that turns the weakly coercive bilinear form a(-, -) into a coercive one. Applying the
substitution

Gz, t) = e u(z, t).

equation (1.76) comes over to the form

on - . e .
B +Li+eci=e"f inQr.

Defining f := e~ 'f and L = (L + co1), where I stands for the identity operator, the
equation returns to the form (1.76). However, if the original bilinear form a(u, v) is weakly
coercive, the bilinear form a(u,v) = a(u,v) + ca(u, v) is coercive. This technique is used
in the analysis of parabolic PDEs quite frequently. Now let us formulate the promised
existence and uniqueness result:

Theorem 1.9 (Existence and uniqueness of solution) Letthe bilinear forma(., ) be con-
tinuous in V x V and weakly coercive. Given f € L*(Qr) and ug € V, there exists a
unique solutionw € L*(0,T; V)NC([0, T); L%(Q)) to the system (1.82), (1.83). Moreover,
Ou/dt € L*(0,T; V') and the energy estimate

T T
. 1 .
max [lu(t)||Z +61.2/ lu(®) 2 < luO)lz: + —/ Ifollz (1.86)
t€[0,7) 0 C1.2 Jo
holds.
Proof: See, e.g., [93], pages 366 to 369. ]

1.3.4 Exercises

Exercise 1.18 Let Qr = Q2 x (0,7, where Q C RY is an open bounded set with Lipschitz-
continuous boundary. Consider the heat-transfer equation

%‘ ~Au=f inQ, (1.87)

f € L*(Qr), equipped with some initial condition u(x,0) = ug(x), ug € H'(Q), and
Neumann boundary conditions
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% =g onodf, (1.88)

g € C(0Q).
1. What is the space V in this case?

2. Verifyindetail all assumptions of Theorem 1.9 and use it to show the unique solvability
of this problem.

3. Consider the elliptic problem —Au = [ in Q, which is the stationary version of
equation (1.87), equipped with the pure Neumann boundary conditions (1.88). Does
this problem have a unique solution?

4. Explain the difference between the V -ellipticity condition ( Definition 1.5) and condi-
tion (1.85). What does this difference imply for the unique solvability of elliptic and
parabolic problems?

1.4 SECOND-ORDER HYPERBOLIC PROBLEMS

In this section we study linear second-order hyperbolic problems. A model equation with
appropriate boundary and initial conditions is formulated in Paragraph 1.4.1. In Paragraph
1.4.2 we derive its weak formulation and present a basic existence and uniqueness result,
In Paragraph 1.4.3 we show the link between the second-order hyperbolic equations and
first-order hyperbolic systems.

1.4.1 Initial and boundary conditions

The notion of hyperbolicity was first introduced in Definition 1.1. Consider the model
equation

—,+L’U:f, (189)

where L is an elliptic operator of the form

d
0 d
L= ”Z::l o, (‘l”%) (1.90)

with time-independent coefficients, We are interested in solving equation (1.89) in a space-
time cylinder Q7 = Q x (0,T), where Q C R? is some open bounded set with Lipschitz-
continuous boundary, and 7" > 0.

Let the boundary 9%2 be split into two open parts ', I'y C Q2 suchthatTp NIy = @
and T p UT y = 8Q. We prescribe a Dirichlet boundary condition

u(x.t) =gp(x,t) forall(x.t) € Tp x (0,7), (1.91)

and a Neumann boundary condition
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0
—u(:c,t) =gn(xz,t) forall (z,t) € I'ny x (0,7). (192)
ovy,
Here
d
ou ou
By = 2 Mgy
2,5=1
is the conormal derivative to 92, v = (n3, na, .. ., nd)T being the unit outer normal vector
to 9N,

Since the equation is of second-order in time, one has to prescribe initial boundary
conditions for both the function values,

u(x,0) = ug(x) forallzxe Q, (1.93)

and the temporal derivative,

%(m, 0) =uy(x) forallxze . (1.94)

1.4.2 Weak formulation and unique solvability

To avoid complications related to the Dirichlet lift, for simplicity consider homogeneous
boundary conditions on Q. Then V = H}(?), and the weak formulation of the problem
(1.89)-(1.94) reads:

Given some right-hand side f € LQ(QT) and initial conditionsug € V andu; € LQ(Q),
find a function u € C([0,7); V) N C*([0, T); L*(R2)) such that

2
%(u(t),v)m +a(u(t),v) = (f(t).v): forallveV, te (0,7), (1.95)
u(0) = wuo, (1.96)
du
E(O) = u, (1.97)

where the bilinear form a(-, -) corresponds to the elliptic operator (1.90).
Theorem 1.10 Under the above assumptions on the data, the problem (1.95)~(1.97) has a
unique solution.

Proof: The technicality of the proof exceeds the scope of this text. We refer the reader,
e.g., to[79] and [94]. |

1.4.3 The wave equation

Sometimes it is practical to abbreviate the notation for partial derivatives using a subscript,
for example, Ou/0x = uy, Ou/Ot = u,, 82u/8x2 = U, etc. We shall take advantage of
this notation in what follows. One of the simplest examples of a second-order hyperbolic
equation is the one-dimensional wave equation

Upp = CPUlpgs (1.98)
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to be satisfied for all (z,t) € R x (0,7"). The positive constant ¢ > 0 is the wave speed.
The equation (1.98) does not require boundary conditions since it is defined in R, but it has
to be supplemented with some initial conditions of the form

u(z,0) = wug(a), (1.99)

wu(z,0) = uy(z).
Using the substitution
v=1u, and w = uy,

the equation (1.98) comes over to a system of two first-order equations

() () =o
Wi —C Vg

which can be written in the matrix form

Uy 0 -1 v\ (v v\
(wt) + (_cz 0 ) (wf) = (wf) +A (wl) =0. (1.100)

The initial conditions to (1.100) are

v(z,0) = uy(z), (1.101)

This problem belongs to the class of first-order hyperbolic conservation laws that will be
studied in Section 1.5, There the reader will learn how to derive the exact solution to (1.98),
(1.99) in the form

ug(x — ct) + ug(x + ct) — %Ul(x —ct) + %Ul(x +ct)|, (1.102)

o —

u(z,t) =

where U, () is a primitive function to u; (z).

1.4.4 Exercises

Exercise 1.19 Can equation(1.89), when equipped with a Neumann boundary condition on
the whole boundary 0$2, have a unique solution? How would this change in the stationary
case Lu = f?

Exercise 1.20 Calculate the eigenvalues and eigenvectors of the matrix A in (1.100).

Exercise 1.21 Verify that the function u(x,t) defined in (1.102) is the exact solution of the
1D wave equation (1.98) with the initial conditions (1.99).
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1.5 FIRST-ORDER HYPERBOLIC PROBLEMS

This section is devoted to first-order hyperbolic problems of the form

%u(z,t) +divf(u(z,t)) = 0. (1.103)

These equations differ from the previously studied second-order PDEs significantly and
methods other than FEM are usually used for their numerical solution. PDEs of the form
(1.103) are referred to as conservation laws, and they play an important role in the continuum
mechanics and fluid dynamics.

The (generally nonlinear) flux function f = (f;. fa,..., F4)7, where d is the spatial
dimension, consists of d directional fluxes f, : R™ — R™ that describe the transport of
the solution in the axial directions ;. The equation (1.103) is equipped with an initial
condition

u(xz,0) = up(x).

Boundary conditions are not required if the problem is stated in (2 = R4, otherwise suitable
conditions on the boundary have to be imposed. An example of a conservation law are
the Euler equations of compressible inviscid flow, which consist of the law of conservation
of mass (continuity equation), law of conservation of momentum (Euler momentum equa-
tions), and the law of conservation of energy. For the analysis and numerical solution of
the compressible Euler equations see, e.g., [52] and the references therein.

After a brief general introduction in Paragraph 1.5.1 we begin with the study of scalar
and vector-valued linear conservation laws in one spatial dimension. Due to the existence
of characteristics, the solutions of conservation laws have a unique structure. Character-
istics are space-time curves that distribute the information from the initial and boundary
conditions through the space-time cylinder Qr = 2 x (0,7"). We will define and study
the characteristics in Paragraph 1.5.2, and consequently utilize them to construct the exact
solutions to a general one-dimensional linear first-order system in Paragraph 1.5.3.

Exciting things happen when the flux function f is nonlinear. Nonlinear hyperbolic sys-
tems exhibit discontinuous solutions, a feature unknown in elliptic and parabolic problems.
The discontinuities, which may arise at finite times and even in problems with infinitely
smooth initial and boundary data, banish the solution from Sobolev spaces and pose serious
difficulties to both the analysis and numerical solution of hyperbolic problems. In Para-
graph 1.5.5 we exploit the characteristics introduced in Paragraph 1.5.2 to understand the
mechanism of creation of discontinuities in solutions to nonlinear hyperbolic problems.

1.5.1 Conservation laws

In one spatial dimension the conservation law (1.103) takes the form

0 1)
a—fu(.z.f)+(f);f(u(.l.f)) = 0. (1.104)

where f : R’ — R isthe flux function and u : R x R — R is 1n-dimensional vector of
conserved quantities (state variables) such as, e.g., the mass, momentum or energy. When
we say that a quantity u(z, t) is conserved, we mean that all its components satisfy
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/ u,(x,t) dz = const;, (1.105)
R
or,

d

& Rui(x,t)dxzo. (1.106)

Notice that while satisfying (1.106), the functions u; themselves may change in time.
Moreover notice that (1.104) implies (1.106).

Definition 1.9 (Cauchy problem) By Cauchy problem we mean the pure initial-value
problem where one requires that (1.104) holds for all x € R and all t > 0. In this
case one has to specify the initial condition only,

u(z,0) = ug(z), z€R.

Of particular interest are conservation laws (1.104) which are hyperbolic:

Definition 1.10 (Hyperbolicity) The system (1.104) is said ro be hyperbolic if the flux func-
tion f is continuously differentiable and the m x m Jacobi matrix D f | Du is diagonalizable
and has real eigenvalues only.

Recall that a square m x m matrix is diagonalizable if and only if it is similar to adiagonal
matrix (Definition A.20). It is worth mentioning that the first-order system (1.100) associ-
ated with the second-order wave equation (1.98) was a hyperbolic conservation law: The flux
function was linear, f(u) = Aw, and the eigenvalues of its Jacobi matrix Df /Du = A
were real numbers *c.

More generally, in R¢ the conservation law (1.103) takes the form

9 )
S ) +;a—xifl(u(:c‘ t)) = 0. (1.107)

where 1 : R4 x R — R™, and f,,..., f; : R” — R are flux functions in the directions
Z1,....2q4. Equation (1.107) is said to be hyperbolic if every linear combination of the
Jacobi matrices

d

Df,
Za, Do (1.108)

=1

where «; € R are arbitrary constants, is diagonalizable and has real eigenvalues only.

The Reynolds’ transport theorem Conservation laws come from physics, where in
most cases they are stated in integral form. For example, the law of mass conservation in
fluids holds in the integral form

d

— tYdx = 0. 1.1
T olz. t)de =0 (1.109)
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where o (¢) is an arbitrary control volume. Control volume is a volume of fluid that is
formed by the same particles at all times, and the integral of the density g over o(t) yields
the mass of o' (¢).

Since the integral formulations of conservation laws are very difficult to handle numer-
ically, it is customary to use the Reynolds’ transport theorem to convert them into PDEs.
For a general density function D(x, t) and under suitable regularity assumptions (see, e.g.,
[52]) the Reynolds’ transport theorem says

d oD
= Ddx = / (— + div(’Dv)) da, (1.110)
dt o(t) a(t) 8t

where v(z, ) is the fluid velocity. Applying (1.110)—(1.109) with D = p, we obtain

_d B Jp .
0= & o oz, t)dx = /U(f) (a +d1v(gv)) dzx. (1.111)

Since the control volume o(t) C €2 in (1.111) is arbitrary, the standard localization theorem
says that the integrand has to be zero almost everywhere in 2. Thus (1.111) yields the
continuity equation,

be

e +diviov) =0 ae. inQpr=2x (0,7). (1.112)

The localization theorem is intuitively clear and its proof straightforward. In particular, if
the function g is continuous, (1.112) holds everywhere in Q. For p € H!(£2) one proceeds
by the density argument (see the end of Paragraph A.2.10).

Standard difficulties related to conservation laws The transformation of an in-
tegral equation to a PDE is not an equivalent operation. Usually the PDE is less general,
undefined on discontinuities (shocks) where the integral form holds. Therefore one has to
go back to the integral equation and derive suitable jump conditions to hold at the discon-
tinuities and incorporate them back into the weak formulation of the PDE.

The weak solution usually admits more solutions than the unique physically admissible
solution corresponding to the integral form of the conservation law. Therefore one has to
impose some selection principle that excludes nonphysical solutions. For fluid dynamics
problems one can appeal the second law of thermodynamics which states that the entropy is
not decreasing. In particular, as molecules of a fluid pass through a shock, their entropy must
increase. It turns out that this condition is sufficient to reliably distinguish between phys-
ically correct and incorrect discontinuities. Generally, such conditions are called entropy
conditions.

1.5.2 Characteristics

The existence of characteristics (characteristic curves) is a unique aspect of hyperbolic
PDEs. These space-time curves determine how the values of the initial and boundary
conditions are distributed through the space-time cylinder Qr = Q x (0,T).

To begin with, consider a constant ¢ € R and the Cauchy problem for a scalar hyperbolic
equation with the linear flux function f(u) = au,

ur +au, =0 forallxr e R, t > 0. (1.113)
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equipped with the initial condition

u(z,0) = ug(xz) forallz € R. (1.114)

Definition 1.11 (Characteristics) Characteristic curve ofequation(1.113), passing through
the point (x¢,0), zg € R, is the graph of the solution of the ordinary differential equation

Z'(t) = a forallt>0, (1.115)

z(0) = 0.

Lemma 1.6 The solution of (1.113), (1.114) is constant along the characteristics z(t), and
thus it is fully determined by the initial data,

u(z, t) = up(z — at). (1.116)
Proof: Since a € R is constant, by (1.115) the characteristics are straight lines,
z(t) = at + zo.

Consider the solution along these lines, u(xz(t),t), and take its derivative in time. Using
the original equation (1.113), we obtain

O at), 1)+

du(at—}-x t)y=a
dt 0 "o

—u(z(t),t) =0.

For an arbitrary (z,t) € R x (0,7T), the characteristics z(¢) passing through this point
intersects with the real axis at 2(0) = z — at, where it takes the value u(z,t) = u(z —
at,0) = ug(z — at). |

Remark 1.7 (Equation (1.113) describes “flow’”) Equation (1.113)does not generate any
new information, it only shifts the initial condition ugy in time. The initial condition moves
to the right if a > 0 and to the left if a < 0. In the degenerated case of a = 0 the equation
reduces to Ou /Ot = 0, i.e., the solution is constant in time, which is compatible with the
fact that the characteristics have the form z(t) = xq.

1.5.3 Exact solution to linear first-order systems

The next natural step to take is to analyze linear vector-valued problems in one spatial
dimension. Hence, for m > 1 consider the hyperbolic conservation law (1.104) with a
linear flux function f(u) = Aw,

up(z,t) + Aur(z,t) = 0, (1.117)
u(z,0) = wuo(z), (1.118)

)

where v : R x R — R™ and A € R™ x R™ is a constant matrix. By the hyperbolicity
of the problem the matrix A is diagonalizable with real eigenvalues, i.e., there exists a
nonsingular m x m matrix R such that

A=RAR™" (1.119)
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Here A =diag(A1, Az, ..., As,) is a diagonal eigenvalue matrix, and it is worth mentioning
that the matrix R contains the right eigenvectors of A in its columns. Thus for the columns
of R we have

Ar; = N\r;  foralll <i<m.

Let us introduce the notion of strict hyperbolicity for reference:

Definition 1.12 (Strictly hyperbolic system) The system (1.117), (1.118) is called strictly
hyperbolic if the eigenvalues X;, 1 < ¢ < m, are distinct.

Characteristic variables One cansolve (1.117), (1.118) by switching to characteristic
variables

v=R'u.
Multiplying (1.117) by R™! and using (1.119), one obtains
R 'u,+ AR 'u, =0,
which further yields
vy + Av, = 0. (1.120)

By the diagonality of A, this is a system of n independent linear advection equations for
the components of v,

(l'l)t + /\i(”i).r = 0.
v (0) = g
i = 1,2,...,m. The initial condition for v; is the ith component of the vector R luy,.

Using what we learned in Paragraph 1.5.2, for each 1 < ¢ < mn the solution is
v(x,t) = vi(x — A t.0) = vy i(x — A\t).

The solution w 1s finally recovered using the relation

m

u(z,t) = Rv(z.t) = Zz),-(a;.t)ri, (1.121)
=1
which yields
u(@.t) =Y voi(r — At)r,. (1.122)
i=1

Simple waves The solution (1.122) is the superposition of m independently advected
linear waves. The ith wave has the form

vi{x. O)r,.

and propagates at the wave speed A,.
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1.5.4 Riemann problem

The solution of the Riemann problem plays an important role in the design of finite volume
methods for the approximate solution of nonlinear conservation laws.

Figure 1.5 Georg Friedrich Bernhard Riemann (1826-1866).

G.EB. Riemann was a German mathematician who, besides other important achieve-
ments, introduced topological methods into the theory of complex functions, studied the
representation of functions by trigonometric series, and established new foundations of ge-
ometry which were used later in relativity and cosmology. The Riemann hypothesis, related
to the prime number theory, remains one of the most famous unsolved problems of modern
mathematics.

Consider the one-dimensional linear hyperbolic equation (1.117),

u; + Au, =0, (1.123)

with a piecewise-constant initial condition consisting of two different states u;, ur € R™
on the negative and positive half of the real line, respectively,

| ug T <0,
u(z,0) = { up 50 (1.124)

For simplicity we assume that the problem (1.123) is strictly hyperbolic. This means that
the matrix A has n eigenvalues which are real and distinct. They can be denoted as follows,

A <A < ... < Ay

Exact solution in characteristic variables Recall that the exact solution to (1.123)
is given by (1.122). We can simplify the situation by expressing the initial states w; and
up in terms of eigenvectors of the matrix A,

m m

uL:E ;1. uR:E B.r;.
i=1 =1

Then
o; <0

w(2,0) = { o x> 0‘
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and the problem (1.123) decouples into m independent scalar Riemann problems
(vt + N (wi): = 0, (1.125)

; r <0,
vl(a:,O) - { [31' x> 0.

For ith scalar problem, the initial discontinuity [3; — «;] at = O propagates into the
space-time domain along the characteristics z; (¢) = A;¢, as illustrated in Figure 1.6.

x(t =\

a, v(xt) x(t) =Xt
Bl
0’ X

Figure 1.6  Propagation of the jump [3, — «,] in the ith characteristic variable v,(x,t) along the
ith zero characteristics 2, (t) = A\.t.)

Solution atz = 0 Finite volume schemes are based on the value of the solution u (0, t),
which is constant in time. It is defined if A; # 0 for all 4 (i.e., if no jump is propagated
along the temporal axis = = 0). It is easy to see that the characteristic variable v; satisfies

o; A 20,
UL(O,t) = { ,OL' Ai < 0

Equation (1.121) then yields

u(0,t) = Rv(0,t) Zm 0.t)r

Let the first mg eigenvalues A; be negative and the rest positive. Then the exact solution at
z = 0 can be expressed as

mo m

I S

i=mop+1

An important quantity is the (also time-independent) value of Au(0,t) that represents the
linear flux across the interface = = 0,

my ™m
Au(0,t) = AZ@ +A D ar (1.126)
i=mo+1
(2228 m
= Zﬁz)\r + Z QAT
it=mp+1

m m

= Zﬁi){r? + Z&w\fh‘
i=1 =1

= A_uR+A+uL.
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Here
A
At

il

min(A;,0),
max(};,0).

il

The matrices A~, A% are the negative and positive parts of the matrix A, defined using
the decomposition A = RAR ™" and \, = \; + A}, as

A =RAR™",

AY =RAYR™'.
Here A~ = diag(A\[,)\y,...,\n) and AT = diag(\[, A}, ..., At). Obviously, A =
A~ + AT, Analogously we define the absolute value of the matrix 4, |A| = AT — A~ =
RIA|R™Y, where |A| = diag(|M ], [A2ls-- -, [Am)-

Application to nonlinear conservation laws The matrices At A~ | A| are used by
several popular finite volume schemes for the solution of nonlinear hyperbolic conservation
laws, including the compressible Euler equations. The basic idea of the approximation
consists in the linearization of the nonlinear flux functions (their replacement with their
Jacobi matrices) and consequent application of the above-described procedure for the linear
Riemann problem. The approximation of the time-independent value Au(0, ¢) plays a key
role in the finite volume schemes. Let us stop the comment at this point, since the finite
volume method lies beyond the scope of this text. There is a vast literature devoted to this
topic. We refer the reader, e.g., to [52, 54, 77] and [78].

1.5.5 Nonlinear flux and shock formation

To illustrate the mechanism of the creation of discontinuities in nonlinear first-order hyper-
bolic problems, consider a nonlinear analogy to (1.113), (1.114),

u(z, t) + [flu(z,t))], = 0 forallzeR, t>0. (1.127)
u(z,0) = wup(x), (1.128)

where the flux function f : R — R is once continuously differentiable. For demonstration
purposes let us pick the function

1
flu) = iuz.
This choice leads to Burgers’ equation (1.11),
w(z. t) + ule. thu,(z,t) = 0. (1.129)

The characteristics of equation (1.127) are defined as

L) = 2—£('1L(:I'(t).t))::u(ar(t),z‘). (1.130)
£00) = .

Using (1.130) and (1.129), it is easy to verify that the solution u(x:(#). t) along these char-
acteristics is constant,

d _ Ou

—u(x(f).t) = P

% (x(t).t)ulz(t).t) +§tu(1'(t). t) = 0.

(1)
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Since z'(t) = u(z(t), ) is the slope of the characteristics and u(z(t), t) is constant, also in
this case the characteristics are straight lines. A characteristic curve passing through (zy, 0)
has the slope u(zg,0) = ug(zg). When two different characteristic curves, carrying two
different values of the solution on them, intersect, a discontinuity (shock) is born. This is
illustrated in Figure 1.7.

Solution is constant
along the characteristics

u(x,t)

The characteristics
intersect

Figure 1.7 Formation of shock in the solution u(x,t) of Burgers’ equation.

Nonlinear hyperbolic problems constitute a more or less autonomous field in applied
mathematics, and there is a wide class of literature dedicated to both their theoretical and
computational aspects. See the literature listed at the end of the previous paragraph and
references therein.

1.5.6 Exercises

Exercise 1.22 Under sufficient regularity conditions for the flux f and the solution u, show
that every solution w of (1.104) is conserved in time, L.e., it satisfies condition (1.106). Hint:
Integrate (1.104) over R, use the fundamental theorem of calculus and decay conditions for
functions integrable in R.

Exercise 1.23 (Exact solution to the wave equation) Calculate the eigenvectors of the
matrix A defined in (1.100). Use the characteristic variables to construct the exact so-
lution (1.102) of the linear first-order hyperbolic system (1.100), (1.101).

Exercise 1.24 Prove a simplified version of the localization theorem: Let Q2 C R? be an
open bounded set. Let f € C(S2). Let

/de:c::()

be valid for all open bounded sets o C ). Then f is zero everywhere in €.

Exercise 1.25 Consider a linear hyperbolic problem of the form (1.117), (1.118) with the
Sfux function f{u) = Au, where the matrix A has the form

110
A= 1 1 1
0 1 1

Consider a general initial condition u(x. 0) = ugy(x) forallx € R. Write the exact solution
to this problem.
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CHAPTER 2

CONTINUOUS ELEMENTS FOR 1D
PROBLEMS

After reviewing the basic theory of partial differential equations in Chapter 1, let us now
introduce the Galerkin method and its important special case, the Finite element method.

2.1 THE GENERAL FRAMEWORK

Let V be a Hilbert space, a(-,-) : V' x V — R a bilinear form (coming, e.g., from the weak
formulation of a PDE) and [ € V' (representing, e.g., the right-hand side of a PDE). It is
our task to find v € V such that

a{u,v) = l{v) forallv € V. 2.1

We assume that the bilinear form a(-,-) is bounded and V-elliptic, i.e., that there exist
constants Cy, C,; > 0 such that

la(u,v)] < Cyllullv]v|ly forallu,v €V, (2.2)
and
a(v,v) > Cyllvi|} forallv € V. (2.3)

Recall that the weak problem (2.1) has a unique solution by the Lax-Milgram lemma
(Theorem 1.5).
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2.1.1 The Galerkin method

Problem (2.1) was stated in an infinitely-dimensional space V. Therefore, its exact solution,
as a “function of infinitely many unknown parameters”, is impossible to find in general.
The finite-dimensional (numerical) approximation of such problems was first studied sys-
tematically by Boris Grigorievich Galerkin.

Figure 2.1 Boris Grigorievich Galerkin (1871-1945).

B.G. Galerkin was a Russian mathematician who became famous for his results related to
thin elastic plates, numerical solution of partial differential equations, and investigation of
the stress in dams and breast walls with trapezoidal profile. His work found many industrial
applications, including the construction of large dams and hydroelectric power stations.

The Galerkin method, which he first published in 1915, is based on a sequence of finite-
dimensional subspaces {V,,}52; C V, Vi, C V41, that fill the space V in the limit. In
each finite-dimensional space V;, problem (2.1) is solved exactly. It can be shown that
under suitable assumptions the sequence of the approximate solutions {u, }22 |, u, € Vi,
converges to the exact solution of problem (2.1).

Let {V,,}52, C V be asequence of subspaces of V' such that

[j V=V, 2.4)
1

1l

2

where V,, C V,.; C V anddim(V;,) = N,, < oo forall n = 1,2,.... Every finite-
dimensional subspace of a Hilbert space is closed and therefore a Hilbert space (see Remark
A.5). The Galerkin approximate problem usually is called discrete problem.

Discrete problem Find a solution u,, € V,,, satisfying
a(u,,v) =l(v) forallv e V,. (2.5)

Lemma 2.1 (Unique solvability) Problem (2.5) has a unique solution u,, € V,,.

Proof: The form a(-,-), restricted to V;, x V,,, obviously remains bilinear, bounded, and
Vy-elliptic. The linear form {(v), restricted to V,,, remains linear, and therefore [ € V..
Thus the assumptions of the Lax—Milgram lemma (Theorem 1.5) are fulfilled and there
exists a unique solution to (2.5). |
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The solution u,, € V,, to the discrete problem (2.5) can be found explicitly thanks to the
fact that the space V;, has a finite basis {v,, } ;. The solution u,, can be written as a linear
combination of these basis functions with unknown coefficients,

N,
Uy, = Zy]v]. (2.6)
7=1
Substituting (2.6) into (2.5), one obtains
n
a Zijj,v ={{v) forallv € V,. 2.7
i=1

The linearity of a(-, -) in its first component yields

n

Za (v,,v)y, =l{v) forallv e V,. (2.8)
=1
Substituting the basis functions vy, v2, ..., vn, forv in (2.8), we obtain
Ny
a(v],v,)y]:l(v,), 221,27.Nn (29)

1

<
1]

It is worth taking a moment to see that (2.8) and (2.9) are equivalent: The implication from
(2.8) to (2.9) is easy since every basis function v, € V' is a special case of a general v € V.
Conversely, an arbitrary v € V,, can be written as a linear combination

Ny
v = Zﬂivi.
i=1

Multiplying the ith equation in (2.9) with (3, and using the linearity of the forms a and [,
we obtain

4

n

a(vjvﬁlvi)y]:l(/givi) Z:]“viNn
1

<.
1]

Summing up these equations over all ¢, we see that
Np Np N,
> o (1313
j=1 i=1 i=1

Le.,

Nn

Za (vj,v) y; = l(v),

j=1

Next let us define the stiffness matrix
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S, = {s”}f;”:l, 515 = a{v;.v;). (2.10)

the load vector

F,={fi}n,  fo=1w) (2.11)

and the unknown coefficient vector

Y, = {y}. (2.12)

2=1

Then the system of linear algebraic equations (2.9) can be written in a matrix form
S.Y, =F,. (2.13)

In order to show the invertibility of the matrix S,,, let us prove its positive definiteness first:

Lemma 2.2 (Positive definiteness of S.,) LetV,, dim(V,) = N,, < 0o be a Hilbert space
and a(-,-) : V x V — R a bilinear V-elliptic form. Then the stiffness matrix S, of the
discrete problem (2.13) is positive definite.

~T ~ ~
Proof: It is our aim to show that Y SY > O forall 0 # Y € R"V». Thus take an

arbitrary Y = (%1, 92, - -, 9n, )T and define the vector
N,
b= Z}zvn
1=1
where {v1,v2,..., vn, } is some basis in V;,. By the V-ellipticity of the form a{-,-) it is

T n

YTSnY = Z Zgisjig]

=1 j=1

n T
a > g Y v, | =a@,9) > Callo} >0,
i=1 7=1

which was to be shown. |

Corollary 2.1 (Invertibility of S.,) The stiffness matrix S,, of the discrete problem (2.13)
is nonsingular.

Proof: This fact follows immediately from the existence and uniqueness of the solution
un € V,, (Lemma 2.1). Alternatively, let us assume that S, is singular. Then there exists
a nontrivial vector Yy € RV» such that §,,Yy = 0. Then necessarily YOTSnYO =0,
which is a contradiction with the positive definiteness of S, (Lemma 2.2). |

Thus we conclude that the system of linear algebraic equations (2.13) has a unique so-
lution Y',, that defines a unique solution u,, € V;, of (2.5) via (2.6).

Now let us interrupt the discussion of the Galerkin method for a moment and introduce
an important concept of orthogonality of error for elliptic problems and Céa’s lemma in
Paragraph 2.1.2. The convergence proof for the Galerkin sequence will be presented as a
simple consequence of these results in Paragraph 2.1.3.
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2.1.2 Orthogonality of error and Céa’s lemma

The error e,, = u — u,, of the solution to the discrete problem (2.9) exhibits the following
orthogonality property:

Lemma 2.3 (Orthogonality of error for elliptic problems) Letu € V be the exact solu-
tion of the continuous problem (2.1) and u,, the exact solution of the discrete problem (2.5).
Then the error €,, = u — Uy, satisfies

alu —u,,v) =0 forallveV,. (2.14)

Proof: Subtract (2.5) from (2.1) restricted to V,, C V. |

Remark 2.1 (Geometrical interpretation) If the bilinear form a(-,-) is symmetric, it in-
duces an energetic inner product

(u,v)e = a(u,v).
It follows from (2.14) that
(n,v)e =0 forallveV,,

i.e., that the error of the Galerkin approximation e,, = u — u,, is orthogonal to the Galerkin
subspace V,, in the energetic inner product. Hence the approximate solution u, € V, is
an orthogonal projection of the exact solution u € V onto the Galerkin subspace V,, in
the energetic inner product, and thus it is the nearest element in the space V,, to the exact
solution u in the energy norm,

lw = unlle :Uienén lu = vle. (2.15)

Next let us introduce Céa’s lemma, which establishes the relation between the error of
the approximation e, = u — u,, and the interpolation properties of the subspace V,,, using
the continuity and V-ellipticity constants Cy, C; of the bilinear form a(-, -).

Theorem 2.1 (Céa’s lemma) Let V' be a Hilbert space, a(-,-) : V x V — R a bilinear
bounded V-elliptic formand ! € V'. Let u € V be the solution of problem (2.1). Further,
let V,, be a subspace of V and u,, € V,, the solution of the Galerkin approximation (2.5).
Let Cy,Cy; be the continuity and V -ellipticity constants of the form a(-, -). Then

Cy .
lu = unllv < Ca Ulenén lu—vllv-

Proof: Using relation (2.14), we obtain that

a(t —Up, U —Up) = a{t— Up, U — V) — a{U — Uy, Up — V)

= a(u—up,u—"v)
for an arbitrary v € V;,. By the V-ellipticity of the bilinear form a(-, -) we have

a(t — Up, U — Up) > CelHu—unH%,. (2.16)
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The boundedness of a(-, -) yields
a(t — Up, u — up) < Chllu — unllv]u —v||v forallv € V,. 2.17)

Putting relations (2.16) and (2.17) together, we obtain

C
lu—un|v < C—bHu —v|ly forallv €V,
el

which was to be shown. ]

Theorem 2.1 was first proved by Céa [27] in 1964 for the symmetric case and extended
to the nonsymmetric case four years later in [13].

Remark 2.2 Céa’s lemma states that the approximation error €,, = u — u, depends on
the choice of the Galerkin subspace V., but it does not depend on the choice of its basis.
Therefore, when working with finite element methods for elliptic problems, one should think
in terms of function spaces rather than in terms of concrete basis functions. Also numerical
results should stay independent of a concrete choice of finite element basis functions.

Where the choice of the basis matters is the condition number of the stiffness matrix S,
which influences the performance of iterative matrix solvers. This issue will be discussed
in more detail in Paragraph 2.5.2.

2.1.3 Convergence of the Galerkin method

The convergence of the Galerkin method for elliptic problems is a simple consequence of
Céa’s lemma (Theorem 2.1).

Theorem 2.2 Let V' be a Hilbert space and Vi C Vo C ... C V a sequence of its finite
dimensional subspaces such that (2.4),

Uw=w (2.18)
n=1

Leta(-,-) : V x V — R be a bounded bilinear V-elliptic form and | € V'. Then
lim |fu— unly =0,
n—oo

i.e., the Galerkin method for problem (2.1) converges.

Proof: Given the exact solution u € V of (2.1), by (2.18) it is possible to find some
sequence {v, }5%; such thatv, € V, foreveryn =1,2,...and

lim f|u —v,|lv =0. (2.19)
n—od

Lemma 2.5 yields the existence and uniqueness of a solution u,, € V,, of the discrete
problem (2.5) for every n > 1. By Céa’s lemma,

Cp . Cs
- < 2B inf llu—vly < Z2lu—uy|ly foralln=1.2,...
“u un”V — Cel vlen\/n “u U”V — Cel ”u v ||V oralln ’
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By (2.19) we conclude that
lim ||u — un|y =0,
n—oC

which was to be shown. |

2.1.4 Ritz method for symmetric problems

We have shown in Paragraph 1.2.9 that for a symmetric bounded bilinear V-elliptic form
a(-,-) problem (2.1) is equivalent to a minimization problem for the abstract energy func-
tional (1.68),

E(v) = %a(v,v) —(v),

in the space V. On the discrete level, it follows from Theorem 1.6 that the discrete prob-
lem (2.5) is equivalent to a discrete minimization problem of minimizing E(v) in the
finite-dimensional subspace V,,. The equivalence of the Galerkin and Ritz methods in the
symmetric case is the reason why sometimes the Galerkin method is referred to as the
Ritz—Galerkin method.

2.1.5 Exercises

Exercise 2.1 Prove that every symmetric bilinear form a(-,-) : V. x V — R yields a
symmetric stiffness matrix S. Hint: A bilinear form a(-,-) : V. x W — R can only be
symmetric if V' = W (see Definition 1.5).

Exercise 2.2 Prove the equivalence of the Galerkin and Ritz methods in the symmetric
case, stated in Paragraph 2.1.4:

Let V be a linear space, V,, C V its subspace, a : V X V — R a symmetric V-elliptic
bilinear form, and ! € V'. Show that the abstract energy

1
E(v) = ia(v,v) —1{v)
attains its minimum over V,, at u,, € V,, if and only if
alun,v) =1(v) forallv € V,.

Proceed similarly to the proof of Theorem 1.6.

2.2 LOWEST-ORDER ELEMENTS

Let Q C R? where d is the spatial dimension, be an open bounded set. If the Hilbert
space V' consists of functions defined in €2 and the Galerkin subspaces V,, C V' comprise
piecewise-polynomial functions, the Galerkin method is called the Finite element method
(FEM). Let us begin with the exposition of the simplest case of piecewise-affine elements
in one spatial dimension.
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2.2.1 Model problem
Consider the model equation (1.26),

-V - (a1Vu) + apu = —(a1u’)’ + agu = f, (2.20)
where f € L?(Q), in a bounded interval Q = (a, b) C R, equipped with the homogeneous
Dirichlet boundary conditions (1.28). The weak formulation of this problem (see Paragraph
1.2.1) takes place in the Sobolev space

V = Hj(Q).

We assume that the coefficient functions ay,ap € L°°(f2) satisfy the unique solvability
assumptions (1.27),

ai(z) 2 Cpin >0, ag{x) >0 ae inQ
At the beginning let a; and ag be constants and assume a simple load function of the form
flz)=1 inQ. 221
The model problem reads: Find a function v € V satisfying
a(u,v) =1(v) forallv eV, (2.22)

where the bilinear forma : V' x V' — R is given by

a(u,v) = / a1 Vu - Vv + aouvdz = / a1 (z)v'(2) + agu(z)v(z) dz
Q Q

and the linear form [ € V" is defined by

l(v):(l,v}:/ﬂfvdx.

2.2.2 Finite-dimensional subspace V,, C V

The Galerkin procedure assumes a sequence of finite-dimensional subspaces
icVaC...CV

of the infinite-dimensional Hilbert space V, satisfying (2.18),

Ut =v. (2.23)

Let n > 1 be a natural number. Consider a partition

() o Lm)

a=u1xy <z .<x(Mn1=b
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of the interval Q = (a, b), and define the finite element mesh
To= (K" KV, K3
The open intervals
K = (22,07)

are called finite elements, and the value

1s said to be the mesh diameter.

Remark 2.3 For historical reasons the subscript h = h(n) is often used instead of the
subscript n to distinguish between the Galerkin subspaces (the mesh diameter h is closely
related to the approximation error for lowest-order methods). Since

Vi = V as h(n) — 0,

the limit n — 0o can be replaced with the limit h — O in the Galerkin procedure. The
Galerkin method itself remains unchanged.

In the case of piecewise-affine elements, the Galerkin subspace V,, C V' consists of
continuous functions that are affine polynomials in every domain Kfn) € Tp. One defines

Vv, = {v € V; vl m € PP <Kf")) foralli = 1,2, Mn} (2.24)

Recall that functions in the space H ! (£2) in one spatial dimension are continuous (Examples
A.53 and A.54). Therefore one refers to the finite elements in this space as to continuous
elements.

2.2.3 Piecewise-affine basis functions

While the Galerkin method assumes an arbitrary basis of the space V;,, the finite element
method (up to rare exceptions) prefers basis functions with small supports, so that as many
of them as possible are disjoint. When the supports of v; and v, are disjoint, the stiffness
matrix entry s,; = a{v;,v;) is zero. Matrices with few nonzero entries are called sparse, and
in comparison with dense matrices they are much easier to store in the computer memory
and to solve numerically. More about sparse matrices and their properties will be said in
Paragraph 2.5.1.

The most convenient basis of the space V,, in the piecewise-affine one-dimensional case
consists of M,, — 1 continuous “hat functions” v; of the form

1 —

(x —x-1) r e K,

bl
Ty — Ti—1

. = 1 —
vi(w) (Tis1 — T)ﬁ’ €Ki,
il — T

(2.25)

0, elsewhere in (a, b),
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i1=1,2,...,M, — 1. The basis functions v, satisfy

vi(z;) = iy,

where z, are the grid points and é;; the Kronecker delta. The support of each v;, formed
by the pair of elements K; and K1, is minimal. It is easy to see that dim(V,,) = M,, — 1.
The hat functions are shown in Figure 2.2.

o
=

X1+l

Figure 2.2 Example of a basis function v, of the space V,,.

Using the basis functions (2.25), the solution u,, to the discrete problem (2.9) can be
written in the form (2.6),

M, -1

un(z) = > yewil(x), (2.26)
i=1
where y; are unknown real coefficients.
2.2.4 The system of linear algebraic equations

Now we are in position to construct the linear algebraic system (2.13),

S,Y, = F,. 2.27)

By h; let us denote the length of the element K; = (z,—1,2,). According to (2.10), the
: - _ M,—1 -
stiffness matrix S, = {s;;} has the entries

ij=1
si; = alv,,vs) = / a1} (z)v,(x) + agv;(z)v;(x) dz.
Q

Using (2.25), one obtains

‘%+ao%7 j=t-1,
o) o5 o
i = (2.28)
_E% thgl’ j=it,
0 otherwise.
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With (2.21), the load vector F), = { fi}?ﬁ”l_l has the components

1 1 1
fi=1lv) = / vi{z)de = Zhy + chirr = - (hi + hag1)- (2.29)
KUKos1 2 2 2

Hence the system of linear algebraic equations (2.27) has a tridiagonal form illustrated in
Figure 2.3.

Figure 2.3 Tridiagonal stiffness matrix S, for piecewise-affine approximations in 1D.

It follows from Corollary 2.1 that the stiffness matrix S, is invertible, and thus there
exists a unique vector Y;, containing the coefficients of the approximate solution u,, € V,,.
This model situation is particularly interesting, since the linear algebraic system (2.27) can
be written down very easily, and even solved exactly with some effort (when all elements
have the same length). This is left to the reader as an exercise. However, the reader should
be aware of the fact that in practice, computer programs have to be written for both the
assembly and solution of the linear algebraic system (2.27). Let us discuss the assembling
algorithm in the next paragraph.

2.2.5 Element-by-element assembling procedure

The ith row in the linear algebraic system (2.27) corresponds to the ith test function vz(n) €
V., which is associated with the ith grid point TE") Therefore it seems natural to write the

n) n
R )

assembling algorithm as a loop over all internal grid vertices z oo pp 1t

Algorithm 2.1 (Vertex-by-vertex scheme)
//Contributions corresponding to the grid vertex z(ln):
s1,1 = a1(1/h1 + 1/h2) + ag(h1/3 + h2/3);

s1,2 = —a1/ho + agh2/6;

fi=(h1 + h2)/2;

//Contributions corresponding to the grid vertices

1(271)7 Ign)7 o I(n)

So0—1 = —a1/h; + agh,/6;
S0 = a1(1/hy + 1/hyp1) + ao(hi/3 + hyoy1/3);
Sop+1 = —a1/hyp1 + aghy11/6;

} fz = (hz +h1+1)/2;
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//Contributions corresponding to the grid vertex 15\7;7)1_1:
SMyp~1,Mp~2 = —@1/hpr, 1 + achar, ~1/6;

Shp—1Mu—1 = a1(1/hag, 1 + V/hag,) + ag(has, —1/3 + har, /3);
fag,—1 = (har,—1 + har,)/2;

However, the vertex scheme is difficult to work with in higher spatial dimensions and to
extend to higher-order finite element methods. In particular, higher-order finite elements
come with basis functions associated with vertices, edges, faces (in 3D only), and element
interiors, and thus the vertices lose their unique role in the assembling procedure. From
the point of view of future extensions it is better to assemble the linear system (2.27) in an
element-by-element fashion:

Algorithm 2.2 (Element-by-element scheme)

Set the stiffness matrix S, zero.
Set the load vector Fj zero.
//Contributions corresponding to the element K§n):
s11 =511+ a1/h1 + aoh1/3;
fi=fi+h1/2;
//Contributions corresponding to the elements K;n), K;n), LK
for i=23,...,M, —1 do {

S1—11—1 = 81—1,—1 + a1/h, + agh,/3;

Sic1, = Si—1,. — a1/hi + agh./6;

Sia—1 = Sp—1 — a’l/h"L + a0h1/6;

S0 = S + al/hz + a0h1/3;

fomr = fim1 + hi/2;

fz = fz + hz/Q;
}

(n) .

//Contributions corresponding to the element K, :
SMpy—1,Mn—1 = SA,—1,Mn—1 + @1/ha1, +achar, /3;
fatn—1=fr,—1 + har, /25

(ny .
Mpu—1°

It is left to the reader as an exercise to verify that indeed Algorithms 2.1 and 2.2 yield
the same system of linear algebraic equations. We shall use element-by-element algorithms
similar to Algorithm 2.2 in the following.

2.2.6 Refinement and convergence

In Paragraphs 2.2.2-2.2.5 we discussed one step of the Galerkin method only: The construc-
tion of the approximate solution u,, € V;, in a given finite-dimensional space V,, C V. To
accomplish the Galerkin procedure, we need a sequence of subspaces Vi C Vo C ... C V
such that V;, — V.

Assume a space V,, associated with a mesh 7,,. The next mesh 7,,, 1 can be defined, for
example, by halving all intervals Kz(n). Then we have the diameter A(n + 1) = h(n)/2
and M, 1 = 2M,,. Clearly the space V,,;1 of continuous piecewise-affine functions on
the refined mesh 7,1 satisfies

Vi CVas1 CV, (2.30)

and when the refinements are repeated, one obtains a sequence of spaces satisfying (2.23),
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Un=v (231)

The discretization procedure is performed on each mesh
73.7 757 R )

and one obtains the desired Galerkin sequence of approximate solutions {u,}22; C V.
Theorem 2.2 yields the convergence to the exact solution v of the continuous problem,

lim [fu, —ufly =0.
n—00

A-posteriori error estimation The above-described approach to mesh refinement is
not very practical, since the number of elements and consequently the number of unknowns
grow exponentially. In practice one needs to use more sophisticated adaptive strategies that
refine the mesh only where the error u — u,, is largest. Since the exact solution u is not
known, the a-posteriori error estimation (i.e., error estimation based on the values of the
computed approximation u,) comes into the play. The Galerkin subspaces V;, C V are
constructed in such a way that the distance dist(u, V;,) = inf,ecv, |lu — v|v is minimized
most efficiently as the number of unknowns N,, = dim(V4,) is increased.

2.2.7 Exercises

Exercise 2.3 Assume problem (2.22) with a1 = 1 and ag = 0, and an equidistant partition
of the domain Q = (—1,1) with M,, > 2 elements (i.e., hy = ha = ... = hpy, = 2/M,,).

1. Calculate the exact solutionu € C%(Q) N C(£2).
2. Solve analytically the linear system (2.27) defined via formulae (2.28) and (2.29).

3. Take the limit n — o< to see that u,, — u.

Exercise 2.4 Show that Algorithms 2.1 and 2.2 yield the same system of linear algebraic
equations for piecewise-affine approximations.

Exercise 2.5 Verify in detail the inclusions (2.30) for the case that the next one-dimensional
mesh T, ;1 is obtained by halving all intervals in the current mesh T,.

Exercise 2.6 Consider problem (2.22) witha; = 1 and ag = 0 in the interval @ = (—1,1)
on equidistant meshes. Take the number of elements M, > 2 as an input parameter.
Construct the system of linear algebraic equations (2.27) using Algorithm 2.2. Write an
appropriate Gauss elimination algorithm for the tridiagonal stiffness matrix S,. Your
output will be the H'-seminorm OUT(M,) = |u, — ul|12, where u, is the Galerkin
approximation and

Let N,, = M, — 1 be the number of unknowns. Produce a graph of values |[N,,, OUT (M,,)]
for Ml = 2, M2 = 4, M3 = 8, M4 = 16, M5 = 32, Mg = 64, M7 = 128, M7 = 256,
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Mg = 512, Mg = 1024, M1y = 2048. Use both the decimal and decimal-logarithmic
scales. Try to read parameters (constants) from an input file and write results into an output
data file. What will be the limit of OUT(M,,) for M,, — c0? Hint: Use an appropriate
theorem that states that, and verify that its assumptions are satisfied.

Exercise 2.7 Consider problem (2.22) with a1 = 1 and ag = 0, and a right-hand side
f(z) =4 -6z,
—u'(x)=4-6x inQ=(a,b) CR, (2.32)

equipped with the boundary conditions
u(z) =0 on oL (2.33)

Suppose that §2 is covered with a finite element mesh containing M > 2 equally-spaced
affine elements.

1. First find an exact solution v € C?(Q) N C(Q) of (2.32), (2.33). Hint: Perform
integration to eliminate the derivatives. Use the boundary conditions to calculate
constants that will appear.

2. Write the weak formulation and explain why there exists a unique solution.
3. Write the discrete problem and explain why there exists a unique solution.

4. What is the minimum order of accuracy of numerical quadrature that should be used
for the discretization?

5. Write a computer code that constructs the stiffness matrix S and load vector F,
and that solves the system of linear algebraic equations. The numbers a,b € R
and M will be inpur parameters. The output will be the graph containing both the
approximate solution uy, and the exact solution u (in whatever form you prefer).
Other output parameters will be the H'-norm of error, OUT{ (M) = ||u — un|i1,2.
and the H'-seminorm of error, OUT5(M) = fu — unl1 2.

6. Consider input parameters a = 0, b = 1. For M = 2,5,10,50, 100 produce graphs
containing the pair of functions u, up.

7. Runthe code for M = 2,3,5,10, 30,50, 100, 150, 200, 300, 500 and produce conver-
gence curves in H -norm and H*-seminorm (i.e., graphs of values [N,OUT(M))
and [N, OUT»(M)], respectively, where N = M — 1 is the number of unknowns).

8. Explain why the H -norm is equivalent to H*-seminorm for problem (2.32), (2.33).

9. Guess the algebraic order of convergence of the method, i.e., apositive integer number
a satisfying
[l — wnlls,e

0 < const = lim ——= <™
M—-oo he

where h = (b — a)/M. Hint: Use the sequence of values ||u — up||1,2 you have
for M = 2,3,5,10, 30,50, 100, 150,200, 300, 500. Construct three sequences cor-
responding to . = 0, & = 1, and o = 2. See which one converges to zero, which
one diverges and which one converges to a nonzero finite number.

10. After validating the code on a simple example with known exact solution (this should
become your standard first step whenever implementing a new numerical scheme),
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now you can use it to solve a more difficult problem whose exact solution is not known.
Exchange the load function f for

f(x) = —arctan(z — 1/2) cos(rx/2), = € (0,1).

Present a plot of the numerical solution uy, that is “optically identical” with the
unknown exact solution. Hint: Refine the meshes and observe the shape of up. Stop
when uy, “does not change anymore”.

2.3 HIGHER-ORDER NUMERICAL QUADRATURE

The explicit form of the stiffness matrix S,, and the load vector F,,, shown in Section
2.2, should not make the reader think that the integrals in the finite element method are
calculated on the paper. In reality the load function f € L?(Q) may be nonpolynomial or
even defined via tabulated data. In general, the right-hand side integrals of the form

) = Qf(m)vi(x) dr

cannot be calculated exactly. Usually it is not a bad idea to use a numerical quadrature for
the stiffness matrix entries as well. As we will see in a moment, the Gaussian quadrature
rules are exact for polynomials up to certain degree that depends on the quality of the
quadrature rule. Therefore it is convenient to evaluate numerically even integrals that could
be calculated on the paper. One more pro of the numerical quadrature is that when the basis
functions in the code change, the values of the integrals are updated automatically. Among
the wide scale of existing numerical quadrature methods (see, e.g., [111]) we prefer the
Gaussian quadrature rules for their high efficiency.

The derivation and basic properties of these rules are discussed in Paragraph 2.3.1. In
Paragraph 2.3.2 we present a few tables with the integration points and weights for practical
implementation, and in Paragraph 2.3.3 some approaches to adaptive numerical quadrature
are described.

2.3.1 Gaussian quadrature rules

A class of highly efficient quadrature rules was invented by a German mathematician Carl
Friedrich Gauss.

C.E Gauss achieved alarge amount of fundamental results in algebra and geometry, num-
ber theory, mathematical statistics, approximate integration, differential geometry, geodesy,
theoretical astronomy, and other fields. For example, he proved mathematically that the
Earth has two different magnetic poles and used the Laplace equation to locate the magnetic
south pole.

The k-point Gaussian quadrature rule in the interval K, = (—1, 1) has the form

1 k
| st~ Y wnaoter, (234
-1 i=1
where g is abounded continuous function, & ; € (—1,1),7 = 1,2, ..., k, aretheintegration

points, and wy ; € R are the integration weights. The integration weights have to satisfy
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Figure 2.4 Carl Friedrich Gauss (1777-1855).

k
§ Wk 4 ::21
i=1

so that the rule (2.34) is exact for constants. If the points and weights are chosen carefully,
the formula (2.34) can be exact for polynomials up to certain degree g > 0. The Gaussian
rules are designed to maximize the degree ¢ for a given number of points &:

For some k& > 1 we have & unknown integration points & , and k£ unknown integration
weights wy,, ¢ = 1,2,...,k. Thus we need 2k suitable equations to solve for these
unknowns. These equations can be created by inserting, for example, the 2k linearly
independent monomials 1, z, z2,...,2%*=1 into (2.34). This yields a system of nonlinear
algebraic equations

k 1
> wpi = / 1d¢, (2.35)
i=1 -1

k

Zwk,iﬁxlc,z

i=1

/ 11 £,

k 1

2k~1 2k—
St = [ @
i=1 -1

After solving (2.35) for the unknown points and weights, the Gaussian integration rule (2.34)
is ready. Since it integrates exactly all functions of a basis of the space P?¢~1(—1, 1), 1t
is easy to see that it is exact for all polynomials in P2¥=1(—1,1). We say that the k-point
Gaussian quadrature rule has the order of accuracy 2k — 1. For higher k the solution of the
nonlinear systems is much easier with the Legendre polynomials Lg, L1, ..., Lax—; than
with the monomials 1, z, ..., z2k" 1

Remark 2.4 (Existence and uniqueness of the points and weights) Since the algebraic
system (2.35) is nonlinear, the existence and uniqueness of its solution is not obvious.
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Actually, the nonuniqueness of the integration points and weights is a difficult open problem
in the design of Gaussian quadrature rules in 2D and 3D. In one spatial dimension it can
be shown that the integration points for the k-point rule (2.34) are the roots of the Legendre
polynomial Ly. With k known integration points the nonlinear system (2.35) reduces to a
system of k linear algebraic equations for the weights. The analysis leads even further:
The weights wy ; for the k-point rule (2.34) have the form

2

o1k 236
TEERAGE (236

Wk, =
Quadrature on arbitrary intervals

Let K = (z,-1.2;) C R be an arbitrary interval. It is easy to calculate the coefficients
c1.c2 € Rofan affinemap zx : K, — K,

k(&) = o + ek, (2.37)
rr(=1) = =zi-y,
zx(l) = =z

It follows from x;—1 < xz; that ¢ > 0. The new integration points é,mv € K are then
defined as .
Eri=zr(€ry), 1=1,2,... k.

The integration weights 1y, are obtained via the Substitution Theorem (see, e.g., [99]),

/ ox)dz = / T (6)](g 0 ) (€) de, (2.38)
K Kq

which yields wy ; = Jxwy,, = cowy, (recall that the constant Jacobian Ji of the affine
map x is positive).

2.3.2 Selected quadrature constants

Let us list the integration points and weights for a few selected k-point Gaussian rules in
the reference interval K, = (—1,1) in Tables 2.1-2.5. Since the integration points are
symmetric with respect to zero, only the positive ones are listed. Symmetric integration
points have identical weights, & stands for their total number. Numerous 1D, 2D, and 3D
Gaussian quadrature rules up to the order of accuracy p = 20 are available on the CD-ROM
accompanying [111].

Table 2.1 Gaussian quadrature on K, order 2k — 1 = 3.

Point # + £-Coordinate Weight
1. 0.57735 02691 89625 7645091488  1.00000 00000 00000 00000 00000
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Table 2.2 Gaussian quadrature on K, order 2k — 1 = 5.

Point #

+ ¢-Coordinate Weight

—_—

0.00000 00000 00000 00000 00000  0.88888 BBEEY 88888 8BEEE 88889

2. 0.77459 66692 41483 37703 58531 0.55555 55555 55555 55555 55556
Table 2.3 Gaussian quadrature on K,, order 2k — 1 = 7.
Point # + ¢-Coordinate Weight
1. 0.33998 10435 84856 26480 26658 0.65214 51548 62546 14262 69361
2. 0.86113 6311594052 57522 39465 0.34785 48451 37453 85737 30639
Table 2.4 Gaussian quadrature on K,, order 2k — 1 = 9.
Point # + £-Coordinate Weight
l. 0.00000 00000 00000 00000 00000  0.56888 88EEE BEBEE 88EBE 88ELI
2. 0.53846 93101 05683 09103 63144 0.47862 86704 99366 46804 12915
3. 0.90617 98459 38663 99279 76269 0.23692 68850 56189 08751 42640
Table 2.5 Gaussian quadrature on K, order 2k — 1 = 11.
Point # + £-Coordinate Weight
1. 0.23861 91860 83196 90863 05017 0.46791 39345 72691 04738 98703
2. 0.66120 93864 66264 51366 13996 0.36076 15730 48138 60756 98335
3. 0.93246 95142 03152 02781 23016  0.17132 44923 79170 34504 02961
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2.3.3 Adaptive quadrature

In some situations even high-order Gaussian quadrature rules fail or deliver unacceptable
errors. This may happen, for example, if the integrated function is discontinuous or oscil-
lates. A possible remedy is to apply some suitable adaptive quadrature algorithm in critical
elements. These algorithms usually are not very difficult to implement and can improve the
accuracy and reliability of the numerical quadrature significantly.

Let us begin with introducing a basic prototype of an adaptive quadrature algorithm, and
perform a few numerical tests. We assume an elementary higher-order Gaussian quadrature
procedure

double Gauss(double a, double b);

that integrates numerically some given function f in the interval (a,b). The following
recursive algorithm uses the procedure Gauss(a,b) to perform adaptive quadrature. The
adaptivity consists in recursive halving of intervals where an error indicator exceeds some
given tolerance. The error indicator used is based on the relative difference between the
approximation over the whole interval (a,b), and the sum of the approximations in the
half-intervals (a, (a + b)/2) and ((a + b)/2,b),

Gauss(a, (a + b)/2) + Gauss((a + b)/2,b) — Gauss(a, b)
Gauss(a, (a + b)/2) + Gauss((a + b)/2,b)

ERR.o; =

Algorithm 2.3 (Adaptive quadrature in 1D)

double ZERD = le-12;
double QuadAdapt(double a, double b, double TOL) {
double L = Gauss(a, 0.5*%(a+b));
double R = Gauss(0.5%(a+b), b);
double LR = Gauss(a, b);
if (fabs(L+R) < ZERO) return 0;
double rel_err = fabs((L+R-LR)/(L+R));
if (rel.err < TOL) { :
return L + R;

else {
L = QuadAdapt(a, 0.5*(a+b), TOL);
R = QuadAdapt(0.5+(a+b), b, TOL);
return L + R;

}
}

The adaptive process in (a, b) stops as soon as the approximate integral over (a, b) is
sufficiently close to the sum of the approximate integrals over its two subintervals (a, (a +
b)/2) and ((a + b)/2,b). One can formulate various other stopping criteria. Let us stress,
however, that the parameter 7'O L has no direct relation to the true relative error

lcauss(a, b) — fabf(x)dxl

fabf(x) dx‘

E€rel =

Performance of Algorithm 2.3 is illustrated in the next example.
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B EXAMPLE 2.1 (Adaptive quadrature in 1D)

For testing purposes consider the anisotropically behaved function

10
e =1z

defined in the interval (ag.bg) = (0, 10). The function f is depicted in Figure 2.5.

(2.39)
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Figure 2.5 Benchmark function f for adaptive numerical quadrature.

The knowledge of the primitive function to f,
F(z) = 10arctan(z).

allows us to evaluate the quadrature error exactly.

First let us investigate the role of the order of accuracy of the elementary quadra-
ture routine Gauss{a,b) on the performance of Algorithm 2.3. Figure 2.6 shows
the convergence of the adaptive quadrature when the quadrature routine Gauss{(a, b)
is third-, fifth- and seventh-order accurate. The horizontal axis represents the final
number of integration points in the interval (ag.by), and the vertical axis the true
relative error of the approximate quadrature in decimal-logarithmic scale.

1
‘ ' " ADAPT 3 — —
ADAPT_5' -------
0.01 ‘ADAPT_7' E
0.0001 F
1e-06 -~
1e-08 |
1e-10 - BRREEEY
1e-12 ! ! L L -
0 20 40 60 80 100

Figure 2.6  Performance of Algorithm 2.3 using the Gaussian quadrature procedure Gauss(a,b)
with two, three, and four integration points, respectively.

Next, Figure 2.7 compares the convergence of the adaptive seventh-order Gaussian
quadrature to the convergence of a nonadaptive seventh-order Gaussian quadrature
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scheme based on equidistant subdivisions. One can see that the adaptive procedure
performs more efficiently.

T

0.01 T T T T T
'NON_ADAPT_7
0.001 | . "ADAPT_7' ------- 3

0.0001 F
1e-05
1e-06 |
1e-07

1e-08 ¢
1e-09 [ ]
1e-10 ’

T
Sl

1e-11 L ( 1 1 1 ( I
0 10 20 30 40 50 60 70 80

Figure 2.7 Comparison of adaptive and nonadaptive quadrature.

2.3.4 Exercises
Exercise 2.8 Calculate the coefficients ¢y, ca € R of the affine map xy from (2.37).

Exercise 2.9 Use Legendre polynomials Lo, L. ..., Lg constructed in Example A.44 to
calculate integration points and weights for the Gaussian quadrature rule (2.34) in the
interval K, = (=1,1) fork = 3.

Exercise 2.10 Let us see the superiority of higher-order Gaussian quadrature rules over
the classical trapezoidal rule. Consider, for example, the function g(x) = sin(z) in the
interval 2 = (0. ) (or some other nonoscillatory continuous function of your choice).

1. Calculate the integral I., = fow g(z)dzx.

2. Calculate a series of approximate integrals In; using the trapezoidal rule with
equidistant subdivisions of Q into M = 2,5, 10, 20, 50, 100, 200, 500 elements. Plot
the corresponding convergence curve: Put the number of integration points on the
horizontal axis and the error |I — In;| on the vertical one. Use decimal-logarithmic
scale.

3. Produce an analogous convergence curve for the third-order Gaussian quadrature
(Table 2.1). Use equidistant subdivisionswith M = 1,2.5, 10, 50, 100. 250 elements.

4. At last produce a convergence curve for the fifth-order Gaussian quadrature (Table
2.2). Use equidistant subdivisions with M = 1,2.5,10,50. 100 elements.

5. Use the convergence curves to compare the efficiency of these three quadrature
schemes.

Exercise 2.11 Rewrite Algorithm 2.3 in a nonrecursive manner and implement it. Hint:
Reserve a sufficiently large array to store the integration subinterval data. Enumerate the
integration subintervals at all refinement levels in a suitable unique way (e.g., row-wise in
the refinement tree). Link these indices uniquely to positions in the global array. Compare
the CPU performance for various values of TOL > 0, using the function f(z) from (2.39).
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2.4 HIGHER-ORDER ELEMENTS

In Section 2.2 we constructed a Galerkin sequence V3 C V... in the Sobolev space V'
by subdividing selected mesh elements into subelements of the same polynomial degree
(h-refinement). Sometimes, much faster convergence can be achieved by increasing the
polynomial degree of the elements instead (p-refinement). Such approach usually is more
efficient in elements where the solution is very smooth, without singularities, oscillations,
or boundary/internal layers. An illustrative example is given in the next paragraph.

2.41 Motivation problem

In this paragraph we compare the performance of two simple finite element schemes with
(a) two piecewise-affine elements and (b) one quadratic element. Consider the Poisson
equation

—u"(z) = f(z) in Q=(-1,1), (2.40)
where f(z) = n%cos(rz/2)/4, equipped with homogeneous Dirichlet boundary condi-
tions. The weak formulation of problem (2.40) reads: Find u € V = H&(—l, 1) such
that

1 1
/ ' (z)v(z)dx = / f(x)v(z)dz forallve V. (2.41)
1 -1

The exact solution to (2.40) (and (2.41)], has the form
T
u(z) = cos(7> .

First let us cover © with a pair of affine elements (—1,0) and (0,1). The corresponding
finite element space V}, is generated by a single piecewise-affine function vy, defined as
vp(z) =z 4+ 1in (—1,0] and vy (z) = 1 — z in [0, 1). The approximate solution uy, € V},
has the form uy(z) = yyvp(z), where y; 1s an unknown coefficient. After substituting
up, for v and vy, for v in (2.41), we obtain a single linear algebraic equation for y; whose
solution is y; = 1. The functions u and uy, are shown in Figure 2.8.
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Figure 2.8 Exact solution u and piecewise-affine approximation .

It is left to the reader as an exercise to verify that the approximation error in H?!-seminorm
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(which by the Poincaré-Friedrich’s inequality is equivalent to the full H'-norm in the space
V)is

1 3
[u — upl12 = (/ [v/(z) — uﬁl(x)]zdx> 2 0.683667.
-1

Next assume a single quadratic element (—1, 1). We can choose, for example, the function
v,(z) = 1—2” to be the basis of the corresponding finite element space V},. The approximate
solution has the form u,(z) = g1v,(z). After substituting u,, for u and v,, for v in (2.41),
we calculate that §j; = 3/m. The functions u and u,, are depicted in Figure 2.9.

e
Figure 2.9 Exact solution u and quadratic approximation u,.

The approximation error |u — u,|1 2 &= 0.20275 is less than 30% of |u — u|1 2. The next
step is left to the reader as an exercise: Use (a) four equally-long piecewise-affine elements
and (b) one quartic (p = 4) element. The number of unknowns in each case is three. The
error in the quartic case is less than 2.5% of the error of the piecewise-affine approximation.

This indicates that smooth functions are better approximated by means of large higher-
order elements. On the other hand, less regular functions can be approximated more effi-
ciently on smaller piecewise low-degree elements. The ultimately best Galerkin sequences
V1 C Va ... C V canbe obtained by combining appropriately the spatial subdivision of ele-
ments with the selection of suitable polynomial degrees in the subelements (hp-adaptivity).
See, e.g., [111] and the references therein.

2.4.2 Affine concept: reference domain and reference maps

The affine concept of finite elements is closely related to the element-by-element assembling
procedure. It is particularly suitable for higher-order finite element discretizations. The
basic idea is to define a single set of shape functions on some suitable reference domain,
say, K, = (—1,1). For each element K; in the mesh we define an affine reference map
g, + K, — K, (Paragraph 2.3.2), and use it to transfer the shape functions from K, to
K;. In this way one obtains the desired finite element basis in the physical mesh.

In addition, the weak formulation is transformed from K to K, via the maps z g, , and
in the end all computational work is done on the reference domain. This approach also is
efficient from the point of view of computer memory, since the numerical quadrature data
are stored on the reference domain only. The shape functions and their partial derivatives
can be stored via their values at integration points in the reference domain.
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Model problem Let us stay with the model problem (1.26), (1.28) in a bounded interval
2 = (a,b) C R. Recall the weak formulation from Paragraph 1.2.1: We seek a function
u €V = H}(R), such that

a(u,v) =1(v) foralveV, (2.42)

where

a(u,v) = / a1Vu - Vv + aguvdz = / a1u' (2)V'(z) + agu(z)v(z) dz,
0 Q
and

llv)=(v)= N fvdz,

f € L*(Q). The coefficient functions ay, ag € L=(Q), ay(x) > Cpyn > Oandag(z) > 0
a.e. 1n €2, are assumed constant.

Finite element space Let the interval 2 be covered with a mesh 7, , = { Ky, Ko,
..., Kn} where the elements K, carry arbitrary polynomial degrees 1 < p,,, m =
1,2,.... M. For each element K, = (zp—1.2Zm), m = 1,2,..., M we define an affine
reference map (2.37) of the form

zi, (€) = ™+ f™e (2.43)
where oy Tt 4 T o T — T
q =T 2= JK,, = -
The space V}, ;, has the form
Vip = {veV; vk, € PP (Kp) forallm =1,2...., M}, (2.44)
or, equivalently,
Vip = {v€V; vk, o2k, € PP (K,)forallm=1.2,...,M}. (2.45)

Here (f o g)(z) = f(g(x)). The dimension of the space V}, , is

A A
N=dim(Vip)= M—-1 + > (pm—1) ==14+> pu (2.46)

mr=1 m=1

first-order part
higher-order part

Discrete problem The discrete problem (2.5) reads: Find a function uy, , € Vj, p, such
that
a(up p,Vnp) = l(vpy) forallvy, , € Vi,

Consider some basis {v1,vz,...,vn} C Vi, (a concrete basis will be presented in Para-
graph 2.4.7). When expressing as usual

N
Up.p = E YU .
J=1
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we obtain
> yialvy,v) =l(vi) i=1,2...,N, (2.47)
or
SY =F. (2.48)
For future reference let us rewrite (2.47) into asum over all elements K,,,,m = 1,2,..., M,
N
22%/ ! (£)0L(2) + agoy (e () e = 3 (2)dz, (249)
o1, - o K,,,
i1=1,2,....N.

2.4.3 Transformation of weak forms to the reference domain

Next let us transform the integrals in the weak formulation (2.49) from the mesh elements
K, € T, , to the reference domain K, = (—1, 1), using the reference maps (2.43):

Transformation of function values The transformation of the approximate solution
Up,p 18 simple:

@y (€) = (unp 0 2k, ) () = unp (@K, (€)). (2.50)

Transformation of derivatives One has to be more careful when transforming deriva-
tives. The chain rule yields

[U(m) O = (unpoxk,,) (&) =t ) (@)e=ry, ©) T (€): (2.51)

This means that
P (m)
up p(7) = 'A,,,( G Ve, (2.52)

i.e., the derivative at a reference point £ € K, is obtained by dividing the derivative of u;, ,
at its image = = xx, (£) € K,, by the constant Jacobian 0 # J .

Transformation of integrals from (2.49) to K, The test functions vy, , and their
derivatives are transformed in the same way. Using the Substitution Theorem, it is easy to
conclude that

[ et @)t o) + avin (@) 0) o 253)

m

" a1 m m ~(m ~(m
:/ [l VY (©) + ao i, a4 1(©)117)1(6) e

i e

forall m = 1,2,..., M. The right-hand side transforms as

/ Fla) (@) de = / Tre,, O (€)03)(€) de. (2.54)

1

where f()(¢) = (f o zk,,)(€).
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2.4.4 Higher-order Lagrange nodal shape functions

The construction of suitable shape functions [basis in the polynomial space PP (K,) on
the reference domain] matters: With a wrong choice the linear system SY = F will pose
a serious problem to both iterative and direct matrix solvers. This issue will be discussed
in more detail in Section 2.5. Now we will introduce the nodal and hierarchic approaches
to the construction of suitable basis functions. Let us begin with the nodal basis, which is
based on the idea of the Lagrange interpolation.

Figure 2.10 Joseph—Louis Lagrange (1736-1813).

J.-L. Lagrange was a French mathematician who was largely self-taught. In spite of that,
he influenced numerous fields of mathematics. His work covers a variety of topics including
algebra, number theory, mathematical probability, theoretical astronomy, and others. It is
assumed that one of his greatest contributions is his transformation of mechanics into a
mathematical framework based on differential equations.

The p,, + 1 Lagrange nodal shape functions 6,65, ...,6, 41 € PP"(K,) are associ-
ated with an equal number of pairwise-distinct nodal points,

1=y <y2<...<WYp,+1 =1, (2.55)
via the standard Lagrange interpolation condition
0 (yx) = Ojk- (2.56)

Exploiting the Lagrange interpolation polynomial (A.75), condition (2.56) yields the explicit
formulae of the Lagrange nodal shape functions,

0:(§) = H (5—311')‘ t=1,2,....pm + L. (2.57)
; iy (yi - l//)
1S7<pm+1J#l -

Obviously all of these functions are polynomials of the degree p,,. In particular, for
piecewise-affine approximations (p,, = 1) the nodal points y; = —1 and y» = 1 yield
the pair of affine shape functions

0i() =~ Bp() = 20— (258)
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Our first idea might be to distribute the nodal points in K, = (—1, 1) equidistantly. How-
ever, the equidistant points are known to be notoriously bad from both the conditioning and
interpolation points of view. In practice we prefer more sophisticated point sets.

2.4.5 Chebyshev and Gauss—Lobatto nodal points

Among the best known points for the construction of higher-order nodal elements are the
Chebyshev and Gauss—Lobatto points.

‘\\

Figure 2.11 Pafnuty Lvovich Chebyshev (1821-1894).

P.L. Chebyshev was a Russian mathematician who made famous contributions to the
analysis of the Taylor series, number theory, theory of integrals, mathematical probability,
and other fields of mathematics. He introduced his polynomials in 1854 and developed
a general theory of orthogonal polynomials. He is assumed to be one of the founders of
modern approximation theory.

For a polynomial degree p > 1, the p 4+ 1 Chebyshev points in the reference interval K,
are defined by

j—1
yJ=COS<Tr(]T)>, j=1,2,....p+1 (2.59)
The Gauss—Lobatto points are the roots of the function
(1— 2L (x), (2.60)

where L, () is the pth Legendre polynomial. There is no explicit formula for these points,
but they have been tabulated (see, e.g., the companion CD-ROM accompanying [111]).
Figure 2.12 shows that the Gauss—Lobatto and Chebyshev points are very similar. The
numerical practice confirms that also the properties of the corresponding Lagrange nodal
shape functions are analogous. This issue will be addressed in more detail in Paragraph
253.
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Figure 2.12 The Gauss—Lobatto (left) and Chebyshev points (right) forp = 1,2,...,15.
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Let us show a few examples of higher-order Lagrange nodal shape functions built on
the Gauss—Lobatto points. These functions are presented in the quadratic, cubic, quartic
and quintic cases in Figures 2.13-2.16. Shape functions associated with vertices are called
vertex functions, and remaining shape functions (that vanish at 1) are said to be bubble
functions.

(het‘aiz(x)

(he(‘aj {x}
theta_3(x}

T 05 0 05 1 -1 0.5 0 05 1

Figure2.13  Quadratic Lagrange-Gauss-Lobatto shape functions; vertex functions 6;, 83 (left) and
the bubble function 62 (right).
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Figure 2.14  Cubic Lagrange—Gauss—Lobatto nodal shape functions; vertex functions 01, 64 (left)
and bubble functions 8, 83 (right).
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Figure2.15 Quartic Lagrange—Gauss--Lobatto nodal shape functions; vertex functions 01, 05 (left)
and bubble functions 02, 03, 6, (right).
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Figure2.16 Quintic Lagrange-Gauss-Lobatto nodal shape functions; vertex functions 61, 0 (left)
and bubble functions 62, 83, . .., s (right).
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2.46 Higher-order Lobatto hierarchic shape functions

An alternative way of constructing a suitable basis of the polynomial space PP (K, ) is to
use hierarchic shape functions. The idea of the hierarchic approach is as follows: When a
set of shape functions

By, ={61.62,...,6,.}

forms a basis of the polynomial space PP (K,), the basis of the next space PP+1(K,)
is defined by adding a new shape function to the basis 3,

e

Bpm+1 = Bpm U {Hpm+1}-

The lowest-order basis, By = {(1 — £)/2, (1 + £)/2}, is identical to the Lagrange basis
(2.58) for piecewise-affine approximations.

Currently, among the best known hierarchic shape functions for elliptic problems in 1D
are the Lobatto polynomials,

e = 128 =1t 261)

W) = /_lLk_1<<>dc. <k

—1 1y = lforallk > 0, that
are constructed in Example A.44. It is easy to see that [, (—1) = 0, k = 2,3,.... The
orthogonality of the Legendre polynomials further yields that

1 1
(1) = /1Lk_1(§)d§ :/ Licy(§)Lo(€)dé =0 forall 2 < k. (2.62)
- -1

Evidently the functions ly,!;.02....,[,, constitute a basis in the space PP (K,). Their
optimality for the discretization of the Laplace operator follows from their orthonormality in
the H} -inner product (u, v) f - z) dz. More about this will be said in Paragraph
253.

Several Lobatto hierarchic shape functions are shown below for reference, and they are
depicted in Figures 2.17-2.21:

b - Syie-n. (63)
we = S/he-ne
e = e -nee -,

1 /9

(6 = 3 5(62—1)(762—3)6,

() = oy 5 (€ - DEIE - 146+ 1),

) = 5\ (€~ B3 - 308 4 5)e,

() = o (€~ 1)(429° — 495" + 1356~ 5),

128
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Figure 2.18 H{ -orthonormal (Lobatto) hierarchic shape functions Iz, 3.
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2.47 Constructing basis of the space V},

With the shape functions and reference maps in hand, we can define the basis functions of
the space Vj, p:

Lagrange nodal basis Let us begin with the Lagrange basis functions. In this case
it is customary to assume a uniform polynomial degree p in all elements. As indicated
in Paragraph 2.4.4, the Lagrange shape functions can be split into the vertex and bubble
functions. The basis functions of the space V}, ,, inherit the same structure. A vertex basis
function v; represents the value at the grid vertex z;, 1 < i < AM — 1, and it is zero in 2
except for the elements adjacent to x;:

(ep+l o 1}_\’})(1)7 r € Kyé'
v(z) = (2.64)
(6 0 x;&ﬂ z),  x€ Ko

The reader does not have to worry about the inverse reference maps in (2.64), since in the
element-by-element procedure they are never evaluated explicitly. This will be explained
in detail in Paragraph 2.4.9.

Notice that for p = 1 relation (2.64) yields the “hat functions” (2.25). An example of a
quadratic Lagrange nodal vertex basis function is shown in Figure 2.22.

|
T L 1

1+

Figure 2.22 A quadratic Lagrange nodal vertex basis function.

The bubble functions are local to element interiors. There are p— 1 bubble basis functions
per every element K,,, € Th_,,, defined as

(2035 Wz). (3015

m

), ... (8,0 .11:] Wz). (2.65)
It is easy to verify that the A/ — 1 vertex functions (2.64) together with the Zf\"[:l (pm — 1)
bubble functions (2.65) constitute a basis of the space V}, |, defined in (2.44).

Lobatto hierarchic basis In this case we allow for different polynomial degrees 1 <
Pm = p(Ky,) in the mesh, 1 < m < Al. For each interior grid vertex z; there is one
vertex function v;, which is identical to the piecewise-affine Lagrange vertex function
(independently of p,,,),

e 1;\3)(1) re kK,
v, () = (2.66)
(lg o .r,"\,}“ o). € Ky
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The quadratic and higher-order hierarchic shape functions are bubble functions, given by

(rozg, (@), (soxg, (). (o, 02k, ) (@), (2.67)

m m

Also in this case it is easy to verify that the functions (2.66) and (2.67) together constitute
a basis of the space V}, 5.

2.4.8 Data structures

The rest of this section is devoted to the implementation of higher-order finite elements in
one spatial dimension. As the reader expects, the implementation of the nodal and hierarchic
elements is done in different ways. We choose the hierarchic case for illustration.

To begin with, recall the model problem (2.20) with homogeneous Dirichlet boundary
conditions. In this case V = Hj(€2), and the approximate solution uy, , is sought in the
space V4, C V of continuous, piecewise polynomial functions (2.44),

Vip=1{veV; v|g, € PP"(Kp)foralm=1,2,..., M}

The dimension of V}, ,,, which at the same time is the number of unknowns, was calculated
in (2.46),

M
N =dim(Vhp) = -1+ pm.
=1

Some remarks are in order before we introduce concrete data structures and algorithms.
Generally, data structures differ from implementation to implementation. A safe way to
avoid criticism for the complicatedness or inoptimality of one’s data structures and algo-
rithms is not to expose them. On the other hand, the presentation of the data structures and
algorithms may be of considerable help to beginners. Therefore let us try to be concrete,
without claiming that our data structures or algorithms are optimal.

Element data structure Choose a reasonable upper bound MAXP for the highest poly-
nomial degree in the mesh 7}, ,,. A basic Element data structure can be defined as follows:

struct {

int p; //polynomial degree of element

int vert_dir{2]; //vertex Dirichlet flags

int vert_dof[2]; //vertex connectivity array

int *bubb_dof; //bubble connectivity array (length MAXP-1)
} Element;

This amount of information per element is superfluous. However, let us keep a data
structure that can most naturally be extended into two and three spatial dimensions. The
Dirichlet flags Elem[m] . vert_dir[j], j = 1,2, have the following meaning: Elem [m] .
vert_dir[1] = O if the left vertex of K, = (x;, -1, Zm ) is unconstrained by a Dirichlet
boundary condition, andElem [m] . vert_dir[1] = 1 otherwise. The flagElem[m] .vert
-dir[2] is related to the right vertex of K, in the same way.

Unique enumeration of shape and basis functions The element-by-element as-
sembling algorithm relies on the vertex and bubble connectivity arrays vert_dof and
bubb_dof, that for every element K,, € 7T, ,, link the global indices 1,2, ..., N of all basis
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functions of the space V}, ,, whose supportincludes K, tothe local indices 1,2, ..., pp, +1
of the corresponding shape functions on the reference domain K,.

First one has to enumerate the N basis functions of the space V}, , in a unique way.
For the sake of compatibility with piecewise-affine approximations, it is reasonable to first
enumerate all vertex functions analogously to the lowest-order element case in Paragraph
2.2.3. After that, higher-order basis functions can be enumerated in an element-by-element
fashion, always from quadratic to the highest degree p,,, onthe element K,,,. Inthe Lagrange
nodal case, where all bubble functions have the same polynomial degree, it is natural to sort
them according to the ordering of the nodal points.

Element connectivity arrays The values of the Dirichlet lift G(x) at the endpoints of
@ = (a,b), only nonzero in the case of nonhomogeneous Dirichlet boundary conditions,
are stored in a global array double DIR_BC_ARRAY[2] = {G(a),G(b)}. The variable
Elem[m] . vert_dof [1] contains either

¢ apositiveindex ¢ of a vertex basis function v, of the space V), ,, associated with the left
vertex of the element K, (if the vertex is unconstrained, i.e., Elem[m] . vert dir[1]
== o),

e or -1, so that G(a) = DIR.BC_ARRAY[-Elem[m] .vert dof [1]]
(f Elem[m] .vert_dir[1] == 1).

Analogously one defines Elem [m] . vert_dof [2] for the right vertex of the element K,,.
IfElem[m] .vert_dir[2] == 1,thenElem[m].vert_dof[2] == -2. The bubble func-
tions are always unconstrained, and the value Elem[m] .bubb_dof [j1, j = 1,2,...,
Elem[m] . p-1, contains the index of the bubble basis function of the polynomial degree
j + 1 associated with the element K,,.

The construction of the connectivity arrays always represents a considerable part of the
total programming work. In two dimensions these are the Algorithms 4.1, 4.3, 4.4 and 4.5.
In one dimension the connectivity algorithm may look as follows:

Algorithm 2.4 (Enumeration of DOF)

count := 1;
//Visiting vertex basis functions on the element K7:
if (Elem[1].vert_dir{1] == 1) then Elem[1].vert_dof[1] := -1;
else {
Elem{1].vert_dof{1] := count;
count := count + 1;
Elem{1].vert_dof{2] := count;
//Visiting vertex basis functions on interior elements Ko, K3,...,Kp—1:
for m = 2,3,...,M-1 do {
Elem{m] .vert_def{1] := count;
count := count + 1;
Elem[m].vert_dof{2] := count;
}
//Visiting vertex basis functions on the element Kps:
Elem{M].vert_dof{1] := count;
count := count + 1;
if (Elem(M].vert_dir(2] == 1) then {
Elem[M].vert_dof[2] := -2;
else {

Elem{M].vert_dof[2] := count;
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count := count + 1;
}
//Visiting bubble basis functions on all elements:
for m = 1,2,...,M do {
for j = 1,2,...,Elen{m]l.p-1 do {
Elem[m] .bubb_dof[j] := count;
count := count + 1;
}
}
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More about the implementation of nonhomogeneous boundary conditions will be said

in Paragraph 2.6.

B EXAMPLE 2.2

Consider a mesh 7}, ,, consisting of three elements K, K, and K3 of the polynomial
degrees p; = 3, p» = 4and p3 = 2, and the model problem (2.20) with homogeneous
Dirichlet boundary conditions. In this case the connectivity Algorithm 2.4 obtains

the following input data:

Elem{1].p = 3;
Elem{1].vert_dir = {1,0};
Elem{2].p = 4;
Elem{2].vert_dir = {0,0};
Elen{3].p = 2;
Elem[3] .vert_dir = {0,1};

The resulting element connectivity arrays have the form

Elem{1].vert dof = {-1,1};
Elem{1] .bubb_dof = {3,4};
Elem[2].vert_dof = {1,2};
Elem[2] .bubb_dof = {5,6,7};
Elem[3].vert_dof = {2,-2};
Elem{3].bubb_dof = {8};

Next let us present the assembling procedure.

2.4.9 Assembling algorithm

In the following we distinguish between two situations:

1. The differential operator L in the equation Lu = f does not explicitly depend on
space or time. This is the case when all coefficients a;;,b;, ¢, and ap in (1.4) are

constant. For example, the operators

Ly = —Au, Lu:uAu+@, Lu:—Au—l—@—l—u
dx Oz

belong to this category, and so does the general operator L in (2.20) if a; > 0 and

ag > 0 are constant.

2. The differential operator L does explicitly depend on space or time, as, for example,

the operators

)=—, Lu = —Au +sin(z)u.
z
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In the former case it is possible to avoid repeated numerical integration on every element
and assemble the global stiffness matrix S efficiently by means of precomputed prototype
integrals calculated on the reference domain K,. The integrals present in the weak for-
mulation of a concrete problem determine which constants have to be precomputed. For
example, problem (2.20) with constant coefficients requires the L?(K,)-products of the
first derivatives of the shape functions (master element stiffness integrals. MESI) and, if
ag # 0, then also the L2( K, )-products of the shape functions themselves (master element
mass integrals, MEMI), In one dimension these constants can be organized in the form of
square matrices.

If we denote the maximum polynomial degree in the mesh by pp,,, and consider some
set of shape functions o1, @2, ..., ¥p,..+1 € PP7e"(K,), the master element stiffness
matrix S'g_ of problem (2.20) has the form

Pmaxrtl
Sk, = {8, = {/ @, (E)¢(&) d§} : (2.68)

K, i,5=1

The master element mass matrix M g is defined as

Ka i,j=1

Prmastl
Mg, = {r;; et = {/ %(5)%(5)‘15} : (2.69)

The only information about the reference map xg,, that is needed on every element
K,, € T; , in the assembling algorithm is its Jacobian. Therefore, for each element K,
we introduce one more constant, Elem[m] . jac := |Jk, | The assembling procedure for
model problem (2.20) with homogeneous Dirichlet boundary conditions can be written as
follows.

Algorithm 2.5 (Assembling algorithm)

//Calculate the dimension of the space Vj p:
N := -1;
form = 1,2,...,M do N := N + Elenm].p;

//Calculate the master element stiffness integrals MESI:

//(Use sufficiently accurate Gaussian quadrature to obtain exact results)

for i = 1,2,...,MAXP+1 do {

for j= 1,2,...,MAXP+1 do {
MEST{i111 := [!, @l (2)¢)(z)dz;

}
//Calculate the master element mass integrals MEMI:
for i = 1,2,...,MAXP+1 do {

for j= 1,2,...,MAXP+1 do {

MEMI[3105] = f1) oi(a)ws(z)dx;

}
//Calculate the value of Elem[m].jac for all elements K,,, m=1,2,...,M:
for m = 1,2,...,M do Elem[ml.jac := (Zm — Zm—1)/2;
//Set the stiffness matrix § zero:
for i = 1,2,...,N do for j = 1,2,...,N do S{il1{jl := 0;
//Set the right-hand side vector F zero:
for i = 1,2,...,N do F[i] := 0;

//Element loop:
for m = 1,2,...,M do {



HIGHER-ORDER ELEMENTS 81

//Loop over vertex test functions:
for i = 1,2 do {
//If > -1, this is index of a test function vm, € Vj p,
//i.e., row position in S:
mi := Elem{m].vert_dofli];
//Loop over vertex basis functions:
if (ml > -1) then for j = 1,2 do {
//If > -1, this is index of a basis function vm, € Vj p,
//i.e., column position in S:
m2 := Elem[m].vert_dof[jl;
if (m2 > -1) then
S[m1l[m2] := S(m1][m2] + ai*MESI[i]{jl/Elem{m].jac
+ a0*Elem{m] .jac*MEMI{il[j];
} //End of inner loop over vertex functions
//Loop over bubble basis functions:
for j = 1,2,...,Elem{m].p-1 do {
m2 := Elem[m].bubb._dofljl;
if (m2 > -1) then
S{m1] [m2] := S[m1][m2] + ai*MESI{il[j+2]1/Elemim].jac
+ aO*Elem{m].jac*MEMI[il[j+2];
} //End of inner loop over bubble functions
//Contribution of the vertex test function um,
//to the right-hand side F':
if (ol > -1) then Flm1l := Flm1l + fi |Jk, [f7)(€)ps(£) dE;
} //End of outer loop over vertex functions
//Loop over bubble test functions:
for i = 1,2,...,Elemn(m].p-1 do {
mi := Elem[m].bubb_dof{i];
//Loop over vertex basis functions:
if (ml > -1) then for j = 1,2 do {
m2 := Elem{m].vert_dof{j];
if (m2 > -1) then
S{m1] [m2] := Simi1l{m2] + a1*MESI[i+2]1[jl/Elemim].jac
+ a0*Elem{m] .jac*MEMI{i+2]1{jI;
} //End of inner loop over vertex functions
//Loop over bubble basis functions:
if (ml > -1) then for j = 1,2,...,Elem(m].p-1 do {
m2 := Elem{m].bubb_dof [jI;
if (m2 > -1) then
Slmi}[m2] := Simil [m2] + ai*MESI[i+2][j+21/Elem[m].jac
+ aO*Elem[m].jac*MEMI[i+2] [j+2];
} //End of inner loop over bubble functions
//Contribution of the bubble test function vm,
//to the right-hand side F':
if (ol > -1) then Flm1] := Flmtl + fp |Jr, [f™ (€)w.(€) dE;
} //End of outer loop over bubble functions
} //End of element loop

In Algorithm 2.5 we used the notation f™)(€) = f(zk,, (€)). Ifthe operator L is space-
or time-dependent (for example, if the coefficient functions a, and ag in the model problem
(2.20) are not constant), the precomputed MESI and MEMI arrays cannot be used. Instead,
appropriate numerical quadrature must be performed each time the MESI or MEMI arrays in
Algorithm 2.5 are accessed.

Efficient implementation of Algorithm 2.5 For the sake of transparency, significant
portion of Algorithm 2.5 (the application of a given test function to all vertex and bubble basis
functions) was repeated two times with minor changes. This part of the code can be moved
to a separate subroutine. Moreover, it is not necessary to store the full ELem [m] . bubb_dof
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array of the length Elem[m] . p—1, since according to the enumeration of the bubble shape
functions (Paragraph 2.4.8) it holds

Elem{m].bubb_dof [2]
Elem{m].bubb_dof [3]

Elem{m] .bubb_dof{1] + 1;
Elem[m] .bubb_dof{1] + 2;

Elem[m] .bubb_dof[Elem[m].p] = Elem[m].bubb_dof{1] + Elem[m].p-1;

2.4.10 Exercises

Exercise 2.12 Verify in detail the inclusions Vi C Vo, C V and V), C Vo, C V for the
spaces defined in Paragraph 2.4.1.

Exercise 2.13 Consider the Poisson problem —~u" = f, f € L%(Q), in a bounded interval
Q = (a,b) C R Suppose that ) is covered with a finite element mesh T, , containing
M > 2 elements of polynomial degrees 1 < py,p2,...,par. Consider (A) homogeneous
Dirichlet boundary conditions on 992, (B) nonhomogeneous Dirichlet boundary conditions
on 99, (C) a nonhomogeneous Dirichlet boundary condition at a and a Neumann boundary
condition at b.

1. Write the weak formulation of these problems.
2. Use the Lax—Milgram lemma to show that in each case there exists a unique solution.
3. Write the discrete problems.

4. How many unknowns has the discrete problem in each case?

Exercise 2.14 Consider the Helmholtz equation —v" +u = f, f € L%(Q), with homoge-
neous Dirichlet boundary conditions u(a) = u(b) = 0 in a bounded interval = (a,b) C
R. Leta < x;_1 < x; < b be a pair of neighboring grid points, K, = (z;-1,x,) and
K,=(-1,1).

1. Write the weak formulation of this problem.

2. Write the affine map xk,, : Ko — (2,-1,1,).

3. Transform the weak formulation from the interval K, to the reference interval K,,.
Exercise 2.15 Consider the reference interval K, = (=1,1) andp = 4.

1. Write explicit formulae for the Lobatto hierarchic shape functions lp, 1y, .. ., l4.

2. Consider equidistant nodal points —1 = y; < ... < ys = 1. Write the Lagrange
nodal shape functions 6,,8,, . .., 05 such that 8;(y;) = 6;5, 1 < 1,5 < 5.

. . . h . .
3. Write master element stiffness matrices S SKS and S S,?a) for the Poisson equation,
corresponding to the above two sets of shape functions.

4. In each case calculate the condition number of the 3 x 3 block corresponding to
bubble functions (use, e.g., Matlab).

5. Which condition number is greater and what is the implication for the performance
of iterative matrix solvers?
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Exercise 2.16 Again consider the reference interval K, = (—1,1), polynomial degree p
and p + 1 distinct nodal points —1 = 3y < ... < yp41 = 1. Show that all Lagrange nodal
shape functions 01,8, ... ,0,41 from (2.57) must be polynomials of the degree at least p.

Exercise 2.17 Consider the problem from Exercise 2.7 with the load function f(z) = 4—6zx
and an equidistant mesh Ty, , with M quadratic elements.

. Write formulae for the affine reference maps x g

K, — K.

m

. Transform the weak formulation to the reference domain K, = (—1,1). Write the

integrals explicitly.

. Perform a suitable unique enumeration of the basis functions and write the element

connectivity arrays.

. Write the 3 x 3 master element stiffness matrix (2.68) for the Lobatto hierarchic shape

Sfunctions Iy, 1y, o,

. Implement a finite element discretization using Algorithm 2.5.
. Produce plots of w and uy, for M = 2,5,10, 50.

. Consider M = 2, 3,5, 10, 30, 50, 100, 150, 200, 300 and produce convergence curve

in H-seminorm (be careful to put the correct number of unknowns on the horizontal
axis).

. Compare with the H*-seminorm curve for piecewise-affine approximation from Exer-
D!

cise 2.7. Was the piecewise-affine or the piecewise-quadratic scheme more efficient?
Why?

. Again guess the algebraic order of convergence o of the method. Compare it with

the value of o obtained in Exercise 2.7.

Exercise 2.18 Extend your code from Exercise 2.17 to finite elements of arbitrary polyno-
mial degrees 1 < pp, = p(Kpm) <5,i1=1,2,..., M.

I

2.

Read the polynomial degrees p,, = p(K,) together with all other input parameters
from an input data file.

Write the 6 x 6 master element stiffness matrix S i for the Lobatto hierarchic shape
functions lp, 1y, ..., 1.

. When evaluating integrals of polynomial expressions, make sure to use Gaussian

quadrature data of an appropriate order of accuracy.

. Calculate the exact solution for the cubic load function f = —50z(1 — z)2.

. Present results of suitable convergence tests proving that the code works correctly.
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2.5 THE SPARSE STIFFNESS MATRIX

As we mentioned in Paragraph 2.2.3, the finite element method prefers basis functions with
small and possibly nonoverlapping supports. Then almost all entries in the stiffness matrix
S are zero, which is convenient for the computation. Matrices with this property are said
to be sparse. The question of efficient storage and operation with large sparse matrices is
essential.

With N = 100, 000 unknowns, which is a moderate number in practical applications,
afull N x N stiffness matrix S in double precision arithmetics would consume 80 GB of
computer memory. Hence, disregarding the well-known fact that the Gaussian elimination
procedure is unstable on large systems, the storage argument alone calls for a much more
economical treatment.

There is extensive literature on the numerical solution of sparse systems of linear alge-
braic equations (see, e.g., [18] and the references therein), and vast resources of concrete
program packages are available on the web. Most of the solvers are sufficiently robust and
user friendly, so that the reader can use them without any problems after fitting their more
or less standard input format.

2.5.1 Compressed sparse row (CSR) data format

One of the most frequently used data formats for sparse matrices is the Compressed Sparse
Row (CSR) format. Let V be the dimension of the stiffness matrix S and by NN Z denote
the number of nonzero entries in S. The CSR representation of S consists of three arrays:

1. Array A of length NN Z: This is a real-valued array containing all nonzero entries
of the matrix S listed from the left to the right, starting with the first and ending with
the last row.

2. Array TA of length N + 1: This is an integer array, JA[l] = 1. JTAlk + 1] =
I Alk] 4+ nnzg. where nnzy, is the number of nonzero entries in the kth row.

3. Array J A of length NN Z: This is an integer array containing the row positions of
all entries of array A.

Sometimes one uses an analogous Compressed Sparse Column (CSC) sparse matrix format.

2.5.2 Condition number

Thereader knows from Paragraph 2.1.1 thatevery symmetric V-elliptic bilinear forma(-, -) :
V x V — R leads to a symmetric positive definite stiffness matrix S. All eigenvalues are
then positive real numbers (see, e.g., [100]). It is well known that iterative solvers perform
better on matrices where the ratio of the largest and smallest eigenvalue A a2/ Amin 18 close
to one - such matrices are called well-conditioned. Figure 2.23 illustrates the convergence
history of a standard iterative matrix solver (an incompletely LU-preconditioned conjugate
gradient method) on two matrices of the same size and sparsity structure, but different
condition numbers.

Before introducing the condition number of a nonsingular matrix in Definition 2.2, let
us define the spectrum and spectral radius:

Definition 2.1 (Spectrum, spectral radius) Ler M be a square matrix. By o(M) we
denote the spectrum (set of all eigenvalues) of the matrix M. The spectral radius p(M) is
defined as
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Figure 2.23  Performance of an iterative matrix solver on two differently conditioned matrices of
the same size and sparsity structure. The horizontal axis represents the number of iterations and the
vertical one shows the norm of the residuum of the approximate solution.

M)= max [\
p(M) /\EG(M)[[

Definition 2.2 (Condition number) Let M be a nonsingular n x n matrix. The product

(M) = ||M[[IM7",

where || . || is some matrix norm, is called condition number of the matrix M (with respect
to the norm || . ||).

One may use, for example, the standard Frobenius norm

M| =
or the spectral norm
[M ]| T
M|, = max = MM*),
1M = max F =\ p(MMT)

where | M x| is the Euclidean norm in R™. The spectral (Todd) condition number

max, . M) [A|

“(M) = |M|. M, = —
KY(M) = [|[M].] I minye, g M

(2.70)

has the minimum property
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1 <k"(M) < r(M),
where (M) is a condition number induced by any other matrix norm.
Clearly, for every symmetric positive definite matrix S, the spectral condition number
£(S) = k*(S) can be written as

1< &(S) = Amaz

/\min

The following aspects influence the condition number of the stiffness matrix S significantly:

1. the discretized differential operator,
2. quality of the mesh,

3. the set of shape functions.

In practice the differential operator is given, and the mesh can be optimized outside of the
finite element solver. Therefore let us look at the last aspect in more detail.

2.5.3 Conditioning of shape functions

The simplest comparison of the quality of different sets of higher-order shape functions
can be done using a one-element mesh, equipped with appropriate boundary conditions so
that the discrete problem has a unique solution. Such test, of course, does not cover the
influence of the geometrical structure of the entire mesh, but still the results usually provide
a valuable information.

For model problem (2.20) let us consider a one-element mesh K, = (-1, 1) equipped
with homogeneous Dirichlet boundary conditions. The corresponding stiffness matrix Sg
is obtained by leaving out of the master element stiffness matrix S'g, all rows and columns
corresponding to the vertex shape functions. The mass matrix M, is obtained analogously
from the master element mass matrix M g . The next example compares the quality of the
Lagrange nodal and Lobatto hierarchic shape functions.

B EXAMPLE 2.3 (Comparison of Lagrange and Lobatto shape functions)

Figures 2.24 and 2.25 show the condition number of the stiffness and mass matrices for
the Lagrange nodal shape functions on the equidistant, Gauss—Lobatto and Chebyshev
nodal points, and for the Lobatto hierarchic shape functions. The horizontal axis
represents the polynomial degree p = 2,3, ..., 10.

The Lagrange nodal shape functions on equidistant points cause an exponential
growth of the condition number of both the stiffness and mass matrices, which in-
dicates that these shape functions should be avoided. It is clear from Figure 2.25
that the Chebyshev and Gauss—Lobatto points are a better choice for Lagrange nodal
elements. The Lobatto hierarchic bubble functions perform best: they are orthogonal
in the H}-product, which makes them optimal for the discretization of the Laplace
operator in one dimension.
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Figure 224  Conditioning of various types of shape functions in the Hg(K,)-inner product
(condition number of the matrix Sp).
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Figure 2.25 Conditioning of various types of shape functions in the L2(K,)-inner product
(condition number of the matrix M ).

Regarding the more complex model problem (2.22), the Lobatto hierarchic shape func-
tions will perform well as long as ap << a;. Otherwise their worse conditioning in the
L2-product becomes important, and for ap >> a; the Lagrange shape functions on the
Gauss—Lobatto and Chebyshev points may yield a better-conditioned discrete problem. Let
us close this paragraph with a lemma that is useful for practical implementation:

Lemma 2.4 The spectral condition number of a symmetric stiffness matrix S does not
depend on the enumeration of the basis functions of the space Vj, 5.

Proof: Consider a permutation that exchanges the indices of a pair of basis functions vy
and v;. It follows from Definition A.17 that the new stiffness matrix S has the same set of
eigenvalues. The new eigenvectors are obtained from the original ones by exchanging their
kth and /th components. |
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2.5.4 Stiffness matrix for the Lobatto shape functions

Let us have a closer look at the the sparsity structure of the stiffness matrix S obtained in the
discretization of the Laplace operator by means of the Lobatto hierarchic shape functions.
It follows from the L2-orthogonality of the Legendre polynomials that

1 1
/ l;(x)l;(x) dz = / Li_y(z)L;_ (z)dx = &;, forall2<i,j. 2.71)
-1 -1

Moreover, we have

1 1
/ lo(x)l;(z)dz = / l(@)l(z)dz =0, forall2<j. (2.72)

—~1 -1

Therefore the master element stiffness matrix S, itself is sparse,

1/2 -1/2 0 0 0
~1/2 12 0 0 0
0 0 10 0
Sk, = 0 0 0 1 0 (2.73)
o o0 o0 o0 .. 1

Due to (2.73), the global stiffness matrix S corresponding to the Lobatto hierarchic shape
functions has a particularly nice block-diagonal sparse structure shown in Figure 2.26.

=

i

K

Figure 2.26  Sparsity structure of the stiffness matrix for the Laplace operator discretized by means
of the Lobatto hierarchic shape functions.

The number of blocksis M + 1, where M is the number of elements in the mesh 7, hp- The
(M - 1) x (M —1) block in the upper left corner corresponds to the piecewise—afﬁn’g basis
functions VI, U2, -, Upga) — this block is identical to the tridiagonal stiffness matrix (2.28)
corresponding to the piecewise-affine case (Paragraph 2.2.4). The remaining M diagc;nal
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blocks of the type (py —1) X (p1—1), (p2—1) % (p2—1),..., (par—1) x(pyr —1) correspond
to higher-order bubble basis functions associated with each element K, K>, ..., Ky, re-
spectively. This structure is given by the enumeration of the basis functions of the space
Vi p (see Paragraph 2.4.8).

If the Lobatto hierarchic shape functions were replaced with the Lagrange or other
nonorthogonal shape functions, additional nonzero off-diagonal entries would appear in
the stiffness matrix, and its condition number would rise.

2.5.5 Exercises

Exercise 2.19 Show that for every symmetric positive definite matrix S the spectral con-
dition number (2.70) satisfies

* — /\ma:c
£(S) = [ISILI87H . = T

/\min

Exercise 2.20 Consider a nonsingular N x N matrix S, and a matrix 8 obtained by
switching the kth and lth_r()w and the kth and lth column in S, 1 < k,l < N, k # I. Show
that the matrices S and S have the same set of eigenvalues.

Exercise 2.21 Use the result of Exercise 2.20 to prove that the condition number of the
(symmetric positive definite) stiffness matrix S, obtained from the discretization of a V-
elliptic operator L, does not depend on the enumeration of the basis functions of the space
Vhop-

P

Exercise 2.22 Write a computer code that turns a sparse matrix represented as an array
S[i)[j], 1 € 4,7 < N, into the CSR sparse matrix format. The numbers 1 < N,NNZ are
input parameters. Assume that exactly NN Z entries in the array S[-|[-] are nonzero.

2.6 IMPLEMENTING NONHOMOGENEOUS BOUNDARY CONDITIONS

The implementation of various types of boundary conditions closely follows the discussion
in Paragraphs 1.2.5, 1.2.6, and 1.2.7. Let us begin with the nonhomogeneous Dirichlet case.
2.6.1 Dirichlet boundary conditions

According to Paragraph 1.2.5, any problem with nonhomogeneous Dirichlet boundary con-
ditions can be treated as a homogeneous Dirichlet problem with an adjusted right-hand side.
Let us stay with the model equation (2.20),

=V - (ayVu) + apu = —(a1u') + apu = f,

a; > 0,a9 >0, f € L*(), in a bounded domain {2 = (a,b) C R, but consider the
nonhomogeneous Dirichlet boundary conditions

u(@) = ga, (2.74)
ud) = gp,
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where ¢,, g» € R. Recall that the solution u is sought in the form

u=U+G, (2.75)

where G € H1(Q) is a Dirichlet lift such that G(a) = g,, G(b) = g, and the new
unknown function U € V = H}(Q). The task is to find a function U € V satisfying the
weak formulation (1.47),

a(U,v) =1(v) forallveV (2.76)
with

a(Uv) = /alU’(x)v’(x) + aoU(z)v(z)dz, U,veV,
Q
l(v) = / f@(x) - a1G () (z) — apG(z)v(z)dz, veEV. (2.77)
Q

Choice of the Dirichlet lift When using the Lobatto hierarchic elements, define G as
a continuous piecewise-affine function that vanishes in all interior elements (Figure 2.27).
In the case of the Lagrange nodal elements choose, for example, a piecewise pth-degree
polynomial function G that vanishes in all interior elements, and that in the elements K
and K's coincides with the appropriate Lagrange functions g,6; o x;{} and g0, © x;{}w ,
respectively.

&,

Figure 2.27 Typical piecewise-affine Dirichlet lift G.

Implementation When using the Lobatto hierarchic shape functions, the Dirichlet lift
G transforms from the mesh element K, to the reference interval K, as follows:

0, 2<m<M-1,
(Gozxg, )(E) =19 Galo§), m=1, (2.78)
gpl1(§), m=M.
The case of the Lagrange nodal shape functions is analogous,
0, 2<m<M-1,
(Goxk,)(§) = 9a01(8), m=1,

g0pt1(€), m=M.
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The values of the Dirichlet lift G at the endpoints of {2 = (a, b) may be stored as described
in Paragraph 2.4.8,

DIR BDY_ARRAY[1] := g,;
DIR_BDY_ARRAY([2] := gy;

Algorithm 2.5 needs to be changed as follows: Whenever a contribution to the stiffness
matrix S is made, a new contribution to the load vector F' appears. For example, the
portion of the code

//Loop over vertex basis functions:
if (m1 > -1) then for j = 1,2 do {
m2 := Elem[m].vert_dof[jl;
if (m2 > -1) then
S[m1] [m2] := S[m1] [m2] + MESI[i][j]/Elem[m].jac;
+ a0xElem[m] .jacxMEMI[i] [j];
} //End of inner loop over vertex functions

needs to be changed to

//Loop over vertex basis functions:
if (ml > -1) then for j = 1,2 do {
n2 := Elem[m].vert_dof[jl;
if (w2 > -1) then
S[m1] 2] := S[m1] [m2] + MESI[i][jl/Elem[m].jac
+ aO*Elem[m] .jac*MEMI[i][§1;
else
Flm1] := F[m1] - DIR_BDY_ARRAY[-m2]*ai*MESI[i][jl/Elem[m]. jac
- DIR_BDY_ARRAY[-m2] *aOxElem[m] . jac*MEMI[i] [j];
} //End of inner loop over vertex functions

and so on. The stiffness matrix S is the same as with homogeneous Dirichlet boundary
conditions.

2.6.2 Combination of essential and natural conditions

Since the incorporation of Neumann or Newton boundary conditions occurs exactly as
described in Paragraphs 1.2.6 and 1.2.7, let us discuss in more detail the case when essential
and natural boundary conditions are combined. Consider the model equation (2.20) in a
bounded domain 2 = (a,b) C R with the boundary conditions

0 /
a—Z(a):—u @ = ga, (2.79)

ud) = g,

where g,, g» € R. The solution u is sought in the form v = U + G, where G € H}(Q) is
a Dirichlet lift satisfying G(b) = g5, and the new unknown function U lies in the space V
defined in (1.65),

V = {ve HY(Q); v(b) = 0}.
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The weak formulation (1.66) then reads

a(U,v) =1(v) forallveV,
where

a(u,v) = /alU'(x)v’(x)+a0U(x)v(x)dx, Uwvev,

~

=
<

N
I

Q

f@)v(z) — a1 G (2)V(z) — apG(z)v(z)dz + go(a)v(a), vEV.
Q
The Dirichlet lift G is defined analogously to the case with nonhomogeneous Dirichlet
boundary conditions, but now it vanishes also at the endpoint where the natural boundary
condition is prescribed (Figure 2.28).

Figure 2.28 Dirichlet lift for combined boundary conditions (2.79).

2.6.3 Exercises

Exercise 2.23 Extend the code from Exercise 2.18 to nonhomogeneous Dirichlet boundary
conditions

u(a) = 4gas
ud) = g,
where g,, g» € R are additional input parameters.

1. For the new boundary conditions recalculate the exact solution u of the problem
—u'" = f using the cubic load function f from Exercise 2.18.

2. Choosea=0,b=1,¢g,=1/2 g5 = L

3. For M = 10 elements which are (A) linear, (B) quadratic, (C) cubic, (D) fourth-
order, (E) fifth-order, produce plots of the error e, , = u — up ,. Plot all the curves
together in one figure using decimal-logarithmic scale.

Exercise 2.24 Extend your code from Exercise 2.23 to nonequidistant meshes.

1. Read the number of elements M together with the coordinates of the grid points
a=1x9 <y <...<xp = bandthe polynomial degrees py,po, ..., pa together
with the other input parameters from an input data file.

2. Verify that the code is correct.
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2.7 INTERPOLATION ON FINITE ELEMENTS

Assume some restricted set of functions C (such as, for example, polynomial, piecewise-
polynomial or trigonometric polynomial functions) in a linear space V and a functiong € V
that does not belong to C. The prototype approximation problem is to find a suitable function
gc € C (approximation of g) such that g. is in some sense close to g. The measure of the
quality of the approximation (abstract distance of g, from g), can be defined as an error
estimate, the norm ||g — g.||v if the space V is normed, or it can be defined otherwise. By
best approximation one means an approximation that minimizes this distance.

Approximation becomes interpolation when the sought function g. € C has to satisfy
some additional constraints. These conditions are formulated generally as

LZ(gC) = b‘Lv Z = 1727- .. 7N(.'7 (2'80)

where L; : V — R are linearly independent linear forms in V' and b1, b2, ..., by, some
given constants.

For example, in the traditional Lagrange interpolation one requires the approximation g,
to coincide with the original function g at some points &1, Zs, ..., Ty, € (2 via the choice

L.(gc) = ge(=),

and defining the constants b; in (2.80) as

b, = g(x,).

There are many natural questions related to the approximation and interpolation: What
assumptions have to be put on V, C and g to ensure the existence and uniqueness of
the best approximation? What conditions must the linear forms L; obey to guarantee a
unique solution of the interpolation problem? What can be said about the error of the
approximation/interpolation?

The analysis is highly nontrivial in the general setting of a basic linear or normed space
V and a general subset C C V. However, the good news is that all important assumptions
on the space V, the set C, and the function g, developed in the framework of the abstract
Approximation Theory, are fulfilled automatically when V' is a Hilbert space and C its closed
subspace.

2.7.1 The Hilbert space setting

Let V = V() be a Hilbert space corresponding to the solved problem, a(-,-) : VxV — R
a bounded V-elliptic bilinear form, [ € V’, and V), ,, a finite-dimensional subspace of V
determined by the finite element mesh 7}, ,,. Consider the continuous problem (2.1),

a(u,v) =l(v) forallve V.
and the discrete problem (2.5),

a(upp,v) =1(v) forallv € V.
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According to Céa’s lemma (Theorem 2.1, Paragraph 2.1.2), the discretization error [ju —
Un,p|lv is bounded by the interpolation properties of the subspace V,,,, C V and the
continuity and V -ellipticity constants Cy,, C¢; of the bilinear form a(-, -),

C C
=5 inf lu—v||v = C—bdiSt(U» Vip)v-

uU—1u <
|| h,P”V - C()l veV) , el

Hence the interpolation properties of the space V4 , are largely responsible for the final
form of the error estimate.

Inpractice we always have a concrete interpolation operator P : V. — V}, , that obviously
satisfies

dist(u, Vi, p)v < |Ju — Pullv.

Hence, for a sufficiently regular function © € V it is our aim to estimate the interpolation
error ||u — Pu||y using some parameters of the mesh 7}, ,, as well as the amount of regularity
of the function . A typical interpolation error estimate has the form

|lu — Pullv < C(u)h™,

where h = max; h; is the mesh diameter and C'(u) is a constant depending on the amount
of regularity of the function w. In addition to its application in error analysis, interpolation
also finds practical use in the finite element technology, when a given function ¢ € V
needs to be represented by a sufficiently close function gy, , € V},,,. Problems of this type
are encountered in the finite element solution of evolutionary problems (to be discussed in
Chapter 5), as well as in multigrid methods, automatic Ap-adaptivity, and numerous other
situations.

2.7.2 Best interpolant

In the Hilbert space setting the question of existence and uniqueness of the best approxi-
mation is trivial. Since V}, , C V is finite-dimensional and therefore automatically closed,
according to Lemma A.39 the nearest representant of a function g € V' in the norm || - ||y
is its unique orthogonal projection g, , = Pg € V}, ,. Theorem A.14 implies that the
orthogonal projection P is defined uniquely via the condition

(g - th}: Uin)V =0 for all 'Uh{p € Vh.p- (281)
With some basis {vy, vz, ..., o5} C Vi p, (2.81) can be rewritten equivalently as
(9—gnp.v)y =0 foralli=1.2..... N. (2.82)
Expressing
N
Ghp = Z Y0y (283)

1=l

and substituting into (2.82), one obtains a system of linear algebraic equations



INTERPGLATION ON FINITE ELEMENTS 95

N
Sy )y = (gvdv, i=1.2,...,N, (2.84)
j=1
for the unknown coefficients y1, y2,.. ., Yn-

B EXAMPLE 2.4

Consider adomain 2 = (-1, 1), covered with a finite element mesh 7}, , = { K1, K>}
consisting of affine elements K; = (—1,0) and Ko = (0,1). Assume the space
V = H(-1,1) related to some problem with homogeneous Dirichlet boundary
conditions. The finite element subspace V}, ,, is one-dimensional, defined as

Vip = {v €V; vk, € P/(Kn). i=1,2}.

m

Let us construct the best approximation g, , € V}, , of the function g(x) =1 — rte
V. In other words, we are looking for a function g;, ,, € V}, , such that

dist(g, gn p) = dist(g, Vi p). (2.85)

The linear system (2.84) reduces to a single equation, which yields the best approxi-
mation gy, ,,

1

—(1+J3), JIGKl,
ghp(T) =

—(I—I), x € Ko,

depicted in Figure 2.29.

.
e

.

Figure 2.29 Best approximation g , € V, , of the function g € V.

Notice that the best approximation g, , does not coincide with the function g at
the grid point z = 0.
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In some cases the construction of the best approximation may be too demanding from
the practical point of view, since the cost of the calculation of gy, ,, is similar to the cost
of solution of the global finite element problem. In such cases the only possibility is to
abandon the optimality requirement (2.85) and find some less expensive interpolant. The
first natural choice is to perform the orthogonal projection locally in elements.

2.7.3 Projection-based interpolant

Piecewise-affine case In the simplest case when all elements K, Ko, ..., K are
affine, the continuity requirement implies that the projection-based interpolant g, , € V3 ,,
be defined as the usual piecewise-affine vertex interpolant,

9np(%5) = gi () = g(x;), 7=0,1..... M, (2.86)

where g5 , |k, € PYKp,) forall K, € T, p. as illustrated in Figure 2.30.

Figure 2.30  Projection-based interpolation reduces to the usual piecewise-affine Lagrange
interpolation on piecewise-affine elements.

Higher-order case On a general higher-order finite element mesh 7} 5, as the reader
may guess, the interpolation problem is decoupled by subtracting the piecewise-affine vertex
interpolant g; v from the interpolated function g. The function g - g v vanishes at all grid
points, and can be projected locally onto the polynomial spaces

P(g)m(Km) = {'U € H(%(Km)v v e PP (K‘"l)}'

In this way one calculates the bubble interpolant gf’w. The resulting interpolant gy, , is then
obtained as a sum of the vertex and bubble parts,

Ghp =9t Ghp (2.87)

Since we are in H} (K. ), either the full H'(K,,)-norm or the equivalent H!(K,,)-
seminorm can be used. The fact that the standard vertex interpolation is combined with the
orthogonal projection on higher-order subspaces is why one speaks about projection-based
interpolation.
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Choose, for example, the H!-seminorm for the projection part. Then the associated
inner product has the form

(D) mi () = ¢ (z)¢ () dz. (2.88)

Km

The orthogonality condition that determines g}, _ is

(9= k) = Ghp V) HI (K, =0 forallv € PP (Kyp). (2.89)
This equivalent to

(9= 95,) ~ 9o I ey =0 k=23, pim, (2.90)

where ﬁfcm), k = 2,3,...,pm, is a suitable basis of P} (K,,). Utilizing the Lobatto
bubble shape functions (2.63) and the reference maps (2.37), this basis has the form

B (@) = bk (@) (2.91)
W (@) = g (@),
H(z) = b, (@ (@)

Expressing now
Pm

Rplin =D oMo,
r=2

and inserting this linear combination into (2.90), one obtains on K, a system of p,,, — 1
linear algebraic equations,

Don
S [ (o) (o) ar= [ o) (047) an k=25
Ky, K,,

r=2
(2.92)
for the unknown coefficients a§7 ", By Substitution Theorem, (2.92) attains on the reference
domain K, a simple form

P

/
Soal [ n@n@a= [ (87 -a5) ©nE e k=23
— Ka Ka
—_—_————
bk
(2.93)
which by the orthogonality of the Lobatto bubble functions yields
/
o™ = /K (g<m> - g >) ) U(€)de, k=2,3,...,pm. (2.94)

a

Here, ) () = g(zx,, (€)) and g0 () = (g}, (2K, (€)) i8I0 (€)g(Hm1)+11(€)g(zm)-
The orthogonality of the Lobatto shape functions is once more advantageous here. If one
used the Lagrange nodal bubble shape functions 8,63, ...,6, from (2.57) instead, the
simplification (2.94) would not have taken place, and a linear algebraic system of the form
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(2.93) would have to be solved on every element K, with p,,, > 2. The projection problem
(2.94) is illustrated in Figure 2.31.

/ )
H, 8-8,,
e84,
v F(K)
7 ’ gZ'p
0

Figure 2.31 Graphical interpretation of the projection problem (2.94).

Lemma 2.5 (Local optimality of the projection-based interpolant) Ler Q = (a,b) C
R be covered with a finite element mesh T, ;, consisting of M finite elements K, =
(Tm—1,Tm) equipped with the polynomial degrees 1 < p,, = p(Kp,). Let g € H' () N
C(Q), gnp € Vu, its projection-based interpolant (2.87) and Gn,, € Vi, an arbitrary
other interpolant satisfying gr »(x;) = g(x;) forall j = 0,1,..., M. Then

|9 — grpli2mm 19— Gnpliek, foralm=1,2,... M, (2.95)
and consequently
lg— gnpli2.0 < 19— dnplion. (2.96)

If the bubble interpolant gz,p is calculated using the full H'-product (-,-)1 9 instead of
(2.88), the inequalities (2.95) and (2.96) hold with the full H -norm || - |[1 2.

Proof: The fact that the bubble interpolant 951, s defined as the orthogonal projection of
9 —gh, € Hi(Ky) onto P™ (Ky,) implies that

b
l9—grplizk, = l(g— gﬁ,p) - gh_p'l,?,K,,,

min —gr Y—w
wEPS””(K,,,)l(g Ihp) — W2k,

< |(g - gﬁ,p) - (gh.p - gﬁ,p”l,?.Km
= |9 Grpli2.K,.-

The integral |g — 9h»1>|%,2 o can be written as a sum

M
2
lg - gh,pﬁ,zﬂ = Z lg — 9h,p|1,2,K,,,-

m=1

Inequality (2.95) finally yields

M M
Z lg — gh,pﬁ,?,K"L < Z lg — gh.pﬁ,Q,K,,L =lg— gh,pﬁ,zsz-
i=1 i=1

Things work in the same way when (2.88) is replaced with the H !-product (-, )1 2. |
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Let us close this paragraph by mentioning that the projection-based interpolation is
significantly more efficient than the full projection from Paragraph 2.7.2. The cost of the
local optimality on the elements K,,,% = 1,2, ..., M, is one numerical integration over K,
in (2.94) when the orthogonal Lobatto hierarchic shape functions are used, or in the worst
case (with a set of nonorthogonal shape functions) the solution of M systems of p,, — 1
linear algebraic equations of the form (2.93).

2.7.4 Nodal interpolant

The last important interpolation technique is the Lagrange nodal interpolation, which is
based on the evaluation of (a) the interpolated function at a given set of nodal points and (b)
a suitable set of interpolation polynomials. Depending on the selection of the nodal points
(such as, e.g., equidistant, Chebyshev, Gauss—Lobatto, Fekete, or other points), one obtains
various variants of the general Lagrange interpolation methods, which produce different
interpolants.

By Lemma 2.5, all Lagrange interpolants are equally or less accurate than the projection-
based interpolant (2.87). On the other hand, their explicit nature with no system of linear
equations solved makes them extremely efficient. The Lagrange interpolation is a special
case of nodal interpolation on general nodal elements, which will be discussed in detail in
Chapter 3. In particular, the question of optimal interpolation points in 2D will be addressed
in Paragraphs 4.3.1 and 4.3.4.

Although the Lagrange interpolation is natural for Lagrange nodal elements and the
projection-based interpolation for Lobatto hierarchic elements, the projection-based inter-
polation can be performed on Lagrange nodal elements and vice versa.

Interpolation conditions Consider an interval K,, = (z5,-1,Zm,m) C §2 C R and
a set of Lagrange nodal points z,_1 = 7" < §5™ < ... < ij(;t:)ﬂ = Z,. Using

the reference maps zg,, : K, — K, from (2.37), define the corresponding points in the
reference domain K, = (—1,1) asy; = x;{i (gjj(-m)). On the element K,,, the interpolation

conditions
Ohp (y§>) =g (yj()> forall 1 < j < pm + 1, Ghp € Vi
are equivalent to
(gnpori, Ny;) = (gozk,)(y,) forall 1 <j<pm+1 gnpozk, € PP (K,).

Hence, the interpolation can be performed elementwise on the reference domain K,. In
practice a unique set of Lagrange nodal points is defined on the reference domain and used
for all elements.

A basic result related to the accuracy of the Lagrange interpolation in the maximum
norm is formulated in the following lemma.

Lemma 2.6 (Error of the Lagrange interpolation) Let —1=y; <y < ... < ypy1 =
1 and g € CP*1(K,). Consider the Lagrange interpolant

pt1

gro(@ = [ [T | gtw)- (2.97)

=1 \ja T Y
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There exists a &, min{—1,z} < £, < max{x, 1}, such that

p+1
9(x) ~ ghp(x) = I (p+1) )9“’“)(6 ). (2.98)

Proof: The result obviously holds if x = y,. Hence suppose x # y, foralll <i < p+1,
and denote

e(z) = g(x) — gn,p(x).

e -w)
p+1 e(x)

Hz 1 JZ - yl)

has p + 2 distinct roots t = xand t = y,, | <7 < p+ 1. The Mean Value Theorem implies

that o'(t) has p + 1 distinct roots. Applying the Mean Value Theorem to higher derivatives

of o, we find that 6P+ (¢) has a single root ¢, € (min{~—1,z}, max{z, 1}), satisfying

+1)!

(+p1—) e(x),
NANCESD)
and (2.98) follows. [ |

The function 3, (x) = Hf+11 x—y;) in (2.98) is the only way the distribution of the nodal
points influences the distribution of the interpolation error. Compare with the projection-
based interpolation from Paragraph 2.7.3, where the interpolation error was independent of
the concrete representation of the polynomial space. Let us look at 5, (x) for equidistributed
nodal points in Figure 2.32.

The function

0= U(p+1)(§y) = 9(p+1)(§y)

015 T T T 001
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1 00005 }
40001
| 00015
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| -00025

Figure 2.32  Error factor 3, (x) for equidistributed nodal points, p = 4, 7, 10, and 13.

From these plots it is clear that the behavior of the error e(x) = g(z) — gn.p(2) is
significantly worse near the endpoints than in the interior. The Lagrange interpolation with
equidistributed nodal points is known to be notoriously bad. In his famous example from
1901, Carl Runge shows that the sequence of Lagrange interpolants g, , with equidistributed
nodal points diverges for otherwise a very nice function g(x) = 1/(1+ 2522) in the interval
(—1,1) as p — oo (for details see, e.g., [62]).
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Chebyshev interpolant The Lagrange interpolant (2.97) based on the nodal points
(2.59) is called Chebyshev interpolant. The error factors 3, for the Chebyshev interpola-
tion with p = 4,7,10 and 13 are shown in Figure 2.33. Compare with Figure 2.32, and

notice the different scales.

1 -001+

-0015
-1

0.00025
d 0.0002 -
000015 |

1 1e-04 |
5e-05 [
0
-5e-05 -
<00001
1 -00c01s F
-00002

. L L -0.00025 L L
-1 05 0 05 1 -1 -05 0 05 1

Figure 2.33  Error factor Bp(x) for Chebyshev nodal points, p = 4,7, 10 and 13.

Before introducing a basic Chebyshev interpolation error estimate, we need the weighted
L2-space

L2 (K,) = {v € L*(K,); v is measurable and |[v||2.,, < oo}

with .
vl = [ @) e (2.99)
-1

where w(z) = 1/v/1 — 22 is the Chebyshev weight function. The norm (2.99) induces an
inner product
1
(U )y = / u(z)v(z)w(z)dx
~1
on L2 x L2 . Further define a weighted Sobolev space

w”"

H(K,) = {w € L2(K,): v € L2 forallk = 1.2... s}

w

with the norm .

s 2
lvlls.2.0 = (Z ||1J(k)||§_“,> .
k=0

Here v‘*) denotes the kth weak derivative of v.

Theorem 2.3 (Chebyshev interpolation error estimate) Let u € H; (K, ) for some s >
1. Let Py be the Chebyshev interpolant based on the N + 1 Lagrange nodal points (2.59).
Then there exists a constant C' independent of u such that
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”u - PNu”Q,w < CN_SHU||5,2,1U~

Proof: See, e.g., [90]. |

Among nodal interpolation schemes, Chebyshev interpolation is very popular due to its
accuracy. More details can be found, e.g., in [5] and [62].

2.7.5 Exercises

Exercise 2.25 Consider a bounded interval (a,b) C R and p + 1 distinct points a = y; <
Y2 < ... < Ypy1 = b. Consider two polynomials f,g € PP(a,b) such that

fy;)=g9(y,) forallj=1,2,....p+1.

Prove that necessarily f = g. Do not use the explicit formula of the Lagrange interpolation
polynomial. Use the maximum number of roots of a polynomial instead.

Exercise 2.26 In 1901, without the help of a computer, Carl Runge presented a famous
example of a divergent series of Lagrange interpolation polynomials on equidistant meshes.
Consider a function

1
) = ———— e K.
9(x) 1+ 25z2° ren

Construct the Lagrange interpolation polynomials

p+1

gh,p(x) = Z g(yj)gj(.m (°E)~

J=1

where 0;“ are the Lagrange nodal shape functions (2.57) corresponding to p+ 1 equidistant
points ~1 = y1 < y2 < ... < yp+1 = 1. Present plots of g, gn p together with the H?-
seminorm of the error ¢ — gn p forp = 2,4,6,8, and 10. You can use a computer.

Exercise 2.27 Consider Exercise 2.26 with p + 1 Chebyshev nodal points (2.59). Again
present plots of g, gn p together with the H-seminorm of the error g—gp p forp = 2,4,6,8
and 10. Compare with the results of Exercise 2.26.

Exercise 2.28 At last consider Exercise 2.26 with the projection-based interpolation from
Paragraph 2.7.3 instead of Lagrange nodal interpolation. Present plots of the projection-
based interpolants gy, ,, of the function g in the spaces PP(K,), where p = 2,4 and 6.
Use mesh containing a single element K, = (—1,1). In all three cases calculate the
H1-seminorm of the error g — gp, ,. Compare with the results of Exercises 2.26 and 2.27.
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CHAPTER 3

GENERAL CONCEPT OF NODAL
ELEMENTS

The reader knows from Chapter 2 the nodal and hierarchic concepts in the FEM. In the
following we discuss in detail the nodal concept, which is both historically older and more
suitable for an introduction. The strong side of nodal elements is their extremely general
definition of degrees of freedom via linear forms, which attows for a very fast interpolation
and makes these elements applicable to a large variety of problems in various spaces of
functions.

3.1 THE NODAL FINITE ELEMENT
Let us return for a moment to the one-dimensional Lagrange nodal element K = (a, b) of
the degree p, equipped with p + 1 nodal points @ = y; < y2 < ... < yp+1 = b. The

corresponding polynomial space on the element is P = P?(K). For every nodal point y;,
one can define a mapping

Ly:geP —gy;) €eR. (3.1)
This functional is linear since
Li(g+g)=1(9+9)y;) = gly;) +3(y;) = L;(9) + L;(9)

and
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Lj(ag) = agly,) = aL,(9).

forall g,g € Pandall « € R. Hence L, are linear forms and they belong to the dual space
P’. The number of the linear forms L; is equal to the dimension dim(P) = p + 1.

In Paragraph 2.4.4 we designed a basis of PP(K) consisting of Lagrange nodal shape
functions 81,85, .. ., 8,41 that satisfied the delta property (2.56),

0i(y;) = Lj(6:) = b, (3.2)

Here é;, is the Kronecker delta (6,, = 1 if ¢ = j and 6;, = 0 otherwise). General nodal
elements are defined by replacing the interval K with a general bounded domain K € R¢
and by extending the Lagrange linear forms (3.1) to general linear forms

L, :P—-R.
A classical book on nodal elements is [30].

Definition 3.1 (Nodal finite element) Nodal finite element is a triad K = (K.P.%),
where

e K is a bounded domain in R® with a Lipschitz-continuous boundary,
e P is a space of polynomials on K of the dimension dim(P) = Np,

o X ={Ly,Ly,...,Ly,} is a set of linear forms
L:P >R i=1.2,....Np.

The elements of & are called degrees of freedom (DOF).

In most cases it is clear from the context what finite element X is associated with a
domain K. Then the set K itself often is called finite element, as we did in the previous
chapter, and as we shall occasionatly do in what follows.

3.1.1 Unisolvency and nodal basis

The one-dimensional Lagrange nodal points y1, y2, . . . , y,+1 were chosen pairwise distinct
in Paragraph 2.4.4 in order to ensure that on every element K, any set of p + 1 given
numbers g1, g2, - . ., gp+1 identifies a unique polynomial ¢ € PP(K) with the property

9(y1) = 91,9(y2) = g2+ 9(Yp41) = Gpt1-
This requirement guarantees that the vector of computed coefficients,

Y = (yl-,yQ ..... yN)T — S—IF.

where S is the stiffness matrix and F' the load vector, identifies a unique piecewise-
polynomial function

N
Up.p = § YU € Vh.p~
i=1
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Here v1,vg,...,vn is a basis of the space V4, 5, and uy, 5, is the solution to the discrete
problem. In the context of general nodal elements, the generalization of this property is
called unisolvency:

Definition 3.2 (Unisolvency) A nodal finite element (K, P, %) is said to be unisolvent if
for every polynomial g € P it holds

Li(g) =Ls(g)=...= Ln,(g) =0 = g=0.

Lemma 3.1 Let (K, P, %) be a unisolvent nodal element. Given any set of numbers {g1,
G2 - GNp } € RYT where Np = dim(P), there exists a unique polynomial g € P such
that

Li(g) = g1, L2(g) = g2.--. Lnp(9) = gne- (3.3)
Proof: Left to the reader as an exercise. |
Unisolvency is characterized by a generalization of the delta property (3.2):

Definition 3.3 (Nodal basis) Let (K, P, ), dim(P) = Np, be a nodal finite element. We
say that a set of functions B = {61,8,,...,0n,} C P is anodal basis of P if it satisfies

LL(HI) = 61']' forall 1< Z‘] < Np. (34)
The functions 6; are usually called nodal shape functions.

Theorem 3.1 (Characterization of unisolvency) Consider anodal finite element (K, P, ),
dim(P) = Np. The finite element is unisolvent if and only if there exists a unique nodal
basis B = {61,62,...,0n,} C P.

Proof: First let us consider a unisolvent finite element and construct a unique nodal basis
B={6,0,,...,0n,}. Begin with any basis {g;, g2.. .., gn,.} C P. Expresseach sought
functiond;,j=1,...,Np,as

Np
0, = arg. (3.5)
k=1
Condition (3.4) implies
Np Np
b, = L,(6,) = L; (Zamgk> =Y "Li(g)ar;, 1<i,j<Np,  (36)
k=1 k=1
which yields a system of Np linear equations for each j. Putting together the Np linear
systems related to 81,69, ..., 6y,, one obtains a matrix equation
LA=1. (3.7)

Here L = {Li(gk)}f\_/ +_, is a generalized Vandermonde matrix, I the identity matrix,
and the matrix A = {ay; },{Vj’zl contains in its columns the unknown coefficients of the

functions 81, 6,,.. ., 0n, ., respectively.
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Let us verify that the matrix L is invertible: If the columns of L were linearly dependent,
there would exist a nontrivial set of coefficients by, by, ..., by, such that

O_ZbkL (g%) (Zb;\g;\> foralli =1,2,..., Np. (3.8)

However, this is in contradiction with the unisolvency assumption. Therefore L is nonsin-
gular and the functions 61, 6,, ... ,8y, form a basis in P.
Conversely, let B = {61,6,....,0y, } be anodal basis of the space P. Assume that

Li(g)=La(g)=...=Lnp(9) =0

for some function g € P. Express

Np
9=> 79
1=1

Since
Np
0=Li(g)=L | Y 0, | =w foralli=1,2,...,Np,
j=1
we conclude that g = 0 and thus the finite element is unisolvent. |

3.1.2 Checking unisolvency

Theorem 3.1 describes how to check the unisolvency of an arbitrary nodal finite element
(K,P,Z):

o Consider an arbitrary basis {g1,g2,....gns} C P.

o Construct the generalized Vandermonde matrix

L={L, (gk)}zkl

e If L is invertible, then the element is unisolvent, and moreover L ™! has in its jth
column the coefficients ay,, & = 1,2,..., Np, which define the jth nodal basis
function §; via (3.5).

e If the matrix L is not invertible, then the element is not unisolvent.
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H EXAMPLE 3.1 (A nonunisolvent element)

Usually one deals with unisolvent finite elements. Therefore, let us show at least one
example of a nodal finite element which is not unisolvent. Consider the polynomial
space

Q' (K,) = span{1,&;,&2, 6162}

in the square domain K, = (~1,1)2. The set & comprises four linear forms L; :
Q'(K,) — R, associated with function values at the edge midpoints [—1,0], [1,0],
[0,~1],and [0,1],

Li(g) = g¢(-1,0),
Ly(g) = ¢(1,0).
Ls(g) = g¢(0,-1),
Li(g) = g¢(0,1),
as shown in Figure 3.1.
ézA
I
K .
4 :
. 0=
| J

Figure 3.1 Nonunisolvent nodal finite element consisting of a square domain K, polynomial space
QY (Ky) = span{l,£1, €2, €162} and linear forms associated with the values at edge midpoints.

The generalized Vandermonde matrix L = {L;(g,)}?,_; corresponding to the

functions gy (€) = 1, ga(€) = &1, ga(€) = &2 and gs(€) = &6,
1 -1 0 0
1 1 0 0
L=1, -1 0 |
1 0 1 0

is singular.

3.2 EXAMPLE: LOWEST-ORDER Q'- AND P-ELEMENTS

The unisolvency of the nodal finite element from Example 3.1 can be fixed by replacing the
edge midpoints with vertices. In this way one obtains the basic and most frequently used
lowest-order element for H-problems on quadrilateral meshes in 2D: the Q!-element.
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3.21 Ql-element

The reference square domain K, = (—1,1)? is endowed with the polynomial space

Q' (K,) = span{1,£&1, 2,626} (3.9)
The set of degrees of freedom £, = {Lj, Ly,..., Ly} consists of the linear forms L; :
Q'(K,) — R,
Li(g) = g(v1), (3.10)
La(g) = g(v2),
Ls(g) = g(vs),
Li(g) = g(va).
as illustrated in Figure 3.2.
Vs ézl\ vy
1 ey
e, K,
R IE
él
€2
€3
v, -7 v,

Figure 3.2 Q!-element on the reference domain K.

Lemma 3.2 The finite element (K, Q! (K,),%Z,) is unisolvent, and the nodal basis of the
space Q' (K,,) consists of the biaffine shape functions

(1-&1)(1 —&)

T G 311
o) = L&)
epie) = UZ8rE)
o = Lrre)

Proof: Since the generalized Vandermonde matrix

-1 -1 1
1 -1 -1
-1 1 -1
1 1 1

L= {Li(g)}is =

O ey
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is nonsingular, the element is unisolvent. According to Theorem 3.1, the nodal basis (3.11)
is obtained by inverting the matrix L. It is easy to verify that the nodal shape functions
satisfy the delta property (3.4). |

Since K, = K, x K,, the nodal shape functions (3.11) are Cartesian products of the
one-dimensional lowest-order Lagrange shape functions §; and 8 (same as [p and /1 in the
Lobatto hierarchic case):

vy (§) 01(£1)01(&2) = lo(&1)l0(&2), (3.12)
02 (8) = 02(81)0:1(&2) = 1 (&1)lo(E2),
92 (8) = 01(&)02(&2) = lo(&1)l1(62),
0 () = 02(61)02(82) = Li(&1)1(&2)-

Q'-element on a convex quadrilateral K Consider an arbitrary convex quadrilat-
eral domain K C R? with straight edges s1, 89, . .., 84, illustrated in Figure 3.3.

XZA

Figure 3.3 Q!-clement on a quadrilateral domain K C R

The Q'-element on K is defined using the Q*-element on the reference square domain
K, and a suitable reference map ¢ i : K; — K. Anatural choice is the isoparametric map,
defined as a linear combination of the nodal shape functions (3.11) with the coordinates of
the vertices x;,

4
Ti() =D Tiph(€). (3.13)
=1

Since the Substitution Theorem is involved in the finite element discretization (this will
be discussed in Chapter 4), the reference map = g (§) must be a bijection. However, the
question of invertibility of (3.13) is not trivial. We will study this topic in Paragraph 3.2.3.

Remark 3.1 Elements where the same shape functions are used for the approximation and
Jor the construction of the reference maps, like in this case, are called isoparametric. The
map x i is called isoparametric reference map. The coefficients x; are called geometrical
degrees of freedom (GDOF). The map (3.13) can be generalized to quadrilateral elements
with curved edges by adding terms corresponding to higher-order shape functions (see,
eg., [111])
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Proposition 3.1 The isoparametric reference map (3.13) satisfies

c(vy)) =z, forali=1,2,...,4, (3.14)
where v, are the vertices of the reference square domain Kg, and

Tr(e)=s, foralli=12..4, (3.15)

where e; are the edges of K.
Proof: The relation (3.14) follows from the delta property (3.4),
g (v,) =6&; foralll <i 5 <4,

and (3.15) holds due to affinity of the shape functions !, @2, . . ., ¢3* on the edges of the
reference domain K. u

The design of the finite element (K, Q'(K),Zk) in the sense of Definition 3.1 is ac-
complished by defining the space

QYK) = {qozy!; g € Q1 (Ky)}. (3.16)

and the set X g consisting of four degrees of freedom L§K> (QYK) - R,

1 (g) = glx), (3.17)
L9 = gza),
L) = g=s),
L9 = glaa).

Proposition 3.2 The finite element (K, Q'(K), ) is unisolvent, and the shape functions
pR@) = (ppozy)(x), 1<i<4, (3.18)

constitute a unique nodal basis of the space (3.16).

Proof: This is left to the reader as an exercise. |

Remark 3.2 Notice that the inverse of a polynomial map generally is not polynomial (e.g.,
z% vs. \/z), and therefore it is not obvious whether Q*(K) is a polynomial space or not.
This will be discussed in Paragraph 3.2.3.

3.2.2 Pl-element

The natural counterpart of the Q'-element on triangular meshes is the P!-element, some-
times called Courant triangle in honor of Richard Courant, a former assistant to David
Hilbert. R. Courant first used a numerical scheme that we would call the Finite element
method in 1943 to solve a torsion problem. His work was based on his previous results with
Hurwitz and Hilbert in the 1920s. R. Courant was forced to leave Europe during the World
War II. At the New York University he founded a new Institute of Mathematical Sciences,
which since 1964 carries his name. The name “Finite element method” appeared in the
1960s.
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Figure 3.5 P!-element on the reference domain K, with the nodal points at its vertices.

Consider the triangular reference domain K; shown in Figure 3.5. Alternative reference
domains may be used, but K, has certain advantages which will be discussed later.

The domain K} is equipped with the polynomial space

Pl(Kt) = span{l,§1,§2}.

The set of degrees of freedom £, contains the linear forms L; : P! (K:) — R,

Li(g) = g(v1), (3.19)
Ly(g)
Li(g) = g(vs).

I
L
—~

<
3
Nl
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The element (K, P'(K;),Z;) is evidently unisolvent and the corresponding nodal basis
consists of three affine functions

e = -2 (3.20)
1

o) = —,
1

g = 8

It is easy to verify that these shape functions meet the delta property (3.4) with the linear
forms (3.19).

Pl-elementon an arbitrary triangle K  Next consider an arbitrary triangular domain
K C R? with the vertices 1, Z,, Z3 and straight edges s;, 59, 53, as shown in Figure 3.6.
oA

X3

Xz

X
1

Figure 3.6 P!-element on a triangular domain K ¢ R? with straight edges.

The isoparametric reference map ¢ : K; — K is defined analogously to (3.13),
3
T(§) =) ®p} (£), 321
=1

where " are the nodal basis functions (3.20).

Proposition 3.3 For any nondegenerate triangle K C R?, the isoparametric reference
map x  is invertible, and the inverse map w}l : K — K is affine.

Proof: Since the map x is affine and the triangle K nondegenerate, the Jacobian Jg
is a nonzero constant. Therefore also the Jacobian of the inverse map, J ;{1, is a nonzero
constant. This means that the inverse map w;{l is affine. |

Proposition 3.3 yields that the space

PYK)={qoxy"; g€ PH(K,)} (3.22)
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is polynomial. The definition of the finite element (K, P}(K), k) is accomplished by
defining the set of degrees of freedom % g using the linear forms Ll(-K) : PHK) - R,

L¥g) = g(=0), (3.23)
L) = g(=),
L) = g(z3).

Proposition 3.4 The shape functions

Ua

eixl@) = (o ozg)(@), 1<i<3, (3.24)

constitute the unique nodal basis of the space (3.22), satisfying the delta property (3.4) with
the degrees of freedom (3.23).

Proof: This follows easily from Definition 3.3. |

The application of the Q!- and P!-elements to the discretization of two-dimensional
problems formulated in the Sobolev space H' will be described in Section 4.1.

3.2.3 Invertibility of the quadrilateral reference map i

The invertibility of reference maps for nonsimplicial elements always is a nontrivial issue
in the finite element analysis. The question of invertibility of triaffine hexahedral reference
maps, for example, has not been completely resolved yet. The situation is simpler in the
quadrilateral case, where it is known that the Jacobian Jx of the isoparametric reference
map (3.13) is nonzero in K, if and only if the domain K is nondegenerate and convex. To
our best knowledge, this result was first proved in [113]. Let us present a slightly different
version of the proof here.

Lemma 3.3 The Jacobian Jx (€) of the biaffine isoparametric reference map (3.13) is
an affine function. In particular, its minimum over K, is attained at one of the vertices
V1,V2,...,V4.

Proof: Let the vertices of the mesh quadrilateral K be denoted by 1 = (z1,y1), %2 =
(x2,92),--., x4 = (4,ys) (in harmony with Figure 3.3). Use the functions (3.12) to write
the isoparametric reference map (3.13) in the form

Tk ( g ) = ( zll )10(51)10(52) + ( zj >11(§1)10(§2)

+< o )zo(&)zl(&) ; ( i )h(&)h(&)-

Further in agreement with Figure 3.3 denote (ui,v1) := x3 — @1, (U2, v2) 1= &4 —
T, (uz,v3) 1= T2 — X1, (Ug,v4) = T4 — 3. Recall the lowest-order one-dimensional
Lobatto shape functions 5(§) = (1 — &)/2 and [1(§) = (1 + £)/2, and use the identity
11(&) + (&) = 1tocalculate

$K< g ) = < Zj :233 >10(§1)10(§2)—< Z: )lo(él)‘< Zj )lo(§2)+< z: )

The Jacobi matrix of x g has the form

%(E) _ 1 < (ug —uz)lo(&) —us (g —uz)lo(&1) — uz )
D¢ 2\ (va—w3)lo(§o) —vs  (va—v3)lo(&1) —v2 )
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which means that its determinant,

(ugvg — ugug)l1(&2) + (usva — ugvz)lo(€2) + (usvs — uzvs)lo(&1)
4 A

Jk(§) = (3.25)

1s an affine function. |

Theorem 3.2 Let K C R? be a nondegenerate quadrilateral with straight edges. We
assume the ordering of the vertices shown in Figure 3.3. The Jacobian Ji (&) of the
isoparametric reference map (3.13) is positive in the reference domain K if and only if K
is convex.

Proof: Rewrite (3.25) using the cross-products of the edge vectors s9, s3 and s4 as

(84 X 82)l1(§2) + (53 X 82)l0(§2) + (54 X 83)l0(£1)

Jr () = :
() ;
At the vertices vy, va, . . ., U4 the Jacobian Jg attains the values
J ) L X L X L X
v = —(s- Z = _
Kx(v1 4(83 82)+4(84 s3) 4(83 51).
1
Jr(vy) = 21(83 X 82),
Jr(v3) 1(s ><s)+1(s X 83) 1(s><
v N - W) = =
Kx(v3 (84 % 82) + (84 x 53) = (84 s1),
1
JK(’U4) = 21(54 X 52).

By Lemma 3.3, the minimum of Jg (£) in K is one of these four values. All of them are
positive if and only if the mesh quadrilateral K is convex. |

Corollary 3.1 Even for a convex quadrilateral element K € Iy, , with straight edges, the
inverse w}l of the isoparametric biaffine reference map (3.13) generally is not polynomial.
In particular, the space Q* (K defined in (3.16) is not a polynomial space.

This can be seen after expressing the inverse map explicitly, via a formula containing
square roots (see, e.g., [113]). In special cases, when K is the Cartesian product of two
intervals, both the reference map x i and its inverse w,}l are affine.

3.3 INTERPOLATION ON NODAL ELEMENTS

The interpolation on finite elements is a procedure that takes a function g € V() and
produces its suitable piecewise-polynomial representant in the finite element space gy, ,, €
Vhp(€2). Here by (1) we mean a suitable open polygonal domain that approximates the
domain €2 for the purposes of the finite element discretization (more about this will be said
in Chapter 4). Various interpolation techniques with different quality and computational
cost can be used, ranging from the fastest fully explicit interpolation to the full orthogonal
projection where a system of NV linear algebraic equations, N = dim(V}, ;), is solved (see
Section 2.7). Among these approaches, the fully explicit interpolation is typical for nodal
elements.
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3.3.1 Local nodal interpolant

Recall the Lagrange nodal interpolation on the one-dimensional element (K, P, £) from
Paragraph 2.7.4,

Np
9% = 9(v.)b:, (3.26)
i=1

where K = K, = (-1,1), P = PP(K,), g € H(K,), g € P and 6; are the La-
grange nodal shape functions (2.57) forming a basis of P. Using the linear forms (3.1), the
interpolant (3.26) can be written as

Np
9% =Y_Li(9)6:- (3.27)
1=1

This is a bridge that extends the one-dimensional Lagrange interpolation to the interpolation
on general nodal elements:

Definition 3.4 (Local nodal interpolant) Let B = {6,,62,...,0y, } be the unique nodal
basis of a unisolvent finite element (K, P,X). Let g € V, where P C V, be a function for
which the values L1(g), L2(g), ..., L, (g) are defined. Then the local nodal interpolant
is defined as

Ik(g) = Y _ Li(9)b:- (3.28)

Remark 3.3

1. The requirement that all the values L (g), Lo(g), ..., Ln,(g) be defined is impor-
tant. Since the linear forms L; are defined for polynomials from the finite element
space P only (see Definition 3.1), there exist functions outside of P that cannot be
interpolated.

2. Further, notice that it follows from the linearity of the forms L, that the interpolation
operator Ly -V — P s linear.

Next let us discuss basic properties of nodal interpolants:

Proposition 3.5 Let (K, P, ) be a unisolvent nodal finite element and Tk (g) the nodal
interpolant of a functiong € V, P C V. Then

L.(Tk(g)) = Li(g), 1<t < Np.
Proof: It follows immediately from Definition 3.4 and (3.4) that

Np Np
Li [ Y Li(9)8; | =Y Ly(g)L.(6;) = Li(g).
j=1 7=1

Proposition 3.6 Let (K, P, X) be aunisolvent nodal finite element. The nodal interpolation
operator Ly is idempotent,
1% = Ikg.
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Proof: 1t follows immediately from Proposition 3.5 that
Ik(g)=g forallge P.

Let P C V. Forall g € V such that Tx(g) is defined, we have

Ir(Ik(g)) = Ik(g),
"
ep

which had to be shown. |

B EXAMPLE 3.2

Consider the Q'-element on the reference square domain K, = (—1,1)? and the
function

9(@) = (z1 — D’ (@1 + 1) = 2122(z0 + 1) € HY(K,).

The values Li(g), L2(g),. .-, La(g) (function values of g in the corners of K ) are
defined. Hence the nodal interpolant Z(g) exists, and using the nodal basis functions
g+ from (3.11), we obtain

I(g) = 9(=1, - D¢ (&) + 9(1, = Dpg® (®) + 9(=1, Dpg* () + 9(1, gy’ ().

The functions g and Z(g) are depicted in Figure 3.7.

Figure 3.7 The interpolated function g € H'(K,) and the nodal interpolant Z(g) € Q' (K).

3.3.2 Global interpolant and conformity

The form of the local nodal interpolant determines the conformity of finite element meshes
consisting of such elements to the space of functions where the underlying PDE is solved.
Before discussing the conformity, we have to be more specific about the shape of the meshes
we consider:

Definition 3.5 (Regular mesh) Let Q, C R? be an open bounded domain with polygonal
boundary, and Ty, , a partition of Yy, into a finite number of open polygonal subdomains
Kl, Ko, ..., Kp, such that

M
UK =
=1
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and K;NK; = 0 ifi # j. Atwo-dimensional finite element mesh Ty, ,, is said to be regular
if every nonempty intersection of K; N K ;, 1 # j, can either be a whole shared edge or a
single shared vertex. In 3D this holds analogously with faces, edges and vertices.

In the following we assume a regular finite element mesh 7}, ,, consisting of unisolvent
nodal finite elements K1, Ko, ..., Ky,

‘PZ(I(Q)CV(Q}L”KI foralli=1,2,..., M.

Definition 3.6 (Global nodal interpolant) The global nodal interpolant Z(g) of a function
g € V() is defined as

I(9)|k, =Ik,(g) foralli=1,2,... .M,

where Iy are (local) nodal interpolants corresponding to the finite elements K1, Ko, .. .,
K.

The global nodal interpolant is obtained by constructing the local nodal interpolants sep-
arately in all elements in the mesh. Since the local interpolation procedures are decoupled,
one can expect that the implication

geV = I(geV (3.29)

may not always hold. This is illustrated in the following example.
B EXAMPLE 3.3

Consider a pair of adjacent piecewise-affine elements K = (—1,0) and Ko = (0, 1).
For completeness let us mention that the corresponding polynomial spaces are P; =
PI(KI) and P, = P! (K), and the sets of degrees of freedom £; and £, comprise
the linear forms

LPg) = g(-1),
LG = g(0),
LP(g) = ¢(0),
LPg) = g(1).

respectively. Itis easy tocalculate (or see)that By = {—z,z+1}and By = {1—z,z}
are the unique nodal bases of the elements K| and K.
Let us construct, for example, the global interpolant Z(g) of the function

gz)=2% €V,

where V = H'(—1,1). The local interpolants in the elements K and K> have the
form
Ik:(9) = 9(=1)(~2) + 9(0)(z + 1) =z
and
Tk>(9) = 9(0)(1 — x) + g(1)(z) = =,
respectively, and thus the global interpolant Z(g) = z € V. The situation is depicted
in Figure 3.8.
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XZA

’

-1
Figure 3.8 The implication (3.29) holds: the global interpolant Z(g) lies in V.

Next define another pair of nodal elements with the same domains and polynomial
spaces, but change the linear forms to

LPg) = g(-2/3),
LPg) = g(-1/3),
L) = g(1/3),
L(g) = g(2/3),

respectively. The new nodal bases are B; = {—3z — 1,3z + 2} and By = {2 —
3z,3x — 1}. It can easily be calculated that the new local interpolants of the function
g(x) = z* have the form

Tio(9) = 0(-2/3)(~32 — 1) + g(~1/3)(32 +2) = 1z + -

and
7 2
Tralg) = 9(1/3)(2 = 32) + 9(2/3) (32— 1) = <z - =.
In this case the global interpolant Z(g) is discontinuous and thus it does not lie in V.

This is depicted in Figure 3.9.

Example 3.3 suggests that condition (3.29) is important for nodal elements. Since point
values of functions are generally not defined in Sobolev spaces (see Section A.4.4), it is
practical to weaken condition (3.29) to hold in their dense subspaces only:

Definition 3.7 (Conformity of finite elements) A finite element mesh T, , is said to be
conforming fo the space V if there exists a dense subspace W C V such that

I(g) €V forallge W. (3.30)

Recall, for example, that the space of continuous functions C (ﬁh) i1s dense in the Sobolev
space H1(Qy,).

Remark 3.4 Conforming elements are used more frequently than the nonconforming ones,
since they better fit into the Galerkin framework. However, in special applications such as
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-]
Figure 3.9 The global interpolant does not lie in the space V.

capturing of discontinuities or satisfying divergence or other constraints, nonconforming
elements may perform better than the conforming ones. The Discontinuous Galerkin (DG)
methods, for example, nowadays are very popular in computational PDEs.

3.3.3 Conformity to the Sobolev space H'!

Conformity requirements of the Sobolev space H'! are formulated in the following lemma:

Lemma 3.4 (Conformity requirements of the space H'(Q)) Consider a bounded do-
main Qp, C R? covered with a finite element mesh T, ,. A functionv : Q, — R belongs to
HY(Qy,) if and only if

1. v|g € HY(K) for each element K € Ty, ,,

2. for each common face f = K1 N Ko, K1, K2 € Ty, the trace of v| g, and v|k, on
[ is the same.

Proof: For this proof we need to review some terminology related to weak derivatives
(Paragraph A.4.2): By D(£2) we denote the space of infinitely smooth functions with
compact support in £, (distributions over £2),

D) = {p € C5°(Q2n); supp(p) C Qn},

where the support of a function ¢ : €1;, — R is defined by

supp(p) = {x € Qn; p(x) # 0}.

Recall that since £}, is open and supp(¢y) closed, the support cannot touch the boundary

3Qy,. In other words, there must be a belt along the boundary 3¢, where ¢ vanishes. We

use the symbol D7 (v) for dv/dz; in the sense of distributions (see Definition A.56).
Using /., define the functions w; € L*(Q,),j = 1,2,... d as

w;|k = D (v|k)

forall K € Ty, ,. We will show that v € H'(Q}) by verifying that w; = D7v.
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Using Green’s theorem (Theorem A.29), for every ¢ € D(£;,) we obtain

/ijw— Z /wj/ = Z/ (v|x DJ¢+Z/ VKV K 5,

KeTy,

where v g is the outer unit normal vector to K. Since ¢ vanishes on 9Q, and v, =
—V g, = v on the common face f, by 2. we have

/ wip = _/ vD7p + Z /(U|K1 “17|K2)(Puj
Qp Qp f

f.f=K1NK32.K1,K2€Th ’
—/ v,
Qp
and thus w; = D7v.

Conversely, if we assume that v € Hl(Qh), it follows at once that /. holds. Using
further w; = DJv, we obtain that

3 /f(vm ul)pv, =0

ff=K1NK2,K1.K2€Tn

forall p € D(Q).j = 1,2,...,d. Hence, 2. is satisfied. |

The conformity of meshes consisting of Lagrange Q- and P!-elements to the Sobolev
space H! will be discussed in Chapter 4. Let us close this chapter with the discussion of
equivalence of nodal elements.

3.4 EQUIVALENCE OF NODAL ELEMENTS

Let us return to the one-dimensional Lagrange nodal elements for a moment again. Assume
the reference domain K, = (—1,1) and p + 1 disjoint points —1 = y; < o < ... <
Yp+1 = 1. The polynomial space has the form P = PP(K,) and the degrees of freedom
are defined as L;(g) = g(y:),1=1,2,...,p+ 1 forallg € P.

Consider another interval Kc ]R connected with K, through the affine reference map
237,z : Ko — K. We construct the Lagrange element (K, P Z) by defining new

nodal points g1, ¥2,...,¥p+1 € K, %, = T (y:), new polynomial space P,
P={gozzlige P},

and a new set of degrees of freedom s,

L,(§) = §(3;) forall§ € P.

The affinity of the map z ;. implies that P= PP(K' ). The degrees of freedom are invariant

under the map & : P — 15,
B(g) =gozz’,

in the sense that g(y;) = g(x 4 (y:)). This means that

Li(g) = Ly(®(g)) forallge P, (331
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and we say that the Lagrange elements are equivalent under the map é. Since the underlying
reference map x j; is affine, sometimes one talks about affine-equivalence. The preserva-
tion of the degrees of freedom (3.31) allowed us to perform the complete finite element
discretization on the reference interval K, in Chapter 2. The next definition extends the
notion of equivalence of one-dimensional Lagrange elements to general nodal elements:

Definition 3.8 (Equivalence of nodal elements) Assume a pair of nodal finite elements
(K,P.%), & = {L1,Ly,...,Ln,} and (K, P,%), ¥ = {L1,Ly,..., Ly, }. Let ®:
P — P be a bijection. We say that the elements are equivalent if

P =3d(P) (3.32)

and if the degrees of freedom satisfy

L.(g) = L,(®(g)) forallge P and i=1,2,... Np. (3.33)

Notice that condition (3.32) includes the existence of a spatial bijectionz ; : K — K.
B EXAMPLE 3.4 (Equivalence of Lagrange elements on simplices in R?)

Let (K, PP(K), %) and (K, PP(K), £) be a pair of unisolvent Lagrange nodal ele-
ments on simplices (i.e., K and K are intervals in 1D, triangles in 2D or tetrahedra
in 3D). Then there exists a bijective affine map z; : K — K. The elements are
equivalent if and only if the nodal points in X and K are compatible under .

H EXAMPLE 3.5 (Elements containing DOF associated with derivatives)

Elements containing derivatives as DOF usually are not equivalent. Let us demon-
strate this using a simple one-dimensional example. Consider two bounded intervals
K = (a,b) and K = (&, b) of different lengths |K | and |K|. Define a nodal element
(K, P, %) using the space P = P!(K) and the degrees of freedom

Li(g) = g(a), La(9)=g(h), g€P

Analogously the nodal element (K, P, %) is equipped with the space P = P(K)
and the degrees of freedom

Li(g) =§@), Lag =g'(h), geP

The situation is depicted in Figure 3.10.

x A
2
- A
e e e ¢ {1 o
a g b a K b x

Figure 3.10 A pair of one-dimensional finite elements which are not equivalent: the black circles
stand for DOF associated with function values and the arrows indicate DOF related to the derivatives.
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Let zx : K — K be an affine reference map. Because of the presence of the
Lagrange degrees of freedom L; and L; the linear operator & : P — P from
Definition 3.8 must have the form

B(g) = gory

Then Li(g) = il(q)(g)) for all ¢ € P. However, for the degrees of freedom Lo and
L, it holds

i 5 = Kl

Ly(®(g)) = §'(b) = |R|g’(b) 7 9'(b) = La(9),

and thus these elements are not equivalent.

3.5 EXERCISES

Exercise 3.1 Prove Lemma 3.1.

Exercise 3.2 Prove Proposition 3.2.

Exercise 3.3 Prove Proposition 3.3.

Exercise 3.4 Prove Proposition 3.4.

Exercise 3.5 Write the explicit form of the affine inverse map wl_\,l from Proposition 3.3.

Exercise 3.6 Construct the explicit formula for the inverse of the biaffine map x g : K4 —
K, corresponding to a convex quadrilateral with straight edges, whose nonpolynomial
character was discussed in Corollary 3.1.

Exercise 3.7 Consider a regular finite element mesh T, ,, over a bounded domain ), C R?,
consisting of a family of Q*-elements constructed using the master Q!-element on the
reference domain K, and the reference maps (3.13).

1. Is the finite element mesh conforming to the space H* (§2,)? Show in detail.

2. Show that Q'-elements are equivalent under the map (3.13).

Exercise 3.8 Consider a Lagrange PP-element on the reference triangular domain K;.
The polynomial space P is defined as P = span{ziz}; 0 <i+j < p}, p > 1, and the set
of degrees of freedom X consists of Np = (p + 1) (p + 2)/2 linear forms L1(g) = 9(yy,;),
where the Np nodal points y,, are defined by

Yy =(-1+2k/p,-1+2l/p) k=0,1,...,p;1=0,1p—k.
1. Check the unisolvency of this finite element.

2. Construct the corresponding nodal basis.

3. Consider a mesh T, ;, consisting of a family of PP-elements obtained using the master
PP-element on the reference domain K, and the affine reference maps (3.21).
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(a) Does this mesh conform to H'? Show in detail.

(b) Show that Lagrange PP-elements are affine-equivalent under the map (3.21).

Exercise 3.9 Consider a nodal finite element (K, P,X) on the reference square domain
K, with P = span{1, z1, 2, 22 ~ 23} and ¥ = {L1, L2, L3, Ly}, where

Li(g) = g(-1,0),
Ly(g) = ¢(1,0),
L3(g) = g¢(0,-1).
Ls(g) = g(0,1).

. Check the unisolvency of this finite element.
. Construct the corresponding nodal basis (if relevant).

. Write the formula for the local element interpolant Tk (g), and apply it to the function
g(x) = cos(m(z1 + x2)) € H*(K,). Present plots of both g and Tk (g).

. Consider a finite element mesh Ty, ,, consisting of a family of such elements obtained
using the reference maps (3.13).

(a) Are these elements equivalent under the map (3.13)?

(b) Does the mesh Thm conform to the space Hl(Qh) ? Show in detail.

Exercise 3.10 Consider a nodal finite element (K, P, 2) on the reference square domain
K, with P = span{l,z1,z2,27 — 3} and & = {Ly, Lo, ..., L4}, where

1
Li(g) = /9(—1~$2)d$2~

-1

1
Lo(g) /_ g(1,z2) dxo,

1

1
/ g(xl,—l)dxl,

1

L;(g)

1
L4(g) = /; g(xl,l)dxl.

1
. Check the unisolvency of this finite element.
. Construct the corresponding nodal basis (if relevant).

. Write the formula for the local element interpolant Lk, (g), and apply it to the function
g(x) = cos(m(z1 + x2)) € H'(K,). Present plots of both g and T (g).

. Consider a finite element mesh Ty, ;, consisting of a family of such elements obtained
using the reference maps (3.13).

(a) Are these elements equivalent under the map (3.13)?

(b) Does the mesh T, ,, conform to the space H' () ? Show in detail.
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Exercise 3.11 Consider a nodal finite element (K, P, ¥) on the reference square domain

K, with P = span{l,z1, z2, 22,2122, 23, 5125, 23w} and ¥ = {Ly, Ly, ..., Lg}, where
Lilg) = g(~1,-1), La(g) = g(1,~1),
Ls(g) = 9(1,1),  La(g) =g(-1.1),

Ls(g)

1 1
/ g(—1,x0) dxo, Lg(g):/ g(1,x2) dzxo,

1 -1

1 1
L7(g) / g(x1,—1)dz;, Lg(g) = / g(z1,1)dz;.
-1 -1
Check the unisolvency of this finite element.

Construct the corresponding nodal basis (if relevant).

Write the formula for the local element interpolant T (g), and apply it to the function
g(x) = cos(m(xy + x2)) € HY(K,). Present plots of both g and Ty, (g).

Consider a finite element mesh Ty, , consisting of a family of such elements obtained
using the reference maps (3.13).

(a) Are these elements equivalent under the map (3.13)?
(b) Does the mesh Ty, , conform to the space H'(4y,)? Show in detail.

Exercise 3.12 Consider a bounded one-dimensional domain Q0 = (a,b) covered with a
finite element mesh Ty, , consisting of M cubic Hermite elements (K;, P, ), K; =
(Too1,24), 2= 1,2,..., M. The set of degrees of freedom %, is defined as

LPg) = glz.),
L{(g) 9(zs),
L$g) = d'(z.),
L9 = (=),

foralli=1,2,... Mandgé€ P,

I
2.

Find the minimum admissible polynomial degree po for these elements.

Let P; = PPo(K;) foralli = 1,2,..., M. Decide whether the elements are or are
not unisolvent. Show in detail.

Construct a nodal basis B; for every element (K, P;, Z;).
Write the local element interpolants and the global interpolant.

Does the finite element mesh Ty, , conform to the space H*(Q)? Show in detail.
Hint: The H?-conformity requirement in 1D is once-continuous differentiabiliry.

. Consider the space

Vip={v e CY)NCQ); vlk, € Pyforalli=1,2,...,M}.
What is the dimension N = dim(V}, ,)?

Use the nodal basis functions on every element to design N suitable basis functions
of the space Vy, ,. Remember that every basis function has to be once continuously
differentiable to lie in H2(2).
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CHAPTER 4

CONTINUOUS ELEMENTS FOR 2D
PROBLEMS

After learning about the general concept of nodal finite elements in Chapter 3, the reader
should know how to design general nodal finite elements of the form (K, P. £), and be able
to perform the following operations:

e check the unisolvency of the element (K, P, %),

o construct the unique set of nodal shape functions 81, s, .. ., 8, satisfying the delta
property (3.4),

o use the set of degrees of freedom ¥ and the nodal shape functions 61,85, ...,8y, to
construct the local interpolant Z,

e construct the global interpolant 7 on a given finite element mesh and check whether
or not the mesh conforms to a given space of functions,

analyze the equivalence of nodal elements defined on different domains K and K.

In this chapter we apply these techniques to continuous finite elements for second-order
PDEs in two spatial dimensions, extending the knowledge of one-dimensional continuous
finite elements acquired in Chapter 2. The lowest-order Q'/ P*-elements are introduced in
Section 4.1. In Section 4.2 we discuss higher-order Gaussian quadrature in 2D. After that,
the Q' / P! -elements are extended to higher-order Lagrange nodal elements in Section 4.3.

Partial Differential Equations and the Finite Element Method. By Pavel Solin 125
Copyright © 2006 John Wiley & Sons, Inc.
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4.1 LOWEST-ORDER ELEMENTS

In this section, after introducing a suitable model problem and its weak formulation, we
show in Paragraph 4.1.2 the sequence of geometrical and functional approximation needed
to transform a PDE problem into a discrete finite element problem and we derive the
approximate weak formulation of the model problem. The lowest-order basis functions of
the finite element space V}, ,, are presented in Paragraph 4.1.3, and the weak formulation
is transformed to the reference domains in Paragraph 4.1.4. Paragraph 4.1.5 is devoted to
the constant coefficient case when precomputed template mass and stiffness integrals can
be used. Paragraphs 4.1.6 and 4.1.7 discuss the data structures and implementation, and
the section is closed with describing the interpolation on the lowest-order @/ P!-meshes
in Paragraph 4.1.6.

4.1.1 Model problem and its weak formulation

Consider a two-dimensional bounded domain €2 with a Lipschitz-continuous boundary 92.
Suppose that 32 consists of two disjoint open parts I, and I"y such that

aﬂszUfN, 4.1)

as illustrated in Figure 4.1.

IqN
Figure 4.1 The domain €2, its boundary 9¢2, and the unit outer normal vector v to 9€2.

Assume again the model equation (1.26),
~V-(a1Vu)+apu=f inQ, 4.2)
with a Dirichlet boundary condition
u(x) = gp(x) forallx € T'p, 4.3)

and a Neumann boundary condition

Ou

a—u(w) =gn(x) forallzely. (4.4)

The existence of a unique solution is guaranteed if ', # 0 and

ar(x) > Cpin >0  and  ao(x) >0 inQ.
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orif .
ai(z) > Crpin >0 and  ap(®) > Cpen >0 in €,
in which case the Dirichlet part of the boundary can be empty.

In the following we assume that the coefficient functions a; and ag are constant; the
extension to L°°-functions is done analogously to Paragraph 2.2.1.

Weak formulation The weak formulation of this problem was discussed in detail in
Paragraph 1.2.8. Hence consider some Dirichlet lift function G € H*({) of the boundary
data gp, and look for the solution w in the form v = U + G. The new unknown U lies in
the space (1.65),

V={veH ), v=00nTp}. (4.5)

The task is to find U € V such that

a(U,v) =1(v) forallveV, (4.6)

a(Uwv) = /(aIVU - Vv + apUv)de, UwvevV, (4.7)
Q

~

=
<

=
I

/(fv—a1VG-Vv—a0Gv)dw+/ aigyvdS, wveV.
Q

I'n

4.1.2 Approximations and variational crimes

Now let us go through the series of geometrical and functional approximation steps that
turn the infinite-dimensional problem (4.6) into a finite-dimensional discrete problem of the
form SY = F. At some points this requires a departure from the “mathematically clean”
variational framework. Such operations are called variational crimes, and in practice it is
not really possible to avoid them.

Step 1: Approximation of the domain 2 The domain (2 is approximated by a po-
lygonal domain €25, as shown in Figure 4.2.

Figure 4.2  Polygonal approximation 2, of the domain 2. Generally €2, # Q and even 2, ¢ Q.
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If Q) ¢ 2, then the solution and other functions from the weak formulation (4.6) are not
defined where they are to be approximated or evaluated. This is the first variational crime.
If the boundary 95 is piecewise-polynomial, then its approximation can be done exactly
using curvilinear elements (see, e.g., [111]).

Step 2: Finite element mesh Assume the domain 2 be covered with a regular finite
element mesh 7;, , (Definition 3.5) consisting of M nonoverlapping finite elements K, K,
..., Kns. Let all the elements be given the same polynomial degree p = 1. The discretiza-
tion on irregular meshes is described, e.g., in [111]. Figure 4.3 shows examples of regular
meshes on the domain (2,. The mesh is called hybrid when it contains both triangular and
quadrilateral elements.

Figure 4.3 Regular triangular, quadrilateral and hybrid finite element meshes on €),.

In order to facilitate the implementation, it is natural to require that the points TpNTw
coincide with some vertices of the mesh 7, ,,.

Step 3: Approximation of boundary conditions After replacing the original do-
main 2 by its polygonal approximation €2;, one loses the boundaries I'p and I' iy, where
the Dirichlet and Neumann boundary conditions were prescribed. The boundary conditions
(4.3) and (4.4) have to be transferred in some suitable way to the polygonal parts ' 4,
and 'y j, of the new boundary 9€2,. What one usually does is to define new boundary
conditions by

a_u(w) = gn(x) forallxz € T'np.
v

This is another variational crime, since the functions ¢gp and gy are evaluated where they
were not defined. Usually this goes through in the implementation, but it should be checked
how much this approximation violates the underlying physical problem.

Step 4: Approximation of the spaceV'  According to the geometrical approximation
Qp, ~ Q from Step I, the space V({2) is approximated by a piecewise- polynomial space
‘/h,p(Qh),

Vh’p = {U € C(Qh)7 Uh,1)|1"1><}. = 0» (49)
v|lk, € PP(K,) if K, is a triangle,
vk, € Q(K;) if K; is a quadrilateral}.

This also is a variational crime, since the Galerkin method does not admit a situation when
Vip € V.
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Step 5: Approximate weak formulation The discrete problem can be formulated
after the Dirichlet lift G € H({2) is “approximated” with a function G, , € H!(2). The
approximate weak formulation of the model problem reads:

Find a function Uy, ,, € V3, such that the identity

/ (@1 VU p - Vv + apU, pv) dx (4.10)
Qn

= / (fv—a1VGhy Vv —ayGypv)de + / argnvdS,
S8

Tk

holds for all v € V}, ,. As we mentioned before, the load function f € L?(Q) as well as
the coefficients a1, ap € L°°(2) are evaluated in the domain €2, where they may not be
defined if 25, ¢ U

Step 6: The system of linear algebraic equations As usual, the unknown function
Ui p € Vi .pisexpressed as alinear combination of some N basis functions vy, vo, . .., vy €
Vi p (a standard choice will be mentioned in Paragraph 4.1.3), with unknown coefficients

Y1, Y2.-- -, YN,

N
Unp =Y 10, @4.11)
1=1
Testing (4.17) by the basis functions v,, 7 = 1,2,..., N, one obtains a system of N linear
algebraic equations,
N
Z(yj/ a1V, - Vo, + agu,v,) de (4.12)
i=1 SZ;,
j=
= / (fUz, - CLIVGn,p -V, — CL()Gh,pUz) dz + / A gNY, ds
Qy FANNNN
forall7 = 1,2,...,N. The system can be written in the matrix form (2.13),
SY = F, (4.13)

where § € RY*N ig the stiffness matrix, Y € RY the vector of unknown coefficients and
F € RY the load vector.

In order to assemble the system (4.13), one needs to construct suitable basis functions
v1,v2, ..., Uy of the space V3 ,. Let us do this in the next paragraph.

4.1.3 Basis of the space V}, ,,

Assume a regular finite element mesh 7}, consisting of M, Q*-elements and M, P*-
elements, where Ay + M, = M > 1. By z;, Ty, ...,z denote the N grid vertices that
do not lie on the Dirichlet part I'p ;, of the boundary 05;, (we say that these vertices are
unconstrained).
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Proposition 4.1 The dimension of the space V}, ,, is equal to N, where N is the number of
unconstrained grid vertices.

Proof: This follows easily from the definition (4.9) of the space V}, . ]

Because of the one-to-one relationship of the basis functions v; and the unconstrained
grid vertices x;, the lowest-order basis functions are called vertex functions. They have the
form of “pyramids™ shown in Figure 4.4, that naturally generalize the one-dimensional “hat
functions™ (2.25).

Figure4.4 Vertex basis functions of the space V4 ,, on meshes consisting of Q'- and P'-elements.

These functions are defined as follows: Assume a vertex patch S(7) consisting of all
mesh triangles or quadrilaterals sharing the vertex x;,

Si) = |J K (4.14)

kEN (1)
where the index set N(¢) is defined as
N(i) = {k; Ky € Tpp, x; is avertex of K}. (4.15)

The vertex function v; is defined to be zero in €, \ S(7), and in S(i) it has the form

v,

vi(x)|k, = (pg© w,}i)(w) if K € S(7) is a quadrilateral, (4.16)

v,

vi(x)|k, = (@i o w,}i)(w) if Kj, € S(7) is a triangle.

Here for every element K € S(i), Py or wy" is the unique vertex nodal shape func-
tion on the reference domain K, or K;, respectively, such that <p’(;"(w;<i(wi)) = 1or

P}z, (2:) = 1.

Remark 4.1 The reader does not have to worry about the presence of the inverse reference
map in the relations (4.16), since the inverse map is not used explicitly in the computer code.
All operations of the element-by-element loop will be performed on the reference domains,
using suitable connectivity arrays. This will be discussed in Paragraph 4.1.7.

Proposition 4.2 For every unconstrained grid vertex x,, the corresponding function(4.16)
is continuous in Q. The functions vy, va, - .., vy form a basis of the space Vy, ,, and satisfy
the delta property

vi(wj):éij, 1 SZ]SN

Proof: The first part follows from the affinity of the functions v; along edges in the patch
S(7). The rest is obvious from the construction. ]
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4.1.4 Transformation of weak forms to the reference domain

The idea of the assembling algorithm is analogous to the one-dimensional case discussed
in Chapter 2. Again, both the global stiffness matrix S and the right-hand side vector F'
will be filled in an element-by-element fashion. Therefore it is convenient to view identity

(4.12) as a sum over all elements K,,,, m = 1,2,..., M:
N M
Z Y Z / (a1Vv, - Vu; + agujv;) de (4.17)
7=1 =1/ Km
M M
=] Z / (f’Ul -— CLIVGh,p . V’Ui — aoGh,p’Ui) dx + Z / o alngldS,
m=1"Y Km m=1YTNANKmn
to be satisfied for all basis functions v;,7 = 1,2,..., N.

First let us transform the element integrals from (4.17) to the appropriate reference
domain, which is either K, or K;. Since the transformation on quadrilateral and triangular
elements is analogous, it is sufficient to discuss, for example, the triangular case.

Transformation of function values A function w(z) € C(Kp), 1 < m < M,
is transformed to the reference domain K in virtue of the affine reference map (3.21),

zk, (&) = (zk, 1(£), 2K, 2(£)), as follows:

w™(€) = (wowmk,,)(€) = w(rk,,1(8), Tk, 2(6))- (4.18)

Transformation of partial derivatives This is a good exercise for the chain rule
of differentiation. Assume that w € C'(K,,). The partial derivatives of @(™) (&) =
(w o x,,) have the form

Aplm) ow Oz, 1 Ow 0xk,, 2
3—51(5) = 8_xl|w=wkm @W(Q * 9, lz—z, (&) 2, (£),(4.19)
™) Jw Ork,, 1 ow 0Tk 2

T e G PRt S P SR T

This can be written as

Aw(m™ Ozk,,1 Ok, 2 Sw r ow
0t - é3! 53} dz; | _ (D%r. dz,
owt™ | T | O0Tk,.a Ok, Jw | T\ D¢ ow |’
Do 3 3 Oz, Oy
where Dz, /DE stands for the Jacobi matrix of the map k. Recall that nonsingular

matrices satisfy
-1
(a7) =(a) =a

Thus the gradient Vw(z) at an arbitrary point € K, is transformed to the point § =
w?\l (z) € K; as follows,
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D.’BKm

vu(e) - (27t )_Twm)(g)- (420)

According to (4.20); the stiffness term in (4.17) transforms from a mesh element K, to the
reference domain K as

where

W™ (€)= (v ozk, ) (E). T(E) = (v 02K, )(£).

and
a™M(€) = (a1 0wk, )(€), @™ (€) = (a0 Tk, )(£)-

Since the reference map x k., in the triangular case is affine, the Jacobian

TK

Jk,, (&) = det (Dng)

is constant, and without loss of generality, we can assume that it is positive: This is the case
when z g does not change the orientation of edges between the reference domain and the

mesh element. In the quadrilateral case the Jacobian and both the Jacobi matrices on the
right-hand side of (4.21) generally are not constant and have to be integrated numerically.

Remark 4.2 (Explicit inversion of 2 x 2 matrices) The inverse of nonsingular 2 x 2 ma-
trices can be done without the Gauss elimination procedure, using an explicit expansion

formula
a b\ 1 d —b
c d T ad=bc\ —¢ a J°

In the case of the Jacobi matrix Dz, / DE the denominator (which is the Jacobian Ji,,)

cannot be zero since the map T, is a bijection.

Denoting the constant entries of the inverse Jacobi matrix by

Dzx ~1 85’(.”1) d
(—D§> “\om | 422)

where d = 2 is the spatial dimension, and assuming the constantness and positivity of Jy .
one can rewrite (4.21) into
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/_ la1(z2)Vv,(z) - Vu(x) + ao(®)vy (@) Vo, (x)] dx (4.23)
81)("”> p) (lm) d 8-(m) ) (m)
~(m) §7 Uz §s
B nz:l / ”' <Z 857 (9:1‘,,, ) <bz=:l 8§S axn dg

N / Tie, a5 (€)5 ()5 (€) de.
;

4.1.5 Simplified evaluation of stiffness integrals

Repeated numerical integration in (4.23) on every mesh element K,,,, m = 1.2,..., M,
can be avoided if the following two conditions are met:

1. The reference map x x,, is affine. This is the case when either

(a) the PP-element K, is triangular with straight edges

or

(b) the QP-element K, is a rectangle.

2. All coefficients of the elliptic operator (1.1) are constant.

Then (4.23) can be simplified to
/ [a1Vu, () - Vui(x) + agv, (&) Vo, (x)] dz (4.24)
Ko,

n a m =(m) .(m)
96" <~ o™ 1 0™ o3
MJK,,,CHZZ 07, ; ox, Jn 06 BE,

+JA,,,Q() / ng)ﬁl(m) dg
K

d§

where K is either K;or K,. Hence forallm = 1.2..... M, the stiffness terms (4.24) can
be evaluated elementwise using the precomputed constants

857(‘171)

m* awn °

JKr 1<nr<2, 4.25)

corresponding to the reference maps « x
integrals of the form

and a few precomputed master element stiffness

m?

aﬁ(m)a (nz) AL Dot
) d§ = / LA 3 (4.26)
Jik 0¢ 8 £ 0§, 0¢,

Here " . " are the shape functions (3.20) defined on the reference domain K = K,,and

1 < s.r < d. Appropriate shape functions are linked to the transformed basis functions

~ ~{m . ..
vﬁ"” and l'f ) via connectivity arrays.
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4.1.6 Connectivity arrays

Analogously to the one-dimensional case, the connectivity arrays lie at the heart of the
element-by-element assembling algorithm. Assume that the hybrid Q1/P' mesh 7, , is
represented via an element array

Element *Elem;

of the length A/,

Element data structure The basic element data structure may be defined as follows:

struct {
int nv; //number of vertices
//(4 for quadrilaterals, 3 for triangles)
int *vert; //global vertex indices (length nv)
int *vert_dir; //vertex Dirichlet flags (length nv)
int *vert_dof; //vertex connectivity array (length nv)
} Element;
The variableElem[m] .vert[j],j = 1,2....,nv,containsthe index of the vertex ¢, (v )

of K, (as it comes from the mesh generator, i.e., this is not the index of an unconstrained
vertex). The ordering of vertices and edges of Q!- and P!-elements was shown in Figures
3.2 and 3.5 in Section 3.2. The flag Elem[m] .vert_dir[j], j = 1,2,....nv, is zero if
the vertex =k, (v,) of Ky, is unconstrained, and one otherwise.

Construction of connectivity arrays Assume that for all elements K,,, € 7y,
m = 1,2,..., M, the number nv and the arrays vert and vert_dir have been defined.
The first part requires reading a mesh file, and the latter linking Dirichlet boundary conditions
to the constrained grid vertices.

The jth component of the connectivity array Elem [m] .vert_dof, j = 1, 2, ..., nv,
contains either

o the index of the vertex basis function of the space V}, ,, associated with the vertex
zx, (v,) of K, (ifElem[m] .vert_dir[j] == 0),

e Or a negative integer number ~NBC (if Elem[m] . vert_dir[j] == 1).

In the case of nonhomogeneous Dirichlet boundary conditions, the values of the Dirich-
let lift G at the constrained vertices can be stored via an array of real numbers. For every
constrained vertex, NBC may represent the corresponding index in this array. Using this
construction, the implementation of nonhomogeneous Dirichlet boundary conditions is
straightforward, and it does not need to be discussed here in more detail. The algorithm
that creates the element connectivity arrays vert_dof for all Q!- and P!-elements in the
mesh 7j, ,,, looks as follows:

Algorithm 4.1 (Enumeration of vertex DOF)

By Nvert denote the total number of grid vertices in 7}¢P
Allocate a temporary array int *DOFarray of the length Nvert.
//Initialize DOFarray with the numbers 1,2,...,Nvert:

for i=1,2,...,Nvert do DOFarray[(i] := i;
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//Deactivate constrained vertices of all elements:
for m=1,2,...,M do { //global element loop
for j=1,2,...,Elem[m].nv do { //local vertex loop
if (Elem[m].vert.dir[j] == 1 then {
DOFarray[Elem[m].vert[jl] := -1;
}
}

//Re—enumerate vertices, leaving out the deactivated ones:
count := 1;
for i=1,2,...,Nvert do {
if (DOFarray[i] > -1) then {
DOFarray[i] := count;
count := count+1;

}
}

//Read the unconstrained vertex indices back into elements:
for m=1,2,...,M do {
for j=1,2,...,Elem[m].nv do {
if (Elem[m].vert.dir[j] == 0) then {
Elem[m] .vert.dof [j1 := DOFarray[Elem[m].vert[jl];

}
}
}

N := count - 1; //This is the dimension of the space Vﬁhp.
Deallocate the array DOFarray.

4.1.7 Assembling algorithm for Q/P!-elements

Assume that the pair of simplifying conditions mentioned in Paragraph 4.1.5 hold and
the stiffness term (4.23) reduces to (4.24), i.e., that the functions (4.25) are constant. In
addition, assume that the problem (4.2) is equipped with homogeneous Dirichlet boundary
datal'pp = 0 and gp = 0onTp 4.

Preprocessing step (when (4.24) holds) In this case the global stiffness matrix S
can be filled very efficiently based on (4.24). Begin with evaluating the constant Jacobi
matrix of the reference map g, on every element K,,, m = 1,2,..., M, using the
formulae (3.21), (3.13). Store the constant absolute value of the determinant of the Jacobi
matrix, for example, as

Elen[n] jac :=|Jg, |-

Invert the Jacobi matrix (as described in Remark 4.2), and store the constant inverse partial
derivatives, for example, as

a&(ﬂm)
dzn

Elem[n|.inv_j(r]|[n] := 1<n,r<d

Evaluate the master element stiffness integrals (4.26) for both the reference quadrilateral K,
and reference triangle K (whatever case is relevant). Store these constants, for example,
in two separate global four-dimensional arrays

Aol Gk
L s 1<kI<41<rs<d

MESTQM(llirle] = [ T-T—dg 1skisd,

q
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with ¥ " defined in (3.11), and
Dptt Ptk
& DE,

1<k 1<3.1<r.s<d.

MESI_T[k][1](][s] ::/
Ky
where @V%, " were defined in (3.20). Further, evaluate the master element mass integrals,

MEMI_Q[k](1] ::/ Pt de. 1< k1<

a

and

MEMI_T[k][1] := / pllpthde, 1<k I<3.
e
Then for Q!-elements the stiffness matrix contribution (4.24) attains the form

double SMC(Elem, k.1.m,MESI_Q,MEMI_Q) := Elem[m|.jac * al
d d d

* > > " Elen[n].inv_j[r][n]+ > Elemfm].inv_j[s][n] + MEST_Q[k][1][r][s]

m=1r=1 s=1

+Elen(m].jac x a0 * MEMI_Q[k|[1], 1< k.l <4,
and analogously for P!-elements one has

double SMC(Elem, k,1.m.MESI_T,MEMI_T) := Elem[m|.jac x al
d d ¢

*> > Elem[n].inv_j[r][n]+ > Elem[m].inv_j[s|(n] « MEST_T[x][1][r][s]

n=1r=1 s=1

+Elem[m].jac x a0 * MEMI.T[k][1], 1< k.1<3.

Theidea of the element-by-element assembling algorithm is analogous to the one-dimensional
case (Algorithm 2.5). With the connectivity arrays vert_dof available on all elements X,,,,
k=1,2,..., M, and the constants precomputed above, it reads:

Algorithm 4.2 (Assembling algorithm)

N := My;
//Set the stiffness matrix § zero:
for i = 1,2,...,N do for j = 1,2,...,N do S[i][j] := O;
//Set the right-hand side vector F zero:
for i = 1,2,...,N do F[i] := 0;
//Element loop:
form = 1,2,...,Mdo {
//0uter loop over shape functions:
for i = 1,2,...,Elem[m].nv do {

//Index of the test function vy, € Vy, (row position in §)
ml := Elem[m].vert_dof[i];
//Inner loop over shape functions:
//(Filling the mjth row of S)
if (ml > -1) then for j = 1,2,...,Elem[m].nv do {

//Index of the basis function um, € Vi, (column position in S)

m2 := Elem[m].vert.dof[jl;

if (m2 > -1) then {

if (Elem[m].nv == 4 then {
S[m1,m2] := S[ml,m2] + SMC(Elem,i,j,m,MESI_Q,MEMI_Q);

else {
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S[m1l,m2] := S[mi,m2] + SMC(Elem,i,j,m,MESI_T ,MEMI.T);

}

} //End of inner loop over shape functions
//Contribution of the test function Um,; to the right-hand side F:
if (m1 > -1) then {
Flmi]l := Flm1] + Elem[n].jacxfg fO) (&)™ (£)dE;
}

} //End of outer loop over shape functions
} //End of element loop
//Notation fU7)(g) = f(xk,, (§)) was used.

If the simplifying conditions formulated in Paragraph 4.1.5 do not apply, then the Ja-
cobian, entries of the inverse Jacobi matrix, and other values are no longer constant in the
elements. In such case, (4.24) has to be replaced with the more general relation (4.23), and
instead of reading the precomputed entries from the MESI and MEMI arrays, the correspond-
ing integrals have to be evaluated numerically.

4.1.8 Lagrange interpolation on Q' / P'-meshes

Assume a regular mesh 7}, ,, over a bounded domain €2, (Definition 3.5), consisting of Q-
and/or P!-elements (K;, P;,;),i = 1,2...., M. Foreach quadrilateral element Q' ( K),
the polynomial space P; and the set of degrees of freedom ¥; have the form (3.16) and
(3.17), and the unique nodal basis was defined in (3.18). For triangular elements Pl (Kp),
the space P,, the set ¥,, and the unique nodal basis were defined in (3.22), (3.23), and

(3.24), respectively.

Proposition 4.3 For any functiong € C (), the global Lagrange interpolant T(g) is con-
tinuous in Q. Thus every regular mesh consisting of Q*- and/or P -elements is conforming
to the space H*(Sy).

Proof: The nodal basis functions (3.18) and (3.24) are affine along the edges of any
quadrilateral and triangular element K € 7}, ,, respectively. The definition of the degrees
of freedom (3.17) and (3.23) implies that on every K & 7} , the local interpolant Zx (g)
coincides with the interpolated function g at the vertices of K. Since the mesh 7, is
regular, the global interpolant Z(g) coincides with the interpolated function ¢ at all mesh
vertices and it is affine on the edges of all elements. Thus obviously it is continuous in £, 1
The global interpolant is constructed according to Definition 3.6, elementwise, via the
local interpolants (3.28). Given a function g € C(ﬁh) on an element K,, € 7y, the
local interpolant on K, is evaluated on the corresponding reference domain K = K,
or K = K, using the set of vertex shape functions (3.18) or (3.24) on K and using the
values of the function g o xx, at the vertices of K. The result is transformed back to K,,.
According to Proposition 4.3, one obtains a function which is continuous in 2.

4.1.9 Exercises

Exercise 4.1 Prove Proposition 4.1.
Exercise 4.2 Consider the problem
3b ., b

~Au= | =z}~ —xo— 23 ) (621 — 3a) + (62 — 3b) %xiz—fx -z
277 2 2) 27t
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with homogeneous Dirichlet boundary conditions in a bounded domain Q = (0,a) x
(0,b), where 0 < a,b € R. Let the domain Q be covered with a Cartesian quadrilateral
finite element mesh consisting of M = My x My Lagrange Q'-elements (the division is
equidistant in both axial directions).

1. Write the weak formulation and approximate weak formulation of the problem.

2. Perform a unique enumeration of the interior grid points. Use an outer loop in the
x1-direction and an inner loop in the xo-direction.

3. Write element connectivity arrays for general M, and M.

4. Print all master stiffness integrals of the form

a(pvk a(pv, .
x, 96 g

1<ki<4, 1<rs<2

that you will need for the assembling. (This is a little dull but it helps discover errors.)

5. Write the reference map x;;, 1 <1 < My, 1 < j < My for the element K;j on
the position (i, ) in the mesh. Write its Jacobi matrix, Jacobian, and inverse Jacobi
matrix.

6. Implement the element-by element assembling procedure (Algorithm 4.2).

7. Implement an algorithm for plotting the approximate solution uy, , in an element-by-
element fashion. First construct the polynomial on the reference domain by means of
the shape functions, the corresponding connectivity array and the coefficient vector.
Then transform it to the physical element K, in virtue of the reference map x, .

8. Present plots of the approximate solution vy, , for

(@) a=2,b=1, My =10, M,

3,
10,
(¢) a=2 b=1, M =40, M, = 20.

i

(b) a=2,b=1, M) =20, M,

i

(d) a:2, bzl, M1:60, A12:30

9. The exact solution is

u(z1,32) = wrzale — 2)(b - 22) (5 — o) (g _ x2> .

Present the convergence curve of the above computations in the decimal-logarithmic
scale. Use the H*(§))-seminorm. Put the number of DOF on the horizontal axis.
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4.2 HIGHER-ORDER NUMERICAL QUADRATURE IN 2D

In this section we discuss higher-order Gaussian numerical quadrature rules on the reference
domains K, and K. For details regarding the theory and open problems in modern Gaussian
numerical quadrature, we refer to [35, 46, 47, 48, 49, 70, 80, 104, 108] and [114]. For
practical implementation, CD-ROM containing Gaussian quadrature data for various 2D
and 3D reference domains and polynomials of the degree up to p = 20 is part of [111].

With the quadrature rules available on the reference domains K, and K, the quadrature
on arbitrary quadrilateral or triangular mesh elements is performed via the Substitution
Theorem,

/K f(z)dz = /K T (€)|(f 0 1) (€) dE.

Here either K = K,or K = K, and Jk (&) is the Jacobian of the bijective reference map
TK : Ko K.

4.2.1 Gaussian quadrature on quads

Easiest to implement are quadrature formulae for Cartesian-product geometries, such as the
reference square K, = (—1,1)%

Composite Gaussian quadrature Consider the formula

A,

/ A= S g, i f (Yo ):
K, i=1

where y,, ,.w,, ; are Gaussian integration points and weights on the one-dimensional
reference domain K, = (-1, 1) that integrate exactly all polynomials of the degree p and
lower. It is easy to see that the product formula

M, M,

/K /K 9(&1.&)dg1des = Z Z W, Wy 9(Ygq.irYga.j) (4.27)

i=1j=1

has the order of accuracy p on K| for functions of two variables (all bivariate polynomials
up to the degree p in each variable are integrated exactly). An advantage of the composite
quadrature is that it easily can be generalized to incomplete product polynomials (when the
1D polynomial spaces in the variables &1, & differ). In this way one can obtain quadrature
rules of practically unlimited order of accuracy. More efficient formulae are available for
spaces of complete polynomials (see [46]).

4.2.2 Gaussian quadrature on triangles

The triangular case is more difficult. First let us show a simple scheme based on the
translation of the integration from the reference triangle K, to the reference quadrilateral
K

q-
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Translation of quadrature from K, to K, This procedure can be viewed as “stretch-
ing” functions defined on K, to be defined on K} in such a way that their integrals remain
unchanged. The following proposition defines the technique precisely.

Proposition 4.4 Let g(€) be a continuous bounded function defined on the reference trian-
gle K. Then its integral over K, is equal to the integral over K, of an adjusted function
given by the following formula,

1-— —
/ g(&)d§ :/ 2y2 g(—l + ! ng (y1 + 1),y2> dy. (4.28)
K, K,

Proof: Consider the mapping

1—1y
E(y):y—E(y) = ( R (y’H))

Y2

that transforms K, to K. Its Jacobian

D —
det<—§> — 1_&
Dy 2

is positive except for the upper edge y2 = 1 where it vanishes. However, the mapping is
one-to-one and the standard Substitution Theorem yields the result immediately. ]

Remark 4.3 The transformation £(y) induced an additional affine factor (1 — y2)/2 in
the integrand on the right-hand side of (4.28). The order of the quadrature rule in the
yo-variable should be increased accordingly.

More difficult to implement, but certainly worth the effort, are the economical Gaussian
quadrature schemes.

Economical Gaussian quadrature The fundamental equation for the construction
of the integration points and weights for the reference triangle R’y reads

m

L =&
/ / Fl&1.6)d&rdey = Y wif (& k- Eon)- (4.29)
Ser - k=1

where m denotes the number of integration points. Each point is characterized by three
unknowns: wg, &)k, and &5 ;. After inserting a suitable polynomial basis into (4.29), one
may obtain equations that are not independent. Systems with more unknowns than equations
are obtained when the number » of terms in complete polynomials of the degree p is not
divisible by three: for p = 3, forexample, one hasn = (p+1)(p+2)/2 = 10 independent
polynomials, and thus at least four Gaussian points must be used (12 unknowns). Other
standard difficulties are related to the nonuniqueness of solution to the nonlinear system,
where weights can come out negative or points outside of the domain of integration. The
design of optimal Gaussian quadrature formulae for higher polynomial degrees involves
many open problems (see, e.g., [35, 46] and [47]).

Selected quadrature constants Tables 4.1-4.5 present the optimal Gaussian quadra-
ture rules on the reference triangle /(; of the orders of accuracy p = 1.2.....5.
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Table 4.1 Gaussian quadrature on K, order p = 1.

Point # &)-Coordinate &5-Coordinate Weight
1. -0.33333 3333333333  -0.33333 33333 33333  2.00000 00000 00000
Table 4.2 Gaussian quadrature on K, order p = 2.
Point # &,-Coordinate &»-Coordinate Weight
1. -0.66666 66666 66667  -0.66666 66666 66667  0.66666 66666 66667
2. -0.66666 66666 66667  0.33333 33333 33333  (0.66666 66666 66667
3. 0.33333 33333 33333 -0.66666 66666 66667  0.66666 66666 66667
Table 4.3 Gaussian quadrature on Ky, order p = 3.
Point # &;-Coordinate &o-Coordinate Weight
1. -0.33333 33333 33333 -0.33333 33333 33333 -1.12500 00000 00000
2. -0.60000 00000 00000  -0.60000 00000 00000  1.04166 66666 66667
3. -0.60000 00000 00000  0.20000 00000 00000  1.04166 66666 66667
4. 0.20000 00000 00000  -0.60000 00000 DOOOD  1.04166 66666 66667
Table 4.4 Gaussian quadrature on K, order p = 4.
Point # &,-Coordinate &2-Coordinate Weight
1. -0.10810 30181 68070 -0.10810 30181 68070  0.44676 31793 56022
2. -0.10810 30181 68070 -0.78379 39636 63860 0.44676 31793 56022
3. -0.78379 39636 63860 -0.10810 30181 68070  0.44676 31793 56022
4. -0.81684 75729 80458 -0.81684 75729 80458  0.21990 34873 10644
5. -0.81684 75729 80458  0.63369 51459 60918  0.21990 34873 10644
6. 0.63369 5145960918 -0.81684 75729 80458 0.21990 34873 10644
Table 4.5 Gaussian quadrature on K, orderp = 5.
Point # &,-Coordinate &o-Coordinate Weight
1. -0.33333 33333 33333 -0.33333 33333 33333  0.45000 00000 00000
2. -0.05971 58717 89770  -0.05971 58717 89770  0.26478 83055 77012
3. -0.05971 58717 89770  -0.88056 82564 20460  0.26478 83055 77012
4, -0.88056 82564 20460 -0.05971 58717 89770  0.26478 83055 77012
5. -0.79742 69853 53088  -0.79742 69853 53088 0.25187 83610 89654
6. -0.79742 69853 53088  0.59485 39707 06174  0.25187 83610 89654
7. 0.59485 39707 06174  -0.79742 69853 53088 0.25187 83610 89654

141
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4.3 HIGHER-ORDER NODAL ELEMENTS

In this section we extend the lowest-order Q- and P!-elements to higher-order Lagrange
elements. The quadrilateral case, based on the product Gauss-Lobatto points, is described
in Paragraphs 4.3.1 and 4.3.2. The quality of the Lagrange interpolation is discussed in
Paragraph 4.3.3. Higher-order triangular elements are constructed using the Fekete points
in Paragraphs 4.3.4 and 4.3.5. The basis of the space V}, , for regular hybrid quadrilat-
eral/triangular meshes is presented in Paragraph 4.3.6. Algorithmic aspects of the method,
including concrete data structure and an extension of Algorithm 4.2 to higher-order Lagrange
elements, are presented in Paragraphs 4.3.7-4.3.9. The interpolation on meshes consisting
of higher-order Lagrange elements, along with the conformity to the space H'(), is
discussed in Paragraph 4.3.10.

4.3.1 Product Gauss-Lobatto points

The favorable conditioning properties of the one-dimensional Lagrange shape functions
based on the Gauss—Lobatto points in K, (Figure 2.24) suggest that the Lagrange nodal
element on the product geometry K, = K, x K, should be designed using the Carte-
sian product of the Gauss-Lobatto points in both axial directions &; and &>. Numerical
experience confirms that indeed this is a good choice. For future reference let us define an

orientation of the edges e, ea, ..., e4 as shown in Figure 4.5.
V3 {:’2 A v,
1 ey
[4
/ Kq
T ; .
§,
€;
€3
v, -1 &

Figure 4.5 Orientation of edges on the reference quadrilateral K.

Quadrilateral elements admit two different directional orders of approximation p, r > 1.
Let 4™ € K, and yj(r) € K, be the one-dimensional Gauss-Lobatto points of the orders
p and r, respectively (see Paragraph 2.4.5). For algorithmic purposes it is convenient to
split the (p + 1)(r + 1) product points in K, into three groups as follows:

Four vertex nodes are defined as

oY - (10),y1 ) = (—1,-1), (4.30)
v = (?/,(,I;)lvyl )=(1,-1),
v = g = ("5 = (L),
v = vy = (yﬁfglayﬁ:-)l) =(1, 1).
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There are r — 1 edge-interior nodes (edge nodes) on the edges e, e2 and p — 1 edge nodes
on the edges es, 4. For algorithmic purposes it is practical to sort them according to the
orientation of the edges shown in Figure 4.5,

v = W) = Ly, (431)
vy = (P u)) = (-Lu"),
v, = (P ) = (-Ly"),

and so on.
The (p — 1){r — 1) element-interior nodes (bubble nodes) can be sorted in any unique
way, for example as

W = W), (4.32)
v?.? = (ygp)v ygr))v
Ug—l.r—l = (y;p), yﬁr))

With this point set in hand, the Lagrange (J”"-element is constructed as follows:

4.3.2 Lagrange—-Gauss—-Lobatto (JP"-elements

It is natural to construct the master *'"-element on the reference domain K, first, and then
to extend it to an arbitrary convex quadrilateral domain K.

QP"-element on the reference domain K, Inthe sense of Definition 3.1 the master
element is a triad (K, Q" (K,). £,), where

QPT(K,) =span{efeh; 1<k <p; 1<I<r; —1<¢g,& <1}, (4.33)

and the set of degrees of freedom ¥, contains linear forms associated with function values
at the (p + 1)(r + 1) nodal points in the usual sense. It is customary to write QP = QP if
r=p.

Nodal basis on K, Let 651’) , 0:(2”), cy 6?;’21 be the set of the pth-order one-dimensional
Lagrange nodal shape functions (2.57) on the reference domain K, satisfying the delta
property (2.56),

07 (u?) = ur. (434)

The nodal shape functions on the reference domain K, are split into three groups according
to the different types of nodes introduced above.
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There are four vertex functions

pr(€) = 878 (&) (4.35)
p(6) = 62606 (&),
pr(€) = 878" (&),
PU(E) = ;21(51)65;1(5)

Further one has » — 1 edge functions associated with the edges ¢; and e5, and p — 1 edge
functions corresponding to the edges e3 and e4. On the edge ¢4, for example, they have the
form

87 (€1)65 (£2), (4.36)
87 (€168 (&)

©1(8)
©5', (&)

P L&) = ()8 (&),

and so on. Finally there are (p — 1)(r — 1) bubble functions

Ol 1L€) = 6585 (€0), (437)
o, 6) = 696 (&),

Pp-1.r-1.4(6) 0P (€06 (&1)-

The next two simple propositions state that indeed the above-defined shape functions form
a basis of the finite element space, and that they satisfy the delta property (3.4).

Proposition 4.5 The shape functions (4.35)—(4.37) form a basis in the space (4.33).

Proof: The dimension of the space (4.33)is (p + 1)(r + 1), which is equal to the number
44+ 2(p—1)+2(r—1)+ (p—1)(r — 1) of the shape functions (4.35)-(4.37). Their linear
independence follows easily from (4.34). |

Proposition 4.6 The basis functions (4.35)—(4.37) satisfy the delta property (3.4) in the
form

oy (V) = b, (4.38)
@5l (v7*) = bikbys
or Wb = bibi

and therefore they are the nodal basis of the space (4.33) in the sense of Definition 3.3.
Proof: This is left to the reader as a simple exercise. |
Several useful geometrical properties of the nodal shape functions (4.35)-(4.37) are

presented in Proposition 4.7, and the shape functions of the Q2- and Q*-elements are
shown in Examples 4.1 and 4.2.
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Proposition 4.7 The Lagrange-Gauss—Lobatto shape functions (4.35)—(4.37) have the fol-
lowing properties:

1. The vertex shape function (4.35) corresponding to a vertex v" of K, vanishes at all
remaining vertices and on the two opposite edges of K .

2. All edge shape functions (4.36) associated with an edge ¢, vanish at all vertices of
K, and on all remaining edges.

3. All bubble shape functions (4.37) vanish on the whole boundary of K.

4. Each nodal shape function (4.35)—(4.37) is either zero or polynomial of degree exactly
r when restricted to the edges e, and ey, and either zero or polynomial of degree
exactly p when restricted to the edges e3 and ey.

Proof: This follows easily from (4.34), using the fact that every one-dimensional pth-
degree polynomial is determined uniquely by its values at p + 1 distinct points. a

B EXAMPLE4.1 (Lagrange-Gauss-Lobatto Q”-element)

The nodal basis of the (*-element on the reference domain K. 7 1s shown in Figures
4.6-4.8.

Figure 4.6 Nodal basis of the Q*-element; the vertex functions Pets 057, wgd and gt

Figure 4.8 Nodal basis of the (Q?-element; the bubble function Lp}f‘l‘q,
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W EXAMPLE 4.2 (Lagrange-Gauss-Lobatto (°-element)

The nodal basis of the Q3-element on the reference domain K, is shown in Figures
4.9-4.12.

Figure 4.10  Nodal basis of the Q>-element; the edge functions O1lgr 951 w7, and o2

Figure 4.11  Nodal basis of the Q°-element; the edge functions ©$2,, ¢5%, ¢}, and 5%,.

Figure 4.12  Nodal basis of the Q*-element; the bubble functions @8 ; ,, %24, P31, 2nd P52 4.

The Gauss—Lobatto points in a convex quadrilateral K C R? Consider an arbi-
trary convex quadrilateral domain K C R? with pairwise-distinct vertices ), o, ..., x4
and straight edges s), s2,. .., 84 (Figure 3.3 in Section 3.2). The corresponding isopara-
metric biaffine reference map xx : K; — K was defined in (3.13). The vertex, edge, and
interior (bubble) nodal points in K are defined as the images of the nodal points (4.30),
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(4.31), and (4.32) through the map x g . Let us list some of them for future reference:

There are four vertex nodes

z = xg(v™), (4.39)
z”? = zg(v™?),
" = zg(W"),
" = xr(v™),
7 — 1 edge nodes on the edges s;, s» and p — 1 edge nodes on the edges s3, 54,
' = zg(v§). (4.40)
zy = @k (vy),
L, = wx(vly)
(similarly on the edges e2, e3, and e4), and (p — 1)(r — 1) interior (bubble) nodes
wlf_l = wK(vll’_l), (4.41)
wl{,? = TK (vll)‘Q)»
b b
Ty 1,1 = Tr(Vp_y._1)

as illustrated in Figure 4.13.

Figure 4.13  Gauss—Lobatto points in a quadrilateral K C R? with straight edges (p = 7 = 2).

QP "-element on K In the sense of Definition 3.1, the domain K is equipped with the
space

QPT(K) = {gozy'; g€ Q" (K,)}- (4.42)

The set of degrees of freedom £ i consists of (p + 1)(r + 1) linear forms associated with
function values at the same number of the Gauss—Lobatto nodal points (4.39), (4.40), and
(4.41).
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Nodal basis on K The nodal basis of the element (K, QP"(K), X)) is defined as
usual, i.e., by composing the shape functions on the reference domain K, with the inverse
map w;{l, Let us stress again that the presence of the inverse map is formal, and w;(l does
not need to be evaluated in the finite element code.

Proposition 4.8 The set of (p + 1)(r + 1) shape functions on K,

pr(T) = (pgoxy!)(x). (4.43)

where @, represents the nodal shape functions (4.35), (4.36) and (4.37) on the reference

domain K4, constitutes the unique nodal basis of the space (4.42). The finite element

(K,QP"(K),Zk) is unisolvent.

Proof: Left to the reader as an easy exercise. n
The choice of optimal nodal points for triangular elements is much less trivial compared

to the quadrilateral case, where the product Gauss—Lobatto points are known to have optimal

interpolation properties. Therefore, before we present the higher-order triangular Lagrange

PP-elements in Paragraphs 4.3.4-4.3.6, let us devote Paragraph 4.3.3 to the analysis of the
quality of the Lagrange interpolation in d > 1 spatial dimensions.

4.3.3 Lagrange interpolation and the Lebesgue constant

Assume a bounded convex domain K C R?, polynomial space P(K) of the dimension
Np, and a set of Np distinct points {z; } 1 C K that yield a unisolvent 1t Lagrange nodal
finite element (K, P(K), £k ). Thus, given an arbitrary function g € C'(K), there exists a
unique polynomial g, € P(K) such that g,(z,) = g(z;) foralli =1,2,..., Np. We use
the notation

9p(2) = (Inpg)(2).

Let G € P(K) be the best approximation of the function g in the maximum norm,
-G ar = inf - F maa
lg = Climae = _ 1uf llg = F|

It is not necessarily G = Iy, g, but since G € P(K), it holds G = I, G. Therefore we
have

g = Inpgllimaz = llg—G+In.G = InpGllmar
< g = Gllmaz + 1 Tnp G = Inpgllmas
< g = Gllmaz + 1Znp G = gllmax
< A+ 1ZnIDIG = gllmac-

where

||IN[> ”INPf“maa

“f”maz =

is the standard operator maximum norm, and ||Z, || is referred to as the Lebesgue constant.
The magnitude of the Lebesgue constant depends on the domain K, the polynomial space
P(K), and the interpolation points {z;} iV: f| . If the constant is small, then the interpolation
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operator Z v, is good and vice versa. It is known that simple choices of interpolation points,
such asequidistant, lead to disastrous exponential growth of || Zy || as the polynomial degree
p is increased (this we saw already in Paragraph 2.7.4).

Thus, given a domain K and polynomial space P(K), we face the problem to find
optimal interpolation points that minimize the Lebesgue constant. Such points are called
Lebesgue points. Unfortunately, nothing seems to be known about Lebesgue points in more
than one spatial dimension. The best choices available today are the product Gauss—Lobatto

“points on quadrilaterals, and the Fekete points on triangles. Let us introduce the latter point
set in the next paragraph.

4.3.4 The Fekete points

Let us first define the Fekete points and then discuss their properties and their application
to the construction of higher-order Lagrange elements.

Definition 4.1 (Fekete points) Let a bounded convex domain K C R® be equipped with
a polynomial space P(K) of the dimension Np. Given an arbitrary basis {¥;} ZI\LPI of the

space P(K), the Fekete points {y, }ZV:] C K are a point set that maximizes the determinant

det L(y,, Y, - Yn,) = det L(€,, &, ., Enp), (4.44
et L(y,, Y Yn,) {61{2?2};}&6 (1, &2 Eny) )

where L is the generalized Vandermonde matrix (3.7) for the Lagrange degrees of freedom
Li(9) = 9(&),

L€y, &9y En,) = {La(W) I, = 9,601 (4.45)

Recall that the generalized Vandermonde matrix L is used to construct the unique nodal
basis of nodal finite elements (see Theorem 3.1). It will be shown in Theorem 4.1 that the
Fekete points are invariant under the choice of the basis {¥,} fV:] .

Construction Since no explicit formulae for the Fekete points are available, they have
to be constructed by maximizing the determinant (4.44) numerically. This is a nonlinear
optimization problem, and numerical methods may produce various solutions depending on
the initial condition and other factors. The choice of the initial condition influences the result
in a most significant way. Since the global optimality is unclear, the solutions are usually
referred to as approximate Fekete points. A numerical algorithm for the construction of
approximate Fekete points for triangles of polynomial degrees p < 19, based on a steepest
ascent approach, was presented in [118].

Properties The key observation made in [15] and [16] (in the context of interpolation)
was that in the one-dimensional case and in Cartesian product geometries, the Gauss—
Lobatto and Fekete points are identical. The advantage of the Fekete points is that they
can be defined for any geometry. Numerical experiments indicate that the Lagrange nodal
shape functions on triangular elements built on the Fekete points have excellent conditioning
properties (examples will be given later). However, there is no optimality proof, so it can
be expected that even better point sets will appear in the future. Some known facts about
the Fekete points are summarized below.
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Theorem 4.1 Let p > 1. The Fekete points have the following properties:

1. The Fekete points {y, }fi”l C K are invariant under the choice of the basis {9, }lN:’1 C
PP(K,).

2. Inone-dimensionalintervals and Cartesian product geometries the Fekete and Gauss—
Lobatto points are the same.

3. Onthe edges of triangular domains the Fekete points coincide with the one-dimensional
Gauss—Lobatto points.

Proof: Assertion /. follows easily from the basic properties of determinants (see Para-
graph A.1.9): The change of basis multiplies the determinant with a constant independent
of the points. See [53] and [15] for 2. Under the assumptions that the Vandermonde matrix
is nonsingular, there exists a maximum number of points that can lie on the boundary. With
a conjecture that the Fekete points in K, attain this maximum number on the edges, 3. was
proved in [15]. |

The Fekete points presented in Tables 4.6-4.8 and on the companion CD-ROM (for
1 < p < 19) were drawn from [118] with permission of the authors.

Table 4.6 Fekete points in K, p = 1.

Number of points &;-Coordinate

1.000000000000
-1.000000000000
-1.000000000000

&o-Coordinate

-1.000000000000
1.000000000000
-1.000000000000

n=3

Table 4.7 Fekete points in K;, p = 2.

Number of points &,-Coordinate

&2-Coordinate

0.000000000000
-1.000000000000
-1.000000000000

0.000000000000
-1.000000000000

1.000000000000

n==06

-~1.000000000000
-1.000000000000
0.000000000000
0.000000000000
1.000000000000
-1.000000000000

Table 4.8 Approximate Fekete points in K, p = 3.

Number of points &;-Coordinate

&2-Coordinate

d=10 -0.333333333333
-0.447213595500
-1.000000000000
-1.000000000000
0.447213595500
-0.447213595500
-1.000000000000
0.447213595500
-1.000000000000
1.000000000000

-0.333333333333
-1.000000000000
-1.000000000000
-0.447213595500
-1.000000000000

0.447213595500

0.447213595500
-0.447213595500

1.000000000000
-1.000000000000
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The Fekete points are shown forp = 1,2,...,15 in Figure 4.14.

a = ="
R - ’
..... =
- = - =
- . - - . .
- .
B . [ .
= - =
= - = . - . . - == . »
. ¥ - "=
.
= = e 1
ol », =
= = -
¢ e . ™
. - | - s e . . .
. - L« -
. . . -
= = = = = = = E]
- = = - = x - = . K
- = s = A o e =l o O S L

Figure 4.14 The Fekete points in K3, p=1,2,...,15.
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Unique enumeration of the Fekete points For algorithmic purposes it is necessary
to enumerate the Fekete points in K in a unique way. We assume that the edges of the
reference triangle K, are oriented as shown in Figure 4.15.

v; {:’2 A

Figure 4.15 Orientation of edges on the reference triangle K.

Consider the one-dimensional pth-order Gauss—Lobatto points ygp ) e K, from Para-
graph 2.4.5. By Theorem 4.1, the Fekete points exactly coincide with the Gauss-Lobatto
points on edges of K;. The three vertex nodes are denoted by

v = vy = @ ) = (=1, -1). (4.46)
v = = () = (-1,
vs = v =yl = (-1,

The p — 1 edge nodes on each edge are sorted according to the orientation of the edge. For
example, for the edge e, we have

vi = @ ) = @, -1, (4.47)
v = W) = .-,

)
v = (P ") = P, -1).

Such enumeration of the edge nodes makes it possible to easily include both quadrilateral
and triangular elements into hybrid quadrilateral/triangular meshes. The remaining (p —
1)(p — 2)/2 interior (bubble) nodes can be sorted in any unique way, and we denote them

by U7, 03, V()2

4.3.5 Lagrange-Fekete PP-elements

The Lagrange PP-element on the reference triangular domain K, is equipped with the
polynomial space PP(K,), dim(P?(K;)) = Np = (p+ 1)(p + 2)/2, and the set of the
Lagrange degrees of freedom ¥ = {L;y, Ls,..., Ly, } associated with the Fekete points
€,,&, ..., €y, Thedegrees of freedom are defined as the reader expects: Ly(g) = g(£;),
Ly(g) = g(&y), -+ Livo(9) = g(€y,,) forall g € PP(K;). The unique Lagrange nodal
basis satisfying the delta property (3.2) is obtained in the standard way by inverting the
generalized Vandermonde matrix (4.45).
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Enumeration of shape functions For algorithmic purposes we also need to split
the Lagrange—Fekete shape functions into the vertex, edge and bubble functions. By ;™
we denote the shape function associated with the mth vertex node v*~, m = 1,2,3.
The symbol <pfjm stands for the shape function corresponding to the mth edge node vy
(following the notation (4.47)), and ‘P?n,: stands for the shape function associated with the
mth bubble node v%,, m = 1,2,...,(p — 1){p — 2)/2. Proposition 4.9 describes the
geometrical properties of the shape functions:

Proposition 4.9 The Lagrange—Fekete shape functions have the following properties:

1. The vertex shape function p;*, corresponding to the vertex node v, vanishes at the
two remaining vertices and on the opposite edge of K.

2. The edge shape function ‘P;f: associated with the edge e; vanishes at all vertices and
on all edges of K except for e;.

3. All bubble shape functions vanish on the whole boundary of K.

4. Each Lagrange—Fekete shape function is either zero or a polynomial of the degree
exactly p when restricted to the edges ey, s, or es.

Proof: Analogous to the proof of Proposition 4.7. |

The next two examples show the Lagrange-Fekete shape functions for the Q2- and
Q®-elements:

B EXAMPLE 43 (P2-element)

The nodal basis of the P2-element on the reference domain K, is shown in Figures
4.16 and 4.17.

Figure 4.17 Nodal basis of the P*-element; the edge functions ¢}, @72, and 7%,
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W EXAMPLE 44 (P3-element)

The nodal basis of the P3-element on the reference domain K, is shown in Figures
4.184.21.

Figure 421 Nodal basis of the P3-element; the bubble function apl{yt.

4.3.6 Basis of the space V},

Assume a regular hybrid mesh 7}, , = {K, K»,..., K} consisting of M, QP-elements
and M, PP-elements, M, + M, = M > 1. The requirement of a uniform polynomial
degree p in the mesh is characteristic for nodal elements. The approximation could not be
continuous with Lagrange elements of different polynomial degrees due to nonmatching
nodal points on edges. This is illustrated in Figure 4.22.
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Figure 4.22 Mismatched nodal points on Q" /(Q*-element interface.

It is our aim to use the shape functions defined Paragraphs 4.3.2 and 4.3.5 to construct the
basis functions vy, v, ..., vy of the space V}, ... For this purpose, by z;,¢ = 1,2,..., M,
denote the unconstrained grid vertices, and by s,, 7 = 1,2, ..., M, the unconstrained mesh
edges (by unconstrained we mean not lying on the Dirichlet boundary I'p p).

Proposition 4.10 The dimension of the finite element space Vy, ,, is

P-1-2)
2
Proof: Straightforward from the definition (4.9) of the space V}, . |

N =dim(Vyp) = M, + (p — VM, + (p — 1)° M, + M,.

There are M, vertex functions associated with unconstrained grid vertices, M.(p — 1)
edge functions related to unconstrained mesh edges, and M, (p—1)2 + Mp(p ~ 1)(p—2)/2
bubble functions associated with element interiors. These three types of basis functions are
constructed as follows:

Vertex basis functions:
Assume the vertex element patch S(z) corresponding to a grid vertex x,, as illustrated
in Figure 4.23.

Figure 423  Element patch S(z) corresponding to an unconstrained vertex . in a hybrid Q2/P*
mesh.
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The vertex basis function v* associated with &; vanishes in (2, \ S(z), and in S(3) it is
defined analogously to (4.16),
v (z)|r, = (py o w;&)(w) if K;. € S(2) is a quadrilateral, (4.48)
i)k, = (g o w;‘»i)(w) if K. € S(2) is a triangle.
Here g or p," is the unique vertex nodal shape function of the polynomial degree p on
K, or K; such that <p;’(w;<i (z,)) = 1lor <p}'(w;(:(wz)) = 1, respectively. The edge
function v": (z) associated with a nodal point z; vanishes at all remaining nodal points in
the element patch S(z).

Edge basis functions:

Assume an unconstrained mesh edge s, with the endpoints x;, and x;,. The global
orientation of this edge can be defined, e.g., as the direction from the vertex with the lower
index to the vertex with the greater index, i.e., s; = x;, &,, if i} < 4y and 5, = z;,x;,
otherwise.

We define an edge element patch S (j),

S.i)= |J EKs (4.49)
keNe(J)
where
Ne(y) = {k; Ki € Thp, s; is an edge of Ky}, (4.50)
as shown in Figure 4.24.
x,h
................................................ -
Xy

Figure 4.24 Element patch S.(j) corresponding to an unconstrained mesh edge s,.

For each element K. € S, (i) by e; denote the edge of the reference domain K, such
that ¢, (e;) = s;. Use the edge-interior nodal points on e; and the reference map =k, to
obtain coordinates of the edge-interior nodal points «;;,, m = 1,2, ..., p— 1. These points
are ordered on the edge s; according to its global orientation (i.e., wi’ is next to x;, and
. isnextto x;, if s; = x;, x;,). There are p — 1 edge basis functions v}’ , v5’ v

o1 iz if 85 = @3, T4,). D ge basis functions v)”, v’ ..., v,
C Vj,p associated with the points x}’, €3’ ,...,&,”, respectively. Each edge function
v, 1 <m < p—1,is defined to be zero in §2;, \ S¢(7), and in the patch S, (j) it satisfies

vi(@)k, = (98, 0mk )(x) if Ki € Sc(j)isaquadrilateral,  (4.51)

vi(@)K, = (prho xi ) (@) if Ky € S.(j)is atriangle.



HIGHER-ORDER NODAL ELEMENTS 157

Here again ¢y, or ¢}, is the unique edge nodal shape function of the polynomial degree
pon K, or K, such that o} q(le (z32)) = Lor ! t(le (x:2)) = 1, respectively. The
edge function vm( ) associated with a nodal point xy, vanishes at all remaining nodal
points in the element patch S5(7).

Bubble basis functions:

Last to be defined are the bubble basis functions. There are (p — 1)? bubble functions
in each quadrilateral and (p — 1)(p — 2)/2 in each triangular element. The nodal points in
the mesh element K, are defined, as usual, to be the images of the interior nodal points in
the corresponding reference domain K through the reference map g, : ‘K — K.

Consider, for example, a triangular element K € 7}, and the interior nodal points

K K K . K. . . .
wl T 25 (p" Dip—2)/2° The bubble function v)i* associated with the nodal point

kis deﬁned to vanish in Qp, \ K%, and in K, we have

Ut (®) = (97, 0 Tk, ) (). (4.52)

Here %, € P(K,) is the bubble shape function satisfying ¢! ,(z % (x£+)) = 1. The
bubble function vX* (x) associated with a nodal point X* vanishes at all remaining nodal
points in the element K, and thus also on its boundary 0 K.

X, A

Figure 4.25 There is a single biquadratic bubble function on every Q*-element, and a single cubic
bubble function appears on P>-elements.

Proposition 4.11 The functions (4.48), (4.51), and (4.52) are continuous in {2, and con-
stitute together a basis of the space Vj, ;.

Proof: This follows easily from the linear independence of basis functions associated
with different nodal points in 2. [ |

4.3.7 Data structures

Before presenting the element-by-element assembling procedure in Paragraph 4.3.9, let us
discuss the construction of the connectivity arrays. Again let the hybrid Q*/P? mesh 7;, ,,
be represented via an element array ElementP *Elem of the length A[.

Element data structure The Element data structure from Paragraph 4.1.6 can be
extended to the higher-order case as follows:
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struct {
int nv; //number of vertices
//(4 for quads, 3 for triangles)
int *vert; //global vertex indices (length nv)
int *vert_dir; //vertex Dirichlet flags (length nv)
int *vert_dof; //vertex connectivity array (length nv)
int *edge_dir; //edge Dirichlet flags (length nv)
int **edge_dof; //two-dimensional edge connectivity array
//(dimension nv*(MAXP-1))
int *bubb_dof; //bubble connectivity array
//(length (MAXP-1)*(MAXP-1) for quads,
//and (MAXP-1)+*(MAXP-2)/2 for triangles)
int *o; //edge orientation flags (length nv)
} ElementP;

Here MAXP is the maximum allowed polynomial degree of the finite elements. The ElementP
data structure can be optimized (the stored data are not independent) but we prefer this form
for the sake of transparency. The optimization of data structures and algorithms will be
described at the end of Paragraph 4.3.9. The vertex indices vert, vertex Dirichlet flags
vert_dir and the vertex connectivity arrays vert_dof are used analogously to Paragraph
4.1.6. The meaning of the other variables is described below.

Edge Dirichlet flags The function of the edge Dirichlet flags Elem[m] .edge_dir is
analogous to the flags Elem[m] . vert_dir: The variable Elem[m] .edge-dir([jl, j =
1,2,...,nv, is zero if the edge xx, (¢,) of K,, is unconstrained (i.e., not lying on the
Dirichlet boundary I' 5 »), and one otherwise. These flags are defined easily, using the fact
that an edge is constrained if and only if both of its vertices are constrained (see Algorithm
4.3).

Edge orientation flags (for p > 3 only) When the number of edge-interior nodal
points exceeds one (i.e., for p > 3), one has to take care about the orientation of the edges.
Assume an element K, € 7}, the appropriate reference domain K=K q or K = Ky,
and the reference map z g, : K = K, Lets, =z, x,,, i1 < i2, be an edge of K,,,
and let e}, be the corresponding edge of K, i.e., s i = ¥k, (er). Since the orientations of
s, and e are independent, it is either

(A) zx, (er) =z, x, or (B) xg, (ex) =z, .

The ElementP data structure contains the array Elem[m] .o[] = + 1 ofthe lengthnv for
this purpose. In case (A) the orientations of s, and e, are compatible, i.e., the reference
map T 5, preserves the ordering of the edge-internal nodes,

(vih)  foralll <r <p-1,
and we define Elem[m] .o [k] = 1. In the opposite case the ordering of the edge-internal
nodes is reversed,

(B) x¥ =xy, (v} ,) foralll<r<p-1,

nr p—r

and we define Elem [m] .0 [k] = -1. This will be done in Algorithm 4.3.
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Unique enumeration of edges Mesh generators always provide a list of vertices and
a list of elements. This defines their unique enumeration as necessary for the definition of
the vertex and bubble connectivities. Also a list of edges is needed for the definition of edge
connectivities, but such a list usually is not provided by mesh generators. Therefore let us
present a simple algorithm that enumerates unconstrained mesh edges. We begin with a
data structure for the edges,

struct {
int ni, n2;
int el, e2;
} TmpEdgeData;

Here n1 < n2 are the indices of the vertices of the edge that define its orientation, and
el < e2 the indices of the adjacent elements. These entries will be defined for every
unconstrained mesh edge in Algorithm 4.3. The list of the edges,

TmpEdgeData *Edgelist;

has the length 4Af. This is quite a crude upper bound, but EdgeList will be deallocated
immediately after the element connectivity arrays are defined.

Algorithm 4.3 (Creating a temporary list of edges)

length := 0; //Current length of Edgelist
form=1,2,...,M do {
if (Elem[m].nv == 4) then { //Km is a quadrilateral
//The first edge of Kp,: Defining the orientation flag:
vA := Elem[m].vert[i];
vB := Elem[m].vert[3];
if (vA < vB) then Elem[m].o[1] := 1;
else Elem[m].o[1] := -1;
//The first edge of K,,: Defining the Dirichlet flag:
dirA := Elem[m].vert_dir[i];
dirB := Elem[m].vert_dir[3];
if (dirA*dirB == 1) then Elem[m].edge_dir[1] := 1;
else Elem[m].edge dir[1] := 0;
//The first edge of K,,: Adding to EdgeList
//(if unconstrained and not visited before)
if (Elem[m].edge.dir[i] == 0) then {
CheckEdgeList (vA,vB,EdgeList,length,&found,&pos);
if (found == 0) then { //The edge was not found in EdgeList
length := length + 1;
if (vA < vB) then {
EdgeList[length]l.nl := vA;
EdgeList[length].n2 := vB;

else {
EdgeList[length] .nl := vB;
EdgeList[length].n2 := vA;

EdgeList[length].el := m;
EdgeList[length].e2 :

]
|
=

>

else { //The edge was found in EdgelList on the position pos
EdgeList [pos].e2 := m;

}
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//The same for the remaining three edges:

//2nd edge: vA = Elem[m].vert[2], vB = Elem[m].vert[4]
//3rd edge: vA = Elem[m].vert[1], vB = Elem[m].vert[2]
//4th edge: vA = Elem[m].vert[3], vB = Elem[m].vert[4]

else { //Km is a triangle
//The first edge of K,,: Defining the orientation flag:
vA := Elem[m].vert[1];
vB := Elem[m].vert[2];
if (vA < vB) then Elem[m].o[1] := 1;
else Elem[m].o[1] := —-1;
//The first edge of K,,: Defining the Dirichlet flag:
dirA := Elem[m].vert_ dir[i];
dirB := Elem[m].vert_dir[2];
if (dirA*dirB == 1) then Elem[m].edge_dir[1] := 1;
else Elem[m].edge dir[1] := O;
//The first edge of Kp,: Adding to Edgelist
//(if unconstrained and not visited before)
if (Elem[m].edge_dir[i] == 0) then {
CheckEdgeList (vA,vB,Edgelist,length,&found,&pos);
if (found == 0) then { //The edge was not found in Edgelist
length := length + 1;
if (vA < vB) then {

EdgeList[length].nl := vA;
EdgeList[length]l.n2 := vB;
else {
EdgeList[length].nl := vB;
EdgeList[length].n2 := vA;
}
EdgelList[length].el := m;
EdgeList[length].e2 := -1;

else { //The edge was found in EdgelList on the position pos
EdgeList[pos].e2 := m;

}
//The same for the remaining two edges:
//2nd edge: vA = Elem[m].vert[2], vB = Elem[m].vert[3]
. //3rd edge: vA = Elem[m].vert[3], vB = Elem[m].vert[1]
}
}
A, := length ~ 1; //The number of unconstrained mesh edges

Here, the function CheckEdgeList (vA,vB,EdgeList,length,&found,&pos) parses
the EdgeList and testsif either {vA, vB} or {vB, vA} are present. If found, it returns found
:= 1 and the corresponding position pos, otherwise it returns found := 0.

4.3.8 Connectivity arrays

Now the edge and bubble connectivity arrays edge_dof and bubb_dof can be defined. The
jth component of the array Elem[m] . edge_dof [1],1 < i < nw,1 < j < p — 1, contains
either

e the index of the edge basis function of the space V}, , associated with the jth internal
node z,, (v5') on the ith edge of K, (if Elem[m] . edge dir[i] == 0)

e or a negative integer number -NBC (if Elem[m] .edge dir[i] == 1).
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In the case of nonhomogeneous boundary conditions, the values of the Dirichlet lift G at
the edge-internal nodes of constrained edges can be stored via an array of real numbers. The
index NBC can be used to indicate a position in this array, where the value of the Dirichlet
lift G at the corresponding edge-internal node of the element K, is stored (analogously
to the treatment of constrained vertices in Paragraph 4.1.6). With this construction, the
implementation of nonhomogeneous Dirichlet boundary conditions is straightforward.

The algorithm for the edge connectivities is based on the temporary array EdgeList and
proceeds in an edge-by-edge fashion. As before, let Af, be the number of unconstrained
grid vertices (vertex DOF) and A, the number of unconstrained mesh edges. The algorithm
will add p — 1 edge-internal DOF to every unconstrained edge.

Algorithm 4.4 (Enumeration of edge DOF)

//Loop over unconstrained edges:
for e = 1,2,... ,Me do {
//Lower-index element adjacent to the edge EdgeList[e]:
el = EdgeList[e].el;
if (Elem[el].nv == 4) then { //Ke, is a quadrilateral
//Locate the edge EdgeList[e] in the element Elem[el]:
al := Elem[el].vert[1]; a2 := Elem[el].vert[2];
a3 Elem[el].vert[3]; a4 := Elem[el].vert[4];
bi := EdgeList[el.nl; b2 := EdgeList[e].n2;
if ((bi==al and b2==a3) or (bi==a3 and b2==al)) then ee:=1;
if ((bi==a2 and b2==a4) or (bi==a4 and b2==a2)) then ee:=2;
if ((bi==al and b2==a2) or (bi==a2 and b2==al)) then ee:=3;
if ((bi==a3 and b2==a4) or (bi==a4 and b2==a3)) then ee:=4;
//Enumerate the edge-internal DOF on the ee—th edge of Elem[el]:
if (Elem[el].o[ee] == 1) then for j = 1,2,...,p-1 do {
//(the local and global orientations are compatible)
Elem[ei].edge_dof[ee] [j] := Mv + (p-1)*(e-1) + j;
//Here: Mv is the number of vertex DOF, and (p-1)*(e-1) is the
//number of edge—internal DOF assigned to previously visited edges.

}

else {
//(incompatible orientations —— the ordering of local DOF is reversed)
Elem[ei].edge_dof [ee] [p-j] := Mv + (p-1)*(e-1) + j;

}

else { //K., is a triangle

//Locate the edge EdgelListl[e] in the element Elem[el]:

al := Elem[eil].vert[1]; a2 := Elem[el].vert[2];

a3 := Elem[el].vert[3];

bl := EdgeList[e]l.nl; b2 := EdgeListl[e].n2;

if ((bi==al and b2==a2) or (bi==a2 and b2==al)) then ee:=1;

if ((bi==a2 and b2==a3) or (bi==a3 and b2==a2)) then ee:=2;

if ((bi==a3 and b2==al) or (bi==al and b2==a3)) then ee:=3;

//Enumerate the edge-internal DOF on the ee-th edge of Elem[el]:

if (Elem[el].olee] == 1) then for j = 1,2,...,p~1 do {
//(the local and global orientations are compatible)
Elem[el].edge_dof [eel[j] := Mv + (p-1)*(e-1) + j;
//Here: My is the number of vertex DOF, and (p-1)*(e-1) is the
//number of edge-internal DOF assigned to previously visited edges.

else {
//(incompatible orientations -- the ordering of local DOF is reversed)
Elem[el].edge_dof[ee]l [p—j] := Mv + (p-1)*(e-1) + j;

}
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//Higher-index element adjacent to the edge EdgeList[e]:
e2 = EdgelList[e].e2;
if (e2 > -1) then {

//Perform now the same operations as for Elem[el] above.

-
}

Deallocate EdgelList

The distribution of the remaining M, (p — 1)? + A, (p — 1)(p — 2)/2 bubble DOF to
element interiors is simpler:

Algorithm 4.5 (Enumeration of bubble DOF)

bubb_dof_count := Mv + (p-1)*Me; //Number of previously assigned DOF
form = 1,2,...,M do {
if (Elem[m].nv == 4) then { //K,;. is a quadrilateral
for i = 1,2,...,(p~1)*(p-1) do {
bubb_dof_count := bubb_dof_count + 1;
Elem[m].bubb_dof [i] := bubb_dof_count;

}
else { //Km is a triangle
for i = 1,2,...,(p~1)*(p-2)/2 do {

bubb_dof_count := bubb_dof_count + 1;
Elem[m] .bubb_dof [i] := bubb_dof_count;

}
}
}

The connectivity arrays Elem[m] . vert_dof, Elem[m] . edge_dof and Elem[m] . bubb
_dof on all elements K,,, € Th,p are now ready. The connectivity algorithms can be written
without storing the edge orientation flags Elem[m] .o explicitly. The reader can remove
them after getting more familiar with the algorithm.

B EXAMPLE 4.5 (Connectivity arrays)

Consider a mesh consisting of four quadratic Lagrange elements as shown in Figure
4.23. Let the reference maps be chosen in such a way that the lower-left vertex of the
reference domain always is linked to the lower-left corner of the physical element.
If we consider, for example, a problem with homogeneous Dirichlet boundary con-
ditions, then the dimension of the space V}, , equals 8, and the basis functions are
enumerated as shown in Figure 4.26.

4.3.9 Assembling algorithm for (Q7/PP-elements

The extension of Algorithm 4.2 to the QP/PP-meshes is not complicated. Let us consider
the same setting as in Paragraph 4.3.9, i.e., the model problem (4.2) with homogeneous
Dirichlet boundary conditions. Moreover we assume that the simplifying conditions on the
data formulated in Paragraph 4.1.5 are met. The following constants stay unchanged on all
elements K,,, 1 < m < M: The Jacobian
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x, A

Figure 4.26  Enumeration of basis functions for a simple mesh consisting of four second-order
nodal elements.

Elem(m|.jac :=|Jg,, |,
and the entries of the inverse Jacobi matrix

agl™
Oxn '

Elem[m].inv_j[r][n] :=
forall1 <n,r <d.

The four-dimensional array MESI_Q is extended to cover all combinations of shape functions
on the reference domain K,

Oy Opk 2
MESI_Q[k][1 s] = — —=d¢, 1<kI<{(p+1)°, 1<rs<d,
el = [ 522 (p+1)
where ©1,2,...,9ps1)2 are the four vertex functions (4.35) associated with the nodes

(4.30), followed by the 4(p — 1) edge functions (4.36) related to the nodes (4.31) for
each edge e),e2,...,e4, and by the (p — 1)? bubble functions (4.37) corresponding to
the interior nodes (4.32). All these shape functions were unigely enumerated. The array
MESI_T is extended to

VESTTEs] = [ 28 %Pk ge L <hi<(pe)pL2)2 1 <rs<d
Kk 0& 0¢s
where p1.02,. .., Ppi1)py2)/2 stand for the three vertex functions associated with the

nodes (4.46), followed by the 3(p— 1) edge functions related to the nodes (4.47) foreach edge
ey, e, e, and by the (p — 1)(p — 2)/2 bubble functions corresponding to the interior nodes.
In the same way the master element mass integrals MEMI are extended to cover all combina-
tions of the shape functions. The functions double SMC(Elem,k,1,m,MESI_Q,MEMI Q)
and double SMC(Elem,k,l,m,MESI_T,MEMI T), that calculate the stiffness matrix con-
tribution (4.24), stay unchanged.

The assembling algorithm is analogous to Algorithm 4.2, only now it covers all combi-
nations of the shape functions on the reference domain.
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Algorithm 4.6 (Assembling algorithm for higher-order Lagrange elements)

N = My + (p— DM +(p— 1)2My + (p— D(p - 2)/2Myp;

//Set the stiffness matrix S zero:

for i = 1,2,...,N do for j = 1,2,...,N do S[il[j] := O;
//8et the right-hand side vector F zero:
for i = 1,2,...,N do F[i] := 0;
//Element loop:
form=1,2,...,M do {
//Loop over vertex test functions:
for i = 1,2,...,Elen[m].nv do {

//Index of the vertex test function vm, € Vi,
//(row position in S)
ml := Elem[m].vert._dof[il;
//Loop over all vertex, edge and bubble basis functions:
//(Filling the mjth row of S)
//1. loop over vertex basis functions:
if (mi > -1) then for j = 1,2,...,Elem[m]l.nv do {
//Index of the vertex basis function Um, € Vi,
//(column position in §)
n2 := Elem[m].vert dof[j];
if (m2 > -1) then {
if (Elem[m].nv == 4 then {
S[mi,m2] := S[mi,m2] + SMC(Elem,i,j,m,MEST_Q,MEMI_Q);
}
else {
S[mi,m2] := S[mi,m2] + SMC(Elem,i,j,m,MESI_T,MEMI_T);
}
}
} //End of loop over vertex basis functions
//2. loop over edge basis functions:
if (m1 > -1) then for j = 1,2,...,Elen[m]l.nv do {
for k = 1,2,...,p-1 do {
//Index of the edge basis function vm, € Vi,
//(column in 8)
n2 := Elem[n].edge_dof [j][k];
if (m2 > ~1) then {
if (Elem[m].nv == 4 then {
S[mi,m2] := S[mi,m2] + SMC(Elem,i,4+j,m,MESI_Q,MEMI.Q);
}
else {
S[mi,m2] := S[mi,m2] + SMC(Elem,i,3+j,m,MESI_T,MEMI_T);
}
}
}
} //End of loop over edge basis functions
//3. loop over bubble basis functions:
if (Elem[m].nv == 4 then {
if (m1 > -1) then for k = 1,2,...,(p~1)*(p-1) do {
//Index of the bubble basis function v, € Vj,,
//(column in S)
m2 := Elem[m].bubb_dof [k];
S[mi,m2] := S[mi,m2] + SMC(Elem,i,4+4*(p-1)+j,m,MESI_Q,MEMI_Q);
}
}

else {
if (mi > -1) then for k = 1,2,...,(p-1)*(p-2)/2 do {
//Index of the bubble basis function v, € Vi,
//(column in S§)
m2 := Elem[m].bubb_dof [k];
S[mi,m2] := S[mi,m2] + SMC(Elem,i,4+4*(p-1)+j,m,MESI.T ,MEMI_T);
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} //End of loop over bubble basis functions
//Now the mith row of the stiffness matrix S is filled.
//Contribution of the vertex test function vm; to the right-hand side F:
if (mi > -1) then { R
) Flmi] := F[mi] + Elem[m].jac*fR FOV(&)pvi(€) dE;
} //End of loop over vertex test functions
//Now the Al, rows in the linear algebraic system SY = F
//corresponding to all vertex basis functions of the space Vj,
//are filled.
//Next £ill the rows of SY = F corresponding to all edge test functions:
//Loop over edge test functions:
for i = 1,2,...,Elemn[m].nv do {
for 1 =1,2,...,p~1 do {
//Index of the edge test function vm, € Vp,
//(row in 8S)
ml := Elem[m].edge_dof [i1[1];
//Loop over all vertex, edge and bubble basis functions:

//Contribution of the edge test function w4, to the right-hand side F:
if (ml > -1) then { _

Flm1] := F[mi] + Elem[m].jac*fR f(”‘)(g)\pf’(g) d¢€;
}

} //End of loop over edge test functions
//At last fill the rows of SY = F corresponding to all bubble test functions:
if (Elem[m].nv == 4 then {
for k = 1,2,..., (p-1)*(p-1) do {

//Index of the bubble test function vm,; € Vh,

//(xrow in 8)

mi := Elem[m].bubb._dof [k];

//Loop over all vertex, edge and bubble basis functions:

//Contribution of the bubble test function v,,, to right-hand side F':
Flmi] := Flm1] + Elem[m].jac*./l};. f(’">(§)<p‘;,(§) dg¢;

}
else {
for k = 1,2,...,(p-1)*(p-1)/2 do {
//Index of the bubble test function v,, € Vy,

//(row in 8)
mi := Elem[m].bubb_dof [k];
//Loop over all vertex, edge and bubble basis functions:

//Contribution of the bubble test function v,,;, to right-hand side F:
Flmil := Flmil + Elem[m].jack [z fOU") (&)l (&) d¢;

}

//End of loop over bubble test functions
P
} //End of element loop

If the simplifying conditions formulated in Paragraph 4.1.5 do not apply, then the Ja-
cobian, the entries of the inverse Jacobi matrix, and other values are no longer constant
in the elements. In such case, (4.24) has to be replaced with the more general relation
(4.23), and instead of reading the precomputed entries from the MESI and MEMI arrays, the
corresponding integrals have to be evaluated numerically.

Optimization of Algorithm 4.6 Significant part of Algorithm 4.6 (the application of
a given test function to all vertex, edge and bubble basis functions) was repeated with
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minor changes four times. The algorithm was presented in this full form for the sake of
transparency, but in practice the repeated part can be handled via a subroutine whose input
parameters identify the given test function. The corresponding reformulation of Algorithm
4.6 1s straightforward.

Moreover, all indices in the connectivity arrays Elem[m] .edge_dof [j], j = 1, 2,

., Elem[m].nv are determined uniquely by the first index Elem [m] . edge_dof [j] [1]
and the orientation flag Elem[m] .o [j]. Therefore they do not need be stored explicitly.
Analogously, it is sufficient to store just the first index of the bubble connectivity array,
Elem[m] .bubb_dof [1], instead of the whole array Elem [m] . bubb_dof. It can be recom-
mended that the reader performs these optimization steps after a first version of the code is
working.

4.3.10 Lagrange interpolation on QP / PP-meshes

The global interpolant of a function g € C(€);,) on a regular mesh T}, p consisting of QP-
and/or PP-elements is obtained analogously to the Q* / P*-case from Paragraph 4.1.8.

Proposition 4.12 The global Lagrange interpolant 1(g) is continuous in Q,, for every
function g € C(Q2y,). Thus every regular mesh consisting of QP- and/or PP-elements is
conforming to the space H'(Q,).

Proof: This is left to the reader as an easy exercise. |

As usual, the global interpolant is evaluated elementwise on the reference domains,
using the sets of Gauss—Lobatto and Fekete points, and the Lagrange-Gauss-Lobatto and
Lagrange—Fekete nodal shape functions. With p = 1, one obtains the lowest-order case
discussed in Paragraph 4.1.8.

4.3.11 Exercises

Exercise 4.3 Prove Proposition 4.6.
Exercise 4.4 Prove Proposition 4.7.
Exercise 4.5 Prove Proposition 4.8.
Exercise 4.6 Prove Proposition 4.10.

Exercise 4.7 In Algorithm 4.6, replace the repeated application of a given test function to
all vertex, edge and bubble basis functions with a suitable subroutine.

Exercise 4.8 Extend your code from Exercise 4.2 to Q? elements using Algorithm 4.6.
1. Present plots of the approximate solution for the parameters
(a) a=2,b=1, My =4. My =2,
(b) a=2,b=1, M; =10, My =5,
(¢c) a=2,b=1, M) =20, My =10,
(d) a=2,b=1. M; =40, My = 20.

2. Present the convergence curve of the above computations in the H*({))-seminorm.
Compare it with the convergence curve from Exercise 4.2.

Exercise 4.9 Prove Proposition 4.12.
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CHAPTER 5

TRANSIENT PROBLEMS AND ODE
SOLVERS

The nature changes at every time instant, and the numerical simulation of evolutionary pro-
cesses plays an important role in applied sciences and engineering. Transient problems can
be very complicated and the spectrum of numerical methods for their solution is accordingly
wide.

At the introductory level it is natural to begin with the Method of lines (MOL), which has
a prominent position due to its ability to add temporal evolution to all numerical methods for
stationary PDEs without altering the spatial discretization. This is demonstrated in Section
5.1, where we exploit the finite element technology developed in Chapters 2—4. With the
MOL this is the “easy part”, and the “real work™ is done by solving the arising system of
ordinary differential equations (ODEs). Therefore, the largest part of this chapter is devoted
to modern ODE solvers.

Section 5.2 introduces the general concept of one-step methods, which are the best
candidates to be used for MOL in combination with adaptive finite element methods. The
discussion continues with the properties and implementation aspects of explicit and implicit
Euler methods and higher-order Runge-Kutta (RK) schemes. Section 5.3 introduces the
reader to stability analysis of ODEs and ODE solvers. Basic understanding of stability helps
the reader to use the ODE solvers adequately and efficiently. Section 5.4 presents the nowa-
days most popular implicit higher-order methods, including the Gauss and Radau implicit
Runge-Kutta (IRK) schemes. Presented are both the classical and simplified Newton’s
methods for the solution of nonlinear algebraic systems arising in implicit ODE solvers.

Partial Differential Equations and the Finite Element Method. By Pavel Solin 167
Copyright © 2006 John Wiley & Sons, Inc.
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5.1 METHOD OF LINES

In this section the reader will need some basic facts about second-order parabolic problems
from Chapter 1. Recall the general second-order parabolic equation (1.76),

o FLu=1f. (5.1)

where L is a second-order elliptic operator of the form (1.1), 2 C R? is a bounded domain
with Lipschitz-continuous boundary, T' > 0, Q7 = € x (0. T') is the corresponding space-

time cylinder, and f € C(Qr). The classical regularity assumptions are weakened after
the problem is stated in the weak sense. For example, in the special case

Lu:—iAu, f= €
oc oc

equation (5.1) describes the temporal evolution of the temperature » induced by heat sources

of the density ¢ in a domain €2 filled with an isotropic material. Here % is the thermal
conductivity, ¢ the material density, and ¢ the specific heat of the material.

5.1.1 Model problem
Assume that J€2 consists of two disjoint open pieces I'p and I' v such that
o =TpuUTly
(see Figure 4.1). Equation (5.1) is equipped with the Dirichlet boundary conditions
u(x,t) =gp(x) forall(z.t)eT'p x (0.T), (5.2)
Neumann boundary conditions
Ou
a—u(w.t) =gn(x) forall(z,t)eT'n x(0.T). (5.3)
and, moreover, with an initial condition
u(x,0) = ug(x) foralzx € (5.4)
For simplicity. let the functions gp and g be time-independent in the following.

5.1.2 Weak formulation

We learned in Chapter 1 how to formulate problem (5.1)-(5.4) in the weak sense: The
nonhomogeneous boundary data gp is represented by a suitable Dirichlet lift G € H* (),
such that G = gp on I'p in the sense of traces. The solution w is written as a sum

ulz.t) = Glx) + Ulx, t).

where forall ¢ € (0,7)
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Ut) eV = {ve H(Q): v|r, = 0}.

Using the notation (U(¢#)){(-) = U{-, t), the weak formulation reads:
Given f € L*(Qr)and Uy = ug — G € V, find U € L*(0.T; V) n C°((0, T); L*(Q))
such that
adz (U xwl{z)de +a(Ut),v) = lv) forallveV, (5.5)
Q
vy = U, (5.6)

in the sense of distributions. Both the bilinear form a(-.-) and the linear form I(-) were
defined in Chapter 4.

5.1.3 The ODE system

The basic idea of the Method of lines is to keep the temporal variable ¢ continuous while
the spatial part of the problem is discretized analogously to time-independent problems.
This technique is called semidiscretization in space. The outline of the procedure is as
follows: Perform all spatial approximation steps described in Paragraph 4.1.2 and design
the piecewise-polynomial space V,,, C V according to the finite element mesh 7;, ,,.
Construct a suitable basis

Express the sought function Uy ,, as a linear combination of the basis functions v;, j =
1,2,.... N, with time-dependent coefficients y;(¢),

N

Unp(@,t) = y;(t);(e) (5.7)

J=1

[compare to (4.11)].

The variational formulation (5.5) is approximated using the sequence of approximations
listed in Paragraph 4.1.2: The domain {2 is replaced with a simpler domain §2,, suitable for
meshing, boundary conditions are moved from J2 to the new boundary 3¢, coefficients
and data are extended to €2y, if Q,, ¢ €2, the space V is replaced with a piecewise-polynomial
space V}, ;, built on the finite element mesh, exact integration is replaced with the Gaussian
quadrature, etc. After inserting the construction (5.7) into the approximate variational
formulation, one obtains

N N
Zyj(t)/ vi(@vi(z)de + Y y;(t) alvj,v,) = 1(v,), (5.8)
=1 I . J=l Hs/—/
my, i
1=1.2,.... N. Written in matrix form, (5.8) reads
MY (t) + SY (t) = F(t). (5.9)

Here, M is the mass matrix,
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M = (Vy,05)12 = / vi(x)v,(x)de, 1 <ij <N,
Q,

S is the stiffness matrix,
84y = alvy, v, ), 1<4,j<N
F is the right-hand side vector,
f=1w), 1<j<N,

and Y (1) is the vector of unknown time-dependent coefficients y;(t), j = 1,2,..., N.
Now (5.9) no longer depends on the spatial variable x, and thus (5.9) is a system of
linear ODEs. Defining

D(Y(t),t) = M~}F(t) - SY (1)), (5.10)

one obtains a standard initial value problem
Y(t) = ®(Y(t)1), (5.11)
Y0 = Y° (5.12)
We assume that the right-hand side function ®(Y,¢) is continuous and locally Lipschitz in
Y (these are the assumptions of the existence and uniqueness theorem for ODEs [25]).
5.1.4 Construction of the initial vector

In the finite element context, the initial coefficient vector Y = (Y1.0-¥2,0, - - - Jynvo) T
is determined uniquely by any interpolant Uy ,, 0 € Vj, ;, of the initial condition U (0} =
ug — G € V via the expansion

N
Uppo = E Yr oV
=1

Here {vy,vs,...,vn} is the finite element basis of the space V}, ,. Since the interpolation
is done in a Hilbert space setting, there are at least three basic interpolation options with
different quality and cost:

1. Best interpolant minimizing the norm ||(ug — G) — Uy pollv, is obtained via the
global orthogonal projection of 1, — G onto the space V}, ,,. In this case, one has to
solve a system of N = dim(V}, ;) linear algebraic equations of the form (2.82),

N
(uy = G) =D you, 0| =0 foralli=1.2,. .. N (5.13)
j=1

v

2. Projection-based interpolant that combines the Lagrange interpolation of vertex val-
ues with the orthogonal projection on the edges and in the element interiors. The
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one-dimensional version of this technique is simple (see Section 2.82), but in 2D it

involves the nontrivial space Héé %, which exceeds the scope of this text (see, e.g.,
[111] for details). This technique only involves the orthogonal projection locally, and
therefore it is faster but less accurate than the full orthogonal projection.

3. Lagrange nodal interpolant. This is the fastest but at the same time the least accurate
technique. One proceeds as described in Paragraph 4.1.8 for Q' /P!-meshes and in
Paragraph 4.3.10 for meshes consisting of higher-order @ / PP-elements.

Evaluation of the vector Y (t) In most computations the mass matrix M is not in-
verted explicitly since M~ is a large dense matrix. Instead, one usually resolves Y (t)
from a system of linear equations

MY (1) =B (5.14)
with the right-hand side
B =F(t) - SY(1).

[terative matrix solvers perform efficiently on the system (5.14) since the mass matrix M is
well-conditioned (usually much better than the stiffness matrix S). It is worth mentioning
that certain spectral element methods yield a diagonal mass matrix M (see, e.g., [69]).

5.1.5 Autonomous systems and phase flow

The notions of autonomous system and phase flow will be used frequently in this chapter.
By the symbol

V(X0 t,ty) (5.15)

we denote the solution Y'(¢) to (5.11) at the time ¢ € R, starting from the initial vector
XY € RY and initial time #, € R. Without loss of generality, we can assume that o = 0.
In the special case of autonomous systems,

Y (1) = ®(Y) (5.16)

the time only enters relatively via time differences, and therefore one can leave out the
initial time ¢, from (5.15). Then the symbol

V(X.At) (5.17)

is used to denote the solution to (5.16) starting at X € RY after the time-increment At.
Autonomous systems occur frequently in practice (for example, if coefficients and data to
a parabolic PDE do not depend on time explicitly) and they are the basis for the stability
analysis of numerical methods for ODEs (to be discussed in Section 5.3).

Under the assumption that the solution Y'(¢) exists for all + € R, the RY — RV
transformations

FAX = Y(X.At) forall X e RV, At e R.
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form a one-parameter Abelian (commutative) group. This group [and sometimes also the
function Y(X, At) itself] is called phase flow of equation (5.16). The corresponding binary
operation ‘+* is the continuation,

(FA % FANX = FASFAMX = Y(V(X.At),As)  forall X € RV, At,As € R.

It is easy to check the commutativity of this operation,
(]_-As * ]_-At,)X — ]:AS]:A{X
— fAth.s‘X
(FA % FA X forall X € RV, At As € R.

The identity element of the phase flow is the identity transformation

FX =Y(X.0)=X forall X e RV,

and the inverse element to F21 is defined as the reader expects,

F=8X =Y(X.-At) foral X e RN, At e R.

The verification of the associativity law,
(fAr *fAs) *fAt — fAr * (fAs *fAt)A

is left to the reader as a simple exercise.

5.2 SELECTED TIME INTEGRATION SCHEMES

There exist many excellent papers and books on the numerical solution of ODEs, and
numerous sophisticated ODE packages can be downloaded from the Internet. However,
one should not think that all important problems in the theory and numerics of ODEs
have been solved. On the contrary: Significant progress has been made recently in the
development of new methods and in understanding of the existing ones, and the numerical
solution of ODEs continues being a very active research area.

The initial-value ODE problems resulting from the MOL exhibit specific features that
have to be considered when selecting an appropriate ODE solver. Often, stiffness makes
the application of explicit schemes prohibitive and requires implicit methods. The ODE
solver should be of a higher order of accuracy: Higher-order schemes are preferable even
for lower-order spatial discretizations because of their efficiency. Third, the increasing
popularity of self-adaptive finite element schemes prefers one-step ODE solvers. Summing
up, higher-order implicit one-step methods are one of the nowadays’ most popular choices.

In Paragraph 5.2.1 we introduce the general concept of one-step methods and define their
consistency and convergence. Paragraph 5.2.2 begins with the explicit and implicit Euler
methods, and it describes their application to the initial-value ODE system (5.11), (5.12)
with emphasis on the case with the linear right-hand side (5.10). The concept of stiffness
is discussed in Paragraph 5.2.3, and a discussion of modern explicit one-step Runge-Kutta
(RK) methods for nonstiff problems is given in Paragraph 5.2.4. A feasible algorithm
for automatic adaptivity based on embedded RK methods is described in Paragraph 5.2.5.
General (implicit) RK methods are discussed in Paragraph 5.2.6.
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5.2.1 One-step methods, consistency and convergence

The general one-step method for equation (5.11) calculates an approximation X AL of
the solution at the time ¢ + At using the approximation X at the time ¢ and a time step At.
This can be expressed using the notation

XA = £(X t, Ab). (5.18)

Analogously to the continuous case (5.17), in autonomous systems of the form (5.16) one
can drop the temporal variable ¢ and define

X5 = £(X . At). (5.19)

The function £ sometimes is referred to as the discrete phase flow of the autonomous system.
Consider a finite time interval (0,7'), and introduce its partition 0 = £y < t; < 2 <
. < tg = T, where t; is the kth temporal level and At = tr,; — ti the kth time
step, k = 0,1,..., K — 1. Then the one-step method (5.18) starting at the initial condition
Y’ = Y (0) creates an approximation of the exact solution Y (t) = V(Y°,t,0) of the

problem (5.11), (5.12) in the form of a sequence of discrete states YLv? ..., v¥atthe
times t1,fo, ..., tK:
Yi = £(Y°%0,At), (5.20)
Y? = (Yt At).
YvE = ¥l g ) Atk ).

The consistency error of the one-step method (5.18) is defined naturally as the difference
between the approximation and the exact solution to (5.11) after one time step, when
starting from the same state X. The following definition expresses this difference using
the functions ) and £.

Definition 5.1 (Consistency error) The consistency error of the one-step method (5.18) at
X € RN and t > 0 for sufficiently small At > 0 is defined as

(Xt At) = V(X ,t,At) — (X, t, At).

In order to distinguish between the lowest- and higher-order time integration schemes,
it is natural to define the order of consistency.

Definition 5.2 (Order of consistency) The order of consistency of the one-step method
(5.18) equals p if

e(X,t, Aty = O(AtPT1) (5.21)

holds for sufficiently small At locally uniformly for all X and t. The method is said to be
consistent if its order of consistency p is at least one.

The following result is frequently used in the numerical analysis of ODEs:
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Lemma 5.1 (Consistency of one-step methods) Assume that the function £ is continu-
ously differentiable in the variable At for all sufficiently small 0 < At < At*. Then
the one-step method (5.18) is consistent if and only if there exists an increment function
(X, t, At) continuous in t for all X, such that (X .t,0) = ®(X,t) and

E(X.t,At) = X + Atp(X. 1. AL).

Proof: Based on the Taylor expansion of the functions ) and & (see, e.g., [25]). [ |

Naturally, one wants to analyze whether and when the approximate solution approaches
the exact one as the time step converges to zero. For this purpose we define the discretization
error and convergence of one-step methods:

Definition 5.3 (Discretization error) Assume that the system (5.11), (5.12) has an exact
solution Y (t) in the interval (0,T). Consider a partition 0 =ty <t; <tp <... <ty =
TandletY° Y, ..., Y X be the approximate solution obtained by means of the one-step
method (5.18). The discretization error is defined as

The symbol dt stands for the diameter of the time partition,

dt = ¢ tr —ti_q).
Pt (e =)

The notion of convergence of the general one-step method (5.18) is defined as follows:

Definition 5.4 (Convergence) The one-step method (5.18) is said to be convergent with
the order p > 1 if there exists a constant dt* > 0 such that

eqr = O(dtP)
for all temporal partitions of the interval (), T whose diameter dt < dt*.
The following theorem is the basic convergence result for one-step methods:

Theorem 5.1 (Convergence of one-step methods) Ler £( X, t, At) be a one-step method
whose increment function (X ,t, At) is locally Lipschitz-continuous in the variable X.
Assume that along a trajectory

Y (t) € C1(0,T],RY)
the consistency error satisfies
Y (t + At) — E(Y (t),t, At) = O(AtPTH),

Then the one-step method is convergent to Y (t) with the order p.
Proof: The proof is based on Lemma 5.1. See, e.g., [25]. |

The simplest concrete examples of the general one-step method (5.18) are the explicit
and implicit Euler methods.
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5.2.2 Explicit and implicit Euler methods

Euler methods are the oldest and least sophisticated ODE solvers. The explicit Euler method
is popular because of its very simple implementation and minimum overhead cost, but it also
is known to be unstable unless the time step is extremely small. The implicit Euler method
is more stable, but for nonlinear ODEs it requires the solution of a system of nonlinear
algebraic equations in every time step. In the case of linear ODEs the application of both
the explicit and implicit Euler schemes is equally simple.

Explicit Euler scheme

The explicit Euler method is obtained by approximating the temporal derivative in (5.11)
by the forward time difference,

. Yk+1 _ Yk
Yt~ x>

and leaving the right-hand side of (5.11) on the kth temporal level. In this way one obtains

Y’ = Y(t), (5.22)
Y = YR ARe(YF 1), (5.23)

which is a one-step method of the class (5.18),
E(X t,At) = X + AtP(X t).
Since @ is continuous, this method is evidently consistent with the order p = 1 in the
sense of Definition 5.2. If the right-hand side ®(Y, t) is locally Lipschitz-continuous in
the variable Y, the increment function
P(X, b, At) = (X, )

satisfies the assumptions of Theorem 5.1, and therefore the one-step method is convergent
with the order p = 1.

It follows from (5.10) that on each time level one obtains a system of linear algebraic
equations of the form

MY*+! = B (5.24)

where

BF = MY 4 Aty (F(t) - SY").

The presence of the mass matrix M on the left-hand side of (5.24) is not very pleasant for
an explicit method, since the time step is very small and the system (5.24) has to be solved
many times. Therefore, in practice M sometimes is truncated to its diagonal,

M%diag(mu,mgg,...,mNN). (525)

This operation is called mass lumping.
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Limitations The truncation (5.25) produces a higher-order temporal error term that often
can be neglected with a low-order FEM discretization in space. Generally it is not practical
to combine low-order ODE schemes with higher-order FEM. As we said above, the explicit
Euler method is known to be unstable unless the time step At is very small. For parabolic
problems, the theory says that At must be proportional to the square of the volume of the
smallest element in the mesh, i.e.,

At = O(AR?). (5.26)

This criterion makes the explicit Euler method extremely time-consuming and almost im-
possible to combine with spatial adaptivity, where Ah — 0. The situation is less severe
in the case of hyperbolic problems, where the criterion (5.26) is replaced with the less
constraining CFL condition (see, e.g., [52, 77] and [78]),

At = O(Ah).

The stability of one-step methods will be discussed in more detail in Section 5.3.

implicit Euler scheme

The implicit Euler method is obtained by approximating the temporal derivative in (5.11)
by the backward time difference,

. Yk+1 _ Yk
Y(tk+1) ~ T

and assuming the right-hand side of (5.11) on the (& + 1)th time level. The ODE problem
(5.11), (5.12) yields a discrete system

Y = Y(t). (5.27)
YD = YR 4 AR (Y 4 A,
In general the function ® is nonlinear and requires a special treatment (such as, e.g., some
sort of fixed point or Newton’s method). However, the linearity of the model problem (5.1)
yields

Yk+l _ Y/\‘ )
M- = F(tpy,) — SY 1
ti

and as a result, the system one has to solve on each time level is linear,

S Y ! = Bt (5.28)
Here

Sy =M + Ay S (5.29)
and

B = At F(tpy1) + MY*.
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Stability and accuracy 1t is well known that the implicit Euler scheme is absolutely
stable, i.e., it works with any size of the time step (this will be discussed in more detail in
Section 5.3). One should not forget that this method only is first-order accurate. In most
cases the performance of iterative matrix solvers deteriorates when the time step A¢;. grows
too large, since usually

K(M) < (S),
and thus the matrix (5.29) becomes ill-conditioned.

Remark 5.1 Without the truncation (5.25) of the mass matrix M the implementation cost
of both the explicit and implicit Euler schemes is the same. Thus for linear problems it
certainly is a good idea to use the implicit scheme.

5.2.3 Stiffness

It is customary to say that stiffness is a property of ODEs that complicates their numerical
solution. In reality the stiffness is a more complex phenomenon that involves at least three
basic ingredients: the solved equation or system, the numerical method, and the time step.
It is known that stiffness is associated with the behavior of perturbations to a given solution.
To illustrate this, let Y (¢) be an exact solution of equation (5.11),

Y (t) = ®(Y(t),1), (5.30)

and let eZ(¢), where ¢ is a very small real number, be a perturbation of Y (¢). When
replacing Y (¢) with the perturbed solution Y (¢) + e Z(¢),

Y (t)+ eZ(t) = ®(Y (t) + eZ(t).1).

and neglecting the quadratic and higher-order terms in the Taylor expansion, one obtains

Y(t)+eZ(t) = (Y (t).1) + eJ (1) Z(2). (5.31)
Here
J(t) = Do (¥ (1)1 (5.32)

is the Jacobi matrix of the right-hand side ®. Subtracting (5.30) from (5.31), one obtains
an equation governing the evolution of the perturbation,

Now, in a time interval where neither the solution Y (¢) nor the Jacobi matrix J () change
significantly, the growth of the components of the perturbation Z(¢) is determined by the
eigenvalues of J(¢). In general, the existence of one or more eigenvalues whose real part
is negative and large in magnitude is a sign that stiffness almost certainly is present. This
is demonstrated on a simple linear ODE system:
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Example of a stiff problem Let us solve a system of two linear ODEs,

71(¢)

P(t) =

equipped with the initial condition

Equations (5.33) are autonomous and they can be written in the matrix form

where

-1 (1),

—100y2(t).

Y (t) = AY (),

o

-1
0

0
—100

).

(5.33)

(5.34)

Hence the Jacobi matrix (5.32) is directly A. The eigenvalues of A, \; = —1 and A =
—100, determine the form of the exact solution,

Y1 (2‘) = €5
- 100t
ya(t) :
which is depicted in Figure 5.1.
1 T T T T
yi(t
y2(t) -
08t g
06 v .
0.4 fi .
02 H i
0 N i 1 1 L
0 0.2 0.4 0.6 0.8 1

Figure 5.1 Two different temporal scales in the solution of the stiff problem (5.33), (5.34).

(5.35)

We see that the solution components y; (¢) and y»(¢) vanish at different temporal scales. It
is well known that explicit methods applied to stiff problems like (5.33), (5.34) are unstable
unless the time step is absurdly small. The best known one-step schemes for stiff problems

higher-order implicit RK methods, will be discussed in Section 5.4.
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5.2.4 Explicit higher-order RK schemes

Fortunately not all ODEs are stiff, and explicit methods are useful for numerous types
of ODE problems. The RK methods are sophisticated one-step methods that generalize
the explicit Euler scheme to higher orders of accuracy. The first method of this kind was
introduced as a generalization of the Taylor’s method in 1895 by Carle David Tolmé Runge
(1o1],

2, = ®(Y* 1), (5.36)
At At
ze = & Yk-}-—kzl,tk‘f‘—k y
2 2
Yt = Y* + At zs.

Figure 5.2 Carle David Tolmé Runge (1856-1927).

C.D.T. Runge contributed significantly to the fields of differential geometry, interpo-
lation, and numerical solution of algebraic and ordinary differential equations. He also
was active in experimental physics, where he investigated the wavelengths of the spectral
lines of elements. Nowadays his explicit second-order method (5.36) is widely used in the
slightly more general form

zi = @(Yht), (537
At At
zeo = P Yk‘}‘_kzlytk‘l"_k
20.)2 2
YR = YR 4 At(1 - w2)z 4 waza),

where possible choices of the parameters are wp = 1/2,wy = 1/3 orwy = 1.
As shown in 1901 by W. Kutta [74], (5.36) can be extended to more general nested
evaluations of the right-hand side, resulting into the s-stage explicit RK method

1—1
z, = P Y* + Aty Z Qi;Z5,tk + At |, ¢ =0, (5.38)
j=1

8
) - Y’H—Athb,-zi. (5.39)
=1
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The parameters a,, and ¢;, satisfying

=1
G = E Ay,
=1

are determined from the Taylor expansion of the function Y(t) in (5.11) in such a way
that the order of the truncation error is maximized (see, e.g., [106]). The values of these
parameters are sufficiently well tabulated.

Butcher’s arrays Both the explicit and implicit RK methods can be written economi-
cally in terms of the Butcher’s arrays [25],

Ci 41z iz ... Qig
C2 | G21 Q22 ... dgs
Cs | Gs1  Ug2 Qgs

| b by bs

The RK method given by such array is referred to as the (b, ¢, .A4) RK method. For example,
the array

corresponds to the explicit Euler method (one-stage explicit RK method)
z; = ®(YF ), (5.40)
YA = YR 4 Atz
The original second-order Runge’s method (5.36) can be written as

0
1/2 | 1/2

| 0 1

The famous Kutta’s fourth-order “classical RK method” (1901) has the form

0
1/2 | 1/2
12| 0 172

1 0 0 1
| 1/6 1/3 1/3 1/6

To give one more example, the so-called Kutta’s 3/8 formula is given by

0
1/3 | 1/3
2/3 1 -1/3 1
1 1 -1 1

| 1/8 3/8 3/8 1/8
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A Runge-Kutta method is explicit if the diagonal and the upper triangular submatrix of
A are zero. The sufficient and necessary condition for the consistency of RK methods is
formulated in the following lemma.

Lemma 5.2 (Consistency of explicit RK methods) Anexplicit (b, c, A) RK method(5.38),
(5.39) is consistent for all continuous right-hand sides ® if and only if

S =1, (5.41)
i=1

This condition will be extended to general implicit RK methods in Paragraph 5.4.1.

Proof: The method (5.38), (5.39) can be written in the incremental form
E(X,t,At) = X + Atp(X, t, At)

with

s
(X, t,At) = X + ALY bz

i=1

For At = 0 we have z,(X,t,0) = ®(X, t) and therefore

B(X,4,0) = X + At (Z bi> ®(X,1).

=1

By Lemma 5.1 consistency is equivalent to ¢ (X, t, At) = ®(X, ¢). This is the case if and
only if (5.41) holds. [ ]

In reality, the coefficients b, and ¢, are the weights and points of a quadrature formula
in the interval (0, 1) (to be discussed in more detail later). Now let us have a look at the
maximum order of consistency of an s-stage explicit RK method.

Lemma 5.3 (Order of consistency of explicit RK methods) Letan explicit s-stage (b, ¢,
A) RK method have the order of consistency p for all infinitely smooth right-hand sides ®.
Then necessarily

gty = y(t), (5.42)
y(0) = L
we find that
2

At AP
E(1,0,At) = et =14+ At + o Fet o + O(APT).
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Thus necessarily z;(1,0, At) is a polynomial of the degree less than or equal to ¢ — 1.
Hence £(1,0, At) is a polynomial in At of the degree at most s, and for the consistency
error (1,0, At) to be O(AtP*1) it must be p < s. ]

Explicit RK methods are very popular because of their very simple implementation.
More precisely, their implementation is very simple in combination with the truncation
(5.25) of the mass matrix M. The loss of accuracy due to this operation is less significant
than in the case of the explicit Euler method.

Most popular are RK methods of the orders p = 1 (Euler methods), p = 2, and p = 4,
since for higher p it is p < s (see Table 5.1), and the ratio of the cost and performance
becomes less optimal.

Table 5.1 Minimum number of stages for a pth-order RK method.

[

p |1

2 3 4 6 7 8
2 3 4 6 7 9 11 >p+3

Smin ’ 1

5.2.5 Embedded RK methods and adaptivity

An ODE solver designed to perform well on a wide range of problems should be adaptive
and control at least the local error. In this context, worth mentioning are the embedded RK
methods. These are simple adaptive schemes that estimate the local error via the difference

EF ~ YR P (5.43)

where the values Y**! and f’kH are obtained by performing the same time step twice
with RK methods of the order m + 1 and m, respectively. This is an idea as old as error
estimation itself, and moreover, it seems to more than double the amount of work per time
step. However, the Fehlberg’s trick [51] makes it possible to keep the amount of work
proportional to the (m + 1)th-order method.

Fehiberg’s trick The basic idea of the Fehlberg’s trick is to let the first stage of the new
time step be the same as the last stage of the current step, i.e.,

s—1
S(YF + At Y ag;z) tk+esAt) = =
j=1

N
®(Y " b+ Aty)
s
= ®(Y"+ Aty ijzf,tk + Aty).
j=1

This holds for all right-hand sides if the coefficients satisfy

cs = 1

bs = 0,

as; = by forallj=1,2,...,s.
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The remaining coefficients are determined routinely (see, e.g., [25]). The total number of
evaluations of the right-hand side ® in n steps of the algorithm is only n - (s — 1) + 1
instead of n - 5. Therefore we speak about an effectively (s — 1)-stage method, of the type
RKp(p—1).

Among numerous known embedded RKp(p — 1) methods, the most mature were con-
structed by J. R. Dormand and P. J. Prince (see [42] and [43]). The coefficients of their
effectively 6-stage RK5(4) method are given in Table 5.2.

Table 5.2 Coefficients of the Dormand-Prince RK5(4) method.

0

1|1

5| 5

3|2 9

10 | 40 40

g a6 32

5| 45 15 9

8 | 19372 25360 64448 212

9 | 6561 2187 6561 729

L | 9o 355 46732 49 5103
3168 33 5247 176 18656

R o 500 125 2187 11
384 1113 192 6784 84
35 o 500 125 2187 11
384 1113 192 6784 84
5179 o 7571 393 92097 187 1
57600 16695 640 339200 2100 40

Various adaptive algorithms can be built upon embedded RKp(p — 1) methods, using
either the rather primitive error estimate (5.43), or some more sophisticated estimate that
typically involves the stages z; (see, e.g., [25]).

The following basic adaptive algorithm reduces the time step At to DTRED % At if
(5.43) exceeds a given tolerance TOL, and it increases At to DTINC x At if (5.43) is less
than ERRMIN = TOL. If the ODE system is rooted in a parabolic PDE, the initial time
step may be defined as Atg := (Ah)? (where Ah is the volume of the smallest element in
the mesh 7}, ,,). Otherwise, some other appropriate value of Aty may be chosen.

Algorithm 5.1 (Adaptive RK5(4) method)

Read the local error tolerance parameter TOL;
Read the final time Tfinals
Set the time step reduction parameter DT'RED (for example) to 1/2;
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Set the time step increase parameter DTINC (for example) to 3/2;
Set the parameter ERRAMIN (for example) to 0.05;
Define the initial time step as At = Aty
Define the initial condition Y := Y (0);
Set t:=0 and k:=0;
Do {
Estimate Y (¢,4;) by Y*T! using Y*, At and the RKS method;
Estimate Y ({xy1) by i;k+x using Y*, At and the embedded RK4 method;
Calculate a local error estimate EF+! via (5.43);
If (ERRMIN «+ TOL < ||EF*T!|| < TOL) then {
k=k+1;
}

else {
if (|E*+Y|| > TOL) then At:= DTRED x At;
else {
t:=1t+ At;
k=k+1;
At := DTINC x At;
}

} while (¢t < Tfynal)s

The application of this algorithm to a concrete problem may show the need for adjustment
of the parameters Atg, DI'RED, ERRMIN and DTINC. Let us remark that embedded
RK methods also exists in the implicit version (see [25] and the references therein).

5.2.6 General (implicit) RK schemes

Implicit RK methods were introduced in 1964 by J. C. Butcher by allowing the coefficient
matrix A in (5.38), (5.39) to be a full matrix. This generalization yields an s-stage RK
method

5
2= YN+ AL ayzt+ o), (5.44)
J=1
Y = YR+ AR bz (5.45)
i=1
The summation in (5.44) runs over all ¢ = 1,2, ..., s, and therefore identical z,s appear

on both sides of the equation whenever a,, # 0, and unknown higher-index z;s, ¢ < j, are
present if a;; # 0. In these cases the RK method (5.44), (5.45) is implicit. In turn, the
explicit RK methods (5.38), (5.39) are obtained if a,;, = Oforall 7 > 4,7 =1,2,...,s.
The currently best known Gauss and Radau higher-order IRK methods are introduced in
Paragraph 5.4.2, after we discuss in more detail the role of higher-order numerical quadrature
rules in Paragraph 5.4.1. For now, let us mention a few simpler IRK methods and illustrate
their application to problem (5.11), (5.12) with the right-hand side (5.10).
The Butcher’s array

—_ | =

represents the implicit Euler method (5.27),

Z1 = ¢(Yk +Aka1tk+Atk)
YR = YR 4 Atz
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Another one-stage method
1/2 ] 1/2
| 1

corresponds to the “implicit midpoint rule”. Notice that p = 2s here, which by Lemma 5.3
would not be possible with an explicit RK method. A third array,

o] 0 0
1]1/2 1/2
| 172 1/2

defines another second-order IRK based on the “implicit trapezoidal rule”

2y = ®(Y* 1), (5.46)
At At
zZo = ¢<Yk+TkZI+TkZ2,I‘k+Atk>,
At At
Yhr+HL = Y‘“+T’“z1+7’“z2.

With a general nonlinear right-hand side @, each iteration of an s-stage IRK method requires

the solution of a system of nonlinear algebraic equations (see Paragraph 5.4.3). The natural

questions of existence and uniqueness of solution to this system are highly nontrivial, but

the answer to both of them is positive, for sufficiently small values of At (see, e.g., [25]).
In our particular case, the linearity of the model problem (5.1) translates into (5.10),

®(Y (t),t) = M [F(t) — SY(t)].

In turn the algebraic system to be solved is linear, as it was in the case of the implicit Euler
method in Paragraph 5.2.6. For example, the above second-order IRK (5.46) yields

z, = M YF*-S8Y"), (5.47)

At At
M~} |:Fk+1 -8 (Yk-l— %Z1 + %Z2>} s

z2

and thus z; and z; are obtained by solving two linear algebraic systems
Mz, = F*_SY* (5.48)
At At
(5] = s (re )

More about higher-order RK schemes will be said in Section 5.4, after introducing basic
stability concepts of ODEs and one-step methods in Section 5.3.

It

5.3 INTRODUCTION TO STABILITY

The stability domains of the functions ) and £ are fairly independent, and the performance
of the ODE solver is determined by their intersection. Let us begin with defining the
classical concept of Ljapunov stability:
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Definition 5.5 (Stability, asymptotic stability) Let (Y", ;) be such that the solution Y (t)
= Y(Y".t,t0) of the ODE (5.11) exists for all t > to. The solution Y (t) is said to be
stable ar (Y'°, to) (in the forward direction) if for every € > 0 there exists a § > 0 such that

Y (1) € BL(Y(Y.,t,t0))

for all t > to and all perturbed initial states Y," € Bs(Y). In addition, if there exists a
bo > 0 such that

Jlim V(YO t,t0) — V(Y2 t,t0)|| = O
—0C

forall perturbed initial states Y;O € Bs, (YO), the solution Y (t) is said to be asymptotically
stable ar (Y tg). In such case we say that sufficiently small perturbations of the initial
state are “damped out”. Solution Y (t) is unstable if it is not stable. An ODE is called
stable if it has a stable solution for all initial conditions (YO, to)-

In other words, the function Y of an ODE is said to be stable (in the sense of Ljapunov) if
small changes of the initial state cannot cause excessive changes in the temporal evolution.
An analogous definition can be formulated for the stability in the backward direction. It
can be shown that a solution Y (¢) that is asymptotically stable in the forward direction is
unstable in the backward direction. The notion of stability is invariant under the choice of
the norm || - || in R”, since all norms in finite-dimensional spaces are equivalent (Definition
A.34, Theorem A.S).

5.3.1 Autonomization of RK methods

The stability of numerical methods for ODEs is analysed in the context of linear autonomous
systems of the form

Y(t) = AY(#), (5.49)
Y(0) = Y°
where A € RY*Y is a constant real (or complex) matrix. But, does the study of the

autonomous system (5.49) have some relation to the original nonautonomous system (5.11),
(5.12),

Y (1) ®(Y (1),4), (5.50)
Y(0) = Y%

The answer is yes. It is well known that the system (5.11), (5.12) can be autonomized by
defining a new (augmented) state variable

Z(t) = (q’(Y(t)’t) ) (5.51)

N
£
Il
N
o™
o
~——
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Let Y(Y°,¢,0) describe the evolution of the original system (5.50) and the function
zZ (ZO, t,0) the evolution of the autonomized system (5.51). Then ) and Z are equiv-
alent if the condition

( y(Y(:):I—tXt+ At) ) _ (( ngt) )mHAt) 552

is satisfied. It seems not to be widely known that virtually all RK methods that are used
in practice account for this equivalence by producing identical results when applied to the
systems (5.50) and (5.51). Such RK methods are said to be invariant under autonomization.
However, the fulfillment of (5.52) is not automatic:

Lemma 5.4 A general (b, ¢, A) RK method (5.44) is invariant under autonomization if and
only if it is consistent and

8
C, = Zai]- forall 1=1,2,... s. (5.53)
j=1

Proof: See,e.g., [25]. | |

It is customary to use the notation (b,.4) for RK methods with the property (5.53). The
formalism of Butcher’s arrays reveals easily that all the explicit and implicit RK methods
presented until now (including both the explicit and implicit Euler methods), were invariant
under autonomization. Without loss of generality, we restrict ourselves to RK methods
invariant under autonomization also in the rest of this chapter.

5.3.2 Stability of linear autonomous systems

The invariance of RK methods under autonomization justifies the study of their performance
on the linear autonomous system (5.49). Itis well known that in this case the exact solution
has the form

Y (t) = V(Y1) = exp(A1)Y?, (5.54)
where the matrix exponential exp(At) is defined via the absolutely convergent series

(tA)"
nl

exp(At) = ) (5.55)
n=1

For every A € RV*¥ this series converges locally uniformly in R, i.e., uniformly in all
finite intervals (=7, T'), T € R (for a proof see, e.g., [25]).

Because of (5.54) and (5.55), the complex exponential function exp(z), z € C, is called
the stability function of the linear autonomous system (5.49). We will see in Paragraphs
5.3.3 and 5.3.4 that explicit and implicit one-step methods of the order p are based on its
pth-degree polynomial or rational approximation of the form

exp(z) = R(z) + O(2P11), (5.56)

respectively. The following theorem characterizes the stability of the matrix exponential
exp(At) in terms of the eigenvalues of A. Recall Definition A.18 of the spectrum o (A).
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Theorem 5.2 The linear autonomous ODE system(5.49) is stable if and only if the following
two conditions are met:

1. Re(N) < Qforall A € o(A),

2. All eigenvalues A € o(A) such that Re(\) = 0 have index exactly one. (The index
of an eigenvalue is the size of the associated Jordan blocks in the Jordan canonical
Sform of the matrix A).

The system is asymptotically stable if and only if Re(X) < 0 forall A € o(A).
Proof: See,e.g., [25]. [ |

The reader can see that neither the stability nor the asymptotical stability of the solution
Y (#) to linear autonomous systems depend on the initial condition Y?.

5.3.3 Stability functions and stability domains

In practice we need to know to what extent the discrete phase flow £ of a given one-step
scheme,

YR = £(YF An), (5.57)

preserves the stability of the continuous phase flow ) to the original autonomous ODE
problem. For this we need to introduce the notion of stability domains for both functions
Y and £. Typically, these two stability domains are different, and the numerical method is
stable in their intersection.

For simplicity let us begin with a scalar version of the linear autonomous problem (5.49)
of the form

y(t) = Ay(t), te(0,00), (5.58)
y(0) = ¢
where 0 # X\ € C is a constant. By Theorem 5.2 the function
V(z,t) = exp(th)z (5.59)
is stable if Re(A) < 0. This motivates the following definition:
Definition 5.6 (Stability domain of V) Let the continuous phase flow have the form(5.59).
Then the stability domain of Y is the set

Sexp = {z € C; Re(z) <0}. (5.60)

Now let us look at the stability domains of the explicit and implicit Euler methods:

Explicit Euler method The approximation of y(t) = Y(y",#) with a constant time
step At has the form
y? (1+ AN, (5.61)
y? (1+ Aty = (14 AN,
o= (14 A2 = 1+ A3,
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Hence the discrete phase flow £ can be written as
E(z, At) = R(AtN)z. (5.62)
where the affine polynomial R(z),
R(z) =14z = exp(z) + O(z?), (5.63)

is said to be the stability function of the explicit Euler method. The function R(z) is a
consistent approximation of exp(z) in the sense of the following definition.

Definition 5.7 We say that a rational approximation R(z) of the complex exponential
exp(z) has consistency order p if

exp(z) = R(2) + O(z"*),
The function R(z) is said to be consistent if p > 1.

As the reader may expect. the consistency order of the stability function R is tightly
related to the consistency order of the function £ (in the sense of Definition 5.2). This will
be formulated precisely in Lemma 5.6. The stability requirement

lim 3" = 0.

n—oc

applied to the method (5.61), yields the stability condition
|1+ AtA] < 1.

This is equivalent to the well known time step restriction for the explicit Euler method,

—2Re(N)

At <
Ve

(5.64)

In the real case (0 % A € R) condition (5.64) reduces to

2
At < —.
Al

Definition 5.8 (Stability domain of £) Let the discrete phase flow £ have the form (5.62).
Then its stability domain is the set

Sr={z€C: |R(z)| < 1}.

In the case of the explicit Euler method, R(z) is given by (5.63) and therefore the stability
domain of £ is the open complex circle with the center at —1 + 0¢ and radius 1,

Sp={zeC|1+:z| <1}

as illustrated in Figure 5.3.
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Figure 5.3  The stability domain Sy of the discrete phase flow £ of the explicit Euler method.

We see that Sp C Seyp, and this is why the time step restriction (5.64) exists. The
relation of the stability domains Sg and S.,,, will be different in the case of the implicit
Euler method:

Implicit Euler method The method (5.27), applied to the linear scalar equation (5.58),
yields

yl\'+1 — yk i AAtyk‘+1~

k+1

From here. the value of y is calculated via the relation

gl =1 - At/\)*ly"'.

In the vector-valued linear autonomous case (5.49), this operation corresponds to the so-
lution of a system of linear equations (to be discussed in more detail in Paragraph 5.3.4).
With a constant time step At, the method approximates y(t) = Y(y".t) with a series of
discrete values

yoo= (1-AamTy (5.65)
o= (1- ATy = (14 AN TR0,
o= (1- ATy = (1+ A T30

Thus the discrete phase flow £ attains a form similar to (5.62),
E(x. At) = R(AtA)x.

but now the stability function R(z) is rational,

1 . .
R(z) = T =l+4z4224204.. ., exp(z) = R(z) + O(zz). (5.66)

We see that the function R(z) is a consistent approximation of exp(z). The stability domain
of the function £ is
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Sr=C\{z€C; |R(2)| <1} =C\{z€C; |1 — 2| < 1},

which is the complement of the closed complex circle with the center at 1 + 0¢ and radius
1. In particular,

Sezp - SR»

and therefore the implicit Euler method is stable for all values of A € C and all time steps
At (we say that it is absolutely stable).

5.3.4 Stability functions for general RK methods

The stability functions to general higher-order RK methods are obtained by extending the
results from the previous paragraph. Let us give one additional example prior to introducing
the general result in Theorem 5.3.

Applying the second-order “implicit trapezoidal rule” IRK method (5.46) with constant
time step At to the vector-valued linear autonomous system (5.49), one obtains

At .
YRl =givk A =YF + 7’ (AY"“ + AY") , (5.67)

which is equivalent to

At . At
1-2aA)yrory Sha (5.68)
2 2
Hence the invertibility of the matrix I — AtA/2 has to be checked. Regarding this, the
following lemma is helpful.

Proposition 5.1 Let A € RN*N be a constant matrix and R(z) = P(z)/Q(z) a rational
Sfunction, where P and Q) are mutually prime polynomials. Then the definition of R(A) =
P(A)Q™ ' (A) makes sense only if the matrix Q(A) is invertible, and this is the case if and
only if no eigenvalue of A is a root of the function Q(z).

Proof: Depending on the reader’s background, this can be shown simply using the ma-
chinery of functional calculus (see, e.g., [100]), or the statement can be proved discretely
using the Jordan canonical form of the matrix A (see, e.g., [25] and [60]). |

Returning to (5.68): Evidently the only pole of the function

B 1+z2/2
T 1-2z/2

R(z) (5.69)

is z* = 2. By Theorem 5.2 all eigenvalues of the matrix A in a stable linear autonomous
system (5.11) are nonpositive. Using the fact that

A€ o(A) & Mt eo(At),
by Proposition 5.1 we can write

. I+AtA/2_ .
yi = Ty k,
I-AtA)2
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(where the fraction is understood in the sense of multiplication by the inverse matrix to the
denominator). In the following we encounter numerous rational approximations R(z) of
the complex exponential exp(z), whose poles will always have positive real parts for the
same reason as here.

The stability function R(z) approximates exp(z) with the consistency order p = 2,

_1—|—z/2_ 22 3 i 3
= 1_2/2—1+z+?+z+0(z ) =exp(z) + O(z°).

R(z)

Since |R(z)| < 1 for all z € C such that Re(z) < 0, the inclusion Se,), C Sp holds.
Therefore the “implicit trapezoidal rule” IRK method (5.67) is absolutely stable.

Theorem 5.3 The discrete phase flow £ of a general s-stage RK method (b, A) has the
form

E(X.At) = R(AtA) X,

where the stability function R(z) is rational,

R(z)=1+zb" (I —zA)"'1 (5.70)
(here by 1 we mean the vector (1,1...., I)T € R®). Moreover, R(z) can be written
uniquely in the form
P(z)
R(z) = (5.71)
=356

with mutually prime polynomials P and Q) such that deg P < s, deg @ < s, and P(0) =

Q) =1

The expression z.A is interpreted as the tensor product of two matrices, At ® A, when
At is substituted for z in (5.71).

Proof: It is sufficient to consider the scalar linear autonomous ODE y(t) = Ay(t),
y(0) = 1. The RK method (b, .A) with the time step At yields the linear system,

E(1,At) = R(AtA) =1+ At > bjAg;.

Jj=1

where

G :1—|—AtZ(LU-/\gJ. 1=1,2,...,s.
j=t

Putting z = At) and g = (g1, 9>....,9,)] € R®, this system yields
R(z)=1+:b"g, g=1+zAg.

and we obtain (5.70).
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To the second part of the assertion: The system can be solver by Cramer’s rule, in which
case we find that

P;

= —F 1=1.2.....5.
9 det(I — z.A) s

where P; are polynomials of deg P < s — 1. Since Q(z) = det(I — z.A) is a polynomial
of deg () < s satisfying Q(0) = 1, it follows that the rational function R(z),
Q(z) + 23, b,P,

Q(z)

assumes the form (5.71) once all common divisors in the numerator and denominator have
been removed. |

R(z) =

An immediate consequence of Theorem 5.3 is Lemma 5.5.

Lemma 5.5 The stability function R(z) of explicit higher-order RK methods (b, A) is
polynomial.

Proof: Left to the reader as an exercise. |

A simple example documenting this fact is the fourth-order “classical” RK method
mentioned Paragraph 5.2.4, whose stability function R(z) (consistent with the orderp = 4)
has the form

L2 .3 4 _
R(z)=14z+ 5 + ) + 2 = exp(z) + O(z"). (5.72)
The verification is left to the reader as an exercise.

Finally we can formulate the intuitively clear relation between the order of consistency

of the rational stability function R(z) and the consistency order of the function £:

Lemma 5.6 Consider a linear autonomous system (5.49) with the continuous phase flow

V(X.t). Let the discrete phase flow E( X, At) be defined as
E(X,At) = R(AH X,

where R(z) is a rational stability function that approximates the complex exponential exp(z)
with the consistency order p > 1. Then the consistency order of the function & is p,

V(X,At) — £(X, At) = O((AtA)+).

Proof: The result follows immediately from (5.55) and Definition 5.2. |

5.3.5 Maximum consistency order of IRK methods

While by Lemma 5.3 the consistency order p of explicit RK methods can never exceed the
number of stages s, already the simplest “implicit midpoint rule” IRK in Paragraph 5.2.6
exhibited twice better consistency order p = 2s. This is true for implicit RK methods
in general. The reason is that the rational stability function R(z) = P(z)/Q(z), where
deg P = deg Q = s, can approximate the complex exponential exp(z) with the consistency
order up to p = 2s:
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Lemma 5.7 Let R(z) be a rational approximation of the complex exponential such that
exp(z) = R(z) + O(zP*). (5.73)

Then any representation R(z) = P(z)/Q(z) satisfies

p<degP + degQ.

Proof: By contradiction suppose that (5.73) holds with deg P < k, deg Q < 7, such that
k + j < p. Hence

P(z)
Q(z)

—exp(z) = O(zFt7%2) asz — 0,

and by multiplication with Q(z),
P(z) — Q(z) exp(z) = O(zk"'j"'z). (5.74)

Relation (5.74) already implies that necessarily P = ) = 0 — this is the desired contradic-
tion that will be shown by induction.

Consider first £ = 0, in which case P is a constant. Multiplying (5.74) by exp(—z) we
obtain that

P(z)exp(—z) — Q(z) = O(7+?). (5.75)
Itis deg @@ < 7, and therefore differentiating (5.75) j + 1 times, we find that
(-1)9*'P = O(2), (5.76)

which means that P = 0, and from (5.75) necessarily ¢J = 0. Now the induction step:
Assume that the statement holds for k¥ — 1 > 0. Differentiating (5.74) one obtains

P'(z) — (Q'(2) + Q(z)) exp(z) = O(zk"'j"'l).
Since deg P’ < k — 1 and deg(Q’ + Q) < j, by the induction hypothesis we can conclude

that P’ = (). This again yields P = Q = 0. [ ]

Several examples of s-stage implicit RK methods with the maximum consistency order
will be presented in Paragraph 5.4.2. Such methods are constructed elegantly by embedding
higher-order numerical quadrature rules into a general collocation framework.

5.3.6 A-stability and L-stability
Being familiar with the rational stability functions R(z) and the stability domains of both

the continuous and discrete phase flows ) and £, we can introduce the concepts of A- and
L-stability.
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A-stability A one-step method for the autonomous system (5.49) is absolutely stable
only if the inclusion

Sexp C Sk (5.77)

holds. [This was the case, e.g., with the implicit Euler method (5.27) and with the “implicit
trapezoidal rule” IRK (5.46)]. Generally, one-step methods with the property (5.77) are
called A-stable (G. Dahlquist, 1963). Lemma 5.8 gives an important characterization of
A-stable methods:

Lemma 5.8 One-step method £( X, At) = R(AtA) X, whose stability function R(z) is
polynomial, cannot be A-stable.

Proof: Every nontrivial polynomial R(z) satisfies

lim |R(z)| = oo,

Zz2—0C

and therefore its stability domain
Sp={z€C; |R(z)| <1}

is compact. Thus Sk never can contain the whole negative complex half-plane S..,. W

Consequently, every A-stable one-step method necessarily is implicit. Moreover, every
explicit one-step method comes with some stability restriction on the time step.

L-stability Until now we discussed the stability of the recursive procedure (5.20),

Y' = £(Y° At) = R(AtA)Y?,
Y? = &Y' At) = R}AtA)Y",
Y? = E(Y? At)=R}AtA)Y"

with a fixed time step A¢. However, one also is interested in the behavior of implicit methods
as the size of the time step A¢ grows. We are asking whether and when the condition

lim &(X,At) =0

At—oc
holds. This motivates the definition of L-stability:

Definition 5.9 Let the linear autonomous problem (5.49) be asymptotically stable. Then
the one-step method £(X,At) = R(AtA)X is said to be L-stable if and only if it is
A-stable and

lim R(z) =0. (5.78)

=00

This terminology was introduced by B.L. Ehle in 1969. Again, explicit one-step methods
are not considered here. The following example shows that not all A-stable methods are
L-stable:
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B EXAMPLE 5.1 (A- and L-stable methods)

1. We know from Paragraph 5.3.3 that the implicit Euler method is A-stable. Its rational
stability function (5.66),

satisfies (5.78). Therefore this method also is L-stable.

2. Another A-stable method that we know is the second-order “implicit trapezoidal rule”
IRK method with the rational stability function (5.69),

_ 1+2/2
(2) = 1—2/2

Since

lim R(z) # 0,

PR
this method is not L-stable.
3. Next consider the second-order IRK method based on the “implicit midpoint rule”
1/2 | 1/2
| 1
This method is not L-stable (the proof is left to the reader as an exercise).

4. Last consider the 2-stage third-order Radau method

1/3 ] 5/12  -1/12
1| 3/4 1/4

| 3/4  1/4

This method is A-stable and also L-stable, which again is left to the reader as an
exercise. More about Gauss and Radau methods will be said in Section 5.4.

Condition (5.78), which isnecessary for the L-stability of the last IRK method in Example
5.1, can be verified literally at a glance, using the following theorem:

Theorem 5.4 Suppose that for a general RK method (b. A) the matrix Als invertible, and
the row vector b” is identical to some row of the matrix A. Then

lim R(z) =0.

Plandp &

Proof: Since A is invertible, Theorem 5.3 implies that

lim R(z)=1-b"A""1.

2=
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Let the jth row of A be identical with b7 . Then
b= e]TA,
where e, denotes the jth unit vector. The conclusion

lim R(z)=1-el AA™'1=0

b-Aande o}

follows immediately. |

At this point we believe to have given a sufficient introduction to the stability of ODEs
and one-step methods. For a deeper study of this topic we refer the reader to the books [25]
and [60]. In the last section of this chapter let us discuss the most sophisticated one-step
ODE solvers: the higher-order implicit Runge—Kutta methods.

5.4 HIGHER-ORDER IRK METHODS

It was discovered in early 1970s that general (implicit) RK methods could be generated
by combining classical collocation methods with higher-order numerical quadrature rules.
Several RK methods derived via the traditional Taylor expansion techniques turned out to
actually be collocation methods. A classical book on higher-order IRK methods is [60].

5.4.1 Collocation methods

Let us return to the (nonautonomous) ODE system (5.11), (5.12) resulting from the MOL,

Y(t) = ®(Y(t).t), (5.79)
Y0 = Y" (5.80)

The collocation constructs the approximate solution X (¢) = Y (¢) as a continuous (vector-
valued) function which is a polynomial of degree s in every interval [ty, ) + Atr], k =
0.1,...,K -1,

Xty +7)=EY 4, 7), 7€[0.At).
In the interval [t). £ + Aty] the function X not only must fulfill the initial condition

X(t)) = E(YF t,0) = Y*, (5.81)

but also it has to satisfy (“collocate”) equation (5.79) at additional s internal points #; +
1Aty b + Aty ..ty + ¢ Aty of the interval [t £ + Aty

X(tk + i At) = ¢(X(tk + i Af) B + 1A, (5.82)
X(tl\- + e Af) = ¢(X(2‘1\- + ARt + A,
X(th + cAty) = B(X(tr + csAl)-tr + CoARL).

where 0 < ¢} < ¢p < ..., < ¢, < 1 are suitable constants. These s parameters fully

determine the method (its consistency, convergence, stability, and all other aspects). With
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the approximate solution X (#) in hand, the approximate solution on the new time level is
defined as

YR = Xt + Aty) = E(YF 4, Aty). (5.83)

It is known that X (#) exists and is unique for sufficiently small time steps and a sufficiently
regular right-hand side ®. However, the proof is by no means trivial, and we refer the
reader to [25] and [60]. In the following let us discuss the selection of the parameters c,,
1=1,2,...,8s.

The collocation procedure Consider aset of collocation points 0 < ¢; < ¢z < ..., <
¢s < 1, along with the standard Lagrange nodal basis 6;, 8, . . . , 8, of the polynomial space

P = P70, 1),
satisfying the condition
0.(c;) = 6y5-

For brevity, by z; denote the derivative of X (¢) at the collocation point ¢;,

z; = X(tp + c;Aty)  foralll <i<s.

Exploiting the Lagrange interpolation polynomial (A.75), the derivative X (t) in the interval
[tk, tk + Aty] can be written as

X(ty +0t) = > 2;6,(8), €€(0,1]. (5.84)
1=1

Integrating (5.84) and using the initial condition (5.81), we find that

X (tg + e,Aty) = YF + Atk/ X(th +EAt)dE =Y + At Y ayz;, (589
0 =1

where

a, = /0 6,(6)de, ij=1.2,.. s (5.86)

Substituting these values into the collocation condition (5.82), one obtains

z;, =@ Yk—|—At;\,ZaU-z],tk+czAtk o1 =1,2000. s.
1=1
By (5.83) and (5.85) the approximation at the (k 4 1)th time level has the form

1 5
YA = X (e +Aty) = Y 4+ AR | X (G +€04)dE =Y+ ALY b2, (5.87)
0 =1
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where .
b= [ 60k j=12..s (5.88)

0
Let us see that the points ¢ and weights b represent a quadrature rule that is exact for

polynomials of the degree s — 1: Every such polynomial ¢ can be written in terms of the
Lagrange basis,

o(6) = 3 p(e,)05(6),
j=1

and for its integral one obtains

1 1 s E 1 s
A¢@%=Lkamwa=;wmﬁ&@azgwmw

Finally let us define
A= {ai]'}f’jzl, b= (bl,bz, .. ,bs)T, Cc = (01,02, P .CS)T.

The relation (5.87) represents the implicit RK method (b, ¢, A) defined in (5.44). The
consistency condition for explicit RK methods (5.41),

8§
D bi=1,
j=1
extends naturally to implicit RK methods via (5.88),

s s 1 L s .
= f; = 0.(¢) - _ 1 .
jz:;b] ;/O 5(€)d¢ /0 ; 5(€) - 1d¢ /0 1dé =1 (5.89)

Moreover, we have the following lemma:

Lemma 5.9 The coefficients of an implicit RK method (b, c, A) defined by collocation
satisfy the conditions

E
_ 1
Dbt =, g=12...,5 (5.90)
Jj=1 7
and
E
g—1 1 q
Zawcj =-c;, ¢q=12,...,s (5.91)
j=1 a

(with the convention 0° = 1). In particular, the method is consistent and invariant under
autonomization.

Proof: It follows from (5.88) that

: ° 1 1 s
j q_l == qﬁl . — /q_—l .
jz:;b]cj ]z:;‘/o C] 9](5) df [) Jz:;(‘j 9](5) d§
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Looking at the integrand in more detail, we discover that at each collocation point ¢, it
achieves the value c¢™1, r = 1,2,....s. Thus necessarily

5

203_191(5) =€
=1

and (5.90) follows,

5

! 1
> byt :/ gldg =~
i=1 0 q
Using the same technique for (5.86), one easily obtains (5.91). The consistency follows
from (5.89) which is a special case of (5.90), and the invariance under autonomization
follows immediately from Lemma 5.4. |

The formula (5.90) states that the quadrature rule

b 1
S bigley) ~ / (€) dt
= Jo

is exact for all polynomials ¢ € PS=1(0.1).

The following result, which relates the consistency order of an implicit RK method
constructed via collocation to the order of accuracy of the underlying quadrature rule, was
first proved under slightly simplified assumptions by J. C. Butcher in 1964. A different idea
of the proof was presented by S.P. Norsett and G. Wanner [89] in 1979.

Theorem 5.5 An implicit RK method (b, c. A) generated by collocation has for a p-times
continuously differentiable right-hand side ® the consistency order p if and only if the
quadrature formula defined by the nodes ¢ and weights b has the order of accuracy p.

Proof: See, e.g., [59]. |

5.4.2 Gauss and Radau IRK methods

Theorem 5.5 suggests an efficient strategy for the design of s-stage implicit RK schemes
of the consistency order 1 < p < 2s:

1. Choose a quadrature rule (c, b) that is exact for polynomials of order p — 1.

2. Use (5.86) to define the Butcher’s array (b. c. A).

Gauss IRK methods From Section 2.3 we know that every Gaussian quadrature rule
(c,b) with s quadrature points is exact for polynomials of the degree up to 25 — 1.

Lemma 5.10 Every s-stage Gauss IRK method has the consistency order p = 2s for all
2s-times continuously differentiable right-hand sides ®.

Proof: Immediate consequence of Theorem 5.5. u

Thus the Gauss IRK methods attain the maximum consistency order p = 25 of s-stage
IRK methods, derived in Paragraph 5.3.5. In contrast to this result, the maximum order of
s-stage explicit RK methods is an open problem (see Table 5.1). The Gauss IRK method
for s = 1 is the “implicit midpoint rule” that we are familiar with from Paragraph 5.2.6
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and from Example 5.1. Another Gauss IRK method with the consistency order p = 4,
corresponding to the stage count s = 2, is

1/2-/3/6 1/4 1/4—/3/6
1/2+3/6 | 1/4+/3/6 1/4

| 1/2 1/2

Lemma 5.11 All Gauss IRK methods are A-stable. Moreover, their stability domain S
exactly coincides with the negative complex half plane S, ., (5.60).

Proof: See,e.g., [60]. | |

Let us mention that Sp = S,,, means that Gauss IRK methods preserve isometry.
Moreover it is known that these methods are reversible. Both these properties are positive
for the performance of the methods, as the reader may expect. These and more interesting
aspects of IRK methods are thoroughly discussed in [60].

One of the few drawbacks of Gauss IRK methods is that generally they are not L-stable.
This is a consequence of the fact that the Gaussian quadrature points do not lie at interval
endpoints, and therefore the approximate solution obtained via collocation has jumps in the
temporal derivative at all times ¢, k = 1,2, .. ..

Radau IRK methods The above-mentioned lack of L-stability is eliminated via collo-
cation methods based on Radau quadrature rules, that place collocation points at the interval
endpoints (see, e.g., [111] for details on this numerical quadrature and for a CD-ROM with
Radau quadrature data).

Lemma 5.12 Every s-stage Radau IRK method has the consistency order p = 2s — 1 for
all (2s — 1)-times continuously differentiable right-hand sides ®. All Radau IRK methods
are A-stable and also L-stable.
Proof: The consistency order follows from the fact that a Lobatto-Radau quadrature rule
with s nodes has the order of accuracy p = 2s — 1, and from Theorem 5.5. For the rest see,
e.g., [60]. |
The reader already encountered the 1-stage Radau method (implicit Euler scheme) and
the 2-stage third-order Radau method in Example 5.1. Let us present the 3-stage fifth-order
Radau method,

(4 — v6)/10 (88 — 71/6)/360 (296 — 169v/6)/1800 (-2 + 3v/6)/225
(4 ++/6)/10 | (296 + 1691/6)/1800 (88 + 7/6)/360 (=2 —36)/225
1 (16 — v/6)/36 (16 + v/6)/36 1/9

| (16 — v6)/36 (16 + V6)/36 1/9

The L-stability of this method follows from Theorem 5.4 immediately. For an implemen-
tation of this method, enhanced with a step size control based on an embedded third-order
method, see code RADAUS in [60].
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5.4.3 Solution of nonlinear systems

Although we mostly deal with linear problems in this introductory text, let us devote one
paragraph to the approximate solution to system of nonlinear algebraic equations arising
from the application of higher-order IRK methods. We describe both the quadratically
convergent classical Newton’s method, and a simplified Newton’s method that converges
linearly, but without the need to reconstruct the Jacobi matrix of the right-hand side in every
iteration.

One step of the IRK method Recall that the implicit s-stage RK method (5.44),
(5.45) consists of two operations: the calculation of the stage derivatives z; via a system of
generally nonlinear algebraic equations,

z2,=®(YF + Aty > izt +aAl), =12, s, (5.92)
j=1

and the evaluation of the solution on the new time level,

Y = YR 4 Al bz (5.93)

=1

In order to ease the operation with the Jacobi matrix of the right-hand side, it is advantageous
to introduce a set of new vectors,

g =AY ayz;, i=12...s (5.94)
j=1

Substituting (5.94) into (5.92), one obtains
2, =®(Y* + g, tx + AL, i=1.2,....5, (5.95)

and by (5.94) this further yields

S
g, =0ty ay®(Y gt +0AL), i=1,2,...,s (5.96)
j=1

Let us postpone the solution of this nonlinear system for a moment, and assume that the
vectors g;,9,, - - -, g, are known, In order to accomplish the step of the IRK method by
(5.93), one needs to distinguish two situations depending on the coefficient matrix 4.

A~! exists:

In this case the evaluation of Y ™ is easier. Consider the matrix Z = (z1,22,...,25)
of the type N X s, that has the stage derivatives z, in its columns, and the matrix H =
(91,92,---,95). For later use, by 2z} and g7, ¢ = 1.2,.... N, denote the rows of the
matrices Z and H, respectively. The relation (5.94) between the vectors z; and g; can be
expressed as

HT = At AZT,
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and in particular it is

. 1
zZr = — A 'HT. 5.97
AtkA (5.97)

Thus the original stage derivatives z; can be recovered from (5.97) via a single matrix
multiplication and (5.93) can be used directly,

Y =YF+> dig,. dT =T AT (5.98)

This result greatly reduces if b7 is identical to some row of A (see Theorem 5.4), This
was the case, e.g., with the third-order Radau method from Example 5.1 as well as with the
fifth-order Radau method presented in Paragraph 5.4.2. For example, when this is the last
row, then

bT =eTA e, =(00,....0,1)T ¢ R".

»

Hence,

and (5.98) simplifies to
Yl Z Yk g,

A is not invertible:
In this case generally one cannot access the vectors z;. Substituting (5.95) into (5.93),
one obtains

YR — YR 4 A szcb(Y’”' +g;, th + i ALy). (5.99)

i=1

Thus the vectors g; can be used instead, but at the price of s additional evaluations of the
right-hand side ®.

The classical Newton'’s iteration 1.etus now turn our attention to the solution of the
nonlinear algebraic system (5.96) for the vectors g, 7 = 1.2,... .. s. For the sake of clarity,
let us define the vector

and write the system (5.96) in a compact form

Z;:l (11J¢(Yk + gj‘t/\‘ + CjAt/\.)

Zj:l (IQJ'¢(Yk + gj,tk + (’J'Atk)

¥(G) =G - At = 0.

Z;:l asj'iP(Yk + g;, ti + (,‘jAtk)



204 TRANSIENT PROBLEMS AND ODE SOLVERS

Since the solution components g, are expected to be small, it makes sense to use zero vector
as the initial guess. Then the classical Newton’s method assumes the form

G() — 0.’
DV
ﬁ(G”)AG" = —¥(G"). (5.100)
Gl = G"+ AGT. (5.101)

Thus in each step one has to solve a system of N s linear algebraic equations with the Jacobi
matrix

B,y B;; ... Bj,
DU B, Bj ... By,
(@) = 5.102
DG( ) : f f ( )
le Bs2 s Bs.s‘

Each block B,; has the size N x N. The diagonal blocks B, are defined as

D® .
Biz’ =1I- Atk'a“D—Y(Yk + g,.tk + (‘Z'At/\.).

and the nondiagonal blocks B, ;, ¢ # j, have the form
D® .
B, = —Atk.a,jW(Yk +g;tk + e, AL

The standard convergence theorem for the Newton’s method implies quadratic convergence
for sufficiently small A¢;. But one has to realize that this convergence rate comes at a high
price: At each step of the loop (5.100)~(5.101) the complete Jacobi matrix (5.102) of the
size Ns X N s has to be reconstructed. Therefore in practice one may consider a simpler
iterative process:

Simplified Newton’s method It is known that the iterative process (5.100)—(5.101)
stays convergent for sufficiently small A¢y, at areduced linear rate if the matrix D¥/DG(G")
in (5.100) is replaced with D¥/DG(G"). With

D&
Ji=—=(Y"t
k DY(Y tk)
we have
I - AtpanJy  —Atgarndy ... —Afady
Dw (G°) —Atpazrdy I — Atpand) ... —AtgazJdy
_At/\'asl']k _Afk(l,sg.]k . I — At/\'as.s"]k

Using the tensor product of the matrices .4 and J, this can be written as

DW¥

e (G =T - At A Jy.
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The simplified Newton’s method assumes the form

Jp = g—;};( Fotr),
G’ = o,
(I - At AR J)AG" = —¥(G™), (5.103)
Gl = G"+ AG™M (5.104)

This iterative procedure is economical, since a single LU-decomposition of the matrix
I — At A® Jy. only is needed at each time step, i.e., an order of 2(Ns)3/3 operations.

Termination criterion for the simplified Newton’s method Suppose that the time
step Aty is sufficiently small so that the iteration (5.103)—~(5.104) converges linearly, i.e.,
that there exists some contraction factor 0 < w < 1 so that

IAG™ ! < w|AG™], n=1,2

you

Let G be the unknown exact solution. From relevant estimates for linearly convergent fixed
point iterations (see, e.g., [99]) it is known that

w
|G -G < —|AG".
l—-w
In practice the unknown contraction coefficient w is replaced with the known quotient

|AG™]
:m, n=1,2,...

It is our aim to stop the iterative process as soon as |G — G™1!| < TOL, where 0 < TOL
is a suitable small parameter. Thus the stopping criterion has the form

n

w’lt

*AG"\ <TOL,
1—wy
i.e., )
|AG™|
<TOL.
[AG™ ! - |AG™|| —

5.5 EXERCISES

Exercise 5.1 Use Definition 5.5 to prove that a solution of (5.11) that is asymptotically
stable in the forward direction, is necessarily unstable in the backward direction.

Exercise 5.2 Consider the ODE (5.11) with the right-hand side (5.10). Extend the proce-
dure of construction of the linear system (5.48) to the general (b, c, A) RK method.

Exercise 5.3 Use Theorem 5.3 to prove that the stability function R(z) = 1 + zbT (I —
2A) 71 of every explicit higher-order RK method (b, A) is polynomial. Hint: Exploit the
characteristic structure of the Butcher’s matrix A for the inversion of I — z A.

Exercise 5.4 Use the formula R(z) = 1+ zb7 (I — 2.4)~'1 to verify that the fourth-order
“classical” RK method introduced in Paragraph 5.2.4 has the stability function (5.72).



206 TRANSIENT PROBLEMS AND ODE SOLVERS

Exercise 5.5 Verify that the second-order IRK method based on the “implicit midpoint
rule” from Example 5.1 is not L-stable.

Exercise 5.6 Show (without using Theorem 5.4) that the third-order Radau IRK method
from Example 5.1 is L-stable. Hint: Apply the method to the linear autonomous system
(5.49), write its stability function R(z), and verify the conditions for A- and L-stability.

Exercise 5.7 Prove the second formula (5.91) in Lemma 5.9 using the same technique as
for the first formula (5.90).

Exercise 5.8 Consider the 2-stage Gauss IRK method from Paragraph 5.4.2.
1. Write the method in the full form (5.44).
2. What is the consistency order of this IRK method and why?
3. Is the method A-stable?

4. Show that the method is not L-stable. Hint: Apply it to a linear autonomous problem,
write explicitly the stability function R(z) and use Definition 5.9.

5. Write an algorithm that applies this method to the ODE system (5.11), (5.12) with the
right-hand side (5.10) (resulting from the semidiscretization of the linear parabolic
model problem by the MOL). Define carefully all systems of linear algebraic equations
that are to be solved.

Exercise 5.9 Perform Exercise 5.8 with the Gaussian quadrature rule defined in Table 2.3
(with values transformed to the interval (0, 1)).

Exercise 5.10 With the experience gained in Exercises 5.8 and 5.9, try to write an algorithm
for a general s-stage Gauss IRK method for an ODE system (5.11), (5.12) with the right-
hand side (5.10).

Exercise 5.11 Write the stability function R(z) of the fifth-order Radau IRK method from
Paragraph 5.4.2. Verify the conditions for A- and L-stability.

Exercise 5.12 Assume a second-order elliptic operator L of the form (1.1).

1. Usethe classification of PDEs acquired in Section 1.1 to show that the time-dependent
extension 0/0t + L of the operator L in (5.1) indeed is parabolic.

2. Decide if the operator L can be extended to a time-dependent second-order elliptic
operator. If yes, give an example.

3. Decide if a (time-independent) second-order parabolic operator can be extended to
a time-dependent second-order parabolic operator. If yes, give an example.

4. Decide if a (time-independent) second-order hyperbolic operator can be extended to
a time-dependent second-order parabolic operator. If yes, give an example.
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Exercise 5.13 Consider the domain 2 = (0,a) x (0.b) C R?, and extend your code from
Exercise 4.2 to solve the heat transfer equation
d b?

u . 3b .
i Au = sin(nt) (53@ — g - ré) (621 — 3a)

3 2 .
+sin(7t)(6zz — 3b) (;:rf - %zl - xf)

+mcos(mt)riza(a — 21)(b — z2) <§ - x1> (g - 372) ,

equipped with a zero initial condition
u(xz,0) =0 .

and homogeneous Dirichlet boundary conditions on the boundary 0. Leta = 3, b =
2, M; =60, M, = 40.

1. Implement the implicit Euler method (5.28) for the ODE system (5.11), (5.12). For
time steps At = 0.01,0.05,0.1,0.5,5/6 present plots of the approximate solution
Up.p at the time T = 5/2. Write the computational times.

2. Implement the explicit Euler method (5.24) as well as its version with the diagonal
truncation (5.25) of the mass matrix M. In the latter case, do not forget to simplify
the procedure of solution of the system (5.24) accordingly. Use the criterion (5.26)
to propose a suitable initial size of the time step At.

(a) In both cases try to increase At until the time integration becomes unstable.
What are the critical values of the constant in the relation At = C(Ah)??

(b) Inboth cases present a plot of the approximate solution uy, ,, at the time T = 5/2
(1 the size of one time step). Write the computational times in both cases.

3. Implement the adaptive RK5(4) method given by Table 5.2.

(a) Run the program for the values of TOL = 0.0001,0.001,0.01,0.1. Plot the
solution at T = 5/2 (again, * the size of one time step). Write the initial
value Aty := (Ah)?, and in all four cases the total number of time steps, the
computational time and the size of the time step At at the end of the computation.

(b) Investigate the sensitivity of Algorithm 5.1 on the initial time step. Hint: Run
the computation with TOL = 0.001 and At := 0.01A¢y, At = 0.1At,
At = 10Aty, At := 100Atg. In all four cases write the total number of time
steps, the computational time and the size of the time step At at the end of the
computation.

4. As conclusion, compare all four methods from the point of view of accuracy, efficiency
and stability.

5. The exact solution is

u(z,t) = sin(mrt)z1z2(a — z1)(b — z2) <g — x1> (g — z2> .
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CHAPTER 6

BEAM AND PLATE BENDING PROBLEMS

In Chapters 2-4 we considered second-order PDEs whose weak formulations took place
in the Sobolev space H*(€2). This space required the piecewise-polynomial finite element
approximations to be globally continuous (i.e., continuous across element interfaces). Now
we are going to study fourth-order problems with the weak formulations in H2(£2). Fi-
nite element approximations conforming to H2(f2) are required to be once continuously
differentiable. Since the fourth-order PDEs are encountered in practice less frequently com-
pared to second-order problems, we devote more attention to their physical background and
derivation.

In Section 6.1 we derive the Euler—Bernoulli model for the bending of elastic beams,
discuss various types of boundary conditions, derive the weak formulation of the prob-
lem, and prove the existence and uniqueness of the weak solution. In Section 6.2 we
discretize the weak formulation by the lowest-order Hermite elements. Higher-order ap-
proximations with both nodal and hierarchic Hermite elements are discussed in Section
6.3. Two-dimensional Hermite elements (which do not conform to H?((2) but are use-
ful for many other applications) are presented in Section 6.4. Section 6.5 describes the
Reissner-Mindlin and Kirchhoff plate bending models. The finite element discretization
of the Kirchhoff thin plate model via the H 2-conforming lowest- and higher-order nodal
Argyris elements is discussed in Section 6.6.

Purtial Differential Equations and the Finite Element Method. By Pavel Solin 209
Copyright © 2006 John Wiley & Sons, Inc.
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6.1 BENDING OF ELASTIC BEAMS

There are two basic one-dimensional models for the bending of elastic beams: The Euler—
Bernoulli model consisting of one fourth-order PDE, and the Timoshenko model based on
a pair of coupled second-order equations.

The Timoshenko model is simpler to solve in the sense that standard H *-conforming
elements can be used for its discretization, and it is known to better capture the purely three-
dimensional behavior of the structure (such as large deformations). On the other hand, the
higher-order elements used to discretize the Euler-Bernoulli case yield significantly better
convergence rates. In this text we focus on the Euler-Bernoulli model in order to show the
application of the Hermite and Argyris elements. The Timoshenko model is discussed quite
frequently in monographs and textbooks (see, e.g., [95] and the reference therein).

6.1.1 Euler—-Bernoulli model

This paragraph requires the knowledge of some elementary topics in continuum mechanics
that can be found, e.g., in [20, 95] or [124]. The one-dimensional Hooke’s law has the form

o = Fe, (6.1)

where o is the stress induced by the strain €, and E is the modulus of elasticity of the
material.

Consider a prismatic beam of a homogeneous isotropic Hookean material with a rectan-
gular cross section, whose longitudinal axis coincides with the z-axis of the given Cartesian
system of coordinates. The position of the centroids of the end-faces is fixed, and a pair
of bending moments acting on the ends of the beams is illustrated in Figure 6.1. (The
downward-pointing z-axis is used to make the signs of both the force f and deflection u
relative to the direction of gravity.)

A)

=y

B)

y 2fu)

Figure6.1 Bendingofaprismatic beam; (A)initial configuration, (B) deformed state under moment
M acting on the ends.
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The basic assumption of the simple beam theory is that the (normal) deflection is relatively
small compared to the length of the beam, so that every pair of adjacent cross-sections A;
and A, which are perpendicular to the axis of the beam in the original configuration, remain
planar and perpendicular to the beam axis during the deformation.

The deflection of the beam can be described as the vertical displacement of the centroidal
surface that corresponds to u = 0 in the original configuration. In the situation shown in
Figure 6.1 the deflection curve must be a circular arc, since because of the homogeneity of
the material every cross section is subjected to the same stress and strain. By R denote the
radius of the deformed beam axis. A small portion of the axis of the beam before and after
deformation is shown in Figure 6.2.

L
—-=-—-—-f-—-  axis after deformation
.ll
L .. .
——— ] original axis
'R

Figure 6.2  Strain induced by the deflection of the beam. Here L and L’ stand for the distance of
the midpoints of the cross-sections A; and A3 before and after deformation.

For a large radius R and small angle o we can write
L=Rsina, L'=(R+u)sina,

and thus the axial strain e, which is defined as the ratio of the length increment and the
original length, has the form
L'-L u

€ = = —=.

L R

As aresponse to the strain e, there is a stress ¢, which according to the above assumptions
is one-dimensional in the direction of the z-axis. Hooke’s law (6.1) yields

u
o € 7 (6.2)

It follows from here that the centroidal plane 4 = 0 remains unstressed during the bending,
1.e., that material particles on it are not strained in the axial direction. The plane is therefore
called the neutral surface of the beam.

The resultant moment of the bending stress ¢ on every beam cross-section A must be
equal to the external moment A,

M:/uadA.
A
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Substituting (6.2) into this equation, we obtain

M= £ u?dd = —, (6.3)
v R

where the area moment of inertia I of the beam is defined as
I= / ylodA. (6.4)
A
Let us point out that [ is a geometrical property of the beam, while E is a material property.

By f denote the transversal load and by F| the corresponding shear force (which is
perpendicular to the beam axis). The curvature of a circular arc is given by

d?u 1
— = —. 6.5
dz?2 R (6.)
The standard relations
dF, dAs
= . and Fs, = —
f dz an ’ dz
yield
d2
— A = f. 6.6
M= (6.6)

Substituting (6.3) with (6.5) into (6.6) and denoting b(z) = E(z)I(x), we obtain the
Euler-Bernoulli beam model

d? d?u

— — = f(: all : 12 .

=) (b(z)dzz(z)) f(x) forallz € (6.7)
where 2 = (a,b) is an open bounded one-dimensional interval representing the beam.
Equation (6.7) requires b to be twice-continuously differentiable, u four times continuously

differentiable, and f continuous in 2. These quite strong regularity requirements will be
reduced after the problem is formulated in the weak sense in Pararaph 6.1.3.

6.1.2 Boundary conditions

Equation (6.7) is a fourth-order problem, and therefore four suitable boundary conditions
are needed to guarantee the existence and uniqueness of solution (this will be discussed
in more detail in Paragraph 6.1.4). Analogously to second-order problems, the boundary
conditions can be split into essential and natural, depending on whether or not they influ-
ence the form of the space V in the weak formulation. Most frequently one prescribes the
following quantities:

Essential boundary conditions:

e deflection

ug = u(a) andfor wuy = u(b),
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e slope
du, = u'(a) andlor duy, = u'(b).

Natural boundary conditions:

e moment
M, = (EI%) (a) and/or M, = (EI%) (), (6.8)
o shear force
F, = L% (EI%)} (a) and/or Fj = {% (EI%)} (). (6.9)

Some combinations that lead to a unique solution are shown in Figures 6.3-6.5. The
transversal force is indicated by the arrows.

=

BN v

Figure 6.3 Clamped beam: Prescribed is the defiection and slope at both ends.

=

Figure 6.4  Simply supported beam: Prescribed is the deflection and moment at both ends.

3 =
§///,4

Figure 6.5 Cantilever beam: Prescribed is the deflection and slope at one end, and moment and
shear force at the other end.
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6.1.3 Weak formulation
Let us formulate equation (6.7) in the weak sense, employing the symbols

du d%u
Vu = i and Au = 2

for brevity. The standard first step consists of multiplying the equation with a sufficiently
regular test function v, and integrating over the domain {2,

/ AbAu)vdz = [ fvdz.
Q 0

Green'’s theorem applied to the term with the highest derivatives yields
/ V(bAu) - Vudz + [V(bAu)v / fvdz,

where |g|® = g(b) — g(a). Using Green’s theorem once more, we obtain

/ bAuAvdz — [bAqu]f’z + [V(bAu)v / fvdz. (6.10)
Q

The integrals in (6.10) existif b € L>=(£), u,v € H%(Q) and f € L?() (in fact f can be
chosen from a larger space H ~2(2), which is the dual to H%(Q)).

Now essential boundary conditions are implemented by further constraining the space
H?(£2). For example, the choice of the clamped boundary conditions from Figure 6.3,

u(a) = u{b) = Vu(a) = Vu(b) =0, (6.11)

leads to u, v € V, where the space V C H%(Q) is defined by

V = HZ(Q) = {v e H*N); v(a) = v(b) = Vu(a) = Vu(b) = 0}. (6.12)

Since both v and v vanish at the endpoints together with their first derivatives, also the
square brackets in (6.10) disappear and one obtains

/bAuAvdzz/fvdx. (6.13)
Q Q

Finally, if some terms in the square brackets are present after the essential boundary condi-
tions were applied (as it might be the case, e.g., with the cantilever beam from Figure 6.5),
natural boundary conditions are incorporated by properly substituting into these terms from
(6.8) and/or (6.9).

6.1.4 Existence and uniqueness of solution

Let us show the existence and uniqueness of the weak solution first for the case of the
clamped boundary conditions (6.11), i.e., for the following weak formulation:
For given b € L°(f2) and f € L2() find u € V such that
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a(u,v) =I(v) forallveV. (6.14)

where the linear forms a : V x V — R and [ € V' are given by

a(u,v) =‘/bAuAvdz7
Q

l(v) = [ fvdz.
Q
In order to obtain a unique solution, we have to add the assumption of strict positivity of

b(z):
0<Cgr<b(z) forallze Q. (6.15)

This requirement is intuitively clear, and it holds unless the elasticity modulus E or the
area moment of inertia I vanish in €2. Condition (6.15) will play a role in the proof of the
following lemma:

Lemma 6.1 Under the assumption (6.15), the problem (6.14) has a unique solution uw € V.

Proof: We need to verify that the assumptions of the Lax—Milgram lemma (Theorem 1.5)
are satisfied. Let us begin with the case 0 < b(x) = const, where the main idea is free of
technical details. Suppose that b is removed from the equation by redefining f := f/b. We
use Holder’s inequality (Theorem A.10) to see that the form a(-, ) is bounded,

1 1
2 2
la(u,v)| = AuAvdz| < (/ (Au)zdz> (/(Av)zdz>
Q Q Q
3 5
< (/ u? + |Vul? + (Au)zdz> (/ v? 4+ |Vol? + (Av)zdz>
Q Q
= Jul|v|E forallu,veV,
where | - ||y is the H'-norm || - [|1,2 (see Definition A.57). Since

vE H}(S) and Vv e H(Q),

the Poincaré—Friedrichs inequality (Theorem A.26) with k¥ = 1 can be applied to both v
and Vv. Hence, there exist positive constants Cy, Cy such that

/ v? 4 |Vol?dz < CO/ |Vv|2dz  forallv eV, (6.16)
Q Q
and
/ Vol + (Av)?dz < C / (Av)?dz forallv € V. (6.17)
Q Q

From (6.17) it follows that

a(v,v) = /(Av)zdx > i‘/ V]2 + (Av)?dz  forallv € V.
Q Ci Ja
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Relation (6.16) yields

— [ |Vv]* + (Av)2dx >

1 1
/1,2+|Vv|2dx+~ (Av)2dz  forallv € V.
Cy Jo ] c

1
Cl CO 1JO

Finally we obtain

1
a(v.v |v||2 forallve V.
) v

> -
- C] max(C(), 1

Thus with 0 < b(z) = const, the form a(-,-) is continuous and V-elliptic, and according
to the Lax—Milgram lemma problem (6.14) has a unique solution u € V. In the case of
nonconstant strictly positive b € L°°(£2), the idea of the proof is the same except for a
slightly more technical manipulation with the inequalities, which is left to the reader as an
exercise. |

It should be stressed that, analogously to the second-order elliptic case, some combina-
tions of the boundary conditions are prohibited since they do not lead to a unique solution.
This would be the case, e.g., if the deflection u was not prescribed at either end. The form
a(-,-) remains V-elliptic when the beam is only clamped at one end, since the Poincaré—
Friedrichs’ inequality (Theorem A.26) still holds (see Remark A.8).

6.2 LOWEST-ORDER HERMITE ELEMENTS IN 1D

For the first exposition of the Hermite elements let us consider problem (6.7) with the
clamped boundary conditions (6.11) from Paragraph 6.1.4. The weak formulation for this
case was derived in (6.14).

6.2.1 Model problem

Consider a subdivision @ = z5 < z; < ... < x3; = b of the domain . For i =
1,2,..., M denote K; = (x;_y,z;). Recall from Paragraph A.4.2 that H'-functions are
continuous in one spatial dimension,

we HY(N) = wel(Q). (6.18)
Applying (6.18) to the derivative of w = v’ € H*(£2), one obtains
vE H3 Q) = veCHN). (6.19)

Any approximate solution to problem (6.14) has to be once continuously differentiable
(globally smooth) in 2. It follows from here that the approximation has to be at least
piecewise quadratic. However, the space of smooth, piecewise-quadratic functions is not
frequently used for reasons to be explained in Paragraph 6.2.2. It is standard to employ
cubic and higher-degree polynomials.

With a general polynomial distribution 3 < p; = p(K;), ¢ = 1,2,..., M, the space
Vh.p has the form
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Vip = {veCH(Q); v(a) =v(b) =v'(a) =v'(b) =0; (6.20)
v|g, € PP(K;)} CV,

and the approximate weak formulation reads:

Approximate weak formulation Find a function us , € V4, such that

bAup pAvdz = | fudz forallv e Vp . (6.21)
Q 9]

Since the bilinear form a(-, -) is continuous and V-elliptic on V}, ,,, the Lax-Milgram lemma
implies that the discrete problem (6.21) has a unique solution ur , € Vi p.

Basis of V}, ,, and the linear algebraic system Assume a basis {v;, va,...,Un}
of the space V}, ,,. Express

N
Uh,p = Zijj’ (622)
Jj=1

where y;,ya, - .. .y~ are unknown coefficients in the usual sense. Using (6.22) and em-
ploying v := vy, va,...,vy, identity (6.21) comes over to a system of linear algebraic
equations of the form

N
Zy]/bAv]Avldxz/fvidx, i=1,2,....N, (6.23)
= Q JQ

which can be written in the compact form
SY =F. (6.24)

We saw in the proof of Lemma 6.1 that problem (6.14) is V-elliptic. Therefore the bilinear
form a(-, -) defines an energetic inner product on V' x V, and the standard orthogonality
property of the type (2.14) holds,

a(u = upp.v) =0 forallv € V. (6.25)

This in turn means that the approximate solution uy, , is independent of the choice of the
basis {v;,vz,...,vn} of the space V), ,, (see Remark 2.2).

However, as we know from Paragraph 2.5.3, the choice of the basis in V}, ,, influences
the condition number of the stiffness matrix S, and in turn the performance of the iterative
matrix solvers for the linear system SY = F dramatically. This is why one has to design
the basis functions vy, vs, ..., vy very carefully. Before introducing general higher-order
Hermite elements in Section 6.3, let us review the standard cubic case in Paragraph 6.2.2.
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6.2.2 Cubic Hermite elements

As mentioned earlier, the smallest space V}, ,, consisting of piecewise-quadratic polynomials
is not used very frequently in practice. The reason is that the support of a smooth, piecewise
quadratic basis function has to extend over at least three elements. But more importantly,
it is not possible to find a set of degrees of freedom ¥; such that (K;, P?(K,), ;) would
constitute a unisolvent nodal finite element conforming to the space H2(S2).

The lowest-order element K; = (z,—1,x,) conforming to HZ(Q) is the Hermite ele-
ment with degrees of freedom associated with both the function values u(z; 1), u(z;) and
derivatives u'(z,-1), % (x;) at the endpoints. This makes it four degrees of freedom per
element, i.e., the local polynomial space on the interval K; has to be P3(K,).

Cubic Hermite element on the reference domain K, As always, letus first define
the element on a reference domain, which in this case is the interval K, = (—1,1). The
cubic Hermite element is a triad (K, PB(Ka), 3.), where the set of degrees of freedom
¥, consists of the linear forms L, : P*(K,) — R,

Li(g) = g(-1), (6.26)
Lx(g) = g(1),
Li(g) = ¢'(-1),
Li(g) = g¢'(1).

Let us check the unisolvency of this finite element and construct the unique nodal basis of
the space P3(K,). We choose an arbitrary basis of the space P3(K,), say,

{g1,92,93 94} = {1,£,6%.€}.

The generalized Vandermonde matrix L = {L,(g;)}; ;—, has the form
1 -1 1 -1
1 1 1 1
L= 0 1 -2 3
0o 1 2 3

(see Theorem 3.1). Since L is nonsingular, the element is unisolvent. The inverse matrix

/2 1/2  1/4 -1/4
—3/4 3/4 -—1/4 -1/4
0 0 —1/4 1/4
1/4 -1/4 1/4  1/4

L=

contains in its columns the coefficients defining the nodal basis B = {6, 62,83,6,} in
terms of the original basis functions {1,¢,£2, £},

3 .

0() = wol§) =5 — 36+ ;€ (627)
3

06 = w(=3+56- 76,

03(6) = wlO) = -6 16+ 56

0a(6) = ws() =7 - 76+ 762+ 76°
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(the symbols wg,wy, - .. ,ws are introduced for later reference). It is easy to verify that
these functions satisfy the delta property (3.4) in the form

L, (8,) = 65 foralll < j k <4. (6.28)

These four nodal shape functions are depicted in Figures 6.6 and 6.7.

lhe’ta_z(x)

theta_1(x)

1 1
08 J osl
o6t 4 o6l 4
04 <4 04+ 4
o2} 4 o2} 1

o . . L o . . :

E 05 o 05 1A 05 o 05 1

Figure 6.6  Cubic shape functions 6; and 62, representing function values at the endpoints of K.
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0,2/\‘ 02t
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0zt 4 02\/
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1 05 o 0.5 1 -1 05 0 o5 1

Figure 6.7 Cubic shape functions 83 and 8,4, representing derivatives at the endpoints of K,.

The notion of vertex and bubble shape functions for the Hermite elements differs from
what we had for the Lagrange elements:

Definition 6.1 Given a one-dimensional Hermite element (K, P, %), a shape function § C
P is said to be bubble function if it vanishes, together with its first derivative §', at both
endpoints of the interval K. Shape functions which are not bubble functions are said to be
vertex functions.

All shape functions depicted in Figures 6.6 and 6.7 are vertex functions.

Cubic Hermite element on a general interval K; C R The cubic Hermite element
in the interval K, = (z,_y, ;) is defined as (K, PB(Ki), 3;), where the set of degrees
of freedom 5; = {L{”, L8, .. !} comprises the linear forms L{"(g) = g(z;_1),
L5 (g) = g(z:), L (9) = ¢'(zi-1), L{ () = ¢/ (2s) defined on P¥(K,).

In Example 3.5 we saw that finite elements with derivatives are not affine-equivalent,
and this applies to the Hermite elements as well. Hence it is natural to split the nodal
shape functions into two groups related to Lagrange and Hermite degrees of freedom,
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respectively. (The Lagrange DOF are associated with the function values and the Hermite
with the derivatives.) The Lagrange shape functions 6; .8, are affine equivalent in the
standard way, and the affine reference map xg, : K, — K, from (2.37) can be used to

define the nodal shape functions 6. and 65" on K,

8 = Wi =6 027 (6.29)
eg) _ UJ§Z) — 92 O[I,‘}_{l_

i1

The Hermite shape functions (9:(;) and (951‘) on K; have the form

0 = wil=Jk 6 0uy), (6.30)

94(11) — w:(;):,]KZ@‘lox}_{},

where the additional multiplication with the constant Jacobian Jg, is needed in order to
preserve the values of the derivatives at the endpoints,

6.3 HIGHER-ORDER HERMITE ELEMENTS IN 1D

This section is devoted to the design and properties of higher-order Hermite elements. The
cubic Hermite elements are extended to arbitrarily high polynomial degrees in both the
nodal and hierarchic fashion in Paragraphs 6.3.1 and 6.3.2. The conditioning properties
of the nodal and hierarchic higher-order shape functions are compared in Paragraph 6.3.3.
The basis of the space V}, ,, is constructed in Paragraph 6.3.4 and the integrals from the
weak formulation (6.21) are transformed to the reference domain K, in Paragraph 6.3.5.
Algorithmic aspects, such as the construction of the connectivity arrays and the assembling
algorithm, are discussed in Paragraphs 6.3.6 and 6.3.7. The three basic ways of interpolation
(i.e., the best, projection-based and nodal interpolants) are discussed in the context of higher-
order Hermite elements in Paragraph 6.3.8.

6.3.1 Nodal higher-order elements

The cubic Hermite element on the reference domain K, = (—1,1) can be extended to a
nodal Hermite element of the order p > 3 by adding p — 3 new degrees of freedom. Since
the two Lagrange and two Hermite degrees of freedom at the interval endpoints already
guarantee the conformity to the space H2(§2) (this will be discussed in more detail later), it
is natural to add Lagrange degrees of freedom. Hence, choose some p — 3 additional nodal
points Y2, y3, - - ., Yp—2 in the interval K, so that

—l=y1 <y2 <...<yp_2=1

The Lagrange shape function associated with the nodal point yg, 2 < k < p— 1, vanishes at
both endpoints of K, together with its first derivative, and therefore it is a bubble function
according to Definition 6.1.

Fourth-order Hermite element on the reference domain K, The properties of
the nodal Hermite elements strongly depend on the choice of the nodal points ya, y3, . . . , Yp—2.
The situation is simple in the fourth-order case, where the choice y, = 0 is dictated by the
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symmetry requirement. Thus we obtain an element (K,, P*(K,), %,), where the set of
degrees of freedom ¥, comprises the linear forms L; : P4(K,) —

Li(g) = g(-1).
Lz(g) = g(0).
Liy(g) = g(1),
Li(g) = ¢'(-1),
Ls(g) = 4'(1)

P
R

>

(6.31)

The pair of Hermite degrees of freedom is placed at the end of the list for algorithmic
reasons. Following the standard procedure, we obtain a unique set of nodal shape functions

in the form

3
0 = -JEHE 460~ e,
0:(6) = 127 +¢,
3 .
0() = JE+E -6 - 58,
= eyl le Ll
6u(6) = -6+ 78 +78 -3¢
_ e Ll 1y
05(6) = —g6- 56+ €+ €4

These functions are depicted in Figures 6.8-6.10.
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Fourth-order vertex functions 6, and 3 representing function values at the endpoints.
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Fourth-order bubble function 8 representing the function value at the midpoint.
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Figure 6.10  Fourth-order vertex functions 64 and 65 representing derivatives at the endpoints.

The fourth-order Hermite element on a general interval K; as well as its nodal basis
are constructed analogously to the cubic case: The Lagrange shape functions 8y, 65, and
3 are transformed to K; via the inverse reference map :r‘;x1 analogously to (6.29), and the
correction by the Jacobian Jg, is applied to the Hermite shape functions 84 and 5 similarly
to (6.30). The inverse of the reference map z}_{: is not required by the element-by-element
assembling procedure.

For higher polynomial degrees p > 5 the p — 1 Lagrange nodal points can be identified,
for example, with the p — 1 Gauss-Lobatto points —1 =y < ya <y3 < ... <yp—1 =1
of the order p — 2. Later in Paragraph 6.3.3 we show that this choice is advantageous from
the point of view of the condition number of the resulting stiffness matrix. Next let us turn
our attention to the hierarchic Hermite elements.

6.3.2 Hierarchic higher-order elements

The basic idea of hierarchic elements, explained at the beginning of Paragraph 2.4.6, applies
to Hermite elements as well. The lowest-order basis 33 comprises the four cubic Hermite
vertex functions (6.27),

By = {wo, w1, - -, w3}
For every p > 3, the basis B, is defined by
By = By U{wpir}, (6.33)

where the polynomial wp; of the degree p + 1 is a suitable bubble function (i.e., wpy1 €
PP(Kq), wpq1(£1) = wy,(£1) = 0). Since the choice of a hierarchic basis is not unique,
one has certain freedom to optimize the conditioning properties of the higher-order shape
functions.

Recall that the excellent conditioning properties of the Lobatto hierarchic shape functions
(2.63) were due to the orthonormality of the corresponding higher-order bubble functions

in the H}-product,
1
() Hi(k,) = / VuVude  forallu.v € H (K,). (6.34)
J-1

In Paragraph 2.5.3 this orthonormality was achieved by using the integrated Legendre
polynomials. Analogously, the weak formulation (6.14) involves the H(?—product,
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1
(u, v)Hg(Ka) :/ AulAvpde  forall u,v € HZ(K,). (6.35)
-1

Higher-order bubble functions orthonormal in this inner product will possess optimality
analogous to the Lobatto shape functions (2.63). Hence, after integrating the Lobatto
bubble functions [y, I3, . . .,

) €
lwazjhuamwm 5<k,

we see that

-1
e(-1) [ le—2(¢) dC =0,

1
W(=1) = le_a(-1) =0,
L(1) = ls(1) =0,

which is exactly what we want. However, at the same time we see that
~ 1
(1) = [ bealg) 86 =0
~1

only holds for all odd & > 5. In this case we can define the bubble functions directly,

wk(g) = lk_z(g) for allk > 5,

but extra work needs to be done if & is an even number. For all k > 5 even, the explicit for-
mulae of the bubble functions wy () are obtained from the orthogonality and (anti)symmetry
requirements. This leads to a nonlinear system of algebraic equations, that can be solved
with some effort (see [110] for details).

The formulae of w,, ws, - . - , wro are shown below for reference.
wy(§) = %(1—52)2, (6.36)
ws(€) = ﬁ%@—ﬁf&
wo() = o (=€) (7€ +1).
6V 128
wrl@) = 5195 (1-€)° (36 - 1),
o) = o[ (1 €7)7 (336~ 187 1)
we(§) = % %(1—52)2(14354—1105%15)5,
wio(€) = % 11—2;(1—52)2(14356—143§4+3352—1).
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Bubble functions constructed in this way are orthonormal in the inner product (6.35) not
only among themselves, but also to the four vertex functions wg, w;, . . ., w3. Therefore the
master element stiffness matrix Sk, for the biharmonic operator in the reference interval
K, has the form

3/2 -=3/2 3/2 3/2 0 0
-3/2 3/2 -=3/2 -3/2 0 0
3/2 -3/2 2 1 0 0
Sk, = 3/2 -3/2 1 2 0 0| 6.37)
0 0 0 0 1 0
0 0 0 0 0 1
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Figure 6.14 HZ-orthonormal hierarchic shape functions wyo, wi1.
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6.3.3 Conditioning of shape functions

The conditioning properties of higher-order shape functions are essential for the perfor-
mance of the iterative matrix solvers on the discrete problem. Therefore let us follow up
with the discussion from Paragraph 2.5.3 and study the conditioning properties of the nodal
and hierarchic shape functions for higher-order Hermite elements.

Conditioning in the HZ-product For simplicity let us consider the biharmonic prob-
lem (6.7) with b = 1 and the boundary conditions (6.11) on the reference domain K.
A one-element mesh 7), , = {K,} will be used for its discretization. The stiffness matrix
S is obtained by leaving out from the master element stiffness matrix the four rows and
four columns corresponding to the vertex functions. Thus in the hierarchic case the master
element stiffness matrix (6.37) reduces to the (p — 3) x (p — 3) identity matrix.

Figure 6.15 compares the condition numbers of the stiffness matrix S obtained using
four different sets of higher-order shape functions: the nodal shape functions defined on
equidistant, Chebyshev and Gauss—Lobatto points, and the hierarchic shape functions. The
horizontal axis represents the polynomial degree of the element.

T T
'EQUIDIST_H2
1e+10 + "CHEBYSHEV_HZ' -------

'GAUSS-LOB_HZ' -
'HIERARCHIC_H2’

1e+08

1e+06

10000

100

i . 1 L 1 i L

4 6 8 10 12 14 16 18 20

Figure 6.15 Conditioning of various sets of bubble functions in the HZ-product on the reference
domain K. The horizontal axis represents the polynomial degree p of the element.

While the nodal shape functions on the equidistant points are uniformly worst and the
hierarchic shape functions optimal (both as expected), it is interesting to see that the Gauss—
Lobatto points are a better choice than the Chebyshev points for p > 5. These two point
sets performed similarly in the discretization of the Laplace operator.
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Conditioning in the H -product Despite the Laplace operator is not present in the
Euler-Bernoulli beam model explicitly, it may be involved in more general fourth-order
problems. This is the case, for example, with the equation A(bAu) — V(¢Vu) = f. This
equation, when equipped with the boundary conditions (6.11), has the weak form

/bAuAvdz-I—/cVqud:L':/fvdx.
Q Q Q

Hence, in this case the condition number of the resulting stiffness matrix also depends
on the conditioning of the shape functions in the H3-product (6.34). For reference, the
corresponding comparison is shown in Figure 6.16.

'EQUIDIST H1® —

"CHEBYSHEV_H1’ -------
tere "GAUSS-LOB_H1' -------- 7

"HIERARCHIC_H1® -+
1e+08 | |

1e+06

10000

100

i .

1 L i 1 - L 1

4 6 8 10 12 14 16 18 20

Figure 6.16  Conditioning of the higher-order shape functions in the H{-product (6.34). The
hierarchic shape functions (6.36) are not optimal anymore, but they still are better than the other three
choices forp > 7.

It follows from Figure 6.16 that (a) surprisingly, the equidistant nodal points perform
better than the Chebyshev points for 7 < p < 11, and (b) for every p > 7 the hierarchic
shape functions give the best result.

6.3.4 Basis of the space V}, ,,

With suitable shape functions on the reference domain K, in hand, the basis functions
V1,2, -..,vn of the space V;, , C Hg(Q) can be designed. We shall work work with the
hierarchic shape functions wg, ws, . .. in what follows.

Assume a bounded domain €2 = (a,b) C R and a finite element mesh 7}, ,, consisting
of M > 1 Hermite elements K, on subintervals K, = (z;_1, z;), equipped with arbitrary
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polynomial degrees 3 < p; = p(K;). The space V}, , was defined in (6.20),
Vip = {veC(9); v(a) = v(b) = v'(a) = v'(b) = 0; (6.38)
vlx, € PP (K)}.

It is easy to calculate the dimension of this space,
M
N =dim(V,,)=-M -2+ p,. (6.39)
2]

In view of Definition 6.1, the basis functions are split into vertex and bubble functions.

Vertex basis functions: The vertex functions are associated with the internal grid points x;,

i=1,2,..., My, and they always extend over two adjacent elements K; and K. A first
set of M — 1 vertex functions va,o) represent the function values,
wy © x;{f, z €K,
o0 = (6.40)
woox;{fﬂ, z€ Kipy

(v,1)

The other M — 1 vertex functions v; represent the derivatives,

JKlwgoz;{}, z € K;,
ol = (6.41)
JKlegoz;{fH, z €K,
The delta property (6.28) of the cubic Hermite shape functions wy, ws, . ..,ws translates
into
,0 v,0 !
v () = 65, (vf )> (z;) =0,
and

!
v (z;) =0, <va‘1)> (z;) = 64,
foralll1<i<M-1land0<j <M.

Bubble basis functions: On every element K; we define p; — 3 bubble functions

vé)yk:wkol‘;{f’xeKh k:4577p1 (642)
In the nodal higher-order case the bubble functions are defined by
v} g = k2 OI}_{T, ze K, k=4,5,...,p,.

where 6, are the bubble shape functions associated with the Lagrange degrees of freedom
at the p, — 3 nodal points —1 < ys <y3 < ... < yp,—2 < L.

Lemma 6.2 Functions (6.40)-(6.42) belong to C* (), and form a basis of the space (6.38).

Proof: This is clear from their construction. [ |
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6.3.5 Transformation of weak forms to the reference domain

For the element-by-element assembling algorithm, the approximate weak formulation (6.23)
needs to be written as a sum over all elements,

M N M

> Zyj/ bAV; Av, dz = > / fu,dz  foralli=1.2,... N. (6.43)
m=1j=1 Ko m=1"Em

Every integral in the sum is transformed to the reference domain K, via the Substitution
Theorem. Consider a mesh element K,,,, 1 < m < Al, and the standard one-dimenstonal
affine reference map zg, : K, — K, defined in (2.37). Assume that the Jacobian

Jk,. > 0forevery K,,. With the notation from Paragraph 2.4.3,

7€) = (v, 0 2k, )(€),

one has

1 ~{m )y
v1<x>:7—{v§ NE), 1=k, (E)

and further )
v, () = == AF"(E). 1=, (©):
Ko

This means that the biharmonic stiffness integrals for the model problem (6.14) attain the
form

[ d@au@an@er = [ Si@an@ai @ o
;

o K. YK,

where b("™) = bory, . Theright-hand side integrals from (6.43) transform to the reference
domain K, simply as

/ fo de = / T, Fmal™ de.
Ko K

a

where f") = fourk,.

6.3.6 Connectivity arrays

The extension of the data structures and algorithms from Paragraphs 2.4.8 and 2.4.9 to
Hermite elements in one spatial dimension is straightforward. In what follows let us as-
sume the model problem (6.7) with the homogeneous Dirichlet conditions (6.11) for both
the solution v and its first derivative u’(x). The extension to nonhomogeneous Dirichlet
boundary conditions is done analogously to Paragraph 2.6.

Element data structure Consider a finite element mesh 7;, , = {K;.Ka..... K}
consisting of Hermite elements of arbitrary polynomial degrees 3 < p; = p(K,), i =
1,2..... Al Choose a reasonable upper bound MAXP and define:
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struct {
int p; //polynomial degree of element
int vert_dir[4]; //vertex Dir. flags for both u and du/dx
int vert_dof [4]; //vertex connectivity arrays
int *bubb_dof; //bubble connectivity array
//{length MAXP-3)
} Element;

The Dirichlet flag Elem [m] . vert_dir[j], j = 1.2, has the following meaning: It is zero
if the left vertex of K, = (z,,_1, Z,») is unconstrained by a Dirichlet boundary condition
for the solution u, and it equals to one otherwise. The flagElem[m] . vert_dir [2] isrelated
to the right vertex of K, in the same way, and the Dirichlet flags Elem [m] . vert_dir[j],
J = 3.4, have an analogous meaning for the first derivative u’(z).

Unique enumeration of basis functions According to (6.39), the dimension of the
space Vj, ,, is

174
N =dim(V,,) = —M -2+ Zp,.

=1

The N basis functions have to be enumerated uniquely so that the connectivity links can be
defined. We use the following scheme: First enumerate all vertex functions representing
the solution values at the internal grid points,

v, = o™ foralli=1.2.....M —1.
Then add all vertex functions representing the derivatives at the internal grid points,
vnro1g, =00 foralli=1.2.... M —1.

At the end of the list put the bubble functions, using an outer element loopm = 1.2... .. A
and an inner loop p = 4.5, ..., pyr. This will be implemented in Algorithm 6.1 below.

Element connectivity arrays Analogously toParagraph2.4.8, the values of the Dirich-
let lifts for both the solution u and the first derivative u’(x), which are only nonzero in the
case of nonhomogeneous Dirichlet boundary conditions, are stored in a global array double
DIR_BC_ARRAY[4] = {G(a).G(b). Guer(a). Gyor(b)}. The variable Elem[m] .vert_dof
[1] contains either

e apositive index ¢ of a vertex basis function v; = vf“()) associated with the left vertex
of the element K, (if the vertex is not constrained by a Dirichlet boundary condition
for the solution u, i.e., if Elem[m] .vert_dir [1] == 0),

e or -1, so that G(a) = DIR_.BC_ARRAY [-Elem[m] .vert_dof [1]]
(if Elem[m] .vert_dir[1] == 1).

Similarly one defines Elem[m] .vert_dof [2] for the right vertex of the element K,,,.
If Elem [m].vert.dir[2] == 1, then Elem[m].vert_dof[2] == -2. The variable
Elem[m] .vert_dof [3] contains either
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e the index M ~ 1 + 1 of a vertex basis function va;_;4; = UE"'” corresponding to the

left vertex of the element K, (if the vertex is not constrained by a Dirichlet boundary
condition for the first derivative v’, i.e., if ELlem[m] . vert_dir[3] == 0),

® or -3, so that G4.,(a) = DIR.BC_ARRAY [-Elem[m] .vert_dof[3]]
(if Elem[m] .vert_dir[3] == 1).

The value Elem [m] . vert_dof [4] for the right vertex of the element K, is defined analog-
ously. IfElem [m].vert dir[4] == 1,thenElem[m].vert_dof[4] == -4. Thebub-
ble functions are always unconstrained, and therefore the value Elem[m] . bubb_dof [3], j
= 1,2,...,Elem[m] .p-3, contains the index of the bubble basis functions of the poly-
nomial degree j + 3 associated with the element K.

The following connectivity algorithm is similar to Algorithm 2.4, except that the Hermite
shape functions wy and wg are treated differently from the rest of the shape functions.

Algorithm 6.1 (Connectivity algorithm for Hermite elements)

count := 1;
index := 1; //For Lagrange vertex functions wg,w:
//Block A: Enumerate Lagrange vertex functions (v:i):
//Visiting the element Kj:

if (Elem[1].vert_dir[index] == 1) then {

Elem[1] .vert_dof [index] := —index;
}
else {
Elem[1].vert_dof [index] := count;
count := count + 1;
Elem[1].vert_dof [index+1] := count;
//Visiting interior elements Ko, K3,...,Kaj—q:
form = 2,3,...,M-1 do {
Elem[m] .vert_dof [index] := count;
count := count + 1;
Elem[m] .vert_dof [index+1] := count;
}
//Visiting the element Kj;:
Elem[M] .vert_dof [index] := count;
count := count + 1;
if (Elem[M].vert dirl[index+1] == 1) then {
Elem[M] .vert_dof [index+1] := -index-1;
}
else {
Elem[M] .vert_dof [index+1] := count;
count := count + 1;
}
//Block B: Enumerate Hermite vertex functions (vfj):
//{run block A once more with index := 3)
//Block C: Enumerate all (Lagrange) bubble functions:
form = 1,2,...,M do {
for j = 1,2,...,Elem[m].p-3 do {
Elem[m] .bubb_dof [j] := count;
count := count + 1;
}
}

The function of Algorithm 6.1 can be illustrated on a simple example:
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B EXAMPLE 6.1

Consider the model problem (6.7) with homogeneous Dirichlet boundary conditions
(6.11), and amesh 7}, , consisting of three elements K, K3 and K3 of the polynomial
degrees p; = 4, p; = 6 and p3 = 5. According to (6.39), the dimension of the space
Vi,p 1s N = 10. The input data for the connectivity Algorithm 6.1 is

Elem[1].p = 4;
Elem[1] .vert_dir = {1,0,1,0};
Elem(2].p = 6;
Elem[2].vert_dir = {0,0,0,0};
Elem{3].p = 5;
Elem (3] .vert_dir = {0,1,0,1};

The resulting element connectivity arrays have the form

Elem[1] .vert_dof = {-1,1,-3,3};
Elem([1] .bubb_dof = {5};
Elem[2].vert_dof = {1,2,3,4};
Elem[2] .bubb_dof = {6,7,8};
Elem[3] .vert_dof = {2,-2,4,-4};
Elem[3] .bubb_dof = {9,10};

6.3.7 Assembling algorithm

The complexity of the assembling algorithm depends on whether or not the function b in
(6.7) is constant. If it is constant, then the global stiffness matrix S can be assembled using
the set (6.37) of few precomputed master element stiffness integrals. Otherwise explicit
numerical integration needs to be done on every mesh element K,,, m = 1,2,... M.
For simplicity, assume that 0 < b = const. Then b can be removed from the equation by
replacing f with f/b. The master element stiffness matrix (6.37) can be represented via a
two-dimensional array MEST,

1
MESI[i][]] :=/ Aw, 1 {(z)Aw;_(z)dx  foralll <i,j <MAXP 4+ 1.
-1

Further we define the function

double Jac{double jac, int index) {
if(index < 3) return 1.;
else return jac;

1

that is used to distinguish between the Lagrange and Hermite shape functions in the assem-
bling algorithm:

Algorithm 6.2 (Assembling algorithm for Hermite elements in 1D)

//Calculate the dimension of the space Vj ,:

N :=-2-M;
form=1,2,...,Mdo N := N + Elen[m].p;
//Calculate the value of Elem(m].jac for all elements K,,, m =1,2,...,M:

form = 1,2,...,M do Elen[m].jac := {Z; — Tm—1)/2;
//Set the stiffness matrix § zero:
for i = 1,2,...,Ndo for j = 1,2,...,N do S[il[j] := 0;
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//Set the right-hand side vector F =zero:

for i = 1,2,...,N do F[i] := 0;
//Element loop:
form = 1,2,...,M do {
//Loop over vertex test functions:
for i = 1,2,...,4 do {
//If > -1, this is index of a test function wy, € 1} .
//i.e., row position in S:

ml := Elem[m].vert_dof[i];
//Loop over vertex basis functions:

if (m1 > -1) then for j = 1,2,...,4 do {
//1f > -1, this is index of a basis function ty., €V},
//i.e., column position in S:

m2 := Elem[m].vert_dof [j];
if (m2 > -1) then {
//Multiply each Hermite shape function with an extra Jacobian:
jac := Elem[m].jac;
jactb := Jac{(jac,i)*Jac(jac,j);
Slm1] [m2] := S[m1] [m2] + jactb*MESI[i][j]/jac”;

} //End of inner loop over vertex functions
//Loop over bubble basis functions:
for j = 1,2,...,Elem[m].p-3 do {
m2 := Elem[m].bubb.dof [j];
if (m2 > -1) then {
jac := Elem[m]. jac;
Sm1] m2] := S[m1] [m2] + Jac(jac,i)*MESI[i][j+4]/jac3;
}
} //End of inner loop over bubble functions
//Contribution of the vertex test function v,, to the right-hand side F':
if (m1 > -1) then {
jac := Elem[m].jac; R
Flm1] := Flmi] + Jac(jac, )+ [y |, [f0™(Ew, _1(€)d¢;
}
} //End of outer loop over vertex functions
//Loop over bubble test functions:
for i = 1,2,...,Elem[m].p-3 do {
ml := Elem[m] .bubb_dof[i];
//Loop over vertex basis functions:
if (m1 > -1) then for j = 1,2,...,4 do {
m2 := Elem[m].vert.dof [j];
if (m2 > -1) then {
jac := Elem[m].jac;
Sm1][@2] := Smil @2] + Jac(jac,j)*MESI[i+4] [j1/jac?;

} //End of inner loop over vertex functions
//Loop over bubble basis functions:
if (ml > -1) then for j = 1,2,...,Elem[m].p-3 do {
m2 := Elem[m].bubb.dof [j];
if (m2 > -1) then S{m1] m2] := S[mi1] [m2] + MESI[i+4][j+4]/Elem[m].jac3;
} //End of inner loop over bubble functions
//Contribution of the bubble test function vy, to the right-hand side F:
if (1 > -1) then Flmt] := Flmtl + [io |Jic,, [F")(€)w,o1(€) d€;
} //End of outer loop over bubble functions
} //End of element loop
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6.3.8 Interpolation on Hermite elements

Similarly to the H*-conforming case discussed in Paragraphs 2.7.2-2.7 4, also on the Her-
mite elements we have at least three basic interpolation options with different quality and
cost:

1. the best interpolant exploiting a global orthogonal projection (best quality but highest
cost),

2. the projection-based interpolant combining the nodal interpolation of vertex values
and derivatives with local orthogonal projections in element interiors (slightly less ac-
curate than the best interpolant, but much more efficient, especially with orthonormal
higher-order bubble functions),

3. the traditional explicit nodal interpolant (fastest but worst quality).

Best interpolant Consider a bounded domain 2 = (a.b) C R and a finite element
mesh 7}, ,, consisting of A/ > 1 Hermite elements K, = (z,—1, z,) equipped with arbitrary
polynomial degrees 3 < p; = p(K;). The best interpolant of a function g € V = HZ(Q)
in the finite-dimensional subspace V}, ,, C V is obtained as follows: The function g, ;, 1s
expressed as

N
Ghp = Zyjuj. (6.45)
i=1
where {v1,vz....,vun} is a basis of V3, ;,. The unknown coefficients y1, ys. .. .. YN are

determined from the orthogonality condition

(g— gh.p) 1L Vi,

that is equivalent to a system of linear algebraic equations,
N
>y vy = (gv)y  foralli=1.2....,N. (6.46)
J=1

Since the Poincaré-Friedrichs’ inequality (Theorem A.26) holds in the space V', one can
use either the full H2-product,

(v.v)y = / uwv + VuVy + AuAvdzx
Q
or, equivalently, the simpler H2-product

(u,v)y = | AuAvdz.
Jo

Projection-based interpolant The interpolant gy, ,, is sought in two steps, as a sum of
the vertex and bubble interpolants

Ghp = Ghp + Gh (6.47)
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Vertex interpolant: The elementwise cubic function g, ,, € C1(Q) satisfies

Ghp(22) = g(z4), (g}z’p)/ (z,)=¢'(z;) foralli=0,1...., M. (6.48)

Using the basis functions (6.40) and (6.41), on every K; = (z;_1, z;) we obtain

v,0) (v.0)

i 1)
i lx, = v\ g(zion) + 0! g’

9(@) + I, 0"V (@ o1) + Tre vV g (). (6.49)

Bubble interpolant: Since the residual g — g}:’p vanishes at all grid points z; together with
its first derivative, on every element K, ¢ = 1,2, ..., M it belongs to the space (A.92),

HE(K;) = {ve H*(K,); v(z,_1) = v(x,) = v'(zi_1) = V' (z;) = 0}.
On every element K, with p; > 4 consider the polynomial subspace
PE (K:) = {v € Py (K,): o/ (wima) = V() = 0} C H(KQ)
of the dimension p; — 3. Let us stay with the HZ-product

(u,v) H2(K)) —/ AuAvdx (6.50)

for simplicity. The unique bubble interpolant gfl‘p on the element K, is determined from
the orthogonality condition

(9= gnp) L Py (I,).

Using the bubble functions (6.42) that generate the space P} (K;), this is equivalent to
(9= 9k = GhpVik) e,y =0 forallk=4,5.....p;. (6.51)

Expressing

gh p E (Ym nme

m=4

and inserting this linear combination into (6.51), one obtains a system of p, — 3 linear
algebraic equations,

P
/ (g gh Z anzz) gm) A(Ug)k)( ) z =0, k= 4 + Dy (652)
K,

m=4

for the unknown coefficients aSi}. Transformed to the reference domain K,, with the

orthogonal hierarchic shape functions (6.36) this linear system simplifies substantially to
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Z / Ao (€) Doy (€) dE = / AG—d1,)€)Dwr(€)dE, (653

ik
which means that
o) = /K AG — 31.,)(€) D (€) (6.54)
where k = 4,5, ..., p;. Hence no system of linear algebraic equations needs to be solved.

Here §(¢) = g(vx,(£)) and
Ghp€) = (ghp(zK (£))
wo(€)g(zim1) + wi(€)g(:) + Jr,wa (€)' (zoo1) + Tk, ws (€)' (2:).
(2)

After obtaining the coefficients ak ,k=4,5,...,p; forevery element K,i=1,2,...,M,
the construction of the projection-based interpolant g, , = ghyp + ghyp is accomplished.

Lemma 6.3 (Local optimality of the projection-based interpolant) Let 2 = {(a,b) C
R be covered with a finite element mesh Iy, ,, consisting of M Hermite elements K; =
(x,_1, x,) equipped with the polynomial degrees 3 < p; = p(K;). Letg € H*(Q)NC® (),
hp € Vhyp its projection-based interpolant (6.47) and g, ,, € Vhy,, an arbitrary other
interpolant satisfying gn p(x;) = g(x;), Gy, ,(x;) = g'(x;) forall j = 0,1,..., M. Then

|9 = gnpl22k, <19 = Grpleak, foralli=1.2,... M, (6.55)

and therefore also
19 — grhpl2,2.0 <19 — Gnpl2.2.o (6.56)

If the bubble interpolant gn p is calculated using the full H?2-product (-,-)22 instead of
(6.50), the inequalities (6.55) and (6.56) hold with the full H2-norm || - ||2.2.

Proof: The proof is analogous to the proof of Lemma 2.5 and it is left to the reader as an
exercise. ]

Nodal interpolant The Hermite elements are automatically endowed with the standard
nodal interpolant (3.28),

Here 6, are the nodal basis functions of the space PP ( K;) meeting the delta property (3.4),
¢ is an arbitrary function from some space V such that PP (K;) C V(K;), and itis assumed
that all linear forms L;, 7 = 1,2...., Np are defined for g.

Lemma 6.4 (Conformity to H2(Q)) The finite element mesh Tn.p consisting of arbitrary-
order Hermite elements, introduced in Paragraph 6.3.4, is conforming to the space H?(Q).
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Proof: It is sufficient to verify that the global interpolant Z(g) of an arbitrary function
g € HYQ) N C(R) is smooth at all grid vertices. The continuity of (Z(g))(x) at all
z,,%t = 1,2,..., M, follows from the delta property (3.4) and the continuity of the basis
functions (6.40). Analogously the continuity of the derivative (Z(g))’ () follows from (3.4)
and the smoothness of the basis functions (6.40). [ ]

Since the nodal interpolant Z (g) matches the values and first derivatives of the inter-
polated function g at all grid vertices, by Lemma 6.3 its quality cannot be better than the
quality of the projection-based interpolant.

6.4 HERMITE ELEMENTS IN 2D

In contrast to the one-dimensional case, Hermite elements do not conform to the Sobolev
space H? in 2D and 3D. Nevertheless, they find important application in nonconforming
approximations to fourth-order problems, computational geometry, surface reconstruction,
and elsewhere. We focus on triangular elements, since the construction of Hermite quadri-
laterals can be done easily using the product geometry of the reference domain K.

6.4.1 Lowest-order elements

The cubic Hermite element (K, P*(K;).%) on the triangular reference domain K; is
equipped with the set ¥ consisting of three degrees of freedom per vertex (one for the
function value and two for directional derivatives) and one complementary interior degree
of freedom that is added for the sake of unisolvency. This degree of freedom usually is
associated with the function value at the center of gravity of ;.

There are two equivalent choices for the directional derivatives: either the directions of
the coordinate axes (i.e., the partial derivatives J/92; and 9/dz2) or the directions of the
edges of K. This is illustrated in Figure 6.17.

E—’_?/:\ E‘>2/\

Vs

1 Vs

Figure 6.17 Two equivalent types of cubic Hermite elements.

Let us discuss, e.g., the former case (left part of Figure 6.17). This element has four
Lagrange degrees of freedom

Li(g) g(=1.-1). (6.57)
La(g) = g(1.-1).
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il

Ls(g) g(=1,1),
Li(g) = g(=1/3.-1/3),

and six Hermite degrees of freedom

L) = p(-L-1) (6.58)
Lo0) = He(L-D).
) = L),
Lg(g) = 38—55;(—1’—1)”
L) = oo (1,1,
Lio@) = (-1

The corresponding nodal basis, satisfying the delta property (3.4), is constructed using the
standard procedure which was described in Paragraph 3.1.2:
Consider, for example, the monomial basis of the polynomial space P*(K}).

B ={g1,92,---»910} = {1, 61,62, 62,6160, 62,63, 6765, £,62, 63},

Inverting the Vandermonde matrix L = {L;(g;)}2% J=1 and reading the coefficients for the

functions g1, g2, - . ., g10 from its columns, one arrives at the nodal shape functions
AU = e+t St Daht G4 8 D86+ 268
+;1153,

A@) = s+ Sat et granrlg-larlge lag,
PO = bt ol it 25152 vl 35%52 e~ 18
) = —-28—75 -Te- 275 5152 - -2—75 5152 ¥

PO = Jet e et iG 8 86 1 a8 (659

e E) = —;11 Z§ éﬁz - }151 — &1 — 552 + ;151 - 55152 - 551557
PO = (bt et Er6G+ G et 68
HHE = 16+ et B GGt G4 86+ jad+ 6
wE) = ;11 Pia st v aG 1861 80+ 68,

s 1 1 1 1 1
PINE) = - E- a6 6 Gl - e 6G+ 16
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3

The first four shape functions ", @12, pr* and ¢! in (6.59) correspond to the Lagrange
DOF L, Ly, L3 and Ly, respectively, while the rest correspond to the Hermite DOF. The
nodal basis is depicted in Figures 6.18-6.21.

Figure 6.18 Nodal basis of the cubic Hermite element; the vertex functions ;*, 72, and )3,

Figure 6.19

Figure 6.20  Nodal basis of the cubic Hermite element; the vertex functions p?*', !?!, and
v3,1

¥y

Hadol
REAARE G

Figure 6.21 Nodal basis of the cubic Hermite element; the vertex functions o?'% ¥2'? and

v3,2
PR

6.4.2 Higher-order Hermite—Fekete elements

Next let us consider a polynomial degree p > 4. Recall that the dimension of the space
PP(K:)is Np = (p + 1)(p + 2)/2. The vertex degrees of freedom L;, Ly, L3 and
Ls, Lg, ..., Lo from the cubic case guarantee the continuity and smoothness of the ap-
proximation at the vertices.
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Hence, (p + 1)(p + 2)/2 — 9 new Lagrange degrees of freedom need to be defined in such
a way that the finite element is unisolvent and the approximation continuous along element
interfaces.

A pth-degree polynomial restricted to an edge of K is determined via p 4+ 1 parameters,
of which four are the vertex degrees of freedom at the endpoints. Thus p — 3 additional
Lagrange degrees of freedom need to be placed into the interior of each edge of K. The
one-dimensional interior Gauss—Lobatto points of the order p — 2 are a suitable choice for
this purpose (although better point sets may exist). In addition to that,

@+ 1)p+2)
2

—9-3(p-3) = -Hlp-2)
2
interior Lagrange degrees of freedom remain to be chosen. It is natural to associate them
with the (p — 1) (p — 2) /2 interior Fekete points of the order p. For p = 3 this set of degrees
of freedom exactly coincides with the cubic case described in Paragraph 6.4.1.
The distributions of the degrees of freedom for a fourth- and fifth-order Hermite-Fekete
elements are illustrated in Figure 6.22.

v, ~1I &)

Figure 6.22 Fourth- and fifth-order Hermite-Fekete elements on K.

Lemma 6.5 The Hermite—Fekete element (K;, PP(K;), %), where p > 3 and ¥ consists
of the (p + 1)(p + 2) /2 above-defined degrees of freedom, is unisolvent,

Proof: Let P = PP(K,)and Np =dim(P) = (p + 1)(p + 2)/2. Itis clear from above
that card(X) = 9+ 3(p —3) + (p — 1)(p — 2)/2 = Np. Let g € P be arbitrary. It is
sufficient to show that if L(g) = 0 for all L € 3, then necessarily g = 0. First observe
the values of ¢ on an edge e: the two derivatives at the endpoints, two function values at
the endpoints and the p — 3 values at the interior Gauss-Lobatto (Fekete) points together
constitute p+ 1 parameters that determine a unique one-dimensional polynomial on e. Since
all these values are zero, necessarily g = 0 on e and in turn on the whole boundary of K.
It follows from the unisolvency of the Lagrange-Fekete elements that ¢ = 0 also in the
element interior. a

The nodal shape functions for a general polynomial degree p are constructed analogously
to the cubic case, by choosing a suitable basis B = {¢1,92,...,9n,} of PP(K;) and

inverting the corresponding generalized Vandermonde matrix {L,(g;)}; ]-F’:l.
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6.4.3 Design of basis functions

Assume a bounded polygonal domain 2, C R? covered with a finite element mesh Thp
consisting of A/ > 1 Hermite elements of a uniform polynomial degree p > 3. Then the
finite element space V), , (that for simplicity is not constrained with any essential boundary
conditions) has the form

Vip = {veCy); vk, € PP(K,); (6.60)
v v . .
—— and —— are continuous at every grid vertex }.
8x1 Ty

Proposition 6.1 The dimension of the space V}, 4, is

(p—1(p-2)

N =dim(Vi,,) = 3M, + (p— 3)M, + 5

M, (6.61)

where M, is the number of grid vertices and M. the number of mesh edges.

Proof: There are one Lagrange and two Hermite degrees of freedom associated with each
grid vertex, p— 3 Lagrange degrees of freedom on each edge, and (p—1)(p—2)/2 Lagrange
degrees of freedom in the interior of each element. Each of these degrees of freedom is
represented by one basis function in the basis of V), . [ |

The basis of the space V), ,, consists of two types of basis functions:
e Lagrange basis functions associated with the Lagrange degrees of freedom,
e Hermite basis functions representing the partial derivatives at grid vertices.

Lagrange vertex, edge and bubble basis functions

For a polynomial degree p > 3 there are three Lagrange vertex shape functions asso-
ciated with the function values at the vertices of K, p — 3 Lagrange edge functions per
edge of K corresponding to the edge-interior Gauss—Lobatto points, and (p — 1)(p— 2)/2
Lagrange bubble shape functions associated with the Fekete nodal points in the interior of
K. The fact that the partial derivatives /9, and 8/0¢; of the Lagrange shape functions
vanish at the vertices of K; implies that the corresponding Lagrange vertex, edge and bubble
basis functions of the space V), ,, can be designed in the same fashion as the vertex, edge
and bubble basis functions on Lagrange elements.

Hermite vertex basis functions

The design of the Hermite vertex basis functions of the space V), ,,, which are associated
with the partial derivatives of the approximation at grid vertices, is worth discussing in more
detail. It is clear that the standard affine reference map xy : K; — K does not preserve
the degrees of freedom,

9

0
3P 0TI @K (©) # 5

B2r (&)

(where  stands for a Hermite shape function defined in the reference domain K;). Consider
a grid vertex z; along with the vertex patch (4.14) of all elements adjacent to ,,
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s = |J K

kEN(:)
where
N(i) = {k: K € T, . z, is avertex of K} }.

There is a pair of Hermite vertex basis functions in V}, ,, that represent 0/0x; and 8/0x;

at x,; let us denote them by vgl) and vgz). These functions are continuous in the whole
domain £2;, and vanish in Q, \ S(¢). They also vanish at all nodal points in S(7), and their
first partial derivatives vanish at all boundary vertices of the patch S(i). At the vertex x,
these functions satisfy

Yy

Assume the restriction of vl-(l) to an element K € S(i). Let 99,"”"1 and ¢, % be the pair
of Hermite vertex functions associated with the corresponding vertex v,,, of K;, in such a
way that g (v,,) = x,. The trick is to find a linear combination

ot = 041<P:,7'""1 + a%p}f’“‘z
such that
1}2(1) _ (P(l) Ow}—{l
and
aixyvll)(wi) =0y,

The rule (4.20) for the transformation of gradients yields

D -T
(8)-witer= (52) 5o

a(PU,,L.l 0@11,,,.2
03] 8151 (vm) +ao 821 (vm)
(DwK>_T - v Dz \™" [ oy
D¢ dpy ! dppm? D¢ az
03] 852 (vm) +oao 852 ( m)
0 1
Hence
8.70;{,1 8.7ch1
&y = —(/——— =

o0& @z = &

The other Hermite vertex basis function 'UEZ)

structed analogously in the form

corresponding to the grid vertex x, is con-
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(2) 2 —1 2) _ U 1 Vo \2
v =P oxy!t, o =piomt 4 By,

so that

2 .
—2)7( )(.’I!Z) = (Szj.

aZITj

Performing analogous calculation as above, we find that the coefficients 3; and 5 have to
be

Ozk 2

B =

_ 8m;<,2
o€ b= 02

Thus finally we find that in K’ C S(¢) the Hermite vertex basis functions vfl) and 'UEZ) are

defined as
o) _T(Dex (@t ],
UEZ) D¢ (P;)ﬂlvz K -

6.4.4 Global nodal interpolant and conformity

Let 2, C R? be a polygonal domain covered with a finite element mesh 7, ,, consisting
of M triangular (and/or quadrilateral) Hermite elements of a uniform polynomial degree
p > 3. Let g € H?({,) be a function for which all degrees of freedom on all elements in
the mesh are defined. Then the global nodal interpolant Z(g) is constructed routinely via
the elementwise local nodal interpolants (3.28),

Np
Tr(g) = ZLz(g)ezv
=1

where K € Ty, ,, Np = (p+1)(p+2)/2 and 6; are the corresponding nodal shape functions
on the element K (see Section 3.3.1).

The continuity of Z(g) at all element vertices is guaranteed by the fact that there is a La-
grange degree of freedom associated with every mesh vertex. On every edge e in the mesh
there are two Hermite and two Lagrange degrees of freedom associated with the endpoints
of e, and additional p — 3 Lagrange degrees of freedom associated with the p — 3 Gauss—
Lobatto points in the interior of e. These p + 1 parameters determine a unique pth-degree
polynomial on the edge e. Therefore Z(g) € C().

In the next section we derive and analyze partial differential equations that describe the
bending of elastic plates.

6.5 BENDING OF ELASTIC PLATES

Plates are three-dimensional solids whose thickness is very small compared to their other
dimensions. The bending of such structures, and indeed an extension to shells, were the
first subjects to which the finite element method was applied in the early 1960s. Usually the
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complete three-dimensional numerical treatment of such problems is not practical, since
the discrete problems are both very large and ill-conditioned.

Therefore, several classical assumptions were introduced long time ago in order to sim-
plify the solution of plate problems. There are two basic plate models, of which the his-
torically older Kirchhoff (thin) plate model, based on the early works of Sophie Germain
[24, 119] and [96] in 1811, was completed and formalized by G. Kirchhoff [71] in 1851.
The thin plate assumptions were relaxed by E. Reissner [97] in 1945 and in a slightly dif-
ferent way by R. D. Mindlin [81] in 1951. The Reissner-Mindlin plate model extends the
field of application to shear-deformable thick plates, and therefore sometimes it is referred
to as thick or shear-deformable plate model.

The Reissner—Mindlin plate model is a second-order problem that naturally corresponds
to the Timoshenko beam model, while the Kirchhoff model is a fourth-order problem that
generalizes the Euler-Bernoulli beam model. Although at the first glance the numerical
treatment of the Reissner-Mindlin plate seems to be easier, it turns out that it conceals
all basic difficulties plaguing the Kirchhoff model, and in reality its numerical solution is
in some sense even more difficult. On the other hand, the variational formulation of the
fourth-order Kirchhoff model takes place in the space H?(§2) which is much smaller than
the space H*(€2). In order to conform to H?({), the approximations have to be once
continuously differentiable (see Paragraph A.4.3). Since the assembling procedures for the
H?-conforming elements are nontrivial, nowadays it is popular to resort to mixed methods
that lead to the standard H '-conforming elements (see, e.g., [18, 95] and [124]).

Instead of reviewing existing results on mixed methods, we find it more useful to focus on
the application of the less frequently encountered C*-elements in this text. These elements
are natural for the variational setting in the space H2((2). It was demonstrated in Paragraphs
6.3.7 and 6.4.3 that the key to a transparent element-by-element assembling procedure are
the correct transformation relations for the weak forms and shape functions from the mesh
element to the reference domain and vice versa. These topics are addressed in Section 6.6.

Prior to introducing the finite elements, in Paragraphs 6.5.1-6.5.4 we present the deriva-
tion of the thick and thin plate models, list various types of boundary conditions, construct
the variational formulation and discuss the existence and uniqueness of the weak solution.
It turns out that the approximation of a smooth boundary via a nonsmooth curve (a common
technique for second-order problems) may change the physics of the fourth-order problem
completely. This phenomenon, known as the BabuSka’s paradox of thin plates, is mentioned
in Paragraph 6.5.5.

6.5.1 Reissner-Mindlin (thick) plate model

Although the shear-deformable plate model is historically younger than the Kirchhoff model,
the natural order of their presentation is opposite. Consider a plate of a constant thickness
t > 0 whose middle plane coincides with the (z;z2)-plane and whose projection to the
(x1x2)-plane occupies a bounded domain © C R? with Lipschitz boundary. Thus the
three-dimensional body of the plate is {2 x (—#/2, ¢/2). We assume that the plate is subject
to external forces which are normal to its middle plane z3 = 0. The Reissner-Mindlin
model is based on the following four postulates:

o (P1) Planar cross-sections normal to the middle plane remain planes during the defor-
mation, and segments lying on normals to the middle surface are deformed linearly.

e (P2) The displacement in the x3-direction does not depend on the z3-coordinate.
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o (P3) The displacement of points lying on the middle plane occurs in the z;-direction
only.

e (P4) The normal stress o33 = 0.

The postulate (P1) is the most important assumption of the theory of plates and shells. It
follows from (P1)—~(P3) that the displacement u(z) = (u3, ua2, U3)T(.’I!) has the form

ui(z) = -—z3¢1(z1,22), (6.62)
uz(z) = —z3d2(T).72).
UB(-'I:) = IU(Z‘l,Z‘Q)\/

where w is the transversal displacement or (normal) deflection, and ¢ = (¢;, ¢2) is the
rotation of the transverse normal vector. Let us introduce the equations governing the
quantities w, ¢; and ¢o:

The bending strains associated with the displacement field (6.62) have the form

8u1 8¢1
= L= gyt 6.63
€ Bz, z3 Bz, (6.63)
¢ = M2_ 00
27 0z, oz
_ 8u1 8uz _ 8(151 a¢2
mz2 = 8:52 + 8:v1 T (8:52 + 8_:51 ’
- Ow Ou Ow
ne = 9z,  dzz O b
ow  Oug ow
Y23 = a—xzﬁ"aTB*a—xz—(ﬁz,
€3 = 0.
Here €1, €5, and ;2 are the in-plane strain components, and
(713, 723) = Vw — (61, 62) (6.64)

are the strain components corresponding to the transverse shear. [This relation models the
shear-deformability in the Reissner-Mindlin model. In the Kirchhoff model, the left-hand
side of (6.64) is zero]. In the linear isotropic case the shear force resultants have the form

t/2
/ T3 dzs = kG <a_w - ¢1> , (6.65)
81‘1

—t/2
t/2 aw

Q2 / To3dzy = kGt (8_ - ¢2> ,
—t/2 Z2

where {TLj}?le is the stress tensor and G the shear elasticity modulus. Directional shear
rigidities G 13 and (Go3 may be used instead of G to model linear orthotropic elasticity (see,
e.g.,[95]). The constant « is a shear correction coefficient introduced to account for the fact
that the shear stresses are not constant across the section. A value of x = 5/6 is exact for a
rectangular, homogeneous section and it corresponds to a parabolic shear stress distribution.

I

Q1

i
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Using appropriate constitutive relations, all momentum components can be related to
displacement derivatives. In the linear elastic case the bending moments A;; and Mg,
and the twisting moment M, = Moy, are defined as

t/2
My = / mnzzdey = —D <% + 7%> . (6.66)
—t/2 0z Oz
t/2
My = / To2X3 dxg = -D (V% + %) .
—t/2 al‘l 81‘2
t/2 D1 5 5
My =My = / T12I3d1‘3=————( ) <ﬂ+ﬂ>
—t/2 2 81'2 axl

Here D is the bending stiffness, defined by

3
D = L, (6.67)
12(1-~?%)
where F is the direct (in-plane) elasticity modulus and +y the Poisson’s ratio. In the case of
a linear orthotropic material, the elasticity modulus has two directional components E; and
FE5, and the Poisson’s ratio + is replaced with the directional values 7}z, y2;. Accordingly,
the bending stiffness D has the components

E
D = -
. 12(1 = 712721)
Eyt?
Dy = Yiz Lot ,
12(1 = mi2721)
Eyt3
Dy = ;t»
12(1 - 712721)
1 .
Dgg = EG12153~,
and the moments attain the form
O olu
M, = —{Dy—+Dyr—"—],
1 ( 118z1+ 128x2
Oy O
My = —|{Dipg——=+Dyp—"1],
2 ( 128z1+ 228z2 ;
Op1 O
M = 2D — 4+ .
12 66 <8z2 + 9z,

See, e.g., [95] for details. The Reissner-Mindlin model consists of three equilibrium equa-
tions that relate the transversal force f to the shear resultants, and the shear resultants to
the momentum components. To begin with, the equilibrium equation

Y2 (97113 O3 OTa3
+ + dzsz = 0,
/_,/2 <8x1 Oxa Ox3 ) 3

written in the form
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o t/2
L.

o t/2
- d -
81‘1 v/—t/Z T3 43 + 81‘2

T23dx3 + T33l72 — T33|—¢/2 = 0,
N— ————

f

(where the transverse loading f arises from the resultant of the normal traction on the top
and bottom surfaces) yields via (6.65) the first thick plate equation,

8Q,
9z,

The momentum equilibrium conditions

t/2

/ . <8T11 T
—t/2 8:51
t/2 a

/ z( T2
—t/2 8x1

8712
8:52

8722

8:52

(6.68)

.
+ Tld) dzs =0,

8:53

assumed together with relations (6.65) and (6.66), complete the thick plate model by the

relations
oM oM
N2 = 0 (6.69)
81‘1 81‘2
OMyz  OMaa
8x1 81‘2 ‘QZ 0.

Some of the above-defined quantities are depicted in Figure 6.23.

'&;‘2(“2)

MZZ

Figure 6.23 The transversal force, shear resultant, and bending and twisting moments.

Further details on the derivation of the thick plate model can be found, e.g., in [124]. In

the next paragraph, equations (6.68), (6.69) will be used to deduce the Kirchhoff thin plate
model.

6.5.2 Kirchhoff (thin) plate model

In addition to the hypotheses (P1)—(P4) of the Reissner-Mindlin plate model, the Kirchhoff
model imposes the normal (Love’s, Kirchhoff’s) hypothesis, which is analogous to the basic
assumption of the Euler-Bernoulli beam theory (Paragraph 6.1.1):

e (PS) Vectors which are normal to the middle surface z3 = 0 remain normal to the
(deformed) middle surface during the deformation.
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This assumption neglects the shear deformations 73 and 7,3 in (6.64), and thus the rotations
¢1 and ¢- are related to the partial derivatives of the normal deflection w via the relation

oz, z2) = Vw(zy, z2). (6.70)

The situation is depicted in Figure 6.24.

(¢,,9,) = grad(w)

Figure 6.24  The hypothesis (P5) relates the rotations ¢, ¢2 to the deflection w via its gradient.

With (6.70) the displacements (6.62) take the form

ow
ui(z) = ‘$387I1($1,I2), (6.71)
ow
uz(z) = —$38—I2($1,$2),
us(z) = w(z,x2),
and (6.66) yields the momentum components
8%w J%w
My, = - e Z =
1 D <ax§ +v ax§> , (6.72)
0%w  O0%w
My = — i
& b (V dz? + 8z§) ’
8w
12 21 ( ) 9z1%%
Substituting into (6.69), we obtain
8 (8w  O*w 9 9w
DL (¥, 0 _2 _
Oz, (Eh% + ”axg ) + D1 =) 8z, <8x1x2> + & 0, (6.73)
o ([ Fuw 9 [/ 0w w
D1l-~y)—/—{-"— B B oA il -
=3, <8x1z2> +Dg (u 7 T azg> + Q2 0.

Substituting the shear resultants Q1 , > from (6.73) into (6.68), we finally obtain the Kirch-
hoff thin plate model in its well-known form,

D (84111 Fw  Fw

-1 —_— —_ = 2 —_
5t 2 57t axg> DA%y = f. (6.74)

In the following we introduce several types of boundary conditions for equation (6.74),
derive its weak formulation, and prove the existence and uniqueness of the weak solution.
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6.5.3 Boundary conditions

The boundary conditions for plates are typically prescribed in local (v, s) coordinates,
where v = (v1,12) and s = (s1,$2) are the unit normal and tangential vectors to the
boundary 02, respectively. The shear force resultants (; and the moments A/, in the

Reissner-Mindlin model were defined by (6.65) and (6.66),

ow
Q1 kGt (a—h —(/>1> .
Q2 = kGt (ai - ¢2> .

I

Oxo
My, = —D<%+“/%>.
Moy = —D(’y%%—%),

In the Kirchhoff mode] we have relations (6.69) and (6.72),
8]\[11 n 8Mlz

Q= 5, " on,
i ,
@ = a§x12+ag7{22'
My = —D<%+’Y%>,
Miz=My = -D(1-7) 82'211;2'

These quantities are transformed into the local coordinates as follows:

2
M, = Y Myy, j=1.2,
j=1
2
M, = Z ]\41']'1/1'1/]:]\411/1-|—]\[21/27

=1
Q. = Qi+ Qavy,
dv = ¢+ Pavy,
b5 = a1 — Prve,

My, = (May— Mp)vive + Myp(V: — v2) = Mavy — Myvs.

The transformation rule for the partial derivatives is

0 0 0 0 0 0

o=V Vg, o=V — = Uy
oy 1oz | tOzy 8s oz, ‘on

(6.75)

(6.76)

(6.77)
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Clamped boundary Clamped boundary conditions are used when the transversal de-
flection w and both the rotations ¢, and ¢, are given. This is the case, for example, when a
portion of the plate is built into a solid wall. In the Reissner-Mindlin model one prescribes

w = w, (6.78)
¢l/ = é::

In the Kirchhoff model the tangential rotation ¢ is determined uniquely by the values of
w on the boundary,

_ow
T 9s’

and moreover, the normal rotation ¢, is related to the normal derivative of w via (6.70),

®s

ow ow ow
b = 11y + Pova = 8_x11/1 + 8_x21/2 =

Therefore for thin plates one prescribes the deflection w and its normal derivative,

w = w* (6.79)

w dw\" .
w (aT) = o

Traction boundary The Reissner-Mindlin model admits the prescription of the mo-
ments A, . M, and the stress resultant ),

M, = M}, (6.80)
M,s = M),
Qv = Qf,
An important special case of the traction boundary is free boundary with
Mu = Ov
Mus = 0»
Qu = 0

It is easy to see that these three quantities are linearly dependent in the Kirchhoff model,
and therefore only two conditions are prescribed. Usually these are

M, = M, 6.81)
oM, OM*
v * Vs — V‘*‘
Qv+ Os @+ Os

The latter quantity is usually called effective shearing force of the plate.

Simply supported boundary These boundary condition combine both the fixed and
traction boundary conditions in order to model situations when the plate lies on a solid sup-
port (with unknown values of the rotations or Ow/dv on the boundary), etc. We distinguish
between hard- and soft-supported boundary.



250 BEAM AND PLATE BENDING PROBLEMS

Hard-supported boundary: The Reissner-Mindlin model admits the prescription of w, ¢,
and M,

w = w (6.82)
(;bu = ¢):,a
M, = M.

In the Kirchhoff model by (6.70) we have ¢, = Jw/Ov, which means that the prescription
of ¢, on the boundary would lead to a clamped case (with M, not prescribed). But we may
give M, without constraining ¢,, which leads to the boundary conditions

w = ’U)* \ (6.83)
M, = M.

Soft-supported boundary: In the thick plate model one prescribes w together with two
traction boundary conditions for AZ, and A,

w o= w, (6.84)
M, = M,
M, = M.,

In the Kirchhoff model one only prescribes two conditions, usually w and the normal
moment M,

w = w* (6.85)

)

M, = M’

(i.e., the hard- and soft-support boundary conditions are the same for thin plates).

6.5.4 Weak formulation and unique solvability

In this paragraph we consider the Kirchhoff thin plate model. Let £ C R? be a bounded
domain with Lipschitz-continuous boundary that is split into three open (not necessarily
connected) disjoint parts I' ., "5, and 'y, as shown in Figure 6.25. The boundary part I';,.
can be empty, and also at most one of the remaining two parts I'.; and I', can be empty as
long as I';4 is not contained in a single line. These conditions are among the assumptions
of the existence and uniqueness Theorem 6.1.

T,

tr

I,

ir

Figure 6.25 The boundary is split into three parts I'¢;, ['ss, and 'y, representing the clamped,
simply supported, and traction boundary conditions.
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We consider the (essential) clamped and simply-supported boundary conditions

w(z) = w" only, (6.86)

*

w(z) = w" only,
w@ = (5) @=dl@ ol

and the (natural) traction boundary conditions

oM, oMy, .
QU + as = Qi + Wé and Ml, = MV on Ftr- (687)
M, = M, onlg.

The space where the weak formulation takes place is the corresponding subspace of the
Sobolev space H2((2),

V() = {w € H*(); wir,, = 0; w|r,, = (Ow/0v)|r,, = 0}.

As usual we choose some sufficiently regular Dirichlet lift G(x) representing the essential
boundary conditions (6.86), i.e.,

G’(.’I!) = w" OIIFSS,

G(x) = w" only,

oG

@) = ¢ile) ol

The solution w(x) is sought in the form

w(z) = W(z) + G(x), (6.88)

where the unknown function W € V(2) satisfies the homogeneous boundary conditions

W(z) = 0 onl, (6.89)
W(z) = 0 only,

ow

W(.’B) = 0 OIIFC[.

It is advantageous to develop the weak formulation from the equation

(6.90)

My, My 8%My
p— 2 =
( 82 | “9z,0z, | 02 ) 5

which is equivalent to (6.74) through (6.68) and (6.76). We multiply (6.90) with a test
function ¢ (x) € V(§2), whose minimum regularity will be determined later from the final
weak forms, and integrate over €2,

0 [O0Myy  OMi, 0 [OMiy OMax
/Q Oz ( Oy + o )w—}_%( Oz * Oz )wdm—/ﬂfz/)dw.
—_—— —_——

Q1 Q2
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Green’s theorem yields

oM OM 0 OM M
/( 1 12) Y +<]\12+8 22>awy

8:v1 8:52 871 " 8:v1 8:52

—/ Quwdsszwdx.
T 9]

Applying Green’s theorem to the first integral once more, we obtain

o2 o? 2
P 0%y 31/)
/]V[ua > +2]\[128 92, +1\1228 2 dz

0
+/ (Myvy + Mygvs) il
o — " 01y

—/ Quwdsszwdx.
Ter 9]

The transformation relations (6.77) yield

0
+ (Myavy 4 Maovy) % ds
—_— 01

oy oy oy oY
M + M. ds = M,— + M,,—dS.
o 18 Iy 28 a0 8 Js
Inserting this relation into (6.91), we obtain
>y &%y 321!)
_/ A—[ll 81‘2 +2M1281‘ a +A.[228 2
+ Ma—w-l—Ml,sa dS.—/ Ql,z/)dS:/fz/)dw.
aa OV 0s o o

(6.91)

(6.92)

Last, in order to prepare the weak formulation for the incorporation of the boundary data
V* = @} +0M;,/0s (part of the traction and soft support boundary conditions), we need
to include the quantity dM,;/0s into the boundary integrals explicitly. This operation
requires the application of Green’s theorem along the boundary 652, which in turn brings

up some extra considerations about the smoothness of the boundary 9%2.

When the boundary 0€2 is a smooth curve and when the function M, = M, ,(s) is
continuously differentiable in the interval [a, b] which is supposed to correspond to the part

Ty, of the boundary 8f2, it holds

By oM, s ,
Mus‘—d = - vs
/F “as /F 52248 + (M9l

Similarly, if M, is continuously differentiable in the whole 052, then

M,
_/ Ml,sa—wdS: uz/ﬂS: %wds
50 s an Os r,. O0s

However, in reality the boundary 9 often has corners. Suppose that the boundary 6% is
defined parameterically by means of the parameter s € (0, /), and that there are N, corner
points 0 < s; < [,i = 1,2,...,N.. In general the function M, (s} has jumps at these
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points since the normal vector v varies discontinuously. The integration by parts with a
piecewise continuous function M, ,(s) gives (we assume M, (0) = M, (1))

oY /l oy
— M, ,—dS =— M,;—ds
‘/aQ aS 0 aS

oM ol
= /0 8.5” ds + Z(]\/[US(S, +0) — Mys(s: — 0)w(s,).

i=1

Suppose, moreover, that the given twisting moment M, (s) has jumps at the corner points
s=us;,where0<s; <bj=12,...,p(p<N,b< I 5€(0,b)onl). Then

ol 9y
1 —d rr—
./I‘,, A vs a S= ]\ vs 8g ds
8]\1[;; P % * * b
= - ¢d - Z(A/[u.ﬁ(‘g] + 0) - ]\Ius(s] - 0))1[)(9]) + [Musw]()‘

S
o 0

Writing M (s, + 0) — M. (s, — 0) = h;, we see that the corner discontinuities in M,
and A, produce the following terms,

N. P
D (Myy(s, +0) = Mys(s, = 0))eb(s,) — Y hyi(s,)
J=1 =1

which are not present when the boundary 952 is smooth. Taking this fact into account, from
(6.92) we obtain

. 92 2
¥ %y oy
- I 2M My,

/Q]\uax%-l- T + a2 8x§

: My,
fydz + / (Q; g ) Y— M} dS / 1\1*— ds + Z hi(s
(9} e, .

dx (6.93)

The boundary integral over I, only contains A/}, because vy = 0 on I',,, and no boundary
integral over I' ; is present since both ) and 8+ /Ov are zero on I';. The Dirichlet lift G(x)
is implemented into the left-hand side in the usual way, by decomposing the moments AL,
into

Mjj(w)=M;W+G)=M,(W)+AM,(G). t.j=1.2,

and leading all integrals containing Al,, (G) over to the right-hand side. The weak formu-
lation of equation (6.90) reads: Find a function W™ € V'(£2) such that

a(W.¥) = () forally € V. (6.94)

where

R o*y 0%y
W) = — I N — - ne v
(1( 1/) [2A 11(”/)81‘% + 2]\[12(” )(9.1/18 + ]\[22(14 )815 T
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and
M*
)= [ g [ (Q + s )w 2 2% as
9] T a
Loy !
—/ M;==dS+> hju(s,)
r,. Cov =
0% / 0%y 0%
—}-‘/Q ]\/fll(G’)a—x% + 2A[12(G)al‘181‘2 + AIQQ(G’)a—T% dx.

The weak solution satisfying both the essential boundary conditions (6.86) and the natural
boundary conditions (6.87) is, as usual, w = W + G.

The important question is now whether the bilinear form a(-,-) : V() x V(©2) — R is
bounded and V-elliptic, and whether [ : V(£2) — R is a bounded linear form.

Theorem 6.1 (Unique solvability) By C°(Q) denote the space of continuous functions
with compact support lying in Q and let [CP(0)] be its dual (i.e., the space of all continuous
linear forms over C°(Q)). Suppose that f € [C°(Q)), Q@ + OM,/0s € L}T'y,) and
M} e LA, UTy,), 1 < g < oo. Let at least one of Ty and T s be nonempty, and if Ty
is empty, then let ' s, not be contained in a single straight line. Then there exists a unique
weak solution to (6.94).

Proof: The proof requires to verify the boundedness of the forms a and {, and to prove the
V -ellipticity of the form a in V(§2) x V(£2). This is done via the Korn inequalities, which
lie beyond the scope of this introductory text. See, e.g., the nice monograph by Necas and
Hlavéacek [86], Theorem 4.1, for the proof. |

6.5.5 Babuska’'s paradox of thin plates

Let I" be a nonempty subset of J§). As mentioned above, the thin plate assumption (P5)
implies that the prescription of w on I' defines ¢ on I'. Thus whenever I" contains a corner
and w is prescribed, this yields two independent rotations ¢, and ¢ at both sides of the
corner, which define both ¢, and ¢, (and consequently ¢,,, ¢s and a fixed boundary con-
dition at the corner). The situation is depicted in Figure 6.26.

<=

Boundary deflection only defines Boundary deflection defines 1iwo
1angeniial rolation independent ro1ations a1 each corner
Figure 6.26 Nonsmooth approximation of a smooth boundary changes the physics of the thin plate
problem when the defiection w is prescribed.

The approximation of a smooth boundary I" by means of a nonsmooth curve I';, changes
simply-supported boundary to fixed boundary at the corners. Consequently, the numerical
scheme does not converge to the exact solution to the original problem. For more details
see [7] and [8].
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6.6 DISCRETIZATION BY H2-CONFORMING ELEMENTS

The weak formulation of plate bending problems takes place in the Sobolev space H2(2;,).
In this section we discuss the H2-conforming Argyris elements which are the most natural
choice for their discretization. For alternative mixed methods leading to simpler (but not
necessarily more efficient) discretizations based on standard H !-conforming elements see,
e.g., [18,95] and [124].

6.6.1 Lowest-order (quintic) Argyris element, unisolvency

For spatial reasons let us restrict our discussion to triangular elements. The basic Argyris
triangle is a quintic element (K, P, %), where K is a triangular domain, P = P°(K) and
the set & = {Ly, Lo, ..., Lo} comprises the degrees of freedom depicted in Figure 6.27.

Figure 6.27 Twenty-one DOF on the lowest-order (quintic) Argyris triangle.

The black dots stand for Lagrange DOF associated with function values at the vertices.
Each inner circle surrounding a black dot represents a pair of Hermite DOF associated with
first directional derivatives at the vertices (we choose 0/0z; and 8/0z2). Further, each
outer circle stands for three Argyris DOF corresponding to second directional derivatives
(we choose §2/0z%, 82 Oz x> and % /5z2). The arrows indicate the DOF associated with
the normal derivatives at the edge midpoints. The partial derivatives can be exchanged for
the derivatives in the directions of the edges, analogously to Hermite triangles (see Figure
6.17).

Lemma 6.6 The Argyris element (K,, P?(K;), ), where ¥ consists of the 21 above-
defined degrees of freedom, is unisolvent.

Proof: Take anarbitrary g € P5(K)suchthatL,(g) = Oforallj = 1,2,...,21. Weneed
to show that necessarily g = 0. First, g restricted to the edge e; is a fifth-degree polynomial
that vanishes at the endpoints of e; together with its first and second derivatives. Since
these six independent parameters define a unique one-dimensional fifth-degree polynomial,
it follows that ¢ = 0 on e;. Analogously g = 0 on the remaining two edges e3 and e3.
Thus g vanishes on the whole boundary of the element, and it can be written as a product

g(x) = G(x) M\ (@) A2 () As(T), § € PP(K),

where A\, k = 1,2, 3, are the barycentric coordinates in K. Recall that A\; + Ao + A3 = 1
and Ay is an affine function that vanishes on the edge e, and attains a value of one at the
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opposite vertex. There is a one-to-one relation between A1, Ao, A3 and z € K, and therefore
we can express both ¢ and ¢ in terms of the barycentric coordinates,

g(A1. Az, A3) = (A1, Az Ag) A Az s (6.95)

The partial derivative 3/ is the derivative in the normal direction to the edge ex. Using
(6.95), from the zero second derivative DOF at v; one obtains

029 82‘6

0= a3 0% ) = Bxon

(v1) A1(v1) Aa(vr) Ag(vr)
—— ——

=0 =0

0 0§
+ 29 (1) A1 (1) Aa(v1) + = (v1) A2 (1) As(v1) +3(v1) Aa(01) = §(v1).
=0 =0 =1

Analogously it is g(v2) = §(vs) = 0. For the normal derivative at the midpoint ¢; of the
edge e; we have

B9 _ 0

= () = DI (1) Arlen) Aalen)Asler) + Gler) Aalen)As(er).
1 ~—— ————

0
OA;

=0 #0
and it follows that g(c;) = 0. Analogously we conclude that g(cz) = G(c3) = 0. Finally,
from the unisolvency of a second-order Lagrange element with the nodes vy, 12, v3, €1, €2, €3,

we obtain that necessarily § = 0. Therefore ¢ = 0 and the triangular quintic Argyris element
is unisolvent. u

6.6.2 Local interpolant, conformity

Consider an element K; € 7}, ,. The quintic Argyris element K, is endowed with the
standard nodal interpolant (3.28),

Np
i=1

Np = 21. Here the nodal basis functions §; of the space P°(K;), meeting the delta property
(3.4), are constructed in the standard way as described in Paragraph 3.1.1. Nodal shape
functions on the reference triangular domain K will be calculated in Paragraph 6.6.3. As
usual, the local interpolant exists if all linear forms L;, ¢ = 1,2,..., Np are defined for g.

Conformityto H*(2p) Let7,, = {K1, K>, .... K }comprise M quintic triangular

Argyris elements. According to Definition 3.6, the global nodal interpolant is defined
elementwise as

I(g)|k, =Tk, (g) foralli=1.2,. ..M.

Since C?(§),) is dense in H2(£2},), according to Definition 3.7 the finite element mesh 7j, ,,
conforms to the space H2((2;,) if the following implication holds:

g e Cz(Qh) = Z((J) € Hz(Qh)'
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The piecewise polynomial interpolant Z(g) belongs to H2({2}) if and only if it is once
continuously differentiable (see Section A.4), i.e., if and only if it is smooth across all
element interfaces and at all grid vertices.

Lemma 6.7 Every regular finite element mesh T, ,, consisting of triangular quintic Argyris
elements conforms to the space H2(SYy,).

Proof: Consider a pair of elements K. K» € {2, that share an edge ¢, as depicted in
Figure 6.28.

3

&/

Figure 6.28 Smoothness of the global Argyris interpolant across the edge e. The edge e is equipped
with a unique unit normal vector /., to which the normal derivative DOF on both elements are related.

By gx,.. and gk, . denote the restrictions of Z(g) to the edge e on the elements K
and K5, respectively. These are one-dimensional fifth-degree polynomials whose values as
well as first and second derivatives agree at the endpoints of e. Since a unique fifth-degree
polynomial is determined via these six parameters, g, . = gx, .. and Z(g) is continuous
across e.

Nextby gy, . and g, . denote the derivative of Z(g) in the unique normal direction v, to
the edge e on the elements K; and K5, respectively. These one-dimensional fourth-degree
polynomials coincide at the endpoints of e due to the agreement of the derivative DOF.
Analogously their first derivatives at the endpoints of ¢ coincide due to the agreement of the
second derivative DOF. Finally, their values at the midpoint of e are the same because of
the agreement of the normal derivative DOF. Thus g’K‘ « = gk, .- Obviously the tangential
derivatives of gy . and g% , along the edge e are the same, and therefore the global
interpolant is continuously differentiable across e. The smoothness of Z(g) at all grid
vertices is obvious, and therefore we can conclude that the mesh 7}, ,, conforms to the space
H? (Q;, ) u

6.6.3 Nodal shape functions on the reference domain

The twenty-one nodal shape functions of the quintic Argyris element on the reference
triangle K, can be obtained using the procedure described in Paragraph 3.1.1, i.e., choosing
a suitable basis of the space P®(K;), B = {g1,92,..-,921} (for example the monomial
basis), inverting the Vandermonde matrix L;(g;) and reading the coefficients of the nodal
shape functions from the columns. The resulting unique nodal basis is shown in Figures
6.29-6.35 (the graphs have different scaling).
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&

55,
N

‘-‘,‘\-%g\;ﬁ*&\m \f\
Figure 6.29

S
%gi\%i%
Nodal basis of the quintic Argyris element; shape functions ¢,', p;?, and @;?,
representing the function values at the vertices vy, vz, and vs.
Figure 6.30  Nodal basis of the quintic Argyris element; shape functions ", p¥2"!, and 73!,
representing 0/0x; at the vertices vy, v2, and v3.
Figure 6.31 Nodal basis of the quintic Argyris element; shape functions %, ¥2'%, and i %,
representing 8/0x at the vertices vy, va, and vs.
Figure 6.32 Nodal basis of the quintic Argyris element; shape functions '™, 02", and ;"
representing the normal derivatives at the midpoints of the edges e, e2, and e3.
Figure 6.33 Nodal basis of the quintic Argyris element; shape functions V"1, U112
e 22 representing 8% /8z2, 8%/ 8z, 8z4, and 82 /82 at the vertex v;.

¢ , and
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Figure 6.3  Nodal basis of the quintic Argyris element; shape functions it o2 and
o2 %2 representing 82 /8z2, 82 /8z, 072, and 82 /O3 at the vertex vs.

Figure 6.35 Nodal basis of the quintic Argyris element; shape functions @?*! ¥+ and

©v% %2 representing 82 /822, 8% /0102, and 8 /Hz? at the vertex vs.

6.6.4 Transformation to reference domains

Next the integrals involved in the weak formulation (6.94) are transformed from a mesh
triangle K to the reference triangular domain K, via the standard affine reference map
zgx + Ky — K. The procedure is slightly more technical, but otherwise similar to what
was done for second-order elliptic problems in Paragraph 4.1.4. Without loss of generality,
we assume that the constant Jacobian Jg of the map x x is positive. By

W=woxg (6.96)

we denote the transformation of a function w € P3(K) to K,. In Paragraph 4.1.4 we
learned how to express the first partial derivatives dw/0z;, j = 1,2, by means of the
partial derivatives 0w /J¢; and the Jacobi matrix J g = Dz /D§. The rule (4.20) for the
transformation of gradients yields

Vw(zx) = J}}TV@(ﬁ), x = xi(£).

Now we have to do the same for the second partial derivatives of . It follows from (6.96)
that

G&N) w w w &w
8—§f = (Tﬁju + mbl) Jii+ (mjll + Tﬁbl) Ja1,  (697)
82w w w w 8w
5606 (8—z%J12 + 32,02, Jzz) Ji + <—8x1812 Jiz + 87$%J22> Ja1,
8w w w 8w &w
8753 = (('9—sz12 + mbz) Jiz + (mJu + 8—z§J22> Jaz,

where J,; is the ¢jth entry of the Jacobi matrix Jg. Thus the second derivatives of w
depend on the second derivatives of w linearly,
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8§f dz?
8%w A 0%w
8558§2 8117]281‘2
o o
9¢3 9z}

where the constant matrix A has the form

72, 2711y 72
A= JuuJiz (Judez+ Jizda1)  JarJaz
J122 2J12J99 J222

This matrix is invertible since det(A) = det®(J '), and its inverse has the form

. 2 251 o 2,
ATl = dtz—J) —Jigdez  {(Jidaz + Jizda1) —Juda
e (Jk J2, —2J11 )12 J2,

Hence, for the second partial derivatives of w it holds

dx? oe?
0w _ 41 0?10
ow 9w
o7} 0E

This allows us to replace the second partial derivatives of ' in (6.94) with terms containing
the second partial derivatives of < and the entries of the Jacobi matrix J , as we wanted. An
additional multiplication with det{.J ;-) dictated by the Substitution Theorem accomplishes
the transformation of the integrals to the reference domain K.

6.6.5 Design of basis functions

The last ingredient needed for the assembly of the stiffness matrix and of the load vector
is a suitable basis of the space V}, ,, consisting in this case of globally smooth piecewise-
polynomial functions defined in the domain €2;,. The basis functions are designed by
means of the shape functions from Paragraph 6.6.3 and the reference maps zx and their
derivatives, analogously to what we did for Hermite elements in Paragraph 6.4.3. The new
interesting aspect of the Argyris elements is the presence of the DOF associated with the
second derivatives at the grid vertices and the DOF related to the normal derivatives at edge
midpoints.

Consider a bounded polygonal domain §2;, C R? covered with a finite element mesh
Ty consisting of A/ > 1 triangular quintic Argyris elements. The finite element space
Vi, p (which, for simplicity, is not constrained with any essential boundary conditions) has
the form

Vip={veCH): vln, € PP(K,). i=1.2..... M}. (6.98)
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Proposition 6.2 The dimension of the space V}, p, is
N =dim(V}, ,) = 6M, + M.. (6.99)

where M, is the number of grid vertices and M, the number of mesh edges.

Proof: There are 6 degrees of freedom associated with every grid vertex and one degree
of freedom for the midpoint of every edge. Each of these degrees of freedom is represented
by one basis function in the basis of Vj, ,. [ ]

The basis of the space V}, ,, consists of three types of basis functions:
e Lagrange basis functions associated with the function values at the grid vertices,

¢ Hermite basis functions representing the first partial derivatives (0/0z; and 9/0z2
at the grid vertices and the normal derivatives at edge midpoints),

o Argyris basis functions related to the second partial derivatives 8% /0x2, 82 /9z 172
and §%/822 at the grid vertices.

Lagrange vertex functions

Figure 6.29 shows the three Lagrange vertex shape functions which are present in the
basis of the polynomial space P°(K;). The shape functions are smooth, and therefore
the fact that 8/9&; = 0/0€; = 0 at the vertices of K, implies that any first directional
derivative at any vertex of K is zero. Analogpusly, since the second partial derivatives at
the vertices are zerp, any second directional derivative at any vertex is zero. Therefore one
could be tempted to construct the Lagrange basis functions in £2;, as usual, by composing
the Lagrange shape functions with the inverse of the reference maps @, : Ay — K (this
was done for the Lagrange-Fekete elements in Paragraph 4.3.6 and for the Hermite-Fekete
elements in Paragraph 6.4.3). However, in such case the resulting basis functions would
not be smooth at the midpoints of element interfaces, since the reference map x ;- does not
preserve the normal vectors at the edge midpoints. Fortunately this can be cured by means
of the shape functions 7' " . )™, and ;™"

Consider a grid vertex x; and the vertex patch (4.14) of all elements adjacent to z;,

sy = |J Fu

keN(1)

where
N(i) = {k: K} € Ty ,,. x; is a vertex of K} }.

The Lagrange vertex basis function ’v,m corresponding to the grid vertex x; is smooth in the
whole domain €2, and it vanishes in €2;, \ S(i). For any element K € S(3) the restriction
of o'/ to K is defined as

Y] 1

L= =
v, |w =P oxy .

where the function (" is defined on A by

PUE) = 1 (€) + Bt E) + o> €) + a6,
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Here vy, 1s a vertex of K, such that & (v,,) = @, and the shape functions were defined
in Paragraph 6.6.3. Analytical formulae for the unknown real coefficients ;. are pbtained
from the conditions

o)

all’//(w(,) E_— (6.100)
01,(7')

all/f (f) = 0.

ot

ﬁ(mg) = 0.

The symbols e, f, and g stand for the edges of A such that e = zx(e1), f = zx(ea),
and g = @y {e3), and the points ...z, and &, are the midpoints of the edges e. f, and g,
respectively.

Hermite vertex basis functions
Now we combine the technique developed for the Hermite elements with the trick intro-
duced in the previous step. For every grid vertex z, there is a pair of Hermite vertex basis

functions representing d/0z; and 0/0z; at x;, say, vi” and v,-(z). Both these functions are
smooth in the whole domain €2}, and they vanish in €2, \ S{2). Their first partial derivatives
0/0xy and §/0z vanish at all boundary vertices of the patch S(i), and their first normal
derivatives vanish at the midpoints of all grid edges. At the vertex x; these functions satisfy

J .
a_l‘/UZ( )(.’151) = Ojk- ]k = 1,2

The second partial derivatives 82/9.x? 82 /dz, x2 and §% /0% of these functions vanish at
all grid vertices.

Let us begin with the restriction of vf” to an element K € S{i). Consider the pair of
Hermite vertex functions ;™" and 99;””’2 associated with the vertex v, of K4, such that
T (vm) = x,. We look for the vertex function in the form

(1) )

_ -1
v, =@ Oxy -

where

(&) = a1 M E) + anpy " P (€) + iy (&) + ol (€) + Ba " (£).

Now the analytical formulae for the unknown coefficients are obtained from the conditions

8 o )
ﬁzvf)(w,) = by,. j=1.2. (6.101)
o (1)

P py = 0.

v,
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vtV

dl: (.’Bf) = 0.
vtV

t(xz,) = 0.
ov, 9

where the symbols z., ¢,z , Ve, V¢, and vy have the same meaning as in (6.100). The
(2

X )| representing 0/0z, at x,, is constructed analo-

other Hermite vertex basis function v
gously.

Argyris vertex basis functions

Next let us construct the vertex basis functions associated with the second partial deriva-
tives. For every grid vertex x; there are three Argyris vertex basis functions representing
82/8:1:?, 82/8x1z2 and 82/0z§ at x;, let us call them, e.g., vl(-l‘l), vl(-l‘z) and viz'z). These
functions are smooth in the whole domain €2, and they vanish in £, \ S(¢). Their first
partial derivatives 9/0z, and §/0x; vanish at all grid vertices, and their normal derivatives
vanish at the midpoints of all grid edges. Their second partial derivatives vanish at all grid
vertices except for x,, where they satisfy

9* 11
@vi )(.’I!L) = 1
1
& gy = g
Orixs ¢ i ’
9* 11
st @) = 0,
2
& (12
8_y2v£ )(.'I?z) = 0
31
8? (12)( Sy o= 1
Oxixzy ° ! ’
0% (12
w'[}i )(.'I:L) = 0
2
& (22
@25 )(-'15,) = 0
1
& a2
81'11'21}2( G
0" (22
@UE )(.'I?z) = 1
2
Consider the three Argyris vertex shape functions ¢!™ >, )1 and !> associated
(L,1)

with the vertex v,, of K, such that zx(v,,) = x;. The vertex function v
element K € S(i) is sought in the form

in any

i

-1

UELI) _ (p(l.l) ozt

where
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AU = a1l T HE) a2 T HE) + o™ TRE)
i E) + o (6) + A 6),

The analytical formulae for the six unknown coefficients are obtained from the conditions

& oo
-_’U: ’ (-’1?,) = 1.
D22
02
(‘)z-ll'gliz(ll) z) = 0
02
(1.1)
o (.’I!,) = 0
a2
PIERD
(')lu‘ () = 0
auttY
. = 0.
o, (zy)
v
—(z,) = 0.
ov, 4

where the symbols .. xs. 2. V..V and v, have the same meaning as in (6.100). The
remaining Argyris vertex basis functions are constructed analogously.

Hermite basis functions associated with normal derivatives at edge midpoints

The design of the remaining set of basis functions, representing the normal derivatives at
the midpoints of mesh edges, involves the orientation issue analogous to the one encountered
in the design of higher-order Lagrange edge functions in Paragraph 4.3.6. This time a
unique unit normal vector v, needs to be assigned to every edge s, in the mesh 7, ,. This
is equivalent to assigning a unique global orientation to mesh edges (see Paragraph 4.3.6).
Consider the edge element patch (4.49),

S((J) = U T\’k-

keEN(y)

where
N.j)={k: Ki € Ty, ,. s, is an edge of K }.

To every meshedge s, thereis one Hermite edge basis function zvﬁ") whose normal derivative
J 7
at x,  satisfies

ug""(x(g,) =1.

v,

This function is smooth in the whole domain €2, and it vanishes in €, \ S.(j). Its first
partial derivatives 9/dz; and /82 vanish at all grid vertices, and its normal derivative
vanishes at the midpoints of all grid edges except for s;. The second partial derivatives
02/01@ 02/(')11:1’1:2 and 0? /0x2 vanish at all grid vertices.
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Let us begin with the restriction vas",') to any element K € S.{7). Consider the Hermite

e (R 3.

edge shape functions ;""" , ©;*"" and ¢;*". The edge basis function associated with s; is
sought in the form

(n) — ,(m) -1
uM =t o
where
ep.n

A = o) + ol () + Bel " (E):

Now the analytical formulae for the unknown coefficients are obtained from the conditions

‘a o, ) = ofs,. K). (6.102)
st_' 54 i -

a 7t
(‘)Vsk.v-gl,)(m“-) = 0

d

M = 0

81/31 vgl (w“'l)

where sy, s; are the remaining two edges of K and =, , =, their midpoints. The orientation
flag o(s,. K') = 1if v, points outside of the element K and o(s,. K') = ~Linthe opposite
case. Herewith the construction of the basis of the space V}, , from (6.98) is accomplished.

6.6.6 Higher-order nodal Argyris—Fekete elements

In this section we comment on the extension of the quintic nodal Argyris element to a
general polynomial degree p > 5. Consider a triagular element K € 7}, ,,, and recall that
the dimension of the space PP(K) is Np = (p + 1){p + 2)/2. The higher-order element
inherits the three Lagrange DOF associated with the function values at the vertices, the six
Hermite DOF related to the first partial derivatives at the vertices and the nine Argyris DOF
corresponding to the second partial derivatives at the vertices. Thus Np — 18 degrees of
freedom remain to be defined on the edges and in the element interior.

Recall that with one Hermite DOF per edge, representing the normal derivative at the
midpoint, the quintic Argyris element was both unisolvent and conforming to the space
H?(€;,). In the general case one needs p — 5 Lagrange DOF and p — 4 Hermite DOF per
edge in order to satisfy the conformity requirements of the space H2. For example, the
edge-interior Fekete points corresponding to p — 4 and p — 3 can be used to define these
Lagrange and Hermite DOF, respectively.

This means that

p+1Dp+2)
2

»—4)(p—5
— 18- 3(p—5)—3(p-4) = “—M
Lagrange degrees of freedom remain to be defined in the element interior. Their number
suggests to choose the interior Fekete points corresponding to p — 3.

The sixth- and seventh-order Argyris—Fekete elements on the reference triangular do-
main K; are illustrated in Figure 6.36.
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o

Figure 6.36 The sixth- and seventh-order Argyris—Fekete elements on K.

Unisolvency, conformity Both the unisolvency of Argyris-Fekete elements and their
conformity to H2(€;,) can be checked analogpusly to the quintic case:

Lemma 6.8 The Argyris—Fekete element (K;, PP(K,). L), where p > 5 and ¥ consists of
the {p + 1)(p + 2)/2 above-defined degrees of freedom, is unisolvent.

Proof: The proof is analogous to the proof of Lemma 6.6. [ |

Lemma 6.9 Every regular finite element mesh Ty, ,, consisting of triangular Argyris—Fekete
elements of a uniform polynomial degree p > 5 conforms to the space H?*(,).

Proof: The proof is a straightforward generalization of the proof of Lemma 6.7. ]

It is worth mentioning that the finite element space V), ;, on a finite element mesh 7},
comprising M triangular Argyris-Fekete elements (where for simplicity no degrees of
freedom are constrained by boundary conditions) has the form

Vip = {v € CH): v|k, € PP(K,)}. (6.103)

Proposition 6.3 The dimension of the space V., is

p—4)(p- 5)M_

N =dim(Vy, ;) = 60, + (2p — 9) M, + 5

(6.104)

where M, is the number of grid vertices and M, the number of mesh edges.

Proof: There are 6 DOF per grid vertex, (p — 4) + {(p — 5) in the interior of every mesh
edge and (p — 4){p — 5)/2 in every element interior. |

Abasisof the space V}, ,, can be constructed analogpusly to the quintic case (see Paragraph
6.6.5).

6.7 EXERCISES

Exercise 6.1 Consider an interval Q = {a.b) and a clamped prismatic beam with u{a) =
u(b) = Vula) = Vu(b) = 0. Assume that E(x)I{z) = 1 and f(z) = Fy forallx € 2.
Calculate the exact solution to the Euler—Bernoulli model (6.7).
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Exercise 6.2 Return to Exercise 6.1 and consider a prismatic beam of a constant square
cross-section hy X hg and a constant modulus of elasticity E. Calculate the exact solution
to the Euler—Bernoulli beam model. Hint: Use relation (6.4) to calculate I (x).

Exercise 6.3 Extend the problem from Exercise 6.1 to a cantilever beam with u{a) =
Vu{a) = 0 and M(b) = M, Fy(b) = F,. Calculate the exact solution to the Euler—
Bernoulli beam model.

Exercise 6.4 Prove Lemma 6.1 for nonconstant, strictly positive b € L>{(£2).

Exercise 6.5 Write the weak formulation of the Euler—Bernoulli model (6.7) in the simply
supported case (Figure 6.4). Prescribe the deflection u, = uy, = 0 and bending moments
M, = My, = M at both ends.

Exercise 6.6 Write the weak formulation of the Euler—Bernoulli model (6.7) in the can-
tilever case (Figure 6.5). Prescribe the deflection u, = 0 and slope Vu = 0 at the clamped
end, and prescribe a moment My and shear force F, at the free end.

Exercise 6.7 Show in detail that (6.25) holds. Hint: Subtract the exact and approximate

weak formulations.

Exercise 6.8 Show indetail how (6.25) implies that the approximate solutionuy, , € V,, ;, C
V does not depend on the choice of the basis {vy.va.....vn} of the space Vi, p.

Exercise 6.9 Consider a bounded one-dimensional domain @ = (a,b), problem (6.7)
with the boundary conditions (6.11), and a space Vi, ,, C HEZ(Q) consisting of smooth,
piecewise-quadratic functions over a mesh T, , = {K1, Ko, ..., K}, K = (2521, 7).
1. What is the dimension N of the space Vi, ,?
2. Design N basis functions of the space Vy, 5, whose supports do not extend over more

than three elements.
Exercise 6.10 Verify that the shape functions (6.29), (6.30) satisfy the delta property (6.28),
L (60) =6 foral1<jk<4,
Exercise 6.11 Calculate the dimension of the space Vj, 4, in (6.39).

Exercise 6.12 Construct a fifth-order Hermite element on the reference domain K, =
(—1.1) using two interior Gauss—Lobatto points £0.4472135954999579392818347.
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Exercise 6.13 Consider the cubic, fourth-order and fifth-order Hermite elements on the
reference domain K,. Construct and plot the corresponding Hermite interpolants of the
function g(z) = arctan{10z).

Exercise 6.14 Consider the biharmonic problem
A?u(r) = 87* (2 sin?(7wax) — 1)
in the interval 2 = (a.b) = (0. 10), equipped with the boundary conditions
wla) = u{b) = v'{a) = u'{(b) = 0.

1. Calculate the exact solution u.

2. Consider a mesh consisting of Al = 2.5.10. 15,20, 30,40 and 50 cubic Hermite
elements.

(a) Calculate the approximate solution wuy, , for each M. Present the plots of v and
Unp for M = 2.5,10 and 15.

(b) Present a plot of the error in the H?($2)-norm, ||u — wppll2.2. Use a decimal
logarithmic scale. As usual, put the number of unknowns on the horizontal axis.

3. Do the same for fourth-order and fifth-order Hermite elements.
4. Compare the convergence curves. Which scheme was most efficient?

5. Guess the speed of convergence in all three cases.
Exercise 6.15 Prove Lemma 6.3.

Exercise 6.16 Show that the cubic triangular Hermite elements from Figure 6.17 are equiv-
alent. Hint: Establish a one-to-one relation between the degrees of freedom associated with
the pairs of the directional derivatives at the vertices.

Exercise 6.17 Verify that the nodal shape functions (6.59) satisfy the delta property (3.4).

Exercise 6.18 Show that p — 3 pairwise distinct Lagrange degrees of freedom placed sym-
metrically into the interior of each element edge are enough to ensure the global continuity
of approximation for Hermite elements of the order p > 3 (this statement holds generally for
mixed meshes consisting of Hermite triangles and quads of a uniform polynomial degree).

Exercise 6.19 Calculate the dimension of the space Vy, , in (6.61).
Exercise 6.20 Perform in detail the proof of Lemma 6.8.

Exercise 6.21 Verify in detail the conformity of the triangular Argyris-Fekete elements of
the general order p > 5 following the proof of Lemma 6.7.
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CHAPTER 7

EQUATIONS OF ELECTROMAGNETICS

In this chapter we introduce the basic quantities of electromagnetics, formulate their rela-
tions in terms of partial differential equations, and show how these equations can be solved
via the finite element method. Emphasis is given to potential equations and to the Maxwell’s
equations, with particular interest in the time-harmonic field. We do not attempt to cover
all interesting aspects of theoretical and computational electromagnetics: It is our goal to
provide a sufficiently informative introduction that (a) should allow the reader to start solv-
ing practical problems and (b) prepare her/him for the study of more specialized literature.
To mention just two books, [83] can be recommended to mathematically oriented readers
who are especially interested in time-harmonic Maxwell’s equations, and [102] addresses
engineering audience.

Section 7.1 presents important basic facts about the macroscopic (continuous) model of
the electromagnetic field, such as the four basic laws of electromagnetics, the Maxwell’s
equations in the integral and differential forms, media characteristics, basic properties of
conductors, dielectrics and magnetic materials, and interface conditions. With an appro-
priate insight, many typical problems of electromagnetics can be formulated in terms of
potentials and solved by means of the standard continuous finite elements. The scalar elec-
tric potential and the scalar and vector magnetic potentials are introduced in Section 7.2.
The equations for the field vectors and the time-harmonic Maxwell’s equations are derived
in Section 7.3.

The rest of the chapter is devoted to the weak formulation and finite element analysis
of the time-harmonic Maxwell’s equations by means of edge elements. In Section 7.4 we
define the Hilbert space H {curl), derive the weak formulation of the equations, show how
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various types of boundary conditions are incorporated into the sesquilinear weak form, and
prove the existence and uniqueness of the weak solution in a simplified setting.

In Section 7.5 we perform the standard series of steps involved in the finite element
method: We introduce the lowest-order Whitney element and the general higher-order edge
element of Nédélec on the reference domain, use appropriate transformation to construct
the basis functions in physical mesh elements, and transform the weak formulation of the
Maxwell’s equations to the reference domain. At the end the interpolation on higher-order
nodal edge elements is discussed.

7.1 ELECTROMAGNETIC FIELD AND ITS BASIC CHARACTERISTICS

The macroscopic theory of the electromagnetic field is based on the following four vector
quantities:

o electric field strength E = E(x. 1),

o electric flux density D = D{z.t),

e magnetic field strength H = H{z.1),
e magnetic flux density B = B{x. t).

Based on empirical experience, it is reasonable to assume that these quantities are con-
tinuous and continuously differentiable almost everywhere in the computational domain,
except for sets of zero measure such as interfaces separating materials with different elec-
tromagnetic properties. The points where the field is continuous are called regular, the
others are singular. The electromagnetic field may be classified with respect to a number
of various properties and characteristics, for example:

e field sources (electric charges, currents, permanent magnets),

e dimensionality given by the lowest number of coordinates that fully describe the field
distribution (1D, 2D, 3D models),

e boundedness (fields bounded in a finite domain or open-boundary fields),

o time evolution of the field quantities [static (stationary) fields, time-harmonic fields,
general time dependencies],

o types of media (homogeneous or inhomogeneous, linear or nonlinear, isotropic or
anisotropic, disperse or indisperse),

e motion of sources or media,

and others.

7.1.1 Integration along smooth curves

In this chapter we will need to integrate both scalar and vector fields along smooth curves.
Without loss of generality, we can assume that a smooth curve C C R¢ always can be
parameterized from the interval (0, 1), i.e.,



ELECTROMAGNETIC FIELD AND ITS BASIC CHARACTERISTICS 271

C:C(s):(Cl,...,Cd)(s),, SE(O,I).

as shown in Figure 7.1.

X3
dc
ds(é)
C(s)

+ PR SN Xz ()
0 £ s

C(0)

Xy

Figure 7.1 Parameterization of a smooth curve and its derivative.

For simplicity we use the same symbol C for the curve and its parameterization. A
curve C is called smooth if the derivatives C[(s) = (dC;/ds)(s) of all of its components are
continuous in {0, 1). Without loss of generality, we assume thdt the parameterization C(s)
of a smooth curve C satisfies the condition

IC'(s)| #0 foralls € (0,1).
Then for every £ € (0, 1) the derivative (dC/ds){£) is a vector tangential to the curve C at

the point C(£) € R%. A curve C is said to be closed if it is defined in [0, 1] and C(0) = C(1).
A scalar field ¢ : R? — R is integrated along the curve C using the standard formula

o= [ e

where |C'(s)]| is the magnitude of the derivative C'(s),

2 2
o=y (8) - (8)

For example, the length of C is obtained by integrating the function ¢(s) = 1,

2
[rac- /\/dcl (Y
ds

Vector fields F' : R? — R? are integrated along the curve C using another standard formula,

1
/F~dC:/ F(C(s)) - C'(s) ds.
C 0
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7.1.2 Maxwell’'s equations in integral form

The mathematical model of the electromagnetic field, that nowadays is known as the
Maxwell’s equations, first appeared in the Treatise on Electricity and Magnetism by James
Clerk Maxwell in 1873. These equations are assumed to be one of the greatest achieve-
ments of the 19th-century mathematics. Among Maxwell’s other remarkable contributions
were (a) the observation that light is an electromagnetic phenomenon (around 1862) and (b)
the development of the Maxwell-Boltzmann kinetic theory of gases. which he published
independently of Ludwig Boltzmann in 1866.

Figure 7.2 James Clerk Maxwell (1831-1879).

The Maxwell’s equations consist of Ampere’s law, Faraday’s law of induction, and
Gauss’ laws for electricity and magnetism. Consider a planar simply-connected area A
whose boundary C is a closed smooth curve. Ampére’s law,

dv
H.-dC=1+—.
/C T

postulates that the line integral of the tangential component of the magnetic field strength
H along C is proportional to the total current passing through the area A in the normal
direction. This current is given by the sum of the conductive current I and displacement
current d¥ /d¢. The conductive current I is a scalar quantity defined by

I:/J-VdS,
A

where J stands for the vector-valued density of conductive currents. The dielectric flux ¥
is defined by

\I/:/D-VdS.
A

where D is the electric flux density and the symbol v stands for the unit normal vector
to A, oriented positively with respect to the orientation of the curve C (right-hand rule).
Faraday’s law of induction,
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/E.dcz—@.
A dt

represents an analogous rule for the electric field strength E: The line integral of the
tangential component of the electric field E along any closed smooth planar loop C is
equal to the negative of the rate of temporal change of the magnetic flux & through the
corresponding area A in the normal direction. The magnetic flux ® is defined by

d = / B -vdSs.
JA
Gauss’ law for electricity,
\I/:/D-udS:Q. (7.1)
Js

says that the total dielectric flux ¥ out of any (simply-connected) volume V with a suffi-
ciently regular boundary S is equal to the total electric charge (2 contained in the volume
V. The total electric charge () is defined by

Q:/de.
Jv

where ¢ is the electric charge density. The symbol v{z) stands for the outer normal vector
to the surface S at a point € S. Finally, Gauss’ law for magnetism,

/ B.-vdS =0. (7.2)
Js

postulates that the magnetic flux ® out of any volume V with a boundary S is zero, or, in
other words, that the magnetic field is divergence-free (solenoidal).

The main advantage of the integral form of the Maxwell’s equations is that it provides
a good idea about the relations between the field sources and field quantities. Its compu-
tational application, however, is limited to rather simple problems, characterized by trivial
geometries and linear material properties. For practical purposes it is desirable to transform
the Maxwell’s equations (7.1.2)—(7.2) into partial differential equations.

7.1.3 Maxwell’'s equations in differential form

The transformation of equations (7.1.2)~(7.2) into partial differential equations is done by
means of Stokes’ and Gauss’ theorems of calculus (see, e.g., [36]). Let us begin with
Ampere’s law: Applying Stokes’ theorem to (7.1.2), we obtain

oD
[ mvas - [ (5422 vas

where v is the outer normal unit vector to the area A. From the fact that the area A is
arbitrary it follows that

oD
= . 3
VxH=J+ o (7.3)
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Analogously, Faraday’s law (7.1.2) leads to

VxE= —%—?. (7.4)
and Gauss’ theorems (7.1) and (7.2) yield
V-D=p (7.5)
and
V-B=0. (7.6)

Let us remark that the density of conductive currents J may include both source currents
and eddy currents. The above equations hold exactly only at the regular points of the
domain, on interfaces one has to impose special interface conditions (to be formulated later
in Paragraph 7.1.8).

Most methods of computational electromagnetics (both analytical and numerical) are
based on the differential form of the Maxwell’s equations. The main advantage of the PDE
model is its ability to include nonlinearities, anisotropy and other nontrivial aspects of field
computations. Next let us formulate the constitutive relations between the field vectors and
physical properties of involved media, which form an indivisible part of the electromagnetic
field model.

7.1.4 Constitutive relations and the equation of continuity

The field vectors E, D, H, and B are coupled with the media via the relations

D = ¢FE, (7.1
B = uH, (7.8)
J = ~+E+Ey). (7.9

The symbols ¢, i, and v denote the permittivity, magnetic permeability, and electric con-
ductivity, respectively. The material parameters are generally tensors that may either be
constant, or functions of the position, direction, local values of the field, frequency, or
state variables (such as temperature or pressure). It is worth mentioning that in the special
isotropic case when a tensor is diagonal with equal diagonal entries, the tensor-vector prod-
uct can formally be replaced with the corresponding product of the vector and the diagonal
entry. The quantity E, is the intensity of applied forces of, for instance, electrochemical,
photovoltaic, or thermoelectric origin. For further reference by

Jo=7Ey
we denote the applied current density.

Equation of continuity Taking the divergence of Ampere’s law (7.3) and using Gauss’
law for electricity (7.5), under sufficient regularity assumptions on all involved quantities,
one obtains the continuity equation for the conductive current,

9o

s .J=0. 7.10
8t+VJ 0 (7.10)
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This equation, analogously to the Maxwell’s equations in the differential form, only holds
where J is smooth.

7.1.5 Maedia and their characteristics

From the point of view of their electromagnetic properties, media can be split into three basic
categories: conductors, dielectrics, and magnetic materials. We find it useful to describe
these three material types in more detail in Paragraphs 7.1.6-7.1.7, after mentioning some
of their more general attributes:

e A medium is called homogeneous when its parameters (permittivity, permeability,
electric conductivity, and others) are independent of the position. In the opposite
case the medium is inhomogeneous. An example of a homogeneous medium is a
copper conductor, while imperfectly mixed electrolyte represents an inhomogeneous
medium. A medium is called homogeneous by parts if it consists of several homo-
geneous subdomains with different material constants.

o A medium is called linear when its parameters are independent of the electromagnetic
field. This property is typical for air, various gases, many liquids, and nonmagnetic
metals, such as aluminum, copper, or stainless steel. In nonlinear media, some of the
parameters are field-dependent (such as, for example, the magnetic permeability of
iron).

o A medium is called isotropic when its physical properties do not depend on the
direction of the electromagnetic field. As mentioned above, in such case the material
parameters can be observed as scalar quantities (in the general case they are tensors).
To give some examples of anisotropic materials, let us mention cold rolled oriented
steel sheets for magnetic cores and piezoelectric materials.

e A medium is called disperse when its physical parameters are dependent on the
frequency of the electromagnetic field. Media independent of the frequency are
called indisperse.

7.1.6 Conductors and dielectrics

Perfect conductors are supposed to contain an unlimited amount of free charges. An external
electric field produces motion of these charges to an equilibrium position characterized by
zero internal field in the material (the field due to free charges in the conductor is exactly
opposite to the original external field). The time necessary for such a redistribution of
charges in good conductors (silver, copper, aluminum, etc.) is in normal conditions of the
order of 10~*¥ s, That is why we can consider this redistribution practically instantaneous
except for modeling extremely high frequency effects.

7.1.6.1 Dielectrics The atoms and molecules of materials with no free charges contain
bound charges. Therefore an external electric field E(x, ) turns them into elementary
electric dipoles that generate another electric field in the opposite direction. This effect,
which is called electric polarization, may be quantified by the polarization vector P(x,t)
that gives the volume density of the moments of the elementary dipoles. This vector may
be expressed in terms of the electric field E,

P = oy E (7.11)
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where ¢y = 107?/367 [F/m] is the permittivity of vacuum. The susceptibility of the
material y. may exhibit scalar or tensorial character. When, for simplicity, y. is a scalar,
the electric flux density D(x, ) in the material consists of the applied flux density and the
polarization vector. This can be expressed as

D =¢yE + epxoE = €p(1 + xo ) E = €p¢, E =€¢E. (7.12)
The quantity
er =14 Ye-

which is a tensor in the general case, is referred to as the relative permittivity of the material.
According to the relations between the vectors E, P, and D, we split media into

o dielectrically linear and nonlinear: In dielectrically linear materials the relations of
E, P and D are linear and vice versa.

o dielectrically soft and hard: In dielectrically soft materials both P = 0 and D = 0
when E = 0. Dielectrically hard materials exhibit nonzero polarization and/or
electric flux density even with no electric field E present.

e dielectrically isotropic and anisotropic: In dielectrically isotropic materials all three
vectors E, P and D are collinear and vice versa.

Most dielectric materials are linear and perfectly soft. Some of them, called pyroelectrics,
exhibit within specific temperature ranges spontaneous polarization (while E = 0). The
polarization also can be affected by mechanical strains and stresses or various state variables.
In various applications, electrically conductive materials are modeled by sufficiently high
value of ¢, (the higher the polarization, the lower the electric field inside them).

7.1.7 Magnetic materials

Similarly, an external magnetic field H {z, ¢) influences the motion of electrons in particular
atoms and, consequently, their magnetic moment. According to the value of the moment, we
split materials into diamagnetic, paramagnetic and ferromagnetic. Diamagnetic materials
exhibit no magnetic moment in the absence of external field H. When such a field is
applied, it affects the motion of electrons and a new magnetic field, acting against the
original field H, is induced. Consequently, the original field H is weakened. Particles
(atoms, ions, molecules) in paramagnetic materials are characterized by a nonzero magnetic
moment even with zero external field H. After applying a nonzero magnetic field H, the
microscopic moments orient themselves in its direction, causing its moderate strengthening.
Ferromagnetic materials contain, in addition to nonzero magnetic moments analogous to
paramagnetic materials, so-called Weiss’ domains in which particular moments exhibit
the same direction. These directions generally differ from one Weiss’ domain to another,
so that their effects are mutually compensated. An external magnetic field H orients the
microscopic moments in individual domains according to its direction, causing its significant
strenghtening.

The described effects are modeled in terms of a vector quantity M (z. ¢) referred to as
magnetization. The basic relation between vectors H, M and the magnetic flux density B
is given by the formula
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B = /L()(H + M). (713)

where 19 = 471077 [H/m] is the magnetic permeability of vacuum. The magnetization
M is a function of the field H,

M =y, H. (7.14)

Here ., denotes the magnetic susceptibility that, again, is of either scalar or tensor character.
Substituting (7.14) into (7.13), one obtains

B = po(1+ xw)H = pop,H = pH. (7.15)

The quantity z¢, = 1 4 Xy, is called relative magnetic permeability of the material.

Analogously to dielectrics, also magnetic materials are split into linear and nonlinear,
soft and hard, and isotropic and anisotropic. In the rest of this paragraph let us say a few
words about ferromagnetic materials, which are of great practical importance.

Ferromagnetics Ferromagnetics are nonlinear materials in which the fields M and
B are functions of both the magnetic field H and the past history of the material. The
magnetization M initially grows with H, but from some given magnitude of H, which is
typical for the given material, the magnitude of M practically does not change anymore.
Then we say that the ferromagnetic material is saturated (the microscopic magnetic moments
in all internal Weiss’ domains are oriented according to the direction of the external field H).
This behavior, moreover, significantly depends on the temperature of the material. After
exceeding the Curie’s point the originally ferromagnetic material becomes paramagnetic.

The steady-state dependence of B on H is given by the hysteresis curve. This curve
is narrow in the case of soft ferromagnetics and wide for hard ferromagnetics. For the
sake of simplicity, however, we often approximate at least narrow hysteresis curves by
magnetization curves that are obtained for the first magnetization of the material. In general,
the modeling of hysteresis curves is very difficult.

7.1.8 Conditions on interfaces

The differential form of the Maxwell’s equations is not defined on material interfaces where
the partial derivatives of field quantities are generally discontinuous. Therefore the PDEs
have to be completed by suitable interface conditions, which are derived from the original
integral form of the equations.

n

medium 2 (&,)

a E..D, medium | (g,)

Figure 7.3 Electric field on a media interface.
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Consider an interface T', shown in Figure 7.3, which separates two media of different
relative permittivities €1 and €, and some point P € I' where I is smooth. By ¢(P)
denote the surface density of the electric charge at the point P. Let 7 be the tangential
plane to the interface I at the point P. Consider the line n passing through P in the normal
direction to I', and another line ¢ passing through P in any direction tangential to I". The
symbols £, and v represent the unitary vectors in the directions ¢ and n, respectively.

The interface conditions for the electric field at the point P follow from the integral
equations (7.1.2) and (7.1). The tangential component of the electric field F is continuous
at P, and the normal component of the electric flux density D has a jump of the magnitude
o{P):

E1(P) = Ex(P), Dy (P)— D1n{P) =0(P). (7.16)
Consider an analogous arrangement (Figure 7.4) with two materials of different relative

magnetic permeabilities 4.1 and p.o. The interface carries an electric current of the surface
density K.

interface

Figure 7.4 Magnetic field on a media interface.

The interface conditions for the magnetic field follow from the integral equations (7.1.2)
and (7.2). The normal component of the magnetic flux density B is continuous at P, while
the tangential component of the magnetic field H has at P a jump of the magnitude K (P):

B1w{P) = Bay(P), Ho{P)— H1(P) = K¢ (P), (7.17)

Finally consider an interface of two media with different electric conductivities -1 and ¥r2
(Figure 7.5). Assume that an electric current crosses the interface.

medium 2 ()

interface

medium 1 ()

Figure 7.5 Current field on a media interface.
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It follows from the continuity equation (7.10) that the normal component of the current
density J is continuous across I,

Jln(P) = J211(P)~ (718)

As we shall see further, the weak formulation of the Maxwell’s equations used in this text
takes care about these conditions automatically.

7.2 POTENTIALS

The finite element approximation of the field vectors E and H requires the application of
special vector-valued finite elements (edge elements). These elements are more difficult
to deal with than the standard continuous elements. For example, the electric field E is
discontinuous on material interfaces where the scalar potential  is continuous. At reentrant
corners, where the scalar potential  remains continuous and bounded, the electric field
often diverges to infinity.

Therefore we find it useful to mention situations when the Maxwell’s equations reduce
to simpler problems solvable by means of the standard continuous elements.

7.2.1 Scalar electric potential

It is well known that every smooth vector field F that is irrotational,
VxF=0,
is the gradient of some scalar function ¢,
F=v(¢+0),

where (' is an arbitrary constant. The function ¢ is called the potential of F'. In a stationary
electric field (E = E(x) and D = D{x)), Faraday’s law (7.4) reduces to

VxE=0, (7.19)
which means that F' can be written in the form
E=-V(p.+C), (7.20)

where . is referred to as the electric potential. The minus sign in (7.20) is a standard
convention, corresponding to the fact that (positive) work has to be done when a charge is
moved toward a field produced by charge(s) of the same sign. The electric potential may
be interpreted as the work needed to move a unit charge from one point of the electric field
to another point. The constant C in the electric potential may be determined according to
various criteria, for example, from the requirement @ {x) — 0 as x| — oco.

It follows from (7.20) that for any two points A4, B € R? that are connected through a
smooth curve C : (0, 1) — R, the following holds:
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.1 .1
[Bac= [ Bew)-ctas =~ [ Volcl) C)ds = a(4) - (0.
JC 0 JO (721)

The difference of the electric potentials at points A and B is called voltage and denoted by
4. If the loop C is closed, the following holds:

/ E-dC=0 (7.22)
JC

(fields with this property are called conservative).

Point sets with the same potential (curves in 2D and surfaces in 3D) are called equipoten-
tials. In 2D an equipotential curve C C R? starting from a point 4 € R? can be constructed
easily (numerically) using the relation

v (C(8)) = const & Vi, (C(s)) - C'(s) =0 & E(C(s)) - C'(s) =0 (7.23)

[i.e., C is perpendicular to the field vector E at every its point C(s)]. The construction of
equipotential surfaces in 3D is more difficult (and it may not a bad idea to leave this task to
a visualization software).

Lines orthogonal to equipotentials are called force lines. Both in 2D and 3D they can be
calculated easily via the relation

Vi (C(s)) x C{s) =0 E(C(s)) xC'(s) =0 (7.24)

[i.e., the field vector E is tangential to C at every its point C{s)]. The force lines connect
different potential levels and, indeed, are not closed curves.

Equation for o, Putting together Gauss’ law for electricity (7.5), the constitutive rela-
tion (7.7), and the gradient expression (7.20) for the stationary electric field F, we obtain
a second-order elliptic partial differential equation

=V (eVp) = 0. (7.25)
This equation attains an especially simple form in the isotropic homogeneous case,

(7.26)

Equation (7.25) is considered in some bounded domain 2 C R? and equipped with standard
boundary conditions for second-order elliptic problems (see Paragraphs 1.2.5 and 1.2.6).
The Dirichlet conditions represent a prescribed potential (voltage). Homogeneous Neumann
conditions are prescribed on the line/plane of symmetry in the case of symmetric problems,
and nonhomogeneous Neumann conditions generally on the part of the boundary where
the normal component E - v of the electric field (which is equal to —3yp,/0v) is given.
Homogeneous Neumann boundary condition may also be used, for example, far from the
source where it is reasonable to assume that the field does not change anymore.
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Variational formulation and unique solvability A variational formulation of the
form (1.66) is obtained in the standard way. It is worth mentioning that it requires the com-
ponents of € to be L>-functions. Thus piecewise discontinuous coefficients corresponding
to various materials are indeed possible, and the resulting potential still is a H*-function.
The existence and uniqueness of solution is a consequence of the Lax—-Milgram lemma, as
it was described in Paragraph 1.2.8 (under the assumption that the part I'p, of 952 corre-
sponding to the Dirichlet boundary conditions is not empty).

Calculation of E  After calculating the (continuous, elementwise-polynomial) distribu-
tion of the scalar electric potential v, in the computational domain €2}, the electric field E
is obtained via the relation (7.20). It is interesting to observe that the tangential component
of E = —Vp, is continuous, i.e., F lies in the desired Hilbert space H (curl).

7.2.2 Scalar magnetic potential

For a stationary electromagnetic field Ampeére’s law (7.3) reducesto Vx H = J (3D /9t =
0 is frequently assumed also for nonstationary fields with sufficiently slow time-variation).
In domains where J = 0, such as in the air and other insulators, the field H is irrotational,

VxH=0. (7.27)
Then one can introduce the scalar magnetic potential (v, such that
H = ~V{(p, +C). (7.28)

where C is an arbitrary constant. This constant can be defined, for example, by requesting
»m = 0 somewhere. Gauss’ law for magnetism (7.6) together with the constitutive relation
(7.8) yield a second-order elliptic equation

~V - (Vo) = 0.
which is analogous to the potential equation (7.25). The properties of the magnetic potential
m are analogous to the electric potential . It is worth mentioning that the above model
does not cover a conductor-insulator interface. On such interfaces one has to consider
interface conditions from Paragraph 7.1.8. Equipotentials and force lines are defined in the
same way as for the scalar electric potential .

7.2.3 Vector potential and gauge transformations

After introducing the scalar potentials . and o, for the fields F and H in the stationary
case in Paragraphs 7.2.1 and 7.2.2, let us proceed to the general time-dependent case. It is
well known that any sufficiently regular vector field f that is divergence-free (solenoidal),

V-f=0.
can be written in the form

f=VXF.
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where the field F is called the vector potential of f. Gauss’ law for magnetism (7.6) yields
that the (nonstationary) divergence-free magnetic flux density B{x.t) can be expressed by
means of a vector magnetic potential A(x,t),

B =Vx A (7.29)

Faraday’s law (7.4) yields

oB O(V x A)
E--22. Y24
VX ot ot

and therefore (if all partial derivatives of A are continuous),

vx(E+22) <0
X T

This irrotational vector field can be expressed as the gradient of a scalar function (x, t),

E+ 04 _ \Y
ot 7
where ¢ is a time-dependent generalization of the scalar electric potential ¢, from (7.20).
Thus the electric field E has the form

0A

E=-Vp——.
ot

(7.30)
The potentials A and y are not unique: Many different pairs of A and ¢ generate the same
fields B and E. It is easy to verify that equations (7.29) and (7.30) are invariant under the
transformations

_— Oy
«10 = p+ ¥ + C, (7.31)
A = A-Vy, (7.32)

where (' is an arbitrary real constant. Transformations (7.31) and (7.32) are called gauge
transformations.

Coulomb and Lorentz gauges While the constant C' may be made unique by request-
ing p(x) — 0 as |z| — oo, various uniqueness conditions may be imposed on A and .
The most frequently used condition in the stationary case is the Coulomb gauge

V-A=0. (7.33)

In the nonstationary case, one often uses the more general Lorentz gauge

1 9p
A+ 734
v c? ot 0 7.54)

where ¢? = 1/(eguo) is the square of the speed of light in the vacuum. The Lorentz gauge
is naturally motivated in the potential formulation of the Maxwell’s equations, which we
discuss in the next paragraph.
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7.2.4 Potential formulation of Maxwell’s equations

The scalar and vector potentials introduced in Paragraph 7.2.3 can be used to highlight
the wave structure of the Maxwell’s equations. For simplicity let us stay in an isotropic
homogeneous material of permittivity g and permeability .
Begin with Ampere’s law (7.3) and use the constitutive relation (7.7) to obtain
OF

VxH=J -
X +E()8t

Substituting further for E from (7.30) and using the constitutive relation (7.8), we have

0 0A
VxB= N()J—}—E()N()g{ (-V’\p*‘ E) .

Equation (7.29) together with a standard vector identity for the curl-curl operator yields
VXB=Vx(VxA)=V(V-A)-AA.
Putting together the last two equations and using ¢ = 1/(egug), we obtain

1 5%2A

2 ot 2ot

10
~AA:N0J~V<V-A+ ‘p). (1.35)
At this point it becomes clear why the Lorentz gauge was chosen in the form (7.34). With
the Lorentz gauge, (7.35) simplifies to a wave equation for the vector potential A,

rA AZAA 2J (7.36)

—— — C = lpC . .

atQ Ho

Here the Laplace operator A is applied to every component of A. Second-order hyperbolic
equations, boundary conditions, weak formulation, and the existence and uniqueness of
their solution were discussed in detail in Section 1.4.

7.2.5 Other wave equations

Equation (7.36) is not the only wave equation that can be derived from the Maxwell’s
equations. Staying with an isotropic homogeneous material, Gauss’ law for electricity (7.5)
together with the constitutive relation (7.7) yield

V- E=2.

€0
Substituting for F from (7.30), we obtain

JAN  p

If the partial derivatives of A are continuous, they can be interchanged and one obtains

o(V - A) 0
AT T
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In the stationary case this reduces to the Poisson equation (7.26). In the nonstationary case
the application of the Lorentz gauge (7.34) yields a wave equation for the scalar potential

P,

& 2 o

Wave equations can also be formulated directly for the field vectors E and H. Assume an
empty space where

0=0,J=0.

Using Ampére’s law (7.3) together with the constitutive relations (7.7) and (7.8), we obtain

OF
VxB= EUIJ’UW' (738)

Taking the curl of Faraday’s law (7.4), under regularity assumptions sufficient for the inter-
change of the temporal derivative with the curl operator on the right-hand side, we have

V X (VXE):~%(V><B). (7.39)

Substituting from (7.38) into (7.39) and using the identity

Vx{(VxE)=V(V-E)-AE, (7.40)
we can write
V(Y- )~ AF = oo 2L (7.41)
= —€olo Yo .

Since g = 0, from (7.5) it follows that
V-FE =1,
and thus (7.41) finally yields

PE
oz~ CAE=0. (7.42)

An identical equation holds for B.

7.3 EQUATIONS FOR THE FIELD VECTORS

In the following we turn our attention to the original Maxwell’s equations expressed in
terms of the field vectors E and H. For our purposes it is not practical to cover the material
properties of the involved media in their most general form (such as anisotropy, dependence
on state variables, etc.). We assume that the permittivity €, permeability u and the electric
conductivity -y are scalar functions depending on the position in space only.
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7.3.1 Equation for the electric field

Consider Faraday’s law (7.4) divided by the permeability 1. Using the constitutive relation
(7.8) and applying the curl operator, we obtain

Vx (p ' VxE)=-Vx %—Ij. (7.43)

If the partial derivatives of H are continuous, they can be interchanged and we obtain

Vx (g 1V xE) :~%(V><H). (7.44)

Substituting for V x H from Ampére’s law (7.3) and using the constitutive relations (7.7)
and (7.9), we can write

Vx (g ' VxE) :‘% {7E+J(l+e%—f}, (7.45)

and finally,

OE O°E oJ
—1 E v or_ a-
Vx (7t V x )+"yat+eat2 o

(7.46)

In practice the third term on the left-hand side sometimes is neglected when dealing with
lower frequencies (typically less than 1 MHz).

7.3.2 Equation for the magnetic field

Taking the curl of Ampere’s law (7.3) and substituting from the constitutive relations (7.7)
and (7.9), we obtain

O(e¢E)
ot

VX(VxH)=Vx(yE+J,)+Vx (747)

Under regularity assumptions sufficient for the interchange of the temporal and spatial
derivatives, we can write

OV x eE)

VX(VxH)=Vx(yE)+VxJ,+ o

. (7.48)

In the case of piecewise-constant parameters v and ¢ we can substitute for V x FE from
Faraday’s law (7.4) and for B from the constitutive relation (7.8) to obtain

OH *H
-1
H VX(VXH)_*—,‘YW_F(C{%‘?

=pu"V x J,. (7.49)

It is easy to see that (7.49) is equivalent to (7.46) in the case of constant material parameters.
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7.3.3 Interface and boundary conditions

The partial differential equations (7.46) and (7.49) only are defined at regular points of
the computational domain 2. At singular points such as material interfaces, additional
conditions have to be supplemented (see Paragraph 7.1.8). Suitable weak formulation of
the Maxwell’s equations (to be introduced in Section 7.4) takes care about interior interfaces
automatically, while conditions on external interfaces are imposed as boundary conditions.

Interface conditions First let S be an internal interface in a computational domain
2, separating two subregions (21,22 C €2 with generally different material properties, as
shown in Figure 7.6.

Figure 7.6 Internal interface separating regions with different material properties.

By v denote the unit normal vector to S, defined almost everywhere at S, pointing in
the direction from 21 to 25. By €;, 1¢,. y; denote the permittivity, permeability and electric
conductivity in £2;. On S, equations (7.16) yield the conditions

(E1 - EQ) xv =0, (750)
(61E1 'EQEQ)'V:(.T (751)

for the electric field strength E, and analogously the relations (7.17) can be rewritten into
the conditions

(Hlng)Xllth. (752)
(umHy —poHy) - v=20 (7.53)

for the magnetic field strength H. Finally, (7.18) may be rearranged to

(Ji~Jd2)xv=0. (7.54)

Truncation boundary conditions Some problems take place in unbounded domains
(air, vacuum, etc.). The easiest way to solve them is to restrict the electromagnetic field
to a sufficiently large bounded domain €2 by imposing artificial boundary conditions of the
form

FE-v=0 (7.55)

and

H v=290 (7.56)
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on S. (In the case of boundary conditions the surface S forms part of the boundary 9€2.)
These conditions determine that the fields ' and H are tangential to the boundary 9f2.

Perfect conductor boundary conditions When the material in the outer domain
Q.2 18 a perfect conductor with .., — oc, it follows from the constitutive relation (7.9)
that the electric field E,,; must vanish in 2., for the current J ., to remain finite. Then
the interface condition (7.50) reduces to

Exv=0. (7.57)

Imperfect conductor (impedance) boundary conditions In practice we use var-
jous boundary conditions to model imperfect conductors. One of the standard ways is to
exploit the impedance Z, which quantifies the manner a material resists the flow of electric
current if a given voltage is applied. The impedance differs from simple resistance in that
it takes into account possible phase offset. In our case, if §2.,; consists of such material,
we restrict ourselves to a basic impedance boundary condition of the form

vxH-Zvx E)xv=0. (7.58)
The impedance Z is a positive material-dependent function defined on the interface S.

Symmetry boundary conditions Theimpedance condition (7.58)isused with Z = 0
to model interfaces of symmetry,

Hxv=0. (7.59)

We shall see later that in the time-harmonic case, via Faraday’s law (7.4), condition (7.59)
yields

(VxE)xv=0 (7.60)

for the phasor of the electric field (see below).

7.3.4 Time-harmonic Maxwell’'s equations

Assume that all time-varying quantities of the electromagnetic field are harmonic with a
frequency w > 0,

E(x,t) = Re(E(z)e /"), (7.61)
D(@.t) = Re(D{x)e™*)
H(z.t) = Re(H(x)e ¥,
B(z,t) = Re(B(x)e /")
Here Re(-) denotes the real part of a complex number, j is the imaginary unit, 52 = —1, and

the underlined quantities are called phasors. In the language of phasors, equation (7.46)
turns into

VX (p 'VXE)-w(y+ew)E = jud,. (7.62)
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and equation (7.49) attains the form

PV (Vx H) —wiiv+ew)H = -~ H(VxJ,). (7.63)

7.3.5 Helmbholtz equation

The Helmholtz equation of electromagnetics is a special case of the wave equation for a
harmonic electromagnetic field. There are several versions associated with various wave
equations (see Paragraphs 7.2.4 and 7.2.5). First consider an empty space characterized
by the material parameters ¢ = €. ;= pg, v = 0, zero electric charge density ¢ = 0
and zero conductive current density J = 0. When substituting from (7.61) into the wave
equation (7.42), we immediately obtain

AE +K°E = 0. (7.64)
where the symbol k = w/c = w,/€pjt, stands for the wave number. One can obtain the
same result from the time-harmonic Maxwell’s equations (7.62): With (7.61), (7.7) and
¢ = 0 Gauss’ law for electricity (7.5) reduces to

V-E=0.
Therefore identity (7.40) yields
Vx(VxE)=V(V-E)-AE=-AE.

Putting this into (7.62) and using v = 0, we obtain (7.64) again.

Helmholtz equation for A Consider a more general case with a nonzero harmonic
conductive current density

J(x.t) = Re(J(x)e™").
and assume the vector potential A in the harmonic form
A(z.t) = Re(A(zx)e™ ).
The wave equation (7.36) immediately yields
AA+ KA = —pod. (7.65)
k=w/e

Helmholtz equation for o Last consider a nonzero electric charge density o of a
harmonic form

ole.t) = Re(g(m)()_-j“”).

and assume a harmonic scalar potential .» in the harmonic form
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olx.t) = Ro(g(m)c*’“").

The wave equation (7.37) reduces to

€0

where k = w/e.

7.4 TIME-HARMONIC MAXWELLS EQUATIONS

In Sections 7.2 and 7.3 we formulated partial differential equations governing the electro-
magnetic field either directly or via its potentials. Due to the limited length of this text we
do not address in more detail the wave and Helmholtz equations, whose weak formulation
and discretization take place in the Sobolev space H'. Instead, in the rest of this chapter we
focus on the time-harmonic Maxwell’s equation (7.62). This equation contains the curl-
curl operator which exhibits new challenges from the points of view of both mathematical
analysis and finite element discretization.

Vector operations such as the cross-product of two vectors or the curl of a vector are
native in 3D. For example, the cross-product of two linearly independent vectors lying in
the x1x2-plane is a vector normal to this plane. Therefore, the 3D setting is more natural for
the mathematical analysis of the Maxwell’s equations. We formulate a sufficiently general
model problem in Paragraph 7.4.2, derive its variational formulation in Paragraph 7.4.3, and
show the existence and uniqueness of its solution in Paragraph 7.4.4. In order to simplify
the analysis, in what follows we assume piecewise-isotropic materials, so that the tensor
material parameters € and p can be treated as scalars. See, e.g., [83] and the references
therein for the discussion of the general tensor case.

We will return back to the 2D setting for the finite element discretization in Section 7.5.
This step is justified by the fact that every 2D problem is equivalent to a 3D problem whose
solution does not depend on the 3-variable, i.e., such that the resulting field has the form

E = (El(Tl 2’2). E2(1'1. J'Q).O)T.

7.4.1 Normalization

The time-harmonic Maxwell’s equation (7.62) is normalized to a relative form that is more
suitable for the numerical solution. We warn the reader that for the rest of the chapter we
stop underlining phasors, and rescale £, H, and J, following [32] to

J
VeoE — E. JngH — H. \7:_0 — J,. (1.67)

Let us define the relative permittivity ¢, and relative permeability 1, by

€, i (E + ﬁ) , (7.68)

€0 w
"
o

proo=
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Notice that e, = 11, = 1invacuum. Multiplying (7.62) with ;4 and redefining E according
to (7.67), we obtain

Vx (u'VxE)-k€eE="%. (7.69)

where the right-hand side ® has the form

. Jo
q’_]k\/ﬂ_()\/_ej 'Jk\/lTUJ(L-

and the wave number k& = w,/egpno = w/c was defined before.

7.4.2 Model problem

Assume a bounded simply-connected domain £2 C R® with a Lipschitz-continuous bound-
ary 02 that consists of two disjoint open parts I'p and T';.

The part I p represents an interface to a perfect conductor equipped with the boundary
condition (7.57),

Exv=0 on I'p, (7.70)
and T'; represents an impedance boundary associated with the boundary condition (7.58).

For a time-harmonic field, with regard to the normalization (7.67), the impedance condition
attains the form

pr (VX E)xv-jkAEr =g on I';. (7.71)
Here the impedance
A=z, B0 (1.72)
€0

(where Z is a material parameter) is a positive function defined on I';, and the symbol
Er=vxE)xv
stands for the tangential projection of the phasor F to the boundary I';.
The data A and g are zero on parts of I'; representing surfaces of symmetry, where the
impedance condition (7.71) reduces to (7.59),

(VX E)xv=0. (7.73)

Precise assumptions on the coefficients and data, as needed for the existence and uniqueness
theorem, will be given in Paragraph 7.4.4.

7.4.3 Weak formulation

Every inner product (a, b)y must satisfy

(@.a)y = llal}
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(see Lemma A.32), where || - ||y is the norm induced by the inner product. Since the
norm is a real-valued function, the “dot product™ in C™ requires one of the vectors to be
complex-conjugate,

(a,b)=a b= Zail;,
i=1

(the complex-conjugate Z of a complex number z = a + bi is Z = a — bi).

The variational identity Testing equation (7.69) by a sufficiently smooth complex
vector-valued test function

F(x) = (Fi(z1,22), Fa(x1,22),0)

and integrating over {2, we obtain
/ [Vx (u'VXxE)-F-keE-Flde= [ & Fdx.
Q

The minimum regularity of F, as usual, will be determined later from the integrals in the
weak formulation. Using Green'’s theorem together with the identities

V-(axb)=(Vxa)-b—a-(Vxb)
and
a-(bxe)=(axb) ¢
(all operations being performed in 3D), we obtain
/ [(17'V x E) (VX F) - k’¢.E - F| dw—}—/ vx(u 'V x E)-FrdS = [ ® Fdz,
Q 89

Q
(7.74)

where
Fr=vxF)xv

stands for the tangential projection of the vector F' to the boundary 0f2.

Next let us incorporate the boundary conditions (7.70) and (7.71) into (7.74). The perfect
conductor boundary condition states that the field E is normal to the boundary I p, and
(7.70) implies that

Fp =0 onTp.

This choice eliminates the I'p-portion of the surface integral in (7.74). Applying the
impedance boundary condition (7.71) on I';, we obtain

/ (4 'V X E)- (VX F)-keE-F|dz -/ jkAET - FrdS (1.75)
Q Iy
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= @-Fdx+/ g- FpdS.
Q r;

The space for E We see from (7.75) that the appropriate space for E is
V={EecH{(cul,Q); vxE=00onTp}. (7.76)

where the Hilbert space H (curl. §2) consists of vector-valued L?-functions whose curl lies
in (L*(Q))°,

H(curl, Q) = {E € (L*(Q))* V x E € (L?*(Q))%}.

The space V', when equipped with the inner product

(E.F)y = E-Fdw+/(VxE)-(fo)dm+ E; Fpds.
Q Q 'y

(E.F)V = (E,F)Q + (V x FE.V x F)Q + (ET.FT)[“,\

is a Hilbert space. Indeed this inner product induces a norm || E||?. = (E. E)y . Before
writing down the weak formulation of problem (7.69), (7.70), (7.71), let us list appropriate
assumptions on the domain, coefficients and data.

Assumptions on the domain, coefficients and data Recall from Paragraph 7.4.2
that the domain €2 C R? is assumed to be bounded and simply-connected, with a Lipschitz-
continuous boundary 9€2 consisting of two disjoint relatively open parts I'p and ', 0€2 =
I'p UT}. In order to incorporate various materials, the domain €2 is allowed to be split
into several disjoint open simply-connected subdomains §2. 2. .. .. Q,, with a Lipschitz-
continuous boundary, such that {2 = U:‘:l Q,. The parameters e, and /.- are allowed to be
generally discontinuous, but smooth in each subdomain §2;. For reasons that will become
clear later, the parameter €, requires two more conditions to hold:

1. The restriction of €, to each subdomain €, is a H*-function (then ¢, € C1(Q;) and
it is possible to extend it smoothly to the whole ).

2. There exists a positive constant C, > ( such that for each subdomain ; either
Im(e,) > C.orlm{e,) =0,i=1.2..... 7.

The positive impedance function A is assumed to lie in L>(I'y). The right-hand sides &
and g are required to lie in (L?(£2))? and (L?(T'[))?, respectively.

Weak formulation Under the above assumptions on the coefficients and data, the weak
formulation of the model problem (7.69), (7.70), (7.71) reads:
Find the electric field phasor E € V satisfying
a(E.F)=1l(F) forall F ¢ V. (7.77)

where the sesquilinear form af-,-) is defined on V' x V by
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ale.f) = (u7'V x e.V x flo — k(e e. fla — jk(Aer. f1)r,

and the linear form {(-) is defined on V" as

Uf)=(®, fla+(g. Fr)r;-

7.4.4 Existence and uniqueness of solution

Under the above assumptions, there exists a unique solution to problem (7.77).

Theorem 7.1 (Existence and uniqueness of E) Consider the assumptions on the domain
Q, boundary parts T'p and Ty, and coefficients and data €., p., A, ® and g, listed in
Paragraph 7.4.3. Moreover, assume that at least one of the following conditions holds:

1. The impedance boundary I'; is not empty.
2. The imaginary part Im(e,.) > 0 in some open subdomain {2, C L.

Then for any wave number k > 0, problem (7.77) has a unique solution E € V. In addition,
there exists a constant Cy, independent of E, ® and g (but depending on k) such that

IEI < CelllE ey + 1gllzze)-

Outline of proof In order to prove the existence and uniqueness of solution, one has to
overcome the following basis difficulties:

1. The curl operator contains a large null space (all functions e € H {curl) such that
e = Vg, o € HY(Q)). This null space has to be removed using the Helmholtz
decomposition.

2. Because of the term —k?(e, E. F)g, the sesquilinear form a(-.-) is not V-elliptic,
which excludes an application of the Lax—Milgram lemma. The Fredholm alternative
(Theorem A.17), whick is used instead, requires an operator reformulation of the
problem into the form

I+ K)e=f. (7.78)

where [ is the identity operator and K a compact operator.

3. The Fredholm alternative requires a separate proof of the uniqueness of solution to
(7.78) (which is equivalent to proving that the homogeneous equation (I + K)e = 0
only has a trivial solution). Then it implies the existence of solution to (7.78) for
every right-hand side f from the underlying Hilbert space.

Let us discuss all these steps in more detail, following [83]. For simplicity we consider the
case of ;i piecewise constant in the subdomains €2;. €. . ... ,,and assume I'p and I'y
to be connected.
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Helmholtz decomposition

Lemma 7.1 Under the assumptions from Paragraph 7.4.3 let € € V such that ey = 0 on
the impedance boundary T'y and V x e = 0 in §). Then the scalar potential o such that
e = Vo lies in the space

S={pec HYQ); o =00nTy, ¢ = const. on I'p}.
Proof: The proof follows easily from the fact that the tangential component

er =(rxe)xv=(Vyp)r.

Thus ey is constant on each component I'; and I' p. Without loss of generality, the constant
on one component can be chosen to be zero. [ |

Theorem 7.2 (Helmholtz decomposition) The space
VS ={Vg, pe S}V
is a closed subspace of V. Define
Vo= {eeV; (e,e,Vy)a =0forall p € S}.
Then V is the direct sum of the subspaces Viy and V S,

V=WaeVSs (7.79)

Proof: This lemma was proved in [72]. The situation is simple when e, is real, since the
bilinear form (e,e, f)q is an inner product in (L?(€2))?, and the result follows immediately
from the basic projection theorem for Hilbert spaces (Theorem A.14 in Paragraph A.3.5).

The complex case is not difficult either. Since S is closed in H(£2), also VS is closed
in V. Define a sesquilinear form

ale, f)=(Vxe, Vx flo+(ee flo+(er,frir;, e feV.

Since there exist positive constants C; and Cp such that C; < Re(e,) < Cy in €2, the
following holds:

1. There exists a constant C' independent of e such that

la(e.e)| > Clell? (7.80)

for all e € V. (This is verified easily when taking the real part of €,.).

2. There exists a constant C independent of e and f such that

la(e.e)| < CllelvIfllv (7.81)

foralle, f € V.
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According to the Lax—Milgram lemma, for every e € V there exists a unique function
Pe € V.S such that

a{Pe, f) = {(e,e, f) forall f € VS.

The operator P : V — VS is linear, bounded and indeed Pe = e ife € VS. Thus Pis a
projection and any function e € V can be written uniquely as

e=Pe+ (I~ P)e.
The proof is accomplished by realizing that (I — P)e € V} since
(eI - P)e,Vip)a = a((I - P)e. Vi) = 0
forallp e S. [ ]

Fredholm operator equation Using Theorem 7.2, every solution E € V can be
decomposed uniquely into

E=FE;+ Vo, (7.82)
where E € V and ¢ € S. Substituting (7.82) into (7.77) and using the facts that
V x Vy = 0and (V) x v = 0 on 02, we obtain

(u7'V x B,V x F)q —~ k*(e,(Eq + V), F)a - jk(AEq 1, F7)r, (7.83)
=(®,Flo+ (g9, Fr)r,
forall F € V. Choosing now F' = V1) for some ¢ € S, (7.83) simplifies to
B (e.(Eo + V), V¥))a = (P, Vih)a.
Now, since FEy € Vj, the potential ¢ satisfies
—k (e, Vo, Vi))a = (P, Vi) forallep € S. (7.84)

Using the assumptions for ¢, it is not difficult to show that the variational problem (7.84)
has a unique solution that moreover satisfies the estimate

IVellizys < Cl®llcrzy)s,

where C is some positive constant independent of ®. From here it is clear that determining
FE is equivalent to determining Eg.
Therefore in the following let us look for Ey € Vj such that

('Y x B,V x F)g — k*(¢,Ey, F)o — jk(AEo . F)r, (7.85)
= (‘I’v F)Q + (gv FT)FI + kQ(ETVAp, F)Q
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for all F' € V},. (We can restrict ourselves to the test functions from Vj since V; C V)

The analysis of (7.85) is more demanding than the analysis of (7.84) was, and this is
where the Fredholm alternative comes into play. The idea of transformation of equation
(7.85) into an operator equation is as follows:

(17'V x By, V x F)g + k*(€,Eo. F)g — jk(AEo 1. Fr)r, (7.86)

s(E,. F)
—2k*(e, Ey. F)g
s(K Eq. F)
= (®.F)a + (9. Fr)r, + k*(e,Vp. Fo
s(F.F)

for all F' € V{;. Hence, define a sesquilinear form

s(e f) = (u 'V x e.V x fla + k(e fla — jk(Aer. fr)r,

for all e, f € V. Postponing the analysis of the form s{-,-) to Lemmas 7.2 and 7.3, let us
define an operator K : (L2(Q))® — V;, C (L2(2))® by

s(Kf.F)= -2k*(e,f.F) forall F € V.
and a right-hand side F € V, by
$(F.F)=(®,F)o+ (9. Fr)r, + k*(¢, V. F) forall F € V.

Using the operator I and the right-hand side F, problem (7.85) can be written in the form
of a Fredholm operator equation,

(I+K)E,=F. (7.87)

The next step consists in showing that both K and F are well-defined and that K is a
compact operator.

Verification of Fredholm assumptions Let us verify that indeed equation (7.87) is
well-defined and that the operator K satisfies the assumptions of the Fredholm alternative
(Theorem A.17). We begin by showing that s(-.-) is V-elliptic.

Lemma 7.2 There exists a constant C independent of e (but depending on €. ji,. A and
k) such that

|s(e.e)| > Cillell3 foralle € V. (7.88)
Proof: Again the situation is simple when ¢,. is real-valued. The definition of 5(-. -) yields
. ) 2
|s(e.e)|” = <||N7_»1/2v * ellfzz o)y + 1‘72||Re(fr)1/2€||'(2L2(s2)>3>

. 2
+ (1‘"’2||IHl(fr)1/2€||(2L2(s2))-" - k||’\1/2‘3'1'|1<2L2(r1))“> '
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Expanding the expression on the right-hand side and using the modified Young inequality
(A.49) with p = ¢ = 2 we find that for any 6 > O itis

|-5’(‘3~‘3)|2 > ||,“:1/2v X ‘3||?Lz(sz))3 + kA||Re(fr)1/2‘3”&2(&2))3
6—1 ;
+k‘4—5—||IIII(E,-)1/2€||21L2(Q)):; + k2(1 - é)”/\l/?eT”(Lz(pl)):z.

From the assumptions on the coefficients there exist constants cg. > 0 and ¢y, > 0 such
that Re(e,.) > cg, and Im(e,.) < ¢r,, in Q. Choosing é < 1, we can estimate

6-1 6-1
”Re(‘r)I/QQH?LQ(Q))-% + —5_||Im(f7‘)UQQH?L?(Q)V = (C??O + Tc?m) ||‘3|1‘(11,2(Q))3*

Thus is we choose 6 such that

2
Cim

R <é< L
‘Re “Imn

inequality (7.88) follows. u
The operator K and the right-hand side F have the following properties:

Lemma 7.3 The operator K : (L%(5))® — V}, is bounded and compact, and there exists
a constant C' > (0 such that

1K fllv < ClFll Lz (7.89)
The right-hand side F is well-defined, and

||]:||V < C(”F”(L?(SZ))“ + Hg||(L'—’(1‘,>)~‘ + ||V99||(1,2(sz))3)-

Proof: The V-ellipticity of the form s(-.-), required by the Lax-Milgram lemma, was
shown in Lemma 7.2. To verify boundedness, use the Cauchy—Schwarz inequality,

|s(e, £)I < C(

[V x ellz2))3 IV % Fllcc2nys + el 1 lliz2 @)

+Hlerlizrpyel Frilicezrs)-

Here the constant C depends on the lower and upper bounds for ¢,., 1, and A. Thus by the
Lax—Milgram lemma K f is well-defined and inequality (7.89) holds.

It remains to be shown that K is compact. Consider a bounded sequence {u,, }3* | C
(L%(52))3. By (7.89) the sequence { Ku,, }5_; C (L*(R))? is bounded in V;, C (L?(Q))*.
It follows from the compact embedding of V; in (LQ(Q))3 (see, e.g., [83], Theorem 4.7 for
details) that there exists a subsequence that converges strongly in (L,2(€2))®. Therefore the
operator K is compact. The rest of the proof for F is analogous. [ ]

Since the operator K and the right-hand side F satisfy the assumptions of the Fredholm
alternative (Theorem A.17), we obtain the existence of a unique solution to (7.87) if we can
prove that the homogeneous equation
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I+ K)E;=0 (7.90)
only has a trivial solution.

Uniqueness of the trivial solution to (7.90) This most difficult part of the proof is

decomposed into two steps. First, using the assumptions on the coefficient ¢,. and boundary

I'; we show that the solution is unique either in the region where Im(e,) > O or on I';.

Next a unique continuation result is applied to show that the solution is unique everywhere.
Let us begin with introducing a basic continuation result for real-valued functions.

Lemma 7.4 Let Q be a connected domain in R® and suppose f € (H*(Q))3, where
f = (f1, f2, f3)7 is a real-valued function that satisfies

3
IAFI < CY (1 +1V1D)
r=1

almost everywhere in S, where C is a positive constant. Let xy € 2 be such that f = 0in
some open neighborhood B(xg) C ). Then f = 0in Q.

Proof: This result was proved in [33] for f € (C?(£2))3. Since it only relies on the fact
that A f is well-defined in L?(2), it can be extended to ( H2(2))3. [

In the next step the result of Lemma 7.4 is extended to the vector-valued complex case.

Lemma 7.5 Suppose that Q C R® is an open connected domain. Let ¢, be real-valued and
smooth in Q and i, be real-valued and constant in §2. Let e, f € H (curl, Q) satisfy

jke,e+V x f = 0, (7.91)
jku-f-Vvxe = 0

in Q and that e vanishes in an open subdomain of Q. Then e = 0and f = 0in ).

Remark 7.1 The result of Lemma 7.5 was proved more generally in [121], under the
assumptions that €, and |1, are symmetric, real-valued, uniformly positive definite, and
bounded matrix functions of the spatial variable in (L>(2))3*3.

Proof: By (7.91) we have
Vxe'Vx f-kuf=0
in . Taking the divergence of this equation and using the fact that 4, is constant, we have
v-f=0
in Q. Rewriting
UxeIWWx f='Ux (Vx f)+ (V) xVx f
and using the identity

VxVx f=vV(V-f)-Af,
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we obtain
Af = e (Ve ) x V x f =K, f.

Thus Af € L?(Q), and by standard interior elliptic regularity results (see, e.g., [76]) it
holds that for any compact 2y C €2, f € (H?(€2y))3. Applying Lemma 7.4 to the real and
imaginary part of f separately, we conclude that f = 0 in 3. Since the domain £2; was
arbitrary, f = 0in Q. [ ]

The one-before-last step required to finish the proof consists in introducing the Calderon
extension theorem.

Theorem 7.3 (Calderon extension theorem) Let ! be a bounded domain in RY with
Lipschitz-continuous boundary. Let s > 1 be an integer number and 1 < p < oo. Then
there exists a continuous linear extension operator

I1: WSP(Q) — WeP(RY)
such that
(Mu)(x) = u(x) forallx € Q and v e WP (Q).

In the special case of p = 2 the operator 11 exists for all s > 0.
Proof: See,eg, [1]. |

Finally we can formulate and prove the desired input for the Fredholm alternative, i.e.,
that the homogeneous equation (I + K)Eq = 0 only has a trivial solution Ey = 0.

Theorem 7.4 Recall the assumptions on the coefficients and data listed earlier in Para-
graph 7.4.3. Further, suppose that Im(e,.) > C. > 0 in some open subdomain of Q or Ty
is not empty. Then the homogeneous equation

W(E,F)= (u;'VxE,VxF)o-k*(e,E,F)q—jk(AEr,Fr)r, =0 forall F €V
(7.92)

only has a trivial solution £ = Q.

Proof: Evidently e; = O is a solution to (7.92), but it is not quite clear whether it is
unique. Therefore consider any function e € V that satisfies (7.92). Using F' = e and
taking the imaginary part of the resulting equation, we have

k*(Im(e,)e, e)a + k(Ner, er)r, = 0. (7.93)

Assuming that A is real and positive, this yields e = 0 onT'; and € = 0 in any subdomain
of €2 on which Im(e,.) is positive. If this happens to be true in the whole 2, then the proof
is finished. Otherwise consider some subdomain €2, C € where Im(e,) is positive. We
see that e = 0 on all subdomains where Im(e,.) # 0. Let §2, be subdomain of {2 on which
Im(e,) = 0 and

1. ©,NQ, is a Lipschitz surface with nonempty interior,

2. €, is real and smooth on €.
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The Calderon extension Theorem 7.3 (using the assumption ¢, € H“(Qq)) allows us to

extend €, smoothly from €2, to 2, U €2,,. Also p, is (constantly) extended to £2, U €2,.
Let B,.(x) be an open ball of asufficiently small radius r centered at a point &, € ﬁpﬂﬁq

such that B.(xg) C (£, U€,) and €, is positive in 2, U B,.(xy). Since e = 0on €1, itis

VxulVxe-hlee=0

in €2, U B, (x,) and e vanishes in 2, U B,.{x,). Now, since both ¢, and . are real-valued,
we use Lemma 7.4 to conclude that e = 0in Q, U I, () and therefore also in §2,, U Q.
In this way we may continue until all subdomains where €, is real are reached, and we
conclude that e = 01in 2.

If €, is real in the whole domain €2, then we need to use the assumption that I'; is not
empty. By (7.93) we know that e = 0 on I';. We proceed analogously to the previous
case. Let €2, be a subdomain of €2 such that ﬁq N T’y contains an open subdomain of T'y,
and such that ¢, is smooth in §2,. We can extend ¢, smoothly to R3. Since this function
is positive on €2, there exists an open ball B, (x;) centered at a point &, € ﬁq N Ty such
that €, is positive on €2, U B.(x¢) and (B, (x,) N Q) C ©,. When extending e by zero to
B, (xg) \ ﬁq, we have that

/ ,11,_,1V><e-VxF—A‘2€,.e-Fdw:()
£2,UB, (L)

forall F € Hy(curl, 2, UDB,.{x)). Thus e is a weak solution of the Maxwell’s equations
there and e vanishes in B, (%) \ﬁq. Hence by Lemma 7.4, e vanishes in 2, U B, (xy)
and thus also in £2,. We conclude that e = 0 in {2 by crossing boundaries of subdomains
2, on which .. is differentiable. [ ]

7.5 EDGE ELEMENTS

In the early era of finite element methods for the Maxwell’s equations it was generally
assumed that [H1(€2),)]¢ was the correct space for the discretization of the electric field
FE. However, the globally continuous discretizations exhibited spurious waves and other
unwanted phenomena, the origin of which was not known (see, e.g., [61, 85] and [115]).
Later it was realized that the space H (curl.(2;,) was larger than [H1(§2;,)]*: The space
H (curl. 2;,) admits discontinuous functions and functions with stronger singularities than
[HI(Q,L)]d. Solutions lying in H (curl. €2y ) \ [Hl(Q,,)]d thus cannot be approximated in
finite element subspaces of [ (£2,)]¢. One such example is presented in Paragraph B.2.8.

This discovery initiated the development of discontinuous vector-valued elements con-
forming to the space H (curl, §2;,). Since both in 2D and 3D the degrees of freedom on the
lowest-order H (curl, €2, )-conforming elements were associated with the element edges,
these elements were called edge elements.

The lowest-order edge elements were first introduced by Whitney [123] in a different
context of geometrical integration theory. Later the lowest-order edge elements were in-
dependently rediscovered and applied to the Maxwell’s equations by several authors (see,
e.g., [2, 10] and [12]). In this section we introduce the reader to the concept of nodal edge
elements, more precisely to the first family of Nédélec elements [87].

We begin with formulating the conformity requirements of the space H {curl) in Para-
graph 7.5.1. Lowest-order Whitney elements and suitable reference maps are introduced
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in Paragraph 7.5.2. Higher-order Nédélec edge elements are discussed in Paragraph 7.5.3.
The transformation of the Maxwell’s equations from a general triangular element to the ref-
erence domain is described in Paragraph 7.5.4. Interpolation on edge elements is discussed
in Paragraph 7.5.5. The finite element discretization is presented in two spatial dimensions.

7.5.1 Conformity requirements of the space H (curl)

In this paragraph we formulate the conformity requirements of the space H (curl, €2) that
dictate the structure of the edge elements. Because of the vector operations used, again it
is natural to begin in three spatial dimensions. The two-dimensional case is addressed in
Remark 7.2 following Lemma 7.6.

Lemma 7.6 Consider a polygonal domain Q, C R? covered with a finite element mesh
Ty, p, and a function E : Q1 — R4, d = 3, such that

1. E|k € [HY(K))? for each element K € Ty, p,

2. for each element interface f = K1 N Ko, K1. K2 € Ty, ,, the traces of the tangential
components Vi x E|k, and vy x E\, on f are the same, where v ¢ is a unit normal
vector to f.

Then E € H(curl,§2y,). On the other hand, if E € H (curl, Qy,) and condition 1. holds,
then condition 2. is satisfied.

Proof: Let E|g € [H!(K))¢ for each element K € T, ,,. For every K € 7}, ,, define
wrg =V X (E|K)

Clearly the function

w = Z WKXK >

KeThyp

where x g is the characteristic function of K (xx = 1 in K and it vanishes outside of K),
is defined almost everywhere in €5, and lies in the space [L?(£2;,)]¢. Further, consider an
arbitrary function

pEe [C(())O(Qh)]d =D,

and use Green’s theorem to calculate

(VxEp) = —| E-Vxepdr=- Y /(E|K)»Vx<pdw
2 KeTh.p K
= Z /VX(E|K)~<pd$
KE’I‘h,p
- > /(E|K1 xvi—El|g, xvy)- @dS

ff=KinKa,K1,K2€Th

= w - pdx
Qn
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and therefore V x E = wand F € H{(curl, Q).
Conversely, if E € H{(curl,Q), define w = V x E. Since E|x € [H'(§)], the
trace on f is well defined and we obtain

> /(Vf’EIKI ~vi Elr)e =0
f.f:?1m?2,KlqK2€7"lvP

for all ¢ € D. Hence /. holds. ]

Remark 7.2 When interpreting Lemma 7.6 properly for three-dimensional vector fields
of the form E = (Ei(z1,22), Ea(x1, T2), 0T, it is easy to see that condition 2. attains
the following form for two-dimensional approximations: For each element interface f =
K NKo Ki,Ky € Th p the traces of the tangential components ty - Elg and ty - E|g,
on f are the same, where ty = (—vy o, I/fyl)T is a unit tangential vector to f.

7.5.2 Lowest-order (Whitney) edge elements

We have shown in Paragraph 7.5.1 that the finite element approximation has to have contin-
uous tangential components on all mesh edges in order to conform to the space H (curl, 2).
The lowest-order approximations that satisfy this requirement are with continuous and con-
stant tangential components on the edges. Let us stay on the reference domain K, first.
The two-dimensional space [P°(K,)]? is too small to generate three linearly independent
constant tangential components on the edges of K. Therefore we need to take one higher
degree polynomial from the space [P!(K;)]>.

Hence the lowest-order element (K, P. %)) on the reference triangular domain K, is
equipped with the polynomial space

P= {E e [PYK))%: E- t)|e, is constant, j =1,... ,3} , (7.94)

where ij stands for the unit tangential vector to the edge e, of K,. The orientation of the
edges is shown in Figure 7.7.

Figure 7.7 Orientation of the edges on the reference domain K.

For future reference let us write the unit tangential vectors to the edges explicitly,
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AV

It is left to the reader as an easy exercise to verify that

. 1 1\" .
t1 = (1,0)7, t2:< ) .ty =(0.1)7T.

Np = dim(P) = 3.

Accordingly the set of degrees of freedom contains three linear forms, > = { L., ¢, ﬁe2 0 ﬁes oh
where iej,o : P — R is defined as the integral

L,

o(E):/ E-t;d¢ forall E€ P (7.95)
€,

of the tangential component of the field E on the edgee,.

Lemma 7.7 (Unisolvency) The finite element (K, P, 2) is unisolvent.

Proof: According to Definition 3.2 we have to show that the following implication holds:

Le, (@) = Lepo(g) = Loy 0(g) =0 = g=0 forallge P. (7.96)

Let us find some basis in the space P first. A general polynomial g € [P1(K,)]? has the
form

9(€1,62) = (ap + a1é1 + asbo, by + bi&y + boo)T.

The condition g - £; = const. on the edge e, where

gt =g(¢1,6) (1,0)T = ap + a1é1 + asxfo = ag + a1é1 — ao,

implies that a; = 0. Similarly the condition g - {(0,1)7 = const. on the edge e3 yields
be = 0, and the last condition g - {—1,1)7 = const. on the edge e, means that a; = —b;.
Hence any polynomial g € P has the form

g(é1, &) = (ag + a2é2, by — axé1)T,

and, for example, the set

(D5 s o

is a basis in P. Now any g € P canbe expressed uniquely as

g = a1g; + aagy + a3gs,

and the left-hand side of the implication (7.96) can be written as

a1le, 0(g1) + a2le, 0(gy) + asle, 0(gs) = 0,

a1Ley0(g1) + @2Le,0(90) + @3le,0(95) = O,

a1Ley0(g1) + @2Lley0(9s) + a3leg0(g9s) =



304 EQUATIONS OF ELECTROMAGNETICS

Since the coefficient matrix of this equation,

) 2 0 -2
L={Leog)i = -2 2 0 |. (7.98)
0 2 2
is nonsingular, we conclude that o) = vy = g = (. |

Nodal basis of the element (K,, P,3.) Next let us apply the standard procedure
from Paragraph 3.1.1 to construct the nodal basis satisfying the delta property (3.2). Using
the basis (7.97) as the underlying basis, the generalized Vandermonde matrix (3.7) has the
form (7.98). The inverse of L,

. 1 -1 1
L !'= 1 1 1 1
-1 -1 1

determines that the nodal shape functions (51. (52, (;3 have the form

e = J0©+a0 5@ -3 ( 178). (7.99

hiE) = 100+ 9:6) ~ 9s(6) = 1 )

b5(€) = l(!;h(E) + go(€) + g4(6)) = 1 ( 1+& ) .

4 4\ 1-¢&
Another equivalent expression of the Whitney shape functions (7.99) is

: 1 [ Ma(&)pa Ma(&)i:

Grg) = — (28 X®Ys ) (7.100)
led) \ 2.ty 3.t

- 1 (M(&)bs  s(&)D
leal \ D3-2y Uy -t

- 1 (M A

Gye) = ( SGLI }(E)}/z)
€3 vy t3 | t&

where 2, is the unit outer normal vector to the edge e,

,
vy = (0.-1)7, 02:<\/i§.\/i§) . Uy = (-L0)7,

and the barycentric coordinates /A\j(g) are affine functions satisfying
0 ontheedgee,.

1 at the remaining vertex of K, not lying at e;.

For K the barycentric coordinates have the form
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~ 1 ~ — — . 1
A(g) = +T£2 Az (€) = —5—12—§2 As(€) = +T£1 (7.102)

A third way to express the Whitney shape functions 61, By, and By is

6 = ;\QV;\:j — ;\;;V;\Q. (7103)
B = A3VAi— A Vs,
B = AVA — A Vo

The equivalence of relations (7.99), (7.100), and (7.103) is left to the reader as an easy
exercise.

Whitney elementon a triangular domain K € 7, , Propertreatment of orientation
of the tangential vectors to mesh edges is essential when working with edge elements.
Assume a mesh edge s; with endpoints x;, and x;,. Define the global orientation of this
edge as 5; = x; x;, if 11 < 42 and 8; = x,,%;, otherwise.

Consider a triangular element K € 7}, ,, and the affine reference map xx : K; — K
with Jx = det(Dx g /DE) > 0 defined in (3.21). By a1, as, and a3 denote the edges of
K sothatay = Tk (e1), a2 = Tx{e2), and a3 = T (e3). Locally on K, each edge q, is
assigned a unique orientation flag ok ;,

1 if the orientations of a, and T x (e;) are the same.

OK.i =
—1 otherwise.

Then the Whitney edge element on K is defined as a triad (K, Py . X ), where

Pg ={E € [PY(K)]* E -tj|,, isconstant. j =1,....3}. (7.104)
The symbol £, stands for the unit tangential vector to the edge «, that corresponds to its
unique global orientation in 7}, ,,. The set of degrees of freedom X x comprises three linear
forms Lg, o. Ly, o and L, o defined by

L(,J_Q(E):/ E ok jt,d¢ forall E € Pg. (7.105)

Lemma 7.8 (Unisolvency) The finite element (K. Py . L) is unisolvent.

Proof: Analogous to the proof of Lemma 7.7. |

Nodal basis of the element (K, Py, Y ) The unique nodal basis satisfying the
delta property (3.2) can be designed routinely using the inverse of the Vandermonde matrix
(3.7), analogously to what was done above for the Whitney element (K, P, 2) on the
reference domain.

Alternatively, for the Whitney element (K, Px, £ ) the delta property Lq, 0(6;) = 6;;
is equivalent to the condition

buy .
0; ok jt; = |a—3| forall1 <i,j <3. (7.106)
7
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Thus, for example, the formulae (7.100) can naturally be extended to

A A
b(x) = oKL (Dl@W Mo(@vs) (7.107)
lai] \ vo-t: vyt
bo(z) = ok [ M(T)vs n Az(x)ve ‘
las] vy - lo vy-to
_ oka (M(@v | AM(@)ve
93(1:) - |a3| ( vy - t3 + l}2 . t3 L)

where t; and v/; are the unit tangential and normal vectors to the edge a; of K, respectively,
and A,(x) are the corresponding barycentric coordinates on K defined analogously to
(7.101).

Equivalence of the elements (K., P, %) and (K, Py, %) Beforethediscretiza-
tion can be performed in an element-by-element fashion on the reference domain K, as
usual we need to find a suitable linear operator ® : P Py so that the equivalence of
the elements (K, 15, 2) and (K, Py, X k) according to Definition 3.8 can be established.
At this point it is customary to use the De Rham diagram to make a quick argument leading
directly to the correct map ® . However, let us save this for later and first show in Example
7.1 why a straightforward extension of the usual operator ®x(§) = § o w;{l, which was
used to establish the equivalence of Lagrange elements, does not work for edge elements.

B EXAMPLE 7.1 (Trying the map ¥(E) = Eox}")

By ¥ : P — P denote the linear operator from Definition 3.8, and suppose for
a moment that it has the form

U, (E)= Eoxyh. (7.108)

Let K be an element with the vertices [0,0], [0,1],[-1,0] and g : K, — K the
corresponding affine reference map,

o) =5 ( 200 )

as shown in Figure 7.8.

V3 g2/\ *ap
Xy 4y
T T
a;
U PR T I
-1 1 g/ -1 as I x
2
€
v, -7 v, -1

Figure 7.8 Affine transformation xx : Ky — K.
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With the edges of K oriented as shown in Figure 7.8, itisox 1 = oo =03 =1
and by (7.107) the basis function #; on K has the form

_ —I2
ne( ).
However, relation (7.108) yields a different result,

A A _ 1 1
K(Ql)zglowK1:§<x1+ )7

T2

which has nonconstant tangential components on all edges a1, a2 and as, and thus
does not lie in the polynomial space P!

The reason for this incompatibility is that the map ¥ g transformed both vector
components of 6; on all edges from K; to K exactly, but the direction of the unit
tangential vectors to the edges changed.

The way to solve the problem encountered in Example 7.1 is to define
‘I’K = \I’K o E‘),

where the linear transformation © : R? — R? adjusts the field on the reference domain K,
so that

|af|/ O(F oK,jtjdng E-t;d¢, =123, (7.109)
€3

Ie]|

where o ,t, 1s the unit tangential vector to the edge a; of K oriented compatibly with ij
through the map T .
The tangential vectors £, are transformed by &k according to the relation

Dx g -
( D£ ) |8j|tj = |aj|0K,jtj- (7110)

Let the matrix T of the type 2 x 2 represent the transformation ®. Then, after substituting
for ok ,t; from (7.110), relation (7.109) becomes

o [ .l (Do
lejl Je, laj| \ D§

)td§ /Etdf j=1,23,

which in turn is equivalent to

/T(le&K)E £ de = /E tde, j=1,23 (7.111)

To satisfy equation (7.111), the matrix T has to have the form

DLIJK -T
r= (D—e) '

Thus finally the correct transformation relation is
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E = ®x(E). (7.112)
where
DLIJK _7:
E(x) = (D—g) EE), zx=zxx(£). (7.113)

Lemma 7.9 The finite elements (K, P, E) and (K. P k. X k) are equivalent under the
transformation ® i : P — Py defined in (7.112), (7.113).

Proof: According to Definition 3.8, we need to verify that

®x(P) = Py (7.114)

and

Lo, o(E) = Lo, o(®x(E)) foral E€ P and j = 1,2.3. (7.115)

I

However, (7.114) is clear from the linearity of the transformation ® and affinity of the
reference map x g . To verify relation (7.115), calculate

h
o
=5
5

[

E-t;d¢
; Dzg _l|aj|
/;]E. (T&) H()K_jtj:| df
le;| (D" | [l
[\ (%) or| [t «
| #B)-fox,t,) ¢

= Lo, o(®x(E)).

Design of basis functions Let apolygonal domain 2, C R? be covered with a finite
element mesh 7y, ,, consisting of A triangular Whitney elements Ky, Ko, ..., Kj;. Then
the Galerkin subspace V4, ;, of the space V' = H (curl, 2;) has the form

Vip = {Enp€V; By, € [PYK,))forall K, € T, p.

Epp-ts, |S: = const. for every mesh edge s, }

(we do not consider essential boundary conditions at this point, the incorporation of bound-
ary conditions will be discussed later). In this case the dimension of the space V}, , is

dim(Vi p) = M,

where M, is the number of unconstrained edges in the mesh 7, ,. By unconstrained, as
before, we mean an edge where degrees of freedom are present.
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Assume such edge s; in the mesh, along with the corresponding element patch,

Sei)= U Ex (7.116)
keN.(J)
where
N.(j) = {k; Ky € T, p. S, is an edge of Ky}, (7.117)
as shown in Figure 7.9.
x; A
..................................................... x/>

Figure 7.9 Element patch S, (j) corresponding to an interior mesh edge s;.

For each element K € S.(j), by e, denote the edge of the reference domain K, such
that x i, (e,,) = s;. Define ok, m = 1 if the orientations of x x, (e,,) and s; are the same,

and ok, ;, = —1 otherwise . The lowest-order (Whitney) basis function ES’ associated
with the edge s; is zero in Qp, \ Se(j), and in S.(j) it is defined by
-T
s Dz, A — .
Ey (x) = ok,m ( D?) Omoxyl, KiCSe(h),

where 6, is the Whitney shape function on the reference domain K, corresponding to the
edge e,,. Let us remark that as usual no explicit inversion of the maps x g, is needed for
the assembling algorithm.

7.5.3 Higher-order edge elements of Nédélec

Next let us generalize the lowest-order edge elements from Paragraph 7.5.2 to the first family
of Nédélec elements {87]). For this we need a special polynomial space on the reference
triangular domain K;. We begin with defining a space of scalar homogeneous polynomials
of degree k,

P* = span {g;g;; itj=k €€ Kt} ‘
and a special subspace of homogeneous vector polynomials of degree &,

2k

§ = {pe (P*)% € p(€) =0}, (7.118)
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ok
where £ - p(€) = &1p1(€1,82) + &2p2(&1,&2). Let us calculate the dimension of S : The
space (7.118) is the nullspace of the linear transformation p € (P*)* — €. p € P*t1,
which is a surjection (for every q € P*t! there existsap € (P¥)? suchthatg = £ -p). It

follows from Lemma A.9 that the dimension of S’k is

dim(8") = dim((P%)?) - dim(P**1)
=2dim(P*) — dim(P*™) = 2(k + 1) — (k+2) = k.

ok
The following lemma gives a geometrical characterization of polynomials in the space S :

ok
Lemma 7.10 Letp € S . Then the tangential component of p along any straight line is a
(k — 1)th-degree polynomial.

Proof: Any straight line w in R? can be written as w(s) = (g1 + sv1,q2 + svg)T, where
q = (q1,q2)T isapoint in R2, v = (v;,v2)7 a unitary directional vector (tangential to w)
and s a real parameter. The condition £ - p(§) = 0 on w yields

0 = & plw

w(s) - p(w(s))

= (g1 + sv)p1{w(s)) + (g2 + sv2)pa(w(s))

QP (w(s)) + qap2(w(8)) +3[vip1(w(s)) + vopa(w(s))].

€P*(R) U-p(W(s))

i

Since sv - p(w(s)) € P*(R), necessarily it is v - p(w(s)) € P*~1(R), which concludes
the proof. |

The polynomial space on the general Nédélec element is defined as
p* k-1 2 4 &F
P =[P~HK)) &S . (7.119)

The basis (7.97) confirms that Pl indeed is the space on the lowest-order Whitney element.
The dimension is calculated easily,

k k(k+1)

Np = dim(P") = 2dim(P*"1(K,)) + dim(§") = 2 k= k(k+2).

.k
It follows from Lemma 7.10 that the traces of the tangential components of P -functions
to the edges of K, are polynomials of the degree less than or equal to k — 1. The Whitney
space (7.94) obeyed the same rule.

.k
Lemma 7.11 The space P is a part of an algebraic decomposition
~ k -
[PY(E,))? = PT @ VP

. ~ k -
Proof: Let E ¢ P NVP**L Then there is some homogeneous scalar polynomial ¢ in

. N N .k 5k
P+l such that E = V. The facts that Vip € P* and Vo € P imply that Vp € S .
From here it follows that £ - V(€) = 0. Since p € P*+1 it satisfies
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_§-Vo(§
Pl =77
and therefore ¢ = 0. Thus P avps+ = {0}. Since dim([P*(K;))?) = (k+1)(k+2),

dim(P") = k(k + 2) and dim(VPF) = k 4 2, itis
dim([P*(K+)]?) = dim(f)k) + dim(vpk+1)7

which concludes the proof. n

The following result is needed for the unisolvency proof of higher-order nodal edge
elements:

Lemma7.12 Let E ¢ Pk be such that
VxE=0

(where V x E = OE, )0z, — OFy |0z is the surface curl). Then there exists p € P*(K,)
suchthat E = V.

Lk

Proo(: It follows from the De Rham diagram (see, e.g., [111}) that for FE € P suchthat

V x E = 0 there exists a scalar potential ¢ € H'(K;) such that E = V. It follows from

E ¢ [P*(K,))? that o € P*t1(K,). Let us write ¢ = o1 + @o where 1 € P*(K,) and
N . -k

o € P**L Since E ¢ P, Lemma 7.11 implies that Vo, = 0. The fact that 5 is a

homogeneous polynomial implies that ¢, = 0, which concludes the proof. ]

Nédélec element on the reference domain K; For a given k£ > 1 the Nédélec

element of degree k on the reference triangular domain K, is defined as a triad (K, Pk, f)k)
where the set of degrees of freedom £* comprises Np = k(k + 2) linear forms associated
with the edges and interior of K. To begin with, for each edge e, there are k degrees of
freedom of the form

ﬁ%ﬂEy:/IJ@@”@ forallj =0,1,...,k—1, (7.120)

A ) are the Legendre polynomials L;, transformed to the edge e;. For
j = 0 one obtains the degrees of freedom L., o on the lowest-order (Whitney) element
(7.95). The (k — 1)k interior (bubble) degrees of freedom are defined by

where the functions (j(i

Ly (E) = KEﬁﬂ& (7.121)
t

where g;, 7 = 1,2,..., (k — 1)k, is a basis of the space [P*~2(K,)]*. The reason why
these degrees of freedom are called interior is that the traces of the corresponding nodal
shape functions vanish on the whole boundary of K, (to be shown in detail in Paragraph
7.5.5).

The edge and bubble degrees of freedom (7.120) and (7.121) together constitute the set
$*. Now the unisolvency result from Lemma 7.7 can be extended to the general polynomial
degree k > 1:
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Lemma 7.13 (Unisolvency) The finite element (K. IA)A' i"’) is unisolvent.

Proof: Let E € P be arbitrary such that all the k(& + 2) degrees of freedom (7.120)

and (7. 121) vanish on E. It is our aim to show that necessarily E=0. By Lemma 7.10 it
is E-t;, € P*=1(e;) forall 1 < i < 3. Since

/ E-1,4"de=0

for all basis functions § A(Z € P*~!(e,), the tangential component E - t, is L*-orthogonal
to the whole space P* _1( ¢;), and therefore it has to be zero on e,. This holds for all three
edges of K,. Hence Stokes’ theorem of calculus (see, e.g., [36]) yields

/ (Vx E)gde = | E-(V xg)dE (7.122)
Ky I
for all ¢ € P*~'(K,). Here, similarly to Lemma 7.12, we prefer to use the surface
c_url VxFE = 8E2/8x1 — O0FE1 /07, and the vector-valued curl of a scalar function,
Vq = (—08q/08¢3,8q/0&1)T, over going with the curl operator to 3D as we did in Section
7.4.

Since V x ¢ € [P*72(K)]? and all the volume degrees of freedom (7.121) vanish, by
(7.122) we have that

/ (Vx E)gdé =0 forall §c PF1(K,).
Ky

and thus V x E = 0in K,;. By Lemma 7.12 there exists © € P""(K,) such that E = V.
Since the tangentjal component of E on 9K, is zero,  is constant on § K. Without loss of
generality, we can assume that this constant is zero. Herewith the proof is finished for & < 2.
For higher polynomial degrees k > 3 the function  can be expressed using the barycentric
coordinates (7.102), © = A AgAatp, where ¢ € P5=3(K,). Since all the volume degrees
of freedom (7.121) are zero, it is ¥ = 0 and consequently E = 0, which concludes the
proof. ]

Ak

The unique nodal basis of the space P can be constructed routinely via the generalized
Vandermonde matrix (3.7). In the following let us design the Nédélec element on a general
triangular domain and discuss the affine equivalence of Nédélec elements.

Nédélec element on a triangular domain K € 7T, , Let every mesh edge be
equipped with a unique global orientation given by the global enumeration of vertices.
Consider a triangular element K € 7}, ,, and the affine reference map x5 : K; — K with
a positive Jacobian Jx = det(Dxx /D) > 0 defined in (3.21). By a1, a and a; denote
the edges of K sothata; = ¢k (e1), a2 = i (e2) and ag = g (e3). Locally on K, each
edge a, is assigned a unique orientation flag o , analogously to the lowest-order case. The
Nédélec edge element on K is defined as a triad (K, P%,, 2% ), where

Y= [PPHK)) & Sk (7.123)

and the subspace S* of homogeneous vector polynomials is defined analogously to (7.118).
The set of degrees of freedom ©* consists of Np = k(k + 2) linear forms associated with
the edges and interior of K. The edge degrees of freedom have the form
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Lo, ,(E) = / E okt qj” d¢ (7.124)

§ ) again is chosen to
be the Legendre polynomial Ly, L1, ..., Lx_1, transformed to the edge a;. The (k — 1)k
interior degrees of freedom have the form

where j = 0,1....,k— 1. Foreachj=0.1,... k- 1thefunctionq(l

L,,(E)= /K E.q,dz, (7.125)

where g;, j = 1,2,...,(k — 1)k, is the basis of the space [PE=2(K))? defined using the
basis ;.7 = 1.2,..., (k — 1)k, of [P*~?(K,)]? and the reference map z as follows,

1 DLIJK N
q,(x) e ( DE )qj(ﬁ) z =xk(§) ( )
Itis left to the reader as an easy exercise to prove that the functions g, j = 1,2,..., (k= 1)k,

indeed constitute a basis in the space [P*~2(K))2.

Lemma 7.14 (Unisolvency) The finite element (K, PX., Tk is unisolvent.

Proof: Analogous to the proof of Lemma 7.13. |

~k -
Equivalence of the elements (K,, P ,3*) and (K, P%, 3% ) At this point it
remains to be shown that the general Nédélec elements are equivalent under transformation
(7.112), (7.113): E = ®x(E),

-7
B@)= (oK) Ble) @ =axl®) (7,127

which was derived for the lowest-order elements.

k- i
Lemma 7.15 The finite elements (K,, P ,Ek) and (K, P ,E’;{) are equivalent under
Lk
the transformation ®x : P — P];{ defined in (7.127).

K
Proof: It follows from the definition (7.119) of the space P and the definition (7.127)
of the transformation ® thatA<I> k (P) = Pg. Recall the transformation relation (7.110)
for the unit tangential vectors ¢; to the edges of K,

5 la;| (Dzg !
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For the edge degrees of freedom L, ;, 0 < j < k— land 1 < i < 3, we have
Le;(B) = / E-t,¢" g
€2
7 ] (DwK )ﬁl (3)
E . ok, - | L|¢’d
/el [ “les| \ D¢ ;
leaf [ (Dzk\ 7% la|
— ? K 7 -1 ? ()
= — | E ot d
/(;1 ]ai] {( D& ) owKJ { K,ztel| z} q] C

= /‘I’K(E)'()K,z‘tiq]mdf
ay

= Lal,]("I’K(E))'

Using (7.126) and (7.127), we find out that also the bubble degrees of freedom satisfy

Ly,(B) = ; E-q,d¢

Dxx\ % 1 /Dxg) .
/. {J’{( %) EHE ("B o e
D T 1 /D o
/;{ [(Dig{) EO:I:KlJ . \i(_]; (Dig) qjoa:Kl} dx
/KE~q]-dw

= Lv;(®x(E))

I

{l

Il

forallj =1,2,...,(k— 1)k. [ |

7.5.4 Transformation of weak forms to the reference domain

In this paragraph we transform the integrals involved in the weak formulation (7.77) of the
model problem to the reference domain, as required by the element-by-element assembling
procedure. We focus on triangular elements, but we will point out where the quadrilateral
case differs. Recall from Paragraph 7.4.3 the weak formulation: Find E € V such that
a(E,F)y=[l(F) forall FeV, (7.129)

where the sesquilinear form a(-,-) is defined on V x V by

ale, f) = (17 'V x &,V x fla = K*(ere, fla = jk(Xer, f1)r, (7.130)
and the linear form {(-) is defined on V as

I(f)=(®, flat (g, fr)r, (7.131)

The Hilbert space V' was defined in (7.76),
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V={E€cH(cul,Q);vxE=0onTp}

Let K € 7, be a triangular mesh element and xx : Ky — K the corresponding affine
reference map. Recall that in the quadrilateral case the reference map is biaffine, and the
element K must be convex so that the map is a bijection. The determinant of the Jacobi
matrix of the reference map xx (£) is denoted by Jx (£). Without loss of generality, we
assume that Jx (£) > 0 in K;. Moreover, Jx is constant in the triangular case. When the
field E transforms from K to K according to the rule (7.127), its curl changes to

V xe(x) = Jg (E)V x &), x=zk(£)
(see, e.g., [45, 83] and [111]). For clarity, we use the symbol V for the nabla operator in

the reference coordinates £ on K.
The first part of the form (7.130), restricted to the element K, transforms as

(u:lv x e,V x flk

il

| i @IV xe(@)] [V x Fa) deo
K

= [ uenle [0 x el)] - [519 x 71)] Jn
K,

»

ol

Ml
o
A

= | wexleniR! [7xe@)] - [V xFe
Ky

Although the existence and uniqueness analysis in Section 7.4 was restricted to piecewise-
isotropic materials, generally the relative permittivity €, is a tensor,

() = ( €r11(T) € 12(T) )

€21(T) € 22(T)

For the second term on the right-hand side of (7.130) we obtain

k*(ere, flxk = kQ/ le-(z)e(x)] - Flz) dx
K

- [ entanten (28 ere)| - (‘”—ﬂ?(&) dt
K K r\LK DE DE .
The last volume integral to be transformed is the first term on the right-hand side of (7.131),
DLIJK _;
(D—g)ﬂ&)} dt.

Next assume an edge a of the element K that lies on the impedance boundary I';. Let e;
be the edge of K; such that a = xx(e,). It follows from (7.128) that

e;| {Dxg\ »
t“”’“%( D¢ )t

(®, )k = /K B(x) F(z) da = /K Tk ®(xi(£))
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As before, the symbol t, stands for the unit tangential vector to the edge ¢,, oriented as
shown in Figure 7.7. It follows from (7.127) and (7.128) that the tangential components
are transformed via the relation

e(xk(§)) ta(zk(§)) = ()K.i%é(&) £, (£). (7.132)

Using this identity, the reader can transform all boundary integrals involved in the forms
(7.130) and (7.131) easily. The only point where one has to be careful is to keep the global
orientation of the boundary edges on I'; consistent with the outer normal vector to I'y,
vx f=uvfa—uvafy =t fonTy. Inother words, the direction of the boundary edges
lying on I'; cannot be chosen arbitrarily, since the tangential vector is determined by the
outer normal vector, £ = (v1, ~1v5)T. In the next paragraph let us briefly mention the
interpolation on the nodal edge elements.

7.5.5 Interpolation on edge elements

The interpolation on the edge elements of Nédélec exactly fits into the general framework
of interpolation on nodal elements (see Paragraph 3.3.1). It is sufficient to discuss the
situation on the reference domain K¢, since the field from an arbitrary triangular mesh
element K € 7, can be transformed to K, and the interpolant back to K, using the
relation (7.113) in both directions.

Ak A
The set of degrees of freedom on the kth-degree edge element (K;, P, X¥) contains
the 3k linear forms (7.120),

:/E-iiqj”dg, j=0.1,... k- 1. (7.133)

where q(()l ,é; e ,cj,(jll are the Legendre polynomials Ly, Ly, ..., Lx_1, transformed to

the edge e;. The (k — 1)k interior degrees of freedom (7.121) have the form

Ly;(E) = ; E.q,d¢, (7.134)

where ¢,, j = 1,2,..., (k— 1)k, is a suitable basis of the space [P*~%(K)]*. The choice
of this basis influences the conditioning of the discrete problem, but we will not discuss this
issue at the moment.

As we said before, the unique set of nodal shape functions can be constructed routinely
by inverting the generalized Vandermonde matrix (see Paragraph 3.1.2). Explicit formulae
of the lowest-order (Whitney) shape functions were introduced in (7.103). For simplicity,
by 9(, ; and 9b _; we denote the nodal shape functions corresponding to the edge degrees of
freedom (7.133) and the bubble degrees of freedom (7.134), respectively.

LetE € H (curl, K) for which all the degrees of freedom (7.133), (7.134) are defined.
Then the local nodal interpolant is given by (3.28),

3 (k—1)k
Tk (B) =Y Lo (B ;&) + Y Lo, (E)fb; (). (7.135)
71=1
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The edge degrees of freedom (7.133) are not defined for all functions from the space
H (curl, £2;,). The question of finding largest function spaces where all the linear forms are
defined is discussed, e.g., in [39, 40] and [83].

7.5.6 Conformity of edge elements to the space H (curl)

LetT;, , = {K1, Ko, ..., K} beafinite element mesh over a polygonal domain Q;, C R2,
consisting of M Nédélec edge elements of the same polynomial degree & > 1. In order to
verify the conformity to the space V' = H (curl, 2}), one performs the following steps:

1. Consider an arbitrary function g € V such that all degrees of freedom L., ,(g) and
Ly ;onall elements K,,, 1 < m < M, are defined.

2. Construct the local interpolant T for each element K, using (7.135).

m

3. Construct the global interpolant Z by “glueing together” the local interpolants Z g
1 <m < M (this operation is described exactly in Definition 3.6).

m

4. Check whether the piecewise-polynomial function Z lies in the space V.

We know from Paragraph 7.5.1 that the conformity requirement of the space H (curl, Q)
is the continuity of the tangential component of the global interpolant 7 on all element
interfaces. The desired conformity result is based on the properties of the nodal shape
functions defined on the reference domain:

Lemma 7.16 Ler (K;. P 3% be the Nédélec edge element of the degree k > 1 on the
reference domain K, equipped with the polynomial space (7.119) and the edge and bubble
degrees of freedom (7.120) and (7.121), respectively. Let r’;e,_], 7=0.1,...,k-1, and
é(,_], i=12...., (k — 1)k be the unigue set of nodal shape functions satisfying the delta

Loyl s) = bs forall0<r.s<k-—1 (7.136)
Lo () = 0 foral0<r<k—-1.1<s<(k—Dk.  (7.137)
Lyr(Be,s) = 0 foralll<r<(k=1k 0<s<hk—1
Ly (6hs) = bvs foralll<r.s<(k—1k.
Then for evervi = 1,2,3and j = 0.1.....k — 1 the trace of the tangential component

r’;e‘ g° t; of the edge function (5(,‘ .j to the edge ¢, is the Legendre polynomial L, transformed
to the edge ¢;. The trace of the tangential component of r’;( , vanishes on the remaining
two edges of K;. Foreveryj = 1,2...., (k — 1)k the trace of the tangential component of
the bubble function r’;(,_ , vanishes on the whole boundary of K;.

Proof: It follows from the definition of the edge degrees of freedom (7.120) and the delta
property (7.136) that

6 = Lo, /(E) = / b «-t:gde forall0<r.s<k—1.

€,

Since the transformed Legendre polynomijals (},(-” form an Lg—orthAonormal system in the
space P*~!(c,), forevery 0 < s < k — 1 the trace of the function 8, , - t; € P*~1(e,) to
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the edge e; necessarily is the transformed Legendre polynomial cj&”. By the same token it
follows from (7.137) that the traces of the bubble functions 6, ., 1 < r < (k — 1)k vanish
onalledgese;,7 = 1,2, 3. Similarly, the trace of the tangential component of ()Aei s vanishes

on the remaining two edges of K. |

It is easy to see that these properties translate to a general mesh element K € 7, ,. From
here it follows that the bubble part of the local nodal interpolants (7.135) cannot influence
the tangential component of the global interpolant on element interfaces. We know from
Paragraph 7.5.1 that the tangential components of H (curl, 2 )-functions are continuous on
element interfaces. Consider an edge a, shared by a pair of mesh elements, say, K, and K.
Taking into account that the traces of the tangential components of the local interpolants
Tk, and T to the edge a are the transformed Legendre polynomials, and that the edge
degrees of freedom (7.133) perform the L2-projection on the edge @ of a function that is the
same for both elements K, and K, we conclude that the trace of the tangential component
of the global interpolant 7 necessarily is continuous on the edge a;. This means that the
Nédélec elements conform to the space H (curl, 23).

7.6 EXERCISES

Exercise 7.1 Consider a continuous, piecewise-polynomial approximation @, yp of the
scalar electric potential p.. Show that the approximate electric field E, , = —Ve hp
lies in the space H (curl).

Exercise 7.2 Verify that equations (7.29) and (7.30) are invariant under the gauge trans-
formations (7.31), (7.32).

Exercise 7.3 Show that (7.49) is equivalent to (7.46) in the case of piecewise-constant
material parameters.

Exercise 7.4 Verify inequalities (7.80) and (7.81) in the proof of Theorem 7.2.

Exercise 7.5 Show that dim(P) = 3 for the lowest-order edge elements defined in (7.94).
Exercise 7.6 Check the equivalence of definitions (7.99), (7.100), and (7.103).

Exercise 7.7 Constructthe unique nodal basis of the Whitney element (K, P, X ), where

K € Ty, pisatriangular domain, P the polynomial space (7.104) and ¥ i the set of degrees
of freedom (7.105).

A2 A
Exercise 7.8 Construct the unigue nodal basis of the edge element (K,. P~ ¥%) on the
reference domain.

Exercise 7.9 Show that if the functions q;, j = 0,1,...,(k — 1)k — 1, constitute a basis
in the space [P¥~2(Ky)|?, then the functions q;, j = 0.1...., (k — 1)k — 1, obtained by
(7.126), constitute a basis in the space [P*=2(K)]?.

Exercise 7.10 Ler K € 7y, , be a triangular element whose edge a lies on the boundary 'y,
and let €, be the corresponding edge of the reference domain K, such that x i (e,) = a. Use
relation (7.132) to transform to the reference domain the corresponding part of the boundary
integrals (Aey, f)r, and (g, fr)r, which are involved in the weak formulation (7.130),
(7.131).
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APPENDIX A
BASICS OF FUNCTIONAL ANALYSIS

This chapter presents elementary linear functional analysis which is needed for a first course
in PDEs and modern numerical methods. Linear spaces are presented in increasing order
of complexity, as shown in Figure A.1.

Linear space

Normed space

Banach space

Hilbert space

Figure A.1  Structure of linear spaces discussed in this chapter.

This text is not a traditional course in functional analysis. It assumes less at the beginning
and does not address all abstract concepts of a standard functional-analytic course. On the
other hand, topics needed for the study of PDEs and numerical methods, such as the LP and
Sobolev spaces, are discussed in more detail, and many examples are provided.
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A.1 LINEAR SPACES

In the first section let us refresh the knowledge of linear algebra and show its application
to finite-dimensional spaces of functions.

A.1.1 Real and complex linear space

A linear space V usually is defined over a general commutative body (field) B. However, the
real line R and the complex plane C are the only commutative bodies of practical importance
for most applications related to partial differential equations and numerical methods.

Definition A.1 (Linear space) Let B = Ror B = C. A nonempty abstract set V endowed
with two binary operations ‘+': V xV — V (addition)and*-': BxV — V (multiplication
by scalars) is (real or complex) linear space if and only if the following ten conditions are
satisfied forall a,b € Band v.vand w € V:

1. v+ w belongs to V. (Closure of V under addition. )
2. u+ (v+w) = (u+v) + w. (Associativity of addition in V.)

3. There exists a neutral element 0 in 'V, such that for all elements vin V, v + 0 = v.
(Existence of an additive identity element in V.)

4. For allv in V, there exists an element w in 'V, such that v + w = (. (Existence of
additive inverses in V'.)

5. v+ w = w+ v (Commurativity of addition in V.)
6. a- v belongsto V. (Closure of V under scalar multiplication.)
7. a- (b-v) = (ab) - v. (Associativity of scalar multiplication in V)

8. If 1 denotes the multiplicative identity of the commutative body B, then 1 - v = .
(Neutrality of one.)

9. a-(v+w)=a-v+a-w (Distributivity with respect to addition. )
10. (a+b)-v=a-v+b-v (Distributivity with respect to scalar addition.)

The multiplication by scalars a - » usually is abbreviated to au, and u 4+ (—1)v is written
shortly as u — v. Definition A.l only imposes linearity to some set of abstract objects,
without limiting the properties of the objects in any other way. For example, a linear space
V may contain real or complex numbers, while another linear space W may consist of real
or complex vectors, matrices, infinite real sequences, functions, etc. In what follows, by
space we always mean linear space. The type of objects contained in a space always will
be clear from the context. Most of the time we shall simply say “the set V' is a linear space”
when the binary operations '+’ and ' are clear from the context.

Definition A.l says nothing about the size of the objects lying in a linear space. The
notion of size will first be introduced in Section A2 in the context of normed spaces.
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A.1.2 Checking whether a set is a linear space

Frequently one needs to decide whether a set V' is or is not a linear space. Before verifying
all properties listed in Definition A.1, it is useful to ask the following two simpler questions:

e Does the set V' contain a zero element?

e Is the set V closed under linear combination?

Negative answer to any of them prevents V' from being a linear space. Try to verify the
following assertions:

H EXAMPLE A.1

. The set R of all real numbers is a linear space.
. The set R™ of all positive real numbers is not a linear space.
. The set of all natural numbers is not a linear space.

. Let n be a natural number. The set R™ of all real vectors with n components (n-
p

dimensional Euclidean space) is a linear space.

. The set V{ of all real vectors in R™ with zero average of entries is a linear space.

. The set V}* of all real vectors in R" whose average of entries equals one is not a linear

space.

. The set Vi, of all real vectors in R™ whose both the first and the last entries are zero

is a linear space.

. Let m and n be natural numbers. The set M™*™ of all real n x m matrices is a

linear space.

. The set My ™" of all real n x n matrices whose diagonal only contains zeros is a

linear space.

. The set M5 ™" of all real 7 x n matrices whose diagonal only contains the number

2 1s not a linear space.

. The set M{™ of all real n x n matrices whose sum of all entries is zero is a linear

space.

. The set F'(a.b) of all real-valued functions defined in a bounded real interval (a, b)

is a linear space.

. The set F'~(a.b) of all real-valued functions which are negative in (a.b) is not a

linear space.

. The set Fy(a.b) of all real-valued integrable functions whose integral mean value in

(. b) is zero is a linear space.

. The set Fy(a,b) of all real-valued integrable functions whose integral mean value in

(a.b) is one is not a linear space.

. The set O(a, b) containing the zero function only is a linear space.
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The set C'(a, b) of all real-valued functions continuous in (a, b) is a linear space.

. The set D(a, b) of all real-valued functions containing at least one discontinuity in

(a,b) is not a linear space.

. In the closed interval [a, b], the set Cy , = {u € C([a,b]); u(b) = 1} is not a linear

space (see Figure A.2).

X2

Figure A.2  The set Cy ; does not contain the zero function, therefore it cannot be a linear space.

20.

21.

22.

23.

24.

25.

26.

27.

The set Cy 4 4 of all real-valued continuous functions which vanish at both endpoints
of [a, b] is a linear space.

The set C*(a, b) of all real-valued functions in (a, b) which are k-times continuously
differentiable is a linear space.

The set P¥(a, b) of all polynomials of the degree k or lower in (a, b), is a linear space.

The set P*(a, b) \ P*~(a,b) of all polynomials of degree exactly k in (a, b) is not
a linear space.

The set of all infinite real sequences

§={{z: 1},

endowed with the binary operations

ar = {az.}7%,,  zHy={z+uhi,
is a linear space.
The set Sy of all real sequences whose eleventh entry is zero is a linear space.
The set S; of all real sequences whose first entry is one is not a linear space.

The set Ssq of all real sequences such that the sum of the first fifty entries is zero is
a linear space.
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A.1.3 Intersection and union of subspaces

Next let us define the subspace of a linear space and introduce basic operations with sub-
spaces, such as their intersection, union, sum, and direct sum.

Definition A.2 (Subspace of a linear space) Let B = R or B = C and V a (real or
complex) linear space. A nonempty subset W C V is a subspace of V if

. u,2veW=u+veW,
2.aeBueW=auecW,

i.e., when W is a linear space itself.

B EXAMPLEA.2 (Subspaces)

1. Let V = R? be the two-dimensional Euclidean space and (0,0)7 # w € V. The
space

W = {ow; a € R},

which is a line passing through the origin, 1s a subspace of V (Figure A.3).

Vv X3 %%

Figure A.3 Subspace W corresponding to the vector w = (2,1)%.

2. Also for w = (0,0)7, the space W = {aw; a € R} = {(0,0)T} is a (trivial)
subspace of V.

3. Let V = R® and u, v be a pair of nonzero vectors in V' which do not lie on the same
line. Then the space

Wi = {au + fv; o, 3 € R},
which is a plane passing through the origin, is a subspace of V. The space
W = {au; o € R},

is a subspace of V' and also a subspace of W7.
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4. The space W = D"*" of all diagonal n x n matrices (where the zero matrix also is
considered diagonal) is a subspace of the space V = M"*" of all n x n matrices.

5. Consider the space V = P"(a. b) of polynomials of degree less or equal to 7 in some
interval (a,b) C R. For any 0 < m < n the polynomial space W = P™(a,b) isa
subspace of V.

6. The space W = C"™(a, b), n > 0 of n-times continuously differentiable functions is
a subspace of V = C(a.b) = C%(a.b).

When checking whether a subset W™ of a linear space V' is a subspace of V, a good first
question to ask is whether W contains the zero entry. If the answer is negative, then 11’
cannot be a linear space. Otherwise we need to verify the above two properties of subspaces.
The intersection of subspaces of a linear space always is a linear space:

Lemma A.1 Every intersection W = W, NW,N...NWL, k > 2, of subspaces Wi of a
linear space V is a linear space.

Proof: The zero element 0 € V lies in all subspaces 117. 1175, .. .. W and therefore also
in W. Every pair of elements u, v € W lies in all linear spaces W'1. Ws. .. .. W).. Therefore
also u + v lies in all linear spaces W1. W5, .. .. 7. and consequently in 13", Implication 2.
of Definition A.2 can be verified similarly. ]

B EXAMPLEA.3 (Intersection of subspaces)

1. Let V = R? and wy. w9 a pair of nonzero vectors that do not lie on the same line.
Figure A.4 shows that the intersection of the spaces

W, = {owy;: a €R}
and
Wy = {awy: a € R}

is the trivial linear space W = {0}.

\% A% W,
! W,
} ; ! " ; v
Figure A.4 Intersection of subspaces " and 1% given by the vectors wi = (2.1)7 and w2 =

(3.1)7, respectively.
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2. Let W = &% and Wy = A"*™ be the spaces of symmetric and antisymmetric
real n x n matrices, respectively. Both W7 and W are subspaces of V' = M™%,
The intersection W = Wy N W = {0}, where 0 stands for the zero matrix. Indeed
W is a linear space and subspace of V.

3. Consider the polynomial spaces V = P™(a,b), Wy = P"(a,b) and Wy = P*(a,b),
where 0 < r < s < nand (a,b) C R. Then both W7 and W, are subspaces of V,
and so is their intersection, which is 1.

One has to be more careful with the union of subspaces, since it is not necessarily a
linear space:

B EXAMPLE A4 (Union of subspaces)

1. Considerthe linear space V = R? and a pair of vectors w1 = (—=2.1)T wy = (3,1)7.
Define the subspaces Wy = {aw;; o € R} and Wa = {aw,; @ € R}, By W
denote the union W7 U W5, Evidently both the vectors w; and ws lie in W but
w = wy + wy & W (Figure A.5). Therefore W = Wy U W, is not a linear space.

X0y

FigureA.5 Unionof subspaces W and W, given by the vectors w; = (—=2,1)" andws = (3, 1)7.

2. Consider the linear space V = C(a,b), a,b € R, a < b of continuous functions
defined in the interval (a.b). Choose ¢.d € (a.b), ¢ # d. Define linear spaces

Wi={feV; fle)=0}. Wo={geV:g(d) =0
Obviously W;. W, C V. The union of Wy and ¥, is defined as
W=WU1uUW,={heV: h(c) =0orh(d) =0}

Choose now some functions fi, fo € V such that fi(¢) = 0 # fi1(d) and g1(c) #
0 = g1(d). Then fi.g; € W but f; + g; ¢ W. Therefore W is not a linear space.

Proposition A.1 Ler WV, C W C V belinear spaces. In this case the union W UW, = W,
which is a subspace of V.
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A.1.4 Linear combination and linear span

Definition A.3 (Linear combination) Ler V' be a real or complex linear space, vy, v,

..., U elements of V, and a1, as, . .., ay, real or complex coefficients. The element
k
v = Z a;v;
i=1
of V is said to be a linear combination of the elements vy, va. . .., v with the coefficients
a;,az,....dg.

Definition A.4 (Linear span) Let S be a subset of a linear space V (not necessarily a
subspace of V). The linear span of S, usually denoted by [S] or span($), is defined to be
the intersection of all subspaces of the space V that contain the set S.

Recall that the zero element always lies in a linear span since it is contained in every
linear space.
B EXAMPLE A.5 (Linear span)
Consider an interval {a, b) C R, the linear space V' = C/{a, b) of continuous functions
in (a,b), and the set S = {1,z, 22} C V. The linear span of S,
(5] = {ao + a12 + asz?; ag, a1, a5 € R},
is nothing else than the space of quadratic polynomials, i.e., [S] = P%{a,b).

Lemma A.2 Letr S be a subset of a linear space V. Then the linear span S| is the smallest
subspace of V containing the set S with respect to inclusion. In other words, there is no
subspace W of V such that W C [S], W # [S],and S C W.

Proof: Defined as intersection of subspaces of V, the linear span [S] is a subspace of V
(Lemma A.1). Definition A.4 further says that [S] is subset of every subspace W C V such
that S C W. ]

Lemma A3 Let S be a subset of a linear space V. The linear span S| is identical with
the set of all linear combinations of elements of S.

Proof: By W let us denote the set of all linear combinations of elements of S. The zero
element (trivial linear combination) lies in W. For all «,v € W the sum u + v (another
linear combination) lies in W . Similarly, foralla € Band v € W the product au lies in W.
Hence, according to Definition A.2, W is a subspace of V. Obviously S C W. According
to Lemma A.2, [S] € W. Conversely, it is easy to see that W is subset of every subspace
Z C V such that S C Z. Therefore W C [S]. ]

Lemma A4 Let W, W5 be subsets of a linear space V (not necessarily subspaces). Then
LW c[W],
2. if W C Wo, then (W] is a subspace of [W4],
3 W) = (W],
4. if W =0, then [W] = {0} (not an empty set!),
5.0 W C Wy C (W], then [W] = [Wa).
Proof: All the above properties follow easily from Definition A.4. |
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A.1.5 Sum and direct sum of subspaces

Definition A.5 (Sum and direct sum) Let W1 and Wy be subspaces of a linear space V.
By the sum Wy 4+ Wo we mean the linear span of the union of Wy and W, i.e., [W1 UWy].
We say that V is a direct sum of its subspaces W1 and Wy, (written as V. = Wy & Wo) if

. V=W +W,,

2. WynW, = {0}

IfV = Wy & W, then W, is direct complement of W1 and vice versa. We also say that
V = W1 @& Ws is direct decomposition of V into subspaces W1, W.

Lemma A.5 A linear space V is a direct sum of its subspaces W1, Wy if and only if every
element v € V can be expressed uniquely as v = wi + ws, where wy € Wy and wy € Wo.

Proof: IfV = Wy @ W, it follows from property /. of Definition A.5 that every element
v € V can be expressed as v = wy + wp with wy € Wy and wy € W,. Assume that
moreover v = vy + vg, where v1 € Wy and vo € Wy, Then from wy + wo = vy + vo it
follows that the element w; — vy = vo — wy lies in the intersection Wy N W,. Property
2. of Definition A.5 implies that v; = w; and vo = w», and thus the decomposition of the
element v is unique.

Now assume that every element v € V' can be decomposed uniquely into a sum v =
w1 + wo with w; € Wy and we € Wy, This means that V = Wy + W5, It remains to be
verified that W7 N W, = {0}. Every element v € W; N W, can be written in the form
u =u + 0 = 0 + u. Uniqueness of the decomposition yields that v = 0. |

Both Definition A.5 and Lemma A.5 can be naturally extended to a finite and countable
infinite number of subspaces.

H EXAMPLE A.6 (Sums and direct sums)

1. Consider the linear space V = R? and a pair of vectors v1 = (-1, 1)T, Vg =
(=1, —1)T. Define the subspaces W1 = {av;; a € R} and Wy = {avs; o € R},
Itis V = W} 4+ W5 and moreover Wy N Wy = {(0,0)T'}, therefore V = Wy & Wa.
According to Lemma A.5 this is equivalent to the fact that every vector v € V can be
written uniquely as v = w; + wsg, where w; € Wy and wy € W5 (Figure A.6).

Figure A.6 Unique decomposition of a vector in a direct sum of subspaces.
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2. Consider the space V = M™*" of real n x n matrices and its subspaces

Vi = MPP={MeV:m,=0Iif j>i}
Vo = MPT"={MeV;m,;=0Iif j#i}.
Vs = MP"={MecV:im,;=0if j<i}

of lower-diagonal, diagonal, and upper-diagonal matrices, respectively. Clearly, it
is V.=V + V2 + V5. Since, in addition, Vi NV, = {0}, Vi N V3 = {0}, and
VoV ={0},itisV =V, & V, @& V. Accordingly, every matrix A € V can be
decomposed uniquely into Al = Ay + Al + M3, where M, € V,, i =1..... 3.

3. Consider an interval (a,b) C R and the space of continuous functions V' = C(a.b)
with its subspaces Wy = {w; € C(a.,b); wi{a) = 0} and Wy = {wy € C(a,b);
wo(b) = 0}. Clearly itis V = W + W. Since

WiNWs = Cola,b) = {w € Cla.b): w(a) = w(b) =0} # {0}.
according to Definition A.5 the space V' cannot be direct sum of W and W5.

There is a one-to-one relation between direct sums and idempotent linear operators. (An
operator P : V — V is said to be idempotent if P2 = P.) These operators are called
projections, and we will study them in more detail in Paragraph A.3.5.

A.1.6 Linear independence, basis, and dimension

Next let us introduce the notion of linear independence, basis, and dimension of a linear
space.

Definition A.6 (Linear independence) Ler V be a real or complex linear space and let
Vp, U2, e v € V. These elements are said to be linearly dependent if there exists a
nontrivial set of real or complex coefficients aj.a;. . ... ay, respectively, such that

k
E a;v; = 0
=0

(by nontrivial we mean that at least one coefficient a, is nonzero). In the opposite case the
elements vy, v, ..., vk are said to be linearly independent. Sometimes a subset S C V' is
called linearly dependent/independent if all its elements are linearly dependent/independent.

B EXAMPLEA.7 (Linear independence)

1. In the space V = R® consider three vectors v; = (1.0.0)7, vy, = (1,1.1)%, and
vy = (4, -2, ﬁQ)T. These vectors are linearly dependent since

—6u, 4+ 209 + 13 = (0.0.0)%.

2. Let us decide if the functions w; = ., wy = 2 — 32, and ws = 1 + &2 in the space
V = P2?(—1, 1) are linearly independent. If
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ayw; + aswsy + azws = 0,

then clearly a3 = 0 since the square of x in w3 cannot be eliminated by any linear
combination of the functions w; and wy. Thus

ajwi + aswy = 0.

The constant 2 in w- cannot be eliminated by wy, and therefore as = 0. Therefore
also a; = 0 and the functions w;, we, and w; are linearly independent.

The following lemma gives a useful characterization of linear independence.

Lemma A.6 Consider a subset S of a linear space V. Then

1. S is linearly independent if and only if none of its elements can be expressed as a
linear combination of its remaining elements.

2. S is linearly independent if and only if the following implication holds: If R C S
and [R] = [S] then R = S.

3. Letv € V. If S is linearly independent and S + {v} linearly dependent, then v € [S].

Proof: The proof is a simple exercise using Definition A.6. ]

Definition A.7 (Basis of a linear space) Ler V' be a linear space. Every linearly indepen-
dent subset S C 'V such that [S] = V is said 10 be a basis of the space V.

A linear space V may have many different bases: Any set of linearly independent ele-
ments of V' that generate the whole space is a basis. This is illustrated in Example A.8.

H EXAMPLE A.8 (Nonuniqueness of basis)
1. Let V = R3. The set
B= {1,000 (0.1,0)7, (0,0, 1)}
is a basis of V' (canonical basis). Any other set of vectors
Bagy = {(,0,0)7,(0.8.0)7.(0,0.v)7},
where «, 3, v are nonzero real numbers, also is a basis of V. Herewith the list is

not complete, since obviously the basis vectors can have more than just one nonzero
components.

2. Consider the polynomial space V = P*(0, 1) and its monomial basis

By = {1.z}.

Another example of a basis in this space is, e.g.,
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By = {z,1—z}.

3. Let S be the space of all real sequences from Example A.1. The infinite set B, =
{ry,72,73,...}, where ; is a real sequence whose entries are all zero except for the
ith entry which is one, is a basis of . Another infinite set B, = {s1, $2, ...}, where
s; is a real sequence whose entries are all equal to one except for the ith entry which
is zero, also is a basis of S.

After presenting a few concrete examples of bases, the following Theorem A.1 guarantees
that every linear space has at least one.

Theorem A.1 (Existence of basis) Every linear space V has a basis.

Proof: Let V be a linear space and £ the set of all its linearly independent subsets.
Obviously the empty set lies in £ thus £ is not empty. It is easy to see that the set £ is
partially ordered by inclusion (the union of a chain of linearly independent subsets of V' is
again a linearly independent subset of V). Hence the Zorn’s Lemma implies the existence
of a maximal element S in £. Assume that there exists an element v € V such thatu & S.
The maximality of S implies that S U {u} is linearly dependent. According to Lemma A.6,
assertion 3., u € [S]. Thus [S] = V and therefore S is a basis of the linear space V. H

For future reference lat us introduce the notion of separable space.

Definition A.8 (Separable space) A linear space V is called separable if there exists a
finite or a countable infinite basis of V.

The following Lemmas A.7 and A.8 have a technical nature, but they are useful for the
definition of the dimension of a linear space.

Lemma A.7 Let V be a linear space. Any set of n linearly independent elements u1, ua,
vy Uy € V cannot be expressed by linear combinations of any n — 1 elements vy, va. . ..,
Up—1 € V.

Proof: Let us proceed by induction. Obviously the assertion is valid for n = 1. Assume
that the assertion is valid for n and not valid for n 4+ 1. Thus it is possible to express

Uy = a11V1+ ...+ aialn
Up = A21V1 + ...+ A2V,
Uy = Ap1V1+ ...+ Apntn
Un+1l = An41.101 + o+ Q1,0 Vs
The elements uy, ug, ..., un+1 are linearly independent. Hence u,,41 # 0 and at least one

of the coefficients in the last equation is nonzero. Assume for example that a,, 1., # 0.
Let us calculate v,, from the last equation and insert it to the first n equations. We obtain a
smaller system of n equations of the form

U + ClUpy1 = bl‘l/Ul + ...+ bl.nvn

Ug + CoUnyl = bogvi+ ...+ b2 v,

Up + Cpllnyl = bn,lvl + ...+ bn,'n,vn
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This is a contradiction with the assumption for n if we show that the n elements u; +
ClUn41,%2 + CoUn41, -+, Un + CpUn41 are linearly independent. Assume that they are
not, i.e., that there exists a nontrivial linear combination

0 = d (U1 + Clu".}_l) + dQ(UQ + C2un+1) + ...+ dn(“n + Cn7Ln+1)

= diuy +dous + ... +dyu, + (d161 +daco + ...+ d,,C,,)u,,_H.
Since uy,us,. .., u,+1 are linearly independent, necessarily dy = dy = ... = d,, = 0
which is a contradiction. |

Lemma A.8 All bases of a linear space V' have the same cardinality.

Proof: The assertion follows straightforward from Lemma A.7 both when the cardinality
of the basis is finite and infinite. |

Now, using the assertion of Lemma A.8, we finally can define the dimension of a linear
space.

Definition A.9 (Dimension of a linear space) Cardinality of any basis of a linear space
V is said to be the dimension of V, denoted by dim(V').

Before we approach linear operators, let us define expansion coefficients of elements of
linear spaces in terms of a basis.

Definition A.10 (Expansion coefficients) Ler V be a linear space of dimension n and
B ={v,vg,... , Uy, } its basis. Every element u € V can be written uniquely as

n
U= E CiU,.
=1

The coefficients ¢y, Ca, . . ., ¢, are called expansion coefficients of u with respect to the basis
B, and we write them in a vector form

Wp = (cr,c2,.re0)T

H EXAMPLE A.9 (Expansion coefficients)
1. The set By = {v1,vo,v3}, where v; = (1,1,007, vy = (1,0,1)T and vz =

(0.1,1)T, is a basis of the space V = R3. The expansion coefficients of the element
v = (1,2,3)T are obtained from the vector equation

C1v1 + C2v2 4 C3v3 = V.

Componentwise, this yields a system of three linear algebraic equations. After solving
the system, we obtain

(v) g, = (0,1,2)T.
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2. The set By = {w1,ws. w3}, where w) = 22 —x,wa = 2° — land wz = v2 + z
is a basis in the space P?(—1,1). The expansion coefficients of the function w =
312 + 2z + 1 are obtained from the equation

ciwy + cowsa + czws = w.

Comparing the coefficients of monomials of the same degree, we obtain a system of
three linear algebraic equations which yields

<w>13u' = (1.-2, 3)7

A.1.7 Linear operator, null space, range

In this paragraph let us introduce linear operators and mention some of their basic properties,
including the one-to-one relation to matrices in finite-dimensional spaces.

Definition A.11 (Linear operator, null space, range) Let U and V be real or complex
linear spaces. A map f : U — V is said to be linear operator if and only if

I flu4+v)= flu)+ f(v)forallu.v e U,
2. f(au) = af(u) forall u € U and all coefficients a.

The null space N (f) of the linear operator f is the set
N(f) = {u € Us flu) =0},
The range R(f) of the operator f is defined as
R(f) = {v € V: there exists u € U sucli that f(u) = v}.

The linear operator f is said to be an injection if N {f) = {0}, surjection if R{f) = V and
bijection (one-to-one) if it is both injection and surjection.

Basic properties of the null space and range of linear operators are summarized in the
following lemma.

Lemma A.9 Let U and V be real or complex linear spaces and f : U — V a linear
operator. Then the following holds:

1. N(f)isasubspace of U.
2. R(f)isasubspace of V.
3. If dim(U) and dim{V') are finite then

din(U) = dim(N(f)) + din(R(f)).

Proof: These assertions follow easily from the linearity of f. Let us begin with the first
one:
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wv € N{(f)= flau+ pv) =aflu)+ Bf(v) =0= au+ Bv € N(f)

for all coefficients «, 3. Ad 2: For every vi.vo € R(f) there exist uy, us € U such that
f(uy) = vy and f(u2) = ve. Then

avr + Buz = af(ur) + Bf(u2) = flaur + Bua),
————
eU
and therefore av; + Jvs € R(f).
Ad 3: Since N{f) isalinearspace, ithas abasis {wy, wo, ..., wi}. Let{vy,va, ..., 0m}
be a basis of B(f). Forevery 1 < j < mletv, € U besuchthat f(9,) = v,. Itis sufficient
to show that the set

BU = {w17w27'-'ﬂwkvﬁlvf)Qw'--w{)’/n}

is a basis of U. First let us see that its elements are linearly independent: Assume a set of
coefficients such that
m

k
> ew + Y B0 =0. (A.D
=1 7=1

Applying the linear operator f to both sides, we obtain that

k m ™m
Zazf(wl) + Zﬁ]f(fi]) = Zﬁjvj =0.
i=1 j=1 j=1

Since the elements vy, vo, . . . , Uy, are linearly independent, itis 5y = B2 = ... = B = 0.
It follows from (A.1) that also a; = ap = ... = ax = (. It remains to be shown that every
u € U can be represented by the elements of By;: Since f(u) lies in R(f), we can express

fy =Y yu,
j=1

The coefficients y; can be used to define

m

Uur = Z"yjﬁj (S U

J=1

The proof is finished by realizing that u — ug € N{f). ]

H EXAMPLE A.10 (Linear operators)

1. Consider the spaces V = R3 and W = R®, along withamap f : V — W defined
by
fu) =2u forallueV.

For every u,v € Vitis f(u +v) = 2(u +v) = 2u + 2v = f(u) + f(v) and
moreover f(au) = 2au = o2u = af (u) for every u € V and o € R. Therefore f
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is a linear operator. It is easy to see that N(f) = {(0,0,0)T}. Moreover, since for
every vector w € W we can define a vector v = w/2 € V such that f{v) = w, itis
R(f) = W. Therefore f is a bijection.

2. Next consider the polynomial spaces V = P*(~1,1) and W = P3(~1,1), and a

map D : V — W defined by

d

Diu)= 2 =« forallu€ V.

dz
Forevery u,v € Vitis D(u+v) = (u+v) = v +v' = D(u)+ D(v) and moreover
D{(au) = (ou) = au' = aD(u) foreveryu € V anda € R. Therefore D isalinear
operator. Since D(u) = 0 if and only if u is constant, we have N (D) = P%(—1,1).
Further, forevery w € V wecanfindav € V sothatw = D{v) (take some primitive
function of w), and thus R(D) = W. Hence D is a surjection but not a bijection.

3. LetV = P2(~1,1), W =R, and 4 : V — W be defined by

1
Alu) = / u({z)dr forallu € V.
-1
The linearity of A easily follows from the linearity of the integral. In this case
NA) ={ueV; f_ll u{z) dz = 0}, whichis the space of all quadratic polynomials
with zero integral mean value in the interval (—1,1). Since for any given number
w € R we can define a constant function v = w/2 € V such that A(v) = w, we
have R(V) = W. Hence the operator A is a surjection but not a bijection.

Next let us define the linear space £(V, W) of all linear operators L : V — W.

Definition A.12 (Space of linear operators) LetV and W be real or complex linear spaces.
Let f,g: V — W be linear operators. We define

(f+9v) = f@)+glv),
(af)(v) af(v) (A.2)

forallv € V and all coefficients a. With these operations we can define the linear space of
all linear operators from 'V to W and denote it by L(V, W).

Lemma A.10 (Inverse operator) Let V and W be real or complex linear spaces and let
f € L(V,W) be a bijection. Then f is invertible and f=* € L{W, V) is a bijection.

Proof: Follows easily from Definition A.11. |

Next, Definjtion A.13 introduces the matrix representation of linear operators in finite-
dimensional spaces. The equivalence of linear operators and matrices is established in
Lemma A.11 and illustrated in Example A.11.

Definition A.13 (Matrix representation in finite-dimensional spaces) Let V and W be
finite-dimensional real or complex linear spaces of dimensionsdim(V') = manddim(W') =
n. Let By = {v1,va,...,vm} be a basis of V, Bw = {wy,wa, ..., w,} a basis of W,
and f € L(V,W). For every element v; € By the element f(v;) lies in W, and thus we
can express it in terms of the basis By with a unique set of coefficients my;, maj, - . ., My,
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n
flv;) = Z W, .
=1

The n x m matrix My, (My); = myy, 1 <4< n, 1 <j < m,is said to be the matrix
representation of the linear operator f with respect to the bases By and By . Or, we just
say that My is the matrix of the linear operator f.

In other words, the matrix M s of a linear operator f is constructed by taking basis vectors
of V, expressing their images through f by means of the basis vectors in W, and writing
the sets of the corresponding expansion coefficients as columns of the matrix M.

Lemma A.11 Ler V,W be real or complex linear spaces of dimensions m,n and let
By, Bw be their bases, respectively. Let f € L{V.W). The n x m matrix My rep-
resents the linear operator f if and only if it holds

(f(v))Bw = Ms(v)yp, forallveV. (A3)
Proof: First assume that M is the matrix of the linear operator f. For every v € V' we

denote (v)p,, = (b1, b2, ...,by,)T and calculate

T m

m m m n
f(v) = f Zb]U] = ijf(l)]) = Zb] Zm”‘wl = Z ml]b] w;.
j=1 7=1 =1 =1 1

=1 7=

Thus the expansion coefficients of f(v) to the basis By are

T

m m m
<f(1))>BW = Zmljb],ngjb],,meb] :Mf<U>BV.
7=1 7=1 7j=1

Now the opposite implication. Assume some 7 X 772 matrix M such that
(f()) By = M{v)p, forallv € V. (A.4)

Let My be the matrix of the linear operator f from Definition A.13. By the implication
that we already proved, (f(v))B, = Mj(v)p, forall v € V. Relation (A.4) yields
M({)p, = M;(v)p, forallv € V. The choice (v)p, = (1,0,0,...,0)7 now yields
that the first column of M is identical to the first column of My, and so on. |

B EXAMPLE A.11 (Matrix representation of linear operators)

1. Let us begin with a linear operator f that rotates vectors in the space V = R? coun-
terclockwise by a given angle € R. Hence W = V.

Using the canonical bases By = {(1,0)T, (0, )T} = {v;,v2} and By = {(1,0)7,
(0, I)T} = {wy,ws}, and Figure A.7, it is easy to see that

(f(v1))Bw = {(cosa,sina)T)p,, = (cosa,sina)T
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X, X5
I‘F f(Vi)
i o
/ R .
/ o ) s Y2
/ ~ N
o vi 1 =x, iy ol x,

Figure A.7 Linear operator in R? (rotation of vectors).

and
(f(v2)) By = ((—=sina.cosa)T) g, = (—sina,cosa)?.

Therefore f is represented by the matrix

coser —siha
My = . .
sin(x  cosa

Choosing now an arbitrary two-dimensional vector v = (a,b)? € V, for f(v) we
have

acosa — bsina

f) ={f)) By = Ms(v)p, = Myv = ( asina + beos a )

Let us return to the derivative operator D € L({V, W), D(u) = %/, from Example
A.10. In the spaces V = P*(—1.1) and W = P?({—1,1) we consider the monomial
bases By = {1,z,2%,2%. 2%} = {v1,v2,v3,v4. 05} and By = {1,2,2%, 2%} =
{wy, wo, w3, wys}, respectively. It is easy to calculate

D))y = (0)py = (0,0.0.0)7,
(D(v2))pw = (1)pw =(1.0,0, 0)
(D(vs)) gy = <2$>Bu =(0,2.0,0)7,
D))y = (32°)3y = (0,0,3,0)7,
(D(ws)) gy = (42°)p, = (0.0.0,4)7.

Hence the derivative operator D{u) = u’ is represented by the 4 x 5 matrix

—
<

Mp =

[en RN e B e e}
[e=RienRRa il
OO N O
DO wWw oD
L e en]

This means that now we can perform derivatives of fourth-degree polynomials using
a matrix-vector multiplication. Take, e.g., v = 3 + 222 — 323 + 2% € V, whose
expansion with respect to the basis By is
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(g, = (3.0,2,-3.1)7T.

For the derivative v" = D(v) we have

N O W

(D(v)) gy = Mp(v)B, = =(0,4,-9,4)7.

[e=jlenRe il
O DN
o W O
e e i ]

Thus v’ = D(v) = 4z — 922 + 42°.

In what follows, by the symbol I we denote the n x n identity matrix, I = diag(1,
1,...,1) (the dimension n will always be clear from the context).

Definition A.14 (Nonsingular, singular, and inverse matrix) Ler Al be a real or complex
n x n matrix. Then M is said to be nonsingular if its n columns are linearly independent
vectors. Otherwise M is singular. The matrix M~ such that MM~ = M~'M = I is
said to be the inverse of M.

In Definition A.14 one can use linearly independent rows instead of linearly independent
columns.

LemmaA.12 Let V and W be real or complex linear spaces of the same dimension n and
let f € L(V. W) be represented by a matrix M. The matrix My is nonsingular if and only
if N(f) = {0} (i.e, if [ is bijection).

Proof: Follows easily from Lemma A.11. |

A.1.8 Composed operators and change of basis

Composition of linear operators is analogous to composition of functions in real analysis:

Lemma A.13 (Composition of linear operators) Ler U, V, and W be real or complex
linear spaces, f € L(U,V)and g € L(V,W). Then the composition go f € L(U, W).

Proof: Follows easily from Definition A.11. ]

Lemma A.14 (Representation of composed operators) Ler U, V, and W be finite-dimen-
sional real or complex linear spaces with bases By, By, and By, respectively. Let
f € LU, V) be represented by matrix My with respect to the bases By and By, and let
g € L(V,W) be represented by matrix My with respect to the bases By and Bw. Then
the composition go f € L{U, W) is represented by the matrix MyMy.

Proof: Follows easily from Lemma A.11. |

Corollary A.1 (Inverse operator & inverse matrix) Let V and W be real or complex
linear spaces of dimension n and let f € L(V,W), represented by matrix My, be a
bijection. Then the matrix My is nonsingular and f=Y € L(W,V) is represented by the
inverse matrix M 5 L
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Definition A.15 (Transition matrix) Let V be a real or complex linear space of dimension
n and let By and Bo be its (different) bases. By transition matrix from the basis By to the
basis By we mean the n x n matrix M representing the identity T € L{V.V),

(v)g, = M{v)p,
forallv e V.

H EXAMPLEA.12 (Change of basis)

1. Let V = R3. It is our aim to construct the transition matrix from the basis B; to the
basis B, where

By ={(1,0,0)",(0,1,0)",(0,0,1)7} = {e1, €2, 3}
and
By = {(1,1,0)",(1,0, )T, (0,1, )7} = {wy, ws, ws}. (A.5)
The two bases are depicted in Figure A.8.

X3

L %2

23 Lo

Figure A.8 Canonical basis of R.

In this case it is convenient to construct the transition matrix M ~! from B, to B;
first, since it just contains the vectors wi, ws, and ws in its columns,

11 0
M1t=1101
0 1 1
Inverting the matrix M ~!, we obtain the desired transition matrix M,

12 1/2 -1/2
M=1| 1/2 -1/2 1/2
~1/2 12 1/2
2. Next consider the space V = P3(0,1) equipped with the monomial basis B; =
{1, z, 22, 2%} and another basis

By ={z,1 —z,z(l — x),z(l - x)(2z - 1)/2}
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(which is better, e.g., for finite element approximation). Let us construct a transition
matrix from By to Bo. Since 1 = z + (1 — ) itis (v1)p, = (1,1,0,0)7. The
second element of Bj is identical to the first element of Bs, and therefore (v2) g, =
(1,0,0,0)T. Using the identity 2 = z — (z — z?), we obtain

<U3>B,2 = (17 07 _17 O)T,

and finally,

(va)B, = (1,0,-3/2, -1)%.

Hence the transition matrix M has the form

[ el
OO o
|
—
|

A.1.9 Determinants, eigenvalues, and eigenvectors

Eigenvalues and eigenvectors (eigenfunctions) play an important role in computational
engineering and science. On the practical side, they often are connected with vibrations,
resonance, or related phenomena. One also needs them for theoretical purposes in numerical
linear algebra, analysis of partial differential equations, numerical methods, and other fields.

Definition A.16 (Permutation and its sign) By S,,, n > 0, we denote the set of all bi-
Jjections of the set {1,2,...,n} into itself. Every P € S, is called permutation on the
set {1,2,...,n}. For a permutation P € S, let m be the number of pairs (i,j) C
{1,2,....n}, ¢ < j, suchthat P(i) > P(j). We define

sgn(P) = (-1)"
and call P even or odd if sgn(P) = 1 or sgn(P) = —1, respectively.

Definition A.17 (Determinant) Ler M be a real or complex n x n matrix. Determinant
of M is defined as

det(M) = Y sgn(P) [ meg);-
pPeS, j=1

Lemma A.15 (Basic rules for determinants) Ler M be a real or complex n x n matrix.
Then

1. det{MT) = det(M).

2. Let M be a matrix obtained by performing a permutation Q@ € S, to the rows (or

columns) of M. Then det (M) = sgn(Q) - det(M).

3. The matrix M is nonsingular if and only if det(M) # 0.
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4. Let M bea matrix obtained by multiplying a row (or column) of M with a coefficient
c. Then det(M) = cdet(M).

5. det(cM) = ™ det(M).

6. Foralll < j <nitis

det(M) = Z(—l)’ﬂmlj det (ML)

=1
where the matrix M, is obtained by leaving out ith row and jth column from the
matrix M. Here, (—1)'7 det(M;;) is the algebraic complement of the entry ;.

7. Let M be matrix of the same type as M. Then det(MM) = det(M) det(M).

8. Let M be nonsingular and M1 its inverse. Then det(M~1) = 1/det(M).

Proof: Proofs of these assertions can be found, e.g., in [75]. |

Definition A.18 (Eigenvalue, spectrum) Ler M a real or complex n x n matrix. The
characteristic matrix of M is the polynomial matrix A\I — M. The characteristic polynomial
of M is the determinant of \I — M. The eigenvalues of M are the roots of its characteristic
polynomial. The spectrum o (M) of M is the file of all of its eigenvalues. By (algebraic)
multiplicity of an eigenvalue one means its multiplicity as a root of the characteristic
polynomial.

B EXAMPLE A.13 (Complex and real eigenvalues)

Consider a matrix

1 0 -1
M=1] -1 0 -2
2 0 -1

The corresponding characteristic matrix has the form

A-1 0 1
AM-M= 1 A 2
-2 0 A+1

and the characteristic polynomial is

det(A — M) = A(A? + 1).
The roots of det(Al — M) are 0,4, —i. Hence, as a real matrix, A has a single
eigenvalue A; = 0. As a complex matrix, it has three eigenvalues Ay = 0, Ay = ¢

and /\3 = —1.

Lemma A.16 Let M be a real or complex n. x n matrix. There exists a polynomial g(\)
of the degree n? or lower such that g(M) = 0.
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Proof: The linear space V of all n x n matrices has the dimension n?. Hence the

. E 2 . .
n2 + 1 matrices M™" LM 1 M, I €V must be linearly dependent and there exists
a nontrivial set of coefficients ag, a1, - .., a,2 such that

aoM™ +atM™ ™ 4. 4 ane M+ apel = 0.

Thus ) ,
At + AT T ane 1A+ age
is the sought polynomial. ]

Lemma A.16 can be strengthened to the following famous theorem.

Theorem A.2 (Cayley—-Hamilton) Every matrix is a root of its characteristic polynomial.

Proof: This proof is slightly more technical and we refer, e.g., to [75]. ]

Definition A.19 (Eigenvector) Let M be a real or complex n X n matrix and X\ one of its
eigenvalues. Any vector u # O such that

Mu = u
is said to be eigenvector of M corresponding to the eigenvalue M.
The following proposition is introduced for future reference:

Proposition A.2 Let M be a n X n matrix. There exists at least one eigenvector to every
eigenvalue X € o(M).

Proof: Since det(Al — M) = 0, by Lemma A.12 the matrix AJ — M is singular. Let
f : R™ — R" be the linear operator represented by the matrix Al — M. Then N (f) # {0}
by the same lemma. Thus there exists a nontrivial vector v € N(f) such that Mv = Av.H

A.1.10 Hermitian, symmetric, and diagonalizable matrices

Definition A.20 (Diagonalizable matrix) Let M be a real or complex 1. X n matrix. M is
diagonalizable if there exists a nonsingular matrix C (real or complex, respectively) such
that the matrix D = C~1MC is diagonal.

Generally, any two matrices A and B satisfying the above relation B = C~! AC with
some nonsingular matrix (' are called similar. Thus a matrix Af is diagonalizable if it is
similar to a diagonal matrix D.

Theorem A.3 (Diagonalization theorem) Let M be a real or complex n x n matrix. M
is diagonalizable if and only if it has n linearly independent eigenvectors.

Theorem A.3 states that the matrix M is diagonalizable if and only if it is possible to
construct a basis in R™ that consists of the eigenvectors of M. Then the matrix C' from
Definition A.20 has the eigenvectors in its columns, and it is identical to the transition
matrix from the eigenvector basis to the canonical basis. The matrix C~! represents the
transition matrix back to the eigenvector basis. Thus the diagonal matrix D represents the
same linear operator as M, expressed with respect to the eigenvector bases in R™ instead
of the canonical ones.
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Proof: Assume that M is diagonalizable, i.e., there exists a diagonal matrix D such that
D = C 'MC. As explained above, the matrix C can be interpreted as a transition matrix
from some basis B of R” to the canonical basis of R” and analogously C~1 as a transition
matrix from the canonical basis back to B. According to Definition A.15, the columns ¢;
are the basis vectors of B expressed with respect to the canonical basis. It remains to be
verified that the vectors ¢;, 1 < ¢ < n, are eigenvectors of M. However, this is exactly
what relation M C = CD says (look at it column-wise), and moreover it says that diagonal
entries of the matnx D are eigenvalues of M.

Now assume that there exists a basis B consisting of eigenvectors ¢y, ¢z, ..., ¢y Of the
matrix M. By A,, 1 < < ndenote eigenvalues of M such that M¢; = A;c;. Putting these
relations together for all ¢, we obtain a matrix equation

MC=CD,
where the matrix D =diag(A1, Ag,..., A,). Hence,
C 'MC =D
and M is diagonalizable. |

Definition A.21 (Hermitian and symmetric matrices) Let M be a complex n x n matrix.
M is Hermitxan if m;, = T ; forall 1 < 4,5 < n (the symbol m;; stands for the complex
conjugate of my;). Let M be a real n x n matrix. M is symmetric if m,, = m;; for all
1<, j<n

Lemma A.17 All eigenvalues of Hermitian matrices are real.

This lemma obviously covers symmetric real matrices.

Proof: Let M be a Hermitian 7 X n matrix and A € o(M) any of its eigenvalues. By
Proposition A.2 there exists an eigenvector v of M such that Mv = Av. The ith row of this
vector identity has the form

n
E mi]-v]- = /\U,‘7
j=1

where v;,v; are the ith and jth components of the vector v. Multiplying with T; and
summing over ¢ = 1,2,...,n, we obtain

n n n
DD migut =AY [l
i=1

i=1j=1
Since the sum on the right-hand side obviously is real, it is sufficient to venfy that the

left-hand side is a real number. Indeed this is true since

n n n n n

n n n
E E mijvjﬁi: E E mijﬁjvi: E E mj,-vﬁ]: E E TTL,‘JU]'EZ.

i=1 j=1 i=1j=1 i=1 =1 i=1j=1
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A.1.11 Linear forms, dual space, and dual basis

Linear forms are special linear operators with values in R or C. They play an essential role
in the theory of partial differential equations and finite element methods.

Definition A.22 (Linear form and dual space) Let V' be a real or complex linear space.
Linear operator f fromV to R or C is called linear form. The space of all linear forms
over the space V is called dual space and denoted by V'.

H EXAMPLEA.14 (Linear forms)
1. Let V = R"™. The operator f : V — R defined as the average of vector entries,

1 n
=-% v, forallveV,
fv) n;v orall v

is a linear form over V' i.e., f € V'

2. Let V = C(a,b) be the space of continuous functions in some interval (a, ). The
integral operator A : V — R defined by

b
A(f):/ f(z)dz forall feV,

is a linear form over V.

3. Again let V = C(a,b), and let ¢ be some point in the intenor of the interval (a, b).
The operator g. : V — R, associated with the function value at ¢,

ge(f) = f(c) forall feV,

is a linear form over V.

Lemma A.18 LetV be a real or complex linear space of dimension n. Then the dual space
V' has the same dimension n.

Proof: We leave this to the reader as an exercise. Use Definitions A.6 and A.22. [ |

Definition A.23 (Dual basis) Let V' be a real or complex linear space of dimension n and
B = {v1,va,...,v,} a basis in V. The basis B' = {f1, fa,..., fn} of the space V' is
said to be the dual basis to B if

fi(vj) = 5”' (A6)
foralll <1, 7 < n(the symbol 6;; is the Kroneckerdelta, i.e., 6;; = 1 ifi = jand 6;; =0
otherwise).

Let us prove the existence of the dual basis in the following Lemma A.19 and give some
examples in Example A.15.

Lemma A.19 (Existence of dual basis) LetV be a real or complex linear space of dimen-
sion n. To every basis B of V there exists a dual basis B’ of V'.
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Proof: LetB = {v1,vq,....u,}beabasisof V. First we define the operators f1, fo.. ... o
on the basis elements only,

f7(7)j) = bij. (A7)
Next we extend them to the whole space V' by defining

fit) =3 a, f(v).
j=1

Here the coefficients a1, aq, . . ., a, are the unique expansion coefficients of the element «
with respect to the basis B,

(uwyg = (a1, az..... a,)’.
Obviously the forms f1, fo, ..., fn are linear, and it is sufficient to show that they also are
linearly independent. By contradiction suppose that they are linearly dependent. Then it is

possible to express one of them (for example f1) as a nontrivial linear combination of the
others, i.e.,

fi=cfetesfs+.. +ceafu

However, by (A. 1) we obtain
1—f v )— E C,‘f' v )
1 ( 1 s 1 ( 01

which finishes the proof. |

W EXAMPLE A.15 (Dual basis)

In the space V' = P?(~1.1) consider the basis

—1 : 1
B {%ﬁl—z?%} = {v1.v2,v3},

shown in Figure A.9.

Figure A9 Basis B = {v1,v2,v3}.
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The dual basis B’ = {f1, fa, fs} consists of linear forms f; : V — R such that
fi(v) =v(x;) forallv eV,

where 1 = —1, o = 0, and 3 = 1. The reader can easily verify that the delta
property (A.6) indeed holds true.

Now, since B’ = {fi1, fa, fs} is a basis in V”’, any linear form in V"’ can be
expressed uniquely in terms of the basis functions f1, fa, f3. Let us try, for example,
the linear form A € V' associated with the integral

1

A = [ gt

1

We look for coefficients 3y, 82, B3 such that
A= pBifi+ Bafo+ Bsfs. (A.8)
Applying A to the basis B, by (A.8) and the delta property f;(v;) = é;;, we have
A(vr) = B1, A(ve) = B2, Alvs) = Bs.

Calculating the integrals of the basis functions vy, v2 and v3, we obtain gy = 1/3,
B2 = 4/3, B3 = 1/3, and thus

1 4 1
A= §f1+§f2+ §f3~ (A9)

Thus by (A.9) we can integrate all quadratic polynomials using their function values
at —-1,0and 1,

1 4 1 1 4 1
Alg) = gfl(g) +5f2(0) + 3f5(9) = 39(=1) + 39(0) + 29(1)

[this is the Simpson’s rule for the interval (—1,1)].

A.1.12 Exercises

Exercise A.1 Consider the set M™*™ of all real n x n matrices.

1. Show that M"*" is a linear space.

2. Show that the set D™ of diagonal n X n matrices is a subspace of M™*™,

ExerciseA.2 Let S = {u € C(0,1); u(l) = a}, a € R. For what values of a is S linear
space?

Exercise A.3 Prove in detail all assertions in Example A.1.2.

Exercise A.4 Let S be the set of all twice continuously differentiable functions satisfying
the differential equation

o (z) +ulz) = 0.
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1. Prove that S is a linear space. Hint: The equation does not need to be solved.

2. Is the set S of all solutions to the differential equation

v (@) +ulz)+1=0
a linear space as well?
Exercise A.5 Prove in detail Proposition A.1.

Exercise A.6 LetV = R5 Wy = {v € V;u; = 0} and Wy = {v € V;vp = 0}. Show
that W1 and Wy, are subspaces of V and construct the space W1 N Wo.

Exercise A.7 Prove Lemma A.4.

Exercise A.8 Ler I = (0,1) x (0,1) C R2. In I consider the sets St of all polynomials
of degree exactly one, Sa of all polynomials of degree exactly three, and S3 of polynomials
that in one variable are of degree exactly one and that are of degree three or less in the
other variable. Construct the linear span S = [S1 U So U S3] in the linear space P*(I) of
polynomials of degree lower or equal to four. Hint: The degree of a bivariate polynomial
f is the highest sum k + | of powers among all monomials z*y' appearing in f. What is
the dimension of S?

Exercise A.9 Consider the linear space V.= M™ "™ from Exercise A.1.
1. Show that the set S™*™ of symmetric n X n matrices is a subspace of V.
2. Show that the set A™*™ of antisymmetric n X n matrices is a subspace of V.

3. Show that V = S @& A Hint: Symmetric part of a matrix M € V is defined as
M, = (M + MT)/2 € S Forall M € V, the transpose M T is defined in a
standard way as (MT)M =M;;,1<4,5<n

Exercise A.10 Prove Lemma A.8, case of finite cardinality.

Exercise A.11 Consider V = R* and its subspaces Vi = [(—3,0,2,0)T] and V, =
[(1,0,2,-3)T, (3,2,1,-5)7, (=1,2,1, ~2)T]. Compute dim(V; + Vo) and dim(V; NVa).
Hint: Select a basis among the vectors generating Vo. Check whether the vector generating
Vi lies in Vs.

Exercise A.12 Consider the linear space P*(—1,1) of real-valued polynomials defined in
the interval (-1, 1). Consider the bases

B, = 171+x7(1+x)2,(1+x)3 7
2 4 8

and

l+z 1-z 1-22 z(1-2?)
BQ: ] , . .
2 2 4 8

Construct the transition matrix M from By to Bs.
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Exercise A.13 Prove Lemma A.10.

Exercise A.14 Let V = R®. Consider the canonical basis

B; = {(1,0.0,0,0)T,(0,1,0,0,0)7,(0,0,1,0,0)7, (0,0,0,1.0),(0,0,0,0, )7}

and another basis

By = {(1,1,0.0,0)7,(0,1,1,0,0)7,(0,1,0,1,0)7, (0,0, 1,1,0)7,(0,0,0, 1, 1)T}.

Construct the transition matrix M from By to Ba.

Exercise A.15 Prove Lemma A.12.

Exercise A.16 Consider the polynomial spaces V. = P%(~1,1) and W = P4(~1,1)
equipped with the monomial bases By = {1,z, 2% 23, 2* 2% 2%} and By = {1, z, 2%,

23 24 I3

1. Write the matrix representation of the linear operator ¢ : V. — W,

p(v) = dr2

with respect to the bases By and By .
2. Determine N () and R(p). Is p a bijection?
Exercise A.17 Prove Lemma A.13.
Exercise A.18 Consider the polynomial spaces
V = {ve P-1,1),v(z) = v(~2) forall z € (~1,1)}
and
W= {we P°(-1,1),w(z) = —~w(-z) forall x € (~1,1)},
equipped with the bases By = {1,2? 2%} and By = {z, 2%, 2%}.

1. Write the matrix representation My, of the linear operator ) : V. — W, ¢(f) = F,
where F' is a primitive function to f such that F(0) = (.

2. Determine N () and R(¢). Is ¢ a bijection?

3. If ¥ is a bijection then find the inverse operator =% : W — V, write its matrix
representation My,-1 with respect to the bases Bw and By, and verify that the matrix
My, is inverse to My,

Exercise A.19 Prove Lemma A.14.
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Exercise A.20 Consider the real matrices

0 =z y =z 0 1 1 1
oz 0 2z oy 10 2% 2 3
M, = y 2 0 z | My = 1 22 2 | myaE R.
z y x 0 I 42 22 0

Without evaluating the determinants, use rules from Lemma A.15 to show that det(My) =
det (MQ)

Exercise A.21 Prove Lemma A.18.
Exercise A.22 Let A € R™™™ be a regular n X n matrix.

1. Use its characteristic polynomial and the Cayley—Hamilton theorem to derive an
explicit formula for its inverse A=Y, based on the following matrix operations: (a)
matrix multiplication and (b) the sum of a matrix with a diagonal matrix.

2. Consider the matrix

1 0 1
A= 0 2 O
0 -2 3

Write its inverse using the above-defined operations (a) and (b).

A.2 NORMED SPACES

Normed spaces are linear spaces endowed with norm (size). The notion of norm allows
us to define convergence and limit for sequences of vectors, matrices, functions, linear
operators, and other objects. In normed spaces we can distinguish between open and closed
sets, and introduce the notion of completeness. Through complete normed (Banach) spaces
we arrive at the Lebesgue LP-spaces, which are essential for the study of partial differential
equations and finite element methods.

A.2.1 Norm and seminorm

Definition A.24 (Norm and normed space) Let V be a real or complex linear space.
Anorm on V is any function || - |y : V. — R with the following properties:

1. v > 0forallv e V,and ||v||v = 0 if and only if v = 0,
2. llav|lv = lal|lvltv for all v € V and all coefficients a € R (or C),
3w+ vllv < lullv + llvllv forallu.v e V.

A linear space V endowed with a norm || - ||v is said to be normed space.

Remark A.1

I. In a normed space ||v|yv < o forallve V.
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2. The subscript V in the symbol || - ||v is often omitted when the meaning of || - || is
clear from the context.

3. Thelast condition in Definition A.24 (triangular inequality) usually is the most difficult
one to prove.

For future reference, let us mention the triangular inequality for real numbers:
H EXAMPLEA.16 (Triangular inequality in R)
Let a,b € R. Then
la + 6] < lal + [b].

This easily follows from the analysis of four possible cases: a > 0& b > 0, a <
0&b>0,a>0&b6<0anda <0& b0

A linear space may be endowed with many different norms, in which case one obtains
different normed spaces. Several examples of norms are collected in Example A.17. In
what follows the symbols (a, b) and [a, b] will stand for nonempty bounded intervals.

W EXAMPLEA.17 (Norms)

1. Let V = R. The absolute value function || - || : V — R, |[u|| = |u], clearly satisfies
@ |v|| =|v] >0forall0 £ v €V,
() |lav|| = |al|v] = |a||jv]| for all v € V and all coefficients a,

©) |luw+v]=|u+v <|u+ v =|u] + ||v| forall w.v € V,
and thus it is a norm in V.

2. Let V = R". The function
[v]oe = max |v,| (A.10)

is anormin V (discrete maximum norm). The first two properties of Definition A.24
are obvious, and the triangular inequality is verified as follows:

ot ol = amax fu 4+ 0] < amax (] + o)

< ; = .
< max fuil + max fo | = Jlull + fJull<

3. Let V = R”". The function

ol =>" Jo,l. (A.11)
i=1
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where v; are the components of v (discrete integral norm), is a norm in V. The proof
is analogous to the previous case. For 1 < p < oo this norm generalizes to the
discrete p-norm,

1
loll, = <Z |w|") : (A.12)

i=1

. With p = 2 the discrete p-norm (A.12) yields the Euclidean norm

lvllz = (A.13)

In this case the proof of the triangular inequality is trivial for n = 1. Extension to
general n > 1 can be done by induction.

. The norms defined in R™ can be extended naturally to n x n matrices, i.e., to the

space V = R™™, For example, the discrete maximum norm (A.10) can be extended
to

1M = 1;13‘?]12’1 [ (A.14)
Another extension of the norm (A.10), which will be useful later, is

| A1) = 121?2(712 |, |. (A.15)
Sisn

The Euclidean norm in R® is extended to the Frobenius norm,

M|y = (A.16)

Here mn;; is the entry of the matrix Af at the position 7, j.

. Let V. = C([a.b]) be the space of functions continuous in a closed interval [a, b].

The function
|]]oc = max |v(x)] (A.17)
z€[a.b]

is anorm in V (maximum norm).

7. Let V = P*(a,b). The function

b
el = [ |o(x)|dx (A.18)

/S a
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isanorm in V. For 1 < p < oo this norm can be extended to the p-norm,

b »
||v||p=</ iv(w)l”dw> : (A.19)

Here the subscripts in the norms || - [lo and | - ||, are originated in the Lebesgue spaces
L and LP which will be discussed in Paragraph A.2.9. For later use let us define seminorm:

Definition A.25 (Seminorm) Let V be a real or complex linear space. A seminormon V
is any function | - |v : V. — R with the following properties:

I |vly >0 forallveV,
2. |avlyv = |al|v|v forallv € V and all coefficients a,

3 Jut vy <lulv + |v]v.

H EXAMPLEA.18 (Seminorm)

Inareal interval (a, b) consider the space of smooth functions with bounded derivative,

V = {veCla,b); sup |v'(z)| < oo}
r€(a.by

The function

[v] = sup ['(z)] (A.20)
r€(a.b)

is a seminorm in V. All three properties of Definition A.25 are easy to verify. The
only difference between norm and seminorm is that while

lv|lv =0 implies that v = 0.
it can be
|[uly =0 where v # 0,

as it was with constant functions in (A.20).

The advantage of seminorms is that they are easier to evaluate than full norms. When
restricted to a subspace W C V which does not contain the nonzero elements of V' where
the seminorm vanishes, the seminorm becomes a full norm. This is shown in Example
All9.
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H EXAMPLEA.19 (Seminorm which is norm in a subspace)

Consider the space V from Example A.18. The functions preventing the seminorm
(A.20) from being a full norm are nonzero constants. For example, in the subspace
W C V of functions antisymmetric with respect to the midpoint of the interval (a, b),

b {
W = {wEV; w(a; —1:) :—w<% +;1:> forall x € (a‘b)}‘

these functions are not present, and therefore the function || - || = |- | is anorm in W’.
The space W is a normed space according to Definition A.24.

On the other hand, sometimes it is practical to create a full norm by adjusting a seminorm
so that it does not vanish on nonzero functions. This is shown in Example A.20.

B EXAMPLE A.20 (Changing seminorm to a norm)

Consider the space V' from Example A.18 again and adjust the seminorm (A.20) to

a+b
v( 5 )} (A.2])

Now the nonzero constants make ||- || no longer vanish, and therefore itis anormin V.
The first two properties of Definition A.24 are obvious, and the triangular inequality
also is easy to show:

1+ b a+b
lu+ vl = sup |/ (z) + v'(x)| + |u<( 5 ) + v( )> |

réfa.b) 2

< sup (Ju/(x) + Iw'(r>i>+(l“<ng> | + |w<a;b> )

ré(ab)

lv] = sup |o'(z)| +
ré(a.b)

a+b

b
< sup |1t'(96)|+|“<a+ >|+ sup |U'(-L')|+|“<
s€{a.b) 2 x€(a.b)

) =l + o]

The space V' endowed with the norm (A.21) is a normed space according to Definition
A.24.

A.2.2 Convergence and limit

This paragraph is devoted to the asymptotic behavior of infinite sequences in normed spaces.
Let us begin by introducing the notion of boundedness:

Definition A.26 (Bounded sequence) LetV be anormed space. The sequence {u, }7=, C
V is said to be bounded in V if there exists a C > 0 such that ju,, || < C forall n.

Next let us use the notion of norm to define the convergence and limit of a sequence:

Definition A.27 (Convergence and limit of a sequence) Ler V' be a normed space. The
sequence {u, }5%, C V is said to be convergent in V if there exists an element v € V such
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that for every O < ¢ € R there exists an index n. such that |v — u,,|| < € for all n > n..
The element v is the limit of the sequence {u, }>=,. We usually write

lim w, =v
H—DC

or

Uy =V AS N — OC.
Lemma A.20 summarizes basic facts about convergent sequences.

Lemma A.20 Let V be a normed space, {u, }°, a sequence in V and v € V. The
following holds:

1.
lim u, =v ifand only if lim ||, — |y = 0.
n—x H—c
2.
limi w, =v then {u,}o_;isbounded.
n—x
3.
lim u, =v then lim |Ju,+1 — unllv = 0.
n—xx 0—2C
Proof: Left to the reader as an easy exercise. |

Let us present a few examples illustrating the concept of convergence in normed spaces.
We begin with showing that the third assertion of Lemma A.20 is not an “if and only if™:

B EXAMPLE A.21
Let V = R. The sequence

n

1
oC
Uy 0o, = E - CR
{ 71}n_1 . n
i=1 n=1
satisfies
. . 1
I w1 = unllvy = lim =0
n—ox n—oc 1+

but it is well known that

1 .
00 = E - = lim uy,
n n—c
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B EXAMPLE A.22 (Convergence and limit)

1. Consider the space V = R® equipped with the discrete maximum norm (A.10) and
a sequence of vectors {u,}5%, C V,

. T
Up = (1 - l,e‘”, sm(Qn))
n

n

The only candidate for a limit is v = (1,0,0)7. The sequence converges to v since

1
lun = v]ee < - foralln > 1.

2. Let V = C(0, 1) equipped with the maximum norm (A.17),

[ollc = sup |v(z)],
re(0.1)

and consider a sequence of functions {u,}X; C V,
Up(z) = 2(1 —2) + 2° + L.

Since

max |u, — (z° + 1)| = n )" L < L
ce(0a)y N= n+1 n+l/) " n+1’

the only candidate for a limit is v(z) = z3 + 1. Since

1

H“n - 7’”00 < m7

the sequence converges to v.

H EXAMPLEA.23 (Nonconvergent sequences)
It is easy to show, using Lemma A.20, that the following sequences do not converge.

1. Consider the space V = P2([0, 1]) equipped with the maximum norm (A.17), and
the sequence {un}ne; C V, un(z) = nx(l — x). The sequence is not bounded
(lwn|lsc = n/4 for all n).

2. In the same space V let {u,}52, C V, un(z) = (=1)"z(1 — x). The sequence is
bounded (||uy, |loo = 1/4 for all n), but ||up+1 — Unllee = 1/2 for all n.

3. Let V. = C([0,1]) be equipped with the integral norm (A.18), and consider the
sequence {u,}5L; C V,uy(x) = " Itis ||u,lli = 1/(n + 1) for all n, but the
only function v that could be its limit is defined by v(z) = 0 for x € [0,1) and
v(1l) = 1. However, this function does not lie in the space V. More about this
situation will be said in Paragraph A.2.7.
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A.2.3 Open and closed sets

In this paragraph let us continue with the definition of bounded sets, open balls, and open
and closed sets:

Definition A.28 (Bounded set) Let V be a normed space and S C 'V a subset of V. We
say that S is bounded in V if there exists a positive constant C > 0 such that ||z||v < C
forallz € S.

Definition A.29 (Open ball B(g,7)) LetV be a normed space with the norm |- ||y, g € V
and 0 < r € R. By the open ball with the center g and radius r we mean the set B(g,r) =
{veV;lv-dlv <r}

B EXAMPLE A.24 (Open balls in R?)

1. Consider the linear space V' = R? and the norms

lully = lurl + fuel, llullse = max(lua]. ual), llulla = /u? +uf,

where u € V, u = (u1,u2)T. The unit open balls B(0, 1) in these norms are de-
picted in Figure A.10.

l
N

-1 -1

Figure A.10 Examples of unit open balls B(0,1) in V = R2.

2. Let V = P3([a,b]) be equipped with the maximum norm (A.17). Consider a real
number r > 0 and a function » € V. The openball B(u, r) comprises all fifth-degree
polynomials that lie inside of a “belt” of width 27 around u, as shown in Figure A.11.

X,

Figure A.11  Open ball B(u,r) in the space V = P®([a, b]) with the maximum norm (A.17).
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3. In general, sets of functions are too abstract to be visualized like B(u.r) in Figure
A.11. It is sufficient to replace in the previous case the maximum norm (A.17) with
the integral norm (A.18), and the visual interpretation of the open ball B(u,r) is
lost. In such cases it is good idea to forget about concrete shape of the functions and
imagine them as points (see Figure A.12).

Figure A.12  Open ball B(u,r)in V = P?([a.b]) equipped with the integral norm (A.18).

Definition A.30 (Open and closed set) Let V be a normed space and S C V. The set S
isopenin 'V if forevery g € S there existsT > 0 such that B(y.r) C S. The set S is closed
if its complement V' \ S is open.

Example A.25 shows an open set, a closed set and a set that neither is open nor closed.

H EXAMPLE A.25 (Open and closed sets)
Let V = C([a, b]) be equipped with the maximum norm (A.17).

1. Letuw € Vand C > 0. The set

Si={veVi|v-ulx <C}

is closed.

2. Let C; < Cs be real numbers. The set

Sy ={veV:Cy <v(r) <Cyforalre fa.b]}

is open.

3. The set

Sz={veV:0<uv(r) <lforallx e [a.b]}

is neither open nor closed.
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A.2.4 Continuity of operators

Definition A.31 (Continuous operator) Let U and V be normed spaces. An operator
f:U — Viscontinuous at g € U if for every ¢ > () there exists a 6 > O such that

u € B(g.0) = f(u) € B(f(g).€). (A.22)
We say that f is continuous in U if it is continuous at every g € U.

Usually, integral operators are continuous. Example A.26 shows an integral operator
that is continuous in the space C([a. b]).

B EXAMPLEA.26 (Integral operator)

LetU = C([a. b]) be equipped with the maximum norm (A.17) and V = R. Consider
a linear operator A : U — V,

Alu) = /b u(r)da.

a

Let g € U be arbitrary. Given a 6 > (), the open ball B(g. ) has the form
Blg.$) = {v e U: max_|v(x)— g(x}] < 8}.

r€la.b]

Every v € B(g.0) satisfies

b b
/u(r)d;zr—/ g(r)dr

Hence, for every € > 0 we can find a ¢ := ¢/(b — «) so that the implication (A.22)
holds. Since g € U was arbitrary, the operator A is continuous in the whole space U.

b
< |o(a) — g(r)| de < 8(b — a).
N—— —

43

[A(r) — Alg)llv =

<é

Differential operators are more tricky. Let us devote Examples A.27, A.28, and A.29 to
their study.

H EXAMPLEA.27 (Derivative operator I)

Let U = P*([a.b]) and V = P*~!([a.b]) be equipped with the maximum norm
(A.17), and consider the operator ¢ : U — V,

du

=2 (A.23)

w(u)
(here & > 1 is a natural number). Let us show that the operator «» is continuous.
Define £ + 1 points « = g < I} < ry < ... < xp = b, and consider the
Lagrange interpolation polynomials L, € P*(a.b), Li(x;) = 0,,,0 <i.j <k
Recall that the functions Lg. L1, . ... L, constitute a basis in U. The derivative of
each polynomial L; is bounded by a positive real constant C; > 0,
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sup |Li(x)] < Cy, 0<i <k (A.24)
z€(a.b)

Letg € U and v € B(g.6), where 6 > 0 is arbitrary. The functions g and v can be
written uniquely as

k k
g(x) = Z(Y,L,(.I?). v(x) = Z 3iLi(x).
1=( =0

The open ball B(g, ) has the form

B(g.é) = {v e U; max |v(x) — g(a)| < d}.
refa.b]
and therefore each pair of coefficients «,, and 5, are related via the inequality

3 k

o> |U(zm) - .(](-Tm)| = Z//jiLi (-I'm) - Z()iLz('L'm)

=0 =0

= |Bm — gy |.

From here it follows that

I8

(8 —an) Lix)

=0

o) = o(@llv = sup [(2) ~ @) = sup
re(a.h) r€(ad)

v
< sup Z (3, — a,||Li ()] < 8C.
———— ——

r&fa.b] ;Z
=0 <c,

where C = Zf:() C,. Hence, for every ¢ > 0 we can find a 6 := ¢/C so that the
implication (A.22) holds. Since g € U was arbitrary, the operator « is continuous in
the whole space U.

However, all polynomial spaces are finite-dimensional and as we shall see later, in finite-
dimensional spaces all linear operators are continuous. Therefore it is more interesting
to look for the largest space where the derivative operator is continuous. We have to be
careful, however, not to make the space too big. In Example A.28 we consider the space
U = C'(a.b) N C([a.b]) equipped with the maximum norm (A.17).

H EXAMPLEA.28 (Derivative operator II)
Consider the space V = C([a.}]) equipped with the maximum norm (A.17) and its

subspace U = C'(a.b)N C{[a, b]). The derivative operator (A.23) is now considered
as ¢ : U — V. The function

g(r)y=vr—a
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is continuous in [a, b] and therefore ||g|lr < oo. However, its derivative ¢’ (z) =
1/{2/x — a) is unbounded, as shown in Figure A.13. Thus ¢(g) ¢ V and y is not
continuous according to Definition A.31.

\
v &%)

Figure A.13 The function g(z) = /= — a and its derivative ¢'(z) = 1/(2/z — a).
Finally let us show the continuity of the derivative operator in its natural setting of the
space of smooth functions with bounded derivatives in Example A.29.
H EXAMPLEA.29 (Derivative operator I1I)

Consider the derivative operator (A.23) as ¢ : U — V, where the space

U={veC'abNC(a.b]): sup |[v'(z)| < oo}

z€(a.b)

is endowed with the norm

L]

lully = max fu(e)| + sup ' (2)
r€[a,b) r€(a.b)

and the space V' = C{([a,b]) is equipped with the maximum norm (A.17). In this

case the situation is simple, since

6> |lu—glly = max |u(z) - g(z)|+ sup |u'(z)—g'(z)]
r€la,b] z€{a.b)

> sup [u'(z) - g'(2)] = [lp(w) — @(g)llv
re(a,b)

forall g € U and 6 > 0. Thus for every € > 0 it is sufficient to define § := ¢ to
satisfy the condition of continuity (A.22).
In numerous situations an equivalent definition of continuity, based on sequences, is

practical.

Definition A.32 (Heine definition of continuity) Let U,V be normed spaces. A function
f:U — Viscontinuous at g € U if for every sequence {u,,}>%, C U such that

lim wu, =g.
T—0C
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it holds that

lim f(“’n) = f((/)

n—"x
We say that f is continuous in U if it is continuous at every g € U.

Theorem A.4 Definitions A.31 and A.32 are equivalent.

Proof: The proof for real-valued functions can be found, e.g., in [100]. It can be gener-
alized to functions in normed spaces easily. |

Another important example of a continuous function is the norm || - ||y itself.
Lemma A .21 (Continuity of norm) Let V be a normed space. The norm || |1 : V - R
is continuous in'V.

Proof: It is advantageous to use the Heine definition of continuity in this case. Let v € V
and let u,, — v be an arbitrary sequence in V. It is our aim to show that for every ¢ > (
there exists an index 7. such that

v = llellv] < e foralln > n..

Recall the well known “backward triangular inequality” for real numbers,
[la| = 1b]] <la—b] foralla.beR. (A.25)

Using the triangular inequality for a general norm || - ||y, this inequality can easily be
extended to |||ua|lv — Jusllv] < |luq = us||yv for all u,. u;, € V. In particular,

Moeall = lell T < Hsy = vl

Hence, for given e it is sufficient to take ». from the definition of convergence u,, — . W
Next let us introduce an important result for linear operators, which states that the

continuity at one element is equivalent to the continuity in the entire space:

Lemma A.22 LetU.V be normed spaces and L € L(U. V). The operator L is continuous

in the entire space U if and only if it is continuous at least at one element u € U.

Proof: The first implication is obvious. Next, without loss of generality, we show that the
continuity of L at 0 € U implies its continuity at an arbitrary w € U. Let {u, };%2; C U
be an arbitrary sequence with the limit . The following holds:

lini w,, =u & lim v, = 0.

n—x =X
where v,, = u,, — u for all n. The continuity of L at zero (Heine definition) implies that

0= lim Lv, = lim L{u, —u) = lim (Lu,, — Lu) = lim Lwu, — Lu.
n—xX

n—>x n—x n—oc

An interesting consequence of Lemma A.22 is that if there is some u € U where a linear
operator L is not continuous, then L cannot be continuous at any other element v € U.
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Lemma A.22 further easily implies the continuity of linear operators in finite-dimensional
spaces:

Proposition A.3 LetU.V be finite-dimensional normed spaces. Then every linear operator
L € L(U.V) is continuous.

Proof: Letdim(U) = m,dim(V) = nand By . By be some bases in the spaces U and V,
respectively. By Lemma A.11 every L € £(U. V) can be represented by an n X m matrix
M, so that

(L(g))py = Mp{g)p, forallge U.
An arbitrary sequence {gx} 72, C U satisfies

g —0 = {(g)p. — (0.0.....0)".

e tiles

and therefore

Mg p, — (0.0..... 0.
—

n tinges

Thus the operator L is continuous at 0 € U, and Lemma A.22 yields the continuity in the
entire space U. |

Proposition A.3 will be used to prove that all norms in a finite-dimensional space are
equivalent (Theorem A.S5).

A.2.5 Operator norm and L(U, V') as a normed space

Let U and V be normed spaces. In this paragraph we show that the space L(U, V), con-
taining all linear operators from U to V, is a normed space. This allows us to consider the
convergence and limit for sequences of linear operators, and define closed and open sets of
linear operators. This methodology finds important application in the numerical solution of
operator equations (including integral equations, PDEs and integro-differential equations),
where typically some complicated operator L is approximated by means of a sequence of
simpler operators L,, that converge to L in some appropriate sense.

Definition A.33 (Operator norm, bounded operator) Ler U.V be norned spaces. The
norm in L € L{U, V'), called operator norm, is defined by

L,
L) = sup LEUlv (A.26)
ozver lullu
An operator L € L(U. V) is said to be bounded if | L|| < oc.
An equivalent definition of the operator norm,
1Ll = sup |1Zuly. (A27)

[l2]l;=1

can easily be obtained from (A.26).
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Indeed (A.27) is a norm in £(U,V): If L is nonzero then there exists at least one
0 # u € U suchthat Lu # 0, and since || - ||v is anorm, it is || Lu||y > O then. The second
property in Definition A.24 also follows from the fact that || - ||y is a norm. The triangular
inequality reads

IL: + Lo|l = sup [ILyu+ Loully < sup ([[Liuflv + || Loullv)

[l =1 [lee]ler=1

< sup ||Lyullv + sup [[Loully = Lol + [| L2l

llullr=1 llulle=1
forall Ly, Ly € L(U, V). Also the following proposition is trivial, but frequently used.

Proposition A.4 Let U,V be normed spaces and L € L{U, V). The following holds:
I Zully < L[l (A.28)

forallu e U.

Proof: This follows immediately from the definition of the supremum in (A.26). ]

Lemma A.23 (Composition of linear operators) LetU,V, and W be normed spaces and
Fe(UV),Ge L(V,W) bounded linear operators. Then the composition G o F also
is a bounded linear operator, and |G o F|| < ||G||||F|-

Proof: By (A.28)itis [(Go Flu|l = [G(Fu)| < [|GllI[Ful < IGIIF |||l for all
u € V. The conclusion follows. ]

Lemma A.24 (Equivalence of continuity and boundedness) Let U,V be normed spaces
and L € L(U,V). Then L is continuous if and only if it is bounded.

Proof: First assume that L is not bounded. Thus there exists a bounded sequence
{u,,}2, € U such that ||Lu,|| — oo. Without loss of generality, we can assume that
Lu,, # 0 for all n. Define a new sequence

u”

(¥ .
T Ll

which satisfies
v, =0 & ||[Lv,| =1 forall n.

This means that L is not continuous at 0, and therefore it is not continuous anywhere in U.
Conversely, assume that the operator L is bounded. Then there exists a positive constant
C such that

[Lullv < Cllully

forallu € U. Thus L is continuous at § € U and, by Lemma A.22, in the whole space U. 1
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A.2.6 Equivalence of norms

Since a linear space V may be endowed with many different norms, it is natural to ask the
following questions:

e Does a sequence {u, }52 ; C V, which converges in some norm, remain convergent
in another norm?

e Does aset S C V, which is open in some norm, remain open in another norm?

The answer is related to the notion of equivalent norms.

Definition A.34 (Equivalent norms) Let V be a normed space and || - ||v1 and || - ||v.2
norms in V. We say that these norms are equivalent if there exist positive constants Cy and
Cy such that

Cill - v < - llve < Call - llva

forallveV.

Proposition A.5 Let V be a normed space and || - ||v.1 and || - ||v.2 norms which are
equivalentin V.

1. Letv € V. The sequence {u,}>2, C V converges to v in the norm || - ||v.1 if and
only if it converges to v in the norm || - ||v.2.
2. Any subset S C V is open in the norm || - ||v.1 if and only if it is open in the norm
I llv.z:
Proof: Left to the reader as an easy exercise. |

Couple of equivalent norms is shown in Examples A.30 and A.31.

B EXAMPLEA.30 (Equivalent norms in Euclidean spaces)

Let U = R™. The discrete maximum norm (A.10) and the discrete integral norm
(A.11) are equivalent, since

el < flully < nllull (A-29)

for all v € U. The Euclidean norm (A.13) is equivalent to the discrete maximum
norm since

lullse < llullz < Vallullx (A.30)
for all v € U. This, obviously, makes the norms || - ||; and || - || equivalent.
The situation is even more interesting in polynomial spaces, where one can practise
elementary estimates:

B EXAMPLE A.31 (Equivalent norms in polynomial spaces)

Consider, for example, the space U = P¥({[~1, 1]) with the maximum norm (A.17)
and the integral norm (A.18). We will show that these two norms are equivalent in U.
The first inequality is easy and it does not even require U to be finite-dimensional:

1 1
Il = / (@)l dz < / max |f(@)de =2 _max (@) =20f]~. 3D

1 —1 —1<r<1
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When f(r) = 1 or f(x) = —1, (A.3]) becomes an equality. Hence the constant 2
cannot be improved (the estimate is sharp).

The other inequality requires to go deeper into the structure of the polynomial space
U, and we shall use the Legendre polynomials for this purpose. These polynomials
will be discussed in more detail in Example A.44. Now we need their following
properties:

1. The & + 1 Legendre polynomials L. L;...., L; form a basis of P"'([—l, 1.
2. Itis—1 < L, {x) <lin[-1.1]forallm = 0.1.2.....
3. The following holds:
1
/_1 L (z)L,(r)dr = &, forall /.j > 0.
where 0, ; is the Kronecker delta.
By the first property, every f € U can be written as
&
fe)y =) a,Lj(@).
J=0

and thus for any 0 < m < k we can estimate

.1 ) .1
Iflle = / |f(a)|dz > / [f (@) | L ()] dx > }/ fr)L,(z)dr]  (A32)
J-1 J-1 —— J-1
<1
1k K -1
= / > o)Ly ()L(r)dr| =Y a; / L ()L, () dz| = [e,].
J-120 =
67um
Summing the inequalities (A.32) over all in = 0, 1.... .k, we obtain
k k
. > > B n .
(k + l)Hf“l et Z |”W| = 411%}};1 Z |“m| |Lz ('I)|
m=0 m=0 <
A.
> max Z QLo ()| = max [fr)] =[flx.

—1<r<] —1<a<1

=0

Thus we conclude that

1
— < Iflly < 20 f]<-
k+1||f||x~||f”1~ 1

which means that the norms (A.17) and (A.18) are equivalent in U.

The following theorem confirms the intuition that we gained in the previous two exam-
ples:
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Theorem A.5 (Finite-dimensional case) LetU bea finite-dimensional normedspace. Then
all norms in U are equivalent.

Proof: Consider a linear space U of dimension n, and two arbitrary norms || - ||¢ 1
and || - ||y.1. For clarity, by U; and U, denote the normed spaces obtained when U is
equipped with the norms || - ||, and || - ||7.2, respectively. Consider the identity operator

T, : Uy — Uy, Tyu = uforall w € U. This indeed is a linear operator, which by
Proposition A.3 is continuous. Thus by Lemma A.24 it is bounded, and there exists some
C} > 0 such that

ul|u.2
1Tl = sup 12
O#uel ||U||U.1

= 1

This means that we have
lullye < Cillullp:  forallu e U.

Analogously there is a positive constant Cy > 0,

ullu,t
Izl = sup Tt

= 2
0#uelU llullv.2

for the identity operator Z5 : U — Uy. Thus we have
1
FHUHU,I < lullvze < Cillullya forallu e U,
2

which concludes the proof. |

However, this result does not extend to infinitely-dimensional normed spaces, as the
following example shows:

H EXAMPLE A.32 (Nonequivalent norms and the convergence of sequences)

Let V be the space of bounded integrable functions defined in the interval [0, 1].
Consider the maximum norm (A.17) and the p-norm (A.19),

1 v
11 = s 110 A= ([ P es) "

z€|

where 1 < p < co. Define a sequence of functions {f,}52, C V as

1, T e (O, l) ,
fn(z) = n

0 elsewhere.
Clearly the only candidate for a limit is the zero function. However, 1t is

lim || fallee = lim 1= 1.
n—00 n—oo
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At the same time,
lim || f.ll, = lim nr =0
n—>ox n—2xX

forall 1 < p < oco. It is easy to show the nonequivalence of the norms using the
sequence { f,}52, and Definition A.34.

Also the following example is related to nonequivalent norms:

H EXAMPLE A.33 (Nonequivalent norms and open and closed sets)

Let V = C([a.b]), where (a.b) C R. Consider now the maximum norm (A.17) and
the integral norm (A.18). The set

S={feV; 0<|f@)] <1 fla)=0: f(b) =1}
is closed in the maximum norm, since 0 < ||fllo. < 1 forall f € S. However, it is

open in the integral norm, since 0 < || f||, < (b — a)*/P forall f € S. The situation
is illustrated in Figure A.14.

Figure A.14  The set S does not contain the functions f,(x) = O and f2(x) = 1. Therefore it is
0 <ifllp < (b—a)/? forall f € Sand S is open in the integral norm.

A.2.7 Banach spaces

In normed spaces one finds sequences which exhibit all signs of convergence except that
they miss a limit in V' (as it was the case, e.g., in Example A.23). Let us look closer at this
behavior. The following definition explains what we mean by “all signs of convergence™:

Definition A.35 (Cauchy sequence) LerV be anormed space. A sequence {un}5%, C V
is said to be a Cauchy sequence if for every € > Q there exists an index ng such that

ln — umllv <€ foralln.m > ng. (A.33)

Here is a trivial observation on convergent sequences:

x5

Proposition A.6 Let V be a normed space. Every sequence {u, }>,

to some element v € V is a Cauchy sequence.

C V that converges

Proof: This is an easy exercise using Definition A.27. |
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A nonconvergent Cauchy sequence is shown in Example A.34.

H EXAMPLEA.34 (Nonconvergent Cauchy sequence)

Consider the linear space C([0, 2]) endowed with the integral norm (A.18), and a
sequence of functions { f,,}52; C V defined as

1, ze(0,1),

1
1+n—nx, ze |[1I,1+ -],
folz) = |: j|

1
0, xe(l—}——,?).
n

The sequence f,, is depicted in Figure A.15.

fix
1

Figure A.15 Nonconvergent Cauchy sequence in the space C([0, 2]).
It is easy to calculate

1 1

n m

an - fm“ = %

and to verify the Cauchy property
lim (lim |[fo = fmll) =0,
m—0oC n—oc

However, the sequence { £, }52 ; does not have a limit in the space C([0, 2]).

The class of linear spaces where this cannot happen was first defined in the dissertation
of a Polish mathematician Stefan Banach in 1920. S. Banach is assumed to be one of
the founders of modern functional analysis. He made major contributions to the theory of

topological spaces, measure and integration theory, set theory, and the analysis of orthogonal
series.
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Figure A.16 Stefan Banach (1892-1945).

Definition A.36 (Banach space) A normed space V' is said to be Banach space if for every
Cauchy sequence {v,}7, C V there exists an element v € V such that lim, . v, = v,

Here are a few examples of Banach spaces:

1. the real or complex n-dimensional Euclidean space R” with the discrete maximum
norm (A.10) or the discrete p-norm (A.12), whose special cases are the discrete
integral norm (A.11) and the Euclidean norm (A.13),

2. the space R"” " of real or complex matrices with the norms analogous to the previous
case, for example with the Euclidean norm (A.16).

3. the space V = [P of infinite real sequences with the discrete p-norm

~ v
I{untozilh = <Z|“11|p> .

n=1
where 1 < p < x,
4. the space P*([a. b]) with the maximum norm (A.17),
5. the space C([a.b]) with the maximum norm (A.17).

A sufficient condition for a normed linear space to be Banach space is mentioned in Lemma
A25.

Definition A.37 (Reflexivity) A normed space V' is said to be reflexive if the dual space to
its dual is V iiself, i.e, if (V') = V.

Lemma A.25 Every reflexive normed space is a Banach space.

Proof: This proof can be found in most textbooks on functional analysis, e.g., in [65]. H

Let us remark that there exist Banach spaces which are not reflexive. We already know
that with U, V' being normed space, the space £(U. V') is a normed space as well. The
following theorem moreover gives a sufficient condition for £(U, V') to be Banach space.
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Theorem A.6 (Conditions for £(U. V') to be a Banach space) Ler U be a normed space
and V be a Banach space. Then L(U.V') is a Banach space.

Proof: Let {L,}., be a Cauchy sequence in L(U. V) and u € U arbitrary. We show
that { L, 1}, is a Cauchy sequence in V:

This is clear if u = 0. If u # 0 consider an arbitrary ¢ > (. There exists an index 11 so
that ||L,,, — L, || < ¢/Ju|l¢- for all m.n > ng. Then

”Lln w— L, “’HV < ”Lm - Lll““”’”(/ <e forall m.n > 1.

and indeed {L,u}<, is a Cauchy sequence. Since V is a Banach space, this sequence
converges to some element in V. Thus we can define the limit L of the sequence {L,, } ¢,
by

Lu= lim L,n forallueU.

0"

It is easy to see that L is linear, and thus it remains to be shown that || L|| < >c:
Let ¢ > () be given. There exists some index n, such that |L,, — L,|| < ¢/2 for all
m.n > ny. Therefore for every v € U we have

€ .
”Lm” - Ln“”\' < ”Lm - Ln”H””U < ”l‘;H( forall yion > ny.
and
”L“ - LH“”V = lim Lypu — Ln” < lim ||Lm u—L, “”\' < M
m—x % n—nc

for all » > ny. Finally,

€

IZally = ILwa + Lo = Lyullv < WLl + 120 = Loalye < (12004 5) el

Thus L is a bounded linear operator. Since ||L — L, || < § forall n > 1y, we have that
L,— Lin LU V)asn — x. |

Completion of normed spaces Next let us mention the completion of normed spaces
to Banach spaces.

Definition A.38 (Dense subset) Ler V be a normed space and S a subset of V. The set S
is said to be dense in V if for every v € V there exists a sequence {s, }3°, C S such that

lim ||s, = v]y = 0.
The main result is formulated in the following abstract theorem, which is followed by
an illustrating example.

Theorem A.7 (Completion of normed spaces) 7o every normed space U there exists a
Banach space W such that:
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1. There is a subspace V C W and a linear bijection T : U — V satisfying

|Zullw = llully forallue U.

The operator T is called isometric isomorphism between the spaces U and V.
2. The space 'V is dense in W.

The space W is called completion of U, and it is unique up to an isometrie isomorphism 1.
Proof: See, e.g., [99]. |

For example, the Banach space W = R is defined to be the set of equivalence classes of
all Cauchy sequences in the space of rational numbers Q). The space V is then identified
with Cauchy sequences in @ whose limit lies in Q. The incompleteness of the space Q@ is
illustrated in the following example.

H EXAMPLE A.35 (Completion of rational numbers)

Consider the normed linear space  of rational numbers endowed with the standard
norm

llglle = lql-

In order to see that Q is incomplete, let us describe the way the ancient Babylonians
calculated square roots. To find a rational approximation of the square root of an
integer a > 0, let 0 < xg € Q be such that ;z:(Q) < a. Then 7y < va < a/zg € Q.
The average of these two values gives an even closer estimate,

Tr +a/xp
Thyy = f/ cqQ, (A.34)
as depicted in Figure A.17.
sqri(@
V
0' )"k a/-"‘k;/ 'XA+/ a'/XA

Figure A.17 Approximate calculation of a square root.
Iterating this formula, we obtain a convergent sequence {x;}7, C Q such that
lim z; = va.
k—oc

It is left to the reader as an exercise to prove that the sequence is convergent and that
its limit is v/a. There are several ways to do this, one of them using the fact that

a < < 1
== okt

Tty —

z()—;ag} forallk > 1. (A.39)

Tk+1
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The formula (A.34)is still used in modern digital calculators due to its high efficiency.
Its origin sometimes is attributed to Heron of Alexandria who described it in his
famous “Metric”, but as a matter of fact the formula was already known to the old
Babylonians.

A.2.8 Banach fixed point theorem

The concept of contractive operators and the Banach fixed point theorem play an important
role in the analysis and numerical solution of nonlinear problems. Let us mention the basic
results and show their applications:

Definition A.39 (Contractive operator) Consider a Banach space V and a (not neces-
sarily linear) operator L : V — V. Then L is said to be contraction if there exists a real
number 0 < g < 1 such that

|Lu = Lo|lv < gllu = vlly  forallu,ve V. (A.36)

It is important that the number ¢ is strictly less than one. Moreover, if a contractive
operator L is linear, we have || Lully < gl|ul|v for all w € V, which means that

ILII < g <1
The following theorem holds for both linear and nonlinear operators:

Theorem A.8 (Banach fixed point theorem) Ler V be a Banach spaceand L -V — V
a contraction with a constant 0 < q < 1. Then the equation Lx = x has a unique solution
x € V. Moreover, the sequence {x, 5%, C V defined by x,,+y = Lx,, foralln, converges
to x foreveryxg € V.

The element x € V such that Lz = x is called fixed point of L.

Proof: Let us choose an arbitrary element zp € V and define a sequence {x,}3%,
Tny1 = Lx,. We begin with showing that this is a Cauchy sequence:

“zn+k - -Tn” = ]|In+l —ZTn+ Tn+2 — Tn4 +...+ Ttk — Tntk—1 ||
k
< Z ]|zn+r - I'n+7‘—l||
r=1
k
< (zq) s — ol
r=1
1- q’c
= q" 1 llzy — @ol|
-4
n
< 1 2y = zoll-
-4

Hence, for an arbitrarily small € > 0 we always can find an index ng such that
0

1-g

lzy — zoll <e,
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and we see that ||z,,, — || < e forall m,n > ng. Thus the sequence {,, } 7=, has a limit
in V that can be denoted by . It remains to be shown that Ly = r:

Lz — || = ||L&t— axpey + T — 7

IA

L2 — i1l + aner — 2]
|Lx — Ly || + |eney —

glle —enll + llzus: — 7|

IA

Since both ||z — x| and ||z,,+ — x|| converge to zero as n — oo, necessarily itis Lz = 1.
Suppose that there exist two different elements x and  in V such that Lz = x and Ly = y.
Subtracting these relations and taking the norm, we obtain

e = yll = IILx = Lyll < qllz = yll < llz = yll.

which is a contradiction. Thus we conclude that the element . € V' is unique. |

The procedure for finding the fixed point 2 € V' of a contractive operator L, which was
used in the proof of Theorem A.8, is called fixed point iteration. The next lemma says
that under special circumstances the operator L does not even have to be contractive in the
whole space V to have a fixed point:

Theorem A.9 (Local fixed point theorem) Let V be a Banach space and S its closed
subset such that L(S) C S (ie, Ls € S forall s € S). Further, let L : V — V be an
operator which satisfies locally in S the contraction condition

[Lu — Lo|ly < qgllu—v|v forallu.vesS (A.37)

with some 0 < q < 1. Then the equation Lx = r has a unique solution x € S. Moreover,
the sequence {x, } 7, Tny1 = La,, converges to x for an arbitrary x¢ € S.

Proof: Let x( be arbitrary element of S. By induction, the sequence {z,}2 lies in S,
and so does its limit = by the closedness of S. For the rest see the proof of Theorem A.8. 1

Many applications of the fixed point theorem are related to the solution of nonlinear
problems. Let us present a few examples for illustration:

B EXAMPLE A.36 (Fixed point iteration)

1. Let V = R. Consider an arbitrary real function g : V — V which is Lipschitz-
continuous with a constant § < ¢ < 1, i.e., such that

lg(x) - g(y)| < glz -yl (A.38)

forall z, y € R. Thisrequirement obviously is satisfied, e.g., by all smooth functions
whose derivative satisfies |¢’(x)| < ¢ for all x € R. Theorem A.8 guarantees the
existence of a unique solution to the equation g(z) = x. The solution can be found
via the fixed point iteration x,, 41 = ¢(z,,), starting from an arbitrary =, € R.

2. Now let us apply the fixed point iteration procedure to find all real solutions of the
equation
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L4+r—1=0.

The easiest way to transform this equation into the form g{x) = z is to define
g(x) = 1 — z3. However, then there exists no finite ¢ > 0 for condition (A.38) to
hold, since |¢'(x)| — 20 as & — oco. Another attempt,

is successful since |¢'(x)| < 0.7 for all z € V = R. Now Theorem A.8 yields the
existence of a unique solution z € R. Again, the solution can be found via the fixed
point iteration x, 41 = g(x,), starting from an arbitrary xq € R. The situation is
shown in Figure A.18.

Figure A.18 Solution of the equation 2342 —1 = 0 via fixed point iteration in R (Theorem A.8).

3. Next let us solve the nonlinear equation

z—cos(x) =10

in V. = R. The original Banach Theorem A.8 cannot be applied since there exist
points xx = 7/2 + kn such that | cos’(zx)| = 1, and thus condition (A.38) does not
hold for any 0 < ¢ < 1. This can be shown easily using some arbitrary sequence
{ym }oo_; converging to some of the points x. Fortunately there is a remedy in the
form of Theorem A.9. We can define a closed set S = [—1, 1] and use the fact that
cos(S) C S. Since |cos'(z)] < 0.9 for all z € S, Theorem A.9 guarantees the
existence of a unique solution = € S. Again, this solution can be found iteratively
using an arbitrary xy € S. The graphs of the functions g(z) and x are shown in
Figure A.19.

. In the last example we visit numerical linear algebra. Consider a nonsingular real
n x n matrix A and a real vector b € V = R™. The Jacobi method for the solution
of the system

Ax=b
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Figure A.19  Solution of the equation z — cos(z) = 0 via fixed point iteration in [—-1.1] C V

(Theorem A.9).

is based on the decomposition

A:

L+D+U

of the matrix A into the sum of a lower-diagonal matrix L (whose entries on and
above the diagonal are zero), diagonal matrix D and upper-diagonal matrix U (whose
entries on and below the diagonal are zero). The equation (L + D+ U)z = bcan be

transformed into

x=D7!

b~ (L+U)a.

(without loss of generality, we can assume that the diagonal entries are not zero —
otherwise we perform a permutation of rows in the linear system). This leads to the

fixed point iteration scheme

Tn4+1 = D~

b= (L + U,

where zy € Visan arbitrary initial guess. We cannow definean operator ' : V. — V,

Fx= D"

Yo~ (L+ U)al.

Fis not linear (more precisely, it is nonlinear for all b # 0), but nevertheless we can
use the Banach Theorem A.8 to analyze convergence of the Jacobi method:

Let || - |loc be the discrete maximum norm (A.10) in V. For any matrix M € R™*"

and w € V we can estimate

[ Mwl|oc

max
1<<n

IN

max
1<2<n

IA

max

n

E mi; Wy

Jj=1

(A.39)

n

> Imugllg)

=1

j=1

M wlloe.

IA

n
19‘92 el (1?

Jj<n

ax |wj]

)
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where || Af]| is the matrix norm (A.15),

k23
M| =
1M1 = max 3 s
=

Let u,v € V. Substituting D~™Y(L + U) for M and u — v for w in (A.39), we obtain
[Fu= Folloe = 1D L+ U)(u - )l < 1D YL+ Ul = vlloc-

Hence the operator Fis a contractionif || D™ (L +U)|| < 1. Looking at the structure
of the matrix D=1 (L + U), we have

k£

R~ 1
D YL+ U)| = Y |l = T
ID7HE+ D)l = s g 2l ol = i o 3 el

Thus a sufficient condition for the operator F' to be contraction is

lawl > > lay|  foralll<i<n. (A.40)
J=1,5#1

Every matrix A with this property is called strictly diagonally dominant (SDD). We
have shown using Theorem A.8 that the Jacobi method applied to any SDD matrix
converges to the solution x of the linear system Ax = b for any right-hand side
bec R™

A.2.9 Lebesgue integral and LP-spaces

The Lebesgue LP-spaces have a prominent position within the class of Banach spaces
because of their importance for the study of partial differential equations. Henri Léon
Lebesgue was a French mathematician who generalized the Riemann integration and es-
tablished the basis of modern measure and integration theory.

Figure A.20 Henri Léon Lebesgue (1875-1941).
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Because of space constraints, we only can summarize the basic ideas of the Lebesgue
integration theory in the next paragraph. For a systematic introduction we refer the reader
to [28, 98] and [99].

A few loose words about the Lebesgue integration theory The measure of a set
is arigorous definition of its volume that remains exact even for very complicated sets whose
volume in the traditional sense is difficult to imagine. The definition of the measure of sets
precedes the definition of the integral. The Lebesgue measure, which is used to define
the Lebesgue integral, is an alternative to the Jordan measure upon which the Riemann
integral was built. There exist rare sets whose Lebesgue measure is undefined, but the
reader does not have to worry about encountering them, since this is is almost impossible
in practice. In what follows, all our considerations are based on the Lebesgue measure,
Lebesgue-measurable sets and Lebesgue integrals of functions defined in such sets. We
shall not repeat the name of Lebesgue or the measurability assumption anymore.

We shall say that a set €, C RY has zero measure in RY if its d-dimensional measure is
zero. For example, the d-dimensional measure of a set {2 consisting of a finite number of
points or even of a countable infinite set of points, such as the set of rational numbers, is
zero if d > 1. The one-dimensional measure of the interval (a. b) equals to b — «, but its
two-dimensional measure as an edge of the square (a.b)? C RZ, or its three-dimensional
measure as an edge of the cube («. b)? C R?, is zero. Analogously the measure of any curve
o (a.b) — R is zero in RY if d > 2. The three-dimensional measure of sets consisting
of up to countable infinite number of points, one-dimensional curves or two-dimensional
surfaces is zero.

Let f : {2 — R, where 2 C R is an open measurable set. The Lebesgue integral of f
over {2 is invariant with respect to the values of the function in zero-measure subsets of €.
This can be written as follows,

/ f(x)ydz = / f(x)ydx  forall 2y C Q. Q] = 0. (A41)
0 Jong,

So, for example, it does not matter whether the integral is performed over an open set
2 C R or over its closure . Or, when integrating a function ¢ in an interval (a, b) C R, it
does not matter what values it attains on rational numbers. Because of the above-described
properties the Lebesgue integral is defined for functions where the Riemann integration
fails, as shown in the following example.

B EXAMPLE A37 (Riemann vs. Lebesgue integral)

Let £ = (a.b) C R be a nonempty bounded interval. Define ; = 2 N Q and
consider the function

1. T e Q().
g(x) = (A42)
-1_’ r € Q \ Q()‘

where Q is the set of rational numbers. The graph of this function is shown in Figure
A2l.
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gir)

Figure A.21  Graph of the function (A.42).

To define the Riemann integral, cover the interval (a. b) with a partition ¢ = r( <
rp <...<.o, =bsuchthatz, —r,_; < (b—a)/nforalll < i < n. TheRiemann
integral is defined as

"

(1?)/ g(x)dz = lim Zg({,)(.r,- — 1) (A.43)
JQ =2

=1

where £, is an arbitrary point in the subinterval (.r;_;.r,). Clearly the limit (A.43)
does not exist, because £, always can either be minus one or one (and thus the result of
the Riemann integration can be anything between — (b — a) and b — a). The Lebesgue
integral, according to (A.41), yields a unique result,

(L.)/Qg(a') dr = /Q\Q“@ do + \/Qu g(r)dr = —(b—a).

=0 since {§2p]=0

We shall say “almost everywhere (a.e.) in {2” meaning “everywhere in €2 up to a subset
Qy C Q, where || = 0. Two functions f and f defined almost everywhere in §2 are said
to be equivalent in the Lebesgue sense if f = f in \ €, where |2o| = 0. In the above
example, the function ¢{.r) was equivalent to (r) = —1.

Definition A.40 (L”-norms and L?-spaces) Let Q@ C R? be an open set. Consider the
linear space V' of measurable functions defined in Q). For every 1 < p < oc we define the

LP-norminV as
1l = ( / If(m)l"dm> | (A44)
Q

The L™ norm in V is defined as
[l = ess sup [f(x)]. (A45)
Te
where the essential supremum of a function is defined as

ess sup g(x) = inf sup g{x).
meszg( ) ZCQZ(=0 sz\gg( )

The spaces LP(S)) are defined as
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LPQ) ={feV; ||fl, <} foralll<p< oo

L>(Q) ={f €V, ess sup [f]| < oo},
e

Despite its rather complicated definition, the essential supremum is just the “supremum
that disregards extrema in zero-measure subsets”. If the essential supremum of a function
is finite, this function is said to be essentially bounded.

Of course the reader has the right to ask if the relations (A.44) and (A.45) define norms:
We are going to prove the corresponding triangular inequalities to Paragraph A.2.10. Prior
to manipulating with LP-functions, however, let us get some feeling for their shapes.

Shape of L? functions in{) C R

l.

Let 2 = (a,b) C R be bounded. Then every essentially bounded function f : 2 —
R, |f(z)] < C ae. in Q, belongs to LP(§2) forall 1 < p < co. This is obvious for
p = o0, and for p € [1, 00} we can estimate

1

P

£, = / fafPdz | <Cl9)b < oo (A46)
g
S P

. In unbounded sets 2 C R, essentially bounded functions still lie in L>°(£2) (that is

the definition). But generally they do notliein LP(Q2) forp € [1, c0). This is obvious
when taking the function f(2) = 1 and rewriting (A.46) foraset Q C R, || = oc.

. One of the main purposes for LP-spaces is to control the strength of singularities.

Consider, for example, the interval Q = (0, 1) and the function f(z) = 1/z“. Then
the LP-norm of f(x) is

1 1
) —  a<-
107 v (1 —ap)® p
11, = ([ 35| )" =
QlT 1
00 Q> —.
Y4

Hence, real functions defined in € C R lie in the space LP(Q) if either they are
essentially bounded or if their singularities are weaker than the singularity of z=/7
(at singular points they go to infinity slower than z1/y,

. The other purpose of LP-spaces is to control the rate of decay at infinity on unbounded

sets. Consider, for example, the interval 2 = (1, c0) and the same function as above,
f(z) = 1/z®. Now the LP-norm of f(x) is

1 1

L —T o> —

LpoNE | -t T
1= ([ 26| a2)” -

Q 1

00 a< —.

p
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We conclude that on unbounded sets {2 C R, real functions lie in the space LP(€) if
they decay faster than 1/2'/P at infinity.

Shape of LP functions in Q C R?

1. Let © C R be an open bounded set. Then every essentially bounded function
F:Q >R, |f(z) < Cae in(Q,belongs to LP(§2) for all 1 < p < oo (proof is
analogous to the 1D case above).

2. Let © C R< be an unbounded open set. For the same reason as in the 1D case,
essentially bounded functions lie in L°°(€2), but generally they do not lie in LP(£2),
1 < p < oo. For this they need a sufficient rate of decay at infinity, analogously to
the 1D case. We will discuss this in a moment.

3. In order to analyze the behavior of functions with singularities in bounded open sets,
it is enough to use the open ball } = B(0, R) C R¢ with a finite radius R > 0.

Consider the function f(z) = 1/7%, r(xz) = \/x? + ... + 2. Using the integration
in polar coordinates (which is left to the reader as an exercise), we obtain that

d
< 00 o < —

i = ([ | pd)% ’
y = - T

! olr® d

=00 o> —.

p

Thus a function defined in an open bounded set  C R® belongs to L?(€2) if and only
if either it is essentially bounded or its singularities are weaker than the singularity
of r=d/7,

4. On the other hand, for functions on unbounded open sets we can restrict ourselves
to the open set 2 = R%\ B(0, R), where R > 0. For the function f(x) = 1/r°,
r(z) = \/x? + ... + z3, using the integration in polar coordinates again, we obtain

d

< o @ > —

1= ([ [ 5] e=)’ Y
y — — xr

f olr® d

= 00 a < -

Y4

We conclude that functions defined in open unbounded sets 2 € R? belong to LP(£2)
if and only if they decay faster than 7~%/? at infinity.

Let © C R? be an open set. Then the space L?() is infinite-dimensional and its basis,
obviously, consists of an infinite number of functions. To give an example, the Legendre
polynomials Lg, L, Lo, ... form a basis in the space LQ(—l, 1). We will discuss them
in more detail in Paragraph A.3.3. Another important example is the basis of the space
L%(0,27) consisting of the functions {cos(nz)}52, and {sin(nx)}22 ,, which is used to
expand L2-functions into Fourier series. The Fourier series will also be discussed in more
detail in Paragraph A.3.3. Before we present the most important inequalities in LP-spaces

in Paragraph A.2.10, let us say a few words about discrete LP-spaces.
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Discrete LP-spaces Although in this text we focus primarily on infinite-dimensional
LP-spaces defined in open subsets €2 of R? (case most relevant for the study of partial dif-
ferential equations and finite element methods), the finite-dimensional spaces R" equipped
with the discrete p-norm (A.12) are also worth mentioning.

Discrete LP-spaces are defined on the so-called counting measure (see, e.g., [99] for
details), where the integration is equivalent to summation. Then the integral p-norm (A.44)
comes over to the discrete p-norm (A.12), and the L>°-norm (A .45) naturally is replaced with
the discrete maximum norm (A.10). The finite-dimensional case of R™ can be generalized
to the space of infinite real (complex) sequences. Used is an analogy of the discrete p-norm
(A.12), with the sum going from one to infinity, and the analogy of the discrete maximum
norm (A.10), where the maximum is replaced with the supremum over absolute values of all
entries of the sequence. Sometimes the discrete LP-space in R™ is denoted by the symbol
[P(R™).

A.2.10 Basic inequalities in LP-spaces

In this paragraph we prove that the relations (A.44) and (A.45) indeed define norms, and
we introduce several important inequalities in LP-spaces: The triangular inequality for the
LP-norms is called Minkowski inequality. The proof of the Minkowski inequality requires
the Holder inequality, which in turn is based on the Young inequality.

The following proofs contain numerous algebraic manipulations involving a pair of real

numbers 1 < p,q < oo such that

1 1
-+ -=1 (A.47)
p g

To get more familiar with this relation, check that

pg=p+q

and
(p-1)g-1)=1
are equivalent to (A.47).

Lemma A.26 (Young inequality) Let a,b > 0 and 1 < p,q < oo such that

1 1
T4 =1
P g
Then -
ab< 4 2 (A.48)
p q
Proof: For an arbitrary 0 < b € R define a function f : [0,00) — R by
P B
flx) = Y
p

Itiseasy to verify that f'(zq) = Oifandonly if zy = b7 T, that f'(z) < Oforallz € (0, )
and that f'(z) > 0 for all x € (zp,00). Evaluating the function f(x) at xg = b, we
discover that f(xg) = 0. Therefore it is

P pe
O§£+—7$b
Y4 q
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for all x > 0, and thus (A.48) holds for all a > 0. [ |
The following modification of the Young inequality is equally useful:

Lemma A.27 (Modified Young inequality) Lera.b > 0, ¢ > 0and 1 < p,q < oc such
that

11
Sio =1
P q
Then ) y
ab < e el (A.49)
p q

Proof: Relation (A.49) follows immediately when (A.48) is applied to properly changed
values a, b instead of the original values a, b. This is left to the reader as an exercise. W

The Holder inequality was first proved by a German mathematician Otto Ludwig
Holder in 1884, in the context of convergence analysis of Fourier series. O.L. Holder
contributed significantly to mathematical analysis and group theory.

.

Figure A.22 Otto Ludwig Holder (1859-1937).

Theorem A.10 (Holder inequality) Ler Q C R? be an open set and 1 < p.q < oo such

that
1 1
—_ _+_ —_
P g
(it is understood that 1 /oo = 0). Letu € LP(Q) and v € L(Q). Then

=1

/ lu(x)v(x)| de < |jullpllvlg- (A.50)
Q

Proof: Ifp =1,p = ocor|ju|, = O then the inequality obviously is satisfied. Otherwise
use the modified Young inequality to obtain

. p P q
[ @) e o < [ SDEy amalHBIE g <
S QS ———— Q p q p

1—q

p [ollf  (ASD

a b



382 BASICS OF FUNCTIONAL ANALYSIS

for all € > 0. The function

6\—q

€
fle)= EIIUIIS +—1lvllg

q

flollq

attains its minimum at €g = T
ully

Using the value €g in (A.51), we obtain

I—q
) € € 1 1 _
/Q lu(z)||v(z)de < EIIUIIﬂ e lvllg = I—)IIUllpllvllq + &IIUIIpIIUIIq = [lullpllvllg,

which concludes the proof. |

Let us remark that in the space [P(R"), equipped with the discrete p-norm (A.12) or the
discrete maximum norm (A.10), the Holder inequality (A.50) attains the following form:
Letu.v € R® and 1 < p,q < ocsuchthat 1/p + 1/¢ = 1. Then

1
a

n n % n
D lwwil < Jullpllollg = { D lwl” ) (Dl (A.52)
i=1

i=1 i=1

This inequality sometimes is called discrete Holder inequality.

The Minkowski inequality carries the name of a German mathematician Hermann
Minkowski. Although he was mainly interested in topics of pure mathematics such as
quadratic forms and continued fractions, it is commonly assumed that the greatest contri-
bution of H. Minkowski was the coupling of the space and time into a four-dimensional
continuum, that provided the foundation for all later work in relativity. Albert Einstein
attended several of his courses in Ziirich.

Figure A.23 Hermann Minkowski (1864-]1909).
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Lemma A.28 (Minkowski inequality) Let Q@ C R® be an open setand 1 < p < oc. Then
lu+ vllp < flullp + lloll, (A.53)

Jorallu,v e LP(Q).

Proof: The inequality obviously is satisfied for p = 1 and p = co. Applying the Holder
inequality, for p € (1, 00) we obtain

lu+olfp = /|u(m)+v(m)|”dm:/|u(m)+v(m)|”_1|u(m)+U(m)|dm
< /| )+ v(®)|Pu(x) |dm+/|u )+ v(@) P u(z) | dz
< ([ 1@ +o@(e-ea) ul, + pol,)
Ja
= ([ 1@ +e@Pe) " ul,+ 1ol
= flu+oll5 (el + [1vll,)
which concludes the proof. |

Herewith the triangular inequality for the L”-spaces is verified and we can be sure that
(A.44) and (A.45) are norms. In the space [P(R"), equipped with the discrete p-norm
(A.12), the discrete Minkowski inequality has the form

1 1 i
n » T P T P
(mewv’) :|tu+vt|ps||u||p+||v||p:(Zw) +<Z|vz|’*> :
i=1 =1 =1
(A54)

The Young, Holder, and Minkowski inequalities are encountered frequently in the analysis
of functions in LP-spaces. The next lemma summarizes several other important properties
of these spaces:

Lemma A.29 Let Q C R? be an open set.
1. Forevery 1 < p < oo, LP(§2) is a Banach space.

2. Forevery 1 < p < oo, every Cauchy sequence in LP(§2) has a subsequence that
converges pointwise almost everywhere in Q2.

3. Let Q2 be bounded. Then for every 1 < p < g < 0o, L1(Q) C LP(Q), and we have
1.1
[ollp < (207 vl
forallv & LY(S2). Moreover, it is

[ollo = lina_ vl

forallv e L>(1).
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4. Foreveryl <p <r <g<oandvy € |0.1] satisfring

1
13,

rooop q

-~

the following interpolation property of LP-spaces holds:

Telle < lel3llelly ™

Proof: These results are standard, but their proofs are rather technical. See, e.g., {34, 65]
and [99]. |

The assumption of boundedness of 2 in the third assertion of Lemma A.29 is important.
The reason why on bounded sets in R the L?-spaces get smaller as the exponent p rises is
that the maximum admissible strength of singularities decreases (Figure A.24).

s

Figure A.24  Structure of L-spaces on an open bounded set {2 C R?. (L% stands for L™.)

On the other hand, if 2 is unbounded, then the implication does not hold since evidently
not all bounded functions are integrable.

A.2.11 Density of smooth functions in LP-spaces

Let Q C R? be an open set. The ability of functions from the space C>({}) to approximate
the LP-functions with an arbitrary accuracy is of great practical importance in the analysis
of partial differential equations. This result is formulated in Lemma A.30. At the end of
this paragraph we briefly discuss the duality of the L”-spaces.

Lemma A.30 Let Q € R? be an open set. Then for any 1 < p < oc and any v € LP(Q)
there exists a sequence {u,}or, C C™(§2) such that

lim [Ju, — v, =0.
n—>x

Proof: See, e.g. [34, 65]}and [99]. |

This meansthat no functionv € LP(§2) is isolated from C'>°-functions in the sense that for
arbitrarily small ¢ > O there always is some C'>*-function in the open ball B(v.¢) C LP((2).
If 2 is bounded, then the result of Lemma A.30 holds even for the space C3°(£2) of infinitely
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smooth functions that vanish on the boundary of 2. The result also holds for every space
C™(Q), m > 0, of m-times continuously differentiable functions (including the space
C(§2) = C%() of continuous functions).

Density argument A frequently used technique for proving various properties of func-
tions in LP-spaces, called density argument, works as follows:

Let v € LP(2) be a function whose property (P) is to be shown.

Take some sequence in C(€2) converging to ¢ in the || - ||,-norm (the existence of
such sequence is guaranteed by Lemma A.30).

Prove that starting with some index r, the elements in the sequence have the property
(P). This step usually is much easier for infinitely smooth functions than for the
original function v.

Show that also the limit of the sequence has the property (P).

This technique will be used, for example, to prove the Poincaré-Friedrichs’ inequality in
Paragraph A.4.5. Let us give an example of such sequence:

B EXAMPLE A.38 (Sequences of C' ™ -functions converging to an L”-function)

1.

In the interval ©2 = (—1.1) consider the function

1 z=1.
o(z) =

0 elsewhere in €2.

This function belongs to the space L”(Q2) for all 1 < p < oc. The sequence of
> (Q)-functions {u, })2,,
< "
= (1- %)
converges to v in the p-norm for all 1 < p < oc. The functions ;. ti1g. U100. L1060
and w0000 are shown in Figure A.25.

Figure A.25 Example of a sequence converging out of C(—1.1).

Since the function v is equivalent to the zero function in the Lebesgue sense, one
can say that the sequence {u, };%, converges to zero in all spaces L”(§2) for all
1 < p < . The sequence does not converge in the L>-norm.
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2. Next, in the interval © = (0, 27) consider the discontinuous function

x z € (0,m).
v(z) =
T =27 x€[m2m).

This function again belongs to the space L>({2) on a bounded set and therefore it
lies in all spaces LP(£2), 1 < p < oc. The sequence of C°°(Q2)-functions {u,, }3 ,

T

2
Uy = Z(—l)"c+1 z sin(kz),

k=1

convergesto v inthe L?-norm (actually it convergesin the p-normforall1 < p < 50).
For the explanation, however, the reader will have to wait until Paragraph A.3.3 where
we arrive at the Fourier series.

The last topic in the theory of LP-spaces that we would like to discuss in this section is
their duality:

Lemma A.31 (Duality of L?P-spaces) Let Q C RY be an open set and 1 < p < 0o. Then
any dual space V' to the space V = LP(Q) is isomorphic with the space L1(§)) where

Sy-=1
P q

Proof: Consider the subset S C V' consisting of all linear forms that can be written as

flu) = /Qvf(m)u(m)dm,

where vy are arbitrary functions. Since u € V and || ||y has to be finite, the Holder
inequality restricts the functions vy to lie in the space L7(€2). The next step of the proof is
to show that S = V. This is more technical and we refer, e.g., to [99]. |

Remark A.2 (Dual space for L>(Q2)) Generally, it is not true that the dual space to
L>(Q) is LY(Q). This only holds if the measure of the set Q1 is o-finite. More details
can be found in [99].

A.2.12 Exercises

Exercise A.23 Let V = R”, n > 0. Show that the functions

and

123
lolle = ol
=1
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are norms on V. These norms are called discrete maximum norm (I°°-norm), and dis-
crete integral norm (1*-norm), respectively, because of their relation to Lebesgue spaces of
sequences.

Exercise A.24 Let V = C([0,1]). Show that the function

IIf]

max — INax |f(1‘)|
z€[0.1]

isanorminV.

Exercise A.25 Consider the space V = C*([0, 1]) and decide which of the following is a
norm and which only is a seminorm:

/. max |u(x)
0<r<1

»

2, [nax, [lu(z)] + ju'(2)

I

3. ()],
Jnax [u'(z)]

4. |u(0 "(z)),
lu(0)] + Snax, lu' ()]

“

b
/
0?,?%(1 |u' ()] —l—/ﬂ |u(z)|dz, a,be(0,1). a<b

Exercise A.26 Use Definition A.27 to prove the equivalent characterization of limit in
Lemma A.20.

Exercise A.27 Use Definition A.27 to show that the sequence in the third item of Example
A.22 does not converge in V.

Exercise A.28 Prove the “backward triangular inequality” (A.25) and the corresponding
result for normed spaces: ||ua|lv — |lusllv| < ||t — wpllv for all ug,up € V.

Exercise A.29 Prove Proposition A.5.

Exercise A.30 Prove inequalities (A.29) and (A.30) in Example A.30 (equivalence of the
discrete maximum norm, discrete integral norm, and the Euclidean norm in R"),

Exercise A.31 Consider the space C*(0,1) N C([0.1]). Prove that the following norms
are equivalent:

1
1flla = 1£(0)] +/0 ()] de
and
1 1
11l = / e+ | 1F(@)de.
0 0

Hint: Use the main theorem of calculus or the integral mean value theorem. The latter says
that for every g € C(|0,1]) there is a § € [0, 1] such that
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Exercise A.32 Adjust the procedure from Example A31 to prove the equivalence of the
maximum norm (A.17) and the p-norm (A.19) with p = 2 in the space P*([~1.1]), where
k is an arbitrary natural number.

Exercise A.33 Let (a,b) C R be a nonempty bounded interval.

1. Construct an infinite sequence of functions in the space V- = C([a, b)) that converges
in the p-norm for all 1 < p < oo but which does not converge in the maximum norm.

2. Use this sequence and Definition A.34 to show that the maximum and p-norms are
not equivalent in V.

3. Isit possible to construct a sequence in V which converges in the maximum norm but
does not converge in the p-norm? Present a proof.

4. Find a subset S C V thatis open inthe p-norm but is not open in the maximum norm.
Can vou do this vice versa as well?

Exercise A.34 Show that the definitions of the operator norm (A.26) and (A.27) are equiv-
alent.

Exercise A.35 Prove Proposition A.6 (every convergent sequence in a normed space is
Cauchy sequence ).

Exercise A.36 Let V be a normed space and {u, };<; C V a Cauchy sequence. Suppose
that there is a subsequence {u,, }7<, C {u, };%, and some element u € V such that

lim 1w, = u.
e
Show that

lim w, = u.
n—x

Exercise A.37 Show that the sequence (A.34) is convergent and that the limit is \/a. Hint:
Use, for example, (A.35).

Exercise A.38 Consider the open ball B(0. R) C RY, d = 3, with a finite radius R >
0, and the function f(xz) = 1/ r(x) = \Jri+...+ 22 Show that the following

statements hold:

I. Let Q2 = B(0.R). Then f(x) € LP(QY) if and only if o < d/p.

2. Let Q =R\ B(0.R). Then f(x) € LP(Q) if and only if o > d/p.

Describe in detail the application of the Substitution Theorem for integration in spherical
coordinates, and write the corresponding resulting finite integral.
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Exercise A.39 Prove the modified Young inequality (A.49) using the Young inequality
(A.48).

Exercise A.40 Ler Q2 C R be an open set and 1 < py.py. . ... P such that

1 1 1
— =
P1 P2 P

= 1.

Use the Hélder inequality (A.50) to prove the generalized Holder inequality
[ lus(@ia(@) ... @] d < ol bl A5
Ja

Hint: Proceed by induction.

Exercise A.41 Consider the space V = L*(—1.1) and the step function v(z) € V, v(z) =
Oforall v < Qandv(x) = 1forall x > 0. Construct some concrete sequence {u, }7=, C
C>™(—1.1) such that

lim |, — 2| = 0.

nN—oC

Hint: The norms ||u,, — v||1 do not have to be calculated exactly if you can estimate them
by some values that converge to zero.

A.3 INNER PRODUCT SPACES

Some linear spaces can be endowed with inner product, which is a binary operation similar
to the “dot-product”

n
(wv)gn =u-v = Z u; v, (A.56)
=1

of vectors in R". Such spaces are called inner product spaces. Orthogonality in a general
inner product space V' is defined analogously to the orthogonality of vectors in R",

ulov & (u.v)y=0. (A.57)

The notion of orthogonality and orthogonal projection makes inner product spaces extremely
convenient for the study of partial differential equations and finite element methods. After
discussing the most important concepts and techniques available in inner product spaces,
at the end of this section we also mention compactness and weak convergence.

A.3.1 Inner product

Definition A.41 (Inner product) LerV beareal orcomplexlinear space. Aninnerproduct
in V' is any function (-,-)y : V X V — R (or C) with the following properties:

1. Foranyu €V, (u,u)v > 0 and moreover (u.u)y = 0 if and only if u = 0.
2. Foranyu,v €V, (u.v)y = (v.u)y.

3. Forany u.v,w € Vandall a.b & R (or C) we have (au + bv.w)y = alu, w)yv +
b(v.w)y-.
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In real inner product spaces the second axiom reduces to the symmetry assumption:
(u.v)y = (vou)y forallu.ve V.

The subscript V' usually is left out when the space V' is clear from the context. We restrict
ourselves to real inner product spaces in the following.

B EXAMPLE A.39 (Inner product spaces [*(R") and L?((2))

1. It is a simple exercise to verify that the standard “dot-product” (A.56) in R" is an
inner product in the sense of Definition A41. Adding this inner product to R", we
obtain the inner product space [*(IR") that we first encountered at the end of Paragraph
A29.

2. Let  C R be an open set. It is another simple exercise to verify that the relation

(wv) = / w(zx)v(x) dx (A.58)
Q
defines an inner product in the normed space L*(Q).

Next let us show that every inner product space is a normed space:

Lemma A.32 (Inner product induces norm) Let V' be an inner product space. Then the
Sfunction

[|n]] = V(uow). nweV

isanorminV.

Proof: Among all required properties of a norm, only the triangular inequality is not
obvious. Hence, let us choose any u.v € V and write

lu+o)? = (u+v,u+v)=(wu)+20u )+ (v.v)
lull® + 20w, v)] + [|o]| (A.59)

IA

Now let us verify that
|Cw, ) <l (A.60)

forall u,v € V. If u = Qorv = 0, (A.60) holds. If v # 0 and v # 0 we define a
nonnegative real function

0< o(t) = (u+ tvou+ tv) = (u,u) + 2(u. v)t + (0. 0)E%
Since (t) is a parabola, its discriminant must be nonpositive,
D = [2(u.v)]? = d(u.u)(r.v) < 0.

which proves (A.60). Returning to (A.59), finally we obtain
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‘ < ) ,
=+ 0l < Jull? + 20w 0)] 4+ ol® < Jlall® + 2llalllof] + 101 < (ull + Jol)?.

which concludes the proof. |

Inequality (A.60) is of essential importance in inner product spaces, and therefore let us
formulate it once more in a separate theorem:

Theorem A.11 (Cauchy-Schwarz inequality) Ler V' be an inner product space and || - ||
the norm induced by the inner product (-,-). Then

(u,0)] < fullllv] (A.61)

forallu,ve V.
Proof: See the proof of inequality (A.60). u

B EXAMPLEA40 (Holder implies Cauchy-Schwarz)

1. The discrete Holder inequality (A.52) withp = g = 2,

(&

i=1

T T % T
E |usv,| < E uf E Uf ,
1=1 =1

together with the triangular inequality

7 n
Z uv;| < Z Jusvils
=1 =1

imply the Cauchy—Schwarz inequality in the inner product space [%(R"),

|(u, v)| =

n n 3 n 3
<3t s (3308) (3%) =ttt
i=1 =1 =1

n
§ U Vg
i=1

2. Let Q be an open subset of R%. Also in the space L%(Q2) the Cauchy-Schwarz
inequality,

|(w, )] =

/u(x)v(x)dm‘ S/lu(av)v(zﬂdm
0 Q

(/ '“(””2“1‘); (f |v<m>12dm)% ~ Julael,

is a consequence of the Holder inequality (A.50) with p = ¢ = 2 and the triangular
inequality.

IA

We know from Lemma A.32 that every inner product induces a norm. Conversely, there
are norms which induce an inner product:
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Lemma A.33 (Parallelogram rule) LetV be a real normed space. Ifthe normn |- || satisfies
the parallelogram rule

llu+ ol + Jlu—o||* = 2|l +2[0)|*  forallu.ve V. (A.62)

then it induces an inner product in V. This inner product is defined by the relation

(u.v) = }1 (|l + el* = = ¢]?) . (A.63)

Proof: It is easy to see that (. u) > O forall © € V and that (v.u) = O if and only if
1w = (). Second,

(vou) = _11 (e + o> = {lu = o) = (u.v)

verifies the symmetry. Next the linearity of the relation (A.63) has to be verified, i.e., we
are asking if the following two conditions hold:

(u+v.ow) = {(w.w)+ (v.w) forallu.v.w eV

and
(au.v) =a(u.v) forallu e R. ueV. (A.64)
To begin with, it is
L 2 2
(v+vow) = 1 (Jlu+ v+ w|]® = flu+ o —wl?).
1 . . . .
(vow) + (vow) = 1 (Ihe + w]? = [Ju = w|* + e + | = e = w[?) .

It is left to the reader to verify that the right-hand sides are equal. using the parallelogram
rule (A.62). Also use the decomposition

.o+t a-—-v

| v
i

[

[\o]

which holds for all elements &. o € V. It remains to verify relation (A.64): For arbitrary
u. v € V define a real-valued function

fla) = |lew+ of]* = leu = of]* = 4(eu.v).
[t is sufficient to show that

fla) =af(l) forallaeR. (A.65)

2 .
) —of ("’ . y) . (AG6)

After some calculation, we obtain that

T —1
Q‘Ju—l—u

fla) = fly) =2 (H

-y
— u—v
2




Itis f(0) = 0. Taking y = 0, we obtain

flz)
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-4 (3)

Relation (A.66) yields f(x) — f(y) = f(x —y). Therefore f(r)is alinear function passing
through the origin [0.0], and (A.65) holds. [ |

Remark A.3

1. In a complex normed space the relation (A.63) only defines the real part of the inner
product. The complex part is defined analogously, replacing u with tu.

2. If (u.v) is inner product in a real linear space V, then it satisfies (A.63),

1
(o = = o)
3. The norm || - || = \/(-.-) induced

rule (A.62),

e+ lf* + [l = w]|?

%L[(u +vou+v) = (u—v.ou—v)
%[Q(u. ) + 2(v.u))
= (u.v).

by this inner product satisfies the parallelogram

(u+v,u+v)+(u—v.u—"7v)
= (u.u)+ (u.v) + (v.u) + (v.v)

+uou) — (uwov) — (v.ou) + (v, v)
= 2fu)® +2]0)*.

B EXAMPLEA.41 (Parallelogram rules in [?(R") and L?((2))

1. Consider the normed space I (R™).

o+ 0 + [lu = o))

2. Consider the normed space L?(2)
gram rule (A.62) has the form

The parallelogram rule (A.62) reads:
T T
D+ v)? D (- )
i=1 =1
n T
= o) w2y
1=1 1=1

= 2full® + 2.

in an open set 2 C R?. In this case the parallelo-

2 u—u 2 = v 2 yis — VU 2
e+ ol + Jlu— o] /Q (u() + v(2))? dz + / (u(®) - v(@))? dz

Q

2/(.2u2(m)dm+2/01)2(m)dm

2
2ull® + 2)1v)1%.
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Let € RY be an open set. The parallelogram rule determines that L2($2) is the only
inner product space among the Lebesgue LP-spaces:

Remark A.4 (L7(£2), ¢ # 2, is not inner product space) Forany1 < g < oo, g # 2, the
relation (u, v) defined by (A.63) is not linear in u, and therefore it cannot represent an inner
product. Analogous conclusion holds for the discrete Lebesgue spaces [P(R").

Every inner product is continuous with respect to the norm it induces:
Lemma A.34 Let V be an inner product space, u € V and {u, };—, C V. If
lim flu,, —ul| =0
TE—0C

then foranyv € V

limy (uy,,v) = (u.v).
n—xx

Proof: Using the Cauchy—Schwarz inequality we immediately obtain

|(unsv) = (w, 0)] = [(un = usv)| < [Jun —ufflv]l.

The conclusion follows from the fact that ||v|f is a finite number and |ju,, — u| — 0 as
7L — 00. u

A.3.2 Hilbert spaces

From the point of view of convergence analysis it is convenient to work in complete inner
product spaces. This class of linear spaces carries the name of a German mathematician
David Hilbert, who contributed to many branches of mathematics, including invariants,
algebraic number fields, functional analysis, integral equations, mathematical physics, and
the calculus of variations.

\\\\'\'\\Wﬁ\i\\\\

Figure A.26 David Hilbert (1862-1943).

Because of the importance of the Hilbert spaces, we reserved this paragraph for their
definition and a few examples. Most of the time we shall stay in real Hilbert spaces.

Definition A.42 Every complete inner product space is said to be a Hilbert space.
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N EXAMPLEA.42 (Hilbert spaces)

A sufficient condition for an inner product space to be Hilbert space is that the under-
lying normed space be a Banach space:

1. The space V = [2(R?), i.e., R equipped with the “dot-product” (A.56), is a Hilbert
space.

2. The space V = [?(R™*™") i.e., R"*" equipped with the Frobenius inner product
(A4,B)= ) ayby
i.j=1
(which induces the Frobenius norm (A.16)) is a Hilbert space.

3. The space V = I? of infinite real sequences, equipped with the /2-product

(u,v) = Z WUy (A.67)
=1

is a Hilbert space.

4. Let Q be an open subset of R?. The space L?(f2) equipped with the L2-product
(A.58) is a Hilbert space. By Remark A.4 this is the only Hilbert space among the
Lebesgue LP-spaces.

A.3.3 Generalized angle and orthogonality

In this paragraph we define generalized angle and orthogonality of elements in Hilbert
spaces.

Definition A.43 (Generalized angle) Let V' be a Hilbert space. The angle of two elements
0 # u.v € Vis areal number o € [0, 7) such that

(u, v)v
cos{a) = ~——+. (A.68)
l[ulll[v]]
B EXAMPLEA43 (Generalized angle)
Some of the inner products used below can be found in Example A 42.
1. Inthe space V = ZQ(R") the formula (A.68) reduces to the standard relation

(u,v)y u-v

cos(@) = ~—r— = ————.
ol el

To give a concrete example, the angle of the vectors u = (1,1.0)T and v = (0,1, l)T
in R? is
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CO! ( ! > il
(y = arccos = —.
Vav2) o3

2. Consider the matrices

1 01 01 0
A= 0 1 0 ). B= 1 01
1 01 0 1 0

in the space V' = [2(R®*3). The angle of A and B is

re (———(A'B)‘) Co (—0 )
(v = arccos = arccos =
Al B ViV

3. Next let us calculate the angle of arbitrary geometrical sequences v = {w, }7Z,
and v = {v,}>, in the space [? equipped with the [2-product (A.67). Consider

S

eometrical sequences given by the parameters v, = uyr" "', v, = vus" 7 0 <
0 0
r.s < 1,0 < ug.vy € R. We have
x i—1
u v upvg > —.(rs
o = arccos( (u.v) > = arccos 2i=1(rs)
([l [l

w0/ Z;C:I (r2) =1y v, chz | (32)1\'*I

|

1—7rs

(x/l—TQ\/1~sz>
= arccos| ————— | .

4. Last consider an open set 2 = (—1.1) C R and the Hilbert space L?(2). The angle
of the functions f(x) = 1 and ¢(z) = z is

(u.v) Jowdr
arccos| ———2- | = arccos - T2 7z
il (J1 da) (fQ x?dx)
0
Vi\[3

(they are orthogonal). The same result will be obtained for any two L?(—1,1)-
functions f and g, where f is even and g odd or vice versa.

2
!

arccos

o

Orthogonality of elements in Hilbert spaces is defined as the reader expects:

Definition A.44 (Orthogonality and OG complement) Let V' be an Hilbert space. The
elements 0 # u,v € V are said to be orthogonal if (u.v) = 0. An element 0 £ v € V is
said to be orthogonal to a nonempty subset S C V if (v.s) = O forall s € S. We define
orthogonal complement of S as

S+ = {veV: (v.s) =0 foralls € S}.
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Lemma A.35 (OG complement) Let S be a nonempty subset of a Hilbert space V. Then
St is a closed subspace of V.

Proof: Immediately from Definition A.2. | |

Definition A.45 (OG and ON basis) Let B = {v1,v2,...} be a basis of a Hilbert space
V. B is said to be orthogonal (OG) if

(vi,v;) =0  whenever 1 # j.
The basis B is orthonormal (ON) if
(vs.v,) = 6,; foralli.j.

Every basis of a separable Hilbert space can be transformed into an orthonormal basis. (A
linear space is separable if it has a finite or countable infinite basis.) The orthonormalization
procedure is called after a German mathematician Erhardt Schmidt (1876-1959), who
contributed significantly to the development of the theory of Hilbert spaces. He published
this result in 1907.

Theorem A.12 (Gram-Schmidt orthogonalization) Let B = {w;, w2, ...} be some ba-

sis in a Hilbert space V. Then there exists an orthonormal basis B = {vy,va,.. .} such
that

V., = span{vy, va. . ... vy } = span{w;. wa. ..., Wy } (A.69)

Sforalln > 1.

Proof: The proof is done inductively. Forn = 1 define v; = w, /||w;||. Next assume the
existence of n — 1 orthonormal functions vy, ve, .. .. vy satisfying

Vo = span{vy.v2,....vy—1} = span{w.wa, ..., wy_1}.

Define an element w,, € V,, _; by

rn—1

Wy = Y (wy. i), (A.70)

=1

and another element /u'r,J; = 1w, — u,. Forany 1 <k <n — 1 we have

=1

n—1
(zP,J,‘. vp) = (wn, v) — (Z(wn,v,-)v“ vk> = (wy,vx) — (w,,v) = 0.
and thus @w;- € V% . Since w, € V,,_1,itis ||w;|| # 0, and we can define
-1

0y,
[l |l

’I),,L =

which finishes the proof. |

For example, the Legendre polynomials can be constructed via the Gram-Schmidt pro-
cedure:
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B EXAMPLE A.44 (Legendre polynomials)

Letus use the monomial basis of the space V' = L2( 1.1), Binon = {wy, we. wy, wy,

..} = {1l.2,2% 2% ...} and the Gram-Schmidt process to create an orthonormal
baslsofthespace V. Inthe first step normalize wy, Lo(x) = vy = wy/||w|| = 1/\/:,
and define V; = span{v; }. Next define the element w; € Vi by

1 1
1 1
?Z}Q = Z(UQ.ZU)’UI = (/_1 Jﬁ d1> _2 = 0.

=1

Thus 11)%' = wy — Wo = .r. Normalizing u'nj-, we obtain

Sl
ws 3
Li(v)=vy = \/jx'.
[l 2

Define V5 = span{vy.v2}, and the element 3 € V2 by

2 1 -1
5 1 1 5 13 3 1
- 42 a ) b2 02 g =1
Z: wy, v,)v, = (/—1'1 ﬁd1> \/§+ (/—11 \/;.LdJ) \/;.1,— 5
| S S ——

=0

Therefore

s 45 [ . 1
: ; n/z - N
2(z) = v = ||qu'|| 8 (T 3)

The fourth Legendre polynomial L3, obtained analogously, has the form

7.
Liy(r) =1y = g(S.r‘g — 3.
The Legendre polynomials of higher degrees are usually defined by means of recurrent
formulae (to be found in many books, see, e.g., [111] and [117]). First few Legendre
polynomials are depicted in Figure A.27.
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A.3.4 Generalized Fourier series

The expansion of an element v of a Hilbert space V' into an orthonormal basis of V' can be
viewed as the construction of generalized Fourier series.

Jean Baptiste Joseph Fourier was a French mathematician who made significant contri-
butions to the mathematical theory of propagation of heat in solid bodies. His theory of
heat provoked great controversy at his time. The Fourier expansions of real functions into
trigonometric series were present already in his famous work “On the Propagation of Heat
in Solid Bodies” from 1807.

Figure A.28 Jean Baptiste Joseph Fourier (1768-1830).

After introducing the general theorem, we show an application to the classical Fourier
series in Example A.45. Although all results in this paragraph are formulated for infinite-
dimensional Hilbert spaces, they obviously hold in the finite-dimensional cases as well.

Theorem A.13 (Generalized Fourier series) Let V' be a Hilbert space and B = {vy, vo,
... }an orthonormal basis of V.. Then any element u € V can be written as

x>
U= Z(u,vj)vj. (A71)
j=1

Proof: Any element v € V can be written as

>3
U = E CjUj-
J=1

From the orthonormality of the basis functions one obtains

o ) o
(w.vg) = chvj,vk = Z ¢, (vjouk) = ek,
)=1 )=1 b"
R

and (A.71) follows. |
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Important consequences of Theorem A.13 are the generalized Parseval equality and the
generalized Bessel inequality:

Lemma A.36 (Generalized Parseval equality) Let V' be a real Hilbert space, B = {uvy,
v, ... t an orthonormal basis of V and w € V. Then

[l = (A.72)

Proof: Write ||«||? = (w.u) and apply Theorem A.13. [ |
Let us remark that in complex Hilbert spaces, (A.72) holds in the form

lJull =

Lemma A.37 (Generalized Bessel inequality) Let V' be a real Hilbert space, B = {vy,

v, ... } anorthonormal basis of V and w € V. Then
Z(u, v)E< |ull?  foranyn > 1. (A.73)
i=0

Proof: Immediately from (A.72). |

In complex Hilbert spaces (A.73) holds in the form

n
>l e)? < flull* - foranyn > 1.
=0

B EXAMPLE A.45 (Fourier series)

It is well known (see, e.g., [26, 38] and [84]) that the 27-periodic functions
1 cos(x) sin(r) cos(2r) sin(2r)

constitute an orthonormal basis in the space L?(—, 7). But we are not limited to the

interval (—, 7). Consider, for example, the function § € L?(0. 27) defined by

(A.74)

z 2 € (0.m).

g(r) =
r—27 X € |m.2m).

Using the 27-periodicity of the basis functions (A.74), equivalently we can consider
the function ¢(z) = & in the interval (—w. 7). The Fourier series, obtained using the
procedure from Theorem A.13, has the form

i
Gn (i —22 ,Hsn ) n=1.2....
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This series can be visualized, e.g., in Maple:

> g1(x) := “1f€(x<3.141593,x,NULL):

> g2(x) := ‘if(x>3.141593,x-2*3.141593,NULL) :

>mn := 100:

> g n(x) := 2*sum(sin(i*x)*(1./i)*(-1)"(i+1),i=1..n):

> plot([g_n(x),g1(x),g2(x)], x=0..2%3.141593, thickness=1);

The functions ¢, for n = 1,2,3,4,5,6. 20,200, and 5000 are presented in Figure
A.29 (only the period (0. 27) is shown).

v

Figure A.29 Fourier series of the discontinuous function § € L?(0, 27).

A.3.5 Projections and orthogonal projections

Projections form the basis of many modern numerical methods including the finite element
method. As promised at the end of Paragraph A.1.5, let us study in more detail their
properties and relations to direct sums.
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Definition A.46 (Projection operator) Let V be a linear space. An operator P : V. — V
is said to be a projection if it is both linear and idempotent (P? = P). The range R(P) of
a projection operator P is called the projection subspace.

Sometimes one uses the symbol P(V') for the range R(P). By saying P2 = P we mean
that P(Pv) = P(v) forall v € V. There is a one-to-one relation between projections and
direct sums:

Lemma A.38 (Projections and direct sums) Let V' be a linear space. If V' is a direct sum
V = Vi & Vs of subspaces Vi, Vo C V, then there exists a unique projection operator
P:V =V, P2=P P(V)=V, (I- P)V) = Vy Conversely, every projection
operator P determines a decomposition of the space V into the direct sum

V=PV)®U-P)V)

Proof: First assume that V' = V; & V5. Then every element v € V can be decomposed
uniquely into v = v; + vg, where v; € V7 and vy € V,. Define the operator P : V. — V
by Pv := vy. This operator is unique by its definition and it is easy to verify that P is both
linear and idempotent. Moreover, P(V') = Vi, and since vy = (I — P)v forallv € V, it
also holds (I — P)(V) = V5.

Conversely, assume a projection operator P : V. — V. Since both P and I — P are linear
operators, their ranges Vi = {Pv; v € V} and V3 = {v — Pv; v € V'} are subspaces of
V (see Lemma A.9). Every element v € V' can be decomposed into v = v; + vo, where
vy = Pv € Vi and va = v — Pv € V5. Using the property P2 = P, it is easy to see that
VinV, = {0} |

The interpolation is an example of a projection operator:
B EXAMPLE A.46 (Lagrange interpolation as a projection operator)

Let V = C([a,b]) and W = P"(Ja,b]) C V. Consider a partition a = zp < 1 <
. < ZTp-1< Ty, =0b. Define P:V — V by

i

Po=3"{T] == | ole)  forallve V. (AT5)

T;— T
i=0 \j#i ° J

Here Puv is the unique Lagrange interpolant of v, satisfying Pv € W and (Pv)(xz;) =
v(x;) forall 4 = 0,1,...,n. Itis easy to verify that the operator P is linear and
idempotent. The projection subspace P(V) = W. According to Lemma A.38 the
space V' can be written as the direct sum V' = P"(a,b) ® (I — P)(V), where the
space (I — P)(V') contains continuous functions that vanish at all interpolation points
Ty T1yeeo Ty

Next let us return to Hilbert spaces and introduce orthogonal projections and orthogonal
direct sums:

Definition A.47 (Orthogonal projection) LetV be a Hilbert space. Anoperator P -V —
V is said to be orthogonal projection if it is linear, idempotent (P% = P) and if

(v—Pv,w)y =0 forallveV, we P(V). (A.76)

The space P(V) is said to be the projection subspace.
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Definition A.48 (Orthogonal direct sum) Let V' be a Hilbert space. A direct sum V =
Vi @ V2 is said to be orthogonal if (v1,v2) = 0 forall vy € Vi, vy € Vo

The following theorem summarizes several properties of orthogonal projections and their
relation to orthogonal direct sums:

Theorem A.14 (OG projections and OG direct sums) LetV bea Hilbertspaceand V; C
V a closed subspace of V endowed with an orthonormal basis By, = {wy.w2....}. Then
the relation

)8

P(v)= > (vyw)vw; forallveV (AT

2=1

it

defines a unique orthogonal projection operator P € L(V, V), P? = P, (v — Pv,w) = 0
forallv € Vand w € P(V). Moreover, |P|| = land V = P(V)& (I — P)(V) isan
orthogonal direct sum.

The assumption of closedness of the subspace V1 is essential and we will discuss it in
more detail in Remark A.5 and Example A.48. On the contrary, the assumption of the
existence of an orthonormal basis By, is not necessary, since one always can have such
basis by Theorem A.12. Nevertheless, we find it useful to introduce the orthonormal basis
explicitly, since this is how the orthogonal projections always are done in practice.

Proof: Given the operator (A.77), let us verify all properties listed in the lemma. First,
the linearity of P follows easily from the linearity of the inner product (-. )y . The operator

is idempotent, since
xX
(v.w)ywiw; | w;
i=1 %

o<

Z (v, wi)v (ws, w))y wj
~—————

1i=1

P(Pv)

I
Mx

il
—

J

I
hE

“.
It

[

(v,wj)ywj = Py forallve V.

I
K

1

-
il

Obviously V7 is the projection subspace. It is sufficient to verify the orthogonality condition
(v— Pv,wg) = 0forall v € V and all elements of the basis wi € By,:

o
(v — Pv.owg) = (v.wk) Z v, w )(w;, wy) = (v, we) — (v.wg) = 0.
i=1

It 1s easy to see that || P}} = 1 since it follows from the Bessel inequality and the Parseval
equality immediately that

P Pullv
1P olly <1 forallveV and LU

=1 forallve V.
lvllv llvllv

The rest is straightforward. In particular, Vi, = (I — P)(V') = V; is a closed subspace of
V (Lemma A.35) and I — P is a unique projection operator onto V2. [ |
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Remark A.5 (Closedness of projection subspaces) Everyfinite-dimensional subspace W
of a Hilbert space V' obviously is a Hilbert space. However, this generally is no longer
true when the subspace W is infinitely-dimensional. The problem is that Cauchy sequences
lying in W can “converge out” of W into V. This can happen, for example, when the
subspace W is dense in'V (see Example A.48). Therefore one has to add to W the limits of
all Cauchy sequences lying in W. The completion is possible by Theorem A.7.

B EXAMPLE A.47 (An OG projection operator in V' = R?)

Let V = R? endowed with the standard Euclidean inner product. Let us define an
operator P : V' — V via the relation

Py = (Ul,O)T forallve V. v= (Ul.’UQ)T.

(Thus P erases the second component of vectors in V') Let us see that P is both
linear and idempotent, identify the projection subspace P(V'), and check whether P
1s an orthogonal projection. First the linearity:

P(ou + Bv) = (auy + B, 0)’1' = (aui, O)T + (B, O)T = aPu 4+ fPv.

The idempotency follows from the fact that the second vector component only can be
erased once,

P(Pv) = P((v1,0)") = (01,0)" = Pv  forallv e V.

Hence P is a projection. Clearly the projection subspace P(V) = [(1,0)] = [w1].
Since

(v — Pv,wy) = (v1 —vp,m2) - (1,0)F =0 forallve V,
we see that P is an orthogonal projection operator.

Another reason why orthogonal projections are so useful, is that Puv is the closest element
to v € V among all elements in the projection space P(V):

Lemma A.39 Let V be a Hilbert space and W a closed subspace of V equipped with an
orthonormal basis By = {wy, we,...}. Let P be an orthogonal projection operator such
that P(V) = W. Then for any v € V we have

lv — Po|| = inf |jv—w|.
wew

Proof: Write w = Pv + 2. Since w € W and Pv € W, necessarily also z € W. We
have ||[v — w||? = (v —w,v —w) = (v — Pv— z,u— Pv— z). Since z € W it is
(v — Pv,z) = 0. Therefore

(v—Pv—zv—Pv—2)=|jv—Pv|®+|z]* > |lv— Pv|?

which had to be shown. |

Let us close this paragraph by showing a subspace of a Hilbert space which is not closed:
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B EXAMPLE A.48 (Subspaces which cannot be projection subspaces)

Let V be a Hilbert space and W C V a dense subspace of V such that W # V. In
this case an orthogonal projection cannot be defined. Namely, it follows from Lemma
A.39 that the projection Pv € W of any v € V' \ W would have to satisfy

|lv— Pu|| = mf |lv—].
weWw

However, this minimum is zero by the density of W in V. In turn v = Pv whichisin
contradiction to W # V. For illustration take, e.g., the Hilbert space V' = L%(a,b),
where (a.b) C R is a bounded interval, and its dense subspace W = Pf1(a, b) of
polynomials of finite degrees.

A.3.6 Representation of linear forms (Riesz)

The Riesz representation theorem is a fundamental tool in the solvability analysis of elliptic
partial differential equations. It was first proved in 1907 for the Lebesgue L2-space by
Frigyes Riesz, a Hungarian mathematician who is assumed to be one of the founders of
functional analysis and operator theory. F. Riesz introduced the concept of weak conver-
gence (to be discussed in Paragraph A.3.8), and he made many contributions to other areas
of mathematics including orthonormal series, ergodic theory, and topology.

\\

R 3

AR

Figure A.30 Frigyes Riesz (1880-1956).

Theorem A.15 (Riesz) Let V' be a Hilbert space and o € V' an arbitrary linear form on
V. Then there exists a unique element u € V such that

pw) = (w.v) forallveV.

Moreover,

llv: = [lellv-

Proof: We restrict ourselves to real Hilbert spaces (see, e.g., [65] for the complex case).
First let us prove the uniqueness: If there exist two elements «, & € V such that
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pv) = (r.u) = (v.a) forallv e V.
then by the linearity of the inner product it is
(vou—a)=0 foralleeV.

Taking v = u — u, we see that u = u.

Next let us prove the existence: If the null space N () = V, then  is the zero functional
and we can define v = 0. If N(p) # V, then there exists an element vy € V' such that
@(vg) # 0. Since N () is aclosed subspace of V', it is possible to write V" as an orthogonal
direct sum V = N (@) @ N(¢)*. Thus the element 1y € V' can be decomposed uniquely
into the sum vy = v1 +v2, (v1.12) = 0. where v; € N(p)andva € N(p)t. In particular,
it is ¢(vy) # 0. The following holds:

. p(v) I e(v) N .
v (l (v2) /2> =o(v) @(1,2)»9(“2) =0 forallvcV.

Thus

w(v)

©(v2)

va € N(p) forallve V.

Since vy € N(&,D)'L, it is

(U oy v) U2_1,2> -0 forall v ¢ V.

From this equation we obtain

o(v) = (U» Mvz) forallv e V,

[lv2]?
and thus

u= &)221}2. (A.78)

[[oz|
It remains to be shown that |||y = ||u||v. The Cauchy—Schwarz inequality yields
()| < |lu|lvv]lv forallv e V.
and thus ||¢||v+ < ||uf|v. Choosing v = u, one obtains
2
plu) = (u.u) = |lully

which establishes the equality ||¢|v: = ||ullv. |

The procedure shown in the proof of the Riesz theorem allows us to construct the rep-
resentants of linear forms over Hilbert spaces explicitly, via the formula (A.78). Another
important consequence of the Riesz theorem is the reflexivity of Hilbert spaces:
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Lemma A.40 Every Hilbert space V is reflexive, i.e., (V') = V.
Proof: See, e.g., [99]. [ |

A.3.7 Compactness, compact operators, and the Fredholm alternative

Besides the Lax—Milgram lemma, the Fredholm alternative is another basic tool for proving
the existence and uniqueness of solution to certain classes of operator equations. This
technique does not assume the V-ellipticity of the underlying operator. Instead, it assumes
its compactness.

Definition A.49 (Compact and precompact set) Let V' be a normed space. Then a subset
S C V is said to be compact if every sequence {s,}°<; C S contains a subsequence that
converges to some element s € S. A subset S of a normed space V' is precompact (relatively
compact) if its closure S is compact.

The following characterization of compactness holds for finite-dimensional spaces:
Theorem A.16 (Heine—Borel) Let V' be a finite-dimensional normed space and let S be a
subset of V. Then S is compact if and only if S is both closed and bounded.

Proof: See e.g., [99]. [ |

The situation is much less trivial in infinite-dimensional spaces, where one can find sets
which are both closed and bounded, but not compact. This is illustrated in the following
example.

B EXAMPLEA.49 (Noncompactness of the closed unit ball in [?)

Consider the normed space V' = [2 of infinite real sequences with the discrete [*-norm

1

Hunolillv = <Z |Un|2> .

n=1

The closure of the unit ball

BO.1) = {{ua}32y: 2o lv < 3 C v

clearly is both closed and bounded. By v; € V we denote a sequence which has 1 at
the ith position and zeros everywhere else. It is

||Uz'||V =1 foralli=1,2,... (A79)
and therefore v; € B(0, 1) forall¢ = 1,2,.... The only candidate for the limit of the
sequence {v; }72, C B(0, 1) is the zero sequence, but by (A.79) the sequence {v; }52,
does not contain any convergent subsequence. Therefore, according to Definition
A.49, B(0, 1) is not compact.

Corollary A.2 An immediate consequence of Theorem A.16 is that in a finite-dimensional
normed space every bounded sequence contains a convergent subsequence.

Next let us introduce the notion of a compact operator:



408 BASICS OF FUNCTIONAL ANALYSIS

Definition A.50 (Compact operator) Ler V. W be normed spaces. A linear operator A -
V' — W is said to be compact if the image of any bounded subset of V' is relatively compact
inWW.

Indeed any compact operator is bounded. A standard way to prove the compactness of an
operator is to show that the image { Au,, }5=; C W of any bounded sequence {u,, }><, C V
contains a convergent subsequence. The following lemma characterizes the composition of
bounded and compact operators:

Lemma A4l Let V.W, Z be normed spaces, and let A -V — W and B : W — Z
be bounded linear operators. The composition C = AB is compact if at least one of the
operators A, B is compact.

Proof: This is a classical result, see, e.g., [100]. ]

Another basis result characterizes the compactness of the identity operator:

Lemma A.42 Let V be a normed space. The identity operator I : V. — V is compact if
and only if the space V is finite-dimensional.

Proof: The right-left implication is a simple consequence of Theorem A.16. For the other
implication see, e.g., [100]. |

Now we can introduce the Fredholm alternative, or, more precisely, its version that is
most suitable for our primary purpose, which is the application to the Maxwell’s equations
in Chapter 7. This theorem can be found in greater generality, e.g., in [73]} and [100].

Theorem A.17 (Fredholm alternative) Ler V' be a Hilbert space and B : V. — V a
bounded linear operator of the form B = I + A, where I is the identiry operator and A is
compact. Then exactly one of the following holds:

1. The homogeneous equation Bu = 0 has a unique solution u = 0. Then the inhomo-
geneous equation Bu = f has a unique solution for every f € V.

2. The homogeneous equation Bu = 0 has n linearly independent solutions uy, us, . . .,
Uy tn'V, where p > 0 is an integer number.

Proof: See,e.g., [73] and [100]. [ |

A.3.8 Weak convergence

The concept of weak convergence was introduced by F. Riesz around 1910. It finds important
applications in the theory of PDEs and finite element methods by generalizing the standard
(strong) convergence in norm:

Definition A.51 (Weak convergence) Let V be a Hilbert space and V' the dual of V. We
say that a sequence {u, }°%, C V converges weakly to an element u € V {f

lim p(u,) =@(u) forallpe V'

n—oc

The element u is said to be the weak limit of the sequence.

It is easy to see that the weak limit is unique and identical to the strong one if they
both exist. Moreover, the convergence in norm implies the weak convergence, since for an
arbitrary ¢ € V' we have

lp(un) = @)l < lellvllun = ullv.
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However, the next example shows that the weak convergence does not imply the convergence
in norm:

B EXAMPLE A.50 (Weak convergence 7 convergence in norm)

Consider the sequence {u,,}3 , u, = sin(nr)/\/7, in the space V' = L?(—m, 7).
By the Riesz theorem, for an arbitrary linear form ¢ € V’ we have

Pluy) = (upouy,)  foralln=1.2,....

where u, € V is the unique representant of the form (. Since the elements u,,
belong to the orthonormal basis (A.74) of the space V, and the entries (u.,. u,)? of
the Parseval sum (A.72) of u, must converge to zero as n — oc, we see that

lim p(u,)=0 forallpy € V’.

n—>
Thus {u, }3, converges weakly to zero. However, the sequence cannot converge to
zero strongly since ||u, | = 1 forall n.

From Corollary A.2 we know that every bounded sequence in a finite-dimensional
normed space contains a convergent subsequence. This is not true in infinite-dimensional
spaces, but there is an important weaker analogy:

Theorem A.18 (Eberlein~Smulyan) Every bounded sequence in a reflexive Banach space
V contains a weakly-convergent subsequence.

Proof: See, e.g., [34] and [93]. [ |

A.3.9 Exercises

Exercise A.42 Use Definition A.41 to verify in detail that the “dot-product” (A.56) in R"
and the L?-inner product (A.58) indeed are inner products.

Exercise A.43 In the space L‘Z(O7 1) calculate the angle of the functions f,, () = ™ and
gn(x) = a", where m.n are arbitrary natural numbers.

Exercise A.44 In R? consider a general parallelogram ABC D, as shown in Figure A.31.
Use the Theorem of Pythagoras to prove that |AD|? + |BC|? = 2| AB|? + 2| AC|%

C

B

X,

Figure A.31 Parallelogram ABCD in R
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Exercise A.45 Consider a normed space V' where the norm || - || satisfies the parallelogram
rule (A.62),

llu+ ol + [lu—2|? = 2ul®+2v|®>  foraliu.veV.

Show that the identity
lu4v+wll> = lu+v—w|? = lut+wl]|? = Ju—w|*+ v+ w||? = v —w|?
holds forall u. v, v € V.

Exercise A.46 Prove Lemma A.35: If S is a nonempty subset of an inner product space V.,
then S* is a subspace of V.

Exercise A.47 Consider the Hilbert space V = R?, endowed with the standard Euclidean
inner product, and its subspace W given by a basis By, = {(0.1.0)7.(1/v/2.0.1/v2)T}.

1. Show that By is a orthonormal basis of W.

2. Use a vector eg = (0,0, I)T and the Gram—Schmidt orthogonalization procedure to
extend the basis By to an orthogonal basis By of V.

Exercise A.48 Givenv = (1.2.3)% € R?, calculate its projection to the subspace W from
Exercise A.47.

Exercise A.49 LetV = L?(—x. ). Usethe relation(A.71)and the Fourier basis of V from
Example A.45 to construct the Fourier series of the function g(x), defined as g(z) = —1
forally € (—m.0)and g(x) = 1in [0. 7). Present a formula for general n and computer-
generared plots of first ten different entries of the series. Hint: Since g is an odd function
in (—m. ), the cosinus part of the series is not present. Additional cancellations occur.

Exercise A.50 Repear Exercise A.49 with the function §(x) = x in the space L*(—m. ).
Check your result with Figure A.29. Hint: Use the integration-by-parts formula to integrate
functions of the form x sin(mx).

Exercise A.51 Use Definition A.46 to verify that that the Lagrange interpolation operator
P introduced in Example A.46 is a topological projection. What functions belong to the
subspace Vo = (I - P)(V)C V?

Exercise A.52 Consider the Hilbert space V' = P>(=1.1) endowed with the L*-inner
product, and the subspace W = P3(—1.1) C V. Let By = {Lg. Ly. L. L3}, where L,
are the Legendre polynomials derived in Example A.44. Calculate the orthogonal projection
Py (fo) of the function fo(x) = 14+ 2% — &% + x' — 2 onto W, Calculate the distance
dist( fo. W) = inf .ew | fo — wl. Hint: By Lemma A.39 the distance is || fo — Pu (fo)ll-

Exercise A.53 Let V' = R® equipped with the “dot-product” (A.56). Consider the linear
operator f -V =V, f(v) = Av, where

1 -1 0 2 3
3 -1 3 2 4
A= 4 -2 3 4 7
0 2 3 -4 -5
2 0 3 0 1
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Construct an orthonormal basis of the nullspace N(f).

Exercise A.54 Consider the Hilbert space V' = P®(—1.1) equipped with the L?-inner
product.

e What is the dimension of the subspace W = {w € V; w(0) = 0}?

Choose some basis B of W.

Use the basis B to construct an orthonormal basis Bon of W.

Explain why there exists a unique orthogonal projection operator P : V. — W.

Assume the function g(x) = 23 + 22 + 2 + 1 € V. Calculate P(g).

Calculate the distance d = dist(g, W), i.e.,

d= iuf —w|v.
Juf llg = wlly

Exercise A.55 Consider the Hilbert space V' = 12 of infinite real sequences equipped with

the inner product
o0
(U,?))[? = E Uy Uy,
i=1

and the linear form f € V',
100

flu)= Zuz.

Find the unique Riesz representant of f in the space V.
Exercise A.56 Consider the Hilbert space V = L%(—1,1) and the linear form f € V",

1/2
flu) = %/ u(x) dx.

-1/2
Find the unique Riesz representant of f in the space V.

Exercise A.57 Consider the Hilbert space V- = P®(—1.1) equipped with the L*-inner
product. Let the linear form f € V' be given by f(u) = u(0). Find the unique Riesz
representant of f inthe space V. Hint: The results of Exercise A.54 include an orthonormal
basis in the nullspace N(f). Choose some suitable vy € V '\ N(f) and apply the Riesz
formula (A.78).

Exercise A.58 Ler V. W be Hilbert spaces. Use Definition A.50 to show that every compact
operator A -V — W is bounded.

>

Exercise A.59 Consider the Hilbert space? from Exercise A.55. Find a sequence {u,, }22,
that converges weakly to the zero sequence but does not converge in norm (prove both
statements ).

Exercise A.60 Ler V' be a Hilbert space and {u,, } 7, C V «a sequence in V. Show that if
w.v € V are weak limits of the sequence, then uw = v. Further, suppose that the sequence
is convergent in norm to an element w € V. Show that necessarily u = w.
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A.4 SOBOLEV SPACES

We know from Paragraph A.2.9 that the Lebesgue L”-spaces control the regularity of func-
tions: They do not admit functions with singularities whose strength exceeds certain limit
or, in unbounded domains, whose decay at infinity is slower than certain rate. The Sobolev
spaces WP are subspaces of LP-spaces that, moreover, control the regularity of the deriva-
tives. Their structure and properties make them particularly suitable for the analysis of
partial differential equations.

These spaces were introduced in the 1930s by Sergei Lvovich Sobolev, a Russian math-
ematician who essentially influenced the field of analysis and solution of partial differential
equations. To mention at least a few of his results, he derived important inequalities on the
norms in the Sobolev spaces, formulated and proved results on their embeddings (some of
them to be mentioned in Paragraph A .4.6), introduced the notion of generalized functions
(distributions), etc. In the 1950s he turned his attention to the computational mathemat-
ics and achieved important results in interpolation of multivariate functions and numerical
quadrature in higher spatial dimensions.

Figure A.32 Sergei Lvovich Sobolev (1908-1989).

The Sobolev spaces will be presented in Paragraph A.4.3, after imposing certain reg-
ularity to the boundaries of open sets in Paragraph A.4.1 and introducing the concepts of
distributions and weak derivatives in Paragraph A.4.2.

A.4.1 Domain boundary and its regularity

Until now we have worked with open bounded sets without paying special attention to their
boundaries. This will change in this section, since we will need to use the unit outer normal
vector to the boundary and calculate surface integrals. Let us begin with introducing the
notion of a domain:

Definition A.52 (Domain in R?) A subset Q C RY is said to be a domain if it is nonempty,
open and connected.

Set © C RY is said to be connected if every two points in 2 can be connected by a
continuous curve that lies in (2.
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Figure A.33 illustrates what is and what is not a domain:

@ 2

X, X

Figure A.33 An open bounded set which (a) is and (b) is not a domain.
The boundary of some domains may be highly irregular, as shown in Example A.51.
B EXAMPLEA.51 (Bounded set with infinitely long boundary)

Consider an infinite sequence of bounded domains {2}, Q, C £,41, where
the domain 2 is, e.g., a symmetric equilateral hexagon with unit edge length. For
every n the domain 2,4, is obtained from €2, as follows: Each edge of Q,, is split
into three equally long parts eje ;. €14, and €,.44,¢. An open equilateral triangle of
the edge-length |e,,;4| is attached from outside to e,,,,4. Points lying in the interior
of ¢,,;4 are added. This is illustrated in Figure A.34.

Figure A.34  Construction of a bounded set with infinitely long boundary: domains (2, 2;.

It is easy to see that
) 4 n
|09Q,] =6 3 forallm =0.1.....

and to show that the limit set €2 is bounded. The unit outer normal vector to the
boundary 952 is defined nowhere on 992.

The above-described situation cannot occur when the boundary 052 is Lipschitz-continuous:

Lipschitz-continuity of 9} We assume that the reader knows the definition of Lipschitz-
continuity for real-valued functions of one and more variables. The exact definition of the
Lipschitz continuity for boundaries of domains in RY is rather technical. Roughly speak-
ing, the boundary 02 is said to be Lipschitz-continuous if there exists a finite covering
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of dQ consisting of open d-dimensional rectangles such that in each rectangle, J2 can
be expressed as a Lipschitz-continuous function of d — 1 variables. See, e.g., [55] for an
exact definition. For simply-connected domains (i.e., domains 2 C R such that R%\ {2 is
connected), the Lipschitz-continuity is equivalent to the cone condition:

Cone condition We say that the boundary 92 of a d-dimensional bounded domain 2
satisfies the cone condition if and only if there exist constants €; > 0 and €5 > 0 such
that for every point &g € OS2 there are two open d-dimensional cones Ci,,¢ (o, 1, hy) and
Cort (o, v2, ha) sharing the vertex xy, with vertex angles 0 < e; < 7,72 and heights
0 < €2 < hy, ha, such that Cype(xg,v1.h1) C Qand Cepe(xg. v2. ha) C R4 \ Q. Figure
A.35 gives examples of domains whose boundary 92 (a) is, and (b)—(d) is not Lipschitz-
continuous. In the case (d) the cone condition is satisfied, but the Lipschitz-continuity is
violated at the center of the circle (this situation could not occur if 2 was simply-connected).

Figure A.35 2D domains whose boundary (a) is. and (b)—(d) is not Lipschitz-continuous.

A unique unit outer normal vector is defined almost everywhere on 92 when the boundary
OS2 is Lipschitz-continuous (see, e.g., [1] and [55]).

A.4.2 Distributions and weak derivatives

The following compact notation is practical for operations with partial derivatives:

Definition A.53 (Multi-index) Ler d be the spatial dimension. Multi-index is a vector
(a1, 2, ..., aq) consisting of d nonnegative integers. By |a| = ZL] a; we denote the
length of the multi-index cv. Let f be an m-times continuously differentiable function. We
define the ath partial derivative of f by

ol
D(’f = ‘ (Y] ¢ e f « g *
OOz .. 0z
Note that D™ f = f for o = (0,0..... 0). To give at least two other examples, we have
of
D() —_
f 0;171

forer = (1,0.0..... 0),and foro = (1.1..... 1) one obtains

0(1 f

D(Y — A
f ({).771(’).7'2 N 0.’1‘,1
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The Lebesgue LP-spaces contain nonsmooth and discontinuous functions whose derivatives
are not defined in the classical sense. However, in many cases the classical derivatives exist
almost everywhere. What needs to be done is to generalize the notion of the derivative to be
independent of zero-measure subsets. This was done by S.L.. Sobolev, who introduced weak
derivatives. The basic ingredient for the definition of weak derivatives are distributions:

Definition A.54 (Distributions) Let Q@ C R? be an open set. The space of distributions
(infinitely smooth functions with compact support) is defined by

C&(Q) = {p € C(Q); supp(y) C Q; supp(y) is conipact}.

Sometimes one uses the symbols D(Q) or D(£) instead of C5°(2). Recall that the
support

supp(p) = {z € ; p(x) # 0}
always is both closed and bounded.
B EXAMPLEA.52 (Distributions)
Consider a bounded domain 2 = (—1,1) C R and the functions
o(x) =cos(mz) +1, ¢(z)= efl—ﬁlfzﬁ

depicted in Figure A.36.

Figure A.36 The functions ¢ and .

Neither ¢ nor 4 is a distribution in £2, since

supp(y) = supp(y) = [-1.1] Q.

However, the function 1 can be extended by zero to be a distribution in the interval

@ = (-1 — €14 ¢), where ¢ > 0. This is not possible for the function ¢, since
already its second derivative would be discontinuous in 2.

Remark A.6 Since the support supp(p) of every distribution ¢ € C3°(8) is a closed set,
it cannot touch the boundary of the open set (). Therefore for every o € C3°(Q) there is at
least a thin belt along the boundary OS2 where @ vanishes entirely.
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Next let us review elementary results related to the integration by parts in higher spatial
dimensions, which will be used for the definition of the weak derivatives:

Theorem A.19 (Gauss’ theorem) Ler O C R be a bounded domain with Lipschitz-
continuous boundary. For every w. v € C'(Q) N C(Q) we have

P o .
L b = — / u 2z / wev: dS. (A.80)
Jo O Jao o Jog
Here v(xz) = (11,12, ... ud)'l'(m) is the unit outer normal vector to the boundary JS.
Proof: See, e.g., [36]. |

The formula (A.80) generalizes easily to the divergence of vector fields:

Theorem A.20 (Stokes’ theorem) Ler 2 C RY be a bounded domain with Lipschitz-
continuous boundary. Every smooth vector field w € [C(Q) N C(Q)]¢ satisfies

. V- -w(x)dx = / w(x)-vix)dS. (A81)
J Joo

where v(x) is the unit outer normal to OS.
Proof: This is an easy exercise using Theorem A.19. |

By repeated application of Theorem A.19 one easily arrives at the following result:

Theorem A.21 Let Q@ C R? be an open set, f € C""(Q) and o a multi-index such that
|| < m. The following holds:

/ D f(x)p(x) de = (—1)1 ' f)Dp(x)dx  forall p € CF(Q).  (A.82)
JQ JEY

With this result we are very close to defining the weak derivatives. One last thing we
need is the space L (Q):

loc

Definition A.55 (Space of locally-integrable functions) Let @ C RY be an open set and
1 < p < oc. A function f : 0 — R is said to be locally p-integrable in Q if f € LP?(K)
for every compact subset K C Q. The space of all locally p-integrable functions in S is
denoted by LY, ().

Remark A.7 Two remarks to spaces of locally p-integrable functions are in order:

1. Obviously it is LP(Q) C LY () for every open set (1 C RY and every 1 < p < ox.

The spaces Lf’c . are very large. For example, the function 1 /x does not belong to the

space L?(0,00) forany p > 1, but it lies in the space L} (0.oc) forall p > 1.

loce
2. Let 2 C R be an open (not necessarily bounded) set. The following inclusion holds:

L

loc

(Q) C L () whenever 1< ¢ <p.

loc

Note that for the LP-spaces, such inclusion was only valid on bounded sets (see
Lemma A.29).
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Finally, the weak derivatives can be defined:

Definition A.56 (Weak derivative) Ler 2 C RY be an open set, f € L () and let «x be

loc¢

a multi-index. The function D f € LL (Q) is said to be the weak ath derivative of f if

0 loc

/ DO fodx = (_1)‘“‘/ fD%dx  forallp € CF(0). (A.83)
JQ /2

The following result is needed for the proof of uniqueness of the weak derivative:

Lemma A.43 (Generalized variational lemma) Let f € L} () where Q@ C R is an
open set. If

/ flx)p(x)de =0 forall p € C;°(QY) (A.84)
0

then f = 0 almost everywhere in Q.

Proof: Assume that there exists a nonzero-measure subset D C (2 such that f # 0 in
D. Without loss of generality, we can assume that D is open and f > 0in D. Taking a
nonnegative ¢ € C7° () with a nonempty support supp(yp) C D, we arrive at a positive
value of the integral (A.84), which is a contradiction. |
Lemma A.44 (Uniqueness of weak derivatives) Let Q2 C R beanopenset, f € L} (S2)
and let o be a multi-index. The weak ath derivative D f € L} () is defined uniquely in
Q up to a zero-measure subset of ).

Proof: Assume that functions gy, g» € L|,.(£2) are the weak «th derivatives of f. Then
(A.83) implies that

/(91 —g2)pdz =0 forallyp € C3*(Q).
8

It follows from Lemma A.43 that ¢; = g2 almost everywhere in Q2. |

Lemma A.45 (Compatibility of weak and classical derivatives) Ler Q C R? be an open
set, f € C"(Q) and o a multi-index such that || < m. Then the classical ath derivative
D* f is identical to the weak ath derivative D f.

ur

Proof: This is an immediate consequence of Theorem A.21. |

B EXAMPLE A.53 (Weak differentiability in one dimension I)

Continuous, piecewise-smooth functions in 1D are weakly differentiable. This can
be illustrated on the function f(x) = 1 — |z in the interval Q = (—1,1): Since f
is smooth in (—1,0) and in (0, 1), the only candidate for the weak derivative is the
function

1. xe(-1.0),
D, f(x) =
-1, z2€(0,1).
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It remains to be verified that (A.83) holds, with Do = . For an arbitrary ¢ €
C§e(Q2) let us calculate

1 0 1
—/ fo dx - fo' dz — fo dr
-1 0

-1

—[fw]91+/ (+1)<Pd$—[fso]6+/0 (-1)pda

/ DL, fodr — F(0-)p(0-) + F(04)(0+)

-1

Thus (A.83) holds and the above-defined function DY, f is the weak derivative of f.

B EXAMPLE A.54 (Weak differentiability in one dimension II)
Discontinuous functions in 1D are not weakly differentiable: Consider the function
-1, z€(-1,0]
1, xe(0,1).

By the same token as in Example A .53, the only candidate for the weak derivative
D) f is the zero function (with an arbitrary value at = = 0). If zero is the weak
derivative of f, for all ¢ € CJ°(~1,1) we have

1 1 0 1
0= / D} fedz fo dr = — fo' dr — / fo'dx
-1 -1 0

J =1

0 1
/ @ dx — / o dz
J-1 0

= 9(0) = p(=1) = (p(1) — 9(0)) = 2p(0),  (A85)

which is a contradiction.

A.43 Spaces W*P and H*
The Sobolev spaces are defined as follows:

Definition A.57 (Sobolev spaces) Ler 2 C R be an open set, k > 1 an integer number
and p € [1,00]. We define

WEP(Q) = {f € LP(Q); D2 f exists and lies in LP(Q) for all multi-indices c,

ol <k}
For every 1 < p < oc the nornt || - || is defined as

1 1

» »

1l = / S pofrae| = ST pesir] - ase)

|| <k || <k
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For p = oo we define

£l = max | Dy flloc- (A-87)
le| <k

In the important special case p = 2 we abbreviate W*P(Q) = H*(Q).

In the W P_spaces we use the following standard seminorms:

I

Flow = /Q SYpafrde| = | 3 12 sy

|a|=k |a|=k

LI

for1 < p < oc, and
| fle = ax 1Dy flloc-

Classification of Sobolev spaces

We already know that all L”-spaces are Banach spaces and, moreover, that the space L? is
a Hilbert space. Let us see about the Sobolev spaces:

Theorem A.22 (W*?()) is a Banach space) LetQ) C R be anopenset, k > 1aninteger
number and p € [1, 00]. The Sobolev space W**(Q) is a Banach space.
Proof: We need to show that every Cauchy sequence {f,}°%, < W¥P(Q) has a limit

n=1
f € WFP(Q). It follows from the Cauchy property of { f,,}2%, in the W*?-norm that for
every multi-index |« < k the sequence { D¢ £, }°%, C LP(Q) is a Cauchy sequence in the
space L?. Therefore for every || < k there exists a limit f, € LP(€2) such that

lim ||D$fn - fa”p =0 (A.88)
n—o<c

For & = (0,0,...,0) denote f := f,. It remains to be shown that f, = D¢ f for every
la| < k. Since {£,}22, C WP, we have

/ D¢ fopdx = (—1)'“| / fuD%pdx  forall p € C§°(82)
Q )
for all n. Passing to the limit for n — oo, which is justified by (A.88), we obtain

L fapdz = (—1) i fDodx  forallp € CFF(Q).

Therefore f,, = D¢ f forall |a| < k, and thus

w
lim ||fn - f”]\ﬂp =0.
T—2C
|

Lemma A.46 Let Q C RY be an open set, k > 1 an integer number. The Sobolev space
WHP(Q) is reflexive if and only if 1 < p < 0.

Proof: Follows immediately from the reflexitivy of LP-spaces. ]
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Theorem A.23 (H*(Q) = W*2(Q) is a Hilbert space) Ler 2 C R? be an open set, k >
1 an integer number. The Soboley space W*-2((2), endowed with the inner product

(f gk =/ Z D" fDgdx = Z (D"f.Dg)r20)- (A.89)

2 al<k o <k

is a Hilbert space.

Proof: It is sufficient to show that (A.89) indeed defines an inner product. This follows
easily from the fact that (A.89) is a finite sum of L*-products of the weak derivatives. W

Density of smooth functions in Sobolev spaces We first explained the density
argument in the context of the Lebesgue LP-spaces in Paragraph A.2.11. The following
theorem gives an analogy for the Sobolev spaces.

Theorem A.24 (Density of smooth functions in W ?) LerQ) C R? be a bounded domain
with Lipschitz-continuous boundary and v € WkP(Q), 1 < p < oo. Then there exists a
sequence {v,}5Ly C C>(Q) such that

lim o — vnllpp = 0.
H—C

Proof: See, e.g., [1]. |

Here, C>°((2) is the space of infinitely-smooth functions with all derivatives continuous
up to the boundary 9. Theorem A.24 also holds for unbounded domains.

A.4.4 Discontinuity of H '-functions in R, d > 2

The density of smooth functions in W*-"-spaces, stated in Theorem A.24, does not imply
the smoothness, and not even the continuity of W*-functions. However, there are special
cases such as the space H' in 1D or H? in 2D, whose functions are continuous (this will be
explained in more detail in the comments to Theorem A.27). The functions in the frequently
used H'-spaces in 2D and 3D are not continuous in general, but their discontinuity only
can have the form of singularities. This is illustrated in the following example:

B EXAMPLE A.55 (Discontinuity of H'-functions in 2D and 3D)

Let ©2 € R? be an open set, The H!-functions cannot be discontinuous along lines or
curves in 2, which can be shown using the fact that H-functions are continuous in
1D. However, discontinuities can occur in the form of singularities at isolated points
in the domain. For example, consider the function

1 . )
f(z) =log (Iog (m>> .or(@) =\ 40l (A.90)
in a domain Q = B(0. R) C R%,0 < R < 1/e. ltis easy to calculate that
. . 2m
112, = Py = ——,
T R

as well as to verify that || f||p2 < oc. Thus f € H'({2) despite f € C(2).
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In 3D, H!-functions can have singularities both at isolated points and along one-
dimensional curves. To illustrate the point-singularities, we can consider the function
(A90) in B(O,R) C R%, 0 < R < 1/e, with r(z) = /2] + 2% + 22. A line-
singularity is obtained by adjusting the function (A.90) to

flzr zo.23) = f(r1.22). (A9

The function (A.91) lies in H*(B(0, R)), and it has a singularity along the x3-axis.

A.4.5 Poincaré-Friedrichs’ inequality

A frequently used subspace of H*(Q) is
H{(Q) = {v € H¥Q); D*v =00n9Q forall |a| < k}. (A.92)
In the case of k = 1 this is the space
H) Q)= {ve H(Q): v=00n0d0},

where, for example, the weak formulation of second-order PDEs with Dirichlet boundary
conditions usually takes place. The Poincaré-Friedrichs’ inequality says that the H*-
seminorm

luli = / 3 D uf da

@\ =k

is a norm in the space H¥(Q2) on every bounded domain 2 C R?. This norm, moreover, is
equivalent to the full H*-norm

1

2

ez = | [ 3 10l e

lo| <k

The notion of equivalence of norms was first introduced in Definition A.34. The equivalence
of |- |x.2 and || - ||x.2 in the space HE(€2) finds application in the solvability and uniqueness
analysis of partial differential equations as well as in practical computations.

Theorem A.25 (Basic Poincaré-Friedrichs’ inequality in H}(2)) Assume abounded do-
main @ C RY that is contained in a d-dimensional cube with the edge-length C > 0. Then

lullzz < Clubia  forallu € HH(Q). (A.93)

Proof: Since C5°(Q) is dense in HZ(€), it is sufficient to prove the inequality for all
u € C§°(€). Without loss of generality, let @ € S = {(z1,22,...,24); 0 < 2; < C}
and define u(z) = 0 for all x € S\ Q. Then

T du

u(xy, 22, ... zq) = u(0,22,...,24) + —(t,x2,...,2q)dt.

0 df]
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The boundary term vanishes, and the Cauchy-Schwarz inequality yields

, Ty , T 0 2
lu(z)]? < /O 1zdt0 %(t Loy .. Zq)| dt
C o« 2
]
< C/ %(t Za.....xq)| dt.
0

Since the right-hand side is independent of z1, it follows that

2 2

c A C o
. . du . du
2 2 2
dey <C —(t. L1, ..., dt=C — da;.
/O |u(m)| ry < /0 (()l']( EATN Ud) /0 8$] (ZB) X1
Now it suffices to integrate over the whole cube S to obtain
2 2 2 du ’ 2,12
lull72 = | |ulz)l*de < C 3 (z)| da < Culis. (A.94)
S Js |0

Theorem A.26 (General Poincaré-Friedrichs’ inequality in HY(Q)) Ler @ C R¢ be a
bounded domain. Then the seminorm | - .2 is a norm in the space HE(Q), equivalent to
the norm || - [{x.2. If Q is contained in a d-dimensional cube with the side length C, then

lulks < Jlullre < (14 C)Flulk2

forallu € HE(Q).

Proof: We use the Poincaré-Friedrichs’ inequality (A.94) for the derivatives to obtain

aD°
Dl < 0|
5] L2
for all jo| < k — 1 and u € HE(Q). The rest is shown by induction. [ |

Remark A.8 The proof of the Poincaré-Friedrichs’ inequality actually requires weaker
assumptions — the space HE(SY) can be replaced with the space

V ={ve€ H*Q); D*v=00nT forall |a| < k},
where T is a nonempty open subset of 91, and the equivalence of norms | - |2 and ||+ ||k.2
remains valid.

A.4.6 Embeddings of Sobolev spaces

Sometimes we need to decide whether all functions f that belong to a Banach space U also
lie in another Banach space V. Thus we are asking if the following implication holds:

HfHU <0 = Hva < 0.

This is equivalent to the question whether the identity operator Z : U — V' is continuous.
The reader already knows the answer in some situations. For example, when Q € R%is a
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bounded domain, U = LP(2) and V' = L9(2). In this case the answer is positive if ¢ < p
(see Lemma A.29, Paragraph A.2.10). We also know the answer when U is a Lebesgue
LP-space and V' some space of continuous or smooth functions (in this case it is negative).
Some more results of this type for Sobolev spaces will be presented in this paragraph. Most
of them will be given without proofs, since their difficulty goes beyond the scope of this
text. For the following definition recall Definition A.50 of compactness for operators in
normed spaces:

Definition A.58 (Embedding of Banach spaces) Ler U V' be Banach spaces such that
U C V. We say that U is continuously embedded into V, and write U — V, if there
exists a constant Cy v such that for every u € U it holds

lullv < Cuvlully. (A.95)

We say that the embedding is compact, and write U —<— V, if the identity operator T
moreover is compact.

If (A.95) holds, then obviously
IZIl < Cuv

(see Definition A.33). Since Z is linear, it is continuous if and only if it is bounded (see
Lemma A.24). The following definition generalizes the Lipschitz continuity of functions
and introduces the Holder spaces:

Definition A.59 (Holder continuity, Holder space C*#(2)) We say that a function f €

C(Q) is Holder-continuous with the exponent 3 > 0 if there exists a constant C'y such that
[f(@1) = f(@2)] < Cpllws —xall® forall zy, 22 € Q.

The space C*-8 (Q) consists of functions whose ath partial derivatives are Holder-continuous
with the exponent 3 > 0 for all multi-indices o such that || < k.

Theorem A.27 (Embedding theorem) Ler Q2 C R? be a bounded domain with Lipschitz-
continuous boundary and 1 < p < oo. We have the following embedding results:

1. Ifkp < d, then
WEP(Q) —— LI(Q)
forall g < p* suchthat 1/p* = 1/p —d/k.
2. Ifkp = d, then
WEP(Q) e LI(Q)

forall g < .

3. Ifkp > d, then

WHhP(Q) — ck-la/P-18(q)
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where 3 = [d/p] + 1 — d/p if d/p is not an integer, or 3 € (0.1) arbitrary if d/p is
an integer.

4. If kp > d, then

ng.p(Q) ey Ck—[d/p]—],/f(Q)

where 3 € [0.[d/p| + 1 —d/p). Here for a € R the symbol [a] stands for the integer
part of a.

Proof: The proof can be found, e.g., in [1]. |

The W*P-functions become smoother as the product kp increases. The critical value is
the spatial dimension d. The W*?-functions are continuous (or, more precisely, equivalent
to continuous functions) when kp > d,

Wk o C@)  if k> 1—;.
¢
By applying this result to the partial derivatives, it is easy to see that

W < (@) i k—m > 2 .

If kp < d, then a W*-function belongs to LP” (€) for an exponent p* greater than p. To
determine the exponent p*, one starts from the inequality kp < d written as

1/p—d/k > 0.

Then 1/p* is defined as 1/p* = 1/p — d/k.
Another consequence of Theorem A.27 is the following compact embedding result.

Corollary A.3 (Compact embedding) Let Q C R? be a bounded domain with Lipschitz-
continuous boundary. Let k, k' be nonnegative integers suchthat k > k', and 1 < p < oo.
Then

WHP(Q) e WHP(Q)

A.4.7 Traces of W¥Pfunctions

Let © © R? be a bounded domain. Since the Sobolev space 1+ () always is a subset of
the corresponding space L?(£2), the W*7-functions are only defined almost everywhere in
). Since the boundary 9§ is a zero-measure subset of €2, it might seem that the boundary
values (traces) of W¥*P-functions never can be well defined. However, the notion of trace
is associated with the whole class of W*P-equivalent functions, and it is defined using a
representant that is continuous up to the boundary:

Definition A.60 (Trace of a W*P-function) For a function f € W*+(Q) that is contin-
uous up to the boundary 02 we define its trace to the boundary OS2 as a function f defined
on 99, such that

f(x) = f(x) forall x € 0N
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Theorem A.28 (Traces of 1V} -?-functions) Let Q2 C RY be a bounded domainwith Lipsch-
itz-continuous boundary and 1 < p < oc. Then there exists a continuous linear operator
T : Whr(Q) — LP(0Q) such that

I (Tf)(x) = f(=z) forallze dQ if f € W N C(Q).

2. There exists a constant C > () such that

17 fllzro0y < Clfllnrry
forall f € WhHP(Q).

3. The operator T - WH#(Q) — LP(9Q) is compact.

Proof: See, e.g., [1] for the proof of this theorem as well as for more details on traces in
general. u
A.4.8 Generalized integration by parts formulae

In this paragraph let us recall a few standard integral identities that are used frequently in
the weak formulation of partial differential equations. Assume a bounded domain  C R¢
with Lipschitz-continuous boundary. By

viz) = (r.va..... va)T (x)

denote the unit outer normal to 92 (defined almost everywhere on 9€2). The formulae
(A.80) and (A.81) are generalized as follows:

Theorem A.29 (Green’s theorem for H!-functions) For everv u.v € HY(Q) it holds

Ju d T v
—uvdr = — | u-
e d:l?i 9 d.’l}l

dx +/ wvy, dS. (A.96)
o0

Proof: See, e.g., [36]. The proof is based on the density of C''(Q) in H!((2), and it uses
the Trace Theorem (Theorem A.28). |

Theorem A.29 is the basis for various other useful identities. At least two of them are
introduced in the following lemma:

LemmaA.47 Forallu € H'(Q) andv € H*(Q) it is
ov
ulAvde = — | VuVvdx + u—ds=s.
Q Q oo OV
where du/Ov = Vu(z) - v(z), x € O Forallu € [H (Q)]? and v € H'(Q) it holds

/(divu)v dx = —/ u - Vvdz + / (u-v)vdS.
Jo Q a0

Proof: Immediately from Theorem A.29. |
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A.4.9 Exercises

Exercise A.61 Show that the sequence of domains {Q,}7°_q in Example A.51 is uniformly
bounded, i.e., that there exists a bounded domain S such that Q,, C <) for all n.

Exercise A.62 Prove Lemma A.46.
Exercise A.63 Show in detail that (A.89) defines an inner product in H*(Q).

Exercise A.64 Consider a function f € C([-1,1]) defined as f(z) = z3 for -1 <z <0
and f(x) = 2% for 0 < x < 1. Find the largest k for which f € H*(—1,1).

Exercise A.65 Consider a domain Q2 = B(0, R) C R?% 0 < R < 1/e. Show in detail that

the function
f(x) = log <log (ﬁ)) L r@) = \Ja? +ad,

lies in the space H* (1),
Exercise A.66 Prove Theorem A.20 using Theorem A.19.

Exercise A.67 Let Q@ C R® be a bounded domain with Lipschitz-continuous boundary.
Use the Green's Theorem A.29 to see that every divergence-free vector field w &€ [H'(Q)]¢
satisfies

w-vdS =0,
a0

where v (x) is the unit outer normal vector to §) at the point x € 9.
Exercise A.68 Prove Lemma A.47 using Theorem A.19.
Exercise A.69 Consider a domainQ = (—1,1) x (=1,1) C R? and a function
it —(2—et + Laine?)) 0= )1 = 22
(t,z1,22) = e +t35m ( ) (1 — 23).

A sequence of functions { f,}22, is defined by putting f,(x) = f(n, x).
1. Verify that this sequence lies in H*(Q).
2. Show that it converges in H-norm and find the limit g € H(Q) of the sequence.

3. Usethe fact that { f,}52, C H(Q2) and a consequence of the Poincaré-Friedrichs’
inequality to simplify the convergence analysis.



Partial Differential Equations and the Finite Element Method
by Pavel Solin
Copyright © 2006 John Wiley & Sons, Inc.

APPENDIX B
SOFTWARE AND EXAMPLES

This chapter is devoted to the discussion of selected topics related to finite element software.
In Section B.1 we present an efficient way of connecting the packages PETSc, Trilinos and
UMPFPACK to a finite element solver. Section B.2 gives a brief description of the high-
performance modular finite element system HERMES. The full manual posted on our web
page offers additional technical details. At the end of Section B.2 we present numerical
results obtained with HERMES, where the efficiency of the lowest-order FEM and the hp-
FEM iscompared. Since it was not possible to include color pictures with this book, a color
PDF file with the visualizations is available on our web page.

B.1 SPARSE MATRIX SOLVERS

Efficient solvers for sparse systems of linear algebraic equations are key ingredients of finite
element programs. Nowadays an engineer or researcher hardly can afford developing matrix
solvers on his/her own, and thus public domain software packages play an increasingly
important role. Moreover, as the finite element software becomes more complex, the
question of efficient simultaneous interfacing to multiple matrix solver packages matters.
Every matrix solver comes with its own unique interface. Hardcoding this interface into a
FEM solver means an unwanted coupling. If the FEM solver deals with multiple PDEs that
produce matrices with substantially different properties (this is the case, e.g., with second-
order elliptic PDEs and Maxwell’s equations), the application of multiple matrix solvers
becomes a need.

Partial Differential Equations and the Finite Element Method. By Pavel Solin 427
Copyright © 2006 John Wiley & Sons, Inc.
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For this reason we decided to put an additional interface between the finite element solver
and the matrix solvers, that we call the sMatrix utility. The basic version of the sMatrix
utility is described in Paragraph B.1.1. The class sMatrix allows the user to operate with
sparse matrices in the same way as with full matrices. Internally, the sparse matrices are
represented via arrays of pointer chains, so that not even an estimate of the number of nonzero
entries per row has to be provided. The library comprises 10 iterative matrix solvers based
on ILU-preconditioned CG, BiCG, and other standard methods. These solvers work fine for
moderately ill-conditioned problems. In Paragraph B.].2 we provide an example where the
sMatrix utility is incorporated into a simple finite element code. Both the data structures
and algorithms in the sMatrix utility can be replaced easily while maintaining the original
interface to the finite element solver. This is demonstrated in Paragraphs B.1.3-B.1.5, where
we provide a brief description of the packages PETSc, Trilinos, and UMFPACK, and show
how to connect them with a finite element solver through the sMatrix interface.

B.1.1 The sMatrix utility
The software package sMatrix comprises the files

src/s.cpp,

inc/sMatrix.h,
inc/sMatrix_f.cpp,
inc/sMatrix_PETSc.cpp,
inc/sMatrix_Trilinos.cpp,
inc/sMatrix_UMFPACK. cpp,
inc/Solvers.f,

Makefile,

obj/.

The file s. cpp contains a simple piecewise-affine one-dimensional finite element solver
for the model problem from Paragraph 2.2.1, which uses the sMatrix utility. The file
inc/sMatrix_f.cpp is the default version of the sMatrix utility which contains sev-
eral standard ILU-preconditioned matrix solvers for both symmetric and nonsymmetric
problems. These solvers are collected in the Fortran file inc/Solvers.f. The files
sMatrix PETSc.cpp,sMatrix_ Trilinos.cpp, and sMatrix UMFPACK. cpp employ, un-
der the same interface, iterative and direct matrix solvers provided by the packages PETSc,
Trilinos, and UMFPACK. These packages must be downloaded and installed separately.
The directory obj/ is used to store object files.

Including the sMatrix utility The sMatrix utility is included into a C/C++ code
via the header file sMatrix.h after the standard system includes.

Initialization of a sparse matrix The size of the matrix Ndof must be known at the
time of initialization. An empty sparse matrix S is initialized by the command sMatrix *3
= new sMatrix(Ndof, Nnz). The input parameter Nnz is ignored unless the packages
PETSc, Trilinos, or UMFPACK are employed (this will be discussed later). The parameter
Nnz either is a single integer number defining the maximum number of nonzeros per row,
or it is an integer array of the length Ndof whose entries define the maximum number of
nonzero entries in each row.

Adding nonzero entries Theoperation S,, = 5,; +value, where value is an arbitrary
real number, is performed via the command S->Add(i, j, value). The indices start
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from 0, which is a standard C/C++ convention (as opposed to Fortran, where indices start
from 1). This means that the indicesi = 0 and j = O correspond to the upper left corner
of the matrix. Nonzero entries can be added to any position and as many times as the user
wishes. A new entry in the sparse matrix structure is created when a first contribution to a
position (i, j) is made, and further contributions to an existing entry only change its value.

Transforming the matrix into the CSR format  After the process of filling the sparse
matrix is finished, the number of nonzero entries in the matrix can be calculated by calling

S->ComputeNonZeros() ;

Next the matrix can be transformed into the Compressed Sparse Row (CSR) format (see
Paragraph 2.5.1) by calling the functions

S->Alloc_CSR_arrays();
S->Fi11_CSR_array_IA();
S->Fi11_CSR_array_JA();
S->Fill_CSR_array_A();

If for some reason one needs to reset all entries of the matrix to zero while preserving its
sparse structure (i.e., the arrays IA and JA), the command

S->SetZero();

can be used. After the TA, JA, and A arrays have been created, the matrix is stored twice in
the computer memory. Hence the original sparse structure may be deleted via the command

S->DeleteSparseStructure();

Solving the system of linear algebraic equations With a right-hand side vector
F of the length S->Rank, the system SY = F is solved by calling the function

SolveSparseSystem(S->Rank, S->NonZeroNum, S->IA, S->JA, S->A,
F, Solver, Max_iter_num, Iter_error,
Num_of_iter);

The solution vector Y is returned in the vector F. This function is defined outside of the
sMatrix class so that it can be used independently, with any sparse matrix represented in
terms of the three CSR arrays. The input parameters int Solver,int Max_iter num,and
double Iter_error, and the output parameter int &Num_of_iter have the following
meaning:

Solver is a nonzero integer number between -10 and 10 that determines which numer-
ical method from the file Solver.f is be used. This parameter is ignored when PETSc,
Trilinos, or UMFPACK are employed:

—

.. pbeg(): BiCG (biconjugate gradient method), nonsymmetric
. pbecgmr(): BICGMR?2 (BiCGStab2 with full two-dimensional minimiza-
tion of the symmetric method), nonsymmetric

. pegs(): (squared BiCG), nonsymmetric

. pscgs(): SCGS (smoothed squared BiCG), nonsymmetric

. pdegs(): DCGS (twice smoothed squared BiCG), nonsymmetric

. pqmr(): QMR (quasi minimum residual method), nonsymmetric

. pstab(): BiCGStab, nonsymmetric

[\

~N N R W
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8 ... pstab2(): BiCGStab2, nonsymmetric
9 ...pgcgm(): GCGM (generalized conjugate gradient method), symmetric
10 ... pmr(): (minimum residual method), symmetric

See, e.g., [103] for the description of these methods. The "p’ in the name of the method
stands for "ILU-preconditioned”. When flipping the sign, the same method is used without
preconditioning. Max_iter_ num is the maximum allowed number of iterations (to avoid
an infinite loop in the case of convergence problems), Iter_error is the accuracy of the
solver (more precisely, the upper bound for the residual), and Num_of _iter returns the
number of iterations actually performed. After the sparse linear algebraic system is solved,
the function

S->Delete_CSR_arrays();

may be used to delete the CSR arrays from the computer memory. Additional functions
can be found in the header file sMatrix.h, and the source code sMatrix. cpp contains the
description of additional internal variables that we have not mentioned. The source code
sMatrix_f.cpp is too lengthy to be printed here, but the reader finds it included with the
sMatrix package.

B.1.2 An example application

Let us return to the model problem stated in Paragraph 2.2.1: Given the real coefficients
a; > 0and ap > 0, an interval £ = (zp,x;), and a finite element mesh 7}, ,, over §2
consisting of M > 1 equally-spaced affine elements, find a piecewise-affine approximate
solution to the equation

—(ayu’) +agu=1 inQ, (B.1)

equipped with homogeneous Dirichlet boundary conditions.

The corresponding C++ finite element code that employs the sMatrix utility is shown
below. The input parameters a; > 0,a9 > 0,29 < z; and M > 1 are hardcoded for
simplicity, but the user is free to change them.

/*

This short code illustrates the use

of the utility sMatrix. Solved is

a model problem ~-(al u’)’ + a0 u =1
with homogeneocus Dirichlet conditions
in a 1D interval (x0, x1) by piecewise
~affine equally-spaced elements.

*/

//system includes

# include <stdio.h>
# include <string.h>

# include <math.h>

# include <stdlib.h>

# include <unistd.h>

//the sMatrix utility

# include "../inc/sMatrix.h"

int main(int argv, char **argc) {
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VEALLS DEFINING PROBLEM PARAMETERS LEL Y

double x0 = 0, x1 = 1; //computational domain Omega = (x0, x1)

double al = 1; //coefficient, must be greater than zero
double a0 = 0Q; //coefficient, must be greater than

//or equal to zero
int M = 10000; //number of equally-spaced elements in (x0,x1)

VALE] PRINTING PROBLEM PARAMETERS  *#¥*/

printf ("\n-~-~ ——-= \n");
printf (" This is a demo for the sMatrix utility\n");
printf ("~—-—~ - -=-\n"};

printf("Domain: Omega = (¥%g, %g).\n", x0, x1);
printf("Equation: ~(al u’)’ + a0 u = 1\n");
printf("Bdy conditions: u(x0) = u(x1) = 0.\n");
printf(“Coeffs: al = ¥%g, a0 = ¥%g.\n", al, a0);
printf("Subdivision into %d elements.\n", M};

VeLil DEFINING ELEMENT LENGTH *xk/

double h = (x1 - x0)/M;

VEALLS DEFINING THE NUMBER OF UNKNOWNS *%k [
int ndof = M - 1;

VALL ALLOCATING THE SPARSE MATRIX *kk/

//the second parameter is ignored unless
//the PETSc or Trilinos packages are used
//(to be explained later)

sMatrix *S = new sMatrix(ndof, 3);

/***  ALLOCATING THE RHS  #*x/

double *f = (double*)malloc(sizeof (double)*ndof);
if(f == NULL) Error{("Not enough memory for the right-hand side.");

VEAEL FILLING THE SPARSE MATRIX AND THE RHS *x*x/
JELES (THE ELEMENT LOOP) *kk /)

//setting the RHS zero
for(int i=0; i<ndof; i++) f[i] = 0;

//first element
S~->Add (0,0, al/h + a0*h/3);
£[0] = h/2;

//loop over internal elements

for(int i=2; i<M; i++) {
S~>Add(i-2, i-2, al/h + a0*h/3);
S->Add(i-2, i-1, -al/h + a0*h/6);
S->Add(i-1, i-2, -al/h + aO*h/6);
S->Add(i-1, i-1, al/h + a0*h/3);
£[i-2] += h/2;
fli-1] += h/2;

//last element

431
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S->Add(M-2,M-2, al/h + a0*h/3);
£[M-2] += h/2;

VEAEL CONTROL OUTPUT OF THE MATRIX IN MATLAB FORMAT *%k [
/*
string name = "matrix";

S->0utputMatrixMatlab(name);
printf ("Control output of the matrix in Matlab format.\n");
*/

VALL CONTROL OUTPUT OF THE MATRIX IN ASCI FORMAT *kk /[
/*
//string name = “"matrix";

S->0OutputMatrixASCI(name);
printf("Control output of the matrix in ASCI format.\n"});
*/

VEAEL CONTROL OUTPUT OF THE RHS IN ASCI FORMAT LEL V4

/*

printf ("RHS = ");

for(int i=0; i<ndof; i++) printf("Jg ", £[il);
printf ("\n");

*/

VALL TRANSLATING THE MATRIX INTO THE CSR FORMAT LEL VS

S->ComputeNonZeros () ;

S->Alloc_CSR_arrays();
S->Fill_CSR_array_IA();
S~>Fill_CSR_array_JAQ);
S->Fill_CSR_array_AQ);

/***  RELEASING MEMORY FOR THE SPARSE MATRIX STRUCTURE  **x/
S->DeleteSparseStructure();

/**x  DEFINING SPARSE MATRIX SOLVER PARAMETERS  **x*/
//choosing the iterative sparse matrix solver

//(ignored when the PETSc or Trilinos packages are used)

int solver = 9; //9 for ILU-preconditioned Conjugate Gradients

//defining accuracy of the iterative sparse matrix solver
double iter_error = le-10;

//setting a limit to the number of iterations of the solver
int max_iter_num = 1000;

//declaring a variable where the solver returns the number
//of iterations actually performed
int num_of_iter;

VALES SOLVING THE SPARSE LINEAR ALGEBRAIC SYSTEM *xk /
SolveSparseSystem(S->Rank, S->NonZeroNum, 3->IA,

S->JA, 3->A, f, solver,
max_iter_num, iter_error, num_of_iter);
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printf("Matrix solver performed %d iteratiomns.\n", num_of_iter);
VALL RELEASING MEMORY FOR THE CSR SPARSE MATRIX ARRAYS *%k [
S->Delete_CSR_arrays();

/*xx  QUTPUT OF SOLUTION %%/

FILE *g = fopen("solution.gnu", "wb");

if(g == NULL) Error("Could not open the output file.");

fprintf(g, "%g O\n", x0);

for(int i=0; i<ndof; i++) fprintf(g, "%g %g\n", x0 + (i+1)*h, £[il);
fprintf(g, "%g O\n", x1);

fclose(g);

printf ("Gnuplot file solution.gnu created.\n");

delete S;
free(f);
printf("Bye.\n");
return 1;

B.1.3 Interfacing with PETSc
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The PETSc solver package (Portable, Extensible Toolkit for Scientific Computation) was de-
veloped at Argonne National Labs. It can be downloaded from the web page http://wuw—
unix.mcs.anl.gov/petsc/petsc—2/index.html where also installation instructions,
documentation and an extensive amount of additional information can be found. Rather
than trying to give another description of the package here, let us present the source code
sMatrix PETSc.cpp. This is a PETSc version of the sMatrix utility, with an interface
identical to the original sMatrix. Every finite element solver that works with the original

sMatrix will work with sMatrix_PETSc as well.

The source code of sMatrix PETSc.cpp

//implementation of PETSc solvers under the sMatrix interface
#include "sMatrix.h"

#ifdef __cplusplus

extern “C" {
#endif

#include <petsc.h>

#include <petscvec.h>
#include <petscmat.h>
#include <petscksp.h>

#ifdef __cplusplus

}
#endif

#include <sstream>
#include <fstream>
#include <iomanip>
#include <cstdio>
#include <cstdlib>
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using namespace std;

void Error(char *msg) {
fprintf (stderr, "¥%s\n", msg);
fflush(stderr);
exit(0);

}

//class sMatrix
sMatrix::sMatrix(int iRank, int nz = 0)

{
PetscInitializeNoArguments();
Rank = iRank;
A = (doublex*)malloc(sizeof(Mat));
MatCreateSeqAIJ(PETSC_COMM_SELF, Rank, Rank,
nz > 0 7 nz : PETSC_DEFAULT, PETSC_NULL, (Mat*)A);
IA = NULL;
JA = NULL;
NonZeroNum = O;
}
sMatrix::sMatrix(int iRank, int *nz)
{
PetscInitializeNoArguments() ;
Rank = iRank;
A = (double*)malloc(sizeof(Mat));
MatCreateSeqAIJ(PETSC_COMM_SELF, Rank, Rank,
PETSC_DEFAULT, nz, (Mat*)A);
IA = NULL;
JA = NULL;
NonZeroNum = Q;
}

double sMatrix::GiveEntry(int iRow, int iColumn)
{
if (iRow < 0 {| iColumn < 0O |
iRow >= Rank || iColumn >= Rank)
Error(“internal in sMatrix::GiveEntry(}.");
Petsc3calar val;
MatGetValues (*(Mat*)A, 1, &iRow, 1, &iColumn, &val);
return (double)val;

}

void sMatrix::SetZero()

{
MatZeroEntries(* (Mat*)A);

}

void sMatrix::ComputeNonZeros()

{
//counting nonzeros
MatAssemblyBegin(* (Mat*)A, MAT_FINAL_ASSEMBLY);
MatAssemblyEnd(*(Mat*)A, MAT_FINAL_ASSEMBLY);
MatInfo info;
MatGetInfo(*(Mat*)A, MAT_LOCAL, &info);
NonZeroNum = (int)info.nz_used;

}

void sMatrix::Alloc_CSR_arrays()

{
MatAssemblyBegin(*(Mat*)A, MAT_FINAL_ASSEMBLY);
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MatAssemblyEnd (x(Mat*)A, MAT_FINAL_ASSEMBLY);

}
void sMatrix::Delete_CSR_arrays()
{
}
void sMatrix::Fill_CSR_array_IA(}
{
MatAssemblyBegin(*(Mat*)A, MAT_FINAL_ASSEMBLY);
MatAssemblyEnd (* (Mat*)A, MAT_FINAL_ASSEMBLY);
}
void sMatrix::Fill_CSR_array_JA()
{
MatAssemblyBegin(*(Mat*)A, MAT_FINAL_ASSEMBLY);
MatAssemblyEnd (* (Mat*)A, MAT_FINAL_ASSEMBLY);
}
void sMatrix::Fill_CSR_array_A()
{
MatAssemblyBegin(*(Mat*)A, MAT_FINAL_ASSEMBLY);
MatAssemblyEnd(* (Mat*)A, MAT_FINAL_ASSEMBLY);
}
void sMatrix::Add(int Row, int Column, double Value)
{
MatSetValue(*(Mat*)A, Row, Column, Value, ADD_VALUES);
}

//this function compares the sparse matrix with

//a given full matrix (for debug purposes)

void sMatrix::TestVsFullMatrix(double **A, double precision)
{

Error("TestVsFullMatrix() not done in PETSc version.');

}

void sMatrix::QutputMatrixMatlab(string ProjectName)

{
string MatlabFileName = ProjectName + ".mat";
PetscViewer w;
PetscViewerASCIIOpen(PETSC_COMM_SELF,

MatlabFileName.c_str()}, &w);

PetscViewerSetFormat (w, PETSC_VIEWER_ASCII_MATLAB);
MatView(* (Mat*)A, w);
PetscViewerDestroy(w);

}

void sMatrix::OutputMatrixASCI(string ProjectName)

{
string TxtFileName = ProjectName + ".txt";
PetscViewer w;
PetscViewerASCIIOpen (PETSC_COMM_SELF,

TxtFileName.c_str(), &w);

MatView(*(Mat*}A, w);
PetscViewerDestroy(w);

}

void sMatrix::DeleteSparseStructure() {

435
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void SolveSparseSystem(int Rank, int NonZeroNum, int =*IA,
int * JA, double *A, double *X,
int Solver, int Max_iter_num,
double Iter_error, int &Num_of_iter)

Vec rhs, x;
VecCreateSeqWithArray (PETSC_COMM_SELF, Rank, X, &rhs);
VecDuplicate(rhs, &x);

KSP ksp;

KSPCreate (PETSC_COMM_SELF, &ksp);

KSPSetTolerances(ksp, Iter_error, PETSC_DEFAULT,
PETSC_DEFAULT, Max_iter_num);

KSPSetFromOptions(ksp);

KSPSetQOperators(ksp, *{(Mat*)A, *(Mat*)A, SAME_PRECONDITIONER);

//VERSION 2.2.0:

//KSPSetRhs(ksp, rhs);

//KSPSetSolution(ksp, x);

//KSPSolve(ksp);

//VERSION 2.2.1:

KSPSolve (ksp,rhs,x);

PetscReal r_norm;

K3PGetResidualNorm(ksp, &r_norm);

KSPGetIterationNumber(ksp, &Num_of_iter);

printf("Matrix solver step %d, residual %g.\n",
Num_of_iter, r_norm);

Petsc3calar *p;

VecGetArray(x, &p);

for(int i=0; i<Rank; i++) {
X[i] = plil;

h

VecRestoreArray(x, &p);

KSPDestroy (ksp);
VecDestroy(rhs);
VecDestroy(x);

B.1.4 Interfacing with Trilinos

Trilinos is a large collection of linear and nonlinear algebraic solvers developed at Sandia
National Labs. Documentation on the Trilinos project can be found on the web page
http://software.sandia.gov/trilinos/. Here we present its rather simple serial
application. The following source code sMatrix_Trilinos.cpp is the Trilinos version of
the sMatrix utility, that again preserves the original sMatrix interface.

The source code of sMatrix_Trilinos.cpp
//implementation of Trilinos solvers under the sMatrix interface
#include "sMatrix.h"

#include <Epetra_ConfigDefs.h>

#include <Epetra_SerialComm.h>
#include <Epetra_CrsMatrix.h>
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#include <Epetra_Map.h>

#include <Epetra_Vector.h>
#include <Epetra_LinearProblem.h>
#include <Aztec00.h>

#include <sstream>
#include <fstream>
#include <iomanip>
#include <cstdio>

#include <cstdlib>

using namespace std;

void Error(char *msg) {
fprintf (stderr, "%s\n", msg);
fflush(stderr);
exit(0);

}

//class sMatrix
sMatrix::sMatrix(int iRank, int nz)

{
Rank = iRank;
Epetra_SerialComm *Comm = new Epetra_SerialComm;
Epetra_Map *Map = new Epetra_Map(Rank, O, *Comm);
Epetra_CrsMatrix *Crs = new Epetra_CrsMatrix(Copy, *Map, nz);
A = (doublex*)Crs;
IA = NULL;
JA = NULL;
NonZeroNum = 0;
}
sMatrix::sMatrix(int iRank, int *nz)
{
Rank = iRank;
Epetra_SerialComm *Comm = new Epetra_SerialComm;
Epetra_Map *Map = new Epetra_Map(Rank, 0, *Comm);
Epetra_CrsMatrix *Crs = new Epetra_CrsMatrix{(Copy, *Map, nz);
A = (doublex)Crs;
IA = NULL;
JA = NULL;
NonZeroNum = O;
}
double sMatrix::GiveEntry(int iRow, int iColumn)
{
if (iRow < 0 [|] iColumn < O |
iRow >= Rank || iColumn >= Rank)
Error("internal in sMatrix::GiveEntry().");
Error("GiveEntry() not done in Trilinos version.");
return 0.0;
}
void sMatrix::SetZero()
{
Epetra_CrsMatrix *Crs = (Epetra_CrsMatrix*)A;
Crs->PutScalar(0.0);
}

void sMatrix::ComputeNonZeros(}

{
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//counting nonzeros

Epetra_CrsMatrix *Crs = (Epetra_CrsMatrix*)A;
Crs—>FillComplete();

NonZeroNum = Crs->NumGlobalNonzeros();

}

void sMatrix::Alloc_CSR_arrays()

{
Epetra_CrsMatrix *Crs = (Epetra_CrsMatrix*)A;
Crs->FillComplete();

}

void sMatrix::Delete_CSR_arrays(})

{

}

void sMatrix::Fill_CSR_array_IA()

{
Epetra_CrsMatrix *Crs = (Epetra;CrsMatrix*)A;
Crs->FillComplete();

}

void sMatrix::Fill_CSR_array_JAQ)

{
Epetra_CrsMatrix *Crs = (Epetra_CrsMatrix*)A;
Crs->FillComplete () ;

}

void sMatrix::Fill_CSR_array _AQ)

{
Epetra_CrsMatrix *Crs = (Epetra_CrsMatrixx*)A;
Crs->FillComplete();

}

void sMatrix::Add(int Row, int Column, double Value)
{
Epetra_CrsMatrix *Crs = (Epetra;CrsMatrix*)A;
int ret = Crs->SumIntoGlobalValues(Row, 1, &Value, &Column);
if (ret!=0) {
Crs—>InsertGlobalValues(Row, 1, &Value, &Column);
}
}

//this function compares the sparse matrix with
//a given full matrix (for debug purposes)
void sMatrix::TestVsFullMatrix(double **A, double precision)
{
Error("TestVsFullMatrix() not done in Trilinos version.");

}

void sMatrix::OutputMatrixMatlab(string ProjectName)
{
Error("OutputMatrixMatlab() not done in Trilinos version.");

}

void sMatrix::OutputMatrixASCI(string ProjectName)
{
Epetra_CrsMatrix *Crs = (Epetra;CrsMatrix*)A;
cout << *Crs << endl;

}
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void sMatrix::DeleteSparseStructure() {

}

void SolveSparseSystem(int Rank, int NonZeroNum, int *IA,
int * JA, double *A, double *X,
int Solver, int Max_iter_num,
double Iter_error, int &Num_of_iter)

{
Epetra_CrsMatrix *Crs = (Epetra_CrsMatrix#*)A;
Epetra_Vector rhs(Copy, Crs—>RowMap(), X);
Epetra_Vector x(Crs->RowMap(});
x.Random();
Epetra_LinearProblem Problem{(Crs, &x, &rhs);
Aztec00 KSP(Problem);
KSP.Iterate(Max_iter_num, Iter_error);
Num_of _iter = KSP.NumIters();
x.ExtractCopy(X);

}

B.1.5 Interfacing with UMFPACK

UMFPACK is a set of routines for solving nonsymmetric sparse linear systems by means
of the Unsymmetric MultiFrontal method. The software was developed at the University
of Florida at Gainesville. Being a direct solver, UMFPACK is substantially different from
the iterative solvers Trilinos and PETSc. We use it successfully for indefinite problems
arising in the discretization of the time-harmonic Maxwell’s equations, where the iterative
solvers do not perform well. Documentation and source codes can be found on the web page
http://www.cise.ufl.edu/research/spar se/umfpack. Building the UMFPACK
functionality into the sMatrix utility was slightly more technical because of its specific
data structures, but the original sMatrix interface could be preserved exactly. The source
code sMatrix UMFPACK. cpp is not printed here because of its length.

B.2 THE HIGH-PERFORMANCE MODULAR FINITE ELEMENT SYSTEM
HERMES

Nodal elements (such as the Lagrange, Whitney, or Nédélec elements) are naturally suited
for meshes where all elements have the same polynomial degree. This is why they are most
suitable for problems with “nice” solutions. However, many problems in computational
engineering and science exhibit significant local behavior in the form of steep gradients,
singularities, boundary and/or internal layers, etc. These phenomena can be most efficiently
resolved by means of hierarchic finite element methods (hp-FEM), which are capable of
combining elements of variable size and polynomial degree. The impact on the efficiency
of the method is tremendous. A few numerical examples at the end of this section give the
reader some feeling for the difference. An introduction to hierarchic finite element methods
can be found, e.g., in [111], on which the implementation of HERMES is based.
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B.2.1 Modular structure of HERMES

HERMES is a modular object-oriented FEM system designed to facilitate the portability
of the hp-FEM technology to various PDE models in engineering and science. The system
consists of two main modules:

e FEM/hp-FEM Module containing the finite element discretization technology, such
as the mesh processing algorithms, interior mode elimination algorithms, assembling
algorithms, a-posteriori error estimation algorithms, etc.

e Algebraic Module with a variety of solvers for systems of linear and nonlinear al-
gebraic equations, such as ILU preconditioned CG and BiCG methods, and solvers
provided by the packages PETSc, Trilinos, and UMFPACK. Additional solvers can
be added easily.

The FEM/hp-FEM and Algebraic Modules communicate through the universal sMatrix
interface that was described in Paragraph B.1.1.
The FEM/hp-FEM module is the most complex part of the system. It comprises:

o FEM/hp-FEM kernel containing PDE-independent algorithms,

e smaller modules representing PDE-dependent data, such as various types of finite
elements.

In this way the discretization technology is fully separated from the physics of the solved
problems, which reduces the development cost and increases the portability of the system
to various PDE applications. The modular structure is depicted in Figure B.1.

FEM/hp-FEM Module

FEM/hp-FEM Kernel

Continous Conti ot ;
Problem ontinuous ther types of ‘o
elements elements h3e
Mesh £
’» Generator | | Edge aylor—Hood § 2
clements elements g =
PDE . s g
Weak * Y Y ?' ;—'
b
Bdy. Cond. ] Formuiation
- -

solution
coefficient
vector

Discrete . N B
e sMatrix Interface Solution
Problem

Trilinos PETSc |UMFPACK Other

Algebraic Module

Figure B.1 Structure of the modular FEM system HERMES.

Currently two different PDE modules are implemented in the FEM/hp-FEM module:

¢ Elliptic Module with hierarchic continuous elements for systems of arbitrary number
of nonlinear elliptic equations,
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e Maxwell’s Module containing hierarchic edge elements for time-harmonic Maxwell’s
equatjons.

The Stokes Module with hierarchic higher-order Taylor-Hood elements is under construc-
tion. Each type of PDE problem can be supplemented with appropriate boundary conditions.

B.2.2 The elliptic module

The system of nonlinear PDEs is entered via the definition of nonzero components of the
vectors and matrices in the matrix equation

P 8 P P
. <P](m u. Vu)()u]( )) + 5 <Pg(m u. vu)di( )) (B.2)

du

2] 2] o
+ . <P3(m U, Vu)&rl (m)) + 92s <P1(m.u. Vu)ﬁ(m))

+ 9 (Ps(x.u, Vu)u(z)) + (Ps(x.u. Vu)u(z))

12
day Or ro
+ Pz u. Vu)u(z) = Flx.u. Vu).

Here u(x) = (uy(x). uz(x).. ... un,, () is the unknown solution with the components
;€ HY(Q),1=1,... N,. The matrix parameters P;. Pa.. ... P of the type Ny X Neg
may be arbitrary, some of them can be zero, but each equation in the system must stay a
scalar second-order elliptic PDE. All parameters may depend on the spatial variable x, on
the solution u and/or on the gradient Vu. The same applies to the right-hand side function
F=(F..... Fn, ) (z,u, Vu). By applying §/0z; and 9/da: to vectors, we mean that
the derivatives are applied to every component.

The variable IV, is set to one when a single scalar equation is solved, in which case
obviously the matrix and vector parameters become scalars. In this way the model equa-
tion (B.2) covers a large variety of nonlinear, possibly vector-valued second-order elliptic
problems.

Boundary conditions Boundary conditions can be prescribed in a general form. For

each solution component, the boundary of the domain is split into two parts I'p ; and 'y ;,

i=1.2...., Nog. These boundary parts do not have to be connected, and moreover either

I'w., orI'p.; can be empty, provided that the other parameters guarantee unique solvability.
On I'p, one prescribes the Dirichlet boundary condition

w(x)=gp,(x). z€lp,. i=12..... Neg.

where ¢gp ; are given functions.
The Neumann boundary conditions, gy ;, on I' v ; are defined in the form

du du Ou du
<P]() z Pga . R57L>i+n2 <P$81’] P48_2 +P()’lt>':gN_1.

where gy, () are the given functions, v = (v (). v»(2))7 is the unitary outer normal
vectorto 9N, x € Py ;,andi=1,2... ., , Neg.
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Vector formulation With the notation
(A P
A= ( oo ) ,
the problem (B.2) can be rewritten to

Ox Jy

U; = gp. On FD,’Lv
([AVu] - v), + (Psuvy + Peuva), gnvi onDn,.

Spatial discretization The polynomial degrees 1 < p < 10 on the finite elements
can be defined either via a data file or by means of a function in the code that assigns the
polynomial degrees to elements based on the coordinates of their vertices. The polynomial
degrees may differ from element to element. The solver constructs the corresponding
hierarchic basis of the (vector-valued) finite element space Vi, C (H'(Q))V«, B =
{¥1,¥2,-..,pn}. The unknown solution is sought in the form

N
u(@) =y, (@),
=1

where y = (y1,92,...,yn )7 is the vector of unknown coefficients of the length N. Equa-
tion (B.2) is formulated in the variational sense and the usual finite element discretization
is performed. The result of the discretization is a system of nonlinear algebraic equations
in the form

Aly)y = f(y). (B.3)
Here A is a square matrix of the type N x N depending on the vector y. It contains the
nonlinearity coming from the coefficients P;, Ps, ..., P;. The right-hand side f(y) is a

vector of the length NV that also depends on y. The discrete system is solved via a fixed
point iteration
Ay = fly*), k=013, (B4)

starting from a suitable initial guess y°. Each iteration of this process includes the solution
of asystem of linear algebraic equations with a given matrix A* = A(y*). For this purpose
we use the previously mentioned sMatrix utility.

B.2.3 The Maxwell’'s module

The time-harmonic Maxwell’s equation (7.62) is considered in the two-dimensional form
V(u'VE) - k*¢,E=F inq, (B.5)

where E is the complex phasor of the electric field (i.e., the underlined quantity in (7.61)).
In the two-dimensional setting, the relative permeability p, = p,(x) is a scalar in 2D,
whereas the relative permittivity €, = €,(x) isa 2 x 2 tensor. By w and k = w./lp€q we
denote the frequency and wave number, respectively. Here, as in Chapter 7, the symbol
V = (9/9x2, —0/0x;)7 stands for the vector-valued curl of a scalar quantity, and VE =
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OF5 /01 — OF, [0z is the surface curl. Equation (B.5) is considered in an open bounded
domain Q C R2.
The code works with the normalized values (7.67),

g,
veoE —E, JuH — H, \76—0 — Ja,
and (7.68),

) )

& = — <e + ﬁ) : (B.6)
€0 7%

R

Hy - R

Ho

where the conductivity v is a function of the spatial variable.

Boundary conditions The boundary 92 can be split into two open (not necessarily
connected) disjoint parts [ p and [';. We consider the perfect conductor boundary condition
(7.57),

E-t=0 on FP»

and the impedance boundary condition (7.71),
p 'VE —jkAE-t=g-t onDy.

Here t = t(x) is the positively-oriented unit tangential vector t = (—vs,1;)7, where v =
(11, v2)7 is the unit outer normal vector to the boundary 9§2. The impedance A = A(x) > 0
was defined in (7.72). Only the tangential component of g = g(x) is relevant.

Spatial discretization The discretization of the time-harmonic Maxwell’s equations
is analogous to second-order elliptic problems. The solver constructs a hierarchic basis
of the corresponding finite element subspace of H (curl, ), B = {4, %,,..., ¥y}
Recall that the space H (curl) only requires the continuity of the tangential component of
the approximation across element interfaces. The unknown solution E}, , is sought in the
form

N
Enp(x) =Y 29, (=),
1=1

where z = (21,29, ..., zN)T € CV is the vector of unknown complex coefficients.
The usual finite element discretization yields a system of complex-valued linear algebraic
equations of the form
Az = f. (B.7)

Here A is an N x N complex matrix and f a complex vector. Only the complex version
of UMFPACK can handle the complex arithmetics. However, the code is written in such
a way that also real solvers can be employed. This is done by representing the complex
system as a 2N x 2N real system.

All matrix solvers available in HERMES (ILU preconditioned CG and BiCG methods,
PETSc, Trilinos, UMFPACK, and Gaussian elimination) can be employed to solve the
linear system (B.7). However, the convergence of the iterative solvers in this case may be
unsatisfactory due to the indefinite nature of the matrix A. As we said earlier, UMFPACK
seems to be most appropriate for the discretized time-harmonic Maxwell’s equations.
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B.2.4 Example 1: L-shape domain problem

The first numerical example deals with a problem whose exact solution u is known, and
thus the error function e, , = u — uy. ), can be calculated exactly. We consider an L-shape
domain 2 C R? with a reentrant corner, shown in Figure B.2.

—_

/(/rv;‘///ﬁ:/ 7
-

7
7

/////// .

Figure B.2 Geometry: of the L-shape domain.

_|:

Considered is the equation —Awu = 0 in €2 with the Dirichlet boundary conditions
u(z) = R(x)*?sin(20(x)/3 + 7/3)  forall z € A

Here R(x) and #(x) are the standard spherical coordinates in the plane. The exact solution
has the form

u(x) = R(x)?/? sin(20(x)/3 + n/3) forallz € Q.
The magnitude of the gradient |Vu/| of the exact solution (whose calculation is left to the
reader as an exercise) exhibits a singularity at the reentrant corner. Singularities are typical
for second-order elliptic problems in domains with reentrant corners, and they make their

numerical solution challenging. Despite being very local in space, they are a significant
source of error. The error can be measured in a variety of different ways. The H*-norm

Heh.p”Hl(iZ) = </ |“’ - uh‘p|2 + |V71, - V”h‘p|2dm>
JQ

is a natural choice from the point of view of the weak formulation of the problem. The
L>*-norm

f’h.p1|Lx(52) = ;lélg)z |71(33) - "h.p(m)|'

on the other hand, gives the maximum difference of « and u; ,. We use the H'-norm in
what follows. The problem was solved twice, using the piecewise-affine FEM and the hp-
FEM. In both cases it was our goal to attain the best possible accuracy using as few degrees
of freedom as possible. The approximate solution, its gradient, finite element meshes, and
a-posteriori error estimate ey, , =~ U,y — Uy, based on a very accurate reference solution
Uy £, are shown in Figures B.3-B.7. The efficiency of the piecewise-affine FEM and the
hp-FEM is compared in Table B.].
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Figure B.7  A-posteriori error estimate for w,, ,, details of the reentrant corner (zoom = 70).

The geometry of the piecewise-affine mesh was identical to the /up-mesh, but the piecewise-
affine mesh was moreover uniformly subdivided to reach the required accuracy (each edge
was split into 60 equally long parts).

An efficiency comparison of the piecewise-affine FEM and hp-FEM is shown in Table
B.1. Both computations, as well as all other computations shown in the following, were
performed using our modular FEM system HERMES under identical conditions on a desk-
top Linux PC with a 3 GHz Pentium 4 processor and 2 GB of memory.

Table B.1 Comparison of the number of DOF, relative error in the H'-norm, number of
iterations of the matrix solver, and the CPU-time.

Affine elements  hp elements

DOF 143161 839
Error 0.1876% 0.1603%
Iterations 421 30
CPU time 2.1 min 0.35 sec

Acknowledgment The numerical results presented in this section were obtained with the

help of the triangular mesh generator Triangle [ 107} by Richard Shewchuk (seehttp: //www-2.cs.cmu.
and the visualization tool General Mesh Viewer (GMV) by Frank Ortega (seehttp: //www-xdiv.lanl.
GMVHome .html).
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B.2.5 Example 2: Insulator problem

This time it is our goal to calculate the distribution of the electric field induced by an
insulated conductor in the vicinity of a point where the conductor leaves the wall. The
computational domain  C R? corresponding to this axisymmetric problem is depicted in
Figure B.8.

Figure B.8 Computational domain (all measures are in millimeters).

The wall itself, where we are not interested in the solution, is not included in the domain
). The same holds for the conductor along the horizontal axis of symmetry. Both the
wall and the conductor are handled via suitable boundary conditions (to be defined below).
The hatched subdomain 3 C € represents the insulator with the relative permittivity
€, = 10. The relative permittivity in the rest of the domain is ¢, = 1. This problem is
more difficult compared to the previous one, because in addition to a reentrant corner there
is a material interface in the domain along which the electric field F is discontinuous (i.e.,
across which the scalar potential ( has a significant jump in the derivative). Solved is the
standard potential equation of electrostatics (7.25) in cylindrical coordinates, equipped with
the following boundary conditions:

w=220V  onl}y.

p=0V onT UTs.
and

20 _

=0 on rg @] T;; U T().
Ov

Again we compare the results obtained by means of the piecewise-affine FEM and /1p-
FEM. The approximate solution, its gradient, finite element meshes, and an a-posteriori
error estimate are shown in Figures B.9-B.13. The efficiency of the piecewise-affine FEM
and the /hp-FEM is compared in Table B.2.
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Figure B.13  A-posteriori error estimate for ¢, ,,, details of the reentrant corner (zoom = 4).

The piecewise-affine mesh had geometry identical to the Ap-mesh, but it was uniformly
subdivided so that an accuracy similar to the 2p-FEM could be reached (each edge was split

into 23 equally long parts). An efficiency comparison is shown in Table B.2.

Table B.2  Comparison of the number of DOF, relative error in the H'-norm, number of
iterations of the matrix solver, and the CPU-time.

Affine elements  hp elements

DOF 259393 6331
Error 1.617% 1.521%
Iterations 228 60

CPU time 34 min 11.58 sec
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B.2.6 Example 3: Sphere-cone problem

The next problem also deals with electrostatics. A metallic sphere of the radius 200 mm
carries an electric potential ¢, = 100 kV. The distance of the sphere to the ground is 1000
mm. Thereis a metallic cone 100 mm above the sphere with zero electric potential. The cone
is 500 mm high and its bottom has the radius 100 mm. The axisymmetric computational
domain 2 isdepicted in Figure B. 14 (notice that the figure describes the boundary conditions
used). We solve equation (7.25) in cylindrical coordinates and compare the performance of
the piecewise-affine and hp-FEM. The approximate solution, its gradient, the finite element
meshes, and an a-posteriori error estimate are shown in Figures B.15-B.19. The efficiency
of the piecewise-affine FEM and the hp-FEM is compared in Table B.3.

““““““““““ \\\\\

Figure B.14 Computational domain of the cone-sphere problem.
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B.2.7 Example 4: Electrostatic micromotor problem

This computation is rooted in the construction of electrostatic micromotors. These devices,
which are capable of transforming the electric energy into motion analogously to standard
electromotors, do not contain any coils or electric circuits that could be destroyed by strong
electromagnetic waves. The goal of this computation is a highly-accurate approximation of
the distribution of the electric field in a domain containing two electrodes and a thin object
placed between them. The problem is plane-symmetric, and Figure B.20 shows one-half
of the domain 2.

iy

]

Figure B.20  Computational domain (the scaling was adjusted, but true measures in millimeters are
provided). The electrode is modeled via a Dirichlet boundary condition.

The gray subdomain €2 represents the moving part of the device, while the white sub-
domain Q; represents the electrodes that are fixed. The distribution of the electric potential
@ is governed equation (7.25),

V- (er(@) V() =0 in,
equipped with the Dirichlet boundary conditions
=0V only,

and
w=50V onTls.

The relative permittivity €,. is piecewise-constant, e = 1 in {2; and € = 10 in €2,. We solve
the problem twice, using the piecewise-affine and hp-FEM. The solution, gradient of the
solution, a-posteriori error estimate, and the meshes are shown in Figures B.21-B.22. The
efficiency of the piecewise-affine FEM and the hp-FEM is compared in Table B.4.
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Figure B.22 The hp-mesh (zoom = 1, 6, 50, 1000). Large sixth-order elements are used far from
the electrodes and small quadratic elements are placed at the reentrant corners.
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The piecewise-affine mesh had geometry identical to the hp-mesh, but it was uniformly
subdivided so that an accuracy similar to the hp-FEM could be reached (each edge was split
into 44 equally long parts). An efficiency comparison is shown in Table B .4.

Table B.4 Comparison of the number of DOF, relative error in the & -norm, number of
iterations of the matrix solver, and the CPU-time.

Affine elements  hp elements

DOF 472384 4511
Error 0.2024% 0.173%
Iterations 387 71
CPU time 32 min 17 sec

B.2.8 Example 5: Diffraction problem

The last example taken from [76] is concerned with an electromagnetic diffraction problem
in the domain Q = (—10,10)? \ (0, 10) x (—10, 0) with reentrant corner. The Maxwell’s
module of HERMES (see Paragraph B.2.3) is employed to discretize the time-harmonic
Maxwell’s equations by means of hierarchic hp edge elements. The edge elements use the
same hp-FEM kernel as the elliptic module that was described in Paragraph B.2.2. The
technology of the hierarchic edge elements is slightly different from the Nédélec elements.
The hierarchic vector-valued shape functions used in HERMES can be found in [111]. The
reference transformation (7.113) derived in Paragraph 7.5.2 is used without changes.

The problem involves perfect perfect conducting boundary conditions on the edges meet-
ing at the reentrant corner, and impedance boundary conditions on the rest of the boundary
(see [76] for their exact definition). The exact solution to this problem is given by

E(x) =V x Ju(r)cos(ad), r(x) = /2% + 3, (B.8)

where the symbol V = (0/0x2, —8/8x1)7 stands for the vector-valued curl, o = 2/3,
J, is the Bessel function of the first kind, and (r, ¢) are the cylindrical coordinates in the
plane. The approximate solution E}, ,, (whose singularity was truncated for visualization
purposes) is depicted in Figure B.23. The approximate solution obtained on the lowest-
order mesh is optically identical to E, ,. Figures B.24 and B.25 show the Ap-mesh and
lowest-order mesh consisting of the Whitney elements. An efficiency comparison is shown
in Table B.5.

By the way, this example illustrates that [H*(£2)]? is not a subspace of H(curl,): The
asymptotic expansion of the exact solution (B.8) at 7 = 0 reveals a singularity O(r~4/3),
which is too strong for E to lie in the space [H*(€2)]2. Thus, as we said at the beginning
of Section 7.5, no Galerkin sequence could be constructed using subspaces of [H*(Q2)]2.



EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE

¥
2

&

purposes.




460 SOFTWARE AND EXAMPLES

Figure B.25 The mesh consisting of the lowest-order (Whitney) edge elements.

The lowest-order mesh shown in Figure B.25 was uniformly subdivided in order to reach
an accuracy comparable to the /ip-FEM (each edge was split into 10 equally long parts).
An efficiency comparison is shown in Table B.5.

Table B.5 Comparison of the number of DOF, relative error in the H (curl)-norm, and the
CPU-time.

Whitney edge elements  hp edge elements

DOF 2586540 4324
Error 0.6445% 0.6211%
CPU time 21.2 min 2.49 sec
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symmetry, 287
traction, 249
truncation, 286
collocation, 197
entropy. 38
initial, 30
interface. 277, 286
conductivity
electric. 274
thermal, 5
conductor, 275
cone condition, 414
conformity
definition. 118
{0 the space Hcurly, 301
to the space H'. 119
conservation law, 37
hyperbolic. 37
consistency
error, 173
order, 173
constitutive relations, 274
continuation, 172
continuity
Hdolder, 423
Lipschitz of boundary, 413
of operators, 357
convergence
Heine definition, 360
of a sequence, 352
of one-step methods, 174
strong. 408
weak, 408
Courant Richard, 110
Curie’s point, 277
data structure
P /Q"in2D, 134
Pr/Qvin 2D, 157
in 1D, 77
deflection, 210
density
argument, 385
of electric flux, 270
of magnetic flux, 270
determinant, 339
dielecirics, 275
dimension, 331
Dirichlet Johann Peter Gustav, 14
Dirichlet lift, 20
discrete problem. 46
disurtbutions, 414
domain
boundary, 413
definition, 412
dual basis, 343
dual space, 343
effective shearing force, 249
etgenvalue, 340

INDEX

eigenvector, 341
clectric charge, 273
density. 273
element
Argyris
higher-order, 265
quintic, 255
edge
Nédélec., 309
Whitney. 302
general nodal, 104
Hermite
cubic in 1D, 218
cubic in 2D, 236
higher-order hierarchic in 1D, 222
higher-order nodal in 1D, 220
higher-order nodal in 2D, 238
Lagrange
biaffine Q' in 2D. 108
higher-order 7 in 2D. 152
higher-order Q7" in 2D, 143
higher-order hierarchic in 1D, 74
higher-order nodal in 1D, 70
linear /! in 2D. 110
ellipticity, 3
uniform, 28
embedding
compact, 423
continuous, 423
energy norm, 16
entropy conditions, 38
equalion
Burger's. 6
continuity, 274
clhiptic, 2
heat transfer. 5
Hclimholtz, 288
hyperbolic, 2
parabolic, 2
Parseval, 400
Poisson. 4
potential. 4
wave, 5,283
equations
Maxwells
differential form, 273
integral form, 272
time-harmonic, 287
equipotentials, 280
equivalence of elements, 121
error
consistency, 173
discredzation, 174
Euler method
explicit. 175
implieit, 176
expansion coefticients, 331
Fehlberg’s trick, 182
field
conservative, 280
divergence-free, 281
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electric, 270
irrotational, 279
magnetic, 270
fixed point iteration, 372
flux funcion, 36
force lines, 280
Fourier Jean Baptiste Joseph, 399
Fourter series, 399
Galerkin Boris Grigorievich, 46
cauge
Coulomb, 282
Lorentz, 282
transformations, 282
generalized angle, 395
Germain Sophie, 243

Gram-Schmid: orthogonalization, 397

Holder Ouo Ludwig, 381
Hadamard's well posedness, 5
Hadamard Jacques Salomon, 5
Heine continuny, 359
Helmholtz decomposition, 294
Hilbert David, 394
hyperbolicity
of conservauion laws, 37
strict, 40
hysteresis curve, 277
identity
curl—curl, 283
Parseval, 400
impedance, 290
inequality
backward triangular, 360
Bessel, 400
Cauchy-Schwarz, 391
discrete Holder, 382
Holder, 381
Minkowski, 382
moditied Young, 381
Poincaré-Friedrichs’, 421
wriangular, 348-349
Young, 380
injection, 332
inner product, 389
integral
Lebesgue, 375
Riemann, 376
interpolant
best
definition. 94
in the space ! in 1D, 95
in the space H? in 1D, 233
Chebyshev. 101
general nodal
global, 117
local, 115
Hermite in ID, 235

projection-based, 233
in the space H' in 1D, 96
in the space /{2 in 1D, 233
local optimality. 98, 235
inverse matrix, 337

Lagrange interpolation polynomial, 70

Lagrange Joseph-Louis, 70
faw
Ampere’s, 272
Faraday's, 272
Gauss' for elecivicty, 273
Gauss” for magnetism, 273
Hooke's, 210
Lebesgue constane, 148
Lebesgue Henri Léon, 376
lemma
Céa’s, 49
generalized vartational, 417
Lax-Milgram, 25
Zom's, 330
linear
combinagnon, 326
form, 343
independence, 328
operator, 332
space, 320
span, 326
Lipschitz boundary, 414
magnetization, 276
map
reference, 68
reference attine 1D, 68
reference affine 2D, 112
reference biaffine 2D, 109
refevence isoparametric, 109
mass lumping, 175
matrix
characteristic, 340
diagonalizable, 341
Hermitian, 342
inverse, 337
nonsingular, 337
positive definite, 48
similar, 341
singular, 337
stiffness, 48
symmetric, 342
transition. 338
measure
Jordan, 376
Lebesgue, 376
zero, 376
medium
diamagnetic, 276
dielectrically anisotropic, 276
dielectrically hard, 276

Lagrange, 402 dielectrically isotropic. 276
in ID. 99 dielectrically linear, 276
on P! /Q-elements in 2D, 137 dielectrically nonlinear, 276
on PP /QP-elements in 2D, 166 dielectrically soft, 276

Nédélec, 316 disperse. 275



ferromagnetic, 276
homogeneous. 275
indisperse, 275
inhomogeneous, 275
isotropic. 275
linear. 275
paramagnelic, 276
mesh
hybrid, 128
regular, 116
method
collocation, 197
Euler
explicit, 175
implicit, 176
Galerkin, 46
Jacobi. 373
Newton's
classical, 203
simplified, 204
termination criterion, 205
of lines, 168
Riiz, 24, 51
Runge-Kutia
Dormand-Prince, 183
embedded, 182
explicit, 179
implicit, 184
Radau, 201
Minkowski Hermann, 382
model
elastic beam
Euler—Bernoulli, 210
Timoshenko, 210
elastic plate
Kirchhoff, 246
Reissner—Mindlin, 243
modulus of elasticity, 210
monotonicity, 10
multi-index, 414
neutra} surface, 211
nodal basis, 105
nodal finite element, 104
nodal points
Chebyshev, 71
equidistant, 86
Fekete, 149
Gauss~Lobatto, 71
norm, 348
12-, 407
p-. 351
continuity of, 360
discrete p-, 350
discrete integral, 350
discrete maximum, 349
energy, 16
equivalent, 363
Euclidean, 350
Frobenius, 85, 350
integral, 351
Lebesgue LP-, 377

INDEX

maximum, 350
operator, 361
Sobolev 11747- 418
one-step method, 173
open ball. 355
operator
bounded, 361
closed. 9
compact, 408
composition, 362
continuous, 357
conractive, 371
idempotent, 328
integral, 357
inverse, 334
linear. 332
monotone, 10
null space. 332
range. 332
orthogonal complement, 396
orthogonal direct sum, 403
orthogonality, 396
orthonormal basis, 397
parallelogram rule, 392
Parseval equality, 400
permeability
of vacuum, 274
relative, 277
permitivity
of vacuum, 276
relative, 276
permutation, 339
phase flow, 171
continuous, 172
discrete, 173
phasor, 287
Poisson’s ratio, 245
polarization vector, 275
polynomials
Legendre, 398
potential
electric, 279
of divergence-free field. 282
of irrotational field, 279
scalar magnetic, 281
vector magnetic, 282
principle
comparison, 28
maximum, 26
minimum, 28
projection
orthogonal, 402
topological, 402
quadrature
adaptive, 63
Gaussian
in 1D, 59
on quads, 139
on triangles, 140
reflexivity, 368
Riemann Georg Friedrich Bernhard, 41
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Riemann problem, 41
Riess Frigyes, 405
semidiscretization, 169
seminorm
definution, 351
Sobolev, 419
sequence
bounded, 352
Cauchy, 366
convergent, 352
limi1 of, 352
set
bounded, 355
closed, 355
compact, 407
convex, 25
dense, 369
open, 355
precompact, 407
shape functions
for Pl-elements in 2D, 113
for PP-clements in 2D, 152
for Q7" —elements in 2D, 143
for Q' -elements in 2D, 108
for Argyris elements in 2D, 257
for Hermite clements in 1D
hierarchic, 223
nodal, 221
for Hermite elements in 2D, 237
Lagrange nodal in 1D, 70
Lobatto hierarchic in 1D, 74
shear force, 212
Sobolev Sergei Lvovich, 412
solution
classical, 14
weak, 15
space
Banach, 366
dual, 343
Euclidean, 321
Holder, 423
Hilbert, 394
inner product, 389
Lebesgue, 375
linear, 320
normed, 348
reflexive, 368
separable, 330
Sobolev, 412
classification, 419
embedding, 423
specific heat, 5
spectral radius, 84
spectrum, 84, 340
speed of light, 282
stability, 186
A-, 195

L-. 195
asymptotic, 186
domain, 188
function, 189
Ljapunov, 186
stage derivative, 202
stiffness, 177
strain, 210
stress, 210
subspaces
definiiion, 323
dense, 369
direct sum, 327
mersection, 324
sum, 327
union, 325
sum
direct, 327
dircet orthogonal. 403
surjection, 332
theorem
Banach fixed point, 371
Calderon extension, 299
Cayley—Hamilton, 341
Eberlein-Smulyan, 409
Fredholm alternative, 408
Gauss'. 416
Green's, 425
Hahn-Banach. 9
Heine—Borel, 407
local fixed point, 372
Reynolds” transport, 37
Riesz representation, 405
Stokes™, 416
substitution, 139
traces, 425
time difference
backward, 176
forward, 175
trace
definition, 424
theorem, 425
unisolvency
check, 106
definition, 105
of Argyris elements in 2D, 255
of Hermite elements in 1D, 218
of Hermite elements in 2D, 239
variational crime, 127
vector
load, 48
unknown coefticient, 48
wave number, 288
weak derivative, 417
uniqueness of, 417
weak formulation, 14
well-posedness, 5
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