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LvibupfpUuvyu

Lhpjw numdbwliwl dtnGwpyp qpwo bt GpuwGh wbunwlwl hwdwuwpuGh
hGpnpdwwnhlwih L Yhpwnwluwl dwptidwwnhluih dwlnymbnmd htinhGwlyh Ynnihg
tpywp wwphlGeph  pGpuwgpnid  Juppugywd nuuwfunumpniGGeph  hpdwG  Jpuw:
JtnGwpyh hhdGwlwb Gupuwunwly £ mw) pywjhG wGwihgh YuplnpugnyG dtpnnltph
pujwpwp sunhny hwdwlwpgyud L dwdwlwlwlhg wpwnpubp: L2LGp wju gqpph
unbindiwG wwwswn hwlnhuwgnn Lu dtY hwGqudwlp: QGwjwd wjG pwGhG, np
pywhG dbpnnlGtiphg hwjnGh GG pwqiwphy nuuwgpptp, JwuGwynpuwuytu nmutpbG, L
wlqptb (GgmGbpny, uwlw)G dhGy wjdd hwjbptG (Gqyny ;4w wjGuhuhd, nim
hwiwwwwnwufuwGh wju wnwpyuwjh Geplwyniiu gnponn hwiwuwpwGwlwb dpwgahG:
NuunuiGuwlywb phpugpp Juquwltpybine gnpomyd wju thwuwnp hwpnignd £ ndjwpne-
pjmGGtpn hGywbu nmuwbnnltph, wjGybu b npuewfunuGiph hwdwp:  Qwnp wju
dtnGupyp G2gwd pwgp |pwuglhinte thnpd k:

Ghppp punugwd t tpynt dwuhg: UnwohlG wup pnjwGnulmpyniGl wipnnon-
pjwip hwuljwGwint hwiwp pGplpgnnhg WwhwGeynd 6 ghnbihplhp dwptdwwnhlju-
Juil wlwihghg b qowjhG hwlpwhwyyhg' hwdwpuwpwGabph phghhwiwpbiwwnhlw-
JwG dwlynyubinbGbph wnwehG tpym Ympubph dwwpnulyny: Gpypnpg Jwup Gyuph
Jnipugmdp bGpwnpma t hGywtu unynpujut nhdptipiGghw) hwywuwpnudGhph, wyGuybu
t| dwpbiwwnhhywlwG $hghfwh hwjuwuwnpnuiGhph pwgmpniG:

Gnph wnwohG dwup Juqiywd t ynpu gjfuhg:

UnwohG qumifuG niGh Ghpwdwlwl pGnyp. pGmpwgpymd bt pywjhG dkpnnGtph
wnwpyub, Gqupwgpynui LG gnpdnnmpniGGip dnunwynp pykph htnn L wpynud t
ufuwpuGpltph puuwywpgnuip: Lwdwnnunwjh pGewplyymd GG hwdwljwnpg;mud pytiph
Gtpljuwjwgiwb uyqpmlpGhpp:

Bpynpnpn qnifup Gyhpywd £ ny gowjhG hujwuwpnuiGiph L hwiwlwpgbph nuddwb
dnunwynp dapnnGtphG: Ljwpwgpymy 6 wnwyt] hwdwh oqunugnpdynn dkpnnltpp
wuwnq hnbkpuwghwjh, ‘UymunGh, hwnnnGeph L GpwGg wwppbpwlGpp:

Gppnpn qjlumd pwpwnpwd GG gdwihG hwlGpwhwyh fuGnhpGiph (nodwb pYwjhG
ubpnnGtpp: Thunwpywo 66 gowyhG hwGpwhwgwiw6 hwyjwuwpmébiph hwdwlwp-
giph movwG mnhn L hwbpwghnG dkpnnGhp, hGyutiu Gul utthwliwl wpdbpGhph
fuGnph movwG tnuGwyGp:

Qnppnpn qilunud phwnwpyynud £ hGntpynjwghwih fuGnhpp, wpunwoynd GG hhdGuw-
YJwG hGunbtpynpughnG pwGwdlbtpp: Gpynm ywpwgpubltp Gyhpywd b6 $mbGyghwbtph
dnnwpljiwGp uwjwjGGhph dhongny:

3nipwpwynip qjfuh Yypenud papywd &6 hhdGulwlinid nbuwlwG pGnyph fulnhpGhip
L ywpdmpymGGtp, npnGg (nudonuwip pGpbpgnihG YoqGh wykijh jwy jnipugll) wpwnplwd
Gynipp:

Spywd b Gl ogunugnpdywd gpujwGnipyub guwGyp, npntn Gyywd nuuwgpptnG n
dkGwqpnipyniGGtpp wnwewpyynud GG wnwplwjh wykih funp nuunwGuwuppiwG hwdwp:

Npybtu nuuwghpp wju dtnGupyp Gwhiwntugwo b hwiwjuwpwGGtph b pwpdpw-
qnyG nbuGhywlw6 niuniGuyw hwunwnnpymGGaph nuwGnnGiph n wuwhpwln-



Gtph hwiwp: Pwgh npubhg, w)G wpnn £ ogmwlwp (pGhy pninphG, nyptip hpbkig
gqnponGimp)niGnd wnGyymd GG pywyhG hwywpyGtiph htun:

<tnhGwyp pp funphG bpwpnmwghwnmpimb L hwjmGmad

gngtlwnltp 3n, Q. MoaqujyuGhi L G U GupuybnjwlhG wlownwiph Gwhiw-
JwG plGptipgiwG, twywl nhunnmip)niiGhph L wowewpynipymGGaph hwdwp,

nnghiGn L4 FwlnjwGhG U wupunmbln UL UwhwljwuwGhG nwuwgpph puqmd
pGGwpynuiGuph pGpwgpmd wpdtpwynp funphmprGiph L hunnmipymGGtph hwdwp,
nnghGn L.U. GnhuqupjuGhG wnwehG gjjuh jwpuwnpnubph ybpwpbpjw; funphnipgu-
wnympjnGGtph hwdwp,

nngliGn U.U. UhjhywGhG wfuwwmwGpp hpuumwpwimpjwl Gwowujwumpuumbim
pGpwgpnud wigGwhwwbih Ghpnpiwl hwdwp, L.Q. Uwlnljw6hG dbnwqph Gwpuiw-
Jwb hdpwgpmpyuG hwdwp:

{bnhGwyp wiybnd GnphwlfwmpymG t hwjmlmd <4< GFUU  wljwnbdhynu
<A vhpuhuywGhG, wypndptivnp 3. U UnjuhujwlGhG U nngtlu  Q-.U. dwlnpjwGhG
nwuwqghppp gpuwjunutijme L wpdtipuynp nhwnnnnipymGGiph hwdwp:

3nuf}. dwlynpjui



Gimju 1

LEAUBNRMO3NML

1.1 MuGnph pywjhG modwG thmibipp L pywjhG dtpnnGtp
wnwnpyuw b

Yuwplnpugn)G Yhpwnwlwb fubGnhpGiph (niodwG wGhpudtnngpnbp L wpuqugnpd
hwaynnujwl wthuGhhwjh qupqugnuip hwiqtgnphG dwpnyuwyhG gnponiGtnipjul puq-
dwphy pGwquyunlitpnd hwiwuwpghyltph quiquowjhl GepnpiwGp: Ujdd hwyyn-
nujwb mbhubhlub oguwugnpdymd t ng dhwjl Swpnwpughnwiwi L wminbuwghnw-
Jul ghnmpyniGGhpny, wjil wyGuhup, wjwlnupwn’ ng dwpbdwwmphuljub, dwulwgh-
unnipjmGhtpnid, hGywhuphp GG pdyympymbp, tqupwlmpymbp, hngbpwlnipjmbp L
wjl: AGwghnnpjul nwpptp pwquywnitpnid Swqwo julinhpibiph pwGwyl nt pwp-
nnipjnilp wnwg GG ppnid npulg ndvwl wnwyb)] Juumwppu n wpug wignphpuGiph
wwhw(9:

PGwghnwluwi fuGnph nonuip dwptidwnhulwb dnngbjwynpiw 7Gnphhy hwiqhg-
ynud k npw dngh) hwinhuwgnn dwpbdwwhulwl fuGnph modwbp: Uwlw)lG, dkow-
dwuwip, wnwowgwd dwpbiwmhulwb hulGnph 62qphwn ndnuip qulty sh hwennynuy,
npnyhtunl wjG sh wpnwhwjpnymd mwppuut b wj hwjpnGh pnlGyghwltph dhengny:
Wn wwwdwnny 460 Juplnpnipymb 6 unwlnmd pyujhlG depnnltpp, npnlp fulnph
inonuip hwGqbglnui GG pytph Guundwdp ytpewynp pyny pywpwlwlwb gnponnnt-
pymGGtph uwuwpiwbp: Clg npnud, wpympp uunwugymd & pwjhG wpdtiph wbkupny:
Gpt gnponnnipyniGGph pwGwlyp vk 3k, www dwpgp jupnn b gpubp Juinwpt) danpny,
quyd oquuugnpdtiny wwpquqgny)li hwynnuiwG dhenglhp (Inquphpiwjwi pwinG,
hwyytdtiptGuw, hw)dps L wyG): buy tipt uGnph (modwl hwdwp whwp b junwpty dh
pwlh wwuljuy hwqup L wybh gnponnmpynGibp, wyw wpwqugnpd hwdwlwpgsh
wnYwjnipjniGp wwpwwnhp t:

LY. 1.1.1 -n1d pipdwd ufubidwnd wwnytpgwo GG hwdwlwpgsh oglnipjwip plwgh-
nwlwi uGgph modwG ginybpp: Hhuwpyblp wyn thnybphg jnipupwlsnipp wnwyby
dwlpwiwu:



Unwohl thmyp: Uyuntin dLwlytpuyynud £ pwwb tplnyph Yud wpngtiuh htin juw-
ywd fuGnhpp:

Bpypnpn thoyg: Gwnmgynud £ dwpbdunnhuyuG dnnbijp, wjuhGpG’ tupymd k fuGnph
twpbiwwmhiwlub dLwytipynuip: UwptidunnhjujuG dnnbihi Gipjujwgynn juplnpw-
gnyG ywhwen nhunwpyyng tplnyphl hwiwwywwnmwufuwlnpymGi k, wjuhlGp6 wjh
wtinp t pujwjwubwyunh d2gppn (pnypuwnptih vwhiwGGhpnd) wpnwgnh GplnyphG
plinpn hhdGwywG qdtpp: Uy Yepyy wuwd” dnntip ytinp b (h6h §pnbjur: ThwdwiwbGuy,
w6 whwp k£ {hGh wwpq L hbnmwgnundwG hwdwp dunngbjh: Uwpbdwnpliuwlw6 dngbijh
Junmgnuip jwd plunpnipyniGp wwhwGemad t fjuGnph funp hdwgnipymG L dwptdunnp-
Jwjh hwiwwwwnwuhiwl pwdhGGhph wnhpwwtnnud:

thny 1
PGwghnwlw6 fuGnph npjwdpp
)
thny 2
Uwpbtiwwmhyuwywb dnphh
juwnmgnuip

g
thny 3
BuhG dtpnnh
dywlnuip
g
thm| 4
{wzynfuijwé wignphpih
Junmgnuip

)
thny §
Uignphpih dpwgpuinpnudp
I. Spwgph juqinudp
II. Spwgph Jupquphpniudp
)
thny 6
Lwiwluipgsh oglnmpyunip
hwywpyGtph hpulwGugnuip

LY. 1.1.1 <dwiwlwpgsh oglimpjuip fuGnph inddwé thnybpp



bppnpn thnyg: Upwlyynud £ pwjhG dbpnn fuGnph imonuip hwGqbigGhing npnpwiyh
hwynnuiywb wignphpih: OYujhl dtpnnGtph dywliwdp qpunynud GG hwynquywb
dwpbiwwhywjh plwquwywneh Jwulwgbnbhpp: uGnph Motw6 hwiwp Jwpbdwnh-
YnuhG, npujbu JubnG, wGhpwdt)w £ gnympjniG mGkgnn dtpnnGtphg pGupt) w)G, npG
wybtjh hwpiwp £ wnydjw) YnGypbnm nhypnud:

Q2nppnpn thoy: oGnph mddwG pGpwgpp Ghplwjwgynid & pwjhG wignphpih, wy-
uhlpG’ JupeGwlw G wpymbph hwqbglnn fuhun npnpwyh pywpwlwlwi L wpwiw-
pwlwlywG gnponnnipyniGGtph hwenpnuywlmpjul wbkupny: {wpynnujwl wignphpih
Juplnpwgny)G pGnipwghp t hwlnphuwGnd & Gumpjudp mdnwip quGhint hwdwp
wlhpwdtyn Q(e) pwpwlwlwl gnpdnnnipymGGiph pwGwlyp: Uhwdwiwlwy wwn
Juplnp t hdwGwy, np wignphpip uyqpniGpwihG hGwpuwyynpmp)ntl £ mwu unwGuygm
fuGnph monuip gulGyugws Gywmnpjuip: Ugnphpip wbtwp t (hGh hpwlwlwglhip,
wjuhlpG’ pnyjwwpth dbpbGwjwlwl dwiwbwyh pGpugpnid, Yud, np GnyGa t, pnyjw-
unpbih pwGwyny puwjbp junmwpbind” nw fuGnph pneonadp: UignphpiGhph dEdwiwubne-
pjwl nhwypnd Q(e) WLOnp)m GG wénd b §)unnpjwl Showgiwlp qnigplpug: bhwplyb
€ -p Qupnn t |hGbp w)GpwG thnpp, np Q(e) dLdmp)nbp, npw htwn Gub fuGyph peodwG
hwiwp wlhpwdtn dwdwGuyp, punriwl wipnypuwmpbjh Jkd: LGwlwGwpwp, wyhwnp
t dqunti|, np widjw) fuGnph nbwpnud Q(e) qnponnnipyniGGtph puGwyp hGh Gwqugne)G:
hGnph mddwl hwiwp Yupbh b wnwewpyb) dh pwlh wignphpilbtp, npnGp wujwhn-
Umud GG ¢ SpunnmipymiG Juwwpbnd wwppbp pwGwyng Q(e) pwytp: U Guwunwnnid-
Giph Yuwd hwpnwGh)Ghph pwgwlwimpjwl ntiypmy npulghg wbtwp bt phunpbp wG,
nph hwiwp Q(e) dbdmpyniGp GyuquqnyGG t: Wyngwhuh wignphpilGbpp Yngymd GG
JuGwynquwlwG.

<hGqtipnpn thmy: Qwzynnuijwl wignphpip gpynud b hwiwwpgwihG dpwgph wnbu-
pny: Opwgph Juqinuwip unynpuwpwp juwnwpynul b nplt showGljjw (wignphpiwlwG)
(tquny, huy npw wnpwiujwghwb (pupqiwinuip hwiwywnpgsh (kqyht) hpwywbugymi
t htGg hwiwlwpgsh dhongny: Opwghpp Yuqubjhu, npwbu JubnG, pny)) GG wpynud
wwppbp pGnyph ufuw)Gbp, wGdpunnipymGGtp, pugpnnnuiGtp: Opwgph Jupqupbpnuip

. Gipwnnu t dpwqph YypwhuynnnipynGp, ufuw|Giph hwjmGwpbpmdp b gpulg nunnnuip:
Opwghpp thnpdwpyymy t unngnquyul (nbunwjhl) funhpGpp (novwl dhengny’
wpymGpGbph hwjwuwnhmpjwG sk huinqybtint Gywwnwyny:

dhgtpnpn thnyy: Uju thagnud, bpuybumwhG wmyjuGeph hwdwp, jupgupbpwd dpwg-
ph ogGnipjwip Juwwwpymy t hwpuply:

Quwiwluwpgsh ogGnipjwdp fuGnph mddwi npn thnybpnd wnwewlnd b6 ufuw-
(GpGbp, npnGp hwlqbglnud b6 pddwl wnwjwniwb: Hhnwpyblp ufuwwbGplph
wnpynpllpp L uunwpkGp npuig nuuwljwpgnud.

V -G npnGhih dkonpjuG 6qphwn (hpwywG) wpdbip b (thny 1),

v-6 wjn WEdmpjwl dwpbiwwhiwlywl SnnbhG hwiwwwwnwutuwing wpdbpl t,
wjuhGpG’ Ywpbdwwhiwlwb dnnbih (mdmidp (thny 2),

7-G Y npugnuiGhph pugwlwjnipjwl kGpwnpnipjuip pywjhG dtpnnh hpuwjwbwg-
Jwl wpryniGpnud unwgywd fuGnph |nomda b (thny 3),



v* -p hwpnquiwG wignphpth gnpdGwlywl jhpwndiwl wpymGpnd unwgywd |ni-
onuip (thmyy 6):

Ujn nbiwypmd

€1 = V — v dbompymGp Ynyymy t whfbpuglbyp ufuwwbp,

€2 = v—v Udkdmpymbp Ynyymd t Sbpngh ufuwywlp,

€3 = v —v* daompymGp Ynyym b hwpynnuilpwl ufuwjuGp:

UbGjbnwgGiih ufuwpuwGpp yu piw Guynpwd t hGywybu pGwlwb GpumyphG Jwpbidw-
wmhiulwb dnnbh wihwiwwywwmwuhiw Gmpjuwdp, wjlGybu k) pingph Swpbiwwmhyuwywb
(ywpwgpiwb vk9 dwulwlygnn pywjhG ywpwitnptph wisnnipjwip:

fOJwhG vkpnnGtpp dtowdiwuwdp dninwynp GG, wjuhGpl’ dmumpwjhG ujuiGtpnmd
upuwiGbph pugwuwympuG L pywpwluwluwb qnpdnnmpmGGatph wipbkph uwmwpiwi
nwypmd npnGhh pulGnph mdnuip unmwgymy £ npnywyh vpuwpwGpny, npp Yngyma t
dbpngh vfuuywlp: tw nbnh b mGiind wil wwwmdwnnl, np pywjhG dkpnnny un-
Unpuwpwp moymd t GpuytwwihG Gnhpp dnnwpynn Gy wy’ wytih wywpq fubnhp:
Uh ywpp nbwypbpmyd pywjhG dtpnnp Junmgymu b wiykpe wypngbuh hhdwG ypw, npp
L vwhiwGmd hwlqtgimd t npnGhh modwlp: Uwlw)G, hpwyuwlmd vwhiwlwjhG
wlgnuip sh hwonnymud hpwlwGuwgGti, b hGs-np puwymd plhwnywd wpngbup nwihu
L dninwynp jnmomau:

{wdwljwpgsh oglimpjudp hwpynuiGp hpwlwbwuglbhu pjupwlwywuwb gnponnni-
pymGGtph Juunwpiwb dwiwlwl wipnuwhbh G6 jinpugdwl vhuwpulpltpp” Juw-
Jwd dtiptGwjh JuwpgwjhG gulgh uwhdwGwhwlmpjub htn: Ynpwgdwb htnbwlpny
wnwowgwd ulnwwbpp Ynyymd t hapynpwlwl ufuwwlp:

OphGwy 1.1.1 : Fhunwpytlp dhghyulwb Gpumjp® Lpyph dwytplmgphg dtyGwpynn
hppphnh mnnwhwjwg prhspp: Ukq htimwppppmy t dwiwGwyh ¢ wwhhG hpphnh V(¢)
wpwqmpjniln: Mupqymu t, np wlon nmwpwdnipjwb dte hpphnh pnhyph wpwqnipymGp
pwywpwpnud k

(M - ]m(T)dr) (% + g) = c(t)m(t), t>0, (1.1.1)
0

nhptiptilghw) hwywuwpiwlp hbnbjw] uygqpuwyul ywjswGny.
v(0) =0, (1.1.2)

npunkn

M-n  hpphnp GwhiGwliwl quigwdG t,

m(t)-G Jwnbtihph mpjwd dwhuuG t,

g-G wquin wiyiwl wpuqugmdiG t (= 9.8 §/ypy?),

c(t)-6 quqgh wpnwhnuph wpwqmpymGG t hpphnh dwjpwihnnuyhg:

Uju tuGnph pywyhG (nodwG hwiwp pGinpbGp npnpwhh pwywiubwywh thnpp puy)
At L Ot wnwGgph Yypw dbhpublp t, = nAt, n =0,1,... Yantpp: bGywbu hwjpnGh t

10



twptidwwnpjuwlwl wiwihqhg (nbu, ophGuy, [29]),

dv

do| _ vltan) ~ olta)
dt )

At

(1.1.3)

t=t,

Qwiwduwb (1.1.1) hwjwuwpdwG L (1.1.3) puGudbh’ dwdwGulyh ¢, wuwhhG hwdwoguw-
wnwuhuwbng 9(t,) JEdmpymGp npnpbGp htnbjw) wnGynpymGhg.

(M - 7m('r) dT) (w + g) = c(ta)m(ty) :

0
puGny hul vnwGmd GGp 9(t,) = V(t,) dhompjul hwyyiwb pywjhG wignphpy.
D(tp) =0,

(1.1.4)

D(tnsr) = B(t) + Al —g|, n=0,1,...

Lthp, np (1.1.4) wlnpunwpd pwlwdlbpmd woljw hGnbgpuGtpp hwpytim hwdwp
Lu hwpy Y1hGh Yhpwnt| npLt pywjhG dtpnn: &

1.2 Unwnwynp pytp L ujuuwquGpGhp

UwpbiwwmhljuywG juGnhpGpmd, npujtiv ulnG, dwuGwlygmd GG vnwpphp dGdnipjmG-
Gtp: Cwwn nhiypbpmy fuGnpp Gultnw)hG ngjw)Ghpp unwgymd GG Ywdt thnpdh, jutd
dbl wy) juGnph modwG wpymGpmd: Gpym nhypnd by dtGp gnpo mbklp bpulybnwjhG
dkomp nGGtph ny pb 62qphwn, w)| dnurufnpwpdtipGaph htin: Unnwynp pytip wnwow-
Gl 56 Gl pyuwpwGwywl gnpdnnmpymGGbp Juunwptin wpmGpmy, pwGh np dGdnt-
pymGGLph YinpugmilGbpG wGjuntuwhbh GG6: G2qphw L dnnwynp wndtpGhph wwppt-
nmpjniGp JulGwGhlGp dhompjwl ufuwjwip:

1.2.1 2piGwlub ywhiwGmiGkp

Ohgmp A-G hGy-np dEdmpjuG Gpqpmn wpdtpl £, huly a-G' dnwmwynp: b wmwppt-
nmpjniG A-h, a-G hwjnGh b’
A=a:

UwhdwGnui 1.2.1 : a dnnwynp wpdbph pwgwpdwy ufuwubp Ynymd bt wiG A(a)

phup, nph hwdwp
|4 —a| £ Afa) : (1.2.1)
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Gpb hwjwnGh & puwguwpdwly ujpwpubpp, wuw
a—A(e) £A<a+ Afa) :

OphGuwy 1.2.1 : QupyblGp 7 pyh e = 3.14 dnunnwynp wpdtph pwgwpdwl ufuwwGpp:
Lwlh np

314 <m<3.142,
wujw

|m —a| < 0.002 :
dtwmlwpwp, A(a) = 0.002 &

UwhiwGmd 1.2.2 : ¢ dnnwynp wpdtph hwpwpbpwlpuw6 ufuwjulp Yngdma t wyG §(a)
phup, nph hwiwn

IA; % < 6(a) : (1.2.2)
UwhiwGmihg htnlmd t, np
|A —a| < |Alé(a) :
LtwnLwpwp,
A(a) = |Alé(a) : (1.2.3)

£wlh np gnpoéGwjuwlmd A =~ a, wyw (1.2.3) pwGwdlh hnfuwptl hwdwju ogunymy
tG

A(a) = |a|é(a) (1.2.4)
pwlwdlpg:

OphGwy 1.2.2 : NpnptGp 7 pyh a = 3.14 dninwynp wpdtiph hwpwphpwyw G upwwGpn:
Oquytiiny 1.2.1 ophGwyh pywyhG wjwiltphg’ YunwGuGp.
5(a) = |m —a| 0.002

- < EXTY = 0.0006 (0.06%) : &

1.2.2 Unwuynp pytiph qpuniwi YJupgp
Thgmp a phyp npjwd £ nmwuwlwb ghppwjhG hwdiwljwpgnud.
a=%tap0n_1...00.0_1...0m . (1.2.5)

npntn a;-tpp e piuh pYwGwGGkpG kG (a; € {0,1,...,9}): Uyuyhuny,

a=t Z a,-le :
j=—m
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UwhswGmd ;.23 : Spwd puh qpnjhg wwpphip, dwiuhg wnwehG pywGwdp U Gpuihg
w9 qwbynn pnnp pywGwGGepp Ynypdmd G0 pdwuunuhg. -

Opf\Gwy, a = —25.047 L a = 0.00250 pytpm hiwuwwihg GG hwiwpynd pingdwd
 BwilywGGapp: Unwohl phypmd pdwuwnwihg pywGwuGGeph pwGwyp hwjwuwp t
"BhGgh, huy Gpypnpn nhwypmyd’ kpkiph: U)G ghwypmd, tpp 0.00250 pynud YtpghG 0 pyw-

GawGp hdwuwnwihg st, wyw wyn phyp whwnp t gpyh 0.0025 wbtupny: Ujn inkuwlytinhg
0.00250 L 0.0025 pytpp hwiwpdtp 3kG, pwGh np GpwGghg wnwehG phyp Wwnn Gwynd
t tiptp, huy Gpypnpnp' Gpynt piwuwnwithg pywGywG;

bdwuwnwihg pywlwlitph pwGuyp Yuwpkih t dkowgll] Ywd thinppuglby’ YyipehG

YJupqbpnd wybjugGtiny Yuwd gl Ghnbtinyg qpnGhp: CGr, npmud, wnipwd phyp dGmy k
wlthnhnfu: bdwuwmwihg pywGywGGiph pwlGwih wjuwyhuh winpnynpymGp Yupbh t
hwennnipjunip oquugnpdt) dninuynp pytiph gpuniwiG dwiwGwy w)Guybu, np JepehG
hdwuwnwihg pywGwbh dhengny Yupbh (hGh nunnt) pugupdwly uppwjwbph dtdnipjwi
dwuhb: Fw wpynud & htnlywy Yepy: bwppwybo nwlp Lo ey vwhdwGnud:

Uwhdwnui 1.24 : o pygh (1.2.5) nmwuwywl qgpunmiuG o; wunwhg pyuGuGp
Yngyma t wurnyg, tiph

A(a) <107 : (1.2.6)
OphGul, htwnlywy pybph gpunmuiGtpnud
a = 0.03405 ,  Ala) = 0.000003
a = 0.03405000 , Af(ae) = 0.0000007

plngojwd pYwGwbGhpp uinnyq LG:

Unwnwynp pytph qpundwl JuGnGp Jujwlmd b GpuwGmd, np yepehG hdwuwnwihg
pywGywGp wtinp t (hGh unnyg: OphGuly, 0.0344 L 0.034400 pytpp, npytiu dnunuynp,
wupptip GG: UnwohG pyh nbwpmd Jupbih b wlnk, np Gpw pwgwpdwl ufuwjwbpp
sh qipwquGgnud 10~%, huy tpypnpn pyh gpwnnuihg htiinbmy t, np Gpw pwgwpduwy
ufuwubpp sh qipuquGgmy 107%:

U36 ntypmuy, tpp dnunuynp pyh wipnng dwuh hiwuwnwihg pywGubGtph pwGwyp

wykih dbd b, pwG uwnyg hwunwihg pwGwGGhph pwlwyp, uayw phyp Ghplw-
JugGmy &6 Gnpiwjwgywd nbkupny: OphGuy,

a = 0.390-10° :

Uju qpunnuihg wepq t, np a ppp mGh bptp uwnnyq pdwuwnwihg pwGywa: Uju
nhypmy a = 39000 gpwnnuip wGpnyjuwwnptih t:
UwhdwGmd 1.2.5 : ¢ pyh (1.2.5) mwuwywl gpuniwG dke Ytwnhg htinn qunGynn a;
pywGwGp Yngymu t wnniyg, ipt
Ala) 107 :

OphGul, a = 25.030 phyG mGh hhGq uwnniyg piwuwnwihg pywGwG L tptp unnygq
pywGywG Yhinphg htnn, hul a = 0.00404 pyh pliypnui’ pGphwywnwiyp’ tptp uwnnyg
hiwuwnwihg pywGwG L hhGq uinm)q pulwb Ytwnhg htwnn:
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1.2.3 @tph Yopwgnidp

QwyymiGhph dwiwGwy hwéwj wihpuwdbynmpymb t dwgmd pytpp YnpugGl,
wyuhGpG’ npwip Ghplu gl wytyh phy pyny Yupqbiph Yhengny: Uhpwnymt htank-
Jwi wwnq YudnGp.

e bpt ntl Ghwynn YJupgqbphg wikGwwywgmi pywGywbp thnpp t hhGghg, www
pyh wwhwwiynn yuwpqbhph wyuwpmGuympymbp sh thnfjuymyd, hwjunwy niypmy’
Ypunubip Wwhywbynn jupgmd wybjugymd L Shuynp:

OphGuwy,
. 3.14159 =~ 3.14,
—0.0025 ~ -0.003,
84.009974 ~ 84.0100 :

UYyGhwjn k&, np npugdiwG htmbwlpny wow9wgwd ujuwpwubGpp pugupdwl wpdb-
pny ;h qipwquGgnud wwhwwbynn Ypunubp Yupgh shwynph Yhup:

1.2.4 ©OJwpwlwlywl gqnpénnnipyniGGbph ujuwqwlpGbph hwyjwemip

Ghgmp A, A, ..., A, hGg-np sBdmpymGGph &2qphwn, huy ay,as,...,a, Snunwynp
wpdbplbpG bG: CGn npmy,

|Ai_ai|SA(ai)v i=1)2"":n:

THunwpyiGp
B=A+Ay+---+A,

L
b=a +ay+:--+a,

gnudwpbbpp: BYyGhwjpn t, np
|B-b| < |A1—ai|+|A2—az2|+ -+ |An—an| < Ala1) +A(a2)+-- -+ Alan) : (1.2.7)
Uyuwhuny, unwlmd tGp htwmlywy wyhnmap.

Ptnptd 1.2.1 : Up pwih dnwunfnp pybph hwlpwhuwpduwlpwl gmibwnpf pugwpdwly
ufuwwlpp sh gbpwquibgmd wyn pybph pugwnpdwly vfuwpulpbbph gmdwpnp.

AB) <Y, Ae) (1.2.8)

Thgmp gmuiwpbihGoph 62gphwn wpdtipGhpp L Gpubg dnnwynp wpdbpGhpG mGLG
dhlGnyG Gywiip: Npnywljhnpywl hwiwp bGpwnpllp, np

A;>0,a;>0, 1=1,2,...,n:
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<wzygh wnGlny (1.2.7) wGhwywuwpnipymGp’ YuinwGuGp.
\B - b} < A(al) + A(az) +..- 3 A(a,,)

B A+ A+ - + A,
Lwbh np, hwiwdwjG (1.2.3) pwGwdlh,

Ala;) = Aid(a;), i=1,2,...,n,

wuyw

< max 6(a)) =

i<n

B-1b < Alé(a]) + Azé(az) +--- 4+ A,,é(a,,)
B - A+ Ay + - + A,
Ujunntinhg unnwGmy tlGp htwnlywy wGnmdp.

fotnptid 1.2.2 : Gpb gqmubwpbihGbpnt mGaG dpllnyG Grwlp, unyw Gmulg gmdwph huma-
plpwlwl ufuwpulpp sp qbpuquibgmy gmidwpbihGbph hwpwpbmulpwG ufuwpulplbph
vtiowqnyGha.

5(6) < max 8(as) : (1.2.9)

Uydd nhinwpltGp bpym dkdmpymGGkph wmwppbpmpymbp’ B = A;— A, L hwlwwyw-
nwufuwl dmnwynp wpdbipGtph wwppbpmpymbp’ & = a; — a3: dwiwdw)G (1.2.8)
qGwhwwnwlwGh, mGtGp

A(b) £ Aay) + Alay) :

Ujn giypma
A(al) + A(az) )
|B| '

UWjuwnbin d6Gp qnpd mGhGp pwjwlywGuwih dnn pytph hwGiwG dwdwGwy dyum-
pywl {npuuh iplnyph htn: Gpt A; L Ay dtompymGGhpp pwwlwlGwywh dnn GG
Uhdjwig, wujw B phyp thnpp t: UwywyG (1.2.10) wGhwyjwuwpnipjuG hwiwdéw)G §(b)
UtdmpynGp Yupnn b pwywlwGwyunh §6d (hGh) §(a;) U 6(az) thnpp hwpwpbpuyw6
ufuwy Gph nbwypnud, wjuhGpl’ wtnh mGh 62nmpjul Ynpniuw: '

8(b) < (1.2.10)

OphGuwy 1.2.3 : HhunwpybGp a; = 47.132 L a; = 47.111 pybph wwppbpnipymGp: {w-
GGy Yuumwbwbp b= 0.021: Uyn niypmd a;,az L b dhdompymGGtph hwpwpbpuywG
ufuwulpGtpp hwiwwywwnwuwiwpwp hwjwewp GG

8ay) =~ o = T ~ 0.00002,
8(az) = ((1‘:2) = gy ~ 0.00002,
: A(az) + A(az) . 0.001 + 0.001 - )
§(b) =~ ; = s 0095 :

hGyubu ntulnu tGp, mwpptpmpjw6 hwpwpbpuiwl uvluwwGpp 4750 wiqud ghipw-
qugmud t uyqpGuyw wyjwiGepp hwpwpbpwywG vuwwGpGphG: &
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Ujn wwwswnny dnunwynp hwyynibtph dwiwGwl Guwwwlwhwpdwp bt bpym
unwn pytiph mwpptipmpyniG wwpmGwyng wpnwhwjnmpnGGatipp dLwihnfutiy: OphGuy, |
b = v/2.01-v/2 wpunwhwjnnipymGp hwyybjhu Guuwwnwwhwpdwp t w6 Gipluywg Gy

0.01

b= ——
V2.01 + 2
wnbupny:

OphGwy 1.2.4 : +hgmp wwhwGeymd & hwyyly
f(z) = z—sinz

dnGyghwjh wpdtpp z-h hnpp wpdbipGph hwdwp: Lwbh np wyn ghiypmy siaz = z,
wujw hwyymdGbph dwiwGwy Jupnn t wtnh nGhGw) §snmpju Ynpmun: hGswt®u
tumuwthty npwGhg: dbpmotGp sin z $niGlghw Bbynph Jwpph (nbu ophGuy’ [29)).

. AR L
sm:z:—:z:—§+§—7—!+---

Uwjwhnybiny wwhwGeynn 6unmpymbp’ vwhdwGwihwlykGp Yapnidnpjw Ytpeunnp
pUny wlnwiGbpny, junwlwdp.

.’123 .’125 .’127 X z2k+l
MIAT— = + o — oo (—1) o
sinzrz-grg -t O g
<twnlwpwp
_ i R g THH
r—slmr = §—§'++(‘-1) m

- &5 (=& Al fam)))

Oquytiiny pmGyghwyh ybipehG Gipywjwgnuihg” gpliGp hwagwnluihG wignphpip htnljw)
wulnnynnh wmbupny.
Pseudocode FUNCTION
input z, k E
s=1
fori=k,k—-1,...,2do
- &
=i T iy’

end

3

s= 5 °
output &
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Ujdi htnmwgnuntlp wpnmwnpjwih ufuwubpp: +hgmp
* B=AA,... A,

b=aja,...a, :

Stnh MGG
A.-=a.-+€.~, i=1,2,...,n

hwywuwpmpymGGtpp, npntin |e;| < A(a:): Uhpwntiny LwqpwGdh Ytpowynp wékph
pwlwdlp (nbu ophGwy’ [29])

f(z1,29,...,2p) = T122... Ty
dnulyghwjh GYuwmiwdp’ YunwGuwbp
B-b = (a1+¢€1)(az+¢€3)...(a,+€,) —ayay...a,
= iz::l [(@) + 61€1) ... (@icy + Oicy€im1)(@isy + 0i1Eiv1) .. (@n + OnEn)] &,

0<91,92,...,9n<1:

Ujn nhwpmd
_ Zn: (0.1 + 0151) . (ai_.l + 0i—15i—l)(a.‘+1 + 0,’+1€,‘+1) . (a,, + 0,.5',,) ‘El
= (a1 +¢€1)...(an +€n) !
= IEI |€1 z A(ai) =
~ < = d(a i
S e~ Nl S LA T 50w

789&%—

Ujuwhuny, unwlmd LGp htnbjwy winmip.

fOtinpbd 1.2.3 : Qpnyhg unwppbp dnununinp pyfbph wpunwnpunh hwpwpbpwlw G ofuw-
(wlpn sh qpuquiGgmd uyn pybph hwpwpbpwlpu G ufuwpwlpbbpf gmdwpp.

b) < ié(ai) :

1.3 ©Jtph gpunnuip hwiwlwpgynud

(Jtph pwqimpymbp waybkpg t: Uwlw)G hp upqugwlgh vwhiwlwthwympjwul hb-
wnlwlpny tityunpnGwihG hw)yhy dtpkGwl Yupnn & qnponnmpymGiip Yunwpby wyn
pwqinipjwl vhwjG Ytpowynp btGpwpwqimpjul hbwn: JwdwlwpghsGapnui pytpp
Jwpnn GG Geplujwgyty Gpym duny phpuwwd Ylinmy L vwhnn fbunmyf dwdwnmn
G(YwpwgptGp wjn bpym GepluwjwgnuiGhpp: Lwfuwwbu GGGp, np pGGwpyynn hwpgtiph
JEpwpbipyuw) 2wpwnpuGpp sh hwywlylnud pugupdwy 62qnunnipyjuiG, wjp vhwjl wpmw-
gnimu L hwpgh EmpjmGp:
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1.3.1 3®ppuwd Ytunny pybph hunfwlywpgp

foybph $hpuwd Yhwnny GeplujwgiwG dwiwblwly pyh unipnng L hnnnpuwjhG Jwubkpp
pwdwlnn Y nhppp dGmud £ wGhnhinhe: Hhanwpyblp bhpuwd Yanny pybpp hwdw-
Yupqp

FIX (g;,t),

npntin g -6 pywpympjub hwiwluwpgh hpdpG k, 7 -p’ pyh gpuniwG hwdwp oguwgnpd-
ynn pywlwGu)ihG Yupqbph pwGwlyp, huly -G pdh Ynunpuwlwihl dwup qpuniwG
hwiwp hwnjugywd pywlizwGuhl Yupagbiph pwGwlyp: dhpuwd Yenny Ghpluw jugyud
Jnypupw@symp phy qpymud L

a =% Qp_4_1...0000.0_10_3...0_; (1.3.1)
wbupny, npubn o; € {0,1,...,¢ — 1}: Lqwd (1.3.1) gpunmip GywGwymy t, np
r—i—-1 .
a== Z a;q :
=t

Rlwywlwpwn hwpg b dwgnui' n®pG t FIX (g; r,t) hwiwlwpgnud Gepywjwgynn pytiph
dhowluw)pp: UdkGwitd npuiw6 phyp’ N} npnpymd b htwnlyw) Yepy.

r—t—1

Nia=@-1)Y ¢d=qg"'—q":

j=—t

UyGhwywn t, np wikGwihnpp npuwyuwb ppdp YihGh
Nm+in = q_t :
Ujuyhum, $hpuwd Ytwnmy] Ghpjujwugynn pnnp pytipp yuwnulnmd GG
[_qr—t + q—t’ qr—t _ q—t]

dhowlw phG: EYtipp guuwynpwd GG hwjuwuwpwywth A = ¢~¢ puyny: <Lwnnpjunip
Yuptih & hwyyti, np FIX (g; r,t) hwiwwupgnui pytiph pwGwuyp hwjwuwp € 2¢" - 1:

YhwiwpkGp, np A hpwlwG phyp Yupbih b dnnwynp Geplujwglly FIX (g; r,t)
hwiwhwpgnu, tpl |A| < Nj . : LGwpwynp £ Gpym nhwp.

1. Ae FIX (q; r,t),

2.d < A <d’,npntin a'-p L d’-p A-pG wikGuinwn pytpl GG FIX (g; r,t)
hwiwlwpghg: Un ghiypmud pGnmiGmy tGp° A = a, npunbin

a=ad, tph |A-d|<|A-d"],

a=ad", b |A-d|>{A-4d:
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Lbwlaupwip, bhpuwd Yhwny Geplujugiwb dwdwbwly pnnp pybpp Ghplwjugymd
tG dhulm)G pwgupdwl upuwpubGpny.

1
Afa) = iq" :

UhwdwiwGwl pugupdwl wpdtipm] thnpp pybpG mGkG Sk hwpwpbpuluwl ufumuwGp-
Ghp.
-t
q
6(a) = =—:

bhpuwo Ytwnny pytiph Gepljwjugiwi qiluwynp papmpymGGhphg dtyp” hwiwlwpg-
amud pytph Gipljujugdwl dhowlwiph uwhdwluwihwympymGaé t: Wyn hwiquiwipp
dbo ndjwpmpymGGhp t hwpmgmd pwqiwphy fulnhpGeph (movw6 dwiwbwy:

1.3.2 Uwhnn Ytwnny pytiph hwdwlwpgp

Uwhnn Ytwny GhpYuwjpugmip pytiph gpundwl tplpnpn, wowyb] mupudnjwd LG t
bityupnGuw)jhG hwyyhy dhiptGuGhpmy: dwdwljupghsp qnponnmpymGGhp £ umwpnd

M

wnbupny Ghpljuywgynn pytiph htiw, npntn ¢-G pywpympjul hwdwlpupgh hhipG t,
k-G wdpnng phy t, npp Yngymu t fJupg (|k| < p), huy M -p pywGrwGujhG dwub t
dwGmpup (M = £0.a30a;3...a¢): Uwhnn Yty Ghplwjwgynn pytph hwdwljwpgp
Gwlwlytlp npwtiu

FL(q; p,t) :

Uw@wphup qpuniwl hwdwp hwnlwgwd ¢ nghpphph pwGwlp npnynd & pybkph
GtpYwjwgiwl 6nnipymGp, huy p wipnng phip npnymd t Gpywjpugynn pytph dhow-
Yujpp: UwlGwhuh wywq Jupgtipmyi ng hdwumwihg qpnGbphg funuwthbin b gpubnyg
huy GopYuwjwgynn pytph wnwybpugnyyG hGwpuynp §uumpymb wwwhnybnt Guw-
wwlny ny qunjulwb pytph gpundwl dwdwlul npmi t a; # 0 vwhdwGwihwynuip:
Bpt w)n wuwhwlep pwyjwpupywd t, wuyw phyp Yngmd b Gopdwjwgywo: bunmugquiynuy,
tunutiny wwhnn Ytwny pybpp SwuhG Gjuwwh YmGuGwlp Gnpiwpugyud dlp:

Yduwp 3t hwyqupyly, np FL(g; p,t) hwiwljupgnd

N+

t
Y (g-1)g7 = ¢ —¢"*
j=1

phyp wikiGwidtd npuiwl phyG t, hul wikGuihnpp gpuiwl phyp YihGh
N:I-in =¢q?-010...0 = q'(P'H) .

QAdjup 3t hwpty, np FL (q; p,t) hwdwlwpgmd pytph pwGuwlyp hwywuwnp t
22p+D(g-1g" +1:
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U)n pybipp nuuwynpuo b6 wihwiwywg: YFwuwynpyuompjul hwiwywhmpmGa
wnluw £ dhwjl phpuwd Yupgh nbuypnud:

bpt |A] € NZ,., wyw A phyp Yupbih E dnnwynp Ghplwjwglbp uwhnn Ytnh
hwiwywpgmy: <Gwpwynp GG htwnbjw nbhwypbpp.

l. A€ FL(q; p,t),

2.d < A < d”, npnbn a-p L @”-p A-p6 wikGwinn pytpG &G FL(q; p,t)
hwiwlwpghg: Wyn nbupmd ploniGmd GGp" A = a, npunbin

a=ad, btph |A-d|<|A-4a"|,
a=d", tpbh |A-d|>|A~d":

Qhgmp a’ = ¢*M : Wn ghypmd’ a” = a’ + ¢*~! L npulny huy
N By
Afa) = 59 ¢
b6y ybpwptipnud £ hwpwpbpwiw6 uppwpwGphG, wuyw

_ Alg) _05¢ 1
6(0’) - ;A' S qk_-l - ‘:éq

-,

1.3.3  Oywpwlwlwb qnpénnmpymGGbp dhptGw wlwG pytph htn

Ujdd nhwnwpyblp uvwhnn Ytwny pytph htwn pwpwlwijwl gnponnmpymGGeph Yu-
nwniwbl opklGpGhpp: ‘Hhgnip

z=¢X L y=¢Y (z#£0,y#0):

Glpwnpymu t, np wyn pytipp Geplujugwd b6 Gnpdwpugywd wbupny:
o gmuwpmy i huGmd.

z=zxy=q" (q”‘""k)X:tq'("'“”Y) ,

npntin m = max(k,!): Upnymbph dwlwhuh dngmp, npG wllhwjnmnpkl Ginpp E
tpymuhg, Jupnn £ dtd 1hGb) dblhg: Uyn ghuypnid unwgywd phyp whwp t Gnpdwjwgltip
"ntugh we”, wjuhlpG, SwGwnhup dbY Yuwpgny nbnu)wpdt)] we L m -h wpdbpl wybjwg-
Gtp vbyny: Unw pytph hwliwG dwiwlwl dwlnhup wjwq Juwpgbpmd YJwpnn 66
wnwowlwy qpnGbp, L w)n ghypmd whnp b juunwpb; “phwh dwhe” Gnpdwpugnud
hwiwywwnwuhuwG ywihny thnppuglbng m-h wpdbpp: Pwgh npwbhg, unwgyud
wpryniGpp whwnp L hwiwwwunwuhuwG dlny Yinpugyh:
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o puwqiwyunniniy.
z=z-y=¢"(X.Y):

UGhpwdtnmmpyul nhiypmd juwwpymd b wpymbph Gnpdwjwgnud "nhwh dwh” (ny
wybih pwi vkY fupgny) L Gpu npugmd:
e pwdwlmdy.
z=zfly = ¢ H(X/Y)

UjGnmhtunl juwwwpymid b wpymGph Gonpiwjpugmy L Yinpugnid:

bpt pywpwlwlwl gnponnmpmGGhph Juwnwpdwl wpniniGpnd wnwgwlGnd t pu-
gqunpdwl wpdtpny dkd A phyp, npp sh Wwwwlmy pytph GhpYwjwugiwl Shewlyw jphl
(|A] > Nt,), wyw nu wnwe b pipmd gbphwqbgiwl wqnuGwb: Ujn ghuypnud
hwyzymiGbpp, npubu JulnG, pGnhwwynd G6: {Gwpuynp  depbGwjwlwb qpnjh wnu-
owgnu, tpp tpynt ny qunyuiub pytph Giumiudp pyupwluwui gnpénnmpjmGGkph
Juwwpiwl wpyniGpmi wnwewlmd k dh phy, npp pwgupdwl wpdbpny thnpp k
0.5 N pUhg:

UbiptGwjwwi z L y pytph Guwndwdp * gnponnmpjul wpnymbpp GowlwykGp
fi(z * y)-ny (wjunbn *-p° +, —, x Jud : pupwluwliub qgnpoanmpymGGaphg nplk
dkYyG t): CGn npmd, LGpwnpymy k, np tpl fl (z * y) # 0, wyw

flz *xy) = (z*xy) (l—f—e), le] <6 (1.3.2)

(thwuwnpkG, 6-G pptGhg GepYuwjwglimy b pjuwpwbulub gnpdnnmpyniGGiph vwhdw-
GwjhG hwpwpbpuwl vuwjwGp): bpufwb dephGwjwlwb pjupwluywub gnpdnnm-
pynGGaph hwenppujwlnpjub phnwpyiwl dwdwlwy hwinbu 66 guihu hpwphg wwp-
pbp npoywlh €),€;, ... hwpwpbpuliwi ufuwjwlpGlip: Awlwdlbpp dwlpwpbnGhm
Guuwwiwyny pninp wyn €, €,, ... YGwGwykbp shuGmjG ¢ wwnny: Cln npmd, pGgm-
GtGp, np

n

[T+e) =(1+¢)": :

i=1

UGhwywuwpnipymGGkph unwgiwl dwiwGwly nu ndjwpmpymGGbp sh hwpmgh, pwiGh
np guwliugud ¢-p pwjuwpupnud t (1.3.2) pubwdlnd Gwd wwjdiwGha:

OphGuy 1.3.1 : FhunwpytGp tpym Yeyunpltph’

T = [zl,zz,...,z,,]T L y= [y.l,zg,...,y,,]T,

ujwiywp wpnwngpwip hwyytm uGghpp.
UpnymGpp’
s = ) Tith,
i=1
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Juiptiih £ hwpyt htwbjw hwaynnujwi pGpugwlwpgh oqlnipjup.

- Pseudocode SCALPROD
input z, y, n
s=0
fori=1,2,...,ndo
s =5+ 1;y;
end
output s

Uwlw)G hwdwdw)@ (1.3.2) -h’ ufwijuwp wpnwnpjuih hpwubu hwpqwpiyuo § dbom-
pynG t hwGnhuwlGma

§=zy(l+e)"+ Y zayu(l + )™+ .
i=2

Gy npmd, ndywn sk gniyg wwy, np
|5—s| <nds + O(8?),

nmnbn
§= Z zll Iyt : é

1.4 MGnhpGtph L hwynqujuG wignphpiGtph
JwjniGnipymGp

{wdwfu fulGnhpGpp ywpnGuwynid G6 ny §2qpmn wmpdwd uqpGuwlwb nyjuwGbp, wjuhG-
pnG’ pnyp GG wpywd npnpwlh vhuwwGpltip: 8wynp, ny dhow b wpyniGph upuwpwubpn
GnyyG Yupgh, hGy np uyqpGwywl wnyywiGhph ufuwpupp: Npny tuGnhplGhp Jwn “qgu-
JmG” G6 uyqpGwlwl wnyywiGhph thnpnfunipjul Guwdwdp: Uy qquymGnipjmbp
pimpwqpymi t fwyniGmpyn G hwuljugnip judp:

TQhgmp fulnph modwl wpnymGpmd, pun z dkdnipjwG ullqpﬁuxllulﬁ wpdtiph, quGp-
ymd £ npnGhjh y dkdmpjwl wpdbpp: bpt ulqpGulw dEdmpymGa mGh A(z) pwgup-
dwy upuunwbp, wupw momdG mGh A(y) vtuwpwbp: Gnhpp Yngdmd b fuymb pun
uyqplwlwi’ z wdywih, tpt y momip z wwpwitwnphg wlpnhwwn t Jupyjwd,
w)juhlpl’ uyqpGuyw G dEompjwb thnpp A(r) wd6 wnwewglnid t npnGhh dkonipjwb
thnpp A(y) wé: Uj Ybpuy wuwd' uyqpGuyuG udywGhph thnpp ufuunwGpGlipp wnwye
b6 ptipmyd hwynwiGtiph wpymGpGhph thnpp ufuwwGpltp:

Yumbmpjwl pwgwliwjnpymbp Gywlwlynd t, np uljqpluwiul nyywGipmd Gny-
GhuYy wGGwl vfuwwGpGlpp Juwpnn b6 hwiqtigGh] ;movw G dEd upuwpubGpGtiph L dhGyL
huy ng 62qppwn wprymGph:
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OphGuwy 1.4.1 (2.MhyhGunG [27]): Yhnwpyblp puqiunud
Pz) =(z-1)(z-2)---(x~20) = 2 — 210z"° +

UyGhwywn £, np wyn pwqiwlnuih wpdwwGhp6 46 z, = n ,n = 1,2,...,20 pytpp:
GGpwnntlp z'° wlnwdh —210 gnpdwlhgp thnfuwphGym b —210+2-2 -ny: Ypwbny
huy, P(z) pwqiwlnuih thnfuwpkG dbGp 4mGEGwGp vh Gnp puqiwGngud’

P(z) = 2% - (210-272)2" + ... = P(z) + 27819 ;

Luwd thnpp thmhnfunpyniGG hGywhuh® wqnbgnipymG YymGhGw pwqiwGnudh wpdwun-
Gtph Yypw: ULo Gqpuinipyudp hpuwlwlwgywd hwpynwiGhph wpymGpmy unwgyty GG
wpiwwbhph twwbu wwpplip wpdbpGhip: UYGEpLmpjw hwiwp phpklp wjn wpdbp-
Gtpp’ wwuwlwl Ytwhg htin dhGsk bplip Ghyny Yinpugywod.

) =1.000 z¢=6.000 Tip13 = 11.794 + 1.65212
z=2.000 =z;="7.000 Tigns = 13.992 + 2.5192
z3 =3.000 zg=8.007 Tie7 = 16.731 + L.8131¢
z4=4.000 z¢4=8917 Z1g,9 = 19.502 £ 1.9402

75 =95.000 zi011 =10.095+0.6437 x99 = 20.847

Ujuwhuny, z*? whnguidh gnpdwlgh thnhnfunipymGp hwiqbgptg Yndwtipu wpdwwnGbph
h hwjyn quymG, pGr, npoud, wyn wpdwwGhphg GpYnwp (26 L z17) hpwlwl wnwigphg
htinwgywd GG wykjh pwl 2.813-nyY: Uyn iplnyph wwwdwnp pmG fuGnph wifwyn G-
pynGG t: Qwpqupylhpp uumwpyl) 66 Qww 62qphw, L YinpugnuiGliph ufuwwlpltpp
$thG Yuwpnn GiwG htwbwGpGhph wwwdwn nunlwg: é

Gpb fuGnhpG whliwymG t, www w)l motim hwiwp pyw)hl dtipnnGph YhpwnniG
whdwuwn t, pwGh np hw)ydwl pGpwgpnd h hwjn bjwo Ynpugiwl ufuwiwGpGhpp,
h Jtpgn, Yhwiqlglhl dqphw wprymbphg qquih tinnuiGhph:

luGnhpp Yngynmd t §nn&fwn, tpt nplt nuuh wwwnljwlng gwﬁhwgwo uljqplGuljwl
wywiGliph ghypnd momdp qnympymG mGh, dhwy6 bt L jumb pun vyqpGulws
u juy Glph:

Npn) niyptipmd Ywpnn & wwpqyby, np Yanklpon Gnph modwG plunpguwo wignphpi
wililjuymG t:

OphGuwy 1.4.2 (2.Inpuw)p [30]): Fhgmp wwhwloynd t hwpyby hGutigpuiGlph hwenp-
nuljwlmpymip

1
E,.=/z"e=-ldz . n=1,2,3,...: (14.1)
/ .
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Adjup 3t hwidnqyti, np (1.4.1) hweonppulwlmpiniGp dnGnunG Gjwqmui L dgumy k&

qnnjh.
Ei>Ey>--->0 , ,}i_,I{,loEn=03

Poipjwd (1.4.1) hwenppuljulmpywlb hw)yiwl hwiwp unwlwlp wlnpurpupd
wnGympjmb: Yuwwnwpbiny dwubpmy hGunbigpmd’ JunmwGwGp.

1 1

1
/x"e"lda:=x"e"1|0—n /a:" lez=1ldg
0 0

Jud .
En=1-nE,, , n=23,... , E/ = o (1.4.2)
<wiwlwngsh oqglimpywidp (1.4:2) pwlwdlbph hwiwdw)6 hpwlwlwgywd hwpgwpyGhpp

uyh) 66 htinlyw) wprymGpGhpp.

E, =0.3678795 Es = 0.1009320 Eys = —0.2237788

E; =0.2642411 Eg =0.0916122 Ey6 = 4.5804613

E; = 0.2072766 Eyo = 0.0838778 Ey; = —76.8678422

E, =0.1708934 Ey1 =0.0773436 Eys = 1384.6211604
Es = 0.1455329 Ey2 = 0.0718768 Eyg = —26306.8020470
Eg¢ = 0.1268024 E,3 = 0.0656010 E» = 526137.0409400
E7 =0.1123835 E,4 =0.0815853

hG3n®Y t wwjdwlGwynpgwd wjupwl §Ld ufuwpuGpllph wnwewgnuip: Lwygupy-
Gtph hpuwywbwgiwb dwdwlwy pnyp mpjwd shwY ufuwpubpp’ Yinpugiwb ufuwwGpt
L, tpp 1/e phyp GhipYuwjwgymy kp jnp hiwuwmwihg pwGwGGhph oglmpyunip: Ujn
ufuwwipp Snnwynpwwbu hwjwuwp t 4.4- 1078 Uwlw)G hwyqwpyGhph jmpupwi-
Jnup hwenpn tinymyd wjn ufuwpubGpp puqiwuuwnyynd £ pugupdwl wpdtpm] dtyhg
ko (-2,-3,...,—20) pyny, hGsp np wpryniGpmy mwihu t 20! Uhw wGhbplip pywjhG
wnryniGpGbph unwgiwl wywwdwnp: Wuwhuny, wnwowpyywd (1.4.2) hwaynnuyjwi
wgnphpip wilwymG k:

®npdtlp Junnigh) Gdw6 pipmpimGhg qtipd wignphpy: AlawhnfubiGp (1.4.2) whnpu-
nupd pwGwdlp htinlywy Yepy.

E.,= pal ng ...,3,2: (1.4.3)

Wydd hwpqwpyGlph jmpwpwlymp tmmyd E, ufuwpuipp puqiwwwuniynmd £ 1/n
puqiwwwunyhyny: Ujuwhuny, tpt dkGp hwyyniGhpp ujukGp dh nplt E, wpdbtphg,
tpp 7 > 1, L hwyynuiGhpp YuunwpGp (1.4.3) pwGwdLh hwdwdw)l, wujw guwiijugud
uljqpwluwl Juwd dhewblyjw) YinpwgniGhph upuwwbpGbpp Yhnppwlwl jmpuwpw6-
yop hmmd: UyqpGwluwl ujuwjwbpp gGwhuwnbint hwdwp Gunblp, np
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1 1
E, = /z"e’_lsz_/z"dz= ; :
n+1
0 0

Ujuwthuny, tpt plingmGhip Fy = 0, www YywwwptiGp 1/21-p jqpuqubgnn uyqpGu-
YwG ufuwpuGp: Uyn ufuwpubpp Ejg—h hwpddwl dwdwGuy puqiuyuwwnyymd t 1/20-
ny, wyGwtu np Eg -h uluwulpp sh gipuqubgmy 5% = 0.0024 -p: LLnwgw hwyynud-
Gopp YhwGqbgGtl ufuwjwlph wwn wybih qquih tnppuwgdwl: Uwnnpl pbpymd GG
pyuyhG wpnymGpGhpp.

E = 0.0000000
E9 = 0.0500000
Ey7 =0.0527778
Ej6 = 0.0557190
E,5 = 0.0590176
Ey4 =0.0627322

E\3 = 0.0669477
E; =0.0717733
En = 0.0773522
E\o = 0.0838771
Eg = 0.0916123
Es = 0.1009320
E; =0.1123835

Egs = 0.1268024
Es =0.1455329
E,; =0.1708934
E; =0.2072766
E,; =0.2642411
E, = 0.3678794

&

<wynnuywb ypngbup 62gpumpyub Ytpnionipyul dwdwlGwy juptnpugn jG hwy-
wnwGh)Gliphg WkYG t pywjhG dipnnh gmouwihunmpymGp: fHu GQuGulimy b uinwgynn
pywjhG modwG dnnpynmpjmGp hujuwluwl mdvwbp: nguihnmpjwl nwppbp qlw-
hwnwlwlGtph fupun vwhdwlmip hGwpwynp t dhdhw)G hwiwwwnwuuwb dwpk-
dwnhjwlwl wywpwwnp Gipgpuwydwi dhengny: Ujuwnbn dtGp YuwhdiwGunhwipytlp
ququihnmpjwi htn juwwyywd npny hwujuwgmpymbGlGtpny, npnlp wGhpwdbyn ta
hbwnmwqu wpunpuGph hwdwp:

thgnip hpwlwG pytph z,,n = 1,2,... hwonppuluwGmpymGa nGh vwhiw.

Jim o =a
UwhiwGmy 1.4.1 : YwubGp, np z, hwenppuywlmpjub qmquni[fmmpjmﬁ wpugni-
pymGp @ouyhd t, tpt gnympymb mGtG C < 1 npuiwG hwunwunmb b N pGuywG
phy" w)Gwhuhp, np
la — Zp41| £ Cla — z,| vn> N :

Uwhdw@myd 1.4.2 : Yuwublp, np z, hwenpnuliwlnpjub gniquihnnipjul wpwugnt-
pymGp glipgouyhi t, ipt gnympymG mGLG qpnjh dquunn &, hwonppulwlmpmbG L N
pGwywG phy w)Gwhuhp, np

|a = Zps1| S €n |a — za| Yn> N

Jppwuwbu, GepdndtGp Lu kY hwuljwugmpyma.
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UwhdwGmy 1.4.3 : Yuuklp, np z, hwonpnuljulmpjul qniquihnmpjul wpugnt-
pmGp a > 1 Gupgp L, tpt qnynipymG mGiG C npuiwl hwunwnmG (C < 1 tph
a=1)u N pGwlywb phy w)jGuhuhp, np

la = zp41| € C la — z,|* Vn>N :

1. Unwowpyb} unnpl pipdwd wpunwhw pnnipyntGGpp hwydwb bnwGwyGhp, npnig
nhwypmy sh uwwnmwpmy 6gpunnipjwb Ynpniuwn.

w) VvVz2+1 -z, p) Inz-1,

q) Inz ~ Iny,. n) (cos:z:—e *)/sinz,

L) z (sm:r —z), q) sinz-—tanz,

k) e D Y+D/z—y/(z-1)/z

2. Unwowinyty
fz)=z+e —€*

dmGyghwjh wpdtpGph hwpydwl tnubwy z-h qinpp wpdtipGiph hwiwp:
3. dhgmp B = kA, b = ka,npuntin k-G qpnjhg wwppbip puqiwygunyh; t: Uywugne-

ghil, np
A®) = [KAe), () = 6(a) :
4. thgmp B = é , b= a, Uwwgmgt, np
A2 as
J(b)' =d(ay) + 6(az) :

5. %hgmp B= VA, b= %a (m-p pGulwG phy t): Uwwgnigh), np

6. thgmp B=InA, b=Ina: U.u;wglilghl, nh
A(b) = 4(a) :

7. Qpby L hwiwlwpgsh Ypw hpuglby dpwghp, nph dhengny hwyyymd LG

flz) =Vz¥+1-1 L g($)=ﬁ ‘
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10.

11.

12.

13.

pmlGyghwbbph wpdbpGlpp = = 27%, k = 1,2,... Yhwbpmd: ©LL f
JuunwGwGp nwppbp w[u}]mﬁpﬁhp ngwmpb[ w)n bphmjpg

. 0JwjhG wnwbgph ypw Gt FL (g; p,t) pytph hwiwjwpgp ywpwitnptph htnl-

Jw wpdtplGaph hwdwp.

w) ¢g=2, p=1, t=3,
p) ¢=2, p=2, t=3:

Qhgmp A =22 +2712; Qully FL(2; 127,23) hwiwjupghG ywwjwbnn o’ L
a” pytipp, npnGp hwiwwywwwuuwGwpwp dwtuhg L wehg witGwinnG LG A -hG:

Uwhnn Ytwny pytph FL(10; 16,3) hwiwlwpgmd phpt) wjyhuh z,y L 2
pytiph ophGwlGlp, np

w) I(fi(z+y)+2) £z +A(y+2),
p) fiffi(z-y)-2) #fi(z- fi(y-2)) :

Thgmp A, hwonpnuiwlmpymbp wpymd £ ntympuhy inulwlyny htunlyw) pulw-
dLtiph ogqlimpjunp.

1 13 4
§1An+l _?An—g
Upyn°p Juymb t6 wpwowpywd pwlwdlbtpny hpwliwlwgynn hwywplyltpp:
LYuwuwpb) pywjhG hwjwnplyGtp:

A0=1,A1= A,-,_.l, Tl=1,2,...:

<wonpruljwbinipymGp wpynud L htinbyw) Yhpy.
1
B, = /1:"(1:+5)'1d:1:, n=12,...:
0

8nyg wwy, np Bp=1nl.2 L

Bn—_—l—SBﬂ_l, Tl=l,2,..
n
Oquugnpdtiny winpunund puGwalbbpp hwyyt) By, By, . . ., Bie dtidnip)mGGLpp
L qGwhwwnb unwgyud By wpdtiph 6wnnipynilp:

4wyt Gwhunpn uwpdmpjwG dbe uwhdwljwo By dhonipymbp (w)n Gywwnwyny
Yupbih t oquugqnpot) kGpwhGnbgpwiwghG dniGyghwyh Japnonipynilp Oty nph
2 : dpwbhg htunn hwjwnwy Yupgny hwpyty By, Big, ..., Be dtdnipymG-
Gtpp' oqinwqnpotiny whnpunwpd weGimpymGGtpp: Nppwin®y t G2qnhwn unwg-
Jwd By wpdtipp: Pugwunt) wnpnymlpp:
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Qqntfu 2

N2 a-:vu3hv LUJuUUrNrULELP LOMOORIT

2.1 <dwjwuwpiwl wpdwwnltph wpwGdGuwgmdip

Pwqihgu hwpy t (hGmd wnGyyb) hwipwhwywlwi L wpwGuglilntGn hwywuwpmd-
Gtph wpiwwnGlpp gunbhm juGnph him: OphGwly’ nyup phypwlghwjh nbunipjuG ke
hwéwju £ hwinhwymd

g z—tgz =10

hwywuwpnip: UnpnpwljwjhG nunboptph hwpywpyh dwiwluwly wnwowlmy t
z—asing =b

Uty bph hwjwuwpdw 6 wpdwnGiph npn)dw6 fuGnhpp’ ¢ b b wwpwdbwplph nwpptp
wpdtipGtpp ntupnmu:
dwqyunbty bt hwennymu qunGh) hwyjwuwpiwG wpiwwmGlph 62qphn wpdtplbpp:
Pwgh npuGhg, tpptdG hwyjwuwpmiGipp Wuwpnbuwynd 66 wwpwdbnpkp, npnGp
wnpjwd GG (hGmd dnunwynpuwwbtiu: Wyn nhypnid hwyjwuwpiwG wpdwwGlph dgphwn
npndwG juGnhpp nunGmd £ wihdwuwm, nunh uwplnp GQuwbwlnpimbG t6 wnwGnud
hwjwuwpiwl wpdwwnblipp qunGhm dnmunp dtpnnGtipp:
Tthgmp wpywo k
f(z) =0 (2.1.1)

hwywuwpmip, npntn f(z) $mGyghwG npnpywd L whplnhwwn b npnpwyh Yipgundnp
wd wlytpe showlywjpmd: WyG r phyp, nph hwdwp f(r) = 0, Ynymu t (2.1.1)
hwjwuwpiwl wpdwe (wumd 66 Gul, np r-p f(z) $mGyghwih wpdwwnd b):

bGpwnntlp, np (2.1.1) hwjwuwpmiG mGh Shwy6 SGymuwgywd wpdunnlbp, wju-
hGpG’ ympwpwGyynmp wpdwnh hwiwp gnympyniG mGh 2ppwljw)p, npl wyn huwjwuwp-
dwG wj] wpdwwGhp sh wwpmGuynud: Opwbu optbp, (2.1.1) hwjwuwpiwl deYnuwg-
Juwd ppwywl wpdwwnbtph dnnuynp npnynudp punugwd t Gpym thmtiphg.
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o wpdunnbbnf wnwidbwgnid, wjuhGpl' hwjwuwpiwG dky L dhw)l 6 wpdwan
wuwnpniGwynn hGupwynphG ywih thnpp (a,b) dhowlwjpkph npnynud,

o wndwwnlbpfr dygpumd, wjuhGpG npuiGg hwyndp npjwod 6wmnipjudp:

hGy ybpwpbpnd £ wnwehG thmihG, wwyw plphwGmp nhwypmd gnympinG ymGh
wnpiwwn Gph wnw GdGwgiwl wprymGwybim hwiwwhnwh wignphpd: UdkG6 hGy Yuiu-
Jwd bt f(z) mGyghw)h qupphg: dwdwhu oquymd LG uwnnpl ptipynn ptinpldhg:

PLnptyd 2.1.1 (Rngubn-Unyh [29)) : pb f(z) pmbhghwl wipbnhwn t la,b| hungw-
omid L hunnywoh ouypwlbinbpnmd ppmlmd b unwuppbn Grwih wpdbplbp, wuhlpl
fla)f(b) <0, wyw (a,b) dppwluwypnd gnynipym G mGh wyGugpup v b, np f(ry=0:

UklGp, np, tpp f(z) $nmGlyghw (a,bd) dhowljwjpnid dnGnwnnG wénng t Hud dnGnuinG
(Jwqgnn, www wyn wpdwwnp YihGh dhwyp: UpdwnGhph wnwGdGuwgiwb pGpugpp
uuymy t [a,b] hwuwdh a L b dwjpwltnbpmd f(z) pnGlyghuh GowGGkph npn-
nudhg: UyGnthtunb npnymd 66 f(z) $nGyghwjh GawGGhpp sh pwpp ¢y, c¢o, . .. dhowG-
Ywy Yewnbkpnud, npnGp pGupynid 66 GiGkny £ (z) $mGyghwjh wrwbaGwhwnynipymG-
Guphg: Gpb f(ck)f(ery1) < 0, www, hwiwdw)li Pngwbn-Unym ptnpbdh, (ck, k1)
dhowlwjpmyi gnympymb mGp (2.1.1) hwjwuwpdwl wpiwwm: Ujimhtwnb whnp b wju
qud w)l GnuGwyny wwpgb) wyn wpdwwnp shw®Ya t, pb® ny:

OphGwy 2.1.1 : UnwidGwglity
flz)y =2 -62z+2=0 12.1.2)

hujwuwpdwG wpdwwmGhpp:
YJuquk(p wnyniuwly.
z |-3i-11011]3;:
[y -+ i+i-1+1
LwGh np (2.1.2) hwjwuwpmilG mGh tptphg ny wybkih hpuwlwl wpiwwnGhp, wujw
wpiwwnGepl pGlwo 66 (-3, -1), (0,1) kL (1,3) dhowlw)ppmd: &

Upt Quptih £ heyunpjuwdp quGl, f(z) = 0 hwjwuwpdwG wpdwwnGhpp, wwyw
wpiwwnGbph wnwGaGwgiwb pGpwgpp Yunbih £ Yupgquiynpbiy: Fpw hwiwp pwulw
t npnyb| $PmGYyghwyh GruwGGepp Shwlw)ph dwjpwytwbtipnd L w)G Ynbkpnud, npntin
wdwlgyup hwjwuwnp t qpnjh:

OphGwy 2.1.2 : UnwGdGwgGhi
flx)y =2 -4z-1=0 (2.1.3)

hwjwuwpiwG wpdwwmbopp:
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£wih np f'(z) = 4(z®* - 1), wyw f'(z) = 0, tbpp z = 1: Uwqitlp htwljuy
wnjmuwlp. o
z [-1]1]2]
f@ 1+ 1-1+]
Ltunlwpwp, (2.1.3) hwjwuwpmdG mGh dhwyG bpym ppwiuwé wpdwwGbp, npnighg
utiyp quuGymi t (—1,1), §ymup’ (1,2) dhowlwjptipmi: &

Bpt (2.1.1) hwjwuwpmdp sniGh hpwp dnn wpdwwnGlp, www npnp hwypbpmd wyn
wpiwwnlbpp uptih b wnwldGugGl) qpudbhynpba:

OnpGwYy 2.1.3 : UnwGdGuglty
zlgz - 1=0 (2.1.4)

hwjwuwpiwG wpdwwnGbpp:
Dhunupykp (2.1.4) hwjwuwpdwlp hwdwpdbp

1
lgI—;

hwyjwuwpmip: Mupq t, np (2.1.4) hwjwuwpiwG wpdwwnGbpp Yupnn 66 qunGyb) npybu
y=lgz L y=1/z Ynptph hwwndwb YLwbtph wpughubGbp (GY.2.1.1):

yl

[=)

Ul. 2.1.1 UpdwwGtph wnwidGwgiw qpubhijuljwulb tnubulyp

Yunmgbiny wyn Ynptipp’ wuwpq t queGnud, np (2.1.4) hwjwuwpndG mGh bl wpiwan,
npp quGymd t (2,3) showlhwipmd: &
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ipny nliwyptipnud hwenmynud £ Ynujpn gGwhwwnb) wpdwwnh dnuinwynp wpdtiph ufuw-
(wGpp:

Ptnpkd 2.1.2 1 2pgmp £ € (a,b) Ybwp (2.1.1) hwjwuwpdwl v € (a,b) drgppun
wpdwwnf dnuwng wpdbpl E: Pwgh wyn, f(z) pmbGhghwi (a,b) dhowlwpmd winln-
hunn wowdlglyh b, U gnympymii mGh m > 0 hwumnuwnnmd, wjGyhuhl, np

If'@zm, z€(ab):
Un nbypnud mbnh mGh
|£—r|5&nf)| (2.1.5)
qlwhwunulpulp:

Uuwgnyyg: Lwfu GotGp, np |f'(z)] > m wwjiwbp Gubwynd t, np f'(z) pnGYy-
ghwG (a,b) dhowlYwjpnui GpwGp sh thnfunud: Uy ywwndwnny (2.1.1) hwjwuwpnudp
[a,b] hwingwomd yniGh dbY wjp wpdwwn, pugh r-hg: dwdwdw)jl hwjnGh LwgpuGdh
dhohG wpdtiph ptnptth (nbu ophGwly' [29]), qnynipyniG niGh wyGwhuh ¢ € (a,b) Yhun,

np
f€) - flr)=fe)§—r):
LwGhnp f(r) =0, wyw
&) =fe)g—r):
Ujuntinhg
1F@I=1f' -7l Z2ml|¢ -],
npuntinhg £ htnlnd t (2.1.5) gGwhwwnwlwlp: &

Qwgnpn wywpwgpwnid dkGp YGYwpugplGp vh wwpquqgni)G dtpnn, npp Yhpwnymd
t (2.1.1) hwjwuwpiwl wpiwwnGbph hGywbu wnwGdGugiwb, wjGybu b hwydwd
hwdwp:

2.2 Uhowlwjph Yhudwb dtpnnn '

Qhgnip f(z) pnGyghwl whplnhwwn b [a,b] hwnjwonwd b f(a)f(b) < 0: CanmGLGp
ag=a, by =b Lnpyhu
f(z)=0 (2.2.1)

hwywuwpiwG npnGhh wpdwwnh uyqpGuywG dninwpymd® YepgGhlp hwndwoh tholw-

Ytnp .
_ ag + bo .

2
bpt f(zo) # 0 (hwhwnwy niypmd zo-G (2.1) hwjwuwpiwl wpiwn t),‘wmw [ao, Zo)
L [zo,b0] hwunwodGlphg pGunpmd tGp wjG, nph dwypwytnbipnud  f(z) PmbyghwG

Zo
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pGnmGmy b wwppbp GpuwGh wpdbpGbp: Lnp [a;,b;] hwwnjwop Gnphg Yhumd LGp
tpynt hwywuwp Jwubph U yuunwpmy GnyG gnponnmpyniGp: Lyuwytiu pupmGuljbing’
wpymGpnid JuunwGubp Juwd hwjuwuwpdwb 62qphn wpdwnp, juwd Gipppjwo dhow-
Yuptiph

[ao,bo] D [a1,b1] D7+ D [an,ba) D --- (2.2.2)

wlytpe hwonpnwliwlmpmG: CGr, npmd,
flax)f(bn) <0, n=0,1,... (2.2.3)

b, —a, = — : (2.2.4)

Uunwgywo (2.2.2) hwujwoGliph dwfu Swjpuybnbtipp juquind GG dnGnwnn 3GYwqnn
aw<a <La<--<b

ytpLhg vwhiwGuwthwl hwonppwliwlmpyniG, hulj w9 dwjpwlbnmbpp’ dnGnunnk jwénn
bo2b2b2-->a

GtppLhg vwhdw Gwihwly hwenpuljuwGnipymG: Ujn nhwypmd, hGsubu hwjmGh t dwphdw-
nhljwliwl wlwhqh nuupGpughg, gnympjmb niGub
Jim o = 70, Jim b, =

uwhdwGGbpp: Gpti (2.2.4) hujuwuwpnipju G dbe wlgGhlp vwhdwbh, ipp n — o0, www
yunwGuwGp, np lim b, — lim @, = 0 L nnwGmy huy ) = o2 %

8nyjg wwlp, np 7-p (2.2.1) hujwuewpdwl wpdwwG t: bpop, wigGhiny vwhiwGh
(2.2.3) whhwywuwpnipjwl dtg , f(z) PmGyghwih wlpGnhwwmpjwb 7Gnphpy Yunw-
GwGp (f(r))? <0: Uyuntinhg htimbnuwi t, np f(r) = 0, wyuhGpG' 7 -p (2.2.1) hunjwuwp-
dwl wpdwwnG t:

Uhgwlwph yhudwG dtpnnh n-pr pwjimd npybu 7 npnGhjh wpdwwnh dnnwpymy
ypGwptGp [a,,b,] hwnywodh sheGwytwnp.

z,.:a";b", n=01,...: (2.2.5)
CGn npmy, wlGhwjwn k, np
b—a
Ir = zal < oo (2.2.6)

LG6GwnpytiGp htwnljwy hwpgp. pwGh® pwj; wewp £ Juuwpb] wpdwwh dnnwynp
wpdbpp € > 0 Sunmpjuip vnwlwim hwdiwp: Oquytlp (2.2.6) qGwhwwnwlwbhg:
MwhwGotlp, np

b—a _ -
on+l <€
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Ujuwntinhg YunwGwp, np pwjiph pwwyp whnp & pujwpwph

> b—
n+1 > log, 2

wGhwyjwuwpmpjwubp: Ujuwhuny,

n~log,e™" :

Uwnpl pipymd t dhowlwph YhudwG dtpnnh wignphpdp.

Pseudocode BISECTION
input a, b, N, 6, ¢

u = f(a)
v = f(b)
e=b—-a

output a, b, u, v
if sign (u) = sign (v) then stop
fork=1,2,...,Ndo
e=e/2
c=a+te
w = f(c)
output k, ¢, w, e
if el <& or |w| < e thenstop
if sign (w) # sign (u) then
b=c
v=w
else
a=c
u=w
endif
end

Wignphpih wulnnynnh fuuwwlgnmpjuwdp nmwlp htnbjw; ywpqupwindp: dwwnyjw-
oh ¢ dheGwlybtwp hwyymd tlp ¢ =a + (b — a)/2 pwGwdélny ¢ = (a + b)/2 pwGwdlh
YinfuwnpkG: pw ywwndwnp wwpq Ypuniw htnbjwy ophGuihg:

OphGuwy 2.2.1 (R. dnpuwyp [30]) : Yhgmp a = 0.981, b=10.983 L ¢=0.982 Ytawnp
[a,b] hwwnywodh dheGultnG t : GGpunpkp, np hwyymiGhpp Yuwwnwpymy GG uwhnn
Ytunny pytiph FL (10; p,3) hwiwlwpgmu: Gpb hwagupyGipp yuwwnwpblip hwiwdw)G
c=(a+b)/2 pwGwdlLh, wuyw

flla+b) = 10'-0.196,
fl(fl(a+b):2) = 10°-0.980 :
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UyuhGpG' unwgymy b, np “dheGuytnp” pGywd t [a,b] hwujwdhg nmpu: Ujnw
ynnuhg, pun ¢ =a + (b — a)/2 pwlwdbh’ YunwGwbp.

flb—a) = 1072-0.200,

fl(fi(b—a)/2) = 10-2-0.100, r
fi(a+fl(fl(b—a)/2)) = 10°-0.982 :

LpkGp dhowluyptiph YhudwG dbpnnh dbl wnwGdGwhwwimpmb: {wymdGhph
pGpwgpnd oguwugnpdymy bt ny pb f(z;) wpdbpp, wy wyn wpdbph GrwGp: U)Guybu
np, pwGh ntn f(z;)-h Gwlp npnpymy t 62qphw, f(z;)-h hwpiwG dwiwlwl pmy
wnpjuwo Yinpugiwl uppwjwbplhpp pugwpdwijwybu 366 wgnmd depnnh wignphpdh
wytuwwmwGph Jpw: buy btpt f(z;) wpdbph Gpwlp 6hywn sh npnpynmud, www hwenpn
GGpwihowywpp GnyyGubu 6hpu sh npnoynud: Ywphih b dnwotk], np YinpugdwG ufuw-
Jwlpltpp 66 Ywpnn w)Gpwl JGd (hGbky, np hwlqkglhl pnilGyghwjh GrwGh thnhnfun-
pjw@: Uwyw)G, hGywbku gniyg t wmwihu hbnbjw) ophGuip, nw wynubiu st:

OphGuwy 2.2.2 (2. Mrwju [20]) : HhwnwpytGp Yyeghpnpn juwpgh pwqiwGnud’
P(z) = z® — 62° + 15z* — 202® + 1522 — 6z + 1 : (2.2.7)
LY. 2.2.1 -md phpjwd t wyn pwqiwGnudh gpudhyp:

X m“‘ J.Rice example: F(x)=xs-615+15x‘-2013+1512-014-1
5

-1 L " 2 " " N N
0.994 0.998 0.998 1 1.002 1.004 1.008 1.008 1.01

VY.2.2.1 P(z) pwqiwGnudh qpubhyp’ hwyqupyuwo pun (2.2.7) pwGwdlhp
("Nwjuh dnpmp”)
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Muwpq Gplmd t, np hwayndGhph dwiwGwy uvnwgymd 66 puqiwGnuidh pugwuwlwt
wpdtpGlp, ;Gwjwd, nbuwlwnpbG win puqiwlnuiG wikGniptp npuywé t, pugh
r =1 Ytnhg, npntin P(1) = 0: bpnp, P(z) pwqiwnudp Yupbih b Gipluijug Gl
hwiwpdbp wmbupny.

P(z) = (z-1)% : (2.2.8)

Uunnpli pipdmud & wyn puqiwGnwidh qpuibhyp’ hwyguwpywe pun (2.2.8) pwGwdbh:

3.5

x 10 J.Rice example: l’(n)=(n-|)s

0.995 1 1.00% 1.01%

VUY.2.2.2 P(z) pwqiwlnuih gpudhyp hwydwpygwo pun (2.2.8) pwGwdlh

LtGp, np bpym qpudphyGpt by (GY. 2.2.1 L GY. 2.2.2) unwgyt| LG hwjnGh MATLAB
thwpbph oqlnipjudp: &

Ybpemud GyLGp dbY hwGquiwbp, npp Jupnn bt wnwowlw) GYwpwgnjuo dkpnnh
hpuwlwliwgdw dwiwGwy: GywlGwykGp E-ny f(z) dmbyghwjh hwpdiwl dwdwbuly
pny| mpjwd ufuwpubph pwgwpdwy wpdtph dwpupinuip: Mwpq b, np pwGh ntn
pujupupymd b [f(z)| > E wwydwlp, wyw f(z) $mGyghwjh GawGp npnzymd k
6hn: NpnGhjh 7 wpdwwnh Snnwyw)pnid pmbyghwjh wpdtpGbpp dnn GG qpnjhG: Uyn
wuwwndweny wpdwwnh pewiwjpnd gnynipjniG mbGh wyuybu Ynydwo wﬁnpngmpjwﬁ
dfigwlhuyp (r —e€,, v +€;), npntin f(z) pmbyghwyh Gawlp Ywpnn b npnzyti ng 6han
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(GY. 2.2.3): Gpb UnunwpymuibepG pGYGmy GG GYwd dhowlwjpp, wujw -wenprn dnwwyp
YnuiGtph unwguiwl wpngbup punGnd £ wluwnmjq: !

yA

VL. 2.2.3 Uhnpnympjwb showljujp

Swynp, wlnpnympjuwb dhowlwjpp Gwhuwwbu npngbjp swhwquGg pwpn B Uyl
Yuhnwd L wpdwwnh pewluypmd f(z) pnGyghwih gpudhlh ptipnipjniGhg, hwaydwl
dwiwlwy pnyj| mpjwd ufuwjwbplbph dEdmpyniGhg L wjiG: SnpdGuwlywbnpbG, hwynu
ikph ppwgpmd hnbpwghwtiph wijwin G Juppp wumd k wyl JwuhG, np dnnwpynd
Gtpp guGymd LG wlnpnympjuG Shewlwjpnui: Gpp nu wnbtnh mGh, wipiwun G
nwnkmy htnnwqu hwpynuiGkpp:

Uhoujuwjph YhudwG dtpnnp, yGujwo hp wyjupqmpjubp, qniquidhnnd E pudujutu
sunh nubnwn: <bnwgu wywpwgpudpbhpmd delp YnhnwplybGp ny gdwjhi hwjwuwpnu
Gtph wpdwwnGhph hwyYdwl wybkh wpwq depnnbbp:

2.3 MNuwpq hnmbpwghwjh dtpnnp
thgmp (2.1.1) ngy gdwjhG hwyjwuwpnuip Gepjujugywud t
z = g(z) (2.3.1}
hwdwpdbp nbupny: Iijl} hwywuwpiwl hwiwp wwpg nbpughugh depng Yngnd t
oy =9(zn), n=0,1,... (2.3.2)
hwenpnuiwé dnnwpynuiGiph pGpwgpp, npnbin zo-G (2.3.1) hwywuwpiwG npnGhgh 7

wpiwwh uyqpGuwlu snnwpymdG k: UY. 2.3.1 - nud nipjwd E dkpnnh Gpypuwywtulywi
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ik GwpwlmpymGp:

YA Y=x YA

(w) ®)
LY. 2.3.1 Mupq hnbpwghwjh dkpnn (w) qniqudbn pGpugp,
(p) wmwpwibn pGpwgp
LGGwpykGp dtpnnh qmquihnmpywl hwpgp: Sknh niGh hbnlgw] wlngooip.

fotnpbd 2.3.1 : 2hgmp hwywuewpdwl r wpwldbwgduwd wpdwaf) As = (r — 6,7 + 6)
2nowluyph hwdwp gmmpym G mbh q < 1 hwuwnunnm G’ wylwbu, np

lg(z) —g(¥)| < glz—y| Vz,y€ds: (2.3.3)

U pbypmd o € As vhqpiwhwl dnnwpyldwl jwudwywiwd pGuopmpjul nbypmd
wuwnq nbpuwghuwft S6pngp qmquwdbn L, L wmbnfr mGh

n

|r —za] < i1 — xof, n=12,... (2.3.4)

1-¢

qlwhuwunwlwGp:

Uwuwgnuyg: Fhgmp z, € As L

p =T — Iy

hnbpwghwjh 7 -pg pwjih ufuwwGp t: hGywbu hnlmad £ (2.3.1) L (2.3.2) pwGwdlbphg,
€nt1 =T — Tnpy = g(r) — g(zn) :
Uy nhwypnud, hwiwdw)G (2.3.3) wwjdwdh,
lens1| = lg(r) — g(zn)l < glr — znl = glen| :
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bul pwGhnp ¢ < 1, wyw z,4; € As: Qjuwhuny hwlgnud tlp w6 Gqpuyjugnipjubp,
np iph 9 € Ay, wuw hwenpnnn pnpnp dnunwipynudGtipp bu ywwnfwinud 66 » wpdwwh
As nowluphG: Oqunytiny unwgywd wihwyjwuwpnipjniiihg’

iens1] < glenl. m=0,1,..., (2.3.5)

htwn b unwGuy, np

iea] < q"leo]. n=1,2,...: (2.3.6)
“Fnwlny hul wywgnigywd b dnnwpynudGtph quiquidhnnmpynip (2.3.1) hwjwuwpdwG
r wpdwwhG: UGmd t gnupu pipty (2.3.4) qGwhwwnwlwip: MGkGp.

leo] = jr —zo| < jr—zii+ |z — 20| = |9(r) — 9(x0)| + |z1 — Zol

IA

qlr = zo| + |2y ~ Zo| = gleo] + |21 — o] :
Qjuntinhg unwlnd LGp

ieg| <

; |zy — zo! {2.3.7)
-q

a

wlihwjwuwpmpymbp: Wjuwhuny, (2.3.6) L (2.3.7) wihwjwuwpnipjmGlbphg htwmloul
t (2.3.4) qGwhwwnwlubp: EtnphdG wywgnigqud t:

Qtwnlwbp 2.3.1(1): “2hgmp wnwlGdGugyuo r wipdunnp As = (r—96,r+6) ppowlwpmd
glz) pmbyghwl wlplnhunn phplipliGglsh L, b qumpymd mGh q < 1| hwumwanmlp
wnyGutiu, nmp

lg'(z)l <q¢ VzeA;: (2.3.8)

Uyn plwpmd quduywlwl o € As uhqpiwlwl dmnwpydwl hwdwp gupqg fotipa-
ghuyf dlipnpp qmquidtin b, L wbinf mGh (2.3.4) qGuwhwuwuGp:

Uuuwgnyg: <wdwdw )i Lwgpwidh dhohG wpdtiph ptinpbdh (nt'u ophGuy’ [29]), judw-
Jwyw@ Gpynt z,y € Ay Yhnbph hwdwp nGhGp
9(z) ~ gly) = g'(€)(z - y),
npntn £ = (1 —0)z + 0y, 0 < § < 1: Ujuntnhg,
lg(z) ~ 9(y)| = ig'©)llz—yi < glz -yl :
Qpwing huy pwjwpwpjwd b plinpth (2.3.3) wujdwbp: <twnlwlpl wwywgngyud t:
OphGuy 2.3.1 : Uwwgngh), np gwijugud uyqpuwlywu dnunnwpydwl hwdwnp
1
Tntl =4+§sin2z,,, n=0,1,...

wuwnq hnbpwghwjh dtipnnp qniqudpunmd t:
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Wyuwnkin
glr) =4+ %sin"z:z: :
Lwlh np
g(z) = %cos 2z,

wuyw

Wi N

lg'(z)] < Vr € (—o00,+00). &

OphGwy 2.3.2 : Unuugmghy, np
Tnt) =3 - §I$nl1 Tl=0,1,..., VIO

wuwpq hnbpwghwjh depnnp qniquibn t;

Wju nhypmu
. 1
9(z) =3 - 5la]
L guljugwd z,y € (—o0, +00) Ytwntph hwdwp
1, . 1, \
l9(z) = 9W)l = 5llz] ~ lyll < Siz—9i = &

MupqbGp, pt pwlh® pwy t wlhpwdbn Yuwwnwpb] wpdwwnh dnnwynp wpdbpp
€ > 0 §umpjuip vnwlwym hwdwp:
OqunytiGp (2.3.4) qlwhwwnwljmbhg: MwhwGekGp, np

n

q
l1-¢

|zi — x| < £:

Wuwnbinhg unwGnud GGp, np pwjitiph pwiwyp whwp £ pwyjwpuph

n > ln"'llng
qg €

wwjiwGhG, npnbn C de/ lzy — zol/(1 — ¢): Wyuyhuny,

n~In~! Tl (2.3.9)
q =€
YhannmpymG 2.3.1 : 7 dfipwn & hwenpdmd npnply (2.3.9) wuwydwGmd dwubuwygng
q dhompmbp: Uy wunndwnny qnpoGwiwlmy unynpuwpwn plupdmd £ e > 0, 4
JmnbpughwGbpp ppwlwbuwgdmy 66, dplsl Ypwjwpumih (T, — Taai < € wuydwlp:
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Qwpyh wnlbinyg wpywd nhunnmpymbip wwpg hnbpughwjh dtpnnh wiqnphpdp
Yuptith t qpbi htinbjw) Yhpy.

Pseudocode SIMPLEITER
input z, N, ¢
output 0, x
fork=1,2....,Ndo
z=g(z)
output K, =
if |z —z| <e thenstop
T=2z
end

hiyytu Gplnud t (2.3.5) wGhwywuwpnipynilGhg, yupq hnbpwghwjh dtpnngh gniqu-
thunipjul wpwgmpiniGp wnlGjuql qowjhG t: Uwlw)G npny nhypbpmy w6 upnn
t mGhGwy wybih pwpdp Yupg: GGpunpklp, np g(z) $mGYghwb wiGwhuhpG t, np

gy =0, k=1,2,....s-1, g9@r)#0: (2.3.10)

Qundwduwb ©Otjnph pwGwdbh (nbtu ophGuy’ [29]),

s—1 (¢ 1)k . —1) ..
g(zn) =g(r —e) =g(r) + 3 (—kl,)—g‘“(r)ef, + (—?})—g"’(&.)e;‘. :
=R .

nputn &, = r—fe, (0 < 8 < 1): Uyuntinhg, hwiwdw;G (2.3.10) wwydwbh, junwlwbp.

o(an) = alr) + S g0 e

Uyn nhiypnud,

1g(8)
N, g n 8
lenisl = Ir = ol = lg(r) — g(za)| = Eon e e
Jud
g (r)]
s!
Wyuyhuny, qniqguihnmpjul wpwgmpjub jupgp hwjwuwp t s-h:
Ybtponud nhwnwplytiGp htiwbjw) hwpgp. hGawyb®u dLwihnpubp (2.1.1) hwyjwuwpnuip
(2.3.1) mbuph, npytugqh wywhnyyh wwpq hntipwghwjh dipnnph gmqwudpwnnipyniGp:
Qhgnp 7 -p (2.1.1) hwywuwpdwG dhwl wpdwwnG t [e, b hwnjuwonu: Gepwnpynud
L, np {a,b] hwunwop wjGpwG thnpp t, np f/(z) wowbgyuG w)n hwinydwond ywhww-
Gmud t GywGp: <G b wyugmgty (pnnlnuwd tGp pGplpgnnhG npytu Jupdmpymd), np,
tpt ytipglGtGp

'en+l| = |en|s :
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npunbn a—G pGupynud t
o1
1) lai >3 max |f(@)], 2) signla) = sign(f(z) : = € fa,b])

wwiwGGbphg, www (2.3.2) dtpnngp YihGh qniqudtn:

2.4 LjymunnlGh dbpnnn

hGywtu wwnpq hwbpwghwjh dtpnnpp, wjlwbtu b UymuunnGh dbpnnp Yphpwnbh bt ony
qowjhG hwjwuwnpnuiGtph pwjwlwGhG )6 nwuh hwdwp: Uje pny £ wnwihu ny
qowjhlG hwjwuwpiwG monwip ptiptp qowjhG tulGnhpGtph hwenppulwG nodwap:
Tw juwwwpdnu t ny qdwjhlG hwjwuwpnuihg gluwynp dwuG wlounbjnt dhengny:
Utpngh hhdGwlwl wnwybimpiniGp jujwlnd £ Gpwlnw, np jGwjwd hwpynudGhph
hwitdwunwpwp wuwpq ulubdw)hG, wjG pujwlwl wpuq b gnquihumnud:

2.4.1 Utpnnh unnignuip

hgnip 7 -p hwlnhuwGnud £
f(zy=0 i2.4.1

hwduwuwpdwG npbt wnwGdGwgdwd wpdww, huy €-6" wyn wpdwnh nplt dnnwpynud:
GGpunnpkGp, np h = r — € WEdmpmGp pwjwlwlwywr yipp t: Gapwnpklp Gk,
r wpdwwh nplt ppwlw)pnid, npp wuwpniGwynuw £t § Ybwnp, gnympymlb mGh f(x)
IniGyghwjh Gpypnpny Juwpgh wGpGnhwn wdwbgjuip: OquykGp OLynph Ybpnont-
pJmGhg.

0= /() = 1€+ h) = J(€) + /(@) + = /") 2.42)
npntn a = £ +6h, 0 < 0 < 1 : LwGh np A~ dEOmpymGp thnpp £, wuw (2.4.2)
Ytpimdnipjw( vk nkG Ghnbny O(h?) wlnunip’ unwlwGp
&) +hf'(§)=0
dnunwynp hwyjwuwpnipyeiGp: Ujunbknhg, tGpwnpbinyg, np f/(§) # 0, Junwlwbp
f(§)

f'(€)
Jwd .
€
€

R
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Tw Gulwynud k, np 1)
§

TR E
wpdbtpp Ywpbith £ nhnwpyl) npytu npnGhh 7 wpdwwnp Gop dnunnwpynud:
Qunuwpjwd JbepimdnpymbGp hpdp b hwGnhuwlGnd htinbyw) dkpnnh JunmgdwG
hwdwp. pGuopymad E npuk ulyqpGuwlub dmnwpynul’ o, nphg htunn hwenpn dnunwp-
YnuiGtpp hwyymd LG

f(zn)

Int1 = ITn — f’(l‘ ) '
n

n=012,... (2.4.3)

pwGwdlny: Uju dtipnnp Ynyymad t Lymennbh dbpng (wjG wigwGmd 66 Gl Uymung -
wdunbh dtipng):

Swip dhpnnh tpYpwswihwyw6 dtywpwGnipymbGp: dmbGyghwih gpudhyh Ypw
quunn (z,, f(z,)) Ytwnd wnwGkGp y = f(z) Ynph 2npwihnnp L quGhGp Oz
wnw(gph htin Gpw hwndw6 Ywnh wpughup (GY. 2.4.1):

X
0 _/I‘ Xn+1 X

‘LY.2.4.1 YymunnGh dtipnyp

Cnywithnnph hwjwuwpniG t.
y = f'(za) (T ~ 2a) + f(z4) :
Ujuntinhg, pGnymGtiing y = 0, JunwlwGp'

)
" @)

Wn wyuwwndwnny LynunnGh dtpnnp tppbdG wijwGnd G6 Gwl pmpwiinnlbph dbpni.

(Tn41=) T=1
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Uwnnpl pipdwo t UynunnGh dipnnh ungnphpidp.

Pseudocode NEWTON
input z, N, 6, ¢
v = f(z)
output 0, z, v
if |[v| < e thenstop
fork=1,2,...,N do
z=z-v/f(z)
v = f(z)
output k, 2, v
if |[t—2l<d or |v|<e then stop
==z
end

UymunnGh dtpnnh Yhpwndwl dwiwGwy Ywpnn GG b hwjn quy hnbpughwGbph
Juww Jupph wnwppbp nbhypbp (GY. 2.4.2):

! y=f(x)
: Xp+1
/ d Xn X i r Xp+2 X

(w) ()

y=1(x)

N\
/ r Xn Xn+1 X

LY. 2.4.2 UynunnGh dtprnh Juun Jupph ophGuyGhp. (w) f'(zn) =0, hwonpn
dmnwpynuip npnaqwd sk, (p) wmwnwlng, (g) wwpwdhnnp)md
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QYhwnnnmpymG 2.4.1 : Uymunf dbpnnp, pun Emppul, wuwnq funbpuwguwgf dbpnnf df
nwpunbuwly £, npunbin
f(z)

g(z) =z - T(z)
(nku (2.3.1) L (2.3.2) pwGwdlbnp): Con npmd, wowlgup' ¢'(z) = f(z)f"(z)/(f'(x))*
L tpk f'(r) #0, wwyw ¢'(r) =0:

2.4.2 Utpnph qmiquihnmpjul hbnwgnnnuip

GGpunptGp r-p f(z) $mbyghwjh wwpqg wpiunG b, wpuhlGpl f(r) = 0 # f'(r):
GGpwnpbGp Gwl, np f”(z) wowlgjwil wGpGnhwwn t wpiwwnmh nhnwplynn 2pewijwy-
pmui: L2wlwyklp e,-ny n-pn pwjth vjuwwbpp

de
€n -—-fr—:r,,:

Oquytny (2.4.3) pwGwdlhg’ JunwbGubp
flzn) _ 4 f(zn) _ f'(zn)en + f(zn)

Entl =T —ZTpy) =T —Tp + f’(x") = €n fI(I") = fI(I") N (2.4.4)
n=20,1,2,...:
Jundwdwyl @Lynph pwGwdbh’ wnbnh mGh
1 .
0= f(T) = f(2n + ) = f(zn) + fl(.’l:,,)e,, + Ef”(fn)eﬁ
ybppmompymGp, npunbn €, = z, + fe,, 0 < 6 < 1: Uy nhypmd
1
f(zn)en + f(2q) = _Ef”(fn)e?z :
{wpyh wnbliny ytpehG hwyjwuwpmpmbp (2.4.4) -hg YuunwGubp
1 f"(§n)
€nyy = —Ef,(x")e?,, n=0,1,2,...: (2.4.5)
Glpwnnbiny, np e, -p tnpp t, Yupnn GGp qpby
1f"(r
ens1 =Ce2, npnbn C = —5‘;,((1_)) : (2.4.6)

Wjuyhuny, tpt dkpnnp qniquibtn £, wyw gmquihnmpjul wpwgmpjub Jupgp hw-
jwuwp t Gpymueh (pwnwlmuwihG guouwdinmpimb):
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YhunwpyblGp r wpdwnh 8 -pgwljwjp’
As={z:|r—z|<é}:
CGwpkGp 6 > 0 JLonip GG wylGpwG thnpp, npwtugh
. 1
min [f(z)] > 0
(nw hGwpuynp t, pwGh np 7 —p Wwpq wpdwan k) UjGnihtnb ykpgGhGp

"
o de,l;gglf (z)]

= - (2.4.7)
2
2 min |f(z)]
GlpwnplGp Gul, np 6 dGompymGG pGunpywd t wylpwG thnpp, np
vy sce)<1
Lblp, np wynwhuh 6 plwipbi Yupbih b, pwGh np

e < L
OO =315 ¢

QAhgmp, zo € As: Uyn nhiypmd |eol <6 L

|7 — &| = (1 — B)|eo] <6,

wyuhlpl & € As: WjGnihtwnk, C(8) dtdnipywi (2.4.7) vwhdwnuihg YniGLGwip, np

J" (&) .
Flao) = O

N =

<bwlwpwn,
ler] < C(6)ed = C(6)leolleo] < 6 C(8)leo| =leo] :

LwGhnp v < 1, wwyw |e;| £ L hwgnpy z; dnnwpynuip Gnylwybu wwwnywGnd k
r wpdwwnh §-ppgwluyphG z; € As: LnyG Yhipy zwpnGuybting nuunnnmpniGGepp
YuunwGwiGp

le2] < 7led < Y’feol (z2 € As),
lesl < Alesl < ileo| (z3 € As),
len] < < 7"eo (zn € D).

7|en—l| =

Ujuwhuny hwGgnud GGp htuilgun bgpuugnipjwGp.



Otnpbd 2.4.1 : Yagmp r-p f(x) pmbhghuwyp yuwpg wpdun b, L Gpgpnpg qupgh " (x)
wowlguupld whplnhuwwn b ouyn wpdunnfp ypowlupmd: Spb ulqeliwlwl o dnuwgr-
gmdG pluypuw o b pwguwilpuGuisunh dmn npnlbh wpdwanpl, waguw (2.4.3) hwenpowljw-
GpmGp qmquidiunf v -pG, pln npnd,

ir—Ton| <Clr—z4*, n=01,2,..., (2.4.8)

npnby C = const >0

Wyuwhuny, dkGp gnijg wnytghGp, np LynunnGh dkpngny Junmgywd snnwpymiGhpp
YgnigquwipinbkG npnGhjh wpdwwnhG, Gpb shwyl g -6 pwyjwljuwluwswh dmn & r-hG6: Liwb
wmhuh qnuiquishunmpynilp Ynyynud & pafwy gmguidfunmpym G: U jn yjuin8winny Ljnunnbh
ubtpnnhG Gwpunpnmad b dh nplt wyp wignphpyd, npp puduwjulwswih 62qphnnpkl wnwGa-
Guwglnud £ wyn wpdwwnp (ophGuly’ dhowlywjph Yhudw dGpnnp), nphg htimn Yhpwnynd
t wpwgq gnigwihwnn LynunnGh dGpnnp:

Q-Gwhuwwnblp LinunnGh dtpnnnud wpiwnh dnnwynp wpdbpp € > 0 §uinipjudp
unwfwim hwdwp wlhpwdbn pw)kph pwGwyp: Ogqunygklp (2.4.8) qGwhwunwljuGhg:
Lbywmnpjuip Jupbih £ gnyg vy, np

ir =z, <C¥7Yr — zo|* -
UyGnihtunl
C¥ Vr—xo* <
wlhwywuwpmpnibhg JunwGuwGp

n > log, (C' In é) ,

npnbn C* f —1/In(Clr — zo|) (tGpwnpynui t, np ulqpGuwlul ze YnunwpynudG
nGunpjwod b 7 -h6 pwywluwGwywih dnn, wuhGpG' |r — xo|-G thnpp t): Uyuwhuny,

n ~ log, In % : (2.4°9)

Uw GwGwynu b, np wuhdwypnnunptG, Gpp € — 0, ‘UynunnGh dEpnnnud WwhwGgynn

pwjttph pwGwyp wybih phy t wwpq hubpwghwitph dEpnymud Junwmdnn pw)itiph
pwGwyhg (hwibkdwwnpp (2.3.9) puGwdlh hbwn):

YhwnnupymG 2.4.2 : Gpb v -p f(x) pmbhghuh YnyGwhh wypdunn b, wyuflpld J(r) =
fiir) =0 % f'(r), wyw UymunnGh dbpnph gmoudfunmpmlp §ihGh qounhl: Udbif
uunyq’ :

Cny) = §e,, : ‘
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Npny ntwptpnud Juptjh b Gpwfuunptp depnnh gniquidhnmpyniGp guwGliugwd
uyqpGuwlwl dnnwpyiwl nbwpmy (guopw; gmquidfummpmb): LiwG wpymGpGhp
unwgymd LG, Gpp f(z) PniGyghwjh Jpw goymd GG pujwywlwsunh fuhun uwhdw-
GuwihwlniGep (ophGwy’ mnmghympymG): uwybpybGp wjuwhuh dh wlpmu:

Otnptt 2.4.2 1 “Ahgmp wdpnge pyuyhlG wnwlgph Jpw f(x) pmbGhghwl mGh ShiGsk
tplpnn ) upgh wiplnhun wowlGgpuyGhn L pudwmunpmd b hinlywy wuydwGGapha.
w) gnyupymb mGh f(x) pmbGhyghuyp v wpdunnp, p) f'(z) >0 L f'(z) > 0 fudw-
Juwll x € (—00, +00) -ft hwdwp: Uyn niypmd (2.4.3) hwonppuljuwGnipniGp gmquidfi-.
wmmd £ 2.4.1) hwduuwpdwl v wpdwnhl’ gubGlpuguo vyqplwlwl dnumuplpdw G nbiy-
pm:

Uwwgnijg: “Lwfu, GuunbGp, np 2Gnphhy w) U p) wwydwGGeph r wpdwwp f(z)
$mGyghwjh Shwy wpdwnG t: UyGnihbnl, pinptidh p) wwypdwbhg L (2.4.5) hwjwuw-
pmipyniGhg htinlmd k, np '

e,<0, n=12,...:

buy nu Gawlwlmd E, np
T, >r, n=1,2...:

Lwlh np f(z) $nmilGyghwb dnGnnnl wénn t, wyw
flza) > f(r)=0, n=12,...:

Qwyp wnbbiny YtpghG wlhwywuwpmpymGitpp L pinptdh p) wwjdwip’ (2.4.3)-hg
Juunw GwGp

Tp1 < ITn, n=12...:
UWyuyhuny, niGlGp dnGnuninG Gwqnn m Gpplhg uwhdwGuhwy hweonpnuywlnpymG
Ty >Tp>-+>T .

Uin wuwwéwnny qnynipymbG mGh Jl_{tgo z, = * uwhiwbp: UGgGLnY vwhiwbh (2.4.3)
hwjwuwpmpjwi gk, ipp n — oo, unwbGwiGp’

o @)
fi(z*)
dtpohGhg htwnlmd k, np f(z*) = 0, wjuhlpl’ z° = r: Otnpbdl wywgmgyud k:

OphGwy 2.4.1 : UynunnGh dbpnnp Ywpnn b ghpunygt; nppuiywi pdtph punwyniuh wp-
dwwnGbpp hwyybim hwdwp: Ghgmp wwhwoymd E qunlhy VvR-p, npntn R > 0:
OpnGth pwnwyniuh wpdwnp hwinghuwGnud b

22— R=0
hwjwuwpiwl wpdwn:
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Qwiwdw)G (2.4.3) pwbuwdLp’
Tops = & (:r,, + 5) . n=0,1,2,... (2.4.10)
2 Tn

(wju pwlwdlp hwjnGh b 2w qunmg L yepugngmd £ hhG hnyg6 dGluwGhly L Swmnw-
pugbn {kpnGhG): <G t hwidnqyb), np (2.4.10) dtpnnp Ygmquidhwnh gulljuugwud
npwlG ulyqpGulul SnunwpyiwG ghypmd: Yhgmp, oppGuy, R = 17: Npybu uyqpGuw-
JwG dnunwpymu pGunpting zo =4 L wvwhiwGwhwlybingd mwuwyub Yinhg htnn jnp
Ghony" YuunwGwGp

T =4.125,

zo = 4.1231061,

3 = 4.1231056,

T4 =4.1231056 L w6 :

QwibduwnmpjuG hwiwp GGp, np V17 = 4.123105625...: &

2.4.3 ymunnGh hwunwwnnG wowlgjuwny dkpnnp

Gpt f'(z) wowlgjwip phs t thninfuymyd wpdwnh powlwpmy, www (2.4.3) pw-
Gwdélumd Ywpbkh t f'(z,) -p hnjuwphGly f'(ze) -ny L, wjuyhuny, wunwbw) Epnry,
f(zn)

Tpy) =Tp— -, n=012...: 2.4.11
* f'(z0) ( )

X
0 __/ X2X1 Xp

Ul. 2.4.3 UymunnGh hwunmwnnG wowbgjuiny dtpnnp
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GpypwywthnpbG nu Gyulwymd b, np y = f(x) ImGyghwih qpudhyhG (z,, f(z,))
Ytwbpnud nmwpdwd znzwhnnGpp hinfuwphGmd GG (2o, () Yawmny mwpdud ynw-
G gmiquhtin mnpnGtpny (GY. 2.4.3): unp (2.4.11) pwGwdlLG wquumd b wdkG
wlquyd f'(v,) wdwlgyuh wpdtpp hwadbm wlhpwdbymmpymbhg: Fw YJwpnn b
oquwljwp thGb] w)l nhyptpmyd, Gpp wowbGguih hwybtp uupwo t npnawyh nddupm-
pmlGGaph htn: Uhwdwdwlwly whwp b G2k, np gmgquihummpjul wpwugmpymGG wjn
nhypmud paYGmad E:

2.5 UjnunnGh dbpnnp ny qdwjhG hwjwuwpnuiGliph
hwidwljupgh hwdwn

HunwpltGp m wlhwynfitpny o ny qowyhG hwjwuwpmaGph

filxy e r,) =0,
F AT T 'm)=0. (2.5.1)
hwdwlwpgp: QpuntGp w)l
F(x) =0 (2.5.2)

hwdwnnwn wbupny, npntn x-p R™ nwpwompjwl yaljunpl t

T
dcf Al"_}
X = .
Tm
huly
N

F f?

Jm
Yehyumnp-pmbGhghw vt f. fo.. ... S punqunphsGhpny:

QYpunwplynn (2.5.2) hwjwuwpdw nodwl hwdwp YoquytGp hwenpipuub dnnwp-
ymuiGhpjp dkpnnhg: GGpwnphGp, np wpnbG quGiwd wyn hwwuwpdwG

hymuwgywd wpdwwn 7 -pn dnnwpynudp

T
X, = [.'L‘(In),.’[}g"}.. . .,Is::)] :
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Ujn nhuypnud

r=X,+e,, (2.5.3)
npuntin
= [e(,"’, 6(2"), .. ,e(")]T

ufuwGpG t: Stnunpbny (2.5.3)-p (2.5.2) hwywuwpiwG gk’ YmGhGubp
F(x,+e,) =0: (2.5.1)
GGpwnpblp, np pnnp f;,¢ = 1,2,...,m pnGyghwbbpG nmGkG dhGsL pypnpn Yupgh

wlipGnhwwn wowbGgywGip R™ nmwpwompjwb r L x, Yewmbpp wupniGuyng dh nplk
ntnmghy pewiljuypnud: Uyn nhwpnui’

(n n n n n n 0'
fila ’+H... ()+efn’)—f,((),...,zfn))+20f

Zj

e™ + O(lea|?)

X=Xy,

(wjuwnty |e,| = \/(c(,"))2 .+ (em))" hwlnhuwGmd t. e, Jtljunph GpwpnpniGp):
Ujinmhbwnb, Gpwnpbny, np |e,,| dbdnipymiGp thnpp &, JunwlGwGp

(n)
e]
X=Xy

. d
L@ + ™z ey & £z, <"’)+Z fi

Zj

inunuwynp hwywoewpnpyniln: Fpwny huy, (2.5.4) hwjwoewpnipymGhg htiwmbnud k
F(x,)+ F(x,)e, =~ 0 (2.5.5)

inunuynp hwyjwowpnipymbn, npunbin

COh O of
dr; Oz, Iz
yyondef | Ofa Ofa [ .
o) 22 e 2 {2.5.6
F(X) f)l‘] 01‘2 01},,, \£:2.0)
Un Wm O
| Jdr;  dix, Jz,, |

dwwphgp 1y, z9,...,Z, hnpnuwuGGhph Guwndwdp fi, fo,. .., f; $mGYghwGbph
hwiwlywpgh Swinppfr dwuphgl b (quinp/ub). Gpb pinmGeGp, np F'(x,) dwwnphgp
ybpwubpjuwo sk, wwu (2.5.5) -hg Junwbwip

€, = _[F'(x")]—lF(xn) :

Qbtwnbwpwn,
r =X, — [F/(%,)] ' F(xn) :
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Uunwgywd dnunwynp hwyjwuwpnipymGp hhdp b wiwjhu npnGhh wpdwwp (7 + 1) -pn
dnunwpynuip hwadbim
Xn+1 = X — [F/(x,)] ' F(x,) (2.5.7)

ljuGnGoy:

QYdNuwnp sk Gyuwnbyl, np Gpp 7 =1, wjuhlp6’ dkY ny qowjhG hwywuwpiw6 nhiwypnd,
(2.5.7) pwGwdlp hwipGlyGmu (2.4.3) pwGwdlh htw:

Ujuwnbin dbGp j6Gp ptiptint dtpnnh qmquihwnnipjub fuhun hhdGwynpmdp, hGywbu
nw wnby GGp dbYy ny qowihG hwjwuwnpiwG nhiypmd: Uju hwpgh dwlpwiwub jwpw-
npwlpp Yupbih b quGky, ophGwy’ [3],[5], [12] qppbipnud:

Qwdwnnwn piwpytbp UynunnGh dtpnnh hpwgdw6 htwn Yuwuwd npny hwpghp:

o Jwdwdw)b (2.5.7) pwlGwdlh’ dtpnnh pwjth hpwywbwgnuip juuyywo t F'(x,;
dunnphgh hwiwnwpdp qunGbm htn: Uwlw)b gnpobwljwbnmd wjn wyluwnwnwp b
pwpn qnpdnnmpjntGGphg lunwwhtim Gywunwyny’ wignuip n-hg (n+1)-pn dnnwpy-
dwlp juwqiwlbpyymd £ hnbjuy Yepy.

l. moynud k
Fl(xn)zn = _F(xn)

hwywuwpmdp (np6 hpbGhg GhpYwjwgbmid b z, = [, 20, ..., 20T ythwnph
pwnunphsGbph GYuwwdwdp qowihé hwjwuwpmdGhph hwdwlywpg),

2. hwenpn dnnnwpynmip hwyymu t
Xntt = Xn + 2y
pwGwdling:

o UdkG dh pwynud whwnp t unmgty Swynphh (2.5.6) dwwphgp: Fw wywhwlend
E m? dwubwlwl wowbgjuwGpp df;/dz; hwpynwip: Gpb m-p ubd t, Yuwd f; mly-
ghwibtpp pwwlywlww pwpn 66, wyw wowbgjw|Gliph wlwhwhy wpnwhwjnn.-
pynGGtph wwnwgnuip L wjGnthtnl hwdwwuwnwuuwl pwbwdlLbph opwgpwynpmudp
yupnn t pujwiwbwywt wuwnwnwp (hGtk;: Uuwnwlph dwydw)p upbih b Gjw-
qtighty’ dnunwpybing dwubwyh wowGgpw)Gtpp Ypewynp wwppbpnipymGGtpny, oph-
Gwly’

B_L . fi(I],...,IJ’_l,IJ‘+h,1‘j+|,....13m)—f,’(Il,...,Ij_],;L‘j,;le+1,...,Im) .

613]' h

(2.5.8)
Vw6 dnuinbgiwl nhupnd wwhwGoymd &6 dhwy6 f; $mbyghwGtph wpnwhwjunnt-
pymGGpp, npnGp whwnp 66 wikG nhwypmd: Pwyg Swynphh dwwiphgh thwuwnwgh hw)-
Unuip Gwubwlh wowGgyw Gph wpnwhwjnnpymG6tph oglnipjwip ua (2.5.8) mhyh
dnunupynuiGeph dhengny YJwpnn t 2wn wluwnwnwp thGti: Uyn wwwndwnny, gnpo-
GulwGnud Swynphh dwwnphgp Juptih b ybpwhwduplty dwiwlwYy wn dwiwbwly, wj
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ny pb Jmpupwlyymp hnbpughnG puwjn (m = 1 phypnud hwunwnnb wowbigjuny
Lnunnth depnnh GowGwlh ) Unwhuh wignphpdp Jupnn £ GepYupugyby htnbjw)
by

1. hwpyymd £ F'(xg)-G.

(%]

. Juuwpymy GG
Xni1 = Xn — [F(%0)]'F(Xn), n=0,1,..., k-1

hunbpwghwébpp,

(V2]

- huwpyyma £ F/(x;) -G,

H

. lluju{uqunui LG
Xnr1 = Xn — (Fx )7 F(X,), n=kk+1,...,2k-1
hwbpwghwGbpp Lowy)G:

e Ljnunnlp dapnnmud qquuih ndqwpmpyniG t Gipjujuglnmd xo uljqplwfut unnw-
Ynpmpjul pGupmpymGp: Unynpwpwp, dtpnnp gmquipnnud £, tph xo -G plunipymd
L r-p6 pwjwlywlwywh dnn: Hpw htinm juwywd, hwwp ogqumwagnpoymd bt puw
wwnudtupf pwmmGwdw G depnnp, nph tmpymbp JujwGmd b hbnbjugmay:

Uh 2wpp pulnppGipnid wwhwGoymy b pmobp npnywlp hwyjwuwpnd dp nphk o
wwpwidbwnph nmwppbp wpdtipGhph nbwpmd: GGpwnpblp, nw

Flz;a)=0 1200
hwyjwuwpnuiG £ Fhgmp wwhwGeymd t qunlby (2.5.9) hwjwuwpdwb rg, 75, . ... ra
imomuiGepp ywpwdbupp hwiwywwnwupuwbwpwp ag, ay, ..., ey wpdbpGhpp hwdwp:

Can npmud, a = ag nhypmd fulnph momdl6 wllhwjn b, jud qunlynmd t pwin ywpg
tnuwlwyny: Gpb -6 wpphl qubywd t L ja; — agj dkdmpymGp thnpp bk, hjdpbp
Jul GGpwnpbnt, np 76 -6 pwjwliwlwywg dnn £ 7 -6 L wyl Jupnn £ hwbghuowGwg
uljgplGulub dnunwpymd

F({z;a,)=0

hwyjwuwpdwl prodwl hwiwp: Cwpmbwybng wyn pGpwgpn’ Yuptih £ Gupunpr jutnpp
Jupupwlyynp qulywd mdmdp plwpb) npybiv ugqpiwul dnnwplnd hwenpy fulinp)
nodw G hwdw:

Upb hwywuwpnuip, npp whwp £ mobg, ) gupmbwymd wynujhup wywpuwdbup,
wuyjw wf Jupbih b Gpdnidt] wphbunwulnpkG: FHhgmp (2.5.2) ny qowjhl hwywuwp-
dw G)gphu mddwl X ulqplwluG dmnwplnuip sh wywhnynd depnnh gniqudjunnt-
pylp: GepdmokGp Gnp hwjwuwpmy’ jufujwo o wwpudtnppg.

Gix;a)=F{x)+ia-1)F(xgj =0, 0<La<l:
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Ujn niypmy, tpp o = 0, mGLGp
G(x;0) =F(x) - F(x9) =0
hwjwuwpnudp, nph mdnudp hwpnGh £’ r =xq: Gpp o = 1, unnwlmd bhp’
Gx:1)=F(x)=0

GuuGuwlyul hwjwuwpnudp: <Gnbwpwp, S6Gp Yupnn bGp gnpdby Ybpp Ghwpwgpjwd
bnuGwyny’ pGunptiny nplt hwenpnuwlmpmt 0=y <a; < - <ay =1

2.6 <QwunnnGtph dtpnnp

UGgGhkGp ny qowjhG hwjwuwpnudGhph nuodwl Lu dkYy dbpnnh pwpwnpiwGp, npp
GmjGwtu qu)G Yhpwnbh £ U npny nhypbpnid mGh wnwybinipniGGbp’ hwdibdwnwd
UnunnGh dtpnnh htin:

2.6.1 Utpnnh Yunnigmip

<hptiGp, np UynunnGh dtpnnh hwonpuub dmnwpynudGipp hwyywpyynd GG

f(zn) .
Tny) = Tn — , n=0,1,2,... {2.6.1)
* ['(za)

pwlwdlny: Utpnnh pbpnipniGGhphg dtyp, hGywbu wpnkG Gyt t 2.4 wwpwgqpudpnud,
hnbpwghnG pGpwgp) jnipwpwbynip pupmd f(z) pmbyghwjh wdwbgjup hwygtim
wlhpwdtymmpymGa t: pwGhg Jupbih b funwwhby, Gpb (2.6.1) pwlwdlnd wowd-
gjwip thnfuwphGhlp _ :

f(ln) - f(In—l )

ITn — Tn-j

fl(zn) =~

wnwppbpuwwl hwpwpbpnipjudp:
Apwbny huy wnwGmd GGp hwenpruyul dnnwpyniGlpp hwyybim Gnp YulnG.

f(zn) (Tp — Tnoy), n=12,...: i2.6.2)
f(In) - f(xn—l) )
LY. 2.6.1 -nud wunnybpywd t (2.6.2) pwlwdlh bpypuywhwlu deylwpwlnipymp:
2uwppmpyul (Z,_y, f(Zn_1)) U (Tn, f{zn)) YnnprhGunGhp mbkgnn Yhnbpny nwhkip
mnhn (hunnnn) U qnGhGp wyn marh nt Gz wnwGgph hbwn hwindwG Yhnh wpughup:
inhn qoh hwyjwuwpnui@ t’

Y- f(In) . f(In—l) —f(zn\) .

I — In LIn-1 — In

Tnyt = Tn —
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Wjuwntinhg, YytipgGhing y = 0, juunwlwbp’

f(za)
f(2n) = f(Zn-1)

Ujn wwwtwnny (2.6.2) stipnnp Ynyymy b hwennnGhpf JGpnn:

(In+l =) r=1I,— (In - In—l) :

YA
y=1(x)

|
|

|
X

0 r Xn+1 X Xn-1

LY. 2.6.1 dwwnnnlph dkpnnp

‘Lhpluwjwglhlp hwwnnnlhph dtpnnh wignphpyp.

Pseudocode SECANT
input a, b, N, 8, ¢
u = f(a)
v=f(b)
output 0, a, u
output 1, b, v
for k=2.3,...,Ndo
if luj < |vj then
a<ab S
U
endif
s=(b—a)/lv—-u)
a=2b
u=v
b=b-vs
v = f(b)
output k, b, v
if Juy<e or |b—al<d then stop
end
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NhinnnmpymG 2.6.1 (SECANT wyulnnynnh yepwpbpyuy) : Gpé |f(a)| < |f(b)|, www
la,b] dhowluypf owymwllinbpp wnbinbpmy| infuymd 66, npuybugh nbinh mG6Gw | f(a)| >
|f(0)| wwydwiap: nulny puly waypwhndymd b f(z) pmbGhghugp pugundwy swdbn
UnunwpymutGaph hwonpulwGmpyul Jmw:

bGunmgywd dtpnnp Gpgpuwy; £, pwGh np hwenpn z,,; wpdbpp quGhm hwdwp
whwp b pdwGuy Gwhinpn z, L z,-; wpdbpGhpp: Uwulwynpuwujbu, hwymdGepp
Ywpbih b ulub), Gplk hwywnGh GG zo L z; dnnwpymdiGbpp: LEGp Gub, np Jnpupw-
gmp puwjmd hwyyynud £ f(z) dniGyghwjih wpdbpp shwjG gl Gnp Yhwnud:

LwuwnnGtph depnnh Yhpwndwl dwiwGwy Yuwpnn 66 wnwowlw) hnbpwghwGbph
Juww Jupph wwppbp nbwypbp: pwlghg dh pwGhup pepwd GG GY. 2.6.2 -mu:

y=f(x)

)
/r Xn Xn-1 X /r Xn-1 Xn xn+|\ X

(w) ()

VLY. 2.6.2 QwwnnGhph dbpnph Jww Jwpph ophGuyGbp. (w) f(z,-) = f(z.),
hwenpr dnunwpynuip npnpywd sk, (p) nwpwdhunipim

2.6.2 Utpnijh qniquuihnmpjmGp

Wunbin d6Gp uwhdwGuithwlybGp dhw)G dbpnnh qniquihnnipjul wpwgnipjwG ybp-
(numpjudp: hGyybu LynunnGh dkpnnph qniquihnmpjwG hbmwgnuniwl dwdwluwly,
wjuwnbn Lu YeGpwnptlp, np 7 -p f(z) PniGyghwjh wwpq wpdwn b, wyuhlpG f(r) =
0# f'(r): Pwgh nnwGhg, tpypnpn upgh f*(z) wowlguG wplghunn b wpdwnh
nhuwplynn 2pgwlw)pnud: LywlwkGp e, -ny dtpnnh n-p puymd upuwwlpp

€n - .

Utipnnih (2.6.2) hwyywpluwjhG pwGwdthg JunwGubp’
Invlf(zn) - Inf(zn—-l)

T I T T T @) = f(@ae)
f(e)  Fzan) (2.6.3)
en—]f(zn) - enf(zn—l) _ €n €n—1

f(xn) - f(zn—l) B f(zn) - f(zn—l)
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Oquybny Btjinpp pwlwdbhg mGklp

[(@a) = S = ea) = [(r) = ' (Phen 51"(60)e}

YytpimonpymGp, npnbn &, = r — Oe,, 0 < 0 < 1: UYjuwmbinhg, tGpwnpbiny, np e,
ukompmip thnpp t, juunwGwbp

. 1 .
f(za) = —f'(r)en + if”('l‘)ef,
ununuwynp hwyjwuwpnpymbp: dbpehlGhg htivmlmad k&, np

o) oo prr) + 20700 (264)

n

Liwb Gnulwyny nnipu £ phpygnd

f(zn1) ~—f(r)+ %f”("')en—l (2.6.5)

n-1 <

hujwuwpmpmbp: UjGnihtwnb, hwiwdw)l LwgpwGdh dhehG wpdtph pinpldh, mGhGp
f(zn) - f(xn—l) = fl(z')(zn - xn—l) ,

npnbn r* = 0z, +(1-0)zs_, 0 < 0 < 1: Gph kGpwnpklp, np z, L r, ; Inunwpynd-
Gbpp ynunn LG npnGhjh = wpdwwnhG, wuw

f(@n) = f(@n-1) = (1) (@ = Ta-1) (2.6.6)

dbpp unwgywd (2.6.4)—(2.6.6) dninnwynp hwyjwuwpnipymliGipp wmbnunpbinyg (2.6.3)
hwjwuwpnpjwb dke’ Juunwlwlp’

e ~ S"(r)(€n —eny) e .
n+1 2fl(7')(13n _ In—l) ntn-1 .

LwGh np z, — 2,1 = €, — e,, wyw Ytipohl hwjwuwwpmpymbp Jupbih £ wpnwgpbg
hinbjw) nbupny.

1)
2 fi(r)

Qmquihnnipjul wpwgmpjwl Jupgp npn2bpm hwiwp GGpwnpklp, np wtnh mGh

ens1 = Cepeny, npmbn C = - (2.6.7)

lent1] = Alen|*, A =const>0,a=const >0, (2.6.8)
wuhdypunnuply hwjwuewpnipymGp: Fw GwGwlymd L, np

|en+l|

Alenj@

—1 bpp n—oc:
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Wn nhwpmd e, = Alen,-1|*, L npwbny huy,
lenct| = (A7 eq])w : (2.6.9)

Ujtmhbtuwnl, (2.6.7) -hg’
lens1] = |Clieni lenn] :

Ujuwntinhg, hwyh wnbtiny (2.6.8) L (2.6.9) pwGwélbpp, YuunwGwip
AYZ|CIT & el e 12.6.10,
LwGh np wyu wupdyunnunhly hwjwuwpmpjul dwhe dwup ny qunjujul hwunwnmb

L, Gpp e, — 0, wyw
|

l—-a+-=0 (2.6.11)
x
i _
| 5
a= *,,‘/ ~ 1.62 : (2.6.12)
Ujuwhuny,
lens1| = Alen' 2. 12.6.13)

wjuhGpl' gmqudpunnipyul wpwgmppul jupgn hwjuuwp b dnnuwynpuybu 1.62 -h:
hG; yepwptpmu t npuywi A hwuwnmwwnnGhG, wyw pwGh np (2.6.10) wuhdwywnunpy
huwjwuwpmpjwl we dwup hwywuwp t dhwynph, wjuhGpG

A*SC T = 1,
www Guwwh mGEGwny (2.6.11) L (2.6.12) pwlwdlbpp” Junwbwbp’
A= IC!o—l ~ '0!0.62 :

dbtponud juwnwpbiGp hwwnnnlkph dkpnnh hwikdwwmnid Lymunnbh dkpnnh htn htnk-
Jw wbuwGlymGhg. pwGh np (1 + v/5)/2 = 1.62 < 2, wwyw hwwnnGbph dpnnh
gniquuihunnipjwG wpwgqmpymGp thnpp b hwdbdwwnwd LynunnGh dbpnnh htwn: Puyg,
djmu Ynndhg, hwwnnGtph dGpngh jmpwpwGyynp puynui gty wlqud hwydymad t
$mGyghwjh Gnp wpdbpp, dhantn LynunnGh depnnmad hwpymad t pmGyghwGhph Gpym
wpdtp’ f(z) L f'(z): Wy wwwwnny huniwlwpgywjhG dwdwGwyh dwhiuh ntiuwlyt-
nhg, hwwnnnGhph dkpngh Gpym pwjp hwdwpdtp t LynunnGh depngh dkYy pwyhG:
Uujwoh hwiwdéw)G,

|en+2| ~ A|5n+1|a ~ Al+olen|a2 — AHOiCn!HO ~ AHoleni‘Z.G’z .
THwGny huy, ghuwpyynn weuwyymbhg, hwnnnbeph dipnnh gniquihnnpywl twu-
nwgh wpuwgnipyniG6 wybh 4o £ hwdkdwnwd LynunnGh dtpnnh htwn:
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2.7 Qwlpwhw)jwliuwl hwjwuwpnuiGbph neonuip

Jbpp nhunwpyywd ny qowihG hwjwuwpmiGbph modwl dipnglhpp, dwulwynpuytiu,
yhpwntih G6 hwlpwhwyuwiwl hwyjwuwpndip)h wpdwnbipp w2yt hwdwp:
Ujnwu Ynnihg, hwGpwhw)yuwywl hwjwuwpmiGiph wpwGédGwhwnmly wnkupp pmy b
b dawltine npuubg modwl hunnmy dtpnnGtp:
2.7.1 Npnp wbnbynipjnGGtp puwqiwbnuiGiph hwGpwhwyhg
hgnip mipwd E n-pn Jupgh hwlpwhw)juijul puqiwGnud

1

P(z) =a,x" + a,12"7 +---+a1x+ao (n>1), (2.7.1)

nGn npny, @, # 0: Rbpklp pwqiwGnudGkpp hwGpwhwalh h pwGh hhdGwlwG uwh-
GwlmiGhp L wlnnuiGtp (nb'u, ophGuy, [17]):

Otnptd 2.7.1 : n -pp wuwnhdwlh hwlnuhwpduwiwd puqiwinudG mip dhpn n wp-
dunn, ipwluwd qud nduygbipu, pln npmd, mpupwlsmyn wpdw, hwpdfmd b iy,
wylpwl whqud, nppwd G wunnhympmaa k.
<h2tghtGp, np pun vwhiwGiwG 7 wpdwwG mGh & wwuplympym s, tpk
P(ry=P(r)=---=PEN(r)=0, PR(r)#£0 :
Gpt £ =1, wwyw wpdwwnp Ynyymd b upg:

fotinpty 2.7.2 (E.RLqm) : Bwljwgwo P(z) pwquwilnwd (z — ) -h ypw pwdwlbling
g JGwgnppp hwjwuwp b P(r) -p, wuhlpl

P(z) = (z —r)Q(z) + P(r) :

Ltwnlw(p 2.7.2(1): Gpti v -p P(z) pwquwlnudh wpdunnd £, wyw wyn puquwGpudp
pwdwlymd b (z — ) - Jpw wmulyg JGuwgnpnh.

P(z) = (z - 7)Q(z) :

Ujuwhuny, tpt P(z) hwlpwhwywliwl puqiwinuih qniyq wn qniyyq hpuphg
wnwnpbp wpdwnGep 66 7,79, ..., 7, (M < n), wyw wjl Yupbih b GepYujuglbg

P(z)=an(z— )P (z — 1) ... (z —rp)fm (2.7.2)
wnbupny, nuntin &;-G 7, wpdwwnh ywwhynipyniGa t.

ky+ko+ - +kpn=n:
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Ptnptd 2.7.3 : Ppwwld qupowlhglbpny pwqiwGpuwdh §nduybpu wpdunnbbpp qnyq
wn qnyq Ynduybipu hwduwymo 66, wuhlpl' bph r = o + ib-0 P(z) pwquwinuwdf k
wwuihlppyw G wpdwn b, wwyw T = a — b pap Lu hwlngfuwGmd b wyn puqiwGnuidh
k wwafiympyuG wpdwn:

Uwhiw@md 2.7.1 : R(zr) pwqiwGnudp ynpymi £ P(r) L Q(z) pwqiwlnuilbph p4p-
hwGmy pwdwGuwnup, bph wjl pwdwGwpup £ hwGnhuwGmyd wjn puqiwlnudlbphg
Jmipupwlyymph hwdwp, wjuhlpl

P(z)= R@)qa(z), Qz)= R(z)q(z) :

UwuGwynpuytiu, pwqiwlnuibbph pGnhwlimp pwdwbwpupGph ph6 66 wywwnlw-
Gmy pnnp qpnjuwiwl wumh8wbh puwqiwlnuiGkpp’ Z(z) = const: bLph wn pwuq-
dwGnuabhpG niph) pGrhwlmp puwdwlwpwpGlp sniGsG, wwyw gpuip Yngymy GG -
Juwnuind yuing.

UwhiwGmy 2.7.2 : Qpnjhg mwpplp P(z) L Q(z) puqiwlnpuiGhph wdbEGwdbo plnhw-
Gmp pwdwGwmun t Yngymd wjluhuh d(z) pwqﬂwﬁqwﬂn, npp npuig pGnhwGnip
pwdwlGwpupl £ L, ShwdwdwGuy, hGpp pwdwbynd £ wyn puqiwlinuiGiph guilijuguo
wj] pnhwlGmp pwdwGuwpwph Ypuw:

2.7.2  tyyhntiuh wignphpip

GnympyniG mGh bpym yuwidwjwhw P(z) L Q(z) puqiwlnuiGtp) witGuwito pnhw-
Gmp pwdwGumupp qunihn wignphpa: UjG gpymd k£ htinbjw) mbupny.

P(z) = Q(z)qi(x) + ri(x)
Q(z) = 1 (z)g2(x) + r2(x)
ri(z) = ra(z)gs(z) + r3(2)
Ti-3(2) = ri-2(Z)qr-1(x) + T ()
Ti—2(z) = e (@)ge(x) + i)
Tk-1(Z) = Ti(T)grs1(T) = d(z) = r(z) :
Lhwwblp, np ipym pwqiwlnuiGhaph wikGuwdtd []ﬁr}hw(mlp pwdw Gwpwpp npny-
ymud t hwunwunnG puqiuwywnysh §wmnipjudp:
YhunwpybGp P(r) puqiwlnush (2.7.2) Gipjupugndp: UnwGwlp wyn puqiw-
nuidh P'(r) wowlgjwih wpnwhwjnmpymbp.

P(z) = anlki(z—r)" (@ —r)2. (2 =)t
kol — ) (@ —rp)f2 'z - rm)km e
km(z — )0 (£ =)k (= )] =
an(z — Tl)kl_l(I - T2)k2 L .(_1: —-r )k""' X

[]‘TI(J:_T'Z)---(I_Tm)+k2(1:_rl)(._I—Tg\)...(I—1’m)+..._.j.
km(z = T —T2) oo AT — Tmt)]
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Wuwbnhg hbwlmd t, np P(z)k P'(zr) pwqiwlnuiGspp wiklwdtd plnhwlnp
pwdwGwpupG t

d(z) = a,(z - 1',)""'(1: - 1‘2)"2_l vz — r,,,)k'"_]

pwqiwGnuip: Gpb pwqiwGnwidh pnpnp wpdwwGhpp wwpq 66, www d(z) = const:
Pwdwlblp P(r) puqiwGnuip d(z) puwqiwinuih ypw: Yunwlwlp

npunbin
Q)= ()@ —ra)... (2~ Tm) :

Wuwhuny, Q(z) puqiwbnuidh wpiwwnGipp yhwipGyGhG P(z) puqiwGnuidh hpwuphg
nwppbp wpdwnGeph hbn, uwlw)G wju npbypmd npubGp YiphGEGE Wwpq wpdwantibp:

2.7.3 UpSwwGbph wnbnujGugnuip

Rtptlp dh wlnmy, npp poyy L vniwhu 66 (pbik pwwljwGwswih Ynwhw) (2.7.1) pwq-
twlnwih popnp wpdwwbbpG pGngpynn whpnyph uwhdwGGpp:

Ptnptd 2.7.4 : dbpp o (2.7.1) pwqiwlnudft pmynp wpdunnGlpp gulmd Gl
gnduybpu hwppmpul
<1+ A %R (2.7.3]
lan|

yhwly spgowlmd, npunby A % onax fail:
<i<n-—

Uwuwgnyg: MGkGp htwnlyw| wGhwyjwuwpnipymGp’

|P(z)| > |an| |z|® = |an12™ ! + - + a1z + aof :

UjGmhbunl,
|1z + o @z +agf < apa] 2P + -+ ] |2 + laof <
ton 1
A+ la] + o gy = AL
|z -1
Ltwnlwpup, .
2l -1

> n_
IP@)] 2 fanl laf” - AL

Yhgmp |z{ > R: Ujn nhypmd
Alz| Alapi™!

= lan||z|" |1 - :
o =l (1- £
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LwGh np z-h plnpmpjub 2Gnphpy wbinh mGh

1 _ Alaﬂl—‘

EBE >0

wihwwuwpmpynbp, wyw P(z) > 0: @bnptdG wuyywgmgyud t:
OphGwy 2.7.1 : Qbwbjw| pwqiwlnunip’
Pl)=z'—d23 + 72 - 52 -2
wpdwwGbpp gunGdmy GG |z| < 8 powlinui: &
U)dd nhnwpytiGp

Qz) = 2" P(1/x) (2.7.4)
ImGyghwG: Uyl Jupnn £ qpdb) htinbgw) puqiwGnudh mbupny.

0= o (2) s (3 (1)

Lwlp np a, #0, wyw z = 0-G Q(z) pwqiwlnuwih wpiwwp st: GGpunphlp, np
ap # 0 (qu GuGwymd k, np 2 = 0-6G P(z) pwqiwlnudh wpdwwnp gk): dwdwdw)
pinpby 2.7.4 -p° Q(z) pwqiwlnud)h pninp wpdwwnbtpp gunGymad LG

lz| < 1+ ELET

|ao]

thwy 2powlmd, npunbin A* = max |a;|: bGswbu htimlmd t (2.7.4)-hg, tpt r-p Q(z)

pwqiwlnudh wpdww b, wuygw 1/ -p YhGh P(z) puqiwbnudh wpdwnm: Ujn guwnbw-
nmy, ’(z) pwqiwlnuip wpdwwnGtipp, hwuiwdw)G (2.7.3) w@hwurupnipjwG, puyw-
pwpmy LG

=l + Uy L+ -+ agz"

1 op

Irl ~
wwjdwGpa:
Udthnthtny gbpp 2wpwngpdudp’ bgpuijuglnd bGp, np P(z) pwqiwlnudh wp-
dwuwnbbpp gunGymy LG

% <|zg| <R (2.7.3)
thwy onuymu:
OppGwy 2.7.2 : Qbwnlyw| pwqiwlnuidp’
Plz)=z" -4z + 70> = 5z -2

wpiwwGbpp quuwynpwd 66 2/9 < |z| < 8 onuinui: &
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2.7.4 bpwlwl wpiwwnGtph phyp

UWydd nhwwpybGp nplt {a, b dhowywpmd hwGpwhwyuwyw6 hwjwuwpiwl hpuywl
wpiwwnbbph pwGwyh npnpiwi hwpgp: Wyn pbnghpp yupbih b oty Compdp depnnny,
nph EmpjmGp ujpwGmd £ hbnbjwpnud:
Spywd P(z) pwqiwlnudh hwdwp juqiynmd E wjuwbu Ynygwd Curmpdfr hwdw-
Gquipgp.
P(z), P(z), P3(z),..., Pn(z), (2.7.6)

npunbin

Py (z) = P'(z),

Pa(z)p  P(z) puqiwnudp Pi(z)-h ypw pwdwlbimg wnwowgwd dGwgnpnl
ybpgpwd hwljwnwy Gywlny, )

Py(z)p Pi(z) puqiuGnuip P(z)-h ypw pwdwlhng wnwowgwd dGwgnpnp’
ybpgpwd hwlwnwy Gwlny,

Pr(z)n Pn-2(z) puqiwlnuip P,_i(z)-h ypw pwdwlbinmg wnwowgud
iGwgnpnp yepgpwd hwlwnwy Gywlny :

EyYyihnbuh wignphpip hGwpwynpmipyniG £ viwjhu quGeim Pi(z) (k=2,3,...,m)
pwqiwlnudGbpp, pGg npmd, bpt P(z) pwqiwlnudp smGh ywwnhy wpdwnlbp, wyw
Cumpdh hwiwywpgh JtpghG Pn(z) wwppp qunyhg wwppbp hpwlwé phy E: Llw-
wnbGp, np Cuimpdh hwdwlwpgh wwppbpp Yupbh £ hwyyb pgpuyw pyughl pug-
dwwwwyhsh 6nnmpjuip:

LVywlwyblp N(c)-ny z = ¢ Yuwmmd (2.7.6) Cummipdh hwdwywpgmyd GpwGGkph
thnthnfumpymGGtph pwGwyp wjG ywpdwbny, np 9Goymud LG hwiwlwpgh qpnjuljwG
unwppbpp: <Gnbjw} wlnmip pepblp wnwlg wwwgmjgh:

[Otnptd 2.7.5 (F.Cumpd [17]) : dhgnp P(z) pwqiwlnwdp ynGh ywwnhy wpdwwnbbp
L, pugh npubhg, P(a) # 0, P(b) # 0: Un nypmd, tpt N(a, b)-ny Gwlwybklp [a.b]
dhowlupnid hpwiwl wpiwwmbeph pwGwyp, wwyw

N(a,b) = N(a) — N(b) :

QbwlwGp 2.7.5(1): &6pb P(0) # 0, www P(z) pwquwlpudh gpwlwl wpdwwnGbpf
Ny pwluwip b puguuwlwd wpdunnGbpp N_ pwGuwip hwdwwunnwafuw Gupwn huw-
Ywuwn G

N, =N(0) - N(+o00) L N_ = N(-o00)~- N(0) :

YhunnnmpymG 2.7.1 : Uyh pbypmd, bpp P(z) pwquwlnudp mGh wuanfpl wpdunGbn,
www wyl qupbih b pudwlly wyn puguwinuidh b G wowlqunh wdbGudbo pln-
hwmp pwdwGumuph Jpw, nphg hbmn oty Gdwd fulinhpp wybih quon qupgh puq-
vwlnwdh hwdwyp:
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OphGuwy 2.7.3 : Npnaty
Plz)y=r -4z +1

pwqiwlnuih npujw6 b pugwuwiwl wpdwnGhph pwGwyp:
Cuinipdp hwdwyupgl mGh htnbjuw) nbupp.

Pz} = :I?‘I—L]L‘-rl,
P(z)y = z°-1,

' 3r—-1.

1:

53
8 8
I N

Ujn nhwypmy’
N(-o¢c)=2,N{0) = 2, N(+00) =0 :

Lbnbwpwp, nhnwpyynn puqiwlnudG mGh N, =2 - 0 = 2 npuiwl wpdwnibp L
N =2-2 =0 pugwuwlul wpiwnGhp: Rwqiwlnudh dnw bpgm wpdwwnGbpp
yndujtipu GG: &

2.7.5 npGbph wgnpppip

fwqiwphy huGnhpGbph modwl dwdwlwly wGhpwdtpumpml bt owqmd hwpyhp
puquiwGrpudh wpdbipp nplt npywo Yhnmy: Hgmp ywhwleymy b qunlhy

Plz) =a,2" + Upy" ' =z 4 (2.7.7)

puqiwlnuidh wpdtpp z = ¢ Yhnmi: Uyu nphypnud Jupbih t Juwpyb) hbnbgw) hpu:
OppGuy, uygpmd n—1 puqiwuwwinymiGiph ogGmpjudp gl ¢ pyh wunp6wGGbpp,
wjuhGpG ¢, c?,...,c": UjGnihtnk, hwdwdw)G (2.7.7) pwGwdlh, Yuumwpbnyg Lu o
Puqiwywulynibhip n n gnudwpmdGip, unwbuy Ple)-G: Uu' wnwehG hwjwugphg
wibfwpiwywl nuGwlp wwhwlemd t pGphwlmp nbypnud 3n — 1 pyuwpwlwlwG
gqnponnnipymGGeph uumwpmad: Uwyuw)G, gnjnipinmG mGh pwjwluGhG ywpg wignphpd,
npp ol gpwd fuGnhpp’ yuunwpting wytth phy pund pywpwGulywb gnponnnt-
pymGGLp:
Lwiwdwjb 2.7.2 ptinptijp’

Plr) =1 = c1Q(x) + Ple). (2.

(2%
~1
v d

npunbin
Q) = Guoyd™ ' F g™ QT g0

Qpunbbp (2.7.8) GnyyGnipymibp htwbjwy mbupny

- -1 n-2 . . : 1) .
anl'n"t'an_ll'" ]+...+a|_1;+a0_—. (I—C)((I"_|,’l)" +(I"_f_;;1,n —-rrgibrqo) 4 (_C) :
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Jdbtpohl Gmylmpjub dtg hwibkdwwbtyny -h dhllnyG wunhdwbibph gnpowyhgGhpp
w9 L dwfu dwubtipnu, JunwlwGp.

n = {n-1,
n-1 = (@Gn-2—~CQn-1,
An-2 = {n-3 —CQn-2,
a, = go — Cqh
a = Pc)-cq:
Wjuwmtinhg'
n-1 = Qn,
Gn-2 = Qn-1+CGn-1,
n-3 = QAn-2 + CQn-2. (2 7 9]
qo = m+cq,
P(c) = ao+cqo:

Ujuyhuny, (2.7.9) pwGwadalbpp pmy) 56 wmwjhu (2.7.8) hwjwuwpmpjwG dte npnyty Q(x)
pwlnpnh gnpdwlhgGhpp L P(c) dGwgnpny, suunwpbiny pwdwlmy: Anpdiwyubnug,
hw)ymiGbpp Yuptjh © hpuwjwlwglt) htwmbjwy uppbdwny (<npdbpfr ufubdu).

Uy Up_|  (p_o @ ag [c]
+ | Cqu-1 Cqn2 ... i Co

n-1 (n-2 qn-3 ... Qo

Qdjwp sk hwyyky, np Lnpltph wygnphpip Wywhwlgmi b 2n pywpwGulwb gnpdn-
nmpymGGtph Yuwmwpmai: Gphlp wyn wignphpih wulonynnp.

(2.7.10)

Pseudocode HORNER

input n, (a;,0 <2< n),c

q=an

fork=n—-1,n-2,...,0do
q=a+cq

end

output ¢,q

OphGuwy 2.7.4 : 2wty
P(z) =z — 423 + 722 -2

puqiwbnunih wpdtpp z =3 Ywmmu:



Quwiwdw)b (2.7.10) ujubidwjh mGGGp’

1 -4 7 0 -2 [3]
+ 1 3 -3 12 36

1 -1 4 12 [34]

Wuwhuny, P(3)=34. &

Ubpemud nhnwpytGp P(z) puqiwlnunih Gyuumdwdp Yhpwnwd UymunnGh dbpngh
hwnbpwghwibpp.
P(.’Bk) s
/ = _—_— v = e e 7
Thky1 = Tk P(z)’ k=0,1,2, (2.7.11)
UyGhwjwn t, np, P(z) pwqiwGnuidh wpdbpp dh nplt Ynnwd hwyytim uGnphg pwgh,
wjunbin wnwowlmd t P(z) pwqiwlnunth wpdbpp GnyG Ynmd hwpytim tuGnhpp:
CGnhwGpwglGhlGp <nplbph (2.7.10) wgnphpdp, npp hGupwynpmpynG Yuw hwdwnbn
1motint wyn ipym tuGnhpGtipp:
Udwlghlp (2.7.8) hwjwuwpmpymGp.

P'(z) = Q(z) + (z - 0)Q (z)
Wyunbnhg htwnlmd £, np P'(c) = Q(c): dwdwdwG 2.7.2 ptinplidh’

Qz) = (z - )T(z) + Q(c),

npntn
T(.’B) = tn_2.’17n—2 + tn_3.’17n_3 +e+hz+ i

dbpp unwgywd (2.7.9) pmGwdlbph Giwlnipjunip unwlmd LGp’

th-z = Gn-1s
thoz = ‘Gn-2+cta2,
thos = gn-3+cln-3,
to = q+ct,
Q) = qo+cto
Ujuughuny unwGnud bGp <npGeph wignphpih htnbjw) hwaynnujwi ufubidw.
n Gn-i ... ... G2 a; ap [c]
+ | cgu-y ... ... C@2 Qi Co
G-t Gn-2 -+ - @1 Qo |[P(S)
-+ l [of A SN Ct, Cto
bp_y thoz o0 ... to PI(C)
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Uwninpl ptipdwo E unwgywd ujubidwjh wulgnlnnp.

Pseudocode  HORNER/DERIVATIVE
input n, (¢;,0<i<n),c
§ = an
t=gq
fork=n—-1n-2,...,1do
q=ar+cq
t=q~+ct
end
q=ap+cq
output ¢,q,t

. Npnzb; htnbyw) hwjwuwpndGhpp hpwlwl wpdwnGhph pwGwlyp.

w)z+e” =0, p)z*+2r+78=0:

(84

LwjunGh k, np z, = 1.22 Yhunp
t-z-1=0

hwjwuwpiwl wpiwwnh donwynp wpdbp6 b GGwhwwnb] wyn dnunwpyiwl
pwguwpdwl ujuwjwipp:

3. 8myg viwy, np ze~* = v hwjwuwpmdp mGh 6hpw Gpym hpwiwl wpdwn, Gph
v<el:

4. thgnip npjwd L
sint = —kcoszx

hwjwuwpnudp, npntn A -6 ny puguuwlwi phy £: Uyn hwjwuwpmdp niG wytpg
pUny wpiwwGtp: UnwGdGuglb wyn wpdunnGbpp:

5. 6h°w t wpnynp, np Yhudw6 Stpngmy

Ir—ao| 2 |r —z[ 2 -+ :

6. 6h°w L wpryng, np Yhudwb depnnmy qnynipyniG mGh

(z lim Ir — Zns1

n—~oo |r — x|

uwhiwGp:
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10.

11.

12.

13.

£tpty ophlGwl (Gwd gmjg wmuy, np wynpyhuhG gnympymG ymGh), Gpp YhudwG
ubpnnmu
<y <ay<- -

. Rtpk) ophGuly, kpp YhudwlG dhpnnmu

Gp=a1<a=a3<a4=0a5<Qag=-"- .

. UwhdwGhGp do,d;, ... hwenppulwGmpymGp htnnlyw) Ybpy. bpb [an, b,] hwwn-

Jwoh Yhudwl pGpuwgpmd npubu [ani1,bat1] Ybpgymd b dwhu Ybup, wuw
dp = 0, hwwnuy nhypmd’ d, =1 (n =0,1,...): YhudwG Jtpngh wignphpuiny
npn2ynn 7 wpiwwnG wpnwhwjnt] vwhiwlGwo hwenppujwlimpjwG shengny:

Spwo k

hwywuwpmuip: 8nijg wnwy, np

a
Tny1=—, n=01,...
n

hwntpwghnG dtpnnp sh qniguihnmy;

‘thgnip wwpq hnbpwghwjh depnnp Yhpwnymd £

1
g(z) = m

ImGyghwyh Guwmbwdp: Upnyn°p dtpnnp Ygniquidhwnh, tph npujbu ulqpbuljwi
dnuimwynpmpymG YbpgGhGp zo = 7: bpb wyn, wujw hGsh® £ hwjwuwp vwhdwip:

<bwnwgnunty, pb Gpp L np vwhdwGhG GG gniquiihnmy
a1 =271, n=0,1,...
hunbpughwbpp zo uyqpGuwyw dnwnwynpmpjwl wwppbp punpmpjub nhwpnd:
‘thgmp wwpq hnbpwghwyh dtpngp Yhpwnyma
g(z) =2+ (z - 2)*

$mGyghwjp Guwndwdp: Npybu uyqpGuliuG dnnwynpmipymG pGunpfuwd b
To = 2.5: hGywhuh®G YihGh qniquihwunipjuG wpwgmpjub Yupgp: UjGnthtnl,
npn)bj w6 ulqpGuljwt nunwynpmp)niGGhph dhewljw)pp, npnlg ntiwypnud dkpnnp
qniguihwnn k:
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14.

15.

16.

17.

18.

bhGsh® £ hwjwuwp
\/a+\/a+\/a+---, a>0
wpunwhwjnnipymGp:
“thgnip
9(z) =z + f(z) p(z),
npuntin

f(r)=0, fi(r) #0:
b°Gy wwjydwGGhph whnp t pwywpwph @(z) PnGyghwi, npybtugh
Zny1 =9(zn), n=0,1,...
wuwpq hntpuwghwjh dtipngh qniqudhnmpymGp 7 wpdwwnhG hGh 3 -pn Yupgh:

Shgnip 7-p jnpu wlqud wGpGnhwwn wowbGghih f(z) PmbGyghwih wwpq
wpdwwl £ Qwonpnuiwl dninwynpnipymGGlipp hwyynud tiG

! /!
Tnt1 + Tnt1

5 , n=0,1,...

Int1 =
optiGpny, npuntin
Tryy = ZTn — U(Tn), Tnyy = Tn — u(z,)/8'(z0),

L u(z) = f(z)/f'(z): Smyg wnwy, np tpti z, hwonppulywlnpymbp dqunumy L
7-h, wujw qmquihnmpjul wpwgmpimGp funpuwGupnujhG k:
Shgmp a L k-G npuiwb pytp tG: 8myg wwy, np
*-a=0
hujwuwpiwG Gyuwwndwdp Lymwunnbh dtpngh jhpwnnwip YhwGqtigGh

1
xn+1=z[(k—1)zn+%] , n=0,1,...

hwntpwghwGtph hweonpnulwlnipjwip, npp quugudhwmnd b gwljuwgwd o > 0
uyqplwlub dininwynpmpjul nhiwpnud:

“hgnp r-p f(z) PmGlyghwyh YnyGwyh wpdwinG k, wjuhGpl*
fr)=f(r)=0#f"(r) :
8ng wmwy, np wyn nhwpmd

€nyl = §en
(wjuntn e, = [ Zy):
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19.

20.

21

22.

23.

24.

26.

8nyg wwy, np bpl r-p f(z) PmGyghwh k-wwwhy wpdwwnb £ (k > 2), wwyw
UymuunnGh dbpnnh punwyniuwjhG gniqguihnnipniGp Yupbih b yepuywubqly ht-
wnbjw) yipwihnfumpjub shengny.

S (zn)
f(za)’
Luwuwnwwnnt( wdwlgjuny LynunnGh dipnnymy npnptp € L s hwumwnnGGlpG
wjGuwtiu, np

Iny) = In — k

n=012,...:

a1 = Cey,
(wjuunbn e, e Zy):
{Gwnbjw) hwiwljwpqtph hwiwp Juunwpb) UjmunnGh dtpnnh bpym pnbpughw.
2 _ 2 —
(w) {42: y=0

dry* -z =1
(uyqpGwywb SnnwynpmpymbGp’ (0,1)),
® {zy2+zzy+z“ =3
235 — 228y — 2% = —2
(uyqpGulywG SnnwynpnipymGp’ (1,1)):
Qunnnnitiph dkipnnh oqlnpjuwdp qunlit htnlyw hwjwuwpmdGph wpdwwnlbphg
nplk dkyp.
w) sin;—1=0, p 2z-lgz=7,
q) e —tgz=0, n) ctgr-01=0,
k) z8-1222+3z+1=0:
Nnpnyb) hinnbyw| pwqiwbnuiGhph nghujwt L puguwuwjwb wpdwwnGbph uwhdwG-
Gtpp.
w) P(r)=z'-323+82%-35,
p) P(z)=2z%-100z2+2r -1 :
ek
P(z) =1 +3z* - 1
puqiwGnuih ngpuljwb L puguwuwiwl wpdunlbph pwlwyn:

. Npnpty, [0,2] hwwnwonud

P(z)=23-2*+22-3
puqiwGnuih hpwiwl wpiunGhph puGwyp:
Quipytiy P(6) L P(6), npntin
P(z)=9z' - T2® +2° -2z +5 :
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Qqniju 3

Q0U3PUL AULAULUCY R dU3hy
UteNruvere

3.1 Q-owjhG hwGpwhw)uljul hwjwuwpmiGtph
hwdwlupqbpp

GnpoGwlub hbnwppppmipimG Gtplw jwglnp Jwn fuGnhpGtip hwiglgynid LG qdwjhG
hwlpwhw)wlwl hwjwuwpnudGtph needwbp: Quptih £ shwlqudw )G hhiGwynpywod
w(intil, np gdwjhG hwGpwhwyuwlwb hwiwlwpgtiph monwip” hwyynnujwi dwpbiw-
wnhluwjh wikGwwwpuwdjwd L juplnp fuGnhpGtiphg dkya t:

QpuntiGp 7 wlhwjnny n qdwjhG hwipwhwyyuwlwl hwywuwpnuibGtph hwdw-
Jupgp htinlyw| ntiupny.

a)Ty +a12Z2+ -+ amIn = b
T+ apTy+ - +apIn = b (3.1.1)
AniT) + QT2+ -+ AunTn = bn

Glpwnpymu t, np hwdwiupgh a;; qnpdwlhgGtipp L b; wquun winwdbkpp hpwlwb
pytip LG: bhgnip

ay a2 ... Qan
A= | a2 ... am (3.1.2)
Gt Gnz .. G
(3.1.1) hwdwlwpgh qnpdwlhgGph dwwnphgG t, huy
b T
b= b2 N T= 2
b;. Ty
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hwiwwywwmwufuwlwpwp, hwdwjupgh wquw winuilGtph L wGhwjnbtph yLyunnp-
wmGhpG GG: Uyn nhwypmd (3.1.1) hwdwwpgp Yuptih t Giplujugib] htunljw) nbupny’

Az =b: (3.1.3)

StuwlwGnpbG (3.1.1) hwdwlwpgp motym huGnhpp nplt ndJwpnipymG sh GepYw-
juglnui: Gpti A dwwnphgp sdtpwubpduo t, wjuhGpG tpt det A # 0, wuw (3.1.1)
hwiwlwpqp, wd np GnyG6 t, (3.1.3) hwjwuwpndp nGh Shwy monud’

z=A"b, (3.1.4)

nuntn A~'-ny GwGwyywd t A dwwphgh hwlwnwpdp (nku. ophGwy [7],[17]):
Uwlw)G GdwG dnnbgnuip pwjwlw6h6 wlwpnmGuytn t, pwGh np hwjunupd dwan-
phgp qulhn wybih wluwwnmwwnwp fulnhp t, pwG qowihG hwwuwpndGeph hwdw-
fwpgh momip (nku unnpl 3.14 wwpugqpudp):

Oquytiny (3.1.4) hwjwuwpmpymGhg ndjwp st vnwbwy (3.1.1) hwdwlywpgh wa-
hwjwnGtph npnpdwl pwGwdlbpp.

i=12,...,n, (3.1.5)

npnbin A =det A, hulj A;-G w)G npnphyG £, npG unmwgymd t A npnphshg i-pn uyniGp
thnfuwphGhyny (3.1.1) hwiwjwpgh wquw wlnwilkph uyniGny (nku, ophGuy’ [7],[17]):
Upwlp hwjwnGh 66 npwbu Ypwdbph pwGudlbr. Ljwwbip, np hwdwlwpgh pywjhG
miwl hwdwp wyn pwGwaltpp gnpoGwywlnd Yhpwnebih sbG, pwlh np gpuip ww-
hwGgmd &G n-pn Jupgh n 4+ 1 npnphyGeph hwynwd: Uk npnphsh hwpydwG hwdwp
(syhpwntiiny hwwny hGuppGhp, hhdp pGnniliting npn2hgh vwhdwGndp) Wwhwgynid
t (n—1)-n! pugiwywwnlnd L n!—1 gnidwpmd: Wuwhuny, pdwpwGulywub gnpdngnt-
pynGGhph pGnhwGmp phyp’ Agps hwyjwuwp t

Aps=n-nt—1:

OphGwy, n = 20 nhupmy, hGywybu ndyuwp st hwpyly, Ay & 5-10'9: Qwdwlwpghyp,
npp uunwpnud £ 108 gnpdnnnipyniG JuyplywGnud, wyn npnphyp Yupnn b hwpyty wybih
pwG 1.5 dhihnG wwpnui: Uju hwlquiwGpp wwwnbvin hwlnhuwgwy qowjhl hwipw-
hwyywlu6 hwyjwuwpnuiGtph hwdwyuwpqph modwl wewyt] wpnniGwytin dbpnn-
Geph dywyiwl hwdwp:

QnynipyniG mGEG qowjhG hwdwywupgbph modwG pwjhG dtipnnGtiph Gpynt fudpbip’
mahn \ funbmughnG dEpnplGhpn:

Mugphn JEpnpGEpp hGwpwynpnipynlG 66 wnwhu vnwGwint hwdwlwpgh monuip
Yuwwupbiny ytpewynp puny pjwpwlwlwb gqnpdnnmipymilltp: CGn npmd, tph bjw-
YtnwjhG wnyyuyGlpp (hwdwywpgh gnpdwyhgGpp L wquwn winwiGtpp) wpdud kG
62qnhw L hwpynuiGlipp Yunwpymd b6 62qphwn’ wnwGg YinpugnuiGliph, www indnuip
GnyGuybu Yuuugyh 62qphwn: Uwlw)G, gnpoGuyubnd nuw wihGwp t, L YtpgGwlwh
wprymGpGtipnud ufuwuGpGhpG wifunwibih GG:
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hunbpuwghnl dépnpGipp hwonpnujut dnnwpynuiGph dtpnnGepG 6G: Uygpmd
pGunpnud £ npllt dnnwynp mdnud” ulqpluluG dnnmwpynui: UjGnithbnb, npnpwiyh
YwGnGh oqlnipjwip, hpwywlwgymud t hwpywpyGhph dkY ghyl, npp Yngyma t purbipw-
ghur UpnymGpmd qunGymd £ dh Gnp dnnnwpymad: pwbhg htinn pGpwgpp YpyGymad E:
hwnbpwghwGbpp hwyyynd GG dhGL wwhwbeynn &)wmnipjuip (nuonudp unmwGwip:

QGdwjhG hwlpwhw)yuwlwl hwjwuwpnuiGhph hwdwyuwpgh ModwG wju Yuwd wjG
dtpnnh pGunpmp)nGp Yuhjwd t puwqiwphy gnponllbphg” hwdwlwpgh ywihtphg,
dwuwphgh Junmgywophg, Gpw Gnupnipjwl wunhdwGhg L wy|G:

QG-owjhG hwiwlwpqbph mddwb mnhn depnnGbpp, npybu YubnG, hkGynd GG hb-
wnbjw| qunuihwph ypw. uyqpwlwl hwdwlhwpghg whgnud £ juwnmwpymad hpbG hwdwp-
dtip Uh wjlwhuh hwiwlwpgh, nph monuip Yuptith b hbunmpjwdp qunl): BwpykGp
hbwnnipjundp (moynn hwiwlwpgbphg dh pwGhup:

o UGlniGwuqowjhG dwwphgny hwiwyung.

ap I b
a 0 T b,
2 2= (3.1.6)
0 :
nn Ty bn
GGpwnpynud t, np a;; #0, :=1,2,...,n: UYGhwjwm t, np
b .
Ii—a—,-;' i=1,2,...,n: (3.1.7)
£6n npnuy,
Apps =1 : (3.1.8)
e UwnphG tnwGljmG dwwmphgny hwdwlwpg.
an 0 0 I bl
asz; Qa2 ... 0 I3 - b2 : (319)
Qn) Qn2 ... Qnn In bn

Jwdwlwpgh wGhwjnGlipp quGymd GG hweonpnwpwp 2phn wbnugpmpul shengny.
b

I, = ’
a
(3.1.10)
i—1

I; = (bi—Zaijzj)/aii, 1=2,3,...,n:

1=1
CGn npmud, pGwywGwpwp, LGpwnpymd t, np a;; #0, i =1,2,...,n: hiy ybpwpbpmd £
plwpwlulwb gnponnnipynGGtph pwlwyhG, wyw nddup sk hwyyk), np

Aops =12 : (3.1.11)
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e Ubiphl tinwGlyn 6 Jwunphgny hwiwywpg.

a) a2 ... Qg I bl
0 a»@p ... Qop I2 - b2 (3 1 12)
0 0 ... gl |z, b

Uju nbypnud Lu GGpwnpymud t, np a;; #0, 1 =1,2,...,n: Qwiwlwpgh wihwpnGtpp
hwoyynul 66 hrwwnupd wnbnuppmpul Shongny.

bn
In = —,
Qnn
(3.1.13)
z, = bi_ ijj ity } = _lv _2,---v1:
( j=>;_?H a ij)/a i1=n n
hGywtiu LW unnphl GnwlYnG dwwnphgltph nhuypmy,
Aops =1 : (3.1.14)

3.2 pn) wmtntlympniGGtp gowjhG hwGpwhw)yhg

UnyG wwpwqpwdp Ypmd £ odwbnuy pmp: Ujunbn Ypepytl hbnwgw Gyniph jnipug-
dwl hwiwp wGhpwdtyn npny vwhiwGnmdGhp L winnuiGkp qowjhG hwipwhw)yhg:
3.2.1 dJblwnnpGhph ujwywp wpowngpuy

Lywlwlklp C"-ny C Yymiuytpu pytph nupnhl wuwnywing pununphsGipny ybyunnp-
Gbph (Y&gunp-uymGlph) n-punhwGh mwpuonipymGp:

UwhiwGnud 3.2.1 : C™ wmwpwonipjuip wwwnfwGng

I "n 1

I2 Y2
z=| . L y=| .

I, Yn

JljnnpGtph vfwywp wpawnpw; YuijuGeGp
(zy) ¢ PREA (3-2.1)
=1
phdp (YuphG qohYyp GzwGwynid £ Ymiubpu hwdwmdnpjwG gnponnnipjmaG):
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Qdjup st huningyt] wjG pwlmd, np (3.2.1) pwGwdékh oqlmpjudp Ghpinoduod
ujwpwp wpnwnpwl odnwd t himbyw hwnympymGatpny.
S1. (z,z)>0, (z,z)=0®z=0,
$2. (z,y)=(y,2), (3.2.2)
S3. (az,y)=oalz,y) YaeC ,
S4. (z+y,z)=(z,2)+(y,2) :

YhwnnmpymG 3.2.1 : Lwbh np fndyybpu pinh C pupnp wibih juyl b ppuwlwl
plbph R nuynpg, wupw §nduybpu pbph nuyunh gpw npnpdwo opyblntbph bpuw-
pbpywy poynp nuiannnmpymGGbpp pGwlwl dlny nnwpwodmd 66 hpwljwl pybph nupup
Ynw npnpwo opybywnGlinh Jpw: “Fpwlng huly, R* nnwpwompyul dbe ulwyjwp wpnnw-
gyugh (3.2.1) vwhdwGmdp ppmGmd b hbnbywy wbupp.

(z,9) =)z : (3.2.3)
i=]
wlwuwwwnwufuwGupwy, S2 hwnlympymlp (3.2.2)-hg ypGnmGh hbwlyw; wbupp.
S2*. (z,y)=(y,2) : (3.2.4)

Uju phunqmpymbp Guwh YymGhGubGp htunwqunui: <wwnnlly ybpwwwhnpynG
Yupyh pnnp w6 nhwypbpmy, tpp urwowlwl nwppbipmpyniGatp vwhdwGnuiGhpnud
Ywyd wlpnidGhph dhe:

UwhdwGmy 3.2.2 : 6pb (z,y) =0, wyw z L y YbnnpGhpp Ynyynud GG oppngnbuwy:
UwhiwGmd 3.2.3 : 6pt (z,z) = |, wyw z ytunpp Ynpdmd t Goapdufnpuwo:

SwGyugwo tpym z,y € C" JbywmnplGph hwdwp 6hywn t Ymph-LobGrulndulym
whhwijwuwpmpniGp (nb'u, ophGuy’ [7],[32]).

|(z,9)] < /(z,2) \/(,9) : (3.2.5)

Uoklp, np wjunbn hwjwuwpmpjniG wmbinh nmGh wjl L dhw)l wjl nhypny, Gpp z L
y Jtlunnpltpp qonptG Ywhjwo GG:

UwhdwGmy 3.2.4 : JdtywnnpGiph hwdwlwpgp Ynydmd t oppngnbuwy, tpt w6 pwun-

YJugwd b Ywd dtYy ytywnphg, Ywd npu YbywnpGhpp qniyq wn qmiyq oppngnlwy LG:
Lnpdwynpwd YtyunnpGhph oppngnlw) hwdwlywpgp Ynyyma t oppnlnpduwy:

74



3.2.2 Qwuml wnbkuph dunnphgGhp

VywlwlykGp R™*"-ny hpwlwb pytiph nuwnhG wurnjwnng mwpptpny m x n sunhup

ay ap Qn
a a a

A= 21 22 2n (3.2.6)
Qnl Am2 ... Qmp

dunnphgGtiph pwqinpymGp: QwiwwywinwuluwGupwn, Ynduy bpu pytiph nuwnhG wwn-
Yuinn wnwpptpny (3.2.6) nbuph dwwnphgGbph pwqdmpymbGp YGwGwykGp C™*" -ny:
<tnwqujni YoqinytiGp Gwl dwinphgh hwdwnmn gpunnuihg'

A= [aij]mxn .

GGpwnpymud t, np pGpbpgnnp dwbnp k hhiGwlw dwinphgwjhG gnpdnnmpymGGhphG,
wjG £’ Epym SwinphgGhph gmiwpdwGp L hwGdwGp (A+B), Swinphgp puny pwqiwujwin-
ytniG (aA), ipym dwwnphgGhph puqiuwwuwinyiwip (AB), dwwnphgp Yhjinnpny puqiw-
wunnliymG (Az), hGyybu Gwb hwiwnupd Sunnphgh (A7) L npwGuynGugyud swin-
phgh (A7) hwulwgmpymGGtphG:

UwhdwGmd 3.2.5 : k-pn Yupgh dpbop ynpymd £ A dwwnphgh 4 < i3 < - < 4
hwdwpGbpny wnnnbph L ) < j2 < -+ < jx -hwdwpGbpny uymGiph hwndwG wnhnbpnd
quliynn wmwppbphg pwnyugwd npn2hsp b GaubGwlyymd t htnbyw Yhpy.

A il ‘i2 ce ik .
nor2 o Ik
UwhdwGnmd 3.2.6 : k-pn Yupgh dhGnpp Yngymd t gzfuunfnp, bpb i, = j,, s = 1,2,...,k:
UG qyjuwynp ShGnpp, npnud 2, = 5,5 = 1,2,..., &, Yngumd b whlymbuhb ShGnp:

bunnipjunip Juphh b wuyuwgmgt) htinbjwy wlnnudp.

Lhddw 3.2.1 : Bwlluguo A € R™™ dunnppigh b guluguo tpgm x € C*, y € C™
yYblpnnpGhpph hwdwp wbnh mGh himlpwy hwjwowpnpmap.

(Az,y) = (z,ATy) : (3.2.7)
‘Lwjunpn wwpugpudnd dkGp pGGwnyty kGp npny hwwnny wbuph, wyl £ wllymbw-

qowyhl, mnnpphl tnwllymG  Jhppl bmuwGlyma SunphgGhn: Ujdd wigGhGp huwwnntly
whuph wj) yuwplnp SwwnphgGbph vwhiwGiwbp L Gpubg hpdGuwywG hwinympymGGhph

plwpydwip:
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e Uhdtunphl dJwwnphgGhip / }
UwhdwGnu 3.2.7 : Uy A € R™" dunnphgp, nph hwdwp A = AT, Ynsyma t upfbnpply:

Stnh mGG6 htwnbjwy wlgmdGkpp.

Ltddw 3.2.2 : fipwtiugh uhdbuipply A L B dwwnppglhiph wpuwnpyuyp 1hGh uhdtnphy,
whhpwdtyn b L pwdwpuwp, np Gruwlp 1h666 mbnuwihnfubih, wuplplG' AB = BA:

Loidw 3.2.3 : Gpb sypwubinfuo A Jwwnphgp updbinphly b, wwyw Gpw hwlwnuwnpd
A~ dunnphgp Lu uhubinppl L

Lbddw 3.2.4 : Swlljugwo A € R™" dunnphgh hwowp ATA U AAT dunnphgGlipp
ufflanphly ba:

e pwlwl npnjw| Yuwnnphglbip

UwhdwGmy 3.2.8 : Uhdtwnphly A € R™™ dunnphgp Ynyymd bt gpwlwld fhuwnpnyjwy
(L qpunymu £t A > 0), tpt (Az,z) > 0 gwlljwgwd z € R™ Ytywnnph hwdwp:

Uwhdwlmd 3.2.9 : Undbnnphy A € R™"™ dwwphgp Ynyymd b gpwgwd npnyjuy (L
gpunynd t A > 0), bpt (Az,z) > 0 gwliwgwd nsy qunyulyuG =z € R" ythwnnph
hwdwp:

Ghyw t htimbjw| Yuwplnp wlgnuip (nb‘u, oppGuy’ [7],[17]):
otinptd 3.2.1 (Upytuwnph hwpnwGhy) : Qpubugh uhdtnphy A dwwnphgp (hGh npuyjwi

npn2jw), wihpwdbywu t L pwjwpwp, np wyn dwwnphgh pnnp wilyymGwihG ShGnpGepp
1hG66G npuwlwi, wyuhGpl’

1 2 ... 1 .
A(1 9 z') >0, i=12,...,n:

Uwinpl. ppynud GG dh pwGh htpn wwwgmgynn winmuiGbkp npulwG dpnzjwy L
Yhuwnpnzjw) SwwnphgGtph Yepwptipyu:

Lbddw 3.2.5 : “Mwlwl npnpywy (gpulpwl Ghuwnpnyjwy) dwaphgh wGlymGeigowhl
uwppbpp ppwlwl (ny puguwuwluwl) La:

Luddw 3.2.6 : Swljwgwo A € R™" dunnphgh hwdwnp ATA U AAT Jwu.phglhpp
ppwlwl Ghuwnpnpywy 6G: Uybiha, tp A € R™" dwwnphgp sfbpwubpyuwo [, wuyw
ATA U AAT Junnphgllinp gpuwlwé npnpjwy bG:

Ltddsw 3.2.7 : 6pb A dwuphgp npwlwl npnyyuy b, wupw hwliwnpwnpd A~Y vunnppgp
GnyGubu ppuwlwl npnpjuwy k:
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¢ OppngnGw) dwwnphgGhp
UwhiwGmd 3.2.10 : A € R™*™ dwwnphgp Ynyynud t oppngnbuy, iph A~} = AT :
Bhyw b htnljw] Juplnp wlnnuip.
fotinptd 3.2.2 : A € R™™ dwuiphgn oppngnbuwy k wyl L dpwyl wyl pbuypmd, bpp
w) A dunnppgh winnbpp juqumyd 66 oppnlnplwy hwdwlwnpg,
2) A duanphgh wymGbnp quqidmd &G oppnlnpiuwy hwiwlwpg:

Uju ptinptaih, hGywbu Gul hwenpn tptp winnuiGeph wuywgnigp wnwowpyynud
piptpgnnhG npubiu JuwpdnipymG:

Ltidw 3.2.8 : 6pb A dwuiphgl oppngnbuy b, wupu AT dunnphgp Lu oppngnluwy E:

Lbddw 3.2.9 : Oppnqnliwl‘ dwuiphglGbph wpunwnnuy G oppngnGuwy dwnphg E:

Ltddw 3.2.10 : Oppngnluy dwuippgh npnpfisp pugwpduwly wpdbpny hwjwuwn b JGih:
o Liwl dwwphgGhp

UwhiwGmy 3.2.11 : YuljwlkGp A L B dwwphgGbpp Guwd, tpt qnymipjniG mGh
wjGwhup yybpwubpjwd S dwwnphg, np B = S7'AS:

e Utthwywl wpdbpGhp L ubthwlwb YhjwmnpGhp

UwhdwGnui 3.2.12: A phyp Yngymd t A € C™" dwwphgh vbhwlhwl wpdlip
(ulpwlwé phy)), tiph qnympniG niGh ny qunyuyuG z € C™ Yblwnp, np

Az = Az : (3.2.8)

Swllpugwd = # 0 yYblpnnp, npp pwyjwpwpnud t (3.2.8) hwjwuwpdw(p, Yngmd & A
dwwphgh A ubthwiwG wpdbphG hwiwwuwwnwuppwlnng vbghwlpwl Jbiun

UwhdwGnd 3.2.13 : A dunnphgh pninp ubthwywG wpdtpGhph pwqunipymGp Ynyynud
t Gpw wuyblup W GQuGwyymd sp(A) -ny:

Strjh mGh htwnbjw) htunnpjunip wwwgnigynn winnuip (nb'u, ophGuwy [7],[17]):

@tnpby 3.2.3 : Apwbugh A phyp thp A € C™" dunaphgh ulthwlwi wndbp, wihpw-
dbpn b L puwpwp, ap Gw pudwpuph

det(A\] - A)=0 (3.2.9)
hunjwuwpmpyuip (wyuwnbn I -6 dhuninp dwanphgl b):
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{bwn t wbiulb, np det(A I — A), npwbtiu dnbGyghw A -hg, hptiGhg GhplwjwgGnud t
n - wunhGwlh pwqiwGnud.

det(Al — A) = A" — p A" 4 pp A" 2 o 4 (=1)"p, (3.2.10)

Ujyn pwqiwlnuip Yngymd t A dunnphgh plmpuwgpfs pwqiwlpud: Cin npmd,

Pk = A(z.l 2. z.k), k=1,2,...,n:
1<) <ig<-~<ix<n ot e U
UwuGwynpuubu,
P1=)_ai, pn=det(A): (3.2.11)
i=1
LtGp, np wbinh mGkG
Y xi=p, [[r=pra: (3.2.12)
i=1 i=]

hujwuwpmpymGGtpp (nb'u, oppGuy’ [7],[17]):

UwhdwGmd 3.2.14 : UsthwlwG wpdbph ywwhlympymGp' npuybu pGmpwqgphs puqiw-
nuih wpdwwnh wwwhympymG, Yngymd t Gpw Awlpwhwpwlwd ywnplnggniG jud
wwpquuwbu wwwmplynipm G

Ujuwhuny, n-pn Jupgh gwijwgwd dwwnphg mGh pGphwlmp ghypmd n hwwn
ubthwlwl wpdbipGbp (w)6 WwydwGny, np jnipwpwlyymp ubthwiwl wpdbp hwayyma
t wyGpwl whqud, nppwl hp wwwnhlympymGa k):

Uwhiwlmd 3.2.15 : A € C™" dwuphgh uwblupuwy pwnuwhn Ynsyma t
def .
p(A) = max |\l (3.2.13)
ubompymaGp :

Alwybpybklp htinwgujh hwdwp dh pwlh wplnp wGnmiGbp, npnlig wwwgnijgp
ndJupmpymi sh Ghplwjwgimu:

Lbsdw 3.2.11 : Apybiugh N = 0 ppup hwlphuwlGw A dunanphgh ubhwlwl wpdbp,
wlhpwdbywu b L puuwpwp, np A duwuphgp 1hGh Jemuwubmfwo:

Ltddw 3.2.12 : 2igmp A € C™*" dwwphgp sfbpuwubfuo ¢, L Gpuw ubnuiuwl wpdbp-

Gopl &G )i, i+ = 1,2,...,n pybpp: W phigpmd X', i = 1,2,...,n pypp A~
dunnphgh ulfrulpwG wpdbipGhnl 66 :
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Laddw 3.2.13 : 2hgmp A, ¢ = 1,2,....n pfbpp A € C™™ dunnpphgh vbhwliwi
wpdbplbpG 6G6: U pbypmd A* (k = 2,3,...) dunnphgh vbipwlpul wpdbpbbntG &G
ML i=1,2,...,n plipp:

Lbddw 3.2.14 : A dunnphigh vbpwlwl wndbpGbpp hudpGyGmd &G iy GuynGugywo
AT dunnphgh vbhwlwl wpdtipGbph htu:

Lbddw 3.2.15 : Oppngnluy Jwuiphgh vbhwlub wpdbpGlipp pwgwpdwl wpdtipm]
hwijwuwn &G S&Gh:

Luddw 3.2.16 : Vdwl dunnpfiglbiph vbnulwl wpdbpGhpp hwdpGyGmd LG
Luddw 3.2.17 : Updtinphly dunnphgh ubgnuluwl wpdbpGbpp fpwlwi pyfbn 6G:

Ltidw 3.2.18 : Updtiinphly dunnphgh mwppbp vbihwwl wpdbipGph6 hwdwwuwinwu-
Juwlnng vbhwlw G JelpnnplbnG oppngnbuy bG:

Ltddw 3.2.19 : “Mpwqwl Gpuwnpnyuy Junnphgh vbihwlwl wpdbpGbpp ny pwguwuw-
qwl &6, fuly gruulw G npny quy dunnphgh vbhwlwl wpdbpGhpn” uulpw G:

Q-owjhG hwlGpwhwyyh nuuppugmd wwwgnigynud £ htwlywy juwplnp wlinnudp
(nbiu, ophGwy’ [7],[17]):

Pbtnpty 3.2.4 : Swliljwgwo A € R™" ufidtinphly dunnphg mGh n hwn qnyg wn qnyq
oppngnluy ubthwlwd J6{mnnGbp, npnlp hwinhuwlnmd 66 R™ nmwpwompyul puqhu:

Oquiytiiny YtipehG ptinptiihg, wyuhGpG’ dunnphgh utthwywb YsywmnpGtiph oppngnliwg
pughund  YuwdwjwlwG ybywnph Ybpmompjwb hGwpwynpnipymbhg Jupbih t
hwinqyty, np wtinh niGh htwnljw) winnudp.

tnptd 3.2.5 : 2agmp A € R™" updbuiiphly dunnphg t: Uyn phuypmd, guliugwo
z € R® (Glmnpph hwdwy inbnh mG66

(Az,z)

= o)

/\min =

< Amaz (3.2.14)

wlhwfwuwpmpymGGbpp, npunbn Mpin U Amez plipp A dunnphgh hwdwyuiumwufuw-
Gwpwn wdbGuhnpn b witGwibo vhnuluwl wpdbplpl &G: ‘Hen wifbihd,

. (Az,zx) _ (Az,z) 3.9.15
’\min = T;g m ’ /\ma:: - ng( (I,:B) . ( oL )
‘Lwlunpn pinptdnud nhnwpyywo
(Az, 1)
(z,z)

hwpwpbpnipymGp Yngymd b 26f hwpwpbpnipymG L uwpunp nkp £ fuwnnui dunnphg-
Gbph wbunipjwG Sk (wnb'u, ophGwy [8],[32]).
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3.3 dhljwnnpGtph L JwwnphgGtph Gnpdbp

Q-0wjhG hwipwhwyyh pywjhG depnnGbph Yepmonpjwl L gGwhwwniwl pGpwgpnid
Ywplnp nghp GG fpwnmd JbljpunnpGeph L SwnphgGhph Gnpdbpp: UnyG wwpuwgpudpnuad
uwhiwlynul GG wjn hwulwgnpymGGbpp, L pbpynud GG npwlg hhdGwlwl hwnlnipjnG-
Gpp:

3.3.1 dJbywnph Gnpd

UwhdwGmd 3.3.1 ¢ ||z|| hpwYwG ppp Yngynui £ z € C* Jtywnph Gopd, bpb w)G
pwywpwpmd k hbwnbgw] wwjdwGGGpha.
VN1. ||z|| >0, |lz||=0e z=0,
VN2 |laz|| = o]zl Vae C , (3.3.1)
VN3, |lz +yll < =]l + Iyl :

JhlywnnpGhph mwpwdnipjul ik Gnpdp upnn b Gepdnedyt) nwppbp inuGulyGepny:
Unwyb) gnpowdwlui GG htwnbjw) Gnpdbpp.

de ]

loo -Gt ©  ||z]|e max |zi] , (33.2)
def &

I, -Gnpd : ||z||, ¥ % lail (3.3.3)
def [ B . 1/2 ]

lp-Gopd :  [|z]|; % (_'z::li:vd ) : (3.3.4)

Ydwn sk Gyunby {3 -Gnpdh uwp ujwpywp wpnwgppwih hbn,
lzllz = /(z,2) : (3.3.5)

8n1jg wmwip, np (3.3.2)«3.3.4) Gnpikpp

n l/P
d o
||z||pé’(z|z.-|ﬂ) el 3.356)
i=1

Qumnbpfr 1,-Gopdh dwuGwynp nhwpbpl GG: Mpwlnyg huy pugwnpymd &6 I, h Lk
ly GuGwyniGhpp: Yw wyGhwyn b - b I -Gnpdbph nhwypmd: bGy Ybpwpbpmd t
loo -GnnuhG, wuyw wyt I, -Gnpih vwhdwGwhG nbwpG t, tpp p — oo Ppnp, JnipwpwG-
gmp z € C™ Jtlwnnph hwdwp nbnh nlGkG
. 1/p :
max |zif < flzllp < 7'/ max |zl
wihwywuwpnpynGGtpp: dbpohlGhg hiwmlmd k, np

im Jlally = lello
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Thunwplynn Gnpdbpp epwpbpjwp wywent wunybpugmad b unwjhu shwynp Gnpd
mGtgnn ytljunnpGhph
S={z:|lzll =1}

pwqunipyniGp, npp Yngynud & dhunfnp upbpur BY.3.3.1-md R? wmwpwonpjuG dke
gnyg GG wnpgwd dhwynp udbipwbbpp -, ) - L lp-Gnpdtph nhuypnud:
\

| |
N
D VOIENPa N

-1 -1

A
1

v

p=1 p=2 p= ©

LY.3.3.1 R? mwpwdmpjwl shwynp upbpwbibpp L, -Gnpdbph hwdwp (p = oc, 1,2)

3.3.2 Uunnppgh Gnpd

Luwih np C™” puqinipjwl dwwphgGhpp Yupbih b nphuowpyb npybu 22 -pwhwGp
JeunpGtp, wyw ulyqpmiGprptt gwlugwd yalpnnpulub Gnpd Jupnn £ wnwewglby
Gnpd JwwppgGhph hwdwp: Uwu)G SwnphgGaph Gopdp hwuugygmad towyp Yepy:

UwhdwGnui 3.3.2 : ||A|] ppwywG phyp Ynggnud & A € C™*™ dunnphgh Gnpad, tpl wyG
pwjwpupmd t htnlbjwp wwpdwGGephG.
MN1. [[A||>0, ||A|=0& A=0.
MN2. ||la4]| = |a]||All VaeC , (3.3.7)
MN3. A+ Bl < |lAll+ 1Bl .
MN4.  [|AB|| < [|Ali - {[BI] :

NbpbGp dunnppiguypG Gnpdh S oppGwy, wyuwbu Ynygwd Ddpnpblhmufs Gnpdp.

n /2
d P 1
= (§ Ia.-,-lz) (3.3.8)

i,j=1

UyGhwjwn t, np wyn Gnpdp pwjwpwpmd  (3.3.7)-h MNI -MN3 wuw dwGGbphl, pwlh
np wyG, pun tmpywG, n?-swhwth Yehuonpuyuwi wnwpwdmpjwé wwpph I -Gopd L
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UGnud k unnigliiy MN4 wwjdwGp: NiGhGp

n 2

n | n |
141 = 32 1(4B)sf = 3 |3 aubss| -

i,7=1 t,7=1 k=1

Uhpwnbiny Unpp-PmGjuynduym (3.2.5) wihwjwuwpmpnGp' JunwGubp

n 12 n n

Sauwbiy] <3 laal® 3 ol

k=1 [} k=1 k=1
npuntinhg,

IABIIE < 3 jaai® 32 bil* = AIFIBIIE -
ik=1 k,j=1
Uwwnphgh Gnpdp Yuptijh b swhdwGl] vuwpptp GowGuyGtpny: Uwmnpl pbpdmad t

twwnphgh Gnpdh wpdwG Yuwplnpwgm jG dnntigmiGhphg dtyp:

UwhdwGmd 3.3.3 : C* nwpwdmpjwG ||-|] yayumnpulws Gnpdh htivn hwiwdw jGhgywo
A € C™" “wwnphgh owbnuunpuyhG Gnpdp Gepdmymy E htanbjuy GnuGuiyny.

||A|| = ifnl?,_xl ||Az|| : (3.3.9)
QYhwonnmpymG 3.3.1 : Syfywy vwhdwGdw G Jbe wpnupugduwo £ max”™ updiyngf oguiw-
qupomdp ” sup " upddmh infuwpbG, pwih np ||Az|j -p, npybu dmbhghw x -hg, wipty-
hw t L ||z|| = 1 dhwynp upbipub hwlphuwlmd bl vwhdwGufnuely puqdmpymi
C* JEhumpwlw G nmwpwompymbmd (nku, ophGuly’ [10],[32]):

Gnympynii mGh SwunphgwjhG Gnpih sh wyp hwiwpdtp uvwhdwGnud.

|l Az||
[Ed]

CGptpgnnhG & pnnGyny (3.3.9) L (3.3.10) uvwhdwGnudGlph hwiwpdbpnipjwG wujw-
gnijgp’ npubiu Jupdmp)niG: )

Uwnnphgh oy tpwunpwhG Gnpip odwnywd k htinbjwg ipynt upbnpugnyyG huwanyot-
pyniGGhpny.

[|A]| = max (3.3.10)

L ||Az|| < ||Allllzll VzecC™, (3.3.11)
2 (1] =1: (3.3.12)

U)tiGp, np (3.3.8) pwlwdlh ogGnipjwip uwhiwbwd dbpnpiGhniuh Gnpip owytipwinn-
pwyhG Gnpd gk: bpnp, ||I]|F = V7, npp hwhwunad E (3.3.12) hwnympjuGp:



OhwnnnmpymG 3.3.2 ¢ GQwubilp, np ||- ||y dwuphguwyh6 Gopdp hwiwdw)Ghgywd t |||},
YElyunpuwlpu G Gnpdp hbwn, bpb gwlGhuwgwo A dunanphgh b gwGhuwgwo z Jblmnph
hwdwn wbinf mGh

l|Azl]. < [|Allamllzl (3.3.13)
wlhwwuwpmpymbp: Mwpgdmd b, np guwljugwo dunnphguwihG Gnpd hwdwdwjGbg-
ywo b dp nplilk Jblunnpuww G Gopdh htinn (nku, ophlwly’ [32)):

Jdbpp dbp Ynnihg uvwhdw Gyl b6 yelwnpltph I -, 1 - 4 I3 -Gnpdbpp (nbu (3.3.2)
(3.3.4) pwlwdlbtpp): UnwGwlp wjn Jiwmnpuwlwl Gnpdh htin hwiwdw)jGhgiwd
owtipwwinpwjhl Gnpikpp:

I. lx-Gnpu:
Swijwgwd z Ytyjwnnph hwdwp wiGwhuhG, np ||z||e = 1, mGaGp’

n
= E a;;iT;
1<i<n |4 et

S =

n
< 1'2.325.; |ai;

Tpulny huly
|Alleo < max Zla.,l (3.3.14)

]<|<n
Thgmp

n n
,fggé’g';la:‘jl =) laijl, 1<io<n:

UwhdwGhkGp z = [z, 22,..., 2,7 Ybunph pwnunphsGhpp htwnlgwy Yepy.

|aicil/aioj, BPP  a@ig; #0 ,
T, bpp 4, =0

Wn nhwpnmud wlGhwjwn b, np |||l = 1 L, hwpyh welbnd Junnphgh Gnush (3.3.10)
vwhiwlmdp, YmGEGwGp

n

=3 _laioj| = ,rg;c\gglz jag;| : (3.3.15)

J=1

14ll 2 l142llee = max

Z aijzj

3=1

z a'o]"]

Uyuyghuny, (3.3.14) L (3.3.15) wihwjwuwpmpymGGtphg unwlmd tGp dwwnphgh
Gnpuip

llAlleo = max Z |aiji (3.3.16)

wpnwhw junnpymGp:
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II. ! -Gnpu:
Swlyugwo z ybywnph hwdwp, npp pujupupmd t ||z||; = 1 wwjdwGhG, mGkGp

n
Z: a;;T5| < ZZ lasjliz;| < ]Ta&x Z lai;]

i=1j=1

n

|Az]|, =3

npunbnhg hbnlmy t
Al < ,g%xnglaul (3.3.17)
wihwyjwuwpnpnilp:
‘Tthgmp
[Dax Zlaul = Z|au°| 1<jo<n:

Chupkbp = = [z, 29,..., .,,,] ykywnph pununphyGhpp hbnbjw; Yepwy.
,,_{1, bpp 5 =Jo .
zp=

O, hllp J#JO .
UWn nbwpmad ||z||; = 1, L dwwnphgh Gnph (3.3.10) vwhiw w6 hwiwdw) 6 YuunwGwbp
Al 2 Aslh = 315 = 3 el = max 3~ o] : (33.18)
i=1 [j= i=1 =121

TpwGny puy (3.3.17) L (3.3.18) wGhwyjwuwpmpymGGbphg unwGmy GGp Ywwnphgh
Gnmih hbwnbjwi wpmwhwjmmpjmGp.

1Al = max _ Z |ai;l (3.3.19)

L. [ -Gnpu:
bGywbu wpnbG wuyby t Gwhnpn wwpugpupmd , ATA dwnphgp updbunphy L
npuiwl Yhuwnpnjwi b (nb'u 3.2.4 L 3.2.6 (kddwGbpp): Ujn wwwmdwneny, oquuybiny ;-
Gnpuh (3.3.5) hwinynmpymGhg L (3.2.15) hwjwuwpmpjmGGephg Gpypnpnhg, Yuunw Gubp

o 142113 (Az, Az) (AT Az, z)
A = —_— = —’— =
” ”2 ;éo ||:1:||2 ng( (I’I) ng‘ (:1:,1:) Hmaxzx
npunbn pmez -0 ATA dwinphgh wikGuibkd ubhwlywl wpdbpG t: Uyuyhuny,
1All2 = Hmaz : (3.3.20)

UwuGunnpwubu, bpt A -G uhdbnphy dwwnphg b, www ATA = A?: Un nhwpnud.
npybu 3.2.13 (ddwjh L (3.2.13) uwhdwlnidh hGnbwGp, JunwGulp’

1All2 = p(4) : (3.3.21)

Zhnwqu wpunpulph hwdwp Jwn juplnp b henbjwg wGnnuip.
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otnptd 3.3.1 : Viwaphgh wyblupuy pwnunjhnp s gbpuquiGgmd wyn dwuiphgh
gwllpwguwo Gnpdha, wyuhlpl

p(A) < 14]] : i3.3.22)

Uwwignyyg: “Hhgmp A-G A Swnnphgh ubthwuG wpdbpG t, L x # 0 Ybynnpp hwdwwyw-
nwufuwl ubthwwb yehnnpp: UwhdwGkGp

B=iz00...0i
n x n ywihh dwnphgp (0-6 qpnywijwG Yyeywnp-uymG6 t): Ujn nhypmd,
Az = Az
hwjwuwpmpymGp Yuptih t wpnwgpty
AB =)\B

wbupny: jGnmhtwnl, ogunnwgnpdtiny dwinphgujhG Gnpsh MN2 L MN4 hwwnympjmG-
Gtpp (nbu (3.3.7)), yunwGwGp’

IAHIBIF = [IABI} = [|ABI| < {14l 1| BI],

huy pwGh np B # 0, wwyw
AL < 14l

npnbinhg ty htinlmd t (3.3.22) wGhwuwuwpnipyniGp: Bhinptd6 wuyuwgmgyud t:

3.3.3 ‘unpibph hwiwpdtpmpjniip L qniquihnnp)niGp

Lnpdwynpjud nwpwdnpimbGGph mbumpjul uplopugnyl hwuugmpmbGhpphg t
Gnpibph AwdwpdbpmpymGy: JuulbputiGp wjn quinuithwpp:

UwhdwGny 3.3.4 : UpllnyG L gdwjhG wwpwdmpjub dke npnpqwd || -1|qy U |- |2
Gnpibpp Yngymd GG hwdwpdbp, bpb gnympymG mGaG C; L Cx npuliwl hwunwnmG-
Gtp, np

Cillelly < Nello < Callzlla,  Yze L : (3.3.23)

Qtwnbjwy wnnuip wpdwlwgpma b ypounynp ywthwGh nmwpwompynmGGeph uplnp
hwwnympjmGp (nb'u, oppGwy’ [10],[32]):

Pbnpkd 3.3.2 1 dapounnp swfnulh unupuompymbmyd qubluguo Gpgne Gnpdbp
hwdwpdtp 6G:

Ujughuny, dtp Ynnidhg Gepdmoqud hGywbu yajunnpuwb, w)lubu b dwnphguhb
Gnpitipp hwiwpdtp GG:
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Uy uwhdwGlp dtY w)) uplnp hwuwugmpinG' gaiquidfunnipimap:

UwhdwGmd 3.3.5 : GwubkGp, np C" wwpwdmpjwb {z*}, JthwnpGiph hwenphw-
YwlmpymGp gmqudpumd bz € C* JuuinphG puwn || - || Gnpuh, tpk

[]2%) — 2|l = 0, bpp k—oc:

Lwlh np C* nwpwdnmpjnilnud pnnp Gnpdbpp hwdwpdtp GG, wwyw pun nplk
th Gnpdh gniquijwnmp)niGhg htwnlmd b gniqudhunnipyniGp’ pun dkY wyjyy Gnpdh, L
hwlywnwyp: Ujn ywwnbwneny, funuting YunnpGph hwenppuywbnipjwl gniqudpnn-
pjwl dwuhG, dtlp 3LGp Gyrid npuk YnGYptan Gopd: Lwwh mGEGuny Ytpp Ggwdn,
ytipunpGph hwonppuywlmppul qniqudhwmnipyniGp Yupbh b uvwhdwGh) hbnbyuy
Yty

Uwhdw@nu 3.3.6 : GwubGp, np C" wwpwdnput {z® = [ 257, . 28T,
ybywnpGiph hwenppuywGnipymbp qmquiépwmn t =z = [z,29,...,2,7 € C"
ysywnnphG puwr paquigpfisGanph, ph
lim :cfk‘\ =z;, i=12,...,n:
k—oc
Uju tpynt vwhdwGnuiGiph hwdwpdipmpjuwl wwwgnygp pnnGynud £ pGplpgnnhG
npytiu updmpniG:
Qnmquihnmpjub Giwl vwhiwlnuiGhp Yupbih € ow)] Gul JunphgGiph hwenprw-
Jwlmpjwl ghiypnud:

UwhdwGnud 3.3.7 : GwukGp, np C™*" wiwpwdnmpjwl {AF )}, dwnnphgGhph hwenp-
nuiwlmpimbp gmqudfunmd £ A € C™" dwwnphghG, tpk

|AY — Al = 0. tpp k—oc,
dh npLt || - |- SwwnphgwjhG Gnpdh ghuwpnud:
Qniquihunipjwl hwiwpdbp vwhiwlnuip dbwybpuyydmd b htnbjwy Yapw.

UwhdwGnud 3.3.8 : YwukGp, np C™" nwpwdnmpjui {A® = [a&f)],,x,,},;";l dwnphg-

Gtph hwenppuywGnipyniGp gmquidfumd b A = {a;jjnxn € C™*™ dwnnphghG, tiph

lim aﬁf)

' =ai;, j=12,...,n:
K—0OC
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3.3.4 LtipdwGh pwpp
TYhunwpytilp wunh6wGwjhG SwwphgujhG wpp’

3 A*, (3.3.24)
k=0

npl wGJwGnd GG Gwl Uhydwih pwpp: Cwppp Yngymd b gniquistin, tip qmqunitn L
Gpw Ywulwlw gmiwpltph hwenpwlwbnipymGp.

Sm(A) = fjA" :
k=0

(6n npnud, npuybu Jwpph gnuiwp hwuluwgym & SwuGwlyws gmiwpGtph hwenprulw-
(mpjwl vwhdwGp.

z A*¥ = lim S,(A) :
k=0 m—00
Strh mGh htwmlyw| Jwplnp yGnmip (nbku, ophGuly’ [5],[28]):
©tnptd 3.3.3 : MApybugh Vbpdwih (3.3.24) pwppp 1hGh quiquidbn, wihpwdbon L L
pwyuwpun, np p(A) < 1: L6n npmd,
o0
S AR =(1-A4)": (3.3.25)
k=0
Npwtu 3.3.1 L 3.3.3 ptinpbdGtiph wyGhwjn hwnlwbp’ unwbmy tGp wunhdwlwjhG
dwwphgwjhG wpph qmquihunipjul hbwnlyw) pwjwpwp wwjdwGp.

©tinptul 3.3.4 : Gpb A dunnppgh Uh nplt Gnpd hnpp b Ubihg, wupw Ubpdwih pwppp
qmquidtin £:

UwuGwynpuwbu, hiwmbyw] wwjpdwGGhphg jmpuwpwlympp pwjwpwp b Lhpdweh
(3.3.24) wpph qmquihumpjwG hunjwp.

|Alloo = max > Jai| < 1, (3.3.26)
151511].:1
= " las, 3.3.27
l1All; ,@g,glaul <1, . (3.3.27)
n 1/2
Al = (Z Ia,-,-lz) <1: (3.3.28)
i,j=1

Stinwqu jwpwnpuGphg wwnq YnwnGw, np hubpughnG ubipnnGtph qmqunihwnt-
pjwl htwnwgqnuunipjuG dwiwGwy, YtpghG hwayny, hwpgp hwGqbgynm t hwiwujw-
nwuhiwG wunhGuwGwihG SwwphgwjhG wpptph qniquihwnnipjuGp:
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3.4 Uwuwunphgh wywjdwlGwynpjwompjul phyp

Uhyw 3, np qdwyhG hwlpwhw)yuiul hwduuwpniGiph hwdwupgh gnpowyhgGhpp
L wqwun wlnuiGhpp wmpymd GG 6pqphwn:  OphGuwy, npny ghwpbpnud hwdwYupgh
dnunpwjhG wnjuGepp vnwgymd GG tGhnpdhg L wyny wwnGwnny wwpmGulnmy &6
ufuwpuGpGhp:  Ywyd, bGpb GnyGhuly dnunpwjhG hGhnpdwghwl wnpynd b wlwjhnpy
wnuuhwjnmpymGGtph dhengny, hwiwlupgsh hppnnmpjmbmyd wnyjw Geph gpundwG
dwiwlwl npytu oplp wGjunwuwnhbih GG Yopugiwl upuwwlplbpp: Ujuwyhuny,
owqmu t htimbyw) hwpgp. Gpp hwdwljuwpgh dnunpwjhl nydjuGpmy pmy 66 wpynud
ufuwuGpGtp, www hGypwGn® t thnfuymd nonudp:

3.4.1 Mwjswlwynpfwomppub pyh uwhiwbnuip L hwnynpymGGpp
ThuupybiGp
Az =b (3.4.1)

hwyjwuwpmibtph hwdwlwpgp, npuntn det A #£ 0 L b # 0: Uyqpmd kGpunpkbp, np A
dwuwphgp mpjwod t Gqphwn, hul b we Swup uuwgh) t hGs-np Ab fjununnpmy: “khgmp
b+ Ab we twuny hwiwlwpgh monuwip z + Az -G t, wyuhlpG’

Alx + Az)=b+ Ab: (3.4.2)

Ujuntin Az-p (3.4.1) hwiwjupgh modwG ufuwwGpG t, np6 wnwow G £ we dwu)
funnnpmudhg: Wjuwhuny, (3.4.1) L (3.4.2) -hg YuunwGwGp

Az =ATTAb :

JhwnLwpwp

lAz]| < [lA7"]]1Ab] -

UjGmhbwnb, wllGhwjn t, np
18]l < 1Al 1]l -

Jdtpehl tpym wGhwywuwpmpymGibphg YuunwGulp
ol Azl < (LA AT =] 11A8]]

wGhwywuwpmpmbp, nphg htwnbmd t, np

i | !
i|Az|] _iy|1Abl a
<NAINA" | = (3.4.3)

E R ]

Ujdd dbpinotiGp htinbyw hwulugnpymGp:
UwhdwGmd 3.4.1 : Qbwnbjw) dbdompymbp
de —

s(4) Al (34.4)

yngynui t A dwwnphgh wwpdwluwdnpfuwomp b phy:
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Ujuyhuny, (3.4.3) wihwywuwpnpymGp Ygpyp

< k(A)| =0 (3.4.5}

wbupny: Ujuntn ||Ab||/|[b]] dtdnpymbp (3.4.1) hwjwuwpiwb we Swuh Awpwpbmu-
Yw fununnpmd &, hay ||Az||/]|z|| -n° hwpwpbpwlw6 sfuwwGpp, npG wnw9wgh) b wjn
lunnnpmihg: L2LGp, np tpt A-G Ybpwubpjwo dwwnphg b, wyw tGpunpmd LG, np
k(A) = oo: Ujlnthtwnl, dwwnphgwjhG I, -GnpdhG hwiwwwwnwuhiwGnn wwjdwGwynp-
Jwompjul phyp YGwlwytGp k,(A)-ny:

UGYwh dwunphgwhlG Gepdh pGupmpymGhg dwwnphgh wwjdwGwynpywdnipjub
phup pwyjwpupmy E htinbjw)” hizn wyugnigynn hwunlnipymGGtphG.

e K(A)>1, (3.4.6)
e K(ATY) =k(A), (3.4.7)
o xk(AB) < k(A)K(B), (3.4.8)
o tph A=AT. wyw ry(A)= % (3.4.9)
e tpt (-G oppngnGwy dwuwphg b, wyw #(Q) =1 : (3.4.10)

nipu pliptlp, ophGul, (3.4.6) wihwywuwpmpinbp: <wdwdw)b 3.3.1 ptnphdp’
1]} = max |4 :

Pwlhnp A L A~ dwwnphgGtph ubthwyw6 wpdtipGlpp hinfuhwlywnwupd GG, wuw

1 1
A > max — = ———
1471 2 max 5= = Sl

Yjuwhuny, |,\'
. max |Aq|
< >
KA) 2 min |y ~

SYhwnnmpyniG 3.4.1 : Lpbidp, np (3.4.5) gGwhunnwlwlp dygppur b wyl pdwuumy, np
(3.4.5) wlhwywuwpmpymbp npny plwypbpmd Jupnn b ybpuwoyl) hajwowpmpjul:
2hgmp, ophbwl, A= AT >0 L e, e, ..., e, — uyn dunnphgh vbirulul Jblnnpabph
oppnlinpiwy hwdwlhwpql t: Glpwnpblp Gul, np Eunplipp hwdwpwhuyuo b6
wyliubu, np huwdwgunwofuwl vl wpdbpGbpp lqwqums 64 yGifwqnn hwonpnu-
Jwlmpml 0 < Ay < Ay < --- < A, : dbipglhlp b = en b Ab = ¢ : U nbypmy
T= Al"en -p phlh Az = b hwdwlupgh drgpfun pmomd , puly Az = /\‘—le. - ufuwqulp’
wnwowgud Ab fumnnpmufig: Uyuyhuny,

||Az||; — ﬁ“ex”z
lzllz A lleallz

[ Ab]
= m(A)”Hb“'f :
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Gpt dwwpphgh wwjdwlwynpwonpjwG phyp thnpp t, wubkGp’ dnwn t dLYhG, wwyw
ulqpGwlwG v}y Gpmd tinpp hwpwpbipulw6 thinthnfunipyniGGhpp pbipnd GG pnLedwG
thnpp hwpwpbipwiwG hnhnfunpymGGtiph: Ujnw Ynndhg, ipk dwwnphgh wwjdwGwynp-
Jwonpjwl phyp dko E, www ulqpGulwG wmjjuGtph thonpp thninfunipyniGGepp
Juipnn 5G pbipt) ;nddwG 6O himhnfumpywG: Wy SwnphgGbiphp, npnGg £(A) wwjdw-
GuwynpwompywG pmip dGo L, Ynyymd b6 funn wpuypdwlwynpfwo, huy tph x(A)-G
thnpp £, wujw wunud GG, np A dwwnphgp jwy wuydwGuydnmjwot: G-0wjhG hwGpwhw)-
Juiwb hwjwuwpnudGtph hwiwlwpgp yhwiwptlp jwy Ywd fuwan yupdwbudnmfwo
Gufujwd wjn hwdwlwpgh dwwnphgh jwyf Ywl gwn wuydwGwifnmfwd \hGlipng:

M jdw Gwynpjwonpjub phyp Yupnn t (hGb) gwwn 06o GnyGhuly sjwhwqubg wwupg
ophGuyGtipmy: AtptiGp Juw wuwjdiwGwynpjwd dwwnphgh ophlGwy:

OphGuwy 3.4.1 : FhunwpytlGp

_ 1 1+¢
A—[l—e 1 ], e>0

dwuwnphgp: {wliwnqupd dwwnphgh k

~ 1 -1-¢
1 _ -2 .
A =¢ [—1+5 1 ]

Npwtiu dwwnphgwjhG Gnpd pGuptGp I -Gnpdp: MiGkGp
lAllo =2+€, ||[A7lo=£672(2+¢) :
Lbwnlwpup,

2+e\?
Koo(A) = ( € ) ’
Gpb YtipgGliGp € = 0.01, wwyw YunwGwlp' K.(A) = 40401 : bGsubtu mtuGmuy Lip,
A Swwnphgh wuwjdwGwynpwdmpjub phyp wwn d6d k, L wyn dwwnphgny hwiwlywp-
gtiph MotwG dwiwGuwy whwp t uywub) Juwn wprymGpGtph: bpnp, nhunwpytlp

 + 1.011‘2 = 201
0.991‘1 + Ty = 199,

hwdwywpgp, nph MéMEG £ z; = 1 L 2z = 1: Uhwdwiwlwy, z; = —1.01 L z; = 2.99
pwjwpupmy LG

r;, + 101z, 2.0099
099z, + Iy 1.9901
hwiwlwpghG: Skulnud tGp, np we Ywup punjwlwGwywh thinpp Ab = [-0.0001, 0.0001)7
funnnpnudp wnwgwgnt b modwa Az = [-2.01, 1.99]7 tintinfunipymG: Qwiwwwinwu-
fuwGwpwp,

||Abllc  0.0001 ||Az||o  2.01
= ~ 0.00005, =" x201:
”b”co 2.01 “I”oo 1

Ujuyhum), hwpwpbpwlwl ufuwjwipG weék) t 40200 wGquy: &
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QhwnnnmpymG 3.4.2 : 2funwplping oppGulnd det A = €% : Uyp huly wuwindwnny GrbGp
htunlywyp. GppbdG Gipwnpmd &G, np dunnphgh nppfish ghnpp hGhp Gpw Junn wwydw-
Guinpwomppul Gwl E: Clphwlnubu, nu dhyu st: Ujuwbu,

10° 0 107° 0
A‘[o 10'0] . B‘[ 0 107

hnypwwy wuwydwbunpjuo 66 K(A) = &(B) = 1, sGwpuud Gmub, np det A = 10%°,
puly det B =10"20 ;

ThnwpytiGp ywn wywjdwlwynpwo dwnphgh Lu vkl ophGul:
OphGuly 3.4.2 : “Fhgnip npjwd k

Az =b (3.4.11)
hwywuwpnuiGeph huuiwl{wpqg, npunkin
1 -1 -1 ... -1 -1] [ —1 ]
0o 1 -1 ... -1 -1 -1
4= 0o 0o 1 ... -1 -1 ? b= -1
0 0 0 ... 1 -1 -1
| 0 0 O ... 0 1] [ 1]

Uju hwiwlupgp sytipwubpwd b, pwGh np detA = 1, L mGh dhwy monud
z=i00,0,...,0,1]T:

GGpwnpkGp, np (3.4.11) hwiwlwpgh |nddwG pGpugpnud pny| £ npwd plyudkGp
by upuwpwGp, npp ptipt £ Gpw, np z,, = 1 -h hnfuwpG unwgyt) b z;, = 1+, npnkn
£ > 0 thnpp dtdmpymG t: Uy ghugpnud Gqphn (mddw6 phnfuwpbG junwGwip gkl
wy M z° =z}, 75,..., 257, nputin

£ =2""%, z3=2"%,...,z,,=2¢, T, =€, T,=l+e€:
Uyuyhuny, Ab = [0,0,...,0,£]7 funnnpnuip pipty £ (3.4.11) hwdwlwpgh modwl
Az ={2"%, 2" % ... 2. ¢, ¢
jununinpiwGp: OppGuy, » = 100 nhwpnu YbpgGiny € = 2%, z; = 0-h thnfuwpbG

JuunwGwlp r} = 2% : Uwnwgywd wnwppbpnipjuwl qumdumu A dwwnphgh ywun wwj-
liwﬁwl[npqwbmpjmﬁﬁ t: bpnp, pwGh np

l|zlloo = 1, |AZ]leo = 2", [[bllec = 1, [|A0]lc =
www hwiwdw)G (3.4.5) wGhwywuwpnipjubp, YuunwGulp

[Az|loo /[1Ablloc _ on-2
oo A = .2
W2 L/ Tl
UjupGpG, n-h wéiwG htiwn shwupl dwwnphgh wwjdwhwynpjwonipynGp wpwg Junw-
Gmi t: &
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Uh(y wjdd dkGp GGpwnpbky LhGp, np (3.4.1) hwiwlwpgh dwwnphgp wipguo Ep 62qphin
L fununnpmud unwGmd tp dhwyG b we Ywup: Uydd pGGwpybklGp w)yG nbwpnp, kpp A
twuwnphgp GnGubu wipynud b npnywljj ufuwpuGpny:
“HhunwpykGp
(A+ AA)z+ Az) =b+ Ab (3.4.12)

wndwnwo hwdwuwpgp: GGpwnpbbp, np dwunphgh AA jununnpmdG w)jGuhuhG k, np
HAT'AAll < 1 : (3.4.13)

Ujn wjwjiwGhg Guiu htnmlmd t, np det (4 + AA) # 0, wyuhGpG' (3.4.12) hwiwlywpgp
hwiwwbnbih b (wywgmgtl): UYGhwjw t, np

Az = (A+ AA) N (-AAz + Ab) :

Ujuntnhg’
IAZ]] < 11(A + AAY ] (IAAI ]l + [|Ab]]) -
Rl pusi o A Ab]
Abf| = W22y 4 < N2 iy
) = izt < el A e
muwnp’
Az] L (IIAAII ||Ab||)
<14 + a4y (122l 120l (3.4.14)
iy < A+ AAIAN S+ T
UjGmhtwnl,

(A+AA) T =T +ATAA) AT
LwGh np, pun (3.4.13) Lapwnpmpjub
p(—AT'AA) < ||AT' A4 < 1,

www hwiwdw)G YwuphgwjhG wunh6wlwjhG ywppbph gmguidhnmpjw6 hwjwmwGhh
(wmbu 3.3.3 phnphip), JunwbwGp’

(I+ATAA)" = fj(-A—'AA)* :

k=0
U nhwpmd,
o[ A- - A™'l]
(A + A4 < I+ ATAA) T IAT < Y NATAAIFIATY = _”—_. :
pard 1—[||A-TAA|
Ujuwhuny, (3.4.14) wihwyjwuwpmpymbhg YunmwGwlp yhipgGwlwl qGwhwwnwlwbp.
|Az|| K(A) (IIAAII , IIAbII) ,
< -+ : (3.4.15)
llzll = 1~ |[A=rAAlL (AL (el

LybGp, np Ybpp unwgywd (3.4.5) gGwhwwnwywip (3.4.15) gGwhwunwlwbh dwulbw-
Unp nbwp t, tph LGpwnnpklp, np AA=0:
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34.2 Upwpulp L wGhwiwdw)GnpjnG

dpp unwgywo (3.4.5) L (3.4.15) gGwhwnwywGGbpp’ wjuwbu Ynywod wyppnph gGw-
hwnwlwGGp 66 (wwhGepbG' a priori— hnpdhg whhwfu, dhGshnpdGwlws): Upw-
lwGpGtph qGwhwnwlwGGbpnd sh dwuGwygnmd ny unwgywd |ndnudp, ny k) wyn |nid-
twl htwn juwyywd nplt dEompymG: Ujdd tGpunpkGp, np dbGp uwnwgk| LGp (3.4.1)
hwiwlwngh npny z° dnwnwynp momyd: Mwupqymd &, np oqunwgnpobiny

r=b- Ar"

dkompymGp, npp Yngymd b wlhwdwdwyGmpyma, Yupbih t qGwhwwnb] = modwl
dpdwynpmpymbp z 62qphwn 1modwGp:
‘thgnip Az =z — z* -p (modwl upuwwGpG t: UyGhwjwn t, np

ADz =1 :
Stnh nGkG htnlyw wGhwywuwpnipymGGbpp.

1|l llAdl) 7l
— < < K(A) v (3.4.16
A 1= el = 3.4.16)

£ipwo wihwyjwuwpmpimbibpp puwjwywbhG htpn GG wywgnigymd: bpnp,
1Az lo]l = |A~" ([ Az]] < lA~"[HIrl[ 1Al lIz]] = =(A) [|={ |||,

npntnhg Yuunwlwbp (3.4.16) whwjwuwpnipymiGephg wep: Luw6 duny Ywpbih t
unwlw| Gwl dwu wihwjwuwpnpiniGp

lIFlH21l = llAAZ]| [|A 8l < LAl 1A |A7H]1b]] = £(A) [|Az]| 6] -

Guwhuny, (wy wwjdwlwynpywo dwwphgny hwiwyuwpgh nodwl hwpwpbpuyw6
ujuwwlpp hwitiwwbh bt wihwiwdw)jGmpimb hwpwpbpwlwi dhonipjul hbwn:
UkGp, np (3.4.16) mhwh qGwhwwnwlwGhpp Ypnd 66 wwynuanbphnnp qGwhwnwlwi-
Gbp wGniGp (wwhGep6G’ a posteriori— thapdfr hphdwl Ypw, thnpdhg GrGhiml).

3.5 LU-udtpnnlhtp

Q-owjhG hwGpwhwywywl hwiwywpgbph |modwl dipnnGbph nuunwiGwuhpnipyniGp
uYubiGp ninhn dkpnnGbph Yuplnpugn)G nuuh Gywpugpnipjwdp, npnig hhdpnud pGYwd
t dwwphgh wjuwbu Yngwd LU - ylipymompymayr.

Ptnpbd 3.5.1 (LU —ybpmonipywG dwuhG) : 2hagmp A € R™" duwnphgh pnpnp wlym-
GuihG dhGnpGbnp qnnihg unwppln b6°
1 2 ...k . )
A ( 19 .k ) #0, k=1,2,...,n:

4
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Un pbypmd A dunnppgp Jupbh b GopluywgGhy, pln npmd” dhupdhp,
A=LU (3.5.1)

wpununuh mbupnmy, ymnbn L -p ny quuuulpw 6 wGlyymGuqowhG unuppbpmd unnphlG
GnwllymG duwnphg b, puly U -G JbppG bnwGlymG dunnppg t, nph wllymGugouyhG
uwppbpn hwwuawn 66 J6ih:

Uwuwgnyyg: Uwwgniygp uwuwpklp dwpbiwnhiuliw6 hGgniyghwih dtpnnny, puwn
dwwphgh Jwpgh: Gpp n =1, wingnuiG wlGhwjwn t: bpnp,

an =1y -upn, nplnbnjlg hy=an,unp=1:

thgnip pbnpbidh wlnnuip 6hpwn £ (n—1) -h hwdwp: QuwgnighGp, np wjG hpwywgh
t Gwl n-h hwdwp: UbpluwjwgGhlp A = {a;;]nxn Swwnphgp

A=[$ ; ] (3.5.2)

qulnwlwhG wbupny, npntn 4 € R-D*0-1 |, g b € R*: Qwiwdw)G hGnnil-

ghwjh tGpwnpnipjuG A dwwphgh hwdwp wbnh nGh ywhwlgynn ytpnidnpyniGp.
A=1U,

npwbin LuU dwuphgGlipp hwiwwywunwuppwlwpwp unnphG L YephG tnwGlyma

dwuphgGbp GG odwnywo pinpiind GYwd hwnynmpmGGhpm: ApnGLGp A Jwwnphgh

(3.5.1) ytippnidnipynilp _ _
L 0 U u
a=[E 0 ][0] 053)

wnbupny, npintn ,u € R*! L [, € R wnwjdd wGhwjun bG: Oquutiny JuwGnwlwjha
SwwnphgGbph puqiwywnipiwi YuwnGhg (nbu, ophGuly, [11], [32]), (3.5.2) L (3.5.3)
pwGwdlbtphg vnwbnud tGp htwnbjw) hwjwuwpnuiGhpp.

[u=a, (3.5.4)
ITU =7, (3.5.5)
Tu+ 1y = anp ¢ (3.5.6)

Ujuyhuny, (3.5.4) L (3.5.5) -hg YunwGwGp’
u=L"a, IT= T

L, wjGnithbtwnl, (3.5.6) -hg,
loin = Qpp — Ty .

1
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Ulinud E wwwgmgby, np L, # 0: ‘kdJwp 3t wnbuGly, np (3.5.3) yeppnonpyniGhg
htwnlmd } ) )
det A=detL-l,, -detlU =detl-l,,

hwyjwuwpnipyniGp: LwGh np det A # 0 L detL # 0, wwuw, htwnlwpwp, I,, # 0:
Tpwbny puy wywgmgybg wwhwleynn yepnmdnpjwG gnynipyniGp: bGy Jepwpbpmyd
t (3.5.1) wmpnhdwG dhwympjuGp, wwyw wiG wyGhwypnnpkG hbnlnd b wwywgnygh
nGpwgphg: OtnpbdlG wwwgngybg:

AhunnnmpymiG 3.5.1 : LU —dbpnpbbp wljwGmdp owqmdd F wiqbptl lower L upper
pwnlphg, npnlp GrwGuwimd &6, hwdwwywuwofuwGupwp, unnphG L JGphG:

UwnphG L ytphG bnwGljmG dwnphglbph hbnlgwy uplnp hwnynpyniGGbph wuyw-
gnyyp pnnGymd t plGplpgnnhG npybu JwpdnpymG:

Lausw 3.5.1 : Uunmnpht (YphG) brwGlyym G dunnphgGhph wpmwljn_/ww uunphl (fGpha)
GrwGlym G Junnphg b

Leddw 3.5.2 : Uwmnphl (fbphG) bnwllymbG dunnphgh hwluwgupdp vannphG (f6pha)
GnwGlym b dunnphg t:

Yhunwpyklp qow)hG hwlipwhwquwlwi hwjwuwpniGph hwdwljwpg
Az =b, (3.5.7)

npp dwwphgp pwywpuwpmd t 3.5.1 pnpidmd dLwybpyywd wwpiwGGephG: Glapw-
nptGp, np ULGp hGy-np SwlGwuwwphny qunt) GGp A dwwnphgh LU -ybpimonipyniGp.

A=LU : (3.5.8)

Wn nwypnud (3.5.7) hwdwywpgh monudp hwgbgynud b tnwGlyymG dwwnphglbpnyg
htnlyw) pynt hwiwuwpgqbph modwd.
e Ly=5b, (3.5.9)
e Uz=y. (3.5.10)
Wu hwdwlwpgbph mdnwip ndywpnipymG sh Gepuywglnud b wwhwGenui t gnuiw-
pughG ~ 2n? pywpw GulywG gnponnnipymG (ntu 3.1 ywpwgpupp): U)Guybu np hhuGw-
Y ndywpnipyniGp YujwGnd b Swwnphgh (3.5.8) YupimonipyniGp qunGhine dbg:
Uwwphgh LU —JtpnidnipywG ypw hhiGjwd dtpnnttipp Yngymd GG LU - dbpnpltr.
UwnwGwGp L L U dunnphgGhph wwppbpp npnydwG hulzl[mpl;!ujhﬁ pwGwdlbpp:
Yhgmp A = [@ijlnxns L = [lijlaxn (li; =0 6pp i< L U= [ti]axn (ui; = 0. bpp
i> . ui = 1) Quiwdwyb (3.5.8) hwjwuwpnpyjubp, mGGp

min(i,j)
a;j = 3 lawg, 43=12,...,n:

k=1
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dhputip nplt 2-pp wnn (1 <7 < n): Wn nhypmd

i
> laug; =a;j, bph j<i,
k=1

> ljug; =aij, bph j>i:
Wuwntnhg
i

> lugj +lij=aij, bph <,
k=1

i-1
Z l,-kukj + l,-.-u,-j = 5, hph ] >1
k=1

L dbGp unwlmd tGp htwnbyw hwyupluih pwGwdlbpp.

1-1
L, = aij_.zllikukj, i=12,...,1,
K=
i-1 (3.5.11}
a4i; — _E‘ livugj
wj = ——p——, j=itlLi+2.. . ,n:
£33

Ujuwhuny, LuU dwwphgbtp)h wmwppbpp Jupnn 66 hwenpwpwp hwywpyyly
unnpl phipynn wgnphpih oqlnipjwdp, npp Ypnd © Grwmaft wygnpfipd wGwGnudp.

Pseudocode  CROUT
input n, (a;;)
fori=1,2,...,ndo
for j=1,2,...,ido
;-1
lu = a5 kgl l:kuk_;
end
U = 1
for j=i¢+1,i+2,...,ndo
a;; — IZ" likug;
w = k=1
Y lii
end

end
output (;;), (ui)
Unwmuwu) wignppping L b U dwwphgGhph wwppbiph vnwgdwG hwdwp wihpw-
dtpwn A,y puwpwlwlwG gnpdnnmpymGGuph pwGwyh hwaqupyp gnyg t wwihe, np
2, 1, 1 2,
< 3 2 3

Aops — ﬁn - 5" — (—in ~ :—{n : ‘35.12]

96



YhunnmpymG 3.5.2 : Ukl whqud Lu nipwngpmpym G GGp hpwyfipnd wyG hwlGqudwlph
Ypw, np Ynwnunp wignphpdp Gyunwuwhwpdwn b oquuugnpoty dhwylG wylG pbypmd,
bap Guifuwybu hwpnGh b, np A dunnphgh pmpnp wélymGuighG dhlnpGlpp gnnghg unup-
plin bG: OphGuy,

1 23

2 41 ] '

A=
-1 0 2

Ybpwubpjwo dunnphgh hwdwn Gdwo wgnphpdp §ppwnbh st:

3.6 Qwnuh dtpnnp

Uju wwpugpupmd dtlp YrwpuwnptGp qdwihG hwipwhw)yuwiwl hwjwuwpmiGhph
hwdwlwpgbiph movwl Qumufr dbpnpp hhiGwd \hnhnjuwlwlGhph hwenprwlywG
wmnwpudwl qunuihwph Yypw: Uju dbpnnl niGh hwpymilGtph juqiwlbpydw6 tnw-
(wyGtpny qubiwquGynn dh pwlh nmwpptipwyGlp: L6GwpykGp npuighg wwpquagmjGp.

3.6.1 Uhwly pwdwGiwG wignphpy
TNthgmp mGtGp

anT +0.121‘2+"'+0.1n1‘n = bl
anTi+ anTy+ -+ amzZa = b (3.6.1)
AniT) + ApaTo + -+ QupZn = by

hwiwywpqp: Gpwnptlp, np a; # 0: Pwdwbhny hwiwywpgh wnwehl hwjwuw-
pmudp ay; -h Ypw' JunwGwbp

Ty +uiT2 + - + Unln = Y1, (3.6.2)
npntn
u1j=ﬂi (j=2’3v--'vn)1 yl='b_l : (363)
ap an

U,Gnthtink, hwenppupwp puqiwwuwnybiny (3.6.2) hwjwuwpnuip a; qnpbwl{hgﬁlfxpnq,
npuntn i = 2,3,...,7 L hwGbn] unwgywd hwjwuwpnuwip (3.6.1) hwiwjwpgh 2-pn
hwywuwnpnuihg' YptiptiGp wyn hwiwjwpgp

L1+ UigZo+ ccee- +UnZy = Y
al)zot oo +apz, = by (3.6.4)
a5.12)12+ """ +al)z, = by
wnbuph, npinkin
as.) = aj—@auy, HI=23,...,n, (3.6.5)
bgl) = b, — anlr, i=2,3,...,n:
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Upw(Gny wignphpdh wnwehl pwjil wywpumymad t:
Thgnip wpnkl juwwpjwd GG wignphpih wnwehG & — 1 pw)itpp, L wpyniGpnud
mGkGp

T) + upZo+ -0 Furg-1Zi-1+ Ut -+ UinZn = Y
To+ -+ HUgk_1Th_1+ Uk T+ -+ + U2nTn = Y2
Th—1+ Ug—1kTk+ 0+ Uk—1aTn = Yk-1 (3.6.6)
(k-1)_ (k-1) _ b(k—l)
akk zk‘f‘ e '+" akn In = k
afﬁc_”zk—‘r e 4+ a Vg, = PN

hwdiwlwpgp: GGpwnpkiny, np af:;—]) # 0, pwdwGhGp (3.6.6) hwiwlywpgh & -pn hwyw-
uwmiwG Gpym Ynmip agi_]) gnpowlygh Yypw: YuunwGwlp hwjwuwpmd’

T + Uk k41 Thk41 + - - + UgnTn = Yk,

npunbin
a(k.‘” b(k—l)
ukj = iy G=k+1Lk+2,...,n), g=—p: (3.6.7)
Agx Qg

UjGmhbwnl (3.6.6) hwiwywpgh dGwgwd hwywuwpmilbphg, ujuwd (k+1) -hg, wpuwp-
utip z; mhnfuwyuiGp: UpyyniGpmd unwGulp hwywuwpmiGhph

Iy + UppZo+ - Uit U k1T + o0 T UnZn = Y1
T2t o FUuTit U241 Tk + -+ + UnTn = Y2
T+ Ukga1 Tkt o+ UgnTn = Yk (3.6.8)
(k) (k) —_ (k)
G kaTeat o+ G aTe = by
(k+1) ,
Qnp1 Tkt -0+ af)z, = b

hwiwlywpgp, npunbn

B = gD _gE Dy ij=k+Lk+2,... .0,

O

a .
(3.6.9)

bE"‘”—an")yk, i=k+1,k+2,...,n:

Upunwpudw@ pGpwgph & -pn pwjip wjwpundwd t :
Ujuwhuny, jwwnwpbiny n pw)j, ypgGulijwluwwbu unwind GGp (3.6.1) GuwiuGuijwd
hwiwywpghG hwiwpdtp YyephG Gnwlyjnl Jwwnphgny hwiwlwpg

Ty + UpT + - 4+ Uip-1Tn-r + UnZn = Y1
T2 + 4+ Up-1Tp-) + UnTn = Y2
.................. = ... (3610]
Tn-1 + Up-10Tn = Yn-
In = Un



UpwGny wjwmnymud £ Gwnwsh dbpnnh wnwehG hnyp' mnfip wpunwpumdp: dwiwdw)i
(3.6.3),(3.6.5),(3.6.7) L (3.6.9) pwGwalbtph' (3.6.10) hwiwlwpgh gnpowlhgGlph L we
dwubph hwaynuip hpwlwlwugynui t htnbyw) YuwGnbny.

k=0 (Gwhlwluwl wnyjultp).

o =a;; (4,7=1,2....,n), ¥ =b (i=12...,n): (3.6.11)
k=1,2,....n — 1 wpduplph hwdwnp.

a;ck—l) ple=1
Uy, (z 5 G=k+Lk+2,...,n), yk=%,
Apx kk
, {3.6.12
al) = ol oy (i=k+1L,k+2,...,70), ‘ )
B = —alf Uy i=hk+1Lk+2,....n)
k =n wpdbph hwdwp.
pin-1 .
Yo = 2 (3.6.13)
ann

Qwnwh dtpnnh tpypnpn thoyp, np6 wljwmd 66 Awfwgupd wmbnugpmd, (3.6.10)
hwdwlwpgh wlhwjnGbph withpwlwb npnymui6 b Lwlwdlbpt nlGel hbnbgw) nbupp.

In = Yn,
n .
;=% — Z Ui;Ty, i=n—1,n—2,...,1: [3()14)
j=i+]

Culpuxrnu[mb dbpnnh hhdGwywl vwhdwlwhwynip wyl aGpwnpmpinll t, np
pnpnp a“ ) qnpowyhgGbpp, npnlg Ypw Yuwwnwpdnud £ pudwinud, wdtG pwjnud qunghg
wnwppbp GG: Ujn gnpowlhgGbpp Yngynud 66 wpnwpudwG pGpwgph gufuwnp umwupnéyr.

Quwpybbp (3.6.1) hwiwywpgp (Ywpwgpuo dtpnnny mobpnt hwdwp wihpuwdtn
Aops plwpwlwlwG gnpdnnnipjniGGeph pwGwyp: Ninhn wpunwpudw G hnynud junwp-

ynuwi t
A(” = n +ln2—ln
3 2 6

qnponnnip)nG: Qwlwnwpd wnknunpnuip ywhwiemd t
A},fjs =n‘-n

qnponnpjntG: Wyuwhuny, Q-wniwh dtpnnh hpwiulugiwb hwiwp wihpudbu b juw-
wnuwpky .
Apps = AL, + AR = 203 + Sp?_ Tn ~ 23 (3.6.15)
ops T Tops 3 2 6 3
pywpwlwlwl gnpdnnmipyniGp: GG npmd, gnpdnnnipyntGGbph gkpwlhn pwlwlyp
dwiuuynud £ hwdwlwpgp YbphG tnwlynl nbuph piptint pGpwgpnud:
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dbpp unwgyuo (3.6.11)+3.6.14) pwGwdlbph hpdwG Ypw qpbGp Q-wniuh dkpnnh
wignphpip.

Pseudocode GAUSS
input n, (a;;), (b;)
fork=1,2,...,n—1do
forj=k+1,k+2,...,ndo
Qkj = Qkj/Akk
fori=k=1,k+2,...,ndo
Ajj = A5 — QikQgy
end
end
by = bi/arx
fori=k+1,k+2,...,ndo
b; = b; — aiby
end
end
by = bn/ann
In = On
fori=n—-1,n-2,...,1do
z; =b; — Z": ai;T;
J=iH!
end
output {z;)

3.6.2 Qumwh dtpngh Yuwp Swinphgh LU -ybpnmdmipyjwG htin

hGywbu Ytpp gniyg wpytig, Gwniuh depngh ninhn wpnwpunip dLwghnfumd k

Az =b (3.6.16)
hwiwluwpgp hwiwpdtp
Uz=y (3.6.17)
hwdwluwpgh, npubin
:— 1 U2 Uin- Uin 1! [ h ."
I 0 1 Ugn-1 Uy ! Y2 '
I ! :
U= | - . Y= : ‘
| 0 0 1 Un-in Yn—-1
Lo o 0 1| o

(nbu (3.6.10)): Uyn pGpwgpp Yupbih b hwdwnnn Yhpuyny GYupugpt] dwnphgujh
abwthnfuntpymGGbph dhongny: hgmp A® ¥ 4 L 5@ % b: VywGwyklp A® L
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b® -ny wlhwpnGhph ninhn wpnwpuiwi k-pn pwjthg htiwvin unwgywd hwiwlwpgh
dwwphgp L, hwiwwwwmwufuwlGwpwp, we Swup (nbu (3.6.8)): dwiwdw )G GEpdmdywo
GwGwyniGlph’ (3.6.6) hwiwlwpgp Ywpbith £ Geplujwuglty

Ak g = plk-1) (3.6.18)

wtiupny: Ujn hwdwlwpgh tpym YnndG k) dwhuhg puqiwuywnytip

F 1 .
1
0
1
Li= Iy (3.6.19)
-1® 1
@
0 —lyar 1
i -1 1]
unnphG tnwGYym G Junnphgny, npunbn
(k-1)
(k) _ 1 ® _ %k g . :
lkk_—(_kt]—)-’ ljk—ﬁ,]—k+l.k+2,...,n.
Ay Ay

GQuunw GwGp’
L A% Dz = [, b1 .

CGnphpy L, dwwnphgh pGunpnipjwG upupqimd t, np L A% = A® L Libke-Y =
b®): Wyuwghuny, wGhwjynGhph wpnwpudwb pGpwgpp b (3.6.16) hwiwlwpgh ptpnuip
(3.6.17) ybphG GnwGlymG wmbuph Yupbih £ Gipjuyuglt) htinbyw) pwlwdlny’

(Uz =) LyLp-y...L1Az =LaLny...Lib (=y): (3.6.20)

Ujuntinhg YuwnwGwbp, np
y=L"b, (3.6.21)

npunkin
L = (LnLn_] e L])_]

dwinphgp unnphG bnwGlyniG Ywwnphg b (nbu 3.5.2 L 3.5.3 pinptdGepp): Stnunpbiny
y ytlwnph (3.6.21) wpunwhwjnnipymiGp (3.6.17) hwjwuwpiwG dk9" hwignud kGp

Uz=L"

hwywuwpdwbp Yuy, np GnyGa £
LUz =b (3.6.22)
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hwyjwuwpiwGp:

<wdwnpbny (3.6.22) hwjwuwpmdp (3.6.16) GwhiGwlwl hwjwuwpdwl htwn' Gqpu-
Juglmd LGp, np Gwmup dtpnfp (Ghwy pwdwlGiwbG wignphpd) hwlnhuwlmd E puwn
tmpyjul LU —dbpnrn: (hinhn wpnwpudw( wpyniGpmd unwGmd GGp U JbphG tnwG-
WmG Swwphg L y = L~'6 ybYwnp: Lybkhp, np L dwwnphgh wwppbpp wipwgwhwjunn-
nbG hwqupyymd GG mnhn wpnwpudw( pGpwgpmy L hwdwyuwpgsh hkhznnmpjuG gk
260 wwhuywGymu:

3.6.3 UGymGwqdwjhG gbphyfuniny SwnphgGhip

[1pny nhwpbpmd Yupth b hwdnguo h6k) wyl pwGmy, np Shwy pwdwldwl wign-
phpimd hnhinpuwyuwGibph wpnwpumdp Yupnn £ ppwlw) wnwlg pwpnmpimGGepp
(hwdhﬁw_]ﬁ nhwu, mbuwYulnpbG): U Yepy wewd, wpnwpudw i jmpupwlyjmp pwj-
md apy q[}qunp wnwppp YhGh qpniphg wwppbp:
Uwhdwlmy 3.6.1 : YwubGp, np A = (@ijjaxn SwnphgG mGh fupun whlymbwgouyil
qbpfpfumd, tph

iai| > Z|a,,| i=12,....n: (3.6.23)

J#r

GGpwnpbbp, np (3.6.1) hwdwlwpgh A dwwphgG odwndwd k (3.6.23) hwwnympjwip:
dbpwnunlwbp Gnphg mnhn wpnwpudiw b pGpwgph wnwehlG pwjihG: Lwbh np

lan| > Z la; {3.6.24)

www wjunmbinhg htnlund £, np a5, # 0: Wemhbwl, (3.6.3) pwGwdlbphg L (3.6.24)
wlihwjwuwpmpimihg unwlmy Lip

n ' n Ialj
> lwji= Z|a—
j=2 j=271

wlhwjwuwpmpmbp, npp Yoquugnpoblp hbnwgquiymad:
Unweohl pwjjh wywpwnhg htinn unwlmy tlp (3.6.4) hwdwlwpgp, nph dwwnphgl
mGh htwnbjwy nbupp.

| <l (3.6.25)

1 U2 ... Up

i (N (‘)

an=|© |‘122 Soe G
(n 1

l 0 l (2001 e as'n)

8nyyg wmwip, np wnwldbwgyud «wynhy» GGpwdwwnphgp, nph ({uwwndwdp whup t
Juwuwpytb gnpdnqmpymGGbp wpnwpudwG pGpwgph hwenpry bpypnpn  pwjimd,
GnyGuybiu nGh pupun wGlymbGugowghG qiphztumy: bpnp, gniyg wwip, np

lall| > Zla“’ i=23,....n: (3.6.26}
J#t
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Oquybtiny (3.6.5) pwlwdlbtphg b (3.6.23) wGhwyjwuwpnipymGGbphg’ YuunwGwGp

1

| : )I - |a:i — q; |u|l| > |(l,,| - |a1|| Iulzl > Zlaul Iaill |uli| =
J#t
Y‘ |a,,| + |a,|| - |an| |Uh| = z |ﬂ T a,-,u,,-| -+ |an| - |ail| |'ll1i| >
;ff _);11
(1
vla )I—Ylalllluljl*lalll_lazllluhl—Zlas;)!T tl| Zlallllu|_)|_
,¢ 1#! 3;1
T |a | + |ai| (1 - z |u|J|)
ij=2

J#r

Wjuwnbinhg, Gywwh nGhGwiny (3.6.25) wihwjwuwpnipymGp, umw(inui LGp wwhwGeynn
(3.6.26) wGhwwuwpmpymbp: Fpwlny huly, dwubwynpuybu a 9& 0 L Qupbih t
hphwlwGwglb] wpmwpudw6 pGpwgph Gpypnpg pwjip: Cun hﬁr}mughuuh wnpmGuilybgny
hbnmwquw nuwnnpnipymGGepp, hudingymu bGp w6 puwlnd, np a&.—') #Z0,k=3,4,....n

3.6.4 Quwnup dkpnymd dwwnphgGhph wuwydwGwynpwonipjwl dwuhb

Mupqynud t, np npn) phwypbpmd Gwmup dtpnph wgnphpdh Yhpwnmdp Jupnn t
hwqbglb| hwiwlwpgh GuwGuwlwG dwunphgh wuwjdwGwynpuompjwb Juwwnmwgiwlp:
Unwyb 62gphwn, mnhn wpunwpuitil hbnmbwipnd unwgywo U 4bph6 tnwGlymb dwwn-
phgh wwjpdwGwynpudnpjwl pjitjp Jupnn t qquihnpbl d6d nunGw; A dwwphgh
wuwjdwlwynpywonipjwlb pyhg:

Npytiu ophGwly nhunwpyklp

I +r, = b
&Iy T TIn = b2
I —I2 +I3 +T, = by (3.6.27)
—L =Xy —XT3 0 —Inot FTa = by

hwdwlwpgp, nph dwwnppgl nGh hbwbjw) wnbupp.

(1 0 0 .. 0
-1 I 0 ... 0 1
A= -1 -1 1 ... 0 1 (3.6.28)
|
-1 -1 -1 ... -1 1
QGwhwunwyuGbhpp YywunwpkGp , Gnpdmd: Stnp nlh
3n
1Al < [IA]l < \/—T.——l <n (3.6.29)
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wlhwywuwpnpymbp: Qwlywnupé dwwphgh [|JA7']| Gopdh qGwhwwiwG hwdwp
nhnwpytilp shwynp JtljunpGtph hwiwlwpg.

e®=100...010...0]", k=1,2,...,n
(e® Jtywnpnud Shunpp quGymd £ & -pn wbnnud): Lhgnip
2 = [ 2T
Jtywnpp hwdwlwpgh jmonuwiG t e we dwuh nhwypmy, wjuhGpl
AP = ¥ .

UGdhowlywl unmquiwdp Yupbijh £ hwingyby, np

R I SRR R (L)
(k) (k) .
‘Lk-{ 1= == l/" 1 — 0 I(k) = 2 k

UjGmhtnl, ndjup st gnyg wwy, np (3.6.27) hwdwlwpgh monudp Ywdwjwlwb
b= [by by ... b,|T we dwup nhwypmd Yupbih b Gepyujughtg

n
T = Z bz
k=1

wmbupny: U)n nhiypmy,

147111 = masx 14™"4l] = max llal] = maxc|| 3 b <

1/2 1/2
maxc 3% [bu] |2 < max 1]+ (£ 111) = (£ 11212)
k=1 k=1

llel|=
Luwh np
I = e = 3o o = LR
wuyw = 9'='
41" < (i L{”") " = (%(" + %(1 - ‘--’_2")))”2 <V
k=1 ' . .
Ujuwhuny,

A" < v : (3.6.30)

Ogquytiny (3.6.29) L (3.6.30) qiwhwwwywGGtphg umwGmd tGp A dwwphgh wwjdw-
Gwynpyudmpjwb puh qlwhwwwlwbp.

i(A) < nyn (3.6.31)
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flinhn wpnwpudwG wprymGpmd dLGp unwlnd LGp

Ur=y (3.6.32)
hwdwljwpgp, npph dJwwphgl £
[ 1 HE
1 0 2 |
1 2
U= :
0 po
1 2am-2 |
[}
]

Stinph mGh htwbjw| gGwhwnwluGp.

n—2 i/2
01 = s 0] > e = (1 5 2%) 5 o
ilzli= —

£=0

UyGnehtwnl, wGdhowlwG wnmgqiwdp gdwp sk hwdngyt) wyG pwlmd, np

[1 -1 ]

| 0 -2 |

' o2 |

Tl B ¥
0 b
i 1 —am=
i

Lwlp np

=" =il > 2=,
wujw

KUY = ||UIUMj> 477" - (3.6.33)

Qwidbdwwmbiny (3.6.31) L (3.6.33) gGwhwunwluiGspp’ mbuGmy Gap, np L7 dwwnppg)
wuwjdwlwynpjuwompywl phyp qquipnptG gbpuqubgmy t GwpuGujuwiG A dwwnphgp
wwjdwlwynpjuwdnipyub phyp:

3.7 Quwnuh dkpnnp qiluwynp mwpph pGnpnmpjwdp

Luwhunpy wwpugpuwdnmd phuwpyywd Gwnwh dpnh mwppipuyp’ dshwy pudwliiw G
wignpppip oduywd k kwwl phipnipywdp. wyl qﬂumqnp wnwppbph qpnyhg mwppbip
IhGtm wwhwGep: Gph wpmwpudwG A -pry pwynmd aM © gnpdwlhgp hwywuwp (hGh
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qpnjp, www wyn wignpppdp nunlmad t ny whnwGh, jGwjwd wyG pwGhG, np hwjwuw-
pmiGeph nyw bwdwyuwpgp Yupnn £ mGEGu nuonud: fwgh npuGhg, qfuwynp nmup-
nkph qpnjhg wwppbp (hGep pwwupup £ depnnh YnnbunppuG hwiwp dhwjl nbuw-
GwlnphG: GnpdGwyubnud ubGnhpp dh dinpp wy t: Gphk hwyymidGeph plpwgpnud
hwlnhymd &G guwynp wwppbp, npnlp pudwywGwwih tinpp &G dGwgwd mwppbph
hwibdwwnipjuwip, www nw Jupnn b monuihg dko tnmuidlhph wywwwn punlw):

OphGwy 3.7.1 : Vhnwpyklp

Inudwijuipgp, np ol b

~L'|=1+—1:_—E. Iz:l_li.—:

Adjup st Ghuwwnb, np pujwlwGuwyu dinpp €-p hwdwp z; = 1, o = 1:
GhpwnptiGp, np hwiwlwpg) (monwip hpwijwGuwgynd t uvwhnn yewnny FL(10; p,7)
pytip) hwdwluwpgnud: dkpgGhGp € = 1078 : Yppwnkiny dhwy pwdwGiwb wgnpphpip
JuunwlwGp.
108
O

10°8 1|1 1 108
1 1] 1 1
1—’ rn=0,2,=1:

i
4

0 -10%| -108

[1 108i 10*}

1o10° | 10°
0 11

Uunwgywd x -h wpdbpp bwwbu hbnm E hpwwG wpdbphg: Widd (3.7.1) hwdwlupgmy
wnnntpp ginfubilp wbintipny: Yuunwlwlp htiwnbjwg wprymGpp.

-1 1

1078 1

Ujuyhuny, ppgwd ophGuyp gnyg b wwihu, np ShwjG qpnjujuG gjluwynp mwp-
phphg unwunbp pwdwpup b Wahpwdbyn £ fumuwdib) Gwl hwpwpbpuywtnpbt

thinpp glhuwydnp wmwpptphg: Q-pwlng huly delp hwigmyd tilp Qwmup dkpnnp gkl wy)
wnwppbpwyh' ggfuwsynp unwpph pGupmp pudp wignpipdfG.

2 1 1|2
1:|'—*[0 1\1]—> .L'|—1_..l‘2—1. ‘

Qnympiml mGh gfuwynp wmwpph pGunpmpjwb bplp nuGul.
(w) glfuwynp nwpph pGupnipiniG pun ujwG,

() quuundnp wmwppp pGunpnipymG puwn wnnh,

(9) qiuwynp wwpph pGunpmpjnG pun dwwnphgh:
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Enpnp bpbp bnwlwyGbpp ufubdwnhynpbG Wwanybpgwd b6 GY.3.7.1 -mu:

k kK 9q kK 9q
1 T
I |
7 K | k |
0 0 l 0 |
o[ 2 | Lo [
| |
— —
(w) ® @)

LY. 3.7.1 G fuwynp nwpph pGupnipjuG bnuGuwyGbpp

Swip Gywd bnubGwybbph hwiwnnn GYwpwgpnipyniGp:
¢ G juwynp wmwpph pGwnpnipymG puwn ujwG:

CGpwgph & -pn pwjmuy a(k " i=kk+1,...,n wnwppbph Shohg pGupymy t
puwgupdwl wpdtipny unib(iunibo wnwnpp.

U)Gnihtunl plrywjGiwd dwwnphgm, nph ybpghG uymGG6 t hwGghuwGnd ghnwplyynn
hwiwywpgh wquwn winuwdGtph uynGp (ntu GY.3.7.1(w)), thnfuymd 66 wmbnbpny A -pn
L p-pn wnnbipp: StnuihnfunipjwG wpymGpmd a;k N wnwppp punGmy t wGhwjnGeph
wpwnwpuiwG pGpwgph A -pn pwyih giluwynp wwpp:

¢ G fuwnnp wwpph pGunpmpymb puwn wnph:

CGpwgph k-pn pwjmdy a“‘ D, 7 = kk~+1,...,n wmuppbph Shohg pGupymu t

pwgwnpdwly wpdtpny uuib(iuuibo wnwppp.

|a(k V= Jnax |a(k D
‘HiwGhg htann pGryw)GYwd ﬁwmphgh k-pn L ¢-pn ymGhpp thnfjudmd 66 wbnbipny
(mbu GY.3.7.1(p)): UpnymGpmu a 1 wnwppp nunimd t wpnwpudwG A -pn pwjih
qjuwynp wwpp: {wply t G4, np wm nbwpnud hnthnfuwywGGbpp thnfuynud GG wknbpnyg
(T v Tq):

e Gqluwynp wmwpph pGunpmpniG pun Swwnphgh:

CGwnpymd t pwgwpdwl wpdbpny wikGwikd wwppp as;"” yhLhyi=kk+1,...,n
wwppbiph dhohg.

o] = may jal%™]
k<i,j

107



U)jGnihtiinb ntintipny thnfuynud GG pGnpuyGwd sunnphgh k-pn L p-pn wmnnbpp, hGywtu
Gwl k-pn L g-pn wmGhpp (nbu 64.3.7.1(9)): Fpwlny huy e~ wwppp nuinbnu
E wpnwpudwG & -pn pwjih qiuwynp wwppp: bGywbu Gwpunpn phypnd, z Lz
thnthnfuwywGGhpp thnpuymd GG mbnbpny (zx — z4):

G fuwynp wnnwpph pGnpmpjwdp Gwniuh dGpnnp upkih b Giwpwgpk] SwnphgujhG
dLunhnfumpymGGtph vhongny: F-pw hwidwp dingGhlp hwwnniy whuh JunnphgGbpp:

Uwhiwlnud 3.7.1 : P € R™" dwwphgp, nph jnipwpwlgynip wnuinn L jnupupwlyjnip
ujnti wuwpmGuynd £ 6hpw gy shwynp, huy dGwgwd pninp wmwppbpp hwwuwp GG
qnny, Ynymd b wnbnunpinfumppul dunnphg:

Qwuwnnpbl wbnuihnpumpjul dwwphgp unwgymy L Shwynp Swwnphghg wnnbtph
(Ywd uymGbph) nbnudinfunipjwb shongny: OphGuy.

0 0107
0100
P= 0001
1000

-

Stnuihnfumpjuwl dwwnphgGhpl odnywd GG htnljw] hbjn wwywgnigynn hwwnym-
pJymGGtpny.

Loddw 3.7.1 : Aplt A dunnphigh pwquwwunnlynidp wehg (dwifuhg) nbinuhnfump il
dunaphgmi hwdwnpdbp t gpw wymGhph (nnnbph) hwdwupwunwafuw 6 mbnuiginfunp juGp:

Loidw 3.7.2 1  Sbpunpnfumppul  dunnpfglbph  wmnwpmuyp  wmbnuhnfumpwl
dwuihg t:

Luidw 3.7.3 : Shquhnfumppul dunnphgn oppngnbuwy dwuiphg L:

Uju thwuwnbph wuywgniygp pnnmy tGp pGptipgnnhG npwybu JupdnipjniG:

Stnuihinfumipjwl JwnphglGbph pwqinipjniGhg wnwGdGuglblp wjuwbu Ynydwd
wbnuipinfumpyuwl nwppwlwl P ; yunphgGpp, npnlp unwgynud GG Shwynp duwn-
nphghg' Gpw ¢-pn L 7 -pn winntiph wnuthnfumpjwG wpyymbpnud:

JdbpwnunlGwbp ybpp phuwpyuwd qiiuwdnp wnwpph pGunpmpjwl tphp GnuGuly-
GtppG:

o Quluuninp unwpnph pGupmpyml pun uyw i

Cuwn ujwG qiuwynp wwpph pGunpnipjwl dwiwGwy A dwwnphgh pepnuip U le[ll'lﬁ
bnwGlymG wmbuph upbh £ Gepluwjwugll) hinbjwy Yhpw.

LnPpi, - LaPaiy Li P j A= U, (3.7.2)
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npnbin Py ;, dwuphgp wbnuihnfumpjul nwppuw dunnphg b (i > &), huy Li -G
unnphG GnwGlynG dwnphgG £ uwhdwGiud (3.6.19)-nud : Adjwp st huwdngyby, np

LnPn‘,’" - L2P2_i2L|P|_,‘]A = Ln e L2L1 Pn e Pg_,'ZP]','lA . (373)

Yuwnwpklp GuGuymdiGhp.
LY (L, ... L)', PYP, .. PP,
Wn nypmad (3.7.2) hwjwuwpnipjmGp, hwyh wnGbiny (3.7.3)-p, Yupbih £ qpbg
L'PA=VU
nbupny, Yui
PA=LU, 3.74)
npunbn L -p unnphG bnwGlymG dwwphg £ pwGnyg huy
Az =b (3.7.5)
hwiwlwnpgh monuip hwGgbgymd b tnwlymG dwwnphgGbpny

Ly = Pb,
Uz =y
hwiwYupgbph hweonprpuljwG ntddwG:
o Qutuuninp mwpph pGupmpymd puwn wnnnf:

Ujdd nhnwpykGp pun winnh giluwynp wiwpph pGnpmp)ul bnubGwyp: LwuGwyuw
A Swuphgh pipmdp U ybphG tnwGlyymG wnbkuph gpymad £ hnbjwy Yepy.

Ly... b1 AP j Py, ... Prj, =U (g = k) - (3.7.6)
Gpb Juuuwpbklp GpwGwlynmdGhp
LY (L, ... LL)", PYP, Py, ... P,
wujw (3.7.6) hwywuwpmp)mGp YpGnmGh
L'AP=U

nbupp, Jud

AP =LU : {3.7.7)
U;n niwpnud (3.7.5) hwdwluwpgh (puonwip Juipbih b unw G hbnbjug hwenprpuljulnt-
pjwup.

Ly = b,
Uz = vy,
r = <.
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e Qhuwynp wmwpph pGunpnipyniG punm dwnphgh:
Nhwwpyynn niwpnd nGaGp.

LoPri, - LaPr i Lo Py AP Py G, o By = U (2, % 2 K)
Ywy, hwyyh wnGtny (3.7.3)-n
Ln...LoLhPr, ... PoiyPr AP j Pojy ... Prj, = U
“thgmp
LY (Ln... LL)", PYY P, . PPy, PPEP. P, ... P, :

Wjuwhuny, unwbmy Ghp
PYAP? = LU :

hwjwuwpmp)niGp: LwlGwlw6 (3.7.5) hwdwlwpgh Momdp hwyyynud L htwnbjuyg
Ytpuy.

Ly = PO,
Uz. = vy,
r = Pz:

dbpomu GkGp, np qifuwynp wnwpph pGunpnpyniGp wwhwGemd k pugnighy pywpu-
Gwlywbl gqnponnmpimGatph Yuwwwpmy: Hdjup & hwyqupyti, np qluawynp wmwpph
pGupnipyniGp’ puw ujwi U pun wnnh, WwhwGemd t jpugnighy ~ n?/2 pwpwlwlyws
gnponnmp)niGGtp, huly pun dwnnphgh pGupnipjwG nhwpmd wyn php ~ n3/3:
WyuhGpG, qifuwynp wwpph pGunpmpiniGp’ pun dwunphgh, gptipt YpyGwwywmnyma k
Quwnwh depnnh hpwiwbwgiwl hwyynnuiwl dwfuubpp, vwluw)G wybkh hmuwih
tnwGwy t:

3.8 Iuntulm dtpnnp

Muwpqynud Lk, np bpk hwidwwnpgh dwnphgp uhdbunphy kU ngpuju6 npnpjwy, www wjn
nbypmd hGwpwynp £ hpwluwbwglt] hininfuwuwbieph wpnwpudwb dkpnnh dh wy|
nwppbpwy, npp wwhwGenud t Gpym whqwd phy hwannujwb wwnmwbp:

3.8.1 Utpngh wignphpip

bhGywbu wpnbG Gyytp £ 3.5 wwpwgpupni, jwiwjwywi A € R™™ dwwphg, nph
pninp wilnGuqdwihG shGnpGtpp qpnjhg wwpptp 66, shwpdpnptG Giplwjugynud £
A = SV wpnwnpjuih wbupny, npntn S -p ny qpnjuwlw6 whyymGuqdwjhG wwpptipny
unnphG tnwGyynG dwwphg t, huy V-G ybphG GnwGinG dwwphg b, nph wGyyniGu-
qowjhG nwppbpp hwywuwp GG dtyh:

110



LbpyuwjwglhGp S dwwphgp htnbjw) wbupny.

Sn 1 S
s; sp O sa1/sn 0 s 0
S = . . = . .
: : . : : 0
Snl Sp2 .-+ Snn Sm1/S11 Sn2/S22 ... 1 Snn

“Fpwiny huy Ggwd A dwwphgh hwidwp wbnh mGh shwpdbp Yepnidnipymb
A=LDV, (3.8.1)
npuatin
L-p unnphG tnwGyymG swwphg t, nph wGyjmGwqdwihG wwpptpp hwywuwp 66
dtYyh,
D -G wGlymGwqgdwjhG dunnphg k,

V -G ytphG GnwGYymG dwwphg k, nph wlyymbwqdwihG wwpptpp hwywuwp GG
dtlh:
Ujdd GGpwnpblp, np A-G whibwnphy npuwlw6 npnzjw) Swnphg t: Uyn nhypmd

LDV =A=AT =VTDL"
hwyjwuwpmpymbhg, 7Gnphhy (3.8.1) Yipymompjwb shwpdbpnipjwG, vunnwlmyd tGp, np

L =VT: Ujuwhuny,
A=VTDV . (3.8.2)

hGyybtu hbnlmd t (3.8.2) YyipimompjmGhg,
1 2 ... 1 :
A(l 9 :)=511522...Si,‘, i=12,...,n:
Ujuwnbnhg, oquytiny 3.2.1 ptinptdh wGnnuhg, Yunwlwip.
1 2 ... 1
A( 12 ... )
RS
A1 2 i1

Vs
D2 d_i_j VS22 0
0 K

>0, 1=12,...,n:

UingGtijny

sﬂﬂ

dwuwiphgp' (3.8.2) YyupnidnpymGp Yupbith b Gepluywgltg
A=VTDV?pV?y =UTU
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wnbupny, nmntin

U =DV
ytphG GnwGlymG duwnnphg £ /7 whlyniGuqouwhl mwppbpny: Uyuwhuny, hulqmd
Llp htnbjyuw) wGniwp.
tnptd 3.8.1 : Updbuipnhly pgpuwliuwid npnyuy A dwaphgp qupbih b dpuwpdbpnpbG
bpmioty

A=UTU (3.8.3)
wmnununmuuih wbupny, nmnbn U -6 gpulwl wGlymGuqoughl umwppbpm| JbphG
tnwGlym 6 Junnphg t:

Uwwnphgh Gaplujywgnuip (3.8.3) wbupny Ynyyma &t lmbugm JGpniompimé.
Gunmgtlp U dwwnphgh wwpptph hwpdwl wiqnphpd: MékGp

1
Qij = ) Ukl (1< j)
k=1

Jud
Ut + Uity + oot = gy (1< J),

ul +ud+ - +ud=a;
Ujuntinhg umnwbnud klp hwpwplyujhG pwlwdlbp.

i—-1

i1 Qij — 2 Ukill;
Wi = |ai— Y u, wj= ";—' (G >1), (3.8.4)
k=1 1}

i=12,...,n:
Wuwhuny, U dwwnphgh wmwpptpp qunGmd GGp hwenprupwp, nnn wn wnnn:

Pseudocode CHOLESKY
input n, (a;;)

un = y/an

for j =2,3,...,ndo
Uy =alj/ull

end

fori =2,3,...,ndo
Wi = y[Gii — 2 U
forj=i+1,i+2,...,ndo
i=1
Ui = | Qij — 2, Ukillkj | [ Wi
! ( PR k’)/
end

end
output (u;;)
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Ydup st hwagwplyby, np U dwnphgh wiwppbiph npnpdwG hwdwp wwhwGeymy t
juwwnwpb
1 3

AmNgn

pwpwlwlywl gnpdnnmpymG: Gpp U Swwnphgp npnzgwd £, wyyw GwjuGujuG
Az =b
hwdwlwpgh (ndnuip hwlgbgynud t tnwGlyniG SwwnphgGhpny

UTy = b,
Uz = y

bpynt hwdwlywpgbph hwenpwlyw nadwlp: Fpw hwiwp Juywhweyh Lu 2n? pyw-
pwlwlwl gnponnnipjniG:

Cwpunpwd dtpnnp Ynyymd t vmbulm dbpnng (w6 wGwlnid 66 Gwl pwmuymuf
wpdwinGhph JEpnn): Ubpnnh pyw)hG hpuwlugnuip wwhwgnud & ~ n3/3 pwpwlw-
wG gnponnmpyniG: Ujuwhuny, n-h dko wpdtpltph nhypmd bonjbuym dkpngp tipym
wlqud wybih wpwgq t Gwniwuh dpnnhg:

38.2 U swwphgh wwjswGwynpwompub phyp

Wuwntin dtGp YpGGwpytGp I, GnpdhG hwiwwwunwupuwl ywpiwluwynpjuonipjub
phup:
GlpwnptGp, np A dwwphgh ubthwywl wpdbpGipp hwiwpwjwwd GG w)Gubu,

np
O<M <A< <A
Ujn nhypnd \
k(A) =2 (3.8.5)
Al
hGywbu wpnt6 ghntlp (ntu (3.3.20) pwGwdlp),
Ul = V/ibmaz »
npnbn fmee -p° UTU dwinphgh wibGuidtd ubthwywG wpdtpG t: buy pwih np UTU =
A, wyu
U1 =y : (3.856)
UjGnithtunl,

U] = v/mas

apabn Vmez-p (U~)TU™! = (UUT)™' dunnphgh wibGuibd ubthwlwl wpdtpl t:
QujnGh t, np UUT L UTU swwnphgGlph ubthwywa wpdbpGtpp hwipGyGnud GG (npuw
wuwgnijgp pnnimd bGp pGptpgnnhl): Wy wwwndwnny vme, -p hwGghuwlnd £ Gub

113



(UTU)™! = A™' dwnphgh wibGuibd ubthwlwl wpdbpp, wjuplpl vme, = 1/X:
Ujuwhuny,

U= = (3.8.7)

1
Vi
UyGhwjnnpkG, (3.8.6) L (3.8.7) pwlwdltphg htwnlmd t

[An
k(U) =2 (3.8.8)
A1
hwjwuwpmpymGp:
Qwdbtdwintiiny (3.8.5) L (3.8.8) pwlwdlbpp' Junwlwip

K(U) = /&(A) :

LiwG dlny, pwbh np |[UT] = (U] w IOT)7 = 0], wwyw

k(UT) = k(U) = \/K(A) :

Wuwhuny, U L UT dwwphgGbph wuwjdwGwynpwdmpjub pytpp, hwibwunwd
A dwuphgh wywjdwlwynpwompjwb pyh htin, thnppwlmd t6: Ujn hwlqudwbp ty
2whtijwG dlny nwppipmd t luntuynt dkpnnp G-wnwh dpnnhg:

3.9 Gptpwlyjnilwgdéwjhl dwunphgltpny hwdwljwpqbph
[monuip

Npnwyh nhwptpmui qowjhG hwipwhwywlwl hwjwuwpmdGhpp hwiwlwpgp upnn
t wwpmGwyby dtd pyny qpnjwlwl wwppbp, npnip wtnupwiudwo b6 ny pb wGywGnG,
wj) hnd qubqyuoGhpny Gujuwwbtiu hwjnGh mbgtipmd: Uyn nhiypbpmd hwwpyGhpp
Juptiih t Quqiwybpuyt] wiGutiu, np wyn nwppbpp jGipwndtG hw)ywpyuihl pwGw-
dLGpmd L, winwhuny, ginppugyh hGyutiu wwhwleynn hhynnnipjul dwydwip, wjluybu
ty hwynnujul wjuwwnwipp: ‘

NhawpytiGp qdwjhG hwlpwhwywlwl hwjwuwpndGhph

dizy — bl.’l?z = 7N
—a;xi_; +diz; ~-bix; = 13, 1=2,3,....n—1, (391)
—ApTp-1 +dpTp, = T,

hwiwlywpqqp, nph dwwnphgl mGh hbnbjw) Junngywodpp.

di —b
—as d2 —b2 0

0 —Qn_1 dnoy —bazy
—a, dn
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Uju nbiuph dwnphgltpp Yngymd GG bplipwblym GuwqouhG. bpwGp hwdwfu GG hwinh-
wnud Yhpwnwyw fuGnhplGtpnd, dwubGwynpuwbu, nhpbptGghw; hwyjwuwpnuiGtph
pywjhG (nodwl dwiwbwly (nb'u, 3.9.1 ophGuyp):

3.9.1 Utpnnh wignphpip

Spywd (3.9.1) hwiwlywpgh (nddwl wnwewplyynn dkpnnh hhdpnud pGYwo k dGq wpnbG
hwjnGh wlGhwypnbtph hwenppulpuG wpunwpuiwl ulyqpniGpp: Utpnnh wignphpip
Gipwnnud £ Gpynt thmy: UnwehlG thnym, npp Ynpdmd & mphn wpurwpumd, (3.9.1)
hwiwlwpgqp dLbwhnfuymd kb hwdwpdlp hwiwlwpgh’

i — V%1 = pi, 1=12,...,n-1,

Iﬂ = pn, (392)
nph qnpowlhgGhpp L w9 dwubpp hwynid GG hbwnlywy pwGwdlbpny.
b b = 2,3 1
=7 i= g 1= 49,...,0n— 1,
" YT 4 e "
(3.9.3)
_n _ritpiag .
1 a4’ pi —di_%_]ai, 1=23,...,n:

Gpypnpn thoymd, npp ywljwGklp Awjwnwpd wnbnuapmyd, wihwjnlitpp wishowjw-
GnptiG hwpyyma GG (3.9.2) hwiwlwpghg.

In = Pn,

T = YT +p, i=n-ln-2..,1: (3.94)

Qnhlp Gywpwepyud dtpnnh wignphpip.

Pseudocode 3dSYSTEM
inPUt n, (ai)v (di)v (bi), (1‘,’)

"N =bl/dl
[ =7'1/d1
fort=2,3,...,ndo

pi = di — Yi-10;

Y = bi/ i

pi = (ri+ pic1ai)/ s
end
In = pPn
fori=n—-1,n-2,...,1do

Zi = YiTiv1 + Pi
end

output (z;)
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Uignphpih hpuwGwgiwb ypw dwhiuwjwd pdupwlwywul gnponnmpniGGiph pyh
wuwpqugnt)G hwagupynp gnyg t wnwihu, np

Aopps =8n—7:
Ujuujphuny, dkGp nGkGp pun upgh oupnhdw| dkpnn:

TYhnnmipniG 3.9.1 : Uunwgywo dbpnnp, puwn tmppul, Qunuh dpnph df unuppbipnul
t Upw wnwGdGuwhwuymp mGp dwwnphgh uinmgduwoph Jbupbpguy hapnpdwgfuh
oquuugnpodwl dtip E: Gphi (3.9.1) hwdwlwpgh imodw G dwdwGwly GhpwnbGp Q-wnuf
ubpnph Inudwp gpywd opwghpp, wiyw gnpdnpmpmGGEph pwGwin YihGh ~ 2n3/3 :
U pwlwlp ququmd &6 ~ Sn pnguwlpuwiwig gnponpmpumbGpp L~ 2n3/3
whpndwlnuly gnponpmpm GGepp (g puquwwyuwnymd (puwdwlnd) ofr wy pyny L
Gpgme qunbbp gmdwpmd’ (hwlmd)): buly Gpl (3.9 1) hwdwlwpgp pmodmd’ b opnugnh
oqlmpyudp, npp ququdgwo t Jbpp Ghplpupwgduo wulpnynph hnwi Jpu. wgw
quponnmp mGGaph pwGwyn phih ~ 8n .

OpphGwy 3.9.1 : Fhunwnpyklp kqpujhG uGnhp pypnpn Yupgh nhptptighw) hwjwuwp-
dwl hwdwnp.

-u"(z) = f(z), O0<z<l1,

(3.9.3)
w(0)=u(l)=0":
fuGnph dnnwynp ndnuwdp Gkt hwdwp' [0, 1] hwndwond YepgGhtp
1
n+1

hwjwuwpwhtr Yenbph hwiwljwng: LGywlwyklp @; -nd dnunwynp (nuodwl wpdbipp
I, Yhnnui: Ogqunytiing wowbgjuih uwhiwbnuihg' nddup st gnyg wmwy, np

r,=th.:=01,....n+1. h=

u(ziy) = 2ulzi) + u{riy)
h? )

Ujuwhuny, dnunnwygnp pmdnuip gl hwdwp wyhnp b mokg

W (i) =

Viet = 20 + Uiy

h2 Zf(Ii), 1=1,2,...,n,

to =ty =0

qowjhG hwlpwhwywyw hwywuwpnuiGeph hwdwlwpgp, npp Jupkh b gpbg Gub
hkwnljw| wnbupny.

) -1 Tlw 1 [#f@E)
-1 2 -1 0 (] hzf(:tg)
-1 2 j‘ll ':U3 _ :hvzf(lta) *
: 0 -1 2 -1 Un_1 W2 f(zn-1)
é_ -1 2 B L Uy i | h'!f(llfn) J
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3.9.2 Utpnnh hpdGuynpnuip

dbpp dklGp nmpu bGp ptpty dtpngh (3.9.3) hwyquwplujp6 pwGuwdlbpp’ ynGeinyg nplt
wwdwG (3.9.1) hwdwhwpgh qnpdwyhgliph Ypw: Uwluy6 wyn pwGwdbbpmd Yul
puwdwiwb gnponnmpymGGtp d; b d; —~,yai,i = 2,3,..., n wpnwhw jpnnmpjmGGepp
dpw: HitGp htwnlgw) hwpgp. hGywhup® wwjpdwGGbph wbwnp b pwdwpuptG (3.9.1)
hwdwlwpgh gqnpdwlhgltpp, npybugh pwguwndh pwdwbndp qungp Ypw: Uwnnpl phip-
Jwd ptinpbdp wwwnwuhuwlmd b wyry hwpghG:

tnptd 3.9.1 “Kgmp (3.9.1) hudwlupgh qupowlfigbbpp purupuyud &G hbmlyuy
wuwpfwGGEpHa.

1. dy #0.,d, #0, (3.9.6)
2. (liaéO.b,aéO,'lS\iSn—l. (3.9.7)
3.0 () |dy| > |by].

W) |di| 2 |a;] +|bi],2<i<n-1, (3.9.8)

(Q) idnl > |(lni7
pln npmd, 3. wuydwGGhpfg gnGl degmd wlhwdwowpmpm Gn fupoay b U pbuypmd
di —vi=ai # 0,0 =2,3,...,n b guulny puy, depngp Ynnklpn k-
Uwwgnijg: Lwju L wnwg wwywgmgtlp, np

Wl <=2, n-—1: (3.9.9)

dhnmwqu qunnnmpynGGtpp YwnwpgbG pGymyghwny: Hhgmp j5;-4) < 1 nplt i-p
hwdwp, npintn 2 < i < n—1: Uy ghwypmd, hwpyh wnGbing 3(p) ywjdwbp, YmGeGwlp

|(1.' - ‘:’:-l“i| > |(1i| - |";i—1| |(li| > |(l.| + |b1| - |‘;.‘-|| |“i| =

, i3.9.10)
(L= |vicaiplail 10 > bi] - '

Muunp

bl
|‘1i —‘,-,'—l(li|

Wyuwhuny, (3.9.9) wihwywuwpmpmGiipt wupugmgywd t6: UyGmhtwnl, (3.9.10)-hg
Juunw Gwip

Al =
il =

|di = ~viovai] 2 || >0, i=23,....n—1:

UWyupGpG, d; —~i_ja; #0, i = 2,3,...,n—1: @npti) JtipgGuwlw G wujwgnygh hwawp
d6nud £ wywgmgty, np d, — a-1a, # 0:
Uyqpnid wyyugmghiGp tpym odw Gl wlnmud:
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MGnns 82 Lps |yioa| < 1 npbk i-phwdup, 2<i<n—1, wguw |y,-1| < 1:
bpnp,
ldi = vicrai] 2 |dil = vl il 2 lai| + [6i] = |vizi||ai| =
(1 = Pialla] + [6i] > [bil
Ltwnbwpwp,

|6
—_— <1
idi “')'i—laz"

vl =
N Guluymd t, np tpb |v;.)|] < 1 npuk i-h hwdwp, 2 < @i < n -1, wyw
pnnp hwenpn ~; dkompymGGtpp pwgupdwl wpdtipny GnyGwbu YihGeG dtlyhg tinpp
L, SwuGwynpwpwp, |[v,-] < 1: MNGpmuiG wuugmgytg:
MGl B: Gpl |y, | < 1, wyw d, — ~p_1a, #0:
bpnp, tpwnptlp hwjwnwYyp' d, — v,_1a, = 0: Un nhiypmy’

o
|AI/11—|| = l ": > ]-1

n

npp hwjwumad b wyGniwl wujpdwGhG: Quwyhuny, ylnnuiG wuywugmgywd k:
Cupmbultlp hpiGwiul wwwgnygp: Oquytlp ptinptdp GGpwnpmpymbhg, np
3. wuwjdwlGbpphg gnlt dbynid wlbhwywuwipnipynbp fuhun £ FGhunwpyblp pnnp
hGwpuwynp wwppbpuyGbpp:
3(w). Mgmp |di]| > [b]: Wn phypmd

|61 ]
=—< 1:
|'Y]| IdII

bubwpwy, |4, < 1 (s W) L dy, — ~_1a, 70 (wlnpud R):
3(p)- Magmp |di| > ai] + [bi| nplk i-h hwdwp, 2 <@ <n-1: Un phupmd

ld; — viova;| 2 |di] = |vicalla! > lail + 1bil = |vi=1| |ai] =
(1 = iz e + [6:] = b

wGhwywuwpnipniGhg Juunwlwip’
|bil

— <1
ldi — ~vicvai]

|7i| =
U._]UU.]I'IU"L[, |’:"ll—|| <1 (U.]ﬁr],l]lli WL d,—vypa, #0 (U.]ﬁl}lllli £):
3(q). Yhgmp |d,| > |an|: Ujuntnhg htimlmd &, np d,, — v,-1a, # 0. pwlh np
hwjwnwl nhiypnid JunwGubp’

ol _

[nal = :
’771 || |(1,.,| '

npp hwlwunud £ ybpp unwgyuwo (3.9.9) wihwjwuwpnipjubp: Ptnpbd wmwgnlgqhg:
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Ujuyghuny, pinptidnud dLwltipyyuo wilynmGuwqdwihG wwppbiph gbphfudwl ww)-
Swlp wywhnymad t dkpnnh Ynnblwmmpimbp: Pwgh w)n, pinptdh wywgmjgh plipwg-
pnud unwgyuwd (3.9.9) wihwyjwuwpmpmGibpp pugwnmyd GG (3.9.4) hwljwnupd wmbnu-
npiwl dwdwlwy Yinpugiwb ufuwpuGpGiph Ynunwlymdp: GGpwnpblp, np v L p;,
i=1,2,...,n~1 gqnpowyhgltpp hwyyqwo GG dqphw, huly z, -h hwydiwl dSwdwGwy
pny| b wpwo & ufuwpwlp, wiuhlGpl hwyggwo bt z;, = z, + €-p: Tw Juqnh dGwguod
z; -tiph ypw, wjuhlpl’ dkip YyniGLGwlp’

L4 »y . : .
I, =vZTi TP, t=n—-1n-2,...,1:

CGn npnud, wyGhwjwm k, np €; = z7 — z; vpuwplplGbpp pwjwpupmd GG

m

n=—=~€&, E.-='y,-£,-+1,i=n—1,n—2,...,1

wlinpwnwpd welympnmbGGappG: Ujunbnhg, hwdwdw)6 (3.9.9) wihwyjwuwpnipymG-
Ghph, Yuunwlwbp '
les] <e. i=n-1,n-2,...,1:

WuhGpG, nhwnwpyynn dnnbpughG nghwypnud &; ujuwpwuGplbpp 66 wénud:
Ybhpoma GytGp, np 3.9.1 ophGwynud pipdwd hwjwuwpnuiGhph hwdwie g dwn-
phgp pwjwpwpnud £ 3.9.1 pnptdh wwjdwGGkphG:

3.10 bwtipuwghn( dtipnnGtp

QdwjhG hwlpwhw)ywlwl hwjwuwpnuiGhph madw6 ninhn dkpanGtph hwdwp wyy-
pGwnpwGpuwhG GG punbpuwghnt (YpyGuntnugpiwb) dbpnnpGlpp, npnlp wwihu Gl

Az = b (3.10.1)

hwiwlwpgh (nnuip’ npubu z¢, & =0,1,2,... YtlinnpGhph wijtpg hwenpnuywbne-
pjwl uwhdw: LUpJwd =¥ YtlywnpGlpp Yngdnud GG Gqppwn inddwG dmunwplymdGbp L
hwyyynud GG npnpwyh optGpGhpny: OppGwy, Ywpbih L wnwewpybg

o = F 7 (AF-b), k=0,1,... {3.10.2)

dtpnyp, npnbn 7 -G hGs-np wwpwdbnp k, huy 20-6 uwiwjwywl vyqpebwlpulb dmnwp-
ymua k.
bubpwghnG stpnnh hhGwlywG pGnipwghpp Gpuw qmquidfunmpymba t, wyuhGpG.

= lim z*
k—oc

wwhw(ep, npnkn z -p (3.10.1) hwiwywpgh npnGhh (omdG b Ewlyw GowGwynmpymG
mGh Gwl {zF}, hwenpruywGnipjub gmquidfunmpjuwl wpwgnipn G
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YGuiwjwwG (3.10.1) hwGpwhupquwG hwyjwuwpmiGbph hwdwyupg Ywpbh
GhpYyuw)ywgGhy
z = Br+c¢ (3.10.3)
hm(impdhp wmbupny: OphGwy, tpk YytpgGGp B=1—-A L ¢=b:
ThuwpylGp (3.10.3) hwdwlywpgh nmdvwG

= Bi¥ ¢, k=0.1,... (3.10.4)
hwbipwghnG dtpnnp, npuntn 2° -G uyqpGwlywl dnunwpynudG t:

Luddw 3.10.1 : Gphi (3.10.4) nbpwughnt dpnpp qmiquidtinn b, wwyw wil gmqudfunmd
£ (3.10.3) hwdwlpwungh jmodwGp:

Uwjwgnuyg: “thgnip z* = k]im *: UGgGhiny uwhtw(Gh (3.10.4) hwywuwpnipymGnud,
Gpp & — oo, uunwGwip

" = Br+c:
LaiiwG wuywgnigwo t:

Qwonpr uiGnnuip wwihu t (3.10.4) hmbpwghnG dtpnnh qniqudhwnpjwl wGhpw-
dtywn L punjwpup wuwjdwGp:

Ptnptd 3.10.1 : (3.10.4) hnnbmugng depngp ququidbn b wyl L dhuwyd wyl nbuypmd.
&np p(B) < 1, wyuhlpl, pp B dunnphgh pmnp vbhwlwG wpdbpGEpp dnpmyny shnpp
b4 dblhg:

Uuwjugmyg: hiGhGp

' = Bi* +¢ = B(B* ' +c)+c¢c = B¥* '+ (B+ Ic

= B}Br**+c)+(B+Dc= B2+ (B*+B~+1I)

Wuwnbnhg wwpq bpland b, np - {z*}2, hwenppuwlnpymGi mGh vwhdwG w6 L
thw)G wyG nhwypmd, bpp gniqudhnmy

Z B™ {3.10.5;
m=0 '
wumnh8wGuyhG dunnphgw)hG pwppp: buly wyn pwpph qniqudhunnipjwl hwdwp, hudw-
dwyG 3.3.3 pbnpbdh, wGhpwdbyn L pwupwp b p(B) < 1 wu)dwbp: Onptil www-
gnigywo t:

Uwluw)G gnpoGuywGmd, hnbpwghnG dtpnnh qniquishnmpymGp wwpgtipnt hwdwp,
hwéwju hwpdwp b (hGnud oqunyby hbwnbyw) pujuipup ww)jdwbhg.
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ptnntd 3.10.2 : Gph B dwuphgh npll Gonpdp shnpp b dbhhg, wupw (3.10.4) hunbipughnG
dbpnnp gmguiltin L

Uwuwgniygp widhgwwtu htitnlmd t 3.3.1 L 3.10.1 pnpbuGbphg:

{bﬁqblnq ytpehlG plinptdh L dwwnphgGtph npny Gnpdbph GepluwywgmuiGhph Ypw
(nbu 3.3 wwpwgqpudp) Yumwbwbp (3.10.4) hnbpwghnG dtpnnh gmquihnmpjwub
hnlyw] pwjwwlwywh htywm vinmgynn pwjwpup wwjdwiGbpp.

HBW»—;ggS‘Wﬂ<1 (3.10.6)
uBm==g§§§y%i<1, (3.10.7)
IBIIF = 3 &5 < 1: (3.10.8)

1,7=1
Ptnptd 3.10.3 : &pt ||Bl| < 1, wwur wnbnh mbh k -pp dnumupldwl ufuwpwlph

lIBII*
1-|B|

llz — 24| < Iz =%, k=12,... (3.10.9)

qGwhunnwwGp:
Uwwgnyyg: hGywybu htinlmd t (3.10.3) L (3.10.4) hwjwuwpmpymGGtphg,
r—-zF = Bz —z¢") :

U)Gmhbwnb, oqinykiny Gnpdh hwwnympymGGhphg, unwlimy tGp

llz - =*|| < lIBllllz = z*"ll, k=1,2,...
winpunupd wihwywuwpmpymGipp: Ujuntinhg htunnpjudp htitnlim k&

|z — || < ||B||k||:z: -2, k=1,2,... (3.10.10)
qGwhwwnwlwbp: UGimd t qGwhuwwnty ||z ~ z°|| Gnpdp

llz ~ 2% < Ilz = ='l| + Il - 2%l < Wl - 2°1l,

1
5 E
Iz - =°ll < Ty e

YtpghG wihwjwuwpnpymGhg b (3.10.10) -hg htinlmd b wwhwGeynn (3.10.9) qGwhw-
nwluwbp: Obnpbil wywgmgywd t:

R
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OphGwy 3.10.1 : RwGh® hmbpughw wtwp & juwnwpb ¢ > 0 §umnipymGp wywhnybm
hwdwp, wjuhGpl, npybtugh
|z - z¥|| < ¢ :

Oquyklp (3.10.9) qhwhwwnmwywGhg: MGLGp'

|z - =%l < C1IBI*,

npuntin
des ||z' — 2]
C= —:
1-1|Bl;
LGunblwpwp, '
ClIBlI* <¢
wuwpiwlhg JunmwGuip, np
In(C/e)
k> ————: &
In(1/]1Bl()

OphGuy 3.10.2 : LwGh® hnbpughw wbwp b juwwpt), npwtugh

e =¥ < £lla = o)

Uy Ytpy wuwo, npubiugh uyqpGuwlwl ufowpubpp thnppwlw 1/ wlqu:
Jtpp phipdwo 3.10.3 ptinpbd) wwwgniygh pGpwgpmy ukGp nnipu ptiptighGp (3.10.10)
qlwhwwnwlwip: GiGtny
IBII* <e

wwhwighg' Yuunwbwbp
In(1/e)

VI

dhpenud Jupd Gyuwpugpblp qowjhG hwGpwhwwywi hwjwuwpnudGhph hwdw-
Jupgtpp modwl hwnbpwghnG dbpnnlbph Yuwnnigdwl GnwGwlyltphg dkyp: Guwwnw-
ptGp (3.10.1) hwdwlwpgh Ywwphgh htnbyw) YhppneonpmGp.
A=P-N, det P #£0 :
Apwbny huy (3.10.1) hwiwuwpgp gpymad
Pr = Nz +b
wbupny, npp hhdpG £ hwGnhuwlnd hiwnbyw) hnbpughnG dkpnnh.

P = N5 +b, k=0,1,... (3.10.11;



Lytlp, np wju hunbpwghnG dtpngh jmpwpwlymp pwymy poymd £ 2 dwwnpphgny
hwiwywpg: LGnlwpwp 2 dwnppgp whnp b {hGh htyw ppebih, wjuhlpG, wju Swwnph-
gny hwiwlwpgh monuip yuybnp b wwhwgh v dwdwih hwynnuiuwl wifuwnwlp:
Ujbnihtnl, pwbh np (3.10.11) hwnbpwghnG dtpnnp yupbh £ GepYujuglbg

oo = PINZF L P, k=0,1,... (3.10.12)
nbupny, wuw hwdwdw)b 3.10.1 ptnptth, skpnph gmquihnmpjul hwiwp wGhpw-
dtywn t L pwdwpun

p(PT'N) <1
wuwjdwlip:

OphGwy 3.10.3 : Hhnwpyltp Az = b hwdwlwpgp, npunbin

I -1 0 3
A= -1 4 =11, b=1]2
0 -2 | 2

Uhpluwjuglklp A dwwnphgp

A=P-N
wnbupny, npuntin

400 010
P=]010/{, N=]101
00 d 020

Npwbny huy (3.10.12) hnbpwghnG dtpnnp gmquidhnnud £, pwGh np

|

1
4

PN =

O=1=- O
wi- o
SD=i-C

1P~ Nlloe =

to |

3.11 3Bwlnphh dtpnnp

Wu wuwpwgpupny skGp Yrwpwnpklp qdwhl hwipwhwjwlywt hwywuwpnuiGhpjp
hunSwlwpgbph ndtw wnwyt) wwpg hubpughnt dtpnnp, npp hwennmp Juip l;[mum.-
Umd £ wjG pliwyptpmd, tpp hwiwlwpgh swnppgl mGh wllyymbwqdwjhb qbiphfumu:



3.11.1 Utpnnh GywpwqpnipymGp
“hgmp wnpjwd t
Az = b (3.11.1)

qowjhG hwlpwhwyquwl hwjuwuwpnuiGph hwdwyupgp, npunbn A = [@;j,x, Jwn-
nhgG wylGwhupG E, np
(l.,‘,'?I:O, -i.=1,2,...,n: (3112)

Lhphuywglhlp A dwwnphgp tpip SwanphgGbpp gmiwpp wbupny.

A=L+D+U, (3.11.3)
npwtin
0 ap
ay 0 0 a2 0
LY | az ap 0 .D¥
. .. . 0
Any ... Uuu-2 Upp-) 0 Apn
(3.11..1)
0 apx a3 ... ap
0 azz ... [¢5TH
U R
0 0 dn_in
0

Apwlbng phuy (3.11.1) hwiwlwupgp Yupbih £ qpbp npytiu
Dr=—-(L+U)x+b: (3.11.3)
Wumbtinhg wnwGnd tGp
Da**' = —(L+U)*+b, k=0,1,... (3.11.6)

hwbpwghnG dtpnnp, npp Yngyma b Swhnphfs dépng: LwGh np, hwiwdwl (3.11.2)
wjwjdwip, D dwwphgp sybpwubpjwo b, www (3.11.6) dhpnnp Jupnn t gpyby Gwb

N =D L+UPR 4D, k=0,1,... {3.11.7)

wnbupny: hGyubu htmlmd k (3.11.4)-hg, —D~'(L+U) Swwnphgp nmGh hbwbyw) unmg-
Juopp.
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0 2 _is _in
an g a
_an 0 a2 _QG2n
l az a2 [15))
D NL+U)=| - : © o (3.11.8)
__an-l n-2 0 _ Ay_1n
Ap_1n- Ap_1n-1
__”nl _“n‘.’. _an n—1 0
L Unn Qpn QAnn |

QpkGp dtpnnp Wby wy; mhupfn[' puwnn pwnunphyGtph: “khgnip

: K gk :
aF = AR T k=0,1,...

LI 2 B

hwonpwywl dnnwpynuiGep GG, npnGp hwyyymd GG (3.11.7) opbGpny: rdjwp sk
wbulb], np

a;;

. 1 i .
J;f“” = — —Z a,-j:cy‘) +b|, i=12,...,n: (3.11.9)
=1
J#i

3.11.2 Utpnph qmquihunipymip

Vwfunpn wwpwgpuwpmd dbklp dLlwlybpyb) L wupugmgl) bGp (3.10.4) hmbpwghnﬁ
dpnnph gmquiptnmpywlG dwupG 3.10.1 pbnptuip: Opwbu wyy pbnpbdh hGwnlwGp,
unwimy GGp

©tnpbd 3.11.1 : Swlnpph depnnh guquifumpyul hudwp wihpwdbym b L pudupmaun
htnlyuwy wudwlp.
pi-D(L+U))<1: (3.11.10)

UjGnihtunl, (3.10.6)—(3.10.8) wihwjwuwpmpyniGibphg hiinlimd &6 3wynphh dbpnrh
qniquiptnnipjwl pwyjwpwp wwjdwbGepp.

n

Zij 3.11.11
lrgf\é‘i; 2 <1, (3.11.11)
i#i
max S|4 < 1, (3.11.12)
IS]S": a;;!
1#£]
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n

2

1,5=1

i#j)

Muwpqynud t, np lipt hwiwlwpgh dwnphgl niGh juhun whlyynGuwqdwihG gbphztunuyd,
punn winnh Jwd puwn uyniGh, wwyw 3winphh dkpnnp gniquidtin t:

a.~j 2

<1: (3.11.13)

Qii

Otinptd 3.11.2 : 2figmp quympymb mbh wybuyhup 0 < ¢ < 1 hwuumwmnmd, np

n

3 lail < qlas|, i=1,2,...,n: (3.11.14)
1=1

J#i
U nwypmd Swhnpfih spnpp gmqudbm b, L wnbnh mGh

|z — 2%l € ¢ ||z = 2|0, Kk =1,2,... (3.11.15)
qlwhwuwljwin:
Uwwgniyg: hGyybu htnlmd t (3.11.5) L (3.11.6) hwjwuwpmpniGGbphg,
t—zf=-DYL+U)(z-2*"), k=12,...: (3.11.16)

Ujuntinhg unnwGnud LGp
Iz = *lle < IDTHL + Ullollz = 5 Mleos K =1,2,...

wGhwywuwpmpynGGhpp: MGEGwnyY D~'(L + U) dwwnphgh (3.11.8) wbupp L hwyh
wnGhny (3.11.14) wwjdwGGbpp” Yupnn GGp qGwhwwb| wyn Swwnphgh Gnpdp.

n
aij

ID7H L+ U)lleo = max 3 |22

<:<n
j#i

<q:

UWyuwhuny, hwGgmd LGp
llz - 2*llo < qllz = z*'loo, k=12,

winpwnupd wlhwjwuwpmpymGatiph, npnﬁghg wldhpwwbu hbwnmtmd L (3.11.15)
qlwhwunwlwbp: PLnpEdlG wwywgmgywd t:

[Otinptd 3.11.3 : ‘2hgmp qympym b mbh wybyhuh 0 < ¢ < 1 hwuuwnmd, np
Z lai;| < qlajil, §=12...,n: (3.11.17)

1#1
U nbwypmd Swlnphh dbpngp gmquidtin b, L wnbnh mGh

llz - z*||; < C¢¥llz — 2%y, k=1,2,... (3.11.18)
qlwhwunwlpuln, nminkn

C “ max |a |/ min |ay;| :
l<]<n [ 1 Zi<n 1999
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Uwuwgnyyg: Ywwwpbing wwpq dLwinfumpymGGhp’ GhpywywgGiGp —D~1(L + U)
dwwnphgp htwnbjw| mbupny.

-D'(L+U)=DYD-A)=D'I-AD™Y)D :
Oquwugnpdbimy YtpghGu’ (3.11.16) -hg YmGhGwbp
D(z—zF) = (I - ADYD(z - =¥V, k=1,2,...,
npwntinhg £ unwGmy LGp
[|ID(z — z*)|s € ]I = AD7Y||, ||D(z — =), k=1,2,... (3.11.19)

wlihwjwuwpmpmGGhpp: LwGh np

[ o Az O]
ax Qnn
az G2n
I-AD'=| — 0 ... —-—
an Qnn !
_Gm G2,
. an ax; i

wuyw hwiwdw)l (3.11.17) ywjdwbh’

||1—AD-‘||,=]%%Z <y (3.11.20)
= =l
i#]

Ujuyhuny, (3.11.19) L (3.11.20) -hg YuunwGuGp
ID(z - )l € qlID(z — =* I, k=12,...
wihwjwuwpnipymGGhpp L, npybu htinbwGp’
|ID(z — 2|, < ¢ ||1D(z = 2O)[l:, k=1,2,...: (3.11.21)
AdJup st hwingyk), np judwjwyw z Yiunnph hwiwp hown bG

lrsnjign la ;] - |||l < |Dz|]x £ max laj;! - [1z]]x

whhunjwuwpmp mGGhpp: Ogquybim] npwGghg’ (3.11.21) -hg YuinwGwGp (3.11.18) qlGw-
hwwnwlwGp: GLnptdG wuywgmgywd-t:
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ShunnnympymG 3.11.1 : Mpuwn whlymbGugowpd gbipfipfunidp, puwn nnnh juwd pun uywd,
¢ hwlnhuwlnd wlhpuwdbyn wuypdwl Swinpph dbpngh qniquidhurmpyui hwdwp:

bpnp, nhunuplblp
A= I 1+a , O<axl
1-a 1
dwuphgp: MGaGp’
-14a. 0

—D“(L+U)=[ 0 _1""] :

updbind wiyu dwaphgh Ay L Ay ubthwipuG wpdbplGbpp’ junwGuwGp
|/\]'2| =+v1-a2 < 1:

TMunp Swynphh dapnpp qmquidtiu L

3.12 Qunuu-Qtjnbth dtpnnp

‘Lwjunpn ywpwgpupnud zmiqupquw Swlnphh dtpnnh htin dhinbn jw)l Yhpwnnipyml
mGh Gub dtYy wy hnbpwghnG dbpnn’ Quwniu-2bpbih dtipnpr.

3.12.1 Utpnnh GyupwqpnipymGp

hgnp nipwo t

Az = b (3.12.1)
qowjhG hwGpwhwyywyw hwjwuwpmdiGiph hwiwlwpgp, npuntn A = [a;jjnxn Jwn-
nhgl w)GwhupG t, np a; #0, 1=1,2,...,n:

Bwynphh dbpnnh hwonppuwiywl dnnwpymiGtph pwnwgphiGipp hwyyymd b
(3.11.9) pwGwdbLbtpny: ‘LhpYujwgGhlp wjn pwGwdbbpp

i—~1 n
$£k+]) = ai (—- Za,-ja:gk)_ - Z a,-ja:_(ik) + b,) , 1= 1,2, o, (3122)
wnbupny: bpb wuwjdwGwynpykGp, np (k+1) -pn UnnwpldwG pwnwgphsGhpp hwyyynid
LG hwenpnwpwp’ Gpuwig huuiujpﬁhph wéiwl Yupgny, www a:( D -h  hwydwb
dwiwlwl wpnbl mGLGp x(k“), e T fk, ): Oquiwgnpotiny (3.12.2) -mud wyn wpdtip-
Gupp x(k) ,J = 1,2,...,i — 1 puwnunphsGiph thinpuwpbG’ Yunwlwlp Quwniu-2b/nb6ih
dbpnnh pmﬁmdhbpg

i—1 n
J:Ek“) = 1 (— Za,-_,—a:g-k“) - Z aija:;k) +b,~) , t=1,2,...,n: (3.12.3)
j=1

Qi J=itl
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blywbu L Bwlnphh dkpngmd, GipyujwgGtGp A dwwphgp npubu bplip Swnphg-
Gbph gnuiwp.

A=L+D+U, (3.12.4)
npunbin
0 1 [ ay 1
19 0 0 ! 122 0 I
LY | ay az; 0 | DY l
A i | 0 |
|- Unl ... Upn-2 Upn-y 0 _! : ypy
(:3.12.5)
0 2 3 ... i ]
0 23 ... a2y
I’ déf .. .. : | :
! :
o0 0 ay_in |
,_ 0 |
Uy nbiypnud Gwimu-Qbjnbih (3.12.3) dkpnnp Yupnn b gpyty
P = (L DY (L= DY, k=0,1,... (3.12.63

nbupny:
3.12.2 Utpnnh qmiquidpunnipymGp

UiGtiny Gwnu-2bjnkith dtpnnh (3.12.6) wbuphg, npwbu 3.10.1 plinptdh htwnlwlip,
unwimyd thp gqnguwihnnpjul htwnbjw) ywjiwbp.

Otnpsd 3.12.1 © Qumu-L2bpbi JGpngh qugudfinmppul hwdwn wihpwdbpn b L
pwifu g, nn
p—iL+D)v'Ui< 1 : (3.12.7;

h(ywbtu U 3wynphp dhipnnmy, Lpt hwiwlwpgh dwunphgh mbGh wiynibGugdwihl
qiphzlumd, pun wonh Ywd pun vywl, wyw Gunu-2Gmth dtpnnp gmquidhnmd L

0tnptd 3.12.2 : Ygmp guympymb mbh wybyfuh 0 < g < | hwaswnm . np

S"_: jaiji < qlaii. i=12...,n: :3.12.8)
g
Wi pbypmd Qwmu-26qb61) Sbpngp qmquidtn b, L wnbnfr mGh
|z — 2l < lle— 2. k=12.... (3.12.9)

Gwhwunwlwlp:
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Uwwgnyg: Q-phlp (3.12.1) @dwijhlG hwyjwuwpnuiGepp hwdwlwpgp

-1 a; LI b.
I,=—Z;fl;r,-— > ;lz,+a— i=12....n (3.12.10)
j=1 “u j=i+1 1

mbupny: “Hhgmp

N O ) NT LK) e! Ly
F=7 40 DT npnbn 2 -z,

ufuwwGpG £ hubpwghwjh & -pp pugpnd: Lepp pipdwd (3.12.3) L (3.12.10) hwjwuwpni-
pymGGtphg YmGhEGubp’

-1 n
k Ai; (k41 air ) .
At = R st R =120 n (3.12.11)
j=1 Qii 1=141 ai;

Ujuwntinhg htiwmbmd t, np

|~(L1l)| < ZI | (Hl)l zn:

J=1 3=i+1

ajj ]

| (k)l

all a”

(3.12.12)
Notayy .
||~L||oc' Z ;"—J . L.

: |aij
< ”ZHIH : . 1 =1,2,. n
> ; |a- J=1H1 idj;
Guwwptilp htnbgw) GQubGuyniGhpp.
p] délov dc,z al} - 3’-- 1n'l
aj;

dcf = |a1] def

T Z | 1=1,2,....n-1,1r, =0

all

=141

Cun wynd (3.12.12) -hg unwlwGp
|z,(k+”! <pillZF Moo + TillM o, i=1,2,...,7m
UyGhwpn t, np gnynipyniG mGh wyGwhup 9. 1 <249 <n, np

. k1 ikl
12 e = mmase [+ = [ i1 e + Tl o

Jbwmbwpuwnp,
A < ,"0
I o < 78

LwGh np, hwiwdw)6 (3.12.8) wwjdwGh,

|Ex (3.12.13)

P~ T < 4.
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wyjul
Tio

1- Pig
Uyuwhuny, (3.12.13) L (3.12.14) -hg YuunwGwbp htnbjw) wGhwjwuwpnipynGGbpp.

<gq: (3.12.14)

||zk+|||ooSQ||zk||aov k=0,1,...,
npn(ghg htwnlmd L (3.12.9) gGwhwwnwlwbp: Bhinpei6 wywgnigyuwo t:
Ptnpby 3.12.3 : Ahgmp quympyml mbh wyGyhup 0 < ¢ < 1 hwounwum G, np
Y aijl <dqial, 7=12,...,n: (3.12.15)
#1
Um nbwpmd Qumu-2bnbih depnpp qmquidinnmd b, L wmbnfh mGh
lz—2*|li < Cd¥liz -2y, k=1.2,... (3.12.16)
gGwhwunwwGp, nanbn

def o Maad/ min (1—7)as
¢ = ]rg;f"s’ﬁ!(l 7'1)|an|l/ ,2;‘;1"(1 rila;i -

Uwwgniyg: dbpwnunGup ybpp unwgywd (3.12.11) hwyjwuwpnipyniGGbphG: GpbGp
w)rp hwyjwuwpmpniGGhpp

-1 n

a; a; . o

ag2*th = E b A . 2P i=12...n (3.12.17)
j=14jj j=i+1 4

wbupny: hunwplytGp ) ,
wx=D:~! k=0,1,..-

ytunpGbpp: Lw6h np D -6 wllyymGugdwshG dwwnphg b, wuw

w* = [w®, W, w®IT,  npubn w(‘U = aj;z §“, Jj=12,...,n: (3.12.18)

Ujn nwpmud (3.12.17) hwjwuwpmpymGGhpp Yapykl

i-1 n
c41) Qi;  (k+1) aij (k) -
w.(k+”=_; _']w}+-— ; ——w; B 1.—1,2,...,71
=1 @i j=i+1 Bis

wbupny: Ujuntnhg unwGnd bGp

i 1 H
|w“+])| < 'zi Gij |-w(.k+”| + Zn: |22| |w£k)§, 1=12,...,n
' T Slesl Pertl LT R
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hujwuwpnipymGGGpp L, hiwnlwpwp,

Z|w§k+1)! < Z aij |w (k+l)|+z z a,] | (k)l
i=1 i=1j=1 Ji 1=1 =141
{3.12.19
n—1 n n 11
a; + k) a,~j
= Tt 3 1% S —‘ :
i=1 ? 121-:&-1 ajj ,Z; ? ,Z; ajj
Guunwpblp Gywlwynudbhp’
def def i ai| .,
n =0, Pj=z— ,1=23,...,n,
=1 1355
rjd-i-j %ij ,j=1.2,...,n—1,r,,déf():
i=j+1 a]]
Cuwn wyny (3.12.19) -hg JunwlwGp
n k 1 n
1w < 3 (st i)
1=} =1
npunbnhg htinlnud t
Z( riwM) < Zp w®| (3.12.20

1=1
wGhwywuwpnipyniGp: Buxﬁh np hwiwywpgh Swwnphg nibh (3.12.15) whilnt Gugdwhi
qtphztunud, www

p]SQ(l_T]), j=1,2|...,n

Ujn nbypmyd, (3.12.20) -hg YunwGwGp

Y‘(l — 7)lwi*M| <qz 1-r)l®|, k=0,1,...

1=1
wlihwjwuwpmpmGGbpp, npuntnhg hinmpywdp nnupu & ptpgnd

Y (1 -rlP] ¢ (-], k=12,...
=1 i=1

qGwhwunwywbp: <wyh wnlbny (3.12.18) GwlwynuiGhpp’ Ybpohl qGwhwunwywly
Yuptith £ qpby

n . n . )
3 (1 =r)laille®] < ¢ (1 = ri)lasilleM,  k=1.2
7= =1 .
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nbtupny: Ujunbnhg unwGmy tiGp

. k k
g%;ﬂ—rﬂhﬁkﬂzﬂlﬁq gggl—ﬁﬂ%ﬂﬂkqh

wihwjwuwpmpynilp, nputinhg £ wGshpwubtu htinlnd t (3.12.16) qGwhwwnwlywip:
Ptnptidl wupugmgywd t:

YhuannmpyniG 3.12.1 ¢ Cuwn innnh jwd puwn upwG wilymGugowhG qliphyfumdp wihpw-
dipwn sh Qumu-2bnbih dbpnnh gmeudpinmppul hwdwp: bpnp, nhuowplblip

111
1 4 2

1 23

A=

vunnphgp: hlywbu inbulmd bGp, dunnpfigp wlymGugowhG qbpfyfumd smih: Uwluyd,
pwijh np
0 -1 -1

—(L+D)'U=1|0

FNT
P

I
b wyu dwuippgh ubthwlpw G wndbpGlnl 64°
A =0, /\2=9—z\/ﬁ, /\3=9+z\/ﬁ’
24 24

wwyw |Ay23| <1 & gpwinyg puly Gumu-L26ptyh Jepnnp fgmquidfunf:

MNupqymd t, np gpuijwl npnyju SwwnphgGtph hwiwp Gunu-Qbtjnkh dtpngp
Uhpn gqniqudtn t: UjuhGpG, 6hpw k htwnlyw) wGnmudip.

Ptnptd 3.12.4 : Gpt A Jwwphgp ppuwlwl npnpywy b, wwyw Gwmu-2nbih Jepnnp
qmquubu E:

Uwwgnyyg: thgmp A-G (L + D)~'U dwwnphgh ubthwlwG wpdbpG t, wyuhGp6
(L+ D) 'Ue = e,

npnbn e = [ey, ez,...,e,)7 # 0-6G hwiwwwwnwujiwG ubthwywl Ytljnnpi t: Cuqiw-
wuwinyhiny YtipehG hwywuwpnipyniGp dwhuhg (L + D) Swwnphgny YunwGwGp’

Ue= ML+ D)e :
Ujuwntnhg YniGhiGwGp
(Ue,e) = MLe, e) + M De,e) = Me,Ue) + A(De,e) : (3.12.21)
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Lhminobtlp hbwlywy GauwbwyniGbpp.

Ue,e) ™ y=a+if, (De,e)=2a.~g|e,-|2d-i-!o>0

i=1

(nbu (bddw 3.2.5): Lwbh np

(e,Ue) = (Ue,e) =7,

wwuw (3.12.21) -hg JunwlGwlp’
Y

ETTE
Uwwgnighlp, np |A| < 1: hGgybtu htnlmd t (3.12.22)-hg,

(3.12.22)

By . B PO A
|5 + o] (a+o0)2+p2°

Utiq pwjwlywG t gnyg wmwy, np 6hpn t
a’+ B < (a+0)?+5°
wlhwyjwuwpnipynibp, jwd np GnyGa
2a0+0>0
wGhwywuwpmpjnGp: bpnp, A dwwnphgh
A=L+D+U=UT+D+U
ytpnidnipyniliphg mGLGp

(Ae,e) = (UTe,e)+ (De,e) + (Ue,e) = (e,Ue) + (De,e) + (Ue,e)

= (Ue,e) + (De,e)+ (Ue,e)=F+0+v=2a+0>0
(pwGh np e # 0, wyw (Ae,e) > 0): Plinptil wuwywgngywd t:
3.12.3 3uwlynpph L Gwnw-Qbjnbih dbpnnitph hwibkdiwwnnipyniGp
Swlnphh L Gunu-Qbjnkih dtpnnhibph qniqudhnnipyub whpn jpltipp, pGhwipwutu
wuwd, 36 hwipiylmy (n > 3 phuypnud): Uy Yopy wuwd, gnympyniG niGeG qowjhi

hwiwlywpgtip, npnlg hwiwp Gwnwe-Q6jntkh dkpnnp qniquitun t, huly 3wynphh dtpnng
nwpunitivn, L hwjwnwyp:
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OphGuwy 3.12.1 :

210
A=1]13 1] :
11 4

Wu Jwwiphgny hwiwjwpgh hwdwp hGawbu Swynphh, wjGwbu k) Gwmu-Qbnkh
dtpnnltpp qniquibtin GG (WaYnGwgqduhG ghphotunud); [

216
A=11 31} :
6 1 4

Wu dwuphgny hwiwjwpgh hwiwp hGywbu Swynphh, wjGybu b Gwnu-Qbtjnkih
dtpnnGtpp nwpuitn GG: [

111
A=1]1 4 2| :
1 2 3

Gumu-Qbjntih dkpnnp gniquibw k£, huy Swynpphh dtpnnp’ mwpwibn: [

1 -2
1 1 :
1 1

Swynphh dtpanp qniquibun k, hulj Gwnwu-QbnbGih Sipnpp” nmwpwdbn: [ 3

OphGwy 3.12.2 :

OphGwy 3.12.3 :

OphGwy 3.12.4 :

A=

— 2l

Whpem gniyg wwGp, np n = 2-h nhupmd Swinphh L Gwmu-Qbjnkih StpnnGhpp
qniquihnnud L wmwpwidhund 66 shwdwdwGuly:
bpnp, nhgnip

A= [ a1z ] (an, ax #0) :

az an
Swynphh dtpnymud hnbpwgGnn dwwnphgh b

ap
0 _ =
an

B, -DW(L+U)=
asi 0

a2
Wu dwwnphgh ubthwlwG wpdbpGhpp htnbywy hwjwuwpdwG wpdwinGhpG 6.

A2 = a12a21 .
a;na

135



Hpwhny hul,
Q12021

p(By) = (3.12.23)
aaze
Gunu-Qbjntith dipnnmd hwnbpuglnn dJwwnphgG b
0 -1
an
Bes™ —(L+D)'U =
a)2d2)
o 2222
. anaze
Uju dwunppgh ubhwlwl wpdbpltipG GG
A=0, =222
anazz
Ujuntinhg
p(Bos) = | 1222 (3.12.24)
1a)azz

Ujuwhuny, (3.12.23) L (3.12.24) -hg unwGmd tGp, np
p*(B;) = p(Bgs)
bunbwpwp, Swynphh b Gunu-Qbtntih dtpnnlGtph qmiquihnmpjuwl wwjdwGGbpp
hwipGyGmd GG:

3.13 [(YhywpnunGh dtpnnp
hgnip npduwo t npujwl npn) jwp dwwphgny
Az = b (3.13.1}

qowjhG hwlpwhwwliwl hwywuwpnuibGbph hwiwlwpgp: hnwpytGp
=-Azt+b, k=0,1,... (3.13.2)
hwntpwghnG dbpnnp, nputin 7 -6 gpujwl ywpwdtwnp b Unnpl dtp YpGGupytbp =
wwpwitnph punpmpymbp L Ynpnptlp Gpuw owpunpdwy wpdtpp: Unwowpljywo (3.13.2)
dbpnnp Ynyynud t /Apswppunih dbpnp: Ydjup st nbuGh, np wyn dtpnnp Yupth £ gpty

' = (I -1A)F +7b, k=0,1,... (3.13.3;

YuwlnGwywbl wnbupny:
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QYhunwplybGp hnbpughwih A-py puymd unwpjwd upwpubpp =* e oy gk
hGswbu htwlnud £ (3.13.1) L (3.13.3)-hg, =* YtiwnpGbpp pujwpwpnu GG

A= (I -7A)*, k=01,... (3.13.4)

wnGynipynGGephG: Nwjiwlwynpytlp vppwpuGpltph qGwhwunwlwGlbpp Yuwmwptg
-1 de/ [| - |2 Gnpinui: dbpp pipdwo (3.13.4) hwywuwpnipymGGtphg YunwGwGp

=< I =Tl k=0,1,...
wGhwywuwpnipjnGGtpp, npnighg htnlmy t
125 < 1T = TA|IF)°l, k=1.2,... (3.13.5;

qiwhwunwlwip:

Ujdd qGwhwwmblp / — 7A dwwnphgh Gnpdp: LwGh np A dwwphgp uhdbwphy L
npuiwl npnjw b, www Gpuw A,z = 1,2,...,n ubhwlwl wpdbplbpp npuywG
pytip GG.

aef

0< Amm E Ml <Y A :
UjGnihbtwnk, ndjup 3t gniyg wmwy, np
w 1N, i=12,....n
pytpp / — 7A dwwphgh uthwwl wpdtipGtint GG, pln npoud,
1 —Thmaz Si <1 —Thpn, t=1.2,...,n: {3.13.6)

UyGhwjwn t, np 7 —7A Swwphgp uhdtwphy t: Uy wwndweny, hwiwdw)G (3.13.6)-h
i Wwwnphgh Gnpih (3.3.21) wpnmwhwjunnipjul’

I - TA|| = p(I — TA) = max(|1 = TAmin, |1 = TAmazl) : 13.13.7)

hGyujbiu tplnud t (3.13.5) L (3.13.7) -hg, dtipnnh qmiquihwnipjwl hundwp pujwpuwnp t.
np p(f -~ 7A) < 1: Chupkny 7 wwpwdtnpp

ma-x(‘l - TAmm.ia“ - T/.\mazi} < 1
wwiwiGhg, hwigmy tip htwnbjw| wenpwGp:

fotinptu 3.13.1 : Gph 5

(3.13.8

T<

]
/\maz

wuyw (3.13.2) Nppwpnundf dbpngp qmeudfunmy L
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UGgGhbGp 7 hwmbpwghnG wwpwdtnph ouywmphdw] wpdtph npnpdwlp: JlwybkpwtGp
htunbjyu fuGnhpp.

npnply T = 1o wwpwidtnph wyl wpdbpp, nph pwpmd p(I-1A) uwblnpuw -
wnwilhnp plGpmGnid b hnpmuwqnuy G wndbp, wuhGpl’

p(I = 10A) = minp(l — TA) :

fuGnph jniomudip wlshpwwbu htinlnud £ GY.3.13.1 -nud mpjwd p(7-7A) dniGyghw)h
qnubhlhg:

LY. 3.13.1 p(I — T7A) PmGyghwjh qpudhyp

YdJwp st mbulGly, np hnbpuwghnG wwpwibtnph 75 owwnhiw) wpdtpp npnynud
1 = TAmin = =14+ TAmaz

hwyjwuwpnuihg, wyuhGpG

2
- _ . 3.13.9
o ’\maz + ’\min ( )
Ujn nbwypmd \ \
_ — Jmaz — \min . .13.10
ol = 10d) = 3=~ (3.13.10)
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SYhunnmpnG 3.13.1 : @apdbwlwbmd, npuybu oplilp, Apin b Ame: G2qppun wpdbpltinl
wihhwpn 66 h6my: Ukph dahpn, hupnbh 66 Gmulg

m S '\min, ’\ma:: S M

QUuwhwunwlpulGlpp: Uy piypmd, pGulwGupwn, wbunp b |JipngGhy

To = 2 :
" Mim’
Stwnlwupwp, (3.13.10)-hg mGLGwlp
M-m
I - = :
p(I — ToA) MTm

Jtponud pGGwpytGp htwnbjwy fuGnhpp.

plupbny MipywpnunGh depnpmd 1o owwnfduy wwmudtivnp pun (3.13.9)
pwlwdlp’ pwGh® hmbpughw b whup Juwunuply, npybugh

12%]] < €]2°,
apunbn guulpwl e -p pudwlwbuywg inpp phy L

Oquytiny (3.13.5) qGwhwwwlwbhg L hwagh wnGhny (3.13.7)-p° npnptGp &
hunbipughwh hwiwpp
(o(I — oAk < €

wuwjdwbhg, Jwd, nGaGwiny (3.13.10) wpwwhwjmmpymGp,

’\ma:: - ’\min ,

wuwydwGhg:  <hptiny  wwjswGuynpuompjuG pyh hwdwp  wpnwhwjnnipyniGp
(nt'u (3.4.9)-p) GawGwlykGp

Q.plGp (3.13.11) wGhwjwuwpmpymbp
1-c! k
(1 + c") <€

P
kln(l - )<ln6: ‘ (3.13.12)

wnbtupny: Ujuntnhg’

1+c?
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bGywtu hwpnGh t, ¢ > 1 (nbu wwjiwlwynpjuonipjw pyh (3.4.6) hwnlnipyniGp):
UwlwjG ¢ = 1 ptiypp htnwppppnipjmG sh GhpywjwglGmd: bpnp, tipt ¢ = 1, wyw
M=Ad=-o= A, DY buly nw GpwGwymy t, np A Jwwnphgp shwynp swnphghg
wnwppbipynud £ dhwy6 pywjh6 puqiwwunlhyny. A = A7 (wywugnigh)): Uyn nhuypmd
hwiwywpgh monuwip wyGhwjwn k: UyYkihG, (3.13.10)-hg htmlmd k, np p(] — 19A) = 0:
Ujuwhuny, tGpwnplbp, np ¢ > 1: Wyn phypmd 0 < ¢! < 1: Oquytny [nquphpish
wunhwGwjhG pwpph YtipnompjniGhg (nbku, ophGuy’ [29]), nGhGp’

-2 -3 -4
L PR B AT
Inl14+c¢")=c¢ 7 T3 4+ )

<twnluwpwp,

1-¢! 4.3 _1
ln(m)——Q(C +T+?+ < —-2c :
<wyh wnbtiiny wjn qhwhwwnmwlywbp’ (3.13.12) -hg YuunwGwbp

—2kc¢™! < Ilne

wGhwywuwpnipjniGp, nphg htnlmyd t
1 1
k> §~2(A) In g :

qGwhwwnwlwubp: Wyuyhuny, hGgpwlny dtd £ Jwnphgh ywjdwlwynpjudnipjwb phyp,
wynpwiny 2w hnbtpwghwitp wtnp b JuwunwpdblG GnyG dyunnipjnilp unwGwnt
hwudwp:

3.14 <Qdwljwnupé dwunphgh hwyynuip

Q-0wjhG hwlpwhw)yuwiwl hwyjwuwpnuiGsph hwdwlwpqbph Mmodw6 tuGnph htn
hwitdwunwd’ hwiwnwpd Jwwnphgh hwyydwb fuGnhpp qnpdGwywlnd bwwbu phy
hwGnhynd: Uwlw)G, ;6wjwd npwl, wn puGnhpp npnpwiyh htmwppppnipyniG k
Gtpyw jugGnuy:

Thgnip wpdwd b A4 = [ai;]nxn Jbpwubipywd dunphgp: Ujn dwinphgh hwywnwpé
X = [Zijlnxn Swinphgh hwyynuip hwiwpdbp t ’

AX =1 (3.14.1)

dwwphgwjhG hwywuwpdwG uddwGp, npntn 7-6 n-pn jwpgh dhwynp dwnphgG
L: 2duwp st Gyuwnky, np (3.14.1) hwwuwpnidp npnhymd b GoyG A Sunnp hgmy
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(pwyg nmwpptip w9 dwubpny) 7 wljwh hwjwuwpnuiGtiph hwdwywpgbph: Uyn hwdw-
YupqlinG nGLG

Az =609 j=12...,n (3.14.2)
mbupu npmbq .’IIU) [.’121],.82], ey l‘nj]T N (SU) = [(S]]'. (s'gj, Ces ,,]]T (6,]' -G Ll[lnﬁbl.lb[ll‘l
GuwGG £ 6 =1 L &; = 0, tpp 7 # j) ytuwnplbpp hlulhuupuunuu[umﬁtuplup X
L J dwuwphgGlpp 5 -puymGepG G6: Qnynipynui mGe (3.14.2) hwjwuwpnidGhph hwiw-
YJupqbph (nodwl wwppbip hwynnuyub uubdwGlip: GwpwnptiGp npuighg dkyp:

3.14.1 LU -ytpinidmpywi ypw hhiGwd wignphpip

GGpwnpklp’ hwpnGh £t A dwwnphgh LU -ybpindnipymiGp, npp Yupth b unwGwy,
ophGuly, Unwnunh wignphpdih dhgngny (ntu 3.5 wwpwgpudpp): pw hwdwp, hwdw-
dwyG (3.5.12) pwlGwdlh, wwhwloynd LG

2 1, 1 2
WUy _ 23 Zp2_ Zp {3.14.3}
Acps 3" TR~ gn 3n 3.14.3;
pjwpwlwlwi gnpdnnmpymbGtip: MGEGuiny, L L U dunwnphgGbpp’ (3.14.2)-hg j-pn
hwiwywpgh mdnwdp hpwYuGwgymay k

Ly\P = 84!, (3.14.4)
Uz = 2 (3.14.5)

hwiwlwpqbph hwenpnuwb nddwb dhongny:

hgnip, (3.14.4) hwdwhwpgmd 9 = {yi;, 325, -+, Yns)T : Gplilp wyn hwdwlwpgh
wnwohG 7 — 1 hwyjwuwpnuiGlipp.

l'nyu
l2lylj -+ 122!/21

Liovyy, + lioigyey — 0+ iovi-1yio;

|
coco

Lwbh np L dwwnphgp sytipwubpjud b, wujw

Vi=Y="=yj-1;=0:
Qwiwluwpgh WGwgwd hwyjwuwpnudbhpG G6
liy;s =1,
Ljyjj + Lijnyjmj+ -+ liyiy =0, 1=3+1j+2,...,n
Ujuntbnhg yij, i = j,7 + 1,...,n wGhwpnGtipp hwonprwpwp npnzynud GG
1
Yi; = U'—vl
2 Likx;
k=j

vy = ————. i=j+ljrl...n

(3.14.6
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pwlwdlbtpny: pwbhg htinn, (3.14.5) hwdwlwpghg npnpynud &G X dwwphgh j-pn
ujwl nwppbpp

Tnj = Ynj> .
Ti; = Yi; — Uik Tkj i=n-— 1,71—2,...,1 (3147)
k=i+1
pwGwdlbtph oqlnipjwiip: bhpuwd j-h hwdwp (3.14.6) L (3.14.7) pwlwdlbpny hwyynul-
Gtpp ywhwGemd GG i
AP =5 —(2n+1)j+2n%+1 (3.14.8)

pywpwGwlwi gnponnmpmGGlp: b ytpen, (3.14.3) L (3.14.8) -hg unwlnui LGp Jwun-
nhgh 2p9twG hwiwp wlhpwdbt)n qnponnnipjniGGliph pwGwyp.

noo 1, 1
Aopa = AS,;,U) + Z A},Qs =2nd - 3712 - §n ~2nd :
j=1 “

U juujhuny, hwywnwpd dwwnphgh hwaynuip ywhwGend £ dSnnwynpwybiv tplip wiqud
wybiih 2w pywpwlwluwl gnpdngnipyniGatip, pw6 Gyl Yupgh hwdwywpgh pudmuip:

3.14.2 Qwlwnupd dwwnphgh nwppbph 62qpunuip

Uwuwnphgh 2p9dwG pywjhG wignphpiGlipp, npwbu JubnG, ;b6 nwihu hwwnwupd dwn-
nphgh mwppbpp 62qphw, hwynudGeph pGpwgpnul juwmwpynp wijunwwihbh ufuwuip-
Gtph Wwwdwnny:

Thgmp Xo-G A dwwpphgh hwwnwpd Swunphgl L' npnywd hGy-np wignphpiny:
Guqiblp AXoe wpunwnpjuip: Ujn wpnwnpjuih nwppbpnipniGp shwynp Swwnphghg
wpunwgninud £ unwgywd wpryniGplbph widnnpjulb wunhbwbp: GGpwnptlp, np

R 1- AX, (3.14.9)

dwwnphgG wjGuypupl t, np
|Foll <g<1: (3.14.10}
Un wwjdwih wpyuwynipjw nhypnd, A™' hwywnwpd Swinphgh wwppbpp wpbih
unwiw] Juwiwjwlwbl §mnpjudp
X = Xk-l(l + Fk—l) , Fr.=1-AXy, k=1,2,... (_3.14.11)

hunbpwghnG wpnghup ogGnipjwdp:
MGLGp
Fo=1-AXy=1-AXx1(I + Fiy) =
k
I-(I-F)U+F)=F,=-=F :

hGyubtu htiwnbnud £ (3.14.11) -]g,
Xe=AYI-F)=A"(I-F¥):
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yuwnbinhg’ _
Xe—-AtV = —ATVEY

1Xe = A < JAT IRl < 1AM (3.14.12)

Ulinud t qGwhwnt A" dwwnppgh Gnpdp: QwidwdwyG Fy dwinppgp (3.14.9) vwhiwG-
dwl mGLGp

A_I = 1\’0( 1\’0) (1 — I ) = 1\’02 1‘}:‘ :
=0
L2tilp, np wjuwntin dEGp oqunytghlp LbjdwGh Jwppbph gniqudhunipjut wwjiwipg
(ptinpti 3.3.3), hwyh wnGhiny (3.14.10) wGhwuuwpnipymGp: dbpghG hwywuwpnuijpg
Juuinw GuGp

11“ 1\0” )

< Xl S gt =

k=0 : Ui

ila=' < I

(3. 1-1.13)

Wyuwhuny, (3.14.12) L (3.14.13) wlGhwywuwpnipniGGlppg htnbmd b,

ok

1X, = A" < |1 Xl -2 (3.0 L
YtpeGulwl qlhwhwunulwGp:

HuwnnmpymG 3.14.1 : fonphogy & wpgdmd’ X, hwenpuwlpw G dnunwdnpmp i GGapp
hupby ny pb (3.14.11) pwGudlng, wyy dbwnhnfuby uyl hbulyuy Gbamy.

Xi =X+ XioI —AXkyy, k=1,2,...: {3.11.15)

U pbiwypmid, we dwufh Gplgpapm gmdwpbhG Guisnwypd b ohpn dpgpudwl nbp wnwgfit
gmdwnbym Ghuwumdwdp:

YhwnnmpymG 3.14.2 : Gpb A dunaphgp updbupfiy £ (AT = A) L nmybu Xo ulqpliu-
Jwl dnnmunfnpmpymt Jbpggwo b Gyt updbuphly dwapfg (X, = Xo). wwyuw
puynp hwonpy dnunwynpmpymGGpp GnylGybe GihG6l uhdbaphly dwuaphglbn:  bpnp,
(3.14.15) pwlwdlfig hbulind

\k = -1\’;;_1 - .\,kA|/11\'k,|
hunfwuwpmpimGp, npunbnhg, apuwppbmy, np X1_, = Xiy, Guunutiwlp’

/\,k —“’\,k 1~ \’ |/111\,k ]—“/\k 1~ « \,k |A1\k 1 —-/\k .



3.14.3 Uwuwphgh wnpnhnuidp JuGnuyGhph

GpptidG Guyuwnwuwhwpiwp t {hGnud hwwnupd dwnphgp hwybihu Gwuwwbu wnpn-
htif w6 dwubiph: Upnwotlp pwlwdlbp n xn yuhuh pgbpwutpjwd dunnphgh 2peuwd
hwdwp, npp npnhywd t ynpu Jubnulylph.

)

npntn K U N -p hwdwywnwuhwbwpwp p U ¢ Jupgp pwrwyniup pdbpwubpgud
dwunppglGbpd 66 (p+ g = n):
®GunptGp A~ hwlwnupd dwnnppgp Gnylybu Jubnuiwdl dunnppgh wnbupny.

SR

Y|Z

npunbn 117 L Z-p hwiwywwnwupwlwpwp p U ¢ Jupgh pwnwlynmup dwwnphglbp Ge:

GGG ny
A = K|L wix] [1]o0 _
" T [M|N Y|[Z ]| |o]1]| ™

hwjwuwpmpynilhg, hwiwdw )i yulnujwdl Sunnphglbph puqiwuywnliwG YuGnb)
(nt'u, oppliwy’ [32]), juunwlwlp htiwnbyuw| JwwnphgwihG hwjwuwpnudGbpp.

KW+ LY =1, (3.1:1.16)
MW+ NY =0. (3.1.1.18)
MX+NZ=1": (3.11.19)

Pwqiwwuwwnybinyg dwluhg (3.14.18) hwjwuwpnudp LN~ dwwphgny L hwGbny w)b
(3.14.16) hwjwuwpmiphg' Junwlwip

(K — LNT'M)WV =T,

npuntinhg by
W= (K-LN AN - (3.1:1.20)

WilGmhbwnl, (3.14.18) hwjwuwpnuihg mGkGp
Y =-NTMIV . (3.1.1.21)

thyun GnylG Ybpy, pwqiwwunnybting dwpupg (3.14.19) hwwuwpmip LN
twwnphgny U hwGbny wyG (3.14.17) hwjwuwpnishg, Juunw GuGp’

(K - LN-'M)X = -LN~",
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npunkinhg t1, hwyh wnGtny (3.14.20)-p,
X=-WLN: (3.14.22)
Yhpowwbu, (3.14.19) hwjwuwpnuihg YJuinwGuGp

Z=N'1-MX): (3.14.23)
< UWithnhbyny’ nmpu qphGp unwgywd pwGwdélbpp’
W = (K-LN'M)',
)); - :g,—[j%_‘?, (3.14.24)
Z = NV I=-MX):

Wyuwhuny, n-pn Jupgh dwinphgh rpenuip hwlgmd & bpym SunnphgGbph ypedwip,
npnlghg dbyp ¢-pn upgh t (N dunnphgp), huy d)mup’ p-pn Yupgh (X - LN-'M
dwwnphgp), L dh pwGh dwwnphgGhph puqiwwwnydwGp:

LnyG Yepy Junbih b unwlug Gwl pedwl hbnlyw) pwGwdlbpp’

Z = (N-MK'L)y?',

- -1
yo= -zmic 1425
W = KYI-LY):

dhipenud G2LGp, np (3.14.24) Yu (3.14.25) pwGwdlbpp Guuwwnwwhwpdwn t Yhpwnb
w)G nbwpntd, tipp A dwwnphgh wGlymbwqdwjhG JuwbnuyGbpp' N -p Jud, hwdwwyw-
nwuhiwbwpwp, K -G, hbyun 2pebkih LG:

3.15 UbklhwlwG wpdbplGhph jubGnhpp

Uh jwpp ghnwunbluGhiuwyw6 fuGnhpGapmd, hGaubu Gwl hwyynqujwé Swpbdwinh-
Yuyjh npny htnwgnunipymGGtpnd wGhpwdtyunmpymG t dwgmd hwby SwnphgGhph
ulithwlwl wpdbplbpp L ubgnuljuwG JbiunnpGbpr. hybgGhGp, np wyn hwulwgnipymG-
Ghpp dGGp wpnbG uwhiwGby GGp 3.2 Wwpwgpudpnul:

hgnip mpwd b A = ajjnxn Swnphgp: LwdwduyG 3.2.3 pbopbsh’ wyu dwnphgh
ubthwlwG wpdtipGhpp Yupbth t uinwiwy quGking

det(A/ - A)=0 (3.15.1)
pimpwqphy hwdwuwpswi wpdwnGbpp: hGy Yepwpbpmd b ubhwiwG JennpGphG,
wuww GpwGp

A -A)x=0 3.15.2
Ybpwubpywd Swwinphgny hwwube hwdwlwpgh monuiGbpG GG:
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OphGuwy 3.15.1 : GnGhlp
ERS
P2

4

A=

twunppgh ubthwlwl wpdbpGhpp L ubwlwb JelinpGhpp:
Luquiklp pnipwgpy puqiwbnudp.
[A=3 -1 | ) 4
= (A - ~4) 2= -Tx+10:
| N [ (A = 3)(A - 4) A2 - 7A+ 10

QGunbGp w)y puqdwlnud) wpdwinbbpp.
A=2, A=5:

QupykGp Ay = 2 ubhwlwl wpdbphG hwidwwwwmwuhuiwGng Xy ubthwlwi
yGywmnpp: o qptlp (3.15.2) hwdwlwpgp.

Ly ~z2 = 0
L~z = 0:

b bt wnbulbt), np hwywuwpmdGhpp gonpkl Ywhugwo GG (GniyGhuly hwdpblylnd G6),
nwwh YpnnGhGp Gpulghg dhwjl dtlp: dbpgGeny z, = 17 junwlwlp z, = —1:
Wuwhund, A, = 2 ubthwlwl wpdtphG hwiwwwinwubuwlng utthwlwl Yelumnpl t
Xy =[1,-1:
By Gny6 Yhpy Yhwpgblp Ao = 5 vbhwlpuG wpdtiphl( hwiwwwinwuuwGng
ubithwljw@ yhlwmnpp: MbGaGp’
—211 T Ty = 0
21‘] — Ty = 0
hwdwlwpgp: Ujunbinhg, 4bpglhng z; = 1, jumwlwlwp z, = 2: Ujuyhuny,
Xo=i,2]": &

UbtthwlwG wpdtiplGbph, npytiu pmpwgphy pwqiwinudh wpdwinGbp hwpygmadp,
Ypnud tomegfin dépnpfr wlnGp (Gwhu’ Yuqiynd t pGnipwgphy pwqiwlnudp, nphg htitnn
hwzymid 66 Gpuw wpdwwnGpp): Uwlw)G 46 ywihuh dunphgGipph hwdw)p funphmpg
shrupydmd wyn dtpnnp hpwnby: LpdGwlwl yuwnwnp w)G b, np puqiwlnudh wpdunn-
Ghpp juhun qquymG GG Gpuw gnpowlhglbph thnhnfumpjub GYumndwdp: Swlljugwd
ufuwwbp Ywpnn b phipt] puqiwlnuih wpdwwnGepph qquith thnthnfunipjwG (nbu 1.4
wwpwgpwdbmd phpdwo 1.4.1 oppliwlyp):

Uwwnphgh prygnpruithwljuG wpdbpGhph L ubthwlwG ghlpnnpGeph hwgdwG julnppp
Unsymd bt wbfnulpul wpdbplbnf ipfd fulnfyr: Ujn fuGnph pnudnadp, pGrhwlngp wedwdp,
puwulwGpG dwlp t: Uwlw)G, hwwiu whnp E (hGmd hwpyb) ny pt pnpnp ubithwlw(
wpdtpGhpp, wj npwbg dh dwup: Uy nhypnd Gywwnwlwhwpdwp st mob) ubithwljwi
wpdtipGhpp (phy fuGnhpp: Ukl uwd dh pwGh ubthwlwG wpdbpGhp) L Gpwlg hwiwww-
nwuhuwb ubthwliwG JayumnpGeph hwyiw6 ubnhpGepp mGe6 vbynulpn wpdbpGbnh
dwulbuwlih fulnhpGp wGmGp: U)n fuGnppGhph pnuodwG hwdwp dawldwd G6 hwwnndy
dbpnnGhp npnGp, pGuljwG t, wybh wyupq GG, Jud pb (phy fplnph puodwG dkpnnGhpp
L wwhwemy GG wybih thnpp Swywi) huizynquijub wfuunwip:
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3.16 UuwmhtwlwjhG dtpnnp

Uju wwpwgpudpmu dkhp Yawpunpbbp ubithwiw6 wpdbipGtiph JwuGwyh fuGnhpp imonn
ubiy dtpniy:

3.16.1 Unpnyny wibiGwitd utithwlwG wpdtiph hwynuip

GGpwnblp, np A € R™*" wwuwphgG mGh dhwl dnnniny wibkGuitd ubithwlwl wpdbpp:
UjupGpG, nhgnip
| A > [Xe = |As] = -+ 2 [Aa] - (3.16.1)

L2tGp, np wyn niypmd, hGyybtu hwynGh £ pwpdpwgnyyé hwGpwhwyyh nuupGpughg
(nt'u, ophGuwly’ [17]), A;-p hpwhw6 phy k' UjGmhbwk, tGpwunpymd £, np dwwnphgl
mbh n hwwn qdnpblG wijwh utithwyw6 YbijunnpGhp

€;,€,€3,...,e, €C" : (3.16.2)

Mu jiwGuynpyliGp, np utthwiywl wpdtipGbpp (3.16.1) -nud L utithwywl Jyunnplbpp
(3.16.2) -mud hwiwpwhwpwd b6 wjGubu, np

A65=/\,'6,', i=1,2,...,n:

JbipgGliGp Yuwiwjwjwl ' ny qunyulwi Ytlwnp L hwenprwpwp hwyytGp

) = AL ,
% = Az,
I(k-H_‘n = ‘4z(k:| ,

ykyunpGlipp: Lk £ nbulby, np
® = A5 k=0,1,...: (3.16.3)
Jhpmdtbp z'9 uyqpGwlwb Yeywnpp pun dwnphgh ubkthwywb YthunnpGeph.
I(o) — C)C] - (,‘282 'T' R cnen N (3164)
LipwnptiGp, np ¢; # 0: WyGmhtwb, wnwbg pGphwpnipinGp fuwpnbing upnn kGp
hwdwpby, np .

. £ =& +épr -+ én, (3.16.5)
npnbn é,-p \, ubithwiwl wpdtphG hwiwwwwnwupiwGnn uithwlwb JtywnpG t, huly
i=2,3,...,n wpdbpGbph hwiwp é -6 Ywd ) -hG hwiwywwnwuwbnn ubthwlywb
yywnpG b, G b qunywiw6 YbywnnpG b Wn nbwypmd, hGawtu htnbmi t (3.16.3) L
(3.16.5) -hg,
€
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YhipehlG hwyjwuwpmpymbp qptGp
o = A%(g; + W) (3.16.7)

k k
\ An) . .
5 = (%) PR (/\_) 6 ; (3.16.8)
1 M

WyGhw)wn t, np hwiwéwyG (3.16.1) apunpmpywG, £ — 0, bpp k& — 0o: Wuughuny,
hunbpwghwGlipp pGpwgpmy dhlp vnwlwm LGp A, ubthwliwl wpdtpht hwdwuw-
wnwufuwlnn utithwlw6 Ytunnph dnmwynpopymGGtipp: UWkh uinnyq, pujwwGwyw
Ukd &-h hwdwp z¥) Yelnnpp Yupbih b ghonwplb npuytiv npnGigh uithwywG eluonph
Unnwplynud;

wmbtiupny, npuntin

thgnip
r I(‘k) e(]m) '|
r(k) e!m)
=177 | k=01,... L e,,,=|‘2 ,m=12,...,n: (3.16.9)

[ . i

o e |
YuiqutiGp et
d_ T
i T T
z;

hwpwpbipmpimiGp npnpwyh ¢-h hwdwp, npuntn 1 < ¢ < n: dwdwdwyi (3.16.9)
(2w lwynwiGph’ (3.16.7) -hg Yuunw GwGp’

() . _(k+1) r k#1y (k)
)\ & TE; oy & —E& . 216
A enl i xS He
bGyutiu hwnlimd £ (3.16.8) -hg,
k Yo\ K
o (22) (A g e koo
Al Al
U)Gnthbwnl,
k k
k) _ @ (A2 o (An
~1 1 it /\] 1 /\] !
npunbn
Nim) def ’\—"'—1 ™. m=23,....n:
I A] 1 1] L] *
Lbunbwpwp, hwyh weGkiny (3.16.1) -p, YnGhGwGp
1k
:<k+')-5<k>=o(_2 ) : (3.16.11)
~1 1 A] * J
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Dpwlny huy (3.16.10) L (3.16.11) -hg YuunwlwGp, np

(k) Al .
i =A|1+0 /\—I : (3.16.12)
1

LptiGp, np Yylipehlp Ghow t, bph e,‘” # 0: Uhwdwpblp wyy wwjdwlp puupupuo:
Wuwhuny, hGywbu htwnlad t (3.16.12) -hg,

g

— XN, bpp kA—oc:

Uwwphgh dnnniny widbGuwidbd ubthwiw wpdbph hwpdwi Ghwpugpgwd dkpnnp
Ynnud b wwwnpdwbuypG dbpng wimGp: LpdGdbiny Jepp ppdwd nnupu pepmudGhph Ypw
qntlp wyn dtpnh wignphpdp.

Pseudocode POWER

input A, n, , M

for k=1,2,...,M do
y= Az
T =Y/ T,
=y

output &, z, »
end

“YhunnmpymG 3.16.1 : Ubpngh pwpwppdwl plpugpmyd Ghpwnpmimd kp, np (3.16.4)
Ybymompwt dtip ¢, qnpowlhigp tnwppbip F quiyhg: Gpb 0 ulgpbwlwl dnununfnpn-
pnap wuwunwhwpwn pdupdwo b wybybe, np ¢y = 0, wwyw fumbpughnt ypngbup
wmbuwlwbnpbl Jh gmquidiunp Ay -h6: Uwluyl, ipwlwlmd, npugmdGsph wyunndw-
my, mnbpwghwGbp pGpwgpmd (3.16.4) (bmmomppul dbg Lupnn t hwpnllby
wyGwhuft pwqugpfys, npp hwdbdunwwl b oey -id. L, hbwmbwpwp, wwhwbGeydng
wmymdpp, pynp pbwypbpmd, Guinwgdh: Pwgh gpubhg, wipwhuh padhawlGinhg
Jumuunpbym hwdwp gnpoGwlwlmy funphmpy b onpdmd JbngGly uh pwih 0
vlgplwliwl dmnwdnpmpim GGhn L Gunnwiply gmiquihtin hwpydmdGhn:

ShunnmpymG 3.16.2 : Ublp Glpwnply bp Gnylwbu, np é, ubhulw Yeunph 1 -pn
pwnuagpfpp qunyhg uwppbp b Anw hwdwp by, wyy punuigply )i pGuipmpyuG dwdwlwly
whnp t oquuuqgnpoly hpnpdwghw é, vbhwlwl Yelpunnph dwupl, bphb, plwpyb, wl
quw: Qwlhwnwl nhypmd” funphngy b uopydmd Juwunaplby quiquihbn hwpdmdGhp dh pwifp
pwnunphsGhnh hwdwp:

YhunnmpymG 3.16.3 : Epb M| > 1, wuyw, piybu bplad ¢ (3.16.7)-hg, [|2N|| — o

bpp k — oo Qw Gpwlwhmd b, np pwjwiwlupw) S6o k -bph hwdwn hGwpawynp b

wbnh mGbGw pdph qupgh hwqligmd L hwdwlhwpgs wpfuwunulph juiq:  Gpb

M < 1, wyw ||| — 0 &, Abwnlwpuwp, hwdwlwpgsmd pdh fupgh Jepownpmpul

wunndwnmy qwpnn b wuwawhby, np ufuwo npnpwih k -hg, ) =0 Upjwo b]lldll_[p-'
Gbphg fumuunfibym hwdwp hwpmdGph ppuwgpmd funphmpy b updmy’ dwdwGuwly win

dwidwbwl =X Ylpnnpp Gnpdwynply:
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3.16.2 Uhdtwnphy dwwnphgh nhwpp

Gpt A Ywwnphgp updbnphy b, wyw wunhwbwjhG stpnnph qnuquihnmpniGp Yupbh
L bwybiu wpwquglh:

hGywytu hwjwGh t, updbwphy dwwphgG mGh ubthwiwld JYaljuonpGiph |phy
oppngnGw| hwiwlwpg (nb'u 2.3.4 pinptaip): Muwnh, YabGpwnpllp, np (3.16.2) ubithwljwG
JyyunpGhpp oppngnluwy GG, wjuhGpG (e;,e;) = 0, bpp ¢ # j: Wuwhuny, z©@
ubqpGuluwl yhipunnph (3.16.5) yppmonpjui vt Ymbblwbp

(€i,€;)=0, 1#7:
hGywhu htnblnud t (3.16.6) <hg,

(z®), 2Ky = p Ak £ pyAZE L p A2k (3.16.13)
L
(417,20 = p AR+ gy p A (3.16.14)
npuntin
p % (e é), i=1,2,....n:

Lptilp, np py # 0: GhunwplytiGp htwmbjw) hwpwpbpmpjniGp.

(l.(k+l,)’z(k))

k) L)
(g;(kjl, z(k))

r

Oquuytiny (3.16.13) L (3.16.14) hwjwuwpmiGbphg” junwlwip

(k} (k) __ (k)
(k) _y PrTp [ . H €
™ = /\l—p‘ ppTi A .1 + —P1 —zo | (3.16.15)
npunbin
A\ 26 A\ 2
k) = 22 e In
" Ay’ 2k+1 A 2k+1 .
’_[, 4 == p2 —_— - - pn —_— :
1 At
UWjunbinhg ) )
2 2
u® gtk o (22) L (e
A] mn Al L]
npunbin



Cuwn (3.16.1) Lapwnpmipjw(, e¥ — 0, bpp k — o0, L

G k) o (

/\2|2k .
A—| : (3.16.16)
1

“Hhwlny huy (3.16.15) L (3.16.16) -hg YuinwGwGp, np

A 2k
—2| )) : (3.16.17)

® =X |14
T 1('1'0(/\1'

Uyuwhuny, hGywtu htinbnud t (3.16.17) -hg,

8 A, bpp k— oo :
LbpYuwjwgGhGp ywpwnpjwd dtpnnh wignphpdp.

Pseudocode POWER/SYMM
input 4, n, z, M
fork=1,2,...,.M do

y= Az

r= (y,IJ/(I,ITI

r=y

output k, z, 1
end

3.16.3 Unpnuny wdkGwihnpp ubthwlwG wpdbph hwynuip

dhpp wpwnpiud dipnnph qunuihwpp Jupbih b ghpwnty Gwl dngmipny wdkGwidinpp
utithwlwG wpdtiph hwydwG hwdwp:

GGpwnptlp, np A € R™™ dwwnphgp sytipwubpgwd £ L mGh dfrwd dnnnipng wikiw-
thnpp utithwlwG wpdtip: Fhgmp dwinphgh ubthwlwl wpdtpGhpp hwiwpwwwod LG
w)Gubu, np

L2 ol 2 - 2 st > (Al >0

W pliwypnd, hGywbu hwpwmGh b, A7, i = 1,2,...,n pdbpp hwGnhuwGnud GG A"
dwwnppgh ubthwliw6 wpdbpGhp (ko 3.2.12 jEddw6) L hwiwwwnwupwGwpwp’
A >z 2 >0

Lbunlwpwp, Yupnn GGp hwpyty ALY -p, Yhpwebind A~ dwuiphgh hwdwp dbq wpnb
hw jwnGh dnnnyny wibkGwdte utithwlw G wpdtiph hwydwb wignphpip: LkGp, uwluw)G,
np, tpb hGs-np ywwnwnny hGwpwynp 3t Guwfuwwybu quih; A~ hwjwnupd dwanphgp.

wyjuw . .
;L‘(k+” — A_]:L‘(k'
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hwpgbm Yinpuwpbl wikG pwymd Yuptih E nobg

A =

qowjhG hwlpwhwyulwl hwyjwuwpmdiGeph huniwljupgp:

UunpdwGuwjhG dtpnnh Gipjujwugywd wgnphplp Yypmd b Awlwnupnd wenpdw-
GuyhlG dbpng wGmGp: “Lpw wulnnynnp, npp GowG £ gtpp ppdwo POWER wulnnyanhG,
gqpymud E hbwnbju) Yhp.

Pscudocode INVERSE POWER
input A, n, z, M
fork=1,2,....M do

solve Ay = =

r= Ty

=y

output k, z,
end

3.17 MuuniwG dbpnnp

Uju wuwpwgpudpmy nhnwpydmd t dGpnn, npp hGwpwynpopmG & wwjiu upitnphy
dwnnphgGbph hwdwp Mot ubthwwl wpdtpGiph phy fuGnhpp:

3.17.1 Utpnnh qunwihwpp

bGyubu hwjnGh k, Glwlmpjub oppngnGw| dlwihnjunipjul dhengny Ywiwjwlhwb
uhdtwphy Sunnphg upnn b ptpgt) wilyniGuqdwjhG wnbuph (nb'u, ophGuwy, [8],[11],
[32]): Uy Ybpy wuwod, guiiugwd A updtwnphly Swwnphgh hwdwp gnymp G mGh U
oppngnlw) dwwnphg' wjlGwhuhl, np

At
UTAU = A = Ao 0 : (3.17.1)
0 .
L An

Lwlhnp A L A JwunphgGbpp GwG GG, muwp GpwGg ubthwlwG wpdbplbpp hwipGy-
Gnud GG UWGYmGwqowjhG dwwphgh ubthwlwl wpdbpltpp’ Gpw wGlynGuqdowhG
nwppbpG G6: Wpuwhuny, mGeGwiny U -G, Yupnn GGp qunGl| A dwwnphgh utithwliwG
wpdbpltpp: UhwdwiwGwy Junwbwlp A dwwnphgh pnpnp ubthwlw6 JtiunnpGhipp:
bpnp, tpt A;-G A Jwwphgh -pn wilpmGwqdwihG nwppt b, wwyw Gpwl hwiwww-
nwutuwlnn ubGthwywG Jtlunnpp YhGh'

e, =10,...,0,1,0,...,0",
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wjuhGpG’
Ae,» = )\,‘C,‘ .
Ujn nbypmd, puw (3.17.1)-p’
UTAUC,’ = )\,‘C,‘ )
A(Ue;) = \(Ue;) -
wbpohG hwjwuwpnipyniGp gnyg b viwihu, np Ue; Ybjmnpp A swwnphgh A; ubthwlwG
wpdtphG hwiwywunwufuwlnn utthwywG Yehunpl £ Ydjup b Gunb), np Ue;
J&yunpp' U dwuwphgh ¢-pn uymGG k:

Ujuwhuny, A uhdbtwphy dwwphgh hwiwp ubthwiwG wpdbpGhph 1phy fuGnph
monuip hwGgmd t U oppngnGwy dwwphgh npnpdwGp, nph dhengny A dwuwphgp
phipynud k wGlymGugduwjhG wmbuph:

Uwnpl qwpwnpynn wunndwl (Qws Swinpfif) sbpnnnud U Jwnphgp uinnigymad t
npwybu wumndw G nmwppwlwl SunnphgGbps hwonppujul wpunwnpwGeph vwhiwG:

3.17.2 Ugnphpth pwyih GywpwgpnipmGp

LywlwltGp A = Ap = aﬁ?)]nxn: Oquybiiny npnpwiljh hwjmwGhyhg (wyn hwpgp
iklp YpGGwpybGp unnpl), pGwplGp A dwwphgh npuk ny wilyniGugdwihG wmwpp
affg;o (70 < 70), npp YuljwlbGp wnweohG pwjih gifuuninp .

[ .

(0} .
Qinzo L]

S

Jo
UjGnihtinnl Junmgblp htinlyw) wbuph wumwndwl nmwppwiwl dunanphg.

[ 1 ]

o ... —30 10 Co = COS (o
Up = : :
S ... Co | Jo S0 = S o
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Chn npnud, o wllymG6 pGupymd E wjGubu, np
A = UT AgUa = {a}] Jxn
dwuphgh a! nwppp hwjwuwpyh qpnjh:

'0.]0

Ag dwunphghg A; dwwphghG wignuip Yuunmwpymd t 2 hnyny.

1-hG thny  A4glp = B,
2y UIB =4 :

1-hG thny: Ae LU B dwwnppgGbpp wwppbpymd LG
mGtgnn uymGpny: UyupGpG,

y o _ 0% - 0;
Oy = (l,io(.o a,mso
— (0 {0) P I
bijo = — U, 50 T Q;j,Co t=12...

R (V) S
bij—a.'j» J F 0, Jo

2-ppthmy: B LA, dwwnphgGhpp wwpppynd GG
mbbtgnn wnntpny: UjuhlpG.

()
@jo; = bigjto + bjg;s0

tn

dhwjl 79 L jo

hwdwpGtp

(3.17.2)

vhujG 2 L jo hwdwpGtp

. - ¢ .
a: -=—b,'oj.5'0-:-bjojt.'0 J=12,...,n:

JoJ

() __ . o
a;;" =0, 1¥F10,J0

(3.17.3)

Wuwhuny, Ao L A, dwwphglbpp nwppbpynud 66 ShwyG 79 L jo hwdwpGbp

niGkgnn wmnntipny L UJmﬁbpm{:
UpnwdtGp pwGwél af n wnwpph hwdwp.

ioJo

(};

Aiojo = bigjoto T bjgjoS0 = (—QigigS0 T @igjyC0)Co *+ { —Ajpip S0 + Q050C0)S0 =

0) (0)

(0)

. . 1
22 P
@jojo — Qioio)S0C0 + Qigjol € — 85) = 5(@jojo — @igip) SIN 200 + @y jo COS 20

(0) 0)

GGpwnpblp, np a;;, # aj,,, © GiGEny al!

i0Jo

(o
2aigjo

s o
o = 1g 20 = o o 12¢0| <

iot0 Jojo
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bpwywbnud, Up dwuphgp Ywnnighim hwiwp dbkq whwp t ny pb o whlygniGp, wyp co
L so dbdmpymGGepp: MGG

. 1
14185200 = ———  —  c0s2pp = ——

cos? 2(,00 /1 + #‘(2)

/14 cos2 [1-
Co = Tvo’ so = sign(ug) \ L—OSM : (3.17.6)

Gpti afg,)o = ;0;0 , wyw YytpgGhlGp @ = 7/4 L, hwiwywwnwupuwGwpwp,

q=m=%§: (3.17.7)

dbpp unwgywd pwlGwdlbph hhdwG ypw GupwgpbGp dbpnnh wnwehG pwjih wign-
nhpdp:
Algorithm JACOBYEIG (step)

(3.17.5)

. pGupyymd k& a,w0 (70 < Jo) qpnyugynn ny wiiniGwqowihG wmwppp,

2. hwpyymd £ po dbonipymG6 puwn (3.17.4) pwGwdlh (bpb al) # a'd),

1010 JO]O
3. hwpyynud kG Uy dwwphgh co b sp ny whlyniGuqdwhG wmwppbpp puwm (3.17.5),
(3.17.6) Ywa (3.17.7) pwGwdlkbph,

4. hwyyymu GG A; dwwphgh wwppbpp puwn (3.17.2) L (3.17.3) pwGwdlbph.

(1 _ 10 {0) L
azo] auuco JojSOv JF 1,70,

a:’;,?o =2a i2}060"’0 + aroroco T a.(rg.)loso
aly) =0,
aly) = —alg)so T ajoico, § # fojo
a.’;';.)io =—2a 12]06030 T a:ol)oso + a.(lg.)mco
=0,
alll =all, o)) =dl, i=12...n.i#10 o,

1 (0 S
tj)—aij . 77]#10“70 .

end

UnwehG pwyh hpwywlwgiwG wpymbpnud wnwGuiny 4; dwwphgp wgGnud
tGp tpypnpn pwjhG L pwgwpdwy hwiwpdbp hwyymdGhph Shengny unwimd tGp
A, dwunphgp L wyG:
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3.17.3 Utpngh hhdGuynpmup
Lwju wywgnigbGp tpynt odwlnuly wGnnu:

Lbddw 3.17.1 : Gwdwpwlwli A € R™" dunnpfg dwfufig U oppngnGuy dwupfignyd
pwquwwunnlybie sh ginfuldf A dunnphgh jmpuipwGsmn upwl vnwpnpbph pwnmuwlmufi-
Gbpfr gmdwipy:

Uwuwgnyyg: hgmp B = UA: LywGwltGp AY) L BY) -n hwiwwywwnwufuwGwpwp
A L B JwuwphgGbph j-pg uymGbpp: Uyn nbypmy,

Tb2 Bu) B(J)) — UA(J) UA(J)) — (A(J) UTUA(J)) — (A(J‘ AU’) — Y‘a
1= I
Ltdw G wwywgmgywd t:

Lhwiw 3.17.2 : Qwduwjwliulb A € R™" dunnpig wohg U oppngnlGuy dunnpfigny puig-

dwyunnfbihu sh thnfuly A dwmphgh ympupwGsmn wnnh mwppbnh pwmuimufiGbph
qmuuip:

Uwuwgnyygp hwGgmd t Gwlunpy (b0dwjhG: bpnp, nphgmp C = AU: LwbGh np
CT =UTAT ,wyw A L C SwwnphgGbph nnnbpp nunGnmy b6 hwdwywwnwufuwGupwp
AT L CT dwwnphgGbph uymGhp:

o [l whlyymGugowhl umuppbinh pwmulymuhGenh gmdwnph thnginfuinp jm Gyr.

UnwehG thnymd, Ag dwwnphghg wiglbiny A, dwunphghG, unnwGnud GGp Show Gl
B = AgUs dwwnphgp: Qwiwdw)G 3.17.2 jtddwjh’ Ap L B dwwphgGbph hwiwuuwunwu-
fuwl wnntpmd wwppbph pwnwymuhGbph gnuiwpp GGG E: Ujnwu Ynndhg, Aq L B
dwwnphgGlpp wwppbpymyd 66 ShwjG 70 L jo hwdwpGbp mGhgnn uymGhpny: Ny

(aﬁ?o))“ + (aﬁ%) = b?,o +b,2m, 1=1,2,...,n:

UYyGeplmpjwG hwiwp pbptiGp hbwmbjwy ufubidwG.

! :
| |
@ - e @ e aee 7

%0 Jo
WGnihtank, hGywbu bpp Gpywd b, tpb i # g, jo, www by, = af) L by, = aly):
Ltnblwpwp,
2 2 . - . \
(@) + (@2)" = (@) + (al2)" . i # dovdo : (3.17.8)
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Gpypopn tinymud vinwGmd GGp A, = U B Swnphgp: Qwdwdw)G 3.17.1 (bidwgp B
L A, dwwnphgltph hwiwwywwnwufuwG uymGpmyd nwppbph pwnwyniupGpp gmdwpp
GmyGG Lk UhwdwdwGwy, B L A, dwwphgltpp mwpppynd 66 ShwjG io L jo
hwdwnGlp mGtgnn wnntpny: buly nu GwGwymd t, np

2,4 8= (o) 5 (@) 5= L2

(nt'u uuninpl phipynn ujubdwG)

® iO
d Jo
J
bpb J # 70, Jo wuyw b'OJ =a;, 0) L b 0; <tju‘|l‘mpml]’
(0) ©\2 _ [ ()¢ ()2 L
( 'OJ) + (aioj) = (aioj) + (ajoj) v J# e, Jo (3.17.9)

“Lhgmp

d‘fz( (0)) ddZ( (l))

Mwpq dLwihnfunipymGGtiph oqlnipjunip wyn qnuiuxp(ibpn GupYwjwglhbp himbjw Yhpy.

S=2af)’ - & (@) @)+ T [@) - @8)]+ £ @)
143
1.J#10.00

Si= ¥ @)+ (@@)]+ X @) @]+ T (@)
i.J'::.Jo

Ujuintinhg, hwyh wnGbiny (3.17.8) L (3.17.9) hwjwuwpmpymGGtpp, hGyybu Gwl wyG
hwuwnp, np 4o L A; dwwnphgGtipp nmwppbpymd 66 shw)G i L jo hwdwpGbp nGbgnn
nnnbpny L wymGbpny, YunwGwip’

So-51=2(a ‘°’) : (3.17.10)
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o Qufuwnnn unupph pGuypmpyn Gyr.

ThuinwpyblGp gifluwynp tnwpph pGunpmpjwb tpynt GnuGwy:

Gnwowly [ Npybu “5330 pGwpymd £ Ag dwwnphgh dnnnyny widblwdbd ny
wlilymGugdwhl wwppp.

lal| = ma‘(|a | (40 < Jo) :

Unwhup wwpph pGuopnipynilp, hwpyh-wnbbing A4 dwwnphgh uhdbiwnphynipymlp,
JnipupwiGyynip pwynd wwhwbomd b Yuwwpb] ~ n?/2 jpugnighy plwpwGulwi
qnpdnnmpniGGbp:

Unwlwly 2. Unwopl pwjimyd hwpyynmd tb

o =T (a)" i=12.0m
Jj#i
dbonip mGGtipp: UyGnihtnb pGwnpymy b 7o -prp innnp htinbyguy wwjpdwbGhg.

0) (1
}o' = ma.x ( ).
1<i<n

a

Yhpowybu, phunpgmd b jo -pn uymbp wylwybu, np

| 0)

a; 5l = ma‘{ |a

10]
Lptilip, np Ap dwnppgh updtiinphympyul hwpyhG Jupnn GGp LGpwnpby, np 76 < Jo:

Muwpq hwyqupyp gnjg bt wwhu, np wnuhuh dninbgiwl nbiypnid wignphpdh
wnwohG pwjynmd qiuwynp wwpph pGunpnipyjwl hwdwp wwhwieymd G ~ 3n?/2
plwpwlwlwb qnponnmpjniGGbp, wiuhGpl, Gwjunpn dninbgnuihg bipkp wiqud wybih:
Uwlw)G, hwonpn pujtpnid w)yn d6dnpjmbp bwwbtu YhnppuGw: {wdwdw )i pGunpjwd
tnwlwyh’ Gpypnpn puygnud whivp & hwpyklp

o' =% (a i,") . i=1,2,...,n

P

Jj#

ubbmpjmﬁﬁbpn Tdjup 3t GYunby, np tpl i@ # 79, 7o, WY 0“) (0’ : bpnp, hwygh
wnbtiny (3.17.8) hwywuwpnipymGGbpp, YniGEGwGp

ol = () ) T () = ) () X () =
£ J#i
J#i0.J0 J#10.J0

Ujuwhuny, hwenpn puynud wbwnp b ytipwhw)yt) shw)a 0(” L a“’ Nw Yuwhw(gh
~ 6n pywpwlwlywb gnpdnpmpmGatp: Cuwn wnd, llnngﬁbuu.[ umwgh(i pwjnud, buwytu
2whmud kGp hwenpn pwyjbipmud:
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o Ulipnyft ququidfunmppul dwup(.

<t £ hwdnqyby, np gifuwynp wwpph pGnpmpjwG hGywtu wnwoht, wjlwtiu
tpypnpn tnwGwyh nhwypmd
So <nin—-1) (a§2;0)2 :
Uyunbtinhg himblnd &, np
UREES S
(a'°’°) “nln-1)°
UjGnthtnl, hwdwdwjG (3.17.10) hwjwuwpiwG, YunwGwlp htnbjuy wlhwywuwpm-
pymGp’

25,
Se—-5>——,
0 h= nn-1)"
Jud
S] S(]So, (3.17.11H
npunbin
def 2
=]l-—x<1:
4 n(n - 1)

Uignphpih pujiiph hpwwGwgiwi pGpwgpnd dkGp unwlmd kGp A4, = [agf)}nxn.
k=0,1,... dwwnphgGtph hwenpnuywlnipjmG, npntin

Ac=UL, .. . UTUTAUU, .. Uy :

Gpb Sy -ny GauwlwyklGp Ax dwwnphgh ny wlymGuwqowjhG wmwppbph pwnwynuup-
Gsph gmudwpp, wwyw, hwdwdwjG (3.17.11) wihwyjwuwpnipjul

Sk <qSiy <o < Sy

Ujuntinhg hbnnbmd t, np
S5, —0, bpp k—oc,

wjuhGpG, A dwwiphgh ny wlynGuwqdw)hG mwppbpp dgumud &G qpoyh, tpp A — >
W ybpy wuwd' A dunnphgGbph hwonppuywlnpymbGp dqumd bt wilynGuqdwhG
dwwphgh: UyYbhG, uwpgymd b, np wyn Swwnphgp A dwwnphgh ubthwlywG wpdtpGtphg
Juwqiwd A dwuwphgG b (nbu (3.17.1)): Wn diwunh wujugnyygp Yupbih b quGlg.
ophGwly, [S] nwuwgppmu:

QnpdGwlywl hwyynudGhph dwdwluy pGnpmd GG npppwyh ¢ > 0 deompymbp L
pGpwgpp wpmGwymd wjlGpwC, shGL Ypuwjuwpupdh Sp < € wihwjwuwpnipymGp:
‘Hwbhg htun, npytu A dwwpphgh ubihwywG wpdbpGhp, yepgGnud GG A, dwnphgh
wGlymGuqowihG wwpptipp, huy npybu ubthwlwG yyunpGep® UpU, ... Ui—1 oppngn-
w| Junnphgh uymGhipp:
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fulnhpGtp U JupdnipniGGhn - 3 ee—

l.

to

=4

Uunfyumbufy dwaphg Ynpdmd £ wyG A = [aijinxn Swnphgp, nph wwppbipG mGkG
htnlyw hwnympymGp. a;; =0, bpp 7> i L 7 <2 —1: Fmpu plipbk| wignphpd
wyny ) dwwnphgny hwdwlwpgh mddwb hwdwp: Opn2bp wGhpwdb)wm pyupw-
Gwywl gnponnnipymGGeph pwlwlyp:

. ‘bmpu pbpbp wignpppd Ar = b hwiwlwpgh mddwl hwdwp, Gpb hwjwnGh t,

np A = {aijjaxe Swnphgh wwppbpp mGbG htwnlyw] hwaympymap. a;; = 0.
bpt ¢ + 7 < n: dwyb] pywpwlwlwb qnpdnnmpniGlGtph pwlwyp:

. mpu phipbp wignphpd Ar = b hwiwluwpgh ndwl hwdwp, tpt hwjnGh t,

A = ia;jinxn Swwnphgh wwppbpp mlbG htnljw hwnympymbp. a; = 0.
Gpp ¢+ > n+ 1: dwpyb pywpwluwljwb gnpdnnmpymGGtp)h pwGulyp:

. Uwwgnghy, np

ros 11 1 1 ]
125 0303 3
P13 45 a 5
ioeae

L3 5 7 s |

dwwnphgp gpuyui npnjwg b

. 8myg ww, np A = [a;jjaxn Swwphgp a; = min{, j} wwppbpnd npufud

npn2jwy t:

Uwwgmgty, np ipt A dwwnphgp npuijwl npnpjwy b, www gnympynil mGh o -hy
wlywhu wjGuhuh v > 0 hwunmwwnmG, np

{Ar,x) > vz, 1 7r € R™"

Thgnp A € R™™ dwwphgp vhdbwnphy t: Uywgmgb, np 7 + =4 dwnphgp
pwywliwlwywth thnpp = pyh nbiypmd npujub npnyjwy t:

. Fhgmp wpjuwd t A = [a;jjaxn Swwphgp, nph pomp wwpptipp hwjwowp G

dhuynph: Gulb wyn dJwwnphgh ubthwliwl wpdtplbpp:

Uwwgmghy, np 4 = ia;jinxa uhtbnphy dwwnphgh ubthwiwl wpdbpGhph huwdwp
wntinh mGLG

A > max a;;. A < min a;
mazr — ]SIS" n min — '.51511 u

wihwywowpnipniGGtpp:

160



10.

16.

Ltwnbjw) wpnwhwjnmpymGGiphg npn®Gp &G hwlnhuwlnd Jeyunnpulwb Gnpd
C" nwpwdnmpjnilmu:
w) max{|zal,lzsl,. .. lzal}, |
p) max{|z) — x|, |21 + 22|, |z3],. .., {zal},
g) ; EANE
. 8nyg wnwy, np
f(z) =2y — 22) + 23]

$niGyghwb, npnbn z = {zy,z,|7, hwlghuwnd t R? wwpwompjwl Gnp:
Muwnybipt) wyn Gnpdihl hwdwwwwnwuhnuGnn dhwynp gnilinp:

Uwwgmgti, np (2,2),(-2,-2), (1,—-1) L (—1,1) ququpltpny gmquhtnughdp
hwlnhuwGmd b Shwynp gniGn R? wnwpwonipjwb dh nplt Gnpinug:

. Mwunlbpby  (0,1),(0,-1),(1,0),(~1,0),(1,1) L (—1,—1) ququpGhpny

puqiwblymb: 8nyg wwy, np wju pwqiwbyymbp Jupbih £ phuwplbp npybu
dhwynp gniGy R? wwpwdnipjwl dh nplt Gnpdnud:

. thgmp A € R™" ppwlwi npnjw) dwwnphg b 8nyg vy, np

|lzll = /(Az, )

hwlnhuwGmd t Gnpd R™ Jtyumnpuwiwl wnwpwdmpynGnud: b%Gy & ppklhg
GtpYwjwglnmd dhwynp gniGnp wyn Gnpdmy, pp n = 2:

. Uwwgmgh}, np A = {@jjnxs Juiwjwliwl dwinphgh hwidwp

max |a;;!
191gon 141

wnpunwhwjnnipniGp dwwnphgujhG Gnpd k:
Uwwgmgty, np = = [z, z2|7 Ytywnplbph wwpwonipjui dbe

Ty — x
max(|.r,|,%) , a>0"

wpnwhwjpnmpymGp Gopd £ Gwnlb) wyn Gnpdh htn hwdwdw)lGhgywd dwun-
nhgwjhG Gnpdp:

. Uwwgmgt) yayunpwlwa Gnpdtph hwiwpdtpnipjwl htnbjw) wnbynpymGGtpp.

w) ||zl < [zl < nl2leo s
P Nzl < llzllz < VRllzlleo

1 .. .
q) 7n iizliv < llzll2 < ll=ll :
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18. Uwwgmgt| SwwnphgwjhG Gnpuitph hwiwpdtpmpjuG htinbyw) wnGympynGpp.

1 —
N 75 IAllr < 14l < VllAllF,

1
w) |4l < [[Alls < 7] Afle

1 1
P) =4l < |4l < VRllAllz,  b) ﬁ“A”FS”AHIS\/ﬁ”A”F,

. 1 ) 1
q) 7 |4]l2 < 1Al < VnllAll2,  q) 7 HAllF < 1l Allz < HAllF -

19. Uwwgnighy, np, bpk ||A]j < 1, wyw
1

1
<HUI =AY € ——
Ty S =A< gy

. Uwugmghy, np, bpt A dwwnphgh ||A]] Gnpip pwyjwywbuywh thinpp b, wujw
(1 = A" = (I + A)|| < 3|4 :

wwjiwlwynpwonpjwG pybpp hbnlguny

21 Quwpydly  Keo(A), k1{A) L Ka(A)
twwphgGbph huniwp.
.[a+1 a | \|f01] \[al ,
) a a—l_’p)LaO_’q’kll_,'

[N

. Uwwgmghy, np n-pn yuwpgh A dwnphgh hwiwp §hpw b6 hbnbjw| wGhwywow-

pmpjnGGkpp.

23. 2hgnp A = AT > 0: Uwwgmghb), np k2(A+al), npybu $mbyghw a-phg, o >0
wpdbpltph hwdwp dnGninnG Gjuqgnn & (GGpunpnud E, np A # 31, 3 = const):

. Auyb) Keo(A) wwjpiwGwynpyudnpjwi phyp

—

tpynuuGyyniGuwgdwjhG Swwnphgh hwiwp:
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29.

30.

31.

. Uwuwgmgty, np

[100 99 ]
99 98 |

dwwphgp mGh wikGwitd s;(A) wwjpdwlwynpguompjwb phyp pnpnp tpypnpn
YJwpgh ydbpwutipuo dwwnphgltiph dbe, npnlGg wmwppbpp' 100-hg ny 4Ly, pGwliw
pytip LG:

. Hhgnip A € R™™ dwwnphgh nwppbpp pujwpupmd GG

qiail 22|a,-ji, i=12,...,n,
J#i

wuwjiwlGEphG, npntn 0 < ¢ < 1: G6whwwnb GeppLhg L Ybplhg £e0(A) wwjiw-
Gwynpywompjwl phyp A duwwnppgh wilynGwqdwjhlG wwpptph dhengny:

. GGpwnpbtny, np oquuugnpdynui £ A dwwphgh LU - ypmompymGp, hwpytp A

dwwnphgny p > 2 hww hwiwlwpgbph modwl hwdwp wlhpwdtyn pywpwlw-
YJwG gnpdonnmpymbGGaph pwlwyp:

. Gpbp Gwnwuh depnnh wgnpppip wjl hwiwlwpgh hwdwp, nph gnpdwlhgltpp

odwnjwd Ll htnbjw hwwnympjuidp. a;; = 0, tpl ¢ > 741 Qwpyb| pjwpwbuwlywl
gnponnmpGGtph pwlwlyp:

Uywlbtp Az = b hwiwlwpgh mdodwl wignphpd, nph dwwnphgl mGh hbwbjuw)
Yunmgywopp. Gpw pnnp wmwpptpp hwjwuwp GG qpnjh, puguwnmpjudp wyG o;,
wwppbph, npnGg hwdwp | - j| £ 1, hGgwbu Gwl a1, U an; wwpplph:

Thgmp

d)l‘| - b]l‘2 = 7N
—a;x;—y +d;z; '—b,‘l‘,‘.H' = T, 1=2,3,....n—-1,
—AnTn1 vdnzn = T4

hwdwlwpgh qnpowyhgGtpp pwjwpwpmd GG
idi| > |bicij +lai], 1<i<n,bo=0,a:41 =0

wGhwywuwpmpymGGbph (upuwn wilynGuqdwhG qphzfunud pun ujwG): Snyg
wwy, np wju ghwypmd wihwpnGph mnhn wpnwpudwl dwiwGwl qpnjh Ypw
pwdwlmy ) wnwowlmu:

Uwnmgh) A uhdtnphl bpipwGlyymGuwqowihG dwwnphgh unituyn ypimomp jnl‘ﬁﬂ
A=UTU . Quyyty U Swwnphgh wwppbpp qunkine hwdwp wlhpudbn pwpwiw-
YwG qnpdnnmpymGGLph pwlwlyp:
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32.

34.

35.

36.

hunwplynd b Gpynt pntpwghnG dtpnn.

ot = (I -7AB)c* +7b, k=0,1,...

oft = (I - rBA)T* +71b, k=0,1,...,

npntin A L B dwwphgGtphg gnGh dbyp sybpwubpjwd t: Uwwgnighi, np wju
tpynt dtpnnGtpp gniquipinnud juwd mwpwdhnnd GG JhwdwdwGwly:

. Spwo t

Az =0

hwdwlwngp, pGn npnd A Jwinphgh pninp ubthwiwé wpdtpbGtpp hpwliwb GG L
qunlymd &G [6, A| dhowlwjpnu, npntin § > 0: Uwwgmghy, np

hwbpwghnl dtpnnp qniquidbu t:

Spjwo t
' =B +¢, k=0,1,..

hwtpwghnG dtpnnp, npuntin

B =

4-, O<a<l:
a

a
0

———"
| PO,

8nyyg nwy, np ufuwwlph |||« Gnpdp hnbpughwgh hGs-np ke hwiwphg dnGnunnG
Gywagmu k;

Q.G QGwnw-Qb6jnth depngmud hnbpwghwbbpp hppwiwbwglng —(L +~ D)~'U
dwwnphgh wnbupp
. [ 2 -1 T
-1 2 -1
-1 2 -1

dwwphgh hwdwp:

Npngbtp wiG A = {aijjnxn UwwnphgGtph nwup, npnGg hwiwp Gwnw-Qbntih
dtipnnh dbYy pwyjp, ujuwd zz = 0 ujyqpGwliwl InnwynpmpymbGhg, wnwihu t
Az = b hwiwlwpgh 6)gphwn |momip judwjwlwl b we dwuh hwiwp:
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37.

38.

39.

40.

4].

42.

Oquytyny LL™' = I hwjwuwpmpjmbhg' sybpwutpwd unnphG tnwGymé L
dwwnphgh hwidwp goipu phiptp L7! hwywqupd Swwphgh wwpptph bhwpgdwG
wignphpip: -Gwhwwnt) pjuwpwGuljub gnponnmipniGGtph pwGwyp:

Oquujtiny UU~! = I hwjwuwpmpjniGhg' sytipwubpfud yuphG tnulymG U
dwwnphgh hwidwp goipu phpt) U~ hwlwnupd Swwnphgh wwpptph hwpgdwG
wygnphpyp: G-Gwhwint] pywpwGulwb gnponnnipymGGtph pwGulyp:

nipu ptipbiy A = [ai5]nxn Utnfipintivp dwappigf yngdwG wignphpdp (w)r dunnphgh
uwhiwiwG hwiwdw)l a;; =0, tpt 7> Lwd j<i—1):

Qhgnip A = [@ij|nxn Ywwnphgp wyGuhuhG t, np a;; =0, bpp ¢+ j < n: “npu
phipti wyn dwwphgh 2pgdwd wignphpdp:

Uwwgmghti, np

2 04 04
A=103 4 04
0.1 01 5
dwwnphgh utthwliwl wpdtpltipp hpuwlwG pybp GG:
Qb )
a; a2 az An-1 Qan W
1 0 0 0 0
1 0 0 0
A= .
0 0 O 0 0
0 0 O 1 0 |

dwwnphgh pGnpwgphy puqiwGnudp:
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Qniju 4

hLSELMNLUShU

4.1 bGutpynwughwjh huGnhpp

Qwynnuiwb puqiwphy depnnGapnud fulGnph dlwybipuiwb dke dinGnn pnilGlyghwlhpp
hwéwfu thnfuwphGymud &G hptGg hGs-np hdwunny dnn L wybh wwpgq Smbyghwbbpny:
OphGul, hGywbu wpnkl ghwnbGp,

flz) =0

hwywuwpnuip UymwunnGh depngny (ndiwl dwiwlwy f(z) pmbyghwb zo uyqplulywb
innuwpydwG powlwjpnud thwunnpbG thnfuwphGynd t

folz) = f(zo) + f'(z0)(z — 20)
qowhG dnGyghwyny: <bGg fo(z) Pnmbyghwjh wpiwinG b yepgynud & npybu hwyjwuwp-
dwl wpiwwnh hwenpn dnunwplnud:
{wjnlp 66 pniGyghwlbph dnnmwplyiwl mwppbp nuGuylbp: Unwyb] nupudygwo

L, hwjwlwpwp, yuwndwjwGnpbG Wynubhphg wybh ynin wrwowgwd dtpnnp fiGnbp-
wynughwi b

4.1.1 pGubpynjwghwh luGnph npwopp
‘thgnip pywjhlG wnwbgph hpwphg wwppbp
Z0yZ1y... s Tn
Ybwnbpnud hwjwnGh GG f(z) $mbyghw;h
f(zo), flz1),..., f(Zn) ’
wpdbplbpp: Mwhwloymy t Ywnemgh] wjGwhuh F(z) wGplghwwn SmGyghw, np

F(z;) = f(z;), 1=0,1,...,n
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(nbu GY.4.1.1): Quybpuwo fubGghpp Yynypmd bt pGumbpynpughup fulnhr. F(z)
PnGyghwG Ynyynud b plwnbpynpwghnt pmbhghw, huy zo,z,,...,z, Yhnbpp' pbubp-
wnjwghwjh hwiqnijglbp:

Y/

y=f(x)

0 Xo X] 0 ees aer e Xn

VLY.4.1.1 F(z) hGubtpynpughnG $niGyghwb

bGwnbtpynpughnG $niGyghwh junmgiwlG wlhpwdbymmpmbp Ywpnn b owgh,
ophGwl, htwljwy nhypbtipny:

o dwjwnbGh GG f(z) PmGyghwjh wpdbpGtpp hGs-np zo, zy,...,Z, Yhwbpmd L
wlhpwdtn t, piyniq dnnwynpuygtiv, hwyyb wyn pniGyghwh wpdtipGhpp wy
Ytwnbtpnud: Ugn nhypmd f(zo), f(z1),. .., f(zs) wpdbpGbpny Junmgymd b F(z)
hGunbpwynjwughnG $niGyghwh L pninp Sy Ynbpnud yepgymd & f(z) =~ F(z):

» Quynbh t f(z) PmbGyghwih wlwihnhy wpnwhwjnmpyniGp, vwluyG Hnly-
ghwjh wpdbtiph hw)ynuip npnwyh Ynmyd wywhwbond £ dko dwywih hwyynnu-
Jub wfuwwnwbp: Gpb whwnp t hwyb wyn niGyghwih wpdtpGtipp pujulwGu-
swih d6d pyny Ytwbpnwy, wwyw hwoynnubwl pGpwgpp YpSwwnbint hwdwp
Jupbih bt wlgGh] hGubpwnpughwih: pw hwiwp npybtu hGunbpynpughwih
hwGgnyygltp pGunpymd &6 hwdttwwnwpwp tnpp pynd Ytnbp, hwzgynd GG
InuGyghwyh wpdtipGhipp wyn Yewnbtpm, wyGnithtnnl Gpubg vhengny Junmgynui
t F(z) pGubpynpughnG pniGyghwb: pwbhg htann gepgdnui b f(x) = F(z):

bGnbpynpughnG F(z) $mGyghwyhG Ghpywjugynn hhdGwywl wwhwlep Gpw
wwpgnipyniGG £ w6 hdwuwnny, np wyng $niGyghw wtanp t thGh htzn hwaydbih: Unwygty
hwéwlu npybu hGunbpunpughnG $niGyghwGbp Yepgynud 66 hwGpwhwzwywl puqiwi-
nuiGbp: Pwgh wyG, np puqiwnuish wpdbpGph hwaynuiG hptGhg W6 pwpnipynil
¢h GpYuijugGnud, GpuGg YhpwnwG hwiwp hip b hwnhuwnd hbnbyw) wy hwjnGh
wGnnudp:
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Ptnpbd 4.1.1 (U dwjbppwnpwu [18]) : 6pb f(x) pmblhghwl whplghunn t [a,b] hwnyw-
omd, wuyw wdwywlwG € > 0 pyf hwdwp gnympymG mGh wyGwpup P(z) pwquwlnud,
p

max |f(z) — P(z)| <€ :

a<z<b

4.1.2 DbGubpynpughnt pwqiwlnud
®Guptlp hGwnbpwynwghnG YniGyghwb

Ln(z) = iakx" (4.1.1)
k=0

hwGpwhw)ywlwl pwqiwlnuidh wmbupny’ GGEny w)l wywhwiehg, np
L, (z;) =_f(:c,~), 1=0,1,...,n: 4.1.2)

Wjuwhuny, ap,a,...,a, wlhwjn m + 1 wwpwdtnptpp npnbint hwdwp, npnGgny
dhwpdtp wpynud k (4.1.1) pwqiwGnwip, mGhGp (4.1.2) n+ 1 hwwn yuwjiwGGepp: b°G;
hwpwpbipnipjuip whwp t pGunpdtiG m b n-p: Hhonwpyblp bptp hGuwpwynp nbuyp:

w) dhgnp m < n: Wn phwypnd hGunbpwnwghnG tuGnhpp Ywpnn £ monud
G CGnpkGp, ophGuwl,

20=0,2,=1,2,=2 (n=2)
L, hwiwywunwuhiwGwpwp,

flzo) =1, f(z;) =0, f(zg) =1 :

Bph ytpgGhGp m = 1, www, wyGhwjnnpkG, gnjnipjmG yniGh wewehG Yuwpgh puqiwi-
nwd, nplG wGgGmy £ YnnpphGuinwywG hwppmpjwb (0,1),(1,0) L (2,1) Ytwnbpay:
p) thgmp m > n: QhwnwpykGp tpymt hwlgnyg. zo =0 L =, =1 (n = 1):
dwidwywwnwuhiwGuwpwp, f(ze) = 0 b f(z;) = 1: bph ybpglhGp m = 2, wuw
Yupbih t G2t pwqiwphy tpypnpn Yupgh hGunbpunuwghnt puqiwGnuidGhp, ophGuwdy,

L2($) = 1:2 )
Ly(z) = 22% -1z,
Ly(z) = 3z -2z
L wyG:
q) ‘thgmp m = n: Uju nypmyd hGnbpwnpughnG juGnhpG niGh dhwly nuoma: bpnp,
(4.1.2) wwjdwGp qptlp ag,ay,...,a, wGhwjn wwpuwdtnptph Gundwdp qowjhi
hwlpwhwywiwi hwjwuwpnilGtph hwidwlwpgh ntupny.

ao+a1:co+a2:cg+---+an$8 = f(:l:O)

a0+ a1Ty + a2t + - +anz} = f(z)) (4.1.3)

ap + a1%, + apT2 + -+ + apa? f(zn)
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Uju hwdwywpgh npnphyp dwihnbpdnlnh npnppisG t.

1 zo 3 ... =
1 z; =2 7
1 ' =T1I(zi-z;) #0 :
>3
1 z, z2 z7

n

<bwnbwpuwnp, (4.1.3) hwdwwpql nGh dhwy momd judwjwiwl we dwuh nbypmd, L,
wynuhuny, gnympjniG mGh dhwy '

La(z) =Y axz*
k=0

puqiwGnwd, npp pwyjwpwpmd
Ln(zi)“—"f(zi)s i=011a---)n1
wuw dwGGlphG:

4.2 LwqpuGdh hGuntpynjughnlG pwlwdlp

Lwfiunpn ywpwgpudnd wwywgngtighGp, np hGntipynjughnG pwqiwlnwdp gnym-
pymG mGh L Shwy6 t: Qpwlhg htinn, pwyuGuwpwp, dwgmy £ wjn puwqiwbGnuith
npndwl hwpgp: PwuqiwGnwdh gnpowyhgGhph npnpdwG hwdwp qowjhG (4.1.3)
hwGpwhwqwywl bhwjwuwpnuiGeph hwiwywpgh Ydwl Gwlwwwphp hwenn
hwidwpb) sh Ywptith (hwnjwwbu, n-h d6d wpdtpltph ntwypnud): dpw thnfuwpki dGGp
JuunwGwbp hGunbpwnjwughnG puqiwbnuidh pugwhwjn wbupp:

4.2.1 bGubpynjughnG pwlwdlh wpnwdnuip

MGLGwiny zo,z;,...,z, hGnbpynughnG hwGgnygGtpp’ nhunwupytlp htnljwy n-pg
wpgh pwqiwGnuiGhpp.

z-29)...(¢ — -1 )(T — Thq1) .. (T — T .
W)= I rrer TS
k=0,1,...,n:

UyGhwywn k, np wyn puqiw GnudGipp pudwpupmd 66 htnbjw) hwnynpjwbp.

1) (z;) = {é Eg{.fj :z : (4.2.2)
Ydup 3k huninqybiy, np
La(z) = 3 (@) (4.23)
k=0

169



YthGh npnGhjh hGubkpynpughnG pwqiwGnuip: bpnp, hwdwdw)G (4.2.2) hwwlnipjud,
YmGLGwGp

= if(ka)lf."’(:v.-) = f(z;), i=0,1,...,n
k=0

Stnunptiny {%)(z)-h (4.2.1) wpinwhwjnnipymGp (4.2.3) hwjwuwpnipjwl we Swunud’
YJuwnwbGwlp hﬁmbpu.lnlwg[mﬁ pwqiwlnuwdh wmbupp

Z J(@) ( —Zo) . (T~ Zk1)(T — Ti41) ... (T — Zn) (4.2.4)

Tk — Io) Azk — o1 )Tk — Th1) - (T — Tn) '

npp Ypmd t Lwgnubdh plumbpynjwughing puwGuwdl wGmap:

OphGuwly 4.2.1 : Ywnmghlp hGubtpwnpuwghnG puqiwinud f(z) = sin7z pnGlyghwjh
hwiwp 7o =0, z; = 3 L 2o = ; hwlqm)gGhpny:

Uqwd hwlgniygGbpmd pmbyghwyh wpdbpGhpl 46 f(ze) = 0, f(z1) = 5 L
f(z2) = 1: Quiwdw)G (4.2.4) pwlwdlp’ YunwGulp

_ ( I])( IZ)
Ly(z) = f(zo) (1 — zo)(z) — 72)

e i A e I S A T
T — Tog)\T - .x—a — 3 _'x— $—§
I —aa—=) = 0-DO- 1 T2 T-0E -]
1. w =322 4+ -1 :
\ G-0G-3) 2"
UGdhowlywl wnbqunpminy Yupbih b hwdngytiy, np hwGgnygGtipmd La(z) L f(z)-h
wpdtipGtipp hwdipGyGmy GG: &

YhwmnnmpymG 4.2.1 : &pl f(z) dmbyghwl n-pn Jupgh pwquwlngud b, wyw La(x)
hlunbpynpughnt puquw nwdp, unmgfuwd qudwpw§wl o, x,, . . ., zn wlenyglGhnny,
hwdpGlymd t f(z) pmblyghuyp htan, wuhlpl' L,.(z) = f(z):

Lwgnpuw(dh hGwbpynpughnG pwlwdlp Yupbih t qpby wybih hwjwp wbtiupny:
hwiwp Ghipdmoblp htwlyw) pwqiwbnudp.

+f(I ) (I_IO)(I_Iz) +

W1 () 4 (z—zo)(z—11)...(xT— zn) : (4.2.5)
Wn nhwpnui

wn+l(x)
I — Tk

(z—20)...(z — Tk )(T —Th41) ... (T —T0) =
(zk — To) ... (Tk — Tk )(Tk — Tia) -+ - (Tk — Tn) = Wy (Tk) -
Ujuwhuny, (4.2.4)-hg unwimd GGp

— = Wn41(Z) .
(z) = g)f(zk) TR el (4.2.6)
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4.2.2 [jwytGh hGunbpwynpughnG ufubdwG

bpt Wwhwoynwi t qunll| L,(z) pwqiwGnudh ny pt pghwnip wbupp, wy) Shw)l
Gpw wpdtipGipp npnwiyh z Yhwnbpnud, www hwpdwp b oqunyby Lynfbbh plGinbmynw-
ghnG ufubidwhg: {dwdwdw)l wyn ufjubdwih’ hGunbpynwghnlG pwqiwinudh wpdbpp
npn2ynud t ShwldwG pGpwgph hwonpnuwl YhpwndwG shongny:

Yhgmp y; = f(z:), ¢ =0,1,...,n: Fhnwpytlp htwnljw| wnwehl Yuwpgh puqiwi-
nudGkpp.

de 1 Yi Zi—Z

L,’_,‘+]($)=-, N i=0,l,...,n—l:

Tiv1 — T

Yi+1 ZTigqa — T |

UYyGhwjwn t, np _

Liini(zi) = yi,  Liin1(Tiv1) = Yis1
Wuwhuny, L; ;4 (z)-p’ hGunbpwynwghnl puqiwbnud t, junmgwod z;, z;y, hwlqnyg-
Gipny: UjGnihtnb ghnwpyGp htwnbyw bpypnpn yupgh puqiwGnudGbpp.

Lijn(z) =zi-z

Lijip142(z) = , 1=0,1,...,n—2:

Tiv2 — Ti

Liv1i42(z) Tisz -
{twn t hwidnqyt GpuGmd, np

Liiviis2(zs) =¥y Liinis2(Ziv1) = ¥in, Liinisa(Tive) = Yiso
WuhGpG' L is1,i42(7)-p hGnbpwynjwghnG puqiwnud £ junmgywd T, Tiv1, Tisz

hwGqnygGtpny: CGghwGpwwbu, A-h gwlGiuwgwd wpdtph hwdwp, npnbn
2< k <n, YunmgtGp k-pn Yupgh puqiwlnuyd htinbyw optlpny.

Liin,. .’+k-1(1‘) Ti— T
Liin,. .ivk(Z) f — ‘ , 1=0/1,...,n—-k: -)7
Titk = Li Livyiso,..itk(T) Tivk— T
Mupq t, np Liis,.i+4(2) puqiwlnudp hGnbpynughnG puqiwlnud b, junmggud

Tiy Tip1, .., Tisx hwlgnygGtipny, pwGh np

Liiv, . i+k(Tj) =yj, J=t1+ 1,...,i+k:
Qwenpnupwp Yhpwnbiny Gywpugpjud plpugpp’ wpryniGpnud YunwGulp htnlyu
puqiw Grwdp.

LO]...n(x) = Ln(x) :
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bGuntpynughnG pwqiwlnwih wpdtph hwydwb vjubdwi 7 = 4 phypmd YnGGEGw
htinlgyuw) wmbupp:

[z Jui | k=1] k=2 ] k=3 | k=4 |
Zo yo| Lox(iﬂ) Lmz(x) Lmza(x) L01234(93)
Ty |y || Lia(z) | Ligs(z) | Ligsa(z)
T2 | ¥2 || Las(z) | Lasu(2)
| 3 | ¥3 La(z) ’
LTy | Ys l |

QptGp CynykGh ufutdw)h wignphpdp.

Pseudocode AITKEN

input n, (z:), (:), =
fori=0,1,...,ndo

Ei=y,
end
for k=1,2,...,ndo
fori=0,1,...,n—k do
E;= [Ei($i+k —z)— Eip(zi - 93)]/(931‘+k - z;)
end
end
output Ey

4.3 bhlwmbpynjwughwjh vjuwjwiph qGwhwwnnuip

Cunn vwhdwlGmdh’ L,(z) hGunbpynwghnb pwqﬁwﬁr}iudn hwdpGyGmd £ mpwd f(z)
PnGyghwyh htwn zo, 1y, ...,z, hwlgmygGhpnui: Uwlw)G, pGnhwGpwutiv wuwd,
GpwGp wwppbpymy GG wy) Yewmbpnud: Nwnh wowowlnd £ f(z) ~ Le(z) wwppbpnt-
pjwl qGwhwwndwb hwpgp, hGshG £ Gyhpywo £ unylb ywpwqpupp:

UingGhGp htwnlyw| GyuGwlymiGtpp.

Cla,bl" ia,b] hwnjwdnd npnpywd wlpGnhwn pniGyghwGhph mwpwonpynila t.

C*ia,b] (k-G wdpnng phy t, & > 1) [e,b] hwnjuwond k& wGquyd wipGnhwwn
wowlgbih pnGyghwGtiph mwpwonmpymli t:

Cla,bl qdwjhG wwpwompymbp Ywpbjh b nupdlly Gnpdwynpguwd vwhdwlbtng
Gnpip htwnlgw| Ybpuy.

de .
1€ max |£(2)] : (43.1)

a<z<b
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4.3.1 blwnbpynwghw)h ulowwGph pwGwdalp

GGpwnpklp, np f(z) € C™*'[a,b], npnbn [a,b]-G zo,z),...,2, hGubpynpughwih
hwGqnygGbpp wwpniGwlnn hwnwo6 k: LEpdmdkGp

2(2) % f(2) = Lo(2) = Kwni ()

odwlnuy pnilyghw, npnbn wnyi(2) = (2 — zo)(z = 1) ...(z — z,), huy K -G hGy-np
hwuwmwwnnG t: UWyGhwpn k, np ¢(2) € C*'[a, b] L hGnbpynpwghwih hwlqniygGepnud
w)G pGnmbnud £ qpn wpdbpp ¢(z0) = @(z1) = -+ = @(za) = 0: Uhgmp z-p ia,b)
hwunywoh Yt t, npp sh hwipGlGnud hGunbpwniwghwih hwGgniygGbph htwn: CGwnpklp
K phyG wjGubu, np ¢(z) = 0, wyuhGpG’

/@) = Lala)

wWni1(Z)

K= (4.3.2)

Wuyhuny, ¢(z) $nbyghwi [a,b) hwwndwoh zo,z,...,z, b z pynd n+2 Yhwnbpnd
huwjwuwp t qpnjh: <Gnlwpwp, hwiwdw)jG hwpnGh kngh pinpdh (mbu , ophGuy
[29]), ¥'(z) wowGgjwp hwywuwp t qpnjh (a,b) dhowlwiph wnljwql n +~ 1 pynyY
yowbpnud: UjGnihtwnb, ¢”(2) Gpypnpn Yupgh wowGgyuip hwjwuwp t qpnjh (a,bd)
dhowlwjph wnlGjwqlG n Ywmbpnud L wyG: CwpniGwybiny Gdwl punnnnipymGGhpp’
hwGgmud tGp GpwG, np (a,b) hewlwypnd gnympymG YmbtbGw qnlk dkY £ Ytwn, np
e T(E€) = 0: MGhGp

A" (2) = f0)(2) — K(n + 1)!
4bpohG hwywuwpiwG dbe ybpglhiny z = £ Yunwbwbp

_ 1)

K m .

41.3.3)

QwywuwpbkgGliinyg (4.3.2) L (4.3.3) hwjwuwpnpyniGGhph we dwubpp’ YunwGuGp

T i (@) (134)

f(z) = La(z) = rEn

wpnwhwjnmpyniGp hGunbpynwghw)h ufuwubph hwdwp: LepehG pwGwdlh unwg-
dwé dwiwGwy dkGp tGpunpk) Gp, np z # 2o, Z1, ..., T, UYGhwjwn £, np wyG 6hown
t Gwl, bpp z Yewp hwdpGyGnud £ hGunbpynpughw)h nplt hwigniygh htwn:

bGubpynughwyh ufuwpwGph (4.3.4) wpnwhwynnpjuG dbe dwulwlygmd t
£ € (a,b) Ytwnp, npp, npubu YubnG, hwynGh sh: Wn ywwnbwnny wybih Guwwnwlw-
hwpdwp b qGwhwwnby f(z) U L,(z) $mGyghwGph dEdwgnyyl 2tnnudp’ Ghpdnobyny
htwnbjwy skonpyniGp.

Moy € max |/")(z)] :
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bpnp, hGywybu himlmd t (4.3.4) pwﬁwdbhg, 6hywn L
|f(z (2)] < Iw,.+1 )|  Vz€la,b] (4.3.5)

giwhwunwlwbp:

OphGuwy 4.3.1 : Q-Gwhwwnb], pt hGy Gaunmppudp & hGwpwynp hwpyb) In 100.5-p, tph
hwjwnGh GG In 100, In101, In102 L In 103 wpdtpGhpp:
Uju nhiwypmu’

=lnz,n=3,a=100,b=103, fNz)= ——  M; = — :
f(z)=Inz,n a I (z) pr M, T

Ltnlwpuip,

3 6 . -9

|GGy (4.3.5) whhwjwuwpmpinbhg™ hGywmnipjudp vnwlnd tGp

If = La|| < ;“uw,.ﬂn (4.3.6)

qGwhwuwnwljwp:

Ujuwhuny, mbuGmd GGp, np L,(z)-h 2tnmdp f(z) pmGYghwjhg npnpymi b M, 4,
Shompjwip U ||lwpyi|| Gnpinyg: Shpubiny n-p° dtGp Ywpnn LGp thninfuly ||weqsl]
Gnpih wpdbpp wmwppbp duny pGwpbiny zg, z),...,z, hwlgnygltpp: JLwlytpytlp
htinljywy fulnhpp.

hlswl s wlnp b plnply o, 11, . . ., T, € [a,b] plGnbmynjuwghuh hubgnyglbpp,
apybugft ||\wa|| Gopdp (hGh hnpmugnyGp:

Uju hwpghb wwunwujuwGbpn hwidwp nhnwpytGp hwnmly whwh puwqiw GnudGhp:

4.3.2 2JtphyLh puqiwbGnuiGtpp U GpuGg hwwnynipymGGbpp

Dbphybh pwquwlinuidGlpn npnpymy GG htnbjw) winpunupd wnGynip miGGbpny.
{ To(r) =1, Ti(z)==z,

Toni(z) =22T,(z) — Ty (z), n=1,2,.
Oquytiiny (4.3.7) uwhdwGnuihg’ YumwGwbp

Tz(l‘) = 21‘2 -1,
Ts(z) = 423 - 3z,
Ty(z) = 8z% — 8z% + 1,

(4.3.7)
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U)Gmhtwnl, Gnphg (4.3.7) pwGwdlbiphg htinbmd £, np n > 1 wpdbpGhph hwdwp T, (z)
puqiwlnuih z-h wjwq wunhSwbh gnpowyhgp hwjwuwp t 27}, wjuhGpl’

To(z) =2"""2" + - (4.3.8)

Luddw 4.3.1 : Qbphybh pwquwlnuidGbpp —1 < x <1 hunnwond Qwpbh b GEplw wg-
G6; htiinlyuy inbupny.

T,(z) = cos(narccosz), n=0,1,...: (4.3.9)
Uwwignyyg: “Hwnwpltlp
Cnlz) = cosinarccosz), n=0,1,...
ymGyghwlbpp: UYGhwjwn t, np
Colz)=1, Cilz)=1z : (4.3.10)
Lbwnbjwy wuwpq pwGwdlnnd’
cos(n + 1)t + cos(n — 1)t = 2cost - cosnt,
wmbtinunpbiny ¢ = arccos r wpdbpp, JuinwlGwip
Cns1(2) = 22 Cp(z) — Coa(z), n=12,...: i4.3.11}

Ujuwhuny, hwibkdwwinbiny (4.3.7) pwGwdlbpp (4.3.10) L (4.3.11) hwjwuwpmpymGGbph
htin, hwlGgmy LGp (tddwjh wlndwGp:

JLulbpybbp L wuywgmgblp Vbphpuh puwqiwlnuiGeph Gpyme Juplnp hwwnlm-
pymGGLpp:

Lbdvw 4.3.2 : Dbpfiplh T, (z) pwquwlpudp n > 1 hwdwp mGh sy n hwa fimoluwl
wpdunn, npndp pGlwo 66 (-1,1) dhgwlupmd:

Uwuwgnyg: T, (z) pwqiwlnudh wpdwwnlbpp npnpbpm hwdwp oqunytGp Gpw (4.3.9)
GopYwjwgnuipg: Inipu gpbbp

cos(narccosz) =0
hwjwuwpiwl wpdwwnbhpp.
& = cos(2k + 1)2—1—1 h=0,%£1,£2,...:
<k & hudngyti;, np Gywo Ytinbphg dhw)G

T o
& = 60821,1 O = 0033% y ooy &noy = cos(2n — 1)3— (4.3.12)

4

YwnbipG GG qniyq wn qnuyg wwppbpynud: Lpwdp ty htGg Yhwlnhuwbwi T, (z) pwquwi-
nuih wpdwwnlbp: Leddwl wwywgmgytg:
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Luidw 4.3.3 : Dbppplip T,(z) puquwlpudp, n > 1 phypmd, [—1,1] hwagwomd mGh
tpumpbdmdh n + 1 hwn Yn: Pwqiwnudh wpdbpGepl wn Yanbpmd pugundwly
wpdbpny udwuwn 66 064N L quqdnd 66 Gwluwdinfu hwonpnuiuwGmpym a:

Uwuwgnyg: hGyytu htwnlmd t (4.3.9) -hg,
~1<Ty(x) <1 Ve [-1,1] :
Qunlklp Epumnpbtiinudh Yhinbpp
cos(narccosz) = x1

wuwjdwbGhg: Wyn Ytwnbpt GG
O = cos “T | k=0,£1,42,... :
n

Lpwlghg dhw)G

(n—1)rm

Og=1,0 =cosz,...,0n_| = cos 0, = -1 (4.3.13)
n

htwnbpG GG qm)g wn qniyq mwppbp: <LGg Gpulp b hwlnhuwGmy 66 T, (z) pwqiwG-
nwih tpunpbimdh Yhnbpp: GGy npou,

Ta(0:) = (-1)F, k=0,1,...,n: (4.3.14)

LEddwl wywgmgytg:
UylGwem nupdGhn Guuwunwyny G4.4.3.1 -md pipjwd 66 75, (z) pwqiwlnuiGhph
gpudbhyltipp n-h npn) wpdbpGbph hwdwn:

— e e — e —— — — —]

n=1 n=2 n=3

LY.4.3.1 Qtphpp To(z) pwqiwbnuilGtph gpubhyGlipp n = 1,2 L 3 wpdbplbiph
hwdwp
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YhunnmpyniG 4.3.1 Nwpqiimd £, np bpholh pwquiwlnudGhpp wpnn 66 mlly Guwl

(+VZ-1)"+ (z - V22 - 1)

To(a) = . ,

—00< I <00,

n=01,...

pwhwdlmf (nbu, opfidwly’ [22]):

4.3.3 bGubpynjwghwjh uppwpubph Guqlgnidp

dbpwnwneGuwiny unylG wwpwgpubh wnwehlG dwuhl, nhuwpyblp ||was:|| Gepdh
GjwqbtigiwG hwpgp:

Luwfu ghuwpyblp [-1,1] hwnjwon: Gpb npuybu hGunbpwynwghwh hwigniygGhp
ybipgGhGp Tn41(z) pwqiwGnuih wpdwwbGhpp

& = cos(2k + 1)2(717:- 7y

(nb'u (4.3.12)), wwyw

e 1
win(@) € (@ - &) -&)... (2~ &) = ZTan(@)
L, htmbwpwp,

Whaall = gl Tl = o (43.15)

Yhgnip zo, 24, .. .,Z, hwlgnyglhpp [—1,1] hwunjwdh Yuwiwjwlywb YnbpG LG,

pln, npnud, wyn Ytnbphg gnGb dkYyp sh hwdpGyGmd 7,4, (z) Qbphylh pwqiwGnuish
wniwwibph htivn: Uwuwgnmglp, np wyn nhupnud

1 .
||w,.+1|| > 2—" : (4316)
Glpwnptlp hwlwnwlyp, wjuhGpl’
1

QhwwpytiGp htwnbjwy n-pr upgh puqiwbnudn.

ef 1
Qn(z) d=f 2_"Tn+l(m) - wn+l(z) :

Gpti .
0k=cos—7r, k=01,...,n+1

n+1
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ytntipp 7, 1(0) pwqiwlnudh tpunptdnudGtnG 6 (nbu (4.3.13)), wyw hwdwdw)G
(4.3.14)-h L (4.3.17) LGpwnpnipjwl’ YmGLGwlp

| )
Qul} = 17: 11(0n) —wa 1) = — —wiui1lly) 20,

3”
l l
Qu0h) = 5T 1 (0)) — w1 (01) = =557 = wa i (01) <0,
...... ’ i}
i. , |—l)“ _ >0 (n-p qmyqt}
r.nl()nl = Z;]-nllk()nj wrnl(()nl om ‘_Wnll(o ) <0(nl_) llb(.ll.nt)

=t <0 (nep quugt)

l .
(Jnt()nil’ ull(()nll)_W'ull(()nil): —W'n-o-l(onll) >() (”u l.lhﬁl.nl')

hlyybu wbulmd Glp, Q,(r) pwqiwbnwdip thnpumd b pp Gaubp welGuqb n - |
wlgud: Yw G wlwlnd b, np w)l yhnp t mlEGw wnljuqlb » + 1 wpdww, hip
hGwpeynp sh: Unwgwd hwljwuenpniGG k] wywgmgmd t (4.3.16) wGhwywuwpn-
pjmlp:

Ujughuny, {— 1, 1] hwndwdmd [|w, || Gnpdp pGnniGmad £ hp qinppugnyl wpdtpp
wjt neypmd, Gpp npuytu hGntpunpughwih hwGgnygGhp Jepgymd GG QkphyLp
pwqiwbnudh wpdwwnbbpp: 26y npnd, hwdwdw)G (4.3.15) -h, pGnbpuynpughwgh
uluwuiliph (4.3.6) gGwhwunwlwGa pGrpnlmd b hbnbjw) nbupp.

. \IHI 1
- L, —
1/ = Lall = 7o

UlgGkGp Ywilwjwlhwl je.b] hwnduwop ntwypphl: Wn hwngwop ginfudpwpdup
wpunuywwnltptlp (-1, 1] hwndwop Ypw htnljwg optilipny.

b—a b+a o i e
- = . fei-1] ¢ Ll s)

>} )
™ ™

Uphgmp g, 0y...., 2, Yanbpp hGnbpynpughw)) hwigmigGbp GG e, bl hwngwdhg.

huy &, &, & Gpulg wwnbpGbpt 66 i—1, 1 - Jpw wylybu, np
i — b+
=g+ 220 k=0
UWn nhiypnud’
h—a . ,
pr—ry = - (& =&, A=0.10..., n

L. hwiwwywwnwuppw Gwpunp,

nil

. 'h—a
VoS |(_.I.') =y - J'())[‘.l' — . ) N (.l.' —_.l',,) = ( - ) Wy |(£] .

)

o~
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npwnbin
def

wn1(§) = (E— &) —&1)...(E— &) :
Ujunbinhg’

b—a n+1 ’
”wnlllllu,b] = ) ||wnll|||--|,1] : (‘I;]Q)

Uwluw)G, hlyybu dkGp wpntl qhwnbGp, ||wy||j<1.q Gopdp ypGomGh hp hnppugneG
wpdtipp, bpl npytiv . &y, ..., & YpgGhlp 75 puqiwinwidh wpdwwnGhpp: Ujuwyp-
und, ([wniilfjoe Gnpdh GuqbgdwG hwdwp npybu hGnbpynughwgh hwtgnygGhp
whwnp b ygbpgly 75,0 pwqiwlnudh wpdwwnGbph (4.3.18) wpnwwywanybpsudp
unwgynn wuwwnlbipllipp: Cen npnud, hGywbu htnbnd b (4.3.19) L (4.3.15) -hg’

(b_ (l)nll '

llwn i1lliasl =~z

i, pOwmbpynpughwjh ufjuwwGph (4.3.6) pwGwdbp YpGnniGp hbnbjw| wbupp.

Myab—a)™t!'

- [47, <
1= Ll < = e

(.1.3.20)

4.4 UjnunnlGh hGunbtpynwghnl pwGwdlp

LwgpwGdh pwlwdlp pGnbpynugnb puqiwlnudh dhwy Gepyujugmdp sk Opnp
nbypbpmd wybih hwpdwp b wjuwbo Yngdwo LymumnGh puGudlyr, 4pw hwdwp Gujuw-
whtu GepimokGp Gnp hwulugmpyn(:

44.1 Pwdwlwd wmwppbpnipymGibp

Yhgmp f(x) ImGyghwl npnpwod bt xg, 2y, . ...z, hwlgnyglbpma: Uy pmblygmujh
L Gpywo hwlgmjgGhpp hwdwp JuqikGp htnbjw) hwpwpbpmpimGabpp.
f[.l,',',.‘L‘,",| (I—C‘—IM, i=0,1,...,’ll-l .
Ligr — i

Wu hwpwpbpmpymGGapp Ynpymy b6 wrwehl jupgh pudwljwo wwppbpmp m Gabyr.
UnwoG upgh pwdwGwd wwppbpmpymbGph hpdwb gpuw yunmgymd bG Gpypnpn
upgh pwdwlywd wwppipmpymbGhpp U w6 Udkh 62gppwm, nhgmp (k = 1)-pn
Yupgh pwdwywd wwppbpmpmGGipG wpnb6 vwhiwijwo L6: Uiy nbwpmd, & -
qupgh pwdwliywo unuppbpmpm GGpp npnynud GG

def f[Ii+|,---,l'.'+k] - f[In---y-THk—lJ!

e Likly e  Ligk
fll‘,lqlls ’ l|k] Ii+k_l:l

i=0,1,...,n—k
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‘pwGwdlbpny:
Uwnpl pipjwd b pwdwGwd nmwppbpnipymGGaph wynmuwyp 7 = 3-h nhiypnd.

Lz [ flz) ] k=1 | k=2 k=3 |
To | f(zo)
S1%o0, 71]
I f(xl) f[l‘o,:l,‘],l'zl
f[xl , o f[Io» I, T2, ws]
Ty | f(za) f[-"«‘hirz, Ia]
f[x2, z3]
r3 | f(z3)

LbGnwquynd, hGwnbpynpughnG pwiwdlh uvnwgiwl dwdwlwl Yogquwagnpdblip
pwdwlgwd mwpphpmpGibpp hbnbjw) hwnlnp)mGp:

Lbddw 4.4.1 : dfpw b

itk \
fleezi,.orid = Y Jiz;) (4.1.1)

=i (’LJ —I,')...(l'j "Ij_|)(l'j —LL'J‘.H)...(:L‘J' - ;L',tgk)

hurJwuwympym Gn:

Wyu wlniwG wuywgnygp, npp htinmpjwdp junwpynud £, oguwgnpdting puwn_4-h
dwptidwun)ijwlwl hGrpyghw)p dtpngp, pnnlmd Glp pGptipgnnhG nputiu qudmpjmﬁ
4.4.2 MPwlwdlh wpnwdmdp

(Yhgnip mGhGp g, Ty, . .. ,: T, Nombpunpughwih hwlgm)jgltpp: CGwpkGp Gpwlighg
wnwehl A+1 hw(:qmjgﬁbpn npunbn & < n, L Gpubgny yunmgblp Li(z) pGumbpuyniw-
gml pwqiwlnpudp: Cun vwhdwGdw6’

Lk(.'l‘,')Zf(l',‘), i=0,l,...,k:
fhGkGp
L ( = [4() +Z [JL - [JL ]( )) (1[‘|2)
k=

I
hwywuwpmpyiGp, pGn npmd, Lo(z) = f(zo): Lwbh np, pun uwhiwldwd,

Lk(l‘,‘)ZLk_|(l','), i=0,l,...,k‘—l,

nuwnfi, Zg.2y,. .., 25— hwlgnyglbpp YhwlnhuwGwG k-pn Yupgph Li(x) - Lo (@)
puqiwlnwdh wpdwnGhp: {nbwpwp, wjn puqiwGnudp Jupbh b Gepgujwglh)

Li(x) — Lo (z) = Az — 20){z — 21) ... (T — z0y) (1.4.3)
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wbupny: UGhwjyw A, gnpowlhgp npnzbipnt hwdwp Yepght hwjwuwpnipynind ybpg-
LkGp x = xy.

Sl — Lk_][l‘k) = Ay(xy — zo)lzi — 1) .. i — Tr_1) 2>
Ujumhlljlg(nz pwpn dLwhnfumpynilbGeph wprymGpnd) junwGuwip.

Ay = S(zy) B Lg-a{ze) _ S(z)
| (Zh— o). ATk —Tpoy) Tk —To) o ATk — Thoy ) @k —Xo) .. (T — Xp—;)

Nv_-' Cae AT ) ATy T =Ty ) AT )
.'.auftlj)
_’..

(T)~T0) AT, —~2; A T;—Zj b1 ) ATy = Lh_1 } f(zi)
(l'k—:L‘o:)...(.'L'k—:l:k_ﬂ ’ (T — Xo) ... ATk — Xp_y)
K o
flz))

:_,6 (l‘j—il'())...(.’l,'j—;Ej_|)(Ij*lUj;.|)...(Ij—.’L'k_|)((L'k—LL'_,') B

\L f(x))

oy — o)z — i) @, — Tl T, - Ty

—:f[l'()..l!h...,;l‘kg :

Capwgpnud dhGp oquytghlp pwdwlwo wwppbpnipyniGGhph (4.4.1) hwwnympnilpg:

Ujuyyhuny, _
é/‘k = f[I()’I]v'-‘ vrk} >

thujr}phlnq Ai qnpowlgh hwiwp unwgyud wpmwhwjnnipyniGp (4.4.3) hwjwuwpn-
pjwl ke’ JunmwlGwbp

Li(x) — Lioa(x) = flro 2y ... aoxj(x — zo)(x — ). (x — )

Ybpowwbu, YtpohG hwyjwuwpnpymbpg b (4.4.2) -pg ymGhGubp
La(z) = f{zo) + Z flzo 21, o] —2o)(@ — x) (@ — au) {-l.-1.4)
k=1

hGwnbpynughnG pwqiwinud) wjuwhuh GepYuywgnudp Yypmd t Yynwnndft phnbpun-
lughnl pwGudl uxﬁm[i@

OphGwy 4.4.1 : Oqukny LynunnGp pwGwdlhg unnghy hlnbpunpughnd pwquiwG-
nuyg

r, n-2t-10h

A ERERER
wynuuwyny wpdwd f(z) pmbGyghwjh wpdtipllpny:

3: 6
110
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Guinmgblp pwdwijwd nwppbpmpnGibph wnpnuwy.

vl fla) k=11 k=21 k=3 | k=4 !

205
: 3 . ; |
'17 3 : 0 ! ’
C a2 T0.15 ¢ !
Pl -l :0.75 ©-0.025
o -0.05
3.0 1 0.4 -
3
c6 10

Wyunbing, oqunugnpotiny (4.4.4) pwGwdly, JunwlwGp

Lr) = 53-2-(x+2)+0-(z+NDx+D+015- (z+ 20z + I} - 1-
0025 e+ 2N+ = 1) =-3) =
—0.025.0" +0.17523 + 017527 - 2,175+ 0.55 &

Lynunnl)h pwlwdbp ghpwnuutih b Lwgpuwidp pwGwdbjg hbnbjw pdwunny: Gph
Lpiz) punbpynpughnt puwqiwlnudp wpgbG unmggwd b L dnnwpynuip pudwupup
£, wyw wnwewGmd k Gop hwGgnygh wybjwgdwl b L, (x) pwqiwlnudh junng-
dwl wGhpwdtiynmpymG: ‘Lnp hwigniygh wytjwgiwl dwiwlwy hGyytu Lnunnp,
wjlwbu t| Lwgpwld)h pwlwdbtipnud wybjwlmd b Gnp gnudwpbigh, vwlw)l win nby-
pnud LymunGh pwlwdlnud Guiunpgnn gnudwpbpGhpp dGnud GG wGhndinfu, dplyntn
LwgpwGd) pwlwdlnud qintimpudnd GG pngnp gnudwpbhltpp: bpop, hGywbu hbnlng
t (4.4.4) pwGwadlhg,

Lyotx) = Lxi+ flrg.zr, oo Zunlz = xo)(z —21) .o\ — @, ) i-1.1.5°

4.4.3 LuunGh hGunbpynpughnG pwGwéabh ufuwjwGpp
Luwhulplmy dkGp unwghb tGp

f(rnl)(c

f(.l,') - Ln(l—') l-:I_L__. "_1 )'_!

@Wnil \L }

pwlwdbtp hGnbpwnpwghwh ufowjuGph hwdwp: Uju ppGuabp f{x) mbGhghwh ypw
nlnud £ pwuluGpG ujun ywhwGeGhp, huly wybkih d2qphw, w)l whwmp b wywwlwih
C"* g, b mwpwompjulp, npntn ja, b -6 hGubtpuynwghw)h hwlgngGhpp wwpnGuw-
Unn hwngwd £ Muwpqymd b, ap oquuugnpobtiny pwdwGwd wnmwppbpnepynGGepg,
Jupbh £ unmwGwy hGntpiynpughwjh ufuwpubGpp wy Gbpl.[ujngmli npp f(x) pmay-
ghwjh nnnp ympymG 3 wwhwGonuu:
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GlpumpkGp, np x # o, T4, ..., Ty Yuwnmgblp L, (z) hGumbpynpughnG puqiwa-
nud o.I1,...,Z,. 2 hwlgnygGepny: Ujn nbwypnd, hwiwdw)b (4.4.5) hwyjwuwpn-
piwl, quidwulub z Yenh hwdwp YmGaGwGp’

Loi1(2) = Lo(2) + flro.xr, oy amz](z ~ 20) (2 — 1) ... (2 — 2)
dbpglblp : = x: LwGh np, hwiwdw)i junmgdwbp, L, (z) = f(z), nuwnp
Se) = L) + fleoowr, o zn 2] — o) — ). (2 — )
Ujunbinhg unwbwbp hGwbpynjughw)h ujuwubpp henbju) Giplujugnuip.
f(x) = La(x) = f[.L‘o..l‘!, ey L Zwppr () (4.-1.6)

Uju pwlwdlp wpnwobtghlp w)l Gapunpmpjudp, np x Ytnp sh hwdipGyGnd pGunbpuyn-
jughwjh hwGgnyygGtph him: Uwlw)G, ndjwp st nbuGhi, np w)yl 6hpwn b Gul, Gpp 2 -p
hwdpGlyGnd E pGnGmynpughwph nplk hwGgnygh hbwn:

4.5 bGunbpynughnl pwiwdlbtp hwjwuwpwhtin
hwGqnijgltph niypnid

Lwfunpny wyupugpuplbpmd dbkGp JunmgbkghlGp panbpuynjwughnl puqiwGnudGbp,
pinhwlpwiyby wowd, hwlgnygGbp)h Juiwjwljwl wnbtnupwzfudwl ghwypnud (pwgh
4.3 wuwpwgpudpmd paaupyywd hwlgnyglbph oypunpdwy fulnphg): UwlwyG, bpb jhw
hwGgngGbpp hwwnmy pGunpnpjul wihpwdbmngpynb, wyw unynpuwpwp Gpup
pGnpynd GG hwyuwuwpwhbn, pwGh np wygybu hwpdwp b gnpoGululmd b, hGyybo
intultlp unnpl, ppmd £ pGnbpynughnGg pwlwdlbpph yupgqbgdwbp:

QwlignijgGbph wGhwiwyw pwfunuip upbih b oginwgnpoby, wublp, tpp hwnbp-
ynughnG puqiwinudp juomgymd bt dp wlqwd, p6n npnud, ghonwpyynn wdpnng
hwngwod hwiwp: Uwljw)G, tpt ywhwGeynud b pnblyghwbhpp dnnwpydwb pwpdp
GaumpuG, wiyw hwGgnyygbepp GonyyGhuy wywagnt)G pugudwG nbypnud, dey (Gubp-
wynjughnG puqiwinuip junemgbind wywhngbp mpdwd §unmpymbp unynpupwp sh
hwennynid: Unpyywd 66 jhGmd, npybu YubnG, pwpdpuglb) hGunbpynjwghnG puqd-
wlnwdjp §nmpymbp’ Gnp hwgnyglbp wybjpwgGhny: Ujn nhypmd hwéwfu oguyymu
b6 pmGyghwjh wpdbpGhph wynuwyGbphg’ pujulwbwwih W6 pyny hwyjwuw pwhtin
hwgniygGbpnud:

4.5.1 LwqpwGdh pwGwaélp
Ggnp z; = zo + th, i = 0,1,...,n— hGnbpynwghwyh hwgnygGpl &G, npunbn
h >0 wynmuwyp pwy6 E: LEpdnotGp Gnp

L= 1—_;—1—0 (x =g +th) : (1.5.1)
!
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dbompymbp: Uyn nhypmd z; hwlgnyghl hwiwwywwwufuwlnmd £ ¢ = ¢ Yhnp L,
pwgh wyn, wmbnh mGLG

r—x,=h(t—1), ay—z;=h{i-}) {(-1.5.2)

wnlympymbGtpp: LEGP, np hwdwdwyG (4.5.1) pwlwdb), z hnginfuwljwbh Gidinfun-
piulp [re..r,] hwnjwond hwiwwywwmwuiwimd t ¢ dGdmpjub gndinfunipmbp
0. nj hwndwomd:

Ogugtny (4.5.2) wnGympnGitppg, (4.2.6) Lwgpwuldh hGintpynjwghnt pwlwdlp
Yptinmip htimbjuy inbupp.

n 'k —
La(x) =L, (vo+th) = Z( n" k€ ' n (=D (L= n)

= n! t—-k

Say) - (1.5.3)

Ylipoht pwlwdlimd S () -tph gnpowyhgbtipp’

l[Cf

o _ _
1wy -y ,( (t—1)...¢ n)‘

n! -k

h=0,1,....n

Juwpuqwo 366G () Ppmbyghwihg U /i puyihg: Muwp gpubp Yupbp E Gwuwybu
Juqib] L ogunugupoty tnwpptp nhypbpnd: Uynhup wipgnuuwyGip gnynepymG nGk
L Yngymd GG LwgpubGdh gnpowligGhpf wnynuwlGhp:

bGwbpynpughwh 17, (x) o f(x) = Lp(z) upuwwuGphp (4.3.4) wpunwhw pinmpjmdp
Yupbihr £ Gaplwjuglty

r ()
+ 1!

wtiupny, npntin £-6 quwlwbimd b pGobpynwughw)h ro, 2y, ... ,x, hwlguijgbhpp b
2 Jtwnp yupmbwynn dhhdw] hwinguoh:

Ru(x) = Ry(vo + th) = Y= 1) (L= n) (1.5.1)

4.5.2 UjnunnGh pwGwdltpp

Apgnp wmpdwo GG v, = xo + 7, ¢ = 0,1,....n hwuwjwuwpwhtn hwGgmjgGbpp:

Lpuwlgny Yuwnmgblp L,(r) hGwnbpynwghnt puqiwGnudp: Uje Jupb)h £ gpl) hwp-

dwp mbupny oginytiny Lymunnb)h pwlwdbhg: Fpw hwdwp Gipdmobtlp Gnp qunurup:
UwhdwGtGp

Af(e) ™ flei) = flz), i=0,1,....n—1

ukompymGGtp, npnGp Yngymd 66 wrwohl Juwpgf Jbpowdnp unwppbpmppn GGGy Unw-

ohG Ywpgp ytppwynp wmwpptpmpjmbGatph hpwb Jpu yurmgymd 66 wybih pupdp
Yupgp yepewynp wwpptipmpjmGGtpp: GGpunpllp” wpnbt uvwhdwbyby 66 (A — 1)-py
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Yupg Ytpewnp wwppbpnipyntGGepp: Wyn newpmd & -y Jupgf fbpowfng umuppbipn -
p/mGGhp npmyynud GG

AR () S A (i) = A (2. i=0,1,....n—k

pwlwadlbpmy:
Uwnnpl pipdud t gbpownnp nmwpppmipyniGaaph wygniuwlp » = 3 -p nhypnid.

|z [f@) ] k=1T k=2 | k=3 |
| Zo | J(x0) |
A [ (o) |
T | S(xy) A? [ (o)
Af(xy) A3 f(x)
Tg | [(x2) A*f(x1) !
Af(zs) |

a3 | [(z3)

Yhpowynp mwpptipmpymGGbp) L 4.4 wwpwgpupnud uwhdwGwd pudw Gyud nwp-
ptpmp muitiGp)h dheb Juwp wpynid £ htnbjuy |Gddwjph Shengny:

Luwdw 4.5.1 : afpur t
A*f(z)
kth*

f[.l,‘,‘,;l‘,‘.”,...,.’l,','.,k] = (155)

hutjwawmmprmGn:

Uju Jrwuwp htpnmpjudp Jupbh b wyugmgb,oqunugnpdtipny pun A -p dwpbdw-
wnhywlwti hpgmYyghwiph dtpnnp (pnnlmyd GGp wyl pGptpgnnpG npubu Jupdnipmnili):

Oquybny (4.5.2) wnlympymbGhppg L (4.5.5) hwjwuwpmpyniGhg' LymwunGh (4.4.4)
hGunbpynughnl pwGwdbpg Yuunwlulp hinbtpynughnG pwqiwlnui) htnbjw
(GpYwjwgnidp.

Lan(rg 4+ th) = [(xe) + Z Akf (10)

e—1) ... (t—k+1): (1.5.6)

\ .

tonl

Upu pwlwdbp Ynymd b Uymumnbfh wowlynpdpul pGmbmynjughng pwbwdl: Lpw
uppwwlpp wpnwhw jnymy t (4.5.4) mbupny:

Utilp, np (4.5.6) hGunbpynpughnG pwGwdbp hwpdwp b Yhpwet), tpp 2 Yhnh
wftigh dnwn £ nbnupwyujwd hwnydwoh dwpu dwjpwltnhG: Gpt w)G dnwn t hwnwdh
wg dwypwltin i, wyw wybh jwy t oquyty hGnbkpynjughnG w) pwlwdbjg, npp dkGp
wjdd Jupunwdtlp:

Nhgnip hwyjwuwpwhbn hwignygGtpp hwdwpuluwd GG Gjwqiw Jupgny, wju-
pGpG, z; = wo—ih, i =0,1,...,n: Hunwpyklp w)p wmhyh Yyepewynp wwppbipmpyma-
Gitip:
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<tunbjwy
V@) @) - f@in). i=01...,n-1
dbomp niGGapp Ynymd GG wrwohti fuipgh Yeppwynn unwppbpmpmGGér: GGpumpblp’
(k — 1) -pn Yupgh ytpewynp wwppbpmpymGGEpG wpnbG hwdwd G6: Wy nhiypmd
k -py Jupgh Yepgwndnn unwpptipnipymGGhpp vwhiwGymd GG

U f () O () = O (i), i=0,1,...,n— k

pwlwdlny:
PuptGp Ytpgwynp wwppbpnipymGatp) pwGwdb n = 3 -h nhypnud.

[zi [ f@) | k=1 ] k=2 [ k=3

To | f(ro)

V f(xo)
Ty | f(x) sz(l'o)
Vf(x) V3f(ffo)
22 | f(x2) sz('Il)
Vf(z;)

x3 | flas)

Ltidw 4.5.2 : afipur k
V" £
f[.l','.;l',',H......l','+k] = —A—{if'z—) (l .

ot
~I
~

MhuduwawmupGp:

Uju thwunp wwywgnygp pnnmd GGp pGpbpgnnhG npybtiu qupdmpym: bGyubu
(4.5.1)-my, GapimdbGp ¢ dEdmpymGp: dwpyph wnbhny (4.5.7) hwjwuwpnipymbp’
Lnuunnlh (4.4.4) hGumbpynpughnG pGnhwGngp pwlwdlhg Junwlubp

Lozo + th) = f(z0) + 3° - f (0 4 1). (4 k- 1) (1.5.8)

k=1

nhwtpynpughnl pwqiwinuih GaipYwjwgnudp, npp Yngdmad b Uymanndf dwpuwynndjwl
JlGmbynpug/ing pwlwdl: LRGP, np, ) wwppbpnipnuG hwGgnygGaph wédw G Jupgny
hwdwpwlwpiwG, wpumbtny @ pndmuwywGh  [zo.z,] hwnduwonmd JinginfunipjuGp
huwdwwywunwubuwind b ¢ SEdnpjwl pinhinfumpyntGp [-n,0] hwwnduomd:

dhipemud phpklp (4.5.8) hGunbipynpughnG pwGwd b vuwwlp) wpnwhuwjunnipniGp.

R.(z) = Rzg + th) = f((m 1(;) R+ 1) (),

nputin -6 wwnwGnd £ pGnbpynpughwih zg, 11, ....2, {lwﬁqmjgﬁhpu L . Yewp
wuwpniGwynn dhGhdw hwndwd)G:
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4.6 f(OJwjhG nhdtipbhlGgnui

(w6 nhpbptlgiwbp hwignul LGp wjl nbwpndd, Gpp f(z) dmbGyghw, nph wowa-
gjup whwp k hwadt, mpqud £ wignuwyng ud mGh puduijubGuywdy pupng wGugh-
wnhy wbtup:  Unwohl nwypmd nhbtptGghw hwydh dtpnnGbpp Yhpwnbih kG,
huly Gpypnpn nbypnud dkGp upon tGp weGyyb kwyw6 pupgmpimGGep) htun:

4.6.1 (0yw)ho nhbtpblgiwd wwipquignyG puwGudlbpp

OquytiGp wowGgjwih uwhiwGnmipg’ re Yhunnmd f(z) pmGyghwjh wowbgjuih vnnw-
Unp wpdtpp hwpgbm hwdwp: Gwpbb b, oppbwy, epglbing puduywlwywigr finpp
i >0 phy unwGuy

. (xo+Ni— fizo) det ~
fl(l'()' ~ f. 1] k f‘ 0/ d___] fI(fL'o),

161
n
Jud
[y = L1201 ,.flm’ ~ W gy, (1.6.2)
Yund
[(xo) = f{zo + h)_;;]f(rn i) el f;(zo) : (.1.6.3)

Uju wpnwhwjmmpynGGhphg wnwehlp Ynymd b wowgnnupu G viwppbmuiw wowl-
gy, Gpypnpn’ dwjuwnpdiwl mwppbpuwlpwl wowlgyuy, Gppnpyy yhbupnbwlwl
uuppbpnuelpu G wowlg g

LGwywlwpwp, hwpg b dwgnud. pGswhuh®G b pw)hG nhptiptiGgdwd (4.6.1)+4.6.3)
pwGwdlbph ufuwwGpp: Wiy hwpgh wwunwufuwlp nwjhu 66 htunbjw) Gpbp wnnu-
Gtpp:

Ltddw 4.6.1 : 2fhgmp [(x) € C?lrg,xa + W} Um pliypmy
AL .
i/ (20) = [elzo)i S 7h. LG
npubin AL = Rduax |f7 ()] :
Uwwgnmg: Oquuyklp ©Objnph pwlGwdlhg.,
W, .
o+ ) = [(2o) + hf'(x0) + [ "za+0R), 0<O<1L:

Ujunbinhg YunwGwGp '
i .
Jetxo) = ['(x0) + 5/ (xa ~ ON)
hwjwuwpupymGp, npntinhg wGdhewuwbu htwnlmd t (4.6.4) giwhwwnwlywlp: Leddwl
wwwgnigyud k:

187



Laddw 4.6.2 : “Lhgmp f(z) € C*lay — i, ay]: U nligpmd
. M. -
|/ (x0) — [zlzo)| £ Tzh‘ i1.6.3)

wpuity M>"Y max |7

ro—-h<z<zxo

Uwwgnyg: bpnp, mGLGp
, h*
f(xo — h) = f(zo) = hf'(xg) + .l—)f”(;ro ~-0h), 0<0<1:
Ujunbing JunwiwGp
o . h . .
J={x0) = ['{wo) — 3./”(% —0h)
hwyjwuwpmpymbp b, npuGnyg huy, (4.6.5) gGwhwwnwluGp: Leddwl wywgmgjwo t:

Ltddw 4.6.3 : 2igmp [(v) € CPlxg — hyxo + h| o Uy nliygpmd
(o) — flao)] < —[h L1.6.6)

mnty My max  |f™(z)]:

ra—h<z<rxath

Uwwgnyg: QpkGp f(z) Imbyghwyp Otynph htnbjw) yepmdmpjmbitpp.
’ hE n 1
J(@o+h) = [(xo) + hf'(z0) ~ 5 ["(x0) + [ (o + Do},

3 ! h’2 1" . 113 "y !
J(xo = h) = f(zo) — h['(z0) + — ["(20) — o/ (@0 —02h).

npntn 0 < 0y,0; < 1: Qwlbny wnwehG hwjwuwpmpymbhg Gpypnpngp U Jumwptny
wuwpq dbunhnfunipymGGtp’ Junmwiwbp

S , n: o,

J5(0) = J'{o) + 75 ("m0 + 0uh) = ["(zg = Uah)) -
Ujuwntinhg htyunmpjuwidp htinlnd £ (4.6.6) glwhwwnwljuip: Liddwl wywgmgud t:

Ujdd wpnwdtlp nmwppbpwywl pwlwdl tpypnpg Jupgh wowlguh hwdwp,

[(zo+ h) = f'(xo) _ (Szo+h) = [lx0))/h = (J(x0) = flza = M) /D

i h
flaa+ Y = 2f(2o) + f(zo - ) |
h*® )

["tao;

Ujuwyhiuny,

f(;t()-rh']—'z_/.(:l?o‘)-rf[ h]dc

J"izo) = 3 £ foz(z0) : (L6.7;
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Luddw 4.6.4 : ‘thgmp [(x) € C'[zo — h,xo + h|: Wn nbypmd

1/"(20) = fazla0)] < f—;ha (4.6.8)

def

antn M, max  |fV(z)|:

19—h<z<zg-th

Uuywgnyyg: dwiwdwjl @tynph pwlwdlh, mGhGp

2

3 4
f(xo+ ) = f(xo) + nf'(x0) + %f”(zo) + %f’”(;z.-o) + ’2'—'4f""(1-0 +01h).

h? o nto
S(xo = h) = f(zo) — hf'(20) + gf"(l‘a) - 'a‘flll(fo) + 31[” (g — O2h),
nunbin 0 < 04,0, < |: Ulnud wn winud gnuiwptilp wju hujwuwpnpynGGipp.

g
J(@o +h) + [(xo — h) = 2f (o) + I*["(x0) + % (/" (o + 0uh) + [ (o = 021)) -
Ujuwinbing, hwyh wnbtiny (4.6.7) pwlwdlp, junwGwbp

2
(o) = J"(x0) + 5= (7' (2o + 0) + ' (z0 — 021))

hwjwuwpmpymGp, nphg wGihpwwbu hbnlmd £ (4.6.8) qGwhwunwlwip: LaddwG
wwwgnigjwo t:

4.6.2 (OuwjhG nhpbptGgiwG pwGwalbph hwaynquywl ufuwpwliph dwuhG

NMumdGuuppbny pywihG nhdpbpkligiwi pwlwdlbpp hwlgnui Glp wjl Ggpulywugm-
pjwGp, np dtpnnp uppwiwbph thnppuwgnuip phpnud £ hwynnujuG uppwpuGph dtowg-
dw@: bpnp, npybu ophGwy nhunwpybGp pywihl nhptiphGgiwb (4.6.1) pwlwdlp:
GlpwnpbGp, pt pmGuyghwyh f(xe) U f(zo + h) wpdbplbpp npwd GG ny pk G2qppun,
wj) npn2 ufuwwGpGapny, b Gpqwd wpdtplbph thnppwpbG hpuluwlnu mGhip hwiwww-
nwuhiwbwpwp f*(z9) W f*(20 + h) wpdbpllpp.

J*(x0) = f(xa) +eo, [(xo+h)=flza+h)+ey,
(:1.6.9)
lgol, [e] S E

Ltbp, np ¢; uppwwbplhpp Jupnn b6 wrwowbwy, ophlwy, hwpwplyGhph wpnymGp-
Gap) YunpugnuiGhp) dwiwGuwly, Yud bpb $niGyghwb hwzdymad b dnnwynp pwbwélng,
s £y npnpynud b ywthnudGhpp dhengny: WyupGpl, (4.6.1) dnnundnp hwyjwuwpnipjul
w9 Ynmuinud hpwlwlmd YhGh wyp wpnwhwpnnipymG, npl £

[ (mo+ 1) — [*(0) (1.6.10)

J'(x0) h
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Q-Gwhwintilp wnwowgwd vhuwpwlpn: Mupgnipjwl hwdwp (4.6.10) dntnwynp hwyjw-
vwpnipjwl we dwu dwiwlwly wnwowgwd YnpugnuiGhpp Yubmbublp: Ujuwyhuny,
hwiwéwjb (4.6.9) - nGkGp

f‘(;L'o + h) - f‘(ll,'()) _

fl(l'()) - h [(z) — J(zo +h) = f(z0) " g0 — & :

h h

Ujuinbinhg, oqunytiiny (4.6.4) qliwhunnwljubhg, jumnwbwip vhpwpubph hnlpw) qlw-
hwuinwwlp.

(1o + - *(x Msh Y de
! (l”"’)L ')l [2'I+%d=fg(h): (16.11)

f'(l'o) -

Uuwyhuny, g(h) gqmuiwpwipG uowpwlpp punugud b tpym gnudwpbihGepphg' Alyh/2
dbpngh ufuuquilphg L 21 /h hwpdnpuwlwl ufuwqpulphg: Fdjup st inbuGby, np 7 -p
inppugiwlip qnigplGpwg dtpnnp uvppwpwbpp thnppwlmd k, dphGygtn dGowGmy L
hwyynnuijwl ufuwubpp (GY. 4.6.1):

y
y =g(h)
M.h

. 2

i 2E

; h

h

0 ho

LY. 4.6.1 Qdwyynnuijub vfuwwlph wqnbkgnipymip

Ladbiny ¢'(z) = 0 hwjwuwpnuip’ unwGmd tGp g(z) pnGlghwgh Lpumptidnuip Yhwnp.

/ ID)
ho = —
10 2 Alz
L, htainLwpuwp, (4.6.11) qGwbwinwyuwlh we Ywuh thnppugmyl wpdtpp.

glhe) =2 EM, :
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4.6.3 bGunbpynpughnt puqiwinudGhph Yhpwnnuip

Yuwiwjwlwl Ywpgh wowbgjuGph dnmwynp wpdbplpp Yupb b hwpyb)] Yphpunting
hGuntpwnjwghwb: WyuphlpG, mGaGwmy f(zr) pmbyghwih wpdbplbpp xg, x),..., 1,
ytntipnuy, yunmgmd GGp L, (x) pGntpuynughni puqdwinudp: U ghypmd

flz) = L,(x)+ R, (z), ’
npnkn
» f(n l-l)(&)
R(z)== == wlr) (-1.6.12)
(n- 1)

(mtiu (4.3.4) pwlwdlp): Uy nigpmd A -pn Yupgh wdwbgjugh hwdwp ymGbGwip
]
f(k)(l") L“‘)( R(‘"(
UGwnbubng 2% (x) dtompymbp’ Yuinwlwlp
f®z)y =~ L9 () (1.6.13)

pwlwdl wowbgyuih dninwynp hwpydwb hwdwp: Lwlhnp L, (&) pmbyghwi puqiwd-
nqwd k, niunp w)l hbynnpjudp Yupbh t wowlgb:

JwhG nhptipbbgdwa (4.6.13) pwlwdth ufuuqubpp hwjwuwp £ R¥(2): bwpnn
E wnwewGwy w)G upswy Yupdhpp, pt R¥(z)-h wbupp Yupbih b unwGwg (4.6.12)
pwliwdbh we Jwuh widhowlywl wowlgnuiny: Uwlw)G wjuwntiy dwgmd GG (mpe
pwpnmpyniGGtp Yuwyywod wyl pwlh htinn, np € Yhwop Ywhedwd t x-hg: Loklp Gul
hbwnbjup: ‘LnyGhuy wyG wunhg, np 2,(x) hGunbpynpugdwl upuwwbpp dinpp k.
nn sh htinbnd (4.6.13) pwGwdlp ¥ (z) uhswqwblph Yinppnipynitp, pwGh np qinpp
PGyghwyh wowbgjwp Jupnn t (hGh) puduywbuwywdg d6o: Chpklp dby oppluly:

Thunwpybfp tpyne pmbyghw.

- - l . ML
flye ol L gla) = flx)+ —sin(n’z) :
)
Uytihwjun t

1 ;
A\ ) o — _ <
Juax lg(z) = f(@)] = - max |- | sm(n 2)| <€ -

qhwhwwwywbp: WuphGpl f(e) W g(x) fl)mhllghumbph wwppbpmpmbp Yupbh t
nupdGby hGwpwynph sw qinpp 2 -p pGupmpyul hwpyhG: Uwyuw,G,

g (&) = f'(r) = n cos(n'z)

! ] H H 2 .
ax |g(z) — )| = max |n cosin x)| =mn :
o"gl;lgl lg'(x) = [1(x) 05;51' )

Wu oppliwb) gniyg £ wwihu, np poduyubuwyw dw f(x) b g(r) Pnuliyghwlbtipp
wowligyuGtp) mwpptipnipymtp Yupnn b hGk fGypwl wubu dko:
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Utip nuwupGpwgnid pywjhG nhptiptGgiwb (4.6.13) pwGwdlh ufuwjwbph qGwhwun-
dw@ hwpgbpny 36Gp qpunh: LkGp dhw)G, np, npwbu JubnG, Gyuwwnynud b htnlgw
ophGwyswihnipynGp. n-h wédwlp qnignGpwg L f(z) $mGyghwih hwiwwwwnwujuwd
nnnpYynipjwl niwypmd pywjhG nhptiptiGgiwl pwlwdlh §nmpyniGp dkdwlnud t, hul
k-h, wjuhGpl wowGgdwb Yupgh wétwbGp qnigplpwg, 6nnipymGp Gfugnd b (nb'u,
ophGwy, [4]):

4.7 Uwmnp wn Junp puqiuiGnuiwhl hGumtpynpughw

dtpp, 4.3 wwpuwgpupmad dklp unwgt| Gip hGubpwnwghwjh ufuwjwlph qGwhwunw-

Yup
Mn+l

(n+1)!
npuntn My < ma |74 (2)]: UWybhugn £, np [fwnn]] < (5= a)™*': Wuwghud,

Hf - Ln” S

”wn+l||1 (471)

Mn+l
(n+1)!
MGaGwny Ytpehl gwhwwnwlwlp’ tppbdl wimd GG ufuw) GgpujugmpimG, np pwyw-
JwGwwih nnnpYy f(z) PniGyghw Yupbih b dnnwpltp hGnbpwnpughnG puqiwGnw-
uny Judwjwlul §unmpjudp: Uwlw)G, hGywbu gnijg GG mwihu puqiwphy hbiunwgn-
wnip)niGGhpp, nw dhpw sh, np wynubu t (nbku, ophGuly’ [4]): QuwnGhny wju hwpgh
dwlpwdwuGtph dte" ptiptiGp tpym wlGhwjn wwwnwnlbp.

1) f(z) $mGyghwl Ywpnn b mGhGw] dhwjG vwhiwGwihwy pyny wGpGnhwwn
wowlgjw)Gbp, L, wn nbypnid, ujuwd 7 -h npnpwyh wpdtphg, (4.7.1) pwliwd Ll nnnu-
Uh Yhpwnbih t,

2) GmjGhuy bpt f(z) PmGYyghwl wGytpg nhdtptbgbih k, whwnp t hwyh wnbbg
M+, dGdmpjwl wéh wpwgmp)nilp, ipp n — oo:

Gbpdwlwgh dwphdwwhlynu YU.(kmGglG 1901 p. Junmgt) b hbnwppphp ophGwly:
Lw ghnwpybg [—1,1] hwnjwdh Ypw hwjwuwpwywh pwptuwd hwlqnygGtipny
pGunbtpwnpwghnG pwqiwlnudGhp wijbpg ghpbptlGghh 1/(1 + 25z2) PmGyghwjh
hwiwp: Muwpqytg, np hGnbpynpughnG pwqiwinpuih wunhwlh dGdwgiwl hbw’
(pw wpdbpltphg Juquijwd hwenpulwlnipynlp mwpwdhwnid £ guliiugwd z Yhwh
hwiwp 0.7 < |z < 1 dhowlw)phg:

Lptilp Gwl wjl hwGqudiwlpp, np gnpdGwiwlmd dhpw sk, np hwpdwp & gqnpd
mGtGw| pupdp wumhwlh pwqiwlnuiGsph htn: dpw hwdwn t, pGwlwE t, dwgmd
L htiwlgw| hwpgp. oquwgnpotny pGunbipynpuwghuwd hGwpwyn®p kL wpnnp udw julw
Gumpjwdp dnnwplytyp f(z) ImGyghwi’ vwhiwbwhwyybing dhw)jl npnywlyh wuwnh-
6wl pwquiwGnuiGbpng: hGywbu YubuGhGp unnpl, w6 upb)h & hwulb] ogurugnp-
otny wjuwgbu Ynywd funp we uep puquwlguidughG hGnbpynpughwl.

Luwlu GopimdtGp Yunp wn juinp pwqiwlnudw)hG $mGhghwih qunuthwpp.

IS = Lall < (b—~a)"* :
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F(z) € Cla,b] pmGyghwl YulywGkGp n-py wunhbwGh umyp wn Gunp
pwquwlpudwihl pmbyghw , bpk Yupbih t Gby ja, b hwnywoh wyGwhup

a=ap<a < -<a,=b
wpnhmud, npp ympwpwGymp [ak, agaj, £ =0,1,..., p~1 thpwhwwnwonud
F(z) $mbGyghwl n wunhbwbhg ny pupdp pwqiwbnuy t:
4.7.1 UYuwnp wn Yunp qdwjhG hGwbpwnjwghw
QGhgnip wmpjwd bt f(z) € Cla, bl dmbyghwb: CGwnpLGp
A=< < - <x,=b

hwligniygGbpp pwqinipymbp: Ywnmgblp |a,b] hwndwomd wlpGnhuwn F(z) pmby-
ghw’ wjlwhupG, np

L R(@i)=[f(z:) , i=0.1,...,n.
2. ympupwlymp [z, zip), i =0,1,...,n = 1 hwnjwdh ypw Fi{z)-p qowhG L:

YwlduwbtGp [(x) dmbyghwl Gump we unp gouwhG hGnbmynpuwghnG pmblhginu
(Gy.4.7.1):

0l Xq X1 eenns X, Xyl Xr.

LY. 4.7.1 Uwnnp wn Yunp gowjhG hGnbpynpughw
UyGhwyn t, np Fy(z) $mGYghw [z;, zips] hwndwdnud mGh hbwbjwg mbupp.

Puﬂ=fun+ﬂﬂﬂﬁiﬁﬂu—xn: (4.7.2)

Tiv1 — Z;
Gpb dLwihnfubGp w)n wpnwhwjnmpymbp hewnbjw) wkupp’
Fy(z) = f(z:) + [o(z)(z — 7)),
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oquuwgnpdtiim] wwpptpwyjwb wowbGgyuih (izu](imhnuin (wmb'u (4.6.1) pwGwdlp), wyw
htiunnipjuip Yupbjh & Guunbp GwGmpjniGp @6jnph JeppmonipjwG htin’

J() = flz)) «~ [z )z —xi)~--- :

UGgGtp Yunp wo Yunp gowjhG hGunbipynpughwih vjuwjwiph qGwhwwwywbhG
w)li wnpnpjudp, n ) € C%a,b|: duniwdw 7. whwwunwijw
)G bGpunpmipyjwidp, np f(z) € C*a, b]: Quiwdw)G (4.7.1) qGwhunwywth
g
max |f(r)—- F2)l < 7‘; max |(z — z;)(x — L.l

£,<1<71,4; 4 5 Sz8734

npunbin Mé“ ' max [f"(r)]: Hup sk wywgnghy, np

T, ST 41
max |(r — )z —xing)| < (I'“——I')-, :
53 Sx<T, 41 ! +1 - "l
Ujuwpuny,
ALY .
max II(IJ - [ < =i - )’
£, Lx8x,, S
UjGnhtinl.,
Wf=-HRl = max, |](.r) Rx)l = oJuax o nax If(x) - F,{x)j
AL" 2
< max —(.r,H -,
0<i<n-1 ¥

u) df! (W TN
huy, pwGh np ALY < A = .'2%‘.," (£)j, wuw

. AL 2 .
If-hli < —8‘05“',15&'—'\_'(1.41 -I) : (1.7.3)

UwuGwynpwpwp, r,=a~+dh, 1=0.1...., n., npbn i = (b — a)/n . hwjwuvwpwhtin
hwGqmygltph ptaypmuid (4.7.3) qhwhwwwipuii mGh htunljw) mbupp.

u2

W-FRli<=—hr: SLTAY

472 Yunp we lponop pumslnuughG hGubpumughw
CaupkGp :a.5! hwnjwonud

a=0<r13<--- <X <Ipn;1 =b

wGqmgGhph puqimpmip: Sphud f(r) € Cla.bi Pmlyghwih hwiwp YunmghGp
wiplnbunn Frizi JmGlighn wyGughuhl. np
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. Forxzy) = flay) . i=1.2,....2m=+1,

2. gmpupwGymp {Tok-1, Toeerj, K = 1,2, 0 om hwndudnd Fy(e)-p bpypoapn Yupg)
pwquiwlnu L;

GuwljwbhGp Fo(z) pnbyghwG fumy wn yunp pwnwlmuouyhl pmbighw (G4, 4.7.2);

v

ai i : : : ; : ‘h
0 X1 X2 X3 ... Xok| Xok  Xok+) Xam.1 Xaw,

UY.4.7.2 Yuinp wn funp punwlnwuwihG hGubpuynjwghw

Oquwugnpdtiny (4.2.4) LwqpwGdh pGnbpwynpughnG pwGwdlpy gpblp 1;0r) pmuly-
ghwjh wbupp 121, Zoepr, & = 1,2....,m hwndwomd.

Fyr) = flzu_y) z ~ zal® — Tauni) + [(r) ,‘I"l’u T~ dwn)
(T — Tu)(ZTk-1 — T2u41) (rpe = e )t — Faan)
. (T — Ty )(z — T4
= J{Tawi) : ) :
(Ta41 = Toe-1 ) (Takar — L)
(1L.7.%
Juwyjwuwpwhbn
|-
r=a-( Oh. i=12..2m~1. h=-—— (476,
2m
hwGgmglbph nbwpnid (4.7.5) puwbuwdle pbnmGmd & htnljw wbupp.
. (Toky1) — J(To-
Far) = ](ng)‘r]( % 1;%/ %) 0 g
- 77

J(ragnt — 2\ xouj~ [(zp-y) 'y
Y% —ix —rIx)

Oquuwqapdtyny (4.6.2) L (4.6.3) GpuluwymdsGhpp /5(r) Pmlghuwsh hudwp wnisgifind
JBpght wmnwbwpnmpmGp [uoptih £ qpty blawbswi wbupny.

I
Faur: = f(xn) ~ [ fxufx —xn) = 5[l zalx  tu P
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Jwibdwwnipjwl hwdwp gpelp () mbyghwyh Otnpp 2wppp dh pwbph wlnudGh)p.
' 1 2
Jla) = fleaw) + J(xa) (@ = won) + 5/ (@)@ — )+

dbhponud unwGw@p Yump wn unp pwnwlmuw)pG hGnbpuynpwghwjph ufuwpuGp)h
glwhwnww66 wyi Gpwnpmpjwdp, np f{z) € C3[a,b]:

HwnwpybGp {vak-1. 1) hwnduop, nuntny 1 < & < m: Qwiwdw)i (4.7.1)
gliwhwunwlwbp’ mGkGp

ik
max |[(z) — I5(z)] < 3—31 max [(2 - ok T — v ) — Lok 1)) -

San- 1 STSTk 4 U S T S 5.5 5 T

npuntin AL s max ()| WGnihbnbk, ndqup gk hwdngqyby, np

EPTINES A% PTEN

'2(1_);. + hhi + Ek)3/2 + 3;&)}“[&- — i)
97 '

)

nax |(x — 2ok ) (v — xy )2 — roug)] <

EPTRL S LS TN

T odef

npunbin i o Tok = Tk s I = Tor 1 — ok (wju qlwhwwnmwYwlh unwgnuip pnnlmu
tGp pGptipgnnht nputiu yupdmpymb): Wuwhuny,

max [f(x) ~ Ia(2)] < r'\lu‘“z“;k ~ hihy v ;’L‘)x/? o+ Shidilhic = b :

T i STST0 43 ? 162

Wuwntinhg, wytihwpnnptG, hbnblmy k

Whe + o = I )% + Bhadoelne — ok
1= 13 < J\’/;sll<nka<x (hy, + hihe + hy) hichiChe — hi)

: 3 (1.7.81

daef

qGuhwuwlwip, npnbn Ay = 12a§b|f”'(r)|: Uwulwynpuwbuy, (4.7.6) hwyjwuwpwhbn

hw(gnygGhph niypma (4.7.8) qﬁ_uﬁlujmujl;ujﬁﬁ' plnmGmd £ hbnbjw) inbupp.
3.,
1 = Fall < X20008 (1.7.9)
-1
Wuwhuny, Yunp wn Yunp gowjhG L Yuinp wn unp pwnwimuowpi hGunbpwynjw-
ghwGtip)h ophGwyGtp) Yypw hwdngymad GGp, np Yunp we funp puqiw Gnudwjphé [Gutip-
wnpwghwjh oglintpjwdp Yupbh £ Judwjwlwl &unmpjudp dnunwplbp whplighwnm
ImGyghwbbpp’ jnGhiny fuhuwm ywhwbebtip wyn pmbGYghwGhph nonpympjul Ypuw (wyj)
Yhpw wuwd’ wwhwbebmy dhwjG dhtsl npnpwyh Yupgh wiplnhwwn wdwlgjwilbpp
qnympymbp):
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4.8 bhlGwmbpwynwghnb vuywjGGkp

Luwftunpy ywpwgpupnd ghnwplud funp we funp puqiuwGnudwpG hGubpynuw-
ghwG mGh dbY twhwb pbpnpnt. w)l, pnhwipwubu wuwd, ) wiywhngmd ngnply
wlgnud Yopph dp uinphg dnwhb: Cwguwpbip nuw funp wne unp puqdwbnudwhG
hGuntpuynpughwyh gty ophlGwlh Ypw:
Upgmp Sr) pmbhghwl wpfud £ (0. 1] hwndwd) Ypw wnymnuwyny o= 16
pujpy.
ro OV 1/6 /3 1212356, 1
Slag o3 2 l 0 2 1

Lpw hwdwp juongblp i) unp we juinp pwewlnuowpi hGubpegonwghnG piGy-
ghw(: Ywwwptny hwpymdbbp hwdwdw)t (4.7.7) pwbwdl)’ jumwbubp

|
=3l =2l +1, 0<a<1/3
Iy = ¢ —6a — -1, 1/3<2<2/3
517 + 93— 38. 2/3< <]

DhGywbu Gplod £, F5(e) -p hwlnhuwGmd £ uop we unp punwlnuew)hG $nGlghuw.
npp gwlgh hwGgnygGapmd hwidpGyGma b f(r) pmGhyghwgph hbm: Uwlu)b w) nhph-
phlghh 3t wnwGdpl Yunplhph dhwgdwl Yanbpmd (wyuplpl’ = = 1/3 L o« = 2/3
hwGgnygltpmyd):

Lqwo  hwlqudwlpph wwwdwnny hwyynuwlwi  dwpbdwumphuynud  jw)b
wmwpwdmd bl unwgb| wjuwbu Ynyqwd weyyuyGbbpn Yuinp wn juinp pwgiwbpudwhi
PGyghwGtpp, npnGp mGaG nynpympyub dh pwpp pugnighy hwnynp)mbGtp:

4.8.1 UwwyGh vwhdwGmdp
Qpgnep ia, b hwmuomd wpud t

A=< <-<a,=0b (181}
npnhmap:

UwhiwGmy 4.8.1 : S(r) pmbhghwt Gnpgmd bk wumph6wGh uwgugl (& -6 wdpngy
phy b, k> 1) v gbdbym) (v -6 wdpnne puf £, 0 < v < k) N guligh Jpu. Gph

L gmynupwGomp |2y, 2, hadwomdd, npanbn @< 0.1 n=1L S bmblhyghl
k = wuwhdwlfi puquwlnuid £,

2 Slr) € CF¥ia,b]:

Wuwghuny, pun vwhiwGdwl, wywhnyymd b hGyybu S(x) PmGyghwjh, 1u_|(iu!bu
tp Gpw' ShGyl A — » Jupgp Gepunjug wowbguGeph wlpGnhwunmpp A gwbgp
hwGgnygltpnu:
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LGunwqumd Juwhdwlwihwlhytlp ShwiG / pbpbywh hGmbmynpughnt uwypw -
Gl SwGp GpuGg uwhdwGnuip:

hgnip (4.8.1) guligh hwlGgnyglbpnud wmpgwd 66 y;, ¢ = 0,1....,n wpdupltpp:
Fhunwpyblp dnulyghw, npp ugqidwd & wnwGdhG Yunplbp)g.

So(z), T € |Tg, L)

Si(z), € |z, 29) .
Sy = Sh {11.5.2)

S,_ilr), r€ [-’r"_l,l'n] :

Uwhdwnud 4.8.2 1 S5(x) pmbhghwt quwfuwGhap F -pp wunp6wGh hGubpuynpwugpnl
wyyG A gusligh ypus. bpk

L ympupw G |v;.o x| wadwomd, npubn i = 0.1, ... ,n—1, S;(v) pmbhghwi
k -y Gupgh pwquwGnuwd’ t,

2 85) =y, Sdvin) =y, 1=01,....n—-1,
3. S(xye C*Ma,bi:

QYhunnnmpymG 4.8.1 : Unw)G wEpdhlp Gty Fwlqubplid spline punfig, nppr Gpw Guilynd
Edny: lw wyl qupofipfr wldwbnulG F, npl ogunugnpoby &G qowgpnntbpp nynply npbp
oty hwdwn: Ywpbih b ofbpglly, ophGwly, agmé Jruyuyw uwd wynnupuampaw dng b,
wdpnuglbnmy Gnw dwfu Gqpp, mbnuinply hbGupmuwGGaph dbe wybwbu, np dunl wiglh
uynfwo hwmbnny (6. 4.8.1):

LY. 4.8.1 UG
Adjwp sk nbull], 4.7 wupugpupnd ghuwplud F(z) pmiyghwl, hwiwdw )l

4.8.2 uwhiwGnud), wnwehl Yupgh pGunbpuynpughnG uuuyG b Yud mqnuyp @ouyfit
uugpunl
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4.8.2 Luwnwlymuw)hl vyl

UGgGuGp tpyppy Yupgh pGubpynpughnG uwypwgGh Yws pamwinivagpl - uwggunh
unmgdwp: Cun uwhiwldwl, hwdwdw)i (4.8.2) Gulwymdbbp. wwhwieymd t
Junmgtip w)lwup

;o (X W o) P : ) .
Silr) =ay x” vay v ay o L€ Ly, L (1.8.3}

re=00o e — |
pmliyghwGbp, np

S =y S =, =010, -1 (1.8 1)

S = ST ). =20 n—1: (1.8.5)

Uwhdwljwo (4.8.4) L (4.8.5) wwjdwlGbpp wmwjphu GG 32 — 1 hwaduowpndGbp
hwdwlyuwpg 3n wlhwpumGbp quibim bwdwp, npnlp b npnpmd GG (4.8.3)-p 5,01
PmGyghwbGhpp: Mwhwboymd b Lu dtYy [pugnighy ywjdwb: Npwybu wpyhupl Yupb)h
L ybpgGhy, ophluwl,

S{,(.l'()) =d {-1.8.6)
wwjdwbp, npubtn -G wpdud skompynd b

Ujuwhuny, uyypugGh npnydwl hwdwp wbwp b 2 = 0.1 ..., n—1 wpdbplbph hwdwp

hwonppwpwp Mok bpbp wlhwjuny bptp hwjwuwpmiGbph gowjhl hwiwlywpg
°

R (1) I3
D S 2
() (G [T 1
ay X5,y o~ ay X T dy = Wiy (1.8.7)
o, (1) i
.Zu.:" r, -~ o) =
npwtin
(i() = ([ . Lo
g (-1 -y 9 . (lbb)
d, =2ay 1, +uy ,or= 12, n—1:

Gpb ytpgltGp hwywuwpwhbn hwignyglbp @, = « =00 =01 n . nputn
h=1(b-a)/n.wyuw (4.8.7) hwiwlywpgh promib £

ORI Tkl d,
3 T T
N h* h e q.
(21 . (1: U189
ay’ = =2viay’ = d,
] [T Y I I
Sy ) T S I T

OnnGnud Lip (4.8.9) puGwdalbph wpnwdnuip pipbpgnnl npytiu Juipdnipm:
G:pblip hwywuwpwhbn hwgnygGhph nhypnd pwrwyniuwhG uwyw)bh Yunmgdwb
wignpppuip.
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Pscudocodec QuadSPLINE

input a. b. n. {yo. ...yt d

h=({b-u)/n

fori=0.1.....ndo
ar,=a-rih

end
do = d
forr =0.1..... n—1do
W= g = /R —dyh
a = —2ras + d,
ay! = —zzad = al" =y,
diyy = 2(1-‘:3“;1',",'1 + (1(,')
end
output a5’ a\". 4y i=0.1,...,n— 1)

dhpemd G2tGip, np pGwmbpwynpugnG uwuyGGepp thbunpy wywpwnm GG nnqopy
Pmaygphwlbph innwpyiwl hwdwp: Uwlwil wju qguuplpugnud dklp yEGp qpunyp
uufuyGaepny dnnwpliw G uppwpubph gwhwwnwlyuwGibpny, pwip np wjn qhwhwunw-
JuGlGbpp nupupbpnuip  ywhwlomyi bt wlwipgqh pwjwlwlhG Gmpp depanlbph
Yphpwnmd (wnbu, oppGwly [17,[14],[23]):

4.9 lunpwlwpnujhlG vyyu)jGGtp

UhpwmppmGaapmd wnwy by 1wyl ogunwgnpdnud mGeG tppnpn wuwmp&wGh hGunbpun-
LwghnG vuyuwyGGapp yuwd mgnuyp pmpwbwpnuhl vuyo ) Gaemr:

{wiwdwjl 4.8.2 uwhdwlnuip L (4.8.2) GrulwymilGbph’ ywhwloymu b junoghy
Gppnp wunpéwlh puqiwGnudGhp

- . o i, i) (1) ;
St =ay’2® +ay'2? +ai'v ray' . € lxg, ;. (1.9.1)

i=0.1,...,n-1
w ] GuwhupG, np

S,‘(.l',‘) =i S,‘[.L',‘.,” =Y. 1=01.....,.n-1 i.1.9.2)

L _
Slie)=8_i}, SHrj) =8 vy, =1,2,...,n—1: 1.49.3"

-

pdudo wwjdwGblphg Juunwlubp In — 2 hwwuwpmdbGbph hwdwlwupg .
wGhwjnGbpp gl hwdwp, npnGp npnymd GG (4.9.1)-h Si(z) dmlyghwGhpp:
Nuwhwbeynud b nw Lu Gpynt yuydwG, npnlp Yuwpnn 66 plupdly mwppbip Yopy:



Wyuwybiu Yngpwd pluwlpnli funpubwpnu il vagarpGp puaduipupmad b hbnb g (pugnighy
wuw jdwliGbpG.

So(xe) =0. 5" _(z,) =0 (1.9.4)
(uuinpl, wju wyuwpwguuph gepemd, Yptipthp wyu pGupmpjub hpdGuwynpnuip):

S(x) uypuyGp Yupth kp Yunmgt' matiny (4.9.2),(4.9.3) gow )l hwpwhwzywiwb
hwywuwpnudGepp hwdwlywpgp ¢f’ wlhwyn gnpdwyhglGtph Gyuwwndwdp: Gnympymb
mlij, vwlw)G, gk wy Gnululy, npp dtGp wjdd fuwGp:

Lwbp np [T, 2] hwodwdnd, npubn 0 <7 < n -1, Si(x) pmlyghwb tppnpy
Jupgp pwqiwGnpud b, nun) Gpu Gpypnpg Yupgh wowbGgjup gdw)ht pmbyghw t:
Gpblip wjl hbwbjwp wbupny.

St — S")
n,

S'a) = S'(x) +

{r - ;).

npwbn o, -ox,0—2 0 Gpyne wquid hGunbigpbpny wju wpmwhwjpunnipymbp’ junwGuGp
pwlwdl S;(x) dnmlGyghw)p hwdwp: bpnp,

Sia) = Si() = [ SU(E)de

Y]

wyGhwjn hwywuwpmpnilipg mGlp

Y . $"(zi11) — SV(zi)
(e} = () + SM(x)r — ) + 22 ”_;I ) (1.9.5)
<Ny

UjGnhtwl,
S,‘(I) = 5,‘(1‘,') -+ / S:(E)(lf
hwyjwuwpmpynilipg htwnmblmad k, np

S:'(I,’ v) - 5;'(,1.'.)(1‘__1.4)3 - {.1.9.6)

L | RN -
Six) = Sile) + S e — 1)+ 38 () {e — i)+

oh,
LhpdnokGp htunlyw GawGwynuiGhipp.
m, =4 Sf(.l':), i=0,1.....,.n—-1,
Al; o S'ai). 1=0,1...., n-1,M, def S _xa)

Lwl) np uyuyGh wrwGaht Yunpbph dhugiwb yantpmd wwhujwGynui £ wnwohG L
tpypnpng Yuipgh wowlgywGiph wipGnhwunngpymbp (nbu (4.9.3) ww)ydwGGtpp), wyw
Yupnn Lp gqpby Gwl, np m;, = S;_(xi), M = St (xi), bpb @ = L2 n— 1t
(fwgh npwGhg, hwiwdw)G (4.9.4) Lquuliujﬁﬁhph.' Mo = M, = 0: unp dkdmp)mbGkpp
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Ghpinonwihg htun (4.9.5) L (4.9.6) hwwuwpmpGGhpp Jupbh b gpbp hGubjug
wbupny.
‘I,| | I I, “

Si(e)=m, v Mo — ;)L (@ — ;). -10.7)
2h;
A, 2 M = AL .
Sl = g v\ — &) + —(r—a)” + Rt ARy ) (-1.9.8}
2 oh,
Qhwnwplytlp (4.9.7) L (4.9.8) hwywuwpmpmGGepp 7 = 1,2, .. n — | wpdbplibph

hwiwp: Uphk (4.9.7)-md /-G ympuwpphGelp 7 — 1-nd L L[b[lg(lb(lp £o= ;. www
JuunwGuGp.

m; =M, + ":i (M-, +~ ALY -1.9.9}

Wulinthbwb, (4.9.8) hwywuwpdwb dbe wmbnunpbiny « = «; L mobmy wyG e, -p
GYuundwip, Yunwbwlp

Yivr — “I ”l

ES D VT 1910

my = -
n,

<wyjwuwpbglhlp (4.9.9) L (4.9.10) hwywuwpmpnGGepp we Jwubkpp.

] - ]
MMy 4 M) = B ""-—fi A, - "M,“ : (19,11

2 h,

Uhpoht hwywuwpmpniipg dGwg wpunwpuby m, - -p: “lpw hwdwp (9.10) -nud Yinjuw-
phagny -6 7 — 1 -nd b mbnunpbiny unwgdwo i,y <D wrrnwhw ponmep mGp (4.9.21)
hwywuwpnipjub dby Yunmwlubp
~ Y ! - h, h,
Y. /I e IAI, I_“l | '1 1 . |“"1 l/ll' 'I‘—L‘I __'_/‘I‘“ :

I'l,,| 3 h,

UlnudGbph yepwudpwynpnuipg hbnn unwbwGp tphpwGlyniGugdwipi dwwphgny
hwywuwpnuiGhph hwdwywpg

[ h,'_lﬂl,~l, -+ '..)(h,~| =+ h,‘_)/”,‘ -+ ll,'Al, 11 = Ve
1= 1,2,.... n—1, 1912
1 My=M, =0

nputn

(-1.9.13)

ML ("/"".— Yo Y= Y ] :
. n, h,- J
djup st Gunb], np (4.9.12) hwiwluwpgh dwnphgl odndwd b fuhun wilyjmGw-
gow G gbppyunudny: M) wyl Jupbh b hbpmmpjudp mdb) 3.9 wwpugpudpnud
Jwpunpjuo dkpnnny:
UyG pwlipg htwn, bpp wpneG npnpdwo GG Af;, ¢ = 1,2,...,n — | wpdbplbpp.
hwdwdiugl (4.9.10) pwGwdl)’ hwdymd GG m; wpdbpGhpp hbnbjw) Yepw.

I} — l: l, .
m,:y” "/—LM—LM,“, t=0,1,...,n—1

1
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(wyuwntin whwnp b G26(, np ylw)wd (4.9.10) hwwuwpmpymbp unwgyt) b wyl bGpwngpm-
pjwdp, np /= 1,2,...,n — 1, wyl dGmd t 6hpw Gub i = 0-h nhwypnud): Yhpowuytiu.
nbbGupmy 4 (F =0 0. n),m (=0 1...on=D L A G =0.1..... n) dkonipjnl-
Gbpp. hwiwdw)G (4.9.8) pwGwdl), unwlmd GGp funpuwGwpnuhi uyw )i’

A, o Mg = M,

Site)y =yi +m{e — ;) + T(L —2) + o,

1=0.1,....n—1:

by o )3 R N
e T) MR SRR T

fonpuGwpughG uvwypu)Gh hwydwG wignpppip.

Pscudocode CubicSPLINE
input 1, {xo. v, b, {los iy Y}
fori=0,1,...,n—1do

hy = a1 —
end
fori=12....,n—1do

\ (;’/.‘-ol — Wi Y~ Yia )
= 0O Y - .
h, i,

\ ’

end
solve system
hi_ M, + 2h,_; + ’I,’)A],‘ =My =7
1=1,2,..., n—1,

.’\]() = l‘],, =)

end solve
fori=0,1,...,n—1do
m; = M — Y - III—‘A], - ﬁiAl,ﬁn
IR 3 6
end
output {Al(). AI| ...... A ],,}, {IH().?H] ..... m,, 1}

hGunbpynpughnG JunpwGwpipoghi uyw)Gaept odudwd GG Sh pwpp bhwwh hwwn-
upymGGepnd, npnlp L wywhngmd GG GpubGg hwennmpmutip YhpwnnpimbGhpma:
funpuwGwpnu)ht v uw)GGhph junngdwG wignphpdlbpp puywluGhi wwpg 66 L hw-
dwlwpgyny htigwr hpwgnpobih, pGy npoud, ywpgymy t, np hwydudtbph papugpnd
YnpugmdGbpp upuwwiph wqybgnipymbp wiwa b b oanwpppnppmt ungnpuljwt
[lGmbtpwnpughni pwqiwinudthpph hwywuwpwhbn hwGgnygttph ypw humbpeyngu-
ghnt funpwlwpnuppt vyu)GGeph hwenpuywbnipinlp dhw gnigushunud b hGumbp-
wnwgynn wiplnhwwm $oillghwha, ptry npnud, goigulihumpju b wpugnipnip dhow-
Gnud £ pmGlghwih phpbptGghw; hwnlmpymGGbph (wyuwgdwG hbw (nbu, opphlwly
(11, 114],[23]):

Whpenud dlwlbpyyblp plwlwl unpuGuppughG uyu)GGeph ok htwwppppp tpu-
uipbidw] hwwymppud:



[otnptd 4.9.1 : Gph S(x) -p plwlwl funpwbuwppuht vaguyd b, npd iaunbmynpwglmdg
t fix) € CPla,b) pmbhghwl npmpwifi A : a =20 < 2y < +++ < &, = b hwlgnygGbypmu,
unyw

/ 18"(2)F du < / () de, (19.14)

[

pan npmd, hwguiwpmpymdp (4.9.14)-my hwowGlih b f(2) = S(x) -1 pbugpnid:

Uwwgnijg: ‘lhmwpllhﬁp glr) = f () = S(x) pmlyghwl: Mwupq k., np gir;) =0, bpp

e =0.1,...,n: MbkGp htwnbjwi hwjwuwpmpymbp
h b b b
/{f”(.v)]“’(l.l; = /[S”(.L‘)]?(I.L'-r /[g"(.L)]" de +2 /S”(.L‘)g"(.v)(l.l: : (1.9.15)

Lwlh np S(x) wyugGph S;(r) unpp jx, 2,0 hwaduomd bppnpg jupgh puqiwi-
nud L, nwwp Gpw bppnpny o Qupgh wdwbgjup hwunwwmmd b, wjuhGpl
S5"(x) = ¢ Oquytiny dwubtipny pGnbgpiwl pwGwdlhg U hwyyh webbing (4.9.4)
wuw iwlp’ JunwGwip

b n—1 Tiki
/S”(.L')J (r)(LL =Y / S (x)g"(x)dx =
a = 0 x,

-1 Titi
Z [S” (iiv) (l', v - S:{I(‘l'i).(/l(,'l'i) - / S,{”(.'L")gl(;l,') (I'L'“ =

S 4
-1.9.163

i

g” _1{Tn)g "(xn) - S(I)I(IO.).(II(-EO.’ - Z / WI”(I)J (x)dx =

b n—1
- G / (L)dl-—v silg(Tin) — glzi)) =0

=0 - 120

Wuwhuny, (4.9.15) U (4.9.16) hwjwuwpmpymGGbppg htnlmd Lk, np

) b h
/ [f"(.v)]")dx = /[S”(.L')]g(l.v-r /[g"(x)!2 dz 2/[5"(1‘)]2(11

a «@

[OotinpbdG wwywgnmgyud k:
dhipghl whndwlp uwpbih £ nw hbuljwi puguupnipymbp: Qwynbh k, np oy = f(r)
puwgwhwjn hwjuuwpnuing wpynn hwpp Ynpp fapempymbn npnzgmy t
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- J"x)
(1 +(f(z)1)¥?

pwlwalny (nbu, ophlwy [29]): Gphl nkl qgllp hwjnmwpuwpmd Yulqlwd ny qowjhb
wpnwhwjnmpymbp (KGpunpyny, np () wdwlgyuyp Ynpp Yypw thnpp t), www
(4.9.14) wihwywuwpmpjnbp gruwunnpbb GyubGuwlmy £, np mpjwd Yhmbpny wiglnn
tpym wlqud whptnhwwn nhptiptiGghh pniliyghwbbp)h pwqinpjul sk pGuwljwb funpw-
Gwpnuhl uyuylp wyb dhwy pnblhghwi t, npG odnywo k dinppugnyyG Ynpmpjwub
hwunympjuip (GhehGwgwd hdwuwmny):

lulnhpGtp L qupdnipniGii - 4  ce—

o

)

W

Uwuwgmghy, np bpt G(x) pmGyghwb zy, xy,.... 2, Yhwmbpud pGumbpynpug-
Gnuwd E 0h wyp f(x) dmGyghw, huy [/{z}-p hGumbpynpuglmd b owgy GG (.
dmGyghwl xy, 2y, . ..., Ynbpnd, wuw

Gla) ~ 22" (Gl - 1)
£y — Iy
dmGyghwG pGunbpynuglmd t f(z)-p Lo, 2y,.... .2, Yhnmbpnd:

Qnympymb mGp” wpynp 2 -py wunmpdwih pwqiwlnud Pz, npG plymGmad
Gwhiwwbu npdwo P(0), P(1) L P'(€) wpdtpGhpp, npuby € -G hGy-np phpudwo
Yt L:

- Spjwo b epypnpn wuwmpwGp Piz) pwqiwlpudh wpdbplbph wigniuwy.

X

Px) |

QwjwnGh E, np Gpw Gpypopy angp yuwpmbGulmd E 6hyw okl ufuwg: Gubtp wipy
ufuwp, ybpugltp w6 L yhpuyuiqlly mpqud puqiwbnudp:

LwgpuGdp pGunbtpynughnt pwGwdbp oglimpjuip p°Gy Gyummpjudp Yupbh k
hwpyt e'"*-p, ipk hwpnGp &G ', %Y L o' wpdbpllipp:

S = o pmbyghwgph hwdwp unmgquwd plnbpynughnG puqiubnuo

oglinipjuip Gy Gumnipjudp Jupbp b hwygty v 115-p, bph npuybiu pGnbpyn-
{wghwjp hwbgnijgGtp ytpgGhGp 100,121 L 111 Yhwbpp:

i1, 2] hwunwomd wmpjwd k() = cos ;1 $pnulyghwi: bGnbpynpughwh pwGp”
hw(gnjg whwp t YbpgGby, npybugh wipnye hwwnywdmy §hEdwgni ufuwubpp
10~ -hg thapp (pG):
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10.

0. 17 hwuwond wpdwd b f(r) = ¢ pmlbyghwl: DGwbpuynpughwih pwGh®
hwligntyg whwp k£ ybpgtity, npybugh wdpne hwujuomd dkowgnyG ujuwpuGpp
107= -hg Ynpp (hGh:

. bGunbmynpwghwjh pwGh® hwigni)g wyhwp t YbpgGhg 0, 1] hwwdwdmd, npybugh

hwyytiGp ®?-p 1072 & umpjunip:

1. 2] hwingwomd wpdwd b [ () = o3 pnuliyghwG: CGuwnpky xg. ) L rp hGnbpyn-
lwghwjp hwGgneygGbpG wyGybu, np wyn hwuduonud dhowgm )G ujuwwtipp (hGp
Yinppwg Gp:

Qhgmp (0. 1] hwnduwonmd 7 pwjiny unmgymy k

flrr= E /c“z dl

¢

dmayghw i wpdtipGhpp wmuwy: Gapwgpblp, np wjlnthbnb whunp t uwmwpdh
winuwl wpdbpGhipph pwnrwlnww)pG pGumbpynpughw, nph ufuwubpp swhup
qbipwquigh 0.01: bPGwhup®G whwp t \hGh 7 -p:

Cpgmp L) b LP(x) pGunbpynpuglnud 66 f(x) pmbyghwl hwiwwwwnwu-

pwGwpwp g0 ... vy Lo 29, opy hwlignyglbpnui: GGpwnpymd £, np
R ST Uy Iy hwlgnyglbpp ugqinud GG dnGnunG wénn hwenprpuljwlm-
pmG L S () wowlgyuip [Lo. 2y 11 hwndwond ywhwwlnu b Gup: Snyg
ww, npoponp @ € {rg.ay, i hwdwp f(o) wpdbpGpp gnGymd &6 LV () L
L () wpdbpGhp)h dpol:

= hwnduond ghowpyymy b f(x) = o] PmbGyghwG: V-pgmp npybu hwi-

g jgttip yhpgqwo b6 Qbp)hyb) wnwepG ubinh 7+ 1 -pp wunmpGwGh pwgqiwlnpud)
wpdwwnGhpp, L yunmgynui & L, (z) hGubpynpwughnG pwqiwGnwd f(x) pmby-
ghwjh hwdwp: Uwwgmgh), np L,{z) pwqiwlnudGeph hwenpulwGnpimlp
— 11 hwwnduwond hwjwuwpwywh gniquihnmd b f(z) -hG, tpp 7 — oo

. Uwwgmgb, np pwdwlwd vwpplipmpymGi pun hp wpgnuibGuh updbunpply

Pmbygpw £: Qyuplpl’ bpb 2. =y, .. .. 2, Ytwbpp unwgyby GG g, 20, ..., hwG-
gm)gGhph npnywly) mbnuginjumpjudp, wwyw

Jizo-z1oo ooz = flroedn, oo ¢

Cfhgmp S = 2", npibn me-p wdpnne phy £ Bwwugmghg, np

(1. tph n=m
10. tph n>m:

f[;l‘(),l].. e ,lf,,i =
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5. Hhgmp f(z) € C"a,b], npbin |a,b|-G xq,xz1,...,z, Yhwmbpp wwpmbwyng
inppugm )G hwunjwoG t: Uuuwgmgby, np gnympymG mGh wjGuhup £ € (a,b)
Jtw, np

S

n!

f[I'(hIle--...‘L‘ni =
6. Uwwgmgby Luyplhgh pulbudlp.
(fy)[l‘()?wlf'--vl."} = Zf[1091:l1-..,Ik]g[Ik7Ik4~lia.-,.L'n; .

7. Lwnljw pmGyghwbbpp hwlinhuwGm™ 66 wpynp pwnwnuwjhG uwyuw)GGtp.

x. z€l0,1)
w) S(z)= 12-2P+%. ze[lL,2)

g, x € (2,3

T, r €0, 1)
p) Slxy=(-3(2-z)+3, re(l,2),

.1:—'2)2-1-3. I€{23|

8. bunbjw pnilyghwbbpp hwlnhuwln®s &G wpynp funpuGwpipuht uwpuGaap.

w) b('v"z{B.r3—l. € 0,1

) ., x€:-1.1/2)

P) refy1
l+a2—ua? £ €10,

€r) == 1—)(.L—l)—-J(J—l“';l[.L—l)" IC’l 2)

dx—2)+ 9z =20 = 3(x -2, 2 € 2.3
2(r-‘—l)—lr—-—l) re —1.0:

n Str)=1<3+5z~+32* . £ €01
ot 1z — )+ 8= 12— = 1%, refl
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)

. b, ¢ wwpwdtwnptph pGywhuph” wpdbpltph giypmad

S(x) = 3+a—92°, z€{0.1)
PEIE g sbr - Draa - 1) diz - 1)¥, ze(l,2

$neGyghwG YihGph funpubwpnuyhl uww)h:

Npnyt a, b. c. d qnpdwphgltpl wybuybu, np

1-2r, z€i-4,-3)
S(zy=<a+br+crt+dr*, ze[-3,4)
157 - 32z, z € [4,5]

InGygpwl hwlnhuwGw funpwlwpnuihG uwyw)G:

ca,b,c.d, e wupwadtnpbph hGywhuh® wpdbplGtph nhypmy

clx —2)?, z€]1,3)

alz -2 +biz-1P. z€(0,1)
S(z)=
diz -2 +elz -3)°, z€3.di

$niGyghwG YhwlnhuwlGw funpwbwpnujhG uwyw)G:

. Ywnmgt| plwlwb funpwlwpnujhl uyujl, npl hGnbpynpuglma

f(z) =1 +252%)7"

$niGlyghwb {—1,1] hwndwomd phwnpbinyg z; = —~1+24, i =0,1,...,n hwlgmyg-
Gtpp hwjwuwpwhbn guig:

. hgmp f(zj € C*¥a bl L wpqwd £t A a =25 < ) < - < T, = b

hwqgngGtiph hwdwlwpg: Uupugmgt, np
. \ 2
J(f) = / (f9x)) dx

ImGyghnGuh dhGhunmup hwuwGbih © 24 - 1-pg upgh wyGuhuph S(z) uwpuyGh
hwiwp, npG hGunbpynuglnud & f(z) pmibyghwl hwGgmyglbph A hwdwlwpgh
dpw b pwqupwpmd t '

SUzg) = SYNz,) =0, j=kk+1,...,2k=2

wuwjdwGGtphG:



JULGLUUO
Jwiwnnunuwyh ghnGwywGitph dwuhG

o I*hgm L)kl (1730-1783)

Dbpwbuhwgh dwpbdwnplynu: dpuwbuhwlui 9-U winud (1758):

OGyb) t Uhimpmd: 1763 -hg nuwuwjuink) t quppbiwppGGhph numdGupubmi,
1768 -hg” Drwquynpulwl hphnwGujhl ngypngnud:

Qhunwjul w)uwnwlpbhpp Gdhpuwo &6 hwipwhwyyphG: Upwyt; t juiwjwljuwi
wuwmp8wlp hwywuwpmdbbph hwdwlupgbph modw  depnntbpp: Uywgoigl)
hwlpwhwyyph hpdGwlwG pbnpbdiGepphg dbyp lbgmfr pboptdpy: Wwnb b Gul
pwhumpugh pGuguuinnu:

o Pnjgwln RtntGwpn (1781-1848)

Otfu dwpbdwwmhynu, Pipjhuniu b wunmduwdwpui:

OGyL £ Mpwhwmui: Ujwpnbp © Mpuwhwgh hwdwpwpuGh hpjhunguompiud L
wunywowpwlnipjul pwlynyumbwmbtpp (1805): 1805-1819 -pG tint £ Mpwhw)h hwdw-
[uwpwGh Ypnbph ywwdnipjub ypodpbunp: bp wquuwdhn hwjugptbpp yumwnny
qpyytg £ nuwuwyutnpne b hpuwwpwwght bpgptbph hpuygndiphg:

LJdiwyul wyluwnmwbpGhpp Jepuwpipmd GG pwqinipmGGepp mbunipjuGp, dwpbdw-
upjulywl whwihght, defuwGhyughi b phghyughl: Lywbwlwihg Gepypnid junwpbg
dwpbhiwn)juliwl npuiwpwinpjul dbg: Lpwl YWwuluwlinmd ki dwpbdwwnhiulwb
whwihgh dh pwpp phinpbdlbp: Gqpnb| & pmbyghwph whpinhwwmpui b vwhdw)
hwulugnmppGGtpp: <uip E gptp pwuppbpph guuqudhunnepyjut wtunep putp: bhghlugp
plhwquyunmd unmgbg b whplGeph nmwpuwddwl mbunpymbp: <wdwpb) B dwpbdwn)-
Julwb dtpnyp npybu ghnwub hbnwgnompjub dhwl depnn: MRngwlngh wyfuw-
nwbpGbp)h d60 dwup hpwwwpwyygbg E ip dwhpg hGwnn:

o Xmbjwynyuyh dhyinnp Swynyilhy (1804-1889)

Nnu dwpbdwwpynu: Mwmbppmpgh 4-U whuwntdhynu (1830):

UGyt E Pwpmd (Magnpuyh dwpq): 1820-1826 -pG unynpby E Unpnipgmd (G-bpdwGhuw).
InquGh whwntdhwymd (Cytjguwphw), Unppntnd b Unikd np dpwlumd (dwph):
MGyGnpby & O.Ynpfh quuwpmumpmGGpp: 1826 -hg wptuwnby b Mbwbppopgmd.

(wp Unwopl JumbwmwlwG nypngmd, wjGnithtnl’ OndughG gypngmd: 1830-hg
LtnGugnpdwlwb pGunpunmunp L <wnnpnuiguiuG mohGhph Gwpnwpugbntpp

209



pGunpunnunp ypndbunp:  1846-1889 -’ Mtwnbppmipgh hwdwpuwpwip wypnpbunp:
Mtwnbppmpgh GU qinfunpbqpnbtin (1864-1889):

uiGwlywl ghuwywi w)tuwummpmbtbpp Jepupbpnd G0 hwjwbwlywimpjotiabp)
wbuni pjuGp, pybph mbumpjutip, Swpbdwnpuywb wlwihqhl: b uyqpult gpunyt &
Nmuwunuwtingd Jwpbdwwnpyuwiwd  muwynpoipjul qupgugduwip: Uuwwnbp
nmuww i Jwpbdwnpyuyuwl wnbpdhwpwtimpjub juunwpbwugnpodwd gpw:

e Qunu Ywp dphnphiu (1777-1855)

Ghpdwlwgh dwpbhdwwpynu, wuunnugbm L ghinpbqhuwn:

OGytp b Cpumbgbygmd: 1795-1798 -pG unynptp £ G mphGgbGh hwdwpuwpubing:
1799 -n6 w)luwwnby b CpwmGyybigh hwiwpuwpwind: 1807 -hg bty G uppGgblh
hwiwuwpwih wypndtiunp, Shwdwdwbwy hwdwpwpwih wuennunhuowpuih miopti
(1807-1855Y:

Qunuu ghnwlul gnpdmGtimpilp ywhwqulyg puqiwynniwb) tp: Lpw hbnwgn-
wmmpnutiGhpp GYhpwod b6 pwpdpugmyb hwlpwhwyghG, pybph wbumpjutip, y)ipk-
phGghw) bpypuwgwpmipjubp, Swpbdwwpyulyuwl wlwihghG, hwjwbwluwbnpmiGtpp
wmbumpjuGp, gbnntqhw G, GpYGw jhte sEhuwbGpywht, ntuvwuwé wunnughumpubp,
Elbympuyubmpjui k dwqlhuwlulmpjul nbumpjuwbp: Ywnmgb L pwunwlnuw )t
albph pqupwluwywl mbumpmilp: Uywgmgty £ hwGpwbwygph hdGuwywt pnpbdp:
Lulntunnp pupunpbg E Yndytpu pdbph mbumpiln: Lpdp b npby pwppbiph gniquadp-
unipjwl wbtunmpjubp: Uunnqughumpuli plwguwjwnmud Gwmup  hwpynquyuwt
dtpnijph oglimpjudp dko G)umpjuwdp pwgwhwmby b (1801) S&pbma inpp dnnpuayh
wbnwnpmpbp: 1820 -p6 Gwmupb hwGdGwpwpyby b Yuqditp Qwbingbpp pewlu)ph
pwpwtiqp: Umjt Guywwmwy) hwdwp Guw Gwybg b dp wpp hwdnnwlwi dhpnnGbp (ugn
punud Gwl ¢rnprrwgnipl pumwlmuhGbnpfi dapngp), npnGp gnpo Gujuimd hwiqbgpb LG
tinp qhnwwt manupywG’ pwpdpuwgngl QanpbigfnufrunbinddwGp: dhghyuwjh plwqu-
Jund Gumup (phqhynu o &pbpfi him Shwuh@) unbnoby b EiEjwpuwdwglihuwljut
dhwynpltpp pwugupdwy hwiwluwpg k unmgb b AapdwGhuymd wnwepG tbjunpw-
twqlpuwlul hinwghpp: UbfuwGplw)ph pwquyjunmd hwjmbGugnpob) b Glwqugn i
hwiplpwgpdw vhgemGppr: Y- wmup pnnbg £ Gub yhpuywpoluwo d6d dwnwlgmpnid.
nphg wnwybp wpdtpwynp GG tGpw opwghpp b ny EdyghnuG Gpypuywipmpiut m
tihwguly pmGyghwGhpp gbpwplpyuy Gupbpp: GnpphlGghGph QU -G 1908 -hg uluwd
hpwunwpwlb) b QG wnueh wpwumnpymGaepp [T hwwnnpGbpp:

e Qynintip Ownwnn Lymnyhg (1859-1937)

Qbpdwlwgh dwpbdwuiynu: Uwpuntipwgh QU winpud:

Ulidb B Comwuqupnmd: Unynpl B Comungupu, ChnghGh b SinipptgbGh hwidwuw-
pubGbpmd: UWJwpnmb) b SymphlightGh hwdwpwpwGp (1882): 1889 -pG wyfuuwntby b
Sjmphtqhlh hwidwjpwpwlma: 1896 -pyg tnby L LnGhqupbipgh, wjinhbmb’ Luwjwghgh
hwdwpuwpwGGtpp ypndbunp:

hiGwywl wuwwnwbplbpp GYhpdwd GG fwdptiph wtumpjubp, wlwhwply pmiy-
ghwGpphG L dmpphbh quppbppG: Lwy hwywGp b Cuypbpf wGhwdwuwpnp ity
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e Qtnt dhthy Lymnyhg (1821-1896)

Q-tpdwlwgh dwptdwwn)iynu: UynibutlGh GU wlnud (1851), Q- mpplqGph AU pnpwlhg
wlinwy (1854) :

Ol t Sdwyppymyytlmu: 1846 -p6 wjwpmb) b UymGhubGh hwdwuwpwip: Gwuw-
Junby b GnyG hwdwjpwpwlmyd (1855 -hg” ypndpliunp):

iGwlwl wptuwwnwGpGtpp Jepuptpmd GG dwpbiwnpyuywl whwhqhG: L Uunmpup
htn dhwdwdwGuy U Gpwbhg wliyuwhe dngplg pmbyghnGu) hwonpnuywlimpynGGtph
L wppbph hwjwuwpwywi gniquihnmpjul gunuihwpp: Unwowpyty t qdwjhl
hwGpwhwyuwywG hwjwuwpndGeph hwdwlupgbph modwl hnbpughng Sbpnngp:
Guuwwpl) bt Gwl hbnwgnumpmGGip  npwjwwG  Ynuonpullbph  nbumpju,
tpyGuhG dGluwGhywh b hwjwlwhwGmpymGGtph mbumpjul pwguijunmad:

e Lyyihntu (IV-III . ¥.p.w.)

b hnyyG Swptidwwhynu: Gk b wwpt b bGpunpupwp Ukpuwtnphwpmdy:
Quwynp wuwwnwpG b "Uhgempbenp™ (13 gppny), npp pndwlnuympymGi b
hwppuywpmpyl, wnwpwowgwthmpymbl L pytph wbumpjul dh pwpp hwpgbp:
LYy ppbup hwlpwgnidwp) b pliptp "hntGulw6 Swpbdwunpyu6” L hpdp unbndt) Swpb-
dwunpyuy) htnmwgu qupqugdwl hwiwp: Lwy hwynGp t Lgl/mbufr wpgnpfipdp ipym
wdpnne pYh wd Gpym pwqiwbnud) wikGwidtd pnhwlmp pwdwlGupwpp gunGhm
dupnnp: "UhgpmGpGbpp” habptlh b pupqiwGl; WiwGhw ShpwywghG (VI ), nphg
dbq dhwyl hwuwobbp GG hwub): LYy hntup wtuwnwGpGip nih Gul wunnughunn-
pjwl. owumpyw)), tipwdrmmpjub Yyepwpbpju):

e [Otynp pmp (1685-1731)

Ulig)hwgh dwpbdwwnplynu: LnGnnih Owguynpuywb pGytpmpjul winwd (1712):
UGyt b LginGunGmd: Wwpnbp bt Ludpphoh hwidwuuwpubp (1709): 17141718 -pl
tnt| t LnGynGh Pwquynpulu pGhtipmpjwb dpnwlwl pupummup:

Zpiwlwl htnwgnumipyiGGipp  Jepwpbpmd 66 dwpbdwwnpyuywl  wluhght,
dbhuwGpywgpt b pwipunpyuyphG: Upowdt) b pmGyghwbhpG wunphdwluyhG jwpptph
Jbpwobtim pwwélp (&) pwbwdl, O6mph pwpp). Upwlb b uph nwnwidu
L ytpowynp wébph wbunpymbGtpp: MGh wpybpp prgbm, dwqGhultph Yinfuwgnbignt-
pjul L Swquywlnmpjub Jepwpbpju] wfuwnwipGbp:

o LuwgpwuGd dngtp Lnth (1736-1813)

Dpwlupwgh Swpbdwwhynu L dbluwGhy: dpuGupwywi QUL (1772) L Uqqujht
hGuwmpununp (1795) wlnwd: 1859-pg’ Rt hGh G-U wlnud (1766-1787 -G wlwnk-
dhugh wpkiqhnbGu):  Mbnbppngpgh AU wwnguynp whnwd (1776): duppgp AL
dpgwlwlwypp t (1764-pG LnwGh (pppwghuyph  wbumpjul hwdwp, 1766 -pG
3y hnbpp wppwbjuyGhph pwpddwG nbunipyul hwiwp):

Gyt £ SmppGmd (buiwihw): Unygnpbg b Smpptih hwdwuwpuGmd, nwwlb b pum-
GuywG gpulwGnpymbp, wyimhbnl’ bpypuywhngpmibp: 1753 -hg uljub b quuwyduG-
nb SmphGp hpnwGwyhG nupngmd (1754 -hg” wpndtunp ): 1787 -hG wtnwiinfuyty t
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Dpwbupw: 1795 -pg” Rwpdpuwgnt b Gnpdw pypngp, huy 1797 -hg” Gwpphgph Mnhuntfu-
GhYywlwl nypngh ypndpbunp:

Unwyt] jupbnp wuwwmwlipbpp yepwpbpnd GG Juphwghnt hwgphG, wlwhwoply b
wbuwul vtuwGpyught: pdbgbnyg L. Lyépr umwgwd wpymbGpGhpp Jpw' drwlby b
JupphwghnG hwajp hpdlGwliuwG hwuugnpymbGbpp, wewewpyty b Jupphwghnt
tulnppGipp modwl plghwlnp whwphwpy depnry:  UGwypuhly dbpuwohipn ™ (1788)
nuuwlwl wytvwwnmpyuGmy hdwpuwnfny wbyufimfumpmeaGhh ulgpndgpfrhpdw G gpu
Junnigh L unmwwnphyuG, wiinthbnmb gmgunpbny Gpgwod b 5 ‘UpadpbpfruygpmbpGtipp,
Junnigt] £ phGwdpyuG: Uwnmgpbp b pGghwlpugqud  YnnprgpGuwwmGlp b wpddwb
hwjuwuwpnudGipht wdbp b Gop &L (Lwgpubdft hugwuwpmdGspn):  Lwgpuldp
ukdwpdbp hbnmwgnunipniGGhp nGh dwptivwnpyulywG whwihqh, pdiph wbumpjud.
hwlpwhwyyph, nphdpbiptlghw] hwjwuwpndGbph,  wumnughunpjwl  Jbpuptippug:
UWyhuwwnli] £ updynghy hwpyp umbtinddwi gpw:

e Uty p 3nhwi (1571-1630)

QLpdwlwg) wunnugbu, Jwptidwwpynu L dEfuwGhly:

Oyt £ dwy-ntip-Cuwunmd (dgmpnbdptipg): UWJwpubg b SymphiqhGh hwdwpwpuGp
(1593). 1594-1600 -6 nwuwywlint £ Gpugnd (Udunppw): ConnpujuGibpp G-
dwip Juwpnhy titntgm hbnwylgnodGtipp UbubppG umpuyt)p 66 1600-pG pnnlt
Q-pugp b ntnuinfudtp Mpuhw: 1600 -pg" yuwuwunwwl dwptdwwplnu Sfifen fnahiif
oqlwlwGG kp, npp dwhpg htinn, 1602 -hg qpunbgmd b wyn wuywmnlp: 1626 -pi,
nupdjw) ypnlGuwlul hbuwyGnnuaGhpp yuwundwnny, mbnudinfugty b gd (G-bpdwGw):
1628-1600 -G ujutipuwwl gtlbpwihwpdnu U JuygbGuanll wumnugniywl bp:
Uty tpp ghwwlub hbnwppppnipymGGGph nhwwyugnGp zun b B bw gqpunyt b
wuwmnugnmpywdp, dwptidwwmpyw)ny, dbfuwbplugny, pynipbnughnmpudp: Shjun
Cpwgtyh pwnwunlwdju  ghundGbpp wpymbpGaph wbuwfwG  hhdGwynpdwi
pGpwgpnid hwbqbi £ dnmpuyGtp) pupddw opbGpGhphG ( Ybwybph opliGp by, npulng
hul uhqp t npty pyGugpt dEfuwGplugp: 1602 -hg qupgquigpb b iminfuwlwl dGdm-
pGGhph dwptidwnpujph depnnltpp” uyywd wumnughumpjub b tpljpuwywdin-
pjul fuGnhpGhpp hbw:  Uunwgb) £ dh pwpp yuowmdwl dwpdpGahpp dwywilitipp.
dwulGwynpuwwbu wnpp b "fuGdnpp”™  QpGnme wwlunGlpp dwywiGpph ywipdwip
Gyppywd  wptuwwmmpninud  (1615) Yhpwnbp L wltipe inpp  dtdmpymGGtipp
dpwgmiwpiwi dkpnnj:

¢ Unyh Ogyniuntl Lmp (1789-1857)

Spwlupugh dwpbiwnhljnu: duappgp GU wlpud (1816), Mbmbppnipgh A-U yuwwmyw-
Ynp wlnwa (1831):

Oyt £ @wphgma: Ujwpub) Eduppgh Mnjhunbiubhiulwi gypongp (1807) L Guninipe-
Gtph m GwlwwwphGp) pgpogp (1810): 1810-1813 -hG wyfuwnb) £ npuybu Gwpunupu-
qtin Ctppmph rwqiwlwi Gwjwhwighunh Junmgiwl Jpw: 1816-pg" Mnjhmtiju-
Gpywlywb nwpngh wypndptiunp, 1816-1830 -pG" UnppnGwgh, huy 1848-1857 -hG" Untid np
Spwlup wpndbunp: Lwnupwlwl hwinqimbplbpny owjpwhbn nnjuwjhuwm  Ep,
CppnGGuph YnniGulyhg:
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Unzhh wuwunwpGhpp yepuwpbpmd b6 dwpbdwwpugph L dwpbdwnhyuwlywb $phgp-
Yuygh wiwppbp piwquywnGhp)it:; Uwphdwnhuiul wiwijpqh Gpu quuoptpuglbpp
hhdGdwo vwhdwGh hwulwgnipyuG hwiwhwpgdud ogunwgnpodwb Ypw. opphGuy b6
ownuw bk htitnwgu puuplpugGhp)h dho dwu) hwdwp: Apubgnud UnpphG wygb) b pmay-
ghwjh wlipnhwuimpjub quinudiwp) vwhdwlnuip, goiqudtin pwppbpp mbunep G
hunnwy Yunrnigmdp, pGnbkgpul vwhiwbnuip’ npybu gnuiwpGbph vwhdwG L wyG:
Qupqugnt) L wlwhumpy pmbyghwbbph nbumpmGp, wngt)p wlwumply pnGyghwgh
pGunbgpwpwhG wbupp (Gt pbmbgpwy), dmGyghwyh Jbpnondp wumphdwGw i
2wnph, Gauybk b dGugpltiph wnbunipymGp: ‘“FpdphptiGghw hwdwuwpnudGbip) mbunepjul
pOowgquunnud Unphht GG wwwmwbnyd, wjvwbtu Yngqwo, Ypfifr fulippfr dLwtipynuip,
wnwehl Yupgh dwuliuy)h wowbgjuilibpny hwdwuwpmdibbpp pintgpdwl depngp L
imodwb gnympjul hpdGulul pinptdGhpp: Wuwwnwbplbp nGh Gub wnwdguuine-
pjwl wmbunipjwl, owywmhlwjh, bpypwywdmpulb, pytpp nbumpyub, hwpwhwy)
Jytpwptipjuy:

e Ypwubkp Quwpphby (1704-1752)

Cytjgwpugh dwpbdwmnpynu:

OhyL) L unwgby £ yppupyul dGunud: 1724 -pg nuuwdubnb) b dwpbduwnpu G
JuwhGhumwul whwnbdhwymd (1734 -pg dwpbidwwnpuyh, hul 1750-hg" dipun-
Jrwynipywl wypndpbunp):

LhmwgnunipymGGbph hpdGwywl nupnmpymGGtpt 66 Gpypuywihmpimt b hwjwbw-
ubmpymGGapp wbumpyniG: Uunwgt) £ gowhG hwlpwhwygulywi hwuwuwpnudGbph
hwdwluwpgbpp podw G pwlwdlbpp (Gpwdbp)t qudnGp). hdp £ ogpbp nponyhsGhph
wbunippup:

e UpnGtybp Lbnwnn (1823-1891)

Qbpiwdwg) dwpbdwwpynu: ChnhGh QU whnwd (1861), Mawmbppnipgh G-U ppulhg
wlnud (1872):

Oty b LhqGhgnid (LihwuwnwG): Udwpunb) b ChnhGh hwdwuwpulp (1845): 1861 -hy
nuuwjuint) b Lhphth hwiwppwpuwlmd (1883 -hg’ wypndpbunp):

2piGwlywl w)uwnwlpGhpp Jbpwpbpmd 66 pdtph wbumpjwbp, pwrwinuwha
aLbpNG, fudpbpp wbunpuGp plywybu L Ehuyunwlui pmGyghwibph wbumpyudp:
Gwuwpbiugnpdby b hwipuwiph wikuGhyw, wyy Gywwnwyny Gepdndk) L dp wpp
uhdyniGtip, dwulGwynpuwbu, 6;; YpmGhybph updifnp: Cjhwynwub PuGyghwbGbp)p
oqlinipjwdp unwghg t Gnp wpyniGpGbp pdtph nbunpjwa dhe: UpnGbybpp dwpbdwwn)-
Yuyh puwpwluwgiwG hwiwpnhG tp. Gw hwdwpnud tp. np dwpbdwwnpywl upbh
hwGgbglhp wipnne pytiph pquwpwlnipjulbp:

e QLpnt UWjkpuwlnphwgh ( 11.)

]G hnnG dbpuwGpy L dwpunwpugbu: Uwpt b wbuwnby b U bpuwGnphujn:
Swidwupgud ywpugpt £ wim)y woluwphp ghpwnwluwl deuwbpluh L dwphidw-
nhluwyh GuéniGhpp: QwjnGwgnpdty t dh wpp dEuwbhqiGhp L uwppwt[npmd(ibpf
Syby b wwppbp bpypwawhuyul wwwykpGeph §2qphn L dnunwynp hwpdwpydwb
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YwGnGGhpp, oppGwy, tnwGyjwl dwybtpbup pp bpbp Ynning hwgbnt wjuwbiu Yngdwd
GnGh pwiwdly: bGunwgnnbg b Gub punwinup hwjuwuwpdwG modwG hwpgp,
pwnwynwp b fppnpwGupn wpdwnGhp hwGbpn fuGnhpp:

o <npGtp (ithywy Knpg (1786-1837)

UlGqhwgh dwpbdwwmhynu:

GGyb) £ Appunnpd, 1800 -hg nwuwywnt| b Gnyl punuipnud:

GhunwlwlG wytuwwmwGplbpp Ypwpbpnud GG hwlGpwhw)wiwl hwyjwuwpnuiGbph
wmbunpjulp: LGunwqgnunbp £ judwjwlywl wunpwlh hwjwuwpnudGiph dnunwynp
mddwG dkpnnlbpp: Upwyb) b pwqdwGnudp z —a bpulnudh ypw pudwldwG wign-
phpdp, npp Yngdmd & <npbbph ufubdw:

e 3wynph YGwp] Gnwwnwy 3wynp (1804-1851)

QLpdwdwgh Jwptdwwmpynu: CtnhGh AU (1836) whnwd, dwphqh GU pnpwlhg wd-
nw (1830), Mwmbippnipgh GU wwwndwynp wGnud (1833, 1830 -hg” pnpwlhg wlinwd):
LnGnnGh Prwquynpulw pGybpmpjwl wlnwy (1832); dwphgh AU dpgububuyhpl t
(hwiwwnbn U.<.Upkhr htm) thyuhuiwG mGyghwbtph nbumpjul unbnddwG
hwdwp (1830):

OGYt; £t Mouunuwind: Udwpnt) b RtnhGh hwdwpuwpwip (1825), 1825-1829-hG
wyhuwntip £ GmjG hwdwpwpuwbnd: 1829-1835-hG" £jnGhquptipgh hwdwjuwpwGh
wpndbtunp: 1836 -hg wypby t LtinjhGnd, qpunytg £ qghnwlwl w)uwnwbpny:
LtnwgnunmpmGGhpp Jipwpbpmad 66 $mbGyghwGhiph wmbunipjubp, pytiph mbunpjubp,
qow hG hwGpwhwyhl, nhdtiptGghw; hwjwuwpniGtphG L defuwGhyw)hG: Lhyumw-
Yt dmbGyghwbtiph wnbumpjulG untndnnltphg b Ltpdmotp L numdGuuppt £
0-pmGhghulb L wjy npwlugblntlGn dnGyghwltp: Unwewpyb) £ Gnp (nomdGhp
nhGwdphlwjh hwjwuwpnuibph hwdwp: Upwyb; b nhGwdhywjh nhptipkiGghw; hwyjw-
uwpnuiGliph hGuntigpdwl pGnhwGmp nmbumpymbp: Oquwugnpdtiing wyn wntiunipymbp
imdty £ wlwihwnhy L GpylGwghG dbppwGhywih dh wpp fulnppGip:  UwhdwGhp £
ImaGyghnGuy npnhsh qunuithwpp (wynpwby. MunGuuhpty b LEdwlnp puqiwd-
nwdbGhpf pnhwlGpugndp hwnhuwgnn oppngnGwy pwqiwlnuiGtpp (3wnphf
puwquwlnudabp):

o Lbjdwl Yupp Gnndphn (1832-1925)

Gtipdwdwgh dwptdwwhynu: RtinhGh AU, G nphlgbGh GU L Lwjwyghgh 911 winuuy:
UGyt t  LynGhquptipgnud: Ujwpwunbtp bt LjnGhquptipgh hwdwpwpwbp (1857):
1858-1863 -hG nwuwywbnty k£ Quth hwdwjuwpwlmd: 1863-1864-hG° Rwqgkih
{(Cytiyguppw), 1865-1867-nG" SynupplqtGh, 1868—1911-hG" Lwjwghgh hwiwpuwpwi-
Gtph ypnptiunp:

JpibGwlhwl wtuwwmmpmbGtpp ybipwpbpnd 66 nhyptipbGghw] hwjwuwpnuiGtphG L
hwlpwhw)yuwljuwl dmGyghwltphG: Unwowplby t Fappfuibh fulinpfs inodwl dtpnnp
mnmghy nipjuqdtiph (hwppmpjul Yypw) L mnmghy dwytiplnypGtph (wpwdmpjul
uti9) hwdwp: L<twmwqnunb t Gpyponpn GqpughG fuGghpp (Uhydwah fubphn):
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¢ UjnunnlG huwhwy (1643-1727)

UGg1hwgh dwpbiwwmhplynu, bhqphynu, dtfuwbhly b wunnugbin, duiwlwljwyhg dbfuw-
Ghywyh hpdGwnhpp: LoGnnGh @wquydnpuljuw pGYtpmpjwl winud (1672), 1703 -hg’
wphghnbGn: Gwphqh AU whnud (1699):

GGyt & Lnyupnpymud (GpuGnmtidp dnn): Udwpunby b Ledpphoh hwiwuwpwbn (1665):
1669-1701 -hG nuuwywlnt] & LEdpphoh hwdwpuwpwlmd: 1695-1698 -hG" LnGynih
“puwdwhwwnwpwGh wnbuny, huy 1699 -hg” wbopkG: 1705-hG UymwnnGhG 2Gnphyb] t
wqtjuwlwG) wmhwnnnu: UGqihwlwl funphpnupuGh winud: ©Ownyb) t wﬁq]j\wum(i
wqqu)pl yuwGpbnGnui® LhunmdhGuwnbpwjhl wppwjmpjnlGnud:

UnunnGp unbnot] t dbuwGhywih b wunnpughumpjwl wnbuwuwG hhdndGpGhpp,
hwjnGwgnpdby t whliqhpuwlwl dgnnmppul opliGpp, Sywyb) ( Q. Luypliighg wilwju)
nhdbptGghwy L hGunbgpwy hwypp, Yuwplnpwgnyl nbuwlw6 L qinpdwpwupuljui
w2fuwnwlpltp Lwwnwpb] owwhlwjh pGwquiwnmd, wwwupwunb] bt hwjbpwghG
htnwnhwwyp: Lji ‘wnnGh ghnwlw gnpdniGtnipyuwG ququpbuytwmp "2Gwifyfungiu-
Jmpyul  dwpbdunnfyulwt hhdmGpGhpp™ (1687) dtGwgpmpymGG E, npnbn Gw
plnhwGpwgnt) b GwpnpnGepph (@ Quyfyly, 3.Gbwbp, . Ybwmn . L.<mgbtu L
mph2Gep) m pp ubthwliwG hbnwgnnmpymbGipp b wrwehGG b untndt| GpypwjhG
L tpylGuyhG dGjuwGphywjh shwuGwlw hwdwlwupg, np6 pGyb] © wdipnne nuuwywd
dhahlwjh hpdpnui: Ujunbin UymuunnGp wyby b dp pwpp bjuwlbnwjh6 hwulugnipymd-
Goph' qubgywop, jupnduwl puwGulgfh, mdhi uuhdwlGnuiGpp, dLwybpwb defuwGpluwgp
tGptip hpdGwlwl opkGpGhpp (Lymwundfr opklplhp): bp whbqbpuwlwi dgnnnipjui
optiph hpiwG yYypw pwgwwpt] t LnwGh wpddwl wnwGdGuwhwmynipymGGpp,
3myhwbph ypgbhuhwl m ukninuip, dwyplGpwgnipyntGGbph L wmbnuunynpymGGaph
GplunpGhpp: LGmwgnunt] & hnd dhowywjpnud dwpihGGhph pwpdmdp, wrwaquiywG
thowywypnud dwjGh nwpuwdiwl wpwgmp)nilp, gt nwp JwpdGh hnwgdw opkGpp:
Uywlbind phpbiptGghw; L pGunbgpup hwygh hpdmGpGhpp UynunnGp dwgphy b
Sympufuuft (wdwGgywh) L pymbawpyr (GuwppGwlwGh Ywd wlnpn) hGubkgpuh)
hwulwugnipymGGtpp: uulybpytp & wlwihgh tpym hnpuhwiwnwpd  fubnhplGepp
nhdtiptiGgiwi fulGnppp L nhdtpbGghw) hwjwuwpiwi hGunbgpiwd, dwubwynpuybu.
GwhilwlwGGeph npnpuwb fulnhpp: ULo GwGwlnmpimb bG nlhgb) Gwl UymunnGh
wfuwunwGpGtpp hwGpwhwyp b Gpgpuwywgmipju yepuptpyup: Lpwb b wywnljoino
hwGpwhwywywi hwjwuwpmdGph pywgphG nuddw6 Stpanp ( Uymumndf dbpnyg).

e Cuimpd dwl Cwn] dpwluniw (1803-1855)

Cytjgwpwgh dwptidwwnpynu: Gwphgh U whnuad (1836), Munbppnipgh U pnpwlhy
winwy (1836):

06yt t dGumd: Unynpbp & dGL hwdwjuwpwGnud: 1830-hg Gwphgh (kG pngkeh,
1839 -hg’ MnjhnbfuGhyulywb nupngf, dhwdwdwGwy 1840 -hg” UnppnGh wpndbunp:
ZhiGwywl wyuwwmmpiGGepp Gphpwd G6 dwpbiwwmhjwywl dhgpjwgh tqpughl
fuGnhpGtpp wbumpyuG L unynpuiwui nhpbptbghwy hwwuwpndGephG: & Lhmfh
htun dhwupG hbwnwenntb] b unynpuluG nhdpbipbGghw) hwjwuwpmiGiph ubhuwlw
SipdtipGlipp L ukthwlwG pmGyghwltpp quGhim fuGnhpp (Curmpdh-Lamdph Julinf):
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Unwowplyl) £ wpwd hwwndwdnud hwlpwhwquiuiG hwjwuwpiGul wpiwwmGbph
phyp npnytne dtpmy: Uwmwghip b Gl Juplonp wprymGpGtip GpgpwywthwluwG ougumpyuwg)
pGuquyunnui:

e JbtiphoL Mwdlinunh Lunyhy (1821-1894)

Mo dwpbdwwnplnu L dEfluwGhly, MEnbppnpgh dwpbdwmhlulub nupngp hhdGunpp:
Mbwnbppmpgh QU whwnbshynu (1886), Pwpphgh 4U wpmnmwuwhdw w6 whnwy (1874,
pnpwlpg wlnwd 1860-hg): LumphGh AU (1871), PnmGhwjh AU (1873), LnGnnGh
Pwgquynpuub pGYbpmp w6 (1877), CybnuyuG A-U (1893) wlnuui: U jwpp ghwnw-
Ywb pGytpmpymGGatph b hwdwpuwpuwGGEph Wwnydwynp wlnu:

Gyt £ Ojuwwnyn gymymd (Wwpmaujh dwpq): Ujwpnb) £ Unufujh hwdwjuwpubp
(1841): 1847-1882-p( nwuwywlnb) £t MbEwmbppnipgh hwiwpwpwlmd (1850 -pg’
wypnpbiunp):

lGwlwl hGmwqnumpymblGbpp  Jepwpbpnd GG Jwpbdwnmphluywl  wGwihqpd,
hwywGuwlwlmpymGGaph wbunipjubp, paph wmbunipjubp, depbGuGtpp L dkuwihqu-
Gtpph wbumpjubp m wy hwpwyhg pwquyunlhphG: UwpbdwwmpyulwG wlwuipqp
pGwquyunnd himwgnunby £ hwGpuhwyguljuG $mbyghwbbpph pGunbgpiwb hwpgbpp,
Junmgt) t oppngnGw] pwqiwbnudGbph pGnhwGnip wmbunpymp, vnwgl) dnnwynp
[Guinbgpiwl( pwlwdlbp: QGphylp pmGyghwlbph YnGunpmynpy nbunipjul hpilw-
nhpG k. Juemgby b hwGpwhwyuwyub b GnwGlymGwywhuwut puqiwbnuiGtpny
jwywgnt )G hwjuwuwpwwih b punwymuugphG dnnwpymdGepph wbumpymGp: Dbpfiylp
pwqdwlpud Gy mGeG  pwqdwphy  YphpwnmpimbGabp  Jwpbdwwnhlujh  wwppbp
plwgquyunGhpnui: dwjuwlwlwlmpymbGeph wnbumpjul dke btphplh hpiGwlwi
Juuuwnwlyp wwwwhwyuwb deompmGGaph hwiwjwpguwd mumdGuuphpmib b Lw
wwywgnigbp E YhbGunpnGuijul vwhiwGuihG pinpbdp L wnwowiplky £ akd pybph opklph
panhwlmp wwywgnygp: UbpbGuGbph L dbuwGhqiGeph wnbumpjuG dbe btphyup
wluwwnwbpltpp yepuwptipmd GG hnnpuluwowihG duwGhqiGeph vhlGpbhqpG: 2bphL
wfuwwmwbGpltipp nbnbu Gpuw  YeGnuwlmpjwlG opnp Jwjl Swlwymi GG uvwwgh)
(nuwunmw Gmd b wy GpypGepmad: 1944 -h6 UULU Q-U hpdGh £ QbphpUh wGdwG dbiguy
nudpguluy’ pujugmyl htnwgnunmpniGGaph bwdwp dwpbdwwnpyuw)h pwquyunnd
L dpgwluwly jwdugm G hbnmwgnumpimGGepp hwdwp dhpkGwGhph L defuwGhquGhp)
nbumpjuG ukg:

o Ntyty (Upptip) 2nG Mihywy, |npn (1842-1919)

Ulgihwgh $hapynu: LnlnnGh Qwquynpulwb pGybpmpjul winwd (1873, 1905-1908 -
hG" wpbghnbGun): Lnphyw6 dpgubGuljwyhp (1904):

UGGyt k LeGgdnpn Qpngmd (ShpthGgp dnwn): Sngnpk) b Ledpphoh hwdwuwpw Gn:
L. Uvipuft wpwmljbpnG Ep: Udwpub) B hwdwpwpwGp 1865 -hG: 1879 -hg” LEdppho
hwiwjpwpuwbh ypnpbunp L Gwydklnhyh wpnpuwnphwih wiopkG: 1887 -hg” (*phunw-
(wlywl wquynpulwb hGunpnmwp ypndpbunp: 1885-1896 -pG° LnGnnGh Dwqu-
Ynpuwlul pGybpmpjul Spnmwywb pupnniqup:

UyhuwunwGplbpp Jepwpbpmyd 66 dwjGwghummpjwp, nmwwwimdbGbaph wnbunmpjubp,
owwhlwjphG, Liyunpuiuinmpjubp L wyl: Quuybpybp b wwnwindGeph qow)hG
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wbtunipjwl dh pwpp hhdGwpwp pinptdGep: Qpwnyb) b wihpGhph nhbpwyghwjh, gniwi
L YuulGdwlG hwpgbpny: SwunwGnuiGph wbumpywl Yepwpbpjuwy wuwnwGpGhpp
wdthnhby b "Quiybh wbumpym G "hhGupup wp fuwnwGpnud: Qbibgh winiGnyg 66 Ynyyby
dhqhjuwwl wwn hwuwgmpyniGGtp, optGpGtp, vwppbp (2G4 vhwumauly, NG6H
dwqbhuwgdwl opliGp, (Matigh hGnbppbpndtiin L w))G):

e (kny} Uhptp (1652-1719)

Ipwluhwgh Jwpbiwwnhlynu:

OGyt & Wipkpnui: Uwptdwnhywl niunidGuuppt b hGpGnipnyG: ppwbupwyut 94U
wlinuy (1685):

bp wfuwmnpymGaapnul qupqugpty b hwGpwhw)juwiw G hwjwuwpniGeph hpwlwG
wpiwnltpnld wnwGdGugGhpn dtipnnp, npp haGynud E, wjuwbu Yngdwo, 2yt pbnpbdp
dwuGuynp nbwph ypw: NMunuiGwuhpb b Gpynt whwjnny gdwjhl winpny hwjwuw-
puiGeph wdpnnewlw G monwiGhpp:

o fkmlgh Ywpy Fwjhn (1856-1927)
Q-pdwdwg) phqhynu L Jwptivwinhynu:

OGyty £ Apwitlnui: Unynpby £ UymGhutGh (1876-1877) L RtnihGh (1878-1880) hwiw-
wwpwGGapnud: 1886-1904 -hG" QwGGndtph Lwpdpwqmyl wnbfuGhywlwb nupngh, huy
1904-1925 -pG" Q-ynphlGghlh hwiwjpwpwbh ypnpbunp: Yhpwnwliwl dwpbiwwmhplwjh
wnwohlG wpndbunpl kp G-bpdwlhwynud:

LwnmwgnunnipyniGGph hpiGulwl nuqnmpymGGbpp tnkp G6 Yhpwnwljwé dwptiwnh-
Jwl L uybYunpnuynuhwG: duwlbpuby £ nhpbptlghw; hwjwuwpnudGeph puodw
puwjhl dtpnnpGtpp: LwyGnpbG hwpnGh bt 2mbgb-Uminf depngp: Unwowpyby b
nhdbpbGghw) hwjwuwpnuiGhph medwl Gpypusuwhwlwi stpnnp: Qpwnyty £ Gul
wlwiunhy $nGlygpwitpp pugqiwbnuiw hG dnunwpynudGhpny L pwpptiph wbunipjunip:
e Uhpytiutnp Rtjiu Vnghidp (1814-1897)

UGgihwgh dwpbiwwnpynu:  LnGnniG) GwguydnpuyuG pGytpmpjul wlnud (1839),
Mewmbppnipgh 92U wpnwuwhiwGyul winpud (1872):

Uyt & LnGnnGnnd: Ugwpantg £ Lipphoh hwdwjuwpwbp (1837): 1839 -hg wztuwnnb £
LnGnnGh fPwquynpuywl pngignud: 1840-hg” dhpohGhwyh (UUL) hwiwjuwpwih
wpndtiunp: 1844-1854 -hG w)puwwnty | LnlnuGh wywhnjugpuijub pGytpnipniGGtphg
dbynui: 1854-1870 -pt" dnyyhyh nwqiwywi whwnthwgh, 1877-1883 -hG" K <nwpplup
hwiwpuwpwGh (WUV), 1883-1893 -pG" Opudnpnh hwdwjuwpwGh wpnpbunp:
Uyuwnwbplpp  yepwpbpnud 46 hwGpwhwyypl, hGJwphwGnGbph nbumpjulp,
dunnppgGbph wbumpjubp, dwptiwwmhhuwywG Phqhuhl, wbuwlhwl L Yhpwnwiwb
YhGaswwnplywghG: Qupqugpt) b hGwphwbunGhph wGunpiGp, wowowplyby £ wyn
wbunipywG wbpihGupwGnipymGp pGgwpfuubn, ndupfuutn, ghuegphdhluGu b wy)G:
Qpuinyti £ YwGnGwlywh dLkph nbunpjuip: Llhwnbi) Gepgpmd unwptg hwjwGw-
YuGnipymGGbph wbuntpywl dke: UtLd Ghpnpnud £ uunuwipty LUL -l dwptidwinhuwjh
pGwquywnmd htnwgnunuw wpfuwnwiph Jwqiwybpyuw g ponud: Wdkphywa

217



dwphdwwnpljulywl wnwohl hwGntup (1878, The Amcrican Journal of Mathematics)
hpdGuhpG m wnwohlb fudpwghpl t :

e Uwnppnjtiu Ondwu bnhwGGbu (1856-1894;

Anubnugh dwptdwwhynu b wunnugtin: - VhpbpubnGeph AU wigud (1886),
Muwnbtppnipgp AU pnpwlyg whnwd (1894):

OGYb £ Qunptinud: Ujwpwby b b dwh MnhnbhuGhyulw6 nwpngp (1876):. 1877
1883 -hG wyhuunnt| t LbntGh wunnuphuwpwGmd, 1886 -hg” Smumquyjh (bpwGupw)
ghwmpymGGtph pwynpnbnh wypndbunp:

QpiGwlwl wptuwnwGpGhpp Ypwpbpmd 66 dwpbdwwhlulw6 wGwihqhG (oppngnlw
puqiwinudGbpp wbumpymG, dndblwnGapph fuGnhp, nwpudbn b ywpwluwinpki
qnuuquibiin pwppbip, dnnwynp pGunbgpmd b wy)6): CanhwGpugpt) b hGuntqpwh hwuljw-
gupymGp (Uwfyuyybuft imbgmuy): Qpunyb) £ Gl pbph wbunipjwdp:

¢ Jwlntipinin Cwny Ogynmuwn (1735-1796)

bpwluhwgh dwpbdwwmplynu b punupwlywb gnpohy: dpwlGupwywb AU wlnud (1771):
0GyYL) & dwpphqmud: 1782 -hg wpdbunbbph b wphbunGiph UnGubpjunnphwg wlopk:
1795 -pG puuwywGnby tp Cwpdpugm)G Gnpdw) npupngmd (Qwppq): ULd ppwlivhwlu
htnuiimpumpjwl wiinhy dwulwyhg:

LhiGwlywl ghwwjwl whiwnmpymGGtpp GYhpwd GG hwGpwhwyhG: ﬂpnz[uﬁﬁp]]
wbunipjwl hhdGunhpGhphg E:

e Ywjtipunipwu Yup Otngnp Yhihtyd (1815-1897)

Ghpdwlwgh dwpbdwwhynu: UyniGubGp QU (1836), LtnthGh AU (1856) L dwphqh
QU (1868) whnu: Mbnmbppnipgh GU wpwwnduynp wlnud (1895, 1864 -hyg” prpuiljig
wlnud):

GGy, £ OumbGdpbnnui: (huwGh) b ppwdugunmpymbG £nGGh  hwdwuwpuimd
(1834-1838), wjlnihtnl dwptidwwnhyw® LjnlGphqupbpgh hwdwpuwpwlng: 1856 -y’
£tnthGp hwdwpuwpwGh wpnpbunp:

<hiGwlwl wylnwnwlpGhpp yepupbpmd b6 dwpbduwnpjuiw G wGwihqhG, wiwhnhy
PnGyghwbtiph nbumpjwbp, yuphwghnG hwyhG, nhbbptGghwy tpypwswgimpjuip
L qowjhG hwGpwhwpyphG: Unbnoty t hpwlywl pybph nbumpymGGhphg dbyp L gpuw
hhdwG Yypw Juremgt) b dwpbdwwnhiwlwl whwhgq) wpuiwupuwiwliui hpdGuynpdwG
hwiwlwpg: Lpwb GG Yuwnwlnul dwpbiwwhiwlwl wlwihgh dh wpp hhdGwpup
pinpdGhp pywjhG pwqimpymGGtph 6qphuin qpbph, vwhdwlwjphG Yenbkph, dhow-
Yuypnud whplGnhwin pmGyghwbhph yepuwpbpju): fugwhwjnk) t $mGyghnGuy hwenp-
nulwlmp)mGGbpph U wppbph hwjwuwpwywh qniquidhnmppul hwpnwGhyGhpp:
bGuinmgh t wlwhmhly pmbyghwbbph wbumpmiGGhphg dbyp” hhuGywd wpptiph ypuw:
duwppwghnG hwiymd uwmwgty t pGunbgpuih tpunptdnudh pwduwpup wwjdwGibp.
Ywnmgt| £ JuphwghnG hwhyp wwpuwdtwpulwl wbupny wmpjuwd pnbGlghwbbpp
phypmy:  Q-owjhG  hwlpwbwyynid  uwnbtndt] b wwppwiuwl pwdwGupuplbph
wnbunipymGp:



e bpnptiGhniu ptipnhGwbn Gtnpg (1849-1917)

Q.tpiwGwgh Jwptdwwhynu: RtnthGh GU whnuad (1893):

OGyty & PtnthGnud: Udwpwnty L RtnthGh hwdwpuwpwbp (1870): 4. duybpyumuup L
L. YpnGlhbph wpwlbpwnG k: 1875-1892 -hG" 8ymphiuh (Cybtjgwphw) wnihnbtiuGhynudh,
huy 1892-hg’ PtinthGh hwdwuwpwbh wpndptunp:

<WGwywG htwmwgnuumpymbitpp yepwptpmd GG hwlpwhw)ghG: Lwnwlynuwhl
dubph b dwwiphguwjhG hwpyh pGwquwywnGipmd hpdGwpwp w)luwwnmpimGGtph
htnpGuwl Lt Vywlwlwihg Ghpnpmd Juunwpkg fudptiph wbumpjwG dte (ybpewfnn
Judpbph dwuhlG SpnpbGhniuh pbnpbdGbpp):
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