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7

OT PEJAKI[HH

O6mue NpEENAON, KOTOPHME PYKOBOACTBYIOTCA PefaKHAA ¥ 2BTOPH Ha-
CTOAINEro M3TaHHA, OHIHM H3JI0OHH B IPEZUCIO0BHM K mepBoif xmure «Mare-
mararz XIX Bexa», cCogepKaBHIeH IIaBH 10 HCTOPHH MaTeMaTHYECKOM JOIMKH,
aareGpH, Teopun unces m Teopud BeposTHOCcTEM (M.: Hayra, 1978). OGcrosn-
TeIBCTB2, OT PeflaKiUE He 3aBHCAMME, NOTPeGOBAJIE HEKOTOPHX H3MEGHEHMH
B II0CII6H0BAaTeBHOCTH W3JIOMKEeHAA MCTOPHE OTAENBHHX JucHamizH. Bropas
KHHTa COHepXMT OBe TIaBH: HCTODHI0 eOMeTPMH M HCTOPMIO TEOPMH AHAIH-
TAYeCKEX (YHKOUA (BKIOYaf a/iMuTHUYecKue ® abeneBn ¢Qymrmum); o6beM
KayKHoii FIaBH eCTECTBeHHO NOBJIEK UX fiejeHue Ha pasneasl. Ucropnsa guddepen-
OWAJBHOT0 ¥ HHTeTPAJBHOr0 WCUACIEHHA, a TAKKe BEYHCIATEJBHON Mare-
MATHKE, KOTOPYI NIpEAuoJaraioch LOMeCTHTh BO BTOPO# KHMIe, BOAAET
B COCTaB TpeTheil.

HamoMaaM 9WTaTelsM, YTO Ka)KEad KHAra COHEPKHT B IPH/IOKEHHH CIH-
COK BaKHeifime# JWTepaTypPH WM HMeHHOi yKasaTeab. Haspamwa »KypHajaoB
ZalOTCA COKPAIIeHHO, C YKasaHEMeM TOMa W rofa M3JaHud; eCIH roj ¢axrH-
9eCKOTO BHX0/]a B CBEeT OTIMIaeTCHA OT OPMAJTBHOr0 rofa M3NaHuA, TO DOCIe-
HEi npmBOgHTCA B CKOOKax. OpurmEaJbHOE HasBaHWE MHOCTPAHHHX COYMHE-
HEHA B TeKCTe HPUBORMTCA TOABKO OFHMH pa3, IPW HepsoM ynomumanmw. Opn-
TUHAJIbHAA TPAaHCKpHMONuA (aMuUIWii WHOCTPAHHHX YICHHX JaHA B MMEHHOM
ykasatene. «/cropua MaTeMaTHKH® ¢ APeBHEAMEX BpemMeH 40 Haudada XIX cro-
merusy, nagannasa r 1970—1972 rr., nurepyercs coxpamenno VM (¢ yxasa-
HEEM TOMa W CTPAHHUIH), a IepBas KHHETa Hacrosmero rpyna — Ku. 1 (¢ yxra-
3aHUEM CTPAHUIE).

Iepsas rnaea fgamHoit kHErm Ghura npoumtada npod. II. K. Pamesckmm,
propaa — mpod. E. JI. Comomennenrm; kaura »xe B neaom — npod. A, 1. Co-
JIOBBEBLHIM, KOTOPHM aBTOPH B PeaKIHMsA BHPAKaWOT 0JarofapHOCTH 3a MO-
Je3HHE COBeTH M yTOTHeHHMA. Mu BHpa)kaeM Takixe Gaarogapeoctb mpod.
Tarorny (Qpaengns), g-py 9. Qeabmamy ([Ireiinapus) u K. fAxoGey (OPI),
a100e3H0 TPUCIABIMKHM HaM PAX LOPTPETOR.

Onnospemenno ¢ nepsoii kmEroit «Maremarexm XI1X Bera» mog pegaxnuei
M. Oeénonrne, anera Hmcturyra Opamnmuw, sumiaa «HKparkas mcTropus Ma-
tematExd., 1700—1900» (Abrégé d’histoire des mathématiques. 1700—1900.
Paris: Hermann, 1978. T. 1, 2). C oCHOBHHM cCofepKaHMeM 3TOTO TPYAA
COBOTCKUE@ YHMTATEJM MOTYT MOSHAKOMMUTECA IO crathe «OIKT MCTOpPME Mate-
MATHKHE HOBOTO BpeMeHE» B «Bompocax HCTOpDHME €CTECTBOSHAHMA M TeXHUKHY,
1980, mmm. 3.

Penarknus ¢ ray6oxmm mpuckopbumem coolImaer, uro KOTHa PYKOIHCH 3TOM
Reaury Oua 3aKOHYEHa, CKOHYAJCA ORWH H3 e¢ aBTOPOB, BXOZUBIIME M B CO-
cTaB pefakmun IepBHx AsyX kmmr, akagemuk AITH CCCP Anerceit Wnamo-
Bru Maprymeswa (2.4.1908— 4.6.1979). ITamaTm 3TOr0 BHIANMETOCA yde-
HOTO0 ® fgeATeJd HAPOTHOTO 00Pa3oBAaHUA TOCBAMIEHN CTATBE M HEKPOJOTH
BO MHOI'HX COBETCKHX >KYpHaJjax. )

7



Cireyer 3aMeTHTh, 9T0 HEKOTOPHE BajKHHE BHBOJH CBOEI0 VCCIE{OBaHUA,
a IMeHHO OTHOCAITHECH K CBASAM MEILY HOKTOPCKOM maccepranueit B. Puvana
¥ HENOCPEe[CTBEHHO NPeJIIeCTBOBABMAME EM m0 BpeMend paGoramu O. Homn
u B. ITomsé, A. 1. MapxkymesdY BHCKa3aJ B JOKJIajle, IPE/CTABICHHOM
MexayrapogaoMy KOHrpeccy MareMaTHKOB B XeancHmkE (1978) m B pacmm-
pennoM BEfge onyGnuropamaoM B XXV BuHmycke «cTopHKO-MaTeMaTHYECKHEX
ucciaegopanmity (1980). ITh BHBOAH OHIM 3aTeM IOJHOCTHI0 IOATBEPKICHE
mopuxckaM yuenmM J. Hoiltemmpamgepom, msyuasmus Gymaru Pumana, or-
HOCAMHEECH KO BPeMEHH IIOATOTOBKH €ro JAOKTOPCKOK JHCCEpPTaldd M Xpans-
mueca B apxuBe I'6TTHHIEeHCKOr0 yHUBEDPCHTETA.

Mocksa, 3 morsa 1980 r.
A. H. Koamozopoe
A. II. Duresun



I'naBa mepmas

TEOMETPHA

BBEJEHHE

Xora raasEHe mocTm:xeHus mMareMarwkd XVIII B. Guim ceaA3aHH ¢ pas-
BHTHEM MATEMATHYOCKOTO AaHAJWSa, B TOUEHHE ITOTO CTOJOTHA GHIIA CHGIAHH
BaYKHEE OTKPHTHA B B reoMerpuu. C pasBUTHEM aHAIHS32 NMPE}Le BCero GELIO
CBA3SAaHO PASBHTHE aHAJUTAYECKOA TeOMOTPHE. AHAJIATEHYECKAR TeOMETPHA
Ha IJO0CKOCTH, mosiBEBmasacsA B paborax Jlexapra u @epma, mosyuraa B KOHIE
XVII u B mepsoit moxosmue XVIII B. 3naumtenrnoe passmtEe B palorax
Hrworona, I'epmana, Crmpamera, Momepriom, Hpamepa ® mpmoGpena swup,
yixe GIM3KEI K COBpeMeHHOMY, BO 11 Tome «BBomenusa B ananns GecCKOHETHRIX»
Jleomapna diimepa (1748). B wmmre Hiepo o HpuBHX /BOAKOA KPUBM3HK
(1731) u B npuaoxenn® ko 11 romy sineposckoro «Beefenusa B asanausy GEIa
OCHOBAaHA AHAJMTHYECKAs TEOMOTPHA B IPOCTPAHCTBO, MOJYyUHBINAS NaTbHEH-
mee passuTEe B paGorax Momma (1794—1805)., B cessm ¢ passurmeM mo-
HATHA QYHKOWHE reOMeTPH BCE MIPe MOJL3VIOTCA TeOMOTPHYCCKEMH Ipeolpa-
sopaEmaME — Hiuepo m Jfinep ocroBHBawT yuemume 06 addmuEnx mpeobpa-
sopanmax, JlamamGep u Jiiep — ydenme 0 KOHQOPMHHX mpeoGpa3oBaHEAX,
Bapuar m Mom:x paccMaTpMBalT ¢ PasHHX TOYGK 3POHHS NPOCKTEBHEE Hpe-
o6pasosanmsn. U. Bepryanu, Kaepo u diinep pemumam pan 3amau nuddepen-
NHAJLHOW TIeOMeTPUHM HPOCTPAHCTBEHHHX KPHBHX JHHWHE H, B YaCTHOCTH,
TeOpPHH TeO[[e3WYeCKUX JMHUHA HA NOBEPXHOCTH, B «/ccmeoBanuAX 0 KpUBH3HE
nosepxuocteity (1767) Jiimepa Gbra ocHOBaHA MudepeHmEAIbHAA TeOMETDUA
IIOBePXHOCTEH, LHOAy4YHMBmAas AaidbHelimee passutee B paGorax Momxa. Jla-
Kaitap, JlaMGepr m ocoGenE0 MoH:X SHauyMTeNBHO NPOZBHEHYJH HAYEPTATEIb-
HyIo Teomerpuio. B paGorax Siimepa o KEEUTc6epPrcKEX MOCTAaX B O MHOTOTpPaH-~
HEKaX OHJM pemeHH HepBEe 3afaud Tomogormu. CyIIeCTBeHHOe Pa3SBHTHE
moJIyYdaa, B 9acTHOCTE B paforax OJfizepa ® ero ydYeHHKOB, cdepAuecKas
reomerpas ® tpurosomerpusa. Hawomen, Caxkepm, JlamGepr, Beprpam, Jle-
sxagAp m I'ypreB HOpPOABMHYAH ¥ TEOPHI0 NAPAJIGIBHHEX JUHHHA, KOTOpas
HEMOCPE/ICTBGHHO IIOJBeJa FeOMOTPOB K OTKDHTHI) HEeBKJIUJOROM IeOMETpPHN.
Kagt u [aramMGep DHDOCTaBMIE BOOPOC B O TIEeOMETPHE MHOTOMEDHHX
OpPOCTPAHCTB, B HEPBYK 0Yepelb YOTHPOXMEPHOr0 HPOCTPAHCTBA.

Kax u B qpyrux ofnacTAx MaTeMaTHKHW, B passETHE reoMetpud B XIX .
MOYXHO IPOCIOAHMTH B3aMMOXEICTBHEe ABYX BaKHOMITAX CTHEMYJOB DAaSBHTUSA
MATEMATHKE — HEO0X0MMMOCTA Pa3spaGOTKE HOBHIX MOTOZOB [JfA PeIMeHHA
8a7a4, KOTOPHO CTABHT mepe]] MAaTeMATHKAMM IIPAaKTHKA, B BHYTPOHHOH JOTHKE
PASBHTHA MATEMATHKH, TaK, ONHEM H3 BAYKHHX CTHMYJOB passutud quddepen-
OUaJbHOA reoMeTpPHEM GHLIO PelIeHHe MPAKTHYeCKHX re0fesMIecKHX' 3ajgad —
Opese BCero TeX 3afad, ¢ KOTOPHMM CTONKHYJICA I'aycc IpH reoiesdmuecKoii
cremre I'amHOBepCKOro KOpoJdeBCTBa. fanbHeHmAe CTEMYJH NI Pa3BUTHA
8TOH TEODHH HaJIa reoMeTpHIecKas ONTHKA. BospoienHe NPOSKTHBHON Ieo-
merpuu B Hauade XIX B. B 3naunTensHol cremeny o6asano «Hadepratennmoii
reomerpum» (1799) Mom:ka, pemaBmeii safjaum, HeoGxoqEMHe AaA PopTAEPHAKA-
mEHE, a TakkKe MR OYPHO Pa3sBHBAKINErocAd MAINIHHOCTPOSHHES. BeKTopHOE
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HCIACTCHEe MMeJI0 OJHWM H3 CBOMX WCTOKOB HeoOXOMMMOCTH CO3/[aHMA MaTe-
MaTHYeCKOTO ammapaTa CTaTHKHW, KMHeMATHKH W JWHAMHAKH, BTH Ke MeXaHH-
9eCKEe MUCHUIUIMHE HOTPeGOBaNH CO3MaHEA M BEHTOBOro Hcumciaendda. Co-
8JaHMA HOBHX ,pPa3JesiOB FeOMETPMM TpPeG0BaJO0 W DPasBETHE APYrHX MaTeMa-
THYeCKAX [HCOUIIFH: NOABJeHHe KPAaTHHX WHTerpajoB M ajre6pm ¢opM,
BaBUCAMMUX OT MHOTEX IEPEeMEHHHX, CXeJaZ0 HeoGXOIWMHM HOSBIECHHE MHO-
roMepHOH TeOMOTPHH;, TOOPHA MHOTOJMCTHNX moBepxHocteit PmMama morpe-
6oBasia paspaGoTKM TOMOAOrZH; TeOPHA (PyKCOBHX Ipymn APoGHO-IHHEHHHEX
npeo6pa3oBaEMil KOMIIOKCHOIO NEPeMeHHOTO IPHBeJa K HHTEPOPOTanHE
Ilyanrkape reomerpmm JloGauencKoro. VICKINYHTENLHY pPOJL B CO3XAHAM
TeopUH rpynn npeoGpasoBaHEi CHITpajl yCIOXHE TEOPHE IPynOo M ee HPHMe-
HeHAA K npoGieme pemenms ainrefpamgeCKUX ypaBHeHHA B pPafHKaiax. 3a-
Jada BHRIACHEHHUS YCIOBHHA paspemumoct¥ fudpdepenqmalbHEEX yPpaBHEHHIT
B KBafpaTypax NOCJYKIIa CTAMYJIOM CO3[aHHA BecbMa BKHOR mias reo-
MeTpud Teopud rpymn Jlm. C [qpyroit cTOpoHH, M3yYeHHe B3aEMHOI 3aBHCH-
MOCTH aKCHOM reOMOTPHMY, ¥ B YaCTHOCTH HOCTYJIAaTa O NapajiaelsHux Eskamma,
IPHBEJIO K OTKPHTHIO reomerpu# JloGadeBCKOro, mocie 9ero aHAJOrEIHHE
3afay¥ HIPUBEJH K OTKPHTHI 3JJIHITAIECKOA W APYTHX reoMerpuit. 3agaua
000CHOBAHHA NPOEKTHBHOH reoMerpud 0e3 IOMOIIH MeTPHYeCKOi mnpHWBexa
K Ba)kHeAmmM OTKPHTHAM. K HOBHM 3aMedaTeJBHEM TEOMETPHYECKHM OT-
KPDHTHSM UPHBEJI0 M pemeHHe 3agad AuPPepPeHnHaIbHOR W HEeBKIHXOBOK
reoMeTpuE. B T0 ke BpeMA CO3TaHHe HOBHIX IeOMETPEYECKHEX CHCTEM C CaMOT0
Hav9aJa DOCTABW/JIO 3aJalM MX IPHIOKEHHAA B B HEKOTODHX CJAyYasAX 3KCIe-
PHEMEHTAJHHOE OPOBEPKH HOBHX TEOpHit — TAKOBH Onad monuTkE JloGades-
CKOT0 YKCIePHMEHTAJNHHO ONPEeIATh, KaKasd reOMeTPHsA HMEET MeCTO B Pealb-
HOM MHEpe, a TaKiKe IPUIMEHCHWO PEMAaHOM OIDeNeNeHHON HM MHOTOMEDHOIM
reOMOTPHE MCKPHUBJIGHHEEX IPOCTPAHECTE K PeNIoHHIO 3afa1H, CBASAHHOR C ypas-
HEHWeM TOmJIOHPOBOTHOCTH. B KoHeuHOM CdeTe BHPpayKeHWeM TOH jKe TeH-
Jennud, xotd u B PanracTmuecKoi ¢opme, Ouw monwtku L[8nbmepa skcme-
PEMOHTAIBHO H3YYATH «I6TBEPTOE HM3MEpEHHe» C NOMOMBIO «€CTECTBOSHAHESA
B MEpe ayxoB». OgHako xora reomerpua XIX B. ¥ mpomosixaga MHOIHe TeH-
nmeamuu XVIII B., paseurae stoit Hayku B XIX B, IpHBENO K Cym{eCTBeHHEIM
Ka4eCTBOHHHIM OTIMYAAM HOBOH reoMmeTpuMH oT crapoit. HamGosee BaskmbM
JOCTH;KEHWEM HOBOM reoMeTpWH OLUIO CO3J2aHHE IIeJOT0 PA/la HeeBKIAHTOBHIX
K MHOTOMEePHHX TeOMeTpPHiH, OCHOBAHHHX Ha PasJHYHHX rpynmax mpeoGpa-
sosanmit. B pesyabrate k kommy XIX B. reoMerpus, GHBIIas B HaYalle BEKa
reoMeTPHO}i TPEXMEPHOTO0 EBKJIHAOBA NPOCTPAHCTBA, LHPEBPATHIACh B pas-
BETBJCHHYIO CACTOMY reOMeTPHIeCKHX TUCIAILIAH, IPATOXHHX 1A NPAMeHeHUA
TeOMOTPHYOCKAX METO0OB K MHOTHM 06JaCTAM MaTeMAaTHKHE M eCTeCTBO3HAHHUA.

1. AHAJTATHYECKAA U JAOOEPEHIUAJILHAA TEOMETPAR

ApanuTHUecKadg reoMerpma

AnagaTHdecKas reomerpus, mossmBmasaca B XVII B. B paGorax Jexapta
u Qopma ® monyyMBmIasg 3HAUYMTEAbHOe passurde B XVIII B. B paGorax ditxe-
pa, Momxka, Jlarpamka ¥ ap., npmoGpesna TOT BHJ, KOTODHIl OHa MMeeT M B
HacToAmee BpeMA, B «IIpunoxxenunx anreGps k reomerpum» I'. Momma, o Ko-
TOpHX MH y:xe yunomunaa® (cm. UM, r. 3, c. 181). Tam sxe (c. 182) M yrasaan
Ha 3HAaYeHHEe B PASBHTHM AHAJWTHYIECKOH reOMETDPEM HEOMHOKPATHO HmepeH3fa-
BaBmIerocs Ha mporTskendn Bcero XI1X B. «JnmeMenTapHOro TPaKTaTa O NpAMO-
auHeRHOE # cPepHISCKOR TPHrOHOMETPUM W O HPHIOMEHMAX aJTeOPH K reo-
merpam» C. @. Jlakpya (1765—1843) m Ba DoABNEeHWEe TOPMHHA «AHAJNHTHYE-
CKafl TeOMOTpHA» B Havaie X}X B. 3ameriM, uto, KpoMme «Quepra aHAJTATH-
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YeCcKOM TIeOMeTpHH, NPWIOMKEHHOI0 K KDHBRIM M IIOBEPXHOCTAM BTOPOIO
mopsara» K. B. Bumo (1805; cm. UM, 1. 3, c. 183), a1or Tepmur durypuposas
m B 3aronoske «Hawan amanwrmaeckoir reomerpum» (Elements de géométrie
analytique. Paris, 1801) K, l'apmne (1766—1840).

B ormmaue or pyxosoacts dfinepa m Momxa kmura Jlakpya comepi:ana
OCHOBHBIC 3aJ24A HA UPAMYIO JIHHEI B dopMe, GIHM3KOH K COBPeMEHHOM, 3TH
3a/Ia9¥ pemaldch Takske BHo m ApyruMu apropaMu QPaHIY3CKEX yIeGHMKOB
apaATAYeCKOH reomerpmu M B «CGopHEmKe reoMeTpHYecKHX 3afawy (Samm-
lung geometrischer Aufgaben. Berlin, 1807) Meitepa I'mpma (1765—1851).
Muorge 3a7a98 aHATATAYECKOH reoMeTPHH, BOMICANHAE B COBPeMEHHHE yuel-
HEKH, Ound sneppre pemenn I'a6pusiem Jlame (1795—1870) » «Mccneno-
BGHME DPA3JHYHHX METOJ0B pemeHds reomerpmdeckax sagam™ (Examen des
différentes méthodes employées pour résoudre les problémes de géométrie.
Paris, 1818). 3necr M HaxoquM ypPaBHEHHME IIOCKOCTH ¢B OTPE3Kax», T. €.
B fopMe z/a + y/b + z/c = 1; amanorEYHOe ypaBHEHHEe OPAMOM MEH HAXOMUM
BHepBHe ToabKo B «C6opHEKe MaTeMaTHIeCKMX CTaTed M 3aMeToK» (Sammlung
mathematischer Aufsitze und Bemerkungen. Berlin, 1821, Bd. 1) Asrycta
Jleomonnna Kpenne (1780—1855), neMenroro MmareMaruka, wiena Bepiaurcroit
axagemMuu Hayk ¢ 1827 r., ocmosasmero B 1826 r. Mmoro pas ymomumasmwmii-
ca mamm «Journal fiir die reine und angewandte Mathematik», 9acro mmeno-
pasmmiica «Hypraa Kpenuer. B kumre Jlame 6uio gamo obmee yciosme me-
PeceveHEs TPeX NPAMHX B OJHOH TOUKe, B 3T0H KHMIe ORI BIEPBEHe H3JI0KEH
BecbMa nonylapHuit y reoMerpos XIX B. Meron coxpamemHEx o6o3HaveHHH,
COCTOAIMMYI B TOM, 4T0 JeBhle YACTH YPABHEHHEH IPAMEX MM KPABHX BHCIIEro
nopanka oGosmauarorca Gyksamu Iy B F,, ypaBreHus NpOHM3BOJIBHON DPAMOf
UM KpUBOH MyYKa, ompefenseMoro aupuame Fy = 0 u F, = (, sanucusanrca
B Bufie Fy + pF, = 0 m reoMerpH4ecKme TeOPEMH JOKA3HBAIOTCSH OyTeM BH-
AIBJICHUA TIeOMETPHYECKOT0 CMEICHA HIOJYYeHHHRX TakuM o06pasoM .aHaJHMTH-
9eCKUX COOTHOMEGHHMH, JTOT METOf BHOCIEACTBEH GHJI PacHpOCTPaHeH ¥ Ha
OYYKH ILIOCKOCTeH M MOBEPXHOCTEH BHICHIOTO DOPAAKA, & TAKKS HA HX CBABKH
Fi+ My + pFy =0 1 1. 1. MeTog yTpaTEi CBOX HOOYIAPHOCTH TOIBKO
Ioclle BHEJIPCHHAS B AHAJNUTHISCKYI0 PEOMETPHIO BeKTOPHEX METOOB B mepBoit
monopmne XX B.

HopManpHoe ypaBHenWe npsaMoil z cosa -+ ysina — p = 0  smepsuie
mosBmiock B «Havanax reoMerpHuecKoro apaldsa M alre6paMdecKoro aHa-
am3a» (Eléments d’analyse géométrique et d’analyse algébrique. Parise,
1809) Cumona Jlounse (1750—1840), a ananorudnoe HOpMaIbLHOE YPaBHEHHB
OJOCKOCTH ¥ MapaMeTpUYecKoe ypaBHeHHe OPAMOX B LPOCTPAHCTBE — »
«JIeRIEAX 0 UPHIOKEHHAX HCYHCIACHHA GeCKOHEYHO MAJHX K TIeOMeTPHH,
(Legons sur les applications du calcul infinitésimal & la géométrie. Paris,
1826. T. 1) Orwocrena Hommu.

Beaen3a dpapnyscrkume ydeOHIKaME aHAIATHYECKON reOMeTPUY DOABIAIOT-
¢ Ha HeMeIKOM H3HKe ¢AHalHTHYecKas reoMerpus» (Analytische Geomet-
rie. Wien, 1823) WMosepa ¢on Jlurrposa (1781—1840), yposxenma Uexwum,
yansmeroca B Beme u llpare, paGorasmero 8 Hpakose, Hasamm (¢ 1809 mo
1816 r.), Bynamemre u Bene, n «Hagana apanurnaeckoit reomerpun» (Elemente
der analytischen Geometrie. Leipzig, 1839, Bd. 1—2) W. A. I'pymepra
(1797—1872), wusmarens MareMarmdecKoTo ’xkypHaia «Grunerts Archiv»,
B 210 s1e BpeMa mosBuiACH pycckuit «Hype ananurmaeckoi reomerpum (Mocksa,
1836) Hukonas [Imurpumepmua Bpammana (1796—1866), raxsxe ypoxenma
Yexun, yausmerocsi B Bere, paGorasmero ¢ 1823 wo 1825 r. B merepGyprexoit
ITerponasiosckoit mroxae, ¢ 1825 mo 1834 r. — B HasamckoM ymusepcurere,
a ¢ 1834 r.— B MocrosckoM yHEBepcUTeTe. BecsMa DOMYJAPHH H MepeBeeHE
HR MHOTHE eBponeiicKkMe A3HKH (B TOM YUCIe HA DPYCCKU) GHIM aErIuiicKUe
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PYKOBOACTBA IO AHAIMTHIECKOH reoMer-
PUM EPIAHACKOTO MATeMATHKA M TEOJOTa
Dxopmra Cansmonma (1819—1904) «Ho-
mngeckue cedendmsa» (Conic sections. Du-
blin, 1848, B pyccrom mepesome «Hype
aEaluTAYeCKO reoMETPHH JABYX H3Mepe-
muin. CII6., 1908) u «cAnanuradeckasn reo-
MeTpuA Tpex maMepemmin (Analytic geo-
metry of three dimensions. Dublin, 1862;
pyc. mep. M., 1900).

N3 oTgmenbHHX 4YacTHHX MOMEHTOB
aHAJUTHYECKOH TreOMETPUHM OTMETHM pe-
3yABTATH  GeIBIrWACKOr0 MATEMaTHKA
u umxenepa Hepmunais IIvepa [ampe-
nera (1794—1887), aBTopa wm3BecTHOrO
cmoco6anpubimEeHHOro BHIACICHES KOp-
Heit alreGpaudeckEx ypasuermii (1826),
mo3;ke Heszasucumo otkpuroro H. H. Jlo-
6auesckmM (1832) m moppo6uo pasmuroro
mBeiinapckuM MateMaturoM K. T, T'ped-
de (1837). B pabore «O HeKkoTOopHX 3a-
MedaTeIbHHX CBOMCTBAX napaboamueckoi
doranm» (Sur quelques propriétés remar-

Pmec. 1 quables de 1a focale parabolique.— Nouv.

Mém. Acad. Bruxelles, 1882) Il apgenen

HOKa3al, 9T0 (OKYCH KOHAYECKOIO Ce-

g9eHAA MOTYT GHTH OHpeleleHH KAK TOYKH KACaHHUA IUIOCKOCTE CeYeHHS CO

cpepamu (B cayuae mapaboast — ¢ ofmoii cdepoiil), BIMCAHHHIMEA B KOHYC

H KacaloU[UMUCA OIO0CKOCTH, & AUPEKTPHCH KOHAIECKOIO CEUeHWA ABIAIOTCH

JAUEUAMHA OepecedeHUs TOi Ke IMIOCKOCTE ¢ MIOCKOCTAME OKpY:KHocTell, mo

KOTODHIM cepH KacaloTca Koryca (pEc. 1). dtu PakTH mo3BouaoT 0cobeHHO

mPOCTO BHEBeCTH (GOKAaJbHEE M AUPEKTOPHAILHEE CBOMCTBA KOHMIECKHUX Cede-

HEl ¥ pasiVYHEEC YPaBHEHHA STHX KPUBHX HCXONH H3 MX TIeOMETDHISCKOTo
ompeeleHus.

B oramaue or amanurmaeckoit reomerpuu XVIII 5. yuenne 06 anreGpauge-
CKUX KPUBHX M HOBEPXHOCTAX BhcmHX mopsmaxoB B XIX B. mepecranu oTHO-
CHTL K 9TOMY pasfjelly reoMeTpUH, OHO BOILIO B TAK Ha3KBaeMylo anre6pam-
9ecKyi0 reoMerpmio. Ilocle mofiBlleRMs NPOEKTHBHOH reoMeTpHH, IEePBOHA-
YaJIBHO ONpefelieHHOd Ha CHHTeTHISCKOM ITYTH, AHAJINTHISCKHEe MeTOAH GHIR
PacopocTPAaHEHH HA& TPOEKTUBHYIO IIOCKOCTh M IPOCTPAHCTBO, B KOTOPHIX
CTaNIW pemarh U 3ajadd ajxrebpamdecKoil reomerpmE. C Apyroi cropoHH,
B Xofie pa3paGoTKu HeeBRIMAOBOM reoMeTpuu GHIIA CO3[laHA U AHAJTMTHIECKAN
TeOMeTPHA HEeeBKIMJOBHX NPOCTPAaHCTB. AHaAHTHIeCKHE K€ METONH JerKaln
B OCHOBe H3y4YeHHA U MHOTLOMOPHEX IPOCTPAHCTB. OTH DPA3HOBHNHOCTH aHA-
JUTHIeCKOM TeoMeTPHH MEI PACCMOTPMM HEJKe, B PasfielaX O IPOEKTHBHOM,
HEEBKIHIOBOH M MHOTrOMEepHOH reoMeTpHMsX, ceifdac jKe IepefileM K Hemo-
CPOJICTBEHHOMY HPOJONKEHUI0 M3y4eHHMS HMCTOPUM AHAJHTHIOCKOHA reoMeTpmyt
TPeXMePHOTO €BKIMOBA IPOCTPAHCTBA — AH(PPepeHMHANLHOR TeoMeTpHE
9TOr0 HPOCTPAHCTBA.

Tuddepennmansnan reomeTpns yueHmxo» Momxa

ITocne Kiuepo u diiepa menTpadbHoe MeCTo B passutud auddepeHnuais-
noit reoMerpun B Korne XVIII B. zaguman Momx (cm. M, 1. 3, c. 184—186,
191—195). Ero TpymH, oco6eHHO €ro IpemolaBaTelNbCKAs JeATeJbHOCTH
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m. JIONEH

B Boemnoi#t axamemun B Meabepe (1768—1780) u B IlonuTexamdeckoii mroe
(1795—1809) npusiexan K HeMy GoJplIoe TUCIO YICHUKOB U MOCHEIOBATOdCH,
Tak 410 mMenHo Bo Dpanmuu B 53TH rogH U B HepBhe gecatmietaa XIX =,
0cofeHHO YCHeImHO PAa3BHBAIOTCA reoMeTpmdeckue ucciaefosanma. Omu mpo-
BOIATCA Kak B o6iactd nuddepennuanbnoi, Tak X B 06xacTH IPOOKTHBHOM
reoMeTpUH, Hadala KoTopoii Oniam motoskenn yienuxkoM Momxa Ilomcene.

HOuaa maddepennuanbro-reoMeTpavecKoir mroaIn Momxa xapaxTepHOit
4epToil ABJNAETCH HENOCPE[CTBeHHAA IEOMETPHYHOCTh MHNLIEHHA, KaK OH
TOJIBKO NOAKPeIIACMAA AHAJHTAYCCKHM AammapaToM, T.e. KOODAHHATHHIM
MeTOLOM H Pe3yJIbTaTaMH Teopud MuddepeHNHaIbHHX yPaBHCHTI.

Ns yuenaros Momxa mo Mesbepckoit akagemun mamoMuaum umeHa Menbe
(em. UM, 1. 3, ¢. 194—195) u Tenco (cm. UM, 1. 3, c. 180—181, 192—193).

Cpenu yuenmkos Momxa mo Ilonmrexmudeckolt mmKoje, pasBUBABIIAX
ero nufdepeHnualbHO-TeOMETPEIOCKAE HIeH, HeoOXo[EMO BHaeauTsh Maioca,
Jlankpe, Poxpura u Mionena. 06 mccaenosanmsax Mamoca MH GyneM roBopHTh
HEKe, B CBASH C TeopHell NpAMOIUHEHHLIX KOHIDY?HIUH, OJHUM K3 OCHOBO-
OOJOKHHKOB KOTOPO# OH ORLI.

M. Jlaskpe (1774—1807) BBea B <Memyape 0 KPEBHX [BOAKOH KPUBU3HED
(Mémoire sur les courbes & double courbure.— Mém. présentés & 1'Institut,
1806) kax KpEBH3HY, TaK M KPydYeHUe IPOCTPAHCTBEHHON KPHBOH, ompenerus
HX Kak GeckomeuHo MajiHe yINH IOBOPOTA HOPMAJBHOR H CONPHKacalo-
Diefica miaocKocTedl X Ha3BaB Mx HepBhM U BTopeM H3rnGammem (flexion).
BuoociencTBEd 9TH BeIMYHHH yiKe B Komeunolt dopme mosmmisiorca y Komm
B ¢JleKnEAX 0 UPHIOKEHHAX HCIACHCHEMA GecKoHeTHO MAJEX K IeoMerphm»
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(1826), a saTeM MX POJIb OKOHIATEABHO BHACHACTCA B IEPUBANMAOHHKX POpMy-
nax Opene 2 Ceppe (1847).

Ounenx Pogpur (1794—1851), u3mecTamii Takae KaKk CONUAIMCT-YTONMCT,
yaeauk A. K. Cen-Cumona (1760—1825), B «HccaenoBaEmax mo aHaJHTH-
9eCKOH TeopHMM IMEWA ¥ pagdycoB KpHUBUSHH mosepxHocTeit» (Recherches
sur la théorie analytique de lignes et rayons de courbure des surfaces.— Bull.
Soc. Philomatique, Paris, 1815) moayuma psajm pesyanraTos ¥ QopMy, ¢Bs-
3aHHBIX ¢ JUHEAMY KPHBHSHH, B 92CTHOCTH TAK HasHBaeMbie «QopMynnr Poj-
pura», C moMomp0 chepudecKoro oTobpaskends IMOBePXHOCTH OH, MpelBapss
T'aycca, paccMoTpel OTHONIeHHe COOTBETCTBYIOMUX IJIOMANel W NDpHIIen
K BeJWIHHE, Ha3BaHHON BOOCHENCTBHY HOJHON HJIM TayCcCOBOH KPHBHSHOM,
H UOKa3al, YT0 OHA PaBHA MPOMIBENCHHIO [JIABHHX KPHUBH3H.

flpkmit caex B muddepennuanruoir reoMerpum octrasmia LMlapne Miomen
(1784—1873), my6nuranasa pe3yIbTATOB KOTOPOTO HANOJII0 3a[epP/KUBAJACE,
TaK KaK oH GHI MODCKHMM OPNIEPOM ¥ YIACTBOBaJ B [JIHTOILHEX NIABAHHAX.
Ero pabGorhi omy6iuxoBaHH B AByX Kmurax: «Passutue reomerpum» (Déve-
loppement de géométrie. Paris, 1813) u «IIpunomenua reoMerpum ¥ Mexa-
nukdy (Applications de géométrie et de mécanique. Paris, 1822). Eme B Bo3-
pacte 16 Jyer oH, paccMaTpHBaA orE(alOmyI0 CeMeiCTBA IIAPOB, KACAIOIEXCH
TPex MAAQHHHX IDAPOB, IPAMEI K HOHATHI0 3aMeYaTeIbHOH IOBEPXHOCTH —
HEKIUIN (BIOCHEICTBUH HA3BaHHOM ero mMeHeM), ofa ceMeiicTBa NUHHH KpH-
BU3HH KoTUpoii — oKpyxHOCTHE (omy6a. B 1804 r.). Orono 1807 r. 0B goxasaxn
MPEeKPACHYI0 TeOPeMy, MOJYYUBIIYI0 er0 UMM, O TOM, YTO HOBEPXHOCTH TPUOP-
TOTOHAALHON CHCTEME HEPeCeKAI0TCA N0 JIUHHAM KPUBH3HH., OTO IIO3BOIHIO
TPARKTOBATh, JWUHWM KDWBUBHH 9IJIHOCOMAa, Hsydasmuecs Mommem, Kak
OePEeCeTCHHA DIAANCOURA C CemeHcTBaMu COPOKYCHHX ¢ HAM HOBEPXHOCTEH
BTOpOro HOpAAKa. J[/1A u3ysenus KPUBASH HOPMAJILAKX CCYeHUA TOBEPXHOCTEH
OH BBeJ MHJVKATPHCY, TAKKE HOCAMIYIO €T0 HMA, KOTOPAA MO3BOJAECT HATIALHO
OPEACTABATh ¥ NPORHAJHUIUPOBATL NOBEACHME KPUBUIHH HOPMAILHOTLO Ce-
9eHHS HDOBEPXHOCTH IPH BPAIeHHE CEKyIleil MIOCKOCTE BOKDYT HOPMAaJH.
Orcrona BHTEKada KiIacCHQUKANUA TOUEK MIHOBEPXHOCTH, HE SMBIAOIMHXCA
TOYKAMH INIOCKOCTHOCTH, HA TPH THOA: SIIENTAYECKEH, rumepbolmieckuii
v mapaGonwdeckuit. IIposicauaca Takske reoMeTpU4eCKHM CMBICIT oMOHImde-
CKHX TOYCK ¥ aCHMITOTHYCCKHX JHHUH (IIOCIeJHHN TepMUH BEefieH [[10meHoM).
OH e BoepBHe BBeJ MOHATHE CONPSAKEHHHX JUHUA (OTHOCHTEILHO aCHMOTO-
THYECKOM CETH) M MOJYIHJI reOMEeTPHYECKOe JOKAa3aTelnCcTBO TeopeMu Momxa,
9T0 MOBEPXHOCTH, COCTOAIAN H3 OMOMIMYeCKEX TOYeK, ABIAeTCA cepoil.

«O6mpe Hccrenosanms o0 KpEBHX HopepxmocTax» I'aycca

Onpepensiomee BIMAHEE HA BeCh XOf pasBHIEA AEpdepeHnEAaNbLHON Ieo-
METPEH OKa3alo IOABIeHHe 3aMedaTenbHoro Ttpyaa laycca «O6mume mccie-
NMOBAHHUA 0 KPHBHX IOBEPXHOCTAX», ONYGIMKOBAHHOrO MM IO TPAJUNUA HAYKH
XVII—XVIII BB. Ha JaTHECKOM A3HKe. MemHO 9TOT TIAaTeNLHO OTHEIAH-
HHH o gopMe B GoraTiit HOBHMU HIeAMHU TPYHA UPHUAA] PACCMOTPEHHOH B HeM
o6IacTd reoMeTpud GJMSKHUA K COBPEMEHHOMY OGJMK M OTKPHJI MHPOKHH KPYT
HOBHIX BRKHHIX mpobieM, paspaGoTKa KOTOPHIX CTaja IPEIMETOM JesTelb-
HOCTH T[EOMETPOB B MPOONKEHNEe MHOTHX JeCATUIeTH.

TocynapcrBenroe mopydeHde — mPOBeCTH TOYHOE H3MEpPeHEe OYTH Me-
punuana I'érrurres — AnbpToHa, a 3aTeM reofiesmdecKyio chbeMKy I'ammosep-
CKOT0 KOPOJEBCTBA 3acTaBUI0 I'aycca o6patuThca K mpoGieMaM M mpPaKTHKe
reogesrn. B 1820-x romax om co3naeT mpMENUWNH HOBOH HAYKH — BHCIIEH
reonesud (ony6na. B 1842, 1847 rr.), opramusyer gnmpmuecs Gosee 15 ner
mMoJieBHe reofe3MIecKie HM3MEPEHHA, HPAYEM OKOJIO0 HATH JET CaM yJacTBYeT
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B HEUX ¥ OPOBOJUT BHYHUCIMTedbHHe pabGoThH rpomagmoro obwema. B xone
9TUX BaHATHH OH YyriyGWics B TOPHIO MOBEPXHOCTEH ¥ OTKPHJI HOBYIO 06J18CTH
HCCIEIOBRHUHM — BHYTPEHHIOI) TEeOMeTPHMI0 IHOBEPXHOCTH.

B ocuoBy cBomx «O6mux mccremoBammii o Kpupmx mopepxmocrax» (Di-
squisitiones generales circa superficies curvas. Gottingae, 1828) I'aycc mo-
JOKMJI DapaMeTpPUIecKoe MPeICTABIeHHMe IIOBEPXHOCTA K COOTBETCTBYIONIee
eMy BHpa)KeHHWe IMHe#HOro 3leMedra. OH BIepmhie 9eTKO cHOPMYIEPOBAJ
HOHATHE BHYTPCHHEH IeOMETPHMM HOBEPXHOCTH M JOKAa3&J, 9T0 Mepa KPMBHIHE
(rayccoBa KpHBHU3HA) SBIAETCA BeIWIUHON, OpUWHAJIeKaledl BHYTPeHHER
reoMeTpyd, T. €. He MeHslomelcs upd msrubanuax nosepxuoctd. Om paspa-
Gotaxa flasiee TEOPHIO TeofIe3MTCCKHUX nmmn, KOTOPHe TOMe HpPHHAILICKAT
BHYTpeHHell reoMeTpui.

N3 tpex cmocoGoB 3aflaHHA MOBEPXHOCTH:

1) mesBHEIM ypaBHeHHEM

w(z,y, 2 =0, (1)
2) mapaMeTpUYECKEM MpECTaBICHHEM

z=z@, ¢, ¥y=y@ g 2=2(p9q), 2)
3) samamdeM 2z kak (QyHKUEE T M Y

z =z (2, ¥) 3)

re TpeTHil cmocol ABAAETCA TaCTHHM ClydYaeM KaK MePBoro, Tak M BTOpPOToO,
Taycc monbsyercs mpeEMYINeCTBEHHO BTODHIM, KaK Hambojee COOTBOTCTBYIO-
muM upupome mosepxmoctH. J[lo Taycca mapaMeTpudueckoe mpeacrasienme
HCOOJL30BANOCH B OTAEABHHX caydaax Iixepom (UM, 1. 3, c. 190), mo cm-
CTOMATAYECKoe MPHMEHeHHe OHO NOXYyIHio BmepsHe y Laycca.
Ecau opmoMy u3 mapaMeTpoB, HAIOpEMEp ¢, HPHUAATH (UKCHPOBAHHOE
AHadYeHWe ¢, TO ypapHeHUA (2) mepedayr B HapaMeTPHdeCKHe yPaBHEHNS
IMHEH (p-.umma) HaMensin 3Havenume ¢, OoiNyYaeM CceMeHCTBO p-IWHEN
(r. e. nuEmr ¢ = const). OGa ceMeiicTBa BMecTe 06pa3yroT Kpnnonnnennylo
TaPAMETPAIOCKYIO CeTh, KOTOPAs CIAYKHUT KOOP[IHHATHOM ceThI0 B TOH o6ractm
UOBEPXHOCTH, Ie Yepe3 KaKAY0 To9Ky M (p, ¢) OpOXOAMT TOJIBLKO IO OXHOMA
JHHAH K&KOT0 CeMeMCTBA ¥ JHHWM DPA3JAMIHHX CEeMEeHCTB NIEePeCeKaloTCs
ne Goxee 9eM B ofHOH TouKe, Taras cHcTeMa KoopauHAT (P, ¢) Ha HOBEPXHOCTR
MOJYIMIa HA3BAHHEE TayCCOBHX KPUBONMHeHHHX KoopamHaT. I'aycc ompemeann
npoussofEHe ¢ = dz/dp, b = dy/dp, ¢ = dz/dp, a' = da/dq, b’ = dy/dg,
" = dz/dq, B macTofAmee BpeMsA paccMaTpUBaeMEe KaK YaCTHEE IPOH3BOIHEE
KOOPMHAT PAJHYC-BeKTOPA TOYKM HOBEPXHOCTH IO p ¥ ¢, a TaKkke QYHKIHE
A =0b"—¢cb, B=ca —ac', C =ab' — ba’, B Hacroamee BpeMa pac-
CMaTpUBaeMBe¢ KaK KOODAWHATH BEKTOPHOTO IPOU3BefleHUA YKA3aHHHX BeK-
TOPOB, ABIASOIEroCS BEKTOPOM, HAaIPABJeHHHM OO0 HOPMANHM K MOBePXHOCTH,
M BTOpHE IPOU3BOJHEIC

__ddz B = ddz __ ddz ,__ ddy
g PT@Ha Ve YT
[ ddy dd!l ﬂ_ﬂ ”___ ddz ”__. ddz
V=ag Y= Y=g F=ag V=3
C momMompio atux ¢ymknumit 'aycc mocrpomn nse kBagpaTEIHEE (GOpPME
ds® = Edp* + 2Fdpdq + Gdg* (4)
3
Ddp* + 2D"dpdg +- D"'dg?, (5)
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e
E=a+ bbbt cc, F=uad + bb +cc’, G=d'a" + b'b + ¢'c,
D= Ao+ Bf + Cy, D' = Aa’ + Bf’ + Cy’, D"’ =
=Aall + BBII + CYII.

Ilepsas m3 atux ¢opM (Temephb TOBOPAT «IEPBAS OCHOBHASA KBAAPATHIHAA
mapdepennmantaas ¢opMa IIOBEPXHOCTHY) BHP&)KAET KBAApPAT JIHHEHHOTO
DJIeMeHTa ds? MOBEPXHOCTH, T. €. KBaJpaT PAcCTOAHHA dS Mexny GecKoHeuHO
6GIUBKIMHE TOYKAaM¥M IOBEPXHOCTH ¢ KOOpAMHaTaMHu (p, q) ® (p -+ dp, q 1+ dg).
Jra ¢opMa HrpaeT OCHOBHYI pOJb B MccilefosaHuax Iaycca.

Bropas d¢opma Tonrko MuomureneMm AA -+ BB -+ CC = EG — FF
OTIMYaeTCSA OT BTOPOl ocHOBHOM KBagpatHIHo¥ muddeperEmuanbroid dopMH
COBPEMEHHON TeopMM NOBEPXHOCTel.

Eme B 1816 r. I'aycc onmpasica Ha BHpa)keHde JMHEHHOro BJIEMEHTa HPH
pPelleHHE BOIPOCA O KOH(ODPMHOM OTOGpasKeHHH JBYX IOBePXHOCTEH, T. e.
orobpaskenud, coxpamsmiomeM mnogo6me B Geckomeano ManoM. TpeGomanme
KOHQOPMHOCTH CBOJMTCH K IIPONOPIHOHANLHOCTH JMHEHHHX DICMEHTOB 3THX
IIOBepXHOCTeH, T. €.

E/E' = F/F' = G/G'. -

dta mpo6iema Obla MM pemieHa, M OH OPEACTAaBUI pelleHWe Ha KOHKYPC,
o6basaennniii HomenraremckuM yuenmM ofmecrsom B 1822 r. Pa6ora 6nuna
oTMedena npeMueidl m sarem B 1825 r. omy6Gauxopana.

IlonesurnM HOBOBBeNenueM I'aycca ABMIOCH M MCIOAL3OBAHUE B I¢OMETPHH
cpepugeckore orobpaskenusi, OGHYHO NPHEMEHABIIETOCS B ACTPOHOMWH,
Kakmoit opueHTUpOBaHHOK HPAMOH CTABUTCA B COOTBETCTBHE HA CNMHHIHOR
chepe TOUKa, pagAYC-BEKTOpP KoTopo#f mapaiienem aTod mpamoil. Takmm
o6pasoM, 061acTh HOBEPXHOCTHE OTOGPA}KALTCH ¢ OMOIIBIO HOPMAaJiei B 06iacTs
Ha cpepe. Omupancs ma 910 oTOGpaskenue, I'aycc BBOOHT HOHATHE MEPH KpPH-
BusHH K (rayccoBa KpUBU3HA MOBEPXHOCTH B JAaHHOH TOYKe) KaK OTHOIIEHUE
nnongagel coorsercTByOIEX GecKomedmo MalHX obmactedi ma chepe m Ha
noBepxHoctd. MunMu cioBamu, K ABIAETCHA mpefjelloM OTHOIIEHUA IIOIIANei
cooTBercTByOmEX o6iacreit cdepH ¥ mopepxHocTH, Korga ofaacTs mOBepX-
HOCTH CTATUBAETCH B TOUYKY.

Taycc naxomur Mepy KpHBH3HH cHRYAXa JIfA Tperbero cayiasa (3) saga-
HUA OOBEPXHOCTH B BHUIE

Lty — (zxu)z

A+ 422

¥ MOKa3HBaeT, YT0 OHA PaBHA NPOU3BEJEHWI0 TIABHHX KPHUBHU3H. Drme Mu
OTMETHIIH, ITO OIpefleleHHe MePH KPEBHSHE U HOCIeIHHUH pe3yabTaT OHIH
Halilens (XoTA ¥ Malo Hemoiabsosankl) Poxpurom eme s 1815 r., Ho I'aycey,
DO-BHAEMOMY, 9TO OCTAJ0Ch HEH3BECTHEIM.

Haxee I'aycc Buamcinsier Boipakende Aas K B ciydae ofmero mapamerpu-
9eCKOTO 3aflaHEA HOBEPXHOCTHE (2) ¢ moMomsio KospdumuenToB o6Gemx dopm
(4) =z (5) B BEze

DD* — DD’
K=- EG—FF °

Haxomen, mocne BechMa MCKYCHHX BHUHCHenmid I'ayce mpmxopur K 3a-
MeYaTeIbHOMY PesyabTaTy: HaienHoe EM ofmee Bhpaskemde faf K MO:KHO
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OpefcTaBATH B BHE
dE dG d d
LEC—FPYR=E(G G —2 91+ (5 ))+
dE dG dE dG dE dF adF dF dF dG
+F (G~ w e aa i et

ol & pir ()
—2(EG— FF)(dqa —2;:; + j‘;‘G),

T. €, €MepPa KPUBU3HLD ABIAETCA (yHKHUeH TOJBEKO KOd(PPHUIEEHTOB ePBOM
dopMu ¥ ¥X mpoM3BOgHHX. IJTa GopMyla, KaK yKasuBaeT l'aycc, «OPEBOTHUT
K caasnol meopeme (theorema egregium): ecnu Kpusas moBepxHOCTH Gymer
passepEyTa Ha 100yi0 APYryi0 HOBePXHOCTh, TO HPH TOM Mepa KPHBHSHH
B KayKIoH ee TOUKE OCTAETCA HEUM3MEHHOM» 1.

Boocaenctsuy GHIO BHIACHEHO, 9TO 9T TeopeMma Griia morasama I'ayccom
eme B 1816 r., HO B TO BpeMa eMy yHaBalioch HPOBECTE e¢ AOKA3ATEILCTBO
TOJBKO B H30METPUYECKMX KOODPAHMHATAX, KOTHA JIHHEHHHH 3J1eMEHT UPHBO-
IUTCS K BHAY

ds® = m? (dp?® + dq®).

Mz croeii «c1aBuoi#t Teopemin I'ayce cpenan ciaeqywmuit BRHBOL: eCau Oy
IOBEPXHOCTh YAAeTCHA Pa3BepHYTh (MHAYE rOBOPA, HAJNOKUTH HIH H30METpH-
9ecKE 0To6pa3snTh) HA APYTYIO, TO B COOTBETCTBYIONIUX TOYKAX MEPa KPHBHAHK
y ofedx moBepXHOCTedl [OJIKHA COBHOAMATEH.

Panee mccnemoBalics Bompoc TOIBKO 0 PA3BEPTHBAHUE IIOBEPXHOCTE HA
niaockoers. On 6uin pemen JditnepoM (cM. UM, 1. 3, ¢. 190), koTopHil mamen
BCe TaKuWe ¢«PasBePTHBANIMHECA? MOBEPXHOCTH: HEAMHAPH, KOHYCH H IOBOD-
XHOCTH, 0Gpa30oBaHHEE KacaTeJBHHME K HpocTpamcTBenHoi Kpusoif. Iayce
HOAYePKUBAET BAKHOCTh HOBOTO MOAXOa K H3YYCHHMIO CBOMCTB MOBEPXHOCTOH,
KOT[la MOBEPXHOCTh PACCMATPUBAETCA KAK rufKoe HepacTAKHMoOe Telo, OTHO
H3MEpeHne KOTOPOro cYuTaeTcf Ucdesanlme MalnM. ['M0Kasg HepacTaxUMas
TOHKafA IJeHKAa U3 MeTalIa JaeT NpeCTABJeHHe 0 TAKOM IOAXOfe K IOHATHIO
IHOBEPXHOCTE ¥ K 3a7aYaM ee Pa3BepTHBAaHUA MM H3ruGaHum.

Te cmoiicTea ¢Hryp, Ae’RamEX HA MDOBEPXHOCTH, KOTOPHE COXPAHAIOTCA
npu ee u3rubanunx, o6pasyoT B cBoell COBOKYIHOCTH TAaK HABHBAOMYI0 BHYT-
PEHHIOI0 TeOMETPHI0 IoBepXHOCTH. larmGamme — 2TO H30METPUIECKOE OTO-
6paskenue, T. e. oTrobpasKende, coxpanfdiomee AJUHH JUHEH, H, CICLOBATEIb~
HO, B COOTBETCTBYIOIUX TOYKAX HIMHCHHEE DICMEHTH MOJKHKE COBIATATH.
ITooToMy ecaum COOTBETCTBYIOIIUM TOYKAM OTHECTH PABHHE KPUBOJHHEHWHE
KOODPAMHATH, TO HOJKHHE COBIAAATH U KodQ(UNUeHTH HePBHX KBaXPATHIHHX

dopm:
E=E,F=F,G=G.

Orciofa BHTexaeT, 970 yrIH H mIOMAJ4 HA IOBePXHOCTH (a mia HEX l'aycc
UPHEBOJUT COOTBETCTBYOINHE GOPMYIH) TOKe COXPAHAIOTCH, T. €. 9TH HOHATUA
OpEHAJIeaT BHYyTPDeHHe#l reoMeTpHH.

«Cnapras TeopeMa» yCTAaHOBMJIA HOBHI HeOKHAAHHHME $aKT, ITO TayccoBa
KPHBH3HA TOKe IPHHAJIEKHT BHYTPEHHEH reOMeTpHH, M OTKPHIa BO3MOK-
HocT Yray6urecs B BompocH uarmGaemocte momepxmocreii, CaM I'aycc He
CTaJ 3AHEMATHCA JTUMM BONPOCAME, IIPe[OCTABUEB 3Ty mpolieMy CBOUM IO-
CIefI0BATENIAM,

! 06 ocropammax reomerpuu. COopHEK KaaccEIecKux pabor no reomerpun JloGasencroro
H pasBATHL ee Hfei. M.: Tocrexusnar, 1956, c. 140.
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K BEyTpeHHeil reoMeTpuU IPHHANICHKHUT M MOHATHE Teofe3MdecKol, T. e.
KpaTrdafimeii, JUAWH, TAK KaK HOPHE H3rH0aHEM OOBEePXHOCTH TIEO/Ie3HMUCCKHE
IEHMHE ocTaloTcs reomesmieckmmu. I[Toaromy Tayce, sammMasice Bompocamm
BHYTPeHHeHl reoMeTrpuH, HalHeJ ypaBHEHHe reo[e3HYECKHX JWHUA B KPHBO-
AnHeHHKX KOOPAMHATAX H H3Y4MJ fajiee ux mopefiende. OH BBex B paccMoTpe-
HAE reOfe3MIeCKYI0 OKPY)XHOCTh, T. €. I'eOMETPHYECKOE MECTO KOHI[OB TIeo-
Je3MIECKUX PpafUycoB HOCTOAHHOA [ANWHH, BHXOAAMHAX M3 ONHOM TOUKH,
U JOKA3al ¢e 0PTOTOHAJLHOCTH K pagmycam. Om pacecMOTpel Tak:e moJdyreo-
e3WIECKEe CHCTEME KOOPAWHAT HA MOBEPXHOCTH, 3HAJOTMYHLE OPTOrOHAIDL-
HEIM JCKAPTOBEHIM H MOJAPHHM, M HAIIEJ, 9T0 B TAKMX CHCTeMaX JUHeHHHNHA

BJleMeHT HMEeT BHJ
dst = dr® 4+ m2dq?,

9T0 HO3BOJKEIO CHIBLHO YIOPOCTATH YPABHEHHA reofesddecKux nuumi, Ilons-
3yACh Pa3loKeHueM B Ps/H, OH Hamell OpUuGIMmKeHHHe, HONE3HLE [JIA OpH-
MEHEHMi B Te0/[e3MM BHIHMCIUTEJbHEe QOPMYIH AJIA HEKOTOPHX reoMeTpuUde-
CKMX BeJIMYHMH, B YACTHOCTH A YINOB MPAMOIMHEHHOI'0 TPEYTOJbHUKA,
OOJIYIeHHOT0 PacOpPAMIIeHNEM CTOPOH TIeO/[e3HYeCKOTr0 TPEYroldbHHKA.
Boasmoe 3uadenme AjA OajbHeHINero pa3sBUTUA TEOPHM LHOBEPXHOCTEH
HMeJ¥M U modydeHHHe I'ayccoM IPM TPOMeKYTOYHHIX BHUMCICHHAX IEpHBa-
nuogHHe (OPMYJEH, NAIOIMHe BHPAa’KEeHUS BTOPHIX ULPOM3BOTHEIX KOOPHUHAT
TOYKM IOBEPXHOCTP UC KPHUBOJIHHEHHKM KOODIUHATAM D H ¢ IHOBEPXHOCTH
Jepe3 MepBHE OPOU3BORHEE 3THX KOODAHMHAT M HANPABAAKIMAEC KOCHHYCH
HOPMAJH K IOBEPXHOCTH (DEePHeHAEKYIAPA K KaCATENBLHOH IIOCKOCTH).
91e GOpPMYyaH BMECTe ¢ BHPa)KeHAeM IPOM3BONHKHX HANPABIAOIIAX KOCHHYCOB
HOPMAJIH MOKHO DAacCMaTpHBATEL KakK AuddepeHmUaibuble yPABHEHHS, OMpe-
JeiAmyde MepBHe IIPOM3BOAHHE. B compeMemHHX 0603HAaYeHHAX, 3aMEHAH
KOOPIMHATH TOYKH PAfHyC-BEKTOPOM T 3TOH TOYKH, IPAMOYILOJIBHHE KOODIH-
HATH KOTOPOTO COBIANAI0T ¢ KOOPAHHATAMYA TOYKM, & HAIPABIAIIEEC KOCUHY-
CH HOPMAJH — eJUHWIHHM HOPMAJBHHM BEKTOPOM N, OPAMOYTLOJbHHE KO-
OPOMHATH KOTOPOr0 COBIAJAIOT ¢ HANPABIAOIMHAMHA KOCUHYCAMH, MH BHPa-
MaeM MepBHe ¥ BTODHe IPOM3BOJHLE KOOPUHAT BeKTOpamu dr/dp, dr/dg,
d%/ap?, d*r/apdq, 8°r/dq®, m ¢opmynn Taycca MomHO mepemdcaTh B BHUOe

(21 (1) o

dp? P
F= {2 5+ (7)o
() )

rae {’Z’ } , {pqp } RN { q: }— ¢yrrmun Beegennhix I'ayccom koaddunmentTon
F, G ¥ ¥X 9aCTHHX IPCHU3BOTHHX IO p H (.

Haiinennaa I'ayccom 3aMedaTelbHas TeopeMa O CyMMe YIIOB reofesH-
9eCcKOT0 TPEeyroiLbHUKA, 3AKIIOYAIMIAACA B TOM, YT0 H3GHITOK CYMMH yIIOB
taxoro TpeyroabaEka Haf 180° B ciyuae moBepXHOCTH MONOMKHTENLHOK KpH-
BHMSHEI MY jKe HeJJOCTATOK B CIyYae OTPHLOATEILHOR KPUBU3HE PABEH MIOMATH
ceprueckoro oTo0pasKkeHNs 3TOr0 TPEYTOJdbHEKA, HadkBaeMok I'ayccoM ¢moa-
Holt kpuBEsHoi» (curvatura integra) TpeyroJbHHKA,

A+ B4+ C—n={Kdo,
nMeeT IPAMYIO CBA3E C €0 COXPAHAEMBIMY MDY ;KA3HHA B Talime PasMEIIJICHAAMA

B pacueTaMd, OTHOCAIMAMHUCH K HeeBKJIU0BOMR reoMeTpHuH. Hpn reogesuIeCKuX
H3MEPEHHAX OH ﬂeﬁOTBETBJIBHO HAXOMHUI YIJABM TrpoMagHOTO ctbepnqecxoro

18

2



TPEYroAbHUKA, 00Pa30BAHHOTO BEPIIMHAME TpPEeX IOP, & 3aTeM BLEYHMCIAJ
YTIH OPAMOJYHEHHOTO TPEYTONBHUKA ¢ TOMU Ko JINHAMY CTOPOH, HO 3aMeTHO-
ro OTKJIOHEHHA CyMMH yrioB mociemmero ot 180° me ofmapy:mumi.

Mumpmer @ paspafoTka mpoOieM BHYTpeHHell reomerpmm

Bekope mocie mommaenus Tpyma I'aycca HadMHAeTCA TOCTENEHHO DPacIIM-
paomascs paspabotka nxpoGieM BEyTperHell reoMeTpud nopepxHocTd. 1lepnhie
HcClIefoBaHMS, HIpofoKanmue uged I'aycca B 061acTd Teopud HOBEPXHOCTEIH,
mospunuch B Iepmammm. Iro 6Grmam paGorer Moaomore . I'. Mumpmrra
(c 1830 r.) m K. T. fIro6m (¢ 1836 r.). Ho BooGme cpen HeMenKuX reoMeTpoB
BTH UeH He HAILIE TOITa IEPOKOI(0 OTKJIMKA, TAK KaK TeOMETPH, CPYIIEpPO-
BaBIAeCH BOKPYT ;KypHaja Hpeaze, GHIE mHoYTH NeJHKOM HOTIOWIEHH BO-
mpocaMul HNPOCKTUBHOM ¥ alxrefpamwecKoit reomerpuii (eMm. Hmke). Bosee mm-
poKo, Ho 3HARURTEJIbHO Ho37gHee maew I'aycca Gy pocupuaat Bo Qparnum,
rae co BpeseHn Mom:ka BompocaM TeoMeTPHE YAENANOCH 00606 BHEMAHHEE.
ITouBa A1A BOCHDHUATHA STHX HAel OhJla TaM yiKe HOATOTOBJIEHA, M B TPYAAX
Jlzysuana (¢ 1847 r.) m ero yuenmkoB pesylbraThl I'aycca HOJABEPIIHCH
aHAIE3y, nepepaGoTre M HajpHedmeMy PasBHTHIO.

ITpesrpe Bcero oxapakTepuayeM BKiIafg B Teopuio mosepxHocted K. I'. fxo-
6u (cMm. Ku. 1, c. 67), reoMeTpa3eckue MCCAENOBAHEA KOTOPOTO NMPOBONMIACH
moi HEWOCPeACTBeHHHM BaAuUfgHWeM TpyHa Iaycca. Xors MaTeMaTHuecKHe
dcciaefiopaads flko6M oTHocHIMCH TIaBHEIM 00pa3oM K Teopuu GyHKROUR
H TeopeTHYeCKoil MexaHUKe, B CBOMX JIOKIUAX 110 TEOPMM KPHUBHIX U IOBEPXHO-
creii B HémurcGeprckoM yHEMBepcHTeTe OH OCBemIal IPoOJeMH BHYTpPeHHeEHR
reoMerpuu. B pabore «[{okasaTenrncrso W HoBoe ofGobmenume rayccosoil Teo-
PeMH 0 IOJHOH KPHUBHU3HE TPEYToAbHEKA, 00pPa30BaHHOI0 KpaTiaillMMA JIH-
HHEAME Ha HAaHHOHE mopepxHocTH» (Demonstratio et amplificatio nova theore-
matis Gaussiani de curvatura integra trianguli in data superficies e lineis
brevissimi formati.— J. fiir Math., 1837) u B ¢«3aMedanmu o Teofe3UIECKHUX
JUMHWAX HA DJINUICOMJEe M O PAa3INYHLIX NPUMEHEHHUAX 3aMEIATEIbHOR aHATIH-
TEvecKoit moycraHoBkm» (Note von der geoditischen Linie auf einem FEllip-
soid und der verschiedenen Anwendungen einer merkwiirdigen analytischen
Substitution.— J. fiir Math., 1839) fiko6z upomHTerpuposas ypaBHEHHS
reoflesMIeCKUX JHUHUA Ha TPeXocHoM aiinuconsie. OYeHb BaKHHWE pesyiabTaT,
KacaomuiicA MoBeNeHUA reofie3NYeCcKUX JHHAN Ha MOBEPXHOCTH M OFHOCANAA-
cfl K TeoMeTPHE B 1eJ0M, GBI Hoayden uM B paGore «H Teopun sapuanmonnoro
HcunciaeEusa ¥ fudpdepenmmanrEnx ypasHeRHil» (Zur Theorie der Variati-
ons-Rechnung und der Differential-Gleichungen.— J. fiir Math., 1838), rnme
fAxobm BEEN NAA TOYKH, JNe;Kamled HA TeOfe3WYCCKOM JHHAH, NOHATHE COUPS-
JKeHHOHK el TOYKH B cPopMYIMpOBAl yCIOBHE, KOTZa Teole3WdecKas JUHHS
ABAAETCA Kpargaiimneit. B pabore «0 HEKOTOPHX 3aMe4aTEJNBHHX TEOPEMAax
o kpmsux» (Uber einige merkwiirdige Curventheoreme.— Astron. Nachr.,
1843) firkoGu mokasas MHTEDPeCHYIO TeopeMy O ToM, Uro cdepuyecroe msobpa-
JKeHHWe TJIABHEIX HOpMajeidl 3aMKHYTOH HPOCTPAaHCTBeHHON KpHBo#l HelnuT
goBepxHOCTH cdepH Ha ;Be paBHOBeJUKHE 9YACTH.

Braag flxobu B reoMerpumio mosepxHocTel OHLI He 0CcoGeHHO 3HAYUTENIEH.
CBouME OCHOBHEIMH pe3yJbLTaTaMM BHYTDeHHAA TeoMeTPHA NOBEPXHOCTEi,
H B YacTHOCTH TeopHsA m3rubaHms mosepxHocrteit, o6asama Munpuary. Cospe-
MCHEMKY ONCHHJIHN ero paboTy coBepmenH0 HEJOCTATOIHO H HOSYAC 3aMaIIABA-
az gx. B I'epManmn paborti MunguAra He HAIIIH TOANEPKKH IO YHOMAHY-
THM NpAIAHAM, (PpaHIY3CKEE jKe reoMeTpPH Kpyra JImyBuiiaA, nae moBTOPAH
HHoOTfa pe3yinbTaThl MuHAWHTa, OONYHO HE WUTHpOBaxE ero. OcraHOBEMCA
KOpoTKo Ha ero Gmorpaduu.
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®eppunany I'otan6 Mummuar (1806—1885) pommaca B cembe mpmcra.
BuectAme OKOHYMB KAACCHYECKYI0O I'MMHA3HIO B r. I'mpmbepre, oH og#H roj
of6yuancsa B yameepcurete B I'amne (1824), roe mocemaxn Ieknmm oo KaaccH-
gqecKoit ¢miaosormu m gusuKe, a 3aTeM B BepaunckoM yEHEBepcuTeTe (1825—
1828) caymax dpunocoduio y I'erens, ¢puiogorumio, moceman TAKK® €CTECTBEH-
HOHAYYHHE Jexnud, MareMaTHKy oH H3y9Yali CaMOCTOATEIHLHO E 4epes rol
samuTua B ['anie JOKTOPCKYIO AHCCEPTANUI0 N0 MHTErPAILHOMY ECIMCACHHIO,
B 1830 r. om, mpoiinsa COOTBETCTBYOIINE HCHLITAHUA, HONYIA] HNPABA Hmpemo-
JaBaTedA B KadecTBe NIpUBaT-fAoHeHTa B BepaumckoM yHmBepcmTere.

O= cran 9aTaTh JeKIHUH oo anre6pe, MaTeMaTHYeCKOMY RHAJIE3Y B MeXaHH-
xe, mpugesm ¢ 1834 r. mpemonasan rax:ke B Bepaunckoit srcmeit cTpoaTesHOM
mKode ¥ OJHOBPEMeHHO BEJI HaydHHE Hcclieqosanmsa. OQHAKO mONHTKa MuB-
AMHra DOAYIATh npodeccypy mociae 10 ger paGoTul B yEEBEpCHTET® KOHYHIACH
Heynaueit. Tax:xe HeymauHO 3aBepIMEIach NOOHTKAR NpPoBecTH Mumpgmera
B DepianmHCKYI0 aKaieMui0 HayK, XOTA ero KaHEumaTypa Guila BHIBHHYT&
B 1842 r. II. JlesxemoM-upuxie. Torma ke GRNIA BLIBUHYTH KaHAHAATYPH
Hpeane, lupkcena u Iliteitmepa: mpenmourerne Gruro oTnano GoJsee cTapmmm
0 BO3PACTY M IUHY KaHZUAATAM.

N ectectBenHo, 9to Korfa MuBAMHT 6ma npuriames (mo peKOMeHZAUH
K. T. fAxo6u) npodeccopom Ha Kadepy OPUKIaTHOR MATEMATHKE B MEXaHAKY
B [lepnrckuii (aniEe Tapryckmit) yEusepcureT, on BRpasu coraacue 1 B 1844 r.
noxuHy1 I'epmanmio. [anpneiimas ero mearenbHocTh Mporexaida B Poccunm,
rme oH KOJATrHe TofH YCHeIIHO IPOMoJrKaj] HAaYYHY U MEeIarorHIecKyio pa-
G6ory. Ero yuenmkom Grn K. M. Ilerepcom — maumumatop MockoBckoir Hayd-
Ho#t reoMeTpHMYecKoit mIKoaw. BMecte co cBommu jerhMu MHEHIEHT IpUHA
pycckoe mommaHcTBo. B 1865 r. oH Ghur maGpam 4ieHOM-KOppPECHOHIEHTOM
IlerepGyprcroit akamemun Hayk, a B 1879 r.— mouerHHM e WICHOM.

Mu paccmorpuM paGotht O. MuHAWHra JMms Mo TEOPMH HOBEPXHOCTeH.
XoTa eMy npuHajJe:KHUT PAJ HEeHHHX HccixeoBaHdit m B 06dacTH aure6pH
H TEOPDHH 4HMCe]I, 10 BOOPOCAM HMHTeIpHpoBaHMA ajrebpamyeckumx ¢yErmi
" Teopud sEpdepeRIUAIFHEX ypaBHeHHir (32 49ro emy B 1861 r. 6Hia mpum-
cyxmeHa JleMATOBCKAA TpeMHus), ofHAKO BaKHEHIIHAE 6r0 OTKPHTHA OTHOCATCA
K TeoMeTpHH.

B «3amedanum o pasBepTHBAHMM KPHBHIX JHHHM, NPHHATIEHKAMUX IO~
BepxHocTAM» (Bemerkungen iiber die Abwickelung krummer Linien von
Flachen.— J. fiir Math., 1830), mosBuBIIeiica moYTH HEmOCpEACTBEHHO BCIEN,
3a TpymoM I'aycca, Momofoit MEEIUET BHOCHT HeHHOE OMONHEHEE K MOHATAAM
pHyTpeHHEH reomerpuu. OH NoKaskBaeT, yro BeawywHa 1/p, pasHAS mpoU3Be-
nenuio KpuBusHH 1/R KpEBOd Ha KocHHYC yria i, o6pasoBaHHOTO CONpHKA-
CalomeicA K KPUBOH ILIOCKOCTHIO ¢ KacaTeJbHOM ILIOCKOCTHIO K IOBOPXHOCTH

1/p = cos i/R

{0 coBpeMeHHOl TEpPMUHOJOTME — 9TO NPOEKIHA BEKTOPAa KPHBU3HH Ha Ka-
caTelbHY0 WIOCKOCTH), Ha3BaHHAA BIOCIENCTBHE BoHHE 2e00e3umeckoll Kpu-
eusnoli (1848), mpuHagueKHT BHYTPeHHeil reoMeTpuu moBepxHocTH. [lokasa-
TEILCTBO COCTOANO B OTHICKAHHE BHPAaKEHHA JIA Ieolfe3HIeCKol KPHBU3HH
gepes E, F, G W EX IpOW3BONHHE LEPBOT0 MOPALKA.

K reomesmueckoit kpuBM3He MWHIWHr mpumel Opd pemeHWH MeTOJaMHU
BapHANHOHHOT0 HCYNCJIEHHA H30MePHMETPHYECKOM 3afavyd -— HAATE Ha mo-
BEPXHOCTH KpaTdaiiliyi0 KPHUBYIO, OXBATHBZIOMYI0 NAHHYIO ILIOMAND. B pa-
6ote «0 KpuBHX KpaTuaiimero nepEMerpa Ha KpuBoit mosepxHocTE» (Uber
die Curven des kiirzesten Perimeters auf krummen Flichen.— J. fiir
Math., 1830) Musguar Hames, 970 eCJAE peMeHHE CYMECTBYET, To HA IKCTPe-
Manm cos i/R — BeswdMHA TOCTOAHHAA, M BHCKA3QJ NPEANOJ0NOHAE, TTO
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®. T. MUHHHT

TaKaA KPHBAA NOJUKHA OHTH reofedMIecKod OKpYyKHOCTRIO. Jlas cayias mo-
BepXHOCTeH MOCTOAHHOHX KPHBHSHH OH [0Kas3ajl 9TO IPEANOJIOKEEHEe B yHO-
MARYTO# BEIIE paGoTe (9TO CHpaBeNJIHBO, €CAW KPHBH3HA IOJOKHTEJIHHA):
pormpoc GHLI pemreH OKOHYATEABHO TOABKO B 1921 r. A. Bayime, moxasasimmm,
YTO JHIIHF Ha NOBEPXHOCTAX NOCTOAHHOH raycCoOBOH KPHBHBHE BCE I'€0[E3H-
YecKHe OKPY/KHOCTH HMEIOT NOCTOSHHYK Te0fe3WieCKyl0 KPHBHBHY.
Boocaenctemr B «/loKasaTedbCTBe ONHOH IeOMETPHYECKOH TeopeMEl»
(Beweis eines geometrischen Satzes.— J. fiir Math., 1837) MuBaurer upemto-
JKRI HETePeCHYI0 reoOMeTPHIeCKYI0 HHTePIPETANH Te0[e3HIeCKOd KPABHBHEL.
Oxr norasai, YTo ee MOKHO ONpPEJENHTs KAK KPHBESHY TOH INOCKOH KpuBOii,
KoTOpasi WONYIATCH H8 JAHHOH, eCam HAJNOKATH Ha IIOCKOCTH PAasBepPTHBAIO-
IMyICH DOBOPXHOCTh, ABIMIINYIOCH ormbampmeil cemeiicTBa INIOCKOCTEH,
KacAIAXCH NOBOPXHOCTE B TOUYKAX 3aflaEHOH KpHBOi. JTa NmeHHAA HuEA
MmHagEETA 0 cnocobe pasBePTHBAHHA JHHAH, JEKameld Ha mOBePXHOCTH (TOI-
Hee, NOJOCH NOBEPXHOCTH), HA INIOCKOCTH OHIIA BHOCTE[CTBEE HpPUMEHEHa
Jlepm-UmpnToii g BBemeEWA (PYHAAMEHTAIBHOIO NOHATHA -— IapaJIIeJIbHO-
To IEPEHECOHHS BEKTOpPa BHOJLb KPHBOH, Jekameil Ha mosepxHoctz (1917).
Baxmefimme pesynbraTii MEHEOEETa B 06JacTH BHYTDEHHEH reoMeTpER
OTHOCATCA K npoGieme marmGaHEA nNOoBepXHOCTed H OHIA omyGAMKOBAHH
B 1838—1840 rr. B paGore «Hak ysHaTb, HAJOKEMH JH APYT HA APYra ABe
ZaHHHEe KPUBHE IOBOPXHOCTH; ¢ 3AMEIAHUAMA 0 NOBOPXHOCTAX ¢ NOCTOAHHOH
wmepoit kpusmaEs» (Wie sich entscheiden lidsst, ob zwei gegebene krumme,
Flichen auf einander abwickelbar sind, nebst Bemerkungen iiber die
Flichen von unverinderlichen Kriimmungsmasse.— J. fiir Math., 1839)
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MEHAHHET BHIBEJ OKOHYATEJABHHE YCJIOBHA, NPH KOTOPHX OJHA IOBEPXHOCTH
MoyKeT OKTh m3rubaHHEeM Apyroi. OOmuii BOOPOC 0 NpH3HAKAX HE0O6XOZEMEIX
H JOCTATOTHHX [JfA HaJaTaeMOCTH IOBOPXHOCTeH OHUI M HDOYTH NOJHOCTHIO
mcuepmaH. Hpome Toro, 0H paceMoTpes pAf OCHOBHHX JacTHHX CAydYaeB.
Oprako oJHH MOMEHT B €T0 PAacCY)KICHHAX ORUI ynymeH, a HMEHHO BOBMOK-
HOCTBh 0C060rT0 pemeHHAs ypaBHeHHA B moiaeEwx nEddepernmmamax. Cremona-
TeabHO, ero TpeOoBaHUA OKABaJHCHh HECKOJHKO HBJIAINIHE KECTRAMU, T. e.
HEKOTOPHE BO3MOKHOCTH YIYCKAJAHCh H3 BHAA. depes YeTBepPTh BeKa 3TOT
nponycK Gnur BuABieH M HcnpasiaeH B paGore O. Bomme (1865).

IIpexxne wemM momydmts o6mue yciaoBHA m3rmGaeMocTH, MuHmmAr pac-
cMoTpen BmepBrle B paGore «0O6 m3rEGaHWM HEKOTODHX NOBEPXHOCTEH»
(Uber die Biegung gewisser Flichen.—]J. fiir Math., 1838) msruGaame o6mux
auHef1aTHX MOBepXHOoCTeH B aHWHeidaTHe M mokKasak:, IT0 AwbaA amHeidaTad
MOBEPXHOCTH MO)KeT GLITH pasBepHYTa HA TaKyl0, HaIPaBISIOIAE BOKTOPH
KoTopoit 06pa3yioT Kpyrosoit koryc. lanee 8 pabote «OG H3rEGaHWE KpPHBHIX
nosepxHocTeii» (Uber die Biegung krummer Flichen.— J. fiir Math., 1838)
MnegEET paccMoTpes HIrECaHHEe HEKOTOPOro CeMeficTBa mOBePXHOCTEH Bpa-
INeHnsI, BKJINYAOMEr0 KATEHOH], H BHIEPBHE YyKasaJ €ro HAJO0KEMOCTH Ha
npsiMoit reamkomy (mpuMep, cTaBmEiE KiaaccmieckEM). OH gokasan marmbae-
MOCTH IPOH3BOJBHHIX IOBePXHOCTeil BpalIeHWA, clesaB 0ToBopKYy (6ea ompe-
AejeHHOHA CCHIIKH), ITO «BAMKHYTAA B ¢66e BHITYKJIAaA IOBEPXHOCTEH KaK 6IHHOE
meaoe ABJSETCH, KaKk M3BecTHo, HemarmOaemoin» ?. Ty rumoresy (oEa BCTpe-
9aeTcsa W B OnyGJAAKOBAHHEHX B 1862 r. mocMepTHHX Tpymax Jiinepa), BHCKa-
3aHEYI0 MEEAMErOM, yiaa0ch HOKA3aTh TOABKO B 1899 r. nna aHanmTRIeCKAX
nosepxHocteid I'. JIm6maHy, a B o00meii moctamoske — A. B. lloropemosy
B paGore «BeckoHeuHo MaJjiEle H3TUGAHEA OGIMIEX BHIYKJIKX MOBEPXHOCTEH»
(Xapskros, 1959).

Of6mue ycxoBEA HAJOKUMOCTH ABYX IOBEPXHOCTEH, HHATE FOBODA YCAOBHA
SKBHBAJEHTHOCTH mepBux gudPPepeHIHANBHKX KBAgPATHYHHX (QopM STHX
mosepxHocTel, MHEHIMHT mOJYYaeT, HDOCJIENOBATENHHO BBOJA BeJIWUHHE,
HasBaHHEIE BHOCAeACTBUE AEPPepeHnEANHLHEME HHEBapHAHTaMA (HJIH NDapa-
merpamu) BexsTpamm, KOTODHIM DPUMEHAN AX B CBOAX pab0oTax, HOABHBIIAXCHA
9eTBePTh BeKa cmycTa. B HTOre, OCHOBHBAACH Ha IpEMeHeHmH nEpepeH-
NuaIbHEHX HHBAPHAHTOB, OH 0OTM€YaeT, 9TO BONPOC O HAJOKEMOCTH ABYX
BaJlaHHKX HOBEPXHOCTeH MO;KeT GHTH pemeH 63 HOMOIME MHTErPHPOBAHHA.
B sroit :xe pabote MuaguEar noKasas TeopeMy BHAIOIMEroCsa BHANEHAA: IJIA
ABYX MOBEPXHOCTEH COBNAIeHNe 'ayCCOBHIX KPUBHSH B CAy9ae X NOCTONAHCTBA
ABJIAGTCA B JOCTATOYHHM YCJOBAEM HAJO0KAMOCTH, NPHIEM HAJIOKOHHE MOKET
OCYmMEecTBAAThEA O0CCKOHEUHHM YHCJIOM CO0C000B, 3aBHCAIOAM OT TpexX Ia-
paMeTpoB. 37ech Ke 0H HAIe] YPaBHOHAA MOBEPXHOCTOH BpAIMEHHEN TOCTOAH-
HOM KPHBESHH Z 0600IMeAHKX BUHTOBHX NOBEPXHOCTEH MOCTOAHHOA KPHBHSHEI,
E B JACTHOCTH HIOBOPXHOCTOA HOCTOAHHO# OTpHIATeabHOA KpmBH3HH. OxHa
H83 HUX — OOBEpPXHOCTH, OIpefejseMas NapaMeTPHUCCKAMH YPaBHOHEAMHA

r =“-—V$2 + y* =1/che, z2=0¢ — tgo,

IoJYyJaeTCA OT BPAIeHUA BOKPYT ocu (7 TPAKTPHCH — KDHBOA, HMEIOMER
YraoByX TOYKY Ha ocH Ox, acHMOTOTHUEeCKE npubamKaiomeics K ocm Oz
IpH CTPeMJIEHHHU Z K -+ o0 B — oo H XapaKTepPH3YIOImeHCA TeM, ITO OTpPe3KH
KAacaTeJbHKX BO BCEX 66 TOYKAX OT TOUKH KacaHHWA [0 ocE (O paBEH JpYyT
apyry (puc. 2). IlopepxHoCTh BpameHEnd, onmucaEHEy®0 MEBEIWHIOM, Ha8HBAIOT,
caenya 9. Beanrpamm, ncesdocgepoti.

-2 J. fiir Math., 1838, 18, S. 368.
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Od4eHp UEHHHII MATOPHAJ COMNEDIKHT CTATBHA
. MurapmATa «/[OmONHEHRA K TEOPHH Kparyaimmx
JIHEAA Ha KPHUBHIX HOBOPXHOCTAX» (Beitrige zur
Theorie der kiirzesten Linien auf krummen
Flichen.— J. fiir Math., 41840). Muagmar Hamex
TPHTOHOMETDHIOCKHE COOTHOIIGHHS B TPEYIOJb-
BHKe, 00pa3oBaHHOM Treoje3sMYecKEME (KpaTdai-
IMKMU) JIEEAAMM Ha HOBEPXHOCTAX NOCTOSAHHOM
rayccoBoii KpUBESHK K, B 3aMeTHi, 9TO 3TH Ke
$OPMYIH MOKHO DOJAYIATE H3 COOTBETCTBYIOIAX
dopmyn TpuroHoMeTpEE Ha cdepe s3aMemoit pa-
nEyca cheps Ha Beamummy K, mamMmymo B ciay-
9ae OTpHOAaTeJbHO# rayccoBoit kpmsusHEn K. ITa
paboTa cHrpajsa Ba)KHYI0 POJb B HHTEPHPETAIHE
Beasrpamm reomerpmm JloGazesckoro (1868)
(cM. pasmex 4). Xora paGota Mmmpmara Onuma
HamedaTaHa B TOM ’Ke KypHAXe, 410 H «BooGpa-
maeman reomerpua» JloGawesckoro (1837), mo
paGotn BexsTpaMum MaTeMATHKH He 3aMedaJH,
9T0 3TH COOTHOMEHHUA OJHE H Te ke B reoMeTpHH
Jlo6ageBcKOro NAA NPAMONMHEAHKX TPeYroJihHH-
KOB W BO BHYTDEHHel TIEeOMETPHH TOCTOSHHOMK
OTPHNATeNbHOH KDPHBHBHH IS TIE0JeSHICCKEX Pmc. 2
TPeYTONBHAKOB.

Opanruyscran nmb(bepenqnanbno-reouerpn‘qecnan HIKOIa

HccnenoraEma nmo MaTeMaTHdeckoi (EsMKe, BRJIANYAS TEOPHI0 YOPYrOCTH
H TOOPeTHYeCKYI0 MeXAaHHKY, HoxyduBmme B0 (DpaHNWE HAYMHAA ¢ DOPBHX
necarmiaernit X1X B. mmpokoe passdTHe, TpeGoBaJE OT HCCIAOA0BATENEH CO-
8MaHAA MJH COBePIMEHCTBOBAHHA IEJOro psaa obmacTeit MAaTeMaTHKH, B TOM
YHClIe H I'eOMEeTpHH.

TenngEEIMU OpencTaBHTENsAMH TaKOro TEeOpPeTHHKO-DPHKJIAOHOTO HaIpaB-
neHAs B JUQdepeHnuaabEOi reoMeTpHE (HIM ymoMuHasm@iicA Brmie Jlame
n CeH-BeHaH.

TaGpmaxs Jlame, BocmmTaHHWK IloiHmTexHWYeCKOH IMKOJEH, eOie B MOJO-
meie roasl Geun mpuriameH B PoccHio ® Bes mpemojapaHme W HHKeHeDHEE
pacietrsl B IlerepGypre B MIHCTHTYTe mH;KeHOpoB myTeil coobmenms (1820 —
1832). Beprysmmcs Bo ®pamnumio, o cran mpodeccopom IloamrexHmMUecKoi
mroxrt (1832—1863), 6mn ma36parm B Ilapmkckylo akagemmio Hayk (1843).
MaTemaTHueckue oTKpHTEA JlaMe TeCHO CBA3AHH ¢ HCCACOBAHUAMH IO TEO-
PEE ynpyroctm B MaTemarmdecKoid fmsmke. B «Memyape o KpmBOIMHEAHEX
KoopauEaTtax» (Mémoire sur les coordonnées curvilignes.— J. math. pures
ot appl., 1840) Jlame pmepBHe DNPAMEHHI KPHBOJHHEHHHE® KOOPAHHATH
B XPOCTPAHCTBE, HOAL3YACH OPTOTOHANHHOM CHCTEMOMR, TaK YTO 3JIEMEHT AHHE
OH 3amWCHBAJX B BHUJE

ds® = Hdp* + Hidp] + Hdp;.

Eme pamsme B «<Memyape 00 EB0TeDMEYECKHX MOBEPXHOCTAX B ONHOPOIHEIX
TeaX IpH pasHoBecHH TemmepaTypu» (Mémoire sur les surfaces isothermes
dans les corps solides homogénes en équilibre de témperature.— J. math.
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pures et appl., 1837) ox BRea B HpAMOYToJBHHX KoopAuHaTaX KEfddepennumais-
HHEe mapamMeTpu (T. 6. WHBADHAHTH) CKAJAPHOIO HOIA

s =Y (T + 5T+ (5]

22F o°F F
AF = dz? + dy? + 8zt °

Jlame Hamucan psan yIeGHHKOB Io MaTeMATHIeCKOd H3MKe, Mo CHOMAAJIHHRIM
$YERUEAM ¥ HX DPHIOKEHASM, I1e, B YaCTHOCTH, BBeJ TaK HagHBaeMue QyHK-
nua Jlame (cM. «Jlexumm o XpHBOMHHEHHHX KOODAMHATAX W HX DPasSiIAIHHX
npraoxkeaEsx» (Lecons sur les coordonnées curvilignes et leurs diverses
applications. Paris, 1859)). 91 kHErE DONB30BANHMCH GONBIIEM YCHEXOM
H JOJT0 CHYKWIA yIeGHEIMH DPYKOBOACTBAMHA He TOABKO Bo ®pammmm.

Anemap Mars Kiuox Bappe ne Cen-Benar (1797—1886) xota # sammMancsa
B OCHOBHOM TEODPEEH YOPYTOCTH, Iie eMy DPHHAMJIE)KAT A3BECTHEIe YPABHOHAA
Cer-BeHaHa, HO Han#WCAa TAKKe B CBASH ¢ H3y9eHAeM BOIPOCA O PABHOBOCHH
npopodokd (1843) o6crosarensHrt «MeMyap 0 HEIJIOCKAX KDHBHX JHHEAX)
(Mémoire sur les lignes courbes non planes.— J. Ec. Polyt., 1845), sxmouaro-
mAEi E3A0)KeHNe HCTOPAHE BOIPoCa B HOKOTOPHE HOBHE TeopeMu. B sacTHOCTH,
OH BIODPBHE BBeJ NPUBUBINHACA BLOOCJASACTBEH TEPMEH «OHHODMAJE» IJIA mepP-
OeHAEKYJIAPA K CONPHKacalmeiica mrockocTd. OqHaKo mepuBaguoHuue ¢op-
myian Ppese—Ceppe Torna eme He GHUIE HM3BECTHHL

Ocoluii mHTepec k paspuTmio Iu(pPepeENAANBHON I'€OMOTDHH, HPOSBHB-
mmiica Bo @paamen 3 40-x rogmax XIX B., ceasaH ¢ mMeHeM JIRYBHIIA, KO-
TOpHiT ynomwHajucH Hamum B pavee (cM. HuE. 1, ¢. 176—179) B cpasm ¢ ero
pa6oraM: 0 TpaHCHEHKEHTHHIX YACAAX. JIAYBEJIJIL B CBOHX I6OMOTPHIECKHX
pa6oTax He TOJBKO PaspUBAJ HanpasiaeHme MoH:Ka, HO B COYeTAJN €10 ¢ H[IeAMHA
Taycca, mepesom Tpyama KoToporo OH onyGJHKOBAJ BMECT® ¢ HECKOJIbKEMH
CBOEMH HCCIEIOBAHHAME B KaUeCTB® NPHJIOKEHHA K CBOGMY NEpeHsHaHHIO
KiaccEIecKoro «IIpmioskeHna aHanwsa K reoMerpEE» (Application de 1’Ana-
lyse & la Géométrie, 5-éme &éd. Paris, 1850) Momka, B KoTopom
momoiHeHAS JIMyBHINAA cocTaBMAH Tperh KEMrE. H reoMeTpHuecKoid mxoe
Jlmysenasa orHOcsATCs mpodeccopa Copbommm Occmam Bomme (1819—1892),
H3BeCTHRIA TaK)Ke Kak acTpoHoM; akameMuEk iHosed Auxbdpen Ceppe (1819—
1885), ymoMmHaBImIEiiCA HaMH B CBA8H ¢ ero paGoramm mo aare6pe (cm. Ka. 1,
c. 62, 65); akagemmk Buktop Iliomss (1820—1883), mapecTHHIL cBOEME pabo-
TAMHA N0 AHAJH3Y, 0 KOTOPHX roBopETCA Hmke (cM. ¢. 179—188), a Takke Rax
MOXaHEK H acTpPoHoM; mpodeccop mapmuckoro Hoanesx me @paHe axageMAK
Hosedp Beprpar (1822—1900), o paGoTax KOTOPOI0 IO TEOPHH 9HCEJ H IO
TeOpHH BepOATHOCTeA MH ropopmam B KH. 1 (cMm. ¢. 163—165, 235—237);
npogeccop Jlmonckoro yEmsepcatera Ppenepmk ®pene (1816—1900); npo-
dPeccop JIpdsmckoro yumeepcmreta (Beasrma) Jmem Hartamam (1819—14894),
H3BeCTHHI TaK)Ke CBOEMMHE pafoTaMu mo MaTeMaTHYecKOMY aHaamsy. B pa-
GoTax JITYyBUIIA B €r0 IeOMETPAYOCKOM MIKOJE PA3BEBAIOTCA NPEOAMYIIECTBEH-
Ho npo0JaeMu BHYTpeHHe# IreOMOTPHR B BONPOCH HAJNOKAMOCTH MOBEOPXHOCTEH.
Mu y:ke ymoMEHAJE (9T0 CIYIAJOCh HEPEOKO), 9TO OHA TOJBKO CJIErKa BHMIO-
H3MEHAJH HJIA NOBTOPANH PpPe3yabTATH MEUHAMHTa, He CCHUIAfICHK Ha HETO.
Tax, JImysrans npEpan BupaskeEHI0 Iaycca OIS rayccoBod KPHBUBHH GoJliee
npocTof BEA W Hamiena, NOBTOPAA peayxbTaT MHHAHHTA, yPaBHOHHA IOBEPX-
HOCTOH BpPameHWA KAK OTPANATONAHHOH, TAK H HOAOKUTOJIHHOH mOCTOAHHOHR
KpupmaBEH. Wsyuas xoEbpopMHOE 0TOGpaKeHEe HmOBEPXHOCTed B HMB0TepMmIe-
CKHEX KOODAWHATAX, KaK 5T0 jeaanx I'aycc, JIAyBAANS BHREAAJ HPEMETATONb-
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HHI KXace noBepxHocTed (MoBepxHoCcTH JImyBmANA), MAA KOTOPWX AHHeHHBIA
3JIeMEHT MOKOT GHITH UPHBEEH K BHLY

ds* = (9 () + ¥ (@))(du? + dv?).

Ha 518X moBepXHOCTAX IreofiesEdecKde JAHEE MOTYyT OHTH HalleHH B KBa#pa-
Typax, 0pA4IeM K 3TOMY KJIAaCCy OTHOCATCA KAK NOBEPXHOCTH BTOPOr0 NOPAAKA,
TaK @ BCO NOBEPXHOCTE BpameHHA (momojHeHEA K KHUre Mommka, 1850).
B romrypce, 06naBiaerroM Ha 1860 r. Ilapmuckoit akamemmedi Hayr no mpoG-
NeMe HBTAGAHUA HOBEPXHOCTEH, IPHAAIY yIaCcTHE ABa PPaBIy3CKAX reoMeTpas
Oamor Byp (1831—1866) m Bomne, a Taxske mTaabaHCKuMH reomerp Jleian-
¢mro Homanmu (1824—1873).

IIpemmo moayumna pabGora Bypa «Teopma pmefopmManmm nomsepxHoCTe»
(Théorie de la déformation des surfaces.— J. Ec. Polyt., 1862), ocTtanpHEHe
SACAYMIM NOYETHHE OT3HBH. B 5THX paGoTaX JKaeTcs BHBOJK YCJIOBHA Ha-
JIO;KEMOCTH JIBYX mOBepXHOCTEH, Oamakmit K BiBoRy MuBnmeETra. Byp memoan-
8yeT MOJYreofesEiecKHe KOODOHMHATH H HAXOOUT DAJ HOBHX CJIydaeB H3IH-
G6amma. Boure B «MeMyape 0 TeODHEH NOBEPXHOCTEH, HANOKAMHX HA JAHHYIO
nmopepxHoCcTEY (Mémoire sur la théorie de surfaces applicables sur une surface
donnée.— J. Ec. Polyt., 1865) yroursaer peayasTaret MEELRATA, yKa3KBaA Ha
ero yIymeHHe, YIOMAHYTO® HAMH paHee. /lalee oH OTHOCHT OfHY H3 NOPEpX-
HOCTeH K ACHMITOTHIOCKHM KOODAMHATAM, B KOTOPHX JHHEHHHHA 3jeMOHT
HMEOT IpOCTOo#t BHJ

ds? = Mdudv,
HO HOBHIX CiIydJaeB H3rEGaHHA eMy HaHTH He ymaeTCs.



ITonxon Komammu B ony6aEgoBaHHEOM TOJIBKO Mocke ero cuepra «Memyaps,
OTHOCAINEMCA K HaIOYKCHHI0 ONHHEX nopepxHocTeit Ha npyrue» (Mémoire rela-
tif & 'application des surfaces les unes sur les autres.— Mém. div. savants.
Acad. sci. Paris, 1883) amamormaen monxony Bypa, mpruem B monysenHEe M
YCIOBHA BXONSAT H Teofe3mIeCKas, # HopMaJlbHafd KPEBASHH IapaMeTPEIeCKEX
AUHEAR, ITO 0KA3aJ0Ch DOJAEOSHHM A NAJbHEHIUEX HCCIeI0BAHHIL.

Cpenm mHTepecHHX pe3yiAbTaToB BoHHE B TOJBKO ITO YHOMAHYTOM ero
MeMyape' meo6xoguMo oTMeTHATH 0006menHne TeopeMsl 'aycca 0 cymme yrios
reoflesHYeCKoT0 TPeyrodbHHKa. Jra <«Teopema I'aycca — BoHHe» cocromT

S

Pme. 3 Pnc. 4

B TOM, YTOQ [JS OPOCTOr0 TJAAJKOTO KOHTYpa, OTDAHEYEBARMEro o6macTe 2
peryispHod HIOBePXHOCTH,

§Kd0+§z_s=2“1
c g

T. €. CyMMa ¢mOJHOH KPHBHBHHY» o6xacTm £ W EHTerpaaa reofe3WIecKol KpH-
BE3HH 1/p, mo orpaEMIMBAOMEMY KOHTYPY paBHa 2m (pmc. 3).

B o6nacTe TeopHE mpocTPaHCTBEHHKIX KPHBHX BCKOD® IIOCJIe YHOMAHYTOH
paboru Cer-BenaEa Grur JOoCTHrHYT 3aBePMAIOIGUE 00myio TeOpHmIo mporpecc.
®pore B cBoeit guccepranmu (1847), ocHOBHaA YacTh KoTOpO# Gnina omyGam-
KoBaHa B BHae ctaThl «O KpuBHX paBosKo# Kpmsusuw» (Sur les courbes
A double courbure.— J. math. pures et appl., 1852), m mesasECcEMO OT Hero
. Ceppe B paGore «O HeKoTOPHX opMyaaX, OTHOCHAMUXCA K TOOPHH KPHBHX
neoskoit KpmpuaHED (Sur ‘Quelques formules relatives & théorie des courbes
a double courbure.— J. math. pures et appl., 1851) moayumam masecTHEE
«popmynrr Ceppe — PpeHe»r (HasnBaeMule Takke «fopmymamu Dpene»).
®opmynu Ceppe — Dpere, apuaAommecs araxoramm Qopmya ['aycca mas
IOBePXHOCTEH, CBABHBAIOT HAMPABIAIMUE KOCHHYCH KaCATeAbHOH, IIaBHOM
HOpMaJd B GHHODMAJWd KPHBOH W MX HPOH3BONHEE IO [JIHHE JyI'A KPHBOM.
B HacToAmee BpemMA, 3aMeHAA HANPABAAIOMEE KOCHHYCH OPAMEX eIAHATHHMA
BOKTOpaMH 3THX UPAMHX — BeKTopamu t, n mb, HanpasJeHHNMHA COOTBETCTBOH-
HO N0 KacaTeJbHOH, IIaBHOH HOpMaxd B GEHOpMaJad KpuBo# (pHc.4) (mpsamo-
yroapHbsie KOODAMHATH KOTOPHIX COBHAMAIOT ¢ HANPABJAIOIKUME KOCHHYCaMH),
dopmyau Ppede 3anHECHBAIOTCA B BHIE

idIT:—=:kn, Z—'::——kt—{-xb, %:—-xn,
rae k m % — KPDHBH3HA H KpyieHHe KPHBOii, aGCOTIOTHRE 3HATOHASA KOTOPHX
paBHH MopynsaM BeKTopoB dt/ds m db/ds, T. e. mpemenaM oTHOmeHHHE «yria
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CMOKHOCTHEY Ao MeRAY KacaTeJbHKEIMH B ABYX OJHBKAX TOUKAX H aHAJOTHI-
goro yraa AP Me:kny conpmKacalOIIEMACH IIIOCKOCTAME B 9THX TOYKAX K JUIHHE
AYTE As Me;KIY 9THMA TOYKAMH OPHY CTATHBAHHE 3TO# AYr® B Touky. Ha mimo-
CROCTE KPEBHSHA CUATACTCA NOJOKHATENIBHOH, KOTJa IOBOPOT OT BEKTOpA
t K BOKTOPY D OPOHMCXOHT NPOTHB YaCOBOH CTPEJKH, H OTPHNATeJBHOMH,
KOIZa 9TOT mOBOPOT NPOHCXOJHT IO JaCOBOH cTpenke. B mpocTpaHCcTBE Kpn-
BH3HA CYHTAETCA BCEITA MOJIOKHTEJNbHOH, HO KPyYeHHE CINTAOTCH HOJOMKH-
TEIHHEM, KOIla CONPHKACAOMAACA € KpHBO BHHTOBAS JHHUA npaBas,
H OTpHmATeJLHKM, KOI'Ta 9Ta BRATOBAA JuEnd geBaf. Popmynu Ceppe — Dpe-
He MOKHO paccMaTpuBaTh Kak HuddepemnmanbHNe ypaBHEHHS, OIPeNEJAIO-
mue BexTOp t, ABJIAKMuEACA XPOMBBONHOA dx/ds pafEyc-BeKTOpa TOYKH KpH-
BOii mo ee IJIMHe KYIrH, H, CIEI0OBATeJIHHO, CAMy KDPHBYIO m0 QYHRIHAM
=k (s) @ % =% (s), ofpasywoiuM Tak Ha3HBaeMHe HATypaJbHHE YypaB-
HoEmA KpHBOil. TaK Kak BeKTOpH t, n, b ¢cBABaHK JONOJHEATEIBHEME YCIOBAA-
ma 2 = n? —=b% =1, tn — th — nb = 0, Bexrop t oumpenenserca BuGopom
HAYAJbHHX yChoBHA t =—=1t,, n =un, b=>b, npm s=35; T.e. BexkTOp t
OmpefeNeE ¢ TOYHOCTHI0 [0 BPAmMEHEA B NPOCTPAHCTBE H, CIAEN0BATEIBHO,
BEKTOP X OIPeNeJeH ¢ TOYHOCTHIO [0 NBHKOHHAA B IPOCTPAHCTBE.
Ilpumenerre 3TAX GOPMYJ OTKPHUIO ©CTECTBEHHHA NOYTh IJIA HCCIEIO0-
RaHAS PAasIWIHEX BonpocoB. Tak, HampaMep, TpPaKTOBKA ¥ OTHICKAHHE KPABHX
Beprpana, maiinenanx oM B «<MeMyape 0 TeopEE KPHBHX NBOAKOH KPHBHSHED
(Mémoire sur la théorie des courbes & double courbure.— J. math. pures
et appl., 1850), Moria Temeps paccMaTPHBATHCA KaK 33394, CAY/KAMAS yIpaK-
menmeM cryneHTaM. Ognako ¢popmyan ®pene — Ceppe eme H0Aro He BKIIYA-
auch B y9e6HEKE. Tak, oEHEM He BomIM B moxpoGHYIe MoHOrpadmio ogHoda-
vaiasna /K. Ceppe mpodeccopa kaTonmgeckoro yausepeuteTa B Ilapmxe Ilons
Ceppe (1827—1898) «Hosas reoMeTpuuecKas B MEOXAHEIECKAA TOOPHA JHHHHA
mBosAkoi kpusH3HED (Théorie nouvelle géométrique et mécanique des lignes
& double courbure. Paris, 1860) m naxe B «IIpamerernne nguddepeEnHaILHOTO
H AHTEIPAIBHOr0 ECYHCIEHNA K o0meilt TeopHE moBepXHOCTeHA W JMHHA IBOA-
Koii KpEBEm3HED (Anwendung der Differential- und Integralrechnung auf
die allgemeine Theorie der Flichen und der Linien doppelter Kriimmung.
Berlin, 1872) npodeccopa yemsepcaTera B Bpecnay (asme Bponmas, ITHP)
®epnuBanga Moaxmmcrana (1818—1861), HammcaEHOe MM mo JexkmuaM, TH-
TaHERM B 1856 —1857 rr., m mepemsnasasmeecs eme B 1890 r.

Maddepenmmarsaan reoverpus B Havaie Bropoil moaosmmst XIX m.

JNaddepeEnuansHO-reOMETPUIOCKEE ACCASOBAHNSA, TPOBOJUMELE TI0-I PEIK-
HEMY KIACCHYOCKAMHM MOTOJAMH MATEMATHYECKOI0 AHAJNA3A, CTAJH YCUOIHO
passEBaThcA ¢ cepeguEnt XIX B. me Tonbko Bo PpaHnmEm, Ho ® B Apyrmx
crpasax Espons.

B Anramm He GEIO KPYOHHX TBOPYECKHX NOCTIMKGHHE B 3TOi o6aactH,
H TeOMeTDH 3aHWMAJECH GoJbIle BODPOCAMH JWHHWIA W mMOBEPXHOCTEH BTOPOIO
DOPAINKA, 3a HCKIOYCHHEM CO3JaTeas TeOpDHH KpaTepHHOHOB Y. P. Mammis-
roEa (cM. HE. 1), monywmsmero B cBomx paGorax o xydax (1828—1837) sam-
HBle PES8YJABTATH B OGJA&CTH TOOPHE NpPAMOIMHEAHHX KOHTPYSHoEM. 3aTo
smech GHUIE CO3IAHH NPeKpacHHe yyeOHEe KHEETH 1m0 reomeTpud I3k, Cansmona,
HOKOTODHE MH YIOMAHYJIH paHee.

B Tepmanmm 3. HymMmep cosgan o6myio Teopni0 npAMOJAHEHHKX KOHEIPY-
sammit (1860), o koTopoit M Gymem ropopuTh HmKe. IOamyc BeitEHrapren
(1836 —1910), npodeccop Brcmeit Texamgeckoi mxouu B Bepamre, paspaboran
teopuio W-moBepxHOCTEH (IUIA KOTOPHX CYmecTBYeT QYHKIHOHANLHAS CBASH
MeKNY I[VIAaBHEHME pajiHiycaMd KpDHBHSHH) H BaHHMAJCH, OOHPAACh Ha 3TY
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TeOpHI0, IpoGaemMaMu HAJOKEMOCTE moBepxHoctedl. Ilpm atom B paGore «O6
OiHOM KJAcCe ToBepXHoCTel, HamoskaMux Apyr Ha Apyra» (Uber eine Klasse
der Flichen die aufeinander abwickelbar sind.—J. fiir Math., 1861) Beiim-
rapreH HAmeX BHpPAa/KeHAA DPOHBBOJHKX Jn/dp ®m Odn/dq depes Jr/dp m
Or/0q, npuieM Ko3pPEOHEHTH STHX BHPAKEHH TaK:ke ABIAITCA QyHKIEAMEA
xospdrnuentos E, F, Gu D, D', D''. ®opmynu I'aycca BMecTe ¢ popmynamm
BeitEraprena cocTaBiAT cacTeMy nEdPepeEOEATHLELX ypaBHeHA:, HEH3BOCT-
HHMEH KOTOpOH caymar dv/dp, dr/dq,n, cBA3aHHEe, KPOME TOIO, COOTHONIe-
HHAAMA

or\2 o o LA o O 2
(@) =F Hu=P (@) =6 mr—an=0 =t

Ecim BHIOOMHEHH YCHOBHA HHETEIPAPYEMOCTH 3TO# CHCTEMH YypaBHEHHI,
TO BEKTOPH Or/dp m dr/dq ompefenmioTcA BHGOPOM HaJaJIbHHEX YCIOBHH, T. e.
9TH BOKTOPH onmpejieleHH sagamweMm Koapdummento E, F, G 2 D, D', D'
B BEe PYHKOHIT OT p H ¢ C TOTHOCTHIO IO BPAIEeHHA B IPOCTPAHCTB® H, Cie-
HAOBATEJILHO, BEKTOP I OIPEeJeH ¢ TOYHOCTHIO [0 JBHKEHHA B IPOCTPAHCTBE.
Taxam oGpasoM, gse KBagpaTHIHEEe POPMH OIPEReNAT HOBEPXHOCTH ¢ TOY-
HOCTBIO [0 JBHKOHHUA.

Teopema 06 onpemeseEAA NOBEPXHOCTH ABYMA KBafpaTHYHEME $opMaMu
¢ TOYHOCTHIO fio KBHKEHEA Ghuta BoepBH©e ony6amkoBaEa O. Bomme B ymomu-
gaameMcr «Memyape o TeODHE mOBepXHOCTeHl, HaNOMAMHX HA JAHHAYIO IO~
pepxHOCTE» (1867). Eme pamee ata Teopema 6ruta moxasama Hapaom Mumxaii-
nosmaeM Iletepcomom (1828—1881), crhmoM JATHIMCKOIO KpPeCTbAHHHA, OH-
romueM JlepnTcKoro yHRBEDPCHTETA, Iie ONHEM U3 ero yaurexei 6rur ©. Mun-
JBHT.

9ta Teopema Oma mokasaHa IleTepcoHoM B ero mmccepramumE «O6 H3rm-
Garum mosepxuocTein» (Uber die Biegung der Flichen), mammcanmoi B 1853 r.,
HO omyGaEKoBamHOA (B pycckoM mnepeBome) Toabko B 1952 r.; KpaTkoe
M BechMa HEIOJHOE H3JI03KeHHe 9Tod auccepranuu 6xuro maro B 1901 r. mcropm-
xoM matematHkm II. lllTekkemeM Ha OCHOBAHHE H3yYeHHA PYKONHCH 3TOM
neccepranmn A, HKHesepoM, paGotasmmm npodeccopom lepnTckoro yHmBep-
carera B 1889—1900 rr., B mypHanme «Bibliotheca mathematicay.

K. ITetepcon Tamke momoaHHN ypaBHeHHe I'aycca, CBASHBAomee Ko~
$unEeHTH MWepBoit B BTOpoR $opM IOBEPXHOCTH eIme ABYMA He3aBUCHMBIMH
ypaBHeHHAMHE, KOTODEHE IOSHEee NOJAYIW/IN HasBanAe ypapaeHnit Majimapny —
Hopannoe, m0 MMeHH HTAJIbAHCKAX TeOMETPOB, HOAYYABIIAX UX HES3aBHCHEMO
cootBeTcTBeEHO B 1857 m 1868 rr. Onmpasces Ea yOOMAHYTHE TPH ypaBHOHHSA,
IleTepcon mokasak B AHCCEPTAIEE TEOPEMY O TOM, ITO €CJHH Koddpdmmmerrs
OBYX KBagpaTHIHKX AuddepeEqualbHENX GopM (mepBas HOJKHA OHTH 3HaKo-
TOTXOKHUTENbHO!) CBABAHH TAKEME COOTHOIIEHUAMH, TO CYHIECTBYeT LOBEpX-
HOCTb, IJIA KOTOpOi 3TH GOPME ABJIATCH mepBoil m BTOpoil nuddepernraIs-
BEevME $OpMaMA, HPHYIEM OHH ONpefedsiOT HOBOPXHOCTH ¢ TOYHOCTHIO JI0 €6
OBH;KeHUA B mpocrpaHcTBe. [anpmeiimme paGora IletepcoHa oTHOCATEA X
BpeMeHE ero >KE3HE B MocKBe, Ife OH, IpenofaBafA MaTeMaTHKY B HeMemKoii
rEMHESSHE, BeJI AKTHBHEE HAYIHHE HCCACJOBAHHUA I SBHICH OTHEM H3 OCHO-
saTexeir MockoBckoro mMaTeMatmieckoro o6mecrBa. OG atux paGorax Ilerep-
COHA MHl PAaCCKa)keM BHIKO.

OTMmeTEM Takke paboTH HeMeOKAX H INBEICKAX TIeOMETPOB IO TEOPHH
MHHAMAJBHHHX IOBePXHOCTEH, T. 6. IOBOPXHOCTe# MHHWMAJBLHOH nIOIMAH,
OrpaHHYeHHLIX HaHHEM KOHTypoM. lIpodeccop «rmasHo# mxons» B Bpemene
lempax Pepauranpn Hlepr (1798—1885), yuemmk fxo6m mo HémmrcGepry,
HAmeJ yPABHEHHA NATH MEHAMAJIBLHHX DOBEPXHOCTEH eme B CBOHX «3aMeda-
HAAX 0 HaWMEHHNIAX NOBEPXHOCTAX BHYTpH RaHHHX rpaHEmy (Bemerkungen
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iiber die kleinste Flichen innerhalb gegebener Grenzen.— J. fiir Math.,
1835).

B Illennm MaHEMAJLHEME IOBEPXHOCTAME B3aHMMAJCA Opodeccop yHH-
BepcHTeTa B Ymcage dmMmaHyaab [a6pusns Beépamar (1808—1872). B pabote
«06 mHTErpEpOBAHWH ypaBHeHHH B YaCTHHX DPOHSBONHHX HNOBEPXHOCTH,
¥ KoTopoif B Kakoi-mm060 ToUKe INaBHEE PafHYCH KPEBH3HH 00a paBHE MK
mpormBononokHEK mo 3HaKy» (In integrationem aequationis derivatarum
partialium superficiei, cujus in puncto unoquoque principales ambo radii
curvedinis aequales sunt signoque contrario.— Arch. Math. Phys., 1844)
Boépamar pemma opobaeMy HaXOKIeHHAA BCOX MUHUMAJBHEIX HOBOPXHOCTeH,
IpOXOAAMEX Iepes 3afaHHYIC HOJOCY, T. . depes CeMeiCTBO IIaJK0 HPHAMH-
Kalomux Apyr K KPYr'Yy IIOCKOCTe#, KacalomEXcA JaHHOU KPHBOHA; ONHEM
H3 XapaKTOpHACTHYECKAX NPHSHAKOB MHHHMMAJBHHX HOBePXHOCTOH ABIAOTCH
PaBeHCTBO HYJI 4CPENHEH KPHEBH3HE IOBEDXHOCTH, T. €. CYMMH IJaBHHX
KDUBH3H, & CJI€T0oBATEJBHO, H CYMMH IJABHHX DAJWYCOB KPHBH3HHL

B mavapmemca B oGcTaHOBKe 00mero HanWoHANBHOTO HOABEMA H GOpBOH
3a o6bepuEenme M Tanmm nmporpecce MaTeMaTHIeCKHX HCCIefoBaHuii Gosnmme
ycmexm GHUIM [JOCTArHYTH B oOmacTE puddepeHnHalbHOA TIeOMOTPHE —
0 HEeKOTOPHX N3 HAX YOOMHHAJOCH Brmme. Antordo Mapma Bopmomm (1789 —
1860) mauan sammMaThcs oTEM mpeameroM eme B 20-x romax. Iloarme romm
oH 61 mpodeccopoM yumBepcHTeTa B llaBMHM; m03HAKOMMBIOIUCEH C TPyIaMH
Jlzypunna u ugeavm Taycca, oH mpHBIEeK kK HX paspaboTKe CBOMX KoJJjer
H yI0HEKOB, W3 KOTOPHX HA30BeM YIOMHHABIIMXCA Brume AHmwEemo Maii-
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Hapam (1800—1879) m II. Kogammm, a Taxske ®pamgecko Bpmockm (1824—
1897), Jlymmxm MHpemory (cm. c. 111) m IymxeEmo BeasTpamm (cM.
c. 69). Bce aTE MaTeMATHKH BIOCJEACTBEE CTaam mpodeccopaMd pasIHmIHEIX
yHuBepcuTeToB MTAalME W NPHEEMANH AKTHBHOE YyY9dCTHE B 0GIMECTBeHHOR
H IroCyHapCcTBeHHOH >KESHE aTo#t cTpaHH. O peaynbraTax MaitHapnm m Honan-
OE MH roBopuiE B cBsasH ¢ mmcceprammeit K. M. Ilerepcoma m KoHKypcoMm
Ilapmxcroit akanemen Hayk. JI. KpeMoHa, 0 KOTOpoM MH 6 yIeM rOBODETH HIIKE,
onBmuit yuenmkoM llans, paGoTas rraBEEM 06pa3oM B 06JacTH OPOCKTHBHOM
H anreGpamdeckoii reomMeTpE®E. DBpmockm Gru1 gupexropomM MmiaHCKod mo-
JATeXHAYECKOH IIKOJH, BeJ HCCIPA0BAHHS B 0GJacTH BEyTpPeHHEl reoMeTpmm
" Teopmm ompenexmresieii. OcofeHHO ApPKEM MaTteMaTHkOM GeT DBeaprpamu.
C 1862 r. mavanacs ero npodeccopckad aeareasaocTs B Bomonse, Iluse, Pume,
Ilagum u onsts B Pume, rae ox Gru1 wieHoM, a mosgHee npesmaenTom Hammo-
HaJbHOH aranemun. OH HHTeHCHBHO M INIONOTBOPHO paGoTaj Hal PasBHTHEM
nrdpdepeEnUanBHON reoMeTpuE B Ayxe laycca, saHHMadAch BOOPOCAMH HAa-
JIO’KEMOCTH IOBEPXHOCTEA H HmpomoJyKafd maem MEHIWHra, 0 9eM ME YOOMH-
sand. B «MccimenoBaHWAX N[O NpHJIOKeHHSM aHaimsa k reoMerpmm» (Ricer-
che di analisi applicata alla geometria.— G. mat. Napoli, 1864), oTrckuBas
oA KBanpaTHIERX dopMm amddepeHmEaIbHEEe HHBADHAHTH, OH BBEJ ABA HX
BHAA, 0606mamux napaMeTpu JlaMe I mOJYIMBIIAX BOOCAENCTBUH HA3BaHHE
nudpdepernmansErx mapaMeTpoB Benbrpama. C coBpeMeHEHO# TOYKH 3pEHESA
9TH WHBADUAHTH SBIAINTCA CKAJADHHM KBafpPaTOM BEKTOpa rpajHeHTa CKa-
JIAPHOTO LOJS W AWBepreHmmeit rpapgmenTta (T. e. omepatopom Jlamaaca) cka-
JAAPHOTO HOJH, BHPA)KeHEKIM B METPHKe BHYTPeHHEH reoMeTPHE IOBEPXHOCTH.
K maiigernoifi mm mETepnperamuu reometpmm JloGadeBckoro (1868) mu emge
BepHeMcsi. OH pasBHI TaK:Ke B nyxe PHEMana TeopHI0 MHOrOMEPHHX IIpo-
CTpPaHCTB NOCTOAHHO# KpuBHSHH (1869), o xoTopoii Mu Tawke Gymem ro-
BODHTH HHIKO.

Mngdepermmarsaan reomerpus B Pocenn

B Poccun To3%e noABAAIOTCA B 9TH TOJH HeclefoBaRAsA B o6xactu nuddepen-
nuajlbEOH TeoMeTpHEHE. 3mech ocobo crenyeT moaiepkHEYTH poas K. M. Iletep-
COHa, MHOJOKHBINEr0 HAYAM0 OGPasoBAHEI0 MOCKOBCKOH IeOMETPHYECKOH
ITKOJIHL,

Han6Goaee Baxma pabora Ilerepcona «O6 OTHOmMEHHAX W CPOACTBE MEMKIY
KpuBHME noBepXHOCTAMMY (Mart. ¢6., 1866), mocBamernmas wsrmbaHMIo; mMO-
BOPXHOCTeH W MOJXOKMBIMAA HAYAN0 GOJABmMOMY HMEKIY paGoT mo mpobGaeme ms-
rubaEns HAa IIaBHOM OCHOBAHNH, T. €, ¢ COXPaHeHHeM CONPAKeHHOCTH HEKO-
TOPOH# CeTH HA HOBEPXHOCTH, HePBHH OpEMep KOTOporo AAA W3rEGaEma mo-
BepXHOCTell Bpamenus B HoBePXHOCTH Bpamernud 6w maiinen ®. MuarmHrOM
B ymommuasmeiica paGore «O6 usrmGaEmm KPEBHX moBepxHocTel» (1838).
Huddepernuanpaoii reomeTpun Grina mocsamera pabora Ilerepcona «O kpm-
BHX Ha nosepxrocTaAx» (Mar. ¢6., 1867) m kumra «O KPUBHX ¥ HOBEPXHOCTAXY
(Uber Curven und Fliachen. Moskau; Leipzig, 1868). Hexotopue pesyasTaTht
atux paGoT Iletepcoma Grnm mosgmee BHOBHL moiydesw I'. Jlap6y m mpyrumnm
sapy06e;kEHMHN reoMerpamu, Ho mocxe mosasiaermsa B 1905 r. B Tymxyse mepe-
somos 3. Hoccepa ocuosuux crateit Ilerepcona 1866—1867 rr. ero pa6oTat mo-
Iyumim Bceobmee npuspanne. Ilog snmanneM Ilerepcona npoGiaemamu usruta-
HHA mOBepXHOCTel sammaTepecosancA Boxecras Kopuenmesma MiopseeBcrmit
(1858—1923), nmToMer; MOCKOBCKOTO YHEHBEPCATETA M YICHHK 3HATOKA TEOMET-
pun Bacniama fIkosnesmya Ifuarepa (1836—1907), a BmocxencTsmm npodeccop
MockoBCcKOro YHEBEPCHTETA H OPIaEA3aTOP MOCKOBCKOM reoMeTpPUIECKOM mKO-
au. dtamu opobGaemamu 3aEuMainca u aApyroi yuermk B. fI. Ilmmrepa, Imur-
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0. H. COMOB

pmit ®Penoposma Eropos (1869—1931), koropmit B Hazane 20-x rofos XX B.
BMecre co ceomM yueHmKoM H. H. Jly3murM ocHOBAN 3HAMEHHTYI0 MOCKOBCKYIO
MKOJY TEOPHH MHOKECTB B Teopur QYyHKIEHA, MOTOAL MCCHEJOBARAA KOTOPOK
6RIM B 8HAYMTENHHOM CTENEHM TeOMETPHICCKHMI.

B IlerepGypre aragemux Ocun Mpanosma Comos (1815—1876), raxsxe Boc-
nrraHEAK MOCKOBCKOTO YHHBEDCHTeTa, PA3BUBAN BeKTODHHI aHANAM3, MpHEMe-~
HAA 6T0 K reoMeTPHE B MeXaHmKe. B pabore «06 ycxkopeHmaAXx BHCIEX TOPAA-
kop» (3am. Axrajn. Hayr, 1864) ComoB mocTpoma ammapar guddepeanupopaHns
BOKTOP-QYHKOEA Z IPAMEHHN 6r0 K M3yYeHWI0O NPOCTPAHCTBEHHHX KPHBHX,
HCTIONB3YA MOABEIKHOM Tpexrpannmi. B paGore Comopa «Ilpamoit cmoco6 gas
BRpakeHEA guddepeENEaAbEEIX HapaMeTPOB MePBOTO M BTOPOTO IOPAKA
¥ KPMBH3HH IOBePXHOCTE B KaKmx-Imb60 KOODPAMHATAX, OPTOTOHAABHHX HIH
KocoyroapEHX» (3anm. Aran. Hayk, 1865) pemeHH BeKTODHHME METOFAME He-
KoTOpHe 8ajjadm Teopum noBepxHocTeis. Illuporo masectra paGora II. JI. UebH-
meBa «0 xpoiixe ogexney (1878), mocsAmennan npobiaeMe «oieBaHBA TOBEPX-
HOCTeHi», B KOTOPO# OLLTM BBelcHH ceTn, noaydupmuee mMa YeGumesa. O pa-
6orax xasamckoro reomerpa @®. M. Cysoposa (1845—1911), sarmmasmerocsa
TPeXMEPHHMY PEMAaHOBHMHA IPOCTPAHCTBAMHE, MK (yjeM TOBOPHTH HEKE.

Teopua npamMonmBefBBIX KOHCDYSHIIA

B M, 1. 3 mMu ynomurann {cM. ¢. 193), aro B «<Memyape 0 BHeMKaX ¥ Ha-
cunax» Monsra (1794) 6uno BBeaeHo MOBEATHE IPAMOINHEAHOK KOBIPYOHIAA ~—
ceMeiicTBA MPAMHX NHHMA, 3aBACAMEX OT EBYX mapaMeTpoB. Momxk paccmar-
PHUBaeT TOABKO (HOpPMaXbHHE KOHTPYOHOHE», T. €. KOHTPYSHNEHA HOpMandeit
X moBepxHOCTH. JlanpHemu# cTEMyan pa3BuTHs 9TOH Teopum GHI HaH ONTH-
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Koit. 3nech mpeskfe Bcero ciefyer ymoMsauyTh «Onrmxy» (Optique.— J. Ec.
Polyt.," 1808) I9rteena Jlyu Mamoca (1775—1812) u ¢Jlomonaenne K 09epKY
Teopun cucTeM Nydei» (Supplement to an essay on the theory of systems of
rays.— Trans. Roy. Irish. Acad., 1830) V. P. I'amumarTona. ¢«Onturas Ma-
A¥0ca CONEPKHET MHOTO YHCTO OOTHIecKOTO MaTepmana (Manaoc IAPOKO msBe-
CTeH OTKPHTHeM SIBJIEHPs MONAPHSAMM CBeTa M APYTEMH OTKDHTHAMHA B OI-
THKEe), HO 8HAaIATeIbHAA YacTh 3TOr0 TPYAA MOCBAMEHA TEOPHHA IPAMOJHMHEH-
HHX KOErpysunmi. Maiioc mokasai, 90 He TOABKO HOPMaJbHEE KOBTPYSHI AN
OpAMHKX, HO A KOHTPY9HOUE OPAMEX o6mero Bmga oGixajaioT TeM CBOMCTBOM,
970 KaykfiasA OpAMasd KOHTPYSHIMY ABJIACTCH HepecedeHHeM ABYX OPTOTOBalb-
HHX pa3pepPTHBAJOMHAXCA MOBEPXHOCTeH, COCTOAMMX M3 NPAMHX KOHTPY?H-
upa. O mayvarx OTPayKeHEA W NPEJOMICHHAA KOHTPYPHIHMA ¥ BIEPBHEe pac-
CMaTpHBaJl KOMIJOKCH IPAMEHX, T. e, ceMeficTBa IPAMKX, 3aBACAMMAX OT TPeX
napaMeTpos. O HOpMaapHKX KOHTPYsEOMAX Manioc HoKasax, 9TO 9T0 CBOKCTBO
COXPaHAETCA IIPH OTPa)KeHHH Jydeil KOHTPYOHNWHM OT HOoBepXHOCTH (OfHA
omubkra Manioca B 9ToM foxasaTeancTee Obula mcopamnena J[iomemom).

N3 pesyanratos I'aMunbToHA, OTHOCAMUAXCA K TEOPHMH HpPAMOJIMHEHHEX
KOHTpysHNMi, orMeraM «$popmyay ['aMmiasTOHAY, JAIOMYI0 3aBECHMOCTD 4rop-
JOBO# TOYKE» HapH GeckoHeTHO GAM3KHX AydeH KOHrpyonmmm (IpefeabBOTO
OOJI0KeENA OCHOBAaHEA O0mero HepHeHAHKYIfApa ABYX iydelt KOHrpyoHOHE
OpH CTPeMICHHEH HX PYT K APYTY) OT HAIPABICHAA B KOHI'PYENUA B KPHETepHi
TOTO, UT0 KOHIPY3HIUA ABIAETCA HOPMAJbHOM.

Teopua xoHTPYsHOmE = Gomee obmas «ImHeHTaTad TeOMETPHA» — Treo-
MeTpHA MHOrooGpasmd BCeX IPAMHX U ceMeliCTB IPAMHX, 3aBACADIAX OT pas-
JAIEOTO IHuCiIa MapaMeTPoB, Onirn ocroBaEH JO. Ilmoxkepom B «Cucreme mpo-
CTpaHECTBeHEOH reOMeTPHEE B HOBOH amanmTHUecKoil Tpakromsxer (System der
Geometrie des Raumes in neuer analytischer Behandlungsweise. —
J. fir Math., 1846). Ilnoxxep (0 HeM FOBOPHTHCA HUKE) IPENAOKAN paccMaT-
pEBaTh B KaUecTBe dJeMEHTA OGEMHOIrO IPOCTPAHCTBA He TOYKH ¥ SaBACANIAE
OT TOTO X YMCAA HaPaMeTPOB MIOCKOCTH (TOUKH ONPefieIIOTCHA TPeMA KOOPAR-
HaTaM®, a IIOCKOCTH — OTHOMEHHAMHE TPeX Ko3(PMImumeHTOB HMX ypaBHEHMi
K 9eTBepTOoMY), a OpAMHe, Taxk xak mpAMHe 3aKal0OTCA NapaMA IMHECAAHNX ypaB-
HeH it

=rz+p, Yy=s-4 o0,

OHHE 33aBHCAT OT 9YeTHPeX IapaMeTpoB. lINIOKKepy UPHHAMIEKAT TEPMHHE
CKOMILIEKCY M «KOHTPYSHIEA» (HocheqEuil TepMHH 00BACHACTCA TeM, 4TO KOH-
rPYSHIHHA COCTOAT M3 COBMA/AMHX MPAMEX JBYX KOMILIEKCOB, H IPONCXOHT
OT TOTO Xe CJOBa CONZruens — «COBNAJAIOMMA», 9TO M TOPMHMH (KOHTPYJHT-
HOCTEY).

NMuppepernuanpEan TeoOMeTPHA KOHIPYIBOE#l NpAMHX GHia mOCTpoeHa
agaxormyao guddepernmainbuoil reomerpz mosepxmocreix Iaycca B «OGured
TeopHEA cucTeM mpaMoxumnednnx nyveity (Allgemeine Theorie der geradlini-
gen Strahlensysteme.— J. fiir Math., 1874) 9. Kymmepa, 0 ROTOPOM MH TO-
Bopmnd B riase o6 anreGpe (cm. Ku. 1, c. 93—98). Kymmep paccmaTpmmaeT
KOHTPY3HOHIO IPAMKX u IHOBEDXHOCTh, IIEPECeKAIOMYIO BCe 66 IpAMEE, H Oll-
penensieT ABe KBagparwdHile POPMH, OFHA B3 KOTOPHX OTIMIAETCHA OT BTOpOH
KBagpaTeda0ii (OPMH MOBEPXHOCTA 3aMEHOH HAIPAaBIAKMUX KOCHEYCOB HOD-
MajlE K IIOBePXHOCTH HANPABJAAKNMHAME KOCHHYCAMH JAyYa KOEIPYSHIHH, a
BTOpas ABJNAETCA MeTpmUecKo# ¢opmoi ana «cdepmueckoro ma3obparkeHuA»
KOHTPY?HNZH, aHAJOTHIHOTO rayccopy ceprmieckoMy m3obpasKeHMI0 MOBEpPX-
soctn. OxasnBaercs, wro gee dopmet KymMmepa, Tax ;xe xax gee dopmu I'aye-
ca, OmpefeiAl0T KOHTPYSHIMIO C TOYHOCTHIO 0 ABH;KEHUA B IPOCTPAHCTBE.
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2, TIPOEKTHBHAA NFEOMETPHA
BosHaxHOBeEME DPOEKTHBHON reoMeTpRm

IlpoexTUBHAA TeOMETPHUA KaK CaMOCTOATeNbHAA QUCHALIAKEA OKOEYATENABHO
cpopmmEpoBanack B mepBoit noxopmHEe XIX B., X014 ee MpPeJHCTOPHA BOCXOJAT
eme K aHTHYHOHA 3M0Xe, 9T0 MOKHO BHAIETh M3 JOIeEINero g0 Hac Tpyja Ilanma
Anexcamgpmitcxoro (III B.) (em. UM, 1. 1, ¢. 151). B ganbpeiimeM saeMeHTH
IOPOGKTEBHNX NMOHATHN MOCTeNEeHHO CKJA/JHBAIOTCA B KHHraX IO MOPCHeKTHBE
XYROKHEEKOB M apPXHTEKTOPOB 3moXm Bospoxmenma (cm. UM, 1. 1, ¢. 321—
323; 1. 2, ¢. 121). Hexoropue npoexTusrse mouaTua moasaaiored y M. Ken-
aepa (cm. UM, 1. 2, ¢. 147—121), U. Hewrona (cm. UM, 1. 2, c. 127—128)
n I'. Jleit6auna (cm. UM, 1. 2, c. 126). B XVII 8. /K. {eaapr (1639) u, crexys
emy, B. Ilackaas (1640) ycTapaBimBaoOT psAx BaKHHX TeopeM, OTHOCAIMMXCSH
K IDPOeKTUBHHM CBoHicTBaM Quryp, XOTA CaMblii MpefiMeT HPOEKTHBHOM reoMer-
PHN eIle He IOJy9aeT Y HAX 4eTKoro ompexeaenns (cm. UM, r. 2, ¢. 121—128).
Ilocne esapra m Ilackans 6onee moayTOpa CTONETHA CYNIECTBOHHOTO MPOXBH-
JKEHES B H3YICHEH MPOEKTHBHHX CBOHCTB He OHIIO, XOTA YTOYHANHACH OTHENL-
Bue poHATAA. Tak, B coummeHHAX mo nmepcmextmee B. Teidtmopa (1719) =
H. Jlambepra (1759) moxasaHo, 9TO Ha INIOCKOCTH BCe GECKOHEYHO YHAaJACHHEIE
TOUKE CXOfa HexaT Ha ogmoff Geckomewmo ymamenmHo# mpamoit (cm. UM,
1. 3, c. 196), B Tpyzne 3. Bapmrra (1762) nossasgercsa ananmtTEYecKas 3amACh
KoarmeEeanmu Ha naockoctm (M. UM, 1. 3, c. 173).

Hosue ycnexm B aroit o6aacTu B Havanae XI1X B, Guanm Tecreiimuym o6pasom
cBA3AaHH ¢ AeArensHocTho I'. Momma. Ero madeprateanHas reoMeTpusa BO3-
Pofimna mATepec X CHHTeTWYeCKHM METOAM M IPHBJICKIA BHEMAHZE K METOLY
DNPOGKTHPOBAHNAA.

Kax JI. Rapro, Tak m IIIl. Bpmasmon, M. Ilomcene, K. JHeproma =m
M. Illaxn, sBHeCIIEE BasKHLIA BKJaf B Pa3BATHEe MPOEKTHBHOHA reoMeTpHH, CIy-
mang nexnuu I'. Momxa, mepsmit — B Mesbepe, a ocranpale — B Ilapmie,
B IlonmTexamaecKoOd mKoJe.

Jlasap Kapuo (1753—1823), supgaromuiica gearens Opannyacroi Gypxyas-
HOif pesoaonZH®, Npo3saHHud «OprarmsaropoM moGeAn», BOGHHHH B MaTeMa-
TEK, omy6auKxoBan Tpm reoMerpmieckme pabor: «Q xoppeaAnmE GUTYp B reo-
merpam» (De la corrélation des figures en géométrie. Paris, 1801), «['eomMerpusa
monoennay (Géométrie de position. Paris, 1803) m «Ouepx o Tpanceepcanax
(Essai sur les transversales. Paris, 1806) (cm. UM, . 3, c. 198—200), B x0TO-
PHX BBEJ[EHE HEKOTODHE CYIIECTBEHHHE M CTAHOBJIEHHA TPOSKTHBHOH Ieo-
MeTpHE Hfie¥ ¥ MoHATAA, Jcnoas3ysa NOHATEE HeMPEePHBEOrO MpeoGpa3oBaBua
PErypH (¢KOppeiAmmA» IO 6T0 TePMUHOJOTHH), OH BHCKA3aJ TaK HaSHBACMEIR
OPHHOAN HEIPEePHBHOCTH (¢IPUBNEN KOPPEJsEEY), COTAACHO KOTOPOMY ON-
peleneHHEe cBOicTBa mpeobpasoBaHHOi QUTYPH MOKHO HAXOJUTh H H8YIaTh
mo ¢cBOBCTBAM HCXOMHOMR (Iaske eciIH «KOppeNAnEsa» IPHBOKAT K MEMMHM Beln-
ampaM). CymecTBeHHO OTMeTHTh, YTO OH BUEPBEE BBEJ B PACCMOTPEHHE HBOMA-
HoOe (aHTapMOHMYECKOe) OTHONEeHAe YeTHPeX TOUeK IPAMOH ¢ yIeTOM ero 3HaKa,
JTOYHHB TeM CAaMHM TPakToBKY Ilanmma, m 3aTeM HOKasall AEBADHAHTHOCTE 9TO-
ro OTHONEHEHA JJIA IeTBePOX TOYEK, MOJNYICHHNX IPH CeYeHHAX JeTHpeX mpA-
MHX OyYKa PasIMYHHME cexymuMmm. VM Gmim ycTaHOBIEeHH HA 3TOM IYTH
rapMOHHYECKHe CBOMCTBA IIOJHOIO YETHPeXCTOPOHHHUKA.

Kapuo Bcerma moguepXuBal IOPEMMYmECTBA CHAHTETAYECKOr0 METOHA HAf
aHAJATAYECKAM, TOTHA NIMPOKO IPHMEHABIIEMCA, TaK KakK MEePBHE mo3BoiaseT
Cpa3y OXBATHTH BO3MOKHEIE TaCTHEE CHydad.

IMapas roaven Bpranmon (1783 —1864), xanuran aprunaepum, BOocaes-
crBud mpodeccop ApPTEHANEPHACKOA IIKONH, HameJ ¥ JOKasald B MeMyape
«0 xpEBHX mopepXHOCTAX BTOporc mopsAxgxa» (Sur les surfaces courbes du se-
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cond ordre.— J. Ec. Polyt., 1806) reopemy 06 ommcapHOM BOKPYT KOHHIECKOTO
cedeHHA IMeCTHCTOPOHHEKe, ABOUCTBeBHYI0 Teopeme ITackana. Ilpm srom om
ONApalCs Ha HOAAPHOE COOTBETCTBEE OTHOCHTEAbHO KOHHYECKOTO CeYeHHA,
clleslaB TeM CaMKM NEePBHE INAar X YCTAHOBJEHMIO ofmero mpwHENWnma XBOH-
CTBEHHOCTH, TOT[a eme Hem3BeCTHOTO.

Teopmio moaAapHoro cooTeercTBEA paspabaTmBanm 3ateMm B 1810 r.
@. 1. Ceprya (1767—1847) u B 1812 r. Hozed {ma3 Heproud (17741—1859),
npodeccop mMaTemaTmkm B Hume m Mommeane, ocHOBateab kypHada «Anna-
les de mathématiques», o6maro masmBaemoro «Annamamm Heprouma»; Cep-
BYya BBeJ TeDMEH ¢IOAIC», a fHeproHH — ¢monapanr.

«Tpextar o mpoextmBEbrx cBoiicTBax ¢uryp» Ilomcere

OnpemeneEne DPOGKTHBHOE reOMeTPMH KaK HAYKM O MPOEKTHBHHX CBOM-
¢TBax QUIyp U cmcreMaTMmIecKOe M3NOMeHHEe OCHOBHHX €e IOHATHHA ! TeopeM,
OKa3aBIIee TPOMajiHOe BIMAHWE Ha JadbHelImee ee pasBHTHe, BIEDPBLE OHIH
nasn ITomcexe (cm. UM, . 3, c. 201).

Ran Burrop Iloncene (1788—1867), poennmit ugxenep, yaaaca B Iloam-
TeXHMIeCKOX mKoJe, m ero mMATepec K mpobGiaeMaM HOPOEKTHBHOR reoMeTpHH,
6es commeHHA, 06bACHAeTCH BAuARMeM MoHKa, HeIOCPEICTBeHARM YICHBEKOM
Kotoporo oH 6ua, m Kapro. IIpopaGoras HexoTopoe spema B Boerno Ilpuxaag-
soit mxone B Mene, Iloncere B Hagame 1812 r. Gua npussan B apMmio Hamo-
JleoHa, YYACTBOBAJ B moXoxe Ha Poccmwo m B HoaAGpe 1812 r. moman B mies.
JBa roga Ilorceae mposea B Caparose, # BHEYKECHHHE AOCYT MO3BOMHRI €My
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TPEBECTE B HOPAJOK CBOM BaMHCAHK, OTHOCAMHMECH K NPOEKTHBHOIM reOMPTPHH.
Cpox pesyapTaTH OH HM3Jarai TOBAPHINAM 0O OaeHy — nmromnaM IloawmrexHn-
gecKoj mxoan. B 1815 r. on so3sparuaca B Men u 3aeck opopMull 8TA pe3yanb-
TaTh B Bmfie «TpakTara o mpoexTmBHHX cmoEctBax ¢mryp» (Traité des pro-
priétés projectives des figures. Paris, 1822). ITogsaromosok tpaxrarta «Tpyn,
TONE3BHi ANA NXN, 3aHAMAIOIUAXCA OPHAOKEHHAMHA HaYePTaTeJbHOH TIeo-
MeTPHH H reoMeTpHYeCKVMn HeiiCTBHAMHA Ha MECTHOCTH» SICHO yKasHBaer, UTO
Ha ¢opmuposanme maei IloEcene okasanm cymecTBeHHOe BAMSHEE METONH Ha-
geprareabHOk reomerpmm I'. Momsxka.

Iloseaennio «Tpakrarar mpegmecTBoBanm oTgenbHEe pafork Ilomceme,
ony6auropanEHe B ¢Arpanax eprorna» (Ann. Math., 1817—1818), n npen-
crapnennuii mm B 1820 r. B Ilapmxckyio akagemnro Memyap «0 DpOoeKTWBHEX
CBOfIcTBAX KOHMYECKHX CeYoHMIiy, 0T3HB HomE 0 KOTOpPOoM GHJA ony6amKOBaH
B ToM ke sxyprade (1820—1821). Bnocaexcrenu IToncene paGoran mpodecco-
pom Ilpmraagnoit mxoan B Mene, ssmycrma B 1826 r. «Hype Mexaswmkm»,
a B 1835 r. nepeexan B Ilapmk, rae craax npodeccopom mexammku B CopGoBHe
g pavadpamkoM IloamrexuHmueckoit meonw. B 1865—1866 rr. om BmOycTma
BTOpOe M8aEme ¢IpakxTaTa O NPOGKTHBHHX cBoHcTBaX QHIyp».

«Tpaxrary IloHcenme mpomapes OYeHPH CHIBHOE BOEYATICHH® HA T€OMETDOB,
UprdeM ero Ha3BaHHe W IDOCHY:KMIIO OCHOBAHUEM JIJS BBeJleHAA TEPMHMHA CIPO-
eKTHBHASL TOOMOTDHY.

¥V Iloncene ABHO OnpefeNieHO MOHATHG MPOEKTHBHHX CBOMCTB miIocKuX ¢m-
'TYP, T. €. CBOACTB, COXPAHAIMAXCA PN NPOCKTAPOBAHHAX ¥ CedeHHAX. TeM
CaMHM IpefiMeT NPOEKTHUBHOH IeOMeTPEM BHABICH HA CHHETETHIECKOM LYTH.
Horcene naskBaeT e PUryPH «IPOEKTHBHHMED, €CIIA ONHY MOIKHO HEPEBECTH
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B APYTYI nemplo mpoeKTmpopamui. IloHcene HaswBaeT mpOoeKTHBHOM Qury-
poit «purypy, 4acTm KOTOpO# HMMEIOT TOABKO IpadmdecKEe 3aBHCEMOCTH...»,
T. €. 32BHCAMOCTH, He YHNYTO}KAeMEle IIPOEKTEPOBAHAEM, a IPOSKTHBELIMA OT-
HOMEHHAME WU CBOHCTBAMM — ¢BCE OTHONICHHSA MIH CBOACTBA, HMEIOME Me-
CTO B Of{HO H TO jKe BpeMA H Y JaEHOH# urypH, nm y ee mpoexnmm 3,

IToBcesie MOKA3HBAET, UTO KOHHTIECKOE CeUeHHe (KOHHMKA) SABIAETCA IPOCK-
TuBHOR Qurypoil m 9TO AiA pemeHHA TPYAHOHE 3amaddm, OTHOCAmeHCA K Ko-
HEKaM, CIeAYeT COPOeKTAPOBATh KOHHKY B OKPY;KHOCTh, POIIAThH 3afadty JJs
OKPY;KHOCTH M IIpom8BecTH 06paTHOe mpoexTHpoBaEme. Tak KaK ¢TOUKH CXOa»
mapalijieIbHHX OPAMHX Ha (RaPTHHHOR IIOCKOCTHY He COOTBETCTBYIOT feiicT-
BUTeNLHEM TOYKaM OPOeKTEpYeMoil miockocth, Iloncene JOmMONHEN BCEe MAOC-
KOCTH 4HfealbHEIME» HJIH ¢GeCKOHETHO yAaleHHHMH TOUYKAMHA», IPOSKTHPYIO-
IMEMHACA B «TOYKH cX0fa». Beckoneuno ynanenure Touxn IlonCeTe BBOZUI ¢ IMO-
MOmpI0 OpuHNAOa Koppeiammm HapHo, KOTOpHiT OH HasHBAll «IPHHEIATIOM
penpepuseEocTH®. PassmBag mpero HapEo o «KommiekcHO# Koppeasmumy,
Iloncene BBeJ MHAME® TOYKH NJIOCKOCTH M, B YaCTHOCTH, MEMMEE GECKOHEUHO
yiajeHHEEe TOUKH, KaK, HaIPEMeD, ¢NUKINYeCKAe TOYKH» — TOUKH, IpUHAJJIC-
Jamue BCeM OKPYKHOCTAM IIOCKOCTH; JBe KOHAKHA MOTYT Iepecedhcsi B Ue-
THPeX BeMECTBEHHHX MIM MHEMHX TOYKaX, a /iBé OKPYIKHOCTE — B JBYX Be-
MEeCTBeHHHX U B /IBYX OUKJIMIeCKHX ToukaX. IloHCene moKasal, 9To ORYCH
KOHHEHM ABIAITCA TOYKaMu HePecedeHHMA KacaTeJhHHX K Hel, IpoBeAeHHHX
u3 nuxkamgeckux touex. B xmmre Iloncenme mccaegoBanmer Tamske ¢IPOEKTHB-
HHE cBoiicTBa» mpocTpaHcTBeHEHX Quryp. Hapagmy ¢ mpoeKTmeHEMEA cpoiicT-
pamu Pmryp Ilomcese BBen W «OPOEKTHBHO-METPHYECKHE» MOHATHA, B Ompe-
HelleHAXM KOTOPHX YYacTBYeT HOHATHe NJAHMHH (KaK, HamPEMep, ABOHHOE OT-
somen®e). Ha ocHoBe TmX moHATHH Da3smBaeTCA yIeHME O IPOSKTHBHHX
ceoffctBax mpAMuNMHEHHEX (Hryp (Ha OAOCKOCTM) M KOHMYGCKHX CeUYeHT
(raro9as TeopeMmul Ilackans m Bpmammomna).

C moMOmpBI0 MEHTPANBPHOTO IPOEKTHPOBAHEA MAOCKOCTHE Ha HAOCKOCTh BBO-
HUTCA MOHATHE IPOEKTMBHOTO COOTBEeTCTBEA (MaAm npeolpasoBamms) ABYX
mirockocreii, xkeropoe Ilorcene HasuBaeT 4aromorpadmeiis, a TaKske ompeReaA0T-
€A NpOoeKTHBHEE OPeoGpa3OBaHHA HPOCTPAHCTBA, B YACTHOCTH TOMOJIOTHH,
mpmueM 37ieCh MCIOJXB3YeTCA MOHATHE GeCKOHETHO yHalleHHOH MIOCKOCTH IMPO-
crpascrea. OcoGoe BHEMaHWe yeleHO NOAAPHOMY npeobpaszoBaHmM, ¢ IO-
MOINBI0 KOTOPOTO OCYIIECTBJIACTCA NPHMHNMO RBORCTBEHHOCTH, BHPAKAIOIIMA
PaBHONPABHYIO POJB TOYeK M OPAMHX Ha mirockoctu. Cam Tepmmu (principe
de dualité) npmmagaexer fHeproury, KoTopwit ocmapupanx vy ITorcene mepsen-
CTBO B YCTAHOBJEHHH 3TOTO 00mero 3akoHa B 0G0CHOBall €ro BIOCIeICTBHH
B pa6ore «0 HexOTOPHX OGMEX 3aKOHAX, YHPABJAANMHKX JINHAAMH H HOBEpX-
HOCTAME BcexX mopaxpkop» (Sur quelques lois génerales qui régissent les lig-
nes et les surfaces de tous les ordres.—Ann. Math., 1826 —1827), y:xe ne npn-
Geraa X MOASPHOMY COOTBETCTBHIO, 4 HCXOJA M3 HAYANBHHX MOJAOMEHHH Ipo-
eKTHBHOM TeOMeTpHH.

Taxmm o6pasoM, TpakxTtaT IloHCeNe IpABEN K 3aBePMIEHAI0 IPONECca MEPBO-
HatansEOTO POPMEPOBAHHMA NMPOEKTHBHOR reoMeTpmu. D BmaAmjen mpegmer
970 HAaYKHM M YCTAaHOBIEHH OCHOBHEE €€ IOHATHA, 3aKOHH W BajkHeHImme Teo-
peMEHl, HOJy4eHHHe IpPEMeHeHWeM CHATeTmIecKoro meroxa. Ommako B onmpe-
HelleHAX [BOWHOLO OTHONIEHAS COAeP:Kaloch MeTPAYeCKoe MOHATHE JAIWHE
OTpesKa.

3 Poncelet J. V. Traité des propriétés projectives des figures, ouvrage utile & ceux qui

s’occupent des applications de la %eométrie descriptive et d’opérations géométriques
sur la terrain. Paris, 1865, p. 4—o5.
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ABAIHTHYECKAA OPOeRTHBHAA reoMerpEa M@dmyca m ITmoxrkepa

C xomma 1820-x rogos mpoGaeMH TPOGKTABHONR reOMeTPHH HA IPOTAKEHAH
TOYTH HOJOBWHH CTOJeTHS CTAHOBATCA NEHTPAJHHEIMH HJAA PAA HEeMOIKHX
reoMeTpoB — A. . Mébmyca, fI. Ireiimepa, IO. Ilmwoxkepa, O. Tecce,
X. Ilrayara u Apyrux, oO0begmHeHHERX y4actmeM B «/Hyprane Kpeaae»
(Journal fiir die reine und angewandte Mathematik). Bo ®pangun B o6anacra
npoeKTEBHOM reoMerpuu paboranm K. B, Iloucexne, M. JI. Meprorr, M. Illaas
H p., B Auramm — A. Heam, [[;x. CaasMom m fp.

CunTermdecKmii MeTox OGN TaKk TecHO cBfA3adm B paGorax Ilomceae, Illreir-
Eepa m [lana ¢ caMmM mpegMeTOM OPOEKTHBHOR reoMeTpmm, 9TC €e HOPEAKO
HaSHBAIH CHHTeTHIecKo# reomerpmeii. OfHAKO Y)Ke BCKOpe, HaumHad ¢ pa-
6ot Mébuyca u IInoKKepa, B IPOKTHBHOA reoMeTPHH HAYANOCH MPUMEHEHUE
H AHANATAYECKHEX MEeTOHOB., JTE METOAH CTalM IOXY4aTh Bece Golnpmee pacmpo-
CTpaHeHHe, X0TA Y IeOMETPOB HePeAKO BO3HEKAJNM COMHEHWS B IPaBOM@PHO-
CTH BBeleHMA OFHOPOAHHX KOODAMHAT, MOCKOJBKY IPH 9TOM HCIOJB30BANNCH
He IPOeKTHBHEE IMOHATHA.

OpBopoiEKe KOOPAEHATH, MO3BOJANIEE XaPaKTePH30BaTh M GECKOHEUHO
yAalleHNHe TOYKH ONOCKOCTH, Ohmm mmemenH B 1827 r. Mé6mycom, mpmroM
BechbMa CBOeo0pasHRM cHoco60M, OCHOBAHHEIM HAa MOHATHEAX CeOMETPHUYCCKOM
cratrku. Hesasucumo or ME6myca u mouTH OZHOBPEMEHHO ¢ HAM ONYGARKOBANRA
csoz paGor Kapn Buapreasm ®eitepGax (1800—1834), 6par dmaocoda Jlwon-
para Qeiepbaxa, B Tepmanum u 9. Bo6mase (1797—1832) o ®pannnm, B Ko-
TOPHX TO{¢ MCIOJbL30BAIHNCh OFHOPOHEE KOOPAZHATH. MK OCTaHOBHEMCA CHA-
Yajla Ha pAasBETEH IOPOECKTHBHOH TeOoMeTPHE <aHaaWTHKaMmy — MéGmycom
z IImoxkepom, a 3aTeM mHepeifieM ¥ HAeAM H Pe3yAbTaTaM (CHHTETHKOB) —
Ireftmepa u Mlans.

Asrycr ®epmunangy Mébuyc (1790—1868), cur yaureas tannes B Mlyann-
dopre, B CrymeHdYecKme TONE CAYIIaa JNeKmum l'aycca mo acTpoEoMen B I'é7-
TEHTeHCKOM yHmBepcurere (1813—4814) m ¢ 1816 r. paborax crasana acrpo-
noMoM-HaGoaTeneM, a sareM gapexropoM IlneficerGyprexoi acTpoHOMHEIEC-
Koit o6cepsaTopmm B Jlefmnure. Ilosgnee or Grll ogHOBpeMeHEO Mpodeccopom
MaTeMaTHKH B YHEHBEDCHTETe,

Mébuyc omyGamrosan GoabImoe KOJMYECTBO OTHEJBHHX paGoT m 3aMeToX,
CONtep;KamEX meHHHe W KPacHBHe MaTeMaTHYeCKHe De8yABLTATH, JBYXTOMHO®
«Pyxosopcreo mo cratuke» (Lehrbuch der Statik. Leipzig, 1837) u supgaiomyio-
ca no GorarcTey rayGoxmx mMaTeMaTmeecKEX mielt xumry «BapmEOeETpHIecKOe
ncumcaenne» (Der barycentrische Calciil. Leipzig, 1827). Hassanne xaurn Mé-
fryca CBA3aHO C BBOZUMHMHA B Hell «6apHmeHTPHIeCKEMHA KOOpHRAHATAMMD TO-
9eK: eClH IOMeCTMTh B BepmuHAX (mxcuposaHHOTO TpeyroxpHEKa E,E,E,
MacCH m,, My, M3, TO NEETP TKecTH (¢«CapEOEHTD») BTHX MACC MOKHO XapaKTe-
PUB0BATEH YNCIAMHA My, My, M4, OOPefleIeHHEIMA ¢ TOYHOCTBHIO RO 0GIIEro MHO-
MUTensl. OTH YHCIa, HA3HBaeMEe «GapUNEHTPAYCCKEMH KOOPAEHATAMHY,
OPeCTAaBAAIT coGo# YAaCTHHEA clydail OJHOPOAHHX KOODEHMHAT ToYeK. Ecam
CIATATh MACCH My, M,, Mg OONOKATCIBHHMHE, STH KOODAWHATH ONpeHedeHH
TONBKO IJifl BEYTPeHHAX TOUEK TPEYrOJbHNKA; 06Gparme dio B HYAb OFHOM Koop-~
JABHATH COOTBETCTBYIOT TOUKH CTOPOH TPEYrOJIbHBKA, a M TOYEK MAOCKOCTH,
HaXONAMUXCA BHE TPEYroJAbHUKA, ClefyeT NPUIFCHEBATE XOTA GH OfHOR M3
Macc my, My, My OTPHNATENbHEE 3HATCHHAA.

B macroamee BpeMa OgHOPONHEE KOOPAMHATH TOYeK BBOJAT, BHOHpasa He-
KOoTopymo TOUKy S Bre miaocKoctd E,E.E; n Bampasaasa mo aydam SE,, SE,,
SE; BeKTODH €y, €,, ;. IIpor3BoapHEi BeKTOP M NPOCTPAHCTBA MOIKHO IIPeX-
CTABHTh B BHAE CYMMH me; + mge, + mgye;. OXHOPONHEIME KOOPRAHATAMHA
TOUKH IIOCKOCTH SABAAIOTCA KOSQPHOEMeHTH pasnoeHdAs m,, My, Mgz OPOHB-

37



A. . MEBHYC

BOJABHOTO BeKTOpPa M, EaOPaBleHHOro mo aydy SM, mo BeKTopaM e,, €,, €j.
BapnnensTprdeckne XoopauHaaTs MéGmyca MO3KHEO PacCMaTPHEBATh KAK IPOJeb-
EHi caydYail TaAKHX KOOPAWHAT IPH YHaJeHHNH TOYKA S B 66CKOHeYHOCTE; B 9TOM
CJIydae BEKTOPH €, €,, €3, HATIPAaBASHEHE I0 HapPaiebHEM IPAMEM, TPOXOHA-
muM deped T0uk® E,, E,, E,, crefyer paccMaTpHBaTh KaK CKOJB3sAMUE BOK-
TOPH, B KOOPEAHATEHL My, Mgy, Mg AMEET TOYKA HePece9eHHA NIOCKOCTH C JIHHE-
eff CKONB3AmMET0 BEKTOPa Mmje, - mqe, + Mmye;, SKBHBANEHTHOTO CHCTeMe
BEKTOPOB, OTAMYIAIOMUXCA OT BEKTOPOB €, €5, €3 MHOMKUTEIAAME My, Mg, Ms.
Auanoruysne GapmimeHTpmiecKre KoopxmHATH MéGmyc ompefieaser m B Opo-
crpaHCTBe ¢ moMompio TeTpasapa E,E,E E,. C moMompio OfHOPOAHHX KOOP-
AWHAT MOMKHO XaPaKTe€pPH30BaTh He TOJbKO OOHYHEE TOYKHA HMIAOCKOCTH, HO H
6ecKOHEeIHO YHaJeHHEe TOIKHA MAOCKOCTH IPH ee KOMOJHeHEH KO NPOSKTHBHOMR
miockocTH. B cayvae 6aprmeETpHIecKHX KOOPEMAAT KoopAmHAATAMA GeCKOHOT-
HO ynajieEHOH ToukH npsamoil E,E, ABNAIOTCA 9ACHA M, —M, a RIA TOJTYIeHHAA
GecKoHe4HO yHalleHEOA TOYKH NPOM3BOALHON mpsaMoik, mpoxoxameii 9epes T019-
Ky E;, cmemyer HaiiTm TOUKY E, ee mepeceduenus ¢ npamoit E,E; n, moMecTHB
B Toury [E, NpomsBOMBHYIO Maccy, CliefyeT IOMeCTHTh B Toukm E,, K, raxme
JiBe MACCHl, 9T0 UX GApHIEHTPOM fABIAeTCA TOUKa F,, a CyMMa Macc B TOUKAX
E,, E, m E; paBEsieTca HYIIO,

BapenerTpudeckue KOOPAEHATH Ho3soaman Mébuycy chopMynnpoBaTs me-
aui pap apPmEHHX B OPOEKTHBHHX CBOMCTB ILIOCKHX X IPOCTPAHCTBeHHHX
¢uryp. B ¢cpasu ¢ 2TUM gEaUFTONBHEAA YacTh «BapEnerTpEYeCKOTO HCIRCACHEA)
mocsAmesa apPuENEM B ODPOGKTHBERM Ipeofpa3oBaBmAM, KOTOpPHE OH BOOp-
BHe 3a0Mca] aHANATHYeCKH B OXHOPONHHX KOODAMHATAaX, a Tare mpeoGpa-
80BaHHAM HOKOGHA m msomerpmieckmM npeobpasopammaM. To, 4T0 MK Ha3h-
BaeM reoMeTpmiecKmM nmpeoGpasoBaHmeM, T. . B3aUMHO OHO3HATHOE COOTBOT-
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cTBHe MO:KIY ABYMA ¢ErypaMs mam ofaacTAMu npocTpaHcTea, Mébmyc mMmeno-
pan «cpopcreom» (Verwandschaft), Boamomso, mox BamaameM 3inepoBcKOToO
tepmena 4affinitasy (cm. UM, 1. 3, c¢. 168). APdmrnoe mpeoGpasosarme Mé-
6uyc mMeEOBaN ¢adPuBEHEIM CPOXCTBOMP, EAHA 4aPPHEHAATETOM», 4 MTPOEKTHBHO®
npeoGpasoBarEme — Hambonee obmee mpeoGpa3oBaHme MIAOCKOCTH, IPA KOTO-
POM TOUKH, NeKamde Ha OFHOHR mpAMoi#l (KojXnmEeapHHe TOUKH), MEPEeXOIAT
B TO0uKm, obJagajomue TeM e CBOHCTBOM,-— ¢KOJIIMHEADHHM CPOACTBOM?,
BIE ¢KoanmEeanmei», KOHTpy3HTHEe cHCTeMH TOYeR, CAGAYA aHTHYHOHR Tpa-
muqmp, Mébmyc Ha3HBaJ PaBHEIMH H HOROOHHEIMH, MPpmYeM paccMaTPHBAl HE
TONBKO TaKMe KOHTPYOHTHHE CHCTeMH, KOTOPHe MOKXHO COBMECTHTH He-
OpepHBHEEM mpeo6pasopaHHeM, HO # Te, KOTOPHE IOAYIalTCA APYT M3 gpPYyra
SepKAIBHEIM OTpa)keHEWeM OT miocKoctm., MEGmyc mOoKasan, He HpPHBIERad
MeTPIYeCKHX INOHATHHA, 9T0 KOJAAMHeAMH Ha IIOCKOCTH OIPeIeII0TCA IPOu3-
BOABHHM 3aJaHMEM JBYX COOTBETCTBeHHHX JeTBEPOK TOYeK, M3 KOTOPHX HH-
KaK@e TPH TOUKHA He KOJAMHEaPHEH (B IPOCTPAHCTBE — HABYX aHAJNOTAYHEIX Ifi-
TEPOK TOYEK).

Tecno cpasaHpas ¢ GapENEHTPIIECKAM HMCYACICHHAEM TEOPHA CKOJb3AMMAX
BeKTOpoB B (opMe MeXaHHIECKEX CHJ ABIAETCA IPEJEMETOM YIOMAHYTOTO
«PyxoBojcTBa mo cratmKe» MéGmyca, Tax:e BeChMa HACHINEHHOTO TeOMeTPH-
9eCKEM MaTepmalioM. B wacTHOCTH, 3JileCh PacCMaTPHBAJACH HYAb-CHCTEME —
coenuajpHEE CIAY9aM KOPPelfTHBHHX mpeofpasoBaHmii IpPOCTpaHCTBAa, mepe-
BOJIAIAX TOYKM B INIOCKOCTH, IP¥ KOTOPHX KOJJIHMHEAPHHE TOYKH IePeXOmAT
B ILIOCKOCTH, IPOXOANHe Yepes ONHY OPAMYIO; HYJIb-CECTEMH — IpeolGpa3o-
BAHHESA TAKOTO THIA, IPHA KOTOPHX TOYKHE IHePEXOOAT B INIOCKOCTH, IPOXOAANA®
90pe3 5TH TOUKH,— CHAEAYIOT IO IPOCTOTE 3a MOASPHHMHA Ipeofpa3opaEunsaMm,
T. €. IePeXOaMH OT TOYeK K MX MOJAPHHM MAOCKOCTAM OTHOCHTEABHO IOBEPX-
HocTelt roporo nopaxxra. Jlo Mébuyca Hyap-cmCTEME pacCMAaTPHBANECH HTANB-
AuckuM reoMerpoM Iasrano Jopmmernn (1795—1874) B paGore «0 HeroTO-
PHX cBolicTBaX miockocTei Momentom» (Sopra alcune proprieta de’ piani de’
momenti.— Mem. Soc. ital. sci., Modena, 1828).

IIpm maMemeHEH® OTpPe3KOB, miaomanei m o0peMoB MéEGmyc crcTeMaTmIecKH
TI030BAJNICA MPHENMIOM 3HAKOB, CBASHBasA 3HAK ¢ COBOAJleHMEM HJH HECOB-
majeHmeM HampasdeHEA 06X0/1a m3MePAEMO BeIMINEL ¢ IPEefBAPUTEABHO BH-
OpamEEM <«mONOMcHMTeNHHEIM?» HanmpasieHEmeM. BiaarogapAa sToMy OH BOEDBEIe
Kadl MOJIBYIO TeOPHIO ABOMHOTO OTHONMEHHMSA YeTBEPKM TOYEK HA IPAMOE H jo-
KasaJ er0 MEBAPHAHTHOCTEL HPH IPOEKTEBHHX MpeofpasoBaHmAX.

MébGmyc BmepBHe BBEJX B PACCMOTpeHHe YHEKYPCalbHHE KPHBHE (KOOpZH-
HaTH KOTOPHX 3afanICcA panuOHANHPHHMA (yEKNuAME mapamerpa). Haszsa-
Hpe 9>THX KPMBHX 00BbACHAETCA TeM, 9T0 Ha IPOEKTHBHON IIOCKOCTH DTH KPH-
BHe MOKHO IIPOBECTH ONHAM POCIePKOM mepa. B wacrnocrm, Mé6nyc Hamen pa-
OEOHAJBHEE IapaMeTpAIecKHe IPeACTABIeHNA KOHMTecKnX ceyenmit. Ha arom
OyTH OF BHePBHE PacCMOTpe] NPOCTPAHCTBeHHHE KPHBHE TPETHero MOPAKKA
¥ B3yYmaI X CBOcTBa.

IOnmyc [aorxep (1801 —1868), ypomenen JusGepcdennga, yImicsa B yHE-
pepcuTetax Bouma m ITapmxa, samuTEn ZJOXTOPCKY® gHEccepranuio B GoHHe
B 1825 r. C 1828 no 1831 r. or — sxcTpaopAEHAPHEIE npodeccop STOTO YEHBED-
cmreta, a ¢ 1832 mo 1834 r.— BepamAECKOro yEMBEpCHTETa, KOTOPHH OH IOKHE-
Ay, TaK Kak mogBeprcA HamajkaM mocixegosarteneit Illteiimepa, oGeperapmux
YECTOTY CHETeTHIecKoro MeToma. B 1836 r. on moayumn opammaprylo mpodec-
cypy & Boune no gpym xadenpam — mMaTeMaTMKM m (MBHMKH, ¥ ¢ 3TOTO BpeMeHH
ero Hay9YHad JeATeNbHOCTh AKTMBHO IMPOTeKajka II0 3TEM JBYM HaIDABIECHAAM.
Tak, B ofaacTe ¢m3mrm eMy IPHHANICKAT TaKHe 3aMeYaTeAbHHE OTKPHITHSA,
KaK ofHapy:xeHEe ABIEGHHEA KpucTaaaoMargernaMa (1847), maysenne cIeKTpoB
sEeKTpEIecKux paspaxoB (1857), a mcciepysa paMAHEMEe MarHATHOTO HOAA HA
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10 THIIORHEP

Pa3pAAH, OH MOYTH BIJOTHYIO MOAOMEN K OTKPHTAI KAaTOMHWX Jydeil, 3aBep-
mMeHHOMY eIo yueHmroMm I'mrropdom. Opmaxo mamfoiee 3EaunTeNbHHE ero jo-
CTIJKEHWs B TeoMeTpmm. Eciaum B CBOMX pamHBX palorax, OPOROIKAL, UCH
$paHOy3CKEX TreOMeTPOB, OH IPOBOAHT HCCHEEOBAHMSA CHHTETHYECKHEM MeETO-
noM, To yxe ¢ 1828 1. mEIpabaTEBaeT CBOH «aHAIHTHKO-TeoMeTPEIECKHIDd
MeTOJ.

OcHoBHEHE Hiiem E pe3yabTaTH IINIOKKepa H3JI0MKEHH B IATH CIHEMYIOIIEX
6onpmux Tpymax:

1. «ABammTEKO-TreoMeTpHIECKEe HCCIefoBaHEA» (Analytisch-geometrische
Entwicklungen. Essen, 1828—1831).

2. «CucreMa aHanmMTAYECKOH reoMerpmm (Ha maockoctam)y (System der ana-
lytischen Geometrie. Berlin, 1835).

3. «Teopua anre6pamdeckux KpmsuX» (Theorie der algebralschen Curven.
Bonn, 1839).

4, «CmcreMa aHaJWTRYECKOH reoMeTPEM B LPOCTPAHCTBE B HOBOM aHAIA-
THIeCKOi TpaKToBKe» (System der Geometrie des Raumes in neuer analytische
Behandlungweise. Bonn, 1846).

5. «HoBasa reoMeTpma IPOCTPAHCTBA, OCHOBABHAS HA PAacCMOTPEHHE IpA-
MOE Kak daeMenta mpocrpauctBa» (Neue Geometrie des Raumes gegriindet
auf Betrachtung der geraden Linien als Raumelement. Leipzig, 1868—
1869).

B «AmaamTuro-reoOMeTPHUECKEX HMCCIeHOBaHUAXY IINIOKKED B OTAHMIHAE OT
Mébryca BBe;m COBepmeHHO 00mPe ONHOPOAHHE MPOEKTHBHEE KOODAAHATH
HA OI0CKOCTH, IpHYeM IyTh BBefeHuA Gha unkiM. C aHaNIuTATZECKOHR TOTKE 3pe-
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HYEA 8TO MPOCTO TPH HE3ABACAMEE JAHEHEKE OHOPOXENE YHKINA TPeX NeKap-
TOBHX OJHOPONHKX KOOPAEHAT TOUEK, 3aflaHHKe ¢ TOYHOCTHIO 10 06mero MaoO-
mureasa., C reoMeTpmyecKoil TOYKM 3peHms, Kak moKasan Ilmioxkep, atm Tpm
9HCIA &, Xy, &3 NPONOPHACHANBHH (C MPOM3BOABHHM Koa(pdHomeHTOM mpo-
HOPIHEOHAJBEOCTH) PACCTOAHMAM A0 CTOPOH IPOU3BOJABHO 3aJaHHOTO TPEYT0J1b~
HAKA, H3MEPEeHHHM KayK/I0e CBOeH eIEEmMIeR JAuHL. JTH KOOPIHHATH HOJIYIH-
Im HASBAHEE (TPEYTOJBHHIX», WIKR (TpmimHeHHHX». Amajormuno B «Cmcreme
aHAJMTAYECKOH reoMeTpum B mpoctpaBcTBe» IlIIOKKED BBl B OJHODOAHEIE
NPOEKTEBHEE KOOPAMHATH B DPOCTPAHCTBE. .

Ananprmueckuii MeTos; o6ierami onepupoBaHue ¢ 6eCKOHETHO YHANCHEHMEA
H MEMMEHIMY 9JIEMEHTAMK H €CTeCTBEHHO NPABEN K BBeNeHHI0 IIMI0KKepoM Im-
HeHHHX KOODAHMEHAT, T. €. KOOPAKHAT NpAMOi auEru. Ecau ypasrenze mpamoir
uMeeT BHJI U;T; | U,Z, 1 Ugxy = 0, To Tpoitka umcen (u,, u,, uUg) ®m Gymer
NuHeHHHMEA (AIA TaHTeHOHAJBHKIME) KOOpAMEHATaMu dTOM mpAmoit. Paccmar-
pHBas 3TO ypaBHEHHEe KaK YCJIOBHE TOro, ITO NEpPeMEHHAs TOUKa (T;, Z,, Tgp
IeRAT Ha PukcmpoBamHoil npaAMol (u;, U,, Us), HIH KaK YCIOBHE TOTO, ITO
nepemernas upsaMmad (i, U,, U;) TPOXoAWT depe3 PUKCHPOBAHHYIO TOUIKY (&,
Z,, %), Ilmioxkep cpasy DOJAYYIMJ HB CHMMETPHM BRIP&KEHEA UyT; - UsTs -
-+ ugzy ob6ocmoBamme upmuumna paBoficTeenmoctu Ilomcene — Hepromma.

Cxomanm o6pasom IlnoKKep BBES KOOPAMHATH HJAOCKOCTH B IMPOCTPAHCTBE
7 060CHOBAJ IPUNINN ABOHCTBEHHOCTH B IPOCTPAHCTBE, B KOTOPOM TOIKE COOT-
BETCTBYET IJIOCKOCTB.

B cBomX reoMeTpmIeCKAX HCCIEJOBAHMAX OH ¢ GONBIIMM MCKYCCTBOM LPH-
MEHAET MOTOJl COKpAaIIeEHNX 0603HaTeHEH, 0 KOTOPOM ME TOBOPWIHA BHIIE.

Cymecrpenno HOBoi mpueeii, suecernoil IlnI0KKepOM B reoMeTpHIo Ha aHa-
IMTHYECKOM LYTH, SBJIsETCA BOEPBHe YKasaHHASA W OCYIIECTBIGHHAS MM BO3-
MOKHOCTh IPMEMMATE B KadeCTBe 3JIeMEHTOB IPOCTPAHCTBa BMECTO TOYEK JDY-
Ide reoMeTpEUecKkme o06pask, HanpEMep NpAMEeE, OKpyRHOCTH W T. 1. Ilpm
5TOM eCTeCTBEHHO BOBHMKAT MHOTr006pasms 60npmmx m3Mepenmil (HampuMmep,
MHOrooGpasme OKPYKHOCTEH Ha IIOCKOCTA AMEET TPH H3MEPEeHUs , MEOr006pasne-
cep — dermpe, Mmumoroobpa3ue mPAMKX B DPOCTPAHCTBE MMEET TOMKE ICTHPE
paMepeEnA ® T. A.). lllects oZHOPOMHLIX KOODAHMHAT P;y = Z;Y; — &;; OpPA-
Moff IAHEE B DPOCTPaHCTBe, MPOXOAAIMEi depe3 TouKm (Z;) u (Y,;), CBABAHHEX
ONHEM KBaJpPATHIHEIM COOTHONIEHHWEM, OOJYYMIH BUOCJIEICTBAM Ha3BAHHO
(ONIIOKKePOBEIX», XOTA eIle paHbOIE OHE GHIU BBeleHH ['paccMaHOM B «Y YeHUR
o nmmeiinoM upotmmenumms (1844).

Basxumit skaan Ilnoxkep BHec B o6yl Teopuio maockmX airefpamuec-
KEX KPHEBHX BHCITHX DOPANKOB M B TEOPHIO reoMeTpuuecKnXx npeobpasoBapuii,
0 ueM GymeT rOBOPHTHCA HEKE.

CunTeTnueckan npoexrannas reoMerpusa Ilreiimepa m Maan

Hamnbonmee KpynmeHii BRIaJ] B pasBATHE IPOCKTHBHONA TeOMETPHH CHHTe-
rpecknMu Metonamu nocae Iloncene saecau Illteitwep m llans. Pa6orat IllTeit-
Hepa NOABMJINCH UEePBHMHE, a NO3IHE® Pe3yabTaThl 000MX reOMeTPOB HEPeaKo
TepeceKalnch,

Axo6 Mlreiimep (1796—1863) pommacs B cembe mBemapckoro macryxa m
OKOHYMI HAYaAbHYI WMKOay B 1815 r. Yeiaexkmucs pedopMaTopcKuMH meyaro-
rEYeCKEMA mesAME cBoero yuwreasa Ilecrasomuum, oH HeKOTOpOe BpeMsa pabo-
TAJ YIUTENEM B €r0 mefarormiecKoM MHCTHTYTe, a 3aTeM mepeexad B Leitgenn-
Gepr (1818—1821), rne uayqaxn raasusM o6pasoM paGoTH ¢pammyscKux reo-
MeTpoB, 3apabaTHBasA Ha KH3Hb JacTEWME ypokamn. Illteiimep monarax:, 9ro
TeOMeTPHIO Jydine BCEro MOJKHO LOCTHYH, HAUDPA'KEHHO PA3MBINIAA, IyTEM
cosepranma BooGpaskaeMux o6pasos. OH oTBepral Ee TOJBKO DPAMEHEHNE all-
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re6pH B aHaAm3a, HO M Yeprexn. Marepec k megarornke Ilecramonue, BosHAK-
muit B Bepnimme, no6yann IMrefinepa mepeexars B Bepaun, rae oH moxyamn
JOJKHOCTD YYHTENsA, ¢ GONBIIAM YCIeXOM BeJI MpPeIofaBaHA® M HHTEHCHBHO
3aHAMAJNCA HAYYHHMH HCCJIEJOBAHMAMA, moMemasd B sKypHade Hpeane csom
pa6oTH, HaumEAA ¢ IEePBOro roffa ero maganus (1826 ). Ero ocHoBomonararommit
Tpyx 6 ony6amxosan B 1832 r. B 1834 r. Mreiinep 6ua m36pan 3 Bepamn-
CKyI0 arageMui0 HaYK, a T'OX COYCTA HOJYYWI HPUIJIANICHAe HA TOMKHOCTH
upodeccopa B Bepamucruit yRuBepcuTer. B mocaenume rofu Xxu3um OH, 3aHu-
Masach anrefpamuecKoii reoMerpmeii 06pa3os BHCUIET0 NOPAIKA, HOPOXKO Iy(6-
JTUKOBad TOAbKO GopMynupoBKA TeopeM 6e3 qoxasarenbeTB u 668 yKasanmil Ha
HCTOYHMKH, KOTOPHIMH TOJb30BANCH.

Cornacno samucay Illteiimepa, cmCcTeMa MPOGKTHBHOM reoMeTpumM MOMKHA
OHTH pa3sBmTa ¢ NOMOUIBI0 IIOCJAEIOBAaTEILHOIO mepexona or (Gojee ITPOCTHIX
HaYaJbHHX IMACHAHX reoMerpmdecknx opm K dopMaM Gomee CIOMHEIM, a 3a-
TeM IyTeM MCIOONb30BAaHHA NPOEKTHBHHX 3aBHECHMOCTEH — H K o6pa3am Gonee
BHCOKAX HOPANKOB. JTH MJeW HBJI0KEHH MM B €ro OCHOBHOM coummenmm «Cm-
CcTEeMaTHIECKOe Pa3BHTHE 3aBHCHMOCTH reoMerpwdeckKux o6pasoB Apyr or gpy-
ra» (Systematische Entwicklung der Abhingigkeit geometrischer Gestalten
voneinander. Berlin, 1832). O6pasH meppoit CTymeHH — 3TO HPAMOJHMHENH-
HHA TOYeUHHH psfN, OyIOK OPAMHX, IYYOK IJOCKOCTeH; 06pass BTOPO# CTYy-
IeHAM — TOYKH U OPAMEE OXHOH NAOCKOCTH, CBS3Ka OPAMHX H INIOCKOCTe;
ofpasH TpeThbedl CTYmeHM — TOYKH M LJIOCKOCTH mpocrpamcTBa. [aaee ycra-
HaBJIWBaeTCA NPOEKTUBHOCTH OCHOBHHX 06pa30B mEepBOil CTYmeHM, XapaKTe-
pu3yeMaf pPaBEHCTBOM IBOMHOrO OTHOHICHHA COOTBETCTBYIOIOHX 3JE€MEHTOB,
KOTOpOe BBOJUTCA Ha OCHOBE MerpwdecKmx Beaduuu. IlImpoxo mcmoamdyercs
OPPHOAN ABOMCTBeHHOCTH. PacCMaTpHBaeTCA KOHCTPYKTHBHO® OCYIIOCTBICHA®
IPOEKTHBHLIX COOTHONICHHA € IOMOIOBLI0O HEPCHEKTHB, T. €. MPOSKTHPOBaHHMR
H CedeHMMH.

C noMompio [BYX IPOEKTHBHHX IIYIKOB NPAMHX HAa HICCKOCTH CTPOHTCH
ofpas BHCHEro nopAfKa — JAUHAA (MIHE PAM) BTOPOTO HOPANKA KAK MHOMKECT-
BO TOYGK HepecedeHdsi COOTBETCTBYIOMIUX Jydeil; CEATaja PACCMOTPeHA OKDYIK-
HOCTH, & 3aTeM STO HePeHOCHTCA U Ha o0muil caydait KonudecKoro cexenud. Ilo
OPAHOUNY [BOMCTBEHHOCTH BBOAATCA E o6pasH BTOPOro Kjaacca (OyY0K BTO-
POro mOPAAKa) HA IIOCKOCTH. B mrore psaisl 1 0y9Ku HePBOro MOPAIKE HOPOIK-
JAIOT pasaddanle PANH 7 OYIKH BTOPOro NOpAAKa (HaOpWMep, OTHOUIOJOCT-
HHE rAanepGoouI DOPOKIEH ABYMA DPOSKTHBHHMH OYIKAMHA IJIOCKOCTEH) H
OTKPHBaeTcA HOBHHA OyTh MCCHETOBAHMA WX DPa3noo6pa3HEIX CBOUCTB.

CymecrBerauM HegocratkoM pabor lllreitmepa ABAANOCH OTCYTCTBHE IOT-
KOr'0 NpHMeHeHHs NPUANANA 3HAKOB B ynoTpeGieHAS MAMMHX 3IIeMEHTOB.

B npoexrasnoi reomerprm lllreitnepa Gonpmoi yAeAbHHE BeC ATPAIA KOH-
CTPYKTHBHHE 3a1a9l, BHUIOJHAeMbHE ONHOM JUHEeHKOA AW AMHEHKo# mpy Ha-
IAYEA HENO[BMMKHOTO KPyTa. 3afadd STHX THIOB PABHOCHIBHH NOCTPOCHHIO
COOTBOTCTBeHHO pemleHMii JHHEWHOr0 H KBajJpaTHOro ypasHemmii. K sagasaM
BTOPOT0 THOA OTHOCHTCS HOCTPOeHWE HEHOJABIWKHHX TOYeK NPOEKTHBHOLO CO-
OTBeTCTBHA B UPAMONMHENHOM pAme Todex. Tar Kak 3aJadl Ha OCTPOEHHE KO-
HeTIHOI'0 IACAa TOUEK, Pa3pelldMule OPZE HOMOIM OUPKYAS W jJHHEHKH, ABIA-
I0TCA 3aJ]ladaM¥ 3THX ABYX THHOB, OTCIOJa BEITEKaer, 9TO BCAKAA TaKad 3afada
paspemdMa OpPH HOMOM(M ONHOH NAHEAKH ODH HaJWIMK HAaIoPIeHHOTO KDPYTa.
Tarue nocTpoeHENA, RaK MH BHAelH, paccMarpuBanuch JlamGeprom m Ilonceane
E ABJAITCA JACTHHM CilydaeM mocrpoeswit an-Dapabu, Aby-n-Badpu m Jleo-
Hapao Ra Bumau (cm. UM, 7. 1, ¢. 230, 323). Iram mocrpoeHnaM Grina HOCBA-
meHa cuenqumanbHaa KHAra Ireitmepa «['eoMerpudecKme MOCTPOEHHA, BHIIOJI-
HAeMHe TOCPeICTBOM HOPSAMOA JAMHAK W HemofpmkHoro Kpyra» (Die geomet-
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rische Constructionen ausgefithrt mittels der geraden Linieund eines fes
ten Kreises. Berlin, 1833).

Uz gpyrmx pador llreiinepa caegyeT yOOMAEYTEH ero paGoTy O reoMeTpH-
JecKEX MaxcmMyMmax m Mmammymax (J. fir Math., 1842), B koropoit, B Tacr-
HOCTH, IPEKPACHO UCCAEeI0BAHA 3I1eMeHTADHEIMA METONAM¥ H30mepHEMeTpHdec-
Kafl 3afjada, OJHAKO OTCYTCTBYET JOKA3aTeIbCTBO CYI[eCTBOBAHHA DeIIeHHSA,
moTpeGHEOCT, B KOTOPOM TOrma emie He Ona 3aMedenHa.

Mpmens IMans (1793—1880), 6ynyam crynesroM lloantexEmdecKoit mKo-
AH, eme 3acTal TOCJAeqHWe TONH IpemogaBaEds Momska W Ham@cax: TOrAa
pabory 06 ommomonoctroM rummepGonompe (1813). OgEako 3areM oH oromex
OT HayIHOH KUBHM, NOCENMJICS Ha PONWHE B IPOBHHIWHA H, 3aHABMHACH Gam-
KOBCKOH [eATeNbHOCTHIO, Ha)KHI Goapmoe cocrosimme. T0JBKO HOUTH depes
25 nert, B 1837 r., nosBmraca ero samedarensunii «cTopmaecknit 0630p mpome-
XOeHAA W Pa3BATHA reOMeTPHYECKUX MeTOJ0B», BHBBABIIAA MHUPOKHA ME-
TepeC M COXEP/KABIIWI TaKKe PAN OPUTEHAJIBHHX Pe3yibTaTOB.

B 1841 r. Mlans monyunn opodeccypy no Mammpocrpoennio B Ilonmrexun-
geckoif mxoxe, a ¢ 1846 r. gnsa mero 6uaa cosgana B Copbonme Kadexpa BEIC-
meit reomerpur. B 1839 r. Illanp 6uax m3bpam wiemoM-roppecuorfenToM Ila-
pWHKCKOH akafemum Hayk, a B 1851 r.— aragemuxom. B CopGonme mavanach
0co0eHHO MHTEHCHBHAS er0 HayYHAA M meJarorwdecKasl NeATeAbHOCTH, NIHB-
masaca Goxee Tpugmatu aer. OoyGnakosaB pAx pabor m «Tpakrar mo BHCHIeH
reoMerpum (Traité de la Géométrie supérieure. Paris, 1852), om cran on-
HEM K3 BefymuX paHIy3CKHX reoMeTPOB. TeM HempmATHee GHIIO I0J0KEHAE,
B KoTopoe oH moman B 1860-x romax. METepecysachr mcropmeit naykm, Illaxs
mproGpen y O{HOro 1WA OPATHHAJ HemsBecTHOro mAchkMa Ilackansa, B KoTopoM
TOT AKOGH mpefBocxmman Teopmio TArorenus HrloToma, a rakike HeKOTOpHe
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ApyrEe crapumaie pykommcm. Ilans cran ny6auMKOBATH CEHCATIMOHHHO BH-
nep:xxu ms EBX B «Comptes rendusy [lapmwreroil akageMun HayK, BH3KBaBOIAEG
Bce onpIiee HeNOYMEHNE ¥ BO3PAKEHHA B yueHOM Mupe. Yepes HeCKOIBKO JIeT
BHACHANOCK, 4T0 lllaab cran skepTBO# JIOBKOr0 MOHIEHHHWKA: SKCIEPTH3A JIO-
Kasaja, 9T0 BCe DNPOJAHHEE HOCAe[HEEM XOKYMEHTH — TOMeIKA,

B cBoux mayumnix Bccaegosamuax llans caemoBan TpagmnuaM fpasmys-
CKHX reoMeTPOB, IPHMEHASA CHUHTeTHICCKHe MeToge. BoaMoskuo, OH mpmmren
K CBOeil cECTeMé OPOeKTHBHOM reOMeTPUH CaMOCTOATEAbHO, HE3aBHCHAMO OT
Hlreitnepa, Ho B paGorax 9TEX aBTOPOB MHOro ofmero. Tak, B ocHOBY ¥y 06omX
TOJOKEHA MHBAPHAHTHOCTH J[(BOHHOrO OTHOIIeHWA dYeTHPeX TOYeK NpAMOM
¥ 4eTHIpeX NpPAMHX NydYka, HasuBaemoro IlajgeM amrapMoHMYecKEM OTHOMIe-
HHeM, IPAYEM CaMO 3TO OTHONIEHHE TOKe BBORHMTCH C MOMOIILI0 METPHIECKHX
moraTmit. OxEakoe, mogobuo Mébmycy, lllans, paccMaTpuBas BeIHIMHN HAPaB-
JeHHHX OTPE3KOB, IETKO NOJB3YETCA IPHHIMIOM 3HAKOB, TAK ITO €ro TEOPHsA
mosnydaer Gosnee coBepmennoe m3no;kenme, ueM y lllreiitmepa. Korrdecknme ce-
gennsA Mlans, nogo6ro Mlreiinepy, n3ydaer, paccMaTpupas uXx 06pasoBaHHRIMHA
¢ IOMOINBIO ABYX IPOEKTUBHHX IYYIKOB MJIHW PANOB, HO B oTauyne or Ilreiine-
P2 HEPEeOKO TOBOPUT O reOMETPMIECKHX COOTHOUIEEHMHAX B MHAMMOH 00jacTm m
paccMaTpuBaeT BelleCTBeHHEIe JacTHE B Urypax Kak CIydaiiHo BHIEIHBHIAECH
w3 Muamvux. [lanp BBeX B OPOEKTHABHYI0 TeoMeTpuio o0Imee MOHATEE KOPpe-
JAOMY — KOPPEJATHEBHOTO Opeo0Pa30BaEMA NPOCTPAHCTBA, YACTHHIME CIY-
9JafAMHE KOTOPOT0 ABIAIOTCA TOJAPHOEe UpeobpasoBaHme M HYJIb-CHCTEMA, a TAK-
3Ke MORPOoGHO M3I0KHAJ TeOPHI0 KOJJINHEeANRil, Ha3HBaeMKX uM Bejaed 3a llom-
ceie «roMorpaduaMm.

44



X, OOH MITAVAT

OcolerH0 BaXKEYI0 PONs B PAaCOPOCTPAHEHHH HNTEpPeca K HPOEKTHBHOMR
TreoMeTPHM cHrpan yueOnEK Brcimeil reomerpum llans, a taxmxke ero «Mcropm-
gecKuil 0630p TPOMCXO/KAEHAA U PAa3BHTHS reOMeTpUIecKHAX MeTomos» (Aper-
¢u historique sur ’origine et le developpement des méthodes de la géomét-
rie. Paris, 1837), sHauaTensno Goabuie WONOBMHHE KOTOPOrO 3aHATO €ro OpH-
rEHaIBHEMEA 3aMerKaMu. HEuura odeHpr ckopo Obia mepeBefdeHA Ha DANX
€BPOIeACKAX ABHIKOB, B TOM dmcae Ha pycckmil. llaxp BuepBLle BHABAI POTb
MHOTAX IpemIecTBeHHNKOB COBPEMEHHHX YUEHHX B CO3/[aHAH IIPOEKTABHOM reo-
Merpum — Eprauna, [Tamma, Jesapra m gpyrux, npoasajusupoBaj CTaAHOBIe-
HAe¢ Y9eHHA O HOJAPHOM COOTBETCTBHMW, a TAK/Ke IPHHIMIOB HEIPOPHBHOCTH
A asoiicrBenHocTd. OH moKasan rayb6oKyi CBsA3b MEeKAY OTHEIBHEIME HCCIe-
HOOBaHHSAMH, NOAIEPKHYN €CTECTBEHHYI0 MHICIb, IT0 HOBHE OTKDHTHA HOXrO0-
TOBIIGHH TPylaMH mpepmectserEuKoB. Onnako Ilorcene u mexkoTOpHE ApyrHe
dpaEnyasckme reoMeTpH Berperunn keury llans mexpyxenwoduo, momaras, ITo
OH IPOCTO CTPEeMHTCA HPHHU3UTEL 3HAYeHWE HMX palbor.

MTayqr m ofocHOBaHAE ITPOEKTABHON reoMeTpul

B cepegume X1X B. mpouMcXOommau 0:KeCTOYeHHEE CIOPH MEMTY CTOPOH-
HOKAMHE CHHTOTHYECKOr0 M AHAIATHYECKOro MEeTOJ0B B NPOEKTHBHON reoMer-
pEBR, OGBEHEABMEMHE APYT APYT B CMENIeHHMH IPOGKTUBHHX M MeTPHYECKHX IO-
aATHil. JleficTBUTENBHO, OCHOBHOE HOHATAe, IPAMEHACMOe IPH CHHTETHISCKOM
H3JI0/KeHAH NPOEKTHBHOH TeOMeTPHH,— /BOiHOe OTHOIIEHHe deTHPeX TOYeK
npAMoO# — BBOJAIOCH ¢ IOMOIBbI0 PacCMOTpeHHA NIWH oTpeskos. G ppyroi
CTOPOHH, BBeJeHAe NPOSKTHBHEIX KOOPHUHAT TOMKE OCHOBHBAJNOCH HIHM HA
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DOHATHAX PacCTOAHMI [0 CTOPOH TPeyroibEmKa, Wil Ha §opMymnax, mpmme-
RFAEMHIX B CTaTHKe, HIM OCYIIECIBIANOCH HeCKOIBKO MHaYe, HO BCerna OHLIIO
CBABAHO C OIPHBJIEYCHNAEM IPAMOYTOIBLHHX MM KOCOYTOALHKX JeKaPTOBHX KO-
opOEHAT, OOpeNeleEHe KOTOPHX COREP/Kal0 MeTpuiecKHme NOHATHA. Tar Bo3-
HAKAa npoGieMa 0cBoGORMTE NPOEKTHBHYID reOMETPAI OT HOPAMECH MeTpH-
YeCKHX DOHATHIM, coflep;kaBIIelcsA B ee Hadajax.

Idra npobaema npuBnexaa spmmanwde [lltayara, m ra Tporamennmn pajga ger
OH BaHMMaJCH €10, JOOHBasCch B MTOTe CYIECTBEHHOrO UPOXBHKEHAA B CO31a-
HHEHU JACTO OPOEKTHBHOM reOMETPHH, He3aBHCHAMON OT METPHIECKMX HOHATHI.

Xpmcrmar ¢or HMlraynr (1798—1867), yposermen Porembypra, Bmxomen
m3 BHATHOH ceMbH, 6h, kak B Mébmyc, yuenmkom I'aycca, KoTopuit pampas-
IAx ero B o06JacTH acTPOHOMHME m Teopmu umcen. Illtayxnr paGotan cEadaxa

B BiopnGyprcxkoM ymmpepcmrere, 3aTeM B
~ Hiwopubeprekom nonnrexankyme, a ¢ 1835 r.
I0 KOHIA ;KH3HK OHI mpodeccopoM B Ipran-
reHcKoM YHmBepcuTeTe. B dpnanrene ox co-
CpeOoTOYRICA Ha BOIPOCaX reoMeTpau, 37ech
OH Hammcan KHUry «['eoMeTpHA mOJ0KeHH»
(Geometrie der Lage. Niirnberg, 1847),
HasBaHZe KOTOPOH TONUEPKUBAET IpPeeMCT-
BeEHOCTE ¢ Kuuroit Hapmo, m tpm «/lomon-
HeHHA K reoMerpum nonokenmsa» (Beitrige
zur Geometrie der Lage. Niirnberg, 1856,
1857, 1860). Ecim npoeKTEBHAA TeOMeTPHSA
Iloncene, Mébuyca, Ilawrxepa, Illansa
u Iltefinepa Grnura TeCHO CBA3AHA ¢ DIEMeH-
tapHOii, a TaKO0il IPOEKTHBELIT MEBaPHAHT JeTHPEX TOTIEK UPAMOM HIK IeTHPeX
HPAMEIX Oy9Ka, KaK [BOAHOE OTHONIEHHE OTHX YeTHPeX TOUeK HIM NPAMHX,
onpefeNAics Yepe3 OTHOMEHRAA JIHNE 0TPE3KOB HA IPAMON WM CHHYCOB YINIOB
MeIy NpAMEMEA myguka, To llrayary ymaaock ocBo60RUTE DPOEKTABHYIO Te0-
MeTpmio OT djemeHTapHO# reoMerpEd. B «Teomerpum momomkemms» Ilraynr
BBOJUT FaPMOHHUIECKYIO YeTBEPKY 9J1€MEHTOB He3aBUCHMO OT NOHATAA ABORHOrO
OTHONIEHHsA HAa UMCTO MPOSKTHBHOM IYTH C NOMOMbI0 MOJHOTO 4eTHPEXYTONdb-
HAKa, nam JeTipexcropopnuka (puc. 5). IIpoextusrmocts gByx $opmM mepmoit
cTyLleHH XapaKTepUayeTcsi cOXPaHeHHMeM rapmonmsma. UTOOH BHBECTH OCHOB-
HYI0 TeopeMy O TOM, 4TO OPOEKTHBHOE COOTBeTCTBHe JABYX 00pasoB mepsoit
cTyDeHH ONpeJesieTcsi TPOU3BOJIBHLM 3aJaHKeM ABYX TOUEeK COOTBETCTBEHHEIX
9JeMeHTOB, OH JOKashBaeT OPeIBaPUTEJbHO JeMMY O ABOHHHX TOUKAaX OBYX
OPOEKTHBHHX PANOB, NeKAMWAX HA OXHON OPsMOf, a KMEHHO, ITO YACAO JBOM-
HHX TOYEeK B 9TOM clydae He MOeT GHTH 6oabme IBYX, €CIH 3TO COOTBETCTBHO
HETOKIECTBEHHO; CiedyeT OTMETATH, YTO AOKa3aTeJbCTBO IPOBENEHO HEJoCTa-
TOYHO CTPOro, TAK KaK aKCAOMATHKA HEOPEDHBHOCTH B Te TOXH ellie Ho OHIa
ycTaHOBIeHA. [13 DTMX jeMMH H T€ODeMH BHITEKaeT SKBHUBAJEHTHOCTH HOBOTO
oupeneleHAs OPOEKTUBHOTO COOTBETCTBHA ¢ ompenedenmeM mo Hlreiimepy,
ONMPAIMUAMCA HA COXPaHeHHE NBOKHOrO OTHOIIEHUSA.

Hanee Ilrayar ompefenseT DPOEKTHBEHEE COOTBETCTBHA 0GPasoB BTOPOH m
TpeThell CTYyDeHel — KOJJXHeaNURB W Koppeasnwu. Hampmmep, KOJJIMEHeanns
OBYX OAOCKOCTed BBOJUTCH KAaK TOYEYHOE B3aUMHO ONHO3HATHOE COOTBETCT-
BHE, IPH KOTOPOM COXPaHseTCA UPAMOIHMHEHAHOCTH TOYEYHOro paAna. AmaJo-
THYHO ONPEeNeAAIOTCS KODPedANHH.

ITonaprTer BOensieTcss A3 KOPPEIAANRE ABYX IJAOCKHAX noJjel ¢ obmmM HO-
CHTelleM KaK CHenMaJIbHHM YacTHHH ee CAyIal.

Honmueckoe ceuenne (yYATHBAA B MEEMEE 00pa3nl) BBOARTCA KaK MHOMKe-
CTBO TOYeK, NPUHEANJIEKAMAX B 8aJaHHOM HONAPHTETe CBOMM mOJApaM. Ama-
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JIOrMYHO BBORATCA MOBEPXHOCTH BTOporo mopaaka. Ha aroit ocnose nposesiero
m3ydeHAe OPOEKTHBHHX CBOHCTB HeBHPO)KIEeHHEX 00pasoB BTOPOro MOpPAJKA.

Ha wmcro npoexrusroM nytu llrayar crasdT B cOOTBETCTBEE KaXKIOH TOd-
Ke IPOEKTABHOM UPAMOH HeMCTBHTEJBHOE UHCHO HMIU cuMmBoa oo. IlocTpoennme
TaKo# MPOEKTHBHOR IIKAJK OCHOBAHO HA TOM, 4TO apu{MeTmIecKHe oUepammm
z—2z -+ a 1 z— ar Ha OOKHYHOH UHCAOBOA TPAMOH MOKHO PacCMATPHBATH
Kak adpummmne mpeoOpa3soBaEMA M, CJEIOBATEeABHO, KaK YaCTHHE CIYIaH
OpPOeKTHBHEX mpeoOpasoBammii. IlosToMy, mOCTABHB MIOOHM TpeM PA3IHIHEIM
TOYKAM UPOEKTUBHOX DPsMO# B cOOTBeTcTBHe cuMBOaH 0, 1 B 0o, MOIKHO Raa
MOGHX IBYX TOYEK, COOTBETCTBYIOIIMX YUCIAM @ B b, DOCTPOMTh TOUKH, COOTBET-
crByromume unuciaaM a + b, a — b, ab m a/b, u, cienosaTenbHEO, TOUKH, COOT-
BeTCTBYIOIIME BCEM IEJHM M PAaNAOHAJBHEIM UHCJIAM, IOCIE Yero ¢ IOMOIIBIo
OpefeIBbHOTO Hepexoqa CTPOATCA TOYKH, COOTBEICTBYIIIHE MPPAIMUOHAJ BHEM
yucnaM. Ter camu IlltayaT eMor mocpeRcTBOM IMCTO HPOEKTUBHEKX OUmepammit
O8Th IMCTO UPOEKTUBHOE OUPefeJeHNe ORHOPOJHHX KOOPAHMHAT HA LIOCKOCTH
H B mpocTpascTBe. s 3aqaEns TAKAX KOOPAUHEAT HAa MIOCKOCTH, KAK DOKAa3aJ
Mlraynr, mocraTouro 3ajarh BepmuHE TpeyroasEuka K E,E; m HeKoTOpyIO
Touxy £, He nexxamylo Ea npaMux E;E; (B 9ToM caydae, DOCTABHB B COOTBET-
creue ToukaM E; m E; cumBoan 0 m oo, a ToOuKe mepecedenus npAMuX EE;
8 EE; cmmBon 1, Mu ompemenmM Ba mpaMoit E;E; UPOEKTHBHYI IIKady).
ARanormumo gias 3aaHMA TAKWX KOODAUHAT B OPOCTPAHCTBE MOCTATOYHO 3a-
JgaThb BepmuHH Terpasgpa E.E,E E, u Eexoropylo Touky E, He aexamiyno Ha
nnockoctaAx E,E Ey. Onpenenennoe IlltayaroM reoMerpmieckoe HCIHC/ICHHE
OIYyYW/I0 Ha3BaHWe «ucumciaenme pypdom»: caoBoM «Wurf», T. e. Opocox,
Mraygr masmBaer 9mCaa, KOTOPHE CONOCTABIAITCH NPOEKTHBHO MEBAPHAHT-
HEM CIOoCOG0M deTBepKaM TO4eK Ha npsamoii. Momkmo morasats, 910 Bypd co-
BIafaeT ¢ XBOMHKIM OTHOINEHMEM PacCMATPUBAEMO#H YEeTBEPKH TOYEK, HO CTPO-
roe OKa3aTeabCTBO 3Toro paxra camomy lllrayary BcaemcTBHe YUOMAHYTHX
OPHYEH HE yHajoch.

Onmpaschy Ea DOCTPOEHHE PAUKOHANBHOM CETH, BBelA ¢ TOMOMBID Bypdos
OPOEKTHBHELE KOOPAXHATH (€3 HCOOAB30BAEAA MeTpHiecKknX uonarai, llrayar
He CMOT, OHAKO, HOCTATOYHO CTPOrO ONpPEeenTh APPANUOHAJbHEE 3HAYCHAA
KoopamHaT. ITOT HefocTaToK 65T oT™MedeH | meupasien soociaencToun O. Kaeii-
BOM B pabote «O Tar maswmBaeMoii meesrampoBoit reomerpmm» (Uber die so-
genannte Nicht-Euklidische Geometrie.— Math. Ann., 1871—1872).

B «Jlonoasersnax k reoMerpru mojoxenusy ltaynr nokasas, 970 B MHEE-
MEle TOUKH, KOTOPHE PaHee BBOJUIACH IHCTO aHAJHTHIECKH, MOKHO oUpene-
JHATH CEETETAYECKA ¢ TOMOIMBIO 3JNIANTAYCCKUX MEBOJIONMEA HA OPAMOi, T. €.
HHBOJIOMMOHEHNX HPOEKTHBHEHX Opeo0pasoBaHUil OPAMOA, He HMEWIIHX Neii-
CTBHTENBHEX HENOABHKHHX TOUEK. 3aMeTHM, UTO DJIJMOTAYeCKAA WHBONIOIASA
BajaeTcA NefCTBATEIBERM 00pPa3oM, a MMEHHO [BYMs OPOHW3BOJBLHEIME Tapa-
MA RefCTBATENBHEX TOUEK, PasfedAIIAEME XPYr Apyra (XBoi#iHHE TOYKHA MH-
BOMIONMA OXHOBPEMEHHO TaPMOHHMYEeCKH [eiAT o0e 3TH maph Todek). UToOn
OTAMYUTE OMHY U3 TapH KOMIUIEKCHO-COUPSKeHHAX Todek ot apyroit, Hltaynr
OpeNJIOKAN 3afaBaTh Ha TPAMOA, HOCATEILHAIE HHBOJIONHHA, COOTBETCTBEH-

HO TO WJH [Pyroe HAaUpaBICHAE,

IIpoexTuBHAA reoMerpma Kamm

B Asramm passuTre UPOEKTHBHOR TeOMETPHHE CTAJ0 ONEPATHCA Ha aHAIH-

THYECKAE MEeTONEL.

Yoomarytiie samMm e yueounkm [3x. CanbMoEa 0 aHAJAATHICCKOR reo-
METPHE COJep/KaJl MHOTO MaTePHajia [0 HPOEKTHBHON TEOMETPHE, eMYy Ke
OpHEAJJIEKAT BechbMa HOOYJAAPHEE PYKOBOACTBA N0 ainreGpamdeckod reoMer-
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PUH KPUBHX BHICIIEr0 HOPsifKa A Teopmm mEBapmanToB: «I[aockme xpwBne
sucmax oopagkos» (Higher plane curves. Dublin, 1852) u «Cospemennas Bric-
masn anare6pa» (Modern higher algebra. Dublin, 1859). Caarmom BMmecre ¢
A. Roam m [I>x. CunbecTpoM, mo mpemEMymecTBy aarebpancraMu, COCTaBIANH,
KaK YKasHBalO0Ch, <HHBAPHAHTHYI0 TPOHMI(Y», HPOBBAHHYI TaK 3a mX paGoTH
0 TeOpHA AHBAPAAHTOB.

UcknoanrelbHO BaKEHE pe3yabraTh Owam momydeEn Aprypom Haam
npa paspaborke mM Teopuum anareGpamaeckux opM H KOOPAMEATHOTO M3JI0Ke-
HUA NpPOoeKTHBHOH reomerpmu. llocre ero reoMerpmuecKux HCCAeTOBaHHE CTa-
0 0CO0GHHO ACHKM NPUHENUOMANbHOE 3HAUYeHZE 060CHOBAaHUA INCTO IPOCKTHB-
HOH reoMeTpHH.

Kaau BBen B paccMOTpeHA® TaK HasHBaeMY0 IPOEKTHBHYI METPHKY B CBO-
eM «lllecrom Memyape o dopmax» (A sixth memoir upon quantics.— Philes.
Trans., 1859). W3 sroii pa6oTh BHTeKalZo LOCIe OmpPefeieHHHX IOMOJHeHHMH
m paspacuenuit D, Kneitma (1871), 410 He TOABKO eBKIHMIOBAa reoMeTpHUA, HO
W IPYTHe MeTPHYECKHe reOMeTPHH, Ha3hBaeMble HEeBRKIMNOBHIME (reoMeTpHH
JloGadueBckoro m Pumama) MOTYT pacCMAaTPHBAaTHCHA KAaK CHENHAIbHEHE BHIE
obmeil MpPOeKTUBHOH reoMETPHH, KOIIa UPOCTPAHCTBO JOMOJHEHO HEKOTODPHM
¢mKCcHpOBaEEEIM 00pa3oM BTOPOro MopAfKa — IO TepMupoxormm Hamm «a6-
coaoToM» (mogpoGHee 06 atoMm cM. HmKe). Ciegyer oTMeTHTH, 9T0 eme Ko K3-
au yuernk Mlana Igmon Jlarepp (1834—1886) B «3aMerre 0 Teopum forycoB»
(Note sur la théorie des foyers.— Nouv. Ann. Math., 1853) mamen upoex-
TEBHEY0 ($OpMY [asf BeJMIMHLE yrja Ha EBKAUOBOH IJIOCKOCTH: COTJIACHO
«bopmyne Jlareppa» yron ¢ Me;xny IBYMA UPAMEME BHPa;kaeTcA depesd JBOM-
Hoe otHomenme W 3THX NPAMHX H JBYX MHAMOCOIDSKEHHHX ¢H30TPOMHBIX
OPAMHX» (IPAMHX, COCNEHEAIOMAX TOIKY HePeceIeENns JAHHKX OPAMHEX C OUK-
JAYECKEMHE TOYKaMH IUIOCKOCTA DTHX HPSAMEX) COOTHOUIEHHEM

(P=-17-ID.W-

B 3TOM CMEIC/e IPOGKTHBEAA TeOMETPHA COXEPKET B cebe MeTpHYecKyio,
# T03TOMY OGOCHOBAaEZE €€ CIeX0BaX0 NPOBONHTH, ITOOH mM3be:xaTsh jormiec-
KOt omuOKH HOPOYHOrO KpPyra, He3aBHCHMO OT MOTPHUECKHX WOHATHH.

Cam Hoam wmabeman sTo#i ommulxu, pasBEBas OPOEKTHUBHYI0 I'eOMETPHIO
WHCTO aHaJMTHICCKM., HampmMeDp, OE Ha3uBal TOUKOH HA HICCKOCTH TPOHKY
gncen (z;, £, T3), Hé PABHHX OJHOBPEMEHHO HYJI W 33JaHHHX ¢ TOIHOCTHIO
0 ofmlero HEHYJNeBOro MHOKHATENA; AHAJOTHYHC ONpPEAeaANach MIpAMas
(uy, Ug, Ug). YCIOBHE PACHOJIOKEHMA TOYKHE HA NPAMOI 3aJaeTCs PaBEHCTBOM
ury + upry, + uzgzg = 0 m. I

JanbHelimee pa3BATHE MaTeMaTVMKH LHOKa3aj0 OPEeMMYIIECTBO aHAJIUTH-
YeCKAX MeTONOB B reoMmerpud. IecMOTpS HA BCIO KPacoTy [0KasaTeNIbCTB
HEKOTOPHIX TeopeM C MOMOIBI0 CHHTETUICCKAX METOJOB, HAa HALAANHOCTH H
ocofyi0 PagocTh, KOTOPHE MAOCTaBIASeT HAM 3TOT HOJAXO[ UPHA BHYTPOHHEM
CO3epmaHEM TreoMeTpAIeCKHX o00pasoB, H, HaKOHeN, HA O0JBLIYI0 HOMOME
OPOCTPAHCTBEHHOM METYROAY B PEUIEEMHA OTNEABHHX BOHPOCOB, B HENOM 9TH
MeTORN TIPOMO3JKH, TPYNHOROCTYOHH K HePeIKO HWCKIIYAT MOCTAHOBKY K
pemende Godee oOmEX mpodaeM,

Tax, pampuMep, raybokme ofMue DPUENWOHN COOOTIMHEHMA OTHEIbHHX
reoMeTPHIECKAX MUCHUIARE OO0 IPynmaM ¥ HOArpymmaM mpeoOpasosammit Gul-
ad, Kak Mu yBEgEM, monyieEn . KHaelimoM Ha apanmTmdecKOM DyTH B €ro
«Ipranrencxoii mporpamme» 1872 r.
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3. AITEBPAHMYECKAA I'EOMETPHAA U 'EOMETPHYECKASA AJTEBPA

Auare0paguecKne KpmBbre

ARanmrEgecKre METOIH ¢ GONBIIAM yCIeXOM HNPHMEHANACH B anrefpamdec-
KoOil TeOMETPHA KPHBHX B HOBEPXHOCTell BHCIIEro NOPANKA K B PA3BATHH Teo-
pY¥H WHBAPHAHTOB, Ife COOCTBEHHO ADyrue MeTORH ¥ HeUpPAMeHEMH. B aroit
obnacra paboramm K. I'. fIrobm, O. I'ecce, I'. I'paccman, 3. I'. Aporroasn,
A. Kanm, k. Canssecrp, k. Canpmon, A. Kae6m, II. Toprar, 9. Beasr-
pamu, JI. KpeMora m gpyrue MaTeMaTHKH.

B XVIII B. Teopms KpEBHX 3-10 B 4-r0 HOPATKOB HM3IArajack B paxe
KHET 10 aHAJXATEYECKO reoMeTpWH BCle[ 3a Teopmell KPHBHX 2-r0 NOPARKA
(cm. UM, r. 3, c. 164). B rypcut apanuwrudecroii reomerpan X1X B. Briodaer-
€A1 TONBKO y4eHHe 0 IPAMKX U KOHHMKAX, TEODHA Ke aare0pamdecKHX KPHBHX
COEIHASTCA ¢ UPOEKTHBHOHA reoMerpueit. Anre6pamuecKue KPHBHE TeUmeph,
KaK HPaBHIO0, PACCMATPHBAIOTCA YKe He HA eBRAWAOBOM wim apdmanoi maoc-
KOCTH, a Ha UPOEKTHBHON IUIOCKOCTH, DpHYEM [OAA TPOCTOTH BEIKJANOK ITA
IFIOCKOCTH IPefuoIaraerca KOMOIeKcHOA. KinaccmuecKmM m3ioenHmeM TaKoi
TeopEE sABasercA «Teopmsa aunreGpamdeckmx xKpmerx» (1839) Ilmoxrxepa.
BBopa nupeiinne (TaHreHnEadbHHE) KOOPAMHATH LOPAMBX Uy, Us, Ug, ILII0K-
KeD paccMaTpHBaer ypaBHeHHE

(P (uh uz» ua) = 07

ompefelsomee ONHOLAPaMeTPHYeCKOE CEMEHCTBO NPAMHX, KaK ypaBHEHHE
gpuBoit, ormGampmell 270 ceMelicTBO. ITO ypapHeHHMEe HASHBACTCA MAaH2eH-
YUaAbHHM, TAaK KaK KPHBasA 3[ech ONOpelelsAeTcA He CBOMMH TOIKaMH, a Ka-
carerbaniMi. CTemeHb TOYEYHOI'O0 YPAaBHEHHS KPHBOA HA3HIBAaeTCA e€e nopsad-
KOM, a CTeNeHb o¢ TAHreHNUAJBHOr0 YPaBHEHMA HasHBaercA kaaccom. Ilmox-
Kep IMOKa3aJj, 9T0 Ha KOMILTEKCHEOM TPOEKTHBHOM INIOCKOCTH NOPAJOK KPHBOH 1,
ee Kjace m, IACIO ee HBOMHKX TOUeK §, YMCHO ee TOYeK BO3BpaTa %, THCIO ee
IBOMHKX KacaTeIbHEHIX \ B YHCIO €€ TOYEK mepermba T MpPH OTCYTCTBUE OPYTHAX
ocofeHHOCTEH CBABAHH OpPMyIaMm

m=nn—1)—26—3x%, n=m(@m—1)— 21— 3m,
t=3r(n—2)—68 —8x, % =3m(@m — 2)— 6. — 8m,

I

KOTOpHE Temeph HOCAT €ro BMi.

CpaBrmBas 4mcna HMapaMeTpoOB, OT KOTOPHX SaBHCAT KPHBasA, ¢ YHACIOM
KOHCTAHT e¢ yPaBHeHHA, III0KKep BCKPHLI pAX omuGoK Jilepa B ero KIaccu-
fUKamud KPHBHX 4-r0 TOPSAKA.

Pamar B cBoeit «Teopuu abGemeBmx ¢ymxmmiiy (Theorie der Abelschen
Funktionen. Go6ttingen, 1857) BBex BaKHYI0 XapaKTePUCTHKY IJIOCKHX aares-
padyecKmX KPHBHX, of6osmadaeMmyo mM Oyksoii p. Ansppen Kme6m (1833 —
1872), mpodeccop I'érTmEreECcKOro yHHBepCHTETa H OCHOBATENB KYDHAJIA
«Mathematische Annalen», B pa6ore «O mIOCKEX KPHBHX, KOOPAAHATH KOTO-
PHX ABJIAITCA panumoHaJAbEHME QyEKmuaMEm ogmoro mapamerpa» (Uber die
jenigen ebenen Curven, deren Coordinaten rationale Functionen eines Para-
meters sind.— J. fiir Math., 1864) massan peamammry p podox (Geschlecht).
Pavar morasan, wro npu p = 0 KOOpAMHATH KPHBOX MOTYT OHTH BHPa:KEHR
panmoHanbEHMA QYHROMAMA ONHOTO mapaMerpa; mpm p = 1 — aanmnrEdec-
KAMHA mOTerpaiaMd, a mpm p > 1 — ramepannmaTAtecKuME aleleBEIME HH-
rerpanaMu. K pmBhe Hyinesoro mopAgRa — 3TO YHHEKYPCAJbHEE KDHBEE, pac-
cMarpaBapmueca MébmycoM, KpuBpie 1-ro poma HABHBAITCH AAUNMULECKU-
MU, BIB GUKYDCALLHBMU.
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B paGore «O6 ocobermoctax amrebpamdeckmx xpmsux» (Uber die Singu-
larititen algebraischer Curven.— J. fiir Math., 1865) Kne6m mokasan, [ro
y KPHBHX, IJIA KOTOPHX cupaBefqimBH (opmyam ITaroxkepa, pox p csasanm
¢ YBCIaM:A n, m, O, %, L, T COOTHOHICEAAME

p==ED 5 m—)(m—2

W3 ppyrmx pabor mo TeopHH LIOCKHX KPHBRX ynoMaHeM pabory mpodec-
copa yeuBepcurera B ['anne I'ycrasa Poxa (1839—1866) «O wmcne npomssonns-
HRX TOCTOSHHERX B anrebpamsecknx ¢ymrmusax» (Uber die Anzahl der will-
kiirlichen Constanten in algebraischen Functionen.— J. fiir Math., 1865),
B KOTOpOii aBTOp, passuBas miel «Teopum aGenesnx Qysrmmity Pmmana, xo-
Kasal TeopeMy, M3BECTHYI0 IOJ HazpanmeM «TeopeMn PmMama — Poxa».

-— T — L.

Anre0pamueckme NOBEPXHOCTH

B 1849 r. 6unam omyGaukoBankl gBe crarbm A. Homm m k. Canxsmona
0 TPOHHHX KAacaTeIBHHX NJIOCKOCTAX K NOBePXHOCTAM TPeThero IOPANKA
(Cambr. and Dublin Math. J., 1849). Kaau B cBoeii craThe ycTaEOBRI, 4TO
Ha raafkofl xyOmduecKod DOBEPXHOCTH PAaCOONO0MKEHO HEKOTOpOe 9UHCI0 LPs-
Mux, a CaxpMOH IOKAa3al, 9TO IHMCI0 ITHX NPAMHX paBHO 27. Cumrermdeckoi
Teopuy KyOudeCcKHX mOBepxHocTed mocpamena pabora fI. Hlreitmepa «O mo-
pepxnocTaAx Tperbeil cremeEm» (Uber die Flichen dritten Grades.— J. fiir
Math., 1856). 27 upamMux BEa KyOuuecKOd MOBePXHOCTA BCKOPE CTaaM IpeaMe-
ToM cuenAaNprHEEX HccrenoBanmit [llreiinepa (Monatsber. Preuss. Akad. Wiss.,
1857), JI. llregam, o KOTOPOM MK (yNeM FOBOPHTH HEIKE B CBABH ¢ ero pabora-
Mm 1m0 MHOroMepmoi reoMerpmm (Quart. J., 1858), 3. Momxsepa (Nouv.
Ann. Math., 1859) u Jx. Cunssectpa (C. r. Acad. sci., Paris, 1861), o roro-
POM MK roBopuld B raase o6 anredpe (cM. Ku. 1, c. 78—80). Ecau Bravaie
Ky6mdecKada MOBEPXHOCTH PACCMATPHBAJNACh B KOMIIEKCHOM IPOCTPAHCTBE,
ro Ilnedam paccMoTpen TaKWe MOBEPXHOCTH B Bem[eCTBEHHOM IPOCTPAHCTRE,
BHOEIUB B 3aBMCHAMOCTH OT BEINECTBEHHOCTH ¥ MHEMOCTH STHX OPAMEX ¥
IMJIOCKOCTeH, B KOTOPHIX JIKAT KOMIJIaHAPHHE TPOHKEM 3THX OPAMHX, OATH
KJIaCcCcOB BeMEeCTBEHHHX IOBepXHOCTel. 27 UPAMHX HAa TMaNKON KyGuuecKroi
HOBEPXHOCTH B KOMILIEKCHOM TPOCTPAHCTBE MOKHO OLZCATH CleAyomuM ofpa-
30M: YPaBHEHHe TAKOH MOBEPXHOCTH MOKHO IPHBECTH K KAHOHHIECKOMY BHIY
ace — bdf = 0, rue a, b, ¢, d, e, f— nAnReiliENe MEOroYwieHH. Eean 0603Ha9HTL
mepecedenne mwiockocter ¢ = 0 u b = 0 cumBoaoM ab, To neBATH M3 27 UpA-
MHIX Ha paccMaTpHEBaeMONl HOBepXHOCTH — mpaMue ab, ad, af, ¢b, cd, cf, eb,
ed u ef. Ecin 0003Ha9uTh TP UPHHANIEKAI[ME NOBEPXHOCTH HpAMEE, mepe-
cexawmue IpaMue ab, cd, ef, gepes (ab, cd, ¢f);, rne i = 1, 2, 3, To ocraabEHe
18 m3 srmx 27 opamux — upawmbie (ab, cd, ef);, (ad, cf, eb);, (af, cb, ed);,
(ab, cf, ed);, (ad, cb, ef); m (af, cd, eb);.

B ymomanyTHX m DociefoBaBmKX 3a EumME paborax OO DOKa3aHo, 4TO
otm 27 OPAMEIX COCTaBANIT 45 KoMOTasmapeHIX TpoeK M 36 Tak HA3HBAEMHX
OBOWHLIX IIecTepoK, Take OTRPHTHX lgedam. ITH «IBOMEHIE HIeCTEPRM»
0b61aal0T TeM CBOMCTBOM, 4TO KaKRasA NPAMAasA KAKIAOH M3 DTHX ITeCTEPOK He
mepeceKaercAa ¢ OJHON W3 OPAMHX KayKH0# U3 OCTAABEHX IMECTEPOK, HO mepe-
CeKaeTCA ¢ OCTANBHBIMHE NATHI0 OPAMEIMH KajKIOM W3 STHX INECTEPOK.

¥Yixe B mepsuix paborax Hamum m CanbMora paccMarpmBasiuch TPOHHEIE Ka-
caTeIbHEE MIOCKOCTH K 9THM IOBEPXHOCTAM. B TeUeHme HeCKONBKEUX NeCATH-
neruit XIX B. 651710 HalileEO OTPOMHOE KOJAXYECTBO CBOMCTB 3TWX HTOBEPXHO-
crefi. Ilark BRAOB BelliecTBEHHHX TITAAKUX KyOHIeCKHX IOBepiHOCTeH, OT-
kpurHx [nedaun, o6aamaroT coorperctBerno 27, 15, 7, 3 u 3 BemecTBeEEHMA
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npaMEME A 45, 15, 5, 7 7 13 BemecTBeHHHME IJOCKOCTAMH KOMIJIAHAPHHX
IPAMHX.

3uagenme, xoropoe 8 XIX B. mpmgaBanoch 2TEM HOBEPXHOCTAM, BEAHO U3
ciaos CanpBecTpa 0 TOM, 9TO, MONOGHO TOMY Kak Ha Mmormie Apxmmema Onnm
BHICEUeHH H300payKeHHs IANHEHAPA, KOHYCA H mapa, Ha Mormmax Honam
a CanpmoHa cixenoBano On H306pasuTh (KYyOHYECKYI0 HKOCHTENTarpaMMy»,
a mocyie Toro Kak B 1869 r. mpodeccopy magepTaTenbHONH IeOMETDPHE IOJHTEX-
aumkyma B Hapancpys Xpucermamy Bumepy (1826—1896) ymanoce marorosmrh
MoOZiens KyOH4ecKodl NMOBePXHOCTH cO BceME 27 upAMHME Ha Hel, CuabBecTp
3afBHN, YTO 9TO OAHO H3 OTKPHTHH, «KOTOpOEe JNOMKHO HABCEINAa BIHCATH
1869 rox B meronuch naykm» . Copercrmit MaTemaTuk 10. M. Manmsn, paccmor-
pepmmit B cBoeit Monorpadun «KyGmaeckde popmuy (1972) npobuemy 27 mpsa-
MEX Ha KyOHUeCKoll LOBePXHOCTH € COBDEMEHHOM TOYKH 3DEHHS, IHCAJ:
«HordHATypanmd ABafnaTH CEMHE NIPAMEX Ha IJTagKoll Ky0udecKoi OBEPXHOCTH
HNOCBAMANHUCH NeJkle KHATHA.,. X H3KCKaHHAA CAMMETDHA OXHOBDEMEHHO 3a-
BODQ)KHBAEeT M pasipaxkaeTs °.

O6man Teopms anrebpamvecKAX NOBePXHOCTEH B KOMILTIOKCHOM IPOCTPaH-
cTBe OHlIa MOCTPoeHA yueHHAKOM HKimebma npodeccopoM JPJaHTEHCKOrO YHE-
pepcareTa Marcom Hérepom (1844—1921), ormom smaMenmrToil anrebpamcTK:
Imma Hérep (1882—1935), B paborax «K TeopHm 0AHO3HATHOTO COOTBETCTBHEA
anrebpamueckmx o0pasosy (Zur Theorie des eindeutigen Entsprechens algeb-
raischer Gebilde.— Math. Ann., 1870—1875), «O6o6mernne Teopemur Puma-
Ha — Poxa na aareGpamueckde mosepxmoctm» (Extension du théoréeme de
Riemann — Roch aux surfaces algébriques.— C. r. Acad. sci., Paris, 1886)
um ppyrax, npodeccopom Bonornckoro m Pmmcroro yumeepcureron Depepmro
IupurBecoM (1871—1946) Bo «BmemenmmM B reoMeTDHIO Ha ajrefpamuecKZX
mosepxHOCcTAX» (Introduzione alla geometria sopre le superficie algebraiche.
Roma, 1896) u eme meroTOpHMH yueHHMHA. Ilocse HOABIEHHAA MHOTOMEDHON
TeOMEeTDHHA IIOABUNACHh H TEOPHA anreGpaddecKHX MHOT000pasmii IPOCTPAHCTR,
KoTopasA mMeeT Gonee anrefpamueckmii, 9eM reoMeTDPUUYECKHi XapakTep.

T'eoMeTpHYECKEE MCYHACICHHSA,
cBA3aHHLTE ¢ aarefpamueckoil reomerpueil

Or Meroma ITnoxkepa mopcueTa 4mcenr mapameTpoB anrebpamdecKEX KpHe
BHIX X AX ypaBHeHWI IPOUCXOLHT CIeNHAJbHOE HAIPaBJeHHE anre0pamuecKoi
reoMeTpHO, HA3HBAEMOE «UCYACHATELHOM TeoMeTpdei». ITO HampaBieHHE
6umo ocaopano upodeccopoM «Morammeyma» B I'amGypre I'epmanmom IyGep-
tom (1848—1911) B «Hcumcnennm mcumcamrenvuoit reomerpmm» (Kalkiil der
abzihlenden Geometrie. Leipzig, 1879).

B pabore «n-Mepunie 0000mesAsa OCHOBHREIX YHCAOBRX XapaKTeDACTHK Ha-
mero upoctpanctBay (Die n-dimensionalen Verallgemeinerungen der funda-
mentalen Abzahlen unseren Raumes.— Math. Ann., 1866) IllyGepr nmepenec
5TH METOAH Ha MHOTOMEDHYI0 F€OMETPHIO W, B 9ACTHOCTH, YCTAHOBHI, 9TO Pas-
MePHOCTh MHOI'006pasmsA BCeX m-MePHMX IJOCKOCTedl n-MEepPHOTo IPOCTPaH-
CTBa — TAK HA3HBAEMOI0 IpaccMaHOBa MHOroo0pasma (cM. HHE;Ke) — DaBHA
(m + 1) (n — m), a TakyKe Hames Pa3MEePHOCTH HA3BAHHEIX €TI0 HMEHEM «MIy-
GeproBuX MHOT006pa3min — MHOTO0Gpa3mil IIOCKOCTeH, IMEIOMAX Iepecede-
HOA JAHHKX Da3MepPHOCTed ¢ CHCTeMOit BIOKeHHHX APYT B Apyra ¢uKCmpo-
BaHHHX IJIOCKOCTeH (TaKasd cHCTeMa IJIOCKOCTell B HACTOAIEe BPeMs HA3hi-
paerca ¢aarom). Hccnepopanmsa IlyGepra OHNE IPOXOMKEHH IpodeccopoM

4 Henderson A. The twenty seven lines uponthe cubic surface. Cambridge, 1911, p. 2—3;
oM. Taxske: Manun F0. H. Ky6uaeckme gopmu. M., 1972, ¢. 195—196.
5 Manun FO. H. Taum sxe, c. 121.
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Komenrarenckoro yampepcutera Heponmmom I'eoprom Ileditenom (1839—
1920), aspecTaniM Gonee KAK ACTOPHK MAaTeMaTHKH, B €I0 «YueOnuKe ACUACIA-
renpunx MeromoB Teomerpmm» (Lehrbuch der abzdhlenden Methoden der
Geometrie. Leipzig, 1914). Ilpmaumusl nopcyera napaMerpor, He MMeBIIHe
nocratognoro obocuopanma y camoro lllyGepra, 6unm o6ocHOBaHK ¢ TOMOIBIO
TONOJOTAYECKUX METONOB BHAMEHHTRIM anreGpamcToM (TakKe H3BECTHBIM
acropuxoM Matematukm) 3. JI. Bar nep Bappenom (1929).

B «Yuennm o mpormxenmm (1862) I'. I'paccmMana, o KoTopoM MH Oynem
ropopark 6onee mogpobuo HmKe, OHIO MPENIOKEHO OPUTHHANBHOE FEOMETPH-
9YeCcKOe HMCUHECIeHHe, IO CYU[eCTBY OTHOCAINeecd K NPOGKTHBHOH reOMeTpUR

H ABJANIOEecH PA3BATHEM «OPraHmde-

A croit reomerpum» Marnopena (cM. M,
t. 3, ¢. 156). Ecim x — mpomsBoabHasA
TOYKA KOHHKH, @, b, ¢ — tpm ¢umrcm-
POBAHHEIE TOYKHM TOH ke KOHHKH, a A
m B -- gse ¢urcmpoBanHbHe HIPAMHE
B IJOCKOCTH 3TOH ’Ke KOHHKH, T0, HAX0-
1A Mepecedenne N paAMoOii ra ¢ npamoit 4,
IPAMYI0, COSIMHAIIIYI0 TONYISHHYIO
TOUKY IepecedeHusa ¢ b, TOUKY mepece-
YeHHA MOJYYCHHOH NpAMoi ¢ IIPAMOH
B m upamyio, coeguHAONTYI0 HOJTyIeH-
HYI0 TOURY mepecedeHds ¢ ¢, ['paccman
Prc. 6 HAXOJHT, 9TO IOCIeAHsAsA NpPAMAs CHO-

Ba IIPOXOMNHT Yepe3 & H TAKAM 00pa3oM

MOKHO IIOCTPOHTH JI06yX™ TOUKY Z

Koumku. I'paceman samdcan sror pakr B BHIE PABEHCTBA HYIIO «IIAHAMET-
pugeckoro mpomspefenus» raAbBcx = 0 (pmc. 6). d1or Merom moxer GHTDL
OpUMeHEH JJA OIpelefiecHAA H HTOCTPOermA xw0boil axreGpamyeckoil mpA-

moii. Hampmmep, KpmBas TpeThero mopAmKa XapPaKTePH3yeTcs PAaBEHCTBOM
zxaAbzCcDdx = 0.

«Yuemne o ;mHeiigoM nporsmxenum» T'paccmana

Mu yxe ynomMuuan® 0 TOM, 4T0 B «BapummenTpmdecKoM Hcumcaenmmy Mé-
fmyca 3HaYMTENbHOe MECTO 3aHEMaeT Haydendme «adpPUHHOTO CDOACTBAY.
OrmernM, aro MEbAyc cmcTeMaTH9eCKd MONB3yeTC HE TOABKO OPHEHTHDOBAH-
HHMHA IIAHAMA OTPE3KOB, HO H ODHEHTHPOBAHHKMH IIOMANAME NIOCKAX Q-
TYp X OPHEeHTHEPOBAHHKHMHA 00BHEMAME Tell, IPAYEM «3HAKH IIIOMAJNH TPEYyTONE-
HAKA ONPeReNsieTcs IOPANKOM IEPEUHNCIeHHAA er0 BePIIMH HJHA CTOPOH, BHXO-
AAmMUX A3 ONHOH BepmMEZHH, a «3HAK» 00beMa TeTpasfApa — HOPAAKOM Hepe-
anciendA ero peGep, BHXONAMUX M3 OxEON BepmupaH. M&6uyc mokasmsaer,
q10 npH agPmAHKEX OpeoGpasoBaHHAX COXPAHAITCH KAaK OTHONIEHHAS OpHEH-
THPOBAHHHX JJIMH OTPE3KOB, TAK U OTHOIIEHHAA OPHEHTHPOBAHHHX IIOINANeH
" 061eMOB.

Baxayo ponb B cosgaumd apPEHHON T'eOMETPEE KAK OTHelXbHOH BeTBH
TeOMETPHH CHIPalo «YueHme 0 XHHe#HoM upors:xenmm» (Lineale Ausdeh-
nungslehre. Leipzig, 1844) I'. I'paccmana.

I'epman I'paccman (1809—1877) pommnca B Irertune (mmme IMemmu
B Ilonsme) B macTopcroil ceMbe, cemefimoit Tpagmmumeit KoTopoi Gnla HHTEPEC
R HayKaM O HCKyccTBaM. Buauane om maywan B Bepamue Gorocmosume m ¢m-
IONOTHIO, MATEMATHKOM OH cray 3anAMarecsa B 1832 r. camocroarenrnuo. B Bep-
nmne ke I'paccman navan paGoraTs yudTeneM MaTeMaTHKH, a B 1836 r. epay-
ca B llrertmn, rue paGoran yunrelieM MATEMATAKH B TAMHASHE B TedeHUe Beel
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I'. TPACCMAH

cpoeil ;xuaHd. Cpoll mocyr I'paccman mocesigan pasmooGpasHEIM HayKaM.
HanGonbmee 3nageHEMe mMeIH eT0 MaTeMaTHYeCKHe MCCIeJOBAHHA, HO OH 3a-
HEMAJCHA Takke (U3MKON: yueHmeM 00 2JIEKTPMYECKOM TOKe, TeOpHeil UBETOB
¥ TeopHell I'TacHHWX 3BYKOB, IPHYeM IOCAeIHMEe PabOTH BeckMa BHICOKO IeRH-
nuch 3HaMeHATHM Gu3mKoM ¥ ¢uamonoroM ['enbMronbreM, KOTOPHH, KAK MH
yBUOAM HHEKe, 3aHEMaJjcA M TeoMerpmedl. I'paceman Oma Taxk:Ke H3BECTHEIM
A3HIKOBEJIOM — 3HATOKOM CAHCKDPUTA M aBTOPOM cJaoBapsa K «PHrsegam,
OH cocTaBHJ COOPHUK HeMeIKHX HapOTHHX IeCeH; B TO ke BPeMA OH OBUI pe-
JAaKTOpPOM ONHOH H3 IITeTTHHCKHUX Ta3eT, aKTHBHEIM MAaCOHOM M DPeNHMTIHO3HHM
JeareneM. Bo Bcex obnacTAX CBOel MHOTOCTOPOHHEH MeATeabHOCTH I paccMam
OCTABHJ 3aMeTHHH cJelj, I eIWHCTBEHHOH o6mnacThio, B Koropoil I'paccman
6HN He Ha BEICOTE, ABIANOCH IPEIOaBAHAE B THMHASHM; OH OBUI Pag, eCia’ ero
CIymalNd X0TA O HECKOJBKO THMHA3MCTOB, M IIPeJOCTABIAJN OCTANbHEIM 3a-
GaBnATHCA BCEME AOCTYIHHMH UM cIocobaMm,

OCHOBHEIMA IIOHATHSMH, BBeACEHHHIME B «YYeHHM O JHMHEHHOM IPOTAKe-
HUWY, SIBJIAKTCA IPOTSIKEHHEE 06GDPashd, «IPOTSHKEHHHIC BEIUYMHED M «CH-
CTEME» Da3nHYHHX CTyHOeHel#l — MH B HacTOAIlee BpeMA CKasanm OH: pas-
nugaHX pasMmepuocteit. «llpoTsykennuii o6pasy To# mam HPYroi CTyueHH — Ha
COBPEMEHHOM SI3MKe MHOroo0pasme, a «CHCTEMA» — JHMHEHHOe HPOCTPAHCTRO.
Cuawana I'paccman ompepmenser mporsskenumlt o0pas HmepBO# CTymeHH Kak
«COBORYIIHOCTH 3JIEMEHTOB, B KOTODHE 00pasyoINmil 3JeMeHT IePeXOQuT IPH
HeNDePHBHOM JBH)KeHHHU», H, B YACTHOCTH, ONDe/iesifeT «IPOCTOH NPOTAKEH-
HH# 0o0pa3 — Taroil, KOTOPHH IOJYIaeTCSA NIPH HENIPEePHBHOM IIPONOKECHHEH
OHOT0 H TOIO ;K& OCHOBHOT'O H3MEHEHHA», T. €. ODMEHTHPOBAHHYIO AYTY He-
OPepHIBHOH JWHHEHM, YaCTHHIM CJy9aeM KOTOPOil ABAgercad IPAMONHNEeAHRIR
orpe3oK. OTPe3KH CYMTAIOTCA DPABHBIMH, €CJI# OHE IOPOKIEHHI «OMHHEM H TeM

[y Y
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e M3MCHCHHEM», W KWKIOMY KJIacCy PAaBHHX OPHeHTHPOBAHHHX OTPE3KOB
COMOCTABIAETCS YIPOTAMEHHAS BeJMIMHA HIH IPOTAOHEE 6PBOA CTYHEHHY,
1. e. cpoGopmuit BeKTop. I'paccMaE ompeflender TaKike «CHCTEMY IEpBOM
CTYHEeHN — COBOKRYIHOCTL BCEeX 2JIEMEHTOB, KOTOPHE MOTYT 6HTI) OONY4YeHBL
IPONO/UKEeEAeM OHOTO H TOTO Ke HIH IPOTHBOIOJOKHOTO H3MEHEHUAY, T. €.
abcrpartayio upsamylo. Jlamee T'paccmanEoM ompenmensdercs «cHCTeMa BTODPOi
CTyneH®», T. €. ‘abCTPaKTHAA ABYMepHAA IIOCKOCTH: «Ecam A BO3BMY Temepb
CHAYaja 7[Ba OCHOBHHX M3MeHEHHS Pas3iIHYHOTO Pofa H HOJBOPTHY 3JIEMEHT
IIepBOr0 OCHOBHOTO M3MEHEHHS (MW IPOTHBOIOIOHOTO eMy) IPOA3BONBLHOMY
OPOTOJKEHUI0, A H3MCHEHHH TAKAM 00DAa30M 3JIEeMEHT HONBEPIHY BTODOMY
cuoco0y ma3MeHEHHs, TAK/Ke .NPOM3BOIBHO IPONOIIKEHHOMY, TO COBOKYIHOCTH
TakEM o0pa3oM of6pa3yeMHIX SJIeMEHTOB S HASHEBAK CHCTEMOR BTOpO# CTy-
neem» 8, Janee cosepmenno amamormumo I'paccMam ompefenser «CHCTEMED
TPeThe#l U BHICHIHX CTyHEHe#, T. e. TpeXMepHOe X MHOrOMEPHOE IPOCTPAHCTRA:
«Ecnd s BO3pMY Hasee TpeTbe OCHOBHOE H3MEHEHNE, KOTOPOE He IEPEBONAT TOT
Je HAYAJBHHI 3J1eMEHT B 3JIeMEHT 3T0# CHCTEMEl BTODO# CTYNEHH H KOTOpOe A
noaToMy O0yny Ha3HBATH He3aBHCHMEIM OT IEPBHX ABYX, M IONBEPTHY IPOH3-
BOJBHEIHA 3JIEMEHT 9TOH CHCTEMH BTODOH CTYIEHH 5TOMY TPeTheMY H3MEHEHHIO
(EIH DPOTHROIONOKHOMY €My), IPOH3BOIABHO HPONOIKEHHOMY, TO COBOKYI-
HOCTH TAKHEM 00pasoM o0pa3yeMHIX 9JIEMEHTOB SBAAETCA CHCTEMOM TpeThel
crynesm °. Ilnockocts 06HYHOTO0 mpoCTPAmCTBA HpeACcTaBiaAeT 060 cHCTEMY
BTODO CTyHmEeHH, a ¢BCe OECKOHETIHOE IDOCTPAHCTBO» — CHCTEMY TpPeThed
CTyIeHH.

Beakum naym «omementam» o m f T'paccMan cTaBAT B COOTBETCTBHEE 4OTPEBOKY
[aB] 7 noraseBaer reopemy: «Ecnm [af] m [Pyl npencrasasor npouspoxbaEe
namenenns, 10 [ay] = [ap]l + [Byl» 8. Ouepmgmo, aro «oTpesxm» I'paccma-
HA — IPHNOKEHHHE BEKTOPH, a ero <«U3MeHeHHs» — CBOOGONHEE BEKTODH.
I'paccman nprMenam 3TH NOHATAA K «reOMeTPHM? (TPeXMEPHOTO IPOCTPAHCTBA),
CTaBA B COOTBETCTBHS K0 mape Touex X, Y 9TOr0 HpPOCTPAHCTBA (OTPEIOK)
LXY], 7 k¥ mexanure, npencTaBNAs (OTPESKAME» CKOPOCTH, YCKOPEHHA A CHJIEH,

Bauoit ocoGemmocrbio MHOTOMepHO# reoMerpHm I'paccMana ABIserTCH
«BHeITHEE MPOU3BENeHAE» OTPE3KOB: «I0j] BHEIIRAM IIPOHA3BEJleHAEM I OTPE3KOB
IOHHMAETCHA TAKAfA OPOTHKEHHAS BeIWIHHA N-H CTYIeHH, KOTOPAsA IOJyIaerT-
CfA, eCH Ka)K/[BIH 3IeMEeHT IIePBOT0 OTPe3Ka o6Gpasyer BTOPOM, KAKAHM TaKAM
o6pasoM o6pasosammHil aneMenT 06pa3yeT TPeTHI H TaK Aajnee» °, HHEIME CJIO-
BaMH, BHeIIHEE IPOHM3BeNeEHEe NBYX OTPE3KOB — IapajjielorpaMM, BHEIIHEE
Ipod3BefleHAe TPeX OTPE3KOB — Mapajieienmme]], a BHEIIHee IIPOH3BeNeHTE
I OTPEe3KOB — TO, 9TO B HACTOAMEe BPeMA HABHBAETCA N-MEDHHIM Iapaiiene-
nmnenoM. I'paccMan DIPAMeHSET BHEIIHee IPOH3BEIEHHAE ABYX H TPEX OTDPE3KOB
K OmpefelleHHMI0 INIOMANM IapajiejorpamMva H of6beMa mapajieacoHUENa,
a TaK}e K OmpenesieHHI0 CTATHYECKOr0 MOMEHTA CHJIK M YCIOBHA PaBHOBeCHA
CHI B MeXaHHKe.

Bnocaencrsum T'pacemar BHOyCTHN HOBylo KEATY 10j 60lee KOPOTKEM
HaspaHOEeM «YdeHume 0 uporsixenmm» (Die Ausdehnungslehre. Leipzig,i1862),
IpeACTaBAAIMYIO CO00# 3HaUATEeNBHO NepePaGOTARHEI BADMAHT IEPBOHATATI b~
HOTO «Y4eHEA 0 JHHEHHOH NPOTAKEHHOCTHY. B 3Tolt KEAre BBOLHUTCA IOHATHO
INHeH#HOH 3aBACAMOCTHA BEIHAIMH

a=Pfb4yc+...

$ Grassmann H. Gesammelte mathematische und physikalische Werke. Leipzig, 1894,
Bd. 1, Th. 1, S. 47.

7 Ibid., 8. 52,
8 Ibid., S. 56.
® Ibid., S. 89—90.
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(¢«a uncaenso mpomspoguTcA m3 penmuma b, ¢,. . . ¢ moMompio ancen P, y,...»),
«eUHANY (TAHEHHO He3aBHCHMKWX GasHCHEIX 3JI€MEHTOB), ¢DKCTCHCHBHHIX Be-
JAYMH» — BHIDa)KeHOH, YACACHHO MPOU3BEJCHHHNX W3 CHCTeMbl eJURHAN, KOTO-
puie I'paccMam saunmchiBaer B BHOE o4€; - e, + ... HIA COKpPAmEHHO
Zoe, CyMMH I Pa3HOCTH 9KCTeHCHBHHX BenmumH Joe -+ Zfe = 2 (a + P)e,
OpoH3BeNieHU KCTeHCHBHOH Beaduwaw HA udcyio Saef = X (af)e; «BryTpen-
HEro Ipom3BefeHns» 4| b MBYX 9KCTEHCUBHNX BeIHYAH M (BHEIIHUX IIPOHBBE-
Heunii» [ab], [a b cl. . . AByX mnE HECKONBKUX BKCTEHCHBHHIX BEIHYHH. «DKC-
TeHCUBHHE Benmumukly ['paccMama — »T0 HAmHd BeKTOpH abceTparTHOrO JIH-
He#HOTO 1pocTparcTBa. ( TAKEMHA BeKTOpPaME CBASHBAJHCh H KOHKDETHEE
HDPEfCTAaBICHNAA 0 HANPABNEHHKX OTPe3KaX, KoTopuie I'paccMan agech HaswBax
Stab, 6ykBansno «manka». «BHyTpeHHEee IpoH3BefeHZE» ABYX DKCTEHCHBHEIX
BeJIIYHH — 3T0 HO CYIIECTBY CHAaIAPHO® NPOM3BeeHHe BEKTOPOB, a (BHEMI-
HHEe IPOH3BefeHAA» ABYX U TPeX 9KCTEHCHBHHX BEIMYHH — II0 CYIECTBY CO-
OTBETCTBEHHO BEKTODHO® W CMelIaHHOe IIPOH3BEJleHAA BEKTOpPOB. I'paccman
0603HaTall BEKTODH, KaK 9T0 HOPHMHATO ¥ B HACTOAmMEe BPEMS, IKEPHEIMA
OGyxBaMm naTHHCKOTO andasmra.

KpoMe yMEOKeHHES «DKCTEHCHBAKX BeJAUYAH», I'DaccMan OOpedeans B 3TOMH
KHHTe B CBO€0Gpa3HOe YMHOKEHHE TOYeK X IPAMHX, O KOTOPOM MK TOBODHIH
pume. Kamrm I'paccmana 1844 m 1862 rr., mecMoTpsA HA HmOYTH COBIANAIo-
Ijde HA3BAHOA, CYyMECTBEHHO OTIHIAIOTCS OQHA OT APYyroi. Ecim B mepsoit xum-
re mpeo6ragaioT caopecusie POPMYNEPOBKY, TO BTODAA KHHATA HANACAHA A3H-
KOM (opMys; eCIiH B IeDBOH KHMT® HO CYIIECTBY M3JaraercHd (MHOrOMoDHaS)
apdmuEan reoMeTpHs, TO BO BTOPOH — MHOTOMEDHAA €BKJIMI0BA IeoMeTPHA.

T'paccmar paccMaTpuBaZ CBOE BEKTODHOe HCYHCIEHHE KAK peatu3andaio
ueit Jleii6muna 06 «ananmse mogoxxerus» (cm. MM, 1. 2, ¢. 126—127), o xoTo-
POt TOBOPUIOCH B CBA3H C NMPOeKTHBHOM reoMerpmeit (cm. UM, 1. 3, c. 200)
g Gymer eme cKasaHO fajieeé B CBASH ¢ TOHNOJNOTHEH; NO-BHRAMOMY, HCIACJIE-
e I'paccmana Giamke Bcero k saMmuicny Jlei6rana. Unee Jeii6aana I'paccman
TMOCBATUI CHenualbHYI0 pabory «I'eoMerpmdeckmit ananaus, CBA3AHEHHN ¢ Hal-
nemnoii Jle#iGEuneM I'eoMerpmdeckoit xapakTtepucTukoil» (Geometrische Ana-
lyse gekniipft an die von Leibniz erfundene Geometrische Charakteristik.
Leipzig, 1847).

Bexropm T'ammabroma

Hesasacumo or I'paccMasa k nomsTHIO BekTopa npumex ¥. P. TaMunasron
(cm. Ku. 1, c. 72—74), roropoMy npuEaAEKAT A caMui »ToT TepmuH. ITo-
HATHAEe BeKTOpa y I'aMunbroHa GHUIO TeCHO CBS3aHO ¢ BBEJ[CHHKHMHA MM KBaTep-
BHOHAME, A BeKTODHOE HCUMCJIEHAE OH CHCTOMATHIECKHE H3NO0KAX B «Jlermuax
o xsatepEmoHax» (1853). Tammaabrom paccMaTpEBajl KBaTepPHHOHE Kak ¢$op-
MaJIbHEI® CYMME! JeHCTBATENLHHNX YUCeJ, KOTODHEe OH Ha3hBaJd (CHKaXIApaMm»
(scalar, Tak Kak Takde YHCJIA MOKHO PAaCIOJOKHATH IOJOOHO CTyIeHbKAM JIeCT-
HunH — scala), ® Bexrtopos ai + bj 4 ck (or maTEHCKOro vector — «mepe-
HOCHTEIBY, TAK KAK TaKHe BHPayKeHHA OIPeJleANE NePeHoc 3 TOIKA (I, Y, 2),
HagpaHHO# mM vehend — «uepenocumoe», B TOURY (z -+ a, y + b, z -+ ¢),
HasKBAEMYI0 vectum — «mepeHeceHHOe», — TH TpH TepMHHAa OHIH aHaXo-
raMd TePMAHOB «IEIHTeNb», «IeJAMoe? H «IacTHOe», HO HPHBUJICA TONBKO Tep-
muH «BexTop»). KpaTepamon ¢ I'aMuibTOH paccMaTpPHBAN KaK CYMMY cKalspa
So. 7 Bexropa Vo @ m306parkalt BEKTODH OPHEHTHPOBAHHLEIMA OTPE3KaMH, HAY-
MUMA A3 «IePOHOCHMOT0Y B «uepeHeceHHoe», B oramdume ot I'paccmana, y Ko-
TOpOro MPUMEHEHAS BEKTOPHOTO HCIMCICHHSA K aPpdmEHOR reomerpmm Ghiam
OTACNeHK OT NPAMEHEeHW K MeTpPHIECKOH reoMeTPHH, BEKTOPHOO® HCYUCIEHHE
TFaMmasTOHA € CaMOro Hadajla HOCHJIO MeTpmueckmit xapakrep. IlepeMuorxas
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IOBa BeKTOpa ¢ == a;i + a,j + agk u B = byi + b,j + bsk, FammasTom MONY-
gan kBatepumon af = Saf + Vap. Cxaxap

—Saff = a;b; + a5b, + asbs

pnociaencTsmd 6wy maspam J[;x. B. T'm66coM «CKaXIAPHHM mpo¥3BeleHEEM»
BEKTOPOB @ U P, a BEKTOD

Vop = (asbs —aghy) i+ (azhy — a;b3)j + (a1by —ayby) k

— «BOKTOPHHM IPOU3BENeHAEM», I'aMHANHTOH MAPOKO HPAMEHAN BEKTOPHYIO
anrefpy K MexaHEmKe m d¢uauxe. OH BIEDBHE 3amHCAJ YCJIOBHE PABHOBECHS
CHCTeM CHJ, OIpefeSieMEIX BeKTOpaMu [ ;, mpANIoKeHEKMA B TOYKAX C PagAyc-
BEKTOPAMH «;, B BHJE ABYX BeKTOpHHX paBeHCTB 2f; = 0 1 ZVo;p; = 0.

IMomamo BeKkTOpPHON anrebprr, [aMANLTOH OCHOBAJ TaKike BEKTODHHIA aHa-

aus. Brema pmddepeHnmmanbHmil omepatop V=i7% +1 ;—y —]—kaiz, HAa3BaH-
HHit #M nabla or 6mbueiickoro «meGena», MYBHKAIBHOI0O MHCTPYMEHTA TH-
na apdu, AMeOIeTo TPeyroasayw ¢opmy, aMuIbTOH ompefienns TpPagAeHT
CKAJAPHOrO NOJXA @&, JUBEPTEHIHIO X POTANMIO BOKTOPHOIO HOJA & Kak dop-
MalbEHe upoussenenusa Va, SVa m VVea.

Bexrtopsmit aranms T'aMmnprona Owi npAMeHeH K TEODHH 3JAEKTPOMAT-
HAOTHOTO moNA amETAmickEM ¢usmrom [[xemcom Huaaprom Maxcpennom
(1831—1879) B ero «Tpaxrate o6 amexrpmuecrse m marHermame» (Treatise
on Electricity and Magnetism. London, 1873), B xoTopoM GHino mpecKasano
CYIIeCTBOBAHMUE IEKTPOMArHATHHIX BOJH, BIOCHECTBAA OTKPHTHX ['eHpHXOM
Tepmem (1857—1894) m nonoskeHEHNX B ocHOBY pagHoTeXHEKE. Tpaktar Make-
BeJJIa UPHBJIEK K BOKTOPHOMY HCIHCICHHIO BHEMAaHHe (U3WKOB, U Ipodeccop
MaTeMarudeckoi ¢uamkd B Mensckom yumpepemrere [l xosaiia Bannapn I'm66e
(1839—1903) B «JnemenTax mexTopEOTO amanmsa» (Elements of Vector Ana-
lysis. New Haven, 1881 —41884) n nposkusmmit mo9rd BCIO 'KA3HE B Ka9eCTBE
YacTHOrO JNHNA AHTIAACKAN MEeHep ¥ ¢puauk, wieH Hoponerckoro obmecrsa
(c 1891 r.) Oamsep Xesmcaiin (1850—1925) B «JdneKTPOMATHATHON TEOPHHE»
(Electromagnetic Theory. London, 1903) o6bepmuand BeKTOpHEE MCUACIE-
maA FamanstoHa m ['paccMaHa W upmAaIm BEeKTOPHOU anreGpe ee COBpeMeH-
HEI BH].

TaMaabTOH BBEN TaKsKe IMHeHEe BeKTOP-PYHKIEA, KoTODHe OH 0603HaTaN

DE=0a-SEP + a’-SEB’ + a”-SEP”" + ...,

npunueM IaMmnbToR yKasHBaX, 9T0 CYMMY TAKOTO poja BCEr[la MOKHO HpH-
BECTH K CyMMe Tpex ciaraeMux. B HacTosmee Bpemsa ¢pyHKOUE TaKoIro pofa
3aNHACHBAIOT B BHAJP

@x = a-bx + a’-b’x 4 a”-b"x,

a omepatop O —=a-b + a’-b’ 4- a”"-b” nasupaercA nEmHEHEHM omepaTopoM,
ero HashHBaloT Tawke addmEOpPOM W ToMorpadmel, a BHpa)KeHmWe BHIA
® = a'b Ha3EBA0T AHANHEM, ONEPATODPHEM HIH TeH30DHKM IPOM3BENEHHEM
BexTopoB & m b (Brpaskenne a-b masmBaercs guagnoit). JImEelHKEe OoNEPaTOPES
00paayrT KoabIlo, H30MOpPHOE KOJBNY MATPHN, IOPANOK KOTODHIX paBeH
9HCHY M3MePeHHi NpocTPaHCcTBA. ['aMANBTOH [OKA3ad PAX TeopeM O JHHEHHHX
omepaTopax, PABHOCHABHHX TeopemMaM Hanm o matpunmax. B wacrHOCTH, K 3THM
TeopeMaM OTHOCHTCH ypasHeHme ['amMmEnbToHa — Koanm

@° — (Sp®)d? + (Inv O) ® — (Det D) I = 0,
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H. 1. JOBAYEBCEUN

KOTOPDOMY YVAOBJETBODAIOT JNWHeHHEE OIePATOPH TPEXMEPHOIO IPOCTPAHCTB®
U MATPHAOK TPETHEro IOPAKA.

JlzueitAEle omepaTopH M omepaTOpHHEE NPOM3BENEHMA BHOBDH IOABUIHCH
B «JNEeMeHTaX BeKTopHOTo aHanmsa» I'mGGca.

4. HEEBRJIIHJI0OBA TEOMETPHA

Haxonait Wsansosma JloGagencrmii
H OTEpLITHE HEEBKJIHIOBOH TreOMeTpHHA

MEoOTOBEKOBHE NMONHTKA JO0Ka3aTelbCTBa V NocTyaata EBKIuAa npasenm
K mosABaeHdio B Havame X1X B. HOBoI reoMerpmm, oTIAHYAKOMIEACA OT €BKIH-
HOBOIf T€M, 9TO B Hell V moCTyIaT He BHIONHAETCA. JTa TeOMeTPUA HOCHT B Ha-
croamee Bpema uMa JloGagercKoro, KOoTOpHI BmepeHe onyGaHKoBan pabory
C ee H3JI0KEHHUEM.

Huxonait Hsanosmu Jlo6awesckmit (1792—1856) pogmnca B Huxuem
Hosropone (aerme 'oppkmii) B ceMbe MeIKOTO YWHOBHEKA. PaHO JAMuMBMACH
My:a, MaTh JloGageBcKoro gobunachk npuHATHA ero B HasaHCKy0 THMHA3HIO.
Ilocne ee oxonuanma JloGawesckmii B 1807 r. mocTynmn B oTKPHBINHiCA He-
sajioniro 10 9Toro HasaHCKUA yHEBEpPCHUTET, ¢ KOTOPHM GHII CBA3AH 3aTEM BCIO-
#usub. Bonpmoe Bamarme Ha JloGayeBCKoIo oKasan mpHrialleRHH# B Ha-
samb B 1808 r. apyr I'aycca npodeccop M. ®. Bapreasc (1769—1836), smo-
cnenctsud paborapmmit B yHEHBepcuTeTe B Jepnre (EmHe Tapry). Oramuso
yuupmmiica monooi Jlo6aveBcKMil pasapaskan peaKUOHHOE YHABEPCATETCKO®
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HATadbCTBO «MEITATeNBLHHM 0 cefe caMOMHEHHEM, YNOPCTBOM, HENOBHHOBE-
AHEM», a TAKIKE «BOSMYTATEABHEKMY IOCTYIKAMAY, B KOTOPHX aBTOD OXHOTO H3
panoproB o HeM ycMaTpuBaln «npusHakH GesGoxxms» °. Ogmaro mpodeccopa,
U B mepsyi0 odepedp Dbapreasc, 3acTYUHIAHCh 3a CTPOUTHBOrO CTyJeHTa,
a B 1811 r. JloGagueBckm# 61aromoNyYHO OKOHIAN YHEBODCHTET, NONYIHB
apaRue marucrpa. Cras npemojmaBareneM yHWBepPCHTETa, JlofadeBckmit mpo-
Zo/Kal HeKoTopoe BpeMa paboraTes mon pyxoBoacrsoM Bapreanca. B 1816 r.
OH Ha3HATaeTCA IKCTPAOPAUHAPHEM mpofeccopoM, B 1822 r. mabupaerca opan-
HapHuM upodeccopom, B 1820 r.— mexanoMm ¢usuro-MaTeMaTHIecKoro ¢a-
Kynbrera, a B 1827 r.— pexrtopoM ymEBepcHrera. Ha »ToM mocty, KoTODHIt
oH 3ammMan xo 1845 r., JloGaueBckuit mposaBasdger ce6s Kax GrecTAmEi opra-
mu3arop. OH cmac yHUBEDPCHTET BO BPEMA IOKAapPa H SUAAEMHH XOJEepPHl; HOJ
€T0 PYKOBOACTBOM GELIO BHICTPOEHO GOJLMIAHCTBO YEHBOPCHTOTCKHAX 3MaHHN
H KOMILIEKTOBAIach GEGAHOTEKA, HOCAMASA Temeph ero HMA, Bonpmioe BinAHAe
okasan JloGaweBcKuit TakKe Ha IpemofilaBaHue IOYTH HA BCOX (QaKyabTeTax.
B 1845 r. Jlofauesckmit mpexparma pabory B yHABepcHTeTe, HO /0 KOHIA
sKU3HE GBI OHAM U3 pyKoBoxHTeNel 00mapuoro HasaBcroro yae6HOTO OKpYyra.

OgHOi W3 DpPeINOCHIOK reoMerpuieckux OTKPHTHA JloGadeBckoro Gwtn
€ro MaTepuandcTHIeCKHH mogxon K npobiaemaMm nosHarma. JloBavencrmit G
TBEP/0 YBepeH B OOBEKTUBHOM M HE 3aBHCAMEM OT Y€J0BEYOCKOTO COZHAHUMA
CymecTBOBaEMHA MaTepHaJbHOTO MAPA W B BOBMOYKHOCTH ero nosHanusa. B peun
<0 Basxuefimux npeaMerax socmuranuay (Haszamn, 1828) JloGagesckuit coays-
creeEHO npmeogdr caosa . Baxona: «OcraBpTe TPpYAHTHCSA HalpacHO, CTa-
pasch HU3BJETHr W3 ONHOTO pa3yMa BCIO MYApOCTH; CIpamuBajiTe OPHPONY,
OHa XpaHUT BCO HCTHHH U Ha BCE BOOPOCH Bamd GyAeT oTBeIaTh BaM HEIPEMEH~
HO W YAOBIETBODHTEJIHHOY» — M Jajlee YKA3HBAeT, IT0 CAMH NPABHJA JIOrHIEC-
KAX YM03aKNIOYEeHAN ABAANTCA OTpPaKeHWAMH pEaNbHHX 3aKOHOMEPHOCTEH
mupa: «PasyM, 8T0 3Ha9uT, H3BECTHHO HAYaJla CYMICHHA, B KOTODHX KaK GH
OTIeIaTANHCh OEPBHO JedcTBYHOMAe OpHINHK BcenenHoit m KOTopHe coria-
mamT, TakAM 00pasoM, BCe HaIIW 3aKANUCHHA ¢ SABIOHHAMEM B IPHPOFE» i1,
B cBoem coummeHME «Q Hagajax reoMeTPHH», ABIAAOMEMCH NepBOi myGamra-
uueil OTKPHTOM M reoMerpud, Jlo6adesckuit mucan: «Ileppuie momaruid, ¢ Ko-
TOPHX HATHHAETCS KaKaA-HAOYAb HaYKa, MONGKHEHE OHITH ACHH H XPHBECHE
K CaMOMy M@HBIIOMY Y¥CAY. TOrJa TOXBKO OHH MOTYT CAYKATH MPOYHKIM H JI0-
CTATOYRHM OCHOBanmeM ydeHWA. Taxue mOHATHA npHobperaroTes TyBCTBAMAE,
BPOXKIOHHKM — He HoKHO BepuTh» 2. Tem cammM JloGavenckmil oTBepran
maeo 06 anpuopHOM XapaKTepe TeOMETPHIECKHX MOHATHH, HONAePKABABIIYIO-
ca W. KaaToM, 18 KOTODOIt e1alica BHBOX O TOM, YTO €[HHCTBEHHON MHCINMON
reoMerpHueil spasercsa reomerpna EBrampa.

Ilepsoe reoMerpmueckoe codudgenme JloGageBckoro — «['eomerpma», =Ha-
nucagaoe B 1823 r., 6u10 HaUeYaTaHO TONBKO IOCIE €r0 CMePTH. JTO OpHrH-
HanbpHOS ydeGHOE mocobHme oTpakaeT pasKyMba JloGageBcKoro o6 OCHOBAHHMAX
reoMerpuu. K 3TOMY Ke BpeMeHH OTHOCHTCS OfHA U3 HOOHTOK JloGagenckoro
JloKa3aTh V MOCTyJAaT.

K 1826 r. Jlofagenckuil npumen Kk yOemIeHA0 B TOM, 9T0 V IIOCTYIAaT HE
3aBHCHT OT OCTAJBHHIX aKcmoM reomerpud Esrauna m 11(23) despana 1826 r.
cHeJaj Ha 3acefaEmu Qaryaprera Hokiax «CrkaTroe m3nokeHHe Hadald TeOMeT-
p4Y CO CTPOTHEM J0KA3aTEAHCTBOM TEOPEME! 0 HaPaNNeIbHKHX?, B KOTOPoM Obim
H3I0KeHK Hadalla OTKPHTOM HM «B0ooGpa)kaeMoil reoMerpHH», Kak OH Ha3H-
Ball CHCTeMy, I03THee HasBaHHyio reoMerpmeit JloGawescxoro. [lormapg

19 Kazan B. @. JloGauenckuit, M.; JI.: Mag-so AH CCCP, 1948, c. 58.

11 Modsanescxui JI. B. Matepuanu gas 6aorpadea H. . Jobagesckoro, M.; JI.: Naa-so
AH CCCP, 1948, ¢. 323.

12 JTobauesckuti H. H. llona. cobp. cox. M.: Tocrexusmar, 1946, 1. 1, c. 186.
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1826 r. Bomex B cocrap ueppoil nyGanranud JloGageckoro mo HeeBKAAMOBOR
reomerpad — cratbl «0 Hawanax reoMeTpHEW», HamedaTaHHOHM B :KypHade Ha-
BsaHCKoTo yEmBepcuTera «Hasamcrui sectarky B 1829—1830 rr. [JannmeitmemMy
Pa3BHTHI0 W ODPHIOKEHAAM OTKPHTOR MM TeoMeTpHA GHIA MOCBAMEHH Me-
MyapH «Boo6pakaeman reoMerpus», «[IpuMenenne BooGpakaeMoit reoMeTpHE
K HeKOTODPHIM HHETerpanam» 0 «HoBre magana reoMerpen ¢ moXHOH TeopHei na-
PalnenbHEHX», ONY0IUKOBaHHEE B «Y4eHHX 3amHckax HasaHckoro yrmeep-
cureTa» cooTBeTcTBeHHO B 1835, 1836 m 1835—1838 rr. IlepepaboTanEmit TeKCT
«BooGpasxaeMoii reoMerpmm» mossuiaca Bo ¢dpanmysckom uepesomge B «J. fiir
Math.» B Bepanune, B Bepnune sxe B 1840 r. BLmam oTaennHON KAHrod HA He-
MenkoM s3nke «eoMeTpudeckue ACCIEGNOBARANA IO TOOPHH MapajiIelbHHX JH-
Bmii» (Geometrische Untersuchungen zur Theorie der Parallellinien) JloGa-
yesckoro. Haxomen, 8 1855 u 1856 rr. om usnan s Kazanu Ba pyccxoMm 1 fpan-
nyackoM sasukax «[lanreoMerpmio» (1. e. «BceoGmyio reomerpum»). ['eomerpus
JloGauenckoro moryamna Bceofmiee mpUsHAHNE MATEMAaTHKOB TOJBKO IOCIe
ero cMepte. Hoxnmera Jlo6awesckoro mo Hasamckomy ymmsepcmrery] Ilerp
Visamosua KHotensnmuors (1809 —1879) B cBoeit akToBoil pean 1842 r. oTkpHITO
sagpuia: «<He Mory yMomdare 0 TOM, 9TO THICAYENETHHe TINETHHE MONBITHU
NOKa3aTh €O BCell MaTeMaTHIECKOE CTPOTOCTHIO OMHY U3 OCHOBHEX TeOpeM
TeOMEeTpPHHU, PABEHCTBO CYMME YIA0B B IPAMOJHHEHHOM TPEYroNbHHEKS® NBYM
OpAMEM, NoGyAHAE [OCTONOYTEHHOTO 3acCHy:HeHHOTO upodeccopa Hamero
VHHBEDPCHTETa NOPEANDHUHATh HIYMATEILHKH TPYE — IOCTPOHUTh IMOIYIO
HayRY, TeOMETPHI0, Ha HOBOM HpENHOJI0KEHEHHA: CYMMa YIVIOB B IPAMONHHeH-
HOM TPeyTOJbHEKE MEHbIIe NBYX MPAMHX — TPYX, KOTOPHX paHO HIH MOOBH-
‘HO HalifeT cBoHX mnerRmTexei» '3, Bricoxo omenmx «['eoMeTpudecKAe HCCIOKOBA-
maa» Tayee, koropsiit nposen JloGauesckoro (1842) B wneHH-KODpeCIOBIEHTH
Térrmaremcroro ydeHoro obmecrTsa, OHBINEro II0 CyImecTBY AxameMmeil HayK
Taunosepcxoro kopoxenscrsa. OmHaxo B medard ¢ ONEHKOM HOBOHU IeoMeTpH-
geckoit cacreMst I'ayce He BHCTyNmII.

Hecaenobanna T'aycca mo HeeBRIMAOBOH reoMerpmm

Bricokas omenra orkpmtus JlobGagencrkoro I'ayccoMm Guma csfasaHa C TeM,
910 Tayce, eme ¢ 90-x romo XVIII B. zammMaBmuiics Teopmeit mapaiieib-
HHX JWHEMAHA, IPHIIE] K TeM ke BuBoiaM, uTto A JloGauesckuii. Cpod Ba3rmamel
mo sroMy Bompocy laycc He myGmmxosall, OHH COXPaHUIACH TOJBKO B €ro
YepPHOBHEIX 3aIACKaX I B HEMHOTUX HHECHMax K ApyssaAM. B 1799 r. Taycc um-
€ajJl CcBoeMY COydeHHKY no ['érruHrenckomy yumpepcutery Dapramy (Boabd-
raary) Boan (1775—1856) o cBomx 3aEATHAX TeopHeil mapanneabHHX JARHA:
«IIpasma, g ToCTHT MEOrOT0, IT0 14 GOJBITIHCTBA MOIJIo OKL COMTH 3a JOKa-
B3aTeJbCTBO V MOCTYJIAaTa, HO 3TO He ROKA3HBAET B MOUX Iia3aXx POBHO HAYOTro:
HAIpHMep, ecau OH KTO-ImG0 MOT HOKA3aTh, UTO BO3MOMKEH TAKOH XIPAMO-
YIONBHEH TPeYToNBHHMK, INIOMAaXb KOToporo Oodpme amoboit 3aJaHEOH, TO
A OHx GH B COCTOSHUHM CTPOTO HOKA3aTh BCIO TEOMOTPHIO. BOJHIIAHCTBO CO-
ureT TO 38 aKCHOMY, A )Ke — HeT. Tar, Morao 0w OHTH, 9TO MIOMARDb BCEITA
6yder nmKe HeKOTOPOTO MAaHHOTO Iperena, CKOIBKO OH yoaJeHHHMH B IIPO-
CTpaHCTBe HY GHIH TP BePIIAHH TPEYroJAbHAKA, TaKHX IOJOKEHHH A HMEI0
MHOr0, HO HHE OJHO H3 HHX He HaXOKy yHoBiaeTBopurennpErM» 4. B 1804 r.
Taycc mamer @. Bosu o ero momeiTke noxasatenncTBa V mocrymara B «Teo-

13 O6o3penne mpemofaBaEds dNexnait B HasamckoM yausepcurere Ha 1342—1843 aranme-
MudecKuEid Tof. Peun opnmmapHoro npodsccopa HoTearHEKOBA M oTuer 3a 1841—
1842 ron. Kasamn, 1842, ¢. 17 —18. :

4 06 ocmopamdsx reomerpud, c. 101—102,
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pan mapaaneabERX» (Theoria parallelarum. Maros Vasarhelyini, 1804):
«TBoii MeTo MeHS He ymoBieTBopsieT... ONHAKO A emie HANEIOCh, 9TO KOIJa-
ma0yAD 1 eme 0 MOEro KOHIA 3TH MOABOAHEE KaMHHA MO3BOJAT ele nepedpars-
cA 2epes HAx» 15, Hax BupgHo, B 370 Bpemsa I'aycc eme He 0CTABAA HOMHTOK [10-
KasaTb V mocrynar. B 1816 r. B nuceme k actporomy X. JI. Tepamary (1788 —
1864), ycramopEB, 9T0 UpH 0TKase 0T V mOCTylIaTa JOJKHA CYMECTBOBATH al-
CONIOTHAA Mepa NIHHH, ['aycc sasBasan: «f1 He HAXOKY B 9TOM HAYETO IPOTH~
BopeguBoro. BHIO OH Hake jKelaTeNbHO, YTOOK reoMeTpud EBKunma He GHira
OB HCTHHHOM, IOTOMY YTO MK TOTXA pacmoiaraiu Gwl obmei mepoiia priori» 8.
9tH caoBa moxasmBaior, uro B 1816 r. Taycc eme cumraer reomerpue Eprnn-
Ila <UCTHHHOW» B CMECIe (puamueckoir peannsHoctH. Ho yixe B 1817 1, B mmCEMeE
k actporoMy B. OusGepcy (1758—1840) Taycc numer: «f npmxoxy Bce
Gonee k yGes;xnenmio, ¥T0 He0OXOMEMOCTD HAIEH reOMETPHHA He MO3KeT GRITh J0-
KasaHa, m0 KpaliHeil Mepe TeJI0BEYECKEM PACCYIKOM U JJIA YeJ0BEYeCKOr0 pac~
cynxa. Mosker 6HTb, B IPYToif H3HA MH OPAJEM K B3TIALAM HA OPAPOLY IPO-
CTPaHCTBa, KOTODHEe HAaM Tenephb HemocTynmusl. I{o cox mop reomeTpHio mpmxo-
IOATCA CTABUTH He B ONHH DaHT ¢ apHPMETHKOM, CYMIECTB yIONel YAcTo a priori,
a cropee ¢ MexaHmEKoi» 7. Orcloma BHmeH HCTOYHHK coMHeHHH [aycca:
IEepPBOHAYANBHO OH OLLI CTOPOHHAKOM MHeHEs HaHTa 06 anpHmopHOCTA MaTeMa-
THIeCKAX IOMATHEN, HO, PA3MHLILIAA 0 TEODHM MAPANAEIBHKX, IPUIEN K BH-
BOAY, UTO BO BCAKOM Ciydae B '€OMETDPHH TaKad AllPHOPHOCTH He HMEET MeCTa.
BosMosxH0, IT0 EMEeHHO 10 »Tod mpmudHe 'aycc He nyGnaAKoBaJ CBOUX Iapa-
JoxcadpHELX oTKpHTEA. B 1818 r. B mackme k T'epamary on nmeaxn: «f paxyocs,
uro Bu mmeere My:kecTBO BHICKa3aThCcA TaK, Kak ecau O Bu npmazaBanu
JIOKHOCTH Hamell TEOpHH NapajIelbHRIX, 4 BMECTe C TEM H BCell Hameii reo-
meTpun. Ho oce, rHesqo kKoTopux Bu moTpemoskmrte, momerat Bam ma romo-
BY» 1%; mo-BHEEMOMY, IOJ «HOTPEBOKEHENMH ocaMu» I'aycc EMesJ B BHAY CTO-
POEHEKOB TPAJHIWOHHHX B3TAAA0B HA TEOMETPHIO, 4 TAKKe AMPHOPHE3MA Ma-~
TEeMaTHIECKUX HOHATHIA.

Arom Bosn

Hesasacumo ot JloGauesckoro m I'aycca K OTKDHITHIO HeeBKJIENOBOH reo-
MeTDHHD IpHUITe] H 3aMe9aTeNbHHI BeATepcKai Marematak Arom Bosam (1802—
1860), cur @. Bosu. fI. Boan ponmics B TpaHCEAbBaHCKOM Topoae Mapom-
Bamapxeii (unne Tupry-Mypem B Pymunnnm). Ilocne oxonuandsa BoeEHO-HH-
ykeHepHOlH axazemmd B Bene oH cay:xma B Kpenoctd Tememsap (unine Tmmnm-
moapa). fI. Bosm 3amHTepecoranca mpobreMoit HapaNAeNbHEX 0] BIMAHAEM
orma # yxe B 1823 r. mucan emy: «IlpaBaa, s He nocTHT eme mend, HO HOXYIAT
BeCcbMa 3aMEYaTeJBHHE DE3YABTATH — N3 HAYEro s CO3NAN ILEJHlit MAp» 19,
OTen, oT9afgBmMMICA B CBONX NONKTKAX [OKA3aTeAbCTBA V MOCTYIATA, YMO-
AAT CHHA OCTABATH 3TH 3aHATAA: «TH He HOIIKEH MHITATHCA ONOJETH TEODPHIC
napajienbHLEX JNUHANA HAa 3TOM NYyTH: A 3HAI0 BTOT IYTh, A NPOAENal ero Ao
KOENa, f HePeKAN 2Ty GecHpocBeTHY0 HOYb, H BCAKHA CBETOT, BCAKYIO pa-
MOCTh MOGH KU3HH A B Heii noxoponmia. Monio 1e6a, ocTaBe B moKoe yieHme
0 NapaJIeNbHKX NHHAAX; TH JO/JHKEH ero CTPAIIATHCHA, KAK YYBCTBEHHHX YB-
nedenRmii; oHo aamuT Te6sA 3M0POBBA, AOCYTa, MOKOA — oHO Tebe nmorybur Beio
pagocTp xusHA. Jra GecnpocBeTHAas MINA MO)KET IOTJNOTHTh THCAYY HBIOTO-
HOBHX (ameH X HAKOITIA HA 3€Mll¢ He IPOSACHATCH; HUKOTHA HeCIACTHHIA DoX,

13 Taum ke, c. 102.

16 Tam e,

17 Tawm sxe, c¢. 103.

18 Tawm sxe,

19 Boavau A. Appendix. M.; JI.: I'octexnapmar, 1950, c. 18,
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9eJI0BEUECKHIA He [OCTHTHET COBepMIeHHONW HCTHHH, Jake B reomerpum! 2°
Korma fI. Bosm npumen x TeM ke mgesm, 910 JloGagenckmit m 'ayce, oten He
TOHAJ ero, OJHAKO IPeNJIOKMI Hame4aTaTh KDaTKOe HM3JI0KeHHe ero OTKPHI-
THA B BAZe IPHIOKEHAA K CBOEMY PYKOBOACTBY II0 MaTeMAaTHKe, BEINEJINEMY
g 1832 r. Ilonnoe nasBanme Tpyna fI. Bosm — «Ilpmuoixenne, coumep:kamee
HayKy O IpocTpancTBe, abCOMIOTHO HCTHHHYIO, He 3aBHCAMIYI0 OT HCTAHHOCTH
mam aoxkHocTA X1 axcmomsr EBkanpma (aro a priori HEKOTXa pemeHo GHTH He
moskeT)» (Appendix scientiam spatii absolute veram exhibens: a veritate aut
falsitate Axiomatis XI Euclidis (a priori haud unquam decidenda) inde-
pendentem), @ ero oGsIHO Ha3KBAIOT KopoTKO «AmneHgaxcs. B 1833 r. fI. Boan
pummest B orctaBKy. Otkpurae fI. Boam He 6ruro mpHanaHo HPH ero ;KU3HH;
T'ayce, kotopomy @. Boanm mocaan «AnneHauKe», MOHAJN €ro, HO HAKAK He CIO-
cobcrBoBan npmaaumio oTKpHTHA fI. Bosm. B 1837 r. fI. Boam y3acTBoBax
B KOHKYpce Ha mpemmio Jleiinumrckoro yseHoro obmecrsa mM. SIGmonoBckoro
II0 BOTIPOCY 00 «yCOBepIIeHCTBOBAHANA IeOMETPHICCKOM TOPAH MHEMEIX THACEIY.
B cBoeii paGore f1. Bosam mepeoTkprun «teopuio map» IamMunsToHa, onyGaako-
pannyoo B 1833—1835 rr.; Hanucanmaa gpeaMepHo ciiaTo, fa elie €O CCHLIKA-
MHA Ha «ATNmeHJHKC», HEOCTYIHEIH MI0OPM KOHKYpCa, aTa paGora He GHia ome-
HeHa mo focTomHCTBY. Bee aro mpusemo fI. Boau k Tswemoit MopasbHOM nem-
peccan, A3 KOTOPOH OH IO CYIECTBY He BHIXOQUI 0 KOHIA *KH3HM.

«Annenpnke» fI. Bosm raxe O mammcaH YpesBmdaifHO C;KaTo, ¢ TpH-
MeHeHHEeM MHOTHX YCIOBHHX 0003HaueHuil; 9To 06bAcHANOCH TeM, 910 D. Boan
BHEJAJ CHHY JQJIA A3J0KeHAA ero OTKPHITHA CIMITKOM Majxo mecra. lloaTomy
yAcCHETE cyTh oTKpuTEA SI. BoAn mo ero mamokeHdio Gro Hexerko. Ilosxa-
ny#t, eMAHCTBEHHEIM 9eJI0BEKOM, NOHABUIAM 3T0 COYMHEHAE PH KA3HA aBTOPa,
6un Tayce. B naceme aycca k Iepamury, Ham@caHHOM cpasy ke HOCJe IO-
AydeHHA ¢ANNeHAHKCA», ropopuaoch: «f camralo 2TOr0 MOJOHOr0 TeoMeTpa
¢on Bosam resmem meppoir sesmamasn 2!, Oguaro camomy ®. Boanm Iayce ma-
mmcan: «Teneps Koe-uto 0 pafore TBoero culHa. Eciam s Hauwy ¢ TOro, 4To
A aTy paGoTy He JoJUKeH XBaJAATh, TO THl, KOHEYHO, HA MTHOBeHME TIOPA3HANIb-
¢s, HO HHaYe s He MOTY; XBaJlATh ee¢ 3HAYMIO0 OH XBalATh caMoro celda: Bce
colep:xaHHe COYAHEHHA, MYTh, IO KOTOPOMY TBOH CHH mOIIeJ, B Pe3yJIbTATH,
KOTOpHE OH HOJNYYHJ, HOYTHA CINIOIIb COBHANAIOT ¢ MOEMH COGCTBEHHEIMH [O-
CTHKEHHAME, KOTOPhie 9aCTAYHO HMeIoT qaBHocTh B 30-—35 sem 22. Bmocaen-
crBum, mosHakoMaBmuch ¢ «[eoMerpmueckamu mccaegoBaBEaMm» JloGages-
ckoro, I'ayce mocoBeroBas oty » cuny Boau mpouects 210 coumHeHme. llpo-
urg pabGory JloGaweBckoro, fI. Bosam Brickasan Heemoe IpeAmoJoKeHHE:
«[ayce — Kozoce, ® Ge3 TOoro BIajeBIIMil TAKEMH COKPOBHMIIAMH,— He MOT
TIPEMHAPHTECA C TeM, 9YTO KTO-TO B 3TOM BOIIPOCE €ro MPeJBOCXHTHN, H TaK KaK
OH Yke He ORI B COCTOSHUHA 3TOMY BOCIPEHNATCTBOBATH, TO OH caM oGpaGoraln
TEOPHIO B BHIYCTHI B cBeT moj mMenem JloGaueBcroro» 23,

Teomerpua JloGauenckoro

B Memyape «O mauamax reomerpmm» (1829) JloGageBckmil mpenae Bcero
pocupoXaped cBoil goraax 1826 r. B mavaxae sroi#t wacru JlobaveBcknit nucan:
«Kro He coraacarcs, uro HEKakaa MareMarduecKas HayKa He JOJKHA GH Ha-
YMHATHCHA C TAKAX TeMHHIX HOHATHEM, ¢ KAKHX, HOBTOpAA EBKAAga, HaudHaeM
mu 'eoMmerpato, 1 aro HArge B MaTemMaTHke Helb3A TepueTh TAKOT0 HEZOCTATKA
CTPOTOCTH, KaKol NPARY:RIEHH GHIIA NOMYCTATE B TeODHH TMapaJlJIeIBHEIX A~

20 Tam ke, c. 18—19.

21 06 ocEOBaHMAX reomerpuu, c. 112,
22 Tam e, c. 113.

2 Boavau f. Appendix, c. 31.
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puii» 2, Jlanee caedyioT nmpuBefeHHHE BHINEG CI0BA O <HEPBHX NOHATHAXY,
¢ KOTOPHX HauMHaeTcA Kakada-BEEOYAb Hayka.

Oupenenne saTeM OCHOBHHIE MOHATHS TeoMeTPHM, He SaBHcAmme 0T V mo-
CTyllaTa, ¥ 3aMeTHB, 9T0 CyMMa YIJOB NPAMOJABEHAHOT0 TPeYroJNbEHKa He MO-
#eT GHTBL > 7, KaK 9TO mMeeT MeCTO y cfepMIeCKEX TPeYToJbLHEKOB, Jlo6a-
9eBCKEH 3aABAAN: «MH BAgenn, YTo CyMMa YII0B IPAMOJHHEHAROr0 TPEyroihb-
HHKa He MokeT ObiTh >n. QcraercA mpegmojaraTh 3TY CYMMY —f BJIH <.
To m npyroe mosxer GHITh NPAHEATO 63 BCAKOTO NPOTHBOPEYMSA BIOCICACTBAM,
oT 4ero W mpomcxogAT nmse ['eomerpmm: opma, ymorpebHTENLHAS AOHLIHE IO
cBOell mpocToTe, COTJIaMmaeTcA ¢cO BCeMA NaMepeHAAMHA Ha caMoM JeJe; ApYyras,
BooGpaskaemasn, Gonee ofmas @ moTOMY 3aTpyIHHTENbHAs B CBOMX BLIYHCIE-
HAAX, NOMYCKaeT BO3MOKHOCTH 3ABHCAMOCTH JHHHK 0T YIJoB» 23,

JloGaueBckmil yKkaauBaer, 9T0 B ¢BO-
obpaskaeMoii reoMeTpmm» CyMMa YIJIOB
TPeyrolbHAKA Beerma {7 ¥ [Be OPAMEe
MOTYT He IePeCeKaThCA B clydae, Koraa
0HE 0o0pasyioT ¢ CeKymie# Yriu, B CyM-
Me meHpume 7. IlapanneabHEe IpaAMbIe
onmpeneaslOTCA KaK TakHe, KOTODHe He
mepeceKkalnTeA, Ho MOTYT OHITH HoJdyde-
HE TpefeJBHHM TEPexoioM H3 Iepece-
Kaomuxca. Yeped KaKIyI0 TOUYKY IJIO-
CKOCTH HPOXONAT [Be MpAMEE, Hapaji-
JenpHEE [aHHOHM TpAMoll, Jexamei
B 3Tol MIOCKOCTA; DTH HPAMEHE JEJIAT
OyJ0K HOPAMEIX, NOPOXOAAIIHX depes

Pme. 7 NAaHHYI0 TOYKY, Ha 4eTHpe oGJacTH,
B JIBYX ®3 KOTODHX MDPOXOIAT HpHA-
MHle, IepeceKalomue NAHHYI0 NPAMYIO, 4 B JBYX — OpPAMHE, KOTOPHe He mme-
pecekaloT 3Ty NPAMYI0O M He MOTYT OHRTH HOJYyYeHH Ipee]bHHM HepexooM
H3 TepeceKalIEX — TaKAe NPAMEE HA3HBAalTCA PACXOAAN[EAMECS; Napay-
JeJbHHE NMpAMEE Pa3rPaHAIMBAIOT mepeceKaromme IPAMEeE 0T PacXOgAIIAXCH
(em. pmc. 7, rme ycaoBHo m3oGpakeHH NpsaMbie ' U r’, IpPoBeJeHHHE depe3
TOYKy A mapaanensHo NPAMoH p, IpAMKeE ¢ A ¢ , IPoBeeHHKE depe3 ToYKy A
A mepeceKaompe NPAMYI0 p, W OpAMHe s B §', pacxogaldecsa ¢ NpAMo# p).
Yron o Mempgy mpaMoil, HpoBefeHHO# Yepes ToYKY A mapajiiaelbHEo HpAMoR
D, 1 HepOeHIAKYIAPOM, onymeHHEM 18 A Ha p, JIoGadeBcknit HasHBaeT «yriaoM
mapajaaelbHOCTA» W IoKasumBaer, 9ro ¢yuxkmua a=II (a), BHpakalomasa 3a-
BHECHMOCTE TOCO YIJa OT AJAHHH ¢ NMEePOeHAMKYIAPa, MoKeT GHTH (B COBpeMeH-
HHX o003HadeHHAX) 3ammcama B BHJe

I (a) = 2arctg e %/9, 1)

rme ¢ — HeKoropasa nocrosieHaa. llpm a 5= 0 yron mapaliensHocTH BCerja
OCTPHI, mpuYeM oH crpeMmTea K 7/2 mph a— 0, IMOCTOAHHAS Ke ¢ MOMKET
cayaTh Ha maocKocTe JloGavenckoro abcomoTHO# efuHHANEl NMWHE, aHAXO-
ruyHoit abconoTHOl egAHA@E yria B éBKJIMIOBOM IpocTpaHcTBe. JloGaseBckuai
ycTaHaBJIMBaeT Tak)Ke, 4TO pacxoiduecAa IpaMEE 00JaJaloT oOGIMEM IepIeH-
IAKYJAAPOM H YHAIAIOTCHA APYT oT APyra mo obe CTOPOHEH OT HEro, a ABe mapal-
JNeabHEE NPAMEE TPAGIAKAIOTCA APYT K APYry I PacCTOAHEA TOYeK ONHOHR H3
HEX oT apyroit crpemarca k 0 npm HeorpaHAYEeHHOM YHANeHME 3THX TOYeK.
CyMMa yriaoB TpeyroJbHHKa B reoMerpmdm JloGageBckoro Bcerga MeHbmme T,

/

4 4

24 Jlo6auesckuti H. H. Hoxn. cobp. cov., T. 1, c. 185.
2% Tam ke, c. 194—195.
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u ecaa 8 — «yraoBo#t medeKT» TPeyroJdbHHAKA, T. €, PA3HOCTH MEKAY T H CyM-~
MO# ero yrioB, To INIOMAAbL TPeyrodbHEKA S paBHA

S = ¢, (2)

rJe ¢ — Ta Ke MOCTOAHHAdA, 49ro W B dopmyne (1).

Kpyr npu crpemuneBnn ero pagayca K 6eCKOHeTHOCTH HMepexogAT B CACTEMS
JloGagerckoro He B mpAMYI0, a B 0coGEHHOT0 Pola KPEBYIO «IPefeNbHYI0 KDPYy-
ray — B HacTOsIIee BpeMA TaKAE KPUBHE HA3HBAIOT OPHNAKIAMH, OT Ipe-
9eCKEX CJIOB, SKBHBAJEHTHHX TepMEEY JloGaueBckoro. Cdepa mpm Tex ke 06-
CTOATENBCTBAX MEPEXOMAT He B NIOCKOCTE, 4 B KPHBYIO IOBEPXHOCTH, KOTOPYIO
JloGaueBckmit Ha3BaJx «mpefedbHo#l cdepoil», a B HacToslNee BpeMA HMEHYIOT
opucgepoit. JloGadeBcKuit oT™MedaeT, 4T0 Ha opEC(epe HMeeT MECTO €BRJIMNOBA
reomMeTpad, OpAYEM POJb NPAMHX Ha Hell MrpaioT OpHOEKIN. ITO IM03BOJIAET
Jlo6GavenckoMy, OMApasch Ha eBKJIEJOBY TDHEroHOMETpHI0 Ha ophcdepe, BH-
BeCTH TPHAT'GHOMETDPHIO Ha TJIOCKOCTH B ero reoMeTprEYeckoii cucreme. Haspanme
«BoobGpaskaeMas reoMeTpasy TOHYEDPKHBAET, 4TO 3TA TEOMETPHA OTHOCHTCH K
eBKIANOBOM, «yHOTPeOHTeABHOM», o TepMEHOIOrAd JIo6aueBCKOro, Kak MHH-
MEHe umncaa, «BoolpajkaeMmue», Mo €ro TEePMHHOJIOTHAH, K HeHCTBHTEBHHM.
CrnoBa «moEsiTAA NPAOGPETAIOTCA YYBCTBAMH, BDOKACHHEM He JOJKHO BEPHATHY
VKasHBAOT Ha To, 9T0 Jlo6adeBcKmil, He 0GHADPYIKAB MPOTHBOPEYHA B CICNCT-
BHSX W3 IPeJuoJoKeHHA 0 HEBHIONHeHAHA V HOCTyNaTa, NPHMea K BHBOLY
0 TOM, UTO eBKJIHMI0BA I'€OMETPHA He ABJIAECTCH CIEHCTBEHHO MEICIEMol. Jlo-
GaueBCKHI cpa3y jKe IIOCTABAJ BOLIpOC 06 SKCOEPHMEHMTANLHOM HmpoBepKe Toro,
KaKaa TeOMEeTDPHS MMeeT MeCTO B PEealbHOM MHpe — (yIOTPeCHTeAbHafm) HIR
«BooGpasKaeman», IJIA 9ero OH PEeMHAJ HIMEPATH CYMMY YIJIOB TPeyrolBHHKa
¢ oueHb Gonpmmmm cropoHamm. OmHaKo, BHYACIAAB IO HMOCHETHEMY aCTPOHO-
MEYECKOMY KalleH[apl0 CyMMy YrJOB TPeyroJbHEKa, o6pasoBaHHOro ABYMS
OEaMeTPIBHO NPOTHBOMOJNOKHHIMA HONOKEHHAMA 3eMaM Ha ee opbure m
CupmycoM ¥ cumTas OgUH M3 YIIOB 3TOr0 TPEYroJbHHAKA MPAMHIM, a Npyroi —
PABHEIM YIJIy OapajieIbHOCTE, JloGaueRCcKH#A HAmeN, 9T0 9Ta CyMMA OTIAHYaeT-
¢ OT 7 Ha PA3HOCTh, MEHLINYI0 OIIMOKHE yrioMeDHRX HHCTPYMEHTOB B €r'o BpeMf.
«Ilocire Toro,— mamer JloGadesckmii,~— MokHO BOOGPA3ATE, CKOABKO 3TA pas-
HOCTH, Ha KOTOPOH OCHOBAHA HAINA TEOPHMA MapPAJJIEIBHHX, ONpPaBibiBaeT To4-
HOCTh BCeX BHUECJIeHHMl OOKKHOBeHHOH I'eomeTpum ® jo3Boasier NPHHATHE
Havuajia HoclefHe#dl paccMaTpPUBATBh Kak OH CTporo JoKasaHHEME» %6,

d10 ofBACHAET, YTO HOL «CTPOTHM TOKA32TEABCTBOM TEOPEMEl 0 Mapajenb-
HHX JaHAAX» B nokaane 1826 r. JloGaveBcknit moEAMAN HEBO3MOKHOCTE YCTa-
HOBHTDH DKCIEPHMEHTAJBHEM IIyTeM, KAKasA U3 JBYX FeoMeTpHM HMeeT MecTo B
peanbHOM MHMpe, OTKyZa BHITEKAaeT, 4T0 Ha IPAKTHEKEe MOMHO IIOJb30BATHCH
«yunorpeburearHo reoMerpmeil», He PHACKYA BHAcTh B OmMHOKY.

Haun6omee moTHWM H3T0KeHHEM CHCTEMH JI06a4eBCKOro ABIAIOTCH €ro
«HoBrie Havasa reoMeTpus ¢ HoiaHo#t Teopmeit mapandeanHex» (1835—1838).
JTo couMHeHMe HAUYAHAETCH caoBaMu: «[[pEKOCHOBEHME COCTABIACT OTIATATEN b-
HYI0 OPAHAIJEKHOCTE TeJl | jlaeT UM HasBaHde reoMeTPHYECKHX, Korga B HHEX
yIep)KABaeM 3TO CBOMCTBO, He IPUHUMAA B paccy)kieHHe Bce Ipyrue, CYIIecT-
BEeHHHE JHK TO OymyT mim ciaydaitune...» 7. Jlamee ompemensioTca cedeHAA TeJ,
TIpOCTPaHCTBA, KOHTPYSHTHOCTh Tell («ONEHAKOBOCTHY) B HX DABHOBEIHKOCTH
(¢paBeHCTBO®), «TPH TIaBHHX Ced4eHHA», NeJIAMMX TeJdo Ha BoceMb dacreil, a
¢ X IOMOMBIO — HOBEPXHOCTH, NAHAHA W TOYKH; PACCTOAHHA, a 3aTeM cdepH;
WIoCKOoCTH (reoMeTpHYECKAE MecTa TOYeK, PABHOYJAJEHHHX OT /(BYX TOYeK)
m upsamvbie. Takam o6pasom, manokeHme reomerpms y JloGadeBCKOro OCHOBH-

26 Tam ke, ¢. 209,
27 Taum we, 1. 2, c. 168.



8aeTcHd HA YHCTO TOMOJOTMICCKAX CBOMCTBAX NPAKOCHOBEHHAS @ Ce4eHHS, KOHT-
PY3HTHOCTH TeJ H PABEHCTBO OTPE3KOB OLPeAeNA0TCA Mo CYIIecCTBY ¢ IOMOIIBIO
npmerua. Janee JloGaueBckmilt moppoGHO H3NaraeT OTKPHTY0 EM TeOMETDHIO,
a B KoHme paGoTn nmmer: «B mpmpome MH mo3HAEM TOJBKO [ABAKeHme, (e3
KOTOpPOI'o YyBCTBeHHEe BIeYaTJeHHA HeBo3MoKuH. MTak, Bce npoume moBATHSA,
HAIpAMeD reoMeTpPHYECKHe, MPOoM3BeJeHs HAIIEM YMOM HCKYCCTBEHHO, Gyaydd
B3ATH B CBOHCTBAX IBU;KEHHSH; a MOTOMY IIPOCTPAHCTBO ¢aMo co0oil, O0THeNbHO
misa Hac He cymectsyer. Ilocie vero B HamleM yMe He MOKeT OHTh HEKaKOIO
TIPOTHBOPEIHA, KOIZa MBI JONyCKaeM, 4To HEKOTOPEIe CIIIL B IpApo/e ClAenyIoT
.OfiHOl, ApPYrHe cBoeil ocoGoit 'eoverpum». MECIEL 0 BO3BMOMKHOCTE Pa3AHIHHEX
reoMeTPHYECKAX CBOMCTB B PaSNMYHBIX YJ4CTKAaX HPOCTPAHCTBA W HX 3aBH-
CAMOCTH OT «CHA», T. €. OT MaTepHUH, ABAAETCH NATEKHM IPENBOCXAIICHAEM
aneil o6meit Teopmu oTHocHTeNBHocTH OJfHmrTeidHa. [lanee Jlo6aweBckmit BH-
CKa3NBaeT IPEIIONOKeHHe, 4T0 ero reoMeTpDHs, BO3MOYKHO, AMEET MEeCTO «JIH-
60 3a mpeferaMm BMIAMOTO MHpa, aubo B TecHO#l cdepe MOIeKyJIApHRX mpHA-
TAMKeHmiT» 28,

B mosgmeitinax paGorax JloGaueBcxkuil BBel KOOpAHHATH M BRIYACIHII H3
reoM eTpAIeCKHX Coo0paykeHul ekl pAX HOBHX onpefleIeHHHX HHTEIPAJIOB,
KOTOPHIM OH CHeruajpHo mocBATHAI pabory «[IpmMmenenme BooGpas;aeMoit reo-
MeTPHH K HeKoTophM HMHTerpamam» (Yuen. sam. Kasam. ym-ra, 1836); muorme
H3 HAX OHJA BKIOYEHH B M3JaHHBE TOJJAHACKAM MarematAxoMm JlaBmmom
Brepenc ge Xaamom (1822—1895) «TaGamms onpemedeHHHX HHTErpajioBy
(Tables d’intégrales définies, 1858), a satemM m B mosgHeitmme cOpaBOYHAKH.

«AGcomoraan reoMerpas» . Bosm

Mu ye yxasuBanm, uro «Amnengaxey fl. BoAm nanmcan BecbMa 9KOHOMHO,
.c IpAMeHEeHAeM PAfa COKPameHHHX obo3Hadennit: Boam o6Goanagan GecxoHed-
HYIo IPAMYIO, IPOXONANMYIO Yeped ToukHd @ | b, Yepea ab, 1yd ¢ BepmmHoi a,
TmpoXofAmuit depea TouKy b, uepea ab, yroa co cropoHamu ab m aé depes abe,
opavoit yron R. Hauano «Ammemgmeca» raacmr: «Ecam mpsamyio o/t He me-
pecekaer mpsaMmas bii To#l ke IIOCKOCTH, HO ee Iepeceraer BCAKasA NpAMas
bp (B abm), To GymeM »To oGosHadath Tak: bi || am. fHcHo, 4ro Taxkasm bii
cyuecmseyem u npu moboi Touke b (BHe aifi) TONBKO ofiHA, mHpmieM bam -+ abn
He > R, mGo ecam Bpamarts bc BoKpyr b go Tex mop, Imoka craHer bam +
+ abc = 2R, 10 B KaKo#-T0 MOMeHT b enepeuvie He nepeceder am uTorua be || am.
Bumecre ¢ TeM AcHo, uTo bn || em, rme 6H HA HaXopmdiachk e Ha dm»°. 3pech
Peusb mOeT 0 mMapaUleIbHHX NPAMEX bc B am B ciydae BRIOJIHeHHA V IOCTY-
nara (¢«XI akcmomir» mo repMuBoaoran Bosu) — B cMbIcie eBKINTOBOM reoMer-
puH, B ciyuae HeBHIOJAHEHHA V IloCcTyjJara — B CMECIe reomerpwm Jlo6aues-
CKOT0. Y’Ke 3[[eCh MH BCTpeuaeMca ¢ xapaxTepHoi gaa Bosn gopMyarpoBKoit,
mpurogHoll quA ofemx reomerpmii. Bosm crpemures chopMyaHpOBATE B TaKOM
BHJe KaK MoRHO Golee gaxToB obemx reomerpmii, Tax, Hampumep, oH fopMy-
JEDPYeT TeOPEeMH CHHYCOB ofemX reoMeTpHil B BANe

sind _ sinB _ sinC

Oa -~ Ob QOc’

rge Or — JJIEHA OKPY)KHOCTH pajgdyca r. Bosgd HasmBaeT eBKIHIOBY reoMeT-
pHio «chAcTeMolt X», a HOBYIO TeOMeTpAI0 — «CHCTeMoit S», To e, 9T0 BRIIOJIH A~
eTcA B ofemx chmCTemMaX, oH HaseBaeT 4a0CONIOTHHIM», 9T0 M €CTh, KaK IJIacAT
HasBaH@e ero COYMHeHHA, «HayKa o IPOCTPAHCTBE, aGCONIOTHO MCTHHHASA, 1le

28 Tawm e, ¢. 159—160.
2% 06 ocHOBaHAAX reoMeTpud, C. 72.
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3aBACAIMAA 0T HCTHHHOCTH miad noxkHocTH X1 akcmomu Esxmmmar. Cospemen-
HHil TepMAH «aGCONIOTHAA TeOMeTPHA», IPOMCXONAINMIA OT HTOre TEPMHMHA
Bosn, me BOOJHE COBHIANAaeT ¢ HAM: MK IoHAMaeM Iof aGCONIOTHOI reoMeTpHei
re PaKTH, KOTODHE He B3aBHCAT OT BHIOJHCHAA HJIM HEBHIOAHCHAA V Io-
cryaara, Boanm ke o6lekant B «abCcodOTHREE» POPMYIHRPOBKE H QaKTH, pasimd-
HEHe B o0emX TreoMeTPHAX.

HenpormsopewaBocts reomerpmm JloGagepcroro

Busens yme B cBoeil meppoit pa6ore «O magamax reoMeTpHHE» (OPMYIH
TPHTOHOMETPHM CBOe# HOBOH cmcTeMul, Jlo6adeBcKmil 3aMeTny, 9TO «3TH YpaB-
HeHHA IepeMeHAITCA B... (ypaBuesdsa) cdepmueckoir TpuroHomeTpww, Kak

CcKopo BMecTo 6oKoB a, b, ¢ crapum aV —1, bY —1, ¢}V —1, HO B OOHKHOBEH-
Hoit ['eomerpun m cepmueckoit TpEroHoMeTpHE Beafe BXOJAT ONHE Cofep:ka-
HEA [T. e. oTHOomeHHWs]| nHHRmII: ciaefoBaTelpHO, oOHKHOBeHHada Ieomerpus,
Tparonomerprs u 3ra HoBaa 'eoMeTpus Beerga GynyT coraacHEH Mexgy coboii» 0.
Jro o3HaYaeT, 4TO eCAH MH 3AMAIIEM TeopeMy KOCHHYCOB, TeéopeMy CHHYCOB &
IBOMCTBEHHYI0 TeopeMy KOCHHYCOB C(pepHYECKO# TPHroHOMeTPHH NJIfA Chephl
pagayca r B BHje

cos—2 = cos— cos—— + sin-2_sin—2-cos 4,
T T T T T
sind _ sinB _ sinC
sin(afr) ~ sin(b/r) ~— sin{e/r) *

cos A = — cos B cos C 4 sin B sin C cos (a/r),

T0 QopMyaH TpEroHOMeTPHE Jl06a4eBCKOro MOKHO 3amHACATH B TOM KO BHIe,
BAMEHHWB CTOPOHH @, b, ¢ TpeyrolxbHAKa npouaseneHmamu ai, bi, ci; Tak Kak
YMHOKeHHe CTOPOH a, b, ¢ Ha { paBHOCHIILHO YMHOKeHHI0 Ha | pagmyca cpeps,
T0, Iojarad 7 = qi W BOCIOAb3OBABIIMCH M3BECTHHIMH COOTHOUIEHHAMH

cos (iz) = ch z, sin (ix) = i sh z,

MBIl MOKeM IepeIHCaTh COOTBeTCTBEHHNE (OPMYNH TPHroHOMeTpHH JloGaueBe
CKoro B BHEIE

ch—‘q’—=ch—g—ch—;—-—sh—;’—sh %-cosA,

sind ~ sinB _  sinC
sh(a/g) ~— sh(dlg) ~ shie/g) ’
cos A = — cos B cosC - sin B sin C ch (a/g).

Cam JlobaueBcknmit mosb3oBainca He QyHKuAavu chz m shz, a KoMOEHANMAME
pBefieHHol mM ¢yaxmmn II(z) ¢ TpEroHoMeTpmaecKHME (QYHKIMAMM; NMOCTOAH-
HasA ¢ B 3TAX QopMyjaax — Ta ke, 9T0 E B fopmynax (1) m (2).

Qaxraveckn Jlo6aueBCKEi n0Ka3al HemPOTHBOPEYHABOCTH CBOeH CHCTEME
TeM, 94TO BBeJ KaK Ha IIOCKOCTHA, TAK H B IMPOCTPAHCTBE KOOPAMHATH M TAKAM
06pa3oM DOCTPOMN apEPMeTHYECKYI0 MONeNb IJIOCKOCTH E HpocTpaHcTBa Jlo-
Gauescxoro. Opnmaxo cam Jlo6aueBcKuil BHgea CBHIETEIBECTBO HEIPOTHBODE-
YHBOCTA OTKPHTO# EM IeOMETPHE B YKa3aHHOH CBA3E QOPMYJI €ro TPHTOHO-
merpar ¢ Qopmyaamm cdepmdecKoil TpEroHomerpmE. ITOT BHBOA JloGaues-
ckoro Hempasomepen. B cnoem Memyape on Moxasal, 9To QopMyaH cdepmaec-
Kol TPETOHOMETDHY BHITEKAIOT H3 ero reoMeTpHM, MeXAy TeM, 9TOOH yTBep:K-

80 Jlo6auesckuti H. M. IlonH. cobp. co4., 1. 1, ¢. 206.
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JaTh, 9TO M3 HENPOTHBOPEYMBOCTH TPHUTOHOMETPHYECKHX (ODMYN BHITEKaeT
HeIIpOTHBOPEYABOCTHL reomMeTpud JlobaueBckoro, Hamo Onio O JoKasaTb, 9TO
BCe TPeIJ0KeHAA mocaefHel MOKHO BREIBECTH M3 €€ TPUTOHOMeTpHYecKHX Qop-
MyJd A «a0CcoN0THOM reoMeTpmd» — MpeqioKeHAR, He 3aBACAMEX oT V MOCTY-
nara. Takoe nmoxasarenbcTBo JloGaueBcxkmit MOmHTANCA TMPOBecTE B «BoolGpa-
JKaeMoil reoMeTpHE», rue oH macai: «Temepb, OCTABIAA reoMerpmiecKde MOCT-
poeHEA B BHOApaa KpaTKuif 00paTHEA WYTh, HaMepeH A NMOoKa3aTh, YTO IJIaB-
HH¢ YPaBHEHHA, KoTopble Hamesa s [B muTupoBaHHOH Bhmme paGote] masa aa-
BECHMOCTH 6OKOB M YIJOB TpeyroalbHAKa B BooOpaiaemoif ['eomerpum, Moryr
OH'Th IPDHHATH ¢ NOJAL3010 B AHANATAKE H HAKOTA He IPUBEYT K 3aKJTIOUCHUAM
J0XHHM B KaKOM OH TO HE OHUIO OTHOHmEHHM» 3L,

Hanee JloGaueBckmii npHcoefdHAeT TPHTOHOMeTpHYeCKHe QODPMYJIH K
mpemioneHAAM abCcoA0THOMR reoOMeTPAR H BHIBOMAT M3 3TOT0 YTBEPIKIEHHA, YTO
CyMMa YIJ0B TPeyroldbHHEKA < 5T, 9T0, KAK M3BECTHO, SKBHBAJEHTHO HOCTYJIATY
Jlo6ageBckoro. OmHako X 9TH pacCcy)kaeHAsA He TMPEACTABAAIT 3aKOHICHHOI'O
JIOKAa3aTebCTBA HEIMPOTHBOPEYHBOCTH, TAK KaK CaMH (OpMYyNH cepmaecKoit
TPHATOHOMETPUH, B3 KOTOPHX CJIeAyeT, YTO CyMMa YIJOB TPeyroJbHHKA >,
€CJIH pPacCcMaTPABATh HX KakK (OPMYJH IJIOCKOH TPHTOHOMETpPHH, IPOTHBOpE-
gar axcHoMam aGcomotHoir reomerpmu. PaxTEdaeck:m atm cooGpaskemms Jlo-
6a4eBCKOT0 JOKA3HBAIOT TOJbKO HEIPOTHBOPEYMBOCTh €r0 TPHUTOHOMETpHYeC-
KAX $opMyi.

Onxaxo, oTHpaBIAACk 0T coobpamennit Jlo6ageBCKoro, HO LOAB3YACH METO-
NaMHA, B er0 BpeMsa HeH3BeCTHHIMH, MOKHO [IaTh MOJHOe J0oKa3aTenbcTBO He-
IIPOTHBOPEYHE OCTH ero reoMeTpad. J]1sa 9T0TO0 CllefyeT BOCI0Jb30BAaTHCA BBOICH-
Hoii IToncene B ero «Tpaxrare o mpoeKTHBHEIX CBoiicTBax ¢uryp» mpeeir MuM-
MEIX TOYeK mpocTpaHcTBa. Ecium momosHATE feficTBATe I HOEe eBRIAAIOBO MPOCT-
PARHCTBO BCeMH er'c MHAMBIMA TOYKAMA, MBI HOJYYAM KOMIJEKCHOE EBKIHJ0OBO
mpocTpaHCTBO. Beskyo aare6paduecKyio I aHAIHTAYECKYH JAHHAIO W HOBepX-
HOCTH B [[eHiCTBUTeTHHOM NPOCTPAHCTBE MOKHO DaccMaTPEBATh KaK 9acTh JH-
HAY 7 MOBePXHOCTA B KOMILIEKCHOM IPOCTPAHCTBe, OMpefejsieMHIX TEeMH 3Ke
YPaBHEHAAMH, PacCTOAHHA MeIY TOYKAMHA H YIIH Mex Ay IPAMBIME B KOMI-
JIeKCHOM IpPOCTPaHCTBE BHpa)kaloTcHd TeME ke dopmyjaMH, 4TO B B JeHCTBH-
TeJBHOM IPOCTPAHCTBE; IMO3TOMY BHPA}KAOTCH TeME e Gopmynamm, 9ro B
Ha jeiicTBATENBHOM cepe, TpAroHoMeTpHIECKHE COOTHOMEHAA HA cdepe KOMII-
JEeKCHOTo IpocTpaHcTBa, TaxkmM oGpasom, reoMeTpaA WiIocKocTH JloGageBcKoro
ocymecTBiaAerca Ha cdepe MBEEMoro pagmyca gi B IOIIPOCTPAHCTBE KOMII-
JIeKCHOT'0 OPOCTPAHCTBA, IPAMOYroJBHEE KOODAMHATH Z, Y TOUYeK KOTOpOro
me#icTBETENBHH (£ = Z, Yy = [J), @ KOOPARHATH Z — YHCTO MHAMH (2 = — Z).
9To NommpOCTPAHCTBO MOKHO PAcCMaTPHBATh KAaK JelicTBHTelbHoe adduuHoe
TIPOCTPAHCTBO, B KOTOPOM OIpeeNieNo paccTofHAe d MEKAY TOYKAMH ¢ IPAMO-
YTOALHHMA KOOPAMHATAMA Iy, Y, Z; & I3, Ya, 2 00 dopmyie

@ = (13—x;)* + (y2—y1) ® — (32 — 21)".

Taxoe mpocrpaHcTBO GHIIO OmpeliesieHO 3HagdATeNbHO Tmodsme A. Ilyamkape
(1906) m T'. MuekoBckuM (1908) B cBA3m ¢ HETEpUpeTanEell CHEMAATBHONK Teo-
pHA OTHOCHTENBHOCTA H B HACTOAINEe BPeMA HA3HIBAEGTCA ncesdoeskaud osuxm
npocmpancméom. Chepu pagayca gi B 5T0M HPOCTPAHCTBe HMEIOT BHM JIBYIO-
JocTHHX ranep6osounop (reoMeTPHA IMIOCKOCTHE JloGadeBCKOro ocylmiecTBAACT-
¢A Ha KamJoi 3 moJiocTell TAKOT0 runepGoORA), B 9TOM IPOCTPAHCTBE HMEIOT-
cA TaKKe cdepu NefCTBATENBHOr0 pagmyca, EMeIOI@e BHAJ] OTHOMIGIOCTHHX
raoepGoaoufos, B cdepsl HYNEBOro pafEyca, EMeEOm@Ae BHJ KOHYCOB.

31 Tawm ke, T. 3, c. 49.
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Jra HHTepumpeTamds, HArAAHO [JOK4SHBAIOIAA HEIDOTHBOPEIMBOCTH
miagnaMeTpnn JloGadeBcKoro, o6bacHsmer, modeMy (OPMYJIH TPHTOHOMETDHE
JloGaueBckoro mosyuaoTcs u3 GopMya chepuuecKoit TPATOHOMETPHH 3aMEHOR
pamayca cdeph Ha gi. Ira cdepa IWCTO MEHEMOTO PANAYCA M €CTh TA (MHEMASA
cdepanr, o KoTopoii, kax nmucan U. I'. JJaMGepr, oH «modTH JoaseH GhL OH celaTh
BEIBOJ — 3aKJIOYeHMe, YTO TPeThsi TANOTe3a HMeeT MeCTo Ha KaKOW-TO MHH-
moit cheper (em. UM, 1. 3, c. 218).

OrmeTnM, 49To HMHTepHpeTamma ILIockocTH JloGaueBcKoro Ha cgepe UmeTO
MHAMOT0 Pafi¥yca B ICEeBHOEBKJIXAODOM TIPOCTPAHCTBE 06AaJaeT TAKKE TAKAMHA
CBOCTBAMH, 9TO OBHKCHHMA ILTOCKOCTH JlofadeBckoro maobpa;kaloTCA Bpalle-
HAAMH CQepH, OKPYKHOCTH — CeYeHUAMA CPePH eBKIHIOBHIMA MIOCKOCTAMA,
KPHBHE, ABAAMHAECHA reoMeTpUIeCKHMH MeCTaMH TO4YeK, PaBHOOTCTOAIMHAX OT
OpAMEX («PKBAJHCTAHTH)),— CeYeHHAMH CQepH MNCeBIOEBKIHIOBRIMA ILIOC-
KOCTAMH, OPHIHKAL — CEYCHAAMH CQepH H30TPONHHMHA IJIOCKOCTAME (HO-
Jy9aeMHMHU NpPeNeAbHRIMA MepeXoJaMH @ U3 eBKJAHUIOBHIX, H M3 ICEBOEBKIMA-
moBrx). BmecTo paceMoTpenns ofHol M0A0CTH Chepsl MEAMOTO PANHAyCca B PAJE
cl1ydJaeB OKashBaeTcA Gojee YHoOGHHIM HHTePIPETHPOBATH IIOCKOCTH JlobGa-
9eBCKOI'0 B BEJe MOMHOHE CdepH, HO C OTOK/IECTBICHHHMHE IHAMETPAILHO IPo-
TABOION0;KHKMA ToukaMu. IIpoctpaEcTBo JloGageBcKoro momycraeT anaJorad-
HYI0 AHTePIDPETAIAI0 B 4-MEPHOM IICeBI0eBKIAIOBOM HPOCTPAHCTRE, HPHUMEH e~
MOM [Jf HHTepIPeTANWM TIPOCTPAHCTBA-BPEMEHH CHeNUAaJbHOM TeOpHH OTHO-
CATEJBHOCTH.

Koopmauarh z, y, %, ToY4KkE cephl MEEMOIO PAIAYCA MOKHO PAaCCMaTPHBATH
KaK OFHOPOXHKE KOOPIAHATH COOTBETCTBEHHOM TOUKE IIOCKOCTH JloGageBCKO~
ro. Takumm KoopguHaTaMu (B3 Ipyrux coobpaxenuii) nonbaosanca K. Beiiop-
mTpace B CBoeM CeMHHApe o reoMerpdd JloGageBcKoro, KOTOPHIA OH BEJ OKOIO
1870 r. B BepamuckoM yHmBepcmTere, BCIECTBAE Yero HX HA3HBAIOT BefiepmrT-
paccoBuMmE KoopamHaTamm 32,

Pacnpoerpancnne mpieii reometpmm Jobauercxoro

Hopas cacrema reoMeTpHn He MOJyYAIa OPAIHAHMA OPHA »KA3HA ee TBOPIOB.
3a mckaioweHmeM ymomaHytoroe Bmcrymiaenmsa II, V1. KorenpamkoBa, MH He
3HaeM JPYTHX OPHUAAJBHHX IOJOKATENBHHX OT3HBOB 0 JI0GaIeBCKOM KAk 0
TBOpIEe HOBo# reomerpuu. Ha ¢Annenagukcy fl. Bosn @ BoBCce He EMenoCh OTK-
aaxkoB. [aycc e, KaK roBophioch, m3berai nyGAMKamum CBOHMX OTKPHITHH,
OrpaHAYABAACH OerJeIMA 3aMeYaHWsAIME B DNHCBMaX K HEMHOI'MM [IpY3bAM.
Honosxennme mamennaoch toasko B 60-x rr. XIX s, B 1860—1865 rr., Bckope
mociae cmepra [aycca, Gnina magana ero mepemdcka ¢ acrpoHomom I'. X. Ily-
maxepoMm (1780—1850) m, B wactHocTH, maceMo 'aycca mo moBony «['eomerpmuec-
KAX HccaemonaHmity JloGaueBcKoro. «JTo coumHeHme,—mmcaa amech [ayce,—
COJepPKAT B ceGe OCHOBAHUSA To#l TeOMeTPHHA, KOTOpaA HoJKHA GhAa Gs EMeTh
MecTO W IPHTOM COCTaBisiAa Gbl CTPOTo HoclefoBaTelbHoe medoe, ecld OH
eBKJHI0Ba reoMeTpHsa He Ghula On meTuHHOM... JIoGadeBCKA HAa3KIBaeT ee «B00O-
pasxaeMoil reomeTpmeii»; Bu 3maete, qro yme 54 rogma (¢ 1792 r.) a paspmensio
Te 7K B3TJAAIH ¢ HEKOTOPHM Pa3BATHEM X, 0 KOTOPOM HE X049y 3/ieCh YIIOMUHATH;
rTakaM o6GpasoM, A He Hamed misa ceGa B counmnenmm JloGaueBCKOro HHYETO
daxTEaeckn Hoeoro. Ho B pasBuTEA mpejnMera aBTop CAegoBaja He IO TOMY
OYTH, IO KOTOPOMY WIeJd f CaM; OHO BEIOJHeHo JloGaueBCKAM MAaCTepPCKH B
HCTHHHO reoMeTpHueckoM AOyxe. fI cumralo ceGsn o0asanEHM ofpataTs Bamre
BHEMAHHE HA 3TO COYHHeHme, KoTopoe, HABEPHoe, MOCTABAT BaM coBepHIEHHO
HCKJOYATENBHOEe HaclakIeHme» 33,

32 Kaean B. @. Ocrosanmsa reoMerpnu. M.; JI., 1949, 49, 1, ¢. 341.
33 06 ocHopaHAAX reoMerpum, ¢. 119—120.
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B 1865 r. moasasnerca «3aMeTKa o BooGpakaeMoii reomerpnn Jlo6ageBcKOros
(Note on Lobatschewsky's imaginary geometry.— Philes. Mag. London)
A. Haamr. B sroit samerxe Koam cpaBHEBaeT TPETOHOMETPHYECKH® (HOPMYJIH
Jlo6auencKoro u chepmiecKoil TpAroHOMETPHAN, B, XOTH, KAaK BAJHO B3 3aMeTKH,
cyTa oTkpuTEA JloGauzerckoro Hanwm me moHAN, ero saMeTrka cHmocoGCTBoBana
OPA3HAHAK 3TOTO OTKPHITHA.

B 1866 r. 8 Bopno n Ilapm:xe noasisercd ppaHuysckmit neperon «I'eomer-
pHYeCKHX mCCIefoBaHmity JloGadeBcKoro BMecTe ¢ M3BJIEYCHAEM B3 MEPENACKH
TF'aycca ¢ IllymaxepoM, BHIOJHeHHHH mpodeccopoM yHHABepcETeTa B Bopmo
T'masomom Mronem Oroanem (1823—1866), a B 1867 r. B Ilapmke Brxomar
«Kprrnueckn#t odepx 06 OoCHOBHHX NpHHIENAX reomerpmm» (Essai critique
sur les principes fondamentaux de la géométrie) Oroans, comeprxamuit mano-
sKeHNe OCHOBHHIX meii Jlo6aueBckoro. OcHoBH reoMerpEu JlofaueBCKOTO W3-
noxmn mpodeccop ymmpepchrera B I'mcceme Pmxapn Banbmep (1818—1887)
Bo 2-M manaHWE ero «JdiemenToB MareMatdkds (Die Elemente der Mathe matik.
Dresden, 1867). B oM ke rogy mpodeccop Heamommramckoro ynmsepcurera
Isxysenne Barranpmen (1826—1894) ony6naxoBan crarsio «O BooGpakaemoit
reomerpur Jlo6auenckoro» (Sulla geometria imaginaria de Lobatschewsky.—
G. mat. Napoli, 1867) z mransancxkuit mepesox «IlanreomMerpun», a B 1868 r.—
mTanbAHCKER nepeson «Anmemmaxca» Bosa. B 1868 r. mpodeccop Mockoseko-
ro BHCHOIEro TexHadecKoro yumimma Ajexceir Bacmnrena Jletnnkos (1837—
1888) momecrun B III Tome «MaremMaTmdeckoro cGopHHKay pyccKmit mepeBof
«['eoMeTpuaecKkEX mccaegoBaHmily JloGadeBCKoOro ¢ MpegWCIOBHEM, B KOTOPOM
reoMerpadeckne TPyas JI0GaUYeBCKOTr0 XapaKTePU3YIOTCA KAK dBechbMa 3aMe-
YaTenabHHe, Ho MaJlo H3BecTHHIe», a mpodeccop Ipact Ilerpora Ammmenckmit
ony6amkosan B Hasasm «Hcropudeckyio 3amHACKY 0 JKA3HA H JeATeNbHOCTH
H. U. Jlo6ageBckoro». U HaxoHen, B ToM e 1868 r. Buxonnar crarea J. Bensr-
pama o6 muTepmperanaax reomerpmu JloGauenckoro. Biaromapa stum my6-
auxapEaM K 1870 r. reoMerpua JloGageBCKOro cTaHOBATCA H3BeCTHOH BO BCex
crpanax EBponm; Torga e, Kax Mbl yOOMAHAJIH, 3Ta [€OMETPHA CTAHOBHTCH
npeaMeToM cmenmajJbHoro cemamaapa K. Bedlepmrpacca B BepamHckoM yHMBep-
cHTeTe.

Boabmylo ponb B pacnpocTpaHeHHM ujaei reomerpnn JloGageBcKoro curpa-
aum mnpopeccopa Hasamckoro yumsepcumrera Demop Marseesma Cysopos,
MarmcTepckas mmccepramda KoToporo «O XapakTepHCTHKe CHCTeM TpeX Ha-
mepermin» (1871) Guia noceaAmeHa TpeXMepHHM PHMaHOBHM IPOCTPAHCTBAM —
HemocpeJAcTBeHHOMY 0600menno Tpexmepmoro mpocrpancrtea JloGavesckoro,
# ocoberno Anexcangp BacunbeBuu Bacmises (1853—1929). Ilmromen Ile-
TepOyprcKoro yHmMBepcHTeTa, Bacmianen paGoTad MOueHTOM, a 3aTeM mpodec-
copom KasaHckoro ymmeepcuTeTra ¢ 1874 mo 1907 r., satem ou mepeexas B
Herep6ypr. AnareGpanct o 0OCHOBHOM cnen@anbHocTH, Bacuines 6o MaTeMa-
TAKOM IIAPOKAX MHTEPECOB M BIOCHeAcTBAR uagapai (coBmectHo ¢ I1. C. [Omxe-
praem (1873—1945)) c6opraxn «Horre nuen B MaTemaTakes (Ilerep6ypr, 1912—
1915), noaHaKOMHEBIIAE PYCCKOI0 YUTATENAA C HAECAMW TEOPAH MHOMKESTB H 060C-
HOBAHAA aHANW3a, Teopdd rpynim, reomerpmdeckamm paGoramu @D. Kaeiina,
TeopHell OTHOCHTENBHOCTA M JDYTHMHA Ba)KHHIMHM OTKDHTHAMA MaTeMATAKHA TO-
ro Bpemenn. BacuabeB GLII Tax:Ke HCTOPAKOM MATEeMaTHKM, eMy IPHHAIJIEKAT
pAx @ccrefoBaHmil TBopYecTBa JloGaweBcKoro m meTopmueckmil ouepx ¢Ilenoe
anciaoy (Ilerporpanm, 1922). On 6w mepBuM mpexncemaTeneM Kazamcxoro ¢m-
3HKO-MaTeMaTH4eckoro obmectsa, Boimeaapmeroca B 1890 r. ma Kasamceroro
o6mecTBa ectecTBoHcHuiTareneit. Umenno mom pyxosomeTeom Bacmuwsera Ha-
saHCKoe (HamKo-MaTeMaTHYeCKoe 00MecTBO BHCTYNNIO HHANAATOPOM H3NAHAA
MepBOro MmOJHOTO coOpaHMA reoMeTpHYecKHX coudHenmit JloGaueBCKoro, BH-
megmero mon pefaxmmedt Bacmisesa (Kazamp, 1883 —1886), mpasgmoBannsa
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A. B. BACUJILEB

100-netna co musa poxgerda JloGazesckoro (1893), mpomeMoHCTpHpOBABHIEro
MeKIYHapoLHOe IpA3HAHAE OTKPHTHA HEeBRAMAOBOM TIeoMeTPUH, H MERTY-
HapOAHKX KOHKypcoB mMeHH JIoGaueBCKOro, KOTOPHE BHCOKO HMONHANA MEK-
OyHapomeHE aBropHTer HaaaHcKoro yumBepcuTera. IlepBoe mpHCy:kneHHe
opemnn mmenH JlobageBcKoro cocTosioch B 1897 r., mpemusa 6mia mpacy:;KIeHa
Codycy JIm 3a Tpermit (reomerpmueckuii) Tom ero «Teopun rpynn npeo6pasosa-
Humii»; mpm BTopoM mpucy:kmeum: (1900) mpemmio moaywmn B. Kumaamer aa
OAKT paboT Mo HeeBKJIHOBHM LPOCTPAHCTBEHHHWM ¢(opmaM H rpymmam Jlm
(1883—1896). Ilpm Tpernem nprcy:kuenmn (1904) aToit mpemm: GHUT YAOCTOSH
H. I'mns6epr 3a «OcHOBaHAA TreoMeTPHEH» W [JPYTHe TreoMeTpHAYecKdAe paboTH
(1895—1900). Bmocnegcteam upemusa mmeHdn Jlo6aueBckoro HpHCYKIATACH
TakaM KpynHHM yueHnM, Kak @. Illyp, I'. Beitas, 3. Kapram o A.JJl. Anex-
CaHMIpOB.

Nuarepuperanns Bexsrpamm

CaMuM y0emmTeNbHHM aprymMeHToOM B IONL3Y HOBO@l reoMeTpmd GHUIN
fIOABMBIINECH B 9T0 BPeMA HETePIPETANlMM HToil TeOMETPHH B eBKJMIOBOM IIDO-
crpancTee. Ilepene JBe Takme mHTepHmpeTannd OHUIM IpefioKeHH mpodecco-
poM MaTeMaTHKW A MeXaHUWKHA B Boaoube m Pave Jymxenno Beasrpavu (1835—
1900) B «OnriTe HHTEpOpETANAE HeeBKIAA0oBol reomerpum» (Saggio di interpet-
razione della geometria non-euclidea.— G. mat. Napoli, 1868), B KoTopoM
oH oTmpaBasiaca or paGor Mumnmura. B sToit paGore BeabrpamMu BETHMCTEN
AuHe#BH#A sXeMeHT (KBagpar mEddepeHnmana gyra) mrockoct:m JloGaues-
CKOro B KOOpPOAHATAX U, U, PABHEIX PACCTOAHHAM TOYKH OT ABYX B3AHMHO
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3. BEJbLTPAMU

nepreHUKYIAPHLIX OPAMBIX, NeJeHHHM HA I (B HacToAmee BpeMa 3TH KoOOp-
OAHATH Ha3BIBAIOT «GeIhTPAMHEBLHMEY), M lIamesd, 9T0 B DToll CHCTeMe Koopad-
HAT NHHEAHHH DJI6MeHT HMeeT BH[

2__ 2 (a? — u?)du? -+ 2uv du dv -} (a® — v?) dv?

a® —ut— p2

ds

Briyucassa manee rayccoBy KPpABU3HY MOBEPXHOCTH ¢ TAaKAM JMHEAHEIM dJIeMeH-
ToM, Benprpamm ofHapyk®MI, YTo rayccoBa KpupraHa miaockoctd JloGageBcKoro
BO BCEX ee TOUYKAaX PaBHA OJHOMY U TOMY e duciay — 1/r?, T. e. aTo IIOCKOCTD
JlobadeBCKOro MOMHO paccMaTPABATH KaK IOBEPXHOCTh IOCTOAHHOH OTpH-
I{aTeabliofl KPHBU3HHL.

Tak Kak BCAKYI HOBEPXHOCTh C TOYKH 3PEHHUA ee BHYTPEHHe#l reoMeTpHH
MO;KHO paccMaTpPHBaTh KAk HHTEPHPeTAMHIO JIO6O0H MOBEPXHOCTA, HANOKAMOMR
Ha Hee, a HeoGXOgUMEM M LOCTATOYHKIM YCIOBAEM HAJIO;KMMOCTH IOBEPXHOCTE
ABJIAETCA PaBEHCTBO rayCCOBHIX KPHBHU3H B COOTBETCTBEHHHIX TOYKAX IOBEPX-
HocTe#l, BenprpaMu cierai BHBOJ, 9T0 INIOCKOCTh Jlo6aueBcKoro MoKeT GHITH
HHTeDIpPeTHEpPOBaHA JI060#l MOBEePXHOCTHIO IMOCTOAHHOM OTpHIlaTeAbHOH KpH-
BH3HEL.

BeasTpams ycTaHOBWJI, 9TO HOBEPXHOCTH BpalieHHA HOCTOAHHOR oTpu-
maTedbHON KPUBM3HLI, DAcCMOTpeHHBle MuHgHHrOM, HM30MeTPHIHH TACTAM
miockoctr JloGaveBCcKOro, 3aKAIOUYEHHHIM MEKAY [BYMA IepeceKaomuMach
OPAMBIMA A OPTOTOHANBHOM K HAM OKPYKHOCTBIO, MEALY NBYMA PACXONAIIAMA-
¢ OPAMEIMA, AX OOmMAEM IEePHeHJUKYAAPOM M OPTOT OHAJIBHOM K HAM IKBH-
JACTAHTOH M MeKAy ABYMA HapajilelbHKHMH IPAMBIMA M OPTOTOHAIBHBEIM K
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gum opanuriaoM. Buocaencrsau (1900) TunsGepr Jokasam, uTo BCAKAA MOBEPX-
HOCTh HOCTOAHHON OTPEMATeNbHOW KPUBUSHH B OBKJIMA0BOM UIpPOCTPAHCTEE
M30MOTPAYHA TOJBKO TaCTH WM HECKOJIbKUM IaCTAM IIocKocT JiofageBcroro,
HO HA OJHA TaKas HOBEPXHOCTH HE H3OMETPHUH& IIocKocTh JloGaueBCKoro ne-
JIAKOM.

C mpyroii cTopoHB, pacCMAaTPMBAS TOYKM EBK/AMOBON IJIOCKOCTHE € KOOP-
AWMHATAMYA, SUCIEHHO PABHHIMA «GelbTpaMHEBHM KOOPAMHATAMY U, U INIOCKOCTH
Jlo6aueBcroro, BeabrpaMu momydaer sropyo uHTepmperammio. Tak KaK Koop-

AMHATH U, U CBASAHH YCJIOBUEM
u ot <k 6))
1Ipy 3Tofi MHTEepOpPETANAX BCA INIOCKOCTH Jlo-

0ageBCKoro uzofpakaeTcss BHyTPEHHOCTHIO KPY-
Ta, OrpaHUIeHHOrO0 OKPYIKHOCTHIO

u? 4 0v? = q (4 ,
s Ir
BeabTpaMa MoKAa3aJ, 4TO0 OPAMKE JIHHAA LJI0- ,
ckoctn JloGagenckoro mpm aTom maoGpakarorca 4
xopnamu atoro Kpyra (puc. 8), a paccrosHue
rogku P ¢ roopauHartamMu (u, V) M0 HATAIA KO- g 7’
opmuaaT 0 pamHO
r a—i—Vu?—i—_vz Puc. 8
p=-— In ———-———. (5)
2 a— Vur Lot

Xora Beaprpamn He 1an GopMyas AJIA pacCTOAHAA MEKAY ABYMS IpOu3-
BOJBHLIME TOYKAMH M He BEISICHWI, KAK B ero mATepuperamud ma3obpaKaroTcs
OBHKEHHA INTocKocTH JloGadeBckoro, sra marepmperanus BeidsTpamMu ABU-
Jlach HepBHM, IPaBla HeOOTHEIM, JOKA3aTeJbCTBOM HEIpOTABOPEUABOCTU BCel
miockocTn JioGauescKoro.

Narepunperamua Kaam

Orser Ha BompoCH, He pemednsle Berbrpamm, m0 CYmecTBy BaKIIOTAICA
B BHIDEANmeM 3a NECATH JeT [0 ero paGoTH W yKe yIOMUHABmeMCA (CM.
¢. 48) «lllecrom memyape o dopmaxy (1859) Aprypa Hamm (cm. Ka. 1, ¢. 64—
65), rme GuIo BBeleHO NMOHATHE 0 HPOSKTHBHON MeTpHKe Ha IJIOCKOCTH.

Hoam zanmcnBaeT ypaBHeHMe KOHHKA HAa OPOSKTHBHOR IIOCKOCTH C IPOEK-
THBHHMHA KOODAHHATAMHA Z, Y, 2 B BHAE

(@ b,c, g, h T 2,4,2"=0
I CTABHAT B COOTBETCTBHUE KAXK/AKIM IBYM Toukam P o P’ ¢ KoopauHaTaMu z, y, 2
u z', y', 2 aroro aGcoarora paccroanme Dist (P, P'), KoTopoe oH 3aOMCEIBAeT
B BH]E
_ a,...0z,y,:0 x2,y,72
cos™! ( T ¥y, ¢ L y ,) —

]/(a,... II,y,ZV V(av"' I:,y 12)2

{cos™! — amrauiickoe 0603HaveHUE APKKOCUHYCA).

W3 pgorasanmoro Hanu panee BrITexkaer, 4To OJIA TOYEK OQHON IpAMOIi

Dist (P, P’) 4 Dist (P’, P") = Dist (P, P”).

Honam sameuaer, uro «o6mue GopMynIn He MOIYyIal0T CYMECTBEHHOIO H3-
MeHeHHA, HO 3aTO CHJIBHO yIpomaioTca oo fopMe, eCliF 33 TOYEUHOE YPABHEHHE
abcomoTa B3ATH

2y F22=0.
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... Torma MB MMeeM IJIA PacCTOSHHA MEKEY ABYMA Toukamm (Z, ¥, 2) B
, ¥, 2)
zz' 4 py’ + 22’ o
Vate+2Vet a7
Or yxasuBaeT, gajlee, uTo ¢ecam (z, y, 3) — OGKIHEE HPAMOYTOJIBHEE KOOP-
OAHATH B IPOCTPAHCTBE, YAOBJIETBOPAIOIMHAE YDABHEHAIO

2 +y +22=1,

TOTa TOUKA, MMEIOIMAA KOOPAHHATH (Z, Y, 2), OyAeT Toukod chepHYecKOi mo-
BepxHoCTH, H (IOCKOABKY oupefieienHoe Hanm paccrosume apaserca cdepmaec-
KAM DACCTOAHMEM) «MEI HMeeM chcTeMy cpepHUeCKOH reoMeTpHm; U BfieCh BhI-
ABJIseTcA, 9ro abcoMoTOM B TaKoi cucreMe ABIAAETCA (cdepHuecKas) KOHHKA,
npeAcTaBIAKMAA Co6oil Hepecedenne cephl ¢ KOHMEATPUISCKHM KOHYCOM WIH
ucuezaiomeit cdepoin 33, Ilog «cdepmuecroit koHMKoM» Haam moEHMAT ToOT
MHAMEIA KPYTr, 10 KOTOpOMY 0(eCKOHeUHO YAaldeHHAas INIOCKOCTH, AOIOJHAIO-
mAasA eBKJIAJ0BO IPOCTPAHCTBO N0 IPOSKTHBHOIO, IepeceKaeTcA CO BCeMH Cde-
paMH eBKJMI0Ba NIPOCTPAHCTBA W C MHEMHM KoHycoM 22 + y 4+ 2°® =0,
Koropsii Hanm HaspBaeT «KOHIEHTPHUYECKAM KOHYCOM» W «HcUesajomeit cde-
poit». Tem cameiM MeTpura Komm ocymecreiserca Ha GeckoHeuBo yAaJeHHOR
INIOCKOCTH, IpeAcTaBJAIOmeil coGofi HpPOGKTHBHYI IJIOCKOCTH, U Ha cdepe
06KTHOr0 HPOCTPAHCTBA ¢ OTOKAECTBISHHHMH TUAMETPATIBHO IPOTHBOIOJIOMK-
HHIMA TOYKAMA. B Hacrosmee BpeMsa HpoeKTHBHAA IIOCKOCTh C oUpefeJeHHOMA
TaKAM 0Gpa3oM MeTPHKOI HA3HBAETCH JALUNMUYECKOU NAOCKOCMbIO; Ho LpPH-
gpHaM, KOTOpEEe OyAyT ACHH HHAKE, 3Ty IJIOCKOCTh HABHBAIT TaKKe Nees-
BAud080ii naockocmulo Pumana, xoTA Ha camMoM jejie ¢ ropasno GoxbImM
OCHOBAHHEM 3Ty LJIOCKOCThL CjenyeT HashBaTh WIocKocTeio Hamm.

Koam 3amedaerT Tak:Ke, UTo «B OGHYHOM reoMeTpPHE ILIOCKOCTH aGCONIOT
BHPOMXK/IAETCA B IAPy TOYEK, A HMEHHO B Iapy TO4eK HepecedeHHS GECKOHEUHO
VAAIeHHOR OpAMOi ¢ HCIes3a0MUM KPYroM, MiIH, 4TO TO sKe camoe, aGCOJIOT
ABJNAETCA ABYMA KPYroBHME Touxamda B Geckomesnoctm. OGmas Teopms co-
oTBeTcTBYIOmMUM 00pazoM MogudamEpyercs, a HMeHHO, 37eCh AJIA TOUYEK yike HE
CYImecTBYeT PACCTOAHMA, HOAOOHOTO KBAApaHTY, I PACCTOAHHE MEKAY HBYMA
OPAMEIMHA HE MOKET GHITh HEKOMM 05 Pa3oM CPABHABAEMO C PACCTOSHAEM MEKAY
rogkaMu» 3. ¢PaccTosnme Me:KIy OpAMLIME» — 3TO YrOJ MEKIy IPAMBIMA
eBKJIMI0BON IJIOCKOCTH HJM pPAcCTOAHME MEXIY ABYMS HapasllelbHHIMHA IPA-
MbiMA. ['0BOpA 0 BHPOKAEHMNM KOHMKH B APy Touek, H3am mmeer B BHmY Ko-
HEKY KAK COBOKYOHOCTH HPAMEIX, T.e. OIYZ0K BTOPOro HOPALKA, KOTODPHIHA
MOKeT BHIPOAMTHCA B IAPY OOWYHEIX AeHCTBHTEIbHHIX WIW MHHAMEIX IY9IKOB.
Haam me maygaer ciaydaeB, KOIla KOHWKA BeMEeCTBeHHAS WJIM KOrJa OHA pac-
mafaeTrca Ha Hapy [deHACTBHTEIHLHBIX IYYKOB, HPUBOAANMX K IeoMEeTpHAM,
KOTOpDEHE B HAaCTosee BpeMsa HA3HBaloTCA ramepbonmaeckoil (reoMerpueit
JloGauesckoro) m ncesmoesramgoBoii. OmHako emy GHUIO ACHO GoJXbIIOe 3HA-
YeHHe OUpefieJIeHHHX AM IPOEKTABHHIX METPUK, I B KOHI® MeMyapa OH OACAJ:
«Merpaueckas reoMerpms ABIAETCA, TakAM 0o0pa3oM, YaCTbI0 IPOEKTHBHOMA
TeoOMeTpPHHM, M UIPOGKTHBHAS TeOMEeTPHA UPefCTABIAeT BCIO TFeoMmeTpmion 37,

cos™!

34 Tam e, ¢, 243,

38 Tam ke, c. 244. ’
36 Tam e, ¢. 245.

37 Tam xe, ¢. 245—246.

72



Harepnperanpa Kieiina

Ceasb Mmeay OpoeRTEBHHME Merpuramm Homm m reomerpmeit JloGaues-
cKoro Gmaa ycTaHoBleHa HemenxraM reomerpoM Demmrcom Hneitmom (1849—
1925). ¥Yposmenern Hioccensnopda, Kiueits yamaca 8 Boauckom yameepcrTeTe,
rpe O6bt1 yuenakoM Ilmoxkepa u B 1866—1868 rr. ero accmcrenrom mo radenpe
Pmamrn., 3arem Hieitm paGoran B kazecTee mpodeccopa B IpAaATeHCKOM YHA-
sepcutere (1872—1875), B Bricmelt Texumgeckoit mkoae B Monxere (1875—
1880), B Jleiinmarckom yareepcarete (1880—1886) m ¢ 1888 r. B I'érTmHTeHCK OM
yuaBepcutere. B 1871 r. oH ycTaHOBHI yHOMAHYTYIO CBA3bL MEMKIY reOMeTpH-
gecKnMu TeopaaMy JloGagesckoro m Hamu, o wem mompo6Ho rosopHTCA HHEMNE.
BroiacanEB, 9To rpymna aBHsxeHAi npoctpaHcTea JlofageBcKoro, a TaKMe rpyn-
OH JBHKEHH# eBKJIUI0BA HPOCTPAHCTBA M JPYIAX IPOEKTHBHEIX MeTPHK SBJIS-
0TCA HOArpyONAMHE TIPYOOH IOPOEKTHBHHIX NpeobpazoBaHuii IpoCTPAHCTBA,
Kneits mpmmen x ofmeit #fee o porm rpynn upeofpasoBaHMil B reoMeTpHH,
BEHICKA3aHHON UM B JeKIUH DK BCTYIJEHUH B NOJKHOCTH Hpodeccopa IpiaH-
TeHCKOro yHmsepcmrera («JpiaHreHckod nporpammes). Hieitn cmrpamr Bamk-
HYI0 pOJb B YCBOGHHMH MaTeMaTUKAMH HMIeil HeeBKIMIOBOU reOMeTPHU H Teo-
pHA TpYOI, B CO3JaHAHM TEOPUA HeOPEepHBHHX I'PYIN U A3YIeHHH AMCKPETHHIX
Ipynm reoMeTpUYecKHX IpeobpasoBaHuil, B JACTHOCTH TAK HA3LIBAGMEX (PyK-
COBHIX rpynm (TeOpHI0 KOTOPHX OH paspaGaThBaa B GYPHOM COPEBHOBAHUM C
Ilyanmkape), a Takke TIpyon caMMeTpuil HpaBUIBHHX (Eryp (ofHa H3 €ro
KHAT TOOCBAMIEHA Ipylde CEMMeTpuil mpasmiabpHOro mKocasapa). C 1876 r. B
TeueHme copoKa Jer HileliH GHUI IIaBHHM pelaKkTOpOM H3jaBaBmuXCA B Jlein-
mare «Mathematischen Annalen». Henpaa He ymomMaHyTh eme ero aKTHBHOIO
ydJacTmsA B m3BecTHOI MHoToTOMAOM «Knzyklopddie der mathematischen Wissen-
schaften» (Leipzig, 1898—1934. Bd. 1—6) n pedopme npenonasanusa MaTeMaTEKE
B CpeAHeil ® BHICHIEH IIKOJIe.

B ceomx «Jlexumax o paasmTudm matematukm B XIX cromeruu», YMTAHABIX
BO BpeMs mepBoil MEPoOBOil Boitun u nmagananx P. Kypamrom u O. Heiire6aya-
pom B 1926 r., Hueils omuchiBaeT OTKPHTHE CBOCH MHTEPIPETALHA CIEYIOMUM
0o6pas3oM: OH MO3HAKOMHEJICA ¢ Teopueil Homu mo ymomuHaBmeiicA HAMEM KHUTe
Canpmona «HoHwdeckme ceueHHWs», HEMEUKUI LmepPEBOJ KoOTOpOH MOABUICA K
3TOMY BpemeHH, a IOCjIe 3Toro, aumoit 1869—1870 rr., smepsne YCAHIIAX O
reoMerpuu Jlo6ageBcKoro ot csoero apyra Ilroxbma. «VMs oTmx KpaTKAX cBe-
NeHA# A MOBOJBHO MAaJIO IOHAJ, HO TOTYAC Ke Y MeHsA BO3HHKJIA Hjesl, 4TO TYT
cymecTsyer HeKoTopas 3aBECEMocTh. B despame 1870 r. s wmramr morIag B
cemuHape Beitepmrpacca o mepooupenenennu Koim u 3akoOHIHI ero BOIPOCOM,
He CYmeCTBYeT JH coBmamenns mexay mueavn Kanm'm JloGauesckoro. f1 mony-
9HJI OTBET, 4TO 2TO — /IBe HAJEKO OTCTOAmMe o Hice cEcTeMs» 8. Hiein
opmer, 9T0 CHaYaJda I03BONMJ HepeyGenuth ceGA M BepHYJICA K OTHM HfeAM
rorsko derom 1871 r. B cmopax ¢ tem e Illtomsmem. B peaynnrate Hireitn
B TOM ke romy omyGiaukosaid crathio «0 Tak HazbhBaeMod HeeBKIUIOBOL reo-
MeTpHuHW», TAe mOKasad, 4T0 B ciIydae, Koria «abcomom Kanmm — peficTBHTENIDb-
Haf KOHHKA, YacTh IPOGKTUBHOA IJIOCKOCTH, HAaXONAMAACA BHYTPH ITOIT
KOHMKH, M30MeTpHWIHA miaocKocTH JloGagesckoro. dra pabora BE3BAJa BO3pa-
JKeHHA C MHOI'MX CTOPOH ¥, B YaCTHOCTH, 0GBHHEHHUs B IOPOYHOM KpyTe, IOC-
KOJIbKY IPOGKTUBHYIO TeoMeTpHI0 OGKYHO H3Naraium Ha OCHOBE eBKJIMIOBOM.
Omrako K aroMy Bpemenu mosismiaachk teopus llraynra, ¢ momMompio KoTopoil
IPOeKTABHON reoMeTpHA MOKHO OBLTO JaTh 060CHOBaHHE, HE3ABACAMO®e 0T eBKIM-
nosoit. Jroii mpobieme Hireitm mocBsATAI BTOPYI 9acTh yKazaHHOH CTaThH
(1872). Hueiin HeckonbKO BUmousMeHseT oupeneigenne Koam m paccrosamem

38 Haeiin @. Jlexnun o passuTud MateMatTnka B XIX cronernu. M ;JI: T'ocrexuspar, 1937,
4. 1, c. 189.
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@, RIENH

MesRy ToakamMd A m B masuBaer ¢ In W, rme W — nBoliHOe OTHOMIEHHME TOUCK
A u Bu touex mepecegenns npamoil AB ¢ aGcoaioToM, a yIiIoM MeKIy HpAMBIMA
a u b masmaer ¢ In W', rne W' — nBoiiHOe oTHomieHHMe HOPAMHIX @ M b
KACATOIBhHWX K abCONI0TYy, IPOBefleHHWX U3 TOUYKE HX HepecedeHnsa. Hieitm
OKA3KIBAeT, ITO B CJIyIae, KOrga o6e IMoCTOAHHANIE ¢ B ¢ PaBHHI i/2, HoIy4aeTcs
2IIANTHYeCKAs IJIOCKOCTH, B CiIydae e, Korna ¢ = 1/2, a ¢’ == i/2 — mioc-
Kocth JloGagesckoro, mpuuem mapaiiend JloGaueBCKOro —aTo UpAMEe, Hepe-
CeKAIOMUECH B TOYKe KOHUKH. JIBMyKeHAA OSJINNTHIECKOR IJOCKOCTH H
MI0CKOCTE JloGaueBCKOro HpH 3ToM M300pasKalOTCA KONIHHEANMAMH, Iepe-
BOASAMMAMU B ce6fd MHAMYI0 WJIM [efCTBATEISHYI0 KOHHAKY. 3aMeHAs KOHUKY
MHUMONR M OBaJbHON ITOBEPXHOCTAMH BTOPOro IopAnka (kBaxparamu), Hieitn
HoIy9aeT JIJANTHYECKOEe IPoCTpaHCTBO H mpocTpaHcTso JloGauesckoro. Ilpm
aToM mHTepuperannsa Beabrpamm miockocta JloGageBcKoro ABIAETCS TaCTHHM
caygsaeM mHTepuperamud HieiiHa, Korga KoHAKA ABIAETCA OKPYKHOCTBIO Ha
eBR/IUIOBOM INIOCKOCTH, M TeM CaMbIM pellaeTcs BOIPOC O TOM, Kak M3o0pa-
JKAIOTCA ABUKeHHA mIockocTd JloOageBckoro B uHTepHperamum BeiabTpamu.
‘C1ygas BemecTBeHHOH HoCTOAHHON ¢ — HpeadsHOH obxacTd miockoct: Jlo-
GaueBCKOr0 M ICEBJOEBKIMIOBOM IocKocTH — Himelin 3gech He paccmarpm-
BAaer.

ImIMuTHIEeCK AN reoMeTpuas

Mu yxe ymoMMHAIH, 4TO 3JIIHITUIECKAA TEOMETPHUA, T. 6. IreoMeTpusd
‘¢ IPOEKTUBHOM METPHKOU, abGCONIOTOM KOTOPOH CIYKHAT MHAMASA KOHHKA HIU
KBaJpEKa, IAA CJIydadA IOIoCKocTH GRIa ompefeneHa B «lllecrom memyape o
dopmax» Homm (1859). Tpexmepran sanmurmdeckas reoMerpus Gnia ompepe-
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V. K. KINOQOOP],

nena Kneitmom B crathe «O Tax HazwiBaeMoll HeepKIugoBol reomerpum» (1871),
OH 3Ke HPedIo:KuI TepMAH «IIIROTHYIECKAA IeoMeTpHA» HapAAY ¢ MHOIAA HpB-
MeHsAeMEM I8 reoMerpud Jlo6ageBcKoro TepMHHOM «rumepGoildvecKas reo-
MCTPUSY.

Bamnueilimmme ¢gaxtol reomMerpuH JLIHOTHYECKOr'0 IPOCTPAHCTBA OBLIH OT-
KpHTH ynomMmHAaBmEMcA Hamu (cM. KA. 1, ¢. 75—76) B cBasm ¢ ero paGoramm
no anrefpe Ymabamom Hmmrgonom Hamddopaom (1845—1879), o roropou
Kuneita nmcan: «fI BcmoMmHato 0 HeM ¢ 0C060i pafoCThIO, KAK 0 Y@IOBEKe, KOTO-
pHIii Cpasy 10 KOHIA MOHAT MEHA, a BCKOPe B IPOofoJKIA MOR HCCIeAoBanusy 32,
B cBoem ¢IIpemBapmrenbaoM odepre GmksatepumoHoBy (Preliminary sketch
of biquaternions.— Proc. Math. Soc. London, 1873) Hamddopas npe:xme
BCero ompenelIus IMOJIOCH M UOIApHbE IIOCKOCTH OTHOCHTEeNbHO afcomora,
a TaK;Ke OpAVEe, B3aMMHO MOJSIPHEE OTHOCHTEAbHO aGCOMI0Ta, 0OTMETHB, 4TO
ABe TOYRH, HOIAPHO CONPsSKeHHHE OTHOCHTEJIBHO abCONIOTa, «OTCTOAT IPYT
oT npyra Ha KBagpauT» (T. e. Ha (71/2)r wan npm r = 1 5a n/2). Iaa KaaBIX
IBYX OPAMHX UMETCA ABA O0mMyX NepOeHgUuKYIAPA, HA KOTOPHX 0CYIIecTBIA-
foTcA HamMeHbllee W HaAMGOIbIIee PACCTOAHMA MEKAY ITUMM OPAMEIME, U
BHieNAeT CcJaydall, Korma MOMKHO NDPOBecTH GeCKOHeTHO MHOro O6mHEX mep-
NEeHARKYISIPOB PaBHOU AAUHE. B mocnmemmem caygae mBe NaHHLIE LIPAMEE H
HX OOJAPH ABIAKNTCA NIPAMOMHHEAHHMHA 06pasyiOmMEMU OJHOM KBAaZPUKH,
n Karddopn Hasnsaer Takne npsmMule mapajureApHEMu. anee qokassiBaercs,
49T0 «pAN DapalleldbHHX JAHUM, OepecekaoMux MaHHYIO JHHAIO, ofpasyer
DOCTPOPHHYIO II0 HEKOTOPOMY 3aKOHY IOBEePXHOCTh ¢ KPHBA3HOMK, paBHOR HYIIO.

3% Tawm sxe, c. 189.
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TeomeTprs aTofi MOBEPXHOCTH Ta Ke, UTO y KOHEYHOrO Iapaielorpamma,
IPOTABOIOJOKHEIE CTOPOHEI KOTOPOTr0 PACCMATPHBAIOTC A KAK TOMACCTBEHHEe» 19,
«[Tapamnemny Hauddopaa B macroAmee BpeMa HABEHIBAIOTCA IapaTaKTHIHEIMA
OPAMEIMHA; B OTAHYHE OT Hapalielell eBKimpmoBoi («mapabonmueckoii») reomer-
prd B reomerpun JloGaueBCKOro, mepeceKalomuxcA B Touke Oeckomeuno yga-
JeHHOH WIOCKOCTH MAH B TouKe 4abconioTay, MapaTaKTAYHHE HpAMEeE — CKpe-
MABamMuecs OpAMEe, OMHAKO TAK JKe, KaK eBRIMAOBH HapalielH, HapaTak-
TAYHEI® LpAMble — papHooTCTOAmMEe Upamble. IloBepxHoCTh, TOCTPOEHHYIO
Kandpopmom, MoskmO ompegelmTh KaK TreoMeTpudecKkoe MeCTO TOYeK, pas-
HOOTCTOAMMAX OT NPAMOHA M OT ee IOJAPH, 3TA HOBEPXHOCTh — JIMHeAIaTafd
KBaIpHKA, HOJYYAlMAACA LIDH BDANMIEHAHA OHOH W3 ABYX IAPaTAKTHIHEIX
OpAMBIX BOKPYr Apyroif, ee mpsAMoJuHeHHe ofpasyomme 000HX CeMeilcTB
mapaTakTHYHH 6e OCAM. JTa HOBepPXHOCTH, H3omeTpmaHas poMOy eBramgoBoi
IJIOCKOCTH C OTOMKAGCTBJICHHHME NIPOTHBOIOJOKHEIME CTOPOHAMH, IpefcTaB-
Ifer OpocTeimpit TpEMep TPOCTPAHCTBA ¢ eBRJIMAOBOA reomerpneit, o6aapaio-
et KOHeUHHM 00'eM0oM; 9TO H BMeCTe ¢ TeM CAMEIA IPOCTOl IPAMEp pelneHnsA
Tak HaswBaemolt sagaunm Himddopma — HaeiiHa o HaxomeHEm HpoCTpaHCTB
¢ eBRIMAOBOM MeTpuUKol, HEM30METPHUYHEIX OBKANTOBY IPOCTPAHCTBY B IEJIOM.

5. MHOI'OMEPHAA T'EOMETPHSA

@opmyrnl MHOroMepHoii reoverpmm y fxo0m

Mz Bapenm, 4To MAEH MHOrOMepHol reOMETDHH HEOZHOKPATHO BHICKA3HI-
BaJHCh pAa3JIMYHEIMH MATOMaTHKAMH B HX HOIEITKAX reoMeTpHYecKoi MHTEp-
mpeTamyn CHadajda airebpamiecKHX credeHeit Brime J-it (cm. MM, . 1,
c. 230, 278, 299—301), a sarem 3agau Mexamnkm (cm. IM, r. 3, c. 183). Onnako
HAaCTOAMAA TreoMeTPHS MHOIOMEPHHIX IPOCTPAHCTB BO3HHKJA TOJBKO TOTHA,
KOrga ¢Tajlo Heo0XOoquMO reoMeTpAIECKHA MHTEPIpPeTUPOBATH PYHKOWH MHO-
THX IepeMEHHHX B CBA3M C Pa3BATHEM Teopuu aixreSpamdeckax ¢opm or n
mepeMeHHEIX H PR-KPATHHIX WHTErpaaoB. TeopHell n-KPATHEIX MHTErpajloB
BaHMMAJHCh MHOrMe MaTemaTHru nHepsoit moxosmEH XIX B.— M. B. Ocr-
porpagckmii, K. T. filko6m m gp.

N3 paGor sToro BpemeHH, HOCBAMEHHWX n-KPaTHHM HMHTErpaiam, B JaH-
HO#l CBASH CymleCTBeHHA yHOMEH&BMAACA BHme crathA fIko6m «O mpeoGpaso-
BAHHM JBYX IPOM3BOJBHHX OJHOPOTHHX (YHKIWHE BTOpOro IOpAJKA JHHEMH-
HEIME HOJCTAHOBKAMH B [iBE IPYTHe, COAepP:xamye TOJLKO KBAJpaTH mepeMeH-
HEIX; C PasJAYHEIME TeopeMaMu O IpeoGpa3oBaHEW W BEIYHCIAEHHW KpPaTHBIX
mnaTerpanos» (1834) (cm. Ha. 1, c¢. 67). 3xech, moMuMO 3aKaul O BEYHMCICHUMN
KDAaTHEIX HMHTerpajoB, pemaercd W Ba)kHas mpobieMa Teopum aireGpamzec-
Kux (opM: «PAasEICKATh TaKMe JMHeHHHE HOICTAHOBKU

y1=a;31 +a';152 + ... —l—a.,',:z:.,,,
Ys =a;.1:1 +a'lz-732 +-. .. +a-:z-7:m

y'n = a;n)zl + aén)zz + .. + asln)z'm
IS KOTOPHIX BHIIOJIHANOCH OH
Vi F Yz + . oo Ynbn = Tay + ey ...+ Tz L

40 Kaug@gopd B. 3npaBHil cMuica ToyHEX Hayk. M., 1910, ¢. 333. (1-e amra. nax. 1885),
41 Jacobi C. G. J. Gesammelte Werke. Berlin, 1884, Bd. 3, S. 199.
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Taraa moacraHOBKa Kak Iokasbieaer fAko0m, ymoBierBopAeT ypaBHeHAAM

O, - G, 4+ o . 4 aPef® =0,
U - OOl 4+ o o - A =1,

1IpencTaBIAIINAM YCIOBAE OPTOTOHATBHOCTA MATPHIIH (a&")). Hanee pemaercs
3agada, yKasaHdasA B Ha3saHm@m paGoTH, T. . HaXOAMTCA JHHefiHam mopcra-

HOBKA T, = 3 by, NpEBOIAmAR OJHOBpPEMEHHO JBe KBAJADATHUHEE (HOPMEI
Y
V=23 auazutry W=D by 1z
%, A ®. A

R BATY
V==Guy, + Gayaya + . - - + Gr¥n¥n,
W = Hyyyy, + Hayays + - -+ + Holnln.

JTy JHMHOWHYI HDOACTAHOBKY MOMKHO TPAKTOBATH KAK LIOACTAHOBKY, OXHOBpE-
MeHHO IPHBOAAMYI0 K KAHOHHYECKOMY BHAY ypaBHEHHA ABYX KBaApHk V =1
v W=1.

Camoit sameuarenbHOl gacTpio paGorel fIKo6m ABIAETCA BHYHACIeHHE
« (n — 1)-kpaTHOrO HMHTErpajia, pPacHpPOCTPAHEHHOTO HA BCE MOJOKHTEILHHE
SHAYCHAA BEIIECTBEHHHX NEPEMEHHHX Z;, Ly, « . ., &y, YAOBICTBOPAIOMAX
YPaBHeHHIO

Ty Tty + - . -+ Tpx, = 1n.
Pemenme fAko0m mMeer BHA: «ecim n 4eTHO, TO

(/2)™/?

S=(n—~2)(n~4)...2 ’

a ecJd n HeYeTHO, TO

(2)n /2 .
(n—2)y(n—4)...3 >

S= .
OTH HHTerpa;H IpPeACTABIAIOT COGOHA BHpAYKEHHA O00HEMOB IOBepPXHOCTEH
cermeHTOB chepil pagmyca 1 B n-MepHOM @BKIHIOBOM IPOCTPAHCTBE, BHCEKAe-
MEIX u3 ceprl TexecHEIM yraoM x; > 0. JuA moayuennsa o6semMa moBepXHOCTH
Beeit cepHl ciaemyeT yMHOKETD 9TH BHparkeHUA Ha 2", a B caywae chep pagmyca
I 3TH BHpayKeHAA CJIefyeT YMHOMHTb Ha r™1,

OrmetnM, dTO, pemas OO CYmecTBy 3aJaud MHOTOMODHOW TeoMeTpHH,
Arobm (kar m OcrporpanCKmil) COBepPIMEHHO He MOML30BAICA I'eOMeTPHIECKOMH

TePMEHOJIOTHEH.

AnaimrHueckas reoMeTpua n maMepenmit Kaam

TepMEHOIOTHA MHOTOMEDHOH reoMeTPHH HOABAJIACH BIEPBHE B MATEMAaTH-
gecKOM CouMHeHHmA B HeGorxpmom Memyape A. Haam «'maBm amaJATHYECKOIR
reomeTpuH n mamependity (Chapters in the analytical geometry of (n) dimensi-
ons.— Philos. Mag. London, 1843); smpouem, cama paGora wmcTo aiarefpamuec-
Kajg M TepMHH <reOMETDHA 2 U3MepPEeHMWii», KpoMe 3arojoBKa B Heii, oabme He
BcTpedaercsa. B paGore paceMaTpMBAIOTCA CHCTeMH OAHOPOAEHHX yDPa&BHEHHI

%2 Tbid., S. 267.
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C n HOepeMeHHHMH

Az, Az ...+ Apz, =0,

Kz, +~Kyzg 4. ..+ Koz, =0
H «B3aMMHBE YPABHEHHA» [0 OTHOIIGHHI0 K 3THM CHCTeMaM, OmpejelsieMEe
HeKOTOpO#t ofHOpogmo#t ¢ynkumedr Broporo mopamka U = Y,[Z (a?)z) +
-+ 2% (af)zqzpl; TeBble YacTH «B3aMMHBIX YPAaBHEHHN» CYTh OHpeAeNHTENH W3
gacTHHIX Hpou3BoTHLX O U/0z, u KodpPUNAeHTOB ypaBHOHAN NaHHOH CHCTEMEL.
Haam mokasusaer, 4T0, eC/Id TaHHAA CACTEMA MMeeT r He3aBACHMEIX ypaBHEHWH,
BOo B3amMHOU cacTeme mx Gymer n — r. C TOIKH 3peHMA MHOTOMEpHOM IpPoeK-
THBHOM TeoMeTpMM NepeMeHHHe Z;, Z;,. .. L, MOKHO DACCMATPHBATH KAaK
KoOpAHMHATH TOYeR (n — 1)-MepHOT0 HpOCTPaHCTBA, CHCTeMAa I He3aBHCHMHX
ypaBHeHH ompepneaser (n — r —1)-MepHYI0 IIOCKOCTH B 9TOM UPOCTPAHCTEO,
Jyaruma U ompenenser kBanpury U==0, a B3amMHBIe YPaBHEHHESA OmpeNesOT
(r—1)-MepHYI0 IIOCKOCTH, ABIAIMYOCA NoaspHOA maa (n — r — 1)-mep-
HO IJIOCKOCTH 1o oTHomreHMIo K kBagpuke. Cam Honu He Biageer eme MHOrO-
MepHOH reoMerpmdeckoil TepMUHOIOrHeil, HO TO, 9TO OH AMeeT B BUAY Ty Kap-
THHY, KOTOPYI MH ONOUCAJIH, BHJHO W3 ero CJIoB B Koume paGore: ¢B ciayzae
YgeTEHIPeX IepeMeHHBX M3T0MKCHHHE BhIIIe UCCIeoBAHUA JOKAa3bBAIOT CIEyIo-
mEe CBOMCTBA KBAfPAK» 43, m0C/Ie Wero CIeqyI0T IPAMEPH TeopeM 0 KBaJpuKax,
OPAMEIX ¥ ITOCKOCTAX TPEXMEPHOT0 P OeKTHBHOT O HPOCTPAHCTBA.

BosMosxka0, uro Kaam mpmmen K maeAiM MHOrOMepHO# TreOMETpHH IOF,
BAEAHNEM KBaTepHEOHOB ['amuiprona: yxe B 1845 r. Haam nyGaukyer ymo-
muaasmylocs Hama B Ku. 1 (c. 74) pa6ory «O6 annanrrseckux pyarnaax fxo-
6m m o kBaTepEHoHax» (On Jacobi’s elliptic functions and on quaternions.—
Philos. Mag. London), rfle He Toapko paccMaTpHBaeT KBaTePHUOHH, HO H
o6ofmaeT nx Ha OKTABH («amcia Haam»), Koropble MOKHO HHTEPIPETAPOBATH
B BEfie BEKTOPOB 8-MEDHOI'0 IPOCTPAHCTBA.

Mnoromepraa reomerpus I'pacemana

ITepsuim ¢ymnameHTa IBHNM HCCIEOBAHMEM D0 MHOTOMEDHOR reomeTpun
6b1I0 YHOMEHABIIEeCH «YdUeHHe o JHHeiHOM IporsxxeHum» I'paccmana (1844),
B KOTOpOM GHlIa pasBmTa apPEHHAA reoMeTpHA He TOIHKO TPeXMepHOTo, HO I
MHOTOMepHOTo npocrpaHcTBa. [lo-BmamMoMy, cymecTBeHHYIO polb B ToM, 4TO
nMerHo ['paccMamy ymamoch €037aTh pasBepHYToe YIeHHe 0 MHOLOMeDHOM
IpPOCTPAHCTBE, CHIpPATo To, 9T0 'paccMaH He HAXOTUICA LIOJ BJIHSHHUEM JPY-
ruX KpYOHHX MaTeMATHKOB CBOer0 BpeMeHH, a TaK:Ke ero CKIOHHOCTh K (miio-
cofcrEM 0606meHmAM.

Ounpenenne «oGpass HepBOi CTymeHH», «0Gpashl BTOPOH CTYHeHH» H «06-
pasH Tperbeil crymeHm», ['paccman samezaer: «Tak kak aror cmoco6 o6paso-
BaHHA HO Wjee NMPEMeHHEM 0e3 BCAKOI0 OTpaHHYEHHHA, TO A MOT'Y 3THM CIOCO-
OoM ompefeTUTh CHCTeME! IPOM3BOIbHO BRICOKHX CTYIEHEHM... Aajplle TeoMeT-
pus He mieT, Ho abcrpaKkTHas Hayka He 3Haer rpammmy %, Kax suamo, mog
reoMerpueii ['paccMalE HOHAMAJN TOJBKO TeoMeTpHI0 OGHIIHOrO MPOCTPAaHCTBA,
K KOTOPOMY TOJIbKO OH M OTHOCHJ TePMHH I POCTPAHCTBOY, a TO, YTO MK HA3ZH-
BaeM reoMeTpuedl MHOTOMePHLHIX HPOCTPAHCTE, OH HA&SHBAJ «yUYeHHAEM O IPOTH-
EHAA», CAMM jKe MHOTOMepHHe IPOCTPAHCTBA OH HABHBAJ (CHCTEMaMU»>
cryumeHeir >3.

43 Cayley A. Collected mathematical papers. Cambridge, 4889, vol. 1, p. 62.
44 Grassmann H. Gesammelte mathematische und physikalische Werke, S, 52—52.
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B «Yuemmm o oporsmenmm» (1862) T'paccmar ompepeams n-MepHoe:
JUHeHHOe UPOCTPAHCTBEO H «BHEIMIHWE NPOM3BEJEHHA» BEKTOPOB 3TOT0 IPO-
CTPAHCTBA, HA3HBAEMEE B HACTOAMee BPeMA IPOCTHMHE n-BeKTopaMu. I'pacemam
IpefCTaBJIsAJ BHeNIHWe UPOU3Be[eHAA B BUje BHEIIHAX HpoWsBefeHmil Gasmc-
HEIX BEeKTOPOB, KOTOpPHe OH Hasweand «eguEEnaMm». HKospdmumentsr arux
TNHeHHHIX KOMOWMHAUWA B HacTOAmee BpeMs HA3HBAIOT 2PACCMAHOHIMU
xKoopduramamy M-MepPHHIX IJIOCKOCTell n-MepHOTo IPOCTPAHCTBA; 3TH KOOp-
IHHATH ABIAIOTCSI OCHOBHWM CPEICTBOM H3YICHHA M-MePHEIX IJIOCKOCTEN
n-MepHHIX IPOCTPAHCTB, YeM B OOBACHAETCA TO, 4TO MHOrooGpasEs Takmx
IIOCKOCTel B HaCTOsMee BpeMsl HasHB&IT IPACCMAHOBHME MHOrooGpasmAMH.
Cnoxenne M yMHOMKGHME (IKCTeHCHBHHIX BelWdMH» Opuseadn I'paccmaHa:
K aarefpe «3HaKomepeMeHHKIX YMCeN», 0 KOTOPOU MH TOBODUJIM BHIIE.

«HoBas reomerpmsa npocrpamcrBa» Ilnlokkepa

Jpyroit mogxon K HOHATHI0O MHOI'OMEePHOTO HPOCTpAHCTBa GHUI mpefiaoier
IlmrokkepoM B ero ymommuapmeiica HamMu «CHECTeMe IpocTpaHCTBEHHOH Teo-
merpumy (1846), rme oH mpemsOMKHI pacCMAaTPHBATH B KadecTBe OCHOBHOI'O
aneMeHTa OOHYHOTO HPOCTPAHCTB& HE TOYKHM, a IpAMEe, MHOorooGpasme Ko-
TOPEIX UYeTHIPeXMEpHO.

Unpem nnmeituaroii reomerpnm Ilniokkepa moayIuan gansHeilee pasBuTHE
B ero «HoBoil reoMerpus mpocTpaHCTBA, OCHOBAHHON HAa paccMOTpeHAM Ipf-
Mol JIMAMA B KadeCTBe mpocTpaHCTBeHHOTro 3iemeHTa» (1868—1869), II rom
3T0H KHHTH, BHOeqmIe#l moCMepTHO, GBI HIOATOTOBJIGH K Ie9aTH YIeHUKOM
Ilmoxrepa @. HiaeiitmoM. 3gech 6GHIM BBefeHHW IIIOKKEPOBH KOOPAHHATEHL,
ABJIANIMACCA JACTHHMHA CIYYasgME TPACCMAHOBHX OpH n = 3, m = 1: ecam
OpAMas IPOXOANT Yepes TOUKH C HPOEKTHBHHIMHA KOOPAWHATAME Z; H Y;, TO
OJIIOKKePOBH KOOPAHMHATHL 3TOi mpaAMoll — p;; = Z;Y; — Z;Y;, 9TH KOOpPAH-
HATH, K&K H Z; A Y;, oOpejeJeHH ¢ TOYHOCTHI0 [0 MHOMHTEJA, OIpAYEM IPH
3aMeHe TOYeK ¢ KOOPAWHATAMHM Z; W J; HA TOYKHA C KOODRAMHATAMH Z; = O.T; +
+ By: m t; = yz; + Oy; omm ymmomkaroTca Ha al — Py; KoopaHHATH p;;
CBA3AHH TAKKE COOTHOINGHMEM Dy 1Pag - PoePs1 + PosPie = 0.

Ilnokkep ompefmenua «iMmHEHHEHE KOMIJIEKCH» — KOMIIGKCH, 3afaio-
mAeCs ONHUM JIMHeHHHM COOTHOINEHAEM MeKIy KOODAMHATAMH P,j, M «JIHHEH-
Hble KOHTDYSHIMH», OLpeJeiIsieMble TBYMA KOMIJIeKCAMH (TaKHe KOHTPYSHIHE
moApasfedANTCA Ha TrunepGolmdecKkme — COBOKYIHOCTH HOPAMHX, IepeceKa-
0IIAX [Be CKpeIIUBAIOIHECA MOpPAMEE, JIIHOTAYCCKAE — COBOKYIHOCTE
OPAMEIX, COeARHAIMYE MENMOCOIPAKeHANe TOYKH JBYX MHUMOCOIPSIKeHHbBIX
OpAMHX, H DapafoadyecKne —— KACAKMWECH JIAHEHYATOA KBAJAPDHKA B TOI-
KaxX OAHOH ee IpsAMOJuMHeiHOH o0pasyomel; ImocilefHW cIyvail ABIAETCH
npeflelbHHM NJA MepBHX JBYX).

«Teopna MuOroxkpaTuoii KemTHHYaapHOCTI) Hlnedan

B 1851 r. mpodeccop ymusepcmrera B Bepme Jlopsmr Mlaepan (1814—
1895) saronImsa ofmupHOE MCCIEeTOBaHEe, IOCBAMEHHOe MHOTOMEPHOH eBKIH-
M0BOI TeoMeTpEM, KOTOPYIO OH IpeAcraBua Benckolt akagemum HayK, ORHAKO
noaaocTh0 TpyA Ulredau Gour omy6iamxosas aumb 50 ner coycra. Bopodem,
BayKHelmMAe peayabTaTh 3Toro Tpyaa Geiad onyGiankosadn Iaedanm B crarbax
«PeyRIAA KpaTHOT'O MHTerpaJja, COofep:Kamero B KadecTBe YaCTHHIX CJIydaeB
Ayry Kpyra ® mromanb cdepmueckoro TpeyroapHmray (Reduction d'un
intégrale multiple qui comprend 1’arc du circle et I’aire du triangle sphérique
comme cas particuliers.— J. math. pures et appl., 1855) m «O xparHOM
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n

HHTerpase de dy...dz ¢ mpememamu p, =azx+by+ ... +hz>
>0, p,>0, p3>0, ...,p,>0m 22+ >+ ...+ 22 <<1» (On the
n
multiple integral Sd:cdy...dz whose limits are... — Quart. J. Math.,
1858 —1860). Kumra IMmednm masmsaercs «TeopnAa MHOrokpaTHOR KOHTH-
syaasaoctm» (Theorie der vielfachen Kontinuitdt. Basel, 1901) m crasm
<Boell meanio «oGocHopaTh M BeIpafoTaTh HOBYI0O BeTBb aHAJNW3a, KOTOpas,
KaK OB ABIAACH AHANUTAYeCKOA reoMeTpuell 7 A3MePEHUI, COAePIKAT TAKOBYIO
AJIA LIOCKOCTH M OPOCTPAHCTBA B KadeCTBe TACTHHIX CIYYaeB fIA n = 2, J» %5,
[lmxepnam yxasbipaer, 4T0 aHAJIOTOM TOYKM OOBIHOTO IPOCTPAHCTBA ¥ HETO
Apnserca «pemerme» (LOsung), ompejendeMoe 3HAUCHHAMHA 7 IIePEMEHHEIX
X, Y, ... Cookyurocrs BCex pemenmi Illnednm maskBaeT ¢n-xKpaTHO# ToO-
TAJIBHOCTBIO®, ecnu ke jamul 1, 2, 3, . . . ypPaBHeHHA, TO COBOKYIHOCTh HX
pemeHnii oH HaswBaer «(n — 1)-kparabmM, (n — 2)-kKpaTHEIM, (R — 3)-KpaT-
HEIM ... RoETHEYyMOMy. Haxr mur sagum, Illxedau, kak m I'pacecman, He moian-
8yeTCs TepMHHOJOTHeil MHoromepmoil reomerpmu. Hamee Illaedpmm Brogmr
B paCCMaTpHEBAEMOM MM IPOCTPAHCTBE «KOCOYTOIbHbEIE» CHCTeMEI IIe peMEHHEIXN,
B KOTOPHX pPACCTOSHHE MEKIY JBYMA (peleHWsAMHA» pPaBHO

Ve =22+ @ — )+ ... +2%E@& —20 -9+ ...
M| «OPAMOYI'OJIbHEIE» CHCTEMH «<IePEeMeHHMX», B KOTOPAIX 9TO pacCTOAHHEe PaBHO
Vi@ -2+ @ —y)r+... .
"6 Schiafli L. Gesammelte mathematische Abhandlungen. Basel, 1950, Bd. 1, S. 171.
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Jaga pByxX JanHeHHHX IOJMHOMOB
=ar+by+ecz+...+thwup =adz-+by+...+rw

llnedam onpenesiseT COBOKYNHOCTh «PeIIeHMID, AJAA KOTOPHX OHOBPEMEHHO
p > 0mp’ > 0. Cggras, 9ro 3Ta COBOKYNHOCTh PeNIEHHEN OTHOCHTCA KO Beel
«HEOTDAHMYEeHHOH TOTANBHOCTHEY, KAaK APOo0EL K DeJOMy, H UTO 3HAMeHATelb
aToi Apo6m 27, OH HABKBAET YHCJIATE]H «yIJOM IOJHHOMOB p H p'» H 0603Ha-
gaeT ero <[ (p, p'). lllmednm ompepenser aror yroa mo dopmyime

ag’ 4 bb’ e’ ... hA
Va2, . F Va2t b24... Fh?

rfie 06a KOpPHA B 3HaMeHaTeJe NPeJUOJATalTCA MOJOKHTEJILHEIMH.

C mameii Touxkm apeHHs, «monmHOMED Ilnedum — (n — 1)-MepHHe mao-
CKOCTH, a Ompefie/IeBHKI HM Yrodl — yroJ Me:XIy sTEMH niockocrame. lllned-
JIX Ha3HBAeT MJIOCKOCTH JIOGHX pasMePHOCTEeH «IMHEHHHMA KOHTHHYYMAMM),
KDHBHE MNOBEPXHOCTH — «BHCIIAMA KOHTHHYYMAME», OpHYeM «ORHOKpPATHHE
KOHTHHYYMH» (JIMHHE) OH HA3HBAaeT «OYTAMH», a «JIAHeHHHe OJHOKpPATHEHE
KOHTHHYYMH» (OpAMHe JIWHUE) — ¢aydammy. lllmedam ompepmeaser pamee
mapaJjiielbHLNEe NI0CKOCTE M MHOTOMEDHHE IapajiellorpaMMil, KOTOpHE OH
HasHBaeT «mapanierocxeMamm, OH AOKABHEBAET, ITO «MEPA MADAJLIEIOCXeMB!
paBHA OmpefeNATENI0 OPTOTOHAILHEEX npoemum ero pe6ep» 48 v e., eciam

<IpOeKIMM» PeGep «IapasiierocXeMsD DABHH I, Zi, . . ., &, e 06beM paBex

oupefeNATeNI0 MATPHIME (.z,). Hanee lMlnednn ompegenseTr MAOTOMEDHEE MHO"
TOTPAHHMEKM, KOTOPHE OH HA3BHBAET «HOJHCXEMAMH», M HAXOAHAT 06THEeME MHO-
rOMEpPHHX OHPAMWJ B APYrAX MHOTOTPDAHHWKOB, a TAK/Ke NOKA3HBAaeT, UTO
«Mepa OpPOM3BOJLHOI0 BAMKHYTOTO R-KPATHOTO KOHTUHYYMa paBHA KBaJgpaT-
HOMY KODHI0O M3 CYMMHl KBaZpaToB ero mpoexmmit» 4. Jlamee foxasnBaercs
o6o6meHRan Teopema Jiinepa; ANA OFHOCBAZHOTO MHOTOTPAHHHKA N-MEPHOTO
OpocTpaHcTBa dmcia N, p-MepHHX rpameii (opm p = 0 — BepmmE, npH
p = 1 — pebep) cBABAHK COOTHONICHHEM

L= Noy+ Ny =Nyt oo — (=) Ny oo+ (=) Npoy —
(=) =0

(upu n == 2 9aCTHHM cJaydaeM 5ToH GopMynn ABuIsgercA paBenctBo Ny = Ny,
a opm n = 3 — Teopema Jitnepa N, — N, + N, = 2).

B mocaenqyiomem usI0KeHNE JOKASHBAECTCH, UTO UPH I > D AMEIOTCA TONb-
KO TpM THODA OPABWIBHHX MHOTOIPAHAMKOB — MHOTOMEepHEE 0606meHns
TeTpasApa, Kyba m OKrasgpa, HMEOIIHE COOTBETCTBeHHO n + 1 mepmuE =
rpaseii, 2" Bepmun # 2n rpaHeii m 2n Bepmmu m 2" rpaHeil, a upE n = 4
HMEIOTCA IIeCTh BHAOB HPABHJLHEIX MHOTOTDAHHMKOB: K YKABAHHHEIM TpPeM
BH/AM, HANHYIHKM ¥ 0pH 2 = 4, 106aBIAAIOTCA MEOTOTPAHHEAK ¢ 24 BepmMAHAMHA
u 24 rpaEamu, co 120 BepmuBEamu u 300 rpansamu m ¢ 300 Bepmmramm n 120
rpausaMu. Bo BTOpOit 9acTH CBOer0 COYMHEHMHA, HOCBAMEHHOR «yIeHHIO O cde-
padeckax xoETEHYyMaxy», [llmedam, B gacTHOCTH, HaxOAuT 06BeM IOBEPXHOCTH
MHOTOMEPHO# Cdephl, CBOAAMUNCA K OPUBEeIeHHHM HAMH BHIIe WHTeTpaJaM,
BHMHCJHCHAKM IK00H; B TpeThell YaCTH OH PACCMATPHBALT ¢(KBAAPATHYHHNE KOH-
THHYYME», T. 6. MHOTOMEDHEE KBAXDWKH, H, B YaCTHOCTH, HAXOAHT LEHTD
¥ DJIAaBHHE OCH (KBaZPAaTHIHOTO KOHTHHYyMAap.

Pa6oru Ilnedsnnm He mONYIHIM MHPOKOHA HW3BECTHOCTH IPH erQ KH3HH,
¥ OpaBHIGHLE MHOTOIDAHHHKHE N-MepHOT'0 OIPOCTpaHCTBa, onucaBake lllnedan

cos L (p, p) =

48 Tbid., S. 182.
4 Ibid., S. 483.
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B ero pa6ore 1858—1860 rr., B Tedemme Bropoil mosaoBmuE XIX B. 6LIm
OTKPHTH eme pas mnpodeccopom yrmBepcHTera B Beprmm (Hanmdopums)
Bammuarronom Upsuarom CrpuErxemom (1847—1909) B pa6ore «IIpamasurnie
$urypu B n-mepHOM npocTpaHcTBe» (Regular figures in n-dimensional space. —
Amer. J. Math., 1880) m npodeccopom Bepamacroro yumsepcnrera PeitEronn-
moM I'omme (1816—1900) B pa6orax «IIpaBmabmnie nwHe#HO OrpaHWICHHEE
¢urypn wermpex usmepenmiy (Regelmissige linear begrenzte Figuren von
vier Dimensionen.— Arch. Math. Phys., 1882) m «IpaBmiabHEne ImHEHHO
orpaHEYeHHEe (QHErypH aio6oro umcia mamepenminy (Die regelmissige linear
begrenzte Figuren jeder Anzahl der Dimensionen.— Arch. Math. Phys., 1882).

3uaumrenbHo Gonee obmee, em y I'paccmana m Illnedam, momsaTHe o6
«n-KPaTHO UPOTAKEHHOM MHOToo6pasmm» 6niio upefioxene B. Pumanom
B 1854 r. B ero peunm «O rEmoTesax, JeKAMAX B OCHOBAHHH reOMETPHHY, K KO-
Topoi#i ML oGpaTHEMCA Janee.)

[ Maoromepaan reomerpnsa Kiaeiima m jKoppama

CymecrBennnif BRAA[ B pacopocTpaHeHHe HAEH MHOTOMEDPHOro UPOCTPaH~
crea BHec @. Haeitn, onncas B cBoedl «IpaaBrenckoit nporpammes (1872) pas-
JAMIHBE TPpYIOH Upeofpa3OBaAHMN TPEXMEPHHX HPOCTPAHCTB; B 3AKINTHTE/IL-
HOM maparpage oH mmcat: «Hak ocymecTBATs DepeneceEne OpPegRAYNIEro IPo-~
CTPAHCTBA HA HOHATHE YHCTOr0 MHOT00GDA3Hs, NPECTABIALTCA OUeBHAHEIMY 45,
B 70-x rogax Haeiitm sanmcax pajg pa6or 1o MEOTOMEDHO# reoMeTpHH U, B 7acT-
HOCTH, OOYGIHMKOBAJ CTATHIO, Tie AOKA3KBAJ, ITO 3AMKHYTasd KpMBadg ¢ yajla-
MH B TPeXMEPHOM IDOCTPAHCTBe MOKeT GHTH 0CBOGOKJEHA OT Y3JI0B B JeTH-
PexXMepHOM OPOCTPAHCTBE H TO K€ OTHOCHTCA K 3aMeNJeHHEIM OKDYHKHOCTAM
B rpexmepuoM npoctpaHcTBe (1876). Iloagmee Humeitn mcmommman: «U ryr
onATh [Kak ¥ B ciyuae HeeBRAMAOBOH reoMerpmm.— Ped.] moMexoil ma nytn
PasBETHA STHX Hellell gBEAMCH (PHIOCO(PH; STHM IOCHeJHMM HE XBaTajo MO~
HEMAaHAA TOT0 MMMAHPHTHOrO 3HAYEHMs, KOTOPOE IPHCYHIe MATeMATHIECKHM
reopuam... Ho, KpoMe CONpOTHBIEHHA €O CTOPOHH (HIOCOJOB, YTBED:KAAI0-
IHUX... 9TO N-MEepHOEe HWPOCTPAHCTBO eCTh GeCCMHCINNA, BO3HMKIA elle OfHA
HEOKUAAHHAA TPYAHOCTH, KAK Pa3 IPOTUBOLIOJOKHEOT0 XapaKkTepa. llogsunucy
$MI0COPH-IHTY3MACTH, KOTOPHE H3 CYIIeCTBOBAHWA W HJIOAOTBOPHOCTH MaTe-
MAaTHIeCKOH TEOPHM CAEJANH BHBOJ O CYIECTBOBAHMM HEKOEr0 AeMCTBHTEJNb-
HOTO YeTHPeXMepHOTO OPOCTPAHCTBA, CYMECTBYIOIEro B npmpode, OTKYAA
H BHITEKaJa, OO0 MX MHEHHI0, BOBMOKHOCTL 3KCIePHMEHTANLHOTO JOKA3ATeNIEb-
c1Ba ero cymectBoBaEmMA» *°. Jlamee Haeiin pacckasuBaer o6 acTpomome m
¢uaure O. Iéanuepe (1834—1882) u amepmranckom cumpmre Cruasge, «3aMme-
qaTeJLHO JOBKOM (OKYCHMKEe, KOTOPHHN, MEKAY IPOIMM, GBI Tepes HeCKOILKO
ner pasobiagen». Hneitn pacckasan I[8npmepy o ceoeit paGore 1876 r. Iro
coobmenue, numer Kineitn, «I{81pHep BCTpeTHS ¢ HOEMOHATHRM A MEHS 9HTY-
amaaMom. OH pemui, 970 DONYYAI B PYKH CPEfICTBO AJIA 9KCIePHMEHTa TLHOrO
IOKa3aTeNbCTBAa (CYIMMECTBOBAHHUA YETBOPTOTO W3MEPEHHA», M MNPEAI0KAA
Crnaqy BHIOONHMTH, Ha OPAKTHKe OCBOOOMKIEHME 3aMKHYTOH HHTH OT Y3JOB.
Cora IPHHAJ 9TO OpeIiOKeHMe... I [eHCTBETENLHO MY YAAJNO0Ch BCKOpE BEI-
LOJHUTH 3TO K BeJHKOMY yIoBOJLcTBHIO [[8nnmepa. YUTo B 9TOM ONEITE ydacT-
BOBaJla Pa30pBaHHAA HATH, MECTO pasphBa KoTopoil Il8npHep moken OHLA
cIKaTh 06eMMH GONBPINMA DaXbIaMH, B TO BpeMsA Kak Cia7 Zep:xall cBOIO PYKY
TOBEepX ero pyK,— 00 DTOM A YOOMSHY TOJNBKO BCKOJIB3BH °C.

48 06 ocHOBAHHAX TEOMETPHH, €. 424—425,
49 Kaedn @. Jlexnuu o passaTaE MaTeMatTnku B XIX cronernm, c. 207,
5 Tawm ke, c¢. 208.
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«Onwmtey [lénsHepa onmcamn m B crarbe Ppuapuxa Jureasca «Ecrecrso-
3HAHME B Mupe KYyxoB»: «Temeps, COrIacHO HOBEHITHM TODKECTBYIOMEM CO06-
MeHnsIM M3 MEDPA KYXOB, rocuofme npodeccop [[énsmep oGpaTHiCcA K OZHOMY
WA HECKOJBKMM MeJAyMaM, 9TO6H ¢ MX IOMOMBI0 YCTAHOBATH AajbHelmme
OOAPOGHOCTH OTHOCHTENIHHO MECTOHAXO)KIOHHA JeTBePTOr0 M3MepeHmusa. ¥ cmex
OpH 3TOM GHII HOpasuTeNbHHHA... J[yxm AOKASHBAKT CYMECTBOBAHHE JeTBep-
TOIG W3MEPEeHMA, KAK W 9eTBePTOe H3MEepeHHe CBHAETENLCTBYET O CYIEecTBOBA-
HHUE JyXOB» 51,

B 1875 r. Kamuan fHoppas (cm. Ku. 1, ¢. 65—67) ony6amkosan «Ouepr
reomerpun n mamepenmity (Essai sur la géométrie & n dimensions.— Bull.
Soc. Math. France, 1875; xparkoe coofmenne mop Tem ke HasBammem: C. r.
Acad. sci. Paris, 1872). B ornmame or GonbmmEHCTBA pa6oT mO MHOTOMEpHOH
reoMeTpHH TOro BpeMenr #HOpAAH HOCTOAHHO HOJB30BANCH OGHYHHIMHA Tep-
mEHaME: «Mun 6yaeM paccMaTpMBATBL TOYKY B HPOCTPAHCTEBE n M3MepeHWil Kak
TO, 9TO OHPEAeAseTCd KOODAHHATAMH I;, Ly, . . ., Ipn. JIMHEHHOE ypaBHEHHE
MeEAY KOODAWHATAME OLDEeNAeT NAOCKOCMb, &k COBMECTHHX JMHEHHHX ypaB-
HeHWH — k-naockocmb, n — 1 ypaBHeHHH — npamylo, PACCTOAHEE MEKAY
fByMs Toukamm 6ymer V (z; — z)2 + ... H T. . 5%

Jra TePpMHHOJOTHA COBIAAET C COBPEMEHHOH BO BCeM, 3a HCKIIOYEHHEM
TEePMHEHA «/%-IAOCKOCTHY, HO KOTOPO B HACTOAMmMEe BpeMs MHOHMMAETCA He
(n — k)-mepuas, a k-MepHAs OIOCKOCTS.

Paszofpas ycioBdsA OapalilefLHOCTH M LHEPHEHAMKYINAPHOCTH X mpeobpa-
30BaHMA KOOPAMHAT, sHOpAAH HAXOAMT MeTPMIECKHE WHBAPHAHTHL ¢A-ILIIOCKO-
ctEy m «l-maockoctmy — cranmoHapHHE YIAH M KpaTdaiiiee paccTOsAHHE:
«cEcTeMa, cocToAman us k-uwiockoctd Py um l-njockocru P), mpoxoasmux gepes
TOYKY OPOCTPAHCTBA, IMEET D PASIMIHKX WHBAPHAHTOB, Ifie 0 — HAMMEHbIIEE
us umcen k, I, n — k, n — l. OTH HHBADHAHTH MOSHO PACCMATDHBATH K4k
YILIH MeKAY MHOrOMepPHHME miockocTsaMu (multiplans)» 5. Ksagpatm
KOCHHYCOB STHX YIJIOB ONPEAeNANTCA KAK COOCTBeHHEHE 9HCIA HEKOTODOH
MaTPHOH (-T0 mopaAAxa. FHopAan ompeaenseT TakiKe KpaTdaiiliee paccTOsHIe
gHenmepeceraonigxca Py u P;. Jlanee #HopAan HaXOfHT KaAHOHEIECKYID dopMy
BpPAIIEHHAA B N-MEPHOM IPOCTPAHCTBe, T. €. KAHOHWIECKEH BU OPTOrOHAIBHOM
MATPHTIH,

PamamoBa reomerpus

Hosmii pasgen mmoromepnoil reoMeTpE Ou ocHOBaH bB. Pumamom (cM.
1M, 1. 3) B ero 3EaMenmroil pean «O rHOIOTe3aX, JeKAMPX B OCHOBAHWH reo-
merpum» (Uber die Hypothesen, welche der Geometrie zu Grunde liegen),
opoumranHoil 10 mions 1854 r. B 'éTTHAreHCKOM YHEBEpCATETE B KadecTBe OPO6-
oMt nexnmm. Ha nexnmm mpmeyrcrBosan I'aycc, K xOTOpOMY OpemMYIIecT-
BeHHO OHAa ¥ GHaa ofpameHa. PuMam HaumHaeT ¢ TOTO, 9T0 «0Opa3oBaHHe
HOOHATASA BOJWIUHH BO3MOKHO JHINL B TOM CIy9ae, 6CAN IPefiOCIAHO HEKO-
Topoe 06mee NOHATHE, CBA3AHHOE C AONYIIEHNEM DAJa Pa3IUIHKEX COCTOAHMI,
B saBmcmMocTH OT TOro, CYIECTBYeT HAE He CYIMECTBYeT HeIPepHIBHHIH mepe-
XOf OT OfHOrQ COCTOSIHHMSI K APYLOMY, MH HMeeM [eJl0 ¢ HeIpPepHBHHM HJIA
OPePHBHEIM MHOr000pasmeM; OTAENLHHE COCTOAHHsS HA3HBAKOTAA B MEPBOM
clyd4ae TOYKAMH, BO BTOPOM — pleMeHTAMH MHOTrooGpasms» 5, Pmman ompe-
HAelfgeT pPA3MEPHOCTL HempepHBHOr0 MHOroo6pasusa ciegylommm o06pasom:

ST Dnzeavc @. Jlmanextnka mpupoasi. M.: Tocmommrmanat, 1948, c. 36—37.
52 Jordan C. Oeuvres. Paris, 1962, t. 3, p. 3.

8 Ibid., p. 5.

% Puman B. Counmemmsa. M.; JI.: TocrexmapaT, 1948, c. 280,
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«IIpeamononM, 9T0 HEKOTOPOMY NMOHATHIO CONOCTABIGHO HEIPEPHBHOE MHO-
KECTBO COCTOAHWIM, TPWIEM OT OZHOT'O COCTOAHMA OLpefesieHHHM 06pasom
MOKHO IePeXOAUTHh KO BCAKOMY APYIOMY; TOTHA BCE DTH COCTOSHHA 00pasyioT
mPOCTO HPOTAMEHHOE MM ONHOKPATHO HPOTAKeHHOe MHOrooOpasme, OTIIMYH-
TeIbHHM HOPHBHAKOM KOTOPOTO CJYKHT BO3MOKHOCTH HEIPEepPHBHOI'O CMe-
DieHHMSA HA KA3KJOM JAHHOM 3Tale JAIb B Be CTOPOHH — BIepex M Hasamy 5,
IlepeBofA 5TO MHOMECTBO COCTOSAHMII HONPEPHBHEM 06pasoM B APYroe MHO-
ECTBO COCTOsAHHMH, PHMaH oOpefesseT «IBAKIH ILIPOTMAKeHHOe MHOroobpa-
3He», W3 HEro aHAJOTHIHO IOAYYAeT (TPHKAL HPOTA:KeHHOe MHOTOoGpasmer,
a MOBTOPAA 3TY ONEPAMMIO 1t Pad,— «N-KPATHO MPOTAKEeHHOe MEOroo6pasmey.
ITo mOHATHE IO CYWECTBY COBIARAeT C (OPOTsiKeHmeM» I'paccMaHa M «KOH-
raryansaocTeior Illmednm, ogHako, ecam I'paccmanm m llmedam, ompemenus
MHOTOMEPHO® IPOCTPAHCTBO BechbMa 06mlero BHAA, 3aTeM (aKTHIECKE OTPAHH-
9ABANMCH MHOTOMEDHHEIM AQHHHEM WM eBKIAMIOBHIM IPOCTPAHCTBOM, PuMan
ompeJenusl MeTPUKY Ha «n-KpPaTHO HIPOTAKeHHOM MHOToo6pasmmy, He CBOMsi-
IIYIOCA K €BRJAMAOBON M IO CYIIECTBY ABIANIIYIOCA 0606menmeM rayccoBoit
BHYTPeHHe# TeoMeTPHH HOBepXHOCTH. VIMeHHO, ompefeams n-KpaTHO HPOTA-
JHeHHOe MEOT006pasune, PuMan mocTaBAJ BOOPOC 0 ¢METPHIECKHX OTHONICHMAX,
BO3MOKHEIX HA TAKHX MHOI006pasmAX», M O BO3MOKHOCTH (Pe3yJIhTaThl
BEMUMCICHHH BHIPA)KaTh B reoMeTpmieckod dopme». YrasaB, 9TO «AaA TOTO
H APYroro mpovYHOe OCHOBAHME 3aJIOKEHO B 3HAMEHMTOM COYHHeHWH O KPHBHIX
HOBEPXHOCTAX T. TailHOr0 coBernmka [aycca» %, Pamam paccmorpen cmagana
BeChMa ofmme NMpe.NooKeHns, a 3aTeM OUPAaHHIHMJCA clydaeM, Korfa mudde-
peHEIman AyrE ds, T. €. PACCTOAHHEe MeKIy TOYKAME C KOODIHHATAMH I;
H x; + dz;, ABagercd ogHOpOxHOH amre6pamveckoil ¢pyaxmumeir ot AuGPepen-
OEAJNOB ¢ Kod(PUOmEeHTaAMM, ABIAIOMAMACA (QYHKOUAMH TOJIBKO KOODAHHAT
z;. Hamee, mepexoga k mpocTefimmM BO3MOKHHIM CaydasaMm, PEMaH Haxopimr,
9T0 TaKOB Ciydai

_ds® =)\ D\ g da; daj,
75

Ifie g;; = gj; — HemPepPHBHHE M [BAKAH fHPPepeARAPYyeMile GYHKIHE Hepe-
MEHHHIX I;, a KBajgpaTwmdHaa ¢opMa — HOJOKMTENBHO onpefenenHas. Paman
YKAa3HBAeT, 9T0, «B YACTHOCTH, /I IPOCTPAHCTBA, €CJIH OHPEACINTH HOJNOKeHAe

TOYKH NPAMOYTOJbHEIMHA KOOPAMHATAMY, MK mMeeM ds = V(dx)”» 5. mop
«upocTpaEcTBOM» PuMaH, xak m I'paccmMan, moHAMalZi TpexmepHoe eBRIAHJOBO
npocrpanctBo. Of6mee BRpa;kenwme Pmmama Aas ds® aBaserca 0606meHmeM
nepBOM KBafpaTHanoi gopmu 'aycca gas moBepxuoctH. Baarogaps ycaoBmio
PumaBma onpegesiennoe WM n-MepHOe IDOCTPAHCTBO MOKHO DACCMATPHBATH
B MaJnX y9acTKaX Kak n-MePHOe eBKJIHIOBO IPOCTPAHCTBO.

WNuterpupys ds Baons duAwmil, PAMaH nosxydasn QAWHL JHHHA B OOpeAeseH-
HoM mM mpocrpancTBe. Cpefw pasIWIHHX NWHUH, COGAMHAIOIIMX ABe TOYKH,
ocofoe MeCTO 3aHEMAIOT KpaTdaiimime (TeofesmuecKme), onpepeasemMuie Audde-
PeHOHaNTbHHIME YPAaBHEeHHAMM, aHAJOTHIHEMHE auddepeHnHaIbLHEHM YpaBHe-
HHEAM Treofe3WIeCKHX NMHHA HA NOBepxHOCTAX. G IMOMOMBI0 reofie3MIECKHX
JHHAE MOXHO BechMa HATJIAAHO OHNpelejNHTh BakHelillee IIOHATHE TeOMeTPHHU
OpPOCTPAHCTB, pPACCMATPHBABMIHXCA PHMaHOM,— KPHBH3HY DIPOCTPaHCTBA
B TOUKe B JAHRHOM ABYMeDHOM HaupaBlenmnm. J{ud sToro ciaepyer W3 HaHHOR
TOYKH HPOBECTH [Be reofie3WdecKHe, Kacalommecsd NAHHOTO IBYMEDHOTO Ha-

5 Tam e, c. 281,
5 Tam sxe, ¢. 283.
57 Tawm ixe, ¢. 284. .,
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mpaBieHNA, COBIMHATE ABE TOYKM STHX NUHEH TPeThed reofieamieckoif m maMe-
puth cymmy yraoB A + B 4+ C ¥ niomajfs IONYYIeHHOTO «Te0Ae3HYecKOro
rpeyroasEuxay ABC. HprmBuaHoi#i mpocTpaHCcTBA B JaHHOH TOYKe B JAHHOM
ABYMEPHOM HAIDABJIGHWH HASHBAETCA Hpefes OTHOUIEHHWs YTJIOBOTO H3GHITKA
reoiesmaeckoro TpeyroasHuka A -+ B -+ € — m K ero IJIOmMAafW OPH CTACH-
BaHHM TPeYTOJBHUKA B AAHHYI0 TOYKY; YTJIO0BOH H3OHTOK M, CIEeJOBATEIHHO,
KPHBH3HA MOTYT ONTH KAaK IOJOKHMTEILHRIMA, TaK M OTPHOATE]LHEME. Puman
onpeneaseT KPUBHSHY B AAHHOM ABYMEDHOM HaupaBJIeHHM, PacCMaTpUBasg
6ecrOHEYHO MAaJEe I'e0/le3MIeCKHe TPeYTrOJAbHAKA: B OKPECTHOCTH TOYKM, B KO-
TOPOi OH X09YeT OmpeJeNINThr KPABU3HY, PEMaH BBOLAT KOOPAHHATH I;, pABHEE
B oToM Touxke 0 M CBA3AHHHE C PACCTOAHMEM S TOYEK 5TOA OKPECTHOCTH OT

MAHHOH TOYKH COOTHOUIGHHEM §=— Jz; (B HACTOAMee BpeMs HX HABHBAIOT
i

PHEMaHOBHIMEA KoopauHaTamu). B sTux roopawmHaTax nMHeHHEM piement B6Iu-
3M [aHHOH TOYKH NPHHAMAET BHJ

d82=%d$3 -+ ZZ%C,‘,J" k(tkd.’l?i d.’L‘J' -+ Zz%;cﬁ, KITEX] d.’l?i d.’l?j 4y
iy I

TAe ¢;j,x ¥ Cij, y; — BHAYEHHs GACTHHX HOPOM3BOAHEIX 0g;;/0zx B 0%gy3/0xx0xy
B flaRHON TOYKe. PuMaH 3amMedaeT, 9TO B CHJIY TOr'0, 9TO €I0 KOOPAMHATHLIE JId-
HPH TeOfie3MYeCKHe, Bce ¢jj, x = 0, a 9IeHH BTOPOrO HOPAAKA B DPA3IOKEHHH
ds? o6pasyioT KBagpaTHIHYI0 GOPMY OT BHpasKeHmid r;dz; — z;dz;. Ecam ana
equHEO06pa3na 0603Ha7aTh GeCKOHETHO MaJjHe BeIMIWHH I; depes 8z;, TO oTH
BHPaKeHHMS MOKHO 3ammcarh B BHfe Ar;; = dx;dr; — 8z;dx; u pacemarpm-
BaTh KaK KOODAMHATH IapajliejiorpaMma, IOCTPOEHHOTO Ha Bexropax {dz;}
2 {62;}. IlosTOMY 4ieHK BTOPOTO HOPANKA B Pa3OKeHAH dS° MOKHO 3aIACATE
B BHfe

Ao? = 2 Z % g Rij, szI‘th'.
L

Hanee PumaH paccMaTpmBaeT, KAk OH BHPAMKAETCHA, YACTHOE OT fejJeHHd
Ac® Ha mnomaps TpeyroasEEKa ¢ BepmuHamu (0, 0, . . ., 0), (21, 24, . . -, Zp)
u (dxy, dzy, . .., dx,) — TPeYroAbHHKA, HOCTPOSHHOI'0 HA TeX Ke BeKTopax
{dz;} m {0z;}, T. e., Kar cKasanm GH MH, OpefeJ YKA3aHHOTO 9acTHOTO LpH
CTATMBAHHEH STOI'0 TPEYTOJALHHMKA B TOYRY. OTY BeJiMIWHY PmMan m HasuBaer
Mepo#l KPHBM3HH; OHA OTAMYAETCA OT ONDPEeNeHHOH HAMHA BHIIe KPHBH3HH
OpoCTPAaHCTBA B AAHHOW TOYKe B JAaHHOM NBYMEDHOM HAmpaBjeHHH (COBHA-
manmei B clyyae DOBEPXHOCTH C rayccOBOH Mepoil KPHBH3HH) TOJBKO K03(-
¢unmeHTOM.

WckpuBienHsie MHOTOMEDHHE NIpPOCTPAHCTBA, OHOpegelieHHEEe PHManoM
B pear 1854 r., B HacToAmee BpeMs Ha3HWBAKWT DUMAHOGHMU NDOCMPAHCMEa-
MUy, & X TeOMETDHI0 — DUMAKO060L 2eomempuetl.

Benwauan R;; x; 06pasylor Tak HasHBAeMHH mMens0p KpususHsl, WIH
mensop Pumara. Kax KOOpAMBATH BCAKOTO TeH30pa, OHHM 06JaJal0T TeM CBOM-
CTBOM, 9TO OPH Dpeo6pasoBaHME KOOPAMHAT I; HX BEpaskKeHHA B HOBHIX KOOD-
AMHATAX ABIAIOTCA JHHEAHHMHA KOMOHHAMUAMEA HX BHPaKeHAA B CTAPHIX KOOD~-
OMHATAX, OTKY/A BHITEKAET, 9TO €CJIH OHHM PaBHH () B HOKOTOpO# CHCTeMe KOOp-
JOMHAT, TO OHH DABHH HYJII B nio6oll cucreMe KOODPAMHAT.

Pumany ypanock OpuMeHATH MAeW OPEANOKeHHOH HM IeOMETDHE JJlA pe-
HIeHMA OPaKTHIeCKOR 3afadm, ITOMY NPHMEHEHHI0 HOCBAMEHO HANHCAHHOE
B 1861 r. ero «MaTemaTH9ecroe cOUMHEHWe, B KOTODOM COAEPIKHTCH MONHTKA
IaThL OTBeT HA BOHPOC, HPeANOKeHHHN sHaMenuredme# Ilapmmckoil axapge-
mumeii: ,OnpefiesATh, KAKOBO NOJIKHO GHITH TENJIOBOE COCTOSHEE OTHOPOAHOTO
TBEPAOrO TeJsa, 9TO0H CHCTeMa M30TepMWdeCKHX KPHMBHIX, 3aJaHHAA B ompefe-
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JeHHH#T MOMEHT BpPEMEHH, OCTABAJIACH CHCTEMOH M30TePMHYECKHX KDHBHIX
B mo60i MOMeHT BpeMeHNM TaKHM 06pas3oM, YTo6H TemMoepaTypa TOYKH BHparKa-
nach B BHAe (QYHKNWE BPeMeHH H eme ABYX He3aBHCHMEIX HepeMeHHHX'),

Pa6ora Pumana, npuciagHAs Ha KOHKYPC He BIOJHe 3aKOHYeHHON M HANMA-
capHag KpaiiHe C;KaTO, He GEIIA IOHATA JKIOPW KOHKYpPCa M OPEMHHE He IOJY-
anna. Pyronucs 6ra BrepBhle OMYGIAKOBAHA B IepBOM COGPAHHM COYMHEHMI
Pumana (1876). Pumam npumsopguT sgech gudepeHnmaibHOe ypaBHEHHE Tell-
0O POBOSHOCTH

X (N =r
J

R Ham6odee IMPOCTOMY BHAY, 9Ta 3afada PABHOCHIbHA OPeo6pa30BAHAI0 KBa-
mpaTmano# popmur D) D) b;;ds;ds; kB cymme xBaaparoB. Heo6xogmmoe m mocTas
T7

TO9HOe yCHOBHe AJA BO3MOMKHOCTHE TAKOTO Ipeo6pa3soBaHUA COCTOHT B PABEH-
CTBE HYJNI0 BHPAKEHHSA

. 2 }J‘J }F‘, 2, (if , k1) (ds;ds; — ds;8s,) (ds, 85, — ds;Bs;.)
K 1

-7 (iggbﬁasidsj)@_gjbﬁ&@%)_@gbﬁas@j)z '

He H3MEHAKIIEroca OPHW 3ameHe NepemenHuX. [[o moOBOZy 3TOr0 BHpa)KeHH:,

o6osuagaemoro M (I1I), Puman nmmer: «Brpakenne | / N by;ds;ds; MOm-
i

HO PacCMATPHMBAaTh KAK JMHEHHHH 5jJeMeNT B 06IeM n-KpaTHO OPOTAKEHHOM

NpOCTPAHCTRE, JeKameM 3a NpefelaMH Hamedl aTymnum. Eciam B pToM mpo-

CTpPaHCTBe M3 TOYKH (S;, Sy ..., S,) IPOBECTH BCEBO3MOIKHEE Kparvaiimme
JHEAA, HAYAJbHEE HANDPABJICHMS KOTOPHX'XAPAKTePH3YIOTCA OTHONIEHASIMHE
ads, + Pésy: adsy + Posy: . . .: ads, + Pés,

(mpudeM o ¥ f — DpOMBBOJBHEE BeJHYAHH), TO 3TH JHHAXA 06pasyT HEKO-
TOPYI TOBEPXHOCTh, KOTOPYH MOMKHO IpefcTABHTH cefe pacmosOMeHHOH
B OGHMHOM LpPOCTPAHCTBe HAMeH MHTYHOHH. B TakoM ciydYae BHpaKeHHe
(III) 6ymer aABAATHCA MEpO KPUBM3HH YHOOMAHYTOH IOBEPXHOCTH B TOYKe
(S, Sas - - -5 Sp)» B8, .

Benmwauuwn (ij, kl) — Taxk Ha3EBacMEe YeTHPEX3HAYKOBEE CHMBOJK
Pumana — Te jKe, KOTODHE MH BHIIe 0603Hagand aepes R;; ;, BRparkaoTCA
gepes xKo3QPAMUEHTH g;; OCHOBHOE KBafpaTudHoil ¢opMu Pumanma m mx mpo-
m3BOAHKX., B HacToAmee BpeMsA OHM BANMACHBAITCA B BHIE

‘ork  ork A
Ry = 3 (G2 — T+ T b5 — ¥ b g
h s I T r

rgje BeJIHYHHH F;k onpeaensanTCA COOTHOIIEHHAMH

. 1o 4 (O, 08; gy
Zg“rf"*T(axj T o, T o (6)
[}

88 Puman B. CoumHenma, c. 412,
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(PaMan o6o3magan BeTHHEL T'jx wepes p;;x); ¢ momompio Benuwgus [ ypas-
HeHHe TeOfle3MYECKHX JMHMIA PHMaHOBAa IIPOCTPAHCTBA 3aIHCHBAETCA B BH/E

diz; y dz; dz,
W"‘Z,kz,rfk—a%—ﬁ:o- (7
7

Iro ypaBHeHume OmpefenNseT mapamMerp { Feofe3WIeCKMX JIHUHHN ¢ TOYHOCTHIO
o mpeofpasoBaEMA {— af 4 b,

PeMaH croemmalbHO pPacCMOTPes HCKPHBICHHbHE MHOTOMEPHHE IIPOCTpPaH-
CTBA HeHYAeBOH MOCTOAHHOH KPHBH3HEL, o6ialaromme TOH Ke CTEHEHBIO HO-
JBHKHOCTH, ITO M €BRAMAOBO HpocTpancTBo. Korga Mepa KpHBH3HEL PaBHA .,
BHpakeadme OaA dS MOKeT OHTh NpPHBEAEHO K BHAY

a -1 N e

(t+5 Y)Y Y

[Ipx n = 2 Doxydaerca maumoe MEHAMHTOM BHpAa;KeHHe IHHEHHOTO dJe-
MEHTA MHOBePXHOCTH NOCTOAHHON KPHBH3HH dYepe3 FaycCcOBY KpHBHUSHY DTOM
HOBEepXHOCTH.

IIpumMepoM n-MepHOro PEMAHOBA HPOCTPAHCTBA MOCTOSHHOHR IOJOKHTENb-
#0# KpUBW3HK ABAgeTcA cdepa B (n -+ 1)-MepHOM eBRIHAOBOM IPOCTPAHCTBE,
UpPEMEpPOM nN-MEPHOTO DPHMAHOBA OPOCTPAHCTBA IOCTOAHHOH OTPHOATENBHON
KDHBH3HE ABIAETCA N-MePHOe NPOCTPAHCTBO Jlo6ageBCKOTO, OMmpeAeleHHOe
suepBe J. Beabrpamum B «OCHOBHOM TeOpMHM HPOCTPAHCTB IOCTOSAHHON KpH-

susEs» (Teoria fondamentale degli spazi di curvatura costante.— Ann.
Mat., 1868).

Hpen PamaBa 0 KOMIUTEKCHBIX mapaMeTpax
€BRIMIOBHIX NBIGKeHHI

ITocaeganas g9acts pa6orn PuMana osarmasiena «[IpmMenerre K HpoCTpaH=
CTBY»; MH yKe 0TMeJain, 9TO OIpefeiAeMoe B pa6oTe MEOTOMEpPHOE MPOCTPaH-
cTB0 PuMan HasmBaer «MHOrooGpasmem», a mOJ CJIOBOM <«IpPOCTPAHCTBO», OH
EMeeT B BAAY OPOCTPAHCTBO peainnpHoro mmpa. [lepeumcsms «ycioBuA, Heob-
XOfZMEIe M JOCTATOYHEE ANA OmpelqelieHAd MeTPHIeCKHX COOTHOMEHHH B mpo-
CTPAHCTBE»: PABEHCTBO HYNH MeDH KPHBH3HH B KayKIOH TOUKe AJIA KaKIOTO
ABYMEPHOT'O HANpAaBJeHWs, MOCTOAHCTBO MepH KPHMBH3HE B IpPOCTPAHCTBE
¥ (HEe3aBHCHMOCTH AJWHL JAHWI» OT KX MECTa, OH JieJiaeT BHIBOJI, UTO «IepeMe-
WEeHHA WAA W3MEHEHHS MeCTONOJOMEHNA ABJNAITCA KOMIJICKCHHMH BeJadn-
HAMH, BHDaKAOIMHEMHCA depes TPH HesaBmcEMue epmummed °°, Ilocaemume
cloBa PuMana 03HA9a10T KOHEUHOCTH YHCJA HAPAMETPOB, OT KOTOPHIX 3aBHCAT
JABIGKeHHA OPOCTPAHCTBA, MM, KAK CTAJH 'OBOPHTH IOCHEe YCBOGHHS TeoMeT-
PaMA OOHATAA TPYONH, KOHEYHOCTh YHCAA HAPaMETPOB TPYOOH [BH:KEHHI
npocrpanctBa. OgHEAKO BHpasKeHHe ABHKEHHN IPOCTPAHCTBA ¢ NOMOIIBIO KOM-
IJIEKCHHX BeJW9HH, BHPaKAlOMEXCA depe3 «TPA He3aBUCHMEIC eJWHMIED,
DHI0 HalifieHo Toabko B caMom KoHme XIX B. B paGore rasamckoro mpogec-
copa Auexcanppa [lerposmua Koremsnmropa (1865—1944) «BumroBoe cume-
JieHMe M HEKOTODHe NPHJIQMKEHHs ero K reomerpmm m Mexamere» (Hasams,
1895) m Bcrope mocae mero B «['eomerpmu mumam» (Geometrie der Dynamen.
Leipzig, 1902) npodeccopa yumBepcmrera B I'peitpcannme Ipyapaa llrymm
(1862—1922). B arux pa6orax 6HIO0 mOKa3zaHO, 9TO MHOroo6pasme OpHEHTH-
POBAHHHX NPAMEIX TPEXMEPHOT'0 eBRIMACBA IPOCTPAHCTBA MOKHO OTOOpa3uThH
Ha cpepy B TpeXMepHOM EBKIHMIOBOM IPOCTPAHCTBEe, HO He BeN[eCTBEeHHOM,

59 Tawm e, c. 289.



a TOCTPOSHHOM Hajl 0COGHM BHOM KOMIJIGKCHEIX YHMCe], BBeAeHHHX ¥ . Kand-
dopaoM B ynomrHEaBmemca Hamn «[IpegBapuresbHOM OYepKe GUKBAaTe PHAOHOBY;
9THM 9YHCJa, HasKHBaeMEe B HACTOANEe BpeMA «AYAJBHHEME YHCIAME» (TeDMHH
IMlTypz), MOKHEO OIpeAeNHTh KaK BHpaskeHwd BuAa ¢ - be, €2 = 0, IIpm arom,
rax nokasanm HotensamkoB m Itynm, nyanbHOoe paccroaHme Me:RAy ABYMs
TOYRAME 9TOM CepH, H306paAKAIOIMUMH ABe HPAMEE, COCTABIANIIEMH YTOJ
¢ m KpaTiaiimee paccTossHHe d, pABHO AYANBHOMY JHCAY @ - &d, a [BMKeHAsH
eBRJIM0BA NPOCTPAHCTBA H300PAKAIOTCA BpAMEHWAMH [AyahibHOH cdeph
H, CJe[0BATEJHHO, 3aBUCAT OT TPeX AYaJbHHX mapaMmeTrpoB. Boamo;xHo, 49TO
Puman pmorageiBancsa 06 9THX Tpex HapaMeTpax, XOTA eMy H He Onzia sacHa
npupona TeX KOMIJIeKCHHX YHCEJN, 9epe3 KOTOPHE BHPAKAIOTCA IBH/KEHHUS
eBKJIMJ0BA IpPOCTPAHCTBA.

{nen Pumana o ¢n3myeckoM mpocTpamcTBE

Jlamee, 3aTPOHYB «pacIPOCTPAHEHHE IPOCTPAHCTBEHHHX HOCTPOCHAH B Ha-
mpaBieHAW HewaMmepmMo Goabmoros, Pamanm mmmrer: «J[14 o6bAcHeHWA mpH-
POAL BOHPOCH 0 HemaMepHMO 60JBDIOM — BOHpOCH mpaspanie. Wrave o6cromT
Aello ¢ BOmpocamMm O HemamepmMmO MagoM. OT TOH TOYHOCTH, ¢ KOTOPOH HaM
yOaeTca OpPOCAEAHTH ABJIEHHA B (ECKOHEYHO MAJOM, CYMECTBEHHO 3aBHCHT
Hanle 3HAHME OPHIMBAKX CBA3eil. YCOeXW B HO3HAHHHM MEXaHH3MAa BHEOIHETo
MEpa, JOCTHTHYTHE HA HPOTAKEHAN IOCHeJHAX CTOJeTHil, 06yCI0BIeHH NOITH
HCRJIOYHTEAHHO GAarofapA TOYHOCTH TOr0 HOCTPOEHHA, KOTOPOE CTAJIO0 BO3-
MO}KHO B pesyiibrTarTe OTKDHTHA aHAAU3a GeCKOHEYHO MAJNHX M IPUMEHEHNS
OCHOBHEIX IPOCTHX HOHATHIH, KOTOPHe OHIm BBeAeHH ApxmmenoM, I'anmieem
# HEl0TOHOM B KOTOPHMH HOJXB3YeTCA COBpeMeHHAs ¢mamxa. B Tex xe ofaa-
CTAX eCTeCTBOSHAHMA, Ifle ele OTCYTCTBYIOT OCHOBHEE NOHATHA, KOTODHIe
M03BOJMHIE GH IPOM3BECTH AHAJOIMIHE MOCTPOCHHA, ABJEHHUA C MEeJLI0 yCTa-
HOBJIOHHA OPHMIWHHHEX CBA3eld HCCIEAYIOTCA B HPOCTPAHCTBEHHO GeCKOHEYHO
MajoM, HAaCKOJIBLKO 3TO OCYI[eCTBEMO HNOCPEACTBOM MHAKpOckoma. I[losromy
BOIIPOCH 0 METPHYECKHX OTHODICHMAX OPOCTPAHCTBA B HEM3MEDHMO MAJIOM He
OpuHALNEKAT K UUCAY OPa3JHHX,

Ecam monycTHM, 9TO Teda CYINECTBYIOT HE3aBHCHMO OT MECTa WX HAXOME[e-
HHESA, TAK 9T0 Mepa KPHBHSHH Beaje HOCTOAHHA, TO M3 ACTPOHOMAYECKHX Ha-
6x0fieHmit cleqyeT, 9T0 OHA He MOKeT OHTH OTJIMYHA OT HY.JA; MJIH, eClH OHAa
OTAMYHA OT HYNA, TO IO MeHbIIeH Mepe MO)KHO CKa3aTh, 1TO 9acTh Beeyenmoi,
JOCTYIHAs TeJeCKOIaM, HHYTOKHA IO CpaBHeHMIO CO cdepoil ToH ke KpH-
Bu3Hb 50,

IMocneguue cioBa Pumanma moxaseBaloT, 9T0 OH, Hofo6HO JloGaueBcromy,
HHTEpecoBaJc W3MepeHHeM CYMM VYIJOB KOCMHYECKHAX TpPeYTOJbHAKOB
«B qacrd Bcenemnoif, fOCTYHHOH TexecKomam», W 3HAN, 9TO PO3YILTATH 3THX
W3MepeHNil He AABAJK B TO BPeMs IIOBOJA COMHEBATHCH, 9TO S5TH CYMMH YIJOB
paegn 180°. Jlamee PuMan, omATh-Takm Kak m JlofadeBcKmil, Jomyckaer, 4To
«B HEM3MEDPHMO MAaJIOM» TeOMeTPHS MoKeT GHTH OTAMIHA OT FEOMETPHH «B Ife-
I0M»: «IMIUDPHIECKHe NOHATAA, — OANIeT PEMaH,— HA KOTOPHX OCHOBHBAET-
CA YCTaHOBIEHEEe IPOCTPAHCTBEHHHX METPHYCCKHX OTHONICHNH,-~ MOHATHA
TBePROLO TejJa W CBETOBOTO Jyda, NO-BHTUMOMY, TEPAIOT BCAKYI OIpeAeleH-
HOCTh B Geckomeuno ManoM. IlosToMy BmONHE MHICIMMO, 9TO MeTPHIECKHE
OTHOMIeHWsI IPOCTPAHCTBA B GECKOHEYHO MAJIOM HE OTBEYAIOT TeOMETPHICCKHM
AONYMEHHWAM; ME JeACTBATENHHO AOKHKE ORUIM GH OPHHATH aTO HOJOKEHHe,
ectm 6H ¢ ero moMompbio Gonee mpocro 6Gmam o6BACHeHH HabarogaeMmble
asneEds» 5. Hak Mu BmamMm, PEMaH He TONBbKO yYHTHIBAET MOJORYIAPHOE &

5 Tawm sxe, c. 290—291.
6l Tam e, c. 291,
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aTOMHCTHYeCKOe CTPOeHHe BEIECTBA, HO B 9HOXY IOYTH Ge3pasfeLHOTO roc-
OOACTBA BOJIHOBOM TeOPHMH CBeTa BO3Bpamaercs K KOPNYCKYJADHHM Npei-
CTAaBJICHHAM O CBeTe, 9TO COJAMKaeT er0 C COBPeMeHHHIMH IIPeJCTaBICHHIMHA O
cBeTé KAk O HOTOKe (OTOHOB.

YooManys, 4To B Hadaje «peddm» OH 3aMeTHJ], 9TO B CJydYae HUCKPETHOTO-
MHOr000pasdsa NPMHRNMIO METPHIECKAX OTHOIIEHWH COJEeDKHTCA yiKe B CAMOM
IOHATHH 9TOTO MHOTo0o6pasua, TOr4a KaK B Clydae HeIPePHBHOTO MHOTO06pa-
3MA STOT NPHHNWMI OPHBHOCHTCA B OPOCTPAHCTBO M3BHE (T. €, B caydae Juc-
KPEeTHOT'0 MHOr006pasusa MOKHO OIpefelATh PACCTOSHHAS B HeM, H3MepAsd HX
«maraMm» MeXAy AMCKPDOTHHMH TOYKAMH, a B CJydae HENPEpPHBHOTQ MHOTO-
obpasma HAZO 3afaBaTh KOdPUOHMEHTH MeTPHIEeCKOH (ODPMH B (YHRKIOUHA KO-
OpAHMHAT TO%eK), Puman mmmer: «OTcioga clefyer, 9TO HJIM TO peajbHOE, 9TO-
co37laeT EHEl0 IpOCTpaHCTBa, o6pasyer mmckpeTHOe MHOrooGpasme, HAH jKe
HYKHO OHTATHCA O6BACHHTL BO3BHHKHOBEHME METPHYECKHX OTHOMEHWH IeM-
TO BHEITHHEM — CHJIAMH CBA3M, JeHCTBYIOIIMMH HA 5TO peaibHOe.

PemeEme 3TMX BOOPOCOB MOKHO HANEATHCA HANTH JHML B TOM Clyiae,.
ecJIH, WCXOAsA M3 HilHE CYIMEecTBYIOIei#l W HpOBepeHHOH ONKTOM KOHIENIAH,
OCHOBa KOTOpPOM monoxeHa HploToHOM, cTameM HOCTEI6HHO €€ COBepPIIeHCT-
BOBAaTh, PYKOBOACTBYACH (aKTAMH, KOTODHE €l0 OGBACHEeHH OHTH He MOTYT;
TaKMe jKe MCCIeJOBAHMA, KaK IOPOM3BeJeHHHE B HAcTOAmed pabore, AMEHHO-
uMelolme HCXOAHKM HYHKTOM 06IMHe HOHATHA, CIYKAT JIWIMb AJA TOTO, YTOOH
ABIKeHWI0 BIepeA W yclexaM B NO3HAHMH CBs3ell Bemlell He HpemATCTBOBANH
OrDAHWYeHHOCTh HOHATHH M YKODEeHMBOIHECSA HpeApacCyRKM,

3necs MH cTomM Ha mOpore o6JacTHE, mpHHAJIERAMed gpyroil Hayke —
¢usmre, H mepecTymarp ero HAM He [aeT MOBOJA CEeIOfHANIHHE AeHB» 2.

B arux cnoBax PmMaH reEHaibHO OPeABOCXHTHAJN H «BO3HHKHOBeHHe MeT-
pHYeCKHX OTHOIEeHmi» 6Gaarogapsa TPABUTAMAOHHLIM CBOMCTBAM MacC, ycTa—
HOBJIeHHEIe O6mMe#t Teopmeil OTHOCHTeJNHLHOCTH JHHMITeHHA, M HAGH HACKpPeT-
HOT0, HJHM «KBAHTOBAHHOIO», NPOCTPAHCTBA, KOTOPHE 00CYXAanTCA B COBpe-
MeHHOH ¢usmxe.

PaGornsr Kpucrodpdenn, JIunmmua m Cysoposa
0 PAMAHOBOH reoMerpum

HccaenoBanma Pumana Gulin npogoikensl 1podeccopoM B NOJIHTeXHEKYMe:
Hiopuxa, a 3areM yausepcurtera B Crpac6ypre dasemuoM Bpymo Hpmctod-
dpenem (1829—1900), xoropmii B cratee «O mpeoGpasoBaHMH OJHOPOAHEIX
papdepennmanbELX BHpa:kenuii Bropoit crenenmy (Uber die Transformation
der homogenen Differentialansdriicke zweiten Grades.— J. fiir Math., 1869)-
paccMoTpea YCIOBHsA COBINAACHHA pPHMAHOBOW TIeOMETpPMH, OIpefeAeMOl
dopmoit X2 g;dx;dr;, ¢ reomerpmeir, onpepensemoit dopmoit I Zh;;dz;dz;.
Ecam Puman craBmn sagagy o606IleEMA Ha MHOIOMEDHEIE LPOCTPAHCTBa:
BHYTpeHHeil reomMeTpuu mosepxHocTed I'aycca, To sagaga Hpmeroddens npen-
cTaBaAda co60i 0606Imenme 3afau¥ HAIOKeHHs IOBEPXHOCTEH. YCIIOBHE COB-
nmajieHAs reoMerpmii, Kotopoe Hamea Hpmcropdenrn, cOCTOMT B COBOATCHAH
nadpdepenmmaneirx popMm LD I X Ry;, pidr;dzydz;0x;, BIAECISRHHX A ABYX
AaHHEX kBaApaTHaHEX ¢opm. Hpmcroddenn obosmaumn Benmamamn T wepes
{’f }, a BedMYMHH [ ; = Zgi;I‘j'k gepes ’_ ’? ] , BCJeACTBHAE 9ero 9TH BeJHum-

HH 9aCTO Ha3KBAIOT «TPeX 3HAYKOBHIME cuMBOsamu KpmceToddemas» coorBeTcTBOR—

HO II6PBOro M BTOPOTO pOAA.
OnsoppemerHo ¢.HpucroddeneM aHamormgunie 3afadd GHAM pemieHH NMpo-
deccopom ymmeepcurera B Bonre Pymoabdpom Jlummuanem (1832—1903) B «Mc-

52 Tawm ke, c. 291—292.
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9. B. KPUICTOOO®EIIb

ClIeJ0BAHAAX, OTHOCAIHXCA K IOANM ofHOpoAHNM (YHROUAM H guddepeH-
qaatam» (Untersuchungen in Betreff der ganzen homogenen Funktionen von
n Differentialen.— J. fiir Math., 1870).

Ty :xe sagady Aasa TpexmMepHNX PEMAHOBHX IPOCTPAHCTB HOBARBHCHMO OT
Hpucroppean u Jlunmana pemar Pexop Marseeswu Cysopon (4845—1911),
ypomenen, IlepMmcroit ryGepaam, ydemmr II. WI. Koreaxnmuropa, mpodeccop
HagamcKoro ynamepcmTera, MHOTO CAEIABIINI AJIA DONMYJAAPH3AIAN OTKPHTHA
Jlob6ageBckoro. 3agave sKkBHBANEHTHOCTH ABYX KBaapaTHuHHX qaddepeHnuaib-
HHX (OpM TpeXMepHHX PHMAHOBHX NPOCTPAHCTB IOCBAMEHA MarmcrepcKas
nuaccepragua CyBoposa «O xapakTepHCTAKAX CHCTeM Tpex H3MEPeHMi», Omy-
6aftkoBaHHEaA mo-pycckm B Hasamm B 1871 r. m B KpaTKoM H3JOMKeHMH IIO-
¢parnyscke B Ilapmre B 1873 r. (mokTopckaa muccepramua CyBopoBa, samu-
menHag B 1884 r., 6uaa nocBaAMeRa MEAMHM TOYKAM H mPAMEM Ha IUIOCKOCTH
H HX OpUMeHeHHWD JJIA HOCTPOCHHSA KOHHK).

MuoroMepaaa TeopHS KpPHBHX

CospgaH@e MEOTOMEPHOI eBRIAAOBOH reoMeTpHE GHCTPO mPHBEJIO K IOCTPO-
-eHu0 AadgPepeEnEaNbLHON reoMeTpEE B MHOTOMePHOM mpoctpaHcTBe. K. Hiop-
nag B pa6oTe «O TeOPHH KPHBHX B mpocTpaHCTBe n H3MepeHuit» (Sur la théo-
rie des courbes dans 1’espace & n dimensions.— C. r. Acad. sci. Paris, 1874)
mocTpons MHOroMepHE aHanor gopmya Ceppe — Dpere. Hopaaw paccmarpm-
BaeT KPHBYIO B NnN-MePHOM €BRIHAOBOM HPOCTpPaHCTBE, 3afaBas e® QyBRIEAMH
zy =/ (s), ..., Zy=1F, (5) B mpAMOYroJAbHHX KOOpIUBATAX, NPHHEMAA 34
mapamerp s JuEHY nyra. O mepeMerHOli TOYKe KPHBOi ¢ RoopamHaramu X, ...
.., Xp, «6eckoHeuHO Gamskoil K mpennpymeii», Hopran mumer: «Ee Koop-
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®. M. CYBOPOB

OAHATH ¢ y9eToM OecxoHewHo MajuX HopAnka n — k -+ 1 Gynyr ynoBieTBo-
pATH CACTeMe JMHEeHHHLX ypaBHeHWd, COBOKYNHOCTh 3THX ypaBHeEHH ompe-
HelfeT CONPHKACAMIIYICA k-NIOCKOCTh K JaHHoH KpmBoi» 3. Hamomumm, 910
<«k-nrocrocteioy HopraH HaspBaeT nepecedeHne k ¢IIIOCKOCTEHY, IO COBPEMOH-
HO¥l TePMHMHOJOTAM «THIEPILIOCKocTe» ((n — 1)-MepHEX MWIoCKocTeR), H, Cle-
JoBaTenbHO, «CompUEacapmasca k-ndocxoctsy MlopgaHa — compmKacan-
masaca (n — k)-MepHas UNOCKOCTH KPHBOA, T. €. mpeliedbHoe NONOKeHme
(n — k) mMepHoil ntockocTA, NpPoxonAMei yepes n — k - 1 Touex KpHBoil npn
CTATHBAHUMA BCeX 9THX TOYEK B OfHY TOYKY, upm k — n — 1 pTo KacaTexrsHas
upaMas. [ansee Hopnas PopMynupyer BarkHoe CBONCTBO «CONPMKACAIIMAXCS
k-nmockocteity: «/[Be mocnemoBaTelIbHHA CoNpAKacanmaeca k-NIOCKOCTH
mepeceKaoTca No compmracaiomeiica (k + 1)-mmocxoctm» ®*. BrpaskeHme
47Be TOCIeROBaTeAbEEE COPAKA caomuecs k-IoCKOCTA» YCIOBHO, TAK KaK Ha
€aMOM fleie M@Ky BCAKAMM [IBYMs CONDAKACAIOMUMACH (IOCKOCTAME ji060o#
Pa3MePHOCTH MoKHO TOCTPOATH CONPHAKACAIOMYocHd NIOCKOCTE TOi ke pasMep-
H0CTH, TOYKAa CONPDHKOCHOBeHAMA KOTOPO# HAXOGHTCA MEKIY TOYKaMP COOpH-
KOCHOBEHH IePBHX NBYX IIOCKOCTeH, oqHaxo cdopmynuposarHoe Hoprasom
YTBeDP:XIeHne MMeeT TOYHEIH CMHIC]I, COCTOAMMAN B TOM, YTO €clId MH PaccMoT-
peM n — k -+ 2 TOUKA KDHBoA m mpoBeJeM depe3s MepPBHe U MOCHeNHEAE M3 HAX
(n — k)-MepHme OlTocKOCTH, a 49epe3 Bce TH ToukM (n — k + 1)-MepHym0
CTOCKOCTh, TO IPHA CTATHBAHUA BCeX 9TUX n — k + 2 Todex B ogHy (n — k +
+ 1)-MepHas nmockocTh, ofe (r — k)-vepHEe niuockoctz # (n —k — 1)-

43 Jordan C. Oeuvres. Paris, 1964, t. 4, p. 337.
44 Tbid.
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MeDHafg WIOCKOCTEL nepecedeHUd ABYX (rn — k)-MEeDHBIX HIOCKoCTeH mepedAnyr
cooTBeTcTBeEHO B (n — k - 1)-mepHyl0, (n — k)-MepHywo m (n —k — 1)-
MeDHYI0 CONPMKACaiomuecs IIOCKOCTH, B TO BpPeMa Kax B o6meM ciyTae [IBe
(n — k)-MepHHe ILIOCKOCTH n-MepPHOTO WTPOCTPAHCTBA MNEPECEKAKTCA MO
(n — 2k)-MepHo#i WIOCKOCTH W HDH CTPeMAEHAR ofHod m3 (n — k)-MepHHX
mIOCKOoCTe K JApyTrodl 10 mepecedeHme wuepexomgAtr B (n — 2k)-MepHyIO:
MIOCKOCTE.

Haxee Hopran mamer: «MoKHO OTHECTH TOYKH IDOCTPAHCTBA K HOBOH CH-
cTeMe TPAMOYTOJBHEHX KOODJAWHAT, aHAJOrMIHOX CACTeMe, KOTODYI0 pacCMoT-
pex Ceppe mnas of6HYHOTO HPOCTPAHCTBA, a HMeHHo: 1) compmkacaoImyiocs
OJOCKOCTh B TOUKE I3, . . ., Ip; 2) MIOCKOCTh, HEPUEHAMKYIAAPHYIO K Ipes-
Aymeii, cofepKamyio conpuKacamimyioca 2-uaockocts (biplan); 3) naockocts,
OepUeHAWKYIAPHYIO K COIPAKacanmeica 2-II0CKOCTA, cofepsRamell CONpRKa-
caomyoca 3-mIocKocTh (triplan), m T. K. M0 WIOCKOCTH, HepPUEHAMKYIAPHOM

xacatenpHoil. HoBue koopammats &y, . . ., &, 6yRyT CBA3aHH Co CTapHIMH Op-
TOTOHAJNBHKME COOTHOINEHAAMY

Xo = ap1&; + - . . + apnf» .

CroBa <0pTOTOHANBHHE COOTHOINEHHWS» 03HAYAOT, 94T0 MATpHOa (Gps) —
OPTOTOHAJNBHAA MATPHANA M, CJHeNOBATENBHO, CTONGLH dpy, . - ., dpn ITOH MaT-
PRIH MOKHO pACCMATPMBATH KaK KOOPAHHATH BEeKTOPOB OPTOHOPMHDPOBAHHOTO-
6asnca. Jlanee Hoppax mamer: «PaccMoTpmM Temeps TOUKY KpmBoi, Gecxo-
HEYHO GAA3KYI0O K mpefHmymeil, mojJyTaeMyio 3aMeHol s Ha s + ds. [IpoBemem
gepes 3TY TOYKY HOBYIO CHCTEMY NPAMOYTONBHEIX KOOPAMHAT, aHAJOTHIHYIO-

npepuymed, oyers §; + d&, . . ., & + d&, — KoopmmHATH 10 OTHOMEHUIO-
K HOBEIM ocaM. Torma 6yAyT EMeTh MeCTO COOTHOIHEHHA

dg, dg, dg,

—‘ﬁ =182 - - o a4 Cp-1§p—1 -+ Cp§p+1’ v Tds cn—1§n—1 +1,

rne xo3fdmmmenTH Cf, ..., C, IO ONPENeJedHI0 OYAYT KPUSUIHAMU NaHHOK
KpPABO# B TOYKe 2y, ..., Zn.
HenocpencTeerro BrBORATCS (HOPMYAH

dapl dapa dz

p
ds — C1p2 » + o» —g— = — Co-1%p, 0-1 T+ Colp, g4y - - o a5 Gom

mo3BOJAIImMMAEe BHPA3SHTs MOoCHefoBaTelbHHEe UPOM3BONHEE KOODAWEAT Zp
B yHKIEA KoodPHIEEeHTOB a, KPEHBU3H M UX IPOH3BORHHX» 6,

Ecin Mo sanmmeM BexkToDH {ap1}, . . ., {@pn}, KOTODHE, KAK MH BAJeIH,
COCTABIAIT OPTOHODMEMDOBAHHKA (asumc, B BHAe &;, . . ., &,, a BexTop {1p}
B BHAe X, nocienurme Qgopmyan HopmaHa MoKHO IepelHCATH B BHJ®

da, dag
—38'—20132, AR e e = — Cg-180-1 + CagBg+11 v+ vy
da

N ==

dx
== —Cnq8n-1y —— == 8p.

B HacTofmee BpeMA BEKTOPH 8, 0603HATAWT ty g4y, 8@ «KPEBASHED Cg 1HOP-
naHa 0603HA9al0T —k,-g, IPAYEM KPHUBM3HY k; HASLIBAIOT i-i KPABH3HOHA KpHA-
Boii, moaTOMYy Haiinennunie HopaaEom dopMynas B HacToAmiee BpeMA 3alACH-
BalOT B BuAe

dx dt t, ‘ dt
- = t, —7‘% =kt ..., d.; =—ki(tiy + kibiey, - oy an__ kpertn_;-
8 Tbid., p. 337—338.
86 Thid.
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9tr dopMynH B ABNAKTCA MHOroMePHHIM o0o0menueM gopmyn Ceppe —
Dpene. I'eoMeTpUIecKnii CMEICT KPUBA3HH %, 09eBHIEH — 5T0 MOIYAHh BeKTo-
pa dt,/ds, paBHEI Opefeny oTHOMEHAA yria Ao, MeKIY KacaTeJLHEMA B BYX
OJM3KAX TOIKAX KPABo# K gampe As {yTH MeKAy 9THAMHM TOUYKAME; OYeBHICH X
TeoMeTPAYeCKAN CMHICI abcomoTHOTO 3HaYeHHWA KDHBH3HH f,—; — 3TO Mo-
JAyab BexTopa dt,/ds, paBHu mpejeny oTHOIIeHHSA yriaa Aa,-; MeKAy COIpPH-
KacaomaAmMuca (n — 1)-MepDHHME IIOCKOCTAMA B ABYX GIM3KAX TOYKAX KpPH-
Bo#l K fumHe As {yrH MeKEy 5THMH TouxaMi. /HopHaH yrasHBaeT reoMeTpHIe-
CKHE# CMHICH B BCeX IPOMeKYTOYHRX KPHBU3H k;: «Yron @, ABYX mociemoBa-
TeJbHHX COIpAKacalommxca k-miocKoctedl Haercda BechbMa mpoctod dopmymoit

Px = ds-cx» &

CMuicn 9TO# KpaTKo#l OPMYAHAPOBKA COCTOMT B TOM, 4TO €CJA MH CHOBA
paccMorpuM . — k + 2 TOYKH KpHUBoif, mpoBeneM depe3 NePBHE M HocleHAE
73 gAX (n — k)-MeDHHe mI0CKOCTH B 0603HAYNM YToJl MeXIy HuUMHA depes Aoy,
-TO Wpefe] OTHOIMEHWA JTOTO Yria K gjimHe As AYTM Me;KAYy OePBHIMH ABYMS U3
HTAX TOYEK IPA CTArABAHUU BCeX 9THX TOoYeK B MePBYIO TOYKY PaBeH KPUBH3HE
%p-x, T. €., NHEIMA CJOBaMA, KPABA3HA k; ABIAETCA Ope/leJoM OTHOMEHAS yIia
MeEAY i-MepDHHIME CONDHKACAIAMACSA IIOCKOCTAMEA KDHBOX B JBYX GIMBKAX
TOYKaX K ANnHe As AyTm MeKAy >TEMH TOUKAMH.

Bumre Mu Buaenn, uto Hopgan B 1872 r. onpenenna cral@oHapHEeE YT
MeKAY M-MeDHHMNA WIOCKOCTAMHA R-MepHOTO eBKIWJoBa IpoctpaHcrBa. Ilpm-
BeeHHH 37ech peayanTaTr iHopmana moKaskBaer, 4TO €CAM MEI BO3LMeM [Be
COUPAKACAIOMUECH /M-MePHEE IIOCKOCTA B ABYA GIUW3KHX TOYKAX M HAWeM cTa-
[HOHADHHE YIJH THX IIOCKOCTed, To OTHOIIEHHS BCeX THX YIVIOB, KpoMme
©OfHOTO, K IaPHe As {yTW M@Ky 3THMH TOYKAMM IPU CTATABAHUE 3THX TOIEK
B OfHY CTPeMATCA K HYJII, a OTHOIIeHHWE IOCHEeTHEeT0 W3 ITAX YII0B K As
CTPeMATCA K KpHBH3HE K, .

3amernm, uro y Hopmarna Bce KDHBMSHE ¢, — YHCIa 0MHOTO 3HAKA, HO OH
T0IH30BAICA KaK NPABHMHA, TAK W JEeBLIMA CHACTEMaM¥ KOODJAWHAT; B HACTOA-
mee BPeMA WOIb3YIOTCA TOABKO IPABLIMA CACTOMaM®W KOODAWHAT, HO WPHANH-
CHIBAIOT KPABH3HE kK, 1 WMONOKETEIbHHE MJIA OTPHIaTelhHHR 3HAK, B NePBOM
clydae CONPAKACANI[aACA ¢ KPABOA BHHTOBAA IAHUA C NOCTOAHHEIMA KPHBA3-
Hamu k; ABAAeTCA WPaBoidl BAHTOBOW JMHEEH, BO BTOPOM cjlydae — JIeBoi.

B xoume saMersnm HHopiaH HaxoxuT KpaTuaiiimee paccTosHUE MeKAY ABYMA
CONPAKACAIIUMACH IJIOCKOCTAMEA Da3HHX pasMepHocTell B ABYx OecKoHedHO
6IU3KMX ToYKaX KpmBoii, 0006mnB TeM CaMHM KJIacCHYeCKyw 3agady Doumne
0 HAXOKNEHAN KPAaTIAiIIero PACCTOAHMA MEKAY KacaTeJbHHMH B BYX Gecko-
HeYHO 6IM3KAX TOYKAX KPHBOA B 00KYHOM WPOCTPARBCTBE M DACCTOSHHA MEKAY
TOUKOU 2TOdl KDHBOH W CONPHKaCaoIMeica IUIOCKOCTH B GecKoHeyHo OJm3-
KO TodKe.

OrmernyM, 910 cam HopmaH He maj BHBOAA HE HaiileHHoTo BM 06o6meHnd
$opmyn OpeHe 7 fpYyruX HaNJEeHHKX AM CBOACTB KPHBHIX, HA F€OMETPHYECKOTO
CMHICIa KpHBU3H. B Hacrosmee Bpemsa MHoroMmepusle dopmyntr PpeHe BHIBO-
J[ATCA BO BCeX PYKOBOACTBaX No MHoroMepHoi arnddepennmaarroii reoMeTpun;
HanpoTtms, HaiienHsit HlopgaHoM reoMeTpHYeCcKHH CMEICT KPHBH3H k; ofmIR0
He YHOMMHAETCA B 3THX PYKOBOACTBAX, XOTA Hocke ycTaHOBIeHHMA dddexTHB-
HBHIX AJTOPATMOB BHYACIEHHA CTaqWOHADHHIX YIJOB M-MEDHBIX NJOCKOCTEH
8 n-MepHOM LpoCTPaHCTBE NPOBePKa oToro (aKTa He BEI3EIBAET 3aTpyAHeHMIi.

47 Ihd., p. 338.
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Maoromepaan Teopms mopepxHOCTeil

B Tom me 1874 1. B pabore «O6o6menme TeopeMu dilnepa 0 KPUBA3HE IO~
sepxHocTeit» (Généralisation du théoréme d’Euler sur la courbure des surfa-
ces.— C. r. Acad. sci. Paris, 1874) Hoppam noacxkmn Bazaiao puddepen-
OUaAbHOH TeOMeTPHH M-MePHHX IOBePXHOCTEH B n-MepPHOM NIPOCTPaHCTBE.
PaccmarpuBad KacatenbHBIe M-MEDHHE INIOCKOCTE K LOBEDXHOCTH B IBYX ée
GeckoHe4HO GAU3KEX TouKax, sHopHaE ompepjender cTalmoHapHHE YIWIH 9THX
OI0CKOCTedl W JOKAa3HBaeT, 4To Ha IMOBEDXHOCTA HMEOTCA M B3aEMHO oOpTo-

TOHANBHHX HaUpaBJeHO#, B KOTOPHX Opefel OTHOIIEHHA CYMMH cp!+ (pg +...

e+ cp,’;, R JAAnHe AYTm MeKAy TOYKAMMA KaCaHHA HMeeT CTalmoHapPHoe
aHaveHme. CymEOCTH 9TOil TeOPeMH COCTOHT B TOM, YTo paccmarpeBaeMas Hop-

JaHOM CyMMa qﬂ + cp§ + ...+ qﬁn npencrapiaser cobofi kBaApaT paccToAHAA
MEJKIY /m-Me PHLIMA BIIOCKOCTAME n-MePHOT0 IPOCTPAHCTBA, NPOXOAAIMIME Yepes
ONIHY TOYKY, B HHBADMAETHO® OTBOCHTENHHO I'DYNIH BpalleHWd DPoCTPaHCTBA
PEMAaHOBOA MeTpHKe B MHOTI006pasuu yxasaHHHX IJIOCKOCTeH (To pEMaHOBO
TPOCTPAHCTBO ABJIAETCA ONHAM H3 UpPOCTeAMAX IPAMEDOB CEMMeTpHYEeCKOTO
upocTpaEcTBa J. Haprama) m MerpEKa B MHoToo0pasmm m-MeDHHX IUJIOCKO-
cTedl HEAYIEPYyeT MeTPHKY m-MeDHoOT'0 PEMaHOBA IDOCTPAHCTBA B MHOTooGpa-
3ME KacaTeJBHHX mNocKocTeir. Ecam MH o6o3EauuM Merpmueckme ¢§opMEs
Pumana paccmatpmBaeMoil m-MepHo# LOBePXHOCTE H mM-MepPHOTO DPHEMAHOBa
OPOCTPAHCTBA B MHOT00GPasHM LIOCKOCTeH COOTBETCTBEHHO Yepes X2 g; du du;
1 23 hyyduiduy, To, Tak Kak 9TH (OPMEL TOMOMKHETENBHO ONpefeleHHEE, B KajK-
Hol ToUKe MOBePXHOCTH CYINECTBYeT TaKod 6a3mc, B KoTopoM obe gopMul ofHo-

BpPeMeHHO NPHHAMAIOT KaHOHHMYECKHH BHN Zgudu% n Zhudu?; BEKTODH (asmca
opToroHanbHH B obGemx merpukax. Cam Hlopmam gopmyampyer sTy Teopemy
caegyiomuM o06pasoM: «k-MOBEePXHOCTh, DACHOJOKEHHAA B LPOCTPaHCTBE
m -+ k usmepemmii, o6xagaeT B Ka’K[oM TOYKe M OPTOTOHAJIBHHIMHE H3MeDeHHWA~
MO, TAKEME, 9T0 CyMMa KBaJpPATOB YIWIOB, 06pa30BAHHHX ABYMS HOCIeNOBa-
TeJIbHHMA KACATENHHKEMHE IIOCKOCTAMH, JieleHHAS Ha ds®, GyfeT MaKCHMAIbHOMR
niu MEEEMansHOM» . Ilox k-noBepxmocTsio }Hopmam B COOTBETCTBHE Co CBoeli
TePMIHOJOrHell NOHAMAaeT nepecedenHe k TEmepPUOBePXHOCTEH, T. €. mM-Mep-
HYI0 TOBePXHOCTH (m -+ k)-MepHOTO DPOCTPAHCTBA, «Bé HOCHEA0BATeNbHEIE
KacaTeNbREE k-IJOCKOCTA» — YCA0BHOe BHPAKeHHe, 03Hadawllee ABe Kaca-
TelbHHe M-MePHHEe IJOCKOCTA B IABYX GeCKoHeYHo GAU3KWX TOUYKax IOBepX-
HOCTH, WO BHpaKeHHeM (MaKCEMajpHa HAN MmEAManbHa» Hlopaam mMeer
B BOAY OpE M > 2 BHOOAHeHHe TOABKO HeoGXofAMOTO YCIOBHA YKCTPeMyMa,
T. €. TOo, 94T0 YKA3aHHOe OTHOUIEHME NPHHEMAET CTAHOHADHoE SHavYeHMe.
B cnenyomem rogy yuarennr rmMuasum B llnaysme Puxapn Beerm (1827 —
1902) B pa6ore «K Teopmum MepH KpHBESHH MHOT006pasmii BHCIEIo DOPANKA»
(Zur Theorie des Krimmungsmasses von Mannigfaltigkeiten héherer Ord-
nung. — Z. Math. Phys., 1875—1876) nocrpoun Teopmio (n — 1)-MepHoi mo-
BEePXHOCTH B n-MepHoM mpocTpaHcTBe. Beel onmpenenmn Ha aToif HOBEPXHOCTR
HepBYI0 M BTOPYIO KBapPATHIHYI0 $oPMH, IepBad U3 KOTODHX CoBHafaeT ¢ gop-
moii Pumana. B coBpemeHEEX 0003HAYeEHAX, €CIH DagHyC-BeKTOD X TOYKR

ToBepPXHOCTA fABIfgeTCA QYHKIWEH ee KPEBOJAHEHHEIX KOODAHHAT Uy, Uy, - » -
dx 9%x .
s+« Up-y, @ JACTHEIE PON3BOSHEIE Bu; m 3, 0u, ¥ eEHEYHHI BEKTOD HopMa-

M K HOBePXHOCTA — BEKTOPH T;, T;; ¥ N, xodpdummerT 3THX PopM Moryr
6HTH 3a0MCAHE B BHJe CKaNADHHX NPOWSBEleHHmil g;; = X;X; A by = nx;.

o 1bid., p. 343.
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B a1oM caydae HaiiienHoe DeemeM ycmoBme
bijbri — baxbji= R, jx

OpeAcTaBaAeT coG0il ONHO M3 YCAOBHY MHTeTPHDYEMOCTH MHOTOMEPHHX aHAJO-
ros pepmeanuorHnX (¢opmyn I'aycca m Beifinraprema. Been o6mapysxmi, dre
B o6meM caygae upm n > 3 9TO ycJaAOBUE HNO3BOAAET BHPa3HTh KOdPOUIAEHTHE:
by; BTOpOI1 PopMH Tepes KoaddunumenTH g;; mepBoit opMu B MX NPOY3BOAHKE,
OTKYyJla BEITEKAeT, 9T0 B o6meM ciayiae (n — 1)-MepHasA mOBEPXHOCTH B n-Mep-
HOM HIpocTpaHCTBe Hem3rmGaema. BrmBoa o HemarmGaemocTn Raske GeckoHewHeo.
MalloTo KYCKa MOBePXHOCTA MokasaicAd Deeily HacToNbKO HeJIeDEHM, 4TO OH
3aKI0YAA OTCIOla, 9YTo MOKA3aHHAA HM TeopeMa CBHAETeXBCTBYeT O... OPOTH-
BOPEIMBOCTA MHOTOMeDHO# reoMeTpmu.

MuoromMepras nDpoeKTHBHAS reOMETPHS

Bo Bropoit momopuHe XIX B. HapaARy ¢ MHOTOMEDHOH eBKJIMROBOH W Heep-
KJIMJ0BOM reoMeTPHAME CTaNH paspafarHBaTh M MHOTOMEDHYI NDOeKTHBHYIO
reoMeTpHi0. Boabmeil 4acThI0 H3Y9aI0CHh MEOTOME DHOE KOMIUIEKCHOE IPOSKTAB-
HoOe IPOCTPAHCTBO W ajirefpamdecKwe JMHWA U IOBePXHOCTE B HeM, 9T0 I0O3BO-
JIA0 PacupOCTPAHATE Ha MHOTOMEDHHH cAydYadl ajreGpamiecKyio reoMerpHio-
JWEE# DPOeKTHBHOW MIOCKOCTH M JWHWHA W HOBeDXHOCTEH NPOEKTHBHOTO IIPO-
cTpaHCTBA., JTA paBoTH, Kayk TOBODHJOCH, OTHOCHATCA Gonee k anreGpe, dem
K reomerpmu. i MHoToMepHo# anreGpamdecKoil reoMeTpHH OTHOCHTCA YHOMMA-
HaBmascsa Hamm Bume paGora I'. Illy6epra «n-MepHHe 060(ImeHAsA 0CHOBHEIX
YHCHOBHX XAPAKTeDACTHK Hamiero IPOCTPAHCTBAY,

Tepmmmonornss MEOroMepHO#l reoMerpmm

Mur BEmenm, UTO TBOPIH MHOTrOMepHo# reoMerpm® Ipaccman, Ilaednnm m
Pumar monnsoBanmch CBOeoGDa3HOM TepMHHONOrmei: BMECTO CIOBa «IpO-
CTPAHCTEO» FOBODHJIH «IPOTAKEHHE), (KOHTAHYYM)», «TOTAIBHOCTHY MM (MHO~
TooGpasmes, BMeCTO TOYKA — <pelleHZe» HNH «COCTOAHHe» H T. . H Boolme
m3beranm npAMeHeHHA CJAOBA «TeOMeTPHA» K MHOTOMEeDHOM FreeMeTpud. Ho
g xoany XIX B. o6HYHAas reoMeTpmweckas TepMHHONOTHA, NPUMEHEHHAsT
K MHOTOMEDHHM npocrpancrBaM BuepBHe K. JHoppamom, ymorpeGasercsa Bce
Jame # 4Yame. CoBepmeHHO He OTAMYAETCA OT COBPeMeHHOH TepMHHOJIOIAS
kHHTA npodeccopa yHuBepcmreTa B I'ponmmrene (Loanmampaa) Ilmtepa Xewp-
paxa Cxoyre (1846—1913) «Muoromepnas reomerpus» (Mehrdimensionale
Geometrie. Leipzig, 1902—1905), comepsame# cHcTeMaTAYecK0é H3JI0rKEHEE
KaK aHAJTHTHIECKOH, TAK W CHHTETHYECKoH reoMeTpdd nN-MepHOTO eBKJIHANOBa:
IpOCTPAHCTBA.

B 1895 r. A. Ilyamxape B cBoem 3HamemmToM Memyape «Analysis situsy
mucan: «['eoMeTpmA n nM3MepeHHMH 3aHWMAaeTCa HMCCAENOBaHMEM NeACTBHTENB-
HOCTH; B 3TOM TelleDh HEKTO He COMHeBaeTcd. Tela B THnepOpOCTPAHCTBE NOA-
HATCA TOYHHM olpefeleHHmAM, LogoGHo TeJlaM ®3 o0HYHOTO LIPOCTPAHCTBA,
¥ eClIE MH He MO)KeM mX m306pasmTh, TO MOKeM cefe mpeACTAaBATh M M3YYaTh.
W ecnm, sanpuMep, Mexanmka Gosiee Tpex M3MepeHHIT J0MKEA GHTH OCY)KIeHa,
KaK He HMEIOMAA CMBICIa, WOJOKeHAe THIePTeOMeTpPAN ABJAeTCHA COBépPINEH-
HO HWHEIM.

JleficTBuTeIbHO, TeOMETpAA He HMeeT CBoell eMWHCTREHHON NEeNbI0 HeNoCpen-
CTBeHHOC ONHACAHME TeJl, BOCHPAHAMaeMHX HaNIMME OPraHaMu IyBCTB: pesxpe
BCer'o OHA ABJAETCA AHAIUTHYECKAM HCCIe[0BaHEEM HEKOTODOH TIDyUOH =,

cllefoBaTelbHO, HAYTO He MPEEATCTBYOT M3YYEHWIO HOBHIX FPyNl, aHaNXOIMY-
HHX 7 Goxee oOmux.
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OaHAaKO cpasy jKeé BO3HUKAeT BOHPOC: HALO M 3aMEHATH A3HK aHATATAIe-
CKOTO WCCREAOBAHUA A3HKOM IeoMeTpUN, KOTOPHHA TepAeT CBOM NPEWMYMEeCcTBa,
KaK TONBKO HCYe3aeT BO3MOKHOCTH LHOJNb30BaThcA wyBcTBamMm? OkasmBaercs,
4T0 DTOT HOBHII A3KK 6olee ToYeH; KpoMe TOTO, AHATOIEA ¢ 0OHYHONE reoMeT-
pmeil MOKeT CO3XATH ACCOMMANMUE ILIONKOTBODHHX HAell W NONCKA3AThH MOJE3HKE
-0606mernay 89, )

OtMernM, 9ro 37ech llyaEkape eme Woub3yercs TePMHHAMH «TRIepUpo-
-CTPAHCTBO» H «TAOePTeoMeTPAA», XOTA B CaMOM Mevyape OH CACTeMATAYECKHA
NOIAB3YETCA TOPMAHOM ¢IPOCTPAHCTBO 7 M3Me DeHUii»; CI0BO «XeHACTBETEIHLHOCTEY
[lyankape np@MeHAeT 37eck B COBepIEHHO peaJuCTAYECKOM [XyXe, BHe-
.CMOTPA HA er0 KOHBEHIWOHAJIMCTCKME YCTAHOBKH B TeODHH HO3IHAHHA.

B To me speMa gaske B Koune XIX — mavame XX B. HeKoTODHEe KpymHER-
TIme y9J¢HHe Bee eme OTHOCMIUCH K MHOTOMEDHOI reoMeTpmm, KaK H K TeoDRH
dyHRIAHA, KpaiiHe oTPANATENIbHO, HOXArasd, 9T0 OT HAX HeBO3MOKHO 0YKHAATH
KaKknX-iAn6o nNpriokeHnii K KOHKDPeTHHM 3a7adaM KiaccAIecKoll MaTeMaTHKHE
¥ ecrecTBo3HaHma 7. OpHaxo MHOToOMepHHIe IPOCTPPHCTBAa CaMoil pasamIHOM
Tpupons m fgaske GecKoHeuHoMepHHE «TWIB0EPTOBH» M HDPyrme HPOCTPAHCTBA
monyumam B XX B. MHADoKoe Da3BATHE W NPHMeHeHHe Kak B MaTeMaTHKe, TAK

7 B dusmke,

6. TonoJiorusa

Tonoaorma Iayeca

Npes Jleii6umna o6 «amanmse monoskeHma» (cM. MM, r. 2, c. 126—127)
He pas3 ymommHanach MateMatmkamm XVIII m mepsoit momosmmm XIX B,
IIpasaa, Kapuo m Iltayar moEmManm aTy maei Kak Hel0 o HeMeTpHIecKoif,
Tpesk/Je BCero MPOEKTHBHOH reoMerpmm, a I'paccMan — Kak H/IeI0 BEKTOPHOTO
HcuncleHns, HO eme Diiep HasBald cBolo paboTy o «xEHMrcheprcKmx MocTax»
«PemenmeM 3aJadl, oTHOCAINEHCS K reoMeTPMHE moioskemmsy (cM. UM, 1. 3,
c. 204—205), moauman TepMuE JleiiGHUIa TOMOJOIAIECKH.

B ToM ke cMmcae mommMan droT TepmmE m Iayce. K 1794 r. orHOCATCA
PUCYHKW pa3iWIHHX BHEOB y3i1oB B Gymarax I'aycca, ysnaM jke NOCBAMEHH
B nux 3amerrnd «i reoMerpum monoxenua» (Zur geometria situs) m «H reomer-
pUE TOJoXKeHAA ANA ABYX HM3MepDeHMA NPOCTPaHCTBa» (Zur Geometrie der
Lage fiir zwei Raumdimensionen). ,

B TeTpamm, oTHocAmeidica K saexTpopmHammke, I'aycc mmcan B 1833 r.:
«O reomeTpmm monoxeHEs (geometria situs), KoTopyio mpexayBcTBoBaX Jleit6-
HAL 7 Ha KOTOPYIO TOABKO HEKOTOopHE IeoMeTpHl (Jitnep, BargepMorn) 6pocann
AP cHaGHi B3TAAN, MH 3HaeM depe3 mMoJTopacTa Jet HeMHornM Gonbie, IeM
HHgero» 7!, m fallee oH pelllaeT 3ajady, MOTPAHHIHYIO MEKAy ¢TeoMeTpmeil
MOJOKEHAS» M «TeoMeTPHell BeJIMIHHED, COCTOAMYIO B ompefeleHM: YHCJIa
sanemieHd KBYX GecKoHeYHHX MiH 3aMKAYTHX Jamumi. IIpm srom Tayce

8 Tyauxape A. Ua6parase Tpyns. M.: Hayxka, 1972, 1. 2, c. 457.

0 Cwm., HanpuMep: Janynos A. M. Husup u tpyau II. JI. Ye6umesa.— B ku.: Tebu-
wee IT. JT. Na6pannre maTematmdaeckde TpyAsl. M.; JI., 1946, c. 19—20; npa: aTom, oT-
MOTHB oTpunaTensEee oTHomenHe IT. JI. YeOrmeBa A 6T0 Y2eHAKOB K ¢ICOBI0OTeOMETDH-
qeCKEM WIHICKAHEAM B OPOCTPAHCTBAX weTHpex K Goaspmero umcna maMepenwmiis, Jlamy-
HOB BEHICOKO 0T03BAJCH 0 «rIyGoKEx reomerpmyecKux Hccaefosammax H. HU. JlobGawes-
CKOTO», KOTOPHfi, 0 er0 MHEHHIO, ¢1006HO II. JI. Ye6umeBy, ocTaBaJcsa Beerma Ha
peanabHOl moYyBe».

"L 3apmcn ony6amkosana Makcsemmom: Mazwell C. Treatise on electricity and magne-

tism. Oxford, 1881, vol. 1, p. 43.
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saMedaeT, ITO WHTErpPaji
(z'=z) (dy dz’'—dz dy’) + (y' - y) (dz d2'~dx dz’) + (z'~2z) (dz dy'—~dy dz’)
-ﬁ (&' =2)%+ (y'—y)*+ (' —2)®

rie Z, Y, Z— KOODAMHATH ToUeK, Lpoleraloiqmx uepByl JauHmio, a z’, Y,
2’ — KoODpOMHATH TOYeK, npoberalolqux BTOPYI JOHAI, pPaBeH 4mm, rme m —
gHucio 3anemwnenwit nmHWE. B npmBemenmmoit murate 'aycc mapamy ¢ pabotoit
diimepa o «xEHArCOEPrcKEX MoCTax» MMed B BRAY «3aMeianme K npobaemam
nonoskerua» (Remarques sur les problémes de situation.— Hist. Acad. sci.
Paris, 1771 (1774)) T. BaumepmoHpa, nocBAIIeHHOe 3ajade 0 «Xofe KOHEM»
B IIaxMaTHOR Wrpe, pemeHHo# JittepoM B 1759 r.

K 1840 r. orHocEmTCA 3aMeTka 'aycca,B KoTopoil 0H BBORWUT MOHATHE OHO-
MePHOTO W JBYMepDHOro MHOroo6pasmii, KOTOpEe OH Ha3uBaeT «deproi» (Zug)
m «caoem» (Schicht), m craBmT Bonpoc o pasiokeHAnm «cilod», OrPaHEIEHHOTO
HECKOJbKAMH «IePTaMm», HA HECKONBKO ¢CJOeB», OrDAHMIEHHEIX OfHOH «aep-
TOM», — (PAKTHIECKA 3[eCh BOZHAKAET TA 3a7aYa O CBASHOCTH NOBEPXHOCTH,
KOTOPYIO modKe pemalJ PuMaH W KoTopas BIOCJHE[CTBHA cTala ONHON W3 Bask-
Hedmux 3agad KoMOMHATOPHOH TOWOJOTHMA.

CBoH 3aMETKH YO TOWOJOTHE, TaK jKe KaK W 110 HeeBKJAHHOROE reoMeTpmH,
Taycc He nyGamxoBam, HO MHOTHA YHOMHHAN O CBOMX MECIHX @0 DTOMY
BOIpOCY B IHACHMAX ADPY3BAM.

O6obmennna TeopeMn Jilepa 0 MHOrOTPAHHMKAX
B Havaite XIX B.

CymecTBeHHEYI0 DOJb B CO3TaHAN TONOJOrHH CHTIDAaJA pasaminke oGolme-
HAA TeopeMu JiiePa 0 MHOrOTDaHHAKAX, COTIACHO KOTOPOH 4mCiIo BepIHH
N,, aucno pebep /N, m 9mcio rpaseil /V, BHOYKJIOT0O MHOTOTPAHHAKA CBA3AHH
COOTHOIIeHAEM

NO—N1+N2=2.

Mu y:xe yxasusaanm (eM. FIM, 1. 3, ¢. 202), 9ro ata TeopeMa BepHa He TOdb-
Ko A BROYKJIKX MHOIOTPaAaHHMKOB, HO B AJd BCeX MHOTOTDAHHMKOB, MOBEPX~-
HOCTA KOTODHX HaXOAATCA BO B3aMMHO OJHO3HAIHOM H B3aHMHO HeNDepPHBHOM
COOTBETCTBHE co cepoii, T. e. TomeoMopdHH cdepe, a Taxke AAA JIOOHX 3aM-
KHYTHX O0OBepXHBocTel, ToMeomopdabx chepe. Hpu sToM B cayuae noBepxHOCTEH
poss rpaveit, peGep E BepmMmH ArpaoTt o0JacTa WOBepXHOCTH, roMeoMopdHEe
BHYTPeHHOCTH KPyra, Ayru o0mux IpaHAL map Takmx o0jacTeil W TOYeK, IPH-
HafgjeKampe K rpanmnmaM Ttpex m Goxee obmacteii.

Hepsas nonkitka oGo0menma Teopems Jiiepa Ha MHOrorpaHHmKm Golee
CIOKHOTO BUAA GHula mpequpAHATA PPAHIY3CKAM MAaTEMAaTAKOM U MeXaHMKOM,
npodeccopom HoamrexHmueckoit muoant Jlym Ilyarco (1777 —1859) B paGorte
«O MHoroyroABHEKAX W MHororpaHHmKax» (Sur les polygones et les polyédres.—
J. Ec. Polyt., 1810). B sroit paGore [Iyanco oTKpHU 3aHOBO [Ba 3BE3MIATHX
MHororpagHuKa, o0HapyeHaux eme HemmepoM, a Taxke aBa HOBHX 3Be3j-
9aTHIX MHOTOTDAHHAKA, B3AAMHEX 10 OTHOMEHMIO K NePBHM ABYM, B MOKAa3aJ,
9T0 giA JBYX M3 TAX MHOTOTDAHHEKOB, ANA KoTophix N, = 12, N, =30,
N, == 12, uMeer MeCTto He CoOoTHONMeHmE Jiijepa, a COOTHOHIEHHE

2N, + N, = N, + 6.

OrMoTHM, 4T0 B mpegucioBEm K aToit paGore HyaHco mpmMeHAeT ToT iKe
TepMRE «géométrie de situation», Koropsni MH Bcrpedanm y Bammepmonma,
OZHAKO CBSA3HIBAaeT €0 TOJHKO € 3afadeir Jitnepa o KEHArcOePrCcKUX MOCTax A
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He BHJMT CBA3H MY <reoMeTpHeil MoJo}KEHUA» M CBOHCTBAMH MHOTOTDAH-
HAKOB.

O. Homn B «MccremoBanmax o MHororpammmxax» (Recherches sur les
polyédres.— J. Ec. Polyt., 1813) noxasam, 4To A8 CeTA MHOTOYTOJBHUKOB,
roMeoMopdHOH BHYTPEHHOCTH KDYyTra, MMeeT MeCTo COOTHOIIeHHE

No—N1+N2=1, ' .

7 OpHMeHUJI 3T0 COOTHOoIeHWe K NOKa3aTe/IbCTBY TeopeMhl 3mlepa a 'ramxe
JAO0Ka3ajd, 9To IaA Ns MHOTOTDaHHHKOB AMeeT MeCTO COOTHOIMEeHne

Ny — N, + N, — Ng = 1.

B ToM ke ropy mossmuca «MeMyap o mommanpomerpum» (Mémoire sur la
polyedrometne. Ann. Math., 1813) upodeccopa Henepcxoro yrupepcutera
Camona Jlrwuase (1750—1840), B KoTopoM GHIIM HaljleRH YCIOBHS, NpR KoTo-
PHX cOpaBeqimBa TeopeMa Jiilepa, H yCTaHOBJEHO, 970 [JA MHOTOTDAHHHKOB
¢ P CKBOSHHIMH OTBEPCTHAMA (¢MHOTOTDAHHAKOB p-TO Pofa») mMeeT MecTo Golee
o0mee COOTHOIIEHHE

Noy— N, +Ny=2—2p
(cm. M, 1. 3, c. 203).

HKax n teopema diinepa, TeopeMa Jllomiabe WMeeT MeCTo He TOJBKO XA MHO-
rorpaBEAKOB, HO H AJAA JOOHX HoBepXHocTell, roMeoMopPPHHX MHOTOTDaHHHA-
KaM, p-TO pofa. 3aMeTHM, YTo B CIydae 3Be3XYaTHX MHOTOTDAHHHKOB, AJIA KO-
TOPHX HEMeeT MeCTo HpHBeJeHHoe BhmIe cooTHomeHwe llyamco, 2N, + N, —

—N1=6—2p.

«IIpepBapuTenbHEE HCCACAOBAHAA N0 Tomonormmy Jlmermmra

TepMuH «TomoNoTHA» NOABHMICA BIeDBHe B «lIpegBapHTeNBHHX HCCIEq0~
paEMAx mo Tomomormm» (Vorstudien zur Topologie.— Gotting. Studien,
1847) rérrmEreHCKOTO MaTeMaTHKa W ¢ma3mka, yseHmka [aycca, Horamma
Bernemurra Jluctmrra (1808—1882). dTtoT TepMum, HHEHe oGMENPAHATHIA, HO
npaMenspmmiica mo 20-x romoB XX B. M0BOJBHO pPefKo, ABJEeTCA HoBooOpa-
30BaHHEM, NPUAYMAHHEIM camMEM JIMCTHHIOM; TEM CIIOBOM, COCTOSAIIUM U3
IrPEeYeCKHEX CJIOB 7670 — MECTO M ASY0o; — ydueHme, JIMCTHHT NPEANOKEN 3a-
MeHETH TepMmE Jlefi6HmIA «geometria situs», WOCKOABKY CX0BO TeoMeTpHsA
HanoMHHAeT 06 m3MepeHwun, He MIpaolieM HEKAKOH DOJH B TOHNOJOIHH, M
K ToMy e TepMmH JleliGHnma «géométrie de position» y:ke mpmmensanca nus
oGo3Hagenusa OpoexTuBHo# reoMerpmu. HaswiBaa cBoiictBa duryp, coxpaHsa-
omAecaA NpM HeUPepPHBHHEX ILpeo6pa3oBaHEAX, <MOAANBHHIMTY, JIACTHHT
uacan: «llog romosormeit GyneM moEWMATh y¥eHOE 0 MORAIBHEIX OTHOIEHHAX
mPOCTPAHCTBEHHHX 00pa3oB, MM 0 3aKOHaX CBA3HOCTH, B3aWMMHOTO HOJO’Ke-
HAS H CleOBAHMA TOYEK, JWHWIH, MOBEDXHOCTeH, TeN M MX dacTell HIH mX
COBOKYIHOCTA B MPOCTPAHCTBE, HE3ABUCAMO OT OTHOIIOHHWH Mep H BeNHIMH» "2,
B «IIpexBapuTenbHEX HCCIEAOBAHMAX II0 TOLOJOTHH» OCHOBHEIM 0GBEKTOM
ACCHENOBAHAA ABJIANTCA «IHHeHHNE KOMIZIEKCH, T. €. Jio0ne mpAMEe HIn
KpHUBHE JUHAA UJA COBOKYIHOCTH AmHT» 5. JIMcTHAT paccMaTpmBaer 3ayane-
HOe, CHemineHUe ¥ culereHNe ¥ JPYrre BRAL B3aNMHOTO PacUoJIOKeHA JAHeH-
HHX KoMuoaexcoB. Hsmosxenuwe Jlmcrumara coupoBoKmaeTcA OonbmuM IHCIOM
opuMepoB u3 OMojormm m TeXHHKH.

72 Tucmune M. B. IlpegBaputesbHHe HccleioBannsa no Tonosornu. M., 1932, ¢. 35.
73 Tam e, c. 106.
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H. B. JIUCTHHT

B 1862 r. JIucturr ony6aukosand «llepemmch MpoCcTPAHCTBEHHHX KOMILIEK-
coB mim o6oGmenne Teopemn itmepa o muororpamEnkax» (Der Census rdum-
licher Complexe, oder Verallgemeinerung des Euler'schen Satzes von der
Polyedern.— Abh. Ges. Wiss. Gottingen, 1862). llog «mpocTpaHCTBeEHEM
KoMnileKcoM» JIMCTHHI LOHEMaeT «BCAKYI0 KOHPMIrypanmio TodeK, JIAHUR w
TOBePXHoCTe}d B IPOCTPAHCTBE, IMHEHA U TIOBEPXHOCTA MOT'YT OHITE O KeIaHAO
NPAMEIME A KPHABHIMY, OTKDHTHMA A 3aMKHYTHIMHA, OTPAHATEHHEIME ¥ Heorpa-
HAYeEHEME» *4, BopoueM, JIMCTHHTr cuATaeT «COCTABAAMUMH» ITPOCTPAHCT-
BeHHHX KOMIJIEKCOB He TOJBKO TOYKH, JHHEM ¥ IoBePXHocTd, Ho U Tema. CioBo
«nepemuck» (Census) 5 HazBaEnnM TpyAa JlmctaHTa ob03HaYaeT KiaccupuKanmmo
KOMITeKCOB. V3 BBoJAMMEX 376Ch KIaCCOB KOMIJIEKCOB ymoMsaHeM sgmadpar-
My» — HOBepXHOCTH, oTPDaHMIEBAaEeMyl0 3aMKHYTod XpuBo# (JImcTwHT ompe-
JlelIsTeT «IpocToe 3alellieHme» ABYX 3aMKHYTHIX KPHBHIX KaK TaKoe UX pacmo-
JMoKeHHe, 9T0 KaKAadg M3 HAX mepeceKaercda ¢ nmadparMoif, orpaEAYMBaeMoi
OpYyroi), m «IMarpaMMy» —— JAHEHHHH KOMIJIEKC, SABJISIOIAACSA «CKeJeTOM»
TpoCTPAHCTBeHHoro koMunNexca. B avoit paGore JlueTuHT NoxasHBaer Medni
PAX TeoPeM 0 TPOCTPAaHCTBEHHLIX KOMIIIEKCaX, OHA W3 KOTODHX IpeJCTaBisaerT
coboit mepeHoc TeopeMH OJiiiepa 0 MHOTOTDAHHMKAX Ha IPOCTPaBCTBeHHEE
KOMIJIEKCH, romMeoMopdHHe cepe. JlucTAHT yxaswBaeT TaKyie KOMIIEKCH,
AN KOTODHX 3Ta TeopeMa HeBepHa. B aToif ke pabGorte JImcTuHT onmmcHBaeT
TaK HagHBaeMiri nEcT MEGEYca — OJHOCTOPOHHIOW NOBEPXHOCTH, KOTODYHM

" Aé)handlungen der konigl. Gesellschaft der Wiscenschaften. Gottingen, 1862, Bd.
10, S. 97.
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MOKHO YOJYIATH, OTOMNECTBIAA TOYKH KOHeYHOTO NOPAMOTO KPYroBoTO
IEIHERDA, CAMMETPHYHEIE OTHOCHTeNIHHO NIEHTDPA CHMMOTDHH, MAM CKJIEHBAA
COOTBETCTBeHHHE TOYKHA NOJOBAHH TaKoTo muamEgpa (pmc. 9).

«Teopus sneMenTapuoro cpopcrsan MéGmyca

A. @, Mé6myc ommcan «iacr Mé6ryca» Buepssie B paGoTe, NpeAcTaBIeHHOMN
B 1861 r. IlapmiKkcroit axageMnn, Ha KOHKYDCHYIO TeMy «YCoBepIIeHCTBOBATh
B HECKOJNBKHX B&KHHX NYHKTaX [€OMeTPHYECKYI0 TEOPHI0 MHOTOTDAHHHKOB?.
Pabora Mé6nyca, nanmcanHas Ha mIoxoM QpaHIY3CKOM S3HIKe W CofeprKamas
MHOTO HOBHIX Hfieif, He GLUIA HOHATA JKIOPA M HapAAY € oCTaXbHEME PaboTaMu,
npACTaHHEIME Ha KOHKYDC, He Onuta ymocroeHa upemun. Comepskamme 3TOM
paborH Gumo onyGumxoBamo MébmycoMm B crateax «Teopma smemeHTapHOTO
cpoficrBa» (Theorie der elementaren Verwaundschaft.— Ber. Verh. Sichs.
Leipzig, 1863) m «OG onpenenesnn o6weMa
nonuagpar (Uber die Bestimmung der In-
haltes eines Polyeders.— Ber. Verh.
Sichs. Leipzig, 1865).

MH BcTpedannch ¢ TEPMHHOM (CPOJ-
CTBOY, TOBOPA 0 NPOeKTUBHOU 7 addhmHHOH
reoMerpuE MéGmyca, m Bmgenm, 910 OH
yuorpelaan 9T0T TepMUE B 3HATeHAH Ie0-

Puc. 9 MerpHYecKoro npeobpasosarma. B «Teoprn
aJeMeHTapHOIo cpopcTsay Mébuyc moHm-

MaeT CHOBO ¢CPOJICTBO» B ToM JK€ CMECNIe. 3Hech 9TO B3aAMHO OJHO3HAYHOE
H B3aHMHO HempepHBHO® mpeoGpasoBaHme: «l[Be ¢mrypH HasmBaoTCA Haxo-
AAMEMECA B 3IeMEHTaDHOM CDOACTBe, eCId BCAKMA GeCKOHeYHO Majmii die-
MeHT olHOH QUIrYDH COOTBETCTBYeT OeCKOHEYHO MAalOMY 9DJI6MOHTY HRPyroi
takaM o0pas3oM, YTo ABAa TPaHmYANUX APYT ¢ APYroM dJeMeHTa NepBo# ¢ury-
pHl COOTBETCTBYIOT ABYM I'DaBMYAINUM APYT € ADPYTOM dJIeMeHTaM BTODOM» *°.

Hanee MéGnyc mpoBonT KiIaccHPEKAm@0 roMeoMoDPHHX MeRgy coloi
noBepXHOCTeH, BHelAddA, B YACTHOCTH, (YHWOHED, «OMHMOHH), «TePMHOHED
# T. K., HaXORAMACCA B «2JeMeHTaDHOM CDOJCTBE» C TOBEDXHOCTAMH, OTDAaHH-
YeHHKIMA OJ(HOH, (ByMs, TPeMA W T. J. KpEBEMuU. Janee JuiA momsepxHOCTEH
PasIMYHEHX KIACCOB MOKA3HBATCA TeopemH IJinepa m Jlomase.

Bo BTopoit cTaThe B CBA3W C YTOYHeHHWeM WOHATAA o0beMa MHOTOTDaHHAKA
BBONATCA NOHATAA OpDHEHTAIIAW MHOTOTPDAHHHKA H NOBepxHocrd. HmeHHO
B 9TOH CBA3H KaKk IpEMep HeoDHEHTHDPYEMOH NOBEPXHOCTH HPABONATCA «IACT
MéGnyca» m ¢ ero mMOMOIMBI0 CTPOATCH NPAMEDH ¢HEODREHTHPOBAHHHX MHOQTO-
rpaHHEYMKOBY, A KOTODHX HecUOpaBeQINBH TeopeMul Jimepa ® Jlomane n
HeJb3A OUpenenanTsh o0beMa,

Tononorus moBepxmHOCTEH
B «Teopma abGenenbrx Qynrumiin Pumana

CoBceM ¢ APYTAX NOBHNHA WOAOmMEN K TOMoJOTAYECKOH KiaccmPmrammm
noBepxHocre: B. Puman. B cBoeit «Teoprm aGenesnix Qymrmmits (Theorie
der Abelschen Funktionen.— J. fiir Math., 1857) Pumar mmcan: «Mayuas
QyHKIMY, BO3HUKAOIWe OPH WHTerpHpoBaHmHE ONOJHEX AaddepeHnmansoB,
Henb3A o0oirTHCh Ge3 HEKOTODHX mNpeNoKeHmil, OTHoCAMMHUXCA K analysis
situs. Ilog 3TEM HamMeHoBaHMEM, MCHOJNB30BAHHEM JleiGHHmeM (XOTA W HO

7 Mobius A. F. Gesammelte Werke. Leipzig, 1886, Bd. 2, S. 517.
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COBCEM B TOM CMEICJE), CJeyeT, KaK A HOJaraio, HOHMMATH Ty YACTh YYCHHA
0 HOOPOPHBHO MOHAKIIMXCS BEJIHIMHAX, B KOTOPOH NePOMOHHEIC BOJMIMHE HE
paccMaTpUBAIOTCA KaK CYIIECTBYIOIIHE HOBABUCHMO OT HX HOJNOKOHAA U CBA-
BAHHH® YHACIOBHIMN COOTHOIGHWAMM, HO M3YYAIOTCA COBEPHICHHO HE3ABHCHMO
OT THCJIOBHX COOTHONIGHHMi, TOABKO JHINIb ¢ TOYKE SPOHWA BOSHEKAIIIAX
MeMly HEMA OPOCTPAHCTBOHHHX COOTHOIIGHHH B3aHMHOTO pPacHONOMKOHHA 7
CBABHOCTH» 5.

Bnarogapa asropurtery PmMama neifiGEmnesckmii TepMmuB «analysis situs»
B Teuerme Goiuee ueM S50 jner G HauGoxee ynorpeCHTENbHLHIM Ha3BaHTEM DTOM
obnacTu MaTeMaTHEKH.

C anreGpamueckmmu QyEROUAME y = f (), HEABHO 3afaHHNMHA anreGpam-
yockuMu ypapHermamE F (z, y) = 0, rne F (z, y) — MHOTOWIOH 0T KOMINIGKC-
HEX TNODPOMEHHHX I, Y, PHMa" CBASHBAGT (MHOTOAHNCTHYI NOBOPXHOCTHY,

a V1 g

Pumc. 10

COCTOAMYI0 M8 HECKONBKHX JIHCTOBY, HOPEXONAMUX ONHH B APYTOi B ¢TOYKax
BOTBJIGHAAY. OTH NOBEPXHOCTH, HA3HBAG6MHE B HACTOAMES BPeMA «PAMAHO-
BHMH moBepxHocTAMu», PuMar mopmpaspenser Ha «oNHOCBASHNS, Ha KOTOPHX
H00aA 3aMKHYTas KPHBAA HOJNHOCTHI0 OTPAaHHIMBAET HEKOTOPYI YacTh NO-
BepXHOCTH (TaKOBa, HampuMep, HOBOPXHOCTb KPYra), ¥ MHOTOCBASHHE, YKa-
3aHHHEM CBOHCTBOM He ofxamapmume (TaKoBa, HApHMEP, HOBEPXHOCTL KOJbBIA,
o0pasoBaHHOT0 NBYMA KOHIOHTPHICCKUMM OKPYKHOCTAMH)» °7, M YKashBaer,
9T0 ¢ IOMOHIBI0 CHCTOMHE Daspe30B MHOTOCBASHAA HOBEPXHOCTH MOKOT GHTB
mpeBpanmieHa B OJHOCBA3HYIO.

Juaa maraagEocTE PuMaH npWBOIAT npEMEPH OJFHOCBABHON, NBYCBABHOR
H TPexXCBA3HOH mOBEPXHOCTH.

«O0nocessnas noséeprrHocms. Pasbusaerca Ha OTHENbHHE YacTA NIOOGHM
paspesoM. Beakaa saMKHYTaA KpzBaf ofpasyeT HOJHYI IDAHUIY HacTE I0-
pepxHocTH (pmc. 10, a).

Heycessnan nosepriocmy., Beaxumii, He pasGmparomuii ee Ha KYCKE paspe3
g npeBpamiaeT ee B ONHOCBA3HYH. Besakaa saMKEyTas KpHBafA COBMECTHO
¢ KpuBoii a o06pasyeT DOJHYI0 TpaHWNy HOKOTOPOH YAaCTH NOBEPXHOCTH
(pume. 10, 6).

Tpexcesisnas nosepzroems. Ha 3T0lf DoBepXHOCTH BCAKAA 3aMKHYTafd KpH-
BasA COBMOCTHO ¢ KPUBHMI 4, U @, 06pasyeT HOJHY0 TPAHANY HOKOTODo# YacTh
nosepxHocTn., Haamit He pasGuBaomuil ee paspes IpPespamaeT eé B JBYCBA3-
HyI0 IOBEDXHOCTE, a [Ba TAKHX paspesa ¢, ¢, — B offHOCBABEYIO (puc. 10, 6)» 5.

M5 y:xe ynOMHHAJH, YTO IiA INIOCKHMX KpuBix PzMaH BBeJ XapakrTepm-
CTOKY p, Ha3BAHHYIO BHOCHeACTBAE A. Hie6mem «poloM KpuBoil»; 3Ta Xapak-
TePHCTHKA paBHA HOJMOBHHE YHCJIA Pa3pesoB, ¢ TOMOIIbI0 KOTOPHX MOKHO
OPEBPATHTH 9TY NOBEPXHOCTD B OJHOCBA3HYIO: TAK KaK PEMaHOBH NOBEPXHOCTH

7 Pyman B. Coummernusn, c. 90—91.
97 TaM sxe, c¢. 92,
78 Tam xe, c. 95.
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B8aMKHYTHI, 9T0 THCJIO Paspe3os Heobxonmmo getHo. [uamopepxHocTE cdepr
p = 0, nna moBepxHOCTE Topa p— 1, NJIA NOBEPXHOCTA IMapa ¢ HECKOJILKAMHA
PyIKaME p paBHO YHCIY PydeK. B HacTosmee BpeMA uUMCAO p Ha3HBAETCH
POAOM IOBEPXHOCTH; B CIy¥ae MHOTOTPAHHEKOB 3T0 YHCJIO COBIAKAET C POAOM
MHOTOTPaHHUKa, ompejeleHHNM Jliomabe.

B «Teopur abenesnx pymknmii» PuMar nokasmBaer, 4To Poj p PUMAHOBOA
NOBePXHOCTHU, YACHIO 7 66 JUCTOB U TACJIO W 66 TOIeK BeTBJIGHEA CBA3aHH COOT-
HOIIeHNEM

w—2n=2p — 2,

¥ 0TMEIAeT, 4TO «ITO COOTHOIEHHE B CYH[HOCTH HeMeTPHYeCKOI0 XapaKTepa I
npaHague;Kamee K o6macte analysis situs» ?°.

Muoromepuasi Tomoaorms Pamana — Bertm

Hailinemenie Tomoxormueckme cpoiicTBa moBepxHocTelli Pmmam mepemec m
Ha MHOTOMepPHHIe MHOrooOpasmsa. B mpminoskerHoM K peum «O rumoresax, je-
JaMuUX B OCHOBARHHE reoMerpud» o63ope PuMam pnenaer saMeuarHme K mepBoMy
pasfeny aToit pedunm, o3ariapierHoMy «[lousATHE n-KpaTHO OPOTAMKEHHON Be-
amamEsy: «Pa3gen 1 ABIAeTCA OZHOBPEeMEHHO BBEIGHHEM K HCCIEOBAHHAM IO
analysis situs» 8. B 1876 r. B co6panud ero counHenmii GHIN oMy6IHKOBAHH
«pparMeHTH, oTHOCAMMeCA K analysis situs», rne Tomodormueckue cBoiicTBa
ABYMEDHOI IIOBEPXHOCTE 00606mAaioTcsa Ha n-MepHOe MHOrooGpasme, Ha3HBae-
Moe M «n-MepHEKOM» (n-Streck). 3nmecs PumaH ompepenser «n-MepHEHKHY,
B HACTOMMEe BPOMA HA3HBAGMHE 20MOL0ZUNHBIMU. «n-MepHHK A Ha3HBaeTcs
DepeBONEMHM B APYyToit n-MepHEK B, ecim A u wactu B coBMecTHO o6pasyoT
noJHy TPaHUNY BHYTpeHHero (rn - 1)-MepHWKa», H faeT BasKHeillee oIpe-
nexeHnne: «Eciiz BEYTpH HempepuiBHO IPOTAKEHHOTO MHOT00GPA3HA ¢ IOMOMIBI0
m ompefeleHHHX dacTell N-mMepHAKOB, KOTOPHe caMu mo cefe He ABIANTCA
OTPAHEIABAIOMNUMA, K XKIHH HeOTPDAHAYGHHEI 7-MEPHUK CTAHOBUTCA OrpaHH-
YHBAMOWEM, TO 9TO MHOT0OGpazHe MMeeT CBA3HOCTh Hopsgka m -+ 1 B n-ii
pasmeprocTa. HenpepuBuo npoTsenHoe MHOrooOpasme HA3HBAeTCA 00HO-
CEAIHBM, OCHH MOPANOK CBA3MOCTE B KA)KAOH pa3MEDHOCTH paBeH epmamme» oL,
Jlerxo BEAeTH, 4TO OJA NBYMEPHOA IMOBEPXHOCTH POAa p MOPHAAOK CBA3HOCTH
Pumana pasen 2p + 1. Puman BusacHEAer TaKKe 3aBECHMOCTH IOPAZKA CBA3-
HOCTH TPaHHEIOH MHOTO0GDAaHA OT HOPAAKA CBASHOCTH CAMOTO 9TOTO MHOTO-
oGpas3nsn.

HNpnem Pmmama o «CBA3SHOCTAXY» MHOTOMEDHHX MHoroo0pasmit OHAR m3iI0-
JKeHH ero APYyroM, NpofeccopoM YHHBEDCHTETa H AWPEeKTOPoM Bricmeil Hop-
manpuoll mKoAH B [Tmse Jupmko Berrm (1823—1892) B paGore «O mpocrpan-
CTBax NIPOHM3BOJABHONO WHCIa mamepernmity (Sopra gli spazi di un numero
qualunque di dimensioni.— Ann., mat., 1871). Bertu masuBaer «rpocTpan-
ctBamm» (spazi) MEOroo0pasma B MHOTOMEDHHX €BKJIHIOBHX NPOCTPARHCTBAX.
Berrn ofosmauadl NOpANOK CBA3HOCTE m-To Poaa (B n-# pa3MepHOCTH)
Pm + 1, B caydae p,, = 0 orm maswBalx cBA3HOCTH MPOCTOR m-To poaa.

Nnen Pumana m Berrm mocayxuim ocHoBOH Iis coznanua B koHne XIX B.
romGmHaToproil Tomomormm A. Ilyamkape.

7 Tawm e, c. 111,
80 Tam sxe, c. 292.
81 Tawm ke, c. 294.
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Tomonormutckme Teopemu Hoppama

CymecTBeHHHA BKJajq B pemIeHWEe DA3JIMIHHX 327aY TONOJOIHE BHEC
K. Hopnar. B pa6ore «O pnedopmanmm momepxmocTm» (Sur la déformation
des surfaces.— J. math. pures et appl., 1866) Hopmam pacupocTpamma mo-
crapleanyio I'ayccoM 3afady HAXOKIEHHA HEOOXOMHMHIX ¥ JOCTATOUYHEIX
YCIOBHA HANOKEMOCTH [BYX THOKHX M HePAaCTMAHMHX IOBEDXHOCTEH ppyr
Ha ppyra 6es CKIamoK ¥ Pa3PHBOB Ha DaCTAKOMEE MOBEDXHOCTH W FOKAa3al,
YTO AJIA TOTO, YTOOH AB6 THOKHe W PaCTSKEMEIO MOBEDXHOCTH MV HX 4acTH
6HIE 6H HAJOMKEMEL APYT Ha APYra 6e3 cKIajoK W pa3phBOB, HEOGXONHEMO
H J0CTATO9IHO, YTOOH YACKO KOHTYPOB, OTPAHMIABAIOMUAX TACTA MOBEPXHOCTeI,
6110 6K OgHEM W TeM ke (eCH HOBeDXHOCTH 3aMKHYTH, 5T0 HMCIO DAaBHO
HY110) 7 4TO0H MaKCEMAIBH(S YHCI0 3aMKHYTHX KOHTYDOB, He IOpeCeKalomux
HEKAKYIO 1aCTh HHA ce(A, HE APYT APYra, KOTOPHeE MOKHO IIPOBECTH HA Kax{Ioi
M3 3THX IOBOPXHOCTeH, He eldA ee Ha [Be oTHedAbHHE o0JacTH, GHIIO G
OHEM W TeM Ke Aya obemx mosepxuocreit. okasarerncTso MloppnaHa ocHO-
BaHO Ha Pasjo/KeHUH 00eHX HOBEPXHOCTeit Ha GeCKOHEYHO MAJHe 3JIEeMEHTH,
npadeM CME;XHHE DJIEMEHTH ONHOA HOBEPXHOCTH COOTBETCTBYIOT CMEKHLIM
sieMeRTaM Apyrofi. CoBuamendme TepMmHomormu ¢ pabGoroit Mébmyca 1863 r.
06 «aJIeMEHTapPHOM CpPONCTBE» EIA6T BeChMa BEPOATHHIM BIHAHAE BTOH paboTh
Mééuyca ma Hoprara. B gpyrom Memyape toro e ropa «O KoHTypax, mpo-
BelleEHHX Ha moBepxHocTaAx» (De contours tracés sur les surfaces.— J. math.,
1866) Hopaar mocTaB@I BOOPOC 0 KOHTYpax Ha IOBEPXHOCTH, IEePEBOTEMEIX
IPYT B Apyra HempepHBHO#E JNedopmammedt Ha moBepxmocTn; 9Ta 3amada, HOIY-
YABImas BIOCHEeACTBUHM HA3BAHME 3aaYd 0 TOMOTONHHX KOHTYpPax Ha moBepX-
HocTH, 6Hna o600meHa Ha MHOroMepHEIe MHoroobpasma Ilyamkape B ero
«Analysis situs».

K. Mopnary DpHHAIIGKHAT TAK)Ke 3HAMGHUTAA TeopeMa O TOM, UTO 3aM-
KHYTafd HeIpepHBHAA INIOCKaA KPHBaA Pa3sgeisaeT IVIOCKOCTL HA NBe obmacTw,
BHYTPEHHIOI0 ¥ BHEIIHIOK, UDHYeM BHYTPEHHAA o6JIaCTh BCETNA CONEPIKAT
KPYT KOHEWHOTo pajdgyca. JTa TeopeMa 6Miaa mokasaua sHRoppamoM B moGas-
nenmu K IIT Tomy ero «Hypca amanmsa nuaa [lonmrexumaeckoit mrons» (Cours
d’analyse de I’Ecole Polytechnique. Paris, 1887, T. 3), oszarxaBiernom
«3aMeTKa 0 HEKOTOPHX IONOKeHHAX Teopm:m ¢Qymxmmit». JlokasaTeancTBO
/Hoppana ocHOBaHO Ha TOM, 9T0, PAaCCMATPHBAfA BaMKHYTYI0 HEIDEDHBHYIO
onocKyio KpuByio C 6e3 KPaTHHX TO4YeK, OH A BCAKOIO CKOIb yTOXHO MAajo-
ro € CTPOHT MHOTOYTOJBHAKHA, OJAH A3 KOTOPHX comep:kaT Kpusyio C, a Apy-
roif COmePIKUTCH BHYTDPH Hee, IPHIEM BCE TOYKH STHX MHOTOYTOILHHKOB HAXO-
AATCA HA PACCTOAHUHU, MEHBIEM €, OT KpHBoil C, 3aTeM OH CTPOHT IOCHEHO-
BAaTEABHOCTH TAKAX MHOTOYTOJIBHUKOB A YMEHBIIAIOHEXCA 3HARYeHOH €.
BEemanMm Touxamd KpHBoi C OH HA3HBaeT Teé TOYKH, KOTODHE HAYAHAA
¢ HEKOTOPOro HOMEPA MHOI'OYIOJBHEKOB CTAHOBATCH BHOIIHEME TOYKAMM IO
OTHOIIEHHUIO K HHM, QHATOTHIHO OUPENelSOTCA BHYTPEeHHHe ToYKH Kpasoi C.
Haxonmen, Toukamm camoit KpmBoli C Ha3HBAaOTCA TOYKH, ABIAOMAECH
BHEIIHEME JJIA BCEX MHOTOYTOJBHHKOB, HaXONAMEUXCA BHYTpH KpubBoli C,
M BHYTPEHHHMH [JIA BCeX MHOTOYTOJILHAKOB, HAXOJNAMUXCHA BHe KPHBOIL.

«ByTtermka Haeiina»

Pasnexn «Analysis situsy ameercsa 1 B «JpiaanredcKkoil mporpammes @. Kieii-
Ha, TOCBAIMOHHOH BEIACHEHAIO POJM IPYNN Pa3inIHANX TeOMETPHYOCKHX Ipe-
ofpazoBandii miuA reomerpme (CM. HmiKe). JToT pasnen reomerpmr Kneiin
XapaKTepE3yeT KaK Taroi#, Ifle «OTEICKABRIOT TO, YTO0 OCTAETCA HEH3MEHHEIM
opu npeo6pasoBaHMAX, COCTABIEHHHX H3 GeCKOHEYHO MaXHX gedopmamuiny 2,

82 06 oCHOBAaHE gX TeoMeTpud, c. 420.
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B «3ameuanuax o ceasHocTH mosepxmoctedly (Bemerkungen iiber Zusam-
menhang der Flichen.—— Math. Ann., 1874) Kiefir poxasmBaeT, 9T0 npoex-
THBHAA INIOCKOCTh TroMeoMopdHa mamcry MebGuyca, CKIEEHHOMY € KpPyroM.
Ecim amer Mé6myca MOMHO TMONYIATH, OTOKINECTBIAA TOUYKH KOHEYHOTO IfH-
AdHJpa, CUMMETPHYHEE OTHOCHTEILHO €r0 HeHTPAa CHMMETDHH, TO IIPOSKTHB-
HYI0 IJIOCKOCTh MOKHO IONYYHTH, OTOMIECTBJIAA NHAMETPAILHO IPOTUBOIO-
JIOKHEE TOYKHA CepH, MId, UTO ¢ TONOJOTHIeCKOM TOYKH SPEHUA TO K6 Ca-
M08, OTOKIGCTBIHA TOYKA KOHEUHOI0 HUIAHADPA ¢ ABYMSA OCHOBAHUAMH, CHM-
METPHYHHE OTHOCHTEILHO 6r0 MeHTPa CHMMETDUH; OPH 3TOM OTOKAECTBICHUR
GokoBas HOBePXHOCTh NUJAUHApa zpacT aucT Mé6myca, a OCHOBaHHS — KDYT.
Orciona BHAHO, YTO IPOGKTHBHAA ILIOCKOCTH — OJHOCTOPOHHSASA SaMKHYTas
TIOBEPXHOCTh; caM HieHH OTOMAECTBIAN JHEAMETPAJIbHO HNPOTABOHOJOMKHEIG

TOYKA [BYNOJOCTHOTO H OHOIOJIOCTHOTO

TEnep6oaonoB.
B cBoem kypce mexumit «O reopmm Puma-
(. Ha axreGpamdeckux YHKOAA ¥ WX HETErpa-
noe» (Uber Riemanns Theorie der algebrai-
schen Funktionen und ihrer Integrale. Leip-
zig, 1882) HKueiim moMecTHN chenEaIbHYIO
rnaBy «Hiaccuduraiasa 3aMKHYTHX mOBepX-
mocredlt mo umcay p». IlocraBmB BHawase
3aaly O B3aWMHQ OJHO3HAYHOM KOH(OpPM-
HOM oToGpakemmH uoBepxHocTel, Humeiin
3aMeEIaeT, 4TO «eme Gollee BAa)KHO OPENeNATh
9J16MeHT, HHBADHAHTHH He TOABKO IPH KoH-~
Pac. 11 QopMHEX npeo6pasoBaHEAX, HO PABHEM
00pa3oM IIpd B3aMMHO ONHOSHAYHHX Ipeobpa-
30BaHHEAX. JTO PHMAHOBO p — YACIO paspe-
80B, KOTOPHE MOKHO IPONEJIATH Ha HOBEPXHOCTH 663 Toro, ¥To6H OHa pacHa-
nack Ha Kyckm» 3. Hiue#itn yToumser, uro oH HMeeT B BHAY mpeobpazoBaHHA,
ompenenseMile HeODepDHBHHMH ¢yEKummama. Jlamee, ccHaasch HA pabory
#Hopnara «O pedopmammm moBepxmocTei», KieiiH BBOXUT HmOHATHE HOPMANb-
HOH IIOBEDXHOCTH — 3TAJNOHR, KOTOPOMY ToMeoMopPHH BCé MIOBEPXHOCTH
¢ pasamuHEME wmcaamu p: «Cdepa ¥ Top GymyT CIy:KATH HOPMAJIBHHMH IIO-
BepxHoCcTAMA 1A p =0 m p = 1. JIna Gonpmmux swadenmii p (B KauecTBe
HODMAJNBHHX IIOBeDXHOCTe#) MoKHO paccmaTpmBath cdepy, CHabkeHEY® p

pyuramm» 84,

B oT0it e paGore ompejensercsa Tak HaskBaemMas OyTHIKa Hielima —
ORHOCTOPOHHAA MOBEPXHOCTH, 0 KOTOpo#, Kak nmmer Hielim, «voxHo cocTa-
BATh Cebe IpencTaBjeHHe, €CIHM BHBEDHYTh KYCOK KayJyKoBOH TpYyOKE M
3aCTABHTHh 6r0 Iepeceunca ¢ caMmM Ccoboil TakuM obGpasoM, YToOH IpH COemH-
HeHHH 6r0 KOHIOB ero BHEINHASA CTOPOHA COEWHHNACH OH ¢ BHyTpeHHEi» 55
(pmc. 11).

SHauUTENBHHI BKIAN B TOUOJIOrHMi0 BHe¢ ydenmr Hueitma Baxbrep dor
Jux (1956—1934), pa6orasmmii rixasunM of6pasoM B Mionxere, aBTop pa6oT
«06 Analysis situs tpexmepEHX mnpoctpamcts» (On the Analysis situs of
threedimensional spaces. London, 1884) w «/lonmonmendma k Analysis situs»
(Beitrige zur Analysis situs.— Math. Ann., 1885, 1888, 1889). B atux pa-
Gotax dor J[uK moxasal, 4To XapaKTePHCTHKa Jitepa n-MepHo# chepH paBHA
2 mpu uwerHom n m 0 mpm HeweTHOM £, XapakTepECTAKa Jimepa 7n-MEPHOro

8 Klein F. Gesammelte mathematische Abhandlungen. Berlin, 1923, Bd. 3, S. 526.
8¢ T1hid., S. 512.
8 Ihid., S. 571.
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IOPOEKTUBHOTO IPOCTPAHCTBA PaBHa 1 npm deTHOM 7t B ( IpH HEYETHOM 72, IPATEM
B TEPBOM CIy4ae IPOGKTEBHOE IPOCTPAHCTBO HEOPHEHTHPYEMO, & BO BTOPOM
cllyiae OPHEHTHDYEMO.

Cosnanme KoMOHHATODHOH TONOXOTHE KaK HayKH OLJI0O 32BepIIEHO
A. Tiyamkape B ero HEONHOKpPAaTHO yUoMHHaBmeMCA MeMyape (Analysis
situs, 1895) m matu momoxmemmax k memy (1899—1902).

7. TEOMETPAYECKHE IIPEOBPA30BAHHA

T'eomerpryeckne npeoGpasopanma y Médmyca

B paccmorpesnmnx pamee paGorax A. @®. Mé6myca cymecTBeHHYI0 pPONh
MTpaeT MOHATAE (CPOACTBA® B CAaMHX DPA3NHYHKX BHA2X «PABEHCTBa» (KOH-
TpysHTHOCTH), <mopobuar, «addmEHOCTHY, CKOIEHEATHEH» (IPOGKTHBHOCTH)
B ¢dIeMEHTApHOTo cpoacTsay (romeomopdusma). Hampuii BUm «CpopcTBas
ABIsAeTcA ciayuaeM cixepyiomero. Iloatomy Huefir mmcan: «Xora Mébmyc
eme He BIAjea NOHATHEM TPYNIN B 6r0 COBPEMEHHOA (OpPMYIHDOBKe, HO
OoHATHE ,CPOACTBA" HABINGTCA 9YKBHBAJGHTEHM oMy; MéGmyc sasnsgerca,
TakaM o6pasoM, IpPeIUIeCTBEHHHKOM ,JPIAHTeHCKOH mporpaMmes 6,

OrmermMm Tawske pabory Mé6uyca «Teopmsa kpyroBoro cpoacTBa B 4HCTO
reoMerpudeckom m3a oyxenmu» (Die Theorie der Kreisverwandschaft in rein
geometrischer Darstellung.— Ber Verh. Séchs. Leipzig, 1855), B kortopoi
PasBHBAETCA TOOPUA KPYTOBHX mpeofpasoBanmii Ha WIGCKOCTH, T. €. mpeolpa-
30BaHO, HOPOKIAEMHX HHBEePCHAMH OTHOCHTENBHO OKDY:;KHOCTeil; B amanu-
TAYECKOM H3JO0EHAHM 3TH npeobpasoBaHWA MOMKHO TPaKTOBATh Kak JApoGHO-
JuHefiEse MpeofpasoBaBHA IIOCKOCTH KOMILUIEKCHOrO IIepeMEeHHOTO.

Teopua kpyrosux mpeobpasosammit Mé6uyca Grna Bckope ofofmena Ha
DPOCTPaHCTBO, OpEYeM Hamboiee CYMEeCTBEHHOH 3[eCh ABAAGTCA TeopeMa
HEOQHOKPATHO yunomumuapmmeroca Hamm JR. Jlmysmaas (cm. Hu., 1, c¢. 176—
179), omybiukoBaEHAA M B ONHOM H7 [OUOXHEHHH K ero mamammio 1850 r.
«lIpanoxenua amanmsa k reoMerpmm I° Momxas. 3necs JIlmysmane mokasand,
910 KoH(opmuHe mnpeofpasoBaHEA B OPOCTPAHCTBE NOPOKOAITICH UHBEP-
CHAME OTHOCHTeNBHO cdep: Ha OINOCKOCTH FOHQODMHHE OpeoGpasoBaHHsM
OHpefeNAlTCA NPOH3BONBHEIMA AHAJHTAYECKAMA (YHKOHAMA KOMIJIEKCHOTO
LepeMeHHOr0 H COCTABIHIOT S3HAYHTeNbHO 0Jee MHUPOKHA Kiacc, 1eM KpPYyro-
BHO Npeo0pasoBaHdd, TaK 970 KOoHfiopMBERE Ipeo6pa3soBaHAA IPOCTPAHCTBS
ABAAIOTCA aHaJXoraME He KOHPOPMHEX, & KPYTOBHX IpeoGpasoBaHMA ILIO-
CKOCTH.

Crarpn TeanMroanna
«0 ¢arTax, TeRanMX B OCHOBAHAH IeoMeTpHM»

CymecTBeHHY0 DOib BO BHEJADEHHHW B IEOMETPHI0 NOHSATHA TPYIIE Ipe-
o6pasoBaEmil CHIrpajla CTaThA H3BECTHOr0 HeMemKoro ¢wamoliora, dusmra m
mareMarnka I'epmana ['ensmromsma (1821—189%4) «O ¢axrrax, nesxamux B oc-
sosaaun reoMerpmmy ([Uber die Thatsachen, die der Geometrie zu Grunde
liegen.— Gott. Nachr., 1868). ¥V:xe nazsanve dTof cTaThH, HepPeKANKAIOMEECA
¢ HazBandeM peun Pmmama 1854 r., yxasmBaeT Ha CBA3h MEKAY STUME HBYMA
paboramm. I'enpmronsn mmcan: ¢Mosa Gamxalimaa medxb COCTOANA, Kak H Y
Pumana, B ToM, 19TOOH mccilemoBaTh, KaKHe 0COOEHHOCTH IPOCTPAHCTB IIPH-
HagIe:RaT KadKgoMy 3aBHCANEMY OT MHOTAX NePDEMEHHHX HEIPEePHBHO H3Me-

8¢ Kaein @. Jlexnumn o pasputud mateMaturd B XIX cronerun, c. 153. 3pech cioro Ver-
wandschaft (¢cpopcTso») nepesefieno cnopoM ¢«GamsoCTED.
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I'. TEJDbMIOJIbL

HAOMEMYCH MHOroo6pas3mio, pasiddds KOTOPOro NOMYCKAKT KOAHIECTBEHHOE
<PaBHeHHe, ¥ KaKWe W3 HAX, HAUPOTHAB, He OyIy4n 00YCIOBICGHH 5TAM 0OIMAM
XapaKTepoM, CBOMCTBEHHH TOJIBKO IPOCTPAHCTBY.

f amesn kak pas B PmamodOrHYeCKOH OONTHKE jBa IPHEMEpPa, HOIYCKAIOMHAX
OPOCTDAHCTBEHHOE IIPeNCTaBAeHHe IIePeMEeHHHX MHoOrooGpasmif, HMeHHO
CHCTeMY I(BETOB, YIHOMHAHaeMylo X PmMaHOM, I m3MepeHUs HoJsA 3PeHHA INa-
somepom. O6a MHoOroo6pasusa HOPeACTABIAIOT H3BECTHHE OCHOBHHE pa3iHYHs
¥ HABOJWJIU MecHA Ha cpaBHenme» %7, Jlamee I'eqpMIoJbn OTMETUI, WTO MHOTHE
TOJydeHHEE UM Pe3YJbTATH COBOAfadH C pe3yipraTaMm PuMaHa B 9TOo X0TA
ny6ankanus peur Pumana oTHsJIA y HETO B PAne CIydaeB «IPaBo IePBEHCTBAY,
3aTO 3TO COBIANEHUEG ABHIOCH [JIA HEro «BajKHHIM 3aJIO'OM BEDHOCTH» ITyTH,
#30panHOro @M «B 06JACTH BOIPOCOB, NUCKPOUTADPOBAHHHX NDEKHUMH He-
YRauYHHIME HoOHTKaMm. Jlaxee I'eIbMroibn yKasHBaeT, 4T0 €ro HCCIEHOBAHEE
OTIMYaeTCA OT HM3bCKammi Pumana Tem, 410 oH 6oJiee IOgpPo6HO H3YIHA
BIASHWE BBOJUMHIX HM OrpaHdYeHmil, OTIMYAIONMX MEHCTBHTEILHOE IIPO-
<CTPAHCTBO 0T APYTEX ¢MHOTOKPATHO UPOTS;KEHHKX MHOroobpasmit», Ha o6oc-
HOBAHHE TOro, 4To ds? ecTh ofHOpOnHAA PYHKIHA BTOPoOil cremenm oT pudde-
peEnmaioB koopauuear. Ha mepBoe MecTo @3 »TEX orpammdYenuil I'elnMIoOJIbI|
<CTaBUT TPeGOBaHAA «CBOGONHOA HOIBAMIKHOCTH TBEPAHX (Puryp Ge3 m3MeHeHH:
$opMH Bo BCex YAcTAX NPOCTPAHCTBA», T. €. HaJWIWe JIBHMKEHHW, OCYMECTBIA-
f0IMFX COBMeENeHAe KOHTDYOHTHHX OQHUTYD.

B ocHOoBy mcciaenosarma I'eAbMroJbl] KIafgeT CIAEAYIOMUE (THIIOTE3H:
«I. IIpocmpancmeo n usmepeHull ecmb N-KEPAmMHO NPOMANCECHHOE MH02000pa-

87 06 ocHOBaHWSX reoMerpmu, c. 367.
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sue... I1. Jonycraemes cywecmegosanue nodsuxrHwx, HO Heuamensemwx (maep-
onz) mea uaru cucmem mouek,., 111, Jonycraemea enoane c6060dnas nodsud-
nocmb meepdux mea... IV. Ecau meepdoe mero epawaemes okoso n— 1 mouer,
SLODAHHBE MAK, YMO NOAONCEHUE MeAd 3ASUCUM MOALKO 0m 00HOI He3agUCcUMOLL
nepemernoli, mo spawyernue 6es nogopoma Ha3ad NPUGOOUM Mea0 @ KOHYe 8 mo
HaLaibHOE NOA0KHCEHUE, U3 KOMOpo20o OHO eéww.o... V. IIpocmparcmso umeem
mpu usmepenus. VI. IIpocmpancmeo 6eckonewno npomsscennods 8. B 3axmio-
genme ['enbMronsn nmmet: «McciaepoBanmsa PEMaH2a @ MoH, BMeCTe B3ATHE,
MOKA3KIBAIOT, TAKAM 06Gpa3oM, YTO BHIME JAHHHE OOCTYJIATH... COCTABIAIOT
HOCTATOYHOO OCHOBAHWE [If Da3sBUTHUA YYEHHA O HPOCTpaHcTBe». K mociaen-
HuM. cIoBaM fedaer mpumedanwme: «OHH He orge’aaAnT reomerpud EBKiaImpa ot
reomerpun JloGagenckoron 5,

Crpamnoe B 60-x rogax XIX B. BHparkeHHe «IPOCTPAHCTEO 7t H3MEDOHHI»
00'bACHAGTCA TEM, UTO LIOCIHCAYIONAe THOOTE3H, KAK MK BHAEJIHA, CBOJAT BTO
OPOCTPAHCTBO» K ONHOMY U3 JBYX TPEXMEPHHX IPOCTPAHCTB, IPETeHIYIOMHEX
Ha oIMCaHWe PeaJbHOTrO HPOCTPaHCTBA,— K HpocTpaHcTBam Enkmmpa um Jlo-
6ageBckoro. III rumoresa Teasmroabma TpeGyeT HaJIMYEA B LPOCTPAHCTBE
TPynnH reoMeTpU4YecKAX IpeofpasoBaHuil, He TOABKO MEPEBORANUX KaKIYIO
TOYKY IPOCTPAHCTBA B J00YI0 APYI'YI0 6ro TOYKY, HO H IEPEBOJAIINX KarK[sli
JAHHCHHKH DJ6MEeHT, BHXOJAMEA H3 HepBOH TOYKH, B J1060# JIHHEHHEIA 3J6-
MEHT, BHXOAAMUAA M3 BTOpPOH TOYKH. KcaAM TpuHATh TpeGonamme PumaHa,
97061 ds? BHpayRajca KBagpatEIHod dopMoil oT muddepeENmaNIoB KOOPAHHAT,
K0adPEOUeHTH KOTOpO#l ABAANTCA QYHKOUAMA TOABKO KOOPAMHAT TOYKH, TO
I—1II rumoresm TenbMroibna BHINEIAT W3 OOPEAEICHHEX TaKEM 06DPasoM
PUMaHOBHIX OPOCTPAHCTB HPOCTPAHCTBA IOCTOSHHON KPHUBH3HH, T. 6. GBKIM-
FOBO IDOCTPAHCTBO, NPOCTPAHCTBO Jlo6adeBCKoro ¥ BIJIANTHIECKOE IPOCT-
pancTBo. Kax BHpHO U3 2TEX ruimore3, I'eIBMTOJLI 3apaHee He IPeANoJaraer
(monoGHO PHMany), 9To yKasaHHas KBagpaTdAdHas (opMa ABJIAETCA MOJIOKHA-
TEJBHO ompejeleHHoil; 6ea Taxoro mpepnoiokenmsa [—III ranoresam Iexnm-
TOJXBOA YAOBJIETBOPAIOT TAKMKO IICEBOGBKIHAOBO LPOCTPaHCTBo H cdepa Be-
TIeCTBEHHOI'0 PAfiFyCca B ICEBIOSBKIAOBOM IPOCTPAHCTBE. JTa BO3MOKHOCTB
uckaovaerca IV runoresoii I'enpMrosbna: B ICEBIOEBKINKOBOM IPOCTPAHCTEE
HapARy ¢ 6BKIAMNOBHMHA IJIOCKOCTAMH HMEIOTCH TCeBROGBKIHIOBH INIOCKOCTH,
OKDYKHOCTE KOTODHX HMEIOT Buj rauep0oi, M BpameHAne B TAKOH IIOCKOCTH
He MO;KeT IPHBECTH K HAYaJIbHOMY I0JOKEHHIO «663 HOBOPOTa HA3aM»; TO e
HMeeT MECTO I Ha ymoMaHyTHX cdepax. VI ranoresa [eapMronsna meckiaodaer
SNIUNTHYECKYI0 TEOMETDPHIO.

OcroBomoltomxank Teopun Henpepupabx rpynn Codye Jlz 5 1886 r. mmeai,
970 9Ta ¢3HAMeHHTaA pabora I'erbMroJba... DPACCMATPABAET 3aNa1y, CTOANLYIO
B TecHellmeill CBA3M ¢ HoBoll TeopHeil rpymu npeofpasoBandin °°, o najee mpen-
J1araeT CBoe DelleHHe HTOH 3a7aud, OCHOBARHHOE HA €ro COGCTBEHHON TEODHH.

«JpianreHckas nporpamman HKaeiina

Mu yike HECKOABKO Pa3 yOOMHHaIX <JPJIaHTeHCKYIo nporpammy» (Erlan-
ger Programm) — unexmmio, npoumtanayio @. Hiaeitnom B 1872 r. mpu BeTtym-
JeHEE B HobKHOCTh upodeccopa IpiaaHTeHCKoro yHEBepewteta, Iloamoe
.Ha3Banme »T10il Jdexnud — «CpaBuuUTeNrHOE 0003peHMEe HOBEHAMHUX reoMeTpH-
geckmx mecaenoBammiy (Vergleichende Betrachtungen iiber neuere geomet-
rische Forschungen. Erlangen, 1872). Orxpurme B 1871 r. mpoekrtuBHOi
HETepOpeTanad reoMeTpud JlofageBcKoro MoKasano, ITo IPynna ABMKeHnit I1po-

88 Tawm sxe, c. 368—382.
8 Tam sxe, c. 382,
$0 Tawm jxe, c. 383.
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cTpadcTBa Jlo6aueBCkoro ABIAETCA MOATPYNNOH IPYNNH Ko/ MHEAIH IPoeK-
TABHOT'0 OPOCTPAHCTBA, mepeBogAme# B ceba ¢abcoidor npocrpanctsa Jloba-
geBckoro. C Apyroif CTOpOHH, rpynma ABHMEHAHA EBKJIHAOBA NPOCTPARHCTBA
ABJIAGTCA NOATPYNION Ipynmsl HofoGHH («TWIaBHOH IDymNHy €BKIMIOBA PO~
CTPaHCTBa), ABJAIIMEACH B CBOI0 09epefb LOATPYUINoH rpyndn addammmx
npeobpa3oBaEmit — MOArPYOOM To#l e TPYNNH KolaiwHeamni. B To me
BPeMAa TPYLOH [BHKeHEA W Hofo0uili eBKIMHOBa IPOCTPAHCTBA ABIAIOTCH
OoArpyonaMd IPynns KoHQOPMHEIX unpeobpasoBaHmii mpocTpaHCTBa (B CiIy-
4ae IVIOCKOCTE — IPYNNH KPYroBHIX HpeoGpasoBammil). ['pymma psmxenumi
IAOTAIECKOTO0 TPOCTPAHCTBA TAKMe ABAASTCHA NOATDYUIIOA IpyHnmEl KOJIH-
Heanumil. ComocTaBms aTm (pakTH, Hieitn Opmmesa K BHIBOXY, 9TO BCAKRH TeO-
MeTpHA K0 CYI[eCTBY IpPeacTaBiaAeT co0ol yueHHe 00 MHBApHMAHTAaX TOH miud
HHOE rpynnH npeo6pa3oBpandii.

Hueiir maumHaeT cBo0 «IPIAHTGHCKYIO IPOTPaMMY» C OIpe/e]eHUsA TPYI-
oH npeoOpasosammii: «HamGosmee cymecTBeHHOe IOHATHE, HEOOXOXEMOE LA
JalpHeHmero M3J0KeHWA, eCTh HOHATHE O TPYIIe IPOCTPAHCTBEHHLIX H3Me-
HeHH.

IIpousBoxbHOe WmCa0 npeofpasoBammii IPOCTPAHCTBA AaeT, CKIAZHBAACE,
CHOBa mpeoOpa3oBaHEEe HPOCTPAHCTBa. ECAE [MaHHWN DAJX Ipeo6pasoBaHmE
ob:afaeT TeM CBOHCTBOM, 4TO KakK[oe m3MEeHeHHe, II0JyYaeMoe 0T LOCJIe0Ba-
TeJIhHOr0 IPAMEHEHEA HECKOJBKEX IpeobpasoBanmil, NPHHANISKAIMUX STOMY
pALY, caMo BXOAHUT B €ro cOCTaB, TO ML Ha3HIBaeM 9TOT PAJ rpymioidl mpeobpa-
30BaHE» .

B xawecTBe IpEMepoB Ipynn npeoGpa3soBaHEI IPEBORATCA «COBOKYIHOCTD
BCeX ABIKeHHI» mpocTpanctea (Hielinm 3aMeuaer, 4To «KaK/oe ABIREHEE DAc-
CMaTPHBAGTCA KaK ONepamufA, BHIOJIHGHHaA HaAX BCeM IPOCTPRHCTBOM») H
«COBOKYIIHOCTh KOJNMUHeamuii». HiIeliH yKa3EBaerT, YT0 BpameHAA OKOJIO TOUKH
06pasyioT HOATPYUIY rPYUON [ABHKeHWi, a Koppeasamud («BOHCTBEHHEIE
npeo6Gpa3oBanuA») caMu He oGpasyioT Fpymiy, Ho oGpasyioT ee BMecTe ¢ KOJ-
JXHEAMAAME.

YKasas, 4T0 reoMeTPHIECKEE CBOCcTB2 00p230B He 3aBHCAT OT IOJIOIKEHMHA,
3aHAMaeMoro oGpa3oM B NPOCTPAHCTBE, OT €ro abCoNOTHOH BEJMIAHE U OT
OPHEHTAIIME B DACIOMOKEHHA €ro 4acTel, T. €. He M3MEHAIOTCHA IIPH NBHIKe-
HAAX M HOJO0HAX TPOCTPAHCTBA, & TAK/KE UPH OTPAKeHUAX M NPH BCEX Ipe-
06pa3oBaEMAX, COCTOAIMX U3 HaX, Hie#H IPUXOAUT K BHBOAY, YTO «TeOMeT-
pUYecKrme CBoficTBa He MBMEHAIOTCA OT Opeo0pasoBaHWil TIJaBHOM TpynunH mH,
o6paTHO, MOJKHO CKa3aTh: IeOMeTpHYeCKHe CBOMCTBA XapaKTePH3YIOTCH HX
Henm3MEeHAeMOCTHIO OT IpeobpazoBaHmil riaBHOi rpynusi» 2, Ot «mpocrpancTBas,
T. 6. TPeXMEDHOr0 6BKJIHOBA IpOCTpaHcTBA, Hilelinm IepeXomuT K HPOH3BONL-
HOMY «MHoOroo0Opa3mw»: «[lo amalormm ¢ DPOCTPAHCTBEHHEIMEH mpeolpasoBa-
HHAMH ME TOBODHM 0 npeo6pa3oBaBEmAX MHOr006pa3mA; OHH TaK)Ke 06pasymoT
rpynosl. Toabko yxe Her Gosiee, K&K B IIPOCTPRHCTBE, TPYNOH, KOTOpasd
BLIGJAAJIACH O 0 CBOEMY 3HAYEHHI0 MEKAY OCTRJIBHHIME,— Ka)<gad TPyIma
PaBHO3HaYHA BCAKOM apyro#i. Kak o6o0menne reoMeTpou mOJIYy9aeTCH, TAKHAM
o0paaoM, clefyiomaa MHoroo6beMiIomad 3afada:

Jano muozoobpasue u 8 nem 2pynna npeobpasosanull; HY#HO uccaedoeamp
me ceolicmea 00pasos, NPUHADAEHAWUT MHO20006pA3UI0, KOMODHE HE UIMEHA-
tomcs om npeobpazosanull zpynndl.

IIpaMernTEABHO K COBPEMEHHOM TePMUHOJIOTHAA, KOTOPYIO, BIPOIeM, OOHK-
HOBEHHO IIPHJIATAI0T TOALKO K ONpefeJieHHOH Ipyie — rpyllle Bcex JHHEH-
HHX Npeo6pa3oBaHMi, MOKHO BHDA3HTHCH €IIE TaK:

91 Tawm ke, c. 401.
92 Tawm e, c. 402.
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Jlano mnozoobpasue u 6 nem zpynna npeobpasosanuti. T pebyemes passums
meopui0 UHEApUAHmMos 3Motl zpynns» 3.

Beaen 3a TeM paccMaTpHBRIOTCA «IPYIUH Ipeo6pasoBaHMil, A3 KOTODHX
oNH2 00BEMIET OPYryio» KAK B ¢IPOCTDRHCTBEY, TAK M B «Da3JMIHLIX MHOrO-
o6pasuaAX»: rpymma NBUMKEHMI, «TIaBHaA IPyNIar, rpynns ag@uuHmX mpe-
o6pa3opanmii, KoJiuHeaNmm# W BCeX NPOGKTHBHHX MpeoGpasoBammil (roJIH-
HeaDW# W KoppelArmmil), a Tak/Kke «rPyINE IOpeo6pa3oBaHHd IIOCPEHCTBOM
06pATHHX PaguycoB» (IPYUIH!, IOPOKAEHHEE HHBEPCHAMH, T. €. TPYIIH KpPY-
ropux mnpeobpasoBaEmil MIOCKOCTE X KOHGODMHHX mpeo6pa3oBaHHI IPo-
crparctBa). Kieiim ykassBaer TaKie Ha DPACIIMPEHNe ¢IOAOKEHHOU B OCHO-
Py IDyIDE KOMJIHHGADHHX M [BOHCTBEHHHIX IIpeoGpa3oBaHdil BBEJGHEEM
B HEe COOTBETCTBOHHO MHHEMHX Ipeo6pa3oBaHmii. JToT mar o6yCaoBIABaeT
mpe/BAPHTENbHOE pacapeHAe KJIacca COOCTBEHHEIX 3J6MEHTOB MPOCTPAHCTBA
IPUCOENAEOHNEM MHUMEIX DJIOMEHTOB» *4,

Mpeaguns: nepeRecendn

B «Jpradrenckoil IporpaMme» DacCMATPHBAIOTCA CiAy4aH H30MOpdU3Ma
rpymn mpeo6pasoBaHWil, MO3BONAKIMX HHTEPIPETEPOBATH ONHY IEOMETPHIO
B Jpyryo; Taxme muTtepuperammm Hueiim Bcaen 3a JI. O. Iecce masuBaer
«alepeEeceHmAMA» ONHOM reoMerpmum B ApYryio. Tepmmn «mepeHeceHWe» GruI
BBenen JliogpuroM Orro I'ecce (1811—1874), o KoTopoM MH ToBOpHJIH B riaBe
06 axre6pe (cM. Ku. 1, c. 78) B cBA3H ¢ BBeNeHHKIM WM HHBaPUAHTOM, Ha3HBa-
eMEIM [T ero MMEHH «reccuanoM». Jro 6o caenano I'ecce B paGore «06 onmHoM
npuamune mepenecenusy (Uber einen Ubertragungsprinzip.— J. fiir Math.,
1866). «Ilepenecenme» I'ecce ocHoBaHO Ha TOM, 4YTO 6CJAH CIDPOEKTHDPOBATH
OpAMYI0 NPOSKTHBHON IVIOCKOCTE M3 TOYKH HEKOTODOH KOHEKYW Ha 3Ty KOHHKY
(sTa MpoOEKUHEA ABIAAETCA RHAJNOTOM CTepeorpadmuecKoiél HpoeKIUHE HPAMOH Ha
OKDPY’KHOCTb T3 ERKJIHAOBOH INIOCKOCTH), TO KoJJMHeamumu upsaMo# m3obpa-
$RAIOTCHA KONIAHGAMUAME IVIOCKOCTH, NePeBOAMAMA B ceba KOHHKY, H o6par-
Ho. IT0 m3o6paskeHEHe oNpeseaseT N30MopU3M IPynuu KoJAJMAHeAmdHd OpaAMoi
H TPYOOE KOWIMHEADWT IJIOCKOCTH, MePSBOAAIMX B C66A KOHHKY.

I'pynoa KoxiImEeanmil MpoeKTHBHOME HpAMo# oIpeneinser Ha Hell reomer-

puio 6uHapHHX (QopM, T. e. JEHEHHEX $opM D) a;2' OT ABYX IpOEKTHBHHX
3

KoopRumHAT Touek mpaMoll. Kiaeiin dopmyaupyer npmammn neperecenus Iecce
caexyromuM of6pasom: «Teopms GmHapHEX (OPM H IPOEKTEBHAA T6OMETDPHA
CHCTEM TOYGK Ha KOHHMYECKOM CEYeHME — OJHO M TO 'Ke, T. €. Kamgol Gmmap-
Holl TeopeMe COOTBeTCTBYET TeopeMa O HONOOHOTO pofia TOYEYHHX CHCTEMaXx
H oGparHo» %5. PaccMaTpuBaA mapH AeHCTBHTIBHHX M MHHMOCOIPSKEHHEIX
ToYeK KOHHKH W II€PeXOHA OT BTHX Iap TOUYeK K COGNUHAMIIEM MX IPAMHM,
a saTeM K HOJIOCAM 9TAX OPAMEX OTHOCHTeNIBHO Kommke, Hielir npmpaer
sToMy OpaHUEOy HOBYIO (opmy: «Teopus GmHapHHX (opM H TPOBKTHBHAM
reoMeTpHA MIOCKOCTH, KOTOPYIO H3yIaeM, HOJAaras B 0CHOBY HEKOTODO€ KOHH-
9eCKOe CeYeHHe, DKBHBAJIGHTHH MeKAy co00i» WiIm B cHIy HHTEDPIPETANHT
Hueiira reomerpunm JloGaueBckoro, xortopyio Hileilir masmBaer smech «obmieit
NpPOeKTHBHOH# MeTpHYeCKOH reomerpHei», «Teopus GuaHapELX PopMm M obmasn
IIPOOKTABHASA MOTPHYECKAA TeOMETPHA Ha INIOCKOCTH — ONHO H TO JKe» °S,
Haelin yrkassBaeT TaKKe, YTO BMECTO KOHEMIECKOTO CEUEHHA B INIOCKOCTHE MOYK-
HO B3ATH KPHBYIO TDPEThEro HOpPANKA B IODOCTPAHCTBE M T. M., HMesA B BHALY

93 Tam sxe.

9% Tam sxe, c. 406.
9% Tawm sxe, ¢. 409,
% Tawm sxe, c. 410,
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HHETEpHperammio mIockocTd JloGaweBckoro Ha TAK HA3HIBaeMofl HOPM-KDHBOM
TPEXMEPHOT0 H MHOTOMEDHOTO NPOCTPAHCTBA, T. €. KPHBO, mapaMeTpude-
CKOe ypaBHEHME KOTOPO# B NDOGKTHBHMX KOODAHHATAX ODHBOAMTCA K BHAY
=1, =% =10 ..., 5 =1"

JlpyrEM OpHEMEpPOM <«IepPeHeCeHHsA», DACCMOTPEHHHM B «IJpJIaHTeHCKOH
mporpaMme», ABJIAETCA <«mepeHeceHMe [IIIOKKepa», OCHOBAHHOE H2 ILTIOKKe-
POBHX KOODIMHATaX p;; = Z;Y; — Z;y;. MH Bmueanm, 9To 3TH KOOPRHHATH
ONIPEIeJIAITCS ¢ TOYHOCTHIO 710 OOMEro MHOKHUTENA W CBSA3AHH KBAaTPATHYHEIM
COOTHOIIOHUEM Dg;1Pss -+ PooPsi + PosPiz = 0. IlosToMy milioKKepOoBH KOOp-
AMHATH MOKHO PacCMATPHBATHL KAK NMPOEKTHBHHE KOODAWHATH TOYKU KBaj-
PUKHE B MECTAMEPHOM IPOeKTEBHOM npocTpanctBe, Hasnpaa nureiinne opMu
OT YeTHpeX NepeMeHHHX I,, &, Ty, Ig KBaTepHapHuMmn, HiueidH npmxomuT
K BHBOAY, YTO «TEOPDHA KBaTepHapHWX (opM COBIAZaeT ¢ HPOGKTHBHEM
MepooupefeleHEeM B MHOroo(paswm ImecTA ORHOPOJHHX HepeMeHHHX» 7,
HMed B BHAY, YTO YKa3aHHYI0 KBaJPHKy MOKHO PACCMATPHBATh KaK aGCOJIOT
TMMeCTAMEPHOT0 IPOCTPAHCTBA C HPOGKTHBHOH METDHKOM.

Crepeorpad@ueck TPOEKTHAPYA OBAJILHYI0 KBagpPHKY BHa ILIOCKOCTS,
HKueiin sameuaer, 9410 IOpH 9TOM TPYIOIA KOXIHHEANWil HPOCTDAHCTBA, HEPERO-
ISAMEX B ce0A 0BAIBHYI0 KBaAPHKY C COXPaHEHHEM IeHTPa IPOeKIuu, d3obpa-
JKAeTCA «IVIaBHOH TIpynmoi» MIOCKOCTH, & IPynHma BCeX KOJJIHHeamdil mpo-
CTPaHCTBa, IEPEeBOAAMEX B Ce6f OBAJBHYI0 KBAaAPHAKY, H300DaKaeTcs TpyI-
Io# KPYTOBHIX Hpeo0pasoBaHUi MIOCKOCTH, MOIOJHEHHOH oqHOA 6ecKoHETHO
yRaldeHHOH TOUYKOH (KaK pacIIAPeHHAs MIOCKOCTh KOMINIEKCHOTO TIEPEMEeHHOTO,
a He OpsaMol#, KaK IpPOEKTEBHaA IIocKocTh). lloaTomy Hueilim mpuxopmt
K BHBOJLY, YTO «3JeMeHTApDHAA TeOMeTPHA HJOCKOCTH H IPOEKTWBHOE HCCJe-
[OBAaHME NOBEPXHOCTH BTOPOr0 IOPAAKA ¢ IPHACOEAHHEHHEM OJHON H3 ee To-
YeK — OfHO M TO Ke» *® m «reomeTpma o6pAaTHHX DAAMYCOB HAa IJIOCKOCTE M
IDOEGKTABHAA TeOMETPHA Ha NOBEPDXHOCTH BTODOTO MODAAKA TOKIECTBOHHE
Mexay coGoi» *®, AmaaormuHO, CTepeorpadmuyeCcKH NPOEKTAPYA OBANBHYIO
KBAJPHKY B 4Y6THPEXMEDHOM IPOGKTEHBHOM NDOCTP2RHCTBE HAa TPeXMEPHYIO
INIOCKOCTh B 9TOM IIPOCTPAHCTBe, Hieoiim 3amMeuaer, WTO rpPyINa BCeX KOJIAHE-
am@ii YeTHPEXMEePHOro IPOCTPAHCTBa, IEPEBORANIAX B ce6A OBAIBHYIO
KBaJIpUKy, m306paskaeTcA rPymHol KoHEQOPMHHX npeobpa3oBaHHA TpexMep-
HOro IPOCTPAHCTBA, NOIOJHEHHOTO OJHOH GECKOHEYHO YNAJEeHHOH TOYKOM,
H TMPAXOAHT K BHBONLY, 9TO (reoMeTphAa OODATHHX PagayCoB B IPOCTDAHCTBE
CBOJATCA K MPOGKTHBHOMY HCCJIGMOBAHMIO MHOIr000pasds, NIpeACTaBIAEMOro
KBaJPATAIHKM YpPaBHEHHEM MXTY HOATHI0 OJHOPONHEIMHA IepeMeHEHMM» 100,
B sTEX mHTepIpeTamEAX TOUYKE TPEXMEDHOTO H YETHPEXMEPHOI'0 IPOCTPAHCTB
H300pasKanTCAd OKPY;KHOCTAMI INIOCKOCTH HMJH cfepaMH TPOXMEDHOTO Hpo-
CTPAHCTBA, HY00PAKAOIMEMACA Ha KBagPHKaX CEUeHHAMH DTOJIADHEIMA
INIOCKOCTAME 5THX ToueK. IIpoekTHBERE KOODAWHATH 9THX TOUeK COBOAAIOT
¢ TaK Ha3LIBAEMEIMHA TETPANAKJIMYECKAMH KOOPAHHATAMH COOTBETCTBEHHBIX
OKpY:KHOCTeH u;aH weHTacPepMIOCKHMH KOODPIWHATAMH COOTBETCTBEHHHIX
cdep, BRemenmniMu (pannysckuM reomMerpoM Iacronom ap6y (1842—1917)
B pabore «O6 opHOM B3aMedaTeJbHOM KJIacce ajare6pamuyecKHX KDPHBHX H
o reopum MEEMOcTed» (Sur une classe remarquable de courbes algébriques
et sur Ja théorie des imaginaires. Bordeaux, 1873), Bcaenctsme wero ato mepe-
HeCeHHMEe YacTo HA3HBAWT «uepeHeceHmeM HapGy».

Wrrepuperanuio 0BaIbHOM KBafpMKH Ha MiIockocTH [uefim ¢gopmyiampyer
H HHaYe, 3aMe4af, 4TO IVIOCKOCTbh, MOIOJHEHHYI0 OqHOH GecKoHeYHO ynaJdeH-

97 Tawum ke, c. 410.
98 Tam ke, c. 409.
99 Taum ke, c. 413.
100 Taum sxe, c. 413.
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HOM TOUKOH, MOIKHO PAaCCMATPHBATH KAK PACIMHPEHHYI0 IIOCKOCTh KOMILIEGKC-
HOTO MEePEeMEHHOT0 ¥ KaK KOMILIEKCHYI0 IPOGKTHBHYI0 mpsamyiw: «Teopmsa 6m-
HapHEX ¢Qopm H306pa)kaeTcs TreoMeTpmedl OOPAaTHHX paAMyCOB HAa BemecT-
BeHHOH NJIOCKOCTE TaK, YTO IPH HTOM IPEICTABIAITCA H KOMILIEKCHEE 3HA-
YeHMS NepeMeHHHX» 191 a paccMaTpmBas oOBaNBHYI0O KBapEKY Kak cdepy,
Kueiin popMynmpyer aTy ;xe mETEpIpeTandio B Buae: ¢Teopns GuuapHEX dopm
KOMILUIEKCHOTO MePEMEHHOr0 I0JydYaerT cBoe H300pajKeHme B NPOSKTHBHOIL
reOMOTPHHM HA IIapOBOH HoOBEPXHOCTE» 102,

Hapany ¢ xoHpopmHEIME mpeolpa3oBaHMAME HIPOCTPAHCTBA, MABIAIOMH-
MHACA TOYEYHHIMHA NPEoOpa30BAHHAME IIPOCTPAHCTBA, HOLOIHEHHOTO OJHOMN
GecromeuHo yHaJeHHoM TOUKOH, mepeBomamuEMu cdepi B cdepH (cIATAA mIo-
CKOCTH YacTHHIMHE ciaydaamu cdep), Hieiin paccmarpmpaer eme gse TpyIme
npeo6pasoBanmii cdep — Tak HasHBaeMylo I'Pynmy BricIel#l reomeTpmm cdep
JIm, onpepenennyio C. JIz B pabore «O xoMmieKcax, B 0Co6eHHOCTH 0 KOMIIEK-
cax IPAMEHX K cpep ¢ OPAIOKEHEAME K Teopun AudpepeHnrmalbHEX ypasHeHAR
B uacTHRX mnpomsBogHmx» (Uber Komplexe, insbesonders Linien- und
Kugelkomplexe, mit Anwendungen auf die Theorie partieller Differential-
gleichungen.— Math. Ann., 1872). IIpeo6pasoBanua 9Toit rpynnu mepeBojaAT
cdepH B CPepH C COXPaHEHHMEM WX KacaHHA, OPAYEM W NIOCKOCTH X TOUKE
CUNTAIOTCA YACTHHIMHE Ciaygaama cdep. I'pynma kKomdopmmnix mpeoGpasopa-
HE — moprpynua srolf rpynne, mepeBofsAmas TOYKK B TOUYKH, 5TH Hpeobpa-
30BAaHAA COXPAHAIT yriau MexAy chepamm. Ilpyraa moarpymnma »Toi rpyums,
mepeBoAAmAas INIOCKOCTH B ILUIOCKOCTA (IPOROIKASA CYATATE TOYKH IACTHEIME
coiyuagmd  cdep),— rpymma npeoGpasoBammit Jlareppa, oupepeleHHAs
9. Jlareppom B paGore «O reomerpmm HaunpasieHmity (Sur la géométrie de la
direction.— Bull. Soc. math. France, 1880), ara rpymma coxpamseT kaca-
TeIbHOE PACCTOSAHAE MeKny cdepamu (oTpe3ok obmeil KacatelbHoit ABYX OIH-
HAKOBO ODHEHTHDOBAHHHX CPep MeKAYy HX TOUKAMH KaCaH@s).

KpeMonosnl mpeoGpa3opanni

Banoe 3nadenue B anre6pamdgecKoil reoMeTPHUH MTPAIOT TAK HASHBACMEIS:
6upayuonaibibie, WIE KDEMOHOGH, NpeoCpa3oséchuUs, HA3HIBAEGMHE IO EMeHH
HTagbaAHCKoOro reoMerpa Jlymmum Kpemonnr (1830—1903), ocmopomomoskumKa
HTAJBAHCKOM reOMETPHYeCKONW IIKOJE, YY9aCTHHKA BOHHK 3a HE3aBHCEMOCTD
Nranmm, a nocse ee o6penmuenna B 1860 r. oxHOro m3 0praEmsaTopoOB BHCHIETO:
o6pasosanus W HAyIYHHX HcclefoBanmil. Ypokenen [lanmm, Kpemoma Grin
npodeccopom Bononckoro ymmpepcmrera m Mmianckoro TexamgecKoro mHCTH-
tyTa, a ¢ 1873 r. aupexTopoM Ilonmrexumaeckoit mKroasr B Pume, 06peannen-
HOW ¢ ecTeCTBEHHOHAYIHHM QaKyIbTeTOM YREBepCHTeTa. «{pemMmonoBHM npeob-
pasoparmaM» mocsamena pa6ora Hpemomn «O reomerpmueckmx mpeoGpaso-
Baumax miockmx ¢umryp» (Sulle trasformazioni geometriche delle} figure
piane.—Mem. di Bologna, 1863) m Muorme paGors nocrenylomux ner. Kpemona
U3BECTEH TaKKe KaK OCHOBOIOJOKHMK IpadHIeCKEX METONOB pPemIeHHA 3ajjad
CTATHMKH, TAK Ha3hBaeMoil rpadocTaTHKH. .

Brpanumonanrhne npeoGpa3oBaHUA OPeACTaBAAIOT coboit mpeobpasoBanna
OPOEKTEBHOH INIOCKOCTH HIM IPOEKTHBHOTO HIPOCTPAHCTBA, BHPAKAION[EECH
panHoHANpHHMA (QYHKOEAMA OPOEKTEBHHIX KOODAHHAT W o6aafalolmpe TeMm
cBoiicTBOM, UTO OGpaTHEIe NPE06Pa3OBAHUA TAaKIKe BHPAKAIOTCA PANHOHANb-
HEME QYHKIHAMA TeX Xe Koopammar. lIpocreiimuM GEpanuonasnHEEM mpeo6-
pasoBaHNEeM ABNAETCA WHBOPCHA OTHOCHTOJILHO OKPyskHOCTH. IpyrmM mpoc-

101 Tam e, €. 414.
102 Tawm xKe.
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J. KPEMOHA

TeimuM OWpanmOoHANBHEIM npeobpasoBaHHWeM NPOEKTHBHOHX IIOCKOCTH SB-
asgerca npeobpasosanue r; = 1/r;, mayuasmeecs snepeuie ILokkepom B 1830 T.
K 6mpanmomansanM npeobpasoBaHEAM OTHOCATCSA TaK:Ke Te€ mpeoOpa30BaHHESA,
¢ moMomew Kortopux eme Hrporom (cm. UM, 1. 2, c¢. 114—117) nonysan u3
anammca, napaboin H TEmepGONH KPHBHE TPETHETO NMOPANKA, KOTODHE OH
HaA3HBAJ (THOepPGOIH3MaMU» COOTBETCTBeHHHX KOHUK. Haxk Bmamo m3 3TmX
OpEMepoB, OpH OHpAnUOHAJBHHIX Opeofpa3oBaHHAX NOPAAOK ajJreépamde-
CKUX KPHUBHX He COXPaHAeTCS, COXPaHAETCA e, KAaK mokaszan HpeMoHa, pox
P anrebpamuecKHX KpPHBHIX.

3AKIIIOYEHME

B passurmm reomerpzz B X1X B. MO)XHO IPOCIEAATE TPH OCHOBHHE IXHUH:
1) yray6nenme reoMeTpHYeCKHIX METOJOB M Pe3yJIbTATOB, OTHOCAMUAXCA K Teo-
MeTPHE OORYHOTO IPOCTPAHCTBA, IPEAe Beero B obnacta guddepeHINaIbHON
TEOMETPHH: B TeIeHHE ITOr0 BeKa OHIA cO3JaHa TeOPHS HHBADHAHTOB E fopM,
onpeHeNAI0MAX ¢ TOYHOCTHIO [0 ABWEHHMA B 9TOM IPOCTPAHCTBE HPOCTPAHCT-
pennyio kpusyi (Ceppe z ®pene), mosepxuocts (I'aycc m Beiturapren, Ilertep-
corx Z Boume) 7 npamonumeitnyo xourpysrnmwo (Hymmep), maydeno smaqm-
TEJIbHOE KONMYeCTBO cIeNUaJbHKX THIOB KPHBHX, IOBepXHOCTedl B KOHTPYIH-
owmit, Dody9Ymia 3HAUYATEJBHOE PAa3BHTHE TEeOPHA MN3TAGAHHA IOBEPXHOCTEH;
2) pacumpenwme mpecTaBIeHRA 0 TPOCTPAHCTBE: OCHOBHKM 3/I6Ch ABISAETCA OT-
KDHTZe HeeBRAN0Bo# reomerpun (JIobauenckmit, Bosm, I'aycc, Koam, Kueiin).
IoaBnenne HOBOU REEBKIAMOBOH eOMETPHU IPHBEIO K TOMY, YTO IPOEKTHB-
Hasl TeoMeTDPHsS, NEPBOHAYAJNBHO OHBIIAA TeopHeH HIPOEKTHBHHIX CBONCTB
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¢uryp B o6munoM unpoctpancrse ([lomceme, Mébmyc, Ilmokkep, Hlreitnep,
Ilanp), mpeBpaTmIack B reoMeTpmio HpoexktmsHoro mpoctpamctia (Illrayar,
Konm). B XIX 8. Ha 370M K€ my T nogsminchk afdmuBas m KoRPOpMHAA Teo-
MerpuE (MéGmyc, JImyBRIIB) U 3al0KEHE OCHOBH IJIA CO3TAHAS CEMILIEKTH-
geckoil reomerpur (Mé6Gmyc), a TaK;ie MHOrOMepPHEC €BKIHNOBH K adppmanas
reomerpun (Kaxm, I'paceman), a sateM @ MHOroOMepHEE NIPOGKTHBHAaA O He-
eBramoBu reomerpun (Pmman, Beasrpamm). Teopusa BuyTpenHeir reomMeTpma
mosepxuroctu (Faycc, Mmuamur, Jlmysmane, BoHHe) npmBesa K HOARBIEHUIO
reoMeTpHH MHOTOMEDHHX PHMAHOBHX LpocTpaHCTB. V3yueHme TomoJormie-
CKEX cBoiicts KpmBHX # moBepxHocreir (Iayce, Jlmctmur, Mébmyc, Pmman)
OPHEBENO0 K IOABJIEHUI TOLOJOIHA MHOTOMEPHHX MHorooGpasmii (PmMan,
Berrn); 3) NpOHEKHOBEHEE B TeOMETPHI0 ajiTe6pANIECKHX METONOB: CIOfa OTHO-
CHTCS HPExTe BCero Pa3BUTHe aare6pamdecKoil reoMeTpHE KPHBHX U HOBEPX-
pocreii ([Imoxkep, Pmman, Haefmi), reomerpmsa rpyum mnpeofpa3oBaHmil
(Pensmroasn, Hueitn, JIu), npusegmee k ompegenenmio HiuelimoMm pasmm4aumX
reoMeTpHmii Kak TeopHil HHBADHAHTOB TeX HMIM HMHHX rpyun opeoGpasoBaHH.

Ecnnm nepsas NWHEA Pa3BATAA IeoMeTpHE OHLIa B 3HAUATEJNBHOH cTemeHH
mcuepnaHa B X1X B., X0Ta HHTEPeCHHE HCCIeJOBAHUSA IO reOMeTPHHA TPEXMep-
HOTO eBKJUOOBA HPOCTPAHCTBA, B YaCTHOCTH IO HBTHOAHHUI0 MOBEPXHOCTEH,
a TaKKe IO AKCHOMATHAKe 3TOT0 IPOCTPAHCTBA, HOJYYUBIIEE 3HAYATENBHOE
pasearme B KoHne XIX B., mpogomxanncs 8 XX B., T0O OCHOBHEIM COeDIKAHT-
€M pasBHETHA reoMeTpum B XX B. CTall0 Pa3BUTHE BTOPOA W TpeThell MHHMIA.
Pacmmperre moRATHEA 0 OpocTpaHCTBEe B XX B. IPOHCXOAHIO B HECKOIBKUX
HampaBJIeHUAX, OO CYMeEeCTBY YHACIeOBaHHHX y reomerpor XIX B.: B Hadale
BeKa NOABIAETCA 00IIee NOHATHEE O TOHOJormdecKoM mpocrpaHcree (Xayczopd
A Jp.), a 3aTeM yTOYHAETCA HOHATHE 0 TOHOJOTHIeCKoM MEOroobpasnx (JI.9.Bpa-
y3P), HA TOIOJOTAYECKAEe IPOCTPAHCTBA BechbMa 00IMero THNA IePEeHOCATCA NOHA-
TEA KoM6mraTopHoi Tonoaormu [lyankape (I1. C. Anexcangpos, A. H. Hoamo-
ropos, JI. C. [loarpsarms, Ix. Anexcargep, X. Xond map.). OTkpeiThe cuer#-
AJBHON TeOPHH OTHOCHTedbHOCTH JitHmreiina (1905) BHIBBIBaeT HOBHIA HHTEpPEC
K HEeBKJIMJZOBHM reoOMeTPHAM, B Havajle BeKa HaumHaeT paspabaTsBaTbCa Teo-
MeTPHA IICEeBIOEBKIHUAOBA IPOCTPAHCTBA, ONMCHBAKIAA OPOCTPAHCTBO-BPEMS
cuenmaabHOR Teopun orrocHTenbHOCTH ([Iyarkape, Markosckmit, Kieitn, SomM-
Mepdeana), a 3aTeM TreoMeTPHSA TaJIAI€eBa IPOCTPAHCTEA, OMACKBAIOMAA IPOCT-
PaHCTBO-BPeMA Kiaaccmdeckoit mexanmk® agnness — Herorona (A. II. Horens-
HEKOB), 9YTO IOPHBOAHUT K HOABIEHHMI0 HOBHIX KJACCOB IDPOEKTHBHHX MeTPHK
(B. Basmxe, . M. 0. Commepsrnns). Euge Gonpliee 3sHaueHde 1A TeOMETPHR
EMeeT OTKDHTHe 0fIeil TeOPHE oTHOCHTeJbHOCcTH Jitmmreiina (1916): aro
OTKDHITHE BHI3KBAeT HOBHII HHTEpPEC K PEAMAHOBOH reOMeTpHH, rie Jlepn-Umsm-
Ta OTKPHBAaeT HapadaelabHHi nepenoc (1917), o3umKaer reoMeTpHEsA HCEBROPH-
MaHOBA IPOCTPAHCTBA, OUHCHBAKNIAA IPOCTPAHCTBO-BpeMsA ofImel TeOpPHH
OTHOCHTEJIBHOCTH, COBePUICHCTRYeTCA H306pereRHHA B KoHNe X1X B. TensopHEH
aganms I'. Prgun. IlonuTkE co3ganusa obmell TeOPEE HOIS NPABOJAT K OTKPHI-
ta0 npocrpancTs apdurroi ceasnoct: (I, Beiins, 1. A. Cxoyren, 3. Kapran),
a 3aTeM H OPOCTPAHCTB IPOEKTHBHOA W Komdopmuoi csasHoct® (J. Hapranm):
3TH OPOCTPAHCTBA OTHOCATCA K aPHEHHOMY IPOEKTHBHOMY U KOHPOPMHOMY
OPOCTPAHCTBAM, KaK DHMAHOBO K eBKIHAOBY; STH TEOPHHE B CBOI OYepenb
IPHEBOAAT K CO3NAHEIO 00IIero MOHATHS HPOCTPAHCTBA OOHOPONHON CBA3HOCTH.
Bosamkaer teopua guddepennmpyemrx Maoroo6pasmii (O. BeGaen, . YaiiT-
Xen), Ha OCHOBe KOTODPOH yTOYHHETCA TEOPHA INPOCTPAHCTE CO CBABHOCTAMH,
X BO3HEKAeT TeOPHs DacCCHOeHHHX mpocrpancTs. CaEBMECE ¢ TomoJormei,
Teopma ARPPepennApyeMHXx MHOroo6pasmit mopompaer AEPPepeHHAANBHYIO
ronodormo. Ha ocHOBe HIpAMeHOHEA TOMOJOTHYGCKAX METOOB BOSHUKAET
«indPepenHEaIbHEAA TeOMETPHA B I[JIOM» KaK B TPeXMeDHOM €BKIAHIOBOM, TaK
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Z B MHOTOMEDHHX H HeeBKIHAOBHX upocrpamctsax (A. J[. Anexcamppos).
3naunrenpbHOe pPa3BUTHE HOAYyIaeT LPOEKTHBHO-AAPPepeRnuaIbHasd TreoMeT-
paa (I'. ®y6mam, 3. Uex, C. II. @mumron). OcobenHo caegyer OTMETHTH
IAO0KOTBOPHOE IPHBIEYEHNE METOLOB TeoMeTpHZ mpocTpaHcTs addmmmoi
ceaA3uHOCTE K aroit reomerpum (A. II. Hopaen); Bosumraer apduuno-maddepen-
nuaasHan reomerpua (B. Basmxe, I1. A. llupoxros), kordopmuo-tuddepennn-
aApHAf TeOMOTPHA M reoMeTPHA MHOroo0pasmil, mOTpy;KeHHEIX B JPyTHEE IpPO-
CTpPaHCTBA ¢ rpynunaMu npeobpasopanmil. AnreGpamiecKne MeTOH, HAYaBIINO
nponmkats B reomerpm B XIX B., cTaHOBATCA TEmEPH OJHEM M3 OCHOBEHX
METOAOB HCCIeAOBaHHA. AnrebpamiecKas reoMeTpHA moirydaer falbHeHImee
pasBETHE M, CIHBIOIACE C TOHOJIOTHeH, HopoKAaeT aare6pamiecKyn ToIoO-
JOTHI0. JHAYATENBHOE Pa3BATAE HOXyIaeT IPAMEHEHNe K reoMeTpRE rpynn Jix.
Ha srom nyTu Bo3uEKa0T Teopusa caMMerpmieckux npocrpancts (I1. A, Hlzpo-
KoB, 9. Kapran) 7 penyxkrupaux npocrpancts (K. Hommpazy, [1. K. Pamesckuii).
Ecnm KiIaccHueCKHe IPOEKTABHASN, HEEBKIANOBH, KORPOPMHAA TeOMETPHA SIB-
IATCA reoMeTPEAME HPOCTHX Ipynn JIm, o B X X B. CTPOATCA reoMeTpHH OCTANE-
mEX npocterx rpyun Jlm (3. Mrynm, . @y6meun, x. JI. Kymamx, 3. Kap-
tan, K. lllenanne), a 3aTeM reOMETPEE W KBA3HOPOCTHIX Ipynn Jim, ua KoTo-
PHX paHee PaCCMATPHBAINCEH TONBKO €BKIWZOBA M IICEBIOEBKIMIOBH reoMe-
TpEHA, B reoMerpmd (ojiee CHOKHHX rpyun. Mmorme m3 reomerpmii mpoCTHX,
KBa3HOPOCTHX H T. A. rpynn JIm ABIAIOTCH TeoMeTpHAME Hajl aareGpamm,
YTO BHI3BANO0 HEOOXOOEMOCTE B CO3JaHMA o6me# Teopum OPOCTPAHCTB Haf,
anxrebpamu E 6olee oOmMAMM KONBIAMH; JAPYTHM CTHMYJIOM K CO3NAHHIO 3TOH
Teopum mocayxmiu pabork . 'masbepra no ocHOBaHEAM reoMeTpHH, B Pe3yIh-
tare KoropuX B Komme XIX — mavane XX B. DOABHIHCEL TeOMETDHH Haf
koHeunniMu moiamm ([I:x. @amo, O. Bebiuen), moxydmpmme HeOKHZaHHOE
IpHMeHeHAe B KOMOHHATOPHOM aHANN3e M MaTeMaTHYECKOd cTaTHCTHKeE.

Oco6o ciregyeT 0OTMETHTE BHPOCIIYIO U3 HCCIEOBAHEA IO TeOpHE QyHKI[HA
B Koume XIX B. (C. [IunKepie) m Ho TeopUHA MHTErpaJIbHEX ypaBHEHUH B Ha-
qane XX B. (I'mawsGepr) Teopmo GeckonmedHoMepHHX mpocrpancts (I'masbepr,
C. Bamax), ¢ ogHO# CcTOPOHE, ABIAOIIAXCA OFHAM U3 00EKTOR H3yI6HUA TOLO-
aormx XX 8., a ¢ Apyroii — 00beKTOM HOBO#l MaTeMaTmYecKo#l NECHUTIIMHLL,
BOBHHUKIIEH B Hadale XX B. HA CTHKE® MAaTEeMAaTHIECKOTO AHAJIN3A, TEOMETPUE
H anre6pu,— (yHKOIMOHAJIHBHOTO AHANE3A.



I'maBa BTOpas

TEOPUA AHAJUTHAYECKHX ®YHKIUNA

Mrorm passmTps TeopEm amanmrmiyeckux Pymenmit B XVIII ».

Anmapat cTemeHHHEX PANOB AJA OPEICTABICHAA (YHKITUA A PeMeHus Pas3Ho-
0o6pasHHX 3a/ad MATEMATEKE H MEXaHHKH CHCTEMATHIeCKH HCIOJb30BAJCH
Hrworornom raumnas ¢ 60-x rogos XVII B. Ograko 3asepmenne TeXHAKH OLI6-
panmif co cTemeHHHMH psamaMd magaer Ha jgomio XVIII B., Korga k cpeacream,
ynorpebasgsmemca Heoronom, npucoegmusawTea eme pAfgs Teitnopa m Jlar-
pamma. B XVIII 5. a5 npeactaBnenns ¢yuxnuil HapARy cO CTEIeHHHMH PA-
NaMHA OPAMEHAIOTCH TakyKe, IIaBHHM 0GpasoM mo mannumaTmse Jittepa, Gecko-
HEYHHE LNPOM3BENeHHs, paslioKeHHsA Ha HpocTeduMe Apobm, MHTErPAIBHEIO
mpencTaBieHEA (raMMa-QyHKHHA, SJIANTAYECKAEe HHTErPaik), a TaKKe He-
npepHBHEe (HeNHEE) po6H.

Crposa aHaINTHYECKTE BHIPAKEOHAA N3 JIeMEeHTaPHHX YHKOWHA OHOTO WM
HECKOIBKEX NEePEMEHHHX NOCDPEICTBOM CJIOKEHWs, BHYATAHUA, YMHOXKEHUA
7 JelloHNsA, BOBBHINEHAA B CTEIeHb M W3BJIEUEHUs KODHSI, PEIIeHHA yPaBHe-
Huit (anrefpandecKNX) M MHTErPAPOBaHUA, Jilliep B eT0 COBPEMOHHHUKH JIOJIK-
HH OHJIH mONYyYaTh QYHKOUHN, AHATATAYECKHE BCIOAY, 34 NCKIIOYCHHEM H30JIH-
POBaHHHX OCOOHX TOUEK, B OKPECTHOCTA KOTOPHX (YHKIUH Bee e JHOIyCKAIH
PA3IOKEHAA B CTeIeHHON pAA (ComepsKamupi#l APOGHEE W OTPHHATEILHEE CTe-
nern). Bor nouemy, nogmMan QyHRNEIO Boo6Ime KaK aHATATHYECKoe BHIPayKe-
HE€, OHH EMEJIH A0CTATOYHOE OCHOBAHHE CIATATDH €€ aHAJHMTHUYECKO! PyHKIHeH.
(DaKTH EHHOrO POJIa, Ile AHAIATHYECKOE BHIPA’KOHUE, HanpUMep B BHMAE CXOAA-
1erocsA pAga 3JIeMeHTaPHHX (YHKIRH, OPeACTaBIsIO0 HeaHAIRTAIECKYO (yHK-
N0, ABISIACH HCKINYATEABHHIMA B OPAKTAKE MAaTEMATHAKOB TOr'0 BPEMeHH
(rpmroHoMeTpmieckme psagu y J. Beprynnnd); stH «ECKIH0YeHAA» MaTeMaTHde-
ckmit ananzs X VIII 8. me MOT 0XBaTHTE W, KaK IPABHIO, HE CUMTAJI HYKHEIM
OrosapmBaTh. AHAJNNTHYECKH UPEACTABEMHE QYHRIWA CyTh (QYHKIHHM aHa-
INTHI6CKAEe — BOT ONHO M3 OCHOBHHX (He CHOpMYIHPOBAHHHX, BIpOUYEM,
UMEHHO B 9THX TepMHHAX) HOJOKeHMiA MaTeMatmuecKoro amammsda XVIII a.;
OHO MOJYaJINBO TPA3HABAJOCH ¥ MOYTH BCOMHA MATEMATHKAMH LIEPBOH YeTRepTH
XIX 8. B xorme XVIII 8. ono 6suro npunato Jlarpamskem B KadecTBe HCXOf-
HOH TOUKH AJIs TOCTPOEHHWA AUPPEpeHNHAILHOTO M HWHTETPAJBHOTO HCIHCIe-
BEA (¢Teopma amanmrmaeckmx ymrmmity, 1797).

[lpyEnunnanbEO HOBEIM MOMEHTOM B MaTeMaTHdeckoM amHaamade XVIIT B.
ABJISIOCH ACHOB30BAHMAE KOMILIOKCHHIX 3HaYeHU He3aBACAMOTO IePEMEeHHOTO.
B camoM mawame mepsoro toMa «Bmenemms B amanms Gecromewmrrx» (1748)
Jiinep MOMIEPKUBAN, YTO «/[ajke HYJIh W MHUMEC YHCIa He WCKIOYAIOTCH U3
BHAUEHMH MePeMeHHO# BeJMIMHED, W Jlajee HaBajd MHOKECTBO IPEMEPOB ILIO-
JOTBOPHOCTH TAKOro NIMPOKOTO TOJIKOBAaHWA NepeMeHnoit. Takmm ofpasom,
HepPeMeHHasl BeJIHYWHA 3flech y Jilimepa ABIAIACH KOMILIEKCHOH mepeMeHHo.
Jl060onEITHO OTMETETE, YTO BO BTOPOM TOMe, IJfie IePEMEHHON BelWuMHEe IpH-
JlaeTcs reoMeTpw9ecKOe MCTOJKOBAHHAE, IOHATHE 0 Hell CymBaeTcs Ko o6meMa
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meiicrsuTenbHOM mepemernnoi 1. [Tourn yepes 30 meT mocle Borxoxa B crer «Bre-
JeHHs B ananms GeckoHeunwx» Jlarpamk B mACEMe K HTAIBAHCKOMY MaTeMa-
tury Jlopubsa ot 20 meraGpsa 1777 r. mMenl ysKe BeCKHe OCHOBAHMA TOBOPHTE:
«OgHEM ©3 BayKHEHMHUX MIATOB, CJeITaHHHX aHAJIW30OM B HOCJIeXHee BPeMH,
A c4ATAI0 TO, UTO ero Golee He 3aTPYAHAIT MHAMEIC BEIMYAHH A 4TO BEIHCIE-
HEA C HEMJ OPOUSBOMATCA TaK e, KaK 7 ¢ [eACTBATEIbHEME BeJIAIHHAMD) 2,

Tpymamm 3iinepa TeopuA 3IEMEHTADHHX (YHKOAA KOMILIEKCHOTO Iepe-
MEHHOT0 IOAYydYWiIa HOJHOE pasBHTHE M 3aBepmenme K cepegmpe XVIII =.
Jdilep cymecTBEHHO PACIIEPHI TAKKe NPUBKYHHA Ha60p aHAIATEIZECKAX
¢yuKumit, BRefg raMMa-Qymnruumio, Asera-QyRKIUWI0, TFIHEApHIecKHe (PyHK-
OHH, W YCTAHOBHJI OCHOBHEE COOTHOIUGHWA AJAA HEX # AIA QYyHKOHH, yKe
BCTPEUABIMAXCH y JPYTHX aBTOPOB (JIAOTAYECKH® MHTOrPAJH, IPOCTeAIImRe
¢ynknun tEma teta-pymkumii). Ilpasma, mce aTM HesIeMeHTapHEIE PYHKIUH
OH paccMaTpHBAJ, KaK IPABEJIO, TOJABKO JJIA A6l TBHTENBHLIX 3HAUYCHHA He-
3aBUCEMOTO HEOPEMEHHOTO.

Benex sa Hmk. Depuynmm Oiinep ycraHosmi, 4r0 ypasHeHHe Ou/dx =
= (Jv/dy ABIsercA ycJOBHEeM, UpH KotopoM vdr + udy ects momamii gudde-
pennuaa meKoropoil pymrimu (cm. IM, . 3, c. 342). amaMGep mepsemM, a 3a
HuM 7 Jilllep B CBASH C 3aJa4aMd TEAPOMEXaHHKYM OPHIIA K cHCTeMeé ypaBHE-
HEH

du v ou ov
T W T o @)

¥ NOAYYWIW NAPH PENICHWH 9TOW CHCTEMH B BHJE AeHCTBETeNAbHON W MuumMmoh
gacTeil apanurayecKoil dynkumm f (z) = u + v KOMIVIEKCHOTO NEPEMEBHOTO.
IIpm sroM mMerHO B paboTax Jiliepa BHABIAETCA OOIEIA XapaKTep 27010 pe-
3yJbTATA, TAK KaK JIJIA HoJydeHUs U A v oH Geper B KadecTse f (z) He OTHEIBHEIE
snemenrapune ¢yarnmu, kak Hamambep, a o6my0 apaddTHIeCKyH0 QyHKIHIO,
3aJAHHYK CTEIEHHHM PAIOM C JIOGHMHA (IeACTBETEILHHME) KoodPunmervamMa.,

B paGorax mo muTerpamsHOMy ucuucienmi0 (monoxentl [lerep6yprckoi
arafeMnn HayK 8 1777 r. m ony6amkoBann 8 1793 m 1797 rr.) Sitnep ycramo-
BHWJI PaBEHCTBO

Sf(z)dz:S(udx—vdy)+iS(vdx+udy),

rae f (z) = u + iv. He xBarano Toasko mpencraBiaenms o6 muTerpamax or
(YyHKIEE KOMIJIEKCHOTO IEPEMEHHOTO, BHIHCIGHHHX BJOIb HEKOTOPO# Kpm-
BOM, YTOGH yBHOETH 3eCh HHTErPAIbBHYI0 Teopemy Homm o mHesaBmcuMocTH
EHTerpaja 0T OyTH HHTEerPAPOBAHHES.

IMonpaysick moclemAAM COOTHOMEHWEM, Jiijlep BHOBH IOKAa3als, 9TO meict-
BUTeNbHAS W MHAMAasa 9acTH (aHAJIHTHIECKON) (YHKIMA KOMIJIEKCHOTO Iepe-
MeHHOTO ynoBiersopsior vpasuenuaM (1). KpoMe toro, on Boeperie mCIOAB30-
BaJl IpPAEM OTHEJEHUs JIeHCTBATEIBHON I MAAMOHR YacTell B MHTETPaJIeé OT KOMI-
JeKCHOA (YHKIHHA I BHYHCJIEHHA HHTETPANOB OT AEACTBUTENHHEX (yHKUTA
(cMm. UM, 1. 3, c. 365—368). IMernHO 3TOT IPHEM HOCIAYKEAI B WOCIEAYIOMEM
OTHPaBHEIM HYHKTOM B Hcclefosanuax Homm.

Haxonmen, Jiinep B cBsasm ¢ 3afaveil 0 mOCTPOoeHMHA reorpadmIecKHX Kapr
H3y9aja 3a7ady KoHPOpMHOro oTo0pakeHEA mOBEePXHOCTeH B 06meil mOCTaHOB-
Ke W ECOOJB30BAN A 9TOH Ned” KOMIIeKCHOEe IepeMeHHoe.

B mccnemosarmax Jitnepa, a Taxkxke lanamGepa m mosgaee Jlarpamxka, cBA-
BaHHHX C PAa3IAYHHMYA OPAMEHOHHUSMHA KOMILIEKCHHX 4FCe] K PeIenuno 3aad,

1 Cp.: Maprywesuw A. OCHOBHEIC NOHATHA MaTeMATHICCKOr0 AHAJH3a M TeODHE QyHK-
nmit B TpyAax dinepa.— B ku.: Jeomapx dimep. M.: Max-s0o AH CCCP, 1959, c. 119,
2 Lagrange J. L. Oeuvres. Paris, 1892, t. 14, p. 264.
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GopMyINPYEMHX HENOCPEACTBEHHO B TePMUHAX JeNCTBATEIBHEX YHCEN, KOMI-
JeKCHHE YHCJA BHICTYNAIT OOKYHO KaK NapH AeACTBUTENLHEIX YUCE], AMe0-
IMAX OOpEieTeHHNA KOHKPETHHHA CMBIC], HAXPEMED KakK maphl, COCTABIeHHEE
a3 aGCOUCCH W OpPJIWHATH TOYKH Ha ILNTOCKOCTH, N3 NPOOKIAA CKOPOCTH JaCTHILH
JKHAKOCTY Ha KOODJWHATHHE Och miau napH ¢ynknmit. Takmm o6paszom, pasnng-
HEI® KOHKPETHEE FHTEPIPETANTA KOMIJIEKCHEIX IACe] (B 1aCTHOCTH, TreOMeTpH-
4ecKas) OCBAMBAIOTCA B MaTeMaTHKe HauumHasA ¢ cepenmmbi XVIII B.

Onnako 3geck OTCYTCTBYeT eme B SBHOM BH€ HATIANHOE IPEICTAaBJIeHTE
0 KOMIIZIEKCHOM IePEeMEeHHOM KaK 0 BeKTopDe IR 0 TOYKe, HepeMemaonieiica oo
IJIOCKOCTH, a TaKKe OTCYTCTBYeT HATAAKHOEe HCTOIKOBAHW® omepaluil Hajg
KOMIJIEKCHBIMH JHCIAMH.

PesoMupys, MokHO cKasath, uTo B XVIII B. Gua Hakounen oGmEpHEIR
daxTAUeCKHl MaTepHad AJNA DOCTPOEHHA TEOPHHW JHANATHYECKHMX (QYHKITA R
BHABJEHA ILIOKOTBOPHOCTh WX M3YUEHWsI KaK (yHKIAHA KOMIJIEKCHOTO Iepe-
MeHHOTO. U oCHOBHYI BeIyIyIO POJXbL B 9T0# paGore mrpan Jleomaps Jirmep.

PasraTHe KORenupm KOMIIEKCHOro HCAA

B pansmefimieli mCTOPAX TeopMH AaHANATHYSCKEX QYHKIHH CymeCTBEHHYIO
Polb Wrpajio pasBUTHE W pPaCOpOCTPaHeHHe IPEACTABICHWII 0 KOMIJIEKCHAIX
Yhcaax KaK 0 BEKTOpaX HIH TOUKAX NiocKocTh. BeckMa 61m30K K TakuM npef-
crapaenmsaM Our Jinep B Tex paborax, IJie OH DEPEXORUN OT 3aNHECH KOMILIEKC-

HoOro wncaa B BHuAE & &= )/ —1 y X TPATOHOMETPHEYECKOi (OPMe KOMIIGKCHOTO

amcina s (cos ® &= | —1 sin ®) (manpEMep, B THIPOAKHAMEYECKEX HCCIEL0BA-
HEAX, BHOOJHEHHKX oKoio 1755 r.). B pa6ore «O npencrasnenmu cdepumaec-
Ko#i morepxHOCTHE Ha miuocKoctmy (1777, 1778) (em. IIM, 1. 3, ¢. 170) om mepe-
XOAAT OT TOYeK (, y) HAocKocTH (reorpafmiecKoil KapTH) K KOMILIOKCHBIM
qhcliaM & + iy, BHpa)KaeT HOCAeqHEE YePe3 A0JAT0TY B IHPOTY ToUeK cfepml,
a 3aTeM CHOBA BO3BPAMAETCA K K/,OPAHHATAM X H Y.

Opaakxo B ABHO# W cEcTeMaTHYeCKoil fjopMe reoMeTpmIecKoe H300pasKeHmo
KOMIUIEKCHEIX YUCeN B BEAEe HAIPABIGHHEX OTPE3KOB M COOTBETCTRYIOM[EE HC-
TOAKOBAHZe ReHCTBUIA HAJ HEME BIEpPBhie BCTPeYal0TCs B paboTe MaTCKOTO reo-
mesucra K. Beccema (1745—1818) «O6 amaianTAYeCKOM NpelCTaBIeHWH Ha-
mpaBieHHAs», HamedaTaHHOH Ha jJatckoM sAswke B 1799 r. (Om directionens
analytiske Betegning, et Forsog anwendt fornemmeling til plane og sphaeriske
Polygoners Oplosning.— Danske Vid. Selsk. Skr. N. Samml., 1799, 5).

K comanenuo, 9T0 COYMHEHMO CBOGBPEMEHHO He OHIO 3aMedeHo MaTeMa-
TAKaMH ¥ €To cofepsKaHWe GHIIO OIeHeHo Io pocTomHCTBY ammb 100 ger cmy-
cta (em. UM, 1. 3, ¢. 63—65).

FeoMerpmaeckoe mpefcTaBjIeHEe KOMILIGKCHHX 4qmcesa OHIIO PaCCMOTPEHO
raxxke B paborax ¢Ppammysckoro a66ara A. Bioos (1748—1826) m meeiinmapma
K. Aprana (1768—1822). PaGotu »1H, oTHOCcAmHmeca k 1806 r. m mammcan-
HEI¢ HezaBHECEMO oT Beccens, Takke 0CTABAIHCH HOJIroe BpeMA MaJOA3BECT-
HEIMH, BO BCSKOM CIyYae HEJOCTATOYHO BJIUATEIBHHIMIE, €CJIH MOKHO TAK Bhl-
pasEThea. Y 970 HecMOTDPA Ha HMONEMHKY Ha CTPAHHUNAX KypHajia «Annales
de Gergonne» (1813—1815. T. 4—5), su3sannyw nybaAKanmeil B 9TOM Kyp-
nane B3amerkm . @. Dpance (1775—1833), npzEmenamero K <cXOOHEHM
HieAM. ApPrad BHCTYOMJ B 9TOM jKypHajle IO yKasaHHOMY HIOBOAY JBa pasa,
BOCCTAHABJINBAA CBOM NPHOPATET B BOCHPONIBOJIA ¢ HEKOTOPHMY Y TOYHEHHAME
KpaTKOe I DJIeTaHTHOE NOKAa3aTelbCTBO OCHOBHOM TEODPEME BHICLIEH aareGpH,
mpenoxenHoe mM B paGore 1806 r. Bo Bropoit m3 cBomx saMeTok Apra=,
B YaCTHOCTH, BBEJ TEPMEH «MOyJIbh KOMILIEKCHOTO UCIAa a + bi» B ero coBpe-
MennoM 3HadeHzd (cm. IM, 1. 3, ¢. 65—67). Tepmun aror somen Bo Bceobmee
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yoorpeGaerne 6marofaps ToMy, YTO MM CTal moJabsoBathesa Homm naumnas
¢ «Anre6pamueckoro amammsa» (1821).

Bupouem, B nepsoit verseptd XIX B. MHOrme MareMaTEKE GHIHE BechMa
6IM3KE K TeOMEeTPEYECKOMY LPEJICTABICHHI0O KOMIIOKCHHX 9Ymcel. BceoGmyo
A3BECTHOCTE M UPH3HAHUE HPE/CTABICHFE KOMIJIEKCHHX 9HCE]I B BHAE TOUOK
mnockoct® monyduino ¢ 1831 r., xorma 6maa omy6amkomama pabora Iaycca
«Teopua OHKBagpPATHUIHHX BHUYETOB», BKJI0OYABHIAS OGOCHOBAHWE KOMIJIEKC-
HHX 9ACe] M WX TeOMEeTPHUYECKYKW HHTepuperanmio. laycCy OpHHAINIEKAT
CaMHIil TePMIH ¢KOMIJEKCHEe UHCIa». B cpomXx HeomyOamxosamHHX paboTtax
TI'aycc obrapy:kuBaer BIaJleHA® TeOMETPHAYECCKAMH OPECTABICHAAMA KOMILIOK-
CHHX 9YHCe] HaUYMHAA C IHOMecKoro «lHepauKar.

Ha rpanm XVIII 7 XIX cromernit cTouT moKTOpCcKasa quccepranms [aycca,
TOCBAIMEHHAA JOKA3ATEJIBCTBY TAK HA3HBAeMOM OCHOBHOM TE€OpPEMH BHICHICH
anre6pu m HaneuaTannaa B 1799 r. IIpm srom Fayce mmporo mcnonnayer reo-
MeTpHUeCKHe IPeJCTaBIeHHAsNA, CBOAA HpoGieMy K NOKa3aTelbCTBY CYIIECTBO-
BaHAA TOUEK IEPEeCeIeHHs OompefeSeHHHX anrefpamdeCcKEX KPUBHX Ha ILIOC-
KocTH. [{okasarenbcTBo 3TO, OCHOBAHHOE Ha BEPHOM Tiee, OJHAKO, AaleKo
He OeaympedHo.

IMosamee T'ayce HeomHOKpPaTHO Boanpamancn K 3ToH TeopeMe, upngas e
$opMyIEPOBRY, CTABIIYIO KiIacCHYeCKoil (kaskAoe anrebpamieckoe ypaBHEHHE
CTEIeHH He HWKe NEPBOM EMeeT IO KpaifHell Mepe OfHH KODEHB, JEHCTBATEN Db~
HHIl AIM MEAMHH), U Ipepgaras ApyrZe HokasaTenbCrea ee®. Tax massiBaeMoe
TpPeThe JI0KazaTeNsCTBO (omyGamropano B 1816 r.) xors m manoxeno Gez nps-
MOT0 HCHOOJB30BAHHAA KOMIIEKCHBIX 4UCEN K reoMeTPHIeCKMX IpPeACTABIEHHIT,
10 CYTH fe]a JaeT HpEMep NPAMeHeHUs IPHHIANA apIyMeHTa K OCHOBHOH Teo-
peme BHCIueil anre0OpH 4.

CHOKHBIA B IoATHA TYTH K TeOMeTPAUYECKOMY HCTOJKOBAHAIO KOMIIJIEKCHEX
grcen nponenal Homm. [lonmManrme MM KOMIIEKCHEIX YHCEN MEHSJIOCH IOYTH
HA IPOTA:KEHHH BCell ero TBOPYECKO#l HeATelbHOCTA. B «AnrebpamgeckoM
aganuzey (1821) om oTHOCHT ¢<MHEMEIE BHpasKeHEA» (T. €. KOMIIEKCHEIE ACIA)
7 ¢MHOMEEe ypaBHEHEs» (T. . DPaBEHCTBA, COJEPIKAII¥e KOMIICKCHLIE THCIA)
K paspAjy CEMBOIMYECKAX, MOHHMAM IO HOCIETHHMHE TaKHe, KOTODHE «B3fA-
g5e GYKBAIBHO HEe TOYHH WY JIMOIEHH CMHICIA, HO M3 KOTODHIX MOKHO BEIBO-
JAATEL TOYHEE Pe3yIbTaTH, MOTEGANAPYS B MeHSA 10 OIPEeTeHHEM NPAaBAIaM
am6o caMH ypaBHEHHsA, JA60 CHMBOJH, B HEX cofepskammecs» 8. On yrognser,
9TO ¢BCAKOE MHAMOE yDABHEHEE — 9TO TOABKO CHEMBOJIHYECKO®  IPEJiCTaBie-
HEe IBYX YPaBHeHEH MEXIY ABYMA AeHCTBATEILHEIMA KOJIAIECTBAMMY,

ITourn gepes ueTBepTsh Bexa Homm BHOBE ofpamaercA K BHSACHEHMIO HOHS-
THA KOMILTeKCHOro 9mcia. CooTBeTCTBYIIIAe CTATEH cofiePKaTcs B COOPHEKAX,
o6befMHEeEHHX OOMMAM HABBAHHEM «Y IPa)KHEHUA II0 aHAIH3Y X MaTeMaTHde-
croit pusmre» (Exercices d’analyse et de physiquex mathematique. Paris,
1840—1847. T. 1—4), 8 «Oeuvres» oOHm 3aHEMAIOT COOTBETCTBEHHO IETHIPE
roma (XI—XIV) sropoii cepur. Tak Kak HaM DpHAETCA HEOAHOKPATHO CCHI-
JaTLCA Ha HHX, MH 6ygeM KOPOTKO Ha3KBaTh XX Hpocto «¥Yupaskuenmsa» (Exer-
cices) ¢ yKazaHEeM ToMa X rosa nepsoil mybnzramun. B «Memyape o pyrromax
mEAMHX nepemenawx» (Mémoire sur les fonctions de variables imaginaires.
Exercices, 1844. T. 3) oH moBTOpsET HPEKHIO KOHHENNWIO, CCHIAACH HA
«Anrebpamyeckumit ananus». B npoMeRyTKe MEKOY STEMH JBYyMa paboraMm
Homm poxasan TeopeMy 0 He3aBHECHMOCTH HHTErpalla W0 OyTH HHTErpHpoBa-
HES, DOCTPORI TEOPHI0 BHUYETOB C €6 HPHIOKeHUAMHA, NOTYIAN HHTErPAIBHYIO

3 Cm. Hu. 1, c. 46—49.

4 Cp.: Mapxyweau-c A. PaGorer Taycca mo mMaremarmuecKoMy aHammsy.— B xu.: Kapn
d)pnnpnx Taycc. M.: Mzp-Bo AH CCCP, 1956, c. 185—187.

5 Cauchy A. L. Oeuvres complétes. Paris, 1882 sér. 2, t. 3, p. 153.
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0. KOmH

$opMyny m U3 Hee BHBEI Pa3loKeHHe B cTemeHHOH psanm (000 BCEM 3TOM CM.
HIKe). V] Bce jKe 0H He nepecTaeT HOKYEPKHBATH, UTO MHAMEE IHCIA, ¢IOHH-
MaeMHe OGyKBAaABHO B HCTOIKOBHIBAEMEIe COOOPA3HO ¢ OOMIENPHEAATHME YCIO-
BHAMHE, He 0(G03HAUAIOT HIUero ¥ He EMEOT cMucia. 3uak ) — 1 ABisercs
HEKOTOPHIM 00pasoM TOIBKO OPYAHeM, HWHCTPYMOHTOM BHYECIEHHA...» 5. Bume-
CT€e C TeM OH IPOJ0JIKAeT HCKATh HHOE, CofePKaTeIbHoe IOHAMaHue KOMILIEK -
EHX gdcen. TakmM DoMCKaM IOCBAMIEHO HECKOABKO paboT, IOMEIMEHHKX B 96T~
BEPTOM TOME «¥Y IPayKHEHMIN , myOIHKOBAaBIIEMCH BHIyCKaMu HaumHas ¢ 1847 r.

B «Memyape o Teopmm anare6pamdecKHX CPaBHEHMIA, 3aMEHSIOMEH TEOPMIO
mammux» (Mémoire sur la théorie des équivalences algébriques, substituée
A la théorie des imaginaires. Exercices, 1847. T. 4) Homm npepnaraer pac-
CMaTPHUBATh i KaK «IeACTBUTENLHOE, HO HEONPEIENICHHOE KOAHIeCTBOY, a KajK-
J0€ ¢MHEMOE YPaBHEHHe» KaK IOJMHOMHAJILHOE CPaBHeHMe I0 MOZyaw iZ -+ 1.
Hanpumep, npasdio yMHOMEHHA KOMIVIEKCHBIX YHCe], 3aNACHBAEMOE® HM
Temeph B BUAE

(@ + Bi)(y + 6i) == ay — P& + (=8 + Bv) i,
03HAYaeT 3A4ech NWIb TO, 4T0 Pa3HOCTH ABYX MHOTOYJIEHOB ClIe€Ba H CIpaBa
OT 3HaKa CPaBHEHHS = pgelHmTCA Ha i% + 1.

Taxmm o6pasom, Komm 3jech CTPOMT IoJe Pa3iOKeHHS MHOTOYIEHA, HE

mpeAmonaras 3apaHee CYIECTBOBAHUSA HOMA KOMILTEKCHHX 4mcen. B ofmem
BHUJ® TaKylo KOHCTpyKnmio ocymectsma JI. Kpomexep 5 1882 r. Bupouem, Ty

¢ Ibid., p. 361—362.
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’Ke WIeI0 MOKHO YyCMOTDETh eme BO BTODOM JloKadaTteabcTBe I'aycca (1814—
1815) “.

B xomne KoEmos Homm ocTanasimBaeTcA BCe )K€ HA TeOMETPEYECKOM IIpeJi-
CTaBIEHUH, 0T/laBas eMy OPeAMYINECTRO NePe NPeANIYIAM, aarebpaudecKaM.
Nmenno B «Memyape o reoMerpmueckzx Koamuectsaxy (Mémoire sur les quan-
tités géométriques. Exercices, 1847. T. 4) on, oTMeTHB CBOMX Ipe/IIECTBEH-
HHKOB T cpef® aux Bos u Aprana (oguaro I'aycca on 3nech He nasmiBaer), npen-
NaTaeT «IO0Cjde HOBHX M 3PEIHX PasMHIINCHTID... MOIHOCTHI0 OTKA3AThCH OT
sraka |/ —1 m 3aMeHHTH TEOPHI0 MHHMHX BHDAKeHHH TeopHell KOIHMYECTB,
xoTtoprie Homm HasriBaer «reoMeTpmaeckmMm». [Ipm 510M reoMerpmiecKoe Ko-
NWIECTBO Tp ABIAETCA BOKTOPOM C JJIMHOM r (HassBaeMoil MOmyaeM) W IOJApP-
HEIM yIJI0M p (aPTYMEHT WINA a3HMYT).

Buopouem, B samMeTke «O reoMerpmaeckoM KonmaecTse i = 1,/ W 0 mpHBeme-
HEZ 1060r0 reoMeTpEYECKOTo KolmuecTBa K BHAY Z -+ yi» (Sur la quantité
géométrique i = 1y, et sur la réduction d’une quantité géométrique quel-
conque a la forme z + yi. Exercices, 1847.T. 4) Homm Boccramapimsaer
OPEBHYEYID (OPMy KOMILIEKCHOTrO Ymciaa. [[pZ 9TOM OH HaBHBAET reoMeTpHIe-
CKoe KoamdectBo T + yi apdmrcoM tourm A (z, y).

YuoMsHeM eme HOMEMEHHYI0 BCe B TOM JKe 9eTBEPTOM ToMe « Y IPaMKHEeHUID
aaMetky «0 ¢yHKOEaAX reoMerpmueckmx koxmiects? (Sur les fonctions des
quantités géométriques). Ecam z = z + iy — adpdurc mogsmxHo# Toukn A B
Z = X 4+ iY — addurc gpmrynieiicsa Touxn B, 1o «Z KomkHO cuBTaThed QyHK-
n@eii z, Korja 3Hadende z onpenensier suadenme Z. Ho ansa atoro gocrarouso,
91065 X 1 Y Gmam onpeferenHHMA fyrKrouaMA £ ¥ y. Torpa Taxske momoxe-
HEe ABIKymeicsa Touke A 6ymeTr onpeeasTh BCerja NOJI0MKEHAe JBIKYIIeica
TouKk® B» 8.

Urax, Komm ysakonm 3eck, HaKoHEI[, HATIAMHOE OpejcTaBlenne o0 fyaK-
HUZ KOMIJIGKCHOTO IEPEMEHHOT0, KOTOPHM OH (aKTHYeCKH (He BIOJHE OCO3-
HAHHO) HOJBL30BAJICH B CBOMX IPeJHAYMHAX HCCIEHOBAHHAX H KOTOPOE, Kak
YBEAEM HEKe, NPEACTABIANOCEH BIoNHE ecTecTBeHHEM I'ayccy eme B 1811 r.

KoMmiexcHoe mHTErpHpOBaRNe

HanGonrmee 3nadenwe A IOCTPOGHHA OCHOB TEOPHA AHAIATAIECKAX
(PYHKITA KOMILIEKCHOTO ISPEMEHHOT0 HMeNH HCCIeHOBAHHUSA, B KOTOPDHX IDH-
MEHANNCH W PA3BHUBAJACEH HUIEPOBH METOAH BHMYUCICHHA OUPENEONCHHHX HH-
TErpajoB ¢ ACHQIb30BAHAEM KOMILICKCHOTO IePEMEHHOTO,

Jlanmac 8 nuriae pabor, HaumeEawmeMcs ¢ «MeMyapa o IpHEGIEKeHRAH Pop-
My, ABIAMEAXCA (YAKOAAME BeckMa Oonpmmx uncem» (1782—1783,
1785—1786) = 3zamepmawmeMcsa «AHaJATEYeCKod TeopHeil BeposTHOCTEH»
(1812; cm. UIM, 1. 3, c. 148—150), passmBaer MeTosi PelIeHNA NHHEAHKX pas-
HOCTHHX H AuPepeHINaTbHHX yPapHeHAHA, OCHOBAHHHIN Ha 3aMeHE HEH3BECT-
Holi (yHKmEE y (s) mETerpamamMm Bmma | @ (z) 2*dz mim [ @ (2) e=dz, rme
@ (r) — HoBasa HemsBecTHas (yHKOHA. 37eChb MH BCTPedaeMCs CO BHAMEHH-
TEIM npeoGpasoparmeM Jlammaca. YKasaHHEE HMHTErpalsl OepyTcH MeKAy
IpefienaMH, yAOBIETBOPAIEMA HEKOTOPOMY YPABHEHWIO — YPaBHEHHIO mpe-
JenoB, Boo6me Heanrebpamaeckomy. Hepeqko KopHE 3T0TO ypaBHEHHA OKAa3kHI-
BaIOTCA MHEMHIMH, 8 ZHOT/IA U BOBCE He CyIIeCTBYIOT, UTO He MemaeT Jlamiacy
TOBOPHUTE 0 HUX, Kak 0 MEAMEX (rpaganusa X VIII seka!). B mocnexmem crygae
pPeub miaer, BupodeM, o0 yKasaHAH TAaKHX CIocoGoB CTpeMiIeHHA K GecKoHEeIHO-

7 Cu. craThio: Bawmaroea M. I'. O gorazaTenbcTBe 0CHOBHOX TeopeM anreGpe. — UMHU,
1957, Bum. 10, ¢, 257—304, a taxxe Ku. 1, c. 49.
8 Cauchy 4. L. Oeuvres complétes, sér. 2, t. 4, p. 309.
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CTH IePeMeHHOI'0 MHTeTPAndHA, HPH KOTODHX JieBad 4acTh «yPABHEHHS Lpeje-
a0B» cTpeMHTcA K HYdio. Tak, HaIpAMep, eCJd ypaBHeHHe LPeJIesiOB AMeeT
BEJ e = (), TO B KadecTBe IpeJeJOB MHTerpaja Gepyrca £ = — 00 A T =
= - co, mpuueM HHTeTPAPOBAHMe BeJeTCA BIOJL JeHCTBUTENLHOH OCH (Hid
BIOJb KPHBHX, ACHMITOTHYECKH K Hell IpHOAMKAKINXCA). B Apyrax caygaax

Jlannac monaraer x = — p + © ]/——1 ¥ M3MeHAET ® OoT — ©O JO —+ 00, UTO
COOTBETCTBYeT MHTEIPHPOBAHMIO BJOJb HPAMOil, Hmapa/ieJbHOR MHHMOM OCH.
ITonyunp mETErpasitl ¢ <(MHAMEIME npefleiaMiy, Jlamnac nogBepraer AX pasama-
HEM Opeo6pasoBaHAAM, OCHOBAHHEIM Ha 3aMeHe IePeMeHHOI'0 MHTerPHpPOBa-
HHAA, W HPAXOAUT K HHTErpajaM OT JeHCTBUTENbHHX (YHKOUA AeHCTBATENb-
HOro mepemenHoro. Jlammac orMedaer, 9T0 IepeXOAH OT AelCTBUTEIBHOILO
K MHEMOMY HO3BOJMWIM €My HAHTH 3HAYeHHA MHOTHX OIpeleeHHHX HMHTerpa-
JIOB, X OLI@HHMBAGT POJb ITHX IEepPeXOJ0B KaK CBOEro PoJa MHAYKIHIO, HpH3HA-
Bag HeOoOXOQHMOHN MOIOJHMTEIBHYI0O IPOBEPKY pPe3yibTaTOB, MOJyYaeMHX Ha
aToM nmyTtH. OH yka3uBaer, 910 Jiljiep OJHOBPEMEHHO ¢ HMM HCIOJb30BaJj Ie-
PeXox OT JefCTBHTEIHbHOT0 K MHUMOMY J[Jifi BHYACJEeHHA MHTerpajioB, HO 4TO
IOJyYeHHHNe OJiliepOM pesyAbTATH BHILIM B CBeT IO3JHEe COOTBETCTBYIOIIAX
pesyapraTos Jlanaaca.

B «Ananmtnueckoii Teopmn BepoATHocTei» Jlamaca BoepBHe BCTPeUAlOTCH
BHpa)KeHHA K0dQ(YUOMEHTOB CTENEHHOIO0 PAJA dYepe3 MHTeTPAJH OT CYMMES
PAfa, B3ATHE N0 OKPY/KHOCTH B KOMIIEKCHOH IVIOCKOCTH (BIHpodeM, caM Jlam-
Jlac He HOJIb3yeTCA reOMeTpMYeCKUM A3HKOM). A HMEeHHO, 3aMeHAA B PABeHCTBE
U=yo+ ¥t + %+ ..+ YUl Yl + .+ Yot™ (rar Jlamnac
3aIACHBAeT CTEIeHHOH pAA) t* Ha eoV-1, 1, o.monaras t = eoV-1, yMuOKaS
06e uacTh paBeHCTBA Ha e~*°V~1J® n HETErpAPYs Mo ® o1 0 70 27T, OH MOIyIaET

Yo = 21—“3 U do (cos 20— J —1 sin 2w),

raie U — peaynabTaT mojcTaHOBKH ¢ = e9V-1 B BHIpaskeHHe A CyMMH DPsfa.
OuermaHO, uTO0 MHTErpaJ B MPABOi 9aCTH eCTh
1 Udt
2ni S JrIS i

=1
T. e. fopmynn Jlanaaca copuagaioT ¢ HO3Hee BHBEJeHHHEMHU HHTeIDAJbHEIMRE
¢popmynamm Homu mnA KodPPHMIMEHTOB CTeNeHHOro pPAA.

ITpameuarensuo, gro Ilyaccom, caM wmcmoansoBaBmmii, ciefys OJiinepy,
MeTOJ[ «Iepexo/ia OT AeHCTBUTeNBHOI0 K MHUMOMY», YKasuBaeT B 1815 r., uro
Iepexo]] 9TOT MOKeT IPHUBOJIUTH K HeBePHHIM pPe3yabTaTaM IIOTOMY, UTO «aHa-
JUTHYeCKOe BHPaKeHMe MHTerpajia He BCerZla PaBHO cymMe HuddepeHmAaIoB)
(dIpomommenne Memyapa 06 ompefieienHhX mATerpanax» (Suite du mémoire
sur les intégrales définies.— J. Ec. Polyt., 1815, 17)). Bosnukamoioue sgech
BOIPOCH OH noApoGHO paccmarpusaer B pabore 1820 r. «O6 mmrterpaiax or
¢yHKOuit, Kotophe obGpammaloTcd B GECKOHEUHOCTh MEKIY npefelaMd HHTe-
IPEPOBaHUA, X 06 ymoTpeGieHul MEUMHX NPH BHYUCI€HAN HHTerpagos» (Sur
les intégrales des fonctions qui passent parl’infini entre des limites del’inté-
gration, et sur 1'usage des imaginaires dans la détermination des intégrales
définies.— J. Ec. Polyt., 1820). Ananusupysa ¢opmyny

b
(1 (@) dz=1®)—1(),

Ilyaccon 3aMeuaer mpesk/ie BCero, 9T0 OHA MOKeT IPHMBeCTH K ommOKaM, eciIm
f' () ob6pamaerca B co. Ha aro eme pampme ykasmBaa Jlarpamx, mpusons
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1

x - u
-z » A KOTOpOro hopMyiia faeT HeBEPHHIA pe3yabTaT:

npnMep MHTErpala S

~1
—2. Bce e M B TaKEX caydafx, mpogoKaer Ilyaccon, MOHO mONB30BaTECH
o0meit popMyioit, eciid «1OCTYLIATh TAK, 9TO0H IepeMeHHASA Z IepexojHaa OT
mpefena a K Ipefiedy b uepe3 pAJ MEMMEX 3HadeHmHA, Torna [ (z) He Gyzer 6o-
Jiee GeCKOHeYHOH HE JJA KAKOTO M3 IIPOMEXYTOUHHX 3HAYeHHMH M ompefelieH-
HEIT AHTErpax OymeTr AMeTh CBOI OOHYHHI CMHECIY, T. €. ero MOKHO 6yleT pac-
CcMaTpHBAaTh Kak cyummy audpdepennmanos [’ (r) dr M modTOMYy NIPHMEHATH

1

dz
ykasapHylo ¢opMmyay. B Buge npmmepa Ilyaccom Buumciger S_x_’

. -1
mosarad x = €'Y, rfe JeficTBHTeJBHOE IIEPEeMPHHOE Z MeHAeTcA 0T (2n + 1) .
Jo 0, m monyuaer 3magenme — (2n -+ 1) mi. 10 Ke smauenme, mo Ilyaccory,
moJiydaeTcs, eciM A BHYHACJeHHA HHTerPajia BOCIOJb30BATHCHA IIePBOOGPaA3-
moit pynknueir In 2. Torga 6yxeM mMmersh

1
;
S 2 o lngfy=—In(—1)=— @n+ 1) i,

-1

Ouesnano, uro Ilyaccon cromr ma BepHOM myrm °. Ommako cyTh fena, H
apuToM B 60Jiee MOJHOM M COBepIIeHHOM BHJe, Oblia BrcKa3aHa eme B 1811 r.
Tayccom B ero saMeuarensnom mucbMe K Beccemio or 19 mexa6pa 1811 r., xo-
TOpOe, K COKAJIeHUIO, BriepBHe OHJIO OmyOAHMKOBAHO BMeCTe CO BCeil Ilepelmc-
Koii 1ByX ydeHmx toiabko B 1880 r.

«...Uro HymHO mOHEMats mop § @ (z) dr miA z = a + bi? OueBmaHO,
©CJIA XOTAT HCXO[MTH A3 ACHHX HOHATHHA, HY/KHO IPAHATD, YTO £, OTHPABIAACH
0T 3HAYeHHA, AJIA KOTOPOT'0 MHTErpas ROJKeH PABHATHCA HYJIO, HOCPELCTBOM
GeckoHeUHO MaJHX OpuUpamieHMit (Kamjoe BUAAa a - bi) mepeXOOHT K = =
= g + &i, m Torma caoxmth Bce ¢ (z) dz. Tak cMsicni BHOJHe ycTaHOBJEH.
Ho mepexon Mo:er coBeplIHThCA GeCKOHedHO MHOrmMH cmocoGamu. Tak ke
KaK COBOKYIHOCTh BCeX [eMCTBUTEJNBHHX BEJIMIMH MOKHO MEICIMTE B BHJe
‘fecKOHeYHON JMHHH, TAK A COBOKYIHOCTh BCeX BeAMUWH, [eACTBUTeALHHX H
MHHAMEIX, MOKHO cHeaath 3pHMoM (sinnlich machen) nocpencrsoM Geckomeu-
HOH IJIOCKOCTH, Ka)KHadA TOYKA KOTODOH, ompefeisdemasa aGcuumccoita m opam-
HaToit b, 6ymer Kak OH mpeacraBasATh Beamuumpy a -+ bi. Hempepmsmmit
Iepexof OT OJHOTO 3HAYEHUSA L K APyroMy a -+ bi copepilaercd IO3TOMY IIO
JMHAYU U, CJIeJ0BATEJBHO, BO3MOMKeH (GeCKOHeYHO MHOrEMHU cmocobamm. fI yr-

BeDHKJAI0 Telmepb, UTO MHTErPa S(p () dz mpm ABYX pasnWYHHX Iepexomax
coxpanser OJHO M TO jKe 3HAYeHHEe, €CIH BHYTDHM 9acTH IIOCKOCTH, 3aKJIIO-
JeHHOH MEKAY OBYMSA JIUHUAME, IPe[CTaBIAAIOIMUMA TepeXod, PyHKOHAA ¢ (x)
HATTe He paBHa co. JTO mpeKpacHasd TeopeMa 1% HeTpyIHOe JOKA3aTeABCTBO KO-
TOpoil A gam mpm yao6moM ciaydae. OHa cBABaHa ¢ APYIAMH OPeKPACHEIMH
HCTHHAMHU, KACAIOMAMHCA pasnomeHdii B pARH. llepexom B Rammoil TouKe
clie/lyeT MIPOU3BOAMTL BCerfa TaK, 9T00H HH pasy He 3aTPOHYTH MecTa, Ie
¢ () = oo. fI HacTtamBaw Ha TOM, 9T0 TaKHe TOYKH cie[yeT 06XOLHTH HIOTOMY,
9T0 JJIA HHEX, OYeBHJHO, IePBOHAYAJBHOE OCHOBHOE IOHATHe MHTerpaa

§ @ (2) dz repsaer AcHOCTE M Merko MPEBOAUT K IPOTHBOPEUHAM.

® Cp.: Dwresun A. I1. O BO3HAKHOBEHAR TIOHATHAA 00 onpefienennoM waTerpaze Komm. —
Tpymga UMErT AH CCCP, 1947, 1, c. 397—401.

10 JIpm aroM, coGCTBEeHHO r'oBOpA, eme TMpeAnoJaraeTcd, 4To caMa ¢ (r) ABIgeTcH OHO-

3Ha¥HOM (einformige) ¢pyEKOUel OT r HAM, N0 KpailHe# Mepe, 9TO JJA ee 3HAYeHAHN BHY-

TPH BCei 9TOH JaCTH MIOCKOCTH IPHHEATA TOIHKO OJHA CHCTeMa 3HaUeHNH 63 pap ymenHi

"genpepuBEOCTA.— IIpun. 'aycca.
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: DBwmecte ¢ Tem, BOpoueM, oTciofia ACHO, KaK (yHKOHA, HOPOKAeHHAA IO~

CpelICTBOM HHTerpajia | @ (z) dz, Mo)KeT MMeTh MHOTHe 3HAYCHHSA JJf OHOTO H
TOT'O ’Ke 3HAUCHHA £, A AMEHHO B 3aBHCHMOCTH OT TOTO, Oy/eT X IPH HepeXone
IOnyImeH ONHOKDATHHA MM MHOTOKPATHHI 06X0J BOKPYT TOUKHM, B KOTOPOH
@ (x) = co, HaM Ke TaKOTo 06X0/]a coBceM He Gymer. Ecam, Hampmmep, log z M

dz -
OIpeJelHTh HIOCPE/CTBOM S — ) HATHHAA OT T = 1, 10 MoK O mpuiiTH K log z

HIH He ormbafg TOUKY xr = (), MU mOCPe[CTBOM OJHOKDPATHOTO MM MHOI'OKDAT-
HOTrOo 00X0/a BOKPYT Hee; KaskAHi pas OGyleT M0GaBIATBCA KoHcTaHTa —-27ti
miam —27i; 0TCIOfA COBepIIeHHO ACHH PA3IWYHbIE JOTapHPMH KayK0r0 IMCiaa.
Ecanm ke @ () He ctamoBurcA 6eCKOHEUHOM HHU JJA OJHOT0 KOHEYHOIO 3HaUe-
HUA I, TO HHTeTPaJ BCerjJla ABJAAeTCA TOJBKO ONHO3HATHON (yHKImel x» 2,
3nech BepBHe BeTpeuaeTcA MOJHOE 06bACHeHAe MEOTO3HATHOCTH JIOTaPHAD-
x
Ma, OIpefeliieMOro Kak Sd—; . OueBuaHO, HOJOGHKIMHE Ke CO00pAKEHAAMH
1
Taycec moassoBajica m giA TOro, ITO6H BHACHATH IPHPOAY MHOTO3HAYHOCTH
JNIMIOTHIECKAX HHTETPaJioB, 0e3 4ero Helib3fg YACHATH cefe ABOSKOIEDHOIHI-
HOCTH JJJIMNTAYeCKUX QyHKIuUi (M. HWKe, ¢, 127—132).

Marerparsaasa Teopema Komn. Brigerst

IlepBoe mcciemoBanue Homm, mmenmee smadenme MJisA UCTOPHHM PYHKOHUI,
310 ero «Memyap 0 Teopmm omnpefeneHHHX HHTerpanoBy (Mémoire sur les
integrales définies. Oeuvres, sér. 1, t. 1) (upeacrasnen B Akafemmio B8 1814 r.,
HamegaraH B 1825 r.). B aTom MmeMyape Homm He focTaer eme TOro oTaeT/iABOIO
NOHMMAaHUA Bceil mpoGJeMH KOMILIEKCHOTO HHTeTrPHpOBaHHA, KoTopoe ofHa-
pPy:xmBaerca B nuTHpoBaHHOM mnucbMe I'aycca. CoorBercTBYylOmas KapTHHA
CRIAJHBaIach nepef raasamu Homm nocreleHHO, B TegeHHe IOYTH TPeX Jecs-
ranetdii. OqHAKO ero TPynl Gulid ONyGINKOBAHE B cBOe BpeMs (XOTH M C OT-
MedeHHHIM IpoMesieHnem). U mosTomy mMenHo oHm, a He mged [aycca Jgeran
B (yHZaMeHT CHCTeMaTHIeCKOro HmocrpoeHmsa ofmeit Teopmm. K BHUmcaeHmIO
oIIpefesieHHHX MHTETPaJioB, deMy nocBgmen MeMmyap 1814 r., Komu mpusean
IrUIpofMHEAMAIeCKHe n3kickanua. QTHpPAaBHON IYHKT MeMyapa — COOTHOIIEHM®

XY Y X
§St@ydyde = § (@ pydzay. @)
Ko Yo Yo Xo

Ono 6r0 yrasaHo Jitnepou eme B 1769 r. (omy6auxosano B 1770 r.). Komn
HMCIT0JB3yeT ero 3[ech JHIIb KaK CPeJCTBO BHYMCIEHHMA OZHOKPATHHX HHTe-
T'pajioB, T. . KaK HpPHMeM MHTeTPHPOBAHHA IO Hapamerpy. B aTom cMmEicie ero
paccMatpmBaa TakmKe W cam Jinep (1774). C rex mop oH, a Tarke Jlammac
JaJim MHOTO HDWMePOB HNPUMeHeHHWA 3TOro mpHeMa. Homwm ormpaBiasercsa 0T
mByx ¢yExomit: S (z,y) n V (z, y), ABAAOIMAXCA JeACTBUTENBHON W MHUMOMN
9acTAMH BHpaxeHusa F (z, y):

Ft+iy)=8§+iv.
Torpma, Kak aTo moKasaJ eme Jiaep B 1777 r.:

as _ v BS v

9r ~ oy ' oy oz

11 Tag T'aycc 0603HATaT HATYpaNbHKH J0TapaPM.
‘12 Briefwechsel zwischen C. F. Gauss und W. Bessel. Leipzig, 1880, S. 155—160; cum. Tak-
sKe: Gauss C. F. Werke. Gottingen, 1866, Bd. 10(1), S. 366—368.
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Homn mHTEpecyer 3/Meck TONBKO NepBoe H3 ABYX coorTHomenmil, Ilomaras

av as
f(x,y)=-a—y——=w,

OH IoJiyJaeT

e av ] as
5 Sa_y dydx=5 Sja? dzdy,
xo Ys Yo Xo
Aa¥
x Y
SV @)=V @yolde={1S(X,9)— Sleo 1dy. 3)
E ) Yo

Ilocnenaee cooTHOmMeEHHe MO3BoJasseT Homm cBOAMTS BHYMCICHNE® OTHOTO OLpe-
JleJIeHHOTO HHTeTPaja K BHAuCIeHII0 Apyroro. G 9Tod TOIKA 3peHAA aHAIOTHI-
Hasa gopMyia

X Y
18 @ Y)— 8 @yl do=—§ IV (X, 5) — V (20, 1)1 A, )
Xo Yo
mosiydaeMad, eciHd cleJaTh HHOH BHOOD
_as v
f@y)=—r=—7%"

He gaer HWdero HoBoro. Jlmmp B 1822 r. Komm npaxogHT K MBICIH COCAMHATH
cootHomeHuA (3) & (4) B 0HO, B KOTOPOM PETypHEPYeT HEeIOCPeJCTBEHHO KOMII-
aexcuas ¢yHruma F (z + iy). CoorBercTBenHO 3TOMy OH B 1825 r. mepen
medaTsio JobaBaser kK MeMyapy 1814 r. cHocky, re, yMHOMKasA (3) Ha i B cKaa-
aniBadA ¢ (4), OIPEXOAAT K PABEHCTBY

X X Y Y
(FatiVydo— (Fe+iyo)de=( F(X +iy)idy— { F @+ iy)idy,
Xo %o Yo Yo

KOTOpoOe mpe/icTaBlideT OKOHYATEJIbBHO B BHJEe 13

Y X X Y
(F@+iy)ydy+ (F @+ iY)de= ( F (a4 iyo)dz +  F (X + ig) dy.
Yo Xo Xo Yo

(5)

IlocaenHee cooTHoIeHHE HpPeACTaBJsAeT, OYEBUJHO, HMHTeTDAIBHYI0 TeopeMmy
Komu B mpocrefimemM 9acTHOM cjy9ae MHTeTPHPOBAHUA 110 IPAMOYTLOJIBHOMY
KOHTYPY. DTOT TeoMeTpHYecKHi cMuca Homm ykasas B M3JaHHOM OTHeJNBHOM
6pomiopoit «Memyape 06 ompegeeHHEX HHTerPaiaX, B3ATHX MEXITY MHAMKMA
npeneaamny (Mémoire sur les intégrales définies, prises entre des limites
imaginaires. Paris, 1825). Ognako, mpesxe 9eM Depelitu k 0630py mociefHeTo,
3aKOHIMM paccMoTpeHme Memyapa 1814 r.

IIpepmecrBenrnkn Komu, moas3ysack coornomenneM (2), TpeGoBain T0ABKO
OJTHOr0 — YTOOH Ipejiesill HHTeTDaqdH OHIH IMOCTOAHHHMH, T. €. YTOOH IBOIi-
HOe METeIDHPOBAHMe PACHPOCTPAHAIOCE HA IJCIALA OpAMoyroasanka. Homn
OTMETHI Heo(XO0AMMOCTh [OLNOJHHUTEJNLHOro TpeboBaHmA: ¢yERnmA [ (z, V)
He A0/KHa ob6pamarecA B oo BHYTPH HPAMOYTOJNBHHKA M Ha ero CTOpPOHAX.

13 310 3xe cootHOmenne Komm npasoauT B saMeTtre 1822 T, u B « HpaTHOM M3N0KEENT Jieke
nmii No HCIACHeHNI0 OecKOHeYHO MATHX» (1823).
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B caygasx e, Korma sTo Tpe6oBaHHe He BHIIOJHEHO, HHTeIPAaJikl B JeBHX H
OpaBHX 9acTAX paBeRcTB (3) m (4) MOTYT OTIMYATHCA APYT OT APYra M BO3HH-
KaeT 3aia9a OTHCKAHAA HOBHX OPMYJ, YIATHBAMIIAX PA3HOCTH MKy dTAME
maTerpatavu. VMenso Takmm QopMysaM, HOCHYKHBIIAM HAJaJOM IO3JHE-
me# TeopHMM BHYETOB M MX IPHIOKEHAAM K BREYUCJICHHI0 MHOTOYHCIGHHHX OIm-
PelelieRHEHX HHTETPAJOB, KaK M3BECTHHX paHee, TaK M HOBHX, M IOCBAINGHA
6onpmas gacth Memyapa 1814 r.

B yme ymomamyroM «MeMyape o6 orpemeleHHEX MHTerpajax, B3ATHX
MeXAy MHEMHMHA npepenammy (1825) Komm ompepenser ¢ caMoro Hauaja mH-
Terpan

x+YVg

f(z)dz
xtyV =1

II0 aHAJOTMH ¢ MHTerpajJoM oT QyHKOuH JeHCTBMTEILHOIO IIepPeMeHHOI0 KaK
npedes unmezpasbroli cymmbl. Uro6sl yTOUHATH TOCTPOCHHE TAKOM CyMMEL, Cile-
Ayer moNOKATh 2 = @ () my = % (t) (x+ iy = z), rme ¢ (£) 1 ¥ (£)— PyHK-
I¥¥, MOHOTOHHHE ¥ HeNPepPHBHEE HpH I, < { < T, yaoBieTBOpANIMUAS YCIO-
BHAM

Q(t) =29, %) =Y @(NH=X, (=Y.

Br6op takmx ¢yHKIH, 0UeBUIHO, DKBABAJICHTEH 3aJaHMI0 HEKOTOPO# KpHABoii,
CoeMHAKINEH HA MIOCKOCTH TOIKA (Z,, Y,) ¥ (X, Y); Ea ato Homn yrasmBaer
B IPyroM MecTe Toro ke MeMyapa. Takmm oOpasom, ompejesleHHHH MM HHTE-
Tpal oT KOMIJIeKCHOM (YHKUOHMM ABJAETCH HMHATerpajoM BI0Jb HEeKOTOPOH
KPHABO#l M mOCPEJCTBOM YypaBHEHHi 9TOil KPUBOH CBOAUTCA K OOHKHOBEHHOMY
oIpefleleHHOMY HHTEI'Paly, KOTOPHHA COKpPAINeHHO 3aIMCHBAeTCA UM TaK:

r

J@+V=Tnie+ V =Ty

Ilocme aToro Homu ¢popmymmpyer cBoio ocaoBHYIO TeopeMy: «Ecau flz+ y Y —1)
KOHEUHA U Henpepusra 0ai Ty < £ < X u Yo <L Y <L Y, mo 3navenue unme-
epaaa He 3asucum om npupodw gynryuid z = @ () uy = % (t)» (1. e., cKaKkeM
MHI, He 3aBHCHT OT BHIA KPUBOI HMHTErpupuUBAHUA, COeTUHAIOINEH B IPAMO-
YroAbHARE Lo <L < X, Yy << ¥ < Y Bepmuaw (x4, ¥,) & (X, Y)). 310 1 ecThb
mHTerpansHasg Teopema Homm, copMyampoBannad AJMA CIyIasA HPAMOYTOdb-
Hoit ob6aacTm.

Ilpm poxasarenncree Homm moapsyerca mpomssomHoil ot f (z) m, crporo
roBOps, OIAPAeTCH HA HeIPEePHBHOCTH 9TOH mpomsBomHoi. OaHAKO B OpMY-
JHpPOBKE TeOopeMH (BIpoYeM, TaK ’Ke KaK M B IATHPOBAHHOM BHIIle IHCHEME
l'aycca x Beccemo) o cymecrsBoBaHME HpOH3BOHOME M TeM (ojlee 0 ee HeIpe-
PHIBHOCTH HHYEro He T'OBOPHTCA. JTO cBA3aHO ¢ ybe)xpmenmem Homm, aro He-
npeprieHaA GYHKIHA Bcerga puddepeHnmpyeMa, mpuieM ee IPOM3BOTHAH MO-
KeT CTATh DPA3PHIBHOE JMIIBE B TeX TOYKAX, Ile caMa (QYHKOUs pa3pHBHA.
OHo, mo-BHAEMOMY, OCHOBAHO Ha TOM, 9T0 B (OJBIIMHCTBe CAYd4acs (o Kpad-
Heil Mepe B IepBHe [eCATHJeTHA HayuHoi mesareabHoctr) Homm, rosops o
(OYEKOIAAX, AMeeT B BHAY aHAJIATHYECKHE BHPAKeHUsA, JJIA KOTODHX CYINECT-
BoBaHHWe IPOM3BOJHOM BHTEKAaeT B3 HpaBHA AupdepeHNHATBHOT0 HCYACIeHRA.
Cragarnoe C 3TAM y6eskeHNe B HeIPePHIBHOCTH IIPOM3BOAHOM OT HEI PePHBHOI
(VHKIIMH DOKOHTCA HA BOCXOJAINEH Kk Jijlepy TpamgHIMM pPacCMAaTPUBATH aHa-
JATEYecKHEe BHPAKOHAA KaK (YHKOAA KOMILUIEKCHOTO mepemeHHOro. Ilostomy
OTCYTCTBMEe IPOH3BOJHON, HaupmMep, y ¢yuxmmm f (x) = zsin (1/z) npm
z = 0 ofbsAcHAeTcA TeM, 4TO (PyHKHuUA dTa paspmeHa npu z =0 kaxk
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{yBEKIEA KoMIJIeKCHOTO mepeMeHHoro. Hemmormm cioxkmee o6BaAcHAeTCA

obpamenne B OeckoHeuHOCTHh mpum = = 0 mpomsBopmoir ot f (x) = V-:E
M Mmoro mosguee (cM., HampmMep, ero craTbio «O HeIpepHBHHX (YHKIUAX
anre6pamdecKMX M reoMeTpHIecKHX KoamdecrB» (Sur les fonctions continues
de quantités algébriques ou géométriques. Exercices, 1847. T. 4)) Komn
IpOJoJKaeT HACTAMBATE, ITO er'0 OLpe/elieHre HellpePHBHOCTA IPeANloJaraeT
OHO3HAYHOCTH YHKOAH M 9TO TOYKH, B KOTOPHX QYHKIMA CTAHOBATCSA MHOTO-
3Ha9HOH, X0TA GH OHA OCTaBAJaCh KOHEUHOH, OH PAacCMATPHBAeT KaK TOUKH

pasphiBa EenmpepuBHocTH. C dT0l TouKE 3perus ¢pyrknua | z He ABaAercA He-
npepkibHOU B Touke z = 0. B nmodceenne mozunmnm Komn sameTnM, 9T0 B KOoMI-
JIEKCHO# MJIOCKOCTH He CyImecTBYyeT OKDeCTHOCTH Hadaja KOOPAMHAT, B KOTO-

poif MOKHO BHJIeJNTH HeIPEPHBHYO M OXHO3HAUHYI0 BeTBh (yHkmum } z.

JloxazareabCTBO HHTerpadbHOM TeopeMn Homm mpoBommT mocpepcTBoM
OpHeMOB BapHMANMOHHOTO HCUMCJeHMA: OH 3aMeHAer GyHKuum ¢ (£) m ¥ (2),
onmpefiefAloniAe KpuUBYIo, Ha 6imskme Kk HEM ¢ (f) - eu (£) = % (2) + ev (¢) =,
BHIYMCJIAA COOTBETCTBYIONIYI0 BADHANMIO MATETPAA, YOeKIA6TCH, YTO OHA paB-
Ha Hyamwo 4,

B cBomx mepBmx paforax Homm eme HegalleKo yXOQHT OT CBOHX Ipe[IecT-
BeHAMKOB, Ipuberag K KOMILUIEKCHOMY IepeMeHHOMY B aHaJHM3e UMb Kak
K BCIIOMOTATeJAbHOMY CpPe/[cTBY (OPMaJbHOTO XapaKrepa, MO3BOJANIIEMY pe-
maTh TPyAHKe 3a7a9M HHTETPaJbHOT0 HCIHCIEHHS. .

ITomo6ras ke mO3MIHA BHpa)keHa B cilelyolleM OTPHBKe M3 oT3nBa Jla-
Kpya u Jlexangpa o Memyape Hommu «O6 oupenesenHHX MHTErpasax», Coria-
cyWIeMcsa ¢ COOTBETCTBYIOIMEM MHeHHeM Jlanmnaca: «Heroroprie mcciaeoBaams
B MATerpajJbHOM HCYIMCJICHAM LHPHBOJAT MHOIJA K pe3yabTaTaM, B KOTOPHX
Iepexof OT AeHCTBHTEABHOT0O K MHHMOMY ymorpelisercad Kak HeKHWil pox mH-
AYKOZM, KOTOPHI, He GyIydH KOCTAaTOYHO OYeBHIHHM caM Ho ceGe, Tpebyer
MOATBEPATeHAA HOCPEICTBOM IPAMEIX 1 CTPOTHX JOKA3ATEILCTBY 13,

Ilocrenenno, ogHako, MCCleqoBaHHMA HKomm m JpYrAX y4eHHX IPHBOJAT
K TaKOMY HCKJIOUATeJbHOMY GOraTCTBY (aKTOB M HOBHX pe3yJabTAaTOB, 49TO
CTAHOBHTCA ACHHM, 9TO pedb HAeT He 0 HeKOeM Polie HHAYKOUH, HTpaiolieM
9UCTO BCIOMOraTeJBHYI0 POJb H BRO6ABOK He 0YeHL Hafe:KHOM, HO 06 HMero-
Imeii mpaBo Ha CaMOCOCTOATENBHOE CYINeCTBOBAHHME ITUCHANJIMHE — TEODHH
QYBKOHH KOMILTEKCHOT0 IIepeMeHHOTO.

Ha nporsmennn 1826—1829 rr. Homn cospgaer teopmio Brueros. Haspa-
HHEe gbivermn (6yKBaJbHO: OCTATOK) 00BACHseTCH, [I0-BHIAMOMY, TeM, dTo Hommnm
IpHIIe] K 3TOMY HOHATHIO, OTHCKEABAA PA3HOCTH MEK/IY MHTerpalaMe, B3ATHMHA
0 TAKHM JBYM IyTAM, MMeOIAM OGIIHe HATaJ0 M KOHeN, Me/Ay KOTODHMH
DAKIIOYAIOTCA MOMIOCH yHKOHH. B TakoM BHe BEMETH MOYKHO YCMOTDPEThH eIme
B «MeMyape o Teopuu ornpesesieEHEX nATerpanosy» (1814). B «Memyape 06 on-
PellelieHHEIX HMHTerpajaXx, B3ATHX MeXAy MHHEMHME unpefejamm» (1825) om

U B comepsxareanHoM Tpyde M. KHiafima «MareMarmaeckas MECIb OT ApeBHOCTH A0 coO-
ppemerrocTA» (Mathematical thought from ancient to modern times. New York,
1972) yreep:aaerca (cM. c. 636—637), uT0 paccMaTpmBaemuii 35ecy MeMyap Komm me
ny6amrosancd go 1874 r.! 310 spHax ommbKa. JHypHanpHas ny6aaKkanmsa, yRasHBae-
mag Knaitmom (Bull. Sci. Math., 1874, 7, p. 265—304; 1875, 8, p. 43—55, 148—159),
ABJIAeTcH IepeNedaTRol GpPoIIIOPH, KOTOpasa, KAK yKasaHo BhIDE, OblIa H3/1aHA BOEPBHIe
B ITapmxe B 1825 r. OgHaKO ecTs KOCBeHHHE 0OCEOBAHEAA CYIATH O TOM, 9TO 5TA 38MeUa-
TenbHas paGoTa He BE3BamA K cefe GOMBLIIOro MHTEpEcA CO CTOPOHH COBPEMEHHHKOB,
Tak, npoMmIo OKOJO IBYX ECATKOB JI€T CO BPeMeHM ee BRX0/a B CBeT, a ee mafaTeab Ba-
mexane (Bachelier) Bce eme Ba3suBaeT ee B CUHCKe NpeAJaraeMHX NOKYNAaTeNsM TPYACE
Komwu (apyrme paborn Homm ®3 TOro e CNHCKa, y3Ke pacmpofiaHHbe, cHalKeHH mmo-
MeTHoit: epuisé). ITogoOHKE COBCOK HpegINecTBYeT THTYILHOMY IHACTY KajKJIoro ma3
deTHpex ToMOB ¢«Excercices» 1840—1847 rr.

18 Cauchy A. L. Oeuvres complétes, sér. 1, t. 1, p. 321.
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yoeader HamGoibliee BHMMaHMe aHAJAM3Y CIydaeB, Korga f (z) oGpamaercs
B oo BHYTPH HJIM HA CTOPOHAX MIPAMOYTOJIBHAKA. 3eCh HHTErDAJH 10 Pa3HHM
OyTAM nMel0T BooOme HepaBHHe 3HaYeHHMs, W HomHM BHUmMCIAeT Pa3HOCTA
MeRAy HEMH, [ejlafd pasiaudHHe Npefnojokends. IIycts, mampmMep, f (z)
obpamaercda B co Jumib B OJHOU Todke (@, b), Jesxamieil MesRIy IBYMA OIyTAMBA
HHTeIDHPOBAHHAA, IpHUYeM CYMeCTByeT KOHeYHHI Ipefesn

f=lim[(c—a)+ @y— bV —1lf@+yV—1).

x~»a
y—b

Toraa oH ZoKa3KBaeT, 9TO PasHOCTH MeK/Ay METerpaaMu pasHa 4 21 ) —1 f.
Bennumna f npencraBaser npocreiimmit npuMep Bhdera.

Camuit TepMuH ® dopMaabHOE OLIpefelieHAe BHYeTa BCTPEUAETCA BIEDBHE
B cratbe «0 HOBOM poOjje HCUMCIeHHS, aHAJOTMIHOTO HCYHMCHAeHHI GecKoHeUHO
Mausix» (Sur un nouveau genre de calcul analogue au calcul infinitésimal.
Exercices de mathématiques. Paris, 1826. T. 1). Bor Takmm o6pasoM Komm
BBOJHT ¥ ompefelseT 3T0 mouaTme: «Ecan, mociie Toro Kax HalifleHs 3Ha9eHUs
z, o6pamaromue f (x) B GeCKOHeYHOCTH, IPUGABUTH K OMHOMY M3 JTHX 3Haue-
Hmii, o6o3HaTaeMOMy Jepes x;, 6eCKOHeTHO MaJjioe KOJHMYECTBO £ M fajee pas-
A0KATH f (2; + €) IO BO3pACTAIOMEM CTEHNEHSM 3TOT0 KOJIMIECTBA, TO IeDBHE
YJeHH pPas3ioKeHMA OGYOYT COfep:KaTh OTPMIATEJbHHE CTENeHHM € M ONHH H3
HEX Oyfer Ipom3BeJeHMEM Ha KOHEUHHIA K03 ()UIMEHT, KOTOPHIH MH Ha30BeM
BEI9eTOM QYHKOEH [ (Z), OTHOCAMHUMCH K JaCTHOMY 3HAUeHMIO I, NepeMeH-
Holt z» 18,

Beuaen 3a aroit crarpeit Komn manmean Goaplioe KOJAMYeCTBO APYTAX, Io-
MeINeHHHX B 3TOM H ciaefylomux ToMmax «Exercices de mathématiques (anciens
exercices)» (1826—1829), B KoTOpHX 0OH paccMATpHBAI HPHIQKEHHAA TEODHH
K BEMMCJIEHHIO MHTOTPaioB, AuPepeHIMATHHHM yPaBHEHHAM, Pa3JI0KeHHIO
dyaxnuit B pAgsl 1 6ecKoHeYHEe NPOM3BEJeHAsA, K TeOPUA ypaBHeHWI W T. A.

dnamnrrEueckne Pyaxumpm B paforax Taycca

«C KpyroBHMH # JorapEQMHIECKEMH (YHKOmAMM,— Omcan [layce
I'. X. Illymaxepy 17 cenra6pa 1808 r.,— mMm yMeeMm Temeph o6xogHTBCAH,
KaK C eHHOK/IH elNH, HO BeJMKOJeIHKH 3010TOi PYAHAK, XPaHAMMANA COKpO-
BeHHOe BHICIINX (YHKIuUil, ocTaeTcA mOKa HOYTH terra incognita. fI ozenn
MHOTO paborad Haj 5TUM IpeKFe WM CO BpeMeHeM JlaM coGCTBeHHHH Goabmoit
Tpyx o6 8TOM, Ha 4TO 1 HaMeKald eme B Momx «Disquisitiones arithmeticae,
c. 593 18, IIpaxonmmp B H3yMJIEHHE OT YPE3BHIAHHOT0 60raTCTBa HOBHX B BHIC-
el cTelleHA MHTEDPECHHX HCTMH W COOTHOLICHMH, MOCTABAAEMHX dTUMH QYHK-
O¥AME (K HAM OTPAHAIJEIKAT, MeyKIy OIPOYMM, ¥ T€, C KOTOPHMHE CBA3aHO CIPAM-
JeHHe 9JJHICA ¥ THOePOOJH)...»

Wrax, peus maer o ToM, 9T06H paCIIHPATH BO3MOKHOCTH MaTeMaTHYeCKOIo
aHAJIMBa WyTeM IPHCOeHHEHAA K 3JeMeHTapHHM (YHKIAAM APYTHX BaKHHX
KJaCCOB (PyHKOUH, KOTOPHE JOJKHE GHTH OCBOEHH TAK Ke XOPOII0, KaK aTo
yAajxoch MOCTHTHYTH IAd (YHKOHME 3jJeMeHTapHHX. llpomecc 3ToT, KaK MH
yooMmHAmmM, coBepmaiica Ha unporsixenud Bcero XVIII B. Ho 8 XIX B. om

18 1bid., sér. 2, t. 6, p. 23.
17 Gguss C. F. Werke, Bd, 10 (1), S. 243—245.
8 Ibid., Bd. 1, 8. 412—413. Taycc yka3kBaer TaM, Y10 NPHHIENE H3/1araeMoil HM TEOPHAR
JeJIeEMs KPyra MOTYT GBITh NPUMEHEHH He TOJBKO K KPYTORHM QYHKOMAM, HO ¥ K [py-
d. .
THM TpAaHCOEHACHTHHM, HANPHEMED 3aBHCAIMEM OT HHTEIPaJa ——V1 o = OHAKO M3y~

gYeHMe TAKHX (PYHKIHWI — 3anaga Apyroro oGmmMpHOTO TPyHA.
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nproGpeJs HOBHe KadecrBa. Ha maydenmn
CIeLMAJBHEX KJIACCOB HPOBePAIach CHIA
£ OOIHX MeTOHOB TeOPDMM AHAJATHIECKHX -
dyEknuii. BmecTe ¢ TeM 3TO m3ydUemme
r TI03BOJIAJI0 HAKAIJIMBATh HOBHE (aRTH
¥ 3aKOHOMEDHOCTM M CTaBATL HOBHI® BOII-
4 DOCH, CayKaliie BasKHHM CTHMYJIOM 1ajlb-
Hefimero pasBHTHA o0meil Teopun.
HavanoM m3yYeHHA cHenHaJbHEIX
dyrxnumit Tayccom mocay:xmao mocTpoe-
HHMe TeODHHA [OBOJBHO MACTHOTO KJacca
NNANTHISCKAX QYHKIME — HyHKIHAHE JoM-
HECKarmiecknx. [Ipm Bcex amadormax
C TPHTOHOMeTDPHYeCKEME (QYHKIMAMHE, 00-
JerYMBMIMX NOPBHE IOHCKE MOJOLOMY
Pme. 12 Tayccy (mazmmasa ¢ 1796 r.), memEmHCKAa-
THUeCKEe (QYHKOUHE IO03BOJAMAM O0OHApY-
JKUTH BCe CBoeo0pasme HIIMUTHISCKHX
dymrnmit. VIx cBolicrea m ceromEa MOTYT CIYKHTH Xopomeldl mpolemeBTHKOM
K m3ydeHno obmeit TeopnH 3AAHNTHISCKAX QyHROIMIT 19,
JleMAMCKaTHYecKni cuayc r = sin lemn S (o6o3mauenme T"aycca) ompeme-
Jigercsa Kak ¢yHRIuA, o0paTHasg nn'rerpany, BHIpasKaoImeMy JJIHHY AYTH JeM-

HUCKATH r? = sin 20: OAB =S =

Sw

dt
Vi—+#
T0 JeMHACKAaTHIECKUH Koanyc BBOJHATCH COOTHOIIEHMEM
cos lemn S = sin lemn (&/2 — S).

IIpumenas merox ditnepa, manomenanid B V—VI raasax [ wacrm I Toma «n-
TerpajJbHOT0 HCIMCICHMNAY (1768), K AHTEerDHPOBAHUIO ypasHeHHA

do +ds=—2__ + =0
Vi—opt V1 —r
(0 ms — [IBe LyTH, cymMMa JIMH KOTOPHIX NocTossHAA), ['aycc momydaeT TeopeMy
CIOeHHA NJA JIeMHHCKATHIeCKOro CHHyCa B BHie

pVi=r+r¥V1—¢8
T+ r2p? ’
toe p = sin lemn g, r = sin lemn s, OTcloga BHBoOAMTCA adrefpamdecKoe CO-
OTHOMIEHHe MeXKAy JeMHHCKAaTHIeCKAMI CHAYCOM H KOCHHYCOM M LOATBep:K-
JlaeTcs CYIIeCTBOBaHMe [JeHCTBUTeJBHOTO ePHOKa 2® (0IeBHIHOe TeoMeTpHIe-
cku). Urobnl onpegeanTts (YHKOMHM YACTO MHHMOTO apryMeHTa, B KadeCTBe
T

1

Ecan noxomuars, 9ro - = S ~— "erBepTh IJIXHH BCell IOMHHCKATH,

sinlemn (0 4 s) =

dt .
fpenmesia HWHTerpaJja S_Vl—_? fepercs WHCTO MHEMOe YHCJIO r = iv, Tornga
iv v
S dt _ S fdr iy;
T—a 7
o 4 0 Vi—s

otkynma U = sin lemny m iv = sin lemn (iy) = i sin lemny.

1 Cum.: Maprywesux A. H. 3aMedaTesIbEHE CAHYCH (BBEJICHHE B TEOPHK dINUOTATECKAX
$yuxnni). 2-e nag. M.: Hayxka, 1975.
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OcraeTcas OPHMEHHATE TeOPeMY CJO<eHHA, ITOGH IOJYIHTH OmpexeleHHEE
OYHKOIMA KOMIIEKCHOTO apryMeHTa z = & + iy

. , ufPl—vi4ivy1—1a
sinlemn (z - iy) = ra— ) (6)
rme u = sin lemnz, v = sin lemny.

CpaBreHHme aT0# YOPMYIIE ¢ anamOrNIHOA HOPMYIIOH A TPATOHOMETpHIE-
CKOr'o CHHYyCa

sin (z +iy) = uV1+ 2+ ivyY1 —ud, u=sinz, v=shy

cpasy BCKPHBAaeT JBa KODeHHHX pasiadInA Me:KAy sinz m sin lemn z. Bo-mep-
BHIX, Sin Zz BCIOXLYy KoHedHasA (medasd) QyEKOHA, TOKAa KaK sin lemn z mmeer
GecxoHeTHO® MHOKECTBO IOJIOCOB (B TOUKaX, e u = = 1mv =+ 1), . e.
ABIAeTCA MePOMOPQHO# mo coBpemeHHO#l TepmmuoJdormm. Jlas [aycca aro
pasamame MexAy Lesiodl m MepoMopdHOH (¢yHKOHell IPOABIAETCA TaKke H
B TOM, 9TO IIePBasd HPE/ICTABJIAETCA BCIOAY CXOAAMMMCH CTeICHHKHM pPAOM,
TOrla KaK CTeIeHHOH PsJ BTOPOA DPACXORHTCA HIPH | z |, mpeBHimaiomeM Gian-
MallmAi K Havaady Koopjamuar nouaioc ¢yEkomm (Fayce roBopmr: «@Dopmyaa
nis sin lemn z pacxopmTcs, ecam ¢ craHoBHTCH > of J 2» 29). Tam me I'ayce
oTMeuaerT, UTO Sin lemn 2 npejcTaBiAeTCA B BHIe YaCTHOrO ABYX CXOXAMMXCH
creneHHHX pAAoB P (2) u Q (z) (o Hux pegs 6ymeT maTu HEke). Bo-BTopHX, sin z
ABJIAETCA IPOCTOi NepHOIEIECKO# (yHKHHMe#, Torma xak ms ¢opmyant (6)
ciaenyeT, 9T0 QYHKOHA sin lemn z mMeeT, mOMHMO HeACTBUTEJIHLHOI'0 IepHOJa
20, TaxKe W UUCTO MHEUMHIHA nepumof 2i@ (V He MeHAETCA, eCJH Y 3AMEHUTH HA
y —|— 20) m, clexoBaTebHO, ABJASTCA aao:monepuoauqecxou (yHKIHEH.
Coorromenme (6) oGHapy:KmBaer, 970 Bce HYJN JeMHACKATHYOCKOTO
CHHYCa 3aKJI0YalOTCA B GOPMYIe Uy, = (72n —I—2 in) ® (aTo cpasy BHAHO, €CJIH
u v
IPaBYIo TaCTh MPOCTABHTE B BHAE /0 j-l.v YT + @ HOMCH — B ¢$op-
myae Brn= [(2m — 1) + i (2rn— 1)] (®/2), re m B n—upowmsBoIbHEE HEJbe
gucna. Ilocse aToro I'ayce gucro gopMasibHO 3amHCHBAET HPOCTeIIAe IMeJEe
OyHRUMH, HMeIOINEe HYAAMHA COOTBETCTBEHHO Oy, o A B,

M@=z ][ (1 — a,:,n ) N(Z)=m1_[n( ﬂm,n )

m,n

(mrpEx ofo3HaTaeT, 9TO 3HaAYeHUA M = n = () HCRAIAIOTCA), A yTBePKAAET,
9TO

sin lemnz = M (z)/N (z).

Herpynmeo BHAeTs, 9TO mpOM3BeJAeHMsA, HCIOJb30BaHHKNE ['ayccoM, He fB-
aATca a6coMoTHO cxopamumucsa. OHU npefcraBiasaioT co6oit npooGpasH mMo3/-
Heimux O-¢pyHknu# Beitepmtpacca. OpEako Iaycc He ocraEaBamBaercs
37ech HM Ha BOIPOCAaX CXOAMMOCTHM, HM Ha IPOBepKe CIPaBeJJIHBOCTH HOCIEN-
Heil popMyanl. OH 3aMedaeT ammb, ato M (2) u N (z) He ABAAIOTCA HepuogAde-
CKEMH, M CTaBHT MeJibi0 3aMEHHUTH MX HEeJHMN HePHOSMYeCKIMU () YHKOIHAMH.

- 14
,I[JIH 9TOr0 OH BBOJHMT HOBOE€ IIepeMEeHHOe C=SIDTZ A paccMaTpHBaeT

sin lemn z Kak ¢yuxmmio or . as aroii mocaefHeil HYJm HMelOT BHJ
+i (e — e™)/2, a  momocH o=(e2* V72 | e=(2"~1/2)/2. CooTBETCTBEHHO

20 Gauss C. F. Werke, Bd. 3, S. 406.
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CTPOATCA (YHKIMHA

472
k)

P(Z)ZGTZH[1 + (‘:ﬂﬂ___ e-ﬂ.ﬂ')z ] s
1

Q(Z) = H [1 — (e(2n-1)n,2 + e—(zn—l)n/z)'z ]
1

(Ha aTOT pPa3 NpoHM3Be/eHN CXOAATCSA H IPATOM BecbMa GHCTDPO) M yTBepIRAaeT-
¢, 910
sin lemn z = P (2)/Q (z).
Taycc He cumTaeT IMOCHeMHMA IepeXoJ], CAMOOYeBMIHEIM H TOBOPHUT, IT0 OH MO-
/KeT CTporo MoKasaTh 3Ty PopMmyxny 2. Ilomaras z = o, OB HaXOOHUT Aalee
pasioseHnsa nepmogmueckux (yHxumid P (01)) u Q (™) B TpHroHOMeTpHUUE-
CKHe DPSIHL:
25

/ Ea —L“ '—l — T
P (ayp)=2"" V—g—(e * sinym—e 4'nsin3'\pn—{-e * sin b5y —...),

Q@) = 2 I/ I (1 + 20 cos 2 + 2etm cos bt .. ),

OTKy/a
sin P — e"*"gin 3Ppn 4 ¢~ sin Sy — . . .
1 - 27 cos 2Ppm - 2 cos dpr |- L . .

sin lemn (@) = 2e~"/4

Ananormuane gopMynn I'ayce momygaer u st cos lemn (@p). PaccMorpenme
aTX PopMys moxassiBaer, 9o P (z) u Q (z) (BMecte ¢ AByMA GyHKOAAME p (2)
M ¢ (2z), cooTBeTCTBYIONEMA cos lemn (0))) ¢ TOIHOCTEIO O YUCHOBHX MHOKH-
Tesell COBIAJAIOT ¢ BBeeHHEMHE no3gHee Ako6n TaTa-QyHKIUAMA B TOM dacT-
HOM ciaydae, Korjga (B o6osHaveRHAX flxo6n)

k=Fk =12, K=K =021 q=e"K/K = ¢,

Taxk, manpumep, ¢ysxknun H u O, fAko6um Bripaskatorca depes QyHkomm P
r Q T'aycca mo dopmynam

Hen=2") ZP@y, 6.@n=2"1 < q@w.

Mbl 0CTAHOBHIIACH € TAKHME IOAPOOHOCTAME Ha OTKpHTHX ['ayccoMm cBoii-
CTBAX JIeMHHCKATHYECKAX (YHKOHH i TOro, 9T00K IOKAa3aTh, 9TO BLIBOJ
3THX CBOMCTB He TpeGoBaJ IpefBapATENbHOR Pa3paboTKE OCHOB TeopHN PYHK-~
OHE KOMIIEKCHOTO NePeMeHHOT O 1, B YaCTHOCTH, MHTeIPAPOBAHNSA B KOMILIIEK C-
Ho#i miockoctm. Bece GorarcrBo ¢akroB, HaiimeHHHX 'ayccoM B 910l oGiacra,
65170 [OOHTO cpencTBaMu, oO0HUHEIME s aHaauntukos XVIII B., m He Bhixo-
OHIIO 3a CTPON NPUBHYHHX IJIA HAX HpefcTABJeHAN. ITo OTHOCHICA W K pac-
CMOTPEHHI0 KOMIIJIEKCHKX 3HAYEHUH APTYMEHTOB, M K HOJYIeHHI0O H MCIOJIb30-
BAaHUIO TEOPEMHI CIOKEeHHs, U K TeXHHKe omepaluil HaJl CTeHeHHHMH PAJaME
(BriII0Yasn obpanmieHHe DANOB), e IIMPOKO HCHOJIB30BAJCA MeTo]] Heolpefe-
JIeHHH X K03()(QHIUEeHTOB, I K Pa3jioKeHHI0 QYHKIUI B GeCKOHeUHKEe IIPON3Be-
nenmsa. Bmecre ¢ TeM W3 M3JI0MKEHHOTO ABCTBYeT, uTo ['ayce A 9acTHOTO Cay-
Jag JeMHHCKaTHIecKHX QyHknumil paspaboran Ha mcxomge XVIII B. Bce ocHOB-
Hoe COflepKaHMe No3fHeHNIeli TeopmMm 3IAunTmYecKMX (yHKuHA (He XBaraer

2 1bid., S. 415.
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TOJbKO OGIAX CBOMCTB, IPACYNINX BCeM PYHKIUMAM ¢ PHKCHDOBAHHBIME € PHO-
jAamu, H obmeit Teopum mpeofpasoBanda HnTHIecKHx PyHruuit). K coska-
Jenmo, aycc He onyGuHEKOBaJ 9TH CBOM OTKPHTHA, OCTaBHB HX B He3amep-
IIeHHOM, GoJbIIe# JacTHIO 9ePHOBOM BH/E, TAK K€ KaK H [LOYTH BCE Pe3YIbTATH,
noJydeHHEE WM B TeOpHME mntmdecKux yErnwmit. IlosTomy mcTopmdeckmn
3acayra IOCTPOGHHS OCHOB TEOPHH JJIIHMITHYCCKHAX (QYHKUHH ocTaeTcs 3a
Abenem m fIxo0m, mONYyYMBWIMME CROM pe3yJbTaTH Ha YeTBePTh BeKa MO3jHee
Taycca.

Eciam B nocrpoesnm Teopmu JeMHEACKaTHYeCKHX ¢yHKumi [ayce mexommr
U3 aHaJOTHMN € TPUTOHOMETDMYECKHMH (YHKIMAMH, TO [aJjiblie, pa3BHBAA
OCHOBH TEODWH 3JUIMITHYECKUX (PYHKHHA, OH PYKOROACTROBAJCA aHalormei
¢ gemEACKaTHIeckEME ¢yEruEamE 22, Tak, manpmmep, B HoabGpe 1799 r. on
paccMaTpdRaeT o0IAil IILIMNTUICCKAM MHTETPaJ MEPBOFO pola

§C dz —u
S VIt — 29

(1]

(crygaro JeMHHCKATH COOTBETCTRYeT M2 = 1) m muimeT ABHOEe BHpa;xkeHwe 00-
parHO#l ¢yEKIUM z = § (u), KOTOPYI0 OH HAa3hBaeT «YHHBEPCAJBHEHILAM
JeMHACKaTHIeCKHM cuHycoM». DYHKIMIO 3Ty OH BEIPasKaeT W B BHUJE Pasiio-
JKCHHA B TPHTOHOMETPWYECKUH psAll, @ B BHe OTHOINEHUS TBYX IEJBIX IEPHO-
ongeckux gymErnmii. Ilpu aToM oH onmmpaeTcs TaKsxke HA BReJeHHOE WM eme Ha
caMHX DaHHMX INlopax 3aHATHH Martematuikoit (¢ 1791 r.?) apudmeruro-reo-
Merpuueckoe cpenHee. Jlas AByx uncen a m b (@ > b > 0) ono onpepenserca
Kak obm@ii npefen OBYX IocCJeToBaTeIbHOCTEH

™ = (@™ L b V)2, W= V @™ gD (n>1)

npu a® =a u b©® = b. OGosHagan ero sepes M (a, b), I'aycc oxomo 1800 r.
IPEMEHAET TO CPefHee K BHYMCIEHHIO MOJHOTO 3JIIMNTHIECKOr0 MHTErpaja:

T

1 S do . 1 . 1
ﬂOV1—zzcosﬂcp MU, V1= MA+2,1-—2)

WBnM nyrem 3Ta CBA3H BHEBOAUTCA B NoafHeidmeir pabore «Onpemenenme
nputskends...» (Determinantio attractionis..., 1818) 23. UroGs BHUHMCINTH
HHTETpan

P2

S ar
v VmEcos? T + n?sin? T ’

K KOTOpOMY OH NpPHXOQUT, oIpefielidd BEKOBOC BOBMYMEHHE, OKAasHBAeMOe
oflHoii I1aHeTo# Ha Apyryo, ['aycc mpuMeHser npeoGpa3oBaHue

2msin T’
(m-4+n)cos? T’ 4 2msin2 T’ °’

sinl =

22 CM, B CBA3K C BTHM, a TaKKe HIJK® YNOMHHAEMEIM apHPMETNKO-TeOMEeTPNIECKAM CpOJI-
mrM: Schlesinger L. C. F. Gauss: Fragmente zur Theorie des arithmetisch-geometri-
schen Mittels aus den Jahren 1797—17%9. H. 2; Uber Gauss’Arbeiten zur Funktionen-
theorie. H. 3.— In: Materialien fiir eine wissenschaftliche Biographie von Gauss.
Leipzig: Gesammelt von F. Klein und M. Brendel, 1912.

23 Gauss C. F. Werke, Bd. 3, S. 333.

9% 131



monydrBIiee BUOCJIeNCTBAA HaWMeHORaHHMe Ipeobpasosamua ['aycca, H HaAXO~
IAT

21 25
T __S ar’
2 cos? Tsin? T z Z . !
2n YV m2cos? T 4 n2sin® T ¢ 2n ]/m’ cos?T’ + n’"sin? T’

rie m’ = Yy (m + n) m n’ = VY mn. Heorpanmyenno moBTopAA 510 mpeoGpaso-
Bamme, 'aycc monygaer (B npegese, Korga KodguoueHTH] OPH KBagparax Ko-
CuHyca um cHHyca ofpamaiTtca B M (m, n))

27

S ar 1
J 2n Vmtcot T 4 n2simtT M (m, n) "

AHanOrM9HHR IPHEeM OH HMCIOJbL3yeT W A BHYHCICHHA JIAHNTHYCCKOTO HH-
Terpaja BTOPOIO poja:

an .
S c0os2 T — sin2 T

2n Y m2cost T 4 n2sin2 T

JTo efMHCTBeHHHEE peayabTaTH I'aycca, OTHOCAmmECA K 3IANTHYECKAM HHTE-
rpaiaM (1 QyHKuHAAM), onyGIaKoBanHbe npy KU3HA. C Togxm 3pendsa oGec-
medenns upuopaTera BHGop layccom MarepHa.ia guA nmybauxanad BpAK JH
MOKHO IPDH3HATEH YAaUYHEM. B caMoM feJse, OH IIaJ Ha PeayiabTaTH, IO CYINecT-
By He HOBHe, ony6amkoramnnle Jlarpamxem eme B 1784—1785 rr. 4, rorma
Kak oCHOBHOe forarcTro oTKpHTHE ['aycca, npegrocxmmasmux paGoTe Abens
u Axro6m, 0 ROTOPHX TOBOPHTCA JaJjiee, IPONOJIKAJIO OCTABATLCA IHOX CIYHOM.

Kax I'aycc oTHeccs BnociaeCTRAA K IMepBHM nyGiImKanuAM CBOMX HEBOJb-
HHX «CONEPHHKOBY B ofnacTh Teopud »naunTHdeckux ¢pymrmmit? Ilocse Toro
Kak oceHbio 1827 r. B ;xyprane Kpemre moasanacs mepsad sacth «ccuegopa-
guil o sanmntageckuM Gyrrmusam» (Recherches sur les fonctions elliptiques)
AGexs, Tayce 30 mapra 1823 r. mucan Beccemo: «K o6paGoTre mcecaegoBanmit
0 TpaHCHeHIEeHTHHX (YHRUHUAX, BeXymuxcd y;xe mEoro aet (¢ 1798 r.), s, mo-
KTy, IOKa He CMOTY NPHCTYOHTh, TAK KaK CHadasa QO/DKEH pas3fenaThCsA
¢ MHOTHME IpYTHMH Bemamda. I-m AGeis, Kak A BIXKY, Opefylpeqns MeHd
Temeph ® 06JIeTIMN MO# TPy HPAMCEPHO HA ONHY TPeTh DTHX Bemeil, TeM Gouee,
9TO0 OH IPOBeJ] BCe BHKJAZKH dleraHTHO M Kparko. OH m3bpas coBepmIeHHO
TOT 3Ke OYTh, KOTOPHI A mpookua B 1798 r., 1o3ToMy HeyRHBATEIBHO GOXb-
moe CoBHOAJeHMEe Pe3yIbTAaTOB. K MoeMy yOUBIEHHIO, 9TO PACHPOCTpPAHAETCH
Takke W Ha $opMy m oTdacTH Ha BHOOp ofo3HadeHHmii, TaK 4TO MHOTHE 6ro
$opMyTH KaxyTca TOIHOHN Koumeit Momx. Bo naGe:xanme BCAKOro Hegopasyme-
HUA A OTMeYal, OJHAKO, 4TO A He IOMHIO, 9TOOH A Korxa-EmOYAL HeauIcHs
STHMH BellaMH ¢ KeM 6K To HHE OHJIO» 2°,

Ecau Taycc BhpenseT 3geCh D/IHNTWYeCKHM (GYHKOUAM JWIIb TPETLIO
NOJI0 B CBOMX HMCCJEe[OBAHHAX IO TPAHCHEHIEHTHHM (YHKIHAM, TO OCTAJIbHEE
[Be TPeTH ClefyeT OoTHeCTH K Teopud apHPMeTHKO-TeOMeTPUYECKHX CpPEeIHHX
¢ 3a9aTKAMH TEOPHH MOAYJIAPHHX QyHEmuUA (0 9eM GyfeT CKasaHO B COOTRET-
CTBYIOIIEM MeCTe) W TeOopHH THIlepreoMeTpuiecKux QyHrmmii.

24 Lagrange J. L. Oeuvres, 1869, t. 2, p. 253 (u manee, B ocobeEROCTH €. 271 —274).
% Gauss C. F. Werke, Bd. 10 (1), S. 248—249.
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Tanepreomerpauecrme Gynroan

T'unepreomerpmaeckmit pan

g4 c@tDBB+Y) o a@t+DE@+ABEHDEA2) 5,
Ty T T rme+d C T trmaihatd  ° T
BIEPBHe BCTpeYaeTca B HeCKoIbKo Gogee ofmem Bume B XI raase IT Toma
«urerpansaoro ucancaenns» Jiiepa (1769), roe ycramaramBaeTca, B 9acT-

HOCTH, 9TO0 HMHTETpal
1
S u1 (1 —u)1(1 —zu)y*du
1]

pasiiaraeTcs B AN BHMA)

) a+b a(at+)b(BI+1)
B(b,c_b)[i + e+ e 2 ]
(B (b, ¢ — b) — »itnepoB WATerpaJ IepBOro pofa) H yHOBIeTBOpAeT Jupde-
PeHIHAIBEOMY YpaBHEHHIO

z(1 —2)dy + lc — (a + b + 1)zldydr — abyda® = 0  (rumepreomer-

puuecKoe AuddepeHNUaJbHOE ypaBHEHHE).
B raase VIII Toro sxe ToMa paccmaTpumBaeTcA H follee o6mee ypaBHeHHAe

2 (a + b)) &y + x (c + ex™) dydz -+ (f + gz™)yda® = 0,

pellleAne KOTOPOTO TAaK)ie MIIETCA B BHJEe CTeleHHOTo psafga. Ilocienmee ypas-
HeHMe B HEONHODPOMHOM Cily4ae maydas yudTeab ®m fApyr laycca WU. IIdadd
(1765—1825) B cBomx «AHaimTmyeckHXx mcciaeforanmax...» (Disquisitiones
analyticae..., VI. Helmstadt, 1797). IIdap¢d wmmTepecomaincsa caygagmm HHTe-
TpHPYeMOCTH YpaBHeHHA B KBafpaTypaXx. |'AIepreoMeTpmdecKkoMy pPsAAY B ero
KHHATe OOCBAIPEHA OTHeJbHASA riIaBa, JPHYEM 3[eCh BHEDBHE TePMHH THIEp-
TeOMeTPHYEeCKA» IPAMEHAETCA B YKA3aHHOM BHIIE CMHICJE.

Cam I'aycc ¢ 9aCTHHM M DPHTOM HeTpHMBHAJIbLHHM CIydaeM ramepreoMeTpH-
9eCKOTO PAZA CTOJKHYJICA B CBASH C apUQMETHKO-TeOMeTPHYECKHEM CPeJHHM
yxe okoso 1800 r. IMeEHO K 5TOMY BpeMeHH OH IIOJYIdJI PA3JIOKOHHE

1 N[ 48—
M(1+z,1—z)_1+2’_ 2.4 ... 2k ]"’%'
1

ABRNAINEECA, 09eBHIHO, TACTHHM CJy1aeM THIePTeOMETPHYECKOTO pAfa (npm
a =f =1, v = 1 unsamere x Ha 2%). ToEeCTBO 3TOTO PARA C PABIOKEHAEM

1 do
JJINIHNTHICCKOTO HHTeIrpaa —g~ S Vm H yﬁeJIEJIO eroB COOTHONICHHH,

KOTOpOe MH HIpWBOAHAH Brime. Torga ke oH 3aMeTHJ], 9TO CyMMa PAfa y[OB-
JeTBOpAeT OupPepeHNUANBHOMY ypPaBHEHHIO

d? d;
(2® — ) dz!; -} (3z”-—1)—%+xy=0

H 9TO THNEePreoMeTPHYCCKHEMH PANAMH BRHPAMAIOTCA TaKKe KodpPmmmeHTH
TPHTOHOMETPHIECKOT0 pasioskennsa OyEknmm (e + a'? — 2 aa’ cos ¢)~'/7,
HTpaolleil BayKEYI0 PoJlb B TeOpDHH ILIAHOTHHIX BO3MYI[EHMIA.

B muceme x Beccemo or 3 cemrabpa 1805 r. 28 Taycc coofmaer, 4To oH
pacmosaraeT HCKYCCTBeHHHMH CpeCTBAMH, OCHOBAHAKMY 9aCTHIHO HA COBCEM,

26 Jhid., S. 237—248.



KasaJgoCh 6sl, HOCTOPOHHUX UBLICKAHUAX (BePOSATHO, HMCETCS B BUAY HCCJIENO-
BaHHE apU(PMETHKO-TeOMETPHIECKOTO CPEHET0), N03BOIAOUIMMNA BeChbMa OHCTPO
BHIYNCIATE HYKHBIe Ko3(pduimenTr. IlpuBogmMere uM moxpo6HOCTE DOKA3bI-
BaioT, uto I'aycc He nosgaee 1805 r. mcxoxs ua norpeGHOCTEH ACTPOHOMATECKAX
BBUKCJICHHH PAacCMaTpUBaJ CYMMH THIEPTeoMeTpHYECKOTO pAXa IPH OXHOM
H TOM Ke z, & = 1/2 m pasHHX, OTIHYAIOIUXCH JKIIH HA I[ejkle JUcjia 3HaTe-
Husax P uy. [Ipu 9T0M 0OH HCTOIb30BAN NJIA BHYMHCICHH I OTHONMEHUI CyMM JBYX
THIlepTeoOMeTPUYECKUX DAJOB HeOpepHBHHEeE Ipolbm.

Bce atm Bompochl pasmmBasmch m ofobmiasmes ['ayccomM B Iociaexyliomue
roasi. CucTeMaTHaecKoe BeipaskeHue oHd HAnLH B «IlepBoit sacTu o6mux mccre-
JioBaHUH 0 GECKOHEYHOM pAJe

aa, d@t+l) BB+ 5, a@t+D @+ PE+)E+2)
L P B R T VIR w5 RECES)

(1813; cm. Bmme). B asropedepare atoit pabotn ¥ I'aycc orMeuasn, 410 eqBa
J¥ MOKHO HAa3BaTh Kakyio-Tub0 H3YYaBIIYIOCA aHAJUTHKAM¥ TPaHCIEHJCHT-
HYI0 QYHRIHIO, KOTOPYIO Helbasa GEJI0 6B CBECTH K TOMY DANY, M 9To JaHHAA
ny6IuRanusa ABIAETCA BBONHOH IO OTHONIEHHIO K PARY ApYruUX pabor, comep-
JRAUIAX Pe3yJIBTATH HMCCIeNOBAHHA BHCLIAX TPAHCHEHICHTHHX QYHRUmMA. ITa
paGora mMeeT Takke ocofoe B8Ha4YeHHWE B MCTOPMH MaTeMaTHIECKOTO AHAJIM3A
KaK TIEpRHI NpUMep [eTaNbHOTO0 WCCIENOBAHMA CXOJUMOCTH ONDPEIeIeHHOTO
RJ2CCA CTENeHHB X PANOB HA KOHIAX HHTEPBAJA CXOAUMOCTH.

Bo BBemenuu I'aycc ofosmagaer cymmy pana gepes F (a, B, v, ) (ramep-
TeoMeTpHIeCKaA QYHKIOHA; BIPOIEeM OH He IMOJb3yeTca sTuM TepMEHOM). lasee
OH OTMeuaeT, 4To F cHMMeTpHYHA OTHOCHTEJBHO & W f3, npu &, f u y Purcupo-
BaHHEIX OHA ABIAeTcA QyHKMOueHd omHOro Toasko . Ecum oo — 1 wim f — 1
—meJoe OTPHEOaTeNHFHOE IACJIO, TO 0HA CBOTHTICA K PAHOHAIBHON anreGpamae-
CKOMi; 3JIeMEHTY Y HeJb3sA NPHUIaBaTh metbie 3HauenmAa < 0, Tak Kak uHaA4e
moABATCSA GeCROHEeYHO GoablINe WiIeHH.

WUsa paccMoTpeHns OTHOMEHMSA IOCAEAYIOMEro WieHa K HPeJHIyIeMy BH-
BONHUTCA, 9TO pAR cxoxuTcsaupu | z | < 1 «ecam me ¢ caMoro Hadasja, TO mOCIe
ompeleJqeHHOTO MecTa [peds, 09eBHIHO, HIET 0 MOHOTOHHOM CXOXMMOCTH MOMY-
ne#t wreHOB K Hymio.— A. M.] m Tarike IpEBOTHT K oUpeleNeHHOM KOHeWHOM
cymme»; ecan | z | >> 1, To pan «ecau He ¢ Hagana, To C ONPENENICHHOTO MECTa
pacxoauTes [Mogyiam 4ieHOB MOHOTOHHO cTpeMaTes K oo.— A. M.l, Tarum
oGpasoM, ero cyMmMa He cymecrByeT» 28, Cayuaii x = 1 paccMaTpmBaeTca oco6o
(cm. HE:ke). Iamee Tayce maer pasamdHOro BEA BHpPAa>KeHHA 2JIEMEHTAPHEIX
¢yHEIHA, a TarKe Ro3QPUINCHTOB Pa3NOKEHHAS B TPMTOHOMETDMUYECKHA pAN
¢yarumu (a® + b — 2ab cos )" uepes rumepreomeTpmieckne GYHKIHU.
ITUM 33KAaHYUBACTCA BBEJEHHE.

HepBbrﬁ CaMH# KODPOTKHH oTHex cTaThbH uocnﬂmen BHIBONY Jmﬂefmmx co-
orHomeunit mexny F (o, B, v, 2), F (', ', v, x) m F (2", B" v, x) ARA KO-
TOPHX BCe pasHOCTH o — &', —B,v—v a—a’ ﬁ-—B y—9
ABJNAIOTCA WEJIKMH YHMCIaMH. BBIBG):[GHHHG COOTHOMERHs OPUMEHAIOTCA BO
BTOPOM OTHENeé K pas3joKeHHI0O B HeNpepsriBHHE [Apobm oTHONIeHHM BHA
F',p, v, »/F («, B, v, ), Tne xe ma pasmocreii a—oa.', p —p’, y — v’
paBHEE -1, a Tperhsa — mymo. Menno ¢ TakuM caydaem 'ayce, kak o6 3Tom
CRUMleTEJBCTBYET NUTHPORAHHOE BHINE NuchMo K Beccesio, BeTpetuica B Cro-
X aCTPOHOMMYECKHX BEIYHCICHHAX. I'aycc He CTaBMT BOmpoCa 0 CXORHMOCTH
9TAX PA3ilOKeHHH, OTPaHUIHBaACh (QOPMAJBHHM HX BEBOJOM IIOCPENCTBOM
NOBTOPHOTO JleJeHHs CTeNEeHHbIX PANoB. JImms Puman BnocaencTeum mokasau,

..

27 Ibid., Bd. 3, S. 196—202.
28 [bid., Bd. 2.
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UTO COOTBETCTBYIOmH¢ HeIIpeDHBHHE APOOH CXOZATCA BO BCEH KOMIIEKCHOM
NJIOCKOCTH ¢ pa3pe3oM oT 1 mo —+ oo BHOAb IOJOMHTENLHONR JACTH HEHACTBH-
reabHol ocH («K Teopunm pymErmumil, mpencraruMux pagom aycea F (a, b, ¢, )
{Beitridge zur Theorie der durch Gaussche Reihe F (a, b, ¢, z) darstellbaren
Funktionen, 1857)) .

Tpernit, camuin o6MKpPHET oTAesx Tpyna 'aycca noceAmEH MCCIeLOBaHHIO
CUNepreOMeTPHYECKOTO DPsANa OpH o, f U ¢ AeHCTEMTeNbHRX (KaK H RO BCei
pabore) mw x = 1. O6muit crydyait KOMIUIEKCHEIX &, [, ¥ H TOYEK OKPY/KHOCTH

| | = 1 6811 moaEoCTHIO H3ydeH BeitepmrpaccoM B cTaTse «O TeopHH aHAJIH-
tauecknx (aryisreroBy (Uber die Theorie der analytischen Fikiiltiten,
1856) 3,

OTMeTHB, 9TO0 BCe KOIDPUNUHEHTH HAYAHAA ¢ HEKOTOPOTO MECTA IIOJIOMKHA-
TeJAbHN, ['ayce «co BCell CTPOTOCTHIO «PARH TeX, KTO GJATOCKIOHEH K CTPO-
THM METOHAM [pPeBHHX TE€OMETPOB», BHCKABHIBAET M JOKA3ZHBACT CJeqyloulne
yTBepKaenns: 1) roappunmenTn GeCKOEEIHO BO3PacTaioT (ecam pAR He o6 pH-
Baercsl), korjma & + P — 9 — 1 > 0; 2) koahdunmeATH CXOOATCA K KOHET-
HOMY npefnexy, korga o -+ f — 9y — 1 = 0; 3) Gecronesno yOmEBawT, Korga
a -+ f —9y —1<0; 4) B3roM caysgae [T. e. B c1ygae 3).— 4. M.} gas cxo-
AMMOCTH CyMMbl npy z = 1 HeT mpemaTcTBuii (Summam seriei nostrae pro
z = 1, non obstante convergentia in casu tertio), Bo ecoim o -+ § — y > 0,
TO CyMMa 3Ta paBHa oo; D) CyMMa, GeayCJI0BHO, KOHeYHa, Korma o -+ f — ¢ <<
<09,

Hna o6ocaopamms I'aycc paccmarpuBaer Godee ofmuit ciydailt psaga (mo-
caegorarenbuoctn) M, M', M", M, ..., GAA KOTOpOro OTHOHIGHHe MOCJe-
NYOIero wieHa K IpeIHaynieMy HMeeT BHJ

oAl gt
o att b

mat=m,m-+1, m+ 2, ... Taycc qoxasuBaer, 9T0 «cymMmma paga M
+ M + M 4+ M” 4+ wnr. O, Opogo/keHHasA B 6eCKOHEYHOCTH, HaBep-
Hoe, GymeT KoHEYHOi», ecim Toabko 4 — a << —1; B OpOTHBHOM CIydae,
KOTOPH# 0H pacuileHdeT Ha NOACIydaH, pAN PacxomuTcs (B COBPEMEHHOM IO-
HEMAHHH 3TOTO TepMuHa). TaruM o6pasoM, 3mech MBI HMeeM IIOJHOCTBIO JOKa-
s3aHubli kpumepuii I'aycca cxodumocmu psdos, KOTOpPOMY, BUpoueM, caM 'ayce
OpHAaeT CTOJIh MaJo SHaYeHHd, 9TO HE BRJIKYAET eTo B 06CTOATEbHHE HeMel -
KUt pedepaT cTaTbH, HANHCAHHOM IO-JaTHHH. TaM ToBOpuTCA JUME (H TO
MHMMOXO[[OM), YTO C T€OMETPNIECKOH CTPOTOCTHIO JOKA3aHO, 9TO pAJ OpH x = |
TOJNIBKO TOI7[a CXOQUTCA K KOHEUHOM CyMme, Korgay — oo — B > 0.

OnmpaAcs Ha pPe3yJbTATH IPOBeJeHHOTO HM HCCIeTOBaHUA K02 GUOHEHTOB
THOePreoMeTPHYECKOT0 PAJA B 3aBHCHMOCTH OT HmapameTpoB o, B, y, Iayce
ycragaBiamBaer npu y — o — B > 0 dopmyny

F(a, B,y 1)= Wi —a—B1)

Dgp—a—1NI{y—~p—1)

rae I1 (z) ue uro mHOe, Kak sineporcKasa ramma-pyurmusa I' (z 4+ 1). 3amerum,
9To IPH BHBOJE 3TOTO CooTHomenusa I'aycc HeOMHOKpAaTHO MCIONb3YeT NOYJIeH-
HHii OpefeJbHHA Nepexol] B CTeNeHHOM psje B KOHEYHOHX TOYKe HMHTEPBAJIa
cxogumoctl. Ilo-Brqumomy, I'aycc camraer, uTo Takoil mepexon He TpebyeT
ob6ocnoBanusa. VarTugeckm oGocHOBaHmMe (BTOopas Teopema AGensa) gan muep-
Brie Abexb B 1826 r. (cm. Bume).

29 Pyman B. Coumnmennsa, ¢. 159—175.
30 Weierstrass K. Mathematische Werke. Berlin, 1894, Bd. 1, S. 153—221.
3l Gauss C. F. Werke, Bd. 3.
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Qymaxgmio 11 (z) (= I'(z + 1)) Taycc onpenensier Kak mpefes OpoH3BeNe-
HHASA

I (z) = lim I (%, z) = lim 1.2. ... -k s
k—co

h—-oo(z+1)(z+2) « (Z+h)
B Buge takoro ke Ipegena Jditnep onpememnaz! gna mio6oroz eme B 1729 r,
B nuchMe K Lonbabaxy. Ho HE Torma, En mo3;ke OH He JOKA3HBAJ CXOTAMOCTH

npomsBeferna. [ayce Tonbko HaMedaeT 060CHOBaHHE CXOAMUMOCTH, 3aIMCHIBAA
passocts In I (A + n, 2) — In Il (k, 2) (h m » — HaTypaJNbHHE 9HCIA) B BAZe

oo

JE )k gh- 1 1 N
Yot 0 [ gt T

(Ma monn3yeMCsA 3leCh COBpeMeHHHEM cliocoGoMm sammcu). OH yTBep:;KgaeT, 9T0
JIeTKO [OKAa3aTh, 9TO 9TO HPHpAIIEHHEe ¢BCerga OCTAETCSA KOHOYHHM, KOTAa n
GeckoHeYHO Boapacraer» 2, T, e. UTO OHO CTPEMHTCA K KOHEYHOMY IIpedelry.
YaurnBas, uto I'ayce ToNBKO 9T0 coBepmaJ TOYIeHHNA IpeqesbHKE Hepexox
B cTelleHHOM psfe (IPH yCIOBHH CXOTAMOCTH IOCJETHETO) KAK HEYTO caMo CO-
0oil pasymelonieecs, MOKHO He COMHERATLCA B TOM, UYTO H 3[jeCh OH MMeJ B RUAY
JMIIb JOKAa3aTeJbCTBO CXOUMOCTH PAja, MOJNY4IaloIerocs IIyTeM 3aMOHHl KO-
HOYHHX CYMM B KBagpPaTHHX CKOOKaX COOTBETCTBYIOIMMM 0eCKOHEYHHM pAIOM
o

Y arar

n=1
Oyakmao 11 (z) Tayce sanucuBaer Taxke B e GeCKOHeYHOTO IPOM3BE-
JeHHA
q 22+1 3z+1

()= 2+1 12 242) 22(3+2) e

aHAJIOTHYHAA 3AIHCHL NJA 2! IPHBOAKMTCA B YIOMARYTOM HChMe diinepa m B ero
«drddepeEnAEANTLHOM HCIUCICHATN
1.2 ol-m.gm 3l-m gm
i4+m 24m 34+m °°°

OcraBmascsa 4acTh cTaThlm ['aycca moceaAmieHa maydenmio ¢yExmmm II (z)
¥ ee IpHJIOKEeHASAM K BHIHCIGHHMIO HHTerpajoB. B wacTHoctH, ['aycc BBOOuUT
M HcclenyeT GyHKIHIO

¥ () =2 In 11 (2).

m! =

Oraocurenbro II (z) ayce mumer B aBropedepare: «ITa B BHCHIER CTemend
BajKHAA AJIA BCAKOIO aHANH3a (YHKOHA eCTh B CYIHOCTH HO 4T0 MHOE, KaK
sitmepoBckas HeBupasmMag (inexplicable) ¢ymrmma II (z) = 1-2.3-...-2;
ONHAKO 3TOT CHOCO0 IOPOKAEHHA HJIH OIpefeNeHUs, II0 CYKACHHIO aBTOPA,
HOKAK HeJOIYCTHM, TaK KaK OH EHMeeT ACHHH CMHCJI TOJIbKO JJIA HENHX MM0JI0-
KUTONbHHX 3HaYeHMHA z. 136pamEuil aBTOpOM cH0CO6 0GOCHOBAHHSA IPHMEHAM
B o0mMX yCIOBHAX W CaM HMeeT AJA MHHMHX 3HAUCHHA Z TAKOH Ke ACHHH
CMEICJ, KaK H JJA NeHCTBHTEIBHHX...» 3%, ITo MecTo, Tak ke Kak HW Apyroe,
1
rge 'aycc oTMeuaeTr BrpaskeHHe HHTerpalia S 1 (1 — zt)Vdz (sitnmepoBa mH-
L]

32 Thid.
38 Ibid.
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TerpaJjia mepsoro pola) yepes raMMa-QyHKnHI0O B Ka4eCTBe HOBOTO pe3yJbTaTa,
CBHOETeNLCTBYET O TOM, 4To ['aycc B To BpeMsa HEeZOCTATOYHO 3HAJ JABHO YiKe
ony0iMKOBaHHEE pe3yJabTaTH Jiljlepa W, Bo BCAKOM Cly4Yae, HeIPaBHJILHO
OLEHHMBAJ ero pPoib B Co3JaHWH M paspaloTKe DIEMEHTOB TeopHH raMMa-
byHKROHH.

PaccMorperras pabora mmena npogoskenne: «OmpeneseHUe HAIMero pARa
mocpexctBoM naddepeHNHAIBAOTO YPABHEHHS BTOpPOTO mopsagxa» (Determi-
natio seriei nostrae per aequationem differentialem secundi ordinis), omy6-
JIAKOBAEHOE TOJBKO mOocMepTHo, B 1866 r.%%

3pgech rmnepreoMerpmueckoe pumpdepeHOAANBPHEOE YpaBHEeHHe IOJIyIaeTCA
Cpa3y j»Ke Kak JaCTHHU CJydaidl JWHeHHHX COOTHOHIEHWM BTOPOTO OTAesa OC-
HOBHO#M crathm: ecam F (x, B, v, z) = P, To

=2 Fe+1p+17+12)

2 1

= ReNEED Fat2,B4 2 v+2,0)
Taycc paccmarpmBaer mpefpasoBaEus HE3aBHCHMMOTO NEPEeMEHHOTO T M GYHK-
nuEa P, mocpeACTBOM KOTOPHX THIePTeoOMeTpHYeCcKoe YpaBHeHHe HmpeoGpa-
3yeTcs caMo B ce6d (¢ IpYrEME 3HaYeHHAMH oo, f§ 1 ). Tar, oH BBOEHT IpeoGpa-
30BaHHe § = 1—2z, mo3BoxsAlOmee HaiTH HapAxy ¢ F («, B, v, ) BTOpOii He-
3aBUCHMHIA MHTETpaj Toro ke ypaBmeEHs F (o, B, a +pf +1 —1y,1 — 2)
¥ 3aI@CHBaTh OOIMMII MATETpaJ B BHIE

MF(a,ﬁ,‘y,x)+NF(a,[5,a+ﬁ+1—y,i——x),

rge M u N — npousBoasHHe nocToganke. [IpeoGpasoBarme P = (1 — z)»P’,
yKasaHHOe paHee JilepoM, flaer Oph p = 9 — o — P

Fy—o,vy—B8,v 2 =01 — 2% (a, B, v, 2).

Anpanormunoe npeoGpasosarme P = z*P’ npm p = 1 — y OpuBORAT K COOT-
HONIeHAI0

FaBotp+1—p1—o)=—fcEEDICD £, By, 2) +

I —NIEr—2
+ A E T et — e F (1 —a, 1 —f, 2— ¥, 2).

Ilocnegnee mosBoJAeT CBOMTH BHYUCJICHHE CYMMH FHOEPreoMeTPHIECKOro
paga B maTepBaye (0,5; 1),rope cxogmmocrs Memserrasn, k mATepBaxy (0; 0,5),
rie oma GrcTpee. Ho monyuenmas ¢opMyna HeOpHTOZHA B clIydae, KOTLZa
a + p — 7 — mexoe 4HMCIIO, TAK KaK TOTN[a B Hee BXOJAT He MMeIOIA CMEICIA
THIEepTreoMeTpHdeCKuil PAJ ¢ HeTHM HEeIOJOKHTeJNLHEM TPeThbHEM JIEMEHTOM
u GecroHedHHe 3HaUYeHuA QyEroud [1. ATy Tpyamocth ayce o6xonqmnT, HCmoIb-
3yd H3BeCTHHI B TeOpHH JIHHEHHHX AH(PepeHNIHaJbHHNX ypaBHCHUN IpHEM
HNanamGepa. HaiifeREHI pesynbTaT OH OpuMeHSleT K Beamcienmio F (Y, Y/,,

1, 1 — z), B koTopoM Mu ysHaem 1/M (1, Y z). [loxyuaerca
1 1
F(T,T, 11—z)=
1 1 1 i i 21 185
='—T[ln(ﬁx>F<T’T’ 1,x)+7x+-t)—4x2+7—68-x3—|—...],

% bid., S. 207—229.



COOTHUIDEHME, COfepsKaHWe KOTODOTO B TePMHHaX apupMeTHKO-TeoMeTpude-
ckoro cpeguero Tayce nonygua eme B 1799 r., Korga on He BIagen eme Teopuei
runepreoMeTpr4ecKKx QyHKnui. 3aMedaTtensHo, uTo I'aycc of6bACHAeT ofHO
W3 BHBEJCHHHX B 3Tof paGoTe COOTHOIIGHMWH, Ka)kKyIeecs NPOTHBOPEYHBHIM,
MHOT03HAYHOCTHI0 THIEPreoMeTpHIeCKod (YHKIWH, HOHHMaeMoil Temepb He
KaK CyMMa THIEPTreOMEeTPHYECKOro pAjga, e ompeelieHNe OTPAHMIMBAIOCE
yCIOBHEM CXOXMMOCTH CTEIeHHOTO paAfa mpu | £ | <<1, a Kak pemenume ruuep-
reOMETPUIECKOTO YPAaBHEHU, paccMaTpUBaeMoe Boofme misA moGHx 3Ha9eHud
z. Ilpu sTtoM Tayce saBHO ccHnaeTcsa Ha 06xof NepeMeHHOT0 £, IPUEAMAIOMETO
KaK AefCTBHTEALHEE, TAK ¥ MAKMEE 3HAYeHHA, BOKPYT Touek O u 1. Ito 06BsacC-
HeHHe COIJIacyeTCs C TeMH CBefeHHAMH O IPHDOIE MHOTO3HAYHOCTH ()yHKI[HA
ROMILJIEKCHOT 0 IepeMeHHoro, koTopue I'ayce coobman Beccenio B croem nuch-
e ot 19 merabpsa 1811 r. (cm. Bhume, c. 122).

QakTHYecKoe u3yIeHHWe THIOepreoMeTpmueckux Gymrmuit F («, f, v, 2)
Kak QyHRIUA KOMILIEKCHOTO NepeMEeHHOT0 r, ROTOoP0oe MOKHO Ol mpoBOJHUTSH,
OonMpasach Ha dillepoBCKoe MHTETpajbHOE NpeACcTaRJICHHE

F (o, B, v, 2)=B1(B, p—B) § 2P (1 — 2)B1 (1 —az)y o dz

{udarge ABHO He mcmoiabayeMmoe Iayccom), TpeGomano, ogHAKO, 3HAYUTEIHHO
Jdosee ray6okoil m feTansHO# pa3paboTKM OCHOB Teopuu PYHKI[HH KOMILIEKC-
HOTO HepeMEeHHOTO0, geM Ta, KoTopoi pacuoaaraix Iayce. menno noaromy cu-
CTEeMaTHHeCKOE WCCJIENOBaHNE TEOPHH THIEPreoMeTpUIeCKHX CQyHRUmi He
OHII0 MM NPONOJKEHO W JajKe RTOpPas 9acThb paGoTH, 0 KOTOPO#l TOJNBLKO dUTO
oia peds, He Gria 3arepimmena. Toabsko mocie Tpynor 3. Kymmepa, K. Beitep-
mrpacca, B. Pumana, JI. @yrca, T'. A. Hlrapua u @. Kueiina nocnegmemy
YHAJOCH B CROMX INOCMEPTHO ONYyGIMKOBAHHBIX «JIeKIUAX O TMIEPreoMeTpuue-
ckroit pyarmum (1893—1894%; Vorlesungen iiber die hypergeometrische Funkti-
on. Berlin, 1933) renoaHuUTH CHHTE3 aHANIUTHIECKOH W FEOMETPHICCKON JaCTH
Teopun u 6ojee Toro — GaKTHIECKH OCYIMECTBUTH 3aMucen I'aycca o cosgamnu
KaIlMTaJbHOTO TPYyHda, OXBaTHRAIIIETO BCe pe3yinTaTH um MeTomu I'aycca, ot-
HOCAIMUECS K TPAHCICHACHTHRM §yHRI[HAM.

OpHakO pasBUTHE TEOPHM THIEPreoMeTPHYeCKHMX (QYHKIUA Ha 3TOM HE
BaKOHYMIOCE. ['mmepreoMerpmuecKue (QyHRIUM Gham oGoOHmIGHH B Tpymax
II. Annens gaa caydad MHOTMX KOMINIEKCHHEX IEPEeMEHHHX H B TaKOM BHIE
MOJNy9min ¥ NPOJOIKAIT MOAYdYaTh MHOTOYHCJICHHEE NpPUMeHeHHd B 3afadax
MaTeMaTHIeCKOH (QuauKm.

Hepesiit mogxom K MoayIApHSIM (yHK THAM

Eme B 179 r., xorga I'ayccy 6nu10 Bcero 17 ser, oH paccMaTpPUBAT B CRA3K
¢ nayuenmeM apudMeTHKO-TeOMEeTPHYECKOTO CPEegHero CTeNeHHHE DAZH RUA

P(x) =14 22 + 22 4 22° 4 . . .,

Q) =1— 2z 22 —22°+4 ...,

R (z) = 2z'« + 22’ 4- 22/« - .. (2| <1).
‘OHM npepcTaBiaAnT coGo# Tak HasHBaeMHE HYJeBHe TITa-pARH, GopMaabHO
moly9alomuecs 3 TPUTOHOMETPHIECKHX DaslokeHuid TaTa-QyHRmuiA HrobGu:
6,, 0, H,, eciz B moClIefHEX NOJOKATL aPTYMEHT PaBHHM HYII0 M ReJIUTHAHY
q = e~"’'/% oGosnaunth depe3 x. IloqoGHEe pALR BecTpeuaaucs qo I'aycca B paGo-

tax fIronra u Jaruuna Beprynnu n ditnepa. Uto uMenmo GrI0 H3RECTHO 0 HUX
Taycey B 1794 r., ceituac HeNb3A yCTaHOBHTH., MH BOCHIOAB3yeMCA €ro 3HAYU-
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TeasHO GoJIee MO3MHUM H3JI0)KeHAeM, HANACAHHKIM He pasee 1818 r. m mpegHa-
3HAYaBIOIMMCH, NO-BHEUMOMY, ZuA onyGaukoBanua. ITo «CT0 TeopeM 0 HORHIX
rpancuengenTHnx» (Hundert Theorem iiber die neuen Transcendenten) %.
TFaycc ycTaHaBA@BaeT afech Clegyionmgme TOKTOCTBA:

P*(z) + Q% (2) = 2P* (%), Q*(2°) =P (2)Q (a), (7)

P (2% R (2%) = Yy R? (z), P*(2) — Q' (x) = R* (a). ®)
N3 dopmyn (7) caemyer, ato P2 (z%) ecTn cpennee apudmeTHaecKoe Me;RAY
Pz (z) m Q% (x), a Q% (2%)— cpefiHEe reoMeTPHIECKOE MEKAY TeMn ke QyHKiuA-
mu. IloaToMy ecam monosmts P2 (x) = m, Q% (z) = n, m® = (m¢*~D 4
4 nE0)2 1™ = Y D n® D p® = m, n® = n, T0 NpuUMeHeHHe AJNTO-
pupMa apndMeTHKO-TEOMETPHIECKOTO CPEJHETO JaeT

m = (m + n)/2 = P¥z?, n' =Vmn=0Q@Y,...,
m*) = p2 (xzk), n® = Q2 (x2k), RN
OTKYAa

M (m, n) = lim P* (z*') = lim @* (2*") =1 (|2 <1).

Ecim teneps m m n — mio6re moNoKHTENBHBIE TNCIA, OpUYEM m >N U
M (m, n) = P, TO eCTECTReHHO IOCTRBUTH BONPOC 00 OTHCKAaHHE TaKOTO I,
grobni  Gato m = uP?(z), n = pQ?(z). Torma

Q2 (x)/P2 (x) = n/m 9

H BONPOC CBOAMTCA K PEMICHHIO MOCJEJHEr0 YPaBHEHHA OTHOCHTEILHO Z.

Yro6H paspACHUTH, noueMy Gyarnug Q3 (x)/P? (z) BIOCAEACTRMN LOMyIH-~
lla Ha3BaHMWe MoOYyaapHOU, 06paTUMCA K TepMUHOJOTHMH H 0603HageHuAM HKo-
6um. ITycrs

w
dt

§ V{t— ) (1 — h2e?)

7 ==

— BJJIMNTHYeCKMi uHTerpan nepsoro poga. ITapamerp k (= 0, 5= 1) nHasmnra-
etca modysem unmezpasa, a k' = Y1 — k* — donosnumesvnoim mody.aem.
O0panieHEe MHATErpajla — raycCoOB <«yHHBEPCAJBHOMNIMH JIeMHMCKATHICCKHiA
CHHYC» NpPeaCcTaBiAeT 3fech osanuntuieckuin cmuyc Arobm w = sn (z; k).
3a ero ocHOBHKE NePAOTH MOTYT 6kTh npuaATH 4K 1 2iK’, rne K m K’ — noa-
HHe 3JUTANTAYeCKHEe HATerPaJIkl ¢ MOXYJIAMA k& u k' cOOTBeTCTBeHHO:

1

1
dt dt
K= , K= .
§ V=) (1 — w2 § Vi—r (1 — k)

IIpu sToM 3HaueHUA KOpHEH NOJ 3HAKOM HHTEIpana RHOKPAIOTCA Tak, 9TOGH
pHEONHANOCH yeaosne Re (K'/K) > 0 (ecam k? < 1, T0, oweBHgHO, HOCTA-
TOUHO 6paTh IOJNOKHTeNbHEE 3HaueHHsA KOPHA B obomX mmTerpanax). Us co-
OTHOLIEHWH MEKAY apAPMETHKO-TeOMETPUIECKUM CPEIHUM M 3JUIHITHYCCK MMH
HHTErDAJIaMH IIePBOTO pofia, ycTaHOBieHHEX okono 1800 r., caegyer, uTo KOp-
EW Z ypasaeHHA (9) mmeoT BEE x = €T, THe

v=K'/K u k* = (m? — n?)/m?, r. e. k' = n/m.
3 Gauss C. F. Werke, Bd. 3, S. 461—469.
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Hrax, ¢pyexnua [Q (z)/P (z)1?, paccmaTpmBaemaa kak QYEKmEA T, ABAAETCH
aHaJHTHYeCKOH B moaymniaockoctd Re T ~> 0; oHa BHpa)kaeT 3Hadenme MOXYIsA
(momoxnmTensnoro) pynkmunm sn (z; k) Axo6m m motoMy MoeT GHTh Ha3BaHA
MO YIAPHOM’.
3afada H3ydeHHmA BCeX pemieHmii ypapHeHHA (9) AaA MPOM3BOILHO 3aJaH-
Horo n/m (= k') cornmapmaer, ciefoBaTeaBHO, C 3afadeil naydeHHs paclupesele-
HHUA 3HaYeHUIl ONHOM u3 npocreimux MouyaApaux ¢yarmmit. U T'ayce meitcr-
BOTENILHO 3aHMMaeTCA TaKo#t 3apgaueii. Tak, B oOTpHBKax, OTHOCAIHXCA
K 1827 r., OH BHCKa3HBaeT CIEYIIYIO TEOPEMY:
«Ecam mapmee sactu t m 1/t comep-

7 JKATCA MEKIY — i B} i, TO JeCTRUTEN b~
Hasa gacTs Q2 (t)/P2% (t) monoKHETENb-
Hay 38,
Ilpa stoM Q () m P () — 3pmech
7 sHaveHHA npe;kEmx Qymxnwmi Q (z) m

P (z) npu £ = ™, tak uro OyHKDHRA
3TH PACcCMaTPHBAIOTCA B IOJAYILJIOCKO-
cte Re £ > 0. @opmyamposka I'aycca
COIIDOBOKIAETCA depTerKOM, Ha KOTO-
PoM mpefcTaBieHa 00/aCTh KOMILICK-
CHO#l NIOCKOCTH, 3ampMaeMas 3Hade-

Puc. 13 HUAMHA 1§, YAOBJIETROPAIOMUME YCIO-

BHAM TeopemH (puc. 13).

K Muicau o cylmecTBOBaHEA MHOTHX, 66CKOHEYHO MHOrHX peleHHR yparHe-
Era (9), COOTBETCTBYOIHX XaHHOMY 3HadeHHMI0O n/m, Taycc npmmen eme
B 1800 r. Cynma mo mospmeiimuM 3amerkam (1825), pedb mmeTr o ToM, 9TO OpH
BEYHC/IEHAA CPEeJHUX reOMeTPUYeCKHX B anropupme apudmeTHKO-TeOMeTpH-
YeCKHX CpPedHHX MOKHO 6paTh AmGO TO 1uM0O APYyroe W3 ARYX 3HAUECHMA KBaj-
paTHOTO KOpHA. COOTBETCTREHHO YTOMY HAXOOUM y HETo cjefylomee yTBep:k-
JeHme:

«Urto6n pemntb ypasaerme Q (1)/P (f) = A, nonaraior A* = n/m u mmyT
apudMeTHKO-TeOMETPHYeCK O€ CPeHEee MeKNLY m U n; 0yCTh OHO paBHO p. AmyT

manee aprdMeTHKO-TeOMETPuUecKoe cPeflHee MEKAY m | ]/m2 — n? wid, 970
ABNAETCA TeM jKe CaMHM, MeKEY m -+ n @ m — n, myeTh oHo pasHO A. Torma
uMmeloT ¢ = p/A. Tak moaydaercs TonbKO OXHO 8HadeHHe (; BCe IPOIHE 3AKJIIO-
vawrcd B Hopmyne —%
yrooBieTBOopAiomue ypasHemmio o — 4Py = 1» 3.

dToT peayunTaT, Kak 3amedaer Mpure 32, me Touen: mogmeuennaa I'ayccom
BaKOHOMEPHOCTHh (paKTWIeCKHM OTHOCHTCA K KOpHAM 6osee o6mero ypaBHeHHA
Q* (t)/P* (t) = A* = n¥m?2. OpmEako {uA HAC CYMECTBEHHO TO, 4TO l'aycc, me-
A3MEHHO OMHpafAch Ha CBOH ajxropndmM apudMeTHRO-TeOMeTPHYECKOTO CpemHe-
ro, HOCTeNeHHO NPUIIe)] K OTKPHTHIO OCHOBHOTO CROMCTRA BReIeHHOHX MM MORY-
AApHOX GYHKOHMHA: UHEADUAHMHOCMb OMHOCUMEALHO HEKEOMOPOL CReYUdibHOLL
epynny Opo6HO-AUHEURWT asmomopdusmos obaacmu ee onpedesenus.

JanbHe#niee pa3BHTHEC MaTeMATHKH IIPHBEJO KAK B OTHOMEHHH TEOPHH
MORYJNAPHOH JYHKOHMH, TAK M B OTHOIEHWH TEOPHH DLIMNTHICCKHX PyHROUH
K CXOHHHM pe3yJhTATAM: B ONpefeleHHT TOTO M APYILOro KJAacca HMCTOpHIE-
CKHe MCTOKH IOMHOCTHI0 YCTPAHATCH, OCTAIOTCA TONBKO caMue ofmue xapak-
TepHCTHYECKUE CBOHCTBA. A mMenHo MomyiafApHaA ¢ynknoma ¢ (f) crama ompe-
JeTAThCA KaK QYEXOHEA aHAJTHTHIeCKAaA B HoJynJdockoctd (ymoOHee roBo-

36 Thid., S. 477—478.
37 1bid., Bd. 8, S. 101.
38 Thid., S. 105.
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puTh 0 BepxHeit Hoaxynaockoctn Im ¢ >> 0), mEBapmaATHAA OTHOCHTEABEO He-
KOTOPOE mOArpyINH TPYNOH JHHEHHHX asToMopdmamon: &' =(at + P) X
X(yt + 6)%, rne o, P, y 1 6 — meawle YmcHa, YAOBIETROPAIOMAE YCIOBHAIO
ad — Py =1; saaunrmvecrasn jxe fynrnus f (z) — Kax dyEROEa, MepoMopdHan
B IJI0CKOCTH, WHBAPHAHTHAA OTHOCHTEABHO IPyHNIH npeofpasoBagHO# BHIA
2’ =z -+ me; + nw,, rle m B n — BCeBO3MO)KHHE IEJHE 9HCIA, &8 ®; &
0, — nepuods, JBa KOMIOJIEKCHEX YMACJIa, OTHOMCHA® KOTOPHX He eCTh 9hCJI0
JeficTBATENBHOE,

Crenennne papm. Heysmencnue npepenor

B «AxreGpamueckoM amaxmse» (1821), rme Homn ofcroarespHO m3naraer
TeopmIoO NIPeIeIoOB B OCHOBAHHYIO Ha HE#l TeOPMIO PAZOB M 3IeMeHTaPHHX QyHK-
OHA, COOEP/KBTCA, B JACTHOCTH, HCCIeJOBaHHAe CTEIOHHKX PAOB

gy +az+ a2+ ... +a2+.. .,

B KOTODHIX ¥ NDHHAMAET He TOJBKO) JefiCTBATE]BLHEE, HO W MHHMEHE 3Ha-
wenusa. Komu ycranasamsaer, 4To TaKodh pAx 6ygeT CXOQATHCA BINA PACXOARTE-
¢ B BABECHMOCTH OT TOTO, §yJeT JX MOAYJAb I MEHLIIe WIHW (oJbIIe IMcia

p— 1
Iim Ve, ~
Mn—+x
HKorewno, y Komm mer oupepmeseEna BepXHEro mpefiesia M COOTBETCTBYIO-
mero caMBoiaa. Ho, Kak y:xe roBopEIoCH, OH IPAMO I'OBODHAT O HaMOOJLIMEM

"
w3 mpemenos umcna y a,. OGosmEawas ero uepes A, Komm sBogmt aTo wmCaO0
B GOpPMyARDPOBKY TeOpeMH 22,

Teopema srta (reopema KHomm — Apgamapa) (Ajamap BHOBB copmMyampo-
BaJ ce W OKa3aJ B AOKTOpPCKo# amcceprammm 1892 r., ma Koropod caemyer,
B YACTHOCTH, 4TO AJdA I AeiCTBATENBHOTO PAJ CXOAWTCA BHYTPE HHTEPBAJa
(—p, p) B PacxogETCA BHE 3TOr0 MHTEPBaJja), MOJHOCTHIO BHIACHAST 06JacTh
CXOAMOCTH CTEIeHHOr0 PpsAfa.

Bonpoc o pa3aosennn yEKNE B CTeIICHENE PALH BISDPBLIE B ACTOPHE aHa-
IA3a MOJy4aeT NpaBmibHoe ocBelenne B JoKNuAx 36—38 «KpaTkoro mamoske-
HAA JeKnuil 1o mcunciennio 6ecKoreTHo Malux» (1823, 1. 1). Kakoe smauenne
Komz mpmpasal 3T0My BOIPOCY, IOKA3HBAET OTPHBOK F3 eT'0 HPEINCIOBHAS
K 9TO#l KHEMre, BOCIPOB3BEAEHHER MM I03[HEE CIOBO B CJIOBO B IIPEJHACIOBAR
K «Jleknmmam mo ampdepernmansromy mcumcaermior (1829). Om Gygmer npm-
BEeJGH B COOTBETCTBYIOIIeM pasfeie TpeTheli KEHArm Hamero Tpypa.

dcradery B H3yueHHE CTeNeHHKX PAROB 3 PYK Homm npmammaer AGens.
B 1826 r. B HepBOM roMe xypHana Hpenne mosasaserca ero «UccaemoBanme
m(m—i) m(m—1)(m —2)

o pame 1 +—a; + 2+ 193 2* 4+ m r.g.». 3agada
AbGena — «Halitm cyMmy pﬂp;a
— —1 —2
1 +—a:+ m(m 1) 2?4 m (m 1.2).(3”& )7«3+ g T.I

I BCeX AeHCTBHTENLEHX MIHM MEUMEX Z, OiA KOTOPHX pAf cxogmrceay. Ilpm
aToM AGeap momycKaer, 9T0 m ABIAETCA IPOM3BOIBHHM, BOOOME KOMIJIOKC-
HHM IHCIOM. JTY 3aJaly OH pemaeT mciepUHBalommMm o6pasoM. B kKauecrne
IpeABaPATEIBHHX TEOpPeM YCTaHABJIMBAIOTCA HEKOTOPHE BajKHEE HPEAIo-
JKeHAdA, AMeIOIHe 3HAYeHAe He TOAbKO Aad ofmeit Teoprun pAJOB, HO M B 030~

3 Cauchy A. L. Oeuvres complétes, sér. 2, t. 3, p. 239—240.
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GeHHOCTH 1JIA HOCHEAYOIETro PasBATHA HadYad TEOPHH aHANHTHIECKHX (yHK-

UWH.
Teopema IV s10it RIaccmIecko# paboTH raacmr:
«Beam pag f(a) = vy +vya -+ 002+ ...+ ve™ ... cxogmrea

INA OUpPefeJeHHOr0 3Ha9eHuA &, PABHOro §, To OH CXOAHTCA TalsKe MJIA BCA-
KOT'0 MEHLINEero BHAYCHHA O, O JId DOCTOAHHO YORBAaOIKX 3uadennit f ynk-
gua f (o — P) HeorpanudeHHO NPHOAMKaeTCA K Ipefieny f (&) B Upemiuoaoke-
HOH, 9TO @ PaBHO BiIm MeHbme §». JTa TeopeMa pacmafgaeTcs Ha JBa IpefJosKe-
HEA, 00 beNACGHEHX c0i030M «m». [lepBoe M3 HEX HasnBaeTcAa OGHTHO HePBOI
TeopeMoit AGexsi, BTopoe, yrBepsKAaImee, 9T0 CyMMa CXOHAIIEroCHa CTemeHH0-
ro PAfia eCTh HempPephiBHAA (cieBa) PyHKOHA apryMeHTa, HASHBAETCH BTOPO
Teopemoii AGeas. MH Bafenn Bume, 9T0 fasie 'ayce onmpascs ma 1o yrBep: -
IeHme, KaK CaMOOYeBHIHOE,

B 1831 r. Komu noaydJaer TeopeMy CyI{eCTBOBAHUA PalioKeHHA QYHKIHE
KOMILIEKCHOTO IIEPEMEHHOTO B CTeHeHHHe paxk. Teopema ata raacnr: «DyHK-
onsA pasdaaraercsa oo fopmyae Makiopesa B CXOOAmMuicsa PAX, PacuoaoKeHHEHIR
0 BO3PACTAIOIIMM CTCHEHAM I, €CAH MOAYJIb AeRCTBATCNLHOK HAE MHEMOM
OepeMeHHOR = cOXPaHAeT 3HaYeHHE, MEHBINEe TOr0, AiAA KOTOporo QyHROmA
mepecraer GEITH KoHEUHOM miu HenpepusHoi#. Ilyers X — 310 mocaennee 3xa-
JeHgue WM BHAYCHHE MeHbIee B T — MHEMOE BHPAKeHHE, MOAYAEL KOTOPOTO
ectrb X. Mogyam o6mero 4ieHa m OcTaTKa pAfa Mawxiopera GyqyT ¢OOTBeTCT-
BEeHHO MeHBbIIe MoAyJieil o0Iiero wieHa W OCTaTKa reoOMeTPHISCKOM MPOTPECCHH,

aMeneit cyMmmy
X 0

m Af (i)»“ .
3pmecs A f (T) oGosHavaeT «upegea MoAyasa f (Z)» Upu EKCAPOBAaHHOM MORYIe
| Z |= X (wam, Kax CKaskeM MH Telleph, BEDXHIO0 IpaBs | f () | B Tourax oKpym-~
Hocth | Z | = X). Teopema 3ra ycTaHaBIuUBaeT He TOABKO IpoCTeiimmi Kpmre-
puii pasaoKEMOCTH QYHKUHE B CTOIEHHOH DA, T. €. aHAAHTAIHOCTE PYHK-
IOHME, HO ¥ JaeT Ma)KODAHTY Pa3l0KeHHA B BuE reoMeTpUIecKodl mporpeccum,
9T0 Upe3BHMANHO Ba;KHO [JAA BCeX ImpuMeHeHmil cremeHmwx paAmor. Cymecrt-
BEeHHO HOAYEPKHYTH, ITO YKAaBaHHKE MaKOPAHTH H COOTBETCTRYIOMAA OMEHKA
0CTATOYHOI'0 WIeHA CTEMEHHOI0 PAfa JAOT HCCIefOBaTeli0 ropasmo GoJibime,
9eM IPOCTaA KOHCTATANEA PaBHOMEPHOH CXOQEMOCTH CTENEHHOTO PAA B KasK-
OOM KpYyre, KOHOEHTPHICCKOM C KPYrOM CXOMEMOCTM H HMEOMmMEeM pajgnyc,
MeHbIMIM#A pafmyca cxogmMocTun. WHEME cioBaMm, Homm cBoeil Teopemoii xax
61 CHAJX BOIPOC O PABHOMEPHOHR CXOAWUMOCTHE [JiA CTeNeHHHX PARoB 4!, mpen-
JO¥HB [JIA Hee IPOCTYIO KOJIHMICCTREHHYI0 XapaKTePUCTHRY.

Jli moKasaTeabcTBa CBOEH Teopemnl Homu, mCHOABR3yA OCHOBHOE COOTHO-
meuue (5), npeacraBaser f (r) B Bufe WHTErpasia

1 ¢ oz
X X -
@)= § 2% dp  (z=Xe?V),
—n

NONYIHBINEI0 BOOCJIEACTBAM HA3BaHME HITErpalia Romn.
1

z
Iloce aTOro eMy OCTaeTcs TOABKO Da3iOKETh XPO6L —— = r—

B TeOMETPHUECKHiA AN (IOAB3YACk TeM, uTO | x/7 | << 1) m, HOACTaBHEB BTOT PAX
TOf 3HAK MHTErpaja, WHTeIPHPOBATH €0 HOWIeHHO. B pesyianTare OH IPHXO-

40 Cauchy A. Exercices. Paris, 1844,t. 2, p. 54—55. 9ta TeopeMa ¥ HeKOTOPH e OPUMEIKATO-
mue pe3yabTalhi OHau on)6A¥KOBaEE B JHTorpagupoBaEHOM Buje B 1832 r., 0 ueM

TOBOPHTCS HECKOJBKO flajee.
41 O ppejieHMH MOHATHA PAaBHOMEDHOH cxopumocTH Gyaet uaru peds B HH. 3.
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OHT K TpeOyeMoMy Pa3JIOKeHHI0, NPHIEM H3 CaMoro cmocoba IOJyIeHHs pas-
N0KeHrA 00HADY)KEBASTCA W Maj)KOPaHTa PANa B BHAe reoMeTpHIeCKoit mpo-
TPECCHH,

[ DpaBHABHOTO DPEMEHEHHA 2TOH TEOPeMBl HeoOXOXWMO EMETh B BHIY,
aro Homn 6 y6esien B CYyIEeCTBOBAHVE B HONPEPHBHOCTH IPOW3BONHON OT
oysKnuu f (z), XoTa cHavaja W He OTOBAPHMBAJ BTOTO B YCJOBHM TEODEMHL
IIpmamas 5TOTO Y3Ke pacCMATPEBANMCH PaHee MO0 NOBOAY POPMYIBPOBKE yCI0-
BH#l MHTerpaianHO# TeopeMu Homm B ee mepBOHAYadBHOM BHAE. 3AECH HYKHO
NOAYePKAYTE, 9TO YCJIOBUA HEOPEPHBHOCTE B Au(PepeHIUPYEMOCTH JOMHEE
BHIOJMHEATECA I QyHKnunM [ (z), paccMaTpMBaeMoii Kak QyHKIMA KOMIJIEKC-
HOTO TepemenHoro. Bce »ro Homm passsicager ma npumepax. Dyskmnum
cos z, sin z, €*, e, cos (1 — z?), ... ABAAITCA HenpepHBHEME (u AEPPepen-
NEPYeMBIME) [7A M060T0 KOMILIERCHOTO . Iloaromy oum pasnaram'rcﬂ B pAL

N0 CTeUeHAM Z, BCIORY cxomamuiica. Qynarnomm (1 + x)' 2, — .

14 V 1T—22°
In(1 4 z), arctg # mepecraiT, 1o Kommn, 6urs HeﬂpepHBHHMH OpH HEKOTOPOM
3HaYeHMM Z, PABHOM 00 Mopymio epggdgune. Jlnd Hac MOCTATOUHO 3aMe-
TUTH, 9TO IPOM3BOAHAA OT HePBO# PyHKME o6pamaerca B 06CKOHEIHOCTD IPH
2z = — 1 (Komu cuntaer m camy dyaromio (1 4 z)' : pasprBHOi#l B 8TO# TOUKE
B CHJIYy HEBOBMOKHOCTH BHICICHHA OJHO3SHAYHOM M HOOpEPHBHOHE BeTBH 5TOM
PYHRUVE B ORPECTHOCTH TOIRE T = — 1) BTOpas Qyurmua cama oGpamaerca
B 6ECKOHEYHOCTD IPH T = 1} nas TpeThel ke PyHKOHA Ipon3BOTHAA, PaBHasd

(1+V3——1“)V1_—?’ , obpamaercaB oo npmz = =+ 1 (caosa Homm cumraer
PaspHIBHOM B 9THX TO4YKax camy Qyaxmouio); ln (1 -+ z) crasoBMTCA Pa3pHB-
HHM OpE z = — 1; HaKomeu, mpomssogmaa oT arctg x, pasuaa 1/(1 + z?),
obpamaerca B Gecrkomeanocth npu r = + i (Komm, orpanmenBaiommiica mc-
ciegoBanmeM camoili (Qymkmmm, a He ee TITpom3BOgHOHE, BHpPakaeT

arctg (X ) —1) wepes morapudmMsu
In(1 £ X)—lo(1+ X)
2y =1 ’

arctg (=X Y —1)=

OTKYZAa m 3aKJKvIaer, IT0 arctg x Tepomr paspus npm X = 1, 1. e. npm

z = + J —1). Orcofa o Teopeme Komu ciaemyer, 9To CreleHHOR PAX Axas
BCeX 3THX (yHKOEi 6yaeT CXOMUTHCA TOALKO A | & |< 1. Haxonen, pyEROUHR
el/* Da3pPHBHH yke B CaMOM Hadaie Koopauuart. IlodTomMy T PyEKUMH HEBO3-
MOKHO HPeJCTABUThL CXONAIMMCH PAAOM, PACIOIOKEHHKM IO HEOTPHOATE b~
HHIM CTCOEHAM I.

Pesyaprata otm 6uaz moxydenn Homm B 1831 —14832 rr.; cmawana coo6-
mern Typmacroil akagemum Ha 3acegaunu 11 okra6pa 1831 r., a sarem m
onyGarKopautl B auTorpapupoBanHoM muiae B Typmme B 1832 r. OGo Bcem
oToM Homm maBemaer wurartesneit csomx «Yupammenmi» (T. 1, 1840 m 1. 2,
1841), rge oH BOCHPOM3BOXAUT YKa3aHHHEE DPE3YILTATH ¢ JOKA3aTEIbCTBAMR
B CTATHAX: «3aMeTKa 00 uHTeTpHPOBaHEN TuddepeHOEATBHEIX YDABHEHU IBA-
menmiz nnamet» (Note sur 1'intégration des équations differentielles des
mouvementes planétaires. Exercices, 1840, t. 1, p. 27—32), «Hpartkoe m3io-
/KeHme MeMmyapa 0 He0ecHO#H MeXaHWKe W HOBOM HCIMCJICHWM, HA3HIBAEMOM HC-
qncaeBmem npefesnopy (Résumé d’un mémoire sur la mécanique céleste et
sur un nouveau calcul appelé calcul des limites. Exercices, 1841, t. 2,
p. 41—49), «Dopmynu ana pasnoxenna Pynxnuit 8 pagey (Formules pour le
développement de fonctions en séries.— Ibid., p. 50—96). UMerRO moc1egnAA
CTaThA W LpeAcTaBaAAeT NmTOrpadmpoBaEHHE TypmECKEE memyap 1832 r.,
BepHee m3miedenne m3 Hero. OgHAKO B cBOMX (OPMyAHpPOBKAX OH BBOXHT Ha
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BTOT pa3 JOTMOJHATEARHOe YCIOBEEe HOIPEPHIBHOCTH HE TOJIBKO caMoil yRKInnA,
HO K ee OPOU3BONHOM.

9ty nompasry Komm BBen mocie cuopa ¢ Jlmysninem (KOTopoMy oH c000-
AT CBOM Pe3yanTaT B IucuMe oT 27 AuBapa 1837 r., ony6ankosarroM B «Comp-
tes rendus») m Criopmom. WmenHo B meproit ¢pase mpmBeeRnoil Brmme Gopmy-
amposkn Komm smecTo cioB «pyERmma nepecraer OWTH KOHOYHOM HIEM He-
zpepuBHOi» nummer rTenmepb: «Dymknua f (z) m ee mpomsmogHaa f () mepe-
CTaioT OHTh KOHEYHKHIME K HeIpepHBHEME» 42, OTMETHB, YTO BO BCEX IpAMEpPax
$yHKOEA B ee IPON3BOAHAA CTAaHOBATCA 0SCKOHEUYHHMHE NAM Pa3PHBHEMA Iif
OEHOTO H TOTO ;Ke 3HadeHWs ¥, Homm mpmbasnaser: «Ecam GHTh yBepeHHEM
8 TOM, 9TO 3TO BCErAa TaK, TO B BRICKA3AHHOM TeopeMe MOKHO 0CBOGOJHATHCHA OT
YIOMEHAHHASA 0 IPOU3BOJHOR, HO TAK KAaK HA 3TOT CIET HET AOCTATOIHON yREpeH-
HOCTH, TO Oyjer GoJee CTPOTEM BHIpasKaTh TeOPeMYy B TE€PMEHAX, KOTODHIMHA
MH DO0Jb30BaJuCh BEIme» 3. Bnocaegcrsum B 1851 r. Homu cmosa cEmMaer
Tpe0oBanne HeNPepPHBHOCTE IPON3BOMHON, CIATAA €r0 H3IHIIHEM.

OTcyTCcTBHE ACHOCTE B Y6THOCTH B QopMyanporkax ommn m B ero morasa-
TeascTBaX obparmino Ha ceGa sammamme II. JI. UeGmmera. B BHeboanmoi
«3ameTre o cxommmocth pAfa Teitnopar (Note sur la convergence de la série
de Taylor.— J. fiir Math., 1844, 28, S, 279—283) on oTMmeTaer MeKAY UPO-
gynM: « Komn mosaraer, 6yATo 3HadeHRAe ONPEfEJCHAOro HHTETPAJA Pa3loKAMO
B CXOAAMANICA PAR, Korga Auddepernran MeRAy DpefeiaMn HATeTPADPOBAHAA
MOKeT GHTh Pa3o;keH B CXOOAMUMACH PAM; 3TO AMEET MECTO TOJIBKO B JaCTHHIX
<cnydaax» 44, Takum o6pasom, sgeck I1. JI. UeGnmen yKkaskBaeT HEa HeAONYCTH-
MOCTH HMHTErpHpOBaHuA PAROB 0(e3 cnem@alIsHOr0 o0OCHOBAHHA BaKOHHOCTH
rako# omepammm. Jlo6aBuM, UTO B ClyJae CTeNEHHHX PAJOB 3aKOHHOCTH I0Y-
JIGHHOTO MHTErPAPOBAHEASA CPady CJAGAYeT W3 ABYX 00MUX Pe3yIbTATOB CaMOTO
Komn: o6mero npusnara cymecTeoparEA npefena (kpurepuit KHomn) = yera-
HOBJIGHHOR MM Ma;KOpaHTH CTEHEHHOI'O pAAa B BHAE CXOAmMeRcAa reoMeTpmIe-
<€KOil mporpeccun.

B nurapoparnoM « KpaTKOM H310:XeHBE MeMyapa o HeGeCHOX MeXaHHUEKe...»
B HOKOTOPHX Apyrmx paGorax Homw HasmBaer «mcamcieHneM mpefielloB» He
TOJABKO YCJIOBHA CXONEMOCTH CTCNOHHHX PANOB Aif (yHKHHA ABHHX B HOARB-
HHX OfHOH WJIN HECKOJBKHX INePEeMEHHHX (BaKHeHImIee W3 HEAX JaeT TeopeMa,
UpHBeJleHHAS BHMOIC), HO H CIOCOGH OMCHKE MX OCTATOIHHX dieHoB. Ilo cyrm
Jella caMO «HCIACIeHEe HPefel]oB» CBOOATCA K IPaBRIAM [JA ONCHKH CBEDXY
MOAYAA QyHKNAA KOMIJIEKCHOrO NePeMEHEHOr0 B TOYKaX TPOA3BOIHHOR ORPYIH-
HOCTH KOMOJICKCHO# miockoctn. HaK yKasHBazoCh BHIIE, DPEAeIoM MORYIA

dyarnmu f (z), rie £ = XeP? -1, Komu Ha3HBaeT BeImTaRy

Af () = max |{(2)].
Ix|=X

Bor Bexotopnie m3 mpocTedmux QopMysa «mCIMCIASHAA mpefenos» (@ — moJo-
JKUTEJIFHOEe 9HCIIO0):

Aa+2)=A(@a—12)=a+ X, A(az)=aX, A(a/z)=0d/X,
AeE = Ae® = AeV 1 = A1 = ¢X,
Asinz =1, |eX —eX|, Acosz =1, (eX 4 ¢X).

Hak HE bIeMeRTapHN OHN ¢ Hamrell TOYKM 3PEHNAA, BCO K BBEACHNE B IPAKTAKY
anajimsa NOAOGHKX COOTHOMEHm GHA0 HeOOXOMUMEM YCIOBHEM AaibHeiimero

42 Cauchy A. L. Exercices, 1840,t. 1, p. 29.
43 1bid., c. 32.
4 Ye6uuwes II. JI. THoma. cobp. coux. M.; JI.: Nag-so AH CCCP, 1947, 1. 2, ¢. 13.
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OCBOGHWA MATeMATHKaMn HOBEJEHHA aHAJATAYECKEX QYHKIZE B KOMIOIEKCHOH
ILIOCKOCTH.

Mu y:xe orMedalnl, IT0 BCIMCICHUe npefenos Aiaa Homm He ABmANOCH ca-
Momenrioo. OE0 mOHaZ06MIOCE eMy AJA UCI0JH30BaHUA PYyHIaMeHTaALHONK 3a-
KOHOMEPHOCTH, COofiep)Kameiics B eTo reopeMe O pa3ioykeHMH QYHKOHAR B CTe-
IMEeHHOW PAN: KaXK[Hi CTeNeHHON pAX Ma)KOPEPYeTCA HEKOTOPOM reoMerpHde-
CKoli mporpeccrmeil, OmMeHKa OCTATOYHOTO WIeHAa KOTOPOM CBOAHTCA R OHMEHKE
«npenena» pynrnun. Hommz npumMeRAeT HCIACICHAS OPEAEI0B K JOKAB3aTOIbCT-
BY CXOAMMOCTH CTeIEHHHX pPAAOB, (OPMAIBHO IOJYIaBIIAXCA IOCPEACTBOM
MeTo/[a HOOUPeleIeHBHX K03PPHaAenToB, 1A Pasio:KeHnA HeABEHX QyHKIAK
(B wactHOCTH, anreGpamuecknx) m pemeHmil AudPepeHmuaibEKNX ypaBHeHMA
KAK OJHOr0, TAK H HeCKOJIBKHAX HePOMEeHHHX. PasBETHe 3TOro MeToga HPHBEIO
soocaencreur C. B. KoBamesckyio X ofmel#t TeopeMe CymecTBOBaXmsA HHTE-
rpanoB cucTeMH Au@@epeRnualbENMX YPaBHOHHA B YaCTHHX IPOH3BORHHX
C aHaJNATHYeCKEMU UPaBHIMEA TacTAMH.

B pa6orax, IOCBAMEHEKX ACIACICHHIO HPENeIOB K eI0 IPMMOHCHAI) K pe-
meHmo PYEKRONOHAIBPHHX ypaBHeHm, Homn 3aj10/KAI TaKKe OCHOBHL TEOPHT
AaHAJIUTAYCCKAX QYHKEEA MHOTHX mepeMemHNX. OH moxasadx, wro Koaddm-
TIBCHTH CTeNeHHHX PAROB, BX IPENCTABIAIOMAX, 8 TAK/KEe OCTATOYHHE TICHH
3THX DPAJOB BHPa’KAIOTCA H ONEBHBRIOTCA POPMYJIaMy, aHAJIOTHIHHIMEA CHY-
9al0 OJHOr0 HEPeMeHHOTO, H 3ajoaro fo Beiiepmrpacca moayamn CYmeCTBOH-
HYI0 YacTh ¢yHAaMEOHETAaAbHON TEOPEOMH TEODHHE aHAIATHIOCKEX QYHKIHHE MHO-
THEX mepeMeHHHX, TaK Ha3HBaeMOH MOArOTOBHETENBbHON TeopeMH (CM. MHETHPO-
BaEEyl0 Brme crarbio Homm «QopMyan Aaa pasnoskeHns Qyuknumi B pAXED
(Exercices, 1841, t. 2, p. 41 m pmaxee)).

B mavane 40-x rogos Gunm BHmoamenH nepsne paGorn H. Befiepmrpacca
1o Teopmm ¢ynkmmit, Or #©X me onyGANMKOBAaJ CBOSBPEeMEHHO, W OHH yBUJENHA
cser puepBnie B 1894 r. (BmpogeM, OH BKIIO9AI CBOM pe3yAbTaTH B JEKIHE
IO TeOPHHE aHAJHATHYSCKUX JyHKNmil, unTapmmecA B BepiamnAcKoM yHHWBODCH-
TeTe, HaumHaA ¢ Korma 50-x rogon). K 1841 r. orrOCHTCA ero 0GoGmenme TEOPE-
Mu Komm o pasnomennsnx ¢ynxnmm B crenennoit pax (Beltepmrrpace, ne sHasA
pabor Kopin, BHBOZRT TeOpeMY 8aHOBO) Ha caydail yHKOAY KOMIONIEKCHOTO Me-
PeMeHHOro, HenpepruBHOA m nufdepeRnEpyeMoii B KpyrosoM Koasme. 37ech
DoJyv9aercs PAf, PaCHOIOKOHHK 10 MEAKM CTemeHsM (TaKke W OTPHHATONb-
HHM), JTH Pe8yJABTaTH Coflep;kaTcsa B paGore «IIpepcTapneHEne aHaJIATAIECKOR
JYBRIAE OXHOTO KOMIIEKCHOrO HOPEMEeHHOTO, aGCoNIOTHHE BHAYEHHS KOTO-
poro me;RaT MeKAY ABYMA BajanHmME rpanmmamm» (Darstellung einer analy-
tischen Funktion einer komplexen Verinderlichen deren absoluter Betrag
zwischen zwei gegeben Grenzen liegt) 6. Ogaako mepsEM onyGamKoBal B me-
9aT® aHAaJOTHIHEI pe3yabraT (KOH@TIHO, He3aBECHMO oT Beitepmrpacca) ¢pan-
INy3CKUit BOCHHNI WH;KOHED W y4eHHI MaTeMaTHK, BocmmTaHHEK llonwTexHH-
geckok mronn IIbep Anbdonc Jlopan (1813—1854). Emy upmuapze:xBT paAX
paGor, raasgnM 0Gpa3oM o MaTeMaTHIeCKOl (n3nKe; HO eXWMHCTBOHHAA pa-
6ora, 6rarogapa KOTopo#X OH Bome] B HMCTOPHIO MaTeMaTmKu,— 3ro «0GoGme-
Hre TeopeMu Homn, oTHOCAmEHCA K CXOMUMOCTE Pa3i0KeAns QYHKIUR 110 BO3-
pacTajomaM cTenenAM HemapecTHoro» (Extension du théoreme de Mr Cauchy,
relatif 3 la convergence du développement d'une fonction suivant les puis-
sances ascendantes de la variable.— C. r. Acad. sci. Paris, 1843, 17). Co-

0

OTBeTCTRYIOIMAA TeoPeMa 1 GecKoHeannit B 06e CTOPOEH pAJ BH/A 2 Cp 2 —a)®
—CO

HOCAT HORTOMY EMA TeopPeMH m pAnxa Jlopama.

4 Weierstrass K. Werke. Berlin, 1894, Bd. 1, S. 52—66.
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B 1842 r. B pa6ore, Takke He oNyGamKoBaHHO# B cBoe BpeMs, «Oupeme-
leHne aHAJHTAIECKOH (PyHKOUA OXHOTO HEPEeMEeHHOTO IOCPEACTBOM mudde-
pernmanpEOoro ypasHeana» (Definition analytischer Funktionen einer Ve-
randerlichen vermitelst algebraischer Differentialgleichung) *¢ Beiiepmrpacc
H3laraeT ML AHAJHTHIECKOTO NPOHOLKEeHHS CTemeHHKIX PANOB, BIOCISN-
CTBAE HIPAaBIIyI0 CYIMECTBeHHYI0 POIb B €ro HOCTPOSHHUM TEOPHH AHAJNTHA-
qocknx Qymxmmii. Bopodem, BesaBmcmmo ot Beliepmrpacca K TOi xe muee
upumen B. ITiomse, ony6ankosasmuil cnocol aHAIATHYECKOTO IPOROIIKEHMUS
TIOCPeACTBOM CTeHeHBHX (m gaxe Golee o6muzx) pagos s 1850 r.

Ms paGor 40-x romoB, OTHOCAMEXCA K CTEICHHHM PAJAM, OTMETHM elie
treopemy HKomn o ToM, 90 meaasa ¢yurOaA, orpaHAIeHHAA 10 MOLYJIIO BO BCEil
IJIOCKOCTH, TOMACCTBeEHO paBHa mocroaHHoR (C. r. Acad. sci. Paris, 1844,
19) 47, Bupouem, 3Ta npocrad, HO BecbMa BajkHasg TeopeMa Ohuia JaMmE 00606-
meHmeM HpefioskeHusa, BuckazaEHoro JR. Jlmysmanem B ToMm me 1844 p.:
mesaas ABOAKomepHmoAMIecKad (YyHKOUA ecth KoHcTanTa. 9. Holienmsaagep 48
ormedaer, 910 Komm npepcrasma 6osee o0myio TeopeMy, H3BEeCTHYIO HEHE IOJ
mmeHeM Jlmysmansa, ma 3acefaEmm IlapmmcKoil aKafeMHH, CJIEIYIOmMEM 3a
TeM, rme GopMyampoBal cBoe yTBep:kZeHnme JImysmaan. Ilociaefmmii mmporo
HCIOJB30BAJ CBOIO TeOPeMY Ha JEKIEAX 10 TEOPHH BANNITAYCCKAX QYHKIHN
(1847) (cm. smwxe). C merxoit pyku caymasmero ux K. Bopxapara mma JIny-
BIJINA TONYyYRIa mMEHHO obmadA teopemMa Komm, a He ee gacTHHIA caydaii.

JmmmnrEdeckne Ppynkumr y AGens

M= yse ymommHaan, aro Layce, 03RaKoMEBIIACE ¢ mepBHIM MeMyapoM AGe-
14 00 Teoprm 3anmuTryecKnx oyrummii (1827) (cMm. Bume), Hamea, 9T0 pesyas-
TaTh ero m AGedA coBmajgaloT, oGBLACHAS 3TO TeM, 4r0 AGenn, He Befasd O pa-
6orax I'ayceca, maGpan Tor sxe myrs. OpHaxo AGenio yRaJoCh B 3TOH H mOCTe-~
OylomEx pafoTax, YacTHIHO ony(JIMKOBAHHLIX IOCMEPTHO, pa3paboTarb O0CHO-
BH TEOpHA ropasfo Gonee HmOJHO H CHCTEMATHYECKH, YeM 3T0 cHenana I'aycc.
HKpome Toro,3a AGeseM ocTaeTcs 9ecTh NePBOi NyGANKANME TOOPHH, B KOTOPOT
sangnTEIecKne PYHKONAN oUpefeaanTca Kak GyEKoud, o6paTHHE BIIANTHIC-
CKOM HHTErpaliaM, TOTa KaK ero OPeNmMeEecTBeHHMKM H COBPEeMeHHHKH (3a
mexmiogeHmeM Iaycca i, Kak M 00 8TOM cRakeM HEuke, fAKo6n) He mpmbGeranm
K 3ToMy of0pameBnio.

3Hadenme mara, cedaHHEOro AGeaeM, MOMKHO OHeHATH, BooGpasums cebe,
OyATO MAaTeMATHKHE 0 KaKOTO-TO MOMEHTA JOBOJLCTBOBAJIECH B aHAJIH3e pac-

- ¢ dx ¢ dy
cMorperneM QyHKOEAR u = S Vi u== S T g7 [ Wb daTeM ORHOMY U3
0

HEX IPHIIO B TOJOBY B3ATH 834 OCHOBY yHKOmNA, 00paTHEE 8TEM HHTErpajxaM:
z =sin u, y = tg u. Tar DpmMepHO MOXHO OXapaKTepH30BaTh COOTHOMIE-
HEe MeKAY TpakTaToM Jlemanpapa o6 sanmnruaecknx maTterpanax (Traité des
fonctions elliptiques et des integrales eulériennes, avec de tables pour en fa
ciliter le calcul numérique. Paris, 1825—1826. T. 1—2) n memyapamz Abens
«Hccaegoanna 06 snamoTHIecKnX YHKOMAX» B ABYX dacrax 1827 n 1828 rr.
(Recherches sur les fonctions elliptiques.— J. fiir Math., 1827, 2; 1828, 3)
7 «O9epk Teopum sanmnrEuecKmx QymEkmmiy (Précis d’une théorie des fonc-
tions elliptiques.— J. fiir Math., 1829, 4).

48 Thid., S. 75—84.

47 Cauchy A. L. Oeuvres complétes, sér. 1, t. 8, p, 378—385.

48 Neuenschwander E. The Casorati — Weierstrass theorem (Studies in the history of
complex function theory. I).— Hist. Math., 1978, 5, p. 139—166.
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AGens oTnpaBideTCA OT 3INANTAYIECKOTO HATETPAla IEPBOTO Pofa B hopMme

x

o= S dz
o J V=) (1 + &%)

M, momaMo PyrKmun z = ¢ (o), o6parHoF mETerpany (0HA AMINE HeCYmECTBEH-
HO OTIHWYAeTCA OT rayccoBa YHHBepDCAXbHEHNIOro cmEyca), BBOAOT eme HABe
dynxnam: f (@) = Y1 —c2? (o) v F (2) = V1 + €%¢? (@), Takmxe 3unmm-
rrueckne. COOTBETCTBYIOMAE TEOPEMHE CIOEHAA OH BHIKCKBAET, CCRIIAACH HA
obmue pesyabrath Jitnepa. Taxum o6pasom, smageHns ¢ (a + P), f (e + B)
2 F (o 4 P) supakatorcs panuoHalbHO depe3 3HAUCHEA TeX ke QymKmmit oT
a u B. Oopegenun mocpefcrsoM o0paljeHEs COOTBETCTBYIOMETO WMHTErpaja
(c samMeno#t r ma zi) JyHRNHWIO ¢ JAA IACTO MEUMHX 3HAYEHHA apryMeHTa
¢ (Bi), a caegoparenrno, onpenenus taxxe f (Bi) m F (Bi), A6ens ¢ momompio
TEOPeM CIOMEHHA PacupOCTPandeT ONpefeleHHe BCeX TPeX SIIMOTHICCKAX
dyarpmil Ha caydail mpOM3BOJBHOTO KOMILIEKCHOro aprymeHTa a -+ Pi. Ilpm
3TOM HEMeJJCHHO 00HAPYKUBASTCA HX JBOAKAA HePAOJHIHOCTH (32 OCHOBHEIO
MOPHOAN HPAHAMAIOTCH

1l/e 1/e
dz . dz
—_ 2wi = ’
2 4$ Va—eadtes = §V(1+c2z2>(1—e2z2>

HAXONATCA BCE HYJR W TONIOCH ® T. 1.).

W3s TeopeMb ciokeHmA cpasy BHTEKAKOT TakiKe QOPMYIH YMHOMEHHEA ap-
ryMeHTa, BHpa)kaomue ¢ (n, a), f(n, a) a1 F (n, a) pagEoBaisHO 4epes
z=¢ (), y=f(a) mz = F (a). B vactaocrE, AGear moKasuBaer, YT0 OpH
HOUETHOM I
P, (=)

Q, (=’
rge P, (z) 1 Q, (:c) - YeTHHe MHOTOYJEHH cTeneHnm n? — 1, a upm weTHOM N

P, () P, (z)
¢ (ne) = zyz 5"y =2V I=2V T+ 3o

P (no) =2z

710 P,(z) m Q,(z) — Tarske weTHHEe MHOTOWISHH, HO P, (r) mMeer cTemeHs
n® — 4, a Q, — cremenp n?. OTciofa UpA IETHOM N

Py ()
Qx (=)
Hna cpasBeHEs ¢ TPHrOBOMETPHYECKIME QYHKOHEAME Z = 8in ¢ B J = c0S &
BHBOAEM u3 fopmynaw Myaspa UpE n meIeTHOM

¥ (no) =22 (1 — c2%2?) (1 4 €%2?)

sinno = P, (r) =

oY ) n=s
—o[Ft—ay? 2= ) Ty,
& IPA n IETHOM
sinna = zyP, (z) =
) n— n—4 -
=zy[-—’;—('1—x2) 2 "_(E_.M(i Ty,
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3necs P, (z) — deTHHIl MEOTOU]IeH cTemeHA » — 1 UPW 7 HEIGTHOM B CTENOHM
n — 2 Upm n 9eTHOM.

Ws yrasaERHX QopMya ciefyer, 9To B 8afaUe [IEJIeHAA apryMeHTa Ha Ha-
TypalbHOE IACIO I, T. . OTHCKaHAA (YHKIAA OT ¢, m0 BafaHHEOH fyHKIOMH OT
no, B CAyYae BNANNTHYECKAX (YHKOWA OPEXORNATCA pemaTh ypaBHEHHe
cremenm n® (eciam ke n YeTHOe, TO Haxke 2n®):

zP, (z) — @ (na) Qn(z) = 0,
COOTBETCTBEHHO
2 (1 — ) (1 + %) P2 (2) — ¢* (na) Q& (&) = O,

a B ClIy4ae TPUTOHOMETPHYIECKNX (QYEKIWHA — cTemeHH n (eCIE n IeTHOe, TO
2n). dror darT 6 ormeuen eme Jlexanfapom B 1793 r. Ho ero o6nacaeane
puepsiie gaa AGeab. OHO CBOAATCA K TOMY, 9TO 3JLIRNTAYeCKNe QyuKoum —
AROAKOLEPUOANYECKEE, 4 TDATOHOMETPAYECKAe — ofHomepuogmaeckme. ITycrs,
HapEMep, n — HeUeTHOe 4rcio; u3 @ (na) = ¢ (o,) BHTeKaer, YT0 na OTIH-
9aercAd OT Q, HAa HePHOJ M, CIEZOBATEJIBHO,

x=q)(a)=q)(ao+2k;n+21(‘ui),

rae k @ | HesasmcmMoO APYT OT APyra MOTYT HOpmEHMMaTh 3HaueB®ms 0,1, ...
..o n — 1; Takam oOpasoM, moaydaerca n? sHadeHmi z. B caydae ke cmayca

. . . . Og 4 21k
U3 TOTO, 910 8in na. = sin o, CAEAYyeT, IT0 £ = sina = sin=———, rae k=

=0,1,..., n—1, T. e. Bcero n 3HaYeHUN.

AbGens 3amedaer, 9To ypaBHeHEA fgeaeHmA (npm ¢ (na) = 0) ymomaetso-
PAIOT BHABICHHOMY HM KPHATEPHI0 PAa3PEIIAMOCTH ypaBHeHWA B pagmKalax,
W BHIBOZAT BHIpakenme ¢ (c) Iepes @ (na), mpasia, CHadaja ZOBOIBHO CIOMKHO.
BnpoueMm, ncnoardysa sameTky flko6m «/{oGasnernme k mMemyapy r. AGens o6
smunravtecknx pyarnanxs (Addition au mémoire de M. Abel sur les foncti-
ons elliptiques, 1828), noMemernHyi0o B ToM e TOMe ;KypHala Hpemane, rme
mevaTagach BTopad wacTh ero «Mccaegopammitv, AGenp B crarse «Teopemn 06
sananTadecknx Qysromaxy (Théoremes sur les fonctions elliptiques.—
J. fiir Math., 1829, 4) nprxog®T K Heln JOCTaTOYHO HPOCTHM A HSAIIHKIM OyTEM,

Haxonen, B nepsoil dacrr «Mccaegosarmiiy AGenb, npefcrasasasa no dop-
Myne ymHokenme aprymenta ¢ («) gepes @ (a/ (2rn — 1)) (aHazormumo m muasa
OBYX Apyrmx ¢ymrmmit), cosepmaer Ge3 JOmOJHATEABHOT0 0GoCcHOBaHEA fop-
MaJILEHE Hepexof K Ipefedy Oph n— oo. BuBog sToT mo Waee BmosHC ama-
JOTHYeH TOMY, KOTOPHM moian3oBaiacA Oitiep Bo «Beefensm B amanums Gecko-
HEUHEIX» A Pa3joKeHHS CMHyca ¥ KOCHEYycCa B CTeHeHHwie pagsl. Mmenno
BamennM o depes a/(2n 4 1) B BHmenprBegernol opMyne gaa sin 2r 4+ 1) a
E 3aMeTHM, 9TO IPH N —- 0O

o o
Znt1  2n41°
Torga movieHHH# mepexof K mpefeay B KaKAOM CJIaTaeMOM LIPaBOM dacTd
dopmMynn JHaer

= sin 1 —22~1.

7. e. opMaNbHO MOMYIAETCA PA3A0KEHEE sin ¢ B CTeNeHHOR pAx. B pesyan-
raTe BHKIagok Afenda moiaydaiorcA mpefcraBiaenus ¢ysxnmd ¢ (o), f(a) =
F (o) B BEfle oTHOmeHW# HOKOTOPHX HEJHX QYHKOAA B Pas3ioKeHAA STHX LO-
clefHUX B GECKOHEYHHE IIPOW3BEASHWA.
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IloaTe ogEOBPEMEHHO ¢ BHX0M0oM eppoit dacrr «Mccnemosanmity B sxypHae
Ilymaxepa «AcCTpOHOMAIECKEE M3BECTHA» MOABMAIACH 3ameTKa fikoOm «UsBie-
gonme m3 AByX mmceM K Ilymaxepy» (Extraits de deux lettres a Schou-
macher.— Astron. Nachr., 1827, N 123), B KoTopoit 0H, He IPHEBOASA AOKa3a-
TeAbCTB (B MOMEHT IOCKHIIKE 8aMOTKH OH MMN eIe He Pacmoiarad), coodman cyme-
CcTBeHHO HOBHII pesyibrar 0 npeofpasOBaHHE BLIANTEYCCKAX HHTEIDAIOB.
Ecrp ocBOBaBMA mpegmodararh, 9TO OTHICKAaHMIO HOKa3areabcrsa fAxolm mo-
MOTJI0 mepBoe 3HAKOMCTBO ¢ MemyapoM AGend, a mMenHo ¢ npeelt o6pamennsa
mETerpata. Hak 6u To BE 65110, AGenb ORI HONPHATHO NOPaXKeH, KOTHa B KOH-
e Mapra 1828 r. mpodesn B TeX ke «ACTPOBOMHYECKHX H3BECTHAX» HOKA3aTENb-
cTBO 3afABaeHHKX fIko6u pesyasraros (¢JloKa3arenbCTBO TEOPEM, OTHOCAIIAX-
¢A K reopnn sanmnTEIeCKEX Pynknmiy (Demonstratio theorematis ad theo-
riam functionum ellipticarum spectantis.— Astron. Nachr., 1827, N 127)).
Hawanock comepEudecTse ABYX BHCOKOOHAPSHHHX YIGHHX, KOTOPOMY, YBHI,
He CYAEeHo GHJIO HOJIr0 IPOROKATHCA: Mo cMepTH AGend ocraBajoCh JHMb
0K0JI0 Toga. AGelnb CIENIHO H3J0KHI CBOX TEOPHI mpeofpa3oBaBmil 3iIHH-
TH9ecKAX QYHKNEE, BKIIOYAOIMYI0O KaK 9acTHL ciydafi pesyabraru Sxolwm,
7 ony6amKoBan ee B xyprane llymaxepa (¢Pemennme o6meit npobaems, oTrO-
cameiica K npeoGpasopanmio sanrnTudecknx gyrrnmity (Solution d’un prob-
léme général concernant la transformation des fonctions elliptiques.—Astron.
Nachr,, 1828, 6; 1829, 7)). «Moa pacumpasa (exécution) mag fIxko6m mamedwa-
TaHa»,— IIYTIMBO IACAJ 0H cBoeMy Apyry Xoasmboe 29 mionsa 1828 r.4® K ge-
cra fIko6m MOMHO CKa3aTh, YTO OH ONMEHH] BTY «paclpaBy’ KaK OJUH W3 Ipe-
KpacHeAmAX mexeBpPOB AaHAJHE3A.

Bropasa, messmana no o0semy wacts «MccaegoBanuity AGensa 6wlia nmoces-
ImeHa B OCHOBHOM JABYM BOLIDOCAM: MEJCHHWI0 JI6MHMCKATH C DOMOIBI0 HAD-
Kyaa ® nmHefikm m mpeoGpasosapdmaM 3aamnrTudeckmX GyBEKnmi. Buepsrne
mranbARcKnk Maremaruk Qambano (1682—1766) mamen sasmame anreGpamde-
cknre GopMYIH A4 KOOPAMEAT TOUCK HeJieHMA JeMHHCKATH BepRyaim Ha 2, 3
u 5 paBEEIX Yacreii. BunManne AGens, YnraBmero «ApmpMermuecKme mccie-
mopaama I'aycca», He MOTiIm, KOHETHO, He IPHBIEYs ciaoBa [ayceca 1o mopoxy
PasBATHX BM IPHHIENOB TEOPHHW HeleHHA OKPY;KHOCTH Ha n PaBHHIX dacreii:
«0rn MoTyT OHITH IPAMEHEHH HE TOJIbKO K KPYTOBHM (YHKIAAM, HO H K MEOTAM
IPYTEM TPAHCHEHAEHTHHIM (YHKHHAM, HAIPUMED K TéM, KOTODHE 3aBUCAT OT

mrexpana { —2_
yi—a

AGen0 YacTHHEA ciyuall »JAAmOTAE9eCKOr0 HHTErpajia, KOTODHM BHpajkaeTcsd
IAMHA JYTH JeMHEACKaTH. Bor nmogemy AGenb, ycraHosms eme B 1826 r., aro
OIA JIeMHEACKATH CIy9adm, KOIZa JejJeHHe HAa 7 PABHHIX YACTel OCYmIeCTBEMO
¢ IOMOIIBIO MUPKYAA B amHeHiKH, Te jKe, ITO B JJIA OKPYKBOCTH (T. €. IPA yC-
n0BUH, 9T0 . = 2™pp, ... py, TRE M >0 mp; (j =1, ..., ) — pasnmunHe
Mexpay cofoit mpocrhle umcia, Kakgoe m3 KOTODHX WMeer BHJ 2295 4 1),
FEMeN OCHOBAHME Ipefuoaarath, 4ro ® I'aycc mpmmen B ¢BOS BpeMsA K TAKOMY
e pesyabrary (umcsMo AGens k Kpeane or 4 mexaGpa 1826 r. 51), Dror pesyns-
rar gnA AGenA o03HAYaJ JMMb NPEMEOHOHEEe K KOHKperHo# 3agaue ero ofmeit
TEOPEE [eJMeHUA apryMeHTa 3JAENTHIecKo# PyHEKmwEm m, Kpome Toro, paspa-
60TaHHHX EM KPHTEpPHeB Pa3PemuMOCTH ajre6paudecKoro ypasHeHHUS B Pafil-
KallaX, B JaHHOM cJIydYae B KBagpaTHIHHX. «fI packpsii ¢ ogEOro pasa raimy,
KOTOpPAA HOKpHBaXa TFayCCOBY TeOpHI0 REeNeHHA OKDY;KBOCTH,— HHCAT1 OH

... WATeTPAN 3TOT IPEACTABIAAN XOPOMO 3HAKOMHE

4 CM.: Abel N, H. Mémorial publié 3 I'occasion du centenaire de sa naissance. Oslo,
1902. Correspondance d' Abef..., p. 68.

50 Gauss C. F. Werke, Bd. 1, S. 412—413.

51 Cu.szyn%ngnnyme BHINe usgaBme mepenuck¥ Abensa B kH.: Abel N. H. Mémorial,
p. 52—53.
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Xoawsmboe B gerabpe Toro sxe 1826 r.— fI mm:ky AcHO, KaK AeHb, KaK OH IpH-
mex K sToMy. To, 9T0 A pacckasan O JeMHECKATe, OZWMH B3 pPe3yJAbTaTOB,
M3BJICYCHHKX N3 MOEX HCCIe[OBaHHW} mO TeopuH ypamueRmity *2. Ciosa 9TH,
BHICKa3aHHEIE IO YaCTHOMY IOBOAY, EMEOT (oJiee 00IMee 3HAUYCHHME: MCCIEMO-
BaHEAA A0eNA 0 TeOPHE TPAHCHEeHASHTHHX QyuKnmit recEeAmMAM 06 pa3omM mepe-
IJIEeTANACH ¢ ero aarefpanaecKAMA H3KICKAHAAME.

3agava npeoGpasoBaHfs B TeOPHHA SIIANTHICCKUX (YHKHEH, B HCCIAEMO-
BaHON KOTOPOH cToAKmyamch AbGenp m fIKo6m, 3aHEMAaNa MaTeMaTHKOB, HAYA-
HaA co Bropoi momosmmir XVIII B. (D#nepa, Jlampgena, JJarpassxa, moagmee
Jleskamgpa m aycca). B repMumax maTErpaioB peus maeT 0 npeo0pa3oBaHEAX
NepPeMEeHHOT0, MEPeBOJAMIEX OJHMH 3JINNTHYeCKHH WHTErpaXx B APYyroi (cp.
upeo6pasosanme Iaycca). 3maderme pabor AGeas m fAko6m, orHocAmmxcd
K 9T0& upobiaeme, 3aKao9aeTcAd B TOM, 9TO OHEH CHOPMYAHpOBAJE IpobiaeMy
Hanfoiee o0mum 06pa3oM B mMOJydInIn UpHd 3ToM Hanboliee o6mue Pe3yabTaTH,
BKANYAKNAE KAaK YACTHHE CAyIa; BCe, ITO OHJI0 M3BECTHO A0 HEX. Bot, Ha-
npEMep, Kak CTaBHTCA 3afada B Ha3BaHHOM paHee Memyape AGens «Pemenne
o6meit mpoGiaeMu, oTHOCAIIEHCA K mpeo6pa3oBaBmMIo SIIANTHICCKRAX (YyHKIHAD,
HANIACAHHOM BCIef 3a nmyOamranmein AKoGm, 0 KOTOpoil yxke miaa pedsn:

«HaliTm Bce BO3MOKHLIE CAYIAaR, B KOTOPHX MOYKHO YAOBJIETBOPHTEH HH(-
depeROEANBLEOMY YpPaBHEHHIO

dy dz

= a ,
Vit —ah (i — &) VI —cizt) (1 — i)

OOACTABIAA BMECTO Yy airefpamiecKyi (QyHKOmio oT Z, PANHOHAIBHYI0 HIM
HPPANAOHAALHYION,

3nech AGenpr HeCyMEeCTBEHHO M3MEHSET BWJ] KaHOHMYECKOr0 MHOTOWIEHA
deTBEpPTOM CTEIeHH mof 3HaKoM KopHA. Herpymauo BmpeTs, 4ro mocrTaBieHHAS
npobaeMa KaK 0YeHb YaCTHHIA CIyuai COXEP:KAT 3afaly o6 yMHOKeHEHR (AN
JeIcHARA) apryMenTa; JOCTATOYHO IOJIOKEATE ¢y == ¢, &, = ¢ W 4 PaBHKM HaTy-
pajiLHOMY THCIY.

3aMedaTenbEa OGNIHOCTH MOCTAHOBKEA npolGiaemul. Afeasb ¢ caMoro Hadaja
AmeT ¥ B KiIacce aareGpamyeckux Pyurnnmit, OH JoKasHBaeT, IT0 dTa npobieMa
cBOZUTCA K CIydaio, KOTAA Y ecTh panEoHaIbHAA PyHKOEA, B JaeT ee mOJHOE
pemenne. JTa 06IHOCTL, COGNEHCHHAA € DICTAHTHOCTHIO METONA, B BHBBAIA
Bocxmmenne flko6m. Pasemeasa cBoio Teopmio Bo Bropoit uacrm «HMcciemoa-
HEly, AGeab IpUBOAAT, B YaCTHOCTH, CISTYIONIYI0 TEOPEMY, HAIOMYI0 IePBHIA
ciydail TaK HA3HBAEMOT0 KOMILIOKCHOT0 YMHOKEHHS B TEOPHH HIMHMITAIC-
CcKEX QyHKO®A: ecim ypaBHOHEE

dy —a dx

Vi-»a—em  VE—m(—cn

OOMYCKaeT alrefparIecKAi MATETPAN U @ — MHEAMOE IHCIO0, TO @ HeoOXOIAMO

AMeeT BUI a == —+i Vﬁ, Tie m 1 n — PalHOHAJLHEE YHMC]Ia, OPAIEM MOAYAb
¢’ [OMKeH YHOBJIETBODPSATEL eme OIpefe]eHHOMY YCJIOBHIO.

K.T. f. Ailrobu. «Horbie 0CHOBAHHA SANHOTAYCCKHX (yBRImAN

Pamee (cM. Ku. 1, ¢. 67) yxe Gmim mpueefieHN KpaTKEe (morpadudeckne
ceefeEna o flko6m. Mm BOoCHpOHm3BEEM HX 37eCh B HECKOJBKO pacIIdpes-

HOM BHJE.
Kapa I'ycrar fAxo6 Aro6m (1804—1851) pogmaca B Horcmame B cembe Gan-

xmapa. Pago nocrynue 8 Bepamackuit yauBepcuTer (He JocTHrAyB eme 16 mer),

52 Tbid., p. 54.
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H.T. 4. AKOBH

OH He CAHNIKOM OPHEKHO NWOcemas] MaTeMaTHiecKHe JEeKOHH, NPeAHOYHTaH
camocrosrenrare saHaTuA. fAko6m yray6nemHo mrymuposan Jinepa, K Tpy-
JlaM KOTOpPOTO OH cOXpanuJ HeM3MeHHE HATepec Ha NPOTHKCHIN Beell ;Ka3nm.
BMecre ¢ TeM OH HAXOAWI CHAH W BpeMA [is AKTHBAOTO YYACTHA B CEMUHADE
3HaMeHHTOro pumionora Asrycra Bexa mo Kiaccudeckoid puaomorna. OKoHgma
yumBepcurer fxo6u B 1825 r., samuTuB guccePTamMIo O PA3NOMEHWH PAHO-
HaJBHHX (PyHKNmi# ma mpocreiimme Zpobm. C 1827 r. om arcTpaopAMHApPHE
u ¢ 1829 r.— opawmapuuit npodeccop HéumrcGeprexoro ymmeepcmrera, Ka-
deapy B Koropom sanmman mo 1843 r. B 1829 r, fIko6m onyGiankosaa 8 Kénnre-
Gepre Ha JaTwHCKoM f3HKe «HoBHe OCHOBaHHA 3ATMNTHYECKHX (YHKIWD
(Fundamenta nova functionum ellipticarum), 6xarogaps Koropomy pasgenser
¢ AlexneM ciaaBy cosgarens Teopmm danmnrwdecknx ¢yaknmit. Ocoboe suage-
HHe HMeeT pa3pafoTaHHA# AM BJeCh B B NMOCHEAYIOIAX TPYAaX TeODPHA ToTa-
$yEKOUMil, HOCAIAX ero MM, TAK e KaK M Npe/(CTaBjeHALe B BH/E OTHOMEHH
ToTa-QyHEROMi TpH 3NNAITHYecKHe QYHKIUA: S 4, cn ¥ H dp u. fIkobm npn-
HajJe;XHT nies ofpameHms cucreMi afenesHx marerpanos (1832, 1834),
OpHEBEAMAN K BBEJeHWI0 B MaTeMaTHKy TaTa-QyHKn@id MHOTHX HepeMeHHHX
H IOCAYKWBIMIAA BO3HHKHOBEHHI0 mo37Hehme# Teopum aberneBHX QyHKmmil
(cMm. HmIKE).

B ocoopHHLIX nernuax no mexanuke fAxobm passmBai MeTOIH HATETPHPOBA-
HHUA YpaBHEHWH ¢ YaCTHHMHA OPOM3BOAHHME IEPBOT0 HOPANKA I BAaPHAHOH-
HOTO mcunciaendd (MOTON «OOCHeHero MHOKmTeNd», MeToX I'aMrnsrona— xo-
6u). Kype, umrannmit wm B Kéunrcbepre B 1842—4843 rr., cogepsampit oc-
HOBHHE Pe3yAbTaTH B 3TOM HanpaBiesnn, 0w 3ammcan Torfa ke H. Bopxapsa-
TOM, H0 ony0amKopaH Buepphe TonbKo B 1866 r. KnebmeM moj HaszsaHmeM
«Jlexnnm mo gusBammke» (Vorlesungen iiber Dynamik. Leipzig: Herausg. v.
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Clebsch, 1866). 3meck GH paccMOTpeH ¥ pemieH ¢ MOMON(bI OGHIEX METOMOB,
paspabotasenx Iko6u, psag 3agaq: upobaeMa ABYX TeJ B MPOCTPAaHCTEE, HPO6-
JeMa OPHTKEHAA K ABYM HENOABHIKHHM LHEHTPAM, oOmpefelieHH Treofesmde-
CKHe JUANY Ha TOBEPXHOCTH TPEXOCHOTO danmmca u ap. IleamKkoM mocsAmeHa
BapHANMOHHOMY HCUMCAenHi0 ero meGoapsmasn paGora 1837 r. «K rTeopmm Ba-
pHammonHoro mcumciaeHms m aupdepennmanpuix ypapueumii» (Zur Theorie
der Variations-Rechnung und der Differentialgleichungen.— J. fiir Math.,
1837, 17). Paccmarpupaa Tak HasHpaeMyl IpocTefmyio 3ajady BapHamWoH-
HO0TO WCINCIeHHA, OH BHBEJI B JONOJHeHAe K KJAacCHYeCKOMY ypasHeHUIO Jlar-
pama —- Jiinepa scmomorarensHoe — guddepennnanrnoe ypanuenne Axobm
¥ ¢ ero IOMOINbI0 YCTaHOBHJA HOBOe HeoGXOZEM0® YcioBHe AIA 3KCTpeMalid,
peasusyomeit MOEAMYM maTerpaia (yciaosme fIkro6m).

SaEEMasch H3yIeHHeM QUIYp papHoBecus Bpamawmeiica xugKocTH, Ko-
6M mokasajl, 9YTO HIPH ONpEfENeHHHX YCIOBUAX HMME SIBIAIOTCA TPEXOCHHE
aannmncongr (danmmcomgil AkoOm: caydail 9aIMmCOMIOB BpameHmsa OLLA m3-
BecreH eme Makxnopery). B anreGpe eMy IpEHaJJIEKAT CAELYIOIIaA IO CBOEMY
3Ha4eHHI0 mocne ¢ynrmaMentanpuoi paGors Homm (1815) paspaborka reopwn
onpepenureneir «O6 oGpasopanwm m cpoiictBax gerepmMmaanTomy (De forma-
tione et proprietatibus determinantum.— J. fiir Math., 1840, 22), a raxsxe
PAX Pe3yAbTATOB B TEOPHUH KBAAPATHIHHX (POpM.

fAxo6u BBesn B aHAZN3 W BRABHA PoJib GYHKIAOHAIHFHOTO ONMPefeNuTeNsd,
Ha3BaHHOTO B er0 decTh AKo6mamoM, B pabore «0 pyHKOHOBANBHEX HeTepMH-
Hanrax» (De determinantibus functionalibus.— J. fiir Math., 1841, 22). Ima
ero HOCHT BayKHHI KJaCC OPTOTOHAJBHHX MHOTQWIEHOB, 0606IMal0muXx MHOTO-
aieHH Jle;xasgpa.

B 1843 r. fIxo6um mo coseTy Bpadeit mposeJ mecTs Mecsanes B Uranmu. Bep-
HYBMHFCE, 0H oGocHOBajicsA B Bepimme B Kadecrse mpofeccopa Bepamuckoro
yameepcuTera u wieHa Ilpycckoii akagemMnn gayk. Byyun NoYeTHHM dieHoM
[Terepbyprexoit axageMmm mayk (¢ 1839 r.), fAxoGm npmEEMan kuBeiimee
y4acThe B 3aMEiciae (HeocyImecTBUBINEMCH) WM3JAHAA 9T0H ARajgeMHell mOIHOTO
cobpamua coummenmit JI. ditnepa. 06 asTOM CBHIETENHCTBYET €ro HMepemACKa
¢ senpemennuM cexperapeM Axagemmm II. H. @yccom (1798—1859), nmunasn
Bcrpeda ¢ Dyccom Bo BpeMaA 3arpaHWYHON HOE3TKH MOCIEXHET0, HEKOTOPHE
nucsMa K Opary — BmjaomeMyca Gu3mky @ ajeKkrporexsuky Mopumy Iep-
Many (Bopncy CeMenosuuy) fIxo6m, 8 1837 r. m3Gparnomy anenoM [lerepOypr-
CKO#l aKajjeMnn HayK M HaBCEI[a MOCEIHBIIEMYCA B PYCCKO CTOJRIe.

Haa xapaxrepucraxkn fIxobu caegyer eme OTMOTHTH €T0 PAagUKaIbHEE MO~
apTEdecKme B3raAgi. B mapre 1848 r. oM cTamoOBATCH YiEHOM OMMO3ANAOH-
HOTO KOHCTHTYNHOHHOTO KJIYy0a, COrJamasgch BECTABATE CBOX KaHAHIATYPY
B WieHH IIpycckoro mammoHalAsmOro cobpamma. B peum, nmpomsmeceHHOMR
mepej 4wienaMm KayGa, OH 3aABHJ, MEKLY IPOYEM, YTO €ro He Wyraer W mep-
cnextupa pecnybiamkn. Ho 9aro sasBiiennme Hanmyrajo pykoBogurejeir kiay6a,
A BONIPOC 0 €r0 BHABM;KGHHMH B AenyTaTH ormaa. HKorma peaknusa moGemmia,
fAxo6n HamoMHEAE 0 ero moBefeHuHu B Aau peBogionmu. Ero okaag Oma ype-
3ad, u Gmia cmenaHa monuTKa (Opapja, HeygaBmancs) nepesectd Axo6m mn3
Bepansa masag 8 Kéaurc6epr. Crordancs fAxo6m B 1851 r., sapasmBmuch
ocmoi.

Kax sHpaiomasgcs TeopdecKas jamdHocTh, fIko6m oKa3HBaj OpH KHBHH
Goasmoe BamsHme Ha coppeMesHuKOB. B I'epMammm ero ydemmrKamm Owim:
. Pameno, II. Kapxrod, O. ecce, A. Kne6m; Bo Dpaunwm kK EEM mpAdnc-
asam cebs II. Opmar u K. Jlmysmans; B Aaramm — A. Kanm.

B arom pasmesne MH AafuM AMmME KPATKYI0 XapaKTePHCTHKY COfepsKaHHA
y:Ke YHOMAHYTOTO OCHOBHOTO TPYAa fIko6m mo TeopHHM >ANENTHICCKEX PyHK-
nuii «Hoswe ocuosammua...» (1829),
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B ravecrse ormpasHOro myakra fIkoGm msGmpaer 3jech, Kak 3T0 AejajE
Iio Hero T'aycc m AGexs, sanmnrudecKnii METETPaJj HEePBOTO POia B HOPMaAbHOY
dopme JleswaHppa, 3anucHBag ero B BARE
P
\ =+
U= \—F—,
J V1 —Fksing

rae k — mapamerp (0 << % << 1), naswBaemuii Mogyaem. Ilepemennoe ¢ fIko-
Om Ha3EBaeT aMIIHETYAOH M mojaraeT ¢ = am 4. Tak Kak HOACTAHOBKA I =
= sin ¢ Raer

¢ dz
”=§V(1—z2>(1—k=ﬁ>’

TO AAA x Kak QyHKnum or u — ofpameHHEsd JJIHOTHIECKOT0 WHTErpaja Iep-
BOTO pofia — moayJaeM z = sin am u (YHTaeTcA: CHEYC aMIJWTYAH u).
BMecTe ¢ Heii ompefiessiiored eme fse QYHKIAN:

cosamu=} 1 —sin*amu, Aamu=})1-—k?sin®am u.

Jina =HasBaHHWX Tpex QYHKNMil — salmnradecknx O¢ysknmid Hrobm —
Xp. I'yaepman (cM. o Hem Hwxe) B 1838 r. man Gosee mpocTHEe W B HacToAmee
BpeMA o0menpuHATHe oGosHadenws: sn u, cn & u dn ¥ — B pabore «Teopust
MoAynApPHHX Qyurumi m monexyaspaoro murerpana» (Theoria der Modular-
Functionen und der Molecular-Integrale.— J. fiir Math., 1838, 18). Teopemss
CIO}EHAA, ABOAKAN NEPHOAMIHOCTEL (A Sh U OCHOBHHMH LEPHOJAMH HB-
agoTCH

1

1
> Y1 =kEsin’ g J V1i—¥isin o

rae k' = Y1 — k* — momonmmrentHHI MORYNb; OHHU ke ABAAIOTCH MEPHOTA-
MH, HO He OCHOBHHM, JJIsA ¢n « ¥ dn u), HYIA ¥ HOJIOCH — BCE 3T0 yCTaHaB-
NUBaeTcA TeM e myTeM, KoTopuM mex AGensb, a mo mHero I'ayce. Jlansme pe-
TaJIbHO PACCMATPHBAIOTCA BOIIPOCH Npeo0pa3oBanmd 3NANTHIECKHX yHRIAiA,
YMHOKeHMSA ¥ JAeJeHHss aPryMeHTOB, COOTHOINEHHS MEJY SAJANTHYeCKEMY
HETErpajlaMd BTOPOTO W TPeThero pofia u T. . B KadecTBe BCIOMOTATENBHHX
dyurumii mcmonsadyiorca tora-pymxmmu. UYepes ocHoBHEe m3 mmx O (u) =
H (u) (rara u ara) snannrmdeckne pysrnre AKo6m Bripaskalores mo fopmynaMm

1 H(@u _ W H(u+K) . 7 8 (u4 K)
SDU—W e(u) , cnu= V e(u) y dn(u)-—ﬁ—w—.

QOyuxnua O (u) u H (¢) npepcrapasiorcd cAefyOIEMA BCIOTY CXONAN{AMHACH
TPHTOHOMETPUYOCKAMA PATAMA:

O (u) =1 — 2qcos 2v + 2¢* cos 4v — 2¢° cos 6v + . . .,

H (u) = 2¢"+ 8in v — 2¢"/¢ 8in 3v + 2¢™/+8in 5v — . .

rae v == nu/2K n ¢ = ¢"X'/K, O6e QpyHKOEA ABAAIOTCH NEJHMHA A HePHOTUIC-
cKkuMu, nprdeM gad O (u) ocHoBHOI nepwox paseH 2K, nas H (u) nepuox pasen
4K. Kpome Toro, mpw npmnGasienna kK u Mummoro gmejxa 2iK’ o6e dynrnmm
nproGpeTaoT OFAH H TOT }Ke NOKadaTeJbHHN MHOKATENS ¢ ‘e~ X WK, JIMenno
G1arogaps 2ToMy YacTHEHE

H @)/ (u), H(u + K)/8 (v), 6 (u+ K)/6 (u)
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¥ OKa3HBAaWTCH (QYHKIWAME [BOsAKomepmopuwiecKuMm. Ilennnie Teopermko-
$yHKEnHOHaARHEEe cBOMCTBA T3TA-QYHKIHA COYETAIOTCA ¢ YHOGCTBOM RiASA BH-
9uCIeHmi, HAIPAMeD, B OPAJOKeHAAX K MexaHmKe. [{eso B ToM, 4TO BHme-
OpUBefleHHNe pAAH Opd u u k RedicTemrensEuXx m yeaopwax 0 <<k <<1
{rorma K m K' rax:xe HeficTBETENbHHe IOA0KUTeIbHEHE) dYpe3BHYAHHO
BHCTPO cxofiitca Glaromaps MHOKHTONAM BEga ¢"/4 (mmm gen+1¥/e),

g = e K'[K < 4,

Tarta-Ppynroun fAxobu

B nekumax mo Teopum SaAHOTAYECKNX QPyuHKOomi, dmTaEHHX fIkobm B
4835—1836 rr. B KéuurcGeprckoM yHmBepcuTeTre W M3GaHHHX Yie mMocje ero
<cMeprH ero yisemmroM K. Bopxaparom (1817—1880) %, B ocHoBY m3iI0s¢eHEA
I07I03KenH deTHpe ToTa-QYHKIAHM, ONpefeienus M CBOMCTBA KOTODHX HAl0TCH
‘He3aBUCHMO OT 3AAMOTAYECKHX mHTErpanos. McxoguuM apisdercA pPAN BHAa

[~
S| esn+bnic e b w ¢ — HeKoTopHe AnHeHANe PYHKIAM T A & — KOMILIEK-

TN ==a00

‘CHAsI MOCTOAHHAA, AeHCTBUTEONIbHAA 1aCTh KOTOPO# orpmmarenpaa. Ilocaemuee
ycioBme ofbecoedmpaeT, KaK CKasKeM MH Tenepb, a0COXIOTHYIO B paBHOMep-
HYI0 CXOJIMOCTH pAfia B NI060M Kpyre KoHeTHOH mIOCKOCTH; CI€[OBATEIBHO,
.CyMMa psfa ABnsgercA nedoil pynxnmei.

Haa ymoGerpa m3iosxenma OepenwmeM pAf B GopMe, mpeiyio;xeHHOH He-
KO TbKo mosme III. IpMumrom:

BOpv (z)= i exp {m‘. [nv—l— z(2n +p) -+ TM]}

N=—00

U3 Toro 4ro KospdunmenT Upu n® B MOKazaTene paBeH 31eCh fLiT, CIeLYeT, 9TO
OIS CXOMMMOCTH PANA HYKHO CYATATH MOJOKATEIBHON MHEAMYIO 9acTh T; Ia-
pamerpaM u m v GygeM IpHIaBaTh ToabKo IO ABa 3mavenmsa: 1 m 0. CooTBer-
CTBEHHO pasiAWIHHM KOMOMHANWAM 3THX 3HAaYeHMH HONyIAM dYeTHpe pasimd-
gHX Tora-pysknmEm fIko6m. Bummmem mx B oGosmauemmsax JH. Taunepm m
. Monpka, JEmBb HECYMECTBEHHO OTAMYa0MEXCA 0T ofosHadenmit camoro

Sxobu (g o6osmadaer 3meck €7, | g | << 1):

(2n+1)®
91 (z) = = 0 1(x)=—1 Z (—1)*qg & elmnmiz —
e (2n-1)?
=N(—1)"2¢ ¢ sin(2n -+ 1)nz;
0
oo (2n41)? o (@nt1)

By (2) =0 0(x)= D q * emDUx=3 27 4 cos(2n -+ 1)az;
-—0 0
o ) o

B (z) =g 0 () = ) q7en™ix =1 4 D\ 2¢™ cos 2nniz;
— 1

+oo o
04 (z) = B0, (&) = 3 (— 1) g¥emie =1 4 3} (—1)" 24" cos 2nrez.

53 Jacobi C. G. Gesammelte Werke. Berlin, 1881, Bd. 1, S. 479,
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DyaKnuu 3TE MOTYT GHTH BHIPasKeHH ofHA Yepe3 APYTYIo HOCPeiCTBOM 3aMEHH

zHa 2+ Y,y 2+ iv/2, x + Yy + iv/2:
f@)=8(z+%), H@)=—3@+Y) H@E)=%-+'%)
Bo(2) = (x+ 1), B3(x)=g"le-™Dy (z + Y5iT),
By (2) = —igle ™, (z + Yy + Y/, i)

% 1. 0. (nepBoradaasrao B «HoBHX ocHOBaHMAX...» 3TH QYHKOUA ABMIHNCH TOX

obomnourott ©® m H dyrrnmit).
3amernm, uro Pyurnum ¥, (z) m ¥; (z), moaywaommecs ms B, , (z) coor-
BercrseHHO npE P = 1 # p = 0, MOryT GHTH IpENCTABICHH B BHJE

eu.o(x)=e_‘%ixz 2 eXP{T.[: [ (2n+p.)+z"} (n=1,0).

n——oo

TloaToMy Ans mi06oii YeTBOPKH KOMIJNEKCHEX YHCel W, T, [, 2 AMeeM, BHIIOJ-
HAA yMHOKeHHe DPAIOB:

Bg (W) B (2) T2 (¥)0 2 (2) + ¥5 (W) B3 () B3 (¥) ¥ (2) =

== exp [—nTi(w2+x2+ y? 4+ z%) } g exp {-I;L [(lz’"_+w)2+
(m,n,p, 9

™m 2 Tp 2 Tq 2
+( T+ +(F+of+ 3+
rfie MHJEeKCH M, i, p H ¢ Hpo0eraloT BCeBO3MO;KHEE YeTBEPKH NEJHX YHCel
onmHaxkosoii derHocru. Iloaaras

w=Y,wt+z+ty+az I=Ywt+z—y—a2),
y=Yw—-z+y—12, =Y, w—2z—y+72
{OpZ 3TOM BHIOJHAETCA TOKIECTBO
w’2+z’2+y’2+z’2=w2+z2+y2+z2)
¥ Opom3BOiA aHaJormigoe mpeofpasopamme MHIEKCOB CYMMHDOBAHHA m, N,
P u q, Axo6m OPpEXOMUT K OCHOBHOMY COOTHOIIEHMIO:
By (W) B3 () By () B3 (2) + B3 (W) B3 (2) B2 (1) B3 (2) =
= 8, (W) 9, (2') 9, (¥") 92 (2") + 85 (W) 33 (2") B3 (¥') 95 (27),
U3 KOTOPOTO BHBOJHT IACTO aNrebpandecKuM OyTeM AeCATKE APYIAX TOMACCTB.

Cpenu HEAX — aare0pawdecKHe COOTHOMIOHHA MEKIY TOTa-PYHKOIUAME OFHOTO
¥ TOTO }Ke apryMeHTa BPOJe CIeHyIOImX:

93 (0) 95 (z) = 9% (0) 9] (z) + 9 (0) 9} (2), (10)
93 (0) 9% (z) = 93 (0)93 (z) + 91(0) 9} (2), (11)
93 (0) 8% (z) = 93 (0).91 (2) + 91 (0)93 () (12)

g anreGpamdecKHe TEOPEME CIOKeHHMH A JACTHRX TTa-QyHKIUA:
B (@8 (2), By (@B (@), B, (2)/3, (2).

Haxonen (myTeM npenexsHOTO mepexofa B TOKIECTBAX, BHPAKAIIIAX TeoOPEeMAL
ClIOKeHHA) OH monydaer GOPMYNH [iA UPOHM3BOAHHX HOcHeqHEX (yHROME
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B BHJE

4 (@ 8,0 O 8, 0
@z Be(z)  B2(0) 0:(0) Bu(z) B ()’

9@ 950 50 4 8@ (13)
dz ¥, (z) 0 (0) 0:0) ¥4(z) u(z)’

d 9@ %0 90 8@ e

dr ¥, (z) G (0) 03(0) Bs(z) Bo(z) *

Orciona B cuay coornomenmit (10) — (12) cuemyer, uro
By (@)/B, (), B, (@)/Ba(x) m By (2)/D, (2)

YAOBAETBOPAIOT HPOCTHIM anreGpawdeckmM mupdepeHNAATHHEM ypaBHEHHIM
mepBOro HmOpPsAAKa.

Hassaname coorHomenns ay#uH Ako6n, 9To6H MOKa3aTh, 9TO ¢ HOMOIILID
ero TaTa-QyHROEA IerKo MOryT GHTH HOCTDPOEHH 3NIunTHIecEWe PyHKomd,
. KOTOPHE OH BBOJWJA PaHbille, OTOPABAAACH OT DANEOTHISCKOI0 HHTEIpala

§—V1d;:————;—'n_2—?' Ilpesxme Bcero, monaras B (10) x = 0, om y6exkpaercs, 4ro
—_ s1
0

B3aHMHO JONOJHHETEeABHEe Mogynu k m k' = Vi — k* MOMHO OmpefieiHTh
IOCPEeICTEOM PAaBOHCTB

VE=23,0/8:0) = VE =9 (0)/3; 0). (14)

HRanee coornomesnne (11) mosposser eMy BBECTH BCIOMOTaTeIbHOE MePeMEHHOE
¢, onpefiensemoe Popmymamm

1 B () VE 8(z) __ . )
V%@ VE @~ (%)

=sing,

rorga 3 (12) Gyner ciemomarn, 4TO

VR &Sy T Tems—A ). .8

Haxonen, gopmynn (13) — (16) mosBoaA0T 3aKAOIHTH, ITO

3 (0) 9, (0) § dg

e, O _(__de 17
T (0 0:0) ° J Vi—wamg (An
CnefoBaTeanHo,
9, (0) 91 (0)
o—om [0 525 ] e

1 Gyuxmomu (15) 1 (16) cyTs e uTO HHOE, KaK AKOOMeBH sannnrHdeckne pyHK-
uan sn, cn 1 do.

Ocraerca eme BHPasuTh KodhdunmeRT 33_?)0;{;1 (((()))) opu = B Gopmyne (18)
4 2
9epes BellMINEH, HENOCPEACTBeHHO OTHOCAIIHECH K 3NITANTHISCKOMY HATEIPaLy
(17). dna sroro fIxo6u mpe:ime Bcero BHBOAAT COOTHOMEHNE

8, (0) = 8, (0) B, (0) 8, (0),
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cIOpasefaEBoOe npn aiodom ¢ = ¢™*, Orcioma caemyer, 9ro

95(0) 9, (0)

2

Janpueitmme sHKIagkd fIko6Em mposogur, mpegmosiaras, 4To ¢ — AeHcTBU-

TeabHOe IOJOKHTeJbHOe Imca0, MeEbrmee 1 (r. e. T umcro mMuHEMoe). Torga

T9Ta-QYHKIAA TPUH AMAIOT feficTBATeIbELEG SHAUCHAS OPH Z JeHCTBUTEABHOM.

{lons3ysck 3TAM, OH HAXOJUT, UTO

/2

w82 (0) = 2 S —d ___
p AN 1T—iEsin'p

Tlocme aToro BEpa)ieHus ero anAITAYecKUX (PyHKHAA depes ToTa-QyHKOHEH
aprobperaoT OKOHYATeALHHH BHUJ

1 9, (z/2K) __VF 8, (=2K)) dnz=V 7 3 (2/2K)

M=V E 0 GRE) % 0 @R2K) ’ 3. =12K)

cnx

fIxo6m paccmarpusaer W 0GpaTHYI0 BaJady, 0YeBHAHO, CUHTAA, UTO OHA HE
Omna HE pemeHa, HE JgaKe copmyauposana B «HoBHX ocHoBaHMAX...»: OT-
IpaBAAfACh OT SANMNTHICCKEX PyuKnmit sn z, cn z B dn z, DOCTPORTE COOTBET-
crByOmuAe UM ToTa-Oynxnun, Ilpm sroM oH oTpaHMUYHBaeTcA caydaeM, Kormga
MOAYAB k eCTH AeficTBATEABHOS YACIO0, YIOBIeTBOpAmEee Yenopuo 0 <<k << 1.
3agaua aTa cBOAHTCA AJIA HETO K ONpEHeJIeHnI0 YACHa ¢. 3aMedasn, uto K'/ K war
$yurnus ¢ ofnagaer reM e cBOACTBOM, 9T0 H In ¢, a mMeEHO IPH 3aMeHe ¢ %e-
pes q" npuobperaer MuoknTeneM wmcio r, flko6m sakmiogaer, uro (K/K') In ¢
ot ¢ ue 3apucuT H pasuo —1n. [Toaromy

q— enK'IK

9r0 U TO3BOJAET MOCTPOATH IO YKAa3aHHEM BHIEe (OpPMYJaM COOTBETCTBYIO-
mue TaTa-QyHKIWHA,

Pacemorpennmit smech mopmit mopxon fIko6m kK TeopWm SNIMOTHIECHKHX
$yHKNMII BechkMa OpAMEYATENIOH ¢ ACTOPUYECKOM TOUKHA 3peuns. [eiicTeATens-
HO, He IPONJIO elle W JecATH JieT cO BPeMeHH, Korja Ohura 3asaBieHa mues o6-
pamen”s 3JAANTAYECKAX MHTEI'PAZOB, a y:Ke MAaTeMAaTHKHA XOTHT 0CBOGOTUTHCS
B IOCTPOEHHHM OCHOB TEOPHM DIAHOTHYECKAX (YHKOMIE OT yCcIoBH Toll Kom-
KperHoll 3aJa4um, KOTOpas WX HpHBeia K 8THM QYHKIHAM, U BBECTH COOTBOT-
cTRyOmHEit K1acce, Hexomas 3 Gonee obmux coofpasennii. B KagecTne 3/1eMeHTOB
nocrpoenus Gepyres ogHO3HATHLIE M NPHUTOM Hejble QYHKIUW, 3aJaHHEE CO-
OTBETCTBYIOMAMHE BCIOLY CXOOAMEMECH PAKAMH. IT0 BayKHAA CTYNOHDb HE TOJb-
KO0 K HOCTPOEHUSM Teoph” jnunTuieckuX (yHROWiE, ODPEAJOKeHHHM B CKO-
poM BpeMenu JImysmiieMm m mosgHee BeiiepmrTpaccoM, HO U, 9TO TOPa3xo Cy-
mecTBeAHee, K Mo3fHeimeil Teopum aGenesmx ¢ymxnmmi. Crexyer momuepx-
HYTh, OfHAKO, 9T0 fIKo6u HU 3mech, HM B DOCAeAYIOMUX paloTax coBceM HE
HCOOAB3YeT TeX OGImHUX CpelcTB HCCHOJOBAHHA AHANHATHICCKHX (PYHKOHI,
KOTOPHE K TOMY BpeMeHH OHHN y:xe BHpaGoraun Komm (MHTerpanasuas teope-
ma Komm, reopema 0 BuYeTax H ee clefCcTBHA).

Onrmnrrgeckae QyroquRr y Jiizemmrelina m JImysmansm,
Iepnnie y9eOmERH

«HoBHe ocHoBaHMa sanunTHdecKmX Qynrnuity Axo6m mmoro cmocoGerso-
Band pacIpOCTPAaHEHWIO 3Toi obmacTw MaremaTHdeckoro aganmsa. flcEocTs M
CHCTeMATAYHOCTE M3JI0/KeHWA, YAATHHI BHGOp QyHKnmit, cBABaHHHE ¢ Mare-
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MaTHIeCKOH# Tpagunmuedl (oTOpaBHad TOYKA — BIIANTHYeCKHE HHTOTpax mep-
Boro poxa B popme JlexaHzapa), ofo3Hadenns, cOMMmKAIOIMUe dITHOITAYECKHE
(¢YEKOUY ¢ TPUTOHOMeTDHYeCKAMY, BHpaskeHAe X depes GHCTPO cXomAuecsH
TPHTOHOMETPHYEeCKHe PAAH — Bce 3TO0 O0YCHOBHIO PACTYMIYH HNOIYJIAPHOCTH
¢yurnuii Axo6u cpegm MaTeMaTHKOB O 0COGEHHO MEXaHWKOB, NPHMEHABIIEX
¥X J(7is PelleHAs PABHOPOLHHX 3a7a4 Mexannkn, B «Jlekcakone umcroif m mpm-
raaguoit matematukm» B. . Bymarosckoro (CII6., 1839) (x coxanenmo, Grn
sHIymeH Toasko ofma ToM (A — M) mer crarem «danmnradeckne GyHKmumy,
KOTopas go/bxaa OHIa mospurhca BO Bropom ToMe. Ho zaMerxa «Amplitude
(3nn. ¢ymxn.). AMmawTyZa, mEpOTa, 00BATHOCTH DAMOTAYCCKOR PyHKIAAY
He OCTaBifAeT COMHEHHA OTHOCHTeALHO TPAKTOBKH BOHIpoca, HaMedeHHOi By-
aakoscknyM, Om ommer: «<MaTeMaTnkm dacTo ymorpeGianT cilelyllide 3Ha-

KOMOA0KeHNs: n306pasus gepes u 3NAANTAYCCKYIO PYHKIHIO S——— T 'j:f =’
—_ 811
0
OumyT: ¢ = amu, Sik ¢ = sin am ¥, ¢’ = ¢co0 am ¥, sin ¢’ = sin co am ¥
u opod. Cm. Elliptiques (Fonctions)» %¢. Hak Bugno, 37ech Jann 060o3HaYeHAA
Axobu (co am u = am (K — u) — KoaMmiaETyja).

HNa m neppmit Kype sanmnrTEdecknX QyHEOEEA Ha pycckoM asHke «Ocmo-
saHEA TeopEm sanmnrmdeckux ¢ymxomiy (CII6., 1850), npmuagnemammit
nepy mpodeccopa ITerepbyprckoro ymmsepcmrera B aragemmia Y. M. Co-
moBa (1815—1876), aBropa opErmHaABHHX PafoT DO TEOPHH SAAANTHIECKHX
¢yHKOEA ¥ HX DPANOMEHWAM K MeXaHWKe, NPeACTABIA] B OCHOBHOM H3J0-
sxeame Tpyaa fAxo6u. OTMedas B cBoeM oT3HBe, Yyro KaEmra CoMoBa sBasfercH
«IIePBRIM Ha PYCCKOM ABEIKe IOJHEM, CACTeMATHYOCKEM couBHendeM 06 oxmoit
H3 3aMeYaTeIbHENNIAX A TPyJHeHmuX orpaciell HHTeTPaJbHOTO UCIHCACHHA),
arageMuxu M. B. Ocrporpamcrmit u B. 1. Bynaxosckuit ormeganu u mexo-
TOpHe HEeAOCTATKH HPOJielaHHOH pPabOTH: OTCYyTCTBHE (YJIBTPAdNNMITHIECKHX
GyBKOuA» (0UeBHAHO, YABTPASAIHNTHYECKHX HMHTErPAJoB) H HOKAB3ATeNbCTB
pALa TeopeM.

Bo ¢pamnysckoM «Cnopape umcTo M mpuriafHoii mareMatmrm» (Dicti-
onnajre des sciences mathématiques pures et appliquées/A. S. de Montfer-
rier), BHXoJEBIIeM OpHEMepHO B Te e romnl (1838—1840), uro m «Jlercmron»
Bynakosckoro, Mu HaxoxmM craTeio «Transcendantes elliptiques» Toamko
B JIONIOJHATeNbHOM (TPETheM) ToMe. 3[eCh IOJ STHM TeDPMUHOM HOHUMAIOTCH
INENTHYeCKHe MHTerPajH; HO BCe Ke PAAOM ¢ JleKaHNpoM M ero -TPaKTaToM
ynommuaerca m fko6u c ero «HopuMnr ocHoBanmamu...»; uMa AGeas oTcyr-
CTBYeT.

Opmako yie B 9To BpeMs, B Korre 30-x 1 B ocoGennocry B Tewenne 40-x ro-
OB, B TeopHR daiamnTHiecKuX GyHKOMHA 3apOKmalOTCA HOBEI® 3JEMEHTH, KO-
TOPHM IO Mepe BX PA3BHTHs IPefCTOAN0 mocTeNeHHO OTTecHATh HyEKnuy fIKo-
6z ma BTOpO# maaH.

Oxoxo 1836 r. B pyK: mosogoro Beiiepmrpacca, sanuMaBImerocs MareMa-
THYeCKAM camoobpasopanmem, DomafaioT «Hoske ocHOBaHUA...» Axobu. Kam-
ra OKa3HBaercs CIHIIKOM TPyXHOH# mus Hero: Begs flko6m mpepmonaraer Ko-
pOTKO® BHAKOMCTBO YATaTeNsA ¢ TPaKTaToM Jlescanapa, TOTAA elne HeA3BECTHEHM
Beitepmrpaccy. ¥Ycasmas, wro npodeccop MareMarnkn B Mioncrepckont «reo-
noro-pumocoperoit axafiemum» Xp. 'ynepman (1798—1852) obwsBiser Kypc
«MogynspuuX ynknmi» (rak I'ymepMad mMeHOBAJ BIAUNTAICCKAS bynrun),
Beitepmrpace ycrpeMiuseTca TyAa, 9ToOH cTaTh B 1839 r. emWHCTBEHHEIM CAY-
marenem atax gexnmit. B 1840 r. ou mpexpcraBiser B KavecTBe dKsaMeHAMOH-
fgoft paGoTH Ha 3BaHHe HpemofaBaTeis cOYMHeHWe Ba p36paHAyi0 MM CaMEM

54 Bynarosckuil B. A. Jlekcakom umcToi W DpEKIAfHON MATEMATHKA, CII6., 1839.
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teMy «O pasnosxenmm Mopynspanx ¢Qymkmmity (Uber die Entwicklung der
Modular-Funktionen) %, sacnysxmsmee Bhcokyio omemky I'ynepmanma, xors
aBTOp H HOABEPT cephesHOR Kpurmke caMoro I'ymepmama. ¥ske sra pabora,
Kak ormedaer @. Kaeiin, cogepxuT sapoguinm MHOIEX HO3THEHIIHX HCCHET0-
BaHmi Beitepmrpacca ¥ npefcraBaser BasKHHI IMAar BOepef B TEOPHH JJIIHI-
rAgecknX $yurumit. FiMenno ncnonssys onuo 3aMevanue AGens, Beitepmrpace
moxydaeT npefcrasienme AnA fyurnmii fAkoGm B BHAe OTHOmeHRHH KeIHX
byarnnit, KoaPPEnEeATH CTeNeHHHX Pa3/OKeHAR KOTOPHX ABJAITCH MHO-
rounesaMu or k% (k — Mopgyas samEODTEYECKoro HmHTerpata). It QyEKmHE
og o6o3nauns mo3gHee B decTh Afeas uepes Al;, Al,, Al,;, Al. BopoueM, naun-
Hasg ¢ ero GepaumacKEX Jekmmil (cM. fajee), MecTo 3THX (YHKIHA BaHWMAIOT
curma-Qyarnan Beltepmrpacca, oramuaiompecs or Al mokasaTessHHIM MHO--
JKUTeIeM.

C cepeguam 40-x romos B pa6oTax Moxomgoro GepAWHCKOr0 HpHBAT-TO-
neara I'. Diigenmreiina (1823—1852) noasasaiTca (MOMHO cKa3aTh B TOTOBOM
BHJle) psAAH, BONeNIIWe [OTOM B TeOpHI aaamnrEdeckmx (ymxnmid Beirep-
mrpacca B Ka4ecTBe ee aHAIATAYECKOro ammapaTa. Ita pafoTH B cymecTBeH-
HO# cBoeil gacT¥ GHaEM 00heguAeHH B cOOpHHUKe, BHIIEAIEM B ¢cBeT ¢ npejn-
caosdeM I'aycca «MaremaTudeckme TpyaH, B ocobensocta U3 obiacTd BHCHIeR
apupmernry m sanmorudecknax Gyuromiy (Mathematische Abhandlungen be-
sonders aus dem Gebiete der Hoheren Arithmetik und der Elliptischen Funk-
tionen von Dr. G. Eisenstein. Berlin, 1847). Cpegu umx oco6oe 3savende Aas
TeOPHH 3JIJMOTHYeCKAX (YHKOHA pMeer GonpHmian pabora, nosemBmasca
cHadasa B KypHane Hpenne, «Tounoe mccaemonanme GeckoHedHHWX ABOMHHX
OpoH3BefieHUil, W3 KOTOPHX 3JNENTHYecKMe QYHKOHH COCTABAAITCH B BHOE
9YACTHHX, ¥ CBABAHHHX ¢ HEMM JABoiiHHX pagos» (Genaue Untersuchung der
unendlichen Doppelprodukte, aus welchen die elliptischen Funktionen als
Quotienten zusammengesetzt sind, und der mit ihnen zusammenhédngenden
Doppelreihen.— J. fiir Math., 1847, 35). Ditsenmureita 3aMedaeT, 4T0 €CIA ®; H
®, — KOMIJIeKCHHEe YHCIa, OTHOIIeHAe KOTOPHX HE eCTH THCIO0 AeficTBHTENb-
noe (mepmofN IAMOTHYCCKOH (yHKINE), TO 3HAYEeHHE JBOAHOTO NPOH3BEeREHAHA
uH (1 _ ) , THe m; B m, npoleraloT Bce Meikie YACIa, He PaBHHE

My~ Ma®,

ONHOBPEMEHHO HYJIO, BABACAT OT HOPANKA PACHOJIOKeHWs MHOMHTENEdH (T. e.
TpomsBefente He CXOAUTCA aGCON0THO; HAMOMHAM, 9TO B cAyYae, KOTFa ®; =
= i®;, COOTBETCTBYIOIIEM JICMHACKATAYECKOMY CHAYCY, OHO yike BCTpeIatoch
B pykonmcax I'aycca (eum. ¢. 129, 130). Uayyas ero, Jiizenmreiin npaxofuT K pa-
HaM, ¢ DOMOIIbI0 KOTOPHX Beitepmrpace mosgmee BBen csom fymrmmm § (z),
§’ (z) 1 nX UHBAPMAHTH g, U g4, ¥ BHBOANT OCHOBHEE COOTHOIIEHHA MEXKAY HH-
mu. [To cpasuenmio ¢ Teopmeir Befiepmrpacca Jitsenmreiiny He XBaTaeT MHO-
JHATenell BHIA

u2
€xp [mlml - mawe + 2 (myw,-+ m2m2)2—‘

DOI 3HaKOM NPOHW3BeleHUsA, HANFYHe KOTODHX ofecmednmBaer aGCoOmMOTHYIO
(¥ paBHOMepHYI0 B KasKJAOM KOHEUYHOM KpPyre) CXOJHMOCTHh W IpeppamaeT AX
B cATMAa-QyHKOUN.

WaTepecao orMernThH, 9T0 B CcaMoe mociegHee BpeMsa Amnpape Beiins Bep-
HYJCA K DOAXONY Oi3eHINTelHA K TeopHH 3jadnTmYecKHx QyHKOEi, He omn-
PalomeMycss Ha OpefBapHTEeAbHOE MOCTpOeHHe oOIEX HaYaJ TeOpHHM AHAIHA-
TAYecKHX QYHKOHH, M ACHOAB30BAT 610 KaK JJAA JOCTATOIHO IOTHOT0 H BMECTe
¢ TeM TpeOyHONI[eTr0 COBCeM HEMHOTO MecTa M3JIO}KEHHA TeOPHHM BIJIHNTHAYe-

8 Weierstrass K. Mathematische Werke, Bd. 1, S. 1—49.
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I. SN3EHIITENH

<KknxX QyHKEOmA, TaK (¢ OpUBIeYeHWeM PONCTBEHHHX 3HBEHMITEHHOBHIM PANOE
Hpomexkepa) ¥ Ans npmEMeHenmit K BeckMa TOHKAM BOIDPOCAM COBpEMEHHOM
TeopEE umcen. IllpmMep, BHOBP mOKABHBAKIIHA WOJH3Y HOBOTO HPOUTEHHSs
CTapHX, Kasaixock Gu, ycrapesmmx paGor °6.

Ho mepsan paGora Beiiepmrpacca B ymoMsHyTas CcTaTbs Oi3eHINTeiiHa
CHyMHIM TOTAA JUMB CBOETO Poja 3aABKON Ha OyAymui OPHTHHANBHEIA am-
mapaT TeopHU 5IAMOTAYeCKNX QYHKIHHA; CYyIecTBA PasBHBAeMO# TeopHH OHH
He H3MEHsIOT.

Ipuanannanabuo Hopud mar 6w cpenan K. Jlaysnanem B ero «Jlexmuax
10 TeOpHMH ABOAKONepHOAwWIecKAX (QYyHKOUA», mpoduwraHHHX mepen K. Bop-
xaparom u @. Noaxamcranem (1818—1861) B 1847 r. Xora K. Bopxapar na-
nevaran csod 3anncka Toapko B 1880 r. (Lecons sur les fonctions doublement
périodiques (faites en 1847).— J. fiir Math., 1880, 88), amysunnesckas Tpak-
TOBKA OpefMeTa He MPONIa MHMO coBpeMeHHwWKOB. IlompoGHas mporpaMma
nerknuil Guna onmyGamkosama B «Comptes rendusy (1851, 32, p. 450). Kpome
Toro, IlI. Bpuo m . Byxe cocraBmnm mop ¥X BauMaHMeM cBoi0 KHUTY «Teopms
JBosKoNeprogAIecKAX B B ocoGemmocTn snnmnrmdecknx Qymrmuit» (Théorie
des fonctions doublement périodiques et, en particulier, des fonctions ellip
tiques. Paris, 1859), o xoropoit Mu eme Gyzem rosopurs. CaMo HasBauMe JeK
mnii Jlaysmans xapaxtepusyeT ocoGeEHOCTE MOCTPOEHHA Kypca: O6BbeKTOM
¥3YYGHMA CTAHOBUTCA BECh KJIACC HBOAKONEPUOXWIECKHX ONHOSHAYHHX (QyHK-

% Weil A. Elliptic Functions according to Eisenstein and Kronecker. Berlin: Springer-
Verl., 1976. Ects pyccroe uagarue: Beiite A. dnaunraveckne GyERuUA 1o difseHmrresi-
uy n Hpomerepy. M.: Mup, 1978.
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nuil KOMIUIEKCHOTO HEePeMeHHOro, HeNpPepPHBHHX U AupdepeHIHPYEMHX BCIO-
Ay, 3a HMCKIIOYCHHEM IOJIOCOB, T. €. MEPOMOPPHEIX.

3amedas, 4o I060ft HepUOI OHO3HATHOM [BOAKOIEPHROARIECKON GyHKIUY,
OTIMYHOM OT ULOCTOAHHOH, MokeT GHITH IpefcTaBlieH B Buge mo -+ m'e’,
rie m mm’ — IeJHe 9UCIa, a @ ¥ @' — OCHOBHHe IePHOIH, OTHOIIEHHE KOTO-
PHIX €CTh MHHMOe YHCIO (COOTBeTCTBylOI[asd ofmas Teopema Ona BUepBLE
ycranopiena fixo6m B 1834 r.), Jlmysmuns moxpHBaeT TIIOCKOCTh CETHIO Tia-
PaNIeIoOrpaMMOB CO CTOPOHAME M U (' W CBOTHT o0y upolieMy K H3YIeHHIO
¢yEKnEE B OHOM KaKoM-1u6o mapaiieiorpaMMe, Halpumep, B Hapajliesio-
rpamme ¢ BepmuHaamMu 0, ©, © + o', @'. OH He HCIONB3yeT PH 3TOM, 11O Kpaii-
Hell Mepe B ABHOM BUJe, pe3yabTaTil Homu, orHOCAN(HECA K QYHKIUAM KOM-
nJeKcHoro Inepemendoro. Bor, mampmmep, ®ax ycraHaBiauBaeTCA Teopema
JluyBmia 0 TOM, 9TO Reaas SBOAKONEPHORHIECKAA GYHKIHUA eCTh KOHCTAHTA.
Pasnoxmm f (z) B pag @ypre, paccMaTpuBasg ee Kak QYHKOHIO ¢ IepHOJOM
o. [lonyanm

emin

o

o0
z
f(Z) == 2! Ane .
—0
Ho ecnm o’ — Apyroii ee nepmon, Taxo, uTo w'/® — MEHMOE TACKO, TO
2min
z
=1(2),

00
fz+0)y= 2 Ang'e ©
—x
e g = erio’/o, npnqeml g| 5= 1B cuIy npeUNONOKEHHS OTHOCHTEIBLO ® H
©'. /I3 emuBCTBEHHOCTH pa3iioieHAs BHTEKaeT, 410 A,= A, q", otkyga A, =
=0 upa ns£0, 1. e f(2) = A4,

Jlmysmaup moxashBaeT, 4To ABOsIKouepmoxmdeckasas Qymxums (S const)
JIoJbKHA HMMeTh I0 Kpalinefl Mepe ABa HpoCTEX womwca 2 + 2" m b — h' B na-
painexorpaMme HepHOJOB (MaM ONME ABOMHOM), W CTPOHMT HpocTeAmynw GyHK-
LU0 ¢ TAKUMHK IIOJIOCAME B BUOE CyMMHI PAMNa

x
’ ’ -
f(2)=z [cos Zn(ztno’—h) —cos ZH 7,
[0} [0}
—C0

CymecTBeHHO, OOHAKO, YTO OH HOJYYaeT TeOpeMH, YCTaHABJHMBAIOIIAE I PO-
GTEHe ¥ H3AIIHEE CBOACTBA BCEr0 KIACCA SBOAKOUGPHOTAISCKHX MePOMOPQOHEIX
¢yuxguil (c OfHUMHE H TeMu e nepmofamu). VmMenno ¢yHKOoum sT0r0 Kiacca
M NONYYMIW Ha3BaHHe JJLIMUTHYECKAX (ofpanieHHd SITHUTHICCKHX MHHTErpa-
J0B COCTaBJAIOT TOJABKO HX IOTKIACC), & COOTBETCTBYOIIHE 00IIHEe TEOPEME —
reopeM Jlmysmaasa. Omsako xopode BCero HOKa3HBaiOTCA (a YaCTHIO H dop-
MYJIHPYIOTCA) 9TH TEOPeMH ¢ IOMOI[bI0 Teopud BEYeroB. Hawano ee upume-
HEHHA K BTHM CBOMCTBAM SAAUNTHYecKMX Qynknmii momomuna HI. Spmmr, mo-
Kas3aBmimil B OXHOM M3 cBoux pabGoT 1848 r.%?, 410 cyMMa BEMeTOB 3JLIHUTAYE-
CKON (JyHKIMU OTHOCHTEIBHO WOJIOCOB, IPRHAMIEHKALAX IIaPajielorpaMmy
nepuonos, pasua 0. Orcioga, B 9acTHOCTH, cjaefyeT, 9TO 3JIMNTAYeCKAsa QyHK-
oHsA He MOYKeT MMeTh B HeM JIMIIb OJUH LPOCTOH! HOMI0C, KAK BTO H YTBEPHIAeT
JlmyBunas.

YxarkeM BKpaTile HEKOTOpHle IpPyrue TeopeMn Jlmysmwias o6 smmmnrm-
decKEX QYHKOUAX, HCOOJb3YSA UPHU 3TOM BBeJeHHoe BeiiepmTpaccoM HOHATHE
nopsajaka GyEKOUU.

Cnenysa BeitepmTpaccy, Ha30BeM YHCIO 7 HOJIOCOB (C yIeTOM HMX KPaTHO-
CTH) 3INHUTHYCCKOH QYHKOHE B OTHOM NapajijielorpaMme LepPHOAOB WLOPS-

57 Hermite C. Oeuvres, Paris, 1905, t. 1, p. 75—83.
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KoM aroll ¢ymkmuu. [IpmBemennuil BHIDe pe3yAbTaT JIAYBWAIA IIacHT, 910

1 (2) 1" (2) -
n> 2.Teopema Homm o Bherax, UPEMEHHHAR K o= - M 2y ¢ COOT

BercrBeHHO (A — Ar00oe KOMIJIEKCHOe YHCHO), LO3BOJAET YTBEPKAATh, 4TO
ofmee wmeao KopHelt ypasHenms f (2) — A = 0 B mapanienorpaMme mepuo-
[IOB PaBHO 7 HE3aBHCHMO OT A W YTO CyMMa KOPHeH 5TOro ypaBHEHHS MOMKET
OTIAIATECA OT CYMMH HOJIOCOB TOJBKO HAa BEIHYHHY KaKoro-nmGo mepHonma.
OTrMeTHM elme, YTO Kay[Aasd SANHANTHYECKAas QYHKOHS PpaUHOHANBHO BHIpa-
maeTca gepes 06y PyHKOHEIO BTOPOro HMOpAAKAa W ee IPOH3BOAHYIO (C TEeMH
e IIONIOCAMHB) U 9ITO TOJNBKO (QYHKIOHMH BTODOro LOPAAKA ABIAITCA o0paTt-
HHMHZ 10 OTHOIIEHUIO K BIMMOTHYCCKUM HHTerpanaM. TeM He MeHnee, KaK yiie
0TMEYAaJ0Ch, HAUMEHOBAHZE BIIHNTHICCKAX (yHKOUN 3aKpPenmiIoch BIOCHE[-
CTBHH 3a BCEM KJAcCOM [BOSKOIEDPHOAMYECKHX MepoMOpPHHX (GyHKnmil.

B 1856 r. nospaserca «Hccaemosamme (GyHKIEHA MHEMOIO IEPEeMEHHOTO»
(Etude des fonctions d’une variable imaginaire.— J. Ec. Polyt., 1856, 21)
yuennkop Komwm u Jlaysmnna III. Bpmo m #. Byxe, comepskamee B upocToit
H sicHOK (hopMe CHCTeMaTHIeCKOe U3IOKeHHEe OCHOBHHX pPe3yibTaToB, HOXy-
YeHHHX raaBubiM ofpazom Homu, B Teopum amamumruuecKux QyHRmmA. ITOT
mefonbmoi MeMyap (OH cofep:RuT 48 CTpaHHUI) mo CONep/KaHUWIO B MaHepe M3-
JIOKeHHSI MOKHO pPaCcCMaTpHBATh KaK IepBhit y4eGHHK O TeopHH AHAJMTH-
YeCKUX (QyHKIUiA.

Opananysckme mareMatuxkn Bpuro u Byke muoro cuesanm gas pacopoctpa-
HeHusl Hfefl TeopHm aHAaNHTHEYecKuX (yHKnuit B Tperbeir derseptm X1X B.
Mapns Orocr AnsGep Bpumo (1817—1882), socuaraunuk Brcmelr mopMansb-
moit mxoaw B Ilapmwxe, upemomasan martemaruky B Opneanme, Jimome, a ¢
1855 r.— B Buicmeli mopmanpaoit mKoxe. Ilocneggme rogu on Grin upodecco-
poM MaremaTmieckoir ¢msmku B CopGomue. Ham Hiaom Byxe (1819—1885),
obygasmuiica B 1839-—1841 rr. B IlonmTexnugueckoii m Bricmeil mopManbHOT
mxonax B [lapmke, npenogasan MmaTeMatTuky B Mapcene, JImone, a ¢ 1852 r.—
B naEnenx Ilapmxa. C 1873 r. 6un npodeccopom MmaremaTuru B CopGorue u upo-
deccopoM MexanuKm E acTponoMzd B Bucmeit mopmanbro#t mxoae; B 1875 r.
6nn ma3bpar wienoM llapmxckoil akagemuu.

Bcenen 3a Tonbpko 410 yuoMsaHyTHM Memyapom Bpmo B Byxe omarh-ranm
B COABTOPCTBE COBHANH YHOMAHYTYIO BEHINEe KHEUTY «TeopHa ABoAkoneprogAYe-
CKEX H B 0COGEHHOCTH 3ANMUTHYCCKHX (PyHKOmi», KOTOpasg BO BTOPOM H3Ta-
HHE Bhipocaa B ¢yHmaMenTanpHui TPYyH «Teopusa sanmntudecKux GymKmuin
(Theorie des fonctions elliptiques. 2 éd. Paris, 1879). Ognomy Bpuo npunan-
nesxar yams «Teopusa aGenesnx dynxmmity (Théorie des fonctions Abéliennes.
Paris, 1879), sacaymmuemana mpemumio I[loncexe.

K srtomy e BpeMenu OTHOCHUTCH W LepBHit wymTaHuhi Bedtepmrpaccom B
Bepamne xypc nexmmit o reopun aHanaTmaecKEX Gynkmmix «Q6uime TeopeMml,
OTHOCAINHECS K WPeACTABJCHHI0 AHATHTAYCCKAX (YHKOHHE CXOMAIAMECH Pi-
gamu». Haumman ¢ 1861 r. om quraer «O6myo TeopHio aHAIHTAYCCKAX PyHK-
omity. Mexomuum nynkrom gust Bellepmrpacca ABAAOTCA pasnoxenud PyHk-
nuii B cTemennnie pAgsl. Ho B To BpeMA kaK ero upenmecTBeEHEAKE 00HYHO pac-
CMAaTPUBAJIE KaKAyH (YHKOHIO KAK CYMMY TOJABKO OJHOr0 CTEUEHHOro pfxa,
BeitepmTpacc paccMaTpEBaeT BMeCTe ¢ JAHHKIM PALOM TAaKKe H BO3MOMKHEE
er0 aHANIWTHYCeCKHE LIPONOIKeHHA, ONpedelfAf QYHKIHIO MOCPEICTBOM COBO-
KYIHOCTH BCEX BOSMOKHEX OPraHMYeCKH CBABAHHKIX MeOy cOGoi pAmoB.

Ecnm xo BceMy 3TOMY UPHCOSAHHHUTH elle 3HAMEHUTYI0 guccepranmio Pm-
MaHa «OcHoBH o0meli Teopurm ¢pynrnuii xomuiexcuoro uepemenHoro» (Grund-
lagen fiir eine allgemeine Theorie einer veréinderlichen komplexen Grisse,
1851), o RoTOpOI peun IMONTET HWKE, TO MOKHO YTBEPKIATh, YTO Ha IPOTA-
menu# 50-x rogoB XIX B. o6peny B A3BeCTHOM CMEICJIE UTOTOBOE BOIIOLIGHHE:
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TPH OCHOBHEE KOHHennu# ofImell Teopuu aHATATHYCCKUX GYHKIEN KOMILIEKC-
HOro mepeMeHHOro, ONpefelluBIiNe JaibHelillice pa3BUTHe STOU TEOPHM HA IPO-
TsoKennn cronerus: Komu, BeliepmTpacca m Pumana. B ocaoBe nepsoit nesxa-
70 KOMIUIEKCHOe MHTETPHPOBAHWe, BHABHUBIICE HE3aBHCUMOCTH MHTETpPajia OT
" NYTH BHTerPHPOBAHES, B OCHOBE BTOPOH — IPEACTABHMOCTH (yHKOIHE CTe-
OeHHKIME psIJaMH, CBSA3AaHHKRIMH MEXKIy COGOH mpomeccoM aHAINTHYECKOIO
WPOMONKEHHs, B OCHOBe TpeThell — mpefcTaBieHue o6 aHANHTAYECKOH PyHK-
Y KOMIJIEKCHOT'0 IIePeMEeHHOro KaK O pelllcHHH HeKoToporo AuddepeAnaaIb-
HOro ypaBHEHHSA B SaCTHHX IPOU3BOJHHX (B KOMIIeKCHOH dopme i g—i =g—£) .

C mo3unmmm MCTOpPUKA MaTeMaTHKH UMOYYATeNbHO HAGMIOOaTh, 9TO BCA 9Ta
COKpOBRINHHIA o0muXx HAeit omenmBanach COBpeMcHHHKAaME He caMa mo cebe,
HO IPEXKJe BCeT0 ¢ TOYKH 3PeHHA TOK 1OAb3H, KOTOPYIO 5TH HICH HPUHOCHIH
ISl M3yYeHHus COeNHUANbHAX KIACCOB aHAXUTHYeCKUX (yHRIOMI, HaXONHBIIHX-
csi ¢ Havana BTopoil gerBepTE XIX B. B dOKyce BCeX HETepecoB TOrJaMIAMX
AHAIMTHKOB, OT BeIHKHX [0 MajHX: DJUVIANTATECKHEX (a4 TAK/Ke CBA3AHHHEX
¢ HEHMH T3Ta- W MOAYIApHHX ¢yHKomi) m alemeBmx ¢yHKmmit. BumpodeM,
B nocneAnel yerpeptn XIX B. 5TH KiaccH OTCTyNHIH HA 3afHWH IIaH mepes
aBTOMODPHHME GYyHKOIUAMH.

XapaKTepHo, 9TO B OfHOM H® DAHHHX OIKTOB '0603peHHA HCTOpUHM MaTe-
mated B XIX B.% «reopuma ¢ymknmit gBOitROE WIH MHOrOKpPATHON mHepHO-
JUGHOCTHY BRICTYIIAeT IOJ, CAaMOCTOATEAbHON pyGauKoi, Torga xax obmas Teo-
puA QyHKOHA OTCYTCTBYyeT B KadecTBe OTAEIBHOrO pasjena. ¥ GemurebHELR
IpuMep AOJNTOBETHOCTH ¢TAPOA TPARUIEAH NPENCTaBIfACT KYpC TEOPNH aHAJNHTH-
"decKuX U duanmuraieckuX ¢ynkmuit (Vorlesungen iiber allgemeine Funktionén-
theorie und Elliptischen Funktionen. Berlin, 1922) yuenura BeliepmTpacca
7 ©. Hneiina, npodeccopa yamsepcutera B KénurcGepre u nosnnee Iommrex-
nukyma B Ilopmxe A. I'yppuma (1859—1919). 3ta crasmas xmaccmaeckoi
yie B HallleM BeKe Kudra (HMeIoTcsA OBa pyccKuX nepesoga 1933 m 1968 rr.)
COCTOHT 13 JBYyX dacTefi: «O6meil Teopum PyHKRNEA KOMILIEKCHOR HepeMeHHOM»
B «JNIHNTHIECKEX QYHKIOUI», npadeM BTOPad JHINIL HeMHOIEM MeHEIIE Iiep-
BOii Mo 0GBeMy.

OgruM ®3 BHEIIHMX IDPOABJICRHH 0XapaKTepU3OBAHHOH TONBKO YTO CHTY-
anuy ABAIOCH TO, ¥TO H B 50-X rofjax mpomujioro BeKa, H JOJITOE BPeMA LMOCHS
HOX (CKa)KeM, B KypcaX, YHTABIIMXCA B PYCCKMX YHHBEDPCHTETaX B HAYAJNO
XX B.) ocHOBH o0mei#l Teopmm aHanNUTHYECKHX -QYHKOEH pacCMaTPHBAIHECH
r1aBERM 00pa3soM Kak BBefeHHe B TEOPHIO SNIHUTHYCCKHX, COOTBETCTBEHHO
abenepnx pynrnuii. [IpmMepom Mosker cay:xuTh nassannan sume «Teopusa gso-
AKonepHOIHIeCKAX QYHKNEA W B 0cO0GHHOCTH HSINHITHICCKHX (yHKImIN
Bpumo u Byxe (1859, 1-e max.). Vx memyap «McenenoBanme JynKnmii MEEMOTO
IepeMeHHOTrO» BOIIEN B Hee IMENHKOM B KavecTse BBOgHoN JactE. Hmmra sra
uMena GoubmIof ycuex, o YeM CBEZETeNbCTBYET XOTHA OH PakT m3mamus ee HA
HeMenkoM asnke B 1862 r. Bo BTopoM pacimupernoM (paHIy3CKOM H3IaHER
1875 r. ob6man Teopus 3aHEMaer yke okouxo 200 crparmn. Ho Goxpman gacTh
couuHenns (Bcero B HeM 700 cTpanUm MBE-KBapTO) NOCBANIEHA 3JIIANTHICCKEM
QyHKIEAM, B CaMO COYMHeHHe Ha3Bano «Teopmedl BANMUTAYICCKUX (YRKIH».
Hpyro#i mpuMep HocTaBiseT Kuura, BROOIHeHHAS IEJIHKOM B AyXe mpuei Pum-
Mana, 910 «Jleknum no pumamoBoii Teopuu abemeBmX muTerpanos» (Vorlesun-
gen iiber Riemann’s Theorie der Abel’schen Integralen. Leipzig, 1865) npo-
deccopa K. Heiimana (1832—1925), mocneZoBaTenbno 3amEMaBIIero JOIK-
HOCTB Ipodeccopa B yumsepcurerax 'anne, Basenss, Tio6murena u Jlefinmura.
3mech, MeKAy IPOYUM BUEPBHe B y4eOHOR JHTepaType, Jisf TeOMeTPHIECKOTO

¥ Ball W. W. Rouse. Histoire des mathématiques / Ed. frang., avec des additions de
R. de Montessus. Paris, 1907. T. 2.
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npeACcTaBJIeHHA KOMIUIEKCHEIX 4Hces] HCHoubsyerca chepa (cdpepa Pumana minp
Heitmauna). U3 gacna panHmx ydeGHEKOB Golee 3JIeMeHTAPHOTO XapaKrTepa
HazoBeM emfe knury upodeccopa Ilpaskckoro nonmrexmmryma f. Miopema
(1821—1893). B 1861 r. or usgan «Teopuio snnmoTudeckux ¢ymxnuity (The-
orie der Elliptischen Funktionen. Ziirich, 1861), monyunemyo muapoxoe pac-
npoctpanenue (B 1908 r. Bomino 5-e usgarme Kaurm). OSHAKO B CBOEM H3JIO-
JKeHHH OH He OIHPAaeTCsA HA TeOpHI0 aHANUTHICCKHX (YHKOUA KOMIJIEKCHOTO
nepementoro. Yepes Tpum rofa mocie dToro Jiopesk BHIycTHA y4eOHHK, yiKe
TIOJIHOCTHI0 IOCBAMIGHHRIH OZHUM TOJIBKO OCHOBAM 0fImell Teopum amanutmye-
cKEX (yHKIMHE. JT0 — KHHTa, TaK/Ke BHICD:KABMASA PAX nepem3gaHmit, «Jie-
MeHTH TeopHH GyHKNEA ofHOHl KoMIAeKCHOH mepemeHHo# Benmamun. C oco-
6riM BEEMaHHeM K TBopeHusM Pumama» (Elemente der Theorie der Funktionen
einer complexen veranderlichen Grosse. Mit besonderer Beriicksichtung der
Schopfungen Riemanns bearbeitet. Leipzig, 1864).

PuMmanoBy nocTpoeHHI0 TeOpHH LEIHKOM MOCBAMEHA W OgHA W3 Hamboiee
PAHHEX PYCCKHX MOHOrpaguil mo TeopHu aHANATAYECKUX QYHKIONA KOMILICKC-
HOI'0 LEPEeMEHHOTO — JOKTOPCKASl JUCCePTAanidA KMEeBCKOro mpodeccopa Ma-
tematuku M. E. Bamenxko-3axapuenko (1825—1912) (PumamoBa Teopusa
¢ynrnmit cocrasnoro nmepemensoro» (Hmes, 1861). Hakomen, B ymcie panamx
ODHTHHANBHEX YYeGHHMKOB HO/:KeH OHTHh Ha3BAH IIHPOKO 3aJyMaHHHH TPYyX
mranbgackoro Marematuka @®. Hasoparu (1835—1890), upodeccopa yumsep-
curera B llapum, «Teopmss ¢yunkmmit xomummercHmoro nepemensoro» (Teorica
delle funzioni di variabili complesse. Pavia, 1868). Kasopata maxommics
wox canbHKNM BamApmeM Pmmana. Bropoil ToM coduHeHHs OH He BHITYCTHA
TOIBKO IOTOMY, 4TO He cMOr y0eAuTenbHO HOKa3aTh npuHoun mpuxie, xo-
TOPHI HoeH OWi JMeHATh B OCHOBe 33aAyMaHHOro majoeHds *°. Opguaxo
Kasopard me GHI OQHOCTODOHHHM H B CBOeM yueOHEKe, KOTOpOMY OH Ipef-
mocnan ofMUpHHR ECTOPAYECKW#A o9epK paspduTHA Teopud or Iaycca mo Pm-
mada (143 crpammmm!), umiTanca ofbeg@HuTh KoEneunmu Pumama m Homu.

AGenesn maTerpamnl. Teopema AGensn

«Afens,— nucan JPMAT,— OCTABHI MATEMATHKaM Haj 4eM paboTarh JeT
Ha moaTopactas 0. Ilpa aToM OH UMea B BHAY He TOJNBKO TEOPHID BJIIHNTHAIE-
cKuX QyRKIuil, BCEea0 3aXBATHBINYIO €T0 CAMOT0, HO I 3HAMEHHUTYIO TEOpEMY
AGensa o6 mETerpanax or anrebpamdeckux ¢ymrmuit. AGenp Dpmimen K 5TOM
reopeme enie B 1825 r. u mocsATMA et Gonpmok memyap «O6 ommom ofmiem
CBOMCTBE BechbMa OOIMHPHOTO Kiacca TPAHCHOEHTEHTHHX (yHKOuiy (Sur une
propriété générale d'une classe trés étendue de fonctions transcendantes) ¢,
npeacrasienunii B 1826 r. B Hapmwxckylo axagemmio Hayk. Ilo Bure Homm,
3aTePABIIET0 IOCIAHAYI0 €My Ha OT3HB PyKOIHCH, OHa YBHMAEIA CBET TOIBKO
ueped 12 aer mocae cMeprm AbGens — B 1841 r. (Mém. Sav. etrang., 1841, 7).
OfHAKO IJIA 94aCTHOTO CAYYas YAbTPASNIANTUYCCKEX UHTErpanoB AGers Bee ke
cyMel HBJI0KUTh W ouy0aumxoBaTh cBoe OTKphiTde B KoHme 1828 r. B paGote
«0 pexoTopHx ofWEX CBOHCTBAX OUPEOENIEHHOTO BHAA TPAHCIEHACHTHBIX
¢yargmiy (Sur quelques propriétés générales d’une certaine sorte des foncti-
ons transcendantes.— J. fiir Math., 1828, 3), m atoro wactHOro cayuan oxa-
3a]0Ch JOCTATO4YHO, 4TOGH BocxumeHubi Jlesannp, nurupys Iopauus, nas-
Ball TeopeMy «monumentum aere prenniusy AGens 2.

5 Bottazzini U. Riemann’s Einfluss auf E. Betti und F. Casorati.— Arch. Hist. Exact
Sei., 1977, 18.

60 un'r’. no xH.: Histoire de la science (Encyclopédie de 1a Pléiade). Paris, 1957, p. 630.

81 Apel N. H. Ocuvres complétes. Christiania: Grendabhl, 1881, t. 1, p. 145—211.

%2 TTut. mo KH.: Histoire de la science, p. 631.
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AGesnepriMu HHTErpanaMum, UO upefaoxenumio fxofm, HasHBawTCA HH-
terpann suia § R (z, y) dz, rie R — panumonanbHasg GyHRnEsa, a y = y (z) —
aareGpamdeckan ¢ymxmusa, sajannasf ypasuenmeM f (r, y) = 0 (f — meupn-
BOJMMEI MHOTOYIEH OT £ m y). B wacrmom caywae, Korga y? = P (x), rmoe
P (r) — mHOro4NeH CTeNeHHM 7, He HMEOIUIT KPAaTHHX KopHell, AHTerpaa Ha-
BHIBAETCA BINALTHYCCKEM, €CAM N == 3 WiHm n = 4, W yIbTPaSIIUITAYECKAM
(a TamKe rENEpP3IAROTHICCKHM), €CIH 1 > 5.

Mua mansreiimero noHamo6ATCA HeKoTOphle mogpobHocTE 00 3THX HMHTET-
panax: MH HBJIO0KHM WX, NOJAb3YACH TeOMETPUIECKUM SIBHIKOM, B3JEMEHTH
KOToporo ofHApY)XMBAIOTCA Y:Ke B THTHDPOBAHHOM Bhume mackMe I'aycca k
Beccemo. Bopouem, mm AGens, HH flkoGm sTHM A3HKOM He IOJB30BAJHCH,
DOipa3yMeBasi MHOTOE B3 TOr'0, IT0 MH fIBHO oroapupaem. Jlus onpegenenms

sHaweHHs aGenepa mHTerpana § R (7, y) dr HeLOCTATOYHO YKa3aTh mpeTelhl
HHTerpEpPOBAHHESA Lo U 2. Hy:Ho0 eme puKCHpoOBaTH Y TH MHTErPEPOBAHEA [, T. €.
KPHBYIO, COGIMHANINYIO I, ¢ &, W, KPOMe TOrO, BHJEIHUTHL HA | O[HOSHATHYIO
BerBb anxrefpamieckoll ¢yurmmm y = Y (z) (BooGme mmorosmaumoii). [omy-
CTHM, 9TO BCe KODHH ypaBHeHHA f (Z,, ¥) = 0 pasnmaHH (TOUeK Zy, B KOTODHX
ypaBueHue [ (z,, y) = ( EMeeT KpaTHHe KODHH, IHIIb KOHEYHOE YHCIO; OHH
Ha3HBAIOTCHA KPUTHYECKEMH TOYKaMH COOTBETCTBYIOmEH# anarefpamdecKoi
¢yargum). Brubpas opMe 3 KopHeil Yy, OIpeleIAM B OKPECTHOCTH I, OJHO-
B3HAYHYI0 BeTBb QyHKIMEM ¥ (r) ycuoBmeM Y (Z,) = Y,- Torma ee MOKHO IIpO-
IomxaTh Bouab l, coGuiogas TpeGoBaHme HenpeprnBHoct#. Fcnm mpemgmodo-
JKHUTH elle, 9T0 ! He MPOXOTUT HE Yepe3 OfHY KPHTHYECKYIO TO4Ky Yy (), um
d9epes ToUKH, B KorTopux R [z, y, (x)] of6pamaercs B o0, TO mEATErpain

S R (z, y) dr Gymer ommosHauno oupenenen. Bomree Toro, B HeKOTOPOH OKpecT-
HOCTH KpuBOil ! — opmOCBA3HOU 06NacTH, He cojepKamell KPETHYECKHX TO-
UeK, ero 3HaYenue He OyqeT 3aBHCeTh OT HYTH WHTErPUPOBAHUA: 3[0eCh OH AB-
AseTcs OfHO3HAuHON W HempepuiBHo# (faske amanmTEUecKoill) dpyuwnmmed x —
xoneqnoit Toukm nytd l. Ho ecam Mesxpy psyma oyramum I m [; ¢ obmumz Hada-
JIoM U KOHIOM DacCHoJ0KeHH KpATHIeCKHe TOYKM (a4 TaKKe IOJIOCH (QyHRIHA
R [z, y (x)]), To smauenuma mATerpana Bmoab ! m l; 6ynyr, roobme romops,
Pa3IMIHKIMH.

Bce MHOMECTBO pAa3NIWYHKX 3HaueHUWH abeneBa MHTErpana, B3ATOTO MEKIY
OBYMS TOYKAMH T, M Z, MOKeT OHTHh BHDAJKEHO ¢ IOMOIILI0 HEJIOYHCACHHEX
JnHeAHKX KoMOmHamuit mepmomoB 3Toro muTerpanxa. Ilpocrelimum mpmMepom
mepuofia, O0YCIOBIEHHOTO LOJIOCOM HOAHHTErpaibHON (QYHKIHE — MOAAP-

X

dz .
HOTO IEPHUOHa, MOMKeT CIYKHTh B cirydae S —= ILnz uncao 2ni. CauMm Guanm

1

sEakoMu u aycc (1811), m Iyaccon (1820). On poaywaercs Kak pesyabTar
HETeTpHpoBaHus QYHKOWE 1/r B KOMIIeKCHOH HIOCKOCTH 1O OKPYKHOCTH
CKOJIIb YrOZHO MAaJIOr0 pagayca ¢ MEeHTPOM B moxce 9To# Gyukmum z = 0.
Ilepmogys mAOrO THHA, TaK HA3HBAaeMHe NUKJIAYECKHEe, HAGAIOFAIOTCA, HAUPH-

z
dz
]

Mep, y HMETerpaia 3-7——— . 3mech PasHOCTH ABYX MHATErpPajioB IO IYTAM
0

1

lm l;, coepuamomum touku 0 u z (prc. 14), paBHa EHTerpasy 10 3aMKHYTOMY
KOHTYDY, CojlepsKanieMy BHYTPH [JBe TOUKH Pa3BeTBIAeHHUA QyHKIUE 1/V 1 — 22
—1 = +1. He Mensa 3sHavenus mocielHero MATErpajia, 3TOT KOHTYD MOXKHO
3aMCHHUTH ABYMA OKPYIKHOCTAMYE C IeHTPAMH B YKa3aHHHX TOYKAaX H COCHH-
HAIOIEM HX OTPE3KOM AeHCTBHTENHHOH ocH, IBayKH IpoferaeMum. SHaYCHHE
HHTErpajia — Hepuoj OIPH UOJOKATeNIbHOM 06X 0/e 3TOT0 KOHTYpa — paBHO 27,

PaccmoTpHM, B 9aCTHOCTH, 3JIANTATCCKANA AN YIBTPASINTANTAYCCKEN WH-
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Terpaj mepBoro poja (Tak BooOlle Ha3HBAWTCA abeieBhl HHTEIPAJIH, AMOIOIHS
KOHEYHOEe 3Ha4eHUEe B OKPECTHOCTH JI000# TOYKH £, KOHe9HON mim GecKoHed-

moii). O6muil BEy ero TAKOB: S (]2/(;—)(&): , Tie P (z) 7 Q () — MHOTO4IeHN, TIpH-
T
qem cTenenb Q () Menbuie, weM p = [(n — 1)/2] (n — 3To cTenens MHEOTOICHA

P (z); npm yka3aHHOM YCJIOBHM HHTeIPAl CXOLATCA B ToYKe x = oo). Torga

z

HmeeT MeCTO OJHA W3 IBYX (OPMYJ B 3aBHCHMOCTH OT KOHQHIypanud myTeil
lul;:

(Q@e [ o

VP@® ) VP®

+ 2m,10)1 + “oe + 2”'l2p(02p

I
Hin

Q@)dz o [ Qz)dx
lS W _— 21)0 IS —V.P (z) + 2m10)1 + LY + 2m2p0)2p,

rge my, . . ., My, — Leakle TUCAA, & 209, 20, . . ., 205p — KOMILIEKCHBIE

9mcia, 3aBHCALIME TOJIBKO OT HOAHHTerpaxrHoi ¢ymknmm. Vs mux 2p umcen

2@y, . - -, 20,p, MOGHe HeAHe KPATHHE KOTOPHX MOrYT onnnna 1(; ?ganme qa-
x X

CTH HoCJeJHEX (OpMyH, HA3KHBAOTCA NepUodamu urme2paia W «Ecam

a, . . ., Gy — KOpEE ypasHenus P (z) = 0, To MoKHO, HapuMep, HOIOKUTD
[+

n
0:;—2( Q@4 ;42 ...2
2J)J——ZSj VP(z‘) (] y Ly ) P),

a

HHTErpEPYsS KaKAHA pas mo PUKCHPOBAHHKIM HIYTAM, YAOBJIETBOPAIOIIEM ycC-
JIOBHSM, O KOTOPHX 0nuIo cKasaHO Bhmie. Tak, HaOpaMep, JJAA 5NIANTHYSCKO-
ro HHTerpaja IepBoro poia B HopMaibHoit dopme Jlexxaumpa

X

* dx
0 k1),
OS V(I —=2)(1 —ka?) O<E<D
mep =1ma, =—1, a=1, ag= —1/k, o, = 1/k, nBa cooTBeTCTBYyIOMUX

OepHofia MOKHO BHOparh ciemylommm ofpasom:
1

Qg =2 S

-1

dz
VI =2 (1 —kz?) 4K,
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1/k

dzx .yt
209 =2 ) Vi e =4K + 2iK’,
rae
1 1
dz ' dx 72
K = ———  a K'= EP==1 —Fk2).
S V {# — 2% (1 — k%?) oS V(i—z’-) (1—k’2z’-) ( )

Ecam e n=>5 mmm n=06, to p=I[(n—1)/2] =2 m mMu moxygaem geThipe
IepHOAa IHENeP3IIHOTHIeCKOT0 WHTerpaja. JTH NepHOAH OLIA OTKDHITH
flxo6um BeckMa CBOEOGpPA3HEM LyTeM, BO BCAKOM caydae 06e3 ABHOrO BEIXO[a B
KOMILIEKCHYIO IOCKOCTh, B 1832 r. (cM. 06 sTom mmxe). Cam AGens 3HAN eme
B 1824 r., 4T0 mepexonq OT SAAEMNTHYECKAX HHTErpaioB K Goixee ofmum —
aGeneBEM OPHBOAHMT K BO3PACTAHMIO IMCiaa Hepmojos. ONHAKO HeT yKAa3aHHSA
Ha TO, 9T0 OH TOYHee IpeACTaBasiA cefe 3TY 3aKOHOMEpPHOCTH, B 06meM BHfie
packpuTyio Pamanom.

EcrectBenno, 4ro mHTepec K mepmofam Onin cpa3aH ¢ upolueMoil oGpame-
HMfA WHTeTPAJIOB: INePHOAK HHTeTPAJNOB JOKHKE GuTH mepuofamu (B 0GETHOM
CMHCe cJoBa) obpatHoil pynrnmu. Bor nmouemy m3 mammaus Goiee 9eM ABYX
He3aBHCUMEIX IeDHO/[0B y aleleBa HHTerpajia BHTeKano, 4r0 ofpaTHad PyHK-
OHus DoMKHA 061agaTsh Gosee 9eM AIByMsA (He3aBECHMEME) mepmofamu. K 3Tomy
BOIIPOCY MH BepHeMCS HWKe, a Teneph chopmyiampyem Teopemy AGens; npm
9TOM MHL JJIi KPATKOCTH BOCIIONb3YeMCS IeOMeTPHIeCKHEM S3LIKOM (KpHBEHIE,
TOYKH NiepecedeHHsT), K KoTopomy cam AGensb ne mpmberan.

Cymma sHaverwmil mo6oro afenesa mETerpana, B3ATHX ot o6mell HagaspHOH
TOUKHE (Zo, Yo) A0 N Todex nepecewenusa gamHod kpmsoi f (r, y) = 0 ¢ mepe-
MeHHOH anreGpamdeckoil xpupoit F (z, y) = 0 (ee ypaBHeHHe BKIIOYaeT ma-
paMeTpH), paBHA panuEOHANbHON (GyHKIEE OT Ko3pPMIEEeHETOB MHOTOWICHA
F (z, y), cnomenHofl ¢ KOHEYHHM YHCIOM JOrapu)MOB OT AHAJNOTHUHHX pa-
QUOHANBHHX (YHKIHY, YMAOKEHHKX HA KOHCTAHTHI.

JloxasaTeasCTBO 9TOi oGme# TeopeMH, mpefjoikeHnHoe cammM AGenem,
HIoBoabHO npocTo. OHO WO CYTH Hena BHITGKAeT HX ABYX 3jJeMeHTapHHX ¢dak-
ToB: 1) ni0Gas cuMMeTprYecKas pammoHanbHasg yHKROEA KOpHel anreGpamde-
CKOr0 ypaBHEHHS eCTh PaHOHANbHAA YHKOMA ero KodpPunmenToB @ 2) WA-
Terpal OT paguOHAABHOM YHKOHE eCTh CyMMa panuoOHAJBHOM (yHKOUMA U KO-
HeYHOro wucaa Jorapupmos panmoHaNBHHX (PyHKOUA. ITO 06CTOATENBCTBO
Ramro mosoyp J. [mkapy ckasatp %, 9ro B mCrOpmEm HaykH®, GHTH MOKeT, He
OKlI0 UpegIOKEHHA CTONb JKe BAJKHOrO0, WNOJYYEHHOTO CTOAb IIPOCTHIME
cpefcTBaMA.

ABanu3mpys clrefcTBHA H3 06mpeii Teopemsl, AGexb mpHImesa K BRBOAY, 9TO
Ias Kaxkjo#l anreGpamdeckoil xpusoit f (z, y) = 0 moivKHO CymecTBOBATH Ta-
Koe HaEmMeHbImee IeJ0e HEOTPUIATENbHOEe WHCIO p, YT0 IS CYMMH Joboro
qucaa g (g > p) abeneBHX HHTerpajioB

q (x5, !I")

§=3 { R@ya

J=1 (%0, Yo)

(f @or Yo) = f (25, 4;) =0, =1,2, ..., 9

8 Picard E. Traité d'analyse. Paris, 1893. T. 2. MH noas30BaJHCh TPeTbNM H3JaHHEM
(1925), rae aTH ci0Ba NpHEBE/IeHH Ha C. 464.
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BHIONHACTCA COOTHOIIOHHO

p (Xp Yy
§=2 | R@yd+Vi+4bVit...4 4,10V
k=1 (e, th)
3nece Xy (k =1, ..., p) — anreGpamveckme QyHKO®HA OT Iy, . . ., T, ® HPH-
TOM TAKHE, 4T0 KAKJaA PAaNUOHANBLHAA CHMMeTpHEYecKas GyHKOEA oT X, . . .
.+« Xp PaEUOHANBHO BHIPAKAETCA depes Iy, . . ., Tg a Vo, Vg, ooy, Vi —
panmoHAaIbHEE CHMMeTpHIeCKHe QYHKOUH OT 2y, . . ., L5, HaKoHeNm, Ay, ...

.+« Ay — Docrosunne (TeopeMa CNOKeHHEA A abeneBHX HHTOrPaN0B). B cry-
Jae, Korja SR (z, y) dr ecTb mATErpan IEpBOTO pORa, MOKHO YTBEpKAATh,
9o BCe wmcaa A4, . . ., A, pPaBEH HYIO, a V) 6CTh KOHCTAHTA.
IToaBuBImascs 3[ech BOEPBHE B HMCTOPHH MATEMATHKH NEJOYHCHeHHAA
XapaKTepHUCTHKS p m060i aareGpamiecKoil kpumoii f (z, y) = 0 6una mosnmee
paccuorpena Pumanom ® B «Teopun aGeneBrx ¢pymrnmit» (1857) (cM. mmxe);
uMeEHO OH o0o3Haumn ee Gyksod p; HiaeGm moxoskmi Hadano ee CHCTEMATH-
YeCKOMY MCIOJb30BAHMIO B TEOPHE airefpamdeCKHX KPHBHX B IHEKJE CTaTeil,
BraAOYaomMuXx «I'eoMeTpudeckde npmMeHeHHs abeneBnx ¢ymknuminp (Geomet-
rische Anwendungen der Abelschen Funktionen.— J. fiir Math., 1864, 63)
7 «IInockme KpuBne ¢ KoopAWHATAaMM KaK PaqAoHAJLHHMH QYHKOUAMHA Iia-
pamerpa» (Ebene Curven, mit Coordinaten als rationale Funktionen des Pa-
rameters.— J. fiir Math., 1865, 64) u np. OB HasBax 4HMCI0 p pPOAOM KPHBOIL.
B caygae y2 = (x — ;) ... (*+ — ) (%3, - « ., Oy pa3aw4EH ¥ n > 3) pox
p = [(n — 1)/2]. B wactHoCTH, AJs HSINANTAYECKAX HETErpaiioB, Ijae n = 3
HAK 1 = 4, poj paBeH eJUHANE; OCHH 3TO 6I[e WATErpAJL LEPBOr0 poja, To
TOJABKO 9TO IHMTEPOBAHHASA TeopeMa HmO3BOJNAET YTBOPKAATH, YTo CYyMMAa JIO-
Goro UX YECJA ¢ ¢ TOYHOCTHK [0 AAAUTHBHON KOHCTAHTH DPABHA OJHOMY JHINb
HHTerpajJy, BepXHHi npejen Koroporo X ecTh aare6pamieckan GYHKIHA BOPX-

HHX IpefiefIoB CJAAraeMHX Iy, &g, ..., ¥g (AIH ToYHee — pANHOHANBHAS
pyEKDEA oT z;, ¥;, ] = 1, 2, . . ., g). ITOT HacTHLIA caxyuai GEI M3BeCTeH eme
ditnepy.

YermpexrpaTHO-NEpHOAHYeCKEe (YyBKIEA

jHax yxe oTMedanocs B IpepuaymieM pasfieie, OONKTKA ofpamenns aGe-
JIeBHIX HETErpajioB, B YaCTHOCTA YJAGTPAsAMMOTHYECKHX, NOJKHA GEia upm-
BeCTH K pacCMOTpeHHI0 (YHKOmH, TYACAO0 HE3aBHCHMEIX IePHOJOB KOTOPHIX
Gonpime aByx. Ho uto 3T0 3a pyuxumm u KakoBa ux upupoga? K atuM Boupocam
BHEMaHOEC MATEMATHKOB UpHBJexJa HeGonbmaa pabora fAxobm «O wermipex-
KpaTHO-IepHOAMISCKEX (YHKINUAX ABYX nepeMeHRuX» (De functionum duarum
variabilium quadrupliciter periodicis, quibus theoria transcendentium Abe-
lianarum initur.— J. fiir Math., 1835, 13).

OTrmeTnB, 9T0 OHepHOH QYHKNWI, A3y9aeMEHX B MaTeMaTHKe, BRIPAyKaIOTCH
am6o B BHAAe NeakX KPATHHX OTHOTO B3 HEX, JuGo B BAJE NEeJ0IUCJIeHARX JIH-
HeAHHX KoMOmMHAamwil IBYX TAaKHX, OTHOMEEHEe KOTODHIX HE eCTh YHCJO Ael-
CTBUTeNbHOE (Cayuail sanuuTHdecKEX ¢yHKnmit), Axo6m copammBaeT: MoXKeT
I HeKOTopaa QYHKOuA (HOZpPasyMeBaeTCA: OTHOTO IepeMeHHOro) MMeTh TPH
mepHoa, KoTophle Helnb3s ceecT: K AByM? IlyTem oGcTosiTebHOrO HCCIENOBA-
HEA YACTO apu(pMeTHIeCKOT0 XapaxTepa OH IPUXOAHT K OTPHEIATEIBHOMY
BuBoAY (Teopema flko6m). TouHee roBops, OH AOKA3HBaeT, YTO AOLYIIeHHE
CYHeCTBOBAHUA TaKol QYHKIHHM OpHBORUT K TOMY, 9T0 CpeH ee IePHOJ 0B J[0JI-
JKHEI HMETHCA CKOJb YTOAHO MaJHe I0 MOAYJIO (M OTJIHYHLE OT HYJd), 9T0 OH
6e3 ganbHeHmmEX NosACHeHHWHA 06BABIAET aGCypIHEIM.
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Ha 2ToM ocHOBaHEE 0H 00bABIseT a6CYPAHOM NONKTKY o0paMeHns WHTEr-
x

paja u= SM , e X — MHoroWIeH 5-i cTeneHH ¢ JefiCTBUTeALHEIME
0
pasamYERME Mempgy coboit syaamm, 1 B camom nene, oH HoKasHBaeT, 4To
¢yaKnus x = A (u) fowxna Ghaa Gu AMETH YeTHpe PA3NHIHKX OEPHOAA (3TO
oGeToATenncTBO GHI0 EM oTMedeHo eme B 1832 r.). Ilocnexmee yTBepxZeHune
aBnsercs cupapeguuBuiM. Ho oHoO Bmoxme ofbaAcHserca TeM, 9T0 QyHKmua
z = A (u) — GeckomeYHO3HAYHAA AHAIMTHYECKAA QYHKIUA, AJA KOTOPOH pas-
Hile MeAy cobofi 3HaveHWdA, IpHHAjJeKall@e, ONHAKO, Pa3IWIHHIM BETBAM
$yHEKIEA, TPHHAMAIOTCA B CKOJb YrofHO MaloH OKpecTHOCTH J0Go# Toukm

7,777

Puc. 15 v

4

—_—

U = Uy. Bce 310 Morno 6u craTh HATJSHO ACHEIM, €CJIM 3aMeTATh, 4TO MHTET—
2

_ ( (@] Ba)dx
paa w= S S5 B3aHMHO OJ{HO3HATHO 0TOOpasKaeT BOPXHIOI NOAYIIO—
]

cxkocth Im z >> 0 Ha mecTAyroabHEK ¢ NpAMEME yriamd. Haskpas ero CT10-
poHa m3obparkaeT ofdH M3 HOAYUNEPHOLOB HHTEIpalia, KOTOphe, KaK BUJHO H3:
9epTerKa, MOTYT GHTH CBeleHHl K YeTnpeM (puc. 15). Ecim mectruyronseux 3ep-
KaJbHO OTPAKaTh B KON M3 ero ImeCTH CTOPOH W IpomecC OTPa>KeHHA He-
OTPpaHUYEHHO NIPOJOIKATh IJs BCeX BHOBHb IOJYYaeMHX INeCTAYTOJbLHHKOB,
TO BCA ILIOCKOCTH Z MOKPOETCA GeCKOHeYHHM MHOKECTBOM CJA0eB INeCTHYTO0lb-
HOTO HmapKeTa. B Kasgo# mMTyKe mapkera oupegeseHa OTHOSHATHAA BETBb-
2z = z (W), orobparkalomasa IMECTEYToJbLHUK HA BEPXHION WM HHKEHIOK IOIY-
IJIOCKOCTD mirockoctH W. Ilpu aToM B kamyo# okpecTHoCTH M10GOH TOYKE W =
= w, HaligeTca OecKOoHeYHOE MHOMECTBO TOUEK, 00pash KOTOPHX LIpeACTaB-
AAIOTCA ONHAM H TeM jKe UCIOM Z,, HO PACI0AATaTh UX CJIeAyeT Ha PasTHIHKHX
mMTYyKaxX MHoroclioisoro napkera. Pasymeerca, fAxo6u Bce 3Tm paccyxaeHHsA:
6HM 9Y3IE, B OH HacTamBaJ Ha «abcypaHoCTH» Takoidl QYHKIHME, Kak z =
= z (w).

IMosgEee JpMET UHITAACA WOLKpeumTh Hodunuio fkobm, o6bAcEAA, UTO
mocJeqHUE HeABHO IIPEAIONarall B cBoe# TeopeMe O NepuofaX GYEKIHHE OTHO-
3HAYHHME (M, KOHEYHO, HEUIPEDHBHKME, OTIHYHKIMA OT KoHCTAHTH). OgHAKO
TaKoe o0BACHeHHe, pasfeldeMoe TaKike HU3gaTeleM HeMeIKoro IepeBofa.
craren fIko6u (B mopnMEHKKe 0Ha Hanmcana mo-natuau) I'. BeGepom %, mpen-
CTaBJAAETCA HAM HEJOCTATOYHO 0GOCHOBAHHKLIM.

Ha camom feme, Kak ABCTBYeT m3 JaibHeHmero TexcTa paccMaTpuBaemol
pa6oTe, fIxofm He MCKIOYaeT 3apaHee MHOTO3HAYANE YHKOUHW, TaKHE, KaK

8 Jacobi C. G. Uber die vierfach periodischen Functionen zweier Variablen'/ Hrsg.
von H. Weber. Leipzig, 1895, S. 37 (Ostwald’s Klassiker der Exakten Wissenschaften%.
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Arcsin x, Loz minm sangntagecKAid HETerpaa MepBoro pojga, KOTOPhA s JaH-
HOro 3HAYGHWA BepXHero Ipejeia ¥ (AKoGHeBCKOro CHMHyCa aMIUIMTYAH) UpH-
HAAMaeT OecKoHedHoe MHOMECTBO SHAYCHHI, DPA3NHYIAOMEXCH HA BeTHIHHE
mepmofoB. Bo BCex 3THX npHEMepax pasJHWYALNE 3HAYCHHS MHOTO3HATHOM
PYHKOAE B JaHHOHN TouKe o6pasyioT, BHIPa/Kasch COBPEMEEHKM A3HIKOM, Au-
‘CKpeTHOe MHOJKeCTBO: HH OJHO M3 HAX He SABIACTCA LPENeNBHHM IIf 0CTAIb-
aux. Bor 3To-To ycnoBue fAAxo6m, mo-BEIAMOMY, W CIATACT HEOOXOAEMEIM IIA
AHaJAWTAIeCKAX QyHKOuil (qus Hero — QyHKnumit, m3yvaeMuXx B aHajxmse). 3a
JTpefelaMH MAaTeMaTHYECKOro aHAJHW3a M €ro BO3MOMKHOCTEH OH OCTABIAET Te
MHEOTO3HAYHEEC (YHKNHH, KOTOPhHE, BHDAKAACH €r0 CJOBAMH, (LOPHBOJIAT
K CTOJb CHIbHOH MHOKeCTBeHHOCTH 3HAYEHHH, YTO... Cpefd THX 3HAYeHHH
'BCOrma HalyTcA Takme, KOTOpHE OTAHYAITCA 0T aiboro sagaHEOro HelcTBH-
“TeJIbEOT0 HJIM MHMMOrO 9HCJIa MeHbINE, IeM Ha 06y 3aaHHyI0 MAJyI0 BeJH-
xqury» %, Ho uMeEHO TaKo# «CHABHON MEOKeCTBEHAOCTHIO 3HAYEHNI, KAK Pa3h-
SCHAJOCH BHIIE, NOIKHH 006aafaTh QyExmmm, ofpaTHme yAbTPa3NIANTHIE-
-CKAM HMHTErpajiaM, Aa H CaMu YJAbTPA3IANTAYECKHE MHTErpaJHl.

JImmp cremyn nyTaAmu, yrasaHENME BriocaencTend B. Pamasom m K. Beitep-
mTpaccoM, MATEMATHKH CMOrjd Y0emUThCA, YTO «CHILHAS MHOTOSHAYHOCTDH,
-cMytuBmasn fIko6u, oTHIONL He HPOTHBOPEUMT IPHPOJe AHATATHYHOCTA B TOU-
HOM 3HAYeHHUH NOCJeHero uoHATAA. Ilo cyTm fmena «uapagore fIxo6m», ecum
MO}XHO0 TAK €ro HasBaTh, OLLJI HOJHOCTEIO Pa3bAcHeH PmmamoM eme B 1857 r.
B camouM siene, B pabore «Teopusa abeneBux ¢yrknmit» (Theorie der Abelschen
Funktionen.— J. fiir Math., 1857, 54) on noxasan, B 94acTHOCTH, UTO LIPOH3-
‘BONIBHHEI afelleB mHTerpaa, oTHocAmm#ica k anreGpamueckodl Kpasoit no6oro
poxa p, oToGpaKaeT COOTBETCTBYIOIYI0O PUMAHOBY OBePXHOCTH I Ha HEKOTO-
Py PEMBHOBY IOBEpPXHOCTH S H IPHUTOM Tak, 9To o6paTHasa HATerpaly QyHK-
WA ABAAETCA 2p-nepuoxmieckoi ma S%. B cuay sToro oTnagaoT Bce CoMHeHHSA
o A caydas YABTPasIIEOTEYECKOT0 WHTETpaja.

OpHaxo coBpeMenHEKM PuMaHa ¢ TPYAOM: BOCHPHHEMAIH TH pe3yIbTaTH,
nOHEEMAHEe KOTOPHX UpeAmojaraeT BiajeHHe mieeii pEMaHOBOI HoBePXHOCTH.
‘06 aToM CBHUIETENLCTBYET, HAPEMEP, TOT (PAKT YTO jake YIeHWK Prmama
apodeccop [Tonmrexanxyma B [liopaxe m yamsepcurera B BiopnGypre @. ITpam
(1841 —1915) yreepxgan B 1864 r. oTHOCHTENbEO YIBTPAdNIAOTAIECKOrO HH-
Terpaja, paccMorpeHaoro fixo6m, 4To Boobme HA caM 3TOT HHTErpat HeXb3s
paccMaTpuBATh KaK QYHKOMIO eTo BepXHETo Ipefela, HY BepXHmit mpefel Kak
¢yexnmio waTerpana. WHoit TOYKE 3peHHMA UpHAepREBaJCA upodeccop yHE-
sepcutera B Ilasmm @. KHasopatm, oTcTamBaBmmil ¢cBom B3TAALH B paAge pabor
(1863—1886). Ho m emy momagmoGmaoch Gomee 20 neT, 4ToGH OKOHIATEIBHO
upecTaBuTh cebe orofpajienHe COOTBETCTBYWINIMX pHMAHOBHX IIOBEDXHO-
creit . Jloxa ke HY;KHO OTMETHTb, UTO JKeJaHWe BHIATH M3 BooGpaskaeMoro
‘TYIMKa 0Ka3aJ0Ch BeChMa ILIOMOTBOPHHM [JIS AajbHeHIIero pasBuTAA HAYKH.
‘OHo 3acTaBEa0 AKo6H 0TRA3aTHECA OT HPAMOTO H3YYeHHS OTACHBHO pacCMaTp -
BaeMHX a0eJieBHX HHTErpalloB H OT OONHTOK HX o0palleHAA 0 aHAIOTHE
-¢ ofpaljeHreM 3IIHNTHYCCKAX HHTETDAJIOB W NIPHBENO ero K oTKpurHIO abe-
nAeBHX (YHKOEH, KOTOpHE, BEPOATHO, (ri0 GH cupaBeqAXBO HA3HBATH TAKKE
AKoGHeBLIME.

8 Tbid., S. 28.

6 91or Memyap Pumama paccMaTpEBaeTCs HaMd HHKe.

‘47 0G0 Bcex HETEPECHHX AETAMAX JUCKYCCHH 0 ¢«napafokce IkoGH», B 0CHOBE KOTODOIA, ¢ Ha-
Meil TOYKH 3PeHAs, JEKAT CKOpee NCUXOJOrHIecKas, UeM MaTeMaTWIecKaA mpobaema,
MO;KHO pO9ecTh B HefaBHei padote 3. Hollemmaasaepa «O macaencree Kasoparm (1835—

1890) p Mapmm» (Der Nachlass von Casorati (1835—1890) in Pavia.— Arch. Hist.
Exact Sci., 1978, 19, N 1).
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Buepenie maen fAko6u Onia mM3jo)ceHa TpeMsa TOAMHM paHbIle PaCCMATDPH-
BaeMoit pabotu «OGmue paccmorperms abexeBnx TpaHcuergeaTHocTeH» (Con-
siderationes generales de transcendentibus Abelianis.— J. fiir Math., 1832, 9).

I/II[eH 3Ta Ha OpuaMepe YJIbLTPAIJIHAINTHIECKOr0 HHTerpajsa mepBOoro poga
x

S (& 4-Px) dz
VX
a
Boii y*= X paBen JByM), COCTOHT B TOM, 9TOOH BMECTO OHOT0 TAKOr0 HHTErpaJja,
B3ATOTO OTJENBHO, PACCMATDPHBATL CYMMY JIByX SHAYEHHMA WHTerpaja ¢ He-
BaBHCHMEIMHA BeDXHHMH IODefeJaMA I K §
v

_ ¢ (atpr)dz (@ Bz) dz
n= § % S ) vz
Tlonoxum eme

Y §(a’+ﬁ’=)dr N g‘ (@ B2) dz

,rme X — MHOTOY/IeH UATOR HJHA INeCTOU CTeleHH (3[[eCh POJ KpA-

VX VX
F d @ +p)d
(mETerpasH S @+po)dr S (& +P'z) d= IpeAIoNaraloTCA JHHEHHO He-
VX VX
BaBUCHMEIMH, AJIS 9ero AOCTATOIHO MoJOKHETh af’ — o'f & 0). 3agaza, npen-

Joxxennan fIkobn, aakaogaerca B,ToM, 9To0H paccMaTPHBATHL T U ¥ KaK QyHK-
MM JBYX HEe3aBHCUMEIX IepeMeHHHX u X u':

z=A(u,u)may=»~N (u,u).

3amedaTedbHO, ITO TaK OIpeeleHHHe QyAKOmE (abeaeBH YHKOUH, IO Tep-
MUHOJIOTHH, Tpefio:keHHOH cammm fIkobm) yme He GeCKOHeTHO3HATHH: OHH
BCero JWIIb ABY3HAYHH, 9ero, BIpoueM, caM fIKo6m me goxasusaer. To, uro
©OH y0eJeH B HX IBY3HAYHOCTH, TOIHee TOBOPH, B OMHO3HAYHOCTH CHMMETDH=-
weckHX QyHKOUA z + y = A + A" mzy = AL’, BHTeKaeT H3 ero IpegioKe-
HHA pacCMaTpUBATh % H Y KaK KODHH KBajpaTHOTO YPaBHeHHA BHUAA
U2 — Uz 4+ U" =0, tge U, U' m U" — pyEKnEE ABYX HepeMEHHHX
u u u'. OIHEO3HAYHOCTh MOCHeqHAX GHJIA yCTAHOBJEHA B IO3gHEHITHX HcCJe-
JIOBAHHAX.

B kauecrBe «pyHmaMeHTaIbHOU TeopeME» fIkoGH HOKa3HBaeT B yKe pac-
CcMaTpUBaRIIeicA Brilie paGoTe «0 IeTHPEXKPATHO-IePHOAUMIECKAX PYHKIUAX
JBYX HepeMeHHHX», 910 A (u, u’) u A’ (u, u') ABAAIOTCA I6THPeXKPAaTHO-IEPHO-
andecknMe GyEKmuamu. OH BBOTAT MX JJIA KOHKPETHOTO Ciydast

X=z(1—2) (1 — %) (1 —A%2) (1 — p’).

3a OCHOBHHe HePHOAH 37eCh MOTYT OHTL NPHHATH IHCJIA
1

0
Wy == 2i S a+5zdx, m1=28(iﬁzd.z,

VX VX
—00
1/pe o
. a z o z
0y = 2i g ;Xidz, o =2 ;'Xidx
/6 1/u
1717 IePeMEHHON U ¥ aHAJOTEIHAA Y6TBEPKA My, 1), O3 H W3, BHYACIAEMASA 110
yKasagHHM QopMyJaM ¢ 3amenoii o u b 5a oo’ u §',— nua mepemennoii u’. Axo-

61 pasbBACHAST, 9TO [[Be CHCTEMH ©,, G, 0y, O3 H O), ©;, Oy, O3 ABIAIOTCA
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mepmopamMm qiA A (A A') B cregyiomeM CMEICTe;
A4 mo, + m'o; + mo, + m"e,, w4+ mo, + mo;, + me, +
+ m”ag) = A (u, u’)

(u amaxormaso Aas A').

CymecTBeHHO, 4TO IeNOYHCICHHEE JIHHeHHEHe KOMOWHALHE CHCTeM Ie-
puoaoB 0; u ®; (j = 0, 1, 2, 3) GepyTes ansa u u g u’ c oOHuMU uw MeMU Kce
coomeemcmeywwyumy Kooppuyuenmany (0; & u);- — COBMECIMHbIE CUCTNEMBL Ne—
puodos).

Axo6u pasnsacHsaeT, ITO AAsA QYHKIHE A 0 A’ HaxHIMe deTHpeX IePHONOB He-
IPOTHBOPEIUT CaMOil IpUDOAe MOHATHS (QYHKnHH, HGO 3[eCh He OXHO, a ABA
He3aBMCHMHX mepeMeHEHX: u uw u'. lmenao korma © = mw, + m'e,+
+ m"e, -+ m”©0; OIpEEAMaeT CKOJXb YTOGHO Makke (0 MOAYIID) 3HAUeHHH,.
BenmYnHA 0 = M@y + m'0; + m"0, + m”eg ¢ TeMu e KoappHNEeHTaMI
IPHEAMAET CKOJXbL YLOAHO GoJiblnme mO MONYII0 3HAYEHHA. BHpaaach co-
BPEMEeHHEIM S3HIKOM, MOKHO CKAa3aTh, ITO PACCTOAHHE MEKAY Toukamm (u, u')
¥ (u-+ o, u + o) crpemarcsa k GecKoHEIHOCTH.

Hccnegopanme fAkob6m moxyuaer cylecTBeHHOe HDORoOMEeHHe B pafote
Anonnpa T'émens (1812—1847), noBoabCTBOBABIIETOCA CKPOMEKNM YAEIOM CILY-
sxamero DBepamAcKo# KopoJenckoit 6mbamorexkn. Ero ocmosmoit Tpyn «Ha-
6pocok TeopmE abereBHX TPAHCHEHHEHTHHX (YHKOHE IepBOro HODPSAHKay:
(Theoriae transcendentium Abelianarum primi ordinis adumbratio levis.—
J. fiir Math., 1847, 35) Bummes B cBeT yike mMOCIe CMEPTH aBTOPA ¢ KPATKAM IO~
caecaosneM SIko6u m Kpenne, B nem 'émens npogennBaet fia a6erneBHX GyHK-
ok paGoTy, aHAJOTHIHYIO TOM, KOTOPYI0 caM fIKoOM BHIIONHMJ AJA BIIAHAI-
tadecknX Gyrknmii 8 1835—1836 rr. B xypce, unmtammoM B HémmrcGeprekom
yrmBepcuTeTe. HopoTko ropops, I'émeas crpour 16 opmosEaYAEX QyHRImIT
p,p, P, p” Q,Q,...,R, ..., S AByXx mepeMeHHHX u H u’, AHANOTHI-
HEIX TaTa-QyHKIHAM IO CTPYKTYype (CYMMH pAMOB MOKa3aTelXbHHX QyHKIMHIL,
IIOKa3aTeJIAMH KOTODHX SBJAIOTCA MHOTOWICHH IEPBOH CTeIeHM OTHOCHTOJb-
HO u ¥ ¥’ W BTOPOH CTemeHH OTHOCHTEJbHO HEeJOIHCICHHKX HHIEKCOB CyMMH-—
poBamms) U cBolictBaM. M3 3TMX CBOMCTB BHTEKaeT, 9TO OTHOIICHHS WX, B3s-~
THE IOIADHO, HABIAKNTCA ONHO3HAYHHEIMH YeTHPeXKPATHO-IePHOTHICCKHMA
¢yaknuamu ot u m u’. Jlaxee I'émens ycramaBaumBaer axreGpamdecKme COOT-
HOIIeHAs MKy 9TEMH (YHKOHAMH M BHBOAHT AuddepeHnUHanbHEE YpPaBHe-~
HHSA, KOTODHM OHH yHOoBaAeTBOpAOT. IIpeo6pasys mocneqmme, oH MOKAa3HBAaeT,
HAKOHeN, 10 KaKHM (OPMYJaM clIefyeT BEYHCIATH KOd(hPHUIMEHTH KBafpaT-
Horo ypasHernsa fAko6m: Ua? — U’z + U” = 0. Onm mpepcrasnamoTes ['é-
IeN0 B BAAe OTHOIEHHH H3YIeHHKX MM NeJHX QYHROuUA IBYX mepeMeHHHX U
B u', apaaomuxcs o6obmennaMn TaTa-pyrknui AKo6H, T. e. OKA3HIBAIOTCH
MepOMOD(PHHMH, YeTHpeXKpaTHo-IePUOEIeCKAME QYRKOIHAMA OT U, u’.
B macrosmee BpeMsa aGexeBEHIMH (YHKOHAMH P KOMIOJIEKCHHX IeDeMEHHBIX
Uy, - . . Up KAK PAa3 W HABHBAKOTCA MepOMODPHEEe YHKnUH, HMelomue 2p He-
3aBHCHMEIX CHCTeM HepHomoB. B wacTHOM crydae npm p = 1 aGeneBH QyHKIUH
COBHAJAIOT ¢ KJIaccoM aanamutmdecKmx PyHKnmi. IIpm p > 1 omm comepxkar
B KadecTBe co0CTBeHHOrO HoAKIacca QYHKIHH, ¢ TOMONIBI0 KOTOPHX PEINAETCH
(kax, maupmmep, B pabore I'émens) cooTBercTBYIOmMUM 06pasdoM GopMyIupo-
paHHas 3agada ofpamennsn fAkobu (cmemmanbanie afeneH Qyrknum). OnHAKO
B IOJHOM 0f'beMe 9TOTO HOHATHA afeneBH (YHKIAM BHXOQAT 3a MpeedH YKa-
3aEHO# 3ajjagn. OHE MMEIOT MHUPOKHe NDHMEHEHHAS B 3aadax aareGpamieckoi
TeOMeTDHH IIOBEPXHOCTEH.

Brcoko omemmBas pabory I'émensa, Koroporo oH Jau9HO He 3HAJ, SIKOOR
coofman, OfHAKO, 9TO K AHAJOIMYHKIM pe3yibTaTaMm IpHIleX, paspabaruBas
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Bompoc ¢ 661mAMA KeTansMu, ero 6upmuit yaeank I'eopr Posenxaiin (1816 —
1887), ¢ 1857 r.— mpodeccop HémmrcGeprckoro ymmpepcmrera. OOmmpHas
pa6ora Poserxaiina, moqIepKHBAOMero B PasHEX JaCTAX CBOK 3aBHCHMOCTE
oT Axobm (B ZacTHOCTM, HAYMHAILIETO ¢ 3afaif OODAMEHHA AATHITHISCKHX
HHTETPANIOB TPEeThel'o POAA, HO B LIOCTaHOBKe, OpefiaoieHHo# flko6m mia
YALTPAdIAITAYECKHX HHTErPAToB), Ghila TpeACTaBlIeHA HA KOHKYDC, 00BAB-
Jnennmii [lapmxckoit akageMuei, rae moxyana B 1846 r. Gonbmoit mpra. Oxaa-
KO aKafieMua omyOnmKoBaaa paGory Posenxaiina «O ¢ymknmax geyxlmepemen-
HHX C 9eTHPbMA HePHOJAME, ABAAKMMXCH OOPAIMEHMAME YIBTPAdIIHITH-
9eCKHX HHTerpaJjioB mepBoro Kiaacca» (Sur les fonctions de deux variables et
4 quatre periodes qui sont les inverses des intégrales ultraelliptiques de la
premiére classe.— Mém. Sav. étrang., 1851, 11) Toapko B 1851 r.

Urak, B paborax I'émemn m Posemxailina, BHIOIHeHHEHX HON BIHAHHEM
upeit fIkobm, GHIM mMOFBEPTHYTH HCCJASJOBAHMI0 KIACCH OFHO3HAYHHIX JETH-
pPeXKpaTHO-IepHOFAIeCKAX QYHKIHA NepeMeHH X & B ', IPeACTaBIANIEXCA
B BHfI¢ OTHOIEHHWA (YHKIUA TeX ke MeDeMeHHHX, aHAIOTWIHHX TITa-QyHK-
nusM fIko6u, 1 ¢ HX TOMOMLIO pellleRa 3agada ofpameHna B mocTaHoBKe SIko6n
LA YAbTPasAMMOTHICCKAX WHTETDANOB IepBOro pofa (Caydaii, Korma IIOX
3HAKOM KBAJPaTHOT0 KODHA HAXORUTCH MHOTOLIEH UATOM WM ImecTO# cTe-
TmeHm). JTH peayNbTATH IOCHY/RHJIA HPEAIOCHJIKOA KA o0mero pemeHHA
mpobaemst ofpamenns abejeBHX HATeIDANIOB, IOIYIeHHOTO IO3/{Hee B TPYAAX
Pumana u Beitepmrpacca. 3amernm, ato Beitepmrpace ysxe B 1847 r. omepe-
nua I'émens m Posemxaiima. Bu6pas mHOH myTh, KOTODHN MOKHO OBLIO 6H
CDAaBHHTH, HMOKalAyl, ¢ mepBHM IoxxogoM [aycca K TeODHH JIIHOTHIECKHX
¢yErnui (gero cam Beiiepmrpacc He 3Han), OH pellua 3ajady ob6pamesHHs
B mocTaHOBKe fIKo6uW gaa yabLTpasIMOITHIECKMX MHTErpanoB Jwboil cTemenn.
Onpako mMOJIHOE M3NOMEANe 3THX PE3yNbTATOR OH HAa9aJ OYGJHKOBATH TOJBKO
B 1856 r. O meroge BeiiepmrTpacca peds GymeT MATH HIKe.

Hrorm paspEras OCHOB TEOPHH aHATMTEIECKAX (yHRmmii
3a mepByl0 moaormmy XIX B.

3mamennTan pgmccepranua Pumama «OcHoBamms ofmeil Teopm:m QyHKOuUi
OfHO# KOMIIeKCHO! DepeMeHHOI» o paTe ee mosaBJeHusa (1851) roamo memmr
nomoxaM XIX cromerme. lIMerHO K 3ToMy BpeMeHHM HAKOIHIUCH BHYTDPOHHHE
TIPOTHBOPEIHsA HCTOPUIECKOrO IPOUecca IMOCTPOEHHS OCHOB TeODHH aHAIU-
THIeCKHX (YHKUHA KOMIIeKCHOTO IepeMeHHOro, HACTOATONbHO TpeGoBaBIIHE
HOBHIX M€l gJs CBOero paspemeHHs.

Mu Bupeam, 9o Tayce yme K 1811 r. pacmonaran KoHpmemmmeir Kom-
IIeKCHOTO HePEeMeHHOro B BHAEe TOYKH, IepeMeulalouleidcs Ha IJIOCKOCTH,
n yMel o0BACHATL MHOIO3HAYHOCTH mpocTedmux ¢ysknmit (Ln z) manmamem
Pa3NUIHHX myreli MHTerDHPOBAHUA, COCAUHAIIUX ABe TOIKH KOMIIeKCHOR
maocKocTH. B ABHOM u monHOM BHjie 5Ta KOHIeNIAA He OHJIA BHCKasaHa HHA
B medJaTHHX Tpymax I'aycca, mm B Tpymax Koro-1u6o U3 ero COBpPeMeHHHKOB.
Bawxe apyrux k meit mogxonnn Homn. Ho m om, Kak oTMegajsoch BHINE, KO
BTOpPO#l moxoBuHH 40-X rofoB BCe eme HMCKAn mpHeMIeMYIo Nis ceba EHTep-
IpeTanMi0 KoMIaeKCHOTo dmcaa. IIpu aTom oH cTpeMuics oTolTH OT 3asABIeH-
"goro B 1821 r. yucTO yCI0BHOrO HOHRMMAHHMA KOMILIEKCHOTO IHCIa KaK CHMBO-
Jia, CaMoOTro mo ceGe AHUIIEHHOTrO CMHCJA, U JHMIOIL TOCIe KojeGaHuil ocTaHOBHI-
cA HAa TeOMETPWIeCKOM HCTOJKOBAHHH., HamoMHUM, 9T0 TaKoe HCTOJKOBAHHE
6nio mopTBepiKAeHO aBTopHTeToM [aycca 3a mONTOpa AECATHIETHS JO TOTO
(¢Teopnn GuxBagpaTHunnx BHYeToB. Coobmenme BTOpoe», 1832) m uTo B Ha-
spanHOl pabore I'aycca BmepBHe MOABMICA TEPMHH «KOMIJIGKCHEe THCIA).
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PaGotn camoro Komu m ero Maagmmnx coBpeMeHHHKOB CofepsKaam Habop
MOIHEHX CPe[CTB HCCIEeAOBAHRHA Pa3JMIHHX mpoGaeM amarxmsa. MH YKe ma-
3HBAJN BHINE BaKHeillIHe M3 5THX CPEACTB: HHTeTDANbHAS TeopeMa, HHTerpal
Komn, TeopeMa o pasiokeHHH B CTeIIeHHOH PAJ, ONeHKHE Kod3PPUNHEHTOB PAdS
gepe3 MaKCHMYM MOAYNA CYMMH HA OKDY/KHOCTH, HOHATHE BHYETa H TeOPeMa
o BuYeTax. C TMOMOmBIO «HCYMCIEHHA TmpefenoBy Homm mokasan smavenme
ATHX CPEJICTB RJA YCTAHOBJEHAS CXOXMMOCTH CTeIeHHHX DA3JNOKeHTN HesB-
BEHX QyHKOHE uanm GyEKnmi, oupepeneHHHX gupdepeENHATLHEME YDABHE-
puavu. Jlepeumciennnie cpemcTBa B mpEHOHIOE OHJIM BIOJHE HOCTATOYHH,
HaIpHMED, [JIA CHCTeMATHIeCKoH pa3pabGoTKE OCHOB TEOPHE HENHX M Mepo-
Mopdrux ¢pyrrnnit. Ho o6macTp aTa mpofoirkaia ocTaBaThes «0eJEM IATHOM>
Ha KapTe Teopmu ¢yHKOmi no pabor Beitepmrpacca m Mmrrar-Jledduepa.
Yenamamn JInysmins ma Hee O BHXBAadeH AWML ONWH YIACTOK — TeOpHA
JIAAANTHIECKHX (QYHKOEE KaK Kjiaacca MepoMopOHHX GyHKOUi, obragarmumx
ABOSAKOR mepHOAMYHOCTHIO. HOHEIHO, TaKoe oIepekeHHme YacTHOM TeOpHH U0
OTHOIIEHWIO K 00meill mpon3omiao 6xarogaps ToMy, 9T0 3JIIHOTHIECKHE QYHK-
OHA BCe ele HPOfoJIKall 3aHHMATh OHO M3 HEeHTPAJLHEX MECT B IIOJIe HHTE-
PeCOB MaTeMATHKOB TOTO BpeMeHH. BumpodeM, meHTp 3TOT yiKe CMECTHICH
B cTOPOHY a6elleBHX (B 9aCTHOCTH, YJIBTPASNIAITAYECKHAX) HHTETPAJIOB H 3a-
mawn mx obpamenms. Ho ma HemocpexcTBenmoe ofpameRAne yIbTPadJliHITH-
9eCKHX HHTerpanoB SIKo6M HAXOKHI CBOETO POfAa BeTo, 00BABUB GyHKOUK
OJHOT0 HePeMeHHOTo, uMelomue (oJiee [BYX HO3ABECHMEIX HepHOA0B, abCypa-
HEIMA WIH HeCyINecTBYIOIIAMH.

M=u yke ropopmim, 9To AeJo B[ech 3aKJIIOYAJOCH BOBCe He B TOM, UTO OH
MOJI9aJIHBO TpeGoBal OFHO3HAYHOCTH TaKMX (YHKOHI, KaK OGBACHAIE IO3J-
mee III. DOpmuT u I'. BeGep, a B ToM, uTO JJsa mofo6HOTO 0OpaIeHnA ¢caMoO mO-
HATHe (YHKOHH yTpadmBaixo B rrasax fIko6m cBoii cMECI ¥ 3HadeHHe BCiel-
CTBHMe ¢Ipe3MePHO CHAbLHOM MHOTO3HAagHOCTH». Hopoue rosopa, fxo6u me Bm-
ReJ, BHPaKasaCh COBPEMEHHHM SASHKOM, BO3MOKHOCTH DACIIeHOHHA (YHKIHT
TaKOTO poAa Ha oXHO3HAYHHE BETBH.

IlpaBga, fiko6m Torma Ke coBepIMHJ TeHHAJXLHOE OTKDHITHE, YKa3zal, ITO
aHanxoruA ¢ o0pameRneM BANHOTHISCKHX WHTETPANOB MokeT OHTH BOCCTAHOB-
JleHa, ecau o6pamAarh He OfHH TOJHKO OTAeNLHO B3ATHH yIbTDPASNIAOTHICCKAR
HHTerpaJ IepBOT0 POja, a Hajje)kamlee 9HCIO CYMM 3HAYeHWH HeCKOAbLKHX
TaKuX (IMHEHHO He3aBHCHMEIX) mHATerpaioB. Ho mpm 3ToM moxHH GhImM mO-
ABETbCA (YHKOMH He OJHOr0, & HECKOJABKHX KOMIJIEKCHHKX HepeMeHHHX,
JHAKOMCTBO ¢ KOTODHIMHE OHIo eme BecbMa ¢parmentapauM. Kpome Toro,
ocymecTBieERe maen fKo0m maske B IPOCTeHIMAX cayJaAX HHATETPAJOB Iep-
BOfO POJA, 3ABHCADIEX OT KBAJPATHOTO KODHA W3 MHOTOWIeHA HATOH HJM IMmec-
TOH CTemeHHM, BCTPedaloCh C Cepbe3HHIMH TPygHOCTAMEH. OHH BHBHBAIHCH
mpeskie BCero 3HAYMTEJbHHM YCIOKHEHMEeM BHKJIAJOK OO CPaBHEHHWIO C 3a-
Kadeil oOpameHHA HIJMNTHIECKEX WHTETDAJOB.

Yro6u cyauTh 006 3TOM YCJIOMKHEHHH, ROCTATOYHO HPOCTO HEPeJNHCTaTh
cTpaHHOH MeMyapoB ['émens mim PoseHxaiiHa, mogpAnx 3anolHeHAHe I'POMO3J-
KuMA popmynamn. Ho nero atmM He mciepPOHBANOCH. 1DYAHOCTH KOPEHHIHCH
TaKe B HeKeJaHHM aBTODPOB COOTBETCTBYIOmHX pabor, HagmHas ¢ fAxolnm,
OHMpAThCA HA NPEACTABACHAA O KOMIJIEKCHOM II€DeMEHHOM HM HHTeTPHpO-
BaHHH IO IYTAM, PACIOJOMEHHNM B KOMIJEKCHOH IIOCKOCTH, IHOACKA3HBAG-
Mue mccregoBapmavn Homu. Brpaskasch QHrypasbHO, MOMKHO CKa3aTh, 9TO
YHIOMAHYTHE aBTOPH CTPAMIHJIACH OTODBATLCH OT AelicTBmTenbHOHN ocm, XoTH
¥ He MOTIH 06XonuTheA Ge3 MEMMEX Mceld. Tak, Hanpamep, y Iko6u n y Po-
3eHXajiHa B HX KJacCHIeCKHX PafoTax o YeTHDeXKPaTHO-HePHOAMIeCKHX (hyHK-
OMAX BCe HYJH MHOToYIeHa X, CTOANEro mOf 3HAKOM KBAgpDaTHOIO KODHHA,
ABAAOTCA [EeUCTBHTEJBHHMH YHCJIAMH H IOeDeMeHHOe I HM3MEHAETCH TOJBLKO-
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B HHTEpBajlax, HA KOTODHE HYJH JeJAT 3TY OChb. Hpn 9TOM €CTeCTB€HHO BO3-

HUKAIOT OCJIOKHEHHUsA, CBA3AHHKE ¢ JBY3HATHOCTHO J X-
YnuBureasno, uTo SIK006H BCe e ymaeTCAa OTHICKATh HePHOAH HATeTpaJa.
JlemaeT oH 3TO IyTeM HCIOJb3OBAHUA BCIOMOTATEJBHOTO HEPEMEHHOTrO ¢,
§a+ﬂz
depe3 KOTOpOe BHPAMKATCA U T, HU = \ — —
(1} VX
cremenn). IIycts ¢ m b (@ << b) — fBa cocequmx HyAs MEoOroddeHa X. fAK0OM
OelaeT TOACTAHOBKY £ = a - (b — a) sin®g Tak, 9To £ BospacTaer ot a 710 b,
Korga ¢ BoapactaeTr oT 0 mo 7i/2. Ilpm sToM DoAHATerpanbEan QYHKOHA TPH-
obpetaer BuEg F (9), rme F (p) — derHast pyEKmma ¢ mepmomoM (M, KpoMme
TOTO, KaK CRajkeM MH Temeph, aHAJIMTHIOCKAs Ha [eiicTemTenbHoi ocm). Ilo-
aToMy ee pasnoxenme B pag Dypre F (¢) = o + 7208 2¢ -+ 7, cos 4@ + ...
cxoguTcd K Heil (paBHOMeDHO) B mio6oM mHTepBaxe. I[lepenmchiBas u B BEOe

dz (X — MHOTOYIeH OATOR

a x 9
_ (atps atpr ,
u—oS e da:~|-aS e dx—C-l—oS F (p)do

H MHTeTPHDYA TOYJeHHO pasioxenue niaa F (o), maxomuM u = C + 7,9 +
+ (v¢/2) sin 29 ... Orciofa, B 9acrHocTH, Ipu ¢ = /2 (x = b) momy4aem
b
2S o ol

VX

Ho ns maiifleraoro pasiomeHHs AJsA U BHTeKaeT, ITO IPH H3MEHeHHH ¢ Ha
7 3Ha9YeHWe MHTeTPaja H3MeHIeTCs Ha Yo7, TOTKa Kak z = a + (b — a) sin? ¢
b

dx == p,m.

a

a k4
mpu aToM He msMmensieTcss. OTcioma ® ciefyeT, 9ITO Polt =2 SVLXE dz ecthb
0
nepuod dyrnryuu r = x (1) WK, 9TO TO 3Ke, nepuod unmezpaia

x

S %/Tﬂz—dz.

Tax Kak Hyam MHOTOUNeHA X HENAT YACIOBYIO OCh HA INeCTh HATEPBAJOB,
To fIkoOM monyHaeT TAKEM HYTeM IecTh mepHoaoB (miin KpaW#HHX GeCKOHeTHHX
HHTEPBAJIOB YKAa3aHHAs BHIIe MOACTAHOBKA AJA x HamXexamuM o6pasoM BHIO-
H3MEHsEeTCA): TPH W3 HHUX JeACTBHTeJbLHEE IMCIa H TPH 9mcTo MEAMEe. Ho
OH CBOOHMT MX TOJbKO K 9YeTHpeM mepHOAAM, 3amedas, 94T0 CyMMa HX paBH&

[]

00
a x
{ 2iar—o,
VX
OTKy/fa BHITeKaeT, WTO PABHE HYI TOPO3Hb CYMME [IeHCTBHTEILHKIX M IHCTO-
MHAMEIX IIepPHOJOBE.

J s maTeMaTHKa, BoopymeHHOro Teopemoii Homn (oma 6EIa omyGamko-
pana B 1825 r.), paBeHCTBO HyJI0 mocjefHET0 WHTeTDAJNa BHITEKACT W3 5TOH
TeopeMHl, IPAMEHeHHOH K OfHO3HATHOM BeTBH QyExnma (o -+ Bz)/) X B Bepx-
Hell MOAYIJIOCKOCTH; IPH 3TOM, KOHEIHO, IOApa3yMeBaeTcA IPeaeIbHEIM Tepe-
X0, OpH KOTOPOM TOYKH DPa3BeTBJCHHS ]/X 0o6xofATCA TO MOIYOKPYHHO-
CTAM, PaCIOJOKeHHEIM B YKasaHHOH ofmacTn. Ho He TakoB X0 paccy:xpermir
Axo6n. On camraet, 9T0 PaBeHCTBO HYJI0 HHATerpaja OIPOCTO CIEqyeT H3 TOro,
9T0 B pe3dyiabTaTe 3aMeHH r Ha 1/z 06a mDpemena mHETerpana COBHANYT MY
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«coboit — oGpatsarca B Hyab! ITOT ;e aprymenT, Ges BCAKMX H3MEHEHWH, HPH-
BoanT u Posenxaiin. A Begp mocxegEmit BECTYnax B 1846 r., ma 12 mer mosme
fAKo6u, u cBor0 paboTy HampasaAx Ha upemuio [lapmckolt akafgeMun, IreHOM
rKoropoit 611 Homu! 3pecs ckasmpaercs sBHas HexooneHKa mieir Homm co
cTopoHH fIKo6M W MaTeMaTMKOB, HaAXOMHBIIAXCH IOJ HPAMBIM BJINAHEEM IO-
ClemHero.

B aToit cBA3K 1060OKITHO yiike MATHPOBAHHOE B I6PBOM KHUTe HAINET0 TPYAa
BHCKassBaHNe 00 OCHOBATeJBHOCTH MaTeMAaTHISCKHX HO0Ka3aTeJbCTB, COep-
sKameeca B mucbMe fAAko6u k A. I'ymGoabary ot 21 mexabpsa 1846 r.: «Horma
Taycc roBopHT, 9TO OH IOKasaX 49TO-IHGO, TO 3TO KAKETCA MHE BeChMa BepO-
ATHKM, KOra 3To ropopAT Koimm, MoKHO JepsKaTh mapu CTOJBKO jKe 3a 9TO,
.CKONBKO ¥ IPOTHB, HO KoTKa rosopmT Jlmpmxie — 3TO JocToBepHo» %8,

Yro kacaerca Komm, To MH BEenu pambile, 9T0 OSHA H3 €T0 TEOPEM BH-
.3Bajia comHeHme Yy AGeist, yKasaBmiero HpoTHBOPedamIui mpHMep: COMHEHHS
BOHMKJIH IO APYToMy HoBoay m y YeGHmeBa, TpeGoBaBImero moKasaTelb-
CTBa 3AKOHHOCTH IIOYJeHHOr0 HHTeTPHPOBAHHA pAma. B camoMm magaxe mpe-
JHCIOBHHA KO BTODOMY M3JaHHIO CBOero TpakTara «Teopus siIEOTHICCKHAX
Syaxnmin (1875, c. 1) Bpuo u Byke BHpakanoT coanesnme, 1T0 B HEKOTOPHX
-COYHHEHHNAX, LOCBAIMEHHLKX TeOPHH (YHKOWH KOMIJEeKCHOTO (OHH IHMIYT:
_MHEMOI'0) IepeMeHHOro, He ormaercs momxaoe Homm («on ne rend pas a Ca-
uchy la justice qui lui est due»).

3aberas pmepen, ckameM, aro K. BeitepmTpace B cBonx Kypcax, KOTOpHeE OH
Ha IPOTsKEHAH MNEeCATHIeTHH Bel B DepIHHCKOM. YHHBePCHTeTe, IOYTH HE
.ccerancs Ha Homm. A xorma ITapmsxckas aKameMms IpemnopgHecka eMy B
1882 r. TonbKo 9TO H3maRHEHI | ToM co6parna cogmmenuit KHomu, BefiepmTpace
He OTKAMKHYJACA HA 3T0 HA OTHOH CTPOYKoi %°.

YeM 06BACHATEL Takoe mpeHeOpe)keHEe K MgesaM M KOHKDETHHIM pe3yiabTa-
taM Hommn co cToporH mrofeii, KoTopue, Ka3axoch 0K, Goxbine, IeM KTO-THGO
IPYTod, MOTIH IO JOCTOMHCTBY ONEHHTH HX HCKIAIHMTENbHOe 3HATCHHE IS
HayKu? OCTaBHM BOIPOC 0 CHMIATHAX M AHTHHATHAX, IPUASHHE ¥ HeNDHA3HH,
-0 KOTOPHX Yy HAaC HeT 0CHOBaHHA cynquTs. HecoMEeHHO, OfHAKO, YTO YKa3aHHOE
HonokeHue 00BACHANOCH B KAKOM-TO MeDe XapAKTeDOM H HAIDaBJeHHEM Ha-
Y49HOI geATenbHOCTH camoro Homu. Bynydn HeoOGHKHOBEHHO IIOOBATHM, OH
Banonraan crpaguni «llokaamosy ITapmmcKoid akagemMuEdm COTHAMH CBOHX 3a-
MeTOK, He BCerga CofepsKaTeJbHKX, HHOTHA MOBTOPAIOIMAX DaHee MM CKa3aH-
HoOe, a TOAYaC ¥ OCOAPHBAIMUAX OfHA ApyTyw. BcmomauM xors, 6H koxeGamusn
IO BOHPOCY O TOM, HYKHO MJH HeT BKJIOYATh Tpe0OBamHe CymECTBOBAHHSA
HEIPEePHBHOR IPOM3BOTHOM B YCJHOBHA TEOPEMEHl O PAa3i0KUMOCTH (QYHKIMIA
B cremenHoi pan! EMy Kak 6yaTo He XBaTAI0 CYMECTBOBABIIAX TOrJA HAYYHKX
JKYDHAJXOB, H OH CO3[aBaj CBOH, B KOTOPHX BHCTYNAJ e[JHHCTECHHKM aBTOPOM.

OnmmEako riaBHOM TPUIHHOE OTCYTCTBHA Cephe3HOr0 HHTEpeca K TpYymaM
Koz co croporH miofieil, yBaederno paspafaTsHBaBIIAX HOBYIO IPo6IeMaTHRY,
poamBiIyloca B HccaeqoBaHHAX AGens @ fiko6m (sanmnTmdecKkme yHKHHH,
abeleBH MHATerpais K 3ajada HX ofpaleHHs), ABIAIOCH, 10 HalleMy MHCHHIO,
T0, aro caM Homu, mpu BceM MEOTO06pa3un ero HaAy4YHKHX HHTePECOB, GHJI paB-
HoAymieH K 3Toil TemaTuKe. OHa OHJa Iykgoil ero mHTepecaM, 0 deM CBHe-
“TeIBCTBYeT XOTA OBl ero GesyuacTHoe OTHONICHWe K MemMyapy Abens, comep-
’KaBIIEeMY 3HAMeHMTYI0 TeoDeMy IDOCIeqHETo B MoxmoM ofbeMe. MeMyap 3TOT
On ony6nauxosar Ilapmuckoid akagmemmeit 8 1841 r. mop BausameM odmmu-

%8 Biermann K. R. Die Mathematik und ihre Dozenten an der Berliner Universitit 1810 —
1820. Berlin, 1973, S. 31.
e ll)tx)tgac I(;i Eléments d’analyse de Karl Weierstrass.— Arch. Hist. Exact Sci., 1973,
, p. 61.
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axpHOr0 3ampoca Hopeermu. Cam Homm kak mcciefoBaTens Masio 9TO chesrat
AJA HeIOCPeCTBeHHOTO IIPAMEHEHN CBONX HAell K MHOTO3HAYHHM QYHKOHUAM,
eci1H He TOBODHTH 00 37eMeHTADHHX (QYHKUHMAX — xorapupmMe m oGpaTHHEX
TPHrOHOMETPHIECKHX , OTHOCUTEIbHO KOTODHX OH HE CKYIHJICH HA PA3bACHOHH,

BopoueM, nMeEHO Ha IpEMepe 3JdeMeHTADHHX (YHKUHHE MOMHO mpofme-
MOHCTPHMDOBaTh Té TPYRHOCTH, KOTODHE IPe[CTaBJAJa HAed MHOTO3HAIHOCTH
st Komm (M, KOHeTHO, TaK/Ke M /A €T0 COBPEMEHHUKOB).

B «Memyape o QyRKOHAX MHUMHX mepeMeEBHX» (Mémoire sur les foncti-
ons de variables imaginaires), ony6anxosanmaoM B 36-M BHEIyCKe «YIpaykHe-
HEl 0 aHAJM3Y W MaTeMaTHdecKoil pmamke» (1846), Homm ompemenser, Kax
MH cKasanu GH Temephb, I'JIaBHEHE BeTBH MHOT03HAYHHX (YHKOHE KOMITEKC-
HoOTO HepeMeHHOro: 2V/", z7, In r, TONYAHAA apTYMEAT p KOMILIEKCHOTO IHCIA
z yeaopuio —n << p < N. OH 0TMeTaeT, 9T0 9TO YCJIOBHE MOTJIO OH GHTH HHHM,
HAOpEMeD: ¢ — X << p < ¢ -+ 7. OGHAKO eCJIM MBl OTOIECTBUM D C IOJIAP-
HHM yIJOM, HAOpHMED, m OymeM OTCYHTHEBATH ero B npegenax or 0 mo
2n : 0 <{ p << 27, To BCTPETHMCH C TeM HeynoGCTBOM, 970 QyHEKIMM 3TH 6YIYT
HCIOHTHBATH Pa3pHB B KaMKAOH TOYKe IOJOKUTENBHOA JaCTH NeACTBHTEJIbHOR
ocH. BamHO IOA9ePKEYTH 3/ieCh, 9TO B 3TOM MeMyape, IO-BHLHMOMY, BIeDBHe
HCIONb3YIOTCA Ppaspes3ll IJIOCKOCTH (CKajkeM, BJOJXb [eACTBHTelbHOHX ocH),
OKa3HBAaOMmMueCs JWHUAMEA Pa3pHBa. B mccremosammax Pumama TakuMm x@-
HEAM 6yIeT yaejaeHo mepeocTenenHoe BErMarue. [Ipm sTom Homm ykasumaer,
9T0 LOJO/KEHNe 3THX JUHAA HA IIOCKOCTH 3aBHCHT OT IPHHEATHX COTJIAIleHHIMA
(T. e. oT cmocoGa BHfleNeHHA OAHO3HAYHON BeTBM MHOTO3HAYHOU (YHKIHH).
Mu yecMaTpEBaeM BO BCeM BTOM CEOEr0 Poja 3aTOTOBKM CTPOMTEIBLHOTO MaTe-
pHaJja Ana GyIymHX PEMAHOBHX IOBEPXHOCTEH.

HaxuM 65 cKpoOMBEIM HE IPeACTABAAJCA HaM BKJAJ B HAYKY, COAepPKamuii-
¢ B 9TOM MeMyape, Helb3da IHPONTH MHMO OHEHKH, IPHHAFJIGKALEH caMoMy
KHomm: «B moeMm ,Anre6pamdeckoM aHanIm3e“,— OAmMeT OH,— B PAaCCMAaTpDH-
BaeMoii cTaThbe (c. 287) M B MOMX IPEFHAYIIMUX PaG0oTaxX A OIPDAHHIHBAICH YIOT-
pe6renneM sTax oGosHaderuii [1.e.lnz, 29. —A. M.] B cayuae, rae peicTBH-
TeJbHAA 9ACTH IePEMEHHOTO r IONXOMKMTejbHa». HMTak, pmeao 3aKaH09aioch
B TOM, 9TOGH IepeiiTy 0T ONHO3HAYHOU BeTBHU B MOJAYILIOCKOCTH K BEeTBH B II0-
ckocTi ¢ paspeaoM. Illar me Goabmoil, HO oH ORI HeoOXomuM Ha TYTH K PUMa-
HOBOHX moBepxXHOCTH!

IlocnenEMe BHIIYCKH dYeTBePTOTO TOMa (YIpPakHeHHH IO aHAJIH3y», TH-
TYJABEHH JAHCT KOTOpOro garupoBaH 1847 r., GaKTWIeCKH BHIXONUAH B CBET
yxe mocxe 1850 r. B momemerHOX 3mech crathe «O HeIpepHBHEX PYHKHHAX
anreGpamieCKEX HJIH TeOMeTpHIeCKHMX KoxmdecTB» (Sur les fonctions conti-
nues de quantités algébriques ou géométriques) Komm mponoirkaer Hactam-
BaTh HA TOM, YTO TOYKA Pas3BeTBIeHWA (caM TepMHH OHUJI BBEZieH BCJEX 3a
aTuM PuMamoM) ecTh ToOYKa Da3pHBa HEIPEePHBHOCTH (YHROEA (HAIPHMeD,
2 = 0 gaa z2V/P), Mu yske roBOpUIN, 9TO QA TAKOro DIOHMMAHMUSA Y HETO GHIH
ocmopaEmus. Bexb fus QYHRIHE KOMIIEeKCHOrO mepeMeHHOr0 BRefernoe Homn
TpeboBaHHe HeIPEPHBHOCTH HTDAJO DOXs HeoOXOXHMOr0 M JOCTATOYHOTO
YCIOBHA PA3JIOMKAMOCTE QYHKIHA B cTemenHoil pan. OHO HEABHO BKI0YANO
B ce6n He TONBKO OAHO3HAYHOCTH, KOHEYHOCTh M HENPEePHBHOCTh (YHKIHH,
HO M Te Ke CBOUCTBA ee MePBON IPOM3BORHON, CymeCTBOBaHMe KOTOPOH moj-
pasyMeranoch. IToaToMy ToUKa paspHBA B ero TepMuHOJIOrHE (GyKBAJIBHO: Ta-
CTHOe 3HadeHHe IEPEeMeHHOTO, B OKDPECTHOCTH KOTOPOTo (YHRIOAA IepecTaeT
OHTH HeIPePHBHOM EaKM OIPH KOTOPO# OHA CTAHOBHTCH Da3PHBHOX) o03HadaeT
B CYIMHOCTH TO Ke, 9T0 B oco6as TouKa B paGorax ITronaé (1850). B aTom morm-
Maamn HKomm Bnafmeer mpeacTaBienmeM o006 o0co0oii TOYKe aHAJIMTHIECKOR
QYHKOUE KOMILIEeKCHOTO mepeMeHHOro yie ¢ 1832 r.— co BpeMenm jaTorpa-
¢mpoBaHHOr0 TYPHHCKOTO MeMyapa.
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Beprmemcsa k massamHo# BHme paGore Komu. B Helt om BrjeaseT B qanHoik
obJiacTa (miomagm) Mo WMeHEM MOHOXDOMEHX (OT IPedecKHX CIAO0B: MOHOC —
ofWH H ApoMoc — Ger) QYHKIME, KOTODHe ODPHXONAT K OJHOMY H TOMY e
3HAYEeHMIO He3aBHCHMO OT TOTO, KaK «TouKa ¢ adduKcoM z Geraer 3mech m TaM,
He BHXO[d H3 of6nacte S u ofpamasachk BOKPYT OCOOKX TOYeK, COOTBETCTBYIO-
mux 6ecKoHeIHHM 3HaYeRnaM Qyrkomip °. Kak smgmo, 3gecs Homnm mcmoas-
ayeT TepMHE ¢ocobas ToIkay» (le point singulier) ToabKO IO OTHOIMEHHIO K IIO-
aocy. Yepes HeCKObKO CTpaHHMN OH ymorpeGiaser Tepmun «uyTh» (le chemin)
I3 0003HAYCHHS! HeIPePHBHOU KPHBOH, OMHCHBAEMOU Ha IJJOCKOCTH TOIKOM
¢ afpmuKCOM 3, M B CHOCKe YIOMHHAeT «3amedaTeabHHN memyap (ITrom3d) mop
maspanmeM ,ccnenoBanns 06 anre6pandecknx pyrkgnax'* (1850)», B KoTopom,
KaK OH II0JIaTaeT, BIEPBEHe HCHOJb30BAH TePMHH «IYThY B YKa3aHHOM CMEIC-
ue !, B cnenymomeii craThe Tex e ¢Exercicesy «O gudpdepenmuanax anrebpan-
9eCKAX HJIH TeoMeTPHIeCKHX KOJHIeCTB M O UPOH3BOTHHX (YHKIOHH HTHX
kosmaecTB» (Sur les différentielles de quantités algébriques ou géométriques,
et sur les dérivées de fonctions de ces quantités), KoTopylo, Kak ciaemyeT u3
TONbKO 9TO IMPHBEJEHHON CCHJIKH Ha MeMyap Ilrom3é, HY)XHO oTHecTH He pa-
Hee 9eM K 1850 r., moaBaserca kiaace QYHKOHME MOHOTEeHHHEIX, OIpefe/sdeMBbX
yCJIOBHEM, 9TO MX IIPOH3BogHAas MoHOApoMHa. IlpmMep ¢yEKOMEM MOHOreHHOI,
HO He MOHOJIPOMHOM, mpuBogmmui Homu, sro In z.

M=u Buaum, 910 Komm BecbMa OCTODOKHO OTXOAHT OT TpeGoBaHHA OLHO-
3HAYHOCTH, BBOJA BCJeN 34 ONHO3HAYHEIMM JUITL TAKHEe MHOTO3HAYHHE QYHK-
HHA, IPOU3BORHAA KOTOPHX OJHO3HAYHA. 3a IPeJesaMu 9TOTO PACIIMPEHHOTIO
KJacca (MOHOreHHHX (YHKIW) HPOOKAIT OCTABATHCH ajarebpamdecKme Hp-
pamHoHaJbHEE (YHKOHHN M HX MHTETPAJE, T. €. KaK pa3 QYHKOHU TOTO CAMOTO
KJIacca, HA H3YYeHHH KOTOPOTo OHJIH COCPeJOTOYeHH YCHIHMA MaTeMaTHKOB
Toro Bpemenn!

3aMeTuM, WTO TePMHH ¢MOHOJADOMHA» COXPAHEJ HeDBOHAYAILHEI CMECJI
U TOHHHEe, HAIPMMeD B Ha3BaHUH TeOPEeMH O MOHOApoMuE (TeopeMa o0 OmHO-
3HAYHOCTE (YHKOUH, HoJydYalomelicd IyTeM aHAJIATHIECKOTO IPOROJKEHHA
CYMMEI CTeIIeHHOI'0 Psijia II0 BCEeM IMYTAM, JIeKAIAM B KaKoi-1u00 OJHOCBA3HON
o6ractm). Ho kaacc momorennnx ¢yEknui B monuMannu Komu oxasancsa me-
KUBHEeHHKM. TepMHH «<MOHOTeHHOCTEY yIoTpeGiasercsa Tellepb IPOCTO B CMEICIIE
pudpdepeRnUpPyeMoCcTHE QYHKOHHE MO KOMIJEKCHOMY IepeMeHHOMY (B TOYKaxX
06JaCcTH HJIH B TOYKAX HEKOTODHX HHIJe He NJOTHHX MHOKECTB, YHOB-
JIeTBOPAIIUX OIpefieleHHNEM YCJIOBHAM MeTPHIeCKOTO XapaKTepa; B Iocl2f-
HeM Ciydae pedb HAeT o GYHKYULT, MOHOZEeHHUT ¢ cmbicae Bopeas).

Bozeparmmes Kk anrefpamdeckum ¢yaxmusam. He menas mx mpegmerom cioe-
mUagBHOTO H3yueHHs, Homu Bce e co3man BCe CpPeNcTBa, HeoOXORHMMEE nid
IOCTPOEHHS MX TEOPHH, KOTODHMHE H BoCHoab3oBaica Iliomzs., ITmME cpeg-
CTBAMHU SBJAJHCH IPeKIe BCEro KOMILIOKCHOe HHTEIrPHPOBAHHWE, IIPMBOIAB-
INee OPH IOMOMM HHTerpajsa Komm K cTemeHHOMY pa3iokeHdmi0 QyHKOuH,
u (6onee cuequanbHo) TeopeMa Komu o HeapaRx QyErmmax. Mu yske ymoMmm-
HAJIA o Heil BHIIEe KaK o paHHed opMe Tak HAa3HIBaeMOl MOATOTOBHTEIN bHOM
tTeopeMil BeitepmTpacca. B mepesome ma coBpemenmHiii s3HK Teopema Homm
3ByJaja OB TakK:

ecaud f (z, y) — amaamrHYecKax QYHKOHA IBYX IepPeMeHHHX B OKDECTHO-
cTH ToUKH (a, b), upnIeM b ABIASTCA n-KPaTHHM KODHeM ypaBHeHHA f (a, ¥) =
=0, m F (y) — yEKOMA, aHATHTHIECKAA] B OKPECTHOCTH TOIKH ¥ = b, TO
CYmEeCTByeT OKDECTHOCThL TOYKHM I = @, B KOTODOIM:

" Cauchy A. L. Exercices. Paris, 1847, t. 4, p. 325.
71 Ibid., p. 328.
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a) ypaBHenme f (z, y) = 0 mMeeT AIA KasKmoro r = a POBHO N KODHei
¥ (), - . +y Yo (Z), crOIB yromHo Gamakmx K b (3mech BHIpaskaeTcs CBOH-
CTBO HENPEDPHIBHOCTH KOpHeH);

6) F(y,) +.. .+ F (y,) ABIseTcs opHO3HAYHON aHATHTAIECKOH (PyHK-
nue#t z.

B uactHOCTH, TpE 7 = 1 ¢yEKmEA y = y (z) oKa3HBaeTcs OXHOZHATHON
AHAJIUTHIECKOH B OKPECTHOCTH I == @.

IMocnemusaa TeopeMa MOMeT OHTH HPHIOKeHA K ciaydam, Korfa f (z, y)
€CTb MHOT'OYIGH OTHOCHTOIBHO I WM J, KOTODHU AJIs OIPeleleHHOCTH GyaeM
CIUTATh HEIPHBOAHMEIM, T. €. HE PA3NATAICIMEMCHA HA IDOHM3BegeHHE MHOILO-
areHoB Gomee HEM3KON cremeHm. Ecam cremens f(z, y) OTHOCHTEXBHO ¥ paB-
Ha m, To ypaBHeHHe f (x, y) = 0 ompemenser axzebpauneckylo Gynryuio
y = y (z), Boo6me roBpsa, m-3Haubyo. Ilycre nas gaHHOrO T == @ KO3(h-
¢unmesT mpm y™ (3TO MHOTOWIEH OT x) OTAHYEH OT HYJA M yDABHEHHE
f (e, y) = 0 me mMeeT KpaTHHX KopHei#. Torma mo mpeguaymeil TeopeMe noxy-
daeM IJA y B OKDPECTHOCTH £ == & POBHO /m DPa3lHYHHX CTOIeHHHX pPANOB,
PacIoNO/KeHALX IO HeJHM HeOTPHNATENbHKM CTeIeHAM £ — @. ITO 3aKIIIe-
Hue HeIPHMEeHHMO K TeM TOIKAM IIAOCKOCTH T = @, Te 1u6o KodddummeHT
opm y™ ob6pamaercs B Hyab, mmbo ypaBHeHme f (a, y) = 0 mMeeT KpaTHbie
KOPHHI; HO TAKHX TOYeK TOJIbKO KOHEIHOEe THCIO.

OxasuiBaeTCs, 970 Ta K TeopeMa O HEABHHX (YHKUHAX (TOYHEe, yTBePIK-
OeHEe O HEIDEePHBHOCTH KOpHe#) ¢ 0mopoil Ha KOMIIEKCHOe HATeFPHPOBaHHE
MO3BOJMSNA YCTAHOBHTH, 9T0 B OKPECTHOCTH HCKIIUTENBbHOH (0co6oid) ToI-
KE r = a QYHKOHA NOOYCKaeT pa3ioeHme B o600MEHHNH CTeUeHHOH DAL,
B KOTODOM IIOKA3aTelAMHA CTelmeHeH I — a4 MOryT OHTH H ApoGH (¢ OmHEM
7 TeM jKe 3HAMeHATeJeM), IOJOKUTeJbHHEe HIH OTPHOATeNLHHE.

Iosropaem, uro cam Komm He fmeaan sTmx BHBOAOB M3 CBoell Teopumm. Om
Boofmie He BHENAN KiacCc ajarefpamdecKmx (YHKOHA Kak ocoOBE 06BEKT
H3yYeHHs B aHANHM3e. 3aciHyra TaKol NOCTAHOBKH BOIPOCA M IePBHE CIONA
OTHOCAMIAECA Pe3yAbTaTH MPHHANNE;KAT PaHmy3CKOMY MATEMATHKY H acTpo-
voMy B. IMiom3é, camraBmemy, BIpoIeM, Heo0XOQUMHIM MOAIEPKEYTH B CBOUX
HCCIeqoBaHMAX, 9TO OH ONHPAaeTcsa Ha TPyAH HKoUIm M pa3BHBAEeT ero HmeH.

B. IIiomsé. AareGpamgeckne yBRmmm

Burrop Amnexcannp ITiomsé (1820—-1883) o6ywancs B Hopmambnoit
mKoxe, rme caymax jdekuunm Iapas Criopma (1803—1855), mpemomasax
cHavana B Penne, moroMm 6511 mpodeccopom B Beaancone. 3xechk 0H €030l CBOIO
ocaoBHYI0 pabory «Mcchmemoranua o6 anrefpamueckmx ¢ymrmmax» (Recher-
ches sur les fonctions algébriques.— J. math. pures et appl., 1850, 15), aa
KOTODO# BCKOpe IMOCHeNOBANO IPOAOIKeHne moy HasBanmeMm «HoBEe mcexeno-
Banms 06 anreGpamtecknx pynknuax» (Nouvelles recherches sur les fonctions
algébriques.— J. math. pures et appl., 1851, 16). B aroit paGoTe TouHO
cpOpMYNIHDOBAHO IOHATHe anrebpamieckoil (YHKIHH, AeTATbHO H3Y4eHO ee
noBefieHre B OKPEeCTHOCTH OCOOHIX TO9EK C BHIABIEHHEM TEOPOTHKO-TPYIIOBOTO
XapaKTepa COOTBETCTBYIIINX 3aKOHOMeDHOCTe#l, PacCMOTDeH HA IPHMepe
anre6panIecKoii pyEKOHE IPOHECC AaHATX HTUIECKOT0 IPOHOIKEHAA IOCPEACTBOM
CTeIeHHKHX DPANOB, YCTAHOBJIGHO 3HAYEHME [ TeOPMH (PYHKIHA TOIOJOrMIe-
ckux (To9HEe TOBODA, TOMOTOIMYECKHEX) CBOMCTE 3aMKHYTHIX KPUBHIX B MHOIO-
cBA3HOU of6nacTH, MaHO obmee ompejelxeHme mepHona abeleBHX MHTerpaloB
H U3y9eHH HX CBOUCTBA B DAfe BaKHWX YACTHHX ClIy4aeB (B 9acCTHOCTH,
OA yALTPAIIAITAYECKAX HHTETPANOB). JTa M CMEKHEE ¢ Heil paboTH cpaay
obecmegminu ITron3é mupoKyo maBecTHOCTh. [lanbHeiman geaTensaocTh Ionaé
gporexana B Ilapwwke: B Hopmanonoi# mxome, CopGorne, Biopo moaror m
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B. IIION3E

O6GcepBaTopun. 3eck OH 3aEMMAlCHd IPeHMYMECTBEHHO BOIDOCAMH acTpo-
HoMEE (HaGnamomeHAAME 3a HpoxoKAeHHAMH Bemeph, HeGecHOH MeXaHWKOII).
B 1871 r. Ilwou3é 6ant nabpanm 9reHoM IlapmkcKofl aKageMud HAYK.

IlpaanuunanpEOe 3HAYeHHWe OCHOBHOro memyapa Iliomsé, ymomsmyToro
BHIIe, 3aKJII0YAJI0CH B TOM, 9YTO B HeM BIIePBHe B MCTODHM MATEMATHKM ORI
OOABePTHYT CHCTeMATHIEeCKOMY MCCIEHOBAHWIQ) OOMMHUPHHIN KJAacC MHOrosHad-
HHX AHATHTAIeCKEX (QYHKIHAHA, NJIA aHATHTHIECKOTO IPEJCTaBIeHHA KOTOPHX
MATEMATHK MOT PacloXaraTh TONBKO JOKAaXbHHME CPEJCTBAMH: DABNOKeHHeM
B CTeOeHHOU paAN (OOKKHOBEHHAN HIH 0000MEHHHIT), cXomAMUACA IANIL B
HEKOTOpPOl OKPeCTHOCTH pacCMaTPpHBAeMOM TOYKH.

Tak xak KiaccmuecKHWii ammapar aHaJgm3a (OpoW3BogHAs ¥ HHTErpan)
cTpomTed s (yHKOWA OXHO3HAYHHX, TO HCCIEIOBATEN0 HY;KHO OBIIIO IpekK-
@ BCEro BHACHETHh YCIOBHA, UIPH KOTOPHX OH MOI CBOIHTH H3y9aeMyi0 MHO-
ro3HadHyl0 (QYHKOHI0O K ONHOSHAYHHEM. JIOKAaXBHHHA jKe XapaKTep aHAXIATH-
9eCKOro IpexncTaBleHEAA GyHKOUE Tpe6OBanl yCTAaHOBJIGHHs CBASE U CIOCOOOB
mepexofia OT OTHOrO M3 HHX K JDYTOMY, T. €. BHABICHHA IPOHECCA IPOXOJI-
KeHHsA, B KOHEYHOM c9eTe NPONOKeHHA aHaJIWTHIECKOTrO.

IMrowsé paccMaTpEBaeT HeNPHBOZHMOE ajrebpamdyecKoe ypaBHeHHe BHAA

f(u, 2y =Au"™ +Bu™! L+ .. .4+ K =0,

rie 4, B, . . ., K — MHOro4wIeHH OTHOCHTeAbHO Z (ME CoXpaHseM ero 060~
sHadennd). Ilycte b — ogue w3 Kopmeit ypasuerma f (b, ¢) = 0. Ommpasce
Ha CBOMCTBO HeNPePHBHOCTH KOPHeH ypaBHennus f (i, z) = 0, ycTaHOBJeHHOe
Kommnm, IMionsé yreep:rmaer, aTo B TouKe z = ¢’, 6AH3KOH K ¢, CpeM KopHel
ypaeHeRHs f (u, z) = 06yxer umeTscs KopeRb b’, 6auakmit kK b, B ¢Basnm ¢ aTAM
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BOSHHKAeT 3ajiaua: yCTaHOBHTH SHAueHHe U B HEKOTODOH Touke z = k, ecnm,
HOepPefBHrasAch 0T z = ¢ K 2 = k mo coepmHsaomed ux kpusoit CMK, Mu He-
HBMEHEHO CobiioflaeM YCIOBHe: SHavyeHUsA (GYBKONUE B ROCTATOYHO OIMSKHX
TOUKAX KPHBO# JOMKHE OHTE CKOXBb yrogHO Gamskmmm Mesrpy coboii. VEumn
€I0BaMy, peYEk HAeT 37eCh CHagaja O npodoaiceHuu arzepaudeckoli PynrEyuU
BRoAb 3ajaHnol KpuBoR CMK wrak 00HO3HAUHOL Henpepwenol PyHKYUL, T. €.
0 HeNpepHBHOM NPOJOKeHHH.

Utobn Takoe mpofoikeEEe GO BOSMOKHEIM, HeoGxomumo maberaTh Ha
OyTH TOYeK, B KOTOPHIX U MoJKeT 0GpamaThCsa B co, T. €. MOAWCOB (IOCIeRHMIA
TepMEE orcyTcrByet y Iliomsé). Ho Takme To9kE C0OTBETCTBYIOT KOPHAM ypaB-
Besna A = 0. Ilycts, Hampumep, B HexoTopod Touke A = 0, HO B 5= 0;
moNoKEM U = v/A, TOT[a [NiA v HOJIYydHM YDPaBHEHHE

V" 4 Byl . . KA = 0.

Ilpm A = 0 oBo EMeeT KOpeED U = — B, a eMy COOTBETCTBYeT 3HaYeHHeE 1 = o9,
Hpome Toro, kak sto cleayer m3s Toih e Teopemn Homm o BHeABHHX (QyHEK-
nuAx, HY;KHO m30eraTh H TaKHX TOYeK 2z = ¢, B KOTODHX YpaBHEHHe
f (u, ¢) = 0 mMeer KpaTHEE KOPEE (9TH TOYKH Y[OBJIETBOPAIOT ABYM YpaBHE-
guam f(u, 2) = 0 m 8f/6u = O mam opHOMy anre6pamueckoMy YpaBHEHHI,
HONYy9Ial0MeMYCsa H3 HEX HCKIndeEmeM u). [Jusa ckoas yrogHo 6amskmx K ¢
ToUeK ¢’ CyIeCTBYIOT IO KpaifHell Mepe 1Ba PA3HEIX 3HAYEHEs, u = by B u = by,
€K0Ib yrogEo 6am3KuX K b, M, clemoBarelbH0, HADYINAETCA YCAOBHE eIMHCT-
BEeHHOCTH BH0opa 3HaueHEA QyHKOWEm, GAm3KOro K b. :

Taxmm oGpasom, Iliomsé Brpenser B KadecTBe ocoOmX Todek airebpam-
4YecKoi ¢yEKmUEM (CaM OH He HOAb3YeTCS TePMUHOM <«0cO0He» TOYKE) KOHeU-
HO€ MHOKECTBO To9eK IJIOCKOCTH, B KoTOpEX aubo u ofpamaercA B GeCKoHed-
HoCThb, Aubo nBa mam Gojlee 3HaYeHHA U AGNAIOTCA PaBHEMM. llepBrie Touxm
HONYYHMIN BOOCIHEJCTBHE HAaNMEHOBARHHE IIOJNIOCOB, BTOpHE — KDUTHYIECKHX
Touek 2. B mcropmueckoil ImTeparype mofIepKHBaeTCA (UOBOJH K 9TOMY IOAAX
eam Ilromsé B mpmMevaEEHR Ha ¢. 375 mepBoro Memyapa), uro Homm, xorma om
TOBOPHI 0 TOYKAX PA3PHBA, UMel B BEAY TOJBKO MOMIOCH, 8 KPHTHIECKHE T0Y-
KE 0T Bero ycKoxbgain. Ho mu Bumenm yixe, uTo Tpakroska Homm momsrma
TOYKHM pasphiBa OXBATHBAaJa W TOUKH BeTBIeHHWs (Eampmmep, z = 0 B ciayuae
u=1V73).

B coorBercTBHE co cKa3agHEuM BEime Illom3é paccmarpmBaer malee Henpe-
PEIBHOE TpoNoiKenne ajnrefpawdeckoil YEKIEE mO myTaM, He HPOXOLANEM
HE uepes ofHy H8 0co0uX Todek. Ilycrs CMK — rtarodi myrs ®H U, — GyBHK-
OUsA, ompegeNAeMaa B TOYKaX ITyTH HAYANHEEM BHaueHWeM u = b; Ipm z = c.
B xauectBe $yBmaMEETANBHOIO IPENJIOMEENA CBOEH TeOpDHH OH JOKA3HBAaeT,
uro sHaveHWe (YHKOUH B KoHeuHOH TouKe OYyTH z = k He MeHsAeTICS, €CIH
«wimaAa CMK uepexoaut B GeckoHegno Gxuskyio CM'K». Orcioga ciegyer
Teopema: «Ecau mouka z deusemces us C ¢ K 0dun pas no kpueoii CMK,
a dpyeoii — no CNK, mo gynryus u,, npunumaowyas 6 C snavenue by, npuzo-
dum K 00nomy u momy xce sHavernuio by, ecau moxcro, degpopmupys aunuro CMK,

72 Pasfenenme 0coOKX ToueK anrefpamdeckoil (yEKOUE Ha TOJIOCH ¥ KPATHYECKHE TOUKM
npoBofETCA, Hanpumep, B «Teopmum ammnTmiecKux ¢ysknmity Bpmo @ Byke (1875).
Onmako tepMunm «moaioc?, Kak yKaswbaer 9, Hoiemmmanmgmep (The Casorati — Weier-
strass Theorem... — Hist. Math., 1978, 5, p. 139—166), BuepBre GHA ynoTpediaeH
B 9TOM cMuIcae K. HeiiMaHoM B «JIeKImAX 0 pAMaHOBOI Teopna aleaeBHX MHTErPaloB»
(1865) B cBaA3m ¢ TeM, 9T0 GECKOHEUHO yAalleHHAA TOUKAa M300paskaiach B 9TOM COUH-
HeHEY noyocoMm cheprl. TepMHE ¢noJioc) BOIeEN B AMTEPATYpPY HPOYHO M HEM3MEHHO.
Y10 KacaeTcs TepMEHA «KPHTHHECKAs TOUKay, TO eTo 4amle saMenseT Goxee o6muit Tep-
MUH, paHee BBefieHHE PEMaHOM, «TouKa pasBetnaenufA» (Teopms aGedeBHX (yHKNEM,
1857); mas yrousemus MOGABIASTCA €IIE BUHMTET «ajredpamiecKkad» B OTIMTHE OT JOTa-
puMHEYeCKOil MM TpaHCHEeHJeHTHOH TOUKA PA3BETBICHUA.
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coemecmumb ee ¢ CNK, ne nepexods npu smomuepes marue [mourul, ¢ xomopuz
Pynryus obpaujaemes 6 oo UAU CMAHOBUMCA DAGHOL OpYz0my KODHIO ypasHe-
nua f (u, z) = O» . B wactaocTm, monydaerca, uro eciu CLMC samrnyTras
JEHTA, BooGme TroBopsA, CcaMomepeceKamascsa # ofpamamnmanca BOKpyr C
CKOIBKO yrofgHO pas, To QyEKOHA u;, EMeBOIasA B Havajie OyTH 3Hauenme by,
GyneT WMeTh TO >Ke BHAUYEHWE W B KOHIE, €CIH TOABKO MOKHO CBECTH 9Ty JIU-
HHIO B TOYRY, He HePEeXOiA IPHU 9TOM HE 9depe3 OfHY W3 0COGHX Touek. Takmm
o6pa3oM, HempepHBHOe IpoHON;KeHEWe mpmBoumr Ilom3é x BHAeNeEmI0 09HO-
3naunoll eemeu aszebpaudeckoli dynkyuu B moboili obmactm (omHEOCBA3HOIL),
He cofep:xameil ocobEX TOYeK.

Tenepr yxe mMeeT cMHCH muTerpan oT axreGpamdeckoit Ppymxmmm | u,dz,
rie HATeTPEPOBAHHUe CoBepmaeTca Baodb oyt CMK. TloBropsasa Mo cymiecTBY
paccy:kueans Homu u mcmonpsys mpu atoM gufdepeHmupyeMocts QyHKIHH
(peas uper o nupdepeRmuUpyeMoCTH HeABHOH (QYHKINH, BHTEKAIOWed u3 ee
HeOpepHBHOCTH U u3 Toro, wro df/du 5= 0), Iliomsé ycramaBmrmBaer cHagaia
daxT He3aBEHCUMOCTH WHTETpaNa OT IYTH, 3aTeM HHTETPAJLAYI0O (QopMYIy
ANA U, 9, HAKOHEI, BRBOJUT pasiioykeHne QYEKOUU B PAJ D0 CTEIEHAM Z — C,
YKasHBas, YT0 0HO MMEET MECTO B KPYTe C MEeHTPOM ¢ M PATAYCOM, PALINM pac-
cToARm0O Ao Onmxadimeidl K ¢ ocoboll Touxkm. OH moscHsAeT B cHocke (c. 375),
y)Ke yOoMHHaBme#icA HaMH, YT0 BCe 3T0 Ohuto cnenado Homn opm Goxee obmumx
yeaoBusax. Ho Homu TpeoBan ammb, 9T06H OyTh He Imepexogdi 4epes TOY-
KH, B KOTODHX QYHKOUA CTAHOBHTCA PaspHBHOU, Torga Kak B JaHHOM cIydae,
Tie paccMaTpuBaloTCA anrefpamdecKkme QYEKOUH, MOKHO YTOYHHUTHL ero (op-
MYJIUDOBKE M H0Ka3aTeNbCTBA, TOBOPA H O HOJICAX, N 0 KPETHYECKAX TOIKAX
BMECTO TOYEK paspHBa.

Tlonyeur cremenvoit pan, Ilionaé momgepkuBaer, 9To AJAA To9eK BHYTDH
yKasaHHOro BHIIE KPyra PAf 5TOT AaeT OAA U; TO jKe sHAYeHHE, KOTOPOe MOT-
o O GHTHL TOIy9eHO HmyTe€M HedpePHBHOTO Hpofoiiskerusa. Mu ckasanm Ok,
YTO OH YCTaHABAUBAeT 3[4eCh moxcdecmeo (8 ycaosusr npoeodumozo uccaedosa-
HUR) HENDEPHSHO020 NPOoJ0AXCEHUR U aHasumuieckozo npodoaxcenus. laldee on
HCIOIb3yeT 5T0T (aKT, MOKASHBAasg, KAaK MOKHO BHIEJHTH HOCPENCTBOM CTe~
OeHHHIX DAJOB 3HAUEHHE U, B Todke k, JeKameid 8a mpeneaaMd KpPyra CXOiH-
Moctr (c. 379). Ilponecc, mpemnaraemuit Iliomsé gna sroil meau, B TOUYHOCTH
COBIAfIaeT ¢ TPOLMECCOM QHAAUMUYECK020 npodosxcenus BIoldb KpEBoid CMK,
M3JIaTaeMHM HHHe B y9eOHMKAX TeOpPHE QYHKIWIA H CBASHBAEMHM ¢ HMEHEM
Beitepmrpacca. OpEarko oH He OrpanHYMBAETCA CTeHEeHHKIMH PANAMH Kak
CpeICTBOM AaHAJNATAYECKOTo HPOJoJKeHHA, 3aMeHAA WX pagaME Goxee 06-

1mero BHAA
% Ck N’ (z)]kv

rne ¢ (z) — panHorailbHEAA QYEKOHA, oOpamanmascad B HYJb B ToIKe C.
Ilycrs 0 — xomTYp | (2) | = A, oKpy:kalomuil TOYKY ¢, BEYTPH KOTOPOTrO
H Ha KoTopoM v (z) B PasIWdIHHX ToYKaX OPHHAMAET He PaBHEE MeKAY coboi
sHavyendsa (T. e. ABNAETCA OHHOJUCTHOH), B IYCTh BCe OCOOHE TOYKH JEKAT
Bo BHemEoCTH ¢. Vcmonp3ys HHTETpalbEYR (Qopmyny, ecrecteeHHo 0606-
malomylo ¢opmynry HKomum (mociegHsa coOTBeTCTBYET 4YacTHOMY CAY9IalO:
P (z) = z — ¢), lliousé BHBogET W3 Hee paanokeHme TpefyeMoro BHOa, CXO-
nameeca Ha ¢ # BEyrpm 0. OH 3aMe¥aeT, 4T0 € MOMOWLI0 HOJOGHHX pasio-

73 T, math. pures et appl., 1850, 15, p. 370—371.
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JHeHmI TaK)Ke MOMKHO ODPOfoJNKaTh (YEKIOEI BHolb KpuBo#. Tak, ecam mo-
JlaraTh mar 8a HIaroM

Y@E)=@E—)@Ez—¢) \1=c—=c)z—¢")y . . o
rie TOUKH ¢, ¢’, ¢, . . . CAEAYIOT OxHa 3a Apyro# mo kpusoit CMK, monygaem
nponece aHaJINTHIECKOT0 HIPOAOJIKEeHHA, B KOTOPOM BMECTO KPYroB (QHIypH-
PYIOT JIeMHUCKATH ¢ QoKycaMu B mapax Touek ¢, ¢’; ¢, ¢”, . . .

JTEM 3aKaHYMBAeTCA HePBas 4acTh UEPBOTO MEMyapa, KOTopas, MOMKHO
CKa3aTh, OeJIWKOM LIOCBAMEHA WMiee IpPONOIKeEHA (yEROEH (CHAdYada Hempe-
PHBHOTO, 3aTeM AHATHTHIECKOrO).

OcHoBHas 3aava BTOPOH YacTH 3aKJAIOYAETCA B ETANbHOM M3YICHHU aHA-
JUTHYECKOTO amnmapaTa, T. €. PALOB, OPEACTaBAAIOMEX AairefpamdecKyio
$yBEKI@IO B OKpecTHOCTH ocoOoit Touxm. I{Ia mpocToTh cHavana IpepmoJa-
raercsa, 4ro KosppummesTr A mpm u™ He 3aBHCHT OT Z M, CIEN0BATENHHO, HE
MoskeT ofpamarbCa B Hydb. Torna Bce 3HA9eHHA U BO BCEX TOYKAX MIOCKOCTH
ABAAITCA KoBeuRmMH, IlycTh z = @ — KDHTHYECKAs TOYKAa, B KOTOPO# ypas-
psenne f (¢, a) = 0 mmeeT p-xpaTEni# KopeEbs b. OKOXO @ OMUCHBAETCA OKPYIK-
HocTh CLMC Tak, 9ro0m HEW Ha Heil, HM BEYTDH Hee, HCKJIIOYaA TOUKY a, HE
Ohuto GBI KPHTEIECKHEX TOYeK, W PACCMATPHBAIOTCH Te P QYBKUMEA Uy, . . .,Up,
ynoBierBopAmuUX ypaBEeHuno f (i, z) = 0, 3HAUEHHA KOTOPHX B TOYKAX
OKPY/KEOCTH JOCTATOYHO MAJIOro pagayca CKOJb YTOOHO MAJI0 OTIAHIAIOTCHA OT b.
lomaran z = a +a, v = b | B, Ilousé paccmarpuBaer wmoBepgeEme bec-
KOHEYHO MaxnX BeawdmH P,, . . ., Pp mpm obXolle TOUKO#E Z OKPYKHOCTH
CLMC (rak, uro, BHitga m3 C, 0HA BO3BPAIaeTCA B Ty ke TouKy). Tak Kakr
BCsI COBOKYUIHOCTH 8Hauenmit u; (j = 1, . . ., p), a cuenoBarearHo, u By (j =
=1, . . .,p) BoccTaHABIMBaeTCA HPH 06xofe (B OKPECTHOCTE ¢ CYMECTBYET p
# TOJNBKO p KOpHE# ypaBHEHUs, GIM3KHX K b),T0 BO3MOMKEH UMb IepeXop
B; B BexoTopoe Py;. Illomad craBUT meaBl0 BHACHUTL XapaKTep HTOTO mepexo-

Ia, T. €. oHPEeleIATh MOACTAHOBKY HHIEKCOB:

(1 2 ... p>
ky ks oo . Ky

O6muiél pesynbTaT, 3aKAOYANIMUAACA B TOM, 9T0 9Ta TOACTAHOBKA ABIACTCSH
NPOM3BEICHEEM HEKOTOPOTO HHCIA MEKIAIECKEX, MOKHO OHIO IpeaBWAeTh,
cocaasmuch Ha TeopeMy Homm o mopcrasoBkax, aro Iliom3é u genaer B KoHne
memyapa. Ho Ilronsé maTepecyer ¢Ba3p mOACTAHOBKH € XapaKTEPOM aHAIUTH-
9eCKOro BHP&KEHHsA A Uy BoT mouemy eMy momamobmioch obcroarennHoe
¥ BechbMa KpPONOTIMBOE HCCIENoBaHMe.

Mu ocTaBOBEMCA 37eCh TONLKO Ha mpocTelimieM ciaydae, Korjpa df/d0z % 0
B Touke z = a, u = b. Torga ypaBeernme f (b 4+ B, a + a) = O opurmMaer
BEA

AB® + Ba + X CR%” =0,
rme A, B, C,. . .— KoMulexkcane waciaa, opmaeM A = 0, B = 0, a meane
HeoTpHIaTelbHLE MOKA3aTeNU ¢ M I' TAKOBH, 410 ¢ > p, ecaar = 0, mr > 1,
eciu q¢ = 0, Tak ato Bcerma pr + q > p. Ecam o m B GeckoHeuno Malme, TO

AP +-Ba=0,T.e. P=~h %’/Ec TOYHOCTHIO 0 0eCKOHEYHO MAJHX HOPA.-
ka sume 1/p (otHocurensHo a). Ilpm Hapnesxamedl BEymepammm P; orcioma
caenyer, uro P; nepexomut B P4y (j << p) m Bp B B, Korga z o6xoauT BOKpPYT
TouKE a (T. . Korma o o6XoiuMT BOKPYT HEadalla KOODAWHAT) B HOM0KATEABHOM
aanpaBiesnu. Atak, ncKoMas mogCTaHOBKA ABIAETCA B NaHHOM clAydae OWK-
JEdecKoi:

1 2...p

2 3...1/°
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B coorBercTBmm ¢ »TEM Il10M38 HasHBaeT COOTBEICTBYIOIYIO CHCTEMY
Uy, Ugy « + « Up YUDEYASDHOU.

Yro6w HaliTH DpeACTAaBIeHHEe KAKIOT0 M3 €€ WIEHOB B OKpecTHOCTH 2z = 0,
Mion3é mpomsBomET 3aMeHY IepeMeHEHX « = a'’, B = va’ B ypaBHeHuH,
epasuBatomeM P ¥ a. Iloxysaercs

AvPa’? + Ba'’? + D) v =0

AN mOCTe COKpameRms Ba o'? (BCHOMEEM, YTO OPH HAMEX YCHOBUAX Pr -

+¢> p)
Av® + B + D Cva’”,
rame ' > 0. Ilpz o' = 0 sro aneGpamdeckoe ypaBHeHEe HMeET p PABIHIHHIX

- - p ———
KOpHeH, mpefcTaBaammx p B8nawenmit kopHs ) —B/A. IlosToMy mo Teope-
Me Homm o BeABHHX (YHKIMAX CYIMECTBYOT P TAKHX DasiHYHHX CTEHCHHHX
7

pAJOB, UTO B OKpecTHOCTH ToukE a’ = 0:
vy = Yj + a,-a' + bja'z +...
G=1,2,... p; vy —onHo W3 p B3sHAYEHWH f/—— B/A4). Iloatomy pasa

u; = b+ B; = b + v;a’ momysaem
uy=b 4y +aa® Fbp’ +. .. =
=b+yG—a)Pta;(z—a)? +...(G=1,... p).

Taxmm ofpasoM, YCTAaHOBIEH XapaxTep pasioKeEds aarebpamdeckoit
(QYHKOUA B OKPECTHOCTH KPUTHIECKOX TOUKHM 2z = @ B CJiydae, KOIja CHCTe-
Ma Uy, . . ., Up ABIACTCA MUEPKYAAPHOH. 3aMeTHM, 4TO KO3(PPMIMEHTH B Ipa-
Boit gacTE (PaKTHIECKH He 3aBHCAT OT HWHAGKCA [: pasiMIdA B 3HAYeHHAX
QYHEKIHit CUCTEMH [ENHKOM ONPENEAAITCS Pa3NaUAMY B 3HaUeEAAX (2 —a)l/?,

Topasgo caosxmee m TpebyeT paccMoTpeERs DPAasiMYHEHX BO3MOMKHOCTEH
cayTait, xorna 8f/0z = 0 B Touke z = @, u = b. Koveunnit BrBOp y:re Onn
yKasaH Bume: QYHKIOUN U;, . .., Up PacOpefieIAOTCA, BooGme roBopdA, o
HECKOJBKAM DAgTAIHEM OUHPKYAAPHHM CHCTEMaM, N3 KOTOPHX HEKOTODHE
MOT'YT COAep:KaTh TOABKO mo onHod QyErmmnr. Ecam s dymxmmit u,, . . ., u,
o6pasylT HUPKYIAPHYIO CHCTeMY, To iuaa moboi u; (1 < j<{s) B oxpecr-
HOCTH TOYKH z== @ MMEET MEeCTO Pa3sioKeHHe BHIA

us(z) =b +A(z—ay®s +-B(z—a)™0is ., ..

ITom3é mpepnaraer mwpocToll reoMerpm¥eckmii MeTon (o wiee BocXomamumi
K napaasesozpamny Hotomona (cm. UM, 1. 2, c. 49—50)), mossonsromuii nis
DAEHOH KPHTAYECKOH TOYKM Z = a ompeje]mMTh BCe OTHOCAIMUECA K HeH mmp-
KYJIADHHE CHCTEMH (Helo CBONATCH K BHUUCICHEIO COOTBETCTBYIOIIEX S).

Eenu xospdumuenr A npm crapmei cTenesm u B ypapmerwmn f (u, z) = O
8aBHCHT OT z U, CAeJ0BATEABHO, CPEORE 0COOHX TOUYEK IJIOCKOCTH HMEIOTCA Io-
JAHOCH, To 3aMeHa u = V/A cBopdT HcclenoBaHHe aarebpamueckoi QyEKmmm u
K OpepsaymeMy caydao (B mpeoGpa3oBaHHOM ypaBHeHRH KoapPEomenT mpm
v™ paser 1). Bosppamasachs K u, yGe:RgaeMcsa, 9To B Pa3N0oKEHHM B OKPECT-
HOCTE ocofoil Towrm MoryT QErypupoBaTs He TOABKO npo0HEE, HO W OTpHIa-
TeTBHHIE CTEUEHH z — d. 3aMeTHM, 4To Iliomsé He ykasmBaeT CoBCeM pasio-
KeHEA (YHKOEE B OKpPeCTHOCTH (eCKoHEedHo yJaJdeHHOH TOYRH z = 00, KOTO-
poe Iderro 6mio 6n ToxyumTh, OPOHSBeiA 3ameny z = 1/ W mpuMeHHB K
mpeo6pasoBaBHEEMY ypaBHEHHI0 U Touke { = O mpegmaymyro TeopHio.

Ecau caemmrs 3a xomom passurusa mpeit ITiomsé, ucmonssya mosnseimyro
TePMHHOJIOTHI0, OTHOCAILYIOCA K HOBATHIO MHOTOJIMCTHONX pPEMAHOBOR HOBEpPX-
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HOCTH, OpPOCTEPTOl HAJ KOMINIEKCHOH HIAOCKOCTBIO Z, TO MOKHO CKasaTh, 4TO-
ITomaé y:ke mOAHOCTHIO BHIACHHJI CTPYKTYDY M-INCTHON DPHMaHOBOH HmoBepX-
HOCTH, oIpepesxsaemoi anreGpamuecknum ypaBaeEneM f (u, z) = 0. Om Hamen
pacmolo;KeHHEe BCeX ee TOYeK pasBETBIEHWS W OIPENeJIWN] XapaKTep mHepe~
Xoa OT ONHOTO JHCT2 K [pyroMy B OKpecTHocTH A06od ms EmXx. Orasa-
lI0Ch, 4TO B TaKOH OKPECTHOCTH JHUCTH PacUafaloTCs HA THKIH (HEKOTOpHE
IEKJE MOTYT COCTOATH TONBKO H3 OJHOTO JIWCTA) TaK, 4TO JIA KajKAOTO U3
HAX ONHOKPATHHIA 06X0j] BOKPYT TOUKM PAa3BETBICHHA DABHOCHIEH IEPEXORy
¢ ONHOro JIMCTAa Ha CAeNYIOMI JMCT STOTO K€ INEKJIA; JHMb Tocke o0XonoB
B KOJAU9eCTBE, PABHOM UHCIY JHCTOB NUKJIA, TOYKA IOBEPXHOCTH IPHBOJATCA
B HCXOAHOE IoNo/KeEne. B sTOM mccaemoBaEum, Opaspa, Onta omymeHa GecKo-
HeYHO ynajieEHasa Touka. Ho xkakpgaii o6Xox BOKpYyr Hee paBHoCHIEH o0xony
BOKDYTI' COBOKYUHOCTH BCeX KOHEIHHX OCOGHIX TodeK, W pesyJbTaT MOKeT
OHTH JerKo BLIBe[eH U3 3HAHUA CTPYKTYPH HIOBEDPXHOCTH B OKPECTHOCTH JTHX
mocaenEux. Bor moueMy aHanms, mpomsBeneHHEH Ioms8, MoKHO IpU3HATH
ucuepunBaomuyM, efcTBUTEIbEO, 0H NOKA3HBaeT, KaK, oONpaAch HA ycTa-
HOBACHHHE (aKTH, MOKHO CIeIWTh 3a H3MeHeHWeM 3HAYeHWH anrebpamaecKoir
$yHKOEY BHOXL MIOGHX myTel ¢ samaEEnM HadadoMm C B KoEmoM K, oTmMedam
OpY 3TOM, 9T0 3AaMKHYTHM IyTAM Ha IIOCKOCTH Z COOTBETCTBYIOT, BooGme ro-
BopA, Pa3OoMKHYTHE OYTH HA IJIOCKOCTH SHAYeHWN (QyBEKmmm.

Mu y:xe BHmenn, 9o 33121y UPOHOIKEERA aNTe6pandecKoil QyHKIUHA BAOAb
noboro nyts CMK, He mpoXogamero depes ToYKE pa3BeTBIEHHA, lliow3é pas-
pemuy B mepBoli vacTH MeMyapa. Temeph ke pedYb BT 0 TOM, 4To0H, He BHI-
TOMHAA 3TOT IPONECC M OMHPAACEH TOAbKO Ha CBeJeHUS 0 XapaKTepe IOBEJCHAR
QOyBEKOEN B OKpECTHOCTH 0COGHIX TOYeK, CPAaBHUBATh KOHEYHHE pPe3yIbTATH
OpPOAONKEEUA BloAb pPasHHX OyTed HAa DPHMAHOBOM IOBEpXHOCTE ¢ obwmed
HavaJbHOM Toukod C H KOHMAaMH, pacloJO:KeHEHME Ha pPasHHX JHCTaX, HO
OPOEKTHPYIOIMAMECA B OJHY X TY K€ TOUKY 2 IIOCKOCTH.

OCHOBEY10 pOJIb HFPAIOT 3XeMEHTAapHKE KOHETYDH, KOTOPHE BOIIIH B WO37—~
Helimylo TeopHEIo anrebpamdeckux (yEKMEi Hoyx HasBanweM nemeab (le lacet—
OyxBanbHO: WeTHsA, CHAOK). Jaemenmapruil xowmyp (repmpo Ilomsé), coor-
BeTCTBYIOMEE HagalbHOH Touke C M ocoboif Touke A, COCTOAT B3 KaKoro-1ubo
nyTH, coemmEsmomero C ¢ Toakoll D B okpecTHOCTHE A (Jamie BCero mpAMoIMEEH-
HOTO OTpesKa), onHokpaTHO mpoberaeMoir okpyskHOCT® DNP ¢ mesTpoM B A
® Toro ;xe nyma DC, upoGeraemoro temepb ot D) k C. 3Has, KaKk IePeCTaBIAIOT-
cA MeKay cobol sHaUeHWA QYHKIME Uy, Uy, . . ., Uy B OKPECTHOCTHE ToUKM A,
ompefensieMbie HaYaJdbERME 3Ha9eHMAMHA by, by, . . ., b, B rTouke C, MOKEO
OUpeneNnTh, KaK OyayT ImepecTaBIATHCA HTH 3HAYEHWA B Touke (0, Korga 2
ONAIIET LETIIO.

OGosEaumM TaKkylo meTiII0 cAMBONOM (A) M mMOCTPOMM ais BCeX 0COGHIX To-
wer A, A’, A", . . . cEcremy merens (A), (4'), (A”), . . ., DomapEO He AMeI0-
mux apyrex obmux Todek, xpome C. Ilpu sToMm GyneM pasamdaTh AJIA KGRm0
®3 EEIX mopsanok obxoga — umpamoit B o6parHHi, 0603Ha9aA meTli0 B MepPBOM
cayzae uepes (4 A), a Bo BropoM uepes (— A). Torma yrBep:xmaercs, garo
A000# 8aMKHYTHIE KOHTYP, IPOXORAMHAE depe3 ToudKy C, Ha KOTopOM He Jie-
JKAT HU ofiEa w3 Touek A, A’, A", . . ., 1 samaHHHI BMeCTe ¢ HanpaBICHUEM
ero obxoga, MoKHO JeopMEpoBaThb, He Uepexois HHE Yepe3 ofHY H3 0CoOHX
TO9eK W He mepeMemias TodkE C TakK, 4To0H CBECTH €ro TOJBKO K HOCIEemoBa-
TeJXbHOCTH NETeNh, mpoberaeMux, OHTH MOKeT, Ho HECKONLKY pas B ToM HIR
FHOM HalpaBJeENW. JTa HOCHETOBATENHHOCTh HA3HBAGTCA rapakmepucmukolk
KoaTypa. Bor mpumep Toro, xax Ilromsé sammcmiBaeT XapaKTepHCTHKY oIpe-
JIeleHHOTO KOHTYpa:

(—4") (+4) (+4") (=A%) (—4").
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Ecam 3aMKEYTHE KomTyp MoskeT Gmrh gedopMEpoBaE B Toury C Tak, 4To
apu nedopManEm He HPUXOARTCA OPOXOAHTEL depe3 ocobbie TOUKH, TO eMy IpH-
mucEBaerca HyleBas xapaxrtepucruka (0). Ilpm stax yciaosmax yreepsxmaer-
<1, 9T0 ABa KOHTYpa, AMEIOMAX OJHY W Ty ’Ke XapaKTePHCTHKY, MOKHO BCEraa
CBECTH OJUE K ApyroMy, He saTparmpas ocobuX rouek. I o6paTHO: xapakrepm-
CTHKA He MEHSeTCHA, eCIH KOHTYp AedopMADyercsa, He Ipoxonda depesd ocobnie
Touxka. TaxuM o6pasom, Iliomsé ycragaBIUBaeT W YHCTO TOMOJIOTHYECKHHA (To-
MOTOIMYECKHI) WHBApDHAHT [NA 3aMKHYTHX KDHBHX HAa ILJIOCKOCTH.

OQAHAKOBOCTE XapaKTePUCTHK [JIA ABYX 3aMKHYTHX KOHTYypOB, IpPoXo-
AAmux "epes Touky C, ofecmeudmBaeT pPaBeHCTBo 3Ha4eHWH anre6pamdecKux
dyarOmit, K KOTOPHM MOKHO OPHHATH B TOYKe, eCHM OOUCATH TOT M APYroi
KOHTYp, OTIPAaBAAACH OT OJHOTO M TOTO K€ HAYAaNbHOTo 3HaYeHHWsA, WAnmm
CJI0BaMH, PaBeHCTBO XapaKTePHUCTHK 03Hadaer, 4ro of6a OyTm OpUBEgyT K
OfHOH W ToM ’Ke TOYKe PHMAHOBOH HOBOPXHOCTH, DAacmoJo:KeHHOH Haj Tod-
Koil IIoCKoCTH 2.

Ilyere Tenepp sHaweEws QyEKOAR ug, . . ., U, B Toake C ¢ apdukcom ¢
cyts by, . . ., byym bRy, . . . b, — UX 3BHAYEHHA, K KOTODHM IPAXOJAT B T0Y-
ke K, Korma z onmmcmBaeT Kakoi-tm6o nmyre CMK. Torma pgias Toro, 9To6H
OoIpeleNIATh, KaKoe sHadeEde OyHeT UPHEWNMATH Kayknaa U3 QYHKOUWHA, Korga z
mpuzer B K mo gpyromy nyrm CLK, HocTaTo9EO OOpEENATh XapaKTEPHCTHKY
3aMKEYTOro UyTH, coctasiennoro #3 CMK u KLC (nyts CLK, upo6eraemarit
B sanpasieEn” or K k C). C aroif Touxm 3pesnsa oyt CLK MokHo cUMBoIR-
geckn 3ammcars B Buie (') 4+ CMK, roe (I') — yrasammEas Buime Xxapakre-
pUCTHKA 3aMKHYTOr0o OyTH.

IlonsaTHsa, BBeieEERE B HEePBHIX ABYX 4acTax memyapa Iliomsé, m ycramos-
JeEERe B HAX 3aKOHOMEPHOCTH HEIOCPEJCTBEeHHo HPHIAraloTcA B TpeThei,

k

3aKIIOUATENbHON JacTH MeMyapa K W3y4deHHI0O HHTerpana Sul dz or axre6-
[
pamdeckoit ¢ynkmum. IIpomecc amaIuTHIeCKOTo HPOJOJKEHUA, ONACAHHHMA B
IepBoil 9acTH, H03BOJNAST BHPA3UTh 3HAUEHWE MHTErpajia, B3ATOTO BIOJAb
saganBoill KpuBoilt CMK, B BUie CYMME KOHEYHOTO YHCJA CTEOEEHHIX PAMOB.
Taxum myreM Mosker GLITH yCTaHOBIEHo, B YaCTHOCTH, SHAYCHHE MHTErPaja
BIOJNb KAKAOH meTim m ANA KayKkmoir me QYEKOEA u;, oUpeledeHHOH CBOUM
HavaJlpHEM 3HAYeHWEM U; = b; B Touke z = c. OTH mWATerpaxs Iliomsé Hasn-

BAaeT J1eMEHMADHBLMY;, SIEMEHETADHEIA HETErpal S u; dz, BBATHIA BXOJAS HeTIH

K
{+ A®) mam (— A®), o6ozEagvaercs COOTBETCTBEHHO uepe3 A, Mexny
9JIeMEHTADHLHMA AHTErpalaMH BHIOIHAKNTCA HEKOTODHE IHHEHAHHE COOTHO-
merans. Haopumep, ecnrm u; mocae obxoma meram (A%)) mepexomdmT B uj, TO

A(k)-— AP, Bor Baxmmi mpumep APYToro pona. IIycre CYymecTByer
BaMKHYTHH KoHTYD A, npoxoqam;nn yepes Touky C ¥ CojfepKamuil BEYTDH
Bce Toukm A, A', A", . . ., Takolt, aro upm o6xome A pyExmma u; BosBpama-

eTcsa B Touke C K CBoeMy HaualhbHOMY sHa¥enu0. Ecin u; mocie 06xop;a (A@)
mepexongAT B Uy, u; mocde obxoxa (A()) mepexoiMT B ;- B T. 1., TO

A+ Ay + A - . .o=21M Y —1,
rfe — A; — BHYET u; OTHOCHTEJbHO GECKOHEYHO YAAJNEeHHOH TOYKH.

Warerpan | u,dz, Baathit mo kakomy-1mGo saMrEyToMy KomTypy CLMC,
BEDA)KACTCA B BHJE IENOYUCICHHON IMHeHHO# KoMOWHAIUE SIeMeHTapHEX
garerpaiob. OTcoma BHITEKAET, YTO €CIHH

k
v5=Su_.,-dz (j=1,...,m)
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— 3HAYEHHWA HETErpaloB OT U; BLOAL OfHOro ¥ Toro ke myta CMK, To sHade-
k

HEe METErpaia Sul dz, B3ATOTO BHONL JA030TO APYrOro OyTH, COCHMHMIOIET0
c

C ¢ K, paBHo mexounciaeEEoH IWHEHHOH KoMOHHAUME HJIeMEHTAapPHLIX HHTEr-
PaNoB, COOTBETCTBYIOIMAX 3aMKHYTOMY KoHTYPY [, cocTaBleHHoMy M3 myTei
CMK u KLC, caomxersoi ¢copaaM U3 qacex v;. WHmeKe mociaegEero cosma-
HaeT ¢ WHIEKCOM TOTO Uj, B KOTOPOe U, HepexXofHT mocie ofxoma KouTypa I'.

OrMerun, d9ro He KaKiafa Neldo4dCIeHHad KoMbHmHamus 3JIeMeHT’%‘lpEHX

HETETpaNoB, CI0KOBHAA ¢ KaKUM-THG0 W3 v;, TaeT OHO W3 dHATEHUi Su1 dz,
c

z

ITromsé mBOEMT WOHATHE nepuoda MHTErpaia Sul dz (cm. c. 438 mepsoro Me-

c
myapa). OB HasuBaerT Tak JmAedAHe KoMOHHANHH dIeMEHTADHBRIX HHTErpa-
0B, KOTOpHe, BO-IEePBHIX, He 3aBHCAT OT BHOOpa TOYKHE Z = ¢ W, BO-BTOPHIX,
ofimagawT TeM CBOMCTBOM, 4TO JI0506 IPI0€ KpPaTHOE UX, CIOKEHHOE C OfHUM
k

W3 3HAYCHHME HHTErpana g u;dz, cEOBa MaerT 3HAYCHAO TOrO Ke HMHTErpaia.
c
Ha mepsoM Mecte cpegd BOOPOCOB, KOTODHE BOBHAKAIOT B CBASH C HTHM WO~
HATHEM, CTOHUT OTHICKAHWE BCEX Pa3NUWYHEIX, T. €. [eNoYHCIeHHHX JAHEHAHO He-
3aBUCHMHX MeKAY coboil, mepmofos. dTor Boupoc pemaerca Ilomnsé nas pama
YaCTEHIX CJIy9aeB, CPOJH KOTODHX (QHTYypmpyeT W caydail yabTpasiidOTHYe-
cKuX mHTerpaioB. IIpm sToM mOXy9aT OcBeleHAe YTBEP)KNCHHSA, PAHEe BHI-
ckasapane fIkoGm B cBaA3E C ero 3ajgaveit o6 ofpameHnnm yapTpasIAANTATE-
cKUX WHTerpaios., 3ameruM, 9ro Ilom3é cromt Ha Touxe spenua fxkobm orHo-

CHTEJIbHO HEBO3MOKHOCTH pacCMaTpPUBATh 2 Kak (bYHKI],'KIO OT ¥V B YyPaBHEHHAHN
z

S a -+ Bz
V-0 —a) =) c—a") G —a)

QWIOCKOABKY U MOKET M3MEHATHCA HA CKOIb YrofHO Majhe BeAMIAHL IPH He-
A3MEHHOM 3HAYCHWH 2» %,

B orEOmenmm caMoro moHATHA mepuofa Ilomaé yxasmsaer ?® ma Komm
Kak Ha CBoero IPeAIsCTBSHHUKA, KOTOPHI B 3aMeTHe 1846 r. «Hosre coob-
paskeHHA o0 oOpefeleHHKIX HATErpajiaX, PAaCHpPOCTPAHGHHHX HA BCO TOUKH
samieyToi KpmBoi» (Considirations nouvelles sur les intégrales difinies qui
s’étendent 4 tous les points d’une courbe ferm3e.— C. r. Acad. sci. Paris,
1848, 23, p. 698) caenan HexoropHe 3aMeYaHHA 0 HPOMCXOKICHAHR IIEPHOLOB
WHTETpaJIoB 0T pamAoHalbHOM QyHKOAM, a B ofHON HemsgaHHOH paboTe 06BAC-
HEAJ TeM >Ke myTeM (T. €. HOCPeACTBOM KOMILIGKCHOr0 HHTeIrPHDOBAHUA) H
IPOACXOKACHA® UEePHoToB DITANTHIECKAX HHTErpanoB; HO €ro TPAaKTOBKa
Bompoca He OmlJIa fOoCTaroYdo moJdHOM m ofmeir.

Uccneposanne Ilron3s Guao mpogoldskeHo WM B yKe YIOMHAHABIDEHCA He-
Goanmoit pabore 1851 r. «Hosule mccnenoBanus o6 arre6pangecKkux G yEKIEAXY.
3mecs oR ycTaHOBAA, B WacTHOCTH, 4YTo oOfHO3HAuYHAA ajdrefpamgeckas
¢yHKOHEA HeobXomuMo ABIAETCA pan@oHalbHON W, [ajee, 4To B clAydae He-
npmBofuMoro ypasgenns f (u, 2) = 0 MomHO, OTHPABIAACH OT IPOU3BOIABHON
TOUKH ¢ ¢ KaKHM yrojgHo U3 sHagverm# u; (j =1, . . ., m), HaliTe myTH, cle-
AYA KOTOPHM MKl HPHJeM B Ty 3Ke TOUKY Co 3HAYCHHOM U,. OTHM 3aBepLIANOCh

dz=v,

% J. math. pures et appl., 1850, 15, p. 463.
% bid., p. 479.



OpeficTaBlIeHEne 0 CBASHOCTH BCeX BeTBel adreGpamueckoii ¢yHKIEE, IMOHU-
MaeMOH KaK COBOKYIHOCTH BeTBEH.

PesomMapys, moxH0 crasaTth, uro Iliomsé B ¢BoeM Tpyme man o6pasenm mc-
cle10BaHEA MHOTO3HAYHHX (YHKIEE CpeacTBamu, cosgaEHmME Homm. Ilpm
9TOM OH PacKDHJI 3HAUEHNE qUCTo aire6pandecKnXx W TONOJOTHYECKEX CPEICTB
AJA panbHeilimedl paspaboTkE Teopud. B 9acTHOCTE, [J1A HpONBHIKEHUS B H3Y-
9YeHME HepHofioB afeleBEHIX HATErpajoB eMy HeE0CTaBAJN0 HOEATHA IopAAKa
CBASHOCTH UM poja moBepXHocTH. Il BCe ;ke OH IpefCTaBHI mepef I'IasaMHE CoO-
BPeMEHHUKOB INOHATHe alrebpamuecKkol QyHKOHY B [OCTATOYHO WOJHOM H XO-
pOIIO pacuJdeHEHHOM BHfe, YTo0b OCMHCICHNE eT0 B BHAE IeILHOr0 reoMeTpH-
geckoro obpa3a €Talo [eoM W BOSMOKHHM, W HeoGXOXUMEIM,

Beparapg Pauman

IIposxmpmm# HemOATYI0 KESHEDL — OH yMep oT TybepKynesa, He JOCTHT-
HYB HDOJHHX COopoka JeT, b. PumaBn, Ge3 coMHeEEs, ABIAETCA ONHUM M3 Ca-
MHX TAyGoKMX M ODPOHHUOATENBHEX MATEMATHIECKUX TeHUEeB, KAKHX TOALKO
3EaeT HCcTOpHA HaykW. Ero Tpyasl, oTHoCAmMHUeCA MO CYTH flella JHIb K OHO-
My aecatmiaernio — 50-m rogam XIX B., oXxBaTHBalOT BCe O0CHOBHEE 006iacTh
MaTeMATHKM ¥ OKAa3HBaJlH M HPOf0JKAI0T OKAa3HBATh IIOJOTBOPHOE BO3jel-
CcTBHe HR ee DasBUTHe.

Teopr ®puapex Beprrapx Pumarm popmiaca 17 cenrabGpsa 1826 r. B ceme
Bpesenerne (Hmxuaa CaxkcoEms) B ceMbe IacTopa, BTOPHIM H3 IIECTH jeTel.
Ero 6aecramue cuoco6HOCTE K MaTeMaTHKe UPOABHANCH €INe B [UMHASHH, Tl
OH cBepx 06A3aTeabHOTO Kypea m8ydad Tpyaw Jiuepa m Jlesxamgpa. ITocry-
une BecHoM 1846 r. » I'éTTHHreHCKMiI yHEBepCHTET, OH CHauala MO HACTOA-
HAI0O oTHa msbupaer ¢uaoJOrdio I TeoJOrHI0, Ho OJHOBPEMEHHO HOCEMIaeT JeK-
noa mo matemaruke ¥ ¢pmsuke. Tak, derom oH caymaer deknmm Mopmma Ilrep-
Ba (1807—1894) mo wucaesHOoMy pemenumio ypasHernmid w Hapaa Toapammmp
Ta (1807—1851) mo 3eMBOMY MarEeTM3MYy, a B 3uMENE cemectp 1846—
1847 rr.— K. @. Taycca mo meromy HammeEmrmEX KBagparos m M. Illrepma
o0 ompefeNeHEHM HETerparaM., Kro BiIedenwme K MaTeMaTHKe GHIIO TaK Beid-
KO0, 4TO OTern A0MKeH ORI YCTYOHTH, H OH MEeAHKOM OTxaica AnbmmoMy 3a-
Baruo. Ho cam T'ayce mano mETepecoBancs mpeUmojaBaHHEM B 9TOT HepHOT
CBoeil xkM3HM, H MH BUgEM Pmmanma BecHoM cienyiomero 1847 r. ymxe B Bep-
nuHe, rie B To Bpemsa mpemopaBaim flxobm, Jlemen-Impuxme m Ilreiiep.
3necr OH caymaeT TaKKe JEKOEA JUSEHINTEHHA WO 'TEOPHHA SITHOTHYCCKHEX
¢yaxnmit, Ilosnmee PumaH pacckasmBal 0 CBOHX pasHOTIAcHAX ¢ JiiseH-
IMTeHOM 10 HOBOAY MOHATHA (YHKIMHE KOMILIEKCHOTro mepemeHHOro. Ilocien-
HE# OTCTAHBRJI UePBEHCTBO OPMANLHOI'0 BHYACIHTENLHOTO amumapara, TOrga
Kaxk PuMmas yxe Torga mojarag B oCHOBY AuddepeEnmaibHEe YPaBHEEHA C
YacTHHME OpomsBonHmME (ypaBHeEEsa [lamamGepa — OJiinepa).

Becroit 1849 r. Puman cHoBa B I'érTmHreBe. 3aech OH HmocemaeT B Tede-
HHEE TpeX CeMeCTPOB JeKnWH Io eCTeCTBo3HAHW M ¢uiaocopmn. HamGonarmee
BO3IEMCTBEE HAa HET0 OKAa3HBAIT JEKNHH U0 3KCOePHEMEHTaNbHOH ¢H3EKe
Buasrenbma BeGepa (1804—1891), B koropom Pumar mamen BepHEOTO Jpyra.
TayGokuit mETepec K Qu3mKe, CTPeMIEHHE COBJATH €AWHYI0O MATEMAaTHUYECKYIO
TEOPEI0, 0XBATHIBAIOM[YI0 BeCh KOMIJIEKC (U3MIeCKUX ABICHWEA M TOCHO CBA-
3aHHYI CO CBOHCTBAMH LPOCTPAHCTBA, XapaKTepHH aixsa Pumana. «I'maBEas
Mosa pafora,— mamer oH B OJHOM MECTe,— KacaeTCs HOBOr0 HOHMMAaHWA W3-
BECTHHX 3aKOHOB OPHPOHH, BHPAKeHUsA UX 4Uepe3 APYrue OCHOBHHE HOHATHA,
KOTOpoe Jano GH BO3MOKHOCTH HCIOJBIOBATH HKCIEPUMEHTANLHHE JaHHEE O
B3aMMOJEHCTBUA MEKAY TEUWAOTOH, CBETOM, DIEKTPHYECTBOM W MarHETH3MOM
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b. PUMAH

BAS B3aEMHON CBA3H 3THX ABIeHmin ?8, Ocembio 1850 r. om ysacTByeT B m-
3WKO-MaTeMaTHYECKOM CEMHWHApe, KoTopui Bemyr mpodeccopa B. Bebep,
maTeMatuk I'. Yappmx (1798—1879), M. Mrepm u M. B. Jlucrusr (1808—
1882). Kak msBecTHO, moCHefHEeMY HPHHAMJIEKAT NEpBag B JUTeparype mo-
OEITKA N3NOKHATh HOPHHOUNE 3apoKIAIOMEHCA MaTeMaTWIdeCKOH HAYKHA —
tonoXorma. Ilo garTmweckoMy BRIagy B MaTeMaTHWdeCKHe HCCIAeJOBAHHA He
JlmctrETYy, a Pumany cyskaeHo 6mio craTh oTmom Ttomoxormd. o BechMa
BEpPOATHO, 9TO €r0 OPETHEANBLENE HIeH 0 eIHHCTBE ()H3MYECKUX ABIEHHH, 0
CBOHCTBax IPOCTPaBHCTBa, N0 TOH HOPH HE H3ydaBmMeCA, MOIAM HAHTH INOR-
KpenmleHnme B fecefjlax ¢ yIacTHMKaMu HasBaHHOTO CeMHEHapa.

B posabpe 1851 r. Pumanm upexpcrasiaser gunocofcromy paryanrery I'ér-
THHTEHCKOT0 YHHBEPCHTETA CBOIO 3HAMEHHATYIO HOKTOPCKYI0 puccepranmio «Oc-
BOBap¥A o6uieil TeopuE QYHEKIUIA O[HOT0 KOMIJIEKCHOTO IEPeMEEHOT0Y, O PENe-
JWBIIYI0 HOBHH 9Taml B PAa3BUTUM TEOPWH AaHAIWTAYECKHX OQYHKNWi M
3aKI0Y2I0MYI0 B ce0e MCXONHEE HAEd TONOJOrMH IopepxmHocreir. OxEaKo ero
cay:xebrOe IONOKEEHE eIme MOJF0 ocTaercA Beckma ckpomumM. OE paGoraer
accucTeHTOM B cemmHape BeGepa; B ero 0643aEHOCTH BXOIUT BeJeHEe YIpasKHE-
HEH ANA BHOBL DOCTYNHMBIOHMX. 3BaHWe OPHBAT-NOMEHTA, HWIETO He MEHAIOIEe
B €r0 MaTepUANBbHOM HOoJOkeHWH, Pumam momydaer tonbpko B 1854 r. mocae
mpeacTaBIeENA TpefyeMoit MpaBmiIaMu BTOPOHE ero Zucceprammm — Ha OpaBo
mpemopaBapna B yausepcemrere (Ilabilitationsschrift) m mpogaremmsa mpo6moi

% Riemann B. Werke. Leipzig, 1876, S. 475. Cm. Take pyc. uep.: Puxar B. Counmenna.
M.; JI.: Tocrexmanar, 1948, c. 542. B mamsBeiimeM NETATH Aa0TCA HEMOCPEACTBEHHO N0
HEeMeOKOMY H3JaHAIO, HO YKa3HBAIOTCA TAKKE COOTBETCTBYIOMEE CTPARHEME PYCCKOTO
H3NAHHAA.
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neKknmu, BuOpamHo#t I'ayccoM m3 Tpex mpepsoxessnX PumanoMm tem. O ero
«rabunuramuoppoity paGore «O mpeAcTaBreHUM (QYHKOIUA TPHroHOMETpHYE-
CKEM pAmOM», MocMepTHO onyGamxoBannoi B 1868 r. m coobmuBmeit Momurix
cTuMyn paspaboTKe TeopuuM (YHKOUA eHACTBUTEIHHOTO NEPEMEHHOT0, yiKe
rOBOPUJIOCH paHee, a npobHasa Jdermua «0 rumore3ax, JEKAMAX B OCHOBAHUA
reoMeTpAd», YBHUJEBHIASA CBET B TOM K€ TOAY M COJEp:Kamas BCe OCHOBHBIE
uied pPUMaHOBOH FeoMeTPHUH, HOAPOGHO PAcCMOTPEHA B HEPBOWM rilaBeé HACTOA-
mero Tpyna,

B 1855—1856 rr. Pamas umraer cBolf Kypc Teopum abejeBmX (QyHROMIA,
a wepes roj HaIpaBJsAeT B medaTh GOJbION, CTABIIAA KAACCAYECKNMM MeMyap
«Teopus abenesux ¢yarnwity (Theorie der Abel’schen Funktionen.—
J. fiir Math., 1857, 54), rotophit cogepxut GnecTAmee pa’sBUTHE WAEH M METO-
0B ero amccepranud 1851 r. B npamenenun k Teopud anrebpamuecknx QyHK-
OUi ¥ BX WATETpayioB u K npobieme obpamenus, nocrapienHoit Ako6um u ero
Y9eEMKaMH U CYHTABUICNHCA B To BpeMsa He 6e3 ocHOBaHMA OHON U3 CJIOKHEH-
mux npo6reM apammsa. B mpoMekyTKe oH 3akagwmBaeT # B 1857 r. nybamKy-
et pabory «Brmaq B Teopuio pyaKouit, npefgcTaBuMEIX pAagoM I'aycca F (o, B,
v, )» (Beitrdge zur Theorie der durch die Gauss’sche Reihe F (a, B, v, 2)
darstellbaren Funktionen.— Abh. Ges. Wiss. Gottingen, 1857, 7), nocay:xus-
Y0 NCXOAHKM OYHKTOM aHaxaTadecKoi Treopuu auddepeEnualbaHX ypaBHae-
pwii. Hakoner, eciwm roBopurs 37€Ch TOMBKO 0 IPOKIAAHBAIIIEX HOBRE OYTH
ocEOBHEHX pabotax Pumana, B 1859 r. om nyGaukyer uccaefosarue «O ancie
NPOCTHX 9IHUCEJ, Hé IPEBOCXONANMNX NAHHON BeJIMUNHEN, 0 KoTopoM OHIa peun
B keure «Maremarnka X1X Bexa» B pasjeie, HOCBAIIEHHOM AHAJHTHYECKOM
treopun uncex (cM. Km. 1, c. 166—169).

Jlums B HoAGpe 1857 r. reEMaNbHEEIM YYCHEIA DOAYIAS 3BAHAE SKCTPAOPAH-
HapHOTO, 2 nocie cMeptu Juprxae — B 1859 r. mw opammapaOro mpodeccopa.
Cpepm KypcoB meKnuil, YATAHEWX BM B I'éTTHATEHCKOM yHmBepcureTe, GOJB-
moe 3HaYeHWE UMEIOT JdeKnud o AupdepeEuvanbENM ypaBECHEAAM MaTeMaTH-
geckoit pu3nkn. OHE GHUIN 3aMACAHH €ro y4eEWKOM XaTreHAopdoM 1 BIepBHe
m3gass B 1869 r. (Partielle Differrentialgleichungen und deren Anwendung
auf Physikalische Fragen, Vorlesungen von Bernhard Riemann. Fiir den
Druck gearbeitet und herausgegeben von R. Hattendorf. Braunschweig, 1869).
B 1862 r., Bcrope mocae sxemnTe6H, PuMas mpocryamica u saborxen. O6o-
crpeane Gole3nm, mepemenmel B TyGepKyles, BRHYMKIAN0 €r0 HaJOJXI0 Ipe-
PHBATH HALPSKEHHYI0 paboTy pagd 03[OPOBHTENBHHX moesiok B Hranwmio.
Ho Gonessr mporpeccuposana, u 20 moaa 1866 r. Pnman cxonuamca B Cemac-
ke y Jlaro-Mammxope.

Joxropcran puccepranua Puvapa. IMpuuwuymn [upuxne

Puman cryno ccutaercsa B ceouX paborax ga gymxme Tpyau. Ilo-smgaMomy,
OH, KaK, BIPOYeM, M Apyrue reEUajJbHEe MaTeMaTHKM, IPeJIOIHTa HOUCKAM
Ha moakaXx 6uGrmorex coGcTBeHEne pasMuamicHEus. Hak MCKIIOYeHUe BHIIAA-
JUT B €T0 BTOPOi fUCCEPTA[HY BBOAHAS JaCTh, HOCBAMEHHAA HCTOPHE IPEACTAB-
nepdsa QYEKOHMA TPHroHEOMETPHIeCKUMH pAgamMu. JIETeparypa Bompoca oTpa-
MeHa 8fiech mocrarogno obcroarensno. Ho me 06bACHEATCA TH HaJlHIue 3TOr0
HCKJIIOYCHNSA TeM MeCToM M3 mmchMa Pmmama k orny (ocemsn (1852 r.), rae, co-
obmas o gByxgacopoit Geceme ¢ [lmpmxie, oH pagyercA, 4TO TOT HACTOJBKO
monHo cHabmma ero saMerkamu (Notizen), B Koropmx Pumam Hy:rmamcs mias
cBOEro COYHMHEHUA, 9T0 Oxaropaps 3roMy ero paGora cymecTBeEHO ofmer-
'mnac;.? Bes aroro emy npumitoch GH npefaBaThCA JOATEM HoHMcKaM B Gnbamo-
TeKe .

7 Riemann B. Werke, S. 51.
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OTcyTeTBEE CCHIIOK Ha TY mim mayio pabory y Pumana me osHauaer eme,
9T0 OH He OLII 3maxoM ¢ 3Toi paboroit. O MO9TH HuMTHE HE CCHIaeTcA Ha Homm,
HO MOKHO C YRepeHHOCTHIO YTBEP:KAaTh, YTO OH BHAJ €T0 CTaThbd 0 PyHEmUAX
KOMILIEKCHOTO HepeMenHoTo, Buxogmpmue B 40-x romax. Taw, mampmmep,
B YOOMAHYTOM BHme MeMyape «Teopms aGeneBnx ¢ynrnmiiy (1857) Puman ro-
BODHT 0 QYHKOHA KOMILIEKCHOTO IIeDeMeHHOTO W, NS KOTODPOH ciepyer «iio
X0pomo M3BECTHOH Teopeme, 9TO W MPECTABIACTCA DPAAOM, DPACHOJIOKEHHEIM

o~

IO MeNKIM CTENeHsAM Z — @ BHAA )\ d, (z — a)", KOIb CKOPO OHA BMeeT B OKPecT-
0

HOCTHM TOUKM 4 BCEeTAa OJHO OonpefelleHHOe, HEIMPEPHBHO M3MeHAIMeECA BMEC-
Te C 2 3HaUeHMe, W ITO 3TO NPEACTABJeHNe EMEeT MECTO J0 TaKOTO PacCTOSHHAR
OT ¢ HAW MOAYJA Z — &, Ha KOTOPOM BCTPEYaeTCA Pas3pPHIB HeIPePHBHOCTHY *°.
OuermpHO, 9TO 3T0—TeopeMa Homn BonoTh 10 TepMUHOB (BRAIOUAA HeDEHATHE
Komm y ApraBa TepMHH MOAyib) B To#l (jopme, B Karoil PaMaE Mor mposecTs
ee aubo B mepBoM TOMe «Yupakmemminy (1840, ¢c. 29—31), 1m6o Bo BTOpOM
(1841, e. 54—355). Moxkao mpegmonaraTs, 9TO 3TH KHETH HoOmmH, mMeBImero
yiKe TOTHa BCEeBPONEHACKYI0 M3BECTHOCTH M COCTOABIETO WieHOM I8rrmHTreH-
cxoro ofmecTBa HayK, MMeJUCH W B ['éTTHHTeHe W, KOHe4YHO, B Depamme, rme
Puman maxogmmca B 1847—1849 rr. Uspatensr «Yupaxmenmity Bamenne
pacOpocTpaHAN mX BHIOYCKaM#A 110 MOZIHCKEe He T0ojahKO Bo Ppannmm, HO ¥ 3a
TpaHmmei, B YACTHOCTH, IOANMCKA IIPOHE3BOAMIACH M B Depamae y KHHTOTOD-
rosna Bepa. 3amermM, uT0 B mETHPOBaHHOM Memyape Pmmanm ynorpebiser
HapALY C TeDMUHOM OfHO3HAYHHI (einwertig) Tarxe mpmeagaexammii, Komm
TepMEHE MOHOZPOMHEIA. Hax MK yKaswBanm, mociegHmil BCTpedaeTcA B 46-M
BHIOYCKE UeTBEPTOTO TOMa «YIpajkHeHMH», BHINegOIeM #3 [EUaTH IOCAE
1850 r. (mo me moagmee 1853 r.).

HKaxwnmu crenenmsamu o paGorax Komu u ITiowss mor pacnonarats Paman Ko
BpeMeRM HaOWCaHUA TUCCePTanEm (B ocHOBHOM ¢ ocens 1850 mo ocenn 1851 r.)?
Ha arTor cueT MO;KHO BHCKABHBATH TOJALKO AOTagKu. MHE CUATAEM BOBMOMNCHEIM
HOmyCTATS, 4T0 PrMan GLI 3HAKOM yiKe TOTAa C TPeMA TOMaMH « Y MpaKHeHMID
Kommn %,

Mesxny npounM, me Moraa am crarha Komm «O ¢pymRImmax MHEEMOTO mepe-
MeHHOTrO», noMemennas B 36-# Terpagm, mocay;xuth yae B 1847 r. ogaaM B3
MOBOJOB JAA TOH AUCKYCCHE MexAy PumanoM m OfiseHmTeifHOM 06 O0CHOBRHX
OPHHENANAX BBEeHNSA KOMIJIEKCHHIX BeJWYHH B Teopui Qymknuil, o xotopoit
BHOOCAeicTBAN CaM PuMan paccrasmBan [lenexmany? B mepenaue Iemexmuna
9TO BBYUMT TaK: «Ji3eHIITEH OCTABAJCA Ha TOYKe 3PeHMA (OPMANLHHIX BH-
9MCiieRmid, B TO BpeMs Kak caM oH [r. e. Paman.— A. M] ycvaTpmsaa raas-
HOe B ompefeienuM (YHKOME KOMIUIEKCHOTO NepeMeHHOTO B YDPaBHCHHAX C
4acTEHIME OpomspogEEMm 0. Peusr spech, Komeumo, maa 06 ypaBEeHHAX
Haaambepa—3ditaepa.

Yro kacaeTcs «TOUKM 3peHds (OpPMaIbHHX BHYHMCICHENY, TO OHA OHIA
opefcTaBleHa He TOJAbKO B paGorax Difsenmreiina T0ro BpeMeHM 00 3JIWOTH-
decKnX YHKOUAX, TAe B OCHOBY GHUIM HONOKEHH GeCKOHEYHHE [IPON3BeCHNS

8 1bid., S. 81. Cm. pyc. m3p., c. 88.

7® HanoMHHAM, 970 Ba TETYJIBEBX JECTAX STHX TOMOB IPOCTaBJIeEH COOTEETCTReEro 1840,
1841 m 1844 rr. m nuImb YerBepTHH TOM nomeder 1847 r. OpBako, KaK Y€ yKa3mBa-
710Ch, Bce W3laEMe (YNPaKHEBHi» OCYIMEeCTBIANOCH OTHENBHEIME TeTpajamul (cahier)
CO CKBO3HOH Hymepanued 0o 12 Ha TOM; HX BHIYCK B cEer Bce Gonee sanaspuearn. Tak,
B IIOC/IE[HEM TeTpA]! TeTBepPTOro ToMa Homu pesaer cchIKy Ha cBoX paGory 1853 r.
3HAYAT, MO/IMCYEKE TeTBEPTOTO TOMA «YNpaKHEHH{» AOKIANECH ero 3aBepIICHAS
TOJABKO Ha 7-# rojl

Ilocnepansn Te'rlpaIlB TPeTrero TomMa — 36-, 0 KOTOpOH H/ET pedysb EBe, 0YeBHHO,

" BHILIA B CBET 0 847r., KOrJla noApmaach 37-4 TeTpajib, OTKPHNEAMAA 9eTBePTHI TOM.

Dedekind R. Bernhard Riemann’s Lebenslauf.— In: Riemaenn B. Werke, S. 512.
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® [BOMHEE PANH ¢ KOMIUIGKCHHIMH WIeHaMHd, HO W B Topa3fio Gojee sBEHOM H
SJIeMEHTAPHOM BUfie B yIOMARYToM MeMyape Komum. Bor Kax nocaepnmit maun-
gaer maparpad o yHKOEAX MHUMHX NePeMeHHHX: « MHuMbie nepemennbie mo-
2ym 6umb nodeeperymul, max d#e Kax U delicmsumeavriie nepeMeHHRE, DASAUY-
HELM ONEePaYULM, PesyAbmamsl KOMopHL cymb PYHKYLUL IMUT Nepemennus. Imu
PYHKYUL 0KASKEAIOMCA 6NOAHE OnpedeseHHBMU, K020A4 caMU onepayuu onpede-
AeHH U K020a 6noaHe 8aKpenaeH cMulca 0008HALEHUL, YNnompeOsieMuT & 6bulc-
aenuuy &1,

XapakTepHo, 4TO B gAccepTanud PuMaB Kak GH DPOZOJsKaeT CBoil guaJor,
Ho y e He ¢ JiizenmreitnoM, a ckopee ¢ Homm (koHeuHo, He HasHBasg BN TOTO
au gpyroro). Hapagy ¢ HoBLM DopxomoM K ¢yHKIMAM KOMILIOKCHOTO IePeMeH-
HOTO, CTPOTO BHISJAAIMMM KJIACC aHAJNATHIeCKHMX Qyukpuir (06 3ToM — HE-
JKe), OH IIOCTOSHHO HMeeT B BHAY TaK:Ke TPATWMIMoBHEHI, THe QYHKIHMH OHpe-
JleneHAn omepammaM® Hax BeamamaaMu (Grossenoperationen). Ilpm sroM om
pasamuaeT ABa MOHMMAaHUA HocJefHeTo: Oolee y3koe u Gojee mupoxoe. B mep-
BOM DOHMMAHMHA ME HMMeeM JeJ0 ¢ JeMEHTaDHHIMHM OmepPalAsSMM: ClOKeHUe,
BLMATAHAE, YMHOMeHHe M Ieienme, nudepenmImpoBaEde B HHTETpHPOBanme.
BrumonaEsas MX B KOHEIHOM YMCJIe, MOYKHO OIPENEeNHTh BCO QYHKIMM, HCHOIb~
3yeMhle [0 CHX IOP B aHaamse, yrBep:gaeT Puman. Bropoe moHmMaRme on
CBA3SKBaET TOJBKO CO CJAOMEHHMeM, BEMATaHHMEM, YMHOKEHHEM H JelleHEeM, HO
Teneph Y)Ke JOmyCKaeT, UTO STHX Omepamuil MokeT OKITH HE TONBKO KOHOYHOe,
H0 M OecKOHEuHOe YUcA0, T. e. HeaAsHo ssodum npedeavrbili nepexod. Ilpa stom
Puman BoBce He 0TpHIaeT €CTECTBEHHOCTH MIAM BaKOHHOCTE MOAX0JA K QyHKIH-
sIM, OCHOBAHHOTO Ha OUepamMAX Hal BeJHIAHAMM, M JIOMYCKaeT BO3MOKHOCTE
JIOKA3aTeALCTBA TOTO, 9TO 4MOJoMKeHHOe 371ech [T. e. B mucceptamuum.— A. M. ]
B OCHOBY TOHATHE YHKOUH KOMIJIEKCHOTO IMepPeMeHHOTO MONHOCTHIO COBIa-
JaeT ¢ 3aBUCUMOCTEIO, BHPa)KaeMoil HoCPeIcTBOM omepamuii Hay BeJmamaaMmy 82
{Bo BTOpOM moHUManmE.— A. M.]. OTa THDOTE3a CBHAETEJILCTBYeT 06 ycTOl-
ausoM matepece PuMana k mpofiaeMe amaJdTHIECKOTO IPeACTaBJIeHMA PyHEK-
mum (HaBepHoe, ¢ 1847 r.). Orclona — mpsaMas qopora Ko BTopoil Amccepraman
«0 npenctaBuMocTn ¢ynkmum TpuronoMerpmdeckmm psamom» (Uber die Dars-
tellbarkeit einer Funktion durch eine trigonometrische Reihe, 1854). Ho a10
yxe o6aacTh TeopmH QyHKOME AeficTBATENLHOTO mepeMeHHOTo. UTo Kacaercs
byaxmui KoMILIEKCHOTO HePeMeHHoTo, To 3Fech IpeqnoJo:;KeHMe PumaHa o
COBIANEHMHA OBYX KoHOeNOu# (YHKOUM O0Kasajoch BEPHEIM OPH OHIOJHM-
TeAbHOM OTPAHMYCHHWM: pacCMAaTpMBaTh He aio0oif mpefeanHHI mpomecc, a
TOABbKO PaBHOMEDHHI M DPHTOM B CBABHOHN AByMepHOil o6aactm. [lorasan 1o
suepBrie BefiepmTpace B paGore «K ygenmio o ¢ymrnuax» (Zur Funktionen-
lehre.— Berl. Monatsber., 1880). Beizepmtpacc cauran, ogHako, HeoGXomm-
MKIM TOJ9ePKHYTb, YTO OH OIPOBEPT TAIoTe3dy PmMaHa, TaK Kak IOCAeTERA
He BRJIIOYMI B Hee ABHO Tpe0oBaHWe CBA3HOCTH (a TaK:Ke H PaBHOMepHOM
CXOTHMOCTH; CM. HIKe).

Mu MosxeM NonycTHThL, 4uTo PuMan me ymommaaix Homm anbo moromy, 9Tt0
He pasfesAl Iogxofga mociemHero K QYHKOUAM KOMIJIEKCHOTO IepeMeHHOTO,
THe He GHIIM HOCTATOYHO YETKO BHIABJIEHH OCHOBHEIE HPMHOUOEI, JuGo CUMTaJ
9TOT HOAXOJ] CAMIIKOM YSKHM M HEIPHTOTHHM JJIA TPAKTOBKH 3aHMMABINAX
€ro0 BOOPOCOB U3yuennsa airebpamueckux fyHrmumil mw mx mATerpasoB. Har 6u
To nu G0, Ho3unuA Pumana B ¢Bolo ouepens ocBoGosxnana Homu or cchiox
Ha ero TPYAH, 0COGeHHO B CIydasax, Korga Homm Moriao OpeAcTaBIAATHLCA, UTO
Puman BTOprca ma 3aHATyI0 y:ke HM TeppuTopHmoo. Tak MOKHO OOBACHHTH TOT
<axrt, aro KHomu B cratee «O. nuddepennuanax aareSpamdecKux MId TeoMeTPH-

8. Cauchy A. Exercices, 1844, t. 3, p. 366.
82 Riemann B. Werke, S. 39. Cm. pyc. m3g., c. 50.
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YeCKMX KOJHMYECTB M O UPOM3BOAHHIX (YHKIOEA 3TUX KOJAHMIECTB», IOMe-
meHHo B 47-it Terpamm 4-ro ToMa «YupakeEeHmid» (1852? (cp. BEme Ha
c. 178)), mcmoamayer ycioBHA CYImECTBOBAHWA OPOMBBONHON ¢QyHRmEEM Z
KOMIJIEKCHOTO HepeMeHHOTO 2 HPHEMEPHO TaK jKe, KaK 3To jedaer Puman, HO
6e3 ccraoK Ha HocaegHero. Ilpm sToM mTmmBMit pas BHABIAAETCA CYMMeCTBEHH O
06CTOATENLCTBO, OCTABIIEeCA B TeHHM B OpeAngymux paborax Komm: ommoro
JAmb TPeGOBAHMA HEOPEPHBAOCTH HcCAeAyeMHX (YHKMEHE KOMIIEKCHOTO Ie-
PeMeEHOT0 HeJOCTATOYHO NiA O0OCHOBAHMA OTKPHITHIX MM paHee 3aKOHOMep-
HocTelf; HeofXoguMo eIne BHIIOJHeHEWe ypasHeHmit [lamambepa — OJidmepa.
ITosBonurenbHO AYMaTh, UTO TOJBKO 4YTO YHOMAHyYTaA cTratha Homm Gnina,
TaK CKa3aTh, MATYRUpPOBaHa mucceprammeir Pumana. Ho ¢arrmaeckm mop-
TBePXIeHNeM 3TOTO IPenHoJO/KeHHA ME He PaCHoJaraeM.

C gpyroii cTopoHH, Yy Hac HeT TaKiKe HPAMOro HOKABATENBCTBA SHAKOM-
crtBa PuMasa ¢ mMemyapoM ITromsé 06 anre6pamuecKmx QYHKOHAX B IIPOMECCe
pabotw Hajm gmccepramueif. Mu, omEaxo, cIuTaeM BechbMa BepOATHEIM, uTo Pn-
MaH CBOEBpPeMeHHO Ipoded 3ToT MeMyap. Ilocaegnmit mybamroBajicsi B OXHOM
3 CAMHX BAMATEABHEIX M CaMEX PAaCOPOCTPaHeHHHX MaTeMATHIECKMX JKypHa-
JIoB TOTO BpeMeAM, HeoOXOTMMEIX [JAfA Kamjgoro, KTo paboran B obmacTm ama-
ausa,— «Hypuane gmcToff m nDpEKNamgHOE MatemMaTmrmy JImyemana. Bruxox
B CBET MeMyapa IO BPOMEHH COBIAJIaJ ¢ Ieppoif crammeil paGotn Pmmana map
maccepTanmeit — ¢ OKTAGDPA o gexalGpp 1850 r. IIpoittn MumMo Memyapa ITiom-
38, comeptamero mOCIeTHeo CAOBO B TeOPHMH ajrefpamueckmx yHKROUE @ HX
HHTerpajioB, PuMaE He MoT XoTA OH IOTOMY, 9TO, HO €T0 COOCTBERHOMY OIIpe-
JeNenuo, 06aacTh UCCAEOBAHMN, B KOTOPHX IePeMeHHEM I PUIaBajiCh KOMII-
AeKCHEEe 3HaTeHHsI, ITOYTH HOJHOCTBI0O CBOEMJIACh K TAKMM 3aBHCHEMOCTAM, B
KOTOPHIX OfHA H3 IepeMeHHHX eCTh aarefpamdecras (GyHKUUA APYTOH HMAM
pATerpana or anarebpamueckoil ¢yaxmum (cM. Hmxe). IIpmGaBuM, HakoHenm, 4TO
caMOe MOSBJIEHMe IIGHATHA MHOTONMCTHOH HoBepXHOCTH B madaje paboTu Pn-
mana (§ 5) ¢ oumpefeseHEMeM TodYeK Pa3BeTBIEHUA MOBEDXHOCTA HM ONACAHHEM
CBA3H JIMCTOB MEKIY co0oif, pacmafalomuxcs Ha OTHEJIbHEE IHKIH B OKPecT-
HOCTH KayKH0# TaKoH TOYKM, MOTJIO IIOKAa3aThCA COBEPIIeHHO HEO}KHMIAHHKM H
KpaiiHe MCKYCCTBeHHKM JHMmBb JJIA TeX, KTO He 4HTalX eme MeMyapa Iliomsé.
Ho sHuMaTeNLHH YHTATENb STOTO MeMyapa MOT OOGHADYKATH B YKa3aHHOM
NOHSTHA NPEBOCX OHHHA IreoMETpHICCKHEA KOMMEETADHWA M BMeCTe ¢ TeM CBOEro
pona rayboroe pesioMe Memyapa Ilromsé.

Y10 Kacaercs mocTm:xeHmii AGens, fIko6m W ero y2eMHMKOB B TEOPHM dJ-
auoTedecKuX QyHKEME M abelleBHX HMHTerpaioB, To Pmman, bes coMHeHHs,
Blajiel MMM YK€ TOTJa, KOTWa OH elle TOJAbKO 33XyMEIBaJj CBOIO JIHCCEPTALHIO.
H sTr gocTHKEHEUA M B 0COGCHROCTU BOMPOCH, OCTABIIMECA 3[eCh HepeMeHHKIMH,
HOJHEN OHIM MPHBECTH er0 K yOeKIeHHi0, ITO OIS CYN[eCTBeHHOTO IPOJBH-
JKOHHMA BHepen HeoSXOMMMoO co3faHMe TBepHo# 6assl MByYeHMA MHOTOSHAYHHIX
$yERIEA.

CepbesHoe 3HadeHme B gucceprammu Puvana MH Opapgaem, ogHako, § 20,
KOTODHIA CJeyeT 3a OCHOBHOM 4acThi0 paGoTH, MOCBAMEHHOH HTOCTPOEHMIO
PHMAHOBHX IOBepXHOCTEH H 06OCHOBABWIO CYN[eCTBOBAHMA Ha HUX QyHKmmii,
NOTIMHACHHKX ONPEReNeHHKM YCIOBHAM, THIAIHEM I anrefpamdecREX PyHK-
nu#i ¥ AX HHTETPAJOB, M IPEAIIEeCTBYeT IBYM HDoCjJeqHUM naparpadam, rme cTa-
BOTCA W pemaercA 3amavda KoHPODPMHOTO 0TOOpasKeHHS ONHOCBABHHEIX obJjac-
reit. B navame § 20 Puman yrasuBaer, 4To X0 CHX IOOp TapMOHHA M IpaBHib-
HOCTB, CKDHTHE B TEOPHM 3aKOHOMEDHHIX CBA3edl MeKTY HepeMEHHKIMHA Beld-
Y@HAMH, IPOABJAINCH, KOTJA 9THM BEJIMIMHAM OPHAABAJIACH KOMILIEKCHEHE
sHaveHms. IIpaBma, caydam, xorma 5TO HMeNO MeCTO, OXBATHIBAIOT IOKA He-
6oapmyio 00MacTh 3aBHCHMOCTE, B KOTODHX OFHA M3 IePeMEHHHX eCTh al-
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rebpamveckan QyEROEA OPYroi MM jKe MMeeT NPOMBBOJHYIO, ABJIAINYIOCA
aareGpamieckoii Gynrnmeii. Ho xampawii mar, Koropsiit 6r1 3pech cheixaH, He
TOJBKO HPHAaBal Golee IPOCTOH M BAKOHUYECHHHH BHJ DPe3yJabLTATaAM, MONYUEH-
BHM (e3 KOMINUICEKCHHX BeJHYHE, HO M YKa3HBaJd NYTH K HOBHM OTKDEITHAM;
MPUEMEPOM «CIYIKMT HCTODMA MCCIEHOBAHMIE, NOCBAMEHHEX ajlreGpamdecKmM,
KPYrOBHM WIHM NOKa3aTeJbHHM, IIMOTAYCCKAM W abeneBrM QyHKOEAM» 3.

Yro ke HoBoOro naeT ero mcciaemosBanme? Ha sToT Bompoc Pumam oTBedaet
tak: «CymecTBoBaBIIde 10 HACTOAMEr o BpeMeHA METOIb M3y ueH i 3THX $yHKIAIL
EMeJHd B cBOeH oCHOBe onpefiejeHMe QYHKIWHA IMOCPEACTBOM (GOPMyJH, DO3BO-
Jsiomedl BHYRCINTDH ee 3HaYeHMAe 1A KaKIOro 3aJadHoro 3HaYeHAsA aPTYMeHTa;,
B HameM HCCJAeJOBAHMM IOKA3KBAETCHA, YTO B CHIY CBOMCTB, BHyTPeHHe MPHUCY-
mux (QYHKOUM KOMILIEKCHOTO IEePeMeHHOIo, B OIPEe[eleHHH TaKOro poja
9acTh JAaHHHX €CTh CIEACTBHEe OCTaJbHHX, M YCTaHABIMBaercA, KaKuM 00-
pa3oM YHACJ0 JaHHHRX MOJKeT OHWTh YMEHBIIEHO U CBEieHO CTPOro K HeobXo-
gamomy» 4. I B Buge upmmepa NpUMeHeHAA NIPWHNMIIOB, Ha KOTODHX
cTpomTcA ero pabora, MOBBOIAIMMX OOpelelATh MOBeAenme PyHKOHA He-
3aBHCHUMO OT M300payKkeHHMA ee Toit miam mMHoil QopMyloil, oE OIpuBOEAT cCie-
IyOmyo TOJAYI0 XaDakTePHCTHKY DOHATAA aarebpamdeckoi Qynrmmu:
370 QyHKOuUA, DI KOTOPO# 06aacTh MBMEHEHHMS LEPEMEeHHOH Z OTHOKDPATHO
HJIM MHOTOKDATHO IPOCTHPaeTCA HAJ Beeil GecKoHeunoil MIOCKOCTHIO, NpHIeM
QYyHKOUA mMeeT Pa3PHBH, TONLKO obpamasfch B GeCKOHEYHOCTH B KOHETHOM
qiclie TOYeR, WM IPA 9TOM TaKme, 4TO NOPANOK ofpalienma B Ka)Kmoil m3 HAX
KomeueH. Pasymeercd, PEMaH mogpasyMeBaeT, 4To BO BCeX OCTAaAbHHX TOYKax
CYImeCTBYeT MpOM3BOAHAA NHO KOMIONEKCHOMY I€DeMEeHHOMY 2. XapakTe-
pHCTHKa 3Ta peiicTBMrennbHO fABagercA Hoxmoidl. Martemartme mocaenylomumx
JecATmaeTmii MOT OH BaMeTHTbh, BIPOUEM, UTO YCIOBHE KOHEYHOCTE HODAIKAE
JIOMyCKaeMHX 3/lech MOJIOCOB alrefpamdeckoll (YHKOUM HM3IAWOIEE: OHO CJe—
JyeT W3 OCTaApHEX OPENNOoCHIOK. Ho [Oif TaKoro 3aKIOUeHHMA OPHAMJIOCh
O ommparnCA, HaDUMep, Ha amaams BelfepmTpacca, ocHOBaHHHNA B KOHEY-
HOM cdere Ha «popMyiie»: IpeAcTaBicANd QYHKOMEM B OKPECTHOCTH HM30JHAPO-
BaHHOH# ocoloii Toukm pAgoM Jlopama — Beiiepmrpacca,

B wonme § 20 Pumanm BHjBuraer sagady J[JOKasaTelbCTBa COBIAJEHMS
JABYX KoHmennui (ydIKOUHM KOMIJIEKCHOTO IEePeMeHHoro: HOBo#, ero cob-
CTBeHHON, W TPajAWOWOHHOM, HCXOOAme# ®3 omepanmit HaT BeIWIAHAMU
(apammrmieckoro mpefcraBiennd). Ho o6 3T0M yixe ToBopmJIOCH BHIIIE.

HAuccepranma HaumHAeTCA € YCTAHOBAGHMA Pasimiusa MeKTY QYHKIMAI-
MU [efiCTBUTeNbHOTO M KoMmiaexcmoro mepeMensnoro. He momsepras mepsrie
IPyTHM OrpamvueHMAM, KpOoMe, OHTh MOHeT, HemPepPHBHOCTH, PuMaH mpef-
laraeT paccMaTpEBaTh W = U - (v Kak GyEKOUIO z = x - iy, ecIH BHIpa-
HeHHe

du-dvi [ 1 /0u dv 1 7/ ov ou\ ,

o=zt w)trla—a)il]+

1/ du v 1 (v du \ , :

+z (=) r(E )

Ije HojoeHO dx -+ dyi = €e%, We 3aBHCHT OT ¢. 3aMeTHM, UTO BHIpajKe-
HAA B OpaBo#f uaCTH, 3aKII0UeHHEE B KBaZPDaTHHX CKOOKax, OPejCTaBIAIOT
co60ii Tax HasHBaeMie ¢opMalbHEEe HpPOoMsBOgHHE (yEKODEA w (Z), KoTO-
pHe, TakuM 006pasoM, BuepsHe OHaAM BBefentl PmMarmoMm B 1851 r. Ycaosme,
0 KOTOPOM TOABKO 9YTO IJa pedb, MMeeT CIeNyiomuil BUL:

du dv dv du

=T wm— (19)
8 Riemann B. Werke, S. 38. Pyc. m3pg., c. 81.
84 1bid.
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JT0 W ecTh 3HAMEHHTHE YPaBHEHHA C YaCTHHIME IIPOUBBOJHHEMEO, KOTODbI®
OPUBATO HasHBaTh ypapHeHdmAMa Homnm — PpMama miam (¢ He MeHbLIIEM
ocaopanmeM) [lamamGepa — Oiimepa (cm. UM, t. 3, c. 365—367).

HiMerHO OHM W UPHBOIAT K ONPefeJdeHUI0, IIOJOKeHHOMY PuMaHOM B
ocHOBY ero paGore: «llepeMenHad KoMmercHasf BelHUMHA W HA3HBAETCH
¢yEROMell APYTroil NepeMeAHON KOMIJIEKCHON BeJMYWHH Z, €CJD OHA MEHAeT-
cA BMecTe C Hell Tak, 4T0 B3HavueHHWe JuddepennmannHOoro UacTHOTO dw/dZ
HEe3aBUCHEMO OT 3HaueHmi muddepennmana dz» . Ecam me obpamarsr BHEMa-
HEA Ha JeTajd, K KOTODHM MH TelleDbh HPWBHKIM, TO 3TO H €CTh OLpefiele-
HOEe aHANHMTAYECKON (PYHKOHE KOMIIEKCHOTO MepeMeHHoro (B IBYMEepPHOU
obnactn). B yoommmaBmeiics mamum crathe Komm «O mn@depennmanax ai-
rebpapuecKMX HIHA TEeOMETPHYCCKHMX KOJIMYECTE M O IIPOMBBONHHX (yHKImMit
9THX KOJMYECTB», HamedaTaHHOH B 47-#f TeTpagm «YnpakaeHHi» yixe mocie
TOoro, Kaxk HomEm MOT 0BHaKOMHTLCA C OuWccepranmel PumaHa, MH BHJHEM,
te ke ypasaeHns (19), Ho B KoMmmaercuoit dopme:

D,Z = iD.Z,

rge Z ects Qpymxnma z, a D, m D, — 0Go3navennsa TacTHHX TPOM3BOTHEIX
no z u uo y. Xopx paccyxpmenmii Homm momo6em paccymxmenmam Prmasa,
xorA Homu ¥ He BHIMCHBaeT BHpa)keHWH Oi1A OpMaJbHHX HPOM3BOTHHIX.

Bepaemca x Pamany. IlpegcraBiasa woMInekcHbe mepeMEeHHRE Z M W TOU-
KaMyu miaockoctei A m B coOTBETCTBEHHO, OH yKasHBaeT, 4TO 3aBHCHEMOCTD
W OT z MOKHO TIPeICTaBIATHL Kak oTobpasxenme (eine Abbildung) maockocTm
A Ha OAOCKOCTH B, OpHE KOTOPOM TOYKa NEPeXOfMT B TOUKY, NEHHSA B JA-
gm0 ® o6racte (ein zusammenhédngendes Flachenstiick) B3 o6macts. Ecam
e w ecTh QyHKOHWA z B OmpefielIeHHOM BHIIE CMEICJIe, TO 9TO OTOGparkeHHme
npeobpasyeT Majeilmde 4YaCcTH MJIOCKOCTH A B mogoOHKeE mM YacTH IJIOCKO-
cta B (1. e. ABnfeTcA KOHPOPMHEM; IOCAeTAEM TepMmEOM PuMan @e moik-
syercA). B aTOoM MecTe 0H ccruiaeTcAa Ha Il'aycca, HMCCIeTOBaBIIETO BOIPOC
0 KoadopMHEOM oTOGpasKeHEM OfHOM mOoBepxmocth Ha apyryw B 1822 r. Ha-
MOMAHMM YHTATeNI0, YT0 3afjada KoHGOpMHOTO oToGpaskenus oGiacteid cde-
PH B ILIOCKOCTH HCCJHeJOBalach B o0meM Bmie Jiiepom B pabore, omyGiam-
ropanmo# B 1778 r. (ecm. UM, 1. 3, c. 170).

IIpegmosnaras CBABHBaTHL ¢ KakEOH (yHKOUEHl KOMILIEKCHOTO IepeMeH-
HOTO IpefcTaBJeHme 06 oToOpaskemmm omgmoil o6iactm Ha APyTylo, PmManm
AelaeT CYMEeCTBeHHO HOBHH mar B MCTOPHE TEOPMH aMAJMTHIECKEX (QyHK-
nuii. Ilo sHavenydio ero MOKHO CPaBHMBATHL ¢ BBefenmeM rpaduror QyHKIHIA,
3aflaBapmuExcA cHauada ¢opMmyramn. TaM mpomssopmafd BHIpayKaeTcd Tad-
TeHCOM yTJla HaKJIOHA KacaTeJbHOH, 37ech — KOMIACKCHHM K03(PuimenToM
mogo0usA, K KOTOPOMY B MajlioM CBOIMTCA pacCMAaTpHBaeMoOe OTOOGpaskeHHe
(Mogyns mpomWsBofHONl ompefenserT oTHOmeHme mogo6wMaA, mam MacmTab oTo-
Opaxennsi, apryMeHAT — yroJa DOBOPOTa mpeobpasyeMoii ¢QHUTypH).

B xauectse cieficTBHA U3 ypapHeHnit (19) PuMan BHOHCHBaeT ypaBHEHHS

0% 0% (2% %y

T T =% =0
T. €., BHPaKAfACh COBPEMEHHHIM A3HKOM, YCTaHABJAMBAET, UTO NeHCTBHTENb-
Hafi ¥ MAWMAfA 49acTH AHAJIMTEYECKOH (YHKIMHM KOMIJIGKCHOTO HEeDPeMEHHOTO
ABIAITCA TapMoHmdueckmMH ¢yHknmsamm. CHOBa 3Ta KOHCTATAMA MMeeT
BHaueH¥e IePBOCTENEHHOHX Ba)KHOCTHM: TemepPh OTKDHBACTCA BOBMOMKHOCTH
DepeHOCHTh B Teopmio PyHKOWE MeTOmNM wmMcciaefOBAaHEA, HPUMEHABMMECH

B Tex mpobGiaeMax (EMBMKHN, CBA3AHHHX C PABHOBECHEM WJIH YCTAaHOBMBIIAMCH
IOBHKEHMeM, B KOTODHIX 3TH QYHKIEM eCTeCTBeHHEM 00pasoM IOABIHNMCH.

% 1bid., S. 5. Pyec. uan., c. 50.
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Ho mnpemge ue,M TroBOPHETH 00 3THX MeTO[aX M 00 HHTOTDAJBHEIX IIPECTaB-
denuAXx (QYEKOMA Ha KOTODHX OHE OCHOBAaHH, PuMad pacmupser moHHA-
THe 06J4aCTH, BBOIA HasBaHHEE 3aTeM er0 MMeHeM IosepxHocTm I — puMa-
HOBH MOBEDPXHOCTH, MHOTOKPATHO NPOCTHpalomuecs BaJ Bcell IIO0CKOCTHIO
min ee dacrAmd (§ 5 amccepramum).

3gece me MeCTO BOCHPOHM3BOANMTH [ETAJH ero H3J0KeHHsA, mepelefmide
BIIOCJEICTBMM B TOM HJIY MHOM BHje Ha CTPAHHNH YIeOHWKOB M MoHOTpadmi
oo Teopud QYHKOEE KoMmaeKkcHoro mepememnoro. CraskeM TOaBKO, TO M3
mpefjaaraeMEX PHManoM pasbfiCHeHHA BEITEKaeT, HYTO OKPECTHOCTH TOYeK
PHEMaHOBOH HOBEPXHOCTH YCTPOCHH JHO0 KaK OpocToil KPyr, ambo KaK KPyT
m-KpaTEH# (m > 2). B mociegmeM ciydae To9Ka moBepxHocTH I', OTaMY-
gasg ot meatpa O Kpyra m Bpamammasfca BoKpyr O B onpefeJeHHOM Ha-
OpaBJeENA, OCTABASACH Ha HIOBEPXHOCTH, HOJIKHA HOBePHYTHCA HA YToa 2mai,
Opekge YeM BepHEeTCA Ha Ipe)kHee MecTO. T'0YHee TOBOPA, €CHH dYeped a4
z 0003HAYATH COOTBETCTBEHHO KOMILJIEKCHEE umcja, M300pajKkaeMbe TOUKOU

O n gewwymeiics TouKOH, To oTOoGpa)keHHe "1'/'z — a = t B3aMMHO OJHO-
SHAYHO O0TOOPA3HT YHOMAHYTYIO OKPECTHOCTH HA KPYT ILIOCKOCTH i C TIeHT-
poM B Hadajle KoopImHaaT. Taxywo touky O momepxmoctm T Pummanm HasmBaer
3gech Toukoi mapuBa (Windungspunkt) (mospmmee B «Teopun aGexeBmx $ynx-
nmity — TouKo# pasmermiaenusi mopanra m — 1). Hapg ogmoit u Tolt me Tou-
KO MJIOCKOCTH MOTYT HaXOHMTHCA PA3JWYHHE TOUKE Da3BerBileHdA, Kakmaf
obnafamas CBOMM MOPAIKOM, a TaKKke M OOHKHOBeHHHE TOUYKH MOBEPX-
gocta T (RJIA KOTODHIX MOKHO cuataTh m = 1, mam mopspox pasuuM ().
Puman pofaBiser, M COBEPIIEHHO CIIPaBeIHBO, YTO 3afaHUe IOJOKEHHA
¥ HanpaBieHEMA 06xoma rpaEmmH I, OTHOCHTEJBHO KOTOPOTO OHNPEleseTCH
BHYTDEHHOCTh M BHEIHOCTH 7', BMecTe ¢ 3ajlaEMeM PacHOJOKeHHA M OOPHL-
KOB TOYEK pPaSBeTBICHUS He BCETHAa ONHOBHATHO OIpefejfieT CaMy MOBepX-
HOCTb.

MEOTO/JHCTHNE HOBEPXHOCTH IO3BOJIAIOT PACHPOCTPAHUTH MEPBOHAYATD-
HOe ompejenenme QYHKOUH Ha MePeMEHHEE BeJIMYAHK, IPHHEMAIOMZE OIpexne-
JIeHHOe 3HaYeHMWe MAA KajKIofl TOUKM TaKO¥ HOBePXHOCTH, HEIPEDHBHO H3Me-
HALIeeCs BMeCTe ¢ W3MeHeHnmeM moJo;xeHmA Toukd. Ilpm aToM momyckaercs
YTO CYMECTBYIOT OTHeJbHHE TOUKHM WM JWHWA Ha HOBePXHOCTH, B KOTODHX
¢yHKOEMA mWIn He oMpefelieHa, WM JONYCKAeT Pa3PHBH HEIIPePHBHOCTH.

Bce crasannoe ICHO paCKpHIBaeT 3aMHCIH PuMana, IpuBeqmue ero K BBe-
JeHMI0 B MATeMA4THKY HOBOTO BHfa MOBEPXHOCTEH, COCTaBJICHHKX U3 IAOCKOC-
Tel M MX YacTeil, OPOCTEPTHX OfHa HaJ APYroll M 0coOHM 0GpasoM CKpeIeH-
HHX MeKAY c060il. 3aMEICeJ 3TOT COCTOSI B TOM, YTOOH KamAyw (QyHKIHO
KOMIJIEKCHOTO IEePeMEeHHOTO B ero IIoHMMaHmu (T. e. aHAJWTHIECKYI0), QYHK-
Oul BooOIMe MHOTO3HAYHYI (BCHOMHEMTE ajrefpamieckne QyHKOHN B abeiensl
MHTETPaJH), CHaGATh, TaK CKasaTh, CBOel cOGCTBeHHOE 001acThIO, B KOTOPOR
oHa fAIBAANAcCh OH ompo3Ha4HO! $ymrumesrs Touru. Baaromaps PuMamy ramk-
OasA aHaJHTAYeCKaAd (QYHKOAA Onaa o0pedeHa OTHHIHE HECTH ¢ CO0OH CBOMWO
PHMAHOBY IOBEPXHOCTH, IONOGHO TOMY, KaK YJHTKa HeCeT CBOW DaKOBHHY.

IlopropsieM, ure pMMAaHOBA HOBEPXHOCTH He [JOJJKHa OHUIa IPOWIBONHTH
BUeYaTAeHHEe Yero-T0 HajyMaHHOTO H HeeCTeCTBeHHOTO Ha MATEMATHKOB, CIIO-
COOHHIX OXBATHTH CTPYKTYPY aire0pamieckux (YHKIu# m BmX mMHTErpaloB
Ha ypopHe, HanpuMep, memyapa ITiomsé. IlpnBonuMuie mocmemHuM paccymme-
H¥s, IPUBISaHHKE K CJOKHON mayTwHe MepPeceKalIuXCA UyTeH, MEOTOKpAT-
HO OKDY/HAWIIEX KDMTHYeCKHE TOYKH, CTAHOBHIACH HPO3PAYHEIMH, & YBJH
pyTeit pasBASHBAJACH CaMA co0o0if, KOT[[a BCe MOCTPOEHME MEePEHOCHIOCh HA
COOTBEeTCTBYIOU[YI0 PMMAHOBY MOBEDXHOCTB.

HanomamM, 4T0 ecau NpaBmIbHO Halle IPEJIIOJI0KeHNE O TOM, 9TO B CIIOP®
Pumana ¢ Oitzesmreiinom B 1847 r. 0o6e cCTOPOHHK He MOTJIH He 3HATH HETaBHO
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ONy0JAEKOBAHHOTO B TPeTheM TOMe «YIpakuenmin Memyapa Homm «O ¢ynk-
OMAX MHEMOTO HePeMEeHHOTO», TO MMEHHO TaM MOMKHO OHJIO BHYHATATh KaK
BHel0 BHIENEHHNA ONHO3HAYHON BeTBM MHOTO3HMaYHOM $ymrmumm, ocymecTisie-
MOTO pasJMYHHIMHE cHocofGaMm, TaK M TO, YTO TaKOe BHIEJCeHMEe MTPHBOIAT K
DOABJIGHMIO JMHER pasphBa Ha miaockoctum. Torga, B 1847 r., mucabr Pavana
MOTJa OWTH OPHBJIEYEHA K 3THM, ellleé He OCBOGHHLIM B MaTeMATHKe, DIeMeH-
TaM 38JaMMfA MHOTO3HAYHHX (QyHKOHmii.

BnpoueMm, ckazaHHoOe BHIIEe He O3HAYAET em[e, UTO BCe BaHMMAIHMECH
HCCIIeTOBAHMAME B STOM 00JaCTH JETKO M 0XOTHO OCTABHJIM NJIOCKOCTh I Iiepem-
J¥ Ha PEMAHOBY MOBEPXHOCTH, HPEJCTABIAAINYI0, KOHeUHO, (0jiee BLICOKYIO
creneras aGerpaxnum. Tax, Bpwo u Bywe, sumycxas s 1875 r., mourn uerseprn
BeKa cOyctd, cBolo mnepepaborammyio «Teopmwo siamnTmdeckmX QYHKITMLY,
B KoTopoi#l MHOTO3HaYHHE (JYHKHWHN BBOIMAMCH C HEPBHX e CTPAHHME, HOJl MMe-
HeM MOJATPONHKX, MHCAJM B IPemucioBun: «B reopmm Komm xox MawmMmoi me-
peMenBOii HM300paskaeTCA MBMMKEHMEM TOYKM Ha ILIOCKOCTH. YTO6H mpepd-
CTaBAATHh QyHKNEM, NPACODETAIONIME MEOTHME 3HaYeRMA OJIA OJHOTO M TOro
JKe BHAYeHuA OepeMeHHOTO, PmMaH paccMaTpmpal MIOCKOCTH KaK o6pasoBaH-
HYI0 MHOTMMH HAJIO}KeHHHIMH Ha Hee H COeIMHeHHHMM mocpedcTBoM cnaex (les
soudures) JIMCTHAMM TAKMM COOCOGOM, YUro mepeMeHHAA MOTJIa MePeXOfHMTh C
ORHOTO JHCTKA Ha APYroii, mepeceKas JMHUIO Opucoegunenna. Kormennusa mo-
BEPXHOCTEH ¢ KPATHRIMH JHMCTKAMHM HOpECTABIfeT HEKOTOPHE TPYIHOCTH;
HECMOTDSA HA NIPEKpacHHE Pe3yibTaTH, K KoTophM Pmman mpmmesa mocpencrt-
BOM 3TOTO MeTOf[a, OH He KajKeTCA HaM AMEImMMM KaKwme-J1u(0 IpeMMymecTBa
1A OpemMeTa, KOTOPHE MH mMeeMm B Buny. Umea Komm ouens Xopomo mop-
XOfMT JAA IPeACTABICHMA MHOTOBHAYHHX (YHKIMA, NOCTATOYHO HpHCOeTH-
HATH K SHAYEHMIO HeDEMEHHQTO COOTBETCTBYIONIee 3HaUeHre (YRROMMA M, KOTAA
TiepeMeHRHAA ONUCHBAET 3aMKHYTYI0 KDHMBYIO, a 3HadeHMe (yHKOuUM M3MeHSeT-
cA, YKa3HBATh 9TO MSMEHEHHMe HMHIEKCOM» 6,

B sTtoM maccake BepHEIX mociaefoBaTtejell He TOJABKO AyXa, HO W OYKBH
Homup cammatcsi KpAUTHUeCKHe HOTKM, a CHiIbHee Bcero — yle)xgenme, 4TO
cpexcTBa, Kotophe mpepnaran Homu (mo6asmM: m passumpan Ilromsé), pasHo-
cuibHH cpegctBaM Pmmana. Homeumo, 3T0 HecnpapefAHBO IO OTHOMEHHIO
¥ PmMany, HO TakoBO OHUIO CYKAeHWME €ro COBPeMEHHHKOB!

B muccepranmm Pumana § 6 moamocTei0 mMeeT TOmoJormueckoe colepika-
Hme. B HeM BBOOETCA HOBATHE HOpPAfKA CBA3HOCTH IIOBePXHOCTH IOCDe[-
CTBOM IpoBefeHHA Ha Hell pa3pesos, T.e. KPHUBHX, KOTOPHE COeTHHAIOT
Oy TPAHMYHAYI0 TOUKY HOBEPXHOCTE C IPyro# 6e3 caMomepeceuernmil; Kas-
JbIi TaKoil paspes ciaefyeT HOPeICTABIATL cebe mmelomuM gBa Gepera. Ilpm
3TOM eCJIM Ha IOBEPXHOCTH HPOBEJIeHEl Yike HeCKOJIbKO Pas3pe3oB, TO OIPH Hpo-
BeJIeHME HOBOTO Pa3pesa BCe TOUKM IIPEKHMX HOPHMIMCAAINTCA K TPaHHYHEHIM.
llopepxnocTh HWa3HBaeTCA OJHOCBABHOM, ecam nwWGoil paapes pasOmBaer
ee Ha PasmesbHO JIe:HaI[Ae 4acTH, T. €. Jumaer ee cpoiicrea cBasmoctu. llo-
BePXHOCTH, HE MABJIAIOMAACA OJHOCBA3HO}, Ha3HBAeTCA MHOIOCBASHOM.

Veennuennoe Ha 1 umciao paspesoB, HeoOXogEMHX IAA TOTO, uTOOH MpeB-
paTHTh JaHHYI0 MOBEPXHOCTh B OMHOCBASHYI0, M HASHBAETCA HOPATKOM CBA3-
HOCTH MIOBEPXHOCTHM. 1aK KaK KaKahil paspe3 M3MeHAET HA CJUHUIYY IHCIIO
TPaHWYIHHX KPABEIX MOBEPXHOCTH, TO YACIO HOCHSIEMX MOKET OTIHYATHECA OT
TIOPAKa CBABHOCTE TOJABKO Ha YeTHOe YMCJO.

Ilaparpa¢ur 7 m 8 mocesimenm oGocmoBammio ¢opMynm I'pmma—Taycca
B BHJTE

SS(%+ %)dT=—S(XCOS§+ Y sin n) ds,

88 Briot Ch., Bouquet J. Théorie des fonctiones elliptiques. 2 éd. Paris, 1875, p. I—II,
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rae ABOHHOM BHTErpan 6epercA mo Bcedl moBepxHOCTH T, a KpABOAMACHHEIE —
Mo BCe#l ee rpaHmne, npmueM £ m v 0003HAYAIT Yrakl BAYTPeHHedl EopMaam
p ¢ ocAmm xwoopauHat. B § 9 paccmaTpmBaloTcs caegeTBmA m3 9T10d dopMyam
npn ycaosnd, uro 8X/dx + Y /dy = 0 ciony ma mosepxmoctz T, 3a HCKI0Ue-
HFeM OTAeJbHHX KPARKHX WJIM TOUEK, I7ie IPON3BOALE MOTYT MMETh Pa3PHBH.

Copepyxamuiicsi B 93THX maparpadax aHajm3 B CYIMHOCTH HE JaeT EHYEro
HOBOT'O /Il MATEMATHKA TOTO BpeMeHdH, 3a MCKJINYEHHEM TOTO, 4TO 3ech yIH-
THBaeTCH HOPANOK CcBA3HOCTE moBepxmoctm I. Baaromapsa nociemmeMy o6-
CTOATENBCTBY PUMaH HOJNYYaeT MOJHYI0 KapTHHY HOBEIeHHS He3aBMCHMOTO
0T OyTH KpumBoJmmelimoro muterpajda #a I'. B wactEOoCTH, OH OTMedaeT, 9TO
ecim I mocpemcTBOM Da3pesOB HpeBpamieHa B OJHOCBASHYI0 HOBEPXHOCTH
T*, 1o mmTerpaa

(0]
S (Yi’_—x"—”)ds,

ds ds
O

rae O, — ¢uxcuposannags m O — mompmxkHEad Touxka 7T'*, sBAAeTCA ONHO-
snaunol pynxnueit O (mpm ToM ;e yenopum dX/0x + dY /oy = 0). Ha xamgom
u3 (eperos paspesa HHTETPaJ COXPaHAET NMOCTOAHHOE 3HAYEHHE TaK, UTO Ie-
pexoj depes paspes COIPOBOMKEAETCA CKAaYKOM Ha HNOCTOSHAYIO BeJHIRHY.

Tarxzmm o6pasoM, MOCTENEHHO co3maeTca (asa A KOMILIEKCHOTO MHTErpu-
POBaHHS 0O IOBePXHOCTH, $OPMAJBHO He 3aBHMCHMaA OT Teopemsl Homu.
B § 10 ma aroif ocHOBe WpOBOJUTCH M3YICHHE TapMOHHYCCKOH (YHKIEA U
B IPEJIION0KeHAn, 9TO N0BepXHOCTh I MOBCIONY «IPOCTO MOKPHBAET ILJIO-
CKOCTBY (T. . IBJAETCA OHOMUCTHOIT), 9T0 TOUKM paspuBa U, Ju/dx m du/dy
MBOJIMPOBAaHAKE, B OKPECTHOCTE KakHolt ms mEX pdu/dx u pdu/dy, roe p —
paccrosHMe OT (Z, ¥) 0 TOUKH paspuBa (0 0co6oit Toukm), GeckoneTHO MajL
¥, HAKOHEN, UTO TOYKM Pas3pHBa [OJfA U He ABAAITCA ycTpaHEMEMHE (T. €.
HEIPePHBHOCTh U B HAX HE MOKET OHTb BOCCTAHOBJEHA IIYTeM IPOCTOTO M3-
MeHeHHs 3HavueHEA QyHKOUm). IIpm oTEX ycaosuAx goKasmBaeTcs (C IOMOIMBIO
¢opmynu I'puHa, BHpakalomell 3Hauende GyHKIUA B TOUKe Uepe3 3HAYCHMA
€é ¥ ee HOPMAJBHON TPOMBBOAHOR Ha rpammne,— PuMaH BHBOTMT 3Ty dopMy-
Iy Oas MIOCKOTO cJaydafl), 9TO U M ee 9aCTHHe MPOUSBOTHEIE BCEX MOPANKOB
KOHEeUHH M HEeIPePHBHH BO BceX ToukaX 7. Taxkmm o6pasoM, MH BCTpedaeMcs
3fech C IepBofl MO BPEeMEHM TEOPeMOM O «cmuparuly a priori BOBMOKHEX
ocofeRHOCTeE QynKnmm (rapMOHMIECKOIL).

ITaparpa¢ 11 cogepixur cnencTpus n3 ynoMaEyToit dopmyau I'puna. B wact-
HOCTH, 3[eCh YCTaHABJMBAETCA, UTO 3HAYCHAA U M Ju/dp Ha HeRoTOpOll gyre
KpuBoil (npmHapde;kamedl rpaHdne Mazm ge;xamei sayrpd I') moaHOCTBIO om-
peAensAoT u Ha Beeil moBepxHocTH T, a TaKkKe 4TO U (S5 const) He Mo)KeT HMeTh
HE B OfHOU TouKe I HE MaKCHMyMa, HA MOHAMYMA.

B § 12—15 npeprpynine pesyIbTaTH NPAMEHAIOTCA K YHKINA w = u -+
- iv mepeMeHHOTO z = T -} iy, KOTopas (3a MCKIIOUYCHHEM, OHTb MOKeT,
OTAEAbHEIX JAHOK X TouUeK) HempepHBHA B KaxJoi Touxe O mosepxmoctu I
H yJoBIeTBOpsAeT ypaBHeHHAM 0u/dr = dv/dy, du/dy — — Ov/dz. Kpome ToOrO,
ApejmoJaraercs, 94To oHA He MOMKET BEMETh PAa3DPHBOB, YCTPAHHMHEX IPOCTHIM
ysMeHeHUeM ee BHAYeHMA B COOTBETCTBYOMIel Touke, Takyw ¢yaxnuio Puman
Ha3HBaeT NIpocTo Pyuryueld om z = x + iy.

IIpempae Bcero gopMyampyeTcs CleIyoMman TeopeMa, KOTOPY0 OH BHBOJAT
um3 teopemul § 10 o rapMonmmueckmx QyBRIHAX.

Ecaz pyHrRnuEA w oT 2 He MMeeT PaspPHBOB HEeOPEPHBHOCTH BIONB JIWHMIMA
u galiee qis a1060i Touku O’ HOBepXHOCTH, THe 2 = z’, MpousBeenue w (2 —2z')
ABJseTcA GEeCKOHeYHO MaJeIM Opu OeckomeumoM OpuGamxeHwd Toukm O,
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TO oHA HeoOXomMMO KoHETHA M HeOpepHBHA BMECTE CO BCeMH IPOM3BOIHHIME
B0 BCeX TOIKAX MoBepxHoCTH %7,

Ha ator pas MuI MMeeM BecbMa 0OIYIO TeOpEeMY O «CTHPaHMMY ocobenrocTel
adaguTuieckoi pyaxqau. J{oxasaTenncTBo PuMaha Bennsst HPH3HATH HOCTa-
TOYHHIM, KaK, BIIPOIeM, ¥ B caydae TeopeMu § 10 u emte B psine orsercTBeHHEIX
MeCT HacTosme# muccepramud M ApyruX ero pabor mo amammsy. Cymarb 06
3TOM HYJKHO, KOHe4HO, He 3a0HBasg 0 TOM, 9TO peub ufer o cepegmue XIX B.
€0 CBOUCTBeHHEIMM 3TOMY BPEMEHE BO3MOKHOCTAMM, cpeficTBaMd u TpefoBa-
PASIMA B OTHOHIGHMM CTPOTOCTM M HOJHOTH MaTeMaTHIeCKHX HOKa3aTehCTB.
Ecma e paccMaTpumBaTh 3TY TeopeMy C COBPEMEHHHIX HOBHNMA, To HYKHO
CKa3aTh, ITO AaHANATAYHOCTH HEOPEPHBHOH! B nanHoll obaactn ysxnme w (z),
A KOTOPO# KoHeUHHIe MPoUsBORHEE du/dx, du/dy, dv/dzx, dv/dy cymecTByOT
BCIOZlY, Kpome, OHITH MO)KET, KOHEeYHOTO MJJd CYeTHOTO MHOMKecTBa TOdYeK,
P YIOBJETBOPAKT ypaBHenMsaM du/dx = dv/dy, du/dy = — 0v/dx, BuepBrie yaa-
J0Ch YCTAaHOBHTH BHOJHe CTPoro Toabko B 1932 r. (teopema Jlemama—MenHb-
moBa). IIpm sTOM MOKa3aTEABCTBO CYmMECTBeHHO MCIOJB3OBANO CpeflcTBa Te-
opun GYHKOWA elCTBHTENBHOTO mepeMeEHOTO (B YaCTHOCTH, TEOPUI0 MeDH H
mHTerpan Jlebera). Uro racaerca yreepxaeHuss PuMana o CTHDAHEM BO3MOMK-
HHX ocobeHHoCTell, pPAacmOIOKeHHHX HAa AYyTe KPMBOH, Ha KoTopod GyHKOIMA
HeIPePHBHA M B OKPECTHOCTA KOTOPOH OHA aHANHTHAYHA, To Oe3 MomOJHETENb-
HEIX OTPAaHAYCHMIE Ha 3TY AYTY 0HO HeBepHO. OgHAKO OHO CIIpaBeanBo, KaK BOep-
srie okasad II. Ilennese B crarbe «06 0COOHX JAHMAX AHANMTHISCKNX PYHK-
numit» (Sur les lignes singuliéres des fonctions analytiques.— Ann. Fac. Sci.
Toulouse, 1888, 2) npu ycaosun, xoropoe Puman cumran, Bosmoskuo, camo Co-
Goff pasyMelmumMCA: CHPAMIAEMOCTH AYTH. Bo BCAKOM ciaydae, BBels Heol-
XOfMMEE YTOYHeHHS B TeopeMy PEmana, MOKHO HOJHOCTHI0 COXPAHHTH €e
3HAYeHUE JJIS BCETO HOCACAYIOMEro M3IOMKEeHMA.

B § 13 paccmaTpuBaeTcs ciydai, Korfia mis HeKoTopo#l Touka O’ moBepx-
HOCTH HM3BECTHO TOJBKO, 9TO JAJf ONpeleJIeHHOTO HAaTypaJbHOTO I BeJHIdHA
w (2 — 7')" Gecromeano mana Bmecre ¢ z — 2z'. Toraa, npuaaras HpegHIYIIYIO
Teopemy K w(z — 2')*!, HaiifieM, IT0 oCaegHAS YHKIUA KOHeTHA U HEIPePHIB-
Ha B Touke O'. Ecau ee amauenume B O' ecTh apy, To W (2 — 2" )1 — @y
GecxoHeYyHO Mala B Hell W, craemoBaTeNbHO, W (2 — 2)™2? — a,4/(z —2")
KoHewEa u HenpepuBaa B O, IlopTopsa 3T0 paccy:KmeHHe ToCTATOIHOE
YuCcio pas, npnp;eM K pannonanbﬁoﬁ dyBROAE BHIA

z—z' + (z—z')g ++ — :)n~1 !

BHYATAA KOTOPYIO U3 W, DONYIEM QYHKOEIO, KOHEUYHYIO I HeOIPepPHBAYIO (aHA-
AATEIECKYI0) B Touxe O'. MH BHAEM, 9T0 3TH pacCyXEeHHA (aKTAYeCKH Ho-
3BONAIT PUMaHy OMPEeanTh 24Q6HYI0 YACTMb A0DAH06CK020 DA3A0XCEHUR BYHK-

YUy B OKPeCTHOCTHM MOJIOCA.
3ameuasn, uro Bce cKasagHoe B § 12 1 13 nmpmmeruMo K a1060if MoBepXHOCTH

{MEOTOMMCTHOMH), PuMan B § 14 obciemyeT, KaK MBMEHATCHA COOTBETCTBYIOMHE
pesyiabTaTH, ecim Touka O° ecTh Touka pasBeTBieHmA mopsanxka n — 1. OTo-
6paszenrme oxpectHocTm (' HA OKPECTHOCTh HAYaja KOOPHMHAT MIOCKOCTH §
DOCPeICTBOM § = (2 — z')1/™ ecTeCTBeHHO IPHBOJAT €T0 K BRIBOTY, ITO perEl-
Iyiime B3aKIOYeEHA OCTAHYTCA B CHJe, eCJAM 3aMeHATh, B HUX z — Z Ha
(z —z')/*. B pesyasTaTe BMeCTO IpMBe[eHHOT BHIIe panudoHadbHOll QyAKOUM

no.ny'{ae'rca BHIpa)KeHHe BEJIa
I)l/ﬂ +- + /)m/n "

87 Riemann B. Werke, S. 23. Cm. pyc. m31., ¢. 67.
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B uwacTHOCTE, MO)KHO YTBEepKJATh TaK)Ke, UTO €CJM W aHAJAMTAYHA Ha mOBep-
XHOCTH M B OKPECTHOCTH TOYKM pasperBjemmsa (' mopagka n — 1 yposaer-
BoOpAeT yCJAOBHMIO: W (z — z')U/ ecTh BeamumHAa GeCKOHEYHO MaJjaf, TO W He-
npepuiBHa B Touke 0.

B § 15 ngoraszana TeopeMa 0 ToM, UYTO YHKOHA W, aHAJAATHYECKasa Ha He-
KnTopoil moBepxHOocTH 7', oTOOpajKkaeT ee BBAUMHO ONHO3HAYHO H HENPEePHBHO
TaKKe Ha HeKoTOPY HoBepXHOCTH S. C TOYRE dpeHMA HosgHedmux TpeGoBa-
Huit PuMany caemoBadio G joKasaTh OpeK/ie BCETO, YTO OKPECTHOCTh KaXKHO#
TOYKH MOBEPXHOCTH IpPeofpasyeTcsa CHOBa B OKpecTHOCTh. OH ke HOBOJLCT-
ByeTcsA MOKAa3aTeJbCTBOM JAIUE TOTO, YTOQYHKONS W He MOKeT OHTEL HOCTOAHHON
BIOAb KPWBOH, e€cJid OHA He CBOAMTCA K MOCTOAHHOM Ha BCeH MOBEPXHOCTH.

BecbMa 3HaUUTEIBHYI0 DPOJIbL B MCTOPHM MATEeMAaTHKM HOBOTO BPeMEeHM CHI-
rpago comep:xkandme § 16—18. B Emx m3anmaraercda Tak HasHIBaeMHU NPUHYUNR
HAupuzxae, xoropoMy npmpaercs gopMa, IPUTOgHAA ANA OpAMeHeHMA B mpo-
6neMax Teopun dyRummi. O ero TPOMCXOKIEHAN W 3HaYeHAN PAMAH TOBOPHT
poagHee — B Memyape «Teopus aGenepHX (YHKOWI®, THe NPMHOUN 3TOT SB-
JdfeTcA OCHOBFHM HMHCTDYMEHTOM MCCJeAoBaHMA. Bor 910 roBopmrcs o HeM B
yooMaEyToM MeMyape: «liak OCHOBY #as HccaemoBaHdsA TPAHCOEHJEHTHOTO
mpeKIe BCero HeoGXOTAMO YCTAHOBATH CHMCTEMY YCJOBHI, HERaBHCHMEIX M-
Ay co60il ¥ oCTATOYHKIX ANA €T0 onpexesienus. [ s 9Tol Heim MoKeT CIYIKATH
BO MHOTMX CJIy4afiX, 8 MMEHHO ODHM M3ydYeHWd HHTETpaiioB ajreSpaduecKmX
¢yarouit » QyEKOmiT, ¥M 00pATHHX, OPMHOWO, KOTOPHiH [mpuxie B CBOHX
JeKOuAX O CHMIaX, JefiCTBRYlomMEX o0paTHO mpomopmMOHANLHO KBaJgpaTy pac-
CTOSIHHUA, IPEMEHAET YKe HEeCKOJbKO JeT K PeleHnI0 9To 3afaun Auas1 GyaKman
TpeX NepeMeHHHX, YAOBAETBOPAWIMEeH ypaBHeEM0 Jlamaaca; HOManyi,
KOHEYHO, K 9TOMY eTo mo0y/mia aHAaJoTHYHAA MHCAB ['aycca. OmHaKo s Ta-
KOTO IpHMMeHeHNA K TeoDHMM TPaHCOeHAEeHTHHX 0CO0eHHO BajKeH KAK pPas TOT
ciaydail, K KOTOPOMY 9TOT OPHMHOWI B eTO YHOMJHRYTOH mnpecteiimeii ¢gopme
HeNPHMeHMM U KOTOPH#A OCTABAJNCH HepPACCMOTPEHHHM BCIeICTBHE €TO BIOJ-
He DOTYMHEHHOTO BHAYEHUA. JTO TOT CiIydail, KoTja yAKOAA B M3BECTHHIX TOG~
kax ofiaacTa, B KOTOPO# ee CiIefyeT ONpeleIuTbh, JOJKHA MMeTh IpeIIdcan-
Hue paspuiBH. 1lof 9TMM HoAAMaeTCA, IT0 HA Hee B Ka)KH0i TaKoH TOUKe Hala-
Taercfl ycioBme OHTH pPa3pHBHOH, Tak jKe KaK M 3aJamdag TaM pasSpHBHAST
QyHROAA, HIM OTAATIATLCA OT Hee HA HeOPePLBEYH $yHrmmio» 88,

«IIpocreiiman ¢opMa» mpmAnuIta, ¢ Koropoit Pumam Meor eosHaxoMATHCS
Ha nexnuax Jlmpmxie, raacdr, 4ro cpeaM BceX ¢yErmuit u (z, y, z), NIPUHE-
MaoIIAX OfHN H Te )Ke HeIPePHBHEE 3HAYeHMA HA [PAHMIIe TPeXMepHOH ofaac-
e G, MUHAMYM HHATETPAJA

’ du \2 du \3 du \2

WS [(5) + (&) + () =ty ee
DOCTaBifieT TapMOHHMYecKas B obiactem G ¢yakmwmsa. Taxmm o6pasom, pe-
menade mpo6iemur Jlupmxie, 3aRI0YaMeENcs B OTHCKAHWMH TapMOHHYIOCKOR
$yHEDME 0 ee 3alaHHNIM TPAHUYHKM 3HAUCHHAM, CBOTUTCH K COOTBETCTBYIO-
mei#l sajaue HA OTHICKAHEe MUHEMYMa HMHTETpaja.

Yto Kacaercs cchiakm Pamana ma T'aycca, To 30ech MOMKHO BHICKA3HBATH
TOJBKO OpEAmoNoKenus. AHaJOrgio ¢ OpmHOEOOM Jlmpmxie mpejcraBiaseT
¥ OPHHNWI, Je)KANUE B OCHOBe MeTOHa HaMMeHpIIMX Kpaxpatos (1821),
OPUEOMI, MCIIONL30BaHHEHA ['ayccoM mpm OTHICKAHME TAKOTO pacmpeejeHusE
Macc H2 3aJaHHOH DOBEPXHOCTH, IJfA KOTOPOTO COOTBETCTBYIOMMI HOTOHOHAT

COBIAJaeT Ha HOBEPXHOCTH C 3af{aHHON HermpepsiB-

npocroro ciod V = S

88 Ibid., S. 90. Pyc. usg., c. 96.
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noit pyrrnmeit U (B 3acrnocTH, KOHCTaHTOH). ['ayce camraer Bonmpoc 0 CymecT—
BOBAHAH HCKOMOTO pacnpefeiieHms pemeHmeM HA OCHOBAHHE TOTO, 9TO MIF

Takoro pacnpefenenms marerpan | (V — 2U)ds, orpaumuenusii CHE3Y, KO-
KeH MMeTh HauMeHbmiee 3Hadenme («O6mume TeOPEMH OTHOCHTENLHO CHJ HpPU-
TAMKOHASA M OTTAJIKUBAHASA, HeHCTBYIOMAX 00paTHO NPONOPHBOHANEHO KBAZPA-
Ty paccrosamsa» (Allgemeine Lehrsitze in Beziehung auf die im verkehrten
Verhiltnisse des Quadrats der Entfernung wirkenden Anziehungs- und Ab-
stossungskrifte. Resultate aus den Beobachtungen des magnetischen Vereins,
1839, Bd. 4)).

Ounpasncs, nogobuo Tayccy, na yGexnenne B TOM, 4T0 Jia yHEROHEOHATIR:
(mHTerpasa), OrpaHEIEHHOTO CHHE3Y, JOJIKHA CYMECTBOBATH yHKOAA, HOCTAB-
IA0mMAs eMy HamMeHbIIee 3HadeHme, PmMay Buparkaer upuwrnmu J{apmxie-
B TOM CUeNUAJA3MPOBAHHOM BEAe, KOTODHII OH BLume uWMen B BmAY (ToUHee:
TOBOpH, CIECTBHE W3 HEro), ciefgyiomiei Teopemoir § 18:

«Ecnim ma cBsasHO# noBepxHocTE ', mpeBpameHHO# HOCpeOCTBOM pa3pe-
30B B OJHOCBASHYIO DoBepxHOCTH I'*, 3amama KommiercHas [BooGme rosops,
He ananmrmieckas.— A. M.] ¢yarnms a + if or z m y, AAA KoTOPOH mHTEr-
pan

" [{ da op da B \2

V[(F—4) + (5 +a2) ] e
PacnopoCTpaHeHBHIl Ha BCIO HOBepXHOCTH 7', UMeeT KOHeYIHOe BHAYEHHE, TO BCEr—
A3 MOXKHO IPEeBPATHTH €¢ W IPATOM TOJIBKO ONHEM cn0coGoM B QYHRIHUIO OT z
[amanumTmaecryio.— A. M.] mocpeacTBOM BHGHTAHHA m3 Hee QYHRIAA P +
-+ vi or z ;m y, YOOBAETBOPAIOIEH yCAOBHAM:

1) p = 0 8a rpasmne, mCKINYAsA, OHTH MOMKeT, OTHENBHEE TOYKH, V IPO-
A3BOJNBHO 387aeTCA B ONHOM TOUKe;

2) p Ba wopepxHoctd I m v Ha WoBepXHOCTE I'* MOTyT mMeTh PaspHBEHL
TONBKO B OTAEJBHKX TOYKAX H IPATOM TaKme, 9T0 MHTErpaiH

V(@) + @) ]or = § (@) + (5 ) ]er

pacupocTpaHeHHEE HA BCIO MOBEPXHOCTh, KOHEUHH; (YHKOHA Ke v UPH Iepe-
Xofle 4epe3 m0Goil pazpes MOkeT H3MEHATHCA TOABKO HA HOCTOAHHOE [mum
BCEX TOUYEK JTOr0 paspesa.— A. M.] ciaraemoe» 8°,

3pech MPHEHMANbHOE 3HAYCHHE HHTErpPaa

Q(a—x)=S{[3—(°‘3:—”—Z—S]“+ [He=h oy B har

ZOKHA JOCTABIATE AMEHHO QYHKIHA W; y6emnenne B €e CYmecTBOBAHHH CO-
crapaser cobcreerHo npmEnnn {upnxae B nosmmannm PuMana, Yro Kacaercs
¢yEKOEA v, TO OHA CTPORTCA IO W B BHAe CJIERYIOMEr0 KPABOJIMHEHAHOTO HH-
Terpaina:

vm [ 2 |t [ 2B Juy

KOTOpDHiA Gepercss oT PMKCAPOBAHHON TOYKA A0 IepeMenHo# Toukm (z, ) Mo
uyTaM, aexammM B T'*,

Kpwmrara, xotopoi Beiepmrpace nogsepr aror npamanun B 1870 r. («O Tax
HasKBaeMOM npuHImue [imprxae» — daranc B Bepammckoifl axkageMmm Hayw
14 mons 1870 r.) °°, yrasas, 4T0 OrpaHWdYeHHNI cHE3Y QyHRNEOHAN (MHTET-
pan B upocreiimedi BapHanmoHHO#A 3amade) He BCerga JOCTHATaeT CBOEIO Hau-
MeHEOIET0 3HAYECHHAS B KIacce AONYCTEMHX (QYHKIUWI, HoCTaBMia IO, COMHE-

8 Tbid., S. 34—35.
9 Weierstrass K. Mathematische Werke, Bd. 2.



4IRe 3aKOHHOCTH €0 MCIONh30BAHHA B aHaJm3e 1 Te0prm QyEKOuUA. JIums noc-
e paGor T'manGepra (1901, 1909) ymamocs crporo 060CHOBATH IPABHIBHOCTE
m3bpanroro PuManoM nyru. CymecTBeEHO, OMHAKO, YTO B HCCICAOBAHUAX Pr-
MaHa @ ero Y4YeHMKOB UpHHNAL /[[MDUXJNe CHIpal CBOK HMCTOPHYIECKYIO POIB
MOITHOTO SBPUCTHYECKOTO CPeACTBA.

B ragecrse mpmmepa upmMeHermsa TeopeMsl § 18 csoeil paGorsr K Teopmm
¢yurnnit PaMan ¢opMyinmpyer m jgorasmBaer B § 21 sHaMeHATYI0O TeopeMy
0 CYHmIeCTBOBAHEM KOHYOpMHOTO orofpaskeEWMs OFHOH ofHOCBA3HOM oGnac-
“TH Ha Apyryw: «J[Be sajaHHHe OFHOCBA3HEE NIOCKAE® HOBEePXHOCTH BCerja
_MOKHO TAK COOTHECTH MEXAY co0oi, 4T0 KaKHo# TOYKe OFHOHA COOTBETCT-
ByeT ofHa HeUpephHlBHO BMecTe ¢ Hell mepeMemalomasca TOYKa APYroi m mx
COOTBETCTBYIONIAE TacTH HOJOOHH B MAJNOM; DA STOM MOKHO AJA OFHOM
‘BHYTpeHHE# W OJHO# TpaHmIHON TOYKH BHOpATh EM COOTBETCTBYIOmHAE IIpPO-
HM3BONBHO, TOrga cooTHOmeHWe Oymer ompejeleHo W QA BCeX ToueK» °%,

Prman 3ameqaer, 9To 06IHOCTL TEOPEMH He YMEHBOIATCA, €CIH IIPH-
HATH, 9T0 OJHA M3 TAX HOBepPXHOCTel eCTh KPYT C IEeHTpoM B Touke w = 0
7 pagmycoM, paBueiM 1. OH mposopmt ma HoBepxHocTm I' paspea [ oT TO4UKH Z,
JBo raroi-nm6o TPaHAIHOR TOYKE W CTPOMT QyEENuI o - iff (Boobme ro-
BOps, HEAHAJIMTUYIECKYI), KOTOPad B HEKOTOPON OKPECTHOCTH TOUKH 3,
copumamaer ¢ In (2 — z,) ¥ pagpOie UPOJOIAeTCA M0 TPAaHANH TaK, ITOOH
@ ofpamanacy B Byap B rpagmintix Toikax. IIpu osrom ! sBaserca nmmmeit
paspuBa fug B: mepexofsa ¢ OTPHOaTeJbHOE CTOPOHH pa3pesa ! Ha moJOKH-
“TeNbHyI0, P menaer crauox, pasEmiE —2n. IIpmMensas r a -+ iff Teopemy
§ 18 (upmamau Mmpuxine), PaMan momydaer HoBy0 (yHROEIO

t=a@—p)+iP —v)=m-+in,

aBaxuTmdecky B I, 3a mcriodeHmeM paspesa l, ABmmiomerocs nmEmeil pas-
pHBA A n; KpoMe TOro, m B HAYAABHOH TOUKe z = 3, paapesa [ mMeer 10-
rapagmudecknit moxoc (T. e. Befer ceba Kak In |z — z,[). Oumpasce Ha
paHee YCTAHOBJICHHEE MM CBOMCTBA rapMOHMYECKHX (ymEnmii, PmMan mer-
KO IpoBepser, 4YT0 JAHAA YPOBHA (YHKOUA M — 3aMKHYTHE KDHBHE,
cojiepsamme BHYTpH ceGA TOUKY Z,, @ 910 Upm 00xoje TaKoit ARHRK B WOJIO-
JKATOIPHOM HaupaBlennm (YHKOWEA n Bo3pacraeT, Aejlad CKAIOK, PABHHI
—27, upm mepexome gepe3 paspes . OcTaeTca monommrp w = €', YTOGH
noJydYaTh, HaKOHeNm, (YHKNmIO, orofpaskaiomyw 7 Ha eNUHNIHHHA KpYT
TaK, 9T0 2, NepeXoaT IpHu 5TOM B LIEHTP KpYyra. .

Hoxrasareasctso Pumapa, BechbMa IpocToe N0 Hiee, LOCIYKHIO OT-
IpaBHOA TOYKOH AJA IOMCKOB APYraxX BOKA3aTe]bCTB, HAJATAIOMAX JOIOJ-
HATENLHEe YUPOMAKN(me ycioBua Ha rpadmny I, HO cBOGOJNHEE OT HCIONB-
‘30BAEHA OOCTABIGHHOTO I0f COMHEeHHe NIpHHNANA J[mpmXie.

Kondopmame ortobpaskenua

Mu Bupennm, 910 Teopema Pumana o Bo3MoKHOCTH KOHQOpMHOTO 01006 -
pasenna n106oit ogHOCBA3HOM ofnacTm Ha Kpyr Oma mM BEIBeeHa M3 €ro
«uprmEnuna {apuxie» B gmccepranmm 1851 r. OgHaro camo orcyrcreme yGe-
JgareapHoro o6ocHOBaHMA 3TOTO UPHHNANIA BHEYKAAN0 MATEMATHKOB HCRATH
Epyroe fOKa3aTelLCTBO TeopeMn Pmmama, W 3T0 JeJaloch eme [0 TOrO0, Kak
H. Beitepmrpacc BHCryumn ¢ OorTKpuTO# KpmTHROE upmENuua Jmpmxie
(moap 1870). Cymecrsesnyio poxbr mrpanm 3pgech paGorm I'. A. IllBapma.
Kapn Tepman Amanpyc IIsapnm (1843—1921) ywmaca » 1860—1866 rr.
8 IlpoMmmaennoM mEcTATyTe (Gewerbe-Institut) m Bepamsckom ymmBepcm-

%1 Riemann B. Werke, S, 40. CuM. pye. u3n., c. 83.
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Tere; oM Ona yweamroM Beitepmrpacca. C 1867 r. Illsapn mpemogaBan Ma-
TeMaTUKY B BHCmAX y4e0mmx sasemenmax anme m Ilopmxa; ¢ 1875 r.—
npodeccop MaremaTuru I'StrmErencroro yausepenrera, ¢ 1892 r.— mpodec-
cop Bepaumackoro ymmeepcurera. B meGoxnbmoii paGore «H rTeopmm orobpa-
sxeHmdy (Zur Theorie der Abbildung. Programm der Eidgenossischen poly-
technischen Schule in Ziirich fiir das Schuljahr 1869—1870) Ilsapnu
paccMarpmBaeT 3afady KOEQOPMHOTo 0TOOpa)KeHHs MPOM3BOJIBHOA OrpaHm-
qeHHO#l BHIOYKRIO#A 06nacTH MIAOCKOCTA Ha egmapdHHB Kpyr. IlpmEumnuansb-
HO Ba)KHO, 9TO 30eCh BIEPBHE OLIIO OTHENEHO H3yYeHAe KOHPOPMHOIO
oTobpamennsa o6racreit (pacCCMAaTPABAEMEX KaK OTRKPHITEIE MHOKECTBA) OT 1O-
BefieHnA orTo0paKkeHmsA Ha rpaH@ne (BOIPOC O COOTBETCTBUA I'DAHAL NPH KOH-
dopMHOM OTOOpakenmn). Pemende mepBoit mpoGiaeMu GHIo CBefleHO K pac-
CMOTPeHMI0 I0CJeN0BaTeNbHOCTE oTo6paskeHmii GoJdee UpOCTHX o6uacrei,
AN POKCAMAPYIOMAX JAHAYIO 0671aCTh ASHYTPH, B K MOCIOTYIOWEMY IpeieTb-
HOMY mepexoxy. Ha sroM myrm wM 6mn m3oGpered MeTOox — ailbTepHHEDYIO-
muit mMetron, Illsapma — B paGore «IlpenenbHH#E mepexof LOCPENCTBOM alb-
TepHEpYyIomero MeToma» (Grenziibergang durch alternierende Verfahren.—
Viertel — Jahr. Naturforsch., Ges., Ziirich, 1870, 15), mossonsomait pe-
mare upobaemy Jlmpuxie (o mocTpoeHMmm TapMoHmUeCKod (YHKOAR 10 ee
TPAHMYHHM 3HA4YeHAAM) DU JOCTATOMHO IMHPOKAX yciaoBuax. TakmM oGpa-
30M, ORI NUpakTAIeCKW peabmimTEpoBaH NpmENmU [(mpmxie, upaena, B
MOBOJIEHO Y3KOM €ro HNOHAMaHEH (TaK [OHAMAN €ro IOTOM, HampuMep,
A. Ilyankape), Ho 3ar0 HMMeOmMEM IIAPOKAH KPYr IPAMEHEHHH.
Homrperso IMIBapny yzanzock Toria ke [0Ka3aTh BO3MOSKHOCTD KOH-
dopmuoOro orobpakenmsa Ha Kpyr aw0oii BHOyrIo# ob6xacTH (OTAMYHOE OT
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BCEH INIOCKOCTH), a Takke a000il OTHOCBA3HOM 06JacTH, TpaHUOa KOTOpoit
00pa3oBana KOHEYHHM 9HCIOM AHANATHYECKAX HAYyT, TAKHX, 4TO ABE COCEH-
HOe AYT'A HePeceKanTca HOR YITIaMu, OYIHYHEIME OT HylJeBoro. B »roM Bam-
HOM 9YaCTHOM Clydae OH YCTAaHOBHI TaKMe, dTO OTOGpAKeHme IPONOIIKAeT-
Cs @ Ha TpaEmny o6nacTm, COXPAHAA AHAJIRTHYHOCTH B TOYKAX, BHYTPEHHAX
K TDAaHEIHHIM qyraM (T. €. OTIMIHHX OT BepmmH Toro 00GoGIEeEHOro MHOIO-
YyrolbHAKA, KOTODWH IpeAcTaBigila gaHHag obxacrs). B xavecrse Bcmomo-
TaTeJIbHHX CPeACTB MH BCTpedaem B paGorax IIsapma 1869—1870 rr. m
m3BecTHylo nemmy IllBapma (yToUHAIOmMYI0 HUpAHOEO MAKCAMYMa MOIYIA),
n npumHmAn cmMmerpmu (upmEnun Puavara — IlIeapna).

Caenyomuit mar, aMeOmMui NpHENANMANLHOE 3HadYeHmMe Jid olmei Te-
opnn, caeaan A. Ilyanrape, noraszasmmi B 1884 r. B crarbe «O rpymmax
amaeinnx ypaBEeEmily (Sur les groupes des équations linéaires.— Acta
math., 1884, 4) TeopeMy egHHCTBEHHOCTH, KOTOPYI0O MOMHO cdopMyampo-
BAaTh TAaK: eclIm (HEKCADOBAaHA TOIKA 06aacTH, HROTOpafg [qONKHA IepedTm
B IEHTP Kpyra, m, KpOMe TOr0, 3ajjaH0 HaNpap/ieHHe, KOTOpOe HmepeiifieT ImpH
3TOM B IOJOKATENHBHOEe HANPABJIEHHE NeACTBHTENBHOU OCH, TO MOKET Cymie-
CTBOBaTh camoe Ooabmee ofHa (QYHROHSMA, OCymeCcTBIAONIAA Takoe o0ToOpa-
xerme. IIpaBma, ycioBme eIMHCTBeHHOCTH B HWHOH (opMe MOMKHO ycMarpm-
BaTh YK€ B pumccepranmu Pmmana (1851): mM mpepnaramoch HpPOH3BONLHO
HasHaguTh o0pas omHOM BHyTpeHHeld m OXHOM rpaHmYnAoit TOYKM oTolpaska-
eMmoii obnmactm. Ho tamM Omuna poxaszada (Ha ocHoBe mpmHNmma J{mpmxie)
BO3MOKHOCTEL YIOBJETBOPHTE 3TAM YCIAOBHAM, & TO, YTO He CYMIECTBYeT ApY-
roro oro0pakeHAs DM TeX Ke YCIOBHAX, He OI0 06ocHOBaHO.

Bosspamasncs k Ilyamkape, oTMeTHM, UTO0 eMy Ke I(pmHajJesxajaa paspa-
6oTHa BaKHOTO MeTofia pemeHmss 3ajgasm J[mpmxie, OTAHIHOTO OT a’XbTep-
EEpyomero wmeroga IllBapma — rak HaswBaemMoro Meroga BmMeraHmd (mé-
thode de balayage) B crarbe «O6 ypaBHEHHMAX € TACTHHMHA UPOE3BOAHEIMHA
MaTeMaTEdecKoii gmsmrm» (Sur les équations aux dérivées partielles de la
physique mathématique.— Amer. J. Math., 1890, 12).

JorasaTenscTBo TeopeMs CYIMECTBOBAHHA woH$opMHOro orobpakeHmsa
a06oit omHOCBA3HOME 001acTH Ha KPYr HE3aBACHMO OT CTPOEHHA ee TpaHMmIH
(mEmb 6H 5Ta rpaHEMOa comepkana Mo KpaiHe#t Mepe ABe Pa3iIMIHKE TOIKH)
moxyuma puepsuie maremMaTur Y. @. Ocryx (1864—1943) B 1900 r. A B cae-
ayromem, 1901 r. mpogeccop I'apsapucroro ymmeepcmrera (CIIA) . I'mas-
GepT manm CTporoe MOKa3aTeAbhCcTBO UpHHNHNA Jmpmxie Impu MAHAMANBHHX
mpennoiokeHnAx (Bce orpammyenns Ouam cEarts mM e B 1909 r.). Takmm
o6pasom, mpwrmwn Jlmprxine GHI MOJHOCTHI0 peabmiumrHpOBaH.

U3 reopemnt PmMama npaMo BHTEKaZ0, YTO BCe ORHOCBA3HEE 00aacTm
miocrocTr (mMeiomupe Gonee ogEON rpaEmYHO TOYKE) KOEQOPMHO SKBHBA-
JeHTHH, T. 6. C TOUKH 3peHAsA KOHQOPMHOT0 0T06pakeHAA Kak G5 Hepa3IHIAMH .
Mo-mnomy memo oGcrosmo ama MHorocea3umx ofxacteii. IlepBoe cmcrema-
TAYECKO® HCCIASAOBAHME OTHOCAIMAXCH CIOKA BOMPOCOB IHPENUDHHAN YIOHHK
Beiiepmrpacca m upodeccop B Iliopmxe, sateM B Manreiime m Bepamackom
yamsepcurere @. T'. Ilorrrm (1851—1935), mocesaTHB HEM JOKTOPCKYIO AHC-
cepranmo «O RoHPopMHOM 0TOGpaKEHMH MHOTOCBSI3HHX NJIOCKAX HOBEPXHO-
creity (Uber konforme Abbildung von mehrfach zusammenhéngenden Fli-
chen.— J, fiir Math., 1877, 83) mn psag wocaenyiommx paGor. Orazamock, 4ro
Hake B HpoCTeiNIeM cilydae JBYXCBA3ZHHX obaacredl, OrpaHRICHHHX KaKIaA
IBYMS OKDYKHOCTAMH, AJS BO3MOKHOCTA KOHPOPMHOTrO oToGpaskeHEA HX
OpYT Ba Apyra Heo6XoamMo HONOAHHETENLHOE orpapmdeHme. Haupmmep, B cay-
49ae JBYX KOHIGHTPAIECKAX KPYTOBHX KOJEX TAKEM OTPABMYCHHAEM SBIACTCH
mx mnofo6me, MHMHIMA CJIOBAaMHA, COBUAjeHme OTHOmMeEHEA OCoJbmero pagmyca
KPYroBOTO KOJBIA K MeHBIIeMy. B ciydae o6macrm, orpanmiensoit p (p > 2)
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3aMKHYTHMHE KDHBHMH (QHAJATHYECKAMH, 9T0, BUpPOdYeM, HecyNIeCTBEHHO),
MlorTem o6HApY:KUT cymecTBOBaH@me 3P — 3 AEHCTBATEABHHX KOHCTAHT,
XapaKTepH3yIOMAX KoHGOPMHHE Kiacc, KoTopoMy dr1a 06jacTh umpumHamie-
JKAT; OHU WOJYYdNM HaspaHme Monyaeit o6xacrm. Cema mpobiaemy womop-
MHOT0 oro0pa:KeHHA K nmHeiHoMy AupdepeRIEaILHOMY YPABHEHHIO C ald-
refpandeckEMm Ko3pdanuenraMm (aHaJIOTHYHAA HAed 3aKII0UaIach B ONHOM
u3 ¢parMeHToB PmMana), oH BHCKa3al IPefUONOKeHHEe, 9T0 KOEPOPMHOE
oro0panieHHe ABYX p-CBA3HHX ofxacTell APYr Ha Apyra BO3MOMKHO TOTAa
H TOJBKO TOTHA, KOTAA COOTBETCTBYIOIME MONYAu momapHo cosuagaior. ITo-
Ka3aTh, ITO BTO MAeUCTBHTENHHO TAK, YIAJAOCH BIepBHE TONbK0o yaenury Illpap-
nia, npodeccopy Jleinnurckoro yausepcurera II. Kébe (1882—1945) B nagane
XX 8. (1907). B ragecTBe KaHOHHTECKOIH 007aCTH, Ha KOTOPYIO HPON3BOZATCSH
orobpasxenne, HéGe no apanormm co caydaemM Prmana subpan oGnacts, orpa-
HAYEHHYIO D OKPYKHOCTAMH, HOMAPHO He HMelomuMa o6max Togex. IIpmmepno
B Te 7K€ TONK paBHOo3Havamuil peaynbraT moayima J[[. 'masGepr, HO y Hero
pPOIb KAHOHEIECKO# o6macTm mrpaida HOJAYIIOCKOCTH, U3 KOTOPOR MCKIIOYEHH
P — 1 upaMoamAe#HHX OTpPe3KOB, mApPAJNJeJBHEX rpAaHEIHOA npAMo# (He-
HKOTODHE W3 HAX MOTIH BHPOKAaThcA B ToUIKY). OcoGHe TPYRHOCTH BH3BAI
ciydait oro6pamenus GecKRoHEYHOCBA3HHX obmacreid mpyr Ha Apyra.

Mu ne 6yueM 37ech BaBaTbCA B AeTalll, BHBOIAIU(ME HAC 32 NpeJenH B3y-
daeMoil smoxm.

Bce oxapakrepmsoBaHEHe BHme Gorbmme JOCTIKeHHs, HajdbHedImee
pa3BATAE KOTOPHX, Kak GHJI0 yKasaHo Ha psAfe mpmMepos, BuponaT B XX B.,
AMeJH XaPAKTep TEOpPeM CymieCTBOBaHMsA. MeKAy TeM Bo3HAKAIH MOTPEGHOCTH
TEOPETHIECKOTO HIHM UPHKIATHOTO XapaKTepa (AUKTyeMHe 3afadaMu ¢uamun
I MeXaHmKHA) OOpefeAATh KOHKpPETHHE (YHKOWHE, UPOU3BONAINUE TO HIH
mHOe KoHpopMHOe oToGpasKeHme.

B nocnemumx punyckax «Ynpammenuily Homu, BHXOZMBMEHX, KaK MH
ormedanm, B Hadane 50-x rogos XIX B., o0HapyXmBaOTCA yRa3aHHAS HA 0T0-
OpaskeHus, UPOM3BOAMMEE OJHO3HAYAKME BEeTBAMHA MHOTOZHAYHEIX SIEMEH-
TapHHX QYHRI@AA, TakuMa, kak Ln z, Arctg z @ 1. n. Ho Bor moGonurHmii
¢aKrT, HOKa3HBAIAN, 970 eme B HaTade 70-X rojioB sjJeMeHTAPHEHE CBOMCTBA
ApobHO-ImHeHEX oTOGpa)KeHmE He CIYMTANHCH OOmMEen3BeCTHEIMH HaKke MAIA
IHAApYIOmMBUX MaTeMaTmkos. Tak, maupmmep, K. Beitepmirpacc B mmceMe
r C. B. Kosanescroit or 9 miora 1873 r.?? coobmyaer eil cuegyiomee Ipeaio-
sxenne: «Bcerna MoskEO 0T0GpasnTs Jagnyio HoxynaockocTs € Ha NpoA3BOIBHO
B3ATHIA KpyT & Tak, 9To65l BHyTpeHHEOCTH AaHHOr0 B & Kpyra & coorBercTBOBala
xpyry K,, xornearputecrkomy ¢ K», K sromy Beitepmrpace camraer HYKHEM
Jarb PAN UOSCHEHWI W cpef: HAX YKa3aHWe Ha TO, U410 meETp §; HE COOTBET-
creyer ueHrpy K. OUeBumHO, 9T0 peds 37eCh HAET IO CYIECTBY O IPOCTOM
CHeJICTBUR M3 CBOMCTBA COXpAHEHMsA CAMMETPHH TOUEK OTHOCHTEILHO OKDYH-
HOCTA AIH UpAMOi npm ApobHo-nmaeHNX orobpamenmax. W sro mocae Toro,
KaK B IpeJuAYMEX NucbMaX o0CY:KIajiHCh TaKde BOUPOCH, KAK IpABERCHHS
abeJeBHX HATETPANOB K DJAJMHOTHISC KAM, BOIPOCH BAPAANAOHHOTO HCIACICHAS
¥ cBoficTBa T3Ta-QYHKImHA. Y KA3aHHHI{ IpAMep CBUAETEIHLCTBYET, BO BCAKOM
caydae, 0 TOM, 4T0 B Hadaie 70-x romos oro0paskeHms mOCPEOCTBOM 3JeMEH-
TapHHX (QYHRO@E He NpAHANICKANHA eme K IACIY, TaK CKazaTh, a30ydmex
WCTHH TOTMamHel 7TeopmE QYHRKImI.

Bce xe ® sTOoMy BpeMemm y:xe myGIEKOBANNCh OTHEIBHEE pe3yABTATH
OTHIONH HO® TPHBHANBHOTO XapPaKTepa, MOCTEIEHHO IpeBpaTHBIIANEe KOBPopMHOS
oto0pasKeHme B OMMH B3 BAKHEX MCTOYHAKOB BBEOHHMA HOBHX TPAHCHOEHIEH-

92 JImenma Hapuaa Beiiepmrpacca ® Copoe Kopaumesckoii, 1871 —1891. M.: Hayxa, 1973,
c. 24—25 (pyc. nep., ¢. 164—165).
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THEIX ¢yHROzA B amanms. VI sjech, Kak M BO MHOTHX JIDYIAX CAY9aAX, BIe-
perm mexn I'. A. llisapn. Tax, eme 6yayum crygentoM, B 1864 r. B ceMmmape,
pYRoBommMOM DBeitepmrpaccoM, OH TONYYmA B BHAe HEKOTOPOTO HHTErpaia
gopMyny Aas oTo0paKeHHs HOJYIJAOCKOCTE HA Mi000# TpeyronbHmk °3.
Berope ara popMyna He3aBrCEMO OT Hero OHAa obobmena upodeccopom Ilio-
pmxckoro moamrexamxkyma J. B. Hpmcrodgenaem s paGore «3amaua o cra-
IHOHAPHOH TeMneparType X 0 MpeficTaRieHnn AaEHOA noBepxHocTE» (Problema
delle temperature stazionare e la representazione di una data superficie.—
Ann, mat., Ser. 2, 1867, 1, p. 79—103) = B Hacrosmee BpeMA Ha3HBAeTCH
gopmMynoit Hpmcrodpdens — Illsapma %4, UmesHO eciam n-yroabHmE M0~
CROCTE 2z HMeeT YIIH C,7,. .., G5l B OpA KOHQOPMHOM OTOOpasKeHHE Ha
BEPXHIOK NOAYNIOCKOCTH [IOCKOCTA W €10 BepIIEHHE IONaTal0T COOTBETCTBEeH-
HO B TOUKHA d4,. .., Gy AEHCTBOTEXLHOHA ocm, TO OTOOpayKalOmas (QYHKOHs

ze=z@)=0C, | (t—a)™ ... (t— @) dt + Can

rae C; u C, — KOMUJIeKCHEE KOHCTAHTH. IT0 & ecTh opmyna Kpacroddens —
Ilpapma. I'maBmasm TpyAHOCTH, BO3HHKAWIMAA HpH €6 IPHEMEHEHAH, eCIM
n > 3, 3aRI0YaeTCA B ONUPEIENCHAR MEMCTBHTENBHHIX KOMCTAHT @y, Gg,. . .
« + vy O} ARIOb TPH M3 HAX MOTYT OHTH 3aJaHH IPOH3BOJBLHO.

3aMeTnM, 9T0 mHTerpan, BXogamui B popmyny Kpmerodpens — Isapma
(0H TarKe Ha3HBAETCA IO MX HMEHM), HPEACTABIAET CyecTBeRHoe 0606menue
YABTPA3INIAUTAISCKOTO H DJIAITAYICCKOTO HATErpaia, MOTOMY 9TO AeficTBH-
TeAbHHe dUmcaa a; (j = 1,. .., n) He BCerfja PaNEOHAJBHH. ONABITHICCKHH
MHETETPAJ DOXYIAETCA B CIyIae HPAMOYTONBEAKA (TOTHA O = 0= 0g=0(, =1/,).

Boxnee cuommoit orasamacy 3agada KOHQOPMHOTO OTOGpakeBHA HA KPYT
AJIH HA NOJYIJIOCKOCTH MHOTOYTOJLHWKA, OTPAHHMYEHHOTO AyTaMH OKpPYIKHO-
creii. B pa6orax 1869 m 1873 rr.*® Illpapn mpmmen K cienyicmed Teopeme:
nycts I' — ogHOCBA3HAA 061ACTh WIOCKOCTH Z, OTPAHAYEHHAs AYTaMA OKpY-
KHOCTe#l (KPYTOBOM MHOTOYIONBHEK); TorAa AaA dyuxnun z (Z'), oTobpakaio-
meil ero Ha BePXHION HOJIYIIOCKOCTH WIOCKOCTH Z', HOMKHO BHIONHATHCHA
caefyiomee Arddepernmanbaoe ypaBEeHAE TPETHLErO NOPAIKA, B JEBOHA JacTH
KOTOpPOTo QHTypmpyeT Tak HasHBaeMH}i IIBaplman

{2, 2y=-2 lnd—Z_L(a%lnj%)LF(z'),

4z o az 2
a B OpaBoid YaCTH CTOAMT pandoHalbHas QyHKnmsa F (z), ompejiesleHHasA € TuY-
HOCTBIO 70 HMECKOJBLKHX NOAJNEKAIAX OTEICKAHAKI KOHCTAHT.

Qysrnomo z (Z') MOKHO IPEACTABATH B BAAE YaCTHOTO ABYX JHHEHHO He-
SBABHCHMHEIX peMIeHMHA JmHeiHOro ABddepeHnUaTLHOTO YpPABHEHHS BTOPOrO
nopAnKa yKcopa Kiacca. B cayuae Kpyrosoro TpeyroipHEKAa — 3TO THIEp-
reoMeTpmieckoe ypasnerme (IIIBapm, Kueitn). Bupogem, aas oupenelenns:
¥ HW3y9YeHmsi CBOMCTB Tak HA3HBaeMoii Tenephb MmMouyasapHoll ¢yukmmm Ilsap-
na Meapn (1873) mcxomar m3 TpeyronbHmKA ¢ HYJNEBHMHE yIiaMH, 06pa3oBaH-
HOTO TpeMs DAaBHHMH JIyTaMH OKDYKHOCTEH, OpPTOTOHAJLHHMA K eHHUIHOM,
u $yEEmmI0 Z = A (z) ompenenseT Kak Takoe KoubpopMHOe oTOOpameHme BTO-
T0 TPEeyrodbHMKA Ha HONYHIOCKOCTE Im Z > 0, 4r0 BepmimHH TpPEYrOJbHE-
Ka mepexonaT B Toukm 0, 1 m oo, Jlanee MonynsapHana QyHKEIAsA aHATMTHIECKH

% gc}ggarzsslf. 4. Gesammelte mathematische Abhandlungen. Berlin, 1890, Bd. 2,
54 l'[onpo6ne;a o B. K. Kpucrogdene (1829—1900) ropopurcsa B meppoit rnaze.
g;};wags{{. 4. Gesammelte mathematische Abhandlungen, Bd. 2, S. 65—83, 84— 101.
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HIpPOMOJIKAETCHA HA BECh GMHAYENIA KPYr IHOCPeICTBOM UDAHINNA CHAMMETDER
(#3BeCTHOTO UOR Ha3BaEWeM HOPHHINEOA cHMMeTpmm PmMama — HIsapma).
3mech 0COGEHHO OTIOTIAABO BHABIACTCH TeOMETPHIeCKA MeTO] OmpeeleHns
(m m3yueHHA CBOMCTB) TpPaHCIEEAeHTHON QyHEnmm (BupowueM, M3BecTHOH eme
co BpeMeH I'aycca m BBOJUBIIeiics m H3ydYaBIIeHCsH paHee THCTO AHANATAYE-
CKEM UyTeM) B CBA3HM ¢ Teopmedl 3nnmuradeckmx Qymrnmit. 3aMerum, 910 aTa
$yHROAA, KaK yKe YOOMEHAJIOCH pagee, OhJa 0THAM M3 NPOCTeHMAX IPAMEPOB-
aBroMopdHHX QyHEnRmE, 0 Hadanax obmeil Teopmm roTOpHX ME eme Gyrem
rosoputh. Panee ymoMmmazochk, 4To pe3dyiabraTu I'aycca ocraBaimch Hems-
BectHEIMA. Hecronbro 6aaromonygnee, 9eM B caydae [aycca, medo obcrosamno
¢ peaynbraTaMm PaMaHa, OTHOCHEBIIMMACH K A3YIeHAI0 TOH e dynrmmm. Oun
ORIm BRIOIEHH MM B JEKOUHE 0O rumepreoMerpmieckomy psamy (1858—1859)
u creHorpagupopans ero caymareiaem B. Bemoasgom *¢, BupoueMm, mer nmka-
KHX ABHEIX HOKa3aTeabeTB, 910 lIBapr GEIA 3HAKOM B CBOE BpeMsi C 3THMH JeK-
naaMA. .

NurepecHo oTmeTATh, uT0 yike Kk Hazany 80-x romor XIX s., ¢ opmoit cro-
POHH, HAKONWICH TAKOA OGHALHEIA MaTrepmaX m0 KOHKDPETHHIM KOHQOpPMHEIM
oToGpakeHusAM, a ¢ APYroit — TarR YYACTANHCH CAyYanm HX UPHAMEeHeHHAS B 3a-
Tadax (@W3MKA W MeXaHMKHA, 970 HOHafo0mIach cuenmajlbHAA MOHOTpadms.
I'. Xoapmmionaepa (1844—1914): «BBegeEne B Teopmi0 HM30TOHAIBHHX
cBOHiCTB B KOH(QOPMHHX 0TOOpasKeHm# ¢ IpAMeHEHAEeM K MaTeMaTHUecKoil ¢m-
smke» (Einfithrung in die Theorie der isogonalen Verwandtschaft und der kon-
formen Abbildungenmit Anwendungaufmathematische Physik. Leipzig,1882).

Kapa Beitepmtpace

Cpenn maremarmroB XIX cromerms Henbas, moskaayil, HazBaTh ApPyToro
JenoBeKa, KpoMe BeiiepmTpacca, KoOToOpoMy MareMatWdecKMi amanms O GH
B TaKo# cremenm 00A3aH OKOHYATEABHHM QOpMApOBAHHEM BeJIMIECTBEHHOTO
3panns, sanoxegnoro Heoronom u Jleli6ananem. VimMerno | Beffepmrpace pams-
me /Ipyrux, Baumaas ¢ cepeAnEH 60-x rofos, MONOKAL B OCHOBY BCEr0 aHAJHA-
3a TEOPHIO AeHCTBATEABHEIX 9ACE], He AUSJANPYOMY0 K HATIATHOCTH, T Upej-
J0KAI B KAUeCTBe YHHBOPCANBHOTO CpefcTBAa HMOCTPOCGHHAS CTPOTHX [OKa3a-
TeIhCTB NPHHINN CYIIEeCTBOBAEAA BepXHeill (B HmiKHel) rpaHA OrPAaHAISHHOT'O
MHO’KeCTBA. Bce 53T0 ompefenmao mepexoy aHanms3a HA HOBH ypOBeHB CTPO-
TOCTH 110 CPABHEHHIO ¢ TeM, 9T0 yike 6nno caesrano Komn. On yGepmrensno upo-
JEMOECTPEPOBAN YAMBHTENBHYIO CHOKHOCTh NOBENEHAS HEUPOPHBHOM QyHEK-
1mH, TOCTPOHMB HpEMep Hurie He aAuddepeHMApyeMolt PYHRIEA (ero mpenme-
creeHERKOM Onr B. Boasmano). G Apyro#t CTopoHH, eMy yAaloch NOKa3arh,
9T0 caMas mpOCTAA M MACANBHAS N0 CBOMM XODOIIEM CBoitcTBaM QyHKOmA —
MHOTOWIGH — CHocoGHA ¢ TOYHOCTHIO JO NPOM3BONHHOTO MAJOr0 YHCIA BOC-
IpOM3BOAATH 3HaUYeHHsA JI000# HempepwsHO# ¢yHrRIEA *7.

Bcenep 3a Heroronom m JIarpansiem Beiiepmrpace nocrasna crenennoi psx,
BepHee CHCTeMY CTEHeHHHX DAJ0B, CBABAHHHX MemAy co6oil oTHOmIeHHEM
aHAJIATHIECKOTO mpomoinkeHms (sroro Hm y Hrloroma, vm y Jlarpamma me
68110), B MEHTPe TEOPHH AHAJAATAIECKAX QYHRIUHA, 3a703HUIA OCHOBH TEOPHH
nexaslx GyERImIE, MOBEJ [0 BHCOKOM CTENEHH COBEPHOICHCTBA TEOPHIO 3IJIHOTH-
gecknx QYHKIHAA B yBeHYa] BCe 3faHme reopmeil aGeneBRX QYHKIOHI, ABIAB-
meiica Hanboiee BHevATIAAOMUM HocTwskendmeMm apaamsa B XIX B. ITonyrmo
OH 32J0KWJ OCHOBH TEODUH AHATATHUECKAX PYHKOHHA MHOIAX KOMIJIEKCHEX

% Cwm.: Pumarn B, Cownnenns, c. 213—215,
7 O priuapme Beliepmrpacca B IOCTPOCHUE OCHOB MaTEeMaTHIECKOTO aHANN3a 'Moxpobuo 6y-
JieT CKa3aHO B XPYyroi KHHUIE HTOH CepHH.
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K. BEMEPHITPACC

nepeMenanx. HaroHern, eMy mprHaAIeKAT KPYUHEE JOCTIHKEHNA B BADAALAOE-
oM mcunciennn (pyrruua Beitepmrpacca, B rTepMAAAX KOTOPOH BHPAKAIOTCA
JCIOBAA CHIBLHOTO dKCTPEMyMa), TeOpAM MEHAMAJBHHX IOBEPXHOCTEHd B am-
HeitHofi axre6pe (reopms 3neMeHTApHHIX Beamteleir).
Hapa Teopmop Bamanrensm Beliepmrpacc, o rpoMajgHOM BEKIafe KOTODOTO
B QyHEaMEHT MaTeMaTAYeCKOTO aHAJM3a yKe ToBOPMIOCH B UEpBOH riaBe
roil KEmrH, popmicsa 31 oxkrabpsa 1815 r. 8 Ocrendensne (Becrdannsa) B cemee
upHOBEEKA. B 1834 r. oxomumn ramuasmio B IlajmepGopre, morasas Gaects-
AmEe ycHoexm («<UepBHIM B3 BCeX»), B B TOM Ke TOAY, yCTyUas HACTOAHHAM 0THa,
HOCTYHHN Ha opaApgaueckmit faxynnvrer Bomucroro yumsepcmrera. [IpemeGpe-
rafg He HHTEPECOBABIIAME €r0 YHUBEDCHTETCKHMM 3aHATHAMH, OH CaMOCTOdA-
TeJBRHO HM3yIAJ MaTeMaTAYecKme Haykm. Bellepmrpacc mrymmposan «HeGec-
Hyo MexaEmky» Jlannaca, «HoBHe ocHOBaHmA TeOPHE 3IIANTAYECKEX PYHK-
uuity fAro6m, nepswe nyGamranmn Abens M0 TEOPRH SIIAITHICCKUX PYHKIUME
B ypRane Hpenne. Tpynraa kuura flko6m mpepmonarana npegpapuTelbHOe
-3HAKOMCTBO 9UTaTeNA ¢ OCIIUPHLEM cognmHeHmeM Jle;kaHgpa U0 TEOPHH SNIAI-
TA9ECKHX HHTErpaj’os, B Ty HOPY HegocryusuM Bejtepmrpaccy. K cuacrhio,
B er0 DYKH IONAJH 3aNACH JOKHH 0 TeOPHH daamutaIecKux ¢ymrnpmi Iy-
JepMaHa, 3HaYaTeNAbHO 00nerumBmne ero paGory. IIncsmo AGenn x Jlexangpy,
ony6nmroBauHoe B KypHaxe Hpemne B 1829 r., B Koropom Afens coobmgai,
Y
10 XA pyEKnuu A (z), 06paTHOR mHTETpPANY a:=5 d
s Vd—9) (1=
¢yaknma sn z fIxoGm), OH mamen upepcTaBiIeEHe B BHAE OTHOMIEHHAS ABYX
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BCIOAY CXONANIEXCA CTeIeHHHX psAfoB, moGynmmo Beitepmrpacca caMocTos-
TeIbHO BEIBECTH JTOT PE3YJABTAT, 9TO OH ¥ BHIIOJHUJ Ha 7-M CEMECTPe CBOEro
npeGuBanns B8 Bonme %8,

Iloce BockMm cemecTpoB, He [iepKa 3K3aMeHOB, Beitepmrpacc mpeKpaTAl
o6ysenme B Boure, 3aaBEB 0TIy, 970 €r0 HpH3BaEMe — MareMaTEKa, He Ges
COMPOTHBIEHAA €O CTOPOHH ceMbH OH uHocrymaer B 1839 r. B MiomcrepcryIo
aKa/eMAI0 ¢ HePCUeKTABOA CTATh YIHMTENeM rEMHA3ud. 'TaM OH ciaymaer JeK-
AR OfHOTO ToxnbKo ['yaepMama. B mmx oH MOT, B 9aCTHOCTH, MO3HAKOMATLCH
¢ mieell paBHOMEDHOM CXOZWMOCTA DHANOB H GECKOHEYHHX NPOM3BEJCHUH,
pcrpedaiomeiics puepsrie B ny6nnrkagnr I'ynepmana, orrocAme#ica k 1838 r. *°

Ocenso 1840 r. Beitepmrpacc upeacrapiser B Ka9eCTBe SK3aMEBAIIAOHHOK
pabory <O pasnoxemmm MogylApHHX QyErnmity (cM. c. 159). Ilog Momymsap-
HHME OH IOJpa3yMeBaeT 3[€Ch, CAeIYA TEPMHEHOAOTHHE CBOEro YWHTElIf, 3i-
amnHaeckne (yEKOuA. B mneHTpe BHUMaHEA — NPEACTABIGHEE HMX B BHAE
9acTHHX CTeHeHHHX DPAROB (cM. sume). PaGora moaydmaa BHCOKYIO OIEBKY
co cropousl I'ynepmana, Ho Beitepmitpaccy sta omerka B HOJHOM BHAE CTajia
m3BecTHOM ToAbKOo B 1853 r. NHaue, Kax ummcaa om Bmociaemcrsmu [IBapuy,
0H Mor GH Toxydars paboTy B yHEBEPCHTETe TOPA3A0 PAHbIIE, 4eM 3T0 CIYId-
J0CH B HeHCTBHTEIBHOCTH.

HKar sra pa6ora, Tak @ Tpm Apyrme, BEmoJHenHHe B Mioncrepe B 1841—
1842 rr., ysmgenn: ceer BiepBHe ToAbKO B 1894 r. B mepBoM ToMe «MareMaTn-
9ecknX TpyxoB» Beitepmrpacca. IloatoMy oHm m HE MOrJIm CBOEBPEMEHHO
OKa3aTh BIASHAE Ha Pa3BETAE MATEMATHKM. A MeMIy TeM B HEX ORI E3TOTOB-
JeH BeCh MHCTPYMEHTApHil TOr0 HANDABIGHHA TEOPHH AHAJTUTAYCCKEX (YHEK-
gmil, KOTOpoe CBA3HBaeTcH ¢ mMeHeM Beitepmrpacca. CraszamHoe OTHOCHTCA
K yKe yuoMAnyToit paGore o pasnmoenmm siammutmaecKmx ¢Qyuxmmia. Cam
BeiiepmiTpacc paccMaTpmBal CBOi#l IOZXO[ K HEM KaK mpoofpa3 mocaemyromeit
ero TpaktoBkm abemeBnx ¢ymrnmit. B paGore «IIpeacrasienme amammTHYIe-
CKOH (YHKIUA KOMIJEKCHOr0 HepeMEeHHOro, aGCcolIOTHHE 3HadeHAs KOTOPOTO
3aKN0YAITCH MEKIY [ABYMA 3amgaBRHEMA rpammmamm» (Darstellung einer
analytischen Funktion einer komplexen Verinderlichen, deren absoluter
Beitrag zwischen zwei gegebenen Grenzen liegt. Miinster, 1841) 1, o koropoit
MH y)Ke YNOMEHAJM, BHBONHUTCA JOPAHOBCKOE pa3jo)keHHe QYHKOIAA B KPy-
roBoM Koasne. U aro 3a gBa roga mo nyOamxammm Jlopana, Ge3 mpamoro mc-
Honbp30BaHAs peayasraToB Homum (ero muterpannmoit gopmynst) 1 6es yunorpe6-
JeHAA TeOMeTPHIECKOT0 fA3HKa. XaparTepHO, 4T0 KOMINIEKCHOe YHCIO € MO-
ayneM r maoGpaskaerca He B Bmpe r (cos O + isin 0), kax 370 geran Homm
m Beaey 3a HaM Jlopas, a B Brge gpobn r —11_"—;::., rae A — JeicTBHTEIHHOe THC-
n0. Uro6n Takas TOIKA OGHOKPATHO ONHCAJNA OKPY/KHOCTh Pagmyca I, HY/KHO,
q9100H A A3MEHANOCH MOHOTOHHO OT — o0 A0 —+o0.

Caepyiomas mioHCTepCcKas pabGora «K reopmm crememmbix pagoB» (Zur
Theorie der Potenzreihen.— Miinster. Herbst, 1841) ' mcmomp3syer cBOH-
CTBO PABHOMEPHO! CXOZEMOCTH CTEHEHHOTo psaga. Ilpm sToM B He# paccMar-
pUBAIOTCA TAKKe W CTENeHHEe PAAEl IJA ciydaa MHOrmXx mepemenHEX. Oc-
HOBHO¥ pe3yabTaT 30eCh — 3T0 TEOPEMA 0 3AKOHHOCTA IPHBEIeHAs HOFOOHREX
9IGHOB B pfAfe, HOJYYSHHOM MOCHE TOF0, KaKk Ka;Kgoe IepeMeHHoe B CBOIO 0Ye-
pelsr 3aMEHAETCH COOTBETCTBYIOIMHAM CTEHEHHEIM PAILOM.

pe li)ugac P, Eléments d'analyse de Karl Weierstrass, — Arch. Hist. Exact Sci., 1973,
0, p. 45.

9 Thid., p. 47.

100 Weierstrass K. Mathematische Werke, Bd. 1, S. 52—66.

19t 1bid., S. 67—74.
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Haronen, paGora «Oupegenenme aHaInTEIeCKAX (YHEOEA OFHOTO mepe-
MEHHOTO OCPefCTBOM aarefpamueckmx pmrdpdepeEnmaibunx ypaereHmiy (De-
finition analytischer Funktionen einer Verdnderlichen vermitelst algebrai-
scher Differentialgleichungen. — Miinster. Friihjahr, 1842)1°® copepsxmr
TPE CymecTBeHHHX pesyabrara. IlepBmit @3 HEX, yTBep:KAaOmuit, 9T0 pemie-

HAA cHcTeMH AnQdepeHnUaNIbHEX ypaBHeHmE BEma dr;/dt = Gj(zy, . . ., Z,)
(j =1,...,nr), oupegenseMue HauaJIbHKMA yenosaamm z; (0) = a;, AsasmoT-
cA aHAJNATAYCCKAMEA (YHROUAMHE, ecld G (Zy, . . ., Ly) — MHOTOWICHH, HE HOB.

970 upepoKeHme Ccoep:Kaioch B Goiee pamHEmX mcciaegoBapmax Komm mo
mcunciaennio upepenos. Ho rypmuckmit nmrorpaduposamamii Mmemyap 1832 r.
me Gun m3secreH pefiepmrpaccy. I ¢ BocupomaBemeHmEM CONEpAHAA DTOTO
Memyapa B 14-ii Terpagm «Yupakmenmmit no asagmsy» Homm, BHmepmei
8 1841 r., o rarme mHe Gr 3HaxoM. Bropoit pesyanTaT, OTHOCHTEIBHO KOTO-
poro Beitepmrpacc mmoro nosgmee (B 1894 r.) yrmepsgpaxa, aro y Homm ero
HaliTH HeNb3s, YCTAHABIHBAET C IOMOMBI0 MAKOPAHTH CTEIeHHOr0 pALa
axr He Toamro abcomrorHOM (unbedingt) ero cxogmmocru, HO W CXONEMOCTH
pauomepuoii (gleichférmig). @opManbmo Beitepmrpace agecs upas. Ho mo
CymecTBy, Kak 06 5TOM y:ke rOBOPHIOCH BHINE, CAMA OCHOBHAS HAeS MCUYHCIE-
HEA upefienos y Komm oGosHawala HA CaMOM [ele CACTEMATHYECKOe HCIOJb-
30BaHME CBOMCTBA PABHOMEPHOH CXOAAMOCTA CTENEHHHX PAIOB, HOBeleHHOE
J0 ABHON ONEHKH CBEPXY MX OCTaTOYHHX wieHoB. HaxoHmen, Tpermil pesyis-
TAT — ONHECAHOE NPONeCcta 3HAJRTHIECKOTO HPOFOIKEHHS CTeNeHHHX DANOB
H €ro IpPUMEHEBHA K UPEeCTABICHMIO pemeHmll cACTeMH AmndepennmanbHLX
YpaBHeHHE 3a IpefejiaMun NEePBOHAYANBHON 06aacTm CXOXEMOCTH, MPEACTaB-
AA0Mel OKPeCTHOCTh TOYKA ¢ = (), MOMHOCTHIO M IEIRKOM SBIAICH OTHPH-
toeM Beifiepmrpacca. 3hech eMy HeficTBATeNBbHO He HA KOTro GLilo omepernes,
Kak 0N TIaTeIbHO HA HW3YYadl OH TPYAH CBOAX OPEMIUECTBEHHAKOB H COBpe-
meHEHEKOB. OfHaKo (71 06 9TOM ME! TaKke roBopAIA Bhme) He upomuxo = 10 xer,
xak B. Iliom38 caMocTosTeAbHO UpHIIeN K TOM Ke Hjee W H3N0KANL ee, IpaBja,
B CBABA C WACTHO® 3ajmaveit mpeAcraBieHAA anrebpamdecknx (YEROHHE, HO
B CTOJB KXe o6meM BmMe, Kak m Beitepmrpace. B mpyroit ¢opme, 6e3 mpamoro
HCUONB30BAHAA CTOIEHHHX pPANOB, HieA AHAJIATHYSCKOTO IPOAOKEHHAA IO~
HBIfAETCA Ha ORNHH Tof mo3ke, ueM y Iliomzé, B gmccepranmm Pumana.

IToce rommumoro craxa B Miomcrepe Beitepmrpace monywma B 1842 r.
MecTo yumrens B npormmuasmm B Jeiiw-Kpome (3amammas IIpyccma); ¢ 1848
mo 1855 r. om mpemojaBatens ruMuasmm B BpayrcGepre (Boctouwmas Ilpye-
cas). Iro GHAA MajJeHBKAE 3aXO0JYCTHHE TOPOJKH, B KOTOPHX 0H GHII coBep-
IIeHHO ORHEHOK CO CBOMME AYXOBHEIMA 3aupocamn. IIpemopmaBars ke eMy mpm-
XOFMIOCH CcaMile pasHOOGpasHHEe @IpeAMeTH: HeMenKm# A3HEK, GOTaRmERY,
reorpamio, HCTOPHIO, YACTONUCAHWe M rmMHACTEKY. Ero moesgxa B Bepamn
B oxTaAbpe 1844 r. mMena UpAMON NeABI0 COBEePHICHCTBOBAHME B L pEIOaBa-
HAAN TAMHACTEKE. YdefHasg Harpyska moxopmaa mo 30 YpOKOB B HeHemio.
U Bce xe Bedepmrpacc HEOTCTYUHO PA3MBIINAN HAJN MATEMATAYECKAMA LPO-
6nremaMu. B meHTpe €ro MOMCKOB CT0ANA TeopuA abeaeBrX yHRNUiL, KOTOpOR
OH OCTABAJICHA BEPEH BCIO KHBHbD.

B upmaomennm r ordery BpaymcGeprckoit rmmmasum 3a 1848—1849 rr.
HoABIAETCA ero Heboipman crarba «BKiaaj B Teopmio abeleBHX HHTEIpaIOB»
(Beitrag zur Theorie der Abelschen Integrale. Beilage zum Jahresbericht
itber Gymnasium Braunsberg in dem Schuljahre 1848—1849) 1%, B roTopoit
aBTOp coobmaer, 910 yiKe AOIroe BpeMs 3aHAMAETCH afeleBHME WHTErpalaMH,
a mMeHHO IJIaBHON 3ajadeil ofpameHus MATErpajoB UEPBOr0 POHA, HOCTABIEH-

102 Thid., S. 75—84.
103 Thid., S. 111—129.

210



Hoil flkoGHm, H 49TO eMy yJaioCh MOIHOCTHIO PellHTh BTy 3aJady HA IYTH, OT-
amgaoM oT 'émens m apyrmx mareMatmkos. HanommmM, uro 'émens m Poaen-
XallH OTPaHAYWJNCH O0pameHMeM YIBTPA’LIANTAYECKAX HMHTErPAioB [UIA
cIydad, KOrfa moji KBaflpaTHHEIM KODHEM HAXOOATCA MHOTOWIEH J-ii mium 6-i
CTENeHH, YT0 NPHBOMAT K (YHKIHEAM ABYX He3aBACHEMHX NIEPEeMEHHHX, H 9TO
AX MeTo[, He [OIYCKaJ HENOCPeNCTBEHHOTO PACcIpOCTPaHeHNA HaA Oo0mui
caydgaii.

Oamaxko crarba 1849 r, aBmiack Bcero JHIB CBOEro pojia 3afABKOI, ocTaB~
IeiicA He3aMedeHHON cospeMeHHmKaMu. CoBceM APYro# mpueM BCTDETHIN
mociaeAyoImae ero ase paborsl, onyGamKoBannne B 47-m (1854) m 52-M TomMay
(1856) xypmana HKpemme: «H reopum aGemesnx ¢pymrmmity (Zur Theorie der
Abelschen Funktionen) 1% n «Teopmsa aGenennx ¢ymrmuii» (Theorie der Abel-
schen Funktionen) 1°. Xorsa mepsas m3 mmx, mo or3uBy [uapmxie, «maBane
TOJBKO JaCTAYHHE AOKA3aTeIbCTBA €0 M3HCKAHMN, B KOTOPHX OTCYTCTBOBAJR
OPOME;KYTOUHEE pa3bAcHeHAA» 1%, oma Grnma cpasy omeHeHa mO JOCTOHHCTBY.
Hwmenro oma MocraBmiia eMy cTemeHb MoKTopa honoris causa, mpHCYKISHHYIO
HémmrcbeprckaM yHEBepcHTeTOM (OKoH4YaHme MIOHCTepCKOH axajaeMudm He
npareciao Beiiepmrpaccy B CBoe BpeMA CTeleHH [OKTOpPA), W 3BAHAE CTapIIEro
yamrensa. Ho caMoe raaBHoe — 3T0 70, 9T0 HA OCHOBaEWE OT3WBa Jmpmxie
Beitepmrpacc cMmor Temeph IOIAYYATH FOJMYHEI OTOYCK AAA MONPABKA 3[0-
POBBA W i 3aBEPIIEHUA BTOPOA PaGOTH M3 NABYX YHOMAHYTHIX BEIIE, B KO-
Topot OBIIM HM3I0KeHH Da3BEPHYTHIE NOKA3aTelbCTBAa MONYYCHHEIX De3yilb-
TaTOB.

K neaTtenprocTH yunTenA ruMEa3nd Befiepmrpacce Goaslie He BO3BpamACH.
Baarogapsa sMemareancrsy A. @. T'ymboasnra m @. 10. Pumeino (1808—1875),
Aro6u 7 ero npeemMunka B KérmrcOeprckom yamBepcrreTe OH ORI YTBED:KIEH
aeroM 1856 r. mpodeccopom IIpomsumienroro mACTATYTa (BIOCAEACTBAM —
Buicmas rexmmyeckan mkoda) B Bepiamme. Kymmepy Beltepmrpacce Gnii 06a-
3aH TeM, UTO OCeHBIO TOrO Ke rofla OH OHJI yTBep:KAeH Tak:Ke SKCTPAOPIEHAD-
HEM mpofeccopoM Bepammckoro ymmsepcmrera (¢ 1864 r.— opmumEapHEIM)
7 mabpan wiemoM Bepawmnckoii axkafiempm HAYK.

B peum, mpomsHecemmoif mpm Berymiemmm B AKajgemmio, BeiiepmTpace
H3IOMUI CBOE HAyTHOe Kpemo B cienyiommX cioBax: «C Tex mop Kak IOX
PYKOBOACTBOM Moero yuaredsa I'ymepmana g osHAKOMMICA B HEPBHIA pa3 ¢ Teo-
pmeil JIMOTAYECKUX (YHKIMA, 5Ta OTHOCHTEABHO elje HOBAsA BeTBb MaTeMa-
TAYECKOr0 aHaiIn3a PoA3Belia HA MeHA MOI[HOe NPATATABaIIee BosdelcTBAE,
KOTOpPO€ 0CTaeTCA OMmpefeNIAlIMM IIA BCEero Xoga MOEro MaTeMaTHmIecKOro
pasBuraas. U gasisme, roBopsa o nepuofinveckaX G YEKIAAX MHOTUX DePeMEHANX,
ABAARINAXCA 0600menneM sannnradecknx ¢yakmumii: «[IpemcraBnTs Ha caMoM
Jele W GamM)Ke HM3YIHATHh CBOWCTBA STHX BeJWYMH COBEPIIEHHO HOBOIO pOMa,
He mMeBmAX cefe MONOCHEIX B aHAlW3e, OTHHHe CTAHOBATCH ONHOA H3 rJjas-
HHX 3a7ad MaTeMaTAKHA, KOTOPYIO pemmi mcciaeXoBarh m fA. Qmmako,— Ipo-
nomxan Beitepmrpace,— 6uito 61 6esymmeM, ecam OH A jKelad pa3MHIIIATH
TOJNBKO O pemeHUT mogobHoH mpobaemn, ne ynyIr mOATOTOBJIEHHRIM IOCpen-
CTBOM YrAYGICHHEOr0 M3YUCHMA CPEACTB, KOTOPHE AOMGKHH MHe CcmocoGcTBO-
BaTh, M He YODa)KHAACH CHAYAJA B peIleHMA MeHee TPYAHHX mpobmemy 17,

Taxam o0pa3oM, or snammTAYecKAX ¢ymxmail k abexeBHM, omEpasAch HA
rIyOoKy0 paspaGoTKy W HCIHTAaHZe B Hele HeOOXOTHMHIX CPeficTB aHAJAA3a
H Teopnn (YAKOHH,— TAaKOBAa XapPaKTePHCTHKA OCHOBHOIO HANpPaBIeHAA

14 Thid., Bd. 2, S. 133—152.

105 Thid., Bd. 2, S. 297—355.

106 Dugaec P. Op. cit., p. 52.

107 Akademische Antrittsrede.— Monatsber. Preuss. Akad. Wiss. Berlin, 1857, S. 348—
351; Weierstrass K. Mathematische Werke, Bd. 1, S. 223--226.
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B TBOpUecTBe Beilepmrpacca, JagHaA AM CaMEM B Hadale GEDIMHCKOTO HmepHo-
Ja, mpopo:xapmeroca Gojee COPoOKa JeT, A0 caMoro KoEma xus3an. O yMmep
19 ¢eBpana 1897 r. mociae maoronerneii Gode3nm, JAMABMEN ero y;xe B Hada-
e [eBAHOCTHIX TrOJ0B BOSMOKHOCTH TBOPYECKOH AeATEALHOCTH.

Pesyabrari HaygHO# paGoTs GepIWECKOro HepAONA OTPAKAJNCH B YCTHHX
coobmennax Beitepmrpacca B BepamHckoidl akajgeMuy HayK, HeMHOTOYACJeH-
HHIX KYDPHAIBHEX NYOAAKAOAAX M KYpPCaX JeKnuai, 4nranHEX B Bepamuckom
yansepcurere. Haynnaa ¢ 1894 r. cranxo BHXoaaTs coGpamme coumnenuit Beii-
epmrpacca «Maremarmueckme Tpyan» (Mathematische Werke), ocraBmeecs
He3aKOHYCHHHM W NOHHHEe; W3 CeMH BHRIIIONIIAX B CBET TOMOB JBa ToMa OwIIA
HalleYaTAHH eme IpH ero Xu3mdm. B cepbMmoMm rome, magammoMm B 1927 r., co-
JepKATCA ero KypC JEeKNHE 1m0 BapHAamMOEHOMY HCYHCJCHHIO, TATAHHHH B
1879 r.

W3 poknanmos u crarteii Beiiepmrpacca HamGonbllce 3HadYeHAe A aHAAA3A
7 reopur GYEKmmA mmewT ciaenyiomue: «0 rax masnBaeMom mpmeEmume m-
paxuae» (1870; cm. ¢. 201), «O mempepuBHO# QYHKOUA NeHCTBATEIHHOIO apry-
MeHTa, KOTOpasA HE JJIA OJHOTO 3HAYCHHWA MOCJIeTHEero He o6AafaeT ompenelen-
Hoi mnpomapommoiy (1870; cm. Hu. 3), «H Teopma ofHOZHATHHIX AHAJATHYE-
ckrx ¢ymrmmit» (Zur Theorie der eindeutlichen analytischen Funktionen,
1876) — paGora, comeprxamas TeopeMy O PAa3NOKEHAN NEJHX aHAMHTAYSCKAX
OYHKOEHE HA HEepBHUYHHE MHOKHATENHM, MOCHY;KABINAS HAJaJoM oO0mei TeopHA
neanx (m mepomopdHHX) dymkmumit, m «HekoTopsie Teopemsl, oTHOCAImECH
K TEOPMM aHAJATAYECKAX PyRKOAH MHOrmX mepememunx» (Einige auf die The-
orie der analytischen Funktionen mehrerer Verindlichen beziehende Sitze,
1879) 198, 3ra mocaenmsaA pabora OTKPHBaJAach TAK HASEBAeMOA MOATOTOBH-
TeJBHOH TeopPOMOl, AaBaBIledl OCHOBH TEeODHH AEJAAMOCTH CTEOEeHHHIX DANOB
IJA CIAydasd MHOTMX NePeMEeHHEIX; 3aTeM PACCMATPHBAIACH JIAA STAX PAXOB
TPoNect AHANATAICCKOTO MPOTOJKEHAsA U 0COOKE TOUKH (B JACTHOCTH, TOUKH
HeompeNedeHHOCTA, He BCTpedawmmeca IiA (YHKOHHE oJHOrO mePeMeEHOro)
i dopmynEpoBaJiach THIOTETAYECKAA TeopeMa (dokasammasa moroM A. Ilyam-
kape m I1. KyseHoM), 9T0 Kaxknas ogHo3HavHAA GYHKUMA, He MMEOMaA IAPY-
raX ocoGeHHOCTe, KPOMe MOMIOCOB M TOYeK HeomPeIeieHHOCTH, MpeACTaBaaeT-
¢f B BHMie OTHODIeHHA ABYX meanX ¢ymkmai. Crarps 3akamduBajach TeOpeMoi
0 UPeACTABIGHEA N-KPATHO NEPHOAHMYECKOH mejoll YyHKOWE n ImepeMeHHRIX
pagomM Dypse. 3navenme sToii PaGOTH, CAaMEIM TeCHHM 00pa3oM CBA3aHHON
¢ samATAAMA Beilepmrpacca teopmeit abeseBHX ¢yHKumiA, B TOM, 9TO OT HE®
pefleT HAYAJ0 NO3JHeHAMIad TeOPHUA AHAIATHICCKHX (OYHKNMEA MHAOTHX KOMI-
JeKCHEX mepeMeHHHX. [lajee MOMHH OHTH HasBaHH pabora «H ygenmio o
¢yarmuaxy (Zur Funktionenlehre.— Monatsber. Preuss. Akad. Wiss.,

=~

1880) 1%, rpe pmepsue Gt o6HADYKEH GAKT, ITO OXMH M TOT Ke PARX N fn (),
0

rne f, (z) — amanaTM9ecKkme QYHKOWH, DPABHOMEPHO CXONAMUAACA BHYTDH
HeCBA3ZHOrO OTKPHTOTO MHOMKECTBa, MOMeT M300pakaTb B DPa3iAWIHHX CBA3-
HEIX KOMIIOHEHTAX MOCIeNHEer0 pa3iWyHLe AHANATHYeCKAe Qymxman. Beiiep-
mTpace CTaBMJ 37eCh OCHOBHOH 3ajadeli ompoBep)KeHHE COOTBETCTBYIOMEro
BrickasuBamua Pamama (cM. c. 192). Om rak m macan: «[lear paborer — go-
Ka3aTh, 970 NOHATHE MOHOreHHOH (GYHEROUM KOMIICKCHOTO NEePEMeHHOIO He
MOJHOCTHIO COBIAfaeT ¢ TMOHATHEM 3aBACHMOCTH, BHpamkaeMod HOCPEICTBOM
apadMeTHYeCcKOX omepamud HajJ BeJWddHAaMH...», No0aBjaAA B CHOCKe, 49TO
(OPOTHABONOJIOMKHOE YTBEDKNeHHe BHICKazaHo Pmmamom» 110,

108 Qfe HasBaHHHE CTAThM OLiTE HamedaTaHu B 1886 r.
109 Weierstrass K. Mathematische Werke, Bd. 2, S. 201—203.
120 Tbid., S. 210.
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IlpoGueme amaamTHUeCKOTO NpeacTaBieHEA (GyHKOA# AeHCTBATEABHOTO
MEePEeMeHHOT0 IMOJHOCTHI0 TOCBAMEHA Yke ymoMmHaBmasaca paGora Beitep-
mrpacca «O6 amanmTMYeCKONl HPEACTABEMOCTA TAaK HASKIBAEMEIX IPOM3BOJb~
HHX (yBEKOmHA pgeficrBETEABRHOTNO apryMenTa», Hamedarammad B 1885 r. (cM.
sHime). Pax paGor BeiiepmTpacca mo Teopum yHKNEiH, ny0AnKoBaBmmXcA pa-
Hee WIW TOJNBKO NOKAaALBABIIAXCA, O co0pan ¥ m3NaH WM B Buje cGOpHAKA
«Cratem mo teopmu $ynxnmit» (Abhandlungen aus der Funktionenlehre. Ber-
lin, 1886).

K Teopma amammtEYeckuX QYEKOWE, a Tak:ke K BaDHANEOHHOMY HMCYACIE-
HEI0 mpuMHKaer pafora «HcciemoBarzAa 0 MOBEPXHOCTAX, CPeHAA KPABH3HA
KoTopHX monciony paBaa HyJo» (Untersuchungen iiber die Flichen, deren
Kriimmung iiberall gleich Null ist) !, rge cTpoRTCA TeOPHAA MARAMAABHBIX MO~
BepxHocTeir. B nepeoBavaisHOM BmAe oma GHJa Roloxkema aBTopoM Bepiamm-
cRo#l akamemmm mayk B 1866 r.

Ho mEu onmum TolbKo KOKAAAAM B AKafAeMAA A KYPHAILHLEM IyOIAKANAAM
6uad 0GA3aRH GrCTpO pacTymue ¢ KoHNA H50-X rogoB Me:KAyHAPOAHAS M3BECT-
mocTh Be#epmTpacca W ero BIMAHAe HA YME MaTeMaTAYeCKOA MOJIOIEKH.
OrpomMmyio poish B 9TOM CHICDAJNH €ro KYDCH JeKnmil B Bepianackom yamsepcu-
TeTe, 0 KOTOPHX y)xe rOBOPWJIOCH BHIIE, IPHA )A3HA He meuaraBmmxca. Kyp-
CH 9TH YATANHCh MM C TEpPePHBaMu W3-3a 00JIe3HW HA HPOTAIMEHAW OKOJIO
30 ner. Onm cocToANM M3 IAKIOB, B KOTODHX KKILM IOCASAYIOMMN ONM-
PajicA Ha mpeguHAymde. Bor mpEMepHEH COCTaB TaKOTO IAKIA B €ro PasBATOM
Buje 112; pBefieAMe B TEOPHI AHAJATHICCKEX (YHKIHH, BKIANYAIOMEe TEOPHIO
NeHCTBHETENHHKX YHCed, TEOPHAA BIIUNTAYCCKHX JYHKOUH, NDpPANOKEHHSA
SINMN THIeCKAX GyHKOMHA K 33ja9aM reoMeTDHA M MeXaHUKH, TeopdA aGeie-
BHIX HHTErpajOB ¥ (GYHKOAH, BapmamAoHfoe HCYACAeHAe 13,

Yr1o6u AOCTArEYTHh BeDHEH, ciaymareagM Be#iepmrpacca npaxoqmioch
HAYEHAATH ¢ a30B. TeopuA ACHCTBHTEABAKX dYACE]d, OHAM W3 HE3aBACEMHX
cosfaTeneit koTopoit Grn BeliepmTpace, ABAAIach HOBUHKOM JJIA caymarened
1874 r., rorga ciaommiacA Kypc «BBefemnA B TEOPHI0 aHAIATHIECKAX PYHK-
nmity. Kak K meMy oTHOCHIUCH CAYIIaTedw mpH ero moBTopeHnn uepes 10 xer,
KPacHOPeInBO pacCKasmBaeT Ham cooredecTBeHEWK M. A. Tmxomamapunumii,
HaxomupmmiicA B Bepamme ocenpio 1884 r. m ypiedemHHil Teopmeit rumepai-
JEOTAYECKEX ¥ alelieBHX MATErpajioB: ¢«...B Bepimme mpocAymaj JWmp He-
CKONBKO JIeKIHi, ITOCBAMEHANX TOHATAIO 0 YACAE M JeTHpeM NeACTBAAM Ha
9ncIaMHA, ¢ gero Belfepmrpacc Becerna cumrTajd HY;KHAIM HAYMHATH 9TH KYPCH
[pear maer mmenno o «BBelleHMEA B TeODHI0 AHAAATHYSCKAX GYHKIAIA», —
A. M.]l. 3ro mavano ofEAKO K GOJLIUMACTBY CAymAaTededl MOKA3ad0Ch CKYT~
HEIM, ¥ A GHJ CBHjeTeleM 3HAKOMOrO HAM ABJIGHAA: mOCAe HEePBOM JEKIHE
B Boapmo# ayaumropmm, me mormieit BMeCTHTH BCeX ciaymaredeit, on [Beiiep-
mrpacc.— A. M.] mommeH 6w mepeidTd B IpPOMagHHA 98J, BECTPOGHHEIA
OTHEeNBHO B Cally 3a 3NaHHEM YHUBEPCHTETa, KOTOPHIA MOT BMECTHTH Gojee TH-
cA9M caymarenelf; Ho ymcao AX (MosKeT OHTBL, B BCAEACTBAEe AYPHHX aKyCTHA-
YeCKMX M ONTAYECKAX CBOUCTB 370H 3aiH) OHICTPO COKPATHAOCH, TAK 9TO OH
Yepe3 HECKOJBKO JeKOui mepemell B ayJATOPHIO, MEHHIIYI0 NEPBOEAdaIbHOMN,

1l Thid., 'Bd. 3.

uz Bé%mann K. R. Die Mathematik und ihre Dozenten an der Berliner Universitit 1810—
1920, 8. 77.

113 Bce 5Tm Kypchl, KpoMe «BBe/IeHAA B TEOPHIO aHAMHTAIE CKUX (yHKIMIA», OEIH moCMepT-
50, ¢ 1902 mo 1927 r., ony6/INKOBAHKH B BAJE NOCASJ0BATONBHKX TOMOB cofpaHns coun-
meHHi#t Beitepmrpacca: 1. IV — «Teopuna aGeneBrx TpaHCHEHACHTHHX QYHKIUI»,
v, V — «Teoprua saamurmiecknx ¢yERmmi», T. VI — «IIpunoxenna smmmnTHYecKHX
dyBrnmity, T. VII — ¢BapRanmoHEHOS HCIMCHSHAE Y.
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KoTopad Moria BMectaTh He Gosee 150—200 caywmartehneii, @ To HaJeKO HO
Gola moima» M4,

Kax 6n, ofHaKo, HA CKIANBIBAA0OCH OTHONIEHAE YACTH CIyIarteldeldl B pas-
HOe BpeMf K pa3iiMYHHIM Kypcam Beiiepmrpacca, MMeHHO OHA NPHBJACKAIH
K HeMY MHOIOYHCICHHHX YYeHWKOB m3 MHorax crpad. Cpemm 9THX y9IeHHKOB
npojoiKaTeaamMa nNena Beliepmirpacca B TeOPHH aHAIATAYECKHAX (YyHKmEA
6uunn I'. Murrar-Jleddaep, I'. A. MlBapy, JI. ®yre (1833—1902) m @. Wlor-
tka. IlIBapm, o paborax KOTOPOTO MH y:Ke TOBODHIH, B YACTHOCTH, MHOIO
cmocofcrpoBan pacmpocTpanHeruio GYHKmUA o (z), § (2) m § (z), BBedeHHNX B
TeOpHI sanuaTmYecKax ¢ymrnmi BeidepmrpaccoM. Om ony6amkoBan B BHAS
CBOEO6PAsHOro CIpPaBOYHMKA (K COKANEHNIO, OCTABHIErOCH HE3aKOHYGHHEIM)
cacTeMaTHUecKH 0630p comep:kam®A 310 Teopmm: «DOpMYIH B TEODEMH MIA
yoorpebiaenna suamnraveckux ¢yarnmit. Ilo aexnnam m aamerkam K. Beiiep-
mrpacca...» (Formeln und Lehrsidtze zum Gebrauche der Elliptischen Funk-
tionen. Nach Vorlesungen und Aufzeichungen des Herrn K. Weierstrass...
Gottingen, 1883; 2 Ausg., Berlin, 1893), crapmu# ¢ Tex mOp OCHOBHEIM HC-
TOYHHAKOM JJjif W3ydemms »roél Teopmu. K yuenmram m nocuenoparenaM Beii-
epmrTpacca B o6dacTa TeOPUH DILINOTAYCCKUX W abeneBHx GyHKOEHM oTHOCHAT-
¢ m xapokoBckEir mpodeccop M. A. Tuxomammpmmmmit (1844—1921). Emy
NIpAHANIeKAT PAJ MoHOrpadmil, BrAep:KamHHX B ayxe Bedepmrpacca: «06-
pamienne runepsiannTAYecKAX mATerpaxosy (1885), «Teopmsa smamnrageckmx
MHTErpaiioB m »anAmnrAgeckux pynrmmity (XaprkoB, 1895), «OcmoBamma Teo-
pua abeneBnx mHTerpasiosy (Xaposkos, 1895). B mocuexue#i xuAre B orimgme
oT Beliepmrpacca oH ACmoibL3yeT NOHATHE PEMAaHOBOA MOBEPXHOCTH X B GOIb-
meii Mepe mpuMeHseT aireGpaudecKre CpefcTBa; 3fech THXOMamAPAMKAN CCHI-
JaercA ma paGorH mpodeccopa yaumBepcureroB B lefinesanbepre m Jpiaanrens
Maxca Hérepa 7 cBod coGerBennile. Bropoe, nepepaGotagaoe M JIOMOJHCHHOE
u3namde sToid Kuurd BHmuio B 1911 r. B Ilerep6ypre ma ¢paHnmysckom sA3HIKe.
tHeaaa mcxa0YATL M3 W3ioMeHUA TUXOMAHAPUOKOTO UIEN W CpPefCcTBa, TYIK-
nsle  Beftepmrpaccy, xmeBckmii mpodeccop B. II. Epmaxos (1845—1922)
ony6amkoBan «Teopmro aGeneBHX ¢ynxnuii Ges pEMaHOBHX IOBEPXHOCTEHY»
(Kues, 1897). -

K yuemmkam BeliepmTpacca ormocATcA Takke mpodeccop yHHBepCHTETa
B laane I. Kamrop (1845—1918), mouomxusmmii ocHOBHEE HaUaJa TeopHH
MHO;KeCTB, W BHatomumiicsa aarebpamer, mpopeccop IMoamrexaaueckoll MKOIK
B l{ropmxe m 3ateM B Bepannckom yrmpepcatere 1. ®poGenmyc. Ocoboe mMecTo
npuragnexar C. B. Kopanesckoit, monssosasmeiica B 1870—1874 rr. =acr-
HLIME yPOKaMH M KoHCynbrannamm Beitepmrpacca m coxpammsmeii ¢ HAM Ha
BCI0 KHBHb CaMHe TeCHHe APY:xeCkme oTHOmemuA. O XHSHA M TBODUECTBE
HoBanepckoit 6yaer maTm pedsb B pasjeie 9Toro TPYHa, NOCBAMEHHOM TEOpPHHA
nnddepeHnualbHEX ypaBHeHHMA ¢ YACTHRIMA IPOW3BONHLIME, HO B HACTOA-
mefl rAaBe MH eme KOPOTKO OCTAHOBAMCA Ha 3HAYCHHH METONOB TEODHHA aHa-
MATA9ecKAX QYHKOUU AJA ee ACCAeROBaHUIA.

Teopusa anamurnaecknx ¢ynxmmii B Poccan.
IO. B. Coxonxmit m Teopema Coxomroro — Kasoparu — BeiiepmTpacca

XoTA mepBOHAYAJBHOE HAKOIJICHWE MAaTePHAJO0B TEOPHH AHAJATHYECKAX
¢yEKOmA xKOMOJIEeKCHOTO mepeMeHHoro Oimarofaps rpyaaM Jiliepa GHIIO TeCHO
cBasaHo ¢ Ilerep6yprckoit axagmemme#n XVIII B., cpenm pycckEX MaTeMmaTH-
KoB XIX B. f0oiro He HaXOJHWIOCH JOAeH, KejdaBmAX NOCBATHTL ¢e0A HOBOHI

114 g'uzoxa(;tapuqnuﬁ M. A. Rapa Beitepmrpacc.— Coo6m. XapsK. Mat. 0-Ba (2), 1897,
, € 50,
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oGaacTe MaTeMaTHKE. Bee jke MO;XKHO Ha3BATh HECKOJBKO MMEH, JJIA KOTOPHX
oHa He GHIIA TY:KNOH.

O. Homz B mamewatagmoM B «Bulletin de Férussacc» 3a 1825 r. aBropede-
pare cBOero sHaMeHHTOro MeMmyapa «0OG ompenejeHHHIX HHTErpajax, B3ATHX
MERIY MHUMBIMA IpefeldaMm», CPeIA YUeHHX, A3y4aBOIAX B Iocjieddee BpeMA
TaKHe MATErpalyH, ¢ MOXBaIOH# HasmBaer «Mojomgoro pycckoro» M. Ocrporpan-
CKOro, KOTODHIE «(TakKyke mpMOErall K mpAMeHOHHMIO 9THX HHTETDAJIOB M K HX
npeoGpa3oBamdi0 B OGHKHOBeHHHE HMATErpajikl, Aajd HOBHE {0Ka3aTelibCTBAa
$bopMyI, KOTOpEE A HAOMHHMJI BHIe, m oGo6muAa apyrue GOpMYJILl, mMpenio-
yxeHHEle MuOK0 B 19-it rerpamm Mypmana TlonmrexmuaecKodl mKOIE 19,

06 ormx mccaemoBammax M. B. Ocrporpajckoro Mi 3HaeM O4eHb Malo.
HaBectHO, uro B rogi susHa B [lapmxe on B 1824 r. mammcan m B 1826 r.
npefcrasua llapmuckoit akagemMnm Bayk «3amedanmsa o6 ompejeleHHKX HH-
TErpajiax», B KOTOPHX BuBed dopmyay Homm anA Brdera GYHKIMZ OTHOCH-
TeJbHO MOJN0ca n-ro mopaaka 8, [losmmee OH W3M0KAN OpPAMEHEHUA TEOPHH
BEYeTOB B fopMyny Homm K BHYACIHeAWI0 ONpelefeHHHX HATErpajioB B 06-
ImAPDAEOM NYGINIHOM Kypce JeKnuid, mpoumTaHsoM B 1858—1859 rr. 17 Op-
gako samarasa M. B. Ocrporpaackoro reopmeit apmaianTaIecKuX GYAKOAA ABH-
JIECh HE3HAYMTeNbHHM JOA30I0M B €ro TBOPYECTBE, IMOCBAMICHHOM IPEHMY-
MECTBEHHO DPa3paloTKe METONOB MaTeMaTHIECKOHd (HU3WKH, BapHAIAOHHOIO
HCUHCJIEHA, NHTETPAJIBHOrO MCYACHenna, a TaKKe MeXaHWKH.

B 1826 r. 6umo cpesamo ofHO M3 Ham(ojee 3aMedYaTeAbHEIX OTKDHTHH BO
BCell MCTOPHA HAYKA — OTKDHTHe meeBKaAmmoBoi reomerpmm H. H. Jlo6auen-
cxkuM. [lomagoGmamchs gecATANeTHA, 9TO0K MaTeMarmkKd OGHADY:HHEIW 3HaYe-
HUE 3TOr0 OTKDHTHA A TeOPHUH AHAIATHYCCKHX QyHKIIHMA.

Mosxmo yTBep:kaaTh, 9T0 CYIECTBeHHAA CTOPOHA OGmMpHOTo mAKIa Qyn-
JA3MEHTANABHEIX HCCACAOBARHANA IO Teopuu (YHKOAA KOMILIEKCHOTO INepeMeH-
HOTO B mociefHWe AecAaTwietTma XIX B. @ mnepBoe necATmierde XX B.
(®. Rueiin, A. IIyamxape, I1. Ké6e) cocrosia B mocreneHHOM BHACHEHHA TO-
ro o6crosaTenscTBa, 4T0 reoMeTpEA JlofaTeBCKOro ecTh BMeCTe C TeM reoMerT-
pEA AaHAIATHICCKEX QYHKIUA ONHOr0 KOMIUIEKCHOTO mepeMeHHOro 18,

IIpemmymecrsenno k 30-m rogam orrocmrcs paAR pabor H. U. Jlo6auescko-
TO, EMEIOMAX HEeNOCPEeNCTBeHHOE 3HAYeHAe NIAA MATeMaTHYeCKOro aHajmsa, H
B JACTHOCTH [JA TeOPHH (QYHKIWH KOMIIEKCHOTo mepeMeHHoro. B ero «Au-
rebpe miam BuudcieHnE kKoHeuHHX» (Haszaub, 1834) comepxATCcA Teopusa sie-
MEHTapPHHX QYHKOHH KOMIJIEKCHOTo mepeMeHHoro. IIpu aToM cos z m sin z
OIpefeaATCH MePBOHAYAJIbHO JIA Z NeACTBHTEIHLHOrO0 KaK NefCTBUTENLHAA

u MHAMag wactH GyEKoumE ¢’ -1, OTciofla yke ¢ HCNOJIH30BaHAEM DaHee yCTa-
HOBJIEHHLEIX CBOMCTB MOKA3aTeAbHOM (YHKIAA M INpPHUBJCYCHAEM CTelNeHHHIX
pasiokeHNA Pa3BePTHBAIOTCA BCE OCHOBHHE CBOHCTBA TPATOHOMETPHYECKHX
¢yaxomit. lo-supmmomy, JloGadenckmii mpmmaBad ocoboe 3HaUeHAE TAKOMY
YACTO aHAJIATHIECKOMY IIOCTPOEHUI) TPHTOHOMETDHH, He 3aBHCAMIEMY OT €B-
KJINIOBOM reoMeTpPHH.

Mu yxe ymommmanm Beime, 9o B 1850 r. npodeccop IerepGyprekoro yam-
BepcHTera (BmochefncTud axamemmk) V1. . CoMoB mapan «OCHOBaHHA TeOPHH

15 Cquchy A. L. Ocuvres completes, sér. 2, t. 2, p. 57—65.

18 Cm.: Dwnesun A. II. O Beonry6nnropanaux pagarx paborax M. B. Ocrporpanceoro.—
HMH, 1965, sun. 16, ¢, 12—26. Cratea Ocrporpa fcKoro He 6ul1a 0My6InKosasa I X pa-
HATCA B apxase Axanemmrd mayk B Ilapmxe.

17 Bammcn aToro Kypca, cuenaHAMHe HeM3BOCTHEIM CIymaTeneM, onybaaxosala co cBOMMU
xommerTapmam® B, K. Aarponosa B kH.: Muxawr Bacmasesus Ocrporpafckuit. 1 Am-
Baps 1862 — 1 siEBapa 1962. Mexarorugeckoe gacregue. JIOKYMOHTH O }KH3HA H [€A-
TeapHOCTH. M.: ®mr3marras, 1961, c. 152—263.

118 Cym, mmsxe, a TaksKe B KH.: OU6PKA N0 ACTOPHA TEOPUH aEayATAYeCKAX Qymkmmi. M.;
JI.: Tocrexmagat, 1951. Ogepk 3.
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0. B. COXOIKUH

aHAIATHYCCKAX QYHKOHA», B OCHOBY KOTOPHX GEIM mojoxeH:s «Hobre ocHo-
pagna» fIxo6m (cm. c. 158). Ecuam sra kumra 6nma o6pamena TakmM oGpasoM
KO BYepallHeMY AHI0 MATEMATHYeCKOH HAYKH, TO JAOKTOPCKAaA HACCepTanad
M. E. Bamenro-3axapuenxo «PaMamoBa Teopusa (yHKIAI COCTABHOTO mepe-
merHoro» (1866), ram:xe ymoMmEaBmerocsa Buime(cM. c. 164), npmo6mumia pyc-
CKOIO YHTATeNA K CAMHM LIEDPEeOBHM HMAeAM TeopnH (YHEKOAE TOro BpeMeHH,

Onraxo NepBHIM HO-HACTOAMEMY ODHTAHAJHHHM PYCCKEM HMCCIENOBaTelIeM
B 06JacTH TeopuN aHANATHICCKAX (YHKOAHA KOMIUIEKCHOTO IIePEeMEHHOTo GHLI,
6e3 commemma, 10. B. Coxomumii.

IOanan Bacnasesma Coxonkmit (1842—1927), ypoxenen Bapmapm, yumi-
cA B Ilerep6yprckoM yHUBepcHTOTE, KOTOPHA oxomgma B 1866 r. B 1868 r.
OH 3aMATAJ MAaracTepcKyio aucceprapuio «TeopmsA MATErpaibHLEX BHYETOB
¢ HexoTopuME npmiokesnamny (CIIG., 1868). Ilo ero caosam, oH Joiro ympa-
muBax [I. JI. YebumeBa, moka ToT He OPHHAJA AWCCEPTAardio0. BHTL MoOer,
B oToM (aKTe MPOABHIOCH Hepacmojdoxxenme Ue(HmeBa K Teopu:u Gymrmui
KoMIiekcHoro mepemerroro. G ocemm 1868 r. Coxomkmit — mpmBaT-NOLEHT
IlerepGyprckoro yHmBepcureTa, Tie OH YATAA TOTAA KYDCH Teopma dyHKImA
MHHUMOI0 IePEeMeHHOr0 ¥ O HeNPePHBHHX APO6AX ¢ NPAIOKEHAAMA K aHAAZ-
3y. B 1873 r. Coxonkmii 3ammTaa AoKTOPCKYI0 aEcceprammio «06 ompenernen-
HHIX HHTETpalaxXx B (YHKOHEAX, ynoTpPeGAAeMHX NIPH PA3j0KeHHAX B DPAIB
(CII6., 1873), a B 1882 r. G6ua maGpan opamaapauM npodeccopom ITerepGypr-
cKoro yampepcmrera. Paa Goxee mosmazZXx pabor CoXOMKOro OTHOCHTCA K TEO-
puA saaunTAdecKHX QYHKomi, a Takke aarefpe W Teopmm wmcea. Emy mpm-
HajJJIe)aT OpUTHHAJbHEE KypcH: «Bricmas anreGpas (1882), «Teopma wacem»
(1888), a raxe BEaOmeecA HECCIEAOBAHAE IO TEOPHA aAredpamdecKAX IuCe,
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ocaopmBamomeeca ma paGorax E. U. 3oaorapéea, A. A. MapkoBa m ero co6-
crBennnx: «Hagasa o6mero mamfoiapniero Aejmrelsn B NPEMEHEHAN K TeOPHH
nenmmocTn anreGpamgeckax uncedy (1893). Ymep 10. B. Coxonkuit B 1927 r.
B Jlemmurpane.

Marncrepcraa guccepranusa CoXOMKOr0 mMOCBAMEHa TPHIOKEHAAM TEODHHE
BHYETOB K OGpameHMIO CTemeHHOro paja (pAx Jlarpamska) @ B 0COGeHHOCTH
K Pa3jioeHdl0 aHAJATAYeCKHX QYHKOWI B HEIPePHBHEE Apo6H, a Takke K
MHOTOWIeHAM JlexxaHapa. B mpeguciioBmn, oTMedasA 3@adeHHe TEOPHA BHIETOB
1A MAaTeMaTAYeCKOT0 aHAJIM3a, OH YKA3HBAJ, UTO «ACYMCICHAS HHTEIPAJIbHAEIX
BHUETOB IMOYTH BOBCe He DPa3pabaTHBAETCA YUeHHIMH HHIHEIIHEI0 BpPEeMEHH».
«B macTosmeM paccy:xaeHmn,— mucail pajiee CoXomkumil,— A majiarap obmme
Havalla HCYUCJIEHASA MHTETPAJBHHEX BHYETOB M IOKA3HBaK HEKOTOPHE H3 ero
mpAMeHeHHA#, MMeHHO TaKWe, KOTOPDHIX A BOBce He HAmmes Memxay paGoraMmm
Homm nim sxe HameJ AX M3/I0jKeHAe He B CTOJB NPOCTOM B HArIAREOHA dopme,
B KaKoil MHE yIalloch HX OPEACTABATEY 112

B aroit pabore, B wacrmocTH, GOPMYJMPOBAHA M JOKA3aHA 3HAMEHUTAA
TeopeMa O IOBeleHAN AHAJIATAYCCKON (YHKOWZ B OKPECTHOCTH CYmECTBeHHO
oco0oit Touxu. Coxonkmil BHICKA3HIBaeT ee B CIEAYIOMEM CTAPOMOIHOM BHJIE:
«Ecam pagsas ¢ymknouA f (z) B HeKoTOpo# Touke z, oGpamaercad B oo Gecko-
HeYHOTO NOPAJKA, TO HeIDeMEeHHO B 3Toil ke Touke QymKmuA f (z) doiKua
NPHAEAMATE BCeBO3MOKHEE 3HadeHmA» 120, 3hech cymecTBeEHO 0c00afd TOUKa
Ha3BaHa TOUKOH, B KOTODOH f (2) «ofpamaercA B oo (eCKOHEeYHOTO IOPAMKAy
(ameeTcA B BALY Xapakrep pasioxenmsa GyEKmUZ f (z) B OKDPECTHOCTH 32,),
a moj 3HavYeEMAMA QYHKOUHA f (2) B TOUKe 2, MOAPA3IYMEBAETCA MHOMKECTBO
npeAeibHNX 3HAYCHEH GYHKOMA B 3TOH Togke. IT0 ABCTBYET KAK H3 IPHME-

. 1
POB, YKasHBaeMHEX HM paHee (Hampame), sin-— «B TOUKe z = b npuEAMaeT

BCEBOSMOKHEC 3HA4eHHA»), TaK ¥ M3 NPHBOJAUMEX MM JJiA A0Ka3aTeIbCTBa
paccyskaeHOR, o CYMECTBY HE OTAMYAIOMUXCHA OT COBPeMeHHNX. Y IOMARYTaA
TeopeMa B TOM e rofy Guia onyGamxoBama Hasoparm B ero maBeCTHOM KYp-
ce, a BOCEMBIO TofaMHu mogamee — BeifepurrpaccoM B ymoMmpaBmieiicA paHee
eratre «K TEOPHH OHOBHAYHHX AHAAATAYECKHX (yHrnmi». [losToMy ee MO~
Ho Ha3Barh Teopemoit Coxomxoro—Kasoparm—Befiepmrpacca.

HNuTepecEa m moyunTenbHA CYEBGa sroif Teopemsn 12!, B meit orpasmiochk
pasBuTHe pPANA BaXKHHX B OPMANMIHMAJILHOM OTHONIeHAM OGIIMX IpeldCcTaBJe-
HE# Teopmd yEKnmit TpeThel werseprdm XIX B.

Koxb ckopo reopema Jlmysmansa 6nia yke M3BeCTHOH, TO CTAHOBHIACH
IOYTH 0YeBHAHON M CAeAYIOmMAA TeopeMa: ecim meiaasd yrwxmuA f (z) He eCTh
KOHCTAaHTa, TO KajKAoe KOMIVIeKcHoe 4mcio C, KoHeuHoe mIH GeCKOHEUHOe,
An00 ODPUHANICHKAT K 3HAYCHHAM, NPAHAMACMEHM (YHKOHed, au6o ABIAETCH
npefeAbHHM AJA HAX,

B cayuae, xorga C = oo, 910 | ecTh Teopema JImysmaas. Ecazm e C %= oo
M He NPAHAMJIEKAT K 3HadendAM ¢ymkmma, to [f (z) — CI-! — penas pynx-
OEA B H3 TOH ’Ke TeoPeMH BHTeKaeT, 9ro C MOJKHO MPHHAJJIEKATH Tpefeib-
HEIM 3HavenuaM f (2). MH BocmpomsBesn 3ech XoX paccyxienni Bpmo m By-
ke B «Teopmm pBoAKONepHONAYECKAX M, B 4aCTHOCTH, SINHOTHYSCKAX HYHK-
muit» (1859). IlpaBma, pesyasrar Gma GopMyIApOBaH B HeNPHBLIYHOM IS
Hac Baje: «DyaKu@A, MOHOAPOMHEAA B MOHOTEHHASA Ha BCOM MPOTAMKEHAH IIOC-

118 Cozoykuii FO. B. Teopus mHTerpaXbHEX BHYOTOB ¢ HeKOTOpHIME mpuiosxeruamu. CIIG.,
1868, c. 1 (memymep.).

120 Tawm ke, c. 17.

122 QaxTuvecKad CTOPOHA fejJa NOAPOOHO PacCMOTPEHA ¢ IPUBICYCHHOM APXWBEHX MaTe-
pumaJiioB B HefaBHek pabore 8. Hoiemmsanepa : Neuenschwander E. The Casorati— Weier-
strass Theorem...— Hist. Math., 1978, 5, p. 139—166.
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KOCTH, IPAAAMAaeT BCe BO3MOMKHEE 3HadYeH”s», Jlemo 3mecs B TOM, 9TO aBTODH,
KAaK ¥ MHOTWE WX COBPEMEHHUKH, He IIDOBOMAT Pa3iNTHA MEXAY SHaUeHHAMHA
Pyaxoua m 3EaueHmAMM, TpefelbHEMEu AAA HAX %2, B rakoM emmmCTBeHHO
BO3MOKHOM moEMMaHma Teopema Bpao m Byke BepHa m cTporo mMm A0KasaHa
(2 meii, B gacTHOCTH, CONEeP:KUTCA TAK Ha3HBaeMas OCHOBHAA Teopema aarel-
pur). Mu ans ymoGerBa Ha3oBeM ee «IpefBapATeNbHON) TeopeMoil (Ea IyTH
& TeopeMe Coxomkoro—HKasoparm— Beitepmrpacca).

Io-BrgmMoOMy, DYKOBOIACTBYACH aHaJOrWeil CO CBONMCTBAMH 3JJIANTHYE-
CKEX (yHEkmmii, Bpmo m Byke mocnmemmia chedarth H3 «IpPeABAPATEABLHOI»
TEOPEMH CJAeAyIomuil BHBON: «IBeé (YHKIAN, MOHOAPOMHLE H MOHOTEHHHIE,
EMeoIye OffHA W Te ke Hyadm u Geckoneunoctd [1. e. momocul.— A. M.] pas-
HE C TOYHOCTBIO J0 MOCTOAHHOTO MHOMKHUTENA». BuiBox, pasymeercs, ommGou-
HHI: JacTHOE NBYX 3TAX QYHKINA He MpHHUMaeT 3padenmii 0 € 0o B KOHEYHRIX
TOYKAX MIOCKOCTH, HO HAYTO HE MellaeT DTHM WHCJIaM (ArypapoBaTh B TOJ-
HOM COTJIACHH C (IIPeABADATENBHON» TeopeMmol B KadeCTBe mpeleibHHWX 3HA-
qeHAH.

Omn6xa Bpmo 1 Byke Grnia 3aMeueHA COBPeMeHHMKAaMH, B JacTHOCTH Ha-
soparm %3, Bo BTOpDOM paCmmpeHHOM HM3JaHAM KENTE Bpmo m Byxe (1875)
QTCYTCTBYeT He TONBKO 5TO HeBepHOE CJACNCTBHe, HO M Ta BepHasd TeopeMa, M3
KOTOpO#l 0HO GHIO HM3BJIEYCHO.

Yro6H 0T «mpelBapHTEABHONY QOPMYJIAPOBKHA mepefithm K mojHOHR, mpea-
CTOANO CHeliaTh eIe JBa BajKHHIX INMara.

Bo-neppux, maiiTm apajgor TeopeMu JIMYBHAAA JIA caydad, Korma QyHK-
nua f (z) ABaAercA ONHO3HAYHON M aHAJIATAYECKOH TONLKO B HEKOTOPOH OK-
PEeCTHOCTHA TOUKH 2z, (ACKI0YaA, GHTH MOXeT, 3Ty TouKy). Takoit amanor mMox-
#0 H3BIeYp M3 NOKTOPCKOU mucceprarmm Pumama (1851) B cuenyromem BEae:
ecam lim f(z) (z — zo) =0, To 2, He MOxKeT GHTH 0c0GOH ToukoiH f (z). OgeBmanoO,

Z—~2Zy
9T0 ycioBue PrmMama BHmoJHeHO, Korma f (z) orpaEddYeHa B JAHHOH OKpeCT-
HOCTH TOYKH Z,.

Bo-BTOopHX, ¢lefoBajio MPOBECTH DasTPaHWYEHNE MEXAY IOAIOCOM H CY-
mecTBeHHO 0c060il TOUKOH, He PasmMYaeMHX (JJIA Z, = o0) B GOPMYJAPOBKE
<IpegBapHUTEIbHOW» TeopeMH. [[JA 3TOro JOCTAaTOYHO, HANpPHMep, TOKAa3aTh,
waro yciaoBme lim f(z) = oo BRTOJHASTCA TOrJA H TOJNBLKO TOrAa, KOTHA CYIECT-

Z—Zg
BYOT HaTYpajibHOE YUCIO0 n — MOPANOK WOjdioca I PYHKOEA ¢ (z), aHAIATH-
vecKaAd B TOYKe zZ, W He o0pamamomasca B Hedl B 0, Taxme, 4r0 f (3) =
= (2 — z¢)""¢ (z). C momomsio Teopemsl Pramana n paga Teitnopa aro ycramapum-
BaJIOCh PAJMYHEIMA MaTeMaTHKamn Ge3 oIOpPH Ha JIOPAaHOBCKOE pasliokeBHe.

OcTaBazoch mOCJIe 3TOr0 MPENIONOMKATE, 9TO Z; eCTh 00 (eCKOHEeYHO BHI-
COKOro mopaAaxa» (T. e. CymecTBeHHO 0co6afd ToUKa (YHKIWHA), H MOBTODHATH
IAA pTOTO Ccaydada Ges M3MeHeHHA BCe DACCYKNEHHsA, NPABOJAUBIIEE paHee
K «OpegBapHTeabHOI» TeopeMe. B pesyinsTaTe ma 5TOT pa3 mMOAYYANACh Teope-
Ma Coxomroro—Hazopatn—Beitepmrpacca. Bce »Tm marm m 6num cpena-
#u u ony6aaxkopard B 1868 r. xak CoxomkmM, Tak @ Hasoparm.

Hatepecao orMerdTh, 4T0 B y4ebumke E. J[opema «JdaemenTsl Teopma
Pyarnmit» (1864), 0 KoTOpOM MH Yke YUOMHHANN, 00HADYKABAETCA HOKOE
TPOMEKYTOYHOE COCTOAHNe HA MYyTH o1 Bpmo m Byke (¢ mx Kuuro#l om ycmexn
o3nakomaTeen) K Coxonromy m Hasopatn. merno y [liopeska ecTh # TeopeMa
Pumana, KoTopyo om BroiXHe KOppeKTHO POPMYIHDPYeT M NOKADHIBaeT ¢ IO-

122 Bor moyeMy HEAb3d BAETH B 3TOM NPEMIOKEeHARN <HEKOPPEKTHYI (OPMYAMPOBRY
Toro, 4ro crager Teopemoilr [Mmwapa» (Abrigs d’histoire des mathématiques. 1700—
1969/ Sous la direction de J. Dieudonné. Paris, 1978, t. 1, p. 149). Begp Teopema I1m-
Kapa rOBOPHT TOJHKO O 3HAYGHASX, UPAHAMAEMEHX (QYHKIAOMR!

23 Cv . HasBaHEYIO BHmMe craTthio HolilemmBamaepa.
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MOIBI0 MHTErpanbHO# dopmyan Homm, ects m Hy:KHasd XapaKTepHCTHKA TIO-
moca 24, Ogearo manbme Bpmo m Byke oH Bce ke He HJeT B MHTePECYIOMEM
HaC HATPABIEHAM, OIPAHAIABASCH «IPEIBAPHTEABHONY TeOPeMoil, yCTaHABIA-
Baome#, KaKk OH BHIpajkaeTcA, FAPMOHUIO B TeopHH (yHKOUi, MCUL3AMYIO,
€CIIM MCKIIOYATH KOMILIEKCHHE 3Havepud nepemernof. Haxomen, Kak m Bpuo
2 Byke, oH OpHBOMAT TO Ke caMoe OmMMAGOYHOE CJAENCTBAE M3 3TOH TEOPEeMEL.
B mrore mepBencTBo B myGIMKan@E paccMaTPHEBaeMOM TEOPEeMH B € IONHOM
pane ocraerca 3a Coxomwmm m Hasoparm. HesaBucmMo mpyr or Apyra omHE
H36pajay OfWH H TOT Xe XOfi pacCy;KAeHMii, BOpOIeM, B M3BECTHOH Mepe HOI-
CKa3agEHi# #AX mpemecTBeHHHKAMH,

Yro xacaerca Beitepmrpacca, T0 XOTS W HMEIOTCH CBeleHHA, YTO TeOpeMa
ora ¢urypmposaia B ero Aexmuax 1863 m 1866 rr. 1%, pce xe omyGauKoBad
OH ee ToabKo B 1876 r. B paGore, MOCBAMEHHOA B OCHOBHOM aHAJATAYIECKOMY
mpeNCcTaBIeHA (YHKOWH, MMEOMAX KOHETHOE YHCAO CYMEeCTBEHHO O0COGHIX
rouek. OHa gopmynmpoBaHa B camoM Komame paborH. Ilyrs, koropmii Beitep-
mTpace mpejjaraeT MIA JAOKa3aTelbCTBa, OTHIOAL He mpsamoi. Urobm ycta-
HOBATH HY)KHHKH aHAJOT TEOpeMH JIMYyBHIUIS, OH CCHUIaeTCA HA CBOKO TEODPEeMY
0 DAa3ioeHAA medod (YHKOMM B IpOH3BENeHME, HOJAYICHHYIO B ITOM IKe
CTaThe.

Hoxrtopckas amccepramusa [O. B. Coxomxoro (1873) samewarensHa TeM,
9T0 MMEHHO 3[eCh OLIIO MONOMEeHO Ha9all0 TeOPHA CHHIYAAPHEIX HHTErPAdb-
HHX YypaBHeHHAZ, Coflep:KaIMMX TIABAHE 3HAYOHHS HHTEIPAJOB B CMEIC]O
Hommu. B nmepsoii ;xe ¢ppase mpepuciaosua CoXOmKBA ropopaT 0 331a9e pelleHns
HHTerpaJbHOr0 YpaBHEHHA, CONep:Kamero MHTerpal tama Homm: «B coumme-
HHEZ 9TOM A CTapaich o6paTATh BHEMaHWe YATATeNsS HA pelicHAe ypPaBHEHHA

b

¢ (x)= S %t— , T. €. Ha ompefeneunne yHKnma f () mo JgaHHOM QyHKnHA

a

¢ (z)». U naznee, mocjie CCHIKE Ha MHTErpalbHHEe ypaBHemna B paGorax Abe-
aa, Komm n Mepdpnm: «MoxHo yKasaTh Ha HeCKOJBKO IPYrAX CJIYdaeB ompe-
Jenendmsa QYHKOHZ NOJ 3HAKOM HHTerpala: ORWE H3 IpocTedmmx ecTh TOT,
HA KOTOpH# MH BhIIe yrazanu. OH 3acay:XEBaeT 0Co0eHHOT0 BHAMaHHA IO-
TOMY, 9TO ero pemieHme IPAMO MPUBOJHUT K OCHOBHEIM HavajaM Teopud QyHK-
oaf oT MEEMO# ImepeMeHHOy.

OcHoBHO# WHTEpEC ¢ TOYKY 3PeHHA TeopHHE GYHKOWA NpeNCTaBIAeT MePBLIi
maparpad paccMarpmBaeMoil paboTsl, TaK KaK 3Iech BIepBHe BBOAUTCA B Pas-

d f(t)dt
BEpHYTOM BHUJe HOHATHAE HHTErpaia tama Homrm: S ——> =9(z), rnean b —
a

ABa MPOM3BOABHHX KOMILUIEKCHHX umciaa. HTerpal mpemgmolniaraercs B3ATHM
0o mekoTopoll KpmBoil («rpaekropmmy), coegmuAwmed a ¢ h. Oyuroua f (¢)
«MOKeT OHTH PaspHBHASA MEEIY OpelelaMH WHTErpaja, JAMb 6H TONBKO HH-
TerpaJ mMeJ KOHEYHOe W ompefeleHHoe 3Hadenme». Uro Kacaercsa caMoro mWH-
Terpaja ¢ (z), T0 OH B Ka)KAO# TOUKe T TPAeKTODHHA NPHHAMaeT JBa 3HaYeHHA,
KOTOpHE pacCMaTPMBAITCA KAaK COOTBETCTBYIOIIHWE ABYM Da3JAMYHHM TOIKAM
Z; B Z,, OTHOCAMEIM OJHA K ONHOH, ApYraA K APYroil CTOPOHAM TpaeKTOPHH;
BCHE[CTBHE 3TOT0 MOCJIEeTHAA pPacCMaTpPABaeTCA KaK JAMHAA pa3phBa QYHKIHAH
¢ (z). lanee moka3suBaercA DAQ TeopeM, W3 KOTOPHX Ham(Gojiee BayKHH JAA

124 B ¢BA3M C 3THM ME HO MOKOM colllachAThedA ¢ yrBepskjaenneM Hodenmsaanepa (Ha c¢. 156
BHIIEHA3BAHHONR 6ro craTed), 910 Beifepmrpacc mepBHM mepemec (m sro B 1876 r.!)
TeopeMy JIRYyBRANA Ha caydaill QYHKIAH, OJHO3HATHOR M aHATUTHIOCKONX B OKPOCTHO-
CTH CYImEecTBOHHO 0co60i Toukn. o mero aro cuenan PaMam, a sarem — Jlwopex, Co-
xonkmit ® KHasopara.

1% Cm, maTHpOBaHHYIO crathio 9. Hoitenmsampepa, ¢. 161.
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OpHIOKeHAHA cienylomuae: «ecau ¢ (z;), ¢ (Z,) cymb dsa anavenus Pynxyuu
@ (z), coomeemcmeyrowue O6Ym CMEeHCHVM MOUKAM HA AUHUL pA3pHed, mo
(@ (z1) — @ (@))2xi = (f (x + 0) + f (x — 0))/2, mar umo ecau Pynryus

(z) 6 moure x nepaspuisra, mo (¢ (r,) — @ (2,))/2ni = f (z)» (Treopema 1);
«ecal 8 mouke T Ha AuHUU paaphisa ynkyus f () ecmv Hepaspulenas, mak wmo
npu 6GeckoHeuno masom h

f@+ h) —f(z — h) = 0he,

20e 00 — KOHEUHAR NOAOHUMEAbHAL éeaudlia, a © npunuMaem KoHewHoe noso-
Jcumeavroe aHauerue npu h = 0, mo

b
t) dt .
@ (o) ={ LOL + nif (a),
a
20e unmezpa.a 60 emopozi uacmu oboananaem npedesa cymmul

lim S (t)dt +._Sl_h f(t)dt]

-z

das b = O0» (Teopema 2).
HMernno B mociaepumell TeopeMe MOABIACTCA 24A6HOE SHAUEHUE UHME2DAAG
b

t) dt
mune Kowu S ! t(_) ~— @ BMecTe C HAM M CUHZY4ADHOE UKMEe2PALbHOE YPasHe-

a
nue (otRocmTeabHO f (z)). Ilpm arom ma dymkummio f (zr) Hamaraercsa ycioBme
I'éapmepa, KoTOpOE IpPH THIOTEdE CYMECTBOBAHAA KaCcaTeAbHOH K TpPaeKTopum
B TOUKe, HeABHO NOApasyMeBaeMoi, meliCTBHTedBHO ofecmedmBaeT CYMECTBO-
BaHM® TIABHEOT0 SHAUCHHA HHTETPAJA.

9TH # HeKoTOpHe ApPYyrde pedyiabraThi COXONKOTO, OTHOCAMMECS K TPAHHY-
HEIM 3HAYeHMAM mATerpaia Tuma Homm, GHAM mepeoTKpHTH 35 JeT cmycTta
N. Ilaemenem (Ein Ergénzugssatz zur Cauchyschen Integraldarstellung ana-
lytischer Funktionen, Randwerte betreffend.— Monatshefte fiir Math. und
Phys., 1908, 19, S. 205—210) m goxroe BpeMA GHIM M3BECTHH TOABKO IOXK
ero mmeneM. B cepemmne XX B. OHE NOJYy9ImJ¥ HMHEPOKOe NMPHEMEHEHHe B pabo-
TaX 10 TOPHH YIPYFOCTH BHAIOMEroCs IPYSHHCKOTO MATeMATAKA aKafeMHKa
H. 1. MycXeammsmin # ero DIKOJEL.

T'oBopA 0 Pa3BHTUHA TEOPHH aHAAATAYECKHX QPyHKmumiil, Helb3A HpoATH ME-
Mo mccaemosammii C. B. HoBadesckoi, XoTA AX OCHOBHOE 3HAYCHHE JIEKHT
3a mpejeiaMu oroii Teopmn. B pabore «H Teopmm ypaBmemmil B 4acTHEIX mpo-
na3BoganX» (Zur Theorie der partiellen Differentialgleichungen.— J. fiir
Math., 1875, 80) C. B. HopaueBckas nokasala BecbMa oIy Teopemy cy-
HIECTBOBAHHA AHAJIATHIECKHX PeDIeHUA CACTEMH yPaBHEHHI ¢ JACTHRIME IPO-
H3BOJAHEIMHA, B KOTOPOI CTapmime DpPOM3BOJAHEIC HeM3BECTHHX ¢YHKOUH BHpa-
JKOHH I6pe3 aHajJaTAYecKAe QYHKIUA OT HE3ABHCHMHX IOPEMEHHEX, OT HCKO-
MHX ¢yHKnmE # mX OpOoW3BONHHX (ojiee HH3KAX HOPANKOB (HODMAJXBHAS
fopMa CHCTEMEI).

Baxpeitmumn B mHayusoM TBopuectBe C. B. HoBamesckoit sBasmoTcs,
KaK M3BeCTHO, €@ MCCIeNOBARMA IO TEOPHH JBIKeHHA TBeDHOrO Tela, Mpe:pie
BCero OpeMHpOBaHHAs Ha KOHKypce Illapmkckoii akamemmm Hayk paGora
«3ajada 0 BpAEHWH TBEPHOTO Tela BOKPYr HEMOABMKHOA Toukm (Sur le
probleme de la rotation d’un corps solide autour d’um point fixe.— Acta
math., 1889, 12). Ycmex aBropa 68 06ycioBJeH COBePMEHHO HOBOM mocTa-
HOBKO# 3a71auu B TepMHMHAX TEOPHH aHAJIMTHYecKAX $PyEunmii. PaccMarpuBasn
BpeMA [ KaK KOMILIEKCHoe ImepeMemHoe, IloBajesckada pemmia HaiiTh BooGme
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BCE Te CIyJaH, KOTAA mapaMeTpH ABHKEHMA BHEIPARAIOTCA MepoMopdHHMA
$yBROEAME OT £, Cofep/RAN(EMY OATHh NIPON3BOIBHEEIX HOCTOAHHHX. B peayis-
TaTe O5LI0 00HApY:KeHo, IT0 B ee MOCTAHOBKE 3aa7d, KPOMe H3BECTHHIX CIyTaeB
ditnepa u Jlarpas:xa, cymecTsyeT emie OXHH I TOJIbKO ofuH (caytait Hosases-
CKoif), XapaKTepmayeMHi TeM, YTO [Ba IVABHHIX MOMEHTA HHOPIOUH pPaBHE
YRABOGHHOMY TpeTheMy, IPHYeM IeHTD THAKECTH Tella JIe;KHT B IIOCKOCTH PaB-
HHX MexTy cofoil MOMOHTOB.

dror pesyibraT GHLI moamHee HomodHeH aKafgeMmroM A, M. JIanysossiM,
HOKasaBIIAM, UT0o Ciaydam Jitxepa, Jlarpam:xa m HoBaleBckoil efMBECTBeHHEI®,
OpHE KOTOPHIX mapaMerpsi, omnpefeisemse faddepeEnmaIbELME YPaBHOHAAMA
OBIJKEHHS, ABJAAKNTCA ONHO3HAYEHMHA (YHKOAAME BpeMeHEH NpDH JOGHX
HavanbHEX ycaoBmax («06 omHOM cBoiicTBe muddepeEnmaNLEEIX ypaBHEHHR
8aJa9d 0 IBIJKEHHH T/KEJ0ro TBEPOOTO Tejla, AMPKIIer0 HEHOABMKHYIO TOY-
Ky».— Coo0m. Xapbk. mMat. o-Ba (2) (1894), 1895, 4). NccuemoBanma Kosanes-
CKo#l mOCIY)KMIIA OTHpaBHO TOUKOR JJIA MHOTOYMCIEHEHX paloT, MOCBAMEH-
HHX OTHCKAHHI) W H3YYeHWK CIYydaeB ABHKeHWA TBEPHOro Tella IPH TeX WIH
HEHX CHeNWANLHHX HPefIOoJO;KeHAAX OTHOCHTENIHHO AHAJIWTAYECKOd mpmpo-
IH COOTBETCTBYOIAX QYHKITHNA.

Opra m3 ofxacreil npAMeHeHmi TeOPHA AHAJIHMTHYECKAX QYHKOWA K Mexa-
HOKe CBA3aHA ¢ mpolJieMoif ycTOMUMBOCTH KojaeGaHmii.

KHoMnieKcHO3HAYEYX (YHROHK HeACTBETEILHOIO MePeMEeHHOTO

elo+o) == ¢0t co8 @ -+ ie® sin i,

Te ¢ X O — JelCTBATeNbHL® KOHCTAHTH, MOKHO TPAKTOBATh KaK KOMILIEKC-
By $OopMYy 3aumCH mpocTeitmero KoJeGaHMA ¢ JacTOTOH . X aMOIHTyHOH
€%, Jto koyebGanme Gyfer yCTOAYMBHM, €CJIH €I0 AMIJIATYNAa He BO3pacTaer
HEOrPAaHMYeHHO ¢ TeyeHHeM BpeMeHH, T. e. ecim O < 0. Hoappmoment p =
= ¢ < io Opu ¢ B mOoKasarese HaXOAUTCA KaK KODeHb ypaBHeHmA [ (p) = 0,
rme f (p) — meinasd YHRKOEA KOMIIJIEKCHOTO MePEeMeHHOTO p HJH B HpPOCTeH-
meM ciydae MEOrowieH. IlosToMy NJIA HPAKTHKH BechbMa BajKHO MMeTh KpHTe-
PHH, UO3BOJIANAS CYSATH, B KAaKAX CAyYaax BCe HYJH JAHHOTO MHOTOLIGHA
HIA Oelod QYHKIWA Je)KaT B JI6BOX HOJYIJIIOCKOCTH, T. 8. HX NeiCTBATEbHEIE
JaCTH HemOJOKHUTeNbHN (KPUTepHH ycroiumpocThm). JTa mpobiaema GELIa mo-
crasiena eme B 1868 r. smamenuraM $umsmrom I;x. K. Makcmemmom (1831—
1879). B 1877 r. 3. IIx. Payc (1831—1907) man amaxmrmdeckoe ee peNIeHHe
IJIA CIyd9asd MHOTOWIEHOB, KOTOpoe, ofHaKo, BcKope Onuro saGurto. B 1895 r.
A. I'ypBuR Opefio;KHI HOBoe e¢ pelleHHe, OCHOBAHHO® HA TEOPHH BHYETOB,
H Temephb mpoliemy HaswmBaoT npoGiemoit Payca — I'ypeuma.

OpHrHHAJBHEL TreOMeTPATECKHH METON pemieHHA HPOGIeME IIpeio:Ruil
onHOBpeMeHEHO ¢ Paycom pycckumit yuwemmit . A. Bmmsaerpamckmi
(1831 —1895), 6uBmutt ¢ 1862 r. mpodeccopom m ¢ 1875 r. mmperrtopom Ile-
TepOypPICKOrO TeXHOJOrAYeCKOro HHCTHTYTA, B crarbe «0 peryasaropax mpsa-
moro peftcreua» (Mas. CII6. npakr. TexsHox. mH-Ta, 1877). Wnesa ero 3akmoga-
eTcda B TOM, 9T0 HCCICAYeMHIl MHOTOWIEH BRIKNYAeTcH B CeMeHCTBO

P ()t + Q (P + R (p),

rae P, Q 1 R — HeKOTOpHe MEOTOWIeHH, a § 1 1) — ReficTBATeJBLHEE HapaMeT-
psi.

IlycTs HcciemyeMblt MHOTOWIEH HOJYYaeTCA HPH 3HAYGHHAX HAPAMETPOB
Eo # 1y. BumBerpajckmii paccMaTpHEBaeT MIOCKOCTH KOMILIEKCHOTO HepeMeH-
HOTO0 @ = § - in m moxydaer pasGWemme HTOM IUIOCKOCTH Ha OTHeJbHHE 00-
AacTd, B KaRAOHX M3 KOTODHIX MHOTOWJEHE CEMeiCTBA HMEIT OIpeNeIeHHOe
9HCJI0 KOPHeH ¢ moJOoRATeNbHHME H OTPANATeILHEMHA NeACTBETOILHEIMA Tac-
TAMH (X HE MMEIOT YACTO MEMMHX KopHei). 061acTh, IIA TOIeK KOTOPOR IACIO
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KOpDHEe ¢ OTpHOaTeabHod MeHCTBHTEIHHON YacThIO PaBHO X, a C IOJOMKHATEIE-
HO#A n — k, oGoanaumm gepes D (k, n — k). T'pannuu oGaacTeidl ycraEaBIAMBA-
0TCA, He Hpuleras K HaxoxAeHno camux myxued. llocae sroro ocraercs aumsp
OompeNeadTh, KaKoili MMEeHHO W3 HHX NPHHAMJIEKAT TOYKA g = &4 -+ ing,
COOTBETCTBYIOIAA HCCIEIYEMOMY MHOTOWJIeHY. B uacTHOCTH, ycioBHE yCTOHR-
YHBOCTHE COCTOHAT B TOM, IO W, npmHamuae;kut obaacrta D (n, 0) (o6macta yc-
TOHYHBOCTH).

. A. BummHerpagCKmii M3J0KAJI CBOH MeTol AWML Ha NpHEMepe MHOTIO-
YJIEHOB TPeThell cTemeHW ¢ AeiicTBHTEAbHNMH Kosgdnumentamu. PacmpocTpa-
HeHHAe MeTOla BHmMHerpajcKoro Ha cAyYail IPOMSBOALHHX MHOTOYJEHOB fAB-
JAAETCA 3aCAYIOM COBETCKHX MaTEeMaTHKOB 128,

eanie m mepomopdnasie Ppynrnmn. Teopema IMmkapa

IlepBHM 3HAYHATENLHHM PE3yAbTATOM 00Meil Teopud neawx PYHKUMA MoXK-
HO cunTaTh TeopeMy Homn (1844), maBecTEYI0, 0MHAKO,) IOK HMeHeM JInyBuUaJIA:
nexaad QyHKUHA, OTpaEMYCHHAA IO MOLYJI0 BO BCell MIOCKOCTH, 8CThH KOHCTAH-
ta(cp.c.146,161). Teopema 3Ta nor0e BpeMsA urpaia poib IOACOOHOTO CPEACTBA
B o0meil Teopmm saamaTmueckEx PyEKmmi (JImysmiaas, Bpmo m Byxe). Ho
H3 Hee cpa3y BHTEKaJo TaKke, YT0 MaKCEMyM Moayias M (r) memo#t pyHKmum
B Kpyre | 2| << r GeCKOHEYHO BO3pacTaeT BMecTe ¢ I H, Godee TOro (myTeM He-
Goanmoro oGoOmenusa paccymxnennsa Hommn), uTo fuA TpaHCuECHAGHTHOR PYHK-
nuu (T. . meJoil PYHKIUN, OTIAYEOA 0T MHOTOTIEHA) OH pacTeT GHICTpEe JIo-
Goii pmrcEpoBaEHOi cTemen” r. OrTcofla oguu War g0 KiaaccuUKAMUE TEIHX
dyEKOUi mo GnicTpoTe pocTa WX MakcEMyMa moAyias. Ho sToT mar Gua coeaan
TOABKO B KOHOE Bexa J. Bopemem.

WexomoEsIM nyHEKTOM B H3YYEHHH OEIHX QyHKOmA Ohja o0HapomoBaHHAA
Beitepmirpaccom B 1876 r. TeopeMa 0 pasiosxeHum DedHX (YEKOUA B GeCKo-
neyHoe mpoumssefeHme («H Teopmm oxHOsHAYHNX aHAAATHYCCKEX ¢YHKIHH»
(Zur Theorie der eindeutingen analytischen Funktionen.— Berl. Alh.,
1876, S. 11—60)) **’. Oma yTBep:;KHaAeT, YT LIA JAI060H mOCIEAOBATEILHOCTH
KOMIJEKCHNX 9ucel {2Z,} ¢ HeyORBAOMAME H CTPEeMAMAMUCA K 00 MOMYJIAMHE
MOJKHO IMOCTPOHTH OEedyK (YHKOWK, HMEONIYI0 HYAN B 9TAX ¥ TOALKO B STHX
TOYKAX MJIOCKOCTH, ¥ 4T0 Boolme Kaskjas medad (YHKOHA ¢ YKa3aHHEIMH
HYJIAMHA MOKeT GHTHL OpeicTaBieHa mOo fopMmyle

f(z)=e6’(z)z"],__[(1——:—) exp (ZL—F-;ZL—I- —]—:—z) .
1 n n n n

3necs g (2) — nemaa QyErnma (eciud f (z) 3agaHa, TO OHA ONIPEHENAETCHA IO
3TO# OpPMYJe ¢ TOUHOCTBIO 0 claraemoro Bupaa 2kmni, rae k — medoce umcuo),
A — RpaTHOCTh HyAs f (2) B Hayajle KOOPHUHAT W BCe 2, NPEXUOJATAIOTCH
HE Je/KamuM¥ B HaYale.

Oneo W3 mepBHX pas3ioKeEWil Neloll (yHKOUW B OpoWaBeNeHHUe OHIO mO-
aygeno dimepoM mis sin nz B 1734—1735 rr.; 0HO NPEICTABIAAIOCL 8MY ec-
TEeCTBOHHHM AHAJOTOM pa3i0/KeHMsA MHOTOYIeHA Ha MHOMKATEAH W He 3aciy-
KuBapmaM ocoboro obocHoBanmsa. Pas ypasmerme sin 1z = 0 mMeeT KopHE
0, =1, £2, . . . @ WAKAKEX APyrEx, 1o sinnz = Cz (1 — 2/1)(1 + z/1) .. .;
[ KOHCTAHTH JIETKO moixyuaeM sHaueHme 1 (cM. UM, 1. 3, ¢. 328—329).

BopoueM, B 0qHOM H3 CaMHX DaHHEX Onpefe]eHUdl raMMa-QyHKIOAM, CO-
mepseameMca B nuckMe Jitgepa k IoapxSaxy (okTabps 1729), Mm BmgmM pas-
128 ?346 5 Honwmpsazun J. C. O6nkEOBeEEHEe muddepernumanpatie ypapaerna. M.: Hayxa,
137 Weierstrass K. Mathematische Werke, Bd. 2,
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. BYHE

i — lim z2(z4+1)...(z4 n)
TOMOEIO TGy = e Wl
ImdaeTcda oT OPMYIN, HATOJKHYBIIeH BelepmTpacca Ha o0muid peayiabrar:s

i | (1 e (1 Hen]

Xora roprm ypapHesus 1/T' (z) = O = cBogsres amecs x Toukam 0, 1, 2, . . .,
opomaseniesme z (1 + z/1)(1 + 2/2) . . . pacxomurcsa. UroGwm moxyumts Bep-
HHIi pe3ylpTaT, HYKHH 00eCHeYNBAIOMIES CXOJEMOCT: M HE MMEIMIEe HYJIel
BCIOMOTATEJIbHLIE MHOMHTeaW: e 21, e #2 _ ., MNx-to B o00meM sBume
exp (2/z, + 2*/22% + ... + z"/nz}) m BBommr BeitepmTpacc.

BopoueMm, o Teopeme o pasiosxermm oH msBemaer C. B. Homajescrywo
(z omaoBpemenno I'. A. Illsapna) eme B mexaGpe 1874 r. TeopeMa ara mosBo-
JIWaa eMy cpasy jKe MOoKasaTh, IT0 KammaA MepoMopduas YHKIHA OXHOIO-
IepeMeHHOr0 — TEePMUH, BBeleHHH#E Bpmo m Byke (cam BeitepmTpacce moan-
30BAJICA NOCTATOYHO TPOMO3IKOA XapAKTepPHUCTHKON: OAHO3HAYHAA AHAIATH-
decKaa GyHKIMA f (z), KoTopad HIJA Ka)KOOT0 KOHEYHOTO 3HAUEHHA Z MMEeT
XapaKTe) pPANUOHAJABbHON (YHKOHUH),— €CTh YaCTHOE IBYX HEJAHX (YyHKOHit
f = g/h. U sToMy oH moGaBaseT, uTo MOMKHO TpPeGOBaTh, YTOOW WHCJIUTEHAh H
sHAMeHATeNXb ApoOm HUIJe He o0pamjajuch B HYAL onHOBpeMeHHO. OnHAKO
ANA GYHKOU# MAOTHX DEepeMEHHHX AHAJOTHYHYIO TeopeMy eMy Tak H He yAa-
JIOCH MOJAYYATH, XOTA OH, MOMKHO CKasaTh, TOHAJCH 3a Hell B CBASH C 3aBep-
merueM Teopum abeyepnix Pymknuii. Ycmex somaa Ha golw A. Ilyamxape
(1883) Toannko ANA cayuas ABYX NMepEeMeHHHX, mocie uero ero yuerumk II, Ky-

223

» KOTOpOEe JHIUL HeCYHIeCTBEHHO 01~



sen (1867—1933), paboraBmmii cuepBa B amiee B r. Hase, a 3aTeM JONEHTOM
m npodeccopoM ymmeepcurTeTa B Bopmo, paccMorpen obmumit caywai (1895).
MeTonu 3TEX ABYX JOKAa3aTEALCTB PA3JIMIHH W, KOHEYHO, OTIHIANTCA OT Me-
Toma Beilepmrpacca (mia omEoro mepeMeHHOro). Mo)xHO CKasaTh, 4To 3[eCh
BOepBsie OHaa OTYETIHBO BHABIeHA cuemEdmKa Teopwmm PyHKmmA MHOTrEX
KOMINICKCHHX IepeMeHHEX.

Ecan reopema Beliepmrpacca gpiasaack o0oGmeEWeM NIs OEaHX TPaHC-
OeHJeHTHNX (YHKnuiA TeopeMH O pa3i0KeEWH MHOTOWIeHA Ha JHUHeHH:Lie
MHOJKHTEJHA, TO €CTeCTBEHHO BCTaBaJ Bompoc 00 ofo0meEdn Ha caydail mwo-
O5ix MepoMopPHEIX PyHKIHEA TeOPEME 0 OPEACTaBICHAN PAMUOBANLHOM (yHK-
IUH B BUAE CYMMH HmpocTeiimux Kpobeil. ¥ TBepAATEIbHHI 0TBET LI mMONydIeH
# onyGAnKOBAaH B CIELYIONIEM rogy yieHmkoM Beilepmrpacca, IIBeICKHEM yde-
#EM, mosgHEee npodeccopoM CTOKrodbMCKOTO YHHBEPCHTETa H OCHOBATEIeM
skypHana «Acta mathematica» I'écra Murrar-Jlepdmepom (1846—1927) =
€TaThe «AHAINTHYECKOE IMPEACTaBJieHne YHKIWH pPAMHOHAJILHOTO XapaKTepa
€ TpPOW3BONBHO BHIOpaHHOH rpaEmuYHOR TouKoi» (Analyt. framstdln. af en
funktion af rationel karakter med en godtyckligt vald grinspankt.— Ofver-
sigt Kgl. Vet. Akad. Forhandl., 1877, 34). Bor uro riacmr reopema Murrar-
Jleppaepa: MosxHO BCerga mMOCTPOHTH MepoMOpPHYW PYHKIHIO ¢ mpeamducaH-
HEIMHE TJIaBHHMHO YacTaMu G, (2) TOpaHOBCKHEX pa3iIoKeHHH (IpOCTedmume gpo-
6H) B OpefOACAHHLX mOXIOCAX {3,}, JAMB GH BHOOJHAIOCH YCIOBHUE
lim z,= o0; kakmaa w3 Takumx GyHEKDEA f (z) OpemcraBiseTcA B BHUIE

£(5) =0 (@) +§[Gn @ + P, (@),

rme @ (z) — Hekotopasa menad ¢ymKmEsa, a {P,(z)} — MBorowIesH, ofecme-
YEBAIOMEE CXOQUMOCTH PA3JI0KEHHWI.

KHoan ckopo reopema Murrar-Jlefdnepa morasama, To Teopema Beiiep-
mWTpacca NoayIaerca W3 Hee Kak IpocToe ciaefcTBHE (HO He HaoGopot!).

YooManyTasa reopeMa Beitepmrpacca 6sia, KOHEYHO, HCXOGHEM TYHKTOM
mociaeqywiero nocTpoeEusa Teopun measix gyskmmit. Ho ropasmo Gomee riy-
60KUM peayabTaTOM, H3 KOToporo yske B 20-X romax HHHEIIHEIO BeKa BHIPOC-
Ja ofman reopusa MepoMopdHEX (m meanx) QyEKmmA — Teopud pacmpepeie-
HOs 3HAyYeHWH, Gura Teopema IJ. Ilmkapa (1856—1941), BmocaemcTsmm mpo-
$eccopa Tyaysckoro yuusepcatera, 3aTeM CopGoman m Bricmeir RopMaasao#
mxoxu, ¢ 1889 r. wgena m ¢ 1917 r. HempeMennoro cexperapa llapmsckoi
axagemnn Hayk. Oma O6niia onyb6amrxoBaHa B aamerke «O0 OZHOM cBOWCTBe
measix Qyakmminy (Sur une propriété des fonctions entiéres.— C. r. Acad.
sci. Paris, 1879, 88, p. 1024—1027). Corxacuo Teopeme Ilmrapa, nisa rammoit
neaoit pyaxnnz f (z), oTAMIHOA OT KOBCTAHTH, ypaBHerwe f (z) = A, rne 4 —
mo60e KOMIJIeKCHOe 4UCI0, EMeeT KODHH; UCKIIYEHNe BO3MOKHO JANIIb IIA
OTHOTO 3Ha9eHuA A, KOTKa YpABHeHDe BOBCEe He MMeeT KopHeil. ITo sHaveHne,
3aBHCAMee 0T (YHKOIWHM, HA3HBAGTCA INMKAPOBCKEM HCKIKNIHTENLHHIM 3HaYe-
BmeM (mpumep: A = 0 gaa ¢yskoun f (z2) = ¢°). B KauecTBe cpegcTBa AOKa-
sareabcTBa Ilukap mcmombaoBan GeCKOHEIHO3HAYHY® (YHKOHIO, 0GpaTHYIO
TAK Ha3nBaeMoil MomyaapHo# ¢yaxmun IllBapma (cM. BHme).

B tom e 1879 r. B 3amerke «06 anaamTAYecKAX PYHKOIUAAX, OHHOZHATHHIX
B OKPECTHOCTH CYMECTBeHHO oco6uix ToZex» (Sur les fonctions analytiques
uniformes dans le voisinage d'un pointe singulier essentiel.— C. r. Acad.
sci. Paris, 1879, 89), Ilnkap, HeCKOIABKO YCIO/KEUB HOKA3aTEABCTBO, HOIYTHI
TAK HA3HBAEMy GOJBIMYI TeopeMy (B OTIHYHe OT HpeRuymeid, HasBaHHOH
Majgoi): B m1000i OKpPECTHOCTH CYMECTBEHHO 0c00o0il Todkm z, pyHrmum f (z)
ypasHeBHme f (z) = A, rme 4 — a1060e KOMIOIEKCHOE YHUCI0, KOHeYHOE HIH
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9. INKAP

GecroHeTHOe, EMEeT GeCKOHEeTIHOe MHOKECTBO KOPHei; ACKIIYeHHE BO3MOKHO
JOINb AJA ABYX 3HaueHWHd A, 3aBHCAMHEX TOJBKO OT RaHHOA Qymknum. (Ilpm
3TOM Jomyckaercd, 4ro QyHKIUA [ (z) mMeeT mOIIOCH B Ji00G0H OKPECTHOCTH
29.) Ilpumep, rorma z, = co, HpeACTABAAT B ciyuae dymrmum tg z wdcia
=4i — ypaBrenue g z — 4-i He mMeeT HE OJHOTO KODHA.

Boapmywo reopemy Ilmrapa ecrecTBenHO paccMaTpHBATH KaK 3HAYATENb-
Hoe ycmienme TeopeMu Coxoukoro — Haszoparm — Beitepmrpacca. W3 mo-
cienneil cllemyer TOJIBKO, YT0 YpaBHEHUIO f (z) = A B OKpecTHOCTH CYIIeCTBEH-
HO 0C000# TOYKH MOKHO YAOBIAETBOPHTH eCJW HE TOUHO, TC HmpubiamxeHHO,
T. €. HaliTH Taky0 nOCIeNOBATEABLHOCTE {z,} — 2o, UTO {f (2,)} = A. OngHako
1A UedHX TPAHCUEHASHTHHX ¢yarnmi tTeopema IImkapa momyckaer m mEYIO
TPAKTOBKY, H03BOJANIIYIO BCIOMENTH M OCHOBHEYI) TeOpeMy BHcIIedl aareGpsi.

B camom pmeme, eciim paccMaTpHBATE NENY TPAHCHEHAGHTHYI0 (YHKIHUIO
f (2) rak cBoero poga MHOTOWIeH 0ECKOHOYHO BHICOKOH CTEeHeHH, TO, OKA3HIBA-
ercA, 9To ypaBHeHHe f (z7) = A mMeeT CTONBKO KODHel, kakoBa cTEeHmeHb f (2)
(zmpaBfa, 3a MCKIOYEHHEM, GHITH MOsKeT, ofHOTO 3HaveHna 4). PasBuTme sToi
agajiorad TpeGoBaNo YCTAaHOBJIEHOA KOJHYSCTBEHHOTO PA3IMTHEA MeXKLYy pas-
JAYHOrO pofia «GeCKOHEYHOCTAMEY, MOHAMAEMHIMA B KaK CTemeHbh yPaBHOHHA,
¥ Kak KoamtecTBo kopmed. Hosme misa Toro spemenn upem I'. Hantopa o cy-
INECTBOBAHAW pa3JIMIENX 0(EeCKOHEYHHX KapAHHAJIBHHX WX OpIHHAJIHBHHX
ypces GHIIE 3MeCh HEIPAMEHHMSH, HO MOJKHO AONYCTATH, 9T0O OHH HE 0CTaBa-
Jach 6e3 BHAMAHHAA;, O Pe3yJIbTATAX GyHeT CKasaHo HUIKe.

Hak 6n To Hum 6810, DomKTKA KIaCCHQUKAAA PasiIMYHKX TPaHCIEHIEHT-
HHX OEedHX QYHKOIui mo WX «CTemeHAM» CHAuaja CBA3HBAJNACh TOJBKO C BH-
JoM UX pasioskeHHil Ha MHoxurend mo gopmyie Beitepmrpacca, m mepmas
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Amen Owila npefdokema 3fech unpodeccopoM IlommrexEmueckodl mKoan B
KHoanex me Dpamc, wiemom Ilapmxckoit axamemmm Hayxk 9. H. Jlareppom
(1834—1886), 6oxpmaECTBO paloT KOTOPOTO OTHOCHTCS K aaredpamiecKoi reo-
merpuu. B 3aMerke «0 HeKOTODHX TpaHCOEHAGHTHHX ypaBHeHmAx» (Sur qu-
elques équations transcendantes. — C. r. Acad. sci. Paris, 1882, 94, p. 160—
163) Jlarepp BBem moHsTHe poma medoir ¢ymkmmna. Ilycre {z,} (2, % 0) —
TIOCHIeIOBATENALHOCTs Hyllel Hedodl (yHKIEM f (z), OpUIEM CYIIECTBYET TaKOe
K
z,

pacXomurcsa, a pHAR,

1ej0e HEOTPHmATEIbHOE YHCIO Kk, 9TO PHAN Z
n=1

R :

E Tl cxonnrca (MaA ysEKnuu sin z, Hampumep, k£ = 1).
n

n=1

W3 pmorasareancrBa Beflepmrpacca clefyer Torfia, uTo pasios;xenme f (z)
Ha MHOXHUTeJAE nmpmoGpeTaer Godee mpocToi BmA:
. L
f() = esr [[ (1) e” i
1 n
(DOKA3aTENBHEN MHOXKUTeIb HON 3HAKOM HPOWM3BENEHHNA 3aMEHSICH €IWHH-
meii, ecam k£ = 0). Ecam, kpome Toro, o6HapyxuBaercsa, 910 redad QyHKIAAL
g (3) ecTb MHOTOUYJIEH CTemeHA M, TO 0oabllee M3 OBYX NEJHX uYuced m u k
E Ha3wnBaeTcsA pojoM (KaHEpoM) p Oysknmu f (z). Pox momaraercs papaum Gec-
KOHEYHOCTH, KOIJla XOTA O OJHO H3 NPeNHIYIMMHUX YCJIOBHA He BHIOJHAETCA.
Jlerko mpopepurs, uTo A GyBrmmit sin z, (sin V'z)/Yz m sin (sin z) pon
c00TBeTCTBeHHO paBex 1, 0 m oo.

Jlareppa 3aEmMalNa, B JaCTHOCTH, aHAJOTHA MEKXY poioM Ielodl Jymk-
OUA ¥ CTeOeHbI0 MHOTOWIeHA B CJydae NEHCTBATENBHHX KO3()(HAOHCHTOB.
Tax, u3 Teopemn Poxas cpasdy caenyeT, 9TO €CAHM TAKOK MHOTOWIEH HMeer
TOJBKO AeWCTBHTEILHLC HYIH, TO U BCe HYIH €r0 NPOH3BONHOM Takme mAelicT-
BETeAbHH. B ymomamytoit 3amerke 1882 r. Jlarepp BHcKazall TeopeMmy, LoJ-
HOCTHIO KoKaszamuyw 9. BopeaeM B Mororpadnm «J/lekmuu o neasix pyHKouUAX»
(Lecons sur les fonctions entiéres. Paris, 1900): B cayuae memoit gpyErRDNE
poja p, mMenmeil, IOMAMO NeHCTBATEABHHX, €I ¥ ¢ MEUMHX HyJeli, ee npo-
H3BONHASA, KpOMe TeX [efiCTBHTENLHHX HYJel, CYLIeCTBOBAHME KOTOPHX BH-
TeKAaeT M3 HMOPASKOB KPATHOCTH H TeopeMsl PoJuis, MOKeT EMeTh emie (camoe
Goabmee) p -+ g MEEMHX HYJei.

A. IlyaBRape 3aHANCSA DOHCKOM COOTHOMEHHA MEKIY POOOM Neidod GyHK-
0HH, ¢ OMHOHA CTOPOHH, W POCTOM €€ MakcuMyma Momyas M (r) m acuMoToTH-
YeCKHM MHOBENE€HMEM HOCAEHOBATEALHOCTH KoaPPHImeHTOB ee TeiaopoBCKOTO

o
paanomkenua f(z) = D cn2" — ¢ Apyroit. B wacTrocTH, B Memyape «O memsix

0

dynrmuaxy (Sur les fonctions entiéres.— Bull. Soc. math. France, 1883,
11, p. 136—144) om ycrasoBmx, uTo Aas QyHKOEE poma p m aGoro & > O
CHpPaBENAWBH COOTHOMMEHUSA

. R 1

1 -glz|PH1 =0 lim ¢ ntet+1y)

et =0 u lim el | =y
(T (z) — ramma-pynaxnma). [[ecATsio rogaMu moagHee HTH TEOPEMH OHAHM 06-
pamerst . AgamMapoM B ero paGore «MccaenoBande o cBoiicTBax Meanx PyHK-
n4i W, B YaCcTHOCTH, OgHON (yEKnmE, paccMorpenHoil Pmmasom» (Etude sur
les propriétés des fonctions entiéres et en particulier d’une fonction considé-
rée par Riemann.— J. math. pures et appl. (4), 1893, 9, p. 171—215).
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A. IIVAHKAPE

Onnako yKe W3 3THX HOpPBHX paGoT BHTEKAJO, 9TO IOHATHE pofa, €Cim
MO’KHO TAK BHPA3HTHCA, HE 0YCHb yRAYHO mpuayMamo. Tak, mampmmep, Ais
nByx meanx QysErmmit f (z2) ¥ g (2) pofa He BWIIe p Heas3A OLIO CHEIATH BH-
BOJla, YTO PON UX cyMMH [ (2) 4+ g (z) He IpeBWINaeT p; BAIPOTHB, BO3MOMK-
s CJIydam, KOTJa OH IpeBHITaeT p (Ho He Gollee yeM HA eJWHHANY).

Orpomeoe sEadenne mMejo BBefeHHoe Bopexem B 1896 r. mousTwe mopsap-
Ka mexoit pyExoum %8, koropoe muA ueasix fyHEKnEHE ® ATpaeT Poas CTENEHH
MHorowieHa. IIpoman rogmi, mpexnme weM 0oHO 3aHAJNO pemialomee MecTo, OT-
TeCHEB moHATHe ponxa. HemapoM mepBoe BpeMa Bopean compoBokmaeTr ero
OCTODO’KHEIM SIHUTETOM (KaKymuiica» (ordre apparent). 0 0

T In r

Tak xax mias qeaoil TpancnenaenTHOH Qyurnun f (2) Beerma lim Ins
T

"~—+00

(M (r) pacrer OnicTpee, YeM J00aa CTENEHD ), TO €CTECTBEHHO HA3EATH MOPAL-

T Inln M (1)
KoM (pocTa) Beamumuey lim Ty =P Oxn 0KasHBAGTCA, HAIPHUMED, PABHHM
T

1 mns e® mam sin z, pasem 1/2 maa (sin } 2)/)/ z, marypanpuoMy wuCIy 7 AIA
¢" 1 oo bitif:¢ e’

U3 comocraBaernun peayasraroB Amamapa (1893) m Bopensn (1896) Brirera-
€T COOTHONIEHHE MeKNY Ko3pPUmueHTAMH W HOPAAKOM, aHajormgHoe d¢op-
myxne Homm — Apmamapa:

= lim = Inr
now 1y 1/ ]a]

128 Cy., HanpAMEP, BHHIEYHOMARYTYI0 MOHOTpagHio Bopens.

15* 227



Eciom mopafox p XapaKTépr3yeT-MaKCAMAIHLHO BOSMOKHYIO OHCTPOTY pOC-
Ta TPAHCHEHICHTRON meaod PyHKuUm, T0 ® — IMOKA3aTelh CXORMMOCTH HOCJe-
MOBaTeJAbHOCTH HYH€H {2,} (2, 7= 0) — maer OmHY U3 BO3MOMKHHEIX XapPaKTepHC-
THK MaKCEMAlIbHOI0 pPOCTA | Z,|B 3aBHCEMOCTH OT 1 M, CJeOBATENLHO,
Goapmero Wixd Meabuero obmamsa myded ma nnockoctu. On ompepeinsercs
dopmyaoi
=—— Inn
w=lim ——
Nn—+oo ln | zn l
M MokeT OBIThH TaKK€ OXapaKTePH30BAaH KAK HIGKHAA IPaHb TeX dYmcexa V
(=]
- -~ 1 o .
(0 <N <{ + o0), AIAKOTOPHX pﬂnZ—N cxoguTeA; MJA HYXeR sin z,
n=1 I zﬂ |
HampuMep, x = 1.
ApaMap ycTaHOBHI, 9TO Bcerfa

® < P

YooManyTsiil pesyapTaT HapsAAY C HEAHM DAJOM APYTHEX 3aMeYaTeJIbHHX
teopem Ouin moayden . Amamapom B nmTEpoBaHHOR Brime paGote «Mccaemo-
BaHZEe CBOMCTB MeJHX GYHKNA U, B YaCTHOCTH, OJHON QYHKIHHA, PACCMOTDOH-
Hoit Pumanom» (1893).

3mecs MH JOJKHBI BEPHYThCH Hazall K KiaccmuecKod paGore B. PmMmana
«0 4mciae DpOCTHX UHCEN, HE MPEBHINAMAX KaHHO#E Bexamumuey (1859), yxe
yHnoMuHaBIIeHcA pamee. XOTA OHA W OTHOCHTCA K TeOpHH uydced, 0O IOCTaB-
JeHHAA B HO#l menb — 9T0 W3YYEHHE ACHMOTOTHYECKOTO UOBEfEHUA (PYHKIAR
7t (n) — 4mECIAa TPOCTHX YUCex, He IPEBHMIANMAX 7, Iledb, KCTaTH, B Hel He
noasocThio focrureyrtad (cM. Ha. 1, ra. 1I1), Ho 3smawenme ee BrxommT 3a
Openeis TeOPHM YHCET U BeChMa CYNIECTBEHHO NJIA BCEH HCTODHH MATEMATHKH,
B 4aCTHOCTH [IJA Teopuu aHajgunTmueckuXx Qynxnuil. Ilompitku sanonndrs mpo-
Genm paccy:xmeEmit PuMaHa mocAy:KEaW CTEMYIOM IJAA DOSABIGHHA NDPYIHX
paor, He mpekpamatomuxca @ B namu Aan. Cpenu raxkmx paGot Gula, Kak 3T0
cleflyeT M3 ero Ha3BaHUA, W YUOMAHYTHI Tpyn Aamapa.

Bupaomeiica sacayroi Pamaya G510 T0, 4T0 OH IO-HOBOMY BBeJ B MaTeMa-
THKY (TeopHi0 Iucelx u Teopmo Qyrrnuit) pyrromw f (s), nasecTHyIO eme Jii-
aepy (cm. UM, t. 3, c. 109). IIpm s >> 1 meficTBETENbHOM OHA OLNPEAOIANACH
nubo omHO#, AuGo Apyrod ms dopMmyd:

1 1
v =Tl = Yo

rae p npoberaer Bce HPOCTHe YHCIA, 4 # — BCe HATYDaJbHEE Iucaa. I'eHHanDL-
Hafa maesa PaMana sakmodganack B TOM, 9T00H pacCMaTPHBATEL { () Kak QyHK-
OUI0 KOMIJIEKCHOTO mepeMeHHOTO . IlyTeM ocrpoymEEX mpeoGpasoBaEmi oI
OOKA3HBAET, UTO OHA AHANHUTHIECKH NPOJOIIKAETCH HA BCH KOMIIBKCHYIO
OJA0CKOCTE KaK (yHKOHA omHO3HAaYHAA W MepOMOpPHAas W HMEeT eIHHCTBEH-
HEI# OPOCTOH TOMIOC B TOUKe § = 1 @ mpocTHe Hyn® B ToYkax —2, —4, —6, . ..
(rak HasHBaeMbe TPUBUAJIBHEE HYJId). YCTAHOBEB MiA { (5) QYHRKIHOHAIBHO®
YDaBHEHHWEe, KOTOPOe Tak:Ke Gbino m3BeCTHO eme ditmepy B 1749 r. (umpomase-
nenme I' (s/2)n=%/:C (s) He maMeHseTcas np: sameme s Ha 1 — s; cm. UM, 1. 3,
c. 338), PuMaH BBOOHT BCHOMOTATEABHYW HENYyH (YHKIHIO

E(@) =T (/2 + 1)(s — V)m-s/2L (s).

3pmecs s = 1/2 4- it Tak, 90 E (f) B cEay ymomMsHyToli TeopeMs deTHad
¢yarnua. Braromapsa muoxmremo I' (s/2 1+ 1) HE ofimE W3 TPEBHMANBHEX HY-
xeit C (s) (1. e. umcenm —2, —4, . . .) He oGpamaer B Hyxas E (¢). [losToMy umec-
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Ta o — Hyam § ({) — DOPOKEAIOTCA TOJALKO HETPABHANBHHIME HYIAMH [
¢yrrmmn § (s), ¢ KOTODHIME OHM CBABAHH COOTHOmeHHEM o = (2p — 1)/2i.
OtnocmrenbEo HEX PuManm sameTmi, uTo Bce OHE Je:xar B mojgoce | Im ¢ | <C
< 1/2, n 663 MOKA3ATENLCTBA BEHICKA3AJ DA YTBEPIKACHHA, U3 KOTOPHX Of-
HO — rmmore3a PuMada — 0CTaeTCA HEOKA3aHHKM ¥ HEONPOBEPTHYTHM 0O
CHX IOp: BCe HYJIH § (f) — MefiCTBHTeNLHHS YHCIA, T. €. BCe HOTPHBHAILHEE
Byna { (s) dexat Ha npamoit Re s = 1/2. K maydernmio pacmpenenesus sTux
Byineii PmManm cBea mHcciegoBaEWe aCHMNOTOTHIeCKOTO NOBefeHHMA (QyHKOAH
n (r) (cm. Ha. 1, ra. III). ‘

B ymoMasyrom Bmme memyape 1893 r. H{. Agamap mogTBepAmI YacTh BH-
ckasuBagpuit Pumana. Ilpm aToM oH mcmoaszopasn o0mue 3aBECEMOCTE MERIY
KoadpanmenTaMu cTeneHHOro pAfa, POCTOM Leilod QYHKOUE M pacmpefeleHn-
eM ee Hyxed, B pazpaboTKe KOTOPHX CTOJb [eATEILHO yYacTBoBaJ. B uact-
HoCTH, AfaMap YCTaHOBHJ, YI0o HJIA HeTPUBHAJBHHWX Hyiel {p} mazera-QyHK-

1
IUA PAL E Tl pacxogurci (4, CIef0BATeALHO, N1X GECKOReYHO MHOIO, KaK

m yrBep:kman Pumam), a pAL Zﬁ CXORHATCA.

Hanee Agamap moxydma paanoxkenume GpyExnmm E (£) B GeckoHeuHOoe mpo-

m3Berenne puaal®®
2

t=tOI(1—=) -

OTKYZa, KOHEYHO, Cpa3y BHITEKAeT COOTBETCTBYIOMEe NPEJCTABIGHHE NI
¢ 6.

Tpemsa romamum nosgmee, B 1896 r., aro focTWKeHEmEe OBUIO HCIOAB30-
Baso cammM . AjaMapoM B ORHOBpDeMeHHO OeJHIHACKEM MATEMATHKOM
II. 3. ge 1a Banae-IlycceroM AJIA mOJHOTO AOKA3ATEALCTBA ACHMOTOTHYECKO-
To 3aKO0HA pacupefelennsa npocthx wmcex (cM. Ka. 1, c. 170).

BepraeMca kK o6meil Teopum peiasix GyHKOAA IO ee COCTOAHHIO B KOHIE
X1X B. IlocaenoBarensanmu ycmiamamz Ilyamkape (1883), Amamapa (1893)
2 Bopeas (1897, 1900) 6ninm mosyseHH peayiasTATH, yCTAHABAHBAKOIAE J0C-
TATOYHO IOJHYIO 3aBECAMOCTH MEOKAY NOPAAKOM O (KOHEYHHM) pedoil Tpamc-
OeHfeHTHOH QyHRumm f (z), mMeomed Byam {z,}, C IOKA3aTedeM CXONHEMOCTH
% < p (3, 7= 0; BoBMOKEH, KpoMe TOTO, A-KpaTHHI HyJb B Hauaje KOODHH-
HaT).

Ilycte k& — HammenoInee mejoe HEOTPUIATEJIbHO® THUCIO W3 TeX YHCEN

o
N, pag goropux psapg Zl—zil-n— cxomarea (%] < k < [x] + 1); Torma
n

n==1

2 z

S ey T E
j(z)=e3(z)z’“H (1——) e n
1

Zn

(3mech mOKasaTEJbHHIH MHOKATENL IO 3HAKOM NPOU3BENeHNA 3aMEHAETCHA
equHAnei, ecau £ = 0); npu sroM medas GyHKpusA g (z) HeIPeMeHHO JO/KHA
OHTh MHOTOYJIGHOM CTEIEHH m ge Bume weM [p] m p = max {m, x}. Capasen-
auBa @ o6paTHAM TeopeMa: ecam neaas GyErouA f (z) AOOycKaeT pasiaorKeHUe
TAKOro BHAA, TAe g (z) — MHOrOWIeH CTEHEHH /M W IOKA3aTedb CXONUMOCTH
Hyaedl {z,} ecThb KoHeuHoe umcio, upmueM [x] < k< [#] + 1, 10 f (2) —
(YHKIHA KOHEIHOrO NOPANKA p, IpHYeM p = max (m, x).

C sruMu TeopeMaMU CBA3AHH 3aMeYATE]HHHE YTOTHEHHMA Teopemu IImkapa
AaA QYHKOUA KouewHoro mopsagka p. Ecam A m B — fBa pasIdYHHX KOMi-

129 Ha ¢. 168 Ku. 1 a10 mpoussenenne NpHBeJeHO B BCKAKEHHOM BHJE.
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JTeKCHEIX 9mCIa 1# {2, (4)} = {3, (B)} — COOTBETCTBEHHO WOCJIENOBATEAbHOCTH
KopHe# ypasHeHwuit f (2} = A u f (3) = B, 10 u3 TeopeMn AfaMapa memocpeq-
CTBEHHO BHITE€KAIOT HepaBeHCTBa: # (4) < p # % (B) < p. Bopeas mokraazai,
OJHAKO, YTO 33 OHHUM BO3MOJKHHM HUCKIOYCHHEM (3aBUCAINHEM TOJBKO OT
$yuknun) cupaBegamBul paBeHcTBa % (4) = % (B) = %, 7. e. HesaBHCUMO 0T
3HauyeHES A TOUKH, B KOTOPHX QYHKIMA OPEHUMAET 3TO 3HAYCHUE, ONAHAKOBO
9aCcTO pacmpefeleHs HA MIOCKocTH. B caydae, Korma p HO €CTh Ieidoe YHCIO,
HCK/IIOYATENbLHLNE 3HAUYGHHA B YKAa3aHHOM CMEICIe B0oOOmE HE CYMeCTBYIT.

MosKHO CKasaTh, 9TO 5TH PE3yNBTATH HOJBEJM UTOr OCHOBHHIM [JOCTHKE-
HAsM Teopuu neianix Gyakqmit 3a XIX croaerne. Utorm st cocraBmam comep -
skagne «Jleknuit o meawx pynrumax» . Bopeaa (1900), mocay:kmsmmux mep-
BHIM BHIIYCKOM 3HAMEHHTOHM cepmum MOHOTpaduil pa3iAWyYHEIX AaBTOPOB L0 TEO-
puna QYEKIEE NeACTBATENIHFHOTO W KOMIJNEKCHOTO IePeMEHHOro, M3JaBaBmeiics
34T€M HA NPOTSUKEHUH HOCKOJbKAX fgecarmaeruit ¢upmoii [orne-Bmaaap
nox pemaxuumeit camoro Bopeas.

Yro ;xe KacaeTcs obmen Teopum MepoMopPHEX $YHKOHIA, TO OHA HAXONH-
Jach B 3a94TOYHOM COCTOSHHUH. 30ECH HE XBATANO aHANOTA HOHATHSI MaKCHMY-
Ma mouynst M (r). Ommako ysxe mossmiaacsk gopmyna Uencera (Sur un nouvel
et important théoreme de la théorie des fonctions.— Acta Math., 1899, 22,
p. 359). Torma oma mMena mpocreiimmit BEL:

25
1 .
In|{(0)| = | lf(re*ldp— 3 lnpip+ 3, Inpir,
0

la<r ’ IBgl<r

e a; — Hyau 1 by — mouock fyaknun f (z). B HeM B HeaBHOM BHOE yiKe
3aKN0YAJCA OTHPABHOH HYHKT moapHelimeit oOmeit Teopwm pacmpemeseHH s
aHaveHME MepoMopPHENX GyrKnmiE. Ho mo cosnanmsa aTod Teopuu MOIHEO GHIIO
IpOUTH eme YeTBePTh BEKa.

AbdeneBm QyERIEH

Hax ye ykaswoBaioch, B OBYX nyOnmraumsax Beitepmrpacca 1854 =
1856 rr. comepikaAnCh PE3YABTATH €ro UCCIeROBanmii mo mpoGieme oGpamenus
YIABTPasIIUOTHICCKHAX HHTEIDAJIOB IEPBOTO POa B Tofl mMOCTaHOBKE, KOTOPYIO
eit mpupaa fIxoom.

Bropas m3 atmx paGor mpefcraBiasda PasBepHYTOEe M3JO0KEHHE IEPBOM,
Opnako oHa ocraxach HeaaBepmernuoit. Bor uro 06 atom cooGmaer M. A. Tu-
XOMaHIPUIKMIA: «... Memyap moj sarnaBumeM ,Theorie der Abelschen Funk-
tionen“, mucaHHB OPH CTECHEHHHX OOCTOATENBCTBAX W, K COKAJNEHUIO, OC-
TABINTAACA HeOKOHYEHHHIM BCJEICTBHE IOTEDPH PYKONUCH, KAK TO A JHYHO
canmal oT Beltepmrpacca. OH npepsiBajgca B Hadaze I rmasw, mammcannoi
rak: , Einige allgemeine Betrachtungen iiber die Darstellung eindeutiger
analytischen Funktionen durch Reihen“, cogep:kaBmieii, B Buje OTCTyILICHAH,
HCCAENOBAHUA W3 00aacTy dnAUNTHIECKHX QYHKIUH, COCTABJABIIME IPEIMET
ero mepBOTO MeMyapa @ Temephb |T. e. B 1894 r. nmpm nyGamKammm B cocTaBe
uepsoro ToMa «Matematmueckmx Ttpymos» Belepmrpacca.— 4. M.] BmGpo-
MmeHHHe» 130,

Buopouem, 5Ty HesaBepIISHHOCT: OTMeTHNI empe PmmaHd, Korma, oxXapakTe-
PH30BAB HEPBYI0 CTATH KAaK 0030D «IpPe3BHIYaiiHO TiAy0OKMX B yBEHYaHHHIX
OpPeKpacHEIME peayabraraMm» pabor Beliepmrpacca, ou gobasmia: «OgHaKO0 IO
HACTOAMETO BPEMEHH IOCIEI0BAJIO IojHOe Bocmpomssenenme (J. fiir Math.,

180 Tuzomandpuyruii M. A. Kapa Beiiepmrpacc.— Coo6m. Xapbk. mMar. 0-Ba (2), 1897,
6, c. 41
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1856, 52, p. 285) amms Toi wacTm aTmx pPaGoT, KOTOpaA CAYKUT PABBETHEM
§$1, 2 m mepBoil HONMOBHHK (Kacawmmeicsa suImnTHIecKAx Gyskmmit) § 3 ymo-
MARyrol myGamkarmmy 131,

Bot ocmoBHOe comep;kaHme HasBaHHHX pabor Beifepmrpacca:

Iomowmm R (r) = A, (x — a;) . . . (* — asp4y), THE ayF~ar upm j 7~
7= k — n106He KOMIUIeKCHEe Tdcaa, B DYcTh P (z)=(z— a;)...(z —ap).

Torma axobmeny 8ajgavy o6pameHEMA COOTBETCTBYIOMIMX YALTPAJLIANTH-
YeCKMX MHTETpajloB HePBOTO POJa MOYKHO HPEe[CTABHThL B CIEAYIOMEM BHIO:

Haiimu pewenus rj; =x; (U, . . ., up) cucmemn Ougppepenyuasvitiz ypasre-
Hui
by P(z) dz,
Aty = . —L m=1,...,p)
m ,; VA ( P)
yOdossemeopaiouue HavaavHum ycaosusmw x; (0, ..., 0) =a; (j =1,...,p)

{popmyampoBry fixo6H moayduM IyTeM IOWIEHHOT0 MHTErPHPOBAHUA KaiK-
Joro WD ypaBHeHW# cucTeMu). ak sto mpepsupenl eme fikoOm, momHE CY-
I[eCTBOBATh TaKHe ONHODHAYHHE aHaduTHdeckWe ¢yuxkmmm P, ..., P, me-
PeMeHHBRIX Uy, . . ., Up, ITO X, - - ., Tp MOJKHO OydeT paccMATPUBATH K&K KO-
HO YypaBHeHms z° -+ P!+ ... -4 P, =0. Amanxoruugo, poGasiser
Bettepmrpace, CYMECTBYIOT  OfHODHAYHHE  AHAIMTAYeCKHe (QYHKRIHE
Q1,. - .y Qp TEX Ke HEPeMEHHEX, TaKde, IT0 MHOTOTIEH OTHOCHTEJIBLHO I
QP+ ... 4+ Qp onA 3HATEHWH T = Z; AAET COOTBETCTBYIOIAE 3HATCHH
VEG@)(i=1,...0p)

N3 aToft TeopeMi HOJKHO ClefoBaTh, UTO JIOOHe PamdoOHAJNBbHNE M CHM-
MeTpmuecKme QYHKIEE OT Zy, ..., % 2 VR (z), ..., VR (z,) asamorcs
ONHO3HAYHHIMA  AHAJMATAYOCKAMA (YHKOUAME OT U, ..., Uy, B Tacr-
Hoctd, Wojnarag ¢ (z) = (x — zy) ... (xr — Z,), MOKHO YTBODKAATh, UTO
Vi (@), - .., Vheper @ (@gpr1), TAe hay « « -y Bapyy — KOHCTAHTH, ABIA-
f0TCA OJHOYHAYHKRMM AHAIATAIECKUMH $YHKIHAAMHA OT Uy, . . ., Up, T6pE8 HAX
MoryT OHTh BHpaskeHH BBeNeHHWe Bume ¢yukmum P, ..., P,. Oyuxnan

V Ry (ax) Dpm Hagmexkamem BHGope KoHCTaHT hy Beiiepmrpacc ofosmazaer
(cp. Bume) wepe3 al (uy, ..., up)k(k=1,...,20 +1). OyExnun 318 BH-
AeJIAI0TCA TeM, mofAcHAeT BeliepmrTpacc, YT0 OHEH BIOJHE AHANOTMIHEL HIJIMI-
TH9eckEM (YHKmAAM sin am u, cos am ¥ ¥ A am u, X KOTOPHM W CBOLATCA
npa p = 1. MMenno ux ¥ pAxg ApPYrMx, ¢ HAMHA CBADAHHEIX, HeiecooGpasHoO
NPeRMYIMeCTBeHHO HA3HBATh abenresnmu. VX m3ydenWe M ABAAEGTCA MEJIBIO
aBTopa. Bedepmrpace cadraer cBoMM TJIABHHIM HOCTH:KEHAEM TO, YTO MY yaa-
Illoch PacupOCTPAHMTh MeTO], NPHEMEHeHHHH B ero caMoil mepsoir pabote 00
sanunTEdecknx pyrxmuax 1840 r. («O pasmoxeHEEM MoOXyIAPHHX GyBXOmiL»),
fAa abelleBH (YHKOUM B YCTAHOBHTH, 9T0 BCe (YHKOUA MOTYT OHITH mpencTaBie-
He B Popme mpobeil ¢ ofmEM 3HaMeHATeJIeM, IIPHIeM IHCHUTONTH H 3HAMEeHAa-
TeAR 3THX pApobeii pasiaraloTcZ Bo BCIOAY a0COJNIOTHO cXogampAecs pPAREH,
PACHONOKEHHHE N0 HOJMOKATeIBHEM CTeNeHAM HMEePEeMeHHHX Uy, . . ., Up.
Iror peayabTaT, KaK coobmal aBTop, eMy YAAJI0Ch HONYIHTh K KoHnmy 1847 r.,
X0TA [0Kas3aTeIbCTBO TaK WM He 6Hlo oyBGIMKOBaHO.

ITpm sTom Bejiepmrpace onapaica Ha ciaenyoee (Ha3BaHHOe MM TJIABHHIM)
CBO#ICTBO abeneBHX (QYHKOEIA: ecllW 3aMeHHTh U; HA u; + Vj, TO HOJyYeHHHE
3HaUeHHMA abeneBHX (QYHKOEH par(MoHAAbHO BHIPAyKAIOTCH Tepe3s

al (g o ooy U)o @l (Vg « v v Ve (B=1,...,20 +1)

131 pyypan B. Counmenns, c. 100.
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H 9epe3 HX YaCTHHE IPOMSBOfHLE NEPBOTO NOPAAKA, Pedb HAer of aiarebpam-
9eCKO#l TeopeMe CHOKeHUA A HAX 132,

Yro xacaerca MeToma, paspaGoranmoro BeiiepmirpaccoM, Xak y:xe GHIIO
CKagaHO, CHAYaJa Ha IpAMepe >AJIANTHYeCKAX (YHKIMA, TO OH B IJIaBHHIX
gepTax CoCTOHT B ciaenyiomeM. 3 o6mux TeopeMm o qudepeEmuaIbHEX yPaB-

HeHMAX YCTAHABIUBAETCHA, ITO PemeHUA Zj (Uy, . . ., Up) MCXONHOM CHCTEMEI,
TaK ke Kak u ymkouu R (z;) (j =1, ..., p), ABIAIOTCA ONHO3HATYHHIMHA AHA-
TATAYECKEMH (QYHKIUAMA MePEeMeHHHX U, ..., Yp B OKPECTHOCTH Hadaja

KoopmmEaT. [lanee Hamiae;kamuM ofpasoM HcIodb30BaHHAA TeopemMa Adensn
00 mHTerpalax mepBoTo pofa (B caydae p = 1, T. . Korga mHTerpals ABIA-
JOTCA JIAANTAIeCKUMU, JOCTATOYHO COCIATHCA HA TEODPEMY CIOKEeHMT s oJI-
JIANTAYECKAX WHTETPAJIOB) I09BOJAET MY HePeiTH 0T PasloKeHUT B OKPecT-
HOCTE HAYaJIa KOODAHHAT K aHAJOTHYHLHIM DAa3JO0}KeHMAM B OKPECTHOCTH TOT~
Kl uy = by (k =1, ..., p), CKOXBb yrofgHo yRadeHHOH oT Hadaixa. B pesyrn-
TaTeé YCTAHABIMBAGTCA, YTO PANUOHANBHEE CHMMeTDHYeCKHe (QYHKIOHH OT

Zyy, .. Zp (@ o YR(y), ..., VR(zp)), B 9acrHocTE abelleBH (yHKmHH,
B HeKOToPOifl OXPECTHOCTH NI000ii TOIKH IPOCTPAHCTBA HePeMeHHHX Uy, . . ., Up

HMEIOT XapaKTep panmMoHaAbHOE (YHKOHH, T. e. IPEACTABIAITCA B BHAE
9aCTHOTO [ABYX CTEHeHHHX pAmoB (BooOm{e TOBODA, 3aBUCAMMX OT 3TOH OK-
pectHoct). TpymHocTs, XKoTopylo Beitepmrpaccy Tak u He ygalkoch IIPeojo-
JIeTh J0. KOHIA B o0meM Buje, 3aKI0YaeTcd B TOM, YTOGH HAa OCHOBAHUR
CKa3aHHOTO BHBECTH CYMECTBOBAHU® IPEfCTABIeHUsA Kakmoil m3 abeleBHIX
PyHKDUT B BHAe YAaCTHOTO JBYX BCIOAY CXOMSAMUXCHA CTEIeHHHX PANOB, T. .
nensx yurnuii. Bor 9ro ropoprr mo 3ToMy HoBoxy caM Beitepmrpace: «3mech
MHL BCTpeuaeMcs C 3afiadeii, KOTopad, HACKOIBKO A 3HAI0, €I[¢ HEe PACCMATDH-
BaJIach B 00meM BHUJe M ofHAKO ABIAASTCA IPe3BHMYAiHO BakHo#u (von beson-
derer Wichtigkeit ist) maag reopmm @yurmumiiy 133,

.BeitepmiTpacc meltaeT MONHTKY PeNMThH e¢ NPHM NONOJHHTENBHOM HPejIo-
JI0KeHHH, 9T0 (YHKIHUA YaoBJeTBOpAeT aireéGpamdeckoMy nupdepeHmmEAND-
HOMY YDaBHEHUWIO, HO 3[ech eMy YAaeTcs IDUHTH K HYKHOMY DesyJIbTaTy
TOIBKO B clAyuae QYHKIMH ofHoro mepeMennoro. Mu mpupgaeM ocoboe 3Hade-
HAe obmei copMyImpoBamHoH BHme npobieme, K KoTopod BeitepmTtpace
HEOJHOKPATHO BO3BPAMAJICA IIOYTH B ONHMX M TeX jKe BHPAKeHMAX B CBOMX
paborax, JeKOWAX M HUCchMax. IloMCKH pelmmenus IPHMBEIM €To, B YaCTHOCTH,
K TeopeMe 0 Pa3JI0KeHUN nelioll QYHKOUY HA MHOMKHUTENM, M3 KOTOPoi cilefo-
Bajo, 9TO IpodaeMa UMeer YTBeDPAUTEIbLHHA 0TBEeT B clydae OgHOTO IepeMell-
Horo (06 aToM cMm. c. 222, 223).

PacckasuBaa o mociemdem pesyiasTare B macbme kK C. B. HoBaxesckoii
ot 16 mexabpsa 1874 r., Beiiepmrpacc oTMezaeT: «K aToMy WpHCOeTHHACTCH
cienyiomas o IMOPAOKY TeopeMa, KoTopasi 8 Mmoell meopuu abeaess PYHEYULE
cuumaemes ewe Hedoxasannoii [kypcup mam.— A. M.]. Bceaxaa ogHO3HaYHASR
aHATATAYEeCKAA QYHKNUA z, KOTOPaA WIA KaKIOTo 3HAYEHHA DTOU BeNHIUHEL
HMeeT XaPaKTeD PaNMoHATbHON (YHKIUH, BCerfa MokeT OHTH M3o0pakeHa
KaK 9acTHOe NBYX OOLIIHHIX BCIOAY CXONAMMXCHA CTeIeHHhX DPAL0B, HPUTOM
TaKMM 0Gpa3oM, YTO HU OPH KAKOM 3HAYCHWU z YUCIANTENb W 3HAMEHATEeNb He
HMCYe33J0T OofHOEpeMeHHO» 134, Jl1060muTHO, 4TO B TOT Ke AeHb OH HampaBider
adcemo k HIBapny, roe, ormerus, 9To yuoMaHyTas TeopeMma OHIIa HeoGxommMa
eMy nlia pa3paboTKM TeOPDHH ofHO3HAUHEIX JYHKNWi, 6o B Hell HEJOCTABAJIO

132 DaKTAYECKH 37|eCh MOKHO 06OiTHCh 6e3 WacTHHX npomssofsbx. CM., HaWpEMep: Ju-
2eab K. ABTOMODJHHO (PyEKUMA HECKOJLKAX KOMIUIEKCHRHX nepemeHHHX. M.: M3x-po
MHOCTp. JMT., 1954, c. 160—162 (npuMeuanrwe 1).

133 Weierstrass K. Mathematische Werke, Bd. 1, S. 347.

134 NrcsMa Kapaa Beitepmrrpacca k Cogne Kopanescroit. 1871 —1891, c. 193.
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6a3bi, noGaBageT: «Mo cux mop s MCKaX pelmIeHEe HPOGIeMH OMAGOIHEM Ly=
Tempy 195,

Ilo mamemy mmemmio, II. Morax me BmosHe mpaB, Korga 3axkI0YaeT, ITO-
«9TO0 WHACHEMO NOKA3HBAa®T TaKyKe, HACROJIBLKO MECIL Beitepmrpacca 6nura
HanpaBieHa K YHUQUIUPYOIUM TeopemaM amanmsa» 13¢, Jlna Beitepmrpacca
peus OIIa 3[€ch 0 IYTHAX NOMCKOB, TAK M He 3aBEePIIUBIMUXCA YCOEXOM, HeJ0-
CTAalOmero 3B€HA B €ro IOCTPOEHHMH o0mei#l Teopum aGeleBHX QyHKIHm.

ITpobremMa 9Ta mOCHY)KHMJIa IOBOHNOM JJA MCCICKOBAHHA OOmMMX CBOHACTB
{yHEDU{ MHOTHX NepeMeHHKX, B 0COGeHHOCTH JAA MOCTPOCHUA TeOPHR Jellu-
MOCTH KPATHHX CTeNeHEHX PAAOB H XapPAKTePHCTHKH PANAOHAJIBLHBIX (yHK-
nufi Kaxk ¢Gyuaxnumii, EMeOmMHUX panMOHANBHHE XapaKTep BCIONY, BKIIOYasL.
GecxoHewynocTs. OnHAKO OCHOBHAA 33/1a7a, KaK Y’Ké YOOMHHAIOCh, HO GHUa:
pelieEa mM [0 KOHIA, YTO, IO HAMEMY MHEHHIO, ABJIAETCA ONHOM M3 HPHINH
TOT0, 9T0 TeopHA abeneBsiXx GYEKNN B 00meM BANe TaK W He MOJYIHIA B ero
Pykax 3aBepmieHHOro m3JO)KkeHMA. Pemrenme ykasaumHoil HpobaeMH yHamoch.
mony4nts B 80-x rogax A. Ilyaukape m II. Hysery (cm. Husxe).

Bosepamaschk x omyGamxoBamHoit B ;xypHane Hpemne 3a 1856 r. paGote-
Beitepmitpacca 06 aGenepnix yHKNHAX, CIeXyeT OTMETHTh H eme OJHY CY-
MIeCTBEHEYI0 IIPUYHMHY TOT0, 9TO ABTOP TaK M He HANEYATAJ OKHUIAEMOTO ee-
IpofossKeHAss. JToil mpmumHol Omna nyGauxanua B. Pamasmom B 1857 r.
B TOM JKe xypHame Hperne pyunamentansaoro memyapa «Teopma aGeneBHx
$yrrnuity. 3neck 06masa npobieMa TPAKTOBAIACH ¢ MO3HIUIA JIOKTOPCKOH THC-
cepramue Pumana m B cymmoctm mpexcraBisia o0mMEpHYO 006lacTh HpHEMe-
HeENA «npuHNANa Jupmxiie» K mMOCTPOEHHI0 OCHOB TEOpHA airebpamdecKHX
¢yHEKORI 1 WX HHTErpasoB. XOTA caM YHOMAHYTHI NPARNMN GEUI He IO Ayme
BeitepmrTpaccy m eMy BooOme mpeNCcTaBIANIOCH He3AKOHOMEDHHM IPUMEHEHTe"
«TPaHCUEHJEeHTHOTO» K YCTaHOBIACEMIO GpyHmaMeHTaIBHEX aNTe6pamdecKnx ue-
tar (cp. ero mucemo  I'. IllBapny or 3 oxr. 1875 r., mETHpyeMoe Ha c. 248),
Bce Xe Memyap PumaHa HacTOIBbKO MPeBOCXOMHI IO CBOGH MHPOTE ® ITy6uHe-
TO, 9TO MOT JaTh Torga BeitepmTpace, » npa aToM 06X0MICA B HPOTHBOMOTOK-
HoCcTh myOnmkanmu Befiepmrpacca JHDIh MEHAMYMOM BHEKIANOK, 4T0 DBeii-
epHITPace Pellwy OTCTYLMTH XOTH GH HA BpeMd.

Hwmxe Mmr npmsemem xpartkmii o63op pesyasratoB paborsl Pmmana. Te-
IePh jKe OTMeTUM TOJbKO, 4T0 Beifepmrpace no KoHma cBoeil 3Km3HM IPOOJ-
JKaJ 3aHEUMAThCA BOIpOcaMu TeopHm abeneBnx $pyHKOuUil, mocTeneHHO pachIn-
pAA m yrayGasg cBom mccienopanna. OH moCBATMI 2TOH KopeHHOR mpobieme:
HOCKOJIBKO KYDPCOB JeKIui, muceM K YIeHBM KOJIeraM M meYaTHHX coobme-
HUA: B HEX OoOCYK[IajHCh JUIOb YAaCTHHE, XOTA A HPHENMOMAIBHO BAaYKHEE
BompocH o0me# Teopum, HampmMep o6m(Ee CBOCTBa 2p-KpaTHO mepHOxMIe-
CKMX OJHO3BHAYHHIX AHAIUTHYECKEX (PYHKNUHA p KOMIJIEKCHHX NePEeMeHHEIX.
Cyna mo BCeM STHM MaTepHalaM, eMy YAAJX0Ch JajieK0 YATHA OT MOCTaHOBOK
M pe3yJabTarToB paccMoTpeHmbx Bhimie paGor 40-x m 50-x romos. Ho gasxe B 06-
mUpHOM dYerBepToM ToMe ero «MaTematmyeckmx Ttpynoms (1902) — Goiee-
600 ctpaHdn, B KOTOPOM MOJHOCTHEI0 HANEYaTAHE ero JNeKOAHA I6 TeopdH abe-
JMeBBX QyHKumM, yaTapHHe B 3AMHeM ceMecTpe 1875— 1876 rr. m nertneMm ce-
Mmectpe 1876 r., naBe TperTH couMEeHHA NOCBAMEHH TeopHH airebpamdeckmx
¢ynxnuii m abelleBHX MHTerpaJoB M JHUIIL OJHA TPETH TpaKkTyeT 3afauu fIxobm
00 obpamenum aGeneBHX HHTerpajoB (Ipasja, B oridame oT Oojiee paHHUX
paor O0H He OrpaHEYMBAETCA 37eCh YIbTPA3LIANTHICCKHMH MHTETPANaMm).
Hemapom moprorosnasmue x newaru ¢ 1889 r. Texct atux neKumii HeMEIKHe
matemateku I'. T'. Fertrep mw K. I'. HuoGaayx mmmyT B mpefECIOBHHO, UTO

i‘;’e Dugac P. Eléments d’analyse de Karl Weierstrass.— Arch. Hist. Exact. Sci., 1973, 10.
Ihid.
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Teopua abenxeBnX PyHKnuil B coOCTBeHHOM CMHICIe 3[[eCh TOJBKO KOPOTKO
Habpocana (nur kurz skizziert ist), rorma Kax ocHoBomosnaramomue anre6pande-
CKHe HCCIeOBAHMA W TeopHsa abeleBHX MHTOTPANOB MPENCTABIEHH TOTHO.
O6masn Teopus abenernx GyHKUM, 0 KOTOPOi MH eme 6yaeM TOBOPATE B CBA-
31 ¢ xapakrepuctakoit pabor Ilyanxape m ITukapa, ocraerca smecn Hesarpo-
HYTOii.

AGeneBnl QyHrimE (IIPOROICKEHNE)

Bepuemcsa, ogmako, ¥ memyapy Pmmamna «Teopus aGemeBrx ¢ymxmumity
(1857). Cremyer cpasy ke cKasaTh, UTO, HECMOTPH Ha TOKAECTBO HA3BAMMI
paGor Pumana u Beiiepmrpacca, 3agagd, nocTaBieHHHe mepex coboii 3Hame-
HUTHMY aBTOPaMHu, He GHIY oguHaKoBrMY. Bee neno B ToM, uTo Beitepmrpace,
KaK MH BHUIeJXH, Ha3uBaX abeleBHME PYHKIHAMHA Te OTHO3HAYHEE AHAIWUTH-
qecKde QYHKIKA MHOTHX HEePEMEeHHBIX, K KOTOPHM IPHBEJIO €ro pelleHme 3a-
Jagn fIxo6m. Y Pumana sKe B COOTBeTCTBHM C TOTAANIHeH Tpapumueii, BocXo-
JuBmieii, BupoueM, Takxke K fIxobu, mox abenepriMu PyHKIAAMA HOHEMAIACH
npocto abeeBh MHTETPAJH, B B NEHTPe ero paboTs cToANo m3ydeHHe aures-
pandecKknx yHKIU M EX MHTeTPaloB, a TaKKe TOTa-PyHKNUA MHOTHEX Hepe-
menfanXx. Pemenme nmpoGaemur fIxo6u moaydanocs 3mech Kak OHl MEMOXO0M,
Kax mo0ogHEbIt OPOAYKT BCEro MCCIEAOBAHMA.

Cpoemy Memyapy Puman mpegumocian KpaTkoe B ScHOE M3JI0MeHHEe OCHOB-
HBIX HOJIOKEHHHA cBoeH moKTopckoidl mmccepramum 1851 r. 3meck oH B ocobeH-
HOCTH OCTAHABJIUBAGTCs HA MOHATHH DPHUMAHOBOH IOBEePXHOCTH, TOILOJOTHMYe-
CKEX CBOHCTBAX IOBePXHOCTE (IOPAAOK cBA3HOCTM) m mpmHuuie Jupmxie.
CobcTBenHO Teopus abeneBux GyBKNUi (B ero NOHUMAHUH) PasfeseHa HA B
vacre. IlepBas wacts comepskuT 06mylo Teopmio anrebpamueckux GyHxmui
d afeXeBHX HHTETPaJIOB Ha MoBepXHocTH Jio6oro poga p. OHa, ¢ Hame# To4KnM
3peHHA, B MMEeT OCHOBHOe 3HaYeHEE AJA IOCHeqYIOMEro Pa3BUTHA DTOH Teo-
pud. Bropas gacTs copgep:mT Teopmio ToTa-PyHKOUN p KOMOIEKCHBIX Hepe-
MeHHHX M, B 9aCTHOCTH, 0e3 BHIeJIeHNA COOTBETCTBYIOMET0 Pe3yAbTaTa B ABHO
dopMynvpoBaHHYI0 Teopemy, pemenme mpobiaemu flxobm (me gag yaerpa-
SJIMNTAYECKEX TONBKO, a AJIA JNI00HX abeleBHX HHTEIDajoB).

M1 ocraHoBUMCA 37ech rIaBHHIM 06pa3som Ha o630pe comepKaHMs HepBoii
93CTH, OTPAHMYUBIIHCH JHAMB KOPDOTKEHMH 3aMeYaHUAMM [0 HOBOAY BTOPOI.

Ilens mepmBoit wacTH, KaK yMKe 0TMEIal0Ch,— IOCTPOETH OOImYIO TeopHIO
.anrebpanyeckuX QyHKIMA M UX MHTeIPANOB [JIA CAydas IIPOU3BOILHOMN 3aMK-
HyTO#i PHEMaHOBOH IOBEPXHOCTHE JI060roc poxa.

Cnygait p = 0 (o xoropom Puman gaske He ymomMuHAaeT: 37ileCh COOTBOTCT-
Bylome# MOBEePXHOCTHIO ABiIseTcA cpepa Pumana, Kcrath, OTCYTCTBYIOMAA
B ero medaTHHX paGoTax, HO MCHOJH30BABMIAACH UM B KypcaX JIeKIImil) MOITH
TPUBHAJIEH, HO BMECTEe ¢ TeM JOCTATOYIHO MOYIHTEeNeH AIA MOHUMAHUs OGIEro
.3aMbiciia paboTH. B 3T0oM cayuae Bce panuonanbHele QyHKOHEE (T. €. OQHO3HAY-
HHe anrebpamdeckme PYyHKNUH TOUYKH c(pepPH) IOTHOCTHI0 XapPaKTePH3YIOTCA
TEM, 9TO OHU OHO3HAYHH HA Bceil cfepe H o61amaoT TONLKO KOHETHHM THCTOM
ocobennocteit Buga B (z —z) '+ ...+ K(z — zo)' (ecnim zy = oo, TO
pasHOCTh Z — 3, KaK OGHYHO, 3ame}mercﬂ Ha z71). IIpm sToM BHIOTHAETCH
-COOTHOIIEHHE Teopuu BH4eToB: 5B = (. AHAIOTHYHO MHTErpaJH OT pamuo-
HaTBHHX (YHKIEA, BooOmEe roBopsA MHOro3HA4HHe (TPABHANBHHHA ciayiai
aGeneBLIX HHTErPANOB), XaPAKTePU3YIOTCA TeM, ITO OHH MMEJOT JUMbL KOHed-
HOe YHCIO0 ocoGeHHocTen 6osee obmero sraa A In (z —2z) + B(z — z)' +
+ ...+ K (z —2) " npm ycnosnn, aro 24 =

Ech KOKAYI0O TOUKY &y, AJIA KoTOpoit A, 7%= 0, coemzmm‘b ¢ pmxcupoBaH-
Holf TouKO# cdeprl HeKoTOpHM myTeM L, (pasHie lv He JOJKHH HI' camomepe-
CeKaThCsA, HU B3auMonepecexaThca), To Ha cepe, paspe3aHHOH BAOIbL DTUX
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NUHWHA, BHAEAATCA ONHO3HAUYHHE BETBM MHTErpaja, OfAHYIajomaecs TOIBKO
-AJAUTABHKME KOHcTaHTaMA. Hasklag BeTBh MCHHTHBaeT cKadok —25id, mpn
nepexofie ¢ ofHOro Gepera paspesa l, (OTpHnaTenBHOTrO) HA APYTO# (IOMOMKE-
TelBHHIHA).

Pumany ymanocs mokasaTts, IT0 9TH mpOCTeilime 3aKOHOMEPHOCTH ¢ Haj-
nexcameil MotupuKagueil, 06yCIOBIGHHOH TOIMOJOTHIECKAMH CBOMCTBAME MO-
BePXHOCTH, PACIPOCTPAHAIOTCA M HA JIOGHE BAMKHYTHE MOBEPXHOCTH KaKOTO
yroguo poma p > 0.

Takyo mosepxmocTs T OH B COOTBETCTBEE C NPHENUIAME AHCCOPTAIAM
paccMaTpHBaeT Kak MHOTOJIHCTHYIO, PaCIPOCTePTYIO HAX ILTOCKOCTHIO (Cdepoit).
Ecnn BHEeXATs HA Helt KAKy0-THO0 TOIKY
B KadecTBe YCJIOBHOM TpPaHMYHOM TOYKH,

TO, OTIIPABJIAACH OT Hee, MOMKHO MPOH3-
BeCTH TOCHeNOBATENIHHO 3aMKHYTHE pas-
Pe3H, pa3siudag y KasKAoTo M3 HUX IO
ABa 6epera — HOJIOKHUTENLHHIA H OTPH-
natenabHH#. Pa3spesn, kak Onm memasmo-
muecA KPYT 3a APYra, DPOBORATCA JO TeX
mop, 110Ka 0CTAMAaACH JacTh [ HOBEpX-~
wocta T He craHeT ogHocBa3HO#. Yuncio
TaKHX Paspe3oB BCEeTAa YeTHoe 2p, A 0HO
OpelcTaBlser TOMOJNOTHYSCKHA MHBAapH-
AHT NOBEPXHOCTH; HOJOBUHY ero, YHCIO

p, KaK Ye oTMevaloch Bemre, Hiaefm Puc. 16
npegxoxkut B 1865 r. HasuBare pomoM
NOBePXHOCTH.

Tomonormgeckoit Moflenbl0 3aMKHYTOH MOBEPXHOCTH POAa p CIYKHAT cfe-
pa ¢ p pyukamu. Ha puc. 16 yrazanas pume cxema IpeBpamieHms mepBoHA-
ganpHoil moBepxHocr® I B ogHocBsA3HYI0 T’ mpouwnadiocTpEPOBaHA HA YaCTHOM
caydae ropa (p = 1). 3gecs o6aacts T’ mocpefcTBOM 0IeBANHOTO TOLMOMOTHIE-
CKOTo Ipeofpa3oBaHus HepeX0oqUT B HPAMOYTOJIBHEK, IPOTHEOMOJNOXKHE CTO-
POHH Koroporo m3o6paaior Gepera offHOTo W TOTO ke pa3pesa.

ITockonpky moBepxHocts T poga p > 0 pacmpocrepra mag cpepoir — mo-
BePXHOCTBIO pofia 0, oHa HaKPHBaeT ee B HeCKOJIBKO CJIO0EB, IYCTh 1, B Ha Hel
00pa3yioTcd B KOHOYHOM 4HCJIe TOYKHU BerBjieHUs. ECIM © — 9YHCIO0 HPOCTHX
TOUeK BeTBjieHUHA (T. e. HOpAAKa 1; BCAKYIO TOYKY BeTrBJIeHHS 6o0jee BHICOKOTO
nopsaaka v > 1 Pmman paccMarpmBaeT kak ciIuAHHE vV IPOCTHX TOYeK), TO
MEeKAY N, ® @ P YCTAHABAMBAETCH COOTHOmeHHe ®w — 2n = 2 (p — 1).

3amava, BHOJHe aHAJorM4Has cHOPMYIMpPOBAHHOH BHINE dIeMeHTapHOH
3agade AuA cepH, COCTOUT B TOM, YT00H MOTHOCTHIO 0XaPaKTePHE30BATH KIacC
QYHKNRI aHATHTAYECKEX , BOOGIE TOBOPA, MHOT03HATHNX Ha I, KOTOpHe AMe-
au OH HA Hell JUINHp KOHEYHOEe YACJIO 0COGEHHOCTEeH, XapaKTePH3yeMBIX Kajk-
nas BHpa/KeHWeM BHA

Aln(z—32) +B(z—z) + ...+ K (z — z)~*,

Ifie meJoe HeoTPUIATeNbHOe YACA0 v — 1 ecTh MOPANOK TOYKNA BeTBJIeHUA, HA-
xopgameiica HAX Z, (ecIM TOYKA IOBEPXHOCTH, TN JEKHT 0COOEHHOCTH, HE
€CTh TOYKa BeTBIeRmdA, 10 v = 1). Ha xoapdunuenTn yxasaHHBIX BHpaKeHTH
HajJaraeTcsa eQUHECTBeHHOe orpaHmdenue X4 = (.

Ecam xammymo ocobyi0 TOIKY €y, AIS KOTOPOH COOTBETCTBYIOmEI Koapdhm-
nueHT A 5= 0, coemmHETH ¢ KaKoii-1m60 (HKCEDPOBaHHOM TOYKOA ONHOCBA3-
HO# mopepxuHoct® T’ myteM I, (l, He JOJIKHH HH CaMOIMEPECeKATHCA, HE Hepe-
ceKaThed APYT C APYTOM), TO OMHO3HAYHEIE B ocTaBUIeiica wacTu I’ BeTBu G yHK-
nVu ¢ YKa3aHHHMH ocobeHHocTAME OYRyT, BO-mepPBHX, HCHHTHBATH CKaI0K
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—2niA, upm mepexoge depes ly, a BO-BTODHX, HCIHTHBATL CKAYKH h; NpH
mepexofie ¢ oxHOTo Gepera moGoro M3 mepBoOHAYANBHHX pa3pe3oB A; Ha APY—
rofi (me 3abyneM, 910 pa3iuYHHe BeTBH HCKoMoil yHKnum B T’ ornumwanTesa
OPYT OT APYFa TOABbKO Ha ANAATHBHHE KOHCTAHTH, TAK KaK IPOM3BONHEE HAX
3MeCh TOMKIECTBEHHO DABHH).

Onupascs Ha npmanmu Jwnprxie, Puman smBogur, uro scerna wa T cy-
IIeCTBYeT aHANTUTIYIeCKAA PYHKOUA o (BooOIle roBops, MHOTO3HAYHAA), KO-
TOpad B 3aJaHHHX TOYKaX moBepXHOCTH I MMeeT HpeNUHCAHHbIE 0COOCHHOCTE
(T. . pasHOCTh ME@KIY () M BHIUCAHHHMYU BHIOIC BHPaMMEHHAMHA SBJIASTCH
PyHKUMEeH aHAIMTHYECKOH B HeKOTOPOH OKPeCTHOCTH COOTBETCTBYIONMEH TOY-
KH), ¥ 9T0, KPOMe TOTO, IJIA ee OXHO3HAYHHX Berpedt B T’ KOMIJIEKCHHe TACIA
h;, BHpasKalOm#We CKAYKH, COBEPIIaeMhle IPH Hmepexofle depe3 PaspesH A;
G=1,..., 2p) n naznBaemie PumanoM mMogynAME HmepHONWIHOCTH, AMEIOT
Hamnepen 3afaHHHe (IIPOM3BOJBHHE) JeHCTBATENbHHE YacTH., JTO HPERIcKeHEe:
MOJKHO PAacCMATPABATE KaK OCHOBY BCed DMMAaHOBON TeopmH alrefGpawdeckmx
¢yHKO Mt ® BX HHTerpados. BMmecTe ¢ TeM 0oHA ABIAeTCA IHPOKUM 0606IMeHAEM
3aKOHOMepHOCTH, KoTopasa mo Pumanma Omma msBectHa miag cdepu (p = O)
H, KpoMe Toro, Moria Ou OmTs opmyauposaHa m gig caydasa topa (p = 1)
KaK BHBOJ M3 JOCTaTOYHO Pa3BATOH K TOMY BPeMeHH TEODHH DILIHITAISCKAX
(OYHKOWI W HATErpaNOB OT HHX.

B npegenax mayuaemoro xiacca PuMan BHgenaseT Tpu mpocTeAmUX Kiac-
ca QyHKOU, vepes auHefiHHe KoMOMBAMUU KOTOPHX (A MX NPOH3BONHEe)
BeIpaaercda a0bag pymxknmua o:

1. AGeneBn mHTerpajJH IePBOTO PoAa, olpefeigeMie KaK BCIONY KoHed-
HHe, HO, Boobme ropops, HeofHo3HayHHe Ha I yuxnma. Jxsa aux Bce Koad-
¢unuentn 4, B, C, . . ., K cyrp mynu. Oupepensaiorca 914 QyHKuum ¢ ToI-
HOCTBIO 10 AAJHTUBHOM KOHCTAHTH, €CIH IPOM3BOJLHO 3aNaTh HEACTBATENb-
HBle 9aCTH MX MoAyJeir mepmonmanoctd hy (j = 1, . . ., 2p). Paman ycranas-
JIWBAeT, 9T0 THCIO JUHEAHO He3aBUCUMHX CPeNd HUX TOYHO COBIANaeT C POJOM
noBepxHocTR p. Harylo-1m6o onpefeleHAY0 CUCTEMY TAKNX JIMHENHHO He3aBH-
CHMHX WHTETPAJIOB OH 0Go3HaAUaer: W, . . ., Wy (WIW Uy, . . ., Up).

II. AGereBn mHTerpanxnH BTOPOTO PORa, OIpeRedAeMEe KaK HMEIIHe
eAMHCTBeHHEIA NPOCTOH MOJIOC &, PACHONOKeRHKH HAN HeKOTOPOH TOYKOHR zo
ILIOCKOCTH Z. B COOTBETCTBYIOMEM pa3loKeHHHW Bce KodpPummeHTH, KpoMe
B, pasau 0. Ecan t° (¢) — onws @3 3TEX MHTETDAJNOB, TO X060l APYroi ¢ Tem
JKe TOJIOCOM MMeeT BHJT .

t(e) = B (e) - a,w, 4 . . . -+ o, + const,

Iie KOMIUTeKCHHe gucaa P, &, . . ., 0p mopGHpanTcA TaK, YTOOH JeicTBH-
TeJIbHHe JacTH 2p MOXYJIeH mePHOWIHOCTH h; MMeJIH 3ajaHHEe SHaUEHMA.
I1]1. AGemeBH wmHTerpajH TpeThero poja, UMelImue IO OXHOMY Jorapud-
MHYeCKOMY IOJIOCY B IBYX Pa3imYHHX ToukaXx T': &, m &,. B cooTBeTcTByIOmMEX
BHPpaKeHUAX, XapaKTepu3yoOmuXx ocofGeHHOCTH MATErpana, Bce Kosdpdummen-
TH, Kpome A, pasud 0, a 3HavyeH¥s 4 [Jid TOYEK €, U €, OTIMYAIOTCH OIHO OT
APYToTo TOALKO 3HaKOoM. Ecim 0603naYnTs ONAH M3 TAKUX MHTErpajioB depe3

@° (e, &,), mpudeM mOMOKHUTE Ay = —A; = 1, To 11060# APYToi ¢ TeMH xKe
J0rapaPMIIeCKEAMY IOJIOCAMH IIPENCTABUTCA B BUO
® (1, &) = @° (ey, &) + aywy + . . . 4 oy, + const.

TIpegnonaras nasg mpocTOTH, 4TO £, M €, He ABJIAIOTCA TOTKAMH BETBJEHUA M
OTJIMYHEL OT oo, B 0603Ha7as depe3 z MPOeKNHIO TOYKA I B OKPEeCTHOCTH §&;
Ha KOMILIEKCHYI0 IUIOCKOCTh, PuMaH 3amedaer, 9T0 NMPOM3BONHASA IO Z OT
® (e,, 8y) (meHCTBHTENBHBIE WACTH MONYJIeldl HePHORMIHOCTH HUKCHPOBAHH)
NAaeT MHTErpaj BTOpPOro poja t (&), WMEIOmUA HPOCTOH HOJIOC B TOIKE €.
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Juddepennmpys @ (g, &) mo z JocTaTOTHO® TUCIO pas, moaywqum.abenes
MHTerpad, UMERINNi B £, IOJI0C JI000ro 3alaHHOTO NOPSAKA.

Uz Bcero ckasaHHOro BHTEKaeT, IT0 B BUJe JTUHEHHOH KoMOMHAIMEA UHTET-
PaJoB MePBOTO POAA Wy, Wy, . . ., Wy, AHTETPATOB TPeThero poia ® W HX IIPO-
M3BONHEIX MOYKHO OPeACTABHTH 00y W3 PYHKIUE @ M3y4aeMOTO KJaIacca
¢ IPeNIHCAHHKEMYA 0COGEHHOCTAME M MPOW3BOIBHO 3aJaHHKEMH JeHCTBUTENb-
HEMH YaCTAMA MOXYJeidl IePHOAUYHOCTH; OHA ONPENENHUTCH ¢ TOTHOCTHIO IO
aAgATABHON KOHCTAHTHI.

Iamee Puman mepexofuT X BHJeJeHNI0 u3 Kiacca BceX yHKNUWHA @ TOA-
Kaacca yEKnmi anre6pandyeckux ¢ ofHAFAKOBHM BeTBJIEHHSM HA HOBEPXHOCTH
T (7. e. pa3BeTBAAMAXCA TOABKO B TOYKAX BeTBIeHUA I ¢ mopAgKaMu, He
NPEeBHIMAOMUMEA HOPANKOB 3TuX ToweK). OFM NOMKHH 6HTH OJHO3HATHHIMHA
Ha T ® He AMeTHh [PYTUX ocobeHnocTel, Kpome moaocoB. Taxme dyEKmuan oX-
BaTHBaOTCH Gopmyno s = B;f; + ... + PBmlm + a1y + 0wy + . ..
.« .+ ay,w, + const. ITomock e; dyrrnmii t; mpefmonaraoTcs, Boobmme roBops,
pasawaunMu (zpocthMu). OfHaKo BOSMOKHBEL W IOJIOCH KparHocTh p (1 <C
<< p <{ m) B HeKOTOPHX TOYKAX 1; TOrga p QyHKumii ¢t;, COOTBETCTBYIOIMX dTOH
TO4YKe, 3aMeHAI0TcA QyHKnueil £ (M) 1 ee p — 1 mepBHME IPOM3BOTHEIMH IO Z.
Honcrantn P u o pubuparorcs 1aK, 4tobn s 6ena ogHosnaunoi va T, T. e.
Ha obomx Geperax mwoboro paspesa l; IPHHEMaja OfWHAKOBBIe 3HAYCHUA.
Yncso npou3BOABHKNX MOCTOAHHEIX, OT KOTOPHX 3aBUCHT QYHKOMA $, AMe0man
IOJIOCH NePBOTC MOPAAKA IRINb B m NPEANNCAHHHX To4KaX I W HeHpepHB-
Hag BO BCeX OCTAJTBHHX TOYKAX MOBeDPXHOCTH, BO BCeX CAydYadgX pasHo 2m —
— p -+ 1 (cnepoBaTennHo, m He MOMKHO GHITH MEHBIE ONPeeIeHHOTO TACIA,
‘BABMCAMIET0 TOJBKO OT jKaHpa p MOBepXHOCTH). PyMaH moxaskBaeT, 9TO TAKO-
To poaa yHENMA NeliCTBRTENBHO alredpamdeckas B oOHYHOM CMEICIe (paHee
Hero B HMHOH, MeHee TOYHOM (OpMe aHANOTWYHHII pe3yabrar OHLT IONYIEH

nm
Tlromsé). A mMeHHO cymecTBYer Takoe ainrefpamdeckoe ypasmenume F (s, z) =

n m
= 0, rge F (s, z) — MHOTOYJIeH CTeeHH I OTHOCHTENBHO $ M CTEIIeHH M OTHO-
CHTEIBHO 2z, ABISIOMMACA HeIPHBOIMMEM MM HEKOTOPOM CTeeHbI0 HeIPHEBO-
JEMOro, KotopoMy QyHKIUA § = s (z) TOMKIECTBEHHO YIOBIAETBOPHET.
Bo BceM onmcannOM BHIe mocTpoeHRE PUMaH oTOpaBAAICA OT 3aMKHYTOMH
pUMaHoBOit moBepxHocTA I', a mpumen K aareOpaudeckofl GyHKmEuM Ha Heii.
Jlaismnie on moceamaeT ogmrH maparpad paGoTH oGpaTHOMY XOIY MBICAM: OTI-

nm
pamisieTrca oOT HempuBoguMoro anrebpamieckoro ypasHenma F (s, z) = 0,
a OPUXORUT K COOTBETCTBYIOINEH n-IUCTHOH PUMAaHOBON MOBEPXHOCTH C OIpe-
JleTeHHBIMYE TOYKAMH BeTBIEHHA H K ajnrebpawdeckoit fyaknmm s = s (z) Kak
omHo3HawHo# ¢pyukmmm Ha T. 3peck Paman mo cymecTsy moayuaer Te ye pe-
3yJabTaTH, 9T0 1 I[10mM38, HO 6e3 BCAKHMX CCHIIOK HAa HETO.

Bosspamascs x mcXogHO# mocTaHOBKE Bompoca, PuMmaH mmer ofmee BH-
paende yHKIEI ', HMEIOITHEX TO K€ BETBJIEHKE, 4TO H S, H IOJIOCH IIePBOTO
TOPAAKA B m' 3adaHHHX TOYKAaX moBepxuocTH T 1 wurpe 6onbme. OH yeraHas-
JIABaeT, YTO CYMIECTBYET CeMEeHCTBO PAHOHATBHEX QYHKIUEA OT S | Z, JIMHENHO
3aBUCAMUX 0T M’ — p + 1 OPOU3BOJIBHHX IMOCTOAHHEIX U YROBIETBOPSIIOMUX
nocTaBieHHNM ycaosuaM. Homeuno,s = R (s, 3) — TakKe anreGpamdeckme
$yaxnum Ha T ¥ IPHUTOM ¢ TeM ;Ke BeTBJIeHHEM, yIOBJIETBOPAKIIME, 0OJHAKO,
Apyram anrebpanvecKMM ypaBHEHHAM.

He ocramaBamwpasch Ha feransax mepBoil Zactm Memyapa Pumanma, orme-
THM JTHUIIB, 9T0 OH 00'befHHACT B ONUH KIACC BCe HeIIPHBONUMEIe aJTrebpawde-
CKHe YPaBHEHUS TOraa ¥ TOJABKO TOTNA, KOrma Ais ao6oi uapu u3 anx F (s, 2)
u F (s,, z,) MOIKHO BHIDA3UTh PANHOHANBLHO S 1 Z 9epe3 §; ¥ z; TAK, YT0 TepBOe
YPaBHeHHUe ILiepeifieT BO BTOpoe, ®, 00paTHO, S; U 2Z; PANHOHAJBHO BHPA3MTh
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4epe3 § W Z TaK, YTO BTOPOoe ypaBHeHHe Tepeiiner B mepsoe. B sToM cayuae
COOTBOTCTBYIOIME PuMaHOBH mopepXHocTH I m T'; NOIYyCKAIT B3AEMHO OHO-
3HaYHOe M KOHPOPMHoe oToOparkeHde APYT HA ApPYyra, T. . KOHGOPMHO IKBU-
BalleHTHH M, CJIefl0BaTeJIbHO, HMeJOT OJHH | TOT 7Ke PO p, XOTA CTeeHA ypaB-
HeHm#A F (s, 2) = 0 m F, (sy, 2,) = 0 MoryT 6HTL pasInYHKMHE OTHOCHTEIBLHO
o6oMx mepeMeHHEX. JTC MO3BOJAET €My TOBOPHTEL 00 OIHOM M TOM e KJjacce
anrebpamyecKux QYHKIRIA ¢ OMMHAKOBHM BeTBJienmeM. TaKoil KiIacC MOKHO
peayH30BaTh Ha M060l M3 COOTBETCTBYIOMMUX KOHPOPMHO 9KBABAJCHTHEX MO~
BepxHocTed T: Bce yEKNUE Kilacca MPeNCTABATCA KAK BCe BO3MOKHHE pa-
OUOHANbHEE (YHKIWE COOTBETCTBYIOIIMX NEPEeMEHHHX S ® Z, pacCMATPHUBae-
MHe KaK QysKnuye Kakoi-mmbo ogno# m3 wmx. Ilpum sTom BosHmKaer m pema-
eTcA BOIPOC O BO3MOKHO 0ojlee HU3KOH cremenw ypaBHeHmA F (s, z) = O
B JaHHOM KiIacce (OHA 3aBUCHT OT pojia p).

Bropasa wactrs paccmarpmBaemoro Memyapa Pumana mocBamena m3ydeHMIo
Tara-pyHKOEHA 0T p KOMILIEKCHHX IEePEeMEeHHHX, OHpefelAeMHX PANaMA BHAA

oo oo

y 4 P P
0 (v1, . - .,v,,)=§‘> e _}iexp (El uélauwmumu' + 2u§1”umu) ,

rfe BHEMHMNe CYMME PACIHPOCTPAHSIOTCSA HA BCEBO3MOMKHHE YIOPANOYeHHE e

HaGOpH meawx wmcen (m,, my, . . ., mpy). PAMan yxasuBaer ycioBme CXofu-
MocCTH HOROOHHX PANOB (B 9aCTHOM ClIydae, IIpH p—2 BcTpedaBmuxcsA B paborax
Ténens m Poszenxaiima): peficTBHTeNbHAasA YacTh KBAanpATHYHOM (OPMEL
P 4

> D ayumumy BomxHa GHTH OTPENATENBHON DU BCeX HaGOPax MeNHX TH-

u=1 pu'==1
Cell Myay « « « m,,, B KOTOPHX H€ BC€ YHCJa PaBHEL 0. 3T0 YCJIOBHE Ha Koa(qu-

nueHTH (QOPMH ay,-.

Bamneitmee cBoiicTBo pyHKIME 3TOr0 KIacca 3aKji094aeTcs B TOM, 9T0 OHH,
G6ynyum nenwMm, obxapmanr 2p cacreMamm Mopyiei mepmofmauoctm: (0, . . .
.« .y T, ..., 0), 3mech % cTONT HA j-M MecTe, a ocTanbHEE HYyH, f = 1, 2, . .
e ooy D3 (@ayy Ggyy - - oy 8gy), p=1,..., p. Ecin npubasute X vy, . . ., Vp
COOTBETCTBEHHO YMCJIa OFHOA U3 mMePBHX cHcTeM (T. e. 3aMEHHTH Uy Ha U, +
+ mi, ocraBuB ocTaibHHeE 3HAYeHUA U Hem3MeHHHMM), To O (vy, . . ., vy) HE
H3MEHHT CBOETO 3Haudenus. Ecau e nupubaBuTh X Uy, . . ., Up COOTBETCTBEHHO
9MCcaa @y, . .- ., Gpy AAA Kakoro-ymbo p(p =1,...,p), T0 0 (v, . . ., Vp)
nprobpeTaeT MOKa3aTeNBHEI MHOMKHETENE ¢ WHomuh, :

Tara-$pyHKIME LpeBpamialOTCA BO BCIIOMOTATEABHHN MHCTDYMEHT [N
n3ydenus abeneBHX GyHKRNuUiE Grarogaps TOMY, YTO BMECTO Uy, . . ., Up Oe-
PyTCA 3HAYeHHA D NWHEHHO He3aBWCHMHX WHTETPAJOB U, . . ., Up, KAKABK
3 KOTOPHX HpefcTaBiser afelieB HHTeTrpaj mepPBOTO Pofia OT HEKOTOPO# pa-
OMOHANbHOE GyHKIMN S M 2 HA 3AMKHYTO! PEMAaHOBOM IIOBEPXHOCTH POJAA p.
Torga In O mpespamaerca B Takyo QYHKumio ofHO# mepeMeHHOU 2z, KoTOpas
MOKeT M3MEHHThCH TOABKO Ha JHEHEMHYI0 (YHKIMIO BeIMIAHE U, €CJIM DA He—
OPepHBHOM HM3MEHGHWH § W Z 9TH TOYKE BO3BPAINAIOTCA K NEPBOHAYATBHEIM
smaveHAAM. IIpm SToM mpuxomuTcs BHOHpATh CHCTeMy 2D 3aMKHYTHIX paspe-
30B 44, . - ., Gp, b1, . .., by HOBepxHOCTH T (IpeBpamalOMEX ee B OXHOCBA3-
HYI0 moBepxHOCTh 1) HeKOTOPHM CHeNMAaTIbHHM 00pa3oM, a IMEHHO TaK, UTO-
OBl MORYNb MepHONHYHOCTH WHTErPajia mepBOTO POfa u, Ha paspese g, (U =
=1, ..., p) pasAsaiIca T, HA Bcex mpoamx — 0. A nus mMomyieit mepmoxma-
HOCTH @,y TOTO ’Ke MHTerpaia u, Ha paspesax by (v =1, .. ., p), Bo-lepBHX,
HAOJZKHE BBUIOJHATHCA PABEHCTBA Quy = dyy (pasencmea Pumana) u, Bo-BTO-

P P
pHX, AefCTBATENbHAS 92CTh KBAJPaTUIHOH# GopMHE 21 21 Quymym,. ROKH&
u=1p'=
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GEITH OTPHIIATENBHOM AN Moboro HaGopa Menrx wAcex (my, . . ., M), ONHOBPe~
MEHHO He PaBHHX HYNIO (Hepasercmso Pumana, obecmeunmpaiomee, KaK yKa-
3HBAJIOCH BHINE, CXONUMOCTH PANA, KOTODH OIpemeNsAeT TIaTa-QyHKIHIO).
Pavan HokassBaer, 4T0 Bcer[ila MOKHO YHOBJIETBODHTEH BCeM 3THM TpeloBa-
HEAM.

OrMeTnM, HaKOHel[, 9TO B Ipomecce M3yJeHHs TaTa-GyHKmmi Pmman mo-
nyTHO moxydaer pemenne npobiaemu fIko6m. ITowemy-ro, ograxo, on He fop-
MYJHpYeT 9TOT BaJKHHH pe3yiabrar B BUNe 0coboit Teopemun. Hpome Ttoro, y
Hero OTCyTcTByer (m0 KpaliHed Mepe B SBHOM BuJe) HpeAcTaBiIeHHe 11060
abenenoii pynknum (Kak caMMeTpAIeCKod QYHKIIAR OT IPefeJI0B HHTET PAIoB —
pe3yibTaTa ofpameHns) B BANe OTHOIIEHUA ABYX Nedux yuknui. ¥ Pumana
HET Ja)ke yKasaHWg Ha TO, 4To abesepa YHKIMA WMeeT DaNMOHAIBLHHHA Xa-

paKTep, T. . B OKPeCTHOCTH JM060# ymopaAodeHHoi ccTemn 3Havenmii (1Y,

ud, . . ., u) ona msobpasmaerca B BuIe OTHONIEHNA ABYX CTENEHHHX DANOB,.
PACIIONIOMEHHKX 10 CTeleHsM pasHocTedi: u, — ul®, ..., up, — ul®. Mu

3HaeM, KaKoe 3HAYeHHME MPHAARBAJ mociefHeMy darrty Beiiepmrpace.

Eme B paGore 1869 r. «0 HamGonee o6mMWUX OXHO3HATHHWX M 2n-KpaTHO-
nepumogmdecknx Gynxnmmax n mepemepnnx» (Uber die allgemeinsten eindeu-
tige und 2n-fach periodische Funktionen von r Verdnderlichen.—Monatsber.
Dtsch. Akad. Wiss. Berlin, 1869)1%7 on o6paTri sHIMan®e HA TO, 9TO0 TATA-PyHK-
I¥MH, paccMoTpeHHEle PuMmanoMm, He ABIAIOTCA caMRME OOID(MMM, TAK Kak
oud 3apucAT or p (p + 1)/2 cymectBemHHX KoHCTAaHT (MOXyJel mepmogmy-
HOCTH @q3,. . ., Qpp, O3 = Ogyye « «y @ij = @j;,. . .), IMOTIAHOHHBIX ONpe-
MlelleHHBIM YeaoBAAM (ypaBaenmsaM PmMana), # mmer taxoro oGobmennsa mpo6-
nemu flxobm, xoTopoe Morio GH mpmBecTH K Hamboxee o0muM ToTa-PyHK-
nuau. Kpome Toro, o He cHEIIAT 3aMEHATH NEPEMOHHEE B BHPAKeHUA
0 (vy,. . ., Up) HHTETpPAJIaMHA IePBOTO POfa Ha MAaHHONA 3aMKHYTOH pHMaHOBO
MOBEPXHOCTH, CBOJA TakuM ofpasoM (YHKIMIO p MepeMeHHHX K (yHKOuR
OnHOM mepeMeHHO# z (4 ee anrebpamveckoi pynrnuu s). Pyuxnus 6 (v,,. . ., v,)
mHTepecyeT DBeiiepmrpacca mpeskne Bcero Kak mexnas (yHKOEA p HedaBH-
CEMEX KOMIUIGKCHHIX HEPEeMEHHHX ¢ OIpeJeNeHHHME CBOICTBaME 00606mmMen—
HOX mepHOAMIAOCTH, a OTHONIEHEe [ABYX TaKEX (YHKOWA C OAMHAKOBHMIU:
(MOIYJAMA» — KaK ONHOBHAYHAA 2p-KPAaTHO INepHMOfMYecKas QYHKOUA OT
P KOMILIEKCHHX IIepeMeHHHX.

Bupogem, Puman, xax u Befiepmrpacc, napHO umTepecoBaicd oOmumm
cBoficTBaMH TaK®X 2p-KPaTHO MepHORMYecKHX QYHKIAA HE3aBHCEMO OT CIO-
coba mx mopoxnenusa. Eme B centabpe 1859 r., xorna Puman nmoceman Bep-
JIMH, OH, HO-BREAMOMY, 3aTparmsal Bompoc o HEX B Geceme ¢ Beiiepmrpaccom.
Bo BcakxoM crywae, B machme k Beifepmrpacey ot 26 oxra6ps 1859 r. (omy6am-
KoBaHo Beiiepmrpaccom mocie cMepTr PmMana) mpmBofMTcA HOMHOE HOKA3a-
TeJIBCTBO TEOPEME O TOM, 9T0 ONHO3HAUHAA AHAJUTHICCKAS QYHKIHS n mepe-
MEHHBIX He MOXKeT uMeTh Gosiee 2n CHCTEM JHMHOHHO HEe3aBHCEMEX HePHOLOB
(Mogyne#i mepmopmuHocTw, MO0 TepmumBoNoraum Pumana)®®®. Mm 3maem, wTO
9acTHEHL caydYail 9To# Teopemul niA n = 1 Gua moxasan fxoOm eme B 1834 r.,
Beiiepmurpace HeogrOKpaTHO IyGaukyer 3aMeTkH 0 Taknx pyuxnuax. B III rome-
ero «MaremaTuuecKHX TPynOB», HANEYATAHHOM HOCMEPTHO, CONEPHKHTCSH
fonrmas pabGora «O6mue nccremoBaguA 0 2r-KPAaTHO HEPHOTAISCKUX PyHKIM-
AX n TepeMeHHBIX», punoanenHasa mociae 1870 r. (Allgemeine Untersuchungen
iiber 2n-fach periodische Funktionen von r Verdnderlichen)!?®. Usnosmenue
BelleTcA He3aBUCHMO oT mpobiemb obpamenus flkoGz. B ocHoBy 3pmeck mo-

137 Weierstrass K. Mathematlische Werke,, Bd. 2.
138 Riemann B. Werke, S. 276.
138 Wejerstrass K. Mathematische Werke, Bd. 3, S. 53—114.
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.0KeHo ofImee ImOCTPOeHMe TeopHH TITa-PyHKNHUI 1 mepeMEeHHHX KaK IeJHX
$yarmmi, yHOBIeTBOPAIMAX YCIOBHAM BHAA

O (11 + W1, - » s i+ W) =Bty « « -, ti) P e

nas 2n maGopoB JAHEHHO He3aBUCAMHX 3HAaYeHUH (w,,. .., W,); mocienue
06pasyioT cHcTeMy 2n OCHOBHHX 06OONeHHHX IIePHOOB PYHKOUE (KasKIhi
TaKo#l IlepHOJ HABIAETCA BEKTOPOM ¢ N KOMIJNEKCHEIMM COCTaBJIAIONAMIA).
C EX moMOmBI pemaercd 3afada O CYMECTBOBAHHHA 2n-IEPHONUISCKEX OXHO-
.3HavyHHX Qyuknmi. IIpu sToM Bo3HmKaeT Bompoc: JDoOGyI0 I M3 HEX MOYKHO
BHPA3HTh ¢ IoMOmMbI Tdta-PyHKnmit? 3amaua paboTH — goKasaTh, ITO
Ra)RIad OTHO3HAYHAA aHANHTHIeCKAA (QYHKOHAA 1 DEePeMEeHHHX, HMEIOmas
B OKPeCTHOCTH KasKN0# KOHEeUHOM TOYKA PamMOHAIBHHI XapaxkTep B oframaio-
masg cECTeMoil 2n COBMECTHHX JIHHEHIHO He3aBUCHMHIX HEPHOJOB, MOKET OBITH
-o6pasoBaHa w3 T9Ta-QYHKOUA TeX ’jKe IePeMEHNHX.

HdoxasaTenscTBO OmEpaercsd Ha CBoficTBa abeleBHX HMHTEIPayioB IEPBOTO
pona. K mmm Beitepmrpaccy mpmxoaurca ofpamarbcs mOTOMY, 4To QyHKIHA
DPeAnoaaraloTess TOJBKO JTOKATBHO MePOMOPPHHIME, a B Pe3ylbTaTe HY:KHO
YCTAaHOBHTB, YTO OHH CYTh QyHKIOMA MepoMop(uKe, T. €. YaCTHHE ABYX LEIHX
$yHKNIM.

Teopema cymecTroBanma o6muX abeieBHX QyRKNU p KOMINIEKCHHX Ie-
peMeHHHX, HMEWIUX 3afaHHY0 MATpPUNy 2p NePHOJoB

of) 0@ ... o@2m
1 1 1

Q= | ««ce ]|,

(1) (2) 2p)
o o ... 0PN

6La BHCKa3ana HesaBHcEMo PmmanoM w Befiepmrpaccom (npm H3BecTHBIX
YCI0BHAX, HAJNOKEHHHX Ha HIePUONH, BHPajKaeMHX yPaBHeHEAMHE M Hepa-
BencTBoM Pmmana). OmHaXo mepBOe MOKAa3aTeNLCTBO TeOpeMH OHA0 omy0im-
xopano jumb B 1883 r. B coBmecTHO# paGore A. Ilyauxape m 3. Ilmxapa
«Teopema Pumana, oTHOcAmanca K QYHKOUAM B HePeMEHHAX, NOIYCKAIOMAM
2n cucrem mepmogony (Théoréme de Riemann relatif & fonctions de » variables,
.admettant 2n systémes de périodes.— C.r. Acad. sci. Paris, 1883, 97).
IIpm 310M aBTOPH OIHMPaJHECh HA BHCKA3aHHOE IE€Pef 9TEM B IedaTd, HO TaKiKe
6e3 MoKasaTenbCTBA yTBepKAeHHWe Beitepmrpacca (1862) o ToM, uTo MexIy
Jo6uMa p + 1 aGeqeBtiMa PYHKIAAME ¢ ONHEMHA B TeMH 5Ke IePHONAMHA OJK-
HO BHIOJHATBCA ajnrebpamueckoe coorHomende. IlepBoe OKasaTeILCTBO
3Toro axTa 6Ea0 onyGaurosano A. Ilyaukape mmme B 1897r. B pabore «06
abeaesnx $yurnuax» (Sur les fonctions Abéliennes.— C. r. Acad. sci. Paris.,
1897, (24).

Xon upneii ITyanxape u [Tmxapa B paboTe 1883 r. 6L IpAMEPHO CIAYIOMHUM.
‘OHE  ycTanoBWIM, Yro ypaBHeHAs Y; = fy (U),. .., Yps1 = fp+1 (¥), THE

L4 1

f;(u) — aGeneBH QYHKIUM KOMILTIEKCHOIO BexkTopa u==| '‘'‘ | ompemeasior

Up

p-MepHoe aiareGpamveckoe MHOroo6pasme V, (IMKapoBCKoe), TOYKH KOTOPOTO
HaXOAfATCA BO B3aUMHO OJHO3HAYHOM COOTBETCTBHH ¢ TOYKaMd (yHIaMEHTAIb-
yoro mapaanenoroma II, (mocTpOeHHOTO HAa OCHOBHHX mepmomax o® ,. ..
.o sy OP); KasKIHH M3 HEX — BEKTOP P-MEPHOT0 KOMIUIGKCHOTO HPOCTPAHCTBa
Cr). HaV, mepemennme u,,..., Up H300pasKaloOTCA B BUAE BCIOAY KOHEUHHIX
anrebpamyecKEX WHTeTPANOB OT MONHHX AuAddepenmmanop (IEKaPOBCKHe
HATErpajJH [OepBOTO POAa, KOTOPHe mpm p = 1 mpeBpamamTca B abenenH
HMHTETPAJH HePBOTO Pofa). Memay HAMHU BHIOJHAITCA HEKOTOpPHe COOTHOIIe-
HUA PAaBEHCTBA M HePaBEHCTBA, BHPAKalOmude YCI0BMS, BIepBhle yKa3aHHLS
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PumanoM, HeoO0XOoQuMHe OIS CYyUWIeCTBOBAHUEA caMmMEX abeneBHX (YHKIHE.
To, aro arm yciaosus He TOIBKO HeoGXOAuMEeE, KaK 3T0 3HAJA elme Puman, HO
@ gocrarounne, 6mno moxasano B. Bupruarepom ¢ momompio Teopuu o6mux
rara-pyuKnui p mepeMeHHHX B paborax «K Teopuu 2n-nepmoguuecKux QyHK-
nuit» (Zur Theorie der 2n-fach periodischen Funktionen.— J. Math., 1895,
6; 1896, 7) m «Hccuemosanua o tara-pynknuax» (Untersuchungen iiber The-
tafunktionen. Leipzig, 1895).

OpunM m3 caMHX cHABPHHX pe3yasTaTos IlyamKape, BHXOQAmMEX IO CBOE-
My 3HAYeHHI0 32 mpefenn teopum abereswx ¢yHrmui, Owma TeopeMa, AOKa-
3aHHasg UM mepBOHavaxsHO B 1883 r. nas cayuas nayx nepemennux («O $pyHK-
ouax nasyx mnepeMenHmX» (Sur les fonctions de deux variables.— Acta
math., 1883, 2)). Ee nmorasarenbcTBO, KaK yiKe roBopuioch paHee, Beitep-
IMTpace HCKAJ, MO)KHO CKa3aTh, BCIO JKU3HL. BoT 9Ta Teopema: ecal QyHKIuA
F (X,7Y) uMeer xapaKTep pPanuoOHaAbHOM (YHKOUE B OKPECTHOCTH KaKAOK
KoHeunoHd rouxm (X, Y), ro oHa Moker 6HTH mpemcraBieHa B BHIE IACTHOTO
ABYX LeJHX YHKIOEA TeX e mepeMeHHHX. IlepponavansHoe HOKa3aTeJbCTBO
ITyaukape GHIO JOBOJNBHO CIOMKHEIM M He HOANABAJOCH PAacHIpOCTPAHEHUIO
Ha caydai ¢yHKumi Goasmero wmcaa nepeMeHEHX. CpaBHETEJBHO IPOCTOE
JOKAa3aTeNbCTBO TeOpeMH AJAA Ni60ore gmcia mMepeMeHHHX BIepBhHe IOJY9IHlI
II. Kyser B cpoeli aokropckoit puccepramum «0 QYHROUAX 7 KOMOJEKCHHX
nepemenrnx» (Sur les fonctions de n variables complexes.— Acta math.,
1895, 19). Iloaromy coorsercrayolas obumas Teopema, NeMallas B OCHOBE
Teopuu MepoMODPPHHX (YHKIMEA MHOrMX KOMIUIEKCHHX IepeMeHHHX, HOCHT
uassanue reopeMu ITyankape—HKysena. Peayaprar, onyGaukosannmii Beitep-
mrpaccoM B 1876 r., mpexacraBiaser nums ee mpocreAmMiA YACTHHE Cciaydail
ana n=1.

W3 npyrax Muoroauciaenunx pafor Kounma XIX 8. 06 abereBnx QyHROHAX
MH ynoMAHeM 3fech paGory I'. Ppobennyca «0O6 ocuosax rteopum AKOGEEBHIX
dyaxnuiv, 1884 r. (Uber die Grundlagen der Theorie der Jacobischen Funkti-
onen,— J. fir Math., 1884, 97), noceamenHy®0 cHUcTeMaTHIecKOMYy H3yde-
HE T3Ta-QYHKIHE p He3aBECHMHEX NepPeMEHHHX u Jake QyHRIHEE HECKONBKO
Gonee o6mux, HassaHHNX HieitHom aAroGuesnmu (Bpmo m Byke HnasmBaxm
X «apoMe;kyTodHEMu»). OHE BBOAATCA He3aBHCHMO OT NpoGiaeMu obpameHHs
fAxo6u. Ppobennycy, B JACTHOCTH, YIANOCH IOKA34Th, YTO M3 CYIMECTBOBAHAA
AKOGHeBHX (yHKIUI BHTEKAIOT T€ € PABEHCTBA M TO e HepaBeHCTBO Pumana,
KOTODHE HOCHNeNHEA BHIBOOMJI AN MOAYJeld HepHOAAIHOCTH H3YYOHHOTO HM
KJacca CHeRuaJbHHX KIaccoB TITa-QyHKIEE, BBEJEHHHX B CBA3W ¢ Npobie-
Moif oOpameHus abeleBHX HHTErPaJIOB.

Ucnonssys 3ru pesyabrara ®pobenmyca, II. Anmens B memyape «O me-
proamdeckuX QyHKOuAX AByX mepemeHHmX» (Sur les fonctions périodiques
dedeux variables.— J.math. pures et appl. (4), 1891, 7) gna p = 2 mocrpona
nouHyio Teopuio abeneBHX (yHKIuE, OmpenenseMHX KaK OJAHO3HAUHEE 2p-
pepuofuIecKue (YHKOUE ) KOMIJIEKCHHX NepeMeHHLX, BHe BCAKOM ABHOR
epasm ¢ upobiaemont fIko6u, mopogusmeit Bco mpoGaeMatuKy. Yixe B XX B.
YCHIAAME PANA MATEMATHKOB, cpefu HEX mranbauckux (Cxopma, P. Hondop-
T0) m amepuraHckux (C. Jlepmen m xp.), 6Hna mocTpoeHa pasBHTaA TeOpHUA
abeseBnx GyHKIEA gias a06oro T¥caa mepeMeHHHX B 3TOM 00ImeM MOHUMAHIR
(upu p = 1 oHA BHPOMKAAETCA B TEOPHIO IIIMOTHICCKHX (YHRUHTA), NONyIUB-
mad MHOroofpa3Hue mpuMeHenHms B ajireGpamdecKoil reoMeTpuM p-MePHHX
MHOTOO6Gpasmii (cM., Hampumep, mpeBocxogHylo MoHorpadmio @. Homdopro
«AGenepn ¢yurmuu u anreGpamdeckas reoMerpus» 40,

10 Conforte F. Abelsche Funktionen und algebraische Geometrie. Berlin: Springer-Ver-
lag, 1956.
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Asromopdrnte Pyasquma. Yaudopwmsauma

Mu yxe rOBODHIH, YTO MONYAAPHasm QYHKOMA, PACCMOTDEHHAs BIEpPBHe
Fayccom B paGoTax, B cBOe BpeMs HeonyGJIMKOBAHHLX, OHJIA NePBHM HETPH-
BHAJLHHM IIPYMEPOM W3 OOGIIMPHOro Kiacca aBroMopdunx ¢ynrnmii. Ee 3ua-
YeHHe AN TEODHE BJIMITHICCKAX (OYHKIME OPAMO BHTEKaJO0 H3 TOIO, ITO
(yHKIEA 5Ta BEpaKala OTHOIIEHNEE HePUOAQR aunTuIecKol pyurnum fIkobn
K'/K B 3aBHCHMOCTH OT KBAAPATA MOLYJAA k> COOTBETCTBYIOIIErQ B3JIIMITHIE-
CKOr0 HHTerpala Wepporc poga B HopmansHOH ¢opme Jlesxamapa; orcioga
H ee Ha3BaHMe: MOAynApHaa GyrKROuA. Mu ormeganu taruke, 910 I'. A. [sapn
Jax el mo3gHee UHCTO reoMeTpHIeCKOe, He3aBHCHMOE OT JIIIUNTHISCKHUX
¢yEKOUE ompefeneHWe B CBA3WM ¢ KOHPODMHHM OTOOparkeHMeM BOHCAHHOTO
B eMHWYHHE KPYTI PaBHOCTODPOHHETO0 KPYroBOro TDEYTOJBHEKA € HYJCBEIMM
yraaMu Ha NOXYNJIOCKOCTH, HOPMHPOBAHHHM TAK, IT0 BEPIIAHAM TPEYTOJdb-
HERa coorBercrBoBanm ToYRE 0, 1 m oo. Vikesra mpocreiimas apromopdHas
$yHROUA DONYIMIA B CBOE BpeMs TaKHe 3aMeJaTeNbHHe IPHMEeHEeHHA BHe
TEOPHH 3NINNTATCCKEX yHROUM, KaK PemieHue 001mero anrebpangecKoro ypan-
HeHmsa 5-i crenenu (Fpmum Ill. «Teopua MogynAPHHX ypaBHeHHH ¥ pPelicHHe
ypasHeHus maroit cremenm» (Théorie des équations modulaires et la résolu-
tion de I'équation du 5¢ degré. Paris, 1859) m gorasareascrso reopemn Inm-
Kapa.

Pasgurne obmeit Teopuu aBroMopdHHX (yHKNUE magaer Ha mOCJHeNHHe
necarunerus XIX 8. (®. Dlorrkn, ®. Kaefin, A. Ilyanrape). Ono mpuseio
R peayinraraM eile Gosee BHCOKON TeoperHueCKOd 3maduMocT# 0coGeHHO
G6naronapa rtpyasaM A. ITyamrape, otHocamumca k 1880—1884 rr.'4' Bor
KaK MOJKHO TelePh OUKMCATh KOHIENNUI0, IOJOKEeHHYIO B OCHOBY 3THX TPYAOB.
IIyers S == { T, (3)} — rpynuaapobHo-auReHnHX npecGpasosanui, rae 7'y (2) =z

az
a T, (z)=c—"nz-—¢_-;”—, apdy — bpcy = 1. HazoBeM OKpYRHOCTH
n

|cnz +dp| =1 (upmc, 7= 0) m30MeTPHIECKOE OKPYIKHOCTHIO NPeoGpPa3OBAHHEA.
Ona moXHOCTBHI0O XapaKTepH3yeTcA TeM, YTO JJA BceX Ayr 4 ofmacreit, mera-
IIuX BHYTPH Hee, QJUHH M IJIOUWIAJH COOTBETCTBEHHO YBEJMIHUBAIOTCA LDH
oroOparkeHHH, 8 BHe ee — yMeHpmawrca. B caydae, Korga rpynma S GecKo-
HeYHasN, 3aMEIKaHNe BCeX I[eHTPOB H30METPHIeCKHX OKPY’KHOCTe# 0003HaTAET-
ca gepe3 H. Bynem paccmMarpuBarh TONBKO cOGCTBEHHO Pa3pHIBHLE TPYIIE:
S, T. e. Te, ANA KOTOPHX CYNIECTBYIOT TO9KA 2, ¥ TMOJOKHTENbHOE TUCIO T,
TaKue, 4ro aaA Kaxporo I & S, T =E z punoanserca ycuosme | T (z9) —
— 2y| > r. Takoro poma rpymmu cofepxar au6o KoHegHoe, nuGO cUeTHOE
MHOKecTBO npeobpasopanmit u, cienys Ilyamkape, moapasfensioTcs HA TP®
Kaacca: 1) ajeMeHTapHHe rpynnH, Kyga BXOAAT Bce KOHeYHHE TCPYONH,
a Tarke Te GecKoHeWHHe rpynns, miaa Kotopux H comepur e Gomee ABYX
T0eK; 2) ¢yKCOBH Ipynnu WiM rpynnH ¢ IPAaHAIHKEM KPYTroM, JJIA KOTOPHX
cyulectByeT (HMKCEPOBAHHHE Kpyr (MIE HOJYOJOCKOCTH), HpeoGpasyeMuli
mocpepcTeoM Kamaoro 7' & S B cebs camoro; 3) rpynnu Ilorrkrm — Hueiina,
OXBaTHBAI[HEe BCe TPyNIE, KOTOPHE He BXOJAAT HE B OEPBHi, HU BO BTOPOR
KIacc.

Hycrs remeps S = {7, (z2)} — HeKoropasa rpynma (CoGCTBEHHO Pa3pHIB-
Hasg), G — obnacTs KoMIIeKCcHOl mIocKocTH, Takas, It I, (G) C G nas Beex

141 Xora B mamHOM riaame [pasfupalorcs 3TH B gpyrme paGorm A. Ilyamkape mo Teopwm
aHANATASECKAX (YHKOMI, TBOPYECTBO 6T0 B MEJIOM JANEKO BHXOJAT 32 PAMKH BPOMOHH,
KOTOpOE CHAYKAT rAaBHEM npexmeToM «Matematurm X1X Beras, u ero 6morpadms Gyzer
TPABOJeHA B OXHOM M3 IOCHSMYOIMEX KHNUT 3T0# cepwR. CKa3aBHO® OTHOCATCA K IOJIOMY
PARY YIeHHX, YOOMAHRAeMHX [B faEHO# raase: II. Ileruese, 3. Bopemio, {il. AfamMapy
u ap.
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n, 1 w(z) — QyHKOUA ONHO3HAYHAA H aHaauTWIeCKas B (. Ira QyHKIuA
HA3HBaeTcA aBTOMOpPHOH orTHOCHTeNBHO rpynnu S, ecan w (T, (z)) = w
aas Bcex T, & S. B mactHOCTH, KOTHA S — RieliHOBA rpynnoa, TO B PyRKOIuA
w (z) TaKiKe Ha3bBaercsi KiIefiHoBOH (Bce OXapaKTepM30BAHHEIE 37ech IIOHA-
THSL B TePMHUHH: cOGCTBEHHO pa3pHBHAN rpynna, gyKcoBa ¥ Kielnosa PyHK-
nuu — npusagaexar Ilyamkape).

Tpusnanpueie npumepil aBTOMOPPHMX (GYHKIUE (OTHOCHTENBHO BIEMEeH-
TApEHX rpynn) — 910 €°, sin z, cos 2, tg z u snmanrudeckue dpynkmun (Arobn
mnu Befiepmrpacca). B cnyzae ¢, manpumep, G — KOHeWHAsi IJOCKOCTB,
a rpymoa S cocromr u3 BceX capuros Buma T (z) = z 4- 2nin (n = 0, 1,
+2,...); B ciy4ae snnunrudeckoid dynrmun Beitep-
mrpacca P (z) ¢ OCHOBHEIMEH UepUOJaME 2m; H
20; (Im (0g/0y) > 0) G — raxke KoOHeUHasn MmO~ / (t)

CKOCTB, a S COCTOMT M3 BCEX C/BHrOB BHJA
T (2) = 2z 4+ 20,m + 204n,
mem = 0,4-1,42,.. ., n=0,41,42,... f

Yro6H mpomie BCEr0 0XapaKTEPE3OBATE MOAYIAP-
myio ¢yarmmio [Isapua A (z) kKak kKaednoBy asTO-
MopdHyi0o yHKMEmI0, mpecOpasyeM cHadaja efEHHY-
HHE Kpyr |z|<{1 B BepPXHIO0 HOJYMIOCKOCTH
Im¢ > 0 nocpegcTaoM HEKOTOPOrO APoOHO-1MHEAHOTO
orobpamensn z = L (f) Tak, 3700H BePIIMHH PaBHO-
CTOPOHHEr0 TPEYrOJbHMKA C HYJIEBHMH yIiIaME
mepemnn coorsercrBemHo B 0,1 m co. Tpeyroas- , 7
HUK IpAMeT OpH 3TOM BHA (QWrypH, 3aITPHXOBAaH- .

HOk Ha puc. 17 uw masecrmoii eme I'aycecy. Uro Ka- Pre. 17

caerca QYHKmum A (z), To oHa mepeiner B A [L (2)];

MH To-npexHeMy GymeM 06o3HagaTh ee depes A (f)

H HABHBATH MOLYJAApHOH. B mannom ciywae o6macts G — 3ro caMa BepXHAA
moxymirockocts Im¢ > 0, a rpynma S, ornocuressHo KoTopod A (t) anTromopd-
Ha, NOJYyJaercA OyTeM BCceX BOSMOMKHKX [POU3BENeHMA NeJHX cTemeHOH
aByX mnpeoGpasopammii: Ty (£) = t+2 m T, (t) = #/(2¢t + 1). Bce aro merxo
OPOBEPAETCA ¢ HOMOINbK Opuanunma cummerpun Pumana — IllBapnma, ecam
y1ects, 9r0 W = ) (£) Koupopmuo orobOpamaer Purypy puc. 17 Ha BepxHio0
moxymiaockocts Imw > 0 TaK, 9YTO BepIIMHE HEePeXORAT COOTBETCTBEHHO
B 1oukE 0, 1 m oo.

B pabore «O ¢yrcoBux ¢ynrmmax» (Sur les fonctions fuchsiennes.—
Acta Math., 1882, 1, p. 193—294) A. IlyakHape mpeioMua OpocTOR MeTON,
OPeACTaBAMIOIINE aBTOMOPPHYI0 GYHKIHMI0O OTHOCHTENLHO AAHHOH CcOOCTBEH-
HO pa3pHBHOH rpynnmn S B BHJe JaCTHOIO ABYX PANOB (TAaK HA3HBAEMHX
Tata-panoB Ilyankape mnm, Kak OH caM WX HA3HBAJ, TITA-OYKCOBHX (yHK-

oHi).
ITycrs mpeo6pasoBaEnmsa rpynml S mO-TIpeKHeMY WMEIOT BHJ
az+t+b
Ty (z) =13, Ty, (Z)‘:',_.:—z# (@ndy — e, =1)

m nycts R (z) — Rakam-aubo panumonHanpHaa (QyHKOUs, He HMEOIAA IOJII0-
cos Ha H (1. e. HE B meHTPaX M30METPHYSCKUX OKPY:KHOCTEH, HH B TOYKAX,
npefedLHNX 1A 3TuX nenrpos). Torma, smbpas Karoe-auG0 HarypaiabHOe
gucao m > 1, mocrpomm psap (rara-pap Ilyaukape)

oo

8(z) = D (caz+ dn) ™" R (T (2))-

n=0

16* 243



Jlerko Bugers, saMedas, aro I, T = T, aro
0 [Ty (2)] = (exz + di)™™ 6 (2).

Crpos nBe pasubie yurmuum 6, (z) m 0, (z) yKasauHOTO BHRA AAA OJHOTO
1 roro e m (1 pasuux R (z)), nonydum OJHOSHAYHYI0 8HAIUTHIECKYIO PYHK-
a0

w (z) = 0, (3)/6, (z),

aBTOMOPOHYI0O OTHOCHTEJNBHO FAaHHOK rpymnu S.

Hcrounmrom reopum aproMopdEnX ¢ynkmumid B mocrpoenmu A. Ilyamxape
OOCHYKHIY er0 PasMHILIeHEs Haj Teopueil pupdepeHTWAILHHX YpPABHEHUH.
Paccrasxem BKpartie, Kak 0GCTOANO Nen0, CIeAYA ero «AHanusy coGCTBeHHAEIX
Hay4HHX pabor», coemanHomy eme B 1901 r., Ho ony6aMKOBaHHOMY BIepBhe
B 1921 r. Unrepecyoman Hac gacTs mojg 3aronoBKoM «DyKCoBH QyHKImE»
BOILIA B OepBHit ToM (paHnmysckoro cobpanus Ilyaurape 2.

Oreerampo wmamaram 3pojionuio ceBomX Haeit, Ilyamrape HeogmOKpaTHO
nog4epKUBaer, 9T0 AJAA HEro MyTeBONHOM HHUTHIO Ohla KIACCHYeCKAd TeOpusd
3AAMOTHIeCKNX QYHRIWE H PAJOM ¢ Hell HeeBRIMmoBa reoMerpusa JloGaues-
CKOr0, OTHOCHTEIBHO KOTOPOHl (UpPeACTABIANOCH CHadaja, 9TO 3TO NPOCTAA
Hrpa yMa, KOTOpas mHTepecyer TOABKO ¢miaocoda, OHA He MMEeT BOSMOIKHOCTH
OPHHOCHTh HHKAKOA MOAB3H NJIA MaTeMATHKA».

YrougsA NepBOHAYAJBHYK NOCTaHOBRY 3amauu, Ilyamrkape paccmarpu-
Baer JmHe#HOe AuPPepenmumanbHOEe ypaBHEHHE BTOPOro HOPANKA C PaIHo-
HaJBHRMY (unu mupe: ¢ aarebpamdeckumu) koadpdunuenramm. Ilycry Hesa-
BHCHEMOE IepeMeHHoe ecTh . K3pecTHO, 9T0 HHTErpal MOKHO NPEACTABUTD
B OKPECTHOCTH J000# TOYKE mOCpencTsOM Heroroporo pafa. Ho Ilyankape
mHTEepecyeT rI0faisHoe H3yueHue wuTerpana. Yl ajecs OH BHABUIAaEeT reHHAE-
HY®0 HJei0, HOZoGHYI0 TOH, KOTOPYIO B CBOe BpeMs BHABHEYIH AGens u fxoGu
(u eme pamsme I'aycc): BMecTo TOro 9roOH M3ydYarbh MATErpaj KaK QYHKIHIO
or z (OHA CIUIIKOM CII0KHA), pACCMATPHBATH CaMO0 IIepeMeHHOe £ KaKk (YHRIHI0
HHTErpajia, BOpodeM He OfHOTO, & OTHOINEHHA Z JBYX JUHEHHO HEBABHCHUMHIX
WHTETPAJNOB HAMHOrO ypaBHeHMA & = z (z). MoxHO BHABUHYTE rmmoresy,
ITO HA 3TY MEHCIPH €ro Hapelo NpeAcrapienue MonyaapHoi ¢yrrmum Mlsapma
B BHIe YACTHOrO JBYX HHTErpajiOB THOEPreOMeTPHYECKOT0 YDaBHEHHA.

Hosas wmocramoska mnpoOnembl, Kak moraswiBaer Ilyamkrape, oGmagaer
OBYMA CYIECTBEHHHMH NPEHMYIeCTBAMHM: BO-IEPBHX, (YHKnua z = z (z)
OfHAa3HAYHA M, BO-BTOPHX, s Hee CyulecTByer rpynma S ApoGHO-IMHEHHHX
npeo0pa30BaHNE, OTHOCHTENBHO KOTOPHX £ (2) HMHBADPHAHTHA, T.e. Z (2)
asroMopdHa ornocurennHo S. IIpemnosaras, uro ro3dpdmmuentn mpeodpaso-
z:_':: Z & S peicreurensun, [Iyankape moaygaer rpynny ¢ykcosa
Tuna (OHA MEePeBOJUT caMOe B celsa MOIymI0CKOCTE, IT0 HEMEJJIEHHO CBOXUTCA
K CIy9ai0 KPyTa, HA3HBAaeMOro UM (YHIAMEHTAJIBLHEIM).

Hanee Ilyamrape BHAcHAeT ycI0BHA, OpH KOTOPHX S — cobcTBEHHO
pasphBHAA IPynna, B o0HADY:KUBaeT, UTO B H3YJaeMOM HM ciydae QYKCOBOHM
OYHROUH POJL, AHAJOTHYHYI0 NAPAJIENOrPDAMMAM IEDHONOB [AJA JJIIAATH-
gecKuX QYHKOUA, Urpal0T MHOTOYTOJBHUKH, OTDAHUYEHHLIe JYTaMH OKPYKHO-
cTeid, OPTOTOHAJBHHX K (yHAAMEHTAJBHOH, CHAYaja OH Pacmojarall HX Bep-
IIAHK Ha eJUHUIHOR OKPY/KHOCTH, 2 HOTOM, BOCIOAb30BaBMuCE uieeil D, Kieii-
Ha, ¢TaJ UX Gparb TakKe ¥ BHYTPH Kpyra. Urobu yGeguThCA B TOM, 9T0 3TH
MHOTOYTOJBHIKHN IOKPHBAIT BHYTPEHHOCTH eIMHUYHOTO KPyra 6e3 0pomycKoB
4 B3aMMHOrO HaJleraHHs, OH M npuBleKaer reomerpmio JloGagesckoro, mo-

panmii T (z) =

M2 Poincaré H. Oeuvres. Paris, 1951. T. 1 (nouveau tira%e). Pyc. mep.: IHyanxape A.
Nz6paruwe tpyasl, M.: Hayka, 1971, 1. 3, c. 615—623.
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CKOJBLKY BCE e TeOPeMH BEpPHH, eci: BCIOAY, rAe Jlo6ageBcKumid roBopmT
«mpAMas», OPefcTaBiATh cebe AYTy ORDYHKHOCTH, OPHHATICHKAULYIO eNAHAYT-
HOMY KpPYI'Y H OPTOrOHAJBHYI0 K ero nepmdpepun.

Yro6m noGHTHCA OOMHOTH aHAJormum QYKCOBHX OQYHKOEH ¢ 3aIANTHIE-
CKEMH, HY)XHO eme HOJNYYATH DANH, AHAJOrHIHHe TATa-QYyHKIEAM, B BEAE
OTHOIIEeHMS KOTOPHX mpeacramiserci ¢yxcosa ¢ynknums. Taxme pagm oH
JeACTBHTENbHO CTPOHMT, KaK OHIIO YKa3aHO BHINE, HA3KWBAaA T3Ta-QYKCOBHMH
(papu ITyaurape). Mu orpanwdmpaeMcs 37eCh CKA3aHHKM NJS TOr0, ITO0H
OTMETHTD, ITO NEPEOHALANLHBIM UCTILONHUKOM 66eJeHUL 6 MAMeMAmUKY Kaaccd
asmomopgpunx Pynxyuli Ovra meopus JugepeHyuUAILHRT YpasHeHull,
u emecme ¢ meMm nodueprryms, wmo cam Ilyanxape paccmampusas col0 meopuio
Kax Oasexo udywuil anasoe meopuu sasunmuieckus gynxyuil, 042 nocmpoeHus
KOMOpOoll emy npuwLiocyt npusiewsv ceomempuio Jobanescrozo emecmo eeomempuu
Eerauda.

Ho npumenennsn reopuu aproMopdHEX GYHKOEA K Teopuu AupdepeHnEaNL-
HHX ypaBHeHHE OKasanucp B pyKax Ilyaskape He eqUHCTBEHHHM U, HOKANYH,
Jake He CAMEM BQ)KHHM aPTYMeHTOM B IOJNB3Y BBEJeHHA B HAyYKY HOBOTO
ofmEpHOro Kiacca TPAHCHEHAEHTHHX ¢yHROmi. J[pyroe mpEHOENEAJIBHO
Ba/KHOe DNpUMeHeHHe 3THX (YHKNUWEA COCTABHJIO pelIeHNMe TaK HA3HBAEMOM
npobaemu yrugopmusay, N0JyIeHHOE B TIABHHX YePTAX TEM K€ BEJIURUM
MATEMATHROM B T€ e IOJH.

Peus mpier 06 oOTHICKAHMYE JJA [AHHOH MHOTO3HAYHOH aHANRTHICSCKOHE (YHK-
num y = F () rtakoro KoMujekcmoro napaMerpa £, 9epe3 KOTODHE & & ¥
BHpaKaJ®ch GH y)ke Kak JBe OQHO3HAYSHE QYHKIUM B HEKOTOPOH oOmactm
unockocr® £z = @ (&), y = P (¢). Taras yuudopmMusaqua Qs saeMeHTaPHHX
cAydJaes MHOTO3HAWHHX anrefpawdecKux GymKnwit OHia masecTHA ¢ JAaBHEX
mop. Tak, Hampmmep, B ciaydae ajreGpamdeckoro ypasmenma 22 -+ y? =1
yEndopME3amuA MOKHO AoCcTHYbL aub0 B Bnp;e z = cos t, g== sin £, amGo

1—12 t
e V=T1Fa - Mu mpe-
JOCTABHM Temeps ciioBo camomy A. IlyamKape, omucaBmeMy B Kparkoir gopMe
B 1901 r. cBom gocTm;xeHun B o0nacTd H3yYeHAA MHOTOSHAUYHHX (PYHKI(HI:

«Teoprmss Heogmo3HauHHX (QYHKNHA JajJeKO He CTOJh HPOABEHYTA, Kak
tTeopusi ofHo3HayHHX (yukmumit. fI poxasanm cuadama (Sur une propriété
des fonctions analytiques, 1888), aro aucio ux ompefenenmit, eciz n GeCKo-
He4HO, HWMeeT HepBYI0 MOMHOCTs B cMucie Hanropa.

XoTAa B HoCTaTOYHO XOPOLIC H3BecTeH XapaKTep HOBEAECHMSA ITEX QYHKOUA
B OKPECTHOCTH JaHHOH TOYKM, XOTA BBeJEHHe moBepXHocrelt Pmmama Gpo-
CaJ0 MHOTO CBera Ha OCTABaBIIMECH TEMHEIMH JaCTH HX TeOPMM, NPENCTOHT
ele HeMaJo CHeNarh, Opeykie 1eM IOCTHTHYTH X riaBHHe cBoicTpa. [ToaTomy
s OB OfyIIeBJIcH KeJlaHHMeM CBECTH UX H3yJeHMe K OJHO3HAYHHM TPAHCIEH-
nenTHEM [pynrmusam.— A. M.]. Ve reopus pyKcoBHX GyHRIMA nprbausnna
MeHf K IeJIE, B caMOM [elle, f AoKa3aj, 910 eciu f (z, y) = 0 — ypasHeHue
RaKo#-aub0 amredpamdeckoil yHKmuM, TO MOKHO BHIOpArh mapaMeTp Z Ta-
REM 00pa3om, YTOOH Z B ¥ GHIE OMHOSHATHRMY QYHKIUAMYA 3TOTO DapaMerpa.
f1 pemmn rakuM o6pazom npobGieMy fias HamGoJee OPOCTHX HEOQHOBHAIHEIX
¢yuROuA, a uUMeHHO Aus anrebpawdgecknx QyHKImiA.

Ecrecrsenno, uto s 3ajanca sompocoM (Sur un théoréme de la théorie
générale des fonctions, 1883), asuserca nu 310 YacTHHM CBolicTBOM axreGpa-
WYeCKUX (QYHRIWHA, HIM ero MOMKHO pPacHPOCTPAHHTH HA KaKYyH YTOTHO MHO-
rosHavay©0 QyHKnEO. fI cMOr OTBETHTE Ha 3TOT BOIPOC H 0KA3aTH CIEAYIOIIYIO
reopeMy. ITyemv kaxas-aubo anasumuueckas PyHryus om T HeOOHOHAUHA.
Moxcno ace2da natimu nepemenrnylo z, makyio, umo z u y 6ydym o0HOSHAUYHBMU
dyuryuanu z.

¢ DOMOMIBI0 PallHOHAJNBHHX QYHKOUR = —
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Moeit oTHpaBHOH TOYKOH ABIANOCH TOKA3aTeJdbCTBO npuwHmuma J{upumxie,
npemno:xennoe [Ilsapnes. Ho ogun TONBKO 3TOT IPHMHUMI He MOSBOJHI MHE
BOCTOPIXECTBOBATH HAJ{ BCEMH TPYAHOCTAMHE, KOTODLIE HNPOMCTeKAajaH UK3-33
6oabmoi o6gHOCTH KOKA3KBaeMold TeopeMul. ClegoBano cHavaja onpefesuTh
0ECKOHEOIHOTUCTHYH PUMAHOBY HOBEPXHOCTE, KOTOPYIO S MEITAJCA KOHPOPMAL
oro6pasuts Ha 06macTh miaocKoctu. fI BuOpan 3ty oGmacth Tako#, ITo0H OHA
Oblra OOHOCBABHOM, YT0OH BCe 0co0He TOYKHM He OPHHANJIEKAJHE IMOBEPXHOCTH
B cOGCTBEHHOM CMEICJIE M HAXOJUIKCDH, TaK CKAa3aTh, HA ee rpaHume u, HaKOHeI,
TaK, 9TOOH QyHKMUsA Yy He MOTJIa IPUHUMATH ABYX PA3ITHIHHX 3HAYEHUH B OJ-
HOH M TOH jXe TOUKe mosepxuocru [yrusepcasvnas naxpueawwan.— 4. M.l.

Al Buiensn Koneunyio Tacth R aT0i moBepXHOCTH ¥ 0TOOpaskaa ee KOHPOPM-
HO Ha KDPYT, 9TO IO3BOJAMAA MHe ocyugecTBiaATh teopema Illsapma. 9ro orobpa-
JKEHHE [eJaJoCh HOCPefCTBOM HeKOTOpoi ¢ymrmuu u. JacrapmM, HaKOHeN,
0eCcKOHeYHO BO3pacrarh ofmacts R — MH OygeM mMers KOHPOpPMHOe OTO-
Gpaxxenme Bce Gonee m Gomee ofmumpHOR JacTh Hamell mosepxHoctn Pmmana.
Mgue Hy;®80 GHIO MOKa3arh TOTAA, UTO aHANHTHYeCKad QyHKOUA 4, O KOTO-
poii A BHIi¢ TOBOPWI, CTPEMHUTCH K KOHETHOMY ¥ OHpeJeleHHOMY Ipejeny.
Kornma 310 cmenano, mpeoxoidenkl TONLKO IepBHe TPYAHOCTE. B camom fexe,
OCTaeTCA MOKA3aTh, 9YTo mpefen (YHKIMH U CcaM ABIAETCA AHAJIHTHISCKOR
dynrmueit.

s aroro HymHO, 9T00H amanutuIecKad QYHKOHUA U CTPEMUIACh PaBHO-
MepHO K cBoeMy npepeny (gleichmissig), aro MHe ¥ ymaizoch HOKa3aTs.

WUrax, u3ydeHWe mHeOJHOSHAYHKX (YHKIHA CBEEHO BO BCeX BO3MOMKHEX
cayJagX K ropasgo 6ojee IPOCTOMY W3YYEHMIO OFHO3HAYHHX QyHRIuiy 143,

Mu npuBess 3T0T AIUHHEA OTPHBOK, IOTOMY 4TO OH Hepefaer, TAK CKa3arp,
Bech maoc mpobneMu mo neproucroaHuKy. HeoGXonuMel, O[HAKO, HEKOTOPHE
KPATKHe NOACHEHUSA.

Yunomanyras BHagade teopema IIyankape o ToM, 9r0 MHOMKeCTBO 3HAYEHHH
MHOT'03HAYHOM PyHKuE Bcerfa He GoJiee YeM CUETHOe, CBHIETENLCTBYET, 9TO
MHO’KECTBO JKCTOB PHMAHOBOH NOBepXHoCTH He Gosiee WeM cdeTHOe. JTY BaXK-
HyI0 TeopeMy B ToM Ke 1888 r. meszammcmmo or A. Ilyamrape onyGamrosax
rranspaHCKUE MaTeMaTuR B. Boasreppa. IloaroMy ona u masmsaercsa TeopeMoit
ITyanrape—Boasreppa.

Hanee Ilyankape coofmaer 06 ojgHOM M3 CaMHX HePBHX CBOHX Haumboiee
HOPA3UTENBHHX PpEeByJILTATOB, a HMEHHO O BO3MOKHOCTH ynmbopmnanpo-
BaTh JM00yi0 anre6pamdecKyi0 QYHKIHI0 HOCPEXCTBOM HEKOTOPOHE (yKCOBOIX
aproMoppuoil Pyurmunm. Jo Hero BO3ZMOKHOCTD YHHPOPMH3ANUE ajredpan-
9ecKuX QyHKOME Ohia M3BeCTHA JUIIL NJA KPUBHX pofa 0, Wau yHUKypcaxs-
HHX, KOTOPDRMH, B 9aCTHOCTH, ABJIAITCA BCe KOHHYECKHe CEYeHUH,— 37ecCh
ee BCErfa MOKHO OCYUIeCTBHTH C HOMOIILI0 PAMHMOHAJLHHEX (yHrmuid (cp.
IpuEMep ¢ OKPYKHOCTBI0) — Jub0 i KPHBHX pofa 1, K KOTOPHM, B JACTHO-
CTH, OTHOCATCA BCe KDMBHE TPETHEr0 M 4eTBEPTOTO MOPAAKA; B3lech BCEIrAa
BO3MOKHO JOCTMYSs PEsyAbrata ¢ HOMOIBI0 JIIMITHIeCKEX QyHKnmi (mo-
clegnAA TeopeMa Osira ycramosnena Haebmem). Ilyankape, takum ofpasom,
0eCKOHEYHO pacHMpPuMI H3BeCTHHE A0 Hero BoaMOkHOcTH. Ho w9T0 Kacaercs
mfleu OKa3aTebecTBA KaK 3TOH TEOPEMH, TaK U ee PacIpPOCTPAHEHUA Ha o0mui
caydyaid MHOTO3HAYAHX aHANUTHIECKUX QYHKNuE moGoir mpuponmm (1883),
HKeao He obGomiaocs Ge3 DEPBOHAYAJIHHOTO TONYKA, KOTOPHE 3aKI0OTAJICH
B nucikMe Hueitma Kk Ilyankape (1882), mepemaromem omuo m3 coobpaxenmit,
ycruo BhcKasannbX I'. Illpapoem. Pewr maa o umeTo Tomoxormgeckoi sajade
nmocrpoenud AiusA 060 3aMKHYTOA pEMaHOBOM IOBEPXHOCTH €@ yHUBEPCAIBHO

13 Poincaré H. Oeuvres. Paris, 1950. T. 4 (nouveau tirage), p. 5—6. Pyc. nep.: yan-
rxape A. U36paBHHe TPYAH, T. 3, c. 607 —608.

o rNn



uakpuBaiomei nosepxuoct (Universelle Uberlagerungs-Fliche). Wmenno
ATy NOBePXHOCTH AJA clydasd JNOO0# pIMaHOBOX HOBEeDXHOCTH MMeeT B BHUIY
ITyankape BHme, KOTAA OH B MUTHPOBAHHOM OTPHIBKE HePEYUCHALT XapaKTe-
pusyiomue ee cBoiicrBa. MOKHO CKasaTh, UTO mOCTPOeHHe 3TOH GeCKOHeuHO-
AuCTHOR MOBEPXHOCTH £ pemiaeT TONOJOTHIECKYI0 YACTh HPobaeMH yHE(Op-
MHU3ANAH, TAaK KaK m00He QYHROUU, aHAJIMTUISCKHEe HA HEePBOHAYAIBHO 3a-
HaHHOM pEMaHOBOH moBepXHoOCTH F B HMeIOIIMe JHMINL O0COGEHHOCTE anreGpam-
9eCKOro XapakTepa B ee TOYKaX pa3seTBjeHHs (T. e., BOOGIIe TOBOPS, HEOXHO-
3HAYHHE Ha He#), MO)XKHO ABHO DACCMATPHBATH KaK OJHO3HAYHHE (yHRIUK
T09KE T & ¥, KOTOpas OPOEKTHPYeTCHA B pacCMaTpHBaeMyio TOUKy Ha F. [leno
Teneps 3a TeM, IT06H YCTAHOBHTh ONHOCBASHOCTH YHEBEPCAIBLHOM HAKDHBAI-
IMei NOBePXHOCTM M B3aMMHO OJHO3HAYHO B KOHGOPDMHO 0TOGpasuTs ee Ha
HEKOTOPYI0 00macTe INJOCKOCTH I, CKaKeM Ha KDYIOBOH MHOrOYIOJBHHK,
CTOPOHH KOTOPOTO OPTOTOHAJNBHH K eJuHWIHOHR OKRpyxHoctH. Ilpm 31oM Bep-
IIEHK MOTYT JAuGO JiekaTh Ha 3TOM OKPYKHOCTH, nNEGO HAXOMHUTHCA BHYTPH
Hee. Touxm Kpyra ¢ Torga u OyAyT UPeACTABIATH YHHYOPMUIUPYIOLIHA ma-
pamerp, a ¢yHKOEA T = T (f) OpencraBuT GYKCOBY aBTOMOPPHYIO (yHKIHIO.
BopoueM, B nanspHeimmeM OKa3aJI0CH, WTO NJA NOJHON o6muocTE ClenoBalo
OOHNYCKATH, 9T0 0TOOpasKkeHMe YHHBEPCAJNBbHOM HaKpLIBalomes MoMker mpencras-
NATH KOHEYHYI0 MIM fia)Ke PACIIHPEHHY0 IIOCKOCTD.

Paccyxpenusn A. Ilyaunxrape B T0it pa6ore 1883 r., Ha KOTODYI0 OH CCHINANCH
B CBOEM OTYere, COMleprKaj¥ eIle He PelleHHHe N0 KOHIMAa OpodieMu (Ha He-
roroprie yrasan [. I'mar6epr 8 1900 r.). B noannoM u okoH9aTenrHOM BHAE
o6uyo TeopeMy yHudopMH3aIUE YIAI0CH YCTAHOBUTD TONBKO B 1907 r. camomy
Ilyaurxape («O6 ymudopMusamuw aHaguTEdecKuX ¢Oyukmmiy (Sur 'unifor-
misation des fonctions analytiques.— Acta math., 1907, 31)) u HesaBucumo
or mero II. Ké6e («OG yuumpopMusamuu mqi06HX aHANMTHIECKUX KPHBHX»
(Uber die Uniformisierung beliebigber analytischer Kurven.— Gétt. Nachr.,
1907)) B dopMe caeqyiomei TeopeMH, HA3EHBAaeMOR MHOT/(A TEOPEMOR ¢ rpaHmd-
HHIM KPYTOM: HA Ka)XKAO#l yHABEPCAIbHOE HOBEPXHOCTE HANOKEHHA CyecTBYer
¢yurmaa ¢ =1t (1) (r = %), xoudopmuo orobpakaromas ¥ ambo Ha BCIO
PACIIMPEHHYI0 IJIOCKOCTH (JJUIMNTMUECKHE ciaydail), 1uG0 HA KOHEYHYIO IJIO-
cKocth (mapabonuvecKmil caydait), nm60, HaKOHem, Ha eJMHHYHHE KpPYT
(rumepGoangecknit ciayqait). HoMmonexkcmoe mnepemeHHOe !, H3MeHMOMmMeeCH
B ONHOH M3 3THX TpeX obxacred, W ecTp yHuPOpMEUBEpYomuii mapaMerp AiIsA
BCeX TeX MHOrO3HAYHHX (QYHKMUA, PMMAHOBH NOBEPXHOCTH KOTOPHX HMEIOT
JAHHYHO YHHBEPCAIbHYI0 HAKPHBAOMYI moBepXuHocTs £. B runepGonmaeckom
cayuae (Hambomee BakHOM) QyHKIuA T = T (f) ABAAETCA KICHHOBOH aBTO-
Mop¢HOX PyHKmueill B efMHWIHOM Kpyre, He NPOJOJHKAEMOR 3a ero nmpepens
(B 0O4eHH FACTHOM cIygae — MONYAAPHOR GyHRmueR A (1)).

Teopemy 06 ymmpopMmm3damud, BHCKa3aHHYIH u HRokaszanHyio Ilyamkape
eme B 1883 r., mpasga, ¢ m3BecTHHMHE npobexaMH, KOTODHE OH caM aHAIW-
supyer B Havaie paGorar «06 ynumpopMmzamuu aHANHTHYECKUX QYHROUAY,
MOXHO TIO CHPABEIAMBOCTA CUHTATH BepIIMHOE BCero DAasBHTHA TEODHH aHa-
IuTH9eCKEX QYHRIAN KoMOiekcHoro nepemenHoro B XIX =.

IMocaepoBaTeabEOCT B PANLI aHAJATHYECKEX GyHRImi

Tor ¢ymmaMenransHEHEE pPesyabTAT, 9TO Opefed HOCHeOBATENLHOCTH aHA-
AuTH9eCKEX (QyHROUA, PaBHOMEPDHO cXOffAmelcA BHYTPM HEKOTOPO# ofmacru
(r. e. B RaKHOM 3aMKHYTOM Kpyre, OpHEHafie;kamieM o6macrn), sABIAeTCA
dyHKIHel aHaAETHIECKOR, Ghlx ycranosileH BeilepmrpaccoM eme B ero MioH-
cTepckoit pabore, BunonHeRHO# ocennio 1841 r., «K Teopuu creneHHHX pPAOBY.
Peur maa, coGCTBEHHO TOBODA, 0 BO3ZMOKHOCTH IPHBEJEHNA TTOOOHHX WICHOB
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B pAje, YIeHaMM KOTOPOrO0 ABIAJNCH CTeNeHHKe PAJH, eCliH OCHOBHOH pAR
cxoqurca abcomorHo m pasHoMepHO. Ilpm arom Teopema ¢opMymmpoBamach
1A cirydan J060ro 9ucia IepPeMeHENX (KoMmieKcHHX). Hak yixe orMedanocs
paHee, 912 paGora Omia omyGIMKOBaHA BOEpPBHE TOJABKO B mepBoM ToMe Ma-
TeMaTH4eCKHX TPYNoB» Beltiepmrpacca, usgaraoM B 1894 r. Ogmaxo Beiiep-
ITPacC BBOAHJ €e B CBOMX KYPcaX IO TeOPHE aHAJMTWIECKHX $yHROmiA, au-
TAHHKX B BepJIMHCKOM YHHUBEpCHTETE M, KpOMe TOro, omyGIMKoOBaJl B KagecTBe
neMMu B paGore «K yuenmio o pyrrmusnx» (1880), npmdem B HeckoaLKO Golee
obmeit popme., Mmenno, UM HOKA3HBAIACH BO3MOKHOCTH IPUBEJEHHSA MOXOG-

HEX B pane ) Py (z), DaBHOMEDHO CXOfAmIeMCA BHYTPH KDYTOBOTO KOJEBIA,
0

OpE YCAOBHH, YTO KA Ta€H pAJa LPeJCTABIAN HeKoTopwi pax Jlopana.

Buopouewm, riaapuas 3agaga paGoru «K yuenwo 0 fynKmusax» sakaoganach,
¢ Hame#l TOYKM 3PEHMS, B ONPOBEePKeHWE OJHOrO U3 IMOJOMEHEH AUuCCepTaI U
Pumanma, rotopoe BeiiepmrTpacc BocHpumHAN cammKoM GyksainbHO. Puman
BHCKA3aJ OPeJIoJO;KeHne, YT0 HPHHATOe HM ONpefielleHHe AHAIATHISCKOM
¢ynkmun Kak ¢ynEmum, yRoBierBopaInelt ypasmenwwo Jf/dy = idf/0x
B Kapoil Touke oGiacrd (pEMaHOBOH HMOBEPXHOCTH), IPHBOZHET K TOMY Ke
KIaccy, KaK eciiv OH MH onpe/teisain (yHKmuio IOCPEeNCTBOM OMepamuii ¢10s4e-
HUAI ¥ YMHOMKEHEHSA ¥, KpOMe TOro, IDefelbHOr0 mepexofa.

Honeuro, TpeGoBaHme CcBA3HOCTH 06JacTm OpE 3TOM INIPEANOCNATANOCH
camum PumanoM. O caAsHocTm o6mactu romopmiocs B § 2 Amcceprammm.
Ona moapasyMesaiach m B Hadale Memyapa o0 abemeBmx ¢ymkmmax (1857),
rme PumMan KOpPOTKO BOCHPOM3BOAW] coueprkanme quccepramum 1851 r. 3pecs
rOBOPHIOCH, B YACTHOCTH, O €AMHCTBEHHOCTH IPOAOJKEHHS QYHKNHE BIOIDL
Pa3AMYHHX LOJOC, NPWHALJIEKAIMUX pPACCMATPHBAEMOH YACTH NIOCKOCTH,
IIp¥ YCIOBKU BHINIOJHEHUS ypapHeHWs idw/dx = ow/dy. llpasna, B npueeseH-
HO#l Bhme rumotese PumaHa He XBartano Tpe6oBaHHA PaBHOMEPHOCTH Ipe-
nmenpHOro mepexopa. Ho MOMKHO BHCKa3aTh IpegmoJOMKenme, 9T0 PuMan cam-
Tal ero caMo coGoi pasymerommuMmcH.

Onpuako BeitepmrTpacc B paccMarpuBaeMoil paGore momarall, 9T0 OH ONpO-
pepr Pumana, 0OCTPOMB JOBOJBHO TPOMO3AKME HDpEMep HOCHeN0BATEJIbHOCTH
aHANUTHYeCKYX (YHKOEA, DABHOMEDHO CXOAAMEACH BHYTPM OOBEAMHEHHS
HEeCKOJBKHUX obGjgacreid ABYX HOJYIIOCKOCTEH, HONAPHO HE HMEIIUX 06X
TOYEK; Ipefel MOCAe0BATEIFHOCTH B PaBHHX 00JaCTHAX NPEACTABAAET PA3HHE
agaIuTHdecKme QyHKIUM, He ABIANIIUECA aHAINTHICCKAMY IPONOICHUAMMA
opua papyroid. Taxkum o6pa3som, IpEMep CTPOMJICA B YCIOBHAX HADYIIEHUS
CBASHOCTA MHOJKECTBA CXOQMMOCTHM — YCIHOBEHA, KoTopoe PuMam, Kark Mu
Bujeiu, ABHO moxpasyMenat. IlosromMy yreep:xumenwe Beliepmrpacca B CHOCKE
K ero pabore: «IIpormeomono:xuoe [npemmomoskenme.— A. M.] Bmckazano
Pumanom» («Ocuopamus ofme#t teopum...», § 20, B KoHme) — HENB3A, KAK
MH DoJaraeM, CYATATHL COPaBeIIUBHM IO OTHOmMEHHI K Pumany.

Mu xoTuMM mOTIepKHYTb, TaKUM 00pa3oM, 9To 918 pabora Beiilepmrpacca
mpoJo/IKaeT crapoe comepHHYecTBO Beiiepmrpacca m Pumana, Bm3saHHOE
HpeuMymecTBeHHO paspaboTkoit Teopum afeneBmX ¢GyHRnpi,— comepHMYe-
CTBO, OT3BYKH KOTOpPOTO, IIDABJA COBCEM B APYIOM IJaHE, MH yCMATPHMBAEM,
HanpmMep, B OTDHIBKe M3 nuchbma BeHepmrpacca K Ilsapmy or 3 oxra6psa
1875 r.; Beiilepmrpacc mucan 37xech, uTo uem OoJbIIe OH 3aHWMAETCH IPHEIA-
pamu tTeopuu QyHKouil, TeM Gojee OH YOemaeTca B TOM, UTO «OHM JOJKHEE
CTPOMTHECA HA OCHOBE aAre0pamIeCKUX UCTHH ¥ 4TO H03TOMY HEBEePEH TOT OYTh,
KOT/Ia, HANPOTUB, K 000CHOBAHMI0 HPOCTHX M (YHAAMEHTAJBHHX alreGpan-
YeCKWX TEeOpeM NPHBJEKaeTcA, KODPOTKO TIOBOPH, «TPAHCIEHJEHTHOE»; ITO
MOKHO IPHMEHHTH, HAUpPHUMEDP, Ha LePBHIH B3raAfK, K pPacCCMOTPEHUAM, MO-
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CPeCTBOM KOTODHX PHMaH OTKpHJ T&K MHOTO ByKHEHIIMX CBOMCTB aire-
6pamvecknx QymrKnmi...» . Koneuno, 3Hech uMeliCA B BHAY IPEKIOe BCEro
Memyap Pumana «Teopus aGenesnx QyHROEEY, B TEOPETHYECKUM BHPAHKEHHCM.
mpotecta BeliepmTpacca HpOTHB «TPAHCHEHAEHTHOIO» OHIA €ro KpPHTHKA
puMaHOBa npuHouna Hupuxie, mo BpemMeHH IPeAMeECTBOBABIIAA YHOMAHYTO-
umy muckmy (1870). K ckasannomy sgech 0 peBHEBOM (eciu He cKasarTp Goaee):
orsomennn Beitepmrpacca K wiesm @ MerofaM PmMama MOxHO Ho6aBHTH-
eme, 910 B nepenucke ¢ C. B. Kosanepcroit %, rne mma Pumana ymomunaer-
cfl IO KpaiHelt Mepe ceMb pa3, BefiepmTpacC mouTH KaKAKA pa3 COOPOBOMKAA-
eT 3T yNOMHMHAHUA KPHTHYeCKMME 3aMeUaHmAMH. 10 OH IMTHDYeT OTPHBOK
u3 omcsma Prmeno K HemMy camomy, B KOTOPOM OTHSeTCH PEIIHTeNBLHOEe IPef-
nodYTeENe OyTH, u3GpaHHOMY BeitfepmrpaccoM B Teopum abenesHX QyHRUumiA,
nepen Pumanom, Kne6mem u I'opgamom (20 aBrycra 1873 r.), To ynomuuaer
006 «OJTHOM W3 TIIABHHX HEOCTATKOB €0 TeOPUM» JREeHHKX fuddepeHnnaNbHNX.
ypasnermii (19 mon6pa 1873 r.), 10 mexmrca ¢ KopamescKoii ceouM HaMepe-
HueM HamucaTth pabory o6 abenepnX QYHKOUAX B BuAe CePHH IHCEM K TOMY
;ke Pmmesio, rme om cMomer «Ge3 crecHeHWsI OTMETUTH cBoeofpasme CBOEIO
MeToga m OyCTHThCA B Kputuky Pmmana u Huebma» (12 susapa 1875 r.)..
TO OIpOoBepraer 3amedaHme JpMuTa 0 TOM, 9T0 Puman BuBex HeoGxogumoe
yeciuoBHe JJA TaK HaskBaeMOd MatTpunk Pumana B o6mem caygae (¢...B co-
uynnenpax Pumanma 06 aToM mmdero nem,— mmmer o 14 mions 1882 r.), To,
HAaKOHEN, KPUTHKYOT PHMAHOBO OIpefie/ieHHMe HHTErpaja KaK HeIoCcTATOYHOe
(16 man 1885 r.).

Pa6ora 1880 r., o Koropod MH 3jech TOBOPHM, OPOAOJKANA NOJEMHUKY
¢ mpeaMu PumaHa, HO B JPYIOM HANPABJIEHHH: B HANPABICHHH CaMOW KOH-
meunun aHajmTHIecKoi ¢ymkmum, rge BeitepmrTpacc HewsMeHHO LIpPOTHBO-
NOCTABAAJ OTHpAaBHOHE wiee PaMama B KavecTBe HMCXONHOR TOYKE CTEHEHHEE
PAJHL , )

Kak 61 T0 Hu GBUIO, pe3yabTaT dTOM pabOTH ORI HEOKMIAHHEIM M JJIS Ca-
moro BeitepmTpacca, m Jusa ero coppeMeHHHKOR, Ilourm cpasy xe sciaen sa
Beitepmrpaccom K. Tannepu 3ameTmi, 9T0 JJf BHABJIEHHA C¢aMoro Qakra
PABHOMEPHOR CXONHEMOCTH OMHOA m TOH ;Ke HMOCHENoBATEJIbHOCTH K pa3imaHBIM
¢yaxnuaM MokHO GHto 6 coBcem He mpmberaTr K FPOMO3AKHM BHKJAXKAM
¢ JIAROTAYECKAMH QYHKIHAMHA, KAK 2TO Hejat Beﬁemepia_ci_c.nI[ocTaToqﬂo

k4
paCCMOTPeT: IOCAeKOBATEILHOCTD PAMOHANBHNX GyHRIUMA {ﬁ}, KoTOpAA,.

09eBUZHO, CXOAMTCA K -+1 BHYTpH efMEMYHOrO Kpyra u K —1 — BHe ero,
Beiiepmtpace mogpo6HO m3ixaraer 9TOT IPHMED B CHENHANBEOM HEYATHOM
no6aBieHEE K CBOGH OCHOBHOM crarhe (3TO IP: ero HealoOBH K HEJaTHHM BRI~
crynaennam!) «K ygemmw o dynknuax. Jlobasaermay (Zur Funktionenlehre:
Nachtrag.— Monatsber., 1881, 21 febr.) 14¢, a Taxske B mucsme k C. B. Hosa-
neBcKoii ot 6 mapra 1881 r. Iloapo6ro KommenTHpys npumep Tarmepn, Beitep-
ImITPace HA3HBaeT mocaenuero Hapaxy ¢ Murrar-Jlegdaepom n [lmkapom cpeau
MOJIOIHIX MATEMAaTHKOB, HPOM3BONAIMX WHTEDECHHE HCCIENOBAHHSM, IPHME-
Kapomyge K ero pagoram.

PaccmarpmBaemuii memyap Beiiepmrpacca BeCbMa 3aHHTEPECOBAJ €ro
COBPeMEHHHMKOB TAaKKe W Giarofaps TOMy, 9T0O B IoCJefHeM ero maparpage

- n
OMa DpuBeseH NPEMSP CTENeHHOro PAja M a,z’ (a, > 0, b — marypans-
0

14 Weierstrass K. Mathematische Werke, Bd. 2, S. 225.
145 Cy,: IImchMa Kapaa Beliepmrrpaceca x Codne Komamescroir, 1871—1891. M., 1973.
148 Weierstrass K. Mathematische Werke, Bd. 2, S. 231—233.
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|oe gdcao >1), He mpomosKaeMOro 3a rpaHunly Kpyra cxogumoctu. IIpumep

970T GHI CBA3AH C paHee NOCTPOCHHHM BellepmTpaccoM HpUMepOM HHTT®

He nuddepeHnupyeMord HenPePHBHOK YHKIMA AeHCTBUTEIHHOTO IePEMEHHOTO,
-

OPeACTaBUMOi TPHIOHOMETPHIECKUM PAKOM BUAA 3, bY cosa¥t, ab > 1 4 3/yn
0
(cM. HEXKE).

ITpamep BeiiepmTpacca DpuHALNEKAT K KIACCY TAaK HA3HBAeMHX JaKy-
oo

HADHHX CTeNeHHHX pafoB. Tak HA3HBAKTCA DANH BHAA ) d,Z", rXe 6ecKo-
0

HEYHO TACTO BCTPEYAIOTCA IPYNNH HOAPAK HAYUIMX PABHHX HYI©0 Koapdumm-
€HTOB, Cofepskaugne KaK yrogHo MHOro wieHos. CoxXpaHsif TOABKO Koaddumu-
€HTH, OTIMIHEE OT HYJA, MOMKHO 3alKCATE JaKYHAPHHH CTeNeHHOH pAX B BUe

Nayz*n, e lim (Apyy— An)=o0. Teopema Amamapa («OmNT H3yYeHHA
0 N0

dyHKOWiA, BalaHEKX HX TeillnopoBcKuME pasnoieHuamm (Essaisur 1’étude des
fonctions données par leurs développement de Taylor.— J. math. pures et appl.

(4), 1892, 8, p. 101—186)) o TaKyHAPHHX PANAX BUARA |,z ® IPH YCIOBHHE
0

lim V] a,|=1 (r.]e. pagmyc cxogmmocrm pafga paseE 1) rmacur, 9T0 OH
N—co

-6ymer HeNpOoJkaeMbiM, ecaH lim %1
n—-co n
Asyfhg = b > 1.

Ewe Gonee CHABHMIA pe3yabTaT NPHHAZJIEKHT ATAIBAHCKOMY MAaTEMATHKY
E. ®a6pr (1856—1944), morasasmemy B paGore «O6 0coGHX ToUKax QyHK-
LUK, 33J8HHON CBOWM pa3NOKEHEWEM B DAL, W O HEBO3MOKHOCTH AHAJHUTH-
9eCKOT0 NPOOJIKeHHA B BechbMa o6mmuX crydaax» (Sur les points singuliers
d’une fonction donnée par son développement en série et l'impossibilité
du prolongement analytique dans les cas trés généraux.— Ann. Ec. Norm.,
3, 1896, 13, p. 367—399), ur0 mpm Tex ke 0603HadeHUAX AAA HeOpPOFOIIKA-

>1 (8 npmmMepe Beitepmrpacca

A
e€MOCTH JAKYHapHOTO pAga JOCTATOYHO, YTOOH 6HI0 lim -T" == o0 (upmMep:
n—»co

oo
N
4 o
f(z) = E ——» The A, = n?. OgeBuAHO, YTO DTO YCAOBKE BHIOIHEHO KamAHIA
1

pas, KOTJAa BHUOJHEHO yciaoBwe Ajamapa (nf6o TaM A, pacryr He MeJieHHee
qeM WIeHH TI€OMEeTPUYeCKOH Iporpeccmu co 3HameHarexeM, Goasmum 1);
o6paTHOe, KOHEYHO, HEBEpHO.

OTnpasasack OT OpuMepa HEOPOMOJIKAEMOro creneHHoro psafa, A. Ilyan-
Kape B 0030pe cpomX Tpynom, HanucamHoM B 1901 r. m omyGaukoBaHHOM
B 1921 r., BBea cBoeoGpasHY® KiaccupuKamuio BCeX BOOGMe aHATIMTHIECKUX
¢yurnuit., A. Ilyaukape HaswmBaeT OBHO3HAYHHE AHANHTHIECKHE (QYHKIHH,
He IPOJONKaeMHEe Ha BCKH IIOCKOCTh (KOHEYHY0), QYHKOuAMA ¢ JaKyHap-
mHMu npocrpaEctBamu (fonctions uniformes 3 1’espaces lacunaires) m coor-
BETCTBEHHO 3TOMY Pa3jmvIaeT cIeAyomue Tpu Riacca ¢yHKmui: 1) ogHO3HAT-
EHe QYHROUH BO BCe¥ MIOCKOCTH; 2) OfHO3HAYHKeE (YHKIUU C IaKyHaPHEIME
IpOCTPAHCTBAMH; J) MHOTO3HAYHEE QYHKIEH.

QyHKOUE BTOPOrO Kiacca OH H3ydaeT B pAde crared. Bo-mepBmx, ciofga
OTHOCATCHA €r0 WCCIeJOBAaHMA IO TeM KiaaccaM apToMOpPHHX GYHKOumiA, Ko-
TOpHe OH Ha3paj mo wmeHaM Dykca m Kueiina (1883); pynknum atu, BooGme
TOBOPA, He IPOJOIIKAIOTCH 3a IPeJilelll HeKOTOPoro Kpyra unm Gojee CIoHOM
obnacru. Bo-Bropux, B page pabor on paccMarpuBaer GYHKIUH, ABIAIOIIUECH
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o

CyMMaMu PHAAOB BHAA Z A"b._. Ilpu ycnosmm, 90 PAX )| Ap| cxopwmres,
1

2— 0y

1
a TOYKM b, pacumoio;KeHH BCIOAY IUIOTHO HA IpaHuie HEKOTOpo# obmactu

D, ero cymma mempomommaema Ha o6macth D. IlyasKape BRCKAa3ald MECIB
(1889), 910 3aMena CTEHEHHHIX PANOB PAJAMH TAKOTO BHAA MOMeT IPUBECTH
K 6olee MUPOKOH KOHOENNME aHAJIATHIECKOTO DPONONKEHHA IO CPABHEHHIO
< BellepITPacCOBLHIM IPOAOI;KOHESM IIOCPEICTBOM CTEIIEHHHX PAfoB. K aromy
ke moHmMauwio npubnmxanca 9. Boperk B AOKRTOpPCKOA HOuccepTAlUE
<) HEeKOTOPHX BOIpocax Teopmu Qymkmuii» (Sur quelques points de la thé-
orie des fonctions. Paris, 1894; mamegarano rare B Ann. Ec. Norm., 1895).
o0
y|
VI3 ero ujeii, OTHOCAMUXCA K CyMMaM PAJOB Zﬁ

n

1
JIOMEHE BCIOAY INIOTHO B HEKOTOPOH 06GiracTH, B KOTOPOH H3ydaeTcA CyMMa
pAfja, BHPOCIA II03JHE® TeOpHA MOHOreHHHX (ymKnui B cMmucue Bopeas
(1917); omm ob6napgaoT PAMOM CBOHUCTB aHaNETHICCKUX (yHROmM, OmHAKO,
BO0OOIE roBOPH, He ABIAIOTCA aHANATWIECKHAMH HE B OHOH TOUKe MIOCKOCTH.

o0

, e TOUKEM b, pacmo-

n

Baskanle u mHTepecHhe ACCIEAOBAHUA CBOHCTB QyHKMUR E i
n

Ipu Tex
1

MU OPYIuX IPeAmoNoKeHHAX OTHOCHUTONBHO KodPdummentos 4, u To9er b,

Onutn mposefilenn A. Jlammya m coBceM HENABHO COBETCKEM MATeMATHKOM

A. A. Tongapom.

Msaorwe paboTH KoHDa BeKA OLINE IOCBAMEHH IOMEITKAM INOIYIeHUA
Pasio;keHMs aHATUTHICCKHX QYHKOHA B pANW B 06NACTAX, OTAMIHKX OT
Kpyra u Kpyrosoro xKoxsma. HauGonee o6mue peaynsrars noaysux K. Pys-
re (1856—1927), otupasnsasce or maTerpansuon dopmynu Komu («K Teopunm
oguosnavaHx aHarurmuecKux $ymHkmmiy (Zur Theorie der eindeutigen ana-
lytischen Funktionen.— Acta math., 1885, 8, S. 229—244)). ITpe:xnme Bcero
OH YCTaHOBHJ, 9TO B MI00OM MHOrOCBA3HON 06MacTH KaKAYIO aHAIHUTHISCKYIO
$YHKOHI0 MOKHO IPEACTABHTH B BUAE Ipefiena TOCIEAOBATEIBHOCTH DPamuo-
HaJbHHX QyHKOEA, PaBHOMBPHO CXOAAMmEHcA BHYTpE 3Toit oGnacru. Ecam
7K@ 3T0 OQHOCBA3HAA OONACTh KOHPYHOH MHIOCKOCTH, TO MOJKHO TOBODPUTH
0 NOCNeA0BATEIFHOCTH MAOTOUIGHOB, T. 8. KajKHaA QyaKnus, aHAJUTAISCKAA
B ONHOCBABHON o0nacTu, IPEACTABUMA PANOM MHOTrOYNEHOB, DPABHOMEDHO
cxopAmmMcA BEYTPY obnactu. TakuMm o6pasoM, OAA asHaduTHICCKEX yHKOAN
KOMILIEKCHOTO IlepeMeHsHoro OHIN IONYYeH aHalor teopeMH Beiepmrpacca
© IpefcTapIeHEHA N0GOH HeNpepHBHON PYyHKIAE AeHCTBATENIBHOrO TePeMeHHO-
ro B BHAE CyMMBEI PaBHOMEPHO CXOofAmerocs psma mmorowrenos (1885). lpy-
rEM MeToffloM (IiyTeM anmpPOKCHMAnuB JadHoit obNacte u3myrTpu o6GiactTsaMmu,
orpaHFYeHHEIMA JeMHUCKATHIYOCKAMY KPBBLIME, T. ©. KPUBLIME Bufa | P (z) | =
= const, rge P (2) — MBorowren) ror ke pesyabrar Oua moayuen M. I'mias-
Geprom B 1897 r. («O pasnoxeHum nPOM3BONBHON AHANUTHIECKOH PyHKIEM
ONHOr0 IepeMeHHoro B Oecxomeunntt psam muorowmenos» (Uber die Entwi-
cklung einer beliebigen analytischen Funktion in eine unendliche nach
ganzen rationalen Funktionen fortschreitende Reihe.— Gott. Nachr., 1897,
S. 63—70)). Haxonen;, K. Pysare npusen npuMep IIOCIeOBATENHHOCTH aHa-
aurmiecKux QyHRnuil, HePABHOMOPHO CXOAAMmMEHCA BHYTPHE HOKOTOpOH obxa-
CTH, TIpefen KoTopo# Onn dyuxrmueil, ananuTudecKoR B 310l ob6nactu («K Te-
opuu ananmtuieckax ¢yarnuiny (Zur Theorie der analytischen Funktionen.—
Acta math., 1889, 6, S. 245—248)). ITospuee (1901) ¥. ®. Ocryn samerny,
970 B IOAOGHHIX CAyJafAX Kamgasa Hogobmacts JOMKHA COEpKATh KpPYT,
B KOTOPOM HOCHENOBATEILHOCTh CXOQUTCA PaBHOMEPHO (¢3aMeTKa 0 QYHKOUAX,
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OILIPOUICHHHNX GOCKOHOYHEIME PAJAMH, WIGHH KOTOPHX CYTh QYHKIUE KOM-
IUIEKCHOT'O IePEeMEHROT0, ¢ COOTBOTCTBYIOMAME TEOPOMAMHE JUIS ONpPOeJIOHHEX
maTerpanos» (Note on the functions defined by infinite series whose terms
are analytic functions of a complexe variable with corresponding theorems
for definite integrals.— Ann. Math., 2, 1901, 3, p. 25—34)).

Teopemu Pynare me pmasanm 3¢dexTHBHOrO cnocofa IONYYSHHA COOTBOT-
CTBYIOINAX PAAOB. EcTecTBeH N0OITOMY HHTEpeC K IENOMY nNuRay pabor,
B KOTODHX YKAa3HIBAJOCH, KAK MCXOAA M3 CTEIIGHHOTO PA3NOKeHHS QyHKIHHA,
CKa)keM, B OKPECTHOCTH HaYaja KOODAMHAT LOJYYATh Pa3ioKeHmA QYHKIUE
B PAQNH MHOTOYJIHOB, PABHOMEDPHO CXOZAIMuMecda BHYTPHM obxactm, Gosee Inm-
pokoit, weM KpyTr cxogumoctd (ecim, padyMeercs, QYHKIMA AOmycKaeT aHa-
JIETAYECKOE TPOMOJIKeHUe 3a HIPefedH Kpyra cxogumoctn). W smech TOUKOR
oTupasieHEma O mHTerpan Hommu, mossoasomuii cpecTw 000 3agady
K PasJIOKeHAI0 B pAj Muorounenos ¢yuknum suaa 1/(1 — u) — appa Komn
(u = z/s). Han6onee muTepecHue pPe3yasTATH GHIM HOJXydYeHH 8mech J. Bo-
peaem (1895), npemnokuBmuM JiA ITOH IEJH HOBBIH METON CYMMADOBAHUA
PAaCXOfsMMXCA PHANOB, Ha3BaEELH ero mMmedeM, u I'. Mnarrar-Jledipaepom
(Fullstindig analytisx fragstdllning af hvarje entyding monogen function
hvars singalira stillen congbéra en virde mingd af forsta slaget.— Oiver-
sigt Kgl. Vet. Akad. Férhandl., 1882, 39, p. 11—45; Om den analytiska
framstillningen af en allmén monogen function.— Ofversig Kgl. Vet. Akad.
Forhandl., 1898, 55, p. 247—282, 375—385). 3apaua Mnrrar-Jlegpdrepa
3aKJIOYaJIaCh B IIOCTPOGHHH pPAAa MHOTOWIPHOB (K03QPHOUEHTH KOTOPHX
BHPQKAIOTCA OUNPOIeJeHHHM, HE 3aBHCAIEM 0T AaHaoR QyHKmmu oGpasom
yepes KoIQPMOUEHTH MCXOHHOrO CTENEHHOTO pPAfa), NPeACTaBIAIIMETO
¢yErnmio B ee Taxk HAa3HBaeMoil riasHOR MurTar-negduepopckoit 3mesge.
MMocnexuas momxyuaeTcA KAk COBOKYNHOCTH BCOX Xyued, Oepymmx uaganxo
B IEHTPe KPyra CXOQMMOCTH CTeIEHHOrO0 PAJA M IPONOKOHHHX 10 IepPBOM
0c060% TOYKHM IpH AaHANUTHIECKOM IPOACkeHuE QYHKIUA BROJH Jyda.

Pan BasKHEIX TeOpeM, YCTAHOBAGHHHX PA3HHME MOTO/AMH, TO3BOJUIK
BHEBONHMTH PABHOMEPHYIO CXOAUMOCTH IOCJENOBATONIBHOCTH AHAJIUTHIECKAX
(mnm rapmonwmdeckux) ¢yEKnmi BEyTpm oGaactm T Kak ciefcTBhe M3 ee CXO-
AEMOCTH HA HEKOTOpPOM mopmBoectse T. Tak, Pynre ycrasoBHJ B IHTHDPO-
BAHHOM BHIIe paGore, 9TO eciH NOCASNOBATENBHOCT: Qymkmuit {f, (z)}, He-
OPepHBHEHX B OrPAHUICHHOHK 8aMKHYTOH o6nacty T ¢ aEAXWTHYECKHX BHYTDH
HO6e, PABHOMEDHO CXONUTCA Ha rpanune 7', TO 0Ha paBHOMEPHO CXORATCH K BHY-
vpu T, u, cIemoBaTeIBHO, B0 NPEMeJ HPEACTABIACT TAM AHAJATAIECKYIO yHK-
guo. [Ipaspa, ero MeTod, OCHOBaHHHE Ha HCHONH30BaHAU EHTErpaios Homm,
B3ATHX 10 rpanmue obnactu, mpeamoiarad cupamisemocrs rpasmnu. Ho
AOCTATOYHO OHINO COPTUHUTH NPMHIOMI MAKCAMYMAa MOAYJAA C OCHOBHOH Teo-
pemoii Be@epmrpacca 0 paBHOMEDPHO CXOAAINUXCA IIOCASAOBATONBHOCTAX
aHaIMTHIECKNX QYHKuil, 9T00H y6eIuTHCA, 9TO TAKOS OTPAHHICHM® MSJIHANIHE.

Cosepmensio aHAJOTHIHYIO TeopeMy IJS DOCIENOBATOIABHOCTOH rapMOHHI-
gecKuX QyERnEA onybamrosanl npodeccop Ionurexnmaeckoir mroau B Jlpes-
pee K. I'. A. Tapuar (1851—1888) (¢OcmoBarna Teopmu jgorapadMuEecKOro
LIOTeHMHEAJA M OQHO3IHAYHHX rapMoHmiecKuX yHrOmiz B maockocTm» (Grund-
lagen der Theorie des logarithmischen Potentiales und der eindeutigen
Potentialfunktion in der Ebene. Leipzig, 1887). B a10if KHure oH HOXyI@
4 APYI'yIO TeopeMy, AMEIIIyI0 (olee CHeNUANBHHIEA XapaxTep W, Ha HePBHI
B3TAAN, Topa3no Goxee ymmBuTeAbHyIo: ectn (yEENuE {u,}, rapMOHHYECKUES
B orpanmdenHoit obxacrm I, He yOHBawT, T.e€. U, < U,y BO BCEX TOUKAX
T, B ecau HIOCHEROBATEJILHOCTEL CXOAHMTCA XOTA O B ONHOH TOYKe ofGaacrtd,
TO OHa PAaBHOMEPHO CXOAWTCA BHYTpU dTOH 06GJZacTH M, CIeJOBATENLHO, €€
mpepes ectb GyHKIAA, TaKKe rapmoHndeckan B 7.
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I'. MUTTAT-JIEQQJIEP

Henocpeacrenno IepeiiTé OTCIOHA K HOCIOAOBATEIBHOCTAM AHAANTAIC-
<kux Qynrnuit meanp3a. Ho BOT roanasjckoMy MareMaTuky, mnpofeccopy
8 I'ponmarene, a satem B ynusepcurere I'yaysm T. f. Cruarnecy (1856—1894)
VIajNoCh YCTaHOBATHh B IOCMepPTHO HamedaTaHHo# pabore «HMecaemosanus
o HenpepuBHEX ApoGsax» (Recherches sur les fractions continues.— Ann.
Fac. sci. Univ. Toulouse (8), 1894, 7, p. 56), 4T0 ecIm mocTeg0BATEABHOCTD
aHanuTuYeckux gyurnuii {f, (z)} pasBHOMEDHO OTPaHAYEHA IO MOA Y0 BHYTDH
obmactz T (1. e. B KasKIOM 3AMKHYTOM Kpyre, mpuHaJje:KameM o006aactu)
¥ €CJIA OHAa PABHOMEPHO CXONHUTCA Ha KaKoi-1m6o momobaacru T, 10 0Ha paB-
HOMEpPHO cXOuuTCcA B BEYTpH obxactu 7. dra teopema Cruarbeca Guna 0606-
IeHa He3aBHCHMO APYT or Apyra Buranu («O psapax ananutmyecKux §yHRmui»
(Sulle serie di funzioni analitiche.— Rend. Ist. Lombardo (2), 1903, 36,
p. 771—774)) u Iloprepom («OTHOCHTENBbHO PAMOB AHAXUTAYOCKAX PYHKITHA»
{Concerning series of analytic functions.— Ann. Math. (2), 1904, 6, p. 190—
192)), moxasapmuMHu, 9TO B3AKJIIOYEHHe OCTAOTCA B CHJS, €CIH CXOLHMOCTH
BHIIOJHAGTCA HA KAaKOM-IHOO IIOAMHOMKeCTBe, HMeIomeM B aToi obaactu Xors
OH ODHY TPEAeNbHYID TOUKY.-

Bcee ats PaxTH monyIuny moaHOe OCBEMEHFe B TEOPWH KOMIAKTHHX (HOp-
MaIbHHX) ceMeACTB aHajmTHvYecKuX pymrmomii, paspaboramuoii II. MorTenem
yie 3a mpefielaMH paccMaTpéEBaeMoro saMmu mepmopa. Okasanocs, B YacTHO-
<, 910 B Teopeme Buranm — Iloprepa ycioBme paBHOMepHON CXORHMOCTH
Ha DOAMHOMKecTBe O0dacTh, mMelomeM B He# Xora OH ofny mpeAeIbHYIO TOU-
KY, MO’KHO eme 0cAa0uTh, JONYCKad JHMB HPOCTYIO, NOMOYEUHYIO CXOIUMOCTD.
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Uro KacaeTcd mieil HamAyImero NPAGIUKeHHA AaHAIATHIECKHX (yHKIUE
MHOTOYJIeHaMHA M BOOOIN® PANMOHAJIBHHME QYHROUAMH, HONYIHNBIIAME B IIO-
cnepneir uetseptu XIX B. Grarogaps I1. JI. Uebumiesy u ero nocaemosarensam
TaKoe pasBuTHE AiA QyHKUHI MeACTBHTEIBHOTO OPOMEHHOTO0, TO AJIA AHAIH-
TAYeCKHEX yHKIUE KOMIIEKCHOTO IePEeMEHHOro UX pacrser nagaer Ha XX B.
mpesxae Bcero OnaromapAa tpydam I. QaGepa, A. Tomennu, C. H. Bepsn-
mre#ina, Yoama m gp. O nprpesa K HoBOH 00JacTH TeOpHE aHANHTHIGCKHAX
¢yarnmii — TAaK HA3HBABMON KOHCTPYKTHBHOX Teopmm QyHKIMA.

3ARJIIOYEHME

XIX B. Onli BeKOM CTAHOBIEHHA TeOpHH aHadutTmueckux $yurmumir. ua
ee pasBATHA 0cOGYIO PONB CHITPAJIE HCCIeNOBAHEA UepBoit monopuan XIX 8.,
7 npexpae scero Tpyas Homm. ITapanmenbso ¢ HAMU BOSHHKJIA B CTala pas-
paGaTmBatbca B TpyAax AGens, flko6m, JImysunna u Jitsenmreiina Teopusa
sanpnTmdeckux ¢ymkmmit. OYyAKNuM 5TH NOABMIMCH W3 8afadu oGpameHms
SINANTHIECKAX HHTerpanoB m ammb B 40-x romax OHIE 0COBHAHH KaK Ipef-
CTABUTONH Kjiacca MepoMopdHEEIX ABosrounepuogmieckux ¢yurnmit. IlomeiTra
peInuTh 3agavy OGpAINeHHA TAKKe W AJIA YAbTPANIBANTAYECKAX HHTETPaJOB
HATONKHYJaCh HA TPYHHOCTH, CBASAHHLHE C MHOTOBHAYHHME QYHKIAAMHA.
fxo6m 06baBEa «abcypaunME» QYHKOEA ONHOTO HEPEMEHHOT0, ONyCKAaMue
Gosee ABYX HE3ABHCHMHIX IIEPHOMOB, B OH jXe BANOU3MEHUI 3a7ady ob6pamenus
TAK, 4TO B Pe3yAbTaTe AOJKHB OHIB DOABUTHCA OJHOBHAYHEI® MHOTOKDPATHO-
peprofguuecKue GyEKnuE MHOTHX mepeMenuux (abexesn ¢yaxmmm). Ilepsue
ycmexXm B 3TOM HampableHmH Grum pocTurEYTH I'Smenem u PosemxaitmoM.

CymmecTBeHHEI AT B H3y9eHNA MHOTO3HAUHNX (YHKIUHA B NX HATErPajoB
cmenan ITomn3d B Memyape 06 anreGpamdeckmx ¢yarnmuax. OH moxrazan, 4to
CpeicTBa, cO3MaHHLNe OmE B ero TeOpMM BHTETPHPOBAHHUA U PA3JI0KEHHS
B PAAHR OAHOSHAYHHX (QyHKmuil, npAroOmHH U OJA MHOro3HAYANX. Ho pemaro-
INee 3HAYEHHE B 3TOM HANPABJIGHWE HMeja KOKTOPCKAsA Amccepranusa Pumana
C ee Byieeil PHMMAHOBOM TOBEPXHOCTHA, TPAKTOBKOM anaxuTudecKoit dyHKmEHU
KaK KoHPOPMHOro 0T0oOpasKeHEA OJHOH WOBEPXHOCTH HA APYIYI0O W HPUHLIE-
moMm [lupnxie, npoABEBIIeM GONBNIYI0 YBPHCTHIECKYI0 CHAY B AalbHEWIeM
IOCTPOGHUE TeopuM anreGpamdeckmx GyHKOEA m mx marerpanos. OHa OT-
KPHJA BTOPOH HEPHOA B PA3SBUTHH TEOPHY AHAJNHTWIECKEX PYHKIWHA, AIUB-
muitcs o Kounma 70-X ropmos.

B aTo BpeMsa Ha MCTOPMYECKOH cieHe HOABANCA Befiepmrpace, roToBuBmMuin
B TUIIM M OQUHOUYECTB® ¢ Hauada 40-x romos ceom cpefcTBa paspaGoTKM IIpo-
Gnem Teopnu aganmuTEIecKuX PyHKOui. OMHAKO MOCT BHIX0AA B CBET MEMyapa
Pamana 06 abenesnx yHKOMAX OH IPHOCTAHABJIEBACT NYOJAMKANHIO CBOUX
AccaefioBaHAR o ToMy ke mpemmery. IesareansHocTh Beiltepmrpacca B Bep-
JUACKOM YHWBEPCHTOT® BHIPA)KaeTcA UPEHMMYIIeCTBeHHO B pa3paGorke TIma-
TeJIBPHO MPOAYMAHHHX KYPCOB, BKIIOYAIOMAX BBEASHAS B TEOPHIO aHAJIHTHIE-
ckux GyHKOmuHA, 3naunTAYecKue QYHKIEE ¢ AX NPANOKEHHAMH H aGeleBH
AHTETPANHN. XOTA 5TH KYPCH M He NYy6AAKOBANACH AM, OHA OKASHBAJA CepPb-
©3H0e BIAAHME [a PA3BATIE MATEMATAKH, OXBATHBAA BCEBO3PACTAIOMYIO ay/Aa~
TOPHI0O KBAJA(QHUIUPOBAHHHX CIyIIaTeaeit.

Bo Bropoit nmonosmme 70-x ropmoB momBaAoTcA Teopema DBeidlepmTpacca
0 pa3snoKeuud Oenol yHKMEE B HpowsBefenne B TeopeMa Murrrar-Jleddaepa
0 mpefcraBieEmA MepoMopdHoHi QYHKIUH IO e IIAaBHHM YacTAM. B 310 Ke
ppeMa Bedepmrpace 3aKIaJHBaeT OCHOBH TEOPHEM AHATHTUIOCKHX (YHKIUi
MHOTHX IiepeMeHHKX CBOeH «mofroToBNTeNbHOAY TeopeMoit. Ha meit ox crpour,
B Y4CTHOCTH, TEOPHMI0 NEJIUMOCTH CTENeHHHX PARKOB.
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HecroxbKo B CTOPOH® OT OCHOBHOrO AHAAWTHYECKOTrO HAIIpaBieBHMA Beii—
epHITpacca OuIa JaidpHedInas paspaGoTka reoMeTpmYecKoil Teopud Qysrmmii,.
3anomenHol B Tpyfgax Pumauna. 3gecs rrapuum o6pasom ycuaumamua Ieapna,
IMorrxn 1 Haedina passmBaoTcsa Teopua KOHPOPMENX OToGpasKeHmi U TeOpUsA
monynAapHux ¢yrrnmit. menuno mogynapaaa ¢dyarnus lIsapma mocaymmna
B pykax Ilurapa wHCTpyMeHTOM JJIA NOKA3aTeABCTBA OT0 3aMeTaTeNBHON Teo--
peMul. Ot Hee BeAeT HaYaJ0 TeOPHA pacHpe/leleHAA 3HAYEHAR MepoMOpPdHBIX
$yEROMEA, DONYIMBIIAA TOJHOS pasputme ammb B 20-x ronax HAIero BeKa
B tpymax P. Hemamnmuusm.

B nagaxe 80-x romos or Teopmzm ¢yHKNEHE HATUHA®T OTXONHTH TaKas CY-
IMeCTBeHHAA ©e 9acTh, KaK teopus aareGpamdeckmx ¢yuaknui. ITpoucxoawmr
310 moTOMY, 910 Hemexmuny u I'. BeGepy ymaercs mo-20oBOMY mOCTPOUTE 9Ty
TEOPHI0, PYKOBOACTBYsACH aHajorueir aareGpamieckEx ¢yHKnuil ¢ axrebpau-
gecknMy gnciaamu (cMm. Ku. 1, ¢. 115—119). Ho gaske B yMeubmeHHOM 00BEME
HCTODHS TeOPHH AHANATWIOCKAX (GyHKOUE B NOCHeSHEe ABA ASCATANETH
XIX B. 0TMeYeHA BHIAIMEMHUCA AOCTHxeHUAMH. X OTKPHBAIOT HCCASLOBA-
ausa [lyasxape uo Teopnm aproMopduuXx QyHKOEH B Teopun yandopME3aAL.
Ero TeopeMa 0 BOBMOXHOCTH IapaMeTPHIeCKOT0 HPOACTABISHEA Ji0Gofl MHO--
rosHagHol GYHKOUA ¢ mOMOMBI aBTOMOPOHEHHX JYHKOHH ¢ IPAHMIBEEM KPY-
roM ABJAASTCA ONHHMM W3 BRICHINX OCTHKeHHME Bceir mMaremarmku XIX B.

3ametHO HapammBaeTcs 3amac QaKTOB W HPeNCTABIGHUH, OTHOCHAIIHXCH'
K ¢yEromaM Muormx mepemenEwX. [Iyankape u Hyse gorasmsair He IOf-
ZaBaBIIYIOCHA MHOTOJOTHEM ycmnusam Beftepmirpacca reopeMy 0 TOM, 9T0 KarK-
Iyi0 YHKIHIO MHOTMX KOMIUIOKCHHX HepeMeEHHX, JOKAIBHO HB00ParKaeMylo
B BHJI@ YACTHOTO ABYX CTelleHEKX PAROB, MOKHO IPeACTABETH B BAJe JACTHOTO
AByX meanx PYHROmi (B3auMMHO npocTHX). lImkap m Apmens 3aKIafHBAIOT
Havaxa obmeit Teopnu abeneBHX PyHKmEA Kak 2p-liepuofEIeCKUX MepoMOpd—
HHX (yHEKOuUSi p KOMIUIeKCHHX nepemMeHHHX. IIpm atoM OHE HCHOAXBBYIOT
pesyabrati BupruHarepa o Tara-dyHKmEMAX MHOrHX nepeMeHHHX. Tak mpo-
HCXONHMT HAKOIUIPHM® MATEDHANA TeOPHM AHANMTEIECKHEX (YHKOIEE MHOrEX
mepeMeHHHIX, KOTOpas K cepefmae XX B. HAYAET 3aCIOHATH c000i KiaccHIe-
cKyi0 reopmio $yHKRmmA opunoro mepemenHoro. Ho mnsa aroro mocaemued
CYMIeHO ellle MOJroe M NIOROTBOPHOP PASBUTHE HA YTAX, Ha KOTOPHIX OCTAIOT-
cA TPYAHEe, He PeIIeHHE® N0 CHX I0p mpobiaemu, Bpofe npobiaemu PuMana
0 HyaAX A3aTa-QyHKOUE NIy MeHee IPOCAaBIeHHOR Hpo6aeMHu KoaPHAIHEHTOB-
B TEOPDUH OJHOJWCTHHIX (QYHKIHH.

Bosspamasch K KOHIY HPOIMIOT0 BeKa, OTMETHM BO3HMKHOBEHH® M Pa3-
Butze ¢ cepeausil 80-x romos o6meil TEOPWHE PANOB MHOTOYWIEHOB B BOOGIN®
panmoHanbHHX QYHKOUE, Hagaao KoTOPol GEIO monoeHo TeopemaMn PyHre,
a TAKKe TO NPOHMKHOBEHA® B MEXAHWSM DPABHOMEPHOH CXOOMMOCTH PAMNOB-
aHAJIMTHYeCKUX QyHKIME, KOTOPOe OTKPHIOCH B TeopeMe Crmiarbeca. MiMenuo
OTCIOla OyTh HMAET K HO3[HeHmeMy W3yYeHUI0 IPOCTPAHCTB aHAJNUTHIECKEX
dyBsRIAIL.

Ho namGonee APKAM BHPAKEHMEM JOCTIKeHME KJIACCHYSCKOH TOOPHH.
apanurgdecKux ¢yHrmuit B xoume XIX B. OnI0 MOKA3aTENBCTBO ACHMIITO-
TAYECKOT0 3aK0HA pacHpefeleHUs HPOCTHX YHCeN, DOAYIeHHO® ONHOBPEMEeH-
g0 ApaMapoM u ge aa Banmme-Ilyccenom. QHo crano BoamomHEM TOoTma Gia-
ropaps yraybnennoi# paspaborke Teopum meawXx GyHKO@, B KOTOpPOE mpH-
HAXE ocHOBHO® ydactue llyamkape, Apamap u Bopeas. Ilocnepnmit mogsen
HTOTH 370 paGoTH B MepBO MOHOTPAdHH, CHENHANBHO NOCBAMPGHHON MEIEM
¢yernuam; ona pwmna B ceer B 1900 r.
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