MockoBcku#t 'oCYAAPCTBEHHbLIH YHUBEPCUTET uM. M. B. JIoMOHOCOBA

HavuHo-HUccneEnoBATENLCKUIT MHCTUTYT ANEPHOM DuU3KKuU
uM. 1. B. CKOBEJIbUbIHA

H.T11. BOJIOBYEB, 10.A. KYBbILIWH

I[m])(])epeﬂunam;nasl reoMeTpus
H aareOpnl JIn
H HX NPUIOXKEHHS B TEOPHH NOJS

Onuropuan YPCC
Mocksa, 1998



Hrops I1asaosua Bonobyes, IOpnii Anexcannposny Ky6onimn.
JAuddepennnammnan reoMeTpus B anreOpnt JIH W AX DPRIOKEHHA B TEOPUH
ooy, M.: Dautopnan YPCC, 1998. — 224 c.

B KHHUre uanaraiotca OCHOBHI AHddepeHUHMANbHOH TeOMETpMHM M TEOpUM anredp
JIu, a TakXe OnUcaHWe TEOPHH KATMOpPOBOUYHBLIX NOJEH HA TEOMETPHUUECKOM $13blI-
Ke. B kauecTee npuyioXeHHil 3TOro annaparta oGCYXAAIOTCA pa3MepHas peayKuus
KanMOpOBOUYHLIX TEOPUil M 332343 CNOHTAHHOI KOMNAaKTU(DHUKALHHU.

KHHra paccuMTaHa Ha CTYIeHTOB CTaplUMX KypCOB, aCNMPAHTOB U HayUHbIX paboOTHH-~
KOB-MaTeMaTHKOB H (HDHU3HKOB-TEOPETHKOB.

4
Hacmoswee uzdanue ocywecmeneno npu unawncosoli
P 7 | noddepxcxe Poccuiickozo ghornda yndamenmansivix
dd uccnedosanui (npoexm Ne 97—02—30032)

I'pynna noarotoBKH M3gaHus:

JAupexmop — Jomuuro MapuH Pukoii

3amecmumenu dupexmopa — Hatansa Puroredora, Upuna Makeesa
Komnvromepnuiii duzaiin — Buktop Pomaunos, Bacunuii INMonoGen

Bepcmka — Hatanua Bekertosa, Jleonun Hocunesuu

Pedakmop — BuktopHs Mansiuienko

Obpabomxka mexcma u epaguxcu — Cetnana boupapenko, Hatanes ApuHuesa

Hanateasctso «dautopuan YPCCs. 113208, r. Mockea, ya. Yeprauosckas, a. 2/11, koM. npas.
Juuensus JIP Ne 064418 ot 24.01.96 r. MMoamHcaHo kx medvatH 28.08.98 r.

®opmar 70x 100/16. Tupax 1000 2k3. [Meu. a. 14. 3ak. Ne 311

Ortileyatato B AOOT «[ToanTex—4s. 129110, r. MockBa, b. IMepescaasckas, 46.

ISBN 5-901006—70—4 © MH.I1. BonoGyes, 1O. A. Kybbiunu, 1998
© 3autopuan YPCC, 1998



I1peaucaoBue

«Yuncras MatemaTukKa ¥ (U3MKa CTAHOBATCA CBA3aHHBIMK BCe TecHee,
XOTS UX METOAB M OCTaloTCA paznndHbIMKU. MoXHO ckasaTh, YTO MaTeMaTHUK
UrpaeTr B UIPY, B KOTOPOHl OH cam M300peraeT MpaBwia, B TO BpeMs KakK
¢usuk urpaect B urpy, npaswia kortopoil npemiaraer Ilpupoma, ogHako
C TeyeHHWeM BpEMEHH CTAHOBUTCA Bce Oollee O4YeBUIOHBIM, YTO MNpaBwia,
KOTOpble MaTeMaTHK HaxOOUT MHTEPECHBIMW, COBMAAAlOT C TEMH, KOTOpPbIE
nsbpana Ilpupona. TpymHo npenckasath, kakoB Oynmer pe3yabTaT BCEro
310ro. Bo3moxHo, oba MpeaMeTa B KOHLE KOHLIOB COABIOTCA, M Kaxpaas
ob1acTb YUCTO MaremMaTHKH OymeT uMeTh PU3ndecKre NPUIOKEHHUS, NIPpHYEM
MX BaXHOCThb B (DM3MKE CTaHET NpONoOpLMOHaNbHA MX HHTEPECHOCTH B
Marematuke.» Kaxercs, 4to 310 npopouectBo Iupaka D nayunaer cGbiBaThes,
no KpaitHeil Mepe B TOM, 4TO Kacaercs OupdepeHLNanbHOi ITeOMETPUH H
KaIMOPOBOYHbLIX TEOPUil MOJIA.

JIeHCTBUTEALHO, IKCMEPUMEHTANLHOE MONTBEPXKIEHUE EAUHOI TEOPUHU
aJieKTpocaabbix B3aumopeicTeuii BaitH6epra—Canama—Iauioy, B ocobeH-
HOCTH OTKPbITHE MPOMEXYTOUHbIX BEKTOPHBIX 0030HOB, ¥ yCEXH KBaHTOBOI
XpOMOIHHAMUKY, MO MEHbIUEH Mepe HENPOTHBOPEYHMBO ONMUCHIBAIOLHEN CHIIb-
Hble B3aWMONEHCTBUSA, JAIOT Cepbe3Hble OCHOBaHMs MNoOJiarath, YTO B OCHOBE
TEOPUH B3aMMOACHCTBUS DJIEMEHTAPHbLIX YaCTHLL JIEXKUT (DyHOaMEHTaNbHbIH
GU3HYECKHI NMPHHLIUI JOKaIbHOH KanuOpoBoYHOM MHBapHaHTHOCTH. OcHO-
BaHHasA Ha 3TOM NMPUHLMKIME CTAHOAPTHas MOJENb B3aUMOAEHCTBUHI aaeMeHTap-
HBIX YacTull, BKJTIOYalowiast B ce0a TeopHio 2eKTpocaadblx B3aUMONEHCTBUI
M KBaHTOBYI0 XPOMONMHaMWKy, B HacTosiliee BpPEMSl XOpPOILIO COIJIacyeTcs
MpPakKTHYECKH CO BCEMU HMEIOLHMMUCA IKCIEPUMEHTAAbHBIMH OJaHHBIMH, a
nocJiegoBaTeibHOE €ro MPUMEHEHHUE MO3BOJISIET BHIHTH 3a paMKH 3TOH Moneau
M CyIIECTBEHHO NMPOOBUHYTLCA Briepen B MporpaMMe o0beOMHEHUS BCEX BUIOB
B3aMMONEHCTBUI B OOHO YHUBEPCAJAbLHOE MyTEM MOCTPOCHMUS KaAHOPOBOUHBIX
TeOpUil BEIUKOro OObeIUHEHUA.

Pa3paboTaHHHIt K HacTositueMy BpEeMeHM armnapat KBaHTOBOH Teo-
PHMM MONSl, OCHOBAaHHBIA Ha TEOPUM BO3MYLIEHWI, B MPUHLMKMAE, JOCTATOYEH
I pacyeta (U3MYECKUX MPOLECCOB, KOTOphe HabmopaloTcs MM OyayT
HaOmionaTbess B ONuxaiiinee BpeMs B 3KCHEpPUMEHTax Mo (U3NKe BbICOKHX
3Hepruit. OnIHAKO XOPOLIO U3BECTHO, YTO KaJWOpPOBOUHBIE TEOPUM 00ManaloT
MHOTOYUCJIEHHBIMU CTPYKTYPaMH, IS U3yUEHHUs KOTOPBIX TpeOyeTcs BbIXom

Y P A M. Dirac. The relation between mathematics and physics. Proc. of the Royal Soc.
Edinburgh A. Vol. 59, (1938—1939), p. 122-129. Pycckwuii nepesoa B ¢6.: /1. A. M. Jlupax.
K co3nanuio kBantoBoii Teopuu nosisi. M.: Hayka, 1990. C. 245—-254.




4 IIpeaucionne

3a paMKy TeopuH BO3MylIeHURA. K HUM OTHOCATCS MHCTAHTOlHbIE ¥ MOHO-
NoJIbHbIE PEIICHUSA, CJI0XKHASA CTPYKTYpa BaKyyMa, TOMOJIOTHYECKHUE MOIEIHN U
moaenn Yepna—CaiimMoHca, — B 06wieM, BCe Te SBIEHUSA, TA€ NPOSABISAETCH
FeoMETPHUYECKass M TonoJsioruyeckas npupoda KaluGpoBOYHbIX TEOPHIA.

Kak M ciegoBasio 0XWIOATb, M3yyeHUE STOM CTOpPOHbl KanunbpoBou-
HbIX TeOopuil NoTpe6OBanO0 NPUMEHEHUSA HOBOrO amnmnapara, ¥ 0Kasajaoch, YTO
HeoOxonuMbIA MaTeMaTHUYECKMH anmapar yxe Obi1 paspaboTaH MJIM Haxo-
Auics B cTaauM pa3paborku. OCHOBHbIE YacTH 3TOrMO annapara BKIIOYAIoT
augpdepeHUnanbHYI0 TEOMETPHIO, B MEPBYIO OYepedb TEOPHIO PAaCcCIOEHHbIX
NPOCTPAHCTB M TEOPUIO CBA3HOCTEH, aire6panueckyio TOMOJOTUIO, TEOPHH
rpynn u anre6p Jln. eoMeTpu3auus KanuOGpPOBOUHBIX TEOPHH MPOM3OIILNA
BMNOJIHE €CTECTBEHHO M MO3BOJINJA, BO-MepBbiX, Oosee rIybOKO MOHATH yXe
usBecTHbie ¢akThl (kak, Hanpumep, HeoaHo3HauHocTH [pubosa), a Bo-
BTOpbIX, 0OHApYXHTb psiJi COBEPILIEHHO HOBBIX CBOMCTB M SIBIEHMH (CTPYKTYypa
BaKyyMa, CTPYKTYPa ApPOCTpPaHCTBAa MOAY/ieil MHCTAHTOHHbLIX peleHNiH, HHTep-
npetauusa Teopun doHanbacoHa—Pjoepa Kak TOMNOJOrMYECKON# KBAHTOBOH
TEOPHUH, HHBAPHAHTHbIE CBA3HOCTH U T. 1.).

Llenp HacToOsIIE# KHUTH, BO-NEPBLIX, MO3HAKOMUTb CTYAEHTOB, CNELN-
AJIM3NUPYIOLIUXCA NO TeopeTHdeckoi u3nke, U cneLuuanucToB, paboTaolmnx
B 3T0M obnacrtm, ¢ OCHOBaMU MaremaTHuyeckoro annapara auddepeHunanb-
HOW reoMeTpUM M TEOpUM KOHeuHoMepHbix anreop JIu. Tlo MHEHHIO MHOTUX
npernogaBaresiell YHUBEPCUTETOB, KOTOPOE Mbl BMNOJIHE pa3jensieM, OCHOBHbIE
CBEIEHUsI U3 3THUX pa3fe/ioB MaTEMaTHKHM yXe NaBHO JO/DKHBI ObliM Obl cTaTh
4acTbl0 00si3aTeNIbHBIX KYpCOB MO MaTeMaTHUYECKUM METOJaM COBPEMEHHOI
TeopeTHueckoi ¢pusnku. Tak kak Ha GonblinHcTBe hU3nuecknx GakynbTeTOB
nonobHbie Kypchl JIMGO OTCYTCTBYIOT, JWGO OrpaHHuUMBaIOTCA, MO-CyLUECTBY,
U3INOXEHHEM TEOPUN KOHeYHOMEPHbLIX Ipynn JIKW, npy HANMCaHUHM HACTosLIE i
KHUTH Mbl MOMNBITAAUCH YACTHYHO BOCNOMHUTL 3TOT npoben. Bo-Bropbix, —
¥ 3TO UMeEET MpSIMOE OTHOIIEHWE K OCHOBHOM TeM€ KHUIM — Mbl CTaBUM
UENbIO JaTh BBEJEHHE B reOMETPHUECKOE ONMUCAHUE KaaWOPOBOYHBLIX TEOPHH
Ha g3blKe pacCclO€HU U CBA3SHOCTEH.

Ilpn orbope matepuana Mbl He CTPEMWIMCb OXBaTUTb BCe OCHOBIible
KJlaccuyeckue pesynbtathl IuddepeHuvanbHoil reomerpun. B HacTosulee
BpEMSl [U1s1 3TOMO0 MMEIOTCA MHOTrO4YHUC/IAeHHble MOHorpadum U ydyeOHble Mo-
cobusi, HEKOTOpbIE U3 KOTOPbIX HAanUcaHbl crneyuansHo Wit Gu3nko. Mel
NOoCTapaauCh OYEPTUTb U SCHO M3INOXHTb TOT MMHMMYM, KOTODbIH Heobxo-
IUM 151 OCBOEHUS1 FE€OMETPHUUECKOro MoAxXoAa K OMMCaHUI0 KaTUOpPOBOYHbIX
Teopui. OBHOBpEMEHHO 3TO TOT MMHUMYM, KOTOPbIi MO3BOJSET OPUEHTHPO-
BaThCA MPH YTEHUU JuTepaTyphbl No AngdepeHunanbHOM reOMETPUHA Y TEOPHH
anre6p Jin.

CrpykTtypa KkHUrM cieayiowas. ['nasa 1 HocuT BBOOHbBIH xapakTep, B
Hel JaloTcsi OCHOBHLIE OMNpeldeeHUsa U NOHATHSA, BO3HUKAIOIIWE B KAUIMOPO-
BOYHBIX MOZRENSIX, a UMEHHO B 2JIEKTPOCIab0#i TeOpUH U B XPOMOIAMHAMMUKE.



IlpeaucioBne 5

I'nasul 2, 3 ¥ 5 coaepxar MmaTeMaTHUeCKHii MaTepran. [naBbl 2 U 3 nocesiue-
Hbl M3/I0XEHHIO OCHOBHBIX cBeAeHUM Mo auddepeHuMaNbHOH FEOMETPUH, B
I1aBe 5 M3NaraeTcsa KOpPHEBas CTPYKTypa KOHeYHOMepHbIX anredp JIv u teo-
pvs nuarpamm JIbIHKMHA mis noaynpoctbix anre6p Jlu. B octanbHble riaaBax
obcyxnalorcs npUMeHeHWs 3TOro MaTeMaTHYeCKOro arnapara B psiie 3aaad
TEOPHUM MOAA U rpaBUTALIMKU. B rase 4 u3naraetca reoMeTPHYECKUHA noaxod K
OMUCaHUIO KaNUOPOBOYHBIX TeopHii. B rnaBax 6 u 7 ob6cyxaaoTcs npuaoxe-
HYs TAKOro MNoAXoa K pelie HUIO 3a1a4 pa3MepHOH peayKuuu KaTMOpOBOYHBIX
nonei U cnoHtaHHoi koMnaktudpukauun. Buibop aTMX NpunoxeHUH mocra-
TOUHO CyOBEKTHBEH: aBTOpbl paboTany Ham THMU pobiemMaMH B TedeHUe
pana jet. B 1o xe BpeMsi 3T NpPUIOXEHUs, BO-MEPBLIX, MO3BOJAIOT Mpoae-
MOHCTpHUPOBaTh MHOTOYUCAEHHBIE MPEeUMYLIECTBA U MOLUb FEOMETPUYECKOTO
noaxona, a BO-BTOpbIX, OHM, Kak M cama moes Kanyust m Kne#Ha, co-
XPaHSAIOT CBOIO aKTYalbHOCTb NMPH MOCTPOEHWH Mojeael (dyHIaMeHTanbHbIX
B3aMMOIEHCTBHM.

B npesnaraemoit KHUre Mbl MOMbITAANUCh HANTH HEKHH MpoOMeXy-
TOYHBIM, MeXIy MaTeMaTH4ecKH CTPOrMM M MPUHATHIM B (U3KMKe, CTWIb
W3IJIOXEHUS, MTPY KOTOPOM CIOXHBIA Matepual MpenoJHOCUTCA B AOCTYMHOM
¢dopMme M cpa3dy Xe WUTIOCTPUpyETCa Mpumepamu. T1py 3ToM Mbl COXpaHseM
CTpOroctb B ofpeneieHnsax ¥ GopMyJaUpoBKax TEOpeM, HO A0Ka3aTeJbCTBA
TEOpeM MPUBOAATCA JIMIIL B TOM CJiyyae, Korga OHUW MOIyT OBITh U3oXe-
Hbl B SICHOM M KOpOTKOil (opMe 6e3 mpupiaedeHHs OONMbIIOrO KOAWYECTBa
JOMOJHUTEABHOTO MaTepHala WM KOrjJa OHM JEWCTBUTENBHO HEO6XOAMMBI
119 TOHUMaHUA MaTtepuala. B npoTMBHOM ciayyae Mbl OrpaHU4YMBaeMcs
NOsICHEHHWEM MAEH NOKa3aTeJbCTBA Ha XapakKTePHbIX MPHUMEpax WK MpOCTO
CCbLJIKAMU Ha KHWTH, TIE NPUBOISTCA COOTBETCTBYIOUINE NOKA3aTeNbCTBa. Pap
JIOCTaTOYHO MPOCTbIX MPOMEXYTOUHBIX BbIKJANOK, ONYLIEHHbIX B OCHOBHOM
TEKCTE KHHMIM, Mpemjiaraetcs MpoiesaTh B KA4e€CTBE 3a4ay M yNpaXHEHUH,
NOMEILEHHBIX B KOHLIE KHUIrH. U30paHHBIM CTHJIEM U3I0XEHUS 00BACHSAETCA
M BbIGOp (PU3NUYECKMX MPHIOXKEHHH, O KOTOPbIX Mbl yX€ TOBOPWUJIM BBIILE.
OHM cKopee HOCAT XapakTep WIIIOCTPUPYIOIIMX MPUMEPOB, a HE ABIAIOTCA
NocjaeqHUM CJIOBOM MpPUMEHEHHWsI MAaTEMATHUYECKUX METOJOB B KanubpoBou-
HbIX Teopusix. KHHUra comepXWT TakKXKe psaa MNPUIOXEHUH, Aelaloliux ee
[OCTaTOYHO 3aMKHYTOR. B HMX NMPUBOOATCA HEKOTOpbIE OMpeAc/eHUs U KpaT-
KHe CBeNEeHUs1, KOTOpbic He OoTHOcATCHA K AuddepeHunanbHONH reomMeTpun M
Teopuu anre6p JIn, HO UCMOB3YIOTCS B OCHOBHOM TEKCTE.

B 3HauuTesbHOM CBOE# 4YacTHM KHUIra OCHOBaHa Ha Kypce JIEKUHUi 1
ctyneHToB IV Kypca, yuTaBlIerocs aBTopaMy B TedeHHe ABYX JIeT Ha kadenpe
KBaHTOBOI CTaTUCTMKM M TeopHMM nons ¢usndeckoro ¢akyabrera MTIY.
ABTOpBHl OlarosapHbl BCeM CHAyIUATENsIM I3TUX JIEKUMHA, BOMPOCH KOTOPBIX
CcrnocobCTBOBANH YIYYIIEHUIO W3NOXEHH MaTepuania. Mbl Takxe GarogapHbt
l'epny Pymonbdy u XKyse Moypao, Hamum Apy3bsM U COaBTOpaM MHOTMX
Haumx crated, 3a MHOrNOYMC/AEHHBIE ACNOBbIE M MPUATHbIE OOCYXIEHUs



6 TlpensuciioBue

BOMPOCOB, HalUeQIIMX OTPak€HHe B KHUre. Mbl GiarogapHul pyKOBOACTBY
Otnena Teopetvdeckoi ¢usnku BbicoKUX 3Hepruit HUU anepHoit ¢usuku
MTY 3a nposBieHHOEe BHUMaHWe U MOMAEPXKY MpH paboTe Ham KHHUIO#K U ee
nsgauun. OonH u3 Hac (FO. K.) xoten 6bl BbIpasuTh 6rarogapHOCTb CBOEi
ceMbe 3a TO MOHUMAaIIWE, TEPMEHHE W MOPAIbHYIO MOMAEPXKY, KOTOPbIMH
CONMpoBOXJanach €ro pgoaras pabora Han 3ToM KHUroi. HakoHeu, Mbl
6naromapum Poccuiickuit ¢poHn yHmamenTaabHbIX HMCCAeA0BaHMi (TpaHT
97-02—30032) 3a pewatowyio GUHAHCOBYIO NOMLIACPKKY NPU HU3TAHUU KHHUTH,
6e3 KOoTopoi OHa HC MOIJa Obl YBUAETb CBCT.



I’ tTaBa 1

BBenenue

CoBpemeHHble UCCICIOBAHUA 1O TEOPHHU NOJISA PaCKpbIBAIOT Bee Hosee
CHJIbHYIO 3aBUCHMOCTb (PU3MYECKMX CBOWCTB MoOOENEd OT reOMeTPHYECKHX
1 TOMOJOTrHYECKHX CBOWMCTB MpocTpaHCTBa-BpeMeHn M. Takas 3aBUCMMOCTD
NMPOSABNAECTCA, HaMpUMEpP, MpH HU3YYEHUH CJOXHOH CTPYKTYpPbl BaKyyma B
HeabeneBbIx KaNMOPOBOUHBIX TEOPHUSX, MEXaHU3Ma MEpexosa Mexay BaKyyM-
amy ¥ 1.0. Ilpn 2TOM NpUXOAUTCA paccMaTpUBaTh MOJAA Ha MHOrooGpasmusix
C HETPUBHMANbHOM TOMoOJOTMEH (MpU aHanu3e MOHOMOJIEH U WHCTAHTOHOB
WY U3yyeHUN 3Boounu BceneHHoH) n/uan ¢ yucoM U3MEpPEHHUit GoJibiie
yeThipex (MpU W3yYyCHUH pasMEPHON peayKuWU U CMOHTAHHOW KoMmnakTHU-
Kauuu B Teopusax tnna Kanyusl—KueiiHa). Oka3biBaeTcs, 4TO A pellieHUA
nomoOHbIX 3anady Oosnee ymoOHbIM (M, Kak Mbl CUMTaeM, MaTeMaTH4YeCKH
6o/ee KpaCHUBBIM) SIBASICTCS FEOMETPUYECKUI MOAXON, KOTOPOMY [OCBSLICHA
rjaBa 4. DT0T NOAXOH KCMOJb3YET annapat oug¢epeHLNanbHON reOMETpHH,
M3NI0XKeHHBIA B riaBax 2 M 3. LieHTpanabHbIMU MOHATUAMM MIPH 3TOM ABAAIOTCH
IJJaBHOE pacCJIOEHUE U CBSI3HOCTb B HEM.

Kak mnpaBuio, nNpy BBeOEHMHM HOBBIX NMOHATHM KM HOBOro amnnapara
ISl ONUCAHHUS TEX WM MHBIX GU3NUECKNX SIBAEHUII BO3HMKAET €CTECTBEHHbI
BOMNPOC: ABASIOTCS JIW OHY NEACTBUTEIbHO HeoOXoquMbIMKU? OueHb 4acTo, Kak
¥ B HaLLIEM CJIyyae, OTBET OTPULIATENbHbIA B TOM CMBICJIE, YTO HET NPUKIIAAHBIX
(pacyeTHBIX) 3aaa4, KOTOpble HENb3s ObLIO Obl pelIUTb, HE UCMOJIbL3Ysl HOBbIE
meTtonbl. IIpermyuiecTsa reoMeTpUUYECKOTO NMOAXOAa CleaylouIue.

1) OH maeT ecTecTBEHHbIH M Haubolee aiEKBAaTHLIH A3bIK IS ONMUCAHUS
Ka1MOPOBOYHBIX TEOpPUH, TaK KakK OMNepUpyeT ¢ TaKUMH TOHSATHSIMM KakK
CBA3HOCTb, KPMBH3HAa M T.[., OpPraHW4YeCKH MNPUCYLIMMHU ITUM TEOPHUSM.
Tem cambiM Mbl MepexomUM K 6ojiee (pyHmaMeHTaNbHBIM MOHATHAM, YeM
BEKTOP-NOTEHLHAA Y HANpPSAXEHHOCTb B CTAHAAPTHOM MOJOXOAE, YTO B CBOIO
ouepenb MO3BOJSAET HOBblE HETPUBHAJbHble 00001IEHNs1 B TEOpUU. YA06GCTBO
HUCMOJIb30BAHUA FEOMETPHUUECKOTO A3blKa IIaBHbIX pACCIOCHUH MO CPABHEHMIO
CO CTaHJApTHbLIM B OMWCAHMM KANUOPOBOYHBIX TEOPHUIt MOXHO CpaBHHTb
C ynob6CcTBOM HCNOJb30OBAHUSI KOBAapUAHTHBIX TEH30PHbIX 00603HAUYEHUH MO
CpaBHEHUIO € paboTOil B KOMIIOHEHTAaX B 3JEKTpoAWHaMUKe Makcsesna,
'eoMETPUUECKHI A3bIK AAET BO3MOXHOCTb MEHbILE 3a00TUTBCA O TEXHUYECKHUX
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meTansix, a Oojbllie BHUMaHUA YAEASATb NEHCTBHUTEJbHO MNPUHLMUIUAIbHLIM
npobjaeMam.

2) T'eomeTpuuyeckMit noaxonm mnO3BOJSAET [MMPOBOOUTb pPacCMOTPEHUE
[J1I06a/IbHO, YTO BaXHO NMPH U3YYEHUM TOMOJOTUYECKUX CBOWMCTB TEOPUU.

UMeHHO OCHOBHbIE MIEW M METOAbl NeOMETPHUYECKOro noaxoja M
6yayT raBHbIM MpeaMeToM 00CyXIeHUs B cieaylowmux riaasax. OaHako npe-
XJae 4YeM MNepexoduTbh K HUM, Mbl HalMOMHWUM OCHOBHbIE (DaKTbl M3 TEOPUM
KanubpoBOUYHBIX MOJIE M KanuOpPOBOYHLIX MoOOENEH B3aMMOJECHCTBHH 3e-
MEHTapHbIX YacTHLl, BBEACM HeoOXooMMble OOO3HAYEHHUA U AAAUM OCHOBHbIE
onpeaeneHmns.

§ 1. IlpuHuMn JIOKaJIbHOH KaJHOPOBOYHO#MH
HHBapHAHTHOCTH ¥ noaAa fAnra—Munca

Xopolo U3BECTHO, YTO BEKTOP-MOTEHUHAN JIEKTPOMArHUTHOTO MOJA
onpejesieH ¢ TOYHOCTbIO 0 rPaAMeHTHOTO, WIN KaaubpoBoYHOro npeobpaso-

BaHUs
A, (x) — Au(z) + Bun(z). (1.1)

CMmbICn 3TOr0 npeotpa3oBaHUsl MPOSCHSAETCS B paMKaxX KJIaCCHYECKOH TeopHu
nosis. A MMEHHO, eC/I pPacCMOTpeTb B3aWMOAEHCTBHE 3IJIEKTPOMarHUTHOro
noJis C 3apsAXeHHLIM MOJIEM, KOTOPOE OMUCHIBAETCA KOMILIEKCHOMN MojeBoi
dyukuueit ¥(z), To npeobpazosaHua (1.1) obecrneynBaloT WHBAPUAHTHOCTD
JlarpaHXWaHa, a C1eoBaTeIbHO ¥ KOBAPUAHTHOCTb KJIACCHUYECKOro YpaBHEHUSA
nia ¥(z), OTHOCHUTENBHO JIOKaNbHbIX (ha3oBbIX MpeobpasoBaHuil ¥(x) —
eie”‘*)'Il(a:), rae MOCTOSSHHAas e WIpaeT pojb 3JeKTpuyeckoro 3apsga. Ilone
A,(x) npu 3TOM Bceraa BXOAMT B ypaBHEHUWE M JiarpaHxuaH B KOMOMHauuu
D,¥(z) = (3, — ied,)¥(x), xoTopas Mpu ¢a3oBbIX Npeodpa3oBaHUAX BEAET
cebs Tak xe, Kak nojie ¥(zx):

D, ¥(z) — (8, — ied, — ied,me " U(z) = "D, ¥ (). (1.2)

Uctounnkom xe mnonsa A,(z) ABISETCA COXPAHAIOWMACH HETEPOBCKUH
TOK ju(z), orBeyaolmi ¢a3oBbiM Mpeobpa3oBaHUsAM C HE 3aBUCSALUNMU
OT TO4YKM napametrpami. O606lIEHHE ITON KOHCTPYKUMM Ha ciydyail 6osee
CJIOXHOTO 3apsa0oBOr0 MPOCTPAHCTBa, B KOTOPOM 3afaHO [MpeAcTaBlIeHUe
HeabeneBoi rpynnbl CUMMETPHHM, HanpuMEp, MPOCTPAaHCTBA H30TOMHYECKO-
ro crnuHa, MPWBOAMT K HeaGeneBbIM KajMOPOBOYHBLIM MOJAM, WIH [OJSIM
Slira—Mwuica [IM] (cM. Takke o6uiyl0 TEOPUIO KaNHMOPOBOYHBIX MOAEH,
Hanpumep, B [CD], [BL]).

TlycTh B 3apsIoBOM MPOCTPaliCTBE NEMCTBYET MPEACTABIEHHE T HEKO-
Topoi## KomnakTHo# rpynnbl JIn G, KOTOpylo Mbl BydeM cYMTaThb MPOCTOM.
DTO MPEANOJOXEHUE HE ABIACTCA OTPAaHUYKUTEIbHBIM, TAK KaK MPOU3BOJIblias
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KoMnakTHas rpynna JIn ecTh npamMoe Mpou3BeAeHHUE KOHEYHOro yucaa Mpo-
CThIX KOMMakKTHbIX rpynn JIu m U(1)-rpynmn, u ee pacCMOTpEHUE CBOAUTCS
K PacCMOTPEHHUIO KaXAOr0 COMHOXHTENsl Mo OTAeAbHOCTH. Hns nanbHefi-
ero HaM HEOOXOAMMO BBECTH psAl 0003HAayeHW M MPHUBECTH HEKOTOpLIE
pe3ynbTaThl U3 TEOpUM KOMMAAKTHBIX rpynn Jiu.

O603HaunmM 4Yepes g anrebpy Jiu rpynnel G. Je#cTBue rpynnsl G
Ha camoe ceGs BHyTpeHHMMM aBTOMOppHIMamu h — ghg", g,h € G,
nopoxaaer aeicrsue G B JUHEHHOM MPOCTPaHCTBE g. 3TO mpeacTaBieHUe
Ha3bIBAETCS MPHUCOEIMHEHHbIM MpeAcTaBieHueM rpynnbl G, UM ecau 3Ta
Tpyrina n-napamMeTpuyeckas, TO OHO MOXET ObiTb peau30BAHO MaTpULAMH
n x n. CooTBeTcTBeHHO WU anrebpa JIn g peajlnsyercs m X n-MaTpuuUaMy,
npu 3ToM geiicTBue G CBOOMTCS K MaTPUYHOMY yMHoXenuio: X — gXg~',
Xeg,9g€q.

C noMouibio 3TOrO MPERCTABIEHHS B § MOXHO BBECTH (G-MHBapHaHT-
HYI0 CUMMeETpHUYHYIO 6unuHelnyio ¢opmy B(X,Y) = tr(XY) (koTopas or-
pHMLATENbLHO OfNpeaeneHa), a Takxke 6asuc revepatopoB {X,}, a=1,2,...,n,
HOpMUpOBaHHbIX ycioBueM tr(X,X,) = —26,,. D710T Gasuc obnagaer TeMm
CBOWCTBOM, 4YTO B HEM CTPYKTYPHBIE KOHCTaHTbI B KOMMYTaLUHWOHHBIX COOT-
Howenusx [X,, X;] = C,‘bed MIOJIHOCTBIO aHTUCHMMETPUYHBI (CM. . 5, § 2).
Hanpumep, B cayyae anrebpsl Jlu rpynnbl SU(2) Takue reHepatopsl CyTh
3 x 3-MaTpHubl ¢ KOMMOHEHTAMHU (Xg)iy = —€4r1, @ KOMMYTAUMOHHBIE COOT-
HOLUEHHUS UMEIOT BUL

[Xa’ Xb] = Eachc- (13)

3anaumne npeactasieHus T rpynnbl G B 3apsOoBOM NMPOCTPAHCTBE O3HAYaerT,
4yTO MM Moboro anemeHTa g € G ornpeReneHo npeobpa3oBaHUe NOAA

¥(z) — r(g9)¥(z), (1.4)

npuYeM MaTpulbl T(g) yAOBIETBOPSIOT YCJIOBUIO T(9192) = 7(g:)7(g2).

Mbl nonaraeM, u4to rpymna G ssasercs (mnobanbHoi) rpynnoii
CHMMETDUU TEOPUHM, T.€. JlarpaHXuaH mnons matepun 7;(¥(z),d,¥(x))
WHBapHaHTEH OTHOCHTENbHO Npeobpasosanuit (1.4). TTo Teopeme Herep a10¥
CHMMETPHUM OTBEYAIOT COXPAHAIOHIUECS TOKU j,‘,'(a:), a=12 ... n.

JlokanbHble npeobpasoBanus nojei W(zx), aHaJOTMYHbIE JOKATbHbBIM
¢a3oBbLIM MPe0OPa3OBAHUAM B INEKTPOAMHAMUKE, UMEIOT BUJ,

¥(z) — r(g(z))¥(). (1.5)

OueBunHo, narpaHxmnan Z;(¥,8,¥) yxe He GyIeT MHBapUaHTEH OTHOCH-
TEJIbHO TaKUX MpeoOpa3oBaHUM, TaK KaK BXOAslLIME B HEro MPOU3BORAHbIE
nons ¥(zx) npeobpasyoTcss HEOQHOPOAHO:

8,¥(z) — r(g9(z)) (8,, + r(g(z)"'&,,g(z))) ¥(z). (1.6)
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dna koMneHcauu¥ HEOZHOPOAHOIO WieHa B MPOU3BOIHYIO HYXHO BBECTH
BEKTOpHOE nosie A,(z) = A;‘,(:::)X,, co 3HadeHusAMU B anrebpe JIn g, kotopoe
npu npeo6pasosanunx (1.5) npeobpasyercs Tak:

Au(T) — g(2) A, (2)g(@) " + g(2)B,u9(z) . (1.7)

B atom cnyyae ymwimHeHnas npoussonHas D,¥(z) = (8, + 7(A,))¥(z)
npeobpa3syercs, Kak U noje ¥(x), oBTHOPOIHO

D,¥(z) — r(g9(z))D,¥(x) (1.8)

Y NMO3TOMY Ha3bIBaE€TCS KOBAPHAHTHOM NPOM3BOXHOM.

Beenenue B3aumomeicTBMa C nofeM A,(T) Hepes KOBapHaHTHYIO
NPOU3BOAHYIO NPUBOAUT K TOMY, YTO NOJIeBble KOHPUTYPAUNH {\Il(:z:),A,,(a:)}
n {r(g(:z:))\Il(a:),g(a:)A,, (x)g(z)™" +g(:z:)3,,g(:z:)"} 0Ka3bIBalOTCA (PUINUECKH
3KBUBANEHTHBIMH, T.€. OMUCBLIBAIOT OAHY M Ty Xe (U3MYECKYID CHTyauHio.
Knaccel ¢u3nuecky 3KBUBANEHTHbIX KOHGUIypauui SBISIOTCA OpBUTaMU
KannbpoBoOuUIIO# Tpynnbi.

Yr1o6bl pabotath ¢ knaccaMM KOHGpUrypauuid, HYXHO YMeTb BbI-
6uparb B 3THX Kiaccax npeactaButeteil. Jna 2T0r0 Ha nons HanaralOT
IOTMONHUTENIbHbIE YCIOBHS, YCTPAHAIOUINE KATUOPOBOUHBIA MPOU3BOJ; BLIGOD
IOTMOJTHUTENbHOTO YCJIOBUS Ha3biBaeTcs BblGOpoM Kannbposku. Hanpumep,
ycnosue 0% A,(x) = 0 HasbiBaeTcs JlopeHLEBOH KanuGpoBkoi. TTo aHano-
TMH CO CAy4yaeM 3JIeKTPOMAarHUTHOIO Nojsa mis HeabGeneBbix KalMOPOBOYHbLIX
nojieil MOXHO MOCTPOUTb TEH30D HANPSAXEHHOCTH

F"y(z) = a"Ay - a,,A,‘ + [A",Ay], (1.9)
KOTOpBIi Npu npeodpasoBaHusx noa (1.7) npeobpasyeTcs 0OZHOPOAHO
F(z) — g(@)F, (z)g(z)”". (1.10)

EnuHcTBEeHHBIM pa3yMHbIM (M, KaK Mbl yBHAMM B [J. 4, eCTeCTBEHHBIM)
00001eHeM JlarpaHXHUaHa 3JIEKTPOMAarHUTHOTO MOJIS Ha C/iydyail HeaGeJsieBbIX
KanMOPOBOYHBIX MOJIEH sBASIETCA JarpaHXHUaH

I
7= 57 tr(F,, F*") + 77(¥, D, W), (1.11)

KOTOpbIii UHBApUAHTEH OTHOCHUTEJILHO JIOKATbHbIX KaAWOGPOBOYHBIX NMpeodpa-
3oBanuit (1.5), (1.7). Bxoasuias B HEro BeJIMUMHA ¢ HA3bIBAETCH KATMOpPOBOY-
HOM KOHCTaHTO# CBA3M.

B narpanxnatne (1.11) kainbpoBoyHOE MOJIE B3STO B reOMETPHUYECKOMN
HopMHpoBKe. B ¢n3anueckux moaenax obbIYHO MCNONb3YETCS Apyrasi HOpMH-
POBKa, aHaJIOrM4YHAas HOPMHUPOBKE JIEKTPOMarHuTHOro nois B popmyne (1.2).
Hna nepexoga K 3T0H HOPMMPOBKE U3 1ojis A,(Z) HYXHO BbLIENTUTb KOH-
CTaHTy g, T.€. B JlaTPaHXHAaHE HYXHO chenath 3aMeny A,(z) — gA.(T).
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Ipu Ttakoit 3ameHe g2 B 3HaMeHarteJie «CBOOOAHOIO» JarpaHXHaHa Ka-
JINOPOBOYHOTO TI1OJII MCYE3HET, HO KOHCTAHTa CBSI3M IIOSIBUTCS B TeH30pe
HanpsixeHHoct™™ F,, = 0,A, — 0, A, + g[A,, A,] N B KOBAPHAHTHON NpPOHU3-
BoaHoi D, = O, + gA,. OTMETHM €llle, YTO €CAM TEH30P HaMNPSXEHHOCTH
pazioxutb no reHepatopaM {X,}, tr(X,X,) = —26,, TO «CBOGOAHbIH»
JlarpaHXHWaH KaJuOpOBOYHOTrO MOJIsSI 3alMILIETCSl B BUAE

7= _ L e g,

BapbupoBanveM oTBevalolliero jJarpaHxuany (1.11) geiicreus no nomawo
A, (z) nonyyaiorcs ypaBHennst lnra—Mwuica

D,F" = 8,F" +[4,,F"] = j*(z), (1.12)

roe j“(x) — HeTepoBckMi Tok nosis W(x), OTBevyaloOlIMii TOGATbHBIM
npeobpazoBaHuaM (1.4). U3 (1.12) cnenyer, 4yro npy B3aUMOAEWCTBUHU TMO-
13 ¥(z) ¢ KaTMOGPOBOYHBIM NOJIEM COXPaHAETCA He TOK 7,(Z), a KoMOHHaLuUs
Ju(x) +[AY, F,,]. Taknm 06pa3oM, HCTOYHHKOM Heabenesa KaaubpoBoyHOro
nosis A,(T) ABASETCS HE TONAbKO ToK Mojig ¥(z) (kak ObUIO B 3€KTpo-
JIMHAMHKKe), HO M OHO CaMO, YTO OTpaxaeT HEJTMHEWHOCTb «CBOGOAHOrO»
JlarpaHXxuaHa 3TOro nojs.

§ 2. KainOpoBouHbie TCOPHHA B3aUMOJECHCTBHMH
3JIEMEHTAPHBIX YaCTHII

INo-BuaMoMy, U3 HeabesieBbiX KAIMOPOBOYHbBIX TEOPUiIt HAMOOIBLINIA
ycriex BbiaJl Ha OOMI0 €OWHON TEOpHM 3NEKTPOCNabbiX B3aMMOAECHCTBHIA,
cosnanHoit C. BaitnbGeprom [Ba] u A.Canamom [Ca] B koHue 60-x romos
(cM. M3ToXeHHe TeopHH, HanpuMep, B [BT], [YJI]). DT1a Teopus ocHoBaHa Ha
KanubposoyHoit rpynne SU(2) x U(l), 1 HMXe MBl IOCTaTOYHO NoaApobGHO
OIHIIIEM €€ KAJTUOpOBOYHBIA M XMITCOBCKHMM CEKTOpbI, a TakKXe CeKTop
¢depMHOHOB NEPBOTO NOKOJIEHUS.

IycTh e 0603HavaeT nojie (OTPULIATENLHO 3apSIXXEHHOTO) JIEKTPOHa,
a v, — noae HeiTpuHo. O6bENMHNM JieBble HEHTPHUHO M 3JIEKTPOH B AyOner,
a MpaBbli 3J1EKTPOH OCTABUM CHHIJIETOM:

| |
Le:5(1+75) (%), 6325(1—75)& (1.13)
Takoi BbIOOp MYJbTHUIUIETOB OOBACHSETCA TEM, UYTO B C/abbiX B3au-
MOIeHCTBUSIX HapylllaeTcsl YETHOCTb, U NpaBo€ HEWTPHUHO IKCNEPUMEHTAIBHO
He Habnlonaercs. ,
I'pynna SU(2) neitictByer Ha Aybner JeBHIX 4acTHL, (M MO3TOMY
ee Ttakke ob6o3HayaioT SU(2)); ee reHeparopbl € KOMMYTalHOHHBIMU
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cooTHoLIeHUsAMHK (1.3) B 3TOM npeacTaBieHNMH BbIpAaXalOTCsl Yepe3 MaTpHULibl
Maymn {7,}: r(X,) = —i-ga—. IMosTtoMy npeobpaszoBaHue noass L, MOXHO
3afMcaTh B BUAE

L, — exp (—z‘gfz‘ig“) L.. (1.14)

Kak obbiyHO, cBsizanHoe ¢ SU(2); KBaHTOBOE YMCIO ecTb COGCTBEHHOE
3HaYeHHe oneparopa T73.

O603HayYUM yepe3 Y KBaHTOBOE YMCJIO, CBA3aHHoe ¢ rpynnoit U(1)-
npeobpa3oBaHuii, ¥ NoTpedyem, YTOObI INEKTPUUECKUHN 3apsii ¢ BbipaXaics
yepe3 Hero no dopmyne

q=73+vy. (1.15)

|
OueBuaHo, ans L, Mbl MMeeM y = ~7 a ana eg — Yy = —1, MOCKOJIbKY
IUISI Hero coOCTBEHHOE 3HayeHMe 73 paBHO HyJIo. B coorBeTcTBMM C 3THM
U (1)-npeobpa3oBaHus nosieit MMEIOT BUA

r

L. — exp (—i ‘% 1}) L., er— exp(—ig'n)er. (1.16)

AHaJIOTMYHO, IS NoNel KBapKoB 4 M d, KOTOpbie Mbl 0003HaYaeM TEMH Xe
6ykBaMH, MOXHO OMNpeae/INTh CAeAYIOlUIHe COCTOSIHUS

, 5 (/1
Lq_§(1+7)(d), (1.17a)
1 b 1 S
uRzi(l—'y)u, dR:-‘i(l—’Y)d, (1176)
) ] 2
MPpHUYEM IaA TI0JIEN JIEBBIX KBAapKOB Yy = g, sl up UMECM @ = y= '5, a ons

1
dp —q=9y= -3 TMoatomy SU(2) x U (1)-npeobpa3oBaHus Mg 3THX nosiei
BLIMISIAAT TaK:

I3
L, — exp (—ig Tig“) exp z'g—n) L, (1.18a)
2 6
.2g' g
%R — exp zTn uUr, dr —exp —z?n dg. (1.186)

Accouuupys ¢ npeobpasosannsimu (1.14), (1.16) u (1.18) neabeneso
kanubposouHoe none W,(x) = W,,“(a:)X,, CcO 3HaueHUssMH B anredpe JIn
rpynnbl SU(2) n abeneBo kanubpopouHoe noje Y,(r), Mbl MOXeM cTaH-
JapTHbIM 00pa3oM MOCTPOMTL KAIMOPOBOYHO HMHBAPHMAHTHHIM JlarpaHXHaH,
OIUCLIBAIOINIA B3aUMOOEHCTBUE ITUX NOJIEH C MOJSMHU JIEITOHOB U KBapKOB: '

T = T+ T+ L+ P, (1.19)
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rae
_ I
HYw = § tl'(G,“,G‘w), Gm/ = a;‘Wv - avW;t +g[W;an]7 (1.20a)
1
Ly = =2 Yu¥™, Y =0,Y,-0, (1.206)

. !

W+ '—29—1/,,) L. +iepy" (B, +ig'Y,)er, (1.208)

_ T, !
Ty =iL" (a,, —igtwe - i‘%Y,,) Lo+

!

24’ )
iy (a,, _i TgY,,) ug +idgy” (a,, + i%Y,,) dg, (1.20r)

Y B JlarpaHxuaHe pins kBapkos (1.20r) B BbipaxeHusix BUaa §( )¢ noapasyme-
3

BaeTCsi CYMMHPOBaHHe 110 LIBETOBBIM MHAEKCAM, T. €. D §i( )gi. OTMeTuM ewe,
i=1
4YTO BO BceX popMyiax KaanbpoBOUHble NOAA B3STbl B (PU3NYECKOH HOPMH-
pOBKE, UTO corjlacyeTcsi ¢ BUAOM npeobpasoBanuii (1.14), (1.16) n (1.18).
Bce nosns, Bxoasuwe B narpanxuan (1.19), umelor Hysesylo macey. bo-
Jiee TOro, MaccoBble WieHbl 1s pepMuonoB, nmetowme Bug m(fr fr+ frfr),
OKa3blBalOTCA 3afpelleHHbIMM TpeboBaHHEM WHBApPUAHTHOCTH OTHOCHTENbHO
kanubposounbix npeobpasosannil (1.14), (1.16), (1.18). TToaToMy HeHyJeBHIE
Macchl ¢epMHOHBI MOTYT TPHODPECTH, Hanpumep, 3a cyeT 3dgekTa XMIT-
ca [Xu], T.e. 3a cyeT B3aMMONEHCTBUSI CO CKAUIAPHBLIM [OJEM, HUMEIOLLIUM
HEHyJieBoe BakyyMHoe cpegHee (cM. Takke . 4, §7). Tlpu 3TOoM BCce Bek-
TOPHbIE MO, KpoMe nosig QoToHa, ToXe NMPUOBpeTalnT Maccy, T.e. rpyina
SU((2) x U(1) wnapywaerca go rpynnbl U(1)e,, MOpPOXOaeMoil oneparo-
poM ¢ (1.15). OTo 3HAYUT, YTO HEHYJIeBOe BaKyyMHOE CpefiHee JOIXKHO UMETh
NOJle C HYyJIeBbIM JJIEKTPUUYECKMM 3apsiioM. Takasi KapTHHa CIOHTaHHOIo
HapylIeHHSI CUMMETPHUM HMMEET MECTO B C/lyyae KOMILIEKCHOIO CKaJisipHO-
ro nonas ¢, npeoGpasylouierocsi nMO CIMHOPHOMY TMpPeACTaBA€HHUIO TPYIIIbI
SU (2); » nMeiowiero 3apsn y = % JpyruMy cloBaMH, NPH KaJUGPOBOYHbBIX
npeobpasoBaHHsAX NoNie ¢ BeleT cebs Tak:

% — exp (—iy % 6“(-7:)) exp (i % n(m)) p. (1.21a)

OnpenennM Takxe 3apsiiOBO COMpPSIXEHHbI AybneT @ = iTyp*, KoTOpbIi
npeodpa3yeTcs cieayloliuM obpa3om:

P — exp (—ig ~T-25 6“(3)) exp (—i % n(-'c)) P. (1.216)
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Kann6poBouHo HHBapMaHTHbII JJarpaHXHaH, ONMUCHIBAIOLIYI B3aUMOAENCTBHE
nonsi ¢ ¢ nonamu W, m Y,, a Takke camMoneicTBME YETBEPTOH CTEMeHH,

MMeEET BUA
) . T, . ig, 2 + '02 2
../¢= 3,,<p—zg-2—W,,<p—7Y,,<p -A 2] (p—? . (122)

KanubpoBouHo HHBapHaHTHOE B3auMoacicTBHe nons ¢ ¢ ¢depMHOHAMHU
MOXHO 3aMucaTh Tak:

3 = -T {(Lep)er + Er(¢p* L)} — Tu {(LeP)ur + 8r(@ Ly)} —
—Ta {(Lep)dr +drlp*Ly)}.  (1.23)
Takum obpa3oM, MOJHbIM JJarpaHXHaH TEOPHUH eCTb
F =T+ Ty + Lo+ T+ T+ S5 (1.24)

3aMeTUM pasiee, YTO KaJMOPOBOYHBIM Npeobpa3oBaHMEM MNoJe ( BCerda
MOXHO NMpPHBECTH K BHAY

: .
<p=ﬁ(2), Imo = 0. (1.25)

1
MHOXHUTeNb — BbiAeNeH JAsi TOro, 4tobbl M3 (1.22) mid noasi o noayyancs

V2

KaHOHUYECKHI1 KHHETHYECKH WIeH HEMTPATbHOTO CKaJISIpDHOTO MOJS.

310 none, B COOTBETCTBUH C BHAOM €T0 NOTEHUMaNa caModeiCcTBHA,
MMEET HeHy/NeBOE BaKyyMHOe cpeaHee (0) = v, MHMHHMMHU3MpYlollee 3TOT
MOTEHLIHAJ.

Boigenss 3To BakyyMHOe cpenHee, T.e. 3aMensasi B (1.25) o —
v + 0, NOAyyuM JarpaHxuaH moaenu BaiinGepra—CanamMa B yHMTapHOM
KannbpoBke.

B pe3ynbrate 3T0i1 NOACTAHOBKH Y BCEX NOJEH MOSBIAIOTCA MacCOBble
yjeHbl. B cifydyae BEKTOPHBIX NoJieit OHX UMEIOT BHUJ

%2 (g’ (W,f)2 +g° (W,f)2 + (gW,f - g'Y,,)z) : (1.26)

JnaroHann3aums 31oi KBaapaTHUHOM POPMbI MPUBOAMT K CJIESAYIOUIMM NOJIM
C onpeaeieHHbIMH MacCaMH:
3apsxeHHble oA
14 12
W, +:iW gv
F_"n B —
W, = —+ , Mgy =

3 > (1.27)

HeitrpanbHble nons

A, = cosOpY, +sinbyW,, my,=0, (1.28a)
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]

Z, = —sinOyY, + cosOy W), mz= ; (g2 +g'2) (1.286)
roe napamerp Oy, Ha3biBaeMblil yrioM cnaGoro cCMellMBaHUsS WK YIJIOM
Baitnbepra, onpeaensercs cooTHolLieHHeM tgdy = g'/g.

Besmaccosoe none A,, OY€BMAHO, CleAyeT OTOXAECTBUTDb C NNEKTPO-
MarHUTHBIM T1OJIEM.
MaccoBbie WieHbl W11 (PEpMMOHOB OKa3biBAlOTCS  CleAYIOLMMH

(f =e,u,d)

— — v — I‘f'v
~-T + — =-myff, m;=—r. (1.29)
s (Frfr + fufr) 7 12k 1=
Haxoneu, mist Maccht noisi ¢ HaXoauM
m, = 2A\v’. (1.30)
Beeaem B paccMoTpeHMe (epMHOHHBIE TOKH
2 1 -
Ju=8eyne+ 3 Uy, u — 3 dvy,d, (1.31a),
Ja=Levym’Le + Ly, T’ Ly, (1.316),
Ji = LeYum¥Le + Ly, 77 L. (1.318)

Yepe3 HUX yAoOHO 3anucaTbh B3auMojaelcTeue (PEpMHOHOB C BEKTOPHBIMH
NOJAMH, K KOTOPOMY NPHUBOAUT JarpaHxuaH (1.24):

!
Y= e s W o ) ¢
Vo+g’
i
!
(9+9°) (o,
+ 5 (J',, — 2sin BWj,,) zZF.  (1.32)

O‘leBlflﬂ.HO, MEPBOC CaracMoO€ OMNMUCBHIBACT IJCKTPOMArHUTHLIC B3aM-
MOAEHCTBUA JIENTOHOB M KBAapKOB, MOJITOMY Uil JJEKTpHUYECCKOro 3apsana e
HMEEM

'
99 _ =gsinfy = g' cos Oy . (1.33)

Ve +9°

Bropoe ciaraemoe onuchiBaeT cinaboe B3aMmoneicTeue (HEepMHOHOB uepes
3apsiXeHHble TOKHM, M M3 Hero nojyyaercsl ciedylolliee BbIpaXeHHe sl
KoHcTaHThl Pepmu Gp:

e=

Gr_ &

V3 = (1.34)
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TpeTunit uneH NpUBOAUT K ciaboMy B3auMoaeUcTBUIO PepMUOHOB Yepe3 Heill-
TpajibHbIE TOKH, OTKDbITHE KOTOPLIX SIBUIOCH NEPBbLIM 3KCNEPUMEHTAIBHBIM
noareepxaeHueM Mogenad BaitH6epra—Canama.

OcTaHOBMMCSI KpaTKO Ha MOOM(UKALIMK MOAEIU MPH PacCMOTPEHHH
BCEX TPEX M3BECTHBLIX MOKOJeHHI depMHOHOB. SICHO, YTO KaTMGPOBOYHBIH U
XMITCOBCKHI1 CEKTOpHl OCTaHYTCSI HeM3MeHHbIMHU. K sarpaHXxuaHy noGaBsitcs
ynenbl Bupa (1.208) uau (1.20r) ana Kaxaoro AOMNOJHUTENLHOrO THIA
dbepMHOHOB, KOTOpHIE MPHUBEAYT K MOSIRIEHHUIO JOMOJHHUTENbHbIX BKJIANOB
B 3apsiXEHHblE M HeUTpaJibHble TOKH, HMEIOLIMX TY Xe€ CTPYKTypy, 4TO
n (1.31). CyuiectBeHHbie U3MEHEHMS] NPOU30HAYT ToJNbKO B dopmyne (1.23),
OonucHBalouiei B3auMoneiicTere pepMHUOHOB C NoJeM XHUITca: B Hell NosBITCS
MaTpHLbl, epeMelliMBaloline JeNTOHB U KBapKH OAMHAKOBOro 3apsiga. [1pu
IMaroHaIN3alMMU 3THUX MaTpULl U MEPEXONE K COCTOSAHMSIM C OMnpeleseHHOI
Maccoil Npon3oiaeT n3MeHeHHe Ha3UCHBIX NOJeid. BTO U3MEHEHHE NMPUBEAET K
MOARIEHMIO B 3aPSIKEHHBIX TOKAX MaTPHLIbl CMELIMBaHHWSA, Ha3biBAEMOH TaKXe
Marpuuei Kobassmiu—Mackasbl. HedTpasibible Xe TOKM M B3aMMOAEHCTBUSA
¢ noseM XUIrca ocTaHyTCS AHAroHajJlbHBIMH U B 3TOM Da3suce.

OnucanHas MofAelib C TpeMsl NOKOJEHUSIMH (PEpMHUOHOB OOBIYHO Ha-
3bIBae€TCA CTAHOApTHOW MOAENbIO 3JMEKTpOocnabbix B3aumoaeicTBuil. Bax-
HOW YepToi 3TOM MomeJH SBJISAETCA OTCYTCTBHE I[IPH ee KBAaHTOBaHHH
75-aHomanm“4, T.€. OHa MnpeacrapisieT coOOi MepeHOPMHUDPYEMYIO TEOPHIO.
Ee npenckasanusi Xopolluo MOATBEPXKAAIOTCS TPEeMs pa3NMyHLIMM THIAMH
3KCMEPUMEHTOB. HEUTPUHHBIMH 3KCIIEPUMEHTAMHU C HENTPaJIbHbIMU TOKaMHU,
MHTEppEPEHUMOHHBIMH 3KCHEPUMEHTAMH B TIyDOKO HEYNPYroM paccessHMH
3apAXeHHbIX JIENTOHOB M NMPAMbBIM poxaeHHeM W - U Z-6030H0B. DKCNepH-
MEHTaJIbHOE 3HayeHHue yria Baitnbepra, M3piieyeHHOE M3 pe3yabTaTOB 3THX
IKCMEPUMEHTOB, B HAacTosILIEE BPeMs ecTb (sin’ O )P = 0.2315 + 0.0022.

ObparnMcsa Tenepb K KalUOPOBOYHON TeOpUM CHJIbHBIX B3aUMOIEH-
crBuil. Kak Mbl yXe oTMeYaiM, KaXIbld THI (MJIM apoMaT) KBapKOB MOXET
CYLIEeCTBOBaTh B TPEX pa3HOBUAHOCTSIX, OTIMYAIOLIUXCS LIBETOM — KBaHTOBHIM
YUCIOM, M3 (PEpMUOHOB MPUCYLIMM TOJbKO KBapKaM M OTCYTCTBYIOLIMM Yy
JenToHoB. B npocrpancTee uBeToB AeiicTByeT rpynna SU(3).

TpeboBaHMe HWHBApHAHTHOCTH TEOPHUU OTHOCHTENBHO JIOKAIbHbIX
SU(3)-npeo6pa3oBaHnii NPUBOAUT K TMNOSIBJIEHHUIO LBETHOro noas SHra—
Mwuica, WiM noas rJIIOOHOB, 3a cYeT oOMeHa KOTOPBIMH OCYLIECTBISIETCS
B3aMMOIENCTBUE MeXOy KBapkamMH. [IOOHBI 0Opa3yloT LBETOBOI OKTET M
HeMTpaNbHbl 110 OTHOLIEHHIO K apomaTtaM. Cummetpua SU(3)° npeanonara-
€TCA TOYHOM, T.e. MoJie [NIIOOHOB ocTaeTcs Oe3MaccoBbIM. TakMM ob6pa3oM,
JJarpaHXHaH 3TON TEOpUH UMEET BUI

I
7 =g (FuF"™) + i @7 (8, +gr(4,) — m) g, (1.35)
k

ra€ CyMMHUpOBaHHUE BEICTCS O KBApKaM pa3/IMYHbIX apOMaToOB.
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IlocTpoenHasl Ha OCHOBE 3TOrO JlarpaHXWaHa KBaHTOBasi TeOpPHUS NOJIs
Ha3blBaeTCs KBAHTOBOM XpOMOAMHaMHKOH. Ee maBHOM OT/IMUMTENbHOU 4Yep-
TOM sIBsETCA aCUMNTOTHYecKas cobona [I'B, Xo], T.e. ctpemienue adpdex-
TUBHOW KOHCTaHTbl CBSI3U K HYJIO MPU CTPEMJIEHUHU MNepeJaHHbIX UMIYILCOB
K beckoHeyHOCTH. KauecTBeHHO 3TO O3HayaeT, YTO B3aMMOAEHCTBUE KBapKOB,
COCTARJISIIOILMX aAPOHbI, CTPEMHUTCA K HYII0O Ha MajbiX pacCTOsIHUSIX. Psan
MccliefoBaHM aeT yKa3aHMsl Ha TO, YTO Py MaJibiX nepedaHHbIX UMIYAbCax
3¢pdeKTHBHasH KOHCTaHTa CBAA3M HEOrpaHMYEHHO BO3pPacTaeT, CJel0BaTeJbHO
B3aMMOJIEMCTBHE KBAapKOB HEOTPaHMYEHHO BO3pacTaeT C yBEJHUYEHHEM pac-
croauus. BcreacTBue 3TOro Hecyuive LBETOBOM 3apsii YacTULbI HE MOTYT
pa3oiTUCh Ha MaKpOCKOMHWYECKHE DPACCTOSIHMA, .T.e. HabilogaeMblii CHeKTp
apOHOB TMOPOXAAIOT TONbKO OecuBETHbIC cocTogHusa. OTMeTHM B 3aKiloye-
HHUe, YTO pe3yJbTaTbl IKCIIEPUMEHTOB MO TIyOOKO-HEYNnpyroMy paccestulio
JIENTOHOB Ha aApOHaxX, aZPOHHBIM CTOJKHOBEHHSIM NpPH BBICOKMX DHEPrusx
M Op. naloT ybeauTesibHBlE KOJMMYeCTBEHHbIE NMOATBEPXAEHHUS MPaBUJIbHOCTH
KBAaHTOBOH XpPOMOIMHAMMKH KaK TEOPHH, ONUCHIBAIOLIEH CHAbHbIE B3HMONCH-
CTBUSI (KpaTKOE M3NOXEHHE ITHX BOMPOCOB M JANbHEMLIME CChUTKH MOXHO
HaiiTu, nanpumep, B ob3ope “Review of Particle Physics”, Phis. Rev. D54,

Ne 1 (1996)).

§ 3. T'eomeTpHyecKas HHTEpNpETALUA
KaJIHOPOBOYHBIX NOJEH

B 3akiioueHue 3Toil IIaBhl CKaXeM €lle HECKOJbKO CJIOB O Teo-
METPHUYECKOM CMbIC/IE KaTMOPOBOUHbLIX Mosieil. [lnasi 3TOro BBEAEM MOHATHE
napajutesbHOro nepenoca noasi ¥(x) Boonb KOHTypa.

HUTak, nycTb Y ecTb KOHTYpP B IpOCTPaHCTBE-BPEMEHH, 3aJaHHbIH
ypaBHenueM z* = z#(t). BextopHoe none X ¢ KOMIIOHEHTaMH

dz*

3 (1.36)

Xt =
ABIAETCSA KacaTeJbHbIM K 7Y B KaXao# Touke. ByneM rosopurb, uto nojie ¥(zx)
napajijiesibHO MEepeHOCHUTCS] BAOJb KOHTYpa 7y, €CIM B KaXAOW €ro TOuKe
KOBapHaHTHasi IPOU3BOAHAA B KacaTeJIbHOM HarlpaB/eHMH paBHa HyJIo, T.e€.

XED¥ ()|, p = O- (1.37)

3710 onpeneneHue SIBASETCS €CTECTBEHHbIM 0006LIEHMEM TMOHATUS Mapa-

JIeIbHOTO MepeHoca BEKTOPHOIO MOJsI B CMbICJIE IMHEHHOM CBA3HOCTH.
Bbiuncnum unsMeHnenne nons ¥(z) npu napaieNbHOM MepeHoce

BOJIb HECKOHEYHO MAJIOr0 3aMKHYTOFO KOHTYpa (Z,Z+¢€),T+¢€, + &2, T+¢€7).
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OueBHaHO,
AV =(x+¢e)— ¥(x) > 8,,\116',‘ = —r(A,,)\Ile',‘,
D0 =W+ +6)— VT +&) > —r(Au(z +€))¥(T +£))eh,
AV = U(z+6) — Wz + &) +6) >~ r(Au(z + )¥(x + &)l
A = U(z) — VU(z + &) = 7(4,)¥e).

CxuanapiBasi 3TH BbipaXeHHs, A MOJHOTO U3MEHEHHS M0l ¢ TOYHOCTHIO A0
YIEHOB BTOPOTO MOPANKA NO £, £ MNOJYYHUM:

AW = —r(F,,)Weles. (1.38)

Ec/iH cpaBHHUTb 3TO BbipaXeHHE C BbIPaXeHHEM JNsi M3MEHEHHs TpH
napajjieJIbHOM flepeHoce 10 3aMKHYTOMY KOHTYPY (B CMbIC/IE TIHHEAHOM CBSI3-
HOCTHM) BeKTOopHOro nons AV¥* = —Ry,;V”efed, To cranosutcs sicHo, uTo
TeH3op F,, aHanorMyeH TEH30py KPMBHM3HbI, a MOTeHUMan A, aHaiormyeH
cumBonam Kpucrodens I‘Z,,. OTa aHaIOTUs COBEPILIEHHO YETKO MPOCIEXH-
BaeTCs1 NPH NEOMETPHUUYECKOM OMNMCAaHMM KaTMOPOBOUHBIX MoJieil B TEpMHMHAaX
pacciOEHHbIX TPOCTPAHCTB W CBSI3HOCTEH, KOTOpOe ABASETCA TPEIMETOM
rmaBbl 3. I'eoMeTpuueckoe OMNMMUCaHME oOKa3blBaeTcsi HauboJjiee ageKBaTHbIM
OS] PACCMOTPEHHS KaIMOPOBOUHBIX TEOPHIT BHE paMOK TEOPHH BO3MYILLEHHH,
HarpuMmep, Wi HaXOXIEHHUS] U U3y4EeHHUS B TAKUX TEOPHUSIX TOUHbIX pelHeHHIA.
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OcHoBHBIE NOHATHSA
auddepeHnHaIbHOli reoMeTpun

§1. Muddepenuupyemsie MHOroo0pa3us

IMoustre anddeperLinpyeMoro MHOroobpasusa ABaseTcs 06061LIe HHEM
3HAaKOMbIX M3 Kypca aHaJIUTHYECKOW TFEOMETPHMM [OHATHI TOYKH, KPHUBOH,
MIOBEPXHOCTH B €BKJIMAOBOM MPOCTPAHCTBE U T. 1.

BelectBeHHOE (KOMILIEKCHOE) MHOrooOpa3ue pa3MepHOCTH 7t fped-
craBasieT co0oil MpOCTPaHCTBO, KOTOPOE JIOKAIbHO, T.€. B OKPECTHOCTH
KaXnoi TOYKHM, BHILAAAMT Kak eBKauaoBo mnpoctpaHcTBo R*(C*). ToyHnoe
ofnpeaesieHHe cienyloilee.

BewiectBeHHOE dugpghepenyupyemoe muozoobpazue M pa3MepHOCTH
dim M = n ectb xaycdopgoeo npocmpancmeo (cMm. [Nprunoxenne 2), ob6nrana-
jollee CAeaylOLIMMH CBOWCTBaMH:

1) M — nokajbHO €BKIMAOBO, T.€. AiA JIOOON TOUKKM p € M cyiuecTByeT
oxpecmuocmd (cM. Ilpunoxenne 1) atoit Toukn U C M v eomeomopuim
(cM. Ipunoxenue 3) ¢ okpectHocT U Ha oTKpbiTOoE nogMHoxectso B R”.
3T1OT roMmeoMopdU3M CUMBOJIMYECKH BymeM 3anuchiBath Tak: ¢ : U — R*,
re. a p €U @) = (z'®),2°®),...,2"(p)) € R*. Mapa (U,p) Ha-
3biBaeTcs kapmoi. BewectBeHHble uncna z'(p) (2 = 1,...,n) HasbiBaloTCs
KoopanHaTtaMy TodkH p € U C M ortHocutenbHo Kapthl (U, p).

2) Cywmecrsyer nabop kapt {(U,,9,)} Takoi, 4to

yulU, =M,
a

ii) ecnu MmHoxectBo Uy = U, N Uy He nycro, To oToGpaxeHHe
Pap = <p,,o<p;' (3mecb © — 3HaK KOMIO3HUMH oToOpaxeHHit) U3 ¢,(Uy,) C R?
B 0p(Usp) C R® apngerca auddepernumnpyembim oTobpaxeHneM (B HaCTOSLLEH
KHMIe YCJIOBUMCS CUMTaTh ero HeckoHeuHo audppepeHuupyeMbiM) (puc. 1).

Ha6op kaprt ¢ TakMMM CBOICTBAMHM Ha3bLIBAETCS dMAACOM.

PaccMOTpHM HEKOTOpble npuMepbl aupdepeHUHpYEeMbIX MHOToobpa-
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(x1(p),x/2(p),. . X(p))

Puc. 1.

1) R , OTpE30K Ha MpsSIMOi, He3aMKHYTasli KpHBasi ABNSAIOTCS [pHMe-
paMHy OAHOMCPIIbIX MHOTOODOpa3uii, Wisi KOTOPHIX AOCTaTOMHO OAHOM KapThl.
2) Cehepy S™ MOXHO ONpeneSUTh ypaBHEHHEM

n+l
Z(a:')2 = ¢’ = const,

rae ©© — xoopnunatht B R**'. «Hynbmephas» chepa S° ectb mpocto ase
Touku: ¢, = +c. Cepa S' ssasiercs okpyxHocTblo, chepa S? — obbluHas
cepa B TpexmMepHOM mpocTpaHcTBe. s ONMCaHUsl KaXJaoro M3 STHX
MHorooOpa3unii Tpebyercsi kak MMHMMYM aBe kapThl. IlosicHuM, Hanpumep,
KaKk YCTpPOEGHb 9TH KapThl a1 S2. B kauecrse okpectHoctM U, BO3bMeM
chepy 6e3 cesepHoro nomoca (6e3 Toukn N Ha puc. 2). Utobbl 3amarthb
romeomopdusm ¢; : U} — R?, nomectum Hawy cdepy Ha rutockoctb R’
TaK, YToGbl OHa Kacajach CBOMM <«IOXHbIM» MOJIOCOM (TOUKO# S) MIOCKOCTH.
Ilycth TOuka p € U, obo3HauyeHa 6ykBoH A Ha puc. 2. [Tposenem orpesok N A,
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NMpPOO/IXHMM €ro Jo NepeceyeHms ¢ IiockocTbio R? (B — Touka nepeceyeHus)
U nooxuM @ (p) = B = (:z:',a:z), raze z! n z? KOOpAWHaThl ToukHn B B
HEKOTOpOM CHCTeMe KOOpaMHaT, BBeseHHoW Ha R2. Takoe oroGpaxeHue
HasblBaeTcsl cmepeozpagueckol npoexyuei. S1CHO, YTO ITUM CNIOCOOOM MOXHO
YCTaHOBMTDb B3aMMHO-ONHO3HAaYHOE COOTBETCTBME MeXaY Toukamu R u BceMmu
Toukamu S2 kpome Toukn N. B kauecrse Bropoi Kaprthl (Us, ;) BO3bMeM
ctepy 6e3 nomoca S U crepeorpadhHieckylo MpoeKLMI0O U3 S Ha TUTOCKOCTb,
Kacalowyltocs ctepsl B Touke N.

3) IlpoexTuBHble NpocTpaHcTBa. Bewjecmeennoe
npoexmugHoe npocmparcmeo pa3mMepHocTH n (00o3Haua-
erca RP" win P,(R)) npeactaBnsieT co0oil MHOXECTBO
npsimbix B R**! | mpoxoasiiumx yepe3 Hauano KoopauHar.
Hpyroe 3xBuBaneHTHoe onpeaeieHue: RP” — 370 coe-
pa S", y KoOTOpoil AuaMeTPalbHO TMPOTHBOMOIOXHbIE
TOYKH OTOXIECTRIEHbI, KakK MOKa3aHo Ha puc. 3 (LITpH-
XOBO#H NUHMENH coegHeHBl ToXIecTBeliHbie Touku). Ha
pHc. 4 n3obpaxeHo muoroobpasue RP' u «gokaszaHo»,
4TO OHO romeoMopdHo S'.

b d m 3
Rpi_ a‘a' B a' =©d=51
’ ’ b
d c' b a=a’

Puc. 4.

CTPYKTYPY NMpOEKTHBHOIO MPOCTPaHCTBA KaK MHOrooGpasnst Mbl rosc-
HHUM Ha MPUMEDE KOMNAEKCHO20 NPOeKMUBHO20 NPpOCMpaHcmead, 0003Ha4aeMoro
CP" win P,(C). OnpepeneHue KOMIUIEKCHOro (aHaJNTHYECKOrO) AH(-
tbepeHLIMpyeMoOro MHoOroobpa3usi aHa/IOTHYHO OMNpee/ieHNIO BelleCTBEHHOro
MHoroobpasust; Tpcbyercs caenarsb Jinlllb OY€BHAHbIe 3aMEHBI MOHATHI Bellle-
CTBEHHOrO aHa/IM3a Ha NMOHATHA KoMIuieKcHoro (Hanpumep, R na C* nr.4.).

Onpeneanm CP" xaK MHOXeCTBO TpsiMbiIXx B mpoctpaHctee C'H)
MPOXOISAILMX Yepe3 Hauano koopauuar. Ilycrs z € C' w (2% 2),...,2")
ee xoopauHathl. Ecim 2z # 0, To Touka z onpeaensieT NMpsAMYIO, MPOXOs-
1ylo 4epe3 Hauano koopauHaT 0 u Touky z. JlBe TOukM OyaeM cuuTaTh
3KBMBAIEHTHBIMM, €CJIM OHHM JiexaT Ha OHONi mnpaMoil, T.e. z ~ 2', ecim
z=2c2, e c € C' u ¢ #0. Torna KOMMIEKCHOE MPOEKTHBHOE npo-
crpaHcTBo (cM. [lpwioxeHune 4) ectb (haKTOP-NMPOCTPAHCTBO KOMIUIEKCHO#M
mnockoctn C**' ¢ Buikonotoit Toukoit 0 mo 3romy OTHOLIEHHIO SKBH-
panentHoctH, CP" = (C**! - {0})/~. Koopannata 2'(i = 0,1,2...,7n)
Ha3bIBAlOTCA OAHOPOAHbLIMM KoopauHaTamMu Ha CP". BeeaeM Tenepb Ha 3TOM
npocTpaHcTBe cucteMy okpecTHoctell Ur M romeomopduamoB ¢g. Tlycrs Uy
(k=0,1,...,n) — 310 Te NpsIMble, /ISl BCEX TOYEK KOTOPLIX, KPOMe Hayaja
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koopauHar, z* # 0. Toraa oroGpaxeHus wr : Up — C" 3apapgnum dopmynamu:
PPN IS k=1 k+1 i ik

Pe(z) = iy €y - €y 1€y > &kys) € C 1 &gy = 2'/2" — nokanb-

Hble HeogHopogHble koopauHarhl. T.k. Ug N U; He MyCcTO, TO CYIUECTBYET

orobpaxenne py = ;' : C* — C*. Ero aBublii BUA:

' 0 -1 441
ea({&m}) = Exy, - - &y Edtyr - - - &G
i y] j
2L €y
Y B
z z §(k)

& ({emD =

OuyeBMIHO, YTO (PYHKLHH {{k” aBsAloTcA 6eckoHeyHo anddepeHLIMpYEMbIMU
(aHanuTHueckuMM) B cBoeil obnactu omnpepenenusa (U N U) C C.
CnegosartenbHo, aas 3aganunst MHoroo6pasus CP" tpebyerca atnac u3 (n+ 1)
KapTbl. MoxHO mokasars, uto CP! auddeomoppHo chepe S? (zamaua 2.1).

IpuBeaeM npumepsl epynnogsix MHo2000pa3uii, T. €. MHOrooopa3mii, Ha
KOTOPBIX AOMOJHUTENbHO 3aJaHa IPYMnoBas CTPYKTypa.

a) Z, — rpynna, cocrosimasa M3 AByX anemeHToB (—1) u (+1) ¢
0ObIYHBIM 3aKOHOM YMHOXEHHSI.

6) ynutapHas rpynna U(l), aneMeHTaMH KOTOpPOH SIBJISIIOTCA 4HCAa
Buaa €90 < 6 < 27) CO CTaHAApTIIbIM 3aKOHOM YMHOXEHMUSI.

B) SU(2) — rpynna KoMIUIEKCHbIX MaTtpull A pa3mepa 2 X 2, ABJs-
1omuxcst yuHutapHbimu (AT A = AAT = 1) v ynumonynapueimu (det A = 1).

r) SO(3) — rpynna OpTOroHajlbHbLIX (ATA = 1) yuumonyaspHbIx
(det A = 1) marpuil, 3amalOMX TMOBOPOTbl BEKTOPOB B TPEXMEPHOM [po-
crpancrBe. Kaxaomy anemeHTy A € SU(2) MOXHO NMOCTaBUTL B COOTBETCTBHE
anemeHT A(A) = A € SO(3), ynoBIeTBOPAIOLM CNEAYIOIINUM YpaBHEHHSAM:

3
D Aimi=AnAT!, (k=1,23),
i=1

rie 7; (¢ = 1,2,3) — ™arpuunl Tlaynn. I'pynna SU(2) saBnsierca yHu-
BEpCaNbHOK Hakpbipaloweit rpynnoit rpynnsl SO(3) (cMm. TlpunoxeHue 5),
a A: SU(2) — SO(3) — HakpbiBalomuii roMoMopthusm.

%XZ@:/

Puc. 5.

B 3akmiouenue 3rtoro mnaparpaga nNpuBEaEM HPHUMEpPbl MHOXECTB,
KOTOpble He ABIAIOTC MHOrooOpa3nsaMu (puc. S).
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§ 2. KacarejbHbIe BEKTOPHI M BEKTOPHBIC N0

[MToHaTHe BekTOpa, KacaTenbHONO K MHOrooGpa3wio, BO3HMKaeT Mpu
abGCcTparMpoBaHUH MOHATHSA MPOM3BOJHOM MO HaNpaBAeHMIO, U3BECTHOIO M3
Kypca MaTeMaTHYeCKOro aHajiu3a.

IMycth a(f) — rnagkas kpuBasi, MPOXOAAILAs Yepe3 TOYKY Py MHOTIO-
obpa3us M, npuueM napaMetp ! MpUHMMaeT 3HAYEHHA M3 MHTepBana (a,b),
conepxaiuero touky £ = 0, u a(0) = pg. BoabMeM okpectHocts U C M
H roMmeoMopdusM ¢ : U — R*; o(p) = (z'(p),...,z"(p)). O6o3nauum
p(alt)) = (a'(t),az(t),...,a"(t)). IMycTh f — BellleCTBEHHO3Ha4yHasa aud-

tdepeHunpyemas ¢byHKuMs OT 7 nepeMeHHBIX (z' ..., z"), 3amaHHas Ha
noamMHoxectee w(U) C R". Ilo onpeaeneHwnio mpoussBoaHas o¢yukuun f
B Touke (Z'(pp),...,z"(Pp)) MO HampaRleHMIO, 3aJaBaeMoMy KpuBoit af(t),
paBHa
? faty| = Liw®,..a"n| =
dit ,=0—dt T t=0—
do'(t)| af(z',...,z"
=__,(_2 _i(__’._in’__.,)_ , Q.1
at |-, ox 7o

rae Mbi Beean odynkumio f(p) = f(z'(D),...,z'(p)) na U co 3mavenunamu

B R. B nanbHeiiiiieM Mbl He OyaeMm neflaTh palinyMs MeXAY 3THMH ABYMsl
(yHKUHAMH, TaK Kak MO cMbichy Bceraa OyAeT nOHATHO, o KakKoit ¢yHk-

unn uger pedb. Ecin mbl 0003HauUMM £i = E%Q‘z—o’ TO NPOWU3BOAHYIO MO
HanparieHuo (2.1) MOXHO 3anmucaTb B BUIE -
; 0f ; 0
£ = <£ = /| I =Xpl), (2.2)
oz |, oz / |,

rne X, — nuHeiiHoe oTobpaxeHnue u3 anrebpsl (6eckoneuno) nupdepenum-
pyembix pynkumit f na M (Mb 6ynem obo3nayats 3Ty anrebpy §(M)) B R.
H3 (2.1) u (2.2) cnenyert, uto

d
= Z(Foa)) (2.3)

d
Xpf = 2 f@(®)

t=0 t=0

OrobpaxeHHe X, Ha3biBae€TCi BEKTOPOM, KacaTelbHbIM K KpHBO# a(t)
B TOuKe po. HetpyaHo y6eanthes, uto X, ynonneropsier npaswiy Jleitbuuua

X,(f9) = (Xp(Ng(p) + f(0)X,(9).

JlanguM crenyiolllee olipeacneHue. KacameabHbiM 6eKmopoM K MHOroobpa-
3ui0 M B TOuKe p € M Ha3biBaeTcs iMHelHOE otobpakenne X, : (M) — R,
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ynosnersopsiouiec npasuny Jleitbuuia B Touke p. [Ipn stom 3nHauenre Xp(f)
(f € §(M)) ectb mpousBonHass ¢yHKuMu f B TOYKE p MO HEKOTOPOMY
HarpaBs/ieHHI0. JIullefiHOe MPOCTPaHCTBO, HAaTSIHYTOE Ha BCEBO3MOXHbIE Kaca-
Te/ibHble BeKTOpbl X, B TOUKe P, Ha3blBaeTcs KacamenbHviM NPOCMPaHCMEOM

K M B Touke p v obosHavaerca T,(M). Ecan {z'} — nokanbHsle koopam-

11aTbl B OKPECTHOCTH TOYKH p, TO IJICMEHTHI %

} obpa3syior 6a3uc B

zi(p)

T,(M) w moboit kacarenbHbiit BeKTop X, € T,(M) MoxeT GbiTh 3anucaH B
Buge (cM. (2.2)):
Xp=> ¢

rne uucna {¢'} — koopamHaThl X, B oTom Oasuce. OueBuaHo, uTO
dimT,(M) =dim M.

CTpYKTYpY KacaTeiibHOro TPOCTPAHCTBA K TPSIMOMY TPOU3BEAECHUIO
MHoroobpasuit M x N B Touke (p,q) (p € M,q € N) mbl obcynum B §4.

IMycthb Tenepb Kaxnoit Touke p € M conocraBieH KacaTelibHblil BEKTOD
X, € T,(M), rnaako 3aBucsiluMi ot p. Torna rosopsar, yto Ha M 3anaHo
BekTopHoe noine X. Ecim f ectb audpdepenunpyeman ¢pyukumns Ha M, to
(X f) ectb pynkuma Ha M, onpenensemas paseHcTBoM: (X f)(p) = X, (f).

B nokanbHbIX KOOpAMUHATAX {zi(p)}, 3aaHHbIX B HEKOTOpO#R okpecTHocth U
mHoroo6pasua M, X = 3 &(p) (%)
i

Ecay mna nioboit anppepenunpyemoit dpyHkunmm f € (M) dyHk-
uma X f rakxe arngerca augdepenunpyemoit, To nose X HasbiBaetcs aug-
thepeHumMpyeMbiM BekTOpHbIM nosieM. KoopauHatel £'(p) Takoro mons B i0-
KanbHoM Oa3suce arnsioTca anddepeHumnpyeMbiMu QyHKIMAMH. MHOXeCTBO
Bcex anddepeHUNPYeMbIX BEKTOPHBIX noneit Ha M 6ynem obo3Hauars X(M).
[Mone X € X(M) amasierca nuHedHbiM otobpaxenneM X : (M) — F(M).
Onpeaenum B X(M) ckobounyio onepaumvio [X,Y]:

[X,YI(HH =X (Y(H) -Y (X().

OrtHocurenbHo 310i onepaunn X(M) asnaercsa anrebpoit JIu, 1. e. BuIMoOAHA-
I0TCA Ciieayloline COOTHOUICHUA!

3‘ 2.4)
52, @

N [X,Y]=-[Y,X]; (2.52)
2) [X,[Y,Z]]+1Y,[Z,X]]1+[4,[X,Y]]=0 (2.56)
ma XY, Z € X(M). CoorHoureHue (2.56) Ha3biBaeTcst ToxaecTBoM Hkobw.

B X(M) MoxHO TakXe BBECTH OMeEPaLHIO YMHOXeHHUs1 Ha GyHKumu u3 F(M)
cneayiowmm obpasom: eciu f € F(M) u X € X(M), 10 (fX), = f(D)X,.
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IMo3HaKOMHBUIMCHL C MOHATHAMM KacaTeJbHOrO BEKTOpa H Kacareib-
HOTO MPOCTPaHCTBa, Mbl MOXEM TeNePb BBECTH MOHSATHS OpueHmupyeMocmu w
OpUEHMUPYeM020 MH02000pa3us .

Mycts {U,,p,} — Hexoropblit atnac mHoroodpasus M. Paccmo-
TpuM okpectHoctH U, u U,, Takme uro U, N U, # @. Hna Toukm
p € U, N U, mbl umeeM aBa Habopa KoopaMHaT: .(p) = (a:'(p),... ,:z:"(p))
u (@ = (y'®),...,y"(P)), u, coorsercTBeHHO, nBa Ga3uca B KacaTesib-

ybenuTbca B TOM, 4yTo 3TH 6a3uchl CBA3aHbl NPeobpa3oBaHUeEM

p !

} . Hetpyaso

Hom mpoctpaHcTBe T, M : {(X,-),, = %

(X), = ALYy,

rae MarpMua A{ = (3yj/(9:z:")|p n akobuan J =detA # 0. Ecom J > 0,

TO roBopat, uro Gasucel {X;} u {¥;} MMeloT oaHy M Ty Xe OpHeHTaLHIO
(opHeHTHpPOBaHbl OfMHaKoBO), ecid U J < 0, TOo roBOPAT, YTO OHW MMEIOT
FIPOTHBOMNOJIOXHbIE OPHEHTALIUH.

Muoroobpasme M Ha3biBaeTcss OpPUEHTHpPYEMBIM, €CiH A JIIOObIX
NepekphiBalomxcst okpectHocteit U, n Uy cyluecTsyioT JloKanblble KOOpIH-
Hatel {z'} ana U, u {y’} ana U, Takue, uyro sikobuan J = det(dy’ /0z*) > 0.
3710 onpenesieHHe COBNANAET C MHTYUTHMBHO MOHATHbIM CBOHMCTBOM <«IBYXCTO-
POHHOCTHM> JBYMEDHHIX moBepxHocTeit D’ (mxByMepHbiit aMcK), chepn S2,
top T? u ap. Bce 3TH noBepxHOCTH opMeHTHpyemble. B To xe Bpems,
HanpuMep, JieHta Mébuyca, paccMaTpuBaemas B § 6 HacToslueit riaBbl, 0ba-
JaeT JMUbL ogHOM CTOPOHOI M ARNIseTCA HeOpPUEeHTUPYEMbIM MHOroobpasuem
(3agaya 2.26). Hna Hee Bceria HaiayTcsl OKpeCTHOCTH, B MepeceyeHuu Ko-
TOpbIX AKOOMaH MaTpulibl npeobpaszosanua J < 0. [pyrumum npuMepamu
HeOopHEHTHUPYEMbIX MHOroobpasuii aBasiorca GyToiika KneitHa (§6 rn. 2) u
npoexTuBHOE npocrpaHcTeo RP?.

§ 3. Audpdepenunanbunie GopMol

PaccMoTpyM nuHelHOEe NPOCTPaHCTBO T;(M ), ayanbHoe (cm. Tlpu-
noxeHue 6) Kk kacarenbHoMy npoctpaHcTBy Tp,(M) MHoroobpasus M. OHo
Ha3blBaETCA KOKACAMENbHLIM NPOCMPAHCMBOM, 3 €TO JIEMEHTh — KoKacamenb-
HoiMu 6exmopamu (kxosekmopamu). Hacto 3HayeHWe KOBEKTOpa w, € T;' (M)
Kak sauHeitHoro ¢yHKLMOHANA Ha KacaTeinbHoM Bektope X, € T,(M) 3a-
MUCHIBaeTC B BWIe BHYTPEHHEro mpow3sefeHust (wp, Xp). Takum obGpa-
30M, KOBEKTOp W, ABAsAETCA JIMHEHHBIM (DyHKUHOHANIOM: wp : T (M) — R.

Mycrs {z'} — nokanbHas KOOpAMHATHAasA CUCTEMAa B OKPECTHOCTH TOYKH P

U (%) 6a3uc kacarenblibix BekTOpoB B Tp(M). OGosHaymm uyepes
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{(dzi)p} 6asuc B T, (M), ayanbHblii K {(%)p}. Torna

((dz"),,, %I) = &', (2.6)

Dyuxumonan dz' HasbiBaloT nonaHbiM auddepenunanom. JIio60it KoBeKTOp
wp € T; (M) MoxXet ObiTh NMpeacTaBiieH B BUIE

wp = Z 'u,'(da:"),,, (2.7)
i=1

rpe KO3de)HU.HeHTbl U; Ha3bIBalOTCsl KOMMOHEHTAaMN KOBEKTOpa Wp H paBHbI

Uu; = <w,,, (%)p> . (2.8)

Hna xaxnoit pynkuun f € F(M) mbl onpeaenum ee auddeperunan (df), B
TOYKe P Kak Takoi (hyHKUMOHAN, YTO

((df)p’ Xp) = Xp(f), (2.9)

rne X, € Tp(M). B dopmynax (2.6), (2.7) u (2.9) cumsoabl dz' u df
MCMONb30BAIMCHL NMPOCTO Kak obo3Havenne. Ho okasbiBaerca, uro 3tu gud-
depeHunansl 0OAANAIOT TEMH Xe CBOMCTBAMH, YTO M OObIYHBLIE NOJiHbIE
anddepeHuHansl QyHKLUHIA, H3ydaeMble B KypCEe MareMaTHYeCKOro aHalu3a.
B yactHocTH, u3 (2.7)—(2.9) cneayer, uto

0 i
(df), = (531) (dz'),. (2.10)
P

ConocraBuM KaXaol Touke p MHOrooGpasus M KoBeKTOp wp €
T; (M). Toraa rosopsr, uro na M 3agana |-chopMma (W dugpdpepenyuanvran
gopma crenenn 1). SAcHo, uro 1-popMa w ecrb JuHeitHoe oTOOpaXeHHe,

w:X(M) — F(M), npnuem
W(X))p = (wp, Xp), X €EX(M), p€EM, 2.11)

(Mbl GyneM paccMaTpHBaTh auuib guddepeHumpyembie 1-hopmbi).
CnpaBennuBel cienyioliMe coiicta (f, g € (M), X,Y € X(M)):

w(fX +49Y) = fu(X) + gu(Y), (fu)X)= fw(X). (2.12)

B TepMuHax JokanbHbIX KoopauHar {z'}
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w= Zui(z)d:z:i, X= Z{i(z)aii.

OueBnaHo, 4T0o w u X He 3aBucAT or BbIGopa KoopauHar. basucHble
sneMeHTH dz' M % npu npeobpasoBaHugX KoopauHat £ — = = z'(z)
npeobpa3syioTcs 1Mo GopMynam:
,,-_a"dx] 8 9" o

8zl ' 9zl 9zl 9zt
Ot1cioga MOXHO BbIBECTH 3aKOH Npeobpa3oBaHHsa IS KOMMNOHEHT u; u &'

(3amaua 2.4).

OnpenennM Tenepb (GOpMy w TPOU3BOJBHON ULENON CTerneHn T Kak
KOCOCHMMeTpHYecKoe oTobpaxeHue U3 X(M) x X(M) x ... X X(M) (r pa3)
B (M), nuHeitHoE Mo KaXaoMy apryMeHTy. KOCOCMMMETPHYHOCTL O3HaYaeT,
41O '

dz

WXy, X)) = (=D 0(Xrqy, - - -, Xaery),

roe A, — yerHocTb nepecraHoBku 7 : (1,2,...,7) — (w(1),...,7(2)). Obo-
3nayum D"(M) MHoxXecTBO BCex anddepeHUMaNbHbIX T-(hopM Ha M ans
kaxgoro r > 0. fcno, uro ecin n = dim M, TO BC/lenCTBHE KOCOCHMME-
TpH4HOCcTH T-(hopMa w = 0, ecmu ¢ > n. Monoxum DY(M) = F(M), T.e.
nntdepeHumnpyembie byHkumn Ha M bl 6yneM cuutath 0-¢popmMaMH.

Onepauua 6HewHe20 npouszeedenun A 1no3poaseT U3 (popM HM3ILIMX
creneHeii ctpoutb GopMbl Gonee Bbicokux creneHeil. Ecim wy € D'(M) w
wy) € D°(M), 10 Wy Awy, € D' u r 4+ s-bopMa w; A w, ecTb clieayiolec
orobpaxenue:

(XI’- Xr’Xr+l’ r+s)—’A(wl(xl’---’Xr)‘UZ(Xr+I’°--’Xr-!-s)):

(r+ o, Z(—l) "W (Xxtyy - - Xar) @2(Xara1yy - - - s Xar+5), (2.13)

rae cuMBoJI A O3HavaeT albTEPHUPOBAHHE U CYMMHDOBaHHeE BeieTCsl 1O BCeM
BO3MOXHbIM NepecTanoBkaM 7. Hanpumep, ana w, € D' (M), w, € D'(M)
w; A w, asaserca 2-¢opmoii:

1
(W Aw))(X,Y) = E(wn(X)wz(Y) —wiVwy(X)), X, ¥ € X(M). (2.14)

MoxHo nokasatbh, 4To eciu w € D' (M), a u € DY(M), T0 cnpaBepnnsa

¢opMyna
wAp=C)uArw.

B yactHoCcTH, ecau w U u asaslorca 1-¢popmamu, TO

wAp=—pAw nu wAw=0.
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Ecin {z'} — nokanbHble koopaMHaThl B okpectHocth U C M,
10 puddepenunanst dz' obpasyior 6Gasuc I-¢popm Ha U. AHanoruiHo
BHeUIHKe npousseaeHus T aupdepermanos dz'' A. .. Adz' obpasyior 6a3uc
r-thopm Ha U. Jliob6aa auddepeHumnanbHaa r-popma B 3TOM KOOPIMHATHOM
OKPEeCTHOCTH MOXeET ObiTh MpeACTaRieHa B BHIE

w= Z i i,.5,(2)dz" Adz? A ... Adah (2.15)

i) <1,<..<i,

roe KOMIMOHEHTHl U; i, i (T) — anpdepenumnpyembie pynkumu Ha U, autu-
CUMMeETPHYHbBIE TTO BceM MHAekcaM (cpaBHu ¢ opmynoit (2.7) g KoBekTOpa).
Orciona, HanpuMep, cieayer, 4ro L 1-tbopmbl

w(X) =Y u(2)E (2),

roe £'(Tx) — KOMMOHEHThl BeKTOpHOro noas X B BbIOpAHHbBIX JTOKANbHbIX
KoopaHHarax.
B cootBercTBuM c BbilleckazaHHbIM 0-(hopMa xapakTepHu3syeTcsi onHOI
¢dbynkumeit, npoussoabHaa I-¢popma w = > u;(z)dr’ — n yHKUMAMK
1

#;(z) u T.8. DTO COOTBETCTBYET TOMY, 4TO Pa3MepHOCTb JiMHeHOro mnpo-
cTpaHcrBa AT aHTMCMMMETPHYHbLIX TEH30DOB CTENEHW T B Touke T € M
paHa lmpu r =0, nnpu r =1 u T.4.
Moaromy rosopsat, yto dim D® = 1, dim D' = n. MoxHo noka3arb,
yro dim D? = n(n — 1)/2 u dim D" = dim D", rae n = dim M (3anaua 2.5).
Yacto okasbiBaeTca Mosie3HOM cienyiolias popmyna

dz"' A ... Adz™ =" de' AdZ? A ... A dz”, (2.16)

rae €''* — MOAHOCTHIO aHTUCUMMETPHYHBIN TEH30p paHra n.

Beenem onepauMio éeHewnezo dugppeperuuposaHus ¢bopM, KoTopylo
6ynem obo3HayaTh cuMBojioM d. OHa XxapakTepu3yeTcsl CleaylOLUHMH CBOM-
CTBaMM:

a) d ectb JnHeiiHoe orobpaxenne us D™ 8 D', «D") Cc D",

6) mwia hynkuun f € D°(M) 1-opma df ectb nonuuiit anddepen-
uvan f u

dX)=X(f), XeXM) (2.17)
(cp. (2.9));
B) eciu w € D"(M) u p € D°(M), 10
dwAp)=dwAp+(—1)wA dy; (2.18)
r

dd = 0. (2.19)
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IMokaxeM, KaK onepalusl BHELIHErO nucbd)epeHunpOBaHnﬂ 3anuchbiBa-
erca B JIOKaNbHbIX KoopauHarax. Ilycrb none X = f prl Torna, B cooTBeT-
CTBHH cO cBoiicTBoM (2.17)

; 0 /] .
af(X)=X(f)= £ ! 6f (6’ )-ai:da:'(X),

1 a 1

T.e. df = (ax,) dz' kak v a1 auddepenunana yHKUHM [ (cm. (2.10)).
Ecnm r-dopMa w = 3 w4, dz A... Adz", To (r + 1)-hopMa dw B

1y <13<..<ty
3TUX KOOpAWHaTaxX BLIMNIAANUT Tak

dwo= > dui;Adz"A.. Adz"=

1) <i7<...<4,p

Z all .y dz 10 Adz'l AL /\dzi'_ (2.20)

l|< <lr

Ecnu M = ]R3, TO HETPYyOHO mnoKa3aTh, 4TO BHellHee aucdepen-
UMpOBaHWe 3KBHBAJIEHTHO BbluHC/IeHHIO rot u div (3amaua 2.6). [Npu sToM
ang GyHKUMH Ha R’ ToxzmecTBo ddf cneayeT w3 paBeHCTBa CMelIaHHbIX
YaCTHBIX NMpou3BoAHbIX 0;0;f w 0;0;f win, IKBMBAIEHTHO, M3 TOXIeCTBa

rotgrad f = 0. Hia 1-hopmbl w = Y ; dz' Toxnectso ddw cooTBercTBYeT

1]
toxaecrsy divrotu = 0 (3agaua 2.7).
HecnoxHo pokasath cieayomyio topmyny anddepeHunpoBaHms
1-dpopm (3apmaua 2.8), koropas HaMm TNoHagoOuUTca B panbHeiiwem. [lycrb
w€ D' (M) u X,Y € X(M). Torza

2(dw)(X,Y) = X ((Y)) - Y (w(2)) ~ w([X,Y])), (2.21)

rae X (w(Y)) noHuMaeTcs Kak pe3yJbTaT AeHCTBMS BEKTOpHOro nojia X Ha
dynkumio w(Y) € F(M).

OnpenenuM Ternepb ONepauMIo unmezpuposanus aupdepeHIHaANbHBIX
tbopM Ijis opueHTHPYeMOTO MHoroobpasus M. Mol npuBefseM 3fech JIMHIbL
OCHOBHbIE MOMEHTbI 3TOH KOHCTPYKLIMM, CTPOroe M3j0XeHHe MOXHO HaMTH
B [by] (cM. Takxe [Ha], [HC]).

MoXHO noka3aTh, YTO MU OPHEHTHpYEMOro MHoroobpasua M pas-
MEpHOCTH T BCerma cyiuectByetr n-topMa 2 € D"(M), koTopas Hurae He
oOpaluaeTca B Hynab. Takasa c¢opma 3amaer opveHTauMio M u HasbiBaeTca
neMenmom obsema.

Takas copMa He eAMHUMHCTBeHHa, apyras n-dopma Q' = hQ, e h —
rnankaa ¢yHkumsa Ha M, Hurge He oOpalnaiollasics B HyJib, TakKXe ABIsAeTCA
3neMeHTOM obGbeMma. JIBa anemeHTa oObemMa 2 W Q' 3amaloT oaMHakoBble
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opueHTauuH, ecau pyHkuma £ > 0 Ha M, v nporuBonosoXHble, ecin i < 0.
Jna M = R™ npumepoM Takoil hopMbl srnsiercst dv = dz' A dz’ A. .. A dz”
OHa 3ajaeT eCTECTBEHHYIO opHueHTalMIo Ha R".

OTMeTHM, YTO BBEAeHHbIE BbIllie OMpeAcneHus SBIAIOTCA KOPPEKT-
HbiMu. [e#cTBurensHo, paccmotpum aBe kKapthl (U,,e) M (U, ) C
nepeceKaoLMMHUCH OKPECTHOCTAMM Ha M W COOTBETCTBYIOLLIME KOOPAMHATHI
', z%,...,2" n (y',9°,...,y"). Torna niobas n-opma w € D" (M) no-
KanbHo, Ha U,, MOXeT GbITh MPeACTARIeHA Kak w = Uq(z)dz' A ... A dz"
(cM. (2.15) u (2.16)). B Touke p € U, N U, Mbl HMMeeM TaKXe [pyroe
JioKallbHOe mpeicTaBieHue w = Up(Y) dy' A A dy". Hcnonbsysa ¢opmyny
Mg npeobpasoBanuns 6a3ucHbIX (popMm THNa dz' v pesyabrarthl 3asauu 2.4,
HETPYAHO yOeauThCs, Y4TO

Ug(Z) = ub(‘Pub(z)) -,

rie J = det(ay'/azj) — skobuaH MaTpuubl npeobpa3oBaHHsi KOOpPAMHAT.
Tak kak M — opueHTUpyemoe MHoroobpasme, to J > 0. [ToatoMy 3Hak
¢yHkuum h, cBsa3biBalollei nBa 3jeMeHTa 00bEMa, oMnpejesieH OJHO3HauHO.

3amerum, yTo NM106as n-¢popMa w MOXeT ObITh 3aNMHcaHa Kak w = fQ2,
rae f — ¢yHkuua Ha M. Bo3MoXHOCTb onpeaeiuTs uHTerpal or w no M
3aBMCHUT OT IMAAKOCTH ¢yHkumn f. Jlas npocTOThl PacCMOTpUM Ciaydai,
Korga f orpaHM4eHa Ha M, UMeeT KOMNaKTHLIH HOCHTENb U €€ BO3MOXHbIE
TOYKH pa3pbiBa O0pa3yloT NMOAMHOXECTBO MEPbI HYJib.

OnpeaennmM cHayana uHTerpan or w no okpecrHoctn U C M kapthl
(U, ) c koopaunaramu (z',...,z"). Kak yxe rosopwioch Bbille, hopMa w
JIOKATIbHO MOXET GbITh MpeacTaBieHa Kak w = w(z)dz' A ... A dz" (TouHee,
Takoe mnpeacraBieHHe umeer popMa (go")*w, CM. crielywluuit naparpag) m
MoXeT paccMmatpuBatbes Kak topMa Ha o(U) C R*. Torma mosoxum mno

onpeneneHuIo
/w— /u(:z:)da: A...ANdz" = /u(z)d"z, (2.22a)

pU) o)

rae TmocieiHee BhipaXeHWe eCTb OObIYHbII KpaTHbIH MHTErpan B CMbICHE
Pumana or ¢yHkuMm n nepeMeHHbIX. 3aMeTUM, 4To cormiacHo (2.22),
dv = dz' A ... A dz" wmoxer paccmaTpuBaTbes (OPMATBHO KaK 3MeMeHT
obbemMa MHTerpupoBaHus d"z B ob6biyHOM cmbicie. HerpyaHo ybeaurbes,
4YTO ISl OPMEHTHPYEMOro MHOroobpasua M 3710 onpenejieHue He 3aBUCHT
OT Bbibopa AOKAILHLIX KOODAMHAT M COMJIacOBaHO B 00iacTH nepeceyeHUs
HeCKObKHX OKpecTHOCTe (3anaua 2.27).

Hanee, nycts {U,} — oTkphiTOe nokpbiThe M Takoe, 4TO Kaxaas
TOUKa MOKPHITA KOIIEYHLIM YUCIOM OKPECTHOCTEH (11 3TOTO NPEeanoioXuM,
yto M mnapakoMnakrHo, cM. [Ipwaoxenune 10). MoxHO mokasaTb, YTO JJIA
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TAaKOro TNOKPBHITHA CyLIeCTByeT pa3bHeHHe elHHHUb, T.¢. Habop yHKuMH
€e € F(M) Taknx, uto (1) 0 < €,(Pp) < 1; (2) €a(p) =0, ecit p ¢ Uy 1w
(3) D_€s(p) = 1 ana mobGoii Toukn p € M. U3 ceoiictea (3) cieayer, yYTo

a
w =) eqw. Torna uHTerpan or w no MHoroo6pasuio M onpegenarM Kak

/wz Z/eawz Z/eaw. (2.220)
M S M A

Chaenaem ewe oaHo 3ameyaHue. Ecnin f — nHTerpupyemas ¢yHkums

Ha M n Q — sneMeHT obbeMa, TO B o0uieM ciyyae uHTerpan ot f no M

MOXHO ONpeNe/IHTL KakK f JQ, HO T. K. eMeHT 00bEMa, 3aAaI0IHH AZHHYIO
M

OpHMEHTALIMIO, He ABRAAETCS eAMHCTBEHHBIM, TO 3TO OMpejAesieHHe He JaeT
OlHO3Ha4YHoro pe3yjbTaTa. [1o 3TOH Xe NPpUYKHHE Hesib3s ONHO3HAYHO BBECTH
noHATHe o0beMa M. CuTyalnsa MeHseTCq, ecid MHOroobpa3ne cHabXeHO
METPHKOI#, cM. 1. 3. :

OnpepennM euie onepauuio Xodxca win npeobpa3oBaHHe AYAIbHOCTH,
0003HayaeMoe CHMBOJIOM *. DTa onepaing nepeBoAuT (GopMbl M3 NPOCTpaH-
crBa D" (M) B D" ™" (M). 3aech Mbl paCCMOTPHM 3Ty ONEPALIMIO 1JIs1 TUIOCKOro
eBKJIMI0Ba npocTpaHcTBa M = R*:

1

(= 1)) Sl i

% (dz AdZ? A ... AdZ) =
(n

x dz'" Adz" A ... Adz™. (2.23a)

Ecnu npocrpavctBo M pHMaHOBO, TO B ONpefAejieHHMH omnepauHH Xoaxa

HYXHO 3aMEHMTb &;, i, Ha \/|7lei, i i.,,.i., TA€ 7 — JAETEPMHHAHT MeTpH-
YECKOro TeH30pa, W HeOOXOAHMO pa3jiMyaTb BEpXHHE M HHXHHE HHAEKCH
(cM. §4, . 3). HeTpyaHO noka3saTb, YTO B cjiydae eBKIKAOBA NMPOCTPAHCTBA

wxw = (=1 "y (2.236)
s w € D"(RY).
BBeaeM Tenepb MOHATHE 8HympeHHe20 npoussedenus ¢opM. Tlycth w

n u cytb r-¢popMbl Ha M = R". OnpepennM KX BHYTpeHHee NMpOH3BedeHHe
TakK:

(w,p) = /w A ®ph. (2.24)
R*
HeTpyaHo nokasath, 4TO ecin w = S, i dT' A... A dz" u
p=> v, ;dz" A... A dzP, TO

(w, p) = / U;,..i, Vi,..i, QU (2.25)
Rl
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(3agava 2.11). BHyTpeHHee npou3BeaAeHHe CUMMETPUYHO: (w, i) = (U, w) TaK
KakK
WA XL = 1 A *w. (2.26)
DTO paBeHCTBO cAedyeT U3 onpeaejieHrus onepaunn Xomxa.
O u3yyeHus nanbHeHILnxX cBoiicTB aMddepeHunanbHbix GOpM MOX-
Ho pekomeHaoBaTb KHUTY [KH], a Takxe kHuAru u 0630pni [Aif], [ETX], [Ha],
[HC], HanKcaHHble 419 PHU3UKOB.

§4. OroOpaxkenus m npeodpa3oBanus

PaccmoTpuM aBa MHoroobpasus M u N, npnyeM, BooOlle rosops,
m =dimM # n = dim N. [NycTs 3anaHo otobpaxetne ¢ : M — N.

Ona BuiACHEHHMA HEKOTOPLIX CBOMCTB OTOOpaXxeHWH HaM B JTOM
naparpade OymeT ynoOHO BeCTHM pacCMOTPeHHE B JIOKATbHBIX KOODAHHATaX.
Bbibepem B M Kapty (U ¥),aB N — (V,x), npuuem o(U) C V Onpenenum
dyHkumio xop o~ m3 Y(U) C R’" B x(V)CR".

Ecnu ¢dyHkuun y;opo ¢J aBngioTcsa (beckoHewHO) anddepeHuHnpy-
embiMU 1A Beex kapT (Uj, 9;) u (V;, x;) Takux, yto ¢(U;) C V;, To rosopar
4TO ¢ — Odugbgdbepenuupyemoe omobpaxcenue.

4

(p'X),

q=¢(p)

B(t)=p(a(t))

Puc. 6.

Boibepem TO4ky p € M un 0603Ha4MM ee obpaz B N uepe3 gq,
qg = ¢(p) € N (puc. 6). Ilyctb a(l) — kpuBasa B M, npoxoisiuas yepe3
TOYKY p, npuueM a(0) = p. Ona onpeaenser kacateabHbii BEKTOp X, K M B
Touke p. Obpa3 aToit KpuBoii B N 6yneM obo3nauyatb G(t) = p(a(t)). Kpupas
B(t) onpenenser kacaTeAbHbl# BeKTOp X 'q K N B TOUKe ¢, KOTOpbBIi ABNAETCSH
obpa3oM X, npn oTobpaxeHWH MHoroodpasuii. Takas npouenypa onpeaenser
Jugppeperyuan omobpaxcenus ¢, o6o3navaembiit @' win dyp. bynem nucatb

X' =Xy = ¢ X, = dpX,. (2.27)

Ina nnddepenurpyeMoir dyukuvd f na N, f' € F(N), onpemeanm
dyskumio f € F(M), asnsowyioca obpaTHHIM o6pasoM f' npu oTo6paxe-

HUK @, TaK
f=o'f'=foop. (2.28)
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Toraa CripaBea/iiBa ciaeayroiiaa uenoyka paBeHCTB!

! ! ! ! d !
O X = X'y = = pla®))| _ =

d ! ! * pf
= Z(f op)a®)|_ =X 00 = X(e'f). (229

O6cynuM oTobpaxeHHe KacaTejbHbIX BCKTOPOB B TEPMUHAX JIOKATbHbIX
koopauHat. IlycTb B okpecTHocTax U W V, BBeA€HHBIX Bbllle, 3aaHbl
koopauHathl {z'}(i = 1,...,m) u {¥}(G = 1,...,n) ¥ Touka p € M
HMeCT KoopauHaThi {Z,...,z0'}, a ¢ = (@) € N — {v3,...,vy8}. Takum
00pa3oM, Mbl UMeeM (PYHKLHIO ¢ = X 0 O ¢—' :Y(U) — x(V), npudem
Yo = @ (z0) (j = 1,2,...,7n). BosbMeM B kayecTBe X, BEKTOp 5‘%)1’. Toraa,

s byukuum f' Ha V, nonp3yach (2.29) ¥ npaBuioM AuddepeHLHPOBaHHUA
CJIOXHOIK (DyHKLIMH, NojJydyaeM:

_o¥ W@ e 9
Oy ly=yo 82 lz=2, 8z lo=z,09y7°
CrepoBaTejibHO, _
7] By 7]
hl'a—m': , = aﬁ z:znb? ; (2.30)

IMpoussonbHoe anddepeHMpyeMoe OToOpaxeHHe ¢, Boobuie rosops,
He npeoOpa3yeT BeKTOpHOe nojie Ha M B BekTopHoe nojie Ha N. 310
CBA33HO C TEM, YTO MOXET He CyliecTBOBaTb 06paTHOe OTOGpaxeHHe ¢~
(cM. dpopmyny (2.35)).

Tenepb Mbl MOXEM BbISCHHTDL, KaK YCTPOEHO KacaTeJbHOe MpPOCTpaH-
ctB0 Tpq(M x N) K mnpAMOMY NpOU3BEACHUIO MHOroobpasuit M X N
(dimM = m,dimN = n) B Touke (p,q) € M x N. Ilyctb X, € Tp(M),
Y, € T,(N), a kpusbie z(t) u y(t) Takue, yTo X, — KacaTesbHbiii BEKTOP
Kk z(t) B Touke p = z(fp), a Y; — kacaTenbtibiii BeKTOp K y() B Toyke
q = Y(to). Bosbmem Tenepb BekTOp Z € T(p (M X N), KOTOpHI KacaeT-
ca kpuBoit (z(t),y(t)) B (p,q) = (z(f),y(tp)). Onpenenum ortobpaxeHue
M — M x N cneayiowmmnm obpasom: ¥,(p') = (p',q), rae p' € M. Ananoruu-
HO, %2 : N > M X N u ¢¥2(¢") = (p,¢'), ¢ € N. O603HauuM X¢ 4 = ¢’ X,
Y. = ¢',Y,. Ovesunno, uto X g) € Tipg)(M X N) 1t Yipg) € Tipg)(M X N).
[Mycts f € (M x N). Toraa, cornacho (2.3),

—&n

d
Zopo(N) = — 1@, y®)|,

2 3ax. 3ti
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d d
= 21@®,0|_, +Zf@I0)|_ =Xeo) +YeolH 231

=1y

H, 3Ha4UT, Zq) = Xp,q) + Yp,q)- Takum o6pa3oM KacaTesbHOE NPOCTPaHCTBO
Tp,g)(M x N) MOXeT OblTb OTOXZECTBIEHO C NPAMOW CyMMOH BEKTOPHBIX
npoctpaicTB Tp(M) @ Ty(N).

Mycts Tenepb 3agaHo oTobpaxenve ¢ - M XN — V, me M, N,
V — Hekotopbie MHONoo6pasus. 3adukcupyeM TOouky (p,q) € M X N
¥ onpeneauM ortobpaxenus ¢ : M — V u ¢y : N — V caenyiomiMMu
dopmynamu: @,(p") = ¢(p',9), v2(¢') = ¢(p,q'), tae p' € M, ¢' € N. Torna
MOXHO 0Ka3aTb cliejylollee

INpennoxenne 2.4.1. Ecan Bektop Zgq € Tp(M x N) cooTeeTcCTBYeET
(X,,Y;) € T,(M) ® Ty(N), Kak ONKCaHO Bhillle, TO

PZpg = 9"\ X, + Yy 2.32)

JI0Ka3aTesbeTBO. 3aMETHM, 4TO @; = poy); (1 = 1,2), rae ¢; — oroﬁpaxemm,

onpejaeaeHHbie BHIUe. U3 onpe,ueneHml Xp.q ¥ Yp,q CHEOyer, 4To ¢ X(M) =

0" Xp, 9 Ypq = ¢'3Yq. TlooToMy 9'Zy ) = ¢' Xp0+ Y,0) = ¢'1 Xp+ 95 ¥,.
®opmyany (2.32) yacto HasbiBaoT GopmMyioit JleiibHKLA.

Ob6cynuM Tenepb otobpaxenue ¢opM. Tyctb w' sBngercs r-dbopmoii
na N. OnpenennM ee obpaTHbi 006pa3 w = ¢*w' € D"(M) cnenylowei
¢dopmynoit

(@*W)p( Xy, ..., X)) = o (@' Xy, ' X)), (2.33)
me X; € T,(M) i = 1,2,...,7). OueBuoHo, 3Ta ¢opMyaa NOJHOCTHIO
cornacoaHa ¢ (2.28), (2.29), ecau pynkumu f' u ¢*f' paccMarpuBaTh KaK
¢opMbl HYJIEBOH CTENEHMH. : ) )

Nycts Tenepp okpectHoctu U, V, koopamHatk {z'}, {y'}
dyHKuHMsA @ Te Xe, uTo M Bhitie. [lo onpeaenenuio (2.33) u cornacHo (2.30)
HMeeM

~% ] a i -t a
an () = @ (¢37) -
a¢k 0 3()0 i O a‘p
= (dy )q(a j :xoa_yk) (a i )¢=x.,(dy )q (5:(]‘;) Py

Takum obpa3om, cdopmyna (2.33) ana anddepeHumana dy‘ NPHBOAKTCA K
BHAY

IT=Zy

op
oxi

MoXHO n0Ka3aTb, YTO BHellHee auddepeHIMpOBaHHe nepecTaHOBOY -
HO ¢ ¢*. Mbl nokaxem 3To aas 1-bopMbl B JIOKAIbHBIX KOOpAKWHaTax. ITycTb

(@’ dy’), = ().

IT=I



§ 4. OroGpaxenus W npeoGpasoBanus. 35

W = Zu'j(y) dy’ ectb 1-¢opma Ha V. Torma ¢*w' = Z(ug- o @) NP dy)
M MBI HIMeeM JIBe LIenouKH PaBeHCTB: !
- 0 - % 4 i
dP'w) =) -z P)@)d® A (@'dy') =
ik

Zau,(y) Bso(a:) 90’( ydz* A d;

FR AN

- . ou'
¢(dw'):¢*(z %4y /\dy")
T
o'y, . ou'; 8¢ 8y
= —L(p*d 5 dy) = il Nt s P W NP
Zay, & dy') A (@ dy) _Zay e S da* A d
Il JARE
CpaBHKBaA OKOHYaTebHBE Bblbaxeuuﬂ, NPUXOAHM K BBIBOJY, YTO
d(@’w') = ¢’ (dw'). , (2.34)

B utore, nocne obcyxXIoeHUs NeiicTBUS OTOOpaXeHHA ¢, Mbl HMEeM
CJICAYIOLLYIO CXEMY:

¢: ML N,
3 £ 3,
T, (M) i'» Ty,
D'(M) & D' ().

OtobpaxeHue ¢ orobpaxaer Touku M B N U KacaTeabHble BEKTOpbl K M B
KacaTteabHble BeKTopbl K N . [lna dyHkuuii u dopM cooTBeTCTBYIOLIEE OTOOpa-
XeHHe fAeicTByeT B 06paTHOM HanpabieHuH. O6paTHbI 06pa3 ana dopM ¢*w'’
YaCTO Ha3bIBAIOT BO3BPaTOM (popMbl w' 3 N B M (COOTBETCTBYIOLLKI TEPMHUH
B aHmIMiCKOM fA3bike — pullback).
Ecnu B kauecTBe MHOTOOOpa3ua N BeicTynaeT caMo MHorooGpa3sue M
1 oTobpaxenue ¢ : M — M apnsetcs dugdeomopdusmom, T.e. p u o~ ' —
aMdoepeHurpyeMble oToOpaxeHHs, TO ¢ Ha3blBaIOT npeobpasoearuem B M.
OHoO uHAyuMpyeT aBTomopdusm (cM. IMpunoxenue 7) ¢’ anre6pul Jlu X(M)
BEKTOPHBbIX MNOJICit:
@' X)p=¢'Xp 1), (2.35)

rae X € X(M). BulnonHaoTca caeayloliye Asa CBOWCTBa NpeoOpa3oBaHHi:
D PUX)=(fop WX; (2.36a)

2.
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2) [¢'X,¢'Y]=¢'(X,Y)). (2.366)

B aanbHeiilueM BaXHYIO poab OyayT WUrpaTb odHonapamempuveckue zpynnol
npeobpazoeanuii M. QOpHonapaMeTpuueckas rIpynna npeobpa3opaHHit —
3TO MHOXECTBO MpeoOpa3oBaHKil ;, NapaMeTpU3yeMbIX BelleCTBEHHbIM
yucaoM t, —oo < t < 0o, ¥ 0DNaAaIoILIKX CBOICTBAMM:

1) ¢ : M — M ecTb npeobpa3oBaHuKe 111 11060r0 PUKCHPOBAHHOTO

2) otobpaxeHue ¢ : R x M — M auddepeHunpyeMoe;

3) Pres = pro ;.

Oka3biBaeTcs, 4TO Kaxinoe BEKTOpHoe nojie X € X(M) nokanbHO
HAXOJAWUTCS BO B3aWMHO-OJHO3HA4YHOM COOTBETCTBHHM C HEKOTOPOit OjHONapa-
MeTpHYECKOit rpynnoit npeobpas3oBaHuit ;. ITO COOTBETCTBHE ONMUCHIBAETCSA
chieayiowruMy opMynaMu:

e SN -F@) . (fop:— S
(X f)(p) = lim ; = lim | — i (»,
rae f € $(M). T'oBopaT, uTo @; uHAyuMpyet noje X .
Ipenroxenne 2.4.2. [lyctb X — BekTOpHOEe none Ha M, ¢; — ero
ONHOMapaMeTPUUYECKan rpynna npeodbpa3oBaHUi, a ¥ — HEKOTOpoe

npeobpasosanue M. Torna none X' = ¢'X unnyuupyercs oo™ !,

Joka3aremcrso. BosbMeM Touky p € M u q = ¥(p). Bektop X, € T,(M)
Kacaercst KpuBor a(t) = ¢;(p) B Touke p = a(0). Eciu f € F(M), 10

(X'flg = (X(f o)y = lim (f R oﬁ) @@ =
o(popioyp™)—
— l'_T, (f ("ﬁ___({’tt Y) f') ).

Orciona cienyet, 4yro noie X' = ¢'X NMOpoXAaeTcss OAHOMapaMeTPpHUYECKOM

rpynnoit npeoGpasoBaHuit Y o g0~
B 3akiioueHue naparpacda Mbl npuBeaeM 6e3 0Ka3aTeabCTBa Cleaylo-

wyio ¢opmyiy:
Y
[X,Y]=lim — (2.37)

me X,Y € X(M), a ¢ — oaHonapaMeTpuueckasi rpynna npeodpa3zoBaHHid,
nopoxaeHHas nojeM X (I0ka3aTeabCTBO MOXHO HaiiTv B kHurax [Ho], [KH].

§5. I'pynnmt JIn

BaxHbiM KkjaccoM auddepeHUHPYEMBIX MHOroobpasuit  apistioTcs
rpynnet JIu. Ipynna Jlu — 310 Ipynna, KoOTOpas OIHOBPEMEHHO SBJs-
etca auddepeHiupyeMbiM MHOrooGpa3ueM, mpuuyeM TpyinoBas ornepauus
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G x G 3 (a,b) — ab! € G ecTb anddepeHpyemMoe oTobpaxeHue U3z G x G
B G. )

O6o031aunM uepe3 L, jeBbie CABUIM Ha Ipynne 3jieMEHTOM a € G:
L,g = ag, g € G. AHanornyHo, R, — npaBuiit casur: R,9 = ga. L, U R,
ABNAI0TCA Npeobpa3oBaHMAMU Ha G. OnpedenuM TakKXe oToOpaxeHue S,,
a € G: 8,9 = L;R;-g = aga". S; eCTb BHYTPEHHHIt aBTOMOP(PH3IM
(cMm. TlpunoxeHune 7) B G.

PaccMOTpHM MHOXECTBO BEKTOpHbIX nosieit Ha G, X(G). lMone X € X
Ha3bIBACTCA 1€60UHBAPUAHNMHBIM, €CIK OHO MHBAPHAHTHO OTHOCHTENBHO BCEX
otobpaxenuit L, a € G (L, — auddepenunan L;). DTo o3Ha4aeT, 4To
L,X = X wuau, eciy yKa3biBaTb TOUKY, B KOTOpPOil paccMaTpuBaeTcsa Mnoje,

! — !
(LgX)og = Lo Xy = Xy (2.38)
O603HayUM uepe3 g MHOXECTBO BCEX JEBOMHBapHaHTHLIX nosied Ha G,
gCX.
Ilyctb € — eaunuua rpynnol JIu G. PaccMOTpHM npOM3BOJIbHBIA

KacaTeJbHbi# BEKTOp A MpOCTPAHCTBA, KacaTejbHOro K G B Touke e, T (G).
Onpenenvm BekToptioe noie X Ha G dopmynoit: X, = L,A. Toraa mna
3TOro NoJjifA CNpaBelIMBbl PaBEHCTBA:

Xy = L;:Ae = lea‘lL:IAE = L;)a-'Xa, (a,b € G),

T.e. nojie X saBnAeTca JieBOMHBapHaHTHLIM (cp. (2.38)). CneposaTenbHo,
arHeiiHble NpocTpaHCcTBa g U T (G) u3oMopdubl, g = T (G), u dimg =
dimT,(G) =dimG. Eciu X,Y € g, To 43 (2.366) cnenyer, uto

Lol X, Y] = [LoX,L,Y] = [X,Y] ' (2.39)

u, 3Hauut, [X,Y] € g. Takum obpazom, g saBrgerca anrebpoid; oHa
Ha3bIBaeTca anze6poi Jlu rpynnel G (OTMETHM, YTO 419 TOro, 4TtoObl g GbLIO
anrebpoit JIn, nOMXHBI BLINOAHATLCA CBOICTBA (2.5a, 6); B HalleM ciay4yae OHM
BoinonHsiiorca). [loapobHee cBoiicTBa anreGp JIu GyayT u3y4aThCs B . 5.
OnemeHTHl g Oyaem obosHauats A, B, C ....

Kak yxe rosopuioch B §4, KaXiIOMy BEKTOPHOMY Nojiio X JOKAIBLHO
COOTBETCTBYET HEKOTOpast OAHONapaMeTp1yecKast Tpynmna npeobpa3oBaHuit ;.
Ecnu none X “HBapMaHTHO OTHOCHUTENLHO AEKCTBMA HEKOTOPOro npeotpa-
3oBaHua 9, T.e. Y'X = X, 1o u3 Ilpemioxenuns 2.4.2 cienyer, 4to ¢,
H 9P KOMMYTHpYIOT Mexay coboit. Ilyctb A € g U ¢y — cooTBeTCTBYIOWIASA
OlHOMapaMeTpHueckasa rpynna npeobpa3oBaHKit B OKpeCTHOCTH e. Toraa

pi(g) = (¢t 0 Ly)(e) = (Lg o pr)(e) = Ly(pe(e)) = gpi(€) = Ryyer9, (2.40)
A a1o6oro g € G. CnenoBatenbHO, ¢; 3a1aHO rIob6anbHO Ha Beeit rpynne G.
BenuuuHa a; = @;(e) obyiaaaeT cBOICTBAMH:

i) aps = apa; (2.41a)
ii) gp=c¢e (2.416)
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1 9BASeTCA ofHOoNapaMeTpuyeckoit noarpynno# B G. Takum o6pa3om,
J1060€e 1eBOMHBApUAHTHOE BEKTOpHOE nojie A Ha G HaxOAUTCHA BO B3aHMHO-
OAHO3HAYHOM COOTBETCTBHHM C OfJHOMApaMETPHUECKOH nmoarpynnoit a; B G.

JoxkaxeM OpHO BaXxHoe CBOHCTBO aBTOMOpdH3MOB (cM. [Ipunoxe-
HHe 6) G. Tlyctb ¢ — aBTOMOpH3M. Toraa

(p © Lg)(b) = p(Lq (b)) = p(ab) = p(a)p(b) = Lya)(9(8)) = (Ly(a) © p)(b).
Ucnoab3ys 3TO CBOMCTBO, MOJy4YaeM, 4TO ecik A € g, TO
(' A)pay = ¢ Aa = ¢'LgAe = L)' Ae = Ly (¢’ A)e.

Tk. (p'A)e € T.(G) 2 g, T0 ' A aABIAETCA TAKXKE IEBOMHBAPUAHTHBIM NONEM,
p'AE€g.

O6patrMca Tenepb K aBTOMOppHU3MY S;, a € G, BBeACHHOMY BbILLIE.
JuddepeHunan 3Toro oToopaxeHHs HIpaeT BaXHYIO pOib B TEOPUH TPy H
anre6p M 418 HEro 4yacTo ynotpebnsiotr obo3nauenue ad(a) = S,. Otobpaxe-
HHe a — ad(a) 3amaeT NpejicTaBieHde rpynnbl G B IMHEHHOM NPOCTPaHCTBE ¢
¥ Ha3biBaeTcs NpUCOeaAMHEHHBIM MpejacTaBieHHeM ad (ot ciosa adjoint —
npucoeanHeHHbiit). T.K. Sq = LoR;~ = Ry-1Lg, TO A1 A € g UMeeT MeCTO
cootHowenue ad(a)A = R,_.\L,A = R, A. Ecin a; — opHonapameTpuyec-
Kaa noarpynna B G, orBevaiomas noaio A € g, 1o ¢opmyny (2.37) MoXHO
nepenucarb B BHIE:

B-R,B B —ad(e;)B

[4, B] = lim — kI

(2.42)

OTMETHM elle OAHO BaXHOe CBOKCTBO OJHOMapaMeTpHuyeckoil mno-
rpymnnbl @; JIeBOMHBapHaHTHOro nojsa A € g. OHa aBisgeTca eRMHCTBEHHOM
KpHBOii B G TaKO#, UTO KacaTeJbHbli BEKTOp K Hed B TOYKE a;, KOTOpbI
Mbl 0003HauuMM d;, paBeH L[,,Ae U ag = e. OGO3HAYMM 3JI€MEHT IPYINMbi
atl;; = a; € G 4epe3 exp A. TakuM 06pa3oM, eXp €CTb 3IKCNOHEHUUAanbHOe
omobpaxcenue u3 g B ¢, exp: g — G. Ilpu 3TOM exp tA = qa;.

Tenepb Mbl NepeiineM K paccMOTpeHHI0o ¢dopm Ha rpynne JIu G.
®opMma w Ha G Ha3bIBaeTCA JEBOMHBAapHaHTHOM, ecan Liw = w ans moboro
a € G. Ecan w — neBovHBapuaHTHaa l-¢dopma, a A€ g, TO

(W(A))(@) = we(4a) = wa(LgAc) = (Law)e(Ae) = we(Ae) (2.43)

ana nwodoro a € G. Oyukuua w(A) nocrosHHa Ha G ¥ Mbl MOXEM OTpeAEAUTD
NpocTpaHCcTBO @' 1eBOMHBapHaHTHBIX GOPM Ha G KaK NPOCTPaHCTBO AyaibHoe
K ¢g. [Monb3yscy ¢popmynoit (2.21), MoxHO Koka3aTb (3anaua 2.15) ypasnerue
Maypepa— Kapmana:

1
dw(A,B) = —Ew([A,Bl) (2.44)

s w€egt, ALBEg.
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Jlo cux mop Mbl paccMaTpUBaTy ¢GOpMBI CO 3HaUYCHUAMM B NMPOCTpPaH-
cTBe BeuwecTBeHHbIX YKcen R. B obweM cayuyae ¢opma MoXeT MpUHHMAaTh
3HayeHHsA B HEKOTOPOM JIKHEIHOM NMpOCTpaHCTBe. Tak, HaM 4yacTo npuaercs
“MeThb Aeao ¢ ¢dopMaMd Ha MHoroodpasMd M co 3HaueHMsiMM B alrebpe
Jln g rpynnbl G. Mbl onpefeniM Ux Tak: w = »  w?Q,, rae anemeHTs {Q,}

a

(a=1,2,...,dimG) obpa3yioT 6a3uc B g, a w”™ — ob6blYHbIe R-3HauHblE
¢dopmbl Ha M. B aTOM cayuae BblpaXeHHe [w, ] NMOHMMaeETCA CAeaylolmnM
obpazom:

[w, 4] = [Qa, Qplw® A 7, (2.452)

e w = Ew Qa, p= ZI‘ Qo> 2 [Qa, @p] — KOMMyTaTOp B anrebpe Jlu g.
Hanpumep, ecin w, i € D (M), X,Y € ¥X(M), 10

1
[w, BI(X, ¥) = [Qa, Q" A )X, Y) = - [Qu, Q] (w" (X (V) -
1 1
~ W (WD) = S [wX), b)) = Slw@), wX)]. (2456)

HeTpyaHo A0Ka3aTb cieaylOLLMe CBOKCTBA:
[w,w](X,Y) = [w(X),w(Y)], we D' (M) (2.458)

[w,pl = (=1 [p,wl, we D*(M), p€ D (M) (2.45r)
dlw, p] = [dw, p] + (=1)’[w,dp], w € D*(M), pe D (M). (2.45n)

Cpeny pa3ndyHbiX GoOpM Ha Tpynne BaXHYIO POAb UIPaeT KaHOHuYec-
xas negounsapuarmuasn 1-gpopma 0 (ee Ha3bIBalOT TakXe opmoit Maypepa—
KapraHa). 910 ecTb IeBOMHBapHaHTHaA g-3HayHas l-¢opma Ha G, onpeae-
asieMan dopMyaon

0(4) =

(6(A))(a) = 0,(4) = A

aa A € g (B aTOH dopMyne apryMeHT ¢opMbl OOLIMHO MOHMMAIOT Kak
JIEeBOMHBAPMAHTHOE BEKTOpPHOE Nojie Ha Mpynne B HEKOTOpo# Touke a € G,
a npaBylo 4acTb ¢opMyJibl Kak deMeHT T(G) = g). KaHoHHYeckyio ¢opmy
MOXHO pa3ioXuTb no 6Gasucy {Q,} amrebpul g: 8 = > 6°Q,, rne 67

3
00pa3yloT 6a3uc BeleCTBEHHO3HauYHbIX JieBOWHBapHaHTHBIX |-¢popM Ha G.
YpaBHeHne Maypepa—KapTaHa 1 KaHOHHYECKOM (DOPMBI MOXET ObIThb
3alIMCaHO KakK

o = — %[e, 0] (2.46a)
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(cM. (2.45)) naun

1 dimg
do”=-> >  Co0’ N, (2.466)
Br=1
(a = 1,2,...,dimG), rae Cf,'7 — CTPYKTYpHble KOHCTaHTH airebpol g B
Gasuce {Q,}, onpenenseMble COOTHOILEHHEM:
[Q6,Q41= D C5,Qa. (2.47)
a

CokpauleHHo ¢opMy 8 3anKCbHIBAIOT B BUIE:
0= g_' dg, (2.48)

Ecau Mbl MMeeM MaTpHuHylO peanusauMio rpynnel G, T.e. ¢ = g(§) — Ma-
TpULa, NapaMeTpu30BaHHasA KOOpAXHATaMH {i, To 3anuch (2.48) npruobpeTtaeT
OYKBaJIbHBIK CMBIC.

Ana npuMepa BLIUKUCAKM KaHOHHYECKYIO dopMy B ciydae G = SU (2).
B cranpapTHoii napaMetpusauuu yriamu ditiepa {£} = {x, ¢, ¥}

— idp iRy i3y __ ( z 52)
gy =erfertett = " o), (2.49)
rae
X jexe
zZy=cos=e 7,
2
X et
Z72 = SIn Ee 2,

a T, T3, T3 — Marpuubl [laynu. HecnoxHbie BolyKciaeHUa no ¢popmyie (2.48)
AT

it iT
0= %(sin xcosydyp —sinypdy) + f(sinxsin Ydp + cosypdy) +

iT3
+ —2—(cosxd(,o + dy). (2.50)

MaTtpuibi %‘ra (a = 1,2, 3) obpasyiot 6a3uc B anrebpe JIu g = su(2) rpynnsi

SU(2). TlocTporM TakXe COOTBETCTBYIOLLUHE JIEBOMHBAPHAHTHbIE BEKTOPHbBIE
nona A, Ha rpynne G = SU(2). Jia 3T0ro Bo3bMeM JHIeiHO-He3aBUCHMbIE
8 8 8

BEKTOPHBIE MONIA 5., -, 5, 3aMMIIEM A, B BHIe Da3lloXEHHII MO ITHM

nojasaM ¥ HaaeM Ko3(pPHIIKEHTH ITHX Pa3loXeHHH U3 ycioBuit 0(A,) = i';'r,,.
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Jlerko noayuunTb, 4TO

A cosyp a 1/) 0 bt
= ——— - ——cos c ,
: sin x O¢ gxa¢
singy 9 3
A = - t 2.51
27 siny 9p 051/) sm'z/)ch&p @30
A= 2
g

Paccmotpum Tenepb auddepenunpyemoe MHoroobpasMe M, Ha Ko-
TopoM faeiictByet rpynna JIu G Kak rpynna npeo6pa3oBaHHi. DTO O3HavaeT,
YTO [UIS KAXAOIO J7MeMeHTa a € G onpexeieHo npeobpasoBanve M, kotopoe
Mbl OymeM obo3nauatbh v¥,, ¥, : M — M. Ilycts npn 3tom otobpaxenue
G X M — M, nepeponsiilee neMeHT (a,p) B Y, P(a € G,p € M), apasercs
nndrpepeHUHMpYEMbIM M U1 HETO BLIMOJIHAIOTCS YCIOBHS:

1) ¥ — TOXAEcTBeHHOE Npeobpa3oBaHueE;

2) Bas(p) = Dy (Wa(D))-

B aTtoM cnyuae roBopsiT, uto G AeiictByeT Ha M chnpaBa (MHOrZa NUWYT pa
BMeCTO 9,p). ['oBOpAT Takke, uto G aeictByeT Ha M 3ddeKTHBHO, eciM U3
paBeHCTBa P,p = p 1A Bcex p € M cnenyer, 4to @ = e, U YTo G AeHCTBYeT
Ha M cBoGOIHO, ec/iM U3 paBEeHCTBA YP,p = p A HEKOTOPOIro p Cienyer,
yto a = e. OueBHOHO, ecnu rpynna G aAeiictByer Ha M cBoGogHO, TO OHa
neitctByeT U 3PPCKTUBHO.

Cnepayioliass KOHCTPYKLHUSl OymeT 4acTo BCTpevaTbCsl HAM B MNociachAy-
IOLKX pa3genax. Mbl yCTaHOBMM COOTBCTCTBHE MeX[Iy JieBOMHBapHalITHBIMH
BEKTOPHBIMH MojAsiMM Ha G M BeKTOpPHBIMU nonsiMu Ha M. Tlyctb A € g m
a; — oTBevalolas eMy ofiHonmapameTpHueckas noarpynna B G. Torma ,,
ecTb OfHOMapaMeTpuyecKas rpynna npeobpa3oBaHud M W oHa HMHAyUH-
pyet BekTopHoe noje A* € X(M). TeM cambiM Mbl 3aja1M oTobpaxeHHe
g :g— X(M), aa xoroporo op(A) = A;. Ono saBiaseTcs NpoU3BOTHOM
otobpaxeHus o, : G — M, 3anaBaeMoro opmynoit d,(a) = Pa(p).

(2.52)

IMpeptoxenne 2.5.1. Otobpaxkenue o asiasetcs roMmoMopduimom (cM. Ipu-
noxeHne 7). Ecnu G peicrByet 3¢ddextHBHO HAa M, 10 0 —
moHoMmopdusm (g B X(M)). Ecin G peitctByet cBoborHo Ha M, TO
s moboro HeHyneBoro A € g 0(A) nuroe He obpallaeTcss B Hy!b
Ha M.

HoxazaremctBo. [TokaxeM, yto ¢ — romomopdusM. Ecim b € G, 10

Pa, © &'P,,I—I(P)(b) =g 00 1/)al"'(p) = 1/)a“'ba, ® =
=95 o) = (505,1) .  (253)
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[Tyctb A,B € g, a a; — oJgHonapaMeTpHyecKas noarpynna B G, cOoTBeT-
crytomass A. [lepexonst B (2.53) K npon3BOAHBIM OTOOpPaXeHHIT U HCMOJb3YSA
paBeHcTBa (2.37) v (2.42), nonyunm

* * . . 1 s 1
[4;, Byl = [0,(4),0,B] = fim = [UPB - 1/):1:0¢a;1(P)B:l = lim 7 [UPB -

- o,ad(a; )B| = g lim % [B—ad (a;') B| =0, (14,B) = (14, B]);,
T.€. ¢ — romoMopdu3m anredpnl Jiu g B anredpy Jin X(M).

[Tyctb none A € g nNpUHAIEXUT AApY ITOro roMomMopgpHsma, T.e.
g(A) = 0 Bciony Ha M. 3BT0 03HayaeT, 4TO %, — TPHUBHAIbHAsA Tpynna
npeodbpasoBanuii. Ecin G peiictByer Ha M 3¢ ¢ekTHBHO, TO OTCIONA CleayeT,
yuro @; = e U A = 0. Takum obpasoMm, kero = {0} u o sasiserca
nsoMopdpnimom (cM. Ipunoxerue 7).

ITycte 0(A) = 0 B HekoTopoi Touke pp € M. Torma 9,pe = po.
Ecnu G peiictByer Ha M cBobomgHO, To 3T BileyeT a; =e U A =10

§ 6. I'zaBHbie paccinoenus

[NloHsATHE pacCIOeHHOIo NPOCTPaH-

CTBa (MAM pacCnoeHMs) MTpaeT BaxXHYyI0

ponb B AP depeHLHATBHOI MreoMETPHH H

ee (HU3MYECKHUX NPHAOXKEHHUSX, B 4acT-
HOCTH, B TEOPHUM KaNMOPOBOYHLIX noneit. F
OHo BO3HHKaeT, HanpuMep, TOrma, Koria il
Ha MHOrooOGpasuu P BBOASIT CTPYKTYpY E E
e 1

1
1
1
]
¥

cJioeB. A MMeHHO, nyctb P pa3ouBaetcs
- U
Ha NMOJMHOXECTBA, T. H. CJIOH, KaXAblil U3 f P@_U /\1

KOTOpbiX H30MOpdeH HEKOTOPOMY MHO-
XecrBy F. CnovM MOXHO «3aHyMepOBaTh» Puc. 7.

TOYKaMM HeKOTOporo MHoxectBa M, Ha-

3piBaeMoro 6a3oit (cxemaTHuecKoe H300paxeHHe pacCiaoeHHs JaHo Ha puc. 7).
3T0 03HayacT, YyTo 3ajlaHa KaHoHHWYecKas npoekuus @ . P — M, orobpaxaio-
11as BCe TOUKH OJHOro ciofl (M TaNbKO UX) B ToyKy = € M. Takum oOpazom,
C/IO# HaJl TOYKOH T MOXHO 0603HauuTh 7' (z). KpoMme Toro, NOKanbHO, T. €.
Hax HeKoTopoit okpectHocTbio U C M, paccnoeHne P ycTpoeHO TakK Xe,
Kak npsmoe npousBeaeHue U x F. Ho mobaibHas CTpyKTypa pacciioelns
MOXeT ObITb HeTpyBHaNLHOIA. Paccnoenue P Haa 6a3oit M yacto ob6o3Hayaior
P — M. MoxHo goKa3aTb TEOPEMY O TOM, UYTO jiloboe paccioeHHe Han Oa3oid,
ABAAIOUICIHCA CTArMBaEMbIM NPOCTPAHCTBOM (T.e. KOTOPOE MOXHO Mo cebe
npoaedopmMHpoBaTh B TOYKY), TPMBHaIbHO. Tak, HanmpuMep, TPUBUAIbHB BCE
paccaoeHus Hal okpecTHocThio B R .
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Ha puc. 8a, 6 usobpaxens! aBa paccaoenus Hal M = S' ¢ opium u
TeM Xe crnoeM F, apasiommmca otpe3koM [a, b] (Touka a oToxmecTsiasiercs
ca,b—cb'). D10 06pIYHOE KOABLLO (OrpalMYEHHbIH LWINHAP) (pHC. 82)
M neHta MebGuyca (Konbllo, nepekpyueHHoe oaun pa3) (puc. 86). Hx
JIOKaNbHbIE CTPYKTYpbl OHNMHAKOBBLI, B TO BpeMsl KaK KIo0albHble SBHO
pazINyaloTCs. JTOT NpUMeEP BeCbMa MOYUHUTENEH: U3 HEro BUAHO, YTO 3alaHHe
6a3bl He onpemefiseT paccinoeHHe oOmHO3HauHO. TpeOyercs ykasartb ellle,
KakMM 00pa3oM pasjiMyHble YacTH paccAoeHHs (NMOPLMHM PacClOEHHs Haj
PaIMUHBIMH JIOKAJIbHBIMH OKPECTHOCTSIMH) «CKJIEMBAIOTCS» MeX]y CODOIM.

\ :[:::;'1”' - - &

L, 2
S ——
U

.y @1,,

6) = i

b , < o

a —

U

Puc. 8.

TIprMepoM pacCaoeHHUs] MOXET CAYXWUTb MHOXecTBO P, Ha KOTOpOM
32aHO OTHONIEHHEe 3KBHMBAJIEHTHOCTH ~ (cM. [IpwioxeHue 4) TaK, urto
KJ1acChbl IKBUBAICHTHOCTH roMeoMopdHbl Mexay coboii. B aTtoMm cnyuae cnoit
o0pa3oBaH ToOYKaMH, 3KBUBAJICHTHBIMHM IPYT Opyry, 6a3oit aBasercs dakrop-
MHOXeCTBO P/~ , a ToukaMHu 6a3bl — KJIaCcChl 3KBHUBANIEHTHOCTH.

[TonsatHe paccioeHns BO3HHKAET TaKXe TOTAA, KOrJa ¢ KaXAoH TOYKOMH
MHOroo6pasua M cBfi3aHO MHOXECTBO 0OBEKTOB, xapaktepusywolux M B
atoif Touke. Tak HanpuMmep, B Kaximoit Touke £ € M cyliecrByeT Habop
KacatenbHbiXx K M BeKTOpoB, 00pa3yloltux JuHeitHoe npocTpaHcTBo Tp(M).
Torma MoxHO BBeCTH pacciocHue P Haj 6asoit M, aias kotoporo cnoit F
HaJ TOYKOH & eCcTb MHOXECTBO BCEX BEKTODOB KacareJibHbix K M B
Touke . OHO Ha3bBaeTCcA KacaTeNbHbIM pacciaoeHHeM. Yacto npu H3yueHUH
CBOHCTB MHOroobpasuss M oka3sbiBaeTcsl yIOOHbIM paboTaTb HMEHHO C 3THM
pacciioeHHeM.

Mbl nogpoOHO PacCMOTPHUM JIBa BaXKHBIX YACTHBIX CJy4dasl pacCIOEHHik:
IIaBHOE paccliOeHHe M pacClioeHHe, aCCOLIMMPOBAaHHOE C MaBHbIM. B ciyuae
rmaBHOro paccnocHusi cnoit auddeoMopden Hekoropoit rpynne. Jdagum
TOYHOE OomnpeJieieHHe MaBHOrO PacCloeHHSs.

IMycTb MMeeTca Muoroodpasve M v rpynna JIu G. Iasnoe paccaoennoe
npocmpancmec (AW 21aeHoe paccaoenue) Haa M ectn MHoroobpasue P, Ha
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KOTOPOM 3afaHO AeHCTBHUE Ipynnbl G; npy 3TOM BLIMOAHAIOTCA Cleayioline
YCJIOBHS:
1) G peiicrayer cBobonHo Ha P cnpaba:

(p,a) EPxXG — ¥Y,p=pac€ P, (2.54)

2) otobpaxeHue (2.54) 3anaeT oTHOUieHHe IKBUBAIEHTHOCTH Ha P
(p~p ecnn p= ¥,p' wia nekotoporo a € G) u M ectb akTOpnpocTpaH-
ctBo (cMm. Tlpunoxenune 4) wia P no 3ToMy OTHOLIEHHIO 3KBHUBAJIEHTHOCTH:
M = P/~ win M = P/G, npuyem KalloHMuecKass mpoekuus 7 : P - M
mddepeHumnpyema;

3) P — nokanbHO TPHMBHAIbLHO. 3TO O3HAYaeT, YTO IS KaXIoWH
TOYKH T € M cywectByeT okKpectHocth U, = € U C M, Ttakas, 4TO
x " (U) (r.e. nopuus P wuan U) wusomopdpHo U X G B TOM CMbICAE, YTO
cymectByeT auddeomopbusm x : 7 (U) — U x G, 3anaBaemblit hopmynoii:
x®@) = (@(p),p(p) €U XG, pe ' (U), roe ¢ — oTobpaxeHHe U3 * '(U)
B G, ynomierBopsiouee ycnosuio: ¢(¥,p) = ¢(p)a ms Bcex p € 7 (U),
a€QG.

OO0blyHO HMcnonb3yeTcs cheayiomlas TepMuHonorus: P — npoctpaH-
CTBO paccinoeHuss, M — 6a3oBoe npocTpaictBo (6a3a), G — CTPYKTypHas
rpynfa, ¥ — MPOEKUHs, T '(z) cnoW Haa T, ABASIOWMACA 3aMKHYTBHIM
noaMHoroob6pasuemM B P. bysem o6o3HayaTh 3TO IJIaBHOE pacClOEHHUE Tak:
P(M,G,n) van P(M,G). OueBugHo, dim P =dim M + dimG.

U3 onpenenenuns cneayer, uto w(¥,p) = w(p) a1a Bcex a € G.
Ecnv Mbl BbIOpasi HEKOTOpPYIO TOYKY pp € P, TO cioil, npoxodsmuid
yepe3 py, npencrasaser coboi MHOXecTBo TouekK Buaa {V¥,pp,a € G}.
Tak kak cTpykTypHas rpynna G HeicTByeT Ha cjoe cBOOOZHO, TO cnoi
anddeomopden G. Jlokanbhble okpectHoctH U, B P, 3ajpaiowiue Kaprbl,
MOXHO BbiGpath B Buie U, = Uy x Ug, tme Uy n Ug — okpecTHOCTH B M
U G COOTBETCTBEHHO.

Yacto maBHble pacCiOeHHbIE NMPOCTPAHCTBA ONHMCHLIBAIOT B TePMHHaX
OTKPHITOFrO NOKpLITUA Ha M # ¢yHKUMit nepexoma. B cwiay cBocrBa
JIOKaNbHOI TpUBHaTbHOCTH Wi P(M,G) MOXHO BbIOpaTh TaKoe OTKPHITOE
nokpeitve {U,} Ha M (t.e. Uy U, = M), uto B Kaxnoi nopuuu n~ ' (U,)
sanaH anddeomopdusm xg 1 17 (Ua) = Uy X G, Xa(P) = (M(D), 0o (P)), rae
P €T (Ua) M 0a(¥yp) = pa(p)g. Ecnu U, N U, # @, 10 B 77 (U, N Up)
3a0aHbl OJHOBPEMEHHO JBa OTOOpaXeHHUs: X, U Xp. Has p € U, N Uy)
nMeeM .

Op(Vp)(9a(¥,2)) ' = ps(P)9(0a(P)9) ™" = Ps(P)pa(P) ™"

DTO O03Hayaer, YTO BEJIMYHMHA <p;,(p)(<pa(p)") 3aBHCHT TOJBKO OT 7(p),

M, CHeloBaTeNbHO, @u(m(P)) = <p,,(p)(<pa(p))“ ABAETCA OTOOpaXeHHUeM
3 U, N U, B G. Takoe orobpaxeHHe Ha3blBaeTCs ¢yHKUuell nepexoda.
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CemeiicTBo dMyHKUMII nepexona @y, paccnoenua P(M,G), cOOTBeTCTBYIOUIMX
nokpeitHio {U,} Ha M, 3anaer cnoco® <«CkIeiKH» pa3iH4HbIX TNOPLMIi
1r“(Ua) Mexay cobol B eaMHoe MHoroobpa3due. HerpynHo nokasaTh, 4TO
Soca(z) = Socb(z)soba(z) s T € Ua N Ub n Uc-

B coOTBeTCTBHMM C pe3ynbTaTaMy npeabinyliiero naparpada neficteve G
Ha P 3apaet romoMmopduim o anrebpol JIn g rpynnet G B anredpy Jin X(P)
BeKTOpHbIX noneil Ha P. [Mone A* = o(A), A € g Ha3biBaeTca ghyHdamen-
MAanbHoiM 6eKMOPHHIM nosem, cooTpeTcTByloliMM A. Tak Kak orobOpaxenusa ¥,
NnepeBOIsSIT Kaxablii cinoil B cebs, TO A; Kacaetca cinos B Ttouke p. [lo
omnpefeieHUIO TaBHOro pacciaoeHus rpynna G neicrByer Ha P cBoboaHo,
crenoBareibHO Wisl moboro A # 0 none A* uurme He obpaiaercss B Hyib.
PasmeprocTs kaxaoro cnosi paBHa dimg. I[oatomy orobpaxeHue g, U3 g
B Tp(p), 0p,(4) = A;‘,, ectb H3o0MOpPH3M @ Ha KacarelbHOE NMPOCTPAHCTBO B
TOYKE P K CJIOIO, NPOXOoJsLeMy Yepe3 p.

Ipentoxenue 2.6.1. Ecin A* = 0(A), 10
V' A* = o(ad(a” ") 4), (2.55)

rmea€G, Acg.

HMokaszaremserso. Tak kak none A* MHAyUMpyeTcs oIHONapaMeTPHUYECKOH
rpynno# npeobpasoBaHuit ¥, , rme a; — OAHOMNAapaMeTpHUYeECKas MoArpynna
B G, otBevaouana A, to B coorBerctBUH C IllpemwnoxeHvem 2.4.2, nosne
¥, A* unayumpyerca W, oW, o W,i = Uyo1q,. BhsACHMM Temepb, Kakomy
3jeMeHTy M3 g OTBeyaeT MOArpynna a; = a 'a;a man COOTBETCTBylOLLas ek
onHoMnapaMeTpHyeckas rpynna npeobpasoBanuii B G ¢; = R; (cM. (2.40)).
Jna g € G nmeewm:

@1(9) = Ra,g = 9 = ga”'aya = a'aga'asa= 8§ (a"‘) (aga“a,) =
=S (a“) (Ra‘ (aga_‘)) = (S(a—‘) o 1 OS(a)) (g)

Takum obpasomMm, ¢; = S(a") o ¢; 0 S(a) 1, cornacHo [pemioxenuio 2.4.2,
Takas oOAHOMapaMeTpHueckas TIpynna npeobpa3oBaHUit MHAyUMpYeT mnoje
ad(a~ ')A (nanomuum, uto ad = §').

OcTaHOBUMCS Tenepb Ha MOHATHH 20Momopusma paccacenui. TlycTb
Yy Hac MMeeTca NnBa MaBHbIX paccnoeHus: P(M,G) u P'(M',G'). Tomo-
mopusm f paccnoenus P'(M',G') B P(M,G) cocTOMT U3 oTobpaxeHus
fp : PP — P w rpynnoBoro romomoppusma fg : G' — G TaKkmx, uto
Tp(V,p") = e fo(p') nns Beex p' € P' m a' € G'. T'omomopdusm f
otobpaxaeT cnoit u3 P’ B cnoit U3 P ¥ npH 3TOM MHAYLHUPYET oToBpaxXeHHe
Touek 6asel M' B M fy : M' — M, npuuem fu(x'(p")) = 7(fp(p").
Ecan Mbl otoxagectBiaseM P' ¢ fo(P'), G' ¢ fa(G') v M' ¢ fy(M'),



46 ]"naBa 2 Ocnomme TIOHATHSA p.ud)(bepenuuam.non TeOMETPHH

To ropopsat, uto P'(M’',G') ectb nogpaccnoenve B P(M,G). Ecin kpome
Toro M' = M wu fy cyTb ToXIeCTBeHHOe npeobpa3oBaHue Ha M, TO ro-
mMomopduam f : P'(M,G') — P(M,G) Ha3biBaeTcs pedykyueii CTPyKTYPHOW
rpynnbl G paccnoenns P(M,G) k nogrpynne G'. Tlpu stom P'(M,G') na-
3bIBaeTCS pedyKUpPOGAHHSIM PACCAOEHUEM Y TOBODPAT, YTO CTPYKTypHas rpynna G
penyuupyema K G'.

§ 7. Tlpumeps! raaBHBIX PacCIOCHHI

IIpumep 1. TpuBnanbHoe paccnoeHue P(M,G) = M x G. Touka
paccnoeHus p = (z,g), rae £ € M, g € G. [JeWicTBHe CTPYKTYpPHOH rpynnbl:
V.(z,g9) = (z, ga); choit — rpynna G. KaHOHHYeCKas NPOCKUHS eCTb NPOCTO
TpoeKLHs Ha NepBblii COMHOXHTENb: (T, a) = pry(z,a) = .

TIpumep 2. [lycte G — rpynna JIn, H — ee 3aMKHyTas noArpymnna.
Torna G = P(G/H,H), rae 6a3a G/H — OIHOPOZHOE NMPOCTPAHCTBO (CM.
IMpwnoxenue 9):¥,g = gh, g € G, h € H. KaHoHHYecKas npoeKuus w
€CTb COMOCTaBJIEHHE KaXIOMY JJIeMEeHTy ¢ ero Kjacca 3KBUBaIeHTHOCTH [g]:
m(g) = [g] € G/H. OueBunHo, utro m(V,g) = n(gh) = [gh] = [g] = 7(9).

Ipumep 3. Paccaoenne Xonda P(S%,U(1)) = S*. Tak kak SU(2) = §°
(3anayva 2.2), TO TOYKH 3TOTO PACCHOEHHSI MOXHO PacCMaTpHBaTh KaK MaTpHLb
g € SU(2). CrpykrypHas rpynna G = U(l) = {e**, 0 < A < 2n}. Ee
nevctBue: Uyg = ge”"’. KaHoHuyeckyio npoekunio SU(2) — $? 3agmanum
cnenyiowinM obpasoM. HerpynHo l'lOKa3aTb, 41O M1 N1I060H MaTpuubl g €
SU(2) crpaBeInBa dopmyna grigt = 'ff rae § =1 B cuy yHuTapHocm qg.
Torna w(g) = € — touka S2. Tak kak V,g73(¥ )" = g1397, T0 7(¥,9) =
w(g).

Mpumep 4. S>**' = P(CP",U(1)). Cdepy S>™*' moxHo peannsosatb
KaK MHOXECTBO TOYEK 2z = (z,,zz,...,z,m) B C**', ynomrerBopsiommx
YCIAOBHIO |2 |2 + |22 + ... + |2Zn41]? = 1. CTpykTypHas rpynna G neiicTByer
Tak: ¥z = ePz. TaK KaK Kaxnoi Touke z € C**', z # 0 cooTseTcTByeT
npsaMas, TpoXoAdilias yepe3 HAyano KOOPAMHAT M TOUKY 2, T.€. 3JeMEHT
CP", To KaHOHMYecKasi TIPOGKUMS T conocTaBiseT Touke z € S a1y
npamyio.! JIeHcTBHe CTPYKTYPHO# Ipynnbl MPOCTO nepeMelaeT TOYKY BAOMb
3TOH MPSAMOM.

IMpumep 5. Ipy onKvcaHUKM TpaBUTAUMHK Ha A3bIKE PACCIOEHHBIX MPO-
CTPAaHCTB BAXHYIO pOJb MrpaeT paccaoeHue auHelnsix penepos. Ilycte M —
mnddepeHurpyeMoe MHoroo0pasve pasmepHoctn dimM = n. B kaxnoit
TOUKE T € M MOXHO BbIOpaThb M-JIMHEHO HE3aBUCHMbIX KacaTedbHbIX
BckTopoB Xi,...,X,, KoTopble OyayT 6a3McoM KacaTeAibHOro MNpPOCTPaH-
crBa Tp(M). Takoit ynopsaaoyeHHbI 6a3UC Ha3bIBAIOT JIMHEHHBIM pernepoM
u; = {Xiz,...,Xnz} B TOUKE . SICHO, YTO UMeECTCA MHOTO CNOCOOOB BbiGOpPa
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pernepa B Kaxaoit Touke MHoroobpasua M. [lycts L(M) — MHOXeCTBO BCex
JIMHeiiHbIX penepoB Bo Bcex Toukax M. OkasbiBaetcsl, uto L(M) seiasercs
M1aBHbIM PacCIOEHHBIM MPOCTPAHCTBOM CO CTPYKTYPHoi#t rpynnoit GL(n,R)
(rpynna HeBbLIPOXAEHHbIX BELIECTBEHHBLIX MaTpHL pasmepoM n X n). Jleid-
cTBUTENBHO, ec a = (a;) € GL(; R), u; = {X)z,..., Xy} € L(M), 10
W, U, ectb penep {Y);,...,Y;;} B Touke z, rne Yj; = a;X;,. Kanonnueckas
Nnpoekuus w onpedensietcsl Kak otobpaxeHuwe u3 L(M) B M, conocra-
Biasiollee pernepy u; Touky z. Jlerko npoBeputb, uto GL(n;R) neitcrByer
cBoboaHo Ha L(M) n wm(u) = m(v) Toraa ¥ TOAbKO TOrAa, Korda v = V¥ u.
Ecnu (a:‘,...,a:") — JIOK&IbHbie KOOPAMHATLl B HEKOTOPOIl OKPECTHOCTH
U C M, To Kaxaplii penep 'u,z B Touke & € U MOXHO 3anMcaTb B BMAE
u = {X;,....,X,,} ¢ X X, a -5, rae Xf — HeBbIPOXACHHAs MaTpHua.
[Mepemenubie {z'} u {XJ’-‘} (,7,k = 1,2,...,m) MOXHO B3ATb B KauyecTBe

JIOKaTbHBIX KoopgHHaT B 7' (U); TeM campiM L(M) craHoBuTCS OG-
depeHunpyembiM MHoroobpasneMm. HUtak, L(M) ecTb riaBHOE pacclocHHe
P(M,GL(n,R)), Ha3piBaeMOe pacCAOEHHEM JIMHERHBIX penepos.

Cneayioliye TpUMepPbl CAyXaT WUIIOCTPalHeil ToMy, YTO MOIYT Cy-
LUECTBOBAaTh TI00anbHO pa3fiMiHble [MaBHbIE PAcClOeHUs C OAMHAKOBOi
JIOKTLHOWM CTPYKTYPO#.

INpumep 6. P(S',Z;). Cnoit coctout M3 AByX Touek {+1, —1} =
S° 2 Z, u peiictBue cTpykTypHoit rpynnsl ¥,, a € Z, coBnagaer ¢ o6bIy-
HbIM YMHOXeHHMeM. BuiGepem Ha 6aze M = S', napamerpusyemoit yriom 6
(0 £ 8 < 2m), nBe nepecekaiomnecs okpectHoctH Uy u U,. Torga noxkaibHO
paccioeHNe BLIMISINAT TaK:

7r_‘(U,) 22U, X Zy, KoopauHartel (8, a;);
7r_‘(U2) ZU; X Zy, KOOpAMHaTHI (8, a)),

rae a;,a; € G = Z,. DyHKUHSA nepexola ), 3aBUCHT JHLIb OT HEMpPePbIBHOM
nepeMeHHo# § M3 obnactu nepecedenns U; N U, n npMHHMMaeT ANCKpeTHbIE
3HaueHus U3 Z,. SIcHo, 4TO 3Ta (PyHKIIHA JOMKHA ObiTh MOCTOSAHHOM. Bo3-
MOXHBI Ba cnyvas: ¢ = 1 ¥ > = —1. B 3aBucruMocTH oT BbiGOpa GyHKLHH
nepexoaa, «CKJIeHBaloleit» KapTel B P, NoayyaloTcsl TOMNOJOrMYECKH HESKBH-
Ba/leHTHbIE TIaBHble paccnoeHus. [lepBoiit caywait: @) = 1, ¢1(p) = ¢a(p),
p € P (3nech p, otobpaxeHue, 3aaaiouiee gugdeomopdusm x, : 1r“'(U,,) —
U, x G, cMm. §6). Torna paccnoenne P tpuBuansHoe, P = S' x Z,, u npexn-
cTaBiseT coboit ABe OKPYXHOCTH, ABAAIOUMECS IPaHULEl OOBIMHOrO KoJbla
(puc. 8a). Bropoit ciyuaii: p; = —1, ¢ = —p,, P(S',Z,) — HerpuBHab-
HOE paccnoel-mc npeAcTapIfioee coﬁou KPHBYIO, ABaX/bl HaKPbIBAIOLLYIO
6a3sy S' v apnsiowyiocs rpaHULE NeHTbHI Mebuyca (puc. 86).

Ipnmep 7. Paccnoenve MaruuTHoro Mononons P(S2 U(1)). Ha Gaze
M = S? yno6uo BBectH cdeprueckne koopauHathl (8,¢) (0< 8 < 7, 0 <
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¢ < 2m). Touku cnoa U(l) = S' 6ynem napamerpusoBath BenuuuHamu e'?.
B KauecTBe JBYX OKpeCTHOCTe Ha S’ BbIGMPAIOT BEPXHIOI M HHXHIOW
nonychepsl H, n H_ (CM puc. 9). Ux nepeceuenne H, N H_ npencraBaseT
c0o00if OKPYXHOCTb S! («3KBaTop»), mapamerpusyemyio yrmom 0 < ¢ < 2.
Toraa JOKalbHO Hallie paccioeHHe BbIMISANT TaK:

H, xU(@), KoopauHatht (0, ¢, ' ),
H_xU(), KOOpAHHaTht (8, ¢, e'v- ).

Kak yxe oTMmeyasoChb Bbilie (PyHKIMS nepe-
xoma sapasercsd ¢yHKuueit Touek B H, N H_
(B HauleM npHMepe 3aBHCHT TOJNBKO OT ¢)
U npuHuMaeT 3HayeHuss B U(l). Jlerko no-
HATb, UYTO OTOOpaxXeHWs ,, BBENECHHbIE B
n.3 onpeneaeHUs MABHOINO pacCIOEHHUS, HUMe-
10T CleldylOWUH NpOCTOi BHI: @i(py) = eV
rie pip = 0, $,e¥*) — Ttouka paccroenus
Han H.. Torza ¢yHkums nepexona ¢4 (@) =
P> (p) = ¥V, pex”I(H, 0 H).
Mbl BbiOepeM ee B Bule ¢, (¢) = e’®. Tax
KaK ¢yHKUMS nepexona oaHo3HayHas ¢yHkuua Ha H, N H, 1o | momxHo
ObIThb LIENBIM YHCIAOM. B 3TOM npuMmepe BHUAHO, YTO 33anaBas QYHKUHUM Te-
pexona ¢ pamuqnbmu {, MBI nonayyaeM TOMNOJOrHYECKH pa3iMyHbie MIaBHbIE
paccyioeHHsl Haa S? co CprKrypHou rpynnou U(1). Ilpu 1 = Q0 paccnoeHue
TPHUBHAILHO: P(S2 Um,li=0)= S?x S'. Cnyuait I = 1 ectnb paccioeHHe
Xonda P(SZ,U(I),I = 1) = 8 (cM. npumep 3). Uncno I coOOTBETCTBYET
TaK Ha3biBaeMOMY mnepBoMy kjiaccy YepHa M HyMepyeT HEIKBMBANEHTHBIE
pacciaoeHnss MOHOMOMS.

Puc. 9.

Ipumep 8. UncrantonHoe paccnoenune P(S*, SU(2)). Br1a KOHCTPYK-
LUMs1 BO MHOIOM aHajJlorMyHa npenbidyuiemy npumepy. I[lycte (8,¢,v,p) —
chepHueckue KoopauHatel B 6aze M = S*, (a,f,7) KoopamuaTel cios
SU(2) = s3. Pa3061>eM S* na nBe «monycdepbi» Hy, rpaHWLBE KOTOPBIX
ABISAIOTCSA cd)epaMM S®. Torma o6nactb nepeceyenuss H, N H_ BOan-
31 «3kpatopa» S* nmapamertpusyetcs yrnamu Bitnepa (0, ¢,v) cdepot s3.
CranpaptHas napaMeTpH3auus anemeHtoB h(8,¢,¢) € SU(2) = S* yrnamu
Ditnepa cnenyiolas:

h(0,$,9) = T4 — iTX, T +iz) _cosgexp( (1/)J2r¢)) ,

T3 +izy = smgexp( - ¢))
2 2 ’
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rae 7; — matpuubl Ilaynn. DneMeHTsl ¢ CTpyKTypHoit rpynnel G = SU(2)
napameTpHM3yloTcs yramu Jitepa (a, 8,7), g = 9(a, §,7). Hale paccinoerue
OMMCHIBaETCH ABYMS KapTaMH:

H+ X SU(2); KOOpIHHATDI (07 ¢:"/’,P; a+,ﬁ+77+);
H_ x SU(2), KoopauHathl (8, ¢, ¥, p;a—_,B-,7-).

®yukumio nepexoga Buibepem B Bude @._(6,$,v) = (h(6,,¢))*, rue k
JOJIKHO ObiTh uenbiM YHuciaoM. IIpu k& = 1 MMeeM M3BECTHOE pacC/OCHME
Xonda P(S4, SU(2);k = 1) = S’. Mbl cHOBa NoNy4nIH 6eCKOHEUHYIO CepHIO
TOMOJIOTUYECKU HEIKBHBAIECHTHBIX MaBHBIX PaCCHAOEHUMH, XapaKTepH3yeMblX
yuciaoM k. OHo oTBeyaeT BTopoMy Kiaccy YepHa.

§ 8. AccouunpoBaHHbIie PacCIOCHHSA

OnyiweMm Tenepb Opyroi KJacC paccjiocHHit, KOTOpbIA 4acTo BCTpeuya-
eTCcsl MpPH ONUCaHHH KaTHOPOBOYHBIX TeOpHil. B paccioeHHax 3toro Kjiacca B
KadecTBe CJiosl OymeT BLICTYNaTh He rpynna, Kak B Cllyyae MIaBHOIO pacciioe-
HHs, a MHOrooGpa3He, Ha KOTOPOM 3aJaHO JeiCTBHe rpynnbl. B ¢pu3nyecknx
NMPUIOXEHHUAX poib 3TOr0 MHOroobpasusa OyldeT UrpaTh NMPOCTPAHCTBO Npel-
CTaBJIecHHSA NOJieH MaTeEPHH.

Tlyctb P(M,G) — rnaBHOe pacClIOeHHOE NpOoCTpPaHCTBO, a F —
MHOroo6pa3e, Ha KotopoM rpynna JIn G peiictByer cneBa, T.e. 3amaHO
npeacrableHe p rpynnsl G na F Takoe, yto mns oboro 3neMeH-
Ta a € G onpegenelio AvlieitHoe ortobpaxeuue p(a) : F — F, npuyem
p(ab) = p(a)p(b). Tloctponm npsamoe npouspeaeHue P X F| aneMeHTaMH
KoToporo sBasiiorcs napwl (p,§), p € P, £ € F, n onpenenuMm AeicTBHe
G nva Px F cnpaBa: G2 a: (p,f) € PxF — (U,p,pa) '¢) e PxF.
Takoe peiicTBMe Tpynnel 3azaeT OTHOLIEHHE 3KBHUBaieHTHOCTH. Bo3bmeM
dakTop-npoctpaHcTBo (cM. Tlpwioxenue 4) P X F no 3TOMy OTHOLUEHHIO
JKBHBAJIEHTHOCTH; ero Ha3bIBalOT CKpPYUeHHbIM NpoHW3BeaeHHeM P M F H
0bbyHO o6o3Havalor F = P Xg F. Dnemenramu MHoroodpasvs FE srasioT-
¢ Knacchl akBuBanenTHoctH [(p, €)] = {(V,p, p(a) '€),a € G}. TMpoekums
mg : E — M onpegesieTcsl U3 yCJIOBUSl 3aMbIKaHHS Clieaylolleil TpeyroilbHOM
IHarpaMMbl;

PxF-5E
mopr N\ 75,
M
rie ™ — 3TO comnocTaBjieHHe neMeHTy (p,§) € P x F knacca [(p,€)] € E,
W — KaHOHHMYecKas mnpoeKuuss B P, a pr; — mNpoeKlHs Ha nepBbii

COMHOXHTE/b B MPSAAMOM MPOM3BeAeHHUH: pry - (p, &) — p.
YcraHoBMM Tenepb JioKalbHYyl0 cTpykTypy FE. IInsi mioboit Touxku
z € M cywecrsyer okpectHoctb U Takas, uto £ € U C M u 7~ '(U)
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nsomopdro U x G. Torga neiictBue rpynnel G Ha 7~ '(U) x F 3apaercs
1aK: (2,9,6) EUXG X F — (z,9a,0(a) '€) EUXxGx F, rae a € G.
@akTOpH3aLHa OTHOCHTENLHO TAaKOTO rPyNnoBoro Aeicrsus aaer: (z,g,£) —
[(z,9,6)] = (z,¢') € U x F. Tak Kak 7g(z,€) = T, To MBI NOAy4aeM, yToO
1r;,'(U) 2 U x F, r.e. E nokanbHo ycTpoeHo Kak U x F'.

OnucanHoe Bbluie MHoOroobpasue E o6osHavaior E(M,F,G,P) u
Ha3bIBalOT paccioeHueM Haa 6a3zoi M co craHgapTHBIM, WIM THNHYyec-
KMM cioeM F W (cTpykTypHOW) rpynnoit G, accoyuupo8aHHsiM C TIaBHBIM
paccioeHueM P.

KaxaoMmy 3sieMeHTY p € P MOXHO COMNOCTaBUTb OTOOpaxeHue U3 F
B F, kotopoe Mbl Oydem o6o3HauyaTb TOW Xe OykBoi p. OHO 3amaercs
cnenywowum obpasoM: nyctb € € F, Torna p(§) ecrtb anement E, coBnana-
owmii ¢ knaccom [(p,€)]. Jdpyrumu cioBamu, p(§) — 310 06pa3 3neMeHTa
(p,€) € P x F npu peicTBUM ecTeCTBeHHOW mpoekuMu « : P X F — E.
HeTpyaHO noHATb, YTO Ha caMoM Jefie p ecTh oToOpaxeHue u3 F Ha
F, =75'(2) CE, tne ¢ = n(p) v (¥,p)€) =p (p(a)t), a € G, € F.

IIpumep 1. B KauvecTBe npHMepa acCOLMUPOBAHHOIO PAacciaOEeHUSA
paccMOTpHUM KacamensHoe paccaoerue. [Tycts L(M) — paccioeHHe TNHEHRHbIX
penepoB Hag M (cM. npumep 5 u3 §7), dimM =n, a V = K" ecrb n-
MepHOEe BEKTOPHOE NPOCTPaHCTBO ¢ PUKcHpoBaHHbIM 6a3ucoM {&y, &,..., &}
JneMeHThl TPYNnbl @ = (a‘j) € GL(n;R) peiicrByior Ha V no cieayiouieMy
3aKOHY:

a: & — pa); = ajéi. (2.56)
=1

Paccnoenne, accouumpoBantoe ¢ L(M), co ctaHmaptHbiM cinoeM V Ha3bi-
BaeTCsl kacameabHuiM paccaoeHuem Hag M wn obo3Havaercs T'(M). Kak Mbl
TONbLKO 4TO OOBACHHNH, penep ¥ € L(M) B Touke T MOXHO pacCMaTpHMBaThb
Kak otobpaxeHue u3 V Ha F, = n;(‘m(z) C T(M). 310 orobpaxeHHe
MoXeT ObITb 3aJaHo clenylowMM obpasom: u; = X; (1 = 1,2,...,n), rme
u = (X,,X,,...,X,). HetpyaHo noka3arb, YTo % eCTb JIMHEAHBIX M30OMOp-
busm V na T,(M) uv, cnemoBatenbHo, cinoit B T(M) Hag z € M Moxer
paccMmarpHuBarbesl Kak Tp(M).

TIpumep 2. KpoMe KacaTeabHOro pacClO€HHUsl, C PacCJOCHUEM JH-
HeHHBIX penepoB aCCOLMMPOBAH LEAbId DAL MEH30PHbIX paccAOeHUli, KOTOPble
Mbl ceidyac onuvweM. PaccMOTpHMM meH3opHylo ateefpy nvHeiHOro npo-

[o <]
ctpanctBa V = R*: T(V) = . T/, ne T =R Tf = VQ®...QV,
————

r,s=0
r

T=vV'Q®..V' ,uT =T, Q@ T?. Snementsl npocrpaHctBa T, Ha3biBa-
~————

s
I0TCSl TEH30paMH KOHTPaBapyUaHTHOMW CTeNneHU 7 U KOBapMaHTHoﬁ CTECINECHH S.
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B 3T0it anrebpe ctaHAapTHO OMNPEACIAIOTCA ONCpalii TEH30PHOro Npon3Be-
JEHNA U CBEPTHIBAHHMA TEH30poB. Xopowio u3BecTHO Takxke (cM. [KH]), uto
aeitcteue GL(n,R) na V = R* kanoHuyecku npososxaercs Ha BCio anrebpy
T(V). TloaToMy C pacclOEHUEM JIMHEHHBIX PENEpPOB MOXHO acCOLIMHUPOBaTh
moboe TeH30pHOE paccnoenue Tuna (r,s), Tg (M) = L(M) Xgrmr)Ts , THIN-
YeCKUM CJIOEM KOTOpOro AIBJIAETCSA NPOCTPAHCTBO T pa3 KOHTPaBapHaHTHBIX
M S pa3 KOBapHMaHTHbIX TEH30poB. B ciayyae r = 1, s = 0 nonyyaercs Ka-
caresbHOe pacciaoeHue. PaccnoeHue, oteevaloiltee ¢ = (0, s = | HasbIiBaeTcs
KOKacaTeJIbHbIM paccioeHueM u o6o3Havaercs T*(M). OHO HrpaeT BaXHYIO
poJIb B KNacCHYECKON MexaHuke. Tak Xe Kak U B npeblayllieM npuMepe, s
BCEX TEH3OPHBIX PAacCJOCHU MOXHO MOCTPOUTh SBHBIK BHA OTOOpaxeHUs
uw:T! — T; (M), u € L(M).

Hpumep 3. Creayomuii npuMep acCOLIMUPOBAHHOIO paccioeHus obyaeT
Urpatb BaXHYIO0 pPOJb NpU pa3sMEPHON pEAYKLMH CHUMMETPHYHBIX KaIMbpo-
BOYHBIX nojiei. OaHOBpeMEeHHO OH MNO3BOJISIET MOHATH CBOHCTBA FIaBHOro
paccjIoeHHOro MNpOCTPaHCTBa, * 001a8al0Iero HEKOTOPOH IONOJIHUTEIbHOM
CUMMETPHEH.

Tlyctb ﬁ(ﬁ ,K) — rmiaBHOe pacclOeHHOE NpOCTPAaHCTRBO Haj M co
cTpyKTypHOi rpynnod K wu kaHoHuueckod npoekuumeit #«. Hdanec, nycTtb
Ha P 3anaHo geiicraue HEKOTOpO# rpynnbl G (rpynnbl CHMMETPHH), KOTOpas
ABngeTcA KoMnakTHoi rpynno# JIu. 31o o3Hayaer, yto 41 Kaxaoro g € G
CyLLECTBYET NnpeobpazoBaHne @, ABAAIOILEECH IIEMEHTOM IPYNNbl aBTOMOp-
¢usmoB (cM. Tlpunoxenue 7) P, @, € Aut(P), 1.e. Qy:pE P - Qyp € P
M Qg KOMMYTHDYET C NpaBblMHU CABUIAMH, TNOPOXIAEMbIMU [ECHCTBHEM
CTpyKTypHO#H rpynnbl K:

Qy(Urp) =V(Q,p), k€ K,g€G,peP. (2.57)

Mui 6ynem cuutath, YT0 Qg — JeBOE ACHCTBUE: Qy g, = Qg © Qy,. Tali KaK B
oblueM ciyyae oToOpaxeHusi ¢y BBIBOAAT TOUKY M3 CJI0f, TO TaKOE ACHCTBHE
rpynnpl CHMMETPUH OYEBHAHO NOpoXnaeT npeobpazosanue Oy To4eK H6a3bi B
COOTBETCTBHH C AHArpaMMOM:

P2 p
®| & (2.58)
% m

H (Q¢P) = Oy(%(p)). lpeanonoxuM 418 nNpoCTOTHI, YTO

i) M=MxG/H, tac H — noarpynna B G, T.e. niobas Touka
# € M npencraBama B Buze £ = (z,£), € M, £ € G/H;

ii) rpynna G pe#cTByeT TOJABKO Ha OAHOpPOAHOM npoctpaHcree G/H ,
npuyeM KaHOHMYeckuM oOpazom (cM. IIpunoxenus 8 u 9).
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Bo3sbMeMm Tencpb noaMHoroobpasue B = M X {§} C M, e & = [e]
€cTh K/I1acC 3KBHBANEHTHOCTH, comepXamuii eamuuly rpynnbl G, oObYHO
Ha3biBaeMblit HauasioM npoctpaHcTea G/H . Tlopuuio paccnocuus P Han B

0003HauuM uepe3 P:
P=#"(B). (2.59)

OueBHAHO, YTO OHa ABIAETCA [JIABHBIM pAacCIOCHHBIM MpPOCTPaHCTBOM
P(B, K) ¢ KaHOHHYECKOIi NpoeKLUKeH T, paBHOI orpaniMyeHyIo # Ha P.
HeicTare rpynnbl CMMMETPHH G, BoOGIlE FOBODA, BHIBOAUT TOYKY M3
paccnoenuns P. Ho, ecan mbi 6epem anement h € H C G, 10 Qup € P npu
p € P, 1ak Kak #(@up) = On#t(p) = Oh (z,[e]) = (=, hle]) = (z,[e]), rne
z = w(p). bonee Toro, @ cMmewaer TOUYKY p BAOJb cios (roBopAaT, yto H
AeictByeT Ha P Kak moAarpynna rpynnbl BEpTHKalblibix aBTOMOpdH3MOB).
Bo3pMeMm npamoe npousBeacHue G X P, Ha koropom rpynna H

IeHCcTBYeT caeayioliuM o6pa3oM:
hi@p— (9h7,Qwp), 9€G, heH, peEP,

M NOCTPOMM KaHOHMYECKMM 00pa3oM cKpyuyeHHoe npousseleHne G xg P,
T.€. paccjoeHHe C THNHYCCKUM ciioeM P, accouuupoBaHHOE C MIaBHBIM
paccioeuneM G(G/H,H) (cM. npumep 2, §7). IokaxeM, yto G Xz P
anddeomopdHO HCXOAIIOMY FMaBHOMY PacClOCHHIO ﬁ(ﬂ , K), npuueMm aud-

deomopdusM x : G xg P — P 3anaerca dopmynoii:
x: [(9,9)] = Ogp. (2.60)

DTO onpeieseHUE He 3aBHCUT OT BbiOOpa npeAcTaBUTENs Kiacca, TaK KakK

x([(gh_',th)]) = Ogp-1Opp = Oyp = x([(g,p)]). Jlerko npoBepuTh,
4yTO )X nepeBOAUT AeHcTBHE CTPYKTYpHO#t rpynnbi K Ha P B peficteue
3TOM rpynnbl Ha P, e x([(g,'llkp)]) =Y, ([g,p]). Hakonewn, ybennmcs,
YTo Kaxnas Touka M3 P MMeeT pOBHO OAMH npoobpas B G xg P. Tlyctb
p €EP n wP) = (z,§). Tak kak rpynna G Ha OAHOPOZHOM MpPOCTPaHCTBE
G/H pneictByeT TPaH3MTHMBHO, TO CYLECTBYET 3JIEMEHT ¢ € G Takoi, 4YTo
£ = gle]. OveBnAHO, YTO TAaKMM Xe€ CBOMCTBOM ODNANalOT BcE 3IEMEHTHI
Buaa gh, h € H. Bo3pMem Ttenepb JoOyl0o TOUKY M3 CI0sl Hal (z, [e]),

npuHagfsexaiyio daktmuecku P C ﬁ; 06o3Hauum 3Ty Touky p'. Tak Kak
#(Qyp') = Oy (@) = Oy (g, [e]) = (z,gle]) = (z,8) = #(p),

TO Q,p' NEXUT B TOM XE€ C/loe, yTo M p. B cuny n. 2 onpeneneHus rIaBHOMO
paccI0eHHOrO MpPOCTPaHCTBa CTPYKTYPHas rpynna AeHCTBYeT TPaH3UTHBHO M
cBOGOAHO M, CAEIOBaTEJbHO, CYILECTBYET €AMHCTBEHHBbIM 3neMeHT k € K
Takoit, yto p = W, Q,p'. Utak, p = Qup, tae p = ¥;p'. Ecau BMecTO
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3JieMeHTa ¢, nepepodsilero [e] B €, B3ATDb yh"'(h € H), T0 BMECTO p cieayeT
B3ITh @Qhp € P, TaK KaK Qup-1Qnp = Qup = p. WUtaK, napu (g,p), 1
KOTOPbIX QyPp = P, MMEIOT BHA (gh",Q,,p), h € H, 1.e. 00pa3yioT OlHH
xnacc [(g,p)] B G xg P.

§9. Ceuenns paccioeHHii H HX CBOiCTBA

Tlyctb P(M,G) — rnaBHoe paccioeHue, a U — okpectHocTh B M.
Toraa nokaibHbIM cevenuem P Haa U HaspiBaerca otoGpaxenue s : U — P
TakKoe, YTO T 0 § — TOXAECTBeHHOoE npeobpasosanue B U.

Ipenioxenne 2.9.1. InoGanbHoe ceueHne B F1aBHOM paccioeHun P(M,G)
CYLLECTBYET TOFAA M TOJBKO TOFMA, Koraa P — TpuBHasibHO.

JokazarembcrBo. Ilyctb B P cyuiectsyeT ceueuue s : M — P. Onpenenum
oTofpaxenue ¢ : M X G — P Tak:

p(z,a) =Vy5(x), TEM, a€G.

MoxHO npoBeputh, uto ¢ — auddcomopdusm, T.e. P~ M X G.

O6pario, nyctb P ~ M x G, T.e. cyuwecrsyer anddeomopdusm
x : P — M x G. Torna onpenenuMm orobpaxenue s : M — P cieayiollum
obpasoM: 11a z € M

s(z) = x (z,e),

rie e — eavHuua rpynns G. Jlerko npoBepuTh, 4TO
m(s(z)) =7 (x_'(z, e)) =gz,

T.e. s — ro6anbHOE CeYeHHE.

AHaNOrHYyHO ONpeaeadIoTCs JOKAJIbHbIE U FI00ANIbHBIE ceyeHHs acco-
uuupoBaHHoro paccnoeHuss E(M, F, G, P). Ho B ominuue OT npeablayliero
cjyyas mIob6albHOE CEYeHHME acCOLMMPOBAHHOrO pacc/OeHHss MOXeT cyllle-
CTBOBaTh KW IUIa HeTpusBuanbHoro FE (3amaya 2.25). B panpHeitmieM s
KpaTKocTH rnobaibHoe ceueHue OyAeM Ha3blBaTh NPOCTO CEYECHHUEM.

3aech ciefyeT OTMETHTb, YTO BEKTOPHbIE Nnojad ¥ QopMbl HA MHO-
roobpasud M MOXHO paccMaTpuBaTh Kak cedyeHus KacarteabHoro T (M) u
kokacatenbHoro T*(M) paccnoeHunil. AHaTOMHYHO, MPOU3BOJBHOE TEH3OP-
Hoe nojic Ha M onpenensercs Kak cCeueHHe COOTBETCTBYIOLLENO TEH3OPHOIO

[» ]
paccnoeHun Tg(M). Jlerko Bunetb, yro mMHOXectBo T(M) = Y. T,(M)

r,s=0
TCH3O0pHBIX nojeit Ha M o6pa3yeT a.nre6py, B KOTOpOFl €CTCCTBCHHO 3a4aloTcA
onepauruy TCH30PpHOrO NpoOU3BCACHHA U CBEPTHIBAHKUS TCH30pOB.
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Mlyctb E(M, F,G,P) — paccioeHHe, acCOLMMPOBAHHOE C FJaBHbIM
paccioenneM P(M,G), n 3amano otoGpaxeHue 7 : P — F, obnapaiomec

CBOMCTBOM |
no¥y=plg o, (2.61)

Fae p — npeacrasieHue rpynnbl G Ha F. Takue 0TOOpaxeHHs Ha3bIBAIOT
akeugapuanmnuimu. Jlokaxem Tenepb 1Ba NpeA1oXeHHs, KOTOpble MOHAn06AT-
csA HaMm B m1aBax 4 u 6.

Ilpentoxenne 2.9.2.
a) Tlyctb 3amaHO 3kBHMBapuHaHTHOe oTobpaxeuue 7 : P — F. Toraa

s(r(@) = [(p, n(p))] ecTh ceyeHue B E.

6) Ecin s(z) — ceuenue B8 E, 10 9(p) = p ' o s(w(p)) ectb
3KBHBapHaHTHoE otoOpaxeHue u3 P B F.

Joka3atenseTso. a) 3aech HYXHO NpoBEPUTD JIKLIbL KOPPEKTHOCTb OMnpeaese-
Hua ceveHus. Tycrb p' = ¥, p. Toraa

s(m(@)) =s (W('I’yp)) = [(¥,p, "7('1’91’))] =
= [(ep, pg™ )] = [(p,7®)] = s(x(p)).
6) B yc/10BHMM 3TOrO NyHKTa p'l NOHUMAaeTCs KakK oToOpaxeHue obpart-
Hoe K otoGpaxenuio p: F — F, C E, z = 7(p) (cm. §8). CrenopatenbHo,
p~!: E — F (06pa3 — Takoit aneMeHT £ € F 118 KOTOPOro p(€) = [(p,ﬁ)])
uplosor:P— F.IlposepuM 3KBHBAPHAHTHOCTb OTOGpaxenus 1. TTycTb
() =& u p(n(P) = [(p,€)] no onpenenenmio otobpaxenns. Torma, ecan

P =¥p, n@)=¢, 10
€)= [(@,&)] = [(¥,p,8)] = [(p,p(9)E],

Fi¢ Mbl BOCMO/MB30BANMCh ONPEAC/EHHEM 3KBMBAICHTHBIX 3JIEMEHTOB, OTHO-
cawmmxea K Kiacey [(¢',€)]. C apyroit cTopoHbi

p'€) =7 (1)) = s (7(¥yp)) = s (v (D)) .
Cnenopatenbho, £ = p(g)¢' win

n(¥,p) =€ =p(g7')E=p(g7")n(p). D

Ipenioxenne 2.9.3. MNycts H — 3amkHyTasa noarpynna B G. I'naBHoe
paccnoeune P(M,G) peayuupyerca K Q(M,H) Toraa ¥ TOJBKO
Toraa, korna E(M,G/H,G, P) uMecT ceueHHe.

Joka3zareancTBo. JoctaTouHocTb. [1ycTb s : M — E — rnobaibHOE CeYeHHE B
E = PxgG/H, rie G neiicTByeT Ha TUNHYECKOM clioe G/H KaHOHMYECKHM
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o6pasom (cMm. Tlpunoxenue 8):p(g) = g€, € € G/H, v § =[e] = H —
Hauano B G/H . O603HayuM yepe3 ¢ noaMHOXeCTBO B P:

Q:{pEPZP&:s(W(P))}'

TIpoBepuM, uTO § ecTb FMaBHoe paccioeHue Hag M Co CTpYKTYypHO#
rpynnoit H. JeicTBuTenbHo,

@p)E0) = [0, &)] = [@.50)] = [0, 60)] = p(co),

T.¢. ¥yp nna moboro h € H Takxe npuHamiexut . Ilycrb Teneppb p € @,
P € Q v m(p) = (@) = z. TlokaxeM, yto Touku p U p’ oTIHvaIOTCA
npaBbiM cABMroM Ha anemeHnT u3 H. Tak kak p(&) = p'(&) = s(x),
p = ¥,p' s Hekotoporo g € G, 1o [(p,&)] = [(@,60)] n [(¥ep',&)] =
[, 98)] = [(P,&)]. 3Hauut, sneMeHT g nNpMHALNEXHMT CTaLMOHApHOH
noarpynne (cM. ITpunoxenue 9) Touku &, 1.e. H.

Heob6xodumocme. Tlyctb rpynna G peayuupyetceak H C G, Q(M, H) C
P(M,G). TNonoxum, kak u Bbiwie § = [e] = H € G/H wu onpenenum

oto6paxenue u3 P 8 E(M,G/H, G, P):
50(17) = [(pv 50)] » PE P.

TTokaxeM, 4TO 3T0 OTOOpaXKEeHHE NOCTOAHHO Ha cjioe B §).
£o(¥np) = [(¥ap,&)] = [(@, h&0)] = [(2,&0)] = &0(D),

ans meooro h € H. Obo3HauuM uepe3 © BIoxeHue @ B P, 1 : Q — P u
NnocTpouM oTobpaxeHue & ot : @ — E. W3 BbllecKa3aHHOIO cliefyeT, YTo
OHO MOCTOAHHO Ha cioe B @, T.¢. apnaserca orobpaxenveM 3 M 8 E win
ceueHueM B E:

s(m(@) =(oi)g), ¢€Q.0

§ 10. CBA3HOCTH B IIaBHBIX PACCJIOCHHMAX

TlycTh 3agaHo rnagHoe paccioeHHoe npocTpaHetso P(M,G) np € P.
Paccmotpum kacarenbHoe npocrtpaHcTso T,P x P B 3toit Touke. Ono
CONEPXMUT MOANpocTpaHCTBO V,, cocTosiniee U3 BEKTOPOB KacaTeNIbHBIX K
caoio. Mel 6yaeM Ha3biBaTh €10 8epmuKkdibHbimM noonpocmpaticmeom. B kauecrse
6asuca B V, MoxHO BbIOpaTh cuCTEMY byHaaMeHTaNbHBIX BEKTOPHBIX MOJICH
A, =0(A,), rae {A,} — Gasuc B g (cM. §6).

JlokanbHo rnaBHoe paccioeHue P ycrpoeHo kak U X G, e U —
okpectHocTh B M. TToatoMy M Kacate/lbHBIi BEKTOp B TOYKE p € P MOXHO
pa3lioXUTb Ha BEKTOp <«BAOJb CIOs» W BEKTOp «BHOJb Oa3bi». Beprukanb-
HOe HanpamieHHe («BAOJIb CJIOS») ONHO3HAYHO (DUKCHPOBAHO HeHCTBHEM
CTPYKTYpHOIt rpynnbi. Bropoe HanpapieHHue («BEONAb 6a3bi») MOXHO BbIOpaTh
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MHOrUMHU criocobamn. Ceasnocmeio I' B P Ha3biBaeTCA COOTBETCTBHE (MpaBH-
JI0), conocTasisiollee KaxXaoi Touke p € P HekoTopoe noanpocrtpaHcTso Hy,
u3 T, P Ttakoe, 4yto

a) T,P =V, & H, (npsimas cymma);

6) npoctpancreo Hy B Touke p' = Wyp ectb Wy H, 11s 1io6bix g € G
upeEP;

B) H, 3asucut oT p anddepeHunpyeMbiM 06pa3oM.

[MonnpocTpaHcTBO H, Ha3bLIBACTCH 20pU3OHMANbHBIM nOONpocmpan-
cmeom. CornacHo (a), eciu 3aaaHa cesazHocth I', To moboi sektop X € T, P
MOXeT ObITh enHHCTBEHHBIM 00pa3oM NpencTaBleH B BUAE:

X=Y+2Z YecV, ZcH, (2.62)

KomnoHenry Y HasmiBaioT BEpTHKaNBLHOK M obo3HavawT vX, a 7 —
ropusoHTaibHol u Z = hX. YcnoBue (B) o3Hauaer, 4to ecim X —
mnddepeHunpyeMoe BekTopHoe nose, 1o v.X u hX takxke ssnaiorca audoe-
pEHLHPYEMbIMH BEKTOPHBIMH NOJAMH. Puc. 10 WunocTpupyeT 3aBUCHMOCTD
pasnoxeHua (2.62) ot Bri6Opa CBA3SHOCTH (FOPHU3OHTANBHOIO MOKINPOCTPaH-
CTBa).

Okasbiaercs, yto cBaAsHocTh I \74
B P ynob6Ho onuceiBath C NOMOIIbIO
1-¢dopMbl w Ha P co 3HauYeHUAMU B aJi-
re6pe JIu rpynnet G. Drta dopma Hasbi- (VX)) ">
Baetca gpopmoii ceaznocmu nauHoi casz- (uX)'
Hocth I' u onpeaensiercss CleayoliuM
obpasoM. Otobpaxenue gy : g — T,(P),
conocrasisiouiee KaxnoMy A € g pyH-
JNAMEHTATILHOE BEKTOpHOE MOJE B TOY-~
Ke P, A = 0p(A), ecTb IMHENRNBIA U30- Puc. 10.
Mop(me g Ha KacarteJibHOE MOANPOCTPAHCTBO B TOYKE P K cjioio (cM. §6),
T.€. Ha BepTHKaibHoe noanpocTpanctso V,. Toraa mia moGoro X € T,P
Mbl onpenenuM w(X) Kak Takoi 3jeMeHT A € g, 4yTO A,*, = 0p(4) = (vX)p.
Ouyesnano, 4yto w(X) = 0 B TOM M TOAbKO B TOM ciayyae, ecin X —
rop1301TaIbHOE NoJe.

IIpenaoxenue 2.10.1. PopmMa CBAZHOCTH W YAOBJIETBOPAET CACAYIOLHM YC/IO-
BUSAM:
1) w(A') = A m1a moboro A € g;
2) (Tiw)X) = ad(g"Hw(X) wra kaxioro g € G M Kaxuoro
X € X(P). B npaBoit yactu paBeHCTBa NOHMMAaeTCs NSHCTBUE MPHUCO-
eNMHEHHOro npeacrapieHusa G Ha afeMmeHT w(X) U3 g.

Jloka3zareqncTBo. Yciaosue 1) ciieayer M3 onpeacieHus. Yciaosue 2) B cuiy
(2.62) nOCTaTOYHO NPOBEPUThb OTACIBHO I FOPU3OHTAIBLHONO M BEPTUKAIb-
HOro NoJjeH.
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iy X — ropusontanbiio. [lo onpeaenennio w(X) = 0. Ho B cuny
ycaosua (0) 4 CBA3HOCTH MOJIE lIl'gX TakXe FOPU3OHTANbHO A J1000ro
g € G u, crenosatensHo, (V,w)(X) = w(¥,X) = 0.

ii) X — BepTHKIbHO M Mbl MOXEM cyHuTaTh, 4yto X = A* —
dbynnamenTanbHoe BekTopHoe none, A* = g(A), A € g. Torna (Y,w)(A*) =
w('Il;A*) = ad(g")A = ad(g")w(A*), rae Mbl Bocnosb3oBaanch Ilpemnoxe-
HueM 2.6.1. O

IIpennomxenne 2.10.2. Ilycrb 3ananHa [-¢popma w Ha P(M, G) co 3HaYeHHUAMU
B @, YIOBIETBOPAIOLIAA YCTOBUAM 1) M 2) Npenblaylliero npeiioXeHus.
Torna cyiltecTByeT €AMHCTBEHHaA cBA3HOCTL I' B P, 11 KOTOpoH w
aBaseTcs GOpPMOit CBA3HOCTH.

Jokazaremwerso. OnpeacivM TOPU3OHTAIbHOE HNOANPOCTPAHCTBO B TOYKE
p € P crenylounm obpasom: H, = {X € T,P : w(X) = 0}. Iposepka
YCJIOBHII @) — B) M TOro, 4TQ w €CTb (pOopMa CBA3HOCTH 3TOI CBA3HOCTH
BbINOJIHAETCA NpocTo. O

KaHonuueckas npoekuusa 7 : P — M UHAyLHpYET COOTBETCTBYIOILEE
AMHeiHoe OToGpaxenue T : T,P - I:M, z = n(p) ana Kaxnoro p € P.
Ecnu 3amana cBA3HOCTb, TO 7', OrpaHMYEHHOE HA FOPU3OHTAIBHOE MOANPO-
ctpatcteo H,, sapnsercs u3oMopdusmoMm. Jopusonmainonoim augmom (Wiu
noabeMoM) BeKTOpHOFO nojs X Ha M HasbiBaeTcs €AMHCTBEHHOE MOPH30H-
TaibHOEe (NpW 3a0aHHOMK CBA3HOCTH) BekTOopHOe nose X' Ha P, kotopoe
npoextupyercs Ha X, 7'(X;) = Xy) 4as Kaxaoro p € P (B 310M ciyvae
rosopaT, uto X' HakpbiBaeT X).

IIpennoxenne 2.10.3. Ilycrb B paccioeHun P(M,G) 3amaHa cBa3HocTb .
Torna
a) Jlna moboro BekTopHoro nojasa X Ha M cyllecTByeT €AMHCTBEHHBIH
ropusoHTanbHbIN T X*. JIndr X* uusapuauTeH npu aeiicreun ¥y
s moboro g € G.
6) Jlio6oe ropusoHTaNbHOE BekTOpHOE nosie X* Ha P, uHBapHaHTHOE
OTHOCHTENIbHO G, saBNsieTca JudTOM HekoToporo nojs X Ha M.

HoxazaresncrBo. a) OtobpaxeHue T eCTb JMHEHHbIH H30MOpDHU3M M3 H,
Ha TypyM (p € P). Otciona cienyioT CylUeCTBOBAaHME M €AMHCTBEHHOCTb
audra X*. HerpynHo nokasartb, 4to X* — auddepeHunpyeMoe BEKTOpHOE
noje. U3 ycnoena 6) Ha ceasHoctb I' 8 P (ycioBue MHBAapHAHTHOCTH
FOPU3OHTAIbHBIX MOANPOCTPAHCTB OTHOCHTENbHO G) creayet, yto audTt X*
HHBapHaHTEH MpH JCHCTBHM 'Il; nnsa moboro g € G.

6) s moGoit Toukn £ € M BbifepeM HEKOTOPYIO TOUKY P B CJIO€
7~ (z) u nonoxuM no onpenaeneHuio X, = r’(X;). DTO ofpeacseHHe KOop-
PEKTHO, TaK KaK, ec/ii Bbibparhb aApyryio Touky p' = ¥ p B TOM Xe CJo€, TO B
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cuny uHBapuanTHocth X* 7'(X,) = m(¥y X;) = n'(X,). Cnenosarensho, X*
ectb TudT BeKTOpHOrO nojas X. O

3ameTum, uTo eciu, Hanpumep, X* M Y' — ropusoHTalIbHBIE
audTel, To none fX'+ gY*, rae f(p) v g(p) cytb dyHkuum Ha P,
XOT ¥ TOPH3OHTAIBHO B KaXIO# TOYKE p, HO HE sBAseTcA B o0lLeM ciyyae
MHBapHUaHTHBIM OTHOCUTEIbHO lIl; 1, cornacHo npeabiayinemy IpepnoxeHuio,
HE ABNAETCH NOPU3OHTANBHBIM AU(TOM.

ITepeuncaumM HekoTOpbie CBONUCTBA FOPU3OHTAIBHBIX U BEPTHKAIbHbBIX
BEKTOpHBIX noiet. JInugtel noneit X,Y € X(M), 6yneM o6osnavate X', Y*,
a GyHOaMeHTaIbHbie BEKTOpHBIE NoJisA, oTBevaomme A, B € g, — A*, B*.

1. X*+Y' — ropusoHTanbubiil 1udpt 11s X +Y.

2. f*X* ectb ropusonTanbhbiit iudT ana fX, e f(z) — dyHKuua
Ha M, a f* dynkuus Ha P, onpenensieman Tak: f* = fow.

3. [X*,Y*] BoOGllEe roBOps HE €CTh FOPU3OHTAILHOE BEKTOPHOE MOJIE,
HO h[X* Y*] ectb ropusoHTanbHblit audT aaa [X,Y]:

* (X", Y*) =« (IX*,Y"]) = [¢'X*,x'Y"] = [X,Y]).

4. Eciu A* = 0 A — dyHaamMeHTanbHOE BEKTOPHOE nose, a 7 —
ropu3oHTaIbHOE, TO [Z, A] ropusoHTanbHo. [deitctButenbHo, A* uHAy-
LMpYETCA OQHOMapaMeTpHyeckoi noarpynnoit npeobpasosannit ¥, u no
dopmyne (2.37)

1
[Z, A"] = lim : (¥, Z - 7). (2.63)

Ho none 'IJZ,,Z — TOPHU3OHTATLHOE M, cCleaosartesbHo, [Z,A'] —
TOPU30HTAILHO (HO, BOOOIIE rOBOPA, HE PaBHO HYIIIO, TAK KAK Z MOXET ObITh
HEUHBAapUAHTHBIM FOPU3OHTANBHBIM MOJIEM).

5. Tlone [A*,B*] ectb QpyHAaMEHTAIbHOE BEKTOPHOE MOJIE, TaK KaK
o — roMoMopduaM:

[4*,B'] = [04,0B] = o (14, B]) = (I4,B])".

OcTanoBMMcCS Tenepb Ha BONPOCE O pedyKyul céA3HOCMU B CNy4ae, KO-
FAa rnaHoe paccnoeHne P(M, G) peayuupyetcs K nogpacciioedunio Q(M, H),
H C G (cm. §6). KacatenbHoe npoctpaHctBo K P B Touke ¢ € @ C P MoxeT
OBbITL NpeACTABICHO B BUIE NMPAMONH CyMMBI

T,P =T,Q ® R,

rie R, ecTb noanpoCcTpaHCTBO BEPTHKaIbHOro moanpoctpanctea V, C T, P.
Mycth w — ¢opma ceasHocT HA P. O603HaYUM @ = le CyXEHHE w Ha @,
T.€. GopMy w, B3ATYIO B ToYKax ¢ € @ u Ha Bektopax M3 T,Q. bysem
rOBOPHUTb, YTO CBA3HOCTL B P peayuMpyeMa K CBI3HOCTH B @, eciu dopma
W = w|g arnserca h-3nauHoM, rae h — anre6pa JIu rpynnet H.
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B kauecTBe wmocTpauMu o6CyauM 3ajlaHUE CBA3HOCTH B = '(U)C P,
rae U — okpectHoctb B M. Tlycts {z'} ({f = 1,2,...,m}) — nokanbHas

KOOpJAKHATHaA CHCTEMa, a {& = a—azy} — ©0asuc BekTopHbIX nosied B U. OH
ABJACTCS KOOPAKMHATHHIM (FOJOHOMHBIM), TaK KakK

[&, &1 = 0. (2.64).

B kauectBe 6a3nca BEKTOpHBIX Mosieit B G Bo3bMeM 7 (n = dim G) 1eBOMHBA-
PHaHTHBIX BEKTOPHBIX noJieit A, € g. basuc {4,} aBiserca HeKOOpAMHATHBIM
(HEroTIOHOMHBIM):

[AarAﬁ] = CZpA’Yr (ayﬁ77 = ]727"-7n)7 (265)

rae CZp — CTPYKTYPHBIE KOHCTaHThI rpynnbl G.
\% Tak Kak nogpaccjoeHue =~ (U)
G ’ TPHUBHAIILHO, T. €. CYMECTBYET TPH-
. Buanusaumsa x 17 (U) — U X G,
s TO B KauecTBe Oa3znca BEKTOPHBIX

noneit B ' (U) MoxHo BbIGpaTh
ropusonTanbHoe  1Aa, &}, rae Ay = 0 A, — dynna-
NoANpocTpaHcTBo H, MEHTaIbHbIE BEKTOPHbIE MO, Ka-
catenbHpie K cno0, a (&)s,z) =
sh(&): — 6a3uc npocTpaHCTBa, Ka-
caTeJbHOrO K ceYeHHio Sz : U —
! (U), onpenensieMOMy YCIIOBHEM
X (84(z)) = (z,a) € UxG, a — pukcupoBaHHbI# I1eMEeHT U3 G (cM. puc. 11).

CeasHoctb I', 3agaHHasA BO BceM paccioeHUM P, MHAyUMpYyeT CBA3-
Hoctb I'y Ha 7 '(U). O6o3Hauum yepes & ropusoHTaIbHbIM T noas §;.
Wsyuum komMyTaTopbl nioneit Ay, & u £;.

a) [Ag, Ag] = C;'pA.*, B COOTBETCTBMM CO CBOMCTBOM 5 (CM. BbiLIE) M
dopmyioit (2.65).

6) [AL,&] = 0 B cuny dopmyabl (2.37), Tak Kak No onpeaeaeHUIo
nose §; He MEHSAETCA NpU ABMXEHHK BIOJb CIIOS.

B) [E,‘,Ej] = 0, NOTOMY 4YTO MPOCTPAHCTBO, KacaTeJIbHOE K CEYEHHIO
B TOYKE p = x"(z,a), M30MOpPHO MPOCTPaHCTBY, KacaTeJbHOMY K M B
TOuKe T, npuyeM §; oTBEvaloT §;, a [£, &1 =0 (cm. (2.64)).

PaccMOTpHM Tenepb KOMMYTaTophl nosieit A u £ .

r) [A,*,,ﬁ; = 0 B cuny dopmyinbl (2.63) u uHBapuaHTHOCTH JudTa &
OTHOCHTENIbHO npeobpazoBanuil ¥,, a € G.

m) [€;,€;] nmeeT nuLIb BEPTUKAILHYIO KOMNOHEHTY. DTO CeayeT U3
TOro, 4TO COracHo cpoicty (3) h[€] ,5;] €CTb NOpU3OHTAIbHBIK 1NdT BIs
[&:,&;] = 0. O6o3naunm

x u
Puc. 11.

(&, 61 = —FjAL, (2.66)
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rae F,‘J’ — ¢yHkuma Ha 7~ 1(U). MoXHO nokasarb, 4o

AL (F"

ij) = ~C2Fl. (2.67)

_ PasanoxuM Tenepb rOpU3OHTAILHOE BEKTOpHOE Moje ¢! no 6asucy
{4}, &} Tak kak 7'(¢]) = & n 7'(&) = &, 10
& =&~ B{' A, (2.68)

rae B — Hekortopbie KoahduumeHTh. ITo onpeneneHuio GopMbl CBA3HOCTH
w(€]) = 0. Otciona nonyyaem

B = w(&), (2.69)

rae Mbl npeactaBwin w = w®A,. TakuMm oGpa3oM, BHIGOp ropU30HTANBHOFO
a — a
NoANpocTpaHcTBa O3HavaeT BoIGop GyHkunu B (p) = B (z,a) u

& =E-wi )AL : (2.70)

Hanpumep, eciu Bj = 0, To ropu3oHTaNbHBIM SBIAETCA HanpaBleHHe,
3anaBacMoe ceyeHHeM S,. MOXHO nokasarthb, YTo

AyB)=-C5, B, 2.71)

F3 =&(B}) - §(B) + C5,BB] =

3 3
= 5o Bi(z,a) — a—zJ:B,f’(z,a) +CgBPB].  (2.72)

§ 11. Popma KpHBH3HBI

IMycTb 3a1aH0 F1aBHOE paccyioeHHOe npocTpaHcTBo P(M, G). Usyyum
cHayasia kxiacc GopM Ha P cO 3HaYEHMSIMHU B HEKOTOPOM KOHEYHOMEpPHOM
BeKTOpHOM nipocTpaHcTBe F. byaem cuurarh, 4To 3a1aHO TakKe Mpeacraplie-
1iMe p CTPYKTypHoit rpynnbl G Ha F, T.e. Ia Kaxaoro g € G onpeneneHo
JuHeilHoe oToOpaxenue p(g): F — F Takoe, uto p(g,92) = p(g)) o p(g2).
F-3nauHas r-dopMa ¢ Ha P Ha3biBaeTcs ncesdomensopuanvhoi opMot
crenenn r Ha P tuna (p, F'), eciin oHa obnanaer cBoiicTBOM

Yoo =plg” ), gEG. (2.73)

PopMa ¢ Ha P Ha3biBacTCA men3opuanbhold, €CI OHa NCeBAOTEH30PHANIbHA U
rOpu3oHTalbHa, T.¢. Y(X),..., X,) = 0, eciun xoTa Obl OAKH K3 KacaTeabHbIX

BEKTOpOB X; BEPTHKAJICH.
[Mpumepsl. 1) Popma CBA3HOCTH w €CTh NCEBAOTEH30pHAIbHAn dopma

thna (ad, g).
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2) Tlyctb @pr ecTb HekoTopas F-3HayHasa r-dopMa Ha Gase, a p =
¢ d — TpHBHAIbHOE NpeAcTaBieHHe (p(g) — ToxaecTBeHHoe npeoGpa3oBaHye
B F mna mo6oro g € G). Torna ¢ = n*py ects TeH30pHaibHaa (opMa THNa
(id, F). JleiicTBUTENBHO, TAK KaK

oX),...,.Xn)=py('X,,...,7'X,), X;€XP), (=12,...,7),
TO ¢ — ropu3oHTaabHa. Jlanee,

(Ta0)( X1, .., X)) = (W Xy, ..., 0, X,) = oy (' U Xy,... , 7' W X,) =
=py(*'X,,..., 7 X;) = e(Xy,..., X,),

T.€e. ¢ — NCEeBAOTEH30pHAaJLHA.
BBeaeM aBa HOBbIX OMNpeaeieHHUA:
)(ph(X,,...,X;)=p(hX,,...,hX,);

ii) Dy = (dp)h.
Onepauusa D Ha3biBAETCA GHEWHUM KOBAPUAHMHBIM Oughhepenyuposa-

Huem, a Dy — BHellHeH KoBapHaHTHOH NMpoU3BoAHOH GOpMbI .

BbIICHUM CBA3b MeXNY TeH30PHANILHBIMM H TMCEBAOTEH30PHAJIbHBIMHU

dopmamu Ha P.

Ilpennoxenne 2.11.1. Ilycth ¢ — nceBnoreHzopuanbHaa r-dopma Ha P
tina (p, F'). Torna
a) dyp — ncepaoTeH3opManbHas (r + 1)-dopma Tvna (p, F),
6) ¢wh — TeHsopuanbHaa r-dopma THna (p, F),
B) Dy — Tten3opuanbHas (r + 1)-dopma Tuna (p, F).

Joka3aTeabeTBo. a) DTO CBOHCTBO NPOCTO CielyeT 3 paBeHcTBa ¥yod = doWy

(cM. (2.34)).
6) Tak kak Wy oh = hoW, (B CHIY HHBADHAHTHOCTH FOPM3OHTANIBHBIX

MOANPOCTPAHCTB), TO wh ecTb NceBnoOTeH30pHaTbHas dopMa

(T (ph)) (X1,...,X,;) = (ph)(V X,,..., U, X,) =
= @(h¥,Xy,...,h¥ X,) = (Y hX,..., WhX,) =
= p(g Yo Xy, ..., hX,) = plg” Weh)( X\, ..., X,).

Topu3oHTanbHOCTh wh oueBMIHA.
B) D70 CBOHCTBO cieayer u3 a) U 6). O

BaxHylo pojib KaK B TEOPMHM pacCJOEHHbIX MPOCTPAHCTB, TaK M NpPH
reOMETPHYECKOM OMMUCAHMM KaJMOPOBOYHBIX MOJieH MrpaeT ghopMa KpususHsi
! = Dw dopMbl cBA3HOCTH w. CornacHo Ilpemnoxenmio 2.11.1 ona seas-
eTCsl TeH3OpHabHOH f-3HauyHo# 2-dopmoit (ad,g). Baxnasa cdopmyna mwia
¢dopmbl KpuBH3HK (PopMyna KoBapHaHTHOro avddepeHuUHMpoBaHUs (HOPMBI
CBAIBHOCTH) AAETCs CIAEAYIOWMM NpeL1oXeHHEM.
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IIpennoxenne 2.11.2. ®opma KpHBH3HB §2 (POPMBI CBA3ZHOCTH W YAOBAETBO-
pACT CTPYKTYPHOMY YpaBHEHHIO

QX,Y) = dw(X,Y) + %[M(X),M(Y)], X,YET,P, peP. (274)

JoxkasaresbcTBo. Tak Kak ni06oi KacatenbHblit BeKTOp Ha P MOXHO pa3no-
XHTb Ha BEPTHKaIbHbIH M rOPHM30HTANLHbINA, a Bce wieHbl B (2.74) OMIHHENHbI
M aHTHcMMMeTpuuHbl Mo X 1 Y, To JocraToyHo paccMOTpeTb Ciaedyloiime
TPH CJlyyasl.

i) X,Y — ropusoHTtaneubl. Torma w(X) = w(Y) = 0 u (2.74)
coBMagaeT ¢ onpeaesieHueM 2 = Dw.

ii) X, Y — seprukanonbnl 1 X = A* = 0(A), Y = B* = o(B). Tlo
onpeaeneHHIo JieBas YyacTh paseHcrsa Q(A*, B*) = 0. B cuay ¢opmyanl (2.21)
s auddepeHuuporanus 1-popMm, umeem

1 1 1
dw(A*, B*) = EA* (w(B") - EB* (w(4")) - ¥ (14*,B*)) .
Ho w(A*) = A, w(B*) = B ¥ He 3aBUcAT OT To4kH B P. TTostomy

l * * l *
dw(A*,B*) = —5w (14*,B%]) = —3v ([4,B1") =
l l * *
= —5[4,B] = -3 [w(4),w(B")]

M NpaBas 4acTb paBeHCTBA (2.74) TakkKe oOpailiaeTcs B HYb.
iii) X — ropusonTtansHbiii, a Y = A* = g(A). Torna Q(X,4)=0wu
w(X) = 0. To dopmyne auddepeHunpoBaHma:

2dw(X, A*) = X (w(4")) — A" (X)) - w (IX,A"]) = -w ([X, 4°]).

B cuny ceoiictBa 4 (cM. § 10) kommyTtatop [X, A*] ropusoHTanen u, caeao-
BatesbHo, dw(X,A*)=0. 0

Ilpennoxenne 2.11.3. Ecim X u Y — ropu3oHTanbHble BEKTOpPHbIE MO
Ha P, 10

QUX,Y) = -—%w (1x,Y]). (2.75)
JIOKa3aTeanCTBO NPOCTOE:
QX,Y)=dw(X,Y) = —%w (Ix,Y1).0o

IlpueeneM tenepb popMyanl A auddepeliiMpoBaHusa APYyrux ¢opm
Ha P.
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Ilpennoxenne 2.11.4. Tlycth ¢ — ncespoTeH3opHanbHaa 0-dopma THna
(p, F) na P. Toraa
Dp(X) = dp(X) + p (w(X))p, X € X(P), (2.76)

re p' — anddepenuman orobpaxeHus p, a w — (GopMa CBAZHOCTH.

HJokazaremscrBo. Ilo onpenenennio, Dp(X) = dp(hX) = dp(X) — dp(vX).
Mycth vX = A — ¢dyHAaMeHTAILHOE BEKTOPHOE Mojie, MHAYLHHPOBAHHOE
olHonmapaMeTpuyecKoi rpynnoit npeobpasosanmii ¥, . Toraa

d d d _
dp(vX) = dp(A") = A'(9) = — 9o ¥o |, = — ¥o0|, = - plar Y|y

3aeck Mbl BOCMOAB3OBANUCH IMCEBAOTEH3OPHANBHOCTHIO (! 'II;go =
p(_q")tp. Tak kak KacaTejabHblii BEKTOP K KpPHMBOH a; B TO4YKe Gy = e
ecTh A € g, npoobpas A* npu romomopdusme o, To 2a;'|,_ = —A. Urak,

PpX) = —p'(Ap = —p (W(X)) o,

oTKyaa u cieayeT dopmyna (2.76). O
MoXHO MNokasaTh, YTO €C/IM ¢ — TeH3opHaibHas |-dopma THNA
(ad, ), TO

1 1
Dp(X,Y) = dp(X,Y) + 5 [p(X),w(¥)] + 5 [w(X), e(¥)],

X, Y € T,(P), PEP (2.77)
(Cm. [KH], . 2, §5, TpepnoxeHue 5.5).
IIpennoxenne 2.11.5 (toxnecTso Bpanku).
DQ=0. (2.78)

Jlna nokasateabcTBa NpHMeHMM onepauMio BHeluHero guddepeHum-
poBaHus d K CTpYKTypHOMY ypasiieHuio (2.74). Ucnonab3aya dopmynnl (2.19)
H (2.45), noayunm:

dQ = %[dw,w] - %[w, dw] = [dw, ). (2.79)

ITo onpeaeneHMio BHelHEH KOBapHaHTHOH MPOM3BOAHOH MMeeM
DQ = (dDh = [Dw,wh] = 0, (2.80)

NOCKONBLKY 1A ¢OopMu CBA3HOCTH wh = 0. O
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§ 12. HekoTopbie npumMepbl

B KauecTBe NepBOro NpMMepa CBA3HOCTH PAaCCMOTPHUM TaK Ha3biBAEMYIO
KaHOHHYECKYIO TLIOCKYI0 CBA3SHOCTh., Ilycth P = M X G — TpHBHaIbHOE
riaBHoe pacciaoeHne. MuoxectBo M x {a} mna kaxaoro a € G apaserca
noaMHoroobpasuem B P mnpuyeM M X {e}, rne e — eaMHMUA PPy,
ABJAETCA NoapaccaoeHyeM B P. KaHoHHWYeckas Mnjockasi CBI3HOCTb 3a13eTCs
TEM, YTO B Ka4eCTBE FOPH3OHTAILHOrO MOANPOCTPAHCTBA B KAXAOH TOYKE P =
(z,a) € P BuibupaeTcs NPOCTPAHCTBO, KacatenbHoe K M x {a} B Touke (z, a).
IMycth § — kaHoHMueckast JieBOMHBapuMaHTHasa l-dopma Ha G (cMm. §5),
a pr, : M x G — G ecrecTBEeHHass MNpOEKLMA Ha BTOPOH COMHOXMTEb.
MOXHO NMpOBEpPUTH, YTO

w = (pry)*4 (2.81)
ecTb opMa CBA3ZHOCTH KAHOHMYECKOH IIOCKOM CBA3HOCTHM (3amava 2.20).

BbIYMCINM KPHBHM3HY 3TOH CBA3HOCTH. JlnA 3TOro HaiijleM BHELIHHWH

anddepeHLHan OT w:

* * l 1 * * | 1
dw = d (pr38) = (pry) (—5[0,01) =3 [(pry)*6, (pry)*0] = —5['-0, w],

rie Mbl BOCMOJIL30BATHCh ypaBHeHHMeM Maypepa—KapTtaHa ans KaHoHHYec-
koit ¢opmbi 8. Toraa, B cully CTPYKTYpHOTO ypaBHeHHUn (2.74) nojydaeMm, 4to
Q= Dw=0.

Mycth Tenepr P(M,G) — npou3BoibHOE [JaBHOE paccioeHMe, B
KoTopoM 3anaHa cBasHocth I'. Tlycth ana moboi Touku £ € M cyulecTByeT
okpecTHocTh U Takas, 4to cBA3HOCTL Ha T~ '(U), MHAYLMPOBAHHASA CBA3HO-
crbio I', u3oMopdHa KaHOHHYECKOH LIOCKO# cBASHOCTH B U X G. HpyruMu
clOBaMH, CylLlecTByeT M30MOpPGdHU3M X : 7r"(U) —- U x G, x(p) = (z,a)
(p € o\, z = w(p) € U,a € G) Tako#, 4yTo TOPHU3OHTAIBLHOE NOAIPO-
CTPAHCTBO B KaXIOW TOYkKe p € 7~ '(U) orobpaxaercs Ha TOPH3OHTAILHOE
MOANPOCTPAHCTBO KAHOHWYECKOM TUIOCKOH CBA3HOCTH B Touke X(p) €U X G.
Toraa ceasHocTh I' B P Ha3wiBaeTCsl M10CKOU.

[MpuseneM 6¢3 noKa3aTeabCcTBa ABa YTBepXAEHHs O CBOHCTBAX MIOCKOH
CBA3HOCTH (noKasatesbcTBa npuBeneHsl B [KH]:

1) Casnoctb B P(M, G) 1uiockas Toraa M ToAbKO Toraa, koraa = 0.

2) Mycts I' — cBa3HocTs, B P(M,G) ¥ ee ¢popMa KpMBHU3HBI paBHa
Hymo. Ecim M napakomnakTHo (cM. [P®]) u omiiocBasHo (cM., Hanpumep,
[PDP], [Ko]), To P u3somopdHO TpuBHaibOMy paccioeHMio M x G u T
M3o0MopdHa KAHOHMYECKOH TUIOCKOH cBA3SHOCTH B M X G.

Bropoit npumep. PaccMoTpum paccinoenre Xonda P (SZ,U(I)) =53
(cM. §7). DOnementhl cTpykTtypHo#t rpynnbel G = U(l) npencrasum B Buae
a(a) = €%, a — rpynnosoit napametp (0 < a < 2x). [lycTb aeHcTBHE
CTPYKTYpPHO# rpynnni 3agaetca ¢dbopMynaoi

Ya)g = ge

i T}G
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rme g(x,y,¥) € SU(2) — snemeHT paccioeHua P, peald30BaHHbIH Kak
matpvua M3 SU(2) ~ S3; ABHBIK BMI 3TOH MaTtpuubl npuBegeH B §5
(popmyna (2.49)). Jlerko npoBepUThb, YTO

"/Ja(a)g(X: ¢, "/J) = g(X7 v, "/J + 2(1)

BbisicHuM Tenephb, Kak BHIMIAAAT GyHAAMEHTAbHbIE BEKTOPHbIE MOJIs
Ha paccioennu Xonda. Ilycte X none na G, orBeyaioliee oaHONapaMeTpH-
yeckoit noarpynne a; = e, a f(a) € F(G) (a € G) — dyHKuMa Ha rpynne,
kotopasa npu 0 < a < 2r asnserca ¢dakTHyeckM ¢yHKUMEH napaMeTpa «

[ (a(a)) = f(a). Toraa nerko nokasath, 4T0 Xg(a,) = % e’ B 4yacTHOCTH,

€ T.(G) ~ g. CootBercTByiomMit 3neMeHT anrebpul JIM g ectb

X = %
A=1,a Kanonuqecxaﬂ JeBoMHBapHaHTHasa ¢opma 8 = da. JIna Toro, 4Tobbl
MOHATDb, Kakoe dyHaaMeHTanbHOe none A® = o(A) orsedaer A = 1, BBeaeM
¢byHKHIO G(g(x, <p,¢)) = G(x, @,%) Ha pacc/IOeHHMH M Boiuncanm A*G.
IMo onpenenenmio

) d
4G (9060 9) = 3,6 (Ya3g(x, 9 ¥)) I::o:

(‘g :(’ i 4 ; )) ‘ [:(’ i ? ; )’

B koopauHatax {x,tp,z/;} (yran Ditnepa, cM. §5) 1-dopMy cBaA3HO-

CTM MOXHO 3anucath B Buiae w = ady + bdyp + cdy. PopMa CBA3HOCTH
JOJIXHA YAOBNETBOPATH ychoBuio w(A*) = A. Orciona cieayer, 4To @ = 5'

KoadpduumeHntol b v ¢ MOXHO ONpeneanTs JHIUb NTOC/IE 3a1aHHUA CBA3HOCTH,
T.€. BbIGOpPAa rOPU3OHTAILHOrO NOANPOCTPaHCTBa B Tp(P) B KaXnoH TovkKe p.

PaccmoTpum aBa ciyyas:
i) 3anagMm CBA3HOCTb, BbIOpaB B KavecTBe l‘OpH3OHTaJIbeIX noanpo-

CTPaHCTB MPOCTPAHCTBA, HATAHYTHIE HA BEKTODbI % u 3‘9 cos x— Tak Kak
¢dopMa CBA3HOCTH Ha 3THUX BeKTOpaXx oOpaiaercsi B Hyjb, TO HaXOAHUM

1
=3 (dy + cos xdy) .

ii) l’[ycrb rOpPU30HTAJILHOE MOANPOCTPAHCTBO MOPOXAAETCS BEKTOPAMHU

E] F) a
20 ~SOSXar Moy Ty . Torna

w= 5((1’(/) + dx + cos x dyp).

BbluncauMm Teneps mis 3TMX ABYX ciyyaeB ¢opMy KpuBHM3HBIL. Tak
KaK CTPYKTYpHas rpynna — abeneBa, TO COMJIaCHO CTPYKTYPHOMY YpaBHEHMIO

3 3ax. 311
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2.74) Q@ = dw. TTonayuaem
1
iy Q= Esin x dy A dx,

1
ii) Q= 3 sin x dy A dx.

§ 13. Ilapasrennnbiii nepenoc
H KoBapHanTHoe nuddepenuupoBante

HMen 3agaHHyl0 CBA3HOCTH B pAacCJOEHMM P MOXHO ONpeleIuTh
MOHATHE Mapa/IEIbLHOIO MNepeHoca CJI0eB B 3TOM pacClOeHMM M B J1I0OOM
accouMMpoBaHHOM ¢ HUM. EciaM accoumMMpoBaHHOE paccioeHMe sBJAeTCs
6eKMOPHbIM, T. €. €TO TUMTHYECKHH CJIOH ABNAETCA BEKTOPHLIM MPOCTPAHCTBOM,
TO NapanstenvHulii NepeHoc ¢10eé¢ B HEM €CTECTBEHHO NPUBOAMT K MOHATHIO
KOBapMaHTHOroO HuddepeHLIMPOBaHUA CEYEHUI, KOTOPOE MIPaeT BaXHYIO POJib
B TEOPHH JIMHEHHKIX CBA3HOCTEH. MBI HayHeM ODOCYXIeHHE 3TUX BOMPOCOB C
NMOHATHSA Napasiie/ibHOrO NEPEHOCa B IJIAaBHOM PacCAOEHHMH.

HUrak, umesa cBasHocTh I' B FMaBHOM pacciOEHHOM MpPOCTPaHCTBe
P(M, G), onpeneJuM napauiejibHblii TIepeHOC COEB BAOAL J1000# KpUBOW T
B Gase M. Jna 3TOro BBeAE€M CHayajia [OHATHE TOPM3OHTAIbHOH KPHBOM
B P. A ¥MeHHO, KpUBYIO p; B P 6yneM Ha3niBaTh rOPM3OHTAILHOM, ECIIH BCe
KacaTejbHble BEKTOPhI K HEH, Py, TOPU3OHTAILHbI OTHOCUTEJILHO CBSI3HOCTH I,

Hanee, nyctb T = o, 0 <t < 1, ecrb auddepeHumpyemas Kpu-
Bas B M. Iopuzonmanonmm augpmom WiV noOsemMoM KPMBOH T Ha3bIBaeTcs
ropu3oHTaNbHas KpuBasa 7' = p;, 0 <t < 1, B P, TaKasa uto 7(p;) = xy,
te[o,1]. '

IIpepnoxenne 2.13.1. dna moboit auddepeHUMpYeMOR KpuMBOH T = a4,
te [0,1], B M u ana moboi Touku py € P ¢ w(pg) = To CylmiecTByeT
€AMHCTBEHHBIN NUPT T° = p; KpHBOH T, HAYMHAIOWMHCA B Pg.

Jokazaremscrso. BconencrBue NOKanmbHOH  TPHBHAILHOCTH  PAaCCIOEHHSA
P(M,G) B HeM cymectByer AuddepeHuupyeMas KpuBasi v; Takasl, 4TO
v9 =po N w(vy) = x¢, L € [0,1]. TNockonbky AudT p;, €CIN OH CYLIECTBYET,
obsnagaer cBoiicTBoM @(p;) = w(¥), TO SICHO, YTO B Kaxaod Touke t p;
OT/IMYaeTcs OT ¥y Ha npeobpa3oBaHMe U3 CTPYKTypHo# rpynnsl ¥, , rae a; —
KpHBas B CTPYKTYPHOW Ipynne c ay = e, T. €.

Pt =¥o,0. (2.82)
OduddepeHunpysa 3T0 paBeHCTBO, NOJYYUM

Pt = U, 9 + 0, (a7 '@y), (2.83)
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rie o, obo3HauyaeT u3omopbusM o, 1 g — V, (V, — BepTHKanbHOE non-
npoctpadHcTBo B T,P), NOpoXAEHHBIH AEHCTBUEM CTPYKTYPHOW rpyninhbi M
BBeAieHHbII B [pemnoxenun 2.5.1.
TopusoHTaNbHOCTL P O3Haudaer, uto w(py) = 0. Iloncrapnsa ciona
(2.83), noayumm
o' = — Ay, (2.84)

rie A; = w(¥;) — Kkpusaa B anrebpe JIu g rpynnei G. CyulectBoBaHue
pelleHus ypaBHeHHs (2.84) npoille BCero nokasarb B MaTpU4HOIi peaivu3aunu
rpynnul G. B 3TO0M ciyyae eauHcTBeHHOE pelleHMe (2.84) ecTh npocTo

t
a; = Texp(—/A,ds),
0

FA€ MCMojib30oBaHa oObiyHasa T-skcrioneHta. B coorBerctBuM ¢ (2.82) cy-
HIECTBOBAaHHE €JAMHCTBEHHON KpHMBOW @G; 3KBUBAIEHTHO CYLIECTBOBAHHIO W
eAMHCTBEHHOCTH audra 75 = p;. O

Tenepb Mbl MOXEM OMpeNeAnThL NapaUle/LHbIH MEPEHOC CJIOEB Clely-
jomuM obpaszoM. Tlyetk 7 = x4, 0 < ¢ < 1 ectb auddepeHuUpyeMas KpHsasi
B M. dna noboi ToUKH v € 7r"(a:0) cymecTsyeT audT 7° = p;, HauMHalO-
muica B aToM Touke. TlocTaBUM B COOTBETCTBHE TOYKE ¥ € 1r"(a:0) TOYKY
v =p € 1r_'(a:|). 0O603Hayag 3TO COOTBETCTBME TOH Xe OYKBOil 7, 3anuileM
v' = 7(v). MockonbKy 3Ty Npoueaypy MOXHO NpPOBECTH A 11060# TOYKH
3 7r”'(a:0), Mbl MoJiyyaeM OTOOpaXeHHe T : 7r_'(a:0) — 7r"(a:,), KOTOpOE
Ha3biBAETCA NAPANIeNbHbiM NepeHocoM BAOAb KPHBOW T.

IMapainenbHbiit nepeHoc BAOAL A1000i KpUBOH T sABJAsSETCA H3OMOD-
du3MoM. IT0 crenyer M3 eAMHCTBEHHOCTH AMdTa KpHBOHl M M3 TOro, 4ToO
napawieabHbil NEPEHOC NEPecTaHOBOYEH C AEHCTBUEM CTPYKTYPHOM IpyNribl,
T.e. To¥, = ¥, o7T. [TocnenHee 0OBACHAETCA TeM, YTO AEHCTBHE CTPYKTYpHOIi
TPYNbl NEepeBOANT FOPH3OHTAILHYIO KPHBYIO B FOPM3OHTANILHYIO.

CeasHocte I' B paccioenuu P(M,G) onpefeasieT CBA3HOCTb W
napaie/ibHblii nepeHoc B JI0OOM acCOLMMPOBAHHOM C HMM PacCAOEHHH
E(M, F,G, P) co ctanaapTHbiM clioeM F'. JleHCTBUTENABHO, KaK Mbl BHISICHWIH
B § 8 aT0# rnaBbl, A106as Touka p € P onpenenasieT H3o0MOPHHU3M U3 TUITHYHOTO
cnos F B cnoit E wan n(p), p: F — 7r;;' (7r(p)) . 310 OoTOGpaXeHHe NMo3BOJsA-
€T KaHOHHYECKH OMNpeaeuTh B 000K Touke w = [(p, {)] BEPTHKAILHOE, T. €.
KacateJbHOe K CJ0i0, MOAMPOCTPAaHCTBO Kak V,, = p'(TgF). AcHo, yTO 3TO
onpeleieHue He 3aBUMCHUT OT Boifopa MnpeacraBuTessl B Kilacce w = [(p, {)].
AHanoruyHo, niobaa Touka £ € F onpeaenser orobpaxenue £ : P — F,
&p) = [(p,{)]. TOpM30OHTa/ILHOE NOANPOCTPAHCTBO B TOYKE W = [(p,{)]
onpegeaserca kak obpas Hp, C T,P npu aedcrBuu auddepeHumana ¢
orobpaxenusa £, H, = {’(Hp), npMyYeM 3TO OMnpeaejieHUe He 3aBUCHT OT

3'



68 Inasa 2. Ocrosabie noRATHA QMG PepennHaIibAoil reoMeTpus

BbIOOpa npeacTaBuTeNA. YuuTbiBaa cTpykTypy F = P X F Kak cKpyyeHHOro
TIPOM3BEAeHHA, HeTpyaHo yoeauthea, uto T, F = H, ® V,,. Kpusas B F
rOpU3OHTaA/IbIIA, ECAM KacaTeJibHble K He#l BEKTOpbl TOPH3OHTAJLHK B KaXIo#H
Touke. [lns n1060it KpUBoH T = x; B M M TOUKM W € w,}'(zo) cyHlecTByeT
€MHCTBEHHBIH TOPU3OHTANbHBIH NPT T° = wy, Tgp(w;) = T;, ¢ HavaloM
B TOYKe w. DTOT Au(T MOXIO NMOCTPOUTH ClelylomuM obpasom. BosbMem
npeacrasuteb (p,£€) B Kjlacce w = [(p, {)] . Nockonbky mg(w) = 7(p) = z¢,
CYIIECTBYET FOPM3OHTAILHBIH NMPT p; ana T B paccioeHMu P. Topu3ou-
TalbHBIH JUPT T* Npu 3TOM 3alaeTca cooTHollleHHeM w; = py(&). Herpyano
ybennThCa, YTO 3TO oMnpeaesieHHe He 3aBUCHT OT BbIGopa npeactasutens (p, £).
IMocnengHee o3HayaeT TakKXKe eAMHCTBEHHOCTD JiMdTa.

HocioBHO NOBTOPAA paccyXIeHHs, NMPOBCAEHHbIE 1A CJlyyasl [JIaBHOTO
pPacCIOeHHOrO NMPOCTPAaHCTBA, Mbl MPHAEM K 3aKII04eHMIO, YTo Jiobas KpH-
Bass T B M onpenensieT M30MoppHOe OTOBpaxeHHe T : Tg (Tg) — Tg (Z1),
Ha3bIBAEMOE NapanlesbHbiM NepeHocOM B aCCOLUMMPOBAHHOM pacclioeHuu E.

IMapannenbhpiii NepeHoC cjioeB HanboJiee YaCcTO MCIMOJIb3YETCA B BEK-
TOPHBIX PacCAOEHUAX, KOTOpbie OTJHYaloTcsa pAgoM ocobeHHocteit. [Mpexne
BCETO OTMETHM, YTO B KaXIOM CJIOE 1r}§'(a:), T € M, BEKTOPHOTO pacCAOEHHs
E(M,G,V,P) nMmeerca CIpyKTypa BEKTOPHOro npoctpaHctBa. [loatomy
MHOXecTBO Bcex ceyeHMH S(F) BeKTOpPHOro paccioeHua E aBToMaTHYecKHu
HajessAeTcsl CTPYKTypOi BEKTOpHOro npocTpaHcTBa (Booblie rosops, Oec-
KOHeYHOMepHOro). CBA3HOCTb B BEKTOPHOM pacCIOCHMH M TMOPOXAEHHbIH
eil napannenbHbId NepeHoC MO3BOISET CPaBHMBAThL (M CKIAlbiBaTbh) BEKTOPbI
ceyeHUs Hal pa3HbIMH TOYKaMH 0a3bl. MMEHHO Ha 3TOM M OCHOBaHO MOHATHE
KOBapHaHTHOM NMPOM3BOAHOM I ceYeHHsl BEKTOPHOTO paccioeH s, KOTOPYio
MbI ceHyac onpeaejuM TOYHO.

Hrak, nycts 3amaHa cBasHocth I' B m1aBHOM paccioeHMM P, ceuyeHue
¢ : M — F accouMMpOBaHHOrO C HUM BEKTOPHOTO paccioeHus E(M, G, V, P)
M HeKoTopasi KpuBaa T = x; B M. Torna mas kaxaoro t KoBapMaHTHasi
npoussofHaa V¢ a8 ¢ B HanpaBleHMH (WIHM MO OTHOIUEHHIO K) I;
onpeaensercs Tak:

N H I i+Ai _
Vap = lim = [Tt (p(z: + AD)) ‘P(mt):l , (2.85)

rae A w2 ar) — TR (2) 0BO3HAYAET NapaUiebHbI NIepeHoc BAOIb T
: E (Ttea E

M3 Tiia: B Tp. M3 onpeaenenuns sacHo, uto wis ajoboro & Vi, € 1r;3'(a:t) |
onpeaenser ceyenve FE Hang 7.

IMockonbkKy, Kak MH 3HaeM, JioOGomy Bektopy X € T M MOXHO
NOCTaBUTh B COOTBETCTBME KPMBYIO T;, KOTOpOH OH KacaeTrcs B TOYKe
T = z;, A9 Hekotoporo Iy, onpeaeieHHe KOBapHaliTHOHW ITPOM3BOAHOM
(2.85) moxHO nepedopMyaMpoBaTh mjisA Jioboro BekTopa Ha M, TNONOXHB
Vxep = V,-_-,O(p. ScHO TakXe, YTO MNOHATHE KOBapMAHTHOH MPOM3BOAHOM
MOXHO PpaclpoCTpaHWTh M Ha cijyyaid, korma X cCThb BEKTOPHOE [oJjie
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Ha M, onpenenuB ee B Kaxaoi Touke Kak (Vx)(z) = Vx_ . CedyeHune ¢
Ha3bIBAETCA napajuleJibHbiM OTHOCHMTENbHO cBA3HoctH I', ecnu mas nio6oit
KpuBOii T B M KpHBas ¢(T) rOpPM3OHTANIbHA, MJIK, 3KBHUBAIEHTHO, Vxp =0
s aio6oro BexktopHoro nons X Ha M.

Mexay onepauMedt koBapuaHTHOro audbdepeHUHPOBAHUs CeYeHUH
paccnoeuns E(M,G,V, P) u onepauMeil BHewHero KkoBapHaHTHoro audde-
peHHMPOBaHHUA B IJIaBHOM paccinoeHMu P(M,G) cylecTByeT CBA3b, KOTOPYIO
Mbl YCTAHOBUM B cliefyioiiiem TIlpesioxXeHunu.

IIpenioxenne 2.13.2. MNycte X € T:M, p € a l(z), X € T,P npunyem

TX)=X,u f(@)=p "¢ (7(p)) ecth Gynkuna va P, f: P -V,
COOTBeTCTBYlOWas ceyeHHio ¢ (cm. INpentoxenne 2.9.2). Torna

Vxe=p(Df(X)).

Jlokazareabctro. [Tycth 7 = x5, —¢ <t < € ecTb KpuBasa B M, s Kotopoit
X = &, u nyctb TF = p; ecTb AUPT T C Ha4yajloM B Touke p, po = p. U3
onpeneneliusa audra KpuBoi caeayet, uto p9 = hX. Toraa mMbl nuLem

— - 1
Df(X) = df (hX) = lim — (f(pa) - f(P)) =

N N -1
—AI;T_T]O A [PA: p(zat) — Po ‘P(ﬂ?o)] .

Otcioga |
Df:lim——[o_'a: —a:]. 2.86
p (Df(X)) Jim - | Po PatP(Tat) — p(xo) (2.86)
Jlanee, nonoxum pzitp(zm) = £ € V ¥ paccMOTpUM TOPM3OHTAJIbHYIO
kpusyio pi(§) B E. Tlpu t = At pai(€) = @(zar), a npu t = 0 po(§) =
Po opZ}tp(a:A,). 3TO0 03HAYaET, YTO Py OpZ} p(zAt) ecTh napajieabHbIH NepeHoc
p(za:) M3 TAr B T, T.€. pOOpzt'tp(a:A,) = TOA‘ (tp(a:A,)). [ToacTasnsaa
3T0 B cooTHouleHHe (2.86), B ero npaBoil 4yacTH NoJyyaeM onpeaeeHHe
KOBapHMaHTHON npou3BoaHoON. O
OcHoBlble CBOHWCTBAa onepalMy KoBapHaHTHoro audepeHLHpoBaHHA
nepevucieHsl B ciaeayioweM [pemtoxenuu.

IIpennoxemme 2.13.3. Ilyctv X, Y — BektopHbie nons Ha M, f —
¢yHkumns Ha M, a ¢ u ¥ — ceuenua B E. Toraa
(1) Vxiyp=Vxp+ Vyop,
(2) Vx(p+9)=Vxp+ Vg,
(3) Vixo = fVxop,
@ Vx(fo)=fVxp+ (X fp.
JlokazarespctBo. Cso#ctBa (1) u (3) cpa3y cieAyioT M3 NpeAbiAyHIEro Tpen-
JOXeHHA. (2) obbAcHAETCA TeM, YTO Mapajjie/ibHbIA NepeHoc B BEKTOPHOM
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pPacclOEHUN eCTb AMHENHbIK n3oMopdH3M ciosa Ha cioit. (4) ecTk npocrtoe
ciaepcrsue onpefenenus (2.85). O

§ 14. XapakTepHCTHYECKHE KIaCChI

B §7 mbl BMAEAM, 4TO MOTYT CYyLIECTBOBaTb pa3fNMYHbIE TJaBHbIE
pacc/lioeHKsA ¢ OdHOW M TOH Xe 6asoi M oAHOM M TOM XKe CTPYKTYPHOM
rpynno#. bosnee Toro, 3TH paccAoeHHA HYMEDPYIOTCH HEKOTODHIMM LieIbIMM
yycnaMM (npumepnl 7 ¥ 8). B 2TOM naparpade Mbl BBEAEM TOHATHE
XapaKTepHCTHUYECKMX KJIaccoB, MO3BOJAIOWIMX pa3fiHyaTh He3>KBHMBaNEHTHbIE
paccioeHuss. OHO MrpaeT BaXHYIO pojib NPH OMNMCAaHMM MHCTAHTOHOB H
MOHONOJIEH B KaTMOPOBOYHBIX TEOPHAX.

Paccmotpum rpynny JIu G wn ee anre6py JIn g. Tlpexae Bcero
onpeaeauM MHOXECTBO I* (G) CUMMETPHUYHBIX MOJWIMHEHHBIX OTOOpaXeHUH

f:gx...xg—R,
S———

k pa3
MHBAPUAHTHBIX OTHOCUTENLHO G
f ((ad )4y, (ada)4y, ..., (ad @) Ar) = f(A1, 42,..., Ap), (2.87)
rae Ay, A7,..., A €g, a €G.
[Mycte Tenepnr P(M,G) — TAaBHOE pacCiIOEHUE C KAHOHMYECKOH

NpoeKuMe# T W NpaBbiM AEHCTBUEM CTPYKTYPHO#M rpynnbl Ha paccioeHun ¥,.
Buibepem cBA3HOCTb B P ¢ (popMOH CBA3SHOCTH w M POPMOI KPMBH3HBI ).
Ina kaxmoro f € I*(G) onpemennm 2k-dopmy f(2) Ha P cnenyiomum
obpasoM:

FEOX, .. sz)—(Tk)‘,Z( D% £ (X1, Xe2)s -

U X r k1), Xx28))), (2.88)

roe Xy,...,Xo € X(P), A, — 4eTHoCTbh nepectanoBku 7 : (1,2,...2k) —
(7r(l),1r(2),...7r(2k)), a CYMMMpPOB3HMe BEAETCS MO BCEM BO3MOXHbLIM Ie-
pecraHoBKaM. Mbl u3yyuM ¢opmbl f(§2), KOTOpble HMrpaioT KJIOYEBYIO pO/b
NpH ONpEAE/IEHUH XapaKTEPUCTHYECKUX KJIacCOB, UM MNOMNYTHO AOKAXEM psj,
npeU1oXeHHUI O cBoHcTBaX AMddepeHUHATbHBIX dopM.
byaeM roBoputh, uto dopMa ¢ cTenieHHM r Ha P NpoOEeKTHpyeTcs B
r-dopMy ¢ Ha M, ecnn
o= (2.89)

IIpennoxenne 2.14.1. r-bopma ¢ Ha P(M, G) npoeKkTHpyeTca B €MIMHCTBEH-
Hyio 7-popmy @ Ha M, ecim
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i) p(Xy,...,X;) =0 kak T0AbKO XOTs1 Obl OAMH U3 X; BEPTHKAJICH;
i) (¥, Xy,...,¥.X,)=p(X,,..., X;), a €G.
Jokazaremscrso. [lyctb £ € M u Vi, € T,(M) (¢ = 1,...,7). Bo3bMeMm

KacarejbHble BEKTOpb X;, € Tp(p), w(p) = , Takue, 4TO 1r’(X,-p) =V, Hn
NOJIOXHM

oW, ..., V1) = p(Xy,..., X,). (2.90)
IMokaxem, 4YTO 3TO omnpenaeNeHUEe KOPPEKTHO, T.€. HE 3aBHCHT OT BbiOOpa
TOYKH P B CJIOE 1r"(p) M KacaTeJbHbIX BEKTOpoB Xip. IlycThb X,fp, €ETy(P)n
T'(Xiy) = Viz, tne p' = ¥ p. NpeacraBum sektopbl X;, Kak X;, = ¥,Y;p,
npudem ' (¥;,) = Vi;. CornacHo nyHKTy (ii)

o (X, XD = pp(Ti,..., Yy).

IMockonbky BekTOp (X; — Y;), BEpTHKANEH M1 KAaXIOTO %, TO M3 (i) cleayerT,
41O

(X1, X)) = (1, Xay -, X + (X1 - Y1, Xs, .., Xy) =
=}, Xy,..., X)) =p(Y),Y3, X3,..., X)) = ... =p,Y,,...,Y;). D
Mpemioxenue 2.14.2. Eciu ¢ = 7'@, 10 dp = Dy (D — KOBapHaHTHbI#
anddepeHuMan, onpeaenacHHbln B §11).
Hokazareimcrso. Eciv o € D"(P) n X,..., X, € X(P), TO

@)X, ..., Xrp)) = @0 @)Xy, ..., Xe)) = (@ 4PYX, ..., Kpyy) =
= (d¢)(7rlxl, cee 17rIXr+l) = (d¢)(7rlhxla T 17rlhxr+l)
= (W'd{é)(hxh oo h X)) = (d"r"/_’)(hxh s hX ) =
= (dp)(hX,,...,hX 1)) = Dp(X,,..., Xr41)-
3aecb Mbl BOCNOJNb30BANMCh CBOMCTBOM (2.34). O
Mycts f € I¥(G), m f(Q) — 2k-bopma Ha P(M,G), onpeneneHHas
paBeHcTBOM (2.88).

Ipennoxenne 2.14.3. ®dopma f(2) Ha P npoeKTUPYETCsl B CAMHCTBEHHYIO
2k-copmy f(2) na M, npuueMm

df(@) = o. (2.91)

Jokazaremerso. DopMma {2 ectb TeH3opuanbHasi ¢opma Tuma (ad, g). Ot-
ciona o c¢opmyne (2.88) cnenyer, uto f(§2) ymomnerBopsieT yciosuio (i)
IMpepnoxenns 2.14.1. Tak kak ¥,;Q = ad(a™HQ, a f vHBapuaHTHa IpH
JerctBuM G, TO YHOBJICTBODPSETCS M YCJIOBHE (ii) TOro Xe NpemloXeHHUs.
3uauut, f(2) nmpoekTMpyeTcss B €AMHCTBeHHylo 2k-dopmy Ha M. [lanee,
df (Q) = dn* f(Q) = 7*df(Q) n, uTobbl AoKa3zaThb (2.91), AOCTATOUHO AOKA3ATD,
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uyto df(Q2) = 0. ComnacHo Tpemnnoxenmio 2.14.2 df(2) = Df(Q). Tak kak
omnepauns D paeicTByeT Kak npocroe BHelliHee OHbdepeHMpoBaHHE (T.€.
o ¢opmyne (2.18)) 1 DQ = 0 cornacHo Ilpepnoxeuuio 2.11.5 (ToxaecTBo

BbbesaHkH), TO Df(2) = 0. O
PaccMoTpuM Tenepb ABe (OPMbI CBA3HOCTH wy M wy Ha P 1 NOJOXHM

a = w) — wy, (2.92a)
wi=wo+ta, 0LEL I (2.926)

Jlerko npoBepuTb CIEAyIOLLIME CBOHCTBA:

1) a ecTb TeH30pHaNbHasA dopMa THna (ad, g);

2) {wy, 0 <t < 1} ectb oaHOMapaMeTpHYECKOE CEMENCTBO (HPOpM
CBAA3HOCTH Ha P.

O603HauuM D; BHeuiHee KoBapHaHTHoe AU depeHurpoBaHue, a €1
¢bopMy KpHBH3HHI, onpeaensieMble GOPMOi CBA3ZHOCTH w;.

IIpennoxenne 2.14.4.

d .
—Q; = Da. .93
at (10 (2.93)

Joka3arespcTBo. CorlacHO CTpyKTYpHOMY ypaBHeHHIO (2.74)
O = dw; + %[wt,wt] = dwy + t da + aw, w;].
Hcnonb3ysa paseHcTBO dw;/dl = a, nojaydyaem
iﬂ, =da + %[a, w] + %[wt,a]. (2.94)

dt

N3 dopMmynbl (2.77) koBapuauTHOTO AMbdepeHuUMPOBaHHS TEH30PHaAIbHbIX
1-dbopM ciedyeT, YTO NpaBas 4acTbh paseHcTBa (2.94) ectb Dya. O

Ipexne 4eM MepedATH K CJEAYIOLIMM CBOMCTBaM, HaM Halo pac-
CMOTpETb Ciydaii, Korga apryMeHTaMu otobpaxenus f € IY(G) sensiorcs

HEKOTOpbie g-3HauHblE POPMBI @, ..., Ha P cTENEHEN T1,. .., T COOTBET-
cteento. Torma ¢dopmy f(p),...,pr) CTENIEHH T = 7| + ... + T, ONpeacInM
Tak:

1
F1 e 0K, X = 5 DR (01 (Kett s Kae) -

oy Pr (Xr(r|+...+rk_|+l),...,Xr(r))) (2.95)

(cp. (2.88)). TaKHM‘ obOpa3oM, omnpeneneHHas Bbuiwe 2k-dopMma f(Q) ectb
npocto f(£2,...,). ®opMy f(@1,-.-,Pr) yIOOHO NPEACTaBUTb B BHAE:

F@uLs @)= D Gapa® Ao Ao, (2.96)

ap,...,ap=1
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rae 7;~-HopMbl ©{ BOIHMKAIOT TIPH PaIOXKEHHH

n
=3 outr
a=1
no 6asucy {E,} (a=1,2,...,n = dimG) anrebpsl JIu g, a uucna
Qq, - o, = f(Fq,,.--,Fa).
IIpennoxenne 2.14.5. Tlyctb f € I*(G). (2k — 1)-¢popma

1
o= k/dtf(a, Q,....0) (2.97)
0

Ha P npoexktupyetcs B eauHcTBeHHY0 (2K — 1)-popMy Ha M u

dQ = f(Ql)"')Ql) - f(QO)"‘)QO) ~ f(Ql) - f(QO) (2'98)

JlokazaresbcTBo. M3 TeH30pHasibHOCTH GopM a M €); ¥ M3 NpeacTablieHHs
(2.96) (nau (2.95)) cneayet, yto f(a,$,...,€)) YIAOBIETBOPSIET YCIOBHAM
IpennoxeHus 2.14.1 u s1a popmMa, a 3HauuT U PpopMa ®, NpoeKTUPYIOTCH B
(2k — 1)-popmbl Ha M. Ucnonb3ysa Tpeanoxenus 2.14.2 u 2.14.4, ToxaecTBO
Boankn D;Q; = 0 u npeacraeneHue (2.96), nonyyaem

kdf(a,Qy,..., Q) =kD,f(a,(,.. Qt)=
d
=k f(Dya, ..., Q) =k f( Qt,ﬂt, L) = ;Ef(ﬂtaﬂtaﬂt)-

CrnenosaTteibHo,
1

1
d@zk/dt (df (@, Q- .., ) :/ t—‘f(Qt,Qt, ) =
0 0
:f(Qth)"-,QI)—f(QO,Q(),...,Qo).D

BeeaeM ewe Heckonbko onpegeneHui. Iyctb N — nuddepeHuu-
pyeMoe MHoroobpasue pa3mephHocth n. PopMa w € D"(N) Ha3biBaeTcs

3AMKHYmMoli, ecly
dw =0, (2.99)

U Mo4HOU, €CIIH
w=dp, (2.100)

rae p € D"'(N ). OueBHAHO, yTO JI06ast TOuHas popma sABRsIETCA 3aMKHYTOM,
HO obpaTtHoe HeBepHo. OB03HAYMM MHOXECTBO 3aMKHYTHIX 7-(popM Ha N Z',
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a MHOXECTBO TOYHBIX T-(opM B'. ByzleM CuUMTaTh ABe T-hOPMbI W u w'
3KBUBAIEHTHBIMH, W ~ ', eclM w = w' + da 1N HekoTopoit a € D™~ (V).
MHOXeCTBO KNacCOB 3KBHUBANEHTHOCTH Z' /~ o6pa3yeT abeneBy rpynmiy,
Ha3biBaeMylo epynnol koecomonocuu de Pama, n obo3nauaercs H'(N;R)
(takxe nuwyt H'(N;R) = Z"/B"). B panbHeiimieM Mbl OymeM OIycKaTb
ykasauue Ha none R, Hajm kotopbiM paccMmarpuBaloTcss GopMbl. Ocobblit
cllyyai npefcTaBiasieT npocTpaHCTBo H 0(N ). Tak xak He cyuiecTByeT ¢GopM
crerieHH (—1), u dc = 0, ecnim ¢ nocroaHHas ¢yHKLHA, TO H'(V)
npeacraBiaset coboi MHOXeCTBO (DyHKIIMIA, MOCTOAHHbIX Ha N. Tlpn 3TO0M
dim HO(N) paBHa YHCNTY CBA3HBIX KOMITIOHEHT MHOTo06pa3us N . B yacTHoCTH
Wi eBKaugoBa npocTpaucrea dim H(R®) = 1. CornacHo nemme TlyaHkape
npu v > 1 dimH (R") = 0, T.e. mobas 3aMkHyTas ¢opMa MOXET ObiTb
npeacrapieHa Kak BHELIHsS NMPOU3BoAHAas oT (OpMbl 60Jice HU3KOM CTETEHH.
TakuMm o6pa3oM, koromosoruu ac Pama MHorooGpasusi N HETpUBHMANIbHBI,
ecnu JokajibHbie okpecTHOCTH U; C N «ckiieHBaloTCs» B N HETPUBHAIBHbIM
0bpa3oM.
JJ1s NOMHOTHI U3NIOXKEHHUSI OTMETHM, YTO BEJIMUMHA

b, = dim H?(N)

Ha3biBaeTcsl P-bIM yucaom Bemmu mHoroobpa3us N, a cymma
n
V)= (1D,
p=0

(n = dim N) sBnsierca xapaktepMcTMKOH Oiiepa. Ilo teopeMe IlNaycca—
Bonne £(M) MoxeT ObITb BhIpaXXeHa uepe3 KPHBH3HY MHoOroobpasusi; B
3TOM IPOSIBJISIETCS CBSA3b MEXAY CBOMCTBaAaMH (OpM Ha MHOrooOpasuM U ero
reOMeTpHEH.

Jnsa panbHekLero HaM NoHapoouTca meopema Cmokca, KOTOPYIO Mbl
npuBeaeM ©0e3 gokasarenberBa. [lyctb N ecTb r-MepHoe MHoroobpasme,
a N — ero rpauuua. Toraa gns mo6oi (r — 1)-popMbl w CIpaBeLIMBO

PaBEHCTBO:
/dwz /w, (2.101)
N aN

rae uHTerpas ot (GopMbl NMOHHMAETCS B TOM XE€ CMBICIE, KaKk M B (pbopMy-
Je (2.226). Hanpumep, ecin ¢ = 1, a N apasierca cerMeHToM [a,b], 1O
(2.101) nepexoauT B XOpPOLUO H3BECTHYIO (POPMYIY

b
i .
/ / 2z e =10~ f(a)
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Ecnu mMHoroo6pasue N (dim N = r) He umeeT rpaHuubl, dN =0,
TO MHTErpai no N He 3aBHCHMT OT BbIOOpa NMpeACTaBUTENS B KJacCe dKBHBa-
JentHoctH u3 H'(N). JeACTBUTENbHO, NYCTh W H ji MPHHALIEXAT OAHOMY
KJIacCy 3IKBHBalleHTHocTH. Torma w = u +da, a € D""Y(N). o Tteopeme

Crokca
[o= Joar= s o= [+ [= [
N N N N N oN N

BepueMmcs Tenepb K 2k-dopmam f(Q), rae f € I*(G). Cornacho
Mpennoxenuio 2.14.3 dopmbl f() u f(R) spasiorcs 3aMKHYTHIMH. M3
Mpenaoxenns 2.14.5 cnenyet, uto dpopMmbl f(2), oTBevaloLIHe PaITHUHBIM
CBA3HOCTAM B IIaBHOM pacciioeHiun P(M,G), npuHamiexat OJHOMY H
TOMY X€ KIacCy 2KBHBAJICHTHOCTH B IpyIine KoroMonoruu ae Pama H 2E(M).
CnenosatenbHo, ecnu N — 2k-MmepHoe noaMHoroodpa3ue B M, He UMelolLlee
rpaHuubl, TO MHTErpan o N ot F(Q) He 3aBHMCHT OT BbIGOpa CBA3HOCTH B
MaBHOM pacciocHMH Hag M. KpoMe Toro, okasbiBaercsi, YyTo mis Jiioboro
N C M c 8N = 0 unterpan ot f(2) apisercsa uUEIbIM YHCIOM.

Ecnn f — cHMMeTpHyeckoe HWHBApHAHTHOE [ONWIMHEHHOE OTO-
6paxeuue, T.e. f € I"(G), TO JIMHEWHas KoMOMHauusa BeauuyuH f(A4) =
f(A A,...,A) c BeuecTBEHHbIMH Ko3(ddHuUMEeHTaMH TMpeacTaBaseTr coboi

HHBAapHAHTHbIA OTHOCHTENIbHO aeicTBHS G (B cMbicae (2.87)) nmojuHOM (WiH
XapaKTepUCTHUYECKMii TToMMHOM) Q(A) nepemenHol A € g. Kak NnocTpoMTb
TaKo# TOJIHHOM B IBHOM BHIE?

Tyctb anrebpa JIn g peanusosaHa Matpuuamu pamepom I x . Ecan
MaTpuua A uMeeT cobeTBeHHbIE 3HaYEHUs {A, Az, ..., A\j}, TO HHBapHAHTHHIA
nomuHoM Q(A) sABnAeTcs CUMMETPHYHONH (DYHKLUMEH 3THX uyMcen A; H €ro
MOXHO 3arnucaTth Yyepe3 CHMMETPHYECKHE TTIOJTHHOMbBI CTENEHH k BHIa

Sk(\) = D DEED TP P v (2.102)
1<8 <6 <. <ipd

IlpuMepoM HHBApHAHTHOIO MOJHHOMA $BAseTc Bbipaxenue det(l + A).
TlpeanonoxuM, 4yto mMatpuua A MOXET ObITb NPHBEAEHA K AMArOHaJbHOMY
By npeobpasosarueM Tvna A = UA'U ™!, rge A' = diag(Ay, Az, ..., A1) —
JuaroHanbHag Marpuua. Toraa MOXHO Noka3atb, YTO

det(1 + A) =det(1 + A") = 1 + S, (V) + S2(N) + Si(N), (2.103)
rac
SIA=M+M+...+5=tr A =tr 4, (2.104a)

I
32(,\)=Z,\,-,\,-=5[(,\.+,\2+... FA AT o2
i<j
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I
2

S __l 3 2 3

5O = 3 [(tr 4’ =3t 4 trA+2trA] (2.1048)

- ,\%] = % [(tr Ay - tr(A')z] - [(tr AP —tr Az] . (2.1046)

U T. 1. Jlus onpeaeacHus KOrTOMOJOTHYECKOTO Kilacca, Ha3biBaeMOTo XapaKTe-
poM YephHa, Ucnonb3yeTcss HHBapHaHTHas ¢dyHkuus tr (exp A).

ITepeiigeM Tenepb HEMOCPEACTBEHHO K XapaKTEPHUCTHYECKHM KJIaccaM.
Mbl orpaHHYMMCS paccMOTpeHMeM KiaccoB YepHa ansl rjaBHOTO paccloe-
uusa P nag mHoroobpasvem M 6e3 rpaHuubl (M = 0) ¥ cO CTPYKTYpHOii
rpynnoit G C GL(k; C) (rpynmna HeBHIPOXAEHHBIX KOMIUIEKCHBIX MATPHLL Pa3-
MepoM kX k). OnpenenuM ¢ noMollblo HHBapHaHTHOro noauHoma det(1+ A)
dopmy Ha M, HasbiBaeMylo momaavHoi ¢opmoi Yepna, no cneayiollei

dopmyne

c(P) = det (]l + LQ) , (2.105)
2 .

rie 2 — dopMa KpuBH3HbI ¢GopMbl cBA3HOcTH B P(M,G), a 4epra
HanoMHMHAaeT O TOM, YTO Mbl AOJIXHbI BCE cJlaraeMbie B pa3/IOXEHWH THNa
(2.103), (2.104) cnpoexTupoBatbh Ha 6azy M. HHoraa TotaibHylo ¢(opmy
YepHa oboszHavalot ¢(£2). Ucnonbaya (2.103) 4 (2.104), nonyuyaem

dP)=1+c(P)+caP)+..., (2.106)
rae ¢;(P) agnsiorca 2j-dopmamu Ha M, onpeaensieMbIMM MHBaPHAHTHLIMM

NOMHJIMHERHBIMH OTOOpaXeHuaMH U3 I'(G) caeayioliuM oOpa3oMm:

a(P)=—tr Q;

i
2

1
(P)= o (-Ir QAQ+ir QAT 0); (2.107)

c3(P)=é;—z-[trQ/\trQ/\trn—3(tr9/\n)/\tr9)+2trQAQAQJ

M T.4. (cp. (2.104)). Tlonoxum mno onpeneneHuio co(P) = 1. Popma
¢(P) € D% (M) na3biBaetcs J-o gopmoid Yepna. Ouesuano, uto ¢;(P) =0,
ecin 27 > n = dim M. TToatoMy cymMMa (2.106) xoHeuHa. Kak 6b10 moka3sa-
Ho Bbllle, ¢;(P) ecTb 3aMKkHyTas ¢opma U j-bie popMbl HepHa, oTBevaioLHe
Pa3THYHbIM CBA3HOCTSIM NAHHOTO PacCIOEHHMs, MPUHALIEXAT ONHOMY KOro-
MoJiorHYeCcKoMY Kiaccy B H % (M), Ha3bIBAEMOMY j-bM XApaKmepucmu4ecKum
Kaaccom YepHha.

3HayeHHe MHTErpaja no BceMy MHoroobpasuio M ot ¢dopMbl, npea-
CTaJISIOILER COOTBETCTBYIOLIMI Kinacc YepHa uaM obpa3oBaHHOH BHEUIHUM
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NMPOU3BEACHHEM HECKOJIbKHX (hopm UepHa, HasbiBaeTcs 4ucioM Yepna pac-
choeumss P(M,G). Yucna YepHa sBASIOTCS TOIMOJOTHYECKHMMH XapaKTepH-
CTHKaMH paccloeHHUsi. 3aMeuaTe/bHbIM SIBAAETCS TOT (hakT, YTO ITH YHUCia

ABASIOTCS LIEIbIMH.
Hanpumep, npu n = 4 Mbl MMeeM ABa yuciaa Yepha:

Cz(P)=/Cz(P),
M (2.108)

clp) = / c1(P) A ¢\ (P).
M

IIpamep 1. PaccnoeHne marnutHoro MoHononsi P (SZ,U(I)). B atoM
ciyvae )
7 —
—Q,

P)y=1
f( )=1+ -
c(P)=1, c|(P) = (z’/21r) M HeaKBMBUIEHTHbIE PACCJIOEHHS XapaKTepH3y-
J0TCSl TIEpBLIM YMcIoM YepHa
t —
2T
$? $?

IMpumep 2. UHcTaHTOHHBIE paccioecHuss P (34,SU(2)). ®opma KpH-
BH3HbI MOXET ObIThb mMpeactaBiena B Buae 2 = 7°Q%, rae 7% — Matpuubl
Tlayam m tr 797% = 264,. ToTanbHbI# KIace YepHa UMeET BH]

1 1
P)=1+—tTOA0=14+—03A00,
c(P) + e, tr + a2
TaK Kak tr Q = (tr 79)Q° = 0. CiegoBaTenbHO,

1
oP)=1, c(P)=0, c(P)=_——=trQ2AQ.
82

3aech paccioeHHs XapaKTepM3YIoTcs BTOPbIM uncioM YepHa

CyP) = /cz(P) = 8—111'2‘/“ QAQ. (2.110)
8¢ s

Bonee noapobHOE HM3TOXEHHE TEOPHH XapaKTEPHUCTHUECKHX KJIacCOB
MOXHO HaiiTH, HanpuMep, B [KH], [AH®], [ETX].






I’ maBa 3

JInneiiHbie 1 PAMAHOBBI CBSA3HOCTH

B Hacrosieit rnase Mbl 6yneM M3yyatb JIMHEHHbIE H PUMAHOBBI CBSI3-
HOCTH, KOTOpbI€ LUMPOKO MCIOJb3YIOTCH B OOILIEH TEOPHH OTHOCHTEbHOCTH.
DTH CBA3HOCTH TpeOyloT 0COOOr0 pacCMOTPEHHMS MOTOMY, YTO B COOTBET-
CTBYIOLIMX TJIaBHBIX PacClOEHHbIX TPOCTPAHCTBAaX BO3HHMKAIOT HOBBIE, TOJMbKO
MM MpHcylMe cTpykTypbl. CHavyana Mbl JaauM ofiliee onucaHue JHHeMHbIX
CBA3HOCTEH B IIaBHOM DPAcClIOCHHH, a NIOTOM COOTHECEM €r0 C SKBHBAJICHT-
HbIM ONMCcaHHEM B Ga3e B TEpMHMHAX KOBAapPMAaHTHbIX NMPOU3BOAHbLIX, KOTOPOE
AIBJIIETCS1 CTAHAAPTHBIM B 0OLLEi TEOPUH OTHOCHTENbHOCTH.

§ 1. JInneiinnie CBA3HOCTH

ITycte M ectb auddepeHLIMpyeMoe MHoroodbpasue ¢ dimM =n, u
L(M), kak obbMHO, 00O3HayaeT pacC/loOeHHEe JIMHEHHbBIX pernepoB Ham M,
T. €. TJIABHOE pPacCIOeHHOE NMPOCTPaHCTBO ¢ 6a30if M M CTPYKTYPHO# rpynmnoi
GL(n,R) (cM. npumep 5 §7 masn 2). JIuueitHoi cBs3HOCTHIO B M
Ha3bIBAa€TCsl CBA3HOCTb B PAacCIOCHHMH JIMHETHBIX penepos L(M).

Eciw B L(M) 3apmaHa nuHeiHas cBga3HocTh I', TO el cTaHAapTHBHIM
00pa3oM MOXHO NOCTaBHTb B COOTBETCTBHE (hOPMBI CBI3HOCTH M KPHBH3HbI, W
M @ = Dw, co 3HauyeHHssMH B anrebpe JIn gl(n,R) cTpyKTypHO#H rpynnbi
(cM. §10 rnaebl 2). OnHako oOKa3bIBaeTCsd, YTO clelM(pHUKa pacCIOCHHUSA
JIMHEHHBIX PETIEPOB NTO3BOJISIET BBECTH €llie OAHY 2-(opMy, XapaKTepH3yIOLIYIO
3Ty cBSI3HOCTb. Ilpexie 4eM nepeitH K oGCYyXAEHMIO 3TOi 2-(opMbl, Mbl
onuiueM 1-¢popMy, KaAHOHHYECKH 3aaaloiytocss Ha L(M) 6e30THOCHTENbHO K
CBSI3HOCTH B 3TOM PAaCC/IIOCHHH.

HanomnuM, u4tO0 ¢ paccnoenneM JnuHeiHbix pernepos L(M) ac-
COLIMMpOBaHO KacarteabHoe paccnoeHwe T(M) (rmpumep 1 §8 masbl 2),
npu atoM moboit penep u € L(M) omnpeaensier auHeHHbI# HM30oMOphH3IM
v : R* — TpwyM w3 tunmueckoro cinos R' B cioit T(M) Han w(u).
O603HauMM uepes u~! obpatHoe oTobpaxenue, u ' : TrwyM — R". Jla-
nee, 3aMeTuM, yto auddepenuman « kaHoHuyeckoi npoexuuu B L(M)
orobpaxaer T,L(M) B TywyM, ' : T,L(M) — TywyM. Takum obpa-
30M, KOMOMHMpysl oTobpaxenus ¢~ ' W 7', Mbl MoJyyaeM B KaXIOH TOUKe
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u € L(M) orobpaxenue v 'on' : T,L(M) — R", 1.e. 1-popMy Ha L(M)
co 3HayeHussMu B R". D1a (popMa Ha3biBaeTcs KaHOHHYECKO# (opMoii ans
L(M) u Ha moboM Bektope X € T, L(M) MoXeT ObITb 3arMcaHa Tak:

0X)=u" (x'(X)) . (3.1
Jlerko npoBepuTb, yTO hopMa § ropusoHTaIbHA U 06JANAET CBOHCTBOM
vio=a"'0, (3.2)

rie a~'0 obosnauaeT ectecTBeHHOE JNeBoe aeicTeue GL(n,R) Ha anemen-
ot R* (cM. mpumep 1 § 8 masbl 2). TloaToMy kaHonuyeckasi ¢opMma @ mis
L(M) ectb TeH30pHanbHas 1-dopma tuna (GL(n, R), R").

JIune#inasa csasHocts I' B L(M) mno3BosseT IOCTaBHUTb B COOTBET-
cTBHE KaxXaoMy BekTopy £ € R" cTaHaapTHOE TFOPH3OHTAIbHOE BEKTOPHOE
nonie B(£), KOTopoe MOJHOCTHIO OMNpPEeAsieTcsl yCAOBUAMH

w (B(®)) =0, ’ (3.3a)
6 (B©) =¢. (336)

U3 ompenenenns (3.3) u u3 (3.2) cneayet, yto ans Jwoboro a € GL(n, R)
¥, B(¢) = Ba™'§). (3.4)

KpoMme Toro, B(§; + &) = B(€1) + B(&) v nipn £ # 0 none B(£) Hurae He
obpaiiaeTca B Hydb. DTO cpa3y BMUAHO M3 cooTHoweHus 7' (B(£)) = u(f),
SIBASIOLLIETOCS CIeqcTBHEM onpeneneHus 8 (3.1), ecnu NIPpUHATL BO BHUMaHHME,
uro v : R* — T,L(M) ectb AuHEeiHBIH M3oMOpdU3M H u(§) = 0 ToNbKO

mpu £ =0.
Ecin A € gl(n,R) n A* — cootserctByiollec ¢yHaaMeHTaNbHOE
BEKTOpHOE Tone, To U3 (2.37) u (3.4) nerko nNoAy4YuThb, 4TO

[A%, B(&)] = B(49), (3.5)

rae A¢ obo3Hauaet aeiicteue Matpuubl A € gl(n,R) Ha £ € R".

Beegem tenepb B npocrpaHcteax R u gl(n,R) craugaprHbie 6a3uchl.
CraHpgapTHbli 6a3uc npoctpadcTBa R COCTOMT M3 BEKTOPOB C KOOpAMHATAMH
a; = (0,...,1,0,...,0) (eaMHHLA Ha i-M MECTE), a CTAHAApPTHbIA 6a3nc A;-

1

anre6pbl JIn gl(n,R) COCTOMT M3 MaTpuu C KOMIOHeHTaMu (A5)f = 6}6;.
C noMoublo 3THx 6a3zncos B L(M) MOXHO MOCTpouTb 1> + n BEKTOPHBIX
NoJIei: CTaHAapTHbIE TOPH3OHTalIbHbIE NoNA B; = B(a;) v GyHAaMEHTaIbHbIE
noJis A" KOTOpbIE BMECTE, Kak JIETKO ybeauTbcs, obpa3yior 6a3uc kacateib-
HOTO npoc1pchma T.L(M) B kaxao#t Touke u € L(M). TIpUHATO rOBOPHUTD,
yro n’+n BEKTOpHbIX noJeit B;, A" OTPeAeIIOT aOCOMIOTHHIH Napaiieu3M
B L(M).
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PaccMoTpuM BHElIHHWI KOBapHaHTHbIN auddepeHidan ot 6, © = D6,
Beneacteue (3.2) u IMpennoxenus 2.11.1 © ectb TeH3opuanbHas 2-¢opMa
Ha L(M) tuna (GL(n,R);R™), kortopas Ha3biBaetcss ¢GOpMOW KpydyeHus
aunHeitHom ceasHoctu I,

Tpennoxenne 3.1.1. Ina dopM cBA3HOCTH, KPUBH3HBI M KpydyeHHus, w, )
H O, nuHelHoit cBaznocth I' B M HMMEIOT MeCTO CJEAyIOIHE

ypaBHEHHs CTPYKTYpHI:

QX,Y) =dw(X,Y)+ % [w(X),w(¥)], (3.6a)
OX,Y)=do(X,Y)+ % (W(X)O(Y) — w(Y)I(X)), (3.66)
X, Y € T,L(M).

JokazareabcTBO. YpaBHeHHE cTPYKTYpbl (3.6a) Obl10 moka3zaHo B Ilpemno-
xeHun 2.11.2. Jloka3zatenbcTBo ypaBHeHus (3.66) npoBOAMUTCS aHANOTMYHO.
A MMEHHO, 3TO ypaBHEliM€ HYXHO MpPOBEPUTb B TPEX CAy4asiX, U3 KOTOPbIX
HeTpHMBHANEH TOAbKO TOT Cjydyai, Korga Bektop X BepTHKajeH, a BekTop Y
ropusoHTaneH. Beneacrue aMHeMHOCTH © o 000MM apryMeHTaM He OrpaHu-
yuBas OBUIHOCTH MOXHO cuuTaTh X (yHIZAMEHTANIbHBIM BEKTOPHBLIM MOJEM,
a Y — craHmapTHbIM ropu3oHTaNbHBIM nosieM. BoibepeM A € gi(n,R) u
£ € R, tak, uto 4, = X, B(f), = Y. Ha atux nonsx nepass yacrb (3.66)
oOpalaeTcs B HyJIb, a NpaBylO YacTb MOXHO Npeobpa3oBaTh K BUAY

1 1
do (4", B(§)+5 4¢ = 5 {470 (B(©)) - B©)H(A") — 6 (14", BOI) } + %A{,

rae Mbl Bocnonb3oBanuch dopmynoit (2.21) wis sHewHero auddepeHimana 6.
IMepBblit WwieH B ¢uUrypHblx ckoOKax ucue3aeT BCAEJCTBME MOCTOSHCTBA
byHkuuu 0 (B({)) = £, BTOpO#l — BcileiIcTBUE FOPU3OHTaNbHOCTH (POPMBI 6.
TTpeoOpa3oBaB KOMMYTaTOop B TpEeTbeM WieHe C Mnomouibio ¢opMynabl (3.5),
Mbl HaiIeM, 4TO %0 (14*,B©)]) = %A{, T.€. npaBas yacTb ypaBHeHH (3.66)
ToXe oOpaliaeTcs B Hy/b. DTO U JOKa3blBaeT BTOPOE ypaBHEHHE CTPYKTYpbl. O
PaccMmaTtpuBas 6 kak BEeKTOPHO3HauyHyl0 ¢OpMy, @ w — KakK MaTpuy-
Ho3HauHyl0 OopMy, CTPYKTYpPHBIE YpaBHEHHUsI MOXHO Mepenucarb B KpPaTkoil

dopme:
Q=dw+wAw, (3.7a)

©=do+wAo. (3.76)

Pa3naras w v 0 no craHaapTHbIM 6a3ucam B K" u gl(n, R), ypasHenus (3.7)
MOXHO TaKXe 3anucarb B KOMIMOHEHTaX aHanoruyHo (2.79).
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Tpennoxenune 3.1.2. [ina auHedHoM cBs3Hocth I' B M uMeEIOT MecTo
cieayolme ToXaecTBa bbsHKH:

DR =0, (3.8a)
DO =QA6. (3.86)

Joxkasaremberso. ToxaecrBo (3.8a) 6bu10 goka3zaHo B TMpemioxeHuu 2.11.5.
IMpumeHuB onepaunio BHelHero auddepeHUUpoBaHMA K ypaBHeHUIO (3.70),
Mbl MOMYYHUM

dO =dw A0 —wAdb.

Ecau ot 3toro YPaBHCHHUSA B3ATb TOPHU3OHTAJIbHYIO KOMIMOHCHTY U 3aMCTHUTD,
4yTo BTOpOﬁ YJIEH NMpH 3TOM HCYE3aeT, TO NOJAYUYUTCA B TOYHOCTH YpaBHCHUC

(3.86). O

§ 2. KoBapuantHoe nuq)q)epenunponaline

Kak mbl BbIsicHuIu B npumepe 2 §8 maBbl 2, ¢ pacCAOCHHUEM JIU-
He#lHbix penepoB L(M) accouvMpoOBaH LeNblii psall BEKTOPHBIX PaccaOeHMiA,
a MMEHHO, TeH3opHble paccnoeHus T7(M). B cOOTBETCTBHM C pe3y/ibTara-
Md §13 rnaBbl 2 3aganue AuHelHoON cBs3HOCTH B M onpeaensieT B 3THX
paccAOCHUAX NapauiefbHbIil NepeHoCc, KOTOPhIit, B CBOIO ouepelb, MO3BOJIsAET
ofpeAcauTb ONEpaLui0 KoBapHaHTHoro auddepeHUMPOBaHUA CEYEHUH ITHX
paccyoeHui, T. €. COOTBETCTBYIOUIMX TEH3OPHBIX MOJEH.

IMycTb 3amaHbl AauHeliHaa cBa3Hoctb I' B M u teH3opHoe none K
THna (r,s), paccMaTpuBaeMoe Kak ceueHue paccnoenus T; (M). AHanormyHo
paccyxaeHHsiM § 13 maBbl 2, Mbl MOXEM OMpeaeiuTh KOBAapPHAHTHYIO MpO-
u3BoaHylo ot K nubo Bmonb kpusBoit z; B M, V; K, nubo njas BekTopa
X €T, M, VxK, nu60 n1s BektopHoro nojst X € X(M) Ha M, Vx K. Mul
chopMyMpyeM CBOWMCTBa oOMepauluyd KOBapHaHTHoro auddepeHLHpOBaHHUS
TEH30pHbIX MOJEH UIA NocAeaHEro ciyyas.

TIpeanoxenne 3.2.1. ITyctp ¥ ecTb anre6pa TeH30pHbIX noneit Ha M, u
X,Y € ‘I(',(M) = X(M). Torna koBapuaHTHoe aucddcpeHUMpPOBaHKE
UMEET CAEAYIOLIME CBOMCTRA:
(1) Vx : (M) — T(M), npuaeM Vx (THM)) C THM);
(2) Vx nepecraHOBOYHO CO CBEPTbIBaHHUEM;
(3) Vx+y = Vx + Vy;
@ Vxf=XFf;
(5) VixK = fVxK misn moboi oynkuuu f € THM) = F(M).

JokasaresserBo. Kak Mbl ycTaHOBAAM B § 13 miaBbl 2, napajuienbHbliH NEpeHOC
B BEKTOPHOM pacciloeHMM €CTb JIMHEHHbI H30oMopdu3M ciosi Ha cioit. TTpu
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3TOM M3 Toro, yTo Aeitcteue GL(n,R) Ha cnoe T(V) = Y. T: (V) asasercs
r,s=0

npojo/XeHHeM NeHcTBUs 3TOM rpynnel Ha V', ciaeayeT, 4yTO NapaiiefibHbIi
NEPEHOC COXpaHseT THM TEH30pa M MNEPEeCTAHOBOYEH CO CBEPThIBAHUEM.
IMocnennee u mneyer 3a coboit (1) u (2). CaoiictBa (3)—(5) moka3aHbl B
IMpemnoxenuu 2.13.1. O

3ameuanue. U3 obuueit Teopun ussectHo (cM. [KH]), uto onepauus
IMbdpepeHUUPOBaHUS TEH30PHbLIX TMOJIEH NMOAHOCTBIO ONpenensieTcs ee aei-
cTBMeM Ha anre6pe ¢pyHkumii F(M) ¥ MHOXecTBe BeKTOpHBbIX nojeit X(M).
ITockonbky aeiictBue Vy Ha §(M) y Hac 3amaHo, onpeaeneHue auddepeH-
uMpoBanusi Vy 3KBUBAJEHTHO 3aJaHHIO €ro ACHCTBUSA Ha BEKTOPHBIX MOJsX,
Kotopoe, B coorBeTcTBuM ¢ IlpemitoxeHusmu 2.13.1 v 3.2.1 ana mobbix
X,Y,Z € X(M) vuMeeT Buz

V(Y +2Z)=VxY +VxZ, (3.9a)
VxivZ =VxZ+VyZ, (3.96)
V,xY = fVxY, (3.98)
VxfY = fVxY + (Xf)Y. (3.9

Takum oGpa3om, ai06oe orobpaxenune (X,Y) — VxY, ynomierBopsiomee
I3TUM YCIOBUAM, €CTb KoBapuaHTHoe AUddepeHLHPOBAHHE OTHOCHUTENBHO
HEKOTOPOIt JIMHEHHOW CBA3HOCTH B M .

§ 3. Tenzops KpHBH3HLI H KPYyYCHMS

B §1 mbl onpeaennnu c¢opmbl KpUBM3HBI U KpydeHusa, § u O,
JuHeikHou cBsizHoctd B L(M). Cneunduxa paccloeHUA JHHEHHBIX perne-
pPOB MNO3BOJSAET TMOCTPOMTb Ha 6Gaze M reoMerpuuyeckhe OOBEKTbI, TOUHO
XapakTepu3yioue 3tu GopMbl. o

IMycmy X, Y, Z € T, M, u € 7r"'(a:), u X,Y,7Z € T,L(M) takue, 4TO
X)=X, (Y) Y, 7' (Z) = Z. Onpeaenum kpyyenne T W KpuBu3Hy R
JIMHEHHOM CBA3HOCTH COOTHOIUEHUSAMH

T(X,Y)=4(20(X,Y)), (3.10a)
R(X,V)Z = ((22(X,Y)) 6(2)) . (3.106)

B nocneaHeM cootHowenuu aeiicteue UX,Y) Ha 0(Z) cnemyetr noHMMaTh
KaK YMHOXeHMe MaTpuubl u3 gl(n, R) Ha Bektop u3 R”.

M3 ten3opuanbHocT ¢opM 2 1 © U U3 CBOICTBA OTOOpPaXeHUA U
cienyer, 4To 3'm onpenencH!s KOPPEKTHBI, T.€. HE 3aBUCAT OT BblGopa
ToukM © € 7 '(z) U BekTOpoB X, Y, Z, MpOCKUMM KOTOPbIX Ha 6Ga3y
¢ukcupoBaHbl. OTMETUM, YTO KPHBM3HY R(X Y) cneayer nonumartp Kak
J{HeitHoe npeobpa3oBaHue npoctpaHcTa T, M .
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KpyueHue ¥ KpMBM3HY MOXHO 3allMcaTb Yepe3 KOBapHUaHTHYIO MPOMU3-
BOAHYIO OTHOCHUTEJIbHO PacCMaTpUBACMOM JIMHEHHOW CBA3HOCTH.

IIpeanoxenne 3.3.1. Kpyuenue T v kpuBu3Ha R MOryT ObiTb MpeacTaBjIeHbI
B BHJIE
T(X,Y)=VyxY - V¢X - [X)Y], (3.11a)
R(X,Y)Z = [Vx,Vy]| Z - Vixy Z, (3.116)
rie X, Y, Z — BekTopHble nonst Ha M.

Moka3zatesberno. JlokaxeM cHavana (3.11a). IMycrs X*, Y* — audTsl noneit
X,Y uucn '(z). Mo onpegenenmio (3.10)

T(X,Y)=u (20(X,,Y,)) =
= u (Xa0(Yy) - Y, 0(X,) — 0(1X,, YD), (312

rae Mbl BOCMOJIb30BaMCh popMynoit (2.21). 3aMeTM, uTo Mo onpeaencHuUIo 6
(3.1) 6(Y) = u"(Y), 1.e. 8(Y;") € R" ectb 3KBMBapMaHTHOE OTOGpaxXeHUE
3 L(M) B R*, orBeyaioulee Y Kak cevyeHMIO KacaTeIbHOIO PacclOCHHS.
B coorBetcTBuu ¢ INpemnoxeHuem 2.13.2

u (X20(Yy)) = u (D (6(Yy)) (X2) = VxY. (3.13)

Hakoneu, Bcnomunas, uto A([X,,Y,]) = (IX,YD:, u3 (3.12) nonydaem
(3.11a). &
®opmyna (3.116) nokasbiBaercs aHanornyno. INpeo6pa3osas (X", Y?")
¢ nomoubio dopmynnl (2.21), npuseaeM (3.106) k Buay

R(X,Y)Z = u (w(X;, Y, 1)0(Z%)) . (3.14)

Hcnonbsys csowictBo 6 (3.2) ¥ MHBapuaHTHOCTb AudTa Z* OTHOCHTEIbHO
NeWCTBUS CTPYKTYPHOH Ipynnbl, a TakKXe MPOBOAsA TpUBHANbHbBIE Mpeodpa3o-
BaHUSA, NOJAYYHUM

w([X*Y*)6Z")=v (IX",Y']) 0(Z") =
= (IX", Y] - (X", YD) 6(Z%) = (IX*, Y] - (X, Y])*) 6(Z").

IMoacraensist 3to B (3.14) v yuurbiBas (3.13), npuxoaum K ¢opmyne (3.116). O

Ona ¢opm © u O B paccnoeHuu L(M) uMeloT Mecto TOXIAecTBa
Bbsanku (3.8). IMoacrasisas B HUX BeKTOpHble nons X*, Y*, Z*, asiasowuecs
aubramu noneit X, Y, Z, ux MOXHO Mnepenucar Kak TOXJIecTBa Wis
KpuBu3Hbl R u kpydeHuss T (cm. [KH]).

Mbl onpefennnu KpUMBM3HY M KpydyeHHE JIMHEWHOM CBA3HOCTH 6e-
30THOCHUTEJILHO K KakKOMY-Ju60 6a3ucy B KacaTeJlbHOM TpOCTPaHCTBE, T.€.
MHBapuaHTHbIM oOpa3oM. EciM Xe Ha HEKOTOPOM OTKPBITOM MHOXECTBE
U C M 3anaH noaBuxHblit penep {X;}, To MOXHO nepeitT¥ K NMPUBbIYHOI
KOMITIOHEHTHOM 3aMHUCH TEH30POB KPUBHU3HbI U Kpy4YeHHS.
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HanoMHuM, uTo MOABMXHBIW pernep Ha OTKPLITOM MHOXECTBE
U C M — 3710 ynopsiaouyeHHbIH Habop U3 12 BeKTOpHbIX nosek X; Ha U, 3Ha-
yeHUa KOTOpbIX B Kaxaoit Touke w € U obpa3syior penep. Hyanvubivi k {X;}
noABMXHbINA Kopenep GyneM o6o3Hauats {E'}; on OMpE/EIAETCS YCJIOBUEM
E'(X)) = 6.. Eciu B U 3ananbl oKanbHble KoopanHathl {2*}, To onpeneneH

KOOpAMHATHBIA penep {3::" ,a—i;}; NyaJIbHbIM K HEMY KOpernepoMm, oue-

BuaHO, GyaeT {dz’ }. OTMeTHM, YTO KOMMYTaTop noJjeil NOABUXHOTO penepa B
ob1eM ciyyae MOXeT OblTb OTJIMYEH OT HyJA. Takoi 6a3nc BeKTOPHbIX NMoJacH
Ha3blBaeTCsl HErOJIOHOMHbBIM, B OTJIMYME OT TFOAOHOMHOrO KOOPAMHATHOrO
Ga3uca, Il KOTOPOro KOMMYTaTop NoJied Bceraa ucyesaer.

PaccMOTpHUM KpUBHU3HY U KpYYeHHE Ha BEKTOPHBIX NOASAX MOABUXHOIO
penepa {X;} v onpenefuM MX KOMMOHEHTHI Ri,-j " T,'; COOTHOLUEHUSIMU

T(X;, X;) = Z 5 X, (3.15a)

R(X;, Xj) Xy = Z Rl X (3.156)

Pa3naras koBapuaHTHYIO Npou3BoAHyl0 V; = Vx, 6a3uCHBIX Nojie# Mo TOMY
Xe 6a3ucy

ViX; = TiXy, (3.158)
k

noayyuMm Habop BeAMYMH I‘,J, KOTOpble Ha3blBalOTCA KOMITOHEHTAMH WM
cumposiamu Kpucrodens nuneiHon cesa3Hoctu. Tltoacraenas (3.15) B (3.11),
HETPYAHO MOJYYUTb BBIPaXeHHs ISl KOMIMOHENT TEH30POB KPHUBH3HBI U
KpyueHus dyepe3 cuMBojibl Kpuctodenss v cTpyKTypHble QyHKLIMH C,-"J- HEro-

JIOHOMHoOrO 6a3uca, onpeaeneHHbIE coOTHoweHUAMHU [X;, X;] = Cj: X
BBeneHue MOABMXHOrO pernepa Ha OTKPbLITOM MHoxectBe U C M
3agaet Hag U ceuyeHue paccnoenuss L(M), o : U — L(M), xotopoe Kaxaoi
Ttouke ¥ € U craBuUT B cooTBeTcTBUe penep B 3Toit Touke, 0(U) = {X;}H..
Jlerko nokasatb, YTo o6paTHLIN 06pa3 GpopMbl § OTHOCUTENBHO 3TOMNO CEYEHUS

€CThb )
o'0=> aFE. (3.16a)

OGpartHble 06pa3bl dopM ©, } M w BbIpaXaloTCs yepe3 onpeacsieHHbe B
(3.15) koMIoOHEHTHI No dopMyaam:

0= Ta=>" (% T E* A E‘) a, (3.166)
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ra= Y R4 = S (ARus AE) 4, Caey

. N
cw=Y w4l =3 j(r;,-E )A{. (3.16r)
DTH COOTHOIUEHMSI CAEAYIOT M3 OINpeeeHHs COOTBETCTBYIOLUMX (DOPM H

KoMnoHeHT. JlokaxeM, HanpuMep, dopmyay (3.16r).
HUcnonbays pesynavtathl IMpeanoxenus 2.13.2, uMeem:

(c(w)”' V:X; = (D8 (¢'X;)) (¢'X), (3.17)

rAe Mbl MPUHSIM BO BHUMaHHUe, YTO OTBevalollee nosio o' X; akBUBapHaHTHOE

ortobpaxenue ectb 0(c'X;). Tlo onpeagenenmio cumponoB Kpucrodens,
B neBoit yactu (3.17) noayyaem (o(u))” v, X; = I‘ j8k- B COOTBETCTBHH C
3. l6a), 0(0'X;) = a;. IToaToMy B npapoii yactu (3. 17) nonyyaeM w(o' X; )a; =
w(X; )Jak CpaBHuBasi BbIpaXeHHUs B oDEMX 4vacTax, MPUXOAUM K ¢dopmyJie
(3.16r), y xoTopo# B KauectBe aprymeHTa opmbl B3t BekTop X;.

B ¢u3nyeckoit auTEpaType 4acTo MCMOJb3YIOTCA YpPaBHEHUs s
¢dopm T* u R, onpenenenHbix B (3.16). DTH ypaBHEHHs MONYYAIOTCS B3STHEM
obpaTHOoro obpa3a OTHOCUTEJILHO CEUEHHsl O CTPYKTYpHBIX ypaBlieHu# (3.7)
Y KMEIOT BUA,

T' = dE* + @} A B/, (3.18a)
R} = do + Wy A &} (3.186)

AHanorvyibiM o6pa3om u3 (3.8) MOXHO MOJYYHUTb TOXIAeCTBa DbsHKM mis
aTux popm.

§ 4. PumaHOBEHI CBA3ZHOCTH

BaxHblit Kj1acc AHHEHHBIX CBSI3HOCTEM 0OpPa3yloOT pUMaHOBLI CBSI3-
HOCTH, KOTOPblc MOXHO 3ajiaBaTb Ha MHONOo6pa3uu C MOMOUILIO (MCeB-
I0)pUMaHOBOM MeTpuku. [Tpexae yeM nepexoauTh K ONHUCAHHUIO 3TUX CBA3HO-
cTeil, OCTAHOBUMCSI KpPaTKO Ha palIMyHbIX ONpenesieHUsIX METPUKH, KOTOPbIE
HaM MOoHagobATCs B AajibHEHLIEM.

B nuddepeHumnanbHOM reoMeTpud MOXHO JaThb HECKObKO 3KBHBA-
JIEHTHBIX onpeac/ieHUd MeTpUKH. Tak, (nceBao) pUMaHOBY MeTpUKY g Ha M
MOXHO OINpele/IMTh KaK HEBBIPOXACHHOE CKalsipHOe [pOM3BedeHHEe ¢, B
KacatejqbHOM npoctpaHctee T, M, nuddepeHurpyeMoe Mo & B TOM CMbICAE,
yTo M1a MobbIx AnddepeHIMpyeMbIX BeKTOpHbIX noneit X, Y Ha M ¢yHk-
uvsa g(X,Y) nudpdepeHuupyema. DKBUBAIEHTHO, METPHKA OMpeAENsIeTcs Kak
CHMMETPUYHOE KOBapHaHTHOE TEH30pHOE MoJie CTeneHU 2, HeBHIPOXJACHHOE
B Kaxaoil Touke £ € M, T.e. u3 g(X,Y) =0 mns Bcex X € T, M ciepyet

= (. Kak Mbl BbisicHWIM B §9 rnaBbl 2, TeH30pHbie NOJS ABIAIOTCHA
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CEYEHHUAMM COOTBETCTBYIOUIMX TEH3OPHbIX PACCAOEHMIt, U CYLIECTBYET OZHO-
3HayHOE COOTBETCTBHE MEXAY CEYEHHMSIMM acCOUMMPOBAHHBIX PACCIOCHUH M
3KBHUBapHaHTHbIMKU OTOBpaXeHUAMH M3 IIaBHOTO PAacCIOCHHUSA B TUMHUECKHI
cioir. TloatoMy MeTpuky ¢ Ha M MOXHO paccMaTpuBaTb KakK HHUIae He
obpalnaiouieecsi B HyJib 3KBUBapHaHTHOE OTOOpaXeHuWe

g:LM)— S(V*QV*), V=R, (3.19)

rae S oO3HayaeT CMMMETPHM3aLMIO TEH30pHOTro npou3seeacHus. IlepBbie nBa
onpeaeneHUs OKa3bliBalOTCA YAOOHBIMH MPU PaCCMOTPEHUH PHUMAHOBOI CBA3-
HocTd B M, nocieaHee Haubosee aaekBaTHO NMpPH PAaCCMOTPEHHUM COOTBET-
cTByIoLIEi cB3HocTH B L(M).

HanoMHuM eilie OCHOBHbIE CBOHCTBAa MMCEBAOPHMAHOBOI METPUKH ¢,
3aJaHHON Ha m-MEpPHOM MHoroo6pasuu M. CkansipHoe MpOU3BENECHHE ¢, B
Kaxnao# Touke £ € M onpenensier auneinbiit uzomoppusm I : T.M — T, M,
3a1aBaeMblif COOTHOLIEHHEM

(I(X),Y) =g.(X,Y), X, Y€T.M, (3.20)

(rae Mbl MCMosb30BaNH o06Go3HaueHuss §3 raaebl 2 aasi BHYTPeHHeEro npo-
u3BeaceHusa saeMeHToB U3 T,M u Ty M). 3BroT u3oMopdu3M onpeaenser
cKalsipHOe NMPOM3BeiIcHHE B COMpPsiXXEHHOM npocTpaHcTBe Th M, KOTOPOE Mbl
0003HaYMM TakXKe g, U KOTOpoe 3ajaercs GopMyo

9:(2,0) = g. (I, (B), o,B€TIM. (3.21)

Myctb {l;} — noxBHXHbLIV OPTOHOPMAaNIbHBII pernep, T. €. Habop . Nu-
HEMHO HEe3aBUCUMBbIX BEKTOPHBIX nofei, 3a1aHHbBIX Ha HEKOTOPOM OTKPbITOM
MHoxecTBe U C M ¥ yaoBJIETBOPSIIOLINUX YCTOBUSM

g, k) = €:ibix = i, (3.22)

ric € = X1 u signg = (6.1,62,'...,6,1) €CTb CHrHaTtypa MeTpuku g¢. Jins
AyanbHoro eMy kopenepa {e'}, e'(ly) = & Bcaenctue (3.20) u (3.21) Takxke

HUMEEM ) ) )
g(€,ef) = ei6™ = 7. (3.23)

Kak yxe otMeyasioch B § 3 mi. 2 CTpykTypa PuMaHoBa MHoroobpasus, B
cJlyyae KOIZla OHO OPHEHTHpYEMO, MO3BOJIIET BBECTH BbIAEACHHYIO 7t-(QOPMY,
ABJSAIOILYIOCH 3IMEMEHTOM 00beMa dv COOTBETCTBYIOLIMM MeTpuke ¢. OHa
COrAacoBaHa ¢ OPTOHOPMalbHbIM PENEPOM M oNpeaeaseTcsl Kak

n

dvzel/\ez/\.../\e, (3.24)

YTO ABNAETCA €CTECTBEHHBIM 0600LIEHHEM 3AIeMeHTa 00beMa B (2.22a).
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Ecau B U 3amaHbl TakkKe JIOKaibHbie KOopAMHarthl {z'}, TO KoBa-
PHMAHTHbIE M KOHTPAaBapUAHTHblE KOMIIOHEHTbl METPHUKM ¢ ONpeAesiorcs
Kak

= ( 9 9 ) (3.253)
9k = I\ oz ozF )’ )
g = g(do',dz*). (3.256)
OnpeaesiuM KOMNOHEHTbI oToOpaxenus I, I (%) = I, dz*. U3 (3.20) cpa3y

cinenyet, uto Iy = gy wm g,-,,.g"' = 6,{. Takum o6pa3oMm, B KOOpAMHATHOM
3anucu onepaumun I u ! CyThb OnepauuMu ONycKaHusl u MOAbEMa MHAEKCOB.
ScHO TakXe, YTO 3TH OMEpalMd MOXHO MPOROJXKHUTb Ha BCIO TEH3OPHYIO

anrebpy.
OpTOl‘OHaJ'lebIH Kopenep {e'} MOXHO pazIoXuUTL NO Koopuuuamomy
Kopenepy {d:c} = e,,da: npuyeMm u3 (3.23) caeayer, uto (det ek)

|det gix| = |gl- ]'IoucmBuB 3710 pasnoxeHue B (3.24), NOAYYUM CTaHZAPTHYIO
dopmMyay Aas aneMeHTa obbeMa

dv=+/lgl dz' Adz* A ... Adz".

Ecnn D — koMnakTHOe mnoaMHoroobpasuve B8 M u kp — xapak-
Tepuctnyeckass dyHkuus D (t.e. kAp =1 na D v kp = 0 BHe D), 1O
onpeaeauM UHTerpaid ot ¢pyHkuun f no D Kak fka dv, a obbeM D Kak

M

vol(D) = ka dv. Echu M xoMnakTHO, To 00beM M paBeH vol(M) = f dv.
M

M
®opmyanbl (3.22) 1 (3.25a) 11 KOMMNOHEHT METPUKM MOXHO 0OpaTHTb
M MOJYYUTDb BbIpaXeHHE /I METPHYECKOTO TeH3opa uepe3 Kopernepbl {e'} u

{dz'}. Ono umeer BuR

9= Zﬂikei ® e* = gyds’ ® dz”.
ik

W3 Hero fierko HaiTH CBA3b MEXIy KOMNOHEHTAMH METPUKH B OPTOHOPMaJlb-
HOM penepe ¥ B KOOpAMHATHOM 0Ga3uce:

i m
Gik = Mim€i€g .

Kak Mbl yXe ynoMuHaau B § 3 miaBbl 2, NCEeBIOPUMaHOBa METpHUKa ¢
moaudHuMpyeT BuA onepauuyd Xoaxa. A MMeHHo, 1jis p-dopMbl w 3Ta
ofnepauus Npy HATMYMKA METPHKH OMpeaeseTcsl TaK: BO3bMEM OTBEHAIOLIEE W
AaHTUCUMMETPHUYHOE KOHTpaBapHaHTHOE TEH30PHOE MOJIE CTEMEHHU P, I"(w) U
CBEpHEM €ero ¢ n-¢popMoil ob6beMa dv. B pesysbrate noayyum (n — p)-¢opmy,
KOTOPYIO M MPUHATO 0603HayaTh *w. KOMMNOHEHTbl (POpMbl *Ww Bblpaxarorcs
yepe3 KOMMOHEHTH w Mo ¢opmyJe
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I i
(xw)j,. G, = 17 WPV NG €y igrdasy (3.26a)

Jlerko npoBeEpHUTb, UYTO B OTIMYME OT cCiyyasl €BKIMAOBA MPOCTPAHCTBA,

x(xw) = e(=1)P" Py e £ = [[&; (cm. (3.22)). OrmeTuM ele, uto bopMmya
i

(3.26) 3kBMBaNEHTHA CcAEAyOLUEMY 3aKOHy Npeobpa3oBaHUsi Ga3MCHbIX P-

¢dopM dz' A ...dz":

—]—6”""’_7',"_1'__Pd$]' A...dz*e. (3.266)
(n—p)!

BepHeMcsi Tenepb K paccMOTpeHMI0 JWHEMHbIx cBsizHocTed. [Tlyctb
B L(M) 3agana casHoctb I' 1 Ha M 3amaHa (nceBo) pMaHOBa METpPHKa ¢,
KOTOPYIO Mbl OyaeM noHumatb Kak ¢yHkumio Ha L(M) (3.19). JluneiHas
cBA3HocTb I Ha3biBaeTCsl METpPUUYECKOM, €CAM METpHKa ¢ mnapajvie/ibHa
OTHOCHUTEABHO 3TOM CBA3HOCTH. B cooTBercTBuu ¢ INpeanoxenHuem 2.13.2 ansg
dyHkuuu g Ha L(M) 3710 ycioBue MOXHO 3amHucaTh Kak

Dg = 0. (3.27)

Oka3sbiBaetcs, paccnoerHue L{M) cAUILKOM BEAMKO AAA ONUCaliusg MeTpuye-
CKOi1 CBAI3BHOCTH, T.€. 3Ta CBA3HOCTb PelyLIMpyeMa K CBA3HOCTH B HEKOTOPOM
noapaccnoeHuu L(M), koTopoe Mbl ceiiyac onuileM.

SIcHO, YTO HEHyJIEBOM NEMEHT 7 npocTpaHcTea S(V' @ V'), V =R",
MOXHO MpEACTaBUTb KAaK CUMMETPHYHYIO MaTpully. Takyio MaTpuily MOXHO
nNpuBECTH K AMAroHajbHOMY Buiy npeobpa3zoBaHueM GL(n,R) : n — ATnA.
Ecau 7 npuHawiexur obnactu 3HaYeHHUt METPUKHK ¢, pacCMaTpuBaeMoM Kak
otobpaxenue g : L(M) — S(V* ® V*), 1o B coorBeTcTBHM C (3.22) €€ MOXHO
npusectu K Buay f = diag (€, €3, ...€,)-

PaccMorpuMm noaMHoxectBo B L(M), onpexaensieMoe ciaelylollMM
obpa3om:

* (d:ci' Adz? ... A d:ci’) =

O(M) = {u € L(M), g(u) =n}. (3.28)

TTocko/IbKy MHOXECTBO MpeoOpa3oBaHMil, OCTaBASAIOLIMX 7) MHBapUaHTHOI,
eCTb OpTOroHajbHasi Tpynna, KOTopylo Mbl O6yneM obo3Havatb O(n), O(M)
€CTb VIaBHOE pacclOeHHOE MPOCTpaHCTBO ¢ Ga3oit M M CTPYKTYpHOIt rpyn-
not O(n), KoTopoe Ha3blBaeTCH PaCCNOCHHMEM OPTOHOPMAaIbHBIX penepoB
ncesgopMMaHoBa MHOroobpasua M.

Tpeanoxenne 3.4.1. Tlycts I' — cBsizHocts B L(M), g — MeTpuka Ha M n
O(M) C L(M) ectb peryuMpoBaHHOE MOAPAcCJOcHUE, OMNpeaeisieMoe
¢ nomouibio g. CesizHocts I' penynvpyeMa K cBa3Hocty B O(M) Torna
Y TOJIbKO TOTNa, KOTJAa OoHa MeTPHUYEecKas.

Joka3zaremscTso. [lyctb I' peaynupyema K cBszHocth B O(M). Toraa
mobas ropu3oHTanbHass KpuBass ¢ HayanoM B O(M) nexur B O(M),



90 Inapa 3. JIunelinbie B pAMaHOBB CBA3HOCTH

cJiefoBaTebo, Mobas ropusoHTaibHas Kpuas B L(M) umeer sua vy = W,
rae u; € O(M), a € GL(n,R). 3T10 03HavaeT, 4T0 g(¥;) MOCTOAHHO BHOJb
M060ii ropu3oHTanbHOM KpuBoH B L(M), u, ciepoatenbHo, Dg = 0.
O6paTtHo, ecan I' — meTpuyeckas cBA3HOCTb, TO U3 Dg = 0 caeayer,
YTO OHa MOCTOSIHHA BAOAL M000OH ropu3oHTaNbHON KpHBOH. B 2TOM cayyae,
no onpeaenenuio O(M) (3.28), ropu3oHTanbHasi KpuBasi ¢ HayanoMm B O(M)
aexut B O(M), 1.e. cBasHocTb ' penyuupyeMa K cBsa3Hoctd B O(M). O
Hrtak, Mbl BBISICHHIM, YTO [JiS 3ajaHUs METpUUYECKOI CBA3HOCTH
B L(M) noctatoyHo 3ajaTb HEKOTOPYIO CBSI3HOCTb B PAacCJIOEHUHM OPTOHOp-
ManbHbiXx penepoB O(M). U3 Bcex BO3MOXHBIX METPHUUYECKHX CBA3HOCTeit
Haubofiee BaXHOM SABAAETCS CBA3HOCTb C HYJEBbIM KpyudeHHEM, KOTopas
Ha3blBaeTCS PUMAaHOBOH CBA3HOCTBIO MM CBA3HOCTLIO JIeBu-UuBHTA.

IIpeanoxenne 3.4.2. Kaxnmoe MNceBAOpUMAHOBO MHOroobpasue [IOINycKaeT
€AMHCTBEHHYIO METPHYECKYIO CBA3HOCTb C HYIEBLIM KpyYeHHEM.

HokasareascrBo. Ham HyXHO Noka3atb, uto B L(M) cyulecTByeT e AMHCTBEH-
Hasl CBA3HOCTb, YAOBJIETBOPSAIOLLAS YCIAOBUAM

Dg =0, (3.29a)
DO =db+wAb=0. (3.296)

TTocTpouM COOTBETCTBYIOLLEE g PACCAOeHHE OPTOHOPMaIbHBIX penepoB O(M).
MeTpuueckasa cBsa3HOCTb B L(M) oaHO3Ha4YyHO OMNpPeAcAsieTCs CBA3HOCTBLIO B
aToM pacchoeHun. B O(M) (3.29a) BbinoaHsieTcs TPUBHUAIBHO, MO3ITOMY
ocTaeTcs MNoka3atb, YTo ypaBHeHue (3.296) umeer B O(M) emvHCTBEHHOE

peLeHHE.
TMyctb (,) obo3HayaeT ckansipHoe mpou3sseneHue B R”, oTBevaioulee

7 = diag(e)...e,) u X, Y, Z € TO(M). PaccmarpuBas (3.296) Ha BeKTOpax
X, Y u B3aB ckanspHoe npousseacHue ¢ 8(Z), noayyuM:

(6(Z),w(Y)8(X)) — (8(Z),w(X)0(Y)) =2 (6(Z),d0(X,Y)) . (3.30)

3aMeTHM, UTO MOCKOJIbKY orpaHuueHue w Ha O(M) npuHUMaeT 3HayeHUs B
anre6pe Jlu optoroHanbHO# rpynnbl O(7), a ckansipHoe Mpou3seaeHue ()
O(n)-vneapuantio, (8(Z),w(Y)(X)) = — (w(Y)8(Z),0(X)) m1s mobbix
X, Y, Z. Toaromy, unknudyecku nepectrasisis X, Y, Z B (3.30), cknaabiBas
[Ba YpaBHEHHMS U BbIYUTAsl TPETbE, MNONYUHM

(0(Z),w(Y)0(X)) = (6(X),d0(Y, Z)) + (6(Y),d0(Z, X)) +(6(2),d0(X,Y)) .

310 siBHOE BblpaxeHue /Uit GOpMbl CBSI3HOCTH W Y JOKa3blBaeT CYLIECTBOBA-
HHE eNMHCTBEHHOM CBA3HOCTH C HyNeBbIM KpydyeHueM B O(M), a 3HAUYMT M
€AMHCTBEHHOCTb METPUUYECKON CBAIBHOCTH C HYNeBbIM KpyueHueM B L(M). O

PaccMOTpeHHOE MOCTPOEHHE PHUMAHOBOW CBSI3HOCTH KaK CBA3HOCTH B
paccjioeHUM JIMHEHHbIX penepoB MPaKTHYECKH HE HUCMoAb3yeTcss B pu3Mue-
CKHX MPUJIOXKEHHUAX. DTO CBSI3aHO C T€M, YTO TaK MOCTPOCHHbIE CBA3HOCTH
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TPYAHO CpPaBHUBATb WIS PaIIMUHBIX METPHK, TOCKOJBKY KaXJOil MeTpHKe
OTBEYAET CBOE PAcCIOEHHE OPTOHOPMAIbHBIX penepoBb. s pU3NUECKHUX NpH-
JloXeHui Oonee ynoOHbIM OKa3biBaeTCsl ONMCAHUE PUMAHOBBIX CBSIBHOCTEMN B
TEpPMHHaX KOBapHMaHTHBIX NMPOMU3BOAHBIX. Kak oTMeyeHO B 3aMEyaHUM HOCHE
IIpemnoxerus 3.2.1, 11 HOJHOTO oNpeAe/ieHUs JIMHEHHOH CBA3HOCTH I0CTa-
TOYHO 3aJaTh OTBEYAIOLUYIO0 € KOBApHAHTHYIO NMPOM3BOIHYI0O Ha MHOXECTBE
BEKTOPHBIX NOJIEH.

Ipepnoxenne 3.4.3. [lna mobuix BekTopHbix noneit X, Y, Z na M kosa-
pHaHTHasi nipou3BofHas VxY OTHOCHTENbHO pMMaHOBOH CBSI3HOCTH,
MOPOXIAECHHON METPUKOMN ¢, 3aJaeTcs YypaBHEHUEM

29 (VxY, Z) = Xg(¥, %) + Yg(X, Z) - Zg(X,Y) +
+9(IX,Y,2) +9(12,X1,Y) +g(X,[Z,Y]). (33D

Jlokazaresserse. B cootserctBuM ¢ IMpeanoxenuem 3.4.2, pumaHoBa CBS3-
HOCTh TMOJIHOCTBIO ompeaeysgeica ypaBHeHusaMu (3.29). Pesynbratol Ilpen-
JgoxeHuin 2.13.2 u 3.3.1 no3BojsAlOT HepenMcartb 3TH YpaBHeHMs1 B 0a3e

Tak:

Vxg=0, (3.32a)
T(X,Y)=VxY - VyX - [X,Y] = 0. (3.326)

IIpumeHsis onepauMio KoBapHaHTHoro auddepeHuUpoBaHUa K (byHKHHH
g(X,Y) v yuurniBas (3.32a), nosyumm

Xg(Y,Z)=g(VxY,Z) +¢(Y,VxZ).

ITpoBons B 3TOM paBeHCTBE HMKJIMUECKYI0 nepectaHoBky X, Y, Z, cknaapiBas
NMONY4€HHBIE PaBEHCTBA C COOTBETCTBYIOLIMMM 3HaKaMK M yuuTbiBas (3.326),
nonyaum (3.31). O

ITocKosibky KpyuyeHHE pHMaHOBOH CBSI3HOCTH NO ONpPEAESIEeHHIO McUe-
3a€T, ITa CBI3HOCTb XapaKTEPU3YETCs TOJIbKO KPUBU3HOMH. A UMEHHO, 1S Hee
MOXHO OMNpEAe/IMTbL KOBApHAHTHOE TEH3O0pHOE MOJIE CTEHEHU 4, Ha3bIBAEMOE
TEH30POM PUMaHOBOI KPHUBHU3HHBI:

R(X), X2, X3,X4) = g (R(X3, X4) X2, X1) -

310 TEH30pHOE noJie obJaaaeT uesbiM psaaom cuMmetpuit (cMm. [KH]), kotopbie
caeayloT U3 onpeneneHuit Kpusu3nbl (3.106) 1 (3.116), a Takke U3 TOXIECTBA
BbsaaHku aia popmMbl KpuBHU3HbI (3.8a). )

Ecnv B okpectHoct U C M BBegeHbl JIOKANbHbIE KOOPAMHATBI {Z'},
TO paccMOTpPeHHbie 3Aech (POPMYJIBI MOXHO 3anMcaThb B MPUBLIYHOW KOMMO-
HeHTHoi1 ¢opme. Tak, ycnoBue MeTpHMUHOCTH cBsA3HOCTH (3.29a) u (3.32a)
cBeneTca K

Vig = g = 0.
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Tpebosanue ucyesHoBenusi kpydenuus (3.296) u (3.326) osHayaer mnpocro
CMMMeTpHYHOCTL cumBonos Kpucrodens, I'y, = I'j,. B atom cnyuae popmyna
(3.31) npuBeAeT K cTaHIApTHOMY BbIpaXeHH1o Ul cumBosioB Kpuctodens
PHUMAaHOBOI CBI3HOCTH YEPE3 METPHKY:

1.
T = Ey"n(akyzm + O19km — Omgrr)-

C ux nomouwibio U3 (3.110) nonyyaeTcsd CTaHAAPTHOE BbipaXEHHE JUIA KOM-
NOHEHT TEH30pa KpPHBHM3HbLI. KOMIMOHEHTbI TEH30pa PUMaHOBOI KPUBHU3HBI
BbIPAXaIOTCs Yepe3 3TH KOMIMOHEHTbI No dopMyne Ry = g,-,,,R;-'}:,. Cso-
pauuBasi TEH30p pPHMaHOBOI KpHBH3Hbl C METPHUYECKHM TEH30pPOM, MO)KHO
NMOCTPOUTDb TeH30p Puyuymn Ry = g ™ Riimi ¥ CKaNSIDHYIO KpUBH3HY R = ¢* *Rir.
OtMeTHM B 3akimoyeHue, yro dopmyist (3.11) u (3.31) apasiorcs Haubonee
obummu popMysiaMu 1 TeH30pa KPUBU3HBI U KOBAPUAHTHON MPOU3BOAHOIM
PHMaHOBO# cBA3HOCTH. OHM NO3BOJAIOT MOSYYHUTH BbIPAXEIHUs 1T CHMBOJIOB
Kpucrodens v TeH3opa KpUBHM3IIbI U B HEroJJOHOMHOM (HEKOOPAMHATHOM)

fasuce.
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I'eoMeTpuyEeCcKOEe ONMCaHMe
KAJIHOpPOBOYHLIX ITOJIEH
U I0JIeM MaTepuM

§ 1. KaquGpoBounoe mouie
KaK CBA3HOCTb B IVIABHOM PACCJIOCHHH

B rmase 1 U3/10X€eH CTaHIAPTHBIH NOAX04d K ONMHCAHUIO KATMOPOBOYHBIX
nosieit ¥ B3auMoneicTBUit. B paMKax 3Toro noaxoga KajluMOGpoBOYHOE mnoJjie
SBJISIETCA BEKTOpHOM (byHKLMeH B NpocTpaHCTBe-BpeMeHH M cO 3HaYeHUSIMH
B anrebpe JIu g xkanubposoyHo# rpynnsl G. Ilpy 3ToM KoHpurypauuu A,
OTJIMYAIOUIMECS Ha KanHOpoBoYyHOe npeobpa3oBaHME, CUMTAIOTCA (PUIMYECKH
IKBUBAJIEHTIIBIMKY. TI03TOMY UIsI TOrO, YTOOBI YUYHUTBHIBATH TOJIBKO (PHU3HMYECKH
pa3iuyHbie KOHPUTYypaliMK¥ (3TO, HAaNpUMEP, BaXHO APH BbIYUCJIEHUU (DYHK-
LHMOHAJIBHBIX MHTErpajioB), Heo6xoAMMO BbLIOPAaTh MPEACTABMTENDb Ha KaXJoH
opbuTe KannbpoBOYHOI Ipynnbl, T. €. PUKCHPOBATh KanHOpPOBKY.

Hawe paccmoTpeHne 6yaemM B OCHOBHOM YHCTO KJacCHH4ECKHUM. Mbl He
GyneM paccMaTtpuBaTh (PyHKLMOHAIBHBIA HHTerpal U auarpaMmbl DeiiHmana,
a UIIOXHM OCHOBHBIE MIEH, JieXKallMe B OCHOBE reOMETPHYECKOro HOoIXoaa,
YCTaHOBHM €ro cBst3b ¢ OObIYHBIM MOAXOAOM K nepedopMYIHPYEM OCHOBHBIE
CBOMCTBA KaIMOPOBOUYHbIX TEOpPHIl Ha reoMeTpvyeckoM sa3bike. Hekotopble
3aMeyaHusi 0 KBAaHTOBOI TEOPHMH B paMKax reOMETPHYECKOro noaxoma OyayT
npuseaclibl B §4.

HUcxonHbiM nyHnkToMm reomerpuyeckoro nogxopa (cM. [KIT], [AM],
[Tp1], [AB], [ET'C], [HC])) saBasercs noHuMali¥e TOro, YyTo 3aiaHue Kaiubpo-
BOYHOH TeopuH ¢ KaluMOpoBoyHOil rpynnoi G (OygeM cumtaTh €¢ KOMMaKT-
HO#) clieayeT HaYMHaTh He ¢ Bbibopa JlarpaHXHaHa KalMGpoBOYHBIX Nojsei Ha
MHoroobpasuu M (dim M = n), UrpalolieM pojib NPOCTPAHCTBA-BpEMEHH,
a ¢ BbiOoOpa reoMeTpUM miaBHOro paccioeHuss P(M,G), oObeAUMHSAOLIETO B
cebe APOCTPaHCTBEHIIO-BPEMEIIHBIE M KaNTUOPOBOYHbIE CUMMETPUM TEOPHH.
BMmecTo 3amaHMg KOH(MHUTIYpaLuH KalUOpoBOYHoro nojis Ha M B oGbIYHOM
noaxone 3aech NEPBUYHbIM ABAAETCS obanbHoe 3agaHue cBsisHocTH I' B P
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win opMbl cBA3HOCTH w cBsA3HOCTH I'. Tonbko nocne 3Toro MOXHO APHUCTY-
AXUTb K KOHCTPYHPOBAHHIO JIarpaHXHaHa TEOPHUM U3 NFEOMETPUUECKHX BEUYHH
(¢popma cBa3HOCTH w, GopMa KpUBHU3HH §)), PYKOBOICTBYSCh NMPU ITOM Kak
dbHM31MYeCKHMMY OpUHLIKMOAMK, TAK U MaTeMaTHYEeCKUMH COOOpaXEeHHUIMH.

B § 1—-6 mMbl 6yaeM paccMarpvBaTh YUCTO KannbpoBouHbie Teopuu (6e3
noJsieit MaTepru) Co CTaAHAAPTHLIM JlarpaHXHaHOM

1
L=——tr QA=. 4.1
4e? .1
IIpu a1OM AciicTBHe 3aaaeTcst popMysioi

1
= 0lG) L—4ezv iGlalr=
Q

1

= )=

4e2vol(G)

trQ A xS, 4.2)

" 4e2 vol(G)

3aech e — KanMbpoBoYHas KOHCTaHTa CBA3H, vol(G) — 00beM KannbpoBoy-
HoH rpynnsl G, a cnen Geperca B anredpe JIu g rpynnst G. MoTuBHpOBKa

Takoro BbiGopa L v S 6yaer npusenena B §3 v §4.
Kak 2ToT noaxox cooTHOCUTCA co cTaHaapTHM? IIpexae Bcero Mbi

oT bopMbI CBA3HOCTH w nepeiiaeM K 1-¢popMme Ha 6aze M (Ha npocTpaHCTBe-
BpeMeHH). J{ns atoro seibepem nokanbHoe (ecnv P(M,G) HeTpUBHAIbHO)

ceyeHue s Hagx okpectHocTbio U C M, s : U — P u onpexeaum dopmy A
Ha U co 3HayeHusiMu B anrebpe JIu g:

A® = 5w, (4.3)

Ecnim {z¥} — nokanpHbie koopauHatel B U u §, = 9, = 9/0zF —
JIOKaNbHBIA 6a3UC BEKTOPHBIX HOJIEH, TO KANTHOPOBOYHOE M0JI€ B CTAHAAPTHOM
noaxone (Kak g-3HayHas ¢yHkuusa Ha U) pasHo:

AP (z) = AP, z €. (4.4)

Tak Kak B BbOpaHHBIX KOOpAHHaTax jobas 1-c¢opmMa MoxXeT ObiTh 3anMcaHa
B BMJE paxioxeHus no 6asucy {dz*}, To

A®) = AD (z)dz*. (4.5)

OyeBUIHO, 4TO PYHKLIMM Aff)(z) MOTYT GBITh ellle pa3noxeHsl o 6asucy {Q,}
B anrebpe g: Aff)(z) = Aff)“(z)Qa, roe Aff)a(z) — OObIYHBIE YHCJIOBBIE
dyHkunuu Ha U, a @ — KaniMbpoBOYHbIA (LIBETOBOH) MHAEKC.

ITyctb, Kak ¥ Bbillie, §2 — ¢opMa KpHBHU3HbI (GOPMbI CBA3ZHOCTH W.
C noMoiublo BHIOPaHHOIO CEYEHHMSA § MBI MOXEM onpenesutb 2-copmy Ha U

F® = s'Q. (4.6)
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B nokanbHo# KoopauHaTHOR cUCTEME

1
F® = EF,EZ)(z)dz" A dz”, (4.7a)

FS)(z) = FO(E,,6) (4.76)

YcranoBuM cBs3b Mexay (popmaMu F® y A® y ux xomnoHeHTamu F,Sf,)
] A}f). JLnsa 3TOro BOCnoNib3yeMcsl CTPYKTYPHBIM ypaBHeHHeM (2.74):

i
PO = ¢Q=s"Dw=s" (d'w + E[w,w]) =
i 1
= d(s'w) + 3 [s*w, s'w] = dA® + 3 [49, 49, (4.78)

Tak Kak s ocyuiectpisieT usomophusm us U C M B s(U) C P. BolyncauM te-
neps dA®, ucnonb3ys cBoiicTBa onepauMu BHemHero A depeHHUPOBAHHS
u (4.5)

24D (E,8) = d (4D @d2" ) (€4, 6) = (24P @) A do) (€8 =

s T l S T T
= 8, A0 (z) (dz” Adz’) (§,,8) = 58,,45, z) (6,85 — 6,60) =

] s
= (a,,A(:’(z) ~ 8,44 ’(z)) .

TaKk KaK [Ai’),A‘z”] (& &)= [Aff)(z), Aff)(z)] , TO
F(z) = 3,40 @) - 9,49(z) + [A,‘f’(z), A,(,’)(z)] . (4.8)

YT10o06bI BETUYHHDI A,(f)(z) u F,E;';) MOXHO 6bUTO OTOXAECTBUTb C KOMIIOHEHTAMH
KaJIMOpOBOYHOIO MoOJII M TEH30pa HanpsIXEHHOCTH, HYXKHO BBISCHUTb, YEMY
B reOMETPHYECKOM TMOAXOAE OTBEYalOT KanuOpoBoyHble npeobpa3oBaHus, M
MoKasaTb, YTO Aff)(z) 2 F,ﬂi) npeobpasylorcs npyH 3ToM 0O GopMyiam
(1.7) n (1.10). Mul caenaem 3to B §2, a 3mech 6yaem cyutath 3ToT (hakT
yCTaHOBJIEHHBIM.

OcTaHoBuMcs Teneps 6osee noapobHO Ha JIOKAIbHBIX NPEACTABAEHUAX
s GopMbl CBA3HOCTH w U opMbl KpuBKU3HLI §2. 1o onpeaeneHUIo raBHOroO
paccioeHust (cM. § 5 maswl 2) 7' (U) ~ U x G, 1.e. x(p) = (x(p), p(p)) ans
pE 7~ (U), roe x — nuddeomopdusm, a ¢ — oTobpaxeHHe M3 ()
B G. Kak n B § 10 raBb 2, BoiOepeM B KayecTBe 0asuca BEKTOPHBIX MoJieH
B 7~ (U) dyHaameHTanbHBIE BeKTOpHbIE o A%, a = 1,2,... k = dimG,
({Ax} — 6asuc B g, A, = 0(4,), rae ¢ — u3omop®du3M g Ha NPOCTPAHCTBO
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KacaTeJIbHOE K CJIOl0, MHAYLMPOBAHHLIA MpaBbiM AeHcTBUEM W, TIDynnbl
G Ha cnoe) ¥ nosas 6”, p=12,...,n = dimM, koropbie Mbl ceiyac
onpegenuM. B panbHeillieM B 3TOM naparpage Mbl OYyAEM OTOXIECTBISATH
pen ') ¢ x(p) = (x,9) € U x G. B kaxnoit Touke p = (,a) € 7~ (V)
BBENEM BEKTOP (£,)(z,0), KacaioLmics noamuoroo6pasus U x {a} C ()
(@ — duKcHpoBaHHbIA 251eMeHT U3 G) TakoM, 4YTO 7"@,‘) = & Jpyrumu
CJIOBAMH, (Z”)(,’a) = sf,ﬁ,,, rae otobpaxeHue s, : £ € M — (z,a) € U x{a} C
7r_'(U) — ceyenue B 7' (U), a {4 — BEKTOPHOE TNoJie, BBEACHHOE Bblllie

(cM. (4.4)). Toraa moboe BekTOproe nae L € X (w”'(U)) NpeaCTaBUMO B

BUIOEC —
L=C"A,+C'E, (4.9)

B yacTHOCTH, ropu3OHTaIbHBIN TMOT £, nons £, 3anMIIEM CIEAyIOWUM

obpasom: _
& =&, — Bl(z,9) A}, . (410)

(cp. (2.68)). 3apanue cBasHoctH I' (T.e. ropu3OITANBHBIX HOANPOCTPAHCTB)
OCYLIECTRIIAETCS 3agaHueM (PyHKLIHA B,‘}(z,g).

Mo onpenenennio Gopmbl cBasHOCTH w(AL) = A,. Tak Kak 3TOMy Xe
CBOICTBY yIOBIETBOPSIET hopMa wy = * 8, rae orobpaxeHHe @ : »'(U)— G
BXOAMT B onpeaeneHue nuddeomopdusma x, a § — KaHoHHYecKas JIEBOUH-
BapuaHTHas |-¢opma Ha rpynne G, TO

w = wy + QudzT".

3pecy (dZ")(z4 — KOBEKTOp, AyalbHbIil K (Z”)(,,g) : dE"(Z,,) = 6. U3
yCJIOBHUS w(ﬁ;) = 0 u (4.10) nonyyaem, 4to
w=uwy+ B, (4.11a)
B(zg) = Byu(z,9)dz" = B, (z,9)A.dT". (4.116)
OTMeTHM TakXxe, YTO (POPMY wy YacTO 3aNMUCHIBAIOT B BUAEC
wo = p(p)” dp(p); (4.118)

ecny rpynna G peaiM3oBaHa MaTpHiiaMH, TO 3Ta 3alMCb UMEET GYKBaNbH b
CMBIC]T.

s Toro, yTo6bl BLIACHUTB XapakTep 3aBUCUMOCTH B, (z,g) ot g € G,
BBIYMCIMM BeMYMHY (Pw) g (z). ComacHo Tlpewnoxenmnio 2.10.1 owa
JOJIXHA paBHATLCS ad(a“')w(,,g)(z). Jns popMbl wy 3TO CBOICTBO BBLITEKAET
13 Tlpemnoxenus 2.6.1. B1o cBoiicTBo OymeT BBINOAHATHCA WIA (POPMBI W
(4.11), ecnn g-3nayHas ¢yHkumna B,(z,g) yIOBIETBOPSET YCIOBHIO:

B,(z,9) = ad(g”")B,(2), (4.12)
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rae Mbl obo3Haynnn By(z) = Bu(z,e) (e — eauHuua rpynmnbl). Ecin mbl
Boibepem B 7~ '(U) ceueHue s,, To cooTBeTcTBylowas l-dopma Ha M,
3ajaiolasi KUtM6poBoYHOEe MoJjie, paBHa

Aisn) — (8;&)); — (s;wo)z + Bl‘(z, a)(s;di_ﬂ)z = ”(z,a)dz", (4133)
TaK KaK s3(dZ"); 4 = dz*, n, cnenoparesnbio,
B,(z,a) = A (2). (4.136)

Boiuucnum teneps dopmy KpuBusHbl 2. Ucnonsdys (4.11a, 6) nony-

yacMm
dw = dwy + d(ad(g™")A.)BS (z)dz* + ad(g™ ") dB.

YuyutniBas, ytO KaHOHHYyecKas ¢opma Ha rpynne G 6 = g_'dg, JIErKO
yoeauThCa B TOM, YTO

d(ad(g ") A,) = —[8,ad(g™") 4], (4.14)
rme g €G.

IToncrtasnsas BbipaxeHue ang dw B CTPYKTypHOe ypaBHeHHWe (2.74) u
ucnosnb3ys (4.14) v ypasHenne Maypepa—KapTtaHa (2.46a), HaxoauM, 4YTo

. ! !
o) = 2d(g ™) {dBagrt5 [Buos Bua) | = 5 Yo (@, 908  AdF", (4.150)

2
0 (2,9) = ad(g )V (), (@) = Qy (2, €). (4.156)
Ananoruyiio (4.78), (4.8)
Q,,(z) = 3,B,(z) — 8,B,(z) + [Bu(z), B,(2)] . (4.16)
OueBuao, YTO KOMIAOHEHTHI TEH30pa HaNpsXEHHOCTH
F(z) = ad(a™ ) (2) = Qu(z, ). (4.17)
ITycts Ha MHoOroobpasuu P 3anaHa MeTpuka 7y ¥ UHaekcsl M, N, ...
npoberaior 3nayenus 1,2,...,D = dim P = dim M + dim G. 3anvieM, Kak
B § 4 maBbl 3, METPHKY Y C MOMOLIBIO OPTOHOPMHPOBAHHOIO Kopenepa {e”}
v =vip (e‘@eB), (4.18)
roe ¥ — miockass MetpMka U A,B = 1,2,..., D — BHYTPEHHHE HHAECKCDI.
YcnosuMca cuyurarh, YTO TepBbie N 3HaYeHWU wHaekca A, A = p =
1,2,...,n = dim M, HyMepylOT KOOPAHHAThLI BAOJIb NOAMHOroobpasui Buaa
U x {a} C 7~ '(U), a cneayiowmue k 3navenuit A=n+a, a=1,2,... k=

dim G — koopauvlaTtel BIOJMb cyios. IIpeanonoxuM, 4To cUrHatypa MeTpUKH

4 3ax. 311
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caepywowas: signyyy = (—,+,+,...,+), T.e. ¥4 — AMaroHanbHas MaTpvLa
cvyy=—-1,v44=1 npu A > 2. DopMy KpuBu3HbI (4.15) MOXHO 3anucaTb
B BHIE
l n
Q== Qape? AP, 4.19
> A,BZ=| AB (4.19)

Boiuvcinum dopmy *Q crenenu (D — 2), ayanbHylo B cMmbicie Xoaka
K . Tlo dopmynam (3.26) umeem

l n
*) = 5 E QAB*(eAAeB) =
A,B=1
1

- 2(D - 2)! Qupelhe € Ne™A... Ne®. (4.20)
© A,B=1

Toraa narpaHxuaH (4.1) paseH

i 1 <
L=-——=t QA= — > tr Qp(z,9)p(z, 9" v?Pdvp, (4.21)
de 8e2
A,B,C,D
rae dvp — VIHBapHaHTHbIA 3neMeHT obbema B P. U3 (4.156) cneayer, yto

BbipaxeHue (4.21) He 3aBUcHT OT g. Tak Kak dvp = dugdvy , dvy — UHBapH-
aHTHBIA 3N1eMeHT o0bema B M, due — vHBapHaHTHas Mepa MHTErPHPOBaHHS

rpynnbl G H
vol(G)=/dpg,

G

To BKJaA B Aeiicrue (4.2) ot noapaccinoenus 7~ (U) C P, U C M, paseH

] vV
Se-1wy = 3 tr (2,.(z,9)0" (z,9)) dvy. (4.22)
U

B cuny cooTHolueHus (4.17) nonyyaeM, 4to
1
Sy =g [ (F,ﬁz"’(z)F"v"‘”(z)) duy, 4.23)

T. €. Mbl MOJIy4aeM cTaHgapTtHoe BbipaxeHue (1.11) nas meitcteus B Kannbpo-
BoyHo#M Teopuu AHra—Mmuica.

Kak yxe obcyxnanocs B § 14 maBbl 2, MOTYT CYLIIECTBOBAaTb TOMNOJNO-
FMYeCKM HEIKBUBAJIEHTHBbIE TJIaBHBIE paccinoeHus P — M ¢ ogHo# M TOM
Xe 6azoit M u ooHOM M TOH Xe CTPyKTypHo# (KaNMGpOBOYHOI) rpyn-
noit G. TTycTb Mbl MMEEM PACCIIOEHMS CO CTPYKTYPHBIMM rpynnamu GL(k,C)
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wim U (k). Takne paccnoeHus xapaktepH3ylorcs kinaccamu UepHa. BoisicHuM,
KaK 3TH KJIacChl BbIPAXAIOTCA Yepe3 HanpaXEHHOCTh KanMbpoBOYHOro noJis

(’)(z) B U C M. HanoMHHM, 4TO XapaKTEpHCTHYECKHE KJIacChl 33Jal0Tcs ¢
TNOMOILUBIO MYTBTIWIMHEHHBIX MHBAPMAHTHBIX oToGpaxeHuit f € I*(G). Dop-
Ma f(f2), arnsowascs npoekuueit 2k-popmbl f(€2), comnacHo IMpeatoxeHnio
2.14.1 onpegensercsa TaKk

FOX,..., Xu) = £ (L1,..., L) -

3necy X,z € To(M), Ly € T,(P), tae n(p) =z u 7'L;; = X;.. Bribepem B
KauyecTBe TOYKH P TOUKY S(Z), rne s: M — P — ceuyenue Haa U, a B KayecTse
L;szy — KacaTenbHblii BEKTOP § ' Xiz. DTO BO3MOXHO, TaK KaK T o s = idy —
ToXJeCTBEHHOe npeobpasoBanue U 1's’X; = X;. IMonyyaem, yto

FOX,...,Xn) = F) (s'Xy,..., 8 Xp) =" F () (X1,..., Xn) =
=f(s'Q) (x,,.'..,xz,c) = f(F®) (Xy,...,Xn), (424)

[1€ Mbl BOCTOJIb30BAIUCH MYJIbTHIMHEHHOCTBIO oToOpaxeHus f. Toraa, Ha-
npuMmep, B ciaydae dim M = n = 4 unrerpan (2.108), onpenensitounit BTOpoe
yuciao YepHa C,(P), pa3bupaercsa Ha CyMMY HMHTETPAIOB MO OKPECTHOCTSIM
U C M u Bxaan Kaxao# U3 TakKMx OKpEeCTHOCTEH paseH

l
Cy(P)y = / P = o / [tr (F A F©) —trF"’AtrF"’]. (4.25)
U U

B yactHocTH, eci P — MHCTAHTOHHOE pacCjioeHHe P(S4,SU(2)) (cM.
npumep 8 u3 § 7 raenl 2), 10

1 n(s)uv
Co(Py = 1 [ dvy tr(F FO), (4.26)
U

me U — ouHa M3 OKPECTHOCTeli, MOKpbIBAIOIHX St a F(i) €CTb TEH30p
JyalbHbIA K F,,,, , T. €. KOMNOHeHTbl 2-popMbl *F) Ha Gase:

1~
P = EF,S;?dz" A dz’, (4.27a)
~ |
F{) = Ee,w,,,F""’”. (4.276)

Takum obpasom, KUIMOPOBOYHAS TEOPHSA B NPOCTPAHCTBE-BpEMEHU M C Kau-
6poBouyHO# rpynnoit G, KaK roBopsit, pa3douBaeTcsd Ha MHOXECTBO CEKTOPOB,
KaXJOMy H3 KOTOpBIX OTBeyaeT paccioeHue P(M,G) c onpenencHHbIMH
XapaKTEpUCTHYECKUMH YMCIIAMH, U JUI HOJIHOTO U3YyUeHUs BCEil TEOPUMH HA0
paccMoTpeThb Bce cekTopbl. CTaHmapTHasi Teopusi BO3MYLUEHHH, KaK MpaBuio,
ONHMCBHIBAET NMOMNS B CEKTOPE C TPHBHAIbHBIMH XapaKTEPUCTHYECKUMH YHCAAMH.

4*
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§ 2. KanuOposounble npeoﬁpasonaﬂml

TNlycts U — okpecriiocts B M, s : U — P(M,G) — nokanbHoe
ceueHue, a A u F'® ¢popmbl Ha U, onpeneneHHble N0 w U ) C MOMOLLBIO
atoro ceyenus. IIpeanosoxum Ttenepb, 4to B U 3agaHO TaKXe Apyroe
ceyeHue . BBISICHMM BOMpPOC, Kak cBS3aHbl Mexay coboit 1-popmbr A
u AY u 2-popmbi F® u F_ OueBunno, yto cylectByeT oToGpaxeHue
(xanubposouysas pyHkums) g : U — G Takoe, 4yto

t(z) = U yz)8(). (4.28)

BosbmeM KacaTenbHblit Bektop X € To(M), = € U u obo3Hauum X 4
n &yz) KacarelbHble BEKTOpbI B 7r_'(U) M G: fs(,) =sX € Ts)(P),
€oxy = § X € Ty2)(G), rne ¢ — mnpoussoniias orobpaxenus g : U — G.
INycts A € g — NEBOMHBApUHTIIOE BEKTOpHOE ToJie Ha G, KOTOpPOEe PaBHO
g'X B Touke g(z). Benem orobpaxenue x : P x G — P Buna

x(»,9)=¥Yp, PEP, gEQG.

Mbl paccMOTpUM 3TO OTOOpaxeiHe B TOUKE (s(z), g(z)) MU OMpegenum
CBSI3aHHble ¢ HUM oTobpaxenus x; : P —= P u x»: G — P T1ak:

x1@) =x (p,9) =¥p', P EP, (4.29a)
x2(a) = x (s(z),a’) = ¥ys(z), da' €G. (4.296)

Toroa ceyenue i(z) = x(s(z), g(z)). O603nayuM yeped Z(s)q(z)) Kaca-
TENbHbIH BEKTOP M3 Ti5(z)g(z)y(P X G), COOTBETCTBYIOILMHA (fs(,,,gg(,,) €
Ts(zy(P) @ Ty(z)(G) (cm. §4 masbl 2). Cornacno [lpeanoxenuio 2.4.1 (dpop-

myna JleitbHuua) .
t'(X) = x'(Z) = x\(X) + x2(6). (4.30)

U3 (4.29) cneayer, yto X§ = \Ilg(,), a x5 ectb roMoMophU3M O 5(z) N3 anredbpbl
Jlu g B KacarelbHOE€ HNPOCTPAHCTBO K CJIOK0 B Touke s(x) € P (cMm. §5
rnasbl 2), T.€.

X2() = Ty = (€ )six) @31

ecTb (yHaaMellTaibHOe BEKTOpHOe mnoje. Buiuucassa ¢dopMy w or obeux
yacreit (4.30), nonyyaem

w(t'X) = w (Vypys'X) + w(€*) = ad (9(z) " )w(s'X) + ¢, (4.32)

[Ie Mbl BOCMOJIL30BATKCH pe3ysbTaTtamu Tlpemnoxenus 2.10.1. ITo onpenene-
HMIO IEBOMHBApHAHTHONH KaHOHUYecKoH 1-¢opMbl rpynnbl G Mbl UMEEM:

8(g'X) = 0¢¢) = ¢. (4.33)
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Yuutuisag (4.3), (4.32) n (4.33), nonyyaeM OKOHYaTENLHOE COOTHOLIEHHE
Mexay ¢opMaMy, onpeaeJeHHBIMH € MOMOILILIO Pa3IMYHBIX CEYEeHMIl:

AP =¢t'w=ad (g(z)_')A(’) +g'0. (4.34)

Tpy maTpHyHoO# peanun3aiiny rpynnsl G ¢opma ¢g*§ MoxeT GbITL 3anucaHa B
BHaE (cM. (2.48))
9'0 = g(z)"'dg(z), (4.35)

rae g(x) — 3HavYeHue KanubposouyHo#l ¢dyHkumn ¢ : U — G B TOuKe
z € U. Tlo onpeaeneHno dg(X) = X(g) mna X € X(M). KoMnoHeHTHl
KaTM6pOBOYHOIO M0 Aff) " Aff) CBSI3aHbI CJIEAYIOIUNM COOTHOLUIEHHEM:

40(@) = ad (g(2)™") AL (@) + 9(2) "' B,9(2), (4.36)

T. €. Mbl OJNYYWIN popmyny s KatmbpoBouHoro npeobpasosanus nons (1.7).

Tak Kak KacaTenbHblit BEKTOp X5(£) B (4.30) BepTukaneH (cM. (4.31)), a
dopma kpnensHbl 2 aBasercs TeH3opuaibHoH dopmoit Tuna (ad, g) (cm. § 11
rnassl 2), T0 popMyibl Uis 2-popMbl F) 4 KOMNOHEHT HaNpAXeHHOCTH F,Sf,),
aHajnornuHelie (4.34) u (4.36), uMeloT BUI

F¥ = ad (g(z)"") F, (4.37a)
FY = ad (g(z)"") F&) (). (4.376)

Hauv paccyxneHuss NokKaswiBalOT, YTO BLIOOP JIOKAILHOTO CEYEHWS
8 : U — P cooTBeTCTBYET (pyKcaunMy KaaubpoBKMW NS noseit, 3amaHHBbIX
Ha U B craHaaptHoM noaxope. Ilepexogq OT ONHOrO CEYEHUS K HOPYromy
3KBUBAJIEHTEH KAIMOPOBOYHOMY MpeoOpa3oBaHUI0 U MEPEXoay K Apyroif Ka-
anéposke. HeposmoxrocTb BbiOOpa B obuweM cayyae riobanbHoro cevyeHus
B P(M,G) o3HayaeT HEBO3MOXHOCTb 3afiaHHsi KATMOPOBOYHOrO Mnons Ha
BCEM MpOCTPaHCTBE-BpeMeHH M 1o6aibHO; Mbl BLIHYXAEHBI OrpaHUYUTBCS
JNIOKAILHBIMHY 3aJaHUSIMH KanMOpOBOYHBLIX Moneit Ha Kaxaoil KapTe MHOro-
obpasns M. B 1o Xe BpeMsa ¢opma CBSIBHOCTH w oOmnpeaesieHa robalsHO,
BO BceM paccnoeHun P(M,G). Ona coaepxut B cebe BCIO MHPOpPMaUMIO
0 KaINOpOBOYHOI KOHGMUIypaLUnn B TECOPUU U ABIAETCA NUCXOAHLIM O6BbEK-
TOM (Hapsaay ¢ paccinoeHnem P(M,G), otpaxaloluvM CTPYKTYpPY TE€OPDHH) B
FEeOMETPHUYECKOM [0AX0A€ K OMUCAHUIO KAIMOpOBOYHBIX Teopuil. MMeHHO
CBA3HOCTb w, a He KarubpoBouHoe none A, nanbonee yaobHa npy n3yue-
HHMW TOBAIBHBIX (FEOMETPHUYECKUX, TOMOAOTHYECKHUX U Ap.) CBOHCTB TEOPHY,
TaK KakK MoO3BOJSET NPOBOAUTH aHAIN3 BO BHYTPEHHUX TEPMUHAX, He npuberas
K JJOK&UIbHBIM KOOPAMHATHBLIM CHUCTEMaM.

3ameTuM, uro dopmyibl (4.34), (4.36), (4.37) NOAHOCTLIO COMNACYIOTCS
(c yuetoM cBoiicTBa (4.12)) ¢ Bbipaxenusmu s dopm A% n Fé) (4.13)
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n (4.17), NONYYECHHBIMH AJIsI CEUCHUU CMELMAIBHOIO BUAA: S,(x) = (x,a) €
=~ '(U).

Iycts Teneps umelorca nBe okpectHoctn U, u Us B M, B Kaxuoi
U3 KoTopbix ¢opMa cBA3HOCTU npencraBuma B Buac (4.11). BoisicHuM, Kak
CBA3aHbl MeXay c000i1 pyHKIHNHU B,(,“) ) B(ﬁ), XapakTepu3ylolne w Hana
okpectHocTaMH U, n Ug cootsetctieHno. Ecan x, ¥ xs — anddeomop-
¢bu13MbI, 3apal01Ke NOKATLHO CTPYKTYPY NpsiMoro npousseacHns Ha P(M, G),
T.¢. Xa(®) = (7(),0a(P)) a5 p € 77'(Ua) n x5 = (x(®),05(p)) ana
p € 7' (Up), 10 95(p) = Ppal@)Palp), tae p € 7' (U, NUp), = = 7(p),
Ppa () — dyuxums nepexona (cM. § 6 rmasbt 2). Takum o6pazom, ais GopMbl
CBSI3HOCTN W B T (Ua N U,,) Mbl UMECM J1Ba NpPeRCTaBAECHUA:

w = pa(p) ' dpa(p) + ad ((pa(p)_') B’(‘a)(m)da_;" =
= p5(p) "' dpp(p) +ad (pp(p) ") B (2)a”,

(cM. (4.11), (4.12)). Tak KaKk w OgHO3HA4YHO onpegesicHa Ha P, TO, UCNONb3ys
CBA3b MEXIY g M (g, NOYYaEM, YTO

a 9 -
B (@) = ad (ppa(®)) B (@) + pal@) 5 Ppalz) ",

(z €U, NUg), 1.6 B,(f” ) B,(f” CBsI3aHbl KUTHOPOBOYHLIM NMpeoOpa3oBaHHUEM.

H3yunm teneps KamnbposouHblie rpeobpa3osaHus wisi GOpM CBA3ZHO-
cti. O603nHaunMM yepe3 A NPOCTPAHCTBO CBA3HOCTEN IIABHOIO PacC/ioeHUs
P(M,G). [naa panpHeiiliero HaM [OHagoOGUTCA [OHATHE BEPTHKAILHOTO
aproMopdH3Ma paccnoeHMs, KOTopoe Mbl ceifyac omnpemeanM. Otobpaxe-
HUe v, . P — P Ha3biBaeTCAd BEPTUKAIbHLIM aBTOMOP(HHU3IMOM, €CIH OHO
YIOBAECTBODSIET CNEAYIOLINM TPEOGOBaHUSAM:

1) 7 (v,(p)) = 7(p);

2) v, komMmyTHpyet ¢ ¥,, T.e. ¥,9,(p) = v,(¥,p), Ana moboro a € G.

H3 1) cnepyer, 4To v, CABMIacT TOYKY BoOAb closi. OYeBUAHO, 4TO
BEPTHKAIbIIbIA aBTOMOPHH3M v, MOXHO XapaKTepH30BaTh OTOOpaxeHWeM
p : P — G Taknm, yto

v,(P) = Yy, (4.38a)

roe ¥, obo3HayaeT meiicTBUE CTPYKTYPHOUH IDYMIbI, NPHYEM U3 YCJIOBHA 2)
cledyeT, 4to

p(¥,p) = a”'p(p)a = S(a”")p(p), a€G, (4.386)

T.€. p — IKBUBapHaHTHOe oTobpaxeHue. BeprukanbHblii aBTOMOpdhU3IM vy
nopoxunact npeobpaszosaHne B U craHHapTHLIM 00pa3oM, a UMEHHO, €CiIH
we A, 10 (vjw), (X)=wy (v,X) €A, toe X € T,(P), p€ P, p' = v, (p).
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Y1061 BHUYUCIUTH v,’,w, BBLISICHUM CHauyala, Y€MYy paBeH KacaTeJibHbiif BEKTOp
(v,X) - TIyeTb f € F(P), X — BeKTOpHOE T0J1€, NOPOXAAIOLLIEE JIOKATbHYIO
ofHONapaMeTPHYECKyIO rpynmny npeobpa3osanuit ;. B coomeTcmvm c I'lpen-
JIOXEHUEM 2.4.2 none 'upX MOPOXMAETCS Uy 0 pr 0 v, . UMeem creayiowyio
LENOYKY pPaBEHCTB:

! d - d
@X), (D= gf (mowon' w®)|_ =57 (weop) @)|_ =

d d d
=t (¥oionee(P)) | o= af (¥ pouonP) ' T af (¥ oyt (D)) L:O =

d d
=5/ (2o 0o T o)) I::o + 527 (Yo 001 0 Yoot © ¥piP) L:o'

Hrak,

, d
(%), (D= 21 (T pipito®) | _, +

t=0
d
+ 3 (@ o w0 U) (@) |- @39

O6o3HaunM nepBoe craraeMoe B NpaBoil 4acTW paBeHCTBa 4epe3 Yy (f),
p = v,(p). BekTopiioe nosie Y nopoxaaercs oaHONapaMETpHYecKoH rpyn-
noit Npeobpa3oBaHnit W p)-1,4p)) Y, CJIENOBATENLHO, paBHO Y = 0(A)
(cM. §6 rnasur 2), toe A — 3nemeHT anrebpnsl JIv g, cOOTBETCTBYIOLLMIA
olHOMapaMeTpUYeCKoit noarpynne p- (p)p((p,p) B G. Torma MOXHO 3anucarb:

d -
A= dtp (P)P(‘P:P)| =0~ @) Xp(p) = (p” ' dp)p(X) = (p6),(X). (4.40)

Btopoe cnaraemoe B (4.39) ecTb He YTO HHOE, KakK
(Ton X),, (F)-
Boiunciasa ¢opMy w ot obenx yacteit paseHcrBa (4.39), noayvyaem
(vjw),, (X) = wy (4,X) = wy (¥y) +wy (LX) = A+ ad (p(@) ") wp(X).
YuntuBas (4.40), npuxoouM K okoHyateabHO# dopMy.e:
w=ad(p )+ p 'dp, (4.41)

KOTOPYI0 06bLIYHO Ha3biBalOT (HOpPMyNoil KalubpoBouyHOro npeobpazoBaHUs
s ¢dopM. Kak 310 npeobpa3oBalue COOTHOCHTCSA ¢ KAITMOGPOBOYHBIM Npe-
obpasoBaHveM mis ¢opM Ha 6a3e, ONUCHLIBAIOIIMX KAIMOpOBOYHBLIE noJsA?
MNMycts U — nokaibHasgs OKpPeCTHOCTL B M, s — cedyeHUE B 1r"(U).
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Ecnvm w,w' € A v w' n w cBI3aHbl KAIMOPOBOYHLIM Npeobpa3’oBaHUEM v,,
w' = v,w, TO Mbl MOXEM MOCTPOMTD Ba MoJist Ha Ga3e:

AP =s*'w, A =5

OnHako MMEIOT MECTO COOTHOLLIEHHS

AO =5 =s*ovw=(v,05) w=t'w= 49,

rae HoBoe ceueHue t ornpenpensierca ¢dopmynoii ¢ = v, o s. CnenosarensHo,
B cootBercTBUM ¢ (4.34) A®) u A"®) cpasanbl KAIMGPOBOYHBIM Mpeo6Gpa3o-
BaHWEM, COOTBETCTBYIOLIMM TMEPEXOAY OT CEYEHUA S K CEYeHMIO £t = v, 05
g w (D).

Ot™MeTuM B 3aKkouyeHue naparpacda, YyTo JOKaILHOE ONUCAHUE KalH-
6poBOYHBLIX Npeobpa3oBaHUil KaK MEPEXONOB OT ONHUX CEUYCHHMIT K IPYIuM,
aBasierca bonee obLIMM, 4YEM OMNUCAaHUE KaTMOPOBOYHBIX NpeobGpa3oBaHMii
KaK BEPTMKaIbHbIX aBTOMOP(H3MOB, TaK KakK B ODIIIEM Ciy4yae MOXET HE Cy-
IIECTBOBATL FAODAIbHLIX BEPTUKAIbHLIX aBTOMOP(PHU3IMOB, XapaKTEPH3YEMbIX
otobpaxeHuneM (4.38).

§ 3. BaexrpoauHamuka Makcaesuia

B nemarorvyeckux LEasAX B KayeCTBE MNEPBOTO llara B U3yuyeHWMW Ka-
JM6POBOYHLIX TEOPHIT B paMKax FeOMETPHUYECKOro Mnomxona uejnecoobpasHo
paccMOTPEThL YacTHHIM ciiyyail snekTpomMHaMukKM Makcsemna. B kauecrtse
IIaBHOTO pacCJIOEHHsA, Ha KOTOPOM 3aJacTcsi TEOPHSI, Mbl BO3bMEM TPUBH-
anbHoe paccnoenne P = M* x U(1), rne M* — npoctpaHcTBo MuHKOB-
cKoro, T.e. mpocTpaHctBo R* ¢ nceBnop¥MaHOBON METPMKO#H, XapakTepy-
3yeMOil B BEKApPTOBbIX KOOPOMHATAX AUAroHalbLHLIM METPHUYECKHUM TEH30POM
N - Moo = —1, 7 = 1. YcenoBuMcs cuntath, 4To vHAEKCH pu,v = 0,1,2,3;
,j =1,2,3 n ' — BpeMeHHasi KoopmuHarta. Ilycrb rpynma G = U(1)
peanunsyetcsa 3neMEeHTaMu Buaa g = exp(ia), a € R. Tak kak B paccioeHuu
P cylectByeT 06a1bHOE CEYEHHE, CKAXEM S(T), TO PaCCMOTPEHWE TEOPUH B
P 3KBMBQICHTHO €€ pacCMOTpeHnIo B 6aze M* B Tepmunax dpopm A w F©®),
Mbl ycIoBUMCS OOMONHWUTENLHO BBLIACAATE MHUMYIO €OUHHULY W3 3TUX HOopM
TaK, YTO 3aKOH Ka1nb6poBouHoro npeobpasosanus wis A®) B coorBerctBuy ¢
(4.36) 6ynet uMeTh BUL:

A =AY 4 da(a), (4.42)

roe a(xr) — BellecTBeHHO3HayHas ¢yHKums Ha M 4 3apaiomas KannbpoBou-
Hy1o ¢yHkumio g(z) = exp (1a(x)). Cornacno (4.37) 2-¢opma F® B Hawem
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ciyyae KalMOpoBOYHO MHBapuaHTHa. B panbHeiiueM 3Ha4yok (s) Mbl Gynem
onyckarts. B cootBetcTBuM ¢ (4.4) n (4.7)

A, = Ay(x)dz”, (4.43a)
1
F, = (d4), = EF,,V(z)dm" Adz. (4.436)

HanpaxenHoctn anexkipuyeckoro E; v MarHuTHoro B; nNoneil BXomaT B
2-¢opmy F' cnenyromnm obpasom:

. 1 .
F, = Ej(z)dz’ A dz® + EB,-e,-]-kd:cJ Adz. (4.43B)

Ils panbHefdliero HaM NoTpebyeTcs HECKONLKO HOBBIX ONMpPERCACHUM.
Mycte M HeKOTOpo€ NCceBIOPMMAHOBO MPOCTPaHCTBO, a w € D'(M) wn
i € D" 1(M) — Hexotopbie GopMbl. BBesieM OmnepaLuio &, CONPAXEHHYIO K
BHELWHEMY InddEPEHIIMPOBAHUIO, CENYIONM 06pasoM

(w,dp) = /w A*dp = /&u A*p = (0w, p), 4.44)
M M

roe Kak W B (2.24) ckobku (,) obo3HnaualoT BHYTpEeHHEE Npou3seneHue ¢hopM
Ha M. U3 (4.44) scHo, uto 6 : D" (M) — D™~ '(M). HeTpynHo nokasatb, 4to
ecam w € D'(M), to

6w = e(— )" T & d(xw), (4.452)

66w = 0, (4.456)
FOE € = €)€...E, — MNpou3BeneHNe (HaKToOpOB, 3alalOLINX CUrHATypy Me-

TPUKH Ha M: sighy = (1,€3,...,€,) (cM. §4 tnasbl 3) u n = dim M. Tak
XK€ KaK M B cayyae BHEWHero auddgepeHUNpPOBaHUA, ACHCTBUE onepauuu 6
Ha $HOpMBI CBOOMTCA K CTaHAAPTHHIM OMNEpPaLMsIM TEH3OPHOTO MCYHUCIIEHMS
Ha Ko3ddunumeHTh 3TMX PopM (3agaua 4.3). Onpenenum Teneps JariacHaH
(oneparop Jlamnaca)

A = (d+ &)’ = dé + 6d,

roe Mbl yain, yto dd = 0 n 66 = 0. OuesunHo, yto A : D"(M) — D" (M).
dopMa w Ha3bIBacTCA rapMoOHHueckKoM, ecim Aw = 0. Tak Kak

W, Aw) = (w, dbw) + (w, bdw) = (bw, bw) + (dw, dw),

TO yC/IOBHE€ TapMOHHMYHOCTH (OPMBI PaBHOCWILHO YC/IOBUAM 3aMKHYTOCTH
(dw = 0) n Ko-3aMKHYTOCTH (dw = 0) 3T1OI HOPMHLI.
BepHaeMmca Teneps K anexTpoanHaMmuke. Beenem 1-dopmy

jz = ji(x)dz’ + p(z)dz’, | (4.46)
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roe j(z) v p(x) vrpaiot ponb IJIOTHOCTH TOKA W IUIOTHOCTH 3apsiia COOTBET-
creeHHo. HeTpyaHo noka3sarth (3agaya 4.3), 4To ypaBHEHMUs

6F = —j, (4.47a)
dF =0 (4.476)

(nocnegHee M3 HUX ecTb ToxaecTBo bbanHkyn (2.78) B cnywae abeneBoit
rpynnel G) CBOAATCA K CTaHAapTHBIM ypaBHeHHsIM Makceeiuia Ha E n B:

divE=+4p, GE—-rotB=j, (4.48a)
divB =0, B+ rotE = 0. (4.486)

U3 ypasHeHns (4.47a) n coitcTBa (4.456) cneayet, 4yto
62F = —6j = — xd(xj) = 0, (4.49)

rae 3-dopma *j B noKa1bHOM 6a3nce nMeeT BUA

!
(+§) = —p(x)dz' A da® Adz’ + cCimpdi(@)da? Adz” Adz’. (4.50)

ToxaectBo (4.49) 3KBMBAICHTHO YPaBHEHWIO HEMNPEPBIBHOCTH 11 TOKA B
CTaHAApPTHOM IMOAXONE: :

—dpp + divj= 0. 4.51)
TlokaxeM, kak u3 (4.49) B cayvae, korma 1ok j = 0, cmeayer 3a-
KOH coxpaHeHus 3apsina. Ilyctb D — HekoTopblii 06beM B TpPEXMEPHOM

npoctpaHcTBe. Bo3bMeM ueThipexMepHoe nogMHoroobpasve V C M?*, npen-
cTaBasiomec coboit HWIMHAD, y KOTOPOro ocbh U 00pasylollive napajuie/ibHbl
BPEMEHIION OCH, a BEpPXHWE W HUXHWE OCHOBAHWA CyThb MHoOroobpasus D,
oTBevaloLme MoMeHTaM BpemeHn ¥ = ¢; u =¥ = ¢,; 0603HAaYUM 3TN OCHO-
Banva D; u D,. Ucnone3ys teopeMmy Crokca (2.101), npencrasnerne (4.50)
M ToXAecTBO (4.49), nonyyaem:

0::/d(*j)=—/p(z)dml/\dmzf\dm3=

1 4 v

_ - / p(@)dx + / p(@) dx = —Q(t2) + Q(t1),

D, D,

rae Q) v Q(t)) — 3apsiasl BHYTpH D) n D) COOTBETCTBEHHO.

Cpnenaem enie gBa 3aMedaHusa o cBoitcTBax ¢dopmbl F.

1) Ecan 1-¢popma j = 0, 10 43 (4.47) cnenyer, uto 6F =dF =0 u
¢dopMa F saBasgercs OOHOBPEMEHHO 3aMKHYTOH M KoO-3aMKHyTOil. Crieposa-
tenvHO, AF = 0, T.e. F — rapMoHuiecKas 2-¢dopMa.
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2) Nycts M = R". Torma, cornacHo nemme Ilyankape (cMm. § 14
maBbl 2), TONLKO W3 yClOBUSI 3aMKHYTOCTH ¢opMel F' (4.476) cneayer, 4to
oHa SIBISETCA TOYHOM, T.e. cywecTByer ¢popma A € D'(R") Takas, 4Tto

F =dA.
JIpyruMy CnoBamMM, B 3TOM CJlyyae BCerga CyLIECTBYET BEKTOP-NOTEHLMAN
Ai(x) (1= 1,2,...,n), coorBercTBylolmMii 1-popme A = A;dx’. OtmeTuM,

4yTO 3Ta (Popma omnpepeneHa ¢ TOYHOCThIO OO BHeuiHero auddepeHumana df
dbynkunn f Ha R*.

BepHeMca Tenepb K 2J€KTPOAMHAMHUKEe M oOCynHM Bompoc O Bhibope
JlarpaHxuaHa v peiicteusa. CHauyala pacCMOTpHM cCiIyyai 4MCTOi 21€KTpo-
OWHaMHWKH, KOTAa OTCYTCTBYIOT NOJA Matepuu. B pamMkax reoMeTpH4ecKoro
noAxXona JjarpaHxuvaH ZO/XEH NpeacTasisaTh coboit popMy ueTBEpTO# CTENEHN
Ha M = M*, noctpoenHyio u3 A v F u ¢HopM, NONyueHHBIX U3 HUX C
MOMOIILIO onepaiuit *, d, 6.

U3 Ppu3nuecknx coobpaxeHWil JlarpaHXHnaH JOMKEH ObITh Kantnbpo-
BOYHO-WHBAPMAHTHLIM M COOEPXaTh YacTh, KBaApPaTHYHyl0 no A, Kortopas
oTBeuyaeT cBobomHOMY farpaHxuaHy. Tak Kak ans anekTpoanHamukyn ¢op-
Mma F xanubpoBouyHO-WHBapHaHTHa, TO JarpaHXuaH BODKEH CTponTbes u3 F
u «F. HeTpynHo npoBepHTh, YTO CYHICCTBYET NMlIL ABE 4-OpPMbI, YROBIE-
TBOPSIOIUME NEPEUYNUCICHHDIM Bbillle TpeOOBaHUAM:

p1 = F A+F, (4.52a)
pr=FAF. (4.526)

3TH POpMEI OTBEYAIOT NBYM WHBapHaHTaM 3JEKTPOOUHAMHUKH E?-B’ v EB:

B = —(B? — EY) dz® A dz' A dx? Ade’;
pr = —2EBdz’ A dz' A da? A d2’.

®opma py ABIAETCS TOYHOIM:
p=FAF=dAANdA=d(ANdA)+ ANddA = d(A A dA) (4.53)

M HE MOXCT CIYXWThL JarpaHXuaHOM TEOPHUH, TaK KaK NPUBOAMT K MO-
BEDXHOCTHLIM 4NeHaM B AeicTBUM. MeiicTBUTENbHO, MHTErpal OT [y IO
MHoroobpa3nio M cBoguTca K MHTerpalty no OM, KOTOpHIA paBeH Hymo,
€C/M, Kak OOBbIYHO, MNpENNonaracTcsi, 4To KOMNOHEHThI A,(r) ¢dopmbl A
ROCTaTOYHO ObICTpO YyOBIBalOT Ha GeckoHeyHocTH. ChnenoBaTesibHO, JarpaH-
XKWaH 4YNCTOH DBACKTPOAMHAMMKM MponopuMoHaieH g, (cp. (4.1), (4.2),
(4.21)—(4.23)).

[lycth Tenepb B TEOpUM UMEIOTCA [MOJS MaTepuy, MOpOXIalolye
coxpatsioluiics Tok j. EanHcerBeHHO# 4-dopMoii, onuchiBaloeid B3auMo-
REUCTBHE DJIEKTPOMArHUTHOTO MOJisi ¢ TOKOM JIMHEHHOE [0 MO0, ABISAETCS
dopma

p3=AANxj=%xAANj].
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IlonHoe aeficTBUE TEOPUMN UMEET BUI;

1
S=§/F/\*F+/*A/\j. (4.54)
M4 M4

KannbposoyHas WHBapHaHTHOCTb BTOPOTO €JaraeMoro B OEUCTBUM BbITEKaeT
M3 CACAYIOIEH LENOYKN paBeHCTB

/*(A+da)/\j=/*A/\j+/*da/\j=/*A/\j+/*a/\6j

M4 M4 M4 M4 M*

W ypaBHEHuWs HenpepbiBHOCTH ToKa (4.49). MoXHO NoKa3aTh, 4TO ypaBHEHHE
(4.47a) nonyuaercs Npy BapbMpPOBaHUH AeicTBUa (4.54) (3amava 4.5).

§ 4. HeabeneBnl KanuOpOBOUHbLIE TEOPHH

B stoM naparpacge Mbl BHauajic OOGCyAWM CBOFMCTBa KJIACCHYECKOM
HeabeneBOH KAIMOpPOBOYHON TEOpHMM B paMKax TE€OMETPHUYECKOIro MONXOna.
CxeMa paccMOTpeHWs OynmeT aHAIOTMYHa CXeMe MNpeRblayllero naparpada.
B kauecTBe MIaBHOIO paccloOcHMWs, Ha KOTOPOM 3ajJaHa TEOpHsl, BO3bMEM
P =M*xG, rae M* — npocrpancteo MuHkoBckoro, a G — Kaimbpo-
BoyHaa rpynmna. O4eBUIHO, YTO pacCMOTpeHHe OYAET CHpaBeMTUBLIM WU JAs
HETPUBHAIbHLIX paccnoeHnit P(M,G) npyn ycloBMM, 4TO Mbl paboraeM B
JoKabHOI okpectHocT U C M. Tnobanbhbie CBOWCTBAa KalMOPOBOYHBIX
TEOpUil AN HEKOTOPLIX HETPHUBHAILHBIX pacCaoeHNi ByayT uU3y4yaThcs B CJie-
ayolmmx naparpadax. Mrak, B HauleM ciayvae, Tak X€ KaKk M B NpeabiayileM
naparpade, aHAI3 MOXHO NPOBOANTS B TepMuHax dopm A u F® (cm. (4.4)
v (4.7)) Ha 6a3e; 3Ha4YOK (S8) NpH ITOM OymeM OmnycKatb,

A, = A, (z)dz”,
| 1
F, = (DA); = (dA); + 5[4z, 4] = 5 Fy (@)ds” N dz”.

YpaBHeHHns aBuxeHuss B Teopuum SAAHra—Mwinca B craHmapTHOM mnoaxone
COOTBETCTBYIOT CJICAYIOIINM COOTHOLIEHUsIM Ha ¢opMy F' (cp. ¢ (4.47)):

Dx F=dxF)+[A,%F] = — %], (4.55a)
DF =DDA=dF +[A,F]1 =0, (4.556)

roe ¢opmMa j, onwchiBaiowas TOK, 3amaercsi popMyoi (4.46), 06OBILEHHOI
ouyeBHAHBLIM 00pa3oM Ha ciyuait HeabeneBoit KannbpoerouyHoit rpynnsl. PaBeH-
cTBO (4.556) npeacraBnget coboii ToxaecTBo bbaHku (cM. (2.78)). U3 (4.55a)

clenyeT, uTo
d(*j) + d ([A,*F]) =0. (4.56)
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IepBoe ciaraeMoe B 3TOM paBEHCTBE COOTBETCTBYET AUBEPreHLUU 4-BEKTOpA
tokKa (cp. (4.49) wim (4.51)). Bropoe cnaraeMoe yka3biBaeT Ha TO, YTO CaMoO
Heabenepoe KATMOPOBOYHOE NMOJE MEPEHOCHUT 3apsi.

Tak Kak 3akoHbl KanubpoBOYHKIX mNpeobpasoBanuit miss dopm A
n F umelor Bug (4.36) n (4.37), TO meiicTBME W JarpaHXWaH i YHNCTO
KaIMGPOBOUHOI TEOpUH, YHNOBICTBOPSIIOIINE TPeOGOBAHWUAM, MEPEYUCACHH bIM
B npeapinyieM naparpade, MOryT OvITh NMOCTPOEHbLI TONBKO W3 CAECHYIOLIMX

4-cbopm:
p =trF AxF, (4.57a)
py=trFAF, (4.576)

Toe caen BbIMMCAsieTCs: OT 3aeMenToB anrebpot Jin g rpynnet G. MoxHo
nokasarb, Yyto bopma p; siBAsICTCSE TOYHOW (3amaya 4.6). A MMeHHo,

l
trFAF = dtr(A/\dA+ SA/\[A,A]).

Ecm ¢opMmy A paznoxnts no 6asucy {Q.} (a =1,2,...,dimG) arrebpni
JIn g xanu6poBouno# rpynnsl G, HODMUPOBAHHOMY YCIOBHEM

tr(Qa Qﬁ )= Ce 60,6 ’
TO UMEECT MECTO COOTHOLICHHUE
twFAF=d(Cq Z AT NdA" + CG S ChLAAA AAT),  (4582)
.57

yi (3 C;,’,, — CTPYKTYPHBIE KOHCTaHTbl Ipynnbl G, aHTUCHMMETPHYHbLIE [0

BceM uWHaekcaM. B wactHocty, ecim G = SU(2) m Q, = 5';71,, rne 7o —
- _1 a _

matpuubl [Tayau, To Cg = -3 Cp,, = Egpy M

trF/\F———d(ZA“/\dA + Zea,,,A“AA”Am) (4.586)
ﬂ-ﬁﬁ

Hrak, narpaHXunaH 4YMCTO KAIMGPOBOYHOW TEOpUM MNponopuHoHaieH ¢op-
ME fi; Y Mbl BHIOMpaeM ero B Buie

1
L=—-—trFAxF, (4.59a)
4e2
NpH 3TOM BEHCTBUE PaBHO

b 1 1
=——|F’Ps ——(F,F)= —— ,
§=—HlIF 22 BF) 4e2/“FA*F (4.596)

M4
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(cM. (4.1), (4.2), a Takxke (4.21)—(4.23)). 3necb e — KaIUOPOBOYHLIH 3apsan
TeopHu. BianmMoneicTene KanuObpoBOYHOrO Moasi ¢ NojAsMH Martepuy oOLIYHO
CTPOUTCA MMHUMAILHLIM 00pa3oM uepe3 KOBAPHAHTHYIO NPON3BOAHYIO; ITOT
Bornpoc Mbl obcynuM B § 7 HacTosILLICH TaBbl.

Teneps Mbl KPaTKO OCTAHOBHUMCS Ha (POPMYIUPOBKE KBAHTOBO#H Kalun-
6pOBOYHOI TEOPUU B paMKax reOMETPUUYECKOro noaxona. KBaHTOBaHME KaIH-
6poBOYHBIX Teopyi ynobHee BCero MpOBOAMTL C MOMOILLIO MeTOAa PyHKLIN-
OHAILHOTO MHTEIPUPOBAHMS, KOTOPLIH NO3BOJAET OCYIIECTBUTL KBAHTOBAHUE
rnobanbHo.

B HacToslllee BpeMs MaTeMaTUYeCKH YAOBICTBOPHUTEIbHAs TEOpHS
CYLIECTBYET JHillb MM GyHKUHOHAIBHBIX WHTEIPAIOB B €BKJIMAOBLIX NPO-
CTpaHCTBax, T.€. B MPOCTPAHCTBaX C CUTHaTypoil MeTpuku (+,...,+). Ilpu
3TOM (PU3NYECKUE pe3yNbTaThi NOAYYAlOT aHAIUTHYECKUM TMPOROKEHHUEM
pe3y/iTaToB MHTerpuposanns u3 R* 8 M*. Tlonpo6uoe natoxeHne matema-
THYECKOH TeopuH GYHKHMOHATBHOTO MHTErPUPOBAHNS Ul CKAISPHBIX NOJEH
MOXHO Halty B MoHorpaduax [Cai], [TA].

IMycTb MMeeTcs KaTMOpOBOYHasi TEOPMSA, 3aJaHHasi Ha TJIaBHOM pac-
cnoeHnn P(M,G); 3pecb M — NpPOU3BOJABHOE €BKIMAOBO NPOCTPAHCTBO.
CornacHo nocrtyjaTy KBAaHTOBaHHMA € NMOMOLLIBIO YHKLIMOHAIBIIONO WHTErpa-
Jla BaKyyMHoOe oxXumaHue HabGmiogacMo#l BeaHuMHLL f(w) (M3 du3ndeckux
coobpaxeHHil oHa Jo/iXHa ObITh KATWOPOBOYHO MHBApUAHTHOM) BAaeTCA Bbl-

PaXeHHueM
J 59 fw){dw}

—_— m —
(f) - {e"s“"){dw} .

(4.60)

3pech A — NpOCTPaHCTBO CBA3HOCTEH rnaBHOro pacciaoenus P(M,G), BBe-
neHHoe B §2, S(w) — neiictBue (4.2) Ha dopMe cBasHocTH w, {dw} —
Mepa wHTerpuposaHns Ha A. JIia Toro, ytobbl clenaTh BbIpaXeHWs THNA
(4.60) ocMbICIEHHBIMY, IPUXORUTCS BBOAUTHL peryasipu3auuio. OObMHO npu
CTPOrOM aHa/ln3e CBOMCTB €BKIMAOBbIX (PYHKUMOHAIbHBIX MWHTErpaloB BBO-
IMTCSl pelleTOYHasA peryjapu3alns, Te€. OCYLIECTBISETCA nepexon OT TEOpHUH
B HEMPEPLIBHOM MPOCTPaHCTBE-BPEMEHN M K TEOPHUHM B OUCKPETHOM MpO-
cTpaHCTBe. MaTeMaTHyeCKH CTpOTME Pe3ynbTaThl, KacalollMecs MOCTpOeHHs
W CBOWCTB KAIMOPOBOYHLIX TEOPHit, WU3NOXECHbI, HalpuMep, B KHUre [3a] n
ob63ope [BA].

Beanupnbl S(w) n f(w) B (4.60) Ka1mbpoBOYHO HWHBApUAHTHBI.
ITo3toMy (yHKUMOHAIbHBIE: UHTETPAIbI B 9TOM BbIPAXEHMM MOXHO MeEpe-
nucarb B BHOE WHTErPAIOB MO KATMOPOBOYHO-HEIKBUBAIEHTHBLIM ¢opMaMm
cea3Hoctn. [lyctb C — rpynna BEPTMKaIbHBIX aBTOMOPGH3MOB paccioe-
Hus P(M,G), T.e. rpynna JOKaIbHbIX KaJHOPOBOYHLIX npeobpa3oBaHui,
JedctByommx Ha 2A. Paktop-npocTpaHctBo 7) = A/C HasbiBaeTcs Mpo-
CTPaHCTBOM KannOpOBOYHLIX OPOHUT MIM NPOCTPaHCTBOM MonyacH. Takum
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0bpa3oM, npocTpaHCTBO A OKa3biBaeTC GECKOHEYHOMEPHBIM PacCJIOEHHEM
(He oba3atenbHO MaBHLIM) A — 7).

Ipr KBaHTOBaHHWHW KaTMOPOBOYHBLIX TEOPMI B paMKax CTaHIApTHOIO
noaxoga GpukcHpyloT Kanubpopky. Ha reoMeTpHueckoM si3blKe 3TO COOTBET-
CTByeT BbIOOpy ceueHns s : 7 — A B paccnoeHuun A — 7. Unterpansl B (4.60)
3aMUCbIBAIOTCA B BMAE MHTerpaioB no s(n) = g

[ e f(o)A{do}

_ e
)= [ e59A{do} °’
s(m

(4.61)

rie ¢ — KoopauHaThl Ha 5(7), a daxkTop A ectb aeTepMuHanT Pagneesa—
ITonosa, Bo3HHMKaOWMi NP1 3aMEHE NEPEMEHHBIX W — T .

YKaxeM HekoTopble NpoGaeMbl, BO3HHMKAIOLIME NPH TAKOM MeETome
KBaHTOBaHHWs. B dopmyne (4.61) MonyanuBo npeanojaraercsd, YTO CeYeHHE
s(17) nepecekaeT Kaxiaylo opouty B A M TpHYeM TOJALKO B OJHOH TOYKe.
Opvako, Kak Obl0 moka3zaHo B paborte [3u] s KanuOpoOBOYHONH TEOpHH
va M = S* (wu §° ) ¢ HeabeneBoil KOMNAKTHOH KalHOpPOBOYHOK rpynmnoi
JIv paccioenne A — 7) HETPUBHAJIIBHO M HE CYLIECTBYET HENPEPHIBHOIO
rnobanbHOro ceyeHus s : 1) — A, T.e. HeAb3s OOHO3HAYHO ONPENEANTH
rnobanpHyio KamubpoBky. CeueHue, oTBevaloutee Mo000MYy KalHOpPOBOYHOMY
YCNIOBHIO M Tmpoxolsiliec depe3 TO4YKy w € A, nepecekaeT opOuty (Cioif),
colepXaiyio w, B O6CKOHEYHOM KOMMYeCTBe ToueK (CM. puc.4.l 6). Ito
SIBJICHHE NOAYYWIO Ha3BaHHe HeoAHO3HAayHOCTH I'pubOBa, Tak KaK BnepBbie
ob10 3amevyeHo I'pubosbiM B 1977 1. (cM. [I'p]) npu anHanuse SU(2)-
KaNIMOpOBOYHBIX TeopHit B M = R* B ciyuae KynOHOBCKO¥ KaJIMOpOBKH.
Ipy 3TOM HaknagbIBAINCh JONOMHMUTENbHbIE YCAOBHSA Ha OECKOHEYHOCTH,
yTo (hakTHUecKH 3aMbiKasio M B chepy S*. Ilns HeogHO3HAYHOCTH I'pnboBa
CYLUECTBEHHBIMH SIBISIIOTCA TOINOJOrMueckue CBOMCTBa mnpocTpaHcTBa M.
Tak B eBKIMAOBOM npocTpaHcTBe R? cywiecTByeT HempepbIBHOE IIOGATBHOE
CeyYeHHeE.

Bo3HHKaeT ecTeCTBEHHbII BONIPOC: TaK KaK BblpaxeHue (4.60) xoporwo
ONpeAecHO NOC/e BBEOCHHA pellleTOYHOMN pery/sipu3aliuu, a nepexon K (4.61)
HATaJIKMBAETCS Ha CEpbe3Hble TPYAHOCTH, TO HENb3Sl JIM KBAHTOBaTh KaJHOpO-
BOYHYIO TEOPHIO Ha OCHOBE npencTaBieHus (4.60), He PHKCHpya KalIMOPOBKY.
OkassiBaerca (cM. [BI1]), uto dmkcaums xanmbpoBku HeobxoguMa ans ¢op-
MYJIMDOBKH T€OPHHM BO3MYLICHHMH MO Majlo# KOHCTaHTE CBA3M e (CM. (4.2)).
Teopus BO3MYlleHHIt, B CBOIO ouyepedb, HEOOXOOMMA HaM Il YCTAHOBJIEHHUA
CBI3W CO CTaHpmapTHOW (u3MKoit, OCOGEHHO B BOMpOCAX NMEPEHOPMHUPOBOK.
Opnako, Obin0 moKa3aHo, 4TO s (POpMYJHPOBKH TEOpHM BO3MYILEHHI!
JOCTaTOYHO JIOKaNbHOW (PHKCALMM KATHOPOBKH, T.€. JIOKAJNIBHOIO CevyeHHs
paccioeHusi 2 — 77, M TONMONOIMYECKUE CBOICTBA M ponM He MIPAIOT.
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§ 5. MaruutHsiii MoHOnOJb JIFpaka

Bxayasie HanoMHHM, KaK BBOAHTCA Monononb JilMpaka B paMkax cTaH-
JapTHoro nogxopa (nogpobHec cM., nanpumep, [YJI] unu [Co)). YpaBueHus
anextpopMHaMukH (4.47) B npocTpaHcTBe MuHKoBckoro M® ponyckaloT
chenylouiee CHMMeTPHYHOE 0Do0uIeHue:

3 F
3, F*

s (4.62a)
(4.626)

Jll
7

rae Fy,, — TeHsop, myanibHuii Kk Fy, (cM. (4.276)), ¥ = (p,j) — 4-
BEKTOP J/IEKTPHUYECKOro TOKa, a 7° = (p,7) — 4-BEKTOp MarHMTHOrO TOKa.
IMpu >10M npennonaraercsi, 4YTO CYILIECTBYIOT (3KCHEPUMEHTAIIBHO MNOKAa He
o6HapyXeHHbIE) MarHUTHbIE 3apsiibl WIM MOHOIOAMW M P €CTh MX TIOTHOCTb.
YuutwiBas, yro F,, = 8,A, — 8,A,, HeTpymHO NoKa3aTb, 4TO IS TOrO,
4TOObI YROBIETBOPSIOCH ypaBHeHHe (4.62) ¢ MarHUTHbLIM ToKoM 7° # 0,

HeoOXoOMMO, 4TOObI
0,0,A, # 3,0, 4,

B TeX TO4KaXx, rae MarHuTHbIH ToK 7¥ # 0. BT0 03Ha4aeT, 4To noTeHuHan A u(T)
cunrynsipeH B M*. Eciu Mbl MMeEEM TOUYEYHbIH CTATHYECKMH MAarHMTHbIN
MOHOTIO/Ib C MArHUTHBIM 3apSOOM ¢, PACIIONOXEHHbIN B Hayajie KOOpAHHAT
(x = 0), To HaNpAXEHI{IOCTb €10 MArHWUTHOI'O NOJSA paBHA

B= Im (4.63)

M MOXET GbITh NpeACTaB/ieHa C NOMOILbIO BEKTOP-NOTEliLMana A, , HanpuMep,
clleayloluM obpa3oM:

B’ = (rot A) — g (—2%) 8(z") 6(z%) 2°6:.

Mpu 3TOM BekTOp-noTeHUHan A, B chepruecKoit cucTeMe KoopauHar (r, 6, )

paBeH:
Gm 120080 dm 0 (4.64)
47r sinf 4nr ~ 2

M CHHIYASIPEH BIOJb OTPHLATENBHOI TNOAYOCH . BTa IMHUA CHHIYISAPHOCTH
Ha3bIBaeTCsi AWPaAKOBCKOM -CTpyHOM. 3aMeruM, uto noTeHuuan A (4.64)
paBeH NOTEHLHATYy MNOJsi, CO3JaBaeMoro OeCKOHEYHO IIMHHBIM TOHKHM
COJICHOMJIOM, PACNOJ0XEHHBIM BAOAb AUPAKOBCKOM CTPYHbI, NOAOXHTENbH bl
MOI0C KOTOPOro C MarHUTHBIM 3apsiloM ¢, HaXOAMTCSI B Hayajie KOOpRUHAT.
KpoMe Toro, kak 6bin0 nokasaHo HupakoM, 3apsil ¢,, MOXeT NpHHUMaTb
TONBKO OUCKPETHbIE 3HAYCHHS

A4)=0, A=e,

dm = qon, (465)



§ 5. MarnuTuniii MoHonOb [Inpaka 113

rac go — HaMMEHbILHM MarHUTHLIN 3apsag, a n — uejaoe yucao. PaccMarpuBas
JIEKTPHYECKH 3apsSXKeHHbie YaCTHMIbl B T10jle MArHUTHOrO MOHOMOJISI, MOXHO
flI0Ka3aTb, YTO ¢y CBA3AHO C HAMMEHBIIMM JJICKTPHYECKHM 3apsiloM eg
COOTHOILIEHHEM

2T

go = —— Ny,

€o
ng — LET0e YHCJIO.

Ha 3TOM MBI 3aKOHYMM KpaTKOE BBEJECHHE B TEOPHIO MAarHHMTHOTO
MoHonoss JIupaka B paMKax CTaHRapTHOTO NOAXOJA M nepeifieM K ONHCAHHUIO
TOrO Xe 00bheKTa, HO Ha TEOMCTPHYECKOM sI3biKe. B MeTognueckUx nenax HaM
yRobHee cHayana paccMOTPETh MarHMTIIbI MoHoMob Ha chepe S2.

bynem cuutath, 4TO pamuyc chepbi paBeH r (r > 0), a 6 wu
p 00 <7, 0L ¢ < 2x) — oObluHEIE CPepHUYECKHE KOOPAMHATHI.
DneMeHTH KanubpoBoyHoit rpynnsl U (1) Oymem nmapaMeTpH3oBaTh TaK: g =
exp(27iy/qo), rae go nmokKa HeKoTopoe 4ucao. Temepb pacCMOTPHM IIaBHOE
paccioeHue P = P(SZ,U (1)) v 3apangMM B HEM CBSI3HOCTh, OTBEYAIOLIYIO
MoHoMNoAbHOM KoHburypauuun. CaesaeM 3To AoKaibHO. g 3Toro BBeneM,
Kak ¥ B npuMepe 7 §7 rasbl 2, aBe noaycgpepHyeckHe okpecTHOCTH U, u
U. B 8% 1aK, uto U, N U_ = S' — skpaTopHanbHas oKpyXHoCTb 0 = %,

napaMeTpu3syeMast yriaom . [lycts (0,ga,exp(21r X/ /qo)) — KOOpIOHHaThI B
P, =n"'(U,) 2 U, xU(l), a (,p,exp(2miy_/qp)) — B P =7 "(U_) =
U_. x U(1). Tlo aHanoruu ¢ TeM, KaK 3TO JReAaNioCb B BHIICYNOMSIHYTOM
IpUMeEpe, MOXHO NOKa3aTh, YTO

21r¢—_ = 21r¢—+ + nyp, (4.66)
90 ]
e m — Leloe YUCAO0, XapakTepHu3ylouiee CHocob «CKIEHKH» TNOAMHOIO-

obpasnit P, u P_ B eauHoe paccinoeHue P. 3aganuMm ¢dopMy CBSIZHOCTH
clieaylomHM obpasom:

. d'l/)+ + w, B P+,
B {d’l/)._ tw_ B P, (4.67)

roe 1-opMbt wy B Py paBHbI:
Wi = Z—m(:tl — cosb) dyp, (4.68)
1r

a g, — HEKOTOpasi KOHCTaHTa. 3pech IJisi ynoOCTBa Mbl IPHHSAH CleRylollee
YCIOBHE HOPMHPOBKH: OrpaHHueHHE (POpMbl CBAZHOCTH w Ha BEPTHUKAJIBHOE
NOANPOCTPAHCTBO PaBHO wy = —i(gy/27) g"dg; TaKass HOpMHUpOBKa JONYCTH-
Ma wia G = U(1). Mbl 6yaeM HCnosib3oBaTh ORHH M Te Xe obo3HauyeHus df
U dp s dopM B Ur u B Py no cMeicAy Bcerna OyAeT NOHATHO, O KaKMX
dopmax mner peys. BuibepeM B P, m P_ CeYCHHS] S, M S_ COOTBETCTBEHHO
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caenyloutiM obpasoM: s:(0,¢p) = (0, p,exp(2w i{b'i/qo)) € Py, tne {Ei —_

¢dukcupoBanHas BenuyuHa. Torza 1-dopma Ha S2, onucsiBalowas Kanubpo-
BOYHOE TOJie, €CTh

A= A% =g, = Z—m-(:tl —cos@)dy = (4.69)
™
12,2 271
gm T dT° —z°dx
=dm T ) 4.6
4xr B+r (4.696)
3pech ' — KoopaMHaTH npocTpaHcTBa R, B KOTOpoe morpyxesa cgepa S2,

u r2 = (") + ()’ + (2°)%. Tak KaK yron ¢ He MMeeT ONpEAENCHHOTO

3Ha4yeHus B Toukax 8 = 0 m § = 7, To dopma A, (A.) peryasipua B U, (U_),
HO CHHrynsipHa B Touke 8 = (@ = 0). Tlpu 0 =7 (@ = 0)) > = —r
(:z:3 = +47) U CUHryaspHbIH xapaktep (GoOpMbl BHAEH M H3 NpeACTaBICHHS
(4.696).

ITockonsky KanubpoBouHasi rpynna — abeneBa, To popMa KPHBH3HbI
paBHa

Q= dw = dws = Z—msin0d0 A dp. (4.70)
T

OHa sBiaseTca 3aMKHyToM (OpMO#H, HO He ABIAETCA TOYHOM, TaK KakK
dopmbl dw, W dw_ 3apansl inub nokKanbHo, B H, v H_. Y3 oAHO03HAYHOCTH
¢dopMbi cBs3HOCTH w B P, N P_ = 7~ '(H, N H_) v 13 cooTHoWeHHs (4.66)
cnenyeT, 4yTo (OpMbl w, H W_ JOMXHB ObITh CBA3aHbI MeXAy coboi B
P, N P_ chepylowluM KanMOpOBOYHBIM Npeobpa3oBaHHEM:

n
wy =w_+ = dp.
AHanornyHas popMysia cnpaBemidBa M st A, u A_. YuuTbiBasi npeacTanie-
Hus (4.68), npuxoaMM K BHIBOAY, YTO NMapaMeTp ¢, NPHHUMAET OUCKpPETHbIE
3HauYeHMs ¢, = nqop, T.¢. noayyaeM dopmyny (4.65).
B § 14 masbl 2 66110 noKasaHo, 4To paccnoenuss P (S2,U(1)) xapak-
TEPHU3YIOTCA MEPBbIM YKHCIOM UepHa, KOTopoe B HallieM CJydae BbIYHCIAETCS

no ¢opmyne
1 —
CI(P)=/CI(P)= ——/ﬂ, 4.71)
o0
52 52
rone @ — npoekuus (opMbl KpDMBM3HBI Ha 6a3y. Pazmnume Mexay Kodd-

d1uneHTaMH, CTOALIMMHU nepen uHTerpaiaMu, B ¢dopmynax (4.71) n (2.109)
oOBACHAETCA pa3nHyYHbBIM BIGOPOM HOPMHMPOBOK (opMbl cBsI3HOCTH. MopcTa-
pisisa (4.70) B (4.71), nonyyaeM
n
C\(P)= = /sin0 do A dp = —n. (4.72)
.y
52
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PaccMOTPHUM Tenepb MarHUTHBII MOHOMNO/b B TPEXMEPHOM €BKIIMIOBOM
NPOCTPAHCTBE C BHLIKOAOTOM Toykoi x = 0: M = R* — {0}. B kauectse aByX
KOOPAMHATHBIX OKpeCTHOCTe# B M BbibepeM obnactn H, = {x € M : =* > 0}
M H. = {x € M : 23 < 0}. Ux nepecedenne H, N H_ ectp z'z’
wiockocTs Ge3 Touku (z! = 0, z? = 0). 3amanuM ¢opMy CBA3HOCTH B
P(M,U (l)) dopmynamu (4.67) u (4.68), 1-¢popma Ha 6a3e, onuchiBaloilas
KantMbpoBouHoe noae, Oyoer Toraa uMetTh BUL (4.69), npHuyeM 3HaKH + U —
OyayT OTHOCHTBLCS K OKpecTHOcTsSIM H,. v H_.

Mpoananusupyem A, . O1a dopma peryasipHa B H,, B 061acTH cBoero
3aJaHMA, M OMMUChHIBacT KaiuOpoBouHoe none Buaa (4.64). B obnactu H_
OHa CHHIY/SIDHA HA OTPHUATENLHOH > -nonyocH. DTa nonynmpsMas M €cTb
JHpaKoBCKash CTPyHa. AHAJIOTHYHBIMH CBO#MCTBaMu obnamaer u ¢opma A_,
HO JUI1 Hee JUPAKOBCKas CTpyHa COBMNANAET C NOJOXMTEAbHOH T~ -NOAYOChIO.
2-¢popmbl F, = dA, n F_ = dA_ coBnanaior gpyr ¢ gpyroM B H, N H_
onpegeasior eauyio Gopmy F', onuMchbiBaIOILYIO HANPSAXEHHOCTb HOMA:

F=dA, = g— SiN0dO A dp = —"ociuaidzi Adst.  (473)

m
8l
Otciopa noayyaeM, YTO HaNpsAXEHHOCTb MAarHWTHOIO MNOAS MOHOMNOISA B
M=R - {0} paBHa (4.63). CnesoBaTeabHO, MnapaMeTp ¢,, MIPaeT poab
BCJIMYMHBI MarHUTHOIO 3apsila MOHOMNO/N, @ ¢y — HAUMEHbIIWHA MarHuT-
Hbifi 3apsa. Mrak, xak Mbl BHAEAH, None TouyeyHoro MoHonons dupaka
ONHO3HA4YHO 33aJaeTCsi CBOMMH 3Ha4eHHAMH Ha cdepe NOCTOSHHOro paauy-
ca S? ¢ UEHTPOM B TOYKE, FIE PACMOAOXKEH MOHOMOMb, 4 LE10e YHCIO m,
XapakTepu3ylolliee BEJMYMHY MAarHWTHOINo 3apsana ¢m, = Mgy, €CTb B3ATOE C
obpaTHBIM 3HAaKOM nepBoe 4uciao YepHa, kinaccuduuupylollee pacCIoeHHS
P (Sz,U ( l)) (cM. (4.71, (4.72)). B cratbe [Tp2] 66110 OTMeUEHO cienyioulee:
TaK KaK KOIOMOJIOFMYECKHE KJIacChl A mpocTpaHcTBa M ¢ eBKIWIOBOM
TONOMIOTHEH TPUBHAIBHBI, TO IKCMECPpHUMEHTANIbHOE OOHApYXEHHE MOHOMOJA
03Hayano Obl, YTO WIH NPOCTPAaHCTBO-BpeMs HMeeT HeeBKJIMAOBY TONOMONKHIO,
WIH ONMHUCaHHuE MeKTPOMArHeTH3Ma C MOMOILBIO pACCIOEHHBIX MPOCTPAHCTB
ABNACTCA HEaACKBaTHLIM.

§ 6. NncranTonnl

DopMbl CBSIZBHOCTH, COOTBECTCTBYIOIIIME KaJIMOPOBOYHBIM MOJSIM, YHO-
BICTBOPSIIOIIMM KJIACCHMUYECKHM YPaBHEHHWAM OBHXXCHHSA, OKa3bIBalOTCS TOYKaA-
MH CTALIHOHAPHOCTH B MpocTpaHcTBe A i GyHKUMOHANBHBIX MHTETPAJIOB
Tvna (4.60) 1 MO3TOMY 0COOEHHO BaXHbl TIPH MCCAEAOBAHUH KaJIMOPOBOYHLIX
Teopwmii. Ec/iM TakMe KJlaccHuecKue pellieHUsl HallieHbl, ¥ OeMCTBHE TEOPHUHM Ha
3THX pelleHKAX KOHEYHO, TO Mbl MOXEM Jajbllie Y4eCTh KBaHTOBbie hayKTy-
auMM Ha (poHe TOro WiM MHOTO KIacCHYecKoro pellieHusa. XoTd GPU3HYECKHUM
NPOCTPaHCTBOM-BPEMEHEM SIBISIETCS NPOCTPAHCTBO MunKoBckoro M*, nns
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HHac BaXXHbl KJIaCCHYECKHE PEIUCHHUS KaTHOPOBOUYHON TEOPHH H B YeTbipexMep-
HOM eBKIMI0BOM nipocTpaHcTBe RY . OHM OMMCHIBAIOT KBAHTOBbBIE TYIH1EIbHbIC
nepexonbl MeXAy pa3IM4HbIMH BaKyyMaMH TEOPHH. DTH BONpPOCHl NOAPOOHO
obcyxaalorcs B KHurax [YJI], [Pa]. HanomMHuM Takxe, 4TOo (PYHKLHOHAJIb-
Hble MHTErpansbl B HACTOslEE BPEMSt YBACTCA CTPOro ONpPEAEeUTb JIMLIb IS
eBKJIMOOBbIX NpocTpaHcTB (CM. § 4 rnassbl 4).

PellieHHsl KIACCHYECKHX YPABHCHHI OBHUXEHHUS C KOHEYHbIM AeHCTBH-
€M B €BKJMIOOBOM NpPOCTPAHCTBE NOJYYWIM Ha3BaHHME HHCTAHTOHOB. Mbi
OymeM M3yyaTb HHCTAHTOHBI B YHCTO KannbpoBouHoi Teopun AHra—Muiuica
¢ kanubposouHo# rpynnoit G = SU(2). INpeanonoXHM TakXe, YTO TeOpHs
3agaHa Ha cepe S*, kotopas cesizana c R* crepeorpadmueckoit npoekumeit
M3 «JOXHOro NOJIoCa».

WiTak, paccMoTpuM riaBHoe paccrnoetive P (S*, SU(2)); ero cBoiictsa
o6cyxaanuce B § 7 rmasbl 2 (npumep 8). Mycte U, n U_ — nBe qerblpexmep—
Hbie «nonycdepbi», NOKpbiBalowHe npocrpaHctBo M = S*, U, N U_ = s3
(6yneM cuutarb, yto U, — «ceBepHas noaycgepa», a U_ —  «IOXHas»),
x+ — JdubdeoMopduMbl, ycTaHaBIMBaIOWIHE CBA3b MEXIY TOYKaAMH B
P, = n7'(Us) v napamu (z,9) € Uz x G, T.e. xz(p) = (7(p), px(p)),
p € P.. ®yHkuua nepexopa (,o_+ = (p_(p)(p_l_(p)_l sipsieTcsl (PyHKLMEeH Ha
MHoroobpasuu U, N U_ = S3 co 3HayeHMAMM B KaIMBPOBOYIIOH Tpynme
G = SU(2). Tak kak S> HH(‘D(‘DCOMOp(‘bHO SU(2), 1o dyHKuUHA nepexona
ABIACTC OTOOpaXeHHeM @_. : A= SUQ2) — SU(2). Nycts 0,0, —
yrabl Diinepa (0 <0 <7, 0 < p <27, 0 < ¢ < 27), napaMeTpU3yIOLIHE
MHoroobpasue U, nU_, a

h(0 (f), 1/)) - elT]2 e elT];’

ecTb 3JIEMEHT KaJiubpoBouHoi rpynnsl G = SU(2), rae 7, — MaTpHLbI
Maynu. Mexay KoopouHaTaMu Toyek R?, oTBeuaiowtMx NMOAMHOroOGpa3HIO
U, nU_= S3 C S*, u yrnamu (0, ¢, v¥) cylecTByIOT ClieRylowHe COOTHOLLE-

HHSE:
1 .2 0 iy ad 4
Tz +iz —rcosze RS
0 .v-

2’ +iz* = rsin Ee'w_zﬁ,

roe T2 - (ZI)Z + (22)2 + (23)2 + (24)2 — (2R)2. Torna
_ zt — i
h(8,9,¥) = k(@) |zev,0v_= — (4.74)

N3 oaHO3HAYHOCTH OTOOPaXEHHS p_ TNOAy4YaeM, 4To

p-+(z)= @), z€U,NU., (4.75)
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rae k — uenoe yucno. 3anaaum GopMy CBA3HOCTH Ha IMABHOM pacClOEliMu
P (S*,5U(2)) dopmynamu

wp = ad (p+@) ") A+ (7(D)) + 91 () 'dp1(p) mrn pE P,  (4.76a)
wp =2ad (p- ") A- (7(®) +p-(@) 'dp_(p) mn peP..  (4.766)
1-popmbl A: Ha Uz C S* nonyualorcs onyckanuem ¢opmsl CBA3HO-

CTH w Ha 6a3y C moMolublo CeyeHHM si(x) = x;'(z, e), rae € — eAUMHHLA
rpynnbt G (cM. (4.11)—(4.13)). U3 opHo3sHayHocTH (OpPMBI CBA3HOCTH B
nopgMiioroobpasun P, N P_ u dopmynsl (4.75) nonyuaem, 4to A, (x) u

A_(z) B Up N U_ ponxHbl ObITb CcBSi3aHbl CACAYIOIIMM KaJIMOPOBOUYHBIM
npeobpa3oBaHHEM:

A_(z) = ad (M(z))* A, (2) + (h(2))* d (h(z)) . (4.77)

2-popma Ha 6a3e, onuChIBalOIIAas HanpAXEeHHOCTh KaJIMOpPOBOYHOro noJjf, B
okpectHocTax Uy n U_ Bripaxaercsi popMynamu:

1
F+ =dA++'2‘[A+,A+] Pl :BGU+,

F = 1 (4.78)
F_=dA_+ —2~[A_,A_] ma zeU_,
npu4eM B nepeceyelinu okpectHocTed U, NU_
F_ = ad(h)*F,.
Je#icTBre B pacCMaTpMBacMoOH TEOPHH 3anHilIeM B BUAC
I 2
S=—||F||"=-= [ tr FA*F 4.79
llFI =15 [ 4.79)
Sd
(cp. (4.2) n (4.596)). PaccMOTpHM BEIHYHHY
|F + «F)) = / tr(F + +F) A(+F £ F). (4.80)

Sd

HUcnonniys cpoiictBa (2.26) u (2.22), HETPyAHO MOKa3aTh, YTO

|F £ «F||* = 2/trF/\*F:t2/trF/\F.
s 5
Tak Kak BbipaxeHue (4.80) HeorpHuaTenbHo, TO

y) 2
5> = 1CP), (4.81)
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roe meiictBue S onpepenseicsa dopmynoii (4.79), a BTopoe yncno YepHa —
dopmynoit (2.110) (cM Takxke (4.25)). Takum obpazoMm gnd Bcex Kondury-
pauui KaJiMOpoBOYHOH TEOPHH, 3aJaHHOH Ha pacCcIOCHHH P(S4,SU(2)) c
JAHHBIM BTOpHIM 4HcaoM YepHa C,(P), meiicTBMe Ha 3THX KOHHrypauu-
X OTPAHMYEHO CHM3Y BeNMYMHON 272 |Cy(P)|/e?, npuyeM MHHHMaIbHOE
3HayeHHe pocTuraetca Ha ¢opMax CBSI3HOCTH, YROBJCTBOPSIOWIMX YCJOBMIO
caMoIyansIlocTH

F =+F (4.82a)
UM YCIOBHIO aHTHCAMOAYanbHOCTH
F=—+F (4.826)

M3 ToxaectBa BbaHKM (4.556) cnenyeT, uyto (aHTH)caMopyaibHbie (POpMbi
CBAI3HOCTH YJOBJECTBOPSIOT ypaBHeHHIO ABUXeHHSA (4.55a) ¢ j = 0, T.e. Takue
¢dopMbI CBAIBHOCTH SIBJIAIOTCSI HHCTAHTOHHBIMHM PEIUCHHSIMH.

BriepBbie HeTpHMBHAILHOE HHCTAHTOHHOE pellieHHe B TeOopHH SHra—
Mwuica ¢ kanubpoBouHo# rpynnoi SU(2) O6buno HaineHo. benaBUHEIM,
MonsakoBbiM, TionkuHsiM M [liBapuem B ux pabore [BITLI]. ®opmyisl,
ONMCHIBAIOWIME OOBOJIBHO LIMPOKHHA KJIACC HMHCTAHTOHHBIX PEIUCHHH, ObLIH
npegnoxeHsl B paborax [Xo, Bu, K®]. dns ¢opMm Hag okpectHocThio U_
OHH MMEIOT BMI;

i v
(A-): = '2"7-_1'77_1';11/ (a In Q(z)) d:l:”, (4.83a)

(A)), = %quj,w (8" In &(z)) dz*. (4.836)

3pecs ®(z) — yHKuHA, KOTOPYIO elie NPEACTOMT OINpEeAC/IUTb, a T)ju, H
fljwy — MAaTpHLbl, BBEAeHHBIE *T X00hTOM:

6,,4+6 4
" Njpvs

Nikt = €kt Mjia = Ojiy  Mjpw = —Mjvy,  Tjw = (—1)
G,k, 1 =1,2,3; p,v=12,3,4). (4.84)
Ecnun Boipaxenue (4.83a) nogcraBuTh B ycioBMe caMoayanbHoOCTH (4.82a), To
Mbl NIPHAEM K CleAyloweMy ypaBHEHHIO Ha QyHKLHIO O(z):
0,0"%(z) _
P(x)

Ecnu ®(z) apnsercs peweHueM (4.85), To 1-dopma (4.836) ymomnerBopsieT
yCnoBHIO aHTHMcaMmopyanbHocTH (4.820). QOueBuarHoe peluerine ® = const
naeT cBA3HocTb A_ = 0 c HyneBbiM yuciaoM UepHa C,(P). HetpuBuanbHoe

pelueHHe, HalaeHHoe 'T Xoo(TOM, HMeEET BHI,

(4.85)

k 2
d@) =1+ (?_5’;?, (4.86)
=1
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roe g M @ — NPOM3BOJbHbIC BElIECTBeHHbIE MapaMeTpsl. [lpn k = 1
MbI TIOJIyYacM OJHOMHCTAaHTOHHOeE peleHue benaBuna, [Tonskosa, TionkuHa,
IlIBapua. OHO OMNMCLIBAET JOKAJIM30BAHHYI0 KOH(MHUIypaluio (MHCTAHTOH)
C LUCHTPOM B TOYKE @; M XapakKTepHbIM pa3MepoM p;. B nocnenymowmx
dopmynax Mbl OyaeM CHYMTaTb, UTO LIEHTp HHCTAHTOHA pacnoioXeH B TOYKe
a, = 0; nepexon K obuieMy pelieHHIo ¢ a; # 0 mocTuraercs 3aMeHoOl T Ha
T — a,. B okpectHocTH U_ pewseHHe HMEET BUA:

(A2); = Tnj,,yd:z:"a" ln(l + _p_,) =

(x)?
i 2’71#1'(3) i p’ |
d = ) -
2" T (@) + p? (z)? T T @2+ (h dh- ),, (4.87)

rpe orobpaxenue h : S> — SU(2) onpeneneHo cdopMynoit (4.74) n
(hdh7'). = infly, 2 dz” 72

C noMouwsio ¢popmyast (4.77) npu k = 1 nerko nokasarb, UTO COOTBETCTBYIO-
iec pelieHHe B OKpeCcTHOCTH U, HMMeeT BUA

@ (z)? 20 ()" dz”
( )2 -(h Idh)z (2)2 —Z‘%Tji”i(;)z_—a (488)

rae Mbl YWIH, YTO

(A1) =

(r”' dh)_ = iT,,.nk,,,,z"dz"/rZ.

®opmel A, u A_ peryaspubl B obnactsix U, n U_ COOTBCTCTBCHHO
dopMa A, CHHIYISpHA B TOYKe T = 00 («IOXHHI nomoc» chepst S*), a A_
cuHryasipHa npu r = 0 («ceBepHbiit nomocs). Pewenue (4.87), (4.88) asnsiercs
caMoAyaJibHbIM. AHTHCaMOAyaJibHOE pelleHHE MOJyYyaeTCcsl NpH NOACTaHOBKE
(4.86) B BoipaxeHue (4.836). OHo paBHO:

i 27_7_11/;f(z)" de* = (z )

B U,: A —---—(hdh "
Ty g ()2 + e g
i 2, o} p2 @)
U : A = _7;-7% — 1 (a7 dh),.
° 27 @t pt @ 2+Pf( )

I'naBHble paccioenus P(S4,SU (2)) M ¢GopMbl CBA3HOCTH Ha HHUX XapakTe-
PH3yIOTCsl BTOpLIM uKcioMm YepHa (cMm. (2.110))

1 1
C)(P) = o2 /trF/\F— ™ {/trF+AF++/trF_/\F_}.

54 U, U_
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B yactHocTH, dopma cBszHocTH (4.76) ¢ Ai, BplyMcaseMbIM TNo ¢op-
mynam (4.83a), (4.86), naet C,(P) = —k. Takoe pelleHHe Ha3blBalOT k-
MHCTAHTOHHLIM pelieHueM. Hanpumep, ansg pewenusa benaBuHa, [Toasikosa,
TionkuHa, [lBapua (4.87), (4.88) umeem

2 1.
F, =z'1'j—2(e4/\ej+—ej,-,e'/\el),
P 2

F_ = ad(h)F,,

1 48
GP)=--5— e'/\eZ/\e3/\e4:—l,

872 pj

Sd

rae Mpbl NONOXHWIHW panuyc chepsl s* paBHbIM p)/2 K BLIOpan¥ METPUKY Ha
cdhepe B BUDE:

— _df’i‘ia.:!f__ = 24:(3“)2
(l +T2/p2|)2 a=1 .

AHTHMMHCTaHTOliHOEe pelueHHe (4.89) maet Cr(P) = +1. TpagHuUHOHHO B
(hU3MYECKOH AUTepaTypbl B KaueCTBE TOMOJOrH4YeCKOM XapaKTEepHUCTHKH pac-
CNOEGHUS M MHCTAHTOHHOrO pElICHHS UCHOAL3YIOT BedHYMHy k = —Ch(P).
Ee Ha3biBalOT TONOAOTHYECKHUM MHOEKCOM, WJIH YMC/IOM HHCTAaHTOHOB, MM
uigekcoM [MoHTpsirMHa (B aHrAMHMCKOH JIUTEpaType 4acTo UCHOAb3yeTcs Tep-
MHUH winding number). 3amMeTHM, 4TO B MareMaTHYeCKMX paboTax Kjacchi
IMTouTpsirnna u yucna (MHpekchl) TTOHTpsirMHa BBOAATCS IS BEKTOPHBIX pac-
cnoeHni E T.e. (pacCloeHHH, Y KOTOPBIX CNOH — BEKTOPHOE NMPOCTPAHCTBO)
Y acCOLIMMPOBAHHBIX C HMMHU IMIaBHLIX PacCAOEHHUH CO CTPYKTYPHO# TIpyn-
noit GL(k,R), kotopas mus (fnceBno) pMMaHOBBIX MHOroodpasnii M Moxer
6biTe penyuuposana o O(k). OmHako, knaccel [lonTparuna p;(E) Bbipa-
XaloTcs yepe3 Kiaccel YepHa KOMIUIEKCH(HLIMPOBAHHOTO paccnoeHus E€ co
cTpykTYpHoii rpynnoi GL(k,C):

pi(E) = (= 1Y Co;(E°)

ds?

(cMm. [ETX], [KH] 1. 2).
Bonee obutee, yem (4.86) peurene ansi P(z) OGN0 NPEANIOXEHO B

paborte [JAHP]
k+1 2

&(z) = A (4.90)

__——2—-;
= (- a)

OHO cBODMTCH K (4.86) mpu @i, — 00, pry; — 00 C ycinoBueM pi.,/
a,2;+| = 1. PeweHue, noctpoeHHoe ¢ noMotublo GyHKuHHK (4.90), onuckiBaeT
k-MHCcTaHTOHHYIO KoHbHIrypalMIo U xapakTepusyercsi Sk + 4 rapameTpaMu
(oOwnii MHOXHUTEenb B (4.90) HecyuiectBeH, cM. (4.83)). Cnyyan k=1 n 2
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ABNAIOTCA ocOObIMM: NpH k = | pelleHMe xapaKTepu3yeTcs 5 nmapaMmeTpami,
npu k = 2 — 13 papaMmerpamM, €Ci¥ Mbl MCKJIIOYMM TNlapaMeTpbl, CBA3aHHbie
C KanuOpOBOYHBIMM TMNpeobpaszoBaHmsivu. B pabGorax [IlB], [AX3] ©6bino
NMOKA3aHO, YTO YMCIO BO3MOXHBIX CBOOOAHBIX TAapaMeTPOB k-MHCTAHTOHHOTO
pelieHMs B TeOpUM ¢ KanubposouHoit rpynnoit SU(2) paBHo 8k — 3. Takum
obpasoMm, ¢opmyna Jxakusa, Hona, Pe6bu (4.90) paer Haubosec oOllee
MHCTaHTOHHOE pelleHue s k= 1 u k = 2. B yacrHocTH, Haubonee o6INM
OIHOMHCTAHTOHHBIM pellieHHeM sBasieTcs pelleHue benaBunHa, Ilonsikopa,
Tionkuua, [lBapua. OHO sABAseTCH TaKXKe pelleHWEM HA HeTPHMBHANbHOM
PACcC/IOEHMN ¢ HANMEHBILMM deiicTBHeM S = 212/e.

§ 7. Iloas maTepuu

Ilyctp HaM 3agaHa kanuMOpoBouHasi TeOpHUs C KATMOPOBOUHOI Ipyn-
noii K Ha npocrpaHcTtBe-BpeMeHd M pasmepHocth dimM = d. 3to
O3HayaeT, YyTo Mbl MMeeM rAaBHoe paccioeHne P(M, K), 3ajawollce Kajium-
OpOBOYHYIO CTPYKTYPY TeopuM. TlokaxeM, Kak B reOMETPHYECKOM IOAXOIe
ONHCHIBAIOTCA TIONSE MAaTEPUMN.

Ilpeanonoxum, 4to M3 (HU3MUEeCKUX COODpaXeHMit cledyeT, 4TO
noJjie MaTepMM AOJXKHO NPeobpa3OBbIBATLCS 110 KOHEYHOMEPHOMY JIMHEHOMY
NPEeACTABIEHUIO p KATMOPOBOYHOIM rpynnbl K, T.e. OHO JOXKHO NIPUHUMATH
3HaYeHMUs B BEKTOPHOM NPOCTPaHCTBe V,, B KOTOPOM [T KaXAOro 3jieMeHTa
a € K onpepeneHo auHelHoe npeobpasosanue p(a) : V, — V,, peanunsyiouee
npeicrasnerue rpynnet K B V,, npuuem p(a,a;) = p(a,)p(a;). Iloctpoum
paccnoevne E = E(M,V,,K,P) van M co craHpaptHbiM cnoem V, u
CTPYKTYpHO#t rpynnoit K, acCollMMpoOBaHHOE C MIaBHbIM paccnoeHueM P =
P(M,K) (cm. § 8 rnassbi 2). Toraa nosne MaTepMH XapakTepM3yeTcs ce4eHUEM
B E vau, okeuanentHo (cM. Ipeanoxerue 2.9.2) orobpaxeHuem p : P — V,,
YVAOBAETBOPSIOUIMM YCJIOBHIO 9KBUBAPHAHTHOCTH:

po¥,=pa Yoy, acK. (4.91)

Cornacno ofpeaenenuio, faHHomy B § 11 rmasbl 2, otobpaxeHue @
SAABNISETCH NCEBAOTEH30pHANbHOI dopmoit Tuna (p, V).

Iloka Mbl TrOBOpMJM O CBOJMCTBAX NOJII MaTeEPUMUM C TOYKMU 3PEHMs
KanMOpoBouHbIX Mpeobpa3osaHuil. Ho 310 none obnanaer euie onpeaeneH-
HBIMH TEH30pHBIMM CBOMCTBAMM C TOYKHM 3peHHUs npeobpa3oBaHMii mnpo-
CTpaHCTBa-BpeMeHU M (HMXe B KauyecTBe MNpUIOXeHMH oblieii Teopumn
Mbl pacCMOTPMM CKalsipHbie W crnuHopHble mnons). Ceityac Mbl 06CcyanMm
MMEHHO 3TOT acHeKT TeOMETPUYECKOro nojxoja K ONUCaHHUIO MoJieil Ma-
TepuM. TlpocTpaHcTBeHHO-BpeMeHHbIE CBOJMCTBA TEOPMM XapaKTepH3YIOTCH
paccnoeHueM AMHeitHbiX penepos L(M) = L (M, GL(d; ]R)). B ¢bu3uke M
oDbIYHO paccMaTpHUBaeTCs KaK TICEBIOPHMMAHOBO MPOCTPAHCTBO, T.€. CHab-
XaeTcsi MeTpukoit v (cMm. §4 rnasbi 3). Mbi OyaeM cuMTarb, YTO CHUrHaTypa



122 I'naBa 4. T'eoMeTpHyecKoe omHCaHHe DOJIEH

MeTpUKHM signy = (—,+,+,...,+), T.e. ¥ Hac B Kaxaoit Touke ¢ € M
MMecTcs oaHa BpeMeHHass koopauHata M (d — 1) npocrtpancrtBeHHas. Kak
yXe ToBOpuinochb, Nnpu 3T10M paccnocHue L(M) peayuupyercs 1m0 paccio-
€HUA OpTOHOpPMaNbHbIX penepos O(M) = P(M,O(],d— l)). Ecnmn M
OpPMEHTUPYEMO, TO MpeAllONOXMM, YTO Ipynioii CUMMETPUM TEOPUU SBIA-
ercs rpynna SO(1,d — 1) — cea3Has komnouneHta O(1,d — 1), coaep-
Xalllasi eamhuuy. Takum obpasom, Mbl Gynem paccMaTpuBath paccioeHue
O = P(M, S0(,d - l)). Ilyctb none martepuy npeobpasyeTcs no fnpen-
crapnednio T rpynnbet SO(l,d — 1), peiicTByioilieMy B npoctpaHciBe Vip.
[loctpoum paccioeHne W = W (M, Vp, SO(1,d - ]),5) , acCOLMMPOBaH-
Hoe ¢ mMiaBHbiM paccioeHueM. [lone Matepuu xapakrtepu3yercsi cedeHMEM
B W win orobpaxeHunem ¢ : oO—W, YIOBNETBOPSIOLIMM YCJIOBUIO 3KBUBa-
PHAHTHOCTH

poWy =T(A Moo, (4.92)

rae A € SO(1,d—1). Takoe onucaHme He BcTpeyano 6bl HUKAKUX TPYAHOCTEH,
ecam Obi Bce npeacraBnenus rpynnsl SO(1,d — 1) 6blin ogHo3HaYHbIMU. On-
HaKO XOpOUIO M3BECTHO, UTO Y 3TOH Irpyniibi €CTh ABY3HAYHbie NPeJCTaBIeHHUS,
YTO CBSI3aHO C HEONHOCBSI3HOCTBIO (TOYyHEE, ABYCBA3HOCTbIO) CaMOii Tpymniibi
S0(1,d — 1) (cM. [TTo]). Ans toro, 4tobbi H3bexatb 3TOH TPYOHOCTH, HAlO
¢ camoro Havana 3ameHutb SO(1,d — 1) ogHOCBA3HOJ Ipynnoii, yCTpoeHHO#R
B OKpEeCTHOCTM eIMHHMUbI Tak Xe, Kak SO(1,d — 1). Oxka3biBaercs, YTO WA
mo6oit cea3Ho¥ rpynnel JIn G cyluecTByeT CBsi3Hast OQHOCBsi3Has Tpynna
JIn G, nokanbHo usomopHas G. D1a rpynna G Ha3biBaeTCs YHUBEPCANBHOM
HakpbiBaloweid rpynnbi G (cM. Tlprwnoxenue 5). s G = SO(1,d — 1)
YHUBeEpcaibHasl HAaKpPbIBaIOLIas TPynna MMeCT YMCIO HAKpbiTHA z = 2 1 060-
3Hayaercs G = Spin(1,d — 1). Takum o6pa3omM, Mbl JOJXHBI pacCMaTPUBaTh
rnaBHoe pacciioenme OS = P (M, Spin(1,d — 1)) ¥ acCOUMMPOBAHHOE C HUM
paccnoeHne WS =WS (M, Vb, Spin(l,d — 1), OS), rie Vp — npoctpaH-
cTBO mpelcraBneHust rpynnbl Spin(l,d — 1).

AN wiiocTpauMM MaTepMana, M3JIOXEeHHOro BbiHlle, Mbl pACCMOTPUM
ceifuac cnyvaii, korna M = M* — npocTpaHCTBO MMHKOBCKOIO, a Y €cTb
IocKas MeTpuka MuHkosckoro, 1), = diag(-1,1,1,1) (#,v =0,1,2,3). B
KauyecTBe NPOCTPAHCTBEHHOM Ipyniibl CUMMETPMM TEOPMM BO3bMEM CODCTBEH-
Hyio rpynny Jlopenua, obo3HauaeMyio LL. Ee 3nemeHTbl (MaTPHLIbi pa3MepOM
4 x 4) octaBnsOT MHBapHaHTHOH dopMmy (z,y) = 2°y’ — xy = —n,z"y" ¥
yaoBnerBopsior ycaopuaM detA = +1, Ag > 1. YHuBepcaibHOH HaKpbiBa-
oumed Wis LL apnsietcss rpynna SL(2,C) — rpynma BceX KOMIUIEKCHBIX
maTpull 2 X 2 ¢ JeTepMHHAHTOM, paBilbiM 1. HakpbiBaioluii romoMopdusM A
3apgaerca caeayiomum obpazom. O603HauMM uepe3 e, maTpuubl ¢y = 1,
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e =7 (1= 1,2,3), ; — marpuupi [Taynu, a yepes £ — MaTpuuy
0 3 1.2
_pu _fTt+z r —1z ) Mt
z=2zle, = . T .
e €u (zl_l_nz 22— ) €
Torna, ecin A € SL(2,C), T0 Mbl MMOCTaBMM €l B COOTBETCTBHME MATPHLY

A=2XA) € LIL, YIOBJIETBOPSIOLIYIO COOTHOIUEHHUIO
Az = AzA™. (4.93)

HetpyaHo nokasatb, uto A : A — A ectb roMomopdusM M JIOKAAbHbI

H30MOpPGU3M M YUCHO HAKpbiTHA 2(A) = 2.
Ecaun Mbi umeeM Hekortopoe mnpeacraBienne D : A — D(A) rpynnbl

SL(2,C), To npeacrasnenyne (0AHO3HAYHOE WIHM ABY3HAYHOE) AIA LIL MOXHO

NoJIYyiHUTb, noJiaras .
T(A) = T(A(4)) = D(A). (4.94)

INpeactasieune T rpynnbt LIL OIHO3HAYHO TOrZa M TOJbKO TOrAa, Koraa
D(—A) = D(A). HenpuBoauMble koHeuHOMepHbie nmpeacraBienus SL(2,C)

XapakTtepu3yiotcss napod (J,k), roe j M kK — uenbie WIM Monyuenbie
HEOTPULATENIbHBIE YUCHA.
B uacrHoCTH, HMeeTca 1Ba HEIKBMBAIEHTHbIX NPEeACTaBIEHUs (%,O) %

(0,3), meiictyiomux B mpoctpatctse C?, T.e. B MPOCTPAHCTBE ABYXKOMIIO-

1
" 5,0
HEHTHbIX ClTMHOPOB. OnepaTopbl 3TUX NMPEACTABIEHUI paBHbI D(z )(1_\) =A

!
7| 'D(O’Z)(A) = A*. KOMNOHEeHTH CMHHOPOB MpeaCTaBleHUs (%,O) 0003Ha-

4aT &, (a = 1,2), a npexctasnenns (0,3) — £a(@ = 1,2). Mbl MOXeM
paccMaTpuBaTh TaKke M NpuMBOAMMbie mNpeactaBieHus rpynnbl SL(2,C).
B ¢u3nke BaxHyio ponb urpaer npeacraBieHue JMpaka, KOTOpOE siBNsieT-
csi NpsiMOt CYMMOIt IByX HedKBMBaJIEeHTHbBIX MpeICTaBleHUH (Takoro pozia
MpeACTaBlieHUs] Ha3biBalOTCA BIIOIHE NMPUBOANMBIMH):

1
p(i0) g p(®4). (4.95)
OHo eiicTBYeT B MPOCTPAHCTBE AMPAKOBCKHMX (YETHIPEXKOMIIOHEHTHBIX) CITM-

HOpOB

W:(g), (@a=1,2, B=12).

B cuny nokanbHoro nzomopdgusma rpymnn LL n SL(2,C) nx anrcopbi
JIn coBnmagaioT. B OKpPeCTHOCTM edMHMIbl 3JJCMEHTbI TPyNbi LIL MOXHO
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rnapaMeTpH30BaThb C [IOMOILIbIO BELIECTBEHHBIX AHTHCHMMETPHUHBIX 4 X 4
matpuu 8 = (6,,) = (—6,,) 1o dopmyne

A= e (4.96)

rae ¥ — sneMeHTbl anre6pbl JIM rpynibi LL, Ha3biBaeMblie OflepaTOpaMH
MHPUHUTEIUMATBHBIX JIOPEHLOBBIX BpallieHMIA:

I = ek + 15,
B 31O Xe OKpEecTHOCTH olepaTopbi NpeACTaBlieHUs UMEIOT BUA
T(A) = e3 %" 0 (4.97)

PaseHcrBa (4.96) u (4.97) 3anaior npeacraBieHue anredpbl J1u rpynnbi LIL:
X® =7'0"), : (4.98)

COoOTBeTCTBYIOLee npeacrasneHuio I'. Hanpumep, st nipeacTraBAeHUs (%,O)
1 1
Gy = _L(ere - orem).
) = -7 (" - &)

Marpuubi e, Gbinn onpeseneHbi Bhille, € = 1, & = —1;, e = 7',
ét = n*é,. Nna npencrasnenus (4.95)

7(30)e(0:3) vy = %2"" = _‘_: (T*1* - T'T*), (4.99)

rne T#* — wmarpuub Jdupaka (cm. [BIL], [BIII1]). JdocraTtouHo noapobHoe
obcyxaeHMe FeOMETPHHM MpOCTpaHcTBa MMHKOBCKOTO W CBOMCTB TpYiibi
JlopeHua MoxHo HaiTH B KHMre [BJIOT].

BepHeMcsi cHOBa K oDuleMy nceBlOpMMaHOBY MHoroobpasuio pas-
MepHOCTH d M pacciioeHuaM OS un WS, BeegeHHbiM Bbilte. Ceifyac Mbl
M3JIOXHM CXeMy OfMCaHMsi nofeil MaTepMHM B pPaMKaX reOMEeTPHUYECKOro fnoj-
X0Ja, KoTopas YYMTHIBAaeT eAMHbIM 06pa3oM KaK KafuOpoBOuHbie, TaK M
NPOCTpaHCTBEHHO-BpeMeHHbie CBOMCTBA Teopuu. O003HauMMm 4vepe3d C npsi-
Moe npousseneHue rpyni Spin(l,d — 1) X K ¥ nocTpoMM MpsiMylo CYMMY
riaBiiblx paccnoennit Q = OS @ P, xotopas onpeAesercs Tak:

QM) = {(u,p) € OS X P :mos(u) = 7p(p)},

rie Mps M Tp — KaHOHUYECKHEe NpoeKiu B OS u P CcOOTBETCTBEH-
Ho. OueBnaHo, Q(M) sABAsiETCs [JIABHbIM PacCIOEHHBbIM TPOCTPAaHCTBOM
co crpykrypHo# rpynmnoi C = Spin(l,d — 1) X K; peiictBue CTPYKTypHOIli
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rpynnbl B Q Oyrem obo3navarb ¥, ¢ € C. Ilyctb none matepuu npeobpa-
3yercst no npeacrasiennio 8 = (D, p) rpynnbl C, T.e. OHO Mpeobpa3syeTcs
Mo MpeACTaBAeHUIO p KanubporouHoit rpynnbi K M ABIAECTCH CNMH-TEH-
30poM, mnpeobpasyoiluMcs no npeacTtapneHuio D oTHocuTenabHO AeHCTBUSA
rpynnbi Spin(1,d — 1). TlpoctpaHcTBo npeactaBieluss & obosHauuMm Vj;
ouesuaHo V; = Vp @ V, (TeH3opHoe npousseneiine). Ilocrpoum paccrnoenue
Y(M)=Y(M,VsC,Q), accounnpopaHHoe C IMaBiibiM pacciioenneM Q. Ilo-
Jie MaTepMH onpeaenaeTcs Kak ceyeHue (Boobiue roeops, JokanbHoe) Y (M)
WIN KaK 3KBHBApHAHTHOE OTOOpaXeHHE

0 : QM) — V;, (4.100a)
poW,.=6(c Yoy, c€C (4.1006)

(cp.(4.91), (4.92)). Benuunna @(q), q € Q, ABIAETCS INEMEHTOM MpPO-

cTpaHcTBa V; M XapaxTtepu3yeTcss KOMOHEHTaMH ((p(q)); OTHOCHTEJILHO
Hekotoporo 6a3uca B V5 = Vp ® V,, roe uMhiaekc a HYMEPYIOT BEKTOpPbi
6asuca npocrpalcTea Vp (Hanpumep, CNMHOPHBIA MHAOEKC B clyyae CIM-
HOPOB WM JIOPEHUEB WHAEKC A 4-BEKTOPOB), a MHIEKC ¢ — BEKTOpPHI
6asuca npoctpaHcTea V, («BHyTpehHui» uHaexkc). Toraa nevictBue 6(c) c
c=(A,a) € Spin(l,d — 1) X K 3anucbiBaerca B CTaHAapTHOM BHUJE:

(5()p(@)", = DAY pla)ip(a-

Ilyctb 3agaHa kanubpopouHasi cBa3HOCTb w B P(M, K') v anueiiHas cBA3HOCTDb
B M, 1.e. B HallleM cayvae cBsA3HocTh T B OS (M, Spin(1,d — l)) . Tem caMbiM
3amaHa CBA3HOCTb it = (T,w) B Q(M) co 3HaueHHAMHU B ¢ = s @ € — anrebpe
JIn rpynnet C, toe s U € — anreSpbl JIu rpynn Spin(l,d —1) u K (s
cosnanaet ¢ so(l,d — 1) — anre6poii JIu rpynnbi SO(1,d — 1))). CornacHo
Ilpemnoxenuio 2.11.4 xoBapuaHTHasi npon3pogHas 3Toil ¢GopMbl CBA3HOCTH

paBHa
Dy = dp + §' (1), (4.101)

rae ' — nuddepeHuman orobpaxeHus §, 3alaloLiMii npeacTasBielive aire-
6phi ¢ B V5, oTBevaiowee npeacrapnenusam D' anrebpbi s B Vp u p' anrebphi €
B V,:

fpwp=(D'(n)ely) e+ (1y, ® P'W)) @, (4.102)

rae 1y, u 1y, — TOXmecTBeHHbie npeobpasosanust B V, u Vp coorser-
ctBeHHo. Ecau mbl Tenepb noctpouM M3 (4.101) narpaHxuaH nonas ¢, TO
TEM CaMbiM Mbl ONMULIEM B3aMMOJCIHCTBHUE TMONS MaTepMM C KajaubpoBod-
HbIM M TpaBUTAUMOHHBLIM MONAAMHU. B3aMmoaedcTBua Takoro Turma, Kak yxe
rOBOpWJIOCH B I1aBe |, Ha3biBAIOTCS MUHUMANbHBIMH.

Ona Ttoro, 4robbl nepeiiTH K o6bIUNBbIM TMOASM Ha M, Hajgo, no
aHAIOMMM C YUCTO KaaubpoBouHoi Teopueit (cM.§1 rnaBbi 4), BbOpaTh

N
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JIOKaJIbHOe ceuyeHue 0 : M — Q(M), 4TO 3KBMBAIEHTHO BbIOOpY ceueHMH
s:M — P(M,K) nt: M — OS(M,Spin(l,d — 1)). Kax Mbl yxe 3naem,
BbibOp ceueHuss s B P o3HayaeT Bbibop KanMOpOBKM, a BbiGop ceueHus i
B OS — BbiGOp MOABMXHOIO OPTOHOpPMHMpOBaHHOro penepa {e;} B M
(T.e. BoiBOp JNOKaNbHOM cucTeMbl KoopauHat). Torma mosne Marepun B M
onpenensierca Kak

e =c*p=poo (4.103)
wm ©'z) = p(a(x)), £ € U, U — okpecrHoctb B M. IMycts o' : U —
Q(M) — npyroe ceuenue B QM) u d'(z) = Vyqo(z), rae c(z) € C.
TMonb3ysicb 3kBUBapHaHTHOCTBIO (4.1006) otobpaxeHus ¢, nonyyaem

0 (@) = ¢ (¢'(@)) = ¢ (Tor)9(2)) = (90 Vuiwy) (0(2)) =
=5 (c(z)")go(a(z)) =8(c@))e@).  (4.104)

Ilpeobpazoranne ¢ dyHkuuel c(z) = (e,a(:v)) (e — eanmnuua B Spin(l,
d — 1)), nNpU KOTOpPOM H3MEHAETCH TOJbKO CeueHHUC s B P, COOTBETCTBYET
KaIMOpPOBOYHOMY NMpeodpa3oBaHMIO Mo <p(‘”(m):

" (z) = (nv,, ® p(a(z)“)) 0 (). (4.105)

TMpeobpasosanue ¢ dynkumeii c(z) = (A(z),e) (3nech e — emunnua B K),

MIpY KOTOPOM M3MEHSETCS TONBKO ceueHue £ B OS5, COOTBETCTBYET NOKANBHOMY
npeobpa3oBaHMIO CHUCTEMbl KOOPAMHAT B M':

0@ = (D Az ) ® nv,)<p“”(z). (4.106)

BbiuMCIMM Tefepb KOBapMaHTHYIO npou3soanyio nons ¢'”. o onpe-
aenedmio Dp? = a*Dyp. Torna, cornacho (4.101),

Dsp(a) =g (d‘P + 5’(11)‘/5’) — dsp(a) + 5’(0'*11)‘/5’(”) —
=dp” + D' (') + p' (AN,  (4.107)

rae Mbl O4eBUIHBIM 00pa3oM ynpocTHIH 3anuch (4.102). l-d)opMa‘A(") =s*w
Ha M onucbiraeT KanubporoyHoe mose U Obuta BBeaeHa B §1 miaebl 4.
Ecnin ¥ — 6asuc B anrebpe Jiu s rpynnt SO(l,d — 1) (p,v = 0,1,
2,...,d — 1), 10 orpanMuuBas (3.16r) Ha paccioeHMe OPTOHOPMANbHBIX
penepos, nojy4yaeM

1

t*T = -iryﬂpl"pdzﬂ,
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rae I'yyp = 'y,,,,I‘Zp — cumponbi Kpucrodens. Torma BTopoe ciaraemMoe B
npapoi uactu Bbipaxenus (4.107) pasHo

I
D'(E' )" = ST pupde” (X"Pgo“”) , (4.108)

rne X7 = D'(I"?) (cp. (4.98)) — reHepatopbi npeacrasieHuss D rpynnbl
Spin(1,d — 1), no kKoTopoMy npeo6pasyercs none .

PaCCMOTDHM B KQ4YC€CTBE MPUMEPOB CKAASApHBIC U CITMHOPHDbIC MOJA.

1. Ckansipante mons. Ckasipioe none Ha M npeobOpasyerca no
TPUMBHAIbHOMY NpeacTasieHuio D rpynnbt Spin(l, d— 1) win, 3kBUBAIEHTHO,
no TpuBuanbHOMy npeactapieHuio T rpynnbl SO(1,d—1), 1.e. T(A) n D(A)

CYTb eAMHUYHbIE onepatopbi A1 Bcex A € SO(1,d — 1) n A € Spin(l,d - 1)

coorBercTBeHHO M D'(X) = 0 ans Bcex X € s. IlosTtomy, B HaHHOM
cllyyae MpeablAylIMe pacCyXAeHHss MOXHO ObUIo Obl MPOBECTH TOABKO C
ucnoib3oBaHueM paccioennt P(M,K) v E(M,V,, K, P). Tlpeanonoxunm,
YTO CKaJisipHoeE foje ¢ npeodbpasyercsd Mo HETPUBMATbHOMY MpPEACTABJIEHMUIO
KaTMOPOBOYHOM Trpynnbi; MPU ITOM OObIYHO €ro Ha3blBalOT TojeM Xurrca.
Tak, B TeopuM 3eKTpociabuix B3auMmoneiicteuii Bajinbepra—Canama K =
SU((2) x U(1), p — dynnamenTanbHoe npeacrasienne u V, = C?. B mozenn
Hxopukn—Inauwoy K = SO(3), p — npUcOCAMHEHHOE MpeacTaBieHue,
V, £ £ = so(3) (xak BeKTOpHOe NpPOCTPaHCTBO) — anrebpa JIu rpynmbi
SO(3). CornacHo (4.101)

Dy = dp + p'(w)p. (4.109)

®opmy creneHu d Ha M, MHBApMAHTHYIO OTHOCMTEJIbHO Kanubpo-
BOYHBIX npeobpa3oBaliMi M SBJIAIOLLYIOCS JIarpaHXHaAHOM TEOpHMH, ODBIUHO
BbIOMpAIOT B BUIE

L = (DY A DY b + Uhijo 0 )dvy, (4.110)

rae h;; — MeTpuMuecKMil TeH30p p-MHBapMaHTHOH MeTpuku B V, (¢ —
MHIEKC, OTHOCAIIMIACS K NPOCTPAaHCTBY npeacTasienus V,), U — ckansipHas
dyHkuus, urpaioiias poib noTeHUMana caMoaeicTeus, a dvy = \/I'y—ldmo A
de' A ... Adz?' — snement o6bema B M.

B kauectBe npumepa paccMOTpuUM abesieBy KaJMOpOBOUHYIO TEOPHUIO,
XapaKTepu3yeMyio IJIaBHbIM pacciaoenueM P = M X U (1) (3neKTpoaMHaMMKa).
CkansipHoe roJjie B 3TOH TEOPHH OMNMMCHIBAETCS IKBMBAPDUAHTHBIM OTOOpaXe-
HueM ¢ : P — V, = C (Bce xoHeuloMepHbie npeacTabieHus rpynnbi U(1)
OIHOMEpHbI):

po¥, = p(a._‘)<p, acU(l).
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Mbi peaiu3yeM npeacTasieiine p CleAyloliMM 00pa3oM:

p(a) — eiea.
3mecb e — HeKOTOpasi KOHCTaHTa (3apsia noast ). KanubposouHoe npeobpa-
3osaHue (4.105) BHIMISAUT TaK:

0 (z) = p(a(@) ) (2) = e @), (4.111)

rae KanubposouHas GyHKums a : M — U(]) cBA3biBaeT ce4eHUs s M §':
s'(z) = W, (z)s(x). YToObl 3anmucaTh KOBapMaHTHYIO MPOU3BOAHYIO B SIBHOM
BMIE, BbYMCAMM BenanuuHy p'(A), rme A € €. Tlyctb none A MHAyuupyer
ofHOMapaMeTpuueckyio noarpynny a; = exp(t4A) 8 K = U(1). Toraa

d d d ;
/ =o(= = — = — et =1
plde)=p (dtat|t=o) dtp(at)|t=0 i’ lizo ted.
HUcnonb3ys 3Ty dopMyiy, nojyyaeM BbipaXeHHWe IUiss KOBApMAHTHOW MpPOMU3-
BonmHo¥ (4.109)
(Dp)(X) = dp(X) + iew(X)p, (4.112)

rie X — BekTOpHOE noJjie Ha P.

BepHemcsi k obOlleMy cayyalo CKaisipHOrO noJjia B KaaubOpoBouHOH
TeopuM Ha M c¢ kannbpoBouHoi rpynnoit K. BaxHyio pojib B TEOPUH 1103
UTpaeT sibJicHWe CMOHTAHHOrO HapylueHHUs KaIMOpOBOYHOM CHMMETPHUH, BO3-
HMKalolllee B TOM Cilyyae, KOrla OCHOBHOE COCTOSSHHE CHUCTEMbI BbiPOXAEHO.
Ha reoMeTpHuecKOM si3blKe CMOHTAHHOE HapylieHHEe CMMMETPHUM O3HAayaer,
YTO CyWIECTBYeT riobanbHoe cevyenne ¢ : M — E = E(M,V,, K, P) TaKoe,
uto P(z) = o € V, mnst Bcex £ € M, rae g — OAHO M3 OCHOBHBIX CO-
crosiiuii B Teopuu. Hanpumep, ecau noreHuuan ckaaspHoro nonas B (4.110)
MUMECT BHMI U(|<p|2) = c(l(pl2 - p2)2, rae ¢ M j KOHCTaHThi, TO g = puf ¢
eAMHUYHBIM BeKTOpoM & : |£|2 = h,-jg'gf = ]. Ilyctb H — crauuoHapHas
noarpynna Touku @o B V,, 1.e. H = {a € K : p(a)po = po}, 1 o sABAA-
€TCs HayaioMm OfHOopoaHoro npocrpanctea (opburbi) K/H. B 3TOM ciyuae
ceyeHue ¢ akTH4eCcKH sBIseTCs ceyenneM paccioennss E(M,K/H, K, P).
Torna, cornacHo Ipeinoxenmio 2.9.3, paccioenne P(M, K) penyumpyercs
K paccnoeHuio @ = Q(M,H). HanomHuM, uyto noapaccihoeHue @ C P
onpeaensiercsi ycnosueM Q = {q € P : p(q) = o}, rae ¢ — oTobpaxeHue
u3 P B V,, onuceiBaiollee CKAIApHOE Mojie M OTBEYaioliee Ce4EHHUIO @.

O6biuHO TpebyioT, YTOObI MPH CMOHTAHHOM HapylIeHUM CHMMETPHH
ans KOHGHUrypauuu o BeinonHsnoch ycaosue (Do) (X) = 0 mns Beex
g € @ nBcex X € X(Q). Tak xak (dpg)g(X) = 0, 10 u3 (4.109) caenyer, uro
(Dpg)g(X) = 0 Bieuer

P (wg(X)) o = 0. (4.113)
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OTO paBEelCTBO O3HAYaeT, UTO OrpaHHYeHME W = w|p (POPMBbI CBA3HOCTH w
ita @ ectb h — 3naunas dopma B Q@ (h — anreopa JIn rpynnet H), T.e.
CBAA3HOCTb B P peAyumpyercst K cBsi3HOCTH B @ (cMm. § 10 rnaBbi 2).

Taxum oOpa3oM, B ciayyae CMAOHTAHHOTO HapyLIEHUsi CUMMETPHMH
KanubposouHas rpynna K Hapyulaercs no cpoeii moarpynnbl H, Teopus
3apnaeTcsi paccnoeHneM Q(M, H) n cBI3HOCTBIO B HEM.

B cuny Illpeanoxenus 2.9.3 um paseHcrBa (4.113) BepHO obpartHoe:
ecnu paccnoeHne P(M, K) peayumpyercs K Q(M,H), H C K u cBA3HOCTb
B P pelyuMpyeTcs K CBSA3HOCTU B ), TO B TEOPMHM MMECT MECTO CIIOHTaHHOE
HapyleHue cMMMETPUHM H (D) (X) =0 nnsa Bcex ¢ € @ n X € X(Q).

B kavecTBe npuMepa pacCMOTPMM CRIOHTAHHOE HApYILEHHUE CHMMe-
TPHUHU B KanMOpPOBOYHON TEOPHMH, XapakKTepu3yeMmoil IJIaBHbIM pacciloeHUEeM
P = 5% x SO(3). MNycrb ckansipHoe fose npeobpa3yeTcss Mo BEKTOPHOMY
TPEXMEPHOMY MpeacTasieHuio p rpynnbi SO(3), npu stom V, = R>. Mbi
GyleM mapaMeTpM30OBaTh TOUKM Gasbl M = S? BekTopoM 7 = (2,9,2) € R?,
rae z° + y2 +22=1. DKBUBapHaHTHOE OTOOpaXxeHue ¢ : P — S?, onuchi-
BaiOLliee CKANSPHbIC MOAS, MOXHO 3aqaTh CJAEAYIOWIMM OOpa3oM: Ui TOYKHU
(7,a) € §* x SO(3) = P (7 € §%, a € SO(3))

o(7,8) = pa” )i f(z,y, 2).

OueBuaHo, TouKa 7o = (0,0,1) € 52, ABIAIOWIAsACS «CEBEPHBIM» [TOIOCOM
cepbl, OocTaeTcs Ha MecTe MpU BpalleHMM BOKPYr Z-OCHM, T.€. MpH Mpe-
obpazoBaHusix M3 noarpynnbi H = SO(2) C SO(3). Ecin B TeopuH ecTb
BaKyyMHOE€ COCTOSIHME CO 3HaUYeHMSIMHU TIOAs g = T € stcv , TO MpOMUC-
XOIMUT CMIOHTaHHOE HapylleHUEe CUMMMETPHMM M paccioeHue P = S? x SO(3)
peayunpyetcs k paccnoernio Q = {(#,a) € P:a”'# = #o}. Otciona BumHo,
YTO TOYKM () HaxomsiTcs BO B3aMMHO-OZHO3HAYHOM COOTBETCTBMM C JJe-
MeHTaMu a € SO(3), T.e. Q = Q(S2,SO(2)) 2 SO(3). TakuM 06pa3oMm,
peayLiMpOBaHHOE pacciioeHue () ecTb paccioeHue MOHOIMOABHOIO THMNa (Tak
Kak SO(2) Z U(1)), npuueM HeTpUBMANBHOE, OTBeUaloOlllee MEPBOMY UHUCAY
Yepuna C(Q) = 2.

2. Counopnbie mons. PaccmorpuM  anre6py Matpuu Jupaka I
(e = 0,1,...,d — 1) npoctpaHcTBa M, peajuM30BaHHYI0O MaTpHMLAMHU pa3-
mepa 292 x 24/2 ([z] — uenas wactb uMcaa ), yAOBIETBOPSIOLINMH
aHTMKOMMYTALIMOHHOMY YCJIOBHIO

{r*,r'y = -2,

rie aMaroHanbHasi MaTpuLa 17“" = diag(—1,1,..., 1) ecTb MeTpHueCcKHii TeH30p
TJ1I0CKO# METPMKH. DTH COOTHOLUEHUS OTIMYAIOTCH OT OOBbIUHO MCITONb3yeMbIX
3HaKaMy mepen 17“". OnHako nipM HauleM BbibOpe CUTHATypbl METPHMKM 3TO
ofpenenenye npeanouturenbHee, T.K. Torma (')t = —I'y, u marpuua |

5 3ax. 311
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apmuToBa. [T0ITOMY 11 CTMHOPHOTO MO % MOXHO NonoxXxutb ¥ = ¥+ I, u
BeipaxeHue Y%y GyleT BeKTOPOM C MOJOXMTENbHO ONpeaeneHHO HyleBoi
KOMIOHEHTOM.

CnuHopHoe nofie ¥ B M npeobpa3yercs no CMHOPHOMY FfipelcTa-

BaeHuio rpynnst Spin(l,d — 1) pa3MepHOCTH 219/ Ecnu d YeTHO, TO 3TO
npeacTaBleHUe TMPUBOAUMO M MOXET ObiTb pa3/ioXeHO Ha JIBA HENpHUBO-
IMMBIX MpeACTaBNeHUs, OTBEYAIOIUX Pa3/IMYHbIM COOCTBEHHBIM 3HAYEHHSIM
.\ 442 —

orneparopa KHPaJlbHOCTH rétt = (3)2 rrt ..l Tlyctb D — cnuMHOpHOE
npeacrabieHue rpynnsi Spin(l,d — 1), a D' — coorBeTcTByIOllEE MY Npel-
craplieHHe anrebpbl G; reHepaTopbl npeacrapieHns D noayyaloTcs paBHBIMH
'D'(e“b) = -1 I‘b] Boipaxenue (4.108) B aTom cn NMPUBOAUT B

= —4[I',T"]. Boip. . M Cllyyae NPHBOAMTCS K BHIY

1
Tog¥ (o) __ bl , o
D't'ryw'” = —§I‘,mbda:" [re,1°]9’,
rie I‘,,ab = ].",,,,‘L,e',;e,“,7 , @ MaTpMLbl e, CBA3bIBAIOT MOIBUXHbI OPTOHOPMMPO-

BaHHb!# penep {ez} ¢ J,. [To3TOMY KOMMOHEHTa KOBAPHAHTHOM NMPOU3BOLHOM
(4.107) nonyyaeTrcA paBHOIA

Dy = (DY) (0y) = 8,9 + 7,97 + p' (4D) 9, (4.114)
rae cnMHoBast CBA3HOCTb T, €CTb

1
Ty = —gl‘,mb [Fa, Fb] .

Ilpn npeobpa3oBaHuM cucTeEMbl KOOpAMHAT B M ¢ NOMOWBIO 3d1eMeHTa
rpynnbl SO(1,d — 1) npeo6pa3oBaHHe CIIMHOPA BHIIIAAUT TaK:

,‘/](U')(m) — e%[[“,l"’]ﬂ.b,‘/](a)(m))
rie o' = Y0 (cM. (4.106), cp. (4.97)). JlarpaHxkuaH Wis CIMHOPHOTO MOJA

¥ (x) umeer Bug

i
L= { EJ“”I‘“eL‘D,,zp‘”’ + h.c.} dvy.
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OcHoBbl Teopuu anredp Jiu

Anre6pbl JIu BHayane BO3HMKIM Npu aHanu3e rpyrnn JIu, Ho 3aTeM
CTajd OOBEKTOM CaMOCTOATEABHOIO H3y4yeHHs. AMNMapaT TeopHH anrebp
JIn aBnsgercd MOIUHBIM HMHCTPYMEHTOM HMCCIEAOBAHHMA CBOMCTB Ipyln M HX
npeacTapiaeHyil. OH MHTEHCUBHO MCIIOAB3YETCA TAKXKE B COBpEMEHHOMN TeopHM
nons, HanpuMmep, NMpH U3ydeHUH TpaHChopMalMOHHBIX CBOWCTB MNojeil, Npu
aHanM3e CXeM HapylleHHs KanuOpOBOYHOW CHMMETPHMM, MPH HCCACAOBAHUH
KBapKOBOH MOJC/IH ajpOHOB, B 3a4a4aX O pa3MepHO# pEAyKLMH MHOTOMEPHBIX
Teopuit M T.A. B HacTofluci rnaBe Mbl BBEAEM OCHOBHBLIC MOHATHSA TCOPHUH
anre6p JIn ¥ obcyanm cTpykTypy anre6p JIu. B rnase 6 atoT MaTeMaTHyeCKHi
anmnapar 6ynet MpUMEHEH K MOCTPOECHHIO Moaeae XHrrca B paMKax METoJa
pa3MmepHoit peaykuvu. g Gonee ryGoKoro usydyeHusa Teopuu anredp Jin
MOXHO pekoMeHAoBaTh KHUrn JIxekobcona [x], I'oto un I'poccxanca [I'T],
bapyra u Ponuku [BP], Kupunosa [Ku], Kaua [Ka].

§ 1. OcHoBHBIE NOHATHA.
Cas3n rpynn 1 anreop JIn

B §5 masm 2 mbl onpeaeannu anrcopy Jim g rpynns Jlu G kak
MHOXECTBO JICBOMHBAPDMAHTHBIX BEKTOPHBIX MOACH WM, SKBUBAJICHTHO, KakK
KacatenapHoe npoctpaHctBo T.G. Buul ofipefeneH Takke KOMMYTATOp MOACH
X,Y €g (cMm. (2.5), 2.39)

[X,YIf=XX¥f)-Y(X]) (5.1

g mo60i raagkoit pyHkuun f Ha G. Onepauuio, CONOCTaRNTIOMYIO KaXA0H
ylopsiloueHHoi nape sneMeHToB X M Y u3 g anement [X,Y] € g 6yaem
paccMaTpuBaTh Kak npou3BeacHue B anreope Jiv g. HetpyaHo mpoBepHTh,
YTO TakKoe MPOM3BEACHHE 00anaeT ceAYIOIMMHA CBOWCTBaMHU:

1) anTukoMmyTatuBHoCTb: [X,Y] = —[Y, X]; (5.2a)
2) Toxaectso Sikoon: [[X,Y1,Z] + [V, 2], X] + [[2,X],Y] =0, (5.26)

5
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rne X,Y,Z € g. Ipyrue cnocobbl noctpoeHua anrebpol Jlu no rpynne JIn
obcyxaaloTcs, Hanpumep, B KHure [Ku].

Kak yxe oTmMeuanoch, B HacTosilee BpeMa Teopus aireop JIu Buieau-
Jlacb B CaMOCTOATEALHLIN pa3ned. [103TOMy yacTo noJsib3yloTCA ONpeAcieHUEM
anre6psl JIn, OTIMYHBIM OT TOrOo, KOTOpoe GbLIO naHo B §5 raBul 2, U He
CBA3aHHLIM C rpynnoi, nopoxnaioileil amrebpy. DTo onpeaeacHUe NOJE3HO
UMETh B BUAY, NO3TOMY ceduac Mbl nepeiaeM K ero popmyanpoBke.

CHavana HanoMHuM onpeaeneHue anreopsi BooOwe. Ilycth A —
BEKTOPHOE NpOCTPaHCTBO Haa noiaem P (Mbl GyneM paccMmaTtpupath ciay4yau
P=R unu P =C). BeenemM B A npou3BojbHOE OWIMHCIIHOE oTOGpa-
xeHue f : A X A — A; oHo Ha3biBaeTcs yMHoxeHueM. Torma A —
aneebpa otHocuteNbHO f. Anrebpa A Ha3bIiBaeTCA accoyuamuenol, eciun
F(X,f(Y,2) = f(f(X,Y),2), X,Y,Z € A.

Onpeneaum Tenepb Kiaacc anreOp, HasbiBaeMbIX aseebpamu Jlu; B
JToM ciaydyae npousseaeHue f(X,Y) Oynem ob6o3nauars [X,Y]. Anrebpa A
Ha3biBaeTca anre6poit JIu, ecinu BoinonaHgotea ycinosus (5.2a, 6). OueBnaHo,
yt0o (X, X]=0.

MMycte L — anre6pa JIun. BexktopHoe npoctpaHctBo K C L Ha3biBaeTcs
nonatre6poit B L, ecim K — anreGpa oTHOCHUTEAbHO yMHOXeHua [,],
onpeneneHHoro B L, T.e. [X,Y] € K ana Bcex X,Y € K. B nanbHeituem,
ecnn K,Q — noaMHoxectsa B L, To uepe3 [K, Q] mbl 6yaem obo3HayaThb
MHOXECTBO BCEBO3MOXHbLIX 3jeMeHTOB Bvna [X,Y], rne X € K, Y € Q.
INonanre6pa I B anrebpe Jim L HasbiBaeTca udeasom anredpui L, ecamn
[L,I1 C I. lenmp anre6pni L, 0603HauaeMblit 06b1uHO Z (L), eCTb MHOXECTBO
anementoB X € L takux, yto [X,Y] =0 mna Bcex Y € L. Echu K —
noaanre6pa B L, 10 yewmpaausamop K B L onpenenserca 1ak: Cp(K) =
{C€L:[C,X]=0 nna Bcex X € K}. Takum obpasom, ueHtp Z(L)
ecTb ueHTpanu3atop Bceit anrebOpoi. Hopmaauzamopom nonanre6pui K B L
Ha3biBaeTca mnonainrebpa, onpeacaseMas chaenyiouium obpasom: Ny (K) =
{X€L:[X,KICK}. Mlyctb L u L' — anrebpui JIu ¢ onpeneseHHbIMU B
Hux npousseneHusamu [, 1, u [, ]y coorBercTBenHO. JIMHEHOE OTOOpaxeHne
¢ : L — L' unasviBaetca romomopdusmom anrebp Jlu, ecim o([X,Y],) =
[e(X), oY) nna Bcex X,Y € L.

Paccmotpum anrebpni JIu K n Q ¢ npoussencHuamu [,1x n [,]o. Ha
NpAMOM cyMMe BEKTOPHBIX NnpocTpalcTB L = K @G ¢ MOXHO BBECTH CTPYKTYpYy
anre6psl JIn ¢ npousseacHuem [, ], cicayioliuM obpa3om:

[(Xhl,l),(xhn)]ll:([X|7X2]K7[Y'|1Y'2]Q)7 X|1X2€K1 l,|1l,2€Q

Torna L HaswiBaeTca npamoid cymmoii anreop K n Q.

IMycts npoctpaHcrBo anreOpbl JIu L npenctaBumo B BUAE NpAMOi
cyMmmbl L = L) @ L,, npuyem Kaxmoe u3 ciaaraembix L; (¢ = 1,2) sasna-
erca nonanre6bpod OTHOCHUTEALHO orpaHMyeHus npou3seacHus [, ], Ha L;.
Ecniu Tonbko onHa M3 nonanredp, ckaxeM Ly, ABageTcsa K TOMY Xe Mae-
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anoM anre6pnl L, 10 L HaswiBaetTca noaynpamoi cymmou anre6p L, u L5,
L= L2 =2 L| .

Anre6pa Jlun HasniBaerca abeseeoii, ecin [L,L] = 0. Anrebpa Jlu L
Ha3bIBACTCA npocmoti, €CIN OHa HeabeaeBa U UMEET JIMILD 1Ba (TPUBHATLHBIX)
uneata: {0} m L. Echm xe L He comepXuT HETpUBHAIbHBIX abeieBbix
WIEaNoB, TO OHa Ha3bIBAaETCA noaynpocmod.

BepHeMcs cHOBa K BOIIpOCY O CBA3M MexXay atre6pamu Jlu u rpyrinamu
Jlu. Myctb @; — onHonapaMeTpuueckan noarpynna rpynnei Jlu G (cMm. §5
rnaBbl 2), a X — Bekrop, KacaTeibHblii K a; B TOYKE ap = €; Mbl
oynem nucatb X = a¢. Takoil Bektop X € g Ha3biBaeTCd IeHEPATOPOM
(Wi unguHuUmME3UMANbHHM Onepamopom) ONHOTAPAMETPHUECKOW FPYNNbl a;
(cp. (6.2)). MoxHo mokasatb (cM. [Ku, §6.4]), uTo mna Kaxaoro BeKTOpa
X € g cywecrByeT enuMHCTBeHHas OAHoMNapaMeTpuyeckas MNOArpynna a;
Takas, uTo0 X = ag. B §5 raBbl 2 Mbl yX€ ONPEACAWIN IKCNOHEHYUAAbHOE
omobpaxcerue exp : g — G cienyiowum obpasom: ia X € g

exp(X) = ay, (5.3)

rae a; — onHomnapaMeTpuMyeckasn noarpynna, orsevaroinas sekropy X . Toraa
3JIEMEHT a; € G MOXHO 3anucaTth B Buae exp(tX) win etX.

DKcnoHeHuUMalbHOoe otobpaxenue nuddeomopdHo orobpaxaer He-
KOTOpYIO OKpECTHOCTb Hyas B ainrebpe JIlu g Ha HEKOTOpYI0 OKPECTHOCThb
enuMuLuLbl Fpynnbel G.

CnpaseivBa ciienyioluas Teopema A0, KOTOPYIO Mbi TPHUBENEM
6e3 nokasatenbcTBa: Beakas anreOpa Jlu Han noiaeM KOMIUIEKCHLIX YMCEN
usoMopdHa HekoTopoit MaTpuuHo# anrebpe. s rpynn JIn cooTBeTCTBylOLLAA
TeopeMa CrnpaBse/iBa Juillb JOKaTbHO. TeopemMa ARO NO3BOASAET CBOAHUTL
J0KAa3aTejibCTBA MHOTHX YTBepXaeHUM 06 anrebpax JIu K ciyyalo MaTpUyHbIX
anre6p Jlu. I1pun 3ToM nosie3Ho UMETL B BUAY CACAYIOLIME CBOICTBA MaTpHLL.
Ilyctb M — npousBoibHas m X » Marpuua ¢ aneMeHTamu M;;. Ecmm
|M;j] < oo nns Bcex 2 M §, TO

M? M*
exp(M)=1+M+—2'—+...+F+... (5.4a)
Bcerna cyiuectByeT (pan (5.4) abconiotHo cxoautcs). [1pusena matpuuy M K
HOpMaJIbHOI XopaaHoBoi ¢dopMe, MOXHO 10Ka3aTb PaBEHCTBO (3adaua 5.4):

deteM =™ (5.46)

PaccMoTpum Tenepb npuMepsl anre6p Jlu.

Ilpumep 1. Ilyctb A — npou3sBoAbHag accouuatMsiias airedpa Jlun
C 3aKOHOM yMHOXeHMsa f. BBencM B A HoBoe ymiloXeHue no ¢opmy-
ne f(X,Y) = f(X,Y) - f(Y,X), X,Y € A. Anre6pa A OTHOCHUTENbHO
YMHOXEHHA f cTaHoBuTCa anrebpoit Jlu, a f(,) o6o3Hauaror [, ].
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IIpumep 2. Ilycts V' — BekTOpHOE NpocTpaHCTBO Haa nosieM P,
a {e;} (1 =12,...,n =dimV) — 6a3uc Bektopos B V. PaccMorpum
accouMaTMBHYIO aireOpy Bcex JUHEHHBIX oToOpaxeHuit npocrpanctea V B
cebd, obo3HayaeMyio o6biyHO gl(V). Ina Bcsakoro otobpaxeHus ¢ : V — V
n3 gl(V) saement p(ej) € V MOXHO CHOBa pallOXWTb [0 BbiOpaHHOMY

n
Ga3sucy. TMonoxum @(e;) = D Sije; (S;; € P). CywectByeT n3oMophusm
=1
mexay gli(V) m accouuatuBHOW anrebpoit Bcex MaTpuu pasMepoM 1 X n,
obo3Hayaemoit gl(n, P), KOTOpbIi 3agactcs Tak:

Sll Slz. .. Sl”
gV)dp— S§= Su8n.--Sm | ¢ gl(n, P).
SnlSnZ--~Snn

CornacHo npumepy 1 gl(V) u gl(n, P) asasiotca anre6pamu JIn OTHOCUTENBHO
ck0BOYHOTO YMHOXEHHs [,] (KOMMyTaTopa B ciiydyae MaTpuli).

IIpumep 3. B 1abauue 5.1 npuseneus! rpynnei JIn G, apigiolneca
noarpynnamu B GL(n,P), n ux amreOpot JIu g, yacto ucnonb3yembie B
dusuke (otmeTnm, uTO Tabamubi 5.1 M 5.2 ocHoBaHbl Ha Ta6a. 3 u3 [JIB]).
Tam Xxe npuBeNCHbl YCIOBHA, HataraeMblie Ha 3ieMeHTHl ¢ € GL(n, P),
onpeneasoline JaHHYIO rpynmny. YCIOBUAI Ha 2AEMEHTbI COOTBETCTBYIOLLCH
anreOpbl  NOJAYYalOTCA M3 CBOWMCTB 3KCNOHEHLUANBLHOIO OTOOpaXeHusn, B
YyacTHOCTH, U3 (5.40). 3Havok «T'» 03HavaeT TpaHCnoHnposauue, Matpuua F;,
onpenesieda B (5.5), P =R win C. Ina anre6p 13 310it TabAMLbI B cliyyae
P = C ucnoab3yioTca Takke APYTrHMe cTaHgapTHbie o0o3HauyeHuA (Mbl TOXE
6yIeM MX HIMPOKO MCMob3oBaTh): A, = sl(n + 1,C), B, = so(2n + 1,C),
Cp = sp(n,C), D, = so(2n,C).

Tabnuua 5.1.
Ipynna G __Yc.noami, HAIOXEHHbIE HA 2/1IEMEHTLI Anrebpa g
g € GL(n, P) X € gi(n, P) N
SL(n,P) detg =1 rX=0 sl(n, P)
SO(n, P) detg =1 XT=—x so(n, P)
L 9'=4" i
Spn,P) | Fp'gTPan=¢"" | XTFp+ PuX =0 | sp(n,P)

Momumo anre6p A,, B,, C, n D, B }H3NKE 4aCTO NPUXOAUTCA
UMETb AC/IO C MX OBCLIECCTRICHUAMM M BellecTBeHHbIMU dopmamu. Ceifuac
Mbl BBEJEM 3TH MOHATHSA.

IMyctb V' — Bektopuoe npoctpaHctso Han C M ero KomruiekcHas
pa3mepHocTh dime V = n. bynem Teneps paccmaTpuBath V' Kak NpocTpaHCTBO
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Hag R (Hanpumep, ecim {v;} (1 = 1,2,...,n) — 6Gasuc B V nan C, 10
{v1,-.., vy, tv),...,1v,} — Gasuc B V Han R). Torna Mbl Noy4uM BEKTOpPHOE
npoctpaHcTBo Vg Ham R BewiectBeHHoit pasMmepHoctd dimg Vg = 2n; Wy
Ha3biBaeTcs osewjecmenenuem V. Ecniu Ha V' 3amaHa crpyKkrypa anreOpbi JIn,
TO OHa TPUBUALHO nepeHocutca Ha Vg.

IMyctb Teneps L — anre6pa JIu Han R BelecTBeHHO# pasmMepHOCTH
dimg L = n. Paciiupas noae koadppuumnentoB 1o C, Mbl noaydyuM anrcopy
JIn L° nan C xoMIuiekcHoii pasmepHocTH dime LS = n, KoTopas Ha3biBaeTca
Komnaexcupurxayueii anre6pol L. OueBuano, L = L % il (npaMaa cymma

BekTOpHbIX npocTpancTs Han R). INMpoussenenue [, ] pacnpocrpanserca Ha L°
no JuHeitHoctu: ecim X, Yy, Xo, Yo € L, 10

[X) 4 i), X, 4 i¥5] = [X, Xo] = [V, Y] + i ([X), Yol + [V), Xol)

PaccMoTpum anreﬁpy Jin L Han C. Bemecmeermou (]JopMOu L Ha3zbiBa-
erca noganrebpa L B LR Takas, yto L = L. SAcHo, uTto dlmcL =dimp L
u L = L®iL. Naunas anrebpa JTn L uan C MOXET MMETb HECKOABKO
Hen3oMop(HBIX BeleCTBEHHBIX GopM. BT0 BHAHO M3 Tabauubl 5.2, B KOTO-
poit NpuBeACHbI OBELICCTBACHHUA Y BellecTBeHHbIe dopMbl 1A anredp JIu U3
TaOnuubl 5.1, TaM Xe yKa3aHbl YU YCJIOBHUsSl, HajlaraéMble Ha 3JIEMEHTH 3TUX
anre6p. 3nech YepTa 03HAYAET KOMIUIEKCHOE CONpPAXEHUE, «+» — 3PMUTOBO
conpsikeHue, a matpuubl I, 4, F>. v K(p,q) cnenyouue:

1 0 0 1 I 0
ba=(y 5) m=(5 ) me-( ) 69

roe 1, — eaMHUYHanA MaTpuua pa3Mepa © X 7.

KoMnakTHbie BeliecTBeHHbIC (OPMbI, K KOTOPbIM OTHOCATCA [Ba
nocjenHux croibua tabaunbl, 6ynyT BBEACHBI B cienylolieM naparpade.

Ecnmu L — anre6pa JIn Han R, To npu komrnekcudukauuu nogairedpa
(vaean) nepexonuT B noaganre6py (unean) B L, ecim L noaynpocra, To u L°
nojynpocta u HaobopoT. CXxeMaTUYECKH 3TO MOXHO M300pa3uTh TaK:

L —ILf
noganrebpa — noaairebpa
naeat — naean

(5.6a)
NoaynpocToTa ¥ noJynpocToTa.
TMonuepkHeM, yTo noaaireGpel ¥ Maeatbi B L MoryT He UMeTb aHaioros B L

(cM. npumep 5 HUXKeE).
Ilyctb L — anre6pa Jlu Han C, Lr — ec oseuiecTBaeHue. CxeMa,
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Tabnunua 5.2.
;l‘;ﬁ_p_a_—;BCLUC_CT-_ - __QCMCCTBCHHa;I— YCN10BHSA Ha KOMINIakTHast YCAI0BHA Ha
@ Haa | maenue gr | dopma g C gr X egr BewecrseHuass| X € ¢ C gr
R T dopma § C gr
sin+ 1,R) rX=0
Ay, |sl(n+1,Op |su(p,q), p+q=n+1 trX=0
n>1 X Lo+, X =0 su(n+1) rX=0
suf(n+ 1), rX=0 Xt=-Xx
n+1=2k Xsz—FZL-X=0
B, so(p,q) XTL o+ L X =0 so2n+1) | XT=-X
| n21 |502n+1,0Or| ptg=2n+1
Cn sp(n, R) X +F2, X=0
n>1| sp(n,Or sp(p,g).  |XTFam+ FouX =0  spn)  |XTFprtFpnX=0
p+g=n X Kpgt+Kp X =0 | X*+Xx=0
so(p,q) XLy + 1,y X =0
D, s0(2n, Or p+tg=2n
n>2 sof(2n) XT+x=0 so(2n) XT+x=0
XFyy - FpX =0

aHasornyHas (5.6a), MMeeT BUA:
L — Lg
noaanrebpa — noaanredbpa
noean — uaean (5.66)
NoJyNnpocToTa —— nojaynpocrora
NMpoCTOTa ¥ NPOCTOTA.

Ecin I — anrebpa JIu Han C, a L — ee BeulectseHHas ¢opma, TO

L—1L
nojanrebpa —> noaanrebpa
uaean — uaean

(5.68)

NMoJyNpoCcTOoTa = MNoJynpocrora,

HO HE BCAKOH noaanredpe B L=ILf COOTBETCTBYeT noaainredpa B L.
Ilpumep 4. Tlpoctas amre6pa so(3,R) nocre komnaekcupukauumu
ocrtaetca npoctoit anre6poit Jlu: so(3, R)° = so(3, C).
Ipumep 5. PaccMoTpuM BelUeCTBEHHYIO MpocTyio anrebpy Jlu
g = so(3,1), asnsowyiocs anre6bpoit Jlu rpynnel JlopeHua G = SO(3,1).
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BuiGepem B g craHaapTHBIA 6asuc {l;,n;} (4,7 = 1,2, 3), ynoBieTBopsiowuii
KOMMYTALIMOHI{bIM COOTHOLIEHUAM:
i, ] = eijele, [l 5] = ijeng, [, il = —cijily. (5.7)

MNonanrebpa, HataHyTaa Ha aaeMeHThl I (j = 1,2,3), asnserca anrebpoit
50(3) 1 oTBeyaeT NMPOCTPAHCTBEHHBbIM BpaieHusAM. Boibepem B g° = s0(3, 1)°
6asuc {u;,v;}, rae u; = (; +in;)/2, v; = (I; — in;)/2. Jlerko npoBepuTb,
4TO
[wi, u;] = €ijpug, [v;,v5] = ijeve, [, v;]1 =0,

T.€. JuHelHble 000g04ku 31eMeHToB {u;} u {v;} (i = 1,2,3) asnaotca
upeanamu B g°, usomopdusimu so(3,C). T.o. so(1,3)° = s0(3,C) @ so(3,C)
(cM. Tabauuy 5.2), B TO BpeMA Kak B MCXONHO# airebpe g He Oblio
HETPHUBHAILHBIX MACAIOB.

Mpumep 6. Tyctb g = si(2,C), BosbMem Gasuc {—37;} (5 = 1,2,3),
rae 7; — Matpuupbl IMaynu. Iocne oseiecTpaeHUs 6a3UC B gr BbIGEPEM B BUIE

i L
{l;yn;}, rne |; = —37;, n; = 57;. Jlerko npoBepuTb, YTO KOMMYTALMOHHbLIE
COOTHOILIEHUA B 3TOM Ga3uce coBnanaiot ¢ (5.7). CnenosartenbHo, si(2,C)p =
so(3,1).

I'pynnet J1u, anrebpbl KOTOPHIX NMpuBencHbl B Tabnuuax 1 v 2, u camu
anreOpbl Ha3bIBAIOTCA Kaaccudeckumu. Kiaccuueckue rpynnbl onpeaeisiorca
KaK Tpynnbl, OCTaBiAloOLIME WHBApUAaHTHBIMH Te WM MHbIE GOopMbl Y Ha
BEKTOPHOM npocTpalictee V, T.€. Kak rpynnsl npeobpa3oBaHuit g : V — V,
g € G 1akux, uto x(g(u),g(v)) = x(u,v) ana scex u,v € V. Tak, Hanpumep,
rpynna SOk, C) ectb rpynna Bcex matpuu U3 SL(k,C), koTopbie coxpaHaioT

B C* ¢dopmy

X(Zyzl) = Z|ZI| + Zzz; +... +ZkZ; = ZI(II-)UZ_I] — ZT

!
z.
SO(p,q), p+ g =k ectb rpynna Bcex mMatpuu U3 SL(k,R), coxpaHsiommx
8 B¥ dopmy

[ 1 ! 1 r t T 1
x(,2) =212 +... +TZg— T 1 Ty —- - — kT = Tillp)ijT; = & L g .

(OTHOCHUTENBHO JOKATLHBIX KJIACCHYECKHUX IPynn cM., Hanpumep, [BP, . 3]).

B 3akiioueHune naparpaga OTMETHM, uYTO Kaxjaoil airedbpe Jlu L
(c dim L < 00) COOTBEeTCTBYEeT eAMHCTBEHHasA CBs3Has ONHOCBA3HAA rpynna
Jlu G Takas, uto ee antredpa Jiu ecth L. Bee octanbHble CBA3HbBIE rpymnnbl Jlu,
anre6poi Jlu kotopbix Takxke coBnanaiot ¢ L, umeior Bun G/H, tne H —
IUCKpeTHaA noarpynna, npuHamiexailiaa UeHTpy rpynneui G.

§ 2. Ilpencrasnenus aaredp u ¢popmMa Kwiinnra

IMycTts V' — BeKTOpHOE NPOCTPAHCTBO Haa noiaeM P u L — anreGpa
Jlu Han P. Bynem paccmarpusatb gli(V) (cM. npumep 2 §1) kak anre6py
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Hag P. Bcakuit romomopdusm r : L — gl(V) HasviBaeTca npedcmasaeruem
anzebpsi Tu L. 310 0TOOpaXeHUE ynOBIETBOPAET CIEAYIOLIUM YCAOBUAM:

r(aX +bY)=ar(X)+br(Y), (5.8a)
r([X,Y]) = [7(X),r(Y)] = r(X)r(Y) — r(Y)r(X) (5.86)
a seex XY € L, a,b € P. Mbl Oynem obo3HauaTh Takoe NpencTaBieHue

v, 7).

- Cpeau pa3ivuHbiX npeacraBneHuilt anredbp Jlu BaxHyio poab urpaer
npucoenHeHHOoe npeacrasneHune. B § 5 riaBbl 2 Mbl onpeneunu BHyTpeHHHUI
asromopcdusm S, rpynnbl G popMmyoii

S.g=aga”', a,g€G,

a Takxe BBesH nuddepeHuran 3Toro otobpaxeHua ad(a) = S,, KOTOpbIit 3a-
JaeT NMpUCOEAMHEHHOE NPEACTARJCHUE IPyNnbl G B AMHEHHOM NMPOCTPAHCTBE
g = T.G. 3ameTrum, uTo ecad G — MaTpuuHas Ipynna, a ¢ — COOTBETCTBY-
Iollas MaTpuyHas pealusauun ee anredpol, To aciictBue ad(a), a € G MOXHO
BBIYUCIUTD NO dopMyJie:

ad(@)X =aXa', X e€g.

IMycth a; — onHonapaMeTpuueckas NMOATrPyrnna, oTBeyalolas BEKTOpy
X €g, 1re. X = at|;—yp. PaccMoTpmM npousBoaHylo oTobGpaxeHusa ada;
B Touke ¢ = 0 u obo3nauum ee Takke¢ ad X. HUcnonn3dys dopmyny (2.42),
nonyyaeM pina Y € g:
ade)¥ -Y _ . Y- ad(a; Y

ad X(¥) = lim — = ——~ = lim = X,Y] (5.9)

C nomolibio ToxaecTBa SJkobu JIerko nokasatb, uyTto CBOICTBA (5.8)
g r = ad BLINOAHAIOTCA M, ciAeAoBaTeabHO, oTobpaxenue ad : L — gl(L)
3anaet npeactasnenue (L,ad), KOTOpoe Ha3LIBACTCA NMPUCOCOUHEHHBIM Npeo-
cmaenenuem aredpnbl Jin L. Onepauns ad X, X € L aBiaerca eCTeCTBEHHBIM
neilcrsreM aneMeHToB anredpbt JIu Ha caMoit anrebpe ¥ No3BOAAET UCMOAD-
30BaTh Pe3ybTaThi TCOPUU MPEACTABACHUH LI U3yYEHUA CBOICTB anrebp JIun.

PaccMmoTpuM Tenepb ABE Noc/ienoBaTeAbHOCTH uacaioB B L (cM. 3apa-

yy 5.3):
a) uenTpaibHaa (yobiBaiolas) nocaeqoBaTEAbHOCTh:
L'=r, *=(L,L, r’=[’L], ..., L*=[*"1], ...,

LOL'>I*>I*>..;

0) npoun3BoaHanA NMOCAEN0BATEIbHOCTD:
V=50, L?=["L), ..., L&=[1® 1®]
LO>LV>L?> ...
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Anre6py L Ha3biBaloT Huasnomenmuoii (paspemumoid), ecam L¥ =0 (L® = 0)
nNpu HEKOTOPOM k.

Ipennoxenne 5.2.1. Bcakas HWIBNOTEHTHas anreOpa paspeiinma.

Iokaxem no uxaykuum, yto L*® C L¥!. NeitcrButensuo, LV = L2
TTpennonoxum, 4yto L* D c L*. Torna

L(k) — [L(k_l),L(k_l)] C [I/k,L(k_l)] [Lk L] Lk+l

Otclopa ciaenyeT yTBepXacHUe npeuioxXeHus. O

YacTHbIM CIy4aeMm HHJIbﬂOTeHTHOH (1 pa3pemIMoii) anre6pel apnaeTca
aﬁeneBa anre6pa, ana kotopoit L? = LV = 0. Ecniu I — paspewuma, T.e.
L® = 0 nas uekortoporo k, to L~ D _ abenes ugean B L. Takum
06pa30M, pasperiMmas anreﬁpa BCErna coAepXUT HETPpUBHANbHBLIN abeyieB
nacan. Hawmbonbimit paspeiiumpiit uaean B anreope Jiu L Ha3biBaetcs
paduxarom anre6pol JTu L. MoxHo goka3ath, uyto L nojynpocra Toraa
TOJILKO TOIHA, KOIAAa €€ panukan paBeH Hymo. bonee Toro, cnpaeeminba
caenyowans gyunamentanbiasa Teopema JleBu—Manbuesa (10Ka3aTeNbCTBO
npuseneHo, HanpuMep, B [Lie]):

Mycts L — anre6pa JIu Han P (P = R ww C) ¢ pagukaiom N.
Toraa cywectByeT nosynpocraa noganreopa S C L Takas, 4To

L=N 3 S (nonynpamasa cymma). (5.10)

Ouesunno, uto [N,N]C N, [5,8]C S, [N,S]CN.

Ilpumep 1. Anre6pa Jiu II rpynnebi TlyaHkape COCTOMT M3 IpOCTOi
anre6pnt Jlu M = s0(3,1) rpynnul JlopeHua u uneana t*, o6pasoBanHOro
JIMHEeHBIMM KOMOMHAUMAMU onepaTtopoB umnyiasca P, (v = 0,1,2,3). Kak
Xopoluo u3secTHo, [M,M] C M, [t*, M] C t*, [t* t*] = 0. B cooTBetcTBMM
¢ Teopemoii Jlesu—Manbuesa IT=¢* 3 M.

DTa TeopeMa MNO3BOJIAET CBECTH HU3YUYCHHUE NMPOU3BOMbHLIX anre6bp Jiu
K M3Yy4YEHHIO NOJYNpOCTbiX U pa3peiiuMbix anrebp. CTpykTypa noJynpocThix
OyneT obcyxaaTbca B caeayiolinx naparpagax. Paspemiumbie anredpoi JTu,
XOTA M MMEIOT, KaK KaxXeTcs, Gojiee npocTyio CTPYKTYpY, IO CHX Mop He
NoaAaloTca Kiaccuukaum.

IIpumep 2. IlycTb V — BEKTOpHOE NPOCTPAHCTBO HaA nojeM P, 1 —
TOoXAeCcTBeHHOoe oToOpaxeHue B V,a 3(V) =P -1 C gi(V).
OueBnaHo, yTO OgHOMEpHas noaairedbpa 3 NPUHALACKUT LEHTPY
Z(gl(V)) u notomy asnsaerca uacatom B gl(V). Ecan X € gl(V), 10
X=X +X, T=X-—%q1 x=2%4
TATAL TR Eimy T T dimy

X1 €sl(V), X, € 3(V). Takkak sl(V) N 3(V) =0, o gl(V) = sl(V)®3(V).
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IIpumep 3. AHATOrHYHO MpeablayllieMy, MOXHO NMOKa3aTh, YTo u(n) =
su(n) ® 3, rae u(n) = {X € gi(n,C) : X* = - X} C gi(n,C), a 3 = C1,,
1, — eanHuuyHasa Matpuua B gl(n, C).

CnpaBeniuBa cienyloiian teopema Kaprana: nycth V' — BeKTOpHOE
npoctpaHctBo Han P u L — nopanrebpa anredpol gi(V). Torna L aubGo
noaynpocrta, anb6o L = L& 3(V), rne L— NMOJIyNpoCTOi vaea.

BaxHyio poib B M3yYyeHWUH CBOICTB anreOp WrpaioT OWIMHEIHbIE
dopmbl. PaccMoTpumM anrebpy JIu L Kak BEKTOpHOE NMpoCcTpaHCTBO Haa P.
Cummempuynas 6unsuneiinan popma Ha L — 310 oto6paxeHne w : LxX L — P
TaKoe, 4YTO '

N wX, Y)Y=w¥,X), X, YEL;
2) w OunuHeitHo.

Ecnn w ynosnetsopseT ycnosuio w([X,Y ], Z2) = w(X,[Y, Z]), To oHa
Ha3bIBAECTCA UHEAPUAHMHOU opMoll.

(.11

IIpeanoxenne 5.2.2. Tlyctb L — anre6pa Jiu u (V,T) — ee npencraBieHue.
Torna paBeHCTBO
WX, Y)=tr(+(X)r(Y)), X,Y€EL (5.12)
onpeacaneT CHMMETPUUYHYIO HHBapHaHTHYI0 OuuHeiyio ¢gopMy Ha L.
JogazaresperBo. CpoiictBa (5.11) oueBnaHbl. [1poBeprM MHBaPUAHTHOCTD:
wr([X,Y], 2) = tr(r([X, Y D)7(2)) = tr([7(X), 7(Y)],7(2)) =
=tr(r(X)r(Y)r(Z)) — tr(r(Y)r(X)r(Z)) =
= tr(r(X), [r(Y), ™(2)])) = tr(r(X), 7([Y, Z])) = w(X,[Y, Z]). O
Ecmu (V,r) = (L, ad), 10 hpopMa w,y Ha3biBaeTca gpopmoii Kuraunea anre6pni L.
Mu 6ynem obo3Hauath ee
B(X,Y)=wyy(X,Y) =tr(ad X adY). (5.13)

dopMa w HasbiBaeTCA HEBbIPOXAEHHOM, ecan paBeHcTBOo w(X,L) = 0 BbI-
NMOJIHACTCA TOTAA M TOABKO Toraa, korna X = 0.

®dopma Kwitunra urpaer yHnaMeHTaNbHYIO POJib B TCOpUU anredp
JIu, yTo BMAHO yXe U3 ABYX HUXECJACAYIOLLINX MPEIIOXCHUIA.

IIpeanoxenue 5.2.3. Anre6pa Jlu L pa3peiMa TOraa ¥ TOJAbKO TOraa, Korma
B(X,Y) = 0 mia mobuix XY € LY. Ecnn L HwibnoteHTHa, TO

B =0mua LY (cm. [TT].

IIpennoxenue 5.2.4 (Teopema Kaprana). Anrebpa Jlu L noaynpocta Toraa u
TOJBKO TOrna, Koraa ee ¢gopMa KwiimHra HeBbipoXaeHa.

IMonHoe noka3zatenbCTBO cM., HanpuMep, B [BP]. 3necy Mbl npuBenemM
[IIOKA3aTeJbCTBO B OHY CTOPOHY, @ UMEHHO, NOKAXEM, 4YTO €Cid B — HeBbi-
poinaeHa, To L — noaynpocta. [lpeanosoxum npotruBHoe: nycts L — He



§ 2. IlpeacTapjieHus anreGp (boan Knuinnra 141

nonynpocra u umeeT abenes uaean I C L. Bubepem 6a3uc {X;} B L. Torma
adXadY X; = [X,[Y, X;]] = X GCij(X,Y)X;, rne C;j(X,Y) — Hekoro-

j
peie yncioBbie ko3dduumnentsl. Tlo onpenenennio B(X,Y) =Y Ciu(X,Y).
i
Paccmorpum Besmunny B(Z, X) npu Z €1, X € L.

i) ad(Z)ad(X)Y =[Z,[X,Y]]=0 npn Y €I, tak Kak [X,Y] € I,
ii) ad(Z2)ad(X)Y =[Z,[X,Y]l€TI npuY ¢ I, tak xak I — uaean.

CrnenoBatenbHo, koadduumedTl Ci;(Z, X) = 0 mns Bcex ¢ m B(Z,X) =0,
T.e¢. (hopma KunmHra BeipoxneHa. MUrak, L — nonynpocrta. O

BunuHelinags cuMMeTpHyHas HopMma S Ha3blBAGTCA CKAIAPHBIM MPO-
u3BeneHueM, ecam s(X,X) > 0 npu X # 0. Anre6pa JIn nag R Ha3zwBaetcs
KoMnaxkmHoli, eclii OHa 001alaeT MHBAapHaHTHBLIM CKaJIAPDHLIM TIPOM3BEACHH-
eM. DTo Ha3BaHHe OMNpaBablBaeTCs TeM, 4To anredbpa JIn KOMNakTHOH! rpyriib
JIn komnakTtHa. Tak kak B KomruiekcHoit anrebpe L niobas OWIMHeiHas
¢dopma sBasieTcs MHae(MHWATHON, TO BCsiIKash KOMILIEKCHasi anrebpa Jinm L
HEKOMITaKTHA, a KOMIMaKTHas anrebpa dABnseTcs HEKOTOPOH BelllecTBEHHOIM
t¢opmoii B L. TlpuMephl KOMNaKTHHX BelleCTBEHHbIX (hOpM NpHBeAeHBI B
Tabauue 5.2 (MX cnocod noctpoeHHs Mbl onHiueM B §4). CnipaBeminBo Ciie-
nyoulee cBoitcTBo (cMm. [BP]): Bcsikas komnakTHas anrebpa JIu L asasietcs
npsmoit cymmoit L=N®L=N®L, &L, ®... ® L, uneanos, raie N —
ueHTp L, L— noaynpocrtasi, a L; — npocTeie aaredpnl.

IpuBenem Tenepb HEKOTOPble M3 OOCYXKAABIUMXCA Bbillie (opMmyn B
basuce {X;} i = 1,2,...,dimL) B L. Jli06bie aeMeHTH anrebpbl MOTYT
OLITh pa3ioXeHbl 1o 3ToMy Gasucy: X = 2°X;, Y = ¢'X;. Ecnu C;-k —
CTPYKTYpHble KOHCTaHThl B 3TOM ba3mce, T.e. [X;, X;] = C,-’;-Xk, TO JIETKO
yoenuthes, yto (ad(X)Y) = [X, Y] = CJ'-k:v’y" M MaTpHLia MPHCOECAUHEH-
Horo mpeacTaBiaeHms (ad X );- = C{ja:’. Toraa ¢dopma KwuivHra MoXeT OHITL
3anMcaHa Kak

B(X,Y) = tr((ad X)(ad Y)) = (ad X)}(ad Y)] =
= ijCf-z'y’ =gy, (519

1

Toe Ggis = C,’jCj,- — CHMMETPHYHBIH TE€H30p BTOPOIO paHra, Ha3nBaeMbii

MeTpuieckuM TeH3opom Kapraha.

Ecnun anrebpa JIn KkoMnakTHa, TO MOXHO BblOpaTh Takoi 6a3uc, 4Tto
(—g15s) = 615 (cM. §4). TlokaxeM, YTO NMPH 3TOM CTPYKTYPHbIE KOHCTaHTBI MO-
I'YT OGbITh MPEACTABAEHEB! MOJIHOCTLIO aHTUCHMMETPHUYHBIM TEH30POM TPETHETO

panra. Onpenennm C,g = C;,gi. OueBunno, C,q = —Csyq. Nanee,
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= Cont = Cra = Y, C;,B(X;, X)) = B([X,, X,], X)) =
i

= B(Xr, [Xs, Xi) = C:Igir = Csiy,y

TA€ Mbl BOCTIOJNIb30BAIMCh WHBapuUaHTHOCTbIO ¢opMb Kuwinunra. Takum
obpa3zoM, TeHzop C,y TONHOCTLIO aHTHCUMMETpHueH. Ecin gi, = —6;, TO

-
Csir = —Cy.

CornacHo (5.10) niwobas anreOGpa JIn MoXeT ObiThb TpencTaBjieHa B BHJE
TIONYTIPSAMON CyMMBbI pa3pelUMMOil M noaynpoctoi nosanre6bp. 3azaya Kiac-
cudurKaLMKu Bcex noaynpocThix anre6p JIu CBOAUTCA K 3adaue KiaccubuKaluu
npocThiX anrebp Jiv B CHIy CAENYIOWIETO MPEMIOXKEHUS.

IIpepnoxenne 5.2.5 (reopema Kaprana). [lonynpoctas anrebpa Jin L moxer
ObITh pa3fioXeHa B NPAMYIO CYMMY MOMapHO OPTOTOHANILHLIX MPOCTHIX
noaanrebp Lj;:

L=L&L&... &L, (5.15)

BTO pa3jioXeHHe eAHMHCTBEHHO.

Joka3zatempctBo. [Tycte N — HeHyneBo# uaean nonynpoctoit anre6pnt Jiu L.
0O6o3naunM N1 ero opToroHanbHOE AOMONHEHME (IO OTHOLIEHHIO K dopme
Kwuunra), .e. Nt = {X € L : B(X,N) = 0}. Tlokaxem, uto N* —
Taxkke ugean. Ilyeteb X € Nl, Torga asig moboro Y € N u Z € L B cuny
MHBapuaHTHOCTH ¢popmbl KWwinHra nonyyaem:

B([Z,X1,Y) = B(ad(Z)X,Y) = —B(X,ad(2)Y) = —-B(X,[Z,Y]) = 0.

Takum obpazom, ms moboro Z € L [Z,X] € NY, 1.e. N* — upean B L.
Jlerko moHsAT, yTo N N N+ — taxke unean B L u,eciu X ENONL, 10
B(X,X)=0. :

3ametuM, uto ecim I — Hekoropwiit Maean B L, TO, BOOGuIie
roBopsl, HYXHo ObUI0 OB pa3anMyaTh 3HaueHus popmbl KunnHra, B3sTeIe No
oTHoweHMIO K I (Bynem obo3Havath Mx B(,);) M no OTHOLUEHHIO KO Bceit
anrebpe L (coxpaHum npexHee obo3HaueHnue B(,)). Mbl nokaxem ceituac, yto
A X,Y el B(X,Y)I = B(X,Y) nyCTb {XT,XQ,. .. ,XF,X,-.H,. .. ,Xn} —
6asuc B L, npuuem {Xj,..., X7} — Gasuc B I. Toraa cornacHo (5.14) ms
X7Y € I’ X= ZE!X;, Y= yxxia

B(X,Y)=tr(ad X adY) = Cj;Claly’ =
= C,EJ-C,Z_,-zTyE =tr(ad X adY); = B(X,Y);.

TIpumeHas aToT pesynbtat mia uaeana I = Nt N N u ucnonbsys Tpemwro-
XeHue 5.2.3, nomyyaem, uto N N N+ — paspewmnmbiii uaean. Tak kak L
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nonynpocta, To N N Nt = &. CnenoBatenbHo
L=N@&N"* |[N,N'1=0 u B(N,NYH=0.

Ecnm N unu N1 nonynpoctbl, To Mbl MOBTOpSIEM NPOLEAYPY AO TEX TIOP,
noka L He pa3IoXHTCA B MPAMYI0O CYMMY TIPOCTHIX TMOMApPHO OPTOTOHAMLHBIX
HEKOMMYTaTHBHBIX MOAaNre6p, T.€. noka He npeactaBum L B Buae (5.15).

Tycte M, & M, & ... & M; — npyroe pa3jioxeHue airebpm L Ha
TIpOCThie HMAcasibl. Bo3bMeM HeKoTopwlii mpoctoit uaean M,, KOTOPOro HeT
cpean uaeanoB L; (1 =1,2,...,k). Toraa

M, LICM,nL;=2, i=12,...,k.

3HauuT, M, TpUHamIEeXUT UHEeHTpy airebpbnl L, KoTopelii paBeH HylIO B
cuny nonynpocrothl L. CnenoBarenbHo, pasjioxeHue (5.15) eQMHCTBEHHO
(C TOMHOCTBIO A0 TEpeCTaHOBKHK). O

§ 3. IlozamreGpa Kaprana

Baxnyio nHdopMatiyio 06 anarebpe JIu L MoXHO noay4uTh, Ucciaeays
XapaKTEepUCTHUYECKHE MHOoToOwIeHh 3sHaomopdpuamor ad X, X € L. Hano-
MHHM, uTo, eciii V — BekTopHoe npocTpaHcTBo U ¢ € gl(V), To xapakTepu-
CTHMYECKHII MHOTOWIEH JIMHEIHOTO 0ToOpaxeHus ¢ ecthb X (1) = det (2-1y —¢),
rae 1y — ToxmecTBeHHoe oTobpaxeHue V Ha cebsi. B yactHocTH, B COOT-
BETCTBUH C Teopemoit Koann—Tamunbrona, onepatop x(p) = 0.

Mycrs {X,,...,X,} —6azuce Lu X, = 1 X;+up Xo+. .. +u, X, —
anemeHT U3 L, toe u; € P, a u = (Yy,...,U;) — ~-MEPHLIH BeKTOp
3 P". Mbl M3y4ynM CBOWCTBa XapaKTePMCTMYECKOro MHorouyieHa x(¢,u)
sHaoMopodpuima ad X, :

x(t,u) =det(t-1; —ad X,) = " + gu ()" +... +go(u).  (5.16)

3nech g;(u) ABAAIOTCS TOAMHOMAMM OT ¥%g,...,U,. 1ak Kak ad X, (X,) =0,
To mipeobpazopaHue ad X, MMeeT HyleBoe COOCTBEHHOE 3HAUYEHHE M, Cle-
noBarensHo, go(u) = x(0,u) = det(—ad X,) = 0. HyaeBoe cobGcrBeHHOE
3HauyellMe MOXET ObiTh, BOOOIIE MOBOPS, BHIPOXICHHLIM. DTO 03HAYaeT, uTo
cyuiecTByeT Homep ! Takoit, uto go(u) = ... = gi-(v) =0 u gi(u) Z0, 1.¢. 0
SIBNIAETCA COOCTBEHHBIM 3HaYeHHEM KpaTHOCTH 2> | st Beex X, € L. Yucno 1
Ha3biBaeTcsl paneom anreopwl L, rank L = l. Ecan anement X € L Takoi,
YTO HyjleBoe COOCTBEHHOE 3HaUYE€HME MMECT KpaTHOCTh TouHo 1 n g;(4) # 0,
TO OH Ha3biBaCTCS peyAAPHLIM Inememom anreopul L.

Ilpepnoxenne 5.3.1. Ilyctb L — anrebpa Jiu pavra ! Hags P u X —
peryasapHeiii anemedT anrebpnl L. IlpencraBumM xapakTepHUCTHYECKMIA
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MHorouwneH x(f) angomophusma ad X B Bume x(t) = t’x;(t), Tae
x1(0) # 0, n onpenenum H = x;(ad X)L u L* = (ad X)'L. Toraa
HYL=HoL

2) H — nonanre6bpa B L v dimH =1;

3) [H,L']=[X,L*] = L*;

4) nopmanrebpa H coBnasaeT co CBOMM HopmanusatopoM B L, T.e.
Ni(H) = H;

5) nonanreopa H saBnasieTcsi HWILMOTEHTHOM.

JloKa3aTeNIbCTBO 3TUX YTBEPXICHUI MOXHO Haittu B [I'T].

Tlonanredbpa H, onpeaeneHHas B [lpepnoxenunu 5.3.1, Ha3biBaeTcs
nodanzebpoi Kapmana.

Huxe Ham noHagoburcs nonsaTHe obobieHHoro co6CTBEHHOro noa-
MPOCTPAHCTBa; HanoMHHUM €ro onpeaencHue. [lyctb A — nuHEHHbIH one-
paTtop, ACHCTBYIOWMHA B BECKTOPHOM MpocrpaHCcTBe V', a A — omHO M3
ero cobcTBeHHBIX 3HaueHuil. Toraa 0600meHHOe cOBCTBEHHOE NMOANPOCTPAH-
CTBO onepaTtopa A, oTBeyalolee COOCTBEHHOMY 3HauyeHHWlo A, onpeaess-
erca Tak: V(A) = {v € V : cywecrByer uenoe uucino j > 0 Ttakoe, uTO
(A—X-1)Yv=0}.

Tenepb MbI JOKaXeM TIPEIUVIOXEHHE O CBOWCTBaX MpPEACTaBJICHHUM
anre6pul JIn L, KoTopble 6yAyT UrpaTh KJIIOYEBYIO PO/b B Aa/bHEHILIEM.

Ilpenioxkenne 5.3.2. [lyctb V' — BexkTOpHOE nipocTpaHCcTBO Haa P,
(V,r) — npeacranenue ainrebp Jlu L u X € L. Ilycmb
L = L0)& L(a) ®... — pa3lIoXECHUE BEKTOPHOTO MPOCTPAHCTBA
L Ha ob6obuieHHble COOCTBEHHBIE MOANMPOCTPAHCTBa 3HAOMOphHU3IMa
adX,aV=VAN)eV(u)d... — pautoxenue V Ha 00oblieHHbIE
cobBCTBEHHBbIE NOANPOCTPaHCTBa 3HAoMopdu3ma 7(X). Toraa

r(L(a))V(A) C V(a + A). (5.17)
Kommenmapuu: 1) bynem cuurtate {0} nomnpoctpaHcteom B V,
OTBEYAIOUIMM TEM YHUCJIaM, KOTOPbIC HE SRIAIOTCA COOCTBEHHBIMHU
3HaueHusaMHu. Tak, B (5.17) mbl umeem V(a + A) = {0}, eciimu a+ A
HE SIB/ISIETCSl CODCTBEHHBIM 3HaueHueM 7(X).
2) IoanpoctpanctBo L(0) Bcerna npucyrTcTBYET B pa3jioxeHun L, Tak
Kak, no kpaiHei mepe, X € L(0) Beuay ad(X)X = [X, X] =0.

Jokazaresmerso. Ilycte Y € L, v € V. Torma umeem
(r(X) = (a+ )Y ) = {[r(X),r¥)] + r7(Y)r(X) — (@ + )r(Y)}v =
=r([X,Y]-aY)v+r¥Y)r(X)-A)v = r((ad(X) —a)Y)v+r (Y )(r(X) — A)v.

IlpoBoas MHAYKUHIO 1O Kk, MOXHO MOKa3aTh, YTO

k
r(X) = (@+ ) r(¥)w = Cir(@ad X — a)* Y)(r(X) - A'v, (5.18)
i=0
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rne C,’; — OuHoMHanbHbie Koa(hpuuueHTtoi. Ecin Y € L(a) MvE VA,
TO CYUIECTBYeT leaoe uucio j > 0 Takoe, uto (adX — a))Y =0 u
(r(X) — AYv =0. Toraa u3 (5.18) cieayer

r(X) — (@+ M) r¥ ) =0,

T.e. r(Y)we V(a+A). O
Cnencreue. Ilycte L — anre6paJlu, X € L,u L = L0)® L{a) ® ... — pa3-
noxexue L Ha oBoblieHHble COBCTBEHHBIE MOANPOCTPaHCTBa HAOMOphH3IMa
ad X. Torna

1) [L(a), L(B)] C L(a+ B);

2) L(0) ectb nonanre6pa B L, coaepxauias X .

DTH YTBEpXAEHHUA HEMeeHHO caeayioT u3 Ilpeanoxenus 5.3.1, ecnun
B KauecTBe npeacrasieHus (V,r) B3aTb npencraeaeHue (L,ad) anre6pn L. O

O6cyauM Tenepb CBOICTBa NpeAcTaBieHUi noganre6pn Kaprana H.

Hpenioxenue 5.3.3. Tlycts V — BEeKTOpHOE MpocTpaHcTBO Han P, H —

nonanrebpa KapraHa Hekoropoit anrebpol JIn L, (V,r) — npeacTa-
BaeHue H. Torma .

1) cymiectByetr Habop OyHKUMIE Aj,...,Ar Ha H co 3HayeHUsiMU B P
1 Habop noanpocTtpaHcTB Vi,..., Vi Takux, uto

6) s moboro X € H u moboro nomepa j (1 < j < k) V; conmep-
xutca B V(A;(X)), B 06061eHHOM COOCTBEHHOM NOANPOCTPaHCTBE
npeo6pasoBaHus 7(X), oTBe4alonieM COOCTBEHHOMY 3HaYeHHIO A;(X),
1.¢. V; = {v € V: s kaxnoro X € H waiinercs uenoe uucno ! > 1
Takoe, Yto (r(X) — Aj(X))’v = 0};

2) GyHKUMH A; JMHEHHBL.

Mb! He ByaeM 10Ka3biBaTh 3TO NMPeMIOXEeHUE (Keaaloue MOTyT HaWTH
noka3sarteibcTBO B [[T]), a orpaHHUMMCS JIMiLb HECKOJbKMMHU 3aME€YaHHAMH
NOSICHSIIOWEro XapakTepa.

Tak kak nopanreopa KapraHa H HHAbNOTEHTHAa, TO B 0D03HAYECHHUSX
TMpepnoxeuus 5.3.2 H = H(0) orHocutenvHo ad X ansa moboro X € H.
CnenoateibHO, eciin V(A) — 060011eHHOE COOCTBEHHOE TOANPOCTPAaHCTBO
npeobpazopanns r(X) ¢ cobCcTBeHHBIM 3HaueHHeM A, To T{(H)V (X)) C V()).
JT10T (aKT, Mo CywecTBy, M Mno3BoiseT BBECTH ¢GyHKumu A; : H — P
M MOANpPOCTpaHCTBa V; € yKa3aHHBIMM BbllI€ CBOHCTBaMM (KOHKDETHbBIE
npuMephl Takux YHKLHI npuBefeHbl B caeayloweM naparpade).

TlossichuM WAEI0 JOKa3aTeNbLCTBa CBOWCTBa 2) Ha mpuMepe abeneBoit
anre6psi H. B BektopHOM npoctpaHcTBe V' mbl MOXeM BbiGpaTh 6azuc {v;}
Tako#, uto onepatop r(X) mis HekoToporo X € H 6yner aMaroHanieir:

r(X)v; = Aj(X)vj. (5.19a)
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TornaV=VieV,&... ®V;, me V; = Pv;. llyctb Y — HekoTopslit apyroii
anement u3 H. B cuny abenesoctu anre6bpnt H r(Y)V; C V;, T.¢.

r(Y)v; = A;(Y)v;. (5.196)

D10 03HavYaeT, YTO B BbibpaHHOM Da3uce oneparoprl r(Y) ang Bcex ¥ € H
avaroHanbhbl. M3 (5.19a) u (5.196) caeayer, uto A;(X +Y) = A;(X)+A;(Y),
T.€. GYHKUMA A; — nuHeiAHa. B ciyvyae mMpoM3BoNbHOH HWIBMOTCHTHOM an-
rebpbl H naes A0Ka3aTe/IbCTBa JIMHEHHOCTH Aj TaKXKE COCTOMT B HAXOXICHUH
o6uiero cob6cTBEHHOro BekTopa npeobpasoBauui 7(X), X € H.
Ipeanoxenune 5.3.3 urpaet ovYeHb BAXHYIO pOJib B TEOPHHU arebp
JIn, TaKk KakK MO3BOJIAET TOHAThL MX 0Ouiylo cTpykKTYpY. JeicTBUTENbHO,

nyctb L — anrebpa JIn, a H — eec nomanre6pa Kaprana. TIpumensis
3TO TipeaioXeHue K mpencrtaeiacHulo (L,ad) anrebpw H, Mbl 3aKilodaeM,
4YTO CyWIECTBYIOT OYHKUHH ag,Q,...,0r W3 H B P M NMoanpocTpaHCTBa

L(ay), L(ay),...,L(ax) B L Takne, yto L = L(ay) & L(a;) @ ... & L(ag),
npuuem L(a;j) = {Y € L: gns moboro X € H cywecryer uenoe yucio ! > 1
Takoe, uro (ad X — aj(X))’Y = 0}. Tak Kak H — HWILNOTEHTHA, TO AN
moboro X € H cyuectByeT COOCTBEHHOE MOANPOCTPAlICTBO, OTBeYalouice
HyJeBOMYy COGCTBEHHOMY 3HaueHH1I0. Mbl onoxum ag = 0 u L(0) = {Y € L:
st mo6oro X € H cywecTtByeT uenoe uucno ! > 1 takoe, yro (ad X)'Y = 0}.
OuesunaHo, yto H C L(0). MoxHo nokasatb (cM. [I'T}]), uro Ha camom aene
L(0) = H. Ilpn 3ToM cyuieCTBEeHHO HCnonb3yeTcs ToT ¢akT, uto H coBnazaer
CO CBOMM HOpManu3aTtopoMm B L.
Htak, MBI TPUXOAHM K PaijioXEHHIO

L=H&®L(a)®... ®Liag). (5.20)
Kpome Toro, u3 IlpemnoxeHus 5.3.2 cnenyer, uro
[L(a;), L(a;)] C L(a; + a;). - (5.21)

OyHKLUUHN Qj, ... HA3BIBAIOTCA KopHamu, a patoxenue (5.20) — pazaoxce-
Huem no KopnesoiM nodnpocmpancmeam anre6pbl L OTHOCHTENBLHO TTOAAITEGDL
Kaprana H. PazyMecrcs, GyHKUHHK @;,...,0r Mbl CYMTaEM [ONApHO pai-
JAMYHBIMH, MNO3TOMY CyllecTByeT emeHT X € H, urto BCce uucna aj(X)
OTJIMYHB! OT HyNA M Apyr oT apyra. Ecau V' — BekTopHOE npocTpaHCTBO U
(V,r) — npeacrasneHue anredpul L, To Mbl MMEEM TakXe, B COOTBETCTBHH C
TpeanoxeHunem 5.3.3, pasnoxXeHue

V=VA)OVA)S... dV(N), (5.22)

rae A; (j = 1,2,...,1) — dyHkumu u3 H B P; oHM Ha3blBAIOTCA 6ecamu
npeactasiacHus (V,r) anredpul L oTHocuTenbHo noaaireopel Kaprana H.
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§ 4. CrpyxTypa npocthix anredp Jin

B cuny teopempl KapraHa (Ilpemioxenme 5.2.5) mobas noayrpocras
anrebpa JIu L moxeT OBTbL pa3jiioXeHa B NMPAMYIO CYMMY MonapHoO OpToro-
HaJIbHBIX NMpOCTHX noganredp. [lo3ToMy HamM JOCTATOYHO H3YYMTh CBOHCTBA
npocThix anredp Jiu.

B stoM naparpage Mbl Gynem oGo3HayaTb g npocTyio anre6py Jiwu,
h — ec nomanre6py Kaprana, B — c¢opmy KwiinHra Ha g. Mbl nepeuu-
CJIMM OCHOBHBLIE CBOWCTBA NOAYNpOCTHX aire6p JIM v onuileM UX CTPYKTYpY.
Mb He OyaeM NpUBOAMTL AOKA3aTENbLCTBA 3THUX CBOMCTB (MX MOXHO HaWTH,
Hanpumep, B [[x], [I'T]). CnpareainBoCTb HEKOTOPLIX M3 CBOMCTR Npeaia-
raercs JoKa3aTb B KauyeCTBE YMpPaXHEHHUil K Hactosuleid rnape. Kpome Toro,
3TH CBOIiCTBa 6ynyT NMpowLIOCTPUPOBaHL Ha npumepe airedp 4, = si(2,C)
n A; = si(3,C). Paznoxeuune (5.20) no KopHeBbLIM TMOIAMPOCTPAHCTBAM B
0003Ha4YeHHUAX HacTosAwero naparpada npMHUMaeT BUA:

g=bhogla)dg@)dg(y)..., bh=g(0), (5.23)

rae a, B,7,... — KopHu anrebpnl g. Obo3nauum A mHoxecTBo {a, 3,7,..-}
BCEX KOPHEi 3Toil anrebpwl M onpeaenum A = A U {0}. Ouesnano, uto
A v A sBIAIOTCA MOIMHOXECTBAMM B h*, B NpOCTpaHCTBE, HyaibHOM K
nonanredope Kaprana. HauHeMm nepeunciieHne CBONCTB MOJYNPOCTLIX anre6p.

1) Ecnn a, € A n a+ § #0, To B(g(a), g(B8)) = 0.

2) Orpannyenne By ¢opmbl Kwiivbira B Ha ) HeBBIpOXIEHO, T.€.
s moboro X € h u X # 0 cywecrByer anemedT Y € B Takoii, 4TO
B(X,Y) #0.

3) lNonanre6pa KapraHa b abenesa.

4) dimg(a) = 1 ana moboro o € A.

S5)Ecnn a € A, Tou (—a) € A.

CBoiiCTBO 4 03HaYaeT, YTo MOANPOCTPaHCTBO g(a), a € A paBHo Ce,,
TIe €, — HEKOTOPbIi 3/eMEHT, obnagalonimit cBoicTBoM ad X(e,) = a(X)e,
ang Bcex X € h. DneMeHT ey, nopoxpaomnii g(a), a € A, 6ynem Ha3biBaThb
KopHesbiM 6ekmopom. T1porNinlocTpupyeM MnepeurcacHHbIC Bbiille CBOHCTBA Ha
npHMepax.

Tlpumep 1. Anrebpa A;. CraHgaptHblii 6a3uc — marpuubl [laynu:

n=( o) m=(G ¥) m=(0 2)

OnHako, KopHeBasi CTPYKTypa airebpbl A; nposiBAsicTcs Haubonee YETKO B
apyrom ba3suce:

1

1 . 0 1 ) 0 0 1
Ty = 5(T1+1T2)= (0 0), T-= 5("’1-”’2):‘ (1 0)

y Tz = 5T3. (524)
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KoMMyTaloHHbI€ COOTHOLLIEHUSI B 3TOM Da3nce MMEIOT Cleaylowunii BUA;
[Tz, Tel = £75, (74, 7-1 =27, (5.25)

Ins panbHeHiIero HaM NMOHaOOOHMTCA SIBHBI BHA ONEPaTOPOB MPHCOECAHUHEH-
Horo npeactapneHus (A;,ad) anrebpol A,. Ecniu aneMeHTy T, BeKTOpIIOro
1

npocTpaHCcTBa g = A; Mbl CONOCTaBMM CTONGEL (0 , DNEMEHTY T —
0

0 0

cronbeny (1) ,a T, — (0 , TO B TakoM 0a3zuce MaTpHlbl, OTBEYalOUIHE
0 1

sHaomopdusmam ad 7,, ad 7_, ad 7;, Kak ciaeayert u3 (5.25), UMEIOT BUR:

00 -1 000 1 00
adt, = [ 00 0], adr= 001),ad‘r,= 0-10]. (5.26)
02 0 —200 0 00

Tenepr He cocTapAseT Tpylda BLIYMCAHTL Mo dopmyne (5.13) 3HaueHwus
topmel KunnnHra Ha 6a3MCHBIX 3JIEMEHTax:

B(14,7y) = B(1},7;) = B(1-,7;) = B(1-,7-) = 0;

B(ry,7) =4 B@,T,)=2. (5.27)

Onpenennm paHr anrebpol. Bo3bMeM npou3BONbHBIA 3neMeHT X, =
U T4 +UyT_+u3T, € g ¥ BBIYUCINM JUIST HETO XapaKTEepUCTHYECKU I MHOTOWIEH
x(,u) =det(t -1 — ad X,) = £+ gz('u)t2 + gi(u)t + go(u) (cMm. §3). B co-
OTBETCTBMHU C 0Oiueit Teopuer go(u) = 0, a mna ocranbHbiX Ko3hpHuHEHTOR
gi(u), ncxoas uns (5.26), nonyyaem:

g =0, gi(u)=—(u]+duuy).

CnenmopatenbHo, rank A; = | u T, gaBaseTcss peryasipHbiM aeMenToMm. Tak
Kak dimf = rank g = 1, To nopanrebpa KapraHa §) MoXeT ObITh peann3oBaHa
Ha 3JiEMEHTE T,. [loCTPOMM Tenepb B SIBHOM BHIE KODHHM anredpol A;.
TMpousBonbHbiit MeMeHT X € h umeer Bua: X = r1,, r € C. Torna,
B COOTBETCTBHUH C (5.25),

ad X(Td:) = :i:’I'Td:, ad X(Tz) =0. (528)

Ona Bcex Y € g = A Mbt moxem 3anucath ad X(Y) = ay(X)Y w
COOCTBEHHbBIC 3HAUYCHHUA Qy SBAAIOTCA JMHEHHbIMU GyHKUMAMHU Ha b co
3HavyeHusmu B C, T.e. ay € h*. Mbl MMeeM JIBa HEHYNEBBIX KODHST @y, W Qtr_
v s noboro r € C

ar, (r;) =71, a, (r1;)=—r. (5.29)
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B nanHoM npuMepe MHoXecTBo A = {a;, ,a, }, a pa3noXeHHe Mo KOPHEBLIM
NOANpPOCTPaHCTBaM HMEET BHI;

nglszCT-f- QCT—J bZCTz’

T.¢. g(ar) = Cry, gla,) = Cr_ (coiictBo 4). CBoiicTBO 3 OYEBHAHO.
CaoiictBa 1 1 2 cieayior u3 paBeHCTB (5.27). CBOHCTBO 5 BHITEKAET M3 TOTO
dakra, yro a, = —a,, (cm. (5.29)).

IIpumep 2. g = A;. CraHaapTHbI 6a3UC, OOLIYHO HUCMOJMb3YEMbI B
¢pH3KKe, CAEAYIOWHIA:

0 0 —i 0 1 0 0
0), Az-—-(i 0 0), A3=(0 ~1 o),
0 0 0 0 0 0 0
1 00 —i 000
0), A5=(00 0), A6=(00 1),
0 \i 0 0 010

0 [ /1 0 0

—1 ,Agz— 0 1 0 .

0) f3(0 0 —2)

Ilna Hawpx uenei 6onee ynobHbIM OKa3bIBaeTCsl APYroi 6asuc:

>
H
I
AN
-0
OO0 OO0 OO —

1 1 1 1
—-A = —(AgtiA = -~ +zA = —=Ag.
3, Ut 2(1\4 tAs), us 2(A6 A7), y \/§A8

1 )
£+ = E(AlizAZ), t,= 5

IpuBeaeM KOMMYTAaLMOHHBIE COOTHOLUCHHS, KOTODbIC HaM MOHAAOOATCA B
JajibHEeHIIEeM:

1 1
[tnt:I:] = it:l:, [tz,u:l:] = :Fiuzl:, [tz,v:l:] izviv [tl,y] = O,
[y’ t:‘:] = 0, [y, u:l:] iu:l:; [y, v:l:] = :l:'vzl:; (5.30)

3 3
[t+,t—] = 2tZ) [u+)u—] = Ey - tZ; ['U+,'U_] = 5y+ tz-

PaccmoTpum npeicrtamieHue (A;,ad) anrebpet A;. Ilycth s; (2 = 1,
2,...,8) — cronbeu u3 R®, y kotoporo Ha i-M MecTe crouT 1, a ocTab-
Hble 3nemeHTbl — Hymd. Ecim ¢4,¢_ ¢, ,u,,u_,v,,v_,y COOTBETCTBYIOT
er,ez,...,eg, To u3 (5.30) cneayer, uro adf; u ady cyTb AMAroHajbHbie
maTpuubl 8 X 8 Buaa (3amaua 5.11)

111 1
dt, =diag (1,-1,0,—=, =, =, —=
a z lag<, » 2’2’2, 210)1
ady = diag (0,0,0,1,~1,1,~1,0) .

(5.31)
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MoxHo noka3atb, UTO
B(t;,t;)=3, B(y,y)=4, B(,,y)=0, B(;,us)=0 urtn (532

UccnenoBaHne XxapakTepHCTHYECKOrO MHOTOWIEHA MOKa3bIBaeT, YTo rank A; =
2 U i, u y aBusioTCca peryasapHbiMH sneMeHTamu. Tak kak dimbh = 2, 1o
noganredbpa Kaprtana ) Moxet ObiThb HaTAHyTa Ha {, u y; u3 (5.30) cnenyer,
yTtO ) — abeneBa anrebpa (cBoiCTBO 3). 3anuileM MPOM3BOJNBHLIA 3MEMEHT
X € b Beuae X = pt; + qy, p,q € C. CornacHo (5.30)

ad X (t4) = +pty, ad X(uy) = & ~(_£ " q) Uy,
2
p (5.33)
ad X(vy) = £ (5 + q) vy, ad X(t,) = ad X (y) = 0.
B 3TOoM cilyyae MHOXECTBO A COACPXHUT 6 HEHYNEBBIX KOPHEIA:
A = {atij aui, aui_},
npuyem
p
a, (pt;: +qy) = £p, ay (pt: +qy) == (—5 + q) )
5.34)
P (
o (ot +qy) = £ (5 +4) -
O6o3HauuM a; = a;,, @y = Qy,, a3 = ay,. Torma a;. = —a;, a, = —ay,

a, = —as (csoiicto 5). UmeeM g(a;) = Ct, , g(—a;) = Ct_, g(ay) = Cuy
n T.0. (csoiicTBo 4). CpoiictBa 1 1 2 npoBepsAlOTCS NPSAMBIM BbIYHCICHHUEM
(cMm. (5.32)).

O6bLIYHO B TEOPUU NMPOCTLIX anre6p JIM BbHIGUPAIOT HEKOTOPYIO KaHO-
HHUYECKYIO OUNNHETHYIO (hOpMY, KOTOpas OTIAHYACTCA MHOXHUTENEM OT (POPMEI
KunnuHra. Mol 6yaem o6o3Havats 3Ty dhopmy (,):

(X,Y)=bB(X,Y), X,Ye€g. (5.35)

Muoxurens b 6yaer ¢uKcupoBaH HuXe. Onpeaenum g jwboro a € A
aneMeHT h, € h cnenyiouinm obpasom:

a(X) = (ha, X) (5-36)

ana moboro X € h. D710 NoO3BOMAET TaKXKe ONPEACINTh HEBBIPOXICHHYIO
owinHeiinylo dopmy B bh* (Ha camom Jene oHa SARIAETCA CKalAPHBIM
npoun3BeacHueM) opmynoi

(@, B) = (ha,hg) = a(hg) = B(ha), a,B € A. (5.37)

6) Ecinm a € A, 10 (@, @) — NONOXMUTENLHOE YHCIIO.
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Bennuunny {a, a) 6ymem Ha3biBath AJIHHOI KOopHA. B anrebpe, Boobuie
roBops, MOryT ObIThb KOPHHM pazIMYHON JUIMHb. Mbl (puKcHpyeM KodppH-
uueHT b B (5.35) ycnoBHeM, YTO caMble IUIMHHbBIE B JaHHON anre6pe KOpHH
HMEIOT IJIHHY 2.

Tpumep 1. O603Haunm B anrebpe g = 4| a = ay, . Jlerko npoBepuTh,
4yto hy =27,, b= %, (a,a) = 2.

Mpamep 2. g = A,. TlonydaeM hq, = 2t,, ho, = —t; + 3y, ho, =
t, + %y, b= % Ipu 3TOM

(aj,ay) = (az,a3) =2, (ay,ay) =~1. (5.38)

Tak kak dimh = 2, To B kauyecTBe 6a3sHMCHBIX 2MEMEHTOB B nogairebpe
Kaprtana Bo3bMeM h,, M hg,. OneMeHT hq, = hq, + Ra, -

UTtak, MblI BBISICHWIHM, 4YTO Noaynpocras anrebpa JIu g cocrouT w3
3/EMEHTOB ABYX THIIOB:

a) U3 anemeHTOB, 0Opasyiolinx abeneBy nogairebpy Kaprana h C g
¢ dimh = rank g. Ina nonynpocteix anre6p JIu g nomanrebpy Kaprana b
4YacTo ONpeflesifioT Kak MaKCHMMaiibHyio abeneBy noganrebpy B ¢, TakKyio
yTO g TNpou3BoabHOro X € b pononHeHHe KaXAOro HHBApHAHTHOIO
MOANPOCTPaHCTBA B g OTHOcHTEeNbHO ad X TakXe SIBJIACTCA MHBapHUaHTHBIM
MOANPOCTPAHCTBOM B g OTHOCHTENbHO ad X .

6) U3 KOopHEeBbIX BEKTODOB €,, KaX[blii M3 KOTOPBIX OTBEYaeT Of-
HOMY M3 KopHeii a € A C h*. OTMeTHM, YyTO A He ABIFETCA JHHEHHBIM
MPOCTPaHCTBOM.

PaznoxeHue (5.23) no KOpHEBLIM NOANPOCTPAHCTBAM MMEET B!

g=h®Ce, ®Ce_, ®Cy®Ce 5 ®.... (5.39)

KOMMYTaTopsl MEXIY 2JIEMEHTAMH Pa3IMYHBIX MMOANIPOCTPAHCTB CcAylOLIHE:
a) ecnin h € b, e, — KOpHEBOIl BEKTOp, TO

[h,eq] = a(h)eq, a(h) = (hq,h); (5.40)

0) ecan e, U €3 — KOPHEBbIE BEKTOPBI, TO

0, ecnu a + (3 He ecTb KOPEHb,
[eq, e5] = { 2neMeHT M3 h, ecmma+ (=0, (5.41)
Nypeqrp, ecii a+ B €A,
me N,p — HEKOTOpbie KOHCTaHTbI; WX 3HayeHHs HaM He MNOHaaobsaTcs.

YTouHNM, yeMy paBeH 2NEMEHT [eq, e_o] € h. UmMeem ans moboro h € b
(lea,€-al, h) = (€a,[e-a,k]) = a(h) (€a,e-a) = (ha,}) (€ase-a),
rie Mbl BOCIOAb30OBAANCh MHBAapHaHTHOCThIO Gopmul (,). Otciona

[eq;e_o] = (€q,€_g)ha-
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OO6bLIYHO KOPHEBBLIE BCKTOPbI HOPMHDYIOT YCIOBHEM (€4,€_o) = —1. Torna
[eq,€-al = —hq. (5.42)

PaccmMoTpuM Tenmeps BeKTOpHOE NpocTpaHcTBO VW Mpeacrasie-
Hue (V,7) anrebpoi g. [TycTb A — HEKOTOPHIIi Bec 3TOTO npeiacTaBaeHus. [o-
CNIE10BATENBLHOCTb BECOB A—ma, A—(m—Da, ..., A—-a, A, A+a,..., A+pa,
rie @« € A, m U p — HeoTPHUATENbHbIE lieJibie Yucia, OyaeM Ha3blBaTh
a-cepHeil (WM a-NOCNenoBaTeIbHOCTbIO) BECOB, MPOXOAsALLEl yepe3 A.

7) Nyctb A+ ja, —m < j < P €CTb a-Cepus BECOB, NPOXOAsiLas
yepe3 A. Torna

m-p=2-—-—. (5.43)

Ilpumep 1. B cayuae g = A; 3TOT pe3ynasTaT BOCNPOU3BOLUT
M3BECTHYIO Kinaccubukaluunio npeactaBieHnit. Kak Mbl yXe BbIICHWIH,
dimb* =dimbh=1 u nostomy nioboit Bec A nioboro npeacravieHus A,
paBeH sa, rle a € A, a s — 4YKCAO, XapakKTepu3ayiolliee NpejACTaBIcHHE.
IlycTs NpencTaBieHre UMeET Beca Ag, Ag— @, ..., Ag—qa K Ag = Spa. Ucxons
n3 (5.43), nMeeMm, 4TO LieIOoE YUCIO ¢ PAaBHO

_ (A07 a) .
=)

280.

Taknm obpa3oM, sy = % — CMAWH MpeACTaBAeHUA W MPUHKNMACT 3HayeHUs
0, 1/2, 1, 3/2,... CobcTBeHHble 3Ha4YeHHUs (Beca) NPeACTaRIEHUsA CO CMTHHOM
50 MMeIOT BUI So(a, a), (5o — 1){a,a),...,—so{a,a), a pasMepHOCTb 3TOrO
npeiacTasieHust pasHa q + 1 = 2s¢ + 1.

OvyeBnaHo, 4to ¢opmyna (5.43) crnpapemiMBa W U1 NpPEACTaBIECHHSA

(g,ad) anrebpsi g.
8) Ecim a € A v ka € A (k — uenoe 4KCAO), TO BOIMOXHB! NHILLD

3HayeHus k = 1.
INycts X,Y € h. HetpyaHo noHaTs, 4to

B(X,Y) =) _(dimg(a)a(X)a(Y). (5.44)
acA
C yuyeTOM CBOJICTBa 4 MojyyaeM, 4To eciau a,3 € A, To

(@, B) = (ha,hp) =b > (&, 7){7,P). (5.45)

1€A

9) MuoxectBo A nopoxaaeT h* (kak nuHeiiHOe NPOCTPaHCTBO).
HU3yunM cTpyKTypy MHOXeCTBa KopHeil A. Jing 3Toro BBedeM ynops-
JoyeHHe cpelH Kopiteit. OHo GyaeT B HEKOTOpOIt cTeneHH MPOU3BONbHBIM,
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TaK KaK eCTECTBEHHOIO YNOpAAO4YEHHUs1 CpeaH KOpHeH He cywectyeT. IycTs
ay,a,,...,a; HEXoTOpwiii 6asuc B h*, Tak yto mobGok snemeHt p € h*
MOXET GblTh 3amucaH B BHEE p = ». @i, ¢ € R. Mul GyneM roBOpHMTb,

1
4TO 3MEMEHT p MNonoxureiaeH, ecam ¢; > 0 unm ecim ¢ =0, a ¢; > 0
Y T.A. AHAIOTHYHO, p OTPHUATENEH, €CNIU NEPBbIii HenyneBoH k03ghduLueHT
¢; < 0. Tornra A =A; UA_, tne A, (A_) — MHOXeCTBO MONOXHTENE-
HbIX (OTpHLATENbHBIX) KOpHeW. [1onoXHTeabHbI KOpEeHb, KOTOpbIii HeEAb3d
NpeacTaBUTh B BUAE CYMMbl JABYX NONOXMUTENbHBIX KOpHeM, GyneM Ha3biBaTh
npocmbim koprem. OBG0O3HaYUM MHOXECTBO NPOCThIX KOpHeH o, T C A, .

INprmep 1. B cayuae g = 4, A, = {a}, 7 = {a}.

Ipumep 2. B cnyyae g = A, ecTb pa3iMyHble BO3MOXHOCTH. MOXHO
Boibpate A, = {ay,aj,a3}. U3z (5.34) cneayer, uto a3 = a; +a; #
7 = {a}, ay}. pyroit BbIGOp NOAOXHTENbHBIX KOpHeii: Ay = {a;,—a;, a3}.
Tak kak a; = a3 + (—ay), 10 # = {—ay, a3}.

10) Ecin a, 3 € @, TO a'— § He ABIAETCS KOPHEM.

1) Ecmma,BETna#pf, 10 (a,B) <0.

Bolillie Mb! ompenesiid MOHATHE LJIHHBI KOpHA. Teneph onpeaenum
yron EB MexXy KOPHAMHM a W [ cnelyiouiMM eCTeCTBEHHbIM 06pa3oM:

- <a1 ﬂ)
= 7 5.46
cosef = 1l gl (-40)

Mgl MOXeM M306pa3nTbh KOPHHU anrebpol B BUIE BEKTOPOB C OOLLIMM HaYyaioM,
NpHYeM JJIMHBI BEKTOPOB MNPONOPUMOHANBHB! [UIMHAM COOTBETCTBYIOLUX
KOpHe#i, a yron MexXxiay BekTopamu onpenensiercst ¢opmynoi (5.46). Takue
cxeMaTHyecKue M300paxeHWs: KOpHeii Ha3biBaloTCS KopHeebiMu dudzpammamu

anre6p.
IMpumep 1. g = A;. UmeeTca aa kopHs a M (—a). UX miuHbBI

paBHbl, a cos(a(—a)) = —1. KopHeBas anarpaMma 31oM anre6pnl npuBeacHa
Ha puc. 12a.
a, a;=a,ta,
60°
—Q, -———>» A, —a, 60 a,
_aa _aZ
a) 6)

Puc. 12.
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IIpamep 2. MHoxectBo A anrebpnl g = A; coaepxXuT 6 KopHeii:
ay, ), a3 = ay+ @y, —ay, —a; U —a3. Ameem aja, = 120°, aja; = 60°.
CooTBeTCTBYyIOlaA KOpHeBass AMarpaMma M3obpaxeHa Ha puc. 126.

12) TlycTe T COBOKYNHOCTbL NMpPOCThIX KOpHeit U3 A. Toraa

a) * = {ay,..., 0} obpasyer 6a3uc B b*.

6) ecnn B € Ay, 10 B = nya) + ma, + ... + may, thE N —
HEOTpHLIATEeNIbHBIE LIeMble YHCaa.

Ceojicteo 123) o3nayaeT, YTO YMCIO NPOCThIX KOpHei anrebpnl g
pasHo | = dimb* = rank g.

Beenem tenepn» mampuyy Kapmana A, conepxauyio B cebe Bcio
nHbpopMauMio o CTpyKType anre6pot g. OHa umeer paimep I X1 u ee
3JIeMeHTbl onpeaensiiorcs GopMynoi

(i, aj)
Ay =—2——. (5.47)
(aj,a;)
OTMeTUM HEKOTOpbIE OYEBHIHBIE CBOMCTBA 2neMeHTOB MaTpuubl' Kaprtana:

]3) a) A,',' = —2;

6) ecin A;; 0, To M Aj; #0;

B) A;; — uenoe 4ucno, npudem A;; > 0 npu ¢ # j;

r) A;jAj; = 4cos(a;a;)=0,1,2,3 npu i # j.

MHOXeCTBO T NMPOCTbIX KOPHeii anredpbl g Ha3blBaeTCcd HepaTOXH-
MbIM, €CJIM HEJIb3s yKa3aTh ABa HEMYCThIX €r0 NOAMHOXECTBA T} U T, TaKHX,
yto My UM =7, T NT =S U (aj,a;) =0 ana nobsix a; € 1 1 az € 7.

14) MHOXeCTBO T TMpOCTbIX KOPHEH HEPazIOKUMO TOrAa M TOJBKO
Toraa, koraa anrebpa JIn g npocra.

Oka3eiBaeTcsi, 4To Nio6oMy MHoxecTy T = {ay,...,oq} C R, co-
CTOALEMY M3 JIMHEHHO-HE3aBHCHMBIX 3JIEMEHTOB aj,...,qQ, TakoMy, YTO
Lt _
A = —2%&’% CYTb Lenble yucna co cBoiictBamu (13), a (,) — ka-
3373

HOHMYeCKOe CKanApHoe npom3sefeHve B R (Takoe MHOXECTBO Ha3blBAIOT
T -CUCTEMOM), COOTBETCTBYeT MNojaynpocrasa anarebpa Jiu. Tlostomy 3amaya
Kraccudpukaunu npocTeix anrebp JIM 6bi1a cBelieHa K KiIaccHpHUKalMK BCex
HEPATOXHMMBIX T-cHcTeM. B pa6ore [dnil] Ob10 AOKA3aHO, YTO CYLUECTBYET
4 6eckOHEeUYHbBIE CEpHUH MPOCThIX KOMIUIEKCHBIX afre6p JIK, oTBeyaiolmmx Kiac-
CHYECKHM anreépaMm, M 5 Tak Ha3piBaeMbIX HCKHOYMUTENBHBIX KOMIUIEKCHBIX
anrebp JIn. Oxazanoch TakXke, YTO MHOXECTBa MPOCTBIX KOpHEH 3THX al-
rebp yaobHo n3obpaxarth B BUAe rpapUYECKHX CXEM, MOJYYUBLUHX Ha3BaHHE
duazpamm Hwunkuna. OHM cTpoATCAa Mo cieayiouiemy npauiay. ConocTaBUM
KaXx/IOMY NPOCTOMY KOPHIO a; € T KPYXOK, OKOJIO KOTOPOIO yKaXeM BeJHUYH-
Hy (a;, a;). llanee, KpyXKH, OTBe4alolUE KOPHAM a; U @, COEANHNM A;; A;;
avHuamu. Ecam A;; = 0, To 3TH KpYXKH He cOeaMHsioTcs. uarpaMmal
JbiHKMHA ansa anre6p KiaccHyeckux cepuit A,, B,, C, n D,, (cm. §1),
a TakXe I HUCKMOYMTENBHBIX aarebp G,, Fy, E¢, F; u E; npuBenebl
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Ha pHC. 13 (HMXHMH HHOEKC B O003HA4YeHHWH anreOph! yka3blBaeT €€ paHr).
OTMeTHM, YTO B JIMTEpaType YacTO HE YKa3nIBalOT Ha AMarpamMme KBaapaThbl
IUIMH KOpHe#, a BMECTO 3TOro Ha AMHHWAX, COCOMHSAIOUWHMX NPOCTbiE KOPHH
pa3HoOi IUTMHBI, CTaBAT CTPENKY, HanpaBleHHYIO B CTOPOHY 60Jiee KOPOTKOTO
KopHs. Tlo anarpamme JIpIHKMHZ MOXHO BOCCTaHOBWTL Matpuuy Kaprana,
a 3aTeM W Bcio anrebpy Jiu.

ay a, as Ay a, a;, a, Ay a,
A, 0——0——0— e —0—0 C, 0—0— see —ac—
2 2 2 2 2 1 1 1 2
a] az a" 1 a" al a2
B, o——0— ¢ee —a—o D, o——o0— «ee
2 2 i 2 2
2
G, —= E
r 3 222 22
F, o0———a——Dbp—»0 2
1 1 2 2 E,

22 2 22 2

2
Eg
22 2 22 2 2
Puc. 13.

IMpumep 2. {uarpamma JIpiHKMHa anrebpsl g = A, u3o-
a, a,
o o OpaxeHa Ha puc. 14. U3 nee ceayeT, yTo B anrebpe nga npocThiX
2 2 KOpHS a; n ap U {a},a)) = {ay, ay) = 2. BeanunHa A4y = 1.

Puc. 14.  3HauHT, coracHo (5.47),
1
<alra2)2 = ZA|2A2|(a|,a|)(a2,a2) = ]’

M 13 cBoiicTBa 13 B 3akimioyaeM, Yto App = Ay = +1 u {a;,a;) = —1. Utak,
Matpuua Kaprana vmeer Bug

A= (“]2 _‘2) . (5.48)

Takum oGpazom, noganre6pa Kaprana npymepHa u ee 6a3MC COCTOMUT M3
aneMeHToB hy, M h,,. KpoMme TOro B A, UMEIOTCS KOPHEBbIE BEKTOPHI €44,
€+q,. Kakue ellie MMeloTCS KOPHH M KOPHeBbi€ BeKTOphbl? UTOGBI BHIACHHTD
3TO, PacCMOTPHM ,-CEpHIO, MpoXoadllyio Yepe3 a; : a; + ja,. U3 (5.43)
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u (5.48) nosyyaem, yTO

(alyaZ)
m-—p=2 — = -1
(@a, az)
Tak kak m = 0, T0o p = |, T.e. 3Ta cepHsa COCTOMT M3 a; U a; + a3.

HU3syyeHHne «-CcepuH, Npoxonsiedl 4yepe3 a,, NPUBOAMT K BBIBOAY, 4YTO
B A, e€CTbh JMIUbL ONHH HEMPOCTOI NONOXUTENbHbBIN KOpeHb ay + a;. Takum
obpa3oM, anrebpa A, BKIIOYAET €ILE KOPHEBLIE BEKTODPBl €q,1q, H €_(a+ay)-
TeM caMbiM Mbl NOJHOCTbIO BOCCTaHOBWIN anrebpy JIn A,; KOMMyTaLlMOHHbIE
COOTHOLLUEHHA naioTcsa ¢popmyaamu (5.40) —(5.42).

B nmanbHelillleM HaM NMOHano6ATCA NMOHATHA CTapllero Beca NpeacTa-
BNEHUSA M CUTHATYpbl NpeacTaBilelus; ceiyac Mbl WX onpegennm. Ilycrb
(V,7) — KOHEYHOMEPHOE HENPHUBOLHUMOE MpeacTaBlcHHUE anredpnl g U

V=vQ)eVvpe...

eCTb pa3foXeHHWe MpocTpaHcTBa V MO BECOBBLIM MNOANPOCTPAHCTBaM, a A,
B,... — Beca npeactasieHus (cM. (5.22)). B cuny KOHEeYHOMEPHOCTH Npen-
CTap/ieHWA BCEraa CyWEeCTBYET BEC w, TAKOH UYTO JJiS 1IIOGOr0 NOAOXKHTEALHOTO
KOpHa a € A, anrebppl g w + a yxe He amragercsi BecoM. Torma Bec w
Ha3blBacTCA cmapuiuM eecoM TipeacTaBieHmnsa. Hanee, nycte v € V(w) M
ad(h)v C Cv. Takoil BeKTOp ¥ Ha3blBACTCHA CMADUIUM (8eCO8HIM) GeKMOPOM
npeacrasnedns (V,T), OH nopoxnaeT Bce NpocTpaHCTBO V' NpH neiCTBUH

Ha Hero oneparopamMu 7(X), X € g. Ecam w — crapuiuii Bec, TO cue-
Hamypoli npedcmaenenua Ha3blBaeTCs COBOKYMHOCTb YMcen [my,m,,...,my],
BbIYHCASIEMBIX MO popMyne
o wag) _
i=2———, t=12...,l=rankg, (5.49)
(ai7ai)
rie a; — npocTtbie KOPHU airebpnl g. KoHeyHOMepHOEe HeNpHBOAHMOE

NpeACTaBRleHHE OAHO3HAYHO 3a4aeTcsA CBOMM CTapLiMM BECOM M CHTHaTYpoOii.

[Toxaxem Tenepb, Kak MO JaHHOW KOMIUIEKCHOI anrebpe g ¢ pa3jo-
xenueM (5.39) no KopHeBbIM NOANPOCTPAHCTBAM MOCTPOHUTb €€ KOMMNaKTHYIO
BeUleCTBEHHYIO popMy. Onpenennm 3eMEHTbi:

€, +e_ e, —e_
22 =it (5.50)

Ko, = tha, ba= , :
a; a; o \/i \/j

rie a; € ¥, a € A. Bo3bMeM NOAMHOXECTBO g B g, OOpa3OBaHHOE JJIEMEH-

1
Tamu BuIa X = D pire, + O Voba + D XaCa, THE i, Vi, Xi € R. HeTpyano
i=1 a€cA acA
nokasath, 4t0 §° = g u B(X,X) < 0 ana moboro X € g. D10 o03Hauyaer,
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4yT0 § — KOMMNaKTHasi BewlecTBeHHas ¢opma anrebpnl g. OToGpaxeHue o
KoMrieKCHOM anrebpni g B cebs, yIOBIETBOpAIOLUIEE YCAOBHAM

o(pX +qY) = po(X) + go(Y),
o(X,Y]) =[o(X),0(Y)],
o=1 (ToxaecTBeHHOE npeobpa3oBaHue B @)

s mobbix X M Y u3 g HaswiBaeTcs conpAxceHuem. 3mech Mbl pacCMOTPHM
JIMLLBL CONpPAXEHHE o, 3alaHHOe ClIEAYyIOlMM 00pa3om:

c(X)=X=-X,ecnu X €b;
o(eq) = €4 = e_,, €CNIU €, — KOPHEBOI BEKTOp B .

ComnacHo (5.50) koMnakTHasi BellieCTBeHHasA dOpMa COCTOMT W3 JIEMEHTOB,
WHBApPHAHTHBIX OTHOCHTENbHO TAKOTO COMPSAXEHUS.

ITpocteie
BelieCTBEHHbie
/ KomiuiekcHbie KOMTIaKTHbIE
KoMiuiekcHas TIPOCTHIE anredph1
nonympocras | ) anre6pbl
anrebpa S 4, B,, Cy, Dy, ITpocTteie
O6wias G,, Fy Ey, E, E BellleCTBEHHbIE
anrebpa =< B HEKOMIMaKTHbIE
Jin L anrebpbi
HuwsnoTeHTHbIE AbGesieBH
{ Pamkan N ) anre6psl D anre6pet

Puc. 15.

B sakimoyenne naparpada npusemeM cxemy (puc. 15), OCHOBaHHYIO
Ha pe3ynbTaTtax 3TOH [Aapbl M WUNIOCTPUPYIOWYIO COOTHOLIEHHS MeXay
pazM4yHbIMU TUNaMu anre6p Jlu; aTa cxema B3sita U3 KHuru [BP].






F taBa 6

Pa3mepHas penykums CHMMETPHYHBIX
KAJMOPOBOYHBIX IIOJICH

B apaauarnie rogst B paborax T.Kanyust u O. Kneiina [KK] 6nina
BbIABHHYTA T'MIOTE3a O TOM, YTO B MHMKPOMHPE MPOCTPAHCTBO-BPEMsI MMeEET
pa3MepHOCThb Gosbllle YeThipeX. A HMEHHO, OHU PacCMOTPENIM TEOPHIO IpaBH-
TauMM B NATMMEPHOM mpocTpancTee Buaa M* x S' u nokasanu, uto ecm Ha
nosi HaIOXWUTh TPeGOBaHWS MHBAPUAHTHOCTH OTHOCHTENIBHOIO KaHOHHWueC-
Koro AeictBua rpynnsl U (1) Ha NpocTpaHCTBe AONOJHUTENILHOIO H3MEPEHHS
(okpyxHoctH S' ), TO Takast TeOpUsi MOXeT 6bITb MHHTEPNPETHPOBAHA KaK YEThi~
pexMepHasli TeOpHsl TpaBUTaLMH, B3aUMOAEHCTBYIOUIEH C 3NMEKTPOMarHMTHbLIM
nosieM. Brnociaencreuu 31a uaesa Obina oboblueHa Ha cayyaidl Npou3BOAbHbBIX
ONHOPOAHBIX MPOCTPAHCTB AONOAHWTENBLHBIX H3MepeHuit G/H, npu 3ToM
peNHTEpIpeTalNA ceKTopa G-MHBapMaHTHBHIX Nojcii MHOrOMEpPHOH TEOPHH B
TEPMHMHAX YEThIPEXMEPHBIX NOJieH MOMyynAa Ha3BaHHE pa3MEepPHOM pelyKLUHH.
Mb! ele BepHeMcs K 3ajilade pa3MepHOH pedyKuHMy TpaBHTauUMH B rnase 7.
A 3@ecb OTMETHMM, YTO Takoe NMOHHMaHHE pa3MEePHON peayKUuHH SABISETCA
BeCbMa OOLLMM W MOXET NMPUMEHSTLCA He TONBKO K I'PaBHTallHOHHOMY, HO U
K JPYTrMM, B YaCTHOCTH, K KAIMOPOBOYHBLIM MOJAM.

OnHako B NocnefHeM ClnyYyae HaJoXeHHe Ha MHOTOMEpHbie KaiHbpo-
BOYHbBIE NOAA TPeboBaHWA MHBApHAHTHOCTH OKa3blBaeTCA CJMIIKOM OFpaHu-
ynTenbHbIM. Creundurka KanMbpoBOYHbBIX TEOPHI MO3BOAsAET Ocaabutb 3TO
TpeboBaHHEe M PacCMaTpPHUBATh KiIacC KaAHOPOBOYHBIX MoOnei, WHBApHAHTHBIX
OTHOCHTEJIbHO AEHCTBUA TPYNNbl CUMMETPUH G C TOYHOCTHIO OO KajnGpo-
BOYHOI'O npeobpa3oBaHuda. Takve nojisg MOAYYHWAH Ha3BaHME CHMMETPHYHBIX
KaJIMOPOBOUYHBIX MONAEH.

Pa3mepHasi peAyKHHH CUMMETPUYHBIX KalHOpOBOYHBIX Monei oKa3a-
J1aCh BeCbMa HMHTEPECHOM C TOYKM 3peHHA (PHU3HYECKHX MPHAOXKEHHMH, T.K.
NO3BONAAET MNOMYYHTh M3 MHOTOMEPHBIX YHCTO KaANIMOPOBOYHBIX TEOPHH 4e-
ThIpEXMEpHble MOAEAN XHITCA C XECTKO (PUKCHMPOBAHHBIMHM MapaMeTpaMH.
ITocTpoeHre MeTOOOM pa3MepHO# pelyKUHH TaKMX Mogeei 6yaeT noapobHo
00CYyXnaThCsl B KOHLIE 3TOH IaBbl.
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Hdns nposBeneHUs pa3MepHOi peayKHHM CUMMETPHYHBbIX KaauGpoBou-
HbIX nosei yno6HO HCMONb30BATh FEOMETPHUYECKOE ONMCaHMe KaanbpoBOUYHbIX
Teopni. B reoMeTpHyeCcKoM nonxone CHMMETPHYHbBIM KAJTHOPOBOYHBIM NOAAM
COOTBETCTBYIOT MHBapHaHTHbIC CBA3HOCTH. [109TOMY MbI CHayasna yCTaHOBUM
3TO COOTBETCTBHE, MpHBeaeM CTaHmapTHble MaTeMaTHYeCKUE pe3ynbTaTel 00
WHBAPHAHTHBIX CBA3HOCTAX, a 3aTeM MPHMEeHHMM HMX K 3ajadye pa3MepHOM
peayKLIM¥ CUMMETPHYHBIX KaNTHOPOBOUHBIX MONeH.

§ 1. CumMmeTpuyHBIe KAaAHOPOBOYHBIE NOJIA H
HHBAPHAHTHBIE CBA3HOCTH

PaccmMoTpuM B npocrtpaHctee E ¢ ¢ukcHposailHON MeTpHKOi 7y
YUCTO KaaHOpOBOUHYIO TeopHio ¢ KanubpoBouyHoil rpynnoit K. B coortpert-
CTBHH C pe3yAbTaTaMH MNpeablayilicdl rnaBbl, Ha reOMETPHYECKOM A3biKe 3TO
03HayaeT, YTO HaM 3aJlaHO HEKOTOpOe MNaBHOE PaccNOeHHOE NPOCTPaHCTBO
P(E,K;¥,T) M CBA3ZHOCTb B HEM; COOTBETCTBYIOULYIO (OpPMY CBSI3HOCTH
obo3taunM w.

INycts na paccnoenuu P(E,K) neitctByeT cnesa rpynna G Kak
rpynna aBToMOp(pK3MOB ITOTO PaccioeHus, T. €. NeiCTBUe G KOMMYTUDYET C
IeHcTBUeM CTPYKTYPHO#H rpynnsl. O6o3Hauyas 310 aeicteue L,, MMeeM:

I’!Ilyz = I’!Il oL 2 (6'13)
LyoW, =¥oL,. (6.16)

Heiictene G na P(F, K) nopoxnaaet neiictBue 37O rpynnel Ha F, KoTopoe
Mbl CYHTaEM HETPHBHAJILHBIM M 0003HayaeM O ; OHO oONpegensercs W3

yCJIOBHS
molL,= Oyom. (6.2)

Ons toro, urobni rpynny G MoOXHO Obli0 paccMaTrpuMBaTh Kak Fpynny
CUMMETPHH TEOPHH, HEOOXOAMMO, YTOOBLl MeTpHKa 7 Obina G-~-MHBapHaHTHA.
Cea3Hocte B paccnoeHun P(F,K) Ha3biBaeTca G -HHBAapHAHTHOH, €CIH
¢opMa CBA3HOCTH w MHBApHAHTHA OTHOCHTENbHO AEHCTBUA L, mia Joboro
g € G. TakuM 06pa3oM, Mbl MMeeM cienyiollide ycnoBusi G -MHBAPHaHTHOCTH
TEOPHUU:

Oy =17, (6.32)

Lw=uw. (6.36)

Ilycte Han okpectHocThio U C FE 3agaHo ceuenne s : U — P.
Toraa va U onpeaeneHo kanubpoouHoe none A = s*w. He orpaHunumBas
obuiHocTH, 6yneM cuMTath, uTo AeicTBMe G ocTtaBasier U WHBapHaHTHOM,
W paccMOTpUM TpaHCPOpMaUMOHHbIE CBOWCTBA NMONSA A OTHOCHTENbHO 3TOTO
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nedcreua. Jlis 3TOro 3aMeTuM, YTO M3 OMNpeneicHusA cedyeHus u u3 (6.2)
CJIenyeT, UTo
wo(Lgos)=0,

M MO3TOMy OTOOpaxeHue s, : U — P, onpeaeaeHHoe Kak

8g=Lgoso0y 6.4)

TOXe ecTb cedyenne Hag U. Tlostomy B paccnoerun 7 '(U) cylecrByer
BEPTHKAJIbHbIH aBTOMOpPGU3M V;, nepeBoasdinmii s B sg:

s5g =Vyo0s. (6.5)

BosbMeM oGpaTHbIit 00pa3 ¢opMbl w OTHOCHTENBHO CeYeHHAA Sg. TTomyunm
sw = (Lgos00p)w = O;_.(s'(L;w)) = 0;-.A. Beipaxenune (6.5) aa-
€T BO3MOXHOCTb BHIUMCIHMTL S;A ApyruM cnocoGoM. BcrmomuHas, uyto, B
COOTBETCTBHH C (4.38), BepTHKabHBIi aBTOMOPdH3M V; XapaKTepH3yeTca He-
KOTOPBIM 3KBMBApHaHTHBIM OTOOpaxeHuneM 7, : P — K, u yunreisas (4.41),
B 9TOM CJTy4ae MMeEeM:

spw = 8" (Vyw) = ad(p,) " A+ (p,) "' dpy,

rie Mpl 0603HauMIn s*'1y = p,. CpaBHuBas 06a pe3ynbTaTa, Mbl BHIHMM, YTO
UIa nofsa A, ABIAIOWErocs oOpaTHHIM 00pa3oM MHBApHAHTHOM CBA3HOCTH,
npeobpa3oBaHNe CHMMETPHUH SKBUBAICHTHO KAUTMOPOBOYHOMY:

0;-1A = ad(p))™' A+ (p)) "' dp,. (6.6)

TakuM 00pa3oM, Mbl YCTAHOBWIH CBA3b MEXIY CHMMMETPHYHBIMH Kanubpo-
BOYHBIMM HOMSAMHU M HWHBApPHMAHTHBIMHM CBA3ZHOCTAMH, KOTOpas MO3BOJISACT
MCTOJb30BaTh J1 ONMHUCAHWA CHMMETPHYHBIX KaNHOPOBOUHBIX MOJEH H3BECT-
Hble MaTEMaTHYECKHE Pe3yJbTaThl, K M3JIOXEHHUIO KOTOPBIX Mbl H MEePeXoamM.

B MareMaTuMke H3yuyeHbl WHBApHAHTHBIC CBA3ZHOCTH B pacCloeHMH
P(E, K) nns caydas, Korga rpynna G aeicrsyeT Ha P cloH TpaH3WTHBHO, T. €.
A JHOOBIX ABYX CloeB M3 P cyllecTByeT /IEMEHT U3 G, MepeBods Uil onnH
cJl0it B ApYroi. DTo o3Hayaer, YTo rpynna G AcHCTBYET TPAH3UTHUBHO Ha F,
n E ectb HekoTOpoe omHoponHoe mnpoctpaHcTBo G/H. Mb orpaHMumMMcs
34€Ch PAaCCMOTPEHHMEM TONbLKO PEAYKTMBHBIX mpoctpaHcTs G/H, T.e. Takux
MPOCTPAHCTB, AJIA KOTOPBIX CYIECTBYET pa3noxeHue anrebpsl JIn g rpynnet G
B NpaMylo cymmy aireopel JIu b rpynner H W HEKOTOPOro JIMHEHHOro
npoctpaHctsa m, g = b @ m, obsnagaolee cBoiictsoM ad Hm C m, wam,
3KBHUBaIEHTHO, [h, m] C m.

BaxHbliit ceunanbHbIf ciiyyad MHBapHMAHTHOW CBA3HOCTH AacT cledy-
oluee:

6 3ax. 311
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IIpepnioxenne 6.1.1. Iycte G — cBa3Haa rpynna Jlu, a H — ee 3aMKHyTas
noAarpymnmna, Takas Yto ofHopoaHoe npoctpaHcTso G/H peayKTHBHO.
Toraa
1) h-komnoHeHTa 0y = w KaHOHWyecko# 1-dbopmbl § B G onpenensier
B paccioeHun G (G/H,H) CBSAAI3HOCTHb, HHBAPHAHTHYIO OTHOCHTENIBHO
JIEBBIX CABMIOB 3JicMEHTaMH U3 G
2) ¢popMa KpUBH3HBI 3TOH CBA3HOCTH 3aaeTca GopMyJioi

1
Q= —2 [0, 6m] (6.7)
3) nioGas cesasHOCTh B G (G/H, H ), MHBapHaHTHasi OTHOCHTEJIbHO
JieBoro aedctBus G Ha ce0s, OmnpeAcifcT PeAYKTHBHOE pa3fioXeHHe
g = b ® m n MoxeT GbITh NOCTPOCHA onucaHHBIM B (1) crocoboM.

Jdoka3zareaserBo. 1) OnpenencHue 1-¢popmbl @ (§35, ri. 2) 1 3akoH ee Mnpe-
06pa3oBaHHA MNPy MpaBbiX CABUTAX MO3BOJAIOT JIETKO MPOBEPHTD, UTO w = by
ynosietsopseT ycnosuaMm (1) u (2), npuseaeHHsiM B Ilpenioxennn 2.10.1
M HataraeMbiM Ha ¢GOpMy CBSI3BHOCTH. ['OpHM3OHTaNBHBIM MOANPOCTPAHCTBOM
1A COOTBETCTBYIOWIEH CBA3ZHOCTH OyaeT MOANPOCTPAHCTBO, HAaTAHYTOE B Ka-
X710 Touke g € G Ha €BOMHBAPHAHTHLIC BEKTOPHbBIC MOJIA, MOPOXACHHbIC
3JIEMEHTaMH U3 m.

2) Bocnosb3oBaBWKCh IS §) CTPYKTYPHBIM ypaBHeHHeM (2.74), Mosy4yuM

1 1 1 1
1 =dby + E[vaab] = {dﬂb + E[Gb,ab] + E[amaam]b} - E[Gm,am]b-

OcraeTcs 3aMeTHTh, YTO BbipaxeHne B PUIYpHBIX CKOOKax ecTh f)-KOMMNOHEHTa
ypaBHeHua Maypepa—KapraHna (2.44) nna 6 v no3ToMy McYe3aeT.

3) Ina npon3BoabHOM ieBOMHBapHAHTHOH GOpMbI CBAZHOCT WB G (G/H, H)
OMNpeAcaNM MOANPOCTPAHCTBO M KaK MHOXECTBO JIEBOMHBAPHAHTHBIX BEK-
TopHBIX nosieit X, ans Koropuix w(X) = 0. OuesuaHo,

g=g®&m, nw=2=6, O

WnBapnaHTHbIE CBA3HOCTH B Npou3sonbHoM paccroennn P (G/H, K)
onuceiBalotca TeopeMoit Bana (cM. [KH], rnasa 2, § 11). 3nech Ml NpuBeaeM
JOKa3aTeibCTBO 3TOM TeopeMbl sl Clyyas PEAyKTMBHBIX OXHOPOAHBIX MpPO-
crpaHcts G/H B ¢opMe, ynobHOM 1jia Hallero gaibHeillero pacCMOTpeHMS.

Tpexae uem ¢GopMynuMpoBaTh TEOpPEMY 3aMETHM, UYTO AeHcrBHue rpyn-
et G Ha P(G/H,K), KOTOpOE Mbl CUMTAEM NEBbIM M 0GO3Hauyaem L,
onpenenser roMmoMopduaM 1 : H — K. JleAcTBUTENIBHO, BO3BMEM HEKOTO-
pyl0O TOUKy pp € 7~ (0), tae o = [e] ectb Hayano G/H. Tlockonbky H
€CTh CTauMOHapHas MoArpynna Toukn o, 10 Lppy € 77'(0), ¥ MBI MOXeM
onpegennth 7 (h) cooTHoWEeHMEM

Lppo = ¥rnypo- (6.8)
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Pasymeetcs, romomMopdu3sM T 3aBUCHT OT BbiOOpa TOUKH pg. Iloatomy B
JalbHEMIIEM MBI CYMTAEM TOUKY Py (PHKCHPOBAHHOIA.

IIpennoxenxe 6.1.2. Eciin ca3Has rpynna JIn G pedcrsyeT cJIOR-TPaH3NTHB-
HO Kak rpynna astoMopdu3MoB miaBHoro paccioeHua P(G/H, K),
TO CYLIECTBYET B3aMMHO-OLHO3HAYHOE COOTBETCTBME MexXay G-HH-
BAPHAHTHBIMK CBA3HOCTAMM B P M JIMHEHHBIMH OTOOpaXeHHAMH
¢ : m — £, yIoRIeTBOPAIOIMMH YCJIOBHIO 3KBMBAPHAHTHOCTH

¢(ad(h)ym) = ad r(h)¢p(m), h€ H, meEm, (6.9)

rae 7(h) onpeneneHo B (6.8).

HokazarenscTso. Onpenenanm otobpaxeHue 1 : G — P ¢opmynoit i(g) = Lypo
M BO3bMEM 00paTHbIl 00pa3 OTHOCHTENIBHO 3TOT0 OTOOpPaXEHUs HEKOTOpPOW
G-viHBapnaHTHON (opMbl CBA3HOCTH w Ha P, i'w = a. O6o3Hauaa nesoe
mewctsre g € G Ha ¢’ € G npocTo gg' v NpUHKMasi BO BHUMaHHE BbITEKaloLee
M3 OMpelNeNcHHA ¢ COOTHOWEHHE 10 g = Ly o1, I8 a MOMYYUM:

gla=(g oi')w= (" oLw=a.

D10 03HayaeT, YTo opMa @ JIEBOMHBAPHAHTHA, 1 MOXTOMY OHa OFHO3HAYHO
BbIpaXaeTca yepe3 KaHOHWYecKylo 1-popMy 8 Ha G, a = A(F), rae A ectp
JnMHelHoe oToOpaxeHne A : g — E.

Myctb b ectsb NIeBOMHBapUaHTHOE Mosiie Ha G, MOPOXIEHHOE 3Jie-
MeHToM b € g. BuiumcanM a(b), wucnonb3ys TOT ¢akr, uTO AeHcTBHE
noarpynnel H 8 TOUKE py IKBHBANCHTHO AEHCTBHIO MOAIPYMNIbI 7(H) crpyk-
TypHo#t rpynnel K (cM. (6.8)). Mo onpenesieHHIO & MMeeM a(b) = w(i'b). U3
ofpeaesieHUs 0TobpaxXeHUA ¢ M U3 JIEBOWHBAPHAHTHOCTH b creayer, 4TO fnose
i'b MHBapHaHTHO OTHOCHTENBHO AeicTus Lgy. TToaToMy dyHKuMa w(i'b) mo-
CTOSAHHA, Y €€ MOXHO BBIYHCIINTL B TOUYKE Py. Bareactaue (6.8) B 310M TOuke
i'b = (1(b))*, rae (7(b))* 0603HauaeT PyHAAMEHTATBHOE BEKTOPHOE Nonie B P
(1 TOit Xe OYKBOl T 0003HaueH roMomopdu3M aitredbp J]u, OTBEYAIOI U
romomoppuamy 1 : H — K). OkoHuatenbHo nosiyyaeM a(b) = 7(b) = A(b).
Ortciona cneayer, 4to Al = 7.

Hanee, ofo3Hauas npasoe neictsue h € H Ha G uepe3 R;, no
ofnpenesicHNIO 0TOOpaXeHus ¢ uMeeM:

Rjoi* =(ioRp)' = (rpyoi) =i' oW}y,

TpuMeHna nepsoe M Moc/eqHEE BHIPAXEHUA 3TOM LEMOYKH K W, YYHUTHI-
Basi ce 3aKOH MpeoOpa3oBaHUA NpU OEHCTBHMM CTPYKTYPHOH TIpynmbl \II;(,,)
M TpaHchopMauMOHHble cBOWCTBA 6 OTHOCHTENbHO mNpeobpazoBaHus R},

MOJYYUM

o Rho = A(adh™'0) = ad r(h " )A(8).
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Jnsa orpaHnueHnsa Al = ¢ 3TO U eCTb yC/IOBHE 3KBMBapHaHTHOCTH (6.9), T. €.
Mbl HOCTAaBWJIN B COOTBETCTBHE (popMe w OTOOpaxXeHHe ¢ c TpebyeMBIMH
CBOMCTBaMH.

Ob6patHo, no otobpaxeHHIO ¢ (6.9) MOXHO BOCCTAHOBHTb CBA3HOCTH
n popMmy w.

Tlycte X ecTb /ieBOMHBapHMaHTHOE BEKTOpHoe mnone Ha G, OTBe-
yaowee aneMeHTY X € m. OnpeaesM B Toukax nogMHoroodpasus i(G)
TOPU3OHTAIBLHOE MOANPOCTPaHCTBO Hyg) KaK MOANMPOCTPAHCTBO, MOPOXAEH-
Hoe BekTtopamu Buma (9(X))' — i’f, rae (¢(X))' ectb dbyHmameHTATBHOE
BEKTOpHOE TMoJie, NMopoxieHHoe 3eMeHToM ¢(X) € €. U3 onpeneneHus i
Ha¥aeM, 4TO T ot MOCTOAHHO Ha JIEMEHTax U3 Kiacca [g], T.e. mot = 7g,
Tae Tg — KaHOHMuYecKasa npoekuua B P (G/H,H ) U3 otoro crenyet, 4to
1r’((¢(X N —i'X ) = —ml;(X). TlooToMy KacaTebHOE MPOCTPAHCTBO TigP
€cTh MpAMas CyMMa TakK ONpeAc/IeHHOTO TOPH3OHTANBHOIO HOANPOCTPAHCTBA
M BEPTHKAJIIBHOTO MOANPOCTPAHCTSA.

ITockonbky G neitictByeTr Ha P chnoi-TpaH3UTHBHO, z(G) eCcTh Hou-
paccioeHue 8 P; HeTpynHO MOHATH, UTO €ro CTPYKTypHas rpynmna ects 7(H).
Jliobo# anemeHT p € P MoxHO npeactaButh B BHae p = ¥,i(g9), a € K,
g € G, npnyeM a 1 g ofnpenesieHbl C TOUHOCTHIO KO YMHOXEHHS Ha 2IEMEHTHI
r(h™") u h.

Topn3oHTanpHOE MOANPOCTPAHCTBO B P ONpeacSuM KakK obpa3 ro-
PHU3OHTAILHOTO MnoamnpocrpaHctsa B i(g) mnpu oTobpaxeHun W,. Jlerko
NpoBepPUTh, 4TO, Oslaronaps cBoicTBy (6.9) oToOpaxeHHs ¢, 3TO onpeneieHe
He 3aBMCHT OT Bbibopa a n g. [lokaxeM, HaKOHEL, YTO TaK ofpeaecHHOMN
CBA3HOCTH OTBeYaeT popMa CBA3HOCTH w. i 3TOrO BHIUNCINM

w (T ((¢0D)" - X)) =ada™ {$(X) - (D)} = 0.

3710 03HayaeT, YTO Mbl BOCCTAHOBWJIM HMCXONHYIO CBA3HOCTb MO OTOOpaxe-
HHIO ¢. O

3ameuanue. MHBapnaHTHas cBs3HocTh B P, ans kotopoit ¢ =
Ha3piBaeTCs KAHOHWYECKON CBA3HOCTHIO.

Kak BuaHo u3 J0Ka3aTe/bCTBa l'lpeunoxemm 6.1.2, rOpH3OHTANBHBIC
KOMMOHEHTBI BEKTOPOB Bua ' X, rae X — JieBOMHBAPHAHTHOE BEKTOPHOE
nosie Ha G, oTBedalouiee X € m, MOPOXKAAIOT FOPHU3OHTANBHBIC MOANPOCTPaH-
cTBa B ToukKax #(G). TToatoMy popMa KpuBH3HBI §2 MHBAPHAHTHOW CBA3HOCTH
MOJIHOCTBIO XapaKTePH3YeTCa CBOMM CYXEHHEM Ha 3TO MOAPACCIOEHHUE, CO-
BMAJAOLIMM, OYEBHAHO, C 1*§).

Ilpeanoxenune 6.1.3. [na cyxenns ¢GopMpl KPUBH3HBI MHBapHAaHTHOW CBA3-
HOCTH Ha MOAPACCHOEHHUH #(G) WIH, 3KBUBAIEHTHO, WA (opMbl 1°§)
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Ha G ¥MMeeT MecTo NnpeacTaBiCHUC
. 1 1 1
Q= 5 [¢(0m);¢(0m)] - ET([amaam]b) - 5¢([0m;0m]m) . (6.10)

Joka3zatenbcTBo. Mcnonb3ysa cTpykTypHOe ypaBHeHME aasl §2 M TO, 4TO
i'w = a = A(0), nonyyaem

1 1 1
i'Q = A(df) + 5 [A6),A0)] = 3 [A6),A(0)] - 5 A6, 6).

Ipy nepexone Ko BTOPOMY paBEHCTBY MbI NMPHHAJM BO BHUMaHHWE ypaBHEHHE
Maypepa—Kaprana. Paznaras 3ateM 6 Ha h- 1 m-KOMNOHEHTHI: 8 = 6 + Oy,
BCMOMMHas, uto Alp = 7, Aln = ¢ n obnapaet cpoitcteoM (6.9), nosydyaem
(6.10). O

Cnrencrame. HMHBapuaHTHas cBA3HOCTH TUIOCKas TOTAA M TOJMBKO TOrAa, KOrja
otobpaxeHue ¢ : m — £ npomonxaer romomMoppusm 1 : h — € g0
romoMopcpusma A g — E.

Joka3zatenbcTBo. Kak Mbl otMeuanu 8 § 12 rassl 2, CBA3HOCTD IUIOCKast Toraa
M TOJIBKO TOTHa, Koraa ee ¢popMa KpHMBHM3HBI HyideBas. Ilia nHsBapnaHTHoOM
cBA3HOCTH oOpalleHne B HYJIb GopMbl KpUBH3HH (6.10) 3KBUBAIEHTHO TOMY,
4TO ¢ NpomosKaeT T 40 romomoppusma A:g— €. O

3ameyanue. Pesynaptatel TIpenntoxennit 6.1.2, 6.1.3 MoryT ObiTh €TKO pac-
NpoCcTpaHeHbl Ha JIMHEHHble cBA3HOCTH. eilcTBHTENIBHO, KaK Mbl 3Ha€M H3
rnasul 3, geiicteue G Ha G/H KaHOHWYECKM MOmHMMAaeTcsl OO aeicTBua G
Ha pacCIOEHUM JTUHEHHBIX penepos L (G/H). 3apuKcupyeM HeKOTOpBI pe-
nep 4, B TOUKE 0, T.€. U, € 1r"(o). HeitctBre npeobpa3oBaHWit U3 Noarpyn-
nel H Ha u, nopoxnaer roMomMopdusm A : H — GL(n,R) (n = dim G/H),
KOTOpPHIH, OYEBHIHO, COBMAAAET C MPEACTABICHHEM H30TPONUM B TOUKE O.
JleBonHBapHaHTHbIE JIMHENHBIE CBA3HOCTH B G/H Haxomatca BO B3aMMHO-
ONHO3HAYHOM COOTBETCTBHM C JIMHEHHBIMH OTOOpaXeHHUAMH ¢ : m — gl(n),
YIOBJAETBOPAIOIIMMHK YCJIOBHIO

P(ad(R)ym) = ad A\(R)p(m), m € m.

JIunHeiiHas cBa3HOCTB, cooTBeTCTBYIOIIAsA ¢ = 0, Ha3piBaeTCA KAHOHHUYECKOH
CBA3HOCTHIO.

Ecnu G peiictByer Ha G/H »3¢pdektuBHo (T.e. H He cooepxur
HOpMaNbHBIX AejuTeNiel (), TO Ha L(G/H) G gedictByeT cBoOOgHO,
M BcreacTBue dToro nommHoxectBo @ = {Ly,u,, g € G} B L(G/H)
ecTh nmogpaccioeHne, usomoppHoe G (G/H,H). SlcHo, yTO KaHOHMYecKas
CBA3HOCTH B L(G/H) pedyuupyeMa K KaHOHHWUYECKOM CBSI3HOCTH B @ =

G(G/H, H). OTMeTHM ellle, YTO echM Ha G/H 3amaHa G-MHBapuMaHTHas
METPHKa, TO KaHOHWYeckas cBa3HocTh G/H sABNfAeTcs METPHYECKOM, HO B
obuleM ciyyae obnagaeT HEHyJIEBbIM KpyuyeHHeM. O
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§2. Pa3mepnas peaykuus
CHMMETPHUYHBIX KAJIHOPOBOIHBIX MOJI€H

IMycts B npoctpaHctee F = M X G/H ¢ ¢ukcHpoBaHHON METPHKOMN
¥=n®v (n — metpvka Ha M, a 7y — Ha G/H) 3apana kantnbpoBouyHas
Teopus ¢ KanubposouHoW rpynnoit K W co ctaHgapTHbIM AeiicTBueM. B
JanbHEHIHEM MBI MpeanosiaraeM rpynnsl G 1 K KOMNaKTHBIMU.

Ha npoctpaHctBe F Takoro Buaa ectecTBEHHO oNpefesicHO AeHCTBHE
rpynnel G, KOTOpoe CBOOMTCA K KaHOHMYECKOMY JIeBOMY JAeicTBHI0O G Ha
G/H . Mbsl byaem cunTath, 4TO METPHKA Y MHBapHaHTHA OTHOCHUTEJIBHO 2TOTO
neHcTBHUsA, a 3HAYNT, U METPpHKa ¥ G-MHBapHaHTHa, T.e¢.

O4% =9, (6.11)

ric Mbl cOXpaHWIy obo3HauyeHua § 1 ana neiicteua G Ha F.

TIpeanosioxXuM, YTO B paccMaTpHUBaeMoil TeOpHH ecTb ceKTop G -CUM-
METPHUYHBIX KATHOPOBOYHBIX Mojieil. B cooTBeTcTBUM ¢ pe3ynbtaTtamu § 1 310
03HayaeT, 4TO CYHIECTBYET HEKOTOpOE MIaBHOE PacCHOCHHOE MPOCTPAHCTBO
ﬁ(E, K ; ¥, ), Ha KOTOpPOM 3ajaHo aelicreue rpynnbl G aBTomopdusmamu L,
npoekTupymoueecs B aeiicteue Oy Ha E (T.€. BBINONHAIOTCA COOTHOLIEHHSA
(6.1), (6.2)), 1 G-CUMMETPHYHHIM KanuOpoBOYHBIM MoisiM Ha FE coor-
BETCTBYIOT MHBapHaHTHbIE (OPMbI CBA3HOCTH @ B ITOM DacCC/OCHWH, Mis

KOTOPbIX
Lio=a, VYgeG. (6.12)

IMockonbKy AIsi CUMMETPHUYHBIX MOJIEH AeicTBUE Ipynnbl G CBOAUTCSA
K KanubpoBouHOMy mnpeoOpa3oBaHMIO, JIarpaHXHMaH Ha TaKMX MOASIX He
3aBMCHT OT TOYeK MpocTpaHcrBa G/ H , T.e. (pakTHuecku NpeacraBaser coboi
JlarpaHXHaH HEKOTOpOH TEOpHH B MpocTpaHcTee M (KoTopoe B JanpHeilleM
OyaeT MMeThb CMBIC YETBIPEXMEPHOTO MpOoCTpaHCTBa-BpeMEeHH). YToObI ABHO
MOCTPOUTH 3TY 3PPEKTHBHYIO TEOPHIO, HYXHO BBIpa3nuTh G -CHMMETPHUHBIC
KOHpUrypaumu nojieit Ha E B TepMHHax mnonei, 3afaHHbIX Ha M, 3ateM
NoACTaBUTh 3TO MNpPEACTaBACHME B JIarPaHXHaH M MoayYyuTth 3d¢eKTHBHOE
aeiicteue Teopun B M.

Drta npoueaypa ¥ ectb pasMepHas peayKumus CHMMETPUYHbBIX Kannbpo-
BOUHBIX noJieit. Jlns ee nMpoBegeHUA yAOOHO MCMOJIB30BaTh NE€OMETPHUECKOE
ofMcaHUEe TaKHX MOJIEH KaK MHBapHAHTHBIX cBA3HocTeit. Ha 3TOM s3bIKe
nepsblit 11ar pasMepHoOi peayKumMu — MNpeAcTaRIeHHEe CHMMETPHUHBIX MONeH
Ha FE B TepMuHax mosieid Ha M — oO3HayaeT, YTO HaM HyXHO onmucatb
MHBAapHaHTHYIO (GOpMy CBA3HOCTH & Ha P B TepMHHax reoMeTpHYECKHX
00beKkTOB, 3a/laHHBIX Ha HEKOTOPOM IIaBHOM pacclioeHuM ¢ 6azoil M.

OOpaTtMMcs AIsi 3TOr0 K KOHCTPYKHMH mnpuMepa 3 §8 rJaBbl 2.
O6o3Hauan 4epe3 o Havyano B G/H , onpeneanM noaMHoroobpasve M C F,

M = M x {0}, coctosiiee U3 HEMOABUXHBIX To4eK Moarpynnel H, T.€. ans
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VieEH uVzeM Opz = z. HAcHo, uto nopumna P Han M, P= w"(ﬂ),
€CTb IJIaBHOE PacC/IOCHHOE MPOCTPaHCTBO CO CTPYKTypHOW rpynmnoit K u
6asoit M. _

ITockonbky npeobpa3zoBaHue Oy neiictByeT Ha M TpPUBHANBHO, IPyMn-
na H pe#ctByer Ha p npeobpaszoBaHuaMKn Ljp Kak MnoArpynmna rpymnmnsi
BEPTUKAIBHBIX aBTOMOP(H3MOB 3TOro paccioeHus. BeneacrBue atoro s
mioboro p € P cywectsyet otobpaxenue 75 : H — K, 3anapaemoe ¢Gopmyioit

Lnp = VrymP (6.13)

u obsapalollee cneayiouiuMKu cBocTBaMHu
Tp(R1h2) = 13(h))73(R2), (6.14a)
T,5(R) = ad(a™")73(h), (6.146)

Jierko BeiBOAMMBIMM M3 (4.38) n (6.1). Popmyna (6.14a) o3HauaeT, uTO
75 : H — K ectb romoMopdpusM (cp. c (6.8)).

Hanee, kak nokasaHo B npumepe 3 § 8 rnassl 2, paccioeHne G Xg p
C THMIMYECKMM CJioeM P, accouMMpOBAHHOE C MIABHBIM pPacCIOCHHEM
G (G JH,H ) , InpgpeoMopdpHo P,1e. cywectsyeT AngpdpeoMopdpramM

x:GxgP— P, (6.15a)
Ol'lpeﬂ,eﬂﬂeMblFl COOTHOLIICHHUCM
x([(g, ) = Ly, (6.156)

HE 3aBHUCAILIMM OT BbIOOpa npeAcrasuTesiel B KJjlacce [(_q, ﬁ)] = [(_qh_l L,,p?)]

OueBugHO, X NEPEBONMT KaHOHMYECKOE JieBoe neiicteue G Ha G Xg P 8
Ieiictene G Ha P a gefcTBHE CYpyKTypHO# rpynnel K Ha P 8 neiicteue

A

aTo#t rpynnel Ha P.
Ilpenctasnaenue P B Buae (6.15) no3posaeT NocTpoUTh OTODPAXEHHS

i5:G— P, i5(9) = L,p, (6.16a)
ic:P— P. (6.166)
OtobpaxeHne i3 aHaIOTMYHO OTODpaxeHHIo i, BBenrcHHOMY B [Tlpemnoxe-

HuM 6.1.2; otobpaxeHue (6.166) Npocto npeacrTapascT P Kkak nogMHoroo6pa-
3ue 8 P. U3 onpenencHus i; n u3 (6.16) Jierko cnemyer, 4To

ty,; = ¥, o0 i];, a€K. 6.17)
Hetpyaso nposeputhb, 4To 06paTHBI 06pa3 GOpMbl & OTHOCHTENBHO

otobpaxeHunsa i,, @ = i,@, ecTb ¢opMa CBA3HOCTH Ha P, HMHBapuaHTHas
OTHOCHTEIbHO neicteua H

Lio=&, VheH, (6.18)

4TO ABJAETCA HachenueM yciuosusa (6.12).
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Hanee, nns moboro p € P obpatHbiit 0bpa3
i;;u‘.: =a; (6.19)

ectb 1-¢popMa Ha G co 3naueHusamu B anrebpe JIin € rpynnel K. Boeactsue
G-vHBapHaHTHOCTH @ «a; TOXe (G -MHBapHMaHTHA, M MOJTOMY MOXET ObITh
npeacrasieHa B suge (cMm. §1)

a; = A,—,(G), A", ‘g— f, (620)

ric 6 ectb KaHOHMuYeckaa JieBOMHBapuaHTHas |-¢opma Ha rpynne G, a
otobpaxenue Aj nanHeitHoe (cpasHu c Ilpennoxenvem 6.1.2). U3 (6.17)

JIErKO HaMTH, 4TO
Ay,; = ad(a™") o A;. (6.21)

O6o3HauuM uepe3 Ry npasoe nedicteue H Ha G : Rpg = gh. Torna
n3 (6.13), (6.16) nonyunm

iz o0 Ry = tw -

Tpumenss (i3 o Ry)* k dopme @, yuntoiBas (6.21) u 3aKoH npeodpa-
30BaHMA 6§ npu NMpasbiX CABMTAX, HAXOAHM

Ajoadh = ad73(h) o Aj. (6.22)

Bestenctsrue koMmaktHocTH G omHopomHoe mpoctpaHcTso G/H pe-
LYKTHBHO, T.€. CyLIECTByeT PeAyKTHBHOe pa3iokeHune g = b @ m. Boluncass
¢dopMy @ Ha IEBOMHBAPHAHTHOM BEKTOPHOM Mojne b, nopoxaeHHoM b € b,
HaileM, 4yTo orpaHuuyeHre Aj; Ha b cosnagaet ¢ anddepeHunanom orobpa-
XeHua 75 (koTopeii Mbl ByneM 0003HavaTh TOM Xe OykBo)

Ajly=1:H -8 (6.23a)
a Aslm = ¢ Benenctaue (6.21), (6.22) obnanaet csoiicTsamu
¢5 :m — ¢, (6.236)
$u.5 = ad(a”) o ¢, (6.238)
¢ oadh = ad 73(h) o ¢;. (6.23r)

3pecek cieayeT OTMETHTb, YTO ¢opMa w xapaktepu3yeT ¢popMy @ Ha
npocTpaHcTse opbuT rpynnel G 8 P, a oToOpaXeHHe ¢ XapaKTepU3yeT @ Ha
G-opbuTe uepe3 p. PakTHUECKH, ITO TO Xe€ caMoe oTobpaxeHue (¢ onopHoO#H
TOYKO# ), KoTopoe BBoaMnocsk B [IpesioxeHun 6.1.2.

Mo ¢opMe @ 1 0TOOPaXXEHHIO 5 MOXHO PEKOHCTPYHPOBATH HCXOLHYIO
cBA3HOCTb M ¢opMy w. JleHCTBUTENBHO, KacaTtesibHbie BekTopel ¥ € T,G n

Z € T‘,-,I‘5 OMpEAE/AIOT KacaTebHblii BEKTOp K G Xz P B Touke [(g,p)] kak
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xnace [(Y, Z)]. CootsetcTBylolIMi KacaTenbHblH BekTop X € Tx([(q

X = ¥'([(Y, 2)]) nmeet BUA

Pk

X =L,Z+14Y. 6.24)

OnpeaenuM TOPHU3OHTAIBHOE MNOAMPOCTPAHCTBO B TOYKE x([(g,ﬁ)])
KaK MOANPOCTPAHCTBO, MOPOXACHHOE BEKTOpaMH BHAA

X = LyZ +izm — (¢3(m))’, (6.25)

rae Z TOPH3OHTANCH OTHOCHTENBbHO CBA3HOCTH W B P, 1 ecTh 3HaueHHe
B TOYKE ¢ JICBOMHBApHMAHTHOrO BEKTOPHOrO Mojis Ha G, MOPOXIEHHOTO
JJIEMEHTOM m € m, a (¢,—,(m))' — ¢yHnaaMeHTAIbHOE BEKTOPHOE HOJie
Ha P, nopoxieHHoe ¢s(m) € E. Tlpamoi nposepkoit MOXHO ybGemutbes,
YTO TaK OMpeAc/iEHHOE TOPH3OHTAIbHOE MNOIANMPOCTPAHCTBO HE 3aBHUCHUT OT
BeiOOpa mnpeactaButens B knacce [(g,p)], Onaromaps csoiictBam (6.17) u
(6.238) MHBapHAHTHO OTHOCHUTENILHO AEHCTBUSA CTPYKTYPHOM Ipynnbl, a TaKXe
C OYEBMIHOCTBIO MHBApMaHTHO OTHOCHTENbHO MnpeobpasosaHuit Ly. Takxke
JIETKO TpOBEpPUTb, YTO Ha BekTopax Bmia (6.25) dopma @ oOpaiuaerca B
HyJb, T.€. N0 GopMeE W M OTOOPaXEHHIO ¢35 Mbl BOCCTAHOBWIH HCXOOHYIO
cea3Hocth. TakuM oOpa3oM, G -nHBapuMaHTHasa (opMa CBA3HOCTH @ Ha p
HaxoAHuTCs BO B3aMMHO OXHO3HAaYHOM COOTBETCTBHH C Napoi (w, ¢;) Ha P.
Oka3sblBaeTce, UTO BCeACTBHE ocTaBlueica H -cuMMetpun (6.18) pac-
cnoenne P Moxert OBITh pefylHpOBaHO nansilie. A UMEHHO, BbIGepeM HEKO-
TOpYIO TOUKY Pg € P, nonoxuM 7(h) = 75,(R) 1 paccMOTpUM NOIZMHOXECTBO

B P, onpeneicHHOE Kak

P= {13 €P, 71(h)y=7(h), Vhe H}. (6.26a)
M3 (6.146) cneayet, yto P ecTh NOmpacciocHHUE B Pco CTPYKTYPHOI1 rpynmnoi

C= {c €K, cr(h)e' =r(h), Vhe H} (6.266)

(ueHTtpanusatop 7(H) B K). PacciioeHne P, ananornuso (6.15 a), MOXHO

NpeacTaBUTh B BUAE N
P=K x¢cP. (6.27)

CyxeHne w Ha P(M,C) o0603HauuM w, @|p = w. [lockoseKy
geicteue Ly B Toukax P scieactsue (6.13), (6.26) cBoonTcs K AEHCTBHIO
¥, ), YCIOBHE MHBapHaHTHOCTH (6.18) mepenuceiBaeTcs AN w Tak:

w = Ly@|p = U @|p = ad (R~ ")@|p = ad 7(h " )w. (6.28)
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3TO 03HaYyaeT, YTO w MpUHUMAaET 3HauyeHua B arebpe JIu ¢ rpynnel C, T.e. w
apasetca QopMoil cBasHoct Ha P, u ceasuoctb B K -paccmoeHun P
pemyuupyeMa K cBasHocth B C-paccioeHun P; ¢opMma @ craHIapTHHIM
00pa3oM BoccTaHamauBaetca no ¢opMe w (cMm. [KH], rnasa 2, §6).
Otobpaxenne ¢; B TouKax p € P ynoBAeTBOPAET YCIOBHIO

¢, 0adh =ad7(h) o ¢,. (6.29)

[To otobpaxeHuio ¢, oTtobpaxeHue ¢; co ceoiictBoM (6.23B) BOCCTaHABIM-
BaeTCs C MOMollbo NpeactaBiaeHus (6.27).

OkoHuyatenbHo, MBI MPHUIIM K pe3yabTaTy, 4TO G -MHBapuaHTHas
dopma cBa3HocTH @ Ha ﬁ(E,K) HaXxoANTCA BO B3aMMHO OJZHO3HAYHOM
COOTBETCTBMM C Mapoit (w,$,) Ha P(M,C), rie w — ¢opma CBA3HOCTH
Ha P, ¢, — nuHeitHoe oToOpaxeHue, ynosnetsopsiowee (6.238) u (6.29).

CeoiictBo (6.238) no3BonseT paccMaTpuBaTh ¢y Kak JKBMBapHaHTHOE
otobpaxeHve U3 P B nMHelHoe npoctpaHcTso €@ m*. B 3toM npoctpan-
CTBE €CTECTBEHHO OMpeAe/iCcHO MpeacTaRieHue rpynnbl H, HHAyLIMpOBaHHOE
npeacrasneHusamMu ad(r(H))E u ad(H)m. INpn TakoM paccCMOTPEHHH YClO-
Bre (6.29) o3HayaeT, ytOo ¢(p) NMPMHMMAET 3HAUCHMA B TMOANPOCTPAHCTBE
TPUBHANBHOTO NpeactabBieHus H, kotopoe Mbl 0603HaYuM Vy C EQ m*.

Jlna Toro 4tobnl A0Ka3aTh 3TO, BBEACM MOHATHE KOMPHCOEIMHEHHOTO
npeacrapieHus rpynnel JIn G. IMycts 3agaHo cnapusatue ({I,r)) a/meMeHTOB
l € g* n r€g. Torna npucoennHeHHoe npeacraBieHne ad G nopoxaaer 8 g*
npeactasienne ad! G, onpenensemoe dhopmynoii

({l,adg~'r)) = ((ad' g1,7)), g€G,

M Ha3blBaeMOe€ KOMNpHCOEAHWHEHHBIM MNpeacrapieHueM rpynnsl Jin G.
CooTBeTcTByIOllEee NpeacTaBicHe anredpsl JIn g 3amaeTca Tak:

({l,adgr)) = —((ad' g1,7)), g€ g

O6o3Hayass TeM Xe cuMmBoioMm ((,)) cnapusanue ¢ € EQ@ m* c
JIEMEHTOM ™M € m, MHPHHUTE3UMaTbHYIO ¢opmy yciosus (6.29) MoxHo
nepenvcarb B BHIE

| ((¢,ad hm)) = —((ad' g, m)) = ((ad (h)$, m)).
Ortciona cneayet, uyto ns Joboro h € b
ad 7(h)¢ + ad' h¢ = 0,

T.€. Ha onepaTtopax ¢, ymoBaeTBopsiiownx yciosuio (6.29), peanmsyercs
TpMBHANBHOE NMpeacTtasacHue anredpel JIn h n, coorsercTBeHHo, rpynnsl H .
BcrnomuHas pesynbtatel miaBel 2, Mbl NPHUXOAMM K 3aKJIOYEHHIO, YTO ¢,
ONMUCHIBAET cKaisApHoe nojie Ha H co 3HayeHHAMH B MpocTpaHcTse Vj.
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YcTaHOBAEHHOE COOTBETCTBHME AAcT pellieHMe 3aAauyd KiacCHPHKa-
IIMH G -MHBAPMAHTHBIX CBA3HOCTEH WIH G-CHMMETPHUHBIX KalTHOPOBOYHBIX
noseit. PU3MYECKHM OHO O3HAYAET, YTO YHCTO KaNMOpOBOuHas TeopHa B
npoctpaHctBe E = M x G/H c xanubpopouHoit rpynnoit K, obiasaroias
JOMONMHUTEILHOR TPYMNOH MpPOCTPAHCTBEHHON CHMMeTpPMM G, CBOAMTCA K
KaJHOGpOBOYHO#l TeopHH ¢ KanuOpoBouHo# rpynnoii C B nmpocTpaHctBe M,
KOTOpasa BKJIlOYaeT B cebsl AONMONHMTENIbHbIE CKANSAPHLIE MOJIA, OMUChiBAaEMble
orobpaxeHueM ¢. UToObl MONHOCTBIO XapaKTepH30BaTk 3Ty DPeMYyLIMPOBAH-
HYIO TEopMIO, HeOOXONMMO MONYYHTb €€ HNEHCTBUe M3 NEHCTBMA HMCXOQHOI
MHOTOMepHO# TeopuH. 310 M OymeT NMpeAMeTOM Halllero AajbHeillero pac-
CMOTDEHUA.

BBenem B mpoctpaHcTBe F (JIOKaIbHBIE) KOOPAMHATBI M= (z*, &™)
(M =0,1,...,dimM +dimG/H — 1), tne {z'} (p=0,1,...,dimM — 1)
— koopauHathl B M, a {¢"} (m=1,2,...,dimG/H) — KoopauHaTh B
G/H, v 3anMilieM CTaHJapTHOE NEHCTBME 1A WCXOJHOH KaluOGpoBOYHOM
teopun B P(E, K) B Buge

1 .
S = 7 / <FMN,FMN > dvg, (6.30)
E

rie § ecTb KOHCTAHTa CBA3H, FM N — KOMIIoHEeHTa o6paTHoro obpasa F=s0
¢GhOpMbl  KPHBH3HBI Q=do+ %[LD,GJ] OTHOCHTEJIbHO HEKOTOpPoro (JioKab-
Horo) ceyeumsa s : K — P, (,) — K-unBapvanTHas OwinHeiinas ¢opma
B £ (nponmopLMoHanbHad tr B NMPHUCOEAMHEHHOM MpPEACTABIEHHH M [OTOMY
OTPHLIATENbLHO OMNpeAeNieHHas), a dvg — 3JieMeHT obbeMa npocTpaHcTBa F,
MOCTPOEHHBIH M0 G-MHBAPHAHTHOM METPUKE § = 7) @ 7.

PaccMOTpHUM 3TO neificTBHe Ha G-MHBAapHaHTHBIX CBsI3HOCTAX @. Jns
TaKHMX CBA3HOCTEH MOXHO MOJNYYHTb CleliMaNbHOEe MpelcTaBieHHe 2-¢GopMbl
KPHUBU3HBI F , MO3BOJIsAIOLLEE JIETKO Npeobpa3oBath AeiicTBue (6.30) B geiicTBre

HEKOTOpO# TeopHH B M .
3ameruMm, uto Grarogaps npenctaBieHuIo (6.15a) moboe (JokanbHOE)
ceyenme s : E — P MOXHO 3alaTb C MOMOIIBIO (JIOKAIbHBIX) CeYeHHi

$1:G/H — G u s, : M — P no ¢opmyne
5(2,8) = x ([(1(9), 2)]) - (6.31)

YuuthiBas (6.24), nonyuuMm orciona Haubonee oOluee TpeAcTaBieHHE s
KanubpopoyHoro nonsa Ha E,| orsevawouero G-uHBapHaHTHOM dopme @:

E(J-‘,{) = (8" D)@ gy = ($2@)z + Ay ((510)g). (6.32)

OuesuaHo, 6arogaps (6.27) ceueHHe s; MOXHO BHIOPATH TaK, YTO S,(z) € P.
Jlna manpHeiillero HaM yaob6HO TakXe BHIOpaTh S; YOOBIETBOPAIOILMM YCIIO-
BHAM 5)(0) = e, $) (T,,G/H) = m, KOTOpbl€ YCTAHABAMBAIOT M30MOpPPH3IM
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KacarejgbHOro mnpoctpanHctBa 71,G/H c¢ nonnmpoctpaHctBoM m. [lpu 3TOM
nuddepeHnan KaHOHMYeCKOW MpoekUMM mg B pacchoenmu P(G/H,H),
B3ITHIA B TOUKe € € G, 7y : m — T,G/H, nopoxnaer Ha m ad H-
HHB3pHaHTHOE CKasApHOE MPOU3BeAEHHUE, OTBEYAlolllee METPUKE 7Y B TOUYKE 0.
O6o3nauas 10 = @, ¢sz) = ¢ M S3w = A, A € ¢, NOAYYMM BbIPaXEHHE
ana G-cummerpuuHoro nond Ha E = M x G/H B craHAapTHOH KanuGposke:

A=A+ 7))+ ¢@n), (6.33)
rie ¢, Bchaencraue (6.29) yooBaeTBOpAET YCAOBHIO
¢oadh =ad7(h)o ¢. (6.34)

HeTpyano npoBepuTth, uTo npeobpa3zoBaHHe 0;_, JUIS1 3TOTO MOt SKBUBAJICHT-
HO KanubpoBouHOMY Mpeobpa3oBaHuIo ¢ dyHKuMeH py(§) = 'r((sl(f))_1 g X
s.(_q‘lf)), YTO COBMAJAET C onpenejcHueM G — CHMMETPHUUYHOrO Kaiubpo-
BouHOTro nojsa (6.6). .
CooTBeTcTBYIOLLIASA TONI0 A 2-cbopMa HanMpsSXeHHOCTH UMEET BHUJ

~ _ 1 _ _
F=F +(D$)n) + 3 [¢(Bm), (Bm)] —
1 - 1 _
- 5¢([0m,0m1m) - E'r(lem,em],,), (6.35)

rnie F =dA+ %[A,A], a KOBapHaHTHaa NPOW3BOAHAaA MOJig ¢ onpenesieHa
kaK (D¢)(On) = (dp A 8) + [A, ¢(8)], nprueM B (do A 8,) nonpasyme-
BaeTCs CMapuBaHMe JneMeHTOB M3 E® m* U m. OTMeTHM, 4TO MoCAeaHHE
TpH uieHa B (6.35) (akTHuecKM NPEACTaBAAIOT CO60M CyxeHMe (OpMbl F
Ha MpPOCTPaHCTBO AONMOJHHUTENbHBIX M3MepeHU G/H W B TOYHOCTH COOTBET-
CTBYIOT MpeNCTABAEHHIO BN (HOpMbl KPMBM3HBI MHBapMAHTHOM CBA3HOCTH B
Tlpemnoxenuun 6.3.

OueBnnHo, yto Ha noisax suaa (6.33) narpanxuaH B geicreum (6.30)
He 3aBMCHT OT ToueK G/H . Tloatomy B (6.30) MOXHO NMPOMHTErpUpPOBaTh MO
5TOMY MPOCTPAHCTBY, @ MOALIHTErPATBHOE BbIpaXEHHE B3ATh B TOUKax M. Bbi-
paXeHMsl JU1sl KOMIOHEHT 2-opmbt F Ha 6a3uCHBIX BEKTOpax MPOCTPaHCTBA
T(z,0)FE nerko Haxondrcs ¢ nomMoluplo npencrasneHus (6.35). B uactHocty,
oroxnecreaenve T,G/H ¢ m u BBeleHHE B m OPTOHOPMHMPOBAHHOTO B CMbI-
ciie MeTpHKH (), 6a3uca {u,} (a = 1,2,... dim G/H) no3BosseT NepeiTH K
CKa/IIpHBIM MONAM @g(z) = ¢, (u,) € B, Ha KOMIMOHEHTB! KOTOPBIX HANOXEHb!
ceaA3u (6.34). B peaynvrate aeiicteue (6.30) npyHUMaeT BuA

1
5= [{(Fu ™) + 237 (Dua(@, D but) — Vi) ) dons, (636
M a
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rae g2 /g% paBHO 06beMy npocTpaHcTBa G/H , BBIYUCAEHHOMY MO MeTpHKe 7,
dvy — s5eMeHT ob6beMa npocTpaHcTBa M, MOCTPOEHHDBIA MO METPHKe 77,
Dy ¢pa(z) = 8,P.(x) + [Au(x), Pa(T)), a moTeHuman V(¢) HeoTpHuaTeneH M
ofnpenensieTcsl COOTHOUIEHUSIMH:

Vig)=—) (Fu,Fu) >0, (6.372)
a,b

Fup = 2F (ua, ws) = [¢4(2), 00(@)] — b2 ([tia, Us)m) — 7 ([, us)y).  (6.376)

Mbi BUAMM, 4TO penylMpoBaHHas TEOpUs MPEACTABASAET CODOM Kajiu-
6poBouHYI0 TeopH10 ¢ KannbpoBouHoi rpynmoit C (6.266), BKIlOYaloLLYylO B
cebs ckansApHble NoJyis, MUHUMAJILHO B3aHMOJEHCTBYIOLIME C KaNTMOPOBOUYHbIM
noieM W obnajaiouive camoleiCTBHEM He Bbillle YETBEPTOM CTEMeHH, T.e€.
B cnyyae dimM = 4 peayudpoBaiiHas TeopHsa SABIAETCA TNepeHOpMHUpYe-
Mo#. Tlpn kanubpoBouHbix npeobpazoBaHusax ¢ QyHKuuei c(x) € C none
A,(z) npeobpa3yercsa cTaHoapTHO, a MpeobGpa3oBaHWe CKalApPHBIX MOJeEi
onpeaenscTca npeodbpa3oBaHHeM OTOOpaXeHUsA ¢,

¢: — ¢ = ad(c(2))9,

KOTOpPOE COBMECTHO C YCIoBHEM (6.34).

OT™MeTUM elide, YTO B pPenylHPOBAHHOM JE€HUCTBUM B SIBHOM BHAE
MpeNCTaBACH TOJNILKO UYHMCTO KaJMOpOBOUHbBIA CEKTOpP. JTO CBA3AHO C TEM,
YTO CKaIsipHbIe MOl MOAYMHAIOTCA CBA3sAM (6.34). Paspeuietine 3THX cBs3ei,
HaxoXOeHHEe SIBHOIO BWUIA CKaNAPHBIX MOJEN U MX B3aUMONCHCTBMM mpen-
CTaBAAIOT cOOOi TEeOpETHKO-TPYNNOBOIl aCMeKT 3aAauM Pa3MepHOi penyKUHH,
KOTOpBHA MBE ByfeM oDCcyXaaTb HMXE.

§ 3. BoiukcjieHHe MOTeHIHANA CKAJISAPHBIX MOJIeH
B 33/1a4€ pa3MepHOi peayKUUH

B sTom naparpage Mbi MPUMEHUM pe3yabTaThl U3 TEOpUH anre6p JIu,
NpHBEedeHHbIC BBbHIE B IiaBe 5, /sl pelueHUs 3aAadd, BO3HMKAIOWEH Ha
3aKJ/IIOYMTENILHOM 3JTalfle pa3sMepHON peAyKUMHM MHOTOMEPHBIX KalHMOpOBOY-
HBIX TEOPDHi, @ UMEeHHO I BBHIYMCIEHHA MOTEHUMaNa CKaNAPHbLIX MOJjei,
HaxOXAEeHWA KalMOpOBOYHOI Tpynmbl, 10 KOTOPOH CMNOHTAHHO HapyluaeTcs
CHUMMETPHSA 3a cueT MexaHu3Ma Xurrca, U MpeACTaBACHMs, MO KOTOPOMY
npeobpa3yeTcs CKaNsApHOoe I0oJie peAylMPOBAHHOW TEOPHH.

Tlyctb, Kak M §2, McxogHas Teopusi MpeEACTaBAseT COOOH TeOpHIO
AAnra—Mmunnca ¢ kannbpoBoyHoit rpynnoii K B MHOTOMEPHOM MPOCTPaHCTBE
E = M* x G/H. Tipeanonoxum, uto K M G — mpocThie KOMIMAKTHbiE
rpynnbi JIn. B nanbHeiiiem Oymem o6o3nayate E anre6py JIu rpynne K,
g — anredpy Jlu rpynnu G, § — anrebpy JIu rpynnbst H. Tlpu 3TOM
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4yacTo Mcnosb3yloT 3anuch ¥ = Lie(K), h = Lie(H), g = Lie(G). B §2 6bn1o
MOoKa3aHo, 4YTO B CEKTOpe CHMMMETPHYHBIX Mojieit u npH G-vHBapyaHTHOM
MeTpuke § B E 3t1a Teopuss Moxer OblThb pelyLMpoBaHa K TeOpHHU B M*,
comepXxallleid KanubpoBoYHbe M CKalsApHble Mojs. st MORKHOro OnmMcaHMs
peayLuHpOBaHHON TEOPHUH HEOOXOMMMO PELINTD CIERYIOLIHe 3aAauH:

1) Haiitn wentpanusatop ¢ = Cp(7(h)) anreopm 7(h) B E, KOTO-
phiii siBnsAerca anrebpoi JIn kanubpoBouHO# KanubGpoBouHoH rpynnel C
peAyLuHMpOBaHHON TeopuH. 34ech T €CTb roMoMopcduaM anrebp h — E, co-
OTBETCTBYIOWHIK romomopdbuamy rpynn 7 : H — K, BBeneHHOMYy B § 2 (Mbl
MCIOJIb3yeM OAHY M Ty Xe OykBy B 0003HAyeHMHM TOMOMOpP¢hH3IMOB TPYIN M
anrebp; no cMmpiciy Bcerga 6yaer ACHO, O KAKOM rOMOMOpP(pU3IMe HIET peyb).

2) Mbl nMeeM peaykTHBHOE pa3ioxeHHe g = Bad m (cm. §2).
Heobxonnmo pa3noxuts NpeactamieHue (m,ad) mnoganreOpet ) C g Ha
HENpPUBOOUMBIE.

3) AHalOTHYHO, HYXXHO Pa3/IOXHUTh HA HENPUBOAMMBIE NMpeACTaBAEeHUS
(¢, ad) nonanre6pm 7(h) C €.

4) Ha ocHOBaHWM pe3yAbTaTOB NMYyHKTOB 2 U 3 NOCTPOUTb 3KBMBa-
pMaHTHoe oToOpaxeHHe ¢ : m — €, onMchiBaolllee CKaISIPHbIE MO/ B M*
(cM. §2).

5) BBIYMCJINTG CKaIAPHBIA MOTEeHLUMaNl PeAyLMPOBAHHON TEOPHH MO
dopmyne

Il

V== (Fna, F™),

mn (6.38)
Foan = T([um,un]b) + ¢([um,un]m) - [¢(um),¢(un)],

rne {u,} — 6asnuc B m, OPTOHOPMHUPOBAHHBIX B CMbICIie METPUKH § B E,
a (,) — KaHoHMuYecKasa WHBapvaHTHas OwiHHeinas ¢opma B §, BBeseHHas
B Inase 5.

6) OnpenenuTs THN MNpPEACTAaBAEHMA, MO KOTOpOMYy Tpeobpasyercs
CKaJIIpPHOE MOJie peAyLMPOBAHHOM TeOPHH OTHOCHTEJIbHO Ipynnu C.

7) Ecnin notenupan V okaxercsi NOTEHLHMANAOM THNA XHITCA, TO HaAO
HaUTH KanubpoBOYHYIO TPYMMY MOCIE CIIOHTAHHOFO HAapyLIEeHHA CUMMETPHH.

JIna pelieHMsi 3THX 3a1ay YAOOHBLIMM OKa3biBaloTcst Trpacduyeckue
CXEMbl, Ha KOTOPbIX M300paXxeHbl HE TOJNLKO MPOCThIe KOPHU alrebpn (kak
Ha gMarpamMmax JIbiHKMHA), a BCe MONIOXUTENbHBIe KOPHHU. Takne cxeMbl Mbi
OymeM Ha3blBaTb KopHeeuimu pewemixamu. KopHeBble pelieTkn anrebp A;,
Ay, A3 v A, npusenennl Ha puc. 16. Kaxnbiit KpyXoK Ha 3TOi cxeme
COOTBETCTBYET TOMY WIH HHOMY MOJIOXMTEJIbHOMY KOPHIO (JUIM OTBeyaloleMy
eMy KOpHeBOMY BekTopy). KopHM, Jiexaiuine Ha TrOPHM3OHTaJbHOH CTOPOHE
TPEYroibHUKa, ABIAIOTCA MPOCTHIMH M 00Opa3yloT auarpammy siHKuHa. JIBa
KpYXKa Ha KOPHEBOW pelleTKe, OTBEYalollMe KOPHAM a U f3, CoeAHHEHH
OTPE3KOM TOTAa M TOJMbLKO TOrAA, KOTla CYLIECTBYeT MPOCTOM KOpeHb a; € 7,
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a a a a a a a o aq,aa, oO.qq, a,a

a,ta,
A 4, A,
(@ (© (8)
ata, +..+q
ata,+...+a,
A,
(r)
Puc. 16.
TaKoH 4T0 a+ a; = B ¥ [eq,€q,] = Naaep WM B+ a; = a U [eg, 4] =
Ngo.€q, T8 Ngo, M Ng, — HekoTopbie KO3pbHuuMeHTH (cM. (5.41)).

Kpyxok, exalunit Ha nepecedyeHH OTPE3KOB, BHIXOMSLIMX U3 TOUEK @; M Q;
(¢ < j), OTBe4aeT KOPHIO @; + @iy +. .. +a; (cM. puc. 16, KopHeBas pelileTka
wig A,). Tlo BuauMoMy, BHepBblie aHANOTHUYHBIE CXEMbl ObUIM MpHBEAEHbI
B pabore [JIbi2]. KopHeBble penleTkH mna anrebp cepuu A, B TOM BHIe,
B KAKOM OHH H300paxeHbt 3[eCb, 2 TAKXKE KOpPHEBble pPeUICTKU Jis aarebp
JAPYTHUX KJIACCHUECKUX CEpUii MOXHO HaiTH B cTaThax [BK].

Paccmotpum Tenepb npocrylo airebpy g ¥ ee noganrebpy h; ueHtpa-
ansatop Cy(h) noganre6pot h B g B 3TOoM maparpace Gyaem obo3Hauath c.
MBbi nokaxeM Ha HECKOJIBKUX MpHMepax, KaK ¢ MOMOLIBLIO KOPHEBBIX pe-
HIETOK PELUAlOTCA 3aJa4d HaXOXAEHHA LEHTPaJM3aTopa ¢ M Pa3loXeHUs
npeacrtasnenms (m,ad) noganrebpot f Ha HENMPUBOAHMEIE.

Ilpamep 1. g = 4>, h = A,.

KopHeBbie pelleTku anrebp A; m A, npuBeneHbl Ha puc. 16a n 166.
BasucHbiMu anemeHTamu anrebpel g = A, ynobHo BeIGpaTb 37€MEHTbl g,
U h,, ee noganredpel Kaprana g ¥ KOpHEBBIE BEKTOPH! €44, €ta,; €i(aj+ay)-
Toganrebpy h = A} Mbl peanusyem Ha anemeHTax (hg ,eq,,€_4,). Takoe
BIOXEHHEe ) B g, NMPU KOTOPOM KOpHEBble BEKTOPb MojanreGpnl ABIAIOTCSA
KOpHEBBIMM BEKTOpaMM Bceil anreOpbl, Ha3blBAeTCA pETYISPHBIM. 3fech
Mbl OymeM paccMaTpuBaTh JIMLIDb PeryisipHble BiIoxeHHs. Mayduum geiictBue
sugomoppusMoB ad X, X € h Ha d/ieMeHTBl €4, W €4 .1q,- Vicxons w3
(5.40)—(5.41), umeem:

ad ha, (eaz) = —€a,; ad ea.(eaz) = Na,,azea|+a;; ad e—a,(eaz) =0; (639)
ad hd‘] (ea|+a;) = ea,+a2; ad ea.(ea|+az) = 0; ad e——a,(ea(+az) = N—a,,a,+azeaz-

CnenosateibHO, NOANPOCTPAHCTBO V', HATAHYTOE HA JNIEMEHTHl €4, M €4,4q,,
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KoTopbic Mbi OyneM Takke o06o3Hauate V = {eq,, €4 +a,}, ABISETCA MpPO-
CTPaHCTBOM HenpusoauMoro npencrasnenns (V,ad) anreOpsot f.

IlokaxeMm, KakK 3TOT pe3yAbTaT MOXET ObiTh MOJYYeH M3 alanuia
KOpPHEBO pelleTKU A, (puc. 166). To, uTo TOUKM a; U a; + a COEMHEHDI
OTPE3KOM, O3HAayaeT, YTO KOPHEBbI€ BEKTOPbl NeEpPEeBOASTCA ApYyr B Apyra
aeicTBueM 3HAOMOPOU3MOB ad €.i,4,, TIe a; € 7. OueBUIHO, YTO B JAHHOM
ciyyae 310 ad e,, WM ad e_,, . Tak kaK ad h,, OCTaBIsAET KOPHEBbIE BEKTOPDI
Ha MecTe, TO NOAMHOXECTBO V = {e4,,€q,4q,} ABIAETCA HENPHBOAMMBIM
npencrasiaeHuem §.

ConpsixXeHHOe MOAMHOXECTBO V = {€e—a, €—(a+ap} TaKXke sABNAETCA
HeNMPUBOAUMEIM NipeacTaBieHueM anre6poi h. Becnomuum Teneps, uto noa-
anrebpa Kaprana g anrebpbi g = A; nByMepHa; ee 3j1eMeHT h,, MopoxaaeT
noganrebpy Kaptana anre6pot hh = A,. 3anuuiem BTopoil JMHEAHO He3aBH-
CHMBIH 2neMeHT g B BUAE h = ajh,, + azh,,. OveBunHo, adhg (h) = 0.
Oka3blBaeTcs, YTO MOXHO BbiOpaTh Ko3pdHUMEHTbI a; ¥ a; TaK, YTO
ad eyq,(h) = 0. HecnoxHeie BbIYHMCIEHMA RAOT a; = 2a;. Mbl NONOXHM
a; = 1, Tak yTO _ :

h = hgy + 2h,,. (6.40)

DremeHT h M1OpoOXaaeT ONHOMepHYI0 noganrebpy 3 = Ch, koTopas saBnsieTcs
MPOCTPaHCTBOM TPUBUAJILHOTO MpencTaBieH s anreopnoi h = A, OTHOCUTENBHO
neiicteua 3HaomMopohuimoB ad X, X € b.

CyMMupyeM nosiyueHHble pe3yabTaThl. Ainrebpa g = h @ m, a moanpo-
CTPaHCTBO M B CBOIO Oyepenb MpeacTaBUMO B BHIE:

m=VeVa3i. (6.41)

To, uto V, V u 3 aBns10TCA NpAMBIMM ClaraeMbiMH, clieayeT U3 CBOiCTBa |
nonynpoctolx anrebp JIy M paBeHcTBa

(hay, b) = (@), a1) + 2{ay, @3) = 0.

QOueBuano, uto 3 = ¢. Tak kak dim3 = 1, 1O BCce ec (KOHEYHOMEp-
Hbl€) MpeacTaBieHUsn oaHoMepHbl. HeTpyaHo npoBeputb, uto ad 3(h) = 0,

ad 3(3) =0,
ad h(e1a,) = H{a, @1 + 20)€1q, = +3esq,, (642
ad h(€x(a+ap) = (@) + @z, @1 + 200) €40, 1ay) = E3€2(a14a)-

Tun npeacTaBjieHuss, ¢ TOUHOCTBIO AO CONPSXeHUsl, B OOJNBLIMHCTBE Cllyya-
€B OJHO3H3YHO XapaKTepu3yeTcsl Pa3MepHOCTbIO NpeiacTaBieHya. [loaTomy B
du3nyeckoi nuteparype 1A 0o603HaYEHHA TUTA NPEACTABICHHA YacToO MUINYT
€ro pa3MepHOCTb, MOJYCPKHYTYI0 CHU3y. B 3Tnx 0603HayeHUsix MpOCTpaH-
CTBO m pa3MepHOCTH dimm = 5 pa3naraercs Ha ciefylolite HelMpHUBOAHMblE
npeacraBieHus anredpot h = A;:

5-242°+1, (6.43)
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rae 2' — npeAcTaBneHHe, COMPSIXEHHOE M0 OTHOWEHHIO K 2.

Ecny Xe XOTAT yka3aThb CBOWCTBA 3THX NMPOCTPAHCTB OTHOCHTENBHO
HEKOTOpOW OflHOMepHO#H nomnarebprl (noganredpbl 3 B HalleM NMpUMepE), TO
yKa3plBalOT B CKOOKax COOCTBEHHOE 3HaueHHe 3JIEMEHTOB MOANPOCTPaHCTBa
npu aeicTBUM 3ugoMopduama ad X, rae X — HEKOTOPbil (PHKCHPOBAHHDIH
3JIEMEHT OOHOMEPHOW nofjanre6prsl. B Haulem crnyuyae X=hmu pas3ioxXeHHe
(6.43) npuunMmaeT BUL

5= 2(+3)+2°(=3) + 1(0). (6.44)

AHa/IOTHYHO MOXHO HAamMCaThb palioXeHHe Jsl [PUCOeSHMHEHHOTO
npefcrasneHus (g,ad) anre6ppl g Ha HEMPHUBOAMMBIC OTHOCHTENBHO MOAAN-

rebpot h B3I C g
8 — 3(0) + 2(+3) + 2°(—3) + 1(0).

TlpescraBnerve (V,ad) anrebpet h = 4| mmeeTt crapuimii BeC w = a; + a; u
curuatypy [1] (cM. §4 masb 5 1 popmyny (5.49)), a npeacrasnenue (V,ad)
MMeeT CTapwHil Bec @ = —aj,- U curHatypy takke [1]. Takum o6pasom,
npeacTaBieHnss 2 M 2' OKBMBWIEHTHH! W SAIBASAIOTCA TakK Ha3biBaEMbIMM
¢yuaaMeHTaAIbHBIMH NpeactaBneruaMu. g anrebpel A, dyHIaMeHTaNIbHOE
npeAcTaBlIeHHEe — 3TO NMpeAcTaBleHMe pa3MepHocTd n+ 1, ana B, — 2n+1,
s C, — 2n, mnis D, — 2n. Paur anrebpbl COBMAgaeT C YMUCIOM €€
HEIKBUBAIEHTHBIX (PYHAAMEHTAJIbHbBIX MPEACTABIEHHIA.

Tipumep 2. g= A, h=h'@®3, rme h' = 4,, a 3 = Ch — ogHoMepHas
nopanrebpa, nopoxaeHHass sneMeHTOM (6.40). Bech HeoOxomMMblit aHaIn3
6bi1 yXe npopdeiial NPHU PacCMOTPEHHMU MpeAblayuwiero npumepa. Ilostomy,
MBI MpUBEEM JIMLIb OTBEThE: g = h & m, dimg =8, dimm = 4,

m=Vev, (6.45a)
4 —2(+3) +2(-3), (6.456)
8 — 3(0) + 1(0) + 2(+3) + 2(-3). (6.458)
3aech yKa3aHbl pa3MEPHOCTH MPEACTAB/IeHU OTHOCUTENIBHO h' = A,,a B ckob-
KaXx — CcoO6CTBeHHOe 3HayeHue onepatopa adh. B 3ToM mnpumepe ¢ =

Cih)y=3, Te.hnec=3 # 2.

Tlpamep 3. g = 43, h = A,.

KopneBas peuletka anrebpsl g = A; npuBene-
Ha Ha puc. 17. Tlomanrebpa h = A; peanu3oBaHa Ha
6a3MCHBIX JJIEMEHTAX €q4,, €_q, M Rg,. AHAIU3 KOpDHE-
BOi pelleTKH NMPHMBOOMUT K BHIBOLY, YTO MOAMHOXECTBAa
Vi = {€a;,,€a,4a,} 1 V2 = {€a,+a;s €a)+ar+a;} ABIAIOTCS
NpeacTaBieHUsAMH pa3MepHocTH 2 anrebpnt h). Comnps-
XeHHble npeactaBieHna V; u V¥, peanusylorcs Ha Kop-
HEBbIX BEKTOpaX, OTBEYAIOIMX COOTBETCTBYIOLIMM OTPH-
LaTeibHBIM KOpHAM. Kak BHIHO M3 CTPYKTYPbl KOPDHEBOMW PELIETKH, KaxXabii
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U3 JEMEHTOB €4,, €_q, U h,, MOPOXIOAET ONHOMEPHOE TPHBHAJIBHOE MpeES-
crasneHue anrebpwsl ), a Bce BMecte OHM Mopoxaalor noganrebpy ¢ = A,
npuHaanexamylo ueHtpanusatopy ¢ = Cy(h). Ilo ananornu ¢ npumepom 1

UEHTPAIM3aTopy € MPUHAINEXWUT U nopanrebpa, HaTAHYTaA Ha dieMeHT h
noganre6pel Kaprana g anrebpol @, NMHEAHO HE3aBUCHMBIH C h, M hg,.

3anuuieM ero B Buge h = ha, + ayhq, + azh,,. Tpe6oBanne 3 = Ch C ¢,
T.e. ad h(h) = 0, npusoaut K ycnosuio (h, h) = 0. Tpebosanue, urobnt 3

ABISUIOCH MPAMBIM AOMOHEHHEM ¢ B ¢, MPUBOAUT K ycioBuio (h,,,h) = 0.
M3 3THx ycrnoBuil nonyvyaem

h= kg, + 2k, + ha,. (6.46)

Hrak, c= @3 = A4, @ Ch. INoanpocTpaHCTBO m MpPeACTABMMO B BHIE

NMPAMON CyMMBbl _ _
m=VieVheVehhoedae3. (6.47)

CootBeTcTBeHHO, NpefcTtasieHue (m,ad) anrebpol h paznaraetca B cymmy
HeNpHUBOAMMEIX NMpeacTasieHuil (dimm = 12):

12—-2+2+2+2+3-1+1. ; (6.48)

INokaxeM Tenepb, KakK MnpefcraBieHue (m,ad) pasnaraercs Ha HENPHBO-
AMMble OTHOCHTENIbHO anrebpel h @ @3 = A, D A4, @ Ch. Jas 3roro
3aMEeTHM, UYTO 3JIeMeHTbI MpocTpaHcTB Vi U V, nmepeBomATcs Opyr B Ipyra
non AeiictBuem 3HAoMophu3mMoB ad X, X € ¢'. TouHee, NMOANPOCTPaHCTBA
Wi = {€as€ar+a;} 1 Wi = {€a,+a;)€ai+as+a;} ABAAIOTCA MPOCTPAHCTBAMH
HENPHUBOAUMBIX MPEACTABNEHMI anreGpel ¢, SKBUBAIEHTHBIX (YHAGMEHTAb-
HoMmy. HetpyaHo npoBeputsb, uto ad h(v) = 2v npu v € V; unu v € V5. Utak,
paziioxeHue (6.48) MOXHO NnepenucaTb B BHIE:

12-2,22+ 2,9+ IHO)+ U D©O), (6.49)

rae (m,n) o6o3HayaeT THN NpPEACTABAEHMA OTHOCHTENbHO h @ ¢', npuueM
nepBoe 4MCIO OTHOcUTCA K anrebpe ), a BTopoe k ¢'. AHalorMuHoe
pasyioxeHue ms (g,ad) uMmeeT BUI:

I5-3DO0M+Z)Q+22) )+, 30O0),+U, D O). (6.50)

OO6paTyMcsa Tereph K 3aAadyaM [OCTPOeHWUs 3KBHBAapUAaHTHOIO oTOOpa-
XEHUA ¢ M BBIYMCIICHHMsI MOTEHUMaNa CKaIApHBLIX Moiei peayuHpOBaHHOM
teopuu. IlycThb McxomHaa Teopua SlHra—Mwuica 3agaHa B MpOCTPAHCTBE
E = M* x CP? pasmeprocti dim E = 8, mie CP? — KoMIUIeKCHOE MpoeK-
TUBHOE MPOCTPaHCTBO, KoTopoe AndhbheoMopdHO creayioleMy oxHOPOSHOMY
MPOCTPaHCTBY CP? = G/H = SU(3)/SU(2) x U(1). Tpeanonoxum, 4To

KanubpoBouHas rpynna stoit Teopun K = SU(4). O603uaunm yepe3 §, b,
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u E xomnaxtHble anre6pet Jn rpynn G, H u K cooTBeTcTBeHHO; g = su(3),
6 = su(2) @3, rie 3 — OAHOMEpHBIA LEHTP, OTBEYAIOIWM rpynne U(1),
= su(4). UMeeT MeCTO peAYKTHBHOE pa3NioXeHHe § = ﬁ@rh. st npocTOThl
Mbl BbIOpaJid MpOCTpaHCcTBO G/H CHUMMETPUUECKHMM. ITO 03HayaeT, YTO OHO
obnanaeT ABymaA byHAaMeHTaIbHBIMU CBOHCTBAMH:

) [m,Wm]=h; (6.51a)
2) npencrasnenne (i, ad) anreGpnl f HempuBoOAMMO. (6.516)

3agaua pa3MepHO#H pedyKIIMH CMMMETPHUYHBIX KalMOpOBOYHBIX MoJei
B pacCMaTpuBaeMo# TEOpHM CBOAMTCS, KaK ObLIO MOKa3aHOo B MpefbULyLLEM
naparpace, K NOCTPOCHUIO JIMHeHHOro otobpaxeHusa ¢ : m — B, ynosiaeTBo-
PAIOLIETO YCJIOBHIO 3KBHUBapHaHTHOCTH (6.34). PaccMoTpenme 3Toro ycnosus
Ha MHGUHHTE3NMAIBHEBIX 2/ieMeHTax rpynns H no3BojseT nepenucatb ero B

BUJIC:
ad 7(X)(¢(Y)) = ¢(ad X (Y)) (6.52)

ansa Bcex X € f) mY €nm. 3necy 7 6 —-F — romoMoppuam anredp,
nopoxiaaeMblii romomopohuamom rpynn 7 : H — K. Ycnosue (6.52) o3nava-
eT, 4TO oroGpaerMe ¢ ecTb orneparop, KOTOpblM CIUleTaeT MpeACTaBlIeHHs
(m, ad) anre6pel b (E ad) anreGpbl T(l)) C t. Tlo nemme ypa cruteTalomui
oflepaTop paBeH HYJIO, €CJIH OH CIUIeTaeT HEIKBUBAJIEHTHBIE MPEACTABIEHHS,
M 00paThM, eCJiM OH CIUIeTaeT 3KBMBAJICHTHBIE MNpencranieHus. Haubonee
MPOCTO CIUVIETAIOLINIT ONepaTop CTPOUTCA MEXIY KOMIUIEKCHBIMHM MpeAcTaBie-~
HUSIMHM KOMIUTEKCHBIX alreOp: B 3TOM CJlyuydae OH paBeH MpOCTO eAHHHUYHOMY
OMnepaTopy, OCYIICCTRIAIOIIEMY N30MOPHH3M MeEXIY SKBUBAIEHTHHIMH Tpel-
craBieHUaMH (cM. [KH]).

HUrtak, nns MOCTPOEHHA CI cnne'ra}omero ofeparopa yio6HO KOMIUIEKCH-
dbuumposarb anrebpel g, h u € u pacrlpOCTpaHHTb Ha HHX ycnosne (6.52)
no nuueHoctH. O6o3HaunM g = §°, h = l) tE= E° m = m°. Mb umMeeM
g= Ay, h= A, @3, = A;. TlocTpoeHHblil Npu 3ToM omnepatop ¢ Oy-
JeT CIUIeTaTb NpPeACTaBIeHHs] B KOMIUIEKCHBIX MpoctpaHcrBax m M E. Tlpu
OrpaHMYeHHH Ha MOANMPOCTPAHCTBO M C m OH MO/DKEeH AaBaTh Tpebyemoe
3KBUBapHaHTHOE OTOOpaXeHHe, T.€. OH [AOMKEH YIOBJIETBOPATh YCIOBHIO

BELIECTBEHHOCTH
H(X)=¢(X), Xe€m. (6.53)

TlpoananusupyeMm npeactabieHus (m,ad) anrebpel h = 4, @ (Cl-z, rae B Kaue-
crBe h MBI BO3bMEM BJIEMEHT (6.40). PasnoxeHue 3TOro NnpefCTaBieHHs Ha
HenpuBOAUMBie ObUIO Monyyeno B npumepe 2 (cMm. (6.456)). B sanbHeiteM
aneMeHTHl anre6pul € OyseM 0603HauaTh MPOMHUCHBIMKM GykBamH. T'oMoMop-
¢du3m 7 : h — € 3amanum Ha 6a3ucHBIX 3MeMeHTax aareOpbl ) ciaexyouum
obpa3zoM: 3

T(ha) = Ha,, T(esa) = Bia,, 7(h)=
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rae aneMeHT nonanredpbl Kaprana anre6pnt €
~ 3
H= E(H"' +2H,, + Hy,) (6.54)

(cp. (6.46)). Onupasce Ha pe3yabTaThl NMpUMEpPa 3, HETPYAHO MPOBEPHTDb, YTO
ueHTpanu3aropoM noganre6bpnt 7(h) B € apngerca ¢ = Ce(1(h)) = ¢ @ CH,
rae ¢ = A; — nopanrebpa, peannsoBaHHas Ha dnemeHTax E,,, E_,,, Ho,.
Paznoxenus & Ha nHBapHaHTHbIE NMOANPOCTpaHCTBa 3HAOMOopdH3MoB ad T(h),
a TaKkxKe pa3jioXeHHe npencmmeﬂnu (E, ad) anre6p 7(h) = 7(h") @ CH, rne
=4, n thHdc=10H)YD @ CH Ha HenpMBOZMMbBIE MMEIOT BHI
(cp. (6.50) v puc. 17):

t=r(h)ocoCHaV,eVoV, @, (6.55a)
15 — 3(0) + 31(0) + 1(0) + 2(3) + 2(3) + 2(—3) + 2(-3), (6.556)
L-GDHO)+WLIYIO+ALDO)+2,2)3)+(2,2)(—3). (6.558)

3pecy nmognpoctpaHcTBa Vi M V5 peanuv3oBalbl Ha CJEAYIOLIHX 3JiEMEHTaxX:
Vi = {Ea,, Ba,4a,}; Va = {Eaytas) Pay+arta; }- CPaBHUBas MpEACTaBlEHHs B
pazsioxeHHax (6.456) u (6.556), Mbl BHIMM, UYTO CPEAU HUX €CTh IKBHBAIEHT-
Hble. TTo3TOMy cruteTaloIMii OnepaTop MMeeT BUA:

¢ = [i@IV = Vil+f1(@)[V = V]+g1( @)V — Vl+g:(2)[V — V2], (6.56)

rae cuMmBonoM [V .— V;] MBI 0603HaYWiIM oOMNeparop, YCTaHABIUBAIOWMH
Hu3oMoppH3M Mexay npoctpaHcTsamMu V C m u V; C B (2 = |, 2), B KOTOpBIX
peanM3yloTcsl IKBHMBAJIEHTHbIE NMpPeACTaBJIeHMSA. AHANOTMUYHBIA CMBICA HMMeeT
cumBon [V — V;]. Kosbduuuentsl fi(z) (¢ = 1,2) u gi(z) G = 1,2)
ABJSAIOTCA CKUIAPHBIMU (YHKUMAMH, UMEHHO OHM MIDPAIOT POJib CKAlSIPHbBIX
noneit pedyuupoBaHHOW Teopun B M*. Kak nocTpoute B sBHOM Buie
oneparopet [V — ¥;]?

YuyurteiBasg cBoiictBo 1 noaynpocteix anrebp JIm (cm. §4 1 5)
M HOPMUDOBKY KOPHEBBIX BEKTOPOB (€4,€_4) = —1, MOAYYMM, UTO 3TH
omneparopbl MMeloT BuA: (X € m)

[V — Vl] (X) = —Eaz(e—ap X) - 0|+02(e (0|+02)7X)1

(6.57)
[V - W(X)= a;+a;(e—aza X)- a,+a;+a;(e (a.+az),X)
BBons ynpoinaloiye ODO3ZHAUEHMUA: V) = €q,, V2 = €q,4ay; V,“) = Eg,,
1 2 2
Vz‘ ) = a+ays V]‘ ) = artas s Vz‘ ) = Eq4 tay+a; M YUNTHIBAsA, YTO YCIOBHE

BelllecTBEHHOCTH (6.53) HaknanpiBaeT orpaHnueHne gi(z) = fi(z) G = 1,2),
nojiyyaeM OKOHYATeIbHOE BbipaXeHHe Il IKBUBAPUAHTHOIO OTOOpaxeHHs ¢:

2 2 2 2
HX) == i@ V@, X) - fim ) VP w;, X), (6.58%)
i= =1 i= j=I



§ 3. Bulunc/ieRne NOTERUMANA CKANAPHBIX MOJeH 181

rie X € m. B yacTHocTH

2 2
N — . ) 5.} — 7. (7@
p) = _ fi@V?, @) =) [i@v?. (6.586)
j=1 i=1

Tenepb Mbl MPUCTYIIMM K BbIYMCIACHHIO MOTEHLMANA CKAIAPHBIX IM0-
Jiei, 3agaHHoMy dopmysntoi (6.38). Ilpexne Bcero BbIICHUM, Kak BbINISANT
MHBapHaHTHas MeTpuka ¥ B G/H wn 6asuc BekTopHbix mnonei {u,}, opro-
HOPDMHMPOBAaHHBII1 B CMbICJIe 3TOM MeTpHKH. Mcrnonb3dysa pesynbTatbl riaBbl 3
M cBoiCTBO (6.516) cummeTpuyeckoro npocrpaicrBa G/H , nonyyaeM, uyto
3HayeHUe METPUKH ¥ B Hayane G/H ua BekTopHbix noasix X, Y paBHO

J(X,Y) = ~LX(X,Y),

rme X u Y Bektophl, KacateabHble K G/H B Hayane (Touke 0) U paBHble X
M Y CcOOTBETCTBEHHO, HO pacCMaTpHMBaEMble KaK 3JIEMEHTbI MOANPOCTPaHCTRA
i C §. ®@akrop L? ectb KoopdULHEHT NPONOPLUMOHATBHOCTH, XapaKTepH3y-
louinit MeTprKy. OH HMeeT clieayloLnHA NreOMETPHYECKHUIA CMbBICI: BeJMYKUHA L
OMNpeac/iAeT XapaKTepHbli pa3Mep BHYTPEHHEro MpoCTpaHCTBA; OHA MMeEET
pPa3sMepHOCTb JNMHbI. YuHTbiBas (opmynbl (5.50), Bbipaxaioluue 3M1eMEHTbI
KOMIaKTHOM BELLECTBEHHOI (hopMbl Ye€pe3 KOPHEBbIE BEKTOPbI, Mbl MOXEM
BbIGpaTh 6asuc {u,,} creayowmum obpasom:

l‘l)]+'l_)| l‘l)2+'l_)2 i'l)l—'l_)] i‘l)z-—'i)_z (659)

Uy =——=—, = —— =", U3=———F—, Ug= — ——=—. (6.

L V2 L V2~ L V2 L V2
[Moactasnas (6.59) B (6.38), npuBeaeM BbIpaxeHHE LISl CKAIAPHOrO MOTEH-
LHaJIA K CACAYIOLUEMY BHAY:

V=Vi+WV+V;,

2
Vi =207 " (r(lvi, %), (3, 951))

i,j=I1

)
. 6.6
Vv, = —-4L* Z (r(Tv;, 5D, [9(@3), ) , ©0

i,3=1

2
Vs=—2L7"> " (1), 9], [6(T:), $(;)]) .

i,7=I

[Tpn BbiBoge 3THX BbIpaXXE€HHI Mbl YWIH OCOOEHHOCTH HallEro MpUMepa,
a MIMEeHHoO TO, 4TO i) [v;,v;] = 0 ana mobeix 1,7 = 1,2, ii) [¢(v;), P(v;)] =0
TakXe A1 Mobbix 2,7 = 1,2 (cM. (6.5806)). BolunciauM kaxaoe U3 cllaraeMbix
Vi (k= 1,2,3) no oTaenbHOCTH.
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1) BoipaxeHue aia V) yaoOHO nepenucatb B BHIE:

Vi = ~4L ™ (7 ([o1, %1), 7 (151, v21)) —2L“‘Z (Lvi, 1), 7 (1os, T1)) -

PaCCMOTpuM nepBblit Wied B 310l cymme. Kommyrtatop [vg,¥:] =
[€a, €—(ai+a)] = Nay,—(a,+a;)€-a,> TAE KOHCTAHTH Ng g5 3alalOT 328KOH YMHO-
XeHua B anrebpe JIn g = A,. Torma nonyyaem

(T([vl;7_)2]);7([771;02])) = Naz, (a|+az)N—a2,a|+az(T(e—a|),T(eal)) =
- Naz, (al+az)N—az,al+az(E—anEal) - = az, (a|+a2)N—a2,a|+a2 (661)

Jlns BuluKMcaeHHa BbipaxeHns (6.61) MoxXHO 6bUIO Obl BOCCTAHOBHTb KOHCTaH-
Tbl No g ana anre6psl JIn g. OaHako B HaleM npuMepe MOXHO MOCTYIHTDb fpo-

we. PaccMoTpuM cieaylollce BblpaXkeHHE: ([eaz,e_(al+az)],[e_az,ealmz])g,

rae (,)g €CThb CKalsApHOE Npou3BeacHHEe B anrebpe JIn g (HamoMHMM, YTO
ck0OkM (,) y Hac ceiyac 0OO3HAUalOT CKAJIAPHOE MPOM3BEACHHE B alredpe
JIn B). C ogHoit CTOpOHDI,

([eaz; e—(a|+az)]a [e—az; ea|+a2])g = “Naz,-—(a|+az)N—az,a|+a2~ (662)

C npyroif CTOPOHbI, YYUTbIBas HMHBAPHAHTHOCTb CKAISAPHOIo HMpPOM3BEAE-
HHUA (,)g, HMEEM

([eaza e—(a|+az)]) [e—aza ea.+a;]) g = - ([eaz) [e—az) e—(a|+a2)]]7 eal+az)g .

Tak kKak —ay — (a) + o) = —a; — 2a; He ABIAETCA KOpHEM aireopnl JIn
g = Ay M, CNeaoBaTeNbHO, [€_q,,€_(q,4a;] = 0, TO, MPHUMEHAA TOXIAECTBO
Axobu K NepBOMY COMHOXHTENIO B CKaJIIPHOM MpOM3BEACHNH, NoyyaeM
([eazj e—(a|+az)]; [e—az eal+02]) g

= ([e—(a|+az)a [e—az; ea;]]; ea.+a;)g = ([e—(a|+a2): haz]: ea|+a2)g =

= +(a2, ap + az)g(e_(al+az), ea|+az)g =-1. (663)

CpaBuuBas (6.62) u (6.63), nonayyaem, Yrto MnpaBag 4YacTb BbIPAXCHHSA
paBHa (—1). Bropoif uneH B cymMme, onpegeisouieii V), BbIUHCHSIETCA
npocto. [IpuBeaeM BbIKJIAAKHK M1 CJIaraeMoro

(r(or, mD), 7[5, v1])) = (T(l€ay, e—a,]), T([€=as €, 1)) =
~(7(ha), T(hay)) = (—'r(%ﬁ - lha ),'r(%ﬁ - %ha,)) =

= —(%fi - %Ha,,%ﬁ— %Ha,) = {(H )+ (Hap, Ha) } = -
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3neck Mbl Bocronb3oBainchk GopMynamu (6.40) u (6.54), onpeaensiiolMMu
aneMeHTel h v H, a TakKe COOTHOLICHMAMH, 3alalolLMMH BJIOXECHHE
T : h — ¢. OxkoHyatenbHbIil oTBeT: V) = 15L°%.

2) BoipaxeHue mia noTeHUMala peAylMpOBaHHOMW TEOpHH AOJXKHO
ObITb MHBAPMAHTHO OTHOCHMTENbLHO MNpeobpa3oBaHuit U3 rpynnel C, Kalu-
OpoBoyHOIl Tpymnnbl peayuHpoBaHHoil TeopnH. [loaTtoMy B HalleM ciydae
Mbl MpOBeJEM AdJibHellune BLIKJIAAKH B CreUHaIbHOI kKanmnbposke: fr, = 0
(cM. (6.58)), a 3aTeM BOCCTAaHOBHMM OTBET B OOLLEM ciydyae H3 cooDpaxeHHH
MHBapuaHTHocTH. TlpeobpasyeM BbipaxXeHHe o Vo, UCNONB3ySs MHBApHaHT-
HOCTb CKaJIsipHOro npousBeaeHua (,) n ycnoBue (6.52) 5KBMBapHaHTHOCTH
oTobpaxenuna ¢:

2
Vo =4L7* ) (o[1vi, 751, 3], 6(v7)) -
i,j=I

Hcnonb3ya aBubli BUI otobpaxeHns ¢ (6.58 a) u yuutbiBas, uto [[v;, ¥;], 9;] ~
U;, MonyyaeM B CNICLHAJIbHON KaluOpOBKe:

=Y (7 (A7 (v, [, 551, 51]) 0, 11V, =

ij=1

2
= 4L_4|fl |2 Z (['U,‘,’i)_j], [ﬁi)vj])g -

i,j=I

= 4L_4|f| |2 {2 ([eazj e—(a|+az)]; [e—azj ea1+a2])g +

+ ([eaz; e—a;]; [e—az; eaz])g + ([ea1+az; e—(a|+a2)]; [e-(a|+az)a ea1+a2])g} .

[MpoBoas BLIKIAAKH, aHAIOTMYHBIE TEM, KOTOPbiC BBIMOMHAINCL B 1. |
(cM. (6.63)), oKOHYaTeNbHO UMeeM: V, = —24L‘4|f1|2.
3) HUcxons u3 (6.586), 3anuiueM

2
V=207 ([, 7V (A7, 170 ) =
t,j=1
= _2L_4|fl |4 {2 ([Eaz;E—(a1+az)]a [E—ap Ea|+az]) +
+ ([Eaza E—az]; [E—aza Eaz]) + ([Ea1+aza E—(al+az)]: [E—(a,+a2), Eal+02])} :
HanbHeiluve BbIKJIAAKKM NPOBORATCA Tak Xe Kak B n.2. Hrak, V; =
—-1R2L74Y A4
Bbillle Mbl rokasaiu, 4to ¢ = A; & CH . Bo3Bpaluasiach K KOMIaKTHOMN

BelECTBeHHOI (popMe, mnojyyaeM, 4YTOo KajauOpoBoYHasA rpynna peayuupo-
BaHHO#H Teopun C = SU(2) x U(1). UnuBapuantaMu 3TOH rpynnbl BTOpO#
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M yeTBepTON creneHn no nomam asasiotes |fI2 = |fiP + |1 v |f]*.
OKoHYaTeIbHOE BbipaXeHHE 1A MOTEHUMANA ClefyloLee:

v =1207* (If)” - 1)2+‘—11}. (6.64)

ComiacHo pa3fioxeHHio (6.55B) COOTBETCTBYIOLLME 3IEMEHTBI NMPOCTPaHCTB V)
u V> npeobpasyiorca no (pyHAAMEHTAILHOMY MpeAcTaBACHHUIO arebpnl Jin
¢ = A, npwm geitictBuu snmoMopdusmoB ad X, X € ¢'. Mcxons u3 BuipaxeHus
(6.58a), 3T nNpeobpa3oBaHMA MOXHO MHTEPIIPETHPOBATh KaK NpeoOpa3oBaHue

cTonbua 1)
_ 1z
1@= 1)

TaknumM 06pa3oM, cKanApHbIC Mo peAyuMpoBaHHOI TEOPUM 00Opa3yloT HENpu-
BOAMMBDI i KOMIUIEKCHBIH Ay0JieT oTHOCHTENbIIO Npeodpa3oBaHnii HeabeleBoMH
yactu C' = SU(2) kanubposouHoii rpynnel C = SU(2) x U(1).

IMoteHiMan peayunpoBaHHoW TeopuH (6.64) sABAAeTCA FAOTEHIMAIOM
THna XUrrca: oH MMECT BbIPOXICHHbIH MHHHUMYM TpH Ifl2 = | ¥ npuBogNT
K CIIOHTaHHOMY HapyleHUIo cHMMETpHUH. YeMy paBHa rpynna R ocTatouyHoii
cummeTpun? [lycTb BakyyMHOE 3Ha4E€HHE CKaJIAPHOIO MOJA XapaKTepH3yeTcs
BEKTOpOM ¢ KoMrnoHeHTaMH fi = 1, f» = 0. Toraa anrebpa JIu v rpynnsl R
ABAfAeTCcA noaairedpoil B ¢ Takoi, 4To 3HaOMOpdHM3MbI adt oOCTaBAAIOT
MHBapHaHTHbIMU BekTopbl Buaa ¢(X), X € m, rone ¢ — oroOpaxenue,
OTBeYaloLlee BAKYYMHOMY CKAJSIDHOMY TMOJMIO. AHAJIM3 KOPHEBOI pEIIETKH
anre6bpbl € = Az (puc. 17) naet, urto v = CZ, roe aneMeHT Z M3 noganredpbl
KapTaHa anrebpbi ¢ paBeH, HanpuMmep,

3 _
z=> (Ha, +2He, +3Ha,) = F + 3Ha,

HUtak, R =U(1).

IMoaBeaem utorn. Pa3mepHas peayKiunsi CHMMETPHYHOIO CEKTOpa Te-
opun AAHra—Mwunica ¢ KanmbpoBouHoit rpynmnoit K = SU(4), 3agaHHOI B
MHOroMEpHOM mnpocTpaHcTBe F = M* x SU(3)/SU(2) x U(1), naet Mogeib

Xurrca B M“, BK/II0YaIOLLYIO KaTHOPOBOYHbIE U CKAIIPHbBIE MOJA, C KAIHOpo-
BouHoii rpynnoit C = SU(2)xU (1), koTopas nocie coOHTaHHOro HapylieH s
cuMMeTpuM Hapyuaetca Ao R = U(1). INo cBoeit cTpyKType peayuHpoBaHHas
TEOpHA coBranaet ¢ G030HHLIM CEKTOPOM CTaHHapTHOM Momeau 3JAEKTpo-
ciabbix BaanMogaeiicTBuil I'namoy—BaitHOepra—Canama, (cM. §1 miaewl 1,
a TaKkxe, Hanpumep, [BT, YJI, BLI1]). OgHako, B oTAnYNE OT TPAAHLIMOHHOTO
noaxoaa, Moacib, rMoJiydcHHaa pa3MEepHOM peAaykuueil, Oojee «KecTKafd» —
OHa COJEPXMUT MeHbllIe cBOOOAHBIX NMapaMeTpoB. HeiCcTBUTENbHO, MacChl ya-
CTHLl M 3apsaabl B 3TOM MOAEJH BbIpaXaloTcA yepe3 KalMOpoBOYHbBIN 3apas
MCXOAHOH MHOroMEpHOWi TeopuM M mnapameTp L, XapakKTepH3ylolLHi pasMmep
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BHYTPEHHEro MPOCTPaHCTBA AOMOJHUTEAbHBIX H3Mepennit G/H . B kauectse
HWJUTIOCTPALIMK TIPUBEIEM HEKOTOPbBIE pe3y/ibTaThl, NoJydeHHble B cTaThe [BK].
JloMHOXasi KOMIIOHEHTH! oA f;(z) Ha KOIPPULUHEHT ¢ TeM, 4ToObl A0OHTH-
cfl KAHOHMYECKOH HOPMHPOBKH KMHETHYCCKOIO WICHA CKAJIAPHBIX MQJICH, U
MCIoab3ya cTangapTHbie Gopmynbst naa macc W- u Z-6030HoB M 6030Ha
Xwurrca (win H-6030Ha), nofdyyaeM, YyTO B Halleil MogeaH

V2 2
14 L) Z H I

Ilpn atom yron BaitHOepra Oy yaoBIETBOPAET COOTHOLIEHHIO sin? 0y =

— M%,/MZ. DTo 3HaueHME JaNeKO OT IKCIEPHMEHTANILHOrO (sin’ 0;’5" =
0.2315 &+ 0.0022) u, KOHeYHO, Hawa Moae/ib He MpeTeHAYET Ha podb peajn-
CTUYHOI, a ABIAETCA YKUCTO WLMIocTpaTuBHOM. OnHako caMa uaes, Haylias
emre or Kanyunl u KuneitHa, o ToM, 4TO HHM3KO3HepreTHueckad u3uka
onpelenaeTca HEeKOTOpoH MHOroMepHoil (yHaaMeHTaJibHOM Teopueil MU reo-
METpHEI IOMONHHTENbHbIX U3MEPEHHI, ARIACTCA BECbMa IMPHBIEKATEJIbHOM,
a pe3ynbTathl [0 Pa3MEPHOIl PEAYKUHH KaJlHOPOBOYHBIX, I'PABUTALIMOHHBIX,
CYMEPCTPYHHBIX M APYTHX TEOPHIl TMO3BOJMAIOT HAJECATHCA Ha MMOCTPOCHHE
peaINCTHYECKOi Moaenu. B 3akiiouenne naparpada oTMETHMM, YTO M3IJTOXKEH-
Hbtii BbilIE CI1OCOO BLIYMCICHHSA MOTCHLHAIA CKAIAPHLIX NOJCH HE ABIAETCA
cambiM o6wuM. bonee obunit 1 6osiee MouHbiH MeToA BbiuHciaenna V(¢),
MCHOJb3YIOUIHI AONOJHUTENbHbIE CBEAEHNA W3 TeopuH ainredp Jiu, Obul pas-
Bur B cT1aThax [BKM]. C nomoublo 3TOro MeTona Obiio MojydyeHO obliee
BbipaXeHne 1A noteHuuasa V(¢), Koraa npocTpaHCTBO AOMONHUTENbHbIX
M3MEpPEHHNH ABIAECTCA ONHOPOAHBIM CHMMETPHYECKMM TPOCTPAHCTBOM. Bbino
TaKKe [0Ka3aHO, YTO B 3TOM cCJiyyae CKaISApHbIH MOTEHLMa PEeAyLMPOBaH-
HOM TEOpMH BCeraa ABAAECTCA MOTEHLMANOM THMa XHUITCa M TPHUBOAMT K

CIIOHTaHHOMY HapyYUuICHHIO CHMMETPHH.






I’ mtasa 7

CononTranHas KoMmakKTH(QHKALIHS

B npeablaymyx rnaBax Mbl pacCMarpuBalid MOJENH, Molyyaloliecs
pa3MepHo# peayKiHei KaauOpOBOYHBIX TEOpHil, 3aIaHHBIX B MHOTOMEPHbIX
ApOoCTpaHcTBax creiansHoro Buna. Ipu 3toM dakTopnsoBaHHas CTPYKTypa
MHOTOMEPHbBIX TMPOCTPAHCTB MPOCTO MOCTYJHPOBANach, W, COOTBETCTBEHHO,
METPHKA cyMTaiach (PUKCUPOBAHHOIL, a HE pacCMaTpHBaNaCh AHHAMHYECKH.

KoHeuno, Oonee nocneaoBaTebHbIM MIPEACTABISAETCA MOAX0A, B paM-
Kax KoToporo Tpebyemasi CTpYKTypa MHOMOMEPHOrO MpOCTPaHCTBa-BPEMEHH
foJiydaeTcd JMHAMHYECKM KaK pe3ylbTaT pelleHHA ypaBHEHHI ABUXEHHSA
MHOTOMEPHOI Teopnu. Takoil nogxoa Obl1 BMEpBbie MpEMIoXeH B pabdotax
[KLL, JIy] n nomyunn Ha3BaHue cioHTaHHO# KoMnakThgukauun. ITockolbky
CTPYKTYPa MHOTOMEPHOIO MNPOCTPAHCTBAa-BPEMEHH HEMOCPEACTBEHHO CBA3a-
Ha C ero MeETpUKoi, TO B paMKax 3TOro MoAxoja METpHKa 00f3aTelibHO
JIOJDKHA pacCMaTPHBATLCA JHHAMHUYECKH, T.€. COOTBETCTBYIOIAs MHOIOMEpP-
Has TeopHs 00MA3aTe/bHO AO/DKHA BKIIIOYATh B cedA TeopHio rpaBUTALIMH.
B kauecTBe nepBoro Iluara peajiM3allid NpOrpaMMbl CIOHTAHHOM KOMMak-
TH(PHUKAUMA Mbl PAaCCMOTPUM DPa3MEPHYIO PEAYKLHMIO TEOPHH IPABHTALHH B
MPEANONOXKEHHH, YTO €€ AeiHCTBHE €CThb MHOTOMepHOoe 000DLIeH e aeiCTBUSA
I'mapbepra—itHuiTeiHa.

§ 1. Pa3mepHas peaykuus TEOpHH IPaBHTALHH

PaccMoTpiM B MHOroMEepHOM MNpocTpaHcTBe FE TeopHio rpaBUTalNM,
WHBApHAaHTHYIO OTHOCHTEJIbHO ACHCTBUA HEKOTOPOH KOMIMNAKTHOH [Pyl
JIu G Ha E. Kak o6bluHO, OyaeM CYMTaTh ITO ACHCTBHE JIEBbIM M 0003Ha-
yaTh O,. Torna WHBAPHAHTHOCTb TEOPHH O3HAYAET, YTO Mbl PaCCMAaTPHBAEM
Ha E xnacc MeTpuk 4 (curHatypsi signy = (—1,1,..., 1)), ynoBreTBopsomux

YCIOBHIO
0,7 =1%. (7.1)

AHAaJIOTMYHO PacCMOTPEHHIO B INIaBe 6, Hallei Leablo 6yaeT onucaHne
3TOi TEOpHHM B TEPMHHAX OOBEKTOB, 3alaHHBIX Ha HEKOTOPOM pPACCIOCHHMH
¢ 6aszoit M = E/G. Oka3sbiBaetcs, Ans TOro, 4To6bl TaKoe OMMCaHHE ObUIO
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HEMPOTUBOPCUYMBBLIM, HEOOXOAMMO HOMOJAHHTENABHO MPEAMNONOKHUTb, 4TO0 G
aeicTByeT Ha F peryiasipHo, T.e. YTO BCe CTallMOHApHbIE TOATPYNMbl Aeii-
ctBuas G Ha E comnpsxeubl oaHoit noarpynne H C G. B 3toM cayuyae
npoctpaHcTBo F obnagaeT cTPYKTYpO# acCOLMHPOBAHHOrO PacC/IOEHHA.

Ilycte N(H) obo3nauaet HopManusatop H B G (cMm. § 1 rmaBwl 5).
PaccMOTpHM MHOXECTBO HEIMOABHXHbBIX TOUEK Moarpynns H:

P={peE, Owp=p, VheH} (7.2)

W3 onpeaenenna N(H) acHo, yTo MHOXecTBO P HWHBapMaHTHO OTHO-
CHTEJIbHO ACHUCTBHA 3Toit rpynnbl. Bojiee Toro, MOXHO MMOKa3ath, YTO B
paccMaTpuBaeMoM ciydae rpynna K = N(H)/H aeiictByeT Ha P cBobogHO
n P/K =M, T.e. P npeactapisieT coboil MaBHOE pacClIOeHHOE MpOCTPaH-
cTBo ¢ 6azoii M wu crpykTypHo# rpynnoit K; P = P(M,K) [bp]. UtoOul
NepeTH K MNPUHATOMY y HAac MpaBoOMY IOECHUCTBUIO CTPYKTYPHOH TIpYIiINbi,
HYXXHO M0JIOXUTb B TouKax P

. =0;' k€eK. (7.3)

3ameTuM eule, 4To rpynna K ecrecTBeHHO AeiiCTBYET Ha OJHOPOAHOM
npoctpaHctBe G/H cnpaBa. A uMeHHO, 1A MoObx g E G, he H n k€ K
M0 ONpeAc/icHUIO UMEEM:

[g]k = [ghlk = [ghk] = [gkk*'hk] = [gkh'] = [gk].
MosToMy Mbl MOXEM MOCTPOMTb accoliMMpoBaHHOe paccnoenue P x g G/H,
Kotopoe auddeomopdHo E. Nuddeomopdpusm
x:PxxG/H — E, (7.4a)
x([(p, [gD]) = Ogp (7.46)
OUEBMIHO HE 3aBHUCHT OT BblOOpa MpeacTaBUTEICi B COOTBETCTBYIOLLHX

KJaccax. 9To npeAcTaBieHUe Ui F 1o3BoisieT NMOCTPOUTb OToOpaXeHHs,
aHaJIorHYHbIc oToOpaxeHuaM (6.16):

ip: G/H — E, iy(g]) = Ogp, (7.52)
i.: P— FE. (7.56)

[MTocneaHee oTtobpaxeHue NMPOCTO 3KBUBAJICHTHO omnpeaeicHUio P kak noa-
MHoroo6pasua B E.

Jlerko nposeputb, YTO oTOOpaxXeHua (7.5) obOmagaloT cBOMCTBAMM:
1,0l =0401,, gE€G, (7.6a)
) =tHhom-1, k€K, (7.66)
te 0 U = Op-1 014, (7.68)
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rie l; u 7 obosnavalor JeBoe aciictBie G M mnpaBoe aciictBue K Ha
G/H . BasaB o6patHble 06pa3bl METPHKHU 4 OTHOCHTENbHO oTOBpaxeHui (7.5),
MOXHO OIpeaeAuTh cleaylolive o0beKThl Ha pacciioeHuu P:

¥ =, (7.7a)
ey =17. (7.76)

C noMoluubio cooTHoweHHUH (7.6) JleTKo NPOBEPHTh, YTO 7Y, A Jiio-
6oro p € P ectb G-WiBapHaHTHasA METPHKa Ha OJHOPOZHOM MPOCTPaHCTBE
G/H, a v — K-uHBapuMaHTHasg METPHKA Ha paccioeHun P. OTMETHM, YTO
9TH METPHKH HE ABJAIOTCA HE3aBUCUMBIMH: U3 (7.5) HeTpyaHO YBHAETb, YTO
obpas T, G/H mnpu otobpaxeHUH i;, BKJTIOYAET B ceb BEPTHKAIbHOE MOAINPO-
ctpaicTBo V, C T, P, a 3HaumuT 7, W 7Y <«[EPECEKAIOTCA» N0 BEPTHKAIbHOMY
noanpocTpaHcTBy paccnoeHuss P. TlooToMy ajia onucaHWA METPHKH 4 B
TEPMMHAX HE3aBHCHMMbIX OOBEKTOB, METPHKY 7Y Ha P HyXHO pa3fioXuTb
JaJibllie ¥ OTOPOCUTDb €€ BEPTHKAIbHYIO KOMIIOHEHTY. JI/1 5TOro 3aMeTHM, 4TO
K -nuBapuaHTHas MeTpMKa Ha r1aBHOM paccioenun P(M, K) nopoXnaet B
HEM CBABHOCTb. E€ TOpM3OHTabHbie MOAMPOCTPAHCTBA OMPEACNAIOTCA KakK
OpTOrOHANbHbIE JOMOMHEHHA K BEPTHKAIbHBIM NoanpoctpaHcTBaM Vy, B T, P.
Jlerko y6enutses, yto 6Marogapa K -MHBApHAHTHOCTH METPUKH v, 3TO Ofpe-
NeJIEHUE YAOBJIETBOPAECT BCEM TPEOOBaHUAM, MPEABIBASEMbIM K CBI3HOCTU
(cM. rnaey 2, § 10). CooTBeTcTBYIOLLYIO (DOPMY CBA3HOCTH 0O03HAUNM w.

Tenepb Mbl MOXEM OMNpeAETNTbL METPUKY 1) Ha M COOTHOLEHHEM

nX,Y)=7(X*,Y7), (7.8)

me X,Y € .M, a X*, Y* cyrb ropu3oltaibHbie THPTH ITUX BEKTOPOB B
Hekotopo# Touke p € P ¢ w(p) = z. K -HHBapMaHTHOCTb ¥ obecricunBaeT
HE3aBHCHMOCTb 3TOrO ONpeAeNeHUs OT BbiOopa TOUKH p.

Htak, Mbl MOCTaBWIH B COOTBETCTBHE G-MHBapHAHTHOW METpHUKE ¥
Ha E Tpoiiky 00beKTOB (1),w,7,), TA€ 7 — MeTpuka Ha M, w — ¢opma
CBA3HOCTH B MIaBHoM paccioennn P(M,K), a v, mana moboro p € P
ecTb G-MHBapuaHTHas MeTpuka Ha G/H . TlokaxXeM Ternepb, 4TO MHOXECTBO
G -MHBapUaHTHbIX METPUK 4 Ha F HaxoAMTCA BO B3aMMHO OZHO3HAYHOM
COOTBETCTBHH C MHOXECTBOM TakMX TPoeK. Mbl TOJbKO UTO OOBACHMIIHU, KakK
METPHKE ¥ OJHO3HAYHO CTaBUTCA B COOTBETCTBHE Tpoiika (7,w,Yp). [Tokaxem
Ternepb, YTO MO TaKOil TPOHKE MOXHO BOCCTAHOBHTb METPHKY ¥ C TpeGyeMbi-
MH cBoiicTBaMHu. [lis 3TOro 3aMeTuM, yTo Omaromapa npeactaBacHuio (7.4)
G -1HBAapHaHTHasA METPHKA Ha E NosHOCTHIO OflpeaensieTcss CBOMMY 3HAaYEHH-
AMH B TOukKax P, T.e. 1na BoccTatopiaeHus 4 Ha E 1ocTaTOYHO BOCCTAHOBHTD
ec B Toukax P.

HM3yunM nogpobHee CTPYKTypy KacaTeJbHOro MnpocTpaHcTBa K E B
Toukax p € P, T,E. PaccMOTpMM CHayala BEPTHKaIbHOE MOANPOCTPAHCTBO
paccnoenna E ~ P xx G/H. B paHHOM ciyyae 3TO MOANPOCTPAHCTBO
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nopoXnaerca peicTBueM rpynnbl G, 1 B COOTBETCTBMM ¢ (7.4), (7.5) B Touke
P € P 0HO MOXET ObITb NPeACTaBIEHO KaK i;,(ToG/I-I).

BoiscHMM Tenepb CTPYKTYpy KacaTeJibHoro npoctpaHctea T,G/H.
BcrneacTBrue KOMMAKTHOCTH Mpynnbl G npoctpaHcTBo G/ H peayKTHBHO, T. €.
CYLUECTBYET PEAYKTHBHOE paljioxeHue aiareopbl Jlu g

g=hom, (7.9)

NpHYEM, KAaK Mbl YX€ OTMEYaid B MNpeablAylUEH MIaBe, m €ECTECTBEHHO
OTOXHECTBIAETCA C KacaTeJibHbIM TMpocTpaHCTBoM K G/H B Havale o,
m=7,G/H.

B m geiicTByeT npeacraBienne udorponun rpynnst H, ad(H)m. O6o-
3HaYMM Yepe3 € noanpoCTpaHCTBO B M, B KOTOPOM peaiu3yeTcsl TPHBHAIIbHOE
npeacTaBieHUe. MoxHo noka3aTb, yto £ ectb anre6pa Jiu rpynnst K.

IMockonbky npeacrasnenne ad(H)m BnoJHe NPUBOAHMO, CYLUECTBYET
MHBApMAHTHOE MOANPOCTPaHCTBO m' C m, B KOTOPOM pEaiu3yloTcd HETPH-
BHaIbHbIE npeacTaBieHuas H u KoTopoe ponondaer ¢ go m, m = ¢€dm'.
IMopcrapnas 310 pasznoxeHue B (7.9), nosydaeM crneayiollee pasioxKeHHe
anreOpbl g

g=godtodm, (7.10)
obanalolee cCBOMCTBAMMU:
ad(H)t = 0, (7.11a)
ad(H)m' C w', (7.116)
ad(K)m' C w'. (7.11B)

INocneaHee COOTHOIIEHHWE BbITEKAET W3 PEAYKTMBHOCTH OAHOPOAHOrO Mpo-
ctpaictBa G/N(H).

Jns panbHeifulero HaM noHaaobutcs 6asuc redHepatopoB B g, {73},
[T;,Tx] = kaTz, corjacoBaHHbii ¢ pasfioxeHneM (7.10). D10 o3HayaeT, 4TO
renepatopnl {T;} pacnagatorcs ua renepatopbl {Te}, Te € h u {To}, Ty € m,
a reHepatopbl Ty, B CBOIO OuYepeab, pacnafaloTca Ha reHepatopbl Ty € € u
T,Ewm':

T,'-—P(TEEb, To € m),

To = (T, €8 T, €m').
M3 (7.11) nonyuaem oOI1IMI BUA KOMMYTALIMOHHBIX COOTHOILIEHHH 1A 3THX
reHepaTopoB:
[Tay Tpl = Cop Ty, [T, Tpl = ClpT, .
[Ty, Ty) = CTa, [T, Tol = CopTa. N
BepHeMcsa Tenepb K MnpenacraBaeHuio (7.4). U3 Hero smerko Haiigem,

4YTO
T,E = T,P & i,(m'). (7.13)
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OkaspiBaeTcs, 3TO pa3ioXeHHe OPTOrOHAIbHO OTHOCHUTENBHO JI060#H G -HH-
BapHaHTHOH MeTpUKH ¥ Ha FE. 3Ortor daxkr obvacHaerca Tem, yto miobas
G -vWHBapualTHas MeTpuka ¥ Ha F nopoxaaeT B TouKax P (HENOABHXHBIX
Toukax noarpynnsl H!) H -vWHBapMaHTHOe cKajisgpHoe Npou3seldeHue. [lo
NocTpoeHuIo, B nognpoctpaHctee T, P peanu3yercsi TPMBHANIBHOE MpeicTa-
Bicude H, a B noAnpocTpaHCTBe i;,(m’) — HeTtpuBHanbHoe. IToatomy no
nemme Lllypa 3T¥ noanpocTpaHCTBa OPTOrOHANbHBI.

IMokaxeM, Kak 1o Tpo#ike (7,w,7Yp) MOXHO BOCCTAHOBUTb METPHKY ¥
B Toukax P. Bo-nepBuix, (opMa CBA3HOCTH w OMNpEACNAeT Pa3JIOXCHHE
T,P = Hy, ® V,. Ilostomy, yuutuBas (7.10), pasznoxenue (7.13) moxno
nepenucarb B BUAC

T,E = H, ® V, @ ip(m') = Hp @ ip(m). (7.14)

HeTpynHo nokasartb, YTO rOpU30HTANbHOE MOANPOCTPAHCTBO CBA3ZHOCTH B F,
NOpPOXICHHOW cBA3HOCThIO B P, B Tovkax p € P, cosnanaer ¢ H,.
B cootBetcTBHMM ¢ 3THM paanoxenue BekTopoB X € T, FE na Hp- u i;,(m)-

KOMIOHEHTHI GyfeT 3amuchiBaThe Kak X = hX + vX. Janee, nycts vX
obo3HayaeT eMEeHT M3 m, nopoxaaloluili vX B Touke p, T.€. vX = i;,(vf ).
Torna 3HayeHHe METPHKH ¥ Ha BekTopax X,Y € T, E BocCTaHaBAMBaeTcs No
dopmyne

Y(X,Y) = n*n(hX,hY) + 1, (vX,vY), (7.15)

raic T 0603HaYaeT KAHOHHUYECKYIO NMPOEKLUHUIO B paccnoeHuu P.
HTtak, Mbl 1oKa3ajiu, 4TO CyLIECTBYET B3aMMHO OXHO3HAYHOE COOTBET-
CTBUE MeXny G-MHBapUaHTHbBIMH METpHKaMu Ha E W Tpoiikamu (7,w,7p).
Du3nyeckuit CMBICI 7] ¥ W BMOJIHE AICEH: 1) €CTh IPAaBUTALLMOHHOE NoNe Ha M,
a w — KanMbposoyHoe mnone Ha M ¢ kanv6poBoyHoil rpynnoid K. Jlna
BbIICHEHUS] (PM3HUUYECKONO CMbICNA 7Yp BCIIOMHHM, YTO CYLUECTBYET B3aMMHO
OHO3HAYHOE COOTBETCTBME MEXIY MHOXECTBOM G -WHBAapUaHTHBIX METPHK
Ha G/H v mHoxecTBoM H -WHBapHaHTHBIX 6WiHHelHbIX dopm Ha m [KH].
Beaxkyo 6mnmHelinylo ¢dbopMy Ha m MOXHO pacCMaTpMBaTh KaK 3JIEMEHT
npoctpanctBa m' @ m*. Kak Mbl ycranoBwiv B §2 npeapliylieil rnasl,
Ha TpoCTpaHCcTBe m* fAelCTBYeT KONpHCOeAMHeHHoe NpeacTaBieHue adl H
rpynnst H. TlostoMy Ha npocTpanctee m* ® m* ecrectBeHHO onpeaenser-
ca npeiactasneHde § rpynnel H | 3anaBaeMoe Ha pa3fioXKHMBIX 3NEeMEHTaX
COOTHOLICHHEM
by(u ® v) = (ad! hu) ® (ad’ hv). (7.16)

sicHo, yTo MHBapHaHTHbIE OUNHHENHbIE POPMBI NPHHAMLIEXAT NOANPOCTPaH-
ctBy Vo C m* @ m*, B KOTOPOM peain3yercs TpUBHAIbHOE NpeiacTaBicHue H.
PaznoxeHue (7.10) no3BonsieT yTOUHUTD CTPYKTYPY V. A HMEHHO,

Vo=t & W,, (7.17)
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rie Wy ecTb NOANPOCTPAHCTBO TPHBHANBLHOTO NpeicTaBicHus H B (m')* @
(m')*.

Ham octanoch BLIAICHHTb 3aKOH Mpeobpa3oBaHMA 7Yp MPH ACHCTBHH
cTpyKTypHoii rpynnel K paccnoenus P. U3 (7.66) U (7.7a) nerko HalTH, 4TO

Yo = T Tp-

C Y4Y€TOM JICBOHHBADHAHTHOCTH 7Y, 3TO MOXHO NCPENHUCATH KaK

Youm = ETr-17p- (7.18)

TpakroBKa METPHKH 7Y, KaK dleMeHTa U3 m* ® m* IKBUBAJIEHTHA PaccMo-
TpeHHIo ee B Touke o0 = [e] € G/H. B 3toit Touke (7.18) cBoaurtca k
COOTHOILICHHUIO

Yo = Ox-17p,
e npejacTaBieHHe § onpeaencHo aHajlorMyHo dopmyne (7.16).

Tenepb Mbl MOXEM 3aKJIIOYMTb, YTO 7p €CTb IKBMBApHAaHTHOE OTO-
6paxeHde U3 P B Vj ¥ no3TOMY OMHMCHIBaeT CKalIdpHble noid Ha M co
3HaYeHUaMH B V.

Hrak, Mbl ycTaHOBWIM COCTaB NMosied peaylidpoBatHoil Teopud. IIns
NOJIHOTO €€ ONUCaHHWsl HYXHO BbIBECTH [AEHCTBHME [l 3TOH TeopUH U3
neictBusa DitHWTeHa— I MAbbepTa HCXOAHONH MHOTOMEpPHON TEOpUH

1

S = —-T/Edvg, (7.19)
1673
FE

rme R u dvg cyTb CKansipHas KpMBHM3Ha mpocTpaHcTBa E M €ro aneMeHT
00beMa, BBIYUCIEHHBIE MO METpHKe 4, a #® 0003Ha4aeT MHOFOMEPHYIO
rPaBUTaLHOHHYIO NMOCTOSHHYIO. JIpyrMH C/IOBaMH, HaM HYXHO Bbipa3uTe R
yepe3 (7,w,Yp), OTBEHAIOIHE METPHUKE .

YT100bl cAenatb 3710, YAOOHO JIOKaNbIO BBECTH MNOABMXHbIIH penep
creugdanbHoro Buaa. Beeaem cHauyana tako# penep B 1HEKOTOPOit OKpECTHOCTH
UCE touku p € P.

Heitictee reHepatopoB T, Ha FE 3anaer B U BekTopHblie NoOIA

_d
ey = EOCXP(T"“L—O. B PN U 314 nonsi HUrAC He oOpallaloTca B HYNb
W auHeiHo He3aBucuMbl. Tlo3toMy cyluectByer okpectHocts U' C E, B
KOTOpOi 3TH noasd Takxke He 00palalotcsd B HYNIb H OCTalOTCS JIMHEHHO
He3aBUCHUMBIMH. B 3TOH OKpECTHOCTH KOMMYTaLMOHHBIE COOTHOLUEHUSA WIS

nojaci e, UMEIOT BUA
[easep] = 17'C] s)e,, (7.20)

npuyem B Toukax p € PN U’ Czﬁ(p) COBMNaAaloT CO CTPYKTYPHbIMH KOHCTaH-
Tamu rpynnel g (7.12), CJ5(p) = Cjs.
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IMosiBusluasca B (7.20) koncraHTa | UMEET pa3sMepHOCTb MIHHBI, MO-
CKOJbKY 0a3uMcHble BEKTOpHbIE NoJiss Ha E WMEIOT pa3MepHOCTL oOpaTHoi
JUIMHBI, a 2MeMeHTbl aaredpnl JId g W ec CTpYKTYpHble KOHCTanThl Ge3pas-
MEpHBI; 3Ta KOHCTaHTa XapaKTepusyeT pa3mep npoctpaHctBa G/H . lons le,
6e3pa3MepHbl, H K HUM NPHUMEHUMBI BCE pc3ym>-ran>1 rnaB 2 ¥ 3. B yacTHOCTH,
ansa nonei le, B ToUKax p € P umeeM w(le,) =

Jlanee, B OKpPECTHOCTH 00O TOUYKH :c = w(p) MOXHO BBECTH
nokansHele koopanHathl {z*} M mocTpouts BekTOpHbie mons {3,}. O6o-
3HaYHUM ropu3omanbnblﬁ et otux noneit no U' {a,}. Mo noctpoenuio
7(‘1;5; €a) =

I[ance nockoneky w'([a,,a,]) = (04, 8y ] = 0, kommytarop [a,,a,]
HMEET TOJILKO BEPTHKAIbHYIO KOMIIOHEHTY

[a[hal/] = lf:l/(u)ea- (7.21)

a
Jlerko nposepuTh, 4TO B TouKax p € P fu,(p) = 0, a fu(p) Tonsko 3nakom
OTJIMYAETCS] OT KOMIIOHEHT KPUBU3HBI CBSI3ZHOCTH w B P:

fan(p) = ~Fu(p) = ~20%ay, a,). (7.22)
Tlo onpesencHuio a, MMeeM Takxke

[a,, ea] = 0. (7.23)

WUrak, ana moboit Touku p € P Haiigercsa okpecthocts U' C E, B KoTopoik
CYLIECTBYIOT BEKTOPHbIE MoNA {a,, €.} C KOMMYTaLUHOHHBIMH COOTHOLLEHHS -
MH

lea, €8] = 17 Cls(u)ey, (7.24a)
las,eq.] =0, (7.246)
[ay,a,] = f 5 (v)eq, (7.248)

npuyeM B Toukax p € PNU’

Crs(p) = C, (7.25a)
@ =0, fu®) =—Fu. (7.256)
BbiyvcniuM ¢ MCNONAB30BAHHEM 3TOro Oasuca CKAJIAPHYIO KpHUBH3HY E

B TouKe p € P. Jlna 3Toro BBeAeM cHauyaja ciacaylowde OO0O3HaYECHUA ans
KOMIIOHEHT METPHKH ¥:

'7(‘1;;;‘11/) = Nuv; ”yv"lyp = 6p (7.26a)
’?(eaa eﬁ) = Yap» 7aﬁ7 = 63 (7.266)

7 3ux. 311
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B Touke p € P KOMIOHEHTBI Yap BCIECACTBUE H -WHBaPHAHTHOCTH 4 NMOAYM-
HEHbI CBA3SIM

CéaYep + Céﬂ'ya( =0.

Kak MbI yxe otMedanu, ¥(a,, eq,) = 0 1o noctpoeHHIo.
C nomoubio ¢opmynsl (3.31) © KOMMYTAlLIHOHHbBIX COOTHOLIEHHIA
(7.24) nna cumponos Kpucrodens B Touke p € P noayuum

Tapy = 5 (Capiy = Crap + Coya), (7.272)
= = = 1

Ppa,ﬁ = Pa#,ﬁ = _Paﬁ,p = '2'Dp7aﬁ; (7.270)
f}lv,a = - f;u:(,l/ = _fap,y = 0, (7278)
- = - l

Pua= —Thap = -Topy = 2F »Yabs (7.277)

fﬂy,p =Ty p(n) (cumBoabl Kpuctodens metpuku 1 Ha M). (7.271)
KoBapuaHTHas npou3BogHas B (7.276) onpeaeneHa Kak
DyYap = @yYep = (3# - “’(3#)) Yap =
= OuYap — A%eg_'yaﬁ = 04Yap — Af—lcga'ym - A%Cgﬁ'ya&-

IMoncTapnsia 3nayeHus cumBonoB Kpuctodena B BuipaxeHHe W1 CKaisspHOH
KPUBHU3Hbl, NONYYUM ciieayloliee NnpeacTaBieHue mis R:

- 2 .,
R =R(M)+ R(G/H) - ZF;VF"”mb + Ly, (7.28)

ric R(H) ectb ckangpHad KpWBHM3Ha NpocTpaHcTBa M, BbIYMCAEHHas MO
METPHKE 1], KpMBU3Ha npoctpaHcTBa G/H paetca dopmynoi

- 1 ' _ad
R(G/H) =17~ CesCag™ ¥ 3ec -

1 € B a
— 5CeaCoN"™ — Co.Char™ - CaClY™),

a KHHETHYCCKHI WieH CKaJIIpHBIX Nonei ecThb

1
L, = 47aﬁ756 (Dﬂ'yale"Yﬁ& + D#'YaﬁD#'yEﬁ) = Vi (7aﬁD#7aﬁ) )

SIcHo, 4TO Ga3uc BEKTOPHbBIX MONEH C KOMMYTaLlHOHHBIMH COOTHOLLIE-
HHMAMH (7.24) MOXHO NOCTPONTb B OKPECTHOCTH NI0G0#H Toukn u = Ogp, nepe-
HOCA MoNA Gy, e, AciicTBUeM oneparopa O,. [loatomy npeacrarieuume (7.28)
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IUIA CKaiasipHON KPHUBHU3HHI R crnpaBeIMBO B No6o# Touke E. OTMeTHM elle,
YTO CKa/IIPHKIE MO 7Yop B32aUMOAEHCTBYIOT C KATMOPOBOYHBLIM MONEM HEMH-
HMMAJILHO, H YTO BCE CKATAPHBIC MO Yo 0ONANAIOT CYIIECTBEHHO HEMMHEH-
HbIM camMOIcHCTBHEM, BCIEACTBHE YETO TEOPHIO C larpaHxnaHoM (7.28) Henb3s
paccMaTpHUBaTh C MTOMOLLLIO CTAHAAPTHLIX METOAOB TEOPHUH BO3MYLICHUIA.

§ 2. CoonTanHas KOMIAKTH(PHAKALHMSA

BepHneMcs Tenepb K BONPOCY O TOM, MOXHO NI TpeGyeMylo (hakTopu-
30BaHHYIO CTPYKTYpy npoctpaHcTsa E = M x G/H noayuydTs AMHAMHYECKH
KakK pellieHHe YpaBHEHUI MHOroMepHoii Teopud. PaccMoTprM cHavana ciyyai
yuCcTOH TpaBHTauMH. B KadectBe nmeiicTBUS i 3TOi TEOPHH ONATH BO3bMEM
MHOTOMEpHOe 06001eHne aeicTBrug DitHiuteitHa—I'mnbbepra (7.19), sonon-
HHUTENILHO BBEAS B HEN0 KOCMOJIOTHYECKYIO TMOCTOAHHYI0 A (KoTopylo npu
HEOOXOAUMOCTH MOXHO MOJIOXKHTb PaBHOW HYJIO):

| S

E

Bapbupys 310 nedcTBHEe MO MeTpUKe <, IIOIYYHM MHOTOMEDHOE
ypaBHeHHe DHHIITEHA ¢ KOCMOJIOrHYeCKOM MOCTOAHHOIA

- 1 -
Ryn — 5'7MN(R -A)=0. (7.30)

BbisicHHM, MMEIOT 1M 3TH ypaBHeHUS BaKyyMHbIE pelllcHHs, OTBeYa-
lowHe dakropusaudu npoctpaHctea E. Jlnga 3toro OyseM HCKaTh pelleHde

3THUX YpaBHEHHI B BUIC
Y=197, (7.31)

rae 7 ectb MeTpHka MHHKOBCKOro, a Y — G-MHBapUaHTHasi METPHKa Ha
G/H, ue 3aBucsilias oT TouYeK mpocTpaHcTBa MuHKosckoro M*. B 3toMm
Cny4yae KOMMOHEHTH R,; TeH3opa PuyyM M ckaisipHas KpuBU3Ha R npocTpaH-

crea M* obpawaiorcs B Hyib. [Moatomy R = R(G/H), u ypaBHenus (7.30)
NPUHUMAIOT BUA

1
R, — 51],,,,(R(G/H) - A) =0, (7.32a)
1
R(G/H)i — Em(R(G/ H)-A)=0. (7.326)
W3 nepeoro ypaBHeHus caenyert, yto R(G/H) = A. loactasnss 310 BO

BTOpOE ypaBHeHHe, nonayuyaeM R(G/H);: = 0 u R(G/H) = 0. ns oaHopos-
HOFO NMPOCTPAHCTBA C HHBAPHAHTHOI METPHKOIi 3TH PaBCHCTBA IKBHUBANIEHTHBI

7%
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ToMy, yto G/H ectb TOD T¢. Panee Mbl YCTaHOBWIH, YTO npyv pa3MepHOi
pPEAyKUMH TEOpHHM FpaBMTaUMHM B MPOCTPAHCTBE C TAKOW CTPYKTYpod MOX-
HO MONIYyYHTb KATHOPOBOYHYIO TECOPHIO TONBKO C abeieBOH KaiuOpOBOYHOIA
rpynnoit (U ( 1))?. Takum obpa3oM, 1A NONyYeHUs1 HETPUBHAILHOK KOMIaK-
TUhUKaUMK C NPOCTPAHCTBOM MMHKOBCKOTO B Ka4€CTBE YEThIPEXMEPHOrO
npoctpaHcTBa B feiicTBde (7.29) HyXHO A06aBMTH NMOJIA HErpaBUTALHOHHOI
npupoabl. Mbl BO3LMEM B KaueCTBE TAKHUX rosiell KaTMOPOBOYHbLIC MONS C
KanubposouHoil rpynnoit K M co cTaHaapTHeiM aeiicTBuemM Sy Buia (6.30).

TlonHnoe peilcTBHE MHOTOMEpHOW TEOpHM MnonyvyaeTcs AOOaBIEHHEM
aeicTBusA Sy Kk aeictBuio Sy (7.29):

S =58,+5;. (7.33)

—

BapbHpoBaHHeM 3TOrO AEHCTBHSA MO METPHUKE ¥ H KaTUOpoBoYuHOMY nomio A
MONYYaloTCs MHOroMepHbI€ yYpaBHEHUA DilHwITena—AHra—Munnca

- 1. - 4k 1,
Ryn = 5¥un(R - A) = N ((FML,FALI) - Z'YMN(FKL;FKL'))’ (7.34a)

Oy FMY — Ty FMY — [4,,FMY] = 0. (7.346)

AHaIOrH4YHO NpeAblaylleMy ciyyalo, OyAeM HCKaTb BaKyyMHble pe-
weHusa miad mMeTpukd B Buae (7.31). B cOOTBeTCTBMH C 3THM BaKyyMHYIO
KOH(MUIypaumio KaubpoOBOYHOTO NOMS, OYEBUAHO, ClieayeT HCKaTh B BUie

Ay =0, Am=An(), (7.35)

rie {{™} — Hexotopbie (nOKanbHBIC) KoopauHarel B G/H. Tloacramnsas
an3aubl oA MeTpukd (7.31) v nona (7.35) B ypaBueHus (7.34), Mul cBelieM
MX K YpaBHEHUAM

dmx !
Ry = ——(FuFy), (7.36a)
g
8 F*™ — Tl F*™ — [, F*™] =0, (7.366)
2mx
A= ——g"z— (Fi, F™), (7.368)

KOTOpbleé Ha3blBAIOTCA ypaBHEHHAMM CNOHTaHHOM KoMnaktudukauuu [KIL],
[JTy]. ®urypupyoude B HUX BeAHYMHBI X U g2 CYTb YEThIpEXMEpHas IpaBH-
TaUMOHHas MOCTOAHHAA W KaiMOpPOBOYHAs KOHCTAHTA CBA3HM, OTIMYAIOLLMECS
OT X H _62 Ha oObem npocTpaHcTBa G/H, BbIYMCICHHBIA MO METPHKE 7.
OO6paruMcs cHayana K ypaBHeHHlo (7.368). HetpyaHo noHaTh, 4TO ANA Bbl-
MOJIHEHHUA YyCAOBHA A = const JNOCTaTOYHO NoTpe6oBaTh, yTOOH none A,
66110 G-CUMMETPHYHBIM Kanu6poBouHsiM noneM Ha G/ H (cM. rnasy 6), wid,
YTO 3KBHBAJICHTHO BCJieACTBHE (7.35), uToObl A,, ObI0 G-CHMMETPHYHBIM
Kanu6poBouHbIM noneM Ha E = M* x G/H.
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PaccmoTpuM Teneps ypasHeHHe (7.366). Jlerko BMAEeTh, YTO 3TO
ypaBHeHHE TMOJYy4YaeTCsl BapbUPOBaHHEM MO A,, 3¢hPeKTUBHOrO AcHCTBUSA

1 ik
Sspp = v(G/H)G//H (Fir, F") dvgym, (7.37)

rae dvgyg ¥ v(G/H) — anement obpema v 06veM G/H, BhuHMciaeHHbIE NO
METPHKE 7.

H3BecTHO, 4TO 3KCTpeMyMbl (byHKUMOHANA B Kilacce CHMMETPHYHBIX
noneil ABAFIOTCA 3KCTpeMyMaMHd M B Kiacce Bcex noneil [Ko, Tla]. Ho B
Kjacce G-CUMMETPHYHBIX MO Ay ACHCTBHE S,pq MPUBOAMTCA K BUAY

Sapp = —(Fix, F™%), (7.38)

M3 KOTOPOTO SICHO, YTO OHO (PAKTHYECKH TNPEACTABsIET OO0l MOoTEeHUHAJT CKa-
JIAPHBIX MONei peAyLMpOBAHHON TeOpHHM, 3aMMCcaHHbIid, B oTaduMe oT (6.37),
B HeopToHOpPMaJIbHOM Oa3uce. Orciolla cneayeT, YTo noneBbie KOHMUIypauHu
MHOTOMEpHOI TEOpHH, OTBEYAIolIHe IKCTPEMyMaM MOTEHLHMANa CKaSpHBIX
noiecid peayLUpOBAHHOH TEOPUM, SABMAIOTCA IKCTpeMyMaMH ¢yHKLHOHAIA
(7.37) ¥ No3TOMY YAOBJACTBOPAIOT ypaBHeHHIO (7.360).

D10 HabmogeHHEe no3BonsAeT cPOpMYIUpPOBaATh CIACAYIOIMA OO
METOJ PELUCHHUS YpaBHCHHH CNIOHTAHHOW KOMMNaKTH(MHUKALIUHK:

1. 3anagum Ha npoctpanctee G/H G-HHBapHaHTHYIO METPHKY 7Y
o0l1ero BUAa ¥ BHIYMCIMM VISl 3TOil METPUKH no dopmyne (6.37) noteHUMan
ckaisapHbX nonei V peayudpoBaHHOil Teopud. Xopowo uspectHo [KH],
4YTO MHOXECTBO G-MHBapHaHTHbIX METPUK Ha G/H HaXOAMTCA BO B3aUMHO
OHO3HAYHOM COOTBETCTBHH C MHOXecTBOM H -HHB2pHaHTHBIX CKaJNsApPHbIX
npousBeacHUi B m. [locnearue onpeaensoTcsa pa3ioXeHHEM Ha HENPUBOAH-
Mbl€ KOMIIOHEHTBI MPEACTABRIEHUsI U30TPONMHU M 3aBUCAT OT KOHEYHOTrO YHCAa
napametpos {M;} (k = 1,2,... N) pasmepHoctd mMaccel [BKMP]. TTostomy
COOTBETCTBYIOLLYIO METPHKY MBI OyzneM 0603HauyaTh v = y(M). CxansgpHble
nons peayLMpOBaHHOW Teopuu ob6o3Hauum {f;(z)} (1 = 1,2,...m). Toraa
noteHuman V ectb dbyukuus ot {f;} u {Mi}: V = V(fi; M;).

2. dna kaxaoro HaGopa napametpoB {M;} HaiizeM 3KCTpeMyMbl
noreHurana V(f;; M), 1.e. f; = fi(M;). C nomowsio opmyn tna (6.56) u
dopmynsl (6.33) no 3TUM BeTHYMHAM MOXHO BOCCTAHOBHUTh COOTBETCTBYIOLLHE
KOH(MHUIypaUHUH MHOTOMEPHOTO KATHOPOBOYHOIO MOJs A= Z(Mk).

3. Beiuncnas no metpuke y(My) Tensop Jleu-Husura R, a2 no nomo
Z(Mk) — BEJHYHUHY (F,-k,F,ﬁ) Y NOACTaBAAA UX B ypaBHeHHe (7.36a), Mbl no-
nyyum N anre6pavyeckux ypaBHeHuit Ha N napametpos {M;}. Eciu Ha6op

napaMeTpoB {M,:O)} YAOBJIETBOPAET 3TUM YPaBHCHMSM, TO METPHKA 'y(M,:O))
U mnone A(Méo)) YAOBJETBOPAIOT ypaBHeHUsAM (7.36a, 6), ypaBHeHHe (7.36B)
YAOBAETBOPSAETCA BCAECACTBHE G-CMMMETPHYHOCTH Mo Z(M,f,o)) [BKMP].
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DTOT METO HE TOJLKO MNO3BoNAeT IPPHEKTUBHO pelIaTh HEJTHHEHHBIE
avdpdepeHuranbHblie ypaBleHus (7.36), HO M AaeT eCTeCTBCHHbIIH KPUTEPHIA
dbur3nyeckod anekBaTHOCTH MX pelleHHH. A MMEHHO, B NpeAbAYyIlEH IMaBe
Mbl [0Ka3aJIM, YTO MOTEHLUHMAN CKAJIPHLIX NOJMCH peAYLMpOBaHHOW TEOpPHH
MOXeET ObITb MOTEHUMATOM XHUITCa. B 3TOM cliyyae eCTeCTBEHHO NMpeAnoyecTb
KOMNakTHOHUMPYIOLIME peLIEHHsA, OTBeYalolMe abCONMIOTHOMY MUHHUMYMY
noteHuHana (XMITCOBCKOMY BaKyyMy), APYI'HM pelICHHSIM, TMOCKOJNLKY OHH
OKa3bIBaIOTCSl HECTAOWJILHBIMH 0 OTHOLICHHIO K MEPBLIM.

B kayecTBe npumepa paccMOTpPHM B BOCBMHMMEDHOH TeopuH DitH-
wtedHa-AHra-Mwuica ¢ Kanu6poBounoi rpynnoii K = SU(4) KoMnakTu-
dbrumpylowne peLuchl omcqalomuc clenyoleil CTpyKType NpocTpaHCTBa-
BpemeHn: E = M* x CcP. PasmepHas penykuus KaidOpOBOYHOH TEOPHH C
KanubposoyHoii rpynnoit K = SU(4) B 3ToM npocTpaHcTBe 0bcyxaanach B § 3
NpeALIAYIEA T1aBbl, H Mbl MOXEM BOCIO/Ib30BaThCA MPUBEACHHBIM TaM pe-
3ynbTatom (6.64) s NoTeHLMana CKaasApHbIX NoJei peﬂ,yuupoaaunou TECOPHUH

V=1M {(|f| 124 - } (7.39)

B KOTOpOM Mbl mojoxuwnd L = 1/M. DToT noTeHUWaT SBAsETCA CTaH-
JApTHBLIM NOTEHUHaAOM XHITCa, H €r0 3KCTPEMYMbl HaXOAATCS TPHBHAJIBHO:
fU) =0, |f(2)|2 = 1. OT™MeTHM, 4YTO B 3TOM MNPOCTEHIIEM MpHUMEpEe OHH HE
3aBUCAT oT M.

B COOTBCTCTBHM C HALUMM PELICTITOM, HAXOXIEHHE DKCTPEMYMOB [10-
TElILMaNa 3KBMBAJIEHTHO peUIeHHIO ypaBHeHHA (7.366) npu ¢puKkCcHpPOBaHHOI
meTpuke . IToatomy Ham ocTanoch pellnTb ypaBHeHHe (7.36 a). B ganHom
cnyqac yAOOHO MOCTYNHTH CAeAylolidM obpa3oM. CBEpHEM 3TO ypaBHECHHE
c 'y . Toraa B neBoit yacTi Mbl NONYYHM CKAISIPHYIO KDUBHU3HY POCTPaHCTBA
CP?, oTBeualowyio 3Toil METPHKe, 2 B npaBoi — norcuumm CKaNSIpHbIX MO~
Jieil peayuHpoOBaHHON TEOPHH, YMHOXEHHBIH Ha 4x/ g°. CkangpHas KpMBH3Ha
npOCTpaHCTBa CP? nerko BblYHCASETCA MO CTaHAapTHLIM dopmynam [KH]:
R = 12M?2. IMoacTapngs 3TO BeIpaXeHHE W 3HaYeHHE NoteHudana (7.39)
B TOYKe XHUITCOBCKOIO BaKyyMa B CBepHyToe ypaBHeHHWe (7.36a), monyuyum
COOTHOLIEHHE

dme 4

12M? = —3M*, (7.40)
g

_1
. 2
M3 KOTOpOTrO IUISi YCTOWYMBOIO DEIIEHUS HaxogumM M = (;—’,‘) . Bennun-

HaL=M"'= % XapaKTepU3yeT pa3Mep MpocTpalcTBa CP?, xorophlii

okassiBaercs nopagka IlnaHkosckoro. Jlerko npoBepuTh, 4TO 11 pelleHus,

orBeyaiowero f = 0, 3TOT pa3mep onpeaeisercsd paseHcTBoM L = 5_%,

T.€. YCTOWYHMBOE pellelHe COOTBETCTBYET MEHBLIEMY pa3Mepy MpOCTpaHCTBa
JOMONHUTENBHBIX H3MEPEHHIA.
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IIpunoxenne 1.

IMpexae YeM ONpeAeuTL NOHATHE OKPECTHOCTH, ONpPEAEIHM NOHSTUS
TONOJNIOTHH H OTKPbITOrO MHOXECTBA.

INNycte S — MHoxecTBo U 4 — COBOKYNHOCTb €FO NOIMHOXECTB,
YAOBJIECTBOPAIOIIAS YCIOBHUSAM:

1) nycroe MHoXecTBO @ € U u S € §;

2) nepecedeHHe ABYX MHOXECTB M3 U npuHagnexut U;

3) obbeanHeHHe NI060H COBOKYNMHOCTH MHOXeCTB M3 i mpuHamie-
xut 4.

Ecnu 3amaHa Takasa coBOKYNHOCTL | MoiMHOXecTB S, TO roBOpAT,
4YTO 3ajaHa TomnojorHss B S, a MHoXecTBo S BMecte ¢ 4 Ha3wiBaeTcs
TOMNOJIOTHYECKHM TPOCTPAaHCTBOM H oGo3Havaetcs (S,4) win npocto S.
MuoxectBa U € 4l Ha3bI1BaIOTCA OTKPHITBIMH MHOXECTBAMH TOTONOTHYECKOTO
npoctpaHcTsa (S, ).

NMoamuoxectso U, C S, comepxauiee ToukKy € S, Ha3pIBaeTca
OKPECTHOCTbIO TOYKH &, ecld HaiaeTcsa oTkpbiToe MHOXecTBo U € 3l Takoe,
ytoz €U, CUCS.

TTogmHoxectBo T TOMONOrHYECKOro MNPOCTPAHCTBAa S Ha3bIBaETCS
3aMKHyTbIM, eciid S\T = {z € S|z ¢ T} — oTKpsITO.

Bonee noapobHO €O CBOMCTBAMM MHOXECTB M TOMNOJOTHYECKHX MPO-
CTPaHCTB MOXHO Mo3HakKoMUThCA No KHuraMm [AM], [Koc], [P®P].

IIpunoxenue 2.

IMyctb S — MHOXECTBO 3JIECMEHTOB, KOTOpble Mbl 6yaeM 0603HaYaTh
z,Y,2,.... O6o3nauum uepe3d U, C S okpectHoctb (cM. [Ipunoxenue 1)
anemeHTa ¢ € S. Toraa S Ha3biBaeTca XaycnopdoBbIM NMPOCTPAHCTBOM, €CH
BBIMIONHSAIOTCA CEAYIOUIME YCIIOBHS.

1. Jina moboro = € S cyluecTByeT o KpaiHei Mepe OfHA OKPECTHOCTb
U, u z € U, nna mwobdoro U,.

2. Ecin UM u U,m — OKpECTHOCTH Z, TO CYLWIECTBYET TaKas
OKPECTHOCTb U,G) 3TOFO X€ 3JIeMEHTA, YTO ;(3) C U,“) N U,m.

3. Mycrs 3ananw ¢,U; v y € U,. Toraa cywectsyeT okpectHocth Uy
aneMeHTa y Takas, uro Uy C U;.

4. (Axcuoma otaenumoctH). Ilycts 3anaHel npou3BonbHble z,y € S
U z # y. Toraa cywectylor okpectHoctH U, Uy Takue, yro U, NU, = @
(2 — nycroe MHOXECTBO).

IIpunoxenue 3.

Mycts S 1 T — TOononorvyeckue npocrpaHcrea. ['omeomopdbuiMom
Ha3bIBaeTCs B32aUMHO OZHO3HAYHOE W B3aMMHO HEMNpephbIBliOE OTOGpaxeHHe
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f:8S — T, 1.e. orobpaxeHue, AN KOTOPOro CyuwleCTBYET HEMPEPLIBHOE
oTOOpaxeHue g = f‘l :T — S u fog = 1y (TOXACCTBEHHOE OTOOpaxXeHue B
TYun gof = 1g. Ml nuwem S = T u roBopuM, 410 S ¥ T — romeoMopdHbI.

IIpranoxenue 4.

3agzatb Ha MHOXecTBe S OHMHapHOe OTHOLUEHHE (MWIH TMpPOCTO OT-
HOLIEHHE) — 3HAUYMT NEPECYHUCAUTb HEKOTOPOE MHOXECTBO Map 3JEMEHTOB
(z,z'),z € S, ' € S. Ham noHano6urca Auwb NOHATHE OTHOLUCHHS IKBHUBA-
JNIEHTHOCTH. MbI 6yneM 0603HayaTb €ro 3HAYKOM ~; TOBOPHUTb, YTO 3JIEMEHT
T HAXONMTCS B OTHOIUEHHH ~ K 3MEMEHTY T’ (WM T 3KBUBAICHTEH T'), U
nucarb ¢ ~ ',

buHapHOoe OTHOIlLIEHHE Ha3bIBACTCS OTHOILUEHHMEM 3KBHBAJIEHTHOCTH,
€CNH¥ OHO

1) pecbnekcuBHO, T.€. T ~ T ANt KAXIOTO T € S,

2) CHMMETPHYHO, T.€. U3 T ~ ' cnenyer ' ~ ,

3) TpPaH3UTHBHO, T.¢. ecu T~ ' U ' ~ 2", To T~ 2".

OnpeaenuM otobpaxeHHe T U3 S B MHOXECTBO BCEX NMOAMHOXECTB S
CAELYIOINM OOpa30oM: KaxAOMy 3JICMEHTY T € S MOCTaBUM B COOTBETCTBHC
MHOX€ECTBO 3KBUBAJICHTHBIX EMY JIEMEHTOB, KOTOPOE Ha3bIBaETCA KJIACC IKBH-
BaneHTHOCTH. JIpyruMH cnoBamu, m(x) ecTb MHoxectBo {z’' € S|z’ ~ z}.
HeTtpynHo nokasatb, 4To ecnu ' € m(x), T0 m(z) = 7(z'), ¥ Ba KJ1acca IKBH-
BAJICHTHOCTH 1100 coBrnagalT, AMdo He nepecekawTcs. MHOXeCTBO KJIacCOB
3KBHBAJICHTHOCTH Ha3biBaeTcsi PakTop-MHOXECTBOM M obo3Hayaerca S/~ .
Taknm obpasoM 7(S) = S/~. OrobpaxeHrHe T Ha3bIBa€TCA KAHOHHYECKOM
npoekuueit S Ha S/~.

IMoapobHoe u3noxeHUEe CBOHCTB HaKTOP-NPOCTPAaHCTB MOXHO HaMTH,
HanpuMep, B [Me].

IIpunoxenue 5.

HakpbiBaloliue rpynmnbl ABAAIOTCA YAaCTHBIM CAYYaeM HaKpbiBAIOLIMX
MHOrooopasuii. CBsizHOE MHOroobpasue M , Ul KOTOpPOro OnpeacneHo
HEnpepbIBHOE oToOpaxetine A : M — M, uasbiBaercs HaKpbIBAIOIIMM MHO-
roodpasneM MHoroodbpasus M, ecav mobas Touka £ € M obGnapaer Takoii
OKPCCTHOCTBIO U, YTO

1) nonuslit npoobpas A~ ' (u) = Ua, C M ectb o6benuHeHNE MONapHo

a
HErepeceKallWmnXcss KOMNOHEHT &, C M,

2) orpauuyenue A; = Al orobpakenus A Ha i, ectb auddeo-
Mopdu3M %, Ha Bcio u. Kaxnas u, Ha3bIBa€TCA NMpaBWIbHO HAaKpbiBalOLLEH
KOMMOHEeHTOM. [Insi Bcex ToueK M M HMX OKpPECTHOCTEM % TaKHX, KakK



202 Ipunoxenns

OMMUCAHO BLILIE, YUCAO MPABWILHO HAKPbLIBAIOLIMX KOMITOHCHT OJMHAaKOBO,
obo3iiayaetcs 2(A) U Ha3bIBACTCA YMUCAOM HAKPBITHS.

OnHOCBA3HOE HAaKpPbIBaloLllee MHOroo0pas3ue M ans nanHoro cBA3Horo
MHoroobpasua M Ha3blBaeTCA YHHBEpCATbHbIM HaKpbIBAalOLIKM MHOTOOOpa-
3UEM.

Ilycrb, Hanpumep, M = S', ¢ — yrnoBasi KoopAHMHaTa TOYKH B M

£ ¢ < 2w). OgH¥MM M3 HaKpbIBaloOIIMX MHOroobpasmit anss M spiaserca
M = S'; ee Toukn Gyzem napaMeTpu3oBath yraoM ¥ (0 < ¥ < 2m).
Orobpaxenne A : M — M 3anaerca TaK: A(W) = 2¢(mod 27) (ocTaTtoK OT
lieneHua Ha 27) N z(A) = 2. YHUBepcaiblioe HAaKpbIBalolliee MHOToo0pa3ue
M = R'. nas Hero AMz) = z(mod27), rue £ — KoopauHata B R!
(—o00 <z < 00), 2(A) =00

Ilyctb 3apana rpynna G. MHoroo6pa3ue G , ABJSIOLICECS YHUBEPCATb-
HbIM HAaKpbIBaIOLHAM, HAa3bIBAE€TCA YHHBEPCAIbHOM HaKpblBalOWEH rpynnon
rpynnsl G, ecnu orobpaxenue A : G — G ectb roMoMopdHu3M (OH Ha-
3bIBA€TCA HAKPBIB3IOIIUM TOMOMOPDH3IMOM) M B TO XE€ BpeMsi NOKAIbHbIH
u30MOpdHU3M (T. € ANA napbl oKpecTHoctei @ C G M u C G, colepXallux
eaMHMIBl, A @ 44 — u ectb uM3omopdusMm). Hanpumep, mia G = SO(3)
YHHBEPCANLHOM HaKphiBalolEH ARserca rpynna G = SU(2), npudeM Ha-
KpbiBalouixii romoMopdusM A peanusyercs dopmynoit Tina (4.93) 1 z(A) = 2
Tak, Y10 SO3) = SU(2)/Z,. Ans G = SO(n) YHHBEpCAIbHasA HAaKphIBaloLLast
obozHavaetcss G = Spin(n), ans G = SO(l,n) — G = Spin(1,n); B 3THX
cayyasax Takke z(A) = 2.

IIpunoxenne 6.

ITyctb V' — BeKTOpHOE NPOCTPAHCTBO, a (i — ANHEHHbIA QyHKUHOHAT,
T.¢. otobpaxeHue, 3agaHHoe Ha V', co 3HaYeHuAMH B R, ynomieTBopsiioLiee
YCAOBHSAM

p(v + u) = p(v) + p(u),
w(zv) = zp(v),

rne v,u € V, z € R. 3nayenne dyHkuuoHana g Ha v 4acTO 3aMMCHIB3IOT
B BMJE BHYTPEHHeEro npousseneHnsa: (u,v). IpocrpaHcTBo NUHEHHBIX PYHK-
UMOHaNOB Ha V Ha3pIBae€TCA MPOCTPAHCTBOM JYyalbHbIM (IBOMCTBEHHbIM)
K V u obosHayaetcs V*. [yanbHoe npocTpaHcTBo V* smisercs JMHEHHbIM
npoctpancteoM u dimV = dim V*. Ecau {v;} — 6asuc B V, 10 6asuc
{#'} B V* uasbiBaerca ayansHeiM k {v;}, ecim (p',v;) = 6;7. Dnemen-
Tol V 4acTo Ha3bIBalOT KOHTPaBaAPHAHTHLIMKM BEKTOPaMH, a aneMeHTH V* —
KOBapHaHTHbIMH.
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IIpunoxenwne 7.

B 3TOM nyHKTe Mbl JaJiMM OMpeaesicHUs HEKOTOPLIX Haubosiee yacro
yrnorpebaseMblx TUNOB oTobpaxeuuit ¢ : S — T, rne S 1 T — HEKOTOpble
MHOXECTBA.

Ot06paxeHue ¢ B3aHMHO ONHO3HAYHO (MHBEKTHBHO), €C/IH U3 T # T’
(z,z' € X) cneayer ¢(z) # ¢(z'). OtobpakeHne ¢ ABIAETCA OTOOPaXkEHHEM
S Ha T (clopbekTHBHBIM), ecnu @(S) = T. OrvobpaxeHue ¢, KOTopoe
MHBEKTHBHO U CIOPBbEKTHBHO, Ha3bIBACTCH OHEKTHBHDBIM.

OrobpaxeHue ¢ Ha3biBaeTCsi roMOMOP(HU3MOM, €CAH OHO COXpaHsieT
MAaTeMaTHYECKHE CTPYKTYpPhI, BBEICHHbIC HA MHOXeCTBax. Tak, ecin S = G
u T = G' ABIAIOTCS IPYNNaMHU, TO FTOMOMOPGOU3IMOM Ha3bIBAIOT OIHO3HAYHOE
(HO He o00s3arenbHO B3aMMHO OAHO3HAYHOE) OTOOpaxeHHe, coxpaHslolee
TPYINOBYIO KOMIMO3HULIHIO:

¢d(ab) = ¢(a)p(b), a,bEG.

AHanornyHo, ecid S =g u T = g’ — anre6psl JIn co CKOGOYHBIM 3aKOHOM
yMHOXEHHA [Z,y], TO roMOMOpdhH3M areOp MONIXKEH YAOBIETBOPATH YCAOBHIO

&z, yD) = [¢(z),0(¥)], =,y €.

Ecim S =G u T = G' — rpynnbl, 1O aapo ker ¢ romomopdusMa ¢ ecThb
noarpynna ker ¢ = {g € G|¢(g) = e} C G (e — eanHunua rpynnsi), a 0bpas
Im ¢ romomopdpusma ¢ — Im ¢ = {¢(g),9 € G} C G'.

ToMoMopdusM ¢ HasbiBaetcs MoHomopdusmoM, ecan ker¢ = {e}
(T.e. ¢ MHBEKTHBIIOE OTOOpaxeHue), u anuMopduamom, ecan Im¢ = G
(r.e. ¢ ciopbekTuBHO). Ecau roMomopdusm ¢ OuekTuBeH, T.e. ¢ —
B3aUMHO OIHO3HAa4YHOE OTobpaxeHue G Ha G' (ker¢ = {e}, Im¢ = G')),
TO OH Ha3biBaercd M3oMmopbusmMom. B 3TOM ciydyae roBopsT, Yto G u G’
u3oMopdHbl ¥ nHyT G 2 G,

PaccmoTpuMm Tenepb OTOOpaXeHHME MHOXECTBA B 3TO XE€ MHOXECTBO
¢:8— 8. Ecnn S = G — rpynna v orobpaxenne ¢ — roMoMopdusmM, 1o ¢
HasbiBaeTca 3HIOMopduaMoM. M3aoMopdHoe oTobpaxeHHe rpynnbl Ha ceds
Ha3biBaeTcsi aBToMopdusMoM. Bce 3TH onpencneHus O4YeBHAHBIM obOpazoM
nepedhopMyaANpYIOTCA IS anTebp (¢ 3aMeHOH e Ha HyNeBOH 3EMEHT).

Yacto BcTpeyaerca aBroMopdusMm rpynnbl ¢ : G — G, 3apaBacMblit
dbopmynoit ¢(g) = a"'ga, e g € G, a a — npou3BOAbHbIA HKCH-
POBaHHBIH 3AE€MEHT TPYMMbl. DTOT aBTOMOPGhH3M HA3BLIBAETCS BHYTPEHHHM
aBTOMOP(}hH3IMOM, MOPOXKIACHHBIM 3IEMEHTOM Q.

IIpunoxenue 8.

IMycrb rpynna G aciicTByeT Ha MHOXECTBE S, T. €. 331aHO OTObpaxeHHe
GxS — §, kotopoe o6o3Hauyactca (g, T) — g-T O cAeayoMHU CBOICTBaAMK:
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iye-z==x nans Bcex £ € S (e — e€AMHHULA TPYMNIbI);
ii)g-(¢g'-z)=(gg9')-z mnascexz €S ng,g €QG.

B 3TOM cayyae MHOXeCTBO S 4acTo Ha3biBalT G-MHOXeCTBOM. OpbuToi
TOYKH T € S Ha3biBaeTcs noaMHoxectBo G-z = {g-z,9 € G} C S. Mox-
HO nokKa3zarb, YTO ABe opburbl G-z ¥ G -y Anbo cosBnapawor, nubo He
nepeceKkalorTca, a Bce G-MHOXECTBO S pa3iaraercsi B OObEAMHEHUE HeTepece-
Kalowmnxca opour. Ilpu 3ToM Ha S BO3HHKAET OTHOLUEHHE DKBHUBAJIEHTHOCTH
(cM. TTpunoxenue 4): £ ~ y Toraa ¥ TOABKO TOTHA, KOTAA T ¥ Y NMPHUHALIEXAT
OfHOM opOwuTeE.

IIpunoxenne 9.

T'oBopsit, yto rpynna G pAcicTByeT Ha S TPaH3MTHBHO MIAM YTO
G-MHOXeCTBO S ONHOpPOZHO, ecau Jiobas ToYKa M3 S MepecBOAUTCH B
nobylo apyryilo npeobpa3oBanueM u3 rpynnbl G. B vacrHocTH, opburta
(cMm. Tlpunoxenue 8) sABAseTcs OMHOPOLHBIM (G-NPOCTPAHCTBOM, a NK0boE
G -MHOXECTBO fIBJIIETCA 00bENHMHEHHEM OJHOPOAHbBIX NMPOCTPAHCTB.

3adukcupyem TouKky = € S. Ioarpynna G, = {g € Glg-z =2z} CG
Ha3biBaeTCsA CTALUMOHAPHOM MOATPynfoi Win crabwiusatopoM To4ku . Co-
BOKYNHOCTb 3nemeHTOB Buaa {gh,h € G,} npu duxkcupoBanHom g € G
Ha3bIBAETCst JIEBbIM CMEXHBIM KjaccoM. Ero obo3sHavalor [g] mau gG,. Oue-
BUIIHO, YTO [g] COCTOMT M3 BCEX IAEMEHTOB IPYNMbl, NEPEBOASILUMX TOYKY T
B ¢-Z. MOXHO noka3arb, 4T0 G-MHOXecTBO S H30MOPHHO NMPOCTPaHCTBY
JIEBbIX CMEXHbIX KJI1accoB G/ ~, Tiie OTHOWIEHHEe IKBUBAICHTHOCTH 3a[acTCs
TaK: g ~ ¢' TOrjaa M TONbKO TOTAa, KOTa g ¥ ¢' MpHHALIEXAT ONHOMY KJaccy
win [g] = [g']. TIpocTpaHCTBO NEBBIX CMEXHBIX KaccoB ByaeM 0603Hayarh
G/H, H = G,.

ObpatHo, nyctb H — noarpynna G. CoBokynHoctb G/H neBbIX
CMeXHbIX KnaccoB B G no H suma [g] = gH = {gh,h € H} sapasercs
ONHOPOAHBbIM G-TIPOCTPAHCTBOM OTHOCHTEAbHO €CTECTBEHHOTO AeicTBus G-

9:lg'1=9g'H — [g9'l =gg'H.

IIpunoxenne 10.

BBeneM noHATHe KoMnakTHoctH. Ilyertb S 1 T — aBa MHOXecCTBa

MU T C S. OTKpHITHIM NOKpbITHEM noaMHOXeCTBA T’ Ha3bIBAETCA CEMEHCTBO

OTKpBITHIX mogMHoxectB {u; : j € J}, u; C S T1akoe, yro T C |J u,.
j€J

Ecnu Bno6aBok uHaekcupylolliee MHOXecTBo J KoHeuHo, To {u; : j € J}
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Ha3bIBAETCS KOHEYHbIM OTKPHITHIM MOKpbiTHEM. ITycth {u; : j € J} u
{vi : k € K} — nBa nokpbitna T C S. Ecan mna moboro j € J Haiinercs
k € K Takoe, 4T0 u; = v, T0 {u; : j € J} Ha3biBaeTCs MOANOKPLITHEM
nokpbitust {vx : k € K}. T'oBopst, yro nokpbitie {u; : j € J} BnucaHo B
nokpbitve {v; : kK € K}, ecnu ans nawboro j € J nainercs k € K Takoe,
410 %j C Vi .

[TokpbiTHE HA3bIBAETCH JOKAILHO KOHEYHBIM, €C/ITH Kaxaas ToyKa
MPOCTPAaHCTBA 00N1adaeT OKPECTHOCTbIO, NMEPECEKAIOIIEHCS AUILb ¢ KOHEYHbIM
YHCJIOM %; U3 3TONO MOKPbITHA.

TToamHoxecTBo T TOmosOrHyeckoro npocTpaHcTBa X  Ha3biBaeT-
Cst KOMIAKTHBIM, €CAH BCAKOE OTKpLITOe NMOKphiTHE T 0bianaeT KOHEYHbIM
noanokpbiTieM. Hanpumep, npoctpaHcTeo R ¢ 06b14HOI# TONONOrHEH HEKOM-
NaKTHO, MOTOMY YTO OTKPbITOE NMOKpbiTHE {(n, n+2) : n € Z — uenbie yucna}
HE MMeeT KOHEUYHBLIX MOAMOKpbiTHiA. EanHnyHbIiH oTpe3ok [0, 1] u okpyx-
Hocth S' KoMmnakrbl. He J11060€ MOAMHOXECTBO KOMMIAKTHOIO MPOCTPaHCTBA
KOMMAKTHO, Hanpumep, AHTepBan (0,1) - HEKOMMNAaKTHOE MOAMHOXECTBO B
[0, 1] (paccmorpute nokpbitie {(1/n,1 — 1/n) : n — HaTypanbHble Yncna}).
Ho 3amkHyToe (cM. [Tpuioxenue 1) NOAMHOXECTBO KOMIMAKTHOIO POCTpaH-
crBa Bceraa KomnaktHo. [loamHoxecrBo mpocrpaHcTBa R KOMMakTHO B
TOM H TOJAbKO B TOM CAy4ac, €CIH OHO OrPaHMYEHO M 3aMKHYTO (Teopema
l'eittie—Bopens).

Ecnn S — Merpuueckoe npocTpaHCTBO (T. €. onpeaeneHa HEOTpULA-
TenbHasa BellecTBeHHast GyHKUMA Ha S X S, HasbiBacMasi MCTPHUKOM, Takas
uro p(z,y) = 0 Torma ¥ TONBLKO TOrZa, Koraa = = y; p(z,y) = p(y,T);
p(x,2) < p(z,y) + p(y, z) ans nwobbIX Z,Yy,z € S), TO €r0 KOMMNAKTHOE NOA-
MHOXCECTBO MpH NI000M MONOXHUTENBHOM € MOXET ObITb HaKPBITO KOHEYHbIM
YUCOM OTKPBITHIX 11APOB paauyca €.

XaycnopdoBo npoctpaHcTBo (cM. [Tpunoxenue 2) HasbiBaerca mna-
PaKOMIIAKTHLIM, €CIH BO BCAKOE €r0 OTKPBITOE MOKPBLITHE MOXHO BIHCAThb
JIOKAJIbHO KOHEYHOE OTKPbITOe MOKpbiTHE. KOoMnakTHbie XaycnopdoBbl Npo-
CTPaHCTBa ¥ BCE METpUYECKHE NMPOCTPAHCTBA SBJISIOTCS MapaKOMMNAaKTHbIMH.
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3anaum K riaase 2

1. lns chepbl S? HalTH KapThl ¥ NOKATbHbIE TOMEOMOPOH3MbI vi(p)
(p — To4ka cdepbl), BOCMOABL3OBABILHCL CTepeorpadHyYecKoil MpoeKLHCH.
Boiuncantb GyHKUMIO @) = @ © <p2". 3anucaB NAOKaNbHbIC KOOPAXHATHI B

KoMIUteKcHoM Buze (otoxaectuB R2 ¢ C' ), nokKa3sarb, yto CP' nuddeo-
MopdHO s2.

2. TlokasaTtbh, YT0 MHOroo6pasust Z,;, SU(2) usomopdubl chepam.
IMposeputb, 4to SO(3) ~ RP>.

3. Bblpa3urb KoMMyTatop BeKTopHbiXx noned [fX,gY] uepes nonas
X,Y u [X,Y]. 3necy X,Y € X(M), f,g € §(M).

4. Ucxons u3 nnBapuaHtHoctH X € X(M) n w € D'(M) orHocuTenb-
HO OGLUEKOOPAHHATHBIX NMPEeoOpa3oBaHMM, YCTAHOBHTb, KakK rnpeobpasylorcs
KoMnoHeHThl &' nond X ¥ KoMnoHeHTbl %; GOpPMbI w MpH 3THX Npeobpaso-
BaHHsX.

5. Haiit pasMepHoCTb npocTpaHcTBa 7-¢popm dim D”. ITokasarb, 4To
dim D" = dim D", rie n =dim M. '

6. Myctb, M = R u {z'} — xoopaunarbl B R". Beinucarb B 3THX
KoopAxHaTax Bce BO3MOXHbIE (opMbl Wit n = 2 ¥ n = 3 (cM. (2.15)) #n
BbIMMCAHTb MX BHELUHWE MPOM3BOAHBIE M WX MOMAapHble BHEILHWE MpOU3Be-
neuusi. B cnydae, korna n = 3 s 1-dopMbl w = Y u;dz' u 2-popmbl

1

p =Y vijdz' Adz’ cBasarb dw ¥ dp c rot@ M divs, rae KOMMOHEHTbI
ij
BEKTOpa S; ONpENENAIOTCS BEAUYMHAMY jj: Vjj = ExijSk.
7. Mycts M = R®. Hcnonb3ys 3anMchb B kooparHarax {z'}, nokasars,
yro ToxnpectBa ddf = 0 u ddw = 0 3kBuBaneHTHb rotgrad f = 0 u

divrote =0, e f € §(M), a w= Zugdzi — 1-¢popma.

1
8. dokasatb dopmyny (2.21) B NOKATbHBIX KOOPAHHATAX.
9. Nyers dimM = 2. IToka3aTb, YTO MpY 3aMeHE JOKAIbHbIX KO-
opauHar ' — z''(z',z%) (i = 1,2) 2-popMa dz' A dz? npeobpasyercs Kak
MICMEHT UIOLLAK:

dz'' A dz'? = (Akobuan 3amenm) dz' A dz.

10. BLIMHCAMTD *w U **+w 1na w € D"(R?) npu » =0, 1,2.

11. Joka3arb dopmyny (2.25).

12. Joka3satb paBeHCTBO (2.26).

13. Tokasarb, 4TO ANst AEBbIX cHBUIOB L, W mpaBbiXx cABHroB R, Ha
Tpynne BbINOAHAIOTCS paBeHCTBa Loy = Ly0 Ly, Rgy = Ryo R,.

14. Tloka3arb, 4yro €cin A — NEBOMHBAPHAHTHOE BEKTOPHOE [MO-
ne U ¢y — ero oJHOoMapaMeTpHuecKass Tpynna npeobpa3oBaHui, TO ¢
KOMMYTHPYET C ieBbiM# caBuramu L, ansi Bcex a € G.



15. doka3arb ypaBHeHHe Maypepa—Kaprana (2.44) ans neBoMHBapu-
aHTHbIX hopMm.

16. IMoka3atb, 4yro ypaBHeHHe Maypepa—KapraHa (2.44) 115 KaHOHH-
Yeckoit 1-cpopmbl rpynnbl G B 6a3uce {F;}, ynosnerBopsioumieM (2.47), nMeer
Bun (2.46).

17. Haittn kaHoHnYeckylo 1-dopMy 6 u necBOMHBapHaHTHbIE BEKTOP-
HbI€ TIOAs

3
i) mis G = SU(2) B napamerpusauuu g(a,, az, a3) = exp (i > akak) ;
k=1

ii) angs G =U(1).

18. PaccMotpeTb aeiictBre G = SO(3) Ha M = S? = {z € R?, (z')*+
(:1:2)2 +(:z:3 )y = 1}. Onpenenutb THN AeicTBUs (CBOGoaHOE WK 3ddeKkTHBHOE).
TfocrpouTb B sBHOM BuAEe ToMOMOpdH3M o u3 aarebpbr Jiu rpyrnnbl SO(3)
B X(S?).

YKa3aHusi: Moisi MCKaTb B cepruyecKuX KOOPAMHATAX; reHepaTophbl
SO(3) Ha cdepe ABNFIOTCS ONEPATOPAMHA MOMEHTA.

19. Dokasatb dopmyanbl (2.67), (2.71), (2.72). Ucnonb3osarb npu 310M
ToxaectBo fkobu (2.56) ans nonei Ay, &, 5;.

20. Jokasarb, yTo w = (pr,)*0 ecTb PopMa CBA3HOCTH KAHOHHYECKOI
IIocKoit cBsisHocTH B P = M x G (dopmyna (2.81)).

21. PaccMoTtpetb paccnoeHue Xonda S = P(S?,U(1)). IMokazatb,
yro 1-opMa 6°, tae 6 = 3 0;6° — Kanommueckas l-cbopma Ha SU(2)

(cM. (2.50)), ectb dopma CB;I3HOCTH, ¥ BBLIYHCIUTb €€ (HOPMY KPHBH3HbI.
Kakue BekTOpHbIe Nnoas o6pa3yioT 6a3uc ropu3oHTATLHOIO npocrpaucma"
22, PaCCMOTpCTb ¢dopmyny Crokca (2.101) ans 7 =2 u w = Aidz' u
r=3unw= —6,]kEkd:L‘ A dz’. BbISCHUTb K KAKMM M3BECTHbIM dopmynam
MarteMaruuyeckoro aHanu3a npusoaurcs (2.101) B aTux cayuasix.
23. Bbipa3uTb MHBapHaHTHYI0 GyHKUMIO tr(exp A) yepe3 CUMMETpH-
yeckve nonuHoMbl Sj(A) (2.99).

24. Boiyucautbh nepBoe uncno Yepua ang paccnoeHus Xonda S3 =
P(Sz,U(l)) st popM cBA3HOCTH i) M ii) 3 §12 1 dopMbl CBA3HOCTH H3
3apaum 2.21.

25. ObBACHHUTE, B KAKOM NYHKTE Hapywiwics Obl aHanor [Npeanoxe-
Hus 2.9.1. s acCCOLMMPOBAHHOIO PacCNOeHHS .

26. Tokazarb, 4to neHTa MéEGuyca, onpeneneHHas B §6 (CM. TaKke
IMpuMep 6 B § 7 rn. 2), sBisercs HEOPUEHTHPYEMbIM MHOMOOOpasueM.

27. Tloka3zartb, YyTO onpeacacHue HHTerpana (2.22a), (2.226) He 3aBUCHAT
OT BbLIOOpa JNIOKATbHBIX KOOPAMHAT M COMIAacOBaHO B 0o0facTH nepeceueHus
OKpPECTHOCTe#, MOKPbIBAIOUIMX MHOroobpasne M.
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3anaum K riase 3

1) Tlokaxure, 4to onpeneneHml (3.10a) n (3.106) KOppeKTHBI, T.€.
He 3aBHCAT OT BbIGOpa TOYKH u € 7r (z) u BektopoB X, Y, Z Takmx, uto
TX)=X,7¥)=Y ur'(2)=

2) Ucxons u3 (3.15) n nom;ayacs (3.11) nOAYYUTL BbIpAXEHHUS s
KOMMOHEHT TEH30pOB KPUBHU3HBI K KpydcHHs yepe3 cuMBonbl Kpucrodens.

3) INNokaxure, YyTo

0" (Bi) =67, 6 (E)=0,
WUB) =0, By =686

4) JInA KOMMOHEHT 7' BEKTOPHOrO nosist Y OTHOCHTEAbHO NOKaJIbHON
cucrembl koopiauHat {z'}, Y = > 7'X;, rue X; = §/8z', Bblpasuthb ux
i

KOB3PHAHTHBIE MPOU3BOAHDIE 7'.;, ONPENENSEMbIE COOTHOLIEHHEM

VY = Zn X,

Yepe3 OOBbIYHYIO MPOHU3BOAHYIO 617‘/3a:j , KOMIMOHEHTHI 17’ ¥ camBonbl Kpu-

cropdens.

3anaum Kk riaase 4

1. Tlonyuntb dopmynsbl (4.21) u (4.22) anAa narpaHXuaHa M ACHCTBHSA
KaTHOpUBOYHON TEOpHH.
2. PaccMmotpeth dopMbl wy H B (cM. (4.11)) Ha nogpaccnoeHuu 7r"(U )
B NIOKIbHBIX KoopanHarax. [Toka3arb, 4TO Ansi MPOM3BOJABHOIO BEKTOPHOIO
nons (4.9) Ha 7=~ (U)
wo(hY) = —B(Y),
B(hY) = B(Y),

rie hY — ropu3oHTalbHasgs KOMIMOHEHTa Y .

3. PaccMoTpeTb 31eKTpoAHHAaMHKY MakcBe/uia B MpoCTpaHCTBE-Bpe-
MeHu MHHKOBcKoro M*.

a) Bblpa3HTb 2-bopmy *F B TEpMHHaX 3JEKTPHUYECKOro (E) "
MarHuTHoro (B) noneit (cMm. (4 43)) [Tokazarb, yto nepexod F — *F
paBHocwieH 3ameHe E — —B, B — E.

6) IlpoBepuThb, YTO YpaBlicHHR (4.47) IKBHBUICHTHBI CHCTEME ypaBHE-
HHi1 Makcsemna (4.48).
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B) MMonyunts U3 (4.49) ypaBHeHHe HenpepbiBHOCTH (4.51).

4. TIpoeputs B ciysae M = R?, uto A fcfe D%(M) ceommtes K
obbiuHoMy onepartopy Jlanaaca, aeicreyloleMy Ha QyHKUHIO f(x).

5. Tlosayuutb ypaBHeHHs (4.47) n3 geicTera (4.54).

6. Jlokazatb dopmyny (4.58).

7. Moxasatb, 4T0 111 HHCTAHTOHHOrO pelueHusn (4.87), (4.88)

Cz(P) =-1.

8. PaccmoTperh HeabeneBy KaiuOpPOBOYHYIO TEOPHIO Ha PacC/JOCHHM
P = M*x K ¢ xanubposouHoit rpynnoit K = SU(2) ¥ cKalspHBIM MojleM
B (byHAaMeHTaILHOM npenctaBieHuy. [onyuurs ananorH dopmyn (4.111)
H (4.112).

3anaum K miase 5

1. PaccmoTpuTe 3neMeHThl Ipynnbl SO(3) B MaTpUUHOM NpeACTaBie-
HUH )
S@ =e",
me & = (ag,ay,a;), T:,T,,T, — craHgapTHbHIE reHepaTopbl BpalUCHHH.
TTokaxHre, no-kpaiiHei Mepe B KBAJIpaTHYHOM IMPHOIHXEHUH Mo @ H ﬁ , UTO

S(@S(B) = S&),

rae senvunua 4T crpoures 3 @1, BT 1 MX KOMMYTAaTOPOB, HO HE CONEPXKHT
anemeHtn THna (aT')(BT).

2. Mycrs L — anrepa Jiu, K — ee nonanrebpa. [loka3ats, 4T0 UHEHTP
3(L) ecth abeneB vaean, a ueHrtpaiusarop CL(K) — noxganredpa B L.

3. Nyctb L — anrebpa Jiu, A u B — uacansl B L. Iokaxure, 4ro
[A4,B] — Taxxke umean B L.

4. JloxasaTh MaTpHuHoe paBeHCTBO (5.46) dete™ = "M

Ykazanue: Bocnons3oBaThes TeM (hakToM, 41O NMI00as KBagpatHas Matpuua M
MOXeT OBbITh NpHBEACHA K Hopma.anoii )l(Op}laHOBOﬁ CbOpMe, T.€. CYLIECTBYET HEBbI-
poxaeHHas Matpyiua X Takas, yto X "MX=J,me J — HEKOTOpas XOpAaHoBa
Martpuua, T.C. ﬁnquo-nuamHaanaﬂ Maipuua

Jr, (A1) 0 0
5 0 3, (A2) 0
S IS Y I

B KoTOpO# J,(A) €cTh r X r MaTpHUua BUAA



(Cm. [KM)).

5. Haiitn pa3mepnoctu anrebp B tabn. 5.1. TMokasarts, yto sl(n, P)
ABNseTcA uaeanom B gl(n, P).

6. TTokaxure, uto sanpo romomopdusma ad : L — gli(V) sapasercs
uenTpom anrebpul JIn L, kerad = 3(L).

7. Hoxaxure cBoitcTBO | nonynpoctbix anredp Jiu (cM. §4). dns atoro
paccMoTpuTe BoipaxeHus Buaa ad eq(ad eg(X)) mwia cayqaes, koraa X € ) 1
X =ey, 7 € A 1 nokaxwure, 4TO BO BCex cnyyasnx trades adeg = 0.

8. TMonb3yachk pe3ylbTaTaMy MpefbiaylIeil 3a1aud ¥ HeBbIPOXACHHO-
cTbi0 popmbl KynutnHra Ha g, mokaxure cBOMCTBO 2 13 §4.

9. IMokaxure, yto nonanredbpa Kaprana noaynpocroil anredpot abene-
Ba. Jlns storo paccMorpute B(X,Y) ¢ X € &V = [®, &] u Bocnons3yiitecs
dopmynoii (5.44).

10. JlokaxuTe CBOWCTBO 5 U3 §4, BOCMONbB30OBaBUIMCL CBOHCTBOM | M
HeBbIpoXAeHHOCTBIO PopMbl KHiutHHra Ha g.

11. TTokaxute, yTto Ana anrebpol g = A3 cnpaBeliMBbl (POPMyNbi
(5.31) n t, ¥ y aBAAIOTCS PETYASIPHBIMM JIEMEHTaMHU.

12. Tokaxute cBoiictBo 8 U3 §4. [l 3TOr0 pacCMOTpUTE O — CEPHIO
KOPHeii, TIpOXoisLIyIO Yepe3 a WU Bocrnonb3yiiTech Gopmynoit (5.43).

13. Hpogepsre cpoiicTBo 10 u3 § 4. Ucnionb3yiiTe MeTO floKa3aTeNbCTBA
OT MPOTHUBHOTO.

14. Jokaxute cBoiicrBo 11 u3 §4. [na 3toro paccMoTpure a —
CepHIO, MOXOAsALLYIO yepe3 § ¥ Bocnoab3yirecs popMmynoit (5.43).

15. BoccraHosute matpuily KapraHa v anrebpy no auarpamme JIbiH-
KHHa s anrebpot B;.

16. JlokaxuTte OTpHLATENbHYIO orpeaeaeHHOCT PopMbl KuliiHra Ha
BellleCTBeHON opme g, MopoxaeHHOo aneMentamu (5.50).

3axaum K riase 6

1. PaccmotpuTe anrebpy g = A3 M ee peryaspHylo nogairepy §) = A,.
Pa3noxute npeacrasieHve (g,ad) anrebpsl §) Ha HENMPUBOOVMbIE U HadauTte
ueHTpanusarop Cy(5).

2. PaccMotperb 3amadyy O pa3MepHOH pelyKLMH CHMMETPHYECKOTO
CeKTOpa MHOroMepHoi Teopun SHra—Mwiica, 3agaHHOi B 1LECTHMEPHOM
npoctpaHcree suna E = M* x G/H, e G/H = SUQ)/U(l) = CP"
(nudpdeomopdHo chepe $%), ¢ kanubposouHoil rpynnoit K = SU(2). Haittn
KannopoBoYHYyIO rpymnny C peayliMpPOBaHHOI TEOPHUHU WU, BHIYUCIHUB NOTEHUHAN
CKAISIPHBIX MONEH, NOCTPOHTh AeHCTBHE peayLlMPOBAHHOH TEOPHH.
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