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The Legacy of Niels Henrik Abel

The collected works of Niels Henrik Abel, edited by Sophus Lie and Ludwig Sylow
in 1881, contain 29 papers. The first was written in 1823 when Abel was 21 years
old, and the last was jotted down on his deathbed in January and February 1829.

During this short, five-year mathematical lifespan, Abel produced major works
on a variety of topics. Most of these works have become part of today’s mathematical
vernacular.

The Abel Year 2002, commemorating the 200th anniversary of Niels Henrik
Abel’s birth, was, however, not only an international mathematical event, but indeed
a national celebration throughout Norway, with important contributions made by
universities, Government, local communities, and the media.

Niels Henrik Abel is, in the minds of his countrymen, not only a great mathe-
matician, but also, to most Norwegians, a scientific and romantic icon.

A lasting expression of this national sentiment has now been translated into the
Abel Prize, established by the Norwegian Government on the model of the Swedish
Nobel Prizes awarded in the other sciences.

Although proposed by the Prime Minister in 2001 and subsequently approved
by the Norwegian Parliament, the formal announcement of the creation of the Abel
Prize was not made until the opening of the Abel Bicentennial Conference held at
the University of Oslo, June 3-8, 2002.

This Conference, supported by the International Mathematical Union and the
European Mathematical Society, attracted an impressive number of distinguished
mathematicians.

A year or two earlier some of these mathematicians had been approached by us
with a request to submit an authoritative work on Abel’s legacy in their own fields,
thus contributing to an “Abel book.”

The response was very positive and, based on this response, we decided to accept
an offer from Springer- Verlag to publish the present volume with the rather ambitious
title The Legacy of Niels Henrik Abel.

The book is therefore not a usual Proceedings from the Abel Bicentennial Con-
ference. Most of the contributors were invited speakers at the Conference, but not
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all of them. Moreover, and this is important, most of the many and very interesting
talks presented at the Conference are not included in this volume.

The purpose of this book, published at the beginning of the third century after
Abel’s birth, is to present the mathematical community with an overview of some
selected fields where Abel’s legacy is still operative.

The book starts with His Majesty King Harald V’s Opening Address at the Abel
Bicentennial Conference, which underlines Norwegian national sentiment towards
Niels Henrik Abel. Then Arild Stubhaug, whose Abel biography is now available in
five languages, recounts the story of the mathematician’s short and tragic life.

Christian Houzel presents us with an impressive historical overview of the work
of Abel, and Phillip Griffiths presents a masterful treatment of Abel’s famous Paris
Memoir, showing how the original ideas of Abel are still effective in modern algebraic
and complex geometry.

Abel’s work on algebraic equations is the subject matter for several authors.
Daniel Lazard’s paper explains how to solve the quintic equation by radicals, when
Abel’s condition for so doing is satisfied. Birgit Petri and Norbert Shappacher tell
the story of algebraic equations and the study of Abelian field extensions, from Abel
to Kronecker, and Giinther Frei introduces us to the fascinating story behind the
Artin reciprocity law for Abelian extensions, and class field theory.

As is clear from the papers of Houzel and Griffiths, algebraic geometry is in great
debt to Abel. Aldo Briaglia, Ciro Ciliberto, and Claudio Pedrini look at the roots
of the Italian school in algebraic geometry, and bring us up to date on the influence
of Abel in this magnificent story. Then Fabrizio Catanese introduces us to Abel the
algebraist, and to Abelian varieties, and Steven Kleiman completes the overview of
the legacy of Abel in algebraic geometry by presenting a thorough discussion of
the history of and the mathematics behind the many variants of Abel’s theorem in
modern algebraic geometry.

These papers are complemented by a paper by Torsten Ekedahl on the moduli
stack of Abel’s hyperelliptic curves. The paper by Mark Green and Phillip Griffiths
brings up the present problems of intermediate Jacobians, and the corresponding
problems of formal deformations of Chow groups. The paper by Herbert Clemens
on an analogue of Abel’s theorem also fits into this picture.

In the same direction, the paper by Tom Graber, Joe Harris, Barry Mazur, and
Jason Starr looks at arithmetical questions related to rationally connected varieties.

In a more complex geometric setting, Yum-Tong Siu treats the methods used to
study criteria for hyperbolicity of submanifolds of Abelian varieties and complex
projective space.

The second paper of the 21-year-old Niels Henrik Abel, written in 1823, in-
troduced the Abel transform. This has later been the basic tool in studying inverse
problems. The history of Abel’s transform and the present status of this subject is
treated in different settings by three papers — by Gennadi M. Henkin, by Simon
Gindikin, and by Victor Palamodov. Closely connected with the paper of Henkin
is the contribution of Jan-Erik Bjérk, which studies residues on complex manifolds
and D-modules. This paper also contains an interesting history of the relationship
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between Abel’s search for radical solutions to the quintic equations, and the search
for analytic or meromorphic solutions. This is also the point of view of Mikael
Passare and August Tsikh in their paper on algebraic equations and hypergeometric
series. The paper by Hikan Hedenmalm on Dirichlet series and functional analysis
ends this section of the book.

The final string of papers treats problems that might be classified as part of
non-commutative geometry, a field which promises to be an essential ingredient of
future mathematics.

The first of these is Yuri I. Manin’s “Alterstraum,” on the use of non-commutative
geometry in the study of abelian class field theory for real quadratic fields. The
second is the paper by William Fulton, on quantum cohomology of homogeneous
varieties. The third is a paper by Christian Kassel on quantum principal bundles
up to homotopy equivalence, generalizing the notion of Galois extensions to non-
commutative algebras. The string is completed by Michel van den Bergh’s paper
on non-commutative crepant resolutions of singularities, and finally by the work of
Moira Chas and Dennis Sullivan on closed string operators in topology leading to
Lie bialgebras and higher string algebra.

Springer Verlag has been most helpful in the process of bringing this book into
existence; in particular we would like to acknowledge the enthusiastic support of
Martin Peters, assisted by Ruth Allewelt and Claudia Kehl.

Oslo, 17 May 2003, Olav Arnfinn Laudal
Ragni Piene



Opening address
The Abel Bicentennial Conference
University of Oslo, June 3, 2002

King Harald V

Two hundred years ago, our nation was in its childhood. A young nation needs
national heroes. Niels Henrik Abel was such a hero. He was young, bright minded,
and he became famous in academic circles at home and in Europe. His untimely
death was a loss for the young nation, and also for the development of mathematics
throughout the world.

This week we shall honour this bright young man, his ideas and achievements.
But we shall also honour the mathematics itself, and the development of a beautiful
universe of ideas, theories and applications. I sincerely hope that this conference can
be another step in this development, that you through discussions and lectures can
broaden your experience in your beloved work. I know that you all have a passionate
relationship with mathematics, which is of course difficult for me, being a non-
mathematician, to understand.

It is a pleasure for me to see so many professional mathematicians from so many
parts of the world gathered here in Oslo. I hope you will all have some spare time
to explore the capital and its surroundings during your stay. This time of the year is
maybe the most beautiful here in the north of Europe, when nature wakes up after
a cold winter and the evenings are long and bright.

With these words I declare the Abel Bicentennial Conference 2002 for open.



The Life of Niels Henrik Abel

Arild Stubhaug

The story goes that when Niels Henrik was born on August 5, 1802, he arrived three
months early and was so weak that he had to be washed in red wine and swathed in
thick layers of cotton in order for his tiny spark of life not be extinguished. There
is much to indicate that this birth took place at Nedstrand, not at Finngy, an island
near by (near Stavanger), where the father of the new-born was a parish vicar.

Niels Henrik’s father, Sgren Georg Abel, himself a vicar’s son, had married
Anne Marie Simonsen, daughter of the richest man in Risgr, a lively and prosperous
coastal town. Niels Henrik was the young couple’s second child, and when he was
two years old the family moved to Gjerstad, not far from Risgr. At Gjerstad Niels
Henrik’s father took over his father’s position, and in this small rural community
Niels Henrik grew up along with four brothers and one sister.

Vicar Sgren Georg Abel was in all ways an outstanding man, and for a long time
his parish flock held him in highest esteem. His time as pupil and student in Denmark
had coincided with an epoch when the ideals of the Enlightenment and the ideas of
the French revolution were felt everywhere. In all his endeavours father Abel would
pay homage to the reasonable and useful, and proclaim his rock solid faith in the
human being’s ability to solve life’s mysteries through reason. For his parishioners
he arranged a reading group where they could borrow books on how growing of
field crops and animal husbandry could be improved, on how vegetable gardens
and orchards could produce a higher yield. He vaccinated his parishioners against
smallpox, organised care for the poor and schooling for all; he had a granary built,
with a rootcellar for potatoes; he constructed a brickworks and a tar-burning furnace.
In the years of famine and war from 1809 to 1812, he gave out recipes for how the
wild turnip, a weed (Brassica campestris) could be used in cooking of porridge and
the baking of flatbread. He persuaded the village folk that it was reprehensible not
to eat horsemeat. Father Abel was a full-blooded rationalist of the type that would
later come to be called “potato priests,” and in this rationalistic spirit, S. G. Abel
wrote a catechism, entitled The Questions of Religion, with Answers, Adapted to
the Comprehension of the Young — 337 questions and answers. The book was first
published in 1806, and in the course of the next ten years it saw five printings,
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and was much used in schools and churches in preparation for confirmation and
communion.

Niels Henrik’s mother seems to have thrived best at parties and on festive oc-
casions. She had lost her mother when she was seven, and thereafter had grown up
with two stepmothers in a house well-appointed with everything that those luxurious
times could yield. At the vicarage in Gjerstad she also arranged many a gallant ball.
Up to one hundred people could be gathered in the many rooms of the house, and
after a dinner of sumptuous proportions there would be dancing until dawn, to the
music of violins and clarinets. Mrs. Abel cared less about her children, and there is
much to indicate that early on she became an alcoholic.

Niels Henrik and his siblings were educated by their father, and for a time, also by
their mother’s sister — later by a young man who became the teacher and parish clerk
in the community. Their father’s published catechism was probably the children’s
first primer, and in addition, for teaching purposes he had handwritten an instruction
book on history, geography, the mother tongue, and mathematics. In mathematics
one found not only multiplication and division tables, but also tables for addition
and subtraction; in the first line here there stood: 1 + 0 = 0.

When 1814 — the momentous year for Norway and its independence — came to
pass, father Abel was acquainted with the political conditions, and he praised and
promoted the independence of Norway. In the autumn of 1814 he was elected to
the Extraordinary Parliament as the representative for his district. Again in 1818
Vicar Abel was a Member of Parliament, and on both occasions he drew notice,
mostly from a negative direction. In the Parliament during the autumn of 1814 he
was criticised for having one evening invited some of the peasants’ parliamentary
representatives to a great punch-drinking session, in order to get them to follow his
lead in an important vote the following day. To discuss these issues in a private
gathering in advance was regarded as almost cheating, and to use alcoholic drinks in
such a connection was reprehensible. Representative Abel’s behaviour was severely
repimanded, but most Norwegians were in favour of the issue that was so won. The
issue was the the King’s right of veto over citizenship matters, and the majority of
Norwegians were reluctant about the King, who was Swedish, deciding who could
become a Norwegian citizen.

Parliamentary proceedings took place in the buildings of the Christiania Cathe-
dral School, and the school’s great auditorium was the city’s most representative
hall. (The capital, today Oslo, at that time was called Christiania.) In the autumn
of 1814, during his stay in the capital, father Abel had become acquainted with the
school’s teachers, and quite certainly with the grant possibilities of which the school
had command. The father considered that as early as the coming autumn, 1815, his
eldest son should journey to Christiania. But when the time of his departure came
close, the boy became so sad and despondent about abandoning his home, that his
father did not dare to send him off, and thus he sent Niels Henrik instead. Thirteen
year old Niels Henrik left home, and in October 1815 he appeared at the Christiania
Cathedral School. He passed the entrance examination to the first form, and shortly
thereafter he wrote home saying that he felt “right in his Element.”
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After one year at the school, big brother Hans Mathias arrived to keep Niels
Henrik company. They were in the same class and for the next few years the older
brother did better than Niels Henrik. Being a pupil at the cathedral school was
a fulltime occupation. School began at nine o’clock in the morning and continued
until one o’clock, at which time there was a break for a couple of hours, and then the
day ended around six in the evening. After this there was homework and preparation
for the coming lessons, and day in and day out, this is the way things went, six
days a week, broken only by an eight-day holiday at Christmas and two weeks of
summer vacation. Theatre performances were the biggest change in the everyday
school routine. The disciples, as the pupils at the cathedral school were called, were
given free tickets to the final dress rehearsals; the theatre was also a meeting place
where the boys from the school met the city’s youth of both sexes. Even though
most people in the Norwegian capital at this time were extremely interested in the
theatre, there is much to indicate that Niels Henrik gradually became an specially
avid theatre-goer.

With the great school reforms at the turn of the century, around 1800, a system
of specialised teachers instructing in one subject began to replace the old classroom
teacher system in which one teacher taught his class all subjects. On paper, according
to these new regulations, this implied that the living languages (German, French and
English), and the sciences, were included within the range of subjects taught. But
the classical subjects, with Latin in the lead, still dominated the pupils’ lessons.
According to the new reforms, the practice of hitting and beating the pupils should
also be phased out. Whereas before, there had been corporal punishment to enforce
the diligence of the work ethic and the imbibing of knowledge, now the pupils’
sense of honour and their reason were to be appealed to, and weight was placed on
awakening the interest of the individual.

But the mathematics teacher Hans Peter Bader at the Cathedral School in Chris-
tiania was one of those who adhered to the old ways: Copying from the blackboard
and beating for those who didn’t learn. One day in November 1817 a fatal occur-
rence took place. Bader beat and thrashed a pupil so hard and at such length that
the boy, after being bedridden for a week, died. Mathematics teacher Bader was not,
correctly speaking, found legally responsible — the cause of death was said to have
been “fever of the nerves,” that is, typhus, but the pupils, who had long suffered un-
der Bader’s uncontainable rage and blows, now refused to attend their mathematics
class unless Bader was removed. Thus the first student strike in Norwegian history
became a fact. Bader was suspended (and never came back). With all possible haste,
Rector Jacob Rosted had to find a new mathematics teacher. and he achieved this
by finding one of his former pupils, Bernt Michael Holmboe (1795-1850), who in
addition to the level of mathematical instruction available at the time in Norway,
had studied more extensively on his own. Holmboe was inspired by, and took seri-
ously the new pedagogical ideas; he began to give the pupils independent tasks to
challenge them. Young Abel’s engagement in the solving of mathematical problems
surprised and astounded those around him, but the teachers were also disturbed by
the one-sidedness of his interest and concentration. Classical languages and cultural
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refinement were, and became, the ideal. But Holmboe gave Niels Henrik private
tutoring, and guided young Abel further into the mathematical literature. The library
records reveal how the nature of Abel’s book borrowings changed at this time, from
fiction to physics and mathematics.

However, the circumstances around Abel’s mathematical “awakening” also had
another dimension. At the same time that the sixteen year-old Abel got Holmboe
as his teacher, his family suffered a dramatic decline of fortune. It began with his
father’s catechism. Now there was also a considerable upheaval within the religious
life of the new Norwegian nation. The rationalism and “potato priest theology™ that
had dominated teaching and ecclesiastical affairs was about to fall. The greatest
authority on every question of learning was now placed in the new University
of Christiania, and at the Faculty of Theology, sat Professor S.B. Hersleb and
Lecturer S.J. Stenersen, who both stood in personal and reverential relationship to
the looming presence of the Nordic countries’ defender of the faith of the day, the
young N. F. S, Grundtvig in Denmark, Lecturer Stenersen in particular saw it as his
foremost task to root out the erroreous and convoluted teachings and great delusions
which, in his view, he detected in Norwegian teaching. And the worst example of
wrong thinking and mistaken theology, according to Lecturer Stenersen, was found
in S. G. Abel’s catechism. Stenersen dissected Abel’s book, point by point, in “Det
Norske Nationalblad”, the country’s largest press organ, and this occupied more
than thirty pages over several issues of the newspaper. The conclusion was clear: the
Gjerstad priest was one of the greatest heathens in the country, and so grossly had
father Abel missed the truth that he had to take responsibility for at least 10,000 lost
Norwegian souls now on their way to certain perdition. (The number 10,000 was
arrived at by theologian Stenersen calculating that when the catechism went through
five printings, each of 1,000 copies; at least two young souls had read each copy
with its fatal spiritual vandalism.) Father Abel replied in his own defense, and some
supported him, but it was Stenersen’s judgement that prevailed. Father Abel became
the most beleaguered theologian in the land, and the subject of much mocking verse
in the newspapers. Niels Henrik’s visible reaction to all this was, at the beginning,
“exaggerated” cheeriness.

Shortly thereafter, in February 1818, father Abel came to the capital as Member
of Parliament, And here he created a scandal and was crucified as a politician. From
the Parliament lectern he criticised one of the country’s most powerful men, Carsten
Anker, owner of the Eidsvoll Iron Mills and the host of the Eidsvoll constitutional
proceedings that in 1814 had given Norway the most liberal constitution in Europe.
Representative Abel claimed that Carsten Anker did not treat his workers well, that
he consistently had reneged on promises of pensions and in this Anker had received
the help of an attorney who was also a Member of Parliament. These accusations
were considered an outrage against the whole Parliament, and since M. P. Abel
was not willing to apologise or withdraw what he had said, the issue went so far
that impeachment was threatened. In the end, Odelstinget, the parliamentary upper
house, found that impeachment proceedings against Pastor Abel would be a waste
of resources, and the matter was dismissed. But father Abel returned to Gjerstad in
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September 1818, finished as a politician, crushed as a theologian, and compromised
as a human being - and he began to drink more than before. Everyone at Gjerstad
knew that the vicar and his wife were drinking heavily, and that they drank separately.
For father Abel however, it was a rapid downfall, and he died in the spring of 1820,
at the age of forty-eight. During the last period, Mrs. Abel had not wanted to look
after her husband, and it was said that he would have died in the most dismal and
unsanitary condition if it had not been for the good and helpful folk in the community.
At father Abel’s funeral, under the gaze of the clergyman and public servants, and
with the whole vicarage full of guests, Mrs. Abel got openly drunk and went to bed
with one of the hired men on the farm.

At the Christiania Cathedral School the two Abel brothers reacted very differently
to the family’s and their father’s gradual downfall. Niels Henrik had gotten his hands
on mathematics and dedicated himself to new knowledge with such speed that
his teacher Holmboe, in the pupils’ report records, had already described Abel as
“A remarkable mathematical Genius.” But in the other subjects he did badly and he
was only advanced to a higher class on probation. On the other hand, his big brother
Hans Mathias completely lost his concentration, his marks fell drastically, and he
slipped into a depression that was so deep that the rector had to send him home with
the clear message that he would never manage to take the graduating examination,
the examen artium. Big brother Hans Mathias returned home to Gjerstad, and for
the rest of his life — more than twenty years - he went around like a half-wit in the
folds of his mother’s skirts.

Responsibility for the family now fell to Niels Henrik. In the formerly prosperous
trading house of Simonsen in Risgr there was nobody to call upon for help. The rich
Grandfather Simonsen, like so many other trading houses, went bankrupt in the
economic downturn that followed the Napoleonic Wars. Grandfather Simonsen also
died during that spring of 1820, plucked bare and penniless. As long as Niels Henrik
lived, he tried in various ways to help his mother and his younger siblings.

Niels Henrik Abel became a university student in 1821, with mediocre marks,
apart from mathematics for which he certainly received the top mark. Even as a new
student, Abel probably had greater knowledge of mathematics than anyone else in
the country. B. M. Holmboe had taught him all that he could, and Abel had gone
further, studying on his own and borrowing mathematical literature from the rather
well-equipped university library. Among other books that he borrowed were those of
Newton, Euler, Lacroix, Lagrange, Monge, Legendre, Laplace and Gauss, together
with contemporary publications and journals from Paris.

Indeed, even before he became a student Abel began what would become his
first great mathematical achievement, namely, work on the quintic equation. At first
Abel thought he had found the solution to the general quintic equation, the solution
to which Europe’s mathematicians had been hunting for over 250 years, ever since
Girolamo Cardano in his seminal work Ars Magna, in 1545, had presented solutions
to equations of the third- and fourth degree. The two professors of mathematics in
Christiania, Sgren Rasmussen (1768-1850) and Christopher Hansteen (1784-1873),
found no errors in Abel’s formulae, and sent the work on to the leading mathematician
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of the Nordic countries, Professor Ferdinand Degen (1766-1825) in Copenhagen.
He too discovered no errors, but nonetheless doubted that the solution which so
many prominent mathematicians had pursued, could really now have been found
by an unknown student in far-off Christiania. But nonetheless, Professor Degen
noticed Abel’s extraordinary ability, and felt that such a talented young man ought
not to use his powers on such a “sterile Subject Matter” as the quintic equation, but
ought to turn his attention instead to “the elliptic Transcendents”, for that is where,
Degen writes (and for this he is remembered in mathematical history), he (Abel)
would “discover Magellan Voyages to great Regions of one and the same immense
analytic Ocean”. Abel would come to do both: he would show that the general fifth
degree equation could not be solved only with the help of the classical operations of
addition, subtraction, multiplication, division, and the extraction of roots. Moreover,
the “elliptic Transcendents”, that is, elliptic functions and integrals, was the next
field in which Abel would do fundamentally new work. Abel truly found the Straits
of Magellan to a new analytical ocean.

As a new fresh student, Abel received free lodging at a student residence located
on the city property where the university’s lectures were also held. Abel took the
obligatory secondary examination in 1822, a rather comprehensive preparatory exam,
which was really only an elaboration of the school graduation exam, the examen
artium, which was known as the “first” or “primary” examination. And in the
secondary examination as well, Abel received only mediocre marks, apart from the
subject of mathematics. After this there was not much more to study at the university
for someone who did not choose the usual public service fields of study: theology,
medicine, law or philology — no sciences programme was yet to be found at Norway’s
only university (founded in 1811).

Some of the professors supported Abel economically from their own pockets
and the influential Professor Hansteen opened his home to him. Here Abel met she
whom he would refer to as his “second Mother,” Mrs. Hansteen. Abel borrowed
books from the University Library and studied mathematics on his own in the little
attic room. Here he now had a younger brother, Peder, living with him. Abel shared
his bed with Peder and helped him prepare for the examen artium. In addition he
would later help his sister Elisabeth to find a position in Christiania.

Abel made his mathematical debut in the spring of 1823 with an article in the
country’s first science journal, Magazin for Naturvidenskaberne, which that year
had produced its first issue. Abel later published a couple of other lesser works in
this periodical as well. During that spring of 1823 Abel wrote a longer, and probably
much more substantial and important mathematical work —in French —on “a general
Demonstration of the Possibility of integrating all possible Differential Equations,”
and sought support from the university to publish this. Professors Rasmussen and
Hansteen were positive, but the Academic Collegium was cautious, and in the
mountains of paper that passed between the different offices, this work was lost
without a trace for all times.

Professors Rasmussen and Hansteen, as well as others who supported Abel, knew
he needed to go abroad to learn more mathematics, and Abel himself also wanted
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very much to go abroad so as to make contact with the European mathematical
milieu. The places where mathematical research was undertaken, were Paris — at
I'Ecole Polytechnique, I'Ecole Normale Supérieure and I'Université de la Sorbonne
- and in Gottingen, around the great C.F. Gauss, who was almost considered an
institution in himself. But the lack of public support forced Abel to remain at the
university in Christiania for four years, to study — as it was phrased in the writings
of the ministries, “the learned Languages and other useful Co-sciences of his major
Field of Mathematics.”

In the summer of 1823, Professor Rasmussen gave Abel 100 speciedaler from
his own pocket so that Abel could at least journey to Copenhagen to visit mathemati-
cians there. Abel travelled and discovered that indeed he knew as much mathematics
as anyone in Copenhagen, and that the library at the new university in the Norwegian
capital was equally well-furnished with mathematical literature as any of the libraries
in Copenhagen. Abel attended the theatre and took part in student life. He read math-
ematics, worked a little on Fermat’s last theorem, and formulated some inequalities
showing that, if solutions were to be found, they would have to be enormously large,
and he started work on elliptic functions (not to be published until the summer of
1827). Abel’s aunt, the sister of his mother, had married a Danish naval officer, Peder
Mandrup Tuxen, and Abel stayed in their home at the Christianshavn naval base in
Copenhagen. There, at a ball, he met the young girl Christine Kemp. The orchestra
played a waltz, at that time a newfangled dance that neither of them mastered. They
just stood on the dance floor looking at one another and in great embarrassment they
both backed out. Less than a year later Christine Kemp (1804-62) went to Norway
and worked as a governess in Son, on the east side of Oslofjord. Abel’s engagement
to her at Christmas 1824 came as a great surprise to his comrades at the Regentsen
student residence — a sense of surprise that perhaps arose from their experience with
Niels Henrik’s general relationship to the other sex, and most certainly as well from
the fact that Abel had no prospects of an economy that would allow for marriage in
the near future.

From the beginning of the year 1824 Abel got 200 speciedaler as a state stipend
for a period of two years. During the spring of 1824 he had printed the work on the
quintic equation at his own expense. He had written it in French and compressed
the proof into six small pages (to make the printing as economical as possible),
something that made it almost incomprehensible — and as such it failed to become
the “admission ticket” to the learned circles of Europe, as Abel had expected it to
be.

By the summer 1825 Abel felt that he had stayed long enough at the University
of Christiania, and he wrote a personal letter to King Karl Johan, and asked for per-
mission to travel abroad right away. The King gave his permission, and in September
1825 Abel set sail from Christiania by freight boat, on a course to Copenhagen. The
plan and conditions for his stipend were to go to Gauss in Gottingen, and so on-
ward to Paris. But when he had reached Copenhagen, he altered his itinerary. At the
recommendation of, among others, the Danish mathematician von Schmidten, who
had just returned home after a stay in that city, Abel left for Berlin. And travelling
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to Berlin must be seen as the great good fortune of his life, for in Berlin he met an
engineer interested in mathematics, August Leopold Crelle (1780-1855), who built
roads and one of the first railways in Germany (the line from Berlin to Potsdam).
And now, meeting with Abel, Crelle, who had high status in the Prussian capital, got
the courage to go into action with what had long been one of his desires — namely to
publish a mathematical periodical in Berlin that could challenge the well-established
journals of France. As early as February 1826 the first issue of Journal fiir die reine
und angewandte Mathematik was published, and here Abel would publish the major-
ity of what he managed to write, and thanks greatly to Abel’s work, Crelle’s Journal
quickly became renowned as one of Europe’s leading periodicals.

Abel stayed four months in Berlin and he had an inspiring time with Crelle
and other mathematicians in the circle around him; one of them was the Swiss
Jacob Steiner. Abel was invited to “salons” and private parties; he went to the
theatre; and above all, he worked. The first thing he published in Crelle’s Journal
was an expanded version of the proof that the general fifth degree equation could
not be solved by radicals. With great keenness and virtuosity he demonstrated that
an eventual solution would have to include qualities that no radical expression
possessed. But many special equations of degree greater than five had solutions, and
in his further work in equation theory, Abel went a long way toward finding what
the conditions were for such solutions.

The mathematical discussions in Berlin certainly dwelt upon many topics, but
an on-going theme seems to have been the new demand for logical stringency
in mathematical proof. Engaging in discussions about mathematics seems to have
sharpened Abel’s critical abilities; he became bolder and more self-confident. Some
of the things he carried out seem to have been the result of thoughts and questions
that had been percolating inside him even before he went abroad; and new ideas
came to him as well. He wrote home to Holmboe about infinite series:

On the Whole, Divergent Series are the Work of the Devil and it’s a Shame
that one dares base any Demonstration upon them. You can get whatever
result you want when you use them, and they have given rise to so many
Disasters and so many Paradoxes. Can anything more horrible be conceived
than to have the following oozing out at you:

0=1-2"4+3"—4" +etc.

where 7 is an integer number?

Abel gained great inspiration from the possibilities of getting his works directly
into print in Crelle’s Journal — he wrote in French and Crelle translated; later Crelle
printed Abel’s papers in French. In letters home he expressed this, writing:

Precisely at this Time there are so many Ideas going around in my Head.
Pure Mathematics in its purest Sense most certainly ought to become my
future Course of Studies. I will engage all my Powers to bring Light into the
enormous Darkness that is now unquestioningly to be found in Analysis. It
lacks almost all forms of Plan and System such that it is really astounding that
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it can be studied by so many, and what is worst is that it is still not treated
with stringency. There are very few Propositions in higher Analysis that
are proven with convincing Rigour. Everywhere one finds the unfortunate
Method of deducing the General from the Special Occurrence, and it is
strange to the extreme that by following this sort of Approach, so few of the
so-called Paradoxes are not to be found. It is really extremely interesting
to look into the the Foundations of this phenomenon. According to my
Thinkng, the reason for this state of affairs lies in the fact that Functions,
that until now have occupied the full attention of Analysis, have, for the
most part, been expressed by Powers. As soon as other functions come into
Consideration — this however not often happens - things usually do not go
very well, and this in turn gives rise to false Conclusions wherein a number
of interlinked, yet incorrect Propositions arise.

The first volume of Crelle’s Journal (1826) included seven works by Abel — two
lesser commentaries and five treatises. Here in the Journal he could in a much more
extensive way demonstrate his work about the impossibility of solving by radicals
the general algebraic equation of degree greater than four. And he presented, among
other results, the proof of the convergence of the binomial series (I 4+ x)" when
m is not an integer. Abel demonstrates precisely the exactitude and stringency that
frequently was lacking in mathematical proofs, and thus becomes (together with
Gauss and Cauchy, whose works Abel seemed to have read in Berlin) one of the
pioneers of a modern stringent presentation of proof.

During his stay in Berlin, Abel had the company of four other young Norwegian
men of science: C. P.B. Boeck, B. M. Keilhau, N. B. Mgller, and N. O. Tank, “Our
young travelling Scholars™ as they were called at home in Norway - the two first-
mentioned also later became professors. They lived together in one room at Am
Kupfergraben 4 on the Spree, and according to later statements by Boeck, Abel
was now in the habit of getting up almost every night, lighting a candle in order
to write down the ideas that had awakened him. It was also here that the five
Norwegian students celebrated Christmas (1825), so loudly and boisterously, that
the philosopher, G. W.F. Hegel, who lived in the same house, thought that there must
have been “russische Bédren” (Russian bears) rummaging around on the floor below
him.

Because these friends of Abel’s studied mineralogy and geology, they wanted
to go to the south of Germany, to Austria, Switzerland and northern Italy. And
Abel, who had complained in several letters home about how melancholy he would
become when he was alone, decided to follow his friends on their southward travels
in Europe. In one of his letters he explained himself as follows:

Now it is a Fact that I have been so constituted that I absolutely cannot, or
only with the utmost difficulty, be alone. I become so terribly melancholy,
and as such I am not exactly in the best Mood to engage in anything.

But during the whole tour with his friends he had a bad conscience regarding
the granting authorities back home in Norway for not having gone immediately and
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directly to the mathematical milieu of Paris. Abel excused himself by seeking out
mathematicians and astronomers in the cities they passed through, and he taught
himself German by going to the theatre.

Following Berlin, Abel spent a month in Freiberg, where he met the mathe-
matician August Naumann at the mineralogy seminar there. Abel went on to stay
in Dresden for a week, followed by a short week in Prague, where he sought out
Professors Aloys David and F. J. von Gerstner (Bernard Bolzano was away); during
his six weeks in Vienna Abel spent much time with Joseph von Littrow and he also
met Adam von Burg. Here he also seems to have read Paolo Ruffini’s work about the
quintic equation. Otherwise Abel visited galleries, museums, churches, and he went
to all the theatres in the city. He wrote home to Holmboe, who had now become
professor:

You may well imagine that it is wrong for me to while away so much Time
with travelling; but I do not think it can be called whiling the Time away.
One learns many strange Things on such a Tour, Things of which I can find
more Use than if I were purely studying Mathematics. Besides, I always
need to have what you know a lazy Period, in order to pull myself together
again with renewed Energy.

In Vienna the spire of St. Stephens made a powerful impression; in Trieste
he enjoyed returning to the sea again and studying all the various ethnic strata
of the city. Among other things about his stay in Venice, he reported: “There is
a melancholy Spectre invading Venice. Everywhere one sees Signs of former Glory
and contemporary Wretchedness. [...] Everything testifies to decay.”

Thereafter they turned northward — via Verona to Bolzano and in to the Dolomites,
and here the paths of the five Norwegians diverged. But first they had taken a detour to
Predazzo and at the inn “Goldenes Schiff” the Norwegian students signed themselves
in as what they hoped and desired to be in later life. Abel signed himself in as “Abel,
professore della geometria.”

Abel carried on to Innsbruck and he wanted very much to see a little of Switzer-
land - “So why should I not see a little of it. My Lord! I am not devoid of all Sense of
Nature’s Beauty,” he wrote home to those who had granted him money. Abel hiked
to the top of Mt. Rigi, and went on to Basel. From there he took the direct route to
Paris, where he arrived, by himself, in July 1826, ten months after leaving Norway.
Abel reported home: “I have finally arrived at the Focus of all my mathematical
Desires,” and about his long detour, he explained yet again: “My Desire to see a little
was so great, and besides, does one travel only to study the strictly Scientific?”

Although Abel had now begun to publish in Crelle’s Journal in Berlin, he had
saved a larger work, something that he felt represented completely new insights,
for the illustrious French Academy, I’Académie des sciences. To be published in
Paris would be to make an impression on the government and administration in
Norway, and this was also one of the goals for his travels. With the assistance of the
Norwegian painter Johan Ggrbitz, Abel found accommodation in the city. Garbitz,
who had been living in Paris for almost twenty years, now also painted a portrait of
Abel, the only portrait made of Abel during his lifetime.
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As soon as he had found a place to live (right near St. Germain-des-Prés), Abel
began to work on what would come to be called his Paris memoir. To this day, there
have been scarcely any other mathematical theses that have won as many words of
praise as Abel’s Paris memoir, an addition theorem for algebraic integrals. What
is so impressive is the colossal generality in the way Abel poses the problems. He
demonstrated mathematical correlations that no one had earlier dreamed of, and he
opened areas of research of which new aspects are still being found. Abel’s Paris
memoir has continued to stand as a milestone in the development of mathematics.
Abel’s scenario was larger than those of his predecessors, and from his work there
would well up a mass of comparisons and results. But where did this audacity come
from, and was it reflected anywhere in his personal life?

Abel completed the Paris memoir and delivered it at the end of October, signing
it “par N. H. Abel, Norvégien.” He stayed on in Paris to the end of the year, and while
he waited for an answer he prepared a couple of other pieces of work. He discovered
how the lemniscate could be divided into equally great parts with the help of ruler
and compass, and he began a larger work about equation theory which he finished
a year and a half later and got published in Crelle’s Journal just some days before
his death.

Abel frequented circles and “soirées” where men of science, both young and
old, would meet, and Abel’s way of characterising some of these personalities
perhaps gives a glimpse of his own sense of self. He describes A-M. Legendre, one
of the great mathematicians, and also one of Abel’s sources of inspiration, as an
“exceedingly obliging Man but unhappily as old as a Stone” — Legendre was 74
years old. About S.D. Poisson, a central figure in this circle, Abel says that he had
“a pretty little Stomach” and was “‘somewhat captivated by himself,” and carried his
“Body with Dignity” — something that also J-B-J. Fourier expressly did. Fourier was
the secretary of the Academy, and one of the three men of science whom Napoleon
had taken with him on his expedition to Egypt, when he intended to civilise that
ancient land. S-F. Lacroix, professor at the Sorbonne and at I'Ecole Polytechnique,
was, in Abel’s words “awfully scaldic and remarkably Old.” Lacroix was 60. And
about A.L. Cauchy — a pathfinder in mathematics and he whom Abel recognised
as the greatest in Paris, he wrote: “Cauchy is tremendously Catholic and a bigot.
A sorely strange Thing for a Mathematician.”

Other men of science Abel met in Paris included A. Bouvard (the observatory
director, to whom Abel had a letter of introduction from von Littrow in Vienna, and
it was Bouvard who introduced Abel to members of the Institute), Baron Ferrusac
(the journal publisher, who opened his well-appointed library to young scientists),
J-N-P. Hachette (Monge’s assistant and editor of the Academy’s Correspondences),
J.F. Saigey (editor of Ferrusac’s Bulletin, and who got Abel to write some references
for the Bulletin), J. Liouville (only seventeen in 1826, who many years later said
that one of his life’s mistakes was meeting Abel without getting to know him),
G.P.L. Dirichlet (the Prussian who regarded Abel as his countryman, and about
whom Abel reported back home: “He [Dirichlet] is a very sharp Mathematician.
Together with Legendre, he has shown the impossibility of solving in whole Numbers
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the equation x> + y> = 7> and other neat Things.”), and F-V. Raspail (who later as
a famous representative of the French Chamber of Deputies used Abel and his fate
as an exemple of how the Academy favoured old men of science, while keeping out
the young).

Abel’s Paris memoir was put aside and forgotten — precisely by Cauchy — and as
long as Abel lived he believed that the work had been lost for ever. His stay in Paris
was a disappointment; he didn’t feel well, he had a fever and a cough, and one way or
another — probably from a doctor in the circle of young scientists he moved among —
he learned that someone suspected he suffered from tuberculosis — which was a death
sentence at that time. He himself would not believe this, and nor was there very much
he could have done even if he had believed the diagnosis. Even in Paris the normal
cure was still blood-letting. More and more Abel seems to have prefered being
(left) alone. On a page in Abel’s Paris notebooks, among mathematical deliberations
and a drawing of the lemniscate and geometric “doodlings” and snatches of inner
dialogue, there comes out: “Our Father who art in Heaven, Give me bread and beer.
Listen for once.”

After having celebrated Christmas in Paris, Abel, sad and poor, traveled to visit
friends in Berlin. In Berlin, Crelle offered him the editorship of Crelle’s Journal,
but Abel declined. He longed for home and in general wanted his science to serve
his “Fatherland,” but Crelle went on working to get Abel a permanent position in
Berlin.

When at the end of May 1827, Abel returned to Norway, his travels abroad were
viewed as almost a failure. He had not been published by anyone in Paris, and he had
not visited the great Gauss in Géttingen. Of course Abel had published his works
in Crelle’s Journal but what prestige did this new Berlin journal have? Abel did
not receive a renewal of his stipend; he advertised in the newspapers as a private
tutor, and he took a private loan of 200 speciedaler from Norges Bank, something he
never managed to pay back. In addition to his own expenses he wanted very much
to clear up the debts that his mother had in Gjerstad, and the debts his brother Peder
had left behind in Christiania. When again the Department of Finance refused Abel
arenewal application for a stipend, the Academic Collegium members undertook to
support him from the university budget.

Abel now had only a year and a half to live, and this time was filled with
an impressive series of dissertations that he sent in a steady stream to Crelle in
Berlin, who for his part, was unable to publish them as quickly as they came in.
Abel worked both with algebraic equations, elliptic functions, and infinite series,
and made pioneering contributions in all fields, the majority of these works being
sent to Berlin. In an intense struggle over priority, with the German mathematician
C.G.]J. Jacobi, Abel published an important paper on elliptic functions in July in
Astronomische Nachrichten of Altona (a journal which was published by Gauss’
friend, H. C. Schumacher, whom Abel visited during his travel abroad).

In Christiania, during the spring of 1828, Abel found a little more breathing space

economically. Professor Hansteen now left on a scientific expedition to Siberia, and
Abel took over some of his teaching tasks at the university. Abel was appointed to the
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position of docent, with an annual salary of 400 speciedaler, the usual docent salary
being 600. But no view materialised towards a permanent position at the Norwegian
university. After much doubt, Abel now decided to accept if any position was found
for him in Berlin, and during the summer of 1828 it began to look hopeful. For six
weeks that summer Abel was together with his fiancée, who was now a governess in
southern Norway at the Froland Ironworks, near Arendal, and they looked forward
to getting married and setting up house in Berlin. But the position in Berlin seemed
to slide away into the blue, and during the autumn of 1828 Abel worked equally
intensely in Christiania, and perhaps even more feverishly than before. He had little
social life, particularly after Mrs. Hansteen (his “second Mother”) in her husband’s
absence, had gone to her home city of Copenhagen.

Abel was sick and bedridden for several weeks that autumn, and admitted that
the equation theory work now sapped his physical energy. When Christmas was
approaching he wanted very much to return to his fiancée and his friends at Froland
Ironworks. The trip there through winter conditions was long and exhausting. Abel
arrived by sled, cold and coughing, but happy at the reunion. But after a Christmas
ball, when he wanted to go outside to cool off, he began to cough blood. He was now
bedridden at Froland for twelve weeks, in the residence of the ironworks’ owner, one
of the most stately homes of the period, and he was under the care of the best doctor
in the district. For a time, he felt better, and he got a mathematical paper written:
two-three pages where he tried again to formulate the introductory thoughts of the
extensive Paris memoir.

The sickbed became a deathbed; haemorrhaging became rampant. Abel was only
twenty-six years old and felt that it was ghastly that everything would soon be over.
He cursed his God and the science of his day that had not managed to get the better of
his illness. One of the house’s serving girls, whose task it was to nurse him through
the nights, would later become emotionally upset whenever there was talk of Abel’s
deathbed. But Abel’s fury turned into apathy, and in calmer moments he seems to
have worried that with his departure, his fiancée would have no one to console her.
From his friend Keilhau, Abel secured a promise that he, Keilhau, would take care of
Christine. A year and a half later, the two were married, and they lived, apparently,
happily together for their rest of their lives. But Niels Henrik’s lifespan came to its
end on April 6, 1829.

Two days later, on April 8th, without any knowledge of what had taken place
at Froland, there was correspondence about Abel in both Paris and Berlin. From
Paris it was reported that the Paris memoir had finally been found again, and words
of praise were beginning to stream in — the Academy’s prize of 1,500 francs was
awarded the following year for Abel’s work, and the money eventually ended up
with his alcoholic mother at Gjerstad. From Berlin, Crelle wrote, radiant with joy,
on April 8th, that it was now guaranteed that Abel would get a permanent position in
that city. He wrote: “You may now regard your future calmly. You belong among us
and you will be safe,” and he concluded, *“You are coming to a good land, to a better
climate, closer to science and to real friends who appreciate you and are fond of
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you.
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On April 13th, after a snowstorm greater than anyone could remember so late
in the year, Abel was buried in the Froland churchyard. A couple of years later,
a monument, funded by his friends, was put up at the grave. The Parisian men of
science expressed the desire that Abel’s collected works be published, and in 1839,
Oeuvres completes, avec des notes et développements, edited by B. M. Holmboe,
was published. But the Paris memoir, which had been located in Paris in 1829, again
disappeared, and it was not included in Holmboe’s edition. The Paris memoir was
not tracked down and printed until 1841, in the journal of the Paris Academy (in
volume VII of Mémoires présentés par divers savants Etrangers). The full, two-
volume publication Oeuvres complétes de Niels Henrik Abel, (621 pages and 341
pages, in quarto format) was published in 1881, with editing and commentary by
Ludvig Sylow and Sophus Lie. When Sylow and Lie were preparing this edition,
they attempted to get hold of the manuscript of the Paris memoir, but it was nowhere
to be found in the Academy archives. The manuscript had once more disappeared,
and it was not found until 1952 by Viggo Brun. Except for eight pages the manuscript
was located in the Moreniana Library of Florence. Four of these missing pages were
recovered some years later, however this discovery was not made public until this
year by Andrea Del Centina. Thanks to him and to the Moreniana Library Abel’s
manuscript is very nicely reproduced in Florence District Council’s editorial series
Cultura e Memoria. On loan from the Moreniana Library the manuscript highligted
the exhibition at the Abel bicentennial conference in Oslo in June 2002.

Acknowledgment. Thanks to Richard Daly and Bibbi Lee for the translation.
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During his short life, N.-H. Abel devoted himself to several topics characteristic
of the mathematics of his time. We note that, after an unsuccessful investigation
of the influence of the Moon on the motion of a pendulum, he chose subjects in
pure mathematics rather than in mathematical physics. It is possible to classify these
subjects in the following way:

1. solution of algebraic equations by radicals;

2. new transcendental functions, in particular elliptic integrals, elliptic functions,
abelian integrals;

functional equations;

integral transforms;

5. theory of series treated in a rigourous way.

B

The first two topics are the most important and the best known, but we shall
see that there are close links between all the subjects in Abel’s treatment. As the
first published papers are related to subjects 3 and 4, we will begin our study with
functional equations and the integral transforms.
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1 Functional Equations

In the year 1823, Abel published two norwegian papers in the first issue of Ma-
gasinet for Naturvidenskaberne, a journal edited in Christiania by Ch. Hansteen.
In the first one, titled Almindelig Methode til at finde Funktioner af een variabel
Stgrrelse, naar en Egenskab af disse Funktioner er udtrykt ved en Ligning mellom
to Variable ((Euvres, t. 1, p. 1-10), Abel considers a very general type of functional
equation: V