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OT PEJAKTOPOB
I[IEPEBOIA

B 1990r. ¢ Jannace Ha koHbepeHuun SIGGRAPH wmp1 ofcyxkmamum ¢ mpod.
. PomxkepcoM IiaHBI 11€peBOia M M3JAHHUSA HA PYCCKOM A3BbIKE NAHHOH KHHrH. YxKe
Yyepe3 roj IepeBoj KHUI'H GbLT IOArOTOBJIEH, HO B CHIy M3BECTHBIX 0OCTOATENHCTB BhI-
MyCK ee 3aJaepKaJicsi Ha MHOro JieT. M Tonsko reneps 6narofaps noanepxke POOU
M3JlaHHe KHHI'H CTAJIO BO3MOXKHBIM. Be3yciioBHO 31O 3HakoBoe coObrtHe. OHO CBH-
JIETEILCTBYET O TOM, YTO IIPOMCXOJUT OXKHBJIGHHE M BOCCTAHOBJIEHHE B DOCCHICKOI
HayKe, TeXHHKEe, IIPOMBIIIJIEHHOCTH.

MarepuaJd, H3JI0XKEHHBIH B KHUTE, He ycTapell. Briepebie Ha pycCKOM fI3bIKE NMOABJIsA-
€TCA JOCTATOYHO MOJHOE (byHKUMOHATHHOE OIHCAHHE TEXHHIECKHX CPEJCTB MAITHHHOM
rpadHKH, CHCTEMAaTHIECKOe H3JIOXKEHHEe JBYMEPHBIX H TPEXMEPHBIX NpeoOpa3oBaHuil,
IIPAKTHYECKOE PYKOBOICTEO II0 r€OMETPHYECKOMY MOJEIHPOBAHMIO, BKIIIOYAIOIIEe Ta-
KHe OOBbEKTBI, KAK KPHBLIE, IIOBEPXHOCTH, CIUIafiHBI. Bcero aToro rak He XBaTaeT Ha-
IIMM CTYIEHTaM, aCIHPAHTAM, HHXKEHEPaM, HAYYHEIM PaOOTHHKAM.

Mer uckpenne 6rarogapist . Pomxepcy 3a cToNb I0I0TBOPHOE COTPYAHUYECTBO
H HaJeemcsi, YTO OHO OymeT IPOJOJIXKEHO.

0. M. Basxoscxuti, B. A. Iaaaxmuonos



IIPEOVMCJIOBUE K
PYCCKOMY U3IAHUIO

S1 ¢ 60BIION PATOCTBIO Y3HAN O BEIXOJE B CBET B NIEPEBOJIE HA PYCCKHH A3BIK BTOPOTIO
aHrnuitckoro u3naHua «MaTeMaTHYeCKHX OCHOB MamMHHON rpadhuku». 3ta KHUra CO-
CTABHT IIpEKPacCHBbIH TaHIEM BMecTe C paHee M3IaHHOH B IepeBoie Ha PYCCKHH A3BIK
KHHTOM « AJIrOpHTMHYECKHE OCHOBHI MAIMMHHON rpacdukHy. f HaTeoCh, 9T0 B COBOKYII-
HOCTH 3TH JBe KHUTH 00pa3yioT ¢hyHAaMEHTAJIbLHbIN MaTepHaJ N0 MantHHHOM rpaduke
H B KaKON-TO CTEINEHH OHH CKOMIIEHCHDYIOT CYILECTBYIOILYIO HEXBATKY Iy OIHKauHuit 1o
9TOMY IpeJAMEeTy Ha PYCCKOM S3bIKE.

Ceronns, naxke B Oosbliieit cTEIIeHH, Y€M B Ty NOPY, KOrna Obljaa HAMMCAHA 3T KHH-
ra, Mam¥HHasA rpaduka rryboko IPOHHKAET B HCKYCCTBO, TEXHUKY, PEKJIaMy, CBA3b. 5
YIIOMSIHYJI JUIIb HEKOTOPbIE HEMHOTHE 06JIaCTH NMPHJIOXKEHHH, a CIMCOK MOXKHO IpO-
JOomxuTh. B yacTHOCTH, citenyer orMeTHTh VIHTEDHET, KOTOPHIH BOSHHK KAaK CDEICTBO
OBICTPOrO H JIErKOTO 0OMEHa TeKCTOBOH MHbOpManuelt MeX1y yIeHbIMH, a B HACTOSA-
[iee BpeMsA OH CHJIbHO 3aBHCHT OT TEXHOJIOTHHM MAIMHHOH rpadukwu.

ITourn Ha KaXKAOM Bab-caiiTe A NpeACTABIIEHUA HHGDOPMAIHH UCIIONIL3YETCH Ma-
muHHAA rpaduka. Muorne cnemagdexTs! B BUaeo- 1 KHHOMUIBMAX He 06xoasaTca 6e3
NPHMEHEHHA CPEJICTB MAaITHHHOH rpaduku.

B uBaycTpHATBLHOM MHpPE MAIIHHHAS IpacdhUKa HrPaeT OrPOMHYIO POJb, 0COGEHHO B
pobOTOTEXHNKE, ABTOMATH3HPOBAHHOM ITPOEKTHPOBAHHH M IPOM3BOACTBE, B HAY1HOH
BH3yanusanud. B Hamm gHM OOGBIMHBIN YeJIOBEK, HE 33aJyMBIBAsICh, MOXKET IIOCJIATH
KADTHHKH CBOMM [IDY3bAM H KOJIJIETAM IO JIEKTPOHHOHM IOYTE IPOCTBIM HAXKATHEM
Ha KHONKY <«MbIIKH». OTMedy u Takoit dakr: ob6bem 6u3Heca B MamMHHOM rpaduke
Joctur 90 MJIpA. AOJLIapOB.

3a Mou 6e3 Majoro TpH C IOJIOBHHOH JECATKA JIeT NEeATE]LHOCTH B 0BJIACTH Ma-
IMMHHOM rpadUKH IPOU30LLIH MOUCTHHE YIUBHATENbHbIE H3MeHeHHs. Kak aBHAKOCMH-
YeCKH# MHXKEHED A BCerja BOCXHINAJICA NMPEKPACHBIMH TPAIHUHAMH 3aMevaTeIbHOM
poccHiicKoif HAayKH M TeXHHKH. £ IOJOH OXMJaHMit, YTO H B HOBBIX yWIOBHAX CTa-
HOBJICHHS M yKpeIUIEHHS OTKPHITOTO OOMIECTBa PYCCKHE YUEHBbIE M HHIKEHEPHI BHECYT
3HAYUUTENbHBIH BBLOAIOIMIACA BKJIag B HaJIbHelnee pa3BUTHE MAINHHHON rpadHKH.

Lseud @. Podscepc
Annanomuc, Mspunenn, CIITA
1 mekabps 2000r.



BBEIEHUE K IIEPBOMY
N3OAHUIO

IIpomio y>xe Gomnee gecsiTH JIET ¢ MOMEHTA BBIXOIA B CBET NEPBOIO H3(AHNA KHHUIH; 33,
3TO BpeMs MalIMHHasA IrpadpHKa MPUBJIEKJIA K cefe NPUCTAJIbHOE BHUMAHHE MHOXXECTBA
CIIENMAIUCTOB U3 Pa3HBIX obyiacreit 3HaHNs. B MpoueHTHOM OTHOIIIEHHH OCHOBHOE BHH-
MaHHe B Cpejle YBeJIHYHBaIoIeHcs mies sl npodeCcCHOHANIOB 10 MANIMHHON I'Paduke
yAenanocs npobjaeMaM MporpaMMHPOBAHHSA, CHCTEMHOIO IIPOEKTHPOBAHHUA, AIIIIAPATY-
pe ¥ T.11. UMeHHO 3T0 06CcTOATENLCTBO OTMedar (Ca3epiieHa B CBOEM IIPeIUCIIOBHH K
kuure I[Ipunca «Interactive Graphics for Computer Aided Design», namanHoit B 1971 r.
Takasa curyauua Habmogaerca U cerogasa. OQHAKO f CYUTAIO, UTO YAEJISAETCA HEI0CTa-
TOYHO BHHMAHHS MMEHHO IPHKJIAJHEIM NpobjeMaM, & 9TO Biieder 3a cobolt nedbunur
uHOPMAIHH, KOTOPYIO MOXXHO ObLIO OBbI MCIIONBH30BATh IPH CO3JAHNH JEeHCTBHTENHHO
paboTocnocobHbIX cucTeM MAMMHHOM rpaduku. OCHOBHOE NPHUHUMIHAILHOE TPeboBa-
HHe K pa3paboTKe CHCTEM MAIIHHHOM rpadHKH COCTOMT B HEODXOAMMOCTH IiryboKoro
MIOHMMAHHUSA CBSI3H €€ NMPaKTHYEeCKHUX ACHeKTOB CO CreHdHKO! KOHKPETHOTO IIPHIIOXKE-
Hua. PyngaMmenTOM GOIBIINACTBA IPUIOXKEHHH MANTMHHOMN IpadhHKH ABJIAIOTCA MaTe-
MaTHYeCKHe METOAbI, 0CODEHHO reOMeTpHs H crocobbl npeobpa3oBanusa. Tem He MeHee
MHOTHE IIPOIPAMMHCTBI H aHAJUTHKH, paboTamomue B 00JIaCTH MAIIHHHOM rpadHKH,
B CBOMX paboTax OOBIYMHO HE PACCMATPHBAIOT OCHOBHI M He Pa3bHpaloT CJIIOXKHBIX Ma-
TEeMaTHYEeCKMX 331aY. BoJyiee TOro, moTeHmHaa MAIMMHHON IpadMKH YacTO OCTAETCH
NOJIHOCTBI0 HE PeajIM30BAHHBIM MMEHHO B(JIEICTBHE HEANEKBATHOIO MCIONb30BAHUSA
MATEMATHYECKOTO aIlapaTa C er0 OTPAHHYCHHAMH M JonyieHusamu. IleHHocTs KHUTH
npodeccopoB Pomkepca u AaMca COCTOUT B ee IPaKTHYeCcKol opueHTanuu. Yerkuit u
JIAKOHHYHBIH CTHJIb M3JIOXKEHHA 3HAYHTEIBHO obJieryaer 3ajady YHTaTesel 10 ocBoe-
HHUI0 MaTepuasa. KHura aBiageTca peakyuM MIPUMEpPoM Takoit paboTsl, KOTOPYIO MHOTHM
NPAKTHKAM CJIeAyeT IMOMECTHTh Ha BHIHOE MECTO B CBoelt OHOJIHOTEKe B KAYeCTBE He-
OLEHHMOI'0 SHUMKIIONEIUIECKOTO CIPABOYHHKA. OH3 MOXXeT ObITh TAKIKEe C YCIEeXOM
HCIIONIb30BAHA H B KAYeCTBE OCHOBHI y4Ie6HOro Kypca.

4 nosapaBnsio aBTOPOB € CO3MAHUEM APKOH H 10JI€3HON KHUI'H «MaTeMaTHYIecKue
OCHOBBI MAIIIMHHOM rpaduK».

S. H. «Chas» Chasen
Lockheed Georgia Company, Inc.



IIPEACJ/IOBUE

3a YeTbIpHAAUATDH JIeT, NMPOLIEAIINX C MOMEHTA W3JaHHA IepBOi pelakuHMHu JaHHOH
KHUTH, MalMHHas rpadHKa mperepresa MONCTHHE IPAHINO3HLIE H3MEHEHHS H B Ha-
crosilliee BpeMs NPEACTaBiiseT oGO BarKHEHINY0 MUCHMINIMHY O CIELHATHCTOB
¥3 MHOTHX obyiacTeit 3HAHMS, M B JACTHOCTH, JJIsI IPOEKTHUPOBIMKOB 3JIEKTPOHHBIX
yCTpOMCTB, HHXXEHEPOB, MATEMATHKOB, (DU3HUKOB M XYIO0XXHHUKOB. B 370 Bpems OHI-
JI1 B COBEpIIEHCTBe pa3paboTaHHI NpeXXHHe KOHLEINIMH MAIIMHHOM rpadHKH, a Tak-
K€ NPEeIJIOKEHBl HOBbIe HaeH. OOHAKO OCHOBONOJIAraloie MaTeMATHYECKHE TIOHATHS
ocTanuch HemaMeHHbIMH. [y6okoe oBiamenne 6a30BBIMH MaTEMATHYECKHMM KOHLEI-
DHUAMH IO CHX HOP OCTaeTCsA IVIABHEIM KIIIOYOM K NIOHMMAHMIO M JaJbHelIeMy pa3BH-
THI0O MamMHHOM rpacduku. IlpennaraeMas KHHra CONEPXKUT MaTepHaJt, HeoOXonuMeii
JJ1 YCBOEHHS 3THX KOHUENIHH.

JaHHas peJaKuys KHUTH He ABJIAETCA PE3YIbTATOM IIPOCTOrO IIEPECMOTPA IIEPBOr0
H3JaHHs, a IpeJcTaBigeT cobolt ero MonHyIo nepepaboTKy ¢ BKIIIOYEHHEM MHOXKECTBA
HOBbIX MjuTocTpauuit u 6onee noapobusx npuMepoB. B kuure comepxarcs ¢popMyan-
POBKH IpobiieM M KOHUENUMH IIPOrPAMMHEIX IIPOEKTOB. AJITODUTMEI, PEATH3YIOLHe
MaTeMaTHYeCKHe TeOpHH, IPUBEIEHbI B KHUIe B BHIE NICEBIOKOIOB.

I'maBa 1 comepXuT HOBHIE JAHHBIE O PACTPOBLIX yCTpOHCTBaX M AUCILIEAX, CTPYH-
HBIX U TEePMHYECKHX rpacdOIOCTPONTENAX, BETHLIX KaMepax. B riase mpuBomuTcs
TaKKe IlepevdeHb JUTEePATYPHI [0 alapaTHOMY obecreydennio MamuHHOK rpaduku.

B ruaBe 2 comepxkurca noapobHOe onmMcaHNe IBYMepHbBIX npeobpa3oBanuit, gomnou-
HEHHOE HOBBIMH pa3fieflaMH IO IMpeoOpa3soBaHUAM CIUIOIIHEIX TEJ, 4 TAKXKE OIHMCAHHE
¥ reoMeTpHYecKas MHTEPIIPETAIUs OTHOPOMHBIX KOODIHHAT.

I'maBa 3 6bL1a 3HAYMTEIBHO PACIIHPEHA HOBBIMH Pa3AeaMH H JOIOIHEHa MATEpHA-
JIOM 110 KOMOHMHHPOBAHHBIM NTpeobpa30BaHHsAM, IIOBOPOTY BOKPYT IIPOU3BONBHEIX OCeH,
OTPa’KeHHI0 OTHOCHUTEJNILHO JIIOOOH ILJIOCKOCTH, KOCOYTOJBLHKIM IIPOEKIUaM (IIPOEKIH-
M KabMHe ¥ KABAJIbE), TOUYKaM GeCKOHeYHOCTH, poTorpadprIecKuM Npeobpa3oBaHHIM.
B rnmaBe nogpobuo obcyxkaaorca npobieMsl CO3JaHRA CTepeon306parkeHHH, a TaKKe
pa3buparorca MeTOARl (PHKCHPOBAHHOTO H HEHTPATLHOIO IpPOeHPOBAHHS.

I'naBa 4 B HacTOAIEH PeTaKIUH BKIIOYAET PA3BEPHYTOE ONHCAHHE KOHHK H METO-
JIOB HCIOIB30BaHHA KOHHYECKHX CeYeHHi,

[naBa 5 6bL1a IONHOCTBIO Nepepaborana. [nsa moctixenusa Oosplneit ACHOCTH H
HAITIGHOCTH M3JIOJKEeHHs B Hee BKIIIOYEHO JETaJbHOE PACCMOTPEHHE BOIIPOCOB Napa-
6oJIHYeCKOro CryIakKMBaHUs, KpUBHIX Be3be u B-cmnaltHoB, a Takxxe obcyxaeHue 06-
obmennbx mapabonudeckux ciaitnoB. B ryiaBe HcwreayoTes CornacoBaHMs M Oejie-
Husa B-cnnaitnoB, a Takke nepuogudeckue ynugopmunie B-crutaitun. B rmaBy Bkmio-
YeHO pasBepHyTOe 0b6CyXaeHHe YHH(DHIUPOBAHHBEIX H HeyHH(PUIHPOBAHHBIX KPUBbIX
B-cnnatna (NURBS).



Ipennciosne 9

I'naBa 6 TaxxKe nperepresna 3HaYNTENbHLIE H3MeHeHH . Tenepb OHa BKIIOYA€ET U3y-
YeHHe JUHeHHBIX M OMKyOMYecKHX IOBEpXHOCTel, a TaKKe YNpaBIIsfeMBIX U JWHAMHU-
Yeckux noBepxHocTeit. B rnase Hamumm orpaxkeHne cBeJEHHS O MOBEPXHOCTAX Bpalie-~
HHA, OXBaTa U O KBaJPATHYECKHX IOBEPXHOCTAX Be3be M mnosepxHocTax B-craitnos.
PaccMaTpHBaloTCA BONPOCH CIIMBKH MOBepxHocrell B-cnmaiina, feneHMs IOBepXHO-
CTH, a TAK)Ke BBOAATCS NOHATHS rayCCOBOH KPHBU3HBI H MATEMATHYECKH IPABUIBLHOM
noBepxHocTH. /ocTaTodHO 1oApo6HO B rIaBe pa3bHpAIOTCA HEPAUHMOHAJIbHEIE H PAlH-
OHAJIbHEIE, OJJHOPOIHEIE U HEOTHOPOJHBIE NOBepxHOCTH B-crnaiinos (NURBS).

OOmMpHOe NIPHJIOKEHHE BKJIOYAET IPOrpaMMbl MAIIMHHON rpadHKH, OnHCaHHE
METOMOB PabOTHL ¢ MAaTPHIAMH, IICEBIOKOALI, dopMar daiina 3aJaHUs IOBEPXHOCTH
B-crnaiina, 3anavy, cnenu@UKH IPOrpaMM M AJITOPHTMEI B BHJE IICEBIOKOIOB.

Marepuan kuuru Oput TIATENBHO NOAOOpaH B pacyeTe KAk HAa CTYJEHTOB, TakK H
Ha acnupaHToB. KHHMra MoXKeT ObITH MCIOIL30BaHa B KadecTBe y4eOHOro nocobus mas
MOJIYrOA0BOro BBOJHOTO KYPCa MAMMHHON rpadHKy AJs CTYAEHTOB WIH aCIHDPAHTOB.
(IByxceMeCTpOBEI#l KyPC OCHOBBIBAETCH HA JPYro#l KHHre <«AJrOpUTMHYECKHE OCHO-
BBl MAIIMHHOM rpadyKiy», KOTOpas ABJISIETCH eCTECTBEHHBIM IIPOJOJKEHHEM TAHHOM. )
HNMenHO TakuM 00pa30M aBTOpH M HCIOJIB30BAIH KHUry <«MaTemaTHdeckne OCHOBHI
MamuuHOM rpadukn». Eciu B ogHOCeMeCcTpoBOM Kypce Tpebyerca H3oxKeHHe Goree
LIMPOKOro Kpyra BOIIPOCOB, TO MOXKHO MCIOIB30BaTh 00e KHMru. B aroMm ciydae npen-
J1araloTcs CleAyiolye TeMbl: 1. 1 06enx KHHUT, 3aTeM 1. 2 U 3 ¢ OTHeNbHRIMA pa3je-
JnaMH4 M3 11, 4 (HampuMep OT paszena 4-1 g0 4-8) maHHON KHUrH, jajiee OTAEILHEIE
paszmennl 1. 2. (Hanpumep, ot 2-1 mo 2-5, 2-7 u or 2-15 mo 2-19, 2-22, 2-23 u 2-28),
. 3 (manpuwmep, ¢ pasza. 3-1, 3-2, 3-4 no 3-6, 3-9, 3-11, 3-15 u 3-16), rn. 4 (manpu-
Mep, pa3zd. 4-1, Yacte pa3n. 4-2 ¢ aaropuTMoM OTOPAacHIBAHMA HEBHAMMEIX I'DaHel,
pasz. 4-3, 4-4, 4-7, 4-9, 4-11 u 4~ 13) u . 5 (pa3z. ¢ 5-1 mo 5-3, 5-5, 56 u 5~
14) KHHTH «AJNrOpHTMHYECKHe OCHOBH MAMIHHHOHN rpaguxu». . Pomxkepc ¢ ycmexom
HCIIVIB30BAJI NAHHBI! MaTepHas Jjia BBOTHOTO H 0030pHBIX KypcoB. HaneeMmcs, 4to
HAIlla KHUra IPHIOAUTCA TakXKe NpodeCcCHOHAIbHBIM IPOIDaMMUCTaM, HH)XXEHEPAM U
Hay4HuIM paborHukaMm. Braromaps meTtanbHOMY H3JIOXKEHHIO, IPHMEPAM U3 NPAKTHKH
¥ MHOrOYHCJIEHHEIM HILTIOCTPAIMAM, KHUIA MOXXET OBITH II0JIe3HA YHUTATEIAM pa3Hol
KBanMbUKAINY JJis CAMOCTOATENBHOrO U3yueHna. s ycBoeHMs MaTepHajia J0CTa-
TOYHO 3HAHHUS MATEMATHKHU Ha yPOBHE CpejHell IKOJIbI ¥ 3HAKOMCTBA € S3RIKOM IIPO-
rPAMMHPOBAHMS BBICOKOIO YPOBHS.

BoaMoxno, YuTaTemI0 OyeT HHTEPECHO Y3HATH, KAK CO3/JaBayach Kuura. OHa Oblia
Habpana Hsucu A.Pomkepc B cucteme ob6paborku tekcros TEX. IIpu pabore npume-
Hsaca komiuieke mpudTos Computer Modern Roman. Bce makpoonpenenenns, Heo6-
XOIHMBIE JJ151 COMVIACOBAHHSA ¢ TpeOOBAHMAMHU H3IATEILCTBA, OLUIH HATNCAHH JJ3BHI0M
®. Pomxkepcom. st paboThl HCIIONBE30BAIOCH 1Ba KoMibiotepa: IBM AT u Zenith 386.
Pykonucs 6vu1a BBeneHa HenocpeacTseHHo ¢ 6ymaxxnoit konuu. Ilocie ee pemakTHpo-
BaHMs HA 3KpaHe AMCIUIes ORLIM IOIyYeHEl C IOMOIUBIO J1a3€PHOro IPHHTEPA pa3pe-
mennem 300 Tovex Ha A0fM rpaHKH, KOPPEKTYpHl CTPAHHL ¥ MakeThl. OKOHYATENb-
HEIf BADHAHT, IPUIOHEIN /15 BKIIIOYeHHs HIJIOCTpaluil, 66Ul nepeaas Ha GpoToHabop
AmMepukanckoro Maremaruieckoro O6mectsa B dopmate .dvi daitios cucremsr TEX.

Kuura ne mosiBunach Ol Ha CBer 0e3 comeiicTBHA MHOrHX Joze#. Mul mpusHa-
TeIbHE CTyAeHTaM llenTpa npHKIagHo#t dusnku Yuusepcurera xona [onkunca,



10 IIpeauncnosune

KOTOpBIE IIPOCMOTPENIHN HCXOTHbIE BAPHAHTHI IEPBBIX MATH IVIaB KHHTH. MHorue Bbl-
CKa3aHHbIE CTYACHTAMH IIPEJIOXKEeHHS] H 3aMeYaHHs OKA3aJIHCh OYeHb NOJE3HBIMH.

OtaenbHO xo4erca nodsmaromapurh I>xona Junna u ®pena Mawumeitepa, aByx
Haubosiee MOPOrux M GIM3KMX HAM KOJIJIET, IPOYUTABIINX PYKOIHCH LEJIHKOM C KpPac-
HbIM KApaHIAIIOM B pykax. MHorue BhICKA3aHHbIE HMM IPEIJIOXKEHHS M 3aMevaHUs
€110co6CTBOBAIH 3HAYUTEILHOMY YJIyqIIeHHI0 KHUIH. Ocobyi0 NpHU3HATENBHOCTD CJIe-
JyeT BbIpasuTh Hamell komnere Jinume 3anaM, KOTopasd He TOJBKO NPOYHTAIA BCIO
PYKOIINCH, HO M NpOBepHJa ace npuMeprl. OrpomHoe crnacubo Cruseny /1. Pomxepcy,
IIPOYMTABIIEMY PYKONHNCH M IPOBEPUBIIEMY IPHMEPBI U3 IEPBHIX NATH IaB. 3ame-
yanus Maiika JIxaiirenta 06 3THX riaBax Takske ObLIM BeCbMa meHHBIMH. O4YeHb I1O-
Je3HpIM ObLI 0030p paboT 10 KPUBHIM M INOBEPXHOCTAM DBe3be, a TakKe KPUBBIM H
noBepxHocTaM B-crnaitna, npoBenennniit Bunom Topmonom.

Yeunus Bupmxuauyu AaMc Mo MaKeTHPOBAHHMIO OKOHYATEIHHOI'O BAPHAHTA KHH-
ru Takxke ObLTH OveHb neHHBIMM. Mul Gsaromapuel Bapbape ButoH 3a ee Hencuep-
[1aeMOe TEPIIeHHe NPH KOHCYJIbTHPOBAHMH HAC 1O 0cobeHHOCTsM cucrembl TEX. Cre-
OHATBLHO OTHamuM jgoiixkHoe JIkycty 3anMcTpe, YbH BBIMOJHEHHBIE BECbMa KCTATH
MakKpoornpeaenaeHus s TEX’a cymecTBeHHO oOjierymyM Hamry 3anady. TpagumuoH-
HO BBICOKH# npodreCCHOHANN3M ObLT NIPOJIEMOHCTPHPOBAH PEIAKTODPOM H3IATE/IHCTBA
McGraw-Hill dxumom Bpsgnn. Hanbonee CI0XHble HJUTIOCTPATHBHBIE IIPOrPaMMEI
npoBepensl Manom XabepoM. Ocobyio 6marogaprocTs 3aciyxusaer B. /1. Knapk, ko-
TOpGIt BOT y>K€ OKOJIO JIBaJUATH JIET SBJISETCH HAIIUM perakTopoM B McGraw-Hill u
6bLT BeCbMa BHUMATEJIEH K HAIIMM HMHOTIA HEOPTOAOKCAJIBLHBIM HIESM.

Zaeud D. Podocepc, Jforc. Anan Adamec,
Annanoauc, deepasv 1989



IIPEOVCJIOBUE K
IIEPBOMY U3JIAHUIO

Hacrosmee Bpemsi XapaKTepH3yeTCsA IOABJIEHHEM HOBOI ObICTPO pa3BHBalOLeiics
06J1aCTH 3HAHUSA — «MAIIIMHHOM rpadhUKN», KOTOpAas BKJIIOYaeT B cebs Kak TpaJUIMOH-
Hble chepbl 3HAHHS, TAK ¥ HOBBIE HHPOPMALMOHHEIE TEXHOJIOrHH. Tenepb KOMIIbIOTEPEI
HCIIOJIb3YIOTCA He TOJBKO KPYIHBIMH (PUPMAMH ¥ OPraHHU3AMMsAMH, YK€ JOCTUTTIIAMHU
MEPBBIX YCIIEXOB B 00JIACTH IIPOrPDAMMHOIO M aIIapaTHOro 0DeCIeYeHdsi, HO M IIH-
POKHM KPYI'OM HOJb30BaTeneii-Henpodeccnonanos. Takoe mMpoKoe BHEIDEHHE KOM-
IIBIOTEPOB CTAJIO BO3MOXKHO 6y1aronaps HeIOPOruM IpadHYecKUM JUCILIESM, PEXKHMY
pa3zelieHHs BPEMEHH, a TAKXKe yCIeXaM B 00J1acTH MHHH- ¥ MEKPOKOMIIBIOTEPHOH Tex-
HoJIoruHu. MaimunHadA rpadHuka SBIAETCA CETOAHA NPAKTHYECKNM, HAJEXKHBIM, 3¢ dek-
THBHBIM M IIHPOKOJOCTYIHBIM MHCTPYMEHTOM.

3anava JaHHOM KHUI'H COCTOHT B TOM, YTOORI HA OCHOBE yHHBepCaJbLHOrO 06001me-
HHUS U3JIOXKUTH MATEMATHIECKYI0 TEOPHIO OCHOBHBIX METO0B MamHHOM rpacduku. He-
CMOTpPS Ha HUCIONIL30BAHME B KHUTe HOBBIX IPHEMOB IIPEICTABIICHUSA MATEpHAa, B Hell
HET COBCeM HE3HAKOMOrO YHTATEII0 MATEMATHYECKOro annapara; B Hell [IpeanpHHATa
MONKEITKA co6paTh BOEAMHO BCO HHPOpMALHIO O MAIIHHHON rpaduke, pa3bpocanHyo
[0 Pa3sHBIM TEXHHYECKUM H3ITAHMAM.

IIpu oTbope MaTepuana ans KHHUIH MH yAEIAIH 0c000e BHUIMAaHHE OCHOBHBIM Ma-
TEMATHYECKHMM IO CBOelt IPHUPOZie METOAAM, & He METOJAM IIPOLELYPHOrO XapaKTepa.
ViMenHO 110 9TOif IIpHYHHE YHUTaTENb OOHADYKHT B MAHHOI KHHre IpexJIe BCero no-
CTATOYHO Pa3BEPHYTOE M3JIOXKEHHeE CIOCOB0B NMOBOPOTA, MPe0OpPa30BaHUsA, HOCTPOEHHA
NEPCIEKTHBHBIX NMPOEKIHMi, ONHCaHNe KPUBBIX M IIOBEPXHOCTEH, a He 00CYKIeHHe 3a-
JaY OTCeYeHHMS UM YIAJEeHHs HEBUIMMBIX JHHHI M IOBEpXHOCTel. 3HaHHE MaTeMa-
THKHM B 00beMe IIEPBOro Kypca KOJIJIe:Ka ABJIAeTCA JOCTATOYHOM IMpeoChLIKOR ad
OCBOEHHA OCHOBHOH YaCTH KHHIH.

Tlocsne obcyxxaenus B ri1. 1 COBpeMEHHOR KOMIIBIOTEPHOM TEXHOJIOTHH JJA€TCH OIH-
CaHHe MATPHYHBIX OllepauMit HaJg rpadHUYeCKUMH 3IeMEHTAMH, 33JaHHBIMH B OIHO-
POIHBIX KOOpAMHATAX. B mocieayomux riaBax COAEpXKHTCA ONHCAHHE COBPEMEHHBIX
CIocoBOB IpeCTABIEHHS TOYEK, JIMHUH, KPUBLIX M NOBEpXHOCTel B uudPOBBIX KOM-
nbloTepax. [IpuBoasATCa Tak>Ke COOTBETCTBYIOLHE IIPOrPAMMHEIE IIPOLEAYPbI MAHHUITY-
JIAUMM M BBIBOAA rpadudeckux n3obpakeHuit.

BMecTe ¢ MaTeMaTHYeCKIMH METOIAMH (DOPMHPOBAHHA AKCOHOMETPHIECKHX H IIeP-
CIIEKTHBHLIX BHIOB IPHBOIATCA METOIBI IOBOPOTA, IpeoOpa3oBaHus U MacIITabHpOBa-
HHs reoMerpHyeckux ¢uryp. Ilponeayps! onpenesnenys KPHBBIX, 33JaHHBIX SBHO H B
napaMeTpHiecKoit popMe, ONUCHIBAIOTCA KAK JJI ABYMEPHOTO, TAK H JUIA TPEXMEPHO-
ro IPOCTPAHCTBA. MeTonpl OnpeaeneHNs KPUBBHIX IPEAYyCMaTPHBAIOT HCIOJIb30BaHHE
KOHHYECKHUX CedeHHi, KpyroBoit HHTEPIOIAUHN AyraMu, KyOH4YeCKHX CIUIal{HOB, 1apa-
60MYECKOro CryIaXHBaHHUs, KPUBBIX Be3dbe ¥ KpHBbIx Ha oCHOBe B-craitHoB. B kHMTY
BKJIIOYEHO TAK)Ke BBEIEeHHE B MATEMATHYECKOe OMHCAHHE IOBEPXHOCTE.
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IIpuno>xeHne COAEPKUT INOANPOrPAMMBI Ha A3bIKe Belick, peanusylonme anropur-
MBI 0OnbIIMHCTBA 6a30BbIX MOAyJell HHTEDAKTHBHBIX NAKETOB MAIIMHHON rpaduKu.
OHAKO 3TH AIrOPUTMBI IPEAHAMEPEHHO OKAHYHBAIOTCSA TAKMMH KOMAaHJAMH MJIH NIOJ-
[IporpaMMaMH peasibHOM BU3yasM3auuH pe3yibTaToB, KOTOphIE 6e3yCIOBHO HE ABIfA-
J0TCA CTAHAPTHBIMH JJIsi KOHKPETHOTO rpacduyeckoro ycrpoitcrea. HecMmorps Ha TO,
YTO B NPHJIOXKEHHH A IPHBOIUTCH HEKOE IIpeJBapUTebHOE ONHCaHHe rpadpHvecKux
NPHMHTHBOB U 3JIEMEHTOB, [I0JIb30BATE/IL B 00IIEM Ciiydae codTeT HEOOXOAUMBIM OpH-
E€HTHPOBATHLCHA HA Crieu(pUKY KOHKPEeTHOH (pu3myeckoit koHdHrypanun rpadpudeckux
yCcTpOoHCTB.

I'maBHBIE KOHIEIIMH JAHHON! KHUI'M OBLIH IOJI0XEHE! B OCHOBY BBOJHOI'O Kypca Ma-
LIIHHHON I'padHKN Aj1A CTYAEHTOB BhICIIMX y4YeOHBIX 3aBelcHHH Hay4HO-TEXHHYECKOH
crenmau3anui. Kypc Xopouio mogxoauT KakK [IJig yHHBEPCHTETOB, TAK M JJIS TeXHM-
YecKHX IKOoJI. KHHra 1ojie3Ha TakKe M B KaYecTBe JIONOIHUTEILHOIO MATEpHaNa, IS
bonee yriybneHHbIX y4eOHBIX KypCOB IO NPOTPAMMHDOBaHMIO MM MaTeMaTnke. Kpo-
M€ 3TOr0, OHa, MOXKeT ObITH C YCIIEXOM HCIIO/Ib30BaHA NPO(ECCHOHAJIBLHBIME IPOrpaM-
MHCTaMH s HHIAMBHIYaJbHOM MOAroToBKH. B KOHEYHOM cueTe XOpOIIO JOKYMEHTH-
POBaHHBIE IPOrpaMMbl MOTYT OBITH NOJIE3HBI NOJIL30BATEIAM, 3aHHTEPECOBAHHBIM B
Pa3BUTHH rpadHYeCKUX BO3MOXXHOCTEH CBOEr0 KOMIIBIOTEPA.

BiarogapHOUTH

ABTops riy6oko IIprIBI*I.aTeJIbeI Boenno-Mopcko#t Akagemun CIITA 3a nommepxxky
¥ BHuManue. ObecrievyeHHas aqMUHACTpaIMell HayYHas Cpela, IpeaoCTaBIeHHOe 000-
pyZoBaHHe H, OCOOEHHO, y4acTHe KyPCaHTOB OKa3aJI0 BecbMa OiaronpuaTHoe Boszaeii-
CTBHE HA IOATOTOBKY MATEpHANIA JAHHON KHHIH.

Hu omna xuHura He Moxker ObITh HamucaHa 6e3 COAENCTBHS MHOIMX JIIOAEH, H MBI
xoTesid ObI BHIPAa3HTh 371eCh O/1arofapHOCTb HEKOTOPLIM U3 HUX. IIpexkae Bcero CTuBy
KooHey, TpocMOTpeBIIeMy BCIO PYKOIHCh H C/IEJIaBIIEMy MHOXKECTBO LEHHBIX IPeJIo-
>xennit, Puvapny Peitzendennay, #3y4yuBimeMy MaTepHaJ 10 KPUBBIM U IIOBEPXHOCTAM
B-cnnaitna, npodeccopy Ilbepy Besbe, KOTOpPHIH peneH3HPOBa MATEPHAI 110 KPHBBEIM
u noBepxHOCTAM Be3be, a Takoke UBany Casepnenny, npeioxXuBIieMy HaM BKJIIOYHTE
B 1. 3 ob6CcyKIOeHHe METOA0B TPEXMEPHOTo npeobpa3oBanusa. Ocoboit Giaro apHOCTH
3aciy>KHBaloT ObiBIIHE H HbiHentnHe *UieHb! rpymnsl CAITP B KaMOpHIKCKOM YHH-
Bepcurere. B nepBylo odepenn, aro Pobun ®opect, Yapans Jlanr u Toun Hyrboypa,
nposiBUBIINE riIyOOKOe MOHHMAHHE NpeIMeTa MAIMMHHON rpaduku. Mbl 6narogapum
takke Jlos KHomma, HAIMCaBIIEro OPHTHHAIBHYI0 TporpaMMy Ha ®opTpasne A1 KpH-
BbIX B-craitua.

ABTOpHI X0TeNH OB BEIPAa3UTH NPH3HATEIHHOCTD 33 COAEHCTBHE MHOTHM COTPY.IHH-
kaM Evans & Sutherland Computer Corporation u ocobenno Ixumy Kannany, koro-
pbIif ABJseTCA ABTOPOM JOKYMEHTAIIMH, NMOCJIYXKHBIIEH OCHOBOH 11 MHOTHX HJIe# 110
NIOJroTOBKE H300parkeHuit, UX MpeJCTABICHUIO M HHTEPAKTHBHOMY B3aHMOJEHCTBHIO C
HUMH. Ocobo ormeruMm JIn Bunioy, moAroTOBHBIEro BCE BEKTOPHBIE PUCYHKH.

Bonsmasn vacts paborer o xynoxxecTBeHHOMY ocdopmaenuio ra. 1 6su1a npose-
JleHa Ha pabounx CTaHUUAX Pa3iaMyHbIX (pUpM-nipousBoauTeell. OTIENBHO BHIPA3UM
6J1ar0JaPHOCTD CJIEAYIOIMM KOPIIOPAIHAM:

Puc. 1-3 Evans & Sutherland Computer Corporation
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1-5 Adage Inc.
1-7 Adage Inc.
1-8 Vector General, Inc.

1-11
1-12
1-15
1-16
1-17
1-18

Xynetics, Inc.

CALCOMP, California Computers Products, Inc.
Gould, Inc.

Tektronix, Inc.

Evans & Sutherland Computer Corporation
CALCOMP, California Computers Products, Inc.

Aseud @. Podxcepe,
Ao, Anan Adamc
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u Junn, Josudy u Arany Adamc

I'masal

BBEJEHUE
B MAIIIMHHYIO T'PAOUKY

B nacrosimee Bpems ManmMHHAs rpadHKa IpeACTaBsgeT Co00H JOCTATOYHO PAa3BUTYIO
OTPaC/Ib 3HAHHSA, OJHAKO HEKPTOPbIe TEPMHHEI H ONPEJE/ICHHS II0-NIPEXXHEMY TPAKTy-
1oTca o4enb mupoko. Hanpumep, takue nonstus, kak CAIIP, uarepakTupnas rpadu-
ka, mammuHas rpaduka, ACTIII, yacTo ucnons3yrorcs AuGO B Pa3HBIX 3HAYEHHAX,
aub0 Tak, YTO B 3HAUHUTEJLHOH CTENEHH Tepsercda X TOYHbH cMmbici. Haubonee Tu-
MUYHBIM TEPMHHOM Taxoro poxaa seiserca «CAIIP», uro osnavaer moboe mpHMeHeHHE
KOMIIBIOTEPA JIIsl NNPOEKTUPOBAHHUS OTAEJbHBIX leTaselt, y3/10B MM cucreM. QaHako
TaKOe MCIOIL30BaHNE KOMIIBIOTEPa He0OA3aTeNbHO IPeAyCMATPHBAET BKIIIOUYEHHE Ma-
IIMHHOH TPadUKH, BeAb IPOLECC IPOEKTHPOBAHUSA MOXKET OCYIIECTBIIATHCS HA KOHIIE-
NITyaJbHOM ypOBHE, HA YPOBHE IETAJIMPOBKH JHOO OPHEHTHPOBATHCHA Ha HMHTEpgeiic
¢ ACTIIIL

B ACTIIII xoMubloTep HCIOIB3YETCH MJIsA YIPABJIEHHSA [IPOLECCOM IIPOMBIIIEHHO-
ro npoussoznctBa. Jdys ACTIIII rpebyercs 36K IPOrpaMMHPOBAHHSA, NO3BOJIAIOMHUH
3a3aBaTh '€OMETDHIO H TPAEKTODHIO IepeMelueHns 06pabaTrBalOIEro HHCTPYMEHTA,
Hanpumep s3pik APT (a3bIk nporpammupoBanus crankos ¢ YITY), nns remepupopa-
HHA KOMAaHJ yNpaBJIeHUss HHCTPYMEHTOM CTaHKa. KOHTpoJnep CTaHKa, KaK IIPABHIIO,
npencTaBisgeT coboM MHKPO- MJIM MUHHKOMIIBIOTED, Ais koroporo CAIIP moxer ne-
nocpeAcTBeHHo (hopMHPOBaTh HEOOXOIUMBbIE KOMAHIH YIpaBjieHHs. OIHOBpPEMEHHO
MOXXHO CO37aBaTh MAaCcCHB JAaHHHIX B CTaHmapTHoM ¢opmare, Hanpumep IGES (dop-
MarT nepejayvs rpagpuueckux MaHHbIX). Jlna npeoGpa3oBaHHs MOJYYEHHBIX JaHHBIX B
¢bopMaT KOMaHT KOHKPETHOTO CTAHKA HUCIONL3YIOTCH ClEemMaybHbIe NporpaMMul. Ha
puc. 1-1 noxasan Tunu4He obpabaTeiBatommit ueHTp ¢ YIIY u KoHTpOonnepom.

KowMmmbiorep B MamuHHOM rpadgHke HCIOIB3yeTCA JJis ONHCAHHA H300parkeHHui, Hx
XpaHEHHsI, MAHUITYJINPOBAHHA HMH, HX BBI30BA ¥ BU3yaJIH3aI[HH, T. €. B OCHOBHOM JJ1d
MACCHUBHBIX onepauuii. KOMIboTep BHIBOAMT HA 9KPAH IPEIBAPUTELHO OIOTOBJIECH-
HOe H300parkeHne, 1 HAOIIOIATENb HE MOYKET HEIOCPEICTBEHHO YIIPABIATH H300pazke-
HHEM, [IpPexKIe YeM OHO NOSBHTCH Ha sKpaHe. B KaxxJ10M KOHKDETHOM ciiydae u300pa-
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Puc. 1-1 Ob6pabarrsarommi neHTp ¢ YIIY.

gl'gelme MOeT ObITh JTMO0 TAKMM NPOCTHIM, KAaK, HAIPHMED, IrpachUKH NPOCTHX PyHK-
i, THG0 CTONb CIOXKHBIM, KAK BH3yAJTH33IHA Pe3yIbTATOB MOJEIHPOBAHHSA ITPOLECCa.
8BTOMATHYECKOTO TIOJIETa H TIOCAJKH CaMOJIeTa HJIH KOCMHYECKOTo KOopabs.

. B nuuaMuteckoii MHTepakTHBHOM MamuuHOH rpacduke (B gadbHEEM IPOCTO HH-
TePaKTHBHOM rpacdHke) KOMIBIOTEP MCIONB3YETCS I MOATOTOBKH M BU3YAIH3aLHH
rpaduyeckux nannerx. OHAKO MHTEPAKTHBHASA rpadHKa MO3BOMAET HAOMOAATEIO B
PeanbHOM MacniTabe BpeMEHH BJIHATL HA BECh IIPOIECC [IPeACTaBJIeHHS H300pasKeHu .
Yro6nt yOeIuThECA B CEPbE3HOCTH OTPAHHYEHHH, ONpee/iseMbIX YCIOBHAMH PabOTHL B
PEAIbHOM BpeMeHH, PaCCMOTPHM 33434y BpameHHs 06beMHOro H3o06pakeHus, COCTO-
Amero u3 1000 suuuit, co ckopocreio 15 rpan/c.

Kax Mbr yBuzum B manpreitmenm, kaptuuka w3 1000 nunuit B 60bIIMHCTBE CIIY-
TaeB npencrabisgerca Marpuue#t 1000 x 4 0JHOPOMHEIX KOOPIMHAT KOHEYHBIX TOYEK
JmaYA. Bpamenne, Kak npaBHiio, MPEACTABIAETCA IYTEM YMHOXEHUA STOH MAaTPHIBL
Ha MaTpuiy npeoGpa3oBanusa pasmepom 4 X 4. JljiA NPOBEJEHAs TAKOrO MATPHYIHOTO
¥uHoxenns TpebyeTca BLIUIOIHUTL 16 ThIC. omeparuit yMHOXEHHs, 12 ThIC. onepanuit
CIoXeHHd ¥ 1 ThIC. OnepauMii TeJIeHUA BemEeCTBeHHBIX 4Hcel. Koy ymHOXeHHe ocy-
l}leCTBnﬂeTcsI NPOI'PaMMHO, TO AJ11 TOrO YTOOBI BBINOJHUTL BCE OIEPALMH BPAIlEHH,
MOXeT OTpPeGOBATHCH 3HAYMTENHHOE BpeMsi. OBBIYHBIN YHHBEPCAJIBHBIN KOMITBIOTED
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C IIPOLECCOPOM BEIECTBEHHOM apH(METHKH, CIIOCOOHBIM BBIIOJIHATE ONEpaldd YMHO-
XeHHsa ¢ OpicTpozelicrBHeM 3.6 MKC, CJIOXKeHHA —3a 2.6 MKC M JEJIeHHd CO CKOpO-
CTBIO 5.2 MKC, MOXKET BEINOJIHUTH TAKOe MaTDHIHOe yMHOXeHHe 3a (.1 ¢. ITockons-
Ky IJisS TOrO, YTOOBI KAPTHHKA Ha KpaHe Havalla IBUIaTbCA, OHA JOJDKHA IepepH-
coBbiBaTbCA He MeHee 30 pa3 B CeKyHAY, TO CTAHOBHUTCHA OYEBHJIHBIM, HUTO B CJIydae
C JAHHBIM IIPHMEPOM KADTHHKA HE CMOXXET HENPEPBLIBHO IEPEMEINAThCA 110 IKPaHY.
Jlaske ecyiM NpeAIIoN0oXHUTh, YTO H300parkeHHe OOHOBISETCA TONBKO 15 pa3 B CeKyH-
Ay, T.€. IIPH IIOBOPOTe Ha KaXKJAbIH I'pajyc, TO H B STOM CJIy4ae MpOrpaMMHas pe-
aJIM3aIUA HE TO3BOJAET IHOJAYYUTH 3¢)eKT HEIPEepPHIBHOIO BPANIEHHA H HCKJIIOYaeT
BO3MOXXHOCTH IIOJIyYEHHS JeHCTBHTE/ILHO PEAJIMCTHYHBIX H300pakenuit. CyiecTBy-
€T MHOXXECTBO CIOCOO0B JOCTHIKEHHsI PEeALHOrO HHTEPAKTUBHOIO PEXXHMA BH3yaJIH-
3aUH H300parkeHHs: UCIOAb30BaHue HoJiee MOIIHOrO AOMOJHUTEILHOIO KOMIIBIOTEDA
uin 6osiee TIATENBHOE IPOIPAMMHUPOBAHNE, YMEHBIIAIOIIEE BPEMs BBIIOJHEHHS MAT-
puuHOro ymuoxxeuus. OQumuako B moboM ciydae obs3aTensHO OyIer JOCTHIHYT MO-
MEHT, KOTJa BCSKOe JaJhHeliiee yaydllleHHe CTAHET YK€ HEBO3MOXKHBIM. YMeEHbIIe-
HHE CJIOXHOCTH M300pakeHHs TakKXKe He JACT Hy»KHOro a¢dexTa, Tak Kak IIPH 3TOM
MOXET OKAa3aThbCA HEIPHEMJIEMBbIM KadeCTBO KapTHHKH. OIHZKO Omepaiis MaTpH4-
HOr0 yYMHOXEHHs, HeoOxomuMasi njil MaHHNYJIUPOBAHHSA H300parkeHHEM H3 HAIIEro
IpHMEpa, A AeHCTBHTENLHO 0M€Hb CIJOMKHBIX KAPTHHOK MOXET OCYIIECTBJIATHCH Ha
YPOBHE MHKDPOIPOTDAMM HJIH C IOMOMIBIO CIEHUATN3IUPOBAHHBIX M(PPOBBIX YMHOXH-
Tesielt, IpUMEHEeHNE KOTOPBIX Beeraa Ob1o Hanbonee a¢peKTHBHBIM M SKOHOMUYHBIM.
Ha ocHoBe BBEIEHHO{I TEPMHHOJIOTHH B CIEYIOMUX Pa3/ieflaX IJIaBbl NPEJJIaraeTcs
0630p MamuHHOH rpadHKH H 06CYy¥KIAI0TCA PA3IHYHBIE THILI COBPEMEHHBIX rpadH-
YEeCKUX YCTPOHCTB.

1-1 O0B30P MAUIMHHOW 'PAOUKU .

Mammunnas rpadhHKa — 3TO JIOXKHASI ¥ MHOTOCTOPOHHAS OUCUUILUIMHA. IlosToMy mas
H3yvueHHs ee HEOOXOAUMO pa3aesuTh Ha Oojiee MpocThie 0603pUMBIE YaCTH, YIHTHIBAS
NpH 9TOM, YTO KOHEYHBLIM PE3yJIbTaTOM MAITMHHOH rpadHKH ABJIAETCH H300parkeHHe,
KOTOpOE, pa3yMeeTcsi, MOXHO HCIOJIb30BaTh Ijisi CAMBIX PA3JIMYHBIX mejell: TeXHH-
YECKOr0 YepTexa, JETAIHPOBKH B CIPABOYHOM PYKOBOJACTBE, H300parKeHUs] apXHTEK-
TYpPHOH KOHCTPYKIHMH, KaK OJHOI'O H3 BO3MOXKHBIX BADHAHTOB, TAK H ICKH3a IPOEKTA,
peKknaMHON MmOCTpauMy JHO0 OTIEJIHHOro Kajpa u3 MyiabTdunbMa. B mammunnHoM
rpaduke PyHIaMEHTAIBHBIM CBA3YIOIMM 3BEHOM SBJAETCS N300parkeHHe, CJIeI0Ba-
TEJIbHO, Ba>KHO Pa300paTh CJieayIiomHe BOIPOCHL:

IpeiCTaBJIeHHe H300pakeHHi B MalIMHHOHN rpaduke;
MIOJIrOTOBKA M300paXkeHUi A/1s BRIBOZQ,

BH3YAJIM3aIHs IIPEIBAPHTEIHLHO IOATOTOBJIEHHBIX H300parkeHuil;
B3aUMOJIeHCTBHE C H300PAKEHHEM.

B nmanpnefiiiem 1mox TEPMHMHOM <«M300parkeHHe» MBI OyaeM IMOHHMAaTh MHOXKECTBO
JIMHHH, TOYEK, TEKCTOB H T.II., BRIBOTUMBIX Ha rpadpHYecKoe yCTpOHCTBO.
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1-2 TIPEJCTABJIEHHE N30BPAXKEHU

MHorue ajropuTMbl HHTEPIPETHUPYIOT H300pakeHHs Kak HabOp MHOTOYTOJIBHHKOB
unu pebep, npudYeM KaXXAbII MHOTOYrolbHMK HiM pebpo B CBOIO O4epenp MOXKer
OBITH TIPEACTABJIEH ¢ NOMOmBIO TodeK (Bepmuu). Takum o6pazoM, TOYKM aBjsA-
I0TCS OCHOBHBIMH CTPOHMTENBLHBIMH Oji0KaMu u300pasxennsi. He MeHee BaXKHBI Tak-
K€ M AJITOPHUTMBI Pa3MEIIEHHs] TaKHX TO4YeK. B KadecTBe MJUTIOCTpAIMM PACCMOT-
pHUM €IUHHYHEIH KBajgpaT B IEPBOM KBaJpaHTE KOODAHHATHOH IJIOCKOCTH. ITOT
KBaJpaT MOXeT ObITh NpPEACTaBeH CBOMM YeTHIPbMs BepIuMHaMHu (cM. puc. 1-2)
Pi1(0,0), Py(1,0), P;3(1,1), P4(0,1). CoorBercTByomas airOpUTMHUYECKAS HOTA-
[OHS MOYKET BBIIVIAJETh CJEAYIOMMM 00pa3oM:

TlocsieroBaTenbHO coequuuts Py Po P3Py P;.

EmuuuvHbiil KBaApaT MOXXHO TakK)Xe NPEICTABUThH C NMOMOIMILIO €ro YeThIpex pe-
6ep By = PiP2, E; = PoP3, E3 = P3Py, E4; = P4P). 3gecy anropuTMHiecKoH
HOTamuel CIIy>XKHT CJlegylomas 3alHCh:

INocnenosarensno uzobpasute E, E; E3 Ejy.

n HAKOHel, OJad ONHCaHHA €JHHHYHOI'O KBajJpaTa B BHJIE MHOI'OYI'OJIBHHKA MOXKHO
HCIIONB30BaTh b0 Toukw, nubo pebpa. Hanpumep, S1 = PiP, P3Py Py, umn S, =
PiPyP3 PPy wnin S; = E1EsE3Ey. B 3aBHCHMOCTH OT Pa3MEPHOCTH KOOPIUHATHOTO
IPOCTPAHCTBA OCHOBHBIE CTPOUTEIBHBIE OJIOKH (TOUKH) MOXKHO IPEACTABUTE b0 Kak
napel, 1M60 Kak Tpoiiku uucen. TakuM o6pa3oM, KOOpAUHATEI (T1,y1) WK (T1,¥1,21)
onpenensan 66 TOUYKY Ha IUIOCKOCTH MJIM B ImpocTpancTse. JBe TOYKM 3amaBaym Obl
OTpe30K MM pebpo, a COBOKYIHOCTH M3 Tpex M Goyiee TOYeK — MHOrOyroyibHHK. Ilo-
CTPOEHHE KPUBBLIX OCYIIECTBIAETCH OOBIMHO IIYTEM HX AIIPOKCAMALHH KOPOTKUMH OT-
pe3kaMu. CHMBOJIBI IPEACTABIIAIOTCH yKe Hosiee cy10XKHEIM 00pa3oM — oHM 00pa3yioTes
H3 COBOKYIIHOCTH Pa3JIMYHBIX KPHBEIX MJIH ONpeAenaoTca MaTpuueit Tovek. O IHAKO B

P E P
Y 3 3
E, 5y E
P, P,
o E, 10

Puc. 1-2 Omucanve gaHHBIX H300PasKeHMs.
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OCHOBE IIPEICTABJICHHS CHMBOJIOB IIO-TIPEXXHEMY JIEXKAT COBOKYITHOCTH OTPE3KOB, TOYEK
M COOTBETCTBYIOMME UM ANrOpUTMH. Eciiy He HaJo C03JaBaTh ClIeNHaJIbHbIe HIPHQTHI
HJIH IIPOEKTUPOBATH rpaduyecKHe yCTPoHCTBA, TO NOJIb30BATENI0 COBCEM HEODA3aTe h-
HO 3HaTh BCE JIETAJIH OIHCAHMA CHMBOJIOB TEKCTa, TAK KAaK OOMLIMHCTBO rpadhuYecKux
yCTPO#CTB HMEIOT BCTPOEHHHEIE AllllapaTHEIE HIIH MPOrpaMMHEIE TeHEPATOPEI CHMBOJIOB.

1-3 TOArOTOBKA M30BPAXKEHUM JJIs1 BLIBOJA

B koneuynoM cyere M300parkeHHE OIpPEaeNAeTCs TOYKAMH M aJITOPHTMOM HX BBIBOJA.
IIpexxne yem napopManus 06 u306parkeHun OyeT UCHONB30BaHA Il (POPMHPOBAHUSA
KAPTHHKH, OHa XxpaHuTcsa B ¢aitne, HaspiBaeMOM 6a30it manubix. [na npencrasieHus
OYEHb CJIOXKHBIX H300parKeHut HyXXHBI CJIOXKHBIE 0a36I JaHHBIX, [J1sl KOTOPBIX IIPeJIc-
JIATaeTCs HCIIOIB30BaHHUE CJIOXKHBIX AITOPUTMOB OPraHM3alMy AOCTyNna K HUM. JJanHbie
KM CTPYKTYDPHI JaHHHIX B TaK#UX 6a3ax MOryT ObITh OPraHM30BaHHI B BHJIE KONBIA,
B-nepeBa, KBaApaTHYHBEIX CTPYKTYp M T. A CamMu 0a3Bl JaHHBIX MOTYT COIEPKATH
yKa3aTeJIH, NOJACTPYKTYPHE H IAPYTyI0 Hereomerpuyeckywo uudopmamuwo. Opranmsa-
nua 6a3 SAHHBIX M AJITOPUTMBI JOCTYIa K HHM BBIXOIST 32 FAMKH H3JI0KCHHSA NaH-
HOM KHHMrH. OIHAKO MHOTME KOHKPETHBIE PEAJIM3aldH CHCTEM C MAaIIHHHOH rpadu-
KOH mpe/iHa3HAYeHbI 1A PabOTHI C MPNCTBIMU H300PaXKEHUAMH, J/11 KOTOPBIX MOXKHO
[IPEeJIOKUTD NPOCTBIE CTPYKTYPHI AaHHBIX C NMPOCTHIM crocobom mocryna. Haubonee
3IEMeHTAPHOM CTPYKTYpPO# JaHHBIX, 6eyCJIOBHO, ABJISETCA JHHEHHDIH cniucoK. Moxer
NOKAa3aTbCA HEOXXHJAHHBIM, HO OKa3aJI0Ch, YTO CLIOMOIIBIO 3TOH CTPYKTYPBI NpEeacTa-
BJISIOTCA JOCTATOYHO KAYECTBEHHbIE H300paKeHus.

Touky — OCHOBHBIE CTPONTENBHBIE OJIOKH rpaduyecKolt 6a3bl JaHHBIX, MMEHHO I10-
3TOMy OCOOBIl HHTEpEC IPEACTABIAIOT OCHOBHEIE OllepalMH IPeobpa3oBaHUs TOYEK.
CymecTByIoT TpH THIIA ONlepanuil, B KOTOPHIX TOYKH HCIOIB3YIOTCA KaK rpadpHuecKue
IIPHMUTHBLL: BO-TIEPBHIX, IePeMeEIeHHe 11epa i Kypcopa, clies Kypcopa (B JabHelem
IIPOCTO KYpCOP), HEBHIMMAs TOYKA; BO-BTODHIX, H300DarKeHHEe JIHHHH MEXKJIY ABYyMS
TOYKAMH; B TPETHHX, BBIBOJ, TOYKH B 3aJaHHOM Mecre. B obmem ciyyae mecromnoso-
JKEHHE TOYKHM MOJXKHO OIIMCATBH ABYMS CIOCODAMM: C IOMOMBIO aBCOMIOTHBIX M OTHO-
CUTEJIbHBIX (MHKPEMEHTAJIBHBIX) KOOPAMHAT. B CHCTEME OTHOCHTENBHEIX KOODIAMHAT
MIO3ULUS TOYKH OIPEEIseTCs Iy TeM 3aJaHH ee MOJIOKEeHNsT OTHOCUTEILHO IPeAbLILY-
melt roukn. Bee nporpaMmuoe obecrieyenne MammmHHON rpadbuky 6a3HpyeTCsA Ha ITHX
OCHOBHBIX NOHATHAX U Oomepauuax. Bonee moapoGHO OCHOBBI NOCTPOEHHUS NPOrpaMm
MalMHHOHN rpaduky u3naralorcs B pa3fn. 1-22 U B MpHIOXKEHHH A.

MecTOnomnoXkeHua TOYKH MOryT OBITH OINMCAHBI C IOMOIIBIO BEMECTBEHHBIX (C ILIa-
Balomel TOYKON) MM wesbIxX uHcesn. B ciiyvae NpUMEHEHMS LeJIBIX YHCesl BOSHHKAET
MHOXeCTBO IpobjieM, CBS3aHHBIX C OIPaHMYEHHOH IJIHHOM CjI0Ba KOMIbIOTEpa. s
NIPECTABJIEHHS LEJIbIX KOOPAHHAT, KaK IIPaBHJIO, HCIIOIb3YeTC s II0JIHOE MAIHHHOE CJI0-
Bo. Hanbonplllee uenoe 4ucI0, 3aHMMAaomee IOJHOE MAIINHHOE CJIOBO H HEOOX0uMoe
JJ15 IPeJICTaBJIEHNsI BEJIMYHH CO 3HAKOM M3 NOJIOKUTEIBHOTO U OTPHIATEIBLHOTO JHa-
Na30HOB, paBHO 2"~ ! — 1, rae n — Konu4ecTBo 6HTOB B ciiose. Jyis 16 GuroBoro ciosa.
3TO YHCJI0 paBHO 32 767. JInsi MHOTHX NPHJIOXKEHHH 9TOr0 GHIBAET BIIOJIHE JOCTATOYHO,
OJTHAaKO BO3HHKAIOT Cepbe3Hble IpobieMbl, KOTa Tpebyiorca Gosbime Yuciia, KOTOPEIEe
HEBO3MOXXHO IPEJACTABHTL C IOMOMBI) OJHOI'O CJI0Ba KOMIIBIOTEpPa. ITY TPYAHOCTH
MOXKHO NIPeO00JIeTh, HAIPHMED, BOCIIOIb30BABIIHUCH OTHOCHTEIBLHBIME KOOPAMHATAMHI



1-4 IlpencrasireHHe NpeABAPATE/IHHO HOATOTOBJIEHHOTO H3006paskeHHT 19

B CJIy4ae, KOTJja HX BeJn4YHHa He npesbimaer 60 000. IIpu sroM B abCOmoTHOHN cucTeMe
KOODAMHAT yCTAHABJIHBAIOTCA TOYKHM ¢ KoopauHatamu (30 000,30 000), a 3ateM ¢ mo-
MOIWIBI0 OTHOCHTENBHBIX Koopaunat (30 000, 30 000) crpouTes TovKa ¢ KOOPIMHATAMH
(60 000, 60 000). O mraxo 310T Cr10c00 06IaNAeT 3HAYHTENLHBIM HEJOCTATKOM: MONBITKA
COXPaHHTH OTHOCHTEJIbHBIE KOOp,Z[HHaTH, IIpeBhIIIAI0INHE MAKCHMAJIbHO ,Z[OIIYCTHMy}O
BeJIIfI‘IIfIHy, BBI3BIBAET IIEPEIOJIHEHHE. B 6OJIbIHHHCTBe KOMIIbIOTEPOB peByJIbTa’I‘OM ue-
JIOYHMCJIEHHOTO IIEPEIOJIHEeHNs SIBSETCA TeHepalMs YHCe ¢ IPOTHUBONONOKHBIM 3Ha-
KOM H HEBEPDHBIM a6COJIIOTHbIM 3HAYCHHUEM.

Ot 3T0ro0 HeJA0CTaTKA MOXKHO H30aBUTHCS C IIOMOIIELI0 OAHOPOAHBIX KOODARHAT, 1TO
BLI3BLIBAET HEKOTOPHIE YCJIOXKHEHHS, YMEHbIIIEHHE CKOPOCTH BBIIOJIHEHHUS H IOHHKEHHe
KayecTBa paspelieHHs H300pakenus. QmHaAKO BCE 9TH HEJOCTATKH OIPAB/BIBAIOTCS
IIPEHMYINECTBaMH, KOTOPBIE JAI0OT BO3MOXKHOCTH IIpeJACTaBIeHHs Oonpmux 4yucen na
KOMIIbIOTEPaX C OrpaHHYeHHOHN IyMuHO# ciioBa. IMeHHO MO 3TO# IpHUYHHE, a TaKXe
B CBfI3H C APYTHMH IIPEMMYINECTBAMM HCIIOJb30BAHHA OTHOPOIHBIX KOODAMHAT, MM
yIeJIfeTC OCHOBHOE BHHMAaHHE B JAHHON KHHTE.

B cucreMe OJHOPOIHBIX KOOPIMHAT 7I-MEPHOE€ IIPOCTPAHCTBO IIPEACTABIISETCA
n + 1 U3MepeHueM, T. €. TPeXMEPHbIE KOOPDIUHATHI, OTHO3HAYHO 33JaBaeMble TPOHKO#
(z,v, z), BBIpazKaloTca yepe3 dersipe koopauHaru (hz, hy, hz, h), roe h — npoussons-
HbIf MHOXHTEIb. EC/IH BCe KOOPAMHATHOE IIPOCTPAHCTBO B 16-0MTOBOM KOMIbIOTEDE
[peACTaBisAeTCa YHCJIaMM MeHbme 32767, ro h Gyzer paeHo 1, a xoopauuarsr Oy-
JAYT MPEACTABIATLCSA ITyTEM NPSAMBIX peobpasoanuii. OgHAKO ecyiy x0Ts Obl 0HA U3
KOOpAMHAT IpeBbImaer YHeIo 32 767, nanpumep, £ = 60000, To mpeuMymecrsa uc-
MOJIb30BAHHA OJHODOHEIX KOOPIAMHAT CTAHOBSATCS OYEBHIHEL. B JaHHOM Ciydyae Mbl
yCTaHOBHJIH h = 1/2 N KOOPIMHATEL TOYKH TEIEPb MOXKHO IpencTaBUTh B 16-6uroBOM
komnbiorepe Kak (30000, y/2, z/2, 1/2).Oauako B 9TOM Ciiy4yae Heu30eXKHO CHH-
JKeHHe paspemanomeii crocoOHOCTH, TaK Kak, HanpuMep, 3Havenus £ = 60000 u 60 001
TENEephb IPEICTABIJIAIOTCA OJUHAKOBOH OIHOPOAHON KOOpaHHaTOM. PaKTHYECKH pa3pe-
IIeHHe yXyOIIAeTCa JJis BCeX KOOPIOMHAT JaXKe B TOM CJIydae, eCyIi TOJIBKO OJHa H3
HUX IPEBHIAET MAKCHMAJBHO JOIMYCTHMOE IJIS LEJIbIX YHCEe 3HAYEeHHE.

1-4 TIPEACTABJIEHUE ITPEABAPUTEJILHO IMOATOTOBJ/IEHHOI'O
N30BPAXKEHUA

HaHnnere, ucnonp3yeMure s MOATOTOBKH PHCYHKA, KaK IPABUIIO, HE COBIIAJAIOT C JaH-
HBIMH, HeOOXOUMBIMH IJ151 €10 BH3yamusanui (qucieiinoiM ¢aitiom). B stom daitne
COZIEP>KUTCS HEKOTOPAS YaCTh, BUI UIIH OTAENBHAS CLHEHA LEI0ro H300paKeHH s, peI-
CTaBJIEHHOTO B 00meit 6a3e gaHHBIX. BriBoguMoe H300paskeHne 00BMHO HOpMHDPYeTCa
IIyTeM MOBOPOTA, IIEPEHOCA, MACIITAOUPOBAHNS M BLIMHCJIEHHA PA3JIMYHBIX NMPOEKIHUH.
DTH npeo6pa30BaHK OOBIMHO BHIIOIHSIIOTCS C IOMOIBIO MATPHYHBIX onepanyil (4 x 4)
C JI3HHBIMH, Tpe/ICTABJIEHHEIMH B OXHOPOJHBIX KOOPAMHaTaxX (ri1. 2 U ri. 3). B ciyyae,
Korja tpebyercs mocreloBaTebHOCTD NIPeo0pa3oBaHuil, MaTPHIA KAXKIOTO OTAENb-
HOTO npeoOpa3oBaHUs MOWIENOBATEILHO IPHMEHAETCS K TOYKaM pHCyHKa. Ommaxo
€CJIM TaKHX TOYEK OYeHb MHOTO, JAHHEI! MeTox cTaHoBuTCA HevbdexkTnpHEM. ['opa3no
yIo6Hee apyroi cmoco6, COCTOAMMI B HCIIONAE30BAHHH OTHON pe3yJbTHPYyIOmEH Mar-
PHIBI KOMOMHHPOBaHHEIX IPe0OPa30BaHUI, NMOJYYEHHON IIyTeM YMHOXEHHMsS MAaTpHIL
KAXK/JIOTO OTIEJILHOrO npeoOpa3oBaHis. Takas MaTpHUYHAasA ONEPALHS HA3EIBAETCHA KOH-
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JIMHAA YaCTHIHO BHYTPH OKHA:
YacTh @a— b BRIBOOHTCA,
9acTh b—c He BRBOOHTCA

b

a

JINHASA ITOJTHOCTBIO
BHYTPH OKHA!
JIMHYSA BRBOIUTCH

I[EJTHKOM

d
\ < JIH¥A IIOTHOCTRIO
BHE OKHA!
b HE BRIBOIUTCH
\a
JIMHUSA YACTHIHO BHYTDH OKHA!

9acTh b—c BRBOOHTCH,
gactd a—b ¥ ¢ —d He BHBOAATCSH

Puc. 1-3 [IBymepHoe oTceyenHe.

/ €
kaTeHauuei. Ilocie 3TOr0 BEKTOP KOODIHHAT BCEX TOYEK M300DAsKEHHs yMHOXKAETCH
Ha MaTPHIy KOMOMHHDOBAHHOI'O npeobpa3oBanus pasMepoM 4 X 4 qnud NONydYeHHs
PEe3YALTHPYOUX TO4eK. JJaHHBIH IOAX0M MO3BOAET 3HAYUTENHHO COKPATHTD BpeMs
IIPOBEJIEHHA CJIOXKHBIX MATPHYHBIX OIl€panMii Haj MHOXKECTBOM TOYEK.

Ynanenue HEBUIUMEIX JIMHUH HIIN IOBEPXHOCTEH, 3aKPACKa, OIPEIEJEHNE IPO3Pad-
HOCTH, TEKCTYPHI HIH CBETOBHIE 3 EKTHI — BCE 3TH ONEPAIMH MOTYT ORITH BHIIIOJIHE-
HBI €€ J0 MOMEHTa OKOHYATENBLHOH BU3yanusauuy u3obparkenus. Eciu BuBoamuMoe
M300parkeHNe OIpeIeIEHO He Ha Beeit 6a3e TaHHBIX, B Hell HEOOXOAMMO BHAETIHTL HEKO-
TOPYIO 9aCThb, COOTBETCTBYIOILYIO 3TOMY HM300paskeHHI0. JJaHHBIH IIPOLECC HA3KIBAETCH
orcedenneM. OTcedeHns ORIBAIOT JIBY- H TPeXMepHEIE. B psize ciiydaeB OKHO M 00beM
OTCEYeHNs] MOT'YT MMETb OTBEPCTHS MM ObITh HempaBHibHOH dopmul. CrangapTHOE
OTCedYEeHHE II0 IPAHHULAM JBY- HJIH TPEXMEPHBIX 00JIacTell 4acTO pealu3yeTcs alapaT-
Ho. HoxpoGHoe 06cyxaenne ocobenHocTel peanu3anui 3 PEKTOB OTCEIEHUA BBIXOIUT
3a paMKH JTaHHOTO M3JI0KeHHs. Bonee neranvnoe omucanue npuseseno B pabore [1-1].

C npoueccom BH3yanmu3anuH H300pakeHHH 0OLIYHO CBA3AHO JBA KIIIOYEBLIX MOHS-
THSA: OKHO H 1071 3penus. IIponece BRIBOJA C UCIIOIL30BAHUEM OKOH NIPENYCMATPHBAET
H3BJIeYeHHE JacTH IpadUIeCKUX JAHHEIX U3 OA3LI IIyTeM MX OTCEYEHHS IO IPAHHIAM
OKHa. IIporpaMMHas peanu3aius onepauyil orcedeHUsa H BBIBOAA OKHA, KAK MIPaBHUJIO,
TpebyeT 3HAYNTENIBHOIO BPEMEHH, YTO HCKIII0YAET BO3MOXKHOCTE €€ IIPUMEHEHHS B HH-
TepaKTHBHEIX rpaduueckux cucremax. C npyroit CTOPOHHL, B CJIOXKHBIX rpadbUIeCKHUX
CHCTEMaX JJIs1 TOTO HCIIONIb3YeTCs CHENMATH3HPOBAHHAS AIIIAPATYPa WM MHUKDPOIIPO-
rpaMMHBIE CPEICTBa. 3aada OTCEIEHH H300pasKeHH A BKII0YaeT BRAEIeHNe H 0TOpa-
CHIBAHHE OTPE3KOB HJIM UX JacTell, Jexkamux BHe OKHa. OTCedeHHBIE OTPE3KH MIIH HX
4aCTH HE IEPEAAIOTC Ha rpadHveckoe YCTPOHCTBO BHIBOAA.

Ha niockoCTH OKHO 33J3€TCs JIEBHIM, IIPABRIM, BEPXHMM U HHXXHHM peGpamH orpa-
HHUYHMBAIOIIETO IPAMOYTOAbHUKA. KOODAMHATH BEpIIMH pebep OnpemeNsaioTcs B CHC-
TeMe€ KOODAHHAT IOJIb30BaTENA HJIH B MHPOBOH CHCTEME KOODJMHAT, T.€. HMEHHO B
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Puc. 1-4 TpexmepHas mupaMuga BUIUMOCTH.

TOit cucTeMe, B KOTOpO#t xpanuTCs Bes mHbOpManus U3 rpadpudeckoit 6a3bl JaHHBIX.
Kak npaBuio, KOOpAUHATH r€OMETPHYECKHX NPHMHUTHBOB 33IIOMHHAIOTCH B BHIE Be-
ECTBEHHBIX YHCEJL.

Hpouecc orceyenns 3HAYUTENBLHO YIPOIAETCA B ClIydae TaK HAa3hIBAGMBIX pery-
JIIPHBIX OKOH, pe6pa KOTOPHIX mapajljleNbHEL 0CsiM KOOpAMHaT. HeperynsapHoie orceka-
IOIHEe OKHa TaKXK€ IIPeJICTaBJIAIOT ONpeJe/ICHHBIN HHTEPEC 11 MHOTMX KOHKPETHBIX
npunoxenuit [1-1]. Ha puc. 1-3 noka3aH mpoumecc OTCEYeHHs Ha IIOCKOCTH. JIMHHH
YAandqr0TCsa, BHIBOOATCA HA 3KPaH IMOJJTHOCTHIO HIIH YaCTHYIHO B 3aBHCHMOCTH OT HX Me€E-
CTOIIOJIOXKEHH A OTHOCUTEILHO IPAHHUL OKHa. B TpexMepHOM IIpOCTpaHCTBE PErysapHOE
OKHO MJIM oTceKamuit 06beM npeacTaBiaaer co60# MPAMOYToabHEIE Mapaieenunesn
(Opyc) MiH, mjs NEPCHEKTHBHHIX BHIOB, YCEYEHHYIO NMHpamUay (IMPaMHLy BHIMMO-
ctn). Ha puc. 1-4 noka3zana THINYHAS IMPaMUIa BUAUMOCTH, GiMKalinan K HabJo1a-
TEJII0 IPaHb IOMEYEHa CHMBOJIOM [V, HauOonee yaaneHHast — CHMBOJIOM F', a CTOpOHHEI
obpazoBannl rpausmMu SL, SR, ST u SB.

Ilone 3penusa — 31o 061acTh Ha IKPaHEe OUCILIEA, IPEAHA3HAIEHHAS JJIs Pa3MeIe-
HHUSA NONABIIETO B OKHO M300paxkeHus. PerynisipHoe mojie 3peHHs Ha ILUIOCKOCTH 33Ja-
€TCs JIEBBIM, IIPABLIM, BEPXHAM U HHXXHUM pebpaMM OrpaHMYHMBAIOMErO IMPIMOYTOIb-
HEKa. Ilosie 3peHNa MOXKeT ORITH ONPENENIEHO B PEANLHBIX (PHU3MYECKHX KOODAHHA-
TaxX yCTpo#cTBa, 9aCTO 33JaBAEMBIX B BHJE LEJLIX YHCeNl. KOOpIHHATH 11OIA 3peHHA
MOTrYT OBITH HOPMAJIM3OBAHEL 10 HEKOTOPOMY IPOM3BOJILHOMY AMANA30HY, HAIIPHMED,
0 <z<1,0 <y <1 ¥ 3amaBaTuCsa B BUJAE BemecTBeHHEIX yucen. CopepxxaHHe
OJTHOrO OKHAa MOXET ORLITL BHIBEJIEHO B HECKOJILKMX IIOJISX 3PEHHS OJHOTO H TOTO K€
ycrpoiictBa (puc. 1-5). Coxpanenne mponopuuii okHa ¥ mojs (noneit) 3peHHdA IO3-
BoJIsfeT M30exkaTh UCKaxkeHUH. OToOpakeHHe Ha MOJie 3PeHUs rpadpUIecKuX JaHHBIX,
MONABIIMX IIOCJ/IE OTCEYEHM B OKHO, IPENyCMaTPHBAET BHINOJHEHHe OIepauuil nepe-
HOCa M MacmTabHpoBaHHs (IPUJIOXKeHHE A).

Kpome rpadnueckoit nupopmanyu, GoabIIHHCTBO H300parkeHHH MOTYT COZIEPXKATh
andaBHTHO- UMD POBLIE H CUMBONIMYECKHE AaHHEIE. CYmECTBYIOT JBAa OCHOBHEIX CIIOCO-
0a reHepanyy CHMBOJIOB: IPOrpaMMHEIH M anmaparthbeifi. Eciu npu nporpaMMHOMH re-
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YcrpolicTBo BRIBONA

Basa maHHBIX
B MHPOBOH CHCTEME
KOOPAMHAT

Hone 3peHus A

DRI
\J none%m,x

OxHO

¢

Puc. 1-5 Heckonnko 1mosieif 3peHHs Uit OTHOrO OKHA.

HEpALMH CHMBOJIOB HCHOJIb3YIOTCS JIMHHH, TO OHH OTCEKAIOTCS OOBIYHBIM 00pa3oM. D10
ObIBaeT HEOOXOIUMO B CJIy4ae, KOT/[a CHMBOJIBI MOBEPTAIOTCA ONEPALNH OTCEYEHH, 8
3areM omepauud npeobpasoanusa. OIHAKO MHOrHME rpadHyYecKue ycTpoficTBa HMEIOT
BCTPOEHHBIE aNMapaTHLIE FTEHEPATOPHI CHMBOJIOB, H B 3TOM CJIydae CHMBOJIBI HIeHTHOH-
LUPYIOTCcS TOALKO CBOMM KOJZOM, & X H306pakeHHe HOPMHUPYeTCA HemocpeIcTBEHHO
nepen BHIBOIOM Ha 3KpaH. JlanHasi peanuzakgas HaMHOro addextuHee, HO 00nanaeT
MEHbIIEH THOKOCTHIO, YEM mMPOrPaMMHAs MeHEPAIMA CUMBOJIOB, TaK KAK HE IO3BOJIAET
OPOBOAMTL OTCEYEHHE M BHINOJHATH 00mue mpeoOpa3oBanMs, OrpaHHYHBAIONMECT B
3ITOM CJIydae mMOBOPOTOM M MacmTaOHPOBaHHEM.

ITpH McnONB30BAHHH ANIAPATHOTO M'E€HEPATOPA yHPABJAIOMAsA nporpamMma rpadu-
9€CKOro ycrpoiicTBa JOMXKHa yCTAHOBHTDL Pa3Mep, OPHEHTALNIO HTOYKY NPHUBA3KH CHM-
BOJIa WM cTPOKH TekcTa. Ilocie aroro B aucnieiinit daitn sanocAaTess KOAbI CHMBOJIOB,
HMEIOMUX YCTAHOBJIEHHBIE XAPAKTEPUCTHKH. 3aTEM 3aImycKAaeTcsa TeHEPaTOP TEKCTOB,
KOTODBIH HMHTEPONPETHPYET CTPOKY TEKCTA, 33JaBasl annapaType BCIO HHGMOPMAIMIO,
HEOOXOMMMYI0 LISl H300DarKeHU s KaXXI0ro cuMBoJia. 1locsie 310ro cMMBOJIBI TEKCTA, 1€~
pecbLIaoTca Ha ycTpoicTBO BbIBOAA.

1-5 OPTAHM3AIINA B3AUMOJAENCTBUSA C UBOBPAYXKEHUEM

ITocsie Toro Kak H300parKeHHE Ha SIKPAHE IIOCTPOEHO, BOSHUKAET HEOOXOAUMOCTh KAK-TO
B3aMMO€eficTBOBATh ¢ HUIM HJIM MOAM(HUIUPOBarh ero. s aroro 6u11 pa3paboran pan
JIHANOroBbIX yerpolicrB. Cpeay HHX MOXKHO HA3BATH MIAHINET, CBETOBOE MEPO, PhIYAr,
MBIIIb, PYYKH JJIs1 BBOJAA CKAJITPHBIX BEJINYHH, (PyHKIHOHAILHBIE TEPEKITIOYATEIH HITH
KHONKH M, pasyMmeercs, OObIIHy10 ajdaBuTHO-uiudpoByIo kinaBuarypy. [Ipexae vem
nepeiiTi K 06CcyKAEHUIO ITUX DUIHYECKUX yCTPOKCTB, paccMOTPUM (PYHKLHMOHAJILHBIE
BO3MOXCHOCTH JHAJIOrOBBIX rpadudeckux ycrpoiicts. OObIYHO HACINTHIBAETCSA YETHIPE
WM nsith QYHKIMOHAIBHBIX JIOTHYECKHX KiaccoB [1-2] — [1-4]. Jloruveckumu auano-
IOBBIMH yCTPOMCTBAMH ABJIAIOTCA JIOKATOP, BANIIOATOD, CENIEKTOP H KHOnNKa. M3-3a mm-
poKO# pacnpocTpaHeHHOCTH aylhaBUTHO-IM(POBOI KIABHATYPHI €€ IaCTO BHIAENSIOT
B nATHIN KJacc, Ha3bIBaeMbIl KiiaBHaTypol. B neiicTBHTENHHOCTH KIIABUATYPY MOXKHO
KOHIENTYaNbHO N (PYHKIHMOHANLHO CYUTATH HaDOPOM KHOIMOK.

PDyHKuKel ToKaTOpa ABIAETCA BHIAAa9a KOOPAHHATHOH HHGMOpMAUMM B ABYX HJIH
Tpex H3MepeHUAX. OObIYHO BHIIABAEMBIE SHAYEHN KOOPIHUHAT ABJISIOTCA HOPMAJIH30-
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Puc. 1-6 Andasurno-mudposan kinasHarypa. (C pa3penrenus dbupmut Evans & Sutherland
Computer Corp.)

BaHHBLIMH ¥ MOryT ObITh KAK OTHOCHTEILHBIMH, TaK ¥ abcOmoOTHbIMU. Bamoarop mpu-
MeHsIeTCA U1 BBOIA OMMHOYHOM BemnUHEL. OOBIMHO 3TO BEILECTBEHHOE YHCIIO MEXKIY
HyJIEM H HEKOTOPBIM BeIEeCTBEHHBIM MakcHMyMoM. KHonmka Ucnonbayercs ais BeIbopa
H aKTHBHPOBAHHs cOOLITHH MM npoleayp, yupPaBaOMUX cUeHapHeM ruanora. Kunon-
Ka OOBIYHO npeACcTaBIIsieT JBOHYIHYIO («BKNIOYEHO» UM «BHIKMIOYEHO» ) HUPPOBYIO HH-
dopmanyio. B dyHKIHIO cesleKTOpa BXOIUT UAEHTH(MDUKALUA HIIH BEIOOD OObEKTOB HITH
NOAKAPTHHOK B BbIBEZEHHOM H300paskenun. Jlorudeckas KiaBuaTypa obpabarbiBaer
TeKcTOBYI0 HHbopManuio. Ha puc. 1-6 nokazaHa THnU4HAA KIaBHATYPA.

Hau6onee obmpm ycrpolictBOM Kiacca JIOKATODOB siBifeTcs mianmer (puc. 1-7).
Hnanmersr MOXXHO HcmoMb30BaTh JHOO OTAEIBHO, MO0 B KOMOMHAIMM ¢ Ipadude-
ckuM gucuieem Ha JIT. B nepBoM ciiyvae Hx 4acTO HA3HIBAIOT OUH(POBHIBATENISIMH .
CaM mo cebe miaHmeT cOCTOMT H3 IJIOCKOH MOBEPXHOCTH H KADPAHIAINA, ([OX0XKEro Ha
O6BLIYHEIN KapaHZaIl), KOTOPBIY HCHONb3yeTes JJIsl YKA3aHNSA TOYKH HA MOBEPXHOCTH
nnanmeTta. OOBIYHO MOJI0XKEHHE KAPAHIAINIA, PACIO3HAETCS, €CJIH OH HAXOAUTCA Ha He-
6onbmom paccrosauH or mwiaHmera. Ipu pabore ¢ DJIT obpaTHas cBAsb Ha IKpaHe
obecneunBaercs ¢ MOMOIIBI0 HEOOMBIIOrO CUMBONA (Kypcopa), OTCIEKUBAIOIIETO me-
PeMeleHHe KAPAaHJallla mo MOBEPXHOCTH mjaHIeTa. B ciydae korga obpaTHas cBA3b
Hcnoib3yeTcs B KadecTBe OTAEILHOTO oMU POBLIBATENIS, OHa 00ecieYHBaeTCA ¢ mOMO-
mMbI0 UHQPPOBLIX OTCYETOB.

Hnanmers BrIIAIOT KOOPAMHATHYIO MHQMOPDMAIMIO B JIBYX HIIH TPeX H3MEPEHH-
sx. Ha puc. 1-8 noka3an TpexMepHblil miaHieT. BrijaBaeMble maHIIEeTOM 3HAIEHHSA
IpeIcTaBJIEHBI B KOOpAHMHATaX ycrpoiicrBa. OHM mporpaMMHO mpeobpa3ylorca B mpo-
CTPAHCTBO KOOPIHHAT mojib3oBareid. OOBIYHOE pa3pemeHte U TOYHOCTh COCTABIAIOT
or 0.025 mo 0.0025 cmM.
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Puc. 1-8 Tpexmepuniii 3sykosoit wianmer. (C paspemenus ¢upMhI Science Accessories
Corp.)

Ilpn cozmaHuyM muaHIIETOB MCMOAL3YETCSl HECKOJLKO PA3JHYHBIX mPHHIHUNOB. B
nepBoM maaHmere RAND [1-5] npuMeHsnach OPTOTOHAJIbHAS CETKA M3 OTAETBHBIX
IPOBOJOB, PACHIOJOKEHHBIX TIOJ MOBEPXHOCTHIO. KaXkIblii mpoBOJ KOOUPYETCsT TAKHM
obpa3om, 4TOObI KapaHjam, AeHcTBYIOIMA KaK mpHEeMHHK MHGOPMAIMH, B KAXKION
TOYKE mepeceveHHs mPOBOAOB MOTyYall YHHKAJBHEIA nudgpoBoit Kog. JdekonupoBaHue
3TOr'0 KOJA JAeT KOOPAMHATHI KApanjaama z, §¥. OYeBHIHBIMA OrPaHMYEHHAMHA Ha pa3-
pellleHHe TAaKMX MATPUYHO KOAWDPYEMHIX IJIAHINETOB SABISCTCH ILJIOTHOCTH pa3Melle-
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HHS MPOBOJOB M CIOCOGHOCTL MPHEMHMKA 06pabaThiBaTh YHUKANLHBIA Kox. To4HOCTL
OTpaHHYHBAETCS TUHEAHOCTHIO0 KOHKPETHBIX MPOBOIOB, & TAKXKE HX NaPAIeIbHOCTBIO
B IBYX ODPTOTOHANBLHBLIX HANPAaBIEHHSX.

B oxHOM HOCTATOYHO MHTEPECHOH PEANIM3ANMH ILIAHIIETA TPHMEHSIOTCH 3BYKOBbIE
BosiHH. KapaHaan ucnonb3yeTes Juist cO3JaHUsI HCKPHI 3JeKTPHYECKOro Pa3psifa, Bhl-
3BIBAIONIEH 3BYKOBY1O BOsiHy. OHa JABMKeTCS BO BeeX HANPABIEHUAX OT KAPAHIAMIA 1Mo
MOBEPXHOCTH miaHIIeTa, 06pa3yst Kpyroeoit 3Bykosoii dpouT. Ha ero kpasx B nepmen-
JUKyISPHBIX HAIIPABIEHUAX CMOHTHPOBAHBI IBA Yy BCTBUTENIbHBIX JEHTOYHHIX MHKPO-
¢ona. KoopaunaTHbie PAcCTOSHHUS MOXKHO ONPEIENHTDh ¢ MOMOIMIBI0 TOYHOTO H3Mepe-
HHUsl BPEMEHHM, 33 KOTOPOE BOJIHA IPOXOAUT ¢ KapaHAama g0 MHKpodoHOB. JlanHyio
METOJHMKY MOXKHO PAacmpOCTPAHHTh Ha TPH H3MepeHus (puc. 1-8).

Han6onee nomynsipHbI KOHCTPYKIMM ILJIAHINETA, B OCHOBE KOTODBIX JIEXKHT 3JIEK-
TPOMArHATHbIA npUHIMN. [IpH 3TOM 31eKTPHYECKHE MMIYAbCHI TPOXOIAT YEPE3 CETKY
M3 MPOBOJOB, PACIOIOXKEHHBIX MO, MOBEPXHOCTHIO miaHIleTa. BpeMs, 3a KoTopoe de-
PeayIoNHMecs HMILYIbChI, TapaJliebHble KOODIAHHATHLIM OCAM Z, Y, IPOXOAAT OT Kpas
mIaHIIeTa 10 KapaHJala, onpeJensieTcs ¢ mOMOIIBI0 KADAH/IAIA M COOTBETCTBYIOIIMX
HHIMKATOPOB. JTH JAaHHbIE j1IETKO npeobpa3yioTes B KOODAUHATHI T, Y.

CeHcopHas naHenb MOXOXKA Ha IJIAHIIET ¥ OTHOCHUTCA K Kiaccy JIOKaTOpoB. B Tu-
OHYHON CEHCOPHOM maHenM Ha JBYX cMEXHBIX CTOPOHAX PACTOJIOXKEHbI HCTOYHHKH
CBEeTa, a Ha JIBYX MPOTHBOIOJIOXHBIX CMEXKHBIX CTOPOHAX CMOHTHPOBAHBLI CBETOYYB-
CTBUTENbHLIE 31eMeHTHI. JI1060i npeaMer, HanpuMep maserl, nmpepbiBas JBa OPTOro-
HAJIBHBIX Jy4a CBETa, MO3BOJSET ONPEJEIuTh mapy KOOpAMHAT T, Y. M3-3a HM3KOro
pa3peleHus 3TOT npubop Jaydlle Bcero HCmonb30BaTh Ui rpyOhIX omepanuii ykasa-
uus. C 3Toif enbio ceHcOpHYIO maHenb 4acTO MOHTHPYIOT moBepx 3KpaHa DJIT.

B TakuxX 1OKATODHBIX YCTPOMCTBAX, KAK PBIYAr, AP M MEIIb, B KAYeCTBE JEIATE-
JiSl HANPSAXKEHHUS] YAcTO MCHONB3YIOTCS 4yBCTBUTEILHBIE MEPEMEHHBIE PE3UCTOPHI HIH
NOTEHIMOMETPHI. AHAJIOTMYHBIM 06Pa30M PEeANM3yIOTCs M PYYKH IS BBOJA CKAJIAD-
HBIX BeJUYHH, KOTOPBIE ABIAIOTCS YyCTPORCTBAMH Kiacca BANIOATOPOB. TOYHOCTDL Beex
3THX YCTPOMCTB 3aBHCHT OT KAY€cTBa mMOTEHHHOMeTpa M obbrdHO konebnercsa or 0.1
10 10% Bcero amanasona usmepenus. HecMOTpsS Ha TO 4TO pa3pellieHHe mOTEHIHO-
MeTpa mo cyllecTBy OecKOHeYHO, er0 HCHOab30BaHue B HUGPOBLIX cHCTEMax TpeOyeT
ananoro-uudposoro (All) npeobpasopanus. O6bruno paspemenne All npeobpasopa-
Tensa U3MEHAETcA B AMana3oHe or 8 jo 14 6uT, T.e. or 1/256 mo 1/16384. BamoaTopsl
TaK:Ke Peallu3yIoTcs ¢ IOMOIIBIO U POBLIX mpeobpa3oBaTeneil yIIOBOIO NONM0KEHHS,
KOTOpHIE /1 KaXKJAOr0 MHKPEMEHTAJILHOTO YTJ1a MOBOPOTA, PYYKH BHAAIOT HudpOBOH
pesyasrar. Tumudnoe paspellieHue — ot 1/256 mo 1/1024.

THOMYHBIM BATIOATOPOM siBnfeTcs purdar (puc. 1-9). TloasKHbIN phrdar 0OBIMHO
obopyayerca AByMs BaoaTopaMu — aubo moTeHmMomerpamu, aubo npeobpasoBare-
JISIMH YTJIOBOTO TOJIOXKEHHS, CMOHTHPOBAHHBIMM HA OCHOBaHMH npHbopa. BamoaTopbl
BBIJAIOT PE3YJbTATHI, OPOMOPIMOHAJLHEIE CMEIIEHHIO PYUKH. B ppIdar MOXKHO mpOCTO
J06AaBUTH TPETHIO CTEneHb CBOOOABI, McmONb3ys, HampHUMeEDP, TPeTHH BayoaTrop Aisd
M3MepeHHsl yIia noBopoTa. B KauecTBe 3xa 06paTHOM CBA3M pbyara OOLIMHO ymoTpe-
6nsieTcn rpadpuueckuit Kypcop.

IITap Bo MuOroM aHamorudeH prraary (puc. 1-10). Hame Bcero ero MOXHO BCTpe-
THTb B PadapHBIX YCTAHOBKAX, HAIPHMED B CHCTEMAaX YHPAaBJIEHHS BO3AYIUHBIMH mme-
pesoskaMu. CdepHueckuii ap CMOHTHPOBAH B OCHOBaHHM npubopa, mpudeM HaJ mo-
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Puc. 1-9 Pumuar. (C paspemenus dbupmer Measurement Systems, Inc.)

Puc. 1-10 HTap. (C paspemeHus dpupmot Measurement Systems, Inc.)

BEPXHOCTBIO BO3BBIIAETCA TONLKO e€ro dacth. IIlap Moxker cBOGOZHO Bpamuarscs B
moboM HampaBieHun. B OCHOBAHMHM CMOHTHPOBAHLI ABa BANIOATOPA (IIOTEHIIMOMETPHI
UM npeobpa30BaTeNn yIJIOBOTO IIEPEMEILIEHHNS ), KOTOPLIE YJIaBINBAIOT MOBOPOT INApa
¥ BBLIAIOT Pe3yJIbTAaThl, MPOIOPIHMOHANLHbIE OTHOCHTEILHEIM BETMIMHAM yTiioB. Kpo-
Me OObI4HOM OOpaTHOM CBA3M Yepe3 Kypcop, HOMb30BATENH IOIy4al0T TAaKTHJILHYIO
00paTHYIO CBA3b B BHIE CKOPOCTH MMOBOPOTA HJIH YIVIOBOTO HMITYJIbCA BPaIleHHs Iapa.

Ppruar umeer dukcupoBaHHOe OT0KEHNE ¢ PUKCHPOBAHHBIM HAYANIOM KOODIHHAT.
Melms ¥ m1ap, HAPOTHB, XAPAKTEPUIYIOTCH TONBKO OTHOCUTENLHBIM ITOJIOZKEHUEM KO-
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Puc. 1-11 Mpms. (C paspenrenns dupmut Apple Computer, Inc.)

opauHatr. OObIYHAA MBIIb COCTOMT M3 Mapa, KACAIOIIEroCs HOBEPXHOCTH M PACIIOJIO-
JKEHHOTO B MaJIeHHKOM, JIerKoM Gy Tisipe. [Ipn ABMKeHnn MBIIIH 1O IOBEPXHOCTH AP
BPAII]AETCA M yIPaBJAET OCAMH AByX BaJlOATOPOB (IIOTEHIIMOMETPOB MM mpeobpas3o-
Baresiell yriaosoro nepememenns). COBOKyIHOE ABM:KEHHE OCell HAaeT KOOPAMUHATEI I,
y. Tunmunas Mbpimb moka3ana Ha puc. 1-11. Mums MOXKHO NOJHATDH, NEPEMECTHTD
B JI0OOM HAaNpaBJEHUH U ITOCTABUTHL HA MOBEPXHOCTH, IO-APYTrOMY OPHEHTHDOBAB. B
3TOM CIydae U3MEHSETCs CHCTEMA KOOPAUHAT, B KOTOPOU IeHEPUPYIOTCH JAHHLIE, T. €.
MEHSEeTCS TOJIOKEHHE MBIIIH, HO He CHCTeMAa KOODIAHHAT, CBsA3aHHasA ¢ gaHHeimu. Hc-
MIOJIb3yEMBIit 1111 OBPATHOM CBA3M KYPCOD He ABMIKETCS, KOIJA MBIIL HE KOHTAKTHPY-
€T C IOBEPXHOCTHI0. M3-3a MPOCKANL3bIBAHNUSA 1APA BOSHUKAET YMEHBIIEHHE TOYHOCTH.
CoBceM HEAABHO B NPOJiaske NOSBHIIACH yCTPORCTBA, pabOTAIONINE Ha ONTHYECKOM HITH
Ha MarHATHOM TpHHIMIIE. B 000MX ciy4asx MCKIIIOYAIOTCS HETOYHOCTH, CBA3AHHbIE C
IPOCKANB3bIBAHHEM.

Bo3MoxHo, mpocTeHMMH H3 BAIOATOPOB SIBJIAIOTCA PYYKH JJ1 BBOAA CKAJIAPHBIX
BenuunH. Takue pydkn, MOKA3aHHBLIE HA PHUC. 1-12, ABAAIOTCA N0 CYIIECTBY YyBCTBH-
TeJIbHBIMHE BPAIIAIOIMMHUCS IOTEHIHOMETPAMH HJIM TOYHLIMH HHUGMPOBHIME Ipeobpa-
30BATEISIMH YIJIOBOTO HOJOXKEHUs, KOTOPLIE OBLIMHO 06beTHHAIOTCA B rpynnsl. Takue
YCTPOHCTBA 0COGEHHO yAOoOHbI IIPH 33JaHMH [IaPaMETPOB 41 QYHKIUH MOBOPOTa, e~
PeHOCa MJIM MacITaOMpPOBAHHS.

Knonku n dyHKnponanbHbIE EpEKIIOYATENH, IOKA3aHHbIE HA PHC. 1-13, ABaAIOTCHA
TIEPEKTIOYATENAME PHIYAXKHOTO HJIH HA’KMMHOTO aeficTeus. OHH MOTYT GBITH TOCTO-
SIHHO HAXKATHI, TIOCTOSHHO OTKATHI TMO0 HMeTh KPATKOBpeMeHHbI KonTakT. Hanbonee
yA06HEI THI (byHKOMOHATBHOTO IEpeKITIodaTens o0beuHser B cebe 0be 3TH BO3MOXK-
HOCTH. OBGBLIYHO MOKHO IIPOTPAMMHO YIIDABJIATL CBETOBLIMM MHIMKATOPAMH, YKA3bI-
BAIOIIUMHU, KAKHe MEePEKII0YATEH HIIH KHONKKM B JAaHHBI MOMEHT aKTHBHBI. KHOIIKH
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Puc. 1-12 Habop py4ek ans BBoja ckanapubix 3Hadenwmit. (C paspemends dbupme Evans
& Sutherland Computer Corp.)

Puc. 1-13 ®yuknmonanbuste kHonkM. {C paspemrenus ¢pupmer Adage.)

¥ IEePeKJI0YaTeH 4acTO BXOAAT B COCTAB ADYTUX ycrpoiicre. Hanpumep, Ha TOHKOM
KOHIle KapaHAalla ILIaHiera OOBIMHO PACIONIATaeTCs IepeK/IIoYaTels, cpabarriBaio-
A OPHM Ha)XXaTHH KapaHmaamia. Ha MBI TAKXK€ HAXONUTCH OMHA MJIM HECKOJILKO
KHOIIOK.

EAuHCTBEHHBIM TO[UIMHHEIM YCTPOMCTBOM YKA3aHHWA SBJSETCA CBETOBOE IIEPO
(puc. 1-14), KOTOpPOE CONEPIKHUT CBETOUYBCTBHTENLHLIN (POTOIIEMEHT H COOTBETCTBYIO-
Y10 3MeKTPUUECKYIO Nenb. OcHOBHAA nHbOPMaIWs, epeIaBaeMast CBeTOBLIM MIEPOM,
CBfI3aHA C CHHXPDOHM3AaIMel M 3aBUCHT OT TOTO, YTO M300parkaerca Ha 3KpaHe, U OT
MOPSA/IKA, B KOTOPOM TIPOMCXOMT €T0 3aM0JTHEHNE. ITO UCKJII0YAeT HCIONb30BAHHE CBe-
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Tlone spexus
Kopmye TN

TlepexmouaTens
3aTBOpa

Tlydox

CBCTOBOAOB

DOTOYMHOXHTEIbHAN
JlaMIIa

ems dopMupoBanms ——— K macruielinomy
HMITYJIECOB KOHTPOJLIEPY

Puc. 1-14 Cxema cBeToBOro mnepa.

TOBOTO IIEpa ¢ AucIiesaMy Ha 3anoMunatomei DJIT (ri. 1-7). Ero MoKHO HCIIONL30BaTh
TOJIbKO IPH AUCIUIEAX C PereHeparyeil — BEKTOPHBIX HJIH PACTPOBBIX.

B TOT MOMEHT, KOIZla aKTHBH3MDOBAHHOE CBETOBOE IEPO OKA3LIBAETCS HAJ, TOH
obnacrbio JJIT Bekroproro auciutesi (rs1. 1-8), B KOTOpO#H NPOHMCXOOMT PUCOBAHHE,
JUCINIEHHOMY KOHTPOJIepy mochliaercd curian. OH 03BOJsAET ONpenesuTh KOHKPeT-
HyI0 KOMaHAy B aucnneiinoM 6ydepe, BEIIOIHAEMYIO B JAHHEIH MOMEHT BPEMEHH, YTO
JaeT BO3MOXKHOCTb HAECHTH(DHUIMPOBATL OTPE30K, 0ObEKT MM MOAKAPTHHKY Ha 9KPa-
He. Ucnons3ysa rpaduyeckuil Kypcop, MOKHO IIPUMEHATL CBETOBOE MEPO B KAYECTBE
JIOKATOpa JJI BEKTOPHOI'O yCTPOMCTBA C pereHepanueil n3o0parkeHus.

Tak Kak B pacTPOBOM Zuciuiee H306parkeHue reHepupyercs: B GUKCHPOBAHHOM 1O-
CJIeIOBATEILHOCTH, CBETOBOE MEPO HCIONb3YETCHA JAJiA ONPENeNieHNs TOPU30HTAILHOM
CKAHMDYIOWIEH CTPOKH (KOODAMHATHI ¥) M NO3HIMH B 3TOM CTPOKe (KOODAMHATHI I).
OrciiexxuBas IporpaMMy B KOHTPOJLIEPE, MOXKHO CHOB& ONPEIENIHTh, KAKOH OTPE3OK,
O6beKT UM MOAKAPTHHKA ObLIH yKA3aHBI. DTOT METOJ, HECKOJIBKO YCJIOXKHAETCS B CITY-
4Jae 4epeccTpo4Hoil pa3BepTkd (rn. 1-12). IIpuBeneHHOe BhIIE OMMCAHHE O3HAYAET
TaKXKe, 4YTO JAJISl PAcTPOBOTO YCTPOUCTBA CBETOBOE MEPO MOXKET OHTH HCIOIH30BAHO
CKOpee BCEro KaK JIOKATOP, a He KaK yCTPONCTBO YKa3aHUS.

HecmoTpst Ha TO 4TO AJ1s1 BCEX JIOTHYECKHX YCTPOMCTB CYLIECTBYIOT COOTBETCTBY-
ompe PpU3nYecKHe yCTPoiCTBa, B KOHKPETHOM pPealn3aldi HEKOTOPhIe N3 HUX MOTYT
OTCyTCTBOBaTh. TakuM 006pa3oM, HEOOXOOIUMO yMETH MOJEIHPOBATH JIOIMYECKHe HH-
TepaKTHBHBIE ycTpoiicrBa Beoga. Ha puc. 1-15 npuBenen mpuMep, B KOTOPOM CBETOBOE
PO MCHONL3YETCA IS MOAEINPOBaHA (PYHKIIHIt IOTHYECKOH KHOIKH IIyTeM BpIGOpa
M3 MEHI0 CBETOBBLIX KHOIIOK.

IInanmer — oHO M3 CAMBIX YHHBEPCAJLHBEIX (U3HYECKHX ycTpolcrs. Ero MoxHO
HCIIONS30BAaTh KAK OLMGPOBLIBATENL JAJIs TONyYeHHsT KOOpAMHAT T, y. Bmobasok k
3TOMY OHO NPEKPACHO MOJXOMUT JIJIA MOJAEMPOBAHUA BCAKHX JIOTHYECKHX HMHTEPaK-
THBHBIX QyHKuuit (puc. 1-16). U3 sroro ke pucyHKa BUAHO HCIONL30BAHHE MIAHIIETA
B KadecTse jokaropa (mo3unms (a) Ha puc. 1-16). Ucnons3ysa rpadudeckuit Kypcop,
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Puc. 1-15 C nomompio BHIOOPa M3 MEHIO CBETOBOE IIEPO UCIOJBIYETCH JIA MOAEIMPOBAHMUSA
bynkmmn sorugeckoil kHonkn. (C paspemenns oupmu Adage.)

Dgpas T
(e) (b)
Rotate x
Rotate ¥
Rotate z
Trans X
Trans Y
Trans Z
Zoom
Scale
© (a)
1234E
5678¢C
90. ~
. (d)
P ' +
TInasmer

Puc. 1-16 Ucnoms3lopanue mwiaHmeTa I8 MOAEIHPOBAHMS BCEX JIOTWIECKHX WHTEPAKTUB-
HBIx GyHKmit: (a) nokaropa, (b) kHomkw, (¢) Kiasuarypw, (d) Bamoaropa, (€) cenekTopa.
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MOKHO peanu3oBarb GYHKIHUIO KHONKHA. s 3T0oro ¢ mnoMomipio KapaHJaa yIaHilera
YKA3LIBAEM KyPCOPOM Ha KHOMKY MeHI0 (iu6o B61m3u Hee). KoopauHaThl, monydYeHHbIe
C IJIaHIIeTa, CPABHUBAIOTCH C M3BECTHBIMH KOODAHHATAMH I, Y KHOMOK MeHI. Ecim
obHapy»KeHo COBIIaJeHHe, TO COOTBETCTBYIOIAA KHONKA aKTHBH3UpyeTcs (mo3umnus (b)
Ha puc. 1-16). AnanormaHeiM 06pa3oM Ha IUIAHIIETE MOYXKHO PEAlN30BATh KNABUATYPY
(mosvmmu (c) na puc. 1-16).

OTaenbHbI BATIOATOD OOBIYHO peau3yercd B coderannu ¢ KHonkoi. Konkpernasa
dbyHkuua s onpenesieHHs 3HaYE€HUsI BRIOMPALTCS KHOMKOM, KAK MPABWIO, U3 MEHIO.
3aTeM BaJI0ATOP MOXKHO CMOJENHPOBATH C IIOMOLIBIO «IHCIOBOH ocHy (mo3muus (d)
Ha puc. 1-16). Ilepememenne Kypcopa BIOJIb OCH F€HEPUPYET KOOPAWHATHL I, Y, OJHA
M3 KOTOPBIX HHTEPIPETHPYETCA KAaK IPOIEHTHOE OTHOLIEHHE K JUANa30Hy BAJIIOATOPA.

DyHKIUIO yKa3aHUA MOXKHO PEATM30BATH C MOMOLIBIO JIOKATOPA IYTEM OIpeese-
HUS OTHOCHUTEJIbHBIX KOODAHHAT I M Y HeDOONBIIOrO «OKHA yKa3aHHsA». [JaHHOe OKHO
CTaHOBUTCH 3aTeM rpaduyYecKUM KypCOpOM, M JUIs €T0 MO3HIMOHHPOBAHUSA HCIOJIb-
3yercs KapaHjail muiaHmera. KoopauHATH Z, ¥ KaXKAOrO M3 MHTEPECYIOMIMX OTpE3-
KOB, OOBbEKTOB HJIM MOAKAPTHHOK CPABHUBAIOTCSA 3aT€M C TEKYILIUM MECTOIMOIOKEHH-
eM. Eciin onn monazaioT B npeAenbt OKHa, TO JAHHKIHN 3JIEMEHT CYMTAETCs YKA3AHHBIM.
st ciioXHpIXx W306parkeHuil TPOrpaMMHasi PEANM3alds JAHHOIO AJITOPHTMa MOKET
OKA3aTHCs MEJJIEHHOMN, HO TIPH anapaTHON pean3alii 3aMeTHOM 3a0€PXKKH He OyJer.
HecMoTrpst Ha TO 4TO CBETOBOE IMEPO HEJIL3sl HCIOIL30BATH B KAadeCTBE ONUPOBLIBA-
TeJs, ero, MOJOOHO IUTAHIIETy, TOXKE MOXKHO NPHUMEHATH JUIA MOJEIHPOBAHHUA BCEX
JIOTHYECKMX MHTEPAKTHBHBIX DYHKIM.

1-6 TUIILI TPAOUYECKUX YCTPOUCTB

CywmecrByer MHOTO pa3HOOGPA3HBIX YCTPOMCTB 151 BHIBOAA M300parkeHui, IOCTPOEH-
HBIX ¢ moMonp10 Mamuunol rpaduku. Hanbosnee THOIMYHBEIMYU ABISIOTCA 3JI€KTPOHHO-
nydeBrie Tpy6ku (SJIT), miasMeHHbIE TUCIIIEH, EPbEBHE rPadONOCTPONTENH, MAT-
PHYHEE, 3JIEKTPOCTATHYECKHE U JIa3epHbIe MeYaTalomue yCTpoiCTBa, yCTPOUCTBA 1A
doro u kunocveMku. Kpome ycTpoiicTs Busyanusanuu GOIbUIOE PA3BUTHE MONYYaiOT
YCTPOMCTBa COXPaHEeHHs H300parKeHusd.

Sanomunatonpe IJIT ¢ npsaMbIM KOIMPOBaHHEM H300parkeHHsl (PHCOBAHHE OTPE3-
KaMM), BEKTOPHHEE AUCTIIEN (PHCOBAHHE OTPE3KAMH) M PACTPOBbIE CKAHHUPYIONIHE AUC-
IUIeH ¢ pereHepainuil (IOTOYEYHOE PHCOBaHME) 0OPa3yoT TPH OCHOBHBIX KJIAcca JUC-
wiees Ha JJIT. Passurue 31eKTPOHHOM TEXHOJIOIMH IIO3BOJIHJIO HCTIONb30BATH B OMHOM
AMCIIIEe HECKOJBKO cmocoboB m3obparkenus. Kitace ycTpoHCTB ¢ MIOCKMM 3KPaHOM
06pa3y0T ra3opa3psaAHbIE ITA3MEHHbIE, JIEKTPOTIOMHUHECIIEHTHBIE AUCIIIEH, THCILIEH
Ha XKMJKAX KPHUCTAJIAX M JUCILIEH, IOCTPOEHHbIE Ha OCHOBE CBeToauooB. IIpu 0bcy-
KJEHUHN DA3/IMYHBIX JUCILUIEEB MBI CTOMM HA II0JIb30BATENLCKON HIH KOHIENTYAIbHOR
TOYKe 3PEHHs, T. €. B OCHOBHOM PACCMATPHBAEM PYHKINOHAJILHBIE BO3SMOXKHOCTH JHMC-
IIJIEEB, a He OCOOEHHOCTH MX 3JIEKTPOHHOM CXEMBI.

1-7 TPA®UYECKUE IUCIJIEA HA 3ATIOMUAHAIOIIEN TPYBKE

U3 Bcex mucnee na DJIT nanGonee mpocTo yCTPOEH AMCIUIEH Ha 3ANOMHMHAIOLIEH
OJIT ¢ npaMbIM KonupoBaHHeM H306paskenns. 3amomuHaromyo JIT, HasbBaeMyO
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Puc. 1-17 I'padpuyeckmit mucrieft Ha 3anomuHaromeii Tpybke. (C paspemeHns ¢GUPMBL
Tektronix.)

Tak:ke OMCTAOMILHOMN 3alloMUHAIOmENR TPYOKOH, MOXKHO paccmaTpuBaTsh Kak JJIT, mo-
KDBITYIO JIIOMHHOGDOPOM C AIAUTeTbHBIM BPEMEHeM IoC/ieCBeueHus1. JINHus Htn CUMBOI
OCTAIOTCA HA Hell BATUMBIMHM B T€UEHHE [TUTENLHOTO BPEMEHH ([0 OJHOTO 4aca), Ipe-
JXKJIe YeM CTaHyT OKOHYATEeNbHO HepaznuumMbiMi. Ha puc. 1-17 nokasaH THIHYHBIA
JuCIei Takoro Tumna. Ytobsl HAPUCOBATH OTPE30K HA JHUCIIeE, HHTEHCHBHOCTh JJIEK-
TPOHHOTO Jiyda yBEJIMYMBAIOT A0 TAKOH BETMIHHBLI, KOTOPAsA BLISLIBAET 3AIIOMHHAHHE
cnema yda Ha jgoMuHOdope. JIns cTHpaHHs M300paskeHHs Ha BCIO TPYOKy MOAaioT
CllenuabHOEe HAMPSKEHHe, CHUMAOIee CBeYeHHe JIoMHHOPOpa. JKpaH BCILIXHBAET
H IIPHHAMAET HCXOLHOe (TeMHOe) cocrosiHue. Bech mpomece cTHpaHus 3aHAMAET OKOJIO
1/2 cek. IlockonbKy BCIBIXMBAET BCsi TPYOKa, TO CTHPAIOTCS BCe OTPE3KH M CHMBO-
nel. Takum 06pa3oM, CTepeTh OTAENbHbIE JIMHHM M CHMBOJIBI HEBO3MOXKHO, M HENb3s
OCYIECTBUTH AMHAMHUYECKOE H300pazkeHne WK anuManmio. MHorna ans obecmeyeHuns
BO3MOXXHOCTH OTDAHMYEHHOMN pereHepanyuu UCIONL3YeTCs MPOMEKYTOYHOE COCTOSTHHE
(pexXxuM PHUCOBaHHS MOBEPX M300parkeHus); CM. HUzKe. B 3TOM Cily4ae HHTEHCHBHOCTD
IEKTPOHHOTO JIy4a MPUHMUMAET 3HAYEHHE MEHbINE TOTO MOPOTOBOI0, KOTOPOE BHI3bI-
BAET 3alOMHHAHME, HO JOCTATOYHOE Ajis CBeueHus: momuHopopa. IlockonsKy B 3ToM
peKuMe H300parkeHHe He COXPAHAETCH, OJisl €70 BUAMMOCTH HeoOXOmMMa IIOCTOSTHHAS
IIEPEPUCOBKA.

Jucmiteit Ha 3anoMuHapmel Tpybke cocobeH m3o6paxkaTh HaKTHYECKH Heorpa-
HHUYEHHOE KOJTMYECTBO BEKTOPOB, 3 MeplaHNe N300parkeH!sI B IPUHIHIIE HEBO3MOXKHO.
Ero paspemenune o6prau0 cocrasnser 1024 x 1024 anpecyembix Todek (10 6ut) Ha skpa-
He 8 x 8 moiimos (IJIT ¢ auaronansio 11 moitMoB) mim 4096 x 4096 (12 6ur) nubo Ha
sxpaHe 14 x 14 moitmos (DJIT ¢ auaronanso 19 moiiMos), subo Ha 3kpane 18 x 18
motimoB (IJIT ¢ guaronansio 25 moiimos). o Beprukanu 06sr4HO BUAHO TONBKO 78%
azapecyemoit o6acTH.

Juciteit Ha 3anoMuHaOmER TPyOKe — 3TO BEKTODHBIN TUCIUIEH, MM JUCIUIEH C
IPOM3BOJBLHBIM CKaHHpOBaHHeM. MHadye roBops, OTpe3ok (BEKTOp) Moxer ObITh Ha-
pHCOBaH HEMOCPEICTBEHHO M3 ONHOM aJpecyeMoit Touku B Jiobyo apyryw. OTHocH-
TELHO JIETKO, OBICTPO M HEJZOPOr0 MOXKHO MOJIY4YHThL TBEPAYIO KOmuio 3KpaHna. duc-
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TIJIEX Ha 3alloMHHaoIIeR TpyOke B HEKOTOPOH CTENEeHH Jlerde IpOorpaMMHEPOBATL, YeM
BEKTODHbIE WIH PACTPOBBIE JUCILUIEH C pereHepanueil u3obparkenus. lucmien Ha 3a-
nomuHaoumx IJIT MoxKHO 00BEAMHATD ¢ MEKDOKOMITBIOTEDAMH B CATEJUIMTHHIE Tpa-
¢uieckue cucTeMbl HIIM rpaduuecKre TepMUHANH. B nmocnenfeM ciy4ae andaBuTHo-
mudpoBas win rpadudeckas uHGOPMaNys NEpesaeTcs OT IVIABHOIO KOMIIbIOTEPA B
TepMuHAI 4epe3 HHTepdeiic. OOBIMHO UCIONB3yeTCs MOCTeAOBaTebHbIN HHTepdeiic,
1O KOTOPOMY 33 €IUHHILY BPEMEHM IIEPEJAETCs TOJNBKO omuH 6ur mHbopManun, on-
HAKO MOKET MPHUMEHATHCA M TapajliesbHBIH uHTepdeiic. YpoBeHb HHTEPAKTHBHOCTH
JMCIUIESI C 3alOMMHAOLEN TPpYOKOM HMXKe, YeM y BEKTODHOIO IMCILIES BCIEACTBHE
HeDOBIION CKOpOCTH MHTepdelica U HeyTOBIETBOPHUTEIBHBIX XaPDAKTEPUCTHK CTHPA-
HUSL.

1-8 TPA®UYECKUE OUCIIJIIEN C PETEHEPAIIMEN N30BPAKEHU S

B ommune oT auciuiess Ha 3aNOMUHAOMEN TPYOKe B BEKTOPHOM (PHCYIOIIEM OTPE3KH
HJIH BEKTOPHI) JHCIUIEE ¢ PereHepaieil M300paskeHHsl MCIONb3yeTcs JIOMHHOGOD ¢
OYeHb KOPOTKHMM BPEMEHEM IocjIecBeueHns. TaKue JUCIIEN YacTo HA3LIBAIOT THCILIe-
sIMH C TIPOM3BOJIbHBIM CKAHHpPOBaHMEM. M3-3a Majior0 BPEMEHM IIOCIECBEYEHMs H30-
6paxkenne Ha DJIT 32 ceKyHAy AOMKHO MHOTOKPATHO MEPEPUCOBLIBATHCA HIIM PEre-
HEPUPOBATLCA. MUHUMANILHASA YaCTOTA PET€HEPALMH JOJIXKHA COCTABIATh 110 KpaHe
Mepe 30 KaOPOB B CEKYHIY IPH peKoMeHayeMmol dactore or 40 mo 50 kanp/c. Yacro-
Ta MeHblue, YeM 30 KaJap/c, IPHBOAUT K MEDIAHMIO M300parkKeHMsi, KAK 3TO GbIBaeT
IIPH 3aMeIJIEHHOM NPOKPYYUBAaHUH KHHOGMIbMa. Ha Takoe u3obparkeHne HEMPUSITHO
CMOTDETD, M €ro TPYJAHO HMCIOJIb30BATh.

s BekTOpHOTO mucies ¢ pereHepandeii kpome HJIT TpebyroTcsa eme aBa sie-
MeHTa: muciuieiHnlit Oydep u aucnnedinnnt KouTposutep. ucmeinsit 6ydep — s1o
Y4acTOK HEmpEepLIBHOM MaMATH, cojepxxamei Bco MHPOpManuio, HeOOXOMUMYIO AJIA
BBIBOZA M306parkeHHs Ha 3KpaH. DyHKuMA AMCIUIERHOIO KOHTPOJLIEPA COCTOMUT B IIH-
KJIH4ecKkoi o6paboTke monydeHHON HHGOpMAUUK CO CKOPOCThio pereneparui. Ciox-
HOCTb PHCYHKA (KONHYECTBO H306DaskaeMbIX BEKTOPOB) OIPAHHYHBAETCH AByMsA dak-
TOpaMM — pa3MepoM JucmieiHoro 6ydepa ¥ CKOPOCTBIO AUCILIEHHOTO KOHTPOJJIEpa.
Eme ogaumM orpannuenweM sBASETCA CKOPOCThL 06pabOTKH reoMeTpHYecKoi HHGOP-
Malliy, HAPUMEP CKOPOCTH BHIMOJIHEHMS TaKMX ONepalui, Kak mpeobpa3oBaHue, OT-
CeYeHHe M TeHepalUs TEKCTOB.

Ha puc. 1-18 npeactapnens 610K-CXeMEl AByX BLICOKOIPOM3BOIUTENBHBIX BEKTOD-
HBIX JguciuteeB. B oBoux Clydasx mpeaiionaraercsi, 4YT0 TaKue reoMeTpHuecKHe Ipe-
06pa3oBanus, KaK IIOBOPOT, IEPEHOC, MACIITAGHPOBAHHE, TIEPCIEKTHBHOE IIPOELIHPOBa-
HHUE M OTCeYeHHe, peaIM30BaHEI ANIIAPATHO B TeOMETPHYECKOM mpolleccope. B mepsoM
cnydae (puc. 1-18a) reoMeTpHyecKHit mpolieccop paboTaer MeJjleHHee, 4eM 3TO He-
OGXOIMMO TIpH pereHepalyy MPUMEHSEMBIX Ha IpaKThKe m3oGpaxkennit (4000-5000
BeKTopoB). TakuMm 06pa3oMm, reoOMeTpHYeCKHe JAaHHLE (S9KPAHHBIE KOODIHHATHI BEKTO-
POB), mocbutaeMble TeHTpabHbIM mporeccopom (IIT1) rpadmaeckomy aucimero, o6pa-
BarbiBaloTCa 10 coxpaHeHms B muciuieiiHom Gydepe. ClenoBaTesnHO, B HEM COIED-
JKATCA TOALKO T€ HHCTPYKIMH, KOTOPbIE HEOOXOAMMBI TeHepaTOpy BEKTOPOB M CHMBO-
J0B. OOBIYHO BEKTOPHI 33JaI0TCA SKPAHHLIMH KOODJMHATAMHM, a KOHTDOJUIEP YHTAET
urdopManuio u3 6ydepa H NePesIaeT ee reHepaTopy BEKTOPOB H cuMBOJIOB. [IpH mo-
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CTHXKEHMM KOHIA AuCIuIediHoro Oydepa KOHTpOJUIEp BO3BpAIIaeTCs HA €r0 Hadaso,
[HKJ TOBTOPSIETCS CHOBA.

Hpn ucnonp3oBaHuy mepBO# CXeMEBI peanu3yercsa KOHIemusA apoitHoi 6ydepusa-
MK M HE3aBUCHMOTO M3MEHEHHsA M300pakeHus: m ero pereHepanuu. Tak xak B 3TOH
KOHGUTypaluu reoMeTPHIECKHI TIPOIIECCOP He YCIeBaeT CreHEPpHPOBATE CIOXKHOE HO-
BOE HJTM U3MEHEeHHOe H300parkeHHe 32 OIUH [MKJI pETeHEPANH, TO JUCILIeHHbIH 6ydep
JeUTCA HA aBe YacTH. B To BpeMs, Korna m3aMeHeHHOe H300pakeHne obpabarbiBaercs
¥ 3aMHCHIBAETCS B ONHY MOJIOBHHY Oydepa, mucminefHbI KOHTDOJJIED DereHepHpy-
er JJIT u3 apyroi nonosunbl. Ilpy 3aBepmennn M3MeHEHUs u300parkenus 6ydeps
MEHSIOTCA POJIAMM M IIPOLECC MOBTOpsiercs. TakuM oOpa3oM, HOBOE MJIM HU3MEHEHHOE
u300pakeHne MOXKET MeHEPHPOBATHLCH B KAXKABIM BTODOMH, TPETHH, YeTBEPTHIA U T. 1.
UHKJIBl pereHepanud. WMcnonp3oBanue apoitHoM O6ydepu3anun npegorspainaer OJHO-
BPEMEHHBIH BRIBOJ YaCTH CTAPOrO M YACTH HOBOTO H3MEHEHHOTO H300pa’keHHs B TeUe-
HHH OXHOTO M 60jlee IUKJIOB pEreHEpaluu.

Bo Bropoii cxeme (puc. 1-18b) reomerpuyeckuii mpoueccop paboTaer GHCTpee, YeM
HeoOXOIMMO IJIsi pEreHEpalMH JOCTATOYHO CJIOXKHBIX H300paxkenuit. B stoM cnydae
HCXOAHas reomerpudeckas 6a3a maHHbIX, nepegannas u3 1111, coxpansercs Henocpea-
CTBEHHO B JUCILIEHOM Oydepe, a BEKTOPHI 0OBIYHO 33JAI0TCS B MUPOBBIX KOOPIMHATAX
B BHJIE YHCeJI ¢ Ij1aBaromeit Toukod. JIucnefiHbit KOHTPOJIIEp 3a OOMH LIMKJ pereHe-

TeHepatop
TeoMeTpruecKHit s | e tHuLx N ucrneiHsnt
a | IO —> BEKTOPOB/ DJIT
npomneccop 6Gydep KOHTpOJUIep CHMBONIOB
Teneparop
JacruieHsmt JTMcruietHBm TeomeTpraeckKui
b | OII Bydep KOHTpOJUIEp TpOIECCop ?m% SIT

Puc. 1-18 Konuenryanousie G/I0K-cXeMBl BEKTOPHWIX JUCIUIEEB C  pereHepanmei
nsobpaskeHus.

(@) ()] (e) )

Puc. 1-19 JJunaMuueckoe apukeHHe.



1-8 I'pagpuyueckue aucrreu ¢ pereHeparueii H306pa>KeHHsT 35

Z

B
Puc. 1-20 Cermenrammsa muciuieiinoro 6ydepa.

pauuu cuuThiBaeT wHGopManmo u3 6ydepa, NpoIycKaer ee 4epe3 reOMeTpHYECKHi
MPOLIECCOD U MepeaeT reHepaTopy BekTopoB. Ilpu TakoM cmocobe 06paboTku reoMer-
pHYECKHE IPeO0Pa30BAHNUSA BHIIONHAIOTCA «HA JIETY» 33 OAMH IHKJI pereHepalyi.

Ilpn mcnons3oBanum m000# KoHbHUrypanuu B puciefinoM Oydepe comepxarcs
KOMAaHJbl PHCOBAHMA KAXKIOTO BEKTOpA, CHMBOJA M MOZKAPTHHKH. (CliemoBaTeNbHO,
Mo60i KOHKPETHBIH 3JIeMeHT H300parkeHus MOXKeT OLITh H3MEHEH HE3ABUCHMO OT JIPY-
roro. Jra 0COBEHHOCTL BMECTE C MAJILIM BPEMEHEM TIOCJIecBedeHus moMuHodopa SJIT
TIO3BOJISIET BHIBOJUTH JWHAMHYECKHe H300pakeHus, 4TO M MOKa3aHo Ha puc. 1.19, Ha
KOTOPOM MPeJACTaBJIeHa MOCIEA0BATENBHOCTD U3 YeThIpeX NMKIOB. OTpe3ok, m3obpa-
XKEHHBIH CIJIOIIHON JIMHMEH, — 3TO OTPE30K, PUCYEMBbIH IJIA TEKYIIEro IMKJa, IUTPH-
XOBOIt JIMHUeH N300pakeH OTPE30K M3 MPEabIAYINero nukjaa. Mex 1y aByMmst IMKJIAMH
pereHepanyy IpOUCXOIUT U3MEeHEHHe KOOPAMHAT KOHIA oTpe3Ka — Touku B. Co3gaer-
csl BIIEYATJIEHHE, 9TO OTPE30K BPALIAETCH BOKPYT TOYKH A.

B 6osbiruHCTBE CIy4YaeB JIMINL YACTh U300paKeHud ABIAETCH JUHAMHYECKH H3Me-
HsaeMoil. B mefcTBATENILHOCTH OCHOBHAS 4aCTh KAPTHHKH OcTaercs cTaTwdHOH. Takoe
Pa3feneHne HABOJUT Ha MBICIb O HEOOXOAMMOCTH CErMEHTAlMH AMCILIeHOro 0y depa,
KoTopas moka3aHa Ha puc. 1-20. HemoapuKkHEL, T. €. He H3MEHAIOTCHA OT OJHOTO IUKJIa
pereHepanuy K ApYroMy: TOPU3OHTANIBHBIN OTPE30K, 3AIITPUXOBAHHAA 4acTh H OyKBa
A, ncnonb3yeMble 1715 TI0OKA3a ONophI 0Tpe3ka AB. B 10 e BpeMs 15 MOy YeH s -
HaMHM4I€eCKOro N300parkeHusi MEHSIIOTCA TIOJIOKeHHsT KOHIIA oTpe3Ka AB u 6ykebl B. 9t
M30/IMPOBaHHbBIE YAaCTH 6a3bl JAHHBIX IIOMELIEHEBI B OTAEbHbIE CETMEHTHI TUCIIEHHOTO
Gydepa. [lns kondurypanuu, mokasanHoi Ha puc. 1-18a, reoMerprdecKHit mponeccop
MOXeT MPOIYCKATH CTATHYECKUH CerMeHT B AMCILIeHOM Oydepe, Tak KaK OH HE U3Me-
HfIETCA, H 3TO CYIIECTBEHHO COKpamiaeT pabory mporeccopa npyd H3MeHeHHH PHCYHKA.
B namnom cnyuae moxzO MommdumupoBaTh M306parkeHHe TOMLKO B JHHAMHYIECKOM
cermenTe. Eme oqHMM DOCTOMHCTBOM MOAOBHOrO METOHA SIBJISIETCS COKpalleHHe 006-
mMero KOMMYECTBa NAHHBIX, mepenaBaeMuix u3 111 B reoMerpHueckuit npomeccop mpu
KaXxJIOM HM3MEHEHMHM H300pa’kKeHHs.

Jna kondurypanun, npeacTapieHHoN Ha puc. 1-18b, BO3MOKHBI pa3Hblie THIIBI Cer-
MerTanuu. HamoMuuM, uro s ganHOrO Ciydas 6a3a JaHHBIX H30OPasKEHHS COXPaH-
eTca B auciuteitioMm Oydepe B BHAE MUPOBHX KOODIMHAT, & 06paboTKa M306paskeHus
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Puc. 1-21 HHreuekTyanbHas cermeHTanus muciuieiiHoro 6ydepa.

[POUCXOMUT «Ha JIETY», 33 KAXKIHIH MUKJ pereHepanui. s KADTHHKH, IOKa3aHHON
Ha puc. 1-20, B aucmreitnom Oydepe co3maOTCA ABA CETMEHTA — CTATHYECKHN M JH-
Hammuueckuil. B mobom ciyvae obpaborka coBepiuaercsa MraosenHo. Hdopmanmo B
IHHAMHYECKOM CEI'MEHTE MOXKHO H3MEHHTH C MOMOIIBIO (DyHKIM, MPeaocTaBIseMbIX
reoMeTpHYeCKHM mponeccopoM. TakuM obpasom, MomudHKaIma H300parkeHns MOXKeT
TPOUCXOAUTD JIOKAJILHO B IPadhHIECKOM YCTPOKCTBE, & jIf ITOro He TpebyeTcs CBA3b C
IIII. B xonKpeTHOM Ciiy4ae Ha pHuc. 1-20 eguHcTBeHHON dyHKUMEN, He0OX0IMMOl 115
JIOKAJILHOTO JTUHAMHYECKOTO M3MEHEHHUs!, SIBJISIETCS MOBOPOT BOKPYT TOYKH A.

s AMHAMMYEeCKOro M3MEHEHHsS] MPUMEHHTENBHO K puc. 1-21 Tpebyerca cBs3b C
IIII, 1. e. HEOGXOAMMO HEKOTOPOE HHTEIIEKTYAJIbHOE H3MeHeHHe H300pakeHus. CHoBa
CO3JAal0TCA [Ba CerMeHTa: CTaTHYeCKMH, COIep KallMii OMOPHYIO JIMHHIO, 3aIlTDHX0-
BaHHYIO 4aCTh ¥ OyKBy A, M JMHAMHYECKHH, cocrosinyil u3 kpuBoit AB u 6ykeu B.
HpeanonoxumM, yro dpopma kpusoit AB mo/mKHA U3MEHATHCA OT OJHOTO IHKJIA pere-
Hepany# K ApYroMy B 3aBUCHMOCTH OT (pHU3M4YeCKHX (HPAKTOPOB. ITO H3MEHEHHE BbI-
HoNMHseT pHKaaHaa nporpamma B L. [Tjs mogudHKanuy cermMenTa ¢ AMHAMHYECKH
H3MEHSIONMMCS 1300parkeHueM JOJKHBI OBITh MePEJAHK H COXPAHEHEI B JUCILIEHHOM
6ydepe HoBbIE IaHHbIE, HAIPUMED POPMa KPHBOM.

IIpumMeHenne cerMeHTaluN H306pAKEHUS HE OTPAHHYMBAETCH TOJBKO ABHIKEHHEM
MM MYJBTHIIMKAIHEH, XOTA CaMO HOHATHE ObUIO BBEJIEHO C IOMOLILIO IPHMEPOB U3
aroit obnactu. CerMeHTHPOBAHO MOXKeT BBITh J1I000e H306paskeHne, YT0 0COBEHHO TI0-
JIe3HO Il MHTEPaKTHUBHBbIX rpadmudeckux mporpaMM. IloHsTHE CermeHTallMM aHAMO-
THYHO MOAYJBLHOMY NPOTPAMMHMPOBAHHMIO. BHIOOpD MOIYJIBLHBIX CETMEHTOB H300paske-
HHUfA, HX Pa3Mep H CJIOKHOCTH 3aBHCAT OT KOHKDETHOM npuknagHoit obnactu. Ciox-
HOCTb 3JIEMEHTOB N300parKeHus H3MEHAETCS OT OTAENbHBIX TOYEK M0 IOJIHEX OITUCAHHIA
00bekTOB. THIIMYHBIN BEKTOPHBIN AUCIUIEH ¢ pereHepanyei H306parkeHns MoKa3aH Ha
puc. 1-22.

Uro6BI MOKAa3aTh, HACKOIBKO BaXKHA CKOPOCTH HEpPeJady WM MIHPHHA TOJIOCH Ka-
Hana cBsa3u Mexay 111 n rpaduuecknm ycTpoicTBOM, pACCMOTPHM 3aTPaThI Ha HHTEN-
JIeKTyallbHOe M3MEeHeHHe KpUBOH, omuCHBaeMoit 250 OTpe3KaMH MJIM TOYKAMH, 334aH-
HBIMH TpeMf KoopauHaTtamu. IlycTh gy1s mpecTaB/IeHHSA YHCEN ¢ IJIABAOMEH TOYKOM
HCIONB3YIOTCA IecTh 3Havdamux uudp (aurep), M MycTh KaxkJasd JHTEpa 33Aa€TCSA
onuuM Oaifrom (8 6ur). Torma mpu ckopocTn perenepanuu 30 Kaap/c ¥ IpH ycio-
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Puc. 1-22 BekTopHmi#l auciieif ¢ pereHepaummeit u3obpaxeHus. (C paspemenus bUPMBL
Evans & Sutherland Computer Corp.)

BHH, 4YTO MO,ZII/Id)I/IKaU,I/IH IIPOMU3BOAUTCA B KaXKJIOM LIHKJIE, Tpe6yeMa.H MIAPHAHA IIOJIOCHL
CBA3H COCTaBHUT

30[(xom-Bo ToueK)(KOM-BO KOOPA./TOUKY)(KOI-BO 3Ha4. nudp/TouKy)(KON-BO
6ur/nurepa)] wim
30(250)(3)(6)(8) = 10800006ut/c

Takum ob6pasom, HeoOXOgMMasi CKOPOCTb MEPEIAvH JAHHBLIX MOXKET JIETKO IPEBHI-
cuth 1 M6ur/c. s ciosKHBIX TPeXMepPHBIX CKYJBITYPHBIX MOBepXHocTell Tpebyemasn
HMIMPHHA MOJOCH MOoXKeT Bo3pacTH B 10 pa3, T.e. gocturuyts 10 Mbut/c. B 6ospmnn-
CTBE CJIy4aeB AJisl MOAMEPKKH TUHAMU4IECKOH rpad Ky B peallbHOM MaciuTabe BpeMe-
HH Takue cKopocTH Tpebyior npumenenus mexay LI u rpaduyeckum ycrpoicTeoM
napayienbHoro uHrepdeiica uin unrepdeiica ¢ NPSIMBIM JOCTYIIOM B MaMSATh.

1-9 PACTPOBBLIE TPA®UYECKUE OUCIIJIEN C PETEHEPAITUEN
N30BPAXKEHUSAI

Kax mucmsen na szanomunalonpx BJIT, Tak ¥ ANCIUIEH C MPOU3BOJILHLIM CKAHHUDPO-
BaHMeM SBIAIOTCS yCTPOACTBAMH DHUCOBAHHS OTPE3KOB, T. €. OTPE30K MPAMOM MOKeT
ObITh HAPHCOBAH HEMOCPEJCTBEHHO M3 JIIOOOH aJpecyeMoil TOYKM B JI0GYI0 Apyryio.
I'paduueckoe ycrpoiictso Ha pacrposoit DJIT paboraer muade. PacrpoBoe ycTpoii-
CTBO MOXKHO IPEJICTABAThH B BHJIE MATPHILI AUCKPETHHIX si9eeK (TOYEK), KAXKAAs U3
KOTOPHIX MOXKET OBITH MOACBEYeHa, T.€. OHO ABJIAETCS TOYEYHO-PUCYIOLIAM yCTPOH-
ctBoM. HeBO3MOXKHO, 38 HCKIIOYeHHEM CIENHAJILHBIX CIy4YaeB, HEMOCPEACTBEHHO Ha-
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DneMeHT H306pakeHys (TUKCEN)
-AZlpecyeMast To9Ka =
B
— Pactpopast anmpoxcumarus
orpesxa AB
A A

(@) )

Puc. 1-23 Pacrposas pa3sepTka OTPe3Ka.

PHCOBaTh OTPE30K IPsIMOM M3 OMHOH aJpecyeMOM TOYKH HJIM IMKCEJa B MAaTPHIE B
APYTYIO aipecyeMylo TO4YKy WM muKcesl. OTPe30K MOXKHO JIHIIb aNImPOKCUMHPOBATHL
HOC/IEIOBATEILHOCTAMHE TO4eK (ITMKCENIOB), 6IM3KO JeXKAlEX K PealbHOM TPAEeKTOPHH
OTPE3KA, YTO H IPOMJLIIOCTPHUPOBAHO Ha puc. 1-23a. Kak Buano u3 puc. 1-23b, orpesok
MIPSAMOM M3 TOYEK MOJyUHTCS TOJIBKO B CJIy4ae TOPU30HTAJILHBIX, BEPTHKAJIBHBIX HITH
PaCIONOKEHHBIX O yriioM 45° orpe3koB. Bee apyrue oTpe3kH GyayT BHIVISAETH KAK
MOCNIEIOBATEILHOCTH CTYIEHEK. DTO sIBJEHME HA3LIBAETCA JIECTHUYHHM 3¢hdEKTOM,
I «3a3yOpeHHOCTHI0>. Meroanl, mo3BOAIONINE YyCTPAHUTD JIECTHHYHKH 3 dekT 06-
cyxpaworea B [1-1].

Yame Bcero s rpadudeckux ycrpoiicte ¢ pacrposoit JJIT ucnons3yercs 6ydep
Kaapa. Bydep kaapa npeacraBiser coboit HOMBIIONH HENMPEPHIBHBI yYaCTOK MAMATH
KoMIbiorepa. s KaxkIo# TOYKM MM IHKCENa B PACTPE OTBOJUTCA KAK MHHHMYM
oauH 6UT maMATH. ITa MAMATH HA3HBAETCA BUTOBOM IJIOCKOCTHIO. 1A KBaJpaTHOTO
pacrpa pa3mepoM 512 x 512 Tpebyercs 2'8 (2% = 512; 218 = 512 x 512), nm 262 144,
6uTta mamsaTH B ogHo# 6uroBo# miockoctu. M3obpakenne B 6ydepe Kagpa CTpOHTCA

NSO SN TS

Bydep Kanpa

Puc. 1-24 YepHo-Gennuit 6ydep xanpa (¢ omHOI GHTOBOH IUIOCKOCTHIO) A1 PACTPOBOrO I'pa-
¢duuaeckoro ycrpoiicrsa.
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Puc. 1-25 IonyroHoBhii uepHo-6embiit 6ydep kagpa ¢ N GHTOBLIMH ILIOCKOCTSMH.

no6urHo. U3-3a TOro 4ro 6HT MaMATH MMeeT TONBKO ABa COCTOSAHUA (aBowdHble 0 UM
1), nmpu oxHOM GHUTOBOM IIOCKOCTH MOKHO IIOJIy4YHTH JIMIIb YepHO-Oesioe m306paxke-
uue. BuroBasi miockocThs sBJsiercss MUGPOBLIM yCTPOMCTBOM, TOTJA KAK PaCTPOBasd
3JIT — aHaOroBOE YCTPORCTBO, JJ1s1 pAOOTH KOTOPOTrO TPEOYETCH 3IEKTPHIECKOE Ha~
npszkenue. loaroMy mpu cuntsBanun uHdopManuu u3 Hydepa KaJpa U ee BHIBOAE Ha
rpaduiecKoe ycTpoCcTBO ¢ pacTpoBoit DJIT K0/KHO MPOHCXOAMTDL TPEO6Pa3OBAHKE 3
UG POBOro NMPEACTABJIEHNS B AaHAJIOIOBHIM curHajl. Takoe npeobpa3oBaHye BLIIOIHIAET
1 po-aHanorossiit npeobpazosarens (ITAIT). Kaxaprt mukcen 6ydepa Kaapa HyKHO
CYNTATL M MPeobPa30BaTh, MpeXxae YeM oH Oyaer orobpaxked Ha pacrposoi JJIT. Ha
puc. 1-24 npuseneHa cxema rpaduIeCcKoro ycrpoicTsa ¢ yepHo-6e10it pacrposoit 3JIT,
KOTODOE IIOCTPOEHO Ha, npuHuuite Hydepu3anun Kaapa B OQHON GHTOBOM IJIOCKOCTH.

IIBera uu nosyTOHA ceporo mBeta MOryT ObITh BBEIEHH B Oydep Kaapa IyTeM MC-
TOJIL30BAHMSI HOMOMHUTENLHBIX OUTOBLIX MItockocteit. Ha puc. 1-25 MOxKa3aHBI CXeMBI
6ydepa kagpa ¢ N 6GHTOBLIME IJIOCKOCTAMH [ TPaJalliH CEpPoro usera. VIHTeHCHB-
HOCTb KaxKJ0ro nukceja Ha JJIT ympaBnsiercss CONEp:XKMMBIM COOTBETCTBYIOIIMNX ITHK-
CeJIoB B Kaxka0i u3 N 6UTOBLIX II0CKOCTEH. B COOTBETCTBYIOULYIO IIO3ULMIO PECUCTPA,
3arpykaercs 6nHapHas senwduHa (0 wim 1) u3 xaxao# miockocru. Hony4yusmeecs: B
Pe3ysbTaTe JBOMYHOE YHCJIO HHTEPIPETHPYETCH KAK yPOBEHb MHTEHCHUBHOCTH MEXKIY
0 u 2V — 1. C nomoupio ITAII 370 unciO Hpeobpalyercs B HampsKeHue Mexzy 0
(Temubrit 3kpan) u 2V — 1 (MakCHMalIbHAS MHTEHCHBHOCTD cBedenus). Takum o6pa3om
MOkHO Tony4nTb 2V ypoBHedt muTeHcHBHOCTH. PHC. 1-25 MILUTIOCTPHPyeT CHCTEMy C
TpeMs HUTOBHIMH IIJIOCKOCTAMH 1 8 (23) yPOBHeM MHTeHCHBHOCTH. s Kasx o 6u-
TOBO¥ IJIOCKOCTH TpebyeTcs MOMHBIN O6beM MAMATH NPH 3aJaHHOM Pa3peIleHUH pac-
Tpa: HanmpuMep, 6ydep kaxpa ¢ TPeMs GUTOBBIMHM IJIOCKOCTAMH A7 pactpa 512 x 512
3aHnMaeT 786432 (3 x 512 x 512) 6uros namsaru.
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Ta6auua 1-1 Kombunamum 1mseTos Jus npocroro 3-6urosoro 6ydepa kaapa

Kpacuniit 3eneHnt Cunnt
Yepupiit 0 0 0
Kpacusilt 1 0 0
3esteHblit 0 1 0
Cunni 0 0 1
Kenrorit 1 1 0
Tony6oit 0 1 1
Ilyproyphstit 1 0 1
Bemurit 1 1 1

Yucno JOCTYIHBIX YPOBHEN HHTEHCHBHOCTH MOXKHO YBEJMYHUTH, HE3HAYHTEIBLHO
pacitupuB TpebyeMyI0 IJIS 3TOrO MAaMATh H BOCIOJIL30BABIIMCH TAOIINIIEH BETOB, KaK
3TO CXEMATHYHO MOKa3aHo Ha puc. 1-26. ITocne cunTniBamus us 6ydepa kanpa 6uro-
BBIX IUIOCKOCTEN IMOJIyYMBIIEECS YUCIO HCIOJb3Yercss KAK MHIAEKC B Tab/HIE IBETOB,
B KOTOpPOH JIOJIXKHO COHEPZKATLCA 2N smeMeHTOB. Kaxkplit ee 3j1eMEHT MOXKET UMETH
W 6ur, npuueM W moxer 6pith Gonbmre N. B stom cinyuae MoxHO momyunts 2V
3HaYeHHUH HHTEHCHBHOCTH, HO OJHOBPEMEHHO MOTYT GHITh JOCTYHHBI JHIIb 2V M3 HUX.
Il monydeHusl AOMONHUTENLHBIX 3HAYEHWN MHTEHCHBHOCTH HEOOXOOHMO H3MEHHTD
HJIM TI€pe3arpy3uTh TabJHIy IBETOB.

ITockoNMbKY CYLIECTBYET TPH OCHOBHBIX IBETA, MOXKHO PEATIM30BATH MIPOCTOMH [BETO-
poit 6ydep kaapa ¢ TpeMsa HUTOBBIMM INIOCKOCTAMH, II0 OZHON Ha KaXKJLIH M3 I[BETOB.
OraenvHass 6UTOBAA MJIOCKOCTH YIPABIAET MHANBHIYAJLHOM 3JIEKTPOHHOM MyINKOH
JJTSI KAXKJOr'0 M3 TPEX OCHOBHBIX I[BETOB, HCIIOJIL3YEeMBIX B ycTpoiicTBe. KoMOuHAaIMM
HX TPEX OCHOBHBIX I[BETOB JAIOT BOCEMb [BETOB Ha 3Kpane JJIT, koTopnie BMecTe C
COOTBETCTBYIOUIMMH MM IBOMYHHIMM KOJAMH npuBeneHs! B 1abn. 1-1. Cxema nmpocroro
IBETOBOrO pacTposoro 6ydepa xajpa mokasaHa Ha puc. 1-27.

Jnsa kaxxao#t u3 TpexX IBETOBBIX MyIIEK MOTYT HUCIONbL30BATHCS JONOJHHTEILHBIE
6urosnie myiockoctd. Ha puc. 1-28 cxemarnuHo moxasan uperoBoit 6ydep kaapa c 8
6UTOBHIMH IIJIOCKOCTSIMH Ha KAaXKIBIA IBeT, T. e. 6ydep kanpa ¢ 24 GATOBHIMH TJIOCKO-
cramu. Kaxxnasa rpynnma mitockocreit ympasnsier 8-paspsaaubiM [[AIL m Moxer rene-
pupoBaTh 256 (2%) OTTEHKOB, MM MHTEHCHBHOCTel, KDACHOTO, 3€JIEHOTO HIM CHHETO
npera. Mx MoXHO KOMOMHHpOBATL sl moydenus 16 777 216 [(28)% = 224] Boamox-
HBIX [BETOB. ITO <«IIOJHOUBETHHIN» Gydep Kampa.

Monnousernsiit 6ydep Kampa MOXKHO €II€ yBETHIATD IIyTEM HUCIOIb30BAHHS IPYIII
6UTOBLIX IJIOCKOCTEH B KAYECTBE MHIEKCOB B TabIHIAX [IBETOB, KAK 3TO IIOKA3aHO HA
puc. 1-29. IIpu N 6urtax Ha uer u W-pa3psaaHbIxX 3j1eMeHTaX TabJIHI [BETOB OJHOBPE-
MEHHO MOTYT 6bITh oka3ans! (23)VN nperoBbix orTenkos u3 mamrpsi ¢ (2°)% Boamox-
HbIx nperoB. Hanpumep, npu 6ydepe kanpa ¢ 24 6urossimu wiockoctsmu (N = 8) u
Tpemsa 10-pa3panubiMu Tabmunamu nseroB (W = 10) moryt 6brrb mosydens: 16 777 216
(224) nBeroBbIx OTTEHKOB M3 ManHTph 1 073 741 824 (23°) nperos, T e. okomno 17 MIH.
OTTEHKOB M3 ITaJIMTPBI HEMHOI'MM MeHee 4eM 1 mutpa. neeroB. HecmoTpst Ha TO 4TO Ha
puc. 1-29 cxeMaTHYeCKH IOKA3aHLI TPH Pa3JMYIHbIX TAGJIHIEI IBETOB, MTPH HEGOILIIOM
KonuyecTBe Ppu3HIeckux GHTOBBIX mocKocTel (He Gosee 12) Gonee npeIoaTHTETHHON
SIBJIAIETCS] CATYAlINs, KOTAA H3MEHEHHE [IBETOB OCYILECTBIAETCA HENPEPLIBHO B TADJIH-
ne ¢ (23} snemenramu.



41

10

| 2¥nan |

A
A A LS ST
‘E""""""’

S S S SN
OO A SR TE I

— Y —

IIseroBnie
TIYIIKK

Tabmmiia BeTOB

2N

[o]1Jo}2~{1]o[1]0

3JIEMCHTOB

] Pernctpu
0
1
H {0 +{ HALT |+{ xpacemat

| 4
i1 depHo-Gesbiit 6ydep kampa ¢ N OGUTOBRIMHM ILIOCKOCTAMH H

6mIEel 1TBETOB.

1-9 PacTpoBbie rpadHYecKHe THCIIEH ¢ PereHepanue H306paXkeHus

~pa3psaHoi Tal

Bydep kanpa
Puc. 1-26 TlonyToHOBBI

w

Puc. 1-27 Ilpocroit useropoii 6ydep xanpa.



42 I'aBa 1 BBexeHme B MAIHHHYIO rpadHKY

/‘*’/ i Perucrpu
ol o[o o[t s ——{5-pep BAT]
cHHMii 75
N
Vi :
H
——{1[o]1]o]1]1]0[0}——={8-pasp. AT
3eJIeHRt 172
/“’/

Jlj

=2 —{0]o[o]o]1|o]1]o0 }+{ 8-pasp. AT
KpacHHI# 10

KpacHRI
Bydep xanpa

Puc. 1-28 Ilserosoit 6ydep kaapa ¢ 24 GUTOBBLIMY MJIOCKOCTSIMH.

N3-3a 6onpIIoro KOMm4ecTBa MUKCENIOB B pacTPOBHIX I'padHMYecKuX YCTpoHCTBaX
TPYAHO JOCTHIHYTb IIPOM3BOAUTEILHOCTH, HEOOXOAMMOI A1 paboTHl B peaJbHOM Mac-
mrabe BpeMeHH, & TaKXKe I paboThl ¢ MPpHEMIIEMO 4aCcTOTOM pereHepaliuy, Hiu CMe-
HBI Kagpa. Hampumep, ecitu cpefiHee BpeMsa JOCTYIA K KAXKAOMY OTAEILHOMY MUKCEIY
pasro 200 He (200 x 107° ¢), To AN opraEM3anMM JOCTYIA KO BCEM MHMKCEIaM KaIpa
pa3mepoM 512 x 512 norpebdyercs 0.0624 ¢, 9TO 3KBUBAJIEHTHO YacTOTE pereHepanun 19
KaJpOB (KAPTHHOK) B CEKYHIY, & 9TO 3HAYNTEJILHO MEHbIIIE MHHEMAJILHO HEOOXOMmMOit
4acToTsl, paBHO# 30 kanp/c. B 6ydepe kampa pasmepom 1024 x 1024 comepxurca He-
muoruMm 6onee 1 MaH. 6ut (1 M6ur), n npu cpeaxem Bpemenn gocryna 200 He Tpebyercs
0.21 ¢ ana obpaieHus KO BCeM MUKCENaM, YTO COCTaBaeT b kanp/c. Bydep kaxpa pa3-
MepoM 4096 x 4096 comepxkut 16.78 MnH. 6uT Ha KaX Y10 6GuToBYIO IIockocTs! JocTyn
K HuM 3aiMer 0.3 c. Iaa noctuxeHus ckopocTu pereHepaumu 30 KagpOB B CEKYHIY
IIpn TaKOM pacTpe Tpebyercs cpentiaa 3dpdeKTuBHAS CKOPOCTH JOCTYA 2 HC/TIHKCE.
Hanomanm, 4To 33 3TOT HEOONBIIOH NEpuO] BpEMEHH CBET YCIIEBAET MpOTH ABa dyTa.

Pabota B peanbHOM BpEMEHH C pacTPOBLIMHU I'pachudeCKUMH YCTpORCTBaMM OCYIIe-
CTBJIs€TCs IYTEM OFHOBPEMEHHOIO JOCTYIa K rpynnam o 16, 32, 64 u 6os1ee muKcenos.
B cayuae userosoro 6ydepa kaapa Kax it TUKCEN MOXEeT COAEpXKATh A0 32 6uT, mpu
3TOM BCE OMTOBBIE MIIOCKOCTH [JJIst KAXKJOrO MUKCENa, JOCTYIHbI OAHOBpeMeHHO. [Ipu
cpeJHeM BpeMeHu JOCTYIa Aja KaXKAOH rpymnnsl mukceaos 1600 He Bo3aMOxXHa paboTa
B peajJlbHOM BpeMeHu [z 6ydepoB Kagapos pasmepoM 512 x 512 u 1024 x 1024,

HecMmorpa Ha TO 4TO Jj1s pACTPOBLIX yCTPONCTB TpyAHEE JOCTHTHYTb ITPOM3BOIM~
TeJILHOCTH, HeOOXOAuMOI i paboTHl B pealbHOM MaciuTabe BpeMeHH C TPHEMIIEMbIMU
CKOpPOCTAMH DETr€HEpalluH, YeM Ha BEKTOPHBIX JHCILIEAX C pereHepanuei n3obpaxce-
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Puc. 1-30 Uzobpaxkenue criomHol duryphl Ha pacTpoBoM rpadbHIecKoM YcTpoicTse.

HHsA, Ha HUX Jierye H306paXkaTh CIIOUIHbIE (DUTYPHI C MIIABHBIMH [IEPEXOJAMH [BETOB.
Kak nokasano Ha puc. 1-30, pacTpoBoe npeacTaBjeHHe CILIOUIHOM <«IOMHTOHAIBHON
buryps! KOHIENTYATBHO JOCTATOYHO MPOCTO. 3AeCh NPEACTABIEHHE CILIOWHOM dHUry-
pbl, orpannuenHolt orpeskamu L1, L2, L3, L4, nocTHraerca yCTaHOBKOW BCEX THKCE-
JIOB BHYTPH OrPaHUYHBAIOIIErO MHOrOYTOJIbHMKA B COOTBETCTBYIOmMH nBeT B Hydepe
KaJapa. AJNropuT™ <«pacTpoBOil pa3BepTKH» CILUIOUIHON obmacTH obcyxkiaerca B pa-
6ore [1-1].

1-10 YCTPONCTBO SJIEKTPOHHO-JIYYEBON TPYBKHU

Onwucannsiit Benne 6ydep kagpa caM mo cebe He ABIAETCHA YyCTPOWCTBOM BBIBOAA, OH
NPOCTO MPUMEHSETCH JIJIs XpaHeHus pucyHka. Haubonee 4acTo B Ka4eCTBE yCTPOHCTBA
oToOpaykeHHs, HCIOIL3yeMoro ¢ OydepoM Kaapa, BBICTYIIA€T BUACOMOHUTOpP. JInst To-
ro 4Tobbl MOHATL MPUHUIMIBI paboThl PACTPOBBIX JUCILIEEB H B HEKOTOPOH CTENEHH
BEKTOPHBIX yCTPOWCTB C pereHepanmeii, Hy>KHO HMETh ONPEJEIEHHOE MPeNCTaBIEHHEe
06 JJIT u BuneoTexmuke.

Ha puc. 1-31 cxeMarwuHo mokasana IJIT, ucnonsayemas B BHAEOMOHHTOPAX.
Karton (orpunarensHO 3apsyKeHHbIH) HADEBAETCA O TEX MOP, MOKA BO30YXIeHHbIE

OTKIIOHEHHBIH
DJIeKTPOHHAA ITnacrina 3JIEKTPOHHEIA
cdoxycHpyIomas TOpH3OHTAILHOIO Ty
JIMH3a OTKJIOHEHHSA
J [ Anox (caoi
- L 1 moméxod)opa)
= — L]
T
Karogx ITnacTuna
BEPTHKAILHOIO DJIeKTPOHHBIA
OTKJIOHEHHA ITy90K

Puc. 1-31 DnexrponHo-1yuesas Tpybxa.
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3JIEKTPOHBIL HE CO3JAAYT PACIIMPAIOmErocs obaaka (3JeKTPOHbI OTTAIKHBAIOTCH JPYT
OT Jpyra, TaK KAK HMEIOT OJWHAKOBBIA 3apsf). JTH IMEKTPOHBI IPUTITHBAIOTCH K
CHJIBHO 3apsSXXKEHHOMy TIOJIOKHUTENbHOMY aHony. Ha BHyTpeHHIOO CTOPOHY paciiHpeH-
HOro Konua JJIT Hanecen momuHodop. Ecnu 661 371eKTPOHAM HUYTO HE IMIPENATCTBO-
BAJIO, TO B PE3yJbTATE MX BO3JEHCTBHA Ha MOMHHOMOpP Bech 3KpaH IJIT 3acserunca
6nl spkuM cBeroM. OaHAKO 0BJIAKO 3NMEKTPOHOB € MOMOIIBIO 3NEKTPOHHBIX JTHH3 ¢o-
KyCHPYETCS B y3KHil, CTPOro MapajuIeNbHbIA IIy4Y0K, ¥ TENEPhb 3JIEKTPOHHLIN JIy4 J3eT
OJHO SIPKO€ MATHO B LIEHTPE 3KpaHa. Jly4 OTKJIOHSETCS, UMM MO3UIMOHUPYETCS, BIIE-
BO MJIM BIPABO OT LEHTPa H(MJIM) BbIUE WM HIXKE NEHTPA C MOMOIIBIO YCHIIMTENeH
FOPU3OHTAIBHOTO M BEPTUKAJIBLHOTO OTKJIOHEHHS.

HMeHHO B JaHHBIIT MOMEHT MPOSABJISAETCA OTIMYHE BEKTOPHBIX JHUCILIEEB — KAK C
3aMIOMMHAHHEM, TaK M C PEreHepanMeil — OT pacTPOBHIX. B BEKTOpHOM IHcCIIEE 3/ek-
TPOHHBIR JIyd MOXKET ObITh OTKIIOHEH HENOCPEJCTBEHHO U3 J1I000# MpOU3BOILHOMN MO~
3MnMH B MobyI1o Apyryio nmozunuio Ha 3kpane JJIT (anone). Mockonbky moMuHObOD
HaHECEH Ha 9KPaH CIUJIOMIHBIM CJIOEM, TO B PE3YJIbTATE MOJIYYAETCA MOUTH HACATbHAS
npsiMasi. B ornuyse oT 3TOro B paCTPOBOM TUCILIIEE JIyY MOXKET OTKJIOHATHCH TOJIBKO B
CTPOro ONpeeNeHHbIe TO3UIIUH HA IKpaHe, 06pa3yiouue CBoe0bPa3HyI0 MO3aHKY. JTa
MO33aHMKa M COCTaBJSET BHAEOM30OparkeHHe.

1-11 YCTPOMCTBO IIBETHOI PACTPOBOI JJIT

IIsernas pacrposast JJIT moxoxa Ha 0Obrunyio uepHo-6enyio IJIT, mpuHIMn nei-
CTBHs KOTOpPO# ObIN onmcaH B mpeasiayineM pazaene. Jlannas Tpybka comepkKHUT TPU
AEKTPOHHBIE ITyIIKH, IO OAHOW HA KaXXKAbIH OCHOBHOM LBET: KPACHLIN, 3€J€HbIH U CU-
HUil. DIEKTPOHHBIE MyIIKH YacTO OO'bEIUHEHBI B TPEyroJIbHBIN OIIOK, COOTBETCTBYIO-
it mono6HOMy TpeyronbHOMy 60Ky TO4eK KPACHOrO, 3€JIEHOTO X CHHErO JTIOMHHOGO-
poB Ha skpane DJIT (puc. 1-32). Insa Toro 4robbl 35IeKTPOHHLBIE IIYIIKH BO30YKAAIH
TOIBKO COOTBETCTBYIOIIME WM TOYKH JIOMHHOMOpPa (HAIpHMep, KpacHas IMYIIKA BO3-
6yK1ajia TONBKO TOYKY KPaCcHOrO JIOMHHOGDOPA), MEXKIY IyIIKAMH X IOBEPXHOCTHIO
3KpaHa MoMelneHa nepdOopUpPOBAHHAS METAJIIMYECKAs PEIIeTKa — TaK Ha3hiBaeMas
TeHeBasi MacKa crangapTHo#i DJIT. Oreepcrus B Macke 06pa3yloT TAKHME XK€ TPEYTOib-

NOZANCVAANCV A CYAANCY ANV

DOOOABROOOJ
oJolo) Y Yo YoloJo
ploJoJoY Y Jolololo
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Puc. 1-32 Toyeunmii momrHOGOpHELA pacTp mis DJIT ¢ TeHeoit Mackoil.
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nyuei

Puc. 1-33 PacnonoxeHue 37eKTPOHHOH MYMKHU U TeHeBO# MackH useTHo DJIT.

Hble 6JI0KH, Kax H TOYKH JmoMuHodopa. PaccTosHus Mex Iy OTBEPCTHSAMH Ha3bIBAIOT-
ca mwaroM. LIBeToBble MyUIKKM pacloIOKEHbI TAKMM 0Opa30M, YTO HX JIyYH CXOAATCS
H TIEPECEKAIOTCS B MIIOCKOCTH TeHeBo# mackH (puc. 1-33). ITocne npoxoxenus depes
OTBEPCTHE KPACHBIN JIyd, HAIPUMED, 3AINMIUEH UIH MACKMPOBAH OT [IEPECEYEHHS C 3e-
JIEHOM MM CHHEeN ToYKaMu JoMuHOGopa. OH MOXeT Iepeceds JIUIIb KPACHYIO TOUYKY.
W3MeHssT MHHTEHCUBHOCTD 3JIEKTPOHHOrO JIy4a JJIsi KAXKJOr'0 OCHOBHOTO I[BETA, MOXKHO
HOJIYYHTh pa3nuyHble OTTeHKH. KOMOMHAIMSA 3THX OTTEHKOB JAaerT OONbIIOE KOIHYe-
CTBO LBETOB JAJIs1 Kaxoro mukcena. OBbYHO B AHCILIEe C BLICOKHM Da3pelieHHeM Ha
KAXKIBIA [THKCEN MPHUXOAMTCHA OT ABYX JO TPEX I[BETOBBIX TPHUA.

1-12 CUCTEMBI C TEJIEBU3UOHHBLIM PACTPOM

ITponecc mpeobpa3oBanHs XpaHserocsa B 6ydepe xagpa pacTpoBoro H300paKeHHUs
B YIOPSAJAOYEHHBIN HAOOp TOYEK Ha TEJeIKPaHEe Ha3bIBAETCS PACTPOBOM Pa3BEPTKOM.
Ckanupyemsiit Habop TOYEK M YACTOTA BOCIPOH3BEIEHHS OCHOBAHBI KAK HA OCODEH-
HOCTSIX BHU3YAJbHOTO BOCIPUATHS, TAK M HA IPHHUHUIIAX MeKTpOHUKH. CHCTEMe BH-
3yaJbHOTO BOCIIPHATHUS Y€JIOBEKA AJIA PACCMOTPEHHS 3JIEMEHTOB KAPTHHKH Tpebyercs
KoHe4YHOe BpeMs. OJHAKO 0BeCIeYuTh BIIEYATIEHHE HEMPEPHIBHOCTH IIO3BOJIUT TOIb-
KO TaKOH HHTEPBAaJ, KOTODBIH HACTOJBKO MAJl, YTO HHEPUHA 3PHTENBHOIO BOCIPHA-
THA nepekpoer Mepuanue. Ha mepuaHue BiHser psp GaKTOpOB, BKIIOYas SPKOCTD
u300parkeHUA U CBOHCTBA KOHKPETHOTO JIIOMMHOGOPA, HCIOIB3YEMOTO JJ1s TOKPHITHA
akpana IJIT. OnslT MOKA3BIBAET, YTO AJIA MPAKTHYECKHX DEIeH MHHMMAJIBHOM CKO-
POCTBIO BBHIBOJA WITH U3MEHEHHA H30OparkeHHUs ABIAETCA 25 Kaap/C IpH yCIIOBHH, YTO
MHHHMAJIbHAs CKOPOCTH PET€HEPAIIMM MJIM BOCIIPOM3BEAEHHA B Ba Pa3a bonbiue, T. €.
50 xaznp/c. AHAJIOTHYHAS CHTYalMs MMEET MECTO ¥ IIPH JEeMOHCTDAIMH KHHOMDHIIbMA.
IIpu arom mokasbiBaerca 24 kaap/c, HO KAXKABIN KAAp MOKA3BIBAETCH ABAXIBI, H B
pe3ynpTare nony4daercs 3¢ ¢eKTHBHAA CKOPOCTh BOCIpou3BeneHus 48 kaap/c. Takum
obpa3om, Ana GUIbMa CKOPOCTh H3MEHEHHA paBHA 24 Kazxp/c, a CKOPOCThL perexepa-
uu — 48 xazgp/c. B reneBnmenun Tor xe 3dpdekT JoCTHraeTcs ¢ MOMOMIBIO METOIa
4epeCCTPOYHON DPa3BEPTKHU.

TeneBueHMe HCIONB3YET METO, PACTPOBOTO CKAHHPOBAHHUA. B aMepHKkaHCKO# cTan-
JapTHOM BHJIEOCHCTEME HCIIONB3YIOTCH B COBOKYIHOCTH 525 FOPU30HTAJIBHBIX CTPOK C
KaJIPOBBLIM, MJIM BUIOBBIM, OTHOIIEHHEM 4:3, T. €. BBICOTA BUAOBON 0OnacTH paBHa TpeM
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Puc. 1-34 CxeMa YepeccTpO4HON Pa3BepTKHU A PacTpa H3 ceMu crpok. HedeTHoe mome
HaumHaeTca co cTpoku 1. Illtpuxosoit siMHHUed o603HaueH ropU30HTAJIbHBIN 0OpaTHBIM XO7,
ay4a. BepTHkanbHEI o6paTHsI X0, JIy4a g HeueTHOro noNs HauuHaeTcsa BHU3Y B peHTpe,
a ZUIl 9eTHOTO mOoJig — BHU3Y COpaBa.

YeTBepPTAM ee IHPHHBEL. CKOpOCTh BOCIIPOM3BEACHHA, HIIH CMEHBI KaJpa, COCTaBJISET
30 kaap/c. OnHAaKO KaIbIH KaAp JEJUTCSA HA ABA MOJA, KAXKJ0e U3 KOTOPHIX COAEp-
KWT MO MOJIOBMHE KAPTMHKHM. DTH JBa TOJNA 4YepelyloTcs HiM nepeMexxarorca. OHu
[IOTIEPEMEHHO IOKA3BIBAIOTCA Yepe3 Kaxasie 1/60 c. OmHo mone coiep»KuUT BCE CTPOKH
¢ HeyeTHbIMH HOMepamu (1,3, 5,...), a Apyroe — ¢ YetneiMu (2,4, 86, ...). Ckanuposa-
HHE HAUHHAETCH B BEpXHEM JIEBOM yTily 3KpaHa ¢ HederHoro mois. Kaxnas crpoka B
T0JIE CKAHUPYETCSI MITH IIPEICTABISETCA CIeBa HAMPaBo. B TO BpeMs KaK 3JE€KTPOHHBIN
JIy4 JBHKETC MOMepeK 3KpaHa CJIEBA HAMPABO, OH TAKXKe IEPEMEIAETCH BEPTHKAILHO
BHHM3, HO C HAMHOTO MeHbIIEH CKOPOCThI0. TAKUM 06pa3oM, «FOPU3OHTAILHAS» CKAHH-
pyOIIas CTPOKA B AEHCTBUTEILHOCTH HEMHOIO HaKJIOHeHa,. IIpH JOCTHXKEHHH IPaBOro
Kpasl 3KpaHa JIy4Y CTAHOBHUTCHA HEBHAMMBIM H GBICTPO BO3BPAINAETCSA K JIEBOMY Kpalo.
Tako#i rOPM3OHTAJILHEIN BO3BpaT lyda OOBIYHO 3aHMMaeT okomo 17% Bpemenw, oT-
BEJEHHOrO JJIsi OJHOM CKAHUPYIOWEH CTPOKH. 3aTeM 3TOT HPOUECC MOBTOPAETCA CO
cnenyiomei HedeTHOM crpokoill. Tak kak monosuHa or 525 paBHa 262.5 crpoku, To
NPX 3aBEPIIEHMH CKAHHPOBAHHS TOJIST HEYETHRIX CTPOK JIyd OKAXKETCA B LIEHTPE HUXK-
Heft cTpokH 3kpaHa (puc. 1-34 u puc. 1-35). JIy4 nocse aToro 6bICTPO MEPEBOJUTCS B
LOEeHTp BepxXHEe# CTOpOHBI 3KpaHa. TaK OCYIECTBIAETCS BEPTHKANBHBIN MEPEBO JIy4a
JJISl HEUYETHOTO TI0JIsA. BpeMs, 3aTpauHBaeMoe Ha Hero, 9KBUBAJIEHTHO BpEMEHH, 3aTpa-
YHBAEMOMY Ha CKaHHpoBaHHe 21 CTpOKH. 3aT€M MOKA3HIBAETCS IIOJIE YETHBIX CTPOK,
TIOCJIE Y€r0 J1y4 OKA3bIBAETCH B HHXKHEM MpaBoM yruty. IlepeBos 1y4a, JJis mMoist YeTHBIX
CTPOK BO3BpAalllaeT €ro B BEPXHHUH JIEBBIN yroJl, M BECh IIPONECC IIOBTOPAETCSA CHOBA.
Takum 06pa3oM, TOKA3KIBAIOTCS JBa MOJA AJIA KAaXJ0T0 Kaapa, T. e. 60 moneil B cexyH-
Ay. JJaHHBINR METOJ, CymeCTBEHHO YMEHBINAET MEPLAHKE, TAK KaK [1a3 BOCIPHHUMAET
4YaCcTOTy BOCIPOM3BEIEHHA IOJIEH.

Xord B npunsroi B CIIIA crangaprTHoit BHIeOCHCTEME MTPEAYCMOTPEHO 525 CTPOK,
Ha CaMOM JieJie BUAMMBI TONbKO 483 CTPOKH, TAK KaK BPeMs, 3aTpavyHBaeMoOe Ha CKa-
HHUpoBaHHe 21 CTPOKM, YXOIHT H3 BEPTHUKANBLHEIE mepeson ayua!. B redenue atoro

! Bo MuOrMX rpacdMueckux yCTPOHCTBAX C PaCTPOBHIM CKAHMDOBAaHHEM 3TO BpeMA MCTIONb3yeTCs
ana o6paborke gpyro#t undopMauun.
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Puc. 1-35 Cxema 525-cTpoYHOro CTAHAAPTHOTO KAIpa.

BPEMEHH 3JIEKTPOHHBIH JIyd HEBHAMM HJIHM OTKIIOYeH. Bpems, oThymieHHOe Ha KaXK-
AYI0 CKAHUDYIOUIYIO CTPOKY, JErKO NOJCYHTHIBAETCA AJIS YacCTOTHI BOCIPOHM3BEJEHHS

30 xagp/c:
1/30 ¢/xazmp x 1/525 kanp/crpoka = 63,5 Mkc/cTpoka.

Tak xax mpumeprno 10,5 MKC pacxonyeTcsl Ha TOPH30OHTAJIbHBIM IIE€PEBOJ, JIy4a, TO
BBIBOJ, BUAUMOM YaCTH KasKIO# CTPOKH JOJXKeH ObITh 3apepiueH 3a 53 Mkc. B cTtpoke
IpH HOPMAJbLHOM COOTHOIIEHHH CTOPOH BHjeoobnactu, pasHoM 4:3, HaxomsaTca 644
mukcena. TakuM ob6pa3oM, BpeMs, OTIYyINEHHOE HA CYMTHIBAHHE U BHIBOJ, MHUKCETA,
paBHO

53 Mxc/cTpoka x 1/644 crpoka/nukcen = 82 He.

Bo MHOrux pacTpoBBIX AHCIEsiX, MOCTPOEHHBIX Ha OCHOBe Oydepa Kaapa, mpuMe-
HseTcsd paspeltende 512 mukcenoB Ha CTpoKy. CYHTHIBAHHE M BBIBOJ MHKCEIOB IIPH
TAKOM pa3pellleHHH MPOHUCXOAUT MpuMepHo 33 104 Hc. AHAJIOTMYHBIE Pe3yJIbTATHL II0-
nyqaTcsa Ais 625-CTpOYHOM BUAECOCHCTEMBI C YaCTOTONR BOCIPOM3BEAeHU 25 Kajip/c,
ucrnonslyemoit 8 Benukobpuranuu u 6onsmmHCTBE cTpaH EBpomnsl.

MeTon, 4epecCTpOYHOM Pa3BEPTKHU He ABIAETCA abCONIOTHO HEOOXOIUMbBIM IIPH BbI-
BoJie H300paXKeHus, ofHAKO H3obpaxkenue 6e3 YepenoBaHusA CTPOK OyJeT HeCOBMECTH-
MBIM CO CTAHAAPTHBIM TEJIEBU3HOHHBIM IIPUEMHHMKOM. IIpH OTCY TCTBHH 4€pecCTpOYHON
Da3BEPTKH NMPHIETCS JJIs YyCTDAHEHUS MEDIAHMs yBEIMYHTh 4acTOTy BOCIPOM3BEE-
HuA Jo 60 kagp/c, a 3o, 6e3yciIOBHO, B 2 pa3a COKpalnaer BpeMs 11t 06pabOTKH MHK-
cena. Bonee BBICOKOE pa3pellleHue IO YUCIY CTPOK M KOJMYECTBY ITMKCEJIOB B CTPOKE
TaK>e yMeHbIIaeT 3TO BpeMsl; HarmpuMep, IIpu paspemenud 1024 x 1024 Ha CYHTHIBA-
HHME M BBIBOJ THKCEJA OTBOJUTCA B 4 pa3a MeHbIIE BPEMEHH, YeM IMPH pa3pelleHuH
512 x 512, — npumepno 25 Hc! B atoM ciydae norpebyercs oveHb GbICTpasi AMSITH
st 6ydepa Kagpa ¥ Takoi e BbICOKOMpoussoauTenbHbrit ITATL.

1-13 JUCIIJIEU C IIJIOCKUM 3KPAHOM

Hecmorps Ha TO 4TO B HacTOsAIIEE BPEMS 3JIEKTPOHHO-Ty ueBble Tpy6ku (DJIT) B Kade-
CTBe yCTPOHCTB rpadUuecKOro BHIBOA HAXOMATCS BHE KOHKYDEHIIHH, KM IPHCYI DAL
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HEJOCTATKOB: OoNblne TabapUTHI, THAXKENBHA BeC, XPyIKOCTh M OrPAHMYEHHBIE pa3Me-
pbl 3kpasa (0661410 30 A10#MOB N0 AuaroHanu). Ha doHe 3THX M Ipyrux orpaHHdeHui
SJIT oYeHb BLIMIPBHIIIHO BHITVIAAAT IUIA3MEHHBIE MUCILIEH, IPHHAIIEKAIIMAE K THUITY
PAaCTPOBBIX YCTPOHCTB C pereHeparueil u300paXKeHHs.

ITna3Mennsbie guciien 1o cnocoby GopMuUpoBaHUs U300paXKeHUs AENATCA HA ABA
NPHHOMIMAIBHO PA3HYHBIX KJIACCA YCTPOHCTE: AK THBHBIE (CBETOOMUCCHOHHBIE) U IIAC-
cuBHbIE {OCHOBaHHbIE Ha MoLynAuuK ceeTa). K mepseiM ycrposicteam otHOCcaTes DJIT,
JHUCILIEM HA Ta30pa3psAIHBIX MaHENAX, 3JEKTPOIIOMUHECHEHTHBIE H BaKyyMHbIE JHUC-
myien. 2Knnxue KpHCTaJIbI ¥ CBETOIHO B! IPEICTABJIAIOT KIACC MACCHBHBIX YCTPOUCTB.

Cpenu yCTpORCTB ¢ aKTHBHOH reHepanueil CBeTa [ PELIeHUS 33134 HHTEPAK THB-
HOM MamuHHO# rpaduku Haubolee MOAXOMAT MIa3MEHHBIE U IJEKTPOTIOMHHECHEHT-
Hbl€ JUCIIIEM, KOTOPbIE CIIOCOOHBI TeHEpHPOBATHL GOMNbIIHE H30OpaXKeHHUsI C BBICOKOM
pa3pelnranei cnocobHOCTHIO. 3a HCKIIIOYEHHEM HEKOTOPBIX CIIENMAJIBHBIX IPHIIOXKE-
HHU#, HAIIPHMED B ABHAIIMH, TJie AUCILIEH HA CBETOIMHUCCHOHHBIX OUOAaX 0OJIaJaloT He-
KOTOPBIMH IPEMMYIUECTBAMH, JUCIUIEH HA KHMIKMX KPHCTAJUIaxX SABIAIOTCH Haubosee
yIJa4HBIMH YCTPOHCTBAMH M3 KJIACCa CHCTEM C IIACCHBHOH pereHepanueil csera.

Kak mokasano Ha puc. 1-36, u3obpaxkenue Ha miockoit JJIT monydaercsa mocne
MPOXOXKIEHHUA Jiyua IapalyIeIbHO 3KPaHy M OTpakeHMs 10J, MpaMbIM yrioM. Mcmons-
soBaHue 3ddeKTa OTPaXKEHHA MO3BOJAET 3HAUUTENLHO YMEHBIIHTb MPOTSKEHHOCTH
xonbb1 JJIT u, coorsercTBeHHO, rabapursl aucniesa. IJIT B dopMme wiockolt mane-
1 061aJA10T TEMH XK€ TPEHMYINECTBAMM, 9TO M O6brdHble IJIT, HO MPH 3HAYUTEIb-
HO MeHbUIHMX rabapurax. Bonswas nnuna <wediku» IJIT orpannumuBaer obnactu ee
npuMeHeHHd. Mcnonb30BaHKe BaKyyMHBIX (DIIOOPECHEHTHBIX AMCILIIEEB TAKXKE B 3HA-
9UTENbHON CTEMEHH CAEPXKUBAETCHA MX rabapHUTAMM.

Jluciien Ha ra3opa3psiIHBIX NaHeNAX, 3JeKTPOIIOMUHECIIEHTHBIE JUCIUIEH W JIUC-
IUIeM HA XUJKHUX KPUCTALIAX UMEIOT HECKOIbKO ObMmMX XapakTepucTHK. Bee oHu co-
CTOAT U3 MATPHIBI OTAENBHBIX [THKCENIOB PACTPa, B KAXKIOM M3 KOTOPBIX IIOMEIIEHO
HEKOTOPOE yCTPOHCTBO HJIM BEINECTBO, KOTOPBIE MOJ, BO3/IEHCTBUEM HANPSKEHHS HIIH
TOKa HAaYHHAIOT MCIYCKAThH CBET JHOO MOLYIHPOBATH Majaoumit csetr. TpebyeMoe qns
9TOro HAIPSXKEHHE MIIM TOK IIOJAETCH KAXKOMy IHMKCEIy Yepe3 OTIENbHBIH 3JIeKTPH-
9YeCKMH BEHTHIb, HAIIPUMEDP TOHKOILUIEHOYHBINA TPAH3UCTOP, JAMOJ, MIIH PESHCTOP THIIA

OTKIOHSIOmAS
KaTylIka DeKTPOCTATAICCKHE
OTK/IOHSIONHE
IUIACTHHH
JIvH3n = /4 = JlomoHuTeNbHEe
Dpenens (" | " OTKIOHSIOMME
TUIACTHHEL
Anox | ; Karox
+V
P >
/ 7/
JTromurodop

Puc. 1-36 Cxema DJIT.
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Puc. 1-37 Tumuunsiii miasMennbiit miciuteit. (C paspemenus ¢upmbi Thomson CSF
Electron Tubes & Device.)

METAJLI—H30JIATOPp—METAJL, Pa3MeIIeHHBIH 110/, KaXKILIM MHKCcesIoM. Jlucnen, ocHo-
BaHHblE HA JAHHOM IpHHIMUIIE, HA3BLIBAIOTCA MATPHYHBIMH.

Jpyro#t crioco6, NonyYUBIIMI ITHPOKOE PAaCIPOCTPAHEHHe, OCHOBAH HA MCIONb30-
BAaHMM aJPECAllHH ITHKCEJIOB [0 CTPOKAM M CTONOLAM, YTO IO3BOJISET 3HAYHUTEIIHHO
YMEHBIIUTh KOJIMYECTBO BEHTUIICH HJIM ApaiiBepoB reHepanuu u3obpaxkenus. JJaHHbIM
crocob MpeAnoIaraeT HAJIUIHE y MATEpHaja, W3 KOTOPOTO U3rOTOBJIEH JHCILIEH, He-
KOTOPOTO IIOpPOra IEPEKIIOYeHHs. IMHUCCHA HIIH MOAYJISIHA CBET3 B TAKOM 3JIEMEHTE
BO3MOXKHA TOJILKO IPH MPEBLINIEHHH TAKOro mopora nepekmniouenus. Ha coorsercrsyio-
Y10 CTPOKY MATPHIBI IHKCEJIOB MIOJACTCA HANPAXKEHHE UK TOK, HEAOCTATOYHBIE NI
AKTHBAIIMH OTJAEILHOIO MHKCENa, a Ha COOTBETCTBYIOIIHH CTONOEl MOJaeTCs Apyroe
HamnpspkeHHe WM TOK. Kakj0e B OTAeNnsHOCTH BO3AEHCTBHE 110 CTPOKE HIIH 10 CTOMN6-
Iy HHXE [IOPOroBOrO 3HAYEHHS, a B CyMMe OHH NIpeBblmaiorT ero. I1o aroif npuyuHe
IIHKCeNbl, HE JIEXKAIHe Ha [epeceueHHH HYXKHOH CTPOKH H CTONOIA, OKa3bIBAIOTCS B
HeBO3OY:KIEHHOM COCTOSIHHM M TONIBKO OJMH ITHKCEJ MONy4YaeT HAMPSDKEHHE HIIH TOK
BBIIIE MIOPOrOBOTO 3HAYEHHA CTAHOBHUTCH aKTHUBHBIM.

IIpu ucnonb30BaHUH TAKOM apecaliy BeCbMa XKEeJIATe/IbHO HAJIMIHE JIJIS ITHKCEJIOB
OUCTAOUIIBHOM MAMATH, B KOTOPOM OJHAXKIBl AKTHBH3HPOBAHHBIA IHMKCEJ COXPAHSET
CBO€e COCTOsIHME, ITOKA He NPOH3OHJIET €r0 IBHOE Nepekiiodenne. BucrabunbHas naMsTh
HCKJIIOYaeT HeOOXOMUMOCTb B IIOCTOSTHHOM PereHepalli IHKCEIIOB, H, KAK CIIEJCTBHE
aTOrO, He Tpebyercs: BHEWHEH maMaTH ansa pereHepanuu. KpoMme Toro, sHaunTENnbHO
YIpOINAETCA yCTPOMCTBO OMCIIIEHHOrO KOHTPOJJIEPA.

IIpusanun paboTel MIa3MEHHOrO MM ra30pa3psAmHOrO AMCILIES MPEIENBLHO MPOCT.
Jucnneit cocrout U3 MaTPULEL SYeeK (PACTpP), OKPYKEHHBIX CTEKISHHON OBONOYKOM.
Kaxnas siueiika 3anosHeHa ra3oM (O6EIMHO HEOHOM MITH CMECHIO ApTOHA C HEOHOM) MO,
JABJEHHEM (HiKe aTMOCdepHOro). IIpH JeHCTBUHM JOCTATOYHO BHICOKOTO HAIIPSAXKEHHUS
IIPOHCXOIUT JUCCOLMAIHA ra3a, T. €. ATOMBI JIMIIAIOTCS CBOMX 3JEKTPOHOB. TaKoif ra3 B
COCTOAHMH OIUCCOLMAIMH HA3bIBAETCA INIa3MOM, OTCIONA M BO3HHKIIO HA3BaHHe — ILIa3-
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MeHHbIE Juciuied. IIpH peKOMOMHAIMH 3JIEKTPOHOB MPOHCXOAUT OCBOOOXKAEHHE IHEP-
ruu B opMe HOTOHOB M ra3 HAYHHAET CBETUTHCH € XAPAKTEPHBIM OPAHXKEBO-KPACHBIM
orreHkoM. Ha puc. 1-37 MmokasaH THIMYHBIA [JIA3MEHHBIA JAMCILIEH.

AKTHBaIHA B IUIa3MEHHBIX JHCILIESX MOXKeT ObITh THNA AC (mepeMeHHbBIN TOK) HIIH
DC (nmocrosunsi ToK) 1ubo npencrasaars kombunanmo AC/DC. Ha puc. 1-38 @, b u
¢ TIPUBEJIEHBI CXEMBI IIa3MeHHbIX AMcinees ¢ akrusanuei tuna AC, DC u rubpuaHoit
runa AC/DC coorsercrsenno. ducmnen ¢ Tunom DC siBnsioTca 6omee MpOCTHIMH, deM
AC, u cocroaT M3 MO0 IUINEKTPUYECKON IAHEH, COAEPMKAUIEH MOIOCTH C ra3oM,
KOTOPBIE MMOMEIIEHBI MEK/Y MAHENAMH C MATPULEH IPOBOJHUKOB. JJIEKTPOHHOE TI0JIE
[PHJIATAETCH HEMOCpeACTBeHHO K ra3y. Jducnneu ¢ tunom DC obnamaior JocTaTodHO
NPOJOIKUTEIbHBIM IUKJIOM pEreHEpanuH.

B mucmnesix ¢ Tumom AC cnoit JuaeKTpHKa Pa3MENaeTCsa MEXKAY MPOBOAHHKOM
u ra3oM. TakuMm 06pa3oM, eIMHCTBEHHBIA MMyTh COEOWHEHMS MEXAY ra3oM M MPOBOI-
HMKOM — 3TO €MKOCTb {KOHJEHCATOP), H MO3TOMY JJIs [IONy4YeHHsT AUCCOHHPOBAHHOTO
ra3a TpebyeTcs MCIOIb30BaHME HamMpsiKeHus. [Inazmennsie guciyien tuna AC umeror
6MCTAOMIBHYIO MAMATH, YTO UCKIIOYAeT HeOOXOAMMOCTD B JJIMTENBLHON pereHepalyu.
ddekT 6UCTAOUIBLHON MAaMATH JOCTHIAETCS MPH HCIONb3oBaHMM HuU3Koro AC mo-
CTOSIHHOTO HanpsikeHus. FIMelomeicss eMKOCTH OKA3BIBAETCH JOCTATOYHO IJIA TIOAAEP-
JKAHUA HAMPSDHKEHHsA AKTHBAUMM TOKOMPOBOASAIIMX MHMKCEIOB, HO HEJOCTATOYHO JJIs
AKTHBALIUM HEMPOBOMIIIUX.

B rubpuanbrx gucnnesx ¢ tunom aktusauuu AC/DC (puc. 1-38¢) ucnonssyercs
DC-HanpsikeHue I «IEPBUYHOTO> ra3a, a Jjisi O6JIer1eHus aKTUBAIMH [IPUMEHSETCS
AC-nanpsokenue. [Ipunnunuansaoe npeuMyinectso rubpuaabix AC/DC-mnazMeHHbIX
JACIIIIEEB — 3TO CHMIKEHHE CIIOXKHOCTH yIpasisiowlell cxempl. Ha mpakTHKe HaxomAT
[PHUMEHEHHEe KAaK JUCIIeH 6osbmux pa3mepos (3 X 3 merpa ¢ paspemwenuem 4096 x
4096), Tak u cucreMsl BbicoKoro pazpemenus (100 mukcemos Ha moitm). Ha ocHoBe
HCIONIb30BAHHUA JAHHBIX IPHHIMIIOB MOXKHO TAKXKE CO3/IABATH IJBETHBIE U IIOJIyTOHOBBIE
MOHOXPOMHBIE JHCILIEH.

B anexrpomomuHecueHTHOM JUcniee GochOpPECHUPYIOUIMI MaTEPHAN H3JIy4YaeT
cBer moj, AeicTsueM snektpudeckoro nons ot AC umu DC. B kagectse docdopeciu-
PYIOIIETO MaTEPHAJa OBBLIYHO HCIIONB3yeTcs CyNbGHU], MUHKA ¢ 106aBKAMH MapraHiga,
NO3TOMY 3THM IOHUCILIEM M3JIYYAIOT XKENThli cBer. JINa ajpecanyy MTHKCENOB HCIIONb-
3yeTcs TaKoil e crmocod, KAK M B IJIa3MEHHBIX AucIIesx. [IpH monade HaMpSAXeHHd,
NPEBBINAIOIIETO MOPOroBOe 3HAYEHHE, BO3DYK NAIOTCHA 3IEKTPOHBI MApPTaHLIEBO COCTa-
BasIOWIEH MoMHHOGopa. Koraa Bo36y:k neHHbIT aTOM BO3BpamaeTca Ha 6ollee HU3KYIO
9HEPreTHYECKYIO OpOMTY, OH MCITyCKAeT (POTOH, BHI3BIBAIOIIMI XAPAKTEPHBIN MKeJNThIA
IseT. MOXXHO TaK»Xe IIONyYMTh XOPOIIHIA CIIEKTP CEPOro IBETA, TAK KAK YPOBEHH JIO-
MHMHECUEHIUH yIIPABISAETCA HANPSXKEHHEM H 9aCTOTOMN TPHIIOKEHHOTO 3IEKTPHIECKOrO
nous. [TpH UCHOIB30BAHMM APYTHX THUIOB JOOABOK MOJIYYAIOTCHA PA3IHYHBIE 1IBETA CBE-
YEeHHUS TIOKPBITHA, CIIEAOBATENBHO, M3 COBOKYITHOCTH HECKONBKHX ocdopecnupyIoLIux
CJIOEB MOXET ObITH COPMHPOBAH LBETHOM IUCILIEH.

Jliomunodbop npeacrasnser coboit MM6O MaKpPOCKOMMYECKHi CyOCTpaT, HAMBLIsAE-
MBIX B BH/JE TOJICTOTO CJIOA, MO0 TOHKYIO IJIEHKY YaCTHI, TOJIMHON B OAHY MOJEKY-
ny. Jucnnen ¢ Tunom Bos36y:k xeHUs TorkomneHouHOro nokpbitusa AC 1 DC monyynnu
Haubonblllee PACIPOCTPAHEHHE B CHCTEMAX MAaMHHOM rpacduku. IIpMHIMIHATBHAS
CXeMa, 3JIeKTPOJIIOMMHECEHTHOrO TUCIIes npuBelieHa Ha puc. 1-39, a na puc. 1-40
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Puc. 1-38 IlpmnmurmansHas CxeMa MJIa3MeHHOTO rasopaspsamoro mucmies: a) AC Tum;
b) DC tun; ¢) AC/DC Trn.
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Puc. 1-39 IlpurnunHanbpHAs cxeMa J1eKTPOIIOMUHECHCHTHOTO muciies THna AC.

Puc. 1-40 DaekrpomomunecnenTsbii micmeit. (C paspemenus ¢gupmsr Hewlett Packard.)
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Puc. 1-41 IlonspH3anms cBeta: &) MPOX0oXIeHHe TIIIOCKOTIONSAPH30BAHHOrO CBeta; b) morito-
meHHe CBETA.

M300paXKeH THIMYHBIN JUCILIEH TAaKOoro Tuna. M3 pucyHKa BMOHO, 4TO OUCIIEH C pa3-
pemennem 100 MHKCENOB HA AIOWM HMEET BIIOJIHE KOMIIAKTHBIE rabapHThL

Ecnu nna3MeHHbIE U 31K TPOIIOMHHECIIEHTHEIE AUCILIIEH TIPEJCTABASIOT cODOH pH-
MEpHI YCTPORCTB, HCIIONb3YIOMMX AKTHBHYIO MAHEIb, TO JUCILIIEH Ha, XUIKUX KPHCTAJ-
nax sABJIAIOTCA 06pPa3OM TACCUBHOHN TeXHOIOTHH, OCHOBAHHOM JHO0 Ha MPOMYCKAHUH,
60 HA OTpaXkeHUH NAJAIOMErO CBeTa. [ M3MEeHEHHMs XaPAKTEPUCTHKH MAJAIOIIETO
CBETA MCIONB3YIOTCH CBOMCTBA MOJNSAPH3AIUH, KOTOPHIMH 0OJIaJAI0T HEKOTOPBIE Opra-
HHYECKHE BEINECTBA.

Puc. 1-4]1 HarnsaHO UAMIOCTPHPYET OCHOBHbBIE IIPUHITUIIBI IONAPHU3ANUH cBeTa. He-
KOrepeHTHLIH cBeT (puc. 1-4la) mpoxomdT yepe3 mepsblit (Ha PHCYHKE JIEBBIH) MOns-
PH3ATOD U MONAPUIYETCA MO MIOCKOCTH zy. OCH MONAPU3AIMH BTOPOro MOISPH3ATOPA
TaK>Ke OPHEHTHPOBAHbBI B IJIOCKOCTH ZY, MOITOMY CBET GECHPENATCTBEHHO IPOXOIMUT
panbme. Ha puc. 1-41b mimocKocTh BTOpOro NONAPHU3aTOPa MOBEPHYTA IOJ IPIMbBIM
YTJIOM OTHOCHTENBHO IIEPBOTO, H MIO3TOMY CBET, IOJISPH30BAHHEIN B MIIOCKOCTH MEPBO-
rO TMONSIPU3ATOPA, MOMIOMAETCS IPH MPOXOXKICHHH 4epe3 BTOPOM,

OpraHuyecKue BEIUECTBA, CIOCODHBIE COXPAHATHL CTAGHIIBHOCTH B Me3ogase MpH
TEMIIEPATYpe MEXKIAY MKUIKHM H TBEPIABIM COCTOSIHHEM, HA3bIBAIOTCH XXKHAKHMH KDH-
CTajilaMHU. Pa3nu4aloT TPH THUIA Me30(ga3bl: CMEKTHUECKYIO, HEMATHYECKYIO H XOJje-
CTEPHUECKYIO.

B HemaTnuecko#i daze 0CH MONEKYN >XMAKOrO KPHUCTAJLIa PACIIONAralOTCS Tapasl-
JIeNbHO, MIPHYEM HA MX HAIPaBJIEHHE BLIDABHMBAHHA BJMAIOT TEMIIEPATYPA, MOBEPX-
HOCTHOE HATsXKEHUE, JABJIEHHE H, YTO 0COGEHHO BaXKHO NI JUCILJIEEB, EKTPHYECKHE
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Puc. 1-42 TlpuHnuoHanbHasa cXeMa [JUCIUIes Ha CKPy4eHHBIX HeMaTHUYEeCKMX XKHIAKHX
KPHUCTaIJIax.

M MarHuTHbIE monsA. ONTHYECKHE XAPAKTEPHCTHKH XKHUAKOrO KPUCTAIIA TAKXKe N0CTa-
TOYHO YyBCTBUTENIbHBI K 3THM BO3IEHACTBHIM.

KmoueBbIM MOMEHTOM OIHOTO U3 BO3MOXHBIX CIIOCOOOB MOCTPOEHHS NMCILIEEB HA
XUIKUX KPHCTAJLIAX ABJIAETCA CO3JaHue «OyTepOposas U3 HEMATHIECKUX KPUCTAIIIIOB
CO B3aHUMONEPIEHIUKYIAPHbIMEU ocaMu. Ha puc. 1-42 npuseneHo H306pakeHHe MPHUH-
IMIIHATBHOM CXeMbI OTPAKAIONIEro HEMATHIECKOTO XKHAKOKPHCTAIIIHYECKOr0 JUCILIES.
Huxnss u sepxnsas nnata 6yTepbpona U3 XHIKHX KPUCTAJLIIOB HMEIOT KAHABKH, NPH-
Y€M KaHABKH HA BEPXHEH I1aTe HAMPABIEHBI MO/, IPAMBIM YIJIOM K KAHABKAM HUXKHEMH
mnarel. 2Kuakue KpUCTAJLIBI MPHIIETAIOT K NMOBEPXHOCTH IUIATHI ¢ COOMIONEHHEM Ha-
NpaBnenuii KaHaBoK (puc. 1-42).

Jlucrine#i uMeer nBa MIOCKMX MOJAPH3ATOPA, KAXKIbIA M3 KOTOPBIX DACIOJIONKEH
Ha obeux cTOpoHax GyTepbpoma H MOBEPHYT mOJ MPAMBIM YLIOM K ApyroMy. IIpu
3aTeMHEHHOM IIHKCEJIE MJIM B COCTOSHHMH [OBOPOTA MAJAIOIIHH HA MOBEPXHOCTH CBET
NOJIApU3yeTCA MEPBBIM MONAPU3ATOPOM, 3aTEM MPOXOTUT YEPE3 MKUAKOKPUCTAIIIHYE-
Cxuit 6yTep6bpoz, rae OH MOBOPAYMBAETCS HA NPAMOf IO, Jajee HaeT CKBO3b BTOPO#
TIOJIAPU3ATOP M 3aTEM OTPAXKaeTcHA O6PATHO, a IMHUKCEJ CTAHOBHUTCA IOACBEYEHHBIM.

Bkiiouenne nmkcesna OCYINECTBIAETCA NMyTeM IOJAYM JEKTPHYECKOro HONA Ha
XKUJIKHH KPUCTANJ, YTO BBI3BIBAET ero nepeopueHTanuio. CBeT, MajaouMii Ha Ma-
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HeNb AMCIUIes, NONSPH3YETCa TENePhb MEPBBIM MOJIAPH3ATOPOM, IPOXOAUT YEPE3 XKHI-
KH#l KpHCTal 6e3 KaKUX-THO0 M3MEHEHUH M OKA3bIBAETCH MOJHOCTBHIO MOTTIOINEHHBIM
BTOPBIM MONAPU3ATOPOM. ITMKCE CTAHOBUTCSA TEMHBIM. 2K MAKOKPHCTAJLTHIECKHE JHC-
IUleH Ha MOBEPHYTHIX HEMATHUYECKHMX KpHUcTaslaxX TpebyroT Ans cBoeit paboThl mocTo-
AHHON pereHepanuu.

BucrabunbHbIe JUCIUIEH Ha, XKHIKAX KPUCTAJLIAX MOTYT OBITh MOCTPOoeHbI Ha Haze
CMEKTHYECKHMX KPHCTAJIIOB, IBE YCTONYHBbIE OPHEHTAIIMM MOJIEKY] KOTOPBIX 061a4a10T
Pa3NMYHBIMH ONTHYECKHMHM CBOMCTBAMH, HAIIPUMED YPOBHEM OTPAXKEHHS. JTO MO3BO-
JIIeT JOCTHraTh ONTHYECKHX KOHTPACTOB 33 CYET MPWIOKEHUS MMIYJIBLCHOTO HAIPS-
YKEHHsI, BbI3BIBAIOINErO H3MEHEHHE COCTOSHUS MONIeKyal. [lis AucrieeB Ha KpUCTAJLIaxX
JAHHOTO THIA He Tpebyercsi pereHepanuy.

Hcnonb3oBanue nseTHbIX GHUILTPOB WU GOCGHOPOB MO3BONAET CTPOMTH LBETHBIE
JMCIUIEH Ha OCHOBE MOBEPHYTONM HEMATHYECKOHW TEXHOJIOTHM WM C HCIOIb30BAHHEM
oKpamuBalomux 106aBok. B mucriiesx Ha KpucTayiax ¢ A06aBKAMH B OCHOBHYIO XKH/I-
KOKPHCTAIMYECKYIO MOJJI0XKKY BHOCATCS JBYXIBETHBIE TOCTOPOHHHE MOJIEKYNbI, CIIEK-
TpaJIbHBIE XAPAKTEPUCTHKH KOTOPHIX MCIONB3YIOTCA 1A (POPMHPOBAHUS Pa3IHIHBIX
uBeroB. Iloj AelicTBHEM 3JIEKTPHUYECKOTO MOJISI [MPOHCXOAMT U3MEHEHHE OPHEHTAIUH
OCHOBHBIX ¥ MPUBHECEHHBIX MOJIEKYJI, YTO JaeT BO3MOXKHOCTH CBETY OECIpPeraTCTBEHHO
MPOXOJUTH CKBO3b KpHcTain. Ha puc. 1-43 cxeMaTH4eCKH MOKA3AH THIIMYHBIA XKUIKHI
KPHCTAJLI THIA FOCTh—X03MH. OTMETHM, YTO B 3TOM CjIydae TpeOyeTcs TONbLKO OJUH
nonsipu3arop. Ha ocHOBE JaHHOrO KPHCTAJINIA MOXHO MOCTPOMTH TAKXKE MUCILIIEH, OT-
paXKaloue CBeT.

Jucrnen Ha XUAKMX KPHCTAJUIaX MMEIOT aJIpecalyio THIA CTpoKa—cronber Jubo
COJEPKAT AKTHBHBIE MATPHYHBIE 3JIEMEHTHI, HAIIPHMED TPaH3MCTOPHI HIM IMOJLI B
Kax oM mukcene. OObIYHAS pa3pemaomas ClIoCOOHOCTb JAHHBIX JUCILIEEB COCTABIS-
er 100 nuKcenos Ha JIOUM.

1-14 3JIEKTPOCTATUYECKUE I'PA®OIIOCTPOUTE/INA

dnekTpocTaTHIeCKHE TPadONOCTPOUTENM MIPUHAIEXKAT K THIIy YCTPOHCTB C pacTpo-
BbIM CKaHUpOBaHMEM (cM. pasza. 1-9, 1-12). OcHoBHOM MPHMHIHAN HX (QYHKIMOHHPO-
BaHUA — 3TO HAHECEHHMe YaCTHI, KPAacKH Ha y4acTKu Oymaru, obiajaromue ompene-
JIeHHbIM 3JIeKTpuuecKuM 3apsmoM. Ha puc. 1-44 mpencrasieHa obobmenHaa cxema
ycrpoiicTB JanHOro tHna. CrenyuaibHOe MOKPBITHE HOCUTENS U300paxKeHus, yaepxKu-
BAIOIIEE ITEKTPOCTATHIECKHIT 3aPsiI, TOMEIIAETCS OKOJIO 3AITHCHIBAIOIIEH TOJIOBKH, KO-
TOpaA CoOep»UT oT 1 10 3 pAmOB MUINYIMX y37T0B UM nepbeB. O6bIYHO HA OTHOM
AroiiMe pacrionaraercs oT 72 mo 400 Takux nepbes. UeM Gonbilie psIOB MHUINYIOHX Y3-
JIOB, T€M BBIIIE IIJIOTHOCTH MEYaTH. [IpH MPOXOKAEHUM HOCUTENS I0J, PAJAMH NEPLEB
Ka)kJI0€ U3 HUX HAaHOCHT OTPHIATEILHO 3apsKEeHHYIO TOouUKy. Jlajee HocHTEIb IPOXO-
JMT Yepe3 TOHOBBIH ANIUIHKATOP, [JIe MOJOXKUTENbHO 3apsyKEHHBIE YACTHIBI KPACKU
NPHUTATHBAIOTCA K TOYKAM U300paxKeHH s, HMEIOUMM OTPUIIATEIbHEIA 3aps/, B pe3yib-
TaTe Ha HOCHTENE MPOCTYMAET BUIAMMOE H300parkeHHe. 3aTeM YacTHUBI MpadHTOBOM
KPacCKH MpOCyNIMBAIOTCA H (PUKCHPYIOTCH Ha HOocHTesle. B kadecTBe MarepHasa HOCH-
TelNs U306 pakeHus 1715 rpachONOCTPOUTENSA MOXKET OBITH MCIIONH30BaHA HEIIPO3PadHA
WIH MONynpo3pavyHas rmepraMeHTHas OyMara M Npo3padyHas WIM MAaTOBas HOMHIbHD-
Had IUIEHKA.
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Puc. 1-44 IpunimmmansHas cxeMa IBETHOrO 3/EKTPOCTATHHECKOTO rPapOIOCTPOUTEIH.
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(a) b (©

Puc. 1-45 O6pasuel pasmenienus Todek: a) 6e3 cOBMemenus, b) coBMemenue Mo ocH y, ¢)
COBMeIeHYe 0 OCaM T U .

TunuuHas IMHPHHA 3MEKTPOCTATHYECKUX I'PacdomocTponTeneil Jo0CTUraeT 72 moi-
MOB, & JJIMHA H300parkeHHs] OrPAaHHYHUBALTCS TOJNBKO JJIHHON PYJIOHA MAaTEpHaJla HO-
curens (06er4HO 310 500 dyToB). Paspemaiomasn cnoco6HOCTb JaHHBIX yCTPOHCTB 3a-
JaeTcsl Konu4ecTBOM rouek Ha mioiiM (dpi). TouHoCTh OmpenensieTcss HECKOIbKHMH
pasnuuHbIMU criocobamu. TIpennonaraercs, 4YTo HalpaBiieHHE OBHXKEHHS Marepyasa
MOXeT ObITL H3MEHEHO Ha MPOTHBOIONOXKHOE, TOYHOCTh B 9TOM CJIy4ae ONpPEENsaeTCs
BEITMYUHOH ONIHOKH, T. €. BETHUYMHON PACXOXKIEHHS B Pa3MEINEHUH JBYX TOYEK, HAHE-
CEHHBIX OJHHM M TEM XK€ IIEPOM IMPH ABYX IOCIEIOBATENbHBIX IPOXOJAX.

DNEeKTpOCTATHYECKHE TpadONOCTPOUTENH SIBISIOTCS PACTPOBLIMH YCTPORCTBAMHE
BBIBOJIA, TIOTOMY JJIA HUX MMEET MECTO JNEeCTHHYHbIM 3 dekr [1-1]. B ycrpoiicrsax ¢
BBICOKHMM pa3pelleHHeM JaHHBIH 3 deKT YCTPAHAETCSA 33 CUET COBMEINEHUS OTAEIb-
HbIx ToueK. Ha puc. 1-45 mokasan TunwdHbii obpasen pa3Memnetus To4ek. O6braHbIR
yPOBEHb COBMEIIEHHOCTH To4eK cocrapiser or 30% a0 50%. B ceazu ¢ TeM 4TO 3MeK-
TPOCTATHYECKHI rPAdONOCTPOUTEND ABJIAETCH YCTPOACTBOM C PACTPOBLIM CKAHHPOBA-
HHEM, 3JIEMEHTbI H300parkeHHsl, HAIPHMEDP JIMHHM M MHOTOYTOJIbHHUKH, JOJIKHBI HMETh
PAaCTPOBYIO Pa3sBEPTKY, a caMo H300pakeHHe OPraHU3YeTCs O PACTPOBOMY NIPHHIHUILY:
CBEPXY BHH3, cjieBa Hampaso. W3o6paxenue Moxer ObITh IOATOTOBJIEHO HA I'JIABHOM
KOMIIBIOTEpE, OJHAKO HEOOXOAMMO COOMIONATh psAj, TpebOBaHHI OpraHHW3aldM BBIYHC-
nenuit. Kpome atoro, nis momyueHHs BBICOKOM CKOpocTH 06pabOTKH KAPTHHKH HEOO-
XOJHMMO HCIIOIb30BaTh ObICTPBIN MHTepdec N nepenadd Pa3BEPHYTOrO II0 PacTpy
u3obpaxenus. Hanpumep, nna rpadonocrponrens mupuHoi 36 q10#MOB, HMEIOIIETO
paspemetue 400 Touex Ha MOIM, TpebyeTcs MEPENABATD JAHHBIE OT TJIABHOIO KOMIIBIO-
Tepa co ckopocrbio 360 K6/c nis nomyvenns ckopocTu pucOBaHMs1, paBHoO# 1 azofiM/c.
C uenslo moBbILEHUs OBICTPOJEHCTBHS MHOTHME AIEKTPOCTATHIECKHE PacdonocTpou-
Tenu paboTaloT co crenuasbHBIM KOHTposutepoM [1-6]. Ha puc. 1-46 uzobpasken Tu-
IHYHBINA 3IEKTPOCTATHYECKHI rpadOnOCTPOUTEND.

CywecTByIOT TaK¥Xe UBETHBIE IPadONOCTPOUTENH, B KOTOPBIX HCIOJIB3YIOTCA TPH
OCHOBHBIX CyOTpakTHBHBIX nsera [1-1]— romy6oit (cyan), mypmypHbii (magenta) u
xenreiit (yellow) — (CMY) — 4 4eTBepThIii, YepHBIIl, KOTOPHIE HAHOCATCS HA MATEPUAIL
3a OJMH HJIM YeTHIpe Mpoxoja. B ciaydae oJHOTO Mpoxoaa, OTAEIbHEIE PAIbI IEPHEB HC-
NOJB3YIOTCA /11 HAHECEHHA KAXKJAOT'O U3 IBETOB. IIpH HECKONIBKHX MIPOXOJAX KAKIbIA
LBET HAaHOCHTCSI B Te4eHHe OAHOro mpoxoaa. O6brunbli rpadonocTpoUTeNns mogmep-
KUBaeT 7 nBeroB. lIBeToBas 3aKpacka CILTOMIHBIX MHOTOYTOJBHHKOB OCYIIECTBIISAET-
€ IMyTeM IICeBAOTOHUPOBAHUS WM 3amonHeHHs y3opom [1-1]. Konmyecrso Bozmox-
HBIX LIBETOB 3aBHCHT OT PAa3MEPOB MCIOIB3YEMOro y3opa (Hampumep, 2 X 2, 2 X 3
unu 4 x 4) u or paspemenus rpadonocrpoutens. O6LIYHO IpH BLICOKOM pa3perie-
HHH rpadONoCTpOUTENs CocOOEH BHIBOAMTL HECKONBKO THICSY 1BeToB. CTaHJaprHas
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Puc. 1-46 o) DuexTpoctaTiueckuit rpadomnocrpoutess. (C paspemenra ¢bHpMsr Versatec
Corp.) b) Huskoe paspemente 100 dpi; c) Bricokoe paspemenne 400 dpi.
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IIMPHHA 3JIEKTPOCTATHYECKHX rpadonocTponTelneil — 42 mroiiMa, a pa3peutenne — 400
TOYEK HA JOIOHUM.

1-15 JABEPHHIE IIEYATAIOUIUE YCTPOVICTBA

HecMorps Ha TO 4TO JIa3epHble MEYATAIOMHE YCTPOHCTBA (IPHHTEDHI) MEPBOHAYAID-
HO CO3JABAJIMCh IJIs HCIOIb30BAHHA B THIOrPaGhCKOM Aejle, OHH HAILIM JOCTATOYHO
IIMPOKOE MPHMeHEHHe M B MAITMHHON IpacduKe IPH PelreHHH 3334 BbIBOJA rpaduye-
ckux u3obpaxeHu#i. Bo3MOXKHOCTH 3THX YCTPONCTB OKA3aMCh OCODEHHO TONE3HBIMHU
B Pa3/IMYHOTO POJAA U3JATENHCKHX CHCTEMAaX, IJie BO3HHKAET HeOOXOMUMOCTh B KOMIIO-
HOBKe Ha OJHO} CTPaHHIle TEKCTOB M H300paskeHui [1-7]. Takue CHCTEMBI MO3BOISIOT
KOMOMHMpPOBATEH BHIBEAECHHBIC PA3JIMYHBIMU MPUDTAMH TEKCTbI, XYIOXKECTBEHHbIE HII-
JIOCTPAIMH U TIOJIy TOHOBEIEe H300pakeHus1, KAK, HAIIPUMep, PeICTaBJIEHO Ha puc. 1-47.

Jla3zepHbi NpUHTEDP NPUHALIEKHUT K CEMENCTBY pacTpoBbiX ycrpoiicrs. IIpunuu-
IbI €ro JAeHCTBHA, CXEMATUYHO IpeJCTABIIEHHbIE HA puc. 1-48, BO MHOroM momoOHBI
MPHUHIUIAM, IPUMEHSIEMbIM PH KCEPOKOMHPOBAHUH. IleyaTalomuit MEXaHH3M HMeeT
HNOKPBITHIH HOTOUYBCTBUTENbHBIM BeIIECTBOM 6apabaH, 10 MOBEPXHOCTH KOTOPOTO MO-
JKeT [EePEMEINAThCA Iy J1a3epa (ra30pa3psAaHOrO MIIH MOJIYYeHHOTO OT HONYTPOBOA-
HHKOBOTO quona). Ilpu Bpamennu 6apabana ero MOKPHITHE MONYYaAeT SIEKTPHIECKHI
3apsijl, KOTOPBI COXPAHAETCA A0 MOMEHTA NaJeHUS Ha HEro KOTepEeHTHOrO JIa3epHO-
ro ny4a. B pesynbrare npoxoxmeHHs jyda Ha 6apabaHe MOSBIAIOTCS 30HBI (TOYKH),
He MMeIOIHe 3apsaa, KOTOpbIe B COBOKYIHOCTH 06Pa3yloT HeraTHBHOE H300parKeHHe
O6ynywelt kaprunku. Ilo3unuonuposanue Jdy4a Ha 6apabaHe oCYyIIECTBIAETCA C TIOMO-
[IBI0 BPAIIAIOIIEr0Cs MHOMOIPAHHOIO OTPAXKATENA. epHEIi MOPOIIOK Ha ILNTACTHKOBOMH
OCHOBe (TOHEp) MPUTATHBAETCH K 3apsXKeHHBIM TOYKAaM Ha Oapabane, H306pakeHHe C
KOTODOTO NIEPEHOCUTCS 3aTeM HA JIMCT MTOJIOXKUTENBHO 3apskeHHOM HyMaru. Ha 3aBep-
watoime#t craguu GOpMUPOBAHUS H30OPAXKEHHs IPOUCXOIUT (DPHKCAITUA TOHEPA, Iy TEM
€ro BIIABJIEHHUSA NOJ, JEHCTBUEM TEMIIEPATYDPHI U JABJICHHS.
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KapTuiika HasepXy clieBa GopMHpyercs Or1penenaa nepeMeHHyI0 box, MOXHO
xoMaHIamH rlineto ¥ arc. 3aTeM IyTeM obecnednTs BHBOJ IPAMOYTOIBHHMKA
MacIITabMpoBaHMA H IOBOPOTA MOXHO pazmMIHEIMH criocob6aMu. Mcnonesys
TIONYYHTh pa3IMIHEE H306paKeHUs KOMaHJH stroke, setgray, file, MOXHO

BRIBOJHUTH ONUH H TOT X€¢ MPAMOYTOJIb-
HHK B pasHBIX BHAAX U ITOJTOXeHASAX

Puc. 1-47 Jlasepustit npusTep M03B0AsieT GOPMHUPOBATH CTPAHMILY ITyTeM KOMOHHAIMK TeK-
CTOB, MJUTIOCTpal|i H ITOMyTOHOBBHIX M3obpaxenwii. (C paspementa ¢upmbr QMS, Inc.)
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KOPPEKTUPYIOLIAst
ONTHKA
nasep
BpalaroLMHcs HaHeCeHHe
oTpaxarenb TOHepa

BBIXOZHOH
HaKOIMTENL

BXOJHOM
HakONUTEND

Puc. 1-48 CxeMma ycTpolicTBa Ja3epHOr0 IPHHTEPA.

O6br4HO Na3epHBIH IPHHTEP HMeeT pa3pemerue ot 240 x 240 a0 600 x 600 T/ mroiMm.
Hau6onee tunuynoe paspemenre —3ro 300 x 300 t/moitm. JlabopaTopHrle akcrnepu-
MEHTHI IOKA3bIBAIOT, YTO NMPAKTHYECKH BBICIIMH Npejiell BO3MOXHOCTEH NAaHHOH TeX-
gostorud — 800 x 1000 T/moiim. TIpu Gonee BBLICOKOM DPa3pelIeHHM MPOMCXOMUT CIie-
KaHHE COCEIHUX TO4eK ToHepa. HecMoTps Ha TO 4TO Ja3epHBIE NMPHHTEPHI HCIONb3Y-
0TcA Ang tunorpadckoro Habopa, UX 0OBIYHOE pa3peleHHe 3HAYUTENBHO MEHbIIE,
YeM pa3pelleHHe, MonydYeHHoe npu xopoumeM dotonabope (1200-5000 t/moim). Ka-
YeCTBO COBPEMEHHBIX MPHHTEPOB OTPAHHYEHO PA3MEPAMH OTJAEILHOM TOYKH, OJHAKO
nabopaTOpHbIE IKCIEPHMEHTDHI [0 M3MEHEHHIO Pa3MepOB TOYKH AAI0T 0OHAIEKHBAIO-
mEe pe3yabTaThl. M3MeHeHHe pa3MepoB TOYKHM MO3BONSET YBEIHYUTH THOKOCTH IPH
dbopMupOBaHEH [ONYTOHOBBIX H300paxkenuit [1-1]. Xorsa pa3aMeps! JIa3epPHBIX NPHHTe-
POB OIPeJENsIOT GOPMAT HCIONB3YeMOH [JIs HHX GyMaru, B HACTOSIliee BPEMsl Bbl-
IyCKAIOTCS YCTPOMCTBA mMpHHOH 36 moitmos ¢ paspemenueM 400 T/110iM, KOTOpBIE
NO3BOJIAIOT MONYyYaTh u3oOpaxenus dopmaros D (22 x 44) u E (34 x 44) — bopmar
A0 no ECKI.

JlazepHas meuaTs SBIAETCS JOCTATOYHO IPOJOKHTENLHBIM MpoleccoM. BuiBom
CTPaHUIBI IPOUCXOIUT C MOCTOAHHON CKOPOCTHIO, TAK KAK JJIS MOJYyYeHHs BBICOKOTO
pa3pemenus TpebyeTcs M BHICOKAS CKOPOCTH obpaborku. Hampumep, mpu pa3pemeHun
300 x 300 anst mewaTH CO CKOPOCTHIO 8 CTPAHMIL B MHHYTY NIpH pa3mepe 8,5 x 11 moii-
MOB, C Ie4aTHBIM 10JeM 7,5 X 10, 5 obecnedernne HenpepbiBHOM HecniepeboiiHoit paboTsl
norpebyer ckopoctd 1 M6ur/c. Jlns monaepXaHus Takoit e BHICOKOH CKOPOCTH, KaK
H B 3JIEKTPOCTATHYECKHX IPaONOCTPORTENIAX, HCIIONb3YETCS CIIEMHANbHbIN KOHTPOI-
Jiep, obas cXxeMa KOTOPOro NpHBejeHa Ha puc. 1-49. ImaBHBIN KOMIBIOTED BHIAAET
ONHCaHKe CTPAHHUIBI HA A3BIKE BBHICOKOTO ypoBH# [1-7]. BuaeokoHTponnep/mpoueccop
OTBEYaET 3a TeHepaIHIo WPHGTOB, THHUHA MM TIONYTOHOBLIX U306paXKeHHil U 3a Tie-
Penady Bcero HeOGXOAMMOrO MOTOKA OMTOBOM MHGOPMaMu (TOYEK) HA [eYaTaloee
YCTpoiicTBo.

A3nx
OITMCAHMA [Torox
T'nasubiit CTPaHHMLIN BuaeokoHTpOLIED/ TO9EK [Megaraomee
KOMITEIOTED TpoLeccop YCTpOMCTBO

Puc. 1-49 KorbHrypanua BRTHCIHMTETbHON CHCTeMbl Ta3¢PHOTO HPHHTEPA.
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Puc. 1-50 JlasepHsiii npunrep. (C paspemenus ¢pupmer Toshiba America, Inc.)

Puc. 1-51 TIpHmMepnl u306paxeHuil, BHIBOGUMBIX JIa3€PHBIM IIDHHTEPOM: ) BEeKTOpHas rpa-
duxa; b) mosyToHOBLIE TIOJA.
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Ha puc. 1-50 moka3aH THOMYHEIA Ja3epHbIH PHHTED, a Ha puc. 1-51 npusenens
OpUMepbI OOBIMHBIX BEKTOPHBIX H MOIYTOHOBBIX M300pakeHHit.

1-16 MATPUYIHBIE T'PA®OIIOCTPOUTEJN

IIpuHTEDPH HCHONL30BANMCH €Ile Ha 3ape CTaHOBJIEHHS] MAIIMHHOM rpaduKH, KOTJa
OPUMEHSIHMCL OOBIYHEIE CTPOKOBBIE YCTPONCTBa, IPUHAJJIEKANIME K THIIy yCTPOHCTB
¢ paCTpOBBIM CKaHupoBaHHeM. C NOMOLIBbIO TAaKMX NPUHTEPOB MOXKHO MOJIYyYaTh H30-
6paxxeHus, rpaduKu 1 Jaxke NOMYyTOHOBbIE KADTHHKH. BrosiHe €CTECTBEHHO, YTO NPHU
pa.ljpemeHnn 1/6 mofima mo Beprukanu u 0.1 mO rOpU3OHTANH M300pakeHus ObLIH
JOBONMBLHO rpy6BIMH.

B mammunno# rpaduke npuMeHseTcss MHOXKECTBO [IPHHTEPOB, OCHOBaHHBEIX Ha HC-
HOJIL30BaHUHU PA3JIHYHBIX METOJOB M IPUHIMIIOB NIeYaTH: JIEHTOYHbIE MIIH IOCTPOYHbIE
ycrpoiicTBa, GapabaHHbIE IPUHTEDDI, LIENHbIE EYaTAMONIME YCTPOHCTBa M JIENECTKO-
Bele npuHTephl. OfHaKO HaHOONBIIYIO NONYJASIPHOCTh M PaCIpPOCTPaHEHHE MOy IHIIH
MMEHHO MaTpPUYHbIE yCTPOMCTBa.

ITeyatafomuit MexaHu3sM B MaTPUYHBIX NPHHTEPAX NpeACTaBiseT coboit MaTpHILy
M3 TOHKHX NEepLEB MU HUIOJIOK, 3aKPEIVIEHHYIO Ha IedaTapouleil roloBKe, KoTopas me-
peMelaerca BAONb cTpaHunbl. OCHOBY MEXaHH3Ma COCTaBJSIET 3JIEKTPOMATHHUT IS
OJTHOM MJIM HECKOJIbKHMX CTAJILHBIX NPYXKUH, CMOHTHPOBAHHBIX Ha HIJIaX MIIM MOJIOTOY-
K&X. B cOCTOAHMHU NOKOS MOJIOTOYKH YIEPKHUBAIOTCA MOCTOAHHBIM MAaTrHHTOM H HE CO-
HPHKACAIOTCA ¢ Kpacsmeit senTolt. Jna Heffrpanu3amuu AeicTBHA 3TOrO NOCTOSHHOTO
MarHuTa MCOOJb3yeTcs 3neKTpoMaruut. IIpu ero BKIIOYeHHH CTAJIbHbIE OPYKUHBI [10-
JAl0T MOJIOTOYKH BIIEPE/I, BHI3bIBAas CONPHUKOCHOBEHHE UIOJIKH C JIEHTOi. B pe3ynbrarte
Ha Bymary, KOTOpas PacCIOJIOXKEeHa MEX/y JIEHTON U Omopoi, HaHOCHTCS To4Ka. Ilocse
9TOrO INEKTPOMArHUT OTKIIOUAETCH, MOJOTOYEK BO3BPAI2eTCs B IIEPBOHAYAJIBHOE 110~
Jioxkenue. B KOHCTPYKIHAX €O CBOOOAHBIMH MOJIOTOYKAMH UX BO3BPaT M OCBOOOXK IeHHE
IPOUCXOAMT B COCTOSSHMM BO30YXIEHHUS 3JIEKTPOMATHHTA.

CyuiecTByeT MHOXKECTBO PA3JHYHBIX KOH(MHIypaluii paCIOJIOKEHHS HIOJIOK
(puc. 1-52). TIpu HeBBHICOKOH MJIOTHOCTH pa3MelleHHsi MroJoK pasmepom orT 0.012
Ho 0.013 mrofiMa momy4yaercss u3o6paxkenue To4YKH pasmepom 0.014-0.015 mroimoB,
9T0 mo3BoJiseT MMeTh paspemeHne or 60 a0 80 t/aoiiM. IIpu Gonbimeit nnoTHOCTH
Pasmemenus uromok pasmepom 0.008 mroitMoB obpasyerca Touka pasmepom 0.009-
0.010 miofima, a paspemenue cocraBnser 180 T/mroiiM. Takum o6pasoMm, BHIAHO, 9TO
TIPH BBICOKO# MJIOTHOCTH TOYEK MOJyYaeTCsl OTIIEYaTOK C NepeKpbITHeM. B 3aBuCHMO-
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7 Hronok 9 HrosoK 9 uronox 9 Hronox 18 uronox, 12 uromok
B IIaXMaTHOM B IaXMAaTHOM PacioNOXeHHBIX B IAXMaTHOM
nopsIKe nopsaKe apaMu nopAIKe

Puc. 1-52 O6pasmsl pa3sMeIneHHs UrojIOK B MATPUYHOM IIEYATAIOMEM YCTPONCTBE.
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Puc. 1-53 CpasHenue Xa4eCTBa BLIBOAa MATPUYHEIX [IeYaTAIOIMX YCTPOHUCTB: a) 9 Uroox —
paspetenne 70 Todex Ha JfoiiM; b) 24 uronxu — paspemenue 180 rodek.

CTH OT IJIOTHOCTH TOYEK IepeKphITHE MOxKeT cocTaBuTh or 20 mo 50%. IlepekpoiTue
TOYEK yMEeHbII2eT yPOBEHb CMEIIeHHs HiM cryneHdaTsii addekt [1-1], 4To cnocob-
CTByeT yJAyd4IIeHHIO KadeCTBa HM3obpaxkenusi. Ha puc. 1-53 npencraBneHa KapTHHKa,
HoMydeHHAS HA MATPUYHBIX MPUHTEpax ¢ paspemenueM 70 u 180 T/mpoiim 1 uiumo-
cTpupyooumas JaHHEI g dexT.

IIBeTHOe M306pa’keHHe HA MATPHYHBIX MEYATAIOMIMX YCTPOHCTBAX MONydaeTcs C
[IOMOIILI0 MHOT'OIBETHBIX Kpacsauux JeHT. Tak xak Oymara obnagaer cpeiHeit oTpa-
JKamomieil Croco6HOCTBIO, TO MCIONb3YeTCs YeThIPEXI[BETHAA JIEHTa, Ha KOTOPOH HMe-
IOTCA TPH OCHOBHBIX I(BeTa: rony6oit, mypuypusii, xentsii (CMY), a Takke depHbIi
neeT. Vlcnonb30BaHue METONOB NCEBAOTOHUPOBAHHS M 3ano/NHeHus y3opamu [1-1, 1-8]
[O3BOJISAET MOJIYYaTh OTTEHKH PA3HOTO IIBETA.

1-17 YCTPOMCTBO CTPYNHON IIEYATHU

YcrpoiictBa cTpyHHO#N nevaTH SBIFIOTCH PACTPOBHIMHM YCTPORCTBAMHU H HCIIOJIB3YIOT-
cs TIaBHBIM 0OPa30oM B HeJOpPOrux cHcTreMax (hOPMHPOBAHHS IBETHHIX M300pakeHHUH.
OCHOBHOI IPHHIMI CTPYHHOMN NEYATH COCTONT B PACHBUIEHHH MUKPOCKOIHYECKHX Ka-
[eNnbh KPACKM Ha HOCHTeNb n306paxkenusi. CyulecTBYIOT ABA THIA yCTPOUCTB CTPYHHOM
[IeYaTH: C HENPEPBIBHBIM PACHbLIEHHEM H C PACHBIIEHUEM IO 3ampoCy.

YcrpoiicTBa nepBoro THna GHOPMHUPYIOT NOTOK YACTHI[ IyTeM PacHbUIEHHS Kpac-
KU uepe3 ¢opcyHKy. Takol MOTOK IpephIBaeTcsA € MOMOIIBIO YIbTPA3BYKOBBIX BOJH.
Kanenbku kpacku, KOTopble JOMKHBI ObITh HaHeCeHbI Ha GyMary, Nody4arT SJeKTPH-
yeckuit 3apsag. CrnenyalibHble OTPAXKATEIbHBIE JIACTHHBI YIPABIAIOT HANPABICHUEM
JBVDKEHHS 4acTHIl. Bce He3apspKeHHBIE YACTHIBI OTKJOHAIOTCA TaKHM 06pa3om, 4YTo
OHH TIONAJAIOT B 2KeJIo6 ¥ BO3BpAUIAIOTC 3aTeM B pe3epByap. O6bIYHO B KavecTBe HO-
cuTens n3obpakeHHus UCHONb3yeTcs OyMara Wid Opo3padvHasd IUIeHKa. TUnuiHag cHuc-
TeMa CTpyiHO# IedaTH Moka3aHa Ha puc. 1-54a. B ciiyyae npHMeHeHHsS TeXHOJIOIHMH
pacIbLIEHHs IO 3allpoCy, KakK ClelyeT M3 ee Ha3BaHHUs, BHIOPOC KPACKU MPOHCXOIHT,
TOJIBKO eC/IN TpebyeTcs 3aKpacUTh ompeneneHHyio Todky. Kpacka mocrymaer U3 pe-



1-17 YcrpoiicTBo cTPY#HHOH medaTH 65

Pesepsyap
¢ Kpackoht O TKIIoHmIOm¥Me
Qopcynxa

XKewob

(a)

IIne303neKTpHIECKH Y
KPHCTAUL

Tlonaga xpacxa

1

)

Puc. 1-54 ITpummnumuanbHas cXeMa TeXHOJIOTHH CTpPYiHOM [Ie4aTH: 6) HellpephIBHOE PaClIhl-
Jierwe; b) pachbuleHme [10 3aIPOCY.

3epByapa u monagaer moj JapjeHHeM B GoOpCyHKy. Jlasee ¢ NOMOMIBIO ObE303IEKTPH-
YeCKOro KpHUCTANJIa, Ha KOTOPHIA MOJAEeTCH HANPSKEHHE, IPOUCXOAUT BIPLICKUBAHHE
Kpacku 4epe3 ronoBy dopcyHkd. Kpucrann pacmupsiercs mof JeiCTBHEM HAIPSXKe-
HUd, yMeHbmas o6beM KaMephl ¢ KPACKOM, YTO M BHI3HIBAET ee BLIOpoc u3 (HOpCyHKH.
Hpu oTkmouennn HanpsKeHNUs: KPHCTAIT CKHMAETCS, YBETHYHBAst 00beM pe3epByapa,
H 3TO IPHBOAUT K BCACHIBAHHUIO Kpacku obpaTtHo B dopcyHKy. Ha puc. 1-54b npencra-
BIIeHA HILTIOCTPALXs JAHHOTO IPOLECCA.

Paspemaroumas cnocobHOCTb ycTpolicTB CTpyHOM NeYaTH ompeenseTca pa3Mepa-
MH XaIll¥ KpacKH, a CJIeJIoBaTeNbHo, U (opcynku. IIpu ucnonb3zoBanun MakCcUMaIbHO
¥3ko#t (opCyHKH, BOHHKAET paAz npobiiem ¢ obecredeHHeM CBOBOJHOrO IPOXOXKJe-
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HHA KPaCKH, NPEJOTBpAIIEHHeM 3arpsa3Hends (opcyHKH, a TaKXkKe ¢ yIOaJleHHeM Iy-
3bIPLKOB Bo3ayxa. OORIYHOE pa3pemeHHe ycTpoHCTB JAHHOTO THIa cocTraBiser 120-
400 t/mmoiim. JlabopaTopHble IKCIIEPHMEHTHI IOKA3HIBAIOT, YTO BO3MOXKHO Pa3pelleHne
B 1000 T/mrofim.

IIBeTHbIE yCTPOiCTBa CTPYHHON meYaTH UMEIOT, KaK IPaBHJIO, YeThIpe (OpCyHKH,
TPH I OCHOBHBIX IIBETOB — I'OJIyDOr0, IypIypPHOLO, XKEITOr0 — U OfHY [IJIf YEPHOTO
nsera. OCHOBHOE MPEHMYUIECTBO CTPYMHOM TEXHOJOTHHM COCTOUT B CHOCODHOCTH CMe-
OIMBATh IBETA. TaK KaK >XMJKHE YaCTHIBI KPACKH HAHOCATCS 33 OJWH IIPOXOJ HOCH-
TeJIsl, OHM YCIEBAIOT [EPEMEINaThCs eI M0 BHICHIXaHUsA. DTO NMO3BOMISIET OJIYYaTh
My6GHHY M PE3KOCTH I[BETA, HE JOCTHXKHUMYIO IPH HCIIOAL30BAHMH APYTHX TEXHOJOTHH.
IIpumenenre MeTO0B CEBAOTOHUPOBAHMS H y30POB, KAK y>Ke OTMEYaJloch, IO3BOJIAET
HOMy4aTh HECKONBKO ThICAY nBeros [1-1, 1-8].

1-18 YCTPONCTBO TEPMOIIEYATH

Pa3znuyaior ABA OCHOBHBIX IPHHIUIIA TEPMOIIEYATH: C IPIMBIM H KOCBEHHBIM BO31ei-
CTBHeM Tella. B NepBoM ciiydae HCIIONB3yeTcs CHEUMATbHAS TEPMOYYBCTBHTEIbHAN
OyMara, KOTopas H3MEHsSeT CBOH I[BeT moj aeiicrBueM Telia. 3o0pakeHue na Ta-
Koit GyMare popMHpyeTcs neYaTaloUMM y3JI0M, KOTOPLIA BO3zeicTByeT HA OyMary B
IPOIECCe ABHKEHHH. YCTPONCTBO MUMIUIYyIETO y3/a MATPHYHOTO IPHHTEPA, H [IeYaTAI0-
Iye TOJIOBKH B BHAE TIOJIHOI'O Psijia MHIITYIHMX y3JI0B AHAJOTHYHBI yCTPOWCTBY y3JIOB,
HCIONb3YEMBIX B 3JEKTPOCTATHYECKUX TpadonocTponTensX. YCTpoicTBa TepMoneda-
TH MO3BOJIAIOT NOJy4YaTh paspemenue B 40 T/mmoitm. [napnbie u Hanbosee cepre3HbIe
OTpaHNYEHUs TEXHOJOIMH C MpsAMOM Iepenaveil Tela CBA3AHbI ¢ HEOOXOIHUMOCTHIO
OpPHMEHEHHUA ClenManbHoit GyMaru, KOTopas UMEET CBOHCTBO BBILBETATH C TEYEHHEM
BpPEMEHHU.

B TexHOJIOIMH ¢ KOCBEHHBIM JEHCTBHEM TENJA MCHONb3YETCA TOHKAS IJIEHKA MJIH
6yMaxkHasl JIeHTa, HOKPbITas YePHUIAMH Ha BOCKOBOI ocHoBe. TeruioBsLaendmolnye aJe-
MEHTBI, OOBIYHO paclosiaraeMble MO3a4 JIEHTHI, PACILIABISIOT BOCKOBOE MOKPBLITHE, H
OHIMEHTHI YePHUN nonajarT Ha Gymary. O IMHAKOBO YacTO ynoTpebIsioTcs MaTpud-
HbIE MEeYATAIONINE Y3JIbl, IepeMelIaouecs Baoab GyMaru, U nev4aTalolye TONOBKH B
BHJEe MOJHOTO psana mumrymux y3nos. Ha puc. 1-55 npencrasiena cxema T€XHOJIOTHH

Kpacsmuit
COCTaB
TepMomevaTalonIni JleHTa
y3ea YepHuia
B BOCKOBO#1 06010uKe
C ) i/ ]
O6braHan Gymara HaneceHnnas xpacka

Puc. 1-55 TexHOI0rMS C KOCBEHHBIM TEILIOBHIM BO3ACACTBHEM.
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¢ KOCBEHHEIM BO3jeiicTBHEM Tellla. B KavecTBe OCHOBHI IJisi HAHECEHUs H300pake-
gMs IpuMeHseTcs obbrunas 6yMara. I[BeTHbIE KADTHHKHU MOJyYalOTCH IIyTEM HCIOMb-
30BaHMs MHOTOIBETHBIX JIEHT. TDPaJUIHMOHHEIE CEMb I[BETOB BO3HHUKAIOT B PE3yJbTATE
goMbHHanuu Tpex ocHoBHLIX UseToB (CMY) u yepnoro msera. Jns dopMmupoBanus
PACLIHPEHHOH L(BETOBOM HAIMTPEl IPHMEHSIOTCS INaBNOHBI M IMITPuXOBKa [1-1, 1-8].
Tax Kak YepHHJIa IOYTH He BOUTHIBAIOTCA B GyMary, To MOXXHO IOJIy4daTh OsecTauiye
gpeTa. OOBRIYHAA pa3pemaiollas COCOOHOCTD MJiS yCTPOMCTB NAHHOTO THITA COCTABJIS-
er or 100 no 400 /moiimM. Uepuuna, ynorpebiaseMble IPH TEXHOJOTHH C KOCBEHHBIM
BO3IEHCTBHEM, OTAHYAIOTCA JOJITOBEYHOCTHIO.

1-19 IEPLEBHIE T'PA®OIIOCTPOUTEJIN.

Ilepbesbie rpadonocTponTenn (mpex/e Bcero nudpoBble) AENATCH Ha, TPH BHAA: TIIaH-
meTHRIe, HapabaHHbIe 1 I'PadONOCTPOUTENN ¢ HAXKUMHBIM posukoM. Ha puc. 1-56 nann
pUHIMINAILHBIE CXEMbI KAJKIOTO M3 3THX yCTPOMHCTB.

B mnanmerHoM rpadOnoCTPORTENE ¢ IOABMXHBIM KpoHmTeinoM (puc. 1-56a) Ho-
CHTENb M300paXKeHHs 3aKpeIAeTcs Ha JIoXKe rpadonocrpoutens. Ilepememenne nu-
IIYLIETO y3Jia Ha [IOCKOCTH OCYHIECTBIIAETC IPH ABHXKEHHH KPOHINTENHA 1T0 ITMPUHE
JIOXKA [l OCH T ¥ [PH JBHXKEHHH COOCTBEHHO y3/a [0 KpoHurredny st ocu y. Ha

CaobopHo
nepeMeniacMhlil
110 OCAM X-Y MOTOD

(a) (b)

ITprxumHoN
POMHAK
= Baxkyymusie
5 OTBEDCTHA Toepall porux
Bapaa Baxyymuas xamepa

(c) d)

Puc. 1-56 CxeMbt AeficTBus MepbeBhix rpad)0NoCTpOUTEIel PA3HBIX TUIOB: @) IUIAHIIETHRIX
C MOABMXXHEIM KPOHIITEAHOM; b) IUlaHmeTHsI C OABMXKHEIM IUMYyIIHM y3J10M; ¢) Gapaban-
HEIX; d) C HaXKHMHEIM POJIMKOM.
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Puc. 1-57 IlianmerHsii rpadoNoCcTPOMTEND C NONBHKHBIM KpoHmTeitHoM. (C paspemenns
$upmnr Xynetics, Inc.)

Puc. 1-58 Ilnanmerssiit rpadonocTpouTens ¢ MOABMIKHBIM MUMYIMM y3JI0M.

puc. 1-57 np¥BeaeH THOMYHBIA MIAHIIETHBIH rpadonocTpouTens ¢ NOSBHKHBIM KPOH-
IITeHHOM.

B nnanmersoMm rpadonocrpontese ¢ NOIBMXKHEIM OHOIyIIUM y3ioM (pHc. 1-56b)
OPUMEHSETCH YCTPONCTBO PHCOBAHMS, KOTOPOE, HAXOISACh B MOABEMEHHOM COCTOS-
HHMH, [IePEMELIAEeTCs MOM JAeHCTBHEM MArHUTHbIX Ccuil. JaHubi# npuHUpn obecnevnBa-
€T IOYTH MOJHOE OTCYTCTBUE TPEHHA. YIPABIEHHE OBHXKEHMEM MHIOYUIEro y3Ja [0
JABYM HAIIDaBJIEHUSIM OCYIIECTBJSETCH Ha OCHOBE 3JIeKTPOMArHHTHOI'O BO3AEHCTBUS 1O
npuHUMny cepsomoropa. IIpumep rpadonocrpourens JaHHOrO THNA NPEACTABIIEH HA
puc. 1-58.

Kpennenne nocutens u3obpaxkeHHs Ha Joxe KPymHOGOPMATHBIX MIAHIMETHBIX
rpadonocrpouTreneil oCyweCTBAAETCA C TOMOIIBIO BakyyMa. Jlanunle ycTpoiicTBa UMe-
10T pa3pemenue He meree 0.004 mroitma u ckopocTs 3600 miolim/Mun. Pa3meprr nnas-
meTHbIX rpadonocrpouteneit KomebmoTca or 8.5 X 11 AoiMOB A0 HECKONBKHX Ae-
caTKOB GyTOB B IIMPHHY M [JiMHYy. B Ka4ecTBe HOCHTENA M306pakeHHs MOXeT uc-
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HOMB30BATHCSI MHOXKECTBO MATEPHAJIOB, TaKUX, KaK OyMara, nepraMeHt, ¢hoTOIJIEHKA,
KOIMPOBAJIbHAS TIOBEPXHOCTH, JIACT METAIa M TKAHH. JTHM Pa3HOOOPAa3HBLIM THIIAM
HOCHTEJIEH COOTBETCTBYET MHOXKECTBO yCTPOHCTB PHCOBAHHS, CPeOH KOTOPHIX IIaApH-
KoBas pyuka, dbiioMacTepbl H OOBIYHBIE YEPHHUJIbHBIE NEpbsi, CBETOBLIE H JIa3€PHBIE
Jy4H, HHCTPYMEHTbI Uil 'DABHPOBKM, KOIMPOBAIIbHBIE Pe3lbl M PE3LBI N0 TKAHH.
Taxoe pa3sHoobpa3ue THIOB HOCHUTeNeH M MUIIyOIMX Y3JIOB HpeAmosaraeT IIMPOKHit
CIIEKTP pa3nuuHbX cdep mpHUMeHeHHd IaHmeTHbIX rpadgonocrpourteneit. Kpome ux
TPaJMIMOHHOTO HCHONb30BAHUSA JJIsl PHCOBaHMA, KpynHodopMarTHble rpadonocrpon-
TeJIM IPUMEHSIIOTCS [JiA CO3aHusa D1a0JI0HOB MEYATHHIX IUIAT H MHTErDAJILHBIX CXEM.
HocuteneM n3o06pakeHus B 3TOM Cliydae ABisgercsa (HOTOMNEHKA, a MUIIYyIIUM HHCTDY-
MEHTOM J1y4 cBeTa. Pazmuunbie MoauduKalyd mIaHmeTHbIX rpadomocTpouTenei uc-
HONb3YIOTCA TaKKe M JJisl PACKPOMKHM MYXKCKOR H 2KEHCKOH OJeXKIbl M JaXKe TapyCoB.
B xadecTBe HOCHUTENd 34Ch BHICTYNAET COOTBETCTBYIOUIAS TKAHDL, a NUINYIIHM y3JI0M
ABJAETCA HOX JUOO Ja3epHBIH Jyd.

Bouee nemesbie 1 HeOOIbIHKE NIIAHIIETHBIE IPadOIOCTPOUTENH He 00JIaJal0T TAaKOH

FHOKOCTBIO IPHMEHEHHs M MMET Bojiee HU3KYIO CKOPOCTh H Pa3pellaiollyio Cuocob-
HoCcTh. OBGLIYHO B TAKHX YCTPOWCTBAX HCIOJIb3YETCA MPHHLIMI JEKTPOCTATHYECKOTO
YIIpaBJIeHUsl HOCHTeNeM, B KauyecTBE KOTOPOTO, KAaK IPaBHJIO, NIpuMeHsercsa GyMara,
NepraMeHT HJIH [pO3PadYHas MJIEHKA.
", Bapabaunsie rpadonocrpourenu (puc. 1-56¢) sBnsworcs Gonee CIOXKHBIME B MEXa-
BWYECKOM ILJIaHe ycTpoiicrBaMH, 4eM miaHimeTHeie. [lumyuuit y3en B HuX nepemenia-
€TCA BJOJIb HEMOABMXXHOTO KPOHINTEHHAa B OAHOM HanpasieHuH. CaM HOCHTENL Bpa-
Iaercd BOepeJ M Ha3aJ MOJ KPOHIITe#HOM, obecneunBas TakKuM 06pa3oM OTPHCOBKY
flo APyroMy HampaBJIeHHIO.

Hocurens 3akpennsercs Ha GapabaHe OpH MOMOIIM BaKyyMa JUO0 IPHIKHMHBIX
ponnkos. Tl MaTepnasa HOCHTENs OpeeNseTCs ero CBORCTBAMH JIETKO BPAIAThCH.
O6rrano aTo HyMara WM mepraMeHT ONpeAENeHHOH MMpPHHBL. J|THHA HOCHTENS Orpa-
firdeHa, TONBKO JJIHHOM NeHTH! B pyJoHe. HecMoTpst Ha To YTO pa3pemarouas cnocob-
HOCTh rpadpornocTpouTeneif JaHHOTO THIIA IPHMEPHO PABHA Pa3PeIIeHHIO NIAHIIETHBIX
yerpoticrs (0.0005 mroiiMa), CKOPOCTh PUCOBAHUA B HHX, KaK [IPABUIO, 3HAYHTEILHO
HHZKE.

I'padonocTponTeny ¢ npUKUMHBIM POJIMKOM MIPEACTABAAIOT CO0O#H CMECh IUTAHIIIET-
Hbrx u Gapabanubix ycrpoiicrs. Hocurens n3o6pakeHus pa3MelIaeTcss B HUX MEXIy
HODI>KMMHBIM POJIMKOM M HHJIMHIPHYECKOH MOBEPXHOCTHIO puCoBaHus (puc. 1-56d).
IIpu Bpamenus npHKMMHOTO POJMKA HOCHTEND ABMIKETCHA BIEpEA H Ha3a[ MOJ Hemo-
ABHZKHBIM KPOHIITEHHOM, IO KOTOPOMY, B CBOIO OY€pelb, HEPEMENIAeTCH MTHITY N
y3en. B atux rpadonoCTpouTensx npuMeHAETCS HAKONMTENb [Ji OTAEILHBIX JMCTOB
Jbo Asis pyJioHa, YTO M onpeaenser ¢gopmar GyMaru, mepraMeHTa WM MPO3pavHOi
Iwrenku, O6GbIMHASA pa3pemamasn cnoCobHOCTh JaHHbIX ycrpoiicTB coctaBaseT 0.001
MoitM, a ckopocTh pasHa 180 moiim/mun. Ha puc. 1-59 nokasan rpadonocTpouTelb
C [PHKHUMHBIM DPOJIHKOM.

BonpmuncTBo nephepbix rpadonocrpouTeneil paboTalT B HHKPEMEHTAJILHOM pe-
XKUMe U IPUBOJSATCA B ABHIKEHHE MIAroBbiM MoTopoM. ITumymuit y3en B HUX nepeme-
IMAEeTCA HaJ, MOBEPXHOCTHIO PHCOBAHHSA IO BOCbMH BO3MOXKHBIM HANpaBJIeHHsAM (pHC.
1-60) 3a HEKOTOPOE YHCIIO HEGOMBUIUX MAroB. Pe3ylIbTHpyIONIAA JHHHSA, IPOBEIEHHAS
B HampaBJIeHMH, OTJIMYHOM OT YKa3aHHbIX Ha puc. 1-60, 6yaer uMeTh cCTyneH4YaTHIi Xa-
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£

Puc. 1-59 I'padonocrpourens ¢ npmxkUMabnM poaukoM. (C paspemenus ¢upmer Hewlett—
Packard. Co.)

Y

Puc. 1-60 Hampasnenus gBrXeHHS B MHKPEMEHTAJIBHBIX PadOllOCTPONTEIAX.

pakrep. [losiBneHue TAKOM «JIECTHHIIBI>, UITH 333yOPEHHOI! JMHUY, ABJISETCS CIIeICTBU-
€M KJII0YEeBOrO fIBJICHHs, NOJyYHBIIErO Ha3BaHHe JiecTHHUHBI 3bdexkr (anuasunr),
T.e. JedpekT M306paKeHHs JUHHH BCJIEJCTBHE IMUCKPETHOCTH pacrtpa [1-1]. M3 Bcex
JICOPHTMOB MOCTPOEHHS JIMHMH, HMEIONMIUX HAMIY4IIHe MMOKA3aTeIH ONTHMAILHOCTH
BRIOOpa M3 BOCHMH BO3MOXHEBIX HAIPaBJIeHHH, aroputM Bpesenxema [1-1] aBaserca
Hambonee yaaunbiM. JJaHHLI aMTOPUTM, YaCTO ACCOIMUPYEMbIi ¢ PACTPOBBIMH YCTPOM-
CTBaMH, [IEPBOHAYAJILHO GLLI Pa3pabOTaH MMEHHO sl [U(POBBIX HHKPEMEHTAIbHBIX
rpadonocrpoureneii.
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Puc. 1-61 IIpuMep Tunmuusoro M3obpakeHud, MojydaeMoro Ha IMPOBOM HHKPEMEHTAIIb-
HOM rpadollocTpoHTeIe.

KoppekTHocts HanpaBieHus ABUXKEHUs JOCTHTAETCA IIyTEM HCIOIL30BAHUSA CEPBO-
MOTOPOB, KOTOpbIE YIPABASIIOT NHIILYUUM y3JI0M rpadonocrpoutens. B aTtom ciyuae
obpaTHas CBSI3b B IIeNH IOCTOSHHO KOPPEKTUPYET OJHOBPEMEHHO 00a MOTOpa, I 1Oo-
JydeHHUs IJIaJKOH JIHHHH.

CKOpOCTh ABISIETCH BAXKHON, HO HE eIMHCTBEHHOHN CYIIECTBEHHOM XapaKTEPHCTH-
Kol rpacgonocrpoutens. B HEKOTOPBIX CIIy4asX yCKODEHHE OKa3bIBaeT ropa3zo 60oib-
iHee BIMsHHWE Ha obuiee ObicTponeiicrBue. leno B TOM, YTO YepTEXK COCTOMT M3 KO-
POTKMX CeIrMEHTOB JIMHHI ¥ TI03TOMY I'padOnoCTpOUTENb JOMKEH yMETh CTapTOBATh U
OCTaHABJIMBAThLCA MEXAY CerMeHTaMH. Boibiee yckopeHHe no3BosseT rpadomnocTpo-
#Arenio ObIcTpee JAOCTHTATh HYXKHOM ckopocTH. Bo3amoKHasa B Hacrosiiiee BpeMs Be-
JIHYHHa, yCKOpeHus npeBbimaeT 4 g. MHOrHe KOHTpOnEps! rpadornocTpouTeneil KoM-
INIEKTYIOTCA TAKXKe CHeNHAIbHBIMH IPOrPaMMaMH, TO3BONISIONIMME 3apaHee H3beraThb
JIMIOHUX OCTAaHOBOK, HAIIpDUMED, B Clly4ae, KOIJa JJis NPeJCTaBJIeHHA KPUBOH HCIIOIb-
3yeTcsa OoCIeN0BaTENbHOCTh COETUHEHHBIX APYT € APYTOM KOPOTKHX OTPE3KOB.

B ornmume or mHormx rpadMyYecKMX YCTPOHCTB, NEPhEBbIE TrpadOnOCTPOMTENH
MO3BOJISIOT MOIY4YaTh JOCTATOYHO BHICOKOKAYECTBEHHbIE H300paKeHud, TaKHe KaK Ha
puc. 1-61.

1-20 IBETHHIE BUAEOKAMEPEI

C nosBnenueM BBHICOKOKAYECTBEHHBIX IBETHBIX PACTPOBBIX JHCILIEEB B COYETAHHH C
UBeTHbIME Gycdbepamu kampos (§ 1-9), cOCOOHBIX BRIBOJMTL CBBINIE 16 MIIH. I[BETOB,
BO3HUKJIa HEOOXOMUMOCTH B CrIOCO0e NpeICTaBIeHHs NONyYeHHbIX pe3yIbTaToB. B Ha-
CTosAiIEe BpeMsl CyUIeCTBYeT eIUHCTBEHHAS TaKasd TEXHOJOI' M, OCHOBAHHASA Ha HCIIOJb-
30BaHuH npeTHOM doTomnenku. [[BeTHas BUIEOKaMepa — 3TO HauboIee YacTO UCIIOMNb-
3yeMoe B MalllMHHOH rpadHuke ycTpOHCTBO.

CoBceM mpocTas NpMHIMOMATLHAA CXema IBETHOM KaMmephl HpHBeleHa Ha
puc. 1-62. B MeToze, Ha3pIBAEMOM 3aIHChIO MOCIEI0BATEIBHEIX MONIEH, HCIOML3yeTCA
HeBonbIuas, quaMeTpoM d TIOHMOB, MOHoxpoMaTudeckas DJIT ¢ MAeanbHO MIOCKHM
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BT Hrcx
¢ GeTeM JHoMHHOGOpOM C IIBETHHMH GIIETPAMH

1IBeTHad WwieHKa

Puc. 1-62 IlpusnmunuansHas CXema IBETHOH Kamephl.

sxpanoM. Ha onrtuueckoit ocu ot kameps! K JIT cuavana nomeniaercs KpacHblit ¢o-
ToUIBLTP, NPONycKaroWMil Toabko Kpacusle gyun oT DJIT, koTopble m momagaroT
Ha mwieHky. ITocie sroro skpan DJIT racHer, KpacHsI PHILTD 3aMeHs€TCA Ha 3ele-
HbI#, OTKPBLIBAIONIHN# [IyTh TOJILKO 3€JIEHBIM Jiy4daM. I1nenka NIOBTOPHO 9KCIIOHHPYeETCs,
OCTaBasCh B MPEXKHEM MOJIOXKeHHH. B 3akiodyenne mponecc MOBTOPAETC AJis CHHE
KOMIIOHEHTHI u300pakenus. Takas TPHXKIBI 3KCIOHUPOBAHHAA IIJIEHKA COAEPXKHUT 3a-
KOHYEHHOe U300paKeHusl PUCYHKA.

VYcnex Bcero mponecca onpeaensercs kadecrsoM JJIT [1-1], mns yMmeHblleHus B
Helt HCKasKeHU# IPUMEHSETCs IJIOCKHH, a He H30THYTHIN 9KPaH, YCTAHABIMBAEMBIH Ha
6onbiuHCcTBO MOHHTOPOB, Crekio IJIT Takike A0omKHO GBITH BBICOKOr'O KAYecTBa, 6€3
Oy3bIPHKOB, HapanuH ¥ Apyrux gedexkToB. Jns Toro urobbr obecneduTs NPHMEPHO
ONWHAKOBYIO PEAKIHIO Ha BCE TPH CHUTHAJa (Kpa.CHbIﬁ, 3€JIEHDIH, CHHnﬁ), IpHUMEHAEeT-
cfl IIIMPOKOIIOJIOCHBIH JIIoMUHOMOP, CJIOH KOTOPOro AOMKEeH ObITh 6e3 nsSTeH H y30pOB,
HMMETH MPEKPACHYI0 3ePHUCTOCTD H OJHOPOAHYIO TEKCTYpPY. Pa3Mepnl TOUKH 3JeKTpOH-
HOr'O JIy4a JOJIXKHBI ObITh MHHMMANbHBIMH DPa3Mephbl Ui JOCTHIKEHHS NOBBIMIEHHON
pa3pemaromeit crocoOHOCTH, a 3JEKTPOMArHHTHAS (DOKYCHPYIOUWIAs CHCTEMa JOJDKHA
OBITH OTJIMYHOI'O KA4ECTBA.

Ilpn ycnoBum akkypaTHOM ISKCILTyaTaMM pa3pelleHHe TaKOTO yCTPOMCTBA COCTa-
Baser 3000 x 5000 T/mroiM npu auaMeTpe MOHHTOpa 5 mimMoB. OTMETHM, YTO pa3-
pelleHHe U aIpecyeMOoCTh — 3TO He UACHTUYHBIE NOHATHA. Pa3pemenuem uaMepsercs
KOMYECTBO OTAENbHBIX PA3JIHYMMBIX TOYEK, B TO XK€ BpeMs aJIpeCyeMOCTh YKAa3bIBAeT
YUCJIO MO3UIMI, B KOTOPHIE MOXET ObITh [IOMEIEH 3JIEKTPOHHBIH fyd. 13-3a orpanu-
YEHHOCTH BO3MOXKHOCTER YeJIOBEYECKOrO IU1a3a KAPTHHKA MOXET HMETh aApPeCyeMOCThb
BBIIIIE IOPOTA, 33 KOTOPHIM IJIa3 YK€ HE Pa3/IMYaeT OTIAENbHBIX TOUEK H300parKeHHs.

1-21 AKTHUBHBIE 1 IIACCUBHHIE 'PAOGUYECKUE YCTPONCTBA

PazbepeM pasnuumus MeXAy NaCCHBHLIMH M AKTHBHBIMH I'pa¢HYECKMMH yCTPOUCTBA-
mu. [laccuBHBIE yCTpOIiCTBa pocTO GOPMUPYIOT O yIPABJIEHHEM KOMILIOTEPA H30-
Opa’KeHHs, T. €. OHM NO3BOJFIOT 00ecneYnBaTh rpaduieckuis HuTepdeic MeXIy KOM-
ObIOTEPOM M MONb30BaTeseM. MaTpHYHbIE IPUHTEPHI, JIEKTPOCTATHYECKHE U IEPHE-
Bble TpadONOCTPOUTENH, YCTPOKCTBA 3aIIMCH Ha NJIEHKY, JUCIJIEH ¢ 3AOMUHAroUIeN
TpyOKOii, a Tak:Ke MOHHTODHI ¢ pacTpoBoit DJIT — Bce 3TO MpUMEPHI MACCHBHBIX Ipa-
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¢duieckux ycrpoitcrs. Hekoropbie 06pa3iipl 3THX yCTPOHCTB BMECTE ¢ THUITHYHBIMH Kap-
THHKAaMH, KOTOPbIE OHH Cc0coOHBI (hOPMUPOBATDH, IPUBEAEHHI Ha puc. 1-17, 1-22, 1-37,
1-40, 1-46, 1-50. 1-51, 1-53, 1-57, 1-58, 1-59 u 1-61.

AxTusHnle rpaduyecKkue yCTpOUCTBa IO3BONAIOT NOJIb30BATENIO B3aMMOAEHCTBO-
BaTh C KOMIOBLIOTEPOM NpH noMouy I'paduku. OOLIYHO 3TO O3HAYAET, YTO MONb30Ba-
Telb MOMy4YaeT KOOPAMHATHYIO HMH(OPMALMIO B HEKOTOPOM MpeoOpa3oBaHHOM BHJIE,
T.€. B BUIIE, OTJIMYHOM OT SIBHOT'O BHIBOJA COOTBETCTBYIOIINX YHcel. TaK KaK KAPTHH-
XH, KPUBbIE HJIHM MOBEPXHOCTH MOXKHO DAacCMaTPHBATH B BHAE MATPHIBI KOODAMHAT,
TO MOJIBL30BATENb NOTY4YaeT JOCTOBEPHYIO HILTIOCTPaTHBHYIO uHbopManuio. O6bri-
HO aKTHBHBIE yCTpOHCTBa 0611a0al0T BO3MOXKHOCTBIO MOSHIIMOHHPOBAHMSA Kypcopa M
CYMTHIBAHUS €r0 HOBOT'O MOJIOXKEHHsA. THNHYHBIE aKTHBHBIE rpadpUYecKHe yCTPOicTBa
BKJIIOYAOT andaBUTHO-1UGPOBEIE KIAaBHATYPHI (pUC, 1-6), ByHKIIHOHAIbHEIE KHOIKH
(puc. 1-13), KOOpAMHATHBIE KOJEca, HAOOPBI PydYeK Ui BBOAA CKAJIAPHBIX 3HAUEHHI
(puc. 1-12), onudpossiBalomuii WiM aHAIOroBhIA miaumers: (puc. 1-7, 1-8), cse-
roBule nepbs (puc. 1-15), ynpasnsionpe peryard (puc. 1-9), KOOpAMHATHBIA Imap
(puc. 1-10) umm mbimb (puc. 1-11). HecMOTps Ha TO YTO 3TH yCTPOKCTBA MOTYT HCIIONb-
30BaThCs CAMOCTOSATENbHO, OGBIYHO OHHM TPEOYIOT IPUMEHEHHA KaKUX-THO0 MaCcCHBHBIX
ycrpo#ictB. Kak npasuno sro JJIT.

1-22 IPOIrPAMMHOE OBECIEYEHNUE MANIMHHOMN I'PAGUKN

Becy koMIIeKC DPOrpaMMHOrO ofecledeHHsl MAIMMHHON IpachUKH He TOIBKO peasu-
3yeT WAEH, 3aTPOHYTHIE B JAAHHOHK KHHTe H B pabore [1-1], HO ¥ BOMIOLIAET AITOPUT-
MBI OPTaHM3aIMH CTPYKTYP JaHHBIX, IPOEKTUPOBAHUA H yIPaBJeHHs 6a3aMH TaHHBIX,
B/IEOJIOTHIO M TPeGOBaHHA K YENOBEKO-MAIIMHHOMY HHTEPGEHCY, OXBAaThIBAET A3BIKH
IPOrpaMMHPOBAHUA M ONEpalMOHHBIE cucTeMbl. VlcciienoBaHue BeeX 3THX BOIPOCOB
BHIXOIMT 33 PaMKH JaHHOH KHHI'H, OJJHAKO OHH 3aTParuBaiOTCH NPH OOCYXKIEHHH BO-
fipOCOB MPOEKTHPOBAHHUS CHCTEM MaIUHHHON rpaduky.

B nacrosumee BpeMs pa3paboTaHbl M IPOJOINKAIT CO3JaBATHCA MHOTOYUCIIEHHEIE
i"paxbnqecxne CTaHJAPThI, KOTOPBIE B OOIIEM CJIyuae MOXKHO OObeMUHUTH B TPH I'Dyn-
okl Ilepsas rpynma — 970 rpaduyeckuit npuknagHoit unrepdeiic, npeobpa3yommi
gnen B GhopMy, NOHSTHYIO KOMObIOTEPY. A 9THX neneit mpUMEHSIOTCS CTAHIAPTHI
npesicTaBieHus JaHHbIX: rpaduyeckas kopHeBad cucreMa (GKS), nepapxuueckuit -
TepaKkTUBHLIN rpadudeckuit cranaapT nporpammucta (PHIGS, PHIGS+) (npumoxe-
HHE A).

Bropast rpynna OTHOCHTCHA K XPaHEHHIO M [epefade JAHHBIX MeXAy rpadpUvecKd-
Mu cucremamu u mexay CAIIP u cucremamu ACTIIII. B mannoit obnactd uMeeTcs
craggapr IGES (dbopmar nepenauu rpaduyeckux JaHHDIX).

B Tpersio rpynmy BXOmMT cTaHIAPT AJd onpefeneHus uHTEpdeiica MeXIy Opo-
FPaMMHBIMH CHCTEMAMH MAIIHHHOM rpachUKH HIHM HabOpaMu JAHHBIX H CHCTEMOMH Ie-
Pesayuu, a TaK¥Xe CTAHJAPT onpejaeNeHus TpeOOBaHUH K allapaTHO 3aBUCHMBIM Apai-
Bepam rpadUuecKuX yCTpoiicTB. B maHHO#N 0D/acTH CyIIECTBYIOT CTAHAAPTHL: MAIIHH-
HO rpaduyeckuit meradain (CGM) 1 BupTyanbubiit maTepdeiic yerpo#crs (VDI).

Bcee aTu cTaHmapThl HMEIOT OYEHDb BAjKHOE 3HAYEHHE M IIPEICTABIAIOT coBO# mo-
ObITKy ofecnevyeHns COBMECTHMOCTH NPOrpPaMM, HoJb30oBaTesnelt M qaHHbix. B mpuio-
JKEHHH A 3TH CTaHAapTHI PACCMATPHBAIOTCA 6oJiee Pa3BEPHYTO, HO HE OYEHD JETAJIbHO.
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Tpaduaeckas
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3
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PHIGS
PHIGS +
Y
TIporpamma
6azoBolt |
rpauKH
I Harepdeiic
nepenaIr
JMaHHKX
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Hnrepdeiic VDI
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ycrpo#icTea ycTpo#icTpa
K
/ A
TlaccuBHEIE AKXTHBHEIE
rpadugeckue rpadudecKae
ycrpoficTea ycrpofictea

Puc. 1-63 CrpyxTypa mporpaMMHOro obeCnedenns MalIMHHOK rpadHKH.

Ha puc. 1-63 noka3zaHbI OCHOBHbIE YPOBHH OPraHM3allMM IIPOrPAMMHOI0 obecredyeHus
MAIIMHHOM TrpadHKH ¥ MECTO KaxKIoro U3 cranaapToB. OHaKO 3a,43a4a 3TOH KHUTH U
pabotst [1-1] COCTOUT He B O6CYKJEHNH CTAHAAPTOB, & B HCCJIEJOBAHHH OCHOBOIIOJIATaA-
OUIMX KOHIENIMi, MATEMATHYECKHX U IPOIEAYPHBIX 3JIeMEHTOB MAIIMHHOMN rpadukn.
ITosToMy mporpaMMaM MAIDUHHON TrpapUKH yIeNsieTcss MHHHMAILHOe BHUMAHUE Ha
ypoBHe ocHOBHbIX noHsTuit. IIporpaMmmubie cucrembr Mammuuol rpaduku, peaau3sy-
folllMe BCe 3TH KOHIIENIIMH, pencTaBieHsl B npunoxenusx A u G. Ha ocHose Bcex
M3JIOKEHHBIX M Pa30UpaeMbiX BIOCIEACTBHH KOHIENIMI K3 3TOM KHUTH M U3 pabo-
Tl [1-1], & TaK)Ke KOHLENIHNI OPraHU3aLUH CTPYKTYD JAHHbIX M IPOEKTHPOBaHHs 6a3
JAaHHBIX MOXKHO Pa3pafoTaTh M pealn3oBaTh HYHKIIHOHAILHO MOJHYIO POrPaMMHYIO
CHCTeMy MAIDWHHOM rpaduku. ITH KOHIENIUH IOMOTYT TaKxKe pa3obparhcs B moboi
H3 CYLIECTBYIOUIMX CHCTEM MAINWHHOW rpaduku.
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I'1aBa 2

JIBYMEPHEIE
IIPEOBPA3OBAHUS

2-1 BBEJIEHHE

Nayyenne MaTeMaTHYeCKOI'O alapaTa, JEeXKAIEro B OCHOBE MANIMHHOM rpaduKH, MbI
HadHeM C PACCMOTPEHHs CocobOB BBIBOAA U IPeobpa30BaHUs ToYeK U JUHUM, DTH co-
co6bI HApAJLY C COOTBETCTBYIONMMHE AJITOPUTMAMHU DHCOBAHHS MCIONb3YIOTC IJI U30-
OpakeHHsa 0OBHEKTOB MM Buayanu3amuu rpaduyeckoit nudopmanuu. Bo3sMOKHOCT
OPOBOIUTH Ipeobpa30BaHus TOUEK M JuHUM ABnseTca dyuaameHTOM MamMHHOHA Irpa-
¢uxku. HapucosauHsiit 06bekT MOXKeT ObITH NPEACTABIEH B Hy>XHOM MacinTabe, moBep-
HYyT, IepeMeleH, npeobpa3oBaH UK MoK (GHIMPOBAH B COOTBETCTBUH C TPeGOBAHUAMHU
pemaemo#t 3anauu. Bee 9Tu MaHMmynsmuu ¢ #300parkeHHEM MOXKHO BBIIOJHHTD, HC-
NOJb3ysA MaTeMATHYECKUH annapar, H3JIOoXKeHHbIH B JAHHON M MOCJIEAYIOMNX TJIaBaX.

2-2 M30BPAXKEHME TOYEK

Touka mpeacTaBNsAeTCA Ha MJIOCKOCTH IBYMS CBOMMH KOODAMHATAMH, KOTOpBIE Ompe-
JIeNAIOTCA KaK 3JEMEHTHI MaTpHIpl pasmepoM 1% 2 [z y]. B TpexmeproM mpocTpaHcTBe
HCIoNb3yeTca MATPHIA pasmepom 1 X 3 [z y 2]

MHuade rosops, TOYKa MOXKeT 33a4aBaThCH B BHJIE BEKTOP-CTONOHA [;] B JIBYMEDHOM
[MPOCTPAHCTBE UJH B BHJIE

T

Y
z

B TpexMepHoM. CTpoky [T y] mim cronGery [;] 4aCcTO HA3bIBAIOT KOOPOWHATHLIM BEK-

TopoM. B aToit KHMre mia (pOpMHPOBAaHMS TAKOrO BEKTOPA MCIONb3yeTCd MaTPHIQA-
CTPOKA, T. €. MHOXXECTBO TOYeK, KaXKIas U3 KOTOPBIX ONpenenseT KOODAUHATHBIA BEK-
TOp B HEKOTOpO#H cucTeMe u3Mepenus. JlaHHOe MHOXKECTBO XPaHMTCH B KOMIILIOTEDE
B BHJIe MATPHUIBI UIH MaccuBa uucel. IlonoxXeHHeM TOYEK MOXKHO yIpPaBJSTh IMyTEM
MaHHUIyJIHPOBAHUSA COOTBETCTByoUmel Marpuneil. JIunun, coequnsiomue Touku, dhop-
MHDYIOT OTPE€3KH, KPDHMBbIE H KAPTHHKH.
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2-3 TIPEOBPA30OBAHHNA N MATPHIIH

B KadecTBe 3J€MEHTOB MATPHUUBI MOTYT (hUTypHPOBATH PA3JIMYHbIE BEJIHIMHBL YHC-
s1a, ceTKH uiau ko3¢ dunueHTs cucreMul ypaBHenuil. IIpasuna B MaTpuuHoit anrebpe
OIPEAENAIOT JONYCTHMBIE ONepanHy Haj ddeMeHTaMu (npunoxenue B). Muorue ¢u-
3EdecKHe 3a0a4d yJI00HO BBHIPAXKAIOTCA B MATPUYHOM OpeacTapienud. Jlnsa Momeneit
(UBHUECKHX CHCTeM 3a]a4a OOBIMHO CTaBUTCA CeAYIommM 00pasoM: JaHbl MATPUIpI
[A] u [B], na#itn pesyaprrpyomyio marpuy [T'], Takymwo, uto [4][T] = [B]. B atom
crydae pemenneM sBaserca marpuna [T] = [A]7! [B], rae [A]~! —matpuna, obpat-
gad K KBaJpaTHOM Marpuue [A].

B T0 ke Bpems Marpully [T] MOXHO HHTEPIPETHPOBATH KAK F€OMETPHYECKHH Ome-
parop. B aToM ciiyvae Iuisl BBINONHEHHs €OMETPHYECKOro mpeobpa3’oBaHHs TOYEK,
NpeACTABIEHHBIX BEKTOPAMH IONOXeHHH B MarTpuie [A], HCHOIb3yeTcss yMHOXeHHE
maTpun. IIpennonoxum, yro marpuns! [A] u [T] ussectrbl. Tpebyercs onpenenutsb
anemenTs! Marpuip! [B). IIpencrasnenue [T] Kak TeOMETPHYIECKOrO OIEPATOPA. ABJIAET-
¢ OCHOBOH MaTeMaTHYecKUX Npeobpa3oBaHuit, HCIIONbL3yeMbIX B MAIIMHHON rpacdHuke.

2-4 TIPEOBPA30BAHME TOYEK

PaccMOTpHM pe3yabTaThl YMHOXKEHHSI MATPHUIBI [T Y], COnEPKAIeH KOODAUHATHI TOYKH
P, na marpuiy obuiero npeobpa3oBaHUs pa3MepoM 2 X 2:

xir=le 0 [0 ] = e+ o + i = ey (2-)

Jannas 3anuch 03HAYAET, YTO HCXOIHBIE KOOPAMHATHI TOUYKH T M Y mpeobpa3yorcs
Bz* uy*, roe z* = az + ¢y, y* = br + dy (upunoxenue B). IIpencrasnsior uH-
Tepec 3HaUYeHHs T, Y* — KOODAHHATHI pe3yJAbTHpyIouleit, npeobpasoBanHHol Touku P.
PaccMoTpHM HEKOTOpBIE CHENUANbHBIE CIydYaH.

IIpu a = d = 1 u ¢ = b = 0 npeobpa3oBanue cBeAETCA K €AMHUIHON MATPHIE

xm= oy 3= n=k v, (2

H KOOpIMHATHI TOYKH P ocTanyTcsa HemsMeHHbIMH. Kak ¥ ClilenoBasio 0:KHAATH, B JIH-
HeifHolt anre6pe yMHOXXeHHE Ha eJHHHYHYIO MATPHUILy SKBMBAJEHTHO YMHOXKEHHIO HA
1 B obbrunoii anrebpe.

Boaywaed =1,b=c=0

X = o[ 9=l sl=F v, (23)

The £* = gr — pe3ynpTaT Macurrabupopanus koopauuathl X. DddekT Taxoro mpe-
06pa3oBanus nokasan Ha puc. 2-1a. Paccmorpum Teneps eme ciayvalt b= ¢ =0, T.e.

X7 = [z y] [8 2] = [az dy] =[z* y*]. (2-4)
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JanHoe npeobpa3oBaHnne BHIBbIBAET H3MEHEHHe 00€HX KOODAMHAT T H Y BeKTopa P
(puc. 2-1b). Ecu a # d, To KOOPJAMHATHI MACIITAOHPYIOTCA Pa3IMYHbIM 06pasoM. [Ipu
¢ = d > 1 opoucXoAuT pacTaKeHHe BeKTOpa P MM MacmTabMpoBaHHE KOODIHHAT.
Ecm 0 < a = d < 1, TO HMeeT MecTo CKATHE.

Ecim 3navenne a unu d OTpHNATENBHOE, TO BEKTOD OTPAaKAETCS OTHOCHTENBHO KO-
OPJAMHATHBIX OCEH MM OTHOCHTEIBHO MIIOCKOCTH. ITOOB yOenuThcsa B 3TOM, BO3BMEM
b=¢c=0,d=1wua =1, Torma

X =l 3|7y | =l = ), (25)

H B Pe3yJbTATE MOJYYAEM CHMMETPHYIHOE OTPAYKEHHE OTHOCHTENLHO OcH ¥ (pHc. 2-1c).
Ecmub=c¢=0,a =1, d= —1, To BHIIONHAETCS CUMMETPHYHOE OTPA’KEHHE OTHOCH-
TembHO ocd £. Ecin b = ¢ = 0, a = d < 0, ToO IPOMCXOIUT OTPasKEHHE OTHOCUTENBLHO
HadYaJa KOOPAHHAT, 3TO MOKa3aHo Ha puc. 2-1d, rae a = —1, d = 1. 3amerum, 4ro obe
QHEPAINH OTPAYKEHHS H MACIITAOMPOBAHHE 3aBUCAT TOJIBKO OT JHATOHAJILHBIX YJIEHOB
MaTpHIpI Ipeobpa3oBaHus.

PaccmoTpuM Teneps ciiyyaii ¢ HeAHAroHAJILHBIMHY YjieHaMu. BossMmeM cHavasa 3Ha-
yepua a = d = 1, ¢ = 0, Torma

(X][T]=[z y] [(1) 112] =[z (z+y)]=[z* y]. (2-6)

3aMeruM, 4TO KOOpAMHATA T TOUYKM P ocTanach HEM3MEHHOH, TOTIa KaK KOOPAMHA-
Ta y* JTMHEHHO 3aBUCHUT OT HCXOIHBIX KOOpAUHAT. JlanHOE npeobpa3oBaHHEe HA3LIBAETCA
cagurom (puc. 2-le). AHanoruyHo, B ciiy4ae, korga a = d = 1, b = 0, npeobpa3opanue
HOPHBEET K GABUTY MIPONOPIMOHAILHO KoopauHaTe y (puc. 2-1f). Takum obpa3oM, Buj-
HO, YTO HEJHATOHAJILHBIE YWIEHBI MATpHUIBI npeobpa3oBanus co3aioT 3¢hdeKT ¢apura
KOODAMHAT BEKTOPa TOYKH P.

Ipexae 4em 3akoHYMTH ¢ npeobpa3oBanueM To4ek, pasbepem neficrBue obmiero
npeoGpa3oBaHus, 3aJaHHOTO BhipaxkeHueM (2-1), KOIa HavYaJIbHbIA BEKTOD JIEXKHUT B
TOYKe HaYala KOOPIHHAT, T.e.

[z 4] [Z Z] = [(az+cy) (bz+dy)] =[z* y*]

WM, B CJly4ae Havanla KOODJUHAT,

a b . L
o a2 =0 d-& v
BHJIHO, YTO HaYaJjlo KOOPAMHAT HHBAPHAHTHO OTHOCHTENBLHO Npeobpa3osanus obuiero
BHAA, DTO OrpaHUYEHHE yCTPAHAETCS IPH MCIONbL30BAHHM OJHOPOAHBIX KOODAMHAT.
2-5 TMPEOBPA30BAHME IPSIMBIX JUHUN

Ipamyto muuu0O MOXKHO onpeJeNuTh C IOMOUIBIO JBYX BEKTOPOB, 33Ja0UIUX KOOPIH-
HaThI ee KOHEYHbIX TOYeK. PacnosoxKeHne u HanpasieHHe JIMHHH, COCIUHSIONIEH nBE
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Puc. 2-2 TIpeo6pazopante oTpe3koB.

3TH TOYKH, MOXKET H3MEHATLCS B 3aBHCHMOCTH OT MHOJIOKEHHH BEKTOPOB. PeasbHbrit
B/, M300pasKeHNA JHHHM 33BHCHT OT THIA HCHOIb3yeMOro aucmies. B atom paszene
MBI PACCMOTPHM TOJIbKO MATEMATHYECKHE ONEPALUH Ha KOHEYHBIMH TOYKAMH JIMHHH.
Ha puc. 2-2 uzobparkeHa npsiMas JHHHA, IPOXONANIAA MeXAy JBYMs TOYKamMH A
u B. Ionoxenne BekTopoB Touek A n B 3amaercs cieayomum obpasom: [4] = [0 1]
u [B] = [2 3.
PaccmorpuM Marpuny npeobpa3oBaHus

T=B ﬂ, (27)

KOTOpas, KaK ClIeJlyeT M3 NPEeAbIAYIIEro o0Cy K IeH!s, IPUBOIUT K CABHTy H300pake-
Hus. IIpeobpasoBanue BekTopos A 1 B ¢ noMompio Marpungt [T'] faeT HOBOe HONO-
KeHue BeKTOpoB A* u B*

A= 1y =0 1=-u (29)
Bir= 9y §| =01 1= (29)

TakuM 06pa3oM, pe3yIbTUPYIOUIHE KOOPAUHATEL IJIS TOUYKH A* —3ro z* =3u y* = 1.
Amnanoruuno, B* —HoBas Touka ¢ KoopaunaTaMmu z* = 11, y* = 7. B 6onee komnakr-
HOM BHJe oTpe30K AB MoxKeT ObITH NpEACTaBIEH MaTpune# pa3mepom (2 x 2):

01
L= [2 3] :
YMHOXKHM 3Ty Marpuuy Ha [T):

om=ly 3 s =13 7] -e (2-10)
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rne KoMnoHeHTHl [L*] mpexacrasisior coboit nmpeofpa3oBaHHe KOODIMHATHI BEKTODOB
[A*] n [B*]. Pesyabrar npeobpa3zoBanus A B A* u B B Bx nokasad Ha puc. 2-2, rae ¢
H Y — 9TO MCXOIHBIE OCH KOODAHMHAT, & T* M Y* — npeobpa3oBannsie ocu. 13 pucynka
BHAHO, 4TO npeobpasoBanue capura [I] yBemMYMBAET JUIMHY OTDPE3Ka M M3MEHSET ero
HANPABIEHHE.

2-6 IIPEOBPA3OBAHINE CPEOHEN TOYKH

Ha puc. 2-2 BUAHO, 4o (2 X 2)-MaTpHna npeobpa3yeT NpAMYIO JIHHHIO ¥ = T + 1, Ipo-
XOAAIIYIO MeXKIy Toukamu A ¥ B B napyryio npamyio y = %:c - £, KoTOpas mpoXoauT
mexay ToukaMu A* u B*. ®akTHYECKH € oMompIo (2 X 2)-MaTPHIE OCYIIECTBIAETCS
npeobpasoBanue mobo mpsamoit B aApyryio npsamyo. Bee Touku npeobpa3oBaHHOl -
HAH HEMOCPECTBEHHO COOTBETCTBYIOT BCEM TOYKAM HCXOHOM JMHHH, TO JOCTATOYHO
OYEBHIHO JJIs1 KOHEUHBIX TOYeK MUHHH. Paccmorpum Teneps npeobpasosanne cpegueit
TOouKH mpsaMo# muHuM AB. JlomyCTHM, 4TO

M=l wl, Bl=lm ] » m=]2 ).

TIpeobpa3yeM OJHOBpEMEHHO ABE KpailHHE TOYKH:

A _ 1 N a b _

slm= vl -
_|azi+cy bz 4+dyr| _ | Ax (2-11)
T lara+cy; bz +dy2| ~ |Bx|’

WMrak, koneunnbie Touku npeobpa3oBanHoOl muHME A*B* HMeOT (iefylonue KOOPIH-
HATH

[A*] = [az1 + e boy +dy] = [z1 9],
[B*] = [az2 +cy2 bz +dyz] = 75 3]. (2-12)

Cpennss Touka oTpeska A* B* BhIpaxkaercs yepes mpeobpa30BaHHble KOHEYHbIE TOYKHU

m

e ya] = [z{+x§ i +ys

2 2
_ [(axl +oyp) + (amy + o) (b +dyr) + (baa + dyz)] _
2 2
_ [a (z1 -;-552) +c(y1 ;yz) b(:u -;-552) +d(y1 -;-.w)] ) (2-13)

Bosspamascs k uexonmo#t musmn AB , MOXKHO OMpPEIENUTHh CPEIHIOI TOUKY CJIEAYIO-
muM obpa3oM:

[Tm  ym] = [(®1+72)/2 (31 +2)/2] . (2-14)
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IIpumenus marpuiy npeobpa3zobanus [I'] Kk cpenuelf Touke munun AB, momydaem:

B

2 2

_ [a(:cl -;'1'2) +c(y1 ;y2) b(fCl ‘;‘32) +d(y1 ;W)] . (2-15)

W3 cpaBuenus Boipaxenuit (2-13) u (2-15) BuAHO, YTO OHM OJMHAKOBHI, U IOITOMY
cpemHsasa To4ka nTunuH AB npeobpasyercsa B cpelHmol0 Touky jaunuu A* B*. Takoit me-
TOJ{ MOXKHO MPHMEHUTL M K JIOOBIM ADYTHM OTPE3KaM pa3fienieHHOH nunuH. Takum
obpa3oM, npu npeoOpPa3OBAHUH NYTEM YMHOMEHHMS HA MATPHIly rapaHTHPYETCs COOT-
BETCTBHe BCeX TodeK NMUHHH AB u A*B*.

IIpumep 2-1 Cpeausia ToOYKa nmpaMoii
PaccMoTrpuM orpe3ok AB u3 puc. 2-2. IonoxkeHne BeKTOPOB KOHEYHBIX TOIEK

Takoe: [A] = [0 1],[B]=[2 3].TIpeobpasoBarme [T] = [:1; ﬂ OCYIIeCTBIAET
nepeMellleHHe BEKTopa Ha jmumio A* B*:

Al _fo 111 2] _[3 1] _ (a4

sJm=F 3 b =[5 7= [5]
Cpennsas Toaka A*B* 6yner uMeTs KOOPAMHATHI

o wnl =222 =1 4.

Koopmumarter cpemnelt Touku maaum AB pasHBI

[Fm ym]=[°_;2 l_szﬁ]z[l 2].

TIpeobpasyeM CpemHIOI TOYKY H IIOJIY4HM

e wmlm=0 A} 3| =0 4=Fn wl,

9TO MOJHOCTHIO SKBUBAJIEHTHO IPeJbAYINeMY Pe3y/ILTaTy.

IIpuMenenneM 3THX DPe3yILTATOB B MAIMHHOK rpaduke mobaa npaMas MOXKeT
6brTh peobpa3oBana B M100YI0 APYryIo NpAMYO OYTEM IPOCTOro npeoOpa3oBaHHA €€
KOHEYHbIX TOYEK W BOCCTAHOBIIEHHS JIMHMM MEXKIY HHMH.

2-7 TIPEOBPA30OBAHUE IMAPAJIJIEJILHEIX JIMHUN

Pesynprarom npeoOpa3oBanMs [BYX NApAUIENbHBIX JHHHME ¢ noMomplo (2X2)-
MaTpHIBI CHOBA OYJYT Be NapajielbHble JHHHH. 9TO MOXHO YBHIETh, PACCMOTDPEB
nuHMIo Mexay Toukamu [A] = [z 1], [B] = [r2 y2] ¥ napamnensuyio et nunmio,
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ppoxonsinyio Mexay roukamu F u F. Tlokaxkem, 9ro 4y1g 3THX MuHUE ji06oe npeobpa-
30BaHMe COXpaHgeT napajuteasHocTs. Tak kak AB, EF u A*B* u E* F* napannenbsr,
TO yros Hakyiona nuHuift AB u EF onpenenserca crnenyioumm o6pa3om:

m=2"Y (2-16)
I — I

TIpeobpasyem xoneuHble TOUKH AB, BOCIONB30BaBIIMCH MaTpuueil obiuero npeobpa-
30BaHMA pa3MepoM (2 X 2):

A _ -1!1 yl- a b _

|:B:| [T] - _1!2 y2_ c d|

_ _a:cl +cyy bz +dy; _
laz2 +cys bxa +dys|

_[= owi] 2[4 2-17
-xa y;- [B*] - s ( )

Haxson npsamMoit A*B* ompenensercs ciaenyiomuM o6pasoM:

e = (072 +dy2) — (b1 +dys) _ b(z2 ~ 21) +d(y2 ~y1)

(azg + cyo) — (azy +cy1)  a(z2 —71) +c(y2 — v1)

.0)07
(y2 — 1)
b+d
m* = ((1:2 :xl)) b+ dm (2-18)
atc Y2 — 4 a+cm
(1?2 —1?1)

Tak xax HakIOH m* He 3aBHCHMT OT T1, T2, Y1, Y2 @ M, @, b, ¢ 1 d OTUHAKOBBI A
EF u AB, To m* onunaxoso aaa E*F* u A*B*. TakuMm o6pasoM, mapasuielbHbe
JHHUHM COXPAHAIOT MapaAJUIEILHOCTD U MOCE MPeo6pa30Banusd. 3TO 03HAYAET, YTO IPH
npeobpasosaHuy (2 X 2) mapastesorpaMM npeofpasyercs B APYroil NapaienorpaMm.
OTH TPUBHAIIBHEIE BHIBOJHI JEMOHCTPUDYIOT GONBINME BO3MOMKHOCTH MCIIONb30BAHHUS
MaTpHIpl Ipeobpa30BaHusa AN CO3MaHuA rpadpudeckux 3¢ @eKToB.

2-8 TIPEOBPA3OBAHMUE IIEPECEKAIOIMIUXCS IPSIMBIX

Peaynsratom mpeobpasoBanus ¢ momompio (2 X 2)-MATDHIII IAPHI II€PECEKAIOUIMXCS
OpaMeIx TUHUHA Takke Oyaer nmapa mepecekawouuxcs junuit. IIpounmocrpupyem ator
dbakr na npumepe JABYX TPSAMBIX, H300paskeHHBIX Ha PUC. 2-3 IITPUXOBOi JuHUEH U
331aHHBIX yDABHEHHUAMH

y=miz+b,
Yy=mox+ bs.



84 Tnaba 2 /IByMeprbie Opeo6pa30Bands

e
ok
8_
y,y‘6-
I
2
pDE " ABGY
e — 5
N r/?.»:-.’iy=l
ri 'l i L 1 L 1 xx.
3 —2 P4 \2 4 ’
1, -nae” N
—2f NSF@, -2)
|
]

Puc. 2-3 Tlpeo6Gpa3soBanne repeCeKAOMMXCs MPAMBIX.

B mMarpuwHOM mpencTaBieHHM ITH YPABHEHUA OYAYyT MMETH BUI:

—my; —Mmaz| _
EAN | A B RS
HJIN
[X1[M] = [B]. (2-19)
Ecnu cymecrByer pemiesue 3T0i CHCTEMEI YpaBHEHUH, TO JIMHUM IIEPECEKAIOTCH, B IIPO-

THBHOM CJIy49ae OHH IapaJijie/IbHBL. PerteHue MOXKHO HAalTH ITyTEM MHBEPCHH MATDHUIIBL.
B wacrHOCTH,

[Xi] = [z ] = [B][M]™". (2-20)

Matpuna, obparnas [M], umeer crenyoommi sum;
1 mae

[M]~ = |May™ M2 (2-21)

mo —my mo — My
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tak kak [M][M]|~! = [1], rne [I] — enunuanas Marpuna. [losToMy KOOpIMHATEI TOGKH
MEpecedeHus ABYX JIMHMI MOXHO HalTH CIenyrIIuM obpa3om:

1 ms
K= =l b | |,
Mo —mp Mg —TMM
by — by bimg — bamy
mg —my mg —my

[(Xi] = [z: w] = (2-22)

Ecnu ofe suauu npeoGpa3osars ¢ nomommbio (2 X 2)-marpunsl 0bmero mpeobpa-
30BaHUA BUJA
a b
[T] - |:C d:| )

TO UX ypaBHEHHA OyJyT MMETb Bmj
Yyt =miz* + b},
Yyt =myz* + b3,

CoOTBETCTBEHHO MOXKHO IIOKa3aTb, 4TO

dm;
;=b+ m (2-23)
a+cm;
u
‘ ad — be
b = b;(d — em}) = bj——, =1, 2. -
‘ ; (d — emj) pp— roe @ (2-24)

!
?I‘qua nepecewseHus JIMHMI nocsie Ipeobpa30BaHus OTHICKMBAETCH TaKUM 2Ke 06pa3owM,
XaK M B CJIy9ae MCXONHEIX JIMHHIA:

*] __ * *71 __
:; [Xi]= [zt wi]=
. * * * ok * ok
4 _ bi — b3 1My — 2m1]
- * * * *
m3 —mj m3 —mj

Bocrnonk3oBaBmuch BoipaxkeHuamu (2-23) u (2-24), momyaum
[x:1=[=7 wi]=
_ [a(bl —=bs) + c(bimz — bomy)  b(b1 — bg) +d(bima — bomi) (2-25)
mq — My mq — My )

Bosppammasich Tenepb K TOuKe IEpECeweHHs [T; ;| MCXONHBIX JMHHE M IDUMEH:S
YKe TOJyueHHYI0 MaTpuly Npeobpa3soBaHusA, UMEEM

[z0 wi]=[z: w](T]=
b1 - bg b1m2 - b2m1 a b
[m2 -mi  mp-—my ] [C d]
_ [a(bl —bo) + C(b1m2 - b2m1) b(b1 - b2) + d(b1m2 - bgml)
me — My mo — My

(2-26)
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CpaBHenue ypasHeHuil (2-25) u (2-26) nokassiBaer, aro oHM oquHaKosbl. UTax, TO4Ka
TlepecedeHus: Ipeobpa3yercs TOYHO B APYTYIO TOUKY IEPEeCEIeHHs.

IIpumep 2-2 Tlepecekalommecs mpaMbie

PaccMoTpuM aBe mrprxoBbie ubua AB u EF Ha puc. 2-3, KOHEYHEIE TOUKH
KOTOPBIX MMEIOT KOODIWHATHI

[A=[-1 -1, [B]=[3 5/3]

[B]=[-1/2 3/2], [F]=[3 -2].

YpasHerne npsamoit AB umeer Bun —(2/3) z+y = —1/3, a npamas EF 3ana-
€TCa ypaBHeHueM Z +y = 1. B MaTpAYHOM BHIE Iy90K ITPAMBIX IIPEACTABASIETCS
B BHIE

e a7 =t

Hcnoms3ys MaTpuny obpaTHoro mpeobpasosanus (2-21), moay4mM TO4UKy mepe-
CE9EHNST ITUX IIPAMBIX

[z w]=[-1/3 1] ["gfg "gﬁ’] =[4/5 1/5].
Tenepb nmpeobpa3yeM ITH JHMHMA C HOMOMBIO MATPHIH!
1 2
[T] = [1 _3] .

Pesymbrupyrommue npsaMele A*B* u E* F* nokasaus Ha puc. 2-3. B MaTpmu-
HOM BHIe ypaBHEHMS Npeobpa30BaHHBIX JIMHUA HMEIOT B[

| R (R

¢ Toukoit mepecenesma [zf yf] = [1 1].
TIpeo6bpa3ys Touky nepeCedeHNs UCXOMHBIX JIMHUH, MOy IAM

o wl=le wlm=[ys 15[} 3=n 1,

9TO TOXIECTBEHHO TOYKE NEPECEIEHN S MPeofPA30BAHHBIX JIMHUI.

W3 puc. 2-3 1 mpumepa 2-2 BHIHO, 9TO MCXOTHBIE INTPUXOBLIE npsambie AB u EF He
MEPIeHINKYNAPHBI ApyT Apyry. OaHako npeobpasosanubie npaMeie A* B* u E*F* | no-
Ka3aHHbIe CIIOIHON JIMHMeH, ABIAIOTCA MepneHIuKyIapHeiMU. Takum obpasom, mpe-
obpasoBanue [T] mepeBOANT JBe MepeCeKaloIMecs HelepleHIuKyIApHEe MpAMEE B
JiBE ITepeceKalomuecs NepnenaukyasapHbie. CMuic obpaTHOro npeobpasosanus [T7]-!
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COCTOMT B IIEPEBOJE BYX IIE€PECEKAIOIINXCS MEPIEHIUKYIAPHBIX IPSAMBIX B JBE Iepe-
CEKAIOIIUECs], HO He EPIIEHIUKYISPHBIE, ITO MOXKET IIPUBECTH K HENMPUATHBIM ME€OMET-
pHYECKHM IIOCIENCTBUAM. 3HAUMTENHHBIH MHTEPEC IPEACTABISAET BOIPOC, IIPH KAKOM
YCJIOBMH IEPIIEHAMKYIIAPHBIE IIPAMBIE IPe0DPa3y0TCs B NEPIEH UK YNApHbIie. MbI Bep-
HEeMCH K 3TOMY BOIIPOCY B pa3f. 2-14, rae pasbepem ero mompobuee.

JononaurensHoe u3y4yeHne puc. 2-3 U mpuMepa 2-2 MOKA3KIBAET, uTo npeobpazo-
panue [T] Bkimouaer B cebs MOBOPOT, OTpaXKeHHe M MacumTabupoBaHue. PaccMoTpum
KaXXJI0€ H3 3THX Npeobpa3oBaHuil OTAEILHO.

2-9 TOBOPOT

Paccmorpum Tpeyronsauk ABC (puc. 2-4) u ¢ mOMOmpI0 CIAeAYIOMEro npeobpa3osa-
HHEA oBepHeM ero Ha 90° mpoTHB 4acOBO# CTpEJIKU OTHOCUTEIBLHO HAavuasia KOOPIHHAT

m=[9 4

Ecm ucmons3opaTh MaTpuily pasmepoM (3 X 2), COCTOAINYI0 M3 KOODAMHAT I H Y
BEPIUUH TPEYTOJLHHMKA, TO MOXHO 3aIMCATDH

3 -1 13
41[_(1)(1)]=—14,
2 1 -1 2

Yy

-4}

Puc. 2-4 Tlosopor.
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YTO ABJIAETCA KOODAUHATAME DPe3yJbTHpyIomwero rpeyroapsiuxka A* B*C*. Ilosopor Ha

180° oTHOCHTENEHO HaYalla KOODAWHAT JIOCTUTAETCA IIYTEM CJIEAYIOIErO Ipeobpa3o-
BaHUA

m=" 3.

a Ha 270° OTHOCHTENLHO Hadaja KOOPAMHAT — Ipeobpa3oBanueM

0 -1
[T]= [1 0] :
PasymeeTcs, 4T0 MATPHIA TOXIECTBEHHOTO NMPEOOPa3OBAHUS
1 0
] = [0 1]

COOTBETCTBYET MOBOPOTY BOKPYr Hadama xoopmuHar Ha 0° wiu 360°. Obparum BHu-
MaHue, TO B 3THX MIPUMEPAX He BCTPEYAIOTCH HH MacIITabMPOBAHHME, HE OTPAKEHHE.

B 3Tux mpumepax oCyIIECTBISETCH NMpeoOPa30BaHUE B CIIEHUANBHBIX CIYYasX II0-
BOPOTa BOKDYT Hadala xoopauHaT Ha yriasl 0°, 90°, 180° u 270°. Kak ocymecTBUTE
MOBOPOT BOKPYT TOYKM Hadajla KOODAMHAT Ha mpou3BosibHBbIE yron 07 Iina orsera
Ha 3TOT BOIIPOC PACCMOTPHMM BEKTOD IIOJIOXKEHHA OT HAaYana KOOPIUHAT A0 TOukH P
(puc. 2-5). O6o3HaIuM T — IIMHY BEKTODA, & () — YTOJI MEXAY BEKTOPOM H OCHIO T.
BexTop nonoxxeHus NOBOPAIUBAETCS BOXPYT Hadalla KOODAUHAT Ha yrou § u nomanaer
B Touky P*. 3amucas BexTOpH! moyoxkenuit nia P u P*, nony4aem:

P=[z y]=[rcos¢ rsing]

P*=[z* y*] =[rcos(¢+6) rsin(¢+0)].

Hcnonb3ysa dopMyny Anst COS CYMMEI YIJIOB, EPEHUIIEM BhIpaxeHue aisa P* cie-
JyomuM obpazom

P*=[z* y*] = [r(cospcosf ~singsing) r(cosdsinf + sinpcosf)].
HUcnone3ys onpenenenus = u y, MOXKHO nepenucars P* xax
P*=[z* y*] = [rcosf—ysinf zsinf+ycosf].
Taxum 06pasoM, mpeobpa30BaHHAA TOYKA UMEET KOODIHHATHI

z* = zcosf — ysinb, (2-27a)
y* = zsin@ + ycosh. (2-27b)
WJIH B MATPHYHOM BHIE
[X*]=[X)T]=[=* y*]=

_ cosf sinf
- [:c y] [— sin @ cose] ) (2-28)
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y’y

fi

{x

Puc. 2-5 IIoBOPOT KOOPAFHATHOIO BEKTOPA.

+

&{Tax, npeobpazoBaHue MOBOPOTA BOXPYT TOMKH Ha4asla KOOP/MHAT Ha IIPOU3BOJILHEIH
yron § 3anaerca marpunei

cosf sinf
(11 = [— sinf eos 0] ) (2-29)

HMoBopoTs! ABAAIOTCA MOMOKUTENTLHEIME, €CITM OHH OCYIIECTBJIAIOTCS IIPOTHB YaCOBOH
#Tpesikd OTHOCUTEJILHO TOYKH BpameHHd (puc. 2-5).
¥ Onpegenurens ofmeil MaTpUILI IOBOPOTA MMEET CIEAYIOIME BAI;

<

det[T] = cos?@ + sin? 6 = 1. (2-30)

.. B obmem cirysae nmpeofpa3opaHus M0 MATPUIE ¢ JETEPMHHAHTOM, PABHEIM 1, mpu-
BOJAT K IOJHOMY IIOBOPOTY.

IIpennonoxxum reneps, 9ro rpebyercs Bo3spaTuTs TOUKy P* obparHo B P, T. €. BHI-
nonuuTe obparHoe nmpeobpasopanue. OUeBHIHO, 4TO TpeOYEMBIit yroNI IOBOPOTA PABEH
~0. U3 dopMynsr (2-29) BO3bMEM MATDHILY s BHINOJHEHHS HEOBXOIUMOTO IIpeoSpa-
30BaHuA

—1_ | cos(—8) sin(—8)] _[cos®# —sind i
[ =1_ sin(—8) cos(—6)| ~ [sinf  cosé|’ (2-31)
K xak cos(—0) = cosf u sin(—f) = — sin §. Brpaxenue [T ™! apaserca dopmanbHok

Sanuceio obparnoi marpunml [T]. Moxuno mokasars, yro marpuna [T]~! sBnsercsa
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obpatHoit k [T], ecu BCIIOMHUTD, YTO PE3YABTAT YMHOMKEHHS MATDHIBI Ha obpaTHyo
JI2eT eTUHHYHYI0 MATpHLy. B HameMm ciayuae:

=1 _ | cos@ sin@| [cos@ —sin@| _
[TIT™" = |—sinf cos 0] [sine cos@|
_ cos? 0 + sin? § —cosfsinf + cosfsinf]| _
~ |~ cosfsinf + cosfsin 6 cos? 6 +sin? @ -
1 0
= 0 1] = [I],

rae [I] —enunuyHan MaTpHUIA.

Ananu3 serpaxkeHuf (2-29) u (2-31) IPUBOIUT K APYTOMY MHTEPECHOMY M TIOJIE3HO-
MY pe3yJibTary. BCIIOMHUM, YTO TPAHCIIOHMPOBAHME MATPHUIILI ONPEAENAeTCs 3aMeHOM
ee crpok cronbuamu. O6o3nauum Tpancnonuposannyio Marpuny [T] xax [T]T. Cpas-
Husas ee ¢ [T]|~!, Bumum, 4ro0

7 _ |cos@ ~—sin@| .4
" = [sin 6 cos 0] =T~ (2-32)
ObparHas MaTpuna BpallleHusl ABNAerca TpaHcmoHuposanHOH. ITockonexy dop-
MAJILHO OIlpefeuTeNb 06paTHOR MaTPHIBL BEIYMCIAETCA TOPA3I0 CJI0OXKHee, 9eM Ollpe-
JieTIATENb TPAHCIIOHUPOBAHHOM, TO BhIpaXkeHue (2-32) sABjsAercs JOCTATOYHO BaXKHBIM
¥ IOJIE3HBIM pe3ynsTaToM. B obmeM ciyyae obparHoit ais mobol maTpuusl npeobpa-
30BaHMA MMOJHOTO IIOBOPOTA, T. €. MATPHUIBI ¢ OMpEaeIuTelIeM, PaBHEIM +1, ABndgerca
€e TPAaHCIOHMPOBAHHASA MAaTPULA (TAaKHEe MATPHIH! HA3bIBAIOT OPTOTOHATILHBIMH ).

2-10 OTPAXKEHUE

B 10 BpeMsa kak HONHBIE TOBOPOT Ha IIOCKOCTH TY OOBIYHO OCYIIECTBISETCH B JABY-
MEpPHOM IIPOCTPAaHCTBE OTHOCHUTENBHO HOPMATH K IUIOCKOCTH, OTPAsKEHHE IIPE ICTABIIA-
er coboit ToT 2Ke moBopoT Ha yroy 180° B TpexMepHOM IpPOCTpaHCTBE H OOPATHO Ha
IJTOCKOCTB OTHOCHTENILHO OCH, Jexkamelf B mnockoctu zy. Ha puc. 2-6 mpusBenens! mpu-
MepHI ABYX OTpakeHu# Ha minockoctu Tpeyronbiuka DEF. OrpaxeHue OTHOCHTENBHO
npsimoit y = 0 (ocb Z) MOMYYEHO C MCIONB30BAHUEM MATPHIIBI

[T] = [(1) _2] : (2-33)

B sroM ciywae HOBBIe BepmIMHBI TpeyroiapHuka D*E*F* 6ynyT onpenensaTscs Ipe-
obpaszoBaHueM

8 1 5 -1
73[8_2]:7—3
6 2 6 -2

TTono6HbIM 06pa3oM OTpakeHHe OTHOCHTENIBHO ocH y npu = = 0 6yner uMers BUI

[T] = [_(1) (1)] : (2-34)
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»y*
! ‘ /
i ¥ /
{7
i/

-2 | 2 4
_2[

Pumc. 2-6 Orpaxenue.

OTpaxkeHue OTHOCUTENBLHO NPAMOfE ¥ = T OCYIIECTBAAETCA C TIOMOMIBI) MATDHIEE
0 1
[T] = [1 0] : (2-35)

Brinomnius npeobpasoBanms, moMyduM KOODIAMHATEI BEDIIMH TpeyronsHuka D* E* F*

8 1 1 8
73 [(1) (1)] =13 7
6 2 2 6
ARanoruuneiM 06pa3soM OTpaskeHHe OTHOCUTENIBHO OCH T GyIeT MMeTs Buj,
0 -1
T = [_1 0] : (2-36)

Y KaxKIOH U3 ITHX MaTpMIL onpegeTuTeNb paseH —1. B obmem ciyuae, eciu onpe-
denuTens MaTpuupl HpeobpasoBanua paseH — 1, To mpeobpa3oBaHue JaeT MOJIHOE OT-
Paxenue.

Ecnyu 06a mosHbIx OTpajkeHns OCYLIECTBIISIOTCA MOCIEN0BATENbHO OTHOCHTENHHO
IPAMBIX, IPOXOAAIMX Yepe3 Haualio KOODIMHAT, TO pe3yapTaToM OymerT MmOomHBIK mo-
BOPOT OTHOCHTENBLHO Havalna KOODOMHAT. 3TO MOXKHO YBHAETH, OOPATHBILNCH K CJIE-
AyiomeMy mpumepy.
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A ) »Yy

Puc. 2-7 BoinonHenue oTpaxeHus IIyTeM IIOBOPOTA.

IIpumep 2-3 OTpakeHmne u BpallleHHe

PaccmoTpuMm tpeyrombenK ABC, noka3sannnii Ha puc. 2-7. IlepBoHagasbHO
0TOBpasMM €ro OTHOCHTeNbHO OcH z (ypaBHenHMe 2-33), & 3aT€M OTHOCHTENLHO
mpamoit y = —z (cm. Bolpaxenwe (2-36)). PesynmbraToM Ilepporo oToGpaxkeHus

6yzer

4 1 4 -1

" _ 1 0] _ |5 ol

x°] = [X]T3] [i gl b ] [3 _;l

Pesymbrarom BrOporo 6yzer

4 -1 1 -4

+1 _ * _ _ 0 —1 _ _
0+ =[x 1[%1—[3 _gl [0 0]—[; _Zl.

TloBepHEM TPEYroOMBLHHK OTHOCHTEIHHO Hadasla KOOPAWHAT Ha yroa § = 270°
(cM. (2-29)) u MonyTMM aHAJIOTHYHBINA PE3Y/IBTAT

4 1 1 -
+1 v _ 0 -1} _ _
[X*] = [X][T3] = li g] [1 O] - lg _5].
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OtMernM, 9TO MaTpHIu OTpaxkerns w3 (2-33) u (2-36) oproroHambHb, T e.
TPaHCIIOHAPOBAHHHAA MATPHIA OZHOBPEMEHHO aBiAeTcsa obpatHott. Hanpumep,

BN

2-11 MACIITAEPOBAHUE

gt

W3 namux pacCyXKaeHuii OTHOCUTENHHO peobpa30BaHus TOYEK CJIeyeT, YTO BeJIMIH-
HA MaCIITAOMPOBAHHA OIpENeIAerca 3HAYEHHEM 3JIEMEHTOB UCXOAHON AMATOHAJILHOM
marpuipl. Eciu marpuia

: m=o 3

;cnOJIb3yeTCH B KAYECTBE OIEPaTOpa BO3AEHCTBUA Ha BEPIUMHBI TPEYTOJLHHKA, TO
fIMEeT MECTO «IBYKDATHOE» DACIIMPEHUE M) PABHOMEDHOE MaCHITAOHDOBAHME OTHO-
CHTETLHO TOUKH HAYAJa KOOPJMHAT. EC/IM 3HAYEHHS 3]IEMENTOB He DaBHBI, TO Tpe-
fmnb}mx HCKAXKAETCSA, YTO NMPOMJUIOCTPUPOBaHO Ha puc. 2-8. Tpeyrompuux ABC,
ﬁpeo6pasonannblﬁ ¢ TIOMOUIHI0 MATPUIIBL

m= 3

sk
fi.
4
2+
0 | S| 1 1 i I ) 1 i 1 1 1 i 1 xx*
0 2 4 6 8 10 12 14

Puc. 2-8 [TponopumoHansHOE ¥ HENPOIIOPLUHOHATBHOE MacHTabupoBanue (ACKAXKEHHE).
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N

-3

LS
*
]
[

Puc. 2-9 IIponopimonanrsaoe MacmTabrpoBanue Ge3 SBHOrO NEPEMEIIEHHS.

MEPEXOJUT B IPOIOPIHOHAJILHO YBENUYeHHBIH TpeyroipHuk A*B*C*. Tor xe Tpe-
YTOJIBHUK, HO npeo6pa3’oBaHHbIN ¢ MOMOMBIO MATPHIIHL

1/2 0
0 3
[EPEXOAUT B TPEYTONbHMK D* E* F™*, uMeromuii HCKajKeHHe, BbI3BAHHOE PA3HBIMH KO~

s¢pdummenTaMu MaCcIITaOUPOBAHUS.
B obmem ciydae npu Marpuue

=2 . (2:37)

B KOTOpO#i a = d, b = ¢ = (), BhIIOJIHAETCS [IPONOPIIHOHAIBLHOE MACIITAGNPOBaHHE; ECITH
a # d, b = ¢ = 0, To MmacmrabupoBanue 6yJeT MPOBEIEHO HEMPONMOPIMOHATLHO. B mep-
BOM ciydae ans ¢ = d > 1 mpoucxoauT paciuupenue, T. €. yBeauueHne u300parkeHus.
Ecmm a = d < 1, TO MpPONCXOTUT PABHOMEDPHOE CXKATHE, T. €. (PUrypa YMEHBIIAETCA.
HenpomnopinonansHoe paciuupesue U CKATHE BOSHUKAIOT B 3aBUCUMOCTH OT 3HAYEHUM
a ¥ d, XOTOpbIE MOTYT OBITH MeHBbIIE JubO Gosbme, Yem 1, HE3ABUCHUMO APYT OT APYTa.

13 puc. 2-8 BuaHO Takke, YTO Ha IEPBBIRX B3ragaj nmpeobpa3soBanue TPEYroJbLHHKA
ABJIAETCS IepPeMerIeHueM. 310 0ObICHAETCH TEM, YTO OTHOCUTEIBHO HavYasa KOODPIH-
HaT MacCIITabUPYIOTCs KOODIMHATHBIE BEKTODHI, & HE TOUKH.

g Toro 4robsl sytine moHATH 3TOT GaxT, pacCMOTPuUM npeobpaszosanua ABC B
D*E*F* 6Gonee BHUMaTENbHO. B 4acTHOCTH,

4 2 2 6
. _ 1/2 0] _
b= =14l (12 gl <12 12

1 12
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3aMeruM, YTO KaXIad U3 KOMIIOHEHT T KOODAMHATHHIX BEKTOPOB TPEYTONBHHKA
DEF ymHOXaJnach Ha MaciiTabHBIA K03d dunperT 3, a KOMIOHEATH! § — Ha 2.

Jns Toro 9Tobpl mOMyddTs 4HCTOE MacmTabupoBanue 6e3 3gdexTa mepememe-
HEd, UeHTp PUryphl HANO IIOMECTHTH B HA4YaJI0 KOODAMHAT. ITO BHIAHO U3 puc. 2-9,
ga xoTopoM TpeyronpHuK ABC yBenM4uBaercs B JBa pa3a IPH MACIITAOMPOBAaHHH
OTHOCHUTEJILHO €T0 HEHTPA ¢ KOOpAMHATaMM, paBHbIMU 1/3 ocHoBanua u 1/3 BBICOTHI.
Konkpernasi MaTpuiia npeobpa30BaHUs MMEET BHJ

1 -1 —2 -2
*1 __ _ _ 2 0 — —
b= pam = | 2 -1 HE 42

2-12 KOMBHNPOBAHHBIE IIPEOBPA3BOBAHUA

Bo3MOXXHOCTH MATPHYHOI'O METOAa HOCTATOYHO SICHO OMMCAHBI B NMPEIBIAYIIMX Pa3-
genax xHurd. C moMOIIbI0 MATPHYHBIX ONepanuil HajJ KOODIMHATHBIMH BEKTODaMH,
OImpeIENSAIOIIMMH BEPIIUHEL (DUTYD, MOXKHO YIPaBIATH (HOPMOR M MOJIOKEHHEM MO~
pepxHoctd. OQ[HAKO IJis MOMyYeHHs XKejlaeMONX OPHMEHTALMM MOXeT NOTpeboBaThCH
6onee oaporo mpeobpasoBanud. Tak Kak omepanys YMHOXKEHHs MATDHI] HE KOMMYTa-
THBHA, TO BasKeH TOPANOK BBIIOIHEHHUSA IMPeoOpa3oBaHUs.

Has unnmocrpaimn 3¢ dexra HEKOMMYTATHBHOCTH OIEPALMH YMHOXKEHHUS MATPHIL
PacCMOTPHM ITPeo6Pa30OBaHUs IOBOPOTA M OTPAYKEHHS KOOPAMHATHOrO BexTopa [z y].
Eciu Benen 3a mosoporom Ha 90° (mocpexcrsom [11]) mpousBomures oTpakeHHe OT-
HOCHTEJILHO mpaAMOl y = —z (mocpencTsoMm [T3]), TO 3TH ABa MOCIENOBATENbHBIX ITpe-
ofpasoBaHua JAIOT

x)=1xml= [z o[ ] g|=[v
R 3areMm
)= =y =4[ | =l ul.

C ApPYTOH CTOPOHBI, €CJIM OTPasKEHHE CJIEJIyeT 3a IIOBOPOTOM, TO IOIYYaTCA CIEIYIOMne
Pe3ynbTaThn:

R | I B

)=l =[v -al [ ] G- -

062 pesynbrara pasudHBL YTO MOATBEPHKIALT BAKHOCTH MOPSIKA IIPHUMEHEHHUS MaT-
PHyHRIX npeobpazosanuii.
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»

Puc. 2-10 KomburnmpoBanHOe npeobpa3oBaHENe Ha IJIOCKOCTH.

Jpyroe npuHIMIKAIBEHOE 0OCTOATENBCTBO WIIOCTPUPYETCA 3TUMHU Pe3yNbTaTaMH
U IIpUBEJICHHBIM HIDKE mpuMepoM. PaHee oTesibHbIe MATPUYHELIE TPEOOPA30BaHUS IPH-
MEHSTHCD TI0CTIEIOBATEBHO K Pe3y/IbTaTaM MpEeIbLAYIUX Ipeobpa3oBanuil, HapUMep

[z y][T] - [z ¥]

[z ¥][2] - [z* v*].

B npusesennoM Huke npuMepe OTHAENIbHBIE Mpeobpa30BaHusA NMPEABAPUTEILHO KOM-
OMHUDYIOTCH WJIM KOHKATEHUDYIOTCH, a 3aTeM MOJyYeHHas MaTpuiia npuMeHsdercd K
ucxonHOMy Bextopy, T.e. [T1][T2] — [T3] u [z y] [T3] = [=* y*].

IIpamep 2-4 Kom6mumpoBaHbie npeobpa3oBaHms HA IJIOCKOCTH

Paccmorpum tpeyrommuuk ABC Ha puc. 2-10. BrilfoymuM Hag HUM aBa Ipe-
obpasoBaHus: MOBOPOT Ha +90° BOKPYr TOYKM Hagdasla KOOpPAHHAT

(1] = [—2 10]

¥ OTPajXKeHWE OTHOCUTEJILHO JIMHUH Y = —2

m- 3 ).
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&I, PesymbraToM BO3AeicTBHs KkOMOMHMpOBaHHOrO mnpeobpasopasms [T3] =
[T1][T2] ua Tpeyronsuuk ABC aBasercs

[X™] = [X]|[T1][T2] = [X][Ts]

p M
e 22070 1[0 —a]_ (% 11 o _ |22
20021 ol =1 of=1|% 2|| 0 1]=|% 2
4 4 4 4 4 4

47" - TomysmBmuiics Tpeyrompruk A*B*C* sBISeTCS KOHEUHEIM pE3yiBTATOM JAH-
/  HOro mpeobpasoBanms, a TpeyrombHUK A'B’'C’ — IPOMEXKYTOUHRIM DE3YILTATOM
g (pmc. 2-10).

TIpoBenem npeobpasoBanve B 0OpaTHOM mOpsiaKe

< [X"] = (X][TL][T] = [X][T4]
8 wm
it 22t 0 _nronn P An a [2 -2
42_10_10=420_1=4—2
. 4 4 4 4 4 —4
e KoneunsiM pe3yibTaToM OyzeT TpeyromnHuk D*E*F*| a mpoMexyTOYHBIM
-  D'E'F' (puc. 2-10). O6a pe3ybTaTa pa3jadHbL, TeM CAMbIM CHOBA HOATBEPKIA-
3  ercd BaXHOCTb NOD#(Ka NPUMeHenHusl npeobpasopanmit. OTMeTHM TakkKe, 9T0 I
onpezenuTeneii cnpaseamesl paseHcTBa det [T3] = —1, u det [T4] = —1 u moaro-

My 06a pe3ymabTaTa MOryT GBITH NOIY9eHBI C HOMOMBIO ¢IWHCTBEHHOrO OTpaXe-
musi. Tpeyromsauxk A*B*C” moxHO noiyants w3 ABC myTem oTpaxeHus OT-
HOcuTesbHO ocu Y (marpmna [T3] u ypasuenwe (2-34), D* E*F* nonygaercs us
ABC npu oTpaeHuH OTHOCHTENBHO ocH X (marpema [T}] u ypasuenue (2-33).

2-13 IPEOBPA30BAHUE EJIMHUYHOI'O KBAJIPATA

Ho cux mop MBI paccMaTpPHBAIIM TIOBE/IEHHME TOYEK M JIMHHMI [JIA OIIpe/ieIeHus Pe3ylb-
TaTOB IPOCTHIX MATPUYHBIX Ipeobpa3zoBanmil. OAHAKO MOXKHO KOPPEKTHO PacCMaTt-
PHBaTL mpuMeHeHHe MATpHNB! K Ji060it Touke mpockoctu. Kak Obuto mokazaHoO pa-
Hee, eqMHCTBEeHHAA TOYKA, OCTAIOIasAcd HHBAPHAHTHOH IIpU BO3JEHCTBHH MATPHYHBIX
Ipeo6pa3oBaHmil, — ITO TOUKA Ha4anma KOOpauHaAT. Bce Apyrue TOYKH MIOCKOCTH MOA-
BeprKeHb! Mpeobpa3oBaHMI0, KOTOPOE MOXKHO MPEJCTABUTD KAK PACTsIKeHNe UCXOAHOM
IWIOCKOCTH, CUCTEMEI KOODAMHAT U TIEPEBOA, B HOBYIO popmy. POpManbHO MIPUHATO CHH-
TaTb, 4TO MpeoGpa30BaHME BBHI3BIBAET IEPEXOM] OT OJHOTO KOODAHHATHOTO IPOCTPaH-
CTBa K JApyromy.

PaccMorpum xoopuHATHYIO CETKY, COCTOSAIIYIO M3 eIMHHYHBIX KBAPATOB Ha KO-
OpauHatHO% miockocTH zy (puc. 2-11). Yersrpe KOOPAHMHATHEIX BEKTOPa BEPIUHH €14~
HIIHOro KBapaTa, MPOXOAIIHE MO OHMM YIJIOM K HAa4aly KOODAMHAT, MMEIOT Cie-
Ayomuit Bun;

HAYaJ0 KoopauHat — A
eIMHUYHASA TOYKa B Ha ocu
BHemHu# yron C

equHNYHAs TOYKa D Ha ocu y

O M= = O
-0 O

4 — 1009
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Taxol MIMHMYHEIN KBajApaT u3o6pakeH Ha puc. 2-1la. Ilpumensas x Hemy (2 x 2)-
MaTpuIly obuero mpeobpa3oBaHusA, MOYYaeM

4 oo 0 0 a4
B 1 Offa b a b | B
c 11 [c d]_ atc b+d|C* (2-38)
D |01 ¢ d |D

PesynsTaTs! 3T0r0 npeobpa3oBaHusd MOKa3aHH Ha puc. 2-11b. U3 Beipakenns (2-38)
CIefyeT, YTO Ha4allo KOODIMHAT He MOJBEepraeTcsa Npeobpa3oBanuio, T.e. [A] = [A*] =
[0 0]. Janee ormeruM, 9TO KoopIuHaTH B* paBHEI MEpBOil CTPOKE MATPUIAI TIpe-
obpa3oBanus, a KoopauHatel D* — ropoit. Takum 0bpa3oM, maTpHia npeobpa3oBa-
Hus fIBJISETCSA OIPEAENEHHOM, eCM OompeJesensl Xoopauaarel B* u D* (mpeo6paso-
BaHHe eJuHHYHBIX BexTopoB [1 0], [0 1]). ITockombKy CTOPOHBI €IMHMYHOTO KBaJpa-
Ta IEPBOHAYAJIBHO MAPaJLIEIbHBI M paHee OBLIO MOKA3aHO, YTO MMapasLieIbHble JIMHUH
mpeobpa3yioTcd CHOBa B IapaJLieNbHBlE, TO Pe3YJbTHpYIOmas GUrypa sBIAerca Ma-
PANLIEIOrPaMMOM.

Biusnue aneMenToB a, b, ¢ 1 d MATPHUIBI 2 X 2 MOXKET OLITH YCTAHOBJIEHO OTAEIBHO.
SnemenTHI b ¥ ¢, KaX BUAHO U3 puc. 2-11b, BEBeIBaIOT capur (CM. pas3z. 2-4) HcxomHOro
KB3JpaTa B HalIPaBJIEHUAX ¥ U I COOTBeTCcTBEHHO. Kak orMeyanocs panee, 3JIEMEHTHI @
¥ d UrparnT posp MaciTabHeIx MHOXuUTesed. TakuMm o6pa3oM, 2 X 2-Marpuna 3aaaer
KOMOWHALHMIO CIBUra M MacIITAOMpPOBAHUA.

Hecnoxno onpememuts Takke IIomans mapannenorpamma A*B*C*D* wus
puc. 2-11b, XOTOPYI0 MOXKHO BBIYHCIUTEL CIEAYIOIIUM 06pa3oM:

4, = (a+c)(b+d)—%(ab)—%(cd)—%(b+b+d)—g(c+a+c).

(a) (&)

Puc. 2-11 Obmee npeobpasoBanue eIMHUIHOrO KBaApaTa: a) JO npeobpasopamms; b) mocne
npeobpa3oBaHus.
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B pesyiabTaTe IOJIydYaeM

c d
MoxxHo nokasars, 4To IIOmALs noboro mapajienorpamma A,, ob6pasoBaHHOTO
myTeM MpeobpasoBaHUA KBaJpara, €CTh (DYHKIMS OT ONpEleNIMTeNs MATDHIBI Ipe-
06pa3soBaHMA U CBA33HA C IUIOMAABIO HCXOMHOTO KBaApaTa As; IPOCTHIM OTHOMIEHHEM

Ap = Ag(ad — be) = A det [T]. (2-40)

A, = ad — bc = det [a b] . (2-39)

QaKTHYeCKH, TaK KAK IUIOMAJAb BCeil (PUryprl paBHa CyMMe ILIOMAJel €IuHHYHBIX
K8aJpaToB, TO IIOMAAb 060K mpeobpasoBaHHON (Urypsl Ay 3aBHCHT OT ILIOMIAAH
pexomHo# Gurypsr A;

At = A,‘ (ad - bC) (2—41)

910 mone3HbH crrocod ompenerenus momateil IpoU3BOIBHBIX (PHUryp.

IIpumep 2-5 MacmrabupoBanue obracTu

Tpeyromsrnk ABC ¢ xoopaunarasivu sekropamu [1 0], [0 1] m [-1 0] npe-
obpa3yerca Marpumei
3 2
[T] = [_1 2] )

obpasys HOBBI TpeyrombEMk A*B*C* (puc. 2-12).
IInomansy Tpeyromsuuka ABC pasua

1 1
A= 3 (ocnosarue) (svicoma) = 5(2)(1) =1

y,y‘r
3_

B* A*

x, x*

c* —2r

Pac. 2.12 Macmrabuposanme ofmacrs.
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Bocnonb3yemcs ypaBrenmem (2-41), Toraa milomane mpeobpasoBaHHOrO Tpe-
yromuuka A*B*C* 6ygmer pasHa

Ay = Ai(ad —bc) = 1(6 + 2) = 8.

BexTopnl npeolpasoBanHoro Tpeyrombanka A*B*C” Tenepp paBHbI

ERIEEEER]

BorancimM 1wioma s, 06pa3soBaHHy 0 Pe3y IGTHDYOMMMH BE PIIMHAM:
1 1
A= 3 (ocrosanue) (emcoma) = 5(4)(4) =8.

DTo COBHAJAET C NOJIYIEHHBIM DaHee Pe3y/IbTaToOM.

2-14 TIPEOBPA3OBAHUS XKECTKUX KOHCTPYKIIUN

TIpuiio BpeMsa BepHYThCA K IIOCTABJIEHHOMY B pa3l. 2-8 BOIPOCY: KOTAa MEPIIEHINKY-
JIAPHEIE MPAMBIE Tpeobpa3yIoTesa B MEPIEHIUKYISAPHbIE psAMele? PaccMOTPHM cHava-
na Gonee obmuit BOIIPOC: B KAKUX CJIYYaAX YTLOJ MEXIy ITePeCEeKAIOmUMUCH IIPIMBIMU
COXpaHAeTCA?

HamoMuuM, 4TO CKAJIAPHOE MPOU3BEIEHHE NBYX BEKTOPOB PABHO

Vl . Vg = VigVaz + VlyV2y = |V1| |V2|COS€, (2-42)

a BEKTOPHOE MPOU3BEIECHHE JBYX BEKTOPOB, MPHHAJIEKAINX IIJIOCKOCTH TY, Ompele-
JIIeTCH KaK

Vl X Vg = (VleQy - ngvly)E = |V1| |72|Esin 9, (2—43)

TJle HHJEKCHL T U i OTHOCATCH X KOMIIOHEHTaM T U Y BEKTODPA, § — OCTPBI# YTOI MEXAY
BEKTOpaMH, a k — eTUHUYHBIH BEXTOD, EpHeHIMKYIAPHEI K IUIOCKOCTH TY.
IIposeneM mpeobpasoBanue Vi u Vo, ucnonesys (2 X 2)-marpuny obmero mpe-

obpaszoBanus
Zl [T] = ‘/1:: V2y a b =
Va Voo V2y c d
_ aVig +cVyy Vi +dVyy _ V; (2-44)
aVar + CV2y bVar + dV?!I V; .

BeKTOpHBIM TPOM3BEIEHUEM BEKTOPOB V; u V., Gyder
Vi x V = (ad — cb)(Vig Vay — VazViy)E = [V1| V5| Esin. (2-45)
AHasoruuno, ckajApHOe NpousBeneHue Gyner paBHO

ViV, = (@ + b)VizVag + (C? + d2)Viy Vay + (ac + bd)(VigVay + VigVae) =
= V]| V3] cosé. (2-46)
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'pebyercs, YTOOBI 3HAYEHHsT BEKTOPOB, KAK M YTOJI MEXIY HUMH, OCTABAIUCH IOCTO-
anubivu. CpapruBad ypasueHus (2-42), (2-46) u (2-43), (2-45), a Tak>ke IPUPABHAB
k03QPUIMEHTH MOTOGHBIX YJIEHOB, MOJYYUM

5 A+ =1, (2-47a)
@ E+d®=1, (2-47b)
. ac+bd = 0, (2-47¢)
. ad — be = +1. (2-48)

B
Bripaxkenus (2-47a, b, ¢) COOTBETCTBYIOT YCIOBMAM OPTOrOHAJIBHOCTH MATPHIHI, T. €.

t [T)T) = [TT]T = [1]

fe a bl fa c| _[a2+¥ ac+bd 10
c d| |b d|” |ac+bd %+ d? 01
Bbxpa)KeHne (2-48) Tpebyer, 4T06BI ONpeaeIUTeNs MATPULE! IPeobpa3oBanus O pa-
Ben +1.
Ta.KPIM 06pa3oM, IIpH IIOJHOM IIOBOPOTE YIJIBL MEXTY IIEPECEKAIOLUIMMUCS PSIMBIMI
bxpansioTca. JIAHHBIH pe3yJIbTAT PACIPOCTPAHACTCA TAKIKE H HA OIIEPAIIMIO OTpasKe-
HHSI, OPTOTOHAJIbHASl MATPHI[a KOTOPOTO MMeeT OIpeJeNuTelNb, pasHem —1. B srom
Ciy4ae BeTMYMHBI BEKTOPOB COXPAHSIOTCS, HO YTOJ MeXAy peobpa3oBaHHBIMH BEK-
Opamu B JeficTBHTENBLHOCTH paser 27 — 6. (CnenosarensHo, B ofmem ciydae yron
e coxpaHsercsa. OIHAKO MEPIeHIUKY/sSPHBIE MPsAMBIe MPeobpa3yloTcss B MEpIIeH -
Kynspuble npambie. Ilockonbky sin(2m — §) = —sin#, ad — bc = —1, nonHbIe TOBO-
POTHI M OTPAsKeHUS HA3LIBAIOTCH MpPeobpa3oBaHMAMM XKeCTKOH KoHCTpyKimu. Kpome
!OI‘O, HECKOJIbKO MHHYT aHaJIN33 UJIH IKCIIEPUMEHTHDOBAHMA IIDUBOAAT K BBIBOAY, YTO
PaBHOMepHOe MacITabHpOBaHHE TAKXKe COXPAHAET HEM3MEHHBIM YTONI MEXIy Iepe-
CEKAIOMMMHUCS TPAMBIMH, HO He BeJIMYMHY Ipeobpa3yeMbiX BeKTOpPoB. ITockonbky op-
TOrOHaJIbHAS MaTPHUIIa COXPaHAET YIOJ MEXAY BEKTOPaMH M UX BEJMYUHBLI, MATPUIIA
OAHOPOIHOTO MacCIITAGUPOBAHUA HE HABJIAETCA OPTOTOHAJBLHOM. )

2-15 IEPEMENIEHMS U OJJHOPO{HEIE KOOPIWHATHI

B mpepinymux pasnenax 6bit paccMoTpeH psaa npeobpa3oBaHuii, COBEPILAEMBIX C IIO-
Mompio (2 x 2)-marpunpr 06mero npeobpasosanus. Cpelu HUX IOBOPOT, OTPAXKEHHE,
ﬁaCmTaﬁnponaHne casur u npyrue. Panee ormevasloch, 4TO MCXOTHAs CHUCTEMA KO-
OpauHaT MHBADHAHTHA O OTHOIIEHHMIO KO BCEM IEPEYHCICHHBIM IPEOGPA3OBAHMSM.
Onnaxo Bosnuxaer HeOOXOIMMOCTh H3MEHATD IIOJIOZKEHHE HAYAJIa KOOPAMHAT, T. €. IIpe-
00pa30BLIBATE KAXK/IYI0 TOYKY HA ILIOCKOCTH. DTOTO MOXKHO JIOCTHYb IyTeM IepeMe-
WeHns TOYKM Havalla KOOPAMHAT WM mobo# Apyro# TOYKH Ha IIOCKOCTH

xt

az + cy +m,
y* =bx +dy+n.
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K coxkaneHnio, HeJb3sl BBECTH KOHCTAHTHI TlepeMemeHus m u 1 B (2 X 2)-MaTpuuy
npeobpa3oBaHus, TAK KAK 3TO He IPOCTPAHCTBO!

JlanHoe 3aTpyJHEHHe MOXKHO IIPEOJIOJIeTh, UCIOJb3YA ONHOPOIHbIE KOODIWHATBI.
O IHOpOIHBIE KOOPAMHATHI HEONHOPOJHOTO KOOPAMHATHOTO BEKTOpa [£ Y] IMpencTaB-
nsiot coboit Tpoiky [z’ y' h], tme x = «'/h, y = y'/h, a h— HexoTOpOE BemECTBEH-
HOe 4MClIo. 3aMeTuM, 4To ciydail b = 0 sBagercs ocobeiM. Beerna cymecrByer onun
HaBop OJHOPOIAHBIX KOOpAUHAT Bula [ y 1]. MbI BEIGpau 3ty dopmy, 4TobsI Ipen-
CTABUTH KOODJMHATHBIHA BeKTop [z Y| Ha dusuyeckoit miockoctu zy. Bee ocranbabie
OTHOPOIHEIE KOOPAMHATHI IPpeACTaBsAoTcs B Buge [hx  hy  h|. Januble KoOpIUHATE
He COXPaHAIOT OTHO3HAYHOCTH, HallDUMED, BCE CIEAYIOHMe KoopauHatsl [6 4 2], [12 8
4], [3 2 1] npencraBrsIoT QU3MIECKYIO TOUKY (3,2).

Marpuna npeobpasoBanus I OTHOPOJHBIX KOODAMHAT MMeeT pasmep 3 X 3. B
YaCTHOCTH,

a b 0
[T] =]lc d 0f, (2-49)
m n 1

rae AeiCTBHE 3TEMEHTOB a, b, ¢ u d BepxHel yacTu (2 X 2)-MaTpPHIIbI TOYHO COOTBETCTBY-
eT JeHCTBUAM, PACCMOTPEHHBIM paHee. DJIEMEHTHI M U N ABJIAIOTCA Ko3pPULIHeHTaMK
IIEpEMEIICHNA B HAIIDABJCHUAX T U Y COOTBETCTBEHHO. l'Iom{a.s{ ABYMEpHasl MaTpHIa
npeobpa3oBaHUs UMeeT BHUJ

1 00
[z* y* 1]=[z y 1]|0 1 Ol =[z+m y+n 1]. (2-50)
m n 1

OrMmeruM, 4TO KaXKaas TOYKA ILIOCKOCTH U JIaXKe Hadaslo KoopauHat T = ¥ = 0 Temeps
MoryTt ObiTh mpeobpa3oBaHBI.

2-16 TIOBOPOT BOKPYT ITPOMU3BOJILHOMN TOYKHA

Panee MBI pacCMaTpuBa/d BpallleHHE, COBEpIIaeMOE€ BOKPYT Hadajla KOODIUHAT.
OzHOpoHbIE KOOPAMHATHI MPEAyCMATPHBAIOT MEXAHH3M BBIIOJHEHHA IIOBOPOTOB BO-
KpYT TOYeK, OTJIMYHBIX OT Hadalla KOOpAMHAT. B obmemM ciiydae moBopoT BOKpYT HpoO-
H3BOJIbHOM TOYKH MOXeT ObITh pealM30BaH IOCPEICTBOM €€ IEepPEeMEIIEHHA B Hadallo
KOODJIHHAT, BBIUIOJHEHUA TpebyeMOro moBOpPOTa M IIOCIEAYIONIErO MePEeMEeIeHHs pe-
3yabraTa OOPaTHO B MCXOIHBIA neHTp BpamieHuda. Taxum o6pa3oM, IOBOPOT BEKTOpa
[:c Y ]_] BOKPYT TOYKH M, . Ha IIPOU3BOJIBHBIA yroJ MOXKHO OCYIIECTBHUTH CIIENy-
omuM 0bpasoMm:

1 00 cosf sinf 0 1 0 0
[z* y* 1]=[z y 1]| 0 1 0| |-sinf cosd O [0 1 0]. (2-51)
-m -n 1 0 0 1l Im n 1
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Brmonnasn ,ILeﬁCTBPIﬂ HaOd IBYMdA BHYTPEHHUMH MaTpDHI{aMH, MOXKHO 3allMCaTh

cosf sinf 0
—sinf cos 0

103

[+ v 1=[z y 1] {—m(cosO—l)} {—n(cose—l)} A1 (2-52)

+nsiné ~msiné

PacCMOTpUM TIpUMeEp, WIIIOCTPUPYIOMUH TaHHBIA pPe3YJIbTaT.

p————

153
y

ITpumep 2-6 IloBopoT OTHOCUTEIBHO IIPOM3BOJBHON TOUYKH

TpeamonoxuM, 4To uenTp 06bekTa Jexur B Touke [4 3]. TpeSyercs moBep-
HYTBb 00BEKT Ha IIPAMOM yroJI IIPOTHB YacoBOI CTPEJIKH BOKPYT IleHTpa. Mcmoms-

3y MaTpHILY

010
-1 0 o0f,
001

IIPOBEJEM MOBOPOT BOKPYT HaYasIa KOODJHHAT, He COBIIAJAIOMIETO C IIEHTPOM 00b-
ekTa. O6s3aTemsHOM IIpOoLeLypoit peobpa3oBaHus SABJIFETCH IIPEXKIE BCETO TAKOE
nepeMemenre o6beKTa, ITOObI JXKeTaeMblil IIEHTP BpAIneHus OKa3ascsd B Hadale
KOODAWHAT. ITO JOCTHIAETCH € IIOMOIIBIO CNIEAYIOMEH MATPHIBI TIepeMEIEHUsT:

1 0 0
0 1 0
-4 -3 1

Hanee MpuMensieM MaTpuily IIOBOPOTa M HAKOHEI] ¢ IIOMOIILI0 MaTpHIEI Ilepe-
Memenud IIpHBeIEM pe3yipTaThl II0BOPOTa 06paTHO K IIepBOHAYAILHOMY LIEHTDY.
Besa omeparms

1 0 0][010]f1 00
[ y* 1]=[¢z y 1]=[ 0 1 0](-1 0 Of[f0 1 O
-4 -3 1| 0 0 1]|4 3 1

MoxkeT OBITH peann30BaHa OJHON MaTpHIlEl IyTeM IIPOCTOro IIePeMHOXKEHHUS OT-
JEJIbHBIX MaTpHl, T.e.

0 10
[z* y* 1]=[z y 1]=|-1 0 0
7 -1 1

2-17 OTPAXKEHHWE OTHOCHUTEJILHO ITPOU3BOJILHON IPSIMOM

Pagee B pa3n. 2-10 obCcyKIaloch OTpajkeHHe OTHOCUTENBLHO NMPAMBIX, MPOXOASIIUX
9epe3 Havallo KoopAuHaT. MHorna Tpebyerca BHITOJHUTEH OTpaXkeHHe 00beKTa OTHOCH-
TeJIbHO MpAMOI, He MPOXOAAIIEH Yepe3 TOYKY Hadalla KOODIUHAT. DT0 MOXKHO CAeaTh,
BOCIIOJIb30BaBUINCH MPOLELYPOii, AHAJIOTMYHON BPAIIEHUIO BOKPYT MPOU3BOJIBHOM TOY-
Ku. KoHkperno BLINOIHAIOTCA Clegylomue AeicTBuS:



104 Tnasa 2 IBymepnsie npeobpa3oBaHus

— IepeMeleHue JMHUM U 06beKTa TakuM o6pa3oM, uTobsl JIMHUA MPOLLIA Yepe3 Ha-
YaJI0 KOOPIUHAT;

— IOBOPOT JMHMHMM H O0beKTa BOKPYI TOYKHM Hadalla KOODIMHAT JO COBIIAJEHHA C
OIOHOI H3 KOOPJHHATHLIX OCeH;

— OTpaskKe€HHE OTHOCUTEJBHO KOOPAMHATHOMH OCH;

— obparHBI# MOBOPOT BOKPYI Ha4dalla KOOPAMHAT;

~ IepeMelleHye B UCXOTHOE IOJIOMKEHHeE.

B maTpuunHOoM BHIE JaHHOe mpeobpa3oBaHUe UMEET MPeICTaBJICHHE
[T] = [T'][RI[R|[R] [T, (2-53)

rae T' — maTpuna nepeMenienusi, K — MaTpUIa IOBOPOTA BOKPYT Hadaja KOODIHHAT,
R’ —MaTpuia OTpajkeHus.

Tlepememnienus, IOBOPOTHI M OTPANKEHHA TAKXKE IIPUMEHSIOTCH 418 peobpa3oBanus
MPOH3BOJILHLIX Guryp. PaccMoTpuM crexyomuii mpumep.

IIpumep 2-7 OTpaxkeHHe OTHOCHTEJNBHO IIPOU3BOJIbHOM IIPAMOIL

PaccmorpiM mpsMyio L u tpeyromsauk ABC (puc. 2-13a). YpasHeHMe IIpsi-
Mo#t L uMeeT Buz

y=3@+4).

Koopaunaruste BekToper [2 4 1], [4 6 1] ¥ [2 6 1] 3aa10T BepmuHBI TpeyTombHUKA
ABC.

Ilpamaa L mpoitaer Yepe3 Hadao KOODAMHAT IIPH IIEpEMEINEHHNY ee Ha —2
eIMHALILI B HaIIpaBJIeHHMH OCU Y. B pesyspTaTe 3aToro IIpu MmoBopoTe BOKPYT Ha-
Yana xoopmuHaT Ha —tg~'(1/2) = —26.57° mpsAMas COBIAmET C OCHIO T. BaI-
paxenne (2-33) UCIOTB3yeTCH I8 OTPAXKEHHs TPEyTOIbHHUKA OTHOCUTEIHHO OCH
T, 3aT€M IIpeobpa3oBaHHbIE KOODAUHATHEIE BEKTOPA! TPEYTOMLHMKA ITOBOD aiHBa-
10TCd U IlepeMemalnTcs K UcXonHaoi opueHTanmn. KoMOMHaiua mpeo6pazoBaHmit
6ymeT UMeTb BuT

1 0 0] [2/v/5 -1/+/5 0]t 0 0O
[T]=10 1 of |1/v/5 2/v5 o0of [0 -1 0fx
0 1 0 0 1] |0 01
2/v5 1//5 0][1 0 0
x -1/v5 2/v5 0| [0 1 O],
0 0

1o 2 1
3/5  4/5 0
= | 4/5 -3/5 o,
-8/5 16/5 1

M KOHKPEeTHO [j1d KOODAMHATHHIX BeKTOPOB Tpeyroisuuka A* B*C” nMeeM

2 4 1)[ 35 4/5 0 14/5 12/5 1
4 6 1| 4/5 -3/5 0| =|28/5 14/5 1
2 6 1| |-8/5 16/5 1 22/5 6/5 1

(puc. 2-13a). Puc. 2-13 b, ¢, d, e WLTIOCTPHPYIOT PA3NUYHEIE STAIE HAHHOTO
mpeobpazoBanus.
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y y* »y*
6 6
4 4F

N L
/2\ 2F
| 1 1 1 1 1 1 ) | 1 J L ]
-2 = 2 e
-2} -2}
I -
(a
) ®)

»y* ¥, y*
4 4l
2+ 2+
- |

L
—t _; 1 | —l 1 L x, .\'.
_2 - _2 -
- L
(c) d)
y. y*
4
L

1 | -

-2

(e)

Puc. 2-13 Otpaxkenne oTHOCHTeIbHO MPOM3BOIHLHOH IIPAMOiL: a) BCXOZHOe M KOHeuHoe IIo-
Joxxenne; b) MepeHoc IPAMO¥ B Ha4aJ10 KOOPAMHAT; ¢) IIOBOPOT A0 COBIIAJEHMA C OCHIO T; d)
OTpaKkeHMe OTHOCHTEJBbHO OCH &; €) 0bpaTHEI IOBOPOT; a) OBPATHEIH ITepeHoC.
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2-18 IIPOELIMPOBAHUE —T'EOMETPUYECKAS MHTEPIIPETAIIN A
OOHOPOJHBIX KOOPIUHAT

Marpuiy npeobpa3oBanus pa3MepoM 3 X 3 mjia ABYMEpHBIX OTHOPOIHBIX KOODIHHAT
MOXKHO p336HTb Ha 4YeTbIpe 4YacCTH

a b D
M=|¢c d : 4qf. (2-54)
m n S

Hamomunm, 4To a, b, ¢ u d— koadbdHuuKenTH MacITabMPOBaHUs, BPAIIEHHs, OTPa-
JKEHHMS H CIBHIA COOTBETCTBEHHO. DJIEMEHTHI T H 7T 3a1310T mepeMemenue. B nByx
OpeIbAyInuX pasaenax KoapduiuenTs! uMenu 3Hadenns p = ¢ = 0 1 s = 1. YcTano-
BHMM BeJIMYMHEI p M ¢ He paBHbIMH 0. Kakoit acbdekt Mul monyuum? B nanHoMm ciyyae
[IOJIE3HO PACCMOTPETh EOMETPHYECKYIO MHTEPIIPETAIMIO.

Tlpu p = ¢ = 0 u s = 1 OmHOpPOIHBIE KOOPIHUHATHI MPEOOPA30BAHHBIX BEKTOPOB
Bceraa pasubl h = 1. [eoMerpuyecKky JaHHBIN Pe3yJIbTAT HHTEPIPETHPYETCA KaK Orpa-
HHYEeHHe Tpeobpa3oBaHus PU3MYECKOH IIOCKOCTBIO h = 1.

Jna unmocrpamuu 3¢ dekra mpeobpaszoBanus IpU p U ¢, OTIUYHBIX OT HYJIA, Pac-
CMOTPHM CJeAyIOIee BBIParKeHHe:

1 0 p
[XYh]:[h:c hy h]:[:cyl]Olq:
0 01
=[z vy Gr+ay+1)]. (2-55)

3mecs X = hx, Y = hy u h = pr + qy + 1. IIpeobpasoBannblit KOOPIAUHATHBIH BEKTOP,
BBIPa>KeHHBIN B OOJHOPOIHBIX KOODIWHATAX, JIEXKHUT TEEPh B TPEXMEPHOM IPOCTPaH-
CTBe, OIpeIesIeHHOM KakK h = pr + gy + 1. D10 npeobpa3zoBanue MOKA3aHO HA puC. 2-14,
rae orpe3ok AB, npunamiexamuit busndyeckoi miockoctd b = 1, npeobpasyerca B
CD co 3nauenneM h # 1, r.e. pX +qY —h+1 = 0.

OnHaKo NpeACTaBIAIOT HHTEPEC Pe3YJILTATEI, IPHHALJIEKAIME (PHIUICCKOH IIIIOC-
KOCTH ¢ h = 1, KOTOpble MOXHO IONYYHTh MyTeM FeOMETPHYECKOrO MPOEHPOBAHMSI
upsmoit CD ¢ wrockocti b # 1 0bparHo Ha mmockocTs h = 1 ¢ HCIOAB30BAHHEM IJIS
3TOTO NPOEIUPYIOMMX JIyUel, IPOXOAAIIUX Yepe3 Hadalo KoopauHar M3 puc. 2-14,
HCIOIb3Ys NMPABHMIIO MOJOOHA TPEYTONBHUKOB, IOMYYHUM
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»y*

Puc. 2-14 Ipeobpasoparne u3 ¢usmyeckoii Itockoctd (b = 1) Ha mnockocts b £ 1 1
mpoerpoBanve 06paTHO Ha GU3MIECKYIO ILIOCKOCTD.

Iocne aroro, HopManu3sys BeIpaxkeHue (2-55) IejeHHeM OITHOPOTHEIX KOODAMHAT
Ha Benn4yuHy h, momydaem

X Y z Y
g =2 L] = 1 :
oty 1] [h h 1] [p:c+qy+1 pT+ay+1 ] (2-56)
Hu
' X z
A — 2-57
R S (2-57a)
=L y (2-57b)

T h =p:c+qy+1'

Heransuo meficrsue peo6pa30BaHus PACCMOTPHM Ha CIELYIOIIEM IIPHMEDE.

Hpumep 2-8 IIpoenupoBanue B 0JHOPOAHEIX KOOPAMHATAX
Hns orpeska AB us puc. 2-14 mmeem p=q =1,[A]=[1 3 1] u[B] =

4 1 1],
S-[m-f oty -k
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TaxuM obpasoM, [C]=[1 3 5] u[D]=[4 1 6] Ha mnockocTH h=z+y+1.
TIpoeuupyst 06paTHO Ha ILTOCKOCTL h = 1 IyTeM aenenus Ha ko3 duumeHT ox-
HOPOAHBIX KOOPAMHAT, IIpOBeIeM nByMepHoe IIpeobpa3oBanme TOYEK

[Cs]=[1 3 5]=[1/5 3/5 1],
[Ds]=[4 1 6]=[2/3 1/6 1].

PesynbTaT NOKazaH Ha pHC. 2-14.

2-19 MIPOIIOPLIMOHAJIBHOE MACIIITABUPOBAHUE

OcraBumiicss HeOO'bICHEHHBIM 37ieMeHT § (3 x 3)-MaTpHIBl Mpeobpa30BaHUs COOTBET-
CTBYET IPOIOPIMOHAJIBHOMY MACHITaOMPOBAHHIO, IDH KOTOPOM BCE KOMIIOHEHTHI BEK-
TOpa U3MEHSIOTCS TPONOPHMOHAIbHO. [oKaXkeM 3TO, PACCMOTpEB ClIeyIomIee Tpeobpa-
30BaHHUE:

100 :
X Y Rhl=[z y 1|0 1 0|=[z y s]. (2-58)
0 0 s

rne X =x,Y =y u h = 5. llocne Hopmanu3auuy noaydnM X* = z/su Y* = y/s.
Takum obpasom, npeobpaszosamme [z y 1][T] = [z/s y/s 1] aBnserca pasHo-
MEPHBIM MAaCIITAOHPOBaHHEM KOOPIMHATHOrO BeKTOpa. Ecian s < 1, To mpoucxoout
pacTszkeHue, a ecinud s > 1— cxkaTHe.

h=2

Puc. 2-15 T'eoMeTpHYeCKad uHTEpIIPETAIM IIPOIIOPIMOHAIBHOr0 MacmITaGHPOBaHHSL.
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é
; 3aMeTHM, 4TO 3TO NPeobPA30BAHHE OCYUIECTBIIAETCS TAK¥Ke B IUIOCKOCTH h = 1.
“Bgecra h = s = const, 1 mo3TOMy mnockocrts b # 1 nmapajienbHa ILTOCKOCTH h =
3. Feomerpryieckas MHTEpHpeTarus IaHHOrO 3¢ dekra nokasana Ha puc. 2-15. Ecnu
’ < 1, ro h = const 3aHaeT IJIOCKOCTD, JIEXKAIMYI0 MeXIy ILUIOCKOCTAMH h = 1 u
; = 0. Crnemosarensno, korga mpeobpadyemas npsimas AB mpoeuupyercss oOpaTHO
wa WIOCKocTh h = 1, To A*B* yBemnuMBaercA. AHAJIOTHYHO, ecix § > 1, T0 h =
Ei;onst oIpeneNnseT IIOCKOCTh, PACIONIOXKEHHYIO 33 IJIOCKOCTEI0 b = 1 1 mpoxozamyio
gnoab ock h. B cnyyae npoenuposanns npamoit CD wa mitockocts b = 1 mpoucxozut
yMenbmenne mpaMoit C*D*.

#-20 TOYKY BECKOHEYHOCTH

}ﬁzmopom{me KOOPIMHATE] IPEJIOCTABIIAIOT yaoOHblH 1 3¢ dexTuBHBIM c10c0b HaHeCe-
sgx!nﬂ TO4YEK M3 OTHOM CHCTEMBI KOODIMHAT B COOTBETCTBYIOLINE TOYKHU aJIbTEPHATHBHON
HOODIAMHATHON CHCTEMBI. Beckoneunas obsacTs B 01HOM KOOPIHHATHOMN CHCTEME YaCTO
fipecbpa3yerca B KOHEYHYIO 06J1acTh B albrepHaTHBHOM cucTeMe. [IpH HEKOPPEKTHOM
BBI0Ope mepeHoca mapallyiefIbHOCTh MPAMBIX MOMKET He COXPaHATbCA. OIHAKO TOYKH
fIepecedeHns oce IPeobpPa3OBaHMS OKA3BIBAIOTCS CHOBA B TOUKAX Iepecedenus. Jlan-
/BO€ CBOMCTBO MCIIONIB3YeTCs IJIS OIPENeIeH s OJHOPOIHBIX KOOPIMHAT [IPeICTABICHHS
mIeK 6eCKOHEeYHOCTH.

" PaccmorpuM mapy nmepeceKalomuxcs MPsSIMbIX, 33JAHHBIX YPABHEHHSIMHA

z+y=1,
2z — 3y =0.
Je
Mpsvble nepecekalorcs B TOUKe ¢ KOOpAMHATaMHE T = 3/5, y = 2/5. 3anumrem ypasne-
BHA B Buze £ +y — 1 = 0, 2z — 3y = 0 1 mpeacrasuM ux B MarpH4HO# dopme

1 2
z y 1| 1 -3|=[0 0
-1 0
Bau
[X1[M] = [R].

Ecm Marpuna [M'] kBagpaTHad, TO EpecedeHne MOXKeT ObITH IOMYIeHO IIyTeM 0bpa-
Menns MaTpunbl. VI3MeHUM CHCTeMy HCXOIHBIX YPaBHEHHUH CeLylomuM obpa3oM:

z+y—1=0,
2z -3y =0,
1=1,

BnK B MaTpu4HOit ¢dopme

[X]iM] = [R],
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T.€
1 20
[z y 1] 1 =3 0|=[0 0 1].
-1 01

KBanparHas marpuma, obpaTHaa naHHO# [2-1], uMeer ciieayromuit Bua:

3/5 2/5 0] ;3 20
M7 =|1/5 -1/5 0| =<|1 -1 0

3/5 2/5 1] °[|3 25

Ymuoxas obe yacTu ypasrenus Ha [M]~! u yuutniBas, uro [M|[M]~! = [I] sBaserca
TOXKJECTBEHHOM MAaTpuIeH, MOJTydIHM

320
[z y ﬂ:%m 0 1] é—;g =[3/5 2/5 1].

Takum 06pa3oM, TOYKA IEPECEYEHHS OIATH HMeeT KOOpAMHATH T = 3/5, y = 2/5.
PaccMoTpumM Teneph JBe mapajliesibHble IPSAMbIE, 33JaHHbIe CIeyIomuM 00pa3oM:

r+y=1,
z+y=0.
ITo onpenenennio reomerpun EBKiMaa, TOYKa NepecedeHHs IBYX MapaJlIeJIbHbIX IPsi-

MBIX pacnojioxkena B 6eckoneunoctu. IIponorpkas npenbiayuine paccy»IeHusi, BbIYH-
CJIUM TOYKY IT€PEeCedeHHs ITHX MPIMBIX, 33JaHHLIX B MATPHYHON dopme,

110
z y 1] 1 1 of=[0 0 1]
-1 01

OzHako HeCMOTpPA Ha TO YTO MATPHIIA KBAAPaTHasd, OHA He HMeeT OOpaTHOI, TaK Kak
JiBe ee CTPOKH TOXKJeCTBeHHbI. Takasi MaTPHIa HA3BIBAETCI CHHTYJIAPHOM. Bo3amoxna
uHasg GOpMyNMpOBKAa ¢ obpaTumoit marpuieii. [ToydynMm ee, mepenHcHIBAS CHCTEMY
YPaBHeHH# cexyooumM obpa3om:

z+y—1=0,
z+y=0,
z=uz,
WM B MATpH4HOM ¢opme
1 11
[z y 1] 1 1 0o[=[0 0 g
-1 00



2-20 Touxu 6eCKOHEYHOCTH 111

Tabmuna 2-1 OxHOpPOAHBIE KOOPAUHATHL AJIH

TOYKH [4 3]
h z" y" X Y
1 4 3 4 3
1/2 8 6 4 3
12 9 4 3

1/3
1/10 40 30 4 3

1/100 400 300 4 3

B 1aHHOM Ciy4ae MaTpPHIA He SBJISAeTCS CHHTYJIIPDHOM M cymecrByeT obparHas eit

0 0 -1
M]7'=(0 1 1
1 -1 0

YmMuOXKas 0be YacTH BHIpaXKeHHA Ha OOpPATHYIO MATpPHILY, TOIYYaem

0 1 -1
[z y 1]=[0 0 2]|0 1 1|=[z —z 0 =z[1 -1 0].
1 -1 u O
Pesynbrupyomue omgaopoansie Koopaunatel [ — 1 0] onpemensior Touky nepece-
YEHHA JBYX NMAPaJICJbHBIX IPAMEIX, T. €. TOUYKY GeckoHedHocTH. B 4acTHOCTH, OHH
HpeACTaBJISIOT JAHHYIO TOYKY B HanpasneHuu [ — 1] aBymepHoro npocrpancrsa. B

obmeM BHIe IBYMEpHBIH KOOpAHHATHBIA BekTop [@ b 0] mpencrasisier Touky Gec-
KOHEYHOCTH Ha IpsAMoit ay — bx = 0. [IpuBeneM HecKOJIBKO NMPUMEPOB:

[ 1 0 0] Touxa Ha MONOXKUTENHHOM OCH T,

[-1 0 0] rouka Ha orpHnATENBHOI OCH T,
[ 0 1 0] TOYKa Ha, IOJIOXKHUTEJILHOH OCH Y,
[ 0 -1 0] rouka Ha oTpuIATENBHOM OCH Y,
[ 1 1 0] sponb npamoit y = = B nanpasnennu [1 1.

BekTop ¢ ognoponnoit kommoHenToit b = 0 JeHCTBHTENBHO IIPEACTABIACT TOYKY
BeCKOHEYHOCTH M MOXKeT ObITh TAK)Ke HHTEPIPETHPOBAH KAK IBIXKEHHE K IIPEeIeNy
(rabm. 2-1).

Paccmorpum mpamyo y* = (3/4)z* utouky [X Y hj=[4 3 1]. Hanomuum,
9TO B OTHOPOIHBIX KOOPAMHATAX He CYIIECTBYET €JHHCTBEHHOTO IPEACTAB/IEHNA KOOD-
AuHaTHOTO BekTOpa (Tabn. 2-1). Touxka [4 3 1] mpencTaBieHa B OXHOPOAHEIX KOOPIH-
HaTax IO BCeM HAIIPABJIEHHAM. JAMETHM, 4TO B 3TOH Tabsmue mpu h — 0 oTHOmEHHE
Y* z* ocraerca paBHbIM 3/4, Kak u Tpebyerca /s coxpaHeHus ypasHenus. Kpowme sto-
ro, o6paTuM BHHMaHHE Ha TO, YTO CIeAyiomas napa (c* y*), Bce TOYKH KOTOPOit pac-
HOJTaTaloTCA Ha, IHHHHE ¥* = (3/4)z*, 6nicTpo mpubmikaerca Kk GeckonednocTr. Takum
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obpazom, nperen npd h — 0 1 ecTb TOYKA OeCKOHEYHOCTH, 33JaHHAA B OJHOPOIHBIX
koopauHarax Kak [X Y hl =[4 3 O]

ObparuBuInch CHOBa K PHC. 2-15, JIETKO IIPOAEMOHCTPHPOBATE T€OMETPHYECKYIO
HHTEPIPETAIMIO TIPOLecca ABHXKeHHA K Ipeneny npu h — 0. PaccMorpuM OTpesok
eIMHUYHOM JJTHHEI, ITPOXOASAIIMH OT TOUYKH HaYalla KoopAHHAT B Hanpasnenny [1 0] Ha
nnockoctd b = s (s < 1). Ilpu s — 0 npoekuus 3to#i npamoit obpaTHo Ha dusnye-
CKy10 IJIOCKOCTh h = 1 B HampaBJIeHHH JIy4ei, IPOXOAAMIMX Yepe3 HaJaJI0 KOODIHHAT,
cTaHOBUTCcA OeckoHeuno# anuHbl. CleqoBaTeNlbHO, KOHEYHAs TOUKA IPAMOM JOJDKHA,
IIPeACTABJSATHCA TOYKOU OeckoHeyHOCTH Ha ocH X.

2-21 TIPABUJIA BHIITOJIHEHU S ITPEOBPA30OBAHUM

s mpelcTaBneHHss JAHHBIX M BBIIOJHEHUS IPeOOPa30BaHHM C IIOMOIIBIO YMHOXKe-
HHUS MaTPHI] HCIOJB3YIOTCS pa3nuyHble coryjamenus. Hanbosipliee BHUMaHWe HY>KHO
yaensaTh GOPMYIMPOBKeE 33/1a4 H MHTEPIIPETAlMH Pe3yaLTaToB. Hanpumep, nepes BEI-
IIOJIHEHHEM IIOBOpPOTa HeOﬁXO,ILI/IMO IIOIYYHTH OTBETHI HaA arenyomme BOIIPOCHI.

B mpaBocTOpoHHE#H WiIH JIEBOCTOPOHHEH CHCTEMe KOODAMHAT ONPEIEJISIIOTCS MOBO-
paduBaeMble KOODIHHATHbIE BEKTOPHI!

Bpamaerca 06beKT WIH CHCTEMa KOOPIHHAT?!

Kak onpeneasioTcst moJIoKUTEIBHBIA H OTPUIATEIbHBIN IIOBOPOTHI?
KoopauHaTh! 3aIIMCHIBAIOTCS B BUAE CTPOKM WM CTONONA MATPHIIBI?
Bokpyr Kakoil IHHHM HJIH OCH OCYIIECTBJISETCS IOBOPOT?

B nanHOM H3/I0XKEHHH HCIOIB3YeTCs IPABOCTOPOHHSAS CHCTEMa KOOPIHHAT, OObLEeKT
BpaIaeTcsa B HENOABHXKHON KOODAMHATHON CHCTEME, IOJOXKHTENbHEIH IIOBOPOT OIIPe-
JeJISeTCs IPABUJIOM IIPABOM PYKH, T. €. HOBOPOT II0 YACOBOM CTPEJIKE OCYIIECTBIISeTCs
BOKpPYT OCH IPH HabJI0IeHUH OT HaYaJa BAOJb HOJOKHATEILHOM OCH, H KOOPIHHATHBIE
BEKTODBI IIPEACTABAAIOTCA B BHIE CTPOKH MaTpHIbI.

Berpaxkenne (2-29) 3amaer npeobpa3oBaHHE AJA IOJOXKHTEJIBHOTO MOBOPOTA BO-
KpYT' Hadaja KOOpAWHAT WIH OCH Z. TaK KaK BEKTOp 3a/IaeTCsl CTPOKOH MAaTpPHIIBI,
TO MAaTpHIy TpeoGpa30BaHHs CJIeAyeT PA3MECTHThb MocAe NAHHBIX HIM MATPHIB! KO-
OPAMHATHBIX BEKTOPOB. 910 mpeobpa3oBaHue 3a/iaeTcsa IyTeM YMHOXEHHs cripaBa. B
cllydyae OTHOPOIHBIX KOODAMHAT IS IOJIOKMTENBHOIO MOBOpOTa 00beKTa Ha yroa 6
BOKPYT Ha4aJla KOODAMHAT (OCH 2) MCIONB30BAHHE YMHOXEHMS CIIPaBa IPHBOIHMT K
CIIELYIOLIEMY Pe3yJbTaTy:

[X*] = [X][R],
cosf sinf 0

[z y* 1]=[z y 1]|-sind cosd 0. (2-59)
0 0 1

Ecnu MBI IONCTAaBHM KOOPIMHATHBIE BEKTODDI, 33JaHHEIE B OTHOPOIHBIX KOOPIHHATAX
B BHIE CTOAOIA MAaTPHIB], TO IOBOPOT MOXXHO BBIIOJHHTE CJICAYIOMMM O0Pa3oM:

[X*] = [R]7'[x],
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z* cosf —sinf 0] |z
y*| = |sinf cosé 0| |y|. (2-60)
1 0 0 1| |1

Buipaxkenue (2-60) Ha3siBaeTcsa npeobpa3oBaHHeM C YMHOXEHHEM CJIeBa, TAK KaK
MaTpHIa Ipeodpa3’0oBaHus PACIIONOKEHA IIePe]] CTONBIOM KOOPANHATHOrO BEKTODA, HITH
TAHHBIX,

3amerum, uro (3 X 3)-Marpuna B BoIpaxkenud (2-60) ectb Tpancnozuumus (3 x 3)-
MaTpHIbl M3 BEIpasKeHHS (2-59). DTO CBHIETEJBCTBYET O HE3ABMCHMOCTH CTPOK H
CTOJIOLIOB MaTPHIIBL.

s Toro 4T06b1 MOBEPHYTH CHCTEMY KOOPAMHAT M OCTABHTH HEH3MEHEHHBIMH KOOD-
JHHATHBIE BEKTOPHI, HeOOXOIUMO B BeIpaxkeHuu (2-59) 3ameHuTs 8 Ha —0. Bemomun,
1o sinf = —sin(—6), a cosf = cos(—6).

Tenepsb Bhipakenue (2-59) Gyzer umersh BT

cos@ —sind 0
[z* y* 1 =[xz y 1] = [sind cosf 0]. (2-61)
0 0 1

X‘

Puc. 2-16 Dksusanentrocts npeobpa3oBaHUs KOODOUHATHBIX BEKTOPOB M  CHCTEM
KOOpauHar.
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3ameruM, yto (3 X 3)-MaTpHUa OnATH HMeeT OOPATHYIO H TAK)KE TPAHCIOHHDPYETCA B
Marpuny u3 (2-59).

Ecnu Bpamaercs cucTeMa KOOPIHHAT H MCIOJNB3YETCA JIEBOCTOPOHHAA KOOPIHHAT-
Hasl CHCTeMa, TO 3aMeHy f Ha —@ HaJo NpOU3BOANTL 0d6asicdwi, a ypaBHeHue (2-59)
CHOBA OKA3RIBAETCS CIPABEIJIMBBIM IIPH TONYIIEHHH, YTO IIPHMEHSeTCs IOoC/IeAyoiee
YMHOX€EHHE Ha CTPOKY MATPHIIbl JaHHBIX,

3aMmernM, 4TO, KAK IIOKA3aHO Ha pHUC. 2-16, BpameHHe NPOTHB YaCOBOH CTPEJIKH
BEKTOPOB, 33/I310IHUX OObEKT, HAEHTHYHO IMOBOPOTY B TOM YK€ HAIIPABJIEHHH KOODIH-
HATHBIX Ocell IpM HEMOABHMXKHOM oObekTe. OmATh HET HEOOXOTHMOCTH B M3MEHEHHMH
COIEPKMMOro MaTpHIBI Ipeobpa3oBanus 3 X 3, eciid HET IPYTMX HPHYMH [Jis ee pe-
JaKTHPOBAHUS. DTH HECKOJILKO IPHMEPOB MIOKA3BIBAIOT, HACKOJIBKO aKKYDATHO HEOD-
XOOUMO BBINIO/JIHATH MAaTPHYHBbIC npeoﬁpa.aoaannﬂ.
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I'maBa 3

IIPOCTPAHCTBEHHLIE
MIPEOBPABOBAHUS U
IIPOEKIINN

31 BBEIEHUE

CrocobHOCTE BH3YaJIH3HPOBATH MIIH H300pPa’kaTh NMPOCTPAHCTBEHHbIH OObLEKT SBJISTET-
€A OCHOBOH 17151 MOHMMaHus (GOpMbl 3TOrO 06BEKTA. KpoMe TOro, BO MHOTHX CIIydYa-
fIX IJi 3TOTO BAKHA CIOCODHOCTH BPAlllaTh, IEPEHOCHTH H CTPOHTH BHIBI IPOEKIMH
obbekTa. Bce 3TO /erko AeMOHCTPHpPYETCS Ha NPHUMEpPE HAIIEro 3HAKOMCTBA C OTHO-
CHTEJIBHO CJIOXKHBIM HE3HAKOMBIM 06bEKTOM. YUTOOBI MOHATHL ero GopMYy, MBI TYT XKe
HAYMHAEM BPAIATH OOBEKT, OTOIBUIATh HA PACCTOSHHE BHITAHYTONH DYKH, II€peIBH-
faTh BREpPX M BHU3, BIIEPE] M Ha3aM M T.A. YTOOBI CAEISTL TO XKe CaMOe C IIOMOIIBIO
KOMIIBIOTEPA, Mbl JOJIXKHBI PACIPOCTPAHMTD HALl PEIUIECTBYIONIHIA TBYMEPHbBIA aHa-
#im3 Ha Tpu usMepenusa. OCHOBBIBAACH Ha IIOMYYEHHOM OIBITE, Mbl HEMEIJIEHHO BBOIUM
OZHOPOAHEIE KOOPIMHATEL. TakuM 06pa3oM, TOUKa B TPEXMEPHOM IIPOCTPAHCTEE [T ¥ 2]
MpencrapiIIeTCsd 4YeThIpEXMEPHBIM BEKTOPOM

= ¥ 2 Rh=[ y z 1][T],
rae [T] apasierca maTpuueir Hekoero npeobpasosanus. Kak u panee, npeobpasosanue
H3 OIHOPOIHBIX KOOPAHHAT B OOBIYHEIE 3amaerca (PopMyaoi

z! yl 2! :|
o* oy* o2 1= Z Z 1]. 3-1
| -2 ¢ 2 CoY
O606mennyo Marpuly mpeobpa3soBaHHA Pa3MEPHOCTH 4 X 4 I/ TPEXMEPHBIX OIHO-
POIHBIX KOOPDAMHAT MOXKHO NPEICTABUTH B CJEAYIOIIEM BHIE:

p

(1] = (3-2)

~ A8
Ss.me-
S .0

q
r
s

Marpuny npeobpasosanus 4 X 4 u3 (3-2) MOXHO pa3meNuTh Ha YeThIpe OTHEJIbHBIE
JacTH:

3x3 X

1x3 C1x1
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Bepxusis epas (3 X 3)-moaMaTpuna 3a1aeT muHeitHoe npeobpasopanue! B popme Mac-
IITAOHPOBAHHS, CIBHIA, OTPAXKEHUS M BpameHus. Jlepas mkuad (1 x 3)-nogMarpumna
3a]aeT MepeMeIeHne, a Npasas BepxHaa (3 X 1)-moaMarpuua — nepcreKTHBHOE Ipe-
obpazopanwme. Ilocnennas npasas mmwxHaa (1 x 1)-mogmaTpuna 3amaer obuiee Mac-
mrabuposanue. Obiee mpeobpasoBanue, MOIyYEHHOE TOCJIE IPHMEHEHUS 3TOH (4 X 4)-
MATPHIBI K OQHOPOTHOMY BEKTOPY M BBIYHCJIEHHSA OOBIYHBIX KOOPAMHAT, HA3bIBAETCA
GwinHeltHBIM Tpeobpa3oBannem®. B obmeM ciiyyae maHHOE Ipeobpa3OBAHHE OCYIIE-
CTBJISIET KOMOHHAIIHIO CIBMIA, JIOKAJIbHOTO MACINTAOMPOBAHUSA, BPAIIEHUSA, OTPAYKEHHS,
IepeMeIIeHHs, IIePCIEKTHBHOrO npeobpa3oBanusa U obmero MacrabupoBaHH.

3-2 TPEXMEPHOE MACHITABUPOBAHUE

Huaronansueie ameMeHTsl (4 X 4)-MaTpHupl 0GOBIIEHHOTO NPeoGpa30BaHU 3aJ310T
JIOKANIbHOE H obmiee MacirrabupoBanue. /i WimocTpamud 3Toro pacCMOTPHM Ipe-
obpasoBanune

X|T)=f y = 1

OO O

—[ez ey iz & 1, (3-3)

—
Il
=)

*
<

KOTOPO€ IOKA3bIBAET HEHCTBHE JIOKAJIBHOrO MacumrabupoBanus. Hurke mpuBozuTcs
TIpHMeED.

IIpumep 3-1 JlokanbHoe MaciTabupoBaHue
Paccvorpum npamoyrombumiit napamienemumnes (RPP), noxa3aHHeii Ha
p¥c. 3-1a co ciefyOmUMH OOHOPOTHBIMH KOODJWHATAMH BEpIINH:

= b b s e

1

Yro6bl OTYINTh eAVMHNIHEIN Ky0 13 RPP ¢ moMOmbIO JIOKAJILHOIO MacmITabH-
poBaHWs, HeoGxoauMMEI MaciTabuele MuOXUTeM 1/2, 1/3, 1 Bmoms ocelt z, y, z
coorBercTBeHHO. IIpeo6pa3zoBanue JIOKATEHOrO MaCHITAGHPOBAHWS 3a0a€TCH MAT-

o)
Il
ocCwMvOoOOoONMDO

LWWOoOOoOWWoo
OO0 = = =

puieit
12 0 0 0
1o 13 0 0
Ti=1o 0 1 o
0 0 0 1

1 Nune#tnoe npeobpasopatne — 310 npeo6pa3oBaHue, HepeBOAAINee NHHeRHYI0 KOMOHHAIMIO BEKTO-
pOB B Ty e caMyIo JHHeliHyI0 koMOHHalmI0 NTpeobpa3oBaHHLIX BEKTODPOB.

2 BunuHelinoe npeo6pa3oBaHHe — 3TO Pe3YJILTAT ABYX HOCIEAOBATENBHLIX THHEHHLIX peobpa3osa-
Hu.



3-2 Tpexmepnoe macmrabupoBaHue

*

4

Puc. 3-1 Tpexmeprsie MACITAGHPOBAHHS.
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PesypTHpyomumit Ky6 MMeeT ceAyioniHe oMHOPOAHbIE KOOPAHUHATHI BEpIIHH:

0 0 1 17
2 011
2 31 1{ry/2 o o0 o0
X1=Xm= 0 o o 1| |0 0 1 0|=
2 0 0 1 0 0 01
2 3 01
0 3 0 1l
0 0 1 17
1 01 1
1 1 1 1
o111
({0 0 0 1
1 0 0 1
11 01
0 1 0 1]

3aMeTHM, YTO OJHOPOIHBIN KOODAMHATHBIN MHOXWTE L h paBeH eguHuue s
KaXJoi U3 npeofpa3oBadHBIX BEpUIMH. Pe3ympraT MacniTaOMpOBaHMS IIOKA3aH
Ha pHc. 3-1b.

Obmee MacmTabupOBaHHE MOXKHO OCYIIECTBHTH, BOCIOJB30OBABIIMCH YETBEPTHIM

JHATOHAJBHBIM 3JIEMEHTOM, T. €.

X][7] = [z y = 1] R NIVIR)

OO O
OO -=O
o= OO
w OO0

O6b1uHble WIH (DH3HIECKHME KOOPIHHATEI HMEIOT BHI,
ko gk = |2 ¥ 2
y z 1] [s 3 s 1.

DTOT pe3ysBTAT CHOBA WJULIOCTPUDPYETCA HA IIPHMEpE.

(3-4)

IIpaumep 3-2 O6mee macmTabupoBanue

[na obmero MacmTabHpoBaHMs eauHW<IHOro ky6a, H3obpakeHHOro Ha
pHc. 3-1 b, Ha MHoxHrens Apa (yABoeHuWe pasMepa), HeobXomuMo mpeobpazo-
BanHe (cM. (3-4))

[T =

coo-
o= Oo
oO=OO
~SOo oo
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Tlonyyenmsiit B pesynbprare napaanenemunes RP P vMeer cienyomMe ofHOPOA-
HBI€ KOODJAMHATH BEpIIHH:

0 0 1 17
101 1
11111100 0
) . 011 1/{010 o0
: XT=[X"1TT=1g 0 0 1|0 0 1 o=
: 100 1/lo o o 1/2
: 1101
0 1 0 1l
4 0 0 1 0.5
' 101 05
111 05
~lo1 1 05
=1o 0o o 05
100 05
110 05
: 0 1 0 o05]

3aMeTHM, YTO OAHOPOAHEIA KOODIHHATHEIN MHOXHWTEeNb h m1d Kaxaoil u3 mpe-
obpazoBanibX BepmuH paeeH 0.5. Tax¥M o6pazoM, Afs TOro 4Yrobul HOJIYyYHTH
ob6braEbIe K bH3NIeCKHe KOOPAUHATHI, KaXK I BEKTOP He06X0MMMO Pa3ie/IHTh
Ha h. Pe3ynpraT, nokasanmeii Ha pHc. 3-1 ¢, paseH

0 1"
1

[X*] =

NNOONNOO

CoocoNMNNN

ONDNOO NN
— e

¢ 3aMeTHM 37€Ch, YTO, KAK H B CIyYae JBYMEPHOTO OOIIEro MacTabupOBAHUSA , OMHO-
POOHEIH KOOPIHHATHBIN MHOXKHTEJIL He PaBeH emuuuie. [Io aHajoruu ¢ nmpeapiaynmm
o6cyxnenmem (cMm. pas3n. 2-18) 370 o3mavaeT mpeobpasopanue M3 PUIMIECKOTO 06b-
eMa h = 1 B gpyroit o6bem B 4-MepHOM npocTpaHcTee. IIpeobpasoBannbie du3nyeckue
KOODAHHATE] MOy Y3IOTCSH IPOEITHPOBAHHEM Yepe3 LeHTP 4-MepHO#H KOOPAUHATHOM CHC-
TeMur 06paTHO B ¢pu3mueckuit obbeM h = 1. Kak u panee, ecmu s < 1, IPOHCXOOUT
QnEOpOmHOe pacmupende. Eciu s > 1, IPOMCXOOUT OTHOPOIHOE CXKATHE KOODAMHAT-
HOro Bekropa.

Takoit e pe3yNbTaT MOXKHO NOJYYHTh, HCMONB3YA OIUHAKOBbIE KOI(MDMHIMEHTHI
JIoKaNbHbIX MacmTabuposanuii. B aToM ciydae marpuua npeobpa3oBaHus MMEET BHL

1/s O 0 0
0 1/s 0 O
0 0 1/s 0
0 0 0 1

[T] =

OTMe‘THM, 4TO 31eCh OJHOPOIHBIH KOODOWMHATHBIH MHOXKHTEJIL PABEH €OUHHIIE, T.e€.
h = 1. Taxum 0bpa3omM, Bce Mpeobpa3oBaHUe IPOUCXOAUT B hu3HIecKOM obbeMe h = 1.
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3-3 TPEXMEPHHIE CABUI'U

HenuaronasbHele 3JIeMeHTE] B BepxHeii 1eBoit 3 X 3-moxMarpuie 00001eHHON MATPHIIE]
npeobpa3osaHus pa3MepoM 4 X 4 3aJa0T CIBHTH B TPEX H3MEPEHHsAX, T.e€.

b
XIm=le v = 0|5 ;
0

o Q-
—_ O OO

c
f
1
0

=[z+yd+gz bx+y+iz cx+ fy+z 1] (3-5)

TTosicuuM 3TO Ha mMpuMepe.

IIpumep 3-3 Cuasurm
CHoOBa pacCMOTpHM eMHUYHEIN Ky6, H300pakeHHBIA Ha puc. 3-1 b. IIpuMeHuB
npeo6pa3oBaHMEe CHBUTOB

1 —085 025 0
-0 1 07 0
M=195 1 1 o|
0 0o o0 1
noaydaeM
000 1 17
101 1
111 11 —08 025 0
- o1 1 1] |-0m 1 o7 of _
X 1=XITl=1g o0 0 1[| 05 1 1 o=
100 1|] 0 0o o 1
110 1
0 1 0 1l
- 05 1 1 17
15 015 1.25 1
075 115 195 1
Cl-02s 2 17 1
=1 0 0o 0 1
1 —085 025 1
025 015 095 1
075 1 07 1]

DTOT pe3yaBTAT HOKa3aH Ha puc. 3-1 d. 3aMeTuM, YTO BO BCeX TpeX IpHMepax
oCTaeTcd HeM3MEHHOM BEpUIMHA NapaJLIeeMIe a, HaXOAAmaaca B Hadasre Koop-
JAVHAT.

3-4 TPEXMEPHOE BPAIIIEHUE

IIpexne yeM mepexoguThH K TPEXMEPHOMY BPALJEHHIO BOKPYT NMPOM3BOJILHON OCH, Pac-
CMOTDHM BpalllcHHE BOKDYT KajKJOH M3 KOOpAWHATHBIX oceil, [Ipu Bpamennn Bokpyr
OCH I OCTaIOTCs HEU3MEHHBIMH T-KOODAWHATHI KOODAHMHATHOTO BeKTOpa. PaKTHYeCKH
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®) (@)

“ y|+90°

Puc. 3-2 Tpexmephnie [I0BOPOTAI.

BpallleHHe IPOMCXOIUT B IIOCKOCTAX, IEPIIEHIMKYJIAPHBIX OCH Z. AHAJIOTHYHBIM 0Opa-
30M BpalleHne BOKPYT OCell iy U z IPOHCXOOMT B [IJIOCKOCTSX, IEPIEHIUK Y JIAPHBIX OCAM
¥ ¥ z coorBercreenHo. IIpeobpa3oBanue KOOPAUHATHOIO BEKTOPA B KAXKAOH M3 3THX
OJIOCKOCTel 33/1aeTCs YKa3aHHOM B (2-29) mMarpuueil IByMEPHOrO BpaleHus. JTa MaT-
PHII3 ¥ HEM3MEHHOCTH KOODIWHATHI X IIPH BPAIIEHUH BOKDPYT OCH T MO3BOJIAIOT 3aIlH-
€ate 4 X 4-npeobpa3oBaHKe OTHOPOIHBIX KOOPAMHAT IPH MOBOPOTE Ha yrou 6 B BUIE

1 0 0 0
0 cosf sinf 0

7] = 0 —sind cosf O (3-6)
0 0 0 1

Bpamenne cunraercsa MONMOKMTENLHBIM B CMBICTE PABHJIA [PABOi PYKH, T.e. IO
acoBoit cTpesiKe, eClIM CMOTPETh M3 Ha4ayla KOODIUHAT B [MOJIOKHTEILHOM HAITPaBJIe-
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HuH ocu Bpalienua’ . Ha puc. 3-2 b nokaszan napaJiiesienure 1, oIy YeHHbIH IOBOPOTOM
Ha —90° BOKpYr ocd z mapaJjurelienunena c puc. 3-2 a.

AHaJOrHYHO MaTpHua MpeoGpa3oBaHus i BpAllleHHs BOKDYT OCH Z Ha yrOXx ¥
HMeeT BHJ,

cosy siny 0 O
_[—siny cosy 0 O }
0 0 01
Tlpu Bpamennu Ha yron ¢ BOKPYT OCH Yy npeoOpa3oBaHHe HMEET BHI

cos¢p 0 —sing 0

0 1 0 0

[T = sing 0 cos¢p O (3-8)
6 0 0 1

3ameruM, 4To B (3-8) 3HAKH ¥ CHHYCOB MPOTHBOIIONIOXKHEI 3HAKAM 3THX WIEHOB B Da-
peHcrBax (3-6) u (3-7). DTO HyXkHO Jjism TOrO, YTOOH BBIMONHANOCH COTJIAMIEHHE O
MOJIOXKHUTEJILHOM HaIPaBJIeHHH [0 [IPABHIIY NPABOM PYKH.

U3 pasencrs (3-6)—(3-8) wrenyer, 4TO IETEPMMHAHT KAXIONW W3 MATPHMIL IPeobpa-
30BaHuil paBeH +1, 4To M HeOOXOOMMO AJis YHCTOrO BpAIEHHA. Bojiee MONHO 3TH
pe3yJbTATH IPOHJIIIIOCTPUPYET IIPHMED.

IIpumep 3-4 Bpammenune

PaccMorpuM  npAMoyronbHeII napajutesienmunies, H300paKEHHHIH — Ha
puc. 3-2 a. Marpuua [X] xoopMHATHOro BEKTODA HMEET BUT,

000 1 17
301 1
3 21 1|4
02 1 1
XI=1o 0 0 1
300 1
32 0 1
0 2 0 1l

B manmoM ciydae crpoka, ormedenHas 6ykBoit A B MaTpmne [X], cooTBercTByeT
Touke A Ha puc. 3-2. Pasencrso (3-6) nns nosopora Ha § = —90° Bokpyr ocu z
OPUBOIUT K CJIEAYIOWEMY Ipeo6pa3oBaHMIO:

[T] =

O OO
= = =]

0
-1
0
0

oo o=

! flpapunoc nparo#t pyku ana Bpameans GhopmyaupyeTcs cneayiomumM obpasom: sanpasbTe 607b-
mo#t nanen npaBolt pyKM B NONOXKHMTENBHOM SanpaBliesHH OCH Bpamesius. Torna ecrecTBessioe CIH-
PaNbHOE JABHXKEHHE NAJIBIEB YKA3bIBAET NOJIOKHUTENLA0E SaNPaBleHHe BPAMeHHs.
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IIpumeHerue 3TOro Npeofpa3oBaHMs AAET HOBBIE KOODMHATHI!

(0011-
30 1 1

321 1/ 0 00
) 021 1|fo 0 -1 0
X 1=XIT1=1g 5 0 1|/]o 1 o0 o=

300 1|lo 0 o0 1

3 2 0 1

0 2 0 1

001 0 17

31 0 1

3 1 —2 1|4

o1 =2 1

=lo 0o o0 1

30 01

3 0 -2 1

0 0 -2 1l

OrmeTrM, 4TO, KAK M JOUIKHO 6HTH, T-KoMmoHeHTH [X| u [X ]| maenrwann:. Pe-
3yJIbTAaT JAHHOrO MOBOPOTa M306pakeH Ha puc. 3-2 b.

Js noBopora Ha yron ¢ = +90° Boxpyr ocu y ypasHenue (3-7) gaet cremy-
FOIYI0 MATPHILy Npeobpa30BaHUA:

0 0
" {0 0
T]= | 0
0 1

0 -1
1 0
0 0
0 0

CHoBa mpUMeHMB Npeobpa30BaHKE K MCXOMHOMY HapasiiesIeuIeny, oIy duM HO-
Bble KOODIMHATHI:

0 0 1 1
3 01 1
3 21 1|10 0 -1 0
" . o221 1l{o1 oo
X*1=1XITT= |y 0 o0 1|1 0 o o=
300 1/]lo 0 o0 1
3 2 0 1
0 2 0 1l
10 0 1
10 -3 1
1 2 -3 1|4
|12 01
=lo 0 0 1
0 0 -3 1
0 2 -3 1
0 2 0 1l

3amernm, YTO B 9TOM CiTyYae MAEHTHYHHI y-KommoHenTsl [X| 1 [X*']. Pesynbrar
u306paxkeH Ha puc. 3-2 c.

Tak kak TpexMepHbIe BPAIIEHUA NOTYYAIOTCA C IOMOIIBIO IEPEMHOMKEHUS MATPHII,

TO OHM He KOMMYTATHBHSBI; T. €. TIOPALOK NepeMHOKEHU BJIMAET H3, KOHEUHBI pe3yib-



124 Tnasa 3 IIpocrpancrBeHHBEIEe IPe0bpPa30BaHUSI U HPOEKIINH

tar (cM. pasn. 2-12). YroOul noKa3ars 9T0, PACCMOTPHM [Ba [IOCTEI0BATEIBHBIX [IOBO~
pOTa. Ha, OJMH ¥ TOT XKe YTOJI — CHAYas1a, BOKPYT OCu T, 3areM BOKpYT ocu y. Mcnonbays
ypapHenus (3-6) u (3-8) ¢ § = ¢, MBI momy4um

1 0 0 0] |cos§ 0 —sinf O
_ |0 cos@ sinf O 0 1 0 o _
[T1= 0 —sinf cos@ 0] |singd O cosf 0
0 0 0 1 0 0 0 1
cosf 0 —sinfd O
_ | sin%@ cosf cosfsind 0 (3-9
~ |cosfsind —sinf cos?d 0 -9)
0 0 0 1

C mpyroit cTOpoHEI, OOpaTHas ONEPalys, T.e. IOBOPOT BOKPYT OCH Y, & IOTOM BOKDYT
ocu x ¢ yroom 8 = ¢ naer

[cosd 0 —sind 0] [1 0 0 0
] = 0 1 0 0Of [0 cos@ sinf O _

~ |sin@ O cosf 0] |0 —sinf cos@® O
| 0 0 0 1] |0 0 0 1
[cos 8 sin® @ —cosfsinf 0

_1 0 cosf sin§ 0

" |sinf —cosfsiné cos? § 0 (3-10)
| 0 0 0 1

CpasuuBas npasple dactu (3-9) u (3-10), BHIUM, 4TO OHu He OZMHAKOBLL. Eciu Hamo
caenaTh Oojlee OJHOIO MOBOPOTA, TO CIEAyeT [OMHHUTH O HEKOMMYTHPYEMOCTH TPEX-
MEepHbIX BpallleHui.

Ha puc. 3-3 ¢ u 3-3 d wrpuxoBoit JuHuelt n300pakeH pesysbrar MpeobGpa3oBa-
HUsA, COCTOSAIIErO U3 ABYX MOBOPOTOB Ha 90° mpm moOMOmM NMpon3BeleHUs MATpul, U3
(3-9) nna obbekTa, MOKA3aHHOTO Ha puc. 3-3 a. OCymeCTBIAA MOBOPOTHI, 33J3HHbIE
(3-10), B o6parHOM TIOpsAKE, MONYYuM (DUTYPEl, HAPHCOBAHHEIE CIUIOMIHBIME JIMHUAMH
Ha puc. 3-3 b u 3-3 d. Puc. 3-3 d HarmaIHO MOKa3BIBAET, YTO NPH M3MEHEHHH [OPSI-
Ka BpallleHHdl NOJIyYaloTCA pa3jindHble pe3ynbrarbl. [IpuBelieHHbI! HUXKe YrCIIeHHBIA
[IpUMEp HJUTIOCTPUPYET ITO.

IIpumep 3-5 Kom6umupoBansHbie MOBOPOTHI
Ob6bexT Ha puc. 3-2 a EMeeT CIEAYIONHE KOOPAMHATHEIE BEKTODHL:

000 1 17
2 0 1 1
2 31 1|4
002 1 1
XI=10 0 0 1
2 0 0 1
2 3 0 1
0 2 0 1l
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+90°

@ )

() d)

Puc. 3-3 HexommyTaTHBHOCTD TPEXMEPHBIX IOBOPOTOB.

O6mas marprnna a9 BpameHns CHAYAIA BOKPYT ocH £ Ha yroa f = 90°, a 3aTeM
BOKPYr ocH y Ha yrox ¢ = 90° 3amaercs ypasHermeMm (3-9) B Buzge

(7] =

cor o
!
co~oo
coor
—o0oQ
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TIpeo6pasoBaHHbIE KOODAHHATHEIE BEKTODHl DaBHBI

0 0 1 1
2 0 1 1
2 3 1 1 0 -1 0
I 021 1/t 0o o0 of_
XT=XIT=1o o0 o0 1[0 -1 0 o=
200 1[/lo 0o o0 1
23 0 1
o 2 o 1
0 -1 0 1
0 -1 -2 1
3 -1 -2 1|4
2 -1 01
=lo o o0 1
0 0 -2 1
3 0 -2 1
2 0o o 1l

TIpeo6pasosasmniii 06bexT H306paxeH MTPUXOBOH JMHUEN Ha puc. 3-3 d.
O6mas MaTpuna /15 BPAIIEHWs CHAYajIa BOKPYT OCH y Ha yTOJI ¢ = 90°, a
3aTeM BOKPYT ocH T Ha yroi § = 90° 3amaercs ypasrennem (3-10) B Buge

1 0

0
0
[TI] =
0

===

01
0 0
0 0
B sTroM ciygae npeofpasoBaHHble KOODIHHATHEIE BEKTODBL DaBHBI

ro

Atl
[X*]=[X][T] =

o= OO
oo~
[ ]
- oo

cCoocOoO R R R R
oSN NOoOONNO
NMNWOONNWOO
el el el

e ek ek b b e ek

NMNWOoOoOoONMWOoOO
OO OO F = =t

SNNNO O NN

TIpeo6pasosanublii 06bEKT M306paXkeH CILUIOIHBIME JIMHUAMY Ha pHc. 3-3 d.

CpaBHeH¥Me OBYX YHCIOBHIX DE3YJILTATOB TAKKE FICHO ITOKA3KIBAET, YTO OPUEH~
Tamus [peobpa3oBaHHBIX O6HEKTOB COBEPIEHHO padaudHa. CrneloBaTesbHO, IT0-
PAIOK TePEeMHOXKEHNS MATPHI] OYEHb BaXKEH.

3-5 TPEXMEPHOE OTPAXKEHUE

Hekoropbie OpHeHTAIIMM TPEXMEPHOTO 00HLEKTa HeJb3s IOMYYHTh OJHHMH BpALIEHH-
AMH, TpebyTca mpeobpa3oBanus OTpakeHWs. B TpexmepHOM mpocrpaHCTBe OTPa-
JKeHHe NPOMCXOOUT OTHOCHTENBHO IUTOCKOCTH. 1lo ananorwu ¢ obCyxaaBliMMcs pa-
Hee JBYMEPHBIM OTpakeHHeM (cM. pa3a. 2-10), TpexMepHoe OTpaskeHHe OTHOCHTENBHO
IUIOCKOCTH 3KBHBAJIEHTHO BPalleHHIO BOKPYT OCH B TPEXMEPDHOM IIPOCTPAHCTBE B e-
THIPEXMEPHOE MPOCTPAHCTBO H 0OPATHO B MCXOTHOE TPEXMEPHOe MPOCTPaHcTBo.
YHUCTOTO OTPAXKEHHs JeTePMHHAHT MATPHIpB! paBeH —1.
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»y*

x,x*

e £ P

Pnc. 3-4 TpexmepHOe OTPaX€HME OTHOCHTEILHO ILIOCKOCTH TY.

IIpn OTpaKeHHH OTHOCHTENIBHO IUIOCKOCTH Ty HM3MEHAIOTCA TOJLKO 3HA4YeHHs 2-
KOOPAMHATHI KOOPAMHATHOTO BeKTOpa obbekTa. B camom fesie, OHM M3MEHSAIOT 3HAK.
Takum 06pa3oM, MaTPUNA MPecOpPa3OBAHUA Iy OTPAYKEHH OTHOCHTENBHO IJIOCKOCTH
Zy paBHa

7] = (3-11)

O = OO
_= O OO

OO O
OO —~O
|

Ha puc. 3-4 uzo06paskeHo OTpaKeHHe THHUYHOTO Ky6Ha OTHOCHTENHHO TJIOCKOCTH TY.
llpu oTpakeHuH OTHOCHTENBHO MIOCKOCTH Yz

-1 000
0100
[T]= 00 1 ol (3'12)
| 00 0 1
8 Iuisi oTpaXKeHHs OTHOCHTENBHO ILIOCKOCTH TZ
[1 0 0 0
0 -1 00
T1=1g o0 1 ol (3-13)
0 0 0 1

STPI Pe3ynbTaThl HIVIOCTPHPYIOTCA B IIPHBEACHHOM HHXKe YHCJIEHHOM IIpHMepe.
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ITpumep 3-6 Orpakedne

Hapannenemvmen ABCDEFGH , w306paXeHH#nlit Ha puc. 3-4, MMeeT KOoop-
JWHATHBIA BEKTOD

10 —1 1
2 0 -1 1
2 1 -1 1
11 -1 1
[XI=11 0 —2 1
2 0 -2 1
2 1 -2 1
1 1 -2 1]

Marpuna NMpeo6pazoBanusa AN OTpAaXKEHUsS OTHOCHUTENILHO IUIOCKOCTH TY 3ama~
erca MocpeacrsoM (3-11). Tlocre orpaxkennst NpeobpasopaHHBIE KOOPAMHATHLIE
BEKTOPhl DaBHBI

10 -1 17 10 1 17
2 0 -1 1 2 0 1 1
2 1 -1 1/ 0o 0o |21 11
) 11 -1 1|01 oo |1 111
X1=XITI=17 o —2 1{jo 0 -1 o/=|1 0 2 1
20 -2 1/loo o1 [20 21
2 1 -2 1 2 1 2 1
11 -2 1 11 2 1l

Pe3yswrar A*B*C*D*E*F*G*H* noxasas Ha puc. 3-4.

3-6 IIPOCTPAHCTBEHHHI IIEPEHOC

Marpuna mpoCcTpaHCTBEHHOTO MEPEHOCa MMEET BUI:

1 0 00
M=lo o 1 ¢ 19
! m n 1
ITepememensnie OTHOPOIHBIE KOOPAXHATHI MIOMYYAIOTCA ¢ MOMOMIBLIO Peobpa3soBaHus
1 0 00
= ¢ 2 h]=[zyzl]8 é(l)g
! m n 1
BeInosHNB yMHOMKEHHE, MOJIYyYMM
= ¥y 2 hl=[z+1) (@+m) (z+n) 1. (3-15)
U3 3roro crenyer, uto npeofpasoBannsie pU3MUIECKHAE KOOPAMHATHI PABHBI
Tt =zx+1,
y =y+m,

Z*=z+n.



3-7 Kommosmmun npeobpa3oBaHH 129

$-7 KOMIIO3UIINY TIPEOBPA3OBAHUN

TlocnenosaresHele MTPeobpa3oBatus MOTYT ObITh CKOMOMHHPOBAHBI HJIH 00beIRHEHbI
8 onHo (4 x 4)-mpeobpasoBanue, galonlee TOT Xe CaMblif pe3ysbTaT. Tak Kak Mepe-
JOKEHHE MATPHI] ABJIAeTCA HEKOMMYTATHBHOH ONepalnyei, TO BaxKeH MOPAJOK ee BhI-
gonHerns (B obmeM ciyuae [A][B] # [B][A]). IIpasunsHblil OpAgOK ONpeaeNserTcs
JMONOXKEHNeM KOHKPETHOR MaTpHIbI Mpeobpa3oBaHu i OTHOCHTEIbHO MATPHIIEI KOODH-
@ATHOTO BeKkTOpa. Marpuna, 6/mKaifimas K MaTpUle KOOPAMHATHOTO BEKTOPA, 33JaeT
pepBOe Npeobpa3oBanue, a NOCNeHAA — NocieHee npeobpasoBanue. Maremarnyecku
§TO MOXKHO 3allUCaTh CIELYIOIMMM 00pasoM:

[X][T) = [X)[TL] [T2) [T5) [T4) ...
rae
[T] = [T1][T2) (T3] [T4] . ..

u [T;] ABNAI0TCS MPOM3BOJILHOR KOMOMHAIHEH MATPHI] MACIITAOH POBAHHMSA , CIBHTA, BPa-
MmeHus, OTParkeHHs, [epeHoca, NEePCIEKTHBHOIO MpeoOpa30BaHHA ¥ [IPOEHHPOBAHMS.
Tak XaK NepCneKTHBHbIE MPeobpa3oBaHUs HCKAXKAIOT [eOMeTPHYECKHe 06HLeKThl (CM.
Pasa. 3-15), a npeobpasoBany s MPOELMPOBAHK S IPUBOIAT K NOTEpe HHADOPMALHMH (CM.
pa3z. 3-12), To B ciryuae HAJIHYHs STHX MATPHI] OHH JOJIXKHbI OBITH PACIIONONKEHEI CO-
OTBETCTBEHHO NMpEANOciefHel U MocaeaHei no mopsaKy.

OTH HIeN NPONJUTIOCTPHPOBAHK B [IPHBEACHHOM HHXKE [IpHMepe.

IIpumep 3-7 Komnosumnmm npeobpasoBanmit

PaccMoTpuM A/t 33JaHHOTO B OJHOPOZHBLIX KOODJMHATAX KOOPAMHATHOTO
BekTopa [1 2 1 1] pe3ysmpTaT MepeHoca B HalpaBJeHHsX T,y,2 Ha —1,—1,—1
COOTBETCTBEHHO, a 3aTeM I0BopoTa Ha +30° BOKpYr ocu T U MoBopoTa Ha +45°
BOKDPYT OCH ¥.

Caagasia IMOMy4rM MaTpHIly KomMOGuHMpoBanHOro INpeobpaszoBamus. M3 pa-
Bercrs (3-14), (3-6) u (3-8) cyexyer, uro

[T] = [Tr] [R:] [Ry] =

M 0 0 0N 0 0 07 [cos¢ O —sing O
_]0 1 0 0}]]0 cosf sinf 0 0 1 0 0] _
—f{0 0 1 0f |0 -—sind cos@ 0| |sing O cos¢p O —

Il m n 1] |0 0 0 1 0 0 0 1

M 0 0 0][ cos¢ 0 —sing 0
_10 1 0 0] |sin¢siné cosf cos¢gsingd 0] _

10 0 1 0] [sin¢pcos§ —sinf cosgcosf O
Il m n 1] O 0 0 1
[ cos¢ 0 —sin¢ 0
sin ¢ sin 6 cos @ cos¢sin b 0
_ | singcosé —sinf cos ¢pcos 0 (3-16)
lcos¢ mcosf —Isin¢ 1]’
+msin¢gsin@ —nsinf +mcos¢psing
| +nsin ¢ cos b +ncos¢cosf

rae 1 ¢ — COOTBETCTBEHHO yIJIbl BPaIeHHs OTHOCHTEJILHO ocel ¢ U y; a I, m,
N — BeJIMYUHBL [IePEHOCA B HANPABIECHUAX I, Y, 2.
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B ofmeM cryuae n1s KOOpOWHATHOrO BEKTODa MBI MMEEM

cos ¢ 0 —sing 0
sin ¢sin 8 cosf Cos ¢sin 8 0
_ sin ¢ cos 8 —sinf cosgcosd  Of _
Xl =[=z v = 1] Icos¢ mcos 6 —lsing 1|~
+msin¢gsind -—nsinf -+mcos¢psing
+nsin ¢ cosf +ncos¢gcosf
(z+1)cos¢ (y + m)cosf —(z+1)sing 1
= |+(y+m)singsind —(z+n)sinf +(y+ m)cosepsinb
+(z 4+ n)sinpcosf +(z+ n)cos ¢ cosb

Jna KoukpeTHbix 3padenutt § = +30°, ¢ = +45°, Il = -1, m =1, n = -1
npeoBpa3zyeMuiii KoopauHATHEIN BeKTOp MMeer BuA [3 2 1 1].

0.707 0 —0.707
0.354 0.866  0.354
0.612 —0.5 0.612
—-1.673 -0.366 —0.259

XlT=p 2 1 1

- o O o

[X][T] =[1.768 0.866 —1.061 1].

Yrobrl y6enuThCa, UTo 06mas MaTPMIA JAET TOT XK€ CaMHIi pe3yJIbTaT, Kak U
NIOCJIeI0BATENISHOE IPUMEHEHME MATPHI], PACCMOTPHM

[X'] = [X][Tr] =

1 0 00
_ o 1 0 of _
=pz1yl, o 9=
-1 -1 -1 1
=2 1 0 1),
1 0 0 0
b oo 0 086 05 0| _
X'1=[X][R]=[2 1 0 1|y %" (ges ol =
0 0 0 1
—[2 0866 05 1],
0.707 0 —0.707 0
i _ " —_ 0 1 0 0
(X" =[x"][R,] =[2 0866 05 1|o0. o O. 0
0 0 0 1

[X"]=[1768 0.866 -1.061 1],

YTO AOKA3LIBaeT HAINE YTBEPXKJIACHHE.
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.8 TOBOPOTH BOKPYI OCH,
APAJIJIEJIBHON KOOPJIUHATHOMN OCH

peoGpas3oBanms, 3ajaHHble paBeHcTBamH (3-6)-(3-8), omickiBaloT Bpamenye BOKPYT
gOPAMHATHRIX OCell z, y ¥ 2. OfHako 4acTo OnIBaeT HeOOXOZMMO Bpamarh OOLEKT
KpYT OCH, He COBIIaJajomell ¢ ITMMH TpeMsi. Mbl pacCMOTPHM YacTHRIA CIiryvai AJia
1, TapaJIIeJIbHOM OfHOM M3 KOOPAMHATHEIX Oceli 7, Y MM z. Ha puc. 3-5 n3obpaxeno
0 B JIOKAJIBHOH cHcreMe ocel z'y'z’, mapasrensHeIX HHKCHPOBAHHOH [I0HAILHOM
gmucreme zy2. Bpamenue tea BOKpYT mo60# U3 JIOKALHEIX OCelt ', y' MM 2’ BbIMOIN-
AeTca ¢ MOMOIIBIO ClIeAyIomelt Mpoueypsl:

MEepEeMECTHTh TeJIO TaK, YTOOBI JIOKAJIbHAS OCh COBIIAJIAa C KOOPAMHATHOI;
MMOBEPHYTh BOKPYT YKA3aHHOHN OCH;
MepeMEeCTHTh IIPeo0pa30BaHHOE TEJIO B HCXOAHOE MOJIOXKEHHE.

MareMaTH4YeCKH 3TO MOXKHO 3allMCaTh TaK:

[X*] = [X][Tr][Ra] [T7] 7,

[X*] — npeobpa3oBanHoe Teso,

[X]— ucxonnoe Teno,

% [Tr]—maTpHna nmepeMenieHus,

**" [Rg] — cooTBeTCTBYIOmAs MATPHIA NOBOPOTA,

,7"‘,; [Tr]_1 — MaTpHIa, obpaTHasd K MaTpHIe ITepeMenICHus.

- Hubke MpUBOIUTCA HIUIOCTPATHBHBIA [IpUMED.

(a) ()]

Puc. 3-5 TloBopoT BOKPYT OCH, NapaJUTENbHON OXHON U3 KOODIMHATHEIX OCEi.
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IIpumep 3-8 EpusdcrBeHHOe OTHOCHTENLHOE BpailleHHe

PaccmoTpum napasutenermesn, #m306paXkeHHuti Ha puc. 3-5 a, 3aJaHHBIH KO-
OpAMHATHBIMM BEKTOPaMH

11 2 17A
2 1 2 1|B
2 2 2 1|C
1 2 2 1|D
XI=1; 1 1 1|E
211 1| F
2 21 1|lG
1 2 1 1JH

OTHOCHTEJIFHO TIOGANbHOM cHCTeMBl KOOpZMHAT Tyz. IloBepHeM mapasuiesieny-
meq Ha § = +30° OTHOCHTENHLHO JIOKANBLHOU OCHM T', MPOXosmell depe3 HMEHTP
_mapasutenermnena. IIpeanonaraercs, 9To HAaYaJI0 JIOKANBHON CHCTEMEI KOODIH-
HAT HAXOOUTCA B LIEHTPe mapajuiesiermmnena. KoopaaHaThl 3TOro IEHTPAa PaBHBI
[z ye 2¢ 1] = [3/2 3/2 3/2 1]. Bpamenmne ocymecTBisieTcs Cieayoomum 06pa-

30M:
[X*] = [X][Tr][R][Tr]"",
rae
1 0 o0 0 [1 0 0
o 1 o0 o _ o 1 0 0
Trl=1o o 1 of/=|o o 1 ol
0 -y -z 1] |0 -3/2 -3/2 1
10 0 o0 [ o 0 0
(R.= |0 cose smé o o 0866 05 0
=1=10 —sinf cos® 0| =|0 —05 0866 0
0 0 o 1] lo o 0 1
H
10 0 0] [1 0 0 0
2 o1 ool o 1 o o0
T =10 0 1 ol={0 0o 1 o
0 ve z 1] [0 3/2 3/2 1

Iepsas marpuna [T'r] caBUraeT napanesendlle,] TAPAJIEILHO IUIOCKOCTH T = 0
0 TeX HOP, TIOKa OCh T' He COBHANET ¢ Ocbio T. Bropas marprma [R:] umomser
Tpebyemoe Bpamenue BOKPYT OCH T, TpeTbs Marpuua [Tr]™' mepewocur och z’,

a Clle0BATENLHO, X IOBEPHYTHINA NapaJulesienunes, 0OpaTHO B UCXOJHOE TIOIOKE-
HHe.

O6beMHHB 3TH TPH MATPHIHL, IOTYYHM

[T] = [Tr] [Re] [T7] " =
1 0 0 0
_ |0 cosf sin 8 0
|0 —sind cos 8 0
0 ye(l —cos®)+2.sin8 2.(1—cosh)—ycsing 1
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Tlocte mOCTAHOBKM YMCJIOBLIX 3HaUeHuI peobpa3oBaHubIe KOODAWHATE IPAMYT

BHA;
11 2 1
21 2 1
2 2 2 1|l o 0 0
, 12 2 1|[0 o086 05 0
XT=X1TT={; 7 1 1| |0 -05 o866 of°
2 11 1|0 0051 —o0549 1
2 2 1 1
1 2 1 1
1 0.817 1.683 17 A
2 0817 168 1|B
, 2 1683 2183 1|C
‘ ] |1 1683 2188 1|D
=11 1317 0817 1| E"
2 1317 0817 1| F
2 2183 1317 1| G
1 2183 1317 1 H

Pe3ymmratr uzobpaxen Ha puc. 3-5 b.

B mpeapiamymem mpuMepe TpeGOBAIOCH TOMBKO BpalleHHe BOKPYT €IHHCTBEHHOM
OCH, MapaJsjie/IbHON OAHON M3 KoOpAMHATHRIX oceli. Takum o6pa3om HALO TONBKO Obl-
JIO clenaTh TakK, 4TOOBI OCh BpailleHHs COBMAJa C COOTBETCTBYIONIEH KOODJIMHATHON
oco0. [li1s TOoro 4ro6sl COBEPIIMTEL HECKOIBKO MOBOPOTOB B JIOKAJILHON CHCTEMe OCelt,
NapaLIeNIbHBIX OCAM VIODaJbHON CHCTEeMbI KOODAWHAT, HAOO COBMECTHTH HavaJia JIo-
KaJIbHOU M 100anbHON cucreM. KoOHKpeTHee, MOBOPOTHI MOTYT OBITH BBIIOJIHEHKI C

noMonipbio cieAywmei mponesyphl:

— NepeMeCTHTh JIOKAJIHHYIO CHCTeMY OCeti Tak, YTOOBI Hauana JIOKAJLHON B [7100assb-
HOM CHCTeM COBIAJIY;

~ BBIOJIHATH TpebyeMblie TOBOPOTHI;

~ MEPEeMeCTHTh JIOKATbHYIO CHCTeMy Oceti 06paTHO B McxonHoe nosioxkenne. Huxe ara
Iponesypa HILIIOCTPUPYETCs Ha IpHMepe.

Dpumep 3-9 HeckoabKo OTHOCHTEIbHBIX BpamieHHk

Paccmorpum cHOBa napaJuiesenmne;, u306paxenHurl va puc. 3-5 a. [ycrs ero
TpebyeTca HoBepHYTh CHAMAA HA yroa ¢ = —45° Bokpyr ocu y', a 3aTeM HA yroa
6 = +30° Boxpyr ocu z'. ;1 5TOTO HaNO COBMECTHTD HATANA CHCTEM KOODIMHAT
z'y'z’' u Tyz, BHIOTHUTE HeOGXOIMMBIE HOBOPOTH, 3 Pe3YJILTAT BepHYTh 06PATHO
‘B HCXOOHOE TOJIOXKEHHE.

O6beauHennoe npeobpa3oBanme MMeeT BHI:

[X'] = [X][T] = [X][Tr] [R,] [Ra] [Tr] "
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Koukpernee,
1 0 0 0] [cos¢g 0 —sing
T) = 0 1 0 0 0 1 0
(] = 0 0 1 0] |sing 0 cos¢
—ze —~y. —z 111 0 0 0
r 0 0
0 cosf sinf
0 —sinf cosé
K 0 0

rae ¢ u 6 0603HAYMAIOT YUk MOBOPOTOB BOKPYT ocell y' u ',

O6bequHUB 3TH MATPUIB!, NOTYHHEM

cos ¢ sin ¢ sin 6
0 cos @
T = sin ¢ —~cos ¢sin §
(] = zc(l~cosg) —zcsingsind
—zcsing 4y (1 —cosf)

—sin ¢ cos 6

z.singcosf
—~ycsiné

0]

0

ol X
1]

0 ri
0] 10
0] 10
1] |zc

sin 6
cos ¢pcos §

0 0 O
1 0 0
0 1 0
Yo 2o 1
COOTBETCTBEHHO.
0
0
0
1

+z.cospsin@  +zc(1 — cos ¢ cos )

Toraa npeobpa3oBaHHbIe KOOPAHMHATHBIE BEKTODHI DABHBI

10102 1
2 1 2 1
2 2 2 1lro
s |12 2 1o
X1=11 1 1 1] |-o0.
2 11 1| 1
2 2 1 1
1 2 1 1
(0793
15
15
0.793
XT= 115
2.207
2.207
15

Pezysmrar usobpaxeH ma puc. 3-6.

707

707
5

1.067
0.713
1.579
1.933
1.421
1.067
1.933
2.287

—0.354
0.866
—0.354
1.262

1.25
1.862
2.362
1.75
0.638
1.25
1.75
1.138

e b b e b e

0.612
0.5

0.612

—1.087

(3-17)

3-9 IOBOPOT BOKPYT ITPOU3BOJIBHON OCU B ITIPOCTPAHCTBE

O6061meHHBIH CiTy4aif TOBOPOTa BOKPYT NMPOMU3BOIBHOM OCH B IPOCTPAHCTBE BCTPEYa-
ercs 4acTo, HalpuMep B pOGOTOTEXHHUKE, MYJILTHIUMKAIAH, MoAemposadun. Crenys
JIOTHIKE MPeIbIAyNIero 06CYKaeHus, IOBOPOT BOKPYT MPOM3BOILHON OCH B MPOCTPaH-
CTBE BBINOJIHAETCA C [TOMOIIbIO NMEPEHOCA H IPOCTRIX ITOBOPOTOB BOKPYT' KOOPOHUHAT-
HBIX Oceli. Tak Kak MeTOJ OBOPOTa BOKPYT KOOPAHHATHOM OCH H3BECTeH, TO OCHOBHASA
HIed 3aKJII0YaeTCsd B TOM, YTOOBI COBMECTHTH ITPOU3BOJILHYIO OCh BpaleHHst C OOHOH

H3 KOODOHWHATHBIX OCeli.
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4 4

z

Puc. 3-6 Heckosmbko noBOpoToB 0THOCHTEHLHO JIOKANBHON CHCTEMBI KOODIUHAT.

ITpeamonoxkuM, YTO MPOM3BONBHAS OCh B IIPOCTPAHCTBE MPOXOIUT 4epe3 TOUKY
(%0,¥0, 20) ¢ HAMpaBNAOMIMM BeKTOPOM (Cz, €y, C;)- IIOBOPOT BOKDYT 310# OCH Ha He-

KOTODLIH YroJl § BHINOMHSETCS IO CIAEAYIOmEeMY IPABHILY:
T
— BBIIOJIHATH NEPEHOC TaK, YTOOBI TOUKa (T, Yo, 20) HAXOAMIIACH B HaUajle CHCTEMbI
 KOODJHHAT;
.~ BBIIOJIHUTH COOTBETCTBYIONIHE IIOBOPOTHI TaK, YTOOBI OCh BpallleHHs COBIAJA C
~ ockio 2z 1
— BBLINOJIHUTH TIOBOPOT Ha YTLOJ § BOKPYT OCH Z;
-— BBIIOJIHATG Ipeobpa3oBatue, 06paTHOE TOMY, YTO MO3BOJIMJIO COBMECTHTEL OCh BPa-
HIEHHUs C OChIO Z;
— BBIIOJIHUTH O0OPaTHBIA MepeHocC.

i B ofmewm ciayuae a1 TOro, 4ToOsI MPOM3BOJIBLHAA OCb, MPOXOAAMAA Yepe3 Haua-
JI0 KOODJHHAT, COBMANIa € OJHOM M3 KOODIHHATHBIX OCelf, HEOOXOAMMO CAEeJIaTh ABa
nocnenoBaTebHBIX MOBOPOTa BOKPYL ABYX JApPYTHX KOOPAHUHATHBIX ocCel. s coBMe-
IEHHsI MPOM3BOJILHOM OCH BPAlIEHHs C OCbI0 Z CHAYAJa BBHIIOJHHAM IIOBOPOT BOKPYT
OCH I, a 3aTeM BOKDPYT OCH Y. YTOGBI OMpeeMTh YrOMl OBOPOTA (@ BOKPYT OCH I, MC-
NOIb3yeMslii AJ1s epeBOAa MPOU3BOJILHON OCH B IIJIOCKOCTh T2, CIIPOENApYeM CHavasia
Ha mnockocTs ¥z HanmpaBIAOMKH eJMHUYHENT BEKTODP 3T0# ock (puc. 3-7 a). Kommo-
HEHTBI y W 2z CHPOENEPOBAHHOIO BEKTOPA PABHBL Cy- M C,-KOMIIOHEHTaM eJMHHYHOTO
HaNpaBJAOmero BeKTopa OCH BPALIeHHS.
U3 puc. 3-7 a crenyer, uto

\ d = A /cyz + (;22 . (3'18)

1
Bri6op xoopaunaTHO! OCH (B IAHHOM CITy4ae z) IPOH3BOMNEH.
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/
P(c,, 0, d) [

O\-y

|
ai
|

(a) )

Puc. 3-7 IlopopoTsi, Heo6X0AMMEIE AJIi COBMEMCHMS C OChI0 2z €OUHHMYHOrO BeKTopa OP.
(a) Tosopot BoKpyr z; (b) mOBOPOT BOKPYT y.

cosa = %, sina = %’—. (3-19)

ITocne nepeBoa B MIIOCKOCTH T2 C MOMOMIBK IIOBOPOTA BOKPYT OCH I, Z-KOMIIOHEHTS,
€IMHUYHOTO BeKTOpa paBHa d, & T-KOMIIOHEHTa PaBHA Cg, T.€. T-KOMIIOHeHTe HAIpa-
BJISIONIETO BEKTOPA, KAaK 3TO MOKa3aHO Ha pHc. 3-7 b. JlaMHa eaMHHAYHOTO BEKTOPA
paBHa, koHeuHo, 1. Takum ob6pa3om, yrosm mosopora § BOKPYT OCH Y, HEODXOOMMBIH
Jiisl COBMEIEHH sl POU3BOJILHOM OCH C OCBhIO 2, paBeH

cosf=d, sinf=c,. (3-20)
Torpa monxoe mpeoGpa3oBanre MOXKHO MPEACTABHTL B BHIE
[M] = [T] [R:] [R,] [Rs] [R,) ™" [R:) 1 [T, (3-21)
Tle MaTpUIA [IEPEHOCa PaBHA
1 0 0 0
M=o o 1 o 22
—Zg —Yo —20 1
Marpuna npeo6pa3opaHusi MOBOPOTAa BOKPYT OCH T
1 0 0 0 1 0 0 0
FA= o Sna cova 0| = |0 —aya aya o G
0 0 0 1 0 0 0 1
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# BOKDPYT OCH ¥

cos(—f3) 0 —sin{(—-8) O d 0 ¢ O
0 1 0 0 01 0 0

Byl = lgin(=8) 0 cos(—8) 0| = |-cs 0 d 0 (3-24)
0 0 0 1 0 0 0 1

M, HaKOHew, BpalleHHe BOKPYT MPOM3BOJILHOM OCH 3343€TCA MATPHneli [OBOPOTAa BO-
KpYT OCH Z

—cosd sind 0 O
—sind coséd 0 O
0 0 01

Z’»Ha IMPAaKTHKE YIJILL ¢ ¥ 3 He BRIMHCIAIOTCH SIBHBIM 00pa30M. 3JieMeHThI MATDHI [10-
poporos [R;] u [R,] B (3-21) monyuatotcs u3 ypasHenuii (3-18)-(3-20) 3a cuer BhI-
OTHeHHA ABYX ONepalUil JeJleHHs M U3BJIeYeHHs KBAJPATHOTO KOPH:A. XOTA JaHHbIe
pe3ynbrarsl ObUTH Pa3paboraHsl /sl NPOM3BOIBGHON OCH B IEPBOM KBAJpPaHTe, OHH
TOPMMEHHMBI BO BCEX KBaJPaHTax.

~ Ecim KOMIIOHEHTHI HANPABJIAIONIErO BeKTOPA POM3BONBHON OCH HEM3BECTHBI, TO,
3HASA BTOPYIO TOYKY (1, Y1, 21) Ha OCH, KX MOXKHO OMPeelHTh, HOPMAJIM30BAB BEKTOD,
COeUHSAIONMHA MEPBYI0 M BTOPYIO TOYKH. Bojee TOUHO BeKTOp ocd u3 (Zp,Yo,Zo) B
(z1,y1,21) paBen

[V] = [(z1 — o) (y1 — yo) (21 — 20))-
Hopmanusanusa naer KOMIOHEHTHI HAIPABJSIOMIET0 BEKTOPA:

[(z1 —z0) (11 —%0) (21— 20)]

_ (3-26)
[(z1 — 20)% + (11 — 90)? + (21 — 20)?]?

[z ¢ el=

Bo.nee IIOJIHO 3TOT METOH HJUIIOCTPHPYyeTCA B ClleyiOleM IIDHMeDpe.

IIpumep 3-10 IloBOpOT BOKPYT MPOM3BOJHLHON OCH

Paccmorpum Ky6 ¢ 0JHMM OTCEYEHHRIM YTIOM, H306pakenHul Ha puc. 3-8 a.
KoopaunaTabie BEKTODEI BEPIIMH paBHEBI

ot
&NEQ?@UQW&

(=41

[x] =

== =N NN NN
b b b b e e e b

ORI L LN NN W WK
NN E = NN ===

'7
ot
L
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y

Q)]

(c)

Puc. 3-8 TloBopoT BOKPYT NpOR3BOMBHOR OCH.
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Ky6 meo6xomumo moBepHYTh Ha —45° BOKpYr 0CH, mpoxondmes yepes Touxy F u
TIPOTHBOIOJIOXKHEA yroy Ha auaroHam. Och HanpasieHa U3 Touku F' B nporn-
BOIIOJIOXKHEIN YTOJI ¥ MPOXOZUT YEPE3 LHEHTD YIJIOBOM I'DAHU.

CHavaJla ornpeesMM KOMIOHEHTH HAIIPABJISIOMEro €QUHEAYIHOrO BEKTOPA OCH
BpamerAsa. Y YATHBASA, YTO YroJ, oTpe3aHHsli Tpeyronbamkom CDJ Takxke Jre-
XKUT Ha ocy, U3 (3-26) cremyer, uro

__B=2 @-1 @e-1n]
T(3-224+(2-12+(2-1)2)1/2
=[1/v3 1/V3 1/V3].

C nomompio ypassermii (3-18)—(3-20) nonyuaem

d= V32 + (V3 = V3T

e o il

a = cos™!(1/v3/+/2[3) = cos™!(1/V2) = 45°,
B = cos™1(1/2/3) = 35,26°.

Tak Kak Togka F' JIEXHAT Ha OCH BPAIEHMA, MAaTPUI@ NEPEHOCA PaBHA

1 0 00

0 1 0 0
Tl=10 0o 1 o0
2 -1 -1 1

Torpa MaTpuIkl TOBOPOTOB, COBMEMERAIOIIEAX NPOU3BOILHYIO OCh BPAIIEHAS C OChIO
Z, MMEIOT BHJ:

1 o\/_ o\/_ 0

o 1yvZ o1vZ 0
(Rl = | -1/v2 1/vV2 0
0 0 0 1

2/v6 0 1/v3 0

0 10 0
Bl=|_1/3 0 2/v6 0
0 00 1

O6parsste MaTpuret [R.] ™!, [R,]™! u [T]! mory=anoTcs ¢ moMompio moacTanos-
Kn 3pavernit —a, —f u (o, Yo, 20) AN yriaos a, G u (—zo, —yo, —20), COOTBET-
CTBEHHO, B ypapHEHHA (3-22)-(3-24).

O6vemurms [T, [R:], [Ry], momysmm

_ |16 vz 13
[M] = [T][R:] [R,] = CiVE —1E V3
-2/vV6 0 —4v3

- O o o



140

T'mapa 3 IlpocTpaHcTBEHHBIE IPEOOPA30BAHHA M IPOEKIHH

TIpeobpa3oBasHble IPOMEXYTOYHBIE KOODAMHATH PABHB

0.408 0.707 1.155
—0.408 0.707 0.577
| 0.204 0.354 1.443

DTOT IPOMEXRKYTOIHBIA pe3ynbraT H3o6paxken Ha puc. 3-8 b. 3aMeTnM, YTO TOUKA
F pasna (0,0,0).

Bpamenme BOKPYr NpOHM3BOIBHON OCH TeIE€Ph SKBHBAJIEHTHO BPAIIEHHIO BO-
Kkpyr ocu z. CneposaremsHo (cM. (3-7)),

—0.408 —0.707 0.577 17
0.408 —0.707 1.155 1
0204 —0.354 1443 1

—0.408 0 1443 1
—0.816 0 0.155 1
0.816 0 0.577 1

1

1

—_

V2/2 —5_5/200

_ |v2/2 2/2 0 0
[Rs] = \/;)/ 0/ 10
0 0 0 1

IIpeo6pa3oBadHbI# 06GBHEKT BO3BPAMAETCA B €r0 <MCXOAHOE» MECTOIOJIOXKEHHE B
IPOCTPAHCTBE ¢ MOMOMmBIO Ipeobpa3oBaHus

2/V6 —1/5_6 —1/5_6
-1 _ —1rp 1=1pm-1 _ [0 1/v2 -1/42
2 1 1

STOT pe3ynbTaT MOXKHO HOMY4uTh JM60 o6pamenneM ¥ 06beMHEAREM MATpHI,
cocrasnmompx [M], m16o o6pamemmem camoft marpunmr [M]. 3amernm, Mex-
Ay npoumM, 4ro [R:][R,] mpencraBasior Tombko moBOpoThl. Bepxmsaa sesas
(3x3)-mogmarprna [M]™! ABIseTca TOYHKM TPAHCIOHEPOBAHNEM BEDXHE! TeBOH
(3 x 3)-mopgmarpuiuer [M].

Koopauuarhl pe3ysbTaTa paBHEI

- O O O

[1.689 1.506 1.805
2494 1.195 2311
2.747 1.598 2.155
2.598 2.155 1.747
| - 2.195 2311 1.494
[X] [M][RJJ[M 1]= 2 1 1
2.805 0.689 1.506
3.311 1494 1.195
2.506 1.805 0.689
3.1556 1.747 1.598

e e e e e et e b

roe

0.805 —0.311  0.506
~._ | o506 0805 —0311
[MI[Rs]IM]™" = | _g311 0506 0805
0195 0311 —0.506

Ha puc. 3-8 ¢ u306paxken npeoSpasoBanmsiii 06beKT.

-0 OO
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3-10 OTPA2KEHUE OTHOCUTEJIBHO ITPOU3BOJIBHOU INTOCKOCTH

IIpeobpa3oBanus, 3aaHHple B ypaBHeHusx (3-11)—(3-13), ocymecTBasioT OTpaKeHne
OTHOCHTENIbHO KOOpAMHATHRIX muockocrelt £ = 0, y = 0, z = 0 coorBercrBeHHo. Ya-
CTO BO3HMKAET HeoGXOIUMOCTh OTPA3HTh 0OBEKT OTHOCHTENBRHO MPOU3BOIBLHOMN MIoC-
goctd. U cHOBa 3TO MOXKHO CenaTh ¢ MOMOMIBIO MIPOLEAYDPHI, 0OLeqUHAIONEeH patee
omnpezesieHHple mpocThie npeobpasopanda. OQUH M3 BO3MOXKHBIX METOAOB COCTOHMT B
cIIeIyIouIeM:

—~ mepeHecTH TOYKy P, IpUHAAIEKAINYI0 IITIOCKOCTH OTPAXKEHHA, B HAYAJIO CHCTEMBI
KOODIMHAT;

— MOBEPHYTh BEKTOP HOPMAJIM K TJIOCKOCTH OTPaXkeHHs B Hayalle KOOPIHHAT JI0 CO-
BIIaAEHUA C OCbI0 +2 (cM. pa3n. 3-9, ypaBHenus (3-23) u (3-24)), Teneps IIOCKOCTH
oTpaxKeHus OymeT cOBIAJaTh ¢ KOOPIMHATHOHN IUTOCKOCTBIO 2 = O

— NpUMeHAA y»Ke N3BeCTHbIE NPeobpa30BaHUA, OTPA3UTh 0OBEKT OTHOCHTEIBHO KO-
opIuHaTHOH miockoctd 2 = 0 (cum. (3-11));

— ur0o0bI MOJNYYHTH PE3yJIbTATHI, HEOOXOIUMO BBINIOJIHUATL MPeobpa3oBaHusd, 00paT-
Hbl€e K OIIMCAHHBIM B IIEPBRIX ABYX IYHKTAX.

Torna oburee mpeobpa3oBaHHe OMMCHIBALTCA MaTpHLEH

[M] = [T][R:] [Ry] [Rflt] [R,] " [Re] ™ [T]7,

rae marpunst [T, [R;], [R,] sagatorca ypasHenusmu (3-22)-(3-24) coorBercrsen-
HO, Rflt,—wmarpuna OTpaKeHHs OTHOCHTENLHO IuockocTd 2 = 0, (Zo,Y0,20) =
(Pz, Py, P,) — xoopauHaThl TOYKM P Ha IUIOCKOCTH OTPaXKkeHHs; a (¢, Cy, C;) €CThb BeK-
TOp HOpMAJIM K IUIOCKOCTH OTpakeHHs!.

IIpumep Gomee moapPO6GHO MPOMILTIOCTPAPYET JAHHBIA METOI.

IIpumep 3-11 Orpakenune

CHoBa paccMOTpHM Ky6 ¢ OZHMM OTCEYEHHHIM YIJIOM, KK 3TO IIOKA3aHO Ha
puc. 3-8 a. Orpazum Ky6 OTHOCHTEBLHO IUIOCKOCTH, COAepPXallelt TPeyroIbEHK
CDJ.

Bui6pas Touxy C a/1s nepeMemenss: B Ha4aJI0 KOODIMHAT ¥ BCIOMHHB KOOD-
AMHATHBIE BEKTOPH 414 Ky6a, IOJyIMM MaTpHIy HEepPEeHOCa

1 0 00

o 1 oo
TI=1 0 o 10
-3 -3/2 -2 1

—_—
1
Ecnn #3BecTHO ypaBHeHHe IIOCKOCTH OTDAXKeRHs, ax + by + ¢z + d = 0, TO eIMEHYHE BEKTOD
HODMaNH K IUTOCKOCTH paBeH

R @ & ¢

7] = [c. cz]l= ———.

[ ] [ T Cy ] PR s
Toapobrocts MoxrO HaliTH B 3-1].
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HopMans K IJI0CKOCTH OTpaXkeHHs IIOJIYIHMM, MCIIOIb3Ys KOODAMHATHBIE BEKTODEI
C, D, J (cm. [3-1]). KonkperHee, B3sB BeKTOPHOE Npon3BefeHHe BekTopos CJ u
CD 1o mepenoca, IOIy<uM

n = ([J]-[C]) x ([D] - [C]) =
=[3-3 (2-15) (15-2)]x[(25-3) (2-15) (2-2)]=
=[0 1/2 —1/2]x[-1/2 1/2 0]=[1/4 1/4 1/4].

Hopmamasanus naer
a=[1/v3 1/V3 1/V3].

Ucnomsays ypapaenns (3-19) z (3-20), nomyamm

d=/n2+n2=/(/V3)2 + (V32 = V23

ua=45°, 8 = 35.26°. MaTpuIst TOBOPOTOB AJisi COBMEINEHHA HOPMAJTH B TOYKe
C c ocv10 z nmerot Bug (cm. (3-23) = (3-24))

1 0 0 0 2/v6 0 1/v/3 0
R = |° 1/v2 1/V2 0 | o 10 0
(Rl =14 -1/v2 1/v2 of’ [Ry] = -1/v3 0 2/v/6 0
0 0 0 1 0 00 1

Matpumpt [R.]™!, [R,]™! u [T]™! MoxmO momysmrs moxcraHoskoil —a, —3 u
[.’L‘o Yo ZO] = [C] B (3—22)—(3—24).
O6vemuuenne [T, [R:] u [Ry] maer

W 0. W
- _ | -1/v6 1/v2 1/v/3
[M] = [T][R.][R,] = YN YV, V3

—5/2v6  1/2v/2 -13/2V3

IIpeo6pa3soBaHHbIe IPOMEXKYTOYHbIE TOYKH PABHBI

—0.612 —0.354 —0.876
0.204 —-0.354 —0.287
0 0 0

—0.612 0.354 0

—1.021 0.354 —0.287

—0.204 0.354 —1.443
0.612 0.354 —0.876
0.204 1.061 —0.287

—0.612 1.061 —0.876
0 0.707 0

- o O O

[X1[M] =

= e b e e e e e

OTOT MpOMexXyTOIHLI pe3yabTaT H3o6paxeH Ha puc. 3-9 b. 3ameTnM, UTO TOYKa

C maxomuTcs B Haasie CHCTEMBI KOODJMHAT, & OCh z HAIIDAB/ICHA HA HAC.
OrpaxeHHe OTHOCHTENbHO TPOH3BOILHOM ILTOCKOCTH TEHepb SKBHBAJIEHTHO

OTPasKeHHIO OTHOCHTENIbHO mwiockocTy z = 0. CirenoBaTemnro (cm. (3-11)),

0
[Rflt] = 0 8
1

coro
!
—

1
0
0
0
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y
" .
X
z (@
y
7
D
C
nz x
)
y

z ()

Puc. 3-9 OrpaxeHHe OTHOCHTEILHO IPOM3BOILHON IITOCKOCTH.
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Jlns Bo3BpaTa Mpeobpa3oBaHHOTO 00bEKTa B «MCXOMHOE» IIOJIOKEHMe B TPOCTPaH-
cTBe Tpebyercsi mpeobpa3oBaHHe

2/v6 -1/v6 -1/v6 0

C1 g =it =lppr—=1 _ |0 1/v2 -1/v2 0
M7 = RITVRITIT = D s Vv a0
3 3/2 2 1
Pe3yInTHpyIOmue KOOD/MHATHbE BEKTODbI TAKOBLL:
[ 3 2 3 17
10/3 4/3 7/3 1
3 32 2 1
5/2 2 2 1
)Ry ) = | T3 U8 TR
4 2 2 1
10/3 7/3 4/3 1
3 3 2 1
3 2 372 1
roe
1/3 —2/3 —2/3 0]
) Ry = | T2 38 R
13/3 13/3 13/3 1]

Ha puc. 3-9 ¢ moka3aH npeo6pa3oBaHHBIA OGBEKT.

Kaxk noka3aHno B 3TOM u mpeAblIyIaX Pa3/esax, CIOXKHbE npeobpa3oBaHus MOXK-
HO JIETKO TOCTPOHMTH C MOMOINbI0 TPOCThIX 0a30Bbix mpeobpasoBanmit. Tako#t momxon
JaXKe TPenO4YTHTE/IbHEE, TAK KAK OH YMEHBIIAET BEPOATHOCTH mOABJIEHUS OIMOOK 7
6outee 3 peKTuBer C BHIMHCIMTEIbHOR TOYKH 3PEHUS, HEXKE/IN IPAMON MaTeMATHIe-
CKu#f moaxon.

3-11 AOOHUHHASA U NTEPCIIEKTUBHAS (HAYEPTATEJIbHAS)
IT'EOMETPUI

K nmacrosmemy Bpemenn pa3paboTana MATeMATHYECKAS TEOPus KaK JIJI MEPCIEKTHB-
HOl (mauepTaTenbuO#), Tax u Aa addunrnoit reomerpun. Teopembr adunuoi reome-
Tpun HIEHTHYHBI TeopeMaM reoMerpun Esknuaa. U B To# u B gpyroft saykax BaKHBIM
OOHATMEM ABIAETCA napajuiejm3M. B mepcneKTmBHON reoMerpum mpsmble B 001ieM
diy4vae He napaJjujiesibHbI.

Addurnoe mpeobpasosanne ecth KombuHAIMA JuHeHHBIX npeobpa3oBammil, HA-
opuMep mOBOPOTA u mocjenymouero nepeaoca. lns adpdurroro npeobpasoBarus no-
crenauit cronten B 0606mennoit 4 x 4-marpune pases [0 0 0 1]7. B mporusmoM
Cly4ae, KAK 3TO mnOKa3aHO faJiee B paszene 3-15, npeobpa3oBaHmas OAHOPOAHAS KO-
opimraTa h He paBHA €JUHUIE W HET B3aUMHO OJHO3HAMHOTO COOTBETCTBHA MEXKAY
adurnbM npeobpasopanmem u (4 x 4)-Marprusbiv oneparopoM. Adduaabe npe-
obpa3oBaHua 06pa3y0T MOJE3H0E HOAMHOMXKECTBO GUIMHEHAHBIX mpeoOpasOBanui, Tak
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TInocxue reoMeTpHIcCcKEe
TIPOCKLUH
|
napaurebHas TepCTIeKTHBHAS
omvrpaq:mecm| |axcoﬂoue'rpmecm| |mcoym:mm|
‘m}me’mmecm” KaBabe || xabuHe |

‘ommwe'max| |zmm1etmu | |-rpex1me-nm|

Puc. 3-10 Mepapxnusa mWiIOCKHX reOMeTPHHECKUX IDOEKIIWIA.

KBK [Tpom3Bejienne NBYX adduunbix npeobpa3oBanmit TakxKe addurno. IT0 CBOKCTBO
no3BOJIAeT CKOMOMHEIPOBATH 001ee npeobpa3oBarne MEOXKECTBA TOY€K OTHOCHTEIBHO
APOM3BOJILHOM CHCTeMbl KOODIHHAT NPH COXPAHEHWH 3HAMEHMS €IMHMIBI JJId OIHO-
pomHOit KOOpAwMHATHL h.

. Tak KaK eBKJINA0BA reOMETPuH M3Y4HaeTcd B IIKOJAX MHOIHME TOABI, TO METOZbI
PHCOBaHuSA m uep4HeHusd, OCHOBBIBAOIIMECHA HA €BKIMIOBOH reoMeTpum, CTajix CTaH-
DAPTHBIME METOAAME Ipadm4ecKoro coobnienns. XOTH XyJOKHAKAME U APXUTEKTODa-
MH 4acCTO MCHOJIb3Y0TCHA IePCHeKTHBHbIE BUBI /71 CO3/laHus 6osiee peamCTu1eCKoro
M300parKkenus, B TEXHUYECKOH pabOTe OHM MCIOb3YIOTCH PEOKO M3-33 TPYJHOCTH MX
Py4HOro KomcTpympoBanus. OHAKO npm mCOOJb30BaHuM JJIA 3aJaHud 00BEKTa Of-
BOPOJHBIX KOOpAmHAT, adduanble 1 mEPCHEKTUBHEIE PeOOPA30BAHUA BHIYHCIAIOTCH
OIMHAKOBO JIETKO.

N adPusnnbie, n nepcnekTuBHbIE TPEO6PA3OBAHUA TPEXMEPHEL, T. €. IBJIAIOTCS Ipe-
06pa3oBannagME OJHOrO TPEXMEPHOTO HPOCTPAHCTBA B Apyroe. Ommako ans mabiio-
ACHUA De3ysbTATOB HA JBYyMEPHON NMOBEPXHOCTH TPeOyeTCs mpoenupoBaHue 3 TPex-
MEPHOr0 npOCTPAHCTBA B ABYMEPHOE. Pe3ysbTaT 3TOro nmpoenupoBanus HA3BIBACTCA
I1ockoit reomerpuueckolt mpoeknueit. Ha puc. 3-10 n3obpakena mepapxusl mIoCKnx
reoMeTpuueckux npoekumit. Marpuiia npoenupoBarus u3 TPEXMEPHOrO IPOCTPAHCTBA
B IIByMepHOE BCEr[a COAEPKUT CTAIOEN u3 myJeH, ClleI0BATENbHO, JETEPMAHAHT ITO-
T0 npeobpa3oBarns BCETJa PaBen HYJIO.

IInockme reomerpmueckme mpoeknum 0GBEKTOB OOPA3yOTCA mepecedenwem mps-
MBIX, HA3BIBAEMBIX IPOEKTOPAMH, C IJIOCKOCThIO, HA3BIBAEMOHN IJIOCKOCTBIO ITPOEKIHH.
npoeKTopm—aTo mpsAMble, TPOXOAAINHME Yepe3 MPOM3BOJNbHYI0 TOUKY, HA3BIBAEMYIO
ReHTpOM mpoeKumu, u KaxKyio TOuKy o6bekTa. Ecin menTp mpoekiun pacnoyioxen B
KOHeyHO TOyKe TpeXMEepPHOTO NPOCTPAHCTBA, MONYHAETC IepCHeKTHBHAA IPOEKIus.

M [EHTP PACmoJIoKeH B 6ECKOBEYHOCTH, TO BCE NPOEKTOPHI NAPAJIICIbHBL 1 Pe3yib-
TaT gpnsercs mapasneabuoll npoexiueit. Ilnockue reomeTpuuecKne npOEKIHu npe-
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(a)

TlexTp mpoeximm

)

Puc. 3-11 Ilnockue npoexnpm. (o) OUKCUPOBAH LEHTD IPOCKITHH; (b) pukcupopan 06BEKT.
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CTABJIAIOT OCHOBY OIMCATeNbHOM reomerpmu. Hennockme n mereomerpmieckue npoex-
nHMHu Tak>Ke IOJIE3HBI; OHM IMHPOKO HCHOJIb3YHOTCA B Ka.pTOI‘pa.d)nn.

Jna paspaboTkm pa3im4mbX npeoOpa3oBaHwmil, mpecCTaBjeHHblX HA puc. 3-10,
MOXKHO HMCHOJIB30BATh IBA pa3HbIX noaxoza. B mepBom mpeamonaraercs, 4TO UEHTD
TIIPOEKIUN UM TO4KA 3pEHMA (UKCUPOBAHA, & IJIOCKOCTD OPOEKINU NePONeHINKYJIAPHA
XaXKJIOMY IPOEKTOPY, KaK 3TO mOKa3aHo Ha puc. 3-11 a. dnsa nonyyenus Tpebyemoro
BHJIa MAHMOYJIUPYIOT 00bekTOM. BO BTOpOM moaxoje mpeAmonaraercs, 4T0 OHbexT
¢rKCHPOBaH, IEHTP HPOEKIMM MOXKET KAK YTOAHO NEPEMEIATHCA B TPEXMEPHOM IIPO-
CTPAHCTBE, & IJIOCKOCTh NPOEKIMN HE O0A3aTe/IbHO NmEePHEeHAUKYJIAPHA HANPABJIEHAIO
p3risga. Ha puc. 3-11 b npuBenen npumep aroro. O6a noaxoas MATEMATAIECKY IKBH-
BaJIEHTHBI.

IlepBbiit noaxon nanomunaeT AeficTBus mabmrogaTesid, KOTOPOro mONPOCHIN OIH-
cath HEOONIBIIOH 06LExT, nanpuMep, kaury. Om Geper 06LEKT B PyKH, HIOBOPAMMBA-
eT u mepeMeliaeT e€ro JAjAs TOro, yroObl M3y4uTh BCE €r0 CTOPOHBI. B 3TOM Ciyuae
HIERTP npoexluu GUKCHPOBAH ¥ MAHHUOYJIMPYIOT 00 bekTOM. BTOpOit noaxon ranomuna-
eT AeicTBuA HaOIIONATENIA, KOTOPOrO MONPOCKH/IM OIIMCATE OOJIBIIOK OOLEKT, HAIIpUMED
apTom0o0mib. Habmogarens XOAuT BOKPYT 00BbEKTa, ¥TOOBI OCMOTDPETh €ro C Pa3HbIX
CTOpOH, B30MpaeTcd HA JIECTHHILY JJs OCMOTDA BepXa X ONYCKAETCH HA KOJIEHM JJid
0CMOTpa €ro mmKHeel yacTu. B 3ToM cryyae 06bexT HPUKCHPOBAH, & IEHTP IPOEKIHH
H TOYKA 3PEHHS NEPEMENIAIOTCH.

B npouecce xoncTpyupoBaHnsa wix u306pakenns 0ObEKTa HA I'PAUIECKOM JHC-
wiee KOMOBIOTEPA MECTONIOJIOXKEHME IJIa3a OObIYHO (PEKCHPOBAHO, a IUIOCKOCTb IPO-
€KIUH, T. €. NOBEPXHOCTh, OOBIYHO NEPIEHIUKYNIAPHA HANpPaBiennio Baragaa. Cneno-
BaTeJbHO, B JIAHHOM ClIyuae 6ornee moaxouT mepBblit moaxon. Tem me memee, ecim
rpacduyeckmii Jucniieil uCuOIb3yeTca AJIA TPEACTABJICHHAS JBMXKEHUS KAKOro-HUOYIb
TPAHCHOPTHOT'O CPEJICTBA w/ixm HAOMIOAATENb OBHKETCH B CPEHEPUPOBAHHOM KOMIbBIO-
TepOM MOJEJM, KAK B CJIY4ae MCHOJIb30BAHMA TPEHAXKEPA, n/In ecjiu HabIIoAaTes b npo-
IgmeBaefi*csi B apXuTeKTYPHO# MOJeNu, TOra 60MbIie TOIXOAUT BTOPOH MOAXOJ.

B 3r0#t kxHure HCHONMB3YIOTCH (DEKCHPOBAHHBIN LEHTP NPOEKNMH ¥ ABMKYUImic
001exT. MeTon ¢ pUKCHPOBAHHBIM OGBEKTOM M JBHAKYIIMMCS IEHTPOM HPOEKIH XO-
pomo npopaboran Kan6omom n Tleficuopexom ([3-2]).

Msb1 maumem malue obCcyX)AeHne nJIOCKUX IeOMETPHYECKHMX IPOeKITmit (CM. puc.
3-10) c paccmOTpenns mapaJlIeNbHBIX TPOEKIWiA.

j"i';-12 OPTOTI'PA®NYECKHE ITPOEKIINN

Camoit IPOCTO# m3 mapaJule/IbHbIX NPOEKIuil ABJIAETCA OpTOrpacduuecKad NpoeKlus,
HMCIONb3yemas OObIYHO B MHXKEHEDHBIX Heprexax. B 3Tom ciyuae ToynO m3006paxka-
10TCA npaBuIbEbIE MM «UCTHHHBIE» Da3mep u GOpPMA OJHOMN IJIOCKOH rPAHM OGbEKTA.
‘OPTOPpaquemne OPOEKNH — 3TO NPOEKIMM HA OJHY U3 KOODAMHATHBIX nJIOCKOCTEMH
=0, y =0 unx z = 0. MaTpuua npOexIu; HA MIOCKOCTb z = ( uMeeT BuJ

0 0

[P:] = (3-27)

OO O =
OO =O
oo o
-0 O
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/

(@) (k)

N 4

(c) )

Puc. 3-12 Oprorpaduueckue mpoexmmu o6bekTa Ha puc. 3-12a na mmockocrn: (b) y = 0,
(¢)z=0mn(d)z=0.

3aMernm, 4TO B TpeTheM cTonbue (crosnbue 2) Bee amemenTh! Hyesbie. Cle10BATENBHO,
B pesysbTaTe npeobpa3oBaHus 2-KOODJUHATA KOOPAMHATHOTO BEKTOPA CTAHET PABHON
HYJIIO.

AnanoruynbiM 06pa30oM MATPHIBL A npoeKnmit Ha miockocTe £ = 0m y = 0
PaBHBI

0 00O
0100
: F=l=10 0 1 0 (3-28)
0 001
u
1000
100 00
[Py]— 0 0 1 0 (3'29)
0 001
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Puc. 3-13 MuoroBrmoBas opTorpadudeckas IPOeKIys.

. Oprorpacduyeckue npoekmun o6bekTa Ha puc. 3-12 ¢ Ha mmockoctu £ = 0, y = 0
¥ 2 = ( u3 HEHTPOB NpOEKIWii, PACOOJIOXKEHHbIX B OeCKOHeYHOCTH Ha +I-, +y- 7
#2-0CsAX COOTBETCTBEHHO, m300pazkeHkl Ha puc. 3-12 b, 3-12 ¢ u 3-12 d cooTBeTCTBEHHO.
. Opnna oprorpaduyeckas npoeKus He JaeT JOCTATO4HOME uHGOpManuy AT BU3Y-
IBHOTO ¥ TPAKTHYECKOro BOCCO3NaHuA popmbl 06bekTa. Heobxomumo, cirte1oBaTesib-
HO, HaJImune HECKOJbKHX OpTOrpadmiecKnX npoeKiuil. 3Ty MHOrOBHIOBHIE OPTOrpa-
ryeckue npoekrun obbYHO! OpraHm3yIOTCH TaK, KaK 3TO HOKA3aHO Ha puc. 3-13.
19310 cornmamenne ornocHTcst K Coeaunennam IlTaTan.
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Puc. 3-14 IToctpoenne scromorarensroro Buga. (a) Tpumerpeaeckuii Bun; (b) mopmass
COBMEIEHA € OCBIO 2z; (C) CIpPOEMPOBAHO HAa IIIOCKOCTD z = (.

Buapl cnepeau, copaba m cBepXy mONYuHalOTCH OPOENMPOBaHMEM HA miockocTa 2 = 0,
T = 0z y = 0 U3 UEHTPOB NPOEKIHH, PACIONOKEHHBX B OECKOHEYHOCTH HA +2, +Z
u 4y ocax. Buapl c3aam, ceBa n CHM3Y NOJYHalOTCA NPOELEPOBAHMEM HA IIOCKOCTH
z=0,z =0, y =0 u3 UeRTPOB NPOEKUnH, PACHOJIOXKEHHbX B 6eckoneunocTn HA —2,
—z 1 —y ocax. Koopamnarase ocn 06br4H0 HE M306parXKAIOTCH HA ITHX BHIAX.

Kak noka3aro ma puc. 3.13, neBugumble TuHEN TPHHEATO B300PAXKATh HYHKTHPOM.
s anekpaTnOro mpejcTaBienus GOPMBI 06beKTa 0OBIMHO HE TPEGYIOTCH BCE LIECTh
BuaoB. Hanbonee sacro HCHIONB3YIOTCH BHJBI cnepelin, CBepxy u cupaba. Jaxe ecim
HCHOJB3YIOTCA HE BCE IIECTh BHJOB, OCTaBIINECA PacnojJaralTCia B yxasaHHch MECTaX.
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Bunap! cnepean u ¢ 60KOB wHOrZa HA3BIBAIOT IJIaBHbIM m OOKOBEIME dacagamu, Bu
CBEPXY HMHOI/JA HA3BIBAIOT IJIAHOM.

WaTepecHO m BaXXHO OTMETUTH, YTO BCE IECTh BHAOB MOTYT OBITh HOJIY Y€HbI KOM-
OuHAIIMAMA OTPAsKEHHA, BPAlleHAd ¥ NEPEHOCA C NOCAEAYIONINM IPOCIAPOBAHUEM HA
mWI0CKOCTh 2z = () u3 UEHTpa NpOeKIUu, PACIOJIOXKEHHOIO B GECKOHEYHOCTH HA, OCH 2.
Hanpuwmep, Bug 3304 nONy4aeTCd OTPAXKEHHMEM OTHOCHTEIBHO IVIOCKOCTH z = 0 m
IPOEIMPOBAHAEM HA 3Ty MJIOCKOCTh. AHAJOrMYHEIM 00pa3oM BHZ, CJIE€BA IOJY4aeTcs
ppaliesnem BOKPYT ocu y Ha Yrot +90° m npoernpoBanuem Ha nj0CKOCTh 2 = (.

Jns 06BbEeKTOB ¢ rpaHAMY, HE NAPAJUIEJIBHBIME OJHON u3 KOOPAMHATHBIX ILUIOCKO-
crefl, craHRapTHHIE OPTOrpacdpuyecKue BuIbl HE NOKA3BIBAIOT NPABWIbHYIO WX NCTHH-
HYI0 ¢popmy 3TuX rpaHeit. [Insa 9Tux nesef mcoosb3yIOTCA BCHOMOTATENIbHBIE BHIBI.
Bcnomorarenbubiit Bu, 06pa3yeTcd C mOMOUIBIO BPALEHNs B HepeMmelnienus 00beKTa
TaK, 4TOOBI HOPMAJIb K PPDAHM COBHAJA C OLHOM M3 KOODAMHATHBIX Oceil (cM. pas3zd. 3-
9). PeaynbTaT 3aTeM npoenupyeTcs Ha KOOPAHHATHYIO IJIOCKOCTh, IEPIEHARKYIAPHY 10
atoit ocu. Ha puc. 3-14 ¢ u3obpaxkena BCHOMOraTejbHAS MJIOCKOCTD, NOKA3BIBAIOLIAS
HCTHHHEYIO GOPMY TPEYrojJbHOrO yria obbekra ma pmc. 3.13.

IIpumep Gonee nonuo O6BACHAET STH HOCTPOEHUS.

IIpumep 3-12 BcnoMoraTenbHBIH BH

TTocTpouM BCIIOMOTraTENBHBLN BH, N300 arkaromuil IpaBUILHYI0 GOpMY Tpe-
yrombHOro yria obbekra Ha puc. 3-14 a. KoopaunaTHse BeKTOpE 06/beKTa paBHBL

[
[

COOOOR H -

[X]=

NN
Torn
[SA RN ]

(e N car]
NN
[SA RN ]
o e e e e e e e e b e e e e e

o-
oo
o en

Homepa pepmun, m3oGpaxkensnlie Ha puc. 3-14, cOOTBETCTBYIOT HOMEPaM CTDOK
MaTpumpt [X]| KOOPAMHATHBEIX BEKTODOB.

Boemmsas HopManb K TPEyTONbHON IpaHM MMeeT CJieAylomue HallpaBIaiomue
KOCHHYCBbI

= ¢ c]=[1/v3 1/vV3 1/V3]
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1 IPOXOIAT Yepe3 HAYaI0 KOOpAMHAT ¥ Touky [0.83333 0.83333 0.83333]. Bcmo-
MHHB pe3yJIbTaTht pa3z. 3-9 u npuMmepa 3-10, momywmM, YTO HOpMaJb COBMEIMA-
eTcHd ¢ OCBI0 2 C IIOMOMmMBIO nonopo'ra BOprr OCH T Ha er.TI
@ = arccos(c; /d) = arccos(1/v/2) = +45°
H IOCJIeAYIOmMEro noBOpOTa BOKPYT OCHM Y HA YIroa
8 = arccos(d) = arccos(2/v/6) = +35,26°.
Teneps 06masa MarpHia npeobpa3oBanus paBHA
2/v6 0 1/V3
-1/v6  1/v2 1/V3

T1=1_1v6 -1v2 1/v3
0 0 0

= O oo

TIpeobpa3oBaHHble KOOPJHHATHEIE BEKTODH DABHEI

F 0408 —0.707 0577 11
0.408 —0.707 1155 1
0.204 —0.354 1443 1
—0.408 0 1443 1
—0816 0 1155 1
0 0 0 1
0.816 0 0.577 1
0408 0707 0.155 1
, 0408 0707 0577 1
[X1=[XIT]= | 0204 0354 1443 1
_0.245 -0424 0354 1
0041 —0424 0491 1
—0245 0071 0779 1
—0449 —0.071 0635 1
—0.163 -0283 0231 1
0.041 —0283 0375 1
—0163 0071 0664 1
| 0367 0071 052 1 |

PesynbraT m3o6paxen Ha puc. 3-14 b. BeiomoraTenssuiii Buj co3aaeTcsi Ipoery-
POBaHMEM 3TOr0 IPOMEXYTOYHOTO PE3yNLTaTa Ha ILIOCKOCTh z = { ¢ moMompio
(3-27), r.e.

1000
P1=10 o o o
00 0 1
Obbemuuenne Marpun [T'] u [P;] naer
‘ 2/V/6 0 00
= med= | Ve UVE o
0 0 0 1

O6parure BHWManme Ha cronben w3 Hynel. BCIOMOraTeNbHBIA BHI, CO3NAETCH
3aTeM ¢ IOMOMBIO

[X"] = [x][T"]
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Marpuna [X''] Ta xe camas, 4To n [X'] 3a HCK/IIOUEHMEM HYJIEBOTO TPETHEro
cTonbua, T. e. JeACTBIE IPOEHPOBAHNSA COCTOUT B OTOPACHBAHHM KOODIHHATHI Z.
Pesynwprar nmokasax Ha pHc. 3-14 ¢. HeBugmmeie munim n306pakeHsl CIUIOMIHBIMA.
3aMeTuM, YTO IOKa3aHa NpaBHIbHAA (GOpMa rpay of/bEKTAa — PABHOCTOPOHHETO
TPEYroJIbHHUKA.

YacTo GbiBaeT HEOOXOJUMO JIJIS CJIOKHBIX 0OBEKTOB MOKA3aTh BHYTPEHHHE JIETAJIH.
Do BeIMONHsAETCA ¢ HOMOLIBIO ceyeHuit. Ceuenne 06pa3yercsa npoBeJieHHEM 4epe3 00b-
€KT TaK Ha3bIBAEMOH «CEKYIIeH» IJIOCKOCTH, YAAIIEHHEM 4acTH OOBEKTA 1O OJJHY CTO-
POHY OT 3TOi IJIOCKOCTH H NPOEMPOBAHHEM OCTaBINEHCA YacTH 0OBEKTA HA NI0CKOCTh
ceueHnsa. Kax u paHee, 3T0T BHJ MOXKHO C/IEJIATh C IOMONIbIO COBMEIECHHA C OJHON U3
KOODAMHATHBIX OCeli HOPMAJM K INIOCKOCTH ceveHus (cM. pa3z. 3-9), orceuenns o6b-
€KTa C OJ{HOH CTOPOHBI OT IJIOCKOCTH cedeHud (cM. [3-1]) u, HaKOHel, HIPOENUPOBAHHSA
Pe3y/IbTATA HA KOOPAHHATHYIO IWIOCKOCTh, NEPIEHAMKYIAPHYIO ITOH OCH.

(a)

T

) (c)

Puc. 3-15 Ilocrpoerme ceuenms. (a) Bech 06bexT; (b) yalena 4acTb MeXIy ILIOCKOCTBIO
CeYeHMsA U LEHTPOM IPOEIHPOBaHMs; ( C) IPOEKNUA HA MIIOCKOCT z = (.
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Ha puc. 3-15 n306pasxkeHa mjIoCKOCTb Ce4eHnd, IPOXOIAIIAA Yepe3 BHIEMKY HA Jie-
polt cropone 06bekTa ¢ puc. 3-13. Crpeskm mCHONMB3YIOTCA JJf IOKA3a IJIOCKOCTH
cedeHnsl M HANPABJICHUA B3IJIAMA.

3-13 AKCOHOMETPHYECKHE ITPOEKITHN

Onma oprorpaduueckasi IpoeKIusd HE MOXKeET AaTh NpeicTaBiienus 06 obuiei Tpex-
MepuO# popMe 06beKTa. DTO OrPAHMYEHHE MOXKHO IPEOJOJIETh ¢ HOMOMIBI0 AKCOHO-
MeTpHYEeCKHX npoeKuuil. AKCOHOMeTprYecKas npoeKiud 06pa3yeTcs MammIyIrpOBa-
HEIEM OO'BEKTa C IOMOUIBI0 MOBOPOTOB X IepeMelleHnii TakuM 06pa3oM, ¥To Obl ObLIn
BHIHBI 110 Kpaiinelt Mepe Tpm cocefmme rpamm’. Pesynbrar 3aTeM mnpoenmmpyercs c
UEHTPOM IIPOEKImyu, PACHOJIOKEHHBIM B DECKOHEYHOCTH, HA OZHY M3 KOOPAMHATHBIX
wIocKocTet, 06bI9E0 HA WIOCKOCTh z = (. Eciim rpamp He mapasuienbra mJIOCKOCTH
npoeKIuu, TO AKCOHOMETPHYECKAS HPOEKIuA HE IOKA3BIBAET UCTHMHHYI (POPMY ITOMH
rpadn. QOIHEAKO OCTAIOTCH NOCTOAHHBIMEM OTHOCHTEJIbHEIE JJIMHBI NAPAJLIEJBbHBIX B UC-
XOJIHOM HIPOCTDAHCTBE JiuHuH, T. €. HApAJlJIeJIbHBIE JIMHUM OJWHAKOBO YKODA4YMBAIOTCH
(nckaxarorcd). KoaddulimenT ncKakerns ecTb OTHOIIEHHE JJInHbL IPOEKIH OTPE3KA
K €ro mCTMHROH JJjuae. IIpeCTaBIAI0T nATEpeC TPH AKCOHOMETPHYECKHE HNPOEKIHH:
TpuMeTPH4eCKasi, JAMETPHYECKasl ¥ H30MEeTPuYecKas, KAK 3TO IOKA3aHO HA pHC. 3-
10. B TpuMeTpruecKOil IPOEKIMK MEHBIIIE BCErO OrPanm4eHuil, a B ©30METPAIeCKOH —
6osbIe Bcero. B camom zene, Kak OyeT noKa3anOo HuKe, M3OMETPHYECKAS NPOEKIus
€CTh 4aCTHBIH Ciydai AMMeTPpHueCKOH, & AUMeTpu4uecKasi NPOeKIHd eCTb 4aCTHbIH
Clly4ail TPHMETPH4HECKOMH.

TpuMmeTprueckas NpoeKIusd CTPORUTCA NPOM3BOIbHBIME IIOBOPOTaMu BOKDPYT JIFO-
ObIX KOODAMHATHBIX OCeii, COBEPIIAEMbIMA B IIPOU3BOJIBHOM HOPAAKE, C IOCIEAYIOIIHM
IPOEIMPOBAHMEM HA INIOCKOCTh 2z = (. BojbIImECTBO myuIIOCTpalmii B 3TOH KHHre
npeJCTaBJienhbl TpuMerpryecKuMn npoekuuamu. Ha puc. 3-16 n306paskeno HECKOIBKO
Takux npoekuwmii. Kaxknaa u3 mux mocTpoera ¢ nOMOINBI0 NOBOPOTA BOKPYT OCH Y,
3aTeM BOKDYT OCH T M, HAKOHEI], NAPAJJIEIbHOrO IPOENXPOBAHNA HA INIOCKOCTh z = 0.

B obumeM cityuae 11g TpUMETPrYECKOH HpOeKLHn KO3 HUINERThl NCKAXKERNA 10
KaxXJ0# u3 ImpoelupyeMbIX INIABHBIX OCeill (T, ¥y w 2z) He PaBHBI APYr APYry. 31ech
TepMHH IJIABHAS OCh HCHOJb3YETCA B TOM CMBICJIE, ¥TO OCh (min pebpo) o6beKTa B uC-
XOJHOM HOPOCTPAHCTBE NAPAIJIESIbHA OJHOM u3 KOOPAMHATHRIX Ocell T, y uin z. HaJo-
JKeHue OTpaHuyYeHuH Ha KO3(M(uIMenThl YMEHbIIAET JHATA30H TPUMETPHUIECKHX HIPO-
exnuit. Oprako Ana mo6oil KOEKPETHON TpUMeTpHYeCKOH HpoeKiun KoddduimenTsl
HCKa)KeHus BRIMHGIAIOT C IOMOUIBIO IpuMenenns 00uiel Marpunpl NpeobpasoBanns K
€IMHENYHbIM BEKTOpPaM BJOJb IVIABHBIX Oceil. B uacTrOCTH,

100 1 ¥ 0 1
UiiT=1{0 1 0 1|[T]= |} ¥ O 1], (3-30)
0011 2 oyt 01

1
MuuHMasbHOE KONMHYECTBO IpaHeif, BCTPEYAIOMMXCA ISt NPOCTHX KYBOBHAHBIX OOBEKTOB, HO-
JAOOHBIX HCHONMB3YEMBIM B GONBINMHCTBE HIMOCTPAIHH STOH IMIABH.
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Puc. 3-16 Tpumerpurieckue Ipoekpm.
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rae [U] ectb MaTpuia eJMHAYHBIX BEKTOPOB BJIOJIb HETPAHCGOPMUPOBAHHBIX Ocelt T,
Y ¥ z COOTBETCTBEHHO, a [T']— obmas marpumia TpuMmeTpmueckoil npoekumn. Tornma
K03 ulmeHTH HCKAXKEHAA BIOJIb COPOENMPOBAHHBIX [VIABHBIX OCEH PaBHBI

fa =V +y2?, (3-31a)

fy =1/z? + 432, (3-31b)
fo =Vt +y2 (8-31c¢)

B mpumepe 3-13 TpuMmerpuueckas IPoeKIMsa paccMoTpeHa 6osiee NogpobHO.

IIpumep 3-13 Tpumerpudeckad NpoeKOoud

PaccmoTpuM penTpanmbHy0 WwimocTpanuio puc. 3-16, mocrpoeHsyio ¢ momo-
mbI0 [I0BOPOTa Ha yrou ¢ = 30° BOKpyT oCH y, 3aTeM [IOBOPOTa Ha yrou § = 45°
BOKDYT OCH T M [OCIEAYIOMEro MapaLIeIbHOTO MPOENMPOBAHNA HA ILTOCKOCTD
z = 0. KoopauHaTHBIH BeKTOp Ky6a € OTCEMEHHBIM yriiOM

0 0 1 17
1 0 1 1
1 05 1 1
05 1 1 1
0 1 1 1
XI=1o 0o o 1
1 0 0 1
1 1 0 1
0 1 0 1
1 1 05 1]

O6mas MaTpulla TPEMETDPHIECKON [IpoeKIM pasHa (cM. (3-8), (3-6) m (3-27)):

[T] = [Ry] [R:] [P:] =
[cosg 0 —sing 07 [1 0 0 O0J[1L 0 0 0
o 1 0 0 cosd sinf O[]0 1 0 of _
“ |sing O cos¢p O| [0 —sin® cosé O[O0 O O O]
| 0 0 0 1] [o 0 0 1Jfo o o0 1
(cosqs singsind 0 0 V3/2 V2/4 0 0
_10 cos 00 0 Vv2/2 0 0
~ |sing —cos¢sind 0 0 172 —v6/4 0 0
| 0 0 01 0 0 0 1

Taxum 06pa3oM, n1peoGpasoBaHHbIe KOODAMHATHBIE BEKTOPLI MMEIOT BHI

[ 0.5 —0612 0 1 7
1.366 —0.259 0 1
1.366 009 0 1
0.933 0272 0 1
. ; 0.5 009 0 1
X = (X][T] = 0 0 0o 1 |-
0.866 0354 0 1
0.866 1.061 0 1
0 0707 0 1
| 1.116 0754 0 1 ]
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a K03 PAIMEHTH UCKAXEHUS —

-1001\/5/2\/5/400
[U][T]=010]0 L
o 0o 1 1|12 —v6/4 0 0
- 0 0 0 1

=] 0 v2/2
[ 1/2 —VB/4

[V3/2 V2/4 0 1
01
3

fo =/ (V3/2)? + (VZ/4)2= 0.935,
fu=V2/2 = 0.707,

f:= \/ (1/2)2 + (—vV6/4)2 = 0.791.
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JumeTpryecKas NPOEKIHU — 3TO TPEMETPHYECKAA NPOEKIuA C ABYMSA OJHHAKOBbI-
Mu KOo3(ddullmeHTaMn HCKaXKeHusd, TpeTuit K03¢ddullmeHT MOKET uMeTh JTi060e 3HaYe-
‘Hue. /ITuMeTpryecKasi MPOEKIHsA CTPOUTCH C IOMONIBIO MOBOPOTA HA YIOJI ¢ BOKPYT OCH
¥y, 3aTeM TOBOPOTA Ha yron § BOKDYr OCE T u NpOENmPOBAaHMA HA IUIOCKOCTh 2 = 0
.C IEHTPOM HpPOEKIMy, PACIOJIOKEHHKIM B OeckoHeyHocTn. TouHble 3HAYeHMS YriIOB
HOBOPOTOB ellle He w3BecTHHL. Bocnonwsosasmmck (3-8), (3-6) u (3-27), nonyumm pe-

3yapTEpYIOUee Npeobpa3oBaHne:

[T] = [By] [Ro] [R.]

cos¢ 0 —sing 0] |1 0 0 01 0O

] 0 1 0 0 |0 cos@ sind O [0 1 O
sing 0 cos¢ O0f [0 —sinf cosf§ O [0 O O

0 o0 0 1{ |0 0 0 110 0 O

O6benuHenne MaTpuI, JaeT

cos¢ singsinfd 0 0

_ 10 cosf 00
[11= sing —cos¢singd 0 0
0 0 01

Enmauunsie BeKTOPBI Ha TIABHBIX OCAX T, y 1 z npeobpas3yiorcd B

( 100 1 cos¢ singsind 0 0

o B 0 cosf 00

U] =[U]T] = 8 é (1) }] sing —cos¢singd 0 0f’
A 0 0 01

U*l=1 0 cosf 01
[sing —cosgsind 0 1

(cosq& singsind 0 fI

= OoO OO

(3-32)

(3-33)
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Tenepb KBaAPAT JAJIHHBI HONBEPrHYTOTO NIPe0bpa30BaHHIO €JUHHYHOIO BEKTOPa BIOIb
OCH I, T €. KBaApaT Ko3ddHunueHTa HCKaxKeHnus, paBeH

f2 = (23? + y3*) = cos® ¢ + sin® ¢ sin” 6. (3-34)
AHaOrHYHO KBAJPATHl KO3M(MUIMEHTOB HCKAXKEHHHA 110 OCAM Y H 2 PaBHBI

£2= (@2 +y3%) = cos®4, (3-35)

2= (222 +y%) = sin® ¢ + cos® psin 6. (3-36)

[IpupasHEBaHKe KO3GDMHIHEHTOB HCKAXKEHHS 110 OCAM! T 1 Y JaeT 0JHO ypaBHeHHE C

IBYMsI HEM3BECTHBIMH YTJIAMH IOBODPOTa ¢ 4 . A HMeHHO
cos® ¢ + sin? ¢ sin 6 = cos? 4.
Hcnonb3ys pasencrBa cos? ¢ = 1 —sin® ¢ u cos?8 =1 — sin? 8, nomy4aem
sin? ¢ = sin? /(1 — sin” §). (3-37)

Bropoe cooTHomenne Mexxay ¢ u 8 nomy4uM, GuKCHPYs KO3 PHUMEHT HCKaKeHus [,
BJ0nb ocu 2. O6benunus ypasHeHus (3-36) u (3-37) U BOCHONB30BABIINCH PABEHCTBOM

cos? ¢ = 1 — sin® ¢, monyuaem
2sin? § — 2sin* 0 — (1 —sin® 6) f2 = 0

2sint 0 — (24 f2)sin?4 + f2 = 0. (3-38)

Tonoxus u = sin? 6, nonyuum pemenns sin’f = f2/2, 1. Pemenne sin’8 = 1 o1-
6pocuM, TaK KaK NIpH IOACTAHOBKE ero B (3-37) oHO maer GECKOHEYHBIH PE3YJIBTAT.
CrnenoBarenbHo,

8 = arcsin(x £, /V2). (3-39)
IMoncranoeka B papenctso (3-37) npuBoguT K
¢ = arcsin(xf,/+/2 — f2). (3-40)

9TO NOKA3BIBAET, YTO qUana3oH KoadduuenToB nckaxenus pasen 0 < f < 12. 3ame-
THM JaJjiee, YTO KaKAbIH K03 DHUIHEHT HCKaXKeHHd [, TOPOXKIAeT YeThIpe BO3MOMKHBIX
JUMETPHYECKHUX MPOEKIIMH-

Ha puc. 3-17 nokasaubl quMeTpHYecKHe NPOCKIMH A8 PA3SHHX K03(DHIMEHTOB
uckaxkenus. [lna kaxxnoro koaddunnenta 6buta BEIOpaHA JTUMETPHYECKAS TPOEKIH,
COOTBETCTBYIOMIAA TOJIOXKHTEIbHOMY BPAIIEHHIO BOKPYL OCH Y M IIOJOXKHUTEIbHOMY
BPAIIEHHIO BOKPYT Z.

Ha puc. 3-18 noka3asbl 4eTbipe BO3MOXHBIX JUMETPHYECKHX MPOEKIMH J1g KO3(-
dunmenTs uckaxkeHus 5/8.

PaccMoTpuM KOHKpeTHBIN mpuMep.

! MoryT 6mTh HCIIONB30BAHK MOGHE OCH H3 Tpex.
2 Orpanarensune KO3(pPHIHEATH HCKAXKEHUSA HE HMEWOT CMEICIA.



3-13 AxCoHOMETpHYECKHE IPOESKIHA 159

f=0 f=%
(@ ) (c)
f=4 f=% f=% f=1
d) (e) 03] (8)

Puc. 3-17 [TumerpryecKkye DPOEKIHH /I8 Pa3HHIX 3HaueHW K0P HIUMEHTa HCKAKEHHS.

(a) 0; (b) 1/4; (c) 3/8; (d) 1/2; (e) 5/8; (f) 3/4; (g) 1.

Y

$<0 6>0 $<0,8<0
(a) b)
$>0,6>0 $>00<0
() (d)
Puc. 3-18 YeThipe BO3MOXHEIX JAMETPHYECKUX [TPOEKIHAN 415 K03 PHUIHEHTa NCKAKEHHA
5/8 u yrmoB mosoporoe ¢ = £29.52°, § = +26.23°. (a) ¢ = —29.52°, § = +26.23%; (b)

¢=—29.52°, § = —26.23°; (c) ¢ = +29.52°, 6 = +26.23°; (d) ¢ = +29.52°, § = —26.23°.
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IIpumep 3-14 duMeTpHUYecKHe NpOEeKOHH

Jns xyba ¢ 0TCe¥eHHBIM YTIIOM MOCTPOMM JMMETPHYECKYIO IIPOKIHIO IJIs
ko3¢ umrenTa UCKaKeHMA 10 OCH Z, paBHOrO 1/2.
U3 pasencrea (3-39)

6 = arcsin(£f./V2)
= arcsin(+1/2v/2)
= arcsin(+0.35355)
= 320.705°.

U3 pasencrsa (3-40)

¢ = arcsin(f:/v/2 = f2)
= arcsin(+1/2+/7/4)
= arcsin(30.378)
= $22.208°.

Bribpas ¢ = +22,208° u § = +20, 705°, u3 (3-32) nosmy4aem creaynmyio mMaT-
pHIly OJAMETPHYIEeCKOH NMPOEKIHH:

0926 0134 0 0

m=| © 0935 0 0
= | o038 —0327 0 0
0 0 0 1

BcerniomMaHas xoopauHaTHEI#A BekTop [ X | Anst Kyba ¢ oTcedennbiM yriaom (CM. mpm-
Mep 3-13), mosyumMM KOOpAMHATEI

[ 0.378 —-0.327 0 17
1.304 -—-0.194 0 1
1.304 0274 0 1
0.841 0675 0 1
- 0.378 0608 0 1
[(X*]= (X][T] = 0 0 0 1
0.926 0134 0 1
0.926 1.069 0 1
0 0935 0 1
| 1.115 095 0 1 ]

Pesymbrar m3obpaxen ma puc. 3-17 d.

JnMeTprdeckas MPOEKIUsA MO3BOJIAET MPOBOJUTH H3IMEPEHUSA C OJUHAKOBBIM MAC-
WTaGHBIM MHOXKHTEJIEM 110 IBY M Ipe06pa30BAHHBIM TIIABHKIM 0csiM. FlaMeperue B0/Ib
TpeTbeli ocu TpebyeT IPYroro MacIITabHOrO MEOXKHATENA. ITO MOXKET [IPUBECTH K Iy~
TaHuLE U OIubKaM, eciln TpebyeTcs TOYHOE MAacIITAbNPOBaHmME PAa3MEpPOB CIPOEHHPO-
BaHHOIO ObbekTa. FI3oMeTpuyueckas mpoeKius pemaer 3Ty npobiemy.

B usomeTpuueckoit npoekmun Bce Tpm K0IPUIMEHTs HCKAaiKeHHs DABHBI. Bcro-
MM ypasrenns (3-34)—(3-36) u npupasmuBas (3-34) u (3-35), crora MONyunM pa-



3-13 AxcoHOMETDHIECKHE TPOCKITHH 161

penctBo (3-37), T.e.

¥ . 2
. 9 sin“ @
= 3-37
S = I n? (8-37)
IlpupapnuBanue PaBencTs (3-35) u (3-36) maer
1—2sin%4
in2 = —""+ . 3-41
s 1—sin%9 ( )

E;Ma (3-37) u (3-41) cenyer, uro sin® 0 = 1/3 mmm sinf = +./1/3u 0 = +35,26°. Torza
1 1\ 1

i‘ . 2 _ . _ = — =

E sin ¢—3.(1 3)_2

i

'8 ¢ = £45°. CrOBa OTMETHM, YTO CYIIECTBYIOT YeThIPE BO3MOXKHBIX H30METPHIECKAX

Eppoemnn. 3To nokaszano Ha puc. 3-19. KoadduuuenT nckaxkenus I n30MeTprye-
ngoﬁ npoeknun pasen (cM. (3-35))
ifr.

éﬁ\‘ f=\/COS2 = \/2/3=08165.

.
EB CaMOM JeJle, m30MeTpHYeCKas IPOEKIHA eCTh HACTHBIA CiIydal JUMeTpuuecKOH C

f: = 0,8165.

DT

s pnr T s

i’ ¢$<0 0>0 $<0,0<0
' (a) ()
$>00>0 $>00<0
) )

Puc. 3-19 Yerhipe BO3MOKHEIX M30MeTPHYECKIX MPOEKITHH C YIJIaMH TI0BOPOTOB ¢ = +45°,
6 = £35.26°. (a) ¢ = —45°, 8 = +35.26°; (b) ¢ = —45°, § = —35.26%; (c) ¢ = +45°,
6 = +35.26°; (d) ¢ = +45°, § = —35.26°.
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TIpr mocTpoeHn: M30MeTPHYECKHX NPOEKIMiT BDYYHYIO BaXXeH YroJl, KOTOPhIH co-
CTaBJIseT IPOEKUXs OCH T C rOpm30HTAIbLIO. IIpeobpasoBaHue eIMHHYHOrO BEKTOp3
BJIO/Ib OCH T C IIOMOIIBIO MaTPHIBI M30METPUYECKOR IPOEKINM JAEeT

cos ¢ singsind 0 0
o 0 cosf 0 0o _
Lz1=0 0 0 1] sin¢g —cos¢sind 0 0| —
0 0 0 1
=[cos¢ sin¢singd 0 1].
Torma yron MexXXIy TpOeKI#ed OCH T ¥ FOPU30HTAJBIO PaBeH
tga= Yz = Smosml _ | g (3-42)

Tk cos ¢
MOCKONBKY Sin ¢ = cos¢ ana ¢ = 45°. CnenoBaresbHO,
a = arctg(+ sin 35.26439°) = £30°.
Jjts mocTpoeHus w30MeTPprYeCcKHX POeKIzi BpYUYHYIO OOBIYHO HCIONb3YeTCH ILIACT-

MacCCOBbIit IPAMOYTOIbHBIA TpeyroipHEK ¢ yriaaMa 30° u 60°. Huxxe npuBoguTcs npn-
Mep.

ITpumep 3-15 W3zomerpuueckas npoeKiasd

CroBa paccMorpuM Ky6 ¢ oTceueHHbM yrioM (cM. mpumep 3-13) u mocTpouM
H30METPHYECKYI0 MpoeKImo aia ¢ = —45° u § = +35.26439°. U3 paeencTra
(3-32) monyuaem, uro npeo6pasoBanre H30MeTPHIECKOTO MPOCIHMPOBAHAA HMEET

BHO:
0707 —-0408 0 O
oo 0.816 0 0
[T1=1 _o707 —0408 0 o
0 0 01
Bcnomunas xoopmuaaThl [X|, momyamm
[ —0.707 —-0.408 0 1 7
0 —0816 0 1
0 —0.408 0 1
—0.354 0204 0 1
- ; —-0.707 0408 0 1
[X ] = [Xl [T] = 0 0 0 1
0707 —0408 0 1
0.707 0408 0 1
0 0816 0 1
. 0.354 0204 0 1 ]

Pe3symsrar m3o6paxen na puc. 3-19 a.
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B-14 KOCOYTOJIbHBIE IPOEKIINN

I TPOTHBONOJIOKHOCTD OPTOrpahNUECKHM ¥ AKCOHOMETPHUECKHUM IPOEKIMAM, JJI KO-
i PBIX [[POEKTOPBI HEPHEHANKYIAPHBI IJIOCKOCTH IIPOEKUMH, KOCOYTOIbHAS HPOEKIH
OPMHEPYETCs TaPAJIJIeJIbHBIMA IPOEKTOPAMH C HEHTPOM, JIeXKALUTUM B 6ECKOHEYHOCTH,
§ PACTIONIOXKEHHBIMH TIOJ KOCBIM YTJIOM K IIOCKOCTH mpoekuuu. O6imaa cxeMa mpoeK-
bhan m306pakena Ha puc. 3-20.
~ KocoyronsHele IpoekI® HOKA3BIBAIOT OOLIYIO TPEXMepHYIO ¢opMy obbekTa. Oa-
0 MCTHHHBIE pa3Mep ¥ (popMa M300PAKAIOTCA TOJBKO JJ1s rpaHeil 0ObeKkTa, pac-
OJKEHHBIX [MapaJlJIeNIbHO IJIOCKOCTH [POEKIMH, T.€. YIVIbI ¥ JJIMHBL COXPAHATCH
JOJILKO [J11 TaKuX rpaneii. B caMoM felle, KOCOYrosbHAS IPOEKIMS ITHX IpaHel 9KBH-
fanenTHa OpTOrpacdhuueckoMy BHAY clepeau. I'paHnm, He IapajulelbHbE IIOCKOCTH
kpoexun, mMogBEPraOTCH MCKANKEHHIO.
i Oco6blit mHTEpEC NPEACTABIAIOT JBE KOCOYTO/IbHbIE IIPOEKI|A — KaBaJbe 1 Kabu-
je. [Ipoexnvsa KaBajbe IOJTy4aeTCsA, KOIJa YIOJI MeXIY HPOeKTOPaM# ¥ IIOCKOCTBIO
fpoexmmm cocTabiser 45°. B 3To#t mpoekumum Ko3(hQUIMEHTBI HCKAXEHHS [ BCEX
[JIaBHbIX HallPABJIEHUH OJJMHAKOBBI. Pe3yJIbTaT 370 NPOEKIMK BEIIVISAUT HEecTe-
BEHHO YTOJIIEHHBIM. JIJIsl «KOpPEKIMA» TOr0 HEJOCTATKA MCIOJIb3YETCH HPOEKIMs

Puc. 3-20 Kocoyronmpnas npoexims.
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y
a Pz
f
o « |”
X
—a
P[0 0 1]
-b
P

H

Puc. 3-21 Ilocrpoerne x0cOyroibsHON npoexims.

Yrobbl MOCTPONTH MATPHUILy Npeobpa3oBaHus Jis KOCOYTOJbHON IIPOEKINH, pac-
cMoTpuM efuHuaHb BekTop [0 0 1] Boons ocu z, mokasauubii Ha puc. 3-21. [Ins op-
Torpa¢puYeCKoil WM AKCOHOMeTPHYeCKOR IpOeKUMH Ha IJIOCKOCTh z = 0 Bexrop PO
3aJaeT HalpaBjieHHe IpoeKuK. IIpu KOCOYronbHON MPOEKUHH IIPOEKTOPE! COCTABIISA-
0T yrojl C IJIOCKOCThIO mpoeknmu. Ha puc. 3-21 nokasaHbl THINYHBIe KOCOYTOJIbHBIE
npoektopst PyO u PP,. Ilpoextopst P10 u P P2 06pa3yioT yroa 3 ¢ mIOCKOCTBIO IPOo-
exunu z = 0. 3aMeTHM, YTO BCe BO3MOXHBIe IIPOEKTODDI, IIPOXORMAIHe Yepe3 TOUKY
P unu O u obpasyiompe yron § ¢ IWIockocThio z = 0, nexxaT Ha HOBepXHOCTH KO-
Hyca ¢ BepimHo# B P unu O. Takum 06pa3om, s 3aJaHHOTO yria 3 CymecTBYeT
GeCKOHeYHOe KOMMYeCTBO KOCOYTOJBHBIX MPOeKIuil.

IIpoekrop P, O MoxHO monyunTs 13 PO ¢ HOMOIBIO HepeHOCca Ha [—a — b 1] ToukH
P B 104Ky P;. B jByMepHO# IJIOCKOCTH, MpoxoasAmnie#l depe3 P HepreHAUKYISPHO OCH
z, (3 x 3)-marpuna npeo6pa3’oBaHMs paBHA

T']= 0 1 0
—-a b 1
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B TpexMepHOM IIPOCTPaHCTBe 3TO ABYMeDHOe [IpeoOpa30BaHHe SKBHBAJIEHTHO CABHIY
pekTopa PO B HanpaBjleHHsAX T ¥ Y. s 3TOro Heo6x0AMMO npeobpa3opanue

1 000

"o 0 1 00
[T = —a =b 1 0
0 001

IIpoenmpoBanne Ha mnockocTs z = 0 Jaer

1
0
—a

0

[T]=

oo oo
- OO

|
OO

K3 puc. 3-21 nonyuyaem, 4To

a = fcosa,

b= fsina,

rae f — JJIMHA COPOeNMpPOBAHHOTO eAMHHAYHOTO BeKTOpA Ha OCH 2, T. e. KO3 pHuuueHT
HCKaKeHHsl, & 0 — YroJl MeXKly FOPH30HTAJBIO U CIPpOeIMpOBaHHOM ochbio z. 13 puc. 3-
21 Tak>Ke fICHO, 4YTO [ — YroJI MeXKAy KOCBIMH IPOeKTOPaMH M IINIOCKOCTHIO IMPOeKIUH
paBeH

B = arcctg(f). (3-43)
Takum 06pa3oM, peobpa3oBaHue 1 KOCOYTONBHOM HPOeKIMH MMeeT BHJ:
1 0 0 0
0 1 00
[Tl=_ fcosa —fsina 0 0 (3-44)
0 0 01

IIpu f = 0, 8 = 90° monyuyaem oprorpaduieckyro nmpoekuuwo. Ecm f = 1, 10 He
HO/BepralOTCs NCKAXKeHHIO pebpa, MepleHAUKYJIApHble IUNIOCKOCTH IMPOeKUMu. A 3TO
ABNIsIeTCA YCJIOBHeM IpOeKUMH KaBaibe. [13 paBencrsa (3-43) umeeM:

B = arcctg(l) = 45°.

3ameTHM, 4TO B IIpOEKHH KaBaJibe ( SBJIAETCH BCe elle cCBOBOAHBIM mapamerpom. Ha
puc. 3-22 noka3’aHb! MpOeKUHMH KaBajibe /il HeKOTOPBIX 3Havenuii a. Hanbonee yacro
ACHoNnb3y0TCA 3Hadenud «, pasHble 30° 1 40°. Taxike npumensiercs 3Hadenne 180° —a.

IMpoekuio kabuHe MOXHO HMONTY4YMTh NpH Ko3dbdunuenTe uckaxenus f = 1/2.
Orcrona

B = arcctg(1/2) = 63.435°.

B sroMm cryuae cuosa YIoJl @ fABJAETCA IlepeMeHHOH BeJIMYMHOHR, KaK 3TO IIOKa3aHO
Ha puc. 3.23. Haubonee gacTo BcTpewatorcs 3uagenus 30° u 45°, npuMeHsieTCs TakxKe



166 I'nasa 3 IIpocrpancTseHHble mpeobGpa30BaHHs H IDOCKIHH

a = —45°

+15°

+30°l

a = +45°

Puc. 3-22 Ilpoexmum kasampe. CBepXy BHE3 yron  maMmeHsercs or —45° no +45° ¢ HETEp-
Basiom 15°, yron 8 = 45°.
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a= —45°

-30°

+15°

+30°

a = +45°

Puc. 3-23 Ipoexmun xabure. CBepxy BHM3 yTON o m3MeHsercs 0T —45° 10 +45° ¢ mHTED-
BanoM 15°, xoappumuenT nekaxerus f = 0.5.
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7 3 s 1
1 T % T ;1

Puc. 3-24 Kocoyromesasie npoexkipm. Cnesa manpaso f = 1, 7/8, 3/4, 5/8, 1/2 npm
o = 45°.

(a) ®
© ()]
Puc. 3-25 Vckaxenne, BOSHUKAIOMee B KOCOYrONBHBIX Hpoekiwmsx, f = 5/8, a = 45°.

(a) Kpyrnas rpass mapajuieibHa IUIOCKOCTH npoexmuy; (b) Kpyrnas rpaHp nepneHIuKy-
JAPHA IJIOCKOCTH npoexiwy; (c) AIMHHAS CTOPOHA MEPIEHJUKYIsPHA IUIOCKOCTH HPOeKITHH;
(d) mmaHEas cTOpOHA MApaLTeIbHA ILTOCKOCTH [IPOEKIHH.

3navenne 180° — a. Ha puc. 3-24 n3obparxkennbl KOCOYrobHbIE IPOEKUHH L7151 Koahdu-
uuenToB uckaxenns f = 1, 7/8, 3/4, 5/8, 1/2 ¢ yrnom o = 45°.

IMockonbky mM3oGpazkaercs ucTHHHAA (popMa OLHON IpaHM, KOCOYrOJNbHBIE IPOEK-
MU 0COBEHHO MOAXOIAT JIJIS MILTIOCTPALMHI O6HEKTOB ¢ KPYIJIbIMK M1 HHBIMH HCKPH-
BJICHHbIMHU TpaHaAMH. Takue rpanu JoJXKHbI OBITh MapalleJIbHEI IIJIOCKOCTH IPOEKIMH,
4TO6BI M36EXKATH HEXENATETbHBIX NCKaxKeHnit. TaK e, KaK U B (Jlydae MapajulebHbIX
IIPOEKUKMH, OGBEKTHI C OTHUM HU3MEPEHHUEM, CYHIECTBEHHO [IPEBOCXOIANIMM APyTrHe, O~
BEPralTCa 3HAYNTELHOMY HCKAXKEHHUIO, €CJIM TOJIBKO STO M3MEPEHHe He NapaJiIe/IbHO
nocKocT npoekuun. Takne 3¢ddexTs! MOKa3aHbl Ha puc. 3-25.

Huxe npusonurces noapobHbIR mpumep.
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IIpumep 3-16 KocoyroipHble TpOeKIHA

TlocTponM npoexuMy KaBajbe H KaGuHe 11a kyba ¢ OJHMM OTCEIeHHBIM yTI0M
(cM. mpamep 3-13).

BcnoMHHMB, 4TO npoeKmms KABaJIbe — 370 KOCOYIOJIbHAA HpoeKmms ¢ [ = 45°,
T. e. k03¢ PreHT uckaxenus f = 1, 1 BHIOpaB yroJl TOPH30HTAJILHOIO HAKJIOHA
a = 30°, m3 (3-44) momyvmM MaTpEIly npeo6pa3zoBaHHs

1 0 0 0 1 0 00
=] 9 1 0o _| o 1 00
T |—-fcosa —fsina 0 0| |-0866 —05 0 0|
0 0 01 0 0 01
IIpeo6GpasyeM xoopmuHaTH [X] Kyba ¢ orcegenaniM yrmoM (cm. mpumep 3-13)
[ —0.866 —05 0 1 7
0134 —-05 0 1
0.134 0 01
—0.366 05 0 1
* —0.866 05 0 1
[(X*]=[X][T] = 0 0 01
1 0 01
1 1 01
0 1 01
| 0567 075 0 1 ]

Pesynvrar m3obpaxen Ha puc. 3-22.
OfpaTBmuce Teneps K NPOEKIMH KabHHe M BCIIOMHMB, 4TO k03(pdumueHT
HCKaXkeHHs paBeH 1/2, us paseHcTBa (3-43) nosydnm

B = arcctg(1/2) = arctg(2) = 63.435°.

CroBa Buibpas o = 30°, u3 (3-44), nmeem:

1 0 0 0 1 0 0 0
[T] = 0 1 0 0 _| 0 1 0 0
“ |—fcosa —fsina 0 O -0433 —-025 0 O
0 0 01 0 0 01
TIpeo6pazoBaHHble KOODNMHATHI MPOEKIMHA KabHHE 1A 3TOro Kyba paBHBI
[ —0.433 —-025 0 1 7
0567 —-025 0 1
0.567 025 0 1
0.067 075 0 1
* . —0.433 075 0 1
[X ] = [XJ [T] = 0 0 0 1
1 0 01
1 1 01
0 1 01
0783 0875 0 1 |

Sror pesyibrar m3obpaxkeH Ha puc. 3-23.

OrmeTrM, 9T0 M A/ DPOEKLMH KABAJIbe, H I IPOEKuY KabHHe TPeyToim-
Haf IDaHb He M300paxkaerTcs ¢ NPABIIBHBIME pa3MepaMy WiH PopMoif, Tak Kak
OHA He mapaJUTesIbHA IUIOCKOCTH npoekmuu (z = 0).
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3-15 NEPCIIEKTUBHBIE I[IPEOBPA30OBAHUA

TepcnekTHBHOE IPeobpa30BaHuE KMEET MECTO, KOI1a He PABEH HyJIO JT000# 13 epBbIx
TPEeX 3JIEMEHTOB 4eTBEpTOro cTonbua obobmenno# (4 x 4)-MaTpHup! Npeobpa3oBaHus
omHOpOIHbIX koopmauuaT. Kak 6bUI0 ymomsHyro panee (cMm. pasz. 3-11), mepcmek-
THBHOe npeobpa3oBaHKe —3TO Hpeobpa3oBaHMe OJHOIO TPEXMEPHOIO MPOCTPAHCTBA
B gpyroe. B otnmune oT 06CyKIaBHIMXCS PaHee HapaJuleNbHBIX Npeobpa3oBaHuii, B
[aHHOM CJIy4ae IapaJulebHble HPSMbIE CXOATCH, pa3Mep 00beKTa YMEHBHIAETCS C
yBEJIMUEHHEM DPaCCTOSHMA JO IEHTPA NPOEKIHH, H MPOMCXOJUT HEOJHOPOJHOE MCKA-
JKEeHHe JIMHHUA 00beKTa, 3aBHCAIIEE OT OPHEHTALMA H PACCTOAHHMSA OT 00BHEKTA A0 UEHTPA
npoeknuy. Bce 310 moMoraeT HameMy BOCHPHATHIO IIyOHMHBI, HO He coxpaHaer hopmy
obbeKTa.
OnHOTOYEYHOE NEPCIIEKTHBHOE NMPeobpa3oBaHue 3a0aeTC PABEHCTBOM

1000
0100 ;

z y z 1] 00 1 r =z y z rz+1]. (3-45)
0 001

3necb h = rz + 1 # 1. Obbr4HbIe KOOPAMHATHI OTYYal0TCS JAeIeHHeM Ha h:
z* 1] = [rzz-{—l rz+41 rzil 1] " (3-46)

IlepcnekTnBHOE IpOEUMPOBAHKE HA HEKOTOPYIO ABYMEPHYIO BUIOBYIO ILTOCKOCTH MOX-
HO HOJIYy4YHTh, 06 ANHUB OPTOrpaduYecKyIO MPOEKIUKIO ¢ HEPCIEKTHBHBIM [Ipeobpa3o-
BaHueM. Hanpumep, mepcrieKTHBHOE [IPOEIHPOBAHHUE HA INIOCKOCTh Z = ( BhIDONMHAETCA
C IOMONIBI0 Tpeobpa3oBaHui

[z

[T] = [F/][F;] =
1 0 0 0|1 0 0 O 1 000
_[01 0 0{|0 100 0100
“10 01 7|0 00O [00O0TF (3-47)
0 0 0 1{]0 0 0 1 0 001
)54
1 000
01 00
z y 2z 1] 00 0 r =z y 0 rz+1]. (3-48)
0 001
O6brunble KOOPAWHATHI PABHbI
[z* y* =2* 1]=[% r—zy+—1 0 1]. (3-49)

Yrober moKa3aTh, YTO PaBeHCTBO (3-47) BBLUIONHSAET MEPCIEKTHBHOE HPOENHPOBAHHAE
Ha mj10cKoCTh z = 0, paccMorpuM puc. 3-26 ¢ reoMeTpHYECKMMH IOCTPOEHHAMM i
NEePCHEKTHBHOR MPOEKIMH TPEXMEPHOM ToUKH P Ha miIockocTh z = z* = 0 B Touky P*
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Pi

z

Puc. 3-26 IlepCrexTHBHAsS NPOEKIMS TOUKH.

B C IEHTPOM IIPOEKINH, JIEXKAIIMAM B 2, Ha oCcH 2. KoopanmHaTh! TOYKH mpoekuun P*
MOXKHO IIOJIyYHTh, UCIOJb3YA Moao0ue TpeyronbHukoB. M3 puc. 3-26 cienyer:

T* T
Ze  zo—2
HIH
. z
==/ (1-3)
H
v y
VE 2 +22 22+ (2. — 2)?
0154
y‘=1_yi,

Z* paBHO, KOHEYHO, HYJIO.

Ionarasa r = —1/ 2., HomyYuM pPe3yILTATHI, AHAJIOTHYHbIE IOy 4EHHBIM C IOMOIIBI0
(3-47). Takum obpa3om, ypasHerue (3-47) OCyHeCTBIIAET TepCIeKTHBHOE IPOEIAPO-
BaHHe Ha IJIocKoCTh z = ( ¢ meHTpOM mpoekuuu B Touke (~1/r) Ha ocu z. 3ameTnm,
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Touxa J
cxona

=

Puc. 3-27 TIpoexnusa npsaMosi, napajuiebHOH OCH 2.

YTO NpH npubixennn 2, K 6eCKOHEYHOCTH, I IPHOMIKAETCA K HYNIO U B PE3YJbTaTe
HOJTy4aeM aKCOHOMETPHYECKYIO IPOEKIHIO Ha IIOCKOCTh 2z = 0. 3ameTHM mJajee, 4TO
Ha TOYKH, JI€XKAIIME B IJIOCKOCTH POEKUHH, T. €. Z = 0, HepcrnekTuBHOE Ipeobpa3oBa-
HEE He neictyeT. OTMETHM Tax:Ke, YTO Ha4aso KoopauHaT (z =y = 2 = 0) ocTaercs
Heu3smeHHbIM. CrefoBaTesbHO, €CIM ILUIOCKOCTh npoeKuuu (2 = 0) mpoxomnT uepes
00beKT, TO 3Ta yacTb 06HLEKTA M306paXkaeTcs ¢ IMPABHIIBHBIM pa3MepoM B (HopMoit.
Bce mpyrue uacTH 06beKTa MCKAXKAIOTCA.

Yrobbl nyume HOHATH A€HCTBHE MEPCHEKTHBHOrO Ipeobpa3oBaHus, pAaCCMOTPAM
puc. 3-27. Ha HeM HOKa3aHO HepCHEKTHBHOE HPOENMPOBAHAE HA IJIOCKOCTh 2z = 0 OT-
peska AB, napaJiienbHOro ocu z, B 0Tpe3oK A*B* Ha mwiockoctd z = 0 ¢ meHTpoM
IPOEKUMH, PACTIOJIOKEHHBIM B To4uke —1/r Ha ocu z. IlpeobpasoBaHne MOXKHO pa3-
MeNuTh Ha ABa 31ama (cM. (3-47)). Ha nepsom srane orpesok AB orobpaxaercsa B
orpesok A'B’' (cM. puc. 3-27). 3areM ¢ HOMOMBIO OPTOrpadbMYeCKOro IpOEHpPOBa-
HEA orpe3oK A'B’ B TpexMepHOM mpocTpaHCTBe oTobpaXkaeTca B OTPE3oK A*B* Ha
nnockocta z = 0. IleHTp npoekuun pacuoioxkeH B GECKOHEUHOCTH.
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Hccnenosaune puc. 3-27 nokasbBaet, uyro npsamble A'B’' u AB nepecekaroT mioc-
kocTh z = 0 B ofHOH ® Toi xe Touke. [Ipsimas A'B' Takke nepecekaer ocb z B TOYKE
z = +1/r. Janee, nepcnexrusHoe npeobpasosanne (cM. (3-45) u (3-46)) orobpaskaer
PACIIONIOXKEHHYIO B BECKOHEHTHOCTH TOYKY NepecedeHHs MapalIeNIbHLIX pAMBIX AB 1
OCH z B KOHEYHYIO TOUKy z = 1/r Ha ocH z. DTa TOYKa Ha3bIBAETCA TOYKOM cxoma !.
"3aMeTHM, YTO TOYKA CXO[a JIEKHT Ha TOM K€ PACCTOAHWH OT ILIOCKOCTH IIPOEKIHKH,
4T0 ¥ UEHTP IPOEKIHH, TONBKO C IPOTHBOIOJIOKHON CTOPOHBI OT IJIOCKOCTH, HAIIpH-
Mep, ec 2z =  eCTh IIOCKOCTD IPOEKLHH, a EHTP MPOEKIMH HAXOMUTCA B 2 = —1/7,
TOLAA TOYKA CXONA HAXOAMTCA B 2 = +1/r.

Yrobbl mOATBEPAKTD 3TO HADMIOAEHHE, PACCMOTPHM IIEPCHEKTHBHOE peobpa3oBa-
HME TOUYKH, HAXOISAIIEeHcs B HECKOHEYHOCTH Ha OCH +Z, T. €.

1000
010 0
00101y o 1 /=00 0 1 7] (3-50)
0 001
CooTsercTBytomas eif Touka [z*y*2*1] = [0 0 1/r 1] Tenepp sBAsETCA KOHEUHOH

TOUKOH Ha IOJOXKHTEIBHOR OCH Z. DTO O3HAYaeT, 4TO BCe NOnybecCKOHEeYHOe mOJo-
xuresbHoe npocTparcTBo (0 < 2z < 00) OTOGparkaercs B OrpaHHYEHHYIO 00JacThb
0 £ 2* < 1/r. Janee, Bce npsAMble, NapajUle/IbHbIE OCH Z, TEIEpb IPOXOIAT Yepe3
rouky [0 0 1/r 1] ~ Touky cxoza.

 Ilpexze uem mepeiiTi K mMpUMepaM, JJisl HOJHOTHI H3JIOXKEHHUS YKajKeM OJHOTOUeY-
BbI€ IIEPCIEKTHBHBIE IPe0bPa30BaHAA C WEHTPOM IPOEKIHA M TOYKOH CXOJa, PacHoo-
JEHHBIMM Ha ocsiX Z ¥ Y. OHOTOUEYHOe epCleKTHBHOe npeobpa3oBanne

1 0 0 p
01 00
z y 2z 1] 001 0 =z y z (pz+1)] (3-51)
0 0 01
C OOBIYHBIMH KOOPAMHATAMHM
. e B z y z }
[z* y* =z 1]—[1):’:_'_1 p2+1 pagl -l] (3-52)

AmeeT ueHTp mpoekumu [—1/p 0 0 1] u TOuKy cxoma, paclONOXeHHYI0 Ha OCH T B
[1/p 0 0 1).
OgroTodeunoe mepcrexTHBHOE Mpeobpa3oBaHHe

z y z 1]

o= OO

0
=l v 2z (@w+1) (3-53)
1

OO O ==
OO -=O

1 MHTYATHBHO TOYKA CXOJa —3TO TaKAN TOYKA «BAAJIH», B KOTODOH NapaJijlelbHEIE NPSAMBIE <Ka-
XKYTCs» CXOAAIAMACH H HCYe3a0mAME. B kavecTBe NpuMepa npuBeseM NPSIMOIHHERHYIO, YXOAALLYIO
BAAJIb »KEJIEe3HOAOPOKHYIO KOJIelo.
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¢ OObIYHBIMKM KOODAHMHATAMH

* * * 1 z y 2
L [qy+1 w+l g+l ]
uMmeeT nenTp npoeknuu [0 — 1/q 0 1] 1 TOUKY cxona, pacCHONOXKEHHYIO Ha OCH Y B
[0 1/q 0 1].

(3-54)

IIpumep 3-17 IlepcnekTHBHOe npeobSpa3oBaHHe MPAMOIii,
napalleJbHOM ocH 2
Paccmorpum orpesox AB Ha puc. 3-27, napasuiensHBIR OCH z, ¢ KOHIIEBHIMM
roukamu A[3 2 4 1] u B[3 2 8 1]. BenoimuM nepCneKTHBHOE IIPOELMPOBAHHE
Ha IWIOoCKocTh z = 0 ¢ menrpom mpoekuuu B Touke z = —2. IlepcnekTusHOe
npeobpazosanze AB B A'B’ npu 7 = 0.5 pasno

0
0 |_[3 2 4 3]_
05| =1(3 2 8 5|~
1

1 0667 1333 1] 4
=lo6 04 16 1|B"

Al3 2 4 1
B|j3 2 8 1

[~ )
(=R )

1
0
0
0

ITapamerpmaeckoe ypasuerune orpeska A'B’
P@t)=[A+[B' - A, 0<t<1,
wm P(t) =[1 0.667 1.333 1] +[-0.4 —0.267 0.267 0]¢.
ITlepeceuenne aToro orpeska ¢ wrockocramMu £ =0, y = 0 1 z = 0 maer
z(t)=0=1-0.4¢ —t =250
y(t) =0 =0.667 — 0.267t — t = 2.50
z(t) =0=1.333+0.26Tt— t = —5.0.
Iloacrasus sHagenve ¢ = 2.5 B mapaMerpudeckoe ypapHenue orpeska A'B’, mo-
JIy M
2(2.5) = 1.333 + (0.267)(2.5) = 2.0,

9TO sBisercs nepecedenneM orpeska A'B’ ¢ ockio z B TOuKe z = +1/7, TOUKe
cxona. Tenepb momCTanOBKA B ypaBHEHHS AJs I- U y-KOMIOHEHT 3HAYeHUs t =
—5.0 maeT mepecedenme ¢ mwWIOCKOCTHIO 2 = 0, T. €.

2(—5.0) = 1 — (0.4)(—5.0) = 3.0
y(—5.0) = 0.667 — (0.267)(—5.0) = 2.0,

9T0 CcOBHaJaer ¢ mepecedeHmeM npsMod AB ¢ mmockocteio z = 0. Ilpoexnmsa
orpeska A'B’' B orpesox A*B* na miockocrs z = () BEIMMCISETCS CJIEKYIOMAM

obpasom
1 0 0 0
A1 0667 1333 1/(0 1 0 of |1 0667 0 1] A"
B' |06 0.4 1.6 1110 0 0 of — (06 04 0 1|{B*
0 0 0 1

Huxe npuBoauTcs mpumep ¢ mpOCTBIM Ky6om.
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IIpumep 3-18 OpgHoTOYeuHOE MepCIeKTHBHOe Mpeobpa3oBanne Kyb6a
BHIOIHAM nepCcrieKTUBHOE NPOEHMPOBAHHE HA IIOCKOCTE 2 = () eaurHIaHOro
xy0ba, m3obpaxennoro Ha puc. 3-28 a, C HeHTPOM IIPOEKIHH B To4Yke z, = 10 Ha

OoCH z.
OnHoTOYeIHNIH MEPCNeKTHBHEI MHOXHTEIL T PaBeH

r=—1/z = ~1/10 = ~0.1.

y y
& x
H D c
G N
H G
D C
E F x A% E* F*B* *
/A B
z {a) (b)
y
KILIL x=10 CD c'o*
-— G H
= ¢ 1
IIpoexTop
2 A B EF
ASBLELF*
(c)
y y
KT.C.3x=-10
D'l C' ’ ’
H' G’ G,H —_—
D' CI
x H
E’' F' A, B’ EF

/A' B'

z (d) (e)

Puc. 3-28 OpporodedHas nepcneKTHABHAS MPOEKIUA €THHHIHOrO Kyba.
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W3 ypapnerus (3-48) mosmydaem, uTO

100 0
010 0
[T1=10 0 0 —o01l°
000 1

0 0 1 17
101 1
111 1(1 00 o

. o011 1[lo 10 o

X 1=X1IT1= 19 0 0 1| |0 0 0 —01| =
100 1[0 00 1
1101
0 1 0 1l
0 00 007 [0 0 0 1
100 09| (111 0 0 1
110 09| [111 111 0 1
lo1 009 |0 111 01
=lo oo 1[50 o o1
100 1 1 0 o0 1
1101 1 1 o0 1
01011 b 1 o 1l

PesyastaT m3obpaxken Ha puc. 3-28 b. OTMeTHM, 9T0, OCKOJIBKY IEHTD MPOEK-
OMH HAXOMUTCH Ha NOJIOXKHTENLHOH OCH 2, MPOeKIus nepemuedt rpaun ABCD
Kyba 6ospme mpoexkuym 3anHed rpadu. Ilodemy Tak mpomMcxoIWT, OKa3aHO Ha
puc. 3-28 ¢, Ha KOTOpOM m300paxkeHa NapajuteIbHAS IPOEKIus UCXOOHOTO Kyba
Ha, maockocTs £ = 0.

OTMeTnM Takxe, 9T0, HOCKOIBKY TOIKa, CXOZa IeXKHAT Ha OcH 2, npaMas C* G*
Ha puc. 3-28 b nNPOXOJUT Yepe3 HAYAIO KOODXAHAT.

B xayecTBe aJbTepHATHBHOI'O METO/3, SKBUBAJIEHTHOIO EPBOMY, MOXKHO OhI-
J10 GBI BEIIOJIHUTE EPCIEKTHBHOE NPeobpa30BaHue H IOy 9HTh HCKAXKeHHRIH 06b-
eKT B TpeXMePHOM NPOCTPAHCTBE, a 3aTeM OpTorpapuuecKy CrpoenmupoOBaTh pe-
3yJILTAaT Ha HeKOTOPYIO IUTOCKOCTD. McKaxeHHBIH 00bEKT MOMYy<9aI0T CJIeXYIOmHEM
obpazom:

0 00 1 17
1011
111 1/ 00 o

, 0111|010 o

XT=XIPZ1=1g 0 0 1|/{0 0 0 —01|=
100 1/lo o0 1
110 1
0 1 0 1
0 0 1 099 [0 0 111 1
101 09| 111 0 111 1
111 09| |111 111 111 1
o1 1 09| o 111 111 1
=looo 1|0 o o 1
100 1 1 0o o0 1
110 1 1 1 o0 1
01011 L 1 o 1
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Pe3ysTaT, nosydeHHbIi ¢ IOMOMBIO KOCOYTOILHOM POEKITHH [TOKa3aH Ha, PUC. 3-
28 d. 3amermM, uTo «nepemmss» rpams (A'B'C'D') Gompme, geM <3amHsa»
rpars (E'F'G'H'). Tlocnenyomee opTorpachutieckoe MpoenypoBatHe Ha ILTOC-
KocTb 2 = 0 pmaeT ToT xe camblil pesyasTaTl [X*], uTo 6nin monyden panee m
KOTOpHI# u306parkeH Ha puc. 3-28 c.

Ha puc. 3-28 e, Ha KOTOpPOM npeacTaBiieHa OpTOrpadpuiecKas NPOEKuUs Ha,
ILUTOCKOCTh £ = () HcKaxeHHOTO 00beKTa ¢ puc. 3-28 d, mokazano, 9To pebpa Kyba,
paHee napaJjlieNnbHbIe OCH 2, TellePh CXOAATCA K TodKe cxoma 2 = —10.

Puc. 3-28 b He nepenaer tpexmeprocTa Kyba. Kak mokazano B cienyomem upume-
pe, 6oJiee yIOBIETBOPHUTENbHBIH PE3YJIBTAT MOXKHO HONYYHTh HEHTPUPOBAHHEM Kyba.

IIpamep 3-19 OpgHOTOYeYHOE MepPCHeKTHBHOe NMpeobpa3oBaHHe
IHeHTPHPOBAHHOI'0O Kyda

N306paxkennstit Ha puc. 3-28 a Ky6 MoxeT GHITE NEHTPUPOBAH Ha, OCH 2 IyTeM
ero nepenoca Ha —1/2 Baoss Hanpasnenwii ¢ u y. PesyasTupyiomee npeobpaszo-

BaHHe
[ 1 0 0 O]J1 0 O 0
_ 1o 1 oofflo 10 of_
MI=rllPl=1 9 0 1 0|0 0 1 —01]=
|05 —05 0 1] o 0 0 1
[ 1 0 0 0
1o 1 0 0
- 0 0 0 -0.1
|—0.5 —-05 0 1
CapuryThI Ky6 m306paxeH Ha pHc. 3-29 a.
IIpeoGpa3oBanHble OOBIYHEIE KOODIHHATEI PABHBI
0 0 1 17
1 01 1
1 1 11 1 0 0 0
" o1 11/lo 1 0o o]|_
X1=IXIT1=19 0 0 1|| 0 o o -01]|=
1 0 0 1| |-05 —-05 O 1
1 1 01
0 1 0 1]
(—0.5 —-0.5 0 0.97 (—0.56 —-0.56 0 17
0.5 —-05 0 0.9 0.56 —-0.56 0 1
0.5 0.5 0 0.9 0.56 056 0 1
|05 05 0 09| _ [-056 056 0 1
—1-05 —-05 0 1 —|-05 —-05 0 1
0.5 —-05 0 1 05 —-05 0 1
0.5 05 0 1 0.5 05 0 1
L—0.5 05 0 1 | L—0.5 0.5 0 1

PeaysmpTaT m3obpaxen na puc. 3-29 b. 3ameTwM, 9To paHee napaJLieJbHBIE OCH
2 npAMBble, COeTUHAIOMMe YIJIbl NepenHed U 3aaHei rpadeit, Tenepb CXOOATCH K
ocm 2 (x = 0, y = 0).
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y
H
} G
D c
E)__p ol

D* c*
H® G

(b)

Puc. 3-29 Opnorovyeunas nepCreKTHBHAsS MPOEKnus NEHTPHPOBAHHOTO €AMHIIHOTO Ky6a.

K coxanenuo, pesynsrapyomee n306paXkeHne BCe elie He JaeT 3JeKBATHOIO BOC-
OPHATHA TpexmepHolt ¢opMbl o6bekTa. [losroMy MBI o6paTuMca K Hosiee CIOXKHBIM
NEPCOEKTHBHBIM IPeo6pa30BaHUAM.

Ecnu B yerseproM cronmbue (4 X 4)-MaTpuupsl npeofpa3soBaHusa ABa TEMEHTa U3
HEPBBIX TpeX He PaBHBI HYJIO, TO TAKOE NpeoOpa3oBaHpe HA3bIBAETCA ABYTOUEHHBIM
NIePCIEKTHBHBIM Npeobpa3oBanueM. [IByToueyHoe epcoeKTUBHOE Ipeobpa3oBaHue

1 0 0 p

01 0 ¢ 55
[z y 2 1|y g 1 o| =l ¥ 2z (Pr+ay+1)] (3-55)

0 001

C OBBIYHEIMK KOOpIMHATAMH

T Y z
Il‘l * * e 1 ‘56
[ y 2] [p:c+qy+1 pr4+qy+1 pr+4+qy+1 ] (3 )
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MMeeT JBa UEHTPa IMPOEKUHH: IepBbiid Ha ocu T B Touke [—1/p 0 0 1] u Bropoi Ha
ocu y B Touke [0 — 1/¢ 0 1], u aBe Toukm cxoma: Ha ocu = B Touke [1/p 0 0 1] u na
ocu y B Touke [0 1/q 0 1]. 3amernm™, 4o 3ananHoe ypasHenueM (3-55) asyroueunoe
mpechpa3oBaHue MOXKHO NOIYYHTh oObeuHeHneM AByX ogHoTodeuHsix. Konkpernee,

[qu] = [Pp] [Pq] = [Pq] [PP]7

rae [Ppq| 3amaercs ypasuennem (3-55), [P,] — ypasuenuem (3-53) u [P;] — ypaBHeHn-
eM (3-51). Bonee noapobuo AByTOUYeYHAs] MEPCIEKTHBHAS MPOEKLHS PAacCMOTpPEHa B
CIIe/IyoIIeM IpUMepe.

IIpumep 3-20 [IByTouyeuHnle mepcOeKTHBHLIE NPeoOpa3oBaHUA

CHoBa paccMoTpuM Kky6, onmcanssii B npuMepe 3-18. IlocrpouM aByToded-
HYI0 MEPCNEKTHBHYIO MPOEKIHIO 3TOr0 Ky6a Ha IUIOCKOCTb z = 0 ajng meHTpoB
MPOEKIMH, HAXONAmMXcs B Todkax £ = —10 m y = —10. HyxkHoe npeobpazosa-
HMeE TIONy<mM myTeM obbemuuenus (3-55) u (3-27). A mmermo,

[1 0 0 p1r1 0 0 O
01 0 01 0 0
[T]=[PP¢1][PZ]= 0 0 1 g 0 0 0 of =

[0 0 0 lj 0 0 0 1
[1 0 0 p]

_10 1 0 ¢

—10 0 0 Of"
|0 0 0 lj

3necs p u ¢ paBHB
p=-1/(-10)=0.1, ¢=-1/(-10) =0.1.

IIpeobpasopannabie KOOPAMHATH Ky6a MMEIOT BHA:

0 0 1 17

1 0 1 1

1 1 1 1 1 0 0 01

XT=1XT= {5 o o 1|l0o 0 o o |=

1 0 0 1 0 0 0 1

1 1 0 1

|0 1 0 1l

0 0 0 1 1 r0 0 0 17

1 0 0 11 0909 0 0 1

1 1 0 1.2 0.833 0833 0 1
o1 0 11| _|o 0909 0 1
—10 0 0 1 — 10 0 0 1

1 0 0 11 0909 0 0 1

1 1 0 1.2 0.833 0833 0 1

10 1 0 1.1 LO 0909 0 1]

Pesynprarnt n3obpaxennl Ha puc. 3-30 a. JIBe ToUKH cxoxa Haxoxarcs B £ = 10
ny = 10
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y y

z 14
’” | ! t
\ | |
\‘ KT C.om OCH y i KT.Cl.om OCH Y
By= By=
|
| ’ D-, H* Ci G
| : -
L] L]
D% H* \g'_G_ , KT.C.uaoch x
T Bx=10
KT.C.naocn x
Bx=10
e
A% E B\ F* Sy uF

(@) ®)

Puc. 3-30 JIsyTodeqnnie mepcoextusHble mpoexmyH. (a) Henerrpuposanmoro ky6a; (b) nen-
TPAPOBAHHOrO KY6a.

ITenrpuposamme Ky6a Ha OCH z C HOMOIBIO NEpEHOCa BXOah £ U Y Ha —0.5,
aHAJIOTMYHOE NPOLEJAHHOMY B mpuMepe 3-18, mpeBemer k cuiexyionieit obmieit
MaTpHIle Ipeobpa30BaHU

[T] = [Tzs] [Ppo] [P2] =
[ 1 0

0 O][1 0 0 0171 0 0 ©
| o 1 o0 o|fo 10 o01ffo 10 of_
=l o 0 10/loo10 ({000 of-
|05 —05 0 1]]o 0 0 1 |0 0 0 1
(1 0 0 0.1

_]o 1 0 01
=l o 0 00 (’

|05 —05 0 o.gj

Te NIpeoJIaraeTcs IPOelHPOBaHAE Ha IJIOCKOCTh z = (). 3aMeTuM, 4YTO B 3TOM
cllydae o6muit MacmTabUPYIOmult MHOXHTE s GoTble He paBeH exuHMLE (CM.
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(3-4)), T e. npoucxomUT OYEBHAHOE MacITabupoBaHEe Ky0a, BHI3BAHHOE €ro Ie-
pememenneM. I1peo6pasoBannbie KOOpAMHATEL PABHBI

0 0 1 17
1 011
1111 1 0 0 01
XT=I= 10 5 0 1|| 0 o 00 |=
1 0 0 1]]1-05 —-05 0 09
1101
0 1 0 1l
—0.5 —-05 0 0.97 —0.56 —0.56 0 17
05 -05 0 1 05 -05 0 1
0.5 05 0 11 0.46 046 0 1
_{-0.5 05 0 1 | _1-05 05 0 1
~|-05 -05 0 09| [-056 —-056 0 1
05 -05 0 1 05 -05 0 1
0.5 05 0 11 0.46 046 0 1
| —0.5 05 0 1 | —0.5 05 0 1]

PesynsraTh m3obpaxkennt Ha puc. 3-30 b.

W cuosa nonydennoe uzobparkeHue He JaeT aJeKBATHOI'O BOCIIPUATHS TPEXMEPHOH
dopwmbl 0b6bekTa. [losTomy obpaTuMca K TpEXTOYEUHBIM NEPCHEKTHBHBIM Ipeobpa3o-
BaHHAM.

TpexToueuHas MepPCIEKTHBA MOIY4YAETCH, €CJIM HE PaBHBI HYJIO TPH IEPBBIX 3Jle-
MEHTa 4eTBepTOro croubma (4 x 4)-MaTpuIp! Ipecdpa3oBaHuA. DTO TPEXTOUEHHOE Iep-
CnieKTHBHOE Npeobpa3oBanue

1 0 0 p
01 0 ¢
z y 2z 1= 00 1 r =z y z (px+qy+rz+1)] (3-57)
0 0 01
¢ OOBIYHBIMM KOODIHMHATAMH
[ * * * 1 z y 2 1
Ty ]_[p:c+qy+rz+1 pr+qy+rz+1 pr+qy+rz+1 ]
(3-58)

EMEeT TPH LEHTPA IPOEKIMH: Ha OCH T B TOuke [—1/p 0 0 1], na ocu y B
[0 —1/g 0 1]lumaocmzs[0 O - 1/r 1], a Taxxe TpH TOYKH
xoma:Haocu zB[l/p 0 0 1,saocmys[0 1/g 0 1] uHa ock
z[0 0 1/r 1]

CHoOBa 3aMeTHM, 4TO TPEXTOUEYHOE IEPCIEKTHBHOE MPeoBpa30BaHue, 3aJaHHOE Pa-
BeHCTBOM (3-57), MOxeT OBITH MONYYEHO KOHKATEHAIMEH TPEX ONHOTOYEYHBIX HEp-
CIEKTHBHBIX IpeoGpa30BaHuil, IO OQHOMY Ha KaXKIyI0 KOOpAMHATHYI0 och. Cozmanue
TPEXTOYeYHOH NEePCHEKTHBbI HILTIOCTPUPYETCA Ha CICAYOmeM IpHMepe.
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Ipumep 3-21 TpexTouedHoe mepcoeKTHBHOoe NpeobpasoBanue

s ommcamsoro B mnpuMmepe 3-18 kyba pacCMOTpHM NPOEKNMIO Ha IUIOC-
kocTh 2z = () MoCJie IpHMEHEHHs TPEeXTOYEeHHOro NMepPCIeKTHBHOrO npeobpasopa-

aust. IlenTpr npoexman HaxoaaTca B Toukax £ = —10, y = —10 i z = 10. Touxn
cxona Haxomarca B £ = 10, y = 10 u z = —10. Marpmma npeobpa3opanus paBHa
1 0 0 01
01 0 01
[T1=10 0 0 -01
0 0 0 1

IIpeo6pasoBanHble KOOPJHHATH Kyba

0 0 1 17
1 0 1 1
1 1 1 1 1 0 0O 0.1
. 1 1 0.1
X1=XT= g o o 1|lo 0 6 -01|=
1 0 0 1 0 0 0 1
1 1 0 lj
0 1 0 1
0 0 0 0.9 ro 0 0 17
1 0 0 1 1 0 0 1
1 1 0 11 0909 0909 0 1
o101 | _|o 1 0 1
—10 0 0 1 — 10 0 0 1
1 0 0 11 0909 0 0 1
1 1 0 1.2J 0.833 0.833 0 IJ
0 1 0 1.1 L0 0909 0 1

Pesynbrar nokasan Ha puc. 3-31 b. Mckaxennnlil B pe3ysbTaTe NepCrek THBHOTO
npeobpa3oarusg o6bexT H300paxken Ha pHC. 3-31 ¢. OrMernM, uro pebpa Ha
PHCYHKE CXONATCS.

W cuoBa nosyunsmaics BUA HEAOCTATOYHO HAH(OPMATHBEH, XOTS H MATEMATHIECKH
KoppekTen. COOTBETCTBYIOLIME METOABI ME€HEPAIMH NEPCHEKTHBHEIX BHIOB OBCYXKJa-
0TCA B pasnd. 3-16.

3-16 METOJBI CO3JAHUS ITEPCIIEKTUBHLIX BUJIOB

Ilpennoxennbie B npeAbIAyIIEM pa3fe/e Bu/Abl NEPCIEKTRBHON MPOEKIMK BbUIH HEHH-
dbopMaTHBHEI, TaK KAK BO BCEX CIydYadX M3 KAXKJOTO IIEHTPa MpOeKiuu GbLla BHIHA
TOJbKO OJfHa rpab Kyba. [Ina Toro urobn! nabmogaTens BOCHPHHAI TPEXMEPHYIO (Op-
My 006'b€KTa HA OCHOBAHHMH TOJBLKO OJHOTO BHIA, HAJO, 9TOOBI GBLIM BHIHBI HECKOABKO
rpaHeit 3Toro obbekra. na npocTeIX 06bEKTOB, NOAOOHLIX KYBY, J0MKHBI GBITH BRI-
HBI KAK MHHHMYM TpH rpaHH. Bng ¢ HeCKosbKHMH TDaHIMH MOXKHO NMOLYYHTh M3 OX:
HOTOYEYHOH MEPCIEeKTHBHON MPOEKIMH C (PHMKCHPOBAHHBIM LEHTPOM M C IJIOCKOCTBIO
IPOEIUPOBAHMKSA, MEPNEHINKYAAPHONR HAIPABAEHAIO B3rnAla, €CIH npEeIBAPHTENBHO
BBINIOJIHEH NEPEHOC u/Man noBOPOT o6bekTa. Torma nomyuaercss peanucTuaecKuil BUA,
€C/IN TOJIBKO LEHTD NPOEKUHH He HAXONMTCH CJIMIIKOM OaH3KO K 0ObekTy.
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Puc. 3-31 Tpexrogeunas nepcnextnsa. (a) Hcxommnil xy6; (b) nepcnexTusHas TPOEKIHS

Ha mWiIockocTh z = 0; (¢) HCkaxeHHmIil Ky6.

Juia magana paccMOTPHM mpoCTOH mepeHoc O6beKTa C MOCIEAYIONMM OJHOTOYEY-
HEIM NPOELMPOBAHAEM HA IUIOCKOCTH 2z = ( M C IEHTPOM NPOEKIMA B TOYKE 2 = 2.

Tpebyemoe npeobpa3oBaHne 3anuChiBACTCH B BHIE

1 0 0 0] |1

0 1 0 O (0

[T]z[TrzyZ] [Prz}: 0 0 1 ofllo
! m n 1] 10

1 0 0 0 1 0 O
101 0 0 {0 1 0
—Jo 0 0 T —Jo 0 1
I m 0 1+ Il m O

rne r = —1/z,.

0 00
1 0 0] _
0 0 r|
0 01

0

0
1-n/z
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Puc. 3-32 OgHOTOYe4HAS MEPCIEKTHBHAA NPOEKTHMS C NIEPEHOCOM B T, Y HAIPABJICHHAX.

VYpabuenue (3-59) BMecre ¢ puc. 3-32 noxasbiaer, YTO IEPEHOC B HANPABJIECHHASX
T ¥ Y OTKpbIBaeT JONOJHUTENbHLIE IpaHl 00bekTa. [lepenoc B 060HX 3THX HaNpaBJe-
HHUAX Heobxommm, 4To0BI OTKPBITH TPH I'PaHH npocroro Kyboobpasuoro obbekra. Ha
puc. 3-32 mMOKA3AHBI PE3yJILTATHl IEPEHOCa BAOJL NPAMON ¥ = T OTHEHTPHPOBAHHOTO
OTHOCHTENILHO Hadalla KoopauHar Ky0a M OZHOTOYEYHOrO NPOENHPOBAHMs Ha IJIOC-
Kocth 2z = 0. 3ameruM, 4ro IyIa HepeqHed IPaHM MOKA3LIBAIOTCA MCTHHHBIE pa3Mep
1 dopma.

Ypasrenue (3-59) Taxke moxaswIBaer, YTQ IEpEHOC BAONL OCH 2, T.€. K IEHTDY
IPOEKIINM HJIM OT HEro, MIPHBOJUT K SBHOMY M3MEHEHHI0 MacimTaba (M3-3a 3JeMeHTa
1 —-n/z;). dror sdpdexr coorBercrayer bu3MUECKOH PEATBHOCTH, TAK KAK OOBEKTHI,
Haxonaumecs JaJjblle oT HabogaTens, BHIVIALAT 60/ee MEIKUMH. 3aMETHM, UTO IPH
NpUOIMKEHNN [EHTPa POEKIHN K GeCKOHEYHOCTH sBJIEHHE MaCIITabHpOBAHMs MCHe-
3aeT. dtor 3ddeKr cxemarwyHO moKasaH Ha Duc. 3-33. Kax m306pakeH0 Ha TOM
puCyHKe, 06bEKT MOXKET HAXOOMTHCs C JII060H CTOPOHBI OT HEHTPa IpOoeKuuH. Ecan
OOBEKT M ILIOCKOCTb MPOGKIMH HAXONATCH TI0 OJHY CTOPOHY OT LEHTPA, TO, KAK TIOKA-
3aHO Ha puc. 3-33, nonyuyaerca npsMoe uzobpaxkenne. Eciu xxe o6bexT B IIOCKOCTD
IPOEKIMH JIeXKAT 110 Pa3Hbie CTOPOHBI OT HEHTPAa, TO MOJYYAETCH NEPEBEPHYTOe H30-
6paxkenne.
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Puc. 3-33 Dddexr MacmrabupOBanusa IpH NepeMenieHHAX BAOIb OCH 2 IS OGHOTOIEYHOIN

NepCleKTHBHOMN NPOEKINH.

Ha puc. 3-34 nokasaHnl pe3yabrarhl NEpeMENieHAs 00LEKTa BO BCEX TPEX HaIpas-
JeHuax. 3aeck Ky mepeMemaercs BAOAb TPEXMEPHOH IPAMOR OT — = —y = —2 K
T =y = z. 3aMeTHO OYEBHAHOE yBEJIMYEHHE PA3MEPA, 4 TAKIXKE Ha BCEX BHAAX 3aMETHO

COXpaHeHHe MCTHHHOH (POPMBI, HO He pa3Mepa IePeaHed rpaHH.
At ugen 6oyee mogpobHO M3JIOKEHBI B IIPHUMEpE.

ITpumep 3-22 OpgHOTOYEYHAd MEPCHEKTHBHAA MDOEKIHA ¢ NEPEHOCOM

PaccMOTpHM OTIeHTPHPOBAHHEIR OTHOCHTEILHO HadasIa KOODAHHAT €IMHIY-
HBI Ky cO CIIeXyOIMUMH KOODAMHATHEIMH BeKTODAMH

[X] =

ITepemectM xy6 Ha 5 equHAN B HAITPABJICHUSIX £ M Y M TIOCTPONM I1E€PCIIEK THBHYIO

r—0.5
0.5
0.5

-0.5

—0.5
0.5
0.5

[—0.5

-0.5
-0.5
0.5
0.5
-0.5
—0.5
0.5
0.5

0.5

1
1

N

IPOEKTIHIO Ha ILUIOCKOCTh 2 = () ¢ meHTpOM NpOekIwH B z = z. = 10.
W3 ypasuenus (3-59) nmonydaem obmyio MaTpuily npeobpa3osanus

[T] =

1

0 0
010
0 01 -01
5 5 0

0
0

1
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Puc. 3-34 OanoToveunas NepClieKTHBHAA Ipoekmys, 00befHHEHHas C NEPEHOCAMH B I, ¥,
2 HAIIpaBJIEHMSIX.

IIpeo6pasosasHble KOODIHHATHI

45 45 0 0957 4737 4737 0 17

55 45 0 095| |5780 4737 0 1

55 55 0 095 |5789 5789 0 1

. 45 55 0 095 4737 5789 0 1
(X 1=[XIIT]= (45 45 o 1.05| = |4286 4286 0 1
55 45 0 1.05| |5.238 428 0 1

55 55 0 1.05| |5238 5238 0 1

45 55 0 1.05] l4.286 5238 0 1l

ITpaBriit Bepxawmit 06HeKT Ha pHC. 3-32 M306paXkaeT 3TOT PE3Y/ILTAT.

Ecyn nexomueiii 06bexT 6b11 nepeMenen Ha 5 eJUHNAL B HAIPABJIEHUAX T, Y, 2
H OBUTa MOCTPOEHA OAHOTOYEHHAs MepCHeKTHBHAS NPOeKIH Ha IUTOCKOCTEL 2 = 0
€ OeHTPOM IIPOEKIHH B 2 = 2. = 20, Torma 13 (3-59) ciexyer, 94To obmas MaTpHIla
IpeoGpa30BaHUs 3AMMCHIBAETCS B BHIE

100 0
o1 0 o
[T1=10 0 o —o0.05"
5 5 0 075

Ormernm obmiee MacmTabuposanue, 3amaBaemMoe 3Ha3eEmeM (.75 B IPABOM HIK-
HEM 3JIeMeHTe MaTpuupl Npeobpazopanms.
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IIpeo6pasosasubie KOOPAHHATH pPABHEI

45 45 0 07257 [6.207 6.207 0 1
55 45 0 0725 |[7.586 6207 0 1
55 55 0 0725 |7.586 7586 0 1
. 45 55 0 0725 |6.207 758 o0 1
(X*1=1XIT1= |45 45 0 o775| = |5.806 5806 0 1
55 45 0 0775| |7.097 5806 0 1
55 55 0 0.775| |7.007 7.097 0 1
45 55 0 o0775] 5806 7.097 0 1l

Pesynbrar nokasan B BHAe BepXHEro mpaBoro 00beKkTa Ha pHC. 3-34.

Heckonbko rpaHeit Takxke 6ymeT BHAHO, €CTH MCIOJIbB30BATH BpAIICHHE OObLEKTA.
OnuH nOBOPOT OTKpOET no Kpaline#t Mepe gBe rpanu o6beKTa, TOrga Kak asa u 6omee
HOBOPOTOB BOKPYI' PA3HBIX OCEM OTKPOIOT, KAK MHHMMYM, TPH T'DaHH.

Marpuna npeofpa3oBanHus i NOBOPOTa BOKPYT OCH Y Ha YroJ ¢ M nOocieAyonie-
ro OZHOTOYEYHOIO NEPCNEKTHBHOrO MPOENHMPOBAHMSA Ha ILUTOCKOCTH z = 0 ¢ meHTpoM
OPOEKIHH B 2 = 2!

(cosqﬁ 0 —sing 0] |1 0 0 O
o 1 0o oflo10 o |_
[T]_[Ry][P"z]_ sing 0 cos¢p O |0 0 0O -—-1/z|
i 0 0 0 1110 0 O 1
Tcosqs 0 0 SI:¢
_ 0 1 0 cgs¢ (3-60)
sing 0 0 i
Lo 00 1

Ananoru4HbIM 06pa30M MATPHUIA NpecOpa30BaHKA ISl TOBOPOTA BOKPYT OCH T Ha YTOJ
0 1 mocnenyomero oIHOTOYEYHOr0 NEPCHEKTHBHOTO NPOENMPOBAHMSA HA MJIOCKOCTDH
z = 0 C HEHTPOM NPOEKIHH B TOYKE Z = Z, MMEET BHI:

(1 0 0 0]t 00 O
. _ |10 cos@® sin@ O |0 1 O 0 _

[T] = [Ra] [Prs] = 0 —sind cos§ O |0 0 0 —-1/z]|
0 0 0 1/]0 0 O 1
(1 0 0 0
0 cosf 0 _s1n0

= Zc (3-61)

0 —sind 0 —Czse

0 0 0 1

B o6oux ypaeuenusix (3-60) u (3-61) He paBHBI HYJIO [Ba OTBEYAIOIHMX 33 NEPCIeEK-
THBHOe npeobpa3oBaHue (MEPCHEKTHBHBIX) 3JIEMEHTa B YETBEPTOM CTOJIOIE MATPHIIBI
peobpazoBanusa. Taxum o6pa3soM, OJMH MOBOPOT BOKDYT IJIABHOM OCH, mepHeHAHKY-
JISIpHOM TOR ocH, Ha KOTOpPOH JIEXKHUT HEHTP NPOEKIHH, SKBHBAJICHTEH JBYTOYEYHOMY
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nepcneKTHBHOMy npeobpasopanuio. IIpn moBopore BOKPYr OCH, Ha KOTODOil JIEXHUT
HEHTP mpOoeKnuH, Takoro 3ddexra Her. 3aMeTHM, 9TO 1A OMHOTO MOBOPOTA NEPCHEK-
THBHBLH IEMEHT [J1A OCH BPAINEHUA OCTAETCA HEM3MEHHbIM, HAIIDEMEp, B yPABHEHUAX

(3-60) u (3-61) s;eMeHTEI ¢ B p COOTBETCTBEHHO PaBHBI HYJIO.

B o6mieM ciygae BpameHue BOKPYT IVIaBHOH OCH He OTKPHIBaeT HeoOXOAUMOTO JIIs
a[IeKBATHOTO TPEXMEPHOI'O NPECTABIEHN YHCIa rpaHell — KaK MUHUMYM, Tpex. s
3TOrO OHO JOJXKHO O6BITH CKOMOMHHMDOBAHO C nepeMenmeHueM BAONb ocu. Crenyoniuii

HpUMEp HIIIOCTPHUPYET ITO.

IIpumep 3-23 JIByTodeyHoe mepCHeKTHBHOE MpoeiUpoBaHUe
€ HCHoJIb30BaHHEeM MOBOPOTa BOKDPYTr OJHOU INIaBHOM ocH
PaccMoTpuM NmpoexnmIo Ha IUTOCKOCTB 2 = () ¢ meHTPOM B TOUKe 2 = z¢ = 2.5
xy6a c prc. 3-35 a, NOBEPHYTOro BOKpPYT OCH Y Ha yros ¢ = 60°, 4uTo6n1 0TKpHLIach
Jiepasi TpaHb, ¥ NEPEMENICHHOT0 Ha —2 €IWHWILI BIOMbL Y, YTOOL OTKPHLIACH

BEpPXHSAA CpaHb.

Hcnoms3ys ypaeuenue (3-38) ¢ ¢ = 60°, ypapuenue (3-47) ¢ 2z = 2.5 u

ypaBHenue (3-14) ¢ n =1 = 0, m = —2, noay=amm
(T] = [Ry] [T7] [Prs] =
0.5 0 -0866 0771 0 0 0111
_ |0 1 0 0] |0 1 0 0] |0
— 10866 0 0.5 0 |0 0 1 0f]0
0 0 © 1o -2 0 1] [o
[0.5 0 0 0346 '
o 10 0
~ 10.866 0 0 -02
0 -2 0 1
ITpeobpasosasnble KOOPAMHATH PABHEI
0 0 1 17
1 01 1
1 1 1 1] 7105 0 0
. \ 01 1 1f |0 1 0
X 1=1XIIT1= g o o 1| |oses o o
1 0 0 1| 1|0 -2 0
1 1 0 1
10 1 0 1]
0866 -2 0 0.8 71  1.083
1366 -2 0 1.146 1.192
1.366 -1 0 1.146 1.192
_ 1086 -1 0 08 _]1.083
— |0 -2 0 1 — |0
0.5 -2 0 1.346 0.371
0.5 -1 0 1.346 0.371
K -1 0 1 i K]

Peaynerar noxasan na puc. 3-35 b. Mckakenve nospaserca U3-3a TOro, YTO IeHTP
TPOEKIHH DACHOIoKeH CIIMMKOM 6ym3ko K xyby. OTMeTHM CXoXzeHue Mapaji-
JISTPHBIX OCAM £ M 2 NPSIMBIX JMHUH K TOYKaM CX0Ja, JeXKaIlUM Ha OCH T. DTH

SO =O
oo o

0.346

-0.2

-2.5
—1.745
—0.872
-1.25
-2
—0.485
—0.743
-1

TOYKH CXOXa OIpelendioTcs B npumepe 3-25 U3 pasn. 3-17.
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Puc. 3-35 [IsyTOodYeuHas NepCleKTHBHAA MPOEKIMA C TIOBOPOTOM BOKPYT OAHOM OCH.

AnanornyHbiM 06pa30oM TpeXTOuewHOe NEPCHEKTHBHOE npeo6pa30BaHME BEINOJHA-
€rcs ¢ NOMOIMIBI0 BPAamEHUsA BOKPYI ABYX M 6ojiee INIaBHBIX OCedf M 1mOCIeNyIoNIero
OJHOTOYEYHOrO nepcneKTHBHOro npeobpazosanusa. Hanmpumep, nosopoT BOKpyr ocH y,
HOTOM MOBOPOT BOKPYT OCHM £ M MEPCHEKTHBHOE MPOENHPOBAHKME Ha MIIOCKOCTh z = 0 ¢
HEHTPOM NMPOEKIMHU B TOUKE 2 = 2, UMeeT CIAEAYIOUYI0 MATPUY npeoOpa3oBaHus

[T] = [Ry] [Re] [Pre] =
(cosqﬁﬂ—sinqso 1 0 0 o]t oo o
_1 0 1 0 O |0 cosf® sing 0] [0 1 O 0 _
" |sing O cos¢ O |0 —sin® cos® O [0 O 1 —-1/z |
| 0 0 0 1| |0 0 0 1110 0 O 1
. 9
cos¢ singsingd 0 gqici
(+
sin
— 0 cos@ 0 _2_c , . (3-62)
sing —cos¢singd 0 cosqicos
| o 0 0 1]
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OTMeTHM TpH HeHyJEBRIX NmepCneKTHBHeX dieMeHTa. OObekT MOKHO Takxke mepe-
MECTHTb, €CJIH NEePEMeNIeHHE NPOHCXOIUT MOCIE BDAUICHUSA, TOrAa Pe3y/bTHPYLIas

MATpHIA npeobpa3’oBaHHA

paBsHa

[T]= [{?w] [R][Tr][Pre] =

CoS ¢

0

sin ¢

l

singsind O
cosf 0
—cos¢singd 0
m 0

sin ¢ cosf T

2c
cos ¢ cos §

Z
g
Zc

(3-63)

OTtMeTuM 31eCh O4eBUAHBIR MacmTabupyromuil 3¢ dexT nepemenieHus BIOTH 2. Pe-
3yabTaThl npeobpasosanus 6y Ay T pa3MYHBIMHE, €CJIH NOMEHATh MOPAAOK BBIIOJIHEHMS
MNOBOPOTOB MJIM MEPEHOC BHINOJIHATEL OO BPAIIEHHS.

IIpumep 3-24 TpexTodeuHas NepcneKTHBHAA HPOeKOHd ¢ MOBOPOTOM
BOKpYT ABYX oceii

PaccMoTpuM xy6 Ha pHC. 3-35 g, MoBepHYTHI BOKPYT OCH Y Ha yroi ¢ = —30°,
BOKPYT ocH = Ha § = 45° U ClipoemmpoBaHHBIH Ha IUIOCKOCTH z = () C I{eHTpOM

B TOUKe 2 = 2, = 2.5.

H3 ypasHenus (3-62)

(7]

0.866

0
-0
0

.5

—0.354
0.707

—0.612
0

ITpeobpasoBarHbie KOOPAWHATH pPaBHbI

[X*] = [X][T] =

r0

HEOORRM~HOO

r —0.5
0.366
0.366

—0.5

-l o

0.866

0.866

L 0

Q= =0 O ==

—0.612
—0.966
—0.259
0.095
0
—0.354
0.354
0.707

OO O = ==

OSCoOo oo oo Oo

S S N Sy

0.866

0
-0.5

0

Pesysbrar maofpaxen ma puc. 3-36.

0.7557
0.614
0.331
0.472

0.859
0.576
0.717]

0
0
0

—0.141
—0.283
—0.245

—0.354
0.707

—0.612
0

—0.662
0.596
1.107

—1.059

1.009
1.504
0

0 -0.141
0 -0.283
0 -0.245

~0.811
~1.574
~0.782

0.201

~0.412
0.614
0.986
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T.C.x T.C.,

Puc. 3-36 Tpexrogeunas nepClnexkTHBHaA IPOEKI¥sA C IIOBOPOTOM BOKDYT ABYX OCeil.

W3 sTux pe3y nTaTOB CTAHOBUTCA SCHO, YTO OQHO-, JBY- MJIM TPEXTOYEYHOE mep-
CEKTMBHOE npeoOpa3oBaHre MOYKHO CKOHCTPYHPOBATH C IOMOIIBLI) NOBOPOTOB M Iepe-
HOCOB BOKDYT M BJOJb INIaBHBIX OCEH C NOCIeAYIOIHAM OJHOTOYEYHBIM ePCIEeKTHBHBIM
npeoOpa3oBaHMEM C IEHTPOM NPOEKIMH, PACTIONOXKEHHEIM Ha OJHON M3 IJIABHBIX OCEH.
OTH pe3syipTATHI TaKXKe CIPABeUTABLI I IOBOPOTA BOKPYT NPOM3BOJILHOM OCH B IPO-
crpaHcTse. ClieI0OBaTENbHO, IPH KCNOJIb30BAHKUH B IPahHIecKOil cucTeMe napajurMbl
¢ (PUKCHPOBAHHBIM HEHTPOM NPOEKIUM M MAHUIYyJIHPYeMbIM 0OHLEKTOM, HEOOXOAMMO
obecneynTs TONMBKO MOCTPOEHHME OJZHOTOYEYHON NEePCHeKTHBHON NMPOEKmHMM Ha mioc-
KocTh z = ( ¢ UeHTPOM NPOEKUHH Ha OCH 2.

3-17 TOYKHU CXOJA

Kak noxazano ma puc. 3-37 a npu nocTpoeHHH NEPCNEKTHBHOrO BHIA 06LEKTA HCMOMb-
3yeTcs JIMHHA FOPH30HTA, PACHOIOXKEHHAsT 0OBIYHO Ha ypOBHE ria3. [JiaBHble TOYKH
€X0a — 3TO Te TOYKH Ha JIHHHH FOPH30HTA, B KOTOPhIE CXOOATCS NpAMbIE, NapaJslieib-
HEIe B MCXOZHOM IPOCTPAHCTBE INIABHBIM OCAM. B 0b6meM ciay4ae pasiu4HBIE MHO-
J¥KeCcTBa MapaljeNbHBIX NPAMBIX MMEIOT Pa3id4Hble TJIABHBIE TOYKH CXOJa, KaK 3TO
noxasaHo Ha puc. 3-37 b. [dndA ruockocTeit 06beKTa, PACIOIOKEHHBIX HAKJIOHHO OT-
HOCHTEJHHO MCXOAHBIX IVIABHBIX OCEH, TOYKM CXOJa JIeXKAT BbIIIE WM HIXKE JIMHUA
ropmsoHTa. Kax noxazano Ha puc. 3-37 ¢, TakMe TOYKH 4ACTO HA3BIBAIOTCS CJIEIOM
TOYeK.

Ilpeacrasasior nHTEpec ABA METONA ONpeNeeHHs TOYeK cxoJa. B mepsoM mpocTto
BEIYHCIIAETCA TOYKA NepecedeHdsl naphbl npeoOpa30BAHHEIX CIIPOEHHPOBAHHBIX MapaJl-
TeNbHEIX nPAMBIX. BTOPOit METOA ClIOXKeH, HO 3aTo qaeT 6osee TOYHbIe pe3ybTaTh. B
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Puc. 3-37 Cnemst ToUek ¥ TOUKH CX0a.
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3TOM METOJIe B HYXKHYIO [IO3HIHIO B OPHEHTAIMIO peobpa3yercs 00beKT, CTOPOHEI KO-
TOPOro mapainjeibLHbl HCXOAHBIM IVIABHBIM OCsiM. II0TOM mpuMeHseTcs ogHOTOYedHOe
[EPCIEeKTHBHOE IPOCHAPOBAHHE. 3aTeM PE3YJLTHPYIOMAs MATPHIA IPeoOpa3OBAHAS
(cM. ypaBHenue 3-63) nmpuMeHsieTCA K TOYKAM, DACIOJOXKEHHBIM B GECKOHEYHOCTH Ha
IVIABHBIX 0CaX. [lojlydeHHBIe B PE3YAbTATE 3TOrO OOBIYHBEIE KOOPIHHATE] €CTh TJIABHEIE
TOYKH CXOHa OJist 3TOro o0bexkTa. [1a HaxOXAeHU S CeNOB TOYeK, BO3HAKAIONINX NI
HAKJIOHHBIX IIJIOCKOCTEH, CHadaJa HAXOAST PACIOJIOXKEHHBIE B OECKOHEYHOCTH TOYKH
Ha, HAKJIOHHOM IJIOCKOCTH H 3aTeM IOABEPraloT HX Npeobpa3oBaHMIO.

9T MeToAhl IPOMJUTIOCTPHPOBAHB! HA HECKOJBKHX MpuMepax. B mepsoM m3 mmx
JU1s1 OTIpeIeSIeHHs1 TOYEK CXOAA HCIOIb3YeTCs EPecedeHre MPeobpa30BAHHbIX IPSMEIX.

ITpumep 3-25 I'naBHBIEe TOYKH cXola, ompelieligeMble O MepecedeHHIO
OpAMBIX
U3 npumepa 3-23 npeobpasoBaHHBIE KOODAHHATHBIE BEKTODH IS MApH OT-

PE3KOB, OJMH M3 KOTOPHIX IPOXOJWT 4Yepe3 Touky A (cm. puc. 3-35 a), u nepso-
Ha9aJIBHO NapPAJUIEbHEIX COOTBETCTBEHHO OCSIM T M 2, PABHBI

@ 71083 -125 0 1 1192 —0872 0 11 @
@ |1.192 -0872 0 1 0371 —0.743 0 1| @

0 -1 0 1f * [1083 -125 0 1| @
® l0371 0743 0 1 0 -1 01 ®

3nech P pH B KPYXKKaX OTHOCATCH K CTPOKAM MCXOZHOM H NMpeobpa3oBaHHOMN
MaTpHIl B3 puMepa 3-23. YpaBHeHUs Naph NPSMBX, IapaJUIe/bHBIX B HCXOIHOM
MPOCTPAHCTBE OCH T TAKOBHI:
y = 3.468z — 5.006,
y=0.693z — 1.

Pemenue 3T0# cucTeMHB naer Tou9ky cxona [V P;] = [1.444 0].

YpapHenus naph OpaMbIX, MAPJUIEILHBX B MCXOOHOM [IPOCTPAHCTBE OCH Z,
MMEIOT BHI!

y = —0.157z — 0.685
y = —0.231z — 1.

Pemenue naer touky cxoga [VP;] = [-4.333 0].
DTH TOYKM NOKa3aHb! Ha puc. 3-35 b

Bo sTOpOoM npuMepe 17151 HaxOXAeHHs TOYeK CXOJa HCIOJIb3yeTcs Npeobpa3oBaHue
PacnosoKeHHEIX B OECKOHEYHOCTH TOYEK Ha IVIABHEIX OCHX.

—

ITpumep 3-26 I'maBHBIE TOYKH cXofa, Hall/iIeHHbIe ¢ MOMOIIBLIO

npeobpa3oBanusa
O6mas mMaTpuna Npeofpa3opaHus u3 mpumepa 3-24
0.866 —0.354 0 —0.141
T = 0 0.707 0 -—0.283
[Tl=1_05 —0612 0 —0.245
0 0 0 1
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IIpeo6pa3opaHue PaclOJOXKEHHBIX B 6ECKOHEYHOCTH Ha OCAX T, ¥ H Z TOYEK

Jaer
i 0.866 —0.354 0 —0.141
100 0 '
. 0 0707 0 —0.283
[VP|[T] = g (1) ‘1) g] —05 0612 0 -0245
i 0 0 0 1
[—6.142 25 0 1
- o 25 0 1
| 204 25 0 1

9TH TOYKH cXOAa MOKA3AHH Ha pHC. 3-36.

B TpeTheM mpuMepe U1 HaXOXKJIEHHA CJIEJ0B TOYEK HCIIOJIB3yeTCA Ipeobpa3osanue
TOYEK, PACIOIOKEHHBIX B OECKOHEYHOCTH Ha HAKJIOHHBIX ILIOCKOCTSIX,

IIpumep 3-27 Creapl ToueK, moJydeHHble ¢ HOMOIIbIO NpeobpasoBanns

PacemoTpum npocTyio TpeyroabHyIo npuaMy Ha puc. 3-38 a. KoopmuaaTHble
BEKTODPH NPH3MBI

0 0 1 1
1 0 11
_los 05 11

XI=10" o o 1
1 0 o0 1
05 05 0 1

Ilpumensisi ob6mee npeofpasopanue H3 npuMepa 3-24, NoyauM Ipeobpaso-
BaHHBIE KOOPAMHATHI

[X] = [X]17] =

o 0 1 1
1 0 11 0.866 —0.354 0 —0.141
_lo5 05 1 1 0 0.707 0 -0283| _
=lo o o 1f[-05 0612 0 —0245( =
1 0 01 0 0 0 1
05 05 0 1
[ —05 —0.612 0 0.755
0.366 —0.966 0 0.614
_|-0067 —043 0 0543| _
=l o 0 01 =
0.866 —0.354 0 0.859
| 0433 0177 0 0.788
—0.662 —0.811 0 1
0.596 —1.574 0 1
_|-0123 —03802 0 1
=1 o 0 0 1
1.009 —0.412 0 1
055 0224 0 1

Ha puc. 3-38 b usobpakeHa npeobpa3opaHHas OpH3Ma.
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O6bexT

OHEHV
Herarus Iextp
TIPOEKIIMH

l—or

Puc. 3-39 QPororpacdus kax nepcreKTUBHAS NPOEKIIUS.

s

Hamnpaensiom#e KOCHHYCH HaKJIOHHBIX pebep JieBOH BepXHell IUIOCKOCTH
Opu3MHL 10 npeobpaszopanus pasust [0.5 0.5 0]. Taxum 06pa3oM, TOUKA, JeXKAMAS
B 6ECKOHEYHOCTH B 3TOM HAMpPABJIEHUU, HMEET OMHOPOHKIE KoopauHaTH [1 1 0 0].

Ananorearo [—0.5 0.5 0] — Hanmpas/sIONIME KOCHHYCHI HAKJIOHHBIX pebep mpa-
BOM BepXHel IUIOCKOCTH NMPH3MH n0 mnpeobpasopanuda. Takum 06pa3oM, ToUKa,
Jexamas B 6eCKOHEYHOCTH B 3TOM HANMpPABJIEHMH, HMeeT KoopauHaTh [—1 1 0 0].

TIpumensis mpeobpa3oBaHHe K TOJIBKO YTO MOJYYEeHHBIM TOUKAM H K TOYKAM,
JexamuM B 6eCKOHEeYHOCTH Ha IJIABHBIX OCSAX, TOJIYYHM

o 1 0 of [ 9566 0%t 0 on
[VPIITI=| 0 0 1 0/ F 40 _p612 0 —god5
110 of 7] 0 00
-1 1 0 o0
© 0.866 —0.354 0 —0.141
0 0.707 0 —0.283
=|-05 —o612 0 —0245| =
0.866 0354 0 —0.424
|_0.866 1061 0 —0.141
6142 25 0 11VP
0 —25 0 1|vp,
=| 2041 25 o 1|vP..
—2041 —-0833 0 1| TR
| 6142 —75 0 1] TP

Touku cxoma M cienpl TOYEK H300pakeHH Ha pucyHKe 3-38 b. Kax Mm u
OXUJaH, TOUKH V Pz, VP, u V P, cOBNamaioT ¢ NoMy9eHHKMH B NpuMepe 3-26.

3-18 ®OTOTrPA®US U NEPCIIEKTMBHOE IIPEOBPA3OBAHUE

®ororpacdus — 910 nepcrexTusHAasa npoexmusa. Cxema pabOTH KaMepsl B o6meM BHAE
u306pakena Ha puc. 3-39. [{enTp npoeKuus — 9T0 TOUKa POKyCa THH3bI KaMeprl. Y106-
HO PacCMaTpHUBaThH CO3JaHHE HETATHBA M OTIEYATKA C HErO Kak JBa Pa3HbIX nporecca.

Ha puc. 3-40 @ noxasana cxeMa co3JaHHA HCXOAHOrO HeraTuBa. s ynobcTBa MO-
MECTHM HEraTHB B ILIOCKOCTH z = 0 Tak, YTOOBI LEHTP MPOEKIHA K ClieHa HAXOLUJIHCh
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O6nexr
Herarus
Ilentp
TIPOEKIHH
£4
f—17
z=0 (a)
OTtneyarox

O6bexT

(b)

Puc. 3-40 Cxema dororpaduueckoit nepcnextusnt. (a) Co3nanue MCX0qHOTO HeraTnBsa; (b)
CO3aHUe OTTHCKA.

B OTpHuaTeapHOM nomynpocTpanctse z < 0. [lepcnekTrsHOEe mpoenupoBaHue HA MJI0C-
KocTh 2 = ( (HEraTuB) MOPOXKJAET Cilenyouiee Npeobpa3oBaHue:

0

[Tn] = 1(/)f ) (3'64)
1

O OO M
OO -=O
(e e B o Y

rae f —9T10 POKyCHOE PacCTOSHHE JIMH3bI. 3aMeTHM, YTO Ha HeraTuse (pOPMUpYeTCs
HmepeBepHyTOEe M300paxkenue o0bekTa. Konkpernee,

[z v 2z 1]

oo oo

0
gl =l v 0 14z
1

OO O M
OO -=O
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3mecy aas f + 2z < 0 3Ha4eHudA z* H Y* MMEOT IPOTHBOIOIOXKHEIH 3HaK IO CPaB-
HEHHIO C T ¥ ¥, CJIeIOBATENbHO, HA HEeraTHBe o0pa3yercs epeBepHyToe H300parkeHHe.

Ha pucynke 3-40 b u3obpakeHa cxeMa Co3JaHHs oTmedarka C oTorpadmyeckoro
Heratusa. 31ech s 0603Ha4aeT pACCTosAHHE OT (POKyCa JHH3HI yBEIHYHTENd Jo OyMard.
IIpeanonaraeTca, 4ro 6ymara Haxogures B 2 = 0. Torga npeo6pasosanue nepcIeKTHB-
HOTO NPOENMPOBAHUA HMEET BHI:

100 0
010 0

T1=10 0 0 —1/s (3-65)
000 1

3aMmeTHM, YTo Ha OTIeYaTKe (popMHUpyeTcs npsaMoe u3obpaxkeHue. A HMeHHO,

100 0
-[zyz1]g(1)g_‘1)/s=[zyz1—§]
000 1
H
o 38 ._ ys

= , Y .
s—z s—2

Hnsi obbexTa 3Ha4enue 2 < 0, Torma s — z > 0 H KOOPOUHATHL T*, ¥* HMEIOT TOT
2Ke 3HaK, 94To H Z, Y, T.e. (PopMHpyeTca NpsAMoe H3obpakeHHe.

3-19 CTEPEOTPA®UYECKAA TPOEKIIUA

Bo MHorux npuiioXKeHHAX BaXKHO yBeAWYEHHe BOCHPHATHS TPeXMEPHOH IIyOGHHBI CIe-
Hb1. I/ BoCHPUATUA MIyGHHBL y CUCTEMBI IVIA3—MO3T CYIIECTBYET JBA OCHOBHEIX THIIA
MOJCKA30K: MOHOKYJIAPHBIE H OHHOKYJIAIPHEIE, B 3ABUCHMOCTH 0T TOT0, CKOJILKO 7133 HC-
HoJb3yeTcs — ofMH WM ABa. JCHOBHBIMH MOHOKYJISIPHBIMHU TIOACKASKAMH SBJISIOTCA:

— IMEPCHeKTHBA — CXOXKIEHHE B 0JHY TOYKY IaPAJUIENbLHBIX IPAMBIX;

— IaPajaKC ABWXKEHHA — INPH FOPU3OHTAJIHHOM JBHXKCHHHM TOJIOBBI KAXKETCS, YTO
OMKHAE 0GBEKTH CABAIAIOTCSA HA IUIOCKOCTH MPoeKIHH GoJlbore, 4eM fAJIbHUE;

— OTHOCHTEeNbHBIH Pa3MeP 3HAKOMBIX HaOMIOAATENI0 06bLEKTOB;

— IepexpbiTHe — GoJiee OIM3KMA 00LEKT 3aropPa’kuBaeT OCTAJILHEIE H PaCcIIONAraeTCsa
nepen Golee OTHAANEHHBIM;

— CBeT W TeHH;

— ocnabnenne arMocdepoit  HeCHoCOBHOCTE INIa3a M3-32 STOr0 PA3IHYATH MEJKHe
JeTaNH yIaNeHHBIX 00'beKTOB;

— $okycupynomasn akKoMoaIEA — AIA o6bEKTOB, PACIOJIO’KEHHBIX Ha Pa3HBIX Pac-
CTOAHUAX, TPeOYIOTCA pasHble yCHIUs (POKYCHPYIONIMX MyCKYJIOB IVIa3a;

OCHOBHBIME GHHOKYJIAPHBIME IOJCKASKAMH SIBJIAIOTCA:

— YriBl COMMKEHHS ONTHYECKHX OoCelf rias;
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— HECOrJIaCOBAHHOCTH HA CeTYATKE — PA3HHUII2 B MECTOIOJI0XKEHUH CIIPOLIIHPOBAHHBIX
Ha CTEYaTKy IJa3a oObeKTOB HHTEPIPETHPYETCA KaK PAa3jIMyHe B PACCTOSHHH [0
rmas.

MoHokynsipHOe 3peHHe JaeT JIMMb Jiaboe BoCIpHUATHE TpexMepHoit riy6unsl. O g-
HaKo GHHOKYJIIDHOE 3PEHHe N2eT OYeHb CHJIbHOE BOCIPHUATHE INIyOMHEI, IOTOMY YTO
CHMCTEMa IVIa3—MO3T CMEITHBAET B OJHO JBA PA3IHYHBIX H300PaXKeHHs!, CO3JAHHBIX N1
Kaxzaoro mia3a. Ctepeorpadpus NbITAETCA CO3A2Th H30OPasKEeHHE C XaPaKTePUCTHKAMH,
AHAJIOTHYHBIMH HACTOALIEMY OMHOKYJISIpDHOMY 3peHHI0. [1ns reHepanyu cTepeon3odpa-
JKEHHH} CyIIeCTBYIOT HECKONbKO MeToloB (cM. [3-4] u [3-5]). Bce oHM 0CHOBBIBAIOTCA Ha
TOM, 4TO JJISl JIEBOI'O ¥ IPABOro IJIa3a FOTOBATCA PA3HbIE H300PAXKEHHUS.

B 1Byx MeTogax, HA3bIBAEMEIX [BETOBBIM aHAIIM(OM M IOISAPH30OBAHHBIM AHATIIH-
(oM MeTomaMM, IJIS HONYYEHUsI JeBbIM M NPABRIM IVIA3aMH KOPPEKTHBIX M PA3IMYHBIX
H306paKeHMi HCIONL3YIOTCA GUILTPEL. Eciim pacckasaTs B HECKOIBKHX CIOBAX, TO B
mepBOM CIIy4ae ABYMSA Pa3HBIMH IBETAMH CO3JAI0TCA B2 H300pakeHUsI — OHO AJIA Jie-
BoOro H JIpyroe i mpasoro ria3a. [Ipu npocMoTpe 4epes coorBercTyomue puIbTPHI
JIEBBIN IV123 BUAMT JieBoe H3o6pakeHHe, a mpaBblif — TonbKo npaBoe. Cucrema rias—
Mo3T oObegunsieT 06a JBYMEPHBIX H300parkeHHs B OfHO TPEXMEPHOE C IPaBHJIbHBIMA
nseraMd. Bo BTOpoM cilydae BMeCTO mBeToBbIX (DMIIBTPOB HCIONB3YIOTCA MOIAPH30-
BaHHbIE.

B TperbeM MeToze HCIOJIBL3yeTcs NollepeMeHHoe IPoeIUPOBAHKE BUAOB I JIEBOrO
H npasoro ma3a. CooTBETCTBYIOLIEE YCTPOMCTBO IPOCMOTPA CHHXPOHM3MPOBAHO TaK,
4TOOBI CBET HE MOIAJaJ B APYrod IJas.

B 4eTBepTOM METOZAE, ABTOCTEPEOCKOINH, HUKAKOTO CIenHabHoro o6opyJoBaHuA
AN mpocMoTpa He Tpebyercs. MeTon ocHOBaH Ha HCIOIb30BAHMH IIOCKHX MJTH JIMH-
3000pa3HbIX 3KpaHoB. U306pakeHHA HA3EIBAIOTCS NAPAJIAKCHBIMH CTEPEOrDAMMAMH,
2apaJUTaKCHBIMH IaHOPaMarpaMMaMH H NAHOPAMHBIMH IT2PAJUTAKCHBIMH CTEPeorpaM-
mamu. Bonee monnyo uHGoOpMAaIHIO o 3ToMy BOIPOCY MoXKHO HaiiTH B [3-5].

Bo Bcex sTux MeroAax Tpebyercs IPoenupPoBaHUE 0ObEKTa HA IUIOCKOCTH M3 OBYX
Pa3IMYHBIX OEHTPOB IPOEKIMH — OJHO [IJIA HPAaBOro IVia3a M ofHo XA jesoro. Ha
puc. 3-41 noka3aHo IPoeIUPOBAHKE HA IJIOCKOCTb 2 = 0 ToykHu P U3 1eHTPOoB IPOeKIHH
BEL (—e,0,d.) u Eg (e, 0, d;), COOTBETCTBYIOIINX JI€BOMY H IPABOMY IJIa3Y.

Kax nokazano Ha pHuc. 3-41 b, gna ymobcTBa HEHTP TPOEKIMH IS JIeBOTO INIa3a
mepeHeceH TaKMM o0pa3oM, 4ToObl OH JiexKall Ha ocd z. Mcmomb3ys momobHule Tpe-
YTOJILHHUKH, MOJY4HM

zzl _ zl
de de — 2
M
ot zl zl
T = = ’
l-—2/d. 147z
rae
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P(x y 2)

P(x", ¥ 2)
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?uc. 3-41 Crepeorpadudeckas NpOeKIHMS HA MWIOCKOCTD 2z = 0.
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AnanorugnsiM 06pa3oM nepeHecs MeHTP MPOeKIMH JJIA MPaBOro IIa3a Ha ochb 2 (Kax
NOKa3aHO Ha puc. 3-41 ¢) u cHOBa MCONB3YA NONOGHBIE TPEYTOIBHUKH, HOMYYHM

zﬂ’ 1:”

d. ~ do—2z

1:” 1:”

1-2z/d, 1tz

E Y —

Tp =

Tax kak Jf KaxKJ0ro mia3a 3sagenue y = (, 7o 06a CIpoerUpOBAHHBIX 3HAYEHUA
Y MMeT BHI:

oYy
1-z/de 1471z

(]

DKBHBAJIEHTHBIE MATPHIIb] Ipeobpa3osanust 4 X 4 MOCTpOEHHUs! BUAOB AJiS IIPABOrO
H JIEBOTO IVIA33 CIERYIOIHe:

1000100 O
~ lo1oolloro o |_
[Sel=[Tr:[Pre]= 19 ¢ 1 0| |0 0 0 -1/a|=
e 001/lo0oo 1
100 0
010 o0
=lo 0o 0 -1/d, (3-66)
le 0 0 1
n
100 0
. 010 o0
[SR] - [Ter [PTZ] - 0 0 0 _l/de (3‘67)
e 0 0 1

CanenosarenbHo, crepeorpaduaecKas MPOEKIMA MOTYyYaeTCs IPH Ipeobpas’oBaHuH
CcleHbl ¢ Homompio ypasHenuit (3-66), (3-67) u BeiBoma oGoux u3oGpakeHHil.

CymecTByeT pan MeTONOB jA7A BEIBOKA M300parkeHuit crepeorpachHaecKuX MpOeK-
1uit. MHOTHeE JIFOAM CMOT'YT CO3JaTh CTEPecH30bparkeHne 63 MOMOLIM KAKHX-JIHO0 Tex-
Hugeckux cpefcrs. OquH U3 METONOB, TpeOYIOMUNR HEKOTOPOM TPEHUPOBKH, COCTOHT
B cyIeAyIolieM: CHadaJa CHOKYCHPOBATh IVIa3a B GECKOHEYHOCTH, 3aTEM, HE M3MEHAA
dbokyca, mocTeneHHo NEpeaBUras CTEPEONAphl H AEPXKa MX NPHUMEPHO HA PACCTOSHHH
JIOKTHA, JOBUTHCA cTepeoaddhexTa.

BHHOKYNSpHOE CMEMEHHe CTEPecnap yilydImaeTcs IPH HCIOAb30BaHHH HEGONbmoH
HENPO3pagHod MAaCKH, HANPHMED NMOJIOCKH 9EPHOTO KAPTOHA MUPUHON NPUOIN3HTEIND-
Ho B ;oM. Kak nokasaHo Ha puc. 3-42, MacKy MOMEIIAIOT MEXAY TJIA3aMH U CTEPEO-
napoil M MEepEeABHIraloT BIepen M Ha3aJ J0 MOJIydeHHd HYXKHOro nojiokenud. B atom
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Jlennrit a3
JIeBoe
H3obpaxeHue
Macka
TIpaBrrif a3 Tpasoe
u3o6paxeHue

Puc. 3-42 Tlpocroit Mmeron mpocMoTpa CTepeonap.

(@) )]

Puc. 3-43 Crepeockomnni. (a) CrepeontuxoH Bpycrepa; (b) Tunu4msiit naboparopHbrit
HHCTPYMEHT.

TIOJIOXKEHMH JIEBBIH VI3 BHAMT TOJIBKO JIEBOE H300paXKEHHE CTEPEOIapbl, a IPaBbIH
IJ1a3 — IpaBoe.

JBa Gollee CEIMANM3UPOBAHHBIX YCTPOKCTBA A MPOCMOTPA CTepeonap u3obpa-
>kenbl Ha puc. 3-43 a u 3-43 b. Ha puc. 3-43 a moka3aH nonynspHeIi B Ha4aJe HANIETO
BEKa, CTEPEONTHKOH Bpycrepa, a Ha puc. 3-43 b — Tunuuselfl coBpeMeHHBI nabopa-
TopHBIH crepeockon. O6a yCTpoHCTBa OTHOCATCA K MPOCTBIM CTEpEOocKonaM ¢ (OKY-
CUDYIOIUMH JIHH3AMH.

Xora ypaBuenus (3-66) u (3-67) 3amal0T OCHOBHOe IPeoOPA3OBAHHE IS T€HEDPA-
I[1H CTEPEONAp, Ux HAT0 MOAUMDUIMPOBATE /7151 MPUCHOCOBIEHHUS K PABTMIHBIM CXEMAM
CTEPEOIIPOCMOTPOBBIX yeTpoiicTs. CxeMa MPOCTOro (hoOKAIBLHOIO CTEPEOCKONA IPUBEIE-
Ha Ha puc. 3-44. Crepeonapsl B HEM PACIOIAraloTcsa Ha (POKYCHOM paccrosHud f OT
mun3. Crepeon3obpakeHne PeKOHCTPYUpPYeTcsi Ha paccrosHuu | or nua3. Kak 6b110
paHee YIOMAHYTO, CTEPEOYTOI 7Y, OYEHb CHJIBHO BIMAIOMuMHA Ha OGHHOKYIAPHOE cMellle-
HHe, CBA3aH CO COIMKEHNEM ONTHIECKUX OCel IJ1a3. Y 06bIMHOrO YEJIOBEKA PACCTOSTHUE
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| 2D |
TIpaBas muH3a Jlenas uH3a

DokamsHas |-—2w——-|
. _y TUIOCKOCTB
I —— o
Ipasoe B JleBoe
crepeousobpaxeHHe crepeon3obpaxeHue

o]

ITmockocTs crepeoH3obpaxeHus

k’uc. 3-44 Cxema GOKYCHOrO ILTOCKOTO CTEPEOCKOIIA.

MeXIy 3pavyKaMH IVIa3 npHGIH3UTENsHO paBHO 60 MM. DKcmepumeHTH moxa3anu ([3-

), 9ro Hamny4uii crepecdddext HabMIOLaeTCA HA PACCTOSHMH HPUOIM3HTENBHO
BOO mm. CnenoBaTtenbHo, HauTy i crepeodddexT gocruraerca nnd tg(y/2) = 1/5.
aK I0KAa3aHO Ha puc. 3-44, ansa SOCTHKEHUS OMHOKYJISIPHOTO CMEIIEHHs CTEPEOIAPDI
v HBI OBITH Pa3HECEHBbl HA PACCTOSIHME 2W TPH YCIOBMM, YTO OHH PAa3MEIIEHBI HA
fboxycroM paccrosmun f.

t.  OBo3nauus gepes 2D Ha puc. 3-44 pacCTOsHHE MEX]y JIMH3aMH CTEPEOCKOIa, U3
JOmOOHS TPEYTONBbHUKOB TONYHHM

D-w D 1

G I~ 5

Yaxum 0bpa3oM, pa3HeceHUE Ha PACCTOSHUE

w=pD-1 (3-68)
5
Aaer Hauyumuit crepeoaddext. [na crepeonapsl, IPOCMATPHBAEMON Yepe3 IPOCTOl

JIMH30BBIA CTEPEOCKOI, ypaBHeHdsa (3-66) u (3-67) samuceiatorcs B BUOE

1 00 0
0 10 0
w 0 0 1
H
1 00 0
o 10 o
—-w 0 0 1
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- '"—"

Puc. 3-45 Crepeollapa.

Tunu4yHas crepeomapa LJs IPOCTOTO JIMH3OBOIO CTEPEOCKONA IOKA33HA HA
puc. 3-45.

PaccTosinne MeXXIy CTepeonapo, HojlydeHHoe u3 ypaBHeHus (3-68) Ay THIMYHBIX
snadenuilt D u f, posonbHo Mano. CnedoBaTenbHO, MOXKHO IPOCMATPHUBATH TOJLKO
MaJleHbKHe crepeon3obpaxkenus. UTobsl yBenuuuTh pa3mepsl H306pakeHnit as yne-
JIMYeHHs PACCTOAHUS MEXJy HUMH UCIONB3YIOTCHA 3€DKAJIA MM NPU3MbL. TUNHYHBIN
3epKaJIbHbIH CTepeocKon u3obpaxken Ha puc. 3-43 b. CooTBETCTBYIOIIAS CXeMa IPUBE-
neHa Ha puc. 3-46. CHoBa HCIOJIB3Ys NOKO6HE TPEYTONIBLHUKOB, MONYIHM PACCTOAHHE

MEXIY CTepeomnapoit

w-w_D_1
F I 5

w= w05— f. (3-70)

Co3nanve TUIMYHON CTepeoNaphl NPOHITIOCTPHPOBAHO HA PHUMepe.

ITpumep 3-28 Co3nanue crepeonapsl

PaccmorpuM M3o6paskeHnsift Ha pHc. 3-45 TIpocToM TpexMepHbIH IIPOBOIOY-
HBI 00BEKT ¢ KOOpAMHATAMH

HOOOOREFEF~LFOOO
COONMNNEFEFREEFEFOO
= S S e b e e

r
|
—
| I—
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JIumsa

3epxana

Puc. 3-46 Cxema 3epxajnbHOTO CTEPEOCKOIIA.

Jns Buzyanusamuu Gurypy cHadasia oBepHeM Ha 20° BOKpYT ocH ¥, a 3aTeM
TlepeHeceM Ha —1.5 egmHMIEI B Hampas/ieHuH z. Pe3ymsrupyromee IIpeoGpa3oBa-

HUe Oyner
[ 094 0 -—-0342 0 W 1 0 0 0
_ _|o 1 0 0 0 1 0o o0 _
VI=[RI[T:1=) 9349 0 094 o0 00 1 0|7
| 0 0 0 1J1L0 0 -15 1
[ 094 0 -—0342 0O W
_lo 1 0 0
10342 0 094 0 |-
L 0 -0 -15 1]

Crepeoliapa co3faeTcs AJif IPOCMATPUBAHUA C IIOMOMBIO MPOCTOTO GOKYCH-
Pyomero IIocKoro crepeockola. PaccrosHNe mMexay mansamu 2D = 4 moiimam

205
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u GoxycHoe paccTosHEe Toxe paBHO 4 miofimam. 113 ypasHenus (3-68) ciexmyer,
9TO pacCTOssHME MexJy cTepeollapoi

w=2-—4/5=12".

HUcnonb3ys ypasHenue (3-69), HMomydmm IpeoOpa3oBanus I/ JIEBOTO H TIpa-
BOTO CTepeoH300paKeHHiH

1 00 0 1 00 0
lo 10 o o 10 o
[Stl=1g o0 1 —o02s5] * BRI=| ¢ 0 0 —02s
12 0 0 1 ~12 0 0 1

O6benunenue 3THX Mpeobpa3oBaHuil C BUNOBLIM JaeT

[Ce]=[V]ISz] u [Cr]=[V][SR],

094 0 0 0.086

0 10 0
[Ce]=|0382 0 0 —-0.235

12 0 0 138

H

094 0 0 0.08

| o 10 0
[CRl=| 0342 0 0 —0.235
-1.2 0 0 1375

Ilpeo6pa3oBatHble KOOPAUHATHI [l JIEBOTO M IIPABOro H300paxkeHHH BLIUH-
CIS0TCE CAeAyomyM 06pasoM:

[Xi]=[X][Ce] = [XR]=I[X][Ck],

[ 0873 0 0 17 [ —0873 0 0 17
1.465 0 0 1 —0.178 0 0 1
2.025 0 0 1 0.067 0 0 1
2025 0816 0 1 0.067 0816 0 1
1.353 0.877 0 1 —0.753 0.877 0 1
[Xf]=| 2081 1105 0 1 | & [Xp]=| —057 1105 0 1
2.081 0 0 1 —057 0 0 1
1152 0 0 1 —1.776 0 0 1
0.202 0 01 ~1659 0 0 1
0.202 0 01 ~1.659 0 01

| 0202 0775 0 1 | | —1.659 0775 0 1 |

PesynbraT u3obpaxeH Ha puc. 3-45. 3ameTuM, 9To [PH CO3NAHAN KOHEUHO-
ro u306paXkeHNs 9TH JAHHBIE JOMKHE GBITH IPOMACIITAGHPOBAHBI I KAXKIOTO
KOHKPETHOro yCTPOHCTBa BEIBOHA, C TeM 4TO0nI 00eCIleunTs KOppexTHoe bH3H-
4YecKoe 3HadeHWE I W.
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3-20 CPABHEHUE BYX METOIOB IIOCTPOEHUS ITPOEKITAN —
C ®UKCUPOBAHHBIM OBbEKTOM 1 C PUKCUPOBAHHBIM
IIEHTPOM IMPOEKIINNA

Meron mpoenupoBaHud, B KOTOPOM 00beKT 3abUKCHPOBAH, a MEPEMEIIAETCA IEHTP
TIPOEKIIMH, MOXKeT OBITh JIerko npeofpa3’oBaH B OOCYKIABIIMIACA paHee METOX, C Iie-
peMemaomuMcs 06bekToM 1 GUKCHPOoBaHHBIM neHTpoM. [Ipencrasnser uuTEpec apa
cnyqas. B mepsoMm, Gosiee mpocTOM, IPEATIONATAETCS, YTO MJIOCKOCTh MPOEKITNH TIEPIIEH-
JUKYJISIDHA HANPABJIEHUIO B3II51/(a, HAIIPABJIEHHOTO U3 IIEHTPA MPOEKIMH K cnexe. Bo
BTOPOM ClydYae HEePIeHAUKYJISPHOCTh He NPEAIIoaraeTcd. 3aech OyZer paccMoTpeH
TOJIFKO TIEPBBIA CIIy4ai.

Korza miocKocTh MPOEKIHM MEPHIEHINKYNIAPHA HAIPABIECHUIO B3MVIANA, C IIOMO-
IbIO OMHCAHHOM HUIKE HMPONEAYPHI IOCTPOEHHE TIPOEKIIMH MOXKHO CBECTH K CJIYYalo C
JBHXKYIIMCSL 00beKTOM U (DPUKCHPOBAHHBIM IEHTPOM ITPOEKIIHH:

— HaliTH IepeceveHHe JIMHUY B3MJIALA M IJIOCKOCTH IPOEKIIHH;

— IIEpEHECTH TOYUKY IEPEeceveHUs B HAMAJIO KOODAHUHAT;

— IIOBEPHYTH BEKTOD B3LJIAAA TAKAM OOPa3OM, 4TOGHI OH COBMECTHJICA C OCHIO +2 H
GBbLT HAIPABJIEH K HAYaJly CHCTeMBI KoopauHaT (cM. pasz. 3-9);

— IPHMEHHUTH K CIeHe MOy YeHHoe IPeobpa3oBaHue;

— BBINIOJIHUTD OJJHOTOUEYHOE TIEPCIEKTUBHOE IPOEIUPOBAHKE Ha TJIOCKOCTh 2 = 0 u3
peo6pPA30BAHHOrO HEHTPA MPOEKIUH, PACIIOIOKEHHOTO TENEPh Ha OCH 2.

B kauecrse HJJIIOCTPAIMH 3TO'0 METOOa IIPUBEAEM OTHOCUTEJIBHO HpOCTOﬁ IpuMep.

IIpumep 3-29 IlepcnekTHBHOE HPOEIMpPOBaHHE Ha NepOEeHINKYJIAPHYIO
MJIOCKOCTh HpOeKUHnH 1J1% (UKCHPOBaHHOTO OObEKTA

PaccmoTpum obcyxmapmimiics pamee B Ipumepe 3-10 xy6 c oTceyeHHBIM
yrmom. Cripoemupyem ky6 u3 meHTpa B Touxe [10 10 10] Ha ImockocTs, IPOXO-
AAmyIo yepe3 Touky [~1 —1 — 1] # Nepllenauxy/IapHy10 HallpaBieHHI0 B34,
KaK 3To Moka3amo Ha pHc. 3-47.

VYpaBHeHHe ILUTOCKOCTH IIPOEKIMH MOXHO IIONYYHTh M3 ee HOpManH (Apyrue
METOXBI MOXKHO HaliTH B [3-1]). B marHoM ciydae HOpMaJib HanpasyieHa B CTOPOHY,
MPOTHBOIIOIOXHYI0 BEKTOPY B3rsia.

HanpasneHue BekTopa B3risaa

[[]=1-1 -1 -1].

Torma HopMaJib K IUTOCKOCTH IIPOEKIIHHE, IIpoxoaameii 1epes Touky [—1 —1 —1]
MepIleHAMKY TApHO HallpaBJ/IeHUIo B3rIaLa, OymeT

Rl=[1 1 1.
O6mee BhIpaxxeHUMe ypaBHeHHsa ILITOCKOCTH HMeeT BHI:
ar+by+cz+d=0.
Hopmasib X Tako# mmocKoCTH 3amaeTcs BeKTOPOM

[n]=[a b <]
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TTnockocTs NPOCKIMU

Puc. 3-47 IlepcliexTHBHOE IPpOEIMPOBAHHE C TTEPEMEMAIOIUMCH HEHTPOM IIPOEKIUH.

3nayenue d B ypaBHEHHH ILTOCKOCTH BHIYHCIAETCH II0 J000OH TOuke, IIpHHAIE-
XKamel 3To# ILockocTH. Torna ypapHeHHe ILTOCKOCTH IpoeKuwmu, Tpoxoasmeit
4epe3 Touky [-1 — 1 — 1], Ipumer Bux:

z+y+2z+d=0

d=—-z—-y—2=14+1+1=3.
CrenosarenbHo,
z+y+2z+3=0

€CTb ypaBHeHHe ILTOCKOCTH IIPOEKLHH.

Tlepeceuenue HanpapIeHus BITIAA M IWIOCKOCTH TIPOSKIAH OTPEIEITAETCS C
TOMOWBI0 3amucH ypaBHeHUs IpAMOi B MapaMeTPHUYECKOM BHIE, IIOJCTAHOBKH
€r0 B ypapHeHnue ILTOCKOCTH M pelnieHus [I0JYYEeHHOTO yPaBHeHus.

ITapamerpuueckoe ypasHenue BexTOpa B3r/ILAA TAKOBO:

[S®] = [z(t) y) =(t)]=
=[10 10 10]+[-11 -11 —11}f, 0<¢t<1l.

Ero noacranosxa s ypaBHeHHe IIOCKOCTH TIPHBOIHT K
() + y(t) + 2(t) + 3 = (10 ~ 11¢) + (10 — 11¢) + (10 — 118) + 3 = 0.
Pemerme YpaBHeHus KaeT 3HaUeHUe MapaMeTpa JJIa TOYKH llepecedeHus, T. e.

-33t+33=0—>1¢=1.0.
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Camy Touky liepeceuenus Toy4aeM MoacTaHOBKOH £ B [S(2)]. A mmeHHo,

[1] = [S(1)] = [10 10 10] + [-11 — 11 —11](1.0) =
=[-1-1-1]

Kak # ox#paanoch u3 MPOCTHIX T€OMETPHYECKHX PACCYKJIEHUMH, TOYKa Iepe-
ceueHHs HaXoMUTCA B £ = y = z = —L.

Tpebyemas maTpuia MepeHoca (ama IepeHOCa TOYKH IlepecedeHus B Hadalio
KOODIMHAT) ClIEAYIOmas:

[Tr] =

—_- O -
_=O0 =O
-0 O
k= = ]

Ilocne nepeHoca neHTp Mpoekuyy Haxomurcs B Touke [11 11 11], a Hanpase-
HUe B3rIa4a IPOXOAHT 4Yepe3 Hadasio KOOPAMHAT.

Hcnons3ysa pelymbTathl pa3a. 3-9, COBMECTHTD BEKTOP B3r/Iaa C OCBIO 2 MOX-
HO ¢ TIoMOmbIo NIOBOPOTAa BOKPYT OCH Z Ha yrom « = 45° u Tlociemywoomero Io-
BOPOTa BOKDYT ocH b Ha yron 8 = 35.26°. Marpuupl [I0BOPOTOB 3aACHIBAIOTCS
B BHIE:

1 0 0 0 2/v/6 0 1//3 0
R]=|° 1/vV2 1/V2 0 =0 1 0 0
Bd=1o 1wz 1v2 of * BI=|_13 o 26 0|

0 0 0 1 0 00 1

a cymMMapHasa MaTpHu@ Ipeobpa3oBaHusi HMEET BHJ,

2/v6 0 1/vV3 0
] = TR (R = | TYVE VR VR D

0 0 3/V3 1

IIpeobpaszoBanue meHTpa POEKITHM JaeT
2/V6 0 1/v/3 0
[C,][M]=[10 10 10 1] :i;ﬁ _if‘\g i;:gl e

0 0 3/V3 1

=0 0 33/v/3 1]

IIpeoSpazoBanme OIHOTOUEYHOTO HEHTPABHOro IIPOEIPOBAHHS C IEHTPOM B
Touke z = 33/v/3 Ha ImockocTh 2 =  330a€TCA MATPHIEH

100 O
010 0
[P=I=10 0 o -v/3/33
000 1

209
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Obbenusme ¢ [M], momy<mM, 9TO

'2/? 0\/_1/?0-100 0
_ _|-yvE 1v2 1/v3 off0 1 0 0
7] = [M][Fre] = ~-1/v6 -1/v2 1/v3 0| [0 0 0 -v3/33
[ 0 0 3/¥/3 1] 10 0 0 1
[ 2/v6 0 0 —1/33]
_|-1/v6  1/v2 0 -1/33
“|-1/v6 -1/v2 0 -1/33
| 0 0 0  30/33
IlpecbpasoBannbie OOBIYHbIE KOOPAMHATH CIIPOSNUPOBAHHOTO 00beKTa 6yayT
0 0 1 1
1 0 1 1
1 05 1
05 1 1 1 0.816 0 0 —0.030
. : 0 1 1 1||-0408 0707 0 —0.030
(X" I=XITT=1g o o 1| |-0.408 —0707 0 —0.030|=
1 0 o0 1 0 0 0  0.909
1 1 o0 1
0 1 o0 1
1 1 05 1]
[—0.408 —0.707 0 0.879
0.408 —0.707 0 0.848
0.204 -0.354 0 0.833
-0.408 0 0 0.833
_|-0816 0 0 0.848| _
~lo0 0 0 0.909| =
0.816 0 0 0.879
0.408 0.707 0 0.848
—0.408 0.707 0 0.879
| 0.204 0354 0 0.833
r—0.465 —0.805 0 17
0.481 -0.833 0 1
0.245 —0.424 0 1
~0.490 0 0 1
_|-0.962 0 0 1
1o 0 0 1
0929 0 0 1
0.481 0.833 0 1
—0.465 0.805 0 1
| 0.245 0424 0 1]

Pe3ymerar uzobpaxen ma puc. 3-48.

3-21 BOCCTAHOBJIEHUE TPEXMEPHBIX OB bEKTOB 110
IMPOEKIIUAM

3ajiaua BOCCTAHOBIIEHHMS TPEXMEPHOR GOPMBI 06LEKTA UK KOOPAMHAT B IPOCTPAHCTBE
IIMPOKO pacupocrpanera. HanpuMep, oHa NOCTOARAG BO3HMKAET NP HCIOJIb30BAHUM
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Puc. 3-48 Pe3ymerar nmpoermuposanus B ipumepe 3-29.

YyepTexXeil, ABIAIOIIAXCA OPTOrpadUIeCKUMH TPOEKIUAMHE. XOPOIIO U3BECTEH METOX
BOCCTAHOBJIEHMSI TPEXMEPHOro OObeKTa MJIM KOOPAMHATH IO JABYM Wiu Gonlee mpen-
CTABJIGHHBIM Ha UepTexe BuAaM (oprorpadudeckumM mpoexmuaM). Meroz xe Boccta-
HOBJIEHHMSI TPEXMEPHOTO KOOPAHHATHOI'O BEKTOPA IO JBYM NEPCIEKTHBHBIM IPOEKIIH-
fM, HAIpUMeEp I0 ABYM doTorpaduaM, He CToab xopoilo u3secred. Koneuno, ecnu
METOJ, IPUTOIeH ISl MEPCIEKTUBHLIX MPOEKIUN, TO OH MOAXOOUT TaKKe M myd 6o-
Jiee IPOCTHIX oprorpadudeckux IPoeKIui U (haKTHUYECKH JJIs1 BCEX PACCMOTPEHHBIX B
mpeabIaympx pa3aenax npoexnuit. Kak 6yzer noka3aHo HHXKe, IPH HAJIMYHUH ONpEIE-
JIEHHOM JONOIHUTEILHOM UH(OPMALIHY He HAZI0 HMETh TOYHYIO HH(DOPMAILHIO O CAMOM
peobPa3OBAHKH.

ITpexne yem paccMaTpuBaTh 331434y B 00lIEM BHJE, 0OPATHMCA K CHENUAIBHOMY
CJIYYAI0 BOCCTAHOBJIEHHS TPEXMEPHBIX KOOPIAMHAT TOYKH IO ABYM Wi Gojlee opTorpa-
duyeckum npoexknuam. Ha puc. 3-49 npencrasiess! oprorpadudeckue BUIBI (IIPOEK-
UMH) CIlepeld, CIpaBa ¥ csepxy. IIpu onpezeseEuH TpexMePHbIX KOOPAMHAT TOYKH A
BHJ, CII€PeiH JaeT 3HAYEHHS KOOPAHHAT T H y, BUI CIIPABA — y H Z M BHJ CBePXy —
T Uz Te.

cuepenu (front): zf yy
cupasa (right side): yr  Zr
cBepxy (top): =z 2zt

3aMeTuM, 4TO M KAXKIOH KOOPJAMHATHL MBI IIOJIy4aeM IBa 3Hadenus. B marema-
THKE B NOAOGHOM CIIydae rOBOPAT, YTO HA 33/1a4y HAJIOXEHbI M3OLITOYHBIE YCIOBHUA.
Benp Hamo HallTH TONBKO TPH HE3ABMCHMblE BEJMYMHBI, TOTJIA KAK M3BECTHBI LIECTD
onpeenAOLMx Ux yeioBui (ypasrenuit). s mo60i H3MePUTENBHOR CHCTEMBI B 00-
meM ciydae Ty # Tt, yf £ Yry Zr 7 2¢'. TaK KaK HEM3BECTHO, KaKoe W3 3HAYEHHI
BEPHO, TO HanbOJlee PA3YMHBIM pellleHHeM OyAeT yCpeqHUTH UX.

BepHyBInch Teneps X BOCCTAHOBJIGHHIO TPEXMEPHBIX KOOPIMHAT HO IEPCIEK THB-
HBIM DPOEKIUAM, HAIIOMHUM, 4TO 0O0DIIEHHOE IEPCIEKTUBHOE Npeobpa3oBaHue Mpe-
CTaBjifieTCA B BUIAE Marpun pasmepa 4 x 4. TakuMm obpasowm,

[z y z 1[T=[z 2 A

1 TIo sTo#t nprupHEe B 4€PTEXAX Pa3sMepHl yKA3LIBAIOTCA SBHHIM 06pa3oMm.
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x
Ceepxy A
z
y y
A
\ 4 /
Cnepemm Copasa

X Z

Puc. 3-49 BoccranoBienue TpexMepHoit GopMsbI Mo opTorpabHIecKHM IPOEKIUAM.

rue
! ! ! !

T, Ty, Ty Ty
! ! ! !

Ty Ty Toy Ty
! ! ! !

T3 T3y Tig T3;4
! ! !

Ty Typ Tyz Ty

[T =

PesynpraTsl MOryT GbITH CHPOEIHPOBAHBI HA ABYMEPHYIO IJIOCKOCTBH, CKAXKEM HA
mwiockocTh z = 0, ¢ IOMOIIBIO

1 0 0 0

m_ 101 0 0

[T]_ 0 0 0O

0 0 0 1

Obbenunenne IByX MaTpHUI, JAaeT

Ty T 0 Ty
T T 0 T
T = TII TI — 21 22 24
[T] = [T"][T"] Ty, Ts 0 Ty
Ty Tyg 0 Ty

IMonesno 3anucars 370 npeobpa3oBaHUe B BUOE

Ty Ti2 0 Ty
Ty Toe O
T31 T3 0 Ty
Ty T O

[z y = 1] =[z' ¥ 0 hl=hz* y* 0 1. (371)
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3aMeTuM, 4TO T* M ¥* —3TO KOOPAWHATHI MEPCHEKTUBHOM MPOEKIMH HA IUIOCKOCTH
z = 0. Mornu 6sI Tak>Ke MCIOIB30BATHCA MPOEKIMH Ha INIOCKOCTH £ = 0 wiun y = 0.
Pacnucas B sIBHOM BuAe MaTpu4HOoe ypaBuenue (3-71), monydum

Tz + To1y + T312 + T4y = ha”, (3-72a)
Ti27 + Tooy + T322 + Ty = hy*, (3—72b)
Tisx + T24y 4+ T34z + Ty4 = h. (3—72 C)

Moncrasum 3Hadenue h u3 (3-72 ¢) B ypasenns (3-72 a) u (3-72 b):

(T11 — Twaz™)z + (To1 — Toaz™)y + (T51 — Tagx™)z + (Tha — Tuaz™) =0, (3-73a)
(The — T4y )z + (Toz — Toay™)y + (Ta2 — T34y™)z + (Ty2 — Tay™) = 0. (3-73Db)

Ilo npeanoxennto Casepsiesna [3-4] 31y napy ypaBHEHHH MOXHO PACCMATPHBATD
TpeMd pa3HBIMU cnocobamu. B mepsoM mpeamosaratorca ussectibiMu T, z, y, 2. Tor-
Ja Yy HAC €CThb ABAa YPAaBHEeHHA C AByMsa HemspecTHbiMH z* u y*. Takum obpasowm,
39TH YPABHEHHUA MOXKHO UCIIOJIH30BATH 1 HEIOCPEICTBEHHOIO BEIYHCJIEHH KOODIHHAT
MEpPCIEKTHBHOM Mpoexnud. UMEHHO 3TOT MOAX0M MPUMEHAJCA BO BCEX MPEIBIAYIIUX
pacCy>KeHHsAX B JaHHOH IJiaBe.

ITpu apyrom moaxone nonaratoorca ussectubiMu 1, ¥, ¥*. B aToM cay4ae mony4a-
eTCs 1Ba YPABHEHHS OT TPEX HEU3BECTHBIX IPOCTPAHCTBEHHBIX KOOPAMHAT T, Y, Z. ITY
CHCTEMY YPABHEHHII HeBO3MOXKHO pemnThb. OJHAKO, €CM M3BECTHBI IBE IEPCIEKTHB-
Hble IPOEKIHMH, CKaxKkeM nse dororpadun, Torga ypasuenus (3-73) MOXKHO 3amucaTh
Ans obeux npoekuuii. B pesynprare momyaum

(Th — Tiaz™)z + (T, — Tyuz™ )y + (T3, — Tagx™)z + (Ti; — Tigz™') =0,
(Thy — Tiay™)z + (T3 — Tagy™ )y + (Tao — Toay™)z + (Tiz — Tiay™) =0,
(TH — Tiz™*)z + (T3 - Tia™)y + (T4 - The™?)z + (T] - Tie™®) = 0,
(T ~ Thy™)z + (T — Toay™)y + (T — Thay™)z + (Th ~ Tigy™) = 0,

TJle BepXHHeE HHIEKCHI 1 H 2 0603HAYAIOT [IEPBYIO M BTOPYIO [EPCIEKTUBHbBIE MPOEKIIHH.
3ameruM, uto npeobpazosanus [T1] u [T2] He 06:3aTENBHO HOMKHBI ObITH OJUHAKO-
BBIMH. JTH ypaBHEHHs] MOXKHO IIEPEIHCATh B MATPHIHON dopMe

[A][X] = [B], (3-74)
rie
T111 ~ Tzl Ty - "71214$*1 T311 - T34$
T112 - '1111411*1 T212 - '1121411’"1 -~ T, 4!/

T4
T121 - 711245'3*2 T221 - 712245'3*2 Ts T34$ 20
T122 - '11124!/’"2 T222 - '1122411’"2 T22 - T:«;24Z/*2

XIT=[z y 7]
[BI" = [Tiyz! -Th Thy' -Th T -Th Thy™ -Th].
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VYpasrenus (3-73) mpeACTaBIAIOT YeTbIPE YPABHEHHA OT TPEX HEM3BECTHBIX IIPO-
CTPaHCTBEHHBIX KOOPOMHAT T, y, z. L HaxoxzaeHus peuienus [X| marpuua [A] He
MoXeT ObITH MHBEPTHPOBAHA, TAK KaK OHA He kBaaparHas. CHOBA, KAK M B Ciydae
BOCCTAHOBJIEHHS] TPEXMEPHBIX KOOPAMHAT MO OPTOrpachudecKuM IPOEKUHAM, YCIOBHA
u30BITOYHBI M, TAKMM 06pa3oM, 3a/1a4a MOXKET OBbITH pellleHa TOJIBKO B HEKOTOPOM
yCpeIHEeHHOM MM Haubollee MOAXOAAIEM CMBICTE.

YcpenHeHHOE pellleHMe MOXKHO BHIMHCINTH, BCIOMHHUB, YTO MATPHUIA, YMHOXEH-
Hasl Ha CBOIO TPAHCIOHMPOBAHHYIO MATPHILY, ABJIAETCA KBanpaTHO#. Taxum obpasom,
yMHOXHB 06e yacTH ypasuenus (3-74) Ha [A]T, nonyuum

[A]7 [4][X] = [A]" [B].

Brraucus o6pathyio matpuy [[A]T [A]], nonyuum ycpeanertoe pemerue 1 [X],
Te.

[X] = [[A]" [A 7" [A]" [B]. (3-75)

Ecan pemenns mns [X] Her, To HANOXKeHHbIE YCIOBUA H30BITOYHEI M He CyIIECTBY-
€T eMHCTBEHHOrO pPellleHHs, 0BECHeTHBAIONIEr0 HAMMEHBIIYIO OMIMOKY. DTOT MeTo
HIUTIOCTPUPYETCA Ha TpHMEpe.

ITpumep 3-30 TpexmepHoe BoccTaHOBJICHHE

IlpenmosoxuM, 9TO OOMEPEHHBIE KOOPAMHATH TOYKH HA ONHOH IEepPCIIEKTHB-
Hoilt Tipoexupm pasue! [0.836-1.836 0 1] u [0.6548 0 0.2886 1] Ha npyroii. IlepBoe
nipeobpasoBatwue IepClIeKTUBHOM NMPOEKIMH ABJIAETCH PE3YIbTATOM TIOBOPOTA Ha
60° BOKpYr OCH y ¥ IOCIeAyIOmero MepeHoca Ha 2 eQMHMI B OTPHIATEbHOM
HanpaBjieHHH OCH y. TodKa MIPoeKIMM HaXOOUTCA B 2 = —1, a pe3ysbTaT MpoerH-
pyeTcs Ha ILIOCKOCTb 2z = (). DTO AeHCTBHTENBHO ABJIAETCA ABYTOUEHHOM IIEPCIIEK-
THBHOH IIpoekieli. Bropoe Npeobpa3oBanue ABIseTCS Pe3yabTaTOM IOBOPOTOB
Ha 30° BOKpyr kaxmo# W3 ocei z, y. Touka mpoexmum Haxomutca B y = —1,
a pe3y/abTaT IIPoenMpyeTcs Ha IUIOCKOCTh Y = 0, T.e. ABIAETCS TPEeXTOIEUHOH
THepCclieK THBHOH Npoexnyelt. Takum o6pasom peobpasosanms [T] u [T?]

0.5 0 0 -08 087 0 -0.5 0

0 1 0 0 T = 025 0 0.43 0.87
0.87 0 0 0.5 [T7] = 043 0 0.75 -0.5
0 -2 0 1 0 0 0 1

] =

OtMmernM, YTO Nocnennve ase cTpoxd [A] u [B)] momxHBI GHITH NlepenvcanEL,

4TOOH y4ecThb TOT QaKT, 4To [T2] AIBIAETCH IPOEIMPOBAHUEM Ha IJIOCKOCTD Y = 0.
Torma matpuma A

1.22 0 0.45
—1.59 1 0.92

[A1=1 o8 —-032 076
-0.5 0.18 0.89
n
[B]T =[0.84 0.16 0.65 0.29].

Pemus ypasnenue, nomywmm [X] = [0.5 0.5 0.5], T. e. menTp emumuraHOro Ky6a.
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B kauecTBe TpeThero moAxoAa K PacCMOTPEHHIO ypaBHenuii (3-73) oTMeTuM, uto
€CIIM U3BECTHBI KOOPAUHATHI HECKOJIbKUX TOUeK B OOBbEKTHOM IMPOCTPAHCTBE U HA Iep-
CIIEKTHBHOH NPOEKIMH, TO MOXHO HafTH 3yeMeHTHI Ipeobpasosanud T;;. ST 3ne-
MEHTBI BIOCIEJCTBHH MOXKHO HCIIOJIb30BATh ISl HAXOXKJIEHUST MECTOIOJIOXKEHHS HEU3-
BECTHBIX TOYEK, MCIOJbL3Yd OINMCAHHBIA BBINIE BTOPOH Merox. ITobbI moka3aTh 370,
nepenumeM (3-73) B Buze

Thz +Tay + T2 + Tay — Tyazz™ — Toays™ — T422™ — Tyex™ =0, (3-76a)
Tiox + Tooy + T322z + Ty2 — Thazy® — Toayy™ — Taazy™ — Tuay™ = 0. (3-76b)

B mpexmnonoxenun, 4To U3BECTHHI T*, y*, T, y, Z, ypaBHeuusa (3-76 a) u (3-76 b)
HPEACTABJIAIT I8a ypaBHeHUA ¢ 12 HewsBecTHbIMH 3neMmentamu 1j;. Ilpumenss atu
ypaBHeHHs K 6 HEKOMILJIAHAPHBIM TOYK4M B OOBEKTHOM NPOCTPAHCTBE M HA IEPCIEK-
THBHOM MIPOEKIMH, TOJIyYUM CHCTeMY U3 12 ypaBHeHUi ¢ 12 HeH3BECTHBIMH. I TH ypaB-
HeHudA MOTYT ObITh pelleHbl oTHOcHTebHO T;;. Takum o6pasoM, HaxomuTca mpeobpa-
30BaHHe, IIOPOAUBIIIEE IEPCIEKTUBHYIO NPOEKIHMIO, HApuMep dororpaduo. 3aMeTuM,
49TO B 3TOM CJlIydae He TpebOBAJIOCh HUKAKOH IIPeIBAPUTENbHON HHGOPMAIMK O mpe-
obpazosanuu. Eciu, Hanmpumep, 310 66u1H doTorpadhun, o He TpebOBAIOCH 3HATH HH
0 MeCTONOJIOXKeHHH, Hu 00 opueHTanuu doToKaMeprl. B MaTpuuHOM BHze cucTeMa
yPaBHEHHH 3AMUCHIBAETCA B TAKOM BHIE:

i I 0 —113111,‘; Y1 0 —ylil,‘; 21 0 —2111,‘; 1 0 —:l,‘; 1T T11 i
0 zv —z1iy; 0 y1» —-wyf 0 =z —zyy 0 1 —yf T2
22 0 —zexy y2 0 —yaz5 22 0 —zp25 1 0 —z3 Ti4
0 22 —zy3 0 y2 —y3 0 22 -2y 0 1 -y Tn
z3 0 —z325 y3 0 —yso3 23 0 —z23 1 0 —z3 Tso
0 z3 —z3y3 0 ys —-ysy3 O zg3 —=z3y3 O 1 -—y3 Ty | _ 0
s 0 —mz4z Y4 O —yazxi 24 0 —zz 1 0 —z} Ts; |
0 z4 —z4y; O wys -yayi 0 24 —zy; 0 1 -y T3,
zs 0 —=zsz ys O -yszs 25 0 —zszp 1 0O —x5 T34
0 z5 —=zsy5 0 ys -ysys 0 25 —zy5 0 1 —y3 Ty
26 0 —zexg Y6 O —yezg 26 0 —2zezg 1 0 -z} Tyo
[ 0 =6 —zeys O Yo -yeys O 2z —zys 0 1 —yg | | Tas |

(3-77)

[Jle HUXKHHE MHIEKCHI COOTBETCTBYIOT TOUKAM C U3BECTHBIM MECTOIOJIOKEHHEM. Y PaB-
Henud (3-77) 3amuceiBaloTcA B GOJlee KOMIIAKTHOM BHE:

[4"[T] = 0.

Tak kak ypaBHerus (3-77) ABIAIOTCA OXHOPOIHBIMA YPABHEHUSMH, TO OHU COIED-
AT TPOM3BOJbHBIN MacmTabublit Ko3dpduuuent. Crnexosarenbro, T44 MOXKHO IDH-
PaBHATH eIUHULE M HOPMAIH30BATL Pe3yibTHpYomee npeobpasobanue. CucreMa cBO-
autca K 11 ypapHeHuaM uin 5 1/2 rouku. Eciu npecbpasoBanne HOpMAaJIH30BaHO, TO
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(@) ®

Puc. 3-50 Boccranosnenue nmpeoOpasoBaHHUs [0 HEPCIIEKTHBHON ITPOEKIHH.

nocienHuii cronben B [A'] nepeHocHTCA B MPaBYIO YacTh M PeLIAETCA HEONHOPOIHOE
MaTpu4HOe ypasHenue. Hiurke NPHUBOIUTCA PUMED.

IIpumep 3-31 OcHOBBI BoccTaHOBIEHUS

B kadecTBe KOHKpPETHOTO IpHMepa PacCMOTPUM eQMHUYHBIA Ky6 ¢ mecTbio
HM3BECTHBIMH YIJIOBEIMH TOYKaMH

[P] =

=_-0 000
CO=E=OO
OO ==Oo

Kak nokasano Ha puc. 3-50, cOOTBeTCTBYIOmHE UM TOUKH Ha, HPOEKIMH OTMeE-
JeHbI XKHPHBIMH KPYxKaMU. [IpeobpasoBaHHbIe KOOPAHHATHL 3ITHX TOYEK TAKOBEL:

0 -1
034 -0.8
034 -0.4
0 -0.5
0.44 -1.75

0.83 -1.22
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Torma (3-77) 3amMchHIBaeTCH B BUIE

00 0 00 O 00 O 10 0 7T7[Tu
00 0 00 O 00 O 01 1 Tia
00 0 00 0 10 -034 1 0 —034 || Tug
00 0 00O O 01 08 0 1 08 Tor
00 0 10 —034 10 -034 1 0 —034 || Ty
00 0 01 04 01 04 0 1 04 T |
00 0 10 0 00 O 10 O Ta | =0
00 0 01 05 00 0 01 05 Tas
10 —044 00 0O 00 0 1 0 —044 || Ts
01 175 00 0 00 0 0 1 175 || Ta
10 -08 00 0 10 —08 1 0 —083 || Te
o1 1200 0 01 12 0 1 122 | Tu |

Pemrenue otHOCUTENBHO 12 HeM3BeCTHHIX IeMeHTOB T;; Takoe:

[T117 [ 0.25]
T12 0
T14 -0.43
T21 0
T22 0.5
Toa| _ 0
Ta1| — 0.43
Ts; 0
T34 0.25
Ta 0
Tao -1

1 T44 L 1

[oacranoBka ITHX pe3yabTaTos B Matpuuy [T] 4 X 4 maet

0.25 0 0 -0.43

o 05 0 0
[T1= 1043 o o0 025
0 -1 0 1
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I'maBa4

[IJTOCKUE KPUBBIE

4-1 BBEJIEHUE

CymecTByeT MHOXECTBO CIOCOO0B IIOCTPOEHHA KPHBLIX BPYYHYIO ¢ IOMOMIBIO KapaH-
Jalma, PyYKH, KHCTOUKH, HOXKA M Pa3sHOOOPasHBIX MHCTPYMEHTOB: JIMHEHKH, JIeKaJa,
IMPKYJid, I1a3a, uabnona u 1. 4. Kaxxnplit MECTPYMEHT CIIyKHT onpelesieHHOH LelH,
OpUYeM HeT HM OJHOro abCOJIIOTHOTO yHMBepcasbHOro. ToWHO TakK ke B MAIIMHHOMN
rpacpuke KpUBble CTPOATCA € MOMOMIBIO PA3HBIX METOJOB M MHCTPYyMeHTOB. B aroit
rjlaBe paCCMAaTPHUBAIOTCA METOIbl IIOCTPOEHHA ABYMEDPHBIX KPHBBIX, T.€. IOJHOCTBHIO
JIEXKAIMUX B OJHOM IJIOCKOCTH. 3JIECH MBI OTDAHUYMMCH KOHMYECKUMH CEYEHUSIMH.

4-2 TIPEJCTABJIEHUE KPUBHIX

B npempraympx asyx riasax u3y4aiuch npeobpasosanns rouek. Kpusas Moxer GbiTh
IpeJCTaBIeHa COBOKYIHOCTBIO TO4YeK. Ecau Touku pacmonoxeHs 6;IM3K0 JAPYT oT APY-
ra, TO, COeJUHAA UX OTPE3KAMH NPAMOH, MBI IIOJy4uM H3o6parkenne kpusoit. Ha puc.
4.1 noxa3aHbI IBa Pa3HbIX TOYEUHBIX NPEACTABJIEHUA OAHON KpuBOoi. TOYKM HA KpH-
BO#t 4.1a pacnosnoxeHbl PABHOMEDHO IO €€ JyiMHe. B pe3yibTare mosiyqaercs I0BOJbHO
IJIOXO€ IPEJICTaBJIEHUE KPUBOH, 0CODEHHO €T MaJl PAJMyC KPUBHIHBL. YIIYUIIUTE BHJ
MOXKHO, YBeJIMYHBas IUIOTHOCTh TOYEK B TAKMX ydacTKax, puc. 4.1b.

Xor, KaK HOKa3aHO BHILIE, KPHBHIE MOI'YT GHITH JOCTATOYHO XOPOIIO HPeICTABIIE-
HbI COBOKYIIHOCTBIO TOYEK, AHAJIMTHYIECKOE IPECTaBJIEHHE BO MHOTMX OTHOUIEHHAX
npeanovTHTENbHee. Ero npenMymecTsa — 3T0 TOYHOCTH, KOMIIAKTHOCTD 3AIIMCH U IIPO-
CTOTa BBIMHCIEHUS IPOMEXKYTOYHBIX TOYEK. AHAJIUTHYIECKOE IIPEICTABIICHHE IO3BOJA-
er 6e3 TPyIa ONPeIENTb HAKJIOH M PATAYC KPUBH3HBI, a IPH TOUEYHOM IPEACTABIIE-

@ )

Puc. 4-1 Toueunoe npexcrasnenne xpusnix. (a) PaBaoMepHas noTHOCTS TOYEK BROIb KPH-
BO#; (b) MAOTHOCTL TOYEK BOPACTAET C YMEHBIIEHHEM PaJHyca KPHBHIHbL.
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HUH Ji7isA 3TOro Tpebyerca uncienHoe IuddepeHnpoBaHue — YPe3BBIYANHO HETOYHas
npouenypa. CpapauTe 06beM MAMATH A7 TOYEYHOrO NPEACTABIIEHHS OKPYXKHOCTH C
32 TouykaMHu Ha HEN W AHAJIUTHYECKOE HPECTaBJIeHHe — KOOPAUHATHI UEHTPA U Pau-
yc. IIpu aHanuTHYeCKOM HpPEACTABIIEHNM KPHUBOH MOXXHO TOYHO OIPENENUTD IOJIOHKE-
HHe 000! TOYKM, a IPH TOYEUHOM HY>KHA MHTEpPIONAnMA, IpHYeM B oDIIEM Cilydae
PE3YJIbTAT UHTEPNOJALIMH He MPUHAMJIEXKUT KPUBOIL.

OnsiT MOKA3bIBAET, YTO AHAJUTUYECKH IPEJCTABIEHHBIE KPHUBbIE Jierde H3o6pa-
3UTh Ha PHCYHKE. AHAJIMTHYECKOE IPEACTABIIEHHE BBITOJHEE, KOTIA 1l YAOBJIETBOPE-
HUA 33JAHHOMY KPHTEPHIO HeOOXOIMMO HellpepbIBHO M3MeHATb dbopMy Kpusoii. Huxxe
pPACCMATPUBAIOTCA Pa3jMYHbIE METOABI AHAJIMTHYECKOTO HPEACTABJIEHUs IBYMEPHBIX
KPHBBIX.

Yacto Tpebyercss aHaIUTHYECKOE MPEACTABJIEHAE KPUBOMHM, IEPBOHAYAIBHO 3303H-
HO# ToukaMu. C MaTeMaTHYeCKO! TOYKM 3peHud 3T0 npobieMa uuTepnonanuu. g
TOro 4TO6HI IPOBECTH KPUBYIO Yepe3 BCe 33JaHHBIE TOUKH, IPUMEHAETCA METOA KyCod-
HOM MOMIMHOMMAJIBHOM amnpoxrcumanuu. s aroro Tpebyercs onpelenuTs K03 duIH-
€HTBI IOJIMHOMA HEKOTOpPOo# creneln. Bux KpuBoil B MPOMEKYTOYHBIX TOUYKAX 33BHCHT
OT CTEIEeHN NOJIMHOMA M IPAHMYHBIX ycioBHH. Meron paccMarpusaercs B riL. 5.

Eciu e TOYKH — TONBKO MPUOJIHM3UTEIbHBIE 3HAYEHHS BEJIMYHMH, HAIIPUMED JAH-
HBIE SKCIEPUMEHTAJIEHBIX H3MEPEHUH HIIH HAOJIIONEHH, TO HY>XXHA KPUBAs, 3aJaI0H1as
BEpPHOE HAIpaBjieHHe U3MeHeHUsi. B obmieM ciiyyae KpUBas MOMKET HE MPOXOJUTH HH
4epe3 OIHY TOUYKY JAHHBIX. 37eCh NPHMEHAETC METOJ, HAMMEHBIINX KBaapaTos [4-1].
Meron HauMeHbIINX KBAJPATOB JaeT KPUBYIO B BHIE Y = f(z), KOTOpas MHHUMH3H-
pyer CyMMY KBaJpaTOB OTKJIOHEHUH IO OCH Y MEXKJY JAHHBIMU U NOJy4YEeHHOU KPUBOH.
Bun y = f(z) BbibMpaltor, MCXOA M3 XapaKTepa M3y4aeMoro NPONECCa.

O6bI4HO 151 METOJA HAMMEHBUINX KBAJADATOB MCIOIb3YIOTCSA MOJIHHOMBI, CTEIEH-
HBlEe W IKCIOHEHnHATbHbIe ByHKuMK: ¥ = ax’, y = aeb® wm y = ¢; + ¢z + c37? +
-+ + Cpy1 7, TOe a, b u ¢; — xoucTanThl. HesaBucumo or spIGopa BHAA KPUBOA MeTOX
TpebyeT pelieHHs CHCTEMBbI JMHEHHBIX arebpandecKuX ypaBHEHMH Ifis ONpenelleHAs
HEU3BECTHBIX KOHCTAHT. Bosee moApo6Hoe onucanune npusenero s pabore [4-1] 1 kuu-
rax mo YUCJIEHHOMY AHAJH3Y.

4-3 HEIIAPAMETPUYECKUE KPUBHIE

MareMaTuyecKH KpuBasi MOXKET ObITH IPEICTABJIEHA B IAPAMETPUYECKOH HIIH HeNapa-
Merpuueckoii bopme. Henapamerpnueckas KpuBas 3a1aercd B BUJE ABHON WK HeAB-
Ho#t bynkuun. [na mnockoit KpUBO# ABHOE HemapaMeTpHUYECKOe IPEACTABIIEHHe HMeeT
BU/T;

y = f(x).

IIpumep — ypaBHeHue npaMoit, y = mz + b. [IpH 3TOM OJHOMY 3HAYEHHIO T COOTBET-
CTBYeT TOJIbKO OINHO 3HAadYeHMe Y, NMO3TOMY 3aMKHYTble MJIM MHOTO3HAUHBbIE KPHBbIE,
HAIIpHMep OKPYKHOCTb, ABHO IPEJCTABUTDL Henb3s. HeasHoe mpeacTaBiieHue

f(:l:,y):O

no3Bojisier 0OOUTH 3TO OrpaHMYeHHe.
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Puc. 4-2 Konuueckue cedenus.

O6umii BUI HEABHOTO yPaBHEHHS BTOPOH CTENEHH
az? + 2bry + cy? + 2dz + 2ey+ f =0

TMOPOXKJAET PA3JIHYHBIE ABYMEDHBIE KPUBbIE, HA3KBAEMBbIE KOHMUECKHMH CEYECHUSAMH.
Ha puc. 4.2 usobpaxkenbl TPH BHIa KOHMYECKHX cedeHMi — napabona, runepbona u
mmunc. OKpy>XKHOCTh — 3TO YaCTHBIN cay4dait anunca. Onpenenss koaddunuenTs a,
b, c, d, e u f, MOXXHO TONYYHTH pa3Hble KOHUYECKHE cedeHUs. Eciu ceyenue 3amaH0
OTHOCHTEJIbHO JIOKAJIBHON CHCTEMBI KOODIHHAT M MPOXOIUT Yepe3 ee Hadao, To f = 0.
Ans T0oro 4T06HI MPOBECTH KPUBYIO UePe3 JAHHBIE TOYKH, HCIONb3YIOTCA MPAHUIHbIE
yCIOBHA.

IIyctb ¢ = 1.0, Torma cermMeHT KPHBO# MeXy JBYMS TOYKAMH OIpeJessercs If-
ThIO HE3ABHCHMBIMM YCIOBUSIMH, H3 KOTOPBIX BBIYHCIAIOTCA octaBinuecs Ko3dbdunu-
€HTH a, b, d, e u f. Hanpumep, MOXKHO YKa3aTh IOJIOXKEHHE KPalHUX TOYEK, HAKJIOH
KPHUBOH B HMX M IPOMEXYTOYHYIO TOYKY Ha KPHUBOIL
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Eciu b= 0 u ¢ = 1.0, To aHAIMTHYECKOE TIPEACTABJIEHHE KPUBOH MOJIYYAETCA C [M0-
MOIIBIO TOJIBKO YeTHIPEX MOMOJHATEIBHBIX YCIOBUHN, HATIPUMED MOJIOKEHHS KOHIIEBBIX
TOYeK M HAKJIOHA Kpusoil B Hux. Kpusas nmpu a = 1.0, b = 0 u ¢ = 1.0 eme npome:

22 +y% + 2dz + 2ey + f = 0.

Tpemsa ycrosuamu njia Beruuciesus d, € U f MOryT OBITH ABE KOHIIEBBIE TOYKH
M HAKJIOH KPUBOH B OMHOM M3 HUX UJIM XK€ JBE KOHIIEBBIE TOUYKH H TPEThs TOYKA HA

KPHUBOH.
ITIpu @ = b = ¢ = 0 nony4yaercsa npsiMas jguuus. Ee ypapheHue
dr +ey=f=0
K

y=~(é)x—£:mx+b',
e e

TIle M — HAKJIOH JIMHHH, b’ — Ilepecededne ¢ OChbIO ¥.

Kaxk ABHOe, Tak ¥ HESABHOE HENAPAMETPHUYECKOE IIPECTABJIEHHE OCE3aBHCHMO, T. €.
CJIOXKHOCTH 06pabOTKH 3aBUCUT OT BBIOOpA cuctTeMbl Koopaunat. Hanpumep, eciu B 3a-
JAHHOHN CHCTeMe KOODAMHAT IDAHHYHBIM YCJIOBHMEM fBJIAETCH BEPTHKAIBHBIA HAKJIOH,
HYKHO JIHOO U3MEHUTH ee, MO0 AIMIPOKCUMHUPOBATH Deckoneunbiit koad bunuenr Ha-
KJIOHA HaubOJIbIIEH IONYCTHMOM MOJIOXKUTEIBHON HJIM OTPULATEIbHOM BeJIHYHHOMN.

Kpome Toro, eciau ToYKH Ha 0OCE3aBUCUMOM HENMApaMeTPUYECKOM KPUBOM BBHIYUCIIA-
J0TCSI C PABHOMEDPHBIM MPHUPANIEHUEM [0 T UJIH Y, OHU He OyZeT PABHOMEDHO pacipe-
JIEJIEHBI BIOJIb KPHBOH. DTO MOXKET IIOBJIMATH HA KAYECTBO M TOYHOCTH rpadHuecKo-
ro uzobpakennsa. TeM He MeHee HemapaMeTPUUECKOe NPEACTABJIEHHE OBIBAET MOJIE3-
HbIM. Teneps paccMOTPHUM mapaMeTpHYECKOe NPEACTABJIEHHE, MO3BOJIAKOMIEE 0O0HTH
3TH OrpaHUYEHHS.

4-4 TIAPAMETPUYECKUE KPUBHIE

B napamerpudeckoM BHIE KaXKJas KOODJMHATA TOYKM KPHBOH NpEACTAB/IEHA KaK
byHKOMA OXHOrO IapaMerpa. JHAYEHHE IAPAMETPa 33JaeT KOOPAMHATHBIA BEKTOD
TOYKH Ha Kpusoii. s nBymepro#t KpusBoii ¢ napaMeTpoM ¢ KOOPAUHATH TOYKH PABHHL:

z = z(t),
y =y(t).
Torma BekTOpHOE HpEACTABJIEHHE TOUYKH HA KPHUBOMH:
P@t)=[=(t) v

Y1068 MONYyYnTh HEMAPAMETPHIECKYIO GOPMY, HY?KHO HCKIIOYHTH ¢ U3 IBYX YpaBHe-
HHMH U BBIBECTH OJHO B TEPMHUHAX T H Y.

ITapamerpuueckas ¢opMa mO3BONAET NPEACTABHTH 3AMKHYTBIE M MHOTO3HAYHBIE
kpuBble. [IponsBosmuas, T. €. KacaTelbHHI BEKTOP, €CTh

P't)=['() y@)
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rae ' obosnavaer muddepennmposanue no napamerpy. Haxmou xpusoit, dy/dz, pasen

dy _dy/dt _y'(t)

de = dr/dt ~ z'(t)

Ormerum, garo npH =’ (t) = 0 Haknon GeckonedeH. ITapamMeTpryeckoe mpeacTasieHue
HE BBI3BIBAET B 3TOM CIIY4a€ BBIYUCIUTEIHHBIX TPYAHOCTEN, JOCTATOYHO NPHUPABHATH
HYJIIO ONHY KOMIIOHEHTY KACATEJIBHOIO BEKTODA.

Tak Kak TOYKA HA MApaMETPUYECKOH KPHUBOH ONpenessercs TOJBKO 3HAYEHHEeM
mapameTpa, 3ta bopMa He 3aBUCHT OT BbIOOpa cucTeMsl KoopauHat. KoHeunble Touku
M JIIMHA KPUBOH ONPENENIAIOTCH MUANA30HOM M3MeHeHHdA mapamerpa. Jacto 6GwiBaer
yIo6HO HOPMAJIM30BaTh IlapaMeTp HAa MHTEpecyoHeM orpe3ke xkpHusoit k 0 < ¢ < 1.
OceHe3aBUCHMOCTD TIAPAMETPHIECKOH KPHUBOM NO3BOJISIET C JIEFKOCTBIO MPOBOIUTH C
ueit adbdunnbie npeobpazoBaHus, paCCMOTPEHHBIE B 1. 2 u 3.

CaMmoe npocToe mapaMeTpHyuecKoe mpeacTaBlleHne y mpamoit. nsa asyx BekTOpos
mosniokeHusa P; m P, mapamerpudecKuil B OTPE3KA NMPIMON MEXJIy HUMH TaKOi:

P(t)=P1+(P2—P1)t, 0<t<1

Tak kax P(t) 970 BEKTOP, y KaxK/A0i €ro CocTaBisOMeH €CTh NAPAMETPHYECKOE TIPE/-
cranenne z(t) u y(t) Mmexay P, u Pa:

:L‘(t) =$1+(1L‘2-—:L‘1)t, 0<t<1.
y(@) =y + 2 —y1)t,

IIpumep 4-1 TlapamerpHdyeckoe OpeAcTaBJIeHHE MpaMOM

Hai#iTi mapaMeTpidaeckoe mpeicTaBjeHue OTpe3ka MexAy Touxkamu Pi[1 2]
4 P;[4 3], xacaTesbHBIt BeXTOp M HAKJIOH.
ITapaMeTpudaeckoe ImpeaCTaBIIEHHeE:

Pl)=h+ (P -P)t=[1 2]+(4 3 -1 2J)t, 0<t<],
Pt)y=[1 2]+[3 1]t, 0<t<1.

ITapameTpudeckoe npelCcTaBjIeHRe COCTABAAIONMX T H ¥:

ety =z1+(z2—z)t=1+3, 0<t<1,
yt) =y + (w2 — )t =2+t

duddepermupys P(t), monyumM KacaTenbHEI BEKTOD:

Pt)=[g'(t) y@®)=[3 1]

Ve = 3i+3j,

rae V: — kacaTelbHBIH BEKTOD, & i, j — eIMHWYHEIE BeXTOPHL B HAIPABJIEHHAX T,
Y COOTBETCTBEHHO.
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HaxjioH oTpe3ka paseH

dy dy/dt _ y'(t) 1

de ~ dc/dt — ='(t) ~ 3

Ha puc. 4.3 cpaBHMBAIOTCS HEIAPAMETPHUYECKOE M MAPAMETPHYECKOE MPEICTABIIE-
HHA OKPY>XHOCTH B mepBoM KBaapaure. Hemapamerpuueckuit sug

y=+vV1-g22, 0<z<l, (4-1)

y=+Jv1-x2 0<x<1 x=cosf y=3sinb 0<8 <aP2

(a) ®)

()

Puc. 4-3 IIpencrasienne okpyKHOCTH Jyist IEPBOTO KBaJpaHTA.
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Q-

Puc. 4-4 Css3b Mexay lapaMeTpHUYecKUMH IIpeacTaBICHHNSMH.

nokasan Ha puc. 4.3 a. Touku Ha xHyre cOOTBETCTBYIOT PaBHBIM npupaniesuaM z. Ilpu
3TOM JyTa COCTOMT M3 OTPE3KOB PA3HOM IJIMHBI, M MOJYYIaeTCA BeCbMa IPUOIU3UTEND-
HOE rpadHYECKOe IPEACTABIIEHHE OKpyKHOCTH. Kpome Toro, pacder KkBaJpaTHOroO KOp-
HA — BBIYHCIUTEIBHO JOPOTOCTOAIMAA ONEPAIM.

CrangapTHas napaMeTpudeckas GhopMa eIUHUYHONR OKPYKHOCTH:

T = cosf, 0<6<2m,
y =siné,
iR
P@)=[z y]=][cosf sinf], 0<8<2m, (4-2)

rie napamerp f —reoMeTpHYeCKHil yroj, OTMepseMBIil IPOTHB YacOBOM CTPENKH OT
nonoxurenbHoi nosyocu . Ha puc. 3.4 b uzobpakena ayra, HOCTPOEHHAS IO PABHBIM
npupamesnsaM napamerpa B npegenax 0 < 8 < /2. IIpu 3ToM ToukM pacnosnaraor-
€Al Ha OIUHAKOBOM PACCTOSIHUM BJIOJIb OKPYKHOCTH, M OKPY>KHOCTB BBITJISITUT Fopa3ao
nyqte. HegocraTok Takoro npecTaBieHua — CIOKHOCTb BBIYHCIEHUA TPUTOHOMETPH-
deckux dyuxuui. (Bosee npocroit Meron paccMaTpuBaerca Hwke B pasf. 4.5.)
ITapamerpuyeckoM HpeACTaBIEHHE KPHBOM HE €JUHCTBEHHO, HAIIPHMED,
_[a—1?) 2t

PO=07e arm]r OSts! (4-3)

TAKXKe MPEACTABIIAET YTy eIUHUTHON OKPY’KHOCTH B IIEPBOM KBaJApanTe (puc. 4.3 ¢).
Cea3p Mex 1y mapaMeTpHUeCKuM npejcTapienueM (3.4) ¥ CTAHIAPTHBIM NAPAMETPH-
deckuM npezcrabienneM (4.2) nokasana sa puc. 4.4. U3 Hero BuaHO, YTO ANA eIU-
HUYHOH OKDPY>KHOCTH

1—4¢2
= = —r <
T = Ccos T 0<8< /2, 0<t<1,
. 2t
y=sm0=‘1w, 0<0< /2, 0<t<L 1.
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PaxT, 4TO ypaBHEeHue 4.3 IPEACTAB/IAET AYTy €JUHAYHON OKPYKHOCTH, HOATBEPXK 1a-
ercd CIELYIOMUM:

r2=x2+y2=(

[le T — eAEHAYHBIA pajguyc.

Ha puc. 4-3¢ nokazaH pe3ynbTaT Iy paBHBIX npupameruit {. OH ny4me, yem
y sBHOTO (4-1), HO Xy»XKe, YeM Y CTAHJAPTHOLO IAPAMETPUYECKOTO IPEICTABJICHHS
(4-2). Onnako ypasuenmne (4-3) mpome ¢ BBIYHCHHTENBHOM TOYKHM 3DEHHHA, T. €. 3TO
KOMIIPOMMCCHOE DENIEHHE.

1-12)? 20 \'_1-204¢0 44 (1482
1+¢2 1+¢2) (1+2)2 1+

IIpumep 4-2 OnpeneneHre TOYKH Ha mapaMeTpHYecKoil KpmBoi

ITycTb Hago Ha#iTH y Ajs 3agaHHOrO 3Hadenwns r. HampuMep, nycTh z = 0.5,
¥ TpebyeTcs BRYACIUTD Y I €OHHHYIHON OKpYKHOCTH. [Inst ssBHOrO IipeacTas-
seHUst (4-1) BeYHCIsieM HelloCpeACTBEHHO:

y=vV1—2z2=4/1—(0.5) =0.75 = 0.866.

s mapaMeTpHIecKoro peCcTaBIeHnst CHAYAA Hy )KHO BEIPa3HTh IIApaMeTp
t depe3 z, a 38TeM ¢ IOMOIIBIO TIOMYYEHHOr0 3HAYEeHns HalTH Y. Ha.pame'rpme-
cxoe IpencTaBneHue ypapHenus (4-2)

z = cosd,
y =sinéf.
IosTomy
6 = arccos(z) = arccos(0.5) = 60°,
y = sin(60°) = 0.866.

C mpyro#i cToponsl, W3 ypasHennst 4-3

1-1¢2
T Ty
g
V=15

PemraeM IepBoe U3 3THx ypaBHeHHM#H 0THOCHTELHO

1-z\Y* 1
t= = =0.57735
( ) V3

U Tomy4daeM

B cy4ae 6onee cioXHOTO MApaMeTPHYECKOTO NPEACTABIIeH s OpiBaer yaobuee uc-
KATh 3HAYEHHE FBHOM IEPEMEHHON UTEPATHBHBIMH METOAAMH.

[Tapamerpuyeckoe IpeACTaBIeHMe KOHHIECKUX CEYEHHH OCEHE3aBUCHMO U flaeT 60-
Jiee KadeCTBeHHOEe M306ParkeHHe, deM HENapaMeTPHYecKoe; OmHako 06a MMEIT CBOH
JOCTOMHCTBA U HEAOCTATKH M 4AaCTO MPUMEHAIOTCA B MAIIWHHON r‘pacbm(e.
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4-5 TTAPAMETPUYECKOE IIPEACTABJIEHUE OKPY>KHOCTHU
ITapaMerpu4eckoe IpeIcTaBiE€HHE OKPYXKHOCTH pajdyca T ¢ I[EHTPOM B Havaje Ko-
OpAMHAT: ,

T = rcosb, 0<6<2m,

y =rsind, (4-4)
rae 8 — nmapamerp. Panee MbI 0OTMe4a 11, YTO PABHOMEPHOE IPHPALEHHE JAeT OTIHYHOE
H300parKeHHe, HO anropuT™M He3(dheKTHBeH M3-32 YaCTOrO BBI30BA TPHIOHOMETDHYE-
ckux dyukmuit. B pabore [4-2] npusoguTcs Gonee GbicTPBI ANTOPUTM.

IonHo# OKPYXHOCTH COOTBETCTBYeT OHANA30H W3MeHeHHs mapamerpa f ot 0 mo
2n. Ecou paccMaTpuBaTh HEKOTOpOe (PHKCHPOBAHHOE YHCIO DABHOMEDHO paclpene-
JIeHHBIX TOYEK IO OKPYXXHOCTH, TO NPUPAMIEHHe apaMeTPa MeXKJYy TOUYKAMH MOXKHO
cuuTaTh KOHcTaHTOH. KoopauuaTe! 11000# TOYKM Ha OKPYIKHOCTH C I[eHTPOM B Ha4a-
Jie KOOpAMHAT

Tiy1 = rcos(d; + 66),
Yi+1 = rsin(f; + 86),
rae 6; — 3nadeHue Mapamerpa AR TOYKH Ti, ¥i.
Ilo dopmysne cymmsr yrios
Ziy1 = r(cosf; cos 66 — sin 6; sin 68),
Yi+1 = r(cos;sin 60 + cos 66 sin 6;).

BenomunyM ypasuenue (4-4) gns 6 = 6;

z; = rcosb;,

y; =rsiné;

M IIOJIyYHM pPeKypPCUBHBLIE YDAaBHEHHS

it

x;c08 660 — y; sin 60,
x; 8in 66 + y; cos 66, (4-5)

Tit1

it

Yi+1

YTO COOTBETCTBYET IOBOPOTY TOYKH Ij, y; Ha 0 0.

Tak kax 68 nocrosinuO u paBHO 27/ (n — 1), Iie n — KOTUIECTBO PABHOMEDHO Pac-
NpeJeJIeHHBIX 110 OKPYXKHOCTH TOYEK, 3HAYEHMS Sin M cOS HyXKHO BBHIYHCIHTL TOJBLKO
OnuH pa3. Bo BHyTpeHHeM IMKJIE HCIIONB3YIOTCS TONBKO YeTHIPE YMHOXKEHHS , BRIYHTa-
HUE U CJIOXKEeHHe, TI03TOMY ANTOPHTM PaboTaeT oYeHb 6bicTpo’. Pesyanrar Ha puc. 4-5
COOTBeTCTBYeT pacderaM 1o ¢opmyse (4-4).

OxpyHOCTE ¢ IIEHTPOM B IIPOK3BONBLHON TOUKe MONYIAeTCs IePEHOCOM OKPyIKHO-
CTH COOTBETCTBYIOIIErO PaAHyca C IEHTPOM B Havane KOOPAWHAT. B HeKOTOpBIX ciyda-
AX MOXHO yIPOCTUTDH 3aa4y: CHaYaNa CTPOUTH ¢IMHUIHYIO OKPYKHOCTh C IIEHTPOM
B HavJaJie KOOPJMHAT, & 3aTeM, KOMOMHUPYS IEePEHOC ¥ MACIITabHPOBAHHE, MONYYHTh
OKDPYJKHOCTH € JiI0OBIM DAJ#ycOM M IEHTPOM.

1
3amewanue. Kax # f11 BCeX PeKyPCHBHBIX aJPOPHTMOB pe3y/IbTATH MPH GOBIIHX 1t MOTYT CHJIBHO
3aBHUCETh OT KOHKDETHRIX IAHHBIX.
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09 2 4

Puc. 4-5 Epuauvunas nmapaMeTpudeckast OKPyKHOCTb ¢ 1t = 8.

IIpumep 4-3 TeHepanus mapaMeTpHYeCKOW OKPY>KHOCTH

ITocTpouTs OXpyKHOCTp pamMyca 2 ¢ meHTpom B Touxe (2,2). PaccmoTpum
B3 MeTona. IlepBrii: HOCTPOMTH OKDYKHOCTb pamHyca 2 C HeHTpOM B Hadaje
KOOPJMHAT U IlepeHecTH Ha 2 eIpHKUEI 10 T U y. BTopoii: IOCTpoUTH eAHHIYHYIO
OKPYKHOCTD € IEHTPoM B HadaJjie X0OpJUHAT, yBeIwduTh B ABa pa3a M, HaxoHerr,
TlepeHecTH. Bocllonb3yemcs BTOpsIM MeToZoM. IIycTs ajist IpOCTOTE Ha OXpy XKHO-
CTH nexaT BOCeMb Todex, X0Tsa obrrano TpebyeTcs ropaano Gonpliee KOMIecTBo.
Ha camoM nene xOIM4ecTBO TOYEX 3aBUCHUT oT pagdyca.

OXpyKHOCTb — 3TO 3aMKHyTad KpuBas, I09Tomy Tieppas (§ = 0) ¥ locneauas
(6 = 27) TouxH coplagaioT. CrenoBaTenbHO, YTOGH IOMYYHTH Tt PA3IHYHEIX TO-
Yex Ha OKPyXKHOCTH, HyKHO BRIYMCIUTD 1+ 1 Touxy. /Inst He3aMKHYThIX KPUBBIX
3TO Heobsi3aTerbHO.

Haitnem 486:

2w 2r 27w T

a0

T+l n 8 4
Ucxonunle 3Hauenns T U y n3 ypasHenus (4-4) mpu 6 = 0 TaxoBsr:

z1 =rcosby = (1) cos(0) =1,

1 = rsinf; = (1)sin(0) = 0.
Telleps To opmyne (4-5) Momyuum ocTATbHBIE ceMpb Todek. JIist IepBo#i

. .
sindf = sin — =

4

cos 80 = cos % =

SR
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Ta6muna 4-1 Pe3ymbraTel I8 eOTUHHIHON

OKPYXKHOCTH

1 Ti Yi

1 1 0

2 V2/2 V2/2
3 0 1

4 -V2/2 V2/2
5 -1 0

6 —v2/2 —2/2
7 0 -1

8 V2/2 —V2/2
9 1 0

T2 = £1c0s80 — y1sin 80 = (1)(V'2/2) — 0(v/2/2) = (v2/2),
y2 = x15in 86 + y1 cos 80 = (1)(v2/2) + 0(v2/2) = (V2/2).

Pesysbrars AJis OCTAJIBHBIX TO49ex cobpaHs B Tabimume 4-1.

BcnoMunas gByMepHble IpeoGpa3oBaHys 3 IVI. 2, ollpedeiuM 3 X 3 mpeobpa-
30BaHMe, KOTOPOE MacCIITabHpYeT NOJIydYeHHble Pe3yIbTATH ¢ K03t durmpentoM 2
H IIePEHOCHT IEHTP OKPYXHOCTH B TO4Ky (2,2):

2 00][10 0 2 0 0
[T]:[S][Tr,,,]=[0 2 0}[0 1 0]:[0 2 0].
00 1|2 21 2 2 1

IlpuMensia aro mpeoGpa3oBanue K Touke (T,y), HOIydaeM

O N

0 0
[z1 i 1T]=[1 0 1][ 2 o}=[4 2 1],
2 1

Kax ¥ oxuganock. Ilommnit pesynmbrar npusenen B tabmune 4-2 u ma puc. 4-5.

Tabmuna 4-2 Pe3y/bTaTh IS OXPYAKHOCTH
pamHyca 2 ¢ erTpoM B (2,2)

i T Vi

1 4 2

2 3.414 3.414
3 2 4

4 0.586 3.414
5 0 2

6 0.586 0.586
7 2 0

8 3.414 0.586
9 4 2
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OrpaHuyuBasi JHANIA30H IapaMerpa §, MOXKHO IONYIHTh JYTH OKpyXKHOCTH. Ha-
npumep, 0 < 6 < m/2 coOTBeTCTByeT 4eTBEpTH Kpyra B IE€PBOM KBaJpaHTe, a
m < 6 < 37/2 — gerBepTH Kpyra B TPETbEM KB3ADAHTE.

4-6 TIAPAMETPHUYECKOE IIPEJCTABJIEHUE 3JIJIUIICA

JocTaTo4HO XOpOlIee MPEACTABICHHE OKPYKHOCTH IIOJYYIaeTCsl, eCJIH COETHHUTD OT-
pe3KaMHu HeKOTOpOe KOJMHYEeCTBO PABHOMEDPHO PacIpelieleHHEIX Ha Heil Touek. OHaKo,
€CJIM PACCYMTHIBATH TOYKH JUIMICA Yepe3 PABHbIE NPUPAINEHHS YIJia, H300parkeHue
Oyzer HeBEpHBIM, KAK IOKA3aHO INTPUXOBOMH iuHuelt Ha puc. 4.6. OcobeHHo cumbHO
HETOYHOCTH IPOSIBJSIOTCS Ha KOHNAX, IJle KPUBW3HA CJIMINKOM BeluKa M Tpedyercs
6osplIee KOJIMYECTBO TOYEK.

Jpyroit MeTo]; OCHOBAH HA PABHBIX MPHPAIIEHUAX II0 IIEPUMETPY M IA€T XOPOIIHii
pe3yAbTAT A JOCTATOYHO OONbIIOro KonudecTBa ToUeK. HenocTaTku ero B ToM, 4TO
yKa3bIBAETCSA CIIUIIKOM MHOTO TOYEK Ha CTOPOHAX ¢ MAJIOH KPHBU3HOH, H BBIYHCIICHHE
paBHBIX UacTell mepuMmerpa TpefyeT CIIOXKHOTO PacieTa 3JUIMITHIECKOTO HHTETPAJIA.
Yro HaM HEOOXOAMMO, 3TO MAJbIE IPUPAMIEHUS IapaMerpa Yy KOHIOB, I/le KPUBU3HA
BeHMKa, ¥ OoNbllie NpUpalIeHus MapaMerpa BIONb CTOPOH ¢ MaJof KpHBH3HOM.

Takoe pacnpezneieHHe TOYEK MMOJYy4aeTcs M3 [MapaMeTPU4ecKOTO IIPeICTABJICHHS
3JUIAIICA C IEHTPOM B HAYaJlE€ KOOPIHHAT, 60NBIIOM IIOMIyOChI0 & M MAJION MOJXYOChIO b:

T = acosd,
y = bsinb, (4-6)

Puc. 4-6 PaproyroibHOe NPEICTABJIEHNE CHIDHO BRITSHYTOTO JUIMAIICA.
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roe § —napamerp. Jduanasoun ot 0 10 27 3amaet nonubii anmnc. Tpebyemoe pacmpe-
JIeJIeHHe TO4YeK MOPOXKIAEeTCsl PaBHOMEDHBIMH IpHpAIeHWsMH NlapameTpa 6.
PaccmarpuBast mpou3BoJHBIC T U Y:

dr = —asinédf,
dy = bcostde, (47)

Homy4aeM, 49ro npu §, 6muskom K 0 uwmm 7, T.e. y komnos, |dr| = 0 u |dy| ~ bdf.
Ecmu § 6mu3ko x w/2 uma 37 /2, T.e. BIOML cTOpoH, To |dz| ~ adf u |dy| =~ 0. Takum
06pa30oM, OKOJO0 KOHIOB, e KPUBH3HA 00Jiee BBICOKAS, TOYKH DACIONATAIOTCS Jalme,
a BAOJb CTOPOH, I¢ KPUBU3HA MeHblie, — pexxe. OTHOIICHHE IPHUPAIIEHHN IepuMe-
Tpa KOHIIOB K NPUPAINEHHAM BIOJNb CTOPOH IpHOM3HTENbHO paBHO b/a. OTMeruM,
4ro 48 OKpYxKHOCTH (b = @) mMOCTHraeTCs ONTHMANbHOE MpEeICTaBiICHHE — DABHBIE
MpUPANIEHHA ITapaMeTpa HJH yIJia.

Ecmm 3amano ¢pHKCHpOBaHHOE KONMYECTBO TOYEK HA 3JIIMIICE, MOXKHO, IOJb3YICh
dbopMynaMH CyMMBbI yryioB, HOMy4uTs 3ddexTunHbI anropur™m [4-2]. KoopauHaTsi
mo00H TOYKHM Ha 3JUIHIICE:

Zi+1 = acos(f; + 46),
Yi+1 = bsin(6; + 86),
rae 80 = 2n/(n — 1) — duxcupoBaHHOe IpUpameHue §, n — KOMHIECTBO TOYEK Ha Iie-

puMmerpe, §; —3HadeHHe apaMeTpa ANA TOYKH T;, Y-
Ilo dopmyne cymmsl yrios

Zi+1 = a(cosf; cos 86 — sinb; sin 86),
Yi+1 = b(cosb; sin 66 + cos 66 sin ;).

IIpumensas ypasuenue (4-4) ¢ 6 = 6;, nepenuinem 3TH ypaBHEHHS:

a
Tiy1 = ;0886 — (3) y; sin 66,

b
Yit1 = (;) x; sin 66 + y; cos 86, (4-8)

Tak KaK 66, a u b — KOHCTAaHTHI, ONYYEHHBI ANTOPUTM CONEPIKUT BO BHyTPEHHEM ITH-
KJIe TOJbKO JeThIpe YMHOXKEHHS, OJHO CJIOXKEHHe M BHIYMTAHHE M JOCTATOYHO 3¢ dek-
TuseH. B paBote [4-2] moka3ano, 4TO alNrOPUTM JaeT MHOTOYTONbHUK MaKCHMAJLHOM
IJIOMaA¥, BIMCAHHbIA B asutunc. Pesynabrar npexcrasnen ma puc. 4-7.

Y1065l MONYyYHUTH MAMUIC C EHTPOM HE B Hadalle KOODAMHAT H C TJIABHOH OCHIO,
PACIONOXKEHHOH IO yIVIOM K TOPH3OHTAJIH, €r0 IOBOPAYUBAIOT BOKPYT Havajla KOOD-
AAHAT, a 3aTeM IEPEHOCAT.

Ilpumep 4-4 IlapaMerpmdecKoe MOCTPOEHHe SJLIMICA

HocTpouTs anmuic ¢ GobIIol MOIYOCko a = 4 u MaJio# moryocso b = 1, moz,
yraoM 30° kx ropm3oHTANmM, C HEHTPOM B Touxe (2,2).

CHavasla mMOCTPOMM 3JUIMIC C IEHTPOM B Hadalle KOOpJMHAT C MOMOMEp0 32
Toyex (n = 33, TaK Kax neppas M NOCIeJHSS TOTKK coBragaoT). Mel paccCMOTpuM
TOJIbKO TOYKH IIEPBOrO KBAAPAHTA, T.€. Auana3oH mapamerpa ot 0 no n/2.
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N T

Puc. 4-7 Ilapamerpuieckoe NpeCTaBIEHNE ILINIICA.

IIpupamenre mapaMerpa

80

27 27 T

T - 1) T3 16
Homs3ysacs ypasHeHueM (4-6) ¢ HayaymHBIM 3HadenweM 6 = 0, HafigeM « 4 y:
z1 = acosf; = (4) cos(0) = 4,
y1 = bsiné; = (1) sin(0) = 0.
BreruncymM Besnruwmnsl a/b = 4, bja = 1/4 u
sin 86 = sin % =0.195,
cosdf = cos % = 0.981.

Tenteps mo popMyne (4-8) HafieM BTOpPYIO TOYKY

%) yi sin 66 = (4)(0.981) — (4)(0)(0.195) = 3.92,

y2 = (3—) z18in 80 + y; cos 86 = (1/4)(4)(0.195) + (0)(0.981) = 0.195.

T2 = T1 €08 80 — (

PeaysbraTet 1jist OCTABIIMXCS TOYEX NEPBOTO KBaIPAHTA IpeCTABIEHB! B Tab-
mme 4-3 u Ha puc. 4-7.

Ham Tpebyerca xoMbrrupoBaHHOe AByMepHOe mpeobpa3opanwve (1. 2) moOBO-
pota Ha 30° Boxpyr meHTpa KOOpAHHAT H mepeHOCa NEHTpa B TOUKY (2, 2).

XapaxTepHo, 4TO

[ cosa sina 0 1 00
[T] = [R][Trey = | —sina cosa 0 0 1 0=
0 0 1 m n 1
[ 0866 0.5 0 1 00
=] -05 0866 0 01 0=
0 0 1 2 2 1
[ 0866 0.5 0
=| -05 086 0.
| 2 2 1
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Ta6smna 4-3 Touxu snnuica ¢ IEHTPOM B
HaJaJle KOOD/MHAT [JIA IEPBOTO KBAaJpaHTa

i i Vi

1 4.0 0

2 3.923 0.195
3 3.696 0.383
4 3.326 0.556
5 2.828 0.707
6 2.222 0.831
7 1.531 0.924
8 0.780 0.981
9 0 1.0

IpumenuM 570 npeobpa3opanme mi1s Todek (Z1,%1) M (T2,Y2):

o w1 .« o 11[ osss 05 0
[:cz v 1][T]=[3.923 0.195 1] o5 086 0 =

5464 4 1
53 4131 1

PesynbraTh mpuBeneHs! B Tabin. 4-4 U Ha puc. 4-8.

Ta6smua 4-4 IosepHyThilt U mepeHeCeHHRIN

BJLIATIC

i i Yi

1 5.464 4.0

2 5.3 4.131
3 5.009 4.179
4 4.603 4.144
5 4.096 4.027
6 3.509 3.831
7 3.864 3.565
8 2.185 3.240
9 1.5 2.866

4-7 TIAPAMETPUYECKOE IIPEJICTABJIEHUE ITAPABOJIH

Pacemorpum napaSony ¢ BepLuMHO#M B ieHTPe KOOPAHHAT, PACKPHIB BIIPABO, T. €. C OCBI0
CHMMeTpHH — NOJOXKATenbHOM nonyocso . Ha puc. 4-9 n3o6paxkeHa BepXHss BETBb
TakKoH mapabosnbl. B IpsAMOYTonbHEIX KOOpAMHATAX HElapaMeTPHYecKoe mpecTaBie-
HHE Napabosl:

¥ =4az.

ITapamerpuveckoe npemcTaBieHHe HMeeT BHI
2
T =tg ¢’

y=x2y/atgo,
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Puc. 4-8 Sumunc moce 10BopoTa U HEpPEHOCA.

rme 0 < ¢ < w/2. Xorsa oHO ofeclieduBaeT JOCTATOYHO XOpolIee H306paKeHHE,
Cmur [4-2] ykasan, 4To monydaemas ¢urypa He siBisieTca PpUTYpOH ¢ MAKCHMAaJib-
HOM BIMCAHHON ILIOMIAAbIO W IO3ITOMY 3TO He ONTHMAJBHLIH BapuauT. Jpyroe mapa-
METpUYECKOe IpecTaBlieHue MelCTBUTENbHO JaeT PHTYpy ¢ Haubosbluei BIIHCAHHON

ILJIOMIAAbIO:
T

y

(4-9)

rze 0 < 8 < 0o cooTBeTCTByeT Beelt BepxHeit BeTBH napabonsl. B oTniyue ot siumnca
napabosia He 3aMKHYTas KPHBas, I03TOMY M300paXkaeMas 4aCTh JOIKHA OBITH Orpa-

Bepmmna

Poxyc
Puc. 4-9 ITapabona.
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Puc. 4-10 INapaMerpudecku creHepupoBaHHas mapabosa.

HHM4Y€Ha MUHHUMAJIbHbIM H MAKCHUMAaJIbHbIM 3HAYCHHEM ITIapaMeTpa. STO MOXKHO coenaThb
HeCKOnbKuMH criocobamu. Eciyu nquana3on u3aMeHeHHs] KOOPIMHATHEL T OTpAHUYEH, TO

Omin = -'Emin, Omax = w -'Emi. (4—10)
a a

Eciu orpanvves fuana3oH U3MEHEHHS Y, TO

Onin = y;n%, Omax = yr21'12x. (4'11)
YeTanoBUB Oy, M/UAH Opax, MOKHO MOCTPOMTHL Napalony B MEPBOM KBaJIpaHTe.
Iapa6onsl B ApyTHX KBAApAHTAaX, CO CMEMEHHBIM IEHTPOM H B APYTHX OPHEHTAIMAX
CTPOSITCSL € TMOMOIMIBI0 OTPAYKEHHS, TOBOPOTA U TIEPEHOCA.
IMapabony MOXHO IIOCTPOHTL TaKiKe, NOML3YACh IPHPANICHHAMH IIApaMeTpa.
IIycts ma napaGone 3anaHo (PUKCHPOBAHHOE KONHYECTBO TOYEK, T.e. IPUPAIIEHHE
napamerpa § mocrosuuo. Jnus 6,11 = 0; + 00 ypasuenue (4-9) npunuMaer BuL,

ab? + 2a8,60 + a(69)?,
2a6; + 2aéb.

Tit+1

Yit1
Ucnons3ys ypasuenne (4-9) ¢ 6 = 6;, nepemmmimem popMyst

Tit1 = T4 + y150 + 0(50)2,
Yi+1 = Yi + 2a66. (4-12)
Pacuer ouepennoit Touku Tpebyer Tpex ciioxKeHH H OIHOTO yMHOXKEHWS BO BHYTDEH-

HeM mukie ajaropurMa. Ha puc. 4-10 npuBenen npuMep napaboisl, CreHePHPOBAHHON
IO pexypcusHbsIM popmynam (4-12).

Ilpumep 4-5 Ilapamerpuueckoe mpejacTapiieHue mapabosbl

HocTpouts mapaGoimmyaeckuit cerMenT B mepsoM kpazpante mpu 1 < z < 4
I apabosIe

z=ab’>=6% y=2a0=20
nmpua a = 1.
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Cravana smadineM rpammns 6. B coorsercrsmu ¢ ypasnenueM (4-10) Omin u
Omax OTPEOENSIOTCH TAK:

Tmin 1
bun =722 =T 1
amu= xm&x=\/§=2.
V a 1

Ilycrs BHa cerMenTe pacmoiioxkeno 10 Touex, Toraa

Jazamu_emin_2_1 1

n—1  10-1 9
Haummas ¢ 61 = Omin, 1 = 1, u3 ypasuernus (4-9) momygaeM
y1 =2ab; = (2)(1) =2.
U3 ypaemenus (4-12)
1

2
T2 =z1 + 160 + (50)2 =1+4(2) (%) + (5) = 1.235,

y2 = y1 + 260 = 2 + (2) (%) =2.222.
OxoH9aTebHBIN pe3y/IbTaT IIpuBeseH B Tabn. 4-5 ¥ Ha puc. 4-11.

Tabnauma 4-5 PesyspraTel  gas  cerMeHTa

mapaboss

i z; Yi

1 1.0 2.0

2 1.235 2,222
3 1.494 2.444
4 1.778 2.667
5 2.086 2.889
6 2.420 3.111
7 2.778 3.333
8 3.160 3.556
9 3.568 3.778
10 4.0 4.0

B mexoTopsx cnydasx Gonee ymoOHBl Apyrue mapaMeTpudecKue IpeicTaBJIeHNU,
BHJ, KOTODBIX 3aBMCHMT OT NPHUKIAAHOMN 3aJauM M uMelomuxcs JaHubx. Hanmpumep,
€CJIM HaJi0 HAPUCOBATH AYTYy Napabosibl MEXIY ABYMsi TOUKAMM M yUYHTHIBATL HAKJIOH,
TO NpejJIaraeTcs CleAyIomee IPeCTaBICHUE:

z(t) = (Qz — 2Rz + R;)T? + 2(R; — P:)t + P,
y(t) = (Qy — 2Ry + P)* +2(Ry — Pt +P,, 0<t<10, (4-13)

rae t— mapamerp, a jaBe KoHeunste Touku P = [P, P, u Q = [Q; Q] Towxa
R = [R; R,] 3T0 Touka mepeceveHHs] KACATEJBHBIX B KOHEUHBIX TOYKaX. IpH Bep-
umnsl P, Q, R onpezensioT mapaboiy, Kak mokazaHo Ha puc. 4-12. Bonee obmmit
METOJI MMOCTPOEHMA KPUBBIX C IOMONILI0 BEPIIWH HE3aMKHYTOI'0O MHOT'OYT'OJIbHUKA 6611
paspabotan Besbe H paccMarpuBaerca B CieAylOmel IJiaBe.
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Puc. 4-11 CerMeHT napaGodibl.

R =R R)

P=(P P)

Puc. 4-12 3agarwe napaMerpr4eckoif mapa6ombl BeplIIHHAME.

4-8 TIAPAMETPUYECKOE IIPEJICTABJIEHUE T'MIIEPBOJIH

Ilocrpoum rumep6ony ¢ nEHTPOM B Havajle KOODIHHAT H OChI0 CHMMETDHH, COBII3Ja-
Iomeh ¢ ocpio z. Ee nenapamerpuyeckoe mpeicTaBieHBe B MPAMOYTOAbHBIX KOOPIM-
HaTax:
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IIpu 3ToM BepimHa Haxomurcs B Touke (a, 0), ocu acumnror +b/a. Bux napame-
TPHUYECKOr'0 IIPEICTaBICHHI:

T = tasech,

y = *btgh, (4-14)
rme 0 < 6 < w/2, naer uckomyw runepbony. Cmur [4-2] yKa3uBaer, 9TO OIS TaKOTo
[IPEACTABICHUA IUIOMA b BIIMCAHHOTO MHOTOYTOJILHUKA He MakcuManbHa. OHaKo oHa

61HM3Ka K MAKCHMAJIBHOM, H € IOMOWIBI0 (hOPMYJIBI CyMMBL YIVIOB MOXKHO IIOJIYYHTH
3¢ dextupnbl anropur™. BenomuuMm, uTo

1 1

sec(8 +06) = @+ 38) ~ cosBcos 38 — sinfsin o0
H
_ (tg8 +tg d0)
te(6 +90) = T e Otgas
Honcrasum B ypaBHeHus (4-14)
_ _ ab/ cosf
T = asec(f +08) = & e Gsn o0’
_ _, btgO+btgdl
Wcnons3ys ypasuenus (4-14) ¢ 6 = 6;, nepenuiueM 3TH ypaBHEHHS KaK
b.’l:i
Tl = ibcosée — y;sin 8’
_ . b(y: + btgdh)
Yit1 = + b— Vi tg 50 (4-15)

Ipyroe mapamerpHyeckoe IpeiCcTaBiIe€HWe TUIEpOOBI, JaKomee MAKCHMAJILHYIO
BIHCAHHYIO ILUIOHIAAb:
z = aché,
y = bshé. (4-16)

Tunep6onmaeckne Gynkmuu onpenensiorcs Kak chf = (ef +e7¢)/2 ushf = (e —
e‘”) /2. Ilpu u3menennu or 0 10 GECKOHEYHOCTH IPOXOAUTCA Besi runepbona. Popmyna
JJIS CYMMBI YIJIOB JJIST H

ch(6 + 66) = chfch 66 + shfsh 48,
sh(f + 66) = shfch 6 + chdshdd.

910 mo3ponseT 3anucaTh ypasHeHus (4-16) kax

Ti41 = a(ch@chéf + shfshéb),
Yi+1 = b(shfch 8 + chfshé8)
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HIH

Tiy1 =2x;ché8 + (%) y; sh 86,

Yir1 = (%) z; sh 66 + y; ch 6. (4-17)

Yto6bl OrpaHH4YHTb 00jAaCTh THIIEPOObI, HEOOXOMMMO YCTAHOBHTh MHMHHMMAJILHOE
¥ MaKCHMAJIbHOE 3HaudeHHusA. IlycTh BeTBb THIEPOOBI IEXKHT B IEPBOM M YETBEPTOM
KBaJpaHTe U PACCMATPHUBAETCA YACTh IPH Tmin < T < Tmax- 1OTAa

Bpin = Arch (”’%) .

fmax = Arch (”":‘") , (4-18)

rae oOpaTHsIM rHepOoIMIecKuil KOCHHYC IMOMYYeH KaK

Archz =In(z + vz2 - 1). (4-19)

OcranpHble TPAaHHUILI ONPEResOTCa aHastoruyHo. Ilpumep wacTu rumepbonnbl B
IMEPBOM KBaJAPaHTE, MOJYUYEHHON 3TUM METOAOM, IOKa3aH Ha puc. 4-13.

IIpumep 4-6 Ilapamerpuueckas ranepbosa

C noMowsio napaMmerpudeckoro npeacraejenus (4-16) Halitm BoceMb TOdYex
HA cerMeHTe TMrrepGosBl B IepBOM KBadpanTe npia =2, b=1, nua 4 <z < 8.
CHavaja ormpeje/MM rPAHMIMK apaMeTpa U3 ypasHenuil (4-18) u (4-19)

m;mm(%) =l (%+ (%)2_1) -

=In(4+ V16 -1)

= 2.063.
Ananoruyno,

Omin = 1.317.
Nrak,

Omax — Omin _ 2.063 — 1.317

80="—"— 7

=0.107

sh(46) = sh(0.107) =

eO.lO7 _ e—0.107

- . =
= 0.107,
ch(86) = ch(0.107) =
0107 | ,—0.107

2
= 1.006.
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y
04
y 02}
41
| 0
20
2k
0 ] x
0

Puc. 4-13 ITapamerpmaeckaa rumep6osa.

Ypasmenus (4-16) ¢ 1 = Omin mator

71 = ach(fmin) =

(2) ch(1.317) =
= 4.000,

y1 = bsh(fmin) =
= (1)sh(1.317) =
=1.732.

3areM m3 ypasueHu#t (4-17)

z1 ch(860) + (a/b)y1 sh(46)
= (4)(1.006) + (2)(1.732)(0.107)
=4.393.
y2 = (b/a)z1 sh(80) + y1 ch(48)
= (1/2)(4)(0.107) + (1.732)(1.006) = 1.956.

T2
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Pe3synbTaThi BRIMMCICHU npHBeeHur B Tabil. 4-6 M BeiJe/eHs! XKHPHOH Jmi-
Huelt Ha puc. 4-13.

Tabnuna 4-6 PesympraTer Am  cerMeHTa

rurep6osTBr

i T; yi

1 4 1.732
2 4.393 1.956
3 4836 2.201
4 5.334 2.472
5 5.892 2.771
6 6.518 3.102
7 7.218 3.468
8 8 3.873

4-9 TIPOILIEIYPA UCIOJIb30BAHUA KOHUYECKUX CEYEHUN

Ilnockue reomerpuyeckue GUIYpbl YaCTO MCIOMB3YIOTCA B NPUKJIAJHOH MAITHHHOMN
rpaduke, HapUMep 1S Pa3pabOTKM JeTajieit MM B 4epTeXHbIX cucremax. OcobenHo
BAXXHbI 31€Chb HPobeMbl OnpenesieHUsT MOJIOXKEHHsI KOHMYECKOrO CeYeHHs M €ro Ie-
peceveHusl ¥/HIIH TOYEK KACAHUA C APYLMM KOHHYECKMM CedeHueM uiHM mpsamoii. Ha
IIEPBBIA B3MJIAA 3aJa49a HeCJIOXKHAs, HO JJIS IIPOU3BOJIBHO PACIIONOMKEHHBIX Ha ILJIOCKO-
CTH 3JIEMEHTOB MOTYT CYIIECTBOBATh Pa3iMuHble peleHus. Beibop mpaBUNIBHOrO pe-
IIeHHs He BCErJa O4eBHJEH, YTO NMPHMBOIMT K HEMHHeHHBIM pacueram. Hike mpuso-
AATCA METOIpBI, HCKIIOYAIOmMe HEJIHHEHHYI0 MATEMATHKyY M yIPOMAIoNMe JTHHeHHbIe
pesyabrarbl. KpoMe toro, obbacusaercsa, kak BbIOpaTh HeoOXommmoe pellieHHe, eciIu
OHO HEOZHO3HAYHO.

OcHOBHast umesa 3aKJI04aeTcd B TOM, 4ToObI METOZAMH MaIIMHHOH rpadHkH, B
YaCTHOCTH ILJIOCKHM IOBOPDOTOM M IIEPEHOCOM, IIEPEBECTH PACUerhl B IIEPBBIH KBa-
JPaHT B cTaHAapTHoM KoHdurypaunu. Eciu ¢urypa BkiouaeT KOHUUECKOE CeueHHe,
€ero HeHTp (A1 napabonbl M runep6osbl — BEPINHHA) PACTIONAraeTcsa B HAYae KOOD I -
HaT. B 0bmeM ciiyvae HeM3BECTHBIE HEHTPHI, BEPIIMHBI, TOYKH KACAHHSA M IIEPECEYeHMsT
BBIYHCJIAIOTCA € IOMOINBIO HETIADAM €ETPUYECKMX YDABHEHMIA, & TApaMeTPHIeCKOe Mpe-
CTaBJIeHHE HCIOJb3yerca A u3obparkenus dburyp. Paznenenue pacuera u mocrpoeHus
TIO3BOJISIET MAKCHMAJIbHO HCIIONIB30BATh IMPEHMYIIECTBA 0OOMX NpeaCTaBJIeHHIL.

Paccmorpum nonpo6Hsrit npuMep, urobb ydille IpeacTaBUTh cebe CyTh M BO3MOX-
HocTH 3TOrO Meroza. OaHa M3 MPOCTEHIIMX H YACTO HUCHOJB3YEMBIX 34134 — IOCTPO-
UTb OKPYXKHOCTb IO TPeM TOYKaM. Ueprexx nmpuBeneH Ha puc. 4-14, rae Pi(z1,y1),
Py(22,y2), Ps (z3,y3) 3amanHble Touku. HeobXOAMMO OIpeseNHTh LEHTPO H PATUYC
OKDY3KHOCTH. [IJ1s 3TOr0 Hy>KHO DEIIUTh CHCTEMY M3 TpeX HeJIMHEHHBIX ypaBHEHHH C
nepemenHsME h, k, KoopauHaTaMu ueHrpa (r,y) u paguycom R:

(1 — R)2 + (11 — k)* = R, (4-20a)
(x2 — h)2 + (y2 — k) = R?, (4-20b)
(z3 — h)* + (ya — k) = R2. (4-20c)
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’

Y4y

Puc. 4-14 OxpyXHocCTs, IPOXofsalias depe3 TPH 3aJaHHbIe TOUKH.

Boruuranue ypasHenus (4-20b) u3 ypasHenuit (4-20a) u (4-20c) ycrpaHser Heln-
Heiinoctb. CobcrBenHo anropury pemmenus — 310 [(a)—(b)](z3—z2) —[(c)— (b)) (z1 —z2),
rae 6ykBsl B ckobkax B3ATH U3 ypaBHeHwuil (4-20). YpaBHeHue, BBIDAXKEHHOE Yepe3 He-
H3BECTHYIO, TAKOBO:

[(«} = 23) + (43 — y])](x3 — x2)
2[(y1 — y2)(z3 — x2) — (y3 ~ Y2 )(z1 — 22)]
(= — =) + 3 —yD](z1 —22) )
2[(1/1 - yz)(% - fb‘z) - (y3 - yz)(wl - fb‘z)]' (4 21)

k=

Ananornyno u3 [(a) — (b)] u ypasnenns (4-21) Bpraucisiercs

(z3 — 23) + (47 —y3) — 2k(y1 — ¥2) (4-22)

h= ,
2(z; — x2)

R naxogurca u3 moboro u3 ypasHenuit (4-20).

Ypasuenns (4-21) u (4-22) conepxkar psaz TpyaHocreit. B wacTHoCTH, eciu 3HAMe-
HaTes b Apobu paBeH Hymo, TpebyloTca apyrue MeTonp: pemenus. Takxke Heo6x0aUMbI
YCIOBHUSA IPOBEPKH Ha GECKOHEYHbIH PajuyC M KOJLTHHeapHble TOUKH.
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VYpaBHeHus 15 h ¥ k MOXHO yIPOCTHTH NEPEHOCOM HadYajla KOODAMHAT B TOUKY
(cm. puc. 4-14). Torpa

W2 4 k2 = RZ (4-23a)

(zy — h')? + (yo — k')* = R?, (4-23b)

(23— 1)’ + (5 — K" = Rz- (4-23¢)

Brrunras (a) u3 (b) u (c), nonydaeM cucreMy u3 JBYX MMHEHHBIX ypaBHeHM. An-
ropur™ pemenus: [(b) — (a)]zh — [(c) — (a)]zy, 4ro naer

K = [z525 (x5 — o8) + y5' 75 — Y7 T) ’ (4-24)

2(yo73 — Y373)

2 + Yy’ — 2y5k’
2z,

R=(h?+h?)3. (4-26)

W = (4-25)

?

ITpeoBpaszosanue h', k' obpaTHo K mepBOHAYAIBbHON CHCTEME KOOpAMHAT aaeT h,
k. Ilpu srom 3naMeHarens ypasueHuit (4-24) umm (4-25) onsars Moxer o6paTHTHCS
B Hynb, U TpeDyIOTCS yCJIOBHSI IPOBEPKH Ha OECKOHEYHHIN PAJUYC U KOJXITHHEADHBIE
TOYKH. DTH TPYAHOCTH IPEOAOTEBAIOTCA C IIOMOIIBIO ClIeAyiomell IpoLeLyphL:

IlepenecTn Hagamo KOODAHMHAT B OAHY M3 TOYEK.

IToBepHyTHh OCH KOOpDAMHAT, YTOOBI OAHA M3 OCTABINMXCA TOYEK NEXKAJIA HA TONO-
XKHUTEJIBbHOH IONyOCH I.

IIpoBepuTh KONIMHEAPHOCTH TOYEK.

HajitTu uenTp ¥ paguyc OKpy>KHOCTH B II€DEHECEHHOH H IIOBEPHYTOH CHCTEME KO-
ODIMHAT.

TToBepuyTs 06paTHO K OpPHEHTAIMH HPOMEXKYTOYHON CHCTEMBI KOOPAMHAT.

Ilepenectu Hagasno KOOPJMHAT B IEPBOHAYAJILHOE TNOMOXKEHWE M HAWTH UEHTP
OKDY>XHOCTH B HUCXOTHOM CHCTEMe KOODIHHAT.

Ha puc. 4-14 Haga0 KOOpAMHAT NEPEHECEHO B TOUKY P, a MOMOXKHUTenbHas MMOTy-
ock z'" mpoxoxut uepes Touky P,. YpaBHenus B xoopmunarax (z'/,y"):

R + k" = R?, (4-27a)
(a5 — h")2 + k" = B2, (4-27b)
(2§ — ") + (v5 — K")? = B2, (4-27c)

Brrurem ypasuenue (4-27a) u3 (4-27b)
zh? — 2z5Rh" =0
HH
= /2. (4-28)

Berurem ypasnenne (4-27a) u3 (4-27c) u noacrasum ypasnenue (4-28):

!
k” — 2;:,3,( II u) 4+ 23 y3 (4_29)
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a m3 ypaBHeHus (4-27a) momydum
R= (huz + kuz)l/z_ (4_30)

Ypasuenue (4-29) noka3biBaer, uro npH y§ = 0 3HaueHHe k 6eCKOHEUHO, OMHAKO 3TO
CIIyJaeTcs TOMBKO TOrZa, KOTJa BCe TPH TOYKHM JEXAT Ha oxHo# mpsamoit. IIposepka
3TOr0 yCJIOBUA OYEHb MPOCTA.

IIpoBecTn OKpY>KHOCTH Y€pe3 TPH TOYKH AOCTATOYHO JEerko. 3Aech He Tpebyerca
BBIGOPA U3 MHOXECTBA PeIIeHHH, KaK B GOMBINMHCTBE reOMETPUIECKHX KOHCTDYKIIHI,
BKJIIOYAIOMMX KOHWYecKHe cedeHmsA. Meron spifopa mpemsioxen B pabore Pomxep-
ca [4-3].

Pomxepc paccMarpuBaer neBoe, IpaBoe, bnuKHee, JajibHee, BHYTPEHHEE H BHEII-
Hee perteHue. JIeBoe U MPaBOe CYyMECTBYIOT OTHOCHUTENHPHO HAPABIEHUS OT OJHOM U3-
BECTHOM TOYKH K Apyrofi; 6auKHee M JajbHee — OTHOCHTENHHO JTMHHU I€PECEUCHHUS;
BHYTPEHHEE M BHEIIHEEe — OTHOCHTENbHO OKPYYKHOCTH.

DTH NOHATHS CIIPaBEIJTUBBI KAK B OPHEHTAIIMH TIO/NL30BATEN, T. €. B mI06OM MecTe
MPOCTPAHCTBA, TAK M B CTAHIAPTHOH KoHduUrypammu B mepsoM ksagpanre. IIpocroit
mpuMep AJIA MLTIOCTPAUMH IOHATHH seBOe—IpaBoe U GrumKHee—JajbHee 3TO OIpe-
JeleHre IEHTPA M TOUEK KAaCAHMsA OKPYXKHOCTH M3BeCTHOro pamuyca R, Kacaiomeiics
IByx mepeceralomuxca mpaMeix P u L. Ha npakTuke 3a1avya BO3HHUKAET, HAIIpHMED,
MpH HM3COTOBJEHHH 3aKPyIieHHbIX yrnos. s mioboro paguyca Bcerga CymiecTBYeT
yersipe pemenus. Crparerusi BbI6Opa TakoBa:

Haiitu Touky nepeceyenus npsameix. Ecyiu perneHus Het, mpsMble MapaJlieabHbL

IlepeHecTd HAYANO KOOPJUHAT B TOUKY IE€peCedeHHs.

IloBepHYyTH BOKDYT HOBOrO LIEHTpa KOODAMHAT, YTOOBI OJHA U3 NHHHUI COBNAJA C
OChIO .

Hajitu yron mMexay apyroil nuHHE#l U OCBIO T.

IloBepHyTh BOKPYI HOBOrO Hadasla KOOPAHHAT, YTOOBI IIOMOKUTENbHAS TIONYOCh T
coBmayia ¢ GHCCeKTPHCOl IMePeceKAIONMXCH MPAMBIX.

HajiTu IeHTp M TOYKM KACAHUA.

IlepeBecTH B MEepBOHAYAJIBHYIO CHCTEMY KOODAMHAT.

Ha puc. 4-15 usobpaxken 3TOT ciiyuall B CTaHZAPTHOM kKoH(burypauuu. Jise mepe-
cexatomecs nuHuu P u L 3amamel Toukamu P, Py, Ly, L, coorBercrBenHo. s
KAXKJIOr0 BO3MOXKHOIO PELIEHU OfHa M3 KoOpAmHAT HeHTpa (h,k) mexur Ha OCH KO-
opmunar, Utobul BEIOpaTh HYXKHOE pellleHHe, TpebyeTcs yKa3aTh, HaXOAUTCH JTH OHO
cJIeBa MM ClipaBa OT aunuH P, ecyin cMoTpers ot Py u Py, u 6iuxxHee OHO MitH JaJlb-
Hee OTHOCHTeNbHO nuHMM L ¢ TOH e Touxu 3penus. Ha puc. 4-15 C,— mpasoe u
JanbHee, a C3 — nesoe u 6mmxuee. Ilentp

h = R/sin#,
k=0,
rfe 6 — oCTphIit yron Mex Iy MomoXuTenbHol ocblo £ U P. Touku kacaHusa ¢ THHHAMA
PulL
T = h— Rsiné,
y: = £Rcosé.
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g

Puc. 4-15 OKpyXHOCTH, KaCAIOIIHECH ABYX IEPECEKAIIMUAXCH MPAMEIX.

Tabaumna 4-7 OKpYXHOCTB, KACAIOMANCS JBYX NEPECEKAONMMXCH JTHHMI

OpreHTanus OpnreHETanus

OTHOCHTENbHO  OTHOCHTeNbHO  LleHTp Toukn KacaHus
naurn P nueHR L
JleBas Jampuas h=0 Tt = £Rcos(90 — 0) =
= +Rsin()
k= R/sin(90—-0) = y: = k — Rcos(9)
= R/ cos(0)
JleBas Brokuas h= —R/sin(8) z: = h+ Rsin(8)
k= y: = £Rcos(8)
ITpaBas Hanpusas h=—R/sin(8) zt = h — Rsin(f)
k=0 y: = £Rcos(f)
ITpaBas Bruxnas h=0 z; = +Rcos(90 — 0) =
= +Rsin()
k=—R/sin(90 —8)= y: =k + Rcos(d)

—R/ cos(0)

IMonnetit nepedens npuBeneH B Tabu. 4-7. Bonee ciioxkiHble IPUMEPHI C MCIIOMb30-
BaHHMEM IOHATHH BHyTpeHHee-BHelllHee comepKaTca B pabore [4-3]. BosamoxHo paciun-
peHHe 1A APYruX KOHUUeCKHX cedeHuil. B pabore [4-4] paccmarpuaercs BeKTOPHBIH
HOAXO K pelleHHio MOA00HBIX mpobmeM.
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4-10 OBUIUE YPABHEHUA KOHUYECKUX CEYEHUN

Bce koHHYecKHe cedeHUS M3 MPENbLAYIMX PA3JENOB ABAAIOTCA YACTHBHIMH CIIyYasiMu
KDHBBIX, 33JaBAEMBIX ODINUM ypaBHEHHEM BTODOLO IOPSIKA

Az? + Bzy+Cy®> + Dz + Ey+ F =0, (4-31)

rze A, B, C, D, E, F — xoucranrsr!. Konnveckoe cedenne — 3ro mobast Imockas Kpu-
Bas, yOBIETBOPSIONIAs ypaBHeHuio (4-31). YpaBHeHHe HHTEPECHO He TOIBKO CaMO II0
cebe, HO M AnA MOCIEAYIOMErO OOCYXIEHUS PAIHOHANBHBIX KOHHYECKHX CEeYeHHi u
KBAJIPATMYHBIX IIOBepxHOCTeH. sl MPOCTOTHI M MONHOTHI 6YAeM MONb30BATHCA METO-
JaMH JTUHEHHOR anrebpsl.

Kounveckue ceyeHHs ABIAIOTCA UEHTPAJBHBIMH — 3utMIIC U runepbona (Oxpyx-
HOCTb 3TO YaCTHBIA CJIydail 3/IMICA) MIH HEleHTPaJbHBIME — napabona. KpoMe to-
ro, CymecTByeT psaj BbIDOXKIEHHbIX (opM, KOTOpbIe Bce meHTpasibHbl. Heobxomumo
onpeJenuTh N 3aJaHHBIX 3HAYEHHI KOHCTAHT, KaKoe cedeHHe 3a1aeT ypaBHeHue (4-
31) — uenrpansHOe MK HeneHTpasbHoe. Takske HYIKHO BBLIETHTH BCE BBIPOXKICHHEIE
CIIyda.

3amerum, uro ypasHeHHe (4-31) MOXHO 3aIlHCaTh B MaTPHYHON dopMe

A D2 D2][=
[z y 1]| Bf~C E/2 y|=0
D/2 E/2 F 1

HIH

XIS = 0. (432)

OtMeruM TakXe, 4ro [S]| cUMMerpuYHa OTHOCHTENHHO IJIABHON JMArOHAJH.

CHaualla MpUBeieM CeYEHHE K CTAHAAPTHOMY BuAY. [nd 1EeHTPaJIbHOrO CeveHus
(3auic unu runep6ona) 3TO 3HAYMT, YTO LUEHTP HAXONUTCSA B Hadajle KOODAHHAT, &
OCH pacCIIonaraloTcs BIOb Ocelt KoopauHat. Jl1s HeleHTpaabpHOro cedenus (mapabomna)
OChb CHMMeTpHH Hapabonbl COBIIAAAET C MOJIOXKHUTEABHON OChIO T, BEPIIHHA HAXOIUTCA
B HavaJle KOOpAHHAT, U mapabona packpbiBaercAd HampaBo. CedeHue NPUBOTUTCA K
CTAHZAPTHOMY BHIY NEPEHOCOM M BpalleHHeM.

Jlnsl IeHTpAJIbHBIX CedeHHH nuHeliHbIe 4neHsl ypasHeHu# (4-31) unn (4-32) yHu-
YTOKAIOTCA MePeHOCOM LEHTpa CeueHHus B HagaJso KoopauHat. Ilocne 3Toro ypaBHeHHe
(4-32) mpunumaer BuA

[XITrS|TrT X" = 0, (4-33)

rae marpuna nepeHoca [T'r] Takosa:

1 00
[Tr]=] 0 1 0
m n 1

1 Vpasuenne (4-31) — 370 MOgADHIHPOBAHHAA BEPCHA HEABHOTO ypaBHeHHA H3 pasfena 4-3 ¢ A=
a,B=2b,C=c, D=2d, E=2,F=f.
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Tlociie KOHKATEHAIIMH MATpHIL mepeHoca U K03(hHUIIMEHTOB ypaBHeHHe IPHHUMA-
€T BHU[

[X][$"1[X]T =0, (4-34)
rae
1 24 B D
s1=1rrisie” = (5) | 2 2c (435)
D' E' 2F
H
A=A
B'=B
c'=C

D' =2Am +Bn+D
E'=Bm+2Cn+E
2F' =mD' + nE' + (Dm + En + 2F).

3ameruM, uro [S'] Takke CHMMeTpHYHA.
Cnenosarenbho, ypasHenue (4-31) npeoGpasyercs k

Az’ + B'zy +C'y*+ D's+ E'y+ F' =0.

Kosddunuents: nepeHoca m U n Aji YHAYTOXKEHUS NHHEHHBIX 91€HOB BHIYHCIIA-
forca u3 yoiosua D' = E' = 0. Orciona
2Am+Bn+ D =0,
Bm+2Cn+E=0

HJIM B MaTpU4YHOM BHJE

m % 6= 2] (410)
aro Moo samucars kax [M][L] = [Q)].

Ecmu [L] nHBepTHpyeMa, cymecTByeT pemeHue ais [M], 1 cedeHne meHTpPaJbHO,
T.e. 310 3/umunc unu runepbona. Ecmm [L] He unBepTHpyeMma, T.e. CHHIyJSpHa, TO
pewenus qis [M] He cymecTByer, ¥ cedeHue He IeHTpaJIbHO (mapabona). JlerepMUHAHT
CHHIYNApPHON MaTpHUUBI PAaBeH Hymo:

det[L] = |L| =‘ 24 B ‘

B 20 |=0 (4-37)

A

B? —4AC =0.
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Wrak, ypasHeHue (4-31) npencrasnser napabony npu B2 —4AC = 0 u nenTpanshoe
cevenne mpu B? — 4AC # 0. Ecm cevenne nentpansio u B2 — 4AC < 0, ypasHenue
npeicTaBiseT 3yaunc, a ecmu B2 — 4AC > 0— runep6ony.

Hesasucumo ot unBeprupyeMoctH [L] ocu cedeHus MOXKHO OBOPOTOM GEJATH Ma-
paJLIeNIbHBIMU OCAM KoopAuHaT. Bepremcsa k ypasnenmio (4-32). Hcrons3yem maTpumy
IFIOCKOrO MOBOpOTa [R]

[XI[RISIRI"[X]" =0, (4-38)
rae OJs yria moBopoTa § oHa Takas:

cosf sinf O
[R]=| —sin@® coséd O
0 0 1

KoukaTeHanua MaTpHI J3eT

[X][s"IX]" =0, (4-39)
rae
1 24" B" D"
[S”] — [R][S][R]T — (E) B" 20" E"
D" E" 92F"
Hu

A" = Acos? 0 + Bcosfsinf + Csin? 9,
B" = 2(C — A) cosfsin 8 + B(cos® § - sin?§),
C" = Asin? @ — Bcos8siné + C cos? 6,
D" = Dcos8 + Esind,
E" = Ecosf — Dsiné,
F'"=F.
Onsarp 3amerum, gro [S"] cummerpuuna. Eciu ocu ceueHns nmapaJuielbHBI OCAM

KoopauHart, wieH Bry B ypasnenuu (4-31) orcyrcrsyer. IlostoMy Hyneso#t ko3dbdu-
LUHEHT JaeT yroj HOBOPOTA:

2(C — A) cosfsinf + B(cos? 8 — sin? §) = 0
HIH
(C — A)sin20 + Bcos26 = 0.

PemnM 310 ypaBHeHHMe OTHOCHTENBHO yINa MOBOPOTA 6:

1 B
== —_— . 4-40
0 2arctg(A_C,) (4-40)
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Jlns sToro yrna [S"| mpuHuMaer BHL

1 2AII O DII
5] = (-) 0 20" E
2 DI’ EII 2FII

VYpasuenue (4-37) no3sousier y3uars, ueHTpasbHO Jiu ceyenue. llenTpanshoe ceue-
Hue MOXXHO IIPUBECTH K CTAHIAPTHOMY BHIY KOMOHHaimell mepeHOCa U IIOBOPOTA:

XNTrRISIRIT T [X]T = o. (4-41)

] =1 arctg( z—f—d)

Konkarenanuss BHyTpeHHHX MATDHI[ JA€T

[5""] = [TrlRI[S|[RIT[Tr]" =
BIII DIII

2AIII
- (1) BIII 2Clll EIII —
2 DIII EIII 2Flll

A" 0 a 0
={o ¢" o |=lop o, (4-42)
0 0 F 0 0 —&
rae
A" = Acos’ 8 + Bcosfsind + Csin? 4, (4-43a)
B'" = 2(C — A) cos §sin 6 + B(cos® § — sin? §), (4-43b)
C" = Asin®8 — Bcosfsinf + C cos? 6, (4-43¢c)
D" = €£cosf +7siné, (4-43d)
E" =rncosf — £sin b, (4-43¢)
F'" = (m&+mm+)/2 (4-43f)
u
§€=2Am+ Bn+ D, (4-43g)
1=Bm+2Cn + E, (4-43h)
(=Dm+ En +2F. (4-431)

3aMeTHM, YTO 3TO AMArOHAJBHAS MATDHIA, T.€. BCE HEIMArOHAJBHBIE SIEMEHTDI
paBHbl Hymo. IloBopor ycrpamsier wien (B = 0), a mepeHoc — JIMHEHiHpe YJeHbI

(DIII - EIII - O).
Yron BpallleHus 33a€TCH YpaBHEHMEM (4-40). Kax u panpie, k03 puipenTs! me-
PEHOCa MOXKHO IONy4UTh, npupasuas D' u E'' k nymo, T.e. £ =n = 0. Hmeem
2Am + Bn+ D =0,
Bm+2Cn+ E =0.
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Orciona momyuaeM perieHue

2CD - BE

=B -aac’ (4-442)
2AE-BD

=B -aac (+-44b)

BCrioMHHM, YTO I HEHTPAJIbHOrO KOHMdIeckoro cedenus B2 —4AC # 0. 3anumenm
ypaBuenue (4-41), ucnomsaya (4-42):

az® 4+ By? =&, (4-45)

YTO ABIAETCA CTAHOAPTHBIM BHIOM KOHHYECKOI'O CEYEHH . OCTaBTCX CUCTEMATHYECKU
HCCIIEIOBATh PE3YJILTAT JJis PA3JIMYHBIX 3HadeHudl o u .

Ecnu & 6onpiue HynsA, TO @ ¥ 3 ONOXKHTENBHBI, U CeueHue — 3uuic. Ecmu onu
HMMEIOT Pa3Hble 3HAKH M HU OJHH W3 HUX He paBeH HYJIIO, TO cedyeHue — runepbosa.

Ecniu o u 8 orpunaresbubi, peiieHus He CymecTBYeT.

Ob6a a u [ 0JHOBpeMeHHO He MOryT ObITH paBHBI HYJIO, TAK KAK B 3TOM CJIydae
ypasHenue (4-45) He comepxuT 4NeHOB BTOporo nopsaka. Oauako omud u3 ko03ddu-
1peHToB @ MK § Moxer Guirh HynesbiM. Ilycrs 8 = 0 (eciu @ = 0, 3aMeHa T Ha y
Jaer 8 = 0), torga ypasHenue (4-45) npuHMMaeT BUI

ax? = —k.

PemenneM sBNAI0TCA Be MapajulellbHble JHHUM T = *¢/—k/a mpu —k/a > 0.
Ecmn —k/a < 0, To pellenust HeT.

Ecnu k = 0, ecTb ABe BO3MOXHOCTH: @ U 3 UMEIOT OJHHAKOBRIE HJIH PA3HbIE 3HAKH.
B ofoux ciydasix pemenune BelpoxaeHHoe. Ecau 3Haku o u 3 onMHAKOBE!, yPABHEHHIO
(4-45) yaosnerBopsieT TONBKO Hadaso KoopauHat £ = y = 0. MoxHO cuuTars, 4ToO
3TO IpeleNbHBII Cydail 3JIuIICca.

Ecu 3uaku a u § pasnudHel, ypaBHeHue (4-45) mpuHUMaeT BHT,

HIIHA

-

T. €. 3TO TaPa IPSIMBIX, IIEPECEKAIIMXCA B Havalie KOOPAMHAT, — IpeJesbHbIH cydal
runepbobl.

Hakonen, eciu f = 0 (ecniu @ = 0, 3aMeHa = Ha y gaer § = (), TO pelueHHe —
OCh Y AJis BCeX 3HaJeHui.

s HeneHTpaJILHOrO cedeHus1, mapabosbl, 06a NUHEHHBIX Y/leHa yCTPAHHTD Heslb-
34, OIHAKO MOXKHO yOparb OJMH JUHEeAHBIN M OOWH KBAAPATHYHBIA 4ileH Ad T HIIH
y. Ilpumenum oneparop mepeHoca K ypasHeHuio (4-39) — KBaJpaTHOMY ypPaBHEHHIO
IIOCJIE TIOBOPOTA:

1 24T 0 Dt
[St]=z| O 2Ct Et |, (4-46)
2! p+ E* 2Ft
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rae
At = A", (4-47a)
ct=c", (4-47D)
DT =24"m+ D", (4-47c¢)
Et=2C"n+E", (4-474d)
F* = (m/2)D" + (n/2)ET + (mD" +nE" + 2F"). (4-47¢)

VYron moBopora 3amaH ypasHenuem (4-40). 3zecs mubo AT = A", mubo C+ = C”
obparuTcs B Hyns. OQHE U3 JHHEHHBIX WIEHOB AJA T MM y ycTpaHsercs, ecnn DT
wm Et npupasuare x mymo. Ilycrs DT = 0, Toraa

D"
m= W (4-483)
Ecm Et = 0, 10
—E"
3amerum, uto npu A" = 0 3HaUeHHMe M He ONpenENEHO, CIEIOBATENILHO, yCTPaH A~
I0TCA TOJBKO JMHeiHbIe 4JieHbl OTHocuTespHO y. Ecm C" = 0, He omnpeaeneno n u

YCTPAHSAIOTCA TOJBKO JIEHBI C Z.
IIpeanonoxum, 4T0 yHHITOXKEHbI JuHelHbI Y- wien (E+ = 0) u xBagparH4HbIi
z- wied (A" = 0) (e B = 0, 3amena z u y Aaet v = 0). Torga [S™] npunumaer Bug,

0 0 0
[St]=]10 B8 0
¥y 0 -k

3anumeM ypaBHEHHe KOHHYECKOTO CEYEHHS
By + 2vx = k. (4-49)
Yto6HI nmpuBecTH Hapabojly K CTAHAAPTHON OPMEHTALIMM C BEDUIMHON K B IGHTDE
KOOpAHHAT, IIepeHeceM ee IO OCH T Ha

2y

2 ! !

Yy =—— =ar.
B8

Bce BrIpoxx eHHbIe GOPMBI CeYeHMit IEHTPANIBHBI, T. €. apaboNa — 3TO eIHHCTBeH-
HOe HeleHTpanbHoe cedeHue. Pe3ynbrarsl cobpaHsl B Taby. 4-8.

IIpumep 4-7 CermeHT runep6oJinl
Hasiti Tom kOHMYeCKOTO CeYeHms, 3aTaHHOTO HOPMYIOH
22 — 72zy + 23y + 140z — 20y + 50 = 0,

w300pakeHHOTO HEIpepLIBHOM Jwrmeit Ha puc. 4-16. HapucosaTs ero cerMeHT uis

3 < <5 AnA Ymin- CerMeHT Joymxen GBITE HAPHCOBAH C MOMOMBIO TTAPAMETDH-
9€CKOTr0 NpeACTaB/ieHNs U3 Opeanaymux pa3aenos. diag Troro YTo6s OIpee T
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Hassanwue YpaBHeHHe Yenopus Tun Yeprex

Dmeme ar’+Py =k K, a, >0 LleHTpambHaIi \

Tumep6omna ar’+py’ =k P <0<k a lesrpammusit A E

ITapaboma ay’+ Pz =0 Henenrpasmbhbit

ﬂ:t:2 +ay=0

Mycroe MEo- az’+fy’ =k aF <0<k  (Uentpamunit) (Ueprex

KECTBO OTCyTCTBYET)

Touka ar’+/y =0 o, f>0 Henrpansrsrii A
_—-’

MMapa mpamux  az’+fy =0 B<0<a HenTpanbabri ; L E

ITapasnens- ar’ =« a, k>0 Hesrpanbunit Ar

HEI€ TIPAMbBIE ’

Ilycroe MHO- az’==& a<0<k (Uentpamsueit)  (Yeprex

KECTBO OTCyTCTBYET)

«IToBTOpa- ar?=0 IlenTpambHbi A

omaaca»

npaMasa [

*
Suuunc, runepbona u napabona — 3TO HeBHPOXKJEHHBE CeYeHHs, OCTAIbHbBIE — BBIPO-

KOEHHEIE.

3HAYEHHA NapAMETPHYECKOTO NPEACTABJICHHA, KCIOIB3YIOTCA METONBI, PacCMOT-
PEHHEIE B NaHHOM Da3jele.
Cuadana y3sHaeM THII ceYeHmMs

B? — 44C = (-72)* — (4)(2)(23) = 5000 > 0,

T. €. 310 rHnepbosa-
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ITpusenem ramep6oily Kk CTAHAAPTHOMY BALY € MOMODIbIO ypaBrenu# (4-40)-
(4-44). Yron nosopora

1 B 1 —-72 1 24 o
21 _1 I ) = 36.87°.
6 2arctg(A_C) 2arctg(z__%) 2arctg(7> 36.87
Ioncrapum 3uaveHus cosd = 4/5, sinf = 3/5 u nomydum

A" = Acos® @+ Bcos@siné + Csin® 6 =
= (2)(4/5)* + (=72)(4/5)(3/5) + (23)(3/5)"
= —625/25 = —25,

C" = Asin’ 8 — Bcosfsin + Ccos’ 8 =
= (2)(3/5) — (—72)(4/5)(3/5) + (23)(4/5)°
= 1250/25 = 50.

il

Kos¢ddunmenter mepesoca m u n TaKOBEL:

_ 20D - BE _ (2)(23)(140) - (~72)(-20) _ 5000 _

~ B2 —4AC 5000 ~ 5000
_2AE-BD _ (2)(2)(—20) — (-72)(140) _ 10000 _ 5
T B2 _4AC ~ 5000 T 5000

Puc. 4-16 Tumep6ona 222 —72xy+23y +140z— 20y+50 = 0. CrutomHas JTHHHA — 3aXaHHasn
opuerTaima. [ITyHkTUp — cTaHZapTHas OpueHTAIHA.
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Tak kak § = = 0, KOHCTaHTa pPaBHa

R _ ¢ _ (Dm + En + 2F)
2 2
_ (140)(1) + (=20)(2) + ((50) _ 200 _, o
2 2 )

YpaBHenmne rurmep6osIB

, 2 2

—25z° +50y° + 100 = 0.
B cranpaprholt dopme ax® + By’ + k = 0 umeem

22+ +4=0=2"-2° =4

B dopme
-
uMeeM

4ro naer a = 2, b = V2.
ITapamerpryeckoe npescrasaenne mapabonst (4-16):

z =ach(t), y=bsh(),

rae t — napamerp. Jna nmapamerpmueckoro m300pakeHus rurepbossl HeobxomuMo
HAWTY BeJauHy t O14 r = 3,5. 3ameTHM, Uro mpeobpa3oBaHHd K CTaHIAPTHOMY
BULY IEPEHOCAT OCH KOODJUHAT, a He camo cedenwe. [lodaToMy cooTBeTCTBYIOMMUE
npeoGpa3oBaHHbE 3HAYEHHS T OOJIYJaloTcd o0paTHRIME mpeobpasopammsamm. B

pe3ysmTaTe
( 1 00 cos§  sin(-8) 0
[TR] = [T][R] = 0 10 —sin(—60) cosf 0 | =
| —m -n 1 0 0 1
( cosé —sin g 0
= sin 6 cosf 0=
| —(mcosf +nsinf) msinf—ncosf 1
( 4/5 —3/5 0
= 3/5 4/5 0.
_—2 — 1

IIpeobpa3oBannbie KOOPOMHATH T

3 2871 1 ‘;/g ‘252 Ol _[ 2123 —0503 1
5 2476 1| 3/ 01 =| 5486 —2019 1]
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Il TAaKXKe BKJIOUeHa y KoopmwuHaTa. ‘Torma mapamerpmdyeckue 3HaUeHHMs

tmin = t|:=3 = Arch (%) = Arch (2—122) = (.3486,

tmax = tlz=s = Arch (%) = Arch (3—428—6) = 1.1539.

Iomp3yach 3THMM 3HAUEHHAMHA MAJIH bmin ¥ Emax, DOAyHaeM Pe3ysbTaT Ha
puc. 4-16 u B Tabm. 4-9.

Ta6mmza 4-9 CermenT rurepbosint B CTaH-
JOapTHOU OpHeHTAIH

t T y

0.349 2.123 -0.503
0.438 2.195 -0.640
0.528 2.285 -0.781
0.617 2.393 -0.929
0.706 2.520 -1.084
0.796 2.668 -1.248
0.885 2.837 -1.422
0.975 3.028 -1.608
1.064 3.244 -1.806
1.153 3.486 -2.019

3aTeM 3TH pe3yJIbTaThl 00PAaTHHIM peobpa30BaHUeM MEPEBOJATCA B HCXOTHOE
[OJIOXKEHMe:

[4/5 3/5 0]
[TR]™' = |-3/5 4/5 0].
1 2 1

Pesynprar mpusenen B Tabi. 4-10 u Ha puc. 4-16.

Ta6aunma 4-10 CermenT runep6ossr B HCXOI-
HOH opweHTALH

t x Yy

0.349 3.000 2.871
0.438 3.140 2.805
0.528 3.297 2.746
0.617 3.472 2.693
0.706 3.667 2.645
0.796 3.883 2.602
0.885 4.123 2.564
0.975 4.387 2.531
1.064 4.679 2.502

1.153 5.000 2.476
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I'1asa b

IIPOCTPAHCTBEHHBIE
KPUBBIE

5-1 BBEJEHUE

TpexMepHbIe, HJIM MPOCTPAHCTBEHHBIE, KPUBBIE IUMPOKO HCIOMB3YIOTCA B MPOEKTHPO-
BaHUM U pa3paborke caMoil pa3iMYHOM MPOXyKUMM: aBTOMODWMIIeH, Kopabeit, camo-
JIeToB, OOyBH, OyThINOK, 34aHu#t u T. 8. Takxke oHH MMelT GosblIOe 3HAYEHUE JJIs
ONMMCAHUA ¥ MHTEpHperanuud HU3UYECKHX SABJICHUH B MeOJIOTHH, (GU3NKE U MeIUIMHE.

Jo Hagama OpUMEHEHHsT MATEMATHYECKUX M KOMIbIOTEPHBIX MOENEH B MpOLEcce
OPOM3BOACTBA, AM3aHHA M M3TOTOBJIEHHS HMCIOJH30BAJIACh HaUEPTENHHAS [EOMETPH.
MHorue ee mMeTonp! 6bUTH MEpeHeceHbl B MAIMHHYO Ipaduky.

TToBepxHOCTH YacTO M306PAKAIOTCA KaK CETh KPHUBBIX, JIEXKAINMX B OPTOrOHAJIb-
HEIX CeKyIMX IJIOCKOCTSX, C TPEeXMEDHbIMH KOHTypamu neranieit. [Ipumep mpusenen
Ha pHc. 5-1. 31ech ceueHust ObLIM MOSYyYEHBI OIUPPOBKOH (PHU3MUECKON MOJEeNH WX

Puc. 5-1 IToBEpXHOCTH B BUAE COTH OPTOTOHATHLHLIX ILIOCKAX Kpubhix ([lx. Xelaen)
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yeprexxa M MATEMATHYEeCKUM MOoAGOPOM KDHBOl, MPOXOAAmEH# depe3 BCe 3aJaHHble
TouKd. B JaHHOH ryiaBe pacCMATDHUBAIOTCA JBA TAKUX METOJA: KyOUdIecKue CriaiiHel u
napabonuyeckas unTepnonauus. CymecTByOT U JPyrue peayM3alyd 3TOro noaxosa,
paccMOTpeHHble, HanpuMep, B pabore [5-1].

pyroit noaX0A COCTOMT B TOM, YTO MATEMATHIECKOE OMMCAHHE KPUBBIX IeHepHpY-
ercsa 6e3 u3HavanpHOro 3HaHuA GhopMel KpuBo#. Ero npuMeps: — 310 Kpusbie Bezpe u
ux obobmenune 10 B-coaifHOB. DTH MeTOIbI OTIMYAIOTCA TEM, YTO KPHBAs MOXKET He
[IPOXOIUTH HHU 4epe3 OJHy 3ajaHHyI0 TOUKy. KOHTPONBHBIE TOUKH ONPelesioT TOJMb-
KO HampasJjieHue u3ruba.

Kak 6yzer nokazano manee, 0ba moaxoia MOXHO IMPHMEHHTh MpPH 11060M crocobe
3aJaHusa KPUBOIL.

5-2 TIIPEJCTABJIEHUE IIPOCTPAHCTBEHHBIX KPUBBIX

TpexMepHble KpUBbIE MOXKHO MPEICTABUTDH MAPAMETPHYECKH HIH HEMAPAMETPUYECKH.
SIBHOE HemapaMeTpuyecKoe HPeICTABJICHUE MMEET BHJ

T =z,
y = f(=@),
z = g(x).

Hesasnoe Hemapamerpuveckoe mpeICTaBjieHHe KPHBOH KAK NepecedeHus AByX MO-
BepxHoOCTel 3amaeTcsd ypaBHEHHUSIMH:

f(w’ y’ Z) = 01
9(z,y,2) =0

IIpumep 5-1 IIpocTpaHcTBEeHHass KpuBas
Haitt nmunmMro mepecedeHns ABYX MOBEPXHOCTEH BTOPOro MOPHAIKa
f(:c,y,z) = y_ZZ =07
9(z,y,2) = zz —y* =0.

IIpu ycnosHax 4YTO

of of
dz Oy
det dg 99 #0,
oz Oy
z # 0, £ ¥ y MOXHO BHPa3UTh OTHOCUTEILHO 2 M MOJYYMTh SBHBEIH BHI JIMHIH
nepeceveHus
y=2°,
2
e=Y¥L =22

z

3aMmeTuM, YTO IPHU NEpeCEYEHUH AByX NOBEPXHOCTEN BTOPOrO MOPAIKA IIOJLY-
YaeTCs KPUBASA TPETHETO HOPAAKa. II0BEpXHOCTH H KDHBAS NEPECEICHHA MOKA3a-
HEl Ha pHC. 5-2.
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Puc. 5-2 Ilepeceuenne kpUBHX BTOPOro MOPSKa.

O6mmit mapaMmerpudyecKkuil BHJ NMPOCTPAHCTBEHHOM KPHMBOM MOXHO 3amHucaTh B
BHIE:

T = x(t),
y =y(t),
z = 2(t),

rie napamerp ¢ U3MeHsAeTcsa B ONpeAeNeHHEX npenenax i, < ¢t < t;. B mpusenen-
HOM BBIIIEe ABHOM HellapaMeTPHYECKOM IIPEeJCTABJIEHHH T MOXXHO PacCMaTpPHMBATh KaK
mapamerp, £ = t. Torga 3ta >ke KpuBast UMeeT apaMeTPUYecKy1o (opMy

T =1,
y = f(1),
z = g(t).

Hanee, myctb 2 = ¢ B HESABHOM HellapAaMETPUYECKOM IPEJCTABJICHHH M3 IpUMepa
5-1, Torma

a::t3,
:tz’
z=1.

Hexoroprie none3nple napaMerpuyeckue TPEXMEPHBIE KPHUBHIE MMEIOT HM3BECTHOE
aHamuTHYecKoe pemenue. Hanpumep, KpuBas mBa Ha TeHHHCHOM uiH GeiicbosmbHOM
Ms4Ye UMeeT BH;

x = Aacos(8 + g) —bcos3(0 + g)]’
y = plasin(8 + %) _ bsin3(6 + %)],

z = csin(26),
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(a)

®)

Puc. 5-3 ITpaMepn napameTpHdecKux IPOCTPaHCTBEHHHX KpubhiX. (a) Illos GeficGomHOrO
Ms4a; (b) xpyroBas crmpans.

rue
A=1+dsin(26) = 1+d(Z),
p=1-dsin(26) =1-d (%),

napamerp 8 = 2nt u 0 < t < 1.0. Ecm d = 0 u ¢? = 4ab, To xpuBas nexxur Ha cdepe
pammnyca a + b. Ha puc. 5-3a npusenen npumep g a = 1, b=1,¢c =2, d = 0, rze
KpuBast JeXXuT Ha cepe paguyca 2.

Apyro# npumep napamerpuueckoif NPOCTPAHCTBEHHOM KPHBOH — KPYrOBas CIH-
pans:

T = rcost,
y = rsint,
z=>0t
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Puc. 5-4 Pusuyeckue OTBECH H CruTaiH.

aaa T, b # 0, —oo < t < 00. DTa KpUBadA JIEXKUT HA MOBEPXHOCTH IMIMHIDPA paJu-
yca |r|. YpaBHeHue z = bt oTBeuaeT 3a pacHpOCTpaHeHMe CmHpaju no ocu 2. Ilocne
KasKIoro M3MEHeHus napaMerpa f Ha 27 mepeMeHHHIe T M Y BO3BPAIIAIOTCA K CBOMM
IepBOHAYAJIbHBIM 3HAYEHUSM, a 7 YBEJMUMBACTCA MM yMeHbllaerca Ha 27|b| B 3aBu-
CHMOCTH OT 3Haka b. DTa BelHuMHa HaspBaercs maroM coupasu. [Ipumep usobpaxen
Ha puc. 5-3b.

5-3 KYBUYECKUE CIIJIANHEI

B npowmsiiuieHHOM NpPOH3BOACTBE, HANMPHUMEDP, CyIO-, ABTOMOOWMJIe- M ABMACTDOEHHH,
OKOHuaresbHas (popMa B peanbHOM mid Gau3KoM K HeMy MacmTabe onpeesidercs B
mpouecce JOBOOKHL.

ABpTOMarH3anmsa 3TOrO Mpouecca MPeACTABMANA 3HAYHTEbHBIH MHTEPEC NS Ma-
muHHOM rpacduku. Popma MATEMATHYECKOTO CILJIA{HA OBTOPAET KOHTYD GU3NUeCcKO-
ro cnnaifHa (puc. 5-4), T.e. FrHGKON AePEBAHHON MM MJIACTMACCOBOM JIMHEHKH, IPOXO-
JAmeit yepes onpeaesieHHbe TOYKY. [list u3MeneHus ¢GoOpMBbI CliaiHa HCIONIb3YIOTCA
CBMHIOBbIE TPY3UKH. MeHsA UX KOJIXIECTBO U PACHIOJIOXKEHHE, IOy YMBIIYIOCT KPUBYIO
craparorca cienaTts Oosree rIagKol, KpaCHMBON M «IPUATHOH IJIsd rinazas?.

Ecnu paccmarpuBars dbusuyeckuit cnnaiil kak TOHKYIo rubKyio pefiky, ero ¢popma
(orxionenue y) onpexensierca ypasHenueM Ditnepa (5-2) misa MoMenTa usruba M (z)
BOOJIb peiKku:

M) = 2o,
R(x)
rae B — monyns FOHra, 3asucammit or cBOMCTB MaTepuasa peiiku, ] — MOMEHT HHED-
uuH, onpenensieMbri ¢opmoii kpusolt, R(r) — paauyc KpUBH3HEIL.

1B cynocTpoenns, HalupuMep, Heo6x0auMO onpelenutsh GOpMy Cyaua Gonee TOYHO, YeM 3TO BO3-
MOXHO Ha HeGombmoM weprexe. [oaToMy 0BmenprEATO H306paxkaTh KOHTYp CyJAHA B HATYPAJIbHYIO
BeJIHYAHY HA IUla3e.

2 He CymecTByeT OOIIENIPHHATOrO TePMHHA AJISl OLEHKH BHEITHEro pHJOa KpuBO#. ME He IRITaeMcs
AATh MATEMATHYECKOr0 ONnpedelieHusa, IOTOMY 4TO Jiobad Takas MONKTKA BBI30BET BOJIHY IpoTeCTa
II0 KpaitHe#f Mepe y NOJOBHHBI 33HHTEPECOBAHHHIX CIEIHAJHCTOB.
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Jns mansix orknoHenuit (y' < 1) pamuyc npubnmkeHHO paBeH

1 _ v
R(z)  (1+y)¥2 "7

rae mrpux 0603HAYAET NPOU3BOIHYIO [0 T — PACCTOAHMIO BAOND PEKH, & ¥ — OTKIO-
HeHue pefiku. YpaBueHue Diljiepa NpUHAMAET BHJ

n — M(w)
EI -

Ilycrs rpysuku peficTByioT KaK IpOCTHIE NMOATIOPKH, TOTJAa MOMEHT H3TMOa Mex-
Oy HuMH u3MeHsiercs auHejiHo. Iloncransaa M(x) = Ar + B B ypaBHeHue Diinepa,
MOy 4aeM

n_ Az + B
Y = 7RI

M mocjie ABOHHOTO MHTErPHPOBAHHS
y = A17° + Biz® + Ciz + D;.

Takum o6pa3om, ¢popma craiiHa 3amaercad KyGHIeCKHM MOJTHHOMOM.

B obmem ciyyae MaTeMarHyecKui craiiH 3TO KyCOYHbIH momHOM cremneHd K ¢
HerpepbIBHOM mpouspoguoit creneHu K — 1 B Toukax coenuHeHusi cermeHTOB. Tak,
Hanpumep, Kybuueckuil cnaifH umeer B TOUYKAX COEJUHEHUS HempPephBHOCTH BTOPOro
nopsizka. KycodHsie criaifHpl 3 MHOrOYJI€HOB HEBBICOKOI'O MOPAAKA OY€Hb YIO0OHBI
JJIA MHTEPHOJIAIMH KPHUBBIX, TAK KaK OHHM He TpebyioT HOMbIINX BEIYMCIUTENHHBIX 32~
TPaT U He BHI3BIBAIOT YHCIIEHHBIX OTKJIOHEHUH, CBORCTBEHHBIX MHOI'OYWICHAM BBICOKOrO
nopsigka. Ilo ananornu ¢ dusnyeckumu crafiHaMu 06bIMHO UCTIONB3YeTCA cepus Kybu-
YeCKHX CeI'MEHTOB, NPHYEM KasKIblil CErMEHT NNPOXOAUT dYepe3 aBe Touku. Kybudeckuit
cInaii ynobeH eme ¥ TeM, 4TO 3TO KPHUBAs HAMMEHbBINErO MOPSAAKa, AOMYCKAOUIAsA
TOYKH neperuba u u3rub B NpOCTPAHCTBE.

YpaBHeHHE OAHOrO MAPAMETPUUECKOTO CEI'MEHTA CIJIaifHa TAKOBO:

4
P(t) =) B!, ti<t<t, (5-1)
i=1

rie t; u t; —3HaYeHMs NAPAMETPOB B Hadase M KOHme cermeHra. P(f) —Bekrop K
mobo#t Touxe cermenTa. P(t) = [z(t) y(¢) 2(t)] —9TO BekTOPHO-3HaUHAA PyHKUMUA, 1€
TPR cocrapnsmomme P(t) — 1eKapTOBBI KOOPAMHATH BeKTopa'.

L P(t) = [r(t) 0(¢) 2(t)], rae r(t), 6(t), 2(t) — KOMIIOHEHTH HHIHHAPHYECKOH CHCTEMBl KOODJAHHAT,
TaK¥Ke COBepIUEHHO CIPaBeAJINBO, KaK, BIPOYeM, H NPeJCTaBNIeHHe B Ji000# Apyro# cacreMe KOOpAH-
Har. (CM. 3334y 5-8.)
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P,

Puc. 5-6 Omuu cermeHT KyOmyeckoro cruiaifaa.

Kaxxnas cocraBndiomias mMeeT BUJA, Noxoxuil Ha P(t), T.e.

4
z(t) =) Bi ™!, i <t<t,
4
y(t) =Y By, t!, i <t<t,
4
2(0) =Y Byt i <t<t.
Ilocrosinubie K03 PuuUMeHTH B; BBUYHMIAIOTCA MCXOAA U3 4YeTbIpeX I'PAaHUYHBIX
ycnoBmit I cerMeHTa CiutaiiHa. 3anmiuem ypasHeHue (5-1) B Buze

P(t) = B; + Byt + B3t + Byt®, t; <t<t,. (5-2)

Ilycte P, u P, — BeKTOpBI KOHIOB cerMeHTa (cMm. puc. 5-5). Ilycts Takxe P| u Pj,
IPOU3BOAHBIE 10 ¢, 6y yT KacaTeJbHBIMH BEKTOPAaMH B KOHIAX cermenTa. Juddepen-
mupysi ypasHenue (5-1), momyqum

4
P't)y=[z'(t) y'(t) 2'(t)]= Z B;(i — 1)t2, h <t<t,. (5-3)
i=1
SanumeM pesynsTaT
P'(t) = By + 2Bst + 3B4t?, t <t<t,. (5-4)

Ipeamonoxum, 6e3 norepu obmmocty, uro ¢; = 0, ¥ TPEMEHUM IPAHUUHbIE YCIO-
BUSA

P(0) = P, (5-5a)
P(t3) = Py, (5-5b)
P'(0) = Pl, (5-5¢)
P'(t2) = (5-5d)
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ITonyuum ueTppe ypaBHEHMS AJIs HEM3BECTHBIX Bj:

P(0) =By = P, (5-6a)
4
! — i—1 ti—2Bi =B, = ! g
P'(0) i;(z ) _=B=PF, (5-6b)
4
— 4i—1 — 2 3 N
P(ty) = ; Bit |t=t2 By + Baty + Bt + Byt (5-6¢)
4 .
P'(ty) =) (i— 1)t *B; ., =B+ 2Bt + 3Byt (5-6d)
i=1 =2

Pemenus nnsa Bs u By umeioT BHA:
_3(R—-P) 2P P

B il S -
3 2 t  to (5-7a)
H
oP,—P,) P P
B4=—¥+—21—+—3. (5-7b)
t2 t2 t2

Benuuunue By, B2, B; u By 3a1a10T cerMeHT Kybudeckoro craina. O4eBHAHO, 4TO
¢dopMa cerMeHTa 3aBHCHT OT MONOKEHHS U KACATEbHBIX BEKTOPOB B KOHIIAX CErMEHTa.
Hasnee, 3aMeTuM, 9TO B Pe3yJbTATAX NPHCYTCTBYET 3HadYeHMe mapamerpa t = t; B
KoHIe cermeHTa. Tak Kak KaXkaasi KOHEYHASI TOYKA M BEKTOD KACAHHMS MMEIOT TPH
KOMIIOHEHTBI, IIADAMETPUIECKOe ypaBHeHue KyOmdyeckodt mpoCTpPaHCTBEHHON KpHBOl
3ABHCAT OT ABEHAIUATH BEKTOPHBIX KOMIIOHEHT M 3HAUEHHsA mapaMmerpa o B KOHLE
CerMeHTa.

Tloacrasus ypaBHeHus (5-6) u (5-7) B (5-1), momyunm ypasHeHHe JJisi OSHOLO Cer-
MeHTa KybumdecKoro crjiaitHa:

_ ! !
P(t) =P+ Plt+ [_3_(1322—131)_ E_ _132:| 2
t3 ta ta
2 _ ! !
[ (P n P) + _1_321_ 1_32%] 3 (5-8)
t2 t2 t

Oro ypaBHeHHe AJA OOHOrO cerMeHTa. UTo6bl NOMYYNTh KPUBYIO LUETUKOM, HY>KHO
COEITUHATL MHOXeCTBO cerMeHToB. Ha puc. 5-6 mokazanel JBa COCEOHHX CETMEHTA.
Ecnu usBectns! Bextopel P, P, P3, KacatenpHbie Bektopsl P, P;, Pj ¥ 3Ha4eHus
napameTrpos iz, t3, TO (OpMa KaXKAOro CerMeHTa OIMpelesIfAeTCs U3 YpaBHEHHA (5-8).
Onnako ManoBepOsATHO, YTO M3BECTEH KACATENbHBI BekTOp Pj B Touke COeIMHEHHS.
K cuacTbio, ero MOXXHO BBIBECTH H3 YCJIOBHST HEmPEPBIBHOCTH.

Bcnomumm, uTo KycouHbi craiH crenenu K umeer HenpepbiBHOCTH cTemeHn K —1
B TOYKaX COeJHHEHMUS; HelPePHIBHOCTD KyBUueCKoro CIaiiHa pasHa ABYM. JLia sToro
JOJKHA GBITH HellpepbIBHA BTopas Npou3eoanas Py () unn xpusuana muHun. JIBaxap!
npoguddepeHnmpoBas ypaehenue (5-1), momyqaum

4
P'() =) (i—-1)E-2)Bit*™3,  t<t<t,. (5-9)
i=1
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P,

P,y

Puc. 5-6 /Isa kycouno Ky6HYECKUX CErMEHTA CILJIAMHA.
Jlna nepBOro Kycka cmnaiina mapamerp u3menserca B npegenax 0 < ¢ < tq. Ilog-
craBum t = t; B ypaBmenme (5-9):
P" = 6Byt + 2B;.

Jna BTOporo ydacrka Cmnaiina mapamerp m3mensercs B auamasone 0 < ¢ < ¢3.
Hoxncrasum B ypaerenne (5-9) 3uadenwe ¢ = 0 B Hayase BTOPOro y4acTKa

P" = 2B;.

IpupaBuuBast monydennbie pe3yabTATHl M mONb3YSCHh ypabmenuamu (5-6a,b) n
(5-7a), monydmm

2P,—P,) P P 3(P,—P) 2P P
2y [ EnLE S G S I ) oG A VISl G |
6t 7 e et t2 ta  t
=92 3(P3_P2)_2_'P2;__£é
B t2 ts ta3]

JleBast yacThb 3TOrO YpaBHCHUA nPEJACTABAACT KPUBHU3HY B KOHIIE N€PBOro CerMeHTa,
a npaBas— B HadaJjie BToporo. JJoMHOXKuM Ha fof3 ¥ CcrpynnupyeM YI€HBI:

3
t3P) + 2(t3 + t2) Py + t2 Py = %[tg(Pg - P) + (P - P)]. (5-10)

Orciona onpegenserca P}, neu3BeCTHDbIH KACATENbHEIH BEKTOD B TOUKE COEJUHe-
HUA. OTMeTHM, YTO B OKOHYATENbHOM YPABHEHHH ONfATbh NPHCYTCTBYIOT 3HAYEHHUA na-
pPamerpa { B KOHIIAX CerMeHTOB f2 u t3.

Ilonygennyio dopmyny moxkuo o6obmMTE Ansf n TOYeK, u aas n — 1 cermenToB
KyGudyeckoro cnnaiia noJMy4uTh HEMPEPBIBHOCTD BTOPOro nmoPsAAKa B TOYKAX Coeaune-
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Puc. 5-7 O6o3HaueHus MHOXKECTBA KYCOYHO KyOWYeCKHX CETMEHTOB CrLTadHA.

nud. O60bmennoe ypaBuenue N1 AByx JI0OBIX COCEAHHX CermeHTOB cmnalina Pi(t) u
Pey1(t)! B obosmavenusx puc. 5-7 umeer Bum:

3(Pev1 — P) 2P PL+1]t +

Pk(t)=Pk+P,;t+[

2., tey1 tea

2(Ps — Pey1) | P Py
[ = tat | (5-11)

k+1 k+1 k+1

I1 IEePBOTO CErMeHTa |
3(Pyyq — B 2P, :
Pepa(t) = Poss + PLyt + [ (Pet2 — Pet1) 28, k+2] £
tk+2 798 798
2( P, P P]
+[ (Prs1 = Peya) By | ;*2}153 (5-12)
tk+2 tk+2 tk+2

J7151 BTOPOTO, TaK KAK U1 KayKJI0ro CerMeHTa MapaMeTp HAUMHAET H3MEHATHCH C HYJId,
Ansa neporo 0 < ¢t < x4 u gasa Broporo— 0 <t < fgyo.

IIpupaBuuBanue BTOprx IPOM3BOAHBIX B TOUKAX CTHIKOBKH sl JII0OBIX COCENHUX
cermentoB, Py (t;) = P ;(0), naer obmuii pesynbrar, SKBuBAJIEHTHBI! YPABHEHHMIO
(5-10),

trr2 Py + 2(tk41 + tis2) Pepg + teta Py =

3
=T [ti+1(Pk+2 — Pey1) + tipa(Pryr — Pk)]a 1<k<n-2  (5-13)
tet1te42

OTKyJa onpelensercs KacaTenbHbIi BEKTOp B TOYKAX COEIHHEHHA JI00BIX JAByx cer-
MEHTOB Pk H Pk+]_.

17065 HE BBOAMTE JIMMHMX ONpedeNleHHH, YCIOBHMCA OBO3HAYMATL yHaCTOK NApaMeTpHYecKOH
KpHBO# MeXAy TOUKamH P u Pj,_,; xak Pi(t).
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PekypcHBHOE MCIOb30BaHHe ypaBHeHHs (5-13) 1 Bcex CerMeHTOB CIltaifHa IIo-
poXKzaer n — 2 ypaBHeHH# KacaTeabHBIX BekTopoB Py, 2 < k < n— 1. B marpuunoit

dopme:

B2 2(t2 +t3) to 0 . . . . 1 B Pll 1
0 tg 2(ts +t4) t3 o - . . P,
0 0 ts 2ty +15) tg O . . Pj

0 tp 2(tn+tn_1) ta-1 P,

3
W{t%(Pg — P2) + tg(Pz - Pl)}
23

3
E{t'g’(ﬂ — B;) +t2(Ps ~ P2)}

| (B (Pa - Pat) + (Pt — Paa)
(5-14)
WIHn
(M1 = [R]

Marpuua [M*] HeKBaJpaTHAs, TAK KAK MMEETCHA TOABKO N — 2 ypaBHEHHMH 1/ 1
BEKTODOB, M ee Henb3s OOPATHTh M NOmy4uTh pellienre A [P']. Ecan npeanonoxuts,
YTO M3BECTHBI KacareabHble BEKTOPHI Ha KOHIax kpusoit P| u P!, npobaema paspe-
maercs. Teneps MaTpuuma uMeeT BHZ,

1 0 . . . . o
tz 2(t2 +t3) 193 0 . . . . - Pl 7
0 ty 2(t3 + t4) t3 0 - , : P,
PI
3
0 0 tg 2(t4 +t5) ty O .
0 tp 2(tn+ta-1) tay | & Fn -
| - . . . . 0 1 ]
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P |
—-{tg(Ps — P) +t§(P: — P1)}

{t (Ps — P3) +1t2 (P — )}
= - (5-15)

3
L ——{t2_(Pn — Pa_1) + t3(Pac1 — Pao2)}

| Pn

[M][P'] = [R],

rae Matpuua [M] kBanparHas u obparnmas. 3amernM Takxke, 4to [M| Tpexaumaronain-
Hast', 9TO CHMXKAeT BBIYMCIIATENbHBIE 3aTPATHI Ha ee obpamenue. asee, Marpuna [M]
JMATOHAJIBLHO JoMHHAHTHAA?. OTCIONa CleflyeT, 4TO y Hee CYIIECTBYET eIHHCTBEHHOE
pellleHHe:

[P'] = [M]'[R]. (5-16)

Ecim mam mssectrsr PJ, 10 nerko onpenennts KosdbduuuerTs B; A KaxKIOTO
cerMeHTa cinaiina. O6o6mas ypasHenus (5-6)—(5-11), moxyanm

B = Py,

B2k = Pléy

B _ 3(Pry1 — Pk) 2P, P,

3k — - )
thi Ttk tk+1
2(P, — P, P

By = (Py — Pry1) ko k+1

ti thr  ti

Tak xak P u Pj —9T0 BEKTOpHBIE BETHIHHBL, TO M B; ToXe BeKTOpHBIe; eciH P
n P EMeIOT T, ¥, z COCTABASAIONAE, 3HAYAT, ¥ B; Tak»ke MMeeT 3TH COCTABJAIONINE.

ly TPeXIUaroHaJbHOR MATpHOb 3/1eMEHTHl PACIIOIOXKEeHb TOJILKO Ha IJIABHOM JMAroHaJH, nepBoi
Bepxﬂeﬁ ¥ NepBolft HH>KHel nHaroHajsax.

2y JAMaroHaJIbHO JOMHMHAHTHON MATpHMOK NOPSAOK 4JIEHOB Ha rJIaBHOM AmMaroHamu Gosbire, eM
APYTHX 4JIeHOB B 3TOM 2K€ DAgy.
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B MatpuunOil dopme ypaBHeHHE JIIOGOTO cerMeHTa cnjaliHa k TaKoBO:

B
By,
Bl = =
[B] By,
| By
[ 1 0 0 0 ]
0 1 0 0 P,
!
- _t23 _t2 t23 _tl Pfil . (5-17)
k+1 k+1
51 : —k+21 b P
i1 th i1 B

ITycTs TpebyeTcs 3a0aTh KyOHYecKHit criaiin, mpoxoasmuit depe3 n todek Py, 1 <
k < n ¢ kacaTenbHBIMA BeKTOpaM¥ Ha KoHUax P| u P.,. VI3 ypasrenns (5-16) Haxomum
BHYTPEHHHE KacaTelbHble BeKTOPB! Py, 2 < k < n — 1. 3arem u3 ypasHenus (5-17) c
H3BECTHBIMH KOOPJMHATAMH KOHIIOB KAXKJOTO CETMEHTa M KACATeIbHBIMH BEeKTODaMH
onpegensmorcst By, 1 < 1 < 4, ana kaxJoro cermenra. OKoHYaTebHOE 060DIEeHe
ypaBHeHus (5-1)

4
Pe(t) =Y But™', 0<t<ty, 1<k<n-—1, (5-18)
i=1

HCIONBb3yeTCsl IJif pacyeTa CeTMeHTa CIJaiiHa.
B mMatpuunoMm BHze ypasHeHHe (5-18) BHIDIAAMT CAeAyIOIMM 0OPasoM:

By
Boy
B |’
By

P(t)=[1 t £ ] 0<t<tpr. (5-19)

Honcrasnsas ypaBHerue (5-17) M Ieperpynmupys 4ieHbI, MOy MM

Py
0<7<1

_ Py
Pk (T) - [Fl (T) F2 (T) F3 (T) F4(T)] 'IPIL 1 S. k S n—1" (5'20)

!

roe
T = (t/tk+1),

Fu(r) =2r° =372 +1, (5-21a)
For(r) = —27° + 372, (5-21b)
F3k(7') = T(T2 — 27+ ].)tk+1, (5-2]_(;)
Fu (1) = 7(7% — T)t (5-21d)

Ha3BIBAIOTCS BECOBBIMH (DYHKIMAMHU.
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Puc. 5-8 Becosrre bynkmuu Kybmdeckoro Critaia ns tey1 = 1.0

Hone3ysack 3THMH ONpeeIeHAAMH, 3aIIHIIeM ypaBHeHHe (5-20) B MATPHYHOM BHIE

Py(r) = [F][G], (5-22)

rae [F]— matpuna BecoBoit dynkmun
[F]=[Fi(r) Fa(r) F5(1) Fy(1)] (5-23)
[G]T =[P Pey1 By Pl:+1] (5-24)

COZIEPXKHUT TeoMeTpHdecKyo nHpopManmio. Kak 6yner BumHO M3 najbpHeliero, ypas-
HeHEA THHA (5-22), T.e. MaTpHIA BecoBOl GYHKIMH, YMHOKEHHAS HA MATPHILy Ieo-
METPHYECKHX YCIOBHH, YACTO MPUMEHSIOTCS JJIsl OMMCAHMS KPHBBIX M IIOBEPXHOCTEH.

N3 ypaeHenus (5-21) BUAHO, 4TO KarkKnas BecoBast (pYHKIHSA MMeeT TPETHH mops-
IoK. Jlrobast Touka Ha cerMeHTe KYOM4ecKOro cIutaliHa 9TO B3BellleHHAs CyMMa KOHEY-
HBIX TOYEK M KacaTeJbHbIX BeKTopos. Koadduuuentsr Fj; BBICTYNIAIOT B POJIH BeCO-
Bbix ¢yunkuuit. Ha puc. 5-8 nzobpexenst F; ayi4 tp+1 = 1.0. U3 pucynka BHAHO, 4TO
F1(0) =1 u F2(0) = F3(0) = Fy = 0, 7. €. KpHBasA IPOXOJUT 4epe3 BeKTOP-TOUKy P .
Ananornuno F3(1) = 1 u Fi(1) = F5(1) = F4(1) = 0, T.e. KpuBas Tak»ke ITPOXOTHT
4epe3 BeKTOp-TOUKY P». Jlasee orMeruM cummetpuio Fy u Fo, u F3 n F,. ®aktnde-
ck# (1) = 1— Fy (7). Hakoren, o6paTM BHEMaHHMe Ha OTHOCHTEJBHBIN MOPAnoK I,
E,, F5 n F,. 3HaunTenpHas pasHMIA BeJIMIHH FOBOPHT O TOM, YTO B ODIeM Ciiydae
I0JIO’KEeHHE KOHEYHBIX TOUEK HMeeT OoJplllee BIHAHNE, YeM KacaTellbHble BEKTOPBHI.

Benomunm, 4ro Kycounsiit KyOudeckHit clIaifH onpenenseTcs TOUYKAMH, BEKTOPa-
MH KacaTeIbHBIX H BeJIMYHHAMM ITAPaMeTPa, T. €. t;x B KOHIAX BCcex cerMeHToB. Bribop
ty BAMAET HA IIAIKOCTb KPUBOIA.
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HenpepbBHOCTS BTOPOi MPOM3BOJHOM B TOUKAX BHYTPEHHErO COEJMHEHHSI CaMa II0
cebe He obecrmevYnBaeT IIaIKOCTH KPHBOH B CMBIC/IE MUHHMAJIBHOCTH KPHBH3HH BJIOJIb
nee. Ilonbupasa cooTBeTCTBYIOMME 3HAYEHN, MOXKHO MHUHHMH3HPOBATh KO3 bHLHEH-
1l B3 ¥ By A KaXKI0ro cerMenTa M JocTH4b Gonbieit raaakocTi KpuBoi. O6bI9HO
3TH JOIOJHUTEIbHBIE BEIUUCIEHAS He TpebyroTes. JIJist npakTyecKux 1eei mpuMeHs-
fotca Oojee IpoCThle METOABI, HAnoAobue PacCMOTPEHHBIX 371ECh.

OmuH MeTon BBIYUCIEHHS t; — YCTAHOBUTH BEJIMYHHBLI IAPAMETPOB PABHBIMH JIJIH-
HAM XOpJ MeXIy CoceqHMMH TouKamHd. IIpH 9TOM KadecTBO KPHBOH YyIOBIETBOPAET
TpeboBaHNAM 6ONBUIMHCTBA NMPHKJIATHBIX 33Ja4. Jpyro#t Meron COCTOMT B TOM, 4TO
JJIs HOpMAJIN3alUMA BAapHAIMH tg NONAraeTcs PaBHBIM eJIWHHIE Y KAXKAOTO CErMeHTa
cmnaiina. Takolt Beibop ynpomaer BbruucieHud (cM. pa3a. 5-4). Kak BugHO M3 npuse-
JEHHBIX BBIILIE ypaBHEHHH, m060# BHIGOp t;y NPHBOAUT K JAPYrHM Ko3dddHmuenTaMm,
H, CJIeOBaTEJIbHO, NMOJYYAIOTCA Pa3jIMYHblE KPHBBIE, NPOXOJAIMME YEPE3 3aJaHHBIE
TOYKH.

Paccmorpum mpumep!.

IIpumep 5-2 KyOuueckuit cruraiia
Ilycte mamel deThlpe BEKTOp-TOWKHM Ha Ilnockoct: Py [0 0], P2 [1 1],
Py 2 —1], P, [3 0] (cM. puc. 5-9). Haittu kycowmmiit Ky6uaeckuit cruiai,
IpOXOAANIHit Yepe3 HUX, HCIONB3ys XOPAOBYH anmnpoxcHMaumio tp. KacaTems-
HblE BEKTOPH B kKoHmax: P{ [1 1] u P; [I 1]. HaltTi mpoMexyTO9HEIE TOYKH
mpu 7 = 1/3, 2/3 nna kaXaoro cermeHra.
CHavasia Hainem

ts = /(w2 —21)2 + (2 — 1) = VT (12 = V2,
ts = V@ 5 ¥ (=97 = VO F (2 = V5,
ts=(za—z3)2 + (ya —y3)2 = V()2 + (1)2 = V2.

BHyTpeHHMe KacaTenbHbIE BEKTOPH P M P; BRMHCIAIOTCS W3 ypaBHEHH

(5-15):
1 0 0 0 P
ts  2(t2+1t3) t2 0 P
0 ta 2ts +1t1) ta P
0 0 0 1 !
P

3

m{t%(Pa - P) +t3(P, — P1)}

E{t%(})‘; -P)+ ti(Pa - Pz)}
i

4

1

Ha nporsxenun scet 9T0M IMaBH PacCMATPHBAIOTCH AByMepHbIE IPHMEpEL. DTO CAEIAHO TOIBKO
AJA YNPONIEHHs BHIKJIANOK M MpPEACTAB/JEHHS DE3YIbTATOB. TpeThe M3MepeHHE BBOAMTCA MPOCTHIM
pacmupenueM (CM. BONpPOCH K it. 5).
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Puc. 5-9 Kycounsiit ky6udeckuii cIinaim. (@) ¢f BEIMHCIEHB! ¢ IOMOIIBIO XOPAOBOH armpok-

cumanmy; (b) ¢, HopMaymm3oBaHE! K 1.

Caenas IOZCTAHOBKY, IIOJIyYHM

1 0 0 0 !
Vb 2(V2+VB) V2 0 P,
0 V2 2(VE+v2) VB P;
0 0 0 1 P
1 31]
_ Wg{zqz -1-[1 1p+5(1 1]-[0 0]}
f5—\/§{5([3 -2 -1p+2(2 -1-[1 1))}
1 1]
1 31]
11
_ \/53\/5{[2 —4+0B 5 _ | 0.949 %7 1%
- | 0949 [7 1
=l s+l -4 ho1
1 1]
1 0 0 0 P] 1 1
2.236 7.300 1.414 0 P, | | 6.641 0.949
0 1.414 7.300 2.236 Py | T | 6.641 0.949

0 0 0 1 P 1 1
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C IOMOIOBIO MHBEPCHH M YMHOXKE€HHA BBIYHCISAIOTCHA KacaTeNbHBIE BEKTOPHI

P ! 0 0 0 1 1
P | | —0318 0142 -0.028 0.062 6.641 0.949 |
T 0.062 —0.028 0.142 —0.318 6.641 0.949 | —
P | 0 0 0 1 1 1
1 1
_ | 0505 —0.148
~ | 0505 —0.148
|1 1

W3 ypasHeHHus (5-21) HaxoamM BecoBble (hyHKIMM IEPBOTO CErMeHTa:

20

Fi(1/3) =2(1/3)® = 3(1/3)* +1 = o7 = 0741,
F(1/3) = —2(1/3)* +3(1/3)* = % = 0.259,
F3(1/3) = (1/3)[(1/3)* - 2(1/3) +1]vV2 = M = 0.210,

Fi(1/3) = (1/3)[(1/3)* —1/3]V2 = —M = —0.105

M BTOPOTO:
Fi(2/3) = 2(2/3)® —3(2/3)* +1= % = 0.259,
Fa(2/3) = —2(2/3)° + 3(2/3)? = ‘7)_0741
F3(2/3) = (2/3)[(2/3)* —2(2/3) +1]v2 = M =0.105,
Fi(2/3) = (2/3)[(2/3)* — 2/3]V2 = —‘/_ = —0.210.

To4ka Ha HepBoM cerMeHTe CILIaiiHa NpH 7 = 1/3 monyJyaerca M3 ypaBHeHUs

(5-22), P(r) = [F][G], re.

0 0
P(1/3)=[0741 0259 0210 —0.105] | ] ! _
0505 —0.148
=1[0.416 0.484]
M mpu T = 2/3.
0 0
P(2/3)=[0.259 0741 0105 —0210]| ] ! _
0505 —0.148

=1[0.740 0.876].

ITosmrrit pesynbraT npuseneH B 1abi. 5-1. Kybuaeckmit crinaifn [oxa3aH Ha
puc. 5-9.
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Tabiuua 5-1 Pesyimprathl as Kybudaeckoro

CILIaHHA
CermeHT T P (1) Py ()
1 1/3 0.416 0.484
2/3 0.740 0.876
2 1/3 1.343 0.457
2/3 1.657 -0.457
3 1/3 2.260 -0.876
2/3 2.584 -0.484

Xots n3 BecoBbX dynkumit (cM. (5-21)) BUAHO, 9TO KacaTenbHBIE BEKTOPHI B KOH-
OAX MeHbllIe BIMIIOT Ha GopMy cIUlaiiHa, YeM NOJIOXKEeHHe KOHLEBBIX TOYEK, HX 9¢-
dekT MOXKeT OKa3aThCs 3HaUnTeAbHBM. Ha puc. 5-10 n3obpakeH oiMH CHMMeTPHYHBI
CerMeHT CIUIafiHA C OJMHAKOBBIM HAIPABJIEHHEM KACATENBHBIX BEKTOPOB, HO PasHON
BeIMYMHBL. HalpaBjieHHsl KacaTelbHBIX BEKTOPOB ODO3HAMEHBI YIJIOM (, & MX OTHO-
CHTENbHAA BeJIMYWHA — JUIMHOHN 9THX BeKTOpOB. EC/M BeMunHA 3HAUYHTENFHO MeHblIle
JUTMHBL XOPAH [, TO KpHBas BBIIYKJIA Ha KOHLAX M JIEXKHUT BHYTPH TPEYTONHHHMKA H3
XOPIbI ¥ KacaTeabHbIX. IIpH Bo3pacTaHNM BeJIMIMHBI KPHBAS MOCTENEHHO CTAHOBHTCA
BOTHYTOM M BBIXOJMT 3a TPEYrONbHUK. B 9TOM Ciiydae npu BenudmHe BekTOpa 3/ cos o
y KpHBO#t NosiBiisiercst BepmnHa (cM. puc. 5-10d). Ilpu eme Gonpuux BelHYHHAX IO-
sIBASIETCS TeTisl, KaK BUAHO M3 puc. 5-10e. UHorma ass ynydulenus ¢opMsl KPHBOi
BEIMYHHA BEKTOPa OTPAHHYMBAELTCA JJIMHOH XODIbL

5-4 HOPMAJIM30BAHHHE KYBUYECKVE CIIJTAUHBI

PaccMoTpuM Opyrodt MoAXo/ K ANIPOKCHMAIMH BeJIMYHMH fi-HOpMATH3aHio, T.e. 0 <
t < 1 nns BceX CerMEHTOB.
B 9ToM citygae Becosnie dynkuum (cMm. ypaBHeHHe 5-21)! uMeror BuA:

Fi(t) =2t -3t +1, (5-25a)
Fy(t) = —2t* 4 3¢%, . (5-25b)
Fy(t) =3 —2t2 ¢, (5-25c)
Fy(t) =3 — 2. (5-25d)

Martpuna BecoBbIX YHKIMI JJisi HOPMAJIM30BAHHOIO KyOHYecKOro CIUIaiHa BbI-
TNAAUT CIEIYIOMHMM 00pa3oM:

2 -2 1 1
F=[mN =18 £ ¢ 0| o 5 T ol (5-26)
1 0 0 0

! Manubre byHKIME SABJSIOTCH KyOH4YeCKMMHM BeCOBHIMH YHKIHAMH ODPMHTa Ha HHTEpBAJe
0<t<1.
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1.0r

pA N

1 0 I 1.0
(a)
l.Or
172 1/2 R
a a 0 ) 1 )
1 0 I 1.0
)
1.0p
0 s N . )
0 I 1.0
©)
1.01
‘3/cos a 3/cos a
a N, 0 A A A ,
1 0 I 10
d)-
101
0 s N i :
0 !l 10
(e)

Puc. 5-10 Bausnwe Bemrommbr xacaTesmHOro BeKTopa Ha (opMy cermMeHTa KybH9eckoro
ciiadtna, o = w/4. (a) 1/4; (b) 1/2; (c) 1; (d) 3/ cosa; (e) 5.
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Marpu4Hoe ypaBHeHHe cerMeHTa (ypaBHeHHE (5-22) 3aMUCHIBAETCS Kak
P(t) = [F][G] = [T][N][G]. (5-27)

3amernyM, uto [T] 1 [N] — KOHCTaHTBI Ui BCEX CerMeHTOB cmiaina. OT cermenta
K CETMEHTY MEHseTCsl TONbKO MaTpHia reomeTpuu [Gl.

VYpasHaenwe (5-15) s onpeselieHus BHYTPEHHMX KACATENBHBIX BEKTOPOB, HEOHX0-
IUMBIX B [G], mprobpeTaeT BHI;

1 0 . Pll 3{(P3—P2)+(P2—P1)}
1 41 0 - Pé 3{(P4—P3)+(P3—P2)}
4 . .
cratos = . (529)
01 41 . .
o 11l ] Ls(P-Pust o= Pa))

Peutenre onsaTs naercs ypasHeHHsaME (5-16), Ho Tak kak [M] — koHCTaHTa, ee HyX-
HO OOPATHTh TONLKO OAMH pa3. lIpu GOMbLUIOM KOJHYECTBE TOYEK 3TO 3HAUMTENHHO
COKpaIaeT BBIYHUCIEHHA.

PaccmoTpum mpuMep.

IIpumep 5-3 HopmanmsoBaHHBIH KyOmaeckuii crtaitn

OnsaTb paccMOTPHM YeThIPE BEKTOP-TOUKH Ha IUIOCKOCTH M3 IpEMepa 5-2, T. e.
Pij0 0], P1 1], P32 —1]uPi[3 0] c xacaTemsusmu sexropami Pi[1 1] u
Pi[1 1]. HaliTi HopMATM30BAHHEI KYCOTHBIH KyGHHecK i CIUTAMH, HpOXOJantuii
Yepe3 ITH BEKTOP-TOYKH.

Benmananr napamerpos t2 = {3 = {4 = 1.0.

KacaTensHbie BEKTOPHL B TOUKAX COEIMHEHNS PACCIHTHIBAIOTCH U3 ypaBHEeHUs

(5-28), 7.e.
10 0 0 P ([1 1]
1 4 1 0 Pl _ |32 -1-[1 141 1]-[0 0]}
01 41 P, T |33 0-2 -1+ —-1-01 1)}
0 0 0 1 P | [1 1]
[ 1 1
| 6 -3
— |16 -3
| 1 1
OfpamaeM M yMHOXAEM:
P [ 1 0 0 0 1 1
P, | _ | —o0.267 0.267 —0.067 0.067 6 -3 | _
P |~ 0.067 —0.067 0.267 —0.267 6 -3
P; | 0 0 0 1 1 1
[ 1 1
|11 -0s8
“ 11 -08
| 1 1

OTMeTHM, YTO 3/1eCh BHyTpEHHHE KacaTenbhbie Py, Pj CymecTBEHHO OTIIda-
I0TCs OT Pe3yJIbTaTOB XOpAOBON anmIpOKCHMAIAA B IIpHUMeEpe 5-2.
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Tabauua 5-2 Pesynprarel ons HOpMaJu30-
BaHHOrO KyOHU4IecKoro ciialiHa

Cermenr t P.(t) Py (t)
1 1/3 0.333 0.467

. 2/3 0.667 0.933

2 1/3 1.33 0.422
2/3 1.667 -0.422

3 1/3 2/333 -0.933
2/3 2/667 -0.467

W3 ypasHenmnsa (5-26) Marpuna BecOBBHIX K03(UMIIMEHTOB IUIs MEPBOrO Ccer-
MeHTa mpu t = 1/3 umeer BuI:

2 =2 1 1
Fl=mv=(/27 19 13 | 8 3 2 ol)o
1 0 0 0

=[20/27 7/27 4/21 —2/27]
uopu t = 2/3:
[F]=[7/27 20/27 2/27 —4/27].

Touka Ha mepBoM cerMeHTe crulaima mpu t = 1/3:

0 0

P(t) = [FI[G] = [20/27 7/21 4/21 —2/27)| ] L=
1 -08

—[1/3 63/135] = [0.333 0.467]
Hoput = 2/3:

0 0

P@) = [FlIGI=[7/21 2021 2/21 —4/20| ] 1 |=
1 -08

=[2/3 126/135].

Pesymprarel cobpanst B Tabn. 5-2.

Ha puc. 5-9 uzobpaxens! Apa cinaitia — u3 mpumepa 5-1 u 5-3. Kpusble noayun-
JINCh Pa3HBIMH, T.€. IAPAMETPU3ALMS BIHIET Ha PE3YJIbTAT.

Ecim Touku w3 Habopa naHHBIX paclpeseneHsl HEPABHOMEPHO, TO ONBIT MOKA3bI-
BaeT, YTO XOpJOBasd aNNPOKCUMALMs iy Aaer fojee rIagKyi0 KPHBYIO, YeM HODPMAJTH-
3auus. Jro BuAHO U3 puc. 5-11. Ha puc. 5-11la moka3aHo ynopsjodeHHOE MHOMKECTBO
TOYeK, npejcTasiAomee KOHTYp neryuwka. Ha puc. 5-11b Touku coeguHEHBI OTPE3KAMHA
npaMbix. Pucynku 5-11¢ u d npecTaBasior HOPMAJM30BAHHYIO M XOPIOBYIO AIIPOK-
CHMAIMIO CILIaiiHa, cOOTBeTcTBeHHo. O6paTuTe BHUMAHNEe Ha PasHHIY B M300parkenuu
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Puc. 5-11 CpasHenue Ky6uuecKHX CILTAMHOBHIX anmpokcamarmit. (o) JanHue; (b) coeure-
HUe IpaMbIMYE; (c) HOpMasu30BanHas anmpokcHManus tx; (d) xopmoBas aIIpPOKCHMANUS ti.
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nanoK ¥ rpebeuika. XopaoBasi ammpoKCHMAIMs YCTPaHAET [ET/H, 3aMeTHbIe Ha pHC.
5-11c Ha nankax, u gaer 6osee rmagkoe u3obparkenne rpebenika. HecmoTpst Ha 9TH He-
OCTATKH, HOPMATM3OBAHHOE IIPe/ICTaB/IeHAEe IPUMEHAETCA IJIf CO3JAHNA KyOHTIeCKX
OrPAHMYMBAIOLIAX KPHBBIX JJIs KyCKOB TPEXMEPHOM NMOBEPXHOCTH (CM. I 6).

Eme onHO HHTEpECHOE 3aMeYaHue: eCIIH i1 HOPMAJIN30BAHHOIO CIIaiiHa H3BeCTHA
marpuna [B]T =[By By B; By, T0 reoMeTpHYeCKas MATPHLA CETMEHTa CILIAHHA
[G] paBHa

[G] = [NT7'[B],

rae [N]~! —obparnas marpuua [N]:

V]! = (5-29)

W oo
DO =O
—— -
OO -

ToukM Ha CEerMEeHTEe PACCUMTHIBAIOTCSA M3 ypaBHeHH: (5-27).

5-b [OPYT'UE I'PAHUYHBIE YCJIOBUSI

B mpenpiaymux paccyKAEHHIX MPeIIIONarajioch, YTO U3BECTHBI KACATENbHBIE BEKTO-
pet P| u P} B KOHIEBBIX TOYKAX KYCOYHOTo Kybmaeckoro cmnaitna. Takoe rpanmunoe
yCJIOBHE Ha3bIBAETCA 3axpentettbim. HeHM3BeCTHBIE KACATENBHBIE BEKTOPH B IPOMEXKY-
TOYHBIX TOUKAX BEIYHCIAIOTCS HHBEPCHEH TPexIMaroHaJbHON marpuusl [M] u3 ypas-
HeHHs (5-15).

Ecin 3anan0 Masio To4ek MM u3HUECKHe orpaHHYeHHs1 TPeDYIOT ONpeneneHHoik
¢opMBI KPHBO# Y KOHIOB, BO3MOXKHBI APYTHE rpaHNYHbIe yciosus. Hanpumep, Mox-
HO 33J1aTh KPHMBHM3HY B KOHLEBbIX Toukax. HyneBas KpMBHM3HA HA3bIBAeTCS CAaObIM
TPAHUYIHBIM YCJIOBMEM. ANMPOKCUMHUPYS KPUBH3HY BTOPO# MPOM3BOJHON H BCIIOMHHAA
ypaeHenue (5-9), monyqaem

4
P't)=> (i—1)(E-2)Bit"™®,  0<t<tesr.
i=1

B navane nepeoro cermenta craitna ¢t = 0. OTmerHM, uTO Ha Pe€3yabTaT BJINSAET
TONBKO unieH i = 3. W3 ypasnenns (5-17)

_ ! !
P"(0) = 2By = 2 (_—3(P2 h P) _ 2P ﬂ)
t3 t2 t2
Hocne meperpynnuposku monydaem
P, 3
P+B_3p_ ~ i
[+ 2 = 5 (P R (5-30

Teneps nepsast crpoxa B Marpauax [M] u [R] (cm. (5-15)) Takosa:

12 0 ---1[P= |72372(P2—P1)“.
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B konue nocregsero cermenta t = t,, k = n — 1. 3aeck pe3yabTaT 3aBUCHT OT ABYX
uneHoB i = 3 m i = 4 B (5-9), & HMeHHO

P"(t,) =2B3 + 6B4t, =0

HJIH, MCTIONb3YA ypasHenue (5-17),

6 2P,’l 1 4P,’l
g —PIr T =g t=0
Tlocse meperpynmupoBKH
2P, |+ 4P, = —(P,, —P,_1). (5-31)

Hocnemusis crpoka Marpuy [M] u [R] (cM. (5-15)) BBITIAOAT Teneps Tak:

.- 0 2 4JLP,',J=[£(Pn—Pn—1)J~

3amernM, 4TO AJiA cIUTafiHa ciabble M 3aKpelieHHble TPAHUYHBIE YCIIOBHA MOTYT
MEHATbCA MECTaMH.

IIpumep 5-4 Kybuweckuii ciiiaifH co ci1abbIM rPaHUYHBIM YCJIOBHEM

Iycrs 3amanst TpH Touxu Pi[0 0], Po[1 2] u P33 2]. Haitti xy6maeckumit
CIU1aiiH, TpOoXoasumit Yepe3 HAX, CO CaObIMI IPaHMHBIMA YoaoBHAMH. [ ik
HCIIOJIF30BaTh XOPAOBYIO aIrpOKCHMAIMIO.

KosdpdbumenTr: t; Takoss:

ta=v(z2—21)2 + (2 — 1) = V(1)* + (2> = V5,
t3 = \/(333 —z2)2+ (ys —y2)? = \/(3 —1)24(0)2=2.

Momudrmmpys Marpuust [M] u [R] ¢ noMompro ypasHerwit (5-30) u (5-31),
IOJIYYMM ypaBHeHue BHYTPEHHETo KacaTersHoro sekTopa B Pi:

1 05 0 P!
2 8472 2.236 P}
0 2 4 P,
( 2]-[0 0

2
- {{5([3 2/ -[1 2D+4(1 21-[0 0]0)}
3(3 2l-1 2]

0.671 1.342
=| 0391 5.367 |.
6 0
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Wnseprupysa (3 x 3)-marpuny M yMHoXas, HajineM TIPOM3BOJHEIE

p, 1.157 —-0.079 0.044 0.671 1.342
Py | =] —0.315 0.157 —0.088 9.391 5.367
P} 0.157 —-0.079 0.294 6 0
0.301 1.131
= | 0.739 0.422 | .
1.131 —-0.211
W3 ypasHenus (5-21) Becosbie dbynkruu IpH 7 = 1/3 u 2/3 nna mepsoro
cermMeHTa HMET BHI:
[F],—1/3 = [0.741 0.259 0.331 —0.166],
[Fr=2/s = [0.259 0.741 0.166 —0.331].

3arem ypasHenme (5-22) maeT TOUKH Ha IIepPBOM cerMeHTe, T.e.
0 0
1 2
P(1/3) =[0.741 0.259 0.331 - 0.166] 0.301 1.131
0.739 0.422

=1[0.237 0.823].
AHanornuso
P(2/3) =[0.546 1.529].
Becopnie dyuxmun Ipu 7 = 1/3, 2/3 a1a BTOpOro CerMeHTa TAKOBEIL:
[Flr=1/s = [0.741 0.259 0.296 —0.148],
[Flr—z/s = [0.259 0.741 0.148 —0.296]
M ypasHenwme (5-22) maer
P(1/3) = [1.570 2.156],
P(2/3) =[2.256 2.125].

Pesynprarsr NokasaHbl Ha pHC. 5-12.

HuTepec mpeCTaBasIoT eme ABa THIA MPAHHYHBIX YCJIOBHHM: IUKIMYECKOE H allH-
Knndeckoe. [[ukmndeckoe yClIOBHE HOPOXKAAET 3AMKHYTYIO KPHBYIO HJIH 4aCTh HEPHO-
AHYECKH MoBropsAomeiica KpuBoit. s aroro HeobxoguMo, 4TOBH! KacareibHAsA BEK-
TOPa ¥ KPHBH3HA Ha 00OMX KOHIAX ObLIHM HYJIEBBIMH:

P{(0) = P,(t,), (5-32)
P{'(0) = P, (ts). (5-33)

W3 ypasrenuit (5-3) u (5-9), nonb3ysco ypasnenuamu (5-17) u (5-32), nonyvaem
3Pa=Po) _2Pan _Pi],
t2 th o
%P,y -P,) P., P
Pus=B) | Pos B

£ th o f

P| - P._, =2t, [

(5-34)

+3tn[
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Puc. 5-12 Ky6uveckwmit cllnaiia s Npumepa 5-4.

Ananornuno, ypaesenre (5-33) npusoguTca K BHIY

L [3P—P) 2P ﬁ] _, [3(Pn “Pat) s 5] .

t% t2 t2 tn tn
Po,—P) P., P
+ 6tn [ g g L+ 7 (5-35)
YMmuoxwus (5-35) na t, u pbramTas ero u3 (5-34), moayynMm
SR LN .
t2 t2 t2
a2 [2(Pa-1=P) Pl P
= 3tn £ 2 2]
%P,.1—P) P._, P
2
— 6t,, [ t?l + t2 Ly ?2—
BcnomunM, wro P/ = P, u meperpynnupyeM 4JeHbI:
3
2 (1 + ) P4t R AP = 3 (P~ P) = =(Pa-y = Pa). (5-36)

KacaresnbHble BEKTOPbI B TOYKAX BHYTPEHHEro COEIHHEHHs ONSATH IMOMYyqaloTcs C
nomMompio ypaBHeHns (5-15). OgHaKo U3-3a TOrO, YTO KacaTebHbie BEKTOPbI IMHEHHO
sasucums! (P] = P.)), marpuua [M] Tenepb mmeer pasmep (n — 1) x (n — 1), rme
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NepBasi CTPOKA COCTOMT u3 KodchunueHToB ypasHenns (5-36):

2(1+8) & 0 0 : 1A
t3 Aty +13) to . : P,

0 tn 2tn+tn-1) tag J - Pno1
tn
35 (P2 — P1) — £ (Pa-1 — Pa)
m{tg(Ps — P) + t3(P, — P1)}

3
L tn—ltn

{tﬁ_l(Pn - Pn—l) + t?;(Pn—l - Pn—2}

3Ta MATpHIA yXKe He TpPeXJUaroHaJbHas. Anpxnryeckmit crimaliH moxoxXx Ha IH-
KJIM4YeCKHi 3a HMCKJIIOYEHHEM TOro, 4TO

PJ(0) = —Pi(tn), (5-38)
P/'(0) = —P!(t,). (5-39)

Ta xe npoueaypa, 4To ¥ s DEKIHYECKUX T'PAHHYIHBIX yCIOBHH, maer
t t t 3 '
2(14+ 2 )P+ 2Py~ P._ =35(Py— P1)+ —(Pa1 — Po). (5-40)
ta ta t2 tn

W3 ypasnenns (5-40) BHIHO, YTO eTMHCTBEHHbIE OTJIMYAS — 3TO Pa3Hble 3HAKH y 1 B
M(1, n—1) B marpuue [M] u y Broporo unena R(1, 1) B ypaBHenun (5-37). Anuximye-
CKHe cralfHbl IONE3HbI IPH H300parkeHNH KPHBBIX, y KOTOPHIX KacaTelbHble BEKTOPbI B
KOHIIaX MMEIOT OAMHAKOBYIO BEJIMYHHY M IPOTHBONONIOXKHLIE HATIPABJIECHNS, HAIPHMED
KaK y MHOTOCJIOMHOR [JepeBAHHON TeHHHMCHON pakeTku. B tabn. 5-3 cobpannl rparmy-
Hble yCJIOBHA I KyOH4YecKHX criafiHoB.

¥V kybuyeckux ConaiHOB NEpBEIe M BTOPLIE NPOM3BOIHEIE HENPEPHBHH IS JIIOOBIX
IPAaHHYHBIX YCJIOBHI, HO C yBEIMYCHHEM KOMHYECTBa, 3aJAHHBIX TOYEK BpeMs obpalme-
HHSl MATPHIKI KACATEIbHEIX BEKTOPOB MOXKET CTATh CIMIIKOM GOJIBIINM.

Ha puc. 5-13 m3o6paxennl gsa Kybudeckux ciutaifHa, OPOXOAAIIMX 4epe3 IMAThb
TOYEK: C 3aKPENJICHHbIMHE ¥ CJIa6bIMK FPAHHYHBIMH yciioBuaMHE. KacaTenbHble BEKTODH
B 3aKpemyeHHbIx KoHIax — [—1 1]u [l 1], coorBercreenHo. B aToM ciyyae pasmuine
KPHMBBIX HecymecTBeHHO. JIpyrue KacaTelbHble BeKTOphI, Hampumep [1 1] u [1 1],
MOTYT CymIeCTBEHHO M3MEHHTb (HopMY CIUIaliHa C 3aKpEeIIeHHBIMHM KOHIIAMH.

Ha puc. 5-14 nokasaso BimsiHMe M3MEHEHHMS BENMYMHEI, 3 He HAIPABJIEHHS Kaca-
TeJIbHBIX BEKTOPOB B KOHIIAX 3aMKHYTOTO KyOH4eCKOro CijiajiHa. DTH KPHBbIE CHMMe-
TPUYHBI, TAK KaK KBaJAPATHAsT MaTpHIA B ypaBHeHud (5-15) TpexanaroHaspHA.
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Tabanua 5-3 I'pammansie ycaoBHs a1 KyOHYeCKHX CILIANHOB

Henynepnie aneMeHTH

I'pannunoce TlepBas u noceuAs
ycJIoBHe B ne%ioi:a;()[%ﬁmeﬁ crpokH [R]
3akperienHoe MQ,1)=1 R(1,1)=P;
M(@n,n)=1 R(n, 1) =
Craboe M1, 1) =1 R, 1) = %(P2 —P)
2
M(Q1,2) =1/2
M(n,n—1)=2 R(n, 1) = tE(P,.—P,._l)
M(n,n) =4 "
ITukuaeckoe MQ1,1)=2 (1 + :—") R(1,1)=3 ( ) (P2 — )
2 t3
tn 3
M(l, 2)=E _—(Pn 1 Pn)
M1, n-1)=1 R(n 1) HE OIPEJEJIEHO
Armnxmrgeckoe M1, 1)=2 (1 + :—") R(1,1)=3 ( ) (P.— P1)
2 t3
tn
M(1,2) =2 +2(Pact = Pa)
2
M1, n-1)=-1 R(n, 1) HE OIIpeZie/IeHO
¥y
4}
|
2._
0 | 1 _ 1
0 2 4 x

Puc. 5-13 CpasHenwe 3aKpeIIEHHOr0 M C1aforo rpaHMIHBIX yca0oBEA a8 HOPMasM30BaH-
HOro KyCO4JHO KYOH4YecKoro CIUiaifHa.
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0

1
-2 2 6 10 x

Puc. 5-14 Biauauve BenwduHbLI KACATEIHLHOTO BEKTOpa Ha (OpMy HOPMaM30BaHHOTO KyCOY-
HO KybHweckoro ciinaiua. (a) P{[0 1], P30 —1]; (b) P{[0 10], P0 —10].

Ha pnc. 5-15 4epe3 Te Xe naTh TOYEK TPOXOOHUT CIIalH cO CIabbIMu n IuKJInde-
CKMMu IPaHNYHEIME ycIoBuaMu. O6paTuTe BHuMaHue Ha TO, YTO CIIaiH co ciabbiMu
YCIOBHSAME CHMMETpHYeH, a IHKJInYeCKuil — HerT.

Ha pnc. 5-16 cpasuuBalorca cnaboe n IuKIndecKoe rpaHn4dHbIe yeiIoBusd. [lukin-
YecKoe yCJIOBHE MOXKHO MCIONb30BATD u JJ/1s1 He3aMKHYThIX KpuBbIX: HanpaslieHne Ha-
YJaJIbHOTO KaCaTeJIbHOrO BeKTOpa JOJIKHO COBHAJATh C HanpaBJieHueM KACATelbHOro
BEKTOpa B KOHIE.

Hecmorps Ha TO, 4TO mapaMeTpuyecKue KycOuHble CIIAWHBL yXOOHBI u npuMeHs:-
I0TCA B pAfie OTpaciieit (Npou3BOACTBE aBTOMOGmIIEH, CyJOCTPOEH!nY i ABUACTPOCHHH ),
Yy HAX eCTb HeKOTOpble HemoCTaTKm. Tak, OHu HETOYHO NpelCTaBIAIT KOHmiecKne
CeYEeHHA n acuMnTOTHYeCKue KPuBhbie 1 4acTo upuBOOAT K BUIUMOH OCIUIIALIMH. Oc-
DHIIALKA BO3HMKAET n3-33 TOTO, YTO CIaflH MCHBITHIBAET JIOKAIbHOE BliusgHuE KAXK-
DOl TOYKM, a TPeTbA NPOM3BOAHAS TOJBKO KyCOYHO MOCTOSHHA. Pa3phiBhl TpeTbeit
IPOM3BOJHOH MOPOXKJAIOT OTKJIOHEHHH, ¥ mOJlydYeHHAs KPuBas He ABJIAETCA TIIAJAKOM,
HEeCMOTPsA Ha TO, YTO ee BTOPAs NPOM3BOIAHAS HenpephIBHA.

Omua 13 MeTogoB BOPLOHI ¢ OCHMILIAIMAME — MaTeMaTudecKnii aHATIOT NPUIIOXKe-
Hus Cuibl K KoHuaMm cmiaiina. Ilycrs uMeercs dpu3mdecknil crutaifH — TOHKasA, rubkas
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Puc. 5-15 CpasHenue c1a60ro ¥ IMKIMYECKOTO IPAHNYHBIX YC/IOBHH 114 HOPMAIM30OBAHHO-
To KyCO4HO KyOH4YeCKOro cruiafHa.

Puc. 5-16 CpasHenne cnaboro M UMKIMYECKOTO TPAHWYHHIX YCIOBHA U1 OTKPBHITHIX
KPUBEIX.
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1C)) )]

Puc. 5-17 DddexT HanpsxKeHns KyCoIHO Kybuueckoro cruaitna. (6) Bes Hanpsaxenns; (b)
C HanpsiKeHHueM.

peiika, Harpy»KeHHas B HeKOTOPhIX TOYKaX. UT06bI ycrpaHUTh MaJible KosebaHus, Hy K-
HO NMPHJIOXKHTh CHIY K KOHnaMm peilki. M3yyeHne Harpy»KeHHBIX CIJIalfHOB BLIXOIMT 33
PaMKH 9TOI KHHCH, OIHAKO MbI CAEJaeM HeCKONbKO 3amedaHuil. B nepsrx paspabor-
Kax [5-6] u [5-7] paccmMarpuBaeTcs SKCIOHeHIMAIBHbNA CILIaiH, Tpebyomyi Gombmux
BbluMCIeHnl. B pabore [5-8] paccMaTpHBaeTcs Apyroif NOIMHOMHAJIBHbIA BH, CILIal-
Ha, V-cItadid. ¢ dekT HanpsKeHHs KyOudyeckoro cinafiHa Moka3aH Ha puc. 5-17.

5-6 ITAPABOJIMYECKAA UHTEPIIOJISIIIUS

Ky6uueckne cnnaliHbl —3T0 MOmIHOE M yJ0OHOE CpenCTBO, HO M OHM HeOe3ylpedHbI:
HeoOXOAMMO yYHTHIBATh BIMSHHE HAIIPABJIEHHS M BeJIMYMHBI KACATEJIbHBEIX BEKTOPOB,
yKa3nBarh BCe TOYKH KPHBOIA 10 ee m300parkeHus, HEBO3MOXKHA JIOKAJIbHAsA KOPPEKIH
KpuBoit. ITocieanee oco6eHHO BAXKHO JJIsi HHTEPAKTHBHON pabothl. Pacyer kybuiecko-
ro cmnalina rpebyer obpaineHns GoNbIION MATPHIBI, 3aBUCAMENH OT BCEX 3JEMEHTOB
criafiHa; T.e. W3MeHeHHe JIOOOro CerMeHTa 3aTPArHBAET BCE OCTAJIbHbIE CETMEHTHI.
Boapeilicreue yMeHbIIAETCA NIPH yAaJI€HAM OT TOYKH BO3MYMEHHMsA, HO MOIHOCTHIO Ipe-
Hebpeub uM Hesb3s. Ilapabonnyeckas HHTEPIONALMA pa3pemaer GOJbIMHHCTBO 3THX
OpobJieM 3a CYeT TOrO, YTO OHA TONBKO HEMTPEPBIBHA, T. €. B TOYKAX COeJMHEHH CerMeH-
TOB COXPaHAeTCA HEIPEPHIBHOCTD JIMHIb NIEPBOit npou3BoHoi. daa MHOrMX NMpuKIam-
HBIX 337134 3TOrO AOCTATOYHO, MpwyeM Napaboimyeckas MHTeprHossiusa He tpebyer
Gonbmux pacueros.

MapaGonmyeckas mHTepnoNsps Goina paspaborana OBepxaysepom’ [5-9]. Opepxa-
y3ep CTPOMJI KPUBYIO HHTEPIOJIANMH, HCXOIS H3 reOMeTpHYecKux coobpaxkenunit. Unea
COCTONT B JIMHeHAHOH MHTEPNONAIMH NEPECEKAIOIMXCA YacTel aByx napabon. Ilapabo-
Jibl 33JaHbI Y€THIPbMS NMOCJIENOBATEIbHEIME TOYKAMH: [IEPBasi — TpeMs NEePBBIMH TOY-
KaMH, BTOpas — TpeMs MOCNeIHUMHU. IlepecevyeHne JIeXKHT MexXIy BTOpOK H TpeTbeit

! B neppoM m3janan AanHOY KHATH 6hLI paccMOTper MeTox OBepxaysepa.
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Puc. 5-18 Ilapabosmdeckas HHTEPIIO/IAIHA.

roukaMu. HecMorpsa Ha 10, 4TO Mapabosibl — IJIOCKKE KpHBLIE, X JIMHEHHAS HHTEPIIO-
JISIIEA 3TO KyOWdecKas IpocTpaHCTBeHHAs KPHBas, KK MMOKA3AHO Ha puc. 5-18.

B pabore [5-10] paccMaTpHBaeTCs METOX MOCTPOEHHS OXHOrO M3 ceMelcTs mapabo-
JIM4eCKY MHTEPIIOIHPOBAHHBIX KPUBHIX € IOMOMBIO MATPHL. JTOT AIrOpHTM Tpebyer
MeHbIIe BblyucyieHni. PaccMoTpuM 0600meHHbIN BHIBOL, IJISL BCErO CeMeiicTBa.

ITapabonuyecKH MHTEPIOJMPOBAHHAA KPUBAs MMeeT BUI

C(t) = (1 - t)p(r) + tq(s), (5-41)

rge r, s, t — napamerpsi, p(r), ¢(s) — napamerpudeckue napabonn, IpoxoaAIHAe depe3

P, P, P; u Py, P3, Py, cCOOTBEeTCTBEHHO, K3K MOKA3aHO Ha pHc. 5-19. s npocrorhl

Mapabossl Ha puc. 5-19 nexxar B 0HOM [LIOCKOCTH, HO 3TO He 06a3arenbHO (puc. 5-18).
ITapaMeTpudeckoe npescrasienne p(r) u ¢(s) cnenyromee:

p(r)=[r* r 1][B], (5-42)

g(s) =[s* r 1][D], (5-43)

rae [B] u [D] — Marpuupl, IpeACTaBIsOmue NOJOXeHHe BeKTop-TodeK Py, P, P3 1
P,, P3, P4, coorBercrBenno. Pesynbrar uHTepnonanuu — Kybudeckas Kpupast

ciy=[ ¢ ¢ 14]c]=[T)AlG), (5-44)
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Puc. 5-19 O6o3navenue Qs napabosmdeckoit HHTEPIIONAIAH.

rae [T][A] —Marpuna nHTEpIONANHMOHHBIX (yHKIMH, a [G] — reoMerpriecKas MaTpH-
na sekrop-touek Py, P, P;, Py. Yrobbr onpepenurs [B] u [D], a 3arem [A] n [G],
HeoOXOMMMO YCTAHOBHTDb CBf3b MEXKJAY mapaMerpaMiu T, s, t. U3 puc. 5-19, 3ameyas,
yro r Menserca or () go 1 Ha cerMenTe or P, no P; Bronb p(r), s Mensercsa or 0
o 1 na cermente or P2 5o Py BOonb q(s), u t Mensercs or O go 1 Ha cerMeHTe OT
P, po P; ponn C(t), pa3yMHO NPEINONOKHUTh, YTO T M 1, & TakXe § M { CBA3AHBI
qunetino. Orcioma

r = kit + kg, s = k3t + {4, (5-45)

rpe k; — KOHCTaHThI, 3aJaHHbIe FPAHHYHBLIMH yCIOBHAMHE B BeKTOp-TouKax Py, Py, Py u
Py. IlpennionoxkuM, 9T0 JaHHBIE PACHpEeJe/ieHbl DABHOMEPHO MM [OYTH PABHOMEPHO,
¥ JMana3’oH NapaMerpos HOpMaim3osaH, T.e. O < 7,5, < 1. Torga MOXHO yCJIOBHTb-
cs1, 4TO

p(0) = P, p(1/2) = P, p(1) = P, (5-46a)
q(0) = P, q(1/2) = B, q(l) = Py, (5-46b)
c(0) = P, cQ) = ps. (5-46¢)

3mech OCHOBHbIE MPEANONOXKEHHsS TAKOBLL: p(r) = P pma r = 1/2 u g(s) = Ps
ansa s = 1/2. 9tn npesnonoxenns caenans: B pabore [5-10]. B pesynbrare nomy4a-
€M eIHHCTBEHHbI! 9JeH ceMelicTBa nNapaboInvecKu MHTEPNONIMPOBAHHBIX KPUBLIX, KAK
OyleT MoKa3aHO HHXe.

B mpennonoxenusx ypapHeHuit (5-45)

QP: r=1/2,t=0 = ky=1/2
Qp: r=1t=1 = kit+k=1 = k1=1/2
QP: s5=0,t=0 = k=0
QP: s=1/2,t=1 = k3=1/2
Hrax
1 1
r(t) = 5(1 +1t), s(t) = Et' (5-47)
BcenomurMm ypasrenwe (5-42) u mcnombsyem ypasHenue (5-46a), 4To6bl BHIpa3uTh
[B] 1epe3 P11 P21 P31
p(0)=P =[0 0 1][B] (5-48a)
p(1/2)= Py =[1/4 1/2 1][B], (5-48b)
p(l)=PF=[1 1 1]B] (5-48c)
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3amuimeM B BHAE OJHON MaTpHIbI
I & 0 o 1
P | =|1/4 1/2 1 |[B]=[M]B]
P 1 1 1
Orciona
P 2 -4 2 P
Bl=M]"'|P|[=]|-3 4 -1||P]. (5-49)
P 1 0 0 B

Ananornyno yepe3 Pp, P3, Py naxopurcs sbipaxkenne [D]. Ilonb3ysich ypaBHeHHeM
(5-46b), momy4aem

g0)=P,=[0 0 1]D], (5-50a)
q(1/2)=P;=[1/4 1/2 1][D], (5-50Db)
¢gl)=P=[1 1 1[D]. (5-50c)

Cpasnenne ¢ ypapHeHusME (5-48) cpasy xe Jaer
P 2 4 2][ PR
[Dl=M]| P |=| -3 4 -1 P . (5-51)
Py
BcnomuuM ypasrenwe (5-41) m nogcrasuM ypaprenus (5-42) u (5-43):
Ct)=1-t)r* r 1B]+ts* s 1D].

HUcnonbayeM ypasuenne (5-47), 4robbl nepemucarb 3T0 TONbKO B TEDMHHAX Ilapa-
Merpa t,

C(t):[—%(t2+t2—t—1) —%(t"’—l) 1—t][B]+[§ g t] [D].

Iloacrasus [B] u [D] u3 ypapHennit (5-49) u (5-51), momy4uum

B .t 5 . 3 ¢ !
= |—— —_—— — —_ —_— — +
C(t) [ 2+t 5 -t —t+1 2+2] P;

P.

3 t3 t2 2
+t——§t2+t —t3422 ——|| B |-
2 2 2 2]|p
4
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IepennmeM ypaBHeHHe Tak, 9ToObI BKIIOYHTDb BCE YeThipe Touku Py, P, P, Py:

P,
C(t) [—5+t—§ - —t+l —o+5 Of | p
Py

P,

3 3 t2 P.

M 2 — - 2

[0 S5t +t +2 o -S| | B

Py

Hakonen, nepenumeM pesyabtaT B ¢popMme ypapHeHns (5.44)

city=[ ¢ t 1[4][G] = [T]A]G],

rae
-1 3 =3 1
m=(3) |2 o 1 o
’ 0 2 0 0

"

[GT =[P, P. P; Py

(5-44)

(5-52)

(5-53)

3ameruM, yTO cHOBA (CM. a3y, 5-3 u ypaBHenwe (5-22)) pe3ybTaT uMeeT BHJ, [IPOH3Be-
JEHHs MATPHHLI HHTEPIOIANHOHHLIX DYHKUHHA 1 reoMeTpryeckoii Matpuupl. HHTED-
nonsimonnble GyHkuun [F| = [T][A] nokasase: Ha puc. 5-20. Peamusanus anropatMma

O4eHb HpocTa. PaccMOTpuM NOompoOHOCTH Ha MpHMeDe.

ITpumep 5-5 IlapaGoimyeckas HETepHOJIANMS

PaccMoTpuM CHOBaA geThipe BexTop-Toukm Pi[0 0], P2[1 1], P3[2

-1 m

P43 0] m3 npempiaymupx npumepoB 5-2 u 5-3 (cm. puc. 5-21). Haifru mapa6o-
JIMYeCKy10 MHTepnorsauumo mMexay P u P3. Berauomrb npoMeXyTOdHble TOIKH

mpu t = 1/3, 2/3.
N3 ypapuenmit (5-44), (5-52) u (5-53) mas t = 1/3 nomygaem

-1 3 -3 1 0

c(N= (N1 L L) 2 -5 4-1]]1
3/ \2/127 9 3 -1 0 1 © 2 -1

0 2 0 0 3

g

Ananorwamo npn t = 2/3 umeem C(2/3) = [5/3 — 4/9]. Tlonyqernas xpusas

u3obpakeHa Ha pucC. 5-21.
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10F, 10F,

Puc. 5-20 BeCosble ¢pyHKIMH A NApabOIMYeCKN HHTEPIOIMPOBAHHRIX KPUBHIX B CIydae
a=B=05.

y
P,
1k 2
P4
0 | 1 | P
Pl 1 2 3 X

Puc. 5-21 Ilapabonwaecky HHTepIOIUPOBAHHAs KPUBas JJIs IPpUMepa 5-5.
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5-7 OBOBIIEHHAS ITAPABOJIMYECKAS MHTEPITIOJIAIINAA

B npuMepe napaGonnueckoil HHTEPIONALME B pa3g, 5-6 npeanonaraercs, uro napaMer-
pbl T u S B Toukax P u Pj, coorBercrBeHHO, pasubl 1/2. Eciu manHbIe pacnipeneneHsr
HEPABHOMEPHO, KpHBasi CTAHOBHTCA MeHee INIajxoil. Bomee obimuM mpeamonoxeHueM
6bL1a ObI HOpMAJIM30BaHHAs XOPNOBas anmpokcuManusi. Ilycrb

L IIBs] - B . _
SEI-E R Er b (5-54)

|[P5] = [P

S TR E T (5:59)
Torpa ypasrenus (5-46) npunnMaer BuUz
p(0) = P, p(@) = P, p(l) = Ps, (5-56a)
q(0) = P, a(8) = B, q(1) = By, (5-56Db)
c(0) = B, C(1) = B;. (5-56¢)

B srux npeanonoxeHusx noxyuaeM JMHHeHHbIE BbIpakeHHs 7 (t) u s(t) (cM. (5-47))
rt)=(1-a)t +aq, s(t) = pt. (5-57)

U3 ypasuennit (5-42) n (5-56a)

P 0 0 1

P | =] a 1|[B]=[M]B).

P 1 11

Orciopa
1 -1 1
V& a all-a) 1-a B
[B] = [M]_1 [ P2 :| = _(_)__ 1:“ 5 ll—u ﬁ Pz . (5-58)
P 1 0 0 Py
Ananoruano

(5-59)

-

S
I
|
Hu;mw
W W)
o Tk
W W
-
S
[P
| —
sl
| I |
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BcoMunM ypasrenwe (5-41) u mogcrasuM ypasrenus (5-58) m (5-59):

CH)=1-t{l-a)t+a) (1-a)t+a 1]x

1 -1 1
a a(l-a) l-a P
X —(1 + a) 1 —a ! P :I +
a all-a) 1-a P;
1 0 0
l -1 1
g p1-p8 1-p8 P,
+t(Bt): Bt 1| —(1+8) 1 —B P .
g p1-p) 1-7 Py
1 0 0
Tak e, Kak B IpeJpLIymEM pa3jene, TO MOXKHO 3AIUCATb B MATPHIHOM BHJIE
c)y =01 # ¢ 1AlC]-[TIAC], (5-44)
e
[ —-(1-a)? (1-0a)+aB —(1-a)—oaf g
a a 1-8 1-—
21-a)? —-201-a)—-aB 2(1—-a)-p(1-22) -p
(4] = o a (1-7) 1-8 (5-60)
—(1-a)? (1-2a) o 0
|0 1 0 0
B OMfTDH
G"=[A P, P P, (5-53)
() = ﬂ_;gﬁ(_ts + 2ty — t), (5-61a)
E(t) = (Gl 02 +afls | 220 _:) —ofl _aza)t +1, (5-61b)
Ey(t) = 1[1 i ﬂ(t3 - t2). (5-61d)

Ha puc. 5-22 usobpackenb! uaTepnonsanuonnbie Gyuximun Fj(t) ana sacruoro ciuy-
qaf B = 1 — @, T.e. KOTKa MIMHA XOpAu or Py mo P, pasHa juune or P3 mo Py:
[P = B]| = [Py — B3]

PaccMOTpPHM 3TO Ha mpuMepe.
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IIpumep 5-6 O606mieHHas napabo/imuecKas WHTEPIOJIANMS

CHOBa pPAacCMOTpHM JaHHKIE M3 IpeAblAyliero mpHMepa (pHC. 5-22). Hairu
napaGomraecKyio yHTepnondnmio Mexay P2 1 Pa B 0606uentoit popMyUpoBKe.
BHMHCIATH MpOMeXyTo4Hbe TOYKM mpH ¢ = 1/3, 2/3.

HaiineMm a ¥ § u3 ypasuenwuii (5-54) u (5-55):

co = |[Po] = [Pl = V(=2 —31)2 + (y2 —1)% =
=v/1-02+(1-0)2=v2,

cs2 = |[Ps] - [P2]l = /(w3 — 22)% + (y3 — 42)° =
=VE-1D?+(-1-12= V5

ca3 = |[Pa] = [Ps]| = V(4 — 73)% + (ya — 93)% =
=y/3-22+(0+1)2=V2.

Hrax,
S V2 __ 0.387,
caztca V5442
C32 V5

= (.613.

b= €43 + C32 - V245
3amernM, 9t0 =1 — a.
U3 ypaBuenus (5-60)

—0.969 2194 -2.194 0.969
1.937 -3.775 2.806 —0.969

=1 _o060 o581 0387 o0
0 1 0 0
¥ u3 ypasuenns (5-44)
0 0
C(%>=[% % % 1] [4] ; _i =[1.360 0.496].
3 0

Ananormuno, mpu t = 2/3, C(2/3) = [1.640 — 0.496]. Ha puc. 5-23 mso-
6pakeHa noyumBmasiCa KpHBasi, 3 TaKXe KpHBhle H3 ImpHUMepa 5-5. 3ameren

6omb1roit M3rUb OK0JIO 3AJAHHEIX TOYEK.

Ha puc. 5-24 nokasana okajibHas KOPPEKIMs NapaboNMIecKd HHTEPHOIHPOBAH-
HBIX KPHBBIX. 3JeCh UMeeTCs 11 3aJaHHBIX TOYeK, MM PagHyC-BeKTOpOB, H 9 mapa-
BONMMYeCKUX COCTABHLIX CerMeHTOB. I[eHTpATbHAS TOYKA PACIONATaeTCs B TPEX MOJO-
XKEHHUsAX. 3aMeTHM, UTO BIHsIHEe NepeMelenns 9To# To49kH Ha GOpMY KPHBOR orpa-

HHYMBaETCA +2-1 CerMeHTaMH.
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0 R EENR SR t =09

-1}

g =09
(a)
g =09
|
- 06
0.3
00 A F | | li) .
©) @)

Puc. 5-22 O6obuennsie napabosmraeckue BecoBble dbynkmum, o = 1 — 8. (a) Fi; (b) Fy;
(C) F3; (d) F4.

y
!
l-—
Py
0 1 1 i i . -
A 2 3 x

a)
) ¢

Py

Puc. 5-23 CpaBHenue pe3y/bTaToB mapabomraeckoft narepnoismmy. (a) IIpumep 5-5, a =
B =1/2; (b) Ilpumep 56, =1 - 8.
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00 2 4 6 8 x

Puc. 5-24 JlokansHas KoppeKLps NapaboaMieckd HHTEPIOIMPOBAHABIX KPUBBIX.

5-8 KPUBHE BE3bE

Jo cux mop Me 06cy>k1aiM, KAK IPOBECTH KPHBYIO Yepe3 3aJJaHHOE MHOMKECTBO TO-
yek. PaccMOTpeHHBIe MeTOOB BO MHOIMX CJIy4asX Jal0T NPeKpacHbIE Pe3yJIbTaThl B
0cobeHHO yIo6HE Opy onucaHuK (HOPMEL, OCHOBA KOTOPOH HosyyeHa € IOMOIIBIO IKC-
[IEPHMEHTOB HJIM MATeMaTH4YeCKMX pacyeroB. IDTO, HAI[PUMeD, KPbUIO CaMoJeTa, CO-
CTaBHble YaCTH MOTODa, MEXAHHIECKHe H CTPYKTypHeIe Jetamn. CyliecTByer, OQHAKO,
H Apyroit xjacc 3aJa4, KOrja pelieHye 3aBHCHT Kak OT (PYyHKIMOHAJIBHLIX, TAK H OT
3cTeTHYeCKHMX TpeboBanuil, HAMpHMep JU3aliH MOBEPXHOCTHM MANIMHHEL, (DIO3EJISKA Ca-
Morera, ¢opMbl Kopabmsa, Mebemn mam nocydsl. KpoMme KOMHYeCTBEHHBIX KPHTEDHEB
3gechb TpeGyercs yder NPaKTHYECKOro ONBITA, ¥ YACTO HEOGXOAMMO MHTEPAaKTHBHOE
BMEHIaTeNbCTBO pa3spaboTyuuKa.

PaccMoTpeHHbIE BhIMIe METOAR!, B YaCTHOCTH KyOUdecKue CIUTAMHbL, Hey JOOHLI Jis
HHTepaKTHUBHON paborm. HampasieHue n BeIHMumHa KaCATEIbHBIX He JAl0T HeoOXo-
A¥MOT0 HHTYHTHBHOIO MpECTABICHHS O KPHBOMH, TaK KAK HEOYEBHAHA CBA3b MeXIY
HabopoM uucen u GopMoit COOTBeTCTBYyIOMEH KPHBOIA.

IIbep Besbe mpepnoxun Apyroit MeTos cO3JaHua KPHBLEIX M HOBEPXHOCTEN MH060H
¢dopmer. Beabe BhIBE MaTeMaTHHECKy!O0 OCHOBY CBOEITO METOZA M3 [€OMETPHYECKHX
coobpaxxennit [5-11] — [5-13], Ho B paborax [5-14] u [5-15] nokasano, 4TO €ro pe3yabrar
dkBHBaJleHTeH 6a3ucy BepHmTeiiHa umn GyHKIMH NOMMHOMHUATLHOM ANNPOKCHMAIMH.
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B,

Puc. 5-25 Kpusag Besbe ¥ onpeaensioumye ee TOYKM.

Kpusas Besbe 3aaeTcs MHOrOYyrOJIbHUKOM, KaK IOKA3aHO Ha pHuc. 5-25. Tak Kak
6a3uc Be3be sBnasiercs GepHIITENHOBCKHMM, Cpa3y >Ke M3BECTHBI HEKOTOPHIE CBOMCTBA
kpusbix Besbe. Hanmpumep:

OyHkiy 6a3uca BEmIEeCTBEHHEL.

CreneHb MHOrO4JIeHA, ONPENEAIONIEr0 YYaCTOK KpUBOH, Ha eIMHHIY MeHbLIe KO-
JIM4ECTBa TOYEK COOTBETCTBYIOMIErO MHOIOYrOJbHHKA.

OcHoBa ¢GOpME KpHBOI NOBTOPSAET OYEPTAHMS MHOTOYTOJIbHHKA..

Ileppas 1 mociegHsAsT TOYKH KPHBOH COBIAIAIOT C COOTBETCTBYIOMMMH TOYKAMM
ONpeAeIAIomEero MHOTOYTONbHUKA.

BekTOopH KacaTeJbHBIX B KOHIAX KPHBOH IO HAIMPABJIEHHIO COBNAJAIOT C IEPBOM M
nocnesHeil CTOpOHaMH MHOrOYTI'OIbHHKA.

Kpusas nexuT BHyTPH BIIYKJIO# 060M04YKH MHOrOYrOIbHEKA, T. €. BHyTPH CaMOr0
60MBIIOr0 MHOTOYI'ONIBHHKA, IOCTPOEHHOrO MO 3aJaHHBIM TOukaM. Ha puc. 5-25
BbIIyKJIast 060NM0uka 0603HaYeHa ITPUXOBON M TOHKON JIMHUSMH.

Kpusas ob6aasaer CBOHCTBOM yMEHbIIEHHS BAPHAIMH. JTO 03HAYAET, YTO KPHUBAA
nepeceKaeT mobyio NPAMYIO JIMHHUIO He YaIne, YeM ONpeNeNsiomuit MHOrOyTONbHHK.
Kpupas uHBapHaHTHa OTHOCHTEbLHO ahPHHHLIX Npeobpas’soBaHmil.

Ha puc. 5-26 nokasaHO HECKOJIBKO YeTHIPEXTOYEYHBIX MHOTOYroibHuKOB besbe n
coorBercTBYlomux Kpusbix. Ha ocHOBe mepeunciieHHLIX BhINIe CBOMCTB MOKHO JIETKO
Hay4AThCA NpeACKa3nBaTh (POpMy KPHBOI 1O BHLY MHOTOYTONbHHKA.

MaremaTnieckoe mapaMeTpudecKkoe NMpeAcTaBeHne KpuBoit Be3be nmeer BUL

PU) =3 Binst)) 0<t<l, (5-62)
i=0

rpe 6a3uc Be3be nnu BepHmTeiina, nan GyHKnus anmpoKCHMAaIAH

Jni(t) = ( ’; )t*(l —g)ni (5-63)

( i ) - z'(nn—lz)' (5-64)
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B, B,

t=0

Puc. 5-26 Muoroyromsaukn Bespe gnsa kyOH4eCKHMX KPHBHIX.

JIn 4(t) — 310 i-11 dynkuma G6a3uca Bepumrelina nopsaaka n. 3nech n — NOPAIOK ONpe-
Jensomelt dyuknun 6a3uca BepamTelina — u, CJIeBOBATENBLHO, CETMEHTA TOIIMHOMH-
AVILHON KPHBOH, HA ¢IMHHALYY MEHbIIE KOJIHYECTBA TOYEK ONpPEIJEIAIONEro MHOrOYTOb-
HuKa. Kak nokasaHo Ha puc. 5-25, BepminHe MHOroyronbHuka Besbe HyMmepyrorcs oT
0 go nl. Mostomy (0)° = 1= 0! = L.

Ha puc. 5-27 u300pasxeHs anmpoKCHMHAPyIoIHe PYyHKIAH Il PA3HbIX 3HAYEHHHA 7.
3amerum, 4T0 QpynKupH cuMMerpruHbl. Kaxknas GyHKIMA HMeeT NOPANOK N, HAIPH-
Mep Bce derbipe GyHKIMH Ha puc. 5-27b mna n = 3 kybuueckue, MakcuMyM KaxKIoi
$yHkumn goctrraercs npu ¢t = i/n u pasen (5-14)

! O6osnauemns n orcyer BHOpaHH B COOTBETCTBHH C TPaJAIHUAMY, IPHHATHIMA B JHTEPAType IO
KpuBHM Bespe 1 6asncy Beprmrelina. J]ns nporpaMMHpOBaHHS yROOHEE ApDYroe IpeiCTABICHHE

N
P() =) Brin,(),
I=1

rae

JN,I = ( 7:]?' )tl—l(l_t)N—I

(N—l)_ (N —1)

I-1 (I-DYN-I)

30'11(13 Ml}oroyro.r;bnnlxa ayMepylorca ot 1 g0 N. Jna mepexoma X 3TmM 0603HAYEHHSAM IOJOXKHM
=N-1ui1=I-1.
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1 1
N 7. n - .
20 "1.2 Jm Ju
R J i N J
2 I3, Y
1 t 0 1 i t
0 0 1 0 1
@ ()]
1 J
n A\ J, s /-
Jeo Tea J 50 33
T Jes I5a Isa
F T2 - - 52 sy 4
0 t 0 t
0 1 0 1

(c) d)

Puc. 5-27 Becosbie ¢pyuxuym Besve/BepamTefina. (a) MHOTOYrOMbHHK B3 TPEX TOUEK, L =
2; (b) M3 wernipex Touek, n = 3; (c¢) W3 HATH To4eK, n = 4; (d) 3 meCTH Touek, n = 5.

Hampumep, nna kybudeckoit kpuBoit n = 3. MakcumyM J3 1 u J3 2 JOcTHraeTcs B
1/3 u 2/3, cOOTBETCTBEHHO, ¥ HMeeT 3HAYEHHS

1 4 2 4
J3,1 (5) = § ): 4 J3,1 (5) = 5

Pucynok 5-27b mmmiocTpupyeT 3TOT mpHMED.
Paccmorpum ypaBuenus (5-62) m (5-64) mns meppoit Toukm Ha KpWBOM#, T.e. IIPH
t=20

ni(1)(1 - 0)»°

Jn,0(0) = — = 1, i=0,
H
] i _ n\n—1
Ji(0) = "'(Oi)!((:—_i())!) =0, i#0.
Hraxk,

P(0) = BoJy,0(0) = B,

NnepBasi TOYKA KPHBOU COBNANaeT C NEPBOI TOYKOH MHOTOYrOJNbLHHKA.
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AnajornaHo, nns NMOCIefHel TOYKH KpuBoOi, T.e. Ipu ¢t = 1

_ e
n!(1) ’

n! i n—i _ .
=mt(1—l) —0, ‘l#n.

1=n,

Jnn(1)
Jn,i(l)

HUrak,
P(1) = BpJp (1) = B,

¥ MocJIefHAA TO4UKS Ha KpuBo# bBesbe coBnamaer ¢ mocyiegHeit TOuKoi ONpeaensaIomero
MHOrOyroJjibHHKA.
Jlamnee, MOXXHO NIOKA3aTh, 9TO JJIs J1I060ro 3HaueHUs NapaMeTpa t cyMMa 6a3uCcHbIX
¢byHknmit paBHa 1, T. €.
' n
> Jas(t) = 1. (5-66)

=0

PaccMorpum MeTton nocTpoeHus Desne Ha mpuMepe.

IIpumep 5-7 Kpusasa Besse

ITycTs 3aannl BepmInHEL MHOTOYTobHUKA Bedve Bo[l 1], B1[2 3], B2{4 3]
H Bs{3 1]. HaiiTH ceMp Todek, Jiexkamux Ha Kpupoil Bedve.
PaccMoTpum ypasHenus (5-62) — (5-64):

P(t) = i BiJn,i(t),

roe

Jni(t) = ( X )t"(l gy

B Hamrem ciydae n = 3, Tak Kax MMeercs JeThpe Bepmmukl. OTciona

(1)=(%)-mw

H
Jao(t) = ()°1 —1)3 = (1 - 1)},
Ja1(t) = 3t(1 — )%,
Jaa2(t) = 3t3(1 - 1),
J3,3(t) = t3.
Hrax,

P(t) = BoJso + B1Js,1 + BaJs 2 — BaJas
=(1-1¢)3P + 3t(1 — t)2P1 + 3t2(1 — t) P2 + t*Ps.
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Tabnuna 5-4 Kosdduumentnr aas xpusoh

Bease
t J3,0 J3,1 J3,2 J3,3
0 1 0 0 0

0.15 0.614 0.325 0.058. 0.003
0.35 0.275 0.444 0.239 0.042
0.5 0.125 0.375 0.375 0.125
0.65 0.042 0.239 0.444 0.275
0.85 0.003 0.058 0.325 0.614
1 0 0 0 1

Puc. 5-28 CermenT xpusoit Be3ne, mpumep 5-7.

3uavenus Jn ; Ana paSIMYIHBIX 3HAYEHHI ¢ IpUBEAeHH B Tabn. 5-4.
Todkn Ha KpHUBOIi:

P0)=Bo=[1 1],
P(0.15) = 0.614Bo + 0.325B1 + 0.058B; + 0.003B3 = [1.5 1.765],
P(0.35) = 0.275B0 + 0.444B1 + 0.239B; + 0.042B; = [2.248 2.367],
P(0.5) = 0.125B¢ + 0.375B1 + 0.375B, + 0.125B5 = [2.75 2.5],
P(0.65) = 0.042B, + 0.239B; + 0.444B, + 0.275B3 = [3.122 2.367],
P(0.85) = 0.003Bo +0.058B1 + 0.325B; +0.614B3 = [3.248 1.765],
P(1)=Bs=[3 1].

DTH TOYKA MOKA3AHK Ha ONpEAEJIAIONeM MHOTOYTOIbHUKE Ha DHC. 5-28.

Ypasnenne kpusoii Besbe MOXHO 3aNKCaTh B MAaTPHIHOM BHJE, TAK XK€ KaK ypas-
HEeHHs A KyOMd9ecKux CIyaliHOB M NapabonmuecKoll HHTEPNONANMHA (CM. YPaBHEHHA
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5-27 u 5-44):
P(t) = [T][N][G] = [FI[G]. (5-67)
Bnech [F] =[Jno Jni -+ Jnn]u[G]T =[Be By --- Byl

Ocobennblif #HTEpPEC NPEACTABAAIOT MATPUYHbIe POPMBI IJisl MAJIBIX 3HAYEHMH 7.
s MHOrOyronnHAKA M3 YeThipex Touek (n = 3) kpuBas Be3sbe umeer Buj

By

P(t)=[1-t)® 3t(1-t)3? 3t*(1-1t) % gl

2

B;

I'pynnupys ko3dbdunuents, nonydnM
-1 3 -3 1 By
_ 13 42 3 -6 30 B,
PO=ITINIGI=F ¢ ¢ U| 3 3 o ol|5 (5-68)

1 0 00 B3

Ananornuno, kpusas Beabe ueTBepToro nopaaka (n = 4), 3aJaHHAA MHOCOYTONb-
HHKOM H3 HATH TOYEK:

1 -4 6 —-41 B,
-4 12 -12 4 0 B,
P(ity=[ty t3 t2 t 1] 6 —12 6 00 B, (5-69)
—4 4 0 00 B;
1 0 0 00 By
B pabore [5-19] npuBomuTcs 0606mEHHOE NPEACTABACHHE:
P(t) = [T][N][G],
rae
[T]=[t" ¢! --. t 1],
HEED QEDEU e (EED
(o) (n-1) (-t (’11) (::2) -2 - 0
[N] = : : : : . (5-70)
8; 1) (=1 MOCHEYe 0
B -0 0 S
Martprna [G]T —st0 onsith [Bo By --- By]. OtgenbHsie 4aeHb MaTpHubi [N]
TaKOBBL:

(Nit1 i+1)h i—0 = { (’;) ("’:ii)(_l)ﬂ_i_j’ 0<it+js<m, .
IR 0 HHaYe
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Ypasuenne (5-70) moxHO 3anucarh B Gonee yaobnOM BHIE
[N] =[C][D], (5-71)

roe

. n
o=| P @
n
Lo @

YpaBuenus (5-70) mau (5-71) ynoGuee ans pacdera npH GOabMINX 3HAYEHHSAX N.
3ameruM, 4TO AN BCeX n MaTpHua [N] cuMMeTpryYHa OTHOCHTENBHO MNIABHOH AMArc-
HAJIH ¥ NpaBbIi HUXKHUH Yros COCTOHT U3 HyJsei.

Jns xaxnmoit ornenbHON KpuBoit Be3be HeoOs3aTeNbHO 3HATH KacaTeabHbIE BEK-
TOpBI B €€ KOHIIAX, HO eCiin HeoOxomumo cobuofaTh HENMPepbIBHOCT KPUBH3HBI H Ha-
KJIOHa B TOYKAX COEOHHEHHMS KPHBBIX, PACCUHTHLIBATH HODMAJHM K IOBEPXHOCTH IJIsI
OCBEIEeHNs, BRINUCIATh JOKAJIbHYIO KPHBH3HY, T0O TpebyeTcs 3HATh KaK mepBYIO, TAK

¥ BTOPYIO MPOM3BOJHYIO KpuBOi Besbe.
U3 ypaBrenus (5-62) nepsas npoussognas kpusoil Besbe uMmeer Bum;:

=SB (). (5-72)
i=0
Bropas npou3BogHas TakoBa:
PII ZB JII (5_73)
i=0

®opmanbno auddepernupys ypasnenue (5-63), momydaem mpomssonmbie 6asuc-
HbIX GYHKOHH

nil8) = (TZ) it A - - (n -t (1 - )"}

= (':) #i(1 — t)n— {% _

_(@=nt)
== Jni(t). (5-74)
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AHaJIOI‘H'{HO, BTOpBI€ MPOHU3BOJHBIE HMEIOT BH!

w oo [ G—nt)? —nt? —i(1-2t) _ _
R e R O] (5-75)

B Hayajne n komne KpuBo# Bespe, Te. npu t = 0 m ¢t = 1, 9MciIeHHbIA pacyer
ypasrenuit (5-74) u (5-75) npeacTaBaser 3aTpyAHeHHs'.
Jpyroit cnocof BuIMHCIEHHA 7-#t Mpou3BogHO# mpu ¢ = O:

n! Z —i(TY p. i

PO = G 2 ()= (5-76)
vnnprt = 1t

n! T T . i

= Gl D () B (577
OTciofa mepBble MPOM3BOAHEIE B KOHIAX GYIAYT

P'(0) = n(By — Bo) (5-78)
P'(1) = n(Bp — Ba_1). | (5-79)

IT0 MOKA3KIBAET, YTO KacaTelbHhble K KpHBOH De3be B NepBoii 1 nocyiexHeit ToUKax
JApAJLTEIbHB COOTBETCTBYIOMAM CTOPOHAM MHOTOYTOJIbHHKA.
Amnpanoruyno, Bropbie MPOM3BOJHbIE B KOHIAX TAKOBBL:

P”(O) = n(n - 1) (Bo —2B; + Bz) (5-808.)

P"(1) = n(n — 1)(Bn — 2Bn_1 + Bn_s). (5-80b)

Bropbie npon3Bognbie B KOHIAX 3aBHCAT OT JBYX GIHMKAHMIAX CTOPOH, T. €. OT TpeX
6mnkafimux Bepmun. B o6meM ciydae, r-1 MpOM3BOAHAA B HAYAJLHOM M KOHEYHOH
TOYKAX 3aBHCHT OT 3TUX TOYeK ¥ 7 O/MKafmuX BEPHIMH MHOTOYTONLHUKA.

ITonpo6uee paccMoTpHM 3TO Ha IpHMeEpe.

IIpumep 5-8 IIpomsBoanbie KpUBHIX Besbe

PaccMorpuM versipexTouednnlif MHOroyronbHuK Besse, HampHMmep, Kak Ha
puc. 5-26 u 5-28. BcnoMHuMM NpencraBneHue KPHBOE

P(t) = BoJs,o(t) + B1Js,1(t) + BaJa2(t) + B3Js3 3(t).
Orcioga neppag NpomsBomHas

P(t) = BoJ30(t) + B1J3,1(t) + B2Js 2(t) + B3 Jj 5(t).

1
IlpaBuibHBIE De3yJbTAT NMOMYHaeTCS NPH ajire6PaMvecKOM BLIYKCIICHMM WM MOACTAHOBKE JI0 um-
CJIEHHOrO pacyera (CM. nmpuMep 5-8).
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BcenomuuMm mmpumep 5-7 1 HenocpedcTseHHO Ipoauddepermupyem asucrnie
byHKII]

Japt) =(1—-1)* = J30(t) =-3(1-1t)%,

Ja1(t) =31 —-¢t)2 = J5,(t)= 3(1—-1t)*—6t(1—1),
Jaa2(t) =3t2(1—t) = Ji,(t)= 6t(1—1t)—3¢% '
Jaa(t) =13 = Jis(t)= 3t

Tlogcrasum t = 0:
Ja3(0)=-3, J.(00=3, J5,(0)=0, J33(0)=0.
IToancranoBska maer
P'(0) = -3Py + 3P, = 3(P, — P).
TTosroMy HanparneHwe kKacare/bHON B Hadalle KDHBOH COBIajaer C IepBOM

CTOPOHOH MHOroyronsHuka (cm. puc. 5-28).
B konue kpuBoii t = 1 u

Jao(1) =0,  J3,(1)=0, J3,(1)=-3, Jz3(1)=3.
AHaslormaHo, NOACTAHOBKA IAET
P'(1)=-3P,+3P; =3(Ps — Pp)
H HampaBJ/IeHHE€ KacCaTeJILHOI'0 BEKTODa B KOHIIE KDHBOM COBIIazaer ¢ NOCIenHeit
CTOPOHO! MHOTOYT'OJIbHHKA.

Y7068 BHIMKCIATS POM3BOAHbBIE BAOIS KPHBOH, BOCMONL3yeMcs QyHKIAAMA
Gasuca ¥ ypasHeHusMu (5-74) u (5-75):

Ja0(t) = E(()1_ 3tt))(l —1)®=-3(1-1t)%,

T3 (t) = 21 3t)) (3t)(1 —1)? = 3(1 — 3t)(1 — t) = 3(1 — 4t + 3t%),
J32(t) = Efl 33 (3t%)(1 — t) = 3t(2 — 3t),

Bhatt) = =P = 32

Pesynbrarnl nerxo Buuucisored Kak aast = 0, rak u g t = 1. Iloacrasnas
B ypaBHeHHe (5-72), mojydaeM IepByO IPOM3BOAHYIO B 060l TOUKE KDHUBOIL.
Hanpuwmep, npu ¢t = 1/2 umeem

()= (-2 mesc-3) (Do () (- o

=380-3B.+ 2B+ 3By = 2B+ B - B2 - By).

4 4 4 4

Peayabrar nia Touex By, Bi, B2, Bs u3 npuMepa 5-7 usobpaxeH Ha puc. 5-29.
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y

P*()

Puc. 5-29 Kpusas Besne u ee mpomsBomuute: P(t); P'(t); P"(t).

AHasoru4Ho, BTopble IIpOM3BOJHEE HMEOT BHI:

sae = L =30 0 — 61—,

n o {(1—31)% 32— (1—-2t)} IR
Ja3(t) = PG ‘(3t)(1 t)? = —6(2 — 3t),
J32(t) = {@-3) t;(ft_ t_)f(l — 2} (3t%)(1 — t) = 6(1 — 3t),
s = LE=3 -3 J0 =0 g,

VYpapnenne (5-73) nmpu t = 1/2 Jaer

b (1) _ 1 3 3 _
P (2)—6(1 2)30—6(2 2)Bl+6(1 2)Bz+333—
=3Bo—3Bl—3Bz+3Ba=3(Bo—Bl—Bg+Bg).

MmocTpanns Takxe nmpuselleHa Ha puc. 5-29. 3amMeTHM, 9TO BeKTop u3 Ha-
4YaJla KOODAHMHAT B JI00YI0 TOUKY Ha KaXJ0M M3 KPHBHIX NPENCTABIAET COOTBET-
CTBEHHO HampaBJjieHMe H Be/ITUMHY PASHYCa-BeKTODa M IPHO/H3HTENBHYO KPH-
BH3HY B 3TOl TO4YKe Ha KDPHUBOM.

YciioBHe HENMPEPHIBHOCTH COCeHMX KPHBBLIX Besbe (popMympyeTcs oueHb mpOCToO.
IIycts xpuBas Besbe P(t) crenenn n 3ajgaHa BepmmHamu B;, a cocemmas KpHBas
Besbe Q(S) cTeneny m — BeprmuHaMi C;. Toraa HenpepbIBHOCTE NepBOi NPOU3BOXHOM
B TOYKe COexHHEHHsI BbIPAXKAETCS COOTHOMICHHEM

P'(1) = 9Q'(0),
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G

Puc. 5-30 HenpepblBHOCTD NepBoii TpoM3BOAHOM A1 KYOuuecKux Kpushix Besbe.

rae g — ckanap. Ilons3ysce ypapuenusamu (5-78) u (5-79), nomyuum
n
Cy —Co= —(B, — Bp—y).
m
U3 menpepsiBHOCTH KpHBO# cienyer, 4to Cy = B, n
n
Cy = —(Bn— Bp_1) + By,
m

Orcroga HalpaB/ieHHs KaCaTeNbHBIX HA CTBHIKE COBMNAMAIOT, €CIM TPH BEPIIHHBI
B, _,, B, = Cy, C; KONIMHEapHH, T.€. B,, no/bKHa ieXaTh HA JHUHHM Mexay B,_
58 Cl.

Ecnu coBnagaoT eiiie ¥ BeJIMUNHBI KACATEIbHBIX BEKTOPOB, T0 B,, = Cy ABaseTcs
cepenuHoi orpeska ot B, mo Cp:

Ci—Co=B,—B,_1 =Co—Bn,

Ci + Bn-1 = 2C, = 2B,,.

Ha puc. 5-30 npusenena miumocTpamus aasa n = m = 3, T. e. L1 qByx Kybudeckux
KpuBbIx Besse.
YcnoBue HENPepLIBHOCTH BTOPBLIX MPOH3BOAHBIX MEX/Y COCEIHMMH KDHBBIMH:

m(m — 1)(Co — 2C, + C2) =n(n — 1)(Bn—2 — 2B,_1 + B,).

U3 ycnosuit C° u C HenpepbIBHOCTH B TOYKE COEMMHEHMs NMOIIydaeM MOJOXKEHHE
TpeTheil onpeneNAomell BEPITHHEI BTOPOTO MHOTOYTO/IBHHKA, BhIPAXKEHHOE Iepe3 TPH
MoCNegHAe BEPIIXAHEL NIEPBOT0 MHOTOYT'OJBHHUKA, 8 HMEHHO

C2=MBn—2—2{%+%}Bn—l+{1+27—T:l‘+7:l"§?n—:]i))}Bn

910 03HaYaer, 4To BepiIMHLL B,,_3, Bn_1, By = Cp, Cy, C2 nomxusr nubo COCTa.BJIﬂTI;
BHITYKJBIA MHOrOYroOABHUK, Nu0O0 NEXATs Ha OpHOH MPAMOIH, aTolet coxpanure C
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Puc. 5-31 HempephBHOCTL BTOPOI ITpou3BOAHOM i KpHBRIX Be3ne werseproit cTenmenn.

HEIPEPBIBHOCTD Ha CcThiKe. Jlns kybmdeckmx kpuebix Besse (n = m = 3) 310 ycnosue
HMeeT BHJ

Cs: = Bn—l - 4(Bn—l - Bn)

Heckonnko xapanJaiuHex HabpocKos Ha Gymare moKaxyT, YTo JaHHOe TpeboBanue
CYIIECTBEHHO OI'PAHNYMBAET MHOXKECTBO KPUBBIX; IO3TOMY Ha MPAaKTHKE Jiia cobuone-
HHSI HETIPEPBIBHOCTH BTOPBIX MPOH3BOJAHBIX HCIOIb3YIOTCH MOJMHOMHAJLHbIE KDHUBhIE
Gonee Bricokoro mopsaixka. Ha puc. 5-31 npuBeneH mpuMep HelpepHIBHOCTH BTODBIX
POU3BOAHBIX [UIA JBYX MATHTOYEYHLIX KPHUBHIx Desne.

Ecim neobxomuma Gonee rubkas kpusasa Besne, ypernunBaeTcs KOMMIECTBO OIpe-
AeNAONMX TOYEK W CTENeHb moiauHoMa. s kaxknoi Touku Ha Kpupoit besne ¢ n

OIpeeIAIOIINMH BEPILINHAMH MHOIOYTOJbHUKA By, . .. , B, Ta >Ke caMasd TOYKa HA HO-
BOit KpuBoit Besse ¢ n + 1 onpenensaromumu pepumuamu Bj, ..., B} | 3amaercs B
BuIe
n n+1
P@t) = BiJni(t) =Y B} Jns1,4(t), (5-81)
i=0 i=0
roe
BS = Bo,

B} = o;B;_; + (1- a;)B;, a; =
B,"H_1 = B,.
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31ecs MOXKHO C yCTIeXOM MPHMEHHTh METOIMKY u3 paborsi [5-14] . B npenensrom cay-
Jae MHOIOYTONbHHK CXONUTCA K KPHBOH. JlONONHUTENBHY0 THOKOCTD KPHBOM MOXKHO
TaK>Ke MoNy4uTh pa3buenneM Kpusoit Be3be Ha JiBe HOBBIX TAKMM 00pa30M, YTOOEI OHM
BMECTE COBIAJAJIH ¢ HCXONHON KpuBoii. B paborax Bapckoro [5-16, 5-18] 66110 nokasa-
HO, 4T0 mobad Kpubas Besbe moxer OpiTh pa3buTa ¢ HCNIONB30BAHAEM MIPOU3BOIBHOIO
napaMerpa B auanasone 0 < ¢ < 1. IIpocreiimuit cny4dat —sro CpefHsAs TOYKA, T.e.
t =1/2 (cm. [5-18]). IIpu pa3buennu cpenneit TOUKON MOIIYYAIOTCH ABA CHENHATBHBIX
BHga Kybuyeckux kpueeix Besse.
Kybuueckas kpusas Be3sbe (cM. ynpaxkuenue 5-7) 3a1aeTcs B BUJE

P(t) = (1-t)®By +3t(1 - t)’B; + 3t*(1 - t)B; +t*B;, 0<t<1.

¢ onpenensiomumu BepltiHamu By, By, Bs, B3. Toraa muoroyronsuuk Cp, Cy, Cs,Cs
onpegensier kpuByo Besse Q(u), 0 < u < 1, cOOTBETCTBYIOUIYIO NEPBOM MOJIOBHHE
UCXOnHO# KpuBoil, a umenno P(t), 0 < t < 1/2, kak u tpebopanocs. [lonobuniM o6pa-
3oM, MHOrOyronsuuk Do, Dy, D2, D3 onpepensier kpusyio Besve R(v), 0 < v < 1,
COOTBETCTBYIONLYIO BTOPO# MONOBHHE HCXOAHOH KpuBOi, T.e. P(t), 1/2 < t < 1, kak
u tpeboBasiock. HoBule onpenensitonige BepIIHHE MHOTOyrojibauka C; U D; nony4a-
I0TCA [yTEM MPUPABHUBAHHA PaJHyC-BEKTOPOB M KACATENbHBIX BEKTOPOB IpH u = (),
t=0u=1t=1/2uv=0,t=1/2;v=1,¢t= 1. U3 coornowennit (5-62) un
(5-72) momyuaem

CO = BO:
3
3(C, — Co) = 5(31 — By),

3
3(03 - Cz) = g(B:; + By — By — Bo),

Cs = %(33 + 3By + 3B, + By).

Pemrenne satux ypaBHenmit maer

Co = By,

* C = %(B1 + Bo),

G2 = 3(By + 2B, + Bo),

Cs: = %(33 + 3B; + 3By + By).
Amnanormgno,

Dy = %(B3 + 3B, + 3B, + Bo),

Dy = 3(Bs +2B; + By),

Dy = (B + Ba),

D3 = B;s.
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Qra pesynbTaTl 00obmarorca X0

(i B; . _ .
c,.=z<j>3i—, i=0,1,...,m, (5-82a)

=0
" (n—1\ B; . :

Di:z;(n—j)Z""” 1=0,1,...,n. (5-82b)
J=

Jansnefiiee MpAMEHeHHE ONPEEAIOMMX MHOTOYTOJILHAKOB C MOMOMIBIO kpusoit Be-
3pe OCTABASAEM AAS CAMOCTOATENbHOH PaboTHI.

5-9 B-CILTAVHH

C MaTeMaTH4ecKOl TOYKM 3peHHs KDHBasd, 33JaHHAs BEPHIMHAMH MHOIOYTOJbHHKA,
3aBHCHT OT MHTEPIOJALAA MM ANTPOKCHMAIWH, YCTAHABJIMBAIOMEH CBA3b KPHBOH K
MHOTOYTOJIbHHKA. 31eCh OCHOBOH fABJACTCA BHIOOD GasucHrx dynkuuit. Kak 6sw10 or-
MeYeHO B pasfl. 5-8, 6asuc Beprurreiina nopoxaer kpusble Besbe suaa (5-62), Ho on
06/1aJaeT AByMs CBOHCTBAMH, KOTOPhIE OTPAHAYABAIOT 'HOKOCTH KPHBBIX. Bo-nepBbIX,
KOJIM9ECTBO BEPIIMH MHOTOYTOJBLHHMKA ¥KECTKO 3aJaeT MOPANOK MHoro4wiexa. Hampwu-
Mep, Kybuueckas Kpupas JOMKHA ObITh 33/]aHa YETHIPEMSA BEPIIMHAMH H TPEMs OTpe3-
KaM#. MHOrOYTO/IbHYK M3 LIIECTH TOYeK BCErAa MOPOX/IaeT KPUBYIO MATOTO MOPAJKA.
EmuucTBeHHbI €N1OcO6 MOHU3UTH CTENEHb KPHBON — 3TO COKPATHTD KOJMIECTBO BEp-
LIMH, a NOBBICATHL CTEIIEHb KPHBOH — YBEAHIHTL UX HCIIO.

Bropoe orpanuiense cienyer u3 riaobanbHoi npupoxs 6a3uca Beprinreitna. Jto
03HAYAeT, YTO BEJMYMHA ANMpOKCUMHDYommx &ynkumit Jo;(t) u3 ypasrenna (5-
63) memyneBas ;1A Bcex 3HaveHHMi MapaMerHa Ha Kpupoit. Jliobasd ToUxa Ha KpuBO#H
Be3be 3aBHCHUT OT Bcex OMpenensIOmMX BEPIINH, N03TOMY M3MEHEHHe Kakoit-mbo on-
HOit BEPIIMHEI OKA3bIBAET BIMSHHE HA BCIO KpUBYIO. JIoKanbHble BO3AEHCTBHA HA KPH-
BY10 HEBO3MOXKHEL.

Hanpumep, Tak Kax HaKJOH KOHIOB KpHBO#t Besbe 3a5an cOOTBETCTBYIOIMME CTO-
POHAMH MHOTOYTOJHLHHUKA, MOXKHO MEPEIABHHYTb CPEJHIOI BEDIINHY IATHTOYE€YHOTO
MHOTOYTOJIbHHKA, He MEHAs HAINPaBJIEHAs HA KOHnaX. O qHaKOo H3-3a r106aIBHOCTH ba-
suca Beprinreitna mensiercsa popma Beeit KpuBoil. OTcyTCTBHE JIOKANBHOR KOPPEKHMH
MOXKET OKA3aThCA PELIAIOIUM B HEKOTOPBIX NMPHKJIAIHBIX 3aJ34aX.

CymectByer mermobamsHslt 6a3uc, HasbiBaeMslt 6asucom B-craitra, Briovalro-
muit 6a3uc BeprmTeiina kax wacTHBI ciy4da#. B-crinaliser HernoGasbHBI, Tak Kak ¢
KaXI0# pepmmHoil B; cBA3aHa cBos OasucHaa pynknua. IlosTomMy BaHsAHME KaXION
BEPLINHBI Ha KPUBYIO MPOSABJAETCS TOJBKO MPH TeX 3HAYEHHsAX MapaMerpa, [ae COOT-
BETCTBYIOmAs GasucHaA GpyHKHuA HE paBHA HYN10. Basuc B-cnnaitna Takike nossonser
MEHATDH NOPAAOK DasucHbIX PYHKIMI U, ClIENOBATENLHO, BCell KpHBOR 6e3 n3MeHeHu
KonuiecTBa BepunH. Teopus B-crunaitHos 6pi1a npepnoxena B pabore [5-20]. Pexyp-
CHBHOE ONpefeienye I YUCJIEHHOTO PelleHns Oblio BhIBeNEHO He3aBHCHMO KOKcoM
[5-21] u ne Bypom [5-22]. Topmon u Pusendenny [5-15), [5-23] onpenensin Kpupbie
4epe3 basuc B-cnnaitra.
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IIycrs P(t) onpenenser kpuByio Kax GyHKUMIO OT NapaMerpa t, Toraa B-cmnaiin
HMeEeT BHI

n+1
P(t) = Z BiNi,k(t)a tmin <t < tmax, 2<k<n+1, (5-83)
i=1

rae B; ecre n + 1 BepiuMHa MHOrOyroibHuKa, a N; x — HOpMaymM30oBaHHbIe QyHKIAN
6asnca B-cunaitua.

Jas i-# nopmanu3oBanao# GyHKuMH Ha3uca nopanka k (crenenu k — 1) dyHKmum
6asnca Nj (t) onpenensiorcs pexkypcuBHbiME dopmyinamu Kokca—ae Bypa:

1 e i<t<z;
Nia(t) ={ 0 e PSR (5-84a)
u
Nix(t) = (t = i) Nik—1(2) + (@irk = )Nip1,6-1(8) (5-84b)

Titk—1 — T Titk — Tip1

BesmmyuHbl T; —3TO 3JIEMEHTHI Y3JIOBOT'O BEKTOPA, YIOBIETBOPSIOMIAE OTHOLIEHHIO
z; < Tiy1. [lapamerp ¢ u3meHAETCA OT tyin MO tmax BAOIL Kpuboit P(t)!. Cuuraercs,
gro 0/0 = 0.

®opmanpio B-cnnaitn omnpefiesisiercss Kak MONMHOMHAJBHBIN CnaliH nopsiaka k
(crenenn k — 1), TaK Kax OH YJOBJIETBOPSIET CIEAYIOIMM YCIOBAAM:

Oyukuus P(l) apnsercd NOIMHOMOM cTeleHH k — 1 Ha KaXAOM MHTepBase T; <
t< Tiy1-
P(t) u ee npoussonHble nopsiaka 1,2, ...,k — 2 HenpepsIBHBL BJO/b BCeif KPUBOIA.
. Tak, nanmpumep, B-cnnalin 4erBepTOro NopsAaxa — 3TO KycouHaa Kybudeckasd KpH-
Bad.
M3 roro 4ro B-cinaity 3sanaerca 6azucom B-cnnafina, cpasy ciienyer eiie HECKONb-
KO €ro cBOHCTB:

Cymma 6asucabx ynxmuit B-cinadtna g moboro 3Havdenus napamerpa t (CM.
pabors! [5-15] u [5-22])

n+1

Z Ni(t) = 1 (5-85)

Kaxpnas 6asucnan QyHKIHMA NOJOXKATEIbHA MM PABHA HYJIO JyId BCeX 3HAYEHHH
napamerpa, T.e. Nix > 0.

Kpome k =1, Bce Gasucuble GyHKIHE HMEIOT POBHO ONMH MAKCHMYM.
MakcumabHBIN TOPAIOK KPHBOI paBeH KOJIMYIeCTBY BEPIIHMH ONpeAEJIAIOmMEro MHO-
TOYTOJIHUKA.

Kpusas obsanaer cBoiicTBOM yMeHbIIEHUs Bapuanwn. Kpupas nepecexaer OBy
MPSIMYTIO HE Yallle, YeM ee ONPEENAIONMi MEOrOYTOJbHHK.

1 OrMeTHM, YTO B OTNHYMe OT KPHBHX Be3be BepIIMHLI ONPEREJAIOMEr0 MHOIOYFOJNbHHKA HyMe-
pyoTca OT lgon+1.
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O6mas ¢popma KpuBoit NOBTOPsieT GOPMY ONPENEIAIOMIEr0 MHOTOYTOJIbHHKA.
Yro6n1 MpUMEHATD K KpHuBOii 11060e addunnoe npeobpasoBanue, neobxomumo npu-
MEHHTE €ro K BEPIIHHAM ONPEXEAAIOMIEr0 MHOIOYTONbHAKA.

KpuBas nexXuT BHYTPH BBITYKJION 000/I0YKH ONpenensIomero MHOrOYIOJILHAKA.

ITocnennee cBoitcrBo B-crinaiina cunbHee, Yem y KpuBnix Besse. Y B-cnnaiina mo-
paaxa k (cremenu k — 1) TOYKHM KpHBOif j1€XaT BHYTPH BBINYKJO# obonouku k co-
cennux To4yeK. Takum oOpasom, Bce TOUKM Ha B-crunaitne NoJDKHBI N€XATH BHYTpH
00beTMHEHNA BCeX BBIMYKIBIX 0Gojiovex k nociexoparensubx Bepumy. Ha puc. 5-32
HPHBOAATCA UINIOCTPAIMA JJIA PASIMYHBIX 3HAYEHHA K, TpUYeM BBIIYKbIe OG0I0OUYKH
BHLAENEHBI CEPBIM 1IBeTOM. B YacTrocTH, npu k = 2 BeinyKiasa 000K0YKA COBIAAAET C
MHOTOYT'OJIbHAKOM, T. €. B-CIiasiy — 310 caM MHOTOYTO/IbHUK.

C noMoImp10 CBOMCTBA BBIIYKJION OG0J0YKH JIETKO IMOKA3aTh, YTO €CJIH BCE TOYKH
MHOTOYT'OJIbHHKA KOJIZIHHEAPHBI, TO COOTBETCTBY I0mMit B-crinalty — npamas nuaud mins
Bcex k. Jlasee, eciii B HEKOJUIMHEAPHOM ONPEIEAIOMIEM MHOIOYTOJIbHHKE BCTPEYAIOT-
cs1 | KONIMHEAPHBIX BEPIUHH, TO IPSMBIE YIaCTKA KPHBOH (€CM OHM eCTh) HAMHHAIOTCA
¥ KOHYAIOTCA MO KpaitHeil Mepe 3a k — 2 0Tpe3Ka OT HAYAJIA ¥ KOHIIA CEPHH KOJLIMHEap-
HbIX BepuinH. Ecny mocnenoBarenbHOCTb KOJIJIMHEAPHBIX BEPLIMH MOJNHOCTBHIO JIEXKHT
BHYTPHY HEKOJLUIMHEAPHOI'O MHOTOYTOJIbHHUKA, YHCIIO KOJUIMHEADHBIX YYaCTKOB KPHBOM
He MeHblne, YeM | — 2k + 3. Ecnu Ke 313 MOCHEAOBATEILHOCTE HAXOMUTCS HA KOH-
e HEKOJIJTMHEAPHOT'O MHOTOYTOJIbHHKA, TO YHCIIO KOJUIMHEAPHBIX YYAaCTKOB KPHBOH He
Mmemsine ! — k + 1. MiunrocTpaida nmpueenera Ha pue. 5-33.

Ecnu umeerca k — 1 coBnagaromux BepiunH, T.e. B; = Biyy = -+ = Byyp_o, TO
BRIIyKJIasA 0005104Ka BepivH ot B; 10 Bj.x_o —3T0 cama Bepiumna. Orcona cienyer,
410 B-crinaitn fosmken npoxoauTs Yepes epiunny B;. Ha puc. 5-34 n3obparern npumep
Takoif Toukm ;s k = 3. [lanee, Tak kax B-cnnaitn Besne C*~2 nempephiBen, OH Takxke
C*—2 penpepoisen B B;. ’

* HakoHern, 3aMeTHM, 9TO CBOHCTBO HENMPEPHIBHOCTH IIJIABHO NEpeBOAMT B-crnaltu Bo
BJIOXKE€HHBIE OTPE3KH MPAMOi, KAK MOKA3aHO Ha pHC. 5-35.

Ypasuenus (5-84) yxa3piBaroT, 4ro BHIGOD Y3/IOBOTO BEKTOPA OKA3BIBAET CYINe-
CTBEHHOE BiHMAHME Ha Gasucusle Gynkupm B-crunaftma N;i(t) u, cnenosarensHo, Ha
cam B-cnnaitn. Equncreennoe Tpe6oBaHHe K y3/M0BOMY BEKTORY: i < Tiyp, T.€. 9TO
MOHOTOHHO BO3DAacCTalOIasl MOCJIENOBATENILHOCTh BemleCTBEHHBIX yHcen. OGhIYHO HC-
NOJB3YIOTCA TPH THIA Y3JOBBIX BEKTOPOB: PABHOMEDHBIE, OTKPLITHIE PABHOMEDHHIE
(M OTKpBITHIE) M HEPABHOMEDHBIE.

OrzenbHble y3/10Bble 3HAYEHAS PABHOMEPHOTO Y3IIOBOI'O BEKTODA DACIPELEIEHBI
Ha ONMHAKOBOM DAaCCTOSHHMH, HAITPHMED

0O 1 2 3 4

[-02 —-01 0 01 0.2

B vacTHOCTH, paBHOMEpHDIE Y3110BBIE BEKTOPHI OGBIYHO HAYMHAIOTCS B HYJIe ¥ YBeIHIH-
BAIOTCA Ha 1 K HEKOTOPOMY MaKCHMAIBHOMY 3HAYEHKIO HJIM HODMHPYIOTCA B JHATA30OHE
mexy 0 ¥ 1 papHBIMM J€CATHYHBIME 3HAYEHHAMH, HAIPHMED,

0 025 05 0.75 1.0].
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Puc. 5-32 Caoticpa BRIIYKJ0# 060104kH B-crunatisos.
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IKmumeapl-me CErMEHTRI xpm;oi’fJ

I |

pa—————— k=3

|-—- KonmHeapHbI¢ BEPITAHH MHOTOYTO/ILHHKA ~—l

(a)

I-—Kmumeapl-me BepIIEHN MHOTOYTOLHHKA _.l

I:—Kmumeap}me CErMEHTR xpu;oﬂ —-|

®)

Puc. 5-33 CsoiicTsa BHIyKI0# 060/04KH B-CILUTaliHOB AJI9 KOJLUTAHEADHBIX CETMEHTOB KPH-
poit. (@) BHyTpeHHAe BEPUIMHBI ONPEAEJSIONIEr0 MHOIOYTOTbHMKA; (b) BepmmHN B KOHIE
OHpPEAEJISIIONEr0 MHOTOYTOJIbHHKA.

Jns naHHEOrO NOPSAAKA K PABHOMEDHBIE Y3/0BhIe BEKTOPHI MOPOXKIAIOT NEPHOIHIECKHE
paBHOMepHBIe dyHKIMHN Bazuca, JNA KOTOPBIX

Nik(t) = Nicyk(t —1) = Nipa i (t + 1).

To ects Kaxkgas yHKIms Gasuca— 70 NAPAINEAbHBIA MEPEHOC APYTo# dyHKuIuH,
cM. puc. 5-36.

Y OTKpBITOTO PaBHOMEPHOTO Y3JIOBOTO BEKTOPA KOJIMYECTBO ONUHAKOBBIX Y3JIO-
BhIX 3HAYeHWH B KOHIAX PABHO MOPAAKy k GasucHoit dyHkuuu B-cnnaina. BuyTpen-
HHE y3JI0Bble 3HAYEHHs PAaCHpeneleHH pasHOMepHO. HecKoIbKo MPHMEPOB € HEABIMH

Puc. 5-34 Bruinykmas o6oIosKa A0 KPATHHX BepunH, k = 3.
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10

0 1 I t
0 2 4 6

Puc. 5-36 Basucune oyHKmmm mepuoamyeckoro pasHOMepHoro B-cmnadma, [X] =
0 1 2 3 45 6,n+l=4 k=3

NIpUPAIIEHUAMH:
k=2 [0 0 1 2 3 4 4
k=3 0001 23 3 3],
k=400 000122 2 2
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10

Nys Ny 3

0 L 1 [ 1 L L ! t
0 10 2
Prc. 5-37 Basucume ¢yEkmam orkpblroro paBHomepHoro B-cmiadma, [X] =
00012 2 2,k=3n+1=4

WJIH 11 HOPMAJIM30BAHHBIX NMPHUpaIeHuit
k=2 [0 0 1/4 1/2 3/4 1 1],
k=3 0 0 0 1/3 2/3 1 1 1],
k=4 0 000 1/2 11 1 1]

DopMaATBHO OTKPHITHI PAaBHOMEDHBI Y3JI0BOH BEKTOD onpegéﬂﬂe'rca KakK
;=0 1<i<k
T, =1—k k+1<i1<n+1
;=n—k+2 n+‘2_<_i§n+k+1

Ilony4aromumecs Ga3ucubie ¢pyHKImMH BenyT cebA NPHMEPHO TaK XKe, KAK ¥ KpH-
Bole Besbe. ®akTHyeck, eCiny KOIMYECTBO BEPIIMH MHOTOYTOJBHHKA DABHO MOPAAKY
6asuca B-cnnaitna u ucnomb3yercs OTKDBITHI PABHOMEDHEIA y3J10BOil BEKTOp, Ha3uc
B-cnna#tna ceoaurea k 6asucy Beprmreina. Otcona B-crutaiiu seaserca kpusoit Be-
3be. B aroM cayyae y3noBoit BEKTOp — 3TO MpocTO k Hyxei, 3a KOTOPBIMH clienyer k
exunnn. Hanpumep, 4151 YeThIpex BEepIINH OTKPHITHIA pABHOMEDHBIN Y310BOi BEKTOD:

0 oo0oo0111 1.

B pesynbrate mMbr umeem xybudeckyio kpusyio Besbe — B-cumaitn. Coorsercrsy-
romue G6asucHbie Gynkuun H306paxens: Ha puc. 5-27b. Ha puc. 5-37 npusenen eme
OZMH NpPHUMEP OTKPHTHIX 0a3sHucHBIX yHKumi.

HepapHoMepHbIe y310BbIe BEKTOPE! OTIMYAIOTCSA TEM, YTO HX BHYTPEHHHE Y3JIOBbIE
BEJIMIHHBI PACIIOIAralOTCA Ha Pa3HOM PACCTOSHUY APYT OT APYTa H/ MK COBMEIIAIOTCA.



5-9 B-criaiHb! 317

BexkTops! MoryT ObITH NEPHOANYECKMMH MM OTKPBITHIMH, HAIIPHIMED
0011 2 2 2

0 12 2 3 4],

[0 028 05 072 1].

Ha puc. 5.38b-e¢ mokasanbr mpumepbl HepaBHOMepHBIX DasucHbIx GyHKumit B-
cnnaftHa nopaika k = 3. Y COOTBETCTBYIOIIMX Y3JOBBIX BEKTOPOB H3 KOHIIAX Ha-
XOIUTCA MO k COBMEIIEHHBIX ONYMHAKOBbIX 3HadeHu#. JlnA cpaBHeHHa Ha pHC. 5-38a
npHBeHeHb! Ga3ucHble MDYHKUNH JJIsl OTKPBITOTO PABHOMEDHOTO BeKTopa. OTMeruM,
4ro Ha pUC. 5-38a M b QYHKIMHM CHMMETDHYHBI, a TaKXK€ YUTO Y HEpaBHOMEDHBIX
6a3ucoB cummeTpus Hapymaerca: 5-38¢-e. Kpome TOro, npu COBMEMEHHBIX Y3MOBHIX
3HAYEHUAX y OJHON M3 (yHKumil mossisaerca udnoM. Ha puc. 5-38d u e BHgHO, uTO
MOJIOXKEHHE H3JIOMA 3aBHUCHT OT PACHOIOXKEHHS COBMENIEHHOTO 3HAYEHHS B Y3J0BOM
BEKTODE.

®opmyna Kokca—ze Bypa (5-84) mna pacdera 6a3ucubx dyskumit B-cnnaifna pe-
KYPCHBHA, 03TOMY GYHKIMA Hopsaka k 3aBUCHT ot HasucHbIX GyHKupit Horee HU3KO-
ro nopsaxa srnorh 1o 1. Ilycts nana 6asuchas dyskuusa N; ¢ . Torna sty 3aBucuMocTs
MOXHO BHIPAa3HTh B BHIE TPEYTOJILHHKA

Nig
Nig1 N1k
Nig—1 Niprg—2 Nigz2 g2

N;a Nitig Niyan  DNipsy - Nieoig

Torna obpaTHas 3aBHCHMOCTD, T.€. BIUSHME ONHON OasmcHON YHKUMH nepBOro mo-
pagka N;. Ha dyHKuuu 60ilee BHICOKHX MOPSIKOB, TAKOBA:

Nick+1g - Nigkark Nig N - Nigeax

Nisiz2 N2 N
Nia

Paccmorpum nmpumep pacdera 6a3ucHex DYHKUHH.

Tpumep 5-9 Pacuer nepuogndeckux 6asucHbx dynxnuit
Hairra wersipe 6asuchnre bymxmm N 3(t), ¢ = 1,2,3,4, Tperbero nopsaixa
(k = 3). Yucino n+1 B garHOM Ciiyuae paBHO 4. 3aBHCHMOCTD 6a3ucHbIX (yHKITHIA
Ans N; 3 uzobpaxkaercs Clelyomell quArPaMMO:
N,z Nas N3z DNags
Mgz N2z Ni2 Niz2 Nspo
Nii Nzp Nsyp Ny Nsy Nea
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10

10

N, N, 10 N
13 s, 53
N Ny, N -?1 Ny, Ny
2,3 4.3
L - NSJ
B i Ny
1 | 0
0 1 2 3 0 1 2 3
(a) b)
10
[\Mas. Ms Ny, Ny a3 Nss/ |
N,
" N, ANA | 4
22 ] N5 N3 _J
] 1 0
0 1 2 3 0 1 2 3
() (O]
10 N
L \N, 5 iy Nss /]
i N5 Nes [ 7]
0 1 | 1 | t
0 1 2 3
(e)
Pnc. 5-38 @ynxuun HepapHOMepHOro Gasuca gz n+ 1 =5, k= 3.
(a)[X]=[0 0 0 1 2 3 3 3
®)[X]=[0 0 0 4 26 3 3 3|
(0)[X]=[0 0 0 18 22 3 3 3]
@[X]=[0 0 0 1 1 3 3 3j
(e)[X]=0 0 0 2 2 3 3 3.

I'nasa 5 ITpocrpaHcTBeHHBIe KDHBEIE
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O6paTHble 3aBHCHMOCTH I © > 1:

Nia Nas Nz Nys Ns3 Nga
Niz2 Nas Niz2 Ngo Nspo
Ny Neyp Msn Ny,

KaxoB quana3oH y3/J0BOro BeKTOpPa, HeobXomuMbl#l ns 3roro pacuera? V3 ypas-
Hemu# (5-84) cienyer, wro nis Brruucienus N1 Heo0X0muMBL y3/I0BBle BEIATHHBI
Te U T7, a a0 N1,) — Z1 H Z2, T. e. HeobXomumbl 3Hawerus oT 0 go n+ k. OTcroaa
KOJIMHECTBO Y3JIOBHIX 3HaUeHMIt PABHO 12+ k + 1. Y3J10B0M BEKTOP JJIs 3aJAHHBIX
IePHOAUYECKAX (DYHKIHA:

[X]=0 1 2 3 4 5 ¢,
roe z; = 0,...,z7 = 6. Juana3zoH mapameTpa 0 < t < 6. Mcnone3ys ypaeHe-

mwe (5-84) U NIpUBedeHI e BRIIE THATDAMMS!, TIOIy4YuM GasucHble GYHKIMHA TS
PasIMYIHBIX 3HAYCHUH mapaMmeTpa:

0<t<1

Nat)=1; Na(t)=0, i#1

Nia(t) =t Ni2(t)=0, i#1
t2

Ms(t) = 5 Nia(t)=0, i#1

1<t<2

Noa(t)=1; Niu(t)=0, i#2

NMpa(t)=(2-1t); Nea2t)=(t—1); MN()=0 i#1,2

Nis(t) = L2~ + (3—53) t—1);

_1\2
Nas(t) = (_t71_)__; Nia=0, i#1,2,3

2<t<3

Naa(t)=1; N;i(t)=0, i#3

Nap(t) = (3-1); Nao(t)=(t-2); Nis(t)=0, i#23

Na(t) = £3—_§—tz;

JWAU)=(t_1¥3—t)+(4—t¥t—2%

_ 9)2
%; N"u3(t)=07 1¢172;3

N3a(t) =

3<t<4
Nia(t)=1; Nia(t) =0, i#4
N3,2(t) = (4 - t); N4,2(t) = (t — 3)7 N;’,2(t) =0, ’§é 3,4
Npa(t) = (4_2t) C Nes(t) = &2 2)2(4—0 + (5—t)2(t—3);

_ a2
N4.3(t)=%; Nia(t) =0, ©#2,3,4
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4<t<5H
N5_1(t) =1; N,"l(t) =0, i#5
Nyp(t)=(5-1); Ns2t)=(—-4); Ni20t)=0, i#4,5

N3 s(t) = @;

t=3)5-t) 6-t)t—4)
2 2 !
N;a(t)=0, i#3,4

Nys(t) =

5<t< 6
Nea(t)=1; Ni(t)=0, i#£6
N5,2(t) =(6—1); N;,g(t) =0, i#5

Nas(t) = @; Nia(t) =0, i#4.

3Hak < B onpedeneruu N; ) OPHBOAMT K TOMY, IT0 IpU t = 6 BCe DYHKIAM
pasHE 0.

PesynpTaThl mokasaHs! Ha pHEC. 5-36 M 5-39c. OrMeTHM, 4TO Kaxkaas U3 6a-
3UCHHIX (YHKI! SBJIgeTcs KycodHO napafomrdeckoif (kpaapaTH4anoil) KpHBOIL.
Hapaﬁomecxne CErMEHTH HA HHTEPBAJIAX Li — Ti+1, Ti+1 —* Tit2, Tit+2 —* Tit3
06beAMHAIOTCA X COCTABAIOT Gasucurie dyukuma N; 3. Kaxknas dysxuus npen-
craBageT coboil nmapajuieNsHEIN mepeHoc ApyToi.

ITpumep 5-9 nokasrBaeT, Kak mocTpouts 6asuc N no dyukumam 6asuca 6oree Hus-
Koro nopsinka. Ha puc. 5-39a usobpakens! QyHKIuHM NEPBOro nopsjaka U3 MPHAMEPa
59, na puc. 5-39b — Broporo nopsaxa, ¥ Ha puc. 5-39¢c — Tpersero nopsaxa. O6pa-
TUM BHHMAHHE HA TO, KAK PACTACHBAETCH AMAINA30H HEHYJIEBbIX 3HAYEHUH QYHKUMIA C
yBeNHYeHHEM MX HOpsaka. LoBopaT, 4to dyHKuus 6a3uca obecneynBaeT MOZAEPKKY
HA HHTEPBAJIE OT Tj OO Titk-

Bunmarensno paccmarpuBas puc. 5-36, MOXKHO 3aMETHTD BAaXKHOE CBOKCTBO (PyHK-
upit paBHOMepHOro Gasuca. U3 ypasuenus (5-85) usBectHo, uro Y, N; i(t) = 1 mna
noboro 3navennst napamerpa t. OTCIOna CleAyer, YTO BCe MHOXECTBO NEPHOIHYE-
ckux HasucHbix bynkumit ana k = 3 onpenesneno ToabKO B auamasone 2 < ¢t < 4.
3a ero rpanunamu Y N; x(t) # 1. Jlna pasaoMepHOro HauuHaromerocs ¢ 0 y310BOro
BEKTOpA € HIEJHIMH NPHDPAIIEHAAMH NPUCOAHBIN auana3oH mapamerpa: k — 1 <t <
(n+k)—(k—1) = n+ 1. [lna Gonee oBMmUX MIA HOPMAJIM3OBAHHBIX BEKTOPOB CO-
KpalleHye NAanNa3OHa MapaMeTPa COOTBETCTBYeT morepe k — 1 MHTepBasa Y3JOBBIX
3HaYeHHH HA KaXKJAOM KOHIle BeKTOpA.
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Puc. 5-39 TocTpoenue mepHomuyeckix 6asucusx dyHxmmit n+1=4. (a) k=1; (b) k=2;
(¢) k=3.
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Ilpumep 5-10 PacueT oTrkpbITOro paBHOMepHOTO 6asuca

Haittu wernipe (n = 3) 6asucHuie dyskman N 3(t), ¢ = 1,2,3,4, TpeTsero
mopazgka (k = 3).

HanomawnM, 4T0 GOpMAIEHO OTKPHITHIH Y3J10BOM BEKTOD C IeJIBIMH MHTEDBa-
JIAMH MexK]ly BHYTPEHHMMM Y3JI0BHIMH 3HAYEHHSMH ONPEHENIeTCH KaK

zi=0, 1ZiLk,
zi=i—k, k+1<i<n+1,
zi=n—-k+2, n+2<i<n+k+1

Juana3zon maMenenus napameTpa 0 <t < n—k+2, Te. or 0 10 MakCHMaJIb-
HOro y3y0Boro 3Havenus. Kak u B nmpumepe 5-9, KONH49eCTBO y3JI0BBIX 3HAHEHHIH
pasao n + k + 1. Ecix 6paTes y3/n0Bble 3HaYeHHs, TO BeKTOp A1 JaHHOTO IIPH-
Mepa npuMeT BHJ,

[X]=[0 0 0 1 2 2 2

rae z1 = 0,...,z7 = 2. [lapameTp t usmenseTcsa or 0 mo 2.
IMombsyacs ypapHermmamu (5-84) m gmarpaMMaMu 3aBHCHMOCTH, MOJIy9aeM
dyakImE Gasuca J/d Pa3THIHBIX JHANA30HOB IapaMeTpa:

0<t<1

N3a(t)=1; N;1(t)=0, i#3

Noo(t)=1-t; Na2(t)=t Ni2t)=0, 1#£2,3
(2-1)

M) =(1-1t)% Noa(t)=t(1—t)+ =t
N3s(t) = g; N;is(t) =0, i#1,2,3

1<t<2
Naa(t)=1; Nia(t)=0, i#4
Nso(t) = (2—1t); Naz(t)=(t—1); N2(t)=0, i#3,4

L R )

Nag(t)=(t-1)% Nia(t)=0, i#2.3,4.

Nos(t) = @_Tt); N3,3(t) =

OTH pe3yJ/LTaTH IpUBEINEHH Ha puc. 5-40.

Cpasnusas pesyabrare: mpuMepa 5-10 (puc. 5-40) u 5-9 (puc. 5-39), MBI BHIHM,
YITO OHHU CYIIECTBEHHO PA3NMYIAIOTCA I IEPHOIHIECKOTO M OTKPHITOrO PABHOMEDPHOT'O
Y3J10BBbIX BEKTOPOB. B 9acTHOCTH, OTMETHM, YTO Y OTKDBITHIX PABHOMEPHBIX Y3JOBBIX
BEKTODOB HA BCEM AMANA30HE M3MEHEHHUS TaPaMeTPa ONpeaelieH MOMubli HAOP 6a3uc-
HbX QynKkomit; T.€. 3 N;x(t) = 1 ana scex 0 < ¢t < n —k + 2. Y nepuoguueckoro
BEKTODA JHANIA30H NAPAMETPA YMEHBIIAETCS.
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Nl B Nl 2

()

1
‘V Ney
1
00

(a)

Puc. 5-40 TIocTpoerme oTKpPHITHX GasucHbx Gyrkmmi n + 1 =4. (a) k=1; (b) k =2; (¢)
k=3.
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IIpumep 5-11 Pacuer nepaBHOMepHBIX BasucHBIX dyHKIMA

Haitru nars (n+ 1 = 5) 6asucueix dbyuxuuit N 3(t), 1 = 1,2, 3, 4,5, Tpersero
nopsazaxa (k = 3) ¢ y3noBeM BexTopom [X]=[0 0 0 1 1 3 3 3], comep-
JAIMMM TIOBTOPSIONeeCs BHyTPEHHee y3/10Boe 3HadenHe. W3 ypasuennit (5-84) u
AHarpaMM 3aBHCHMOCTH

0<t<1
Ns1(t)=1;, N;i1(#)=0, i#2
Nop(t)=1—1t; Nzo(t)=1t; Ni2(t)=0, i#2,3
Nis(t)=(Q1—1)% Nps(t)=t(1-t)+ (1 —t)t=2t(1 —t);
Nss(t) =t% Nys(t)=0, i#1,2,3

1<t<1
N;1(t)=0, Bcei
N;2(t)=0, Bcei
N;3(t)=0, Bcei.

B wacTHOCTH, KaK CJIeICTBHE IOBTODEHHs y3/10BOro 3Hadenus, Nii(t) = 0
g Bcex t.
1<t<3
Ns1(t)=1; N;1(t)=0, i#5

Nya(t) = @; Ns,2(t) = -(—t;—l); N;2(t) =0, i#4,5

Nos() = 820
Nais(t) = (t - 1)4(3 —1) + (3-— t)4(t -1) _ (3 _t)z(t _ 1);
N5,3(t) = %; N,‘,3(t) = O, P # 3,4, 5.

PesynwTar npusenen Ha puc.5-38d.
3ameTHM, 4TO JUIA BCex 3HadYeHud ¢ umeeM Y IV; « (t) = 1.0. Hanpumep, s
0<t<1l,

5
SN =(1—-t)?+20—t) + =1-2+"+2 - 2%+ = 1.

i=1
Apamorvyno gst 1 <t < 3

Nia(t) = 713 = £ +2(3 - t)(t— 1) + (¢ - 1?)

1
=700~ 6t +1* —6+8 — 2" + 1 -2t + 7]

4
7=
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y B,
| 2
B,
3 4
st
= 4
N B,
0 B, L L | 1 L1 1 1
0 2 4 6 8 x

Puc. 5-41 3asucumocrts ¢opmur B-cntaitHa oT ero mopsaka.

N3 primecka3’anaoro BHIAHO, KAKOE BIHSHHE OKA3BIBAET BHIOOP Y3JIOBOTO BEKTOPA
Ha BHJ GasucubIX dyskuuit B-cnnaiina u, cirenosarensno, na dopmy B-cnnaitaa.

I'ubkocry 6a3uca B-cniaiira nossojiifer BO3AeHCTBOBATE HA (DOPMY KPHBOH pa3-
HBIMH cnocobamu:

M3mensis Tun y3710B0Oro BekTOpa H 6a3MCa: NEPHOAMYIECKHH PABHOMEDHLIH, OTKPHI-
ThIf pABHOMEDPHBIN M HEPABHOMEDPHBIH.

Mensa nopsinok k 6asucupix dyskmui.

Menss KonudecTso u PacnoiioKenue BEPIITHH ONPeaeIAroniero MHOIOYIoJIbHuKA.
Hcnone3ys nopropsawonuecs BepilinHLL.

Hcnonp3ys nosropsomuecs y3ji0Bsie 3HAYEHHS B Y3JI0BBIX BEKTOPAX.

Paccmorpum 3tu cniocobsl cEaqana i OTKPeITHIX B-cnitaifinos, 3arem 41s pasaomep-
HBIX NEPHOAMYECKHX M HEPABHOMEPHEIX B-cniafinos.

OrkpeiTsiit B-ciutafia mo ¢csouM CBOMCTBAM BO MHOTOM aHAJIOTHYEH KPHBbIM Deabe.
Kak y>xe ormeuanocs, ecin nopsaaok B-cmiraifna paBeH KOJm4eCTBy BEPIIMH OHmpeIe-
JIAOIIEro MHOTOYrojibHUKA, To 6a3uc B-cnitaitna crogmrcs K 6asucy Bepminreiina, a
caM B-coaidta cramosurca kpusodi Beswe. ¥ orkpeltoro B-cmiaiina moboro mopsaka
(k > 2) nepBasf H NOCAENHAA TOYKH KPHBON COBHAJAIOT C COOTBETCTBEHHBIMM BEP-
IMpHAMH MHOTOYTojbHMKA. Jlajiee, HAKIOH KPHMBOH B IEpPBO# M nOC/eIHEH BEPIIMHAX
MHOTOYTOJILHHKA PABEH HAKJIOHY COOTBETCTBEHHBIX CTOPOH MHOTOYTOJILHHKA.

Ha puc. 5-41 n306paxens! Tpy OTKPHITHIX B-crraitna pa3mudnoro mopsaaka, 3a1aH-
HBIE OJHuM HAGOpOM u3 Yerbipex Bepimud. Kpusas yerseproro nopsagka — 3o kpusas
Besne — onun KybudecKknii noimHOMHuANbHBI cerment. Kpusas rpersero nopsaka co-
CTOMT M3 JBYX napabONH4YeCKuX CErMEHTOB, COGIUHSAIONHXCA B IIGHTPE BTOPOIO OT-
P€3Ka ¢ HenpPEPBIBHOCTBIO C. Kpupasg BToporo nopsaaka COBOAJAET C ONPEAEIIAIONIMM
MHOI'OYTOJIbHHKOM. Ona cocrour M3 Tpex JHMHEHHBIX CErMEHTOB, COeIMHSIONUXCA BO
BTOPOM M TpeTbhbel BePIIHHAX ¢ HEIPEPHIBHOCTHIO CP. Yroin HaKJIOHA HA KOHIIax, 33,JaH~-
HBIIl HAKJIOHOM CTOPOH MHOTOYrOJIbHHKA, OOMHAKOB JJIfl BCEX TPex KPHBBIX. OrmeTum
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Puc. 5-42 Bimanue KpaTHOCTH BepIMHEL Ha ¢opmy B-cruaiina, k = 4.

TaK>e€, YTO IO MEPE BO3PACTAHHS NOPAIKA KPHUBON, OHA BCEe MEHBIIE HATOMHHACT HC-
XOIOHBIH MHOTOYTOJLHHK M CTAHOBHTCH Ooslee riraJKoi.

Ha puc. 5-42 n306paskaeTca BiiufHAE NOBTODSIOIMXCS HIIH COBIAAIOIIMX BEPIIIMH.
Bce B-cnialiabl umeoT nopaaoK k = 4. HuKuss KpuBas onpelesiend YeTbIpbMs Bep-
muaamMu C y3710BbIM BekTopoMm [0 000 111 1]. ¥V cpexneit KpuBoOi nATH Onpeaesaromux
BEpINuH, IPpHIEM JIBE M3 HUX IOBTOPSIOTCH BO BTOPOH BepIIMHE MHOTOYTOIbHUKA [3 9].
VYaiosoit Bekrop—[0 0 0 0 1 2 2 2 2]. Bepxusig kpuBasi onpefelieHa IeCTHIO BepIIA-
HAMH C TPeMs HOBTOpPsiomuMucs B Todke [3 9]. ¥Y3mosoit sekrop—[0 000123 3
3 3]. CoorBeTcTBYIOIME MEHOTOYTONBHUKH JJIf TPEX KPHBBIX COOTBETCTBEHHO TAKOBBIL:
By, By, Bs, By; B1,B2, By, B3, By u Bi1, By, B2, By, Bs, By.

Huxusia KpuBas COCTORT H3 €AMHCTBEHHOTO KyOudecKoro cermenta. CpeaHss Kpu-
Bas COCTOMT M3 JBYX CerMEHTOB, COEIMHEHHBIX MexXKAy B2 u B;. Bepxusas kpuBas co-
CTOMT M3 TPEeX CerMeHTOB: nepBhili oT By mo Bs, BTOpoit or By 10 cepenuubl MEXIY
Bs u Bj, Tperuii or 3toit Touku 10 By. O6paTum BHMMAaHHME HA TO, YTO C yBeJIHdYe-
HuEeM KPATHOCTH Bepiumnabl By KpuBas Bce Gimke noaxogutT K Bs. Korga kpaTsocts
Jocruraercs k — 1, BO3HHMKAET OCTPhIH YTOJ B COOTBETCTBHH CO CBOMCTBOM BhIMYKJIOMH
060504ku B-crutaiinoB. IIpu BEuMATEILHOM H3YYeHHH PUC. 5-42 MOXKHO 3aMETHUTD, YTO
Ha 0berX CTOPOHAX KPATHON BEPINMHBLI HMEeTCHA JMHEHHBIH Y4aCTOK.

HecmoTps Ha Halmgue yrios, coxpanaerca C*~2 gubdeperuupyemocTs KpuBoOi.
Ha nepsbiit B3rism 370 MOXeT HOKA3ATLCA NMPOTHBOPEYHEM, ONHAKO H3JIOM OHpEe-
JIAeTCA HYJIE€BBIM KACATEJbHLEIM BEKTOPOM, YTO HE HCKIIOYAET HENPEPLIBHOCTH €r0 HU3-
Menenus. Bo3MOXHOCTD BKIIIOYEHMS OCTPBIX YIVIOB M M3JIOMOB B HenpepsBHO CF~2
muddepernmpyempie KpuBble 3TO BAXKHOE CBOUCTBO B-crtaifHoB.

Hakonern, 3aMeTuM, 94TO ¥ BCeX KPHBBIX HAKJIOH B KOHIAX OJHHAKOB.

Ha puc. 5-43 noxazasnl Tpu B-cmiaiira derseproro nopsimka. Kaskmeiii onpene-
JIFAIOMIMA MHOTOYTOJIbHEK COCTOMT M3 BOChbMHM Bepinma. KpuBbie OT/IHYAlOTCA TEM, 9TO
To4ka Bs nepensuraerca B By u BY . [lepensukenue Touku Bs BO3[elCTBYeT HA KPH-
BYIO TOJIBKO JIOKAJIbHO: M3MEHSAIOTCA JIMIb CErMEHTHI, OTBevalomue orpe3kam BjBy,
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Puc. 5-43 JlokanpHas KoppeKmua B-crutaiina.

ByBs u Bs Bs, BgBr. B obmiem citydae 3aTparuBaloTcs TOILKO +k/2 OTPe3KOB BOKPYT
CABMHYTOH TOYKH.
Jns miunocTpanun paCCMOTPHMM IIPHMED.

IIpumep 5-12 Pacuer orkpeiToro B-ciuraiina

Paccmorpum MHOroyronbHUK u3 mpumepa 5-7: Bi[l 1], Bo[2 3], Bs[4 3],
B,4[3 1]. Haitra B-cnuaifs BTOporo u 9erBepToro nopsiaka. Juas k = 2 OTKPHTHIA
¥3JI0BO# BEKTOP

0 o1 2 3 3,

roe t1 = 0, z2 = 0,...,x¢ = 3. [Tapamerp ¢ usmenserca or 0 mo 3. Kpusas
cocrour u3 Tpex muHeHHBIX (kK — 1 = 1) cermenToB. s 0 < t < 3 ¢yuxmun
6a3uca MMEIT BHJ;

0<t<l1

Nopa()=1; Nip(t)=0, 1#2

Nia(®)=1—1t; Noo(t)=t; Ni2(t)=0, ©#1,2
1<t<?2

Ns,l(t) =1; Ni,1(t) =0, 1#3

Neap(t) =2—1t; Ns2(t)=(t-1); Nia(t)=0, i#2,3

2<t<3
Nai(t) =1; Nia(t) =0, i#4
N3a(t) = (3—1t); DNaa2(t)=(t—2); Ni2(t)=0, i#3,4

U3 ypasHenus (5-83) monydyaem napamerpHueckuii B-crinatin
P(t) = B1N1,2(t) + Ba N2 2(t) + B3 N3 5(t) + BaNa,a(t)-
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Jns kaxa0ro M3 3THX UHTEPBAJIOB

Pt)=(1—t)Bi+tB2=B1+(B2—B1)t 0<t<1,
P(t)=(2—t)Bz+(t—1)B3=Bz+(Bs—Bz)t 1<t<2,
Pt)=B—t)Bs+(t—2)Bs=B3s+ (B4 — Bs)t 2<t<3.

B kaxaoM ciIy4ae B pe3yJbTaTe IOJIY4YaeTCs yPaBHEHHe IPAMOH ajid pebpa
MHOTOYTOJIbHHKA, T. €. KPHBas COBIIAJIAE€T C MHOIOYTOIBHUKOM.

Iocnenusas Touka KpuBo# (t = tmax = 3) Tpebyer ocoboro BHuManus. Us-3a
TOTO YTO UHTEPBAJ B ypaBHeHUHM (5-84a) 0TKpHIT cripaBa, BCe 6a3uCHBIE HYHKIMH
Nii, npu t = 3 pasusl Hymo. CleI0BaTENBHO, IOCIEAHAS TOUYKA MHOTOYTOTBHUKA
dopManbHO He eXHT Ha KpuBoil. PaKTHYIECKH JKe 3T0 He TakK. PaccMoTpmM ¢ =
3 — g, roe € — 6eCKOHEYHO MaJjlasi BeAMYMHA. LCJIM € CTPEeMMTCA K HYJIIO, TO B
npezesie NOCIeSHHE TOYKH KPUBOM M MHOTOYTOIBHHKA COoBHanaloT. Ha npakruxe
60 ABHO M0GABJIAIOT MOCIEAHIOI TOYKY B OIIMCAHHME KPHUBO, JIM60 OIpenensoT
N(t = tmex) = 1.0.

Hna k = 4 nopsamok KpuBOit COBIAIAET ¢ KOJMIECTBOM BEPUINH OIIPENEISIO-
IIero MHOrOYTOJIbHHKA, I03TOMY B-CrutaitH cBoaurcs K kpuBoit Besbe. Y310Boit
BEKTOP C tmax =N —k+2=3—-44+2=1—-[000011 1 1]. Oyukuuu 6a3nuca
TaKOBBI:

0<t<1
Nyi(t)=1; Nia(t)=0, i#4
Nsa(t)=(1—1t); Ni2(t)=1t; Ni2(t)=0, i#3/4
Nos(t) = (1—t)% Nags(t) = 2t(1 —t);
Nus(t) =t% Nis(t)=0,i #2,3,4
Nia(t) = (1—t)% Nea(t) =t(1—t)® +2t(1 - t)° = 3t(1 — t)*;
Nsa(t) =281 —t) + (1 — t)t? = 3t°(1 — t); Naa(t) =1

W3 ypasHenus (5-83) momydyaem napaMerpudeckwit B-crutaita
P(t)= B, N1,4(t) + BzN2‘4(t) + B3N3‘4(t) + B4 N4 a(2),
P(t) = (1 —t)*B1 + 3t(1 — t)>Bs + 3t*(1 — t)Bs + t*Ba.
Urak, npu t = 0
P(0)= B
Hopu t = 1/2

1 1 3 3 1
P (E) = gBl + EBZ + §B3 + §B4

1 1 3 3 1
Pl-)== s[2 S S
(2> 8[1 1]+8[ 3]+8[4 3]+8[3 1]
=[11/4 5/2].
Cpasuusas ¢ npumepoM 5-7, BUIMM, YTO Pe3y/IbTATH OAMHAKOBLL. Ilomyqus-
Imasicsi KpuBass u3o6pakena Ha puc. 5-28.
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Puc. 5-44 3asucumocth GopMEI nepuoamdeckoro B-CIutaiiHa OT ero mopsiaka.

Tenepp 3aiiMeMca nepuofdudeckuMu B-cunmaiimamu. Ha puc. 5-44 mokasaHbl Tpm
nepuofndeckux B-cntalina pasnoro nopsaka. Bece KpuBble onpelesiennl TeMu Xe Bep-
[IWHAMH, YTO U AJIS OTKPHTHX B-cnnaiinos ma puc. 5-41. Ina k = 2 B-cuaiia onars
COBHIa/IaeT € OnPeNelIAIoNMM MHOrOyronbHuKOM. OTMETHM, OJHAKO, YTO Y mepPuOIH-
4ecKoro ciialina npu k > 2 nepBas m noc/ieqHAsS TOYKH HA KPHBOM HE COBIAJAIOT C
nePBO u moCieHeH TOYKAMH MHOTOYrOJIhbHMKA. HaKjIoH B nepBoi u mocaeqHel TO4Y-
KaX TakXe MOXKeT OTJIMYaThLCHA OT HAKIOHA COOTBETCTBYIONIHX CTOPOH MHOTOYIOJIb-
muka. Jlng k = 3 B-conaiie madunaercs B cepeliune nepBoro pebpa m OKAHIMBAETCH
B CepPeJluHE NOCJIeIHEr0, KAK OTMEYEHO CTPEJIKAMH. JTO mPOHMCXOIHT M3-33 COKDAIle-
HAA AMANIA30HA napaMeTpa 4 6a3ucabx Gyskuumit neproamdeckoro B-coafina. s
k = 2 nepuonudeckuit y3noso#i Bekrop— [0 1 2 3 4 5| c xuanazonom napamer-
pal <t <4 JOnak = 3 nepuoaudecknii y3nosok Bektop—[0 1 2 3 4 5 6]
¢ Juana3oHoM napamerpa 2 < t < 4. Ina k = 4 nepuogudecKudi y3JIOBOH BEKTOP —
0 1 2 3 4 5 6 7] cauanasonom napamerpa 3 <t < 4.

CpaBrenue nOMyYeHHbIX PE3YILTATOB M PE3YIILTATOB /1 OTKPHITHIX Y3JIOBHIX BeK-
TOPOB HA PucC. 5-41 MOKA3HIBAET, YTO KPHUBYIO MOXKHO ONPEAEIIHTh HA NOJIHOM JHAIIa3o-
HE mapaMeTpa, 3a/1aBasl KPATHLIE Y3JIOBhIE 3HAYCHHA HA KOHI[AX BeKTOpOB. IIpu sToM
KPHBAas PACTArMBAETCS K KOHIAM MHOTOYTOJNBLHHKA.,

B nanHOM Cydae KpmBasi 4eTBePTOro mOPSAKA ONATH COCTOMT M3 €IUHCTBEHHOTO
KyOH4eCKOro cerMenTa; KpuBas TPEThEro NOPAIKA — u3 ABYX napaboIMIecKux CerMeH-
TOB, COGIMHEHHBIX B CepeuHe BTOPOro Pebpa ¢ menpepniBrocThio C'l; KpuBas BTOPOro
TIOPAOKA — K3 TPeX JUHEHHBIX CETMEeHTOB, COEIHHEHHLIX BO BTOPOH M TPeTbhel Bepinu-
#ax ¢ C° menpepHIBHOCTHIO. YBelndenue nOPAIKA OnATh CIIAXHBAET KPHBYIO, HO B
TO Xe BPeMfl M YKODA4HMBAET €e.

Puc. 5-45 mokasmiBaer, 9T0 BO3NEHCTBHME KPATHBIX BEPIIHH OJMHAKOBO LJIS mEPH-
OAWIECKUX M OTKPBITHIX B-cniaitnos. O6y1acTh BOKPYT TouKm m3o6pakena 6oiee no-
IpobHO.
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Puc. 5-45 Bumsnaue KpaTHOCTH BepIIMHHI HA ¢dopmy nepuommyaeckore B-crutaitna, k = 4.

IIpumep 5-13 Pacuer nepmogmueckoro B-cmraitna

CuoBa pacCMOTPHM MHOTOYI'OJIBHHK HA puc. 5-44. BepimuHn MHOIOYIrONbHU-
ka—B1[0 0], B2[3 9], Bs3[6 3], B4[9 6]. Haitrn nepromraeckuii B-crutaitn
4YerBepTOro nopaaxa (k = 4), 3aJaHHbI 3THM MHOIOY['OIEHAKOM.

Hna k = 4 va auam3one 3 <t < 4 y3JI0BOH BEKTOP AJIs nepHogmdecKux Ga-
sucHbix Gynkmmit —[0 1 2 3 4 5 6 7). dua sToro suana3oHa Ga3ucHble
¢dyrkumn meproro nopanka (cM. ypasHenue (5-84a), (3 <t < 4):

Naa(t)=1;  Nia(t)=0, i#4

W3 ypasuenus (5-84b) moslydaem Ga3uCHHE HYHKIMH BHICUIMX IODPSIKOB;

N3a(t) = (4—1t); Na2(t)=(t-3); Ni2(t)=0, i#3,4

Noa(t) = (4 —2t) . Naa(t) = (t - 2)2(4 —t) + (5-— t)z(t - 3);
Nys(t) = @; Nis(t)=0, i#23,4
(4-t)?*

N1,4(t) = —6
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Noat) = &= 1)24 )’ G-0@-0¢=2)  G-t¢-3)

6 6
Noa(t) = &= 2)2(4 —1) , (t-2)¢ - )G—1) , 6= t)ét -3,
_(t-3)®
N4,4(t) = T
Ilput = 3
_(4-3)?% 1
M@ ="—"—=5%
_(B-1(4-3° (6-3)(4-3)(3-2)  (5-3°B-3)_2
N2,4(3) = 6 + 6 + 6 T3
_(3-2%4-3) , 3-2)(3-3)(5-3) , (6-3)3-3)% 1
N3,4(3) - 6 + 6 + 6 - 6
N = 82

Toyka Ha B-crutaitne npu t = 3 umMeer Bug,

1 2
P3)= 631 + 532 + 0By =

1 2 1
=g[0 0]+§[3 9]+6[6 3+09 6=
=[3 6.5]

Tlomas kpuBas npuBedeHa Ha puc. 5-44.

Ileprogudeckne B-cruraiiabr odenb ya00mbI 4151 MOCTPOEHASA 3aMKHYTHIX KPHBHIX.
Ha puc. 5-46a n3obpaxken nepmoxudecknit B-cruaiin 4ersepToro mopsaxa (k = 4),
IOCTPOEHHBIH Jjis 3AMKHYTOT'O MHOTOyronbuuka, BBy BsByBs BgB;BgB; .

IlepBas Bepimua coBmamaer ¢ mocieiuei. B-cmialia monydaercss He3aMKHYTBIM
H3-33 OrPAHHYEHHOIO JUANla30HA TapaMeTpa. 34eCh IEPHOANYECKU PABHOMEPHLIH Y3-
soBoit BekTop: [0 1 2 ... 10 11 12]c auamasonom napamerpa 3 <t < 9.

IloBTOpss Becero k—2 Bepiina B HAYaJIe H / HIlK KOHIE 3aMKHYTOT'O MHOTOYTOJILHHKA,
Hoiy4aem 3aMKHYTHIN epuoandeckuii B-crumaita. ([Jajee B 3ToM pasgerte 06Cy K JaeT-
¢ Apyroit MeTo B MaTpu4uOH GopmMynIupoBke.) PesynbTaT mokasan ma puc. 5-46b, rae
onpelensomuii MEOroyroibauk — Bg By By B3 B4 Bs B¢ By By By By ¢ TiepnoAmdecKum
pPaBHOMEPHbIM Y3JI0BbIM BekTopoMm [0 1 2 ... 12 13 14] u gnanazonom mapa-
merpa 3 < ¢t < 11. AnbTepuaTupabie maoroyronsunku By Bs B3 ByBs B; By Bs B; BaBs
uwin By Bg By By B3 By Bs Bg By By By npuBOIAT K TOMY XK€ CaMOMY Pe3YJILTATY.

Ha puc. 5-47 onna Bepiumua MHOTOYTOJIbHMKA B4 NepelBHHYTa HA APYTrOe MECTO.
Ee Bo3feficTBre pacIpOCTpaHAeTCA HA CeTMEHTHI KPHBOI, COOTBeTcTBYomue +k/2 pe-
6paM MHOTOYTOJbHHKA MO 06e CTOPOHBI OT cABMHYTOH TOYKH. Ha puc. 5-48 moxasan
b ekt kpaTnOil Bepmmenl By. O6macts Bokpyr By m3obpaxkena Gojee moapobHO.
Onsars oTMeTnM, YTO ee BInARME PACHPOCTPAHACTCSA TAKIKE TOMLKO Ha +k/2 cerMenTa
KpuBOIf 10 06e CTOPOHBLI KPATHOU BEPIIHHEIL.

Tenepb paccmorpum nepaBaOMmeprble B-cutaitunl. Ha puc. 5-49 xpusas u3mens-
erTca moJ BO3JEeHCTBHMeM KDPATHHIX BHYTPEHHHX Y3JIOBBIX 3Ha4YeHull. Bepxuas Kpu-
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Puc. 5-47 UsMenenne ¢opMbl  B-ciurafiHa mnocae IEpeMEmEHUst OHOM — BEPIIMHBI
MHOT'OYTOJIbHHKA.

Basd TpeTwero mopazka (kK = 3) paccumTama IJiS OTKDHITOTO Y3JIOBOIO BEKTO-
pa [0 0 0 1 2 3 3 3. Basucuble dbymkumm s 37O KpuBOH m306pake-
Hbl Ha puc. 5-38a. Hukudsl KpuBas TPEThEro MOPANKA NMOCTPOEHA ¢ HEPABHOMED-
HbIM y3m0BeIM BekTOopoM [0 0 0 1 1 3 3 3]. Ee 6a3ucuble ynKuum —mna
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Puc. 5-48 Bumsanue kpaTHBIX BepiiyH Ha GOPMY 3aMKHYTOro MePpHoaHIecKoro B-crraitHa.

puc. 5-38d. Takas >ke KpuBasd NONYYaeTCH C HEPABHOMEDHBIM Y3JIOBHIM BEKTOPOM
0 0 0 2 2 3 3 3] u6asucubiMu GyrkIusAME HA pHC. 5-38e.

13 puc. 5-49 Buano, 4TO KpaTHBIE BHYTPEHHME Y3JIOBbIE 3HAYEHHS IIOPOXKAAIOT H3-
oM B Bepiinre B3. Kparmoe 3madenme mopoxaaer pebpo HYJIEBOH MJIMHBI, MO3TOMY
yMeHbIaeTca Aualla3on nojaepXku 6asucabix dynkumit. lanee, kpaTable BEYTpeH-
HHE Y3JIOBbI€ 3HAYECHHUA, B OTIHYHE OT KDATHBLIX BEPIIMH MHOI'OYI'OJIbHHKA, CHH2KAIOT
muddepernupyemocTs 6asucaott byrkmpu B z; o C*~™ 1 rpe m < k — 1 pasmo
KPATHOCTH BHYTDPEHHETO Y3JIOBOrO 3HAYEHHSA. JIOKAJILHO HEPABHOMEDHAS KPHBAS HA
puc. 5-49 C° (k—m ~1 =3—-2—1 = 0) nenpepuiBuasa B OKpecTrocTn B3, 9410 M
OPHBOAMT K MOSBJICHHUIO YIJIA.

OTKpbITEIE HEpABHOMePHBIE B-crmaiinbr TpeThero mopsanka (k = 3) ma puc. 5-50
MMOCTPOEHBI C IIOMOIIBLIO Y3JIOBOI'O BEKTODA C BHYTPEHHHMM 3HAYEHHMAMH, IIPOIIOPIH-
OHAJIBHLIME IJIHHAM Debep MexKIy BEPIIMHAMH MHOTOYTOJbHHMKA. Y3JI0BOH BeKTOD

HMeeT BHI
;=0 1<i<k,

. i
(ks ) e + 2 ¢
J=

Titk = - m—k+2), 1<i<n—-k+1,
PR
i=1
zi=n—k+2, n+l1<i<n+k, (5-86)
rie ¢; = |Biy1 — Bi|. Jna Bepiinn, HaXOAAMMXCA HA OAMHAKOBOM DACCTOSHHM IPYT

OT Ipyra, Y3JIOBOH BEKTOD MMEET Iejibieé DPABHOMEPHO DAaCHpeJe/IeHHbIE 3HAYCHHA,
T.e. BeKTOP fABJIAETCS OTKPHLITBIM ¥ PaBHOMepHEIM. B pabote [5-25] mpemsoxen mo-
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y
B, B,
6 By
(a) 38
4+ IlosTopsmomeecs
OBOE
(b) 3¥I:§§-ICHHG 34
BB;
By
3
2+ |
28|
[ R W R B
4 4.4 4.8
0 Bl 1 L 1 1 ] L 1
0 2 4 6 x

Puc. 5-49 Hepasromeprnie B-crutadtam, K = 3. (a) [X] = [0 0 0 1 2 3 3 3]
®)[X]=[0 0 0 1 1 3 3 3.

y
sl B, B, B,
()

L @)

al
@ ®) ()
B,

2r
0 By ! 1 I ! ] ] [

0 2 4 6 x

Puc. 5-50 CpaBHeHUe 0TKDHITEIX HEPaBHOMEPHHIX B-CIUTaitHoB: (a) paBHOMEPHHI! Y3510B0M
BexTOD; (b) HepaBHOMEDHRIH Y3/0BOji BEKTOD, OPOIOPLUMOHAIBHEL [yIMHAM x0p; (€) Hepas-
HOMEPHEIA y3/10B0# BEKTOD, IMPONOPIMOHAIbHEI JAIHHaM XOPJ, ¢ ABOWHOM BepPIINHOHi B B,
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XOXHuii MeTOJ, MO3BOJIAONIMI IIOJIYYHTh OTIHEJIbHLIE BHYTPEHHHE Y3JIOBHIE 3HAYCHHSA.
Jns cpaBrenus NpuBeJeHa KPHBAs C OTKPHITHM DaBHOMEDHHIM BEKTOPOM, a TaKXKe

KpHBas C mapoit cOBNaJaiomux Bepumua Bj.

Orcroga creayet, 4TO HEpaBHOMEPHEIE B-CIUIAMHBI HE CHIIBHO OTJIMYAIOTCH OT pab-
HOMEPHBIX IIPH HEGOJILIIOM H3MEHEHHH OTHOCHTEIbHOTO PACCTOSHHA MEXIY BepIu-

mamu. PaccmoTrpuM npmumep.

IIpumep 5-14 Hepasuomepmustit B-cnnaiin

HaitTi oTKpHITHIA B-critafte TpeThero nopsaaka, 3a aHHbIN Toukamu B1[0 0],
B3[2 6], Bs[4 3], B4[6 6], B5[8 6] c noMompio HEPaBHOMEPHOI'O BEKTODa C
Y3JI0BLIMM 3HAYEHUSMH, IIPOIIOPIMOHAILHBIMHE JJIMHAM Pebep MHOTOYTONbHHUKA.

Crauana HallleM IIWHBI XOPZ
e =+/(2—0)2 + (6 — 0)2 = V40 = 6.325
c2=+/(4—2)2 + (3-6)2 = V13 = 3.606
cs = /(6 —4)? + (6 — 3)2 = V13 = 3.606
ca=1/(8-6)2+(6—6)2=v4=20

WX cymMMapHas AJIMHA

4
Zci = 15.537.
=1

W3 ypasuenns (5-86) monyvaem BHYTDEHHHE Y3/IOBHIC 3HAYEHUS

240
= 3 = 4
4 [15.537] 1453,
23 44
=3 _—_ = = 2.382.
5 [ 5537 | =238

VY3710B0# BEKTOP HMEET BHJ,

[z]=[0 0 0 145 2.382 3 3 3

roez; = 0,22 =0,...,zs = 3. [Inanazou napamerpa 0 < ¢t < 3. Kpusasa cocrour

u3 TpeX mapabomraeckux (k — 1 = 2) cerMeHTOB.
OQyukun 6a3uca g 0 < ¢ < 1.453 TakoBH

Ns,l(t) =1; Ni,1(t) =0, i1#3

1.453 — ¢ t .
Ny (t) = %; N3 (t) = T3 Nio(t) =0, i#2,3
1.453 — t)? t
N1,3(t)= ((MIT)Z); N2,3(t)—-_— m(1453—t)+
2
Nss(t) = t Nis(t)=0, i#1,2,3

(2.382)(1.453)

(2.382 — )t
(2.382)(1.453)°
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QOyuxnpu 6a3uca piaa 1.453 < t < 2.382:
Nyi(t)=1; Nia(t)=0, i#4

o (2.382-1)

Noa(t) = (2.382 — 1.453)’
(t — 1.453) .

Na2) = G agpyasgy’ M) =0 173,

_ (2.382 — t)?
Nas(t) = 7 382(2.382 — 1.453)°
Nos(t) = (2.382 — t) (3—t)  (t—1.453)

8.3\ = 9382 (2.382 — 1.453) ' (3 — 1.453) (2.382 — 1.453)’
t — 1.453)2 .

Nys(t) = ( ) Nis(t) =0, i#2,3,4

(3 — 1.453)(2.382 — 1.453)°

Oyukumn 6a3uca gua 2.382 <t < 3:
Nsi(t)=1; Niyi(t)=0, i#5
Nea(t) = 3-1)

(3 - 2.382)°
Nea(t) = ((; 2‘;22 Nizt) =0, i#4,5
_ B3-1*
Naa(t) = (3 - 1.453)(3 — 2.382)
_ (t—1.453)(3 —1) (3 — t)(t — 2.382)
Naa(t) = (B-1453)(3—2382) T (3-2382)? °
N5,3(t) = 82—3322))2; Nt’,3(t) = Ov i # 3v4v5

BenomuuM, 9T0 06asi TOYKA KPHBOI 3a7a€TCH yPaBHEHUEM!:
P(t) = N1,3(t)B1 + N2,3(t)B2 + N3 3(t)Bs + Na3(t)Bs + Ns3(t)Bs

Te mput = 1/2

P (%) = 0.430B; + 0.498B; + 0.072B5 + (0) B4 + (0)Bs

=0.430[0 0]+ 0.498[2 6] +0.072[4 3]
=[1.284 3.202]

Maput = 2

P(2) = (0)B:1 + 0.066B; + 0.726 B3 + 0.208B, + (0)Bs
=0.066[2 6]+ 0.726[4 3]+ 0.208[6 6]
=[4.284 3.822]

PesynbraThl npusemenm ma puc. 5-50.
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YpaBuenus B-cniafina MoXXHO 3ammcarh B MaTpHuHOl (opme, nomobuo kybuye-
CKHM CIUIaliHaM, IapafoinYecKOl MHTEPIONALMH M KPHBBIM Besbe (CM. ypaBmenms
(5-276), (5-44) u (5-67). ¥ nepuoamuecknx B-crmaiinos MaTpuunas ¢popma ocobenno
POCTA.

BcnomauM, 9to Gasucubre dynkuuH nepuogudeckoro B-criajfima siBisoTCH na-
paJLIeNbHbIM IEPEHOCOM APYT ApyTa (cM. pHC. 5-36) 1 4TO BiIMAHKe KaXXAoH dyHKIHA
PacnpocTpaHsaeTcs TOJILKO Ha k uuTepBase. [loaToMy st nesbIX y3I0BLIX 3HAYEHHH
Bce Oa3ucHble PYHKIMH Ha eOuaHYHOM HuTepBajie 0 < ¢* < 1 MMeOT OLHH H TOT XKe
Bug N} k(t") T. €. HHOTHA yJO6HO HOPMAJIM30BATH NapameTpH3aluoo. ToYKa Ha Imapa-
MeTpHYecKoM B-ciuialine Ha €MHEWYHOM HHTEPBAJIEC MMeET BHI

k—-1
Pi(t") =Y Ni, (t")Bjr, 1<j<n—k+1, 0<t" <1, (5-87)

=0

rfe j —CY4eTYHK CerMEHTOB KPHUBOH, a T Ha €IHHHILY MEHbIe KOJH4eCTBA BEDIIHH.
3amernM, 9TO ypaBuenne (5-87) COXEPKHT TONLKO k WIICHOB:

P;(t*) = Ny Bj + N3k Bjiy + -« + Ny Bjyk-1.

Hns k = 3 6a3ucubie ¢pynkuuu ma urrepBase napamerpa 0 < ¢* < 1

* * (1 — t.)2
") = ———
fa(t) = S
. e 20242t 41
N3a(t) = ==
tt2
N3s(t*) = 2

Torna ypasmenue (5-87) mpuaMMaeT BH[

2P;(t*) = (1 — 2t* +t*%)B; + (—2t** + 2t* + 1) By, + t*?Bj 0 =

= t*2 | B; - 2Bj,, + B;,,)
+ t* ( -2B; + 2Bjy; + B 2)
+ ( B; + Bjn + B 2)

ITepennmem B maTpudnoit dopme:

Pi(") = [T7]IN°][G] =
] 1 -2 1 B;
=-2-[t*2 tt 1| -2 20 B (5-88)
1 10 Bjyo
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Anamoruwdno, nis k = 4 6a3ucuble ¢pysKiuH Ha HETepBaje mapamerpa 0 < t* < 1
TAKOBBLI:
—t*3 4+ 3t*2 - 3t* + 1

Nia(t*) = 6
v o 346244
Npy(t) = =
v e P33+ 1
N34(t*) = 6
tt3
Nt = =

Marpuunaa ¢opMa 1ia k = 4 uMeeT BuA,
P;(t) = [T*IN][G] =
B;
Bj
-89
Bjia (5-89)

3 -3
-6 3
0 3
4 1 Bjys

OO O -

-1
_1t3 *2 * 3
i A VI
1

YpaBuenus (5-87) u (5-89) comepxar npouspegente BecOBOH (DYHKIMH H reoMeTpH-
deckol Marpuusl (cM. ypaBmernusa (5-27), (5-44), (5-67); T.e.

Pi(t*) = [T*N*][G1 = [F][G] 1<j<n—-k+1, 0<tx<1 (5-90)
rae
[T*]=[t"F1 %2 ... ¢ 1] 0<tx<1
[GIT =[B; ... Bjjk—1] CONEPXAT r€OMETPHIO — BePUIHHBI MHOTOY TObHHKA, a [F]

COCTOMT M3 COOTBETCTBYIOIMX Ga3sHCHBIX hyrKIUA.
B paGore [5-19] nokasano, 4ro mnsa nepuoaudecknx B-ciiafinos o6mutt Bug [N]:

[N‘] = [Ni.-i-l,j+1]’ (5'91)

rie

* 1 *
Nivrjn = (k__T)—!ni+1,j+1

- (k__ll_)_'(k:l) ’f(k—(ul))f(—l)""(lfj), 0<i, j<k-1.

=35

BenoMunm, 9T0 y nepHOARIECKAX 3aMKHY THIX B-CIUTa#fiHOB HEOBXOAMMO IOBTOPHTD
HEKOTOpBIC BEPITHHLI, YTOOHI IMKBHAMPOBATL Pa3phiB. B MaTpu4HOM BHAe 31O O4YeHb
IPOCTO. 3aMKHYTHIH MEePHOAMYECKAN Claifn MMeeT BHX

k—1
Pipa(t") = D Niy k()B((g4i) mod (np)) +1, 0<j<m. (5-92)

=0
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WNnn B Matpudnom Bmae

Bj mod (n+1))+1
B((j+1) mod (n+1))+1

Py (t*) = [T")IN"] | : (5-93)

B((j414n—k) mod (n+1))+1

rae [T*] u [N*] B3siTh1 w3 ypaBrerns (5-90), a mod — ocratok; manpumep, 3 mod 2 = 1.

OrkpbiThie B-cnjtaifspl TaksKe MOXKHO 3aIlIHCATH B MATPHYHOM BHJIE, ONHAKO H3-3a
KDPATHBIX Y3JIOBBIX 3HaUeHHH HA KOHLAX 3TO HE TaK YIOGHO, KAK JJIsl HEPHOJUYIECKHX.
B ob6miem ciydae mMatpu4bii BRI OTKphITOro B-cnaitaa ¢ nenbiMu y3JI0BLIMEH 3HA-
YeHHSIMH TAKOB:

P(t) = [F][G] = [T][NV][G], (5-94)
rae
[GIT=[Bi ... Bnul,

a anemenTsl [F| u [V] nomyderns: mo ainropurmy Kokca—ge Bypa (ypaBrenue (5-84))
JUIs1 KAXKJIOTO HEeRYJIEBOTO METepBaia BekTopa [X|. ¥V B-ciulaiinos HM3KOrO mOpSAIKa,
3a/JaHHBIX GOIBITMM KOJIMIECTBOM TOYeK, 60binacTBO 4ienos [F| pasmrsr mymo. Uc-
HOJIL3YS 3TO CBOMCTBO, MOXKHO 3HAYHTENLHO CIKOHOMMTL BLIYHCIICHHS.!

B pa6ore [5-19] npueesena o6o6mennas ¢GopMyIHpoBKa 4 [N*]| na mopmannso-
BaHHOM HuTepBaie 0 < ¢t* < 1; ofHAKO U3-3a KPATHOCTH KOHIIEBBIX Y3JIOBbIX 3HAYEHUH
nepsble H nocnenuakne k — 1 N*| MaTpun ABIAOTCA YACTHBIMHU CIIy 9asMH.

PaccMoTpuM mpHMEp MATPHYHOIO METOJA.

IIpumep 5-15 Pacger 3amkrayTOro B-cnnaiina

Haitty 3saMkHYTHI B-crutaita 4erBeproro nopsanxka (k = 4), 3ajaHanIlt MHOTO-
YTONBHUKOM, H300paKeHHBIM Ha PHC. 5-46. 3amucaTs pe3yabraT B MATPUYHOM BH-
Ze. Bepinwmm: MuOrOyroneauka: B1[2 0], B[4 0], Bs[4 2], Bsf4 4], Bs[2 4],
Be[0 4], B7[0 2], Bg[0 0], Bs[2 0], n = 8.

Onsa xaxgoro epunwygHoro uHTepBasa 0 < t* < 1 u3s ypasHenuit (5-89) m
(5-93) monyummM

1 -1 3 -3 1 g(j mod 8)+1

. “3  e2 e 3 —6 3 0 ((G+1) mod 8)+1
: == 1 ’
Pa@)=5™ = ¢ 1] —i» 2 i’ g ((7+2) mod 8)+1

((G+3) mod 8)+1

1 Cm. asropuT™ B3 Ilpunoxenus G.
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Ipu t* = 1/2 Ha nepsom Cermenre (j = 0) xpusoit

[ —1 3 -3 1 B
p (L)1t 11, 3 -6 3 0 B, | _
"2/ 6|8 4 2 -3 0 30 By |~
| 1 4 100 B
r2 0
1 4 0
=gl 28 28 1|, 5=
| 4 4
=%[190 50] = [3.958  1.042]

Ilpu t* = 1/2 Ha BocbMOM CermenTe (j = 7) KpuBOi

- B
1\ _ 1 B | _
Ps<§>—48[1 23 23 I]LBZ =
B;
0 0
1 2 0
=gl 2 28 1y of=
[ 4 2

1
= gll42 21=[2988 0.417).

Pesynprar moka3an mHa puc. 5-46b.

ITpousBonuas B M060# Touke B-cnaiina Beraucigercs popMmaibabiM Juddepen-
mpposanueM. M3 ypasuenus (5-83)

n+1

=Y BiNik(t) (5-83)

nepBasi MPOM3BOIHAS:
n+1

=Y BiNj,(t) (5-95)

H BTOpad INPOM3BOIHAA:

n+1
P// Z B; N// (5-96)

Mtpuxn o6o3raqaroT auddepeHUpPOBaHNe MO NapaMeTpy t.
ITpon3Boarbie 6a3ucHEIX DYHKIMA TaKkKe HOMy4aioT (popmaitbabiM guddepeHy-
poBanuem. Ilocie ompokparHoro auddepenuupoBanus ypasaeHns (5-84) nmeeM
, Nig—1(8) + (¢ —2)Nj 41 (8)  (Tigk — )Niy 1 (&) = Nig1,x-1(2)
ik (t) = - + :
Titk—1 — Ti Titk — Titl

(5-97)
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U3 ypasuenns (5-84a) ciemyer, aro N}, (t) = 0 ana scex t. CirenopaTensro, ans

k = 2 ypaBrenne (5-97) upuHEMaeT BHZ

Nia(t)  Nij1a(t)
Tipk—1 — T4 Titk — Tig1

il,z(t) = (5‘98)

Bropsie npon3Bonbre 6a3ucHbX GYyHKIRHA DonydaeM, Aud epeHInpy ypaBHEHHE
(5'97)v

_ 2N 1 (8) + (¢t — z) N, ()

le(t +
() Tivk~1 — Ti
+ (Tigr — t)N1;I-I|-1,k-1(t) -2 il+1,k—1(t) (5_99)
Titk — Tit1 '

3mech kak N;'j(t) = 0, Tax u N5 (t) = 0 paubI HymO Ans Beex t. CleHOBaTENBHO,
ans k = 3 ypaBHeHue (5-97) mmeer Bup

Nio(t) Nil+1,2(t))
Titk—1—Ti Titk — Tit1)

1-’,’3(t) =2 ( (5-100)
Ha puc. 5-51 n306pa>kennt HECKOIBKO 6a3uCHLIX PYHKIHH B-cruaiina u ux npowus-
poauble A k = 4. OTMmernM, 4TO npu K = 4 KaxKaas G6a3ucHas QYHKUHSA — KyCOd-
HO KyOwdeckas, lepBas MPOM3BOIHAS — KYCOYHO Mapabosimieckas, BTOpas MPOH3BOA-
Hasl — KyCO4HO JinHeliHafA. Tperbs NMpOu3BOLHAS PAa3pPHIBHA H COCTOMT M3 PAa3JIMYHBIX
KOHCTAHT.
PaccMmorpum npumep.

IIpumep 5-16 PacuyeT npomsBoaublx B-cunaiina

PaccMoTpHM MHOrOYrombHUK M3 npumepa 5-12: Bi[l 1], B2[2 3], Bs[4 3],
By4[3 1] u cooTBercTByOmpit CiutaiH. HallTH mepsyio IPOM3BOAHYIO KPUBOH BTO-
poro mopsiaka (k = 2).

s k = 2 OTKpHITHIA y3/I0BO# BEKTOP MMeeT BHI:

0 o0 1 2 3 3,

rmex1 = 0,22 =0,...,z6 = 3. Jnanazon napamerpa 0 < ¢ < 3. U3 ypasHenus
(5-95) momy4aeM mepBYyIO MPOM3BOAHYIO WA n = 3, k = 2

P'(t) = B1Ny 5(t) + B2N; 5 (t) + BsN3 5(t) + BNy (t).
W3 ypasnenus (5-98) crenyer, uro

Ni1(t) _ Nijy1.1(t)
Titk—1— Ti Tipk — Tipl

Ni(t) =

Tonb3yscey pesynvraramp ypasHerus (5-12), s 0 < t < 1 momydum

Nz,l(t) =1; Ni‘1(t) =0, i#2,
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10
Nio Nes
N ¥
No Ny, Ned Nsa [ ] 2\ ¢ 64/
[ ) N, Neo Nsy
" - 2
[]
t
0 1
0 t -2+ -
0 1 2 3 ,
Ni4
(a)
(b)

()

Puc. 5-51 Basuchnie ¢pyukuun B-crafina m mx meppble B BTOpHIe IIPOM3BOIHMEE, k = 4,
n = 6. (a) Basucanie ¢pyrxnun; (b) neppas npoussoaHas; (¢) BTopas MpOM3BOIHAS,

Nia(t) =—1; Npo(t)=1; Ni,(t)=0, i#2
Hrax
P/(t) = B, — By,

9TO ABJAETCA HAKJIOHOM (KacaTenbHHIM BEKTOPOM) MEPBOro peGpa MHOIOYTOMb-
HMKA, KaK OHO H JOMXHO OwiTh, Jma 1 <t < 2

N3i(t)y=1; Nia(t)=0 i#3
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Ny2(t) = =1; Nia(t)=1; Nip(t)=0 i#2,3

P'(t) = By — By,

9TO paBHO HAKJOHY (KACaTellbHOMY BEKTOpY) BTOpOro pebpa.
Haxkonen, gna 2 < t < 3

Nyi(t)=1; Nia(t)=0 i#4

Nia(t) =—1; Nio(t)=1; Nio(t) =0 i+#3,4,

P/(t) =B, — B3

— HAKJIOH [OCJIeAHero pebpa.
Iput = 3, N;,1(3) = 0 ana Beex i. Cnenoparensuo, popmansao P’ (3) = 0, HO
npenen t = 3 — ¢, npu € — 0 NOKA3KBaeT, yro Ha camoM mene P'(3) = (By — Bs).

5-10 KOHEYHKIE YCJIOBUS IJ1d IEPUOIUYECKHNX B-CIIJIAMHOB

Kak 6bu10 noKa3aHO pamee, KOHEN M HAYAIO NepHOAHYecKoro B-cmmaitra me coBma-
JAKT ¢ MIepBO# H MocIefHel BePIIHHAMH ONpeaeiaonero Maoroyroasbauka. Orcrona
BO3HHKAIOT JBa BOIpOca. Bo-mepBhIX, Te 2Ke HMEHHO HAYHHAETCA W 3AKAHYHMBAETCH
B-cniaiin, H KaKOBBI €r0 TPaHHYHBIE YCJIOBHs, T.€. IPOM3BOIHbIE B ITUX TouKax? Bo-
BTOPBIX, YTO BJIMs€T HA KOHEYHble TOYKH M NPOM3BOAmble B HMX? B pabote [5-24]
H3Y4aeTCs ITOT BOUPOC JAJIA YACTHOTO Ciiydas Kybuseckux (k = 4) B-cniaiinos. Mut
paccMoTpuM Oojiee OOLIMM CIIyYaii.

IIponsBonbrblit nepuoanydeckuit B-clulaits naummaerca B Touke P, = P(t = xzx)
U OKaH4HBaeTcs B T04Ke P, = P(t = Tp41). s Hesbix y3/0BBIX 3HaYeHHH, Hadn-
Hafomuxcs ¢ myna, P, = P(t = k) u P. = P(t — n). U3 ypaBuennii (5-87) u (5-91),
a Tak»Ke M3 TOro, 4To Juodas TodkKa B-cmrafima 3aBucHT OT £k OinDKaidmuX BepmiuH,
CIlefyeT, 9TO Afia NpeobpasoBannoro napaMerpa 0 < ¢* < 1 mavanbaasd TOYKa COOT-
BercTByeT t* = (. Utak

1 * * *
Ps = W(Nk’lBl +Nk12B2 +---+ Nk,kBk)‘

3ameTnM, gyTo Niy = 0 nna Beex k

1
s = W(N:JBI + N;,2B2 +- 4+ N];k_.lBk—l), n2> k. (5‘101)
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k
B xoHue muTepBana t* = 1. M3secTHo, 4r0 ),;_; N}, = 0, mosToMy KOHeyHas

TOYKA
1 k k k
P, = W (Z Ni‘,an—k+3 + Z Ni‘,?,Bn—k+4 ++ ZN;"B"'H) n > k.
" \i=1 i=1 i=1
(5-102)
,Z[,n)a KBanpaTnyHoro (k = 3) mepHOAMYecKOro cmiaifHa ypasreHus (5-101) u
(5-102) npHHAMAIOT BHJ
1
P, = i(Bl +B2)v
1
P, = i(Bn + Bny1).

CilefoBaTEeIbHO, KBAIPATHYHLIN nmepHogudecKull B-cnilaiiH HaYMHAETCA H KOHYA-
€TCs1, COOTBETCTBEHHO, B CePeIHHE mePBOro M mocJenHero pefep MHOTOYTOIbHHKA.
Koneunsle TOYKH Ky6uueckoro (k = 4) nepHOANYECKOrO CrilaliHa TAKOBBL:

1
P, = E(Bl + 4By + Bs),
1
B, = E(Bn—l + 4B + Bpyy)-

U3 ypasrernnsa (5-90) nepBas npoM3BOHAast B HAYAJILHOM TOUKe

Py = [T*]e-=0[N"[G] =
1

= Fo D Nema B NiygBa + o Ny 1 Bea) (5-103)

TaK KaK Ng_; , = 0 ana Bcex k. IlepBas npousponHas B KOHEUHOM TOUKe
P, = [T*];-=1[N*][G] =
1 k-1
= T (Z(k —i{)N}3Bn k43 +

i=1
k—1 k-1

+ Z(k — )N} 3Bpgya+-0+ Z(k - i)Ni‘,an+1) ’ (5-104)
i=1 i=1

rge [T*] = [(k — 1)t**=2 (k- 2)¢*(*=3) | 1 0]— npouspoamas seKTOpa mapa-
MerTpa.

B ciyuae xsagparmaecknx (k = 3) nepuogmyeckux B-CrIafiHOB 9TH Pe3yIbTATHI
CBOISTCA K

1
PHI = 5(—2B1 + 2B2) =B, - B

1
Pc: = 5(‘2Bn + 2Bn+1) = Bunyy — By,
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T. €. BEKTOPaM KacaTeJbHbIX (HAKJIOHY) nepBOro M mocieaHero pedep.
Jns kybuueckux (k = 4) KpuBbIX

1 1
P, = 5(~3By +3Bs) = 5(Bs — By)
1 1
P, = g(—3Bn—2 +3Bni1) = §(Bn+1 — Bn_1)-

e

3mech kacaTebHBIE BEKTODHI (HAKJIOHBI) 3aBHCAT OT KACATEJBHBIX K TPEM mepBBIM
H K TpeM noCJemHHM CerMeHTaM KpHBOH.
Brophie nponsBogHabie B KOHEYHBIX TOYKAX:

Py = [T*")e-=o[N"][G] =
2

(k1) (Ni—21B1+ Ni_g2Ba+ -+ + Ni_g 1 Be-1) (5-105)

P =[T*")e-=1[N*][G] =

(k—1)!
k-2
+ Z(k —i)(k~i—1)N}3Bn_k+4 +

i=1

k-2
ot > (k—i)(k—i- 1)Ni':an+1) (5-106)

i=1

1 k—2
- (Z(k i)k =i = 1)N{yBa_kys +

i=1

roe [T*"] = [(k — 1)t**= (k. —2)t**=3) | . 1 0]— sropas nponssoguas BeK-
TOpa mapaMerpa.
Hna kybuaecknx (k = 4) crutatHoB ypasHenus (5-105) u (5-106) paror

1
P = 6(631 —12B; + 6B3) = B, — 2B + Bs,
1
]Dell = g(ﬁBn—l - 12Bn + 6Bn+1) = Bn—l - 2Bﬂ + Bﬂ+1‘

CymecTByeT nBa METONA PETYJIMPOBAHHA MOJIOXKEHUA mepBOM H nocienpelt TO4YEK, a
TaK>e KOHEYHBIX yCJIOBHU: KpaTHbIe BEPHIMHBI M nCEBIOBEPIIUHbL

KparHbie BepImHHBI Ha KOHI@X mepHOIHdYecKoro B-cniafina npHTATHBAIOT KOHIIBI
cnjaiiHa K cooTBeTcTByomuM BepmuHaM. Ecin onpenenenst k — 1 coBnagaromas Bep-
IIHHA, TO KOHeYHbIe TOYKH KPHBOH COBIAJZAIOT C BePUIMHAMH MHOIOYIOJIbHHKA M Ka-
caTejibHbIe (HAKJIOH) COBNAJAIOT C HANDABJIEHHEM COCEIHHMX HEHyJeBHIX pebep.

Hanpuwmep, nna k = 3 ¢ JBOMHBIME BepIIHHAMH HA KOHIAX, T.€. By = By u B, =
Bn1 u3 ypasrenuii (5-101) u (5-102) caexyer

1 1
P, = §(B1 + Bz) = 5(2B1) = Bl;

1 1
P = §(Bn + Bn1) = 5(2Bn+1) = Bny1-
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Hnsa k = 4 ¢ JBOMHbIME BePIIHHAME Ha KOHIIAX 3TH K€ yPABHEHHSA JAKT

1
P, = 6(5B1 +B3),

1
P, = E(Bn—l + 5Bn+1)-

OTcioJa HaYaTbHAS TOYKA HAXOAMTCS HA PACCTOSHHH OT ONHOM wmecToif pebpa,
COeINHAIMEro TOYKN B; u Bj, a KOHeYHas TOYKA HAXOJUTCA HAa PACCTOAHHH B IATH
mecTbix pebpa or Bn_; 10 Bpii.

Ecin B KOHIGX PaCHOIAratlOTCA IO TPH KPATHBIE BepMIMHLL, T.€. By = By = B3 n
Bpoi1 = Bp = Bpyy ana k = 4, To

1
Ps = E(Bl + 4B, +B1) = By,
1
P = g(Bn+1 +4Bni1 + Bny1) = Bryr-

Kpupas HauMHAETCA H KOHYAETCA B IEPBOl M MoCIeJHel BEPIIMHAX MHOTOYTOJbLHHKA.
Ha puc. 5-52 u306parkeHO BiMAHHE KDATHBIX BEpINHH.

C TpeMms KpaTHHIMM BeDINMHAMH Ha KOHIAX NEPBBHIA M MOCTEIHHI cermeHTH! B-
cunafina g k = 4 (cm. ypaBHeHEe 5-89) HMeIOT BHA:

tt3

tt3
Pl(t‘) =B, + ?[B‘; - Bl] = B3 + ?[B‘; - Bg] 0<t*<0

(1—1*3)

Pn(t.) = Bn+1 + 6

(Bn - Bn+1)-

IIpu sTom mepBbIil ¥ Hoce Ui CerMEHTH JIMHEHHLL IlepBbiit CerMeHT Ha OJHY Iie-
cTyi0 anuubl pebpa ot B; = By = B3 10 By coBnamaer ¢ atum pebpom. ITocnemauuit
CerMEHT Ha OJHY mecTywoo pebpa oT B2 1o B, = B, = Bp41 COBHaAaeT ¢ cOOT-
BETCTBYOmHEM pebpom.

Hecmorps Ha TO, 9TO y4aCTKH MOMHO GHENATh KAK YTONHO MAIIBIMH, B HEKOTO-
PBIX NPHKJIATHBIX obBiacTsix 3TO MOXKeT OBITH HeyJOOHBIM. B Takux ciayyasx iydme
TIOJIb30BATHCSA OTKPHITHIMKM B-crimalinaMu.

IIceBOBepmHMHbI B KOHIAX NEPHOAMYECKOro B-cIulaitHa, B OTIMYHe OT KpPATHBLIX
BEPIIHH, NO3BOJIAIT YNPABIATH KAK IOJIOXKEHHEM KOHEYHBIX TOYEK, TAK M TPAHHYHBI-
MH ycinoBusmMHu. B obmem ciaydae nceBIOBEpIMHHALI He 0603HAYAIOTCA, H IOIb30BATENb
HE MOXeT KOHTpOJHMpOBaTh MX. Kak mokasamo Ha puc. 5-53, By u Bpyg — IIceBIO-
BEPIIMHEL B Hadase ¥ KoHue B-cmiaiina. B sthx o6o3nadennax ypasmerns (5-101) u
(5-102) npunnmaror BHA

1
P, = m(Ni,lBo +NgoBi+ -+ Njg_1Be—2) n2>k (5-107)
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Y B,
. B‘
st
B,
0 l 1 1 | 1 'l . ] 1
0 2 4 6 8 x

@

B, By, By

Hepromuaeckuit

()

Puc. 5-52 CoBnafaomue KpaTHbE BEPIIHHB HA KOHIAX OMpPEIEJSIOEro MHOrOyroJibHUKA
(k = 4). (a) Kparnnix Bepumue Her; (b) ABe KpaTHble BeplIMHbL; (C) TPH KPATHEIE BEPITMHEL
M COOTBETCTBYIOMIME OTKPHITHIE B-cruraitsh.
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B,
B,
] 1 L ! ! !
-2 / 2 6 10 x
// -5
/
/
J
B,

Puc. 5-53 IlceBaoBepinuHBI OIpEAeNAOT HAYaIbHYI0O U KOHEYHYIO TOYKH IEPHOIMIECKOro
B-cmunaitna.

k k k
P = (k—_ll—), (Z N{oBn—kia + ZNian—Hs +- 4+ ZNf,ann) n>k
= = = (5-108)
IIpu P, = B, u P, = B, 9TH ypaBHEHHS HMeIOT BHJ
By = ((k—1)! - N,:,z) By = (NgsB2+-- + Ngg1Be2) n>k (5-109)

k
B2 = ((k —1)- ZN;,C_I)}_;M1 _

i=1
k k
- (Z NioBnk+a + -+ ZNi‘,k—2Bn) n>k (5110)
i=1 i=1

the Nj, = 1u 30 Np = L.

Ansa k = 3 u3 ypaBaennit (5-109) u (5-110) cienyer, a0 By = By u Bnt2 = By,
T.€. JByKDATHbIE BepPIIHHbI Ha KOHIAX!

Huna k = 4 apanornyso

By =(6—-4)B, — B, =2B, — By

Bry2 = (6 —4)Bny1 — Bn = 2Bty — B

IIpumep uzobpakeH Ha puc. 5-53.
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IlepBass m BTOpas NMPOM3BOAHbIE B KOHIAX BBIPAXKEHH! ypaBHeHHAMH (5-103) u
(5-104) ¢ cooTBeTcTBYIOMMMH M3MEHEHMAMH I y4eTa mceBJoBepmuH. Hanpumep,
HCTIOJb3Ys NPHBeJeHHble Pe3yJbTaThl 41 By, u3 ypasuenuit (5-103) u (5-104) nna
k = 4 nomygaem

1 1
Py=3(B;—Bo) = 5{B2— (2B1 - By)} = B, - B,

1 1

§(Bn+2 - Bn) = 5{2Bn+1 — B, - Bn} = Bnpy1 — By

Wrak, KpuBas KacaTesbHA K EPBOMY H NOCTeJHEMY PeBpaM MHOTOYTOJbHMKA.
Ananornyno, ans k = 4 u To4ek By u Bpy, u3 ypasrennmit (5-105) u (5-106)

cienyer

Pl=

P;I:B0—2B1 +By;=2B; —B;—2B; + B, =0,
P! =Bp+2Bni1 + Bnya = Bn —2Bpy1 +2Bny1 — Br =0,
T.e. «KpHBH3Ha» B KOHIIAX HyJIeBas.

Tlepenncas ypaBHenus (5-103) u (5-104), MO2KHO OIlpeie/UTh ICEBIOBEPUINHBL, HO-
pOXKIaonye 33aHHbIe TPAHHYHEE YCIOBHA. B wacrHocTH, M3 ypasHeHH: (5-103)

1
Bo= s—{ (k= )!Pi = (Ni_1zBi+ -+ + Niyy 1 Br-a)} n2k  (5111)
k—1,1
a u3 ypasHeHus (5-104)
1
Bnig= g {(k— P, —
>, (k—1)N7,

i=1

k-1 k-1
- (Z(k — DN/ 3Bn ks + -+ Z(k - I)Ni.,k—an+1) } n>k (5-112)

i=1 i=1
HOnsa k = 4 ypasrenus (5-111) n (5-112) cBoasarca x
Bo = B, — 2P,
Bpyo = 2PeI + B,.

Tunuyabii npuMmep u300paXkeH HA pHC. 5-54. KoHeunble TOUKM KPHBOM [OJTY YeHbI
HIO/CTAHOBKOH ITHX 3HAYeHHMH B ypapHeHHs (5-107) u (5-108). U3 pucynka BHIHO, YTO
nepBas M NOCHeJHAS TOYKH KPHBOH C 33laHHBIMH KACATEILHEIMHM HA KOHLAX I MHO-
royronbauka ByB, By B3 By Bs He cOBIAZAIOT C COOTBETCTBYIOMMMH TOYKAMH KPHBOH
Ans MHoroyronvHuka B; By B3 B, (orMedeHO KPECTHKAMH).

s ynpaBjieHHs BTOPO# MPOM3BOLHOM MK NPHOIM3NTEILHOA KPHBH3HOM B KOH-
nax KpHBol Nepenmmem ypasrenus (5-105) u (5-106) B Brae

- 1! .
BO = Ntl { (k 9 ) PHH - (N;_2,2B1 4+ 4+ Nk—2,k—-1Bk—‘2)} 5 n Z k, (5'113)
k—2,1
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Puc. 5-54 YmpasiieHue KacaTelnbHLIM BEKTOPOM JJIsl IEpHOgH4ecKoro B-crumaiina, k = 4.

1
Bnja = 1 {(k N

Y (k=1)(k—-i- 1)Ni':k

k—2
_ (z(k —1)(k—i—1)N;3Bn_gts +

i=1

k-2
4ot Z(k -1(k—1i- 1)N;‘,k_1B,,+1) } n>k (5-114)
i=1

Hnsa k = 4 u3 ypasrenuii (5-113) u (5-114) crexyer

By = B: + 2B1 — By,
Bn+2 = Pél + 2Bn+1 - Bn-

YT06bI MONYyYHTh KOHEYHBIE TOYKH, HAAO HOJCTABHTL ITH 3HAYEHHS B YPaBHEHHSA
(6-107) 1 (5-108). KacaTenbHEIe BeKTODHI Oy 4AIOTCA AHAJOTHYHO, C IOMOIIBIO yPaB-
Henuit (5-103) u (5-104), nepenucanubix 0THOCHTENBHO By U Bpyo.

5-11 ITOATOHKA B-CIIJIAHOB

B nmpenpinymem pasmeine paccMaTPHBAJIOCh MOCTPOeHHe B-crutaifiHa mo Ompenesisio-
HieMy MHOroyroabHHKy. Celf4ac HaM Hy>XHO HAHTH MHOIOYTI'OJIBHHK, TOPOXIAFOUIAA
B-crunaita, a1a 33ZaHHOTO MHOXKECTBA TOYEK KDHBOM, KaK MMOKA3aHO Ha PHC. 5-35.
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Touxa, nexxamas B B-cnaitne, ZOMKHA ya0BIETBOPATH ypaBHeHHO (5-83). 3amm-
meM ypaBHeHHe (5-83) OJ1A BCeX j 3aJaHHBIX TOYEK

Dy(t1) = Nik(t1)Br + Nag(t1)B2 + - + Npy1 k(1) Brg1,
D,(t2) = Nik(t2)By + Nog(t2)Ba + -« + Nnyy,k(t2) Bnia,

D_.,'(t_.,-) = Nl,k(tj)Bl + Ng’k(tj)Bg +--+ Nn+1,k(tj)Bn+1,
rae 2 < k < n+1 < j, unu B MmaTpuuHoit hopme
[D] = [N][B] (5-115)
roe
[DI" = [Di(t1) Da(t) --- Dj(t;)]
[B" =[Bi By -+ Byl
Nl,k Nn+1,k(t1)
[N] =
Nik(ts) - o Nagix(ts)

Ilpu 2 < k < n+ 1 = j marpuna [N] kBaApaTHas, U OIPEAeIAIONHAA MEOTOYTONb-
HHK BBIYHCIAETCA HEMOCPEACTBEHHO OOpaIleHHeM MaTpHIIBL, T. €.

[B]=[N]"'[D] 2<k<n+1=j (5-116)

B aTom ciryvae B-cinadtn mpoxoguT 4epes BCe 3aQaHHBIE TOYKH, T. €. JOCTHIAETCA TOY-
Has nogronka. Kpusas Ha BceM mporsxennn C*~2 menpephiBHA, HO PH 9TOM OHa
MOXKeT ObITh HeJOCTATOYHO IJIAIKOH HA BHI M HMETb HEXEJIaTeJIbHbIe H3THObI.

Ecm yxasaTh MeHbLIEE YHCJIO BEPUIMH MHOTOYTONBHHKA, YeM KOJIHYECTBO 3aJaH-
HBIX Touek, T.e. 2 < k < n + 1 < j, kpuBaa Hyner Gonee rnankoii. [Ipu aTom MaT-
puna [N] cTaHOBHTCA HEKBaIpaTHOM, H MOXHO HaliTH Tonmbko obmiee pemenne. Boc-
[OJNb3yeMCH T€M, YTO NPOU3BEACHHE MATPHUbI Ha TPAHCIIOHHPOBAHHYIO BCELJa JaeT

2 5
X
X X
X X
B, B,

Puc. 5-55 IToctpoenne MHOroyronmsauka B-crnaiina Ajis 3aaHHOrO MHOXKECTBA TOYEK.
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KBaJPaTHYI0 MaTpHLy (cM. pa3s. 3-31). Bepmuus! onpeaensoniero MHOroyrolbHHAKA,
CTAIAYKHBAMOUIETO KPHBYIO 33JaHbI YCJIOBHEM

[D] = [N][B],
[N]T[D] = [N]"[N](B]

[B] = [[N]" [N} [NT"[D] (5-117)

O6a meroza MoapasymeBalor, 4To Matpua [N] u3Bectna. Basucubie dyunkuun N; i (t5)
H, CIeJOBATENIbHO, MATPHLY [N] MOXKHO IONYYMTb, €CJIH 3aJaH MOPSOoK B-cmnaitHa
k, KOIM4YECTBO TOYEK MHOTOYTOJIBHHKA 1 + 1, a TakKe BeJMYHHA NapaMeTpa BIOJb
kpuBoit. IIpu cobmogennn ycaobusa 2 < k <n+1 < j NOPAAOK M KOJIHYECTBO BEpPIINH
[POH3BOJIbHBI,

Benuuuna napamerpa t; A xaxao# 3aKaHHOH TOYKH — 3TO M€Pa PACCTOAHHUSA JO
TOYKH BIOJb B-craiina. Ynob6Ha anmpoKCHMalius mapaMmerpa ¢ MOMOMIBIO JJIMH XODI,
MEXY 3aJaHHBIMH TOYKAMH, B YACTHOCTH, 7151 j TOYEK BeJINYHHA TapaMeTpa B Touke [

tl =0
1
t E |Ds - Ds—ll
= ’jz 1>2.
Y |Ds = Doy
=2

MakcuManbHOe 3HaUeHHe apaMeTpa tmax OOBIMHO BHIOHpaETCa B KaUeCTBE MAKCH-
MaJbHOHM BeIHYHHA y3/10Boro Bekropa. Ilono6ubie Meroap! 3aTparuBajorca B paboTax
[5-15] u [5-22].

151 OTKPEITOr0 PAaBHOMEPHOI'O Y3JI0BOrO BEKTOpa € k KpATHHIMH BEpIIMHAMH Ha
KoHnax kpuBada Besbe momydaerca mpu n = k.

PaccmoTpuM mpuMep.

IIpumep 5-17 TloarorBka B-cnnaitma

Hawrr mate Towex D10 0], D2[1.5 2], D3[3 2.5], Da[4.5 2], Ds[6 O].
Hai#iTh ompenensaiomue MHOIOYroILHUKM TpeThero mopsgka (k = 3) ¢ maToio
H YeTHIPbMA BepIIMHAMH Mia B-cnnaliHa, mpoXonsAmero depes JaHHbIE TOYKH.
Hcnons30BaTh XOPAOBYIO ANNIPOKCHMAIMIO TaPaMeTpa.

CHavasla Hai{iemM JJMHBL XOP.

Dy = |D2 — Di| = /(z2 — 71)? + (y2 — 91)% = V(1.5)2 + (2)2 = V6.25 = 2.5,
D3; = |Ds — D| = 1/(1.5)% +(.5)% = 1.58,

Dis = |Dy — Ds| = \/(T5)2 + (—5)% = 1.58,

Dss = |Ds — Dg| = 4/(1.5)2 + (=22 = 2.5

H

5
S (Ds — Do-1) = D1 = 8.16.

=2
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Hrax

t1=0
to Do 2.5
=—=—=031
tmax D51 8.16

i3 Ds;  (2.5+1.58)

tmax Ds1 8.16 5

ta _ Dy _ (25+158+158)
tmax D51 8.16

b _ Ds1 =1
tmax D51 '

Jia naTuyrosHMKa MAKCEMAJIbHOE 3HAYEHHE Y3/I0BOrO BEKTOpa y B-criaiina
Tperbero nopaaka n — k + 2 =4 — 3+ 2 = 3. 31ece n Ha egUHMIlY MEHbINE KO-
JIM9eCTBa BEPIINH MHOIOYTOJIbHUKA. Y3/I0BOH BEKTOP ¢ KPATHOCTHIO k Ha KOHIAX
HMEET BHI

0 o012 3 3 3

Ypasrerne (5-115) ¢ 3TMMM 3HAYEHMAMH BHINIATUT CiedyomuM 06pa3oM:

[D] = [N](B]
0 0 1 0 0 0 0
1.5 2 0.007 0.571 0422 0 0
3 25 | =10 0.125 075 0.125 0 [B].
45 2 0 0 0.422 0571 0.007
6 0 0 0 0 0 1
PemmnM orHOCcuTENsHO [B]
[B] = [N]""[D]
1 0 0 0 0 0 0

—0.013 2.037 -307  0.286 —0.002 15 2

= 0003 —0387 1769 —0.287 0.003 3 25
—0.002 0286 —1.307 2.037 —0.013 | | 45 2
0 0 0 0 1 6 0
0 0
0.409 1.378
B]=| 3 2.874
5591 1.377
6 0

Ha puc. 5-56a #306paxkeHb HCXOJHBIE TOYKH, PACCIATAHHHE BEPIIHHLI MHO-

rOYroJIbHMKa B KpKBa.Sl
Jlis 9eTHLIpeXyTOILHAKA Y3/I0BOM BEKTOP ¢ KPATHOCTHIO k Ha KOHIAX:

0 oo 12 2 2
12 — 1009
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B,

uY

x4

®

Puc. 5-56 Pesyibrarh ga npumepa 5-17. (a) IlaTuyromsauk; (b) JeThpexyronbHAK.

Marpuma [V]:

1 0 0 0

0.15 0.662 0.188 0

[NJ=|0 05 05 0
0 018 0662 0.15

0 0 0 1
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YumHoxuM Ha [N]7 u obparum ee:

0.095 —-0.21 0106 —0.005

Fiamet | —0.21 2684 —1.855  0.106
INVINI™ = | 0106 —1.855 2684 —021
—0.005 0106 —021 0995

Torpa u3 ypasHeHus (5-117) momywm

0 0
[B] = [IN]" (V] [V7(D] = | 0788 2414
6 0

Ha puc. 5-56 b n306paxkeHnl UCXOAHbIE TOUKH, PACCYHTAHHbIE BEPIUTHHBI MHO-
rOyroJIbHHKA ¥ KpUBasi.

DToT Meron MOMYCKAET MPOU3BOJIbHOE PACIONIOKEHHE BCEX TOYEK OIpenessmonie-
ro MHOTOYTOJIbHHKA B TPEXMEPHOM IPOCTPAHCTBE, HO MHOrAa ObiBaeT yAoGHO orpa-
HUYHTbCA IJIOCKOCTBIO, HANDHMED NP HOArOHKE B-crnafina mom 3afaHHBIH KOHTYD
kopabns. B pabore [5-26] mpuBemeH COOTBETCTBYIOMME METOM KAK /18 KDHBbIX, TAK
s nmosepxHocTeit. Ero cymHocTh COCTORT B TOM, YTO MTEPATHBHO BHIYHCIAETCH Ia-
pamerp ;1 GHKCHPOBAHHON KOODIMHATHI JI0 TeX Iop, [I0KA 3HAYeHNEe HA KpHBOHU IpH
BEJIMYHHE NTaPaMETPa, BBIYHCIEHHOH 110 MOJAOrHAHHOMY MHOLOYTOJIbHUKY, He IIONaaeT
B HEKOTOPYIO OKDECTHOCTb (bHKCHPOBAHHOTO 3HAYEHHS, T.€. |Tfixed — Lcalc| < EITOL.
IToarouka mosmydaercs MeHee TOYHOM, HO Homee yO00HOM 1Jis MOIH(DHKAITHIA.

5-12 PA3BUEHUE B-CILJTATHOB

JJist Toro 4Tobn yBeM4uTh ruOKOCTh KpuBoil Besbe, Heobx0aumo J06ABHTH BEPIIHHY
K OINpENENANIEMY MHOIOYIOJbHUKY, YTO MOBBIMIAET CTENEHb MOJIMHOMHAJABHON KPH-
Bo#i (cM. pasf. 5-8). F'ubkocts B-craiina Takike pacTeT ¢ yBeIMYeHHEM IIOPSIKS €r0
6asuca, T. e. MOMMHOMHANBHBIX cermeHToB. B paGore [5-27] mpesnaratorcs TeopHsa H
ANTOPHTM yBEJMYEHHs Mopaaka B-cmmaiina.

ITosbicuTs rubGKOCTH B-criaiina MoXHO APyrHM clIoco60M: BCTABUTD JOIOMHHTEIb-
HbIE y3JIOBbl€ 3HAYEHUA B ONpeIeNAIOmuii y310Bol BekTop. [Ipu 3ToM MonuHOMHANb-
HBI CErMEHT JJIA HEKOTOPOrO MHTEPBAJa Y3JIOBBIX 3HAYEHHI (IapaMeTpH4ecKOro HH-
TepBajia) JIOKAJIbHO pa3buBaerca Ha JBa. EcTh ABa OCHOBHBIX METOA BCTABKH y3JIOBBIX
sHavenuit. Ilepsbiit, Tax HasnBaeMbrt anroputM Ocio, paspaboranabiit KossoM u ap.
([5-28] u [5-29]), BcTaBasieT cpa3y HECKOIBLKO y3/IBOBIX 3HaveHHi. Bropoi#t meron be-
Ma ([5-30] u [5-31]) mocenoBaTeNbHO BCTABJIAET IO ONHOMY Y3JIOBOMY 3HadeHuo. Mbl
paccMoTpuM ToabKo Meron Ocio.

Kak noebimenne nopaaKa, TaK M JOMOJHHTE/IbHBIE Y3JI0BbIE 3HAYEHUA yBeIHIHBA-
0T rE6KOCTD 6a3mica KpHBO# (IOBEPXHOCTH) M, CJIEAOBATENLHO, KpHBOH 6€3 H3MEHEeHHS
ee popMBL. DTO BO3MOKHO IOTOMyY, YTO OOMH B-crnaitH MOXHO 334aTh GeCKOHEYHBIM
MHOXXECTBOM MHOTOYTOMbHHKOB ¢ Homee YeM MHHHMAJbHBIM KOJIHYECTBOM BEDIITHH.
Popma KPHBOM MEHAETCH IIyTeM IePeIBHKEHHs BHOBb IOJIy4YeHHbIX BEPIIHH.
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PaccmoTpuM mcxomuylo Kpusyio P(t E"H B;N; «(t) ¢ y3moBbIM BEKTOPOM
X]=[z1 z2 --- Tptk—1]- Bc'raBnB y3en, HOJIy4aeM HOBYIO KpuBy0 R(s):
m+1
=Y CiMji(s) (5-118)

=1
¢ HOBLIM Y3JIOBBIM BEKTOPOM
Y=y y2 --- Ymk+1]s

rae m > n. Hano maliTi HOBble BepIIMHBI ONPEJENAIOMEro MHOroyronbauka C;, Takme,
gro P(t) = R(s). Ilo anmropurMy Ocio [5-29]

N+1
Cj=) af;B;, 1<i<n, 1<j<m, (5-119)
i=1
rae at K] 33JaHbl PEKYDCHBHBIM OTHOIICHHEM
o= b TSy <Tin, (5-120a)
“ | 0 B mpOTHBHOM Ciywae ’
k Yi+ke—1 = Zi k-1 | Titk — Yi+k—1 k-1
afy = o T % T g i (5-120b)
Titk—1 — T4 Titk — Tit1
Ormerny, wto Y ;1 af; = 1.

Ha nepBbIif B30y MOXET MOKA3AThCA, YTO PABHOMEDHBIH HCXOINHEBIH BEKTOD, He-
BAXKHO NEPHOJHYECKHH MJIH OTKDPLITHIM, IOCJIE BCTABKH OHOrO Win 6osee y3/0BBIX
3HAYEHHI CTaHeT HepAaBHOMEPHBIM. PABHOMEPHOCTH BEKTOPA MOXKHO COXPAHUTH, H06a-
BJisif KpaTHBIE Y3JIOBble 3HAYEHHMS B CEPEIHHY XaxKJOrO HEHYJIEBOTO HHTepBana. Pac-
cMoTpuM pasbueHue HoppobHee HA MpHMepe.

IIpumep 5-18 I'nobGansBHoe pazbmenme B-cnaiina

IlycTe maH OTKpHTHIE B-crraita Tperbero mopsgka (k = 3), M3Ha9aIBHO
3amaHHbE geThipbMa (n + 1 = 4) sepmmuamu Bi[0 0], Bz[l 1], Bs[2 1],
B4[3 0]. Tpebyerca mporecT! pa3bueHHe ¢ CoXpaHeHNeM OTKPHITOTO PaBHOMEp-
HOr0 y3JIOBOTO BEKTODA.

Hcxonubiif OTKPHITHET PABHOMEDHHEIM BEKTOD MMEET BHJ:

[X1=[0 0 0 1 2 2 2,

rje JBa HEHyJaeBhIX uHTEPBasa 0 — 1 1 1 — 2 COOTBETCTBYIOT ABYM KYCOYHO Ia-
pabouaeckuM cermeHnTam, cocTapisaomum B-ciumaia, ITpemmonoxnmM, 9To mocne
pa3bueHns MBI JOJDKHEL MMETh HEJIOYMCIECHHRIN PABHOMEPHSI BekTop. IIpoBeiem
npeo6pa3opanne MmapaMeTpa, YMHOXAs KaxXzoe y3/a0Boe 3Hawerwe B [X'| Ha 2, u
IIOJIy 1MM

[X]=[0 0 0 2 4 4 4

czr1=0,2z2=0,...,z7 = 4. KpuBasg npu 3T0M HE MeHAETCH.



Jns pa3bueHNss KPUBOI C Y9€TOM IIOCTABJEHHBIX YCJI0BHI HE0OX0IHMMO BCTa-
BUTb y3JI0Bble 3Ha4ueHHsA 1 u 3 B unTepBasnt 0 — 2 u 2 — 4, COOTBETCTBEHHO.

5-12 Pa3s6buenne B-cnnaiinos

SammvimeM HOBHI y3JI0BOIl BEKTOP:

cy1 =0,y =0,...
Tenepr B-crutaite COCTONT M3 9eThIpEX MapaboM9ecKHX CErMEHTOB.
U3 ypaeuerns (5-119) nomyusm mects HOBBIX BepmuH C;. 3HadeHHs a?,j
BBIYHCIISIOTCA C [IOMOIIBIO PEKYPCHBHEIX cooTHOWermi (5-120). B wactHOCTH, B3
ypasaenus (5-120a) BHIHO, YTO €JUHCTBEHHOE HEHYJIEBOE a},j [epBOro MOPsAAKa

(k = 1) Taxoso:

| S I W S S
Q31 = (32 = (33 =Q34 = Q45 =046 = 1.

U3 ypasuenus (5-120b) menysieBnie a?,j BTOpOro mopsiaxa (k = 2) TakoBbL:

[Y]=[0 0 0 1 2 3 4 4 4]

yYo = 4.

1 0
a —

Y2 — T3
r4— T3
T4 — Y2
T4 — T3
T4 —Ys3

-0

3,1 = 2T0(1) =0,
2—-0

a},,l = 2T0(1) = 1,

2—-0
——0:1;,1 = 2T0(1) =1

Y4 — T3
rq4— T3
T4 — Y4
T4 — T3
Ys — T3
T4 — T3
T4 - Y5
T4 — I3
Yo — T4
s — T4
Ts5 — Yo
Trs — T4
Yr— T4
s — T4
Ts — Y7

0-0
Z Loz, = 2To(l) =0,
, _1-0, 1
3,3 2_0(1) 27
,_2-1 1
3,3_2_0(1) 27
1 2-0
=—A(1 1
a4 =5 =1
1 2-2,.
3,4_2_0(1) 07
1 3-2 1
4,5 4_2(1) 27
1 4-3 1
4,5_4_2(1) 27
1 4-2,.
4,6_4_2(1)_ )
L 4-4,
4,6_4_2(1)_0
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Tperbero mopazxka (k = 3)

i=1
— T2 0-0
a% 1= Zi—zzag’l = 2___0(1) =0,
3 T4— Y3 2 2—-0
= =——(1)=1
M — T 2—0() ’
Jj=2
Ta— Y4 2 2—-1 1
= =_—(1 -
A= 0= M=
_Ya— T2 2 1—01 1
0227 a— w2 '_2—0() 2’
Jj=3
od .= Y533 2 _2—0(1)=1
B3 T gs—za T 4-0\2/ ¢

T4 — T2 2—0
j:
3 _ Y6 _—T3 2 _3—01 3
0‘3,4—15_:63 34T 30 0() 2’
3 _T5—Ys 2 4-3 1
024—15_13 3,4—_—4_0(1) rg
=5
a =-’L'5—y7a2 _4_—_4(1)=
BT s —z3 T 4-01\2 ’

-z T — 4-0/1 4-4/1
“3v5=’il-ziaiﬁzi—ii“z’ﬁ‘;_o(z)+4—2(5)
3 _Yyr—Ts4 2 _4-2/( 1) 1
a4’5_ze—24a4'5_4—2(2 Ty

j:
3 Ys — T4 2 4-2
== =21 =
Q4.6 16_1404,6 4_2() 1,

— 4—4

ag,e = Mai,e =—(1)=

Te — Ty 4-—2
Hosrie Bepimuan paccumrniBaroTes o ypasHermo (5-119):

n+1
— 3 o _ 3 3 3 3 _
Ci= E ;1 Bi=aiB1+0;3;,B2+a3,Bs +0y,Bs =
i=1

= 01:1;,131 =B;=[0 0]



AHamorugso

Ce =

5-12 Pas6uenue B-cnnaiiHon

—1B+B) =10 0+ D=4
2Bt B= 1 1432 1= 2
Lo+ 35~ y+de u-!
3B B = @2 143 )= 3
Bi=[3 0]

B pesynrTaTe yBesmuMBaeTca rub6KOCTh BCEH KPHUBOI.

359

B crenyiomeMm npuMmepe B MCXOTHBIN OTKDBITHII DAaBHOMEDHBIN Y3JI0BOH BEKTOD
BHOCHTCA OJMH y3eJI, I0CJIE€ Yero BeKTOP CTAHOBHTCA HEOJHODOIHEIM.

IIpumep 5-19

JlokasisHoOe pasbueRne B-cnuraina

Paccmorpum oTkpuiThIl B-crumaiin Tperbero mopsaka (kK = 3) m3 mpumepa
5-18. IIpoBecTn pa3tuenme, no6GaBus y3yoBoe 3HadeHwe 1 Ha uuTepBate (0 — 1

pekTopa: [X]=[0 0 0 1 2 2 2],rtmez; =0,...
BekTop mmeer Bu: (Y] =0 0 0 1 1 2 2 2, rmeyr =0,..

HoBrrit MHOroyrossHuK uMeeT nATs Bepmud C ... Cs.
Henynenuie af,j, HeobxomuMbre Aia pacueta C;:

k=1
T 1 1 1 1
013,1—013,2—013,3—013,4—014,5—-1
k=2
2 2 2 2 _o2. =1
Qo] = Q2= (33 =34 = Qg5 =
k=3
3 3 3 3 3
0111—0‘2,2=0134—-014,5=1) 3=

Hoprle Bepinusb:

3
01 = aa,lBl =

3
C2 = a32B2 =

By =[0 0],
By=[1 1],

yz7 = 2. HoBwriit y3mo0Boit

-,y8 = 0

1 1 3
Cu = odsBr +adsBa= 2Bt By = 301 U+ =[5 1],

Ci=a34Bs=B3=[2 1],
Cs=a3}sBa=Bs=[3 0]

2

Ecmu C3 cupunryTs 1o copnmanerns ¢ Cz, ne. C2 = C3 =1 1], To momyanrcs
KaK [BOMHAsA BePITNHA, TAK U ABovinoi y3en 4ia C; = Cs. Jua k = 3 B-crurain
HMEET OCTPurl muK B C2 = C3 (cM. 3amaay 5-30).
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5-13 PAIIMOHAJIBHBIE B-CIIJIAVIHEI

Brepsble B MAMHHHOM rpadHKe ONMHCAHHE PAITMOHAJBHBIX KPUBBIX M IOBEpPXHOCTEH
6bLI0 TIpeI0XkeHo B pabore [5-32]. B muTepaType mMPOKO H3BECTHBI PALHOHAJbHBIE
(opMBI Ky6HYecKuX CIaiuoB U KpuBbix Besbe ([5-33]—[5-37]), a Taksxe KOHHYECKHX
ceuennit [5-38]. 3nechb MBI pacCMOTPHM TOJIBKO DAlMOHATbHbIE B-cIIafiHbl, TaK KaK OHH
COCTARJIAIOT OOMIENIPHHATYIO OCHOBY, & TaKXKe H3-3a MPOCTPAHCTBEHHBIX OTPAHHYEHHI.
PanuoHanbable B-crnafiHbl 970 € IMHCTBEHHOE TOYHOE MATEMATHYECKOE IIpelCTaBiie-
HHME, OXBaThIBaKoIIee Bee aHAMTHYeCKHE (hOPMBI — IIPAMEIE, IIIIOCKOCTH, KOHHYECKHe
CedeHHs, BKJIIOYAIOMHE OKDPYXKHOCTH, KpHBbIE MPOM3BOJBHOU (hbOPMBI, KBAZPHKH H
TpexMepHbie TOBEPXHOCTH, HCIOAb3yeMble B MAIIMHAOA rpadike H MPOeKTHPOBAHHH.

I[TepBbM panmoHasnbHble B-crtaitub m3ydnn Becnpun [5-39]. OcnoBa Hamux pac-
CyXIIeHH# pHBedeHa B paboTax [5-40] u [5-41]. CTouT OTMETHTD, YTO HEPABHOMEPHBIE
pamuonanbabie B-cmnaitabr (NURBS) ¢ 1983 r. sBnsrorca crangaprom IGES (5-42).
IGES — 310 crangapr obMeHa MpOEKTHOH HHGOPMAIIHEH MEXIy CHCTeMaMH MalllfH-
HOIO IPOEKTHPOBAHHS, & TaKXKE MEXIYy HHMH H CHCTEMaMH aBTOMATH3HPOBAHHOTO
npou3BoAcTBa. PanuoHalbHble B-CIiafiHbl NPHMEHSIOTCA B Psifle CHCTEM [eOMETDH-
YEeCKOTO MOJENUPOBaHuA M peanu3oBanbl annapatHo (CBUC min MHKpOKOA) B HEKO-
TOPHIX rpacduyecKHX PabOYMX CTAHIMAX.

PanponanbHbIil B-ciuiaitn 9T0 NpoeKuus HepallMOHATBHOrO ([OJIMHOMHANBHOrO) B-
cIiafiHa, ONpeAEeseHHOro B dYeThipexMeproM (4D) omHOPOZAHOM KOODAHHATHOM IIPO-
CTpaHCTBe, Ha TpexMepHoe (3D) dbusudeckoe mpocTpancTo. B YacTHOCTH

n+1
P(t) =) BINix(t), (5-121)

i=1

rae B? — BEepIINHBI MHOTOYTOJIbHUKS /I HepaluoHaJabHOTO 4D B-cnaiina B 4yeTh-
PeXMepHOM mpocTpaHcTBe, N;;(t) — dbynknua 6asuca HepanuoHanbHOro B-crnaitna
H3 ypaBHeHHs (5-84).

PanuonanbHell B-cnnaiin monydaerca mocie NpPoEKTHPOBAHHA, T.e. AeNEHHA HA
OIHOPOAHYIO KOODAMHATY

n+l
Y. BihiNig(t)  nyr
i=1
Pit)= & 4—— = > BiRix(2), (5-122)
2 hiNig(t) =
i=1

rae B; — BepiIMHBI TPEXMEPHOTO MHOTOYIOMBHUKA JJIf PAIMOHANBHOrO B- cmnaitna, a

hiNi k()

Fix(t) = —

. (5-123)
hiNi i (t)
1

i=

— GasucHble GYHKIUHE panuoranbHOro B-crmaitna. 3gech h; > 0 ansa Beex il.

! Basucunie dynxumn pammonanpaoro B-crafina MoryT 6bITh onpenenensl M as hy < 0 (em. [5-
39]), Ho B JaHHOM CiIy4ae 3TO HeyxOBHO.
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Kax Bumno u3 ypasHenmit (5-121) — (5-123), pannonanbubie B-ciaitan: 1 ux 6a-
3HCHI 9T0 0606menne HepanMOHANbHBIX B-crinaiinoB u 6asucos. OHE HacIeoyIOT novyry
BCe aHAJIMTHYECKHE M reOMeTPHYecKHe CBOMCTBa Hocienuux. B yacTHOCTH:

Kaxknas dbynxkuus pannoHAIbHOTO 6a3Mca MOIOXUTENbHA HWIH DaBHA HYJO N5
BCeX 3Ha4eHHi mapamerpa, T.e. R;; > 0.

Hns moboro 3HaveHHs mapaMerpa it cyMMa 6a3ucHBIX (byHKIMH paIHOHAJBHOTO
B-cimnaitna paBHaA eguHMIIE, T. €.

n+1

> Rix(t) =1 (5-124)

Kpome k£ = 1 xaxxpas panmuoHanbHada 6a3ucHan (byHKUMA HMeeT POBHO OOWH MakK-
CHMYM.

Panuonanbrbi#t B-cinaitn nopsaaxa k (crenenu k — 1) Besne C*~2 mempepriBen.
MakcumanbHbIH HOPSAOK DAlMOHAJIBHOIO B-claiiHa paBeH KOJIHYeCTBY BepIIMH
OIIPEJEAIMIEr0 MHOIOYTOJIbHHKA.

Pamuonanbubiil B-ciunaiin obnazaer cBONCTBOM yMeHbIIIEHNs BapHAIMH.

O6masa ¢popMa panHoOHAABHOrO B-criaiiHa NOBTOpAET 0YepTaHHA ONPEAEIAIOMIErO
MHOTrOYTOJIbHHKA.

JIroboe npoexmusHoe nMpeobpa3oBaHHe PAIHOHANBHOrO B-ciiaiiHa MpousBoguTCA
COOTBETCTBYIONMM IIpeobpa3oBaHHeM BEPIIMH OMPENEISIONIEr0 MHOTOYIOIbHHKA,
T. ¢. KDHBaA HHBAPHAHTA OTHOCHTEJILHO NpoexmueHozo peobpa3oBanud. 910 60mee
CHJIbHOE YCJIOBHE, YeM IJIA HepalHOHAJbHOTO B-chaiiHa, KOTOPHI MHBapHAHTEH
TONBKO OTHOCHTENBHO agdpurrozo mpeobpa3oBaHHS.

W3 ypasrenuit (5-85) u (5-123) Buao, 4ro npu Beex h; = 1, R; x(t) = Nii(t), T.e.
HepanHoHaNbHble B-cIaiiHbI K UX 6a3KChI ABASOTCH YACTHBIM (IYYaeM DAIMOHAIb-
HBIX. JIerko mokasarh, YTO OTKPBITHIH panMOHANBbHEIN B-ciinaiH ¢ mopsaakoM, paBHBIM
KOJINYeCTBY BEPIIHH ONMPENeNAOnEro MHOTOYTOJAbHUKA, MpedcTaBideT coboit pauno-
HanbHY0 KpuBYIO Be3be. B cinyuae h; = 1 panuonanbHas kpuBas Be3be cBoguTca K
HepaimoHabHOM. TaknM ob6pasoM, B-ciafiHel BKIFOYAOT KAK PalHOHANIbHBIE, TaK H
HepalMOHAJbHble KPHBHIe Besbe.

Panuonanbabie B-crunaiiHe — 910 yeThipexmeproe 0606n1eH e HePalHOHATIbHEIX B-
CILIa{HOB; MI09TOMY AJITOPHTMbI MOBBINIEHHs cTeneHH (pabora [5-27] u mpumep 6-18),
pasbuenns (pasz. 5-12 u paborst [5-28] —[5-31]) u mogromku (pasa. 5-11) mia Hepa-
IHOHAJbHBIX B-cafiHOB clpaBe/IMBH M JJiA PAIHOHAJIBHBIX IPH PacIpOoCTpaHeHHH
HX Ha 4eThIpeXMepHOe IMPOCTPAHCTBO.

Pamnnonanbabie B-cnafiHbl 1 HX 6a3MCHI MOXXHO MONYYHTH C MMOMOOIBIO OTKPHITHIX
PaBHOMEDHBIX, NIePHOINYECKHX DAaBHOMEDHBIX H HEPABHOMEDHHIX y3JIOBBIX BEKTODOB.

OZHOpOAHbIE KOOPAMHATHI h; (TaKxe HA3BIBAEMBIE BecaMi) B ypaBHeHHsX (5-122) i
(5-123) npenocTaBnsAT AONONHUTENbHbIE BO3MOXHOCTH H3rib6a Kpupoi; h = 1 Ha3bI-
Baercs adbUHHBIM IPOCTPAHCTBOM M COOTBETCTBYeT (bH3M4eCKOMy IpocrpancTBy. Ha
pHC. 5-57 NOKa3aHO BIAMAHAE OOHOPOAHLIX KOOpAHHAT h Ha GasucHbIE (DYHKIMH Dai-
OHaJIbHOTO B-crmajina, rpe [0 0 0 1 2 3 3 3](n+1=25, k= 3)— OTKpHITHI
DaBHOMEDHBII y3,10BO# BeKTOP, h; = 1, i+3 — BeKTOp OLHOPOIHBIX KOOPJUHAT. 3HAYe-



362 I'nasa 5 IlpocTpaHCTBEHHBIE KDHBEIE

. Ry Ry,
R Ry,
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% 1 2 3
(a)
1
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R,
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1 1 1 ! t
% 1 2 3
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Puc. 5-57 Basucuble pynknum panuoHarsHoro B-crutaiiaa g n+1 = 5, k = 3 ¢ OTKpHITHIM
y37o0BeM BekTopoMm [X] =0 0 0 1 2 3 3 3|,[H]=[1 1 hs 1 1]. (a) ha =05
(b) hs = 0.25; (c) hs = 1.0; (d) hs = 5.0.
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y
B, b =0 B,
2._
0.25
10
5.0
0 Bl 1 v | L ]
0 2 B 4 B,

Puc. 5-58 Pammonansubie B-crutaiiam: jis n+1 = 5, k = 3 ¢ OTKpHITHIM y3710BHIM BEKTOPOM
[X]=[0 0 0 1 2 3 3 3),[H]=[1 1 h3s 1 1].

Hus hg nexkar B quanasore or 0 1o 5. Basucueie byHximu pamuonanbaoro B-cnnaitna
Ha pHC. 5.57c mpu h = 1 cOBMaAAIOT C COOTBETCTBYIOIUMH (DyHKITHAMH HEPAIMOHAIb-
Horo B-cnyajina. Pammonansueni B-caitn ans by = 1 Ha puc. 5-58 TakiKe COBIAgAET
C COOTBETCTBYIOUIUM HepanuoHaabHbLIM. OTMernM, uto 1ist hg = 0 (puc. 5-57a) R3 3
Be3Jie PABHO HYJIIO; T. €. COOTBETCTBEHHAs BEPIIMHA B3 He OKA3BIBAET HUKAKOIO BJIMSI-
HHUs Ha (bOPMY COOTBETCTBYIOIUIEH KPHBOM. JTO MOKA3AHO Ha PHUC. 5-58, rjie BEepUIMHBI
OIlpeIeIsIOLIero MHOrOYroibHUKA Bs u B, coemuuensl npsmoi. U3 puc. 5-57 taxxke
BHIHO, YTO IIPU yBenudeHuu hs Taxike Bo3pacraer Rs 3 u, Bciencrsue ypasHerus (5-
124), Ry 3 u R4 3 ymenbmatorcs. Ha puc. 5-58 n3o6paxkeHo BO3#efCTBHE HA COOTBET-
CTBYIOIIME PAllMOHANbHBIE B-cninainbl. B 4acTHOCTH OTMETHM, YTO ¢ yBeIHueHHeM hg
kpuBas npubiamxaercsa k By, OTcrooga, Kax y»Ke 0TMeYaJoCh, ClIEAYEeT, YTO OAHOPOJHEIE
KOODIMHATHI JAIOT BO3MOXXHOCTD YBEIMYUTh rMOKOCTh xpUBoii. Mimocrpanus aHano-
TMYHBIX CBOMCTB PAIMOHANBLHEIX B-craitHoB M 6a3ucoB derseproro mopsaaxa (k = 4)
JaHa Ha puc. 5-59 u 5-60. Oanaxo 171 xpuBbIx Hojiee BHICOKOrO IOpsAIKa Ha puc. 5-60
xpuBad npu hs = 0 He BHIPOXKAAETCH B OTPe30k NpsaMOi Mexay Bs u By.

Ha puc. 5-61 uzobpaken nepuoaudeckuil paBHOMEpHBIH Oasuc man+1 =5,k =3
u y3nosoro Bextopa [X]=[0 1 2 3 4 5 6 7]u BexTOopa OZHOPOIHBLIX KOOP-
gunar [H]=[1 1 hs 1 1]c0< hg <5.31ech, Kax U B ClIyuae HEPAIIMOHAJILHOTO
6a3uca, JOMyCTUMLIN AuanasoH mapaMerpa 2 < ¢ < 5. Ha puc. 5-61 mokasaH TOJbKO
sToT muanasoH. Jna hy = 1 6a3ucHble GpyHkIMH panuoHaibHOro B-cnaiina coBnaaa-
IOT C COOTBETCTBYIOUMMH HEPAIHOHAJIbHLIMM, HO jJisi hy # 1 OHM CTAHOBATCA HEMe-
PHOIMYECKHMH U He ABJIAIOTCA NapaselbHbIM nepeHocoM apyr apyra. Ha puc. 5-62
[IPUBEAEHEI COOTBETCTBYIOIIHE pPaIMOHAbHbIe B-cnyaiinbl. OTMeTHM, YTO KOHEYHBIE
TOYKM BCEX KPHMBBIX COBIAJAIOT.

Ha puc. 5-63 u 5-64 nokasaHsl cOOTBETCTBYOIIME B-clsiafiHbl YeTBEPTOrO MOPAAKA
(k = 4) n ux 6a3ucn. OTMeTHM, 9TO HAYAJBHBIC M KOHEUHBIE TOUKH KDHBBIX JIEXKAT
Ha HPAMBIX.
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Puc. 5-59 Basucuse ¢yHKmmm panuosaibEoro B-cruaima myia n+1 = 5, k = 4 ¢ OTKPHITHIM
y3nossiM BexkTopom [X]=[0 0 0 0 1 2 2 2 2|, [H|=[1 1 hs 1 1]. (a) hs =
0; (b) ha = 0.25; (c) hs = 1.0; (d) hs = 5.0.
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y
B, h;=0 B,
2 -
0.25
| 10
30
0 B, ] ] |
0 2 B, 4 B x

Puc. 5-60 Pammonansuble B-cutadinnt qua n+1 = 5, k = 4 ¢ OTKpPRITBIM Y3/I0BRIM BEKTOPOM
[X]=[0 0 0 0 1 2 2 2 2,[H]=[1 1 hy 1 1].

Boruncnss ypasuerus (5-122) u (5-123) 4J151 KOHEYHBIX TOYEK KPUBOM ¢ apryMeH-
TOM (tmax —€)e—s0 U3 IpHMepa 5-12, mosydaem, 4To NepBast U MOCIEAHAS TOUKH OTKPBI-
TOrO PaIMOHAJBHOTO B-claiiHa coBmagaior ¢ KOHEYHBIMH TOYKAMHM ONpPEREIAIOLIErO
MHOTOYTOJIbHHKA!

P(0)=B1 H P(tmax)zp(n_k+2):Bn+1.

_ U3 puc. 5-65 BUAHO, YTO MepeMeIlleHHe OITHON BEPIIMHBI MHOTOYTOJbHHKA BJIMSET
Ha KPHUBYIO TaK e, KaK U B Clly4ae PaIMOHaJdbHBIX B-cnnaitnos. B mamnom ciydae
[H]=[1 1 0.256 1 1]. Eciu hs =0, To nepenpmwkennue B; He 0Ka3biBaeT HUKAKOTO
posaeiicteusi. C yBenuuenueM hy pacTeT BJIMsIHUE ABUKEHUs TOUKHM Bj.

Ha puc. 5-66 nmokasaHo Bo3zmeifcTBME KPATHBIX BepIIMH B B3 Ha panuoHanbHBIA
B-cnyiaits uerseproro nopsaka. Kak u 11s1 HepallMOHAJIBHBEIX KPHUBBIX, k — 1 coBlla-
JAoIIas BEPIIMHA OIPUBOIUT K IOSIBJIEHUIO OCTPOro YIJia MM muKa. Jlanee, KpaTHas
BEPLIMHA IOPOXKIAET pebpa HyIEBOM AJIMHBL, HO3TOMY CYLIECTBOBAHUE YIJIa HE 3ABUCUT
ot 3Hauenwuit hy > 0, coorBercTByOmMX €if (cM. 3amady 5-33).

PaccMOTpUM IpUMeEp pacyeTa palMoHanbHOro B-cnnaitna.

IIpumep 5-20 PacyeT OTKPHITBIX palMoHANbHBIX B-ciuaiiHoB

Iycrs maH mEOTOyrodpHMK ¢ pepmmuamu Bi[0 1], Bz[l 2], Bs3[2.5 0],
Bs[4 2], Bs[5 0]. Haiite Touky npu ¢ = 3/2 Ha OTKDHITOM DPAaIlMOHAJIBHOM
B-cnnadine Tperbero nopsaaxa (k = 3) ¢ 0AHOPOZHEIMM BEKTOPaMH, 33JaHHBIMH
[Hl=[1 1 hs 1 1], h3 =0,1/4,1,5.

Y3anoso# Bexrop—[0 0 0 1 2 3 3 3] Jumamason mapamerpa t: 0 <
t < 3. Kpusble cOCTOAT U3 TPeX KYCOUHO PAIHOHANBHBIX KBAAPATHIHBIX KPHUBbIX,
o OJHOW Ha KaxKJOM BHYTDEHHeM HMHTeDBAaJIe Y3J0BOTO BEKTODA.
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Puc. 5-61 Basucuue ¢byHKImn pamuoHansHOro B-cnaima gyia n+ 1 =5, k = 3 ¢ nepH
onpryecKMM y3moBeM BekTopom [X] =0 1 2 3 4 5 6 7, [H=[1 1 hs 1 1]
(a) hs = 0; (b) hs = 0.25; (c) hs = 1.0; (d) h3 = 5.0.
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Puc. 5-62 PaumoHanbHbie B-crutaiiast ojis n 4+ 1 = 5, k = 4 ¢ nepUoguyecKUM y3/0BRIM
BekTopom [X]=[0 1 2 3 4 5 6 7,[H]=[1 1 hs 1 1].

U3 ypasHenus (5-84) Ha uHTepBase 1 < ¢ < 2 monyuynm Gasucube GyHKIHN
HepanoHaJbHoro B-crumatima:

1<t<2
Nap(t)=1; Nia(t)=0, i#4
N3z(t)=(2-1); Ni208)=(-1); Ni2(t)=0, i#3,4
2=t
2

L Nas(ty= 1229 (B-HE-1).

Naa(t) = 5 5

Naa(t) = (@ —21)2_

i Nia(t)=0, i#2,3,4
Orcrona ¥ u3 ypasHenus (5-123) mocse onpenenenus 3HameHaTens

n+1
S'= " hiNi(t) = hiNi,a(t) + haNaa(t) + haNaa(t) + hsNs,a(t) =

i=1
= thz,a(t) + h4N4,3(t) =

_(2-Q2+(t—1f__2ﬁ-6t+5
T2 2 2

noxyyum 6a3uc panmoHassHOro B-crumaima:

1<t<?
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@

Puc. 5-63 Basucanie ¢pyHxmm paimoHaabHOro B-cinaiina mna n+1 = 5, k = 4 ¢ nepuoan-
9eckHM y3moseM BekTopoM [X] =[0 1 2 3 4 5 6 7 8, [H/=[1 1 hs 1 1].
(a) ha = 0; (b) hs = 0.25; (c) hs = 1.0; (d) hs = 5.0.
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Puc. 5-64 PammoHanbnble B-cunastast ga n+ 1 = 5, k = 4 ¢ nmepHoguIecKuM y3/I0BEIM
sekropoM [X]=[0 1 2 3 4 5 6 7 8],[H]=[1 1 hs 1 1]
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Puc. 5-65 Biusapue nepememmeH!s OAHON BEPIIMHBI MHOTOYTOJIBHUKA Ha PaIfHOHAJILHbIH B-
comad n+1=5k=4,[H]=[1 1 025 1 1]
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Puc. 5-66 Bimsanue xpaTHOH BepiuMHB! MHOTOYrONBHMKA B3 Ha panmOHAIbHEN B-crutaiim
n+1=5,k=4.(a) Omua sepmmna [H]=[1 1 025 1 1]; (b) swoiinas sepmwna [H] =
1 1 025 025 1 1];(c) TpoiiHas Bepmuna [H]=[1 1 0.25 025 025 1 1].

hz =0
Ry 3(t)=0
_haNoa(t) . (2-t)
Ros) = =5~ = 3p et +5
R3s(t)=0
_ haNas(t) _  (—1)°
Res) = =5 =on 6145
Rs3(t)=0
hs =1/4

S = ha N2 3(t) + haN3 3(t) + haNas(t)

_(2-t? t2-t) @-tHt-1)  (t—1)°
ik e i g +
_ 6t7—18t 417
B 8
Ry3(t)=0
42 —t)?
NN=—"n— 7
Rea) = ee 3417
t2-t)+@B-8)(t-1) -2t>+6t—3
Ras(t) = _
23(t) 612 — 18t + 17 612 — 18t + 17
4(t —1)*
= —N T )
Rea®) = oo Tgr 417
Rs3(t)=0
hs =1
S=1
Ri3(t)=0

R23(t) = Noa(t) = (2—_2i2
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t2-1t @B-tt-1)

R33(t) = N33(t) = 2 + 9
2
Rus(®) = Nas(ty = £=1)
Rs4(t)=0
h3=5
g= 2=t 2=t SB-9¢-1 -1 _ .. . ¢
2 2 2 2
Ry 3(t)=0
3 (2-1)?
B = s rin =5
_5t2-t)+53-t)(t—1) _ 5(=2t*+6t—3)
R33(t) = 2(—412 + 12t —5)  2(—4t2+ 12t - 5)
Ras(t)= ——G=D*
ST (-4 12t - 5)
Rs3(t) =0

ITosmocThIO PE3y/IBTATH MpmBEJEHE! Ha PUC. 5-57.
Ilpu t = 3/2
hs=0: R13(3/2)=0; R:3(3/2)=1%; Ra3(3/2)=0;
R43(3/2) = 3; Rs3(3/2)=0

h3 = % M R1’3(3/2) = 0’ R2’3(3/2) = -:-’ R3’3(3/2) — _?7’
Ra3(3/2)=%; Rs3(3/2)=0
hy3=1: R1,3(3/2) =0 R, 3(3/2) %, R3,3(3/2) = %;
Ri3(3/2) =3 Rs3(3/2) = 0
hs=5: R13(3/2)=0; Rzs(3/2)=3; Rss(3/2)=1;
Ri3(3/2) = 355 Rs3(3/2)=0
CooTBeTCTBeHHEIE TOYKM Ha PaiMOHAJILHBIX B-cILaiinax:
hs=0: P(3/2)= %[1 2+ %[4 o= [g 2]
1 2 315 2 5 8
h3_Z' P(3/2)—?[l 2]‘*‘? 3 0+?[4 2] = 2 7
1 315 1 5 1
hs=1: P(3/2)—§[1 2]"*"—1 2 0+§[4 2] = 3 3
1 15 [5 1 _/8 1
m=s: =0 A+ 23 o]+ mn 2=[} }

IlomHOCTBIO pe3yJIbTATH MpHBEACHBI Ha PHC. 5-58.

®opmanbHO muddepennupys ypasrerus (5-122) u (5-123), monmydaem npou3BOA-

HbI€ PAIMOHAJbHBIX B-chaiHoB, a MMEHHO
n+1
= Z BiR. ,(t) (5-125)

=1



372 Tnasa 5 IIpocTpaHCTBEHHBIE KDHBBIE
rae

n4-1
, hiN; hiN;
RN () ok ; ok

e(t) =

n+1

Z hiNix (Z?:ll hiNi,k) :

HonctapuM t = 0mt = n — k + 2;

P{O) = (k= 1)2(Bs - B),
Pn—k+2) = (k—1) ":l (Bas1 - B),

(5-126)

(5-127)

(5-128)

T.e. HAKJIOH KPHBOH B KOHI[AX COBIIaJA€T ¢ HAKJIOHOM IMEPBOrO M MOCIEIHEro pedep

MHOT'OYT'OJIbHHKA, COOTBETCTBEHHO.

AHaOrHYHO PaCCYMTHIBAIOTCA MTPOM3BOIHBIE 60JIee BLICOKOIO MOPAAKA (CM. 334a4H

5-35 u 5-36).
PaccMoTpuM mpocToii IpuMep.

IIpumep 5-21 IIpomsBogHBIE OTKPBITHIX PAAOHANLHBIX CILIAHOB

IIycTh mam ompenensromuii MEOTOYTONBHUK W3 NMPpUMepa 5-16 ¢ BepmMHAMU
Byl 1], B:[2 3], B3s[4 3], B4[3 1]. Haliti nepByio NIpOM3BOIHYIO palUOHATb-
Horo B-cruraiina sroporo nopazka (k= 2)c [H]=[1 1/2 1 1].

VYanoso#t Bektop [X]=[0 0 1 2 3 3]. [lapamerp usmenserca B guana-
soHe 0 <t < 3. U3 ypaeHeHus (5-125) mepsas MpOH3BOAHAS

P'(t) = B1R) 5(t) + B2 Ry 5(t) + B3R 5(t) + BaRl 5(t)

U3 ypasHeHmi (5-12) u (5-16) nomydaem HeparmoHAJIbHBIE GasucHBIE GYHKIm
M ¥X NIPOM3BOJHBIE:

0<t<1
Niz()=1—t; Npa(t)=¢; Nia(t)=0, i#1,2
Nio(t) = -1; Nyp(t)=1; Nip(t)=0, i#1,2

Hcnons3ys ypasHenue (5-126), Haitiem panuoHaILHEIE 6a3uc ¥ ero nNpoM3BOIHbIe

n+1l n+1

ZhN.z—— ZhN,z_——

i=1 i=1

/ _ 2 (-1) -2
Raw= 5 {-0-0-052y - 57

ma0=(3) () {1625} = 2w

R:',2(t) = 01 4 # 11 2

Hrax

P'(t) = (B2 — B1)

@-0? t)2
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OtmeTuM, 4yTo B OT/IMIHME OT HepanuoHalIbHOro B-ciutaiina U3 nmpmmepa 5-16, npu
COXpaHeHHH HakKJI0Ha paBHBIM HakKJIOHy mepsBoro pebpa 3HaxieHWe IpOM3BOAHOMN
Tenepb M3MeHseTcsa BAOAL Kpusoii. IIpu ¢ = 0, T.e. B Hadasne xpuBoit

P/(6)= 3(B2 - B)

BeJIMYMHa IPOU3BOAHON B JBa pa3a MEHbIIE, 9YeM Y HepanHoHaJ LHOrO B-ciutaiina
U3 npHMepa 5-16.
Ha unrepsaye
1<t<2
Naa(t)=2—t; Ni2(t)=t—-1; Ni2(t)=0, i#23
Np2() ==1; Na2(t)=1; Nip(t)=0, i#23

3aech
= -y
;hiNz,Z = 5, 2 hi 62 = 5’
0= (2) () -0 ()} -3
0-Ho-en (1)) -3
Ri,t)=0, i#23
Hrak

P'(t) = 5(Bs - By)

Ha unrepsane
2<t<3
N3z(t) =3-1t Ns2(t)=t-2; Niz2(t)=0, i#3,4
N3z2(t)=—1 Niz(t)=1; Ni2(t)=0, i#3,4

Iipu arom
n+l n+1
D RiNia=1; Y hilNip=0;
i=1 i=1
Ryo(t) = N3a(t) = —1; Ri(t) = Nio2(t) =1;
Ri,(t)=0, i#3,4
To ecth

P’(t) = B4 —_ B3

Ilpu t = (3 ~ €), € = 0, moy4aeM TOT ke pe3y/IbTaT, 4YTO M IpH ¢ = 3.
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Kak yxe oTMedasioch, ¢ HOMOUIBIO PAITMOHANBHEIX B-claiiHOB MOXKHO IpexacTa-
BUTb BCe KOHHYecKue cedenusi. KpoMe TOro, 3To e IMHCTBEHHOE MATEMATHYECKOE OITUCa-
HUe, CIocobHOe 3a8aTh IPOU3BOIbHYI0 KPUBYIO, COCTOSIIYIO M3 KOHMYECKHX CEUeHHH.
KoHuYeCcKMM CeYeHHMSM COOTBETCTBYIOT KBaJpATHYHbIC ypaBHEHMs, I03TOMY YI06HO
CHA4YaJa PacCMOTPETh KBaAPATHYHBINA parmuoHanbHeN B-cmiaiin (kK = 3), 3agaHHBIH
tpems BepumHamu (n + 1 = 3) ¢ y3noBeM BekropoM [X]=[0 0 1 1 1]

_ thl’g(t)Bl + h2N2’3 (t)Bz + h3N3’3(t)Bg
hiN13(t) + haNa3(t) + hs N3 3(t) ’

P(2) (5-129)
yTo (baKTHUYECKH HpejcTaBiser coboil paruoHanbHYI0 KpuByi0 Besbe Tperbero mo-
panka (cM. puc. 5-67). Ilpeamonoxum, uro hy = hy = 1. Torga ypasuerue (5-129)
OPHHUMAET BHJ

_ N1 3(t)By + haNa 3(t)Bs + N3 3(t)Bs

P(t) ]\[1’3 (t) + h2N273(t) + N3,3 (t)

(5-130)

Ilpu hy = 0 Touku By u B; coenuneHb! npsaMoit muuueit. Ilpu hy — 0o nosropsierca
KOHTYD ONpeAeNsouero MHoroyronbauka. Ecimm he = 0 u ¢t = 1/2, nocruraerca ce-
penmHHAS To4YKa oTpe3ka B; B, obo3HayeHHas wa puc. 5-67 6yksoit M. AHanoruano
npu he — 00, t = 1/2, gocturaercst Touka Bs. Inst 0 < he < oo Touka S, cooTBer-
CTBYyIOIas Todke KpuBoi P(t) npu ¢t = 1/2, newxerca mo MpsiMoll IMHEMK MeXTy M
u B;. S HasbiBaeTCs IJIeYeBOM TOUYKOM. 3HaueHue ho OMpeJessieT THUI KOHHYeCKOTo
ceuenua. B pabote [5-43] mokazano, 9YTO pe3ynLTAT MpH

he = 0 — mpsamas nuHMA,

0 < h < 1—3nauNTHYECKHUIT CETMEHT,
he = 1 —napabonuueckuit cerMeHT,
h2 > 1 — runep6onuveckuii cerMeHT.

Bocnonpayemcs ypaprennem (5-84) u noxgcrasum t = 1/2 B ypasrernue (5-130):

P(t) _ (]. - t)2B1 + 2h2t(1 - t)Bz + t2B3
h (1—1)2 + 2hot(1 —t) + #2

Ilpu ¢t = 1/2, P(t) = S, 4ro paer

1 B, +Bs he M ha
= B, = ———
T+h 2 T4k 2 14k 14k

s B;. (5-131)

3anmumeM nmapaMeTpuyecKoe ypaBHeHHe NMpsAMoi Mexay M u B
S8=(1-3M + sB,, (5-132)

rae s—mnapamerp. IlpupasruBas kosddunments ypasnenus (5-131) u (5-132), no-
nIydaeM

o hy= = . (5-133)
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Puc. 5-67 Konmueckue ceueHus, 3aJaHHbIE PalMOHAJLHBIMH B-clutafinaMi (KPHBBHIMH
Besbe); (a) mpaMas ymuus, he = 0; (b) smmimc, he = 0.25; (c) napabona, he = 1; (d) runep-
6ona, he = 3.

ITapameTp s onpenensier ¢pOpMy KPUBOI M THII KOHHYECKOTO CeYeHHUsI, T. €. 3To YA0DHoe
CPEACTBO Pa3paboOTKH.

Tak KaK OKPY>KHOCTb SBJISIETCSI YACTHBIM CJIy4YaeM 3JUIMIICA, MOXHO IOao6paTh
Takoe 3HaueHHue hg, 4T0 ypaBHeHue (5-130) 6yneT ypaBHeHHeM Ayr'H OKPY>XHOCTH. M3-
3a cummerpuu B, By u B3 ansi qyru oKpy>XHOCTH (pOPMHUDPYIOT paBHOGEIDEHHBIH
TPEYroNbHUK, KaK MoKa3aHo Ha puc. 5-68. Tpebyemoe 3nauenue hy, onpenensercsa u3
puc. 5-68.

Tpeyronvauk By By By paBHOGEIPEHHEIH, TOITOMY S — MAKCUMyM KPHBOH M Kaca-
TelbHaA B TOYke S mapaJiyiesbHa JuHaud By Bj. Tpeyronvauk B;qS Takxe paBHOGe-
[IpeHHbIH ¢ paBHEbIMM yriaamu £SBiq u £B1Sq y ocHoBanusA, 0603HaUeHHLIMH §/2 Ha
puc. 5-68. I3 napannensHOCTH KacatenbHoi S suauu By Bs cienyer, uto yribl £g.SB,
4 £SByM pasnbl Ilostomy yron ZSByM = e/2 paBeH NOJIOBUHE yIyia Yy OCHOBaHHSA
Tpeyronbauka By, By u Bj.

Orcrona u u3 ypasrenus (5-133) momyuaem

M-85 etg (%)

ha = S—B; fsinf-etg(f)

HNoacraBnas toxaecrso (8/2) = sinf/(1 + cosf), monyuaem

esinf
hy 14-cos _ € _ ¢ = cos @ (5—134)

fsing — ﬁi’éfa f(l+cos)—e  f
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B,

0

Puc. 5-68 dyra oxpy>xHOCTH, TOCTPOEHHAA KaK PaIfMOHAJBHBIN B-Crutaia.

Bg

7N
Nl

Bl,'B7 ’ By, B,
(a) (b)

Bs

Puc. 5-69 Paimonansusie B-counadtasl — oxpyxnocTn. (a) Tpu cermerra mo 120°; (b) wers-
pe cermenTa no 90°.
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Puc. 5-70 Conpsixenne pauOHaJbHBIX B-CruraiiHos.

Jlyra NoKpPLIBAaET 4aCTh OKPYKHOCTH I yABOeHHOro yria 8. s gyru 120° yron
0 =60° u hy = 1/2. dns maHHOrO CIydas pajilyc OKDY>KHOCTH paBeH 2(S — M).

IlonuHasi OKpPY>XHOCTH MOJY4aeTCsi COSJMHEHHEM HEeCKONbKMX CerMeHToB. B wact-
HOCTH, OKPYKHOCTb MOXXHO COCTABHTh M3 TpPE€X CErMEHTOB DAIlMOHAJIBLHOIO KBaJpa-
THYHOTO B-cnnafina, xaxawii u3 KoTopbx nokpeisaer 120°. Oupenensiomue TOYKH
COCTABJIAIOT PABHOCTOPOHHHI TPEYrONIbHMK, KaK IOKA3aHO Ha puc. H-69a. Hepapno-
MEDHBIH Y3JIOBOM BEKTOD M BEKTOP OJHOPOIHBIX KOODIHMHAT:

[X]=0 0 0112 2 3 3 3

[H]=[1 1/2 1 1/2 1 1/2 1]
AnanoruyHo, NONHAS OKPY>KHOCTb TaK>Ke 33JaeTCA YETHIPhMSA PAIMOHAJIbHBIMH KBa-
JApaTHYHBIMHU CerMeHTaMHu B-ciaiina, xaxxaprit mo 90°, rae onpejensomye BepIIMHEI

COCTABJIAIOT KBaApaT, puc. 5-69b. HepaBHoMmepHBIit y3710B0# BEKTOD M BEKTOD OIHO-
POJHBIX KOODJMHAT:

[X]=[0 0 0 1 1 2 2 3 3 4 4 4]
[H]=[1 v2/2 1 v2/2 1 v2/2 1 v2/2 1].

PaccMOTpMM mpHMep HOCTPOEHHST KOHHYECKMX CeYeHMH ¢ momompio B-cinadina u
o6beJMHEHUST UX B IPOU3BOJIbHBIE KPHUBBIE.
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IIpumep 5-22 KonHndecKMe cedeHHs, HCHOJb3YyONUe PalHOHATbHbIE
B-cruiaitasr

ITocTpOUTH €JUHCTBEHHBIH palfMOHANBLHBIN B-clutaiin TpeTsero nopsagka, co-
nparaomuit 90° Ayry OKpy»HOCTH, 3aJaHHYI0 KBaJPaTHIHBEIM DalfMOHAJBHBIM
B-cunaiieoM ¢ onpegensmomumH pepmmmamy Bi[0 0], B2[0 2], B3[2 2] c xBa-
JpaTHYecKHdM PalMOHAIbHBIM B-CIUTa#HOM TpeTsero Nopsiika, 3aJaHHbIM TOIKA-
mu Ba[2 2], Ba4 2], Bs[6 3], Bs[7 5]chi=14<i<T.

90° ayra OKDYXHOCTH HMMmeer y3mo0Bo# Bexktop [0 0 0 1 1 1] u Bex-
TOp ONHOpOXHBIX Koopauuar [1 +/2/2 1]. CooTBercTBeHHbIE BEKTOPHI PAIMO-
HaJIbHOTO B-critaiisa, samanHoro Toukamu B3BsBsBg:[0 0 0 1 2 2 2]u
111 1]
[ HepasHomeprr1it yanosoil BekTop kombrrmposanaoi mpamoi: [X] =[0 0 0 1
1 2 3 3 3]; BexTop o/HOpomHEIX KoopAHHaT: [1 v/2/2 1 1 1 1]. Pe-
3ysbTaT M306pakeH Ha pHc. 5-70.
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I'maBa 6

I1IOBEPXHOCTHA

6-1 BBEJEHUE

IToBEPXHOCTH U MX OIMCAHME UIDAIOT BAXKHYIO POJIb B KOHCTPYHPOBAHUM M IIPOM3BOJI-
crpe. O4YeBHIHBIME [IPUMEDPAMH 3TOrO SBJSIOTCH PaspaboTKa M MPOU3BOACTBO ABTO-
MOOMJILHBIX KY30BOB, KOPabe/IbHBIX KOPILYCOB, ABHAITMOHHBIX (PIO3EJIsKEl ¥ KPBLIbEB;
IPOIIeNIJIEPOB, TYPOUH, KOMIPECCOPOB U JIONACTEH BEHTHJISITOPOB; MOCYABI, Mebenu u
06yBu. B sToM ciydae CyUIHOCTH KOHCTPYMPOBAHHUA U0 10 BYHKIMOHAIBLHBIM, JIHOO
0 3CTETHYECKUM NPHUUHAM COCTaBJsieT ¢opMa uim reomerpust nosepxuocr. Onuca-
HHe MOBEPXHOCTH TAK>KEe UIPAET BasKHYIO POJIb B IPEJCTABJIEHUH JAHHBIX, 10Ty Y€ HHBIX
B MEJHUIHHE, Te0JIOTUH, PHU3UKE U JPYIUX €CTECTBEHHBIX HAYKAX.

TpaIuMOHHBIM CHOCOBOM MPECTABJIEHUs IOBEPXHOCTH SIBJAETCS HCIOIL30BAHHE
HECKOJILKMX OpTOrOHaJbHBIX npoekiuii. [To cymecTsy, IoBEPXHOCTD 3a4aeTCsA CeTKOH
OPTOTOHAJBHBIX IJIOCKMX KPUBBIX, JIEKAIIMX Ha CEKYUIMX IUIOCKOCTAX, H HECKOJIbLKH-
MH ODPTOTOHAJILHBIMHM NPOEKIUAMH OINpPEJENIEHHBIX «XapaKTePHLIX» MPOCTPAHCTBEH-
HbIX JUHHH (cM. puC. 5-1). ITH KpuBbIE NMEPBOHAYAILHO MOTYT OBITH CO3JAHBI HA
6ymare mubo ke B3ATH (OIM(POBAHEI) U3 TPEXMEPHOH MOIENM, HATIDUMED B ABTO-
MOOMJILHON NPOMBIIUIEHHOCTH IU3afHEpAMH TPAJUIMOHHO HCIOJIb3YETCs TIIMHIHAS
MOJIEIb.

B MamuHHO# rpaduke 1 aBTOMATH3UPOBAHHOM IIPOEKTHPOBAHMH BBHIFOLHO Pa3pa-
6aThIBATH «HACTOSIIYIO» TPEXMEPHYIO MATEMATHYECKYIO MOJeNIb oBepxHoCcTH. Takas
MOJEJb TIO3BOJIAET HA PAHHMX CTAJUSX M OTHOCHTENLHO JIETKO IPOBECTH AHAIM3 Xa-
DPAKTEPUCTHK [IOBEPXHOCTH, HAIPHMED KPHBH3HBI, WM (DU3MUECKUX KONHYECTBEHHBIX
XapaKTePUCTHK, 3aBUCSALIMX OT IOBEPXHOCTH, HAIPUMED oObeMa, [IOLIaIH TIOBEPXHO-
CTH, MOMEHTA MHEDIMH H T.J. YIPOLIAeTCsA BU3yatu3anus nosepxHoctu (cM. [6-1]),
OpUMeHAeMas 1A pa3pabOTKH WM KOHTPOJA 3a XojoM paspaborku. Jlasee, no cpas-
HEHHIO C TPAJULIHOHHBIM METOJIOM, HCIOJIb3YIOIIMM CETKY JIMHHIA, TAKXKe CYIIECTBEHHO
YUPOUIAETCs TeHepalysi HeoOXOmuMOH 1A M3COTOBJIEHHS] [IOBEPXHOCTH MHGOPMAIHH,
HAIPUMED YIPABJSIOIIXAX IPOrPAMM JJIsI CTAHKA ¢ YUCJIOBBIM POIPAMMHBIM YIDaBIIe-
HueM. B pannux paborax Besbe [6-2], Cabuna [6-3], Ilerepca [6-4] 1 ApyrHX aBTOpPOB
IPOJEMOHCTPHPOBAaHA OCYIIECTBUMOCTD 3TOrO Moaxona. Pa3paboTaHHbIe B MOCIENHES
BPEM S METO/IbI ONIMCAHUSA IOBEPXHOCTEH JOCTHUIJIM TAKOH CTAIUM PA3BUTHS, ITO MIO3BO-
JISIIOT «[OYTH» UCKJIIOYMTh TPAIUIHOHHOE ONMCAHME [MOBEPXHOCTH C NOMOUILIO CETKH
JIMHUH.
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CyIeCTBYIOT [iB€ OCHOBHbIE HJIEH, JIEKAIME B OCHOBE METOJIOB ONMCAHHS IOBEPX-
HocTeil. B nepsoit, cBasanoit B ocHoBHOM ¢ uMeneM KyHca, MaTeMaTH4ecKyo noBepx-
HOCTb CTAPAIOTCS CO3JATH N0 3apaHee W3BECTHBIM JaHHBIM. Bo BTOpO#, cBA3aHHOM
B OCHOBHOM C MMeHeM Be3sbe, MaTeMaTH4eCKyIO IOBEPXHOCTh CTApaloTCA Co3Aarh ab
initio (c camoro mauaiia). B mepBoe BpeMs OTPACH, CBA3AHHbIE C YHCJIOBBIMH Ma-
pAMETPAMH, HAIPUMEP KOHCTPYHPOBAHHE, TATOTENM K NePBOMY MOAXOAY, TOTAA KaK
OTPACJIH, YYHTHIBAIOIIME BU3YabHbIE, OCA3ATENbHbIE MIIM ICTETHYECKHe (DAKTOPBI,
HAIIpUMeEp IH3aifHephl M XYJOXHHMKH, TACOTEIH Ko Bropomy. Ilocrenuue paborsr Po-
mxepca ([6-5] — [6-7]) 06 MHTepaKTHBHBIX CHCTEMaX pa3paboTKH KOpIyCOB Kopabieit u
Kosna ([6-8]) o paspaborke mOBEpXHOCTeH NOKA3AJH, YTO ITH HBA MOIXOA3 COBME-
CTHMMBL

B crenyommx pa3/ienax mpejCcTaBJeHbl OCHOBbI MATEMATHYECKOTO ONMCAHUs Ma-
PAMeTPHYECKHX MOBEPXHOCTEH, HCIOMb3yeMbIX B MAIIMHHOM rpaduke H aBTOMATHU3H-
POBAHHOM NPOEKTHDPOBAHUH.

6-2 IIOBEPXHOCTU BPALIEHUSA

B03MOXHO CaMbIM IPOCTBHIM CIIOCODOM CO3JAHUS TPEXMEDPHOM OBEPXHOCTH SABJISETCH
BpAILIEHHE JABYMEPHOTO 06'bEKTA, HAIPUMED IIPAMOIL MIIH IJIOCKO# KPUBOH BOKPYT OCH B
npocrpancTie. Takue NOBEPXHOCTH HA3bIBAIOTCS IOBEPXHOCTMM Bpamenusa. CHavama
ZJIsI IPOCTOTHI IPENIOIOXKHUM, YTO OCh BPAILEHUA COBIAJAET C OCLIO T U TOJIOXKHUTEIb-
HO HanpapiieHa. IIpeanonoXuM TakKe, 4TO OOBEKTHI BPALUECHUSI — OTPE30K, NpPAMAs
MM TJIOCKAsA KPHUBAas — JIeaT Ha IJIOcKocTH zy. Ilo3gHee MBI paccMOTpHUM MeTOZ,
TO3BONAOIIMN H3GABUTHCA OT STHX OrPAHMYEHHIL.

CaMbrit 1pOCcTOH 06BEKT, KOTOPBIA MOXKHO BPAIATh BOKPYT OCH, — 3TO ToUKA. [Ipu
YCJIOBMH 4TO TOYKA HE JIEXXHT Ha OCH, BpaueHHe Ha yroi 27 (360°) nopomuT oKpyxk-
HOCcTb. IloBOpOT Ha MeHBIIHH yron JacT AYrY OKPYKHOCTH.

Crnenyommm 1o cIoXHOCTH ABJIAETCMS OTPE30K, NAPAJIJIEIbHBI, HO HE COBIAIAI0-
mai ¢ ocbio Bpauenusi. Bpamenue Ha yron 2m (360°) nopoaur B 5ToM ciry4ae Kpyrosoi
mWMHEAp. PaguycoM 3Toro UuMRApa ANsETCs IJIMHA [epIEHIUKYJIApa, ONYILEHHOIO
C OTpe3Ka Ha OChb BpalleHuda. [lnuHa IUINHApA paBHA JJIMHE OTpe3ka. lIpumep u30-
6paxken Ha puc. 6-1.

Ecsu oTpe3sok u och BpalleHus KOMIJIAHADHEBL M OTPE30K HE MapajijieIeH OCH Bpa-
IIEHUA, TO B pe3yJbTaTe BPALIEHUA BOKPYT OCH Ha yrom 27 (360°) mbr DonydyuM yce-
YeHHbIH KPYroBoi konyc. Pamuychl ocHOBaHMIt yceyeHHOro KOHyCa — AJIMHBI [EpIeH-
JUKYJISIPOB, ONYILEHHbIX C KOHIIOB OTPE3KA Ha OCh BpamieHus. BbicoTa KOHYyca — 3TO
IJIMHA CIPOENMPOBAHHOIO Ha OCh BpallleHus oTpe3ka. [Ipumep uzobpaxker Ha puc. 6-2.

W cHOBa, eciit OTPE30K M OCh BPAIUECHMsS KOMIUIAHADHBI H OTpPE30K HEPIEeHIHKY-
JIAIPEH OCH BPAILIEHHs, TO B PE3yJbTaTe BpameHuA Ha yroa 2w (360°) Mbl noxydum
wiockuit guck. Ecam oTpesok mepecekaeT (MM KACAaeTCs1) OCh BPAIICHUSA, TO MOJY-
YUTCS COJIOITHOH IHCK, B IPOTHBHOM CIIy4ae AUCK OyJeT MMETh KPYTJIOe OTBEPCTHE.
IIpumepsr u3o6pakensl Ha puc. 6-3.

u HaKOHEL|, €CJIM OTPE30K HAKJIOHEH K OCH BpAIlIeHHdA, T.€. HEKOMIIJIaHapeH, TO

BpauieHue Ha yron 2w (360°) mopomuT omHomosiocTHEI runepGonons (CM. pasf. 6-4
u 6-7).
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®)

(a)

Puc. 6-1 IIumunapudeckas nosepxuocTs Bpamenus. (a) Cxema nocrpoenns; (b) pesynsTar.

®)

Puc. 6-2 Komraeckas [oBepxHOCTh Bpamenus. (a) Cxema nmocrpoenuss; (b) pesymerar.

(a)

»

(a)

Puc. 6-3 lnck B Kauecrse nosepxHocrn spamenus. (a) Cxema nocrpoenuss; (b) pesyasTar.
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(@) )]

Puc. 6-4 IloBepxHOoCTh BpameHHs #3 3aMKHyTOR somaHoit. (a) Cxema MOCTpOeHMS,
(b) pesymsrar.

P(r) = [x(r) y(1)]

Z

Puc. 6-5 Bunapamerpudeckas I0BEPXHOCTh BPaIIEHHA.

Ansa co3galusa MoBepXHOCTel BPAIEHHA MOTYT OBbITh TAKXKe HCIOJb30BAaHbI 3aMK-
HyThle H He3aMKHyThIe JoMaHble. Ha puc. 6-4 nmpeacrasnieH KOHYyC € ITUIKHADHYECKUM
OTBEPCTHEM. - .

ITapamerpudeckoe ypaBHeHHE TOYKH Ha MOBEPXHOCTH BPAIEHUSA MOXKHO MONY4HTh,
€CJIM BCIIOMHHUTD, YTO NapaMeTPu4YecKoe ypapHeHue BpaliaeMoro o0beKTa, HampuMep

P(t)=[z(t) y(&) 2()] 0<¢< tmax,

ecTb GyHKuMs onHOro napaMerpa t. BpaleHune BOKPYT OCH IIPHBOIAT K TOMY, YTO KO-
OPIHMHATBI 3aBUCAT TaKXKe OT yIJia NMoBopora. Takum ofpasoM, To4ka Ha NOBepXHOCTH
BpallleHus onpeaensercs apymsa napamerpamu t u ¢. Kak mokazano Ha puc. 6-5, sto
6unapaMerpudeckas YHKIMA.
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Jlns paccMarpuBaeMOro 4acTHOTO CIIy4as, T.e. BpPallleHus BOKPYT OCH T 00beKra,
PACIIONOXKEHHOrO B INIOCKOCTH Ty, YPABHEHHE TIOBEDPXHOCTH 3alMCLIBACTCA

Qt,¢) = [z(t) y(t)cos¢ y(t)sing| (6-1)

3aMeTHM, 4TO 3JECh KOODJAUHATA T He MeHsercsd. B KadeCTBe MIUTIOCTDALMH IIpH-
BeJleM IpHMED.

IIpumep 6-1 IIpocras NOBEpXHOCTH BpPAINEHHN

Paccmorpsm orpesok ¢ xommamu Pi[l 1 0] # Pp[6 2 0], nexxamuit B
IJIOCKOCTH =Y. BpameHue oTpe3ka BOKPYI OCH  MOPOJMT KOHMYECKYIO IOBEPX-
HocTh. OnpenenuM Ha MOBEPXHOCTH KOOPIHHATHI TOYKHM C mapaMerpamH t = 0.5,

6 = /3 (60°).

ITapaMeTpHueckoe ypaBHEHHE 0Tpe3ka, coequHsaiomero Pi u Pz, umeer Bug
Pt)=[z(t) y(t) z@t)]=P+(P—P)t 0<t<1
C JeKaPTOBBIMH KOODOUHATAMH
z({t)=z1+ (z2 —z1)t =1+ 5¢,
y) =y + (2 —y1)t =1+¢,
zZ(t) =21+ (22 — 21)t = 0.
Hcnioms3ysa ypasrenue (6-1), momy<smm touxy @(1/2,7/3) Ha moBepXHOCTH Bpa~

meHus

Q1/2,n/3)=[1+5t (1+t)cos¢ (1+¢t)sing]

[E 3n(®) 3]
=[Z 3 3v3

5 1 4 ]:[3.5 0.75 1.3].

BpaiieHue II0CKUX KPHUBBIX TaKXKe IOPOXKIaeT NMOBEPXHOCTH BpameHus. Kak no-
Ka3aHo Ha puc. 6-6a, cdepa nony4aerca B pe3yJbTaTe BpalleHHs BOKPYT OCH T PacIo-
JIOXKEHHOM B MJIOCKOCTH Ty NMOJYOKPYKHOCTH, HEHTPUPOBAHHOM OTHOCHTENILHO Hadasa
KoopAuHat. BcnoMHUB mapaMeTpHyeckoe ypaBHEHHE OKPYXKHOCTH (cM. pasz. 4-5)

z =rcosd 0<9<mw (4-4)

y=rsind
HOJIy4uM IapaMeTpH4eckKoe ypaBHeHue cepsl
Q(0,4) = [z(0) y(0)cos¢ y(6)sing]

=[rcosf rsinfcos¢ 7sindsing] 0<6<m,
0<¢<2m (6-2)

1 3ameTnM, uTo Q(t, ¢) sBAsieTa BekTOp-PyHKIHMEH, T.e. B BEKTOpHOH (opme
Q(t, ¢) = z()i + y(t) cos ¢j + y(t) sin Pk,

rae i, j, k — €AWHHYHEIC BEKTOPHI B Z, Y, 7 HAIPABJIEHKAX, COOTBETCTBEHHO.
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(@ (b

Puc. 6-6 Ilosepxuoctd spamenns. (a) Cdepa; (b) avummcona.

Eciiz BMECTO OKPYKHOCTH MMOACTABUTH NTapaMeTPH4eCKOe ypaBHEHHE IIEHTPHPOBAHHO-
'O TOJIY3JITHIICA, PACTIONIOKEHHOTO B IIJIOCKOCTH TY, TOMYYHTCS 3JJTHIICOMT BPAIICHHUA.
Hanomuus napaMerpuyeckoe ypaBHeHue momyasmnumnca (cMm. pasn. 4-6)

z =acosf 0<0<7 (4-6)
y = bsin8

HONyYuM JJis Ji060it TOYKH JUIHIICOMAA CIeAYIomee IapaMeTpHiecKoe ypaBHEHUe:

Q(6,¢) = [acosf bsinfcos¢ bsinbsing] 0<0<m,
0< ¢ < 2m. (6-3)

Ilpu a = b = r ypasuenue (6-3) npespamjaerca B ypaBHenue (6-2) pya cdepsi.
DIMnCcona BpameHds NOKa3aH Ha puc. 6-6b.

Ecmu och BpallieHus He NMPOXOAUT 4Ye€pe3 LEHTP OKPYKHOCTH HJIM JUIKICA, TO B
pe3ynbTaTe BpallleHus MOy 49aeTCH TOp ¢ CEYEHHEM B BHJE OKPYKHOCTH HJIM JILIMIICA,
coorBercTBeHHo. Ilapamerpuyeckoe ypaBHeHHE /IJIMIICA HA IJIOCKOCTH Tl C LEHTPOM,
HE COBIAJAIONMM C HA4ajloM KOODIMHAT, BHILJIAIUT TaK

z=h+acosd 0<0<2m,
y =k +bsind,

rae (h, k) —3T0 T, ¥y — KOOpIHUHATEI IIEHTpAa 3JIJIMIICA, TOIJa INapaMeTpu4ecKoe ypaBb-
HeHHe 1A y1060#f TOYKM TOpa MMEET BHA;

Q(8,¢) = [h+acosd (k+bsinf)cos¢ (k+bsinb)sing], (6-4)

rne 0 < 0 < 27,0 < ¢ < 2r. Ecmm @ = b = 7, 1o ypasHenue (6-4) 3agaer Top ¢
C€4€HueM B BHJE OKpY>KHoCTH. Ecsin @ # b, TO moJy4HuTCca TOp C CE€YEHMEM B BHJE
sanmunca. Ha puc. 6-7 npencrasnensr o6a Tuna TOPOB.
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(@ ®)

Puc. 6-7 Topht. (a) C ceuenrem B BRIAE OKPYIKHOCTH; (b) ¢ CEUEHMEM B BHE SJLIMIICA.

ITapaGononn BpalieHHsA NMONY4IaeTcs NMpPU BPAIEHAM NaPaMETPHIECKOH Napaboiibl
(cMm. pa3gm. 4-7)
z = ab? 0 <0 < Onax (4-9)
y = 2a8
BOKDYT ocu . IlapaMerpuyeckas NOBEPXHOCTD 3a0aeTC yPaBHEHHEM

Q0,¢) = [a6? 2afcos¢ 2absin ¢] 0 < 0 < Opay,
0< ¢ < 2. (6-5)

I'unep6onoun BpaimeHus NOIyYaeTCs P BPAINEHUH IapAMETPUIECKOi TUNepOOoIbI

x =asecd 0 <0 < Onax (4-14)
y="btgd

BOKpYT ocu z. IlapaMerpuyeckas NOBEPXHOCTD 33Ja€TCSl ypaBHEHHEM

Q(6,4) = [asecd btghcosd btglsing], 0 <0 < bax,
0<¢<2m (6-6)

IIpumepb! nokazanbr Ha puc. 6-8.

Jns co3maHus MOBEPXHOCTH BPAIIEHHS MOXKHO HCIONIB30BaTh JI00YI0 NapaMeTpH-
9ECKYI0 KPHBY10, HapuMmep KyOH4ecKuil CIuiaitH, napabonuueckuit crnaiil, KpHBYIO
Beswve u B-cnnaitn. Ha puc. 6-9 n3o6pakeHa NOBEPXHOCTh BPAIUGHHSA, CO3TaHHAA U3
OTHOCHTEJILHO IpocToro mapabonuyeckoro ciaiiHa. Ha puc. 6-10 mso6paxen 6okad,
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D
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Puc. 6-8 IloBepxuoctd Bpamenus. (a) ITapaGomony; (b) rumepbomomns.

(a) b

Puc. 6-9 IloBepxuoCcTh BpameHns U3 mapabommaecKd HETepno/MpoBanHo kpusoi. (a) Co3-
JaHwre KPHBo#; (b) mMoBepXHOCTS.

CO3IAHHBIH KaK NOBEPXHOCTb BPAILEHHS C MOMOIIbLIO He3aMKHyToro B-crafina. 3a-
METHM, 4TO GOKAJ MMeeT KAaK BHyTDEHHIOIO, TAK M BHEINHIOI CTOPOHBHI. Bpamienue
IPOM3BOTUTCA OTHOCHTENBLHO OcH y'.

1 Meroz, rcnonb3oBaHHEBIHN npu co3gaHun B-cnnattsa gnsa Gokana ma puc. 6-10, moxker npencra-
BJISTh ONpejiesieHHb# MHTepec. CHavasna Habpocok Gogana Gour CHenaH HA MHJUIKMETpPOBKe. 3aTeM
TPHAIATH YeThIpe TOYKK C 3TOTO PUCYHKA OnuiM omm¢dposann. C NOMOMEBIO OMHCAHHOTO B pa3f. 5-11
KTepannoHHoro hpolecca Gnul nomyden ucxomuwi B-conatin (k = 4, n + 1 = 21). Ioce sToro ans
OKOHYATe/NbHOK pa3spaboTKu B MHTEPAKTHBHYIO cucremy (cM. [6-7]) 6buin mepenansr onpefessiomue
TOYKK KpHBOHK. Jlnsa u3obpakeHHON MOBEPXHOCTH Bpamenus Onui MCHonb3oBaH B-cnnaltH, momy4deH-
Huilt M3 OKOH4aTeabHEX 25 pepmun. Onpejensiomue Touxy xpusoik: [0, 0.684], [0.302 0.684], [0.302
0.684], [1.598 —0.288], [1.088 0.405], [0.374 0.773], [0.848 0.993], [1.232 1.446], [1.451 1.875], [1.502
2.631], [1.448 3.308], [1.226 4.076], [1.397 4.449], [1.398 4.592], [1.268 4.572], [1.241 4.485], [1.109 4.170],
[1.21? 3.669), [1.313 2.889), [1.310 2.280], [1.172 1.575], [0.629 1.119], [0.281 0.882], [0.278 0.891], [0
0.897].
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(@) ®

(©)

Puc. 6-10 B-ciwiaiiH moBepxHoCTh BpameHMs. (¢) Bepuumer nmomamoit; (b) B-crutaith;
(¢) moBepxHOCTB.

Hanomuum, 410 B MaTpu4HOil popMe napamMeTpHYecKas MPOCTPAHCTBEHHAS KPH-
Bas (cM. ypaBHenus (5-27), (5-44), (5-67) u (5-94)) 3anaerca cienyromum 06pasom:

P(t) = [T]IN](G],
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rae [T], [N] u [G] — coorBeTcTBEHHO MaTpHIa ApaMerpoB, MATPHIAa (QyHKIuH cMe-
[MXBAHHA ¥ FeOMETpHYecKas Marpuua. Takum obpasoM, B obmei dopme MaTpudHOe
ypaBHEHHE IIOBEPXHOCTH BpAIeHHsA 3aIUCHIBAETCA B BHJE:

Q(t, ¢) = [T][N][G][S], (6-7)

rze [S] npencrasnsier BKIaj BpAIeHHs BOKPYT OCH Ha yroa ¢. [lna 4acTHOro ciydas
BpAIUEHHs] BOKPYT OCH I MMEEM:

1 0 0 O
_ |0 cos¢ sing O 3
[S] - 0 0 0 0 (6 8)
0 0 0 1

ST METOAE! WTIOCTPUPYIOTCA B CIELYIOMIEM IPUMEpE.

Ilpumep 6-2 IloBepxHOCTH BpallleHus, co3/JaHHad 1o HapabGommaecKoit
KpHBOM

PaccMoTprM mapabosmryeckylo KpHBylo, 3alamHylo ToukamH Pi[0 1 0],
P2 3 0],Ps4 1 0], 45 2 0]. Byaem Bpamarts 3Ty KpHBYIO BOKPYT OCH
Z Ha yron 27, 4TobHl MOy IUTh [I0BEPXHOCTH Bpamenus. HaiineM Ha MOBepXHOCTH
TOYKy ¢ mapaMerpamu ¢ = 0.5, ¢ = «/3 (60°).

N3 ypasuenuit (6-7) u (6-8) monyamm mapamerpruecKoe ypaBHEHWE ITOBEPX-
HOCTH BPAIEHHs

Q(t, ¢) = [T][A][G]S],
rze [S], [T], [A] ¥ G] sagatorcs ypasuenuamu (5-44), (5-52) u (5-53) coorset-
CTBEHHO.
Konkpersee,
-1 3 -3 1 01 01
(N s e 2 -5 4 -1[]2 3 01
Q(t,¢)—(2)[t ¢t 10| ] 5 1 o 410 1]|%
0 2 0 0 5 2 0 1
1 0 0 0
< 0 cos¢ sing 0
0 0 0 0
0 0 0 1
(—1 7 0 17 (1 0 0 0
(1 s . 1 -11 0 1|0 cosg sing 0
Q(W)—(z)[t © Al 4y 9 o 1|lo o o o
[ 4 6 o0 1]lo o 0 1
Hnst =05u¢ = n/3 (60°)
(—1 7 0 17 (1 0 0 0
11 1 1 1 -11 0 1 0 1/2 v3/2 0
0.5,7/3) ==z = = =
Q(0.5,7/3) 2[8421] 4 0 0 1 00 0 0
| 4 6 0 1]Lo0 0 0 1
_[49 33 33v3 .]_
_[16 32 32 1]—[3.0625 1.03125 1.786181 1].
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Puc. 6-11 IloBepxHOCTH BpameHNs BOKPYT IPOM3BOILHON OCH.

PesynmsraTh m3obpaxetsr Ha pHC. 6-9. Takas MOBEPXHOCTH MOXKeT GBITH pe-
3yABTATOM pa3paboTKH KyOka HIH Jacke ra30BOTO KAHAJA ABHIATEsNs MM PaKeT-
HOTO COILIA.

IIpenbiayme pe3yabTaTsl GBIIM NONYYEHBI IyTEM BPAIEHHS TOYKH, OTPE3KA, JIO-
MaHO¥ MJIX KpHBOi BOKPYT KOOpAMHATHOM OCH, a UMeHHO BOKpyr ocu z. K Gonee obie-
MY CJIy4ai0 I0BOPOTa BOKPYT POM3BOJIbHOM OCH B MPOCTPAHCTBE NIOBEPXHOCTDH BPAINE-
HHSA, IONTy 4eHHYI0 B Goslee ymoGHOM JIOKAIBHOM CHCTEME KOODIHHAT, MOJKHO CBECTH C
NOMOIIBIO NIEPEHOCOB U [IOBOPOTOB, IPHBOASAIINX [TOBEPXHOCTH B HYXKHOE IIOJIOXKCHHE.

Ha puc. 6-11 noka3ana napaMerpuyeckas Kpusas P(t), noBepHyTas BOKpYT IpO-
H3BOJILHOM OCH B IIDOCTPAHCTBE, IPOXOJSIei Yepe3 TOYKH Gg M ) ¥ HAlpaBJIeHHOM
or ag K a;. Ilocie Toro Kkak moBEpXHOCTH CO3JaHa B yHOOHOI cucTeMe KOODAMHAT
JJISl IpHBeIeHNsA NOBEPXHOCTH BPAIIEHUS B HYXKHOE MOJIOXEeHue, Hy>KHO COBEPIIUTD
cIeyIomue nedcTBua:

1. IlepeHecTH TOUKY Gp B HaYaJyi0 KOODIHUHAT.
2. BumosHMTH MOBOPOTHI, HEOGXOAUMBIE 71l COBMEIIEHHUS oceif a 1 + 2 (CM. pa3. 5-9).
3. IosepHyTh BOKPYT OCH y HA yrod +90° 171 coBMenIeHus oceit a u .1

1 3ror mar HeoBXOAUM TOMBKO 751 COTJIACOBAHHSA C Npeab yMUMH paccyXenusmu. [Topepxnocts
BpallleHUs MOXeT GHITh jerko [OCTpOEHA JJIs IOBOPOTOB BOKPYT OCH Z.
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OTH TpH mara HeoOOXOIHUMBI TOJBKO JJIS TOTO, ST0OBI HaiiTH obpaTHOe mpeobpa3o-
BaHHE, PA3MEINAONIee TOBEPXHOCTD BPAIIEHHA B HY?KHOM MECTE B TPEXMEPHOM IIpO-
crpancTBe. Ilosy4uB NOBEPXHOCTH BpAIleHHsl BOKPYT OCH I, MpUBEIEM €€ B HyIKHOE
NOJIOXKEHHE B IPOCTPAHCTBE:

1. CaBuHyTH 10 OCH T, 9YTOOH IEPEMECTHTD IEHTP NOBEPXHOCTH BPAIIECHUS B HYXHOE
NOJIOXKEHHUE Ha OCH a.

2. IIpumMeHNTDH K NOBEPXHOCTH BpaIleHus npeobpa3oBanue, 06paTHOe K CYMMApPHOMY
npeo6pa30BaHUI0 TIOBOPOTOB.

3. IIpuMeHHTH K MOBEPXHOCTH BpaleHUs 06pATHBIN [IEpEeHOC TOYKH ag.

Touka Ha TOBEPXHOCTH BPAIEHHs TOTIA 33JaCTCA ypaBHEHHEM:
Q(t,¢) = [QUTI[R,] 7[Ry 7 [Ro] M Tr] 7, (6-9)

rze [T7], [R,], [R,] 3anatorcs ypasuenusmu (3-22) — (3-24). [R,]~! 3amaerca ypas-
HerneM (3-8), u marpuna [Q] sanaerca B popme ypasHenus (6-7) ¢ reoMerpIecKoi
marpuneit (G|, mpeicTaBleHHOR B OJHOPOJHBIX KoOpAuHaTtax. [S] Temepb fABnseTcs
Marpueit 4 x 4, 3aganHoit B BUIe

1 0 0 o0
| O cos¢ sing O

B1=10 0 0 o  (6-10)
0 0 o0 1

JlaHHBIT METON MIIIIOCTPHPYETCS Ha CJICAYIOIMEM MpHUMEpe.

Ilpumep 6-3 IloBepXHOCTH BpallleHMs BOKpYT IpOM3BOJIBHOM OCH

Hatinem x0OpHATH TOYKH C mapamerpaMi t = /2, ¢ = n/6 Ha mOBepXHO-
CTH BpaillleHus, 06pa30BaHHON BpallleHHEM 3JLIHIICA C TJABHON OChIO, HaK/IOHeH-
Ho#t oTHOCHTeIbHO OCH BpaieHusi. OCbh BPaImeHHsl IPOXOHT yepe3 NeHTp JLIH-
NCa ¥ JIEXHUT B IUIOCKOCTH 3JLIHIICA. YTOIn HAKkNOHa i = 7 /4. IonyocH ssmmca
a =5, b = 1. Ocp npoxomur uepe3 Touxd ao[0 10 10] m a1[10 10 0]. LlenTp
3JLTHIICA HAXOHOHTCH B TOYKE G.

Ans Hauana HafieM HaIpaBisiiOIMe KOCHHYCHL OCH BpallleHms (CM. ypasHe-
Hue 3-26)

e o c]=[1/VZ 0 —1/V3]

4 (cm. ypaBHenme 3-18)

d=/c +c2=1/V2.
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Takum o6pa3oM, Hcnoms3ys ypasHemus (3-22) — (3-24)

[Mi] = [Tr][R:][Ry] =

!'1 0 0 © 1 0 00 1/v2 0 1/v2 0
_lo 1 0 0 0 -1 00 0 10 0] _
=lo o 1 0 0 0 -1 0 “1/vZ2 0 1v2 0|
0 -10 -10 1 0 0 01 0 0 0 1
1/v2 0 1/v/2 0
| o -1 0 0
- 1/v2 0 -1/v/2 0
| —10/v/2 10 10/v2 1

COBMECTHM OCh BpameHms ¢ 0Cblo 2. IIoBOpoT BOkpyr ocH y Ha yroa 90° mpH-
BOIUT K

[Mz] = [T][R:][R,][Ry] =
T 1YvZ 0 1/v2 0TF0 0 -1 0
_| ov2 -1 0ov2 o]0 1 0 0|_
- 1/v2 0 -1/v2 0 10 00]|~
| -10/v2 10 10/v2 1[JLO 0O 01
[ 1v2 0 -1/v2 0]
_ 0v2 -1 0v2 0
T -1v2 0 -1/vZ 0
10/v2 10 10/v2 1 |

Hcnoms3ys mpeobpasosamde [Mz] M ooHOpomHnle KOODIWMHATHI, mpeobpasyem
NeHTp yuIAnca, Haxoqamuics nepBoHavanbHo B 6:

1/v2 0 1/v2 0
0v2 -1 0v2 0| _

[10 10 10 1] VG 0 —1/vE 0 =[20/v2 0 0 1]
-10/v2 10 10/v2 1

T.e. B h = 20/v/2 Ha ocH .

Bcenmomams npumep 4-4 m3 pasa. 4-6, moumyyMM nmapaMeTpHYeckye ypaBHeHHs
LIeHTPUPOBAHHOI0 OTHOCUTENHHO Hawasa KOOPAHHAT JLJIMIICA, OBepHyToro Ha
yron t:

z =acostcosi —bsintsini 0<t<27w

y=acostsini+ bsintcosi

KOTOpHIe MOTYT GbTh 3andcanst B dopme ypasHerus (6-7)

ea 0 0 O —cost sint 0 O
[cost sint 0 1] 8 g 8 8 —somz C%SI (1) 8
0 0 0 1 0 0 0 1
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Torma MOBEPXHOCTH BPaIeHUs] HMeeT BH:

[Q] = [TI[NI[G]IS] =

a 0 0 O —cost sini 0 O
3 . 0 b 0 0 —sint cos: 0 O
=[cost sint 0 1] 00 0 0 0 0o 1 0][*
0 00 1 0 0 01
1 0 0 0
0 cos¢ sing 0
o o 0 0
0 0 0 1
ﬂnaa=5,b=1,i=ﬂ/4
5v2/2 5v/2/2 0 0] 1 O 0 O
_ ) —V2/2 V2Z/2 0 0 0 cos¢ sing O
[Q] = [cost sint O 1] 0 0 0 0 0 0 0 0
0 o o 1fLo 0o 0 1

Ta HEHTPHPOBAHHAA OTHOCHTEJIBHO HaYasla KOOPJUHAT IIOBEPXHOCTD Bpalle-
HHsI TaK)Ke NMOKa3aHa Ha puc. 6-10.
Tlepenecs Hadaso B (h,n) Ha OCH T H 3aMeTHB, YTO

[M2] ™" = [R,] 7 [Ry] " [Ra] ' [Tr]
Vv2/2 0 —2/2
0 -1 0

-V2/2 0 —V2/2
0 10 10

-0 OO

MOy IHM
[Q] = [TIINI[GIS|[Tr=][M2]

To4ka Ha MOBEPXHOCTH (J(t, §) HMeeT KOOPIMHATH

5v2/2 5v2/2 0 0]
Q(t,¢) =[cost sint 0 1] -v2/2 v2/2 0 0 %

0 0 0 0

0 0 0 1 ]

1 0 0 0 1 0 0 01

<10 cos¢ sing O 0 1 0 0
0 0 0 0 0 01 0|*%

0 0 0 1 20/v2 0 0 1 |
v2/2 0 —v2/2 0

» 0 ~1 0 0

-V2/2 0 —v2/2 0

0 10 10 1

HIH

Qt,¢) = (%) [cost sint 0 1] x

5(1-sing) —5v2cos¢ —5(1+sing) 0

« | —(1+sing) —V2cos¢ (1-sing) 0
0 0 0 0

20 20 0 0
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H4

Puc. 6-12 CnoxHas 3/UmMITHYIECKas NOBEPXHOCTh BpAaIeHUs H3 IpHMepa, 6-3.

Anat ==n/2, ¢ =x/6
5/2 -5V6/2 —15/2 0
Q(w/2,w/6)=(%)[0 10 1] —%/2 —\{)5/2 162 8 _
20 20 0 1
=[37/4 10—-v6/4 1/4 1]=
=[9.25 9388 025 1]

Tlonyumsiiasics B pe3yabTaTe HOBEPXHOCTH H300paikena Ha puc. 6-12. 3ame-
THM, YTO 3Ta IIOBEPXHOCTb CaMOIEPECEeKaeTCs H HMeEeT CJIOXKHYyIo opmy.

PopmanbHoe guddepeHuupoBaHie ypapHeHUA (6-7) Jaer mapaMeTpH4YecKUe mpo-
H3BOJHbIE AJIA NOBEPXHOCTHM BpAINEHHsA. A MMEHHO, IMPOM3BOAHAS B OCEBOM HAIpaB-
JIEHHX paBHa,

Qt(t7 ¢) = [T,] [N] [G'] [S]’ (6'11)
a [pOU3BO/IHAA B P3AHAILHOM HAIIpABJIEHHH
Qs(t, ¢) = [T]IN]IG][S], (6-12)

rie wrpux o603Ha4YaeT cOOTBeTCTBYOMEEe TuddepeHIEpoBaHue.
Hopmanb x moBepXHOCTH 3aJaeTCA BEKTOPHBIM [POU3BEICHHEM NAPAMETPHIECKHX
IPOU3BOJHBIX, T.€.

n= Qt X Qd" (6'13)
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6-3 3AMETAIOHIUE IIOBEPXHOCTH

IIpocTpaHCTBEHHYIO IOBEPXHOCTh TAKXKE MOXKHO MOJIYYHTh IIyTeM IEPEMEIeHHs 00b-
€KTa, HallpUMePp OTpe3Ka, JJOMaHOH UM KPUBOH BIOJb HEKOTOPOit KDUBOI, B IDOCTPaH-
crBe. Ilony4aromuecs B pe3ysbraTe IOBEPXHOCTH HA3BIBAIOTCA 3aMeTaromuMe. ['eHepa-
LKA 3aMETAIONHUX MOBEPXHOCTEN YaCTO UCIONB3YETCA B TeOMETPUYECKOM MOIEIHPOBa-
aun. Cambli npocroii 3aMetaromuil o6beKT — TOYKa. Pe3ynbTaroM 3aMeTaHus TOYKH
AABJISIETCSH, KOHEYHO, He MOBEPXHOCTD, a IPOCTPAHCTBEHHAA KpUBad. TeM He MeHee Ha
3TOM TPHMEpE XOPOIIO HJIIIOCTPHPYETCA OCHOBHAS M.

Paccmorpum KoopamHaTHbIE BeKTOp Pl y =z 1], nepememaemsiit BIOML KpH-
BOH, 3aJaHHOM 3ameratomuM npeobpasosanueM [T'(s)]. KoopaunarHbni Bekrop Q(s),
NPeACTABAAIOIINE NOAYYIAOUIYIOCA B Pe3yJIbTaTe KPUBYIO, 3aJa€TCA BbIPDA2KeHHEM

Q(s) = P[T(s)] s1<s<sg (6-14)

IIpeo6pasosanue [T'(s)] onpenenser ¢opmy kpusoit. Hanpumep, ecim Hanpapnsiomas
€CTb OTPE30K JUTMHBI 71, NapaJlIeNbHbI OCH 2, TO (CM. ypaBHeHue 3-14)

[T(s)] =

OO O =
OO = O

- OO
- oo

Ecnu nanpasasomas eCTh OKPY»KHOCTh € IEHTPOM B Hadajie KOODIMHAT, JIeXKamas B
IJIOCKOCTH 2z = const, T0 (cM. ypaBHeHue 3-8)

(Z) cos{2m(s + s:)} 0 0 0
7(s)] = 0 () sinf2n(s +55)} 0 0 0<s<t
0 0 10 ’

0 0 01

rae s; = (1/2m)arctg(y;/z:)uana Plz y z 1],r = /22 + y2. 3nech noacTposHbIit
MHJIEKC | MCIONb3YeTcs Anisl 0603HAYEHUA HAYAIbHOMN, MM CTAPTOBON TOYKH.

CrnoxxHble HAIPaBASIOMUE MOXKHO CKOHCTPYHPOBATH € [IOMOIIBIO0 OGbeIHHEH A 60-
nee npocrerx. Hanpumep, nocie o6benunenusa aByX mpeapiaymmX npeobpa3oBaHuit
NOny4¥M OZHH 06OpOT CIHPAIH BIOJIbL OCH Zz, T.€.

(g) cos{2m(s + s;)} 0 0
[T(s)] = 0 (5) sin{2a(s+s)} 0 0| 4 oy
0 0 1 0 -
0 0 ns 1

Camas mpocTas 3aMertaromnas MOBEPXHOCTb NONYYAETCH B pE3yJIbTATE MEpeMeIne-
HUA OTpe3ka BIONbL Hanpasaswome#. HamomunM, 4ro napamerpudeckoe ypapHeHHE
OTpe3Ka,

Pl)=P +(P,-P)t 0<t<1. (6-15)
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COOTBeTCTByIOIIIa.H 3aMeTalomad OBEPpXHOCTh 33Ja€TCA ypaBHCHHEM
Q(t,s) = P(t)[T(s)], 0<¢t<1, s1<s<sy, (6-16)

rae [T(s)] cHoBa obo3Hadaer 3aMeTaromee npeobpasobanue. Ecin ono cocroutr Tomm-
KO M3 [EPEHOCOB MMM JOKATbHBIX MM OOmMWX MacIITabHpOBaHMH, TO B pe3yibTare
BO3HHKAET TIJIOCKAs NoBepxHocTb. Ecym 3amerarommee npeo6pasoBaHue BKJIIOYAET [10-
BOPOTHI, TO TIOBepXHOCTL He Oymer rrocko#t. Ha puc. 6-13 u3obpakeHa cnupasibHas
3aMEeTAIIAsA TOBEPXHOCTD, IOy YeHHAsA U3 OTPe3Ka, B HAYaJIbHBIA MOMEHT AP aJIyIeNs-
HOTO OCH ¥, C OMOILBIO OIHOBPEMEHHOTO NIEPEHOCA BAOIb OCH T M BPAIUEHHA BOKDPYT
Hee. Bosee noapo6HO 3TOT MeTOm 0ObACHSAETCA B CIEAYIOMEM [IPUMEDE.

IIpumep 6-4 JluHeliuaTas 3ameTarolnad MOBEPXHOCTh

PaccMoTpHM OTpesok, neXamuil B IVIOCKOCTH Y, [apajulelbHbIA OCH ¥ H
3a[aHHBI KOHIEBEIMA TodkaMH P[0 0 O] m P[0 3 0]. Haiitu Touky C ma-
pamerpami ¢ = 0.5, s = 0.5 Ha 3aMeTaromell MOBEPXHOCTH, 06pa3oBaHHOM OZHO-
BPEMEHHBIM T1ePeHOCOM OTPe3Ka Ha 10 eIwmEwny BIio/ib OCH £ M €ro [I0BOPOTOM Ha
2w BOKDYT OCH T.

B parnOM ciiyiae MaTPHIIA 3aMETAIOMErO MIpeoOpasoparms — IePeHoca U To-
CrelyoLero IOBOPOTA, 33JaeTCs MaTpHieh’

1 0 0 0

| 0 cos(2mrs) sin(2ws) 0
[T(s)] = 0 —sin(278) cos(2ws) O
ls 0 0

TTapaMeTpH4yeCKoe ypaBHEHHE OTpe3Ka

P(t)y=P +(P,—Pi)t=[0 0 0 1]4+[0-0 3-0 0—0 1-—1Jt
=[0 3t 0 1]

W3 ypabuenns (6-15) 3aMeTalomas oBepXHOCTH OMPeAENsIeTCs CleayiomuM obpa-

30M:
Qlt,s) = [POIT()]
1 0 0 0
B 0 cos(2ms) sin(2ws) O
=[0 3 0 1] 0 —sin(2ws) cos(2ws) 0
ls 0 0 1
"
1 0 0 0
0 -1 0 0
Q(0.5, 05)=[0 15 0 1| 4 4 _; g
5 0 0 1

= -15 0 1]

PesynspraT H306paxen Ha pHc. 6-13.

Jlns co3JaHus 3aMETAONMX MTOBEPXHOCTEH TaKXKe MOTYT ObITh HCIOJIB30BaHbI N1a-
paMeTPHYeCKHe KDHBbIE, HAIPUMED KyOGHdYecKue CIIaiiHbl, HapaboIHieCKue CIIJIaMHBI,

1 Ta xe caMas MaTpHIa noJiy4yaeTcs AJjisa NMOBOPOTa B Docjieqylomero nepeHoca.
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Z

0 1 | x
0 2

(a) &)

Puc. 6-14 3aMmeralomas moBepXHOCTh Ha ocHoBe KyOmueckoro cmuiai#ina. (e¢) Kpmsas;
(b) noBepxHoCTB.

KpuBble Besne u B-cnnaituer. B aroMm cryuae ypaBHeHHe NOBEDXHOCTH HIAEHTHYHO yPaB-
HeHuwo (6-15), roe P(t) Tenepb mpexacraBisier napaMerpudeckyio Kpusyio. Ha puc.
6-14 noxazaHa 3ameTalOIas MOBEPXHOCTD, CO3JAHHASN U3 OJHOTO CETMEHTa KyOU4ecKo-
TO CrlaitHa, MEPEHECEHHOro BAOJb OCH Z. DTOT METOI MIIIIOCTPUPYETCS IPUMEPOM.

Ilpumep 6-5 3ameraroniad moBepXHOCTb ¢ KyGudecKuMm critafiHom B
KadecTBe obpasyromeit
PaccMoTpuM noBepxHOCTE, 06pa30BaHHy10 B pe3yabraTe HepeHoca Ha 10 equ-

HHII BJOJIb OCH z KyOHdJeckoro CIutaiiia, OnpenesieMoro cJenylOnAME JAHHBIMH:
P[0 3 0 1,P3 00 1],P{[3 0 0 0],P5[3 0 0 0]

1
B ONHOPOJHBIX KOOPAKHATAX KACATE/NHbHBIE BEKTOD KMEET HYJIeBOW OJHOPOAHHYE KOODIHHATHLIN
MHOKUTE/Is.
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3aMeTalomas MOBEPXHOCTH 3anaercss hopMynamu:
Q(t,9) =[CWIT(s)] 0<t<1, 0<s<l

HopMamusopanmstit cerMeHT kyGmeckoro cruraiina 3agaercs (CM. ypapHenwue

5-27)
2 =2 1 1770 3 0 1
Y -3 3 -2 1 3 0 0 1
€= ¢ ¢ Ul o o T 0|30 0 0
1 0o o0oo0J[l3 000

CerMmeHT xpmBoit m3o6paxeH Ha puc. 6-14a.
3aMeraromee npeobpasoBaHue (cM. ypasHeHHe 3-14) HMeeT BUA:

1 0 0 O
o1 0 o
0 0 ns 1
CnenoBaTensHo,
0 6 0 0 1 0 0 0O
T ) 6 -9 0 0 01 0 0
Q)= ¢ t 13 o og0lloo 1 o
0 3 01 0 0 10s 1
T t = 0.5, s = 0.5
0 6 0 0 1 0 0 O
_ 6 -9 0 O 01 0 0
Q(0.5, 0.5)—[0.125 0.25 0.5 1] 3 00 0 00 1 0
0 3 0 1 0 0 5 1

=3 15 5 1]

PesynpraT msobpaxeH Ha pHc. 6-14b.

Crnenyer no3aboTUTBHCS O TOM, YTOOBI M36EXKATH BLIPOXKACHHS [IOBEPXHOCTEH WM
HX 4acTed IpU reHepallMy 3aMETAIOIIHX OBEPXHOCTEH U3 OTPE3KOB U KpHUBLIX. IIpuMep
3TOro npuBeneH Ha puc. 6-15. 3xech s-06pa3HyI0 KPUBYIO, PACIONOKEHHYIO B [IJIOCKO-
CTH Ty, NIEPEMEINAIOT NaPAJJIEBbHO OCH T. 3aMETHM, YTO «XBOCTBI» C JIeBOU M NpaBoi
CTODOH fBJISIOTCS BBIPOXKIEHHBIMH YAaCTAMH IOBEPXHOCTH (T. €. OTPE3KaMH) ¢ HyJIeBoi
mwromaapio. Takue BBIPOXKJEHHbIE YACTH NOBEPXHOCTH MOTYT NODOAMTEH NpOGJeMbl B
TreOMETPHYECKNX MOJAENHUPYIONHX CHCTEMAX.

Kpome He3aMKHYTHIX KPUBBIX JJISl CO3TAHMA 3aMETAIOIIMX [OBEPXHOCTEH MCIOIb-
3yI0TCA 3aMKHYTble jloMaHbple ¥ Kpubble. [Ipn mofaBieHHM KOHIEBBIX MOBEPXHOCTER
3aMeTaloImas MOBEPXHOCTb OTDAHMYMBAET KOHEYHbIH 06beM B mpocrpaHcrse. ITomob-
HBIM COCOOOM OO'BEMHBIE IPUMHUTHBLI CO3TAIOTCH BO MHOTMX I€OMETPHYECKHX MOZIE-
JupyromuXx cucremax. IlepememaeMblii BOOJIb NpAMON HAnIpaBIAIONIMI KBAaApaT UM
OPSMOYTOMIbHHUK IOPOXKJAET IPAMOYTro/bHbIH napasienenunes. OKpyKHOCTD, Iepeme-
ImaeMas BIOJb NPAMON HanpasJsmomei, mopoxaaer uausap. OKPYKHOCTb C yMeHb-
IDAMWKMCcSA PaaMyCOM, IeEpEMEIAEMAas BIOJb NPAMO#l HAIIDABJIAIOMIEH, TOPOXKAAET KO-
Hyc. TaKkxke BO3MOXKHO BpamgHue BOKpyr Hanpasjsmomeit ocu. Ha puc. 6-16 nokasana
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Puc. 6-15 3ameraromas I0BEPXHOCTH C BHIPOXKJEHHRIMH ydJaCTKAMH.

Puc. 6-16 3ameraromasn IToBepXHOCTh, 0Opa30BaHHAM KBAApaTOM, IlepeMemaeMbIM BJOJb
OCH T H OZHOBpPEMEHHO BpaIlAeMEIM BOKDYTI Hee.

3amMeTaronias IOBEPXHOCTH, 00pa3oBaHHas U3 [JIOCKOTO KBaJApaTa, NepIeHIHKYNAPHO-
I'0 OCH T M TIepeMEIaeMOro BAOJb OCH T C OAHOBPEMEHHbIM BpaiienHeM Ha 90° BOKpyT
3TOH ke OcCH.

IIpu nepememeHuH MIOCKOrO MHOTOYTOJILHHKA, WIH 3aMKHYTOH KPHBOI BAOJb HPO-
H3BOJIbHOH HaIpaBjsiomedl KpHBOHl CleayeT OTMETHTh [Ba Ba*KHBIX MOMeHTa. Bo-
NIePBbIX, KaKas TOYKA MHOTOYTOJbHHMKS MOCTOSHHO JIEXHT Ha Hanpasiaswomeit? B 06-
IIEM CIIydae 3TO MOXKeT ObITh N0bas TOUKa MHOTOYTONBHHKA WIH 3aMKHYTOH KpHBOii.
Ans pasnu4HBIX TOYEK MOPOXKJAEHHBbIE NOBEPXHOCTH Pa3/IH4AIOTCS.

Bo-BTOpBIX, KAKOBO HAIPABJEHHE HOPMAJIN MHOTOYTOJbHHKA HIIM 3AMKHYTOH KpH-
BO# BO BpeMs IlepeMereHust BOb HanpasJsomei? B-aToM ciry4yae 06BI9HO IPHMeHS-
ercs apa noaxona. Hopmasnk moxet 6bITh HanpaBiieHa KAK KacaTelbHasd K HAIDaBis-
omeit kpupoii. JIn6o Moxer 3amaBaThbCA HE3ABUCUMO OT Hampasisomei. Ilocnentsis
abTepHaTHBa oueHb rMbka. [Ipa mpuMepa u3o6parkenn Ha pHc. 6-17, rae nokasaHbl
3aMeTaromue NMOBEPXHOCTH, 06pa30BaHHBIE KBAAPATOM, IIEHTPHPOBAHHBIM HA OCH T H
NepeaBHraeMbIM BAONb Hanpasnsmomelt ¢ = Is, y = cos(ws) — 1. Ha puc. 6-17a Hop-
MaJb HanpaByieHa Kak ochk z. Ha puc. 6-17b HopMaJsb B KaXX 10/ TOUKe HAIpaBJIeHa TakK
K€, KaK ¥ KacarelbHas K Hampasisiomeii. OTMETHM pasHHIy MeXAy 3THMH ABYyMs
3aMeTalIqUMH NOBepXHOCTAMH. [leTasbHEI IpEMep NONONHHTENBHO HILIIOCTPHPYET
3TY HAer.
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IIpumep 6-6 CioxkHasd 3aMeTaroInas MOBEPXHOCTD

ITosepxHoCcTh CcO3TaeTcs NlepeMemeHneM TIOCKOro KBaJPaTa, 3aJaHHOrO Bep-
mumami Pi[0 —1 1, P[0 -1 -1, P0 1 —1], P0 1 1], sooms
Hanpasnsomelt kpuBo#t £ = 10s, y = cos(ws) — 1. IIpH 3TOM HanpaBiIeHHE HOP-
MaJIH K MHOTOYTOJBHHMKY COBIlaJaeT ¢ KacaTeJbHOHN x obpasyromeil.

Hanpannienue xacaresmbroll k obpasyiomeit paeuo [10 — wsin(ws) 0]. Ta-
xuM ofpasoM, yrona I0BOPOTa BOKPYT OCH 2z, HEOGXOZMMOro JUIsi COHAPARIEHHO-
CTH HOpMaJTM MHOIOYroJIbHHKa M KacaTeJbHON, paBeH

_ —nsin(ns)
1 = arctg ( 10 ) .
3ameTtatomee IIpeoGpa3oBaHme paBHO, TAKHM 0bpasom,
cos sin ¢ 0 0
—sin cos 0 0
O B S
10s  cos(ms)—-1 0 1

IIpn ¢ = 0.5 yron noBopoTa paBeH

—msin(m/2)

1 = arctg ( 10 ) = arctg(—m/10) = —17.44°

Torma npu ¢ = 0.5 xBagpar 3amaerca MaTpHiell

"0 -1 1 1770954 —03 0 0
o -1 -1 1|03 o094 0 0]f_
Q=10 1 -1 1|]o0 0 10]|=
0o 1 1 1]1]5 -1 0 1
F 47 —0954 1 1
| a7 0954 -1 1
=| 53 —0046 -1 1
| 53 —0046 1 1

Pesymprar m3obpaken na pHc. 6-17b

(@) )

Puc. 6-17 IIpsaMoyroibHAK NepeMemaeTcs Bo/b HAPaBIiomed KpHBOH. (a) Hopmauts Ha-
IpaBieHa Kax ock Z; (b) HOpMATH HAIIpaBJIeHa TaK XKe, KAK KACATEIbHAA K HANPABITIOMEH
KpHBOIL.
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JononuutensHy0 HHGOPMALHMIO O 3aMETAIONMIMX NOBEPXHOCTAX MOXHO HAHTH B
[6-9] u [6-10], a Tak>xe B npHBeJeHHOMN B HUX 6uGmHOrpadun.

6-4 KBAJIPATUYHBIE IIOBEPXHOCTH

QO6bIuHbIe KBApPATHYHbIE TIOBEPXHOCTH, TAKHE KaK cdepa, KOHYC, UHIHHAD, 37IHIICO-
K1, MapaboIons BpalneHHsa N rHnepOoIoNa BpAIleHus ABJAIOTCA TAKXKe H ITOBEPXHO-
CTSIMH Bpaienus (CM. pasg. 6-2). 9T KBaJpaTHYHbIE IOBEPXHOCTH, ocobenno chepa,
KOHYC M LHJIMHJApD, MI'DAIOT BaXKHYIO POJb IPH H3TOTOBJIEHHH AETajieil MEeXaHH3MOB,
a TaKXke B ONucaHHM obpabaTbiBaeMbIx nmosepxnocreil. Hanpumep, 6ackerbonbuble u
¢yTbonbHbBIE MsT9H UMEOT ChepuiecKyo GopMy, BOPOHKHM — KOHHIECKYI0, 6aHKH 1T
IHBa — UHIHHAPHYIECKYIO, a CIYTHHKOBBIE aHTeHHBbI — napabonuyeckyio. KsaapaTuy-
HEI€ TIOBEPXHOCTH TAKXKE BAKHBI H IIPH ONMHUCAHHH Gojiee CIIOKHBIX NopepxHocTeit. Ha-
npumep, drosensx uctpebutenss North American P-51 sBpeMen BTopoit MHpOBOIt BOii-
HbI OB OIIHCAH C TIOMOIUBIO CE'MEHTOB KOHHYECKHX ITOBepXHOCTel [6-1 1]. 3TOT MeTo,
Ha3bIBAETCH METONOM IOCTPOEHHS ILIA30B C NOMOILULIO KOHHYECKHX CeYeHHH.

CymecTsyeT ABa MeTOI2 NPEACTABJIEHAs KBAAPATHYHBIX TOBEPXHOCTEH — anrebpa-
HYecKHil (BKIIIOYAIOMMN NapaMeTpHYeCKHe MPeJCTABNICHHs) U reomeTpuyeckuii. Teo-
MeTpHYeCKHe ONHUCAHHSA OOBIMHO IPHMEHSIOTCS JJIs €CTeCTBEHHBIX KBAAPATHYHBIX I10-
BepxHocTelt. AnreOpaHvyecKH KBaJAPATHYHas IIOBEPXHOCTH 3aJ3€TCs B 0OImMEM BHIE
ypaBHEHHEM

Az’ + By’ + C2* + Dzy + Eyz+ Fxz+ Gz + Hy+ J2+ K =0, (6-17)

rme A, B,C, D, E, F, G, H, J, K —xoucrautsl. Ypasueuue (6-17) spnsercs 0606-
IeHHeM ypaBHEHHS KOHHYEeCKMX cedeHnit (cM. ypaBuenre 4-31) Ha Tpu m3Mepenus. B
MaTpH4HOl ¢opme 060OIIEHHOE KBaAPATHYHOE YDABHEHHE MOXHO 3allHCaTh KaK

[X][S]IX]" = o, (6-18)
rme (X] =z y z 1], a
A D/2 F/2 G/2 2A D F G

)= | 2/2 B E2 H2|_(1\| D2 E H
~|F2 Ef2 ¢ Jp |T\2)| F E 20 J
G/2 H/2 J2 K G H J 2K

Kak n B ciryuae KOHHYECKHX CeYeHHil, KBaJPATHUHbIE TIOBEPXHOCTH GBIBAIOT JTH60
UEHTPaJIbHLIMH, JHOO HeleHTpaibHbIMH. lleHTpasbHble KBaJPHKH — 3TO 3JLTHICOMI
u runepGonoun’. Ilapabonouns — 3To HeleHTpaJIbHble IOBEPXHOCTH. Ecim KBaapHKa
HEHTPAJIbHA, TO €€ LEHTP MOXHO IIePEHECTH B HA4Yaji0 KOODAMHAT. ECJIM 3TO HeBO3-
MOXHO, TO KBaJIPHKa HELEHTPAJIbHAA, T. €. ABJAETCH HapabonouaoM. IlepeHoc neHTpa
B HA4aJI0 KOOPAHHAT NPHBOJHUT K HCYE3HOBEHHMIO THHEMHBIX 4JIEHOB ypaBHeHus (6-17).

Hocne nepenoca ypasuenne (6-18) npespamaercs s

XTSI IX)T = [X][S]1X]T =0, (6-19)

1
Cdbepa ects wacTHEI! cayqalt anmuncona. lnmueap sBAfeTCA NpefleIbHBIM CIIy4YaeM [UIS JIIH-
ncousa nubo runep6oionma.
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IAe MaTpHIA TlepeHoca HMeeT BHI:

IT7] =

~O O
I or~ro
I ~o0oo
= O OO

IIpeo6pasoBannas Marpuua [S'] paBHa

24' D' F G

n_ (| D 2B E H
[S]_ (5) E E' 20 J! (6-20)

G' H J 2K
cA'=A B =B,C'=C,D'=D,E'=E, F' = F u

G' =2Al+ Dm+ Fn+G,

H =Dl+2Bm+ En+ H,
J'=Fl+Em+2Cn+J,
2K' =1G'+mH' + nJ' + (Gl + Hm + Jn + 2K).

Hcxirouenne JHHEAHBIX YJI€HOB, T. €. caydait C' = H' = J' = 0, npuBoauT K

2Al + Dm+ Fn+G =0,
Di+2Bm+ En+H=0,
Fl+Em+2Cn+J=0

2A D F -G
[lmn]l:D2B EJ:I:—HJ, (6-21)
F E 2C

4TO MOXHO 3allUCaTh B CIEAYIOIIEeM BHIE:
[M][L] = [G].

Ecmn Matpuua [L] o6paTuMa, TO pellleHHe CYIIECTBYeT H KBAJPHKA LEHTDAIbHA,
T. . ABJIAETCA JLIHICOMAOM Wik runepbonounoM. Eciu xe [L] ocobennas (BBIPOXKIEH-
Has) MATPHIA, TO DellleHHs He CYIeCTBYeT W KBAJPHKA SBJAETCA IapaGosoMIOM.
IIpupasuusanne aerepmunanTta [L] K Hymo JAaeT ycioBHe I Napaboionza. Taxkum
obpazom,

9 D F
J =0 (6-22)

det[L]=| D 2B E
F E 2C
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A(E?* - BC) + B(F?— AC)+ C(D? — AB) — (ABC + DEF) = 0 sBnsierca ycuoBHeM
i napabononzna. anee, ecin det[L] > 0, To Mul monydaem runepObosona, H eciu
det[L] < 0—snnuncous.

Kax o 171 KOHHYECKHX ceveHHii (cM. pasa. 4-10), He3aBHCHMO OT Toro, obpaTHMa
[L] nH HeT, OCH KBAJPHKH C TIOMOIILI0 NOBOPOTOB MOXHO CIENAaTh Napallie/lbHBIMH
KOODAMHATHBIM OCSIM. 3Jech TpeByeTrcsi TpH MOBOpOTa: ABA AJIs TOTO, YTOOHI CleNaTh
OZHY U3 Oceit KBaJpHKH NapaJjielbHoi KOOpAMHATHOM OcH (CM. pa3a. 3-9) ¥ nocrenHuit
[IOBOPOT BOKDYT 3TOH e OCH AJIS TOro, 4ToObl cOeNlaTh OB APYI'He OCH KBAJPHKH
HapaJiJieIbHbIMH APYTHM KOODAMHATHBIM ocsM. s KBaJpHKH B 0600IMeHHOM BHZIe
pellleHHe MONYYAIIUXCsI YPABHEHHH A1 HeOOXONMMBIX YIJVIOB NOBOPOTOB SBJAETCH
HeTpHBHAJIbHON 3aladeit M 34eCh He NPHBOAMTCA.

AnasnornanbiM 06pa3soM, €CIM KBaApHKA HEleHTPaNIbHA, T. €. ABJSeTCHA napabonou-
JIOM, TO KaK ObLIIO paHee YIOMSHYTO, Helb3s1 HCKIIIOYHTD H3 YPABHEHHS Bee TMHEHHbIe
ysensl. TeM He MeHee, ABa HX TPEX JMHENHBIX YJIEHOB MOTI'YT GbITh HCKIFOYeHbI. U cHO-
Ba, pellleHHe TOJIyYalOIUXCs IPH 3TOM YpaBHEHHMH ABJISAETCS HeTPUBHAJBLHOM 3ama4eii
H 37ecb He TPHBOAMTCS.

PesynbTaToM BhIIIENEpeYHCIEHHBIX ONEpalMil JOMKHO 6bL10 GHITH IpHBEAEHHE
KBaJPHKH K CTaHJApTHOMY BHAY. Jlis HEHTPaIbHON KBAJPHKH B CTAHAAPTHOM BHIe
UEHTP HAXOAMTCSH B HAaYajie KOODAMHAT, & OCH HAIIPABJIEHBI B COOTBETCTBHH C KOODIH-
HATHBIMH OCAMH. 3allHIIeM IOy IHBIIeeCs CTAHAAPTHOE YPABHEHHE B MATPHYHOM BHIle

@« 00 0
080 0
x|o g S o |rm=o (6-23)
0 0 0 -«
WIH
az? + By? + 7% = k. (6-24)

Ecmw a # 8 # v > 0, kK > 0, To MBI nonyyuM 0GOOmEH b JUIHNICORT, (CM.
puc. 6-18a). Hanbonbinee u3 3Hauenuit a, (3, v onpeaenser ruasHyo ocb. Ecin e
H3 TpeX KOHCTAHT DaBHEI, HanpuMep, a = 3 # v > 0, To Mbl TONYYHM ILTHIICOHI,
Bpawen”s. Och BpalEHHs CBA3aHA ¢ KOHCTAHTOM, OTIIMYHOM OT ABYX OCTaJbHbIX. Ecan
a =3 =17 >0, To MBI nonyauM cdepy pamuyca /k/a.

Ilepenncae ypasuenue (6-24) B BuzIe

2y 22
e + b_2 + 2= 1

H YCTpEMHB OAHY H3 KOHCTAHT K 6€CKOHEYHOCTH, NOIYyYHM UHIHHIAD KAK mpenesbHhIi

cryqa#t snnuncousa. «Ocb» ITOrO IVIMICOMIA, 33TAHHAS OTCYTCTBYIOMEH KOODIH-

HaToM, «GeckonewHo» mymuHa. Ecim npe ocTaBIIMecs KOHCTAHTHI PaBHBI, HATIDHMED

& = 3, TO MBI IONy4UM KPyToBOH uunuuap. Eciu onn He paBubl, HanpuMep o # 3, TO

IOy IHM SINUNTHYeCK U muauHAp. B aToM cryvae ypaBHenue (6-24) nmpespamaercs B

az® + By? = k.
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\iZ

: JIBYTIONOCTHRIH
rHIIep6oNoHR

7 a#®fp

Q)

DwmmrrHIeckuit
-, napaboyrouy

HBoltHOM
a#p

N

6]

)

@)
Puc. 6-18 Ksaaparwumeie nosepxHocta. (a) O6obmernmit swmmcona a # 8 # «; (b) an-
JoanrTHYeCKul mumeAp o # B; (¢) aBoimol xonyc a # 3; (d) ogHomonocrHIE ramep6oions

a # B; () asynonocrr ranep6ononn a # B; (f) xoHyC, acCHMOToTHYecKHi K 060MM rrIep-
GomonaM k& = 0; (g) aymrmrwaeckumit mapa6onoms; (k) ramep6omraeckmit mapaboions.
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ITocMOTpuM TpHMep, NpHBeNeHHbIH Ha pHC. 6-18b. Ecnn k = 0, To MBI OMyYHM MHH-
MBI# IMJIHHAD, TOTOMY YTO CyMMa KB3JAPATOB ABYX BEIIECTBEHHBIX YHCEN HE MOXET
6bITh paBHO# HymIO!.

Ecm k = 0, ogHa M3 KOHCTAHT OTPHIATENbHA, & JBe APYTHE IONOXHTEIbHBI, Ha-
npumep a, 8 > 0, v < 0, To MbI nonyunm ABoHHON KoHyc. OCh KOHyca CBA3aHA C
KOODAHHATOH OTPHIATENBHON KOHCTAHTH. Eciu @ = 3, TO monydMTCs NMpaBHIbHBIH
Kpyrosoii kouyc. Ecniu a # (3, nonyunres snauntHdeckuii Konyc. B stom ciywae
ypasHenue (6-24) npeBpamaercs B

azr? + By* = v22.

IIpumep u3obpaken Ha puc. 6-18c.

Ecim k = 0, @, B, 7 # 0, TO KOHYC MHHMBIH, IIOTOMY YTO CYMMa KB3JAPATOB TPEX
BEIIIECTBEHHBIX YHCEJI He MOXeT GLITh paBHOH HYJIIO.

Ecm «, B, v > 0, a & < 0, DONyYHTCI MHUMBIA 3/JIHIICOHI, TOTOMY YTO ONATH
CyMMa KBaJPAaTOB TPEX BeIeCTBEHHBLIX YHUCEsI He MOXeT ObITh OTpHUATENbHOIH.

Ecnu omna M3 KOHCTaHT B ypasHeHud (6-24) oTpumaTenbHa, Hanpumep 7 < 0,
a apyrHe IOJOXHUTENbHbI, B pe3yJabTaTe KBaXpaTHYHasA NOBEPXHOCTH OyneT omHOIO-
JIOCTHBIM runepbonnonaoM. Ock rUNep6OOIONaa CBA3aHA ¢ OTPHIATENbHON KOHCTAHTOIM,
Hanpumep, ecin v < 0, To ocsio runepbononaa Gyaer KoopauHaTHas och z. Ha puc.
6-18d npuBeaen npumep. Eciin 1Be NONOXKHUTENbHBIE KOHCTAHTHI PABHBI MeX1y cobOii,
HampuMep ¢ = (3, TO ojy4aercs runepbonons Bpamenud. B npotusHoM ciyyae — 371-
muntuyeckuii runepbononn. I'unep6omona Ha3bIBAETCA OQHOMONOCTHBIM, IOTOMY YTO
MOXKHO COeAMHHUTH JI00ble ABe TOUKH IOBEPXHOCTH, He BEIXOMA 34 ee I'paHuIkl. B npene-
Jie, IpH IPHGIHKEHHHA OTPHLATEIHHOM KOHCTAHTHI K HYJII0, IONTYYHTCA TH60 KpYTOBOii,
160 anaunTHYecKuit nuaHHAp. O AHOIIOCTHBIH rHepGonoun, ABIAETCA IByIHHea-
TOH MOBEPXHOCTHIO (CM. pa3A. 6-8). JIBynonocTHbIH runep6onons B HEKOTOPOM CMBICTE
IPOTHBOIIOJNIOXKEH OJHOIONOCTHOMY. 3A€eCh OTPHUATENLHBI ABE M3 TpeX KOHCTAaHT a, 3,
7, HanpuMmep a, § < 0, a Tperbsa nomoxureabHa. Och runepbonoHIa CBA3aHa C IO-
NoXuTeNbHOH KoHcTanToM. IIpuMep mpueeneH Ha pHc. 6-18e. CoenunuTs Ape robbie
TOYKH JABYIOJIOCTHOTO 'HNep6oonga, He IOKHAAs IOBEPXHOCTD, HeBO3MOXHO. [na a,
B8 < 0,7, k> 0 BepmMHBI ABYX 1OJOCTel THIEPOONONIA HAXOIATCA B ANATIA30HE

1/6
afik /
+ 2
Y
Ha OcH 2z°. Ec/iH OTpHIATe IbHEIE KOHCTAHTBI PaBHEL, TO NONy4aercsa runepbosou ] Bpa-
IMeHHsA. B MpOTHBHOM CiIydYae MONy4YaeTcs 3MHITHYECKHit runepbosions. 3aMeTHM,
4TO YHCIIO OTpHuaTeJIbHLIX KOHCTAHT PaBHO YHCIIy mojiocTeil runepbonmonaa.

Ecm k = 0, To oba runepbononsa BHIPOXKAAOTCA B KOHYC, ACHMITOTHYECKHI K
060HM H3 HHX, KAK ITO NOKA3aHO HA pHC. 6-18f.

1 Kpome cnly}';aa z =y =0, T. €. npamMoit, coBnagaromeit ¢ oceio z. — [Tpum. nepes.
2
+ (—%—) = Zc¢, KOrAa ypaBHEHHE [BYNOJOCTHOTO IMNEp6OIOHAa 3amMcaHO B MEHEe 06memM
2

2 2
z
Buae 4y — %!- %2-=
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Teneps paccMOTpHM HeLEHTPaJIbHBIE KBaIPATHYHbIE IOBEPXHOCTH, 3 KMEHHO Napa-
6onouart. B cranmapTaoM Buze, TAe z ABIAETCS OChIO Napabononma, HMeeM ypaBHeHHe

@« 0 0 0
X g § o o |P0T=0 (6-25)
0 0 v O
HJIITH
az® + By’ + vz =0. (6-26)

Ecnn «, 8 > 0, To, kak nokasaHo Ha puc. 6-18¢, nomyvyaercs 3JIMNTHYECKHHE napa-
6amonn. Ecnu o = § > 0, To mony4uM napabonony spainenus. Bepmuna napa6omonaa
HAXOOMTCI B HavdaJle KoopAuHAT. IIpH v < 0 MOBEPXHOCTH «OTKDBITA» B IOJOXKHTEb-
HYIO CTOPOHY OCH 2. AHaJIOrM4YHKIM 06pa3oM, IpH -y > 0 I0BEPXHOCTH OTKPLITA B OTPH-
LATENbHYI0 CTOPOHY ocH 2. Eciu v = 0, nosepxHocTs npeBpamaercs B e . Ecaun
mmbo a, mu6o B < 0, To, KAK NOKa3aHO HA pHC. 6-18h, nonyyaerca runepbonuyeckui
napabonoun. Ecm a > 0, 8 < 0, To GOKANbHOI 0ChIO ABIAETCS OCh Y. AHAJIOTMYHO,
ecn a < 0, 8 > 0, pokanbHas — ock z. Ecnn v < 0, TO cenno HanmpasieHO BBEPX, KaK
3TO moKa3aHo Ha pHc. 6-18h. Ecin v > 0, TO mOBEPXHOCTH OTPaXkeHa OTHOCHTENBHO
nnockocTd z = 0 u ceqnmo HampasneHo BHM3. Ecan v = 0, TO moBepXHOCTb BBIPO-
naerca B runepbony?. ['unep6onuueckuit napabonou, HHOLA HA3BIBAIOT CEJIOBOH
NOBEPXHOCTHIO. 3aMeTHM, YTO JaXe IMpH a = [ runepbonmnyeckuit napaGonmonn He
SIBJIAETCA MMOBEPXHOCTHIO BpammeHus. TeM He MeHee 3TO JByJMHelyaTas NOBEPXHOCTD
(cM. pa3z. 6-8).

N nakonen, ecnn au6o a, m160 § = 0, To noaydaeMm napabonMIecKHil LUIHHAD.
JanbHeiinyio nHDOPMaIHIO O KBaAPATHIECKHX MOBEPXHOCTSIX H MX CBOHCTBAX MOXKHO
HaliTH B [6-12] — [6-14].

XoTa oA HAXOXAEHMs CBONCTB KBaJPATHYHBIX IOBEPXHOCTelH 4acTo ObIBaeT IIO-
JIe3Ha ABHas HOpPMa HX 33JaHHsI, HO, aHAJIOTHYHO CIY4ai0 KOHHYeCKHX CedeHHi, mapa-
MeTpHYeCKoe 3aJaHHe IIOBEPXHOCTEH NO3BOJIAET NOMyYHTh Goee npHBieKaTeabHbIE H
JOXOom4uBble rpaduieckue u3obpakenus. s KBaapaTHYHBIX OBEPXHOCTEl cO CTaH-
JApTHOH opHeHTaIuell mapaMeTpUYecKHe NpeICTaB/IeHHs 3aJal0TCA CIeLyomuM 06pa-
30M:

SuIHncoua;
T = acosfsin ¢, 0<6 <2, (6-27)
= bsin#sin @, 0< ¢ <2m,
= ccos ¢.

1 Tak xak 3mak¥ a # § ONUHAKOBEIE, TO 3TO MpAMAA T = Yy = 0, T.€. COBMAJAIOMAs C OCBIO 2. —
Hpum. nepes.

2TaKk XaK y @, § pasmme 3HaKH, TO TMOJyYaeTCs MApa CKpemuBalomuxcs nuaockocteit. — Tpum.
nepes.
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OIHOMONOCTHBIN rHIepbOIons;
z = acosfcho, 0<80<2m,
y=bsinfsh¢, —n<¢<m,
z=cshd.

JIBynonocTHbI runepboToOH:
z = tachd, 0<6<L2m,
y = bsinfsh¢, —-n<¢<m,

z =ccosfsho.

QanunTryeckuit napabomonn:

z =a¢cosh, 0<6<L2m,
y = bgsind, 0S¢S¢max,

z=¢>.
T'unep6onuyeckuit mapabonoun;
z =a¢gchb, —n<0<m,
y= bpshé, ®min < ¢ < dmax;
z = ¢7.

DIIMOTHYECKHH KOHYyC:
z = a¢cosb, 0<0<L2m,
y= b¢SiIl 0’ ¢min < ¢ < ¢maxa
z = co.

DNAUNTHYECKMH LHIHHAD:
T = acosé, 0<8<2m,
y=bSin0, ¢min S¢S¢max’
z=¢.

ITapa6onudeckuit MIMHAD:

z = ab?, 0 < 0 < Bax,

y= 200, ¢min < ¢ < ¢maxa
z=¢.

(6-28)

(6-29)

(6-30)

(6-31)

(6-32)

(6-33)

(6-34)

ITapaMerpHryeckn 3anaHHbIE 3JLIMICOH H 9acTh IHIIEPOOIMIECKOro Napaboonaa mo-

Ka3aHbl Ha pHC. 6-19.
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(@) ®)

Puc. 6-19 ITapaMerpuieckHe KBagpaTHIHbIe MoBepXHOCTH. (a) Dnmnconn; (b) rumep6om-
Yeckmit mapabosonn,

Xors npeAcTaBIATh BCe KBaJPATHYHe IIOBEPXHOCTH yA06HO € TIOMOLIbLI0 0006IIeH-
HOT'O ypaBHEHMs BTOpO# cTemeHH (cM. ypasHenme (6-17)), a reHepHpoBaTh — C IOMO-
MbI0 MapaMeTPHUYECKOrO 3aJaHHs, OMHCAHHOIO BbIlle, HO TPH KOMIBIOTEDHOM MO-
JeJMPOBAHMH KBaJpaTHYHbIE NOBEPXHOCTH Haubojee TOYHO MPENCTABIAIOTCA I'eoMe-
TpudeckH (cM. [6-15] u [6-17]). TeoMmeTpudecku mobas KBaJpaTHYHAS IOBEPXHOCTD
NIPEACTABIISIETCS TOYKOH, ABYMs OPTOTOHAJIbHBIMH (EAHHMYHBIMH) BEKTODAMH H Tpe-
Ms ckansipamu. Touka — nubo meHTp, 60 BepiIHMHA, (PHKCHpYET MECTOIOOXKEHHEe
B mpocrpascTBe. BekTOpa H HMX BEKTODHOe NPOH3BENEHHE ONpeNeNsioT OCH IOBepX-
HOCTH HIH opHeHTanuw. CKaaspbl ONpeNensioT ee H3MePeHHs HIH pa3Mmep. Hampn-
Mep, cdepa oIpenenseTcs CBOMM LEHTPOM H paJMYCOM, NMPABHIbHBIH IMIHHID —
BEKTODPOM, 3aJalOlIMM €r'0 OCb, TOYKOW Ha OCH H DaIguycoM, SJUIHICOHI OIpenae-
JISIETCSL LIEHTPOM, IOBYMsI BEKTODaMH, IpPEeNCTABISIOIMMH JBe M3 €r0 Tpex OpTOro-
HaJIbHbIX OCefl M TpeMs CKaJlsApaMH, NPEeACTABJISIOIIMMH JUIHHBI BAOJIb 3THX OCeH,
¥ T.A. B Tabn. 6-1 nepednciieHbl reOMeTpHYeCKHe OIMHCAHMS KBaJPATHYHBIX NOBEPX-
HOCTeii.

ITpu pabore ¢ reoMeTpHU4ecKH 3aTAHHLIMH KBAJPATHIHBIMHM MMOBEDXHOCTAMH HE-
06X0onuMO 1peobpa3oBbIBATh TONBKO ONpeelisIoliie TOYKH H BeKTOphl. CKanspHbIe
BEJIMYHMHBI OCTAIOTCA HEM3MEHHBIMM H, TaKMM 00pa30M, He HAKAMJIMBAIOT IPH BbIMHC-
JIeHUsAX OmrHOOK, BOSHHKAIIMX H3-33 HCIOMb30BAHMA B KOMIbIOTEpEe apHGMMETHKH C
OrpaHM4YeHHOH pa3psnHOH CeTKOii.

HanpuMmep, reoMeTpuyeckn 3anaHHbi paguyc cdeps Bcerna paBeH R. A pamuyc
ccephl, NONy4YeHHBIH MyTeM NpeoOpa30BaHUs anreSpandecKoro NpeJCTaBlIeHHs (CM.
ypasHeHHe (6-17)) paseH R = ¢, rae € — HeGombInas YMCNOBAs omubka. UYncnosasa cTa-
6UNBLHOCTD ONpenenAOIIMX CKAJNAPOB OYEeHb BAXKHA, HAIIpHMep NPH ONpeJeNieHHH Xa-
paKTepa KPHBOI NepecedeHns ABYX KBaJpaTHIHbIX IIOBEPXHOCTEH WM IIpH ONpexese-
HHH HIOEHTHYHOCTH ABYX mosepxHocTedt (cm. [6-15]).
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Ta6auna 6-1 eomeTpryeckHe ONMCAHMA KBAIPATHIHBIX NOBEPXHOCTEH

IloBepxHOCTB Cxansipsi Touka BekxTopm
ILmockocTh Her JI1obaa rouka  Epumwanas HopMasb
Ha IIOCKOCTH
Cdepa Panuyc Hexrp Her
TlpaBmibHEI] TlonopuunbIi Ienrp E qpaprEsiit BEKTOP,
KpYrOBOH KOHYC yron (BepmuHa) HapaJuIeIbHBI OCH
IlpaBIThHBIHR Pamuyc JIxobas Touka E paaransiit BeKTOD,
KpYTOBOH MAJIMHID Ha OCH TmapaJuIeSIbHbIA OCH
IlpaswbHBI! Jmuser oceft Jlrobas Touka ~ ——
SJUTATITAYECK I asumumca (2) Ha OCH
THIAHAD
IlpaBRThHBIHR ®DoxkycHoe Bepmusa Exuarassiit BekTOp
napabomrgeckmit paccTosiHHe ocH
THIAHAD
DuumanTAYecK it JLnwsnbl ocelt Henrp Emarvansiit BeKTOD,
KOHYC anmmca (2) NapaJLIeJIbHEI OCH
Dmancony, Jmems oceit (3) ITenrp JIBa eIHHAYHBIX BEKTOPA,
TIapaJUIe/IbHEX JBYM
u3 TpeX ocelt
DumnTIdec Kt Jmmmr ocet Bepmusa Enpawaastit BeKTOP,
Tlapabosions, 3JLIATICA TIapaJuTeSIbHBI OCH
Manep6omreckmit I'unrep6ormraeckmit Bepmuna EmarraHbtit BeKTOp,
Tlapaboson H Tlapabomrdeckuit TlapaJIyIeJIbHBIN OCH
doxkycH (3)
O mHOIIOI0CTHHIN Jmasn: oceit Ienrp Enpamasniit BexT0p,
ranepbostons smmunca (2) TapaJUIeIbHBIN OCH
'unepbomraeckmit
dokyc BIOIL
I1aBHOM OCH
ABynonocrasit Jlman ocedt (2) Ienrp Enpawrasstii BeKTOp,
ranep6osIoHT Mecrononoxenne TlapaJLIeJIbHBI® OCH

BepIIHHE HA OCH
cummerpun (1)

6-5 KYCOYHOE IIPEJCTABJIEHUE TIOBEPXHOCTEN

B nmpempiaymux passenax o6Cy>KAaTHCh CO3JAHHE U XAPAKTEPUCTHKH MOBEPXHOCTEH,
AJf KOTOPBIX CYLIECTBYIOT W3BECTHBIE aHAJIHMTHYecKHe omucanusa. OQHAKO eCTb MHO-
IO TIIOBEDXHOCTEH, [/l KOTOPBIX TAKHX ONMCaHWil CHeNaTh HEBO3MOXKHO. THIHYHHI-
MM NIPMMEPAMH SIBASIOTCS ABTOMOGHIIbHBIE KY30Ba, (PIO3eJIsKH H KPbLJbsi CAaMOJIETOB,
Kopmyca xopabneit, CKyabnTypbl, 6yThUIKH, 6almMaki H T. . 3TH NOBEPXHOCTH Npes-
CTaBIIAIOTCA B KYCOYHOM BHIE, T.€. IOXOXKEM Ha JIOCKYTHOE OZesino. B paccyIeHHsIX
HCIONb3yeTcsA BEKTOPHOe apaMeTPHUecKoe NIPeACTABIIEHHE, IOTOMY YTO OHO HE 3aBH-
CHT OT oOceif, ycTpaHsieT 6eCKOHEYHbIe 3HAYEHHsI YIJIOB HAKJIOHA OTHOCHTENbHO HEKOTO-
PO#i IPON3BONBLHOM CHCTEMbI KOODAMHAT, YCTPAHAET HEONHO3HAYHOCTD TIpeCTaBICHHS
MHOT'03HAYHBIX TIOBepXHOCTEH H IPOCTPAHCTBeHHBIX DYHKIMIA, 06Iel1aeT IPeACTaBJIe-
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HHe IIOBEPXHOCTel B ONHOPOAHBIX KOODAWHATAX, H TaKOE MpENCTABIIEHHE COBMECTHMO
C HCIIOJIb30BanMeM NpecGpa30BaHUil TPEXMEPHBIX ONHOPOAHBIX KOOPAHHAT, 06Cy X ma-
HOIIUXCA B . 3.

OcraToK 3TO#t rnaBbl OyAET MOCBsILeH OOCY>xaeHHI0 CrIoco60B H METON0B MaTeMa-
TH4YECKOTO ONHCAHHMs KYCKOB IIOBEPXHOCTEH.

Haira nenp 3aksogaeTcs B TOM, YT0ObI JJIs CO3JAHHUS MOJHOM IOBEPXHOCTH O6L-
€JHHATL BMECTe OTJeNbHbIe KYCKH BAOJL MX rpaHui. s KyCOYHOro npeacTasieHns
KPHBbLIX MbI 6y/leM IPHIEPXKHBATHCSA IPHHATOrO B I1. 5 H3/I0KeHHs1. MBI HauyHeM Haiile
o6cy>KeHHe ¢ JOCTATOYHO HHTEPECHOI'O 3/IeMEHTa MM KYCKA aHAJIMTHYECKOH moBepx-
HOCTH, a MMEeHHO cdephL

Ha npumepe cdepuyeckoit IOBEpXHOCTH Mbl IPOJEMOHCTPHPYEM HEKOTODLIE CBO-
CTBa KPHBLIX, TOJI€3HbIE IIPH ONKCAHUM INOBepXHOCTH. OnpelieeHHble KpUBLIE Ha Mo-
BEPXHOCTH 3aJ12I0TCsI IZIOCKOCTSMH, nepeceKkalomuMu cepy. B kauecTse npuMepa pac-
CMOTPHM TIepecevyeHHe eIWHH4YHOH cdepbl M IIOCKOCTH, ONpeAeiseMoe ypaBHeHHeM
NOBEPXHOCTH 2z = COS¢ = a1 = constant ¥ nokasanHoe Ha pHuc. 6-20a. Ilomyqus-
IIASCs KPHBAasl sIBJISETCS NAapaJIJIENbIO ITHPOTHI. Y paBHEHHe 3TOM KPHBO#M monyvaercs
NyTeM pelleHHs CHCTEMBI JABYX ypaBHeHHH nosepxHocTeil. Henapamerpuueckoe ypas-
HEHHE eAMHUYHON cepbl 3alUCHIBAETCA B BHIE:

2 +y* + 22 =10.

Takum obpazom,
*+y*=1-a}

onpefessaeT IepecedeHHe MIOCKOCTH H cdepbl.
Ha puc. 6-20b nnockocts 8 = 8y = constant 3amaerca ypaBHeHHEM
p y

Tsinfy — ycosfy =0

HIH
Q1T — bly = 0.

(a)

Puc. 6-20 Ilepecedenne miockoctH # coephi. (a) Hapamrems mmpors;; (b) mepuzman
JOJIFOTHL.
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Puc. 6-21 Kycok chepmueCkoll nosepxHOCTH.

B pe3ynbTaTe nepecedeHHs ITOH IIOCKOCTH M cdepbl NOMYyYaeTCA MEPHIHAH NONT'OThI.
Peimrenne cucreMbl ypasHeHHI faeT ypaBHeHHe KPHBOH IlepecedeHHs; T.e.

b 2
y* l(—l) + 1] + 22 =1.0.
(&1

Kak mokasano Ha puc. 6-21, rparuusl xycka cdepHieckoil MOBEPXHOCTH Ha €IH-
HHYHOH cepe MOryT 6bITh cPOPMHPOBAHBI YeTHIPbMS IIOCKOCTAMH, ABYMS HapaJiie-
JNIAMH M ABYMS MepHIMaHaMM, nepecekarommMu chepy. BexTopHoe nmapaMerpuieckoe
YpaBHeHHe 1,1d KycKa mnosepxsoctu Q(6, ¢)

Q(0,¢9) = [cosBsing, sinfsing cosd) 8, <0 <0, 1 <P < ¢p. (6-35)

Kycox nosepXxHOCTH — 3TO BCe BO3MOXKHbIE ITOII0XKEHHSI TOUKH B TPEXMEPHOM IIPO-
CTPaHCTBE, ABMXYLIEHCS C OBYMs CTENEHAMH CBOGOIDI, YIPABISIEMOI ABYMsI ITapame-
TPHYECKHMH T€PEMEHHBLIMH f M ¢, T.e. 3T0 6UIapaMeTpHYecKan PyHKIMS.

ITapamerpHueckoe mHpeaCTaBleHHE €XMHMYHON CepHyeckol NOBEPXHOCTH (CM.
ypasHenHe (6-27) c a = b = ¢ = 1) Takoso:

z = cosfsin ¢,

y = sinf sin ¢,

z = cos¢.
ITokasanHbIl Ha pHC. 6-2] KYCOK MOBEPXHOCTH 33IaH LIS AMATIA30HOB H3MEHEHHs Ma-
pametpos 0 < 0 < 7/2u /4 < ¢ < w/2. T'panuupt uaM pe6pa ero 3aJaI0TCA KPHBLIMH

AB, BC,CD u DA. JIns chepuueckoro kycka Ha puc. 6-21 3TH KpHBbIe ABJIAIOTCS Ly-
raMH oxkpyxHocTeilt. Kaxxas xpusas MoxeT 6bITh 3a/iaHa aByMs KOHEYHBIMH TOYKAMH
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M KacaTelbHbIMH BEKTOpaMH B KOHIax. CleNOBATENbHO, YeThIpe IPAHMYIHBIX KPHBbIX
KYCKa 33JAI0TCs 4YeThIpbMsI KOODJHHATHBIMH BEKTODAMH B YIJaX M BOCEMBIO Kaca-
TeNbHBIMH BEKTODAMH, 110 [JBa B KaxK oM yruy. Jins chepudeckoro kycka Ha puc. 6-21
KacaTeJIbHbIE BEKTODA 3a/II0TCs IADAMETPHYECKUMH IIPOU3BOIHbIMH Q (6, ¢), T. e.

Qo(6,9) = %%(0,43) = [—sinfsing cosfsing 0] (6-36)

Qy(8,¢) = [cosfcos¢ sinfcos¢ —sing). (6-37)

KacarenbHble BeKTOpPbI B KaKJOM YIJIy IOKa3aHbI Ha pHc. 6-21.

®opMa BHYTpeHHell 4aCTH IOBEPXHOCTH OKOJIO KAXKIOI'O YIJIa YIIPABIIAETCH BEKTO-
POM KDy4YeHHS HUIH CMellaHHOH IpOM3BOAHOH B 3TOM yriy. /lna xycka cdepHueckoit
TIOBEPXHOCTH Ha pHC. 6-21 CMmemmaHHas NPOM3BOMHAS HIIM BEKTOD KPY4YEHHs

2q _ o
800 ~— 0908

IToncTaHoBKA 3HAYEHUI NADAMETPOB B YIIaX KYCKA HOBEPXHOCTH JAET BEKTODBI KpY-
4eHHs B HUX. BHyTpenHss popma kycka 3asaercs ypasHeHHeM (6-35). 910 ypasHeHue
MOXKHO CYHTaTh chepuyeckoil cmelnnsaromeit dynkupeit. CrenosaTenbHO, YeThIpeX-
YTOJbHbIA KYCOK TOBEPXHOCTH MOXET 6bITb MOJHOCTBIO ONMMCAH 4 KOOPAWHATHBIMH
BEKTODAaMH B yIJiaX, 8 KacaTelbHbIMH BEKTOpaMH (IO JBa B KAXKJOM YIUy), 4 BEKTO-
paMH kpy4eHHs B yriax ¥ cMemusaowell GpyHxuuelt, 3ananHoil B ypasHenuu (6-35).
Hopmans B mo60it Touke KycKa IOBEDPXHOCTH ONpPENENAeTCs BeKTOPHBIM IpOU3Be-
JleHHeM IPOM3BOAHBIX 1O mapamerpaM. Hanpumep, ms cdepryeckoil NOBepXHOCTH
i j k
Qo X Qp = |—sinfsing cosfsing 0
cosfcos¢ sinflcos¢d —sing

=[—cosfsin’¢ sinfsin’¢ —singcosd). (6-39)

Qo,4(8,9) = = [-sinfcos¢ cosfcos¢ O] (6-38)

Ha xycke NHOBEpXHOCTH H30ONapaMeTPHYECKHE JHMHHH, T.€. JIHHHH C TIOCTOSHHBIM
3HAYeHHeM IlapaMeTpa, OpToroHasbHbl. (CnemnoBaTenbHO, CKAJISIDHOE IPOH3BENEHHE
NPOM3BOAHBIX 110 NapaMerpaMm pasHO Hymo. Hanpumep, maa cdepuyeckoit mosepx-
HOCTH

Qo-Qp = [—sinfsing cosfsing O0]-[cosfcos¢ sinfcos¢ —sing]=0
=[-sinfsing cosfsing O][cosfcos¢ sinfcos¢p —sing]T =0
= [—cosfsinfcospsing cosfsinfcos¢sing 0] =0. (6-40)

6-6 OTOBPAXKEHUE [TAPAMETPUYECKUX [IOBEPXHOCTEN

Metonp! napaMeTpH4ecKOoro ONMCAHHs IOBepXHOCTelt Hanbonee yno6HO NpelNCTaBIIA-
0TCA B TEDMHHAX OTO6PasKeHUs AByllapaMeTPHYecKO ITI0CKO# MOBEPXHOCTH M3 Napa-
MeTPHYECKOro MPOCTPAHCTBA 4y B TPEXMepHOe OGbEKTHOE NPOCTpaHCTBo ryz. Orpa-
HMYHMCS 3JeChb 06CYXKIOEHHEM OTOGDaXKeHHs NMPSAMOYTONbHOH ILIOCKOH IIOBEPXHOCTH
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|
c G

Puc. 6-22 Ilpamoyrommuas mapamMeTpHyecKas IUIOCKAas OBEPXHOCTD.

B TapaMeTPHYECKOM INDOCTPAaHCTBe, NOKa3aHHOH Ha pHC. 6-22 M 3anmamHOH ypas-
HEHHAMH

u=C  C3<w<Cy,
u=0_Cy C; <w < (y,
w=C3 C1 <u<Cy,
w=Cy C; <u<Cs.

IToBepxHOCTL B 06LEKTHOM IPOCTPAHCTBE IpEACTABIACTCS (PYHKIMMH, 0TOOpa-
KAOIUMHE 3Ty IapaMeTPUYECKYH0 MOBEPXHOCTb B 0O'bEKTHOE NMIPOCTPAHCTBO TYZ, T. €.

z = z(u, w),
y = y(u, w),
z = 2(u, w).

IIpocro#t nByMepHBLi NIPHMED NOCTYKHT B KAYECTBE WIJIOCTPALMH ITOTO METOA.

IIpamep 6-7 IBymepHOE oTO6parkeHHe MOBEPXHOCTH

OTo6pa3uTh HOBEPXHOCTD, OMACKHBAEMYIO B TApaMeTPHIECKOM IIPOCTPAHCTBE
YPaBHEHHAMHU

r=3u4+w 0<u<l]
y=2u+4+3wt+tuww 0<w<l,
z=0

B 06beKTHOe MpocTpancTBo. a5 HaYalla 3aMeTHM, UTO TakK Kak z = constant = 0,
TO IIOBEPXHOCTD B 06bEKTHOM IIPOCTPAHCTBE TAKKe ABJIAETCH ABYMEPHOMN H J1eXuT
Ha IUIOCKOCTH z = 0.
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(@) ' )

Puc. 6-23 [Isymeproe orobpaxkenmne mosepxHOocTH. (6) IlapaMeTpmdeckoe HmpoCTpPaHCTRO;
(b) o6bexTHOE TPOCTPAHCTBO.

I'panninsr moBepxHOCTH B 0G/bEKTHOM MPOCTPAHCTBE ONPELENAIOTCH € MOMO-
mp10 0ToOpaxkeHns B 06beKTHOE IPOCTPAHCTBO I'paHUI] IPAMOYTOILHAKA B [Tapa-
METPpHIeCKOM IpOCTpaHcTBe. Takum o6pasom, ais

u=0;, rz=w,y=3w U y=3z,
u=1 z=w+3,y=22w+1) u y=22z-05),
w=0 z=3u,y=2u U y=(2/3)z,
w=1 z=3u+l,y=3u+3 u y=z+2.
Bo Bcex cirygasx 1ia noslydenns ypaBHeHus Bua Y = Y(T) B3 COOTBETCTBYIOMEr0

BEIpasKeHMs MCKIIOYAICA NmapameTp (¥ wim w). Pe3ysbTaThl IpencTaBieHEl Ha
puc. 6-23.

Kax nokasano B mpuMepe, 3aiaHHe TOCTOSHHOTO 3HAYEHHs OJHOMY M3 IapaMeTpoB
HOpOXKAaeT KPUBYIO Ha TIOBEPXHOCTH B OOBLEKTHOM IpocTpaHcTBe. Takas xpHBasA Ha-
3bIBaEeTCs H30MapaMeTPHYeCKOH MM apaMeTpudeckolt nuHuei. Eciu 3anats oguH U3
napaMeTPOB Kax by HKIHIO IPYTOro B TapaMeTpPHYeCKoM NPOCTPAHCTBE, T. €. u = u(w),
TO B PE3YNbTATe TaKKe NMOJYYHTCA KPHBAs HA MOBEPXHOCTH B OOBEKTHOM IIPOCTDAH-
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Puc. 6-24 Tpexmepnoe orofpaxenne IOBepXHOCTH. (a) T KOMIIOHeHTa; (b) y KoMITOHeHTa;
(¢) z xommoHenTa; (d) pe3y.bTaT.

crse. Hanpumep, bynkuun
U =w, 0<w<1,
u=1—w,

IpPENCTABISIOT AMArOHAIM €AUHMYHOI'O KBaJpaTa B IapaMeTpHYecKOM IPOCTpaH-
cTBe.

Crenudumuposanye 3HadeHH 060MX NapaMeTpPOB 3aJaeT TOYKY Ha NOBEPXHOCTH
B 00bEKTHOM IIPOCTpaHCTBE. JIpyruM CIoco60oM 3anaHus TOYKH (HIH TOYEK) MOXKET
CIIyKHUTb NepecedeHHe NABYX KPHBLIX B IapaMeTPHYeCKOM IPOCTPaHCTBE, HapHMep
f(u,w) = 0 u g(u,w) = 0. Ilepeceyerne B MapaMeTPHIECKOM NIPOCTPAHCTBE OTOOpa-
KaeTcsl WM npeobpasyercs B epecedeHre B 00LEKTHOM IIPOCTPAHCTEE.

B 6oree cri0xxHOM TpexMepHOM IpHMepe AOTOIHHTEIbHO HILTIOCTPHPYETCsl OTTHChI-
BaeMas Huesi 0TOOparKeHHs.

IIpumep 6-8 TpexmepHoe oToGparkeHne NOBEPXHOCTH
Oro6pasHTh OMACAHAYI0 B NapaMETPHIeCKOM MpOCTPAHCTRE OBEPXHOCTh
z(u,w) = (u—w)?, 0<u<l,

yu,w)=u—w?, 0<w<]l,

z2(u,w) = vw
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B 06BbeKTHOE TPOCTPAHCTBO. BEIYHCINTE KOOPIHHATH B 06beK THOM IIPOCTpaHCTRe
TOYKH Ha IOBEPXHOCTH C mapaMeTpaMH u = w = 0.5.

CHagaJjia HajfifieM rpaHuYHbIE KpHBEIE

2 2
u=0 rz=w',y=—w",z2=0 # z=-y,2z=0,
2
u=1 z=(1-wly=1-v’'z2=w 1 s=(1-2)>y=1-2%
2

w = 0; z=u2,y=u,z=0 H z=y",2=0,

w=1 z=@-1}y=u—1,z2=u u z=y* z=1+y.
I'panminble KpUBHe H306pakeHEl Ha pHC. 6-24d GoJlee TOICTHIMH JTHHUAMH. 3a-
IACaB NapaMeTpPHIeCKY10 IOBEPXHOCTh B BHJe BeKTOpHOM (yHKIMM

2

Quw) = [ruw) yuw) z(ww)=[u-v)’ v—v’ vl

TIOJTY YUM
Q(0.5,0.5)=[0 0.25 0.25]

B KadeCTBe KOOpAMHAT TOUKH 4 = w = 0.5, oT™MedenHo# Ha pHC. 6-24d xHpHON
TOIKOH. 3aMeTHM, 9TO KaXKJas H3 KOMIIOHEHT NOBEPXHOCTH B 00beKTHOM mpo-
CTpaHCTBe ABJIACTCA TakKe dyHKmmell mapameTpoB u,w. Kakmas H3 stux oT-
JebHEX KOMIIOHEHT IOKa3aHa Ha pHC. 6-24a, b, c. IloBepxHOCTD, H306paXkeHHAS
Ha pHC. 6-24d, ABafeTcH KOMIO3MIMell BCeX Mpeobpa30BaHHBIX KOMIIOHEHT.

1 HaxoHew, IpeACTaBIIOT HHTEpeC OTOOpaKeHHs BIPOXKAEHHBIX KYCKOB, COOTBET-
CTBYIOIIMX TO4YKe M NpsiMoif. /Iy TOUKHM 0TOOparkeHHe 3alHChIBAETCS

T = constant, y = constant, 2z = constant.

st mpsiMoit oToOpaskeHHe 3aIMCHIBAETCS B BHJE T = u, Y = constant, z = constant.

6-7 BUJMHENHA4A IIOBEPXHOCTbH

Ongoft U3 caMbIX IIPOCTHIX sIBIIsieTCH GUIHHeHasA TOBEPXHOCTL. BUnHeliHasa NoBepX-
HOCTb KOHCTPYHPYETCA K3 4eThIpex YIJIOBbIX TOYEK eAWHHYHOrO KBaJpara B apaMe-
TpHYeCKOM IIDOCTpaHCTBe, T.e. u3 Todex P(0,0), P(0,1), P(1,1) n P(1,0). Jlrobas
TO4YKA Ha IOBEPXHOCTH OIpeAeneTcs JTHHeHHOH HMHTepromsauued MeXay IpOTHBOIO-
JIOXKHBIMH TPaHUIIAMH €UHIYHOTO KBAJPaTa, KakK 3TO IOKA3aHO Ha pHc. 6-25. Jlobas
TOYKa BHYTPH NapaMeTPHYECKOrO KBaJIpaTa 3aJaeTcs yDABHEHHEM

Q(u,w) = P(0,0)(1 — w)(1 — w) + P(0,1)(1 — w)w + P(1,0)u(l — w) + P(1, 1)uw.
(6-41)

B maTpH4HOM BHze

P(0,0) P(0,1)][1-w
Qu,w)=[1-u u Pgl,og PEI,IgH - ] (6-42)

HeobxonuMo, 4ToObI MHTEPIONHMpYEeMasd IOBEPXHOCTb YAOBJIETBOPSIA MCXOIHBIM
JaHHBIM. B 3TOM cydYae Jlerko IpOBepHTs, YTO YIJIOBble TOUKH NPHHAIJIEKAT ITOH
nosepxHocTH, T.e. Q(0,0) = P(0,0) u . Aa.

YpasHenue (6-42) 3amano B 0606IIEHHOM MATPHYHOM IIPEACTABJIEHNH HHTEPIIOJNH-
POBaHHO# OBEPXHOCTH, 3 MMEHHO — MATPHIA (bYHKIMI CMEILeHHs 110 OOl U3 Gula-
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w
PO,1) PQLY)
Xu,w)
P0,0) P(1,0)

Puc. 6-25 BmmuneliHaa uHTepnonanysa B NapaMETPHIECKOM IIPOCTPAHCTBE.

PaMeTpHYeCKuX NMepeMeHHbIX, FeOMEeTPpHYeCKas MAaTPHIIA, NPEACTABIAIOMAA HCXOAHbIE
JaHHbIe, H MAaTpHUA (pyHKUHH CMeIIeHHs IO Apyroll mapameTrpuyeckoft mepeMeHHOH.
ITpu m3yveHHH nmapaMeTpHYECKMX HHTEPINOJIMPOBAHHBLIX IIOBEPXHOCTEl Mbl GyaeM mo-
CTOSIHHO NONb30BAaTbCA 3THM IPEACTABIECHHEM.

Ecmi koopauHaTHBIE BEKTOPHI YeThIpeX TOUEK, ONpelelsomux OHInHelHyo no-
BEPXHOCTb, 3aJaHbl B TPEXMEpHOM OOBLEKTHOM IpPOCTpAHCTBe, TO OyAeT TpexmepHa
H OHIHHeNHas NOBEPXHOCTD, NOJAyYaeMasi B Dy3yJbTaTe OTOOparkeHHs IlapaMeTpHye-
CKOI'0 POCTpaHCTBA B 00bexTHOe. Ecin deTblpe ompenensiomye TOYKH He JieXKaT B
OJIHOM TUTOCKOCTH, TO M GMIHHeHHasi IOBEPXHOCTb TAKXKe He JIEXKHT HH B KAKOH mioc-
KOCTH. JleficTBHTeNbHO, B 00IeEM Cirydae OHA CHJIBHO M30THYTA, IPHMED 3TOTO MOKA-
3aH Ha pHc. 6-26. Onpeaensionme TOYKH ABIAIOTCA KOHIAMH IIPOTHBOIIONOXHBIX JHA~
rOHaJjleli Ha IPOTHBOIOJNOXKHBIX I'DaHAX eAHHH4YHOro Kyba. B pesyibrare momy4aem
runep6onuyeckuit napabonoun. B KayecTBe MIUIIOCTPAIMH PACCMOTPHM CleAyrormuit

HpHMep. .

IIpumep 6-9 Buanaeiinas nosepxHOCTh

Ha#trn To4ky Ha 6uummeffHON mOBepXHOCTH, 3amamEOl Toukamm P(0,0) =
0 0 13, PO,1) =[1 1 1], P(1,0) =[1 0 0, P(1,1) =0 1 0], Te
KOHUAMM ITPOTHBOMOJIOXKHEIX AHaroHaseif, Jexxamux Ha NPOTHBOMOJOXKHEIX Ipa-
HAX erTHoro ky6a B 06beKTHOM IPOCTpaHCTBe. Mckomas TOUKa HMeeT KOOp-
AvHATH © = w = (0.5 B mapaMeTpu4eCKOM IPOCTPAHCTBE.

Hanomuum, 4To moBepxHOCTh B 065éKTHOM IPOCTPAHCTBE ABJIAETCH BEKTOP-
Holt dyHkIMel:

Q("7 w) = [z(u, w) y("7 w) z("7 w)]
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P,

PO,0) P(1,0)

@ ®

Puc. 6-26 Bumaneiinas nosepxsocTs. (a) Onpenensiiomue yriiosse TOUKH; (b) moBepXHOCTD.

Toraa W3 ypaBHeHma (6-41) mmeem
Q(0.5,0.5) = [0 0 1J(1-0.5)(1-0.5)+[1 1 1)(1-0.5)(0.5)
+[1 0 0](0.5)(1—0.5)+[0 1 0](0.5)(0.5)
=0250 0 1]4+0.251 1 1
+0.251 0 0]+0.250 1 0]
=[0.5 0.5 0.5

Bca mopepxnocTh m3o6pakeHa Ha puc. 6-26b.

3aMeTHM, YTO KAXKJasa H30MapaMeTpHYeCKas JIHHua Ha OHIHMHeNHOH mOoBEpXHOCTH
sIBJIsieTCA IpsAMOH JHHKHeH. B caMoM Jene, 3Ta 1I0BEPXHOCTD SIBISIETCA ABYJIHHEHYIATOM
(cM. pasa. 6-8).

6-8 JIMHEWYATHIE 1 PA3BEPTHIBAIOIIMECHA ITOBEPXHOCTH

JIMHeliuaThIE IOBEPXHOCTH JaCTO HCIOJb3YIOTCS B aBHa- H KOpabJIeCTPOUTEILHOM IPO-
MblieHHOCTH. Hanpumep, G0AbMIMHCTBO aBHAUHOHHBIX KPLLILEB SABJISIIOTCS LUHJIHH-
APUYECKHMH JIMHeHYATHIMH NOBEPXHOCTSAMH. JIMHe#yaras IOBEpXHOCTb obpa3yeTcs
NpH OBHMXKEHHMH NMpPAMOH JIMHHH BAOJIb HalpaBJAOlel ¢ ONHON CTENeHbIo cBOOOIRI.
Jpyroit meron onpeneneH:s JHHEHYATON NOBEPXHOCTH COCTOHT B ClEAYIOIIEM. Bribe-
PeM IPOM3BOJILHYIO TOUKY Ha MOBEPXHOCTH M OyaeM BpaImaThb BOKPYI' HOPMAaJIH ILJIOC-
KOCTb, IPOXOJAMIYI0 Yepe3 HOpMajb K NMOBEPXHOCTH B 3TOH TouKe (CM. DHC. 6-27).
Ecnu cymectByeT Takas OpHEHTalHs IJIOCKOCTH, IPH KOTOPOM KaX/Jas TOYKa Ha pe-
6pe NI0CKOCTH KOHTAKTHPYHIOT C NMOBEPXHOCTHIO, TO IOBEPXHOCTb JHMHEHYaTa B 3TOM
Hanpasiienuu. Eciin pebpo Bpamaromelics NJIOCKOCTH MOJHOCTBIO COMPHKACALTCA C 1Mo~
BEPXHOCTbIO mpu 6ojiee 4eM OHOH OpPHMEHTAIMH, TO IOBEPXHOCTb B 3TOH TOYKE MHO-
roJinHei4ara.
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CaMoii TpoCTOii IMHEHYATOH IOBEPXHOCTHIO SIBJISIETCA ILIOCKOCTD. s KBaapaTHy-
HBIX NOBEPXHOCTEH OAHONMHENYATH KOHYCHl H UMIMHADBL; OMHOIONOCTHBIH rumnepbo-
qoun ¥ runepbonuyeckuii napaboiony ABYIHHEHIATEL.

B tepMuHaxX oTOOparkeHHs IapaMeTPHYECKOrO NPOCTPAHCTBA u, W B OOBEKTHOE
OPOCTPAHCTBO JHHEHIaTas! MOBEPXHOCTh NOIYYaeTCA ¢ HOMOMIBIO JIHHERHOTrO HHTEPIIOo-
JIMpOBAHHs MEXAY ABYMsl H3BECTHBIMH I'DAHHYHBIMH KPHMBLIMH, aCCOIHMHPOBAHHBIMH
C TIPOTHBOIOJOXKHBIMH CTOPOHAMH €JMHHYHOIO KBaJpaTa B NApaMeTpHYECKOM IIpo-
CTPaHCTBE, CKadKeM, MeXay KpuBbIMH P(u,0) # P(u, 1). IloBepXHOCTb 33JaeTCs ypaB-
HEHMSIMU:

Q(u,w) = P(u,0)(1 — w) + P(u,)w (6-43)

HJIN

Q] = [z(z,w) y(u,w) 2(w,w)] =[1-w ’“][11381?”

3amernM, uto cHoBa Q(0,0) = P(0,0) u .4, TO €CTb KOHUH CIEuH(PHPOBAHHBIX
KPHBBIX M YITIHl IIOBEPXHOCTH CoBnasawnT. KpoMe Toro, Apa xpasi HHTEPIONMPOBAH-
HOHl TIOBEDXHOCTH COBNAJAOT C 3aJaHHLIMH KPHUBBIMH, T.e. Q(u,0) = P(u,0) u
Q(u,1) = Plu,1).

Tenepb NpPEATIONOXKHM, YTO H3BECTHBI KpHBBE, coorseTcTByomme (Q(0,w)
P(1,w). Torma nuHeli4aTas NOBEPXHOCTD 34KALTCA CNEAYIOMAM 06pa3oM:

Q(u,w) = P(0,w)(1 — u) + P(1,w)u (6-44)

Q] = [z(,w) y(w,w) 2(uw)] =[1-u "ﬂiggim

Puc. 6-27 Caoitcrsa smnetrtaToit IoBepxHOCTH.
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Puc. 6-28 IIpHmep JinneitgaTolt IIOBEpXHOCTH.

B sToM ciryyae oIATH YIiibl IOBEPXHOCTH COBIAJAIOT ¢ KOHIAMH 3aJaHHBIX KPUBBIX, &
COOTBETCTBYIOIIME KPasi MHTEPIIOIMPOBAHHOHN IOBEPXHOCTH COBNAJAIOT C 3aJAaHHBIMH
rpaHM4YHEIMH KpuBbiMH. Ha puc. 6-28 mpuBoanTcs npumep nHHEHIATOH MOBEPXHOCTH.
HN3o06paskeHHble Ha 5TOM PHCYHKE OTCTOSIIMMH Ha HEKOTOPOM PACCTOSHHH OT IOBEPX-
HOCTH I'DaHU4HbIE KPHBbIE ABAAIOTCA B-crinalitHaMy TpeTbero nopsaaka (cM. pasa. 5-9).
OmnucaHHasi METOMMKA HJLTIOCTPHPYETCS: Ha TIPHMepe.

IIpumep 6-10 JInBeiiyaTas mOBEepXHOCTD

PaccmoTpHmM muHeiaTyI0 II0BEpXHOCTD, CHOPMHEPOBAHHYIO JINHEHHBIM HHTED-
Tlormposaruem kpuBbix P(0,w) u P(1,w). Hafimem xoopmuraTh TodxH Q(u,w)
Ha TIoBepXHOCTH c MapamerpamMH v = w = 0.5.

P(0,w) spisieTca He3aMKHYTHIM B-CILlaiiHoM Tperbero Topsixa (kK = 3)
C ollpeJefA0OMEAMA BepmIMHAMH JioMaHOM, 3amawHbiMH TouxkamH Bi[0 0 0],
Ba[1 1 0],Bs[1 1 0],B42 1 0mBs[3 0 0] (cm. pasa. 5-9). Ormernm,
uro BepmHbl B2 = B3 coBllafaloT, B pe3ynbraTe 4Yero Ha KpuBoH IIOJIydaer-
cx Manom. P(l,w) Taxxe sBIseTcs HE3aMKHYTHIM B-crutaifinom TpeTbelt crelle-
mn. Ero sepmmmmnl olpepensomedt momaHott pasusl B1[0 0 6], B2[l' 1 6],
Ba[2 1 6], B4[3 0 6]

Bcnomunasa obcyxaenne B-cruraiinos, Noyd9uM HE3aMKHYTBHIE ONHOPOIHBIE
y3iosrie pexTopsl aias P(0,w) # P(1,w), cooTBeTcTBeHHo,

[X]=[0 0 0 1 2 3 3 3],
[Y]=[0 0 0 1 2 2 2]

3amMeTHM, 4TO HEHOPMATH30BAHHbIE NUATIA30Hb H3MeHEeHH s [IapaMeTpoB I STHX
aByx kpHpeix pasmuunel, 0 < t < 3 gz P(O,w) u 0 < s < 2 oz P(1,w).
«Hopmanm3osaHHOE» 3HAYeRVe IlapameTpa JiMHelraTol TIoBepXHOCTH () B TO4UKe
w = 0.5 coorsercrayer ¢ = 1.5 mnx P(0,w) ¥ s = 1.0 ana P(1,w).
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HUcnone3ys ypasHenus (5-83) u (5-84), momy«mm

P(0,w) = P(t)
=B N1,3(t) + B2N2,3(t) + B3N3,3(t) + B4N4,3(t) + B5N5,3(t).

B Ttouke w = 0.5 wm t = 1.5

P(0,0.5) = P(1.5) = (0)B +0.125B; +0.75B3 + 0.125B4 + (0) B
=0.125[1 1 0]+0.75(1 1 0]+0.125[2 1 0]
=[1.125 1 0]

AHasoruaaeiM 006pa3oM
P(1,w) = P(s)
= §1N1,3(S) <+ §2N2,3(S) <+ §3N3,3 (s) <+ §4N4,3(S).
B touxke w = 0.5 wm s = 1.0
P(1,0.5) = P(1.0) = (0)B, +0.5B2 + 0.5B3 + (0)B4
=051 1 6]+052 1 6
=[15 1 6]

Hcrnonp3osanue ypasHeHus (6-44) U151 oIy <eHMs TOYKY Ha JMHEHIATOM IIOBEPX-
HOCTH JAacT

Q(u,w) = PO, w)(1 — u) + P(1, w)u

Q(0.5,0.5) = P(0,5.5)(1 — 0.5) + P(1,0.5)(0.5)
=05[1.125 1 0]+0.5[1.5 1 6]
=[1.3125 1 3].

PesynbraTsl oKa3aHsl Ha puc. 6-28. 2KupHo#t Toukoit oTMedeHa TOYKa NOBEpX-
HocTH, coorBercrByiomas @(0.5,0.5). O6parure BHMMaHWe Ha TO, YTO KpUBAs
P(0.w), comepxamas ®3/10M, IUIABHO IIEPEXOTUT B INIaAKyi0 Kpusyio P(1,w).

OcobbHt mpaxTuyeckuii wHTEpeC npeJCTaBIIseT BOMPOC, ABJIAETCs JiA JuHeldgaras
HOBEpXHOCTh passeprhiBalomeiics? He Bce nmHeliwaTble nOBEPXHOCTH Pa3BEPTHIBAIO-
IIHMeCs, ONHAKO BCE PA3BEPTHIBAIOLINECS HOBEPXHOCTH SABJIAIOTCH JIHHEHIATHIMH.

Ecin nosepxHOCTD Pa3BEPTHIBAIIAACH, TO C MOMOLIBIO MOCIELOBATEIBHOCTH He-
Honbiux MOBOPOTOB BOKPYr 00pa3yromel uHuu oHa MoXKer OblTh 6€3 pacTsKeHull u
Pa3pbIBOB pa3BepHYyTa MJIM PACKPhITA B IJIOCKOCTH. Pa3BepThIBAIOIIMECH TOBEPXHOCTH
0COOEHHO BaXKHBI JJ18 IACTONPOKATHOW mMPOMBIIIJIEHHOCTH H B MEHbIIIEH cremeHu OJIsa
TEKCTHJILHOH mpPOMBIIIIIEHHOCTH.

fAcHo, uTo cpeau MMHENRUATHIX KBAAPATHIHEIX TOBEPXHOCTEH pAa3Bep THIBAIOIIMMHCS
ABJIAIOTCS KOHYCBI ¥ HuMuHAPHI. OJHAKO nOCIe HeGOMBIIOro pa3MbIlIIeHHss CTAHOBHT-
¢ ACHO, 4TO Hu ONHONONOCTHBIH runepbonons (cum. puc. 6-18d), Hu runepbonmyuecKumi
napabonous (Cm. puc. 6-26) He ABIAIOTCH PA3BEPTHIBAIOIIMMHUCH ITOBEPXHOCTAMH, XO-
TH OHHM JInHeHuaTple.

Yrobe! onpenenuth, GyAer u pa3sBepTHIBAIONIEHC MTOBEPXHOCTh HIIH €€ 4acTh, He-
06x0mMMO paccMOTpeTh KPHBHM3HY mapaMmeTpH4ecKOl moBepXHOCTH. B npousposnbHOlM
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Puc. 6-29 KpususHa GunapaMeTpHIecKoil MOBEPXHOCTH.

touke P Ha nOBEPXHOCTH KPHBasi nmepece4eHust MOBEPXHOCTH M ILIOCKOCTH, COOEPKa-
melf HOpMaJlb K MOBEPXHOCTH B TOuke P, mmeer xpuBu3ny & (cM. puc. 6-29). IIpu
BPAIllEHHH 3TOH MIOCKOCTH BOKPYr HOPMAJH KpuBu3HA MeHserCs. Bemmkuii miBefinap-
ckulf Maremaruk Diiylep mOKa3aj, 4TO CYHDIECTBYIOT TOJBKO AB3 HAIPABJIEHHA, IJIs
KOTOPBIX KDMBHU3HA MPHHUMAELT MHHHUMAJIPHOE H MAKCHMAJIbHOE 3HAYEHHUS. KpHBH3HbI
B 3TuX HanmpaBJIEHHaX HA3bIBAIOTCA IJIAaBHbIMH KPDHBH3HAMH, Kmin H Kmax- KpOMe TO-
ro, HanpaBJIEHU: [JIABHBIX KPUBU3H OPTOrOHAJbHEL. JIBa coueraHus rjaBHbIX KDUBHU3H
IPeACTABJIAIOT OCODBIM MHTEPEC — CPeAHAd M TayCCOBAa KPHBH3HBI:

H= Kmin '+2‘ Kfmax’ (6-45)
K = KminKmax- (6-46)

s pa3sBeprbBalomeiics mOBEPXHOCTH rayccosa KpuBusna K B moboif Touke paBHA
nymo, T.e. K = 0. Tun [6-18] mokasan, uro s OunapamerPuIeCKuX mMOBEPXHOCTEH
CPeIHss M raycCOBa KPHBHM3HbI 3aIal0TCsi BhIPaxkeHuem!

_ AlQu|* — 2BQ. - Qu + C|Qu[* 6-47

H= 2100 X Quf® ’ (47
AC — B?

- 6-48

K=o x0.0 (49

rjae

(ABC) = [Qu X Qw] : [Quu Quuw wa]-

1 3aeck noacTpodnsie HHIEKCH HCIONBL3YIOTCA AJ1s 0603HAYeHN s YJACTHBIX IDOH3BOJHKIX, T. €. Qu=
8Q/0u u T. 4.
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Tabauuia 6-2 Twunsl mosepxrHOCTEH

Kmin, Kmax K DopMa

OmunakoBeie <0 umnragecKas

3HAKH (BRIYKJIOCTD IITH BIIAJMHA)
Ilporusomonoxusie >0 Iumepbommrdeckas

3HAKA (cemnosas Togxa)

Omua wm obe 0 Iwmenprdeckas / KOHUYECKas
KPUBH3HBI PABHB (rpe6ens, snanuHa,

HYIO IUTIOCKOCTD)

Kak nokazano B Tabi1. 6-2, 3HaK rayCcCoBOM KpHBH3HLI XapaKTepA3yeT JIOKAIbAYIO Ghop-
MY IMOBEPXHOCTH: SJLIMITAYECKYIO, rANepOOMYECKYI0, IUIMHIDHYECKYIO RIM KOHAYE-
ckyio. Tak kax rayccoBa KpHBH3HA Da3BEPTHIBAIOIIEHCH MOBEPXHOCTH JOJIKHA ObITH
HYJIEBOH, TO MOBEPXHOCTH JOJKHA, ObITH CKOMIIOHOBAHA, M3 UJIAHIPAYECKHAX, KOHR Ye-
CKHX mym IJIOCKEX KYCKOB. IIpuBenennslli Hm>Ke mpuMep MOMOKET NPORIUTOCTPHEPO-
BaTb 3TH DPacCyXJeHndA

IIpumep 6-11 Pa3seprTriBarolasics IOBEPXHOCTh

IToka3aTh, YTO SJLTANTHIECKHN KOHYC SBIAETCS pa3BepTHBalomeica moBepx-
HOCTBIO.

Iepenumenm ypasHenue (6-32) mns MapaMeTPHYECKOro JLTANITHYECKOTO KO-
Hyca B TEPMHHAaX U H W:

Q(u,w) =[aucosw businw cu].
Yacraeie npoussogHnie GymyT

Qu=[acosw bsinw (|,

Quw =[—ausinw bucosw 0],
Quw =[—asinw bcosw 0],
Quu=[0 0 0],
Quw =[—aucosw —businw 0],
Qu X Qu =[~bcucosw —acusinw abu],
. 2 f (¢ 2 rc 2
|Qu X Qu|” = (abu) {(acosw) +(bsmw) +1}9é0 u>0
Hu
A=[-bcucosw —acusinw aby]-[0 0 0]=0,
B =[-bcucosw —acusinw abu]-[—asinw bcosw O]

= abcusin w cos w — abcusin wcosw = 0,
C=[-bcucosw —acusinw abu]-[—aucosw —businw 0]
= abcu’ cos® w + abcu? sin? w = abeu?.
Taxum o6pasom, ucmons3sysi ypasuenue (6-48), moayumm, uto B moboft Touke
MOBEPXHOCTH
K= AC—B: _ (0)(abeu?) —(0) _
|Qu X Qul* [Qu X Qul*

0
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H, CJIEJIOBATEINIBHO, TIOBEPXHOCTD ABJISETCH PA3BEPTHBAIOLIEHCH. 3aMETHM, YTO X0~
19 |Qy X Qu|? = 0 st w = 0, w3 npaswa Jlommrans monysaem, uro K = 0/0 =0
Bu = 0.

6-9 JIMHEWHAS IIOBEPXHOCTB KYHCA

Ecin m3Bectns! dersipe rpanmunsie xpussle P(u,0), P(u,1l), P(0,w) rn P(1,w) mn
JJ1s1 BHyTpeHHel 4acTH KYCKA TOBEPXHOCTH HCIONB3YyeTCd bmimuelHas CMelmBaro-
mast GysKuusa, TO B pe3yisTaTe MonyyaeM Jmueinyno noBepxunocTs Kynca. Ha nep-
BbIA B3rJsAg MOXKHO NMPEANONIONKATE, YTO KEJAEMbIH pe3ysibTaT J3eT NPOCTas CyMMa,
OTHENBbHBIX JIMHEHYATHIX NoBepXuocTed (ypasuenus (6-43) m (6-44)) B ABYX mampas-
JIeHnAX U, w:

Q(u,w) = P(U,O)(l - w) + P(uv 1)w + P(va)(l - u) + P(l,’l.U)‘U.
OHaxo0, IPOBEPHB 3TOT PE3YNHTAT B YrOBBIX TOYKAX KYCKA [OBEPXHOCTH, HAIIPEMED
Q(0,0) = P(0,0) + P(0,0) = 2P(0,0)
M HA IPaHALAX, HAIIpAMED
Q0,w) = P(0,0)(1 —w) + P(0,)w + P(0,w)
HOJIyYHAM, YTO HH OJHO M3 3THX 3HAYEHHH HE COOTBETCTBYET MCXOLHBIM JAHHBIM. DTO
[PORCXOAUT M3-33 TOrO, YTO YrJIOBBIE TOYKH YYATHIBAIOTCH ABAXKIHI, Tak Kak P(0,0)
conepxkutca B 06emX rpaEmunsix kpmeelX P(u,0) n P(0,w).

[IpaBunbHBIi pe3yasTAT MOXKHO OJAYYATH C INOMOIIBI0 BEIMATAHAA JONOIHATEb-
HBIX YJIEHOB, BO3HHKAIOIIMX H3-33 yJBOEHHS YIJIOBBIX TOYEK:

Q(uv ’l.U) -':P(‘U.,O)(l - w) + P(uv 1)w + P(va)(l - u) +P(11w)u
- P(0,0)(1 —u)(1 —w) — P(0,1)(1 —u)w-
— P(1,0)u(l —w) — P(1, Duw. (6-49)
Tenepr B yrjoBbIX TOYKaX
Q(0,0) = P(0,0) mrn
B BJAOJHL IpaHAL
Q(0,w) = P(0,w)
Q(u,1) = P(u,1)
7 T 1.

B matpmnunoii dopme ypasuenue (6-49) nmeer Bup:
P(0,w)
P(1,w)

Quw =ti-u ol PV |40 Pwnl[ 1" ]

w] [ P(0,0) P(0,1) } [ 1—w ]

-l P(1,0) P(1,1) w
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Puc. 6-30 Jlmne#nas mosepxaocTs Kynca.

wm 6oJjiee KOMIIAKTHO

—P(0,0) —P(0,1) P(0,w) 1-w
Qu,w)=[l—-u u 1]| —P(1,0) —P(1,1) P(l,w) w . (6-50)
P(s,0) Pl 0 1

Pyuxipn (1 — u), u, (1 — w) 1 w HaspIBarOTCA DYHKIMAMU CMEIIEHusA NMOTOMY, YTO
OHM CMELIMBAIOT 'PAHWYHBIE KPUBBIE JUIA TOJy4YeHus BHyTpeHHeH (opMBI ITOBEPXHO-
cTu. JluHeliHaa MOBEPXHOCTH NMOKa3aHa HA puc. 6-30. JIuneilinaa nosepxuocts KyHnca
AByIAeTCca camoil mpocTo¥ u3 momepxHocTelt KyHnca. B pasa. 6-10 obcyxknpaerca 6o-
Jee obmiasa noeepxuocTs Kynca. Crienyromuil Ipumep mjuIioCcTpupyeT uCIONB30BaH-
HBIIl BBIIIE METO/.

Ilpumep 6-12 JInmeiinas mosepxaocTh KyHca
Haiitu Touky ¢ xoopmunatamu u = w = 0.5, pacmonoxennyo Ha JIMHEHHOM
nosepxrocti KyHca, ecim dernipe rpanmyansie kpuseie P(u,0), P(u, 1), P(0,w),
P(1,w) 3anatorcs HesaMxHyTHIME B-crutafinamu Tperbero nopsaxa (k = 3)

P(u,0):Bi[0 0 0],Bz[1l 1 0,Bs[2 1 0],B43 0 0],

Bs[3 0 3]
P(u,1):B1[0 0 3],B2[1 1 3],B32 1 3),Bs2 1 3
P(O,w):C1l0 0 3],C2[0 1 2,C3[0 1 1],C4f0 0 0]
P(L,w):C1[3 0 3],C2[3 1 2|,C3[3 1 2],C43 1 1],
Cs[3 0 0]

Bcnomunas npemsinymee obcyxnenue B-crumaios (cM. pasza. 5-9), nomywum ya-
noso#t BexTop mnst P(u,0) u P(1,w)

[X]=[0 0 0 1 2 3 3 3
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Takum o06pa3oM, HEHOPMAIM30BAaHHEIA Juana3oH nmapameTpa ectb 0 <t < 3. na
(u,1) u P(0,w) y370Boit BEeKTOp C HEHOPMATN30BAHHEIM NUATIA30HOM IapaMeTpa
0 < s < 2 umeer BHUA

Y]=[0 0 0 1 2 2 2.

COOTBeTCTByIOmHMH 3HAYCHUAMHM VI IIapaMeTpOB B HOPMAJIM30BaHHOM JHAIIa-
3oHe 0 < u, w < 1 aBasmorca t = 1,5 u s = 1.0.
BocnonmpzosaBmucs ypasnenusmu (5-83) u (5-84), momyanm

P(u,O) = P(t) = B1N1,3(t) + B2N2,3(t) + B3N3,3(t) + B4N4,3(t) + B5N5,3(t)

P(0.5,0) = P(1.5) = (0)B1 +0.125B; + 0.75B3 + 0.125B4 + (0)Bs
=0.125[1 1 3]+0.75]2 1 3]+0.125]2 1 3|
=[1.875 1 3
P(u,1) = P(s) = B1N13(s) + B2N2,3(s) + BsNa3(s) + BaN4(s)
P(0.5,1) = P(1.0) = (0)B; +0.5B2 + 0.5B3 + (0)B4
=051 1 0]+0.5)2 1 0]
=[5 1 0]
P(0,w) = P(s) = C1N1,3(s) + C2N23(s) + CaNa 3(s) + CaNa3(s)
P(0,0.5) = P(1.0) = (0)C1 + 0.5C2 + 0.5Cs + (0)Ca
=050 1 2]+0.5[0 1 1]
=0 1 15

P(1,w) = P(t) = C1N1,3(t) + CaNa2,3(t) + C3N3 3(t) + CsNa3(t) + Cs Ns,3(t)

P(1,0.5) = P(1.5) = (0)C: + 0.125C; + 0.75Cs + 0.125C4 + (0)Cs
=0.125[3 1 2]+0.753 1 2]+0.1253 1 1]
=[3 1 1.875]

Teneps, ucnons3ys ypasnenue (6-50), umeem

—P(0,0) —P(0,1) PO,w) ][ 1-w

Qu,w)=1-u u 1| —-PQ1,0) —-P(1,1) P(l,w) w ,
P 0) Pl 0

Q(0.5,0.5) =[0.5 0.5 1] x
[ —[0 o3 -0 o0 0 [0 1 15 ]lo.s]
x| -3 03 —[30 0 [3 1 1875 05 | =
[1.875 1 3] [1.5 1 0] 0 1
=[1.6375 2.25 1.6375].

IMony4uennsie pe3yIbTaThl u306paxkeHsl Ha puc. 6-30. OTMeTHM HAIHHE IJIOCKOTO
y4acTKa Ha IOBEPXHOCTH, rayCCOBA KPMBH3HA B 9T0ii 06/acTn pasHa mymo. Cre-
JI0BATE/IBHO, 3T YACTh MOBEPXHOCTH passepThiparomaici. B ocramsHol 061acTH
rayccopa KpWBH3HA IIOJIOKHTE/JbHAa H IOBEPXHOCTH He SABJIAETCS Pa3BePTHIBAIO-
niencd.

427
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6-10 BUKYBUYECKAL ITOBEPXHOCTb KYHCA

XoTs aHaJIUTHYECKHE TIOBEPXHOCTH, HAIPDUMED KBaJApaTHYHbLIE, JIHHeHYaTsle U Mpo-
CTBbI€ KYCKH JIHHEHHO HHTEepIOJHPOBAHHBIX TIOBEPXHOCTEH, 0b6CyKAaBIIHecs B Ipebl-
OyIIEX Pa3faenax, d BaXKHbI JJjId KOHCTPYHPOBAHHA M IPOM3BOACTBA, HO JJI MHOIHMX
HOpHJIOXKEHHH OHM He 06JanaloT JOoCTaTO4YHOH rubkocreio. OmHcaHHe MOBEPXHOCTEH,
obcyKIaeMoe B 3TOM M JaJbHEHIINX Pa3feslaX IIaBbl, IPEAOCTABIAIOT HEOOXOJHMYIO
FHOKOCTH C [IOMOIIBIO MCIIOJIb30BAHHA MTOJIMHOMOB 60JIee BHICOKHX CTelleHeH Kak JJis
IpaHHYHBIX KPUBBIX KYCKA MIOBEPXHOCTH, TaK H [/ BHYTPEHHUX CMEIIHBaouMX GyHK-
puii. [ToBepxHOCTH, CreHepUPOBAHHEIE C TOMOIIBIO OObENMHEHHA TAKUX KYCKOB, HA3bI-
BAIOTCHA CKYJBITYPHBIMH IIOBEPXHOCTAMH. [l OMHCAaHMA CKYJIBITYDPHBIX IOBEPXHO-
crelt pyHIaMeHTAJIbHOE 3HAYEHWE UMeeT KYCOk buxkybuueckoit mosepxnocrd Kynca
(cm. [6-19)]).

Jljis BCex veThIpexX rpaHHYHBIX KPHBBIX KycKa Buxkybuueckoii mosepxuoctu Kynca
HCIIONB3YIOTCH HOPMAJIM30BaHHbIE KyOHuecKHe CIuIaiHe! (cM. pasf. 5-4). s 3ananus
BHYTPEHHEH! 4aCTH KyCKa MCIOMb3YIoTCa Kybuueckne cMeinpaiomue byukiud. Taxum
00pa3oM, KaXXIyio I'PAHUYHYI0 KPUBYIO MOXKHO IIPEICTABUTH B OOIIEM BHIE

P(t) = By + Byt + Bst®* + Byt®, 0<t<1. (5-2)
Jlns oqHOTO CerMeHTa HOPMAaJIH30BAHHOTO KYDHYECKOro CIIaifHa ¢ U3BECTHBIMH Kaca-

TEJILHBIMH M KOODAMHATHBIMH BEKTODAMM HA KOHIAX, KAXHAd W3 YeTsIpeX IPaHHY-
HBIX KpHBHIX, P(u,0), P(u,1), P(0,w) u P(1,w) 3anaerca cnexyomuM obpa3oM (cM.

Kybuaeckas
TpaHWIHas

Kacarenpunrit
BEKTOp P©,0) BEKTOp

Puc. 6-31 [eomerpusa mna xycka 6uxy6uyeckoit mosepxaoctu KyHca.
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ypabuenusa (5-24), (5-26), (5-27):

P(t) = [T][N][G] =
2 -2 1 1][~PR
-3 3 -2 1{| P
— [43 2 2
=l & ¢ Ul 5 o0 1 o p | 0stsy, (5-27)
1 0 0 o] P

rae t CTAHOBHTCA COOTBETCTBEHHO U WIH w, a P, P, P{, Pj — KoOpAMHATHBIE U Kaca-
TeJIbHbIe BEKTODHI Ha KOHIAX COOTBETCTBYIOMeH rpaHW4HOM KPHBOH (CM. puc. 6-31).
Kybuyeckas cMemnsaiomas (hbyHKIMs, MCIOIb30BAHHASA JJ1A O00MX MapaMeTPUIECKHX
HanpasyeHu#, HaenTuyHa GbyHKIMH, HCIOIB30BaBIIENRCA 11 HHTEPIOIHPOBAHUA BHY-
TpeHHe}H YaCTH HOPMAJIH30BAHHOTO KYOHYECKOro CIIaitHa, T.e.

[F]=[R(t) F) F) Fi®)]=[T][N] (5-26)
2 -2 1 1
=[ ¥ t 1] _g g _f —(1)
1 0 0 0

PacnuceBas cMeinupaotye GbyHKIUH, HMEEM

Fi(t) =2t -3t* + 1, (5-25a)
Fy(t) = —2¢% + 3t2 (5-25b)
F3(t) =13 —2t* 4+ ¢, (5-25c¢)
Fy(t) =3 — 12, (5-25d)

rae t ectb 60 1 MO0 W, COOTBETCTBEHHO. JTH (DYHKIMH U306paKeHBI Ha pHUC. 5-8.
Torna onpenenenue xycka 6Ukybuueckoit nopepxHoctd Kynca 3anuceipaerca B BUIE

Qu,w) = [Fi(u) Fa(u) Fi3(u) Fi(u)]x
P(0,0) P(0,1) P,(0,0) P,(0,1)] [ Fi(w)
P(l,O) P(171) Pw(170) Pw(lvl) FZ(w) (6—51)
P,(0,0) P,(0,1) P,,(0,0) P.,(0,1) F3(w)
Pu(l,O) Pu(l,l) Puw(lvo) Puw(l’l) F4(w)

Al <u<1lwuw0<w< 1l CnoMompio ypaBHenus (5-26) 3TO MOXHO 3aIlHCaTh
6oJslee KOMIAKTHO:

Q(u,w) = [U][N][P][N]T[W], (6-52)

rne [Ul=[u3 w2 o 1u[WT = w w 1
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Martpuna [P] B ypaBHennu (6-51) conepXuT BCIO reOMETpHYECKyI0 uHdpOpManuo,
HeobBXOmMMYI0 JJIA FeHepamuu OHOro 6ukyGuyeckoro Kycka nosepxHoctu Kynca. Ilon-
MaTpuIbl pa3Mepa 2 x 2 B KaxgoM yriay [P] conepxar

yTIJIOBBIE KOOD- : w-Kaca-
JHHaTHBIE : TeJIbHbIE
BEKTODH : BEKTODHI
[Pl=]  ocooo el
u-Kaca- : BEKTODHI
TeJIbHBIE : Kpy4eHus
| BEKTOpBI i

TaxuM 06pa3oM, KycoK bukybudeckoil TOBEPXHOCTH ONPEENseTCs YeTbIPbMS KOOpIH-
HATHBIMH BEKTODAMH B YIJIOBBIX TOYKAX, BOCEMBIO KACATEJILHBIMHE BEKTOpaMu (10 ABa
B KAXJOM YIUIY), YeThIPEMS BEKTOPaMH KPY4€HuS B YITIaX W Y€ThIPbMA KyBudecKuMu
cMemmBaromuMu byakmuamu Fy, Fy, F3 u Fy.

ITpumep kxycka GukyOuteckol MOBEPXHOCTH IIPEACTABJIEH Ha puc. 6-32. 3ameTuM,
4TO KaXKJas M3 M300pa’KeHHBIX Ha pHC. 6-32 m3omapamMeTpHyYECcKHX JIWHUM ABIAETCH
HOPMAaJIH30BaHHBIM KybGuieckuM crutaiinoM. Heckolpko KycKoB MOryT 6BITH COemuHe-
HBI BJOTE C'l-rmagknX rpaHun 1)is o6pa3oBanus 60see CIIOXKHBIX TTOBEPXHOCTEH, ABJIA-
fomuxcs Cl-rmagkumu Besge. JleTanbHo yenoBus o6beIMHEHHS KYCKOB OuKyOuIecKnx
nosepxHoCcTe# obcyxkaiTca B [6-19).

[TapameTpuyeckue npousBogHble B OGO TOUKe Ha OHKYOHUECKOH TOBEPXHOCTH
Hoxy4aoTca ¢ noMompio opManbHoro nuddepennuposatus ypasHeHus (6-52):

Qu(u,w) = [U]IN][P[N]T[W], (6-53)
Qu(u,w) = [U][N][P][N]"[W'], (6-54)
Quu(u,w) = [U'][N][P][N]T[W], (6-55)
Quu(u,w) = [U"|[N][PI[N]T[W], (6-56)
Quuw(u,w) = [U[N][PIINTT[W"], (6-57)

rae wrpuxn o6o3Ha4aoT auddepeHnupoBaHue N0 COOTBETCTBYIOMEH IEPEMEHHON u
[U']=[3u* 2u 1 0],
W7 =[8w® 2w 1 0],
[U"]=[6w 2 0 0],
W =6w 2 0 0]
Hopmaus x nopepxHocTu, ucmonb3yeMas [1s1 Olpe/IeeHusT HEBH FMbIX [IOBEpPXHOCTEH,

BbIMuC/IeHust ocBemeHHOCTn (cM. [1-11)] u co3nanus yHnpaBISIOmuMX IPOrPaMM JUis
CTaHKOB, 33/13€TCSI BHIPAXKEHHEM

n=0QuxQy.
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Puc. 6-32 Kycok 6ukyGuyeckoit moBepxHoctu KyHca.

IonpobHelil TpuMep WITIOCTPUPYET MeTor BbIYuCIIeHui 1iud GukybuveckuX Kyc-
KOB.

ITIpumep 6-13 Kycok 6uxkybuueckoit moBepxaocta Kyrca

OmpenemaTs TOUKy Ha KycKe GuUKyGudeckoit moBepxHocTn KyHca, cooTBeT-
cTBylomyio nmapamerpaMm u = w = 0.5. BekTop-Touku mia dermipex yriioB pas-
wa P(0,0) = [-100 0 100], P(1,0) = [-100 — 100 - 100], P(1,0) =
100 —100 —100], P(1,1) =[100 0 — 100]. KacaTeinHble BeKTOPE paB-
me P, (0,0) = [100 100 0], P,(0,1) = [1 1 0], P,(1,0) =1 -1 0],
P,(1,1)=[1 -1 0], P,(0,0)=[0 10 -10], P,(0,1)=[0 -1 -—1],
Py(1,0)=[0 1 -1], P,(1,1) =[0 —1 - 1] BexTopu Kpy4yenus paBHbI
P,,(0,0)=[0 0 0], P,w(0,1)=[01 0.1 0.1], P,u(1,0)=[01 -01 -
0.1], Puw(1,1) = [0 0 0] OnpesennTs mapaMeTpHdecKue MpoH3BoAmble .,
Qv ¥ BexTOp HOpMaym M u = w = 0.5.

Hcnoneays MaTpuamyo 3amuch u3 ypasHenus (6-51), monyqmam

[-100 0 100]  [-100 —100 —100]
100 —100 100] [100 0 —100
Qu,w) = [U][N] {100 100 0] ] {1 1 0] ]
1 -1 0] 1 -1 0]
[0 10 —10] 0 -1 —1]
01 - 0 -1 -1 —
{0 0 0] ! %0.1 0.1 0.1]] NI W]

01 —-01 -01] [0 0 0]
Has v = 0.5 cMemmBatomue GYHKUMH 0 % HMEIOT BHI:

1

2 -2

3 2 -3 3 -2
UiiN =@’ «* u 1] 0 0
1 0

2 -2
=125 025 05 1| o 3
1

1

-1

0

0

1

-2

1

0 0

1
-1
0
0

=[5 0.5 0125 —0.125]
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Jas w = 0.5 cmemusalonme GyHKIMH 110 w:

r 2 -3 0 17T v
T | -2 300 w?
[N [W] = 1 -2 1 0 w
| 1 -1 0 0] [1
( 2—301'(0.125
-2 300 0.25
= 1 -2 10 0.5
| 1 -1 0 0] ]1

[0.5 0.5 0.125 —0.125]".

TakuM ob6pa3om, £ kommoneHta @(u,w) mpu v = w = 0.5 pasHa

Q.(0.5,0.5)=[0.5 0.5 0.125 ~—0.125] x

—-100 —100 O 0 0.5
< 100 100 0 0 0.5 _
100 1 0 0.1 0.125 | —
1 1 01 0 —0.125
0.5
=[12375 0 —0.0125 0.0125] 0.5
; ’ ’ 0.125
—0.125

=6.18

Ananoruano Y M 2 KOMIIOHEHTH TaKOBEI:

Qy(0.5,0.5) =[0.5 0.5 0.125 —0.125] x

0 -100 10 -1 0.5
| -0 0 1 -1 05 | _
100 1 0 01 0125 | =
-1 -1 -01 0 —0.125
= —42.75
Q.(0.5,05) =[0.5 0.5 0.125 —0.125] x
100 —100 -10 -1 0.5
100 -100 -1 -1 05 | _
0 0 0 o1 0125 | =
0 0 —01 0 —0.125
= —0.56

CnenosatensHo, Q(0.5,0.5) = [6.18 —42.75 — 0.56]. Bca mosepxHoCTb W30-
GpaxeHa Ha puc. 6-32. '
O6paTuMcs Teneps K MPOM3BOAHEIM, BCIOMHUM ypasHenms (6-53)—(6-55) u
3aMETHM, 4YTO
[U]IN]=[3* 2 1 Q][N]=
2 -2 1 1
3 -3 3 -2 -1]_
=[075 1 1 0] 0 0 1 ol =
1 0 0 0
=[-15 15 —0.25 -0.25
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[N"IW'] = [N]"[3v® 2w 1 0]" =
2 -3 01 0.75
| -2 300 1 _
=l 1 -2 10 1 =
1 -1 0 0 0

=[-15 15 -0.25 -0.25]"
IMapaMeTpuyecKue MpousBogHele B u = w = 0.5 paBHL
Q..(05,05)=[-1.5 1.5 -0.25 —0.25]x

-100 -100 O 0 0.5

< 100 100 0 0 0.5 _

100 1 0 0.1 0125 | —

1 1 01 0 —0.125

0.5

=[274.75 299.5 —0.025 —0.025] 0.5

: ) ’ : 0.125

—0.125

= 287.13

Qu, H Qu, HaxondaTca aHaIOrHdHEIM 06pasoM. B pesynbrare momy<qmm

Q.(0.5,0.5) = [287.13 —14.06 1.69)].

Temneps
Quw.(0.5,05)=[05 05 0.125 —0.125] x

-100 -100 0 O -1.5
% 100 100 0 O 1.5 | _
100 1 0 01 —-0.25 | —
1 1 01 0 -0.25
-1.5
=[1238 0 —0.0125 0.0125] 15 | _
’ ’ ’ —0.25
—0.25

= —18.56
Qu, 1 Q.,, HAXOQATCA AHAJOTHIHEIM 06pa3oM, OTKYIa

Qw(0.5,0.5) =[-18.56 —19.69 ~— 298.38]

W HakoHell, BeKTOD HOPDMaJIH HMEET BHJI:

i J k i J k
N=QuxQu=| Qu. Qu, Qu, |=| 28713 -14.06 1.69
we Qu, Qu, —18.56 —19.69 —298.38

= 4227.51 + 85641.2j — 5915.5k.
Enuanynas HopMasibk paBHaA
i =[0.049 0.996 —0.069]

BaMeTHM, YTO BEKTOPBI Kpy4eHHMs B yIJIOBBRIX TOYKaX CJierKa CMECTHJIHN HopMaJIb

OT HAIpaBJIeHUS Y.
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(c) @

Puc. 6-33 [leiicTBue Ha Kycok 6MKy6GmIecKoit MOBEPXHOCTH BADbHPOBAHUS BEJMIHHBI Kaca-
TeJLHOro BeKTOpa. SHaueHus KOMIOHEHT KacaTelIbHoro BekTopa pasas (a) 1; (b) 10; (¢) 100;
(d) 1000.

Oznna u3 npo6eM, BOZHHKAIOIINX NPH HCIOIb30BaHuH GHKYOUYECKHX KYCKOB IO~
BEPXHOCTH, 3aKJIIOYAETCA B HECOOTBETCTBMH 3HAYEHHH BEKTOPOB NOJIOXKEHHS, Kpy4de-
HuA ¥ KACATEJbHBIX BEKTOPOB. Bce oHu B 00meM Ciiyyae HMEIOT Pa3jIMyHbIe NOPAAKH
BeruyuH. HanpuMep, mst Kycka NOBEPXHOCTH CO cTOpoHOi 10 enuHul, KacaTeJbHbIE
BEKTOPBI MOT'YT UMETh 3Ha4eHus Nopsaaka 10 enuxun BeKTOphI KpydeHns — 100 enuHnL
u BexTOpbl nojoxepnsa — 1000 equrnn. KpoMe Toro, He Bcerna o4eBHIEH pe3yJbTaT
H3MEHEHHS BEIMYHHBI H HaIlpaBJIeHusl KACATEJIbHBIX BEKTOPOB H/HJIH BEKTOPOB KpPY-
YeHus.

Ha puc. 6-33 nokazan pe3ynpTaT BApbHPOBAaHHA BEJIMYHMH KACATEJBHBIX BEKTODOB B
YIJIOBBIX TOYKAX KyCKa 6uKybmueckoil IoBepXHOCTH. BeKTOpH MOI0XKEHUs YIJIOB KyC-
KA JI€KaT B MJIOCKOCTH y = (), OTIEHTPUPOBAHHBEIE OTHOCHTENIHO Hadasia KOODAMHAT
B +100z, z. KacaTesbHble BEKTODPBI JIEKAT B IJIOCKOCTHAX, PACIONIOXKEHHBIX TEPIIEH-
AMKYJISIPHO IJIOCKOCTH YIVIOBBIX TOYEK M CONEPIKAIIMX CMEXKHBIE YIJIbl KyCKa MOBEPX-
Hoctu. HampaBiieHue xacaTesbHBIX BEKTOPOB BEIODAHO TakuM 0bBpa3oM, 4TOOHI CAe-
JaTh KY6H4eCcKyIo 'PaHUYHYI0 KPHBYIO BBIYKJIOH BBEPX («ropboM BBEPX» ), HANIpUMED
Pu,(0,00 =1t 1 0], P,(1,00)=[1 —1 0], u Tz Bennmunna BexTOPOB Kpy4eHHS
paBHa Hymo. Ecin 3HauyeHne KOMIIOHEHTHI y KAXKIOrO KacaTeJbHOrO BEKTODa PaBHO
HYJII0, TO KYCOK IOBEPXHOCTH INIOCKuil; ecyim He paBHO HYJI0, TO KyCOK M3OTHYT.
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Ha puc. 6-33a usobpaskeH KyCOK 6ukybuieckoll HOBEPXHOCTH C e[MHUYHBIMH 3Ha-
YEHHSAMH KOMIIOHEHT KACATeJbHOTO BEKTOpa. XOTA MOBEPXHOCTh BBIMVISAIUT ILJIOCKOI,
Ha CaMOM JieJle OHa, CJierka OoxpyrieHa. KoMIOHeHTa y B LEHTpe NMOBEPXHOCTH, T. €. B
z = z = 0 paena 0.5. Ha pucynkax 6-33b-d noka3sanbl 6ukyGuyeckue MOBEPXHOCTH,
JJIsI KOTOPBIX 3HAaYeHus KOMIIOHEHT KACATEIbHOIO BEKTOPA YBEJIHYEHBI COOTBETCTBEH-
HO Ha 1, 2 wiu 3 mopszka BemyuHbl, T.€. paBuHsl 10, 100 u 1000. 3HadeHus KoMmo-
HEHTHI Y IEHTpaJbHOH TouKu Tenepb pasHbl 5, 50 u 500. 3ameTuM, 4TO OHuM TaKxKe
YBEJIMYHBAIOTCA Ha NMOPAJOK BEJIHYHMHBI BCSIKUH DPa3, KOrJa YBEJIMYHBACTCH 3HAYEHHE
KACaTeabHOI'O BEKTOPA.

Ocobsr1it uHTEpEC npencTaBaser puc. 3-33d. M306paxennas Ha HeM HOBEPXHOCTH
ABJIAETCS caMonepecekatomeiica. YTobwl mydille HOHATH 3TOT PE3YJIbTAT, MOXHO BCIIO-
MHHTB ODCyKNeHne KyOH4ecKuX CIUIAHHOB KPHMBHIX B pa3f. 5-3 ¥ B 0CODEHHOCTH puC.
5-10. KpoMe Toro, 3aMeTnM, 4T0 KaxXK/J[a8 H30NapaMeTPUYeCKas JIMHUA Ha, IOBEPXHOCTH
sABJIAeTCH KyOuyeckoii ciiaitHoBoi xpusoil. Kaxknas u3 u3onapaMeTpryeckuX JuHuil
obpasyer nerio, NOKA3bIBasA, 4TO 3HAYEHHE KACATEILHOI'O BEKTOPA B YIVIOBOH TOYKe
IIPEBBICHIIO KPUTHYECKOE 3HAYEHHE.

Pe3ynbTaT n3aMeHeHus HallpaBJIeHus KACATEIHHOrO BEKTOPA B YTIIOBOH TOYKe MOKA-
3aH Ha puc. 6-34. 3nech u3MEHeHBI 3HAKM KOMIIOHEHT ¥ KACATENBHBIX BekTopoB P(0,1);
uX 3HayeHns craym pasHbl 100. 3amernM, yTo Ha puc. 6-34 npasblil nepegHuit yrom
MOBEPXHOCTH TEIEPh BOTCHYTHIHA, a HE BBIIYKJIBIH, KaK Ha puc. 6-33c¢.

Kpy4enne 6pl110 paHee ynoMsaHYTO B pa3f. 6-5 mpm obcyxaeHun Kycka cdepuye-
CKOli ToBepXHOCTH. TaM OHO ONpENEesANOCh KAK CMEILIaHHAA TPOU3BOJHAS IOBEPXHOCTH
B YIJIOBBIX TOYKAX. B nefiCTBHTENIBHOCTH BEKTOP KPYU€Hus B YTIIOBOH TOYKE N03BOJIAET
Mo u(buIUPOBaTh BHY TPEHHIOK (GOPMY MOBepXHOCTH 6e3 MomuduKaliun KaCaTeIbHBIX
BeKTOpOB B 3T0# Touke. Ha puc. 6-35 nokazan pe3ynsTaT MoguduiiupoBaHus BEKTOPa,
Kpy4eHus B 0fHOH yrioBo# Touxe P(0,0) Ha nosepxHoctn. Jiyia kax ol u3 NoBepxHO-
crelt Ha puc. 6-35 P(0,0) sBnsercs HuxHel yrioso#l Toukolt. I[IoBepXHOCTD aHANIOrHY-
Ha MpenCTABJIEHHOH Ha puc. 6-33b, 3a MCKITIOYEHHEM HEHYJIEBOrO BEKTOpPA KPY4eHHA
B P(0,0). Ha pucyHrax 6-35a u b cO 3Ha4eHMAMH KOMIIOHEHT BEKTODa KpyueHus 10
u 100, cOOTBETCTBEHHO, NOKA3aH HEOOIBLION BuAuMbIil 3¢hheKkT HeHyIeBOrO BEKTODA
Kpy4eHus. Ha puc. 6-35¢ NOBEPXHOCTb HMEET BHIPAXKEHHYIO BHIYKIIYIO (hopMy 61aro-
Japs HeHyJIEBOMY BEKTOPY Kpy4eHusa. Puc. 6-35d wiutiocTpupyer neiicTeue 60blIAX
3HaueHu#l 3TOrO0 BEKTOpa. 3aMeTuM, OJHAKO, YTO B OTIm4YHe OT puc. 6-33d mosepx-

Puc. 6-34 JeitcrBue Ha Kycox OuxyOudeckoit MOBEpXHOCTH M3MEHEHUS HAIIpaB/JICHHS Kaca~
TeIbHOTO BEKTODA.
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Puc. 6-35 Byusuue BexTOpa Kpy4eHUs Ha KyCok GuxyGudueckoi moBepxHOCTH. 3HayeHue
KOMIIOHEHTHI BEKTOpa Kpy4iemus B Toake P(0,0) pasno (a) 10; (b) 100; (c) 1000; (d) 10000.

HOCTb HE caMollepecekaercda. JJOMONHHTENbHOE TIIATENbHOE HCCIIeA0BaHNE pHC. 6-35d
NIOKA3bIBALT, YTO MOBEPXHOCTh CJIEIKA BOTHYTa B TPEX YIVIOBBIX TOYKAX C HYJIEBBIM
KPY4€EHHEM.

IToBepXHOCTH C HEHYJIEBHIM KPYYeHHEM B YIJIOBOH TOYKe ABJIAETCS B Hel JOKaIb-
HO <«myockoi». [TosepXxHOCTD ¢ HYJIEBBIM KpYUYEHHEM BO BCEX YETHIPEX yIVIaX, KaK 3TO
HOKa3aHO HA pHUC. 6-33, Ha3bIBaeTCHa KyckoM nosepxHocTH Pepriocona mim F Kyckom
[6-20]. IIpu cosMecTHOM OOBbenuHennH A GOPMHPOBaHHsA GoONEe CIOXKHBIX MOBEPX-
HOCTejf MeCTONOJNIOXKEHHE YIVIOBBIX TOYEK KYCKOB BIIOJIHE O4eBuHO. 1o 3T0l npuynue
TaKHe KYCKH HOBEPXHOCTeH peJKO MCIOJb3YIOTCA Ha MPAaKTHKE.

XoTa npuBeeHHOe 3[eCh 0OCYKIEHHE OTPAHHYHBAETCS YETHIPEXCTOPOHHHMH KYC-
KAMH TIOBEPXHOCTeH, H Apyrie (HOpMul KyCKOB, KaK 3TO IOKAa3aHO HA pHUC. 6-36, Toxe
HMeIoT 3HayeHne. TpeyroibHble KYCKH MOBEPXHOCTEH paccmorpens B [6-21] u [6-22].
[latuyronbHble Kycku MoBepXHOCTEH 06cyxAaoTes B [6-23).

6-11 TIOBEPXHOCTU BE3LE

Buxy6uyeckne nosepxnocru Kynca npesocraBinsioT rufKoe # MOIHOE CPENCTBO Pa3-
paboTkn nosepxnocret. OHAKO MX MPAKTHYECKOE HCIONb30BaHHE, KaK M I Ky6u-
9eCKMX CIUIAiHOBBIX KPHBBIX, 3aTPYJIHAETCH HEOOXOMMMOCTBIO 3aJaHus TOYHOM, HH-
TYMTHBHO HEOUEBUAHOM MaTeMaTH4ecKoH MHGOPMalLiH, HanmpHMep KOODIUHAT TOY€K,
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(a) )

Puc. 6-36 Heuyersipexyronsusie kycku. (a) atuyromener; (b) TpeyronsHsiii.

KaCaTeJIbHBIX BEKTOPOB M BEKTOPOB Kpy4eHHs. Bo3HuKalolllie npobeMbl HILTIOCTpH-
PYIOTCA Ha PHCYHKaX 6-33 — 6-35. BonmpIIMHCTBO H3 3THX NMPOBJIEM MOXHO MIPEOIOIIETS,
paclpoCTpaHMB MOHATHA KPUBBIX Be3be Ha MOBEPXHOCTH.

ZlexapToBO MM TeH30pPHOE NPOM3BE/IEHAE TIOBepXHOCTH Be3ne 3a1aeTca B BHAe

Q(ua w) = ZZBi,jJn,i(u)Km,j(w)a (6"58)

i=0 j=0

rne Jni(u) 1 Ky, j(w) ectb 6a3ucuble ¢ynxkuuu BepHinTeiina B MapaMeTpH4ecKHX
HaNpaBJeHUAX u ¥ w (CM. ypaBHenusi 5-63 u 5-64). [lna ynob6cTea MOBTOPHM 37€Ch
omnpejesienne, NPUBENECHHOE paHee B pasf. 5-8

Jn,i(u) = (?) u'(l ~u)" 7, (5-63)
Kns(w) = (7 (1 - )

(7) - z'(Tniz)—' (6-64)
(3) =5

3nech 31eMeHThI B; ; ABNAIOTCA BepILMHAMY 33,13101Ie# MOJTMIOHAIBLHON CETKH, KaK
3TO NOKa3aHO Ha pHC. 6-37. Mumexcel n ¥ m Ha €UHHUIYY MEHbllle YHCIa BEPLUINH MHO-
TOIPAHHHMKA B HAIIPABJIEHHAX ¥ M W, COOTBETCTBEHHO. JIJIf 4eThIPEXCTOPOHHMX KYCKOB
MOBEPXHOCTEH 332101135 MOTMIOHAJIbHASA CETKA JOJXKHA OBITH TOMOJIOTHYECKH PAMO-
YTONBHOH, T. €. JOJKHA HMeTh OAMHAKOBOE KOJMYECTBO BEPIIHH B KAXKJOM <«PALY».

CHoBa, Kak 1 1715 KpUBHIX Besbe, H3-3a TOTO 4TO A1A CMEIIMBaOmuX GYyHKIHH HC-
nonb3yercs 6asuc Bepuiureiina, MHOrHe CBOKCTBA MOBEPXHOCTH u3BecTHBI. HanpuMep:

CTenenp NOBEPXHOCTH B KaxKJOM TapaMeTPHYECKOM HAINPABJIEHWH Ha €THHUILY
MEHpIIE YuCJIa BEPIINH 3a3I0Ier0 MHOTOI'PAHHUKA B 9TOM HAIIPABJICHHH.
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Puc. 6-38 CxeMma 3anaomeii moJuroHaabHOM cerKu 4 x 4 s mosepxHocTu Besbe.

I'maaxocTs MOBEPXHOCTH B KAXKIOM NapaMeTPHYECKOM HAIIDABJIEHHH HA JIBE €Iu-
HHUIIl MEHBIIIe YHCJIA, BEPLUIKH 33JaI0IEer0o MHOTOIPAHHHKA B 3TOM HAIIDABJIEHHH.
ITosepxHOCTH OTOGpaXkaer B 06meM Buje GopMy 3aa0mell NOMUTOHAIBHOM CETKH.

CoBNajanT TONBKO YIIIOBBIE TOUYKH 33AI0Ieil 0TMIOHAIBHOMN CETKH M TIOBEPXHO-
CTH.

IToBepxHOCTH COMEPIKUTCA BHYTPH BHIIYKIIOH 0BONOYKH 3aa10Mel MOTHIOHAIBHON
CETKH.



6-11 ITosepxuoctu Besse 439

IToBepxHOCTL He MPOSIBJIAET CBOKCTBA 3aTyXaHHMA HM3MeHeHMH. DTO CBOHCTBO He
ONpeJIeJIEHO ¥ HEM3BECTHO JJIS NTOBEPXHOCTEH ABYX NEPEMEHHBIX.
IToBepxHOCTH HHBAPHAHTHA OTHOCHTENBHO adhhHHHOrO NMpeodpa3oBaHHs.

Kaxk/1an u3 rpaHu4HBIX KPHUBRIX NOBEPXHOCTH Be3ne aBngerca xpmeoit Besne. 3a-
TIOMHHM 3TOT $HaKT H PACCMOTPHM 33JAI0MYI0 TOJMIOHANBHYIO CEeTKY I OUKyOHye-
ckoif noBepxHocTH Be3pe pasmepa 4 X 4, u3006parkeHHYIO CXeMaTHYHO Ha PHC. 6-38.
Jlerko BUAETH, 4TO HAIIPABJIEHHE M BEIMYMHA KACATENbHBIX BEKTOPOB B YIVIOBBIX TOY-
KaX KyCKa yIpPaBJIAOTCH MOJIOXKEHHEM COCEIHHX TOYEK BJIOJb CTOPOH CETKH. A HMEHHO
KacaTeJIbHble BeKTOPHI B HAIPABJIEHUAX U, W B TOUKe A yIPaBIMIOTCA BEPLIMHAMH IO~
JIMCOHANBHOR ceTkH By, H Bj g, COOTBETCTBEHHO. AHAJOIMYHBEIM 00Pa30M, BEPIIHHEL
TIOJINTOHAJBHOM CeTKu B2g, B3 1, Bz 2, Bas n By s, Bp2 yHpaBifiOT KacaTeabHbI-
MH BEKTOpaMH B YIJIOBHIX Toukax B, C, D, coorsercrBeHHo. YeThlpe BHyTpeHHMe
BEPIUIMHBI HOJUIOHAJBHOH CeTKH, By 1, B2 1, By 2 u B BIMAIOT Ha HAIPaBJIEHHE H
BEJIMYHHY BEKTOPOB KPY4€eHHSA B yIIOBbIX ToUKax A, B, C, D xycka nosepxsaoctu. Cire-
JOBATEJIbHO, TOb30BATENb MOXKET yIPaBIATh (GOPMO KYCKA IOBEPXHOCTH, HE 3Has
KOHKDETHbIX 3HA4YE€HHH KACATEJIbHBIX BEKTOPOB H BEKTOPOB KPY4E€HHH.

Ha puc. 6-39 nokasano Heckonbko OukyOnuecknx nosepxuocreit besne n ux 3ana-
IOMUX MOJUTOHAJIBHEIX CETOK. Ba30Bas MOJIMIOHAJILHAS CeTKA MMeeT pa3Mep 4 X 4 u
OTLEHTPHUPOBAHA OTHOCHTENHFHO HA4YaJla KOOPJHHAT C YIJIOBHIMH TOYKAMH, HAXOAIIH-
Mmuca B £15 no z, z. KoMnoHenTa y yrioBHIX BEPIIMH paBHA HYmO. Y BCEX APYLHX
BEepLIHH 3Ta KOMIIOHEHTa paBHA NATH. Ba30Bast MOJMIOHAJBHAS CETKA M COOTBETCTBY-
Iomas e moBepxHOCTs Be3ne n3o6paxkensl Ha puc. 6-39a. Ha puc. 6-39 Touka By
ABJIAETCA JIEBOR YIJIOBOH BepUIMHOM, a Bj 3 — mpasoif yriioBo#l sepuiuuoi. 3aMernM,
YTO IIEHTPAJIbHEIE BEPLUINHBI 6a30B0I NOMUIrOHANIEHON CETKH 00pa3yIOT IJTOCKHHA KpecT
(nmoxazaHHBIt 3aTeHeHHBIM). Cl1eI0BATENILHO, IEHTP TOMYyYHBILIEHCA OBEPXHOCTH MH-~
HMMAJIbHO M30THYT, XOTHA H He IJIOCKHII.

Ha puc. 6-39b npomumocTpupoBat 3¢ dexT yBesmyeHns B 2 pa3a BEJIMYHHBI Ka-
CaTeJbHOIO BEKTOPA B TO4Ke By ¢ B 060MX HMapaMeTpHYeCKMX HAIIPABJIEHHAX U H W C
noMompIo nepemereHus To4ek, By o u Bp 1. BekTop xpyuenns ne Menserca. Otme-
TUM YBeJHU4YEHHME KPHBU3HBI [DAHHYHBIX KPHBBIX, OTBEYAIONINX 3HAUEHHSIM NapaMeT-
poB u = 0 u w = 0, ¥ COOTBETCTBYIOIIEE H3MEHEHHE BHYTPEHHOCTH HOBEPXHOCTH.

Ha puc. 6-39¢ noka3aHo neiicTBHE H3MEHEHHS HAIIPABJIEHUS KACATEIbHBIX BEKTOPOB
B Touke By 3 B 000MX mapaMeTpH4YeCKHX HalPaBJEHHAX U H w C NMOMOMPBIO NepeMe-
meHusa To4ex Bp 2 ¥ B 3. OTMeTHM M3MeHEHHe 3HaKa KPUBH3HBI TPAHMYHOH KDHBOR
OKOJIO TOUKH By 3 1 popMBI BHYTpEHHEH 4aCTH NOBEPXHOCTH 110 CPABHEHHIO ¢ 6a30BOMH
TIOBEPXHOCTHIO.

Ha puc. 6-39d npomunocTpHpOBaH pe3ybTaT YABOSHHS BEJIHYHMHBI BEKTOPA KPY-
YeHHs B Touke By o 6€3 H3MeHeHMs ero HalpasjeHus. B 3TOM ciiydae mepeMemaeTcs
TOJIBKO TO4KA By 1. DdbdekT 3Toro n3MeHEHNs HeyJOBHM, HO TEM HE MEHee BaXKeH IS
KOHCTpYHpOBaHKA. BHUMAaTeTbHOE CpaBHEHHe C 6a30B0# MOBEPXHOCTHIO Ha, pHC. 6-39a
TOKA3EIBAET, YTO NapaMeTpHYEeCKHe JIMHUA BOMM3M TOYKH By HMeOT GOBIIYI0 KPH-
BH3HY. DTOT 3¢ddEKT pacnpocTpaHaercs NPHOIM3UTEIbHO J0 HEHTPa MOBEPXHOCTH.

B MaTpu4HOM BHJe JEKAPTOBO NPOM3BEJEHUE OBEPXHOCTH Besbe 3aaeTca BhIpa-
KEeHHEM

Q(u,w) = UIINIBIMIT W], (6-59)
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Puc. 6-39 Buky6buueckue nmosepxnocru Besre
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rge
U] =[" w1
Wl=lw" W™t 1T
Boo -+ Bom
BnO Bnm

a Matpunp! [N] u [M] 3anaotcs ypasrenueM (5-70) wmm (5-71).
s cnenpansHOro Ciyyas GHKyGHUecKol nopepxHocTH Besbe pasmepa 4 x 4 ypas-
Henve (6-59) coxpawaerca 10

-1 3 -3 1
—[,3 .2 3 -6 3 0
Qu,w) =[u° v* u 1] 3 3 0 ol*
1 0 0 0
Boo Boy Bo2 Bogs -1 3 -3 1] [ w®
Bl,o B1‘1 B1,2 B1,3 3 —6 3 0 w? (660)
Bso B3y B2 Bags -3 3 00 w -
Bso B3y B3z Bsg 1 0 00 1

IlosepxnocTh Be3pe He 06s3aTeNIbHO NO/DKHA ObITh KBaApaTHOH. JIIf CeTKH pas-
Mepa 5 x 3 ypasHenue (6-59) npespamaercsa B

1 -4 6 —4 1
—4 -12 -12 4 0
Qu,w)=[u* w® u* w 1J| 6 -12 6 0 0 |x
—4 4 0 0 0
1 0 0 00
Bop Boa1 By
BI,O B1‘1 B1,2 1 -2 1 w2
Bao B;y1 B -2 20 w (6-61)
Bs‘o B3_1 B3‘2 1 0 0 1

Bso Bs1 Bspo

ITosepxHOCTL Be3be pa3Mepa 5 X3 COCTOUT H3 OITMHOMHAJILHBIX KPUBBIX 4€TBEPTOH
CTENICHH B NapaMeTPHYECKOM HAIPABJIEHHH U M H3 KBaJpPaTHYHBIX MMOJTHHOMHAJIbHBIX
KPHMBBIX B HaIpaBjieHHH w. [IpuMep Tako# mosepxuocTH Besne mokazan Ha pHc. 6-40.
B nanHOM ciiyuae, Kak 3TO MOKA3aHO Ha pHUC. 6-40b, H3MEHEHHE [IEHTPAJIbHON BEPIINHBI
CTOPOHBI 3aJalomeil CeTKH C MATbIO BEPIINHAMH HE BJIMAET HA KACATEJIbHbIE BEKTODBI
B YIJIOBBIX TOYK3X.
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Puc. 6-40 ITosepxuocth Besbe pasmepa 5 x 3. (a) Ocnosnas mosepxuocth; (b) addext
M3MEHEHHMs LEHTPAIbHON BEPIIUHHI TPAHUYHON JIOMAHOH ¢ MATHIO BEPMUHAMY,

Hpouseoausie mosepxHocTH Be3be momyyalores ¢ momorpio popMansHOro aud-
dbepennmposanus ypasHenus (6-58) uwin (6-59). Eciim Bocnonb30BaTHCS ypaBHEHHEM
(6-58), To nmepBbIE M BTOpBIE MapaMETPUIECKHE IPOM3BOIHEIE OYAYT

Qu(u,w) = Xn; f; Bi,jJp i(w) K, j(w) (6-62)
=0 j=

Qu(u,w) = i;f;)Bi,jJn,i(u)K;,j(w) (6-63)
par e

Quuw(u,w) = Xn; Xm(:) B jJpi(u) Km,j(w) (6-64)
im0 j=

Qe ) = 323 By Ko (665
par e

Quaw) =33 By K™ () (6-66)

i=0 j=0
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rie wTpux o6o3Havaer qudepeHIpPOBAHNHE OTHOCUTENBHO IIAPAMETPHYECKOH Tepe-
P Py (i i U "
menHOH. [Ipoussomueie dpynkuuit 6asuca Bepumretina Jy, ;, Jp) ;, Ky, ; u Ky, ; npuse-
JeHbl B ypaBHenusax (5-74) u (5-75).
Jlerxo Ha#iTu cOOTHOLIEHHE MeXy OMKyOHYecKnMH HOBepXHOCTAMH Besbe u Kyn-

ca. [IpupaBuuBas ypapuenus (6-52) u (6-59), momyumm

QKyHc(u; ’I.U) = QBe3be(u; ’LU),
[U]INC]IPIINc]* [W] = [UI[NB][B][Ns]" W]
rae [Nc| 3anan ypasHenueM (5-76) u [Np] — ypasuenuewm (5-70). CnenoBaTensHo reo-

MeTpHyecKas marpuua [P] 6ukybuueckoit mosepxuoctu KyHca 3agaercs B Tepmunax
TIOJINIOHAJILHON CeTKHM HoBepXHOCTH Besbe cnenyiomum obpasom

[P] = [No]™* [N5][BIINs]" [[Nc]"1™

HIH
P(0,0) P(0,1) P,(0,0) P,(0,0) By Bo,3
P(1,0) P(1,1) Py(1,0) Pu(1,1) | _ | Bso Bj3
Pu(oy 0) Pu(oa 1) Puw(oa 0) Puw(oa 1) 3(BI,O - BO,O) 3(B1,3 - BO,3)
Pu(lao) Pu(lv 1) Puw(lv 0) Puw(la 1) 3(B3,0 - B2,0) 3(B3,3 - B2,3)
3(Bo,1 — Bo,o) 3(Bo,3 — Bo,2)
3(B3,1 — Bsy) 3(Bs,3 — Bs,2)
9(Bo,0 — B1,o — Bog + B1,1) 9(Bo2 — Bi2 — Bos + Bi3)
9(Bg, — B3,o — B2y + B31) 9(B22 — Bs2 — B2z + Bs3)

(6-67)

Wcenenoanue mpaBoil HEXHER IIOAMATPHIBI pa3Mepa 2 X 2 B ypaBHenuu (6-67)
TIOATBEPAK AALT, YTO YEThIPE IIEHTPAJIbHBIE BEPIINHEI 3313I01ICH MOJIMIOHANILHOHR CeTKH
BJIMAIOT Ha KPY4YeHHe B YIJIOBBIX TOYKAX KyCKa Gukybuueckoil moBepxHocTH Besbe.
TeM He MeHee Kpy4YeHHE B yIJIOBBIX TOYKAX YIPABJISETCS HE TOJbKO LEHTPAbHBIMHU
BepILIMHAMY, HO TAKXKe M COCEIHMMH KacaTeJbHBIMM BeKTOpamu. B camoMm gene, Kpy-
YeHHE B YIVIOBOH TOUKe ympasiseTcs pOpMOH HEIUIOCKOTO YEThIpEXyToibHUKa, CGOp-
MHPOBAHHOTO YTJIOBO# TOYKOM, ABYMs COCEJHUMH IPAHMYIHBIMHM TOYKAMH M cocennei
LIECHTPAJIbHOM TOYKOH.

W3 ypasrenuii (6-62)—(6-64) cnenyer, uro

—~— =

P(0,0) P(0,1) Pyu(0,0) Pyu(0,0)

P(1,0) P(1,1) Py,(1,0) Pu(1,1) | _

P,(0,0) Pu(0,1) P.y(0,0) P,,(0,1) |

P,(1,0) P,(1,1) Puyu(1,0) Puu(1,1)

Q(0,0) Q(0,1) Qu(0,0) Qu(0,0)

Q(I,O) Q(lvl) Qw(lao) Qw(lvl) (6_68)
Qu(oa 0) Qu(oa 1) Quw (Ov 0) Quw('oa 1)

Qu(1,0) Qu(1,1) Quuw(1,0) Quuw(l,1)
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AHAIOrHYHBIM 06pa30M O6PATHOE COOTHOIIEHHE MeXAy MaTpuuami [P| u [B], BeIpa-
JKalolllee BEPIIMHEI IIOUIOHANBHOH ceTKM Be3ne B TepMuHAX mapaMeTpoB GHKyOHe-
ckoit moBepxuoctu KyHca, paBHO

Boo Boi Bo2 Bogs

3P(0,0) 3P(0,0) + P,(0,0)
1 3P(0,0) + P,(0,0) 1 {P,.(0,0)+9P(0,0) — 3(Py(0,0) + P,(0,0))}
(3) 3P(1,0) — P,(1,0) %{Puw(l,o)+9P(1,0)+3(Pw(1,o)—Pu(1,0))}
3P(1,0) 3P(1,0) + P,(1,0)
3P(0,1) — P,(0,1) 3P(0,1)
% Puw(0,1) + 9P(0,1) + 3(P,(0,1) — P,(0,1))} 3P(0,1) + P,(0,1)
2{Puw(1,1) +9P(1,1) - 3(P,(1,1) + Pu(1,1))} 3P(1,1) — Py(1,1)
3P(1,1) — P,(1,1) 3P(1,1)
(6-69)

Boriee mOMHO KOHIENIINsA MOBEPXHOCTH De3be MILTIOCTPUDPYyeTCS Ha CeAyIOmeM IIpH-
Mepe.

IIpumep 6-14 IloBepxHOocTh Besbe

Jna u306paxkensoi Ha puc. 6-39¢ nmoBepxuoCtu Besbe mirs 3HaYenmit mapa-
MeTpoB ¥ = w = 0.5 onpenesmTh KOOPIHHATH TOYKH Ha TOBEPXHOCTH M MEp-
Bbl€ NIPOM3BOAHEIe B 4 U W HanpasieHusaX. Hality Takxke KOODAMHATHL TOYKH U
ITpOH3BOAHEIE NI MOTH(HITHPOBAHHOHK MMOBEPXHOCTH, MOKA3aHHO#M Ha puc. 6-39d.
CpaBHMTH noJiyYeHHEIE Pe3yJIbTATH. BepmuHN MHOTOrpaHHUKA 4 X 4 TOBepXHO-
cru Besbe TakoBbI:

[-15 0 15] [-15 5 5] [-15 5 —5] [-15 0 —15]
[-5 5 15] [-5 5 5 [-5 5 —5 [-5 5 —15]
[6 5 15] [6 5 5] [6 5 —5] [6 5 —15]
[15 0 15] [15 5 5] [15 5 —35] [15 0 —15]

Jis MomuduIMpoBarHO#i TOBepXHOCTH Ha PHC. 6-39d H3MeHsAeTCS TOMHKO BepHIy-
Ha B11[0 10 0], T e. m3MeHeRHe CKa3bIBAETCA JoAMb Ha KPY9eHMA B YTJIOBOH
TOYKe Bo,o.

HamommmuM MaTpuiHOe peaCTaBieHNe TOBEPXHOCTH, 33 JaHHOE B Y PABHEHMAX
(6-59) u (6-60), T.e.

[B] =

Q(u,w) = [V][N][B][N]" [W].

3pech
-1 3 -3 1 -1 3 -3 1
IMIBINT = 5 T3 5 o] 3 8 S
| 1 0 o0 0 1 0 00
F[0o 0 0] [0 0 0 0 0 0] 0 o0 0]
_|[0o 00 [0 —45 0 [0 45 0] 0o —15 0]
~ 1[0 0o 0 [0 45 0] 0 —45 0] [30 15 0]
| 0 0 O] 0o —-15 0] [0 15 —30] [-15 0 15]
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Touka Ha moBepxnocTH, Takum obpasom, Gyger

0.125
Q(05,05) =[0125 025 05 NBIN | 02
1
=[0 4.6875 o].
ITpou3BoaHble Mo HampaBIeHUAM:
,U)3
Qu(05,05)=[3' 2u 1 O[NBIN | ¥
1
0.125
=75 1 1 OBV | 02
0
=[30 0 0
3uw?
Qu(05,05) =[v* w* w N|BINT | 2
0
0.75
=125 025 0.5 INBIN | ]
0
=[0 0 -—30]

3ameruM, 4YTO BeKTOPH Qu ¥ Q. OpTOrOHAJIBHEL

B momudmpoBasHoit noBepxnoCTH Ha pHUC. 6-39d m3MeHeHO 3HAYEHME TOb-
Ko Touku B)) CrammaprHo#i moBepxmoCtH. HOBoe 3HalueHWe KOODAMHAT DABHO
B1,[0 10 0]. HoBoe snauemve nponsBeleHus:

[N][B][N]" =
[456 45 —45] [-90 —90 90] [45 45 —45 [0 0 O]
[-90 —90 90] [180 135 —180] [-90 —45 90] [0 —15 0]
[456 45 —45] [-90 —45 90] [45 O —45]  [30 15 0
[0 0 0 [0 —15 0] [0 —15 —30] [-15 0 15]

HoBeie KoopauHaTh TOYKH moBepxHoCTH Mg v = w = 0.5:
Q(0.5,0.5) = [0.703 5.391 —0.703].

HoBrle nmapaMeTrpudeckue mpou3Bomusie Mg u = w = 0.5:

Q.(0.5,0.5) = [28.594 —1.406 1.406]
Qu(0.5,0.5) = [-1.406 —1.406 — 28.594]
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3aMeTHM B 3TOM CJIydae, ITO TOCKOIbKY 33/Jal0mas ITomrosanrsHas Cerka bonee
He CHMMETDHYHA OTHOCUTEILHO OCH Y, TO TI0OBEPXHOCTH Telleph He CUMMETDHYHA
oTHOCHTETLHO 310 ocu. [anee, 3aMeTuM, 4To X015 Q1w ¥ Qw BCE eMe 0PTOroHAb-
HEI, HO KaK WX BEJIMYMHEI, TAK U HAIIPABJICHHA OT/IMIAIOTCA. JJaHHEIe pe3yIbTaThl
[IOKAa3KIBAIOT, UTO BEKTODP KPY9YEHMs B OAHON YryioBO# TOYKE OKa3bIBAET TPYIHO
YJ0BHAMOE, HO CymeCTBEHHOE BJMAHME Ha (opMy BCeil IIOBEPXHOCTH.

[IpuBenentoe Bblle OGCykAeHUe mOBepxHOCTel Be3ne Kacamoch onpelenieHud H
XAPAKTEPHCTHK OJHOrO KYCKAa MOBepXHOCTH. ns Toro urober mosyuntsb Gosee ClOX-
Hble IOBEPXHOCTH, HAJIO OOG'beJUHATEH HECKOJIBKO KycKOB moBepxHocTd Besbe. ITogpob-
HOe 00CYXJIeHHe 3TOr0 BOIIPOCA JIEXHT BHe cdephl AaHHOH KHUrH. NHTepecylomerocs
4uTaTeNs MBI OTChbLIaeM K [6-24] u [6-25]. IIpoGiemsl, Bo3HUKalOmMe NIPH OGbe uHe-
HHM KYCKOB IIOBepXHOCTH Be3be ¢ obecrieueHreM riaJKOCTH BAOJIb COMPUKACAIOMIMUXCS
CTOpOH, WIIIOCTPUPYIOTCs puc. 6-41 Ha mpuMepe 0ObeAuHEHHs ABYX KYCKOB OHKYOH-
yeckoil MOBepXHOCTH Be3be BIOML OAHON CTODPOHHI.

Jns obecnedenus: HempepbBHOCTH 1M C° IIaKOCTH BAOAD rPAHUIBI HEOBXOLUMO,
4T06BI COBNANANH IBe TPAHUYHBIE KPUBLIE, 3 CJIeOBATEIbHO, i JBe PPAHUYHEIE JIOMa-
HbI€ BIOJIb Kpad IIOBEPXHOCTH. ,ZLTIH o6ecnef{eH1m HENIPEPBIBHOCTH BEKTOPDOB HAaKJIOHA
UM KacaTeldbHBIX BeKTOpoB MM C! IaJKoCTH BIONbL IPAHHIBI KYCK3 HAIPaBleHHe
HOPMAaJI K IOBEPXHOCTH BIAOIb I'PAHUYHON KPHBOMH JOKHO OBITH OJUHAKOBBIM IS
06omx KyckoB. i 3TOro MOXKHO HCIONIB3OBATH ABa, ycioBusA. [lepsoe Tpebyer, 4TobnI
YeThIpe OTPE3KA IMOJUTOHAIBLHON CeTKH, BCTPEUYAIOIIMEC ¥ TDAHHUIBI U IIePeCceKaloue
ee, ObLIM KOJJIMHEAPHBIMH, KAK 3TO TTOKA33aHO BBIIEJIEHHBIMH JIMHHAMH Ha, puc. 6-41a.
BTopoe, MeHee xecTkoe yciioBue TpebyeT, YTOOBI TOMLKO TPH pedpa MOIMrOHAIBLHON
CeTKH, BCTPeYaloHecss B KOHIEBBIX TOUKAX I'PAHNYHON KPHUBOM, OBLTH KOMILUIAHADHBI-
MH, KaK 3TO ITOKA3aHO BbIJeJIEHHLIMH JIHHUSIMH Ha puc. 6-41b.

6-12 B-CIIJIAIH IIOBEPXHOCTH

EcrecTBeHHBIM pacliHpeHHeM NOHATHS NOBEPXHOCTH Besbe gBNfercsa IeKapTOBO IPO-
U3BeJenne B-crutaiiH MOBepXHOCTH, OnpelensieMOol BbIpajkeHHeM

n+lm+1

Qu,w) = Z Z B; i Nix (u)Mj(w), (6-70)

i=1 j=1

rae Nji(u) 1 M;(w)—6a3ucusie dynkimu B-cinafina B GUIapaMeTPHYECKHX Ha-
HPABJIEHUAX U ¥ w COOTBETCTBEHHO (CM. ypaBHeHwe 5-84). Jlns ynoGCTBa MOBTOPHM
3Zech ompefenieHne 6a3nucHbIX GYHKIME, JaHHOEe paHee B pa3g. 5-9,

. 1, ecmmz; u<xiq,
Ny (u) = { 0, B IPOTHBHOM Clyuyae, (5-842)

— i) N k- ik — U Nip1 k-
Now(u) = = :L‘:k)—1 f:vl,'(U) + - +k:v'+1:)— :Jj ) (5-84b)

! BenomunM 06CYKACHHE B pass. 5-8 rAAIKOCTH CETMEHTOB kpuBolt Besbe.
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I'parngHOE pebpo
@)

Puc. 6-41 I'maxkocTb CTHIKOBKH KYCKOB IoBepXHOCTH Besbe. (o) Jlunmm Cerkn kosLtHHEAp-
HH; (b) pebpa JiOMaHKIX KOMILIaHADHBL.

Mji(w) = L ecmt Uj S w < Y, (5-84a)
> 0, B IIPOTHBHOM CIIydYae,

(5-84b)

H

w — 'M',1_1’LU '1—-’LUM' 1,i—1{w
Myi() = Lo VMitm1@) | @t = w) Mo (w)
Yi+i-1 — Yj Yirl — Yj+1
rae r; u Y ABIAIOTCA JIEMEHTaMH Y3JIOBBIX BEKTOPOB, KaK 3TO o6cyx<,ua.nocs B paa,n.

5-9. CHOBa B;; #BNAIOTCA BepIUMHAMH 33Jal0leif NOJMroHaIbHOM ceTku. s de-
ThIPEXYTONMBbHBIX <«KYCKOB» IIOBEPXHOCTH 33Jal0Iad IIOJIUCOHAJIbHAA CETKA JIOJI2KHA
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ObITb TOMOJIOTMYECKH MPAMOYrojbHOM. VHAEKCch n ¥ m Ha eJMHUIY MeHbIle YHC-
Jia, BepIIMH 33Jal0MEero MHOTOTDAHHMK3 COOTBETCTBEHHO B % M W IlapaMeTPHYECKHX
HaIlpaBJIeHUAX.

Kak u ans B-ciuadin KpuBsrx Ha ¢opmy u cBoiicTBa B-criaiiH noBepxHOCTH Cyllle-
CTBEHHO BJIHAIOT y3710Bble BeKTOpHI [X]| u [Y], npudeM ncmonb3yloTess HE3AMKHYTBIE,
HepHOTHYECKHe W HEOJHOPOIHbIE Y3J0Bble BEKTODBI. XOTS OOBIYHO 1y OGOMX Iapa-
MeTPHYECKUX HAIPABJIEHHI IIPHMEHAIOT y3JI0Bble BeKTOPHI OQHOTO U TOTO XKe TUIIA, HO
3TO He obs3aTespbHO. Hampumep, MOXKHO MCITONB30BATHL HE3AMKHYTBIN y3JI0BOH BEKTOD
H ero cooTBeTcTByIouMe B-crinaits 6a3ucHele GYHKIMY 1715 OHOTO IapaMeTPUYECKOT0
HaIpaBJeHH A ¥ ePHOJUYECKHH y3JI0BOii BEKTOD H er0 cOoTBeTCTBYIomMe B-crurain 6a-
3ucHble PYHKUMM s gpyroro. IIpakTnyeckuM IPHUMEPOM CIIyXKHUT UMJIMHIDHYECKAST
MOBEPXHOCTH C IlePeMeHHBIM CeueHHEM.

Tak Kak 151 ONMUCAHUS 'PAHUYHBIX KPUBBIX U JIJI HHTEPIIOMPOBAHNS BHY TpEHHeH
YaCcTH MOBEPXHOCTH UCIONb3yercs B-crmaiin 6a3uc, TO cpa3y Ke MOXKHO NEPEYUCIUTD
HEeKOTOphle cBolicTBa B-craiin nmosepxHocTH:

MaxkcuManbHeI TOPAIOK IOBEPXHOCTH B KAXKJIOM MApAMETPHIECKOM HAITPABJIeHAH
paBeH YMCILy BEPIIMH 33JaI0IEr0 MHOIOIPAHHUKA B 3TOM HAITPABJIEHHH.
I'nagxocTh MOBEPXHOCTH B KAaiKIIOM HapaMeTPHYeCKOM HAIPaB/IeHHH Ha JBE enH-
HHIBI MeHblIle TIOPSIKA TIOBEPXHOCTH B KAaskJI0M Hampasienuu; T.e. C*~2 u C'-2
U ¥ w HAIIPaBJIEHUSX, COOTBETCTBEHHO.

[ToBepxHOCTH MHBapHUAHTHA OTHOCHTENHHO aduHHOrO nmpeobpa3oBaHusd; T.e. IIO-
BEPXHOCTH Tpeobpa3yeTcs ¢ TOMOIIbI0 Ipeobpa3oBaHus 33 JA0IEN TOTUTOHATIBLHOM
CeTKH.

CBoiicTBO 3aTyXaHHs U3MeHeHHI jJia B-craiiH mOBepXHOCTH B HACTOsIIee BpeMs
HEU3BECTHO.

BrusiHue onHO# BepiuHHbI HOMMIOHATBHOMN ceTKH orpaHuyuBaercd +k/2, +1/2 un-
TEPBAJIAMH B KAKJIOM I1apPaMETPUYECKOM HAIPABJICHHH.

Ecnu uncno BepmmH 337a10mell MONUIOHANBHON CETKM PABHO IOPAAKY B KaXK-
JIOM TTapaMeTPHYECKOM HAIIPABJIEHHHM M BHYTPEHHHX Y3JIOBBIX BEJIMYHH HeT, TO B-
cI1ai{H TIOBEPXHOCTD HPEBPAIlaeTcs B MOBEPXHOCTH Besbe (cm. puc. 6-39).

Tlpu TpHaHTyIsAIME 33JaI0WAs NOJUTOHANIBHAS CeTKa 00pa3yeT IIOCKY0 AIPOK-
CHUMAINI0 TTOBEPXHOCTH.

TloBepXHOCTE J1€XKUT BHYTPH BBITYKIIOH 0BONIOUKY 3aa501el TOMMrOHANBHOR ceT-
KH, obpa3yemoit o6beuHEHHEM BeeX BBITYKIBIX 000704eK k, | cOceHMX BEPIIMH
TIOJTMI'OHAJIBHON CETKH.

W3 mpeampinymero oGcysxaeHusi cBOKCTB BBIILyKsIOH 0BONMOYKH B-cIutaitH KPHBBIX
(cm. pasn. 5-9) cpa3sy xe ciemyer, yTo B-cIuTaitH MOBEPXHOCTH MOXKET COIEPIKATH
IUIOCKHe OBAcTH M JIMHUM PE3KOrO HapylleHMs IJ&JKOCTH. JTO CBOMCTBO OYEHb IIO-
JIE3HO BO MHOI'MX CHTYalMAX, BOSHUKAIOIIMX IIpH KOHCTpyuposanuu. Ha puc. 6-42a - d
u300pakeHa cepisi HE3AMKHY TBIX B-cIuiaiiH TOBepXHOCTeH M MX XAPAaKTEPHUCTHUECKHX
MHOIOTDAHHHKOB TPEThEro MOPAAKA B KAXKJOM XAPAKTEPUCTUYECKOM HAIIPaBJIeHUH.
OTMeTuM, 4TO KaXKJada W3 JIMHMI 33Jai0Mmeld IOJUrOHAJIBHOM CETKH B HaIlpaBJICHUH
W ABJNSAETCs NPAMOM JMHMed ¢ 4yeTHIPbMS BepmMHamHu. Ilonmydaiomasncs nosepxuocTs
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JmuHeltyaTa B HampapjieHuu w. M306pakeHHan Ha puc. 6-42a B-crnaitn moBepxHOCTb,
337]aHHAST 4eTHIPbMsl BEPIIMHAMM IIOJIMIOHAJIBHOM CETKM B HAIPAaBJIEHUH U, IJIABHO
HM30THYTa B 3TOM HAIpPaBJIEHHH.

N3obpaxkenHan Ha puc. 6-42b B-cmnaith noBepXHOCTh 33/]aHa MATHIO BEPIIHHAMH
MMOJMPOHAIBLHON CeTKH B HAIIPABJIEHWH 4. TDH IleHTPaJIbHbIE BEPIIMHBI KOVIMHEAPHHI.
3aMeTHM, YTO IEHTD MOy 4MBLIENCS IOBEPXHOCTH UMEET IUIOCKYI0 (opMy. AHANOrnY-
HBbIM 00Pa30M KOJIJIMHEAPHHI IATh U3 CeMH BePIIUH 33Jal0Mell OJTUTOHAJIBHOH CeTKH B
HaIPaBJIEHHH U 1,1 MOBEPXHOCTH, H300pakeHHOH Ha, puc. 6-42¢. VI cHOBa B leHTpab-
Hoji obsacTH, KoTOpas uMeeT Gosiblave pa3mepnl, YeM Ha puc. 6-42b, moBepxHOCTH
ILJIOCKASL.

Ha puc. 6-42d noka3aHO, 4TO 3TH OuYeHb CHJIbHBIE CBOMCTBA BBIIYKJIONH 0DOJOYKH
pacIpocTpaHAIOTCH Ha 00a mapaMerpHyeckux HampasjieHus. TakuM o6pa3oM, IIIOCKas
0051aCTh MOXKET ObITH BCTPOEHA BO BHYTPEHHIOIO YacTh CKYJABITYPHON MOBEPXHOCTH.
pu yBennyeHuu mopsnKa MOBEPXHOCTH IJIOCKASA 0DJACTh CTAHOBUTCS MEHBIIE.

Ha puc. 6-43 mnmocrpupyerca 3d ek, BOSHHKAIOUMIA P COBIAJCHUH JHHHUMA
cerku. Ha puc. 6-43a Tpu coBmajaoume JUHUM CeTKH HUCIONB3YIOTCS 11 obpa3oBa-
HHS JIMHHUYU CKJIQJKH B LeHTpe B-criaiin moBepxHOCTH YeTBepTOro mopsaka. Ha puc.
6-43b noka3aH pe3y/NbTAT COBMEMIEHHUS TPeX JIMHHUI ceTKH B 0OOMX mapaMeTpHYECKHX
HaIpaBJieHusiX. B aroM ciiydae B-chnaiin moBepXHOCTH 4eTBEPTOro MOPSAKA COOED-
JKUT ABa I'PeOHs, MOFHUMANOIUXCA K TOYKe B IIEHTpe NOBepXHOCTH. Tak Ke Kak H
Ans B-citaitH KpuBBIX, TMHHMA CKNAJKKM BOSHUKAET B TOM CJIy4ae, KOTIa COBIQJAIOT
k—1 wm | — 1 nunuit cerkn. Kpome Toro, Tak Kak B-critaifd moBepXHOCTL Be3je
C*2/C'~? rpagxa, TO OHA IVIAJAKA M Ha STOM AMHMH. BobGaBOK KaHHOE CBOHCTBO
taxxe rapantupyer C*~2/C'~? rnagKkocTs mepexofa H30THYTON MOBEPXHOCTH B ILIO-
CKYIO.

[IpeBocxomHbIe CBOMCTBA JIOKAJIBHOTO M3MeHeHHs B-cIuiajiH KpHBBIX {cM. pasf.
5-9) mepeHocsrcs Ha B-cruiaitn mosepxmocru. Ilpumep aroro mpusemen Ha puc. 6-
44, rne He3aMKHyTas 6ukybuueckas (kK = | = 4) B-ciuiaiiH mOBepXHOCTb OIIpejesie-
Ha TONHMroHanbHON ceTkolt 9 x 9 (m = n = 8). Dra cerka, NOKA3AHHAA KAK BePX-
HeAs MOBEPXHOCTDb Ha pHc. 6-44, Iockas Be3ne, 3a UCKIIOYEHHEM IEHTPAJIbHOM TOY-
ku. HesaMkHyTHIH y3710B0# BEKTOp B 0OOHMX NAapaMeTPHYECKHX HAIPABIEHHAX PaBeH
0 00 012 3 45 6 6 6 6]. Taxum 06pa3oM, y HAC €CTb MECThb PO~
MEXYTKOB IIapaMeTPOB B KaXKJOM Hampapjenuu, T.e. 0—1,1 -2, ..., 5— 6. Kaxapit
napaMeTpuyeckuil yeTbIpexyronbHuK, HarpuMep 0 < u < 1,0 < w < 1, obpa3syer moa-
Kycok! B-crmnaiin moBepxsocTn. CpenHsisi OBEPXHOCTS, u3obpakeHHas Ha puc.break
6-44, cocTaBneHa U3 MAPAMETPHIECKHX JIMHUH Ha KOHIAX KaXIOTO IIapPaMeTPHIeCcKOro
uHTepBaNa, T.e. Bu =w = 0,1,2,3,4,5,6. Kaxxplil 4eThIpeXyroJbHUK IPEACTABIISIET
NMOAKYCOK HOBepXHOCTH. QTMETHM, YTO BIMSIHHE CMEIIEHHOM TOYKH OrpaHHYMBAETCS
+k/2, /2 unrepsanamMu uam moaKycKamm.

1 HeKO'ropre apTOPH 0603HAYAIOT KAk abii NOAKYCOK KaK B-cnnalfH 1oBepXHOCTL. B marmnoM cy-
Jae MOBePXHOCTbL PaCCMATPHBAETCA KAK OG'beKT, 3aMaHHHR Beell TOMATOHAIBLHON CeTKOM.
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Puc. 6-43 B-criaitH OBepXHOCTH YeTBEPTOrO ITOPAAKA ¢ HECKOILKAMH COBIIaIAI0MMAMH JIH-
HMSAMH CETKH,

Puc. 6-44 JlokanpHoe usmeHeHue B-clinaiin opepxHoCTEH.

15*
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[MapameTpuueckue IpoM3BOAHEE B-clinaiiH MOBEPXHOCTH MOMY9AIOTCA € IIOMOMIBIO
¢dopmanbHoro muddepenmuposanns ypasrenus (6-70):

n+1m+1

Qu(t,w) =D Y BiNj i (w)Mj(w), (6-71)
i=1 j=1
n+1 :1+1

Qu(u,w) = > Y BijNip(w)M},(w), (6-72)
i=1 j=1
n+1 :1+1

Quu(w,w) =Y Y Bii Ny ()M} (w), (6-73)
=1 j=1
n+1 :1+1

Quu(w,w) =Y Y BNy ()M (w), (6-74)
i=1 j=1
n+l1 :1+1

Quu(w,w) =Y > BiiNik ()M, (w), (6-75)

i=1 j=1

rje mrpux obosHawaeT auddepeHIHpOBaHNe OTHOCHTENHFHO COOTBETCTBYIOMIErO apa-
merpa. Ilpoussoaneie B-ciaitn 6a3ncubix dyHKimi 3a4a10TCa ypaBHeHuama (5-97)—
(5-100).

[Ipusenennsiii npruMep HMOCTPUPYET METO]], BHIYKCJICHH B-CIiajin IOBEPXHOCTH.

IIpumep 6-15 Brruucienue HezamMKHyTo# B-cnaaiis mosepxHocTu
Paccmorpum B-crutaiin moBepxHOCTS, 331aHHY 0 TTOTMrOHAJIGHOM CeTKO# pa3-

Mepa 4 X 4:
B;1[—15 0 15] B21[-5 5 —15] Bs.[5 5 15 B4i[15 0 15]
By2[-15 5 5] Ba[-5 10 5] B35 10 5] B42[15 5 §]
By3[-15 5 —5] Bas[-5 10 -5] Bsgs[5 10-3] Bij3[15 5 —~§]
B14[~15 0 —15] Baa[-5 5 =15 B3a[d 5 —15] Bas[l5 0 ~15]

DT0 MOBEPXHOCTH HETBEPTOTO IIOPAAKA B HampassieHuu 4 (k = 4) M Tpernero

nopsaxa B HanpasJiesun w (I = 3). Taxum 06 pa3om, II0BEPXHOCTH COCTABNAEHE U3

ayx nogkyckos: omMH 1A 0 < v <1, 0 < w <1 v gpyroit g 0 < u < 1,

1 < w < 2. Hamo Ha#lTH TOUKY B IEHTpe NMOBEPXHOCTH, T.€. IpH v = 1/2, w = 1.
PacmucriBas ypasuerue (6-70), mosmymm

4 4
Qu,w) = Z Z B;,; Ni 4(u)M; 3(w)

i=1 j=1
= N1,4(B1,1M1,3 + B1,2Ma2 3 + B1,3M33 + B1,4Ma 3)
+ N2,4(B2,1M1,3 + B22M2 3 + By 3Ms,3 + Ba,uMa 3)
+ N3,4(Ba,1M1,3 + B3 2Ma23 + B3 3 M3 3 + B3,uMy,3)
+ N4,a(Bs,1 M1,3 + By2Maz 3 + By s Ms s + Ba,aMy3).
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3nech yanopoit BekTop B © HanpasneHuu [X|=[0 0 0 0 1 1 1 1]. Beio-
MHEUB npumep (5-12), HoJTywnM BelpaxKeHAs JJIA 6a3sUCHEIX (YHKIHMA, T. e.

-0 <4
() == () () -
() -oia-n=0 () 9)-
N (%)”3‘(%) =5

AHanormameM 06pa3soM y3JI0Bo#t BeKTOP B HanpaBlieHuH w UMeeT Bug [Y] =
0 0 0 1 2 2 2] Bcuomuus mpumep (5-10), omyunm BripaxkeHus s Ga-
3UCHBIX YHKUHMH, T. €.

| 0o|c.o

)

Ml,s(l) =01
—w)? _1)2
M 3(1) = (2 5 Y _ (2 21) =%,
Ms3(1) = (2—w)§3w -2) — (2—1)2(3—2) - %,

Mys(D)=(w-1)*=(1-1)=0.
Takum o6Gpasom,

Q(1/2,1) = %{(0)31,1 + %31,2 + %Bl,s + (0)By,4}

3 1 1
+ g{(O)Bz,l + 532,2 + 532,3 + (0)Bz,4}

3 1 1
+ g{(O)Bs,l + 533,2 + 533,3 + (0)33,4}

1 1
534,2 + 534,3 + (0)B4,4}

1 3
Q(1/2,1) = E(BI,Z + B1,3) + ﬁ(Bz,z + Bz 3)

+ %{(0)34,1 +

+ %(33,2 + B33) + %(34,2 + By3)
= (15 5 §+[-15 5 -3}
+%{[—5 10 5+[-5 10 -5}
+o{l5 10 5+ 10 —5)

+:l15 5 §+05 5 5]
—[0 35/4 0]

Ilepuonuueckue B-criaiiH IOBEPXHOCTH JIeTKO reHEPHPYIOTCA ¢ MOMONIBIO IIEPHO-
JM9ECKHX Oa3UCHBIX pyuKimit B ypasHeHuu (6-70), A OMy49eHHs KOTOPBIX HCIONb-
3yl0TCA IIEPUOTUYIECKHe y3a0BEe BeKTOphl. Ha puc. 6-45 moka3aHO HeCKONBKO IPUME-
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Puc. 6-45 Tlepuoguyueckue B-crutaifH noBepxHOCTH U1 HE3AMKHYTHIX XapaKTEPHCTHIECKUX

(c)
MHororpanHukoB. (a) [nagkas nmHefyaras MOBEPXHOCTh TpeTbero mopagnka; (b) Gospmras
BHYTDEHHAA IUIOCKasA 06J1aCTh TPEeThero NopAanKa, BhI3BaHHAN KOJUIMHEAPHOCTBHIO IMATH Bep-
IINH CeTKM B u HampasiieHuW; (¢) OCTDBIH BHICTYIl Ha IOBEPXHOCTH YETBEPTOrO MODPAIKA,
BBI3BAHHEBIA nepeceyeHueM HECKOJBbKHUX COBNAIAIIMIAX JIMHMI CeTKH.

POB niepuogMYecKuX B-criaitH nmoBepxHOCTel, (pOPMUPYEMBIX HE3AMKHYTHIMH 33310
IDMMH TTOJIMPOHANIBHBIMH CeTKamu. Ha pucyHkax 6-45a 1 b 3a7ai0mue moiMroHansHbIe
CeTKH COOTBETCTBYIOT ceTKaM PHCYHKOB 6-42a u ¢, a cerka puc. 6-45¢ coorsercTBy-
eT cerke puc. 6-43b. 3ameTuM, YTO BO BCeX C/y4asX, TAK e KaK M JJis epUoJuye-
ckux B-criaiiH KpuBBIX, IPAHHUITBI IOBEPXHOCTH B MHOTOIDAHHHKA HE COBIIAJAIOT U3-33
YMEHbINEHUS AUMANA30Ha MapaMeTpa, UCIOIb3yeMOro i Iepuoaudeckux B-craiin
6asucHbIX byHKIMIA.

3aMkHyTHE TlepuozMYecKue B-cIaitH HMOBEpXHOCTH JEMOHCTDUDYIOT CBOMCTBA,
AHAJIOTHYHBIE CBOXCTBAM 3aMKHYTHIX IepHOANYecKUX B-crnaiin kpuseix. Ha puc. 6-46
MOKA3AHbI IPUMEPHI TPEX IOBEPXHOCTEH TPETHEr0 MOPSAAKA. 3a2I0lasd OMUIOHAJb-
Had ceTka Ha puc. 6-46a obpasyercs ¢ MOMOIIBI0 MOBTOPEHHs YePe3 OJUHAKOBBIE IIPO-
MeXYTKH BJOJIb OCH 2 OT TOYKH 2 = —8 10 z = 8 3a/alomero MHOTOYTOJIbHUKA, JJIsI
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Puc. 6-46 3amkuyTsie mepuognueckue B-crunafin nosepxuoctu. (@) Ilpamas mummapude-
CKaf MIOBEPXHOCTD; (b) BO3MyMmEHHAs BOJHHCTAS UUIMHAPHIECKAs MOBEPXHOCTD; (¢) addekT

BO3MYIICHMA OZHO BEDIIMHBI CETKHA.
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®)

Puc. 6-47 O6bemunennnie B-cruiaiin nobepxsocTtu Tperbero mopanxa. (e) HesaMkmyThrit
XapaXTePUCTUYECKUA MHOrorpaHHuK; (b) 3aMKHYThOf XapaKTePUCTHHECKHUA MHOTOTDAHHHK.

3amMKHyTOH B-crunaifn kpuBoii Ha puc. 6-46b. B pe3ysbTaTe momydaercs UMIHHAPHYe-
ckad nosepxHocTb. OTMeTHM, YTO IOBEPXHOCTh HE KAacCAETC IJIOCKOCTed IepBOro M
MOCTEeTHEro 3aJaI0IMHUX MHOIOYTOJIBHHKOB. XapaKTePUCTHIeCKHH MHOTOrDAHHHUK s
pHC. 6-46b monyveH ¢ NOMOIIBIO YBeJWYEHHS HA €JHHHIY T- H Y-Pa3MepOB BTOPOrO
H YeTBEPTOro 33J3l0IUX MHOIOYTOJbHUKOB Ha puc. 6-46a. B pe3ynawsraTe momyuaercs
BosHuCThIH uinHAp. Ha puc. 6-46 ¢ nokasan jiokanbubil 3ddekT BO3MYIeH!s OXHOM
BEPIIUHBI 3aJ310MIEA CEeTKH.

B ypasnenun (6-70) MOxxHO KOMOMHMDOBATH HE3AMKHYTHIe W HepHOTMYecKHe B-
crtain H6asucuble GyHkimu. JIBa mpuMepa 3TOro NpeAcTaBlieHbI HA puc. 6-47. 3aech
B OJHOM IapaMeTPHYECKOM HAIPAaBJIEHHH HCIOIL3YIOTCA HE3AMKHYTHIN Y3/I0BO# Bek-
Top u 6a3zucHas OYHKIMSA, 3 B APYrOM HAIPABJEHHH HCIOJIL3YIOTCA MEPUOAMYECKUH
y370BO# BekTOp M Oasuchas ¢pyukimsa. Ha puc. 6-47a noxasaHa xkOMOMHHpPOBAHHAS
B-cruiaitn moBepXHOCTS, 3a1aHHASA HE3AMKHYTO IIOJIMIOHANBHOM ceTKO ¢ pHC. 6-42a.
Ha puc. 6-47b nokazana xkoMOuHHpOBaHHAA B-crnaliH IOBEPXHOCTS, 3a0aHHAA 3aMK-
HYTOIf IIOJIMTOHANBHOM ceTkoii ¢ puc. 6-46b. OTMeTHM, YTO HOBEPXHOCTH COBIAAET C
KpPalfHMMHM JIMHUSMH NOJIMIOHAJTILHOM CETKH B HAIPaBJEHHH u. DTO CBOUCTBO ObIBaeT
MOJIe3HbIM B HEKOTODHIX CJIy4YasX.

Marpu4HOe BhIpaXKeHHe [ mepHoaudecknx B-ciaitn mosepxnocTeit uMeeT BHA

Q(s,t) = [UIIN*][B; (M1 (W]" (6-76)

rae [U*] u [W*] asnsiorcs penapaMeTpH30BAHHBIMY IAPAMETPHIECKEMH [IEPEMEHHbI-
mu B mHTepBanax 0 < u* < 1u 0 < w* <1, 3anauHbiMA B ypasHenuu (5-90). [N*] u
[M*] sanaiorcs ypasrennem (5-91). Marpuma [B; ;] mpeACTaB/IAeT CKOMB3SAIYIO CETKY
k x | BepmuH xapakTepHCTHYECKOrO MHOrOTDAHHHMKA, 33JAI0IIEr0 MOJKYCOK HA II0-
BepxHOCTH. JI/1s mepuoguveckux B-crimaitn nmosepxHOCTeil, 3a0aHHBIX HE3aMKHYTHIMH
TOJTUIOHAJIBHBIMH CETKAMH

[B; ] = [Bi;l, (6-77)
rae
1<s<n—-k+2, s<i<s+k-1,
1<t<m-1+2, t<j<t+l-1 (6-78)
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(a) ®)

Puc. 6-48 3aMkuyTast TopouaaibHas Gukybuveckas (k = | = 4) B-crwraliM moBepxHOCTS.
(a) XapakTepucTudeckuii MHOrorpalHuK; (b) moBEPXHOCTS.

u B; ; npeacraBaseT HHIMBHANYATIbHbIE 3JIEMEHTHI 33JA0IIEH TOTUTOHATBHON CETKH.
JL71s. MONUTrOHANIBHBIX CETOK, 3aMKHYTBIX BAOb ¢ = 0, T.€. ¢ COBIAJAIOIIMMHU IIep-

BOIl ¥ MOCJIeJHEH CETOYHBIMY JIUHUSMU B HAIIPABJIEHUH U, CKOJB3SIIAA CETKA 330aeTcs
1

Tak

1<s<n—-k+2,

1<t<m+l,
s<i1<s+k-1,
JE{t~1) mod(m+1)}+1:(t+1-2) mod (m+1)+1]. (6-79)

AnanornunbiM 06pa3oM, A/ MOJMIOHANBHBIX CETOK, 3aMKHYTHIX Baoiib w = 0,
CKOJIB3SIIAA CeTKa 3aJaeTcad B BHIE

1<s<n+1,

1<t<m-—-1+2,

i€[{(s—1) mod (n+1)}+1:(s+k—-2) mod (n+1)+1],
t<j<t+l-1. (6-80)

1j € [a : b] o3uayaeT NPHHALIEXKHOCTL MHOXECTBY @ ...b. B gaHHOM Ciydae CHHCKH BepIIMH
MHOTOTDAHHMKA AOMKHEI PAcCMATPHBATLCA KaK 3akonbuosannbie. Hampumep, e m + 1 = 4, TO
j € [3: 2] o3mavaer npuRALIENKHOCTL MHOXKECTBY 3, 4, 1, 2 B yKa3aHHOM mIOpSIAKe.
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W HaxoHell, A/ TOJATOHAJIBHBIX CETOK, 3aMKHYTBIX BAONL Kak u = 0, Tak m w = 0,
CKONB3AIIAsA CeTKa 33JaeTcs TaK:

1<s<n—-k+2,

1<t<m—-1+2,

i€[{(s—1) mod(n+1)}+1:(s+k—2) mod (n+1)+1],
jeE{(t-1) mod (m+1)}+1:(¢t+1—-2) mod (m+1)+1]. (6-81)

B sroM c1yuae obpasyeTrcs MOJHOCTHIO 3aMKHYTas MOBEPXHOCTh. IIpumep n3obpaken
Ha puc. 6-48. 3anaomas nosMroHanbHas cerka, n3obpaxkenHaa Ha puc. 6-48a, dop-
MI/IpyeTCH C IIOMONIBIO IIEPEHOCA BEPIIHH 3aJAaK0IIETO MHOI‘O)’I‘OJII)HI/IKa. AJIs1 IIepuoau-
yeckoit B-crutaitn kpuBoit Ha puc. 6-47 Ha —2 eqMHHMIBI IO £ U +4 eAUHHUIBI 1O Y U
3areM BpameHusa Ha 360° BOKpyr ocu z ¢ maroM 45°. 3aMKHYyTas IepuoguyecKas bu-
kybuueckas (k =l = 4) B-ciuiaitH noBepXHOCTh, H306pakeHHas Ha puc. 6-48b, umeer
¢opMy TOpA.

MatpuyHOe BhIpAXKEHHE JJi HE3aMKHYThIX B-CIZIaiiH MOBEPXHOCTEH HMeEET Ty XKe
dopmy, aro u ypasuenue (6-76). OgHako, Tak xKe KaK M JJI MATPHYIHOTO BHEIPAXKEHHS
HE3aMKHyTbIX B-conaitH KpUBBIX, CyleCTBOBAHHE HECKOJIBLKHX Y3JIOBbIX 3HAYEHHH Ha
KOHITaX yBJIOBOI‘O BEKTODPAa AejlaeT 3TOT peayanaT M€Hee KOMIIaKTHBIM M MEHEE IIOJe3-
HBIM, YeM i mepuoandeckux B-cmiaitn mosepxHocTel. 110 3TUM pUYMHAM JAHHBIH
BOIIPOC HE PACCMATPHUBAETCA 3a€ch Hosee moapobHO.

6-13 B-CILTAVIH MHTEPIIOJIAIINSA

B npenpinymux pasgenax obcyKIanuch CBOMCTBA M cO34aHMe B-cmialiH moBepxHO-
CTell IO U3BECTHOH 3aal0med NMOJMroHanbHOHM cerke. TakikKe NMpEeNCTABISET HHTEPEC
u obpaTHas 3a134a: T. €. 33JaHO M3BECTHOE MHOXKECTBO JAHHBIX HA NOBEPXHOCTH, Ha-
JO HaliTH 3aJalOUyl0 IOJIMTOHANBHYIO CeTKy Jis B-cmaitH moBepxHOCTH, HAMIIydy-
myM 06pa30M MHTEPIOMUPYIOmEH 3TH AaHHble. Tak KAK I'DaHUIBI IIOBEPXHOCTH, IIPEJ-
CTaBJ/IsIeMOIt 3TMMH JAHHBIMH, OOBIYHO HM3BECTHHI, TO 37eCh OYAyT paccMaTpUBATHCA
TOJBKO He3aMKHYThle B-cruiaiin mosepxnoctu. Pa3paboTka aHAIOrHYHOrO MeTOHa, s
3aMKHYTBIX IIOBEPXHOCTEH ¢ IOMOMIBIO MEPHOAMYECKUX B-crmaitH moBepxHOCTER He
npencrapiser Tpyga. ObcyKaeHre OrpaHHYMBAETCA TONOJOIMYECKH TIPSAMOYTONBHEI-
MU CETKaMH, T. €. JaHHbIE YMO3PUTEIHLHO MOTyT OBITH IIPEJCTaBIEHbI KAK HAXOXANHECS
B TOYKaX IlepeceyeHus IMPSMOYTOIbHON PelreTKH. DTa 3a5a4a CXeMATHIHO u3obpake-
Ha Ha puc. 6-49, rme nmoka3aHa 3aJaI0IAs IOJHIOHANBHASA CeTKa pa3mepa 4 x 4 ansa
MaTpunp! gaHHex 8 x 8. Dra 3amava paccmarpuBanack B [6-5] u B [6-26]. Jnsa Toro
9TOOBI MOBBICHTH 3(PPEKTHBHOCTL BHIYHCIEHUM, B paboTe [6-26] GbLIM HCIONB30BAHBI
u3BecTHBIE CBOHCTBA OuKybuueckux B-cruaitn moBepxuocreii. [IpuMeHseMbIit HAMH Me-
TO/ GoNIee IPSIMOIMHEEH, HO MMEET MEHBIUIYI0 BHIYHCITHTENbHYIO 3¢ (EeKTHBHOCTD (CM.
pasg. 5-11).

Bcnomunm ypasuenue (6-70) u 3amMeTuM, uto Q(u,w) B 3TOM yPaBHEHHH ABIAIOTCH
M3BECTHBIMH TOYKAMH Ha MOBepXxHOCTH. BasucHeie dynkuun N x(u) 1 M;;(w) MoryT
ObITh OMpeseseHbl 171 M3BECTHOTO MOPSIKA M M3BECTHOIO UMCTa BEPIIMH 3anaromeii
MOJMIOHAJIbHOM CETKM B KaXKJIOM IIapaMEeTPUYECKOM HAIPABJIEHUH IIPH yCJIOBHH, YTO
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Puc. 6-49 Omnpenenenue B-cruiaiin oBEpXHOCTH 10 U3BeCTHOMY HaBOpy NaHHBIX.

M3BECTHHI 3HAYEHUS MapaMeTPOB U, w B HCXOAHBIX TOUKaX. Clie0BaTeNbHO, A7 KaxK-
JI0#f M3BECTHOM TOYKH NOBEPXHOCTH ypaBHeHme (6-70) maer nuHeiiHOe ypaBHEHHE OT
HEeH3BECTHBIX BepIuuH B;; 3ana0mell IOMUIOHANBHOM ceTKH. B pe3ysibrare paciuchbl-
BaHus ypaBHenus (6-70) nna HCXOAHON TOYKM NMOBEPXHOCTH HOIYy4HM

Dy (u,wr) =
Ny g (ur)[My g (w1) B + Mag(wi)Bra + - + Mpg,(w1) Brymsa |+

Noy1,k(u1)[Myp(w1)Bat,1 + My j(w1)Bryi2 + -+ + My (w1) Brya,m1]

rae AJid TOIOJIOTHYECKH IIPAMOYTIOJIBHOI'O MHOXKECTBA T X § JAHHBIX BBINOJHAIOTCH
HepaBeHCTBA 2 < k< n+1<ru2 <l <m+1 < s. 3anucaB ypaBHEHHsI TAKOTO
BHJA JJIS BCEX MCXOJHBIX TOYEK, MBI IOJ[y4YHM CHCTeMy ypaBHeHui#t. B mMarpuiHOM
BHJle JAHHBIH Pe3yJbTaT 3aIHUCHIBAETCH TaK:

[D] = [C](B], (6-82)

rae C; j = N; x Mj;,;. JI5is TONOJOrHYIECKH IPSIMOYTOALHBIX HCXOQHBIX JAHHBIX Pa3Mepa
r x s MaTpuna [D] apnserca MaTPHIEH 7 *S X 3, comepxKamiell TpeXxMepHbIE KOOPANHATEL
HCXOIHBIX TOUeK, [C] ABMSIETCS MATPHILIEH TS X N*77 TPEXMEPHBIX KOOPAMHAT HCKOMBIX
TOYEK IIOJHUI'OHAJIBHOU CEeTKH.

Ecmn Marpuna [C)] xBaAparHas, TO 3a4210Ias HOJIUIOHANbHAS CETKA HAXONHUTCH C
IOMOUIbI0 O6paleHusT MATPHUIBI, T. €.

[B] = [C]7'[D]. (6-83)

B atom ciiydae IOy YU BIIaACA IIOBEPXHOCTh NIPOXOJUT Yepe3 BCEe HCXOAHBIE TOYKH.
Xors 3ta nosepxuocrs Gyner sesge CF~2,C'~2? rnanxa, HO OHa MOXKeT GbITh HENPH-
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Puc. 6-50 Uurepnonsuuws B-cnmaiin mopepxsocTso. (6) Mcxommsie TOUYKM ¥ MHTEpIIOIH-
PYIOImUH XAPaKTePUCTHYECKUWil MHOrOrpaHHMK; (b) HMCXOZHBIE TOYKH M Cre€HEPHPOBAHHAs
MOBEPXHOCTb.

eMJieMa, ¢ TOYKH 3PEHHs NMoib30BaTed. QUbIT MOKA3bIBAET, 4TO B 0DIIeM ciiydae yeM
MeHbIIIe TOYEK 3aJal0Iel IOIMIOHANILHON CeTKH, TeM JIydIille BLINJISAUT TOBEPXHOCTD.

Ecyn [C] He KBaOpaTHasL, TO MBI HMeeM H30BITOYHOE KOJIMYECTBO HCXOQHBIX JaHHbIX
H pellleHHe MOXeT OBITH IOIYyYeHO B HEKOTOPOM YCPEZHEHHOM cMbicie. B gacTHOCTH,
pelneHne MOXKeT OBITH IOJy4eHO B BHAE

[B] = [[C]"[C 17 [D]. (6-84)

IMapamerpudeckue 3HAYEHHS u U w AAA KAXKIOH MCXOJHOM TOYKH IIOBEPXHOCTH IIO-
Jy4aloTcsl ¢ MIOMOINBIO ANMMPOKCHMAIMH JJIMHbL Xopap! (cM. pa3z. 5-11). Korkperthee,
A7 T UCXOAHBIX TOYEK 3HAYeHHe IapaMeTpa B [-i TOUKe B mapaMeTPUYeCKOM HAIIPaB-
JIGHH! 1 PAaBHO

1
Z |Dy,s - Dy—1,8|
Uy g9=2

u =z )
ax 22 |Dg,s — Dg—1,]
g:

U1:0

AHanoruyHO 151 5 MCXOMHBIX TOYEK B IAPAMETPHYECKOM HAIPABICHHH W

1
E |Dr,y - Dr,y—1|
w; g=2

Wmax -2
22 |Dr,y - Dr,g—1|
g:

'LU1:0

»

TZ€ Umax ¥ Wmax SBJAIOTCA MAKCUMANbHBIMYU 3HAYEHHUSIMHM COOTBETCTBYIOIAX y3JIOBBIX
BekTopoB. Ha puc. 6-50a nmoka3aHbl HcxonHbIe JaHHble H 33Jal0MAsd IOJIATOHAJIBHAA



6-14 Pasbuenne B-cnmafin nosepxxocrest 461

CeTKa, CreHepHpOBaHHAaA C NOMOIIBI0 JAHHOrO Merofa. Ha puc. 6-50b u3obpaxkena,
B-crnaitn nosepxHOCTB, CO3ZJAHHAS II0 3TOH CeTKe.

Kak 656110 panee oTMe4YeHO /18 HHTEPIONAIMHE € TOMOMBIO B-citaitn kpusoit (cM.
pa3a. 5-11), uu jamHbM, HA yKa3aHHBIA B [6-5] MeTOmBI He MOryT mpHBeCTH K mO-
SIBJIEHHIO TO4YeK MJIM JMHUIA CKI3NOK (pa3phIBOB IePBOif MM BTOPOi IPOU3BOAHOI) B
TIOJIyYae€MO# TIOBEPXHOCTH.

Otmerum u3 puc. 6-50, 4TO BepUIMHBI 33a01IeH IOTHIOHANBHOMH CETKH, II0JIyYeH-
Hble U3 ypasHeHus (6-84), pacIo/ioKeHbI IPOM3BONLHEIM 00Pa30oM B HPOCTPAHCTBe.
910 HeynobHO, eCcyiM B JANbHEHIEM TOBEPXHOCTH IPEAIIONAraeTcsl MOJUGPUIMPOBATS.
B pabore [6-27] paspaboTan HTEpPAIMOHHBIH METOA, OCHOBAHHBII Ha, IAPAMETPHIECKHAX
3HaYEHUAX u, w, B Pe3yJibTaTe KOTOPOrO BEPIINHBI CETKH PACIIONAraloTCs Ha ILJIOCKO-
CTSIX MJIM BJOJBb KPUBBIX B TPEXMepPHOM IIPOCTPAaHCTBE.

6-14 PABBUEHUE B-CILJIAMH IIOBEPXHOCTEMN

B-cnnaitn moBepxHOCTH pa3buBaeTCs ¢ MOMOIIBIO OT/IEABHOTO pa3bueHus KaXKI0H -
HHH 33/J]a101el [IOJIMMOHAIBHOM CEeTKH B ONHOM HJIM O0DOMX IapaMeTpHYECKHX HAIIPaB-
JleHnsX. MoxkeT HCIIONB30BATHCA JT060# U3 MeTONOB pa3buenns B-cunaitn kpuBo# (cM.
pa3z. 5-12). Jlydie Bcero npofeMOHCTPUPOBATE 3TO Ha IIPHMepe.

IIpumep 6-16 Pa3zbuenye HezamMKHyTOI B-cnnaiin mosepxmocTu

PaccMoTpuM He3aMKHYTYI0 B-crnitaiiH moBepXHOCTH, 33JJaHHYIO IOJIMTIOHAIIb-
HOM ceTkoii pa3Mepa 4 X 4:

Bia[-15 0 15]  Bzi[-5 5 15]  Bsi[6 5 15]  Bqi[l5 0 15],
Big[-15 5 5] Bya[—5 10 5]  Baas 10 5]  Bag[l5 5 5],
Bis[-15 5 —5] Bas[-5 10 —5] Bsa[ds 10—5]  Baga[l5 5 -5,
Bi4[-15 0 —15] Ba4[—5 5 —15] Bs4[s 5 —15] Ba4[l5 0 —15].

OT0 NOBEPXHOCTH YETBEPTOTO NOPAAKA B 0G0MX NapaMeTPHYECKUX HAIIPABICHUAX
(k =1 =4), cocroamas U3 oZHOro KycKa ¢ mquama3soHaMu mapaMerpos 0 < u <1,
0 < w < 1. Tpebyerca pa3burb nosepxHocTs Ha 4 mogkycka. Ciaexyer coxpaHaTh
OJZHODOIHEIN HE3aMKHYTHIH y3JI0BOH BEKTOD.

Bcnomumnm ysnosoit Bektop [0 0 0 0 1 1 1 1]; ansa ofoux mapaMe-
TPUYECKHUX HAIPABJICHH , HAEHHBIX B pa3/,. 5-12 u npuMepe 5-18, penapaMeTpH-
3yeM 3ror BektopB [0 0 0 0 2 2 2 2] rorga moBepxXHOCTH pa3GHBaeTCH
C IOMOMBI0 BCTaBKH y3JI0BOrO 3HadeHus 1 B unreppase 0 — 2. TaxuM ob6pasoM,
HOBEIH y3J/I0BO# BEKTOD 3ajaerTca koopmuHatamu [0 0 0 0 1 2 2 2 2]
IlpuMenus ypaenerus (5-119) u (5-120) x Kaxxq0ii MHEM ceTKu B 000MX HAIpaB-
JIEHHSX, TIOIy9UM CeTKY AJis pa3buroit Ha 4 Kycka noepxHocru. HampuMep, pac-
CMOTpUM pa3bueHme JTMHMHM CETKHM B HAIDABJIEHWMH w, 3anaHHo# B j, 1 < j < 4.
3necs TONBKO

[ SRR S S S 1
Qg1 = Qg2 =0g3 = Q4,4 = Q45 =

He PaBHBI HYJIO.
Bocmomb3osapmuch ypaBHerusMu (5-120), momydanM

2 _ 2 _ T ST S S
a1 =ajs=aj3=0a35=1 ajq=0ai=1/2

. 4. 3 _ .3 __ .38 _ 3 _
adi=ad;=a3s=1; ajz=ajz=ad4=0a14=1/2,
4 4 4 4 4 _ 4 _ a4 _
ali=ads=1 ols=aj:=0a33=ajs=a3s=0alq=1/2.
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Torga u3 ypapHenHs (5-119) mosy4yuM BepHIHHBI HOBOTO XapaKTEPHCTHIECKOTO
MHOTOTDAHHHKA. B YacTHOCTH,

Ci1 =0i1Bi,1 +a351B1,2 +a31B13 +al1 By
=B =[-15 0 15]

Ciz2= 01‘1‘,231,1 + ag,zBLz + a§,2B1‘3 +ai2Bl,4
= %(31,1 +B12) =[-15 2.5 10]

Ci3= ag,sBl‘l + ag,aBl.z + ag,sBLs + aﬁ‘aBM
= %(31,2 +Bi13)=[-15 5 (]

Ci4 =al4Bi,1 + s 4Bz + a3 4B1s + ai 4B
= %(Bl,s +Bi4)=[-15 25 —10]

4 4 4 4
Cis =0o1,5B1,1 +035B12 + azsBi,3 +a45B1,4

=Bi4=[-15 0 - 15]

Beinomsus Ty e ONepanHIO AJIsS KAaXJO0W JIHHHH C€TKH B HAIIDABJIEHUH W, MBI
NOJIy9¥M 33Ja0my0 IOJIMIOHANBHYIO CeTKY pa3Mepa 4 X 5 [jif NOBEPXHOCTH,

COCTOAMEH U3 ABYX IOAKYCKOB B HAIIPABJIEHUH W H OZHOTO B HAIIDABJICHUH U

C1,1[-15
Ci,2[-15
C1,3[-15
C1,4[-15
Ci,s[-15

0
2.5
5
2.5
0

15]
10]
0]

Cz1[-5 5 15 Csi1[5 5 15]
Caz[-5 7.5 10]  Csqz[5 7.5 10]
Cas[-5 10 0] Cssls 10 0]

—10] Cyu[-5 7.5 —10] Csuls 7.5 —10]

—15]

Cas[-5 5 —15] Cas[6 5 —15]

C4,1[15
Cy2[15
04‘3[15
Cy,4[15
Cy,5[15

0 15]

2.5

10]

5 0]

2.5
0

- 10]
- 15]

DJIEMEHTHI a{-‘, j» IDUBEJIEHHbIE BBINIE, TIPUMEHAIOTCA TAKXe IpH pa3bueHuu mo-
BEPXHOCTH B HAIIPABJIEHMH u. B 3aToM ciydae 3ajarmomas NOMHTOHATBHAS CETKA
pa3Mepa 5 X 4 TakoBa:

Cs,1[0
Cs,2[0
Cs,3[0
Cs,4[0

Cia[-15 0 15] Cza[~10 25
Ci1,2[-15 5 5] Ca22[-10 75
Ci3[-15 5 —5] Ca3[-10 7.5
Cia[-15 0 —15] Ca4-10 25

5 15] Cq1[10 2.5 15 Cs.1[15
10 5] Cq2[10 75 5] Cs,2[15
10 - 5] Cy3[10 75 - 5] Cs,3[15
5 —15] Cqq[10 2.5 —15] Cs4[15

o oo O

15]

5]

— 5]
—15]

15]

5]

- 5]
~15]

31ech TIOBEPXHOCTD COCTOMT M3 JBYX TIOAKYCKOB B HAIIPABIEHMH U W OJHOTO B
HAIIDAaBJICHUH W.
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Pa3buenye mopepXHocTH KaK B U, TAK H B W HAIPABJIEHHIX IIPHUBEJIET B pe~
3yJabTaTe K 3aJaonieil IOJUrOHAIBLHON CeTKe pasMepa 5 X 5, 3aaHHOit B BUIe

Cra[-15 0 15] Cai[-10 2.5 15]
Ci2[-15 2.5 10] C22[—10 5 10]
C13[-15 5 0] Ca2,3[—10 7.5 0]

Ci4[-15 25 —10] Ca4[-10 5 —10]
Cis[-15 0 —-15] Cps5[-10 2.5 —15]

Cs3a[0 5 15] Cea[10 25 15]  Csa[15 0 15]
Cs2[0 7.5 10]  Ca2[10 5 10] Csz2[15 2.5 10]
Cs3[0 10 0] Cus[10 7.5 0] Css[15 5 0]

Csaf0 7.5 —10] Caa[l0 5 —10] Csql5 25 —10]
Css0 5 —15] Cus[10 25 —15] Css15 0 —15]

3aMeTHM, YTO NOC/AEAHAS CETKa IOJIy4aeTca H3 NePBOM HJIH BTOPOH ¢ TIOMONIBIO
ypasuemmit (5-119) u (5-120).

Wcxommaa noBepXHOCTH H BCE TPH IIOJIYYEHHBIE IIDH €€ Pa3OHEeHHH CETKH H30-
6paxxens! Ha pac. 6-51. Kaxknas H3 nopepxHoCTe# MAEHTHIHA HCXOIHOMH.

fcno, yro npu pansueiimem pa3dbuenur NMOBEPXHOCTH 33Jal0MIAs MOJHrOHANBHAS
ceTKa npubaMIKAETCS K MOBEPXHOCTH.

6-15 TAYCCOBA KPUBU3HA U KAYECTBO TIOBEPXHOCTH

B aBrOMaTru3snpoBaHHOM NMPOEXTHPOBanNH BOBLINOR HETEPEC NPEJCTaBIseT pa3paboT-
K3 COOTBETCTBYIOLIAX METOZAOB A OmpeJieseHusi ¥/ HiIi BU3YaIN3alldi Ka4eCTBa Ml
rJI3JKOCTH mOBEPXHOCTEH. XOPOIIO M3BECTHO, 4TO UCHOib3yemsle 0OpIano buxybuue-
cxue nosepxuocTr (Kynca, Besve unn B-cruraiin), XOTS M SBaSIOTCS BO BCEX TOUKAX
C? rnanKkuMH, B HEKOTOPBIX MECTAX MOTYT OBITH IJIOCKMMH HIIH BBITYKJIBIMH JTHOO BOJI-
HUCTHIMH. B HaCTOsiIIEe BpeMs CaMBl€ JrydIlHe MAaTEMATHYECKHE METOBL Onpee e HUs
Ka4eCTBa MOBEPXHOCTH HCIONB3YIOT DinepoBel (OPTOrOHANBHEIE) CETKH MUHUMAIBHON
M MaxCHMAaJIbHON XpUBH3HHI (CM. [6-28] 1 [6-29]) u rayccoBoit xpuBu3nbI (cM. [6-28] —
[6-32], u pa3a. 6-8).

Bcenomunm (pasa. 6-8), uTo [Be kOMOMHAIMH ri1aBHBIX KPUBH3H, HA3bIBaeMbIe CPe/l-
Heil u rayccosoit (0bmielt) xpUBU3HAMH, XAPaKTEPH3YIOT JIOKAJBLHYI0 (OPMY NOBEPX-
socru. Cpenusis xpUBU3HA ONPENEIAETCS KAK

Kmin ‘; Kmax ] (6-45)

Kg =

Fa.)’CCOBa. KPHUBH3Ha OnpelaendaeTCd Kak

Kg = Kmin ' Kmax, (6‘46)
IA€ Kmin ¥ Kmax ABIAIOTCS rIaBHBIMM KPHBH3HaMH. ['ayCCcOBa xDHBH3Ha B TO4YKE Ha NO-
BEPXHOCTH NOKA3bIBAET, IBAAETCS JA NOBEPXHOCTHL JIOKAJIBHO JLTANTHYIECKOHN, THnEP-
HonMueckoit uan napaboauueckol (rayccoBa xpPHBH3Ha NOJIOKHUTEIbHA, OTPUIATENbHA
MIHM PaBHA HYJIO).
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®)

1))

(e)

Puc. 6-51 Pa3buenme B-crutaitn nopepxaocTH. (a) IlopepxmocTs; (b) Hexompas 3amaolias
IOSMTroHAJIbHAY CeTKa; (c) CeTka, pa3buTas B w Hampassenun; (d) ceTKa, pa3buras B u Ha-
mpaBienuu; (e) ceTka, pa3buTas B 06oMx HAIIDABIEHHSX.
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NrTepecno ormeTuTh 34€CH, YTO €CITH rayCCOBa KPHBH3Ha PaBHa HYJIO, TO IOBEDX-
HOCTb SIBJISIETCS Pa3BEPTHIBAIOLIEHCS, T. €. OHa MOXeT ObITh pa3BepHYTa B MIOCKOCTE.
Takas nOBepXHOCTH H30THYTa B OJHOM HAIDaBJIEHHH, HAIPHMED, KOHYC HIH LHIHHPD.
910 noApa3ymeBaeT, 9TO OJHA M3 IIABHBIX KPUBHU3H, Kmin M Kmax PaBua mymio. Cre-
JOBaTenbHO, PaBHa HYJII0 M rayCCOBa KPHBH3HA.

CymecTByI0T HeCKOabKO METOIOB BU3YaTH3allii CPEeIHeil M rayCCOBOM KPHBH3H 1O-
BepxuoCTH. Eciin n3obpasurenbrble BO3MOKHOCTH OrPAHHYEHBI PHCOBAHUEM OTPE3KOB,
TO Haubonee none3nbl KOHTYpHBIE uepTexHu (Cm. [6-28] u [6-29]). B paborax [6-30] u
[6-32] nokasano, 4T0 3¢hHEXTHBHBIM METOJOM ITOTO SABIAAETCS KOAMPOBaHHUE TayCCOBOI
KPUBH3HBI Ha PaCTPOBOM H300parKeHHH C mOMONIBIO I[BETOB MM Habopa momyToHOB
Ceporo 1BerTa.

Ha puc. 6-52 nokasanbl 3akOAMpPOBaHHbIE  C TOMOLIBI0 MOIYTOHOB CEPOroO IBETa
u300parxKenusi rayCCOBOM KPHBHU3HBI ISl HECKOIbKUX TECTOBBIX MOBEPXHOCTEH BmecTe
C COOTBETCTBYIOMIUM XaPaKTEPHCTHIECKUM MHOTOTDAHHUKOM (CJI€Ba) M MPOBOIOYHEIM
napaMeTpPHYIeCKHM MPEACTaBIeHHEM noBepxuocreil (o cepeaune). Bee mosepxmocTn
apasiorcea Guxyouseckumu (k = | = 4) B-curaitn nosepxuocramu. Ha puc. 6-52 uzo-
OparkeHbl TPH NOBEPXHOCTH MO MEPE YBENHYEHUs CTENEHH HaPYIIEHUS MX TIAAJKOCTH.
Ha puc. 6-52a npecraBaena COBEPIIEHHO raaaKas MOBEPXHOCTD, be3 u3banos. Ipa ap-
KO BBIPAayKE€HHBIX rPebns yMEHbIIEHHOH T kOCTH Ha PUC. 6-52b BbI3BaHbI COBIaI€HH-
€M Ha KaXXJIOH CTOpOHE Tpex auuuil nonuronanbuoi cerxu. Ha puc. 6-52¢ ynnunennaa
JUHHUSA «CKJIQJKH» B Cepequne nOBEPXHOCTH mOMY4unaCh H3-3a COBHAJIEHUS TPEX JIHU-
HUI NOJUrOHANBLHOHR CETKH Ha yuaCTKe, mePeCeKaronmeM HECKOIbKO BHYTPEHHUX JIHHHH
CeTKH, 4TO NMOKA33aHO Ha XAPAKTEPUCTHYECKOM MHOTOrDaHHHKE,

Boobine, n306paxkenns 3ak0AHPOBaHHOI rayCCOBON KpUBU3HEI HOmee HarnsIuo no-
Ka3bIBalOT CBOHCTBa noBepxuocreit. Hanpumep, pucynku 6-52a u b geMOHCTDHDYIOT
60nbIIOEe OTPHIATENbHOE 3HAYEHHE KPUBH3HBI B YTJIOBBIX TOYKAX. JTa OTPHIATENb-
HAA KPUBHU3HA SBJIACTCS PEe3YJAbTaTOM OrDaHUYEHHMH Ha rpaHdllbl NOBEPXHOCTH —— OHH
JAONKHBI OBITH IPSAMBIMHU U IJIOCKUMH, TOr/a Kax BHyTPeHHss 061aCTh BHINYK/Ia U OO-
JIOJKHUTEIbHO M30THYTa. 3akOJHPOBaHHOE H300parkeHHe rayCCOBOH KPHBU3HBI Ha DHC.
6-52b noguepxuBaeT ymaomenHe OBIaCTH, PaCmonoXenHoi mexny rpebuamu. OTme-
THM, 4TO Tak KaK rayCCoBa KPHMBHM3Ha PaBHa HYJIO B 3TOH obsacTH, TO 3Ta 4aCTh
NOBEPXHOCTH SIBISETCH pa3BeprhIBalomelics. OTmMeruM TakiKe, 9TO 3aJalomias MOIHU-
romajibHasi CETKA B 3TOH obmacTH sBasieTca pasBeprhiBaomesica. I naxonel, nmomoca
nonepek CepeuHbI 3aKOAHPOBaHHOrO U300Opakenus Ha pHC. 6-52¢ nOKA3BIBAET, 4TO
nOBEPXHOCTH B 3TOH 0bnacTu npeAcTaBasger coboil niIOCKOCTh, COTHYTYIO mOCEPEHHE.
Tor ¢axT, uro crub spaserca npamol muaMei, 0ObACHAET UCUE3HOBEHHE TayCCOBOH
KPUBHU3HBI BJIOab 3TOH JIHMHHUH.

1

1 9ru u306pakenus ABJIAOTCS MOHOXDOMHBIMH KOIMSMH IIBETHBIX M300DaKeHMH M3 [6-33]. Ilpu
KOZMPOBaHMM M300paKeHMH raycCOBOH KDHBH3HBI OBLIM YCDEAHEHHI 3HaYeHHMsi KDMBM3H B 1eTbIDEX
BepIIHHAX MHOIOYTOJLHHKOB, 06pa3yeMbIX IyCTOM CeTKOH alllIPOKCHMMPYOMMX [TOBEPXHOCTH 1€ThI-
PeXyroALHMKOB. DTa YCPE/IHEHHAsI BETMYMHA 6blya MPHCBOEHA KaXKJAOMY MHOTOYTOAbHEKY. Jlnanason
HM3MEeHEeHHsl KpUBHM3HHI ObLJI pa3jiesien Ha DA/l OJMHAKOBLIX MHTEDBAJIOB (3a MCKJIIOUEHHEM KOHIIOB), CO-
OTBETCTBYIOIMKX AOCTYMHOMY AHMaNa3oHy MHTeHcuBHOCTeH. CrpaBa OT M306padkeHMs1 yKa3aH CIHMCOK
MNOJIYTOHOB M COOTBETCTBYIOIIMX MM 3HaueHMH XKpuBH3HBI. CTYNeH4aTOCTh (TPAaHMIIBI MEXKAY PasJind-
HBIMH MHTEHCHBHOCTSIMM) BO3HMKAET M3-3a OTDAHMYEHHOrO YMCJIa JIOCTYIHBIX MHTEHCMBHOCTEl, a He
u3-3a allPOKCHMMAIIUH ¢ MOMOIMbIO MHOTOYTOJILHMKOB.
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T'ayccoBa KpHBHA3HA

ONMIOHANBHAS
cetka
INonuronansHas TayccoBa KpHBA3HA
ceTKa ®
SSSs
===
===
===
17
777/
[Tomuronanmsuas IorepxHOCTH TayccoBa KpMBRH3HA
(©)

ceTKa
Puc. 6-52 T'ayccopa xpusmsHa. (a) I'mankas nobepxHocTs; (b) KOPOTKasl JMHMS «CKIAIKH»;

(¢) 6onee pmuEnas rms «ckaankd». (C paspemerms Jdx. Juuna u JI. Pomxepca.)

Meropn, Berauc/ieHHsT rayCcCoBoit KPHBH3HLI OyIeT mPOHILTIOCTPHPOBAH HA TPHMepe

IIpnmep 6-17 T'ayccoBa kpmBu3HA

HasiTy rayccoBy KpHBH3HY B TO4YKe C mapameTrpaMd u = 1/2, w = 1 gns=
He3aMKHyTOH B-Crutaits nmosepXHOCTH, ompejiesienHON paHee B pHMepe 6-15.

Benomemm cHavana GasucHele dymkium N; 4 U M;; U3 opumepa 6-15. Ilo
THM JAHHBEIM MOXHO BBIYHMCJIUTH IIEPBYIO M BTODPYIO ITPOU3BOIHEIE, HEOGX0TM-
Mble 11 HaxOXKAeHusd Qy, Qu, Quw, Quu ¥ Quy, H TOCHEIYIONEro BEIYUCIEHUS

rayccoBoil KPMBHM3HBEI. A HMEHHO

N{A = —3(1 - u)2 N1,4 = 6(1 - u)

Né’,; = 3(1 bl u)(l bl 3u) NéIA = 6(3U - 2)

N3 4 = 3u(2 — 3u) Ny =6(1 — 3u)
Niq = 6u

N‘I;A = 3u2

Nig=(Q1-—u)’
Nz s = 3u(l — u)?
N3g=3u?(1—w)
Nya = ud
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M3 = Mis=0 Mi3=0
2
M5 = L__L2—2w M3z =w—2 My =1
Myg=3=00Bw= Ao =4-3w  Mj,=-3
Mg = (w—1)* Mis=2(w—-1) Miz=2
Brryucrienne npon3BogHEIX B Touke 4 = 1/2, w = 1 ¥ moaCcTaHOBKA B ypABHEHHMs
(6-71) — (6-75) NpMBOAWT K CAEAYIOMMM PE3yJILTATAM:
Q(1/2,1)= [0 35/4 0])
Q.(1/2,1)=1[30 0 0],
Qu(1/2,1)=[0 0 10],
Quw(1/2,1) =0 0 0],
Quu(l/z, 1) = [0 - 30 0],
Quw(1/2,1)=[0 —10 10].

KomnonenTtsl ypasnenus (6-48) f1s rayccoBOit KpMBH3HBI TaKOBBI:
QuxQuw=1[30 0 0]x[0 0 10]=[0 =300 0]
|Qu x Qul* = (300)*
A=[Qu xQu] - Quu=[0 —300 0]-[0 —30 0]=9000
C=[Qu*XQu] Quw=[0 —300 0]-[0 -10 10]= 3000
HUcnoms3ys ypaeuenue (6-48), mosysuM rayCcoBy KPHUBHU3HY
. = AC - B _ (9000)(3000) — (0)
T Qu x Qult (300)*

Tak xak Kg > 0, TO IIOBEPXHOCTH ABJAETCH JIOKAJIBHO SJLTHIITHIECKOMN.

=333x1073

6-16 PAIIIOHAJILHHIE B-CTLJIAVH ITIOBEPXHOCTH

Tak e Kak ¥ I panOHAILEBIX KPHUBLIX, BO3MOKHO CYIIECTBOBAHHE PAIHOHATIBHBIX
dopm kBagparuunblx noBepxuocTedt, OuKybUaeckux noBepxuocreit Kynca 1 noBepx-
mocreit Besve. Oznnako 31ech 6yayT pacCMOTPEHBI TONBLKO PamuoHANbHbIE B-cruaitn
nOBEPXHOCTH, KAK M3-3a HEXBATKH MECTa, TaK U B CBSA3H C TeM, 4TO TaKHe IOBEPXHO-
CTH ABIAOTCA 000bImenueM Bcex 3THX (OPM.

JlekapToBO npoU3BenenNe PanMOHAILHOM B-cnialin noBepXHOCTH B ueThIpexXMep-
HOM TIPOCTPAHCTBE OXHOPOAHBIX KOOPAMHAT 3a13erca dopMynoit

n+lm+1

Qu,w) =Y Y BN (u)Mju(w), (6-85)

=1 j=1

rie B{‘j aBnsa0Tca 4D onHOPOAHBIMHM BEPIIHHAMH XaPaKTEPUCTHIECKOIO MHOTOTPaH-
HHKA, a N; ¢ (u) 1 M, ;(w) asrsorcs nepanyonaibubivu B-cnnaitn 6asucubivu Gynk-
IMAMY, IPUBEeJeHHbLIMH DaHee B ypaBuenuu (5-84).
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[IpoenupoBarue 0OpaTHO B TPEXMepHOEe IIPOCTPAHCTBO C IIOMOINBIO JIENIeHHS Ha
OIHOPOIHYIO KOOPIMHATY JaeT PalMOHAIbHYI0 B-Ciitaitn moBepXHOCTD

n+1lm+1
Y hijBiiNik(WM;i(w)  iimer

Qu,w) = "=:+J'1="11+1 = Z Z Bi,jSi,j(U,’lU), (6-86)
> X hiiNik(u)Mj(w) i=1 j=1

i=1 j=1

rme B{‘j apasorca 3D-Toukamu 3anaromel MOTHTOHAMBHOR CeTKH M S j (u,w) — Ba-
3UCHBIME (BYHKIMAMHE OT ABYX II€PEMEHHBIX PalHoHAIbHON B-ciuiaiin moBepxHOCTH
hi i N,k () M1 (w)

S,-,j(u, w) = el mtl . (6-87)

Y > ha i Na e (u) M (w)

i1=1j1=1

Ynobuo monoxurs h;; > 0 nua seex i, j.

BaxkHo OTMETHTH 371€Ch, uT0 S j(u,w) e sBIAOTCA npom3BenenueM R;(w) u
R;i(w) (cm. ypabuenne 5-123). Tem ue menee S; j(u,w) umetor dbopmy H aHaHTHIE-
CKHe CBOMCTBa, IOXOXKHE Ha (bynKumio npoussesenusa N;y(u)M; (w). Cremoparens-
HO, PallMOHAJIbHBIC B-Clinaiin I0BEPXHOCTH HMEIOT aHAJMUTHYECKHE H TE€OMETPHUYECKHE
CBOWCTBa, ITOXOXKHE Ha HX HepanuonaJbmble ABoiinnku. Komkpernee,

CyMmma basucHBIX GYHKIHN PAIMOHANLHON IMOBEPXHOCTH s JTIODBIX 3HadeHHil U,
W paBHA

n+lm+1

>3 Siiww) =1 (6-88)

=1 j=1

Kaxnas 6asucuas GyHKIUA pAIMOHANLHOMN IIOBEPXHOCTH IOJNOXUTEIbHA HIIM PaB-
Ha HYJIO JIJIA BCEeX 3HadYeHHit mapamMeTpoB u, w, T.e. S;; > 0.

Kpome cnyqas k = 1 wnu | = 1, xaxknas Ga3ucmas GyHKuus PanHOHAILHON MO-
BEPXHOCTH MMEET POBHO OIMH MAKCHMYM.

Maxkcumanpuplii OPANOK panuoHANbHON B-CIlalin MOBEPXHOCTHM B KaXKIOM Ia-
PaMeTpHYEeCKOM HAIPABJICHUH PABEH YHUCJIYy BEPIIHH XaPAKTEPHCTHIECKOIO MHOIO-
rPaHHUKA B 3TOM HAIMPABJIECHHH.

Pamponanbran B-cratin nosepxnocrs nopsnka k, [ (crenenn k— 1,1 — 1) rnaakas
BO BCex Toukax C*¥~2% (-2,

Pammonansran B-crinaiin moBepXxHOCTh HHBADHAHTHA OTHOCHTEILHO MPOEKTUBHOTO
npeobpa3oBanus; T. e. a1060e MPOEKTHBHOE mpeobpasoBanne MOXKET OLITL MPHMe-
HEHO K IIOBEPXHOCTH IIYTEM €ro IMPUMEHEHHA K 3aJaiomel IoIHIOHAILHON CETKe.
OtMernM, uTo 310 yCoBMe ABIAETCA BOTEE CTPOrMM, weM IS HEPALUOHAJIHHOMN
B-cnnaits mosepxmocTu.

IloBepxnocTs nexur BHYTDPH BBITYKJION 0D0JIOuUKM 3anajomeil MoJIMroHaILHONH CeT-
KH, obpa3zyemoil obbenuueneM BCeX BBLIIYKIBIX obonouek k, | cocelpux BEPIIHH
TIOJIUTOHAJILHOHN CETKH.

CeotiicTBo 3aTyXaHHMs U3MEeHEeHHH 1) PAIMOHAJIbHBIX B-ciutafin noBepxuocTelt ne-
H3BECTHO.
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Biusnue onpoit BepIINHELI IOJHTOHAILHON CETKH OrPaHHYHBaeTCa Tk /2, £1/2 un-
TEPBAJIaMH B KasKJOM IApAMEeTPHYECKOM HallPaBJICHHH.

IIpu TpHanrynaumy 3ama0mas TOIUTOHANbHASA CeTKa 0bpa3yeT IIOCKYIO alllpoK-
CHMAIIMIO IIOBEPXHOCTH.

Ecnu wncno Bepmun 3a1aromelt MOJHIOHAJILHON CETKH PaBHO NOPAIKY B KaXKIOM
MapaMeTPH4eCKOM HAIPABJIEHHH U J1yOIHPOBAHHBIX BHY TPEHHUX Y3J10BbIX BEJIUYHUH
HET, TO panMoHaJibuasa B-CIiaiin MOBEPXHOCTD ABNAETCA PAIMOHAILHOMN IOBEPXHO-
crpio Besne.

W3 ypasnenutt (6-86) u (6-87) sicmo, uro korma Bce h;j = 1, rorma S; j(u,w) =
Ni k(u)M;(w). Taxum obpasom, b6azucurle byHKuMM panuonaibuoil B-crnmaits mo-
BEPXHOCTH M CaMHM IIOBEPXHOCTH MPEBPAIIAIOTCS B HX HEPAIIMOHAJILHLIE SKBUBAJIEHTI.
Crenoparenbno, panMoHaIbabIe B-Cliafin NOBEPXHOCTH MPEACTABIISIOT COOTBETCTBEH-
10 00001menne nepanMoBAIbELIX B-Cciutaitn moBepxHocTell M PalMOHAJILHBIX H HEPALM-
OHANbLHBLIX MOBepXuocreit Besbe.

CuOBa, KaK U B (JIy4ae PalMOHAILHBIX B-CIutaiin KPUBBIX, aJICOPUTMBI JIA YBEJIH-
4eHHs cTenend, pasbuenus (cM. pasz. 6-14) u unrepnonsanuu (cM. pasz. 6-13) nmepa-
IHOHAJILHBIX B-Crutalia noBepxuoCTEH MOKHO IPUMEHATH MPOCTO MYTEM HX HCIIOIb30-
Banus miis 4D-Bepiiun 3a4aK0mMell MOJIMIOHAJIBLHON CEeTKH.

HesaMkuyThiit 0qrOpOogHbL, IEPHOAUIECKUN OOHOPOAHBIA H HEOAHOPOIHBIN Y3110~
BOM BEKTOPBI MOTYT ObITh MCIIONB30BAHBI JJIs T€HEPAIMH PallMOHAJILHBIX B-cruaiin
6asucubIX GbyHKIMA M panuoHandbHbIX B-crnaitn moBepxmocTeit. THIBI y3n0BBIX Bek-
TOPOB MOTYT CMeIIHBaThCs. Hanmpumep, B mapaMeTpUYECKOM U-HAIPABJIEHUH MOXKET
HCHOJIL30BATHCS HE3AMKHYTHIM OJHOPOIHLIN Y3JI0BO BEKTOp, a B W-HAIIPABJICHHH —
HEOAHOPOAHLIN y3/10BoM BeKTOp. CHadasla MBI OCTAHOBHMCS HA HE3AMKHYTBIX OJHO-
POJHBIX Y3JIOBBIX BEKTOPAX.

Ha puc. 6-53 npeacraBriennl 6ukybuueckasn (k = | = 4) panuonansuas B-cmaiin
HOBEPXHOCTh M €€ 33Jalomas MOJHIOHAJIbHAA CeTKa Aad hy s = hp s = 0,1,5. U3o-
6pakenne na pHC. 6-53¢ ¢ h; 3 = hy 3 = 1 umenTHuHO HepanmonanbuOH B-crnaiin
MOBEPXHOCTH. Pe3ynbTaThl BADHHPOBAHUS 3HAYEHUN OOHOPOIHON KOOPAMHATHI MOXKHO
3aMeTHTh, CpaBuHBasi puc. 6-53¢ ¢ puc. 6-53b u d. ITH pe3ynbTATHI AHAIOrHYHBI TT0-
JIy<9eHHBIM [JI PAIMOHAJIBbHBIX B-crtafin KpuBbIX (CM. pasf. 5-13), HO MPOSABAAIOTCA
HE B CTOJb CHIIbHOM cremenu. B gammoM ciiyuae ymenbiienue 3dpdekta obycioBneno
TeM, 910 S; j(u,w) ABNAETCA (DYHKUHMEH CMEIIeHH OT ABYX NIEPEMEHHBIX.

Ha puc. 6-54a u b uiocTpupyeTcst pe3yJbTaT, MOy YeHHBIA TPH IIPHCBOEHNH BCEM
BHYTpenHHM h; ; 3nagenuii 0 u 500, cooTBeTCTBEHHO; T. €. hgo = ho3 = h3g = h33 =
hso = hgz = 0 umm 500. Bee ocranprsie h;; = 1. XapakTepHCTH4ECKMA MHOTO-
rpaEHMK H300pazken Ha puc. 6-53a. YcraHOBKa BCeX BHYTpeHHHX h; ; = ( mpUBOZMT
K MTHODHDOBAHUIO BHYTPEHHHX BEDIIHH XaPAaKTEPHCTHYECKOTo MHOrorpannuka. M-
TEPIIONUPYIOTCA TOJBLKO BEPIIMHBLI rPaHMuHbIX KpuBEIX. Hamporus, mpucBoenne BCEM
BHYyTpenHHM h; ; = 500 CBOOMT K MHHAMYMY BJIHSHHE IPAHMYHBIX BEDIIMH. 3aMETHM,
4TO M3MeHeHHE h; j BIMsET Ha IaDaMETPH3ALHIO IIOBEPXHOCTH. DTO HILIIOCTPUPYeTCs
CKOILJIEHHEM ITapaMeTPHYECKUX JIMHHI OKOJIO TPaHHIL HOBEPXHOCTH, KOT1a BHY TDEHHHE
hij = 0 (cm. puc. 6-54a), 1 Bo BHyTPeHHEN 4aCTH MOBEPXHOCTH, KOI[a BHYTPEHHUE
hi; = 500 (cM. puc. 6-54b).
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Puc. 6-53 ParmmoHampabie B-crima#n noepxaocti c n+1 =5, m+1 =4,k =1 = 4.
(a) XapaxrepHcTraecknii MEOrorpannux; (b) his = hzs =0; (¢) hia = he,s =15 (d) h1s =
h273 = 5.

(@) ®)
Puc. 6-54 PaumoHabsabie B-crutaiin nopepxHoctH c n+1 =5 m+1=4, k+1 = 4. (a) Bee
sHyTpennwue h; ; — e = 0; (b) Bce BHyTpennHe h; ; — e = 500.
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Puc. 6-55 Pammonansabiit B-crurain sjmmrrdecKuil DUIMEAD, creHePHPOBAHHBIN 3aMeTa-
HHMEM PalOHaJIbHON JUIMOTHYECKON KpHBoil Ha pHc. 5-67b.

Pe3ynbraTsl, BOSHHKAIOMIME TIPH COBIAIEHUH HECKOIbKMX BEPIIHMH WIH JIHHHH COT-
KM aHAJIOTHYHBI PE3yJIbTaTaM, IIOJIYYEeHHbIM /sl HEpanMOHAJbHEIX B-cruiaiiH nmosepx-
Hocredt (cM. pas3g. 6-12) u panuoHaapHbx B-cnaiin KpuBex (cm. pasa. 5-13). Taxxe
AHAJIOTUYHBI PE3YJIbTAThl CMEMEHUA OTHOH BEPINMHEI Ha ITOBEPXHOCTH.

OaHuM M3 caMBIX TTPHBJICKATEIBHEIX CBOACTB PAIMOHAJILHEIX B-CIUtaiin OBEpXHO-
cTeil ABMSAETCA UX CIOCOOHOCTH IPEICTABNATH KBAJDATHYHLIE MOBEPXHOCTH U IJIABHO
TIEPEXOJUTH B CKYJBITYPHBIE MOBEPXHOCTH BBICOKHMX CTemeHed. B kadectse mpocToro
IIpUMepa KBaJPaTUYHOM IOBEPXHOCTH PAcCMOTPHUM ODODINEHHBIH muIuuHap, obpasye-
MBIf 3aMeTaHHeM KPHBOii. fICHO, YTO B HANIPABNEHHH 3aMETaHMs TaKas MOBEPXHOCTD
JOMKHa OBITH BTOPOTO IOPANKA, T. €. mpsaMoi nuuueil. CnenosaTenbHo, Jid 3aMeTa-
eMoll B HAaIPaBIEHHH U IOBEPXHOCTH (opMyna BhIIAmuT (cMm. [6-33]) cremyoumm
obpazom:

2 m+1

Q(u,w) =YY B;;Si;(u,w), (6-89)

=1 j=1

rae S;;(u,w) uMeeT B MapaMeTPHYECKOM HAIPABJIEHHH W TOT K€ NMOPALOK, YTO M
KPHBAasl, M OPANOK 2 B HAIPaBJIeHUH u. KpoMe Toro, BEPIIMHLI XaPaKTePUCTHIECKOTO
MHOTOIDaHHHKA B HaNpapJleHHH U paBHBI B; ; = B; u By ; = Bj + sD, rne D 3a-
JaeT HaIlpaBlICHHEe H PaccTosHHe 3aMeraHus. [[apamerp s M3MeHAETCA B [HANA30HE
0 < s < 1. Dnementsl B; ABAAOTCA BepIIMHAMHU 3a/IAIOMEr0 MHOTOYTOTBHUKA JUIA
3aMerasomeii kpuBoit. OJHOPONHBIE KOOPJUHATHI OCTAIOTCS HEH3MEHHLIMH B HaIIPaB-
JeHUH 3aMeTaHus; T.€. hy ; = hp; = h;, tae h; — 3To omHOpoxHAsA KOOpJMHATA JUIA
3ametaemoit kpuboit. Ha puc. 6-55 H306paskeH JUIMNITHYECKHT HIHHID, obpa3oBaH-
HBIfl C MCIONB30BAHMEM JLTHITHYECKOH KPHBOM, IpeicTaBieHHol Ha puc. 5-67b. C
KasKJIOW CTOPOHBI IIOBEPXHOCTH IOKA3aHa OTOIBHHYTAas 3aMeTaeMadA KpUBAd.
PanuoHannupie B-ciunaiin moBEPXHOCTH HCIOIb3YIOTCA TaKiKe JAA CO3NAHHA JIU-
HefMaThIX moBepXHOCTeH. DJMHITHYECKHH WHIHHAP, H306paXkeHHbH Ha DHC. 6-55,
SIBJIAICTCA, KOHEYHO, JTUHEHYaTol MOBEPXHOCTHIO. [l reHepanyuy ¢ MOMOIMIBIO Panuo-
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Puc. 6-56 Paumonaibuas B-cimadin smaefivaTas noBepXHOCTD.

HaJIbHEIX B-craitnos nuneltuaroit mosepxHocTH Hosee 0bmero Buna rpedyercs, 4Tobu
06e KpHBBIe MMEIH OJMHAKOBBIN MOPANOK (CTeleHb), OMHAKOBRIA Y37I0BOH BEKTOP H
OJMHAKOBOE YHCJIO BEPIIHH 33Ja0IIero MHOTOYTONbHHKA. EciM KpHBBIE HMEOT pas-
HEBI MOPANOK (CTEHeHb), TO CTEHNEeHb KPUBOH MEHBUIETO MOPSKA YBEIMYHBAIOT (CM.
pa3z. 5-8 u mpumep 6-18). TpebyeMsbiit y310Bo# BEKTOD ABIACTCA OObEeIHHEHHEM y3-
JIOBBIX BEKTOPOB JIBYX KpUBBIX. JI10Obie KpaTHbIe y37I0Bble 3HAYEHUA A4 000 KpH-
BOIi BKJIIOYAIOTCS B OKOHYATENIbHBIH y3/10B0# BeKTOP. s obecrieueHU A HIeHTUYHOCTH
000MX y370BBIX BEKTOPOB HCIIOIB3yeTCA BCTABKA Y3710B (cM. pasnd. 5-12). YBenuuenne
CTElleHH M BCTABKA Y3J10B 0DECIIeYMBAIOT PABEHCTBO YHCJIA BEPIINH XAPAKTepUCTHYE-
CKOTO MHOTOYTOJILHHKA, /151 0benx kpuBbix. [lonyyaromasics pamponansaad B-cinaiin
JMHeYaTas MOBEPXHOCTh ONMMCHIBaeTCs ypaBHenueM (6-89) ¢

m+1 m+1
Pi(w) = QO,w)= Y Bi;Rj(w) u Py(w)= ) By;R;i(w)=Q(,w).
j=1 Jj=1

Ha puc. 6-56 mokasam mpumep JHHeH4ATOH NMOBEPXHOCTH, NEPeBOJAMEH YeTBEPTDH
OKPYXXHOCTH B DalMOHAJILbHYI0 B-craiin kpuByio derBeproro mopsaika. Kpusbie u
HX XapaKTepUCTHYeCKHe MHOTOYTONLHUKHM H300parKeHbl OTOABHHYTLIMH OT Kpas IIO-
BEPXHOCTH. JIaHHBIH MeTOn Jy4Ille IPOUJIIIOCTPUPOBAT Ha IIPHMeEpe.

IIpumep 6-18 PanmoHaibHble B-cniaiin anHeiliuaThie IOBepXHOCTH

HaiiTy Touky ¢ mapameTpamu u = w = 0.5 Ha JmHe#uaToH NOBEPXHO-
CTH, obpa3oBaHHOI cMemen#eM 120° myru OKPy»KHOCTH H PAAOHAILHON KpH-
BOH 4YeTBepToro NopsaaKa. Jdyra oKpyKHocTH npeAcTaBiseTcs panHoHaIbHON B-
Crua#H KpmBoit, 3asanHoft B11[0 0 0], Bi2[l V3 0], Bis[2 0 0l u[H]=
[l 1/2 1]. Bropas kpmsas ompenenserca B1[0 0 10], Bao[l 1 10],
B3a[2 0 10], Bs2[3 1 10]c[H]=[1 3/4 5 1].

Crauasia Heo6X0MMO YBETMIUTH CTeNEeHb YTH OKPYXHOCTH. B IedCTBHTeIb-
HOCTH AYTa fBJISE€TCS PAUMOHAIBHON KpuBoil Besse. O6cy»x mapmmiice B pa3s. 5-8
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MeTo/] yBeImdeHMs CTEeNEeHN B DAMOHAJIBHOM cJiydae mpuMmensercda K 4D ommo-
POOHBEIM KOOpAMHATaM. B pe3yssTaTe mosydaeM:

h» h
B;" = By,

LI

h _ B —a\B"
B! = o;B;_1 + (1 — ai)B; a,n+1 yeees

n,

hx h
Bﬂ+1 = Bn.
ITocne npoenupoBarns 06paTHO B TPEXMEPHOE MPOCTPAHCTBO HMEEM:

B} = By,
« _ @ihiciBi_; + (1 —ai)hiB; .
Bi = = 2, e
oshioi + (1 — )by : "

h: =azhi—1 + (1 — a,-)h;.

Ucnonp3oBanme JaHHBIX Pe3yJbTaTOB [Js yBelmdeHus cTenenu 120° gyru npm-
BeaeT K

h;,l = h1,1 = 1,
B{,l =Bi1=[0 0 0],

e (hon ()3
B;,2={§(1)[o 0 o]+§(%)[1 V3 o]}/(%):[% ? o],
- () (- () o-3

B;,3={(§) (%) 1 V3 0]+%(1)[2 0 0]}/(%)

hla=hgs=1,
Bl4=Bis=[2 0 0.

Teneph xaxpaas KpWBas HMEET 9eThIPE BEPIIMHBI XAPAKTEPHCTHIECKOrO MHO-
rOyrobHMKA. Y370B0# BEKTOp JUis KaxAod Kpumsoit pasen [X] = [Y] =
[0 0 0 01 1 1 1]. Cnenoparensro, BKIIOYEHHE y3JI0B HPHMEHATH HE
HyKHO.

Jnsg w = w = 0.5 u3 ypasnenus (5-84) momyuum

Nl,z = 0.5; Nz,z = 05
M4 =0.125; M4 =0.375; M34=0375 My4=0.125

Torga ypasnenue (6-87) mpHBeneT K ciieXyIOIMHM pe3yjbTaTaM:

Sp1=0.0396 Si;=00792 Si3=00792 Si4=0.0396
Sp1=0.0396 Sy5=00891 Sp3=0.594 Ss4=0.0396

KoopauraTel TOYKH Ha MOBEPXHOCTH
Q(0.5,0.5) = [1.634 0.266 7.624].

Bea moBepxzocTs u30bpaxena Ha pHc. 6-56.

473




474 I'mapa 6 IloBepxHOCTH

C noMompo B-crnnainos MoryT OBITh Tak»Ke IIPeICTABIEHBI IIOBEPXHOCTH Bpale-
una. llpeanonoxuM, 4To
m+1

P(w) = ) B;jBj(w)
i=1

C Y37I0BBIM BeKTOPOM [Y'] siBIAeTCsA palponanbuoit B-crinasin KpuBoit, ¥ BCHOMHUM, UTO
[OJTHASA OKPY?KHOCTD [IOJIy4aeTcsi IpH 0ObeJMHEHUH YeThIpeX YeTBepTell OKPYKHOCTH,
331aHHBIX JEeBATHIO0 BEPIIMHAMH MHOTOYTONbHHUKA (CM. pa3f,. 5-13). DTo NpUBOIHUT HAC
K panMoHaNbHON B-Ciuiaiin MOBepXsOCTH Bpallenus, 3anaBaemoit (cM. [6-33])
9 m+1
Qu,w) =) D BijSi;u,w), (6-90)
i=1l j=1

rme y3nosoit Bekrop [X] = [0 0 0 1 1 2 2 3 3 4 4 4]. Ipeamono-
JKMM,4TO BpallleHHe TPOMCXOIUT BOKPYT OCH 2, KpuBas P(w) olpelenena B MIOCKOCTH
zz, snementsl B; ; 3anarorca kak B ; = B; nna dukcuposanuoro j ¢ 1 <i < 9. Bep-
INMHBI XaPaKTEePUCTHYECKOTO MHOTOYTOJLHHKA 0Dpa3yloT yriioBble M CpeJHHE TOYKH
KBaJpaTa, JIXKAIIErO B IJIOCKOCTH, IEPIEHAUKYNSPHON OCH Z, H C Pa3MEepPOM CTOPOHBI,
PaBHBIM YJBOEHHOMY PaJHYyCy OKPYKHOCTH Bpamenus. OJHOPOIHbIE BECOBbIE MHOMKH-
TEJIH ABJIAIOTCS IPOU3BEIEHUEM MHOKHUTENeH, He0DXOMUMBIX 1A 3aJaHUs PAIHOHAIb-
uO# B-cruaiin KpUBOH U 1151 3a1aHUS OKPYKuOCTH Bpamenus. Konkpernee, 1ina GhuK-
cuposamuoro j, hij = hj, haj = hjv/2/2, ha; = h;, haj = hjV/2/2,--- Jhoj = hj.
Ha puc. 6-57 nokasaHsl XapaKTePHUCTHYECKHH MHOIOYTOJBHHK M CaMa KDHMBAfA JIA
OKDYIKHOCTH BpAaIlleHHs M JJId BpamiaeMoll panuonansuoft B-criimaiin kpusoit. Takxke
HA PHUCYHKE IIPUBEJIEHBI 0ObeJUHEeHHbIH XAPaKTEPUCTHYECKUH MHOrOIPaHHUK ITOBEPX-
HOCTH M CaMa IOBEPXHOCTb.

Ha puc. 6-58 u 6-59 npencraBiensl 0OpIYHbIE TOBEPXHOCTH BPAIEHUsI — TOP M Ce-
Pa, BMeCTe CO CBOMMH XAPAKTEPHUCTHYECKUMH MHOTOTPAHHUKaMH. Top remepupyercs
IIyTeM BpAINEHUsS CMEIIEeHHON OKPYKHOCTH BOKpYr omuoit #3 ocet. Cdepa renepupy-
€TCs IyTeM BPAIleHUA IIOJIYyOKPYKHOCTH, COCTaBjiennod U3 JByx 90° myr BOKpyT ocH,
MPOXOAAIIEH Yepe3 AHAMETD IIONyOKPYKHOCTH.

Kak 6outo panee ymomsimyTo, ofqHOM U3 mamfosee MOWHEBIX XAPAKTEPHCTHK pa-
IHOHAJLHBIX B OTJIMYHE OT HEPAIMOHAJLHBIX B-crnnalin moBepxuocTell sSBIAETCA MX
CHOCOBHOCTH «yNPATHIBATH» (MIH BKJIOYATh) KBAJPATHYIHbIE 3/IEMEHTHI IOBEPXHOCTH
BHYTPH 00001menno# CKyIbLITYpHO#M NTOBepxHOCTH. HampuMep, kak 9acTs Gomee obmeit
MIOBEPXHOCTH, MOXKeT ObITh BKJIIOYen UHIUEAPUYEcKoi aneMent. Ha puc. 6-60 mpeacta-
BJIEHO TPH npuMepa. LlenTpabroil 4acThIO KaxXK 10 TOBEPXHOCTH Y€TBEPTOrO HOPSIIKA
ABJSAETCS CEKIUA KPyroBoro nuiuuipa. Puc. 6-60a mor 61 u3obpakars mepegHion
KPOMKY KpbUla HJIH JonacTH' Typbunsl, puc. 6-60b — marueapuyecKuit noc Kopabis.
Obe moBepxHOCTH reHEPHPYIOTCA C TOMOINBIO 33aHMA LY OKPYIKHOCTH TPETHEro
nopsazaka (cM. pasj. 5-13), yBenuuenns cTemenu nyru (cM. npumep 6-18), cosmanus
H3 nyryu JuHeHYaTON OBEPXHOCTH M €€ BKIIIOYeHUS MeXIY ABYMS KpaHMMH 3JIeMeH-
TaMH IOBepxHocTe#l YerBeproro mopszaka. Cayyaino obe MOBEPXHOCTH, IOKA3aHHEIE

1
B aspomunamugeckux npodunax NACA ans samanms Nepefnel KDOMKM HCIOJNb3YeTCs KyTra
OKDYXKHOCTH.



6-16 PampmoHasreHbIe B-cniaiiH mopepxXHOCTH 47
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Puc. 6-57 PammonanpbHaa B-crutaiin moeepxmocTs Bpamemus. (e¢) O6pa3yiomas Kpusas
M 3azaiomas ceTka; (b) OKPYXHOCTb BpameHus; (€) XapaKTEPUCTHIECKUH MHOTOTDAHHHUK;
(d) noBepxHoCTH BpameHus.
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)

(d)

Puc. 6-58 Top, creHepHpOBaHHBI KaK panpoHATbHAS B-crutain mosepxuocTs. (a) CMemen-
Had OKPY>XKHOCTb M 33J2I0NHMI MHOTOYTOJIbHHUK; (b) OKPYXHOCTH BpamieHHsS M 3aJAOmMit
MHOTOYTOJIBHUK; (C) XapaKTepHCTHYECKHIT MHOTOTPaHHHUK fyig Topa; (d) Top.

pa puc. 6-60a u b, oka3aNMCH NHHEHYATHIME Pa3BEPTHIBAIOMMMHCA TOBEPXHOCTAMH.
Ha puc. 6-60¢ m3obpasken mUIHHODHYECKHH JEMEHT, YIPATAHHLIA B Gosee obmIyo

IIOBEPXHOCTD.

ITpomssoguble panponanbroil B-Cimaiin MOBEPXHOCTH MOTYYAIOTCS C IIOMOIIBIO
cdbopmasnbroro auddepennmpoBanns ypasuenus (6-86):
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Puc. 6-59 Cdepa, crenepipoBaHHad KaK paupoHalbHad B-crutaiin noBepxHocTs. (a) Cme-
MEHHAA OKPYKHOCTH Y 33a0mui MHOTOYTOTBHUK; (b) OKpYIXHOCTL BpaIeHHs H 33Jai0m i
MHOTOYTONBHHMK; (¢) XapaKTepHCTHYeCKHiT MHOTOrPaHHMK H cdepa.

N [Ny,
QUU - ﬁ N
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oy ) (6-91d)
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rie N u D ABAAIOTCA YHUCIMTeNeM X 3HAMEHATEJIeM, COOTBETCTBEHHO, YPABHEHH

(6-86) ¢ mMpoM3BOIAHBIMH
n+lm+1
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i, Bi,i N g (W) M 1 (w),
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(©)

(e)

Puc. 6-60 DieMeHT KBagpaTHYHON NMOBEPXHOCTH BHYTpH Gosree ofmeil paumonambuoit B-
crunads nosepxuoctd. [lepenssas KpoMka Kpbuia. (a) XapakTepHCTHIeCKHt MHOrOTpaHHUK;
(b) nosepxnocts. KopMa kopabnsa. (c¢) XapaxrepHcrrdeckuit Muororpannux; (d) mosepx-
HOCTh. Ilmimeap kak gacte Gosmee 06meit moBepxuocTH. (e) XapaKTepHCTHYeCKHit MHOroO-
rpaHHEK; (f) IOBEPXHOCTD.

n4lm4l
Nuw=3_ 3 hijBiiNik(u)M}(w),
i=1 j=1
n4+lm4l
Nuw = D hijBiiNj (v) M}, (w),
i=1 j=1
n+1m41
Nuw=Y_ D hi;jBii Nl (u)M;(w),
i=1 j=1
. n+1m+1
Nuw =Y > hijBiiNis(w)Mjy(w),

i=1 j=1
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_ n+4+1m+1
D, = Z Z hi ;i Ni (u) Mja(w),
i=1 j=1
. n4lm41
Duw=7)_ > hijNie(w) M (w),
i=1 j=1
n+1lm41
Dyw = Z Z hi,j il,k(u)M.;',l(w)a
i=1 j=1
. n+4lm+1
Dyy = Z Z hi i N (W) M 1 (w),
i=1 j=1
n+1lm41
Duww=Y_ Y hijNix(u) M}, w).

i=1 j=1

Irpux o6p3HayaeT NPOU3BONHYIO OTHOCHTEIBHO COOTBETCTBYIOWIErO NapaMerpa.

Qymxuuu N ()M (w), Ni'c(uv), M} (w) 3anatorca ypasrenusmu (5-97)~(5-100).

9TH NpOoM3BOJHBIE MOJIE3HR! IPH ONPEE/IEHHH rayCCOBOM KPHBH3HEI IOBEPXHOCTH
(cM. pasa. 6-15), a Takyke OPYrHX CBOMCTB IOBEPXHOCTH.
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IIpnnoxenue A

I PA®OUUYECKOE
I[IPOITPAMMHOE
OBECIIEYEHUE

A-1 BBEJIEHUE

Paspabartnipas KOHIENIMHE rpadHIecKOro mporpaMMHOrO obecrnedeHus, YOO0OHO Mbl-
CIMTH B TEPMHHAX CXeMBbl, IOKA3aHHOH cTpesikaMHu Ha pHc. 1-63. Kouseitep Haunnaet-
csl ¢ IPHKJIAAHON IPOrpaMMBl H COOTBETCTBYIOWIEH et 6a3bl AJaHHBIX, IPOXOAUT Yepe3
DAKeT MaImHHHON I'pad¥MKH H COOTBETCTBYIOUIYIO eMy Ipadundeckylo 6a3y JaHHBIX H
Jajiee Yepe3 cOOTBETCTBYIOMHUYE mpOrpaMMHBIH HHTepdhEHC BHEIIHEro YCTPORCTBa, AJIS
reHepaliy u306parkeHus Ha pH3NUYECKOM IpadHIECKOM yCTPOKCTBE, C KOTOPBIM IIOJIE-
30BaTelIb MOXXET HJIH He MOXKET B3aUMOAEeiCcTBOBaTh. Ha NpOTAXKEHHH TAKOrO KOHBEH-
€pa CyIeCTBYIOT JBa KPHTHYECKHX IPOrpaMMHEIX HHTepdeiica: unTepdeiic mpukaan-
HO#M mporpaMmbl H HHTepdelic BHemHero ycrpoiictBa. B Hacrosimee Bpemst npegupu-
HHMalOTCs MONBITKH NpHBecTH 00a HHTepdeiica B COOTBETCTBHE C MEXAYHapOAHLIMA
CTaHJAPTAMH.

Harepdeiic NpUKIAIHOTNO NPOrpaMMECTa O0ObIYHO O0GOpPMIIAETCT KAK HaKeT MOJ-
nporpaMM HJH GYHKIHE, JOCTYNHBIX M3 s13bIKA BBICOKOTO ypOBHS, TaKOro, kak Pop-
tpaH, Cu, Beiicuk nmn [Mackans. UnTepdeitc nons3oBarTens 0ObIYHO MHMIETCH C HO-
MOIIBI0 moanporpaMM H GyHKHi HHTEepdeiica TPHKIAIHOIO MPOrPaMMHCTa, KOTO-
pBlit B HaCTOsIEe BpEMS MPEACTABJIEH YeTHIPbMS OCHOBHBIMH cTaHZapTamu ['padu-
4ecko# KopHeBoil cucremoii (the Graphical Kernel System GKS) [A-1-A-3], GKS-3D
[A-4] 1 Uepapxnyeckoil HHTEPaKTHBHOH rpadrueckoil cHcTemoit mporpaMMucTa (the
Programmer’s Hierarchical Interactive Graphics System PHIGS) [A-5, A-6] u PHIGS+
[A-7]. MHOrHe mporpaMMsl ¥ GYHKIHH, IpeycMOTPeHHEIe A1 HHTepdeiica NPHKIAI-
HOTO NPOrPaMMHCTa, ABJISIOTCA OCHOBHBIM IPEJMETOM JAHHOH KHHIH H paboTs! [A-8].
IIpuMepsl: MOBOPOT, IEPEHOC, NEPCIEKTHBHLIE IPOEKITHH, OTCEYEHHs, YAAeHHe HeBH-
JUMBIX JIHHHI ¥ HEBHIWMEIX MOBEPXHOCTEH.

Wnrepdeiic BHemHEero yctpoiictsa patoTaeT Ha ropasgo 6onee HH3KOM yPOBHE, YeM
uHTepdeiic TPUKAATHOTO NPOrPAMMHCTA. JTO CBA3AHO C reHepaldell Koxos (ABOHY-
HEIX OMTOBBIX KapT), TpeOyeMbIX [JId yIpaBJIeHHs KOHKPETHHM (DH3HYECKHM HITH BHDP-
TyalbHBIM rpadprdecKuM yeTpoicTBOM. OBBIYHO CHCTEMHbIE NPOIPAMMHCTEI H Pa3pa-
GoTurxd wHTepdefica NPUKIAIHON TPOrPaMMBl HMEIOT esio ¢ HHTepdedicom ycTpolt-
crBa. IIpuMeps! cTanaapTos HHTepdeiica ycrpoiicta: ['paduyeckuit Metadaitn koM-
mbiorepa (the Computer Graphics Metafile CGM) [A-9]-[A-11], I'pacdueckuit nHTED-
defic koMmpioTepa (the Computer Graphics Interface CGI) [A-10]~[A-12] u UnTep-
delic BEpTyanbHOro ycrpoiicTsa (the Virtual Device Interface VDI) [A-13].



482 Ilpunoxenue A I'papudeckoe nporpaMmHoe obecrederHne

JleTanbHoe 0bCy X eHHe Pa3mIHYHbIX CTAHJAPTOB BBIXOJHT 33 DAMKH JAaHHOH KHH-
I'H H NPOBOJMTCA B IMTHPYeMOH nHTepaType. 34eChb JaeTCs TONBKO KpaTKoe obimee
OIHCAHHe.

GKS — apyMepHBIl CTAaHIAPT BH3yaJIH3all¥, He BKJIIOYAET MOJAENTMPOBAHHSA, IPe-
ZyCMOTPeHbI TONbKO ABYMepHble IDHMHTHBBI, TAKHe, KAK JIOMaHAast, IOBOPOT, lePeHOC,
Mmacirrabupopanfe. TpexMepHble IPeobpa30BaHuA JOMKHBI BBINOIHATHCA 33 IIPeJena-
MH CTAHIAPTA, T. €. TPeXMePHBI 00beKT Npeobpa3yeTcs B AByMePHYIO IPOeKLHIO (CM.
rn 3) # pe3ynbTar 0TOGPAXKaercs C HCIOAb30BaHHeM NMPOrpaMM ABYMepHOH rpadu-
ku GKS. GKS nongepxxupaeT IHPOKHit ciekTp ycTpolicTs BBoAa/BuIBoga (cM. ra. 1),
TaKHX, KAK MOHOXpOMaTHYeCKHe ¥ [BeTHble DJIT-1ucmwien, npunTepsl, rpadonoctpon-
T€JIH, MBIIIH, TAHIIEeTE, yCTPOKCTBA Ui BBOJAA CKAJIAPHBIX 3HadeHHH, pyHKIHOHAIE-
Hble TepeKaodarend u T. 4. Jocryn k nporpammam GKS obecneuer u3 psaga s3pIkoB
pbIcoxoro yposus: ®oprpan, Ilackans, Axa, Cu, GKS — oduunansHel# crangapr Kak
MexnynapoaHo# opraun3auud no Craggapram (ISO), Tax ¥ AMepukaHCKOro HaImo-
HAJILHOrO MHCTHTYTa cranaaproB (ANSI) [A-1].

GKS-3D — pacmupenne GKS, obecneunBaiomee BO3MOXHOCTH OTOOpasKeHHS H
olpeJeneHAs TpexMepHbIX 00beKTOB. B HeM Takyke HeT (yHKIHH MOAenHpPOBAHUA.
BkiodaeT HeBHIMMble MHHHH H HeBHAMMble [IOBeDPXHOCTH, a TAKXKe IMAPAJenbHble H
HepCIeKTHBHOe MpoelpoBaHue. B Hacrosmee Bpemsa crangapr GKS-3D npogomxaer
nopabarsBarecs [A-4].

B ormrume or GKS u GKS-3D, cranmapr PHIGS 6but m3nauansHO paspaboTan
KaK ABOHHON CTaHAAPT AJA TPeXMeDHOIO MAHHIYJHPOBAHHS H BH3YAJH3alMH H JUId
TPeXMepHOI'O reOMeTPHYeCKOr0 MoJendpoBaHusa. Ocobo BbifenseTcs MOAIEeDPXKKA BbI-
COKOHHTePAKTHBHOIO MPOrpaMMHOr0 obecneuenus1, Takoro, kak CAIIP/ACTIIII, mo-
NneKynspHOe MOAenHpOBAHHe, MOJeNHPOBAHHe CILIOMIHBIX Tej, a TaKXKe HMHTAIMS H
ynpaBnenre. PHIGS no3BoasieT CTpouTb, mpeobpa3oBuIBATE, MOAUMDHIIHPOBATE H XPa-
HHUTb TpexMepHEule reomerpudyeckde momend. Crannapr PHIGS npogomkaer mopaba-
TBIBATHCA [A-5].

PHIGS+ — pacmupenre PHIGS, skmiouaer Mogmenn ocpemienns, oOpaboTKy mo-
AYTOHOB, I'myOHHy, a TAKXe KpHBble H IOBePXHOCTH, TaKHe, KAK PAallHOHAJbHEIE
B-cmnaitue! (cM. pasz. 5-13 u 6-16). PHIGS cnenmansno pa3paboTaH NpHMeHHTeILHO
K BO3MOXXHOCTSIM BBICOKOHHTeDAKTHBHBIX rpadudeckux pabouux cranumii. Crangapr,
HallpHMep BKJIIOYaeT NpeJCcTaBiaeHHe TaKuX 3¢hdeKTOB, Kak pacKkpacka no merony I'ypo
u OoHra, a TaKXKe HOBble FeOMeTPHYeCKHe aTPUOYTHI, HAIPHMep HOPMAJIH BepIIHHEI.

CGI obecneuynBaer yHKIMOHANBbHOe NMPeobPa3OBaHHe He3aBHCHMOM OT ammapa-
Typbl HHGOPMAIHH, TeHepHPYeMOl CTaHAAPTOM HHTepdeiica NPHKIAIHOIO IPOrpaM-
MHCTa, B aNNapaTHO 3aBHCHMble JaHHEIe, TpeOyeMble [Jifi yIpPaBaeHHA KOHKPETHBIM
rpaduyecknM ycrpoiictBoM. CGI onpenensier BUPTYanbHbI HHTepdelic YCTPOHCTBA,
T. e. MIeATH3HPOBAHHOe CTAHAAPTHOe rpadryecKOe YCTPORCTBO, KOTOPOe MO JePKHBA-
€T BBOJ OT MOMb30BaTeNsA, FeHepUPYeT IpadudecKylo HHGOPMALMIO H MAHHITY JHPYeT
eto. CymecTByeT cTPOro pernaMeHTHpoBaHHOe B3aumogeiicrsue Mexxny GKS u CGIL

CGM nepexparpiBaeT # xpaHAT HHOpMamuio Ha ypoBHe CGL Pe3ynsraroM aBas-
eTcs1 hopMaTHpOBaHHLI daitn, cogepxanuit <KAPTHHKY », KOTOPBIH MOXKeT XPaHHUTLCH
Ha JHCKe HJIH JIeHTe H IePeJaBaTbCH N0 TeneOHHBIM NHHHSAM HIH KOMIBIOTepHBIM
CeTsAM.
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IIpex e ueM obcy»marh KaxKIpl#t W3 CTAHJADTOB BO BCeX JeTAlAX H CDaBHHBATH
HX, MOJIe3HO MOAYyYHTh NpelACTaBnaeHHe 00 HX HYHKIHOHANBLHOM H KOHIENTYAJbHOH

CTPYKTYpe.

A-2 TPAOUYECKHUE ITPUMUTUBH MAUIMHHON I'PA®UKU

IIpu cospanmu moboit cucTeMbl MpadHIeCKOrO MPOrPAMMHOTO ObecnieveHus: PH3HYe-
CKOe (BHPTyasnbHOe) rpacdryeCKoe YCTPOHCTBO YNPABAsAeTCs MePBHYHBIME AIIIAPATHO
3aBHCHMBIMH KOMAaHJAMH HHXHero YPOoBHA (IpHUMHTHBaMH). I'padbrdeckuit npuMuTHB
BBINOJMHSET e JHHHYHOe delicTBHe. ['padHyeckre MPHMHTHBLI OOBIYHO PACIANAIOTCH HA
TPH [PYNIBbI: yOpaBieHHe KypCOPOM, YIpaBreHHe COCTOSIHHEM YCTPOMCTBa M rpadu-
veckult BBOJ. 3/1eCh MOHATHS KyPCOPa M COCTOSIHHSA HCIOAL3YIOTCA B Haubomee 00meM
cMelcite. U3 3THX rpadrueCKNX TPEMATHBOB (POPMEDPYIOTCH PasnHyHble rpadHdecKre
KOMaHZB! (MHOXeCTBeHHble JeHCTBHA), Ha3blBaeMble 3TeMeHTADHBIME [PadHieCKAMH
dbyukuusMu, ol paccMarpuBaloTcs B pasa. A-3. I'padudeckde sneMeHTapHBIe QYyHK-
IHH ANNAapaTHO He3aBHUCHMEL.
CymwectByloT ABa rpadHuyeCKHX IPHMHTHBA, YIPABIeHHS KYPCOPOM:

nepeMecTHTh Kypcop —MOVE (x, y);
BKJIIOYHTS /BBIKIIOYATE Kypcop ONOFF (i).

QyHKIHA 3THX NIPHMHTHBOB He HYXIAIOTC B KOMMEHTAPHSAX.
I'padbryueckne IPEMHUTHBBI yIpaBiaeHHsA YCTPOUCTBOM 60Onee MHOTOYHCIIEHHB] M Pas-
HoobpasHbl. Ouu nonyunnu obiee uMsa SET (ycranosuts). Hekoropole npumepst:

YCTAHOBHTE aJdaBHTHO-IU(MPOBO peXxuM;
YCTAHOBHTDL I'padHYeCKHH peXXHM;

YCTAHOBHTBH PeXXMM aDCONIOTHBIX KOODAHHAT;
YCTAHOBHTDL PeXXHM OTHOCHTeNbHBIX KOODAMHAT;
YCTAHOBHTB LBeT (KPACHBIH, 3eneHbIH, CHHHI);
OYHCTHTbL IKPAH

HT A

B npunimne cymectByer TOnbKO oauH rpaduyeckuit npumutEe SET ¢ pa3snnyHbBIMH
aprymeHTaMd. Ilepes TeM KaK mpOJOMXHTH, KPATKO OXapaKTepudyeM (byHKIHH KaiK-
JOro M3 3THX PA3MHYHBLIX COCTOAHHH yCTDOHCTBA.

AndaBuTHo-HDPOBOH H rpacdHUeCKHH DPeXXHMBI, KAK NPABHAO, OTHOCATCA K
YCTpOHCTBAM, KOTOPble MOT'YT HHTeDIPeTHPOBATL MOTOK JAHHBIX KAK B BHIe aJda-
puTHO-1MpoBbx (ASCII) cuMBONOB, Tak ¥ B BHIe rpadudeCKux KOMaH[. PeXHMBbI
abCONMIOTHBIX H OTHOCHTeNbHBIX KOODIMHAT OMpPeesiioT, OyAyT nu OeKapTOBBl KOOD-
IHHATBI, O6bABAeHHDble B rPadHIeCKHX NPHMHTHBAX, HHTePIPeTHPOBATHCA KaK abco-
JIOTHble MJH OTHOCHTenbHble. KOMaHa yCTAHOBKH IIBeTa ONpelensieT IBeT KypPCopa
JUIS IOCJIe AYIOIIAX KOMAH, TAKHX, KAK JHHASA, TOYKa ¥ T. A. KoMaHa 0YHCTKH 3KPaHa
mepeKPAlIHBaeT 3KPAH JHCIness B LBeT (HOHA.

IIpuMuTHB rpacdruecKOro BBoIa HMeer obmee uMa GET (3anats)

GET (3nadenue).
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13 cKa3aHHOrO ACHO, YTO B IPHHIKIIE CYIIECTBYIOT TOABKO YeThIpe rpaduuecKux NpH-
MHTHBa. B 06meM BHae OHH MOTyT ObITb IpenCTaBnEHB! CIeLYIOMNM 06pasoM:

ONOFF (ynpaBasiomas nmepeMeHHas);
MOVE (xoopa., Koopa.);

SET (ymp. nepemenHas, (apr.1), (apr.2), ...);
GET (3nadenmue).

31ech yrnoBble CKOOKH () HCIOML3YIOTCA Ay ODO3HAUEHHS HeoOA3aTenbHEIX apry-
MEHTOB.

A-3 SJIEMEHTAPHLHIE TPAOUYECKHUE ®YHKIINN

I'paduyeckre NpUMHTHBEI, KOTOpBIe 00CyKIamuch B pa3a. A-2, MOTyT ObITh 0OBLEIH-
HeHBI B rpadHyecKkre 3neMeHTapHble dyHKIHH. Boobie roBopsi, 3T0 COCTaBHBIE OIle-
palyH, T. €. OHH cogepxaT 6onee ogHoro rpaduveckoro npuMuTHBa. IIpu akkypaTHO#M
peanu3aldd OHH He 3aBHCAT OT KOHKDPETHOrO (hHU3HYECKOTO YCTPOHUCTBA.

Tak e Kak ¥ rpaduyecKkde IPEMUTHUBLI, 3meMeHTapHbIe rpadudeckue GyHKIMA
JensaTcsl Ha TPH Ipynnbl: (DyHKIIMH PHCOBaHHS, (PYHKIHMH YIPABJIEHHS YCTPOHUCTBOM
AM KAPTHHKOH W (DyHKIMH yNpPaBieHHs HHTEPAKTHBHBIM BBOAOM. PyHKIMM PHCOBa-
HHSA DIPOUCXOAT OT IPOIECCa PHCOBAHUS KAPAHJAIIOM HAH NepeMellleHHsA KapaHaalla,
mo macty OGymard. Kapangaim Moxer OblTh mepeMerneH Haj adcToM 0e3 pHCOBAHHS.
Korna xaparnmam onyckaeTca Ha JIHCT M epeMemaeTcs, TO OH PHCyeT anHHIO. KapaH-
Jalll MoxeT ObIThb mepeMemeH B HEKOTOPYIO HMO3MIHIO, B KOTOpOo#H OymeTr mocraBieHa
TOYKa. YTOOHO MMeTh BO3MOXHOCTH 3aJaBaTh MEPEMeIleHHus] KapaHaaluna Han OyMa-
roif ¥ pUCOBAaHHA MM KaK B abCOMIOTHBIX TAK M B OTHOCHTENBHBIX KOOPIHHATAX. D'TH
HOHATHA NPOHILIIOCTPHPOBAHBI IIECTHI0 PYHKIMAME PHCOBAHHS, UM rpadhHIeCKUMHA
3MeMeHTAPHBIMHE (DyHKIHAMHE:

MOVE ABSOLUTE (x, y);
MOVE RELATIVE (Ax, Ay);
DRAW ABSOLUTE (x, y);
DRAW RELATIVE (Ax, Ay);
POINT ABSOLUTE (, y);
POINT RELATIVE (Ax, Ay).

Taxxe HYy>XXHa BO3MOXHOCTb BBIBECTH CHMBOJ HJH TEKCT Ha IIOBEDXHOCTH PHCOBAHHA,
CKa3aB:

TEXT (cTpoka).

Bcerna ynobHo npeanonarats, 4To gelicTBHe HAUMHAETCA OT TeKyliel MO3HIMH KypPCo-
pa. OyHKIHOHAIBHO KAXIAsA U3 ITHX rpadMuecKUX 3MEMEHTAPHBIX (hYHKIHMH MOXET
OBITH ommcana B TepMHHAX rpadHyecKnx NpuMuTHBoB. HampuMep, aaroputy MOVE
ABSOLUTE MOXHO NpeiCTaBHTh CJIELYIOLHAM 00pa3oM:

YCTAHOBUTH PeXXHM abCOMIOTHHIX KOODAMHAT;
YCTAHOBUTH IpadHueCKuit pexum;
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BBIKJIIOYHTL KypCOp;
NEPEMECTHTh KypCOp B YKA3aHHYIO MO3HIHIO.

Anropurm POINT ABSOLUTE npencraBasiercs B CJegyiomeM Buze:

YCTaHOBHTE peXxuM abCOMIOTHBIX KOODIHMHAT.
YcranoBuTE rpadHuecKufl pexuM.
BrikaounTs Kypcop.

IlepeMecTuTh Kypcop B YKa3aHHYIO IO3HITHIO.
BxmounTs Kypcop.

Anropurv DRAW ABSOLUTE:

YCTaHOBHTH PeXXUM abDCOMIOTHRIX KOOPIHHAT.
YcTaHOBATE rpaduyecKHB PEXHM.
BxaounTte Kypcop.

IlepeMecTHTb KypcOp B YKA3aHHYIO MO3HIHIO.

OTHOCHTENBHBIE AITOPATMEl AHAJIOTHYHBI NPHBEIEHHBIM, HO C YCTAHOBKOH pexuMma
OTHOCHTENbHBIX KoopauHat koMaHgoi SET.

DnemeHTapHble (DYHKUMH YNPABICHAS YCTPOHCTBOM MM KAPTHHKON HHHIEHDYIOT
YCTPOHCTBO H HAYMHAIOT HOBHIH (dpeitM und kaprunky. HanpuMmep, ama stux menei
Moryiu OBl CIyXHUTH DyHKIUH:

uunuupoBaTs yCTPORCTBO.
Hauare dpeiim.

QOyHKUHOHATIHHO KOMaHAa <« HHIHMDPOBATH yCTPOHUCTBO» CIyXXHT Uil yCTAHOBKH
IpeaonpeaeneHHOro cocToanmst ycrpoictsa. Komanna «Hauars dpeitm» cryxut mis
o6baBneHHs pereHepaldd rpadpHIecKOro yCTPOHCTBA, IPH KOTOPO# pabora ¢ TeKy-
el KapTHHKOH 3aBepLIaeTCs, YCTPOHCTBO 3amMOnHAeTCa npeToM (OHA H HAUYHWHAETCH
MPeICTABACHHE CleAylomell KapTHHKHM, OYMINAETCA 3KpaH Ha 3amoMuHatomeidt DJIT,
YCTaHABNHMBAETCsA HOBBI 4ePTEX I NEePheBbIX UM CTPYMHBIX yCTPOHCTB H T. 1.

YupaBneHue rpadHuecKHM BBOIOM JOMXHO OBITH DOmee CJIOXKHBIM, YeM NpPOCTOH
rpadugecknit npumutue GET, obcyxpapumiicsa B pasa. A-2. Botr HekoTopble nIpaMe-
PHI 3neMeHTapHbIX (GyHKIHMH rpadudeckoro BBoga:

GET MOUSE (x, y).

GET VALUATOR (3nauenwe).

GET TABLET (x, y).

GET FUNCTION SWITCH (i).

HTI
Ins BuImOnHeHHsi 3THX (YHKIHH rpaduyecKue TPUMATHBEL MOXHO OObEeIHHHTB.
S9TO WAMIOCTPHPYIOT OBa IpHMepa aJaropuTMoB. Ilepsbim apmserca amropurM GET
VALUATER, xoropslii Mor 65l HMeTh Cleylomuil BHL:

YCTaHOBHTL PEXXHM abCOMOTHBIX KOODIAMHAT.
YCTaHOBHTH rpaduuecKknit pexxuM.
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3agars (3Ha4eHHE).
AsroputM komangsl GET MOUSE:

VYeraHOBHTE perkuM aBCOMOTHBIX KOODAMHAT.
YcraHOBHTD rpacdhuUYeCcKHit PeXHM.

Sagare (3HageHHE X).

3azmate (3HadeHHe y).

Brime HH4Yero He FOBOPHJIOCH O THIE rPadHUeCKOro yCTpolCTBa, MHKCeNax H T.4. Yu-
TaTeN b MOXET YIOMBHTHCH, YTO He Obunn Bkiouensl koMasasl SET PIXEL u GET
PIXEL. OaHaxo mocjie MHHYTHOTO DPasMBIIIJIEHASI OH ODHAPYXKHT, YTO B KOHTEKCTe
rpadHIeCKOro yCTpOiCTBA MHKCEN — 3T0 TouKa. ClieJoBaTesIbHO, KOMAHIB! JUIA TOYeK
KOHIENITYaJIbHO JOCTATOYHBI [JIf KOMAHJ MHKCEJIOB.

Boobmie roBops, 37eMeHTapHble rpadudeckie byHKIUH — CaMBblil HIXKHHH yPOBEHDb
rpadHUeCKEX KOMaH[, MPHKJAIHOTO NMPOrpaMMHCTa. BO MHOTHX Cilydasx HpPHKIAI-
HOM MPOTPAMMHCT HHYEro He 3HaeT O rpadpHueCKHX NPHMHUTHBAX, H OHH MOTYT OBITH
eMy daxkTHyecku HegocTynHel. OIHAKO 9TH IPHMHTHBBI HHTEPECHBI JUIS CHCTEMHOTO
mporpaMMucTa. Ecid BCio rpaduueckyio cucTeMy NpeACTABHTH B BALE YPOBHeH HIH
obostouexk, To rpadHUecKue 3TeMeHTapHble DYHKIMH 00pa3yIoT mepBulil ypOBEHb HITH
[EPBYIO 000JIOUKY, a IpadHIecKHe IPHMATHBLL — HYJIEBOH yPOBEHDb HJIM HYJIEBYIO 060~
504Ky (HyJIeBOH, IOTOMY YTO OHH CKPBITBI OT IIPHKJIAIHOTO MPOrPAMMHCTA).

A-4 CHUCTEMH KOOPIVUHAT

Jis cucTeM mporpaMMHOro obecredeHd s MAIHHHON rpaduKe HHTEPEC MPeACTaBIISIOT
TPH KOODJHHATHBIE CHCTEMBI: MEPOBble KOODAWHATHI, HJIH KOOPAWHATHI NOJIb30BATENIA,
IICEBIONPOCTPAHCTBO C HOPMAJH30BAHHBIMH KOODIMHATAMH yCTPOKCTBA H KOODAHHA-
TBI ycTpoiicTBa. MHPOBBIE KOOPAHHATEI CJIyKAT JJIA ONHMCAHHS PHUKJIAAHON 00/1aCTH.
Onn 00RYHO 3a7aI0TCA B BHJE YHCeN C myaBaomedt Toukodl. KoopamHaTe! ycTpoii-
CTBa HCHOJBL3YIOTCH AJIsi PABOTHl C KOHKPETHBIM IpadHUYecKHM yCTPOHCTBOM: MHKCE-
JIY, afpecyeMble TOUKH, JIOHME], CAHTEMETpBL H T. 1. OHH 331310TCS HEJILIMH YHCIAMH.
Hopmann3oBaHHBIM NPOCTPAHCTBOM KOOPAMHAT yCTpPOWCTBA HA3BLIBAETCSH MCEBIOMPO-
CTPaAHCTBO, HCIOJb3yeMoe I obecnedeHHsT HE3aBHCHMOCTH OT ycrTpoiicrBa. Hopma-
JIH30BaHHBle KOOPAWHATH! 33JAI0TCH YHCIaMH C IUIABaomel TOYKO# H3 HepBOrO KBa-
ApanTta B uHTepBajax 0 < ndex < 1.0, 0 < ndey < 1.0. TakuM 0b6pasoM, HaYaNIO
KOODIMHAT HAXOAWTCH B JIEBOM HHXXHEM YIJIy.

Kak nokazano Ha puc. A-1 u 06cyx1a5n0¢h B IJ1. 1, onMcanre, MaHUIYJIMPOBAHHAE
H oTceveHHe 6a3bl JAHHBIX NPOHCXOAHUT B MHPOBLIX KoopauHarax. CdopMupoBaHHOE
TaKHM 06pa30M B 6a3e JaHHBIX «OKHO» Mpeodpa3yeTcs B HOPMAJIH30BAHHEIE KOODAHHA-
THI, & 3aTeM B KOOPAMHATHI YCTPOHCTBA. Pa3Mepnl «OKHA» OnpeAensaioTcsa B MEPOBBIX
KOOpAMHAaTaX. PasMeps! 9KpAHHOTO OKHA 33JAI0TCS B HOPMAJIH30BAHHBIX KOODIHHATAX,
4T06BI 06eCeYnTh HE3aBHCHMOCTD OT ycTpoiicTBa. 06a mpeobpasoBaHmsA H3 MEPOBBIX
B HODMAJIH30BaHHbIE KOOPAHHATHI H H3 HOPMAJH30BAHHBIX KOOPIMHAT B KOODAHHATHI
YCTPOMCTBa BKJIIOYAIOT TOJBKO IPOCThIE MEpeMeIeHns H MacTabupoBaHue’.

! Mpeanonaraerca, uTo npeo6pasopanus NMepPCNeKTHBHLIX NPOeKIHi 6b11H BRINOJIHEHbI epe) 0TCe-
JeHHEM.
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Puc. A-1 IIpeobpasosanus B rpaduiecKoM KOHBeiiepe.

IIpuMep cayXHUT Wi WITIOCTPAIIHE PA3/IHYHBIX CHCTEM KOOPIHHAT H Hpeobpas’o-

BaHHUH.

IIpumep A-1 IIpeo6pasosanmne KoopauHAT

Or06pa3surhb KBaJpPaT C HEHTPOM B Hadajie KOOPAUHAT, CO CTOPOHO#H 36 e THu
B BEepXHHMI JIEBBI KBAIPAHT YCTPOHCTBA C paspemienneM 1024 x 1024.

Yrobnr 3amarb HeKoropoe pafodee MpOCTPAHCTBO BOKPYr KBaapara, OIpe-
JeJAM OKHO CO CJIEAYIOIIMMH JIEBHIM, IIPABHIM, BEPXHHUM H HUKHUM YIJIAMH:
wleft = —20, wright = 20, wbottom = —20, wtop = 20. ro meficTBUTENBHO
OKHO, a He m300pakeHue, KOTOpoe oupefenser npeobpasoBanHue.

B HopMa/H30BaHHBIX KOODJMHATAX BEPXHMIA JIEBHI KBAJADAHT OMpeneiaeTcs
rak: vleft = 0, vright = 0,5, vbottom = 0,5, vtop = 1, 0.

IIpeoGpa3oBasre 3 MUPOBEIX KOODAWHAT B HOPMAM30BaHHble TpebyeT Mac-
mITabupoBAHUA OKOHHBIX KOODJHMHAT U 3aTeM NPUBEAEHUs Pe3yJIbTara K IePBOMY
KBaJpanry. Macmrabubie Ko3dbdumpeHTs:

1 : 1 1
wright — wleft 20 — (—20) PTK

1 _ 1 !
wtop — whottom ~ 20 — (—20) ~ 40°

Kosdpdummenrnr npeobpasopanus:

zwscale =

ywscale =

—wleft —(—20) 1
TN = okt — wleft 20— (—20) 2

~wbottom —(=20) 1
ywiran = @ rop — whottom 20— (—20) _ 2"
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PesyapTapyomee npeobpa3oBaHue IJIOCKOr0 OKHA B HOpMAJIM30BaHHBIE KOODIH-
HATHI:

zwscale 0 0
[Tw] = [Sw][Trw] = 0 ywscale 0 | =
zwtran ywtran 1
1/40 0 0
= 0 1/40 0
1/2  1/2 1

IlpeoGpa3oBaliie M3 HOPMATIM30BAHHLIX KOODJWHAT B KOODJMHATH yCTDOHCTBa
BHOBb BKJIIOYaeT MacmTabupoBaHue H nepeHoc. Korma xoopamHaTe ycTpoiicTBa
ONMCAHKE! B HEINX YHCIax, TpebyeTca ocoboe BHUMAHHE MPH ONpeleeHAH Mac-
mTabHoro U npeobpasyoolero MHOXKHATEEH.

Xors paspemeHHe agpecyeMoro B LENbIX YHCIAX yCTPOHCTBAZ COCTABJISET
zresolution X yresolution, agpecyeMblt NHMama30H LEJHIX YHCEJ] PACHONIOXKEH
Mexay 0 u zresolution — 1 u Mexny 0 u yresolution — 1, T. e. ec; paspemaio-
mas crocobHocTs paBHa 1024 x 1024, To agpecyemsiit mHTEpBas IO 00eHMM OCAM
maMenserca oT 0 go 1023. O6o3Hauue 4epe3 rmaxdev B ymardev MAKCHMaslb-
HBbl€ YHUCJIa COOTBETCTBEHHO 10 OCHAM T H ¥, TIOJIyYUM MacCIITabHRI MHOXUTET: U
BEJIMYMHY NepeH0Ca N3 HOPMAIM30BAHHBIX KOODAMHAT B KOOPIMHATH yCTPOMCTBA:

zvscale = int{(vright — vle ft)zmazdev} = int{(0.5 — 0)(1023)} = 511,
yvscale = int{(vtop — vbottom)ymazdev} = int{(1 — 0.5)(1023)} = 511,
zvtran = int{(vle ft)(zmazdev + 1)} = int{(0)(1024)} =0,

yvtran = int{(vbottom)(ymazdev + 1)} = int{(0.5)(1024)} = 512.

PesyapTupyromue mpeobpa3oBanne HOPMAJIM30BAHHBIX KOODJMHAT K KOOPJHHA-
TaM ycTpoi#icTBa:

zvscale 0 0 511 0 O
[TV] = [So][Trs] = 0 yvscale 0 | = 0 511 0
zvtran yvtran 1 0 512 1

Vcrionb3oBanre 3TUX pe3yJbTATOB IS KOOPAMHAT YIJIOB KBAJpAaTa C MEHTPOM B
Havajle KOOpPOWHAT JAeT:

~18 —18 1 1/20 1/20 1
18 —18 1 (1)/40 (1)/40 8 | 19720 1720 1
1818 1| |5, 175 1| |19/20 1920 1
~18 18 1 1/20 19/20 1
‘"
120 120 17t 0 o [ 2555 53755 1
19/20 1/20 1 (| 2 D 0| | 48545 53755 1 | _
19/20 19/20 1| [0 20 0| =| 8545 99745 1|
1/20 19/20 1 95.55 997.45 1
25 537
_ | 485 537
= | 485 997
25 097

Leno-mcnennas GyHKIM HCIOML30BaHA 3/1eCh TS IOy YeHUA PE3yIbTAPY IOMAX
HeJILIX aApPeCyeMbIX TOYeK.
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A-5 TIPOCTO! I'PAOUYECKUI METAGATII

K xoHumenmmm xpanenuss KapTHHKE B dailne JaHHBIX Mbl 06paIlalMcEL IPH 06Cy X ne-
HHH rpadHuecKnx cTaHgapTOB. IIpUMEHUMBIM A 3TOro rpadUIeCKHM CTAHIAPTOM
apasierca [paduyueckuit metadaitn koMnpiorepa (CGM). Onrako CGM Gonee croxen
H eTaJH30BaH, yeM 310 Tpebyercsa ais mpocTelx paspaboToK H CTYJEHYECKHX pabor.
IIpocras anuTepHaTHBA 3TOMY CTAHAAPTY, Ha3blBaeMas 30€Ch CTAHAAPTHELIM JHCILIEH-
HulM daitnoM, JaHa B Tabmume A-1'.

IlepBas cTpoka cTaHAAPTHOrO JUCILIEHHOrO (paiijia CIy»KHUT A8 HACHTHDHKAIHH.
Kaxknaa nmocmenyromas crpoka daiiyia HAYMHAETCA C HOMepa KOIA ONEPAIMH, 33 KOTO-
pbIM crrenyer uHoOpMalHs, TpebyeMas A JaHHO# onepanyd. Bee 3HaYeHHs xoOpIH-
HaT ONpeJeNsioTCa KaK YUCIA ¢ IUIABAIOMIEH TOYKOH B HOPMAJIH30BAHHBIX KOODIMHA-
Tax, T.e. B HHTepBaJax 0 <z < 1,0, 0 < y < 1, 0. Bce sneMeHTH JaHHBIX Pa3AeieHbl
3ANATEIMH.

IIpocroit craHmapTHBIM OUcILIeHHBI ai g KBaapaTa B3 npuMepa A-1 ume-
eT BHI:

0, 0.05, 0.05
2, 0.95, 0.05
2, 0.95, 0.05
2, 0.05, 0.95
2, 0.05, 0.05

Taxoit ¢popMar HACTOMBLKO NPOCT, YTO MO3BOJISIET CO3JABATH KAPTHHKY C MOMOIIBIO
TEKCTOBOrO peAakTopa. QObeluHo daiin cozgaeTcs myTeM BuI30Ba, rpaduueckolt mporme-
JAypsl, 06pa3s0BaHHON H3 OOpaINEH il K KOMaHAAM yCTAHOBKH JIH00 OTMEHBI, HanpuMep:

Set sdf on/off filename.

IIporpaMMEl BeIBOJA COXpaHEHHON B MeTadaiine KapTHHKH Ha HEKOTOpOe rpacduieckoe
YCTPOHCTBO JOCTATOYHO 3j1eMeHTapHbl. Takoit ¢dopMar ZOmMyCKaeT JOCTYIHOe PaCIIH-
PeHHe 3a CYeT BKJIIOYEHHs JIOKAJIbHOM (pyHKIMOHAMILHOCTH.

B03MOXHOCTH HOPMAJIK30BAHHBIX KOODAHHAT H rpaduueckoro meradaitna ummo-
crpupyet puc. A-2. M306pakeHns, BKJIOYAOMME CHMBOJIBI, ObLTH pa3paboTaHbl H OT-
JIaKeHbl Ha yCTpOHCTBE C 3amoMHHamomelt Tpybkoit. Pe3ynsTHpyomas KapTHHKA 3a-
HOJIHEHA B CTAHOAPTHOM AMCIUIeHHOM aiine, KOTOPLI# ObLI nEepeJaH KOMIBIOTEPOM,
HCIONB3YEMBIM KaK KOHTPOJUIED PEasIbHOTO BpeMeHH it 06pabarbIBalomero neHTpa, C
YIIY (puc. 1-1). IIporpammMa unTaeT CTAaHAAPTHBIA AucCIUIeHHblH daitn 1 renepupyer
KoJ, AJid JpaiiBepa obpabarsiBaiommiero neHrpa. IlomydeHHsI! pe3ynbpTaT NokasaH Ha
puc. A-2.

A-6 TIPOCTHIE ®OPMATHI TPAONYECKOI'O BBOJA

B HekoTOPBIX CHCTeMAax rpadHIecKOro NporpaMMHOro obecredeHn s HeOOXOAMMBL CTaH-
naprel bopmaTos daitna BBoaa. [I1s1 CIOXKHBIX HIH OYeHb GOMpIIHX 623 JaHHBIX Tpe-
6ytorcst bopMaTH30BaHHbBIE CTPYKTYPhl JAHHBIX H CHCTeM ynpapieHHs. OQHAKO A1

1 Toxobuas KOHneNnuus HCHoib3yeTcs: 60see AECATHIETHA B HHCTHTYTe, I/A€ paboTaroT aBTOPLI.
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Tabauna A-1 Kox crasgapTaoro muciieiitoro daitna (.sdf)

Koa  Omnepamus HapameTps
0 AG6comoTHOE nIepeMelneHne X,y
1 A6conmoTHad TOYK3 X,y
2  A6comoTHOE pHUCOBAHME X,y
3  OrtHocuTenbHOE HIEpeMemenne Ax, Ay
4 OrtHocuTenbHAA TOIKA Ax, Ay
5  OtHocuTenbHOE pHCOBaHHE Ax, Ay
6 Tekct Ctpoka TekcTa
7 YcranoBHTH LBET KPacHBIH, 3e1eHbii, CHHMIA
8 VYcraHoBHTH TabmHily mpocMOTpa  KpacHble GHTHI, 3e/ieHble OUTHI, cCUHIE GUTHL
9  YcTaHOBHTBL IHKCEN X, ¥, KPAcHbIi, 3eJIeHbIi, CHHMI
10 Hoswiit dpeiim
11 Ilayza
12 ¥YcTaHOBHTH pa3pemeHne xresolution, yresolution
99 Ileyatn coobmenus Crpoka coobmenus

*x, y —9HCIa ¢ nuaBatomeit Toukoit B NDC, 1.e. B auanasone 0 < z,y < 1.0. [Ipeta
KpaCHblif, 3eJI€Hblli, CHHHI ABJIAIOTCA YHCGIaMH C NjaBamomeif Toukoit B guanazone 0 <
KpacHbiif, 3enenniif, cHuuit < 1.0; npH 3ToM paBEHCTBO HyJIO 03HAYAET OTCyTCTBHE HH-
TEHCHBHOCTH, a PABEHCTBO €JHHHIE — MOJHYI0 HHTE€HCHBHOCTH. BHTH KpacHOro, 3eJeH0-
ro M CHHEro IBETOB CyTs crenenHd 2 (cM. pa3a. 1-9, rae o6CyKal0TCA COOTBETCTBYIOIIHE
TaGJIHIb ).

OTHOCHTEJILHO HeOOonMbmux 6a3 AaHHBIX BIOJHE JOCTATOYHBI IMpOCTeimHe (POPMATHI,
OCHOBaHHble Ha aiisie ¢ nmociefoBaTeNbHBIM JocTynoM. IIpuBenem aBa Takux ¢op-

MarTa.

Ilepssit dpopmar daiina BBOAA, HasbIBaeMbll «CTAHAAPTHBIN rpaduyeckuit dpop-
Mar»> (sgf) (Taba. A.2), myuime Bcero mMOAXOAMT JJIA MPOCTOTO PHCOBAHMSA W I JBY-
H TPeXMePHOr'0 KapKacHOrO npeicTaBiieHHs: H300paskeHus. Bropoit, onpenensemslilt B
Tabs. A-3, Ha3bIBAETCA «CTAHAAPTHBIN MONHTOHAMLHBIA POpMAT> H OCODEHHO mose3eH
JJIA PACTPOBHIX OMCIUIEEB WJIH JJIS ONHCAHHsA BXOAHOH WHMOpMAlMH [Jid aJTOPHT-
MOB HEBHIMMBIX JIMHHH W HEeBHIHUMBIX MOBepXHOCTell. 3aMeTHM, YTO Koraa copmar
.spf Hcnone3yercsas ma reHepandM KADKACHBIX H30ODasKeHHH, KajKIas JHHHSA DPHUCY-

Puc. A-2 I'pasropa, norydenHas u3 CTaHJApPTHOrO JMCILTeiHoro daina.
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Ta6yuna A-2 CrasgapTHeii rpadudeckmii dopmar (.sgf)

CrangapTHbii rpadudeckuit GoOpMaT — 3TO OUeHBb IPOCTOH H 06meyIOTpeGHTeh-
BBl dopMaT IS ONMCAHAS NIOOBIX OBY- MUIM TPEXMEDHBIX JAHHBIX, KOTODHIE
MOryT GBITH TIpeACTAaBIEHEl KaK CIIMCOK MAp X, y HJIM TPOeK X, ¥, z. B daiine
JIOIYCKaI0TCA TycThie cTpoku. Ofmas dopma:

CTPOKA OIIMCAHUS CTPOKa OIMCAHHUS

Ty, Yo L1y Y1y 21

z2, Y2 x2, Yz, 22

Tn, Yn Zny Yny 2n
1e37, 1e37 1e37, 1e37, 1e37

Pa3genureneM rpynusl nap Wil TpoeK sasnsercd 137, 1e37 wnu 137, 137, 1e37".
Ilocnemuss cTpoka daiiia He o/KHA GHITH pa3meIuTeneM.

O6br480 3T0T GOpPMAT HHTEPHPETHPYETCH CiieAyoImuM obpasoM: rpadudeckoe
YCTPOHCTBO, HAYMHAS C [IEPBOH TOUKH IPYTHIE, PACYET BCE BXOAANIME B ITY TPYI-
Iy TOYKH B COEIMHSIONIME JIMHUH, [IOKa He BCTPEYaeT Pa3lesTelb.

»
3navenne pa3aenHTensa CJIOXKHJI0Ch HCTOPDHYECKH.

ercs ABAXKIbl. B 0boux ciiydassx Takue aTpHOyTHI NMPENCTABJICHHS, KAK I[BET JIWHHH
HJIH MHOTOYT'OJIbHHKA, KO3 dHIMEHT OTPaXKeHHsi MHOTOYTOJILHHKA HJIH TEJa H T. 1.,
XpaHATCA B OTAENLHOM Ipymnne ¢ailnos.

06a dopmarta 3akimodalor B cebe yKe rOTOBBIHA aJIrOPHTM PHCOBAHHSA HJIH depue-
nnsa.! Pucoanmne B cooTBercTBHH ¢ $HOpMATOM .SEf:

B afconoTHBIX KOOPAHHATAX NEPEMECTHTHCA K NEPBOM TOYKe M 3aTéM PHCOBATH
KaXKAYI0 CIIeAYIOUYIO TOYKY, MOKa He Oyaer oDHapyXXeH pa3AesuTelb.
IloBTOpsTh 40 KOHUA daitia.

Anroputm pucoBanus mns .spf dopmara mpHBOIMTCA KaK 4YaCThb OMHCAHHS MHOTO-
YTOJILHHKA:

IlepemecTuThCa B aBCOMOTHBIX KOOPAHHATAX K TOYKE, ONpEAeIEHHON IMepBbIM
yKa3aTeJeM.

CoequHATH TOYKH, ONpEENCHHbIE KAaXKAbIM CICAYIONMUM yKa3aTeleM B CIIHCKE.
CoequHATH TOUKY, ONMpPEJENIEHHYI0 NOCTeAHEM YKA3aTeNleM CIHCKA, C TOYKOH,
onpeJeNleHHO! NepBbIM yKa3aTejieM, YTOOB! 3aMKHYTh MHOrOYTOJIGHHK.

Boob1ie yI06HO HMETh COTIACOBAHHOE HaIpaBieHHe (110 94acOBOM CTPeJIKe Ml NPOTHB)
s cnernubHKAlHE BEepITHH MHOTOYTONBLHUKA.,

A-7 TIPOCTHIE AJITOPUTMBI COEAVHEHUS

06a dbopmara (.sgf # .spf) onpenensoT NIPOCTOR ¥ OrPAHHYEHHEH ANTOPHTM COeJHHE-
HUS WM PHCOBaHHUsA. [IpakTHYecKuil MHTepec NPeACTaBsIOT ABA aJIbTEPHATHBHLIX, HO

' ¥ crammaprams rpaduveckusn dopmat (.sgf), M cTanaapTHmi# dopmaT muoroyromsuuka (.spf)
6osiee NECATHIETHS HCHOMB3YIOTCH B HHCTHTYTe, TA€ PaGOTalOT aBTODSI.
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OT[Ie/IbHO ONMHCAHHBLIX aJrOPUTMA pHcoBaHusA. JlonmycTuM, 9To 6a3a JAHHBIX TPeXMep-
HBIX KOODAWHATHBIX BEKTOPOB IIPEACTABJICHA B BUJE MATPHITLI 1t X 4. Takike onpenesieH
OmHOMEpHBIH ynpasisomuii maccuB C(J), 3a1a0Mull anrOPHTM PHCOBAHHS CIIEAY IO

ITpumoxenue A I'pagpudeckoe nporpamMmmHoe obecriedeHne

Ta6auuma A-3 TTpocroit mommroHanbHel GopmaT daiina (.spf)

TIpex e Bcero Myl npuBeneM obmee onucanue GopmMaTa, a 3aTeM NOAPO6HBLH IpU-
mep. Paiin ecTecTBeHHBIM 06pa30M Aemmrcs Ha qpe wacty. Ilepsas wacTs 06pasy-
€T OIMCaHMe BCeX KOOPIHHATHHIX BeKTOPOB B M300paxKeHHH, BTOPas — OIIMCaHUe
XapaKTepHCTHK MHOroyrojbHuKa. B caiine momyckaworcs mycthie crpoxu. Ilo-
cTpouHOe onmcanue (daiiia MMeeT clenyomyio ¢Gopmy:

omucaresbHas (HAeHTHOMIMPYIOmasn) CTPOKa
YHCII0 KOOPAMHATHHIX BEKTOPOB, MHOrOYTOJHHUKOB
CIIUCOK BEKTOPOB X, ¥, %

CIIUCOK MHOrOYroJbHHKOB

Kaxknaa cTpoKa COAEPXKHUT JBa THIA JAHHBIX: YHCIO BePIIHH MHOTOYIOJIBbHHUKA,
3a KOTOPHIM CllefyeT CIHCOK BEPIIHH B BHJE COOTBETCTBYIOMINX HOMEPOB CTPOK H3
CTIUCKa KOOPAMHATHHEIX BEKTODOB.

XapakTepHEHIi IpuMep:

MHOI‘OyI‘OIIbHKK C OTBEPCTHEM
14,2

44

4,26

20,26

28,18

28,4

21,4

21.8

10,8

10,4

10,12

10,20

17,20

21,16

21,12
9,1,2,3,4,5,6,7,8,9
5,10,11,12,13,14

9710 npocToii MHOrOYronbHEK C OTBEPCTHEM.

Jarst 14 KOOPMHATHBIX BEKTOPOB W/ BepIHH MHOrOYTOIbHEKA U 2 MHOTOYTOJIb-
HUKA.

IlepBEIit MHOrOYrOIBHUK COAEPXKUT 9 BepIIHH.

Bropoit MHOrOyroJbHEK COXEPKHUT 5 BepIIHH.

IIpenmonaraercs, 4T0 MHOrOYroJIbHUKY 3aMKHYTHI, T.e. epBasi TOYKa He JOKHa
OrITh mepeonpeneneHa B KadecTBe IOCJIeAHel TOYKA CIACKR, YTOGH 3aMKHYyTb
MHOTOyTONbHUK.

mum obpasom:
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3nauenne C(j) onpenesnseT HOMEDP CTPOKH B MATPHIE KOOPJHHATHEIX
BEKTODOB.
3uak C(j) Hcnonb3yeTcs AJA ONpeJelIeHHs OEePATOPa PHCOBAHHS.

C(j) < 0— nepememenne B abCOMOTHHIX KOOPAMHATAX;
C(j) > 0 — pucoBaune B aBCOMOTHRIX KOODJHHATAX.

XoTa Takasi cxeMa JOCTATOYHA, B HEKOTOPHIX OTHOIICHHSX OHA OrpPaHHYeHHA. Bojee
rHOKas H MOIIHAs CXeMa MCIONb3yeT ABYMEpHBIH ympabiatomui maccus C(i, 7). An-
TOPUTM PHCOBAHHS ONpEIENAETCH CleAyomuM o6pa3oMm:

snagenue C(1,1) CIyXXHT 471 ONpPeNeNIeHAs] CTPOKH B MATPHIIE KOODAMHATHBIX
BEKTOPOB;
snauenne C(i,2) onpenenser onepatop pucoBanns (Tabm. A-1):

C(1,2) = 0 — nepememennre B aOCOMOTHLIX KOOPIHHATAX;
C(i,2) = 1 — nepememienre B OTHOCHTEILHBIX KOOPAHHATAX;
C(i,2) = 2 —pucoBaHHe B abCOTIOTHBIX KOOPAHHATAX;
C(i,2) = 3 —pucoBaHHe B OTHOCHTEJILHBIX KOOPAHUHATAX;
C(i,2) = 4—To4xa ¢ aBCOMOTHBIMA KOODJHHATAMH;

C(i,2) = 5 — TO4YKa ¢ OTHOCHTENIbHbIME KOOPIHHATAMH.

A-8 TIPOCTOI TPA®UYECKUM ITAKET

B Mmeroauke mpenonaBaHHs W H3y4YeHHs HOBOTO NMPEIMETa, KAaK NPABHJIO, JIydlIe Ha-
YHHATL C NPOCTHIX HOHATHH H TeMm. IIpHBeneHwe 37eCh MHHHMAJIBHOIO MHOXECTBA,
OpOrpamMm ¢ HCIOJIL30BAHHEM KOHIENIH, pA3BHBABIIMXCS B 3TOM KHHre ¥ B pabore
[A-8], npecnexnyet nenu obyyuenus. I'padudeckuit naker pacrposoro gucniest (RDGP)
[A-14] npeacraBinsieT coGo#i NpUMep TAKOrO0 MHHEMAJIBLHOTO MHOXXECTBA, rpadHuecKux
nporpamum. Ilporpammbl pa3paboTaHbl aiis yeThipex si3bikos: ANSI Beiicuk, ®oprpan
77, Cu, Ilackanb. OnucaHue KaxkIO# NMpOrpaMmbl JaHO JJIA BCEX YEThIPEX A3LIKOB,
cuavana ana ANSI Beiicuka, notom must ®oprpana 77, Cu, Ilackams. Cnenudnka-
[MH KX 0% NpOrpaMMbl OTeNIeHbl FOPH3OHTANLHBIMA JIMHHAMHA. THIB nepeMeHHEBIX
OlIpeaeNIeHbl IS KaxXJOTO NapaMeTpa KAXKIOH HpOrpaMMElL.

RDGP —I'PA®UYECKUY ITAKET PACTPOBOI'O JUCIIIES!

IIporpamMMel ecTecTBeHHbIM 0DpPa30M PaCHANAOTCA HA TPH I'DYNIBL: yIPABJIEHHA
COCTOSIHHEM JHUCILIES, MAHHIIYJIMPOBAHHE THMKCEJIEM H PHCOBaHHe JIMHUK. B Taxom mo-
PALKe OHH H OOCYXIAr0TCA.

! Copyright © 1985 by David F. Rogers and Stephen D. Rogers. ITaxer nporpamm RDGP nra TRUE
Beticuk, ®oprpan 77 1 Cu ans IBM PC pacnpocTpansercsa asropoM. 3a Hagopmanueii ofpamaTscs
no aapecy: Prof. D. F. Rogers, 817 Holly Dr. E., Rt. 10, Annapolis, MD 21401, USA.
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MM rdinit (MmamumpoBaTs rpadudeckuit MUCIUTEH)

Ha3HAYeHHE: Va3 upoBaTs TpadudecKuil HAKET PacTPOBOrO JHCIUIes M rpagu-
YecKoe yCTPOMHCTBO.

onmucaHHe: sub rdinit
subroutine rdinit
rdinit ()
procedure rdinit;

KomMenTapHn: rdinit BHI3EIBAETCH TOJMLKO OAWH Da3 B HaHasle MPOIPAMMBI.

HMS: erase (OUMCTHTD 3KpaH)
Ha3HAYEHHE! OwtcruTs rpadndeckuit SKpaH yKa3aHHBIM IIBETOM.
OIIMCAHMeE: sub erase (r, g, b)
subroutine erase (r, g, b)
realr, g, b
erase (1, g, b)
double r, g, b;
procedure (r, g, b: real);
KOMMEHTapuu: I, g, b—KpacHad, 3e/ieHas U CHHssA COCTABIAAOMMe upeTa. Vix 3nadenus
3ajar0Tca 13 EHTepBana oT 0 mo 1. (r, g, b)=(0, 0, 0) — depnsiit u (T, g,
b)=(1., 1., 1.) —6emmit.

MM setrsl (YcTaHOBHTS paspemenue)
HA3HAYeHMe: YCTaHOBHTB IICEBAOPA3PEMANIYI0 CIIOCOGHOCTS PACTPOBOTO THCILIES.
omMcaHMe: sub setrst (xres, yres)

subroutine, setrsl (xres, yres)

integer xres, yres
setrsl (xres, yres)
int xres, yres;

procedure setrsl (xres, yres: integer);

KOMMEHTapHH: XTIes — [ICEBAOPa3Pemaromas Croco6HOCTh PAcTpa MO0 OCH X HJM Mo T'o-
pu3oHTaym. OHA MOXeT H3MeHATHCH OT 1 10 MaKCAMAILHOTO 3HAYEHUS
du3udecKoi paspemaromeil cmoCOGHOCTH PACTPA IO M'OPHA30HTAIH.

yres — IICeBAOPA3PEMAOIas CIOCOOHOCTL pacTpa MO OCH y MJIM 10 Bep-
THKamH. MoxeT W3MeHATHCA OT 1 40 MAKCHMAILHOTO 3HAYeHHs (u3H-
4eCKoil paspemamommeil cnoco0HOCTH PacTpa 1o BepTukauu. IlceBmopacTp
pacnosaraeTc B HeHTpe (DH3WYeCKOr0 MpOCTPAHCTBA, auciuies. ITukce-
JIA UMe10T KBaApaTHy1o (hOpMy, HACKOIBLKO ITO MO3BONIAIOT OI'DAHWYeHUS
¢uzmaeckoro mucrutes. IIporpamMma setrsl BrI3BIBaeTCH TOMBKO OJJUH Pas3
B HAYaJle IPOIPAMMEL.

M setrgb (YcranoBuTh rgb)
Ha3HAYeHUe: YCTaHOBUTH TeKyIIuit upeT a/1s PUCOBAHMSL.
onMcaHUe: sub, setrgb (1, g, b)

subroutine setrgb (r, g, b)
realr, g b
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setrgb (r, g, b)
doubler, g, b;

procedure setrgb (r, g, b: real);

KOMMEHTApHH: T, g, b —KpacHasi, 3ejleHasl M CHHAS COCTABNsIOmMe useTa. Mix 3navenus
3a7210TCH B3 HHTepBand ot 0 mo 1. (r, g, b)=(0., 0., 0.). — YepHsrit u (I,
g, b)=(1., 1., 1.) —Gemuuit. ITA KoMana OGBIMHO HCIIONB3YeTCH, YTOOEI
yCTaHOBHTP LBeT Jis KOMaHj pHCOBaHHMS ma, pa, da, mr, pr, dr u text,
JaHHBIX HIDKe. 3aMeTHM, OOHAKO, UTO BHI30B KomaHI setpxl i setscn mo-
KeT H3MEHUTH I[BeT DHCOBAHUA.

aMe: setlut (YcTaHOBUTD TabiHIly IPOCMOTPA)

Ha3HaYeHHe: YCTaHOBUTE TaGI/IMIly IBETOB IPOCMOTPA.

OIMCAHHeE: sub setlut (table, rbits, gbits, bbits)
subroutine setlut (table, rbits, gbits, bbits)
character table (*)
integer rbits, gbits, bbits
setlut (table, rbits, gbits, bbits)
rdString = Istring (255);
procedure setlut (table: rdString; rbits, gbits, bbitg: integer);

KoMMeHTapuu: Tabnuia —3TO CTPOKa, KOTOpasa onpexenseT cuemuuKy yCTaHOBIeHHOMH
TabumnBl TPOCMOTPA. BO3MOXKHBI CileAyOmHe 3HAUEHHA: 110 yMOTIAHHIO
(Tabmua npocMOTpa OTCYTCTBYeT), Cephlii M IBETHOR.
rbits, gbits u bbits —wtci0 GUT, KOTOpPBIE MPEIIIONATraeTCA OTBECTH MO
KpacHY0, 3eJIeHyI0 M CHHIOI0 cocTapaomue Gydepa kanpa. Iucio rpa-
anmii Kaxmoro msera 2°%°. Kaxmnii m3 mapamerpos rbits, gbits, bbits
J0MxKeH GBITH MeHbINe MJIM paBeH MIMpHHE TAOIMIBL IIBETOB IIPOCMOTPA.
Hx cymma gomxHa OHITH MeHbIIe 4MCJIa du3wdecKux OUT, OTBemeHHBIX
nox 6ydep xazxpa. Obmee Uucio 0ToGpaxkaeMblx B HEKOTODBIA MOMEHT
BpeMeHH IIBeTOB, pabHoe 2("Pits+obits+bbits) pipon 33 nomycruMyo ma-
JIATPy, 3HAYeHHe KOTODOH DpaBHO 23“”), eM w > n, IAe N — [IAPHHA
TabHIl BETOB MPOCMOTPA. B ciiydyae MCIIONb30BaHHsA TAOIMIIBI CEPBIX
TOHOB NPOCMOTPA 3HAUEHUE IPaJalluy Ceporo IBeTa paBHO Ibits. Makcn-
MaJIbHO€e YHCJIO IpaJalfii Ceporo useTa — 3TO w.

AMS: setdm (YCTaHOBHTB pexkuM IuCIIIes )

Ha3H3YeHUE: VYopaseHHe peXXHMOM JTHCIUTES.

oIMcaHue: sub setdm (str $)
subroutine setdm (str)
character str (*)
setdm (str)
char * str;
rdString — Istring (255);
procedure setdm (str: rdString);

KoMMeHTAapum: IlpemonpeJe/leHHBIMM  SBIAIOTCH CTPoKH —monitor  (cTamnapTHOe

andasuTHO-IHPOBOe ycTpoiicTeo) u graphics (crammaprHoe Tpd-
dbuueckoe ycTpoiCTBO).
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M setpxl (YcTaHOBHETDH IHKCEJ)

Ha3HAYEHHUE: VYCTaHOBHTE €IMHCTBEHHBIA THKCE HA JIAHWH Pa3BePTKH.

OIMCAHME: sub setpxl (%, y, I, g, b)
subroutine setpxl (x, y, 1, g, b)
integer x, y
realr, g, b
SetPXI (x) y’ r’ g) b)
int x, y;
double r, g, b;
procedure setpxl (x, y: integer; r, g, b: real);

KOMMeHTapun: KOODJHHATEL X M y YKa3bIBAIOT JIEBBIA HUKHMI yroJl IICEBIOIMKCENa, KO-
TOpHiii OBUT OnIpetesieH nmporpaMMmoii setrsl. IInkces mok peBaeT mpocTpaH-
CTBO TIpaBee W BBINIE MO3MIWHM, ONpPeAeNeHHON X H y. I, g, b — KpacHad,
3e/leHas U CHHAS COCTABAIOIME BeTa MHUKceaa. VX 3nayeHns 3aqa0Tcs
u3 murepsata or 0 go 1. (r, g, b)=(0., 0., 0.) —uepnmiit u (r, g, b)=(1.,,
1., 1.) — 6eusrii.

MM setscn (YCTaHOBHTD JIMHHUIO Pa3BepTKH)

HA3HAYEHHE: VYcTaHOBHTE FPyIIly HUKCEJIOB HA IMHUH CKAaHUPOBAHHS,

OIIMCaHUe: sub setscn (y, 1a, ga, ba, xstart, xstop)
subroutine setscn (y, ra, ga, ba, xstart, xstop)
integer y, xstart, xstop
real ra (*), ga (*), ba (*)
setscn (y, ra, ga, ba, xstart, xstop)
int y, xstart, xstop;
double ra [], ga [], ba [|;
rgScanline =array [0... x max] of real;
procedure setscn (y: integer; ra, ga, ba: rdScanline; xstart, xstop: integer);

KOMMEHTApDHH: Yy — ycTaHaB/IMBaeMasl IICeBIOJHHNA Da3BEePTKH, xstart —HavyanbHas mo-
SHIU A [IMKCEIOB. XSt0p — MO3HIIUS IIOCTIEQHEr0 MUKCENa. I, ga, ba — mac-
CHBHI, Cofepamue KPacHYyIO, 3eJIeHYI0 H CHHIOK COCTABJIAIOIIHE IIBETOB
[IMKCeJIOB. 3HAYEHUS NIEMEHTOB Ia, ga, ba 3a7al0Tca w3 HHTepBaja oT 0
o 1, rme (0., 0., 0.) —wepnsnit u (1., 1., 1.) — Gemnetit. Ileppoiil amement
KaXXZOr0 MacCHBa HCIOIB3YyeTcs [yl IBeTa IHMKCEeNa, COOTBETCTBYIOLIE-
ro xstart. Cnexyomue MUKCceA TUHIH pa3BepTKH HCIIH3YIOT 3HAYEHUS
CJIeOYIOIHX IEMEHTOB MAcCHBOB.

UM getpxl (Bagatsh nuxcen)

Ha3HAYeHHUe: JaTh xapakTEPUCTHKH €JMHCTBEHHOIO IHKCe/Ia JTHHNY Pa3BePTKH.

omMcaHue: sub getpxl (x, y, I, g, b)

subroutine getpxl (x, y, 1, g, b)
integer x, y

realr, g, b
getpxl (X, y, 1, g, b)
int x, y;

double *r, *g, *b;
procedure getpxl (x, g: integer; var r, g, b: real);
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KOMMeHTapusm: KOOp/MHATH X B y yKa3HIBAIOT JIEBRIH HUKHMI yTOM TICEBAOINKCENA, KO-
TOpEI 6611 onpegesier MporpaMmoii setrsl. ITukcen mokpeBaeT mpocTpan-
CTBO TIpaBee W BhINIe HO3HIMH, ONpeNe/eHHON X H y. I, g, b (mns Cu —
yKa3aTelqu Ha HMX) — KPacHas, 3ejleHad M CHHAS COCTABJISIONIHE IfBeTa
nukcena. VIx suavenus naxonarcs B matepsate ot 0 no 1. (r, g, b)=(0,,
0., 0.) —uepnmit = (r, g, b)=(1., 1., 1.) — 6ennxt.
HMA: getscn (JJaTh JMHWIO Pa3BEPTKH)
Ha3HAYEHUE; JlaTh XapaKTepUCTHKH FPYINIbl IHKCEIOB JIMHAN Pa3BEPTKH.
OIHCaHue: sub getscn (y, ra, ga, ba, xstart, xstop)
subroutine getscn (y, ra, ga, ba, xstart, xstop)
integer y, xstart, xstop
real ra (*), ga (*), ba (*)
getscn (y, ra, ga, ba, xstart, xstop)
int y, xstart, xstop;
double ra [], ga [], ba [J;
rdScanline=array [0...Xx max] of real;
procedure getscn (y: integer; var ra, ga, ba: rdScanline; xstart, xstop:
integer);
KOMMEHTApDHH: y —ICEBIOJIMHASA pPa3BepPTKH, HHOPOpMAIMIO o0 KOTOpoii TpebyeTrca
IpoYHTaTh.
xstart — mayasibHasi O3HIUA IPYIIBI TUKCEIOB.
xstop — MO3MIMA moC/IeAHero mMUKceNa.
ra, ga, ba — MaccHBhl, KOTOpbIE NOMYYAIOT 3HAYEHUS KPACHOTO, 3€JIeHOTO
M CHHEro KOMIIOHEHTOB LIBeTa IMKCEIO0B, 0 KOTOPHIX YMTaeTca HHPpopMa-
mus. VIx 3Havenns naxongarcs B uaTepsade ot 0 mo 1. (ra, ga, ba)= (0., 0.,
0.) —uepmstit m (1., 1., 1.) — 6esmait, IlepBoiit aeMenT KaX0ro MaccHBa
HCIOJIB3yeTcH Jyls BeTa IMKcesa, cooTBeTcTBymomero xstart. Crmenyio-
IIHe JIEMEHTH MAacCHBa [UIA CJIEAYIOMMX ITHKCEI0B JIMHUN PABEPTKH.
AMA: text (Tekcr)
HasHAYeHUe: OT06pa3uTh TeKCT.
omMcaHme: sub text (str $)
subroutine text (str)
character str (*)
text (str)
char *str;
rdString = Istring (255);
procedure txt (str: rdString)
KoMmeHTapum: TexcT oTobpakaercss, HauMHad € TOCJHeIHed MO3MITMK Kypcopa € HC-

TOJIB30BAHNEM IIpeoIpeae]eHHOr0 pasMepa caMBOJIOB. Ilo3musa Kypco-
Pa yKa3BIBaeT Ha JIEBHIH HMDKHMI yroJi s9edKH IepBoro CHMBOJIA. Kypcop
OCTAETCA B HMXKHEM NPABOM YIJIy SYeHKH MOC/IeIHEro CHMBOJIA CTPOKH.

Bameyanue. B ®opTpane 77 TeKcToBas/CHMBONbHAS CTPOKA JODKHA 32~
KaHunBaThca cumpojioM $, T.e. HELLOS$ ciyxut ans orobpaxeHus Ha
sxpane HELLO.

3ameyanme. Tax xax text —3T0 3apesepsupoBannoe B Ilackane cioso,
HCIIOb3yeTcs ab6peBuaTrypa txt.
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HMA:
Ha3HAYeHHE:
OITMCAHueE:

KOMMEHTapHH:

ma (AGcomoTHOe mepeMermeHne)

IlepeMecTHTE KypcOp B MOUIHIO ¢ a6COMOTHEIM 3HAYeHMEM X H Y.
sub ma (X, y)

subroutine ma (x, y)

real X,y

ma (X, y)

double x, y;

procedure ma (X, y: real);

X B y — JeficTBATebHble YHCIA, X B y — ab6COMOTHbEe KOOPIUHATH 1A
[ICEBIOPACTpa, YCTAHOBJEHHOro mporpammoii setrsl. 0, 0 —3T0 neBmId
HIXKHUI YyroJI ceBaopacTpa.

HMA:
Ha3Ha'1eHHe:

OIIMCAaHHE:

KOMMEHTADHH:

mr (OTHOCHTeNBHOE epeMelleHne)
IlepemecTnTs Kypcop na dx, dy.
sub mr (dx, dy)

subroutine mr (dx, dy)

real dx, dy

mr (dx, dy)

double dx, dy;

procedure mr (dx, dy: real);

dx u dy — geficTBuTesnbubie Ynciia. Ilepemernenne mpoHCXOoUT OTHOCH-
TeJILHO TOCTIeHeH MO3MIHA Kypcopa B pa3Mepax IceBAopacTpa, yCTaHo-
BJIEHHOTO [TpOrpaMmoii setrsl.

M
Ha3HaYeHUeE:
OIMCaHHe:

KOMMeEHTapHH:

da (A6comoTHOE prCOBAHUE)
HapucoBaTh TOHKYIO MMHMIO B AGCOMIOTHRIX KOOPOMHATAX.

sub da (x, y)

subroutine da (x, y)
real x, y

da (x, y)
double x, y;

procedure da (x, y: real);

X B y — JeHCTBHTe/lbHBIE YHCJIa, 3aJaHHble B pasMepax ICEBIAOPacTpa,
YCTaHOBJIEHHOTO IporpamMoit setrsl. Toukas (wmpuHoit B omuH dusude-
CKHit IMKCeJ) NUHUS pUCYeTCs OT TeKymmedl MO3MIMM KyPCOpa 0 MO3H-
OHH X, y. 3GHaUeHHA X, y —ITO abCOMOTHEIE KOODIMHATHI, IPHIEM Ha-
YanbHas napa 0, 0 cooTBeTCTBYeT JIeBOMy HYDKHEMYy yrily ICeBIOpacTpa,
3aJaHHOro mporpammoit setrsl. JInf pUCOBAHMA JIMHMUM  WCIONB3YET-
CA TeKyIDWH IBeT, KOTOPHIi YCTaHABIMBAETCS C MOMOMIBIO IIPOrPaMMEI
setrgb.

HMA:
Ha3HaYeHUE:
O CaHHe:

dr (OTHOCHTeMHLHOE pHCOBAHME)
HapucoBaTs TOHKYIO JIMHMIO, HCIIONB3YS OTHOCHTEIbHbIE KOODIHHATHI.
sub dr (dx, dy)

subroutine dr (dx, dy)
real dx, dy
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dr (dx, dy)
double dx, dy;

procedure dr (dx, dy: real);

KoMMmenTapum: dx m dy — AefCTBUTEJIbHEIE THCIIA, 33JaHHEE B PA3MEPax IICEBI0PacTpa,
YCTAHOBJIEHHOTO IporpaMmoii setrsl. Tonkas (upHHOE B 0/uH busnye-
CKHi mmce.n) JIMHUA pHUCyeTca OT HocjedHeil mo3uiuuu Kypcopa x0, y0
o mosumak X0+dx, y0+dy. 3uadenns dx u dy — 910 OTHOCHTE/NLHEIE KO-
opmunathl, rae X0, y0 —mociennss mosmuusa Kypcopa. Jlyif pucoBanus
JIMHNA HCIOIB3yeTcd TeKylmHit mseT. TeKymnil mpeT yCTaHABIUBAETCH C
IIOMOIIBIO TIPOrPaMMBI setrgb.

M pa (A6comoTHas ToUKa)

Ha3HaYeHUe: OT0o6pasuTh TOYKy B abBCOMIOTHBIX KOODIHMHATAX.

OnMcaHUe: sub pa (x, y)
subroutine pa (x, y)
real x, y
pa (X, y)
double x, y;
procedure pa (x, y: real);

KOMMeHTaphuu  3Ha4eHHud X M y — AefCTBATEe/IbHEIE YMCIIA, 3aJaHHble B pa3Mepax ICeB-
J0pacTpa, KOTOPHIA ycTaHOBJeH mporpammoit setrsl. Masenokasi TOYKa
(pasmepom B omuH (U3MYEcCKHMii IMKCeN) OTOGPaXAeTCS B IOZHITHY X,
y. 3HadeHnd X, y IPeACTABNAIOT co00ii abCOMOTHBIE KOODAMHATHI, IIPH-
deM mapa 0, 0 COOTBETCTByeT J/IeBOMy HIXXHeMy YINIy IICEBAODPAcTpa,
3a4aHHOro mnporpaMmoii setrsl. nsa oTobpaxenuss TOUKH HCIOAB3Y-
erTcs Texkymud useT. TeKymuii mnBeT yCTAHABIMBAETCA C IMOMOIOBIO
nporpamMMmsl setrgb.

M pr (OTHOCHTEIbHAS TOYKA)

Ha3HAYeHHe: OTOo6pa3uTe TOUKY, HCIIOIB3ysl OTHOCHTEILHEIE KOODAHUHATEI.

Ommcanue: sub pr (dx, dy)
subroutine pr (dx, dy)
real dx, dy
pr (dx, dy)
double dx, dy;
procedure pr (dx, dy: real);

KOMMeHTapun: J3Hadedus dx u dy —3TO AelicTBUTeNbHble YMCHA, 33JaHHble B pa3Me-

pax IceBAOpacTpa, yCTAHOBJIeHHOrO IporpaMMoit setrsl. MasreHbkaa TOY-
ka (pa3smepoM B OfuH (pH3HMYecKHMil MUKCENI) 0TOOpaXKaeTCs B IO3MIAM
x0+ dx, y0+dy. dx, dy — ornocuTensHbie KoopuHATH, a X0, y0 — mo-
CileqHAs MO3MUUA Kypcopa. dast oTobpakeHuss TOUKH HCIOIL3yeTCA Te-
Kymmii nseT. TeKymuit BeT yCTaHABIMBAETCH C MOMOMBIO IIPOrpaMMEI
setrgb.
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1 OtH AOKYMEHThI HMEOTCH B PA3JHIHBIX HCTOYHHKAX:

Ony6mukosannnie ANSI-crangapri (a umenno GKS u CGM) u ISO-mokymenTn: (CGI, CGM,
GKS, GKS-3D, PHIGS) moxn0 nonyatb 8 ANSI (1430 Broadway, New York, NY 10018). ITo-
muM0 CIIA ISO-ZoxyMeHTH MOXKHO NOIYYHTH H3 HAIHOHAIBHAIX opraHM3aldi no craHfapTaM
(2anpumep, BSI B Bemuxo6putanuu, AFNOR o ®pannuu, DIN 8 ®PT u JIS B Snouuwu).
Hpoextnt ANSI-cramgapros (CGI, GKS-3D u PHIGS) moXHO momydnTh B cexperapmaTe X3
dupmur CBEMA (311 First Street, Suite 500, Washington, DC 20001).

HoxymenTe: IGES u PDES moxuo nonysnts B gupme IGES (IGES Committee Chairman, Mr.
Bradford Smith, National Bureau of Standards, Gaithersburg, ND 20760).



IIpnaoxenue B

MATPUYHBIE OIIEPAIIUU

9TO0 MPHJIOXKEHHE COMEPIKUT HEKOTOPHIE HECTIOXKHEIE IPABHJIA, H3 MATPHYHOHN anreGpl.
Martpuna —3T0 IPAMOYTONLHBIN MACCHB YHCENI, ONEpPAI[HH HAJ KOTOPHIMH IO JYHHEHBI
NMPHBEECHHBIM MPABHJIAM.

B-1 TEPMUHOJIOI'US

Yucia, KOTOphe COCTABJSIOT MATPHILY, HA3LIBAIOTCS €€ 3JIEMEHTAMH. JTH 3JIeMEHThI
06pa3yloT CTPOKH U CTONONBI BHYTPH MaTpHIBL. Eciau 4nciio CTpoK paBHO urcTy CTON6-
0B, MaTpHIa Ha3BIBAEeTCA KBaApaTHOH. PaccMoTpuM xeadpammuyro MaTpuny 4 x 4:

a;; Q12 a1z aig
az1 (22 Q23 Qa2
azy daz2 azz asyg
a41 Q42 Q43 QCy4

O603H24HM 37IEMEHTHL MATPHIEL Yepe3 a;;. [lepBrlit HEAEKC — HOMEp CTPOKH, BTOPO# —
HOMep cronbna. Takum o6pa3oM, azq — 3NMEMEHT U3 TPeThell CTPOKH, 4eTBEPTOro CTOJG-
na. MaTprna, cocTosman U3 m CTPOK H N CTONONOB, HMEET Pa3MepHOCTh M x 1. lna
KBaIPATHOU MATPHIBI BLITIOIHAETCA PABEHCTBO M = 7. DJIEMEHTHI @11, G22, €33 ¥ G44
IIPH { = J HA3BIBAIOTCHA JUATOHAJNLHLIMHE 3j1eMeHTaMd. CyMMa, JHArOHAJbHBIX 3JIEMEH-
TOB KBaJIPATHON MATDHIBI HA3KLIBAETCA €€ CIIEOM.

JuaronannHoi MaTpHIEe# Ha3bIBAIOT MATPHUILY, B KOTOPOH OTIIHYHLI OT HyJIA TOJILKO
JMArOHAJIbHBIE 3JIEMEHTHI, T. €. a;; = 0, ecqm ¢ # j. Equnuyno#t MaTpune#t Ha3bIBAIOT
MaTpHILy, y KOTOpo#t a;; = 0 qns1i @ # j ¥ a;; = 1 gana ¢ = j. IIpamep eAMHHIHOH
3 x 3 MaTpuupbl:

OO
O =~ O
- OO

Kax ot smemenT Hysnepodl MaTpuuel pasen 0, T.e. a;; = 0. J/lpe MaTpHUpB! DABHEL,
TOJIBKO KOTAQ KAXKIBIH 3JIEMEHT NEepBOil MATPHUIbI PABEH COOTBETCTBYIOMEMY JIEMEHTY
BTOPO# MAaTpuumI, T.e. aij = b;;.
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CHMMeTPHYHOM Ha3bIBAETCA KBAApaTHAsA MATDHIA, Y KOTOpO# ai; = aj;. Hanpu-
Mep,

2 3 6
3 17 5
6 5 12
Crpoka MaTpHubl sByseTcA 1 X n-Marprueit. CTPOKH MATPHIpBI HHOIJA HA3BIBAIOT BEK-
TOpaMH CTPOK HJjIH HpocTo BekTopamu. Cronber MAaTpHUB! ABIATCA N X 1-MaTpuneit.

CTonbipl MATPHILI HHOTJA HA3BLIBAIOT BEKTOPAMH CTOJIOLOB MJM IIPOCTO BEKTODAaMH.
Cxansap —3ro 1 X 1-MarpHua.

B-2 CJIO2KEHUE U BEHIYNTAHUE

Ecnu ABe MATpHIBLI HMEIOT OOUHAKOBYIO PAa3MEPHOCTD, TO JJISI HUX OIpeesieHbl Oepa-
[MH CJIOXXEHHS ¥ BLIYMTAHAST. UTOOBI CIIOKHATH MM BBIYECTD JBe MATPHIBI, HAIO CJIO-
XHTb HJIH BHIYECTh COOTBETCTBYIOIIME 3IEMEHTEI, T. €. Cij = @4j + bij HIIH Cij = aij —by;
coorBercTBenHo. Hampumep:

1 2 3 1 47 2 6 10

4 5 6|+2 5 8= 6 10 14

7 89 3 69 10 14 18
H

1 2 3 1 47 0 -2 -4

4 5 6|—-12 5 8|=(2 0 -2

7T 89 3 6 9 4 2 0
Marpuna [B] Ha3bIBaeTCst OTPHIAHHEM MATPHIBI A, eclH by = —aij.

B-3 YMHOXEHUE

YMHOXKEHHe MATPHI,— ITO OUeHb HOJIE3HAA ONepanus s MaImMHHOH rpaduku. Pac-

{CMOTPHM MAaTPHLY Pa3Mepa 1 X M H BTOPYIO MATPHIy pa3Mepa T X s. A yMHOXeHHA

THX MaTpHL, HeoOxoauMo, YTOOBI m GLUIO PaBHO T. DTO IHAYAT, YTO HHCIO CTOJO-
OB MEPBOil MATPHIBI AOJDKHO OBITH PABHO YHCIY CTPOK BTOpOH marTpuupl. IIpasuia
MHOXKEHHs1 MATPHI] JIydIlle BCEro OMHCHIBAET cienyomui npumep. Ecim MaTpuna [A]
MeeT pa3mepHOCTD 4 X 3, a [B] — kBaaparHas 3 X 3-MaTpHIa, TO NPOU3BEICHHE ITHX
aTPHL, ONpenedeTcs clenylomuM obpa3om:

g 1z Gi3 b1 b2 bis
a21 422 das bar by be3 | =
Gs1 @82 Gss b31 b3z bas

Q41 Q42 Q43

a11b11 + a12b91 + a13bs1  a11bi2 + ar2ben + arzbsz  @11b13 + a12b2s + a13bss
—_ az1 b1 + Qoobo1 + ag3bs;  ag biz + agaboy + assbss  ag b1z + a20b23 + az3bzz
az1bi1 + azeba; + azsbsr  azibia + asebes + aszbse  azibiz + as2bas + assbss
as1bi1 + aqobz; + agzbs  asibiz + as2bes + assbsy  asibiz + as2bes + ay3bss
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WHaue roBops, kaxJas cTPOKA B MaTpHuE [A] MO/IEMEHTHO YyMHOXAETCA Ha COOT-
BETCTBYrOIWMi cTonben MaTpUIpl [B], pe3ynbTaThl CKIanbIBAIOTCH M 3alMCHIBAIOTCS B
Ka4ecTBe 3/ieMeHTa pe3yabTupyouel Marpuusl [C]. 3aMeTuM, 94To yMHOXKEHHE 4 X 3-
MATpHIBI Ha 3 X 3-MaTpHIly, JaeT MaTpuILy pa3MepHOcTH 4 X 3. Boobuie rosops, B
pe3yJIbTaTe YMHOXKEHHA T X M-MAaTPHUBl HA T X $-MATPULY NPH M = T MBIl IIOIY4HM
n X s-MaTpuny. PaccMoTpuM ducleHHbIH NpHMeEp:

1 3 1+9 2412 10 14
4 2 1 2 446 8+8 10 16
11 [3 4}= 1+3 244 = 4 6
6 4 6+12 12416 18 28
3 2 346 6+8 9 14

Onepanus yMHOXKEHHSA MATPHI] HE IBJASETCA KOMMYTATHBHOM, T. €. B OBmEM cilyuae
npoussenenue [A][B] e pasuo [B][A]. Takum 06pa3om, BaxkeH nopaok (mocienoBa-
TEeILHOCTh) YMHOXKEHU . JI1s1 onepanyy yMHOXKEHHs MATPHL BEPHEI EPBbI B BTOPOH
muctpubyrusubie 3akonbl, T.e. A(B+C) = AB+ AC u (A+ B)C = AC + BC. Taxxe
BBINONIHAETCA accoumaTuBabif 3akoH A(BC) = (AB)C.

B-4 ONPEIEJUTEAL KBAIPATHOM MATPUIIH

Onpenemurens kBaapaTHOH MaTpuipl [A] ob6osnadaerca |A|. B Teopun marpur onpe-
JelUTeNnh UMeeT MHOrO MOoje3HBIX CBOMCTB. JIng Halmmx neneil HOCTATOYHO ITPOMII-
JOCTPHPOBAThL METO] BBIYHCIIEHHA OINpENe/UTeId Ha NpHMepe KBaJgpaTHOX 3 X 3-
Marpunel. Jdnsa marpun

a1 a2 a3
M= a ayp ax
a3z1 aszz ass

OIpEeIeIUTENL PABEH
aj; a2 a3

G21 a2 a3 (=4ain
asz1 asz2 ass

az; a3
az; ass

Q22 Q23

+ a3
Q32 ass

—ai2

a1 Q22
azy asz

=4an ((122(133 - (123(132) - (112((121(133 - (123(131) + (113((121(132 - (122(131)

T.€. ONpeAeHTeNb UMeeT €JHHCTBEHHOE YMCJIeHHOe 3HadeHue. B kadecTBe mpuMepa
MOJCYUTAEM OIPENEITUTENb

N O W
UL = O
L 00

B pesynpraTe momyunm

3(3 — 40) — 9(18 — 16) + 4(30 — 2) = 3(~37) — 9(2) + 4(28) = —17.
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B-5 TPAHCIIOHUPOBAHUE MATPUIIBI

TpaHCIOHHPOBAHHAA MATPHIA — 3TO HCXOAHAA MATPHIA, B KOTOPO# CTPOKH 3aMEHEHEI
Ha cTosbmbl, T.e. bi; = aj;. Hanpumep,

1637T 1 2 6
6 8 3
9 8 11 4| = ,
6 3 2 1 3 11 2
7 41

rze cnenuanbubii cumeon T olipeenaeT onepanu TPAHCIIOHHPOBAHUA. 3aMETHM, 9TO
€C/IA MCXOIHAS MATPHIA HMEea PA3MEPHOCTb TN X 7, TO PasMEepPHOCTh TPaHCIOHHPO-
BaHHOH MaTpuup! 6ymer n X m.

B-6 OBPAIIEHUE KBAIPATHOM MATPUIIGI

B anrebpe CKanfpoB CIPABENIMBO ClEAyIONIIee YTBEDPXKAEHHE, €ClH aT = Y, TO T =
a~'y, rme a~! 310 Npocro ofpaTHas BenWuYHHA K a, T.e. a~ ' = 1/a. B maTpuano#t
anrebpe onepaiusa AeeHHS He Olpe/eieHa H OOpaTHO! MATPHIIEI B CMBIC]IE CKAJIADHON
anrebphl He cymecTByerT, onaako ecnu [A][X] = [Y], o [X] = [A]7'[Y], rme [4]* —
marpuna, obparHas K KBaapaTHON MaTpmue [A].

O6parHas MaTpHOa CyUIeCTBYeT [Js KBaJPATHON M HeeJWHHYHON marpumbl. Ox-
HAKO He KaxKJas KBaJpaTHas MaTpHna umeer obpatayo. Ho ecau olpenenurens KBa-
JpaTHOH MaTpHuiE! He paBeH HyII0, TO o6paTHadA MATPUNA CYIIECTBYET H €JUHCTBEHHA.
Ecnu obparnas marpuna cymectsyeT, To [A][A]™' = [I], rae [I] — enuauunas mart-
pHIA.

PacemoTpum npousseneHre JBYX KBaJAPATHBIX MATPHIL, PA3MEPHOCTHIO 3 X 3.

1 2 3 6 -2 -3 1 00
1 3 3 -1 1 0|=]0120
1 2 4 -1 0 1 0 01

Ecau npoussenenue asyx matpun [A][B] = [I], To [B] = [4]~}, T e. [B] —3T0 MaTpura,
obparHas K [A].

CymecrByer MHOrO €noco60B BHIYHCIEHHS OOpaTHOH MaTpuubl. B GombIixHCTBE
A3BIKOB POrPAMMHPOBAHHSA €CTh (QYHKIMH HJIM TOANPOrPAMMEL, TIO3BOJAKIIHE Bbl-
YHCNIATH, 3HAYEHH JIEMEHTOB MAaTpHIpL, 00paTHO! K manHo#i. ONHCcaHHe TAKKUX asro-
PHTMOB BBIXOJUT 33 PAMKH HAIUErO KPATKOI'O H3JIOXKEHHH.



IIpunoxenne C

IICEBOIOKO

ITpuBenennbLit CEBAOKO IPH3BAH IOMOYL B IOHUMAHHM U PEAJIM3alHH [IpeICTABIICH-
HEIX B TexcTe anropuTMoB. OH He 3aJyMBIBANICA KAK TOUHBIN, CHHTAKCHYECKH KOp-
PEKTHBIH ¥ [MOMHBIH A3BbIK. DJIEMEHTHI [ICEBI0KOA 3aMMCTBOBAHBI M3 HECKOILKHX 06-
IMIEH3BECTHBIX A3BIKOB MporpammupoBanusd: Belicuka, ®oprpana, [Tackana, Cu u . 1.
IIceBmOKOn CONEPIKHUT CTPYKTYPHBIE KOHCTPYKIWH, HanpuMep if-then-else u while.
Hnsa ynoGcerBa BKIIOYEH onepaTop Ge3yciioBHOro nepexoga go to. Oneparop IukmIa
for-next B34t u3 Belicuka. IIceBaokon BKIHOYAET TakKe MOANPOrpaMMHbIE MOJYIIH H
MaTpuyHble dyuknuu. Crnenuanbabie GyHKIMHY M IPOrpaMMBl, Takue, Kak Min, Max,
Push, Pop, olpeneneHbl B aNTOPATMaX B MEAMBUIAYAJIBLHOM [OPAIKE.

Kparko oxapakTepusyem obiiie cornalleHns, UCIOMb3yeMble [IPH OITHCAHAH AJIro-
pHUTMOB. Bce KIIloYeBBIE CJIOBAa HAOMPAIOTCA XKHPHBIM IWPHPTOM CTpOUHBIMEH GYKBa-
mH. Bce oneparopsl BHYTpH Tena oneparopa if-then-else win nukna for-next Bbl-
gensioTea oTcTynoMm. KoMMenTapuu HabHpaloTca KYPCHBOM H IE€UATAIOTCH C TAKHM
K€ OTCTYIOM, KAK H ONEePATOPhl, K KOTOPHIM OHH OTHOCATCA. MHOrOIMTEpHBbIE HMEHA
NEpEeMEHHLIX, KaK MPaBuio, HabupaloTced cTpouHbiME O6ykBaMu. OmHOoNMUTEpHBIE NEepe-
MEHHBbIE MOI'YT NPEACTABIATLCA KaK MPONHMCHOM, TaK M CTpo4uHOHN GykBamu. PyHKIHH
BBLIENAIOTCH KUPHBIM MIPH(TOM M HAYHHAIOTCA ¢ NponucHoit O6ykeel. Hanee cienyeT
JeTaJIbHOEe ONMHMCAHHWe 3THX COIJIalleHUH.

C-1 KOMMEHTAPUIN

KoMMmentapun HabuparoTrca KypcuBoM. OHu PaCONararoTcd ¢ TeM Ke OTCTYIIOM, YTO
H OIepaTopbl, K KOTOPbIM OHHM OTHOCATCA. B Hagasle ajropHTMa MOMEMAlOTCHd KOM-
MEHTApHH, KPATKO ONUCHIBAIOMINE HASHAYEHHE 3TOr0 aJrOPHTMa H ONpeJieNAolHe He-
NoNb3yeMble NepeMeHHBIe. '

C-2 KOHCTAHTH

Bce KOHCTAHTHI ABIAIOTCA AECATHYHBIMA YMCIAMH, €CJIH B KOMMEHTApHAX HE OroBOpe-
Ho mHoe. Hampumep: 9, —3, 6.732, 1 x 1079, 3.

C-3 TIEPEMEHHLIE

ITepeMeHHas — 3TO UM, UCTIONB3yEMOE 71 XPAHEHHA 3Ha4YeHHA. ITO 3HAUEHHE MOXKET
H3MEHAThCA. B IMARLIX mMeHaX NepeMeHHBIX HCIOMb3YITCA, B OCHOBHOM, CTPOYHBIE
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GyKBbI; POMUCHBIE HCTIONB3YIOTCA B TEKCTe KHATH JIMIIL B TEX CIy4asX, KOrj@a 310
CIHOCOBCTBYET JIydIeMy OHUMAHHIO nporpaMMel. O JHONMHTEPHBIE IEPEMEHHBIE MOT'YT
HabHpaThCa KAK CTPOYHOM, TaK M NpomucHoH Oyksod#. [lms Gonpmieil HarIggHOCTH
MOXHO yNoTpebnars murepsl ¢ uaAeKcamu. [Ipumepsr nepemennerx: flag, Py, z, y.

C-4 MACCHUBH

MaccHs — UMd JI HEIEKCHPOBAHHON COBOKYITHOCTH 3HadeHWit. Jina HMeH MaCCHBOB
NeHCTBYIOT Te 2Ke COrIAIlleHus, 9TO | s nepeMenHbX. O6pallienne Ko BCemy MacCHBY
OCYMIECTBIISIETCSA N0 €r0 MMEHH, & K OTZAeJIbHBLIM 3JIeMEHTaM — I10 HMEHU MacCHBa, 34
KOTOPHIM B CKOOKax clefiyeT CIHCOK uHAeKcoB. [IpuMeprr Maccusos: window, window
1, 3).

C-5 OIIEPATOP ITPUCBANBAHHNA

3HaK «paBHO» HMCIIOIL3YeTCs I [PHUCBOCHUA NepeMeHHOM, PACIONOXEeHHOH B JIeBOH
YacTH ONEepaTOpa, 3HAUeHUA BHIDAXKEHHd U3 NIPAaBOH 4aCTH STOro ONepaTopa.

C-6 APUO®METUYECKHWE BEIPAXKEHU A

O6branple apHPMETHIECKHE ONEPALMH YMHOXEHHHA, NeJIeHHd, CJIOXKeHHs, BhMUTAHASA
H BO3BEIEeHHMA B CTENeHb 0003HA9aITCA 3HAKaMH *, [, +, —, "

C-7T JIOTUMYECKHE OIIEPAIIMU U OIIEPAITMM OTHOUIEHN A

Jlormaeckue onepanui and M Or BLIIENAIOTCA XXUPHEIM WPUPTOM, KAK ITO 3A€CH TO-
ka3aHo. OnepaiMy OTHOLIEHHA «PABHO, <HE PABHO», «MEHbIIE», «6OMbIIEs, «MEHbIIE
HJIM paBHO», «6onplie Win paBHO» 0003HAYaKOTCa =, #, <, >, <, > COOTBETCTBEHHO.
STH OnepatyH HCIOML3YHTCA JJIA NPOBEPKH yciopui. Pe3ynbraroM nposepku ABis-
IOTCA JIOrHYE€CKHE 3HAYEHHA «HCTHHA» HIIH «JIOXKbY».

C-8 OIIEPATOP finish

Oneparop finish ucnone3yerca ana o603HaIEHHA KOHIA PabOThI ANrOPUTMA.

C-9 OIIEPATOPH while U end while

Oneparopsl, pacnonoxenHnle BEyTpH Onoka while-end while, srmonnaoTca nukin-
9eCKH, A0 TEX MOp, MOKA UCTHHHO HEKOTOPOE YCJIOBHE. YCJIOBHE [POBEPAETCA B Hadase
Groka. Korzna ycnopre nepectaeT 6bITH MCTHHHEIM, BHINOTHEHHE IIPOrPaMMbI IIPOIOT
JXAeTCA € OllepaTopa, cienywoero 3a end while. Oneparop end while ucnons3yerca
Ania obo3padenus KoHua 610ka. Bee oneparopsl BayTpH 6110ka while-end while pac-
nonaratorca ¢ orcrynoM. Obmas dbopma oneparopa

while (yciosue)

[oniepaTopsI, KoTOpEIE HEOGXOXMMO BHITOHUTD)
end while

ITpumep
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i=0

while (i < 5) '
x=x+5
i=i+1

end while

finish

C-10 OIIEPATOP if-then

Oneparop if-then ucrnons3yercd i BHIOOpa AJbTEPHATHBEI IYTH BBIIOJIHEHUS MIPO-
rpaMMel THOO 71 PHCBOEHHS N€PEMEHHON aJbTePHATHBHOIO 3HAYEHUA B 3aBHCHMO-
CTH OT MCTHHHOCTH HEKOTOPOIO yCJIOBHA.

Ecnu aprymentrom then ciy>KHT HOMED onepaTopa M yCJIOBHE HCTHHHO, TO yIpa-
BJIEHHE [1EPENAETCA Ha OMEPATOP C 3THM HOMEPOM. B MPOTHBHOM ClIy4ae BBIMOIHAETCH
CIIeOYIOMUH 1o nopaaKy oneparop. Homepa onepaTopoB SBIMIOTCA X METKAMH.

Ecnu aprymentoM then ciyxut onepaTop npucBauBaHHA M YCJIOBHE HCTHHHO, TO
NIPHCBAXBAHHE BRLIIOIHAETCA. B IPOTHBHOM clly4ae NMPHCBAUBAHKE HE BLIIOIHAETCA H
yOpaBleHHe NepefaeTcd cpaly Ha ciexyronmuit oneparop. Obmasa ¢popma oneparopa:

if (ycnosme) then (Homep oneparopa)
if (ycsosHe) then (oneparop npucBamBanms)

ITpumepn

if (i < 10) then 3
if (i <10) thenx=x+1

C-11 OIIEPATOPHI if-then-else U end if

Oneparop if-then-else ucnonb3yerca ana BeIGOPa OJHOrO U3 ABYX AJLTEPHATHBHBIX
6II0KOB ONEPATOPOB B 3aBHCHMOCTH OT HCTHHHOCTH HEKOTOporo yciosud. Jisa o6o3Ha-
yenda KOHNA boka oneparopa if-then-else ucronn3yerca oneparop end if. Oneparop
He MoApa3yMeBaeT NOBTOPEHHUA. BLINONHAETCA TOILKO OMHH H3 aJIbTePHATUBHBIX 6110-
KOB. ITocjie 3TOro BHINOJIHEHME TPOrpPaMMBbl IIPOJOIKAETCA C ONEPaTOpa, CNIEAYOEro
3a end if. Bce onepatopn! BuyTpH 6s0ka if-then-else pacnonararorca ¢ oTcTynom.
Obmasn ¢opma onepaTopa

if (ycnosme) then

[omiepaTOpH!, BHINOIHSEMEIE, €CITH YC/IOBHE HCTHHHO)
else

[omepaTOphl, BHIIO/HEMBIE, ECIH YCIIOBHE JIOXKHO)
end if

IIpumep

if (i > 0) then
x=x+1
else
x=x-—1
end if
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Ecnu oneparop if-then-else 3anuceiBaerca B 0gHOH cTpoKe, To omneparop end if
omycKaeTcs. 3aMETHM, YTO eClH ONycKaeTca else m BTOpas rpynma onepaTopos, TO B
pesyJibTaTe noayudaerca 6ok oneparopa if-then.

C-12 OIIEPATOP for-next

YnpasnieHne IMKIOM MOXHO OPTaHH30BATh ¢ IOMOMIBIO OnepaTopa for-next, Kak u ¢
nomomipbio onepatopa while. Iluxnuyeckoe BhINOIHEHHE ONEPATOPOB, PACIONOKEHHBIX
BHYTPH Tejia UHKJa for-next, mpoucxomuT J0 TeX HOp, NMOKa 3HaYeHHe IepeMeHHOM
UHMKJIa HAXOJUTCH B 3aJaHHBIX npenenaX. Bee oneparopel BHyTpu 6ioka for-next
pacnojaraforca ¢ orcrynoM. Obmasa dopma oneparopa:

for (mepmuxna) = (Hay.3Ha41) to (koH_3Ha4) step(marmkma)
[omepaTophl, KOTOPEIE HA/O BHIIOIHHTE
next (mep_muxma)

Ecnu war mukJjia OTCYyTCTBYET, TO OH IonaraeTcd pasHbiM enpaune. [llar mukna Moxer
6BITH OTPHIATENLHBIM, HaganbHoe, KOHEYHOE 3HaYeHHe IePEMEHHOM NUKJIA | mar Imu-
KJIa MOryT OBITH IEPEMEHHBLIMH.

IIpumep

for x=1to n step a
y=y+x
next x

C-13 OIIEPATOP go to

Oneparop go to BeI3LIBaeT 6Ge3yCNIOBHBIA Tepexon Ha ONepaTop, onpenesseMslit apry-
MentoM. Obmasa ¢opma oneparopa:

go to (Homep omeparopa)

Homepa oneparopoB senaiorca merkamMd. OHH paclonaraloTcsa B Kpaitaei Jesoit mo-
3HIMH CTPOKH OIEpaTopa.

C-14 TOANIPOT'PAMMHBKIE MOZIYJIN

IommporpaMMa — OTneNLHLIA TPOrpaMMHBIN MOLY/b, KOTOPBIH BHI3BIBAETCH C [TOMO-
mipio oneparopa call. Hayano nomnporpamMmel onpenenser oneparop subroutine.
Boxon w3 nogmporpammer onpenenserca oneparopoM return. Iocne Bexona u3 nog-
NpOrpaMMel yIpaBIeHHe BO3BPAlaeTCd ONepaTopy, CIeaywieMy 3a onepatopom call
B BbIE3bIBaroueit nporpamme. Onepatop subroutine comepXXHT CIHCOK BXOAHBIX H
CNIHCOK BEIXOAHBIX NepeMeHHbIX. CBA3b MeX/y BBI3BIBAIONIEI NPOrpaMMoit ¥ NOANpo-
IPaMMHBIM MOJIYJIEM OCYUIECTBJIAETCA TOJNLKO Yepe3 3TH NepemerHkle. Bee ocTaibHbIE
NepeMEHHbBIe NMOANPOrpaMMHOrO MOIYJIS JIOKAJIM30BAHLI B 3TOM MOIYyJIE. O6wmana dop-
Ma onepatopos call, subroutine u return:

call uMs (Bxoagbie IEPeMeRHEe; BRIXOIHbIE IePEMEHHbBIE)
subroutine ums (BXxommbie mepeMeHHEe; BRIXOOHBIE IePEMEHHBE)
return
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CrnHCKH BXOJHBIX M BLIXOAHBIX EepeMEHHBIX onepaTopos call u subroutine pasnensa-
IOTCH TOUKOM ¢ 3amsToil H JOJDKHBI COOTBETCTBOBATH APyr Apyry. UMeHa moanporpamm
COCTOAIT U3 CTPOYHBIX 6yKB, HabpaHHBIX XHpHBIM mpHdToM. [IpHMep moanporpamm-
HOrO MOJIyns:

subroutine check (x, y; flag)

if x <y then
flag = 0
else
flag=1
end if
return

C-15 TPUTOHOMETPUYECKUE ®YHKIINN

TpuroHoMeTpHueckne GyHKIuMH, Takde, kak Sin (6), Cos (8), Tan (8) u ob6parHsle
Kk HuM Arcsin (z), Arccos (s), Arctan (z) npuHAMAIOT ¥ BO3BPAIIAOT 3HAYEHHA B
rpaaycax, ecjld yCTAHOBJIEH Nepexiodarens option angle degrees. O6menpunaThie
runepbomnueckne GyHKuuM H ux obparusle pynknun Sinh (), Cosh (6), tanh (6),
Arcsinh (z), Arccosh (), Arctanh (2) Takxe NpHEMMAIOT M BO3BPAILAIOT 3Ha-
4YeHud B IPajycax, €CJIM YCTAHOBIIEH 3TOT INEPEKJoYaTens. B MIpOTHBHOM Cllydae OHH
NPHHAMAIOT ¥ BO3BPAIIAIOT 3Ha4YeHud B paauanax. VMena sTux byHknuit HaunHAIOTCA
C IPOMHCHON GYKBBI H BHLAENAOTCH XUPHBIM MPHGTOM.

C-16 MATPUYHBIE ®YHKIINU

MarpuyHbie (PYHKIHH CIYKAT 18 BRIIOIHEHHA THIIHYHBLIX ONepalui MATpHYHOHN al-
rebpel, HAIpUMED CJIOXKEHHA, BLIYMTAHMA, YMHOXEHHs, OOPAllleHHs B TPaHCIOHHPO-
BaHud MaTpun. Marpuussle GyHKIMHM MAHHUIYIHPYIOT NelbIMH MaccHBaMH. Pasmep-
HOCTB Ka’KJOT'0 MacCHBA, HCTIOJIb3YEMOT'O B KAYECTBE apryMeHTa MATPHYHON DYHKIUH,
JOJKHA COOTBETCTBOBATH BBHIMOMHAEMON onepanuu. PasmepHOCTH pe3ynbTHpPYIOLIEi
MAaTpHIBI TAaKXK€ COOTBETCTBYET BHIMONHEHHON onepauum. Hanpumep, B pe3ynbrare
YMHOX€EHHA 3 X 2-marpuipbl Ha 2 X 3-MaTpuny mnoiydaerca 3 X 3-marpuna. Maccus
MaTDHIB! YHTAETCA M 3AMUCHIBAETCS 110 CTPOKAM. Pa3MepHOCTh MaTpHIIB MOXKET OBbITh
HU3MEHEHA BO BPEeMs BBLINOMHEHUA onepanuii. MaccuB MaTpHIBI MOXKET OBITH HCIIOJIb30-
BaH B 00enx 9acTdax oneparopa npucsauBanus. ViMena MaTpuuHblx GbyHKuul HauHHa-
I0TCH € IPOMUCHOM GYKBBI H BBIAEIAOTCA XKUPHBIM MpUudTOoM. MaTpuyHble GYHKIHHA:

CJIOXKEHHE Mat A =B+C
BBIYHTAHHE Mat A =B-C
YMHOXEHHE Mat A =BxC
obpalenne Mat A =1Inv(B)
TPAHCIIOHHPOBAHHE Mat A = Trn(B)
BBIYHCJICHHE ONPEAEIUTENA JHAYEHHE = Det(B)
eIMHUYHAA MaTDHUIA Mat A =Idn
HyJIeBas MaTPHIA Mat A =Zer(nl,n2)
MOCTOAHHASA MATPHIA Mat A =Con(nl)

CKaJIADHOE [MPOU3BEJEHHE  JHadeHHEe = Dot(A,B)
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Pynxuusa Zet GOpMHPYeT MacCHB MaTpUOpbl Pa3MEPHOCTEIO [nl X n2] u 3anonH#-
er ero Hynamu, OyEknuda Con 3anoiHAET MACCHB 3apaHee 33JaHHOW Pa3MEpPHOCTH
KOHCTAaHTH nl.

C-17 CIIELIMAJILHHIE ®YHKITNH

B anropuTMax, NpeICTaBIEHHEIX B JAHHONU KHUTE, ONPENEIEHBI Pa3HOOOpasHbie Clie-
puaibHble GyHKINH. MeHa 3THX GYHKUMH BLLIENAOTCA XKUPHBIM MPH(PTOM M HAYH-
HAIOTCA C MponucHoi 6ykBel. B KauecTBe npumepa npuseneM GyHKIHAIO

Ma.x(xl 5 Xz),

pe3yabTaTOM KOTOpOH fABIseTcA Oombilee W3 3HAYEHHI X; H Xo.
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DOOPMAT ®AUNJIA
B-CIIJIAMH IIOBEPXHOCTU

B cBA3HM ¢ BO3HMKIINM 3HAYUTENLHBIM HHTepecoM K B-cnnmalin nmoBepxHoCTAM, paspa-
OoTaH paAf 3HAUMTENbHBIX dopMaToB aiinos anda obMeHa ux omucanud. Eme omun
dopmat npegnoxen B tabn. D-1. HerTnlpexMepHnle OMHOPOAHBIE KOOPAMHATEI HCIIOIb-
3yIOTCA 714 0003HAYEHUA ONpENEAEMBIX TOUEK IPAMOYTOMBLHOM CETKH. DTO [TO3BOFET
00beIHHUTEL TpexMepHble (PU3HYECKUE TIO3UINHE TOYEK MPAMOYTONBLHON CETKH U OJHO-
POIHEIA KOOpauHATHBIA (BecoBoit) koaddumuent B 06mem omucanud. [Ipennaraemetit
dopmar, Boobuie roBops, JOCTATOYEH JJA YNPABIEHHA PAIMOHAILHBLIMH OJHOPOJHBI-
MH M HEOAHOPOTHBLIMH, NEPHOJHMYECKHMH M OTKPBITHIMH B-clialiH NoBepxHOCTSMH.
HepanuonanbHbIe CIIAfHBI IOBEPXHOCTEH ONpENeNATCa YCTAHOBKOH BCEX OTHOPOI-
HBIX KOOPIMHATHBLIX K03(p(HIMEHTOB (BECOB) paBHBIMH enuHULE. PanponansHble Ho-
BEPXHOCTH Be3ne ONpenessaioTcs MOCPeACTBOM OJHOPOIHBIX OTKPBITBHIX CBA3YIOIIHX
BEKTOPOB B BUJE [k Hysed, k edunuy] ¢ NOAXOASAMMMH OZHOPOJHBIMA KOODAHHATHBHIMA
koadpunmentamu. HepanmonansHble nosepxHOocTH Beane onpenensaoTces ¢ noMompo
COOTBETCTBYIOUIHX CBA3YIONMX BEKTOPOB M YCTAHOBKOH BCEX OJHOPOIHBIX KOODAHHAT-
HbIX K03 punuentos (Becos) pasHbIME equaung. COCTABHBIE MOBEPXHOCTH ONPEENs-
FOTCA [IPOCTHIM [IOBTOPEHHEM TIQJIHOrO ONMHCAHMA 15 KAXKIOM [MOBEPXHOCTH. 3aMETHM,
YTO TAKOM TOAXOJ MO3BOISAET ONMCHLIBATL PAa3JIAYHBLIE THIILI B-CIIAfHOB M IIOBEPXHO-
creli Besve B omHoM datie. 3anaThie JOMXHBI OBITh IPOCTABIEHBI, KAaK MOKA33HO B
Tabmue. B daiine onycTuMbl mpobenbl X MycThle CTPOKH.

Tabaua D-1 ®opmanbHoe ommcanne dopMaTta daiina B-crutaita moBepXHOCTH

Crpoxa HACHTHDUKALMM TIOBEPXHOCTH HanpuMep, HoMep kopmyca (pHc. 6-50)

HepanuoHasbHasi panuoHambHas panuoHasIbHasA, HepanuoHANbHAA B U, W
COOTBETCTBEHHO

OTKPHITadA, IePHOTUIECKAS OTK PHITas, IEPHOANYIECKad, HEOMHOPOAHASA B U, W CO-

OTBETCTBEHHO

nopsanok 6a3Hca, mopaaok 6asHca NOpAAOK B u, HOPANOK B W

KOJI-BO Y3JIOB CETKH KOJI-BO Y3JIOB CETKH B HalpaBJIEHUH

KOJI-BO Y3JIOB CETKH KOJI-BO Y3JIOB CETKH B HAalpaBJIEHUH w

BEKTOP CBA3HU B U nocjienoBaTebHOCTD umceln 1, 2, 3, ...

BEKTOP CBSI3H B W nocjienoBaTeabHOCTD umcen 1, 2, 3, ...

crucok 4D-todek ceTkH Maccus B(3,j) pasMepHocThbO ((kOI-BO y3/10B CETKH

B HampaBJICHHH %) X (KOJ-BO Y3JIOB CETKH B Ha-
npasiieHun w), 4). dneMenTs Maccusa B(3, j) pac-
IIOJIATAIOTCA C OTIEPEXAIOIAM H3MEHEHUEM WHIEKCA
j, T.e. mo ctpokaM. Kaxkias CTpOKa CONEPXKHT KOM-
HOHEHTH! T, ¥, 2, h, tae h — omHopomstit (BecoBoi)
k03¢ UIMEHT 4IA KaxKA0# TOUYKH CEeTKH.

3ameganne. dna HepamuoHANbHBIX B-crumaiiHos Bce
h=1.
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IIpumep daiina

TIpamep moBepXHOCTH (CM. pHC. 6-50)

HEpall,, HepalL.

OTKPBITA, OTKPBITA

4,4
8,8

0,0,0,0,1,2 34,5555

0,0,0,0,1,2,3,45,575,5

TlopepxHoCTb, HEepalMOHATbHAA B ODOMX HaIlpaBJie-

HUAX.

B ofoux nanpasiieHUAX UCHONB3YIOTCA GYHKIMY OT-

KphITOro 6a3uca.

YersepToro mopsaaxa B 060MX HANIPaBJIEHUAX.

Ucnomb3yercsa npsamMoyrobaas ceTka 8 x 8.
OTKPHITEIH OFHOPOJHKIA CBI3YIOMMUI BEKTOP AJIA Ha-

TIpaBJIeHHS 1.

OTKPHITHI OOHOPOMHBIN CBA3YIOIIMY BEKTOD 15 Ha-

OpaBJIEeHUs W.

Touxu cetkd B(%,j), pacmonoxennbie 10 CTPOKaM.

0

(= =N )

13.2994
8.6079
7.2922

—0.6518
1.5411
3.7183
7.87419
0.9025

17.0482

14.0925

11.067
3.0433
0.2289
3.5539
3.0443

—0.2092

29.2903

30.7639

21.1234

12.0645
9.0546
8.6407
5.1127
0.1572

62.7896
58.3546
50.7321
37.2752
24.6114
12.2841
0.9638
—0.02351
57.2518
50.7918
52.4931
33.3121
14.3331
13.4063
1.8224
—0.4589
57.6166
55.5365
48.282
40.1302
21.5281
7.0775
0.7293
0.08977
53.3467
54.1187
48.1403
35.461
17.3787
6.64932
—0.7182
—0.03143

H
H
H
H
H
H
H
H
H
H
H
H
H
H
H
H
H
H
H
H
H
H
H
H
b
b
b
b
b

b
b

b

—14.2345
—11.7746
—7.7246
—0.7445
0.2266
-.7321
—4,2096
—0.06207

-
woocoooooo
(3]

13.5
13.5
13.5
13.5
13.5
13.5
13.5
54
54
54
54
54
54
54
54

37.8884
33.861
27.1525
23.2976
19.832
12.7107
5.5457
—0.01007
41.0213
39.6319
38.6344
33.8422
28.2826
18.2607
4.4469
0.1344
40.4748
41.1403
40.9666
41.4111
34.093
16.9322
5.55319
0.06208
40.536
40.8065
39.8169
41.8009
37.0837
13.1546
7.0730
0.07475

Pt bt ek ek pd el i e e fd pd fd ek pd ped fd pd pd pd pd pd pud el pd ped pd fed d fd ped e e

50.5464
47.4467
36.9685
19.6017
11.186
2.5924
—0.4150
—0.04313
48.1632
39.2661
30.4192
16.8768
6.96425
—1.0973
0.2564
0.01421
47.8315
43.5986
30.6183
14.9213
0.2635
0.9311
0.167384
—0.07885
47.9986
41.4721
33.6058
13.1977
0.3062
1.2999
~0.2726
=~0.04795

108
108
108
108
108
108
108
108
162
162
162
162
162
162
162
162
216
216
216
216
216
216
216
216
270
270
270
270
270
270
270
270

Pd pd el pd pd pd el fed fed e pd pd ped md ped pd pd pd ped fed pd ped fed ped ped ped pd ped ped el pd




IIpuioxenune E

SAITAYN

N3yuenne koMnboTepHO# rpacdbuKku HEBO3MOXKHO 6e3 ee MPAKTHIECKOro UCIONb30Ba-
HHA, [IO3TOMY 37€Ch NPHUBOMUTCA PAn 3a1ad U chenudukanuil nporpamMm. 3aaavud B
OCHOBHOM HAlpaBJjIeHbl Ha TO, YTOOBI MOATBEPAMTL HJIM PA3BUTH KOHIENIMM, Ipen-
CTABIIEHHBIE B TEKCTE, WM Ha TO, YTOOBI HAKONMHMTL OMNPEIENEHHBIA ONBIT paboThl B
COOTBETCTBHH C MpeanaraeMoii rexnonorue. Kax npasuiio, 3a/1a44 aKIEHTHPYIOT BHHU-
MaHHe Ha KAKHX-TO OTJENbHBIX KOHKPETHBIX aCTIEKTaX MATEPUANA. 3a1au MOT'YT Tpe-
6oBaTh, a MOryT M He TpebOBATH NPOrpPAMMHMPOBAHMS.

Crenudukanuu nmporpaMm pa3paboTaHbl He TONBLKO IS HILUTIOCTPAIMH KOHIENIHA
U TEXHOJIOrHi, IPeCTAaBJIEHHBIX B KHUre, HO TAKXKe YTOOBI epenarh HEKOTOPLLH OIBIT
CO3JAHHA JOCTATOYHO CJIOXKHBIX MpOrpaMm MaiuuHHON rpacduxu. Xopoumo peaju3o-
BaHHBbIE, OHH MOTYT COCTABHTH HHCTPYMEHTADHH MOJE3HEX rpaduuecKux MPOrpamm.
PesynnTaToM 3aKOHYEHHBIX MPOrPAMMHBIX POEKTOB ABJIAITCH NONE3HbIE IPOrpaM-
MBI OOIero Ha3Ha4YEeHHd.

OT0 npuioXKeHHe colepXkHUT 3amaur. Crenudukanuu NporpamMm IPHBOAATCH B
npuioxkenud F. 3agagn u cnenuduKanuH O6bLEIMHEHBI B COOTBETCTBHH C IJIABAMHU
KHHTH,

['JIABA 2

2-1. IToka3arh, UTo 3epKAJIbHOE OTPAXKEHHE B INIOCKOCTH OTHOCHTEIBHO OCH I, CJIe-
JAyoliee 3a 3ePKAJLHBIM OTPAXKEHHEM OTHOCHTENLHO NMpAMOR § = —Z, SKBHBAJICHTHO
MOJIHOMY MOBOPOTY BOKpYr TOYKH HA4YaJia KOODAMHAT.

2-2. JI1g naockoro NpAMOYTOIbHAKA, 33JaHHOrO KOOPAMHATHBIMA BEKTODAMH CBO-
ux Bepuud Py [1 1], P, [3 1], Ps [4 2], Py [2 3], onpeneluTh eIWHCTBEHHYIO
MaTpHny npeobpa3oBaHHd, KOTOpasd

1) 3epKaJbHO OTpazkaeT ero OTHOCHTENBHO Mpamoit ¢ = 0;
2) ocymectBaser napaynenbHbl NepeHOC Ha —1 B HANpPaBJIEHAAX & H Y5
3) ocyumecTBaser nosopoT Ha 180° OTHOCHTENBHO TOUKHM HAYAJIa KOODAMHAT.

Wcnonb3ys stu npeobpa3oBanus, ONpeIelIuTh HOBbIE KOOPJAMHATHEIE BEKTOPEI BEP-
IIAH OPSIMOYTOoJIbHHKA. IIOCTPOMTHL HCXOAHBI! H Mpeobpa3sOBaHHBIA MPAMOYTOJIbHHKH
Ha KaKOM-M60 rpacgmueckoM yCTPONCTBE.
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2-3. Ilokasarnb, uTo 2 X 2-MaTPHIA

1-—¢2 2

_ | 1+ 1+4+¢2
[Tl=| Ty 1l
1+¢2 1+1¢2

OCYHIECTBIIAET TOJIHBIA MOBOPOT.
2-4. Equnnyneii kBagpar npeobpasyerca 2 X 2-marpuueil. Pesynasrupyromue xo-
OpJMHATHBIE BEKTODBI:

oo NO
b WO

Haiite Marpuny npeobpa3oBaHHA.
2-5. [Mokazary, uto ans = = t2, y = t pe3yabLTaTOM Npeobpa3soBaHusa

0 -2 2
[z vy 1| -2 2 =2
1 0 1

ABIIAETCH MHOXECTBO TOYEK, 0Opa3yromuX AHHHYHYIO OKPYKHOCTD.

[JIABA 3

3-1. IToka3aTh, 4TO JAJd JOCTHXXEHHS HEKOTOPOro 3¢ dekTa npeobpazoBanusa obn-
€KTa NyTeM KOHKATEHAIIHM HEKOTODHIX MAaTpHI cjieBa Tpebyercd, 4Tobbl OHH ObuiH
IPUMEHUMBI B OOpATHOM TOPAJKE, KOLJA HCIONb3YeTCd KOHKATEHAUA CIIPaBa, T. €.

[Tr][Rz][Ry][Data] = [Data][Ry][Rz][TT],

rae [Data] — marpuna AaHHBIX i 06BHEKTA.

3-2. BriBecTH pe3synbTHPYIOILYI0 MAaTpHIy Npeobpa3oBaHuA ANd MEPEBOIa M, 1,
l B z, y, z COOTBETCTBEHHO; MOBOPOTA BOKPYT OCH ¥ HA YrONl (; NOBOPOT4, BOKPYT
OocH T Ha yron 6, ciemyromux 3a Npeobpa3oBaHHEM HEHTPAJIBLHOrO IEPCIEKTHBHOrO
MPOENMPOBAHUA Ha IIOCKOCTh 2 = (0, ¢ HEHTPOM IPOEKLIHMH Ha OCH 2 B TOUKe z = k.
Cpasauth pesynerar ¢ (3-63).

3-3. U3MenuTsh mopsAgoK BLIUIOIHEHHS NOBOPOTOB B 3a1a4e 3-2. CpaBHHTEL pe3yib-
TaTHI.

3-4. llna ky6a u3 npumepa 3-23 ONpPEIETHTL KOODJHHATHLIE BEKTOPHI NOCJE TIpe-
00pa3oBaHus, HCIOMB3YOMEro KOHKATEHAIMIO MATPHI] U3 330a49K 3-2pum = =n =
0, » =60°, 8 = 30° u k = 2.5. CpaBHHTb NOIY4YEHHBINH PE3YILTAT C IPHMEPOM 3-23
nociie NOCTpoenud 0o6OMX Pe3yIbTATOB PAJOM HA OJHOM JIHCTe rpagpuueckol Gymaru.

3-5. M3sMeHUTL MOpAOK BHIMOJIHEHHA MMOBOPOTOB B 3amaue 3-4. CpaBHHUTL momy-
YEHHBIH PE3yIBTAT ¢ PE3yTLTATOM 3a1a4d 3-4 u ¢ npumepom 3-23 NYTEM NOCTPOEHHA
3THX PE€3yNbLTATOB Ha OJHOM JIMCTE rpacpuueckoit Oymaru.
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3-6. [Tonyuuts Marpuuy npeobpasosanna pa3mepa 4 X 4 ana obbeKTa, 33IaHHOTO
KOOp,IIHHa.THbIMH BeKTOpa.MH

Pt e e e fd i e e e

NONDNOOMNNO
NNNNOONND-OO
_OOOONDNDNNDN

¢ anroputTMom coemunenusa (pasn. A-T)
C(J) = _1’ 2’ 3’ 4’ 5’ 1’ '“6’ 7’ 8’9’6, _1, 6’ _2, 7’ _5, 9’ _4, 10, 8, "‘10,3

[ BUJA M3 TOYKA HabmoneHus (MEHTP NpPOEKIMH), PacloNOXKeHHoH Ha 50 equHHI
npasee, 60 exuHUL BhiNle H BLLABHHYTOH Ha 150 enuuun BIEpe] OT HEHTPa OOBHEKTA.
ITomuuTe, 94TO MBI CMOTPHM B MEPCIEKTHBY.

3-7. IToBepHyTh Ky6 C OTCEYEHHBIM yriioM (3amada 3-6) Ha 30° OTHOCHTENBLHO OCH,
npoxozasumei depes Touku Pi[-3 -3 2u P[-3 -2 —2]. Onpenenuts npeobpa-
30BaHHbIE KOOPAHHATHBLIE BEKTOPLl. HapHCOBATL PE3y/IbTAT B HJUMETPHIECKOH MIPOEK-
muH ¢ Koadbuuuenrom uckaxenusa 0.625. Ob6a qTUMETPUYECKHUX YI7a BPAIIEHHs CUH-
TaTh INOJOXKHTEJIIbHBIMH.

3-8. Ilokasars, 4ro moOble KOMOMHAIMK NOMHBIX [TOBOPOTOB M/ MM Y€THOE YHCIIO
3epPKAJIBHBIX OTPaXKeHHil MOryT ObITh NTpeAcTaBieHbl He GoJlee 4eM TpeMs MOBOPOTAMH
BOKDPYT' KOODIOHUHATHBIX OCeM.

3-9. IIponomxuTsL aHanu3, NIpUBEIEHHEI B pa3z,. 3-20 nia ciydasi, KOrga BEKTOD
3pEHHd M3 NEHTPa NMPOEKNUH HE MEPHEHIHKYyIApeH [IJIOCKOCTH [IPOEKIHH,

TJIABA 4

4-1. ITony4YuTh OTHOIMIEHHE MEXKIY YHUCIOM TOYEK, PAAUYCOM M TOIEPAHTHOCTHIO
(TouHOCTHEO MPUOIMKEHHS ), B CIIy4ae KOLJa KPYT NPEeCTABIAETCA BIMCAHHBIM B HErO
MHOIOYroabHHKOM. TONepaHTHOCTL ONpENensaeTcs KaK Haubonbpliee pacCTOgHUE MEX-
Jy Oyroil M XOpHoH, coenuHAIOmENR JBE TOYKH MHOIOYIOJbLHHKA Ha BHEIIHEH OKPYX-
HOCTH.

4-2, Kpusasa Jlame onuceiBaerca $bopmyoi

n n
Ay St
&1 C2
Onpenenurs oBaJ, Npoxoaamui yepe3 Tpu Toukn P[0 6], P[5 5], P3[6 0]. Onpe-
JIeTTUTb TOYKH TepeceueHns OBajla H KPYra C PagHycoM 3 M IEHTPOM B TOuKe T = 6,
y = O
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4-3, BLIYHCIHTL paBHOE YHCJIO TOYEK Ha BHEIIHEH ayre 4eTBepTH Kpyra B mep-
BOM KBaJIpaHTe, HCMOJIb3ysa HemapaMeTPHYECKuil ABHO 3amaHHbIA (ypaBHeHue (4-1)),
napaMeTpHYECKHil TPHrOHOMeTpHIecKuil (ypaBHenue (4-2)) M napaMeTpHIecKuii de-
penyromuiics (ypasuenue (4-3)) anamu3. IIoCTpOMTE M CPaBHHTB Pe3yJILTATHL.

4-4. Tlonyuuts ypasHenue (4-13).

4-5, Paapaborats ¥ peann30BaTh AJIOPHTM JUId ONpeJesieHHd BEpIIMH napame-
TpHUeCKol nmapaboisl, 3a1aHHONH ypasHeHHeM 4-13.

4-6. JopaboTaTh MeTOX, NpeNJIOKEHHbIH B pa3f. 4-9, nid clydas Kpyra, Kacawo-
merocd 3aJaHHOM MPAMOH.

4-7. HopaboTaTh MeTON, PEAJIOXKEHHBIH B pa3a. 4-9, nya ciygas npaMmoit, Kacaro-
meifca Kpyra 3aJaHHOrO PalHyca C LEHTPOM B 33JaHHOH MO3HIMH.

4-8. MopaboTaTh METOX, MPENTIOKEHHBIH B pa3y. 4-9, 14 ciiydas OKpPYKHOCTH 3a-
JAHHOrO paJuyca, Kacawueica JBYyX OKPYXKHOCTeHl 33JlaHHOrO paJuyca C HeHTPaMH
B 3aJ1aHHbIX no3uuax. Hebompuiaa noackaska: cymecTByeT 16 BO3MOXKHBIX pelIeHHH.
ITocTpoenune AepeBa BO3MOXHbBIX BAPDHAHTOB DEIIEHHS 3aBHCHT OT PAJAMyCa KACATENIb-
HOH OKPYXXHOCTH M PACCTOAHHS MEXJY NBYMs 33JaHHBIMH OKDYXXHOCTSAMH.

4-9. HopaboraTh MeTox, NpPeIJIoKeHHBIX B pasfy. 4-9, nnd ciayuyas OKpyXKHOCTH
33JaHHOTO PAIHyCca, OJHOBPEMEHHO KACAIOUMIEHCH MPAMOM M OKPYKHOCTH 33JaHHOrO
paauyca ¢ ueHTpoM B 3aXaHHo# mo3unud. HeGonbmas moackaska: cymecTsyer 8 Bo3-
MOXKHBIX periendii. [IpaMas MOXKeT nepecekaTh UK HE MEPECEKATH OKPYXKHOCTD.

4-10. JopaboTarh MeTOJ, NPEAJOKEHHbIH B pa3n, 4-9, A4 ciiydada SJUIHIICA, C 3a-
JAHHBIME OOJIBIIOH M MaJIol MOMYOCAMH, KACAIOMIETOCA ABYX MEPECEKAIOUHXCH Mps-
Mbx. Kakaa nmononnutenbraa madopManusa mMoria 6el norpebosarbea?

4-11. Pemuts 33134 4-5-4-8, 3aMeHHB BCE OKPYXKHOCTH JLITHIICAMH C 33JaHHLIMH
OONMBIINMH M MaJILIMH TNONyocaMH. B KaxkmoMm ciiydae ompenenuTs, ecid 3T0 Heobxo-
JUMO, KaKas JONOMHATeNbHasd HHopManua Tpebyercs.

4-12. Kakolft THI KOHHYECKOTO CEKTOpA IPEICTABIEH KAXIbIM H3 CJIEAYIOLIHX
YpaBHEHHIA:

z? +y? + 42 — 2y = 10,
P+l t+zy—c+y=3,

z? —dzy + 4y% + 3z =6,

222 — y? + dzy + 22 — 3y =6,
z? —dzy + 3y + 5y =7,

22—yt =1

4-13. IIpeo6pa3oBaTh KaX0€ U3 ypaBHEHHMI 3a1a4K 4-12 K CTAHZAPTHOIH (opMe.
4-14. Ilokasate, uTo ypasBHeHHE (4-33) SKBHBAJIEHTHO CJIELYIOMIEMY:

Alx+m)®+B(y+n)(z+m)+Cly+n)>+ Fz +m) + Gy +n) + H = 0.

4-15. IToka3aTs, 4To cliemyrolIee KBaJPaTHOE YPABHEHHE ONpPenenseT napabousy, 1
HapHCOBATb CErMeHT MeXIy T = 1 u & = 3 474 Ymin:

1622 — 24zy + 9y* — 60z — 80y + 20 = 0.
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4-16. IlepBrlit KBaAPAHT €JUHHYHOrO KPyra NapaMeTpPHYEeCKH IPEJCTABIAETCA B
BHIOE
1=V 4+ (V2-2)t+1
T eV (-t 1
__ -V + VR
2=Vt 4 (V2-2)t+ 1

Onpenenuts 3Ha4enue ¥ ana ¢ = 0,5. YkazaHHe: HCNONL30BATh METOM, HTEPALUi U
cHavamna omnpenenuts t gna z = 0,5.

Y

['JIABA 5

5-1. CrenepupoBaTh NapaMeTPHIECKYIO KPHBYIO, OKA3AHHYIO HA pHC. 5-3.

5-2. 3anannl YeTbipe KoopauHATHBIX BekTopa P[0 0 0], P2[1 1 1], P3[2
—1 —1],P[3 0 0], onpenemuTs KyCOYHO HEMPEPHIBHLLH KyOHUECKHH CrlaiiH Kpu-
BOI, MPOXOAAIIE YePE3 HUX, HCIIONb3YH allMPOKCUMAINI0 xopaaMu a4 . Kacarens-
Hble BeKTOpH! Ha KoHmax: Pj[1 1 1]Jm Pj[1 1 1]. BoraucauTs 7 TOYeK KaXKIOro
cermeHTa cruiafina. CpaBHHTH pesdynsTar auas 7 = 1/3, 2/3 ¢ npumepom 5-2, aBymep-
HbIM aHAJIOrOM JAHHOM 3a7a4YM Ha IIOCKOCTH.

5-3. Ucnonp3ya KOOpAMHATHBIE BEKTODHI U3 IPUMEPA 5-2, BHIYUCIHTL H CPABHUTD
¢$opMBI KpHBOH 171d KyOHYECKOrO CIIIaiHA ANA KACATeNbHBIX BEKTOPOB B TOuKe Pj
ana P! [v/2cos,v/2sin 6] npu 8 = 0°,22.5°,45°,67.5°,90°, coxpausa P [1 1]. Cpas-
HHTb 3TH Pe3yJIbTATHI C MIOIy4aEMbIMH B CjIydae, Korga oba KacaTelbHbIX BEKTOPa —
nepemernnie P! [v/2cos8v/2sinf] u Pi[v/2 cos 6+/2sin §]. BameTum, 4TO BeTHIHHA Ka-
caTeIbHBIX BEKTOPOB NOCTOAHHA, H3MEHHETCA TONBKO MX HAllpaBIIEHHE.

5-4. Ucnonp3yda KOODOMHATHBIE BEKTOPHI U3 IPHMEPA, 5-2, BLIMHCINTh M CDABHUTh
¢opMbI KpHBOIT KyOHYECKOro crnafiHa 1S KACATeIbHbIX BEKTOPOB B ToYkKax P u P
mna Plla a] u Pla a] npu a = 1/4, 1/2, 1, 2, 4, 8. 3ameruM, 4TO HanpaslieHHE
KACATENbHbIX BEKTOPOB MOCTOAHHO, H3MEHAETCA TONBKO UX BEIHYHHA.

5-5. Ucnonp3ya KoopauHATHBIE BEKTOPHI U3 IPUMEPA 5-2, BHIYHCIHTL M CDABHUTD
¢OpMBI KPHBBLIX KyOHYeCcKoro CrulaiiHa IMpH ycJIOBHM He3akperuieHHoro Konna. Cpas-
HHThb PE3yJbTATHI C TEMH, KOTOpbIe OBLITH MOMy4YeHb! B 3a1a4€e 5-2 H B npuMepe 5-2.

5-6. 3amaHbl MATH KOOPIHHATHBIX BEKTOPOB HA MJIOCKOCTH

0 0
0.5 06
[Pl=| 1.0 1.0
1.5 08
1.0 0
IMonoxuB KacaTelbHBIE BEKTOPHI KOHIOB paBHbiMu Pj[1 1] m P3[0 - 1], onpene-

auth P(0.5) nna KaxXmoro W3 4eThIpeX CerMeHTOB KyOMdecKoro CIUIaifHa, HCIOab3yA
HOPMAJIM30BAHHYIO alllPOKCHMAIHIO, T. €. npuHsas 0 <t < 1.

5-7. IloBTOPHTH 3amauy 5-2, HCIONb3Ys HOPMAJIH3OBAHHYIO ANMPOKCHMAIHIO JUIA
tk, T.e. npunas t; = 1.0. CpaBHATH Pe3yabTAT ¢ Pe3yJbTATAMH, KOTOPbIE OBbLIH MOuny-
4eHBl B 3amaye 5-2, ¥ ¢ NPUMEpPOM 5-2, aHAJIOroM 3TOH 3aTadd AJf MJIOCKOCTH.
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5-8. OnpenenuTs Kybuueckuit cnnatn KpMBO# depe3 NATh KOOPAHHATHBIX BEKTO-
pos Pi[l w/4 0], P2[1 3w/4 1], P3[1 5m/4 2], P41 7rm/4 3, Bs[1 w/4 4],
rae KOMIIOHEHTHI KOOPAMHATHBIX BEKTOPOB 3a7aHbl B UIHHAPHYECKHX KOODJUHATAX,
r.e. Pj[r 6 z]. cnonp30BaTh yCIOBHA HE3AKPEIJIEHHOrO KOHNA.

5-9. BLIYucIuTh NapaboIHIecKd CMEIaHHY0 KPHBYIO, TPOXOAILYI0 Ye€Pe3 TOUKH,
JaHHBIE B 3ana4e 5-2. Mcnonp3oBaTh TEXHONOIHIO, OMKCAHHYO B a3z, 5-6. CpaBHUTD
pe3yJbTaThl C Pe3YIbTaTaMH 337a4M 5-2 M C MPUMEpoM 5-2.

5-10. Brisectu MaTpuuy [A] (cMm. pasencTso (5-60)) Ana napaboaHyYecKn CMemaH-
HOM KpHBO#, HCNOIL3yd JJIMHLL XOPJ KAK MAaKCHMAaJIbHbIE 3HAYEHUA [1APAMeTpOB, T. €.
nojaras

p(r)=[r* r 1][B], 0 <r <ds,
q(s)=[s* s 1][D], 0 <5 < doy,
c)=[t* ¢ ¢ 1]A]q], 0 <t < ds,

rze di2, d23, d34 — JymEbl Xopa ana Py Py, P2 P3, P3Py u di3 = di2+d23, d2g = daz +dsq.
3aMeTHM, YTO 3TO HE COBCEM TOYHO COOTBETCTBYET pesyabTaTy OBepxaysepa.

5-11. Brisectu pesyabtaT (OBepxay3epa, HCNONb3ys MATPHYHBIE METOObI M3
pasz. 5-7.

5-12. OnpenemuTs KpUBYO De3be, HCMonb3ysa KOOPAMHATHLIE BEKTOPLI, 33JaHHbIE
B rIpuMepe 5-2, KaK onpenejieHHe MHOrOyTrOIbHHKA. BHIYHCIHTD pe3yabTaT A CJIeny-
omux 3HadeHud napamerpos: 0, 1/3, 2/3, 1.

5-13. Brluncnuth KOOpOWHATHBIN BeKTOp Pz, 3amalomuil KacaTeNbHBI BEKTOD,
NPOXOAAIIMIA BIOJbL KPHUBOM, COENMHAONIEH JBa cerMenTa KpuBol Be3ne, unaue onpe-
nenseMeix kak P[0 0 0], Po[2 2 —2|,A4[4 0 0lu@Qi4 0 0,Q2[6 -2 1],
Qs[8 -3 2], Q410 0 1]

5-14. Ina nosepxHOCTH Be3be, 3a1aHHON BEPIIMHAMHE MHOTOYTIOJIbHUKA H3 [IPHME-
pa 5-7, HAUTH ONpelendolIide BEPIIHHbI MHOIOYTOJIbHUKA, TPeOyeMble i1 reHepalHu
NOBEPXHOCTH De3be 1mecToro nopsAaka, SKBHBAJEHTHOH IMOBEPXHOCTH Y€TBEPTOro Io-
pAnka u3 npumepa 5-7. Ilopamok HapamusaTh MoCIE€IOBATEILHBIMHA LIATAMH.

5-15. HaliTu onpenendronine BEPIIMHB MHOTOYTOIbHHUKA, KOTOPbIE pa30HBaOT M10-
BEPXHOCTL Deswe, onpeneneHHyo B mpuMmepe 5-7, HA ABe KyOHYeCKHe MOBEPXHOCTH
Besse.

5-16. IIpuMeHHTE MOMAroBO TEXHONOIHIO PA36HEHU A K TIOBEPXHOCTH Besbe 1 onpe-
OENAIONHMM ee BEePIIHHAM MHOIOYTOJIbHUKA H3 IIPUMEPA 5-7 U [M0KA3aTh HA 3TOM IPH-
Mepe, 4TO ONPEAEHAUMA MHOrOyTrOIbHUK U ITOBEPXHOCTh CXOAATCA.

5-17. Ilosropute npumep 5-11 s ysmosoro sekropa [0 0 0 2 2 3 3 3|
Pesynprar nokasan Ha puc. 5-38e¢. CpaBHHTBL 3TOT pe3yJibTAT C mpuMepoM 5-11 u ¢
puc. 5-38d.

5-18. OnpegenuTs anrebpandeckue OTHOMEHNS Nig GYHKIMH HEOTHOPOIHOro Ha-
3MCa, MONYYEHHOro ¢ MOMOIIBI y310Bbix BekTopoB [0 0 0 0.4 26 3 3 3|
0 0 0 1.8 22 3 3 3] Pe3synsTaTsl noKa3aHbl Ha puc, 5-38b u ¢. CpaBHUTEH
3TU pe3yNbTaTH! ¢ pucynkamu 5-38d u 5-38e,

5-19. IIpoummocTpupoBaTh 3aBHCHMOCTE 6a3HCHBIX byHKuMH KpHBBIX B-cninaiina
YE€TBEPTOrO H IATOr0 NOPAIKOB, ONPEAEIIEHHBIX MEeCThIO BEpIIMHAMH MHOI'OYI'OJIbHHKA..
HcnonbaoBaTh TEXHOMOTHIO, NMONOOGHYIO paccMOTperHOH B pash. 5-9.
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5-20. Onpegenury B-cnnalin KpHBO# 4e€TBEPTOro NOpAAKA, HCIIOIb3YA KOOPAHHAT-
HBI€ BEKTOPBI IpUMEpPa 5-2 KAK ONpeneaioluil MHOTOYrolbHHK, CPaBHATL Pe3yJIbTaT
¢ noBepxHOCTLIO Besnbe, momyuenno#t B 3amage 5-12.

5-21. Omnpenemuts B-crnmaliH KPHBOA TpEThEro MOpALKA, MCIONb3Yd KOOPAHHAT-
Hble BEKTOpa NpuMepa 5-2 Kak onpenensaroniuii MmaoroyroibHuk. Menonb3osats napa-
MeTpHdeckue 3rauvenmsa 0, 1/2, 1, 3/2, 2.

5-22. /Ina onpenensioniero MEHOroyroJibHiKa, 3aaHHOrO B puMepe 5-13, ompee-
JIUTh TCEBIOBEPIINHBI, HEOOXOJUMbIEe I COBMNAJEHHH KOHEYHBIX TOYEK MEPHOAMUE-
ckoro B-cnnaitna ¢ By u By coorBercreenno. CpaBHHTHL Pe3yJILTAT C PHC. 5-54,

5-23. JIna onpenendrouero MEOroyroJbHAKA U3 IPHMEPa 5-13 onpenenuTs rcesao-
BEpIIMHBI, HEOGXOAUMBIE, YTOOH! CIeNaTh KaCaTeabHble BEKTOPHI KOHIIOB KPHBOH pas-
HpivH [—1 1]m [l —1] cooTBeTCTBEHHO. BEIMHCANTE TaKKe HAYAIBHYIO K KOHETHYO
TOYKH KpuBOi. Pe3aynapTaThl CpaBHHTH C pHC. 5-54.

5-24. Vcnonb3ys annpOKCHMAIMIO XOpAaMH, o6cyaaBIlyoca B pa3y,. 5-9, Halitu
OTKpBITHIA B-crnaiin moBEpXHOCTH 4ETBEPTOro MOPAAKA JJId ONpPENeNAoiero MHOIO-
YrONbHHKA, 3a0aHHOr0 B npuMepe 5-14. CpaBHUTHL PE3YALTAT C ITpuMepoM 5-14.

5-25. Mcnonb3ya anmpoKCHMAaLHMIo XOpJaMH, oOCYyKaaBIIyocsa B pasf. 5-9, Hail-
TH nepuogudecKuit B-cniailH MOBEPXHOCTH TPETHLErO MOPAAKA IJA ONPENENAIOmEero
MHOrOYTOJIbHHKA, 33JaHHOrO B mpuMepe 5-14, CpaBHUTH pe3yanTaT ¢ MpuMepoM 5-14.,

5-26. Hcronb3ya annpoKCHMAIMIO XOpAaMH, oOCyKIaBIIYIOCH B pa3nd. 5-9, Hal-
TH nepuoguieckuit B-crntaiiH moBEpXHOCTH Y€TBEPTOrO MOPANKA AJid ONPENeNdIomero
MHOTOYTOJIbHHKA, 33JaHHOr0 B IpuMepe 5-14. CpaBHHTHL pe3yJbTaT ¢ IpUMEpoM 5-14
H pe3ysIbTaTOM 3a1auu 95-24.

5-27. IlokazaTh, 4TO ABe KpHUBblE B-cniaiiHa, 3aJaHHBIE B mpuMmepe 5-18 Bepmiu-
Hamu MHoroyrombruka Bi[0 0], Ba[l 1], B3[2 1], B4[3 0] ¢ anbrepHATHBHBIMH
y3noBbIMH BekTopamu [X'|=[0 0 0 1 2 2 2u[X]=[0 0 0 2 4 4 4],
HIEHTHYHEL YKA3aHHE: BRIYHCIIMTE YHCJIO TOYeK Ha nepsoft kpusoit 0 < ¢ < 2 u Ha
Bropo# Kpusoit 0 < ¢t = 2t' < 4 u cpaBHHTE Pe3yJIbTATHL

5-28. ITokazaTe, 9uTo KpHuBble B-crnafina pasbuenud u3 npuMepa 5-18 takue xe,
KAK M MCXOJHadA KPHMBadA. YKA3aHHME: BLIYHCIIUTE HECKOIBLKO TOYEK JBYX KPHUBHIX H I0-
CTpPOiiTe MX HAa TakoM XKe IIKaJe.

5-29. IToka3aTh, 4TO KpHBble B-crmaitHa pasbueHnsa u3 npumepa 5-19 Takue Xxe,
KaK H HCXOJHad KpHBad. yKa.Ba.HHeZ BbIYHCIATE HECKOJIBKO TOYEK JBYX KPHBbBIX H no-
CTPOMTE MX HA TAKOH XK€ IIKAJe.

5-30. Iloka3aTh, 4TO €cyiM Mocjie pa3bHeHHsa MCXONHON KPHBOH M3 mpuMmepa 5-19
HOBYIO BEpPIIMHY MHOTOYyTOJILHMKA C3 NEPEMECTHTHL B Mo3unuio Bepmuuel Ca, TO pe-
3yILTUPYIOAA TIOBEPXHOCTL ByIeT uMeTh yrioByw ¢dopmy B Touke Ca = Cs.

5-31. JIna nydmero nOHUMAaHUA CyUIHOCTH (DYHKIHHM OUEHKH BEKTODa, TAKOH, KaK
P(t) = [z(t) y(t)], nocTpouts rpacduku bynxuui z(t) ot t, y(t) or t my(t) or () Ana
B-crunafina kpuBoji 9eTseproro nopsaka (k = 4), onpenenenno#t By[0 0], B2[2 2],
B3[4 2], B4[6 0] ¢ orkpeiTiM y3moBbiM BekTopoM [0 0 0 0 1 1 1 1]. Pe
IIHTH 3Ty e 3amady Aia B-crnmaitia kpuBo# TpeTbero nopsanka (k = 3) ¢ OTKPBHITHIM
y3noBeiM BekTOpoM [0 0 0 1 2 2 2]

5-32. BriBeCTH aHATMTHYECKOE BBIPAXKEHHE JJI BTOPOH IMPOM3BOIHOM BAOIL KPH-
BOM paumonanbHOro B-cnaitaa. Ouenuts pesynsrar gna t =0ut =n+k — 2.
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5-33. CreHepHpOoBaTh KpHBbIE DAalMOHANLHOrO B-cnnafiHa miid onpenensromux
BepmuH MHoroyrompMka Bi[0 0], B[l 2], B3[2.5 0], B42.5 0], Bs[2.5 0],
Bs[4 2], B7[5 O], mpu [H)=[1 1 hs hy hs 1 1] ana ssavenuit hy = hy =
hs = 0,0.25,1,5. CpaBHUTH pe3yabTaThl ¢ pHC. 5-66.

5-34. Paccmorpers npumep 5-20 npu k = 4.

5-35. HaiiTa nepBy0 ¥ BTOPYIO mpou3BoaHble mpu ¢t = 0 u ¢ = 3 ana onpenens-
JOLIEr0 MHOrOyrofibHHKAa u3 mpumepa 5-20.

5-36. HaiiTu nepsy ¥ BTOPYO mpou3sofHble npu t = Q0u ¢t = 2 gna k = 4 gna
ONpeneNAmero MHOrOyroJIbHIKA 3 IpuMepa 5-20.

5-37. CrenepHpoBaTh TOP KAK MOBEPXHOCTH PAIMOHAJILHOrO B-crnutaitHa, monyden-
HYI BPAllleHHEM OKPYXKHOCTH paguyca 1 ¢ ueHTpoM B TOuke £ = 5, z = 1 oTHocH-
TeNBHO ocH 2 (pHuc. 6-58).

5-38. CrenepupoBarb cdepy paauyca 1 KAk HOBEPXHOCTh PAaIlHOHAJIBLHOrO B-
CIUTAiHA, IOJNyYEHHYI0 BpAUIeHHEM MOMYOKPYXKHOCTH pasuyca 1 ¢ meHTpoM B TOYKe
z = 0, z = 1 orHocurensHO ocH z (puc. 6-59).

T['JIABA 6

6-1. CreHepupoBaTh NOBEPXHOCTH, TOKA3aHHEIE HA pHC. 6-6.

6-2. CreHepHpoOBaTh IIOBEPXHOCTH BPAalleHUd JAJis KPUBBIX, BLIMHCICHHBIX B 3373~
yax 5-6 u 5-9.

6-3. CreHepupoOBaTh «KDYXKY», IOKA3aHHYIO Ha pHc. 6-10.

6-4. Tob6aBUTh TOUKY K «KDYXKe», IOKa3aHHOM Ha pHc. 6-10, ncnonn3ys u3oray-
TYH IOBEPXHOCTb.

6-5. CrenepupoBaTh H30rHYTYIO MOBEPXHOCTH, TOKA3aHHYIO HAa pHUC. 6-16.

6-6. OnpenenuTh THIO KBAIPATHYHOM IOBEPXHOCTH, 3aJAHHOM KAaXKIbIM M3 ITHX
YPaBHEHHIA:

2e2 —2yz + 222 — 22y —c —2y+32-2=0,

2+ 22+ 2y + 222 —2yz -2z +4y—4 =0,

22 +4Y? 4 22 —dyz — 1220 + 24cy + 42 + 16y — 262 — 3 = 0,
42 + P + 2% — 4zy 4+ 62+ 8 =0,

4y® +42° + 4oy — 2z — 14y — 222+ 33 =0.

6-7. Hcnonw3ya nmapaMeTpHdecKoe PEACTABICHHE, CreHEpHPOBATh HIepbomnye-
cKuit mapabonous,

6-8. HapucoBarp NOBEPXHOCTH, COCTABJIAINIHE OTJENbHBIE KOMIOHEHTHI, T.€.
Q(u,v,7), Q(u,v,y), Q(u,v, 2) (puc. 6-24) u nonHy*O MOBEPXHOCTD Q(T, Y, 2) ANA TOY-
KH, NPAMOHA H IJIOCKOCTH.

6-9. lna nureituaToN NMOBEpXHOCTH ¢ pebpaMy B BHe KPUBHIX, 33JaHHBIX KAK

2=0, y=025cos(2rz), 0<z <1,
z=1, y=025s8in(2rz), 0<z<1,

OIIPe/IENUThL NIOBEPXHOCTH B TOUKe (X(0.5,0.5).
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6-10. ITocTpours GHIMHEHHYO IOBEPXHOCTD, COOTBETCTBYIOILYIO YETHIPEM TOUKAM
P(0,0) =[0.25 0], P(1,0) =[0.75 0], P(0,1) =[0.75 0.9], P(0,0) =[0.25 0.8].

6-11. IMocrpours GHIMHEHHYIO NOBEPXHOCTb, KOTOpasd COOTBETCTBYET YETHIpEM
TOYKaM, OlpenedeMbIM TPOTHBOIOJIOXKHBIMH KOHIIAMH JHAMETPOB JBYX €THHHYHBIX
OKPYXHOCTEH, JIEXKAINTHX HA MapaJIeNIbHAIX MIOCKOCTAX, OTCTOAUHX JAPYr OT Apyra
Ha eJMHHIYy M moBopaduBaeMbx Ha 180° ¢ mHTepBasioM 15°.

6-12. CrenepupoBaTh IOJHYI) JHMHEHYATYIO IIOBEPXHOCTH, IOKA3AHHYI) HA DHC.
6-28 n obcyxpasmyroca B npumepe 6-10. dBnderca mu Takas HOBepXHOCTH pasBep-
HyTOMH?

6-13. CrenepupoBaTrh NOIHYIO JMHEHYIATYIO IOBEPXHOCTh, ITOKA3AHHYI0 Ha, PHC.
6-30 u obcyxamasmyioca B npumepe 6-12. Ilokasarh, 4T0 yriopas 9acTh 3TOH IOBEpX-
HOCTH Da3BEpPHYTA.

6-14. IlokasaTh Ha IpAMepE, YTO IIOCKAs OHKyOudeckas nosepxHocTh KyHca mo-
JIy4aeTcd B TOM CJIydae, KOrJja KOOPAMHATHEIE, KACATEIbHbIE BEKTOPH! H BEKTOPH Bpa-
HIEHHA JIeJKAT B OJHOM IJIOCKOCTH.

6-15. Haiiru marpuny [P], koTopas 3anaeT KYCOK MIMHIPHYIECKO# GUKyOHuIecKol
nosepxuoctd KyHca.

6-16. Haiitu maTpuny [P], KoTopas 3amaer Kycok obueit 6ukyOudeckoit noBepx-
HOcTH KyHCa.

6-17. OmnpenenuTh TOYKY HA MOBEPXHOCTH ¢ KoopJguHaraMH u = w = 0.5 gua
GukyGHueckoit moBepxHOCTH KyHCa €O CllefylOmmMH KOODAMHATHBIMU BEKTOPAMH:
P(0,0) = [-100 0 100], P(0,1) =[100 —100 100], P(1,1)=[-100 0 —100],
P(1,0) = [-100 —100 - 100], u-kacarenvHsie BekTopa P10(0,0) = [10 10 0],
PY@©0,1) =[-1 -1 0], PY°(,1) =[-1 1 0], P1°(1,0) =1 -1 0], w-
kacarenpHBle Bektopet PO1(0,0) = [0 -~ 10 - 10}, P%1(0,1) = [0 1 - 1],
P%(1,1) = [0 1 1], P%(1,0) = [0 1 1], u BexTOpH Bpamenua P11(0,0) =
[0 o 0], P"(0,1)=[01 01 0.1],P(1,1)=[0 0 0], P"!(1,0)=[-01 -
0.1 —0.1]. CucreMaTHuecKH U3MEHHTL BEKTOPHI BPALEHH M KACATEJIbHbIE BEKTODHI
M CPDABHHUTbL PEe3yJILTATHI.

6-18. [IpomomxuTh aHAJIN3 NapaboNHIeCKH CMEIIaHHON KPHBOii HA ciiydait napabo-
JIMYeCKON CMemaHHo# moBepxHOcTH [5-10]. YKa3aHue: HCIIONB30BATH MAPAGOTHIECKH
CMeILlaHHbIe KpUBHIE JJIF YeThIpEX F'PAHHYHBIX KDHBBIX U CTHJIbL 33/TaHUd JIMHEHHOH 1Mo~
BepxHOCTH KyHCa cO cMemannbMu byrKmamu, 3anannbpiMu kak Fi () = 1—3t2 +2t2,
F>(t) = 3t% — 2t3. BaMernM, 4TO pe3yAbTHPYIOLIAA IOBEDXHOCTb KOHTPOIHPYETCs e~
THIPbMS YI'JIOBHIMH TOYKAMH M JBYMH IIPHCOENUHEHHBIMH BEKTOPAMH B KOHIAX rpa-
HHAYHBIX KPHBBIX. UTO fIBJIAETCA NPOJOIKEHMEM OTAeNbHBIX KyckoB? Kakoit mopamok
IPOJOIKEHUA MOXKET MOAJIEPKUBATLCA Yepe3 rpaHunsl Kyckos? Kakoso npogomkenue
BIIHSHUSA TEpeMelleHHd eIUHCTBEHHON TOYKHU ITOBEDPXHOCTH, IIOCTPOSHHOM M3 MHOXKE-
CTBA KYCKOB? .

6-19. [Tokasars ana 6uky6uueckoit mopepxHocTH Besbe 4 X 4, yto pna u = w =0

Quw(0,0) = 9[(B1,1 — Boa) — (B1,0 — Boy)]-

CpaBHHTL pe3ynbrar ¢ ypaBHeHHeM (6-60).
6-20. Haitru (4 X 4) onpenensomue BepLIMHBI IPIMOyroabHOR cerku Besne, KO-
TOPBIE 3aMal0T KycOK BGHKybHueckoit noBepxaoctn KyHca u3 npumepa 6-13.
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6-21. CrenepupoBaTh noBepxuocTh be3be u3 npumepa 6-14, ne ucnonb3ysa Mar-
PpHYHBIX MeTOIOB.

6-22. IToka3aTh, 94TO nu runepbonmueckuil mapabonous, Hu TapabOTHIECKHUH JIUCT
He FBJIAITCHA PAa3BEPTHIBAMIMMECSA TOBEPXHOCTAMH.

6-23. JIna nosepxsocTu u3 npumepa 6-12 nokasars, 4ro Kpusu3na aycca pasna
HYJIO IJ18 IIOCKON OBG/IACTH M IOTOXKUTENbHA B OCTAIbHOM obIacTh.

6-24. OupenenuTs Kpusu3dny laycca npu u = w = 0.5 gy1g noBepxaocTu u3 npu-
Mepa 6-14, mokazannoit na puc. 6-39a—d. CpaBauTh pE3yIbTATHL

6-25. CrenepupoBaTh 3aKPBITHIE IEPHOAMYECKHE OBEPXHOCTH B-crnmaiina, moka-
3aHEBIE HA puc. 6-46.

6-26. CrenepupoBaTh KOMOMHHDOBAHHYK OTKPBITYIO B NEPHOJHYECKYIO IOBEDPX-
HOCTh B-cnnaitna, nokasannymo nHa puc. 6-47.

6-27. CrenepupOBaTh 3AKPBITYO IEPHOAHYECKYIO TOPOMIAIBHYIO IOBEPXHOCThL B-
CIUIafina, MOKA3aHHYIO Ha puc. 6-48.

6-28. Paccumtare moBepxuocTh B-crimafina 4eTBepTOro mopaaxa JJIs Onpeaeisio-
miei npAMOYronbHOU ceTKm 4 X 5, 3aJaHHOH TaK:

B;1[0 0 100) By,[25 0 150]  B;34[50 0 100]
By1[75 0 50] Bs1[100 0 100]
By 5[0 33 150] B22[25 33 200] Bs2[50 33 100]
By2[75 33 50]  Bs»[100 33 50]
B, 3[0 66 50] By3[25 66 25  B33[50 66 100]
By3[75 66 150] Bs3[100 66 150]
B 4[0 100 100] B4[25 100 50] Bs34[50 100 100]
By 4[75 100 150] Bs4[100 100 100]

OnpenenuTh BHIYHCIEHHEM BPYYHYI) TOYKY B LEHTPE NAPAMETPHYECKOM CETKH Io-
Bepxuoctu 11 x 15.

Hanucates mporpaMMy 11 BbIYmC/IEHHS OBYX JHArOHAIBHBLIX IapaMETPHIECKUX
opaMbix u = 2w u u = 2(1 — w). CocraButh cumucok Touek or (0, 0) mo (2, 1) ana
u=2wmnor (0,1) 10 (2,0) pna u = 2(1 —w). CocTaButh crmcox 3unadenuit 15u u 11w.

BreruuciuTh u u306pasuTh NapaMeTprYecKyo nosepxsocTsb 11 x 15. Ucnonn3osaTh
nojaxoAsuiee 3puTelbuOE Npeobpa3’oBanme. YKA3aHWE: BBIBECTH PE3YJIbTATHI B paiii
B CTangapTHOM rpacdmudeckoM dopmare (.sgf) wim B CTaHJAPTHOM IOMHIOHAJILHOM
dopmare (.spf) u mcnonn3oBaTh TpexMmepubie Ipeobpa3oBanus, pa3pabaTEIBAEMBbIE B
cnemudukanuu 3-1 114 u300paXkenud MOBEPXHOCTH.



ITpuinoxenune F

CHELNOUKAITUU
[IPOI'PAMM

Crenuduranuu mporpaMM pa3paboTanbl HE TONBKO JJId MOACHEHMS KOHIENIHIT
METOMOB, NPEACTABIEHHBIX B KHHArE, HO TAKXKE JJIA IePeauyn HEKOTOPOro OIBITA, CO3-
JaHug JOCTATOYHO CIOMKHBIX IPOrPaMM MamuHHOM rpaduku. XOpouo BLIIONHEHHLIE,
OHH MOIYT COCTABHTh HHCTPYMEHTApuil mone3ubix rpadudeckux nporpamm. 3aKos-
YeHHBbIE IIPOrpPaMMHBIE TIPOEKTHI AT B PE3yIbTaTe IOJNE3Hble IPOrpaMmbl OBLIEro
na3uadenusa. CrenuduKanuu CrpyIIapPOBAHbI 110 ITIABAM KHUIH.

Ocobenno pekomenmyrorcsa ase u3 3Tux cnenudukamymit. [lepBas —3To mayunas
nporpamma 4epuenus (cnenuduraiua 2-4). Hamucanne xopolueil nay4noil mporpam-
MBI 4YepY€Hus — HETPHUBHAJIbHAA 3aJ3a4a, OOHAKO OHA BIIOIHE JOCTYNHA CTYACHTAM
CTapIiuX KypCOB M MUIUIOMHHKAM. Ee MOXXHO DEKOMEHIOBATh B KA4eCTBE OJHOTO 3
ZBYX KYDCOBBIX IPDOEKTOB [[7Isl CTYAEHTOB BBIMYCKHBIX KYPCOB (APYTEM IIPOEKTOM MO-
KeT ObITh Tpexmepurlit Manunynarop (cnermuduranus 3-1)). CTyaenTe! cTapIIuX Kyp-
COB MOT'YT BBIIOMHHUTH ITON0OHYI0 Pa3pabOTKy MIPHMEPHO B TEUEHHE TPEX HEOENb.

Bropasa cnenuduramus —3T0 TpexMmepublt MaHHOyIATOp (cnemudukauma 3-1).
TpexmepHblil MAHUNYAATOD MO3BOJAeT m300PA’KATh U COBEPIIATH Pa3/IMYHbIE NPE-
obpa3oBanus (Bpalienue, HepeMelienue, MaclITAbHPOBaHKE, IPOCHUPOBAHME H T.X.)
HAJl TpexMepubiMu OObekTaMu. TpexMepHblil MAHUIIYIATOD 3HAYATENILHO obnerdaer
33134y Bu3yanm3anuu o0beKToB. KpoMe TOro, om yiydmaer BO3MOMXKHOCTH BU3YAJIH-
3amMu B Tpex u3Mepennax. B JoBepienne BCEro, on mosiesen Anis Jy4dilero YCBOEHHS
MaTepuasia 10 TPEXMEPHBIM KPUBbIM M OBEPXHOCTAM (ra1. 5 u 6). JIna cryaenTos crap-
KX KyPCOB OH MOXKET CIYXXHTh BTOPbIM M3 ABYX KYPCOBBIX IIPOEKTOB. JJulmoMHHEK
JOTKEH CIPABUTLCA C ITOH PaboToit B T€Uenue NMPpUMEpPHO TPEX HENENb.

IIpu mpoeKTupoBamuu M peau3alluu ITHX IIPOrpaMm ocoboe BHUMAHHE NOTKHO
YAEIAThCH KOHIENIHMAM CTPYKTYPHOr'O IPOrPaMMUPOBAHKA B OCOOEHHO MOAYMAPH3a-
nuu nporpamm. Kaxnas u3 npeaioxennbx crnenmdukanuit JOCTATOYHO ACHO Pacia-
JAeTCA HA yMepeHHOe KONHYeCTBO rpaduyecKux MHCTpyMEHTAIbHEIX Moxyieil. Ha-
npuMep, 6OILMIMACTBO rpadUYeCcKuX MHCTPYMEHTOB AJIA TPEXMEPHOrO MAHHIIYIATO-
pa Jaubl B BuAE ICeBIOKONA B mpmiaoxkenuu G. fI3bIK peanmm3aium mecymectsen. K
HACTOAIIEMY BpeMenu BCe Crelu(pUKAIMA PEaTu30Banbl CTYAEHTAMH HA PA3JHYHBIX
BBIYHCIHTENLHLIX MAIIMHAX M PA3IHYHBIX A3BIKAX IPOrPAMMHPOBAHHS.

HeobxonuMa xopomas nokymenTtanud. [IpuMep xopoilero JOKyMeHTHPYOLIEro 3a-
rolIoBKa noka3an B Tabi. F-1. HeoGxomumMo Takxke noapobuoe JOKYMEHTHPOBAHUE BHY-
TPpH TIIPOrpaMMBbl.
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Tabauua F-1  3aronoBox JOKyMeHTAIMH
IPOrPaMMBI

HM4:

IIPOrPaMMHUCT:

JaTa:

HCTOPDHS:

Ha3HAYEHUE:

MeTol:

cucTeMa:

A3BIK:

BRI3BIBaEMble II0ATIPOrPaMMEL:
aiib BBoIA:

KOMaHJa KOMITHIATOPa:
KOMaHJa KOMITOHOBIIHKA:
apryMeHTH BEI30Ba:
CIBCOK TIepeMeHHBIX:

Tax kak pag cruenudukanuil 3aayMas aiad paboThl B MHTEDAKTHBHOM peXXHMe,
YMeCTHO CKA3aTh HECKOJIBLKO CJ10B 00 uaTepeiice nonb3oBaTend. B rpaduyeckoi cpe-
e, He PAcCYMTAHHOU HA PAbOTy B peasibHOM BPeMeHH, B KaUeCTBe MHTEeDPAKTHBHOrO
ycTpoicTBA Hanbollee YaCTO MCHONB3YyeTcA O6bIdHAA aindaBUTHO- [UPPOBasA KIaBHAa-
Typa. s Tako# cpeApl IPOCTHIM B H3ydeHHH, OBICTPLIM u 3 eKTHBHEIM dBJIAeTCA
XOpOoIIo paspaboranublilt unTepdeic KIaBHATYDHL.

Ecnu ne Tpebyerca cnenududecKuil 9uciioBoit BBOA, uHTepdeic KIaBuaTyphl Ipu-
HUMAaeT IJd BBOJA OykBennble cJioBa. 1lucdpoBule crimckm OTBETOB HempueMIIeMBbl
BCJIeICTBHe TOTO, YTO MOIL30BATeNh MBICJIUT B TepMHUHAX CJIOB u $pa3, a ae 1 POBHIX
3NeMenTOB miu CIIuCKOB. HanpuMep, eciin XKetaeMoe JeCTBHe — 3TO MIOBOPOT O0LEeKTa,
TO IOJIL30BaTEb AyMaeT O IIOBOPOTe, & He 00 3IeMeHTe 3 M3 CIHCKA ONIMIM.

Haneko me BCe MONB30BaTelm XOPOLIO IeYATAIOT HA MalmakKe. IIo3ToMy dmcio
CHMBOJIOB, HeODXOQuMOe I BBOJA KOMAHIbI, AOIKHO OBITH CBelleHO K MHHHMYMY.
OmHako Te, KOTOPble XOPOIIO MeYaTAIOT, He JOMKHBI ObIThH MOCTABIenbl B Heyao6GHOE
NOJIOKeHHUe, Pa3/ipaXKeHbl HCIOIbL30BAHMEM CTPAHHBIX MOCJIEJOBATEILHOCTEH CHMBO-
710B. OHO U3 BO3MOXHKIX PellleHuid COCTOMT B TOM, YTOGBLI JOMYCTUTD IOIHOE CIIOBO
B KaveCTBe BBOJA M 3aTeM yCedb er'0 JO MUHHMAJLHOI'O KOMm4eCTBA CHMMBOIIOB, He0b-
XO[IUMOTO [JIl YHUKAJIBHOTO OnpeJelennd KoManael. Hanpumep komaunga rotate (mo-
BOpOT) yCeKaeTCd O 1epBbIX IBYX CHMBOJIOB, T. €. TO. ,I[onyCTnMOe yCedeHnue, KOTOpOe
JaeT YHHKAJILHYIO MOCJIeJOBATENLHOCTh CHMBOJIOB, BhlAeNdeTCd CKOOKAME, HAITPAMe]
(ro)tate. Yucsennnlit BBOA, HOMXKeH JOMYCKAThCH B cBOGoAHOM dopMare. Hampumep, B
9HCIaxX ¢ [IJIaBAIOUIed TOYKOHR He OOSI3aTENIbHO MPUCYTCTBHE AECATHYHOM TOUKH, T.e€.
gucnia 30 u 30. 3KBUBAJIEHTHBL

CnenoBano 6u1 0becriednTh KOMaHIHOE MeHIO. BasKHBIl BOIPOC — KaK M KO3 OHO
nonxepxmuBaerca. Ero ciegoBano Gbl BRICBeUMBATH OAMH PA3 IPH HHUIUHPOBAHHK
BLINOIIHeHUA NPOrpaMMbl u 3aTeM 1O 3anpocy. HemenecooOpa3Ho BHICBeYHBATHL Me-
HIO 1I0CJle TIpueMa KasKJOH OdYepeJHOH KOMAH/bI, TAK KAK 3TO PA3JpParkaeT u K TOMY
XKe IIOrmomaeT MHOro BpeMenum. I[lome3no, 4ToGbl KOMAaHOHOe MEHIO IIOJHOCTHIO IIO-
MemaJsock Ha 3Kpane. Ha KasKIoM ypoBHe IporpaMmel, oOpabaTeIBatollieit KOMaHIbL,
JOIXHO OBITH 0GeCIie1eHO COOTBETCTByOllee KOMaHTHOe MeHIO. TpebyeTcs, 4Tobbl Jis
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BbICBeYHBAHUSA KOMAHJHOIO MeHIO HCIIOJIB30BAJIACh eJUHCTBeHHAA KOMaHAHASA CTPOKA.
Takas KoMangHAA CTPOKA COCTOMT M3 eAMHCTBEHHOIO CJIOBA mwiu CumBona. Hanpumep
«?» umu «Option?s umum «Command?».

CymecTByeT CTONBKO e COCOGOB 3ampoca KOMAH/HOTO MeHIO WM MeHIO (3Kpa-
HA) TIOMOIIH, CKOJIBKO CynieCTByeT mporpamMuctos. Hanpumep, Moxxuo Habpars h umu
help wiru ? wiu 7?7 winu BCe, uTO yromuo. Ilonbop momxonsuie#t KOMaHABI YACTO OKa-
3bIBAETCA JOBOJLHO MHTEPECHBIM 3aHATHeM. IIpOCTOe pellleHue — NPUHUMATH J060I
u3 3THX 3alPOCOB MWK BO3BPAIIATH MPOCTOH carriage (CHMBOM BO3BPATa KADETKH).
WNucrpymentapuit npoct. Eciiu nnpu pasbope KOManaHOro BBOAA He OOHADPYKHBaeTcCs
JOIYCTEMOMR KOMAH/bI, TO BEICBEYHBAETCH MOAXOAANLIee JJId 3TOrO YPOBHA KOMaHIHOe
MeHIO (9KPaH IOJCKA3KH).

Ilpu ucmonb30BaHMEM KOHIEIMH, HA3BIBAEMOM «KOMAHIHBIA CTeK», 3¢ eKTun-
HOCTb mHTep(eilca 3HAIUTeIbHO BO3pacTaeT. Jlydile Bcero ee CMBICH IPOACHAeTCA u3
nprMepa. B cnenndukauun TpexMepHOro ManmnyaaTopa (cuenudukanuda 3-1) Koman-
Jla TI0BOPOTA 3aIIPAIlKBaeT ONUCAaHKe OCH IOBOPOTA (OCh T, ¥, 2 WK IIPOU3BOIbHAA) U
yriia IoBOpoOTa B rpajycax. IIponeccop KOMaHa BepXHero yPOBHSA IPUHUMAET KOMAHIY
rotate (IOBOpPOT) M BBI3BIBAaET IPONECCOP KOMAHZ HMXKHErO YPOBH#, KOTOPBIN 3ampa-
IIXBAET ¥ BBOAUT OCH ¥ yroil. KOMaHIHBIA CTeK [O3BOIAET OUBLITHOMY TOMb30BATEIIO
HabpaTh KOMaHIy B Bule

ro x 30.

3nech mapaMeTphl BblNeneHbl npofenamu. KoManJupli npoueccop BepxHero ypoBHA
pa3bupaeT CTPOKY BBOJA, ONpe/ielideT, ABIAETCA Jiu epBasd KOMaHAa I'o JOMyCTHMOI,
H, eCJIM 3TO TaK, NepelaeT OCTaBIIneCd KOMAaHJBl KOMAHIHOMY IIPOIECCOPY HIDKHE-
ro yposHa. KoMaHIHBIN CTeK MO3BOMAET ONBITHOMY IOIbL30BATENO BHIIONHAThL CePUA
MaHMIIYIANUNA, MEHEMH3UPYA BBOJ, u BpeMd oxulanud. HaduHaonuil noab3oBaTenb
HMeeT JOCTYI K TAKuM Ke BO3MOXKHOCTAM. HanpuMep, ¢ TOMOMbI0O KOMaHIHOT'O CTeKa

sc o 2
ro x 30
oy —45
dr

ob6beKT MacmTabupyeTCa IO BCeM KOOpAmHATaM ¢ Ko3hdultneHTOM 2, TOBOPAINBaeTCA
BOKpyT ocu & Ha 30°, moBopaduBaeTcd BOKPYT ocu Y Ha 45°, a pe3yabraT oTo6paXkaeTca
B mIockocTu 2z = 0 ¢ mcrnonb3oBaHneM OpTOrpadudeCKOil IPOeKIHH.

B 3aBepilieHue 0TMeTuM, 9TO HHTepPdeNC MOMb30BATENA A0MXKeH ObITH COrTIaCOBaH
Ha BCeX ypoBHAX. CledyeT MpuIepKUBATHLCA <IIPUHIIMIIA HAUMeHbIIEr0 yIuBIIEHUA>.
Wuave rosopsa, Ipu HaJlmduu MHOXKeCTBa OTBeTOB HA KOMAaHJy BBIOOD JOIIKeH OCHO-
BBIBAThCH HA TOM, «KAKOW OTBeT BLI30BeT HaMMeHbIllee yJHBIIeHUE MIOJIb30BATEIA».

I'JIABA 2

ITepBrle Ape cenuduKanuyu ObLTM pa3pabOTAHBL AJI1H TOTO, YTOOBI O3HAKOMHTD CTY-
JeHTOB C JIOKAJbHbIM I'pacdhudeCKUM [IAKEeTOM H 3aJI0XKHUTh OCHOBY $a3nCHOrO MHCTPY-
MeHTapua rpadmudecKux Moayeit. TpeTba crenudukanusa CIyX AT 1A TpuobpeTeHHd
ONBITa PaGOTEI ¢ OKOHHOH TeXHUMKOH Ha rpaduieCKOM YCTPOWCTBe M ABIIAeTCA OCHOBOH
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719 PA3HOrO POJA YIPABJIAIIEX Tpeobpa3oBanuit. 1eTBepTasi OTHOCHTCH K Pa3BHTHIO
IpOrpaMMbl BH3YaJln3aluu HAYYHBIX DE3YAbTATOB.

2-1. Pa3zpaboTars u peanun30BaTh IPOrPaMMY PHCOBAHUA 3AMKHYTOI'O MHOI'OYT'OJIb-
puka ¢ Bepimmmuamu Py [0 0], P2[2 —2], P3[2 1], P[0 3], Ps[-2 1], Fs[-2 -2],
BHIOpaB Hanpasienne 06X0a IPOTHB 9acoBoi cTpenku. Mcmonb30BaTh KOMaHbI OKHA
u/nin 06IacTH BHIBOJA rPacduIecKoro yCTpOHCTBA, YTOOB MHOrOYrOMbHIK 3aIIONHAT
BCe IIPOCTPAHCTBO 3KPaHa. BynbTe BHUMATENBHE! IIpH MOCTPOEHWH I€OMETPHYECKHX
OTHOIIEHKH, ONHA SIUHMIA [0 OCH T JOIXKHA OBITh PaBHA OJHOH €IMHHIIE IIO OCH Y.
BKJIIOUATB OCH, IIPOXOJAIIMAE Yepe3 HAYAN0 KoopAmHaT. Pa3buTh ocu Ha €QuHHYHBIE
HHTEPBAJIbl, PACCTABUTL MAPKHPOBKY Ha OCAX.

Pa3paboTaTh u BKAKNYHThL B IPOrDaMMy HHCTPYMEHTAJIBHEIC MOy JJIA:

Pucosanusa oceit uepes Touky z0, 0, oT 2-min g0 z-max u 0T y-min 10 y-max.
PasMenieHud JIeBLIX, IPABRIX HIIM EHTPAJIbHBIX OCEBBIX MAPKEPOB HA OCAX T | ¥,
OIIpeJIeJIEHHOM JTHHBI, PACIIONOXKEHHBIX depe3 ONpeielIeHHbld HHTEPBaJ, HAYuHAA
OT ONpeneIeHHON TOYKH.

Pa3sMeTKu OCeBBIX MApKepOB NOAXOAANINMH 3HAYECHHAMH.

PucoBaHuda Npou3BolbHOro MHEOroyronbHuka. (Ilpunoxenne A-7.)

2-2. Pa3paboTaTh u yCOBEPILEHCTBOBAThL IPOrpaMMy reHepanuu u OToOpaKkeHud
KDHBBIX, OIMCAHHBLIX 1APAMETPHYECKHMHA YDaBHEHHAMHU
a.z = {2 + 7 cos(sin(8) + sin(1216))} cos(d) /2500 <8 < 27
y = {2+ 7cos(sin(8) + sin(1218)) } sin(6)
b.z = {11/10 + cos(86)'°} cos(8) /2000 < 6 < 2
y = {1.1 + cos(86)"°} sin(8)
c.z = {1+ 2sin(176/4)} cos(d) /500 < 6 < 8«
y = {1+ 25in(179/4)} sin(6)
d.z = {-0sin(w6)/8} cos(d) 97/1000 < 8 < 367
y = {—0sin(n8)/8} sin(9)
e.x = {sin(136/4)}cos(d) =/100 < 6 < 100«
y = {sin(136/4)} sin(6)
Hcnone3ys komanap! paboThl ¢ OKHaMu u/WiIH yIpaBleHunsa o0IacTAMHU BEBOJA, YBe-
Ju49uTh 3T GUTYDPH A0 pa3MepOB 3KpaHa. DyJnTe BHMMATEeNbHBLI P MOCTPOEHHH
reoMeTpHYeCKuX OTHOUIEHWH, OJHA €IWHHIA 10 OCH I JOIXKHA GHITH DAaBHA OJHOM
€[uHuIe 0 OCH Y. BKAKYUTL OCH, NPOXOAANIne YEPE3 HAYAJIO KOOpAwHAT. Pasbuthb

OCH Ha €JUWHHIHbIE WHTEPBAJLI, PACCTABUTh MAPKHPOBKY HA OCAX.
Pa3paboTaTh u BKIIOYMTH B IPOrpaMMy WHCTDPYMEHTAJILHBIE MOLYMIH [IA:

PucoBanusa oceit uepes touky z0, 90, oT z-min g0 -max u OT y-min 10 y-max.
Pa3Menienns neBblxX, NpaBbIX uiu NEHTPAJILHEIX OCEBLIX MAPKEPOB HA OCAX T H Y,
ONPENENeHHON NJIMHLI, PACITONIOXKEHHLIX Yepe3 ONpeNeNeHHblil HHTeDBaJl, HauuHad
OT OIIpENeNIEHHOH TOYKH.

Pa3MeTKu OCeBBIX MapKEPOB NOAXONAMUME 3HAYEHHAMH.

PucoBanna ¢urypsl. (IIpmroxenue A-7.)
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TTocne npeo6pa3osaHus

Ia b Ic a bl (o] Ic
Ho mpeobpa3osanus

Puc. F-1

2-3. BeinonHuTe cnepyiomue mpeoGpa3oBaHud Od ABYX npamux P\ P u PPy,
samanubix Pi[-2 —1], B[1 2], P3[-1 -—1], K[-1 2]

a) mosopot Ha —60°;
b) 3epkanbHOE OTpalKeHHE OTHOCHTENLHO MPAMOi Y = Z;
¢) Macmrabuposanue ¢ KoaddunuenTom 2.

BumonanTh cneaywuue mpeobpasoBaHus njia BTOPo# mapwl npamerx PsPs u Pr Pk,
ompezneneHHbx yepes Ps[—1 —1], B[2 2], P[-3 —1], KR[0 2]

a) mosopor Ha 60°, a 3aTeM 3ePKAIBHOE OTPAXKEHHE OTHOCHTENLHO OCH I}
b) 3epranbHOE OTpaXKeHHe, OTHOCHTEILHO OCH I, HOCJIE IOBOpOTa Ha 60°;

¢) mpeobpa3oBaHud -L3
p pas Hu 2 4 |

IMony4uTh yka3aHHBIE PE3YIBTATHI C IOMONILI) BHIYHCIIEHHH BPYIHYIO.

PaspaboTarh n peanu3oBaTh IpOrpaMMy OTOBpaXkeHus pe3yIbTATOB HA OJMH IKDaH
B popmaTe, nokazanHoM Ha puc. F-1. Tpu JeBble KIeTKu B HEMKHEM Py COINEPKAT
IIePBYIO Iapy NPAMBIX A0 Ipeobpa3oBaHus. Tpu NPAaBBIX KIETKH COLEPKAT BTOPYIO
napy NpAMEIX a0 npeobpa3oBanmd. B BepxHeM paay HAXOOATCA COOTBETICTBYIOLIHE
npeobpa3oBaHHble npsAMble. KaxJaa KileTKa comepXKuT ocu ¢ pasmerkoft. Tak Kak
IIPOCTPAHCTBO OIPAHUYEHO, MOXKET OKA3ATHCA XKeJIATEIbHEIM He HAHOCHTh METKH 3Ha-
4eHuit MapKepos. OJHAKO HeOBXOAMMO YKA3aTh 3HATEHHE KAXKIOr0 MapKepa B Kax10H
knerke. CoorBeTCTBYIOMIEE M300pAKEHHME NOMKHO OBITh IOMEYeHO KAK HHIMKATOD.

IIpu paspaGoTke u peasm3anmum 3THX IPOrpaMM AOGPOCOBECTHEHIN IOIL30BATEND
obpaTuTCA K KOHUENuuH OKOH u obiacTeil BhiBOna rpaduyecKoro yCTpoicTsa (pasz.
1-4 u npunoxenne A-4). Ecin abcTparnpoBaThcs OT pa3Mepa OKHA, Pa3MelleHud Kile-
TOK Ha 3KpaHe m KOHKPETHBIX omepanui mpeo6Gpa3oBaHud, TO AEHCTBuA, TpebyeMble
A1 TeHepandu KaXkKAOro OOKCa, NpeACTABIATCH HAEHTHYHbIMU. TakuM 06pa3oM,
IraBHAA OpOrpaMMa BBIIIAOAUT TAaK:
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fori=1to6
IpHUMEHUTD Ipeofpa3oBanmue, ecyiu Hauo
olIpeJeINTh pasMep OKHa
call window
forj=1to 2
call viewport(j)
call box
call axes
call tick
call label
call drawlines(j)
next j
next i

PaspaboraTh 4 BKIYHTL B IPOrpaMMy MHCTPYMEHTAJIbHBIE MONYJIH IJIA

a) omupefjeneHus TpebyeMoro pa3Mepa OKHa;

) PHCOBAaHHHA KIETKH BOKDYT OKHa,

) pucoBaHHd oceit yepe3 Touky 0, ¥0, oT z-min Ko z-max H oT - min g0 y-max;

) pasMelieHHs NEBbIX, IPABbIX HIIH LEHTPAJIbHBIX OCEBLIX MAPKEPOB Ha OCAX T H Y
onpeJleIeHHON JJIMHBI, PACIIONOXKEHHBIX Yepe3 ollpeelIeHHbIH HHTEPBaJl, HaUHHaA
OT OIIPEAEIICHHOH TOYKH,;

€) pa3sMeTKH OCEeBBIX MApKEPOB IOAXOAMMMH 3HAYEHHAMH;

f) pucoBaHHS IPAMBIX.

[TozaboThTech TakKe O BKIIOUEHHH OOMIENPUHATBHIX MOLyell ABYMEPHOIO IOBOPOTA,
OTpaykeHUs ¥ MaclITAGHpOBaHUA Ha TWIOCKOCTH (mpuioxenue G). Ucmonw3yiite sTu
MOJYJIH B IPOrPAMMAX [JJIf reHepaIllui MaTpHI, HeoOX0JUMBIX mpeobpasosanuil. Korna
TpeGYIOTCH KOMOGHHHPOBAHHBIE MPeobpa3oBaHUA (3a4aHUA a M b Jjid BTOpOH mapsl
JIMHHI), HYXKHO [EPEeMHOXHUTb MATPHIBI Iepel, IPHMeHEHHEM Hx K HCXOZHOHM Iape
IIPAMBIX.

2-4. Pa3paboTaTh H PEaIH30BaTh IPOIPDAMMY BH3YAIH3AI{MH HAYYHBIX JAHHBIX, KO-
TOpas IPHHAMAET BXOLHOM IOTOK AaHHBIX B hbopMe AByMepHOro daitna .sgf (tabm. A-2
u3 npunoxenus A-6). Ilpu pemlenun NJaHHON 3a1a4H BOCIOJB3YHTECH KOMMEHTADHA-
MH OTHOCHTEJIbBHO HHTep(beﬁca. II0NIb30BaTeNIA, JAHHBIMHM B Ha4aJi€ 3TOr'O IMIPHUIIOXKEHHUAI.
IIporpamMMa AOMXKHA ¥IOBIETBOPATH CIAEAYIOUIAM XAPAKTEPHUCTHKAM M YCJIOBHAM:

BBOJ, Beox mamHbIX B3 AByMepHOro daitna .sgf.

JepueHHe OTobpaxxenue rpa¢dukOB B COOTBETCTBHH ¢ IIpe/IesiaMH, METKAMH, AHHOTA-
UMAMH U gpyruMu cnetubukarmuaMu. [lo yMonuanmio npuMeHaeTCs aBTo-
MaTHYeCKasi YCTRHOBKA IIPEeJeJIOB, JaHHble IIPUCOSTMHAIOTCA B BUIE eIH-
HOM JHuH, HET METOK, KJIeTKa 6e3 CeTKH M aHHOTarus OTCyTCTBYIOT. (CM.

HHUXKe.)
METKH ITomeuarorca rpadux, ock T u OChb Y.
ocu O6e ocu numeitnsie, ompa Wi o6e ocu norapudmuaeckre. TpebyoTcs TO4-

HBbIE 3HaMeHUs IpeJesoB Mo ocsaM. JlomycTuMele Ipemessl o OCAM HadH-
HAIOTCA WIH 3aKaH4msaioTcs B 0, +1, +2, 5. Takum o6pa3oM, ocH MOTYT
uMeTs npeaenst 0 -+ 1,0 —+2,0—-+5, -1 -1, -1—25, -2—=>5nra
Chny4aitanie npesgensi, Hanpumep 0 — 1.736, He JOIyCKAIOTCHA, 33 HCKJIIO-
YJeHHEM CIIElHATBLHO YCTAHOBJIEHHBIX KOMaHOoit range (Hpe/leﬂbl). Ocu no-
MEYAITCH B COOTBETCTBHH C IOPSAKOM 3HaueHus 1. Be/miuHa Merku yxa-
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3BIBaETCA XKAK MHOKHTEJIb, PACIONIOKEHHBIH CIIeIoM 3a HOC/IeHed MeTKoMN
ocH, KOTOPHIi 3aMaerca B dopme x 107, Jlorapudbmuyeckne ocu pa3Meya-
IOTCHA TOJIBKO B HHTEPBaJaX, COOTBETCTBYommMX 1, 5 u 10.

UsmeHeHve npeaesioB rpaduka. 3anpamnBalOTCd MHHUMATLHOE M MAKCH-
MainbHOe 3HaYeHus T H .

ABTOMATHYECKH OLpeReIAlOTCH HIpHO/IKEeHHbIe 3HAYMeHMs IpPefesioB IO
ocaMm z u Y. (Cm. ocu.)

BrifupaeTca TN JMHMI O/ onpefenseMoit kpusoii. IIpexcTapieHo memo
JIOIy CTMMBIX THIIOB. MUHHMaILHO HeoBXoaumoe MHOXKECTBO — 3TO MTPH-
XOBasl JIMHHSA, HellpepbiBHas JIMHHA, TOUKA B KaXa0# nosuipm rpaduxa,
3BE3704Ka B KaX0i Ho3uiwm rpadnka, IUTIOC B KaX0i nosuuws rpadu-
Xa WM X B Kax ol nosuiuu rpaduxa. JonycTHMBl KOMOMHAIMHE HO3MTI
rpaduka u THIIOB JIMHMIL.

Bribop Tuna Mapkepa nmoMerkH. IIpencTaBiieHO MEHIO BO3SMOXHEIX THIIOB.
MunnmarsHO Heo6X0IuMOoe MHOKECTBO — 3TO HOMETKH Ha JIeBOH WM Ipa-
BOI1 CTOPOHE OCeil, eCJTH CMOTPETh 3 Havajla KOODAMHAT B IOJIOKHTEIBHOM
HaIlpaBJ/IeHMH ocelf, MoOMeTKH Ha o6eMX CTOpOHaX ocel, J/IMHHEIE [IOMETKH
B 6oiiee BasKHBIX TOYKAX JeJIEHHS ¥ KOPOTKHE B MeHee BaXKHBIX.

Criocob BHICBEYHBAHHA METKH OCH y: MEeTKA PACHOJIOKEHa [0 BePTHKAJIM
TaK, YTO YMTaeTca cOOKY, HJIM TaK, YTO YATAETCH CBEPXY BHH3.
Bxutiouenvie /BHK/IIOUEHYE CETKH.

ITocTpoenue rpadueckoro KBAOPaTa, COXPAHAIONIET0 NeOMETPHIECKHE OT-
HOIWIeHHs, T.e. eAMHALIA IO OCH I PaBHA eAWHuIe IO OCH Y.
ITepexnrouenue cnocoba orobpakenus rpaduxa Ha sxpane: rpaduk oTo-
6paxkaeTcs B KJIETKE C PA3METKOH 10 BCEM YeThIpeM CTOpPOHaM My I'padrk
0TOBparKaeTCsa TONIbKO C ABYMs KOOPAMHATHBIMH OCAMH.

W3MeHenve pa3mepoB rpaduka IyTeM YKa3aHN:d MacCIITAOHBIX MHOMKHTE-
Jeli 10 OCaAM T U Y.

3amaeT 1BET OTAEILHO KaXAOH KpuBOi rpadrKa M3 CMEMAHHON MaTHTPhI
KPacHOT0, 3eJIEHOT'0 M CHHEro IBeTa. 3HaueHHs IIBeTa 33Jai0TCsa M3 HHTep-
Bana 0 <r, g, b <1, rae 0 — oTCyTCTBHE JAHHOIO LIBETOBOrO KOMIIOHEHTA,
1 — MakCHMaJIbHBIA BKJIAJ.

PasMemaer COOTBETCTBYIOIYI0 TEKCTOBYIO AHHOTALMIO B ITPOU3BOJIBHOH
no3uupm rpaduxa. BosMoxHO Kak aBTOMATHYECKOE, TAK M MHTEPAKTHB-
Hoe pasMemeHye apHoTanuu. Omums aBTOMAaTHYIECKOro pasMeIeHus CIIy-
JHT [JI BBOJA CTPOK M OTOBpaXkeHUs X B JIEBOM BepXHEM YTy rpaduka.
Omus HHTePAKTHBHOIO Pa3MEIeHHs NO3BOJIAET MO3HIMOHUPOBATh KAXK-
AYI0 BBEJIEHHYIO CTPOKY aHHOTAIMH 3aIIPOCOM KOOPAMHAT L, Y IJIA JIEBOTO
HIKHETO yriia cTpoku. IlpencrapieHO MeHIO BO3MOXKHBIX mpudbToB A
BbIBOAA aHHOTaIwu. (CM. mpudTh)

ITo3BONsIET OTMEHUTH HEKOTOpPHIE IIpeAbIAYITHe KOMAHARI, HapumMep MeT-
Ka, aHHOTaIWs, Ipefesibl U T. X., B YaCTHOCTH BBOJ, HOC/IeJHEH KOMAH/EI.
[epe3asaer BceM ONMMAM 3HaUeHHs 1o yMomuanmio. (CM. depueHye.)
Brifop ommoro u3 Tumos mpudma. IIpenacrabreHo MeHI0O BO3MOMHBIX
mpudTOB.

JenaeT TBepAyI0 KOIHIO M306pakeHHs rpadHKa.

[peacTapneHo MeHIO JOCTYNHEIX OIIME, BK/IOYAIOee BLIBOX B (aill B
dopmare .sdf (taba. A-1 u3 mpumoxeHus A-5).

Coxpansier Texymuit rpadux B daiine.

3arpyxaer w3 daitra paree coxpaneHun rpaduk. [Tociae 3Toro BO3MOXK-
HB! 110661 MoguduKanuy 3Toro rpaduxa.

TeHepHpYeT KPUBYIO, IIPOXOAAILYI0 Yepe3 3aaHHe Touku kpusott. [Ipes-
CTaB/IeHO MEHIO BO3MOKHBIX METOAOB IIOCTPOEHHS TAKHX KPHBEIX, KOTOpOe
JOJXHO BKIIIOYATH CIEAYIONIME METOIbl: HNOIMHOMOB, CTEIIEHHON M 3KCHO-
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HeHI[aThHEIN HaMMeHBIIMX KBaApaToOB, KyOMdecKuit ciutaiiy, ciiaitH Be-
3be U B-crutais.

BBIXOZ IIpexpamaer paboTy nporpaMMbl M BO3BpAlIaeT yIpaBJeHHEe OLEPAIlHOH-
HoOli cucTeMe.

T[JIABA 3

31ecy TpPHBEIEHA €JUHCTBEHHas CrenuduKanua — pa3paboTKa U Pa3sBUTHE TPEX-
MEpHOro MaHHIynaTopa. Ilpennomaraercd, uTo OObEKTHI OTOOPA’KAIOTCHA C HCIIONb-
30BaHHEM KAPKACHOTO NMPEACTaBlIeHHd. Pa3pellleH BBOJ MHOXECTBEHHBIX (COCTABHEIX)
06beKTOB. /115 yCnelHOro BLILOMHEH!A 3a1aHuA TpebyeTcs pa3paboTKa HEOOXOAUMBIX
MonyJiel JJis TPeXMEPHOro MOBOPOTA, IEPEHOCA, MACIITAOMPOBAHHUS H T. ., 3 TAKXKE
JJIs TIONy9eHud opTorpadudeckoi, KOCOyroabHOH, NepCIIeKTUBHOM IIPOEKIUA U T. I,

3-1. Pa3paboTaTh B peaju30BaTh IPOrPAMMY TPEXMEPHOrO MAHHIYJIATOPA, KOTO-
pHIf BBOOUT AaHHbIe H3 aiina kak B dopmate .sgf, Tak u B popmare .spf, onucamnbix
B Tabur. A-2 u A-3 u3 npunoxenua A-6. Kommentapuu no noBoxy unTepdeiica nonn3o-
BaTENA, IPUBEACHHBIE B HAYAJNE 3TOrO NPWIOKEHHUS, CIIPABEIJIMBEL U TIpH Pa3paboTKe
3TO# nporpammel. [IporpaMma AONMXKHA YAOBIETBOPATH CIELYIOUNIMM XAPAKTEPHUCTH-
KAM H YCJIOBHAM:

BBOJ, Beon mannbix u3 daiina xak B ¢popmare .sgf, rak u B dopmare .spf.
pasjemrTenb Crerudukanumn 06HEKTOB Pa3HeAIOTca ¢ MOMOIIBIO 3HAKA, FF.
IIOBOPOT IToBopoOT 06bEKTOB OTHOCHTEILHO KOOPAMHATHEIX OCeH £, Y, 2 UM OTHOCH-

TeNBHO MPOM3BOJILHON OocH Bpamienus. [IpousBosibHasA OCh BpaIeHHs oupe-
JEJIFeTCHd KAK ¢ MOMOIIBIO TOYKHM H TpeX HaIpap/IdioMMX KOCHHYCOB, Tak
¥ OBYyMsA TOYKAMH HA OCHEX KOOPAMHAT. IIpom3BosibHEIR IIOBOPOT MOMy4a-
€rcA M3 I0BOPOTOB OTHOCHTEILHO KOOpIAMHATHHIX ocell. IloBopor moxer
3aJaBATbCA KAK OTHOCHTE/ILHO MHPOBEIX KOOPOMHATHEIX Ocel, TAK M OTHO-
CHTEJBbHO JIOKATHHBIX OCel Tesia.

nepeHoc IMapannensHeril epeHOC 06'bEKTOB B HAIIPABJIEHVH T, Y UMM 2.

OTpaxKeHue 3epkanpHOe OTpaXKeHye 00beKTOB OTHOCHTENIBLHO ILIOCKOCTe £ = 0, y = 0
wm 2z = 0.

Macmrab MacmrabupoBanie 06bEKTOB JIOKAIBHO, T. €. OTAENLHO B HAIIPABJICHHH T,
Y MM z, JUIM IJ106aIbHO, T. €. OAMHAKOBO L0 BCeM HAIPaBJIEHUSAM.

ocH Omnpefesiens OBa THIIA TPEXMEPHEIX OcCeil: OCH Tesd U (PHKCHpOBAHHBIE

ocu. B mo6oit MoMeHT BpeMeHu MOTyT 0TOODAKATHCH KAK OOHH M3 HHX,
Tax U Te, H Apyrue cpasy. Pasmeps nepementnie. Mapkepn! pasmMerku Mo-
ryT 6BITH BKIIIOYEHH MM BhIKIIOUeHbl. Ocu Tena GbHKCHpOBaHb B IIEHTpe
06bexTa s rpyrust 06bexToB. OHU epeMemaroTed, T. €. BPAmMAOTCH, lie-
PEeHOCATCHA, OTPAKATCA BMecTe ¢ 00bexToM. PHKCHPOBAHHBIE OCH PACIIO-
JIaraloTC B TOYKE HAYATA MUPOBON CHCTEeME! KOOpAMHAT. OHU ABAAIOTCA
cy6nexToM npeobpa3oBaHN KaIpa, T. €. H30METPHYECKO, TUMETPHIECKOH,
KOCOYTOJIbHOM HJIM ITepCIEKTHUBHOM IIPOeKIIHH.

OpoeKnMs ITpoexmus 06bekTOB HA IUIOCKOCTD 2 = () — M30METPHYECKAs, JUMETPHIE-
CKaf, KOCOyrojibHas, KabnuHe, kaBa/ibe M NEHATPAIbHAS [epCIEKTUBHAS
mpoexuusa. M3oMerpaueckue u guMeTpuUvecKue npeobpasoBaHms LIOZIEP-
XHBAIOT BHIOOD NOUIOAKHTEJILHOTO M OTPHMOATEILHOTO IIOBOPOTA, OTHOCH-
TenbHO ocelt , y. JluMeTpudeckas M KOCOYToJibHAA IIPOEKIMH JOIyCKAIOT
IepEMEHHBI MHOXKUTENb HCKasKeHHsA. KocoyrosbHas, a TakKxKe IIPOeKIHH
KalHMHe U xapamhe JOIYCKAIOT NEPEMEHHBIH Yroyi HAKIOHA OTHOCHTEIBHO
TOpu30HTa . IleHTparbHAdA HepCIIeKTHBHAA IPoeKIHs Ha IUIOCKOCTD z = 0
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¢ mepeMeHHBIM IEHTPOM BBITONHAETCH TOJBKO I IIEHTPOB, PACIIONOMKEH-
HEIX HA OCH 2.

Tpancdokarmus (HAae3M) KaMephl OTHOCHTEIBLHO Kaipa m3obpaxenus. 3a-
MedyaHMe: 3TO He MacmTabHpoBaHKe 06'bEKTOB.

BoccTaHaB/MBaeT HCXOAHBIE JAHHEIE 00beKTA.

Pucyer npeobpazoBanHbIe 00bEKTHI, HCIIOIL3YsH OPTOrPAPUIECKYIO IIPOEK-
IIMI0 HA IUIOCKOCTh 2 = 0.

Coxpansier Tekymue peobpasoBadHEle JaHHEIE TO4eK B (paiine dopmara
.sgf wm spf.

CoxpaHNTh TEKYyIIYI0 MaTpuily peobpasoBanns B (ailie.

Cosnate w30bpasxenue ¢ TeHaMu.! TpeByercs, Tro6b JAHHBIE BBOIIHCDH
B dopmat .spf.

Cospars m306paskenye ¢ HEBHAMMBIME JIMHUAMU/ TIoBepxHOCTAMU.? Tpeby-
eTcs, YPobel JaHHble BBOAMIMCH B (popmaTe .spf.

Zenaer TBepayo kom0 m3obpaxkenus. [IpeacTaBieHO MEHIO JOCTYIIHBIX
ycTpoiicTB BhBoga. Tpebyercs Bo3aMoxHOCTH BoiBOAa B daitn dopmara
sdf. (Tabua. A-1 u3 npunoxenus A-5.)

M3obpaxkenne 06bEKTOB LEHTPHPYETCS OTHOCHTEJIBHO I€OMETPHIECKOro
LEHTPa AAHHHIX.

BxuioyaeT/BHIKIIOYALT OTJENBHEIN 06BHEKT WM TPYIHy 06HEKTOB, 3a/1a-
BaeMyIo KaK #.

Co3naeT yersipe Buga 06bexkToB: oprorpaduyeckue HPOHTAILHEE TPOEK-
o, BUABL CBOKY M CBEPXY B HMJKHEM JIEBOM, HIDKHEM IIPABOM M BEPXHEM
JIEBOM KBaJPAHTAX COOTBETCTBEHHO, IUIIOC TEKYILYIO IIPOEKLHIO B BEPXHEM
IpaBoM KBaJPAHTE.

Ynanser ¢ axpana J06bie JIEMEHTHl OKPYKEHUS, HAIPAMED MEHIO.
Ipexpamaer pafoTy LHPOrpamMMbl U BO3BPAIMAET YUDPABJICHUE OLEP AlHOH-
HOIt cucTeMe.

ITporpamma CTPYKTYpHUPOBaHA TaK, YTOOBI BCe MATPHIBI Mpeobpa3oBaHuit IpH-
MEHSUIHCh [0 BBIIOJHEHHS] KOMAaHJABI PUCOBAHHS WJIM KAaKOH-JHOO KOMAaHIEI IPOeIH-
posanus. [lepen BoIonHeHHEM JIO00H M3 3THX KOMaHI KOMOHHHDOBAaHHAA MATPUIA
mpeobpa3oBaHuA NMPHMEHAETCs K 6a3e JAHHBIX, a pe3yJbTHPYIOIHe mpeobpa3oBaH-
HbIe IBY MEpPHBbIE KOODJUHATHELIE BEKTOPHI PHCYIOTCS Ha yCTpoHcTBe BriBoaa. Mlcxonnas
TpexmepHas 6a3a JaHHBIX He MOAMMDUITHPYETCH KOMAHIAMH PHCOBAHUS WJIH IIPOEKIIMH.

InaBHas mporpamma COCTOMT M3 YCJIOBHOTO IIMKJIA B BHJE:

Brixoa = npomsBonbHASA CTPOKA

while Brixoxg <> q then
print Ompmo ? Ha 3xpan
input OTtBer 0T KABUATYPEI
truncate OTBeT 10 IEPBHIX ABYX CHMBOJIOB
convert OTBeT B perucTp cTpodHbIX 6yKB
if OTBet = ro then call nogmMenro nosopora
if OtBer = re then call mogmMento orpakenus
if OBer = pr then call nogmemnio npoexuuu

print raapHbI 3KpaH MOMOIHU

end while

;CM- . Pomxxepc, AITOpUTMHYECKHE OCHOBL MAIMHHOHA Trpacduxu. — M.: Mup, 1989.
Cwm. npeguaymyo CCHUIIKY.
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TumnyHasd TPOrpaMMa IMOAMEHI0 MOrJia OBl BHIIVIAAETH TakK:

Brixox = IpOM3BOJIbHAA CTPOKa

while Brixog <> ¢q then
print Bpamenue oTHOCHTEILHO KAKOH ocu?
input OTBer OT KIaBHATYPHI
truncate OTBeT 10 NEPBHIX ABYX CHMBOJIOB
convert OTBeT B PETHCTP CTPOYHEIX OyKB
if Oteer = x then call nporpaMmMy x-moBopoTa
if OtBer = y then call nporpamMMy y-moBopora
if OrBer = z then call nporpamMMy z-mosopoTa
if OrBer = g then call nporpaMMy IpoHU3BOJLHOTO HOBOPOTA
print JOKaJTbHBIA 3KPaH ITOMOIH

end while

Omnupasics Ha 3Ty 6a30BYI0 KOHIEIITHIO, JIETKO ITOHATDH, YTO ITPOTPAMMA HMEET IO
Kpajineit Mepe Tpu ypoBHA JelicTBuil. [lepsrilt —BHOOP OCHOBHOM onlepaluu, HAIPH-
Mep IOBOPOT, BTOPO# — BEIGOp ee IapaMeTpOB, HAIPUMEP OCh IOBOPOTA, TpeTui —
BBIIOJTHEHHE OIEPAITHH.

IMpu HEOOXOAMMOCTH BO3MOXKHOCTH, ONIMCAHHEBIE B CIienmudHKAIMU, MOXKHO COKpa-
TUTBL IIyTeM yjAajienus TpeboBaHmil K mporpamme.

B kauecTBe mpumepa paccMmoTpuM T-610K, ONpeNeNeHHbiil HIXKe

1
O = WWhR OO EH=WWHR RO
NN RNMNOONNERRNNOO
COOCOOOOOR B i BB
J
TOZECRu~=ODOQHEOO®E >

Pazpaborats efunyio MaTpuiyy nmpeobpa3oBanus, KOTOpPas:

a) coxpaiuaeT pasmep Ha 1/2;

b) nosopaumsaer ormocuTensHO ocu z Ha 30°;

€) NMOBOPAYMBAET OTHOCHTENBHO OCH Y Ha —30°;

d) mepeHOCHT HA —2 €AMHMIEL B HAIPABICHHH Y;

€) BBUIONHSET UEHTPATBHYIO MEPCIEKTHBHYK MPOEKIHMIO Ha INIOCKOCTb 2 = 0 ¢ neHT-
pom npoekuuu z = 10.

Cravasna pa3spabotarh, IOTOM MPUMEHATH KOMOGHHEDOBAHHYIO MATPHLY NPeobpasosa-
Husl Jisl 3THX omepauuft K Gase JAHHBIX IIyTeM Bhumcienus BpY4YHYIO. Ioctponth
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pe3ysbTaT Ha rpaduyeckoll 6ymMare. BHYHCINTE u HOCTPORTE HEKOTODPBIE HEBHIMMEe
Touku. Ucnonb3osarh pe3yIbTATH 3THX PYYHHIX BBIYHCIEHuH [JId NPOBEPKH omnepa-
mui TPEXMEPHOr0 MaHHUIYJIATOPA.

I'VTABA 4

Enuncreennas npuseleHnas 37ech Crenudukalima OCHOBHIBAETCS HAa PaCIINpeHHn
MaTepuasa pasf. 4-9. IIpennaraemoe pacmupenue JaHO B 33ga4ax ¢ 4-6 mo 4-10. Io-
JOOHEIE KOHCTPYKIHH TPeDYIOTCA B CHCTEMaX KOMIBIOTEPHON NOAMEPIKKH YepUeHus u
BO MHOTHX YNPaBJIAOMIUX IPHIOKEHUAX.

4-1. PaspaboraTh n peain30BaTh NPOTPAMMY HHTEPAKTHBHOTO 3aJaHus reoMe-
TpHH, ONpeJe/ieHHON B pa3l. 4-9, u/uiu ee paclimpeHus, ONPEJEIEHHOTO B 33Ja49aX €
4-6 1o 4-10. BynpTe BHEMATENBHBL IPH IOCTPOCHUH KOPPEKTHHX [E€OMETPHYECKHX OT-
HOIIEHH#H 1151 0TOOpaXkeHus Pe3yJILTATOB; HAIIPHMED, OKPYKHOCTE JOJIXKHA, BHIIVIAIETh
KaK OKPYJKHOCTh, a He Kak uuic. KoMMeHTapum 1o NoBoay uHTEpdelica MONb30Ba-
TeslsA, IPUBEJIEHHBIE B HAYaJle 9TOro NPWIOXKEHHUs, CIPABEIIUBLI U NP pa3paboTke
arolt mporpamMMhuL. IIporpaMMa JOKHA YJIOBJIETBOPATH CIELYIOIMM XAPAKTEPHCTH-
KaM H YUIOBHAM:

line Orpenenser 0TPe30K 1o €ro AByM KOHEIHBIM TOUKAM.

circle Onpepensier OKpyKHOCTD IO ee NeHTPY ¥ pamuycy (h, k).

add JobaBnsgeT OKPYKHOCTh MM OTPE30K K FE€OMETPHH.

delete Ynansger oKpY>KHOCTb HJIM OTPE30K W3 FeOMETPHH.

move ITepememaer paHee onpeie/ieHHBIE OKPYXXHOCTE HJIA OTPE30K.

oxes Bxkiiouaer/BBIKTI0YaET OCH.

ticks Bxurouaer /BBIK/IIOMaeT MapKephl Pa3MeTKH OCeft.

tabels BxuiouaeT/BHIKIIOUAET METKH MAPKEPOB Pa3METKH OCeit.

solution Bribupaer nomxoasuiee u3 BO3MOXKHBIX DEIEHHM, UCIIOIL3YA TAKHE KOH-
OelTMH, KaK JIeBblf, HpaBblii, G/KHMI, NaibHMIA, BHYTDH, BHE, CM.
pasg. 4-9.

B kauecTBe yacTeli mporpaMMel pa3paboTaTh U BKJIKOYHTH HHCTPYMEHTAJIbHBIE MO-
qynm ajs

a) pucoBaHus ocell, IpoxoAAmuX yepe3 Touky z0, ¥0, oT r-min A0 Z- max u OT y-min
JO Y-max;

b) seBoro, mpaBoro MWK HEHTPAJILHOTO PACTIONOYKEHU ] MaPKEPOB Pa3MeTKu ocel T u Y,
OIIpeJleJIeHHOM JJIuHbI, HAUUHASA € 33JaHHON! MO3uIUHN Yepe3 33JaHHEIH HHTEPBAJI;
— HaHECeHHUs HAa MapKepbl pPa3MeTKH IMOAXOIAIINX 3HAYEHHUIH;
— IeHEepaITHHH U PUCOBAHUSA OKPYXKHOCTH U JYTH OKDPY>KHOCTH.

O6s3aTebHO TaKXKe pa3paboTaiiTe MOIy/ I HEOOXOUMBIX ABYMEPHEIX Hpeobpa3o-
BaHui, HAIIpUMED IIOBOPOTA, IEPEHOCA, 3ePKANLHOIO OTPaskeHus U T.1., HeOOXOLHMBIX
1A pa3Memenult B cTangapTHOM opuenTanuu. Korma TpebyoTcs MHOXKECTBEHHbIE ITpe-
06pa3oBaHus, MEpEeMHOKA/TE MATPHILLI ITIepe/l, MX IpUMEHEHneM K P€OMeTpHyecKoi 6a-
3e gaHHbIX. PazpaboTaiiTe HeOGX0AuMEIE MOIYIH )15 IOAIEPAKKHU JBHKEHU S IO IePeBY
pellienni, aysi BbIGOpa HEOOXOOMMOTO pelleHus, sl OIpeleieHus, ABJIACTCA JH BhI-
6paHHOe permenne Pu3NIECKH BO3MOXKHEIM, ¥ BHIIOIHEHHA HEOOXOAUMBIX BEIYHCIICHHH
AJLA HOMCKA HEKOTOPBbIX HEM3BECTHHIX I'€OMETDHYECKHX BEJIMYHH.
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TJIABA 5

3nech npuBeaeHa creluuKaIHs IPOrPAMMEL TeHePallun ¥ MAHUIYJISIHY € KDH-
pbiMu. Kaknas u3 3Tmx KpuBBIX 06Cyxxnajachk B Ii. 5. B uwacTHocTm, peyb muia o
KyOudeckoM cILTaiiHe, mapaboimdecKu cMemraHHOM, ciuiafiHe Besbe u B-cmaitne kak
PAUMOHAIBHBIX, TAK ¥ HepalumoHaJbHBIX. OHM HCIIONB3YIOTCA B KadecTse Oa3uca Ipo-
rpaMMbL. BKIIOYeHne BO3MOXKHOCTeI reHepaluy cOCTaBHOH KpuBOH HECKOJIBKHX THIIOB
nefaer ocoGeHHO ynOoOHBIM CpaBHEHHE.

5-1. Pa3paboTaTh u peasm30BATH NPOrPAMMY TeHEpaIiu ¥ MaHHUIYIANUH TPeX-
MEpHBIMH KPHBBIMH, KOTOpasi NIPHHHMAET BXOAHbIE NaHHbIE B (hOpMaTe TPEXMEPHOIO
dattna sgf (tabn. A-2 u3 npmoxkenus A-6). CreHepupoBaHHas TpeXMepHas KpHBasd
CTPOMTCS € MCIONB30BaHIEM OpTorpaduieckoll mpoeknuu Ha WIockocTh z = 0. KoM-
MEHTapuu IO MOBOAY mHTepdelica noib30BaTeNd, MpuBeJeHHbE B Hadajle 3TOro mpu-
JIOXKEHusl, CIpaBelJIuBbl u npu pa3paboTke arolt mporpammer. IIporpamma nomkHa

YAOBJIETBOPATHL CJICAYIOINUM XapaKTEePHCTUKAM H yCJIOBHAM:

Brox nammnix u3 daita B TpexmepHoM dopMare .sgf.

BBOJ,

THII Brifop Tuma kpuboit. IIpeacTaBiieHo MeHIO BO3MOMKHBIX THIIOB KPHUBHIX,
HaIpuMep KyOudeckuii CIulaiis, mapaboiMdecKu cMelIaHHBIA, crutaiin Be-
3be, B-crutaiin. das xy6udeckoro ciutaiina peammsoBaHbl KAK HOPMasIH30-
BaHHAS, TAK M XOPAOBad AIIPOKCHMAIMM H, II0 KpaiiHell Mepe, YCJIOBUSA
KecTKoro u ceobogmoro xomma. Jlna napaGomiecKd CMeIIAaHHON KpHBON
pea/M30BaHa AUNPOKCHMAIMA NIA ¢ U [ C IepeMeHHBIM 3HaAYeHHEM
a = 0.5 no ymomaaumo. g kpuspix Besbe u B-crutaiitna peanmmsosannt
PalHOHAILHEIH U HepalMOHAILHEY BApHAHTEL, & TAKXKe BOSMOXKHOCTH IO-
BBHIMIEHHUs CTENEHH U NoXpa3OHeHusd.

MHOTOYTONBEMK PHCyeT nmpsMble JIMHMM Me)XXIy BBEAeHHHIMH TOYKAMH JAHHEIX. Jins kpu-
BoIX Bespe u B-cruraiina 30 3ananme onpeaessomero MHOTOYTOMbHUKA.

MeTxa OTobpakaer METKH CJIEAOM 3a OTAEILHLIMM TOYKAMM BXOJHEIX JAHHBIX,
Hanpumep Py, P,, P3ur.a.

A06aBUTL JobaBiser Touky maHHbIX. O65g3aTensHa BO3MOXKHOCTE JA0OABHTL TOUKY
nepes neppoi TOUYKOH JAHHBIX.

YAATHTDH Ypander TOUKyY JaHHBIX.

[IEPEMECTHTE IlepeMemaer TOUKY JAHHBIX.

OYHCTHTH Onpenenser, 6yeT niIn HET IKPAH OIMIIATLCH Tepejl PUCOBAHNEM MepBOi
KPHBOM.

ocu Bxmiodaer/shik/odaer rpadudeckie ocu. OCH BKIIOHAIOT HOIXOIANIHE
MapKephl pa3MeTKH M METKH.

JAMAalIa30H Wsmenser npemensl rpaduka. 3anpamlMBalOTC MHHMMATLHOE H MAaKCH-
MaJbHOe 3HaUeHWs JJid I U .

aBTOAMAIA30H AproMarmiecKH onpeaensgeT NOXXOASITHE IPEREAB AAA T H 1.

THI JIMHAH Bri6op Tuma smEmM 11a 3amaEnOol Kpuso#h. [IpeacTapieno MeHIO BO3MOX-

‘ HBEIX THNOB. Kak MAHUMyM, OHO AO/DKHO BKJIOYATH MITPHXOBYIO U CILIONI-
' HYIO JIHHMH.

KpuBas # Bxurovaer/BHKII092eT OTAEALHYI0 KDUBYIO MM IPYIITY KPUBEIX, OIIPEe-
JIEHHBIX KaK #.

BOCCTAHOBHUTL BoccranapimBaer kpusnie, ompesenseMule KakK #, u3 6a3bl JAHHBIX MPO-

# rPaMMEL.

HMCXOHEIE Boccranapnusaer uexomHee JaHHEE KPHBOH.

evars IleyaTaeT Ha 9KpaHe KOHCTPYKTHBHbIE JAaHAbIE KPUBO#A, HADHMep ompe-

Aegonuii MHOTOYTONBHUK A1 KpuBoii Besbe mym B-CILTafina.
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TBepJad JlenaeT TBepAYIO KOIMIO TEKYINEro M3o6pakeHus.

KOIHA IIpencTaBiieHO MEHIO AOCTYITHLIX YCTPORCTB BEIBoAA. Heobxoauma Bo3Mox-
HOCTL BrBOAA B daitn B dopmare .sdf. (Tabn. A-1 w3 mpunoxenus A-5.)

BRIBOJ, Coxpanser TpexMepHbie TOYKH JAHHLIX CreHepHPOBAHHOM KpuBOH B daiite

dopmara .sgf nis mocsenymomero oro6paxkeHus Ha 3KPaH U Ipeobpa3osa-
HWIt ¢ DOMOMIBIO TpexmepHoro Mauumyaaropa. (Crnerudukarms 3-1.)

BRIXOZ, TIpekpamaeT paboTy IPOrpaMMbl M BO3BPAIAET YIIPAB/IEHHE ONEpaloH-
HoOM cHCcTeMe.

IIpu Heo6xOmMMOCTH BO3MOXKHOCTH, OHHECAHHBIE B CIENH(pUKALNN, MOXKHO COKPATHTE
MyTeM yjaajieHus TpeOoBaHui K mMporpamme.

Hcnoneayiite sprumncieHud u3 mpuMepa 5-2 u 3ama4 5-2, 5-5, 5-7, 5-9, 5-10, 5-12,
5-20 u 5-21 maa mposepku paboTHI IPOrpaMMEI reHepallun u HpeoOpasoBaHull Tpex-
MEpHBIX KDHBBIX.

5-2. Jobaputh x cmeuudukanmm 5-1 BO3MOXKHOCTH 1y Kpusbix Be3pe u B-
ciiaiHa, KAK HePaIlHOHAJIbHBIX, TAK M PalMOHAIbHBIX. JaHHbIe BBOAATCH w3 daliia

B ¢opmare sgf.

T'JIABA 6

3nech mpuBeneHa cnenuduKaLus IPOrPAMMBI MeHepalluy ¥ MAHUILY IAlun A1 TI0-
BepxHocTu. OHa OYeHb IMOX0XKA Ha IPOrpaMMmy reHepaliun u npeobpa3osaHuil njisa Kpu-
BOl u3 1. 5 u 06/1aIa€T MHOTHMH aHAJIOTHYHBIME XapaKkTepucTukaMu. OHa TakxkKe MO-
3keT OBITh MOCTPOEHA KAaK PaciinpeHue MPOrPaMMbl TPEXMEPHOTO MaHHITYIATOpa, (cIe-
uupUKAIUA 3—1). B sToM caydae reHepanus u MaHUITYJISIMSA TOBEPXHOCTBIO SABJISETCA
MPOCTO JOIONMHUTEbHOM (pyHKIMeH.

[TosepxHocTu, 00cyxnasinecs B 1. 6, HanpuMep GwivHeliHbie, IpaBUIbHbIE, Jiu-
Helinble win buky6uyeckme nosepxHocTu KyHca, mosepxHocTu Besbe win B-cruiaiiner,
KAK HepalMOHaJIbHbIE, TAK M PAIMOHAIBHBIE, HCIIONB3YIOTCA B KauecTse 6a3uca mpo-
rpaMMbl. BriroueHne BO3MOXKHOCTEH reHepalimm u OTOOpa’keHus COCTABHBIX IOBEPX-
HocTell nenaeT 0co6eHHO yI00HBIM nCCleg0BaHue 3¢ HEKTOB BO3AefiCTBuUA PA3THYHBIX
BapHAHTOB BXOJHBIX JAaHHBIX.

6-1. PazpaboTtaTh u peayin30BaTh NPOrpaMMy reHepalluy 1 MAHUITYIAIUH TPeXMep-
HBbIMHE IIOBEPXHOCTAMH, KOTOpas HONy4aeT BXOAHBIE JaHHBIE B (hOpMaTe TPEXMEPHOTO
daiina .sgf, onucanHoro B Tabn. A-2 mpunoxkeHusi A-6 uju TOUKH MHOTOYTOJBHOH ceT-
Ku B ¢popme daiina .pnp 4ia nosepxHoctu Besse wnn B-cnaiina (tabn. D-1 mpuio-
skeHus D). CreHepupoBaHHas MOBEPXHOCTD CTPOMTCS € HCIOIB30BAHHMEM MMOAXOAIIEH
HPOEKLMHU Ha IIOCKOCTH z = 0, HApuMep H3OMETPu4ecKOH, JUMETPUIECKOoH, KabuHe
wiM KaBajibe. PesynnTarol seiBogsaTcs B dpopmare .sgf wiu B popmare .spf u MOryT
OBITH MCIIOVIB30BAHBI BIOCIEeACTBuH. KOMMEHTapuu 110 MOBOAY uHTepdelca MONTb30-
BaTesIs, MPUBEJIEHHBIE B HAUaJIe ITOTO MPHJIOXKEHus, CIPABeIUBbI X IIpu pa3paboTKe
JaHHoiT mporpaMmel. IIporpamMMa fOMKHa yI0BRETBOPATH CISAYIONTHM XapaKTepuCTH-
KAM H YCJIOBHSM:

BBOJ, Beox nanmerx u3 daitra B TpexMepHoM ¢opMare .sgf.

IIOBEPXHOCTH Tenepupyer nosepxuocTs. [na nosepxuocreit Besve u B-crutaiina peata-
30BaHLI KAK HePaIMOHALHEIM, TAK ¥ PAalMOHATLHEI BADUAHTE, & TAKKe
BO3MOKHOCTH YBeJHUeHHs [OPAIKA N CTeleHH pasbuenus. (3amawm 6-17
U 6-28 mpe/TAraOTCA B XKAYECTBE TECTOBBIX IOBEPXHOCTEHA. )
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rpaHMIEL
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KOImHA

BBIBOZ

BBIXOZ,

Mpunoxenwe F Crneundrranns aporpamm

Brraucnsger u orobpaxkaer YeThblpe IPaHUYHBIE KPUBBIE IOBEPXHOCTH.
Brraucnser u orobpaxaer Ape JUAroHAIbHBIE KPHUBbIE IIOBEPXHOCTH.
Brrancisier u oTo6pakaeT OpPTOrOHANMBHYIO CeTKY H30IApAMeTPHYeCKHX
JIMHUH HA MOBEPXHOCTH. 3alpaliiBaeT JHCJIO JIMHUN B KAXKAOM IapamMe-
TPHIeCKOM HallpaBJIeHHH.

OrobpakaeT HOBEPXHOCTH C HCIIOJIB30BAHMEM LOMXOAAIIEH IpOeKITuH,
HalIpuMep H30MeTPHYECKOMN, AUMeTPHIeCKOMH, KAbHHe WIN Kabajbe,
PucyeT npsMule JIMHHE MeXKIy TOYKAMH BXOIHBIX JaHHEIX. [IpuMenaerca
A nopepxHocreil Besbe u B-ciutaiiaa, 4To6bI HOKa3aTh ONpee Aok
MHOT'OYTOJIBHUK.

OnpeneneHsl Apa THIIA TPEXMePHBIX OCel: OCH Tejd U (PUKCHPOBAHHEIE
ocu. B 1060 MOMeHT BpeMeHM MOryT OTOGpAXKATHCA KAK OJHHM M3 HHX,
Tak U Te U ApYyrHe cpa3y. Pasmeps! nepeMeHHBle. Mapkepsl pa3MeTKH MO-
ryT GHITH BKJIIOYeHB! WM BeKI0YeHBl. Ocu Tena (UKCHPOBAHEI B IIEHT-
pe o6bekTa WM rpymmnl 06bexToB. OHH IepeMelaloTCH, T.e. BPAINA-
10TCS, IEPeHOCATCS, OTPAXKAIOTCH BMecTe ¢ obbekToM. PHKCHpoBaHHEE
OCH PacHonaraloTcs B TOUKe HAYasla MHpPOBOM cucTeMbl Koopaunar. OHu
ABIAIOTCH CYObeKTOM peobpa3oBaHNs Kaapa, T. €. H30MeTPHYECKOMH, Ju-
MeTpHYeCKOH, KOCOYTroJIbHON HJTH IePCIEeKTHBHON IMPOeKITHH.
OrobpaskaeT MeTKH BCJIeJ 33 OTAEJbHHIMH TOYKAMH BXOJHBIX JAHHBIX,
Hanpumep Pi, P2, Ps u .14,

Momudunupyer xapakTepucTHKH IoBepxHocTH. IlpencraBiieHo MeHIO
BO3MOXHBIX Moguduxanuyit, OQHON U3 KOTOPHIX fBJIAETCA IEPEeMelleHre
KOOPIMHATHEIX BeKTopoB. J s 6ukybudeckoit nosepxaoctr KyHca Takxe
BKJIIOYEHBI MOmI(bHKam/IH KacCaTeJIbHbIX BeKTOPOB H BEKTOPOB BpameHud.
Tpancdoxamms kaMephl OTHOCHTENIBHO kKaapa u3obpakenus. 3amedaHne:
3T0 He MacITabHpPOBaHNe ITOBEPXHOCTH.

Onpegnensier, 6ymeT u oMMIIATLECH 3KPaH Nepel] PUCOBAHMEM TeKyIeil
IIOBEPXHOCTH.

BoccranasmiBaeT HcxomHbE JaHHbIE IOBEPXHOCTH.

ITeyaraeT HA 3KpaHe KOHCTPYKTHUBHEIE JAHHEE ITOBEPXHOCTH, HAIPUMED
onpeAe/ A0 MHOrOYTOJIbHUK JJ1d ToBepxHOCTH Be3be u B-cruiaiina.
Henaer TBepAyIO KOIKIO TeKYIero H306paxkenus.

IIpenacTaBneHo MEHIO JOCTYIHBIX YCTPOHCTB BhBOZA. Heobxomuma BO3-
MOXXHOCTB BHIBOAA B (haitn B dpopmare .sdf. (Taba. A-1 w3 npunoxenus
A-5.)

CoxpanseT TpexmepHEle TOUYKH JAHHBIX CreHepHPOBAHHON IOBEPXHOCTH
B ¢aile B TpexmepHoM opmare .sgf mia nocienyomero oToGpaxkeHus
HA 3KPaH M MaHMIIY/MPOBAHN C [IOMOIIbIO TPEXMePHOro MaHUITYIATODA.
IIpekpamaeT paboTy mporpaMMm ¥ BO3BpamaeT yIIpaB/eHHe Ollepaliy-
OHHOM cHCTeMe.

ITpu HEOOXOAMMOCTH BO3MOXKHOCTH, OMMCAHHEIC B CHelnbuKaIun, MOXKHO COKpa-
THTb IIyTeM yJaJjlenus TpebOBaHmi K mporpamme.

Hcnonp3oBaTh BhIUmCIeHuA B3 NpuMepos 6-9, 6-10, ¢ 6-12 mo 6-15 u 6-18 u 3a-
faq ¢ 6-9 no 6-11 mi1g mpoBepKu Omepanmii MPOrPaMMBI TEHEPAIIMH H MAHUITYJISITHI

ITOBEPXHOCTAMH.

6-2. MlobauTs k cnenudukanum 5-1 BOZMOXKHOCTE 118 TPEXMEDHHX IIOBEPXHO-
crefi. lannbie BBoAsATCA M3 aiuia B opmare .sgf. (Tabn. A-2 u3 mpunoxenus A-6.)



Ipunoxenue G

AJITOPUTMBI

B 3T0oM mpuioXKeHun NPUBEIEHO HECKOJIBKO HOJIE3HBIX ajnropuTMos. Bee onu mpen-
CTaBJICHBI € TOMOMIBIO TICEBAOKO/A, OMHCAHHOTO B Mpujiokenuu C. BeibpaTs A3bIK Ijis
nIpeacTaBJieHusd aJirTOPUTMOB ObLIO HEIIPOoCTO. HepCHeKTHBHbIMH KaHInJaTaMHu BbBITJIAg-
e Iackann, @oprpan, Cu u ANSI Beficuk. C toukn 3penust Mmammunolt rpaduxu
KAXK/pIH u3 3TuX A3BIKOB MMeeT CHJbHBIE u (J1abble CTOpOHBI. OKOHYATEILHOE Pelle-
Hue BHIOPAHO HA OCHOBE Nejarormdeckux coobpaxenwuii. [IpeacrasieHue ¢ MOMOIIBIO
MICEBJIOKOA TpebyeT, YTOOBI aJIrOPUTMBL ObLIH IIEPEBEICHBI HA «PEANIbHBIH» A3BIK HPO-
rpaMMupoOBaHusd. ECTh HaJEK 14, YTO 3TOT IPOIECC YIYYIINT MIOHAMAHKUE AJITOPHTMOB,
a (JIeZIOBATENIbHO, M JIeKAIeH B uX OCHOBE MATEMATHKH.

BepCIm AJITOPUTMOB Ha IICEBAOKOJE aJITOPDUTMHYECKH ITOCTPOEHBI HAa OCHOBE pa-
foralomux mporpaMM. Mbl HageeMcs, 4TO TakoH crmocob mpuBest K MojydeHuto Gojee
TOYHHIX ajIiropuTMoB. OJHAKO B IpOLECCe NMEYaTH MOIVIKM ObITH BHECEHBI OTJENbHBIE
omubku. [TosTomy mpu peasu3anun cllenyer emie pa3 BHUMATENbHO CBEPUTh AJITOPHT-
MBI ¢ MATeMATHYECKHUM IPEICTABJIEHHEM B TEKCTE.

AnropuTMbl pa3pabaTbIBasuCh i1 06ydeHus, T. €. OHH 33JyMaHbI B KAYECTBE WII-
JIOCTPAIMt MATEMATHYECKHX METOHOB, O6CY X IABIIUXCH B KHHre, HO HE Kak 3ddek-
THBHO paboTaroniue nporpaMMbl AJIsl MPOMBINITIEHHON SKCIUTyaTamuu. Bo MHOTHX CITy-
Yasgx IPH3HABAJIACH MIPHEMJIEMOH Bbru(InTebHAS HeAM(EKTHBHOCTE, eCiiM OHA OKY-
[IAeTCcsl TeM, YTO aJIropuTM Hojiee MOJHO COOTBETCTBYET OCHOBHOMY TEKCTY KHHIH. BHI-
yucauTenbHas HeddPEeKTUBHOCTL JOMYCKANACh u A1 COKpalneHus Tpebyemoil mams-
. Takum 00pa3oM, IPOrpaMMbl, pPa3pabOTaHHBIE B COOTBETCTBHH C IIPEIJIOXKEHHBIMH
aJICOPUTMAMH, IPUMEHUMBI IJIs1 MEKPOKOMIIBIOTEPHBIX OIEPAITMOHHBIX CHCTEM B yCJIO-
BHSX OTpaHMYeHHOH JOCTYMHOMN onepaTuBHON naMATH. IIpuMepoM CIy:KuT AJIFOPUTM
bsplsurf nocrpoenusi mosepxuocTr B-cmaitna. B npennokeHHOM HmKe ajiropuTMe
HA TICeBIOKOAe Bce 6a30Bbie DYyHKIMM AJIS KAXKIOTO 3HAYEHHS IIaPaMeTpa BBIYHCIIA-
I0TCs BHE TVIABHOTO IMKJA, JTO COKpalaer TpeboBaHus K pasmepaM namarn. OJHAKO
€ TOYKH 3PEHHSI MUHUMHA3ALKH BPEMEHH BBIMOJHeHus 6b110 61 6071ee 3¢ ek THBHO BBI-
YuCIATh BCe 6a30osnie hyHKIuM B NIABHOM IMKJIE, IONY4YaTh Pe3yJIbTATHI X 3aIIOMHHATD
ux B GOJBIIOM MaccuBe. DJIEMEHTHI 3TOr0 MACCHBA MCIIOAB3YIOTCH 3aTEM B OCHOBHOM
IIMKJIe AJif BhIYHCIIEHUA KOODJAHHATHBIX BEKTOPOB Ha IIOBEPXHOCTH. qepea HECKOJIBKO
MHHYT PabOTbl CTAHOBHTCA ACHO, 9TO I JOCTATOYHO CIOXKHHX NMOBEPXHOCTEH pas-
Mepsl MACCHBA MOJYYAIOTCS JOBOABHO Gonbimumu. ONHAKO aJIrOPHTM BBIMOJIHAETCA B
HeCKOJIBKO pa3 GBICTpee, YeM NpeACTABJIEHHBbIH ajropurM Ha ncesnokome. Ilpu pea-
JHU3AIHH aJITOPUTMOB NPEAIOJIAraeTCA, YTO HepBOHAYAJIBHO OHH OyIyT peayin30BaHbI
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B TOM BHJE, B KOTODOM OHM JaHbl B Kumre. CHayasla HANO yIOCTOBEDHTHCHA B IIpa-
BHJIBHOCTH IPOTPaMMEIL, a yIKe 33aTeM CJIeAyeT 3aHHMAThCs HCCIeN0BAaHREM AJITOPUTMA
§ €0 MAaTEeMAaTHYeCKOTO OOOCHOBAHHA € LENBI0 OGHAPYIKEHHS METOIOB IIOBBINIEHH:
3¢ PEeKTHBHOCTH.

ANropuTMBl CTPYHNEPOBAHBL IO IV1aBAM KHHUIHM H DACIOJIOXKEHBl B ajibaBHTHOM

MOpAJKe A1d KaXXTOH TJIaBhI.

[JIABA 2

3teCh IpuBeJIeHH AJITOPUTMBI, BRIIOIHAOIIHE 6A30BhIe IBYMEDPHbIE MAHUITY IS [IHH.
Bort ouu B andasuraoMm mopsake: reflt2d, rot2d, scale2d, tran2d.

reflt2d

IMonnporpamMma ¢GoOpMHPOBaHuS ¥ KOHKATEHAIIMH MATPHILI OTPAXKEHHS B IUIOCKO-
cTu K TeKyueli npeoGpa3yomeli marpune (ypasrenus 2-34-2-36).

reflt(,) = mampuua ompasicenua

reflicode = x0d ompasicenua
1 = omnocumeadvro ocu
2 = omnocumenvro ocu y

t(,) = mexywan npeobpasyrow;aa MAmMpuYa, ¢ xomopot bydemn
KOHKGMERUPOBARE MATNPULA OMPAIHCEHUR

subroutine reflt2d (rfltcode; t(,))
dimension reflt(3,3)
Mat reflt = Idn

if rflcode = 1 then reflt(2,2) = —1 yemanosums coomeememeyrowud ssemenmn paehmm —1
if ricode = 2 then reflt(1,1) = —1

Mat t = tareflt KORKAMERUPOBATD MATNDULDL
return

rot2d

Honnporpamma ¢hopMupyeT MaTpuily OBOPOTA B ILIOCKOCTH M KOHKATEHHDYET €e
¢ Texymel Marpuneli npeobpazosanus (ypasrenue (2-29)).

rot(,) = mampuya noeopoma
theta = yeoa noeopoma e zpadycaz
t(,) = mampuya, ¢ xomopoti ydem KOHKGMERUPOBAHA MATNPUUA TLOBOPOMNG

subroutine rot2d (theta; t(,))

option angle degrees

dimension rot(3,3)

Mat rot = Idn

rot(1,1) = Cos(theta) YCManoexa anaxenud MAMPUyb no6opoma
rot(1,2) = Sin(theta) ’

rot(2,2) = rot(1,1)

rot(2,1) = —rot(1,2)
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Mat t = tsrot KONKAMERAYUA Mampuy,
return

scale2d

Moanporpamma $bopMupyeT MaTpuIly MacIITAbHPOBaHusS B IUIOCKOCTH M KOHKATE-
HEDYeT ee C TeKymmeit MaTpuiei nmpeoGpa3osanus (ypasrenus (2-37)—(2-58)).

a,d = MACUWMAbUPYIOUSUE MRONCUMEAY 6 HANPRBAEHUAT T U Y
a,d > 1— pacmaoicenue; a,d < 1— cocamue
s = 06wyt macwmabupyrowud mrodcumens; s > 1 — yseaunenue;

§ < 1— coxpawerue

Scale(,) = mampuya macwmabuposarua

t(,) = mexywaes npeobPa3yOUas MAMPULA, ¢ Komopol bydem
KOHXGIMEHUPOBAHE MAMPUYA MACIUMABUPOBANUA

subroutine scale2d (a, d, s; t(,))
dimension scale(3,3)
Mat scale = Idn

scale(1,1) = a YCANHO6KA 3HANEHUT MAMPULUB MACUMabUPOBarUA
scale(2,2) = d

scale(3,3) = 1/s

Mat t = txscale KOHKAMERQUUR MATMPUY,
return

tran2d

Moanporpamma dbopMupyeT MaTpuily Napajuie]bHOTO IEPEHOCA B TIOCKOCTH M KOH-
KATeHHDPYeT ee ¢ Tekyueft MaTpuneil nmpeobpa3osanus (ypasuenue (2-50)).

M, N = MHONCUMEAD TLEPEROCA 6 HATIPAGAECHUAT T U Y, COOTNEEIMCINEERHO
t(,) = mampuua, c xomopoii 6ydem xonxameruposana

MAMPUYG TLEPEROCA
tran(,) = mampuya nepenoca

subroutine tran2d (m, n; t(,))
dimension tran(3,3)
Mat tran = Idn

tran(3,1) = m YCMARO6KA 3HAUEHUT MATNPULB NEPEROCA
tran(3,2) = n

Mat t = t+tran KONKAMERAYUUR MATPUY
return

['JIABA 3

3/1eCh MpHBEIEHBI AJITOPUTMBI, BBIIONHAIONHE 6a30Bble TPEXMEPHBIE MAHHITYJIA-
nuu. Takyxe npeanaraeTcs psf aJrOpuTMOB JUIs POEMMPOBAHUs HA TUIOCKOCTh. B as-
dasurHOM MOpsiAKe 3T0: cabinet, cavalier, dimetric, genrot, isometric, oblique,
perspective, project, reflt3d, scale3d, tran3d, xrot, yrot, zrot.
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cabinet

IMoanporpaMma bopMupyeT MaTpHUIly TPOeKIHH KabuHe u KOHKATEHUPYeT ee C Te-
Kyme#t Marpuuell mpeoGpa3opanus (c. 187 n mpumep 3-16).

alpha = Y204 medicdy 20pu3oNMaAdI0 U 0CHI0 TIPOEKUUL Z
t(,) = mexywas npeobpasyrowas mampuya, ¢ xomopod bydem
KONXAMENUPOBAHAE MAMPUYAE NPOEXYUY KabuKe

subroutine cabinet (alpha; t(,))

option angle degrees

ennoanums npoexyuo xabune, ewseas obliqgue npu f = 0.5
call oblique(alpha,0.5; t(,))

return

cavalier

IMoanporpamMma dbopMupyer MaTpully MPOEKIHH KABAJIbE U KOHKATEHHDPYET ee C
Tekymell MaTpueil npeobpasosanus (c. 187 u mpumep 3-16).

alpha = yzoa medrcdy 20pu3oHMabI0 U 0CHI0 NPOEXYUL 2
t(,) = mexywas npeobpasyrowas mampuya, ¢ xomopot 6ydem
KOHKQMENUPOGARA MATNPULE TIPOEKYUY KABAADE

subroutine cavalier (alpha; t(,))

option angle degrees

BHNOARUMD NPOEXUUI Kasarbe, 6m3eas obliqgue npu f =1
call oblique(alpha,l; t(,))

return

dimetric

[MoamporpaMma GOpMEPYET MATPUILY AUMETPUYECKOH NPOEKIHH U KOHKATEHHDYET
ee ¢ Texyme#t Marpuneit npeobpasosanus (ypasuenns (3-32), (3-39), (3-40) u npumep
314).

f = X03PPUUUEHM UCKANHCEHUA 8 HATPABAEHUY 2
t(,) = mexywes npeobpasyrowaR MaMPULG, ¢ XOMOPOL bydem
KOHMANRENUPOBARA MEMPUYE JuMEMpPUsEcKot NPoexyuY
zcode = x0d T nosopoma
= ompuyamenvtnill y2or nosopoma
= noaodcumesvtnil y2oa nogopoma
ycode = x0d y noeopoma
0 = ompuyamensvnui yzoa nosopoma
1 = noaoosrcumenvnuti yeoa nosopoma

subroutine dimetric (ycodexcode,f; t(,))
option angle degrees

Hatdmu yzas nogopoma

phi = Arcsin(f/(Sqrt(2 — f«f)))

theta = Arcsin(f/Sqrt(2))

YCMAHOBUMS 3HAUEHUR HANPABAERUT No60POMa
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if ycode = 0 then phi = —phi

if xcode = 0 then theta = —theta

emnosnums dumempuuecxue npeobpadosanua, enaeas yrot, Trot u project
call yrot (phi; t)

call xrot (theta; t)

call project (3; t)

return

genrot

IomnporpaMma GpopMupyeT MaTpuIly TPEXMEPHOTO HOBOPOTA OTHOCHTENBHO HPO-
HU3BOJIbHOH OCH B IIPOCTPAHCTBE M KOHKATEHHMPYET €€ C TeKymieil MaTpuIen mpeobpa-
30BaHuA METOJIOM COBMEINEHu: OCH IOBOPOTa C OChl0 2z (ypaBmenus (3-21) u (3-23)-
(3-26)).

a(,) = maccus, codeporcawyuti d6e MONKY OCu NOBOPOMA

delta = yzoa n060POMA OMHOCUMEADRO TPOU3BOALHOT OCU 6 2PadycaT

t(,) = mexywas npeobpasyrouar mampuya, ¢ xomopot 6ydem
XOHKAMENUPOBARE MAMPULAL TOBOPOMA

subroutine genrot (a(,),delta; t(,))

option angle degrees

dimension rx(4,4),ry(4,4),rdelta(4,4),rxinv(4,4),ryinv(4,4)
dimension tran(4,4),traninv(4,4)
dimension m(4,4),minv(4,4)

dimension templ(4,4),temp2(4,4)

Mat rx = Idn

Mat ry = Idn

Mat rdelta = Idn

Mat tran = Idn

Mat rxinv = Idn

Mat ryinv = Idn

Mat traninv = Idn

EBUUCAUMD HATPABARIOUSUE KOCUHYCDE

cx = a(2,1) — a(1,1)

cy = 3(2)2) - a'(1)2)

cz = a'(2)3) - a'(1)3)

nfactor = Sgrt(cx*cx + cy*cy + czxcz)

cx = cx/nfactor

cy = cy/nfactor

cz = cz/nfactor

d = Sqrt(cy*cy + czxcz)

YCMAROBUIND FHAYERUA TEPEMEHNBT MAMPUY,
Jamemum, ¥MO, Max xax rT u ry — abcorwmHme Nosopomy, obpawenue
ABAREMCA MPAHCTLONUPOBAHUEM

tran(4,1) = —a(1,1)

tran(4,2) = —a(1,2)

tran(4,3) = —a(1,3)

traninv(4,1) = a(1,1)
traninv(4,2) = a(1,2)
traninv(4,3) = a(1,3)
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rx(2,2) = cz/d

rx(2,3) = cy/d

rx(3,2) = ~1x(2,3)

x(3,3) = rx(2,2)

Mat rxinv = Trn(rx)
ry(1,1)=d

ry(1,3)=cx

ry(3,1)=—cx

ry(3,3)=d

Mat ryinv = Trn(ry)
rdelta(l,1)=Cos(delta)
rdelta(2,2)=rdelta(1,1)
rdelta(1,2)=Sin(delta)
rdelta(2,1)=—rdelta(1,2)
KOHKAMERUPOBATID TLEPEMERKBIE MAMPULHL
Mat templ = rx*ry

Mat m = transtempl
Mat temp2 = rxinv+traninv
Mat minv = ryinvstemp2
Mat templ = rdelta*minv
Mat temp2 = m*templ
Mat t = txtemp2

return

imsometric

ToanporpaMma popMHEPYET MATPHILY M30OMETPHYECKOA ITPOCKITMA B KOHKATEHHDY-
eT ee ¢ Tekymeil Marpuuell npeobpazoBanmsa (ypasuenus (3-32), (3-41) m mpumep
3-15).

t(,) = mexywas npeobpasywwas mampuya, c xomopol 6ydem

KOHXAMENUPOBANA MAMPUYA USOMEMPUNECKOT NPOEXYUL
zeode = x0d = nosopoma

0 = ompuyamensvrui y204 noeopoma

= noaooicurmeadhut Y204 nosopoma

ycode = x00 y nosopoma

0 = ompuyameavnnid yzoa nosopoma

1= noaosicumervnniti y2oa nosopoma

subroutine isometric (ycode,xcode; t(,))
option angle degrees

YCMan06UMS IHANEHUA HANPABAERUL NOGOPOMA
if ycode = 0 then phi = —45

if ycode = 1 then phi = 45

if xcode = 0 then pheta = —35.26439

if xcode = 1 then pheta = 35.26439
6%NOANUY U3OMEMPUNECKUE Npeobpasoseanun, ew3eas yrot, zrot u project
call yrot(phi; t)

call xrot(pheta; t)

call project(3; t)

return
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oblique

MomnporpaMma dhopMHEPyeT MATPHILy KOCOYTOABHOM IPOEKIMM H KOHKATEHHpyeT
ee C Tekymel MaTpunet npeobpasoBanus (ypasHeHue (3-44)).

alpha = yeoa meorcdy 20pu3ormanvio U 0CHIO NPoEXYUY Z

f x0aPPultienm ucxadiCenuA 6 HANPABAEHUU 2

t(,) mexyuwaa npeobpasyowan mampuua, ¢ xomopoi 6ydem
KORKQMERUPOBARE MATMPUUA KOCOY20A5H0T NPOEXUUU

subroutine oblique (alpha,f; t(,))

option angle degrees

dimension oblique(4,4)

Mat oblique = Idn

oblique(3,3) = 0 YCMano6umMsd 3Ra4EHUA Npeobpasyowet Mampuys
oblique(3,1) = ~f*Cos(alpha)

oblique(3,2) = —f+Sin(alpha)

Mat t = t*oblique KOHKAMERUPOBATND MAMPULY
return
perspecitve

Tlogmporpamma ¢popMHEpPYeT MATPHIY IEHTPAJIBHOM MEPCIEKTHBHON IPOEKIMH Ha
IUIOCKOCTb z = 0 M KOHKATEHHpYeT ee c Texkymuell MaTpuuell npeobpa3oBanus (ypas-
Henwe (3-47)).

Cp = uyenmp npoexuuu Ha ocu 2
t(,) = mexywaa npeobpasyrwuier mampuya, ¢ xomopoti bydem
KOHKQMERUPOBAHA MATMPULUA NEPCTEXTNUBROTU NpoexyuU

subroutine perspective (cp; t(,))

option angle degrees

dimension perspective(4,4)

Mat perspective = Idn

perspective(3,3) = 0 YCMAROBUMD SHAUEHUA MAMPUUD YERMPAALHOT
nepenexmuenot npoexyuu

perspective(3,4) = —1/cp

Mat t = t+perspective KOHKAMERUPOBAMND MATMPUUB

return

project

Tloanporpamma popMupyeT MATPHIly IPOCTO#H opTorpacdhuyeckoii IPOEKIMHA Ha O
Hy M3 KOODJAMHATHBIX TIJIOCKOCTEH M KOHKATEHHPYET ee ¢ TeKymel MaTpuneil npeobpa-
30BaHus (ypaBHeHus (3-27)—(3-29)).

proj(,) = mampuya npoexyuu
projcode = x0d npoexyuu
1 = ra naocxocmv z =0
= xa naocxocmo y =0
8 = na naocxocmv z =0
t(,) = mexywes npeobpasyouias mampuya, ¢ xomopot 6ydem
KOHXAMERUPOBAHA MAMPUYE NPOEKYUL
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subroutine project (projcode; t(,))

dimension proj(4,4)

Mat proj = Idn

if projcode = 1 then proj(1,1) =0 YCMAROBUMD COOMBEMCMBYOUSUTE JIAEMERT
MAMPUYH pasrvim 0

if projcode = 2 then proj(2,2) = 0

if projcode = 3 then proj(3,3) = 0

Mat t = txproj KORKQMERUPOBATMD MAMPUUD

return

reflt3d

Hoxnporpamma GOPMHPYET MATPHIY 3€PKAJBHOTO OTPaKeHHA B IPOCTPAHCTBE
KOHKATEHHpYET ee C TeKymell Marpuueii peobpasosanus (ypasHenus (3-11)-(3-13)).

reflicode = x0d ompasicenus

omyocumeanvro naocxocrnu £ =10

2 = omnocumeavto naocxocmnu y =10

8 = omnocumeavro naocxocmnu z =10

MAMPUUE OTNPAIHCERUA

mexywas npeobpasyowar mampuya, ¢ xomopot bydem
KOHKAMEKUPOBAHA MATNPUUA OTNPAIHCERUR

refit(,)
t(,)

subroutine refit3d (fritcode; t(,))
dimension reflt(4,4)
Mat reflt = Idn

if ritcode = 1 then reflt(1,1) = -1 YCMAK06UMd COOMEEMCMEYWULE MEPM
6 MAMPUYE OMPAHCERUA PABHUM — ]

if rltcode = 2 then reflt(2,2) = -1

if rltcode = 3 then reflt(3,3) = —1

Mat t = t+reflt KOHKAMEHUPOBATND MATNPUYB

return

scale3d

Toanporpamma GoOpMUPYeT MaTpHIy MAacIITabHpOBAHHS B MPOCTPAHCTBE M KOH-
KaTeHHpYeT ee ¢ TeKymell maTpuuelt mpeobpasosanus (ypasHenns (3-3) u (3-4)).

a = Mmacwmabupyrowul Mnoxcumeas 6 nanpasaeruu  a > 1 —
pacmaorcenue; a < 1 — corcamue

e = Macwmabupyrowut MHOMCUMEAD 6 HANpaBAEHUU Y e > 1 —
pacmaorcenue; e < 1— corcamue

7 = Macwmabupyrouut MHONCUMEAL 6 HANPaABAERUU 2 § > 1 —

pacmasicenue; j < 1— cocamue

obuutl macwmabupyrowuti muosxcumens s > 1 — yeeausenue;

§ < 1— coxpawenue

scale = macwmabupyrowesr mampuya

t(,) = mexywax npeobpasyrowan mampuya, ¢ xomopot 6ydem
KORKAMEHUPOBARA MACWMAbUPYIOWAR MATNPULG

8

subroutine scale3d (a,e,j,s; t(,))
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option angle degrees
dimension scale(4,4)
Mat scale = Zer

scale(1,1) = a YCTRAROBUMD 3HAUEHUR Macumabupiroweld Mampuys.
scale(2,2) = e

scale(3,3) = j

scale(4,4) = 1/s

Mat t = txscale KOHKGIMERUPOBATND MATPUYD
return

tran3d

TNoanporpaMMa ¢GopMEPYET MATPHUILY Iapajie/IbHOrO HePeHOCa B IIPOCTPAHCTBE H
KOHKATGHHDYET ee ¢ TeKymell Marpuieil npeobpasoBanus (ypasHenue (3-14)).

I = MHOIHCUMEAD NEPEHOCA 6 HANDPABAECHUU T
m = MROICUMEAD NEPEHOCA 68 HANPABAECHUU Y
n MHOHCUMEARD NEPEHOCA 68 RANDABAEHUU 2

tran(,)

t(,)

MAMPUUE NEPEROC
mexywar npeobpasyrowas mampuya, ¢ xomopot 6ydem
KOHKGMERUPOBARAE MAMPUUGE TLEPENHOCE

subroutine tran3d(l,m,n; t(,))
dimension tran(4,4)
Mat tran = Idn

tran(4,1) = 1 YCMAH08Ka 3HAUERUT MAMPUYB NO60POTNG
tran(4,2) = m

tran(4,3) = n

Mat t = txtran KOHKAMERUPOBAND MATPUUD
return

xrot

oanporpaMma bopMApYeT MATPHILY TIOBOPOTA B MPOCTPAHCTBE OTHOCATEABHO OCH
T ¥ KOHKATEHMPYET ee TeKymeid marpuueit mpeobpasoBanus (ypasnenue (3-6)).

rot(,)
theta

t(,)

MAMPUYE NOBOPOTNA
Y204 nOGOPOMaA 6 2padycar

mexywas npeobpasyowar Mampuya, ¢ xomopot 6ydem
KOHKAMEHUPOBARA MAMPULA TLOBOPOTNG

subroutine xrot (theta; t(,))

option angle degrees

dimension rot(4,4)

Mat rot = Idn

rot(2,2) = Cos(theta) YCTANO6KA MAMPUYH TOE0POTIG
rot(2,3) = Sin(theta)

rot(3,3) = rot(2,2)

rot(3,2) = —rot(2,3)

Mat t = txrot KOHKQMENUPOBATD MAMPUUBL
return
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yrot

oamporpaMma GOPMHPYET MATPHIY MOBOPOTA B MPOCTPAHCTBE OTHOCHTENILHO OCH
¥ ¥ KOHKATEHHDYET ee ¢ NPHKJIa HOi MaTpuIei mpeobpasosanus (ypapHenue (3-8)).

phi = yeoa nosopoma 6 zpadycax
rot(,) = mampuya nosopoma
t(,) = mexywas npeobpasyrowar Mampuya, ¢ Komopot bydem

KORKAMERUPOBAHA MATNPUUG TLOBODOTNG

subroutine yrot (phi; t(,))

option angle degrees

dimension rot(4,4)

Mat rot = Idn

rot(1,1) = Cos(phi) YCMAR06%XG MATNPUL B TLOBOPOTA
rot(3,1) = Sin(phi)

rot(3,3) = rot(1,1)

rot(1,3) = —rot(3,1)

Mat t = t*rot KORKAMERUPOBAMD MAMPULY
return

zrot

HonnporpaMma GbOPMAPYET MATPHILY TOBOPOTA B IPOCTPAHCTBE OTHOCHTENBLHO OCH
2 M KOHKaTeHHpYeT ee ¢ TeKymeli MaTpuIeii npeobpasosanns (ypasuenue (3-7)).

rot(,)
theta

t(,)

MAMPUYA NOBOPOMA

Y204 noeopoma 6 2padycar

mexywas npeobpa3yowas mampuya, ¢ xomopoti bydem
KOHKAMENUPOBARA MAMPULA NOBOPOMA

subroutine zrot (theta; t(,))

option angle degrees

dimension rot(4,4)

Mat rot = Idn

rot(1,1) = Cos(theta) YCMANROBXA MATNPULB TLOBOPOTNA
rot(1,2) = Sin(theta)

rot(2,2) = rot(1,1)

rot(2,1) = —rot(1,2)

Mat t = tsrot KORKAMERUPOBATND MATMPUUB
return
I'JTABA 4

31ech JaHBI AJITOPHTMEL, KOTOPHIE T€HEPHPYIOT TOYKA Ha nmepuMeTpe KOHHYeCKOro
cexTopa. B andapurHOM mopanke aTo circle, ellipse, hyper 1, hyper 2, parabola.
KaxxEI# M3 9TMX AJTOPHTMOB JIErKO MopudbHnEpyeTcsa 418 TeHepaltu TOYeK Ha OT-
JAENbHOH 9aCTH KOHHYECKOro CeKTOpa.
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circle

TomnporpaMma reHEpUPYET TOYKH HA BHEIIHEH OKPYXKHOCTH Kpyra (ypaBHEHHe
(4-5)).
cdtheta = cos (dtheta)

cire(,) = Maccus, codepacayud MoKy NAOCKOCTU
cire(,1) = xoopdunama x
cire(,2) = xoopdunama y

dtheta = npupawexue theta
h = X00pJUHAME T UEHMPA OKPYIHCHOCTIU
k = X00pOUHAMG Y YEHIMPA OKPYHCHOCTIU
n = MUCAO MONEX HA OXPYICHOCTIU
r = paduyc
sdtheta = sin (dtheta)
teire(,) = Maccus, codeparcaujull MoKy nAoCKOCmU
teire(,1) = xoopdunama
teire(,2) = xoopdunama y
teire(,3) = 1, odnopodnas xoopdunama
t(,) = Mampuua nepexoca 6 naocxocmu 3 X 3

subroutine circle (h,k,r,n; circ(,))

option angle degrees

dimension t(3,3),tcirc(256,3)

UIMEHENHUE PA3MEDa, 3anoanerue npeobPa3oeanua U Maccuea teirc
Mat rot = Idn

Mat tcirc = Zer(n,3)

Mat tcirc = Con(n,3)

onpedeserue KORCMAKRM

dtheta = 360/(n — 1)

cdtheta = Cos(dtheta)

sdtheta = Sin(dtheta)

onpedesentie HA%aadHOT MOUKU

tcirc(1,1) =1

tcirc(1,2) =0

BHUUCAEHUE TNOUER HG UCTOOHOT YEHMPUPOBANNHOTL OXKPYIHCHOCTIU

fori=2ton
tcire(i,1) = cdthetastcirc(i — 1,1) — sdthetaxtcirc(i —1,2)
tcirc(i,2) = sdthetaxtcirc(i — 1,1) + cdthetaxtcirc(i —1,2)
next i
nepenoc pesyavmamoe 6 h, k
call tran2d(hk; t)
Mat tcirc = tcircst
NPUNUCHLEAHUE TEPEHECEHNHT Inavenutl 6 maccus 2D
fori=1ton
circ(i,1) = tcire(i,1)
circ(i,2) = teirc(i,2)
next i
return

18*
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ellipse
TToanporpaMMa TeHEPHpYET TOYKHM Ha Iepumerpe ajummnca (ypasHenne (4-8)).
a = dauna boavwiol noayocu
b = dauna Maaol noayocu
cl = xoncmanma — (a/b)xcdtheta
c2 = xoncmanma — (b/a)=*sdtheta
cdtheta = xoncmarma — cos (dtheta)

dtheta = npupawerue napamempa

ellip()) = maccus, codeporcausuil mouxu aasunca
ellip(,1) = xomnonenma z
ellip(,2) = xomnonenma y

h = z xoopdunama YeHmpa 3AAUNCA

tnclin = yzo4 naxaona Goavwol ocu 6 epadycaz

k = 1 X00pIURANG YEHMPa FAAUNC

n = 4UCAO TNO%EX KA dAAUNCE

sdtheta = xoncmarma — sin (dtheta)

tellip(,) = 1,maccus, codeprcawuil 00HOPOOHBIE MoUXU TPOCTPANCEA
tellip(,1) = = xoopdurama
tellip(,2) = y xoopdurama
tellip(,3) = 1, odropodnas xoopdurama

t(,) = mampuua npeobpasosarur 6 naocxocmu 3 X 3

subroutine ellipse (h,k,a,binclin,n; ellip(,))

option angle degrees

dimension t(3,3),tellip(256,3)

u3MeneNue paamepa, 3anoinerue npeobpa3osanua u maccuea tellip

Mat t = Idn

Mat tellip = Zer(n,3)

Mat tellip = Con(n,3)

onpedeaerue xoncmanm

dtheta = 360/(n — 1)

cdtheta = Cos(dtheta)

sdtheta = Sin(dtheta)

cl = (a/b)sdtheta

c2 = (b/a)*sdtheta

onpedesenue HaA%AALHOT MOUKU

tellip(1,1) = a

tellip(1,2) = 0

BUNUCAEHUE TNONEK HE UCTOOHOM UEHMPUPOBAHKOM IAAUNCE

fori=2ton
tellip(i,1) = tellip(i — 1,1)xcdtheta — clstellip(i —1,2)
tellip(i,2) = c2+tellip(i — 1,1) + tellip(i —1,2)*cdtheta

next i

T060PO KHa i U Nepenoc pe3yavmamos 6 h, k

call rot2d(inclin; t)

call tran2d(h k; t)

Mat tellip = tellipt

NPUNUCHBARUE NEPENECERNUT 3navenull 6 maccus 2D

fori=1ton
ellip(i,1) = tellip(i,1)
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ellip(i,2) = tellip(i,2)
next i
return

hyper 1

Ioamporpamma renepupyeT TO4YKM Ha runep6ose (ypasnenme (4-15)). TeHepupy-
€T TOABLKO THIepboJa B MEpBOM KBaJpaHTe, OTKPHITAs BIIPABO, C OCHI0 T B KaueCTBe
ocn cummerpun. [lonHasa rumep6ona MOXKeT OHITH IONYUeHA 3€PKAJIbHBIM OTPaXKeHHeM
CHa4aJ1a OTHOCHTENBHO OCH Z, 32TeM OTHOCHTENBHO OCH y. IIpoM3BOIbHbBIE OpHeHTaIH st
H TeHTpaJIbHbIE MO3MIMH MOTYT ORITh IOJYYeHbI COOTBETCTBYIOIMMH IIOBOPOTAMH H
[IEPEHOCaMH.

a = paccmoAnue om yenmpa zunepboin do eepmuxanu
b onpedessem naxaon acumnmom = tbfa

cl = xoncmarma — (b)xtdtheta

c2 = xoncmawma — (a)*cdtheta
cdtheta = xoncmanma — cos (dtheta)
dtheta = npupauenue NAPEMEmpe

hyper(,) = maccus, codepocausuti mouxu napaborv
hyper(,1) = z xomnonenma
hyper(,2) = y xomnonenma

n = wucao mouex na esunepboae
tdtheta = xoncmarma — tan (dtheta)
sdtheta(,) = 1, xoncmanma — sin (dtheta)

subroutine hyperl (a,b,n; hyper(,))

UIMENENUE PAIMEPE U 3anoanenue maccuea hyper wyramu
Mat hyper = Zer(n,2)

onpedesenue KoHCMARM

dtheta = (Pi/2)(n — 1)

cdtheta = Cos(dtheta)

sdtheta = Sin(dtheta)

tdtheta = Tan(dtheta)

cl = (b)*tdtheta

c2 = (b)*cdtheta

onpedeserue HAUAGALHOT MOUKU

hyper(1,1) = a

hyper(1,2) = 0

EHUUCAERUE TOUER KA UCTOOROT UEHRMPUPOBAHKOT 2unepboae

fori=2ton
hyper(i,1) = bshyper(i — 1,1)/(c2 — sdtheta*hyper(i —1,2)
hyper(i,2) = bx(hyper(i — 1,2) + c1)/(b — hyper(i —1,2)*tdtheta)
next i
return

hyper 2

ToanporpaMMa reHepupyeT TOYKH Ha CHIEP6OsiE C HCMONIb30BaHHeM runepbomne-
ckux $yHnkuuit (ypabaenue (4-17)). Tenepupyerca Tonpko THnepbosia B IEPBOM KBa-
JiPaHTe, OTKPHITAs BIIPABO, C OCHI0 T B KadeCTBe OcH cummerpuu. IlonHaa rumepbona
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MOXKeT OBITh TONYYeHa 3ePKAJbHBIM OTPAKeHHEeM CHadaJsa OTHOCHTEeJBHO OCH I, IO-
TOM OTHOCHTENBHO OCcH Y. [IpoM3BOAbHEIE OPHEHTAIMA H HEHTPAJIbHBIE MMO3HIMH MOTYT
OBITH HOAYYEHBI COOTBETCTBYIOMMME IIOBOPOTAMH M MEPEHOCAMH.

a = paccmoAanue om yewmpa 2unepboav. do eepmuraau
b = onpedearem naxion acumnmom = kb/a

cl = xoncmanma — (a/b)*sdtheta

c2 = xoncmanma — (b/a)*sdtheta

cdtheta = xoncmanma — cosh (dtheta)

dtheta = npupawerue NAPAMEMpPa

hyper(,) = maccus, codepocawjull Mouxu Napaborvi

hyper(,1) = z xomnonerma
hyper(,2) = y xomnonenma
n wucA0 mouex wa 2unepbonre
sdtheta = xoncmanma — sinh (dtheta)
thetamaz(,) = Maxcumasvroe 3nauerHue NAPAMEMPA

subroutine hyper2 (a,b,thetamax,n; hyper(,))

USMEHEHUE PAIMEDG U 3ATIOANERUE Maccusa hyper Hysamu

Mat hyper = Zer(n,2)

onpedeaexue xoncmanm

dtheta = thetamax(n — 1)

cdtheta = Cosh(dtheta)

sdtheta = Sinh(dtheta)

cl = (a/b)*sdtheta

c2 = (b/a)*sdtheta

onpedeaenue KawaALHOT MOUKY

hyper(1,1) = a

hyper(1,2) = 0

EBMUCAERUE TNO%EX KA UCTOOHOT yenmpuposarnot sunepboae

fori=2ton
hyper(i,1) = hyper(i — 1,1)*cdtheta + cl«hyper(i — 1,2)
hyper(i,2) = c2+hyper(i — 1,1) + hyper(i — 1,2)*cdtheta)

next i

return

parabola

IoanporpaMma reHepupyeT B mepBoM KBaJpaHTe TOYKH Ha napabone, CHMMeTpHY-
HOH OTHOCHTENBHON OCH T, OTKpEITOM Bmpaso (ypasHenwe (4-12)). lna reHepaiyu
HONHO# nmapaboibl B IPOCTPaHCTBE, PACHONOXKEHHOM B IIPOU3BOABLHOMN O3UIMK X IPO-
H3BOJIbHOM ODHEHTAIMH, IPHMEHS0T HeoOXOAMMEIe mpeobpa3oBaHns 3ePKaJIbHOTO OT-
PaKkeHHs, IIOBOPOTA, H MapaJIeJIbHOrO MepeHoca.

a = paccmoanue om gdoxyca do eepmuxasu napaborvi
al = xoncmarma — axdtheta*dtheta

bl = xoncmanma 2 * a*dtheta

dtheta = npupawenue napamempa

n = wucAo mouex na napaboase

para(,) = maccus, codeporcauyuti mosxu napaboavi

para(,1) = xoopdunama z
para(,2) = xoopdunama y
thetamaz = maxcumardroe 3navenue napamempa
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subroutine parabola (a,thetamax,n; para(,))
USMEHENUE PAIMEDPE U 3ANOAHEHUE MACCUBA PATA HYAAMU
Mat para = Zer(n,2)
onpedeaenue XONCTAKTN
dtheta = thetamax/(n — 1)
al = axdthetaxdtheta
bl = 2«axdtheta
onpedeaerue HAYAALROT MOUKU
para(1,1) = 0
para(1,2) = 0
emNuUCAeHUE Mouex Ha uczodrol napabose
fori=2ton
para(i,1) = para(i — 1,1) + dthetaxpara(i — 1,2) + al
para(i,2) = para(i — 1,2) + bl
next i
return

TJIABA 5

3mech MPUBEIEHEI aJITOPUTMEI PEAJM3AIMH METOJOB IIOCTPOEHHA 060ji0ueK. Anro-
PHTMBI JaHbI 1,1 KyOrueckoro ciuiaitHa, napaboJMYecKy CMEMIAHHEIX KPUBbIX M KPH-
BhIX B-ciiaiiHa. AJrOpHTMBI KapKACHOTO IPEJICTABACHHs KPUBBIX JAHBI JJis KPUBBIX
Besbe, ay1a panuoHaAIBHEIX ¥ HepaIMOHAJIBHBIX KPUBLIX B-criialiHa, OMHOPOAHBIX U He-
OHOPOJHBIX Y3JI0OBBIX BEKTOPOB M 415 Oa3ucHuX pyHKuui B-conaiina: basis, bezier,
bsplfit, bspline, bsplineu, cblend, cspline, dbasis, dbasisu, dbezier, dbspline,
dbsplineu, knot, knotc, knotu, matpbspl, nmatrix, parabld, param, rbasis,
rbspline, rbsplinu.

basis
Tlommporpamma renepupyer 6a3ucHble GyHKUMN B-ciuiaiina aisi OTKPBITBIX HEOH-
HOPOJIHBIX Y3JOBBIX BeKTOpOB (ypaBHeHme (5-84)).

nopadox 6asucnot dyrxyuu B-cnaaidna

nepevill mepm pexypcueroz0 omuowenua bazucrod gyrxyuu
6MOPoTl MeEPM PEXYPCUBH020 OMHowenua 6a3ucrotd Pynxyuu
HUCAO BEPUIUN ONPEIEARIOUIEZ0 MHOZ0Y20ADHUKG

Mmaccus, codepocawuts bazucnvie Gynxyuu

n(1,1) codeporcum basucnyrw Pynxyuto, coomsememsyrouwyo B u m. 0.
xorcmanma — npts +¢— maxcumasdvroe

3HaNEHUE HOMEPG Y3Aa

ananenue nNapamMempa

spemenntill maccus

Y34060U eexmop

c
d

e
npts

n(,)

nplusc

t
temp()

z()

subroutine basis (c,t,npts,x(); n(,))

dimension temp(20) donycxaemn 20 6epuitt MHO20Y20ADHUKG
nplusc = npts + ¢

ennucaenue 0cHoeHuT yrxuyull N; 1 (cm. ypasnenus (5-84a))

fori = 1 to nplusc — 1
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if t >=x(i) and t < x(i + 1) then
temp(i) = 1
else
temp(i) = 0
end if
next i
BHHUCAEHUE OCHOBHUT PURKUUT 6mcwie20 nopadxa (cm. ypasrenua (5-84b))
fork=2toc
for i =1 to nplusc — k
if temp(i) # 0 then ecau ocroeHar PYHXKYUA PABHA YA, NPONYCIMUIIE GBUCAEHUE
d=((t-x(i))*temp(i)) / (x(i+k-1)-x(i))
else
d=0
end if
if temp(i+1)#0 then ecau ocroerar Gynxyua pasra Hyat10, NPONYCMUME BUYUCAEHUE
e = ((x(i + k) — t)*temp(i + 1))/(x( + k) — x(1 + 1))
else
e=20
end if
tepm(i)=d+e
next i
next k
if t = x(nplusc) then temp(npts) = 1 waunume ¢ nocaedied MoNxy
6CMAGUMD 6 MACCUS
fori =1 to npts
n(1,i) = temp(i)
next i
if t = x(nplusc) then n(1,npts) = 1 HauHUMe ¢ nocaednet mouxy

return

bezier

Toguporpamma Brraucasier KpuByo Besbe (ypaBHeme (5-62)).

b(,) = maccus, codeprrcansuti BEPUIUNDL ONPEICARIOULEL0 MHOZOY2ZOADHUKG
b(,1) codeparcum xomnotrenmy T eepusutn
b(,2) codeporcum xomnoneRY Y 8ePLIUNYL
b(,8) codeparcum xomnorenmy z eepuiuNl

Basis = gynxyus dar enwvucaenus 6a3ucnozo snauerus Beprwimerina (ypaenerue (5-63))
Cpls = wucao mouex, xomopwsie GYOyYm enuUCAEHB HA KPUBOTL

Factrl = gynxyuu das ewvucsenun gaxmopuana wucaa

J(,) = 6asucnaz Pynxuyus Beprwmeding

Ni = gynxyuu daxmopuansa dar basucrot dynxyuu Beprwmetina

npls = YUCAO 6EPWUN ONPEJEARIOULE20 MHOZ0YZ0ADHUKG

r(;) = maccus, codeparcawuti mouxu xpueot

p(,1)codepaicum xomnonenmy  mouxu

?(,2) codepoicum xomnonenmy y movxu

p(,8) codepoicum xomnonenmy z mouxu
= 3Haxenue napamempa 0< t < 1

subroutine bezier (npts,b(,),cpts; p(,))
defNi(n,i)=Factrl(n)/Factrl(i)+Factrl(n— i)) dyrxyua daxmopuan
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def Basis(n,i,t) = Ni(n,i)*(tAi)*((1 —t) A(n — 1)) 6asucran Pyrxyur Beprwmeting
dimension j(1,20) donycxaem 20 sepwiun MHO20Y20AbHUKG
dimension temp(1,3)

icount = 0

Mat j = Zer(1,npts)
for t = 0 to 1 step 1/(cpts — 1)
icount = icount + 1
onpedeaerue ocroenot Pynxyuu Beprwmetlna (em. ypasnenue (5-63))
for i =1 to npts
j(1,i) = Basis(npts — 1,i — 1,t)
next i
onpedeaenue MouKU Ha KPUBOT
Mat temp = j*b
6CMABUMD 68 MACCUG
fori=1to 3
p(icount,i) = temp(1,i)
next i
mext t
return

bsplfit

ITopnporpamma BeIpaBHUBAET KPHBY O B-cruajina, HConb3y s OTKPHITHIN OXHOPOI-
HBI y3710BOH BekTOp (ypaBHenme (5-117)).

b(,) = maccus, codeporcausuti 6epUUND OTPEIEARIOULZ0 MHOZOYZOADHUKG
b(,1) codeporcum xomnonenmy T eepusUHDL
b(,2) codeporcum xomnorenmy y eepuiusbi
b(,3) codeporcum xomnonenmy z eepusunn
dpts = wucao mouex darnnz
d(,) = maccus, codepocawyuti mouxu JaHHHT
d(,1) codeparcum T xomnonenmy mouxu JaHHHLT
d(,2) codeporcum y xomnorenmy mouxu 0aGHHLT
d(,3) codeporcum z xomnonenmy mouxu JdaHHHT

k = nopadox 6azucrot dyrxuyuu B-cnaatina

n = mampuya 6a3ucrotl Gynxyuu

nbasis = maccue, codepocawyutl 6asucnme Gynxyuu dan eduncmeenn020 3HAENUA T

niny = obpawenue trn(n)xn

nplusc = wucao y3406uT 3nauenut

nPpts = “UCAO BEPUIUN ONPEICARIOULEZ0 MHO20Y20ADHUKG

ntemp = 6PEMENNAR MaMpuyua JAR Tparenua trn(n)xn

ntmp = epeMENHaR MampPuya dan Tpanenus obpawerus trn(n)xnxd

nitrn = MPANCNONUPOBAHUE MATNPUYD: N

t = napamempunecxoe 3navenue 0 <t < 1 N
tpar() = maccus, codeporcausuti AaNNPOXCUMALUIO TOPIGMU OAR NAPAMEMPUUECKUT FHANEHUU
z() = maccus, codepocawyutl Yy34060t eexmop

subroutine bsplfit (dpts,d(,),npts,k; b(,))

dimension nbasis(1,20),x(30),n(20,20),temp(1,3) donycxaern darnsie 0 20 moyxaT

dimension tpar(20),ninv(20,20),ntrn(20,20),ntemp(20,20),ntmp(20,3)
USMeNeNHUE PAIMEDPE U 3GNOANERUE MATNPUY, HYAAMU



554 Ipunoxenne G Aaropurmar

Mat nbasis = Zer(1,npts)

Mat x = Zer(npts + k)

Mat n = Zer(dpts,npts)

Mat ntrn = Zer(npts,dpts)

Mat ntemp = Zer(npts,npts)

Mat ntmp = Zer(npts,2)

Mat ninv = Zer(npts,npts)

Mat tpar = Zer(dpts)

call knot (npts,k; x())

call param(dpts,d; tpar).

nplusc = npts + k .
2EHEPAUUA MATNPUYDL OCHOBHHT GYHKyUT
fori =1 to dpts

t = tpar(i)*x(nplusc) BBINUCACHUE FHAUEHUA TLADAMEMPA AR 00HOU cmpoxu
call basis(k,t,npts,x; nbasis) @biNUCAEHUE OCHOBHOU PYyrKUyUL JaA 00rot cmpoxu
for j =1 to npts
n(i,j) = nbasis(1,j) nocmpoenue MAMPUYD CIMPOXaA 3G CMPOXOT
next j
next i
2EHEPAUUA BEPUIUK ONPEJEARIOUILZ0 MHOZOYLZOADHUKE MEMOJOM HAUMENDUWUT K8aJIPaMos
Mat ntrn = tron(n) HATOHCOENUE TNPAHCTLONUPOBARKOT MAMPULB 0CHOEROU GyHxyuY
Mat ntemp = ntrn*n tra(n)xn
Mat ninv = Inv(ntemp) obpawerue mampuys trn(n)xn
Mat ntmp = ntrn*d obpawerue mampuys trn(n)xn x d
Mat b = ninv#ntmp EHUUCAEHUE BEPUIUN ONPEJCARIOULEL0 MHOZOY20ADHUKA
return
bspline

TlogmporpamMma reHepupyer kpusyioo B-cmiaiiHa, HCIoib3ys OTKPBHITHIH OMHOPOI-
Hulll y370BO# BekTOp (ypaphenme (5-83)).

b(,) = maccus, codeprcawyutl 6epwUND ONPEJEARIOULEL0 MHOZ0Y2ZOADRUKG
b(,1) codeporcum xomnorenmy T eepuiurisi
b(,2) codeporcum xomnorenmy y eepuiuns
b(,3) codeporcum xomnonenmy z eepuuns

k = nopadox basucwol Pyrxyuu B-cnaaiina
nbasis = maccus, codepocausuti basucnne GURKUUL 0AR eFUHCINBEHN020 3HANERUA
nplusc = “ucao Y3406HT 3navenul
npts = YUCAO 6EPUIUNR ONPEJEARIOULEL20 MHOZ0Y20ALHUKE
p(,) = maccus, codeparcawyuti mouxu xpusos
2(,1) codeprcum xomnonenmy T mouxu
?(,2) codeparcum xomnonenmy y mouxu
?(,8) codepacum xomnonenmy z mouxu
rl = MUCAO GBLNUCAAEMBMET MOYEX KPUBOT

t

z()

napamempuuecxoe anavenue 0 <t <1
Mmaccus, codepicawyutl eexmop

subroutine bspline (nptsk,p1,b(,); p(,))

dimension nbasis(1,20),x(30),temp(1,3) donycxaem 20 eepuiut MHO20Y20ADHUKOE
¢ 6agucnoti pynxyuet nopadxa 5

nplusc = npts + k
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OGHYAUMD U USMENUMD PAIMEPHROCTIL Y3A06020 6exMopa u 6a3ucrozo maccuea
Mat nbasis = Zer(1,npts)
Mat x = Zer(nplusc)
2enepayuA 00HopodH020 OMEPHIMO20 Y3A06020 6EXTOPG
call knot(npts k; x)
icount = 0
ennucAeNUEe motex Ka xpusol B-cnaaina
for t = 0 to x(npts + k) step x(npts + k)/(pl — 1)
icount = icount + 1

call basis(k,t,npts,x; nbasis) 2enepayus bagucrotd Gynxyuu 0an 3mMo20 3naYeHUA t
Mat temp = nbasis*b 2EHEPAYUUR MOUKU KPUBOT
p(icount,1) = temp(1,1) NPUNUCKHBAHUE TEXYULE20 ZHALEHUR TMOUKY KPUBOT
p(icount,2) = temp(1,2) maccusy Mol xpueot
p(icount,3) = temp(1,3)

next t

return

bsplineu

TToanporpamma renepupyet kpuByio B-cinaitna, Hcmons3ys mepHOgMIecKuil OmHO-
pomHuIi y310B0# BekTop (ypaBHeHme (5-83)).

b(,) = maccus, codepocalyull 6EPUIUNG ONPEIEARIOULEZ0 MHO20Y2ZOADHUKG
b( ,1) codepoicum xomnonenmy T eepuiurint
b( ,2) codeporcum xomnorenmy y eepuiuNG
b( ,8) codepoicurn xomnonenmy z eepUNDL

k = nopadox 6asucroll dynxyuu B-cnaaiina

nbasts = maccus, codeporcawuti bazucrme PyYHxyuU OAR
eJUHCTNBENIH020 3HA%ENUA L

nplusc = 4UCA0 Y3406HT 3naeRUl

npts = HUCAO 6EPWIUN ONPEJEARIOWLE20 MHOZ0Y20ADHUKG

p(,) = maccus, codepoicausuti MouKU KPUBOT

p(,1) codepocum xommnonenmy  mouxu
?( ,2) codeporcum xomnonenmy y mouxu
p(,8) codeporcum xomnonenmy z mouxu
pl = NUCAO EHIMUCAREMUT MONEX KPUBOT
t napamempuyecxoe 3navenue 0 <t <1
z() Maccus, codepaicawutl Yy3no060t eexmop

subroutine bspline (npts,k,p1,b(,); p(,))

dimension nbasis(1,20),x(30),temp(1,3) donycxaem 20 6epuiut MHR020Y20ADHUKG
¢ basucnoti pyrxyuel nopadxa 5

06HYAUMD U USMEHUMD PA3MEPHOCTIL Y3A06020 6EXMOPE U 6AIUCKOZ0 MACCUEA
Mat nbasis = Zer(1,npts)

Mat x = Zer(npts + k)

nplusc = npts + k

2erepayuA 00HOPOOH020 NEPUOdUUECKO20 Y3A06020 6EXTNOPG

call knotu(npts,k; x)

icount = 0

ewNUCAeHLE ToYex ha xpusot B-cnaaiina

for t = (k — 1) to (npts — 1 + 1) step (npts — 1 + 1) ~ (k — 1)/(p1 — 1)
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icount = icount + 1

call basis(k,t,npts,x; nbasis) 2enepayur Gasucnol Pynxyuu das 5moz20 3naenua t
Mat temp = nbasis*b 2EHEPAYUR MONKU HA KPUEOU
p(icount,1) = temp(1,1) NPUNUCHBAHUE MEKYULE20 IHAMEHUR MOYKY HA KPUBoU
p(icount,2) = temp(1,2) Mmaccusy Imot xpusot

next t

return

cblend

IToanporpaMMa BHIYHUCIAET HOPMAIH30BaHHbIE KyOUYECKHe CMeIaHHble QyHKIUK
(ypasrenue (5-21)).

F(,) = maccus 1 x 4, codepocawutl cmewarnse Pynxyuu
f(1,1) codepocum Fy
f(1,2) codepacum F3
f(1,8) codepacum F3
f(1,4) codepoicum Fy
tau = 3navenue Hopmaaudosannozo napamempa 0 < tau < 1

subroutine cblend (tau; f(,))

f(1,1) = 2+ (tau)A 3 — 37 (tau)A 2 + 1
f(1,2) = —2* (tau)A 3 + 3"(tau)A 2
£(1,3) = tau* ((tau)A 2 — 27tau + 1)
£(1,4) = tau* ((tau)A 2 — tau)
return

cspline

IogmporpaMma BEIYHCIAET KPHBYIO Kybudeckoro ciuiafina (ypasuenue (5-1)).

beflag = praz zpanunnozo ycaoeua

beflag = 1 — ycaosua saxpeniennns xoHy0e

bcflag = 2 — ycrosua ce0bodnms xonyos

d(,) = maccus, codepricawyut NodTOGRUUE MONKY JAHHUT

d (,1) codepoicum KomnoreHmy T MouKU JGHHWET
d (,2) codepacum xomnonenmy y mouxu OaHHWT
d (,3) codepocum xomnonenmy z mouxu SaHHHNT
f() = maccus 1 x 4, codepocausutl cmewannme Gynryuu
f(1,1) codepoicum Fy
f(1,2) codepocum F;,
f(1,3) codeporcum F;
f(1,4) codeporcum Fy

g = 2E0MEMPUMECKAA MATPUYA

iCOUNt = cuemMMUKX “UCAG TOYeX Ha xpUBOU

m(,) = mampuya xosdPuyuenmos [M] (ypasnenue (5-15))
minv(,) = ofpawenue mampuyn xosdduyuenmos [M]

npls = 4ucao nodrodAWUT mouex

r(,) = maccus, codepoicaujut MoKy Kpueol

p(,1) codeparcum xomnonenmy r mouxu
p(,2) codepacum xomnonenmy y mowxuy
p( ,3) codepoicum xomnonenmy z mouxu
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point(,) = eduncmeeHHaR MOUKG KPUBOU
point(1,1) codeporcum KOMIOHEHMY T MOUKY
point(1,2) codeporcum xomnonenmy y mouxu
point(1,8) codepocum xomnorenmy z mouxu

pl = MUCAO TNOYEK, BUHUCAREMNT OAR Ka#CA020 CezMenma KPusoil
r(,) = mampuya [R] daz ymuooicenus cnpasa (ypasnenue (5-15))
t(,) = MAMPUYA NAPEMEMPE, ANNPOKCUMUDPOSAHHO20 TODIAMYU
tangent(,) = mampuya xacameavro20 sexmopa (ypasrenue (5-15))

tau = 3nauenue HOPMaAU308anH020 napamempa 0 < tau < 1

subroutine cspline (npts,pl,d(,),bcflaglicount,tangent(,); p(,))
dimension t(20),m(20,20),minv(20,20),r(20,3) donycxaem dannve 04z 20 movex
dimension g(4,3),point(1,3),f(1,4)
Mat m = Zer(npts,npts)
Mat minv = Zer(npts,npts)
Mat r = Zer(npts,3)
Mat t = Zer(npts)
onpedeaenue 3nauenul NAPAMEMPAE C UCIOADI0BAHUEM TOPFoEoTl GNNPOKCUMALUY
(ypasnenue (5-2))
for i = 2 to npts
t(i) = Sqrt((d(i,1)—d{ — 1,1))A2+(d(i,2)— d(i—~ 1,2))A 2)
next i
ecmasums KospPuyuenmu mampuyt [M] (ypasnenue (5-15))
fori=2tonpts — 1
m(ii — 1) = (i + 1)
m(i,i) = 2#(t(i) + t(i + 1))
m(i,i + 1) = t(i)
next i
ecmasumo nepeyto cmpoxy mampuyss [R] (ypasnenue (5-15))
fori=2tonpts — 1
coeff = (3/(t(1)*t(i + 1)))
forj=1to3
r(i,j) = coeffx((t(1)A2)*(d(i + 1,j) — d(,j)) + (i + 1D)A2)x(d(i,j) — d( — 1,j)))
next j
next i
dobasumb 2PaHUMHBE YCAOBUR 8 MAMPUYb (maba. 5-3)
bcflag = 1 — 3aduxcuposams xKOHYEBBE YCAOBUA
beflag = 2 — nozacumv xonyesve ycaosus
YUKAUMECKUE U GRIMUYUKAUNECKUE 2DANUNHBE YCAOBUR DACCMOMPETMSd KGX YNPANHCHEHUE
if bcflag = 1 then
m(1,1) =1
m(npts,npts) = 1
forj=1to3
r(1,j) = tangent(1,j)
r(npts,j) = tangent(npts,j)

next j

end if

if bcflag = 2 then
m(1,1) =1
m(1,2) = 1/2

m(npts,npts — 1) = 2
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m(npts,npts) = 4
forj=1to 3
r(ij) = (3/2#6(2)))*(d(24) — d(1.))
r(npts,j) = (6/t(npts))*(d(npts,j) — d(npts — IR))]
next j
end if
acmasums xospPuyuenmou. mampuy [M] (ypaenenue (5-16))
Mat minv = Inv(m)
BWNUCAUMD BHYMPENHUE Kacameavhbie eexmopy daa [M]7'[R]
Mat tangent = minvsr
zerepuposams MoKy na Kybuvecxom cnaatne (ypasnenuve (5-22))

02PARUMUMD UNNEPBAA 0AR NPedYnPesCcIeHua 6bMUCAEHUT MOYKY Ha KOHYE UNMEPBaaa,
deavicdu ybpamov amy nocaedniot mouxy nosoice

icount = 0
for i = 2 to npts
fortau=0tol — (1/(pl — 1)) step 1/(p1 — 1) pI>1 uau owubra e pesyavmame

icount = icount + 1
YCTAHOBUMD MAMPUYY cMewarnol Pynryuu (ypasnenue (5-21))
f(1,1) = —2+(tauA 3) + 3#(tau A2)+1
£(1,2) = 2#(taun3) — 3x(tau A2)
£(1,3) = taux(tauA2 — 2xtau + 1)#t(i)
f(1,4) = taux(tauA2 — tau)#*t(i)
YCMAHOBUMD 2E0MEMPUHECKYI0 Mampuyy (ypasnenue (5-20))
forj=1to3
8(1,j) = d(i — 1,j)
g(24) = d(ij)
g(3,j) = tangent(i — 1,j)
g(4,j) = tangent(i,j)
next j
BUMUCAUMD COUNCTNBERNYI0 MONKY Ha XKpueoil (ypasrenue (5-22))
Mat point = fxg
NPUNUCGMD BEKMOPHYN MATMPUYY
forj=1to 3
p(icount,j) = point(1,j)
next j
next tau
next i
COTPAHUMD CNEYUAILHO NOCAETRION TONKY
icount = icount + 1
forj=1to 3
p(icount,j) = d(npts,j)
next j
return
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dbasis

IoanporpaMma rerepupyeT 6a3nucHbie GyHKIHE B-cralina ¥ MX IpOU3BOgHbIE Iiis
OZIHOPOJHBIX OTKDHITBIX y3JI0BBIX BEKTOPOB (ypaBHenHus (5-84) u (5-97)-(5-100)).

nepewtd mepm bazuchot pyHxyuu

emopot mepm baszucnotl Ppynxyuu

nopadox basucrot dynxyuu B-cnaaina

da1(,) Mmaccus, codepoicawyull npouseodnyro basucrol Pynryuu

d1(1,1) codepacum npouseodnyro basuchold dynxyuu das B1 u m. d.

d2(,) = maccus, codeporcawsutl npoudeodnyro baducrot dynxyuu
d2(1,1) codepoicum npoussodnyro basuchot dynxyuu dasn B u m. d.
f1 = nepentl mepm nepeoti Npou3eoonol basucnol dynxyuu
f2 = 8mopoil mepm nepsoli npouseodroti basucrold Pynxyuu
f3 = mpemutl mepm nepsoil npoussodnotl basucnol Gynxyuu
f4 = qemeepmuil mepm nepeot npoudsodnol baszucrol Pynryuy
npls = UCAO BEPWUN ONPETEARIOULE20 MHOZ0Y20ALHUKG

n(,) Mmaccus, codepoicausutl bazucnue Gynryuy
n(1,1) codepsicum Gasucnyro dynxyuro das B u m. d.

nplusc = codepoicum maxcumaeavroe y3roe0e 3navenue

s = nepewnil mepm emopol npou3sodnold basucnot Gynxyuy

82 = emopold mepm 6mopoti npou3sodnot Gasuckold Pyrxyuu

83 = mpemui mepm 6mopot npou3sodnol baducrold Pyrrxyuu

84 = yemeepmul mepm 6mopold nPou3eodnol ba3uckold Pynxyuu
t = napamempurecxoe 3HaveHue

temp() = spemennnidl maccue

z() = y3ao0e0d eexmop

subroutine dbasis (c,t,npts,x(); n(,),d1(,),d2(,))
dimension temp(20),temp1(20),temp2(20) donycraem 20 eepuwsun MHO20Y2Z0ALHUKG
nplusc = npts + ¢
3ANOAHEHUE HYARMU BPEMEHHBT MACCUBOS
Mat temp = Zer(apts + ¢)
Mat templ = Zer(npts + c)
Mat temp2 = Zer(npts + c)
ennucaumsy baaucume Gynxyuu nepeozo nopadia n(i,j) (ypasnenus (5-84a})
for i = 1 to nplusc — 1
ift > x(i) and t < x(i + 1) then

temp(i) = 1
else
temp(i) =0
end if
next i
if t = x(nplusc) then temp(npts) = 1 obpabomams Koney CneyuaidHo

enMuCAUMD 6a3uchbie GYNKUUU BHCWE20 NOPATKG U UT NPOU3BOTHBIE

(ypaenenua (5-84b) u (5-97)-(5-100))

fork=2toc

for i = 1 to nplusc — k
ewnucaumsd basucnyr Gynxyur
if temp(i) # 0 then ecau basuchaa PYHKYUR PABHA HYA0, NPEPBGMD 6BUUCACKUE
lbl = ((t — x(i))*temp(i))/(x(i + k — 1) — x(i))

else
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bl1=0

end if

if temp(i + 1) # 0 then ecau fazucras GYHKYUR pasna HYAt0, NPEPEATIL BUNUCACHUE
b2 = ((x(i + k) — t)*temp(i + 1))/(x(i + k) — x(i + 1))

else
b2=10

end if

SNMUCALUMD NePEYH NPOU3BOIHY0

if temp (i) # 0 then ecau 6a3UCKEA GYHKYUA DasHA HYAI0, NPEPBAMDL BHNUCAERUE
fl = temp(i)/(x(i + k — 1) — x(i))

else
fl=20

end if

if temp(i + 1) # 0 then ecau faaucnas Gynxyua pasna HYAI, NPEPEAML BUHUCACHUE
£2 = —temp(i + 1)/(x(i + k) — x(i))

else
f2=0

end if

if templ(i) # 0 then ecau 6a3ucHas PyHKYUA PA6HA HYAN, NPEPEAMY SBYUACHUE
3 = (t — x(i))*temp1(i)/(x(i + k — 1) — x(i + 1))

else
f3=0

end if

if templ(i + 1) # 0 then ecau fasuckas GyHKEYUA pasna HYA10, NPEPBLMNDL BUHUCAEHUE
f4 = (x(i + k) — t)*templ(i + 1)/(x(i + k) — x(i + 1))

else
f4=0

end if

8UYUCAUMD 6MOPYN0 NPOUIBOOHYI

if temp1(i) # 0 then ecau 6a3ucHas PYHKYUA PasHa HYAI0, NPEPEAMD BUNUCAEHUE
sl = 2#templ(i)/(x(i + k — 1) — x(i))

else
sl=0

end if

if templ(i + 1) # 0 then ecau 6azuckas GYHKYUA pasHa HYA10, NPEPEAMD BWHUCAEHUE
82 = —2«templ(i + 1)/(x(i + k) — x(i + 1))

else
s2=190

end if

if temp2(i) # 0 then ecau 6a3ucHas PYHKYUA Pa6HA HYA0, NPEPEAmMd SHNUCAEHUE
83 = (t — x(i))*temp2(i)/(x(i + k — 1) — x(i))

else
s3=20

end if

if temp2(i + 1) # 0 then ecau 6asuchas GynKyuAa PaeHa HYA10, NPEPEAMD BWMUCAEHUE
s4 = (x(i + k) — t)*temp2(i + 1)/(x(i + k) — x(i + 1))

else
s4 =90

end if

temp(i) = bl + b2

templ(i) = f1 + f2 4+ f3 4+ f4

temp2(i) = sl + s2 + s3 + s4

next i
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next k

6CTNABHME 6 MACCUB

for i =1 to npts
n(1,i) = temp(i)
d1(1,i) = templ(i)
d2(1,i) = temp2(i)

next i

return

dbasisu

Ioanporpamma rerepupyer 6a3ucHble GynkipH B-craiina 1 ux HPOU3BOIHBIE IS
OZHOPOIHBIX IEPHOAUYECKHX Y3JI0BbIX BeKTOPOB (ypaBuenus (5-84) u (5-97)~(5-100)).

b1 = nepewvl mepm basucrol pynxyuu
6mopot mepm basuchot Pyrxyuu
nopadox baducroli gynxyuu B-cnaaiina

(2]
i

d1(,) Mmaccus, codepocausuti npou3eoduyro basuchur Gyrxyul
d1(1,1) codeporcum npouseodnyro basucnod dyrwxyuu das By u m. d.
d2(,) = wmaccus, codepoicauutl Npoudsodnyto basucntiz Gynryuil
d2(1,1) codeporcum npouszeodnyro 6aauckot Pynwxyuu daa By u m. d.
f1 = nepewi mepm nepsod npou3eodnol basuckol dynryuu
fe = 6mopod mepm Nepsol npou3eodnot basuckod dynxyuu
f3 = mpemud mepm nepeotl npouseodnot Gazuchol dyrxyuu
f4 = yemeepmuiil mepm nepeot npou3sodnold basuchol dynxyuu
npls = WUCAO BEPWIUN ONPEJEARIOULE20 MHOZ0Y20ABHUKA
n(,) = wmaccus, codeporcawsutl 6aauchme Gynxyuy
n(1,1) codepacum 6asuckyro dyrxyuro das By u m. 9.
nplusc = codepocum maxcumaesvroe y3iosoe 3navenue
sl = nepenit mepm 6mopod npoudeodnol basucnol Pynxyuu
s2 = emopod mepm 6mopot npou3eodnot Gazuckol Pyrxyuu
33 = mpemuii mepm 6Mopoti npoudsodrotl 6asuchod Pyrxyuu
84 = 4emeepmuil mepm 6mopotl npouasodrold 6asucrot dyrxyuu
t = napamempuyecxoe 3nauenue
temp() = epemennnid maccue
T = y3.0601 6eXMOP

subroutine dbasisu (c,t,npts,x(); n(,),d1(,),d2(,))
dimension temp(20),temp1(20),temp2(20) do 20 sepwun onpederiouse20 MHO20Y20ALHUKE
nplusc = npts + ¢
3ANOAHAEM HYARMU BDEMEHNBU MacCus
Mat temp = Zer(nplusc)
Mat templ = Zer(nplusc)
Mat temp2 = Zer(nplusc)
evnucasem boaauchne Gyrnryuu nepeozo nopadxa Ni,1 (ypasnenus (5-84a))
for i = 1 to nplusc — 1
ift > x(i) and t < x(i + 1) then

temp(i) =1
else

temp(i) =0
end if

next i
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if t = x(npts + 1) then omdeavro onpedesrem KoHey NYMeM NEPECAHOEKY
temp(upts) = 1 bazuchuz Pynxyul nepeozo nopadxa
temp(npts + 1) 0

end if

annucaresm Basuchbie GYNKYUL BHCWUT NOPAIKOS U UT NPOU3IBOIHBLE
ypasnenus (5-84b) u (5-97)-(5-100
fork=2toc
fori = 1 to nplusc — k
swnucaRem basuckyro Pynxyur

if temp(i) # 0 then ecau basucHas Pynxyua paera nyaro,
NPONYCKGEM BHHUCACHUA
bl = ((t — x(i))*temp(i))/(x(i + k — 1) — x(i))
else
bl=0
end if
if temp(i + 1) # 0 then ecau ba3ucras Pynxyua paena vy,

NPONYCKGEM BHMUCACHUR
b2 = ((x(i + k) — t)*temp(i + 1))/(x(i + k) — x(i + 1))
else
b2=10
end if
BHUCAREM TLEPEYI NPOUIBOTHYNW
if temp(i) # 0 then ecau baducras Pynxyus paera nyaw,
NPONYCKAEM BHYUCACHUA
fl = temp(i)/(x(i + k — 1) — x(i))
else
=90
end if
if temp(i + 1) # 0 then ecau baducras Pynxyus paera nyao,
NPONYCKGEM BHMUCACHUR
f2 = —temp(i + 1)/(x(i + k) — x(i))
else
2=0
end if
if temp1(i) # 0 then ecau 6a3ucHas GYHRYUR pasHa Ky,
NPONYCKAEM BBMUCACHUR
3 = (t — x(i))*templ(i)/(x(i + k — 1) — x(i + 1))
else
3=0
end if
if templ(i + 1) # 0 then ecau baducras PyrHxyua pasra Ky,
NPONYCKAEM BHUUCACHUA
f4 = (x(i + k) — t)stempl(i+ 1)/(x(i + k) — x(i + 1))
else
fa=0
end if
BHMUCAREM BTOPYIO NPOUIBOTHYI0
if templ(i) # 0 then ecau ba3ucnas PYHKYUR DABHA HYAMW,
NPONYCKAEM BBUUCACHUA
sl = 2xtempl(i)/(x(i + k — 1) — x(i))
else
sl=0
end if
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if templ(i + 1) # 0 then ecau fasucnas GyHKYUA pasena nyaw,
NPONYCKAEM BVIMUCACHUR
82 = —2xtempl (i + 1)/(x(i + k) — x(i + 1))
else
s2=0
end if
if temp2(i) # 0 then ecau 6aaucnas GyHKYUA PasHa HYyiw,
NPONYCKAEM BBUUUCACHUA
83 = (t — x(i))*temp2(i)/(x(i + k — 1) — x(i))
else
s3=20
end if
if temp2(1 + 1) # 0 then ecau baducras Pynxyua pasHa nyo,
NPONYCKAEM SBUUCACHUA
s4 = (x(1 + k) — t)*temp2(i + 1)/(x(i + k) — x(1 + 1))
else
sd =0
end if
temp(i) = bl + b2
templ(i) =f1 + f2 + f3 + f4
temp2(i) = sl + s2 + s3 + s4
next i
next k
nOMEUWAEM 6 MACCUS
for i = 1 to npts
n(1,i) = temp(i)
d1(1,i) = templ(i)
d2(1,i) = temp2(i)
next i
return

dbezier

IMoanporpaMma BHIYHCIAET KPHBYIO Be3be H ee IepBYIO H BTOPYIO IDOM3BOAHbIE
(ypasrenus (5-62), (5-72) u (5-73)).

b(,) = maccus, codepocausutl BEPUIUND ONPEIEARIOULLZ0 MHOZOYZOADVHUKG
b( ,1) codepocum xomnonenmy T eepuwiuHbl
b( ,2) codepocum xomnonenmy y sepusunv
b( ,3) codeporcum xomnorenmy z sepuiurv
Basis = dynxyua dra evwnucaenus 6a3uctozo snavenua Beprwmetina
cpts = uUCAO mouex, Komopuie BYJYm euMUCACHD HA KPUBOU
d1(,) = maccus, codeprcausutl nepsyro NPou3BodHYNW Kpueol
d1( ,1) codepxcum xomnoneHmy T npou3sodnol
d1( ,2) codepoicum xomnonenmy y npouaeodrot
d1( ,3) codepoicum xomnonenmy z npoudeodrot
d2(,) = maccus, codepoicausuii 8mopy NPou3sodHY Kpusol
d2( ,1) codeporcum Komnonenmy T npou3sodnol
d2( ,2) codepocum xomnonenmy y npoussodnot
d2( ,3) codepacum xomnonenmy z npou3eodnoi
Factrl = gyrnyua das svnvucaenus gaxmopuaaa wucia
j(,} = 6asucnaa pynxyua Beprwmetina
i1(,) = nepsar npoudeodraz basucroli dynrxyuu Beprwmeina
J2(,) = smopus npoussodnas b6asuchot pynxyuu Beprnwmeina
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Ni = dynxyua gaxmopuaaa das 6asuca Beprwmeina
npts = YUCAO BePUIUH ONPETEARIOULEZ0 MHO20Y20ADHUKG
p(,) = maccus, codeporcauut mouxu xpusol

p( ,1) codepocum xomnonenmy T mouxu

p( ,2) codepocum xomnonenmy y mouxu

p( ,3) codepocum xomnonenmy z mouxu
t = 3nauenue napamempa 0 <1< 1

subroutine dbezier (npts,b(,),cpts; p(,),d1(,),d2(,))

def Ni(n,i) = Factrl(n)/(Factrl(i)*Factrl(n — i)) dynxyus daxmopuasa
def Basis(n,i,t) = Ni(n,i)*(tAi)*((1 — t)A(n — 1)) basucnas Ppyrxyus Beprwmetina
dimension j(1,20),j1(1,20),j2(1,20) donycraem 20 eepusuh MHO20Y20APHUKG

dimension temp(1,3),templ(1,3),temp2(1,3)
onpedesrem Pa3MEDHOCTNU U 3GTLOARACM HYARMU MAMPUYHL
Mat j = Zer(1,npts)
Mat jl = Zer(1,npts)
Mat j2 = Zer(1,npts)
for t = 0 to 1 step 1/(cpts — 1)
icount = icount + 1
if icount = cpts thent =1 HeobToduMo 0P20HU308aTND BHNUCACHUE NPUPBWEHUAR T
onpedessem Gazuchyro dynxyurw Beprwmetlna u ee nepsyro u emopyro npoussodnvie
(ypasnenuxr (5-63), (5-74), (5-75))
for i =1 to npts
j(1,i) = Basis(npts — 1,1 — 1,t)
ift #0andt # 1 then CNEYUGADHO YCTRAHABAUBGEM KOHEHHHNE TOYKY
JULD) = (((i — 1) — (apts — L)*t)/(t+(1 — £)))*j(1,i)
J2(Li) = (G — 1) — (npts — 1)*t)A2 — (npts — L)xtat — (i — 1)%(1 — 2#t)
32(L1) = j(Li)*2(Li)/ (bxtx(1 — t)+( — t))
end if
next i
onpedesiem MoKy xpueol
Mat temp = j+b
onpedeasesm npou3sodnvie KPUGoi NEPE02o U BMOP020 nopadxos (ypasnenus (5-62), (5-72)

(5-73))
ift <>0andt # 1then CNEYULADHO YCTMAHAEAUBAEM KOHYUEEBE TOYKY
Mat templ = jlsb
Mat temp2 = j2+b
else
if t = 0 then
templ(1,1) = (npts — 1)x(b(2,1) — b(1,1))
temp1(1,2) = (npts — 1)=(b(2,2) — b(1,2))
end if
if t = 0 then
temp2(1,1) = (npts — 1)*(npts — 2)#(b(1,1) — 2+b(2,1) + b(
temp2(1,2) = (npts — 1)x(npts — 2)#(b(1,2) — 2+b(2,2) + b(
end if
ift = 1 then
templ(1,1) = (npts — 1)x(b(npts,1) — b(npts — 1,1))
temp1(1,2) = (npts — 1)*(b(npts,2) — b(npts — 1,2))
end if
ift =1 then
temp2(1,1) = (b(npts,1) — 2#b(npts — 1,1) + b(apts — 2,1))
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temp2(1,1) = (upts — 1)*(npts — 2)xtemp2(1,1)
temp2(1,2) = (b(npts,2) — 2+b(npts — 1,2) + b(apts — 2,2))
temp2(1,2) = (npts — 1)*(npts — 2)*temp2(1,2)
end if
end if
NOMEULLEM 8 MACCUS
fori=1to3

p(icount,i) = temp(1,i)
dl(icount,i) = templ(1,i)
d2(icount,i) = temp(1,i)
next i
next t
return

dbspline

IonnporpaMma rerepupyeT KpUBYIO B-crinaiina u ee NPOU3BOIHBIE, HCIIONB3YS OT-
KPBITHIH ofHOpOIHbIH y3i10Bo# BekTOp (ypasuenus (5-83), (5-95) u (5-96)).

b(,) = Mmaccus, codeprCauiutl 8EPUUNY ONPEIEARIOULEZ0 MHOZ0Y20ADHUKG

b( ,1) codeporcum Komnonenmy xr sepusunb

b( ,2) codeporcum xomnorenmy y eepusuns

b( ,8) codepoicum xomnonenmy z sepsunsi
d1(,) = maccus, codepocawsull nEPeyY nPou3eodnyo xpueou

d1( ,1) codepacum xomnonenmy T npou3eodnoi

d1(,2) codepocum xomnonenmy y npou3godrol

d1( ,3) codepocum xomnonenwmy z npoussodnoil
d2(,) = Maccus, codepoicaujull 8MOPYI0 NPOUIBOOHYIO KPUBOH

d2( ,1) codeporcum xomnonenmy T npoudsodnol

d2( ,2) codepacum xomnonenmy y npouseodrot

d2( ,3) codepocum xomnonenmy z npoussodnol
dInbasis(,) = nepsasa npoussodnas Gaducrot Gynxyuu das edurcmeerHo2o 3xaueHus L
d2nbasis(,) = emopas npoudeodnas basucholl Pyrryuu dag eduHncmeennozo 3HaEHUR T
k = nopadox 6a3uctotl gynxyuu B-cnaatina

nbasis = maccus, codepoicawuti ba3uckvie Gyrryuu dan eduncmeenro2o 3naveHul t
nplusc = MUCA0 Y3A06YL 3HOuEHUL
npts = MUCAO BEPWIUN ONPEICARIOUL20 MHOZOYLOADHUKG
r(,) = Mmaccus, codeprcawyull Moury xpueod
p( ,1) codepoicum xomnonenmy x mouxu
p(,2) codepoicum xomnonenmy y mouxuy
p( ,3) codepoicum xomnonenmy z mouxy
pl = YUCAO GBHUCARCMUT MOYEX KPUBoU
t = napamempusecxoe snavenue 0< 1 <1
z() = Maccus, codepoicausull Y3.4080U eexmop

subroutine dbspline (npts.k,pl,b(,); p(,),d1(,),d2(,))

donycxaem 20 sepwiun mrozoyzoavruxae ¢ bazucrot dynxyuei nopadxa 5
dimension x(30),nbasis(1,20),d1nbasis(1,20),d2nbasis(1,20)

dimension temp(1,3),temp1(1,3),temp2(1,3)

onpedesrem DAIMEDHOCTNYU U 3ANOAHACM HYAAMU Y3406801 6€XKTOD

U maccuen 6a3uce, XPusoU U NPOUIBOIHNT

Mat p = Zer(pl,3)

Mat d1 = Zer(pl,3)
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Mat d2 = Zer(pl,3)
Mat nbasis = Zer(1,npts)
Mat dlnbasis = Zer(1,npts)
Mat d2nbasis = Zer(1,npts)
Mat x = Zer(npts + k)
nplusc = npts + k
2eHePAyUAR 00HOPOIHO20 OMKEDHINOZ20 Y3A08020 8EKNOPG
call knot(npts,k; x)
icount =0
BWYUCAACM TNOYKU Ha Kpusodl B-cnagiing u uz nepsyr u emopyro npoussodnvie
for t = 0 to x(nplusc) step x(nplusc)/(pl — 1)
icount = icount + 1
if icount = pl then t = x(nplusc) KOMNEHCOUUA AR BVUUCACHUR NPUPAGULCHUR |
2enepayus 6a3ucholi GyHKYUYL U ee NPOU3BOIHKE OAR IM020 3HAMEHUA i
(ypasnerus (5-84) u (5-97)-(5-100))
call dbasis(k,t,npts,x; nbasis,d1nbasis,d2nbasis)

Mat temp = nbasis*b 2eHEPAYUR MOUKYU HA KPUBOU
Mat temp 1 = dlnbasis*b NEPeas NPou3eodnas 8 IMol MoyuKe Ha KPusoU
Mat temp 2 = d2nbasis*b 8MOPaR NPOUIBOOHAR 6 MOt Kpusol
p(icount,1) = temp(1,1) COTPAHACM MEKYULEE IHAMEHUE MONKY HA KPUBOU
p(icount,2) = temp(1,2) 6 maccuse 3mol xpueoti

dl(icount,1) = templ(1,1) cozpansem mexyuee 3Hauenue npouseodnol 6 smol mouxe
dl(icount,2) = templ(1,2) Ha xpusot 6 Mmaccuse nPou3sodnol
d2(icount,1) = temp2(1,1)  cozpersem mexywee 3HaueHue NPOU3BOIHOU 8 IMOU Mouxe
d2(icount,2) = temp2(1,2) Ha Xpusol 8 maccuse nNPou3sodHol
next t
return

dbsplineu

IoanporpaMma renepHpyeT KpuBylo B-crnaiina u ee IpoM3BOAHbIC, HCIIOIBL3YS Tie-
PHOZHYECKHH OOHOPOAHLIH y310B0#t BexTOp (ypasrenus (5-83), (5-95) u (5-96)).

b(,) = Mmaccus, codepacawull 6EPUIUHD ONPEICARIOULEZ0 MHOZOY20ALHUKG
b( ,1) codeporcum KomnoneHMYy T BEPUIUHB
b( ,2) codepoicum xomnoHenmy y eepusunbl
b( ,3) codeporcum xomnonenmy z eepusunb
di1(,) = Maccus, codepacauutl nepeyo nPouIeodHyt0 Kpueol
d1( ,1) codeprcum Komnonenmy T npou3sodnol
d1(,2) codepoicum xomnonenmy y npoudeodroi
d1( ,3) codepoicum xomnonenmy z npoudeodnot
d2(,) = Mmaccus, codepocawsull 8MOPY0 NPOU3BooHY Kpueol
d2( ,1) codepocum xomnonenmy T npou3sednol
d2( ,2) codepocum Komnonenmy y npoussodnoii
d2(,8) codepoicum xomnorenmy z npouasodrol
d1Inbasis(,} = nepeas npoussodnas 6asucholi PynryuL 0as eJUNCMBENNKOZ0 3HANEHUR |

d2nbasis(,) = emopas npouseodnas 6a3ucrol GyHEYUY 04R EFUNCMEENNHO2Z0 SHANEHUA t
k = nopadox 6asuckod Pynxyuu B-cnaaiina

nbasis = maccus, codepocawutl baaucrvle Gynryuu das eJUHCMBERH020 3HAYEHUA ¢
nplusc = MUCAO Y3406HT 3HAY%EHUT

npts = MUCAO 6EPUWIUH ONPEICARIOULLZ0 MHOZ0YZ0ALHUKG

(,) = maccus, codepocawull MoKy xpusol
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p( ,1) codepoicum xomnonenmy © mouxu
p( ,2) codepocum xomnonenmy y mouxu
p( ,3) codepocum xomnonenmy z mowxu
YUCAD BUHUCAREMUT TOUEX KPUBOU
napamempuyecxoe snavenue 0 <t < 1
Maccus, codepocausuti Y3aosol sexmop

pl
t

()

subroutine dbsplineu (npts,k,pl,b(,); p(,),d1(,),d2(,))

donycxaem 20 sepuiun mno20yzoavruxa c b6aduckol dynxyued nopadxa 5
dimension x(30),nbasis(1,20),d1nbasis(1,20),d2nbasis(1,20)
dimension temp(1,3),temp1(1,3),temp2(1,3)

ONPEICARCM DAIMEDHOCTNY U 3ANOAHACM HYARMU Y34060U 6eKMOP

U Mmaccust bazuca, xpueol u NPOU3EOTHHT MACCUBE

Mat p = Zer(pl,3)

Mat d1 = Zer(pl,3)

Mat d2 = Zer(pl,3)

Mat nbasis = Zer(1,npts)

Mat dlnbasis = Zer(1,npts)

Mat d2nbasis = Zer(1,npts)

Mat x = Zer(npts + k)

nplusc = npts + k

2eHEPAYUA NePUOOUNECK020 00HOPOOH020 OMKPYINOZ0 Y3A08020 BEXTODR
call knotu(npts,k; x)

icount =0

567

BWMUCAREM TOYKU HA Kpusoll B-cnaating u Uz nepsyro u 6Mopylo npoudsodHvie

(ypasnenus (5-84), (5-93), (5-94))
for t = (k — 1) to npts step (npts — 1))/(pl — 1)
icount = icount + 1

if icount = pl then t = npts KOMNEHCOUUA JAA BHMUCACHUR NPUPAULEHUR L
zeHepayuA 6a3uchol PyHKYUL U ee NPOUIBOTHHL OAR IMO20 3HAN%CHUA

call dbasisu(k,t,npts,x; nbasis,d1nbasis,d2nbasis)

Mat temp = nbasis*b 2eHepayUR
Mat temp 1 = dlunbasis*b NEepPeas NPou3BOoHas 6 IMOoL
Mat temp 2 = d2nbasis*b 6MOpPas nNPou3sodHas 6 IMou
p(icount,1) = temp(1,1) COTDAHAEM MEKYUeE 3HAvEHUE

p(icount,2) = temp(1,2)

moyxyu Ha xpueoil
moyxe Ha Kpueou
mouxe Ha Kpueol
mouxu Ha xpueold
6 maccuee xpugol

dl(icount,1) = templ(1,1)  cozparsem mexywee 3Hauenue npoudeodrot 6 smoii mouxe

dl1(icount,2) = templ(1,2) Ha xpusotl 8 maccuee nPou3sodnol
d2(icount,1) = temp2(1,1)  cozpansem mexyuee 3nasenue npoudeodnol 6 smoii moyxe
d2(icount,2) = temp2(1,2) Ha xpusoii 8 Mmaccuse nPou3eodHoil

next t

return

knot

IoanporpaMma, resepupyeT OTKPHITHIH y370Boit BeKTOp B-cluraitHa ¢ koadbduuy-

eHTOM Ha Kommax (c. 315).

¢ = nopadox Gasuchol Pynxyuu
T = MUCA0 8EPUIUN ONPEICARIOULE20 MHO20Y20ADHUKG
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nplus? = undexc maccusa () daa nepsozo npubauocenus

MAKCUMAADHOZ0 JHAMEHUR Y3A08020 6€XMOPA
nplusc = MaxcuMaAbHOE SHAYEHUE Y3406020 6eKMOpa — T+ C
z() = maccus, codepoicausutl y3aoeoll 6exmop

subroutine knot (n,c; x())
nplusc =n + ¢
nplus2 =n + 2
x(1) =10
for 1 = 2 to nplusc
ifi > c and i1 < nplus2 then
x(@) =x(x—-1)+1
else
x(i) = x(i—1)
end if
next i
return

knotc

IloanporpamMMa reHepHpyeT HEOLHODPOIHBIN OTKPHITHIL Y3J10BOil BEKTOD, NIPOIOp-
IMOHAJBHBIN IJIMHAM XODJ, MEXIY BEepIIHHAMH OIIpelessAIONIEr0 MHOrOyroJIbHUKA
(ypaBuenue (5-86)).

b = Maccus, codepicalyull BePUILHY ONPEIEARIOULEZ0 MHOZ0YZ0ALHUKG
b( ,1) codepoicum xomnonenmy T eepusunb
b( ,2) codepocum KomnoHenmy y 6EPUILKH
b( ,3) codepoicum xomnoHnenmy z eepuILNYL

c = nopadox 6asucnold Gyrxyuu
chord = z0pdosoe PACCTOAHUE MENCIY BEPUIUHAMU ONPEFEARIOULE20 MHOZOYZOADHUKG
csum = HOXONUMEAd CYMMb TOPIOBUT PACCTOAKUY

mazchord = cymma Topdosvr paccmoanud mecdy sepuunamu
ONPedenrIouse20 MHOZOYZOADHUKG

npts = MUCAO 6EPWUH ONDEJCARIOULE20 MHOZ0Y20ALHUKG

nplusc = MAKCUMAADHOE 3HAMEHUE Y3408020 6€XMOpa — N + ¢

numerator = nymepamop ypaenenus (5-86)

z() = maccus, codepricawut Yy340804 6exmop

zchord = KOMNOHENMA T PACCTNOAHUR MeNCIY 6EPUWURAMU
ONPEJEARIOULEZ0 MHOZOY20ADHUKG

ychord = KOMNOKERMA Y PACCTNOAHUAR MENHCOY 6EDUWUKAMU

onpede.umtqezo MHO20Y20ADHUKG

subroutine knotc (npts,c,b(,); x())

dimension chord(20)

nplusc = npts + ¢

n=npts — 1

onpedenfem PAIMEPHOCINU U 3GNOAHAEM HYAAMU Y3A060TL BEKTNOP U SHGYEHUR Topd
Mat chord = Zer(n)

onpedesenue TopA0B0Z0 PACCTNOANUA MENCOY BEPUUNAMY ONPEFCARIOULE20
MHO20YZ0ADHUKG U UT CYMMBL

maxchord = 0

for i = 2 to npts
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xchord = b(i,1) — b(i — 1,1)
ychord = b(i,2) — b(i — 1,2)
chord(i — 1) = Sqrt(xchord+xchord + ychordxychord)
maxchord = maxchord + chord(i — 1)
next i
3a800um k Hyaell 8 HauaAe OMEPHMOZO Y3406020 BEXNOPG
fori=1toc
x(i) =0
next i
26HEPAUUR BHYMPEHHUT Y3A06HL IHAMEHUT
fori=1lton—c+1
csum = 0
fori=1toi
csum = csum + chord(j)
next j
numerator = (i/(n — ¢ + 2))*chord(i + 1) + csum
x(c + i) = (numerator/maxchord)*(n — ¢ + 2)
next i
3a800um k Hyaell 6 KoHYE OMEPHMO20 Y3406020 6EKTNOPR
for i = n + 2 to nplusc
xi=n-c+2
next i
return

knotu

IlonnporpamMa reHepHpyeT NIEPHOANYECKHE ONHOPOIHBIH OTKPBITHIH y37i0BOH BEK-
Top B-cnimadtuna (c. 311).

nopadox 6asucnol Pynxyuu

HUCAO 8EPWIUH ONPEJCARIOULE20 MHOZOY20ALHUKG
MAKCUMBADHOE 3HAYEHUE Y31068020 6eXMOpa — N + C
Maccus, codeporcausutl Y3060t 6exmop

c
n
nplusc

z()

subroutine knotu (n,c; x())

nplusc = n + ¢

for i = 1 to nplusc
x(@{)=1i-1

next i

return

matpbspl

IlonnporpamMMa renepupyeT KpuBylo B-clinaiiHa ¢ HCIIOIb30BAHHEM MATPHYHBIX
METOJOB U IEPHOAMYECKHX OJHOPOJHBIX Y3/IOBbIX BeKTOpOB (ypasrenue (5-93)).

b(,) = maccus, codepocausuii sepLUNY ONPEFEARIOULEZ0 MHOZOYZOALHUKG
6 CKOADIRULEM OKMHE
b( ,1) codeporcum xomnonenmy T BepuiuNL 8 CKOABIAULEM OKHE
b( ,2) codeporcum Komnonenmy y sepuwiunm 8 cKOALIAUEM OKHE
b(,3) codepocum momnonenmy z sepuuns 8 croavIAULEM OXNE
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d(,) = Maccus, codepocauutl 8epUIUNDL ONPEJEARIOULE20 MHOZOY20ADHUKG
d( ,1) codeparcum Komnonenmy T eepusuHb
d( ,2) codepacum Komnonenmy y eepusutiv
d( ,3) codepoicum xomnoHnenmy 2 sepusuHb

feoeff = xosPduyuenm dan yeaoUCAEHHOT MAMPUYDL

k = nopadox basucrol Pyrxyuu B-cnaaina

nbasis = maccus, codepoicaujuil basucHbie PyHKYUY Oai eJUHCTEEHN020 3HAMEHUR §
nplusc = “UCAO Y3406WT 3HAMEHUT

npts = MUCAO 6EPUIUH ONPEICAAINULEZ0 MHOZOY20ADHUKG

o(,) = maccus, codepoicawsuil MoKy xpueod

p( ,1) codepocum Komnonenmy T mouxu

p( ,2) codepoicum xomnonenwmy y mouxy

p( ,3) codepocum xomnonenmy z mouxu
pl = MUCAO BWHUCAREMBT MO%EX KPUBOU

ptemp(,) = epeMeERHAR MAMPUYEL, COIEPIHCAUAR OUHCTIBEHHYIO MoKy KPUBoT —Lt*n *b
t(,) = NApPAMEMPUMECKEA MATMPULA

temp(,) = epemennaa mampuya—t*n

u = HopMaAU308aHHoe napamempuecxoe snavenue 0< u < 1

subroutine matpbspl (k,npts,pl,d(,); p(,))

dimension t(1,9),b(9,3),n(9,9),temp(1,9),ptemp(1,3) donycxeem 9-i nopadox
onpedesiesm PAIMEPHOCTND U 3ANOAHACM HYARMU MOMPUYDL

Mat b = Zer(k,3)

Mat n = Zer(k,k)

Mat t = Zer(1,k)

Mat temp = Zer(1,k)

ycmanasausaem 3Havenua mampuyti [N]

call nmatrix(k; fcoeff,n)

YCTNORABAUBGEM FHAMEHUR MOMPUUB CKOALIAULUT BEPUWUH MHOZ0Y20ALHUKG
U BHNUCAAEM TOYKU

icount = 0
for j = 0 to npts YCTNAHABAUBAEM FHAUEHUA MATNPUYDL
CKOADIAWUT BEPWUN MHOZ0Y20ADHUKG
for1=0tok—1
b(1 + 1,1) = d(mod(j + 1,npts) + 1,1)
b(1 + 1,2) = d(mod(j + 1,npts) + 1,2)
b(l + 1,3) = d(mod(j + 1,npts) + 1,3)
next 1

foru=0tol - (1/(pl — 1)) step 1/(pl — 1)
icount = icount + 1

fori=1tok YCmaraeaAusaem 3HAUEHUR NAPAMEMPULECKOU MATPUYDL
t(1,i) = uA(k — i)

next i

Mat t = fcoeff*t BUMUCAREM TNOUKYU HA IMOM CE2MERME

Mat temp = t+m
Mat ptemp = temp+b

p(icount,1) = ptemp(1,1) NPUCBAUBLEM TEKYULCE 3HANEHUE MOYKU
p(icount,2) = ptemp(1,2) Ha KPusoU maccusy xpusol
p(icount,3) = ptemp(1,3)
next u
next j

return
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nmatrix

ITopnporpaMMa BeIMHCISET OOIIyI0 MATPHLY [IepHomudYeckoro basuca B-crimaitna
(ypasuenue (5-91)).

Factrl = ¢pynxyus, enwvucrsrowas gaxmopuas wucaa

feoeff = xosfduyuenm yerowucaennotd mampuynt — 1/(k — 1)!
k = nopadox nepuodurecxod 6a3uctol Pynrxyuu

n(,) = YEAOHUCAEHHEA GOPMA MAMPUYHL

Ni(n, i) = pynnyus, ewvucamowas (%)

subroutine nmatrix (k; fcoeff,n(,))
def Ni(n,i) = Factrl(n)/Factrl(i)*Factrl(n—i))
onpedessem PaIMEPHOCTNG U 3ANOANAEM HYARMU Mampuyy [N]
Mat n = Zer(k,k)
fcoeff = 1/Factrl(k — 1) 8uNUCAREM NOCMOANKWY KosPPuyuenm
YCTNAHABAUBGEM 3HONEHUA MATRPUUD
fori=0tok -1
temp = Ni(k — 1,i)
forj=0tok -1
sum = 0
forl=jtok -1
suml = (k — (1 + 1))Ai
sum2 = (-DA(I - j)
sum3 = Ni(k,] — j)
sum = sum + sumlisum2+sum3
next 1
n(i + 1, j + 1) = tempssum
next j
next i
return

parabld

IloamporpamMma BeIOHAET HapabonKIecKoe cMemuBanue alpha # beta, ucrions3ys
annpoxkcHManiio xopaamu (ypasuenus (5-44) u (5-6)).

IIpeanonaraercs, 4To 3Ta IPOrPaMMa B KayXKAbIH MOMEHT BpeMeHH 00eclieYHBaeTCA
YeTHLIPbMS TOYKAMH JAHHBIX. BRIYHCIAIOTCH TOYKM, PACIOIOXKEHHbIE BHYTDH HMHTED-
BaJIa BIOJb [1apafOiHYecKH CMEIIAHHON KPUBOL.

a(,) = mampuya 4 X 4 napaboausecxu cmewannol Gynryuu

alpha = 3nauenue napamempa r npu P,

beta 3Havenue napamempa 8 npu P

c(,) Maccus, codepaicausutll MouKy cmewantol Kpusot
c( ,1) codepoicum xomnonenmy T MouKu Ha KPUBOT
c( ,2) codeporcum KOMNOHEHMY Y TMOUKU HA KPUBOU
c( ,3) codeporcum xomnonenmy z MoOuKU HA KPUBOT

cl2 = zopdoeve paccmosnue mexncdy mouxamu 1 u 2

€23 = zopdosoe paccmosnue mexncdy morxamu 2 u 3

¢34 = zopdosoe paccmoanue mescdy mouxemy 3 u 4
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1COUNt = CHEMYUUK “UCAG TOYEX HA CMewannol xpusol
inter(,) = npomescymounaa mampuya [AJ[G]
r(, = maccus, codepocawsut wemupe mouxy JaRHHT

p(,1) codepocum xomnonenmy r mouxyu JdaHHHT
p( ,2) codepocum xomnonenmy y mouxu donHuz
p( ,3) codepacum xomnonenmy z mouxu dannuz
point(,) = eduncmeennas mouxa cmewsantol Xpueol
point( ,1) codepoicum xomnonenmy T MoKy
point( ,2) codepoicum xomnonenmy y mouxu
point( ,3) codepoicum xomnonenmy z mouxu
pl = MUCAO TNOMEK, BUYUCAREMBT HG IMOM UHMEPBAALE
t(,) = KY6UMECKAA NAPAMEMPUMECKAR MATIPUYA
t! = napamempurecxoe 3Hauerue 6004d CMEWAHHOT xpueol

subroutine parabld (p(,); c(,),pl,icount)

dimension a(4,4),t(1,4),inter(4,3),point(1,3)
evnucasem daunv £opd

c12 = Sqrt((p(2,1) — p(1,1))A2 + (p(2,2) — p(1,2))A2)
c23 = Sqrt((p(3,1) - p(2,1))/\2 + (p(3,2) - p(2,2))/\2)
¢34 = Sart((p(4,1) — p(31)A2 + (p(42) — p(3,2))A2)
evinucasem alpha u beta

alpha = c12/(c23 + c12)

beta = ¢23/(c23 + c34)

evivucazem [A]

a(1,1) = —((1 — alpha)A2)/alpha

a(2,1) = 2#((1 — alpha)A2)/alpha

a(3,1) = a(1,1) ’

a(4,1) =0

a(1,2) = ((1 — alpha) + alphasbeta)/alpha

a(2,2) = —(2#(1 — alpha) + alphasbeta)/alpha

a(3,2) = (1 — 2salpha)/alpha

a(4,2) =1

a(1,3) = (—(1 — alpha) — alpha*beta)/(1 — beta)
a(2,3) = (2«(1 — alpha) — betax(1 — 2#alpha))/(1 —beta)
a(3,3) = alpha

a(4,3) =0

a(1,4) = (betan2)/(1 — beta)
a(24) = —a(1,4)

a(34)=0

a(44) =0

stnucarem mampuyy [AJ[G]

Mat inter = asp

ONpedesfem MowKy Ha cezmenme Kpueot

for t1 =0to 1 — (1/(pl — 1)) step 1/(pl — 1)
ycmanasausaem anavenus mampuysi [T]

t(1,1) = t1A3
£(1,2) = t1A2
t(1,3) = t1
t(1,4) = 1

BHNUCAREM MOYKYU HE CMmewannol xpusol u 3anomunaem ux 6 C(t)
Mat point = t+inter
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icount = icount + 1
fori=1to3
c(icount,i) = point(1,i)

next

i

next tl

return

param

573

IoanporpaMMa BeIMKHCIIAET XOPIOBBIE 3HAYEHHA, 6a3HpYIONIMecs Ha XOPAOBLIX pac-
CTOSIHHAX.

d(,)
dpts
isum
sum

tparm() =

MaACCUB, CO0EPHCAULUL MOUKY JaHHHT

YUCAO TNOY%EX OAHHBT

HAKONUMEAD CYMMB T0PJoenT paccmornull

cymma £opdosvi paccmoAnuil

MaCCUB, codeporcausull NAPaMEMPUEcKUe IHAYCHUR

subroutine param (dpts,d(,); tparm())

sum = {
isum = 0
tparm(1l) = 0

EUMUCAREM CYMMY TOPIOBUT Paccmoinull daa ecer Mmoyex JaHHHT
for i = 2 to dpts

sum = sum + Sqrt((d(i,1) — d(i — 1,1))A2 + (d(i,2) — d(i — 1,2))A2)

next i

BBMUCAREM NAPAMEMPUECKUE JHAMEHUR
for i = 2 to dpts

isum = isum + Sqrt((d(i,1) — d(i — 1,1))A2 + (d(i,2) — d(i — 1,2))A2)

tparm(i) = isum/sum

next i
return

rbasis

IlognporpaMMa renepupyer Ga3ucubie (PYHKIMH PalnuoHaJIbHOro B-criaiina mna
OTKPBITOFO y3JI0BOTO BexTopa (ypaBrenue (5-123)).

c

d

e
h()
npts
nplusc

r(,)
sum

t

temp()
()

i

nopadox 6asucrot Pynxyuu B-cnaatina
nepentli Mepm PEXYPCusHo20 omHowerus basucrot dynxyuu
6MOPOT MEPM PEXYPCUBHO20 OMHOWeEHUR basuchol dynxyuu

Maccus, codepocauutl 00HopodHbe K0OPIUHAIMHBE BECOBHE MHONCUMEAL

“UCAO BEPUIUN ONPEIEARIOULZ0 MHOZ0Y20ALHUKG

KOHCTARMG — NPLS + C — MAKCUMAADHOE “UCAO Y3A06HT 3Havenul
Maccus, codepocawutl npouaeodnuyro basuchtir Gynxyul
r(1,1) codepoicum npoudeodnyro ba3ucrod gynxyuu das By um.d.

CYMME NPOUIBEIEHUT HEPAUUONHAALHHT baduchur Pyrnxyul
U 00HOPOOHBT KOOPOUNAMHHT BECOBHUT MHodCUMEAEl
napeMempuyecKoe 3nauenue

8pEMENRBT MaACCUB

y3.a0801U sexmop
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subroutine rbasis (c,t,apts,x(),h(); r(,))

dimension temp(20) donycraem 20 6epuiut MH020Y20ADHUKG
nplusc = npts + ¢

BHMUCAREM HEPAUUOHLABHYE basuchbie Pynryuu nepeozo nopadxe Ni1 (ypaenenue (5-84a))

for i = 1 to nplusc — 1
if t > x(i) and t < x(i + 1) then

temp(i) =1
else
temp(i) = 0
end if
next 1

BHMUCAAEM HEDAYUOHAAHE Baductbie GYHKGUL encluezo nopAdxa (ypasnenue (5-84b))

fork=2toc
for i = 1 to nplusc — k

if temp(k) # 0 then ecAU HYAD, NPONYCKAEM 6BHUCAEHUE
d = ((t = x(i))*temp(i))/(x(i + k — 1) — x(i))
else
d=90
end if
if temp(i + 1) # 0 then €CAU HYAD, NPONYCKGEM BWHUCACHUE
e = ((x(i + k) — t)*temp(i + 1))/(x(i + k) — x(i + 1))
else
=0
end if
temp(i) =d +e
next i
next k .
if t = x(nplusc) then temp(npts) = 1 dobasanem NOCAeOHION0 MONKY

EHMUCAREM CYMMY 0% SHOMEHAMEAR PAYUOKAGADHUT basuchuz Pynxyul (ypasnenue (5-123))
sum =0
for i = 1 to npts
sum = sum + temp(i)+h(i)
next i
obpasyem payuonaavrbie basuchue GYnKYUL U nomewaem uT 8 eexmop r (ypasnenue (5-123))
for i = 1 to npts
if sum # 0 then
r(1,i) = temp(i)*h(i)/sum
else
(L)) =0
end if
next i
return

rbspline

IloanporpaMmMa FeHepHpyeT KPHBYIO DalMOHAJIbHOrO B-crmaiima, MCHONb3ys OT-
KDBITHI OQHOPOIHBIN y3/10B0it BexTop (ypaBuenus (5-122) u (5-124)).

b(,) = maccus, codeporcausutl sepuiuHb ONPEIEARIOULEZ0 MHOZOYZOALHUKG
b( ,1) codepoicum xomnonewmy r eepuwunbi
b( ,2) codepoicum xomnonenmy y sepuuHY
b( ,8) codepotcum KOMNOHERMY 2z sepwuHB
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h(,) = maccus, codepocausutl 00HOPOTHBE KOOPIUHAMHBE BECOBBE MHOJCUMENY
k = nopadox 6a3uchot dynxyuu B-cnaaiina

nbasis = maccus, codeporcausuti 6a3ucume Gyrxyuu daz edurcmeennozo 3nayvenua t
nplusc = wucao y3aoevzr 3nauenul

npts = MUCAO 6ePUIUN ONPEJEARNULE20 MHO20Y20ADHUKG

p(,) = maccus, codeporcawuti mouxu xpusot

p( ,1) codepoacum xomnonenmy r mouxu
2(,2) codepocum Komnonenmy y mouxu
p( ,3) codepocum xomnonenmy z mouxu
pl! = MUCAO GBHUCAREMYT MONEX KDPUBOU
t napamempuyecxoe 3navenue 0 <t < 1
z() Maccus, codepocawyutl y3noeot eexmop

subroutine rbspline (npts,k,pl,b(,),h(); p(,))

dimension nbasis(1,20),x(30),temp(1,3) donycxaem 20 30dannnz mouex
¢ 6agucnoii Ppynxyueil nopadxa 5

nplusc = npts + k

ONPEesREm PAIMEPHOCTND U 3ANOAKAET HYARMY Y340601U 8EKMOP U 6a3UCHHU Maccus
Mat nbasis = Zer(1,npts)

Mat x = Zer(nplusc)

2enepupyem omxpuimuil o0Hopodnnl y3aoeoti eexmop

call knot(npts k; x)

icount = 0

8UYUCAREM TNOUKU HA KPUBOU Payuoraavrozo B-cnaatlina

for t = 0 to x(npts + k) step x(npts + k)/(pl — 1)
icount = icount + 1

call rbasis(k,t,npts,x,h; nbasis) payLuotaavhbie baduchbie Pynryuu
das 3mozo 3navenus t

Mat temp = nbasis*b 2EHEPUPYEM TMOYKU HG KpUusoU
p(icount,1) = temp(1,1) NPUCBAUBLEM NEKYULEE IHAUEHUE TOUKY HA KPUBOU
p(icount,2) = temp(1,2) Mmaccugy xpueod
p(icount,3) = temp(1,3)

next t

return

rbsplinu

IoanporpaMma renepHpyeT KpHBYIO panMOHaIbHOro B-cruraiina, HCromb3ys nepH-
OAMYeCcKu#t OQHOPOAHBIA y310BO# BekTOop (ypasmenus (5-122) u (5-124)).

b(,) = maccus, codepicawsutl 6ePUUHB ONPEFEARIOULZ0 MHOZ0YZOADHUKG
b( ,1) codepocum KomnoHenmMy T eePUILH
b( ,2) codeporcum xomnonenmy y eepuwsunbl
b( ,3) codepocum xomnorenmy z eepuiUND
h() = maccus, codepocausutl 00HoPOGHBE KOOPOUHATIHBE BECOBBE MHONCUMEAU
= nopadox 6a3uchod dynxyuu B-cnaatna
nbasis = maccus, codeporcausutl 6a3uchsie Gynryuu 0ar eduncmeennozo SHaveHuR t
nplusc = yucao y3ao8uz 3navenul
npts = wucA0 BePUWUN ONPEJEARIOULEZ0 MHOZOYZOADHUKG
p(,) = maccus, codepocausull mouxy xpusoil
p( ,1) codepoicum Komnonenmy T mouxu
p( ,2) codeporcum KoMNoOKENMY Y MONKU
p(,8) codepocum Komnonewmy z mouxu
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pl = “UCAO BHMUCAREMNET MONEX KPUBOT
t NAPAMEMPUHECKOE IHAENUE
z() = maccus, codepocawull y34060l eexmop

subroutine rbsplinu (npts,k,pl,b(,),h(); p(,))
dimension nbasis(1,20),x(30),temp(1,3) donycxaem 20 3adaHNHBT Mmovex
¢ 6a3uchod Ppynxyued nopadsa 5
nplusc = npts + k
onpedessem DPA3MEPHOCTIU U 3GNOAHAEM HYAAMU Y3A060U 6exmop U basuchuil maccue
Mat nbasis = Zer(1,npts)
Mat x = Zer(nplusc)
2enepupyem omrpuimuitl 0dnopodnmil eexmop
call knotu(npts,k; x)
icount = 0
BHMUCAREM TONKYU HE KPUBOT DPayuoHaAbRo20 B-cnaating
for t = (k — 1)) to (npts — 1 + 1) step ((mpts — 1 + 1) — (k — 1))/(p1 — 1)
icount = icount + 1

call rbasis(k,t,npts,x,h; nbasis) PAYUOHAAdHBE Basuchne PYHKYUU
daR 3moz0 3Haqenus t

Mat temp = nbasis*b 2enepupyem Mmouxy Ha Kpueol
p(icount,1) = temp(1,1) NPUCBAUBGEM MEXYULLE FHAUEHUE TOYKYU HA KPUSoU
p(icount,2) = temp(1,2) Maccusy smot xpusol
p(icount,3) = temp(1,3)

next t

return

I'JIABA 6

3zech TIpeCTABICHBI AITOPHTMBI FEHEPAIIHH TPEXMEPHBIX oBepxHocTell. Briode-
HbI AJITOPUTMBI /11 OHIHHERHEIX, IPABUIIBHBIX [IOBEPXHOCTEH, THHEHHBIX U OUKYOHIe-
ckux nosepxuocreit Kynca, nosepxuocreit Besbe, pannoHanbHOro ¥ HEPaIlHOHAJIBHOIO
B-crina#tna. B andaBHTHOM HOpAIKE HPEACTABJIEHB CIEIYIONHE aJrOPUTMBIL:

bezsurf

IoanporpaMma BeIYHCIAET HOBEPXHOCTH Besbe (ypaBuenue (6-58)).

b(,) = maccus, codeporcausuli BePLUNT ONPEFEARIOUILZ0 MHOZOYZ0ALHUKG
b( ,1) codepocum xomnonenmy T eepruuns
b( ,2) codeporcum xomnonenmy y eepuiurvi
b( ,3) codeporcum xomnonenmy z eepusurv
Sameuanue: maccus Bij = b(,) umeem pasmeprocms nx m X 3, npusem j
udmenaemca bucmpee
Basis = dynxyua das emnucaenua 6asuchozo anauenus Beprwmetina
Factrl = gynxyus daz svnucaenus gaxmopuaaa wucaa
Jin = fegucnan dynxyus Beprwmeiing 6 nanpasaenuu u (ypasnenue (5-63))
kim basucnas pynxyus Beprnwmetna 6 nanpasaehuu w (ypasHenue (5-63))
m UCAO, HE COURUYY MEHDILE, YEM “HUCAO BEPUIUN MHO20YZ0ADHUKG 8 HANPABACHUY W
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T = YUCAO, HO COUHULY MEHDULEE, HEM HUCAO BEPUUN MHOZOYZ0ADHUKG 8 HANPREACHUY U
Ni = dynxyuu daxmopuansa das basuchot dynxyuu Beprwmerina

pl = qucao napamempurecKur AuHUL 8 HANPABAECHUY U

P2 = YUCAO NAPAMEMPUMECKUT AUHUY 6 HANPABAECHUU W

q(,) = xoopdunamume sexmopn daa motex Ha nNOGEPIHOCTNY

q( ,1) codepacum xomnonenmy T eexmopa

q( ,2) codepocum Komnonenmy y eexmopa

g( ,3) codepycum xomnonenmy z sexmopa

0rs PurcupoBarKo20 3HA%ENUR U caedyrowsue m IAemMeNmos codepocam
3navenua dar xpusol q(ui, w); ¢ umeem pa3meprocmv plap2 X 3

subroutine bezsurf (b(,),n,m,pl,p2; q(,))
def Ni(n,i) = Factrl(n)/(Factrl(i)*Factrl(n — i))
def Basis(n,i,t) = Ni(n,i)*(tA))*((1 — t)A(n — i)
icount = 0
for u=0to 1 step 1/(pl — 1) 0/ PUKCUPOBANHHO20 U BBIMUCAREM DASAUMNHBE W
for w = 0 to 1 step 1/(p2 — 1)
icount = icount + 1
fori=0ton
jin = Basis(n,i,u) basucras gynxyus Beprwmeting 8 nanpasaeruu u
forj=0tom
jl=(m+ *i+ G+ 1)

kjm = Basis(m,j,w) bazucnas Pyrxyus Beprwmeting 8 nanpasaenuu w
fork=1to3
g(icount k) = q(icount.,k) + b(jl k)*jintkjm emuucasem mouxy nosepruocmu
next k
next j
next i
next w
next u
return
bicubic

[oanporpaMMa resepupyer 6uxy6udeckyio nosepxuocts Kynca (ypasuenue (6-
51)).

n(,) = mampuyas cmewannoll gynxyuu 4 X 4 (ypasnenue (6-31))
p(,) = mampuya 2panunnmx ycaoeuii 4 X 4 (ypasmenue (6-36))
pl = 4ucao mouex 600ab HANPABAECHUA U
P2 = 4UCAO MOYEK 6004b HANPABAECHUR W
q(,) = mampuya, codepocausar xoopdunamnsie eexmopy 0aa buxybutecxoli no6ePIHOCINY,

uMeem pasmeprocms plxp2 X 3

nepeunll cmoabey — KOMNOHEHMAE T

8Mopot cmoaley — KOMRONENMNA Y

mpemutll cmoabey — XOMNOKEHTNA 2

nepewe p2 saemenmos daz u =10

emopwie p2 saemenmos das u=1/(pl-1) um. 9.
u(,) = xybunecruil cmewannmd sexmop 1 X 4 (ypasnenue (6-37))
w(,) = xybusecrud cmewannnd aexmop 4 X 1 (ypasnenue (6-37))
z(,) = Maccue { X 4, codepicausuii KOMNOHERMB T MAMPUYD

2panusnmT ycaosutl p (ypasnenue (6-36))
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y(,) = maccus 4 X 4, CO0EPHCAUUT KOMNOHERBL Y MATMPUYL
zpanusHuz yeaosull p (ypasnenue (6-36))

2(,) = maccus 4 X 4, codeprCauyutl KOMNOHEHTNY 2 MAMPUYH
epanusnHnT ycaosul p (ypasnenue (6-36))

subroutine bicubic (p1,p2.x(,),y(:):2(.); 4(,))
dimension p(4,4(,n(4,4),ntrn(4,4),u(1,4),w(4,1)
dimension templ(4,4),temp2(4,4),temp3(1,4),temp4(1,1)
onpedessem DOIMEPHOCTIU MOTMPUY U 3GNOAHAEM HYAAMY IMU MAMPULD
Mat p = Zer(4,4)

Mat o = Zer(4,4)

Mat u = Zer(1,4)

Mat w = Zer(4,1)

Mat q = Zer(pl*2,3)

Mat templ = Zer(4,1)

Mat temp2 = Zer(4,1)

Mat temp3 = Zer(4,1)

Mat temp4 = Zer(1,1)

YCIMAHABAUBGEM SHAUEHUR N-MAMPUYD

n(1,1) =2
n(1,2) = —2
n(1,3) =1
n(14) =1
n(2,1) = -3
n(2,2) =3
n(2,3) = -2
n(2,4) = -1
n(33)=1
n(4,1)=1
mpancnonupyem n-mempuyy Mat ntrn = trn(n)
fork=1to3
icount = 0

if k = 1 then Mat p = x
ifk =2 then Mat p =y
ifk = 3 then Mat p =z

Mat templ = p*ntrn BUYUUCAREM D * NLTN-KOHCMARMY OAR 6ceT U, W
Mat temp2 = nxtempl EHMUCAREM T * D * NETN-KoHCMANMY 0AR 6ceT U, W
for ul =0 to 1 step 1/(pl — 1) YCTMAHABAUBGEM FHAMECHURA N-MATNPUYL

u(1,1) = ul*ulsul
u(1,2) = ulsul

u(1,3) = ul
u(14) =1
for wl = 0 to 1 step 1/(p2 — 1) YCMAHABAUBGEM FHAMEHUA W-MAMPUY

icount = icount + 1
w(1,1) = wlswlswl
w(2,1) = wlswl

w(3,1) = wl

w(4,1) =1

Mat temp3 = ustemp?2 BUUUCAREM U * 1L % ntrn
Mat temp4 = temp3*w swucAtem gu, w)

q(icount,k) = temp4(1,1) sanomunaem q(u, w)
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next wl
next ul
next k
return

bilinear
ToarnporpaMma BeIYHCIsET OHIMHENRHYIO [IOBEpXHOCTD (ypaBHenue (6-41)).

n = 4ucao npupauieruil 8 u

m = 4UucA0 npupawerul e w

p(,) = codeporcum xoopdunamm yeaoemnz movex
D umeem pa3meprocmov 4 X 3. Ilepewil cmoabey codepoicum
KOMIOHEHMY T, 6MOPOU — KOMNOHEHMY Y, G MPLMNUL — KOMNOHENTNHL 2
KOUPOUHAMHHLE BEKMOPO8 Y2408.

q(,) = codeporcum xoopdunamv UHMEPROAUPYEMOT TLOBEPIHROCTRY Z
q UMEEM PA3MEPHOCTIL M * X §
nepevie m KoopduUHAM COOMBEMCMBYOM KoHcmanme u = 0
emopbie m xoopduram coomeemcmeyrom xowcmanme u = 1/(n —1)
mpemvu m xoopdunam coomeemcmeyrom xoncmanme u = 2/(n —1) u m.d.

subroutine bilinear (n,m,p(,); q(,))

Mat q = Zer(n*m,3) Onpedetem PA3MEPHOCTIL MACCUBE U 3ATOAHACM €20 HYAAMU
icount = 0
BWHUCAREM NOBEPTHOCTD
foru=0to lstep 1/(n— 1) YUKA YCTNARO6KU KOHCINAHMY U
for w=0to 1 step 1/(m — 1) YUKA YCTRAHOBKU KOHCTMAKMY W
icount = icount + 1 YBEAUNUBAEM CHEMMUK TONEXR

q(icount,1) = p(1,1)*(1 — u)*(1 — w) + p(2,1)*(1 — u)*w + p(3,1)xux(l — w)
q(icount,1) = q(icount,1) + p(4,1)*u*w
q(icount,2) = p(1,2)%(1 — u)*(1 — w) + p(2,2)*(1 — u)*w + p(3,2)*+ux(l — w)
q(icount,2) = g(icount,2) + p(4,2)*usw
g(icount,3) = p(1,3)x(1 — u}*(1 — w) + p(2,3)*(1 — u)*w + p(3,3)xu*(l — w)
q(icount,3) = q(icount,3) + p(4,3)+usrw
next w
next u

return

bsplsurf

IonnporpaMma BEIYHCISET JEKAPTOBO POM3BeAeHHe B-cruraitH noBepXHOCTH, HC-
HOIb3ysl OTKPBITHIE OAHOPOLHBIE Y3/m0Bble BekTophl (ypapnenue (6-58)).

b() = Maccus, codepocauyull MoNKY CEMKU MHOZOYZ0ADHUKG
b( ,1) codeporcum xomnonenmy T sepusunvl
b( ,2) codeporcum xomnonenmy y eepusunot
b( ,3) codeporcum xomnonenmy z sepuiunb
3amenanue: B;; = b(,) umeem pasmeprocmv n*m X 3,
npuyem j uamenaemca bvicmpee. Pasmep cemxu mnozoyzotvhuxa: X m

k = nopadox 6 HANPABAEHUY U

[ = NOPAJOK 8 HANPABAEHUL W

mbasis(,) = nepayuonanvrne Gasuchvie Gynxyuy 044 001020 IHAYEHUA W (ypasnenue (5-84)
mpts = MUCAC 6EDWUH MHOZ0Y20ADHUKGE 6 HANPABACHUY W
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nbasis = HepayuoHasdHve faauckbe PYRKYUL JAR 001020 3HAMEHUA U (Ypasenue (5-84))
npls = YUCAO BEPULUN MHOZOYZOALHUKG 68 HATNDPABACHUL U

pl = “ucao napemempuyecKur AuNUL 68 HANDRBAECHUY U

P2 = MUCAO NAPAMEMPUMECKUL AUNUT 6 HANPABACHUU W

q() = maccus, codepacauutl Pe3yALMUPYOULYI0 NOBEPIHOCY

q( ,1) codepocum Komnonenmy  eexmopa

q( ,2) codepacum xomnonenmy y eexmopa

q( ,8) codepocum xomnonenmy z eexmopa

0rn PUKCUPOBAHH020 IHAUEHUR U CACIYIOULUE T IAEMEHITIOB COGEPIHCA
3nauenua dan xpusod g(ui, w) ¢ umeem pasmeprocms plxp2 X 3.
Omobpasicaemca noseprrocmo pasmepa pl X p2

subroutine bsplsurf (b(,)k,l,npts,mpts,pl,p2; q(,))

donycxaem 20 3adarnmr mosex ¢ 6azuckol Pynxyueii nopadxa 5
dimension x(30),y(30),nbasis(1,20),mbasis(1,20)

onpedesiem PA3MEPROCTNY U 3ANOAHACM MACCUBH HYAAMU

Mat x = Zer(npts + k)

Mat y = Zer(mpts + 1)

Mat nbasis = Zer(1,npts)

Mat mbasis = Zer(1,mpts)

Mat q = Zer(pl#p2,3)

2enepupyYem omKpuIMble 00HOPOdHBE Y3A068BE BEKMOPH

call knot(npts,k; x()) 8BNUCAREM Y240801 6eXTMOD U
call knot(mpts,l; y()) BHMUCIAEM Y2406010 6EKTOP W
nplusc = npts + k

mplusc = mpts + 1

icount = 0

8UNUCAREM MOYKU Ha B-cnaatin noseprnocmu

for u = 0 to x(nplusc) step x(nplusc)/(pl - 1)

call basis(k,u,npts,x; nbasis) ba3ucnaa Gynryus 0aa 3M020 IHANEHUR U
for w = 0 to y(mplusc) step y(mplusc)/(p2 — 1)
call basis(l,w,mpts,y; mbasis) basucnas Pynryus JAR 3M020 IHANEHUR W

icount = icount + 1
for i =1 to npts
for j = 1 to mpts
jl = mpts*(i — 1) +j
fors=1to 3
q(icount,s) = q(icount,s) + b(jl,s)*nbasis(1,i)*mbasis(1,j)
next s
next j
next i
next w
next u
return

bspsurfu

[loanmporpamMMa BHYKCIAET JEKAPTOBO HPOM3BEACHHE LISl B-crualin TIOBEPXHOCTH,
HCHONb3Y# NEepHOIHYeCKHEe ONHOPOIHbIE Y3JI0BHE BEKTODH! (ypaBHenusa (6-58)).

b() = maccus, codeporcawsuti mouxu cemxu mHOzoyzoALHUKG
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b( ,1) codepoicum Komnonewmy T 6epusuHLL
b( ,2) codepoicum Komnonenmy y eepusunm
b( ,3) codeparcum Komnonenmy z eepusunbl
3amenanue: Bi; = b(,) umeem pasmeprocmov n*m X 3, npusem j
udmenaemca bvcmpee. Paamep cemxu MHO20Y20AbHUKA: T X T
q() = Maccus, codepicawutl Pe3yALMUPYIOWY0 N06EPIHOCTL
q( ,1) codepacum xomnonenmy  eexmopa
q( ,2) codepoicum Komnonenmy y eexmopa
q( ,8) codeporcum xomnonenmy z eexmopa
daa PuxcupoBarH020 3HANEHUR U CaedyOUUE T IAEMEHTNO8 codepaicam
3nauenua das xpueol q(ui,w); g umeem paameprocms plep2 X §.
Omobpasicaemca noeeprrocms paimepa pl X p2
k = nopAJox 6 HANPABACHUU U
[ NOPAJOK 68 HANPABACHUU W

mbasis(,) = nepayuonaavrvie basucnve Gynxyuu das odnozo snavenua w (yYpasnenue (5-84,
mpts = YUCAO 6EPWUH MHOZ0YZOADHUKG 6 HANDABACHUU FHAMEHUR W

nbasis(,) = nepayuonaavnbie basucnme Gynxyuu das 00H020 3nauenud u (ypaenenue (5-84)
npts = MUCAO BEPUIUN MHOZ0YZOALHUKG 6 HANDABACHUU U

pl = YUCAO NAPAMETMPUHECKUT AUHUT 6 HANDABACHUY U

p2 = YUCAO NAPAMEMPUHECKUT AUKUL 6 HANDPABACHUYU U

subroutine bspsurfu (b(,)k,l,npts,mpts,pl,p2; q(;,))

donycxaem 20 3adannmnx movex ¢ 6a3uchol dynxyuel nopadra 5

dimension x(30),y(30),nbasis(1,20),mbasis(1,20)

onpedensem PA3MEPHOCTNY U 3GNOAHAEM MACCUBH HYARMU

Mat x = Zer(npts + k)

Mat y = Zer(mpts + 1)

Mat nbasis = Zer(1,npts)

Mat mbasis = Zer(1,mpts)

Mat q = Zer(pl*p2,3)

2enepupyem nepuodusecxue 00HoPodHbBe Y3A06be BEXKMOPHL

call knotu(npts,k; x()) evMUCAieM Y3A080T 6EKTOD U
call knotu(mpts,]; y()) BHIMUCAREM Y34080T 8EKMOD W
nplusc = npts + k

mplusc = mpts + 1

icount = 0

evnucaRem MoKy na B-cnaatlin noeeprrocmu

for u = (k — 1) to (npts — 1 + 1) step ((npts ~ 1 + 1) — (k — 1))/(p1 — 1)

call basis(k,u,npts,x; nbasis) 6asucras GYHKYUA Jaa IMO20 IHAHEHUR U
for w=(1— 1) to (mpts — 1 + 1) step (mpts — 1+ 1) — (1 - 1)/(p2 - 1)
call basis(l,w,mpts,y; mbasis) 6asucras GYHKYUA JAR IMO20 IHGUEHUR W

icount = icount + 1
for i = 1 to npts
for j = 1 to mpts
fors=1to 3
jl = mpts*(i— 1) +j
q(icount,s) = q(icount,s) + b(j1,s)*nbasis(1,i)*mbasis(1,j)
next s
next j
next i
next w
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next u
return

coonslin

ToanporpaMmMa BeIYHCIAeT JduHelnyio nosepxnocTh Kyuca (ypaBnenue (6-49)).

a(,) = maccus pasmepa p(u, 0), codeporcausuti mouxu na xpusoti n X 3

b(,) = maccus paamepa p(u, 1), codepocausuil mouxu na xpusoti n X 3

c(,) = maccus pasmepa p(0, w), codeporcausuil mowxy na xpusoi m x J

d(,) = maccue pasmepa p(1,w), codepoicausutl mouxu Ha xpusoi m X 3

N = “UCAO TROEX Ha 2panunnuz xpuenz p(u, 0) u p(u, 1)

M = %ucao mouex na zpanusnuz xpustiz p(0,w) u p(1,w)

q(,) = maccue pasmepa , codepoicausuil Xpuste, KOMOPHE ONUCHEAIOM NOBEPTHOCTIL
n*xmx 3. Popmam dan dan Puxcuposantozo 3xaueHuR u, xaxcoue caedyrouue
M CMPOKX MAMPUYB § COIEDIHCAM INAHENUA OAR NEPEMENNO020 W.

subroutine coonslin (n,m,a(,),b(,),c(,),d(,); q(,))
Mat q = Zer(n*m,3) onpedessem Pa3IMEPHROCIID MAMPUYBL ¢
U 3ANOAHACM HYARMU IMY MAMPUYY
EBUUCAREM TLOBEPIHOCTIL
foru=0tolstep 1/(m — 1)
forw=0to lstep 1/(n — 1)
icount = icount + 1
forl=1to3
q(icount,l) = a(k1)*(1 — w) + blk,)*w + c(§,1)*(1 — u) + d(j,])*u
q(icount,l) = q(icount,l) — a(1,1)*(1 — u)*(1 — w) — b(1,)*(1 — u)*w
q(icount,l} = q(icount,l) — a(n,)*ux(l — w) — b(n,l)*urw
next 1
next w
next u
return

dbicubic

Ioxnporpamma soruuciser 6ukybudeckyio noBepxuocTb Kynca 1 ee mpou3BoiHbIe
(ypaBrenus (6-51) u (6-53)—(6-57)).

du(,) = cmewannnil eexmop npoussodnotl pasmepa 1 x 4 (ypasnenue (6-53))
dw(,) = cmewannuil 6exmop npouseodroli pasmepa 4 X 1 (ypasnenue (6-54))
n(,) Mampuya cmewarnot Pynryuu pasmepa 4 X 4 (ypasrenue (6-26))
MOMPUYA ZPARUNHNE YCA0sUl pasmepa 4 X 4 (ypaenenue (6-51))
MUCAO MOYuex 800Ab HANPIBACHUR U
MUCAO MO%ex 6J0Ad HANPABACHUR W
9(,) = mampuya pesmepa p1+p2 x 3, codepoicawsas

Koopdunamnwve gexmopn dan buxybureckoll noseprHocmu

nepeni cmoabey — xomnonenma

emopoil crnoabey — xomnonenma y

mpemuil cmoabey — xoMnoNenma z

nepewve p2 saemenmos 0a u =

emopuie p2 snemenmos das u = 1/(pl — 1)

8CE NPOU3EOTHBIE PAIMEULAIOMCA N0dobHMM 06pasom
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du(,) = mampuya pasmepa pl*p2 X% 3,
codepoicausan eexmops NPoudeodnot u 0as buxybuvecxod noseprHocmy
= mampuya pasmepa pl* p2 X 3,
c00epoicauLas 6eXMOPH NPou3eodtot w das buxybuyecxol noseprrocmu
duu(,) = mampuya pasmepa pl * p2 X 3,
€00epHCauLaa 8eKMOPH NPOU36odnol uu dan buxybuvecxol noseprHocmu
duw(,) = mampuya pasmepa pl * p2 X 3,
codeporcausai 8eXKMOPH NPou3sodnol uw dan buxybuvecxol noseprrocmu
dww(,) = mampuya pasmepa pl * p2 x 3,
€00epHCaULaR BEKMOPY NPOU3EoOHoT WWw dar GuxybunecKol noseprHocmuy

=9
S
—_
<
|

u(,) = xybuuecxuti cmewannni sexmop pasmepa 1 x4 (ypaenenue (5-26))
w(,) = xybuueckul cmewannbil eexmop pasmepa 4 X 1 (ypaenenue (5-26))
z(,) = Maccus 4 X 4, co0epocauui T KOMNOKEHMYB MAMPUYBL

2panunHnT ycaosul p (ypasrenue (6-36))

Mmaccus 4 X 4, co0epoicausudl y KOMNONEHITIB, MAMPUYHL

zpanunHns ycaosul p (ypasnenue (6-36))

z(,) = maccus 4 X 4, codepacaujuil 2 KOMNOHERNY MAMPUYHL
2panunHnr ycaosutl p (ypasrenue (6-36))

<

—_

<
Il

subroutine dbicubic (p1,p2:x(,),y(.)2(:); a(:)xau()aw(.).quu(,).quw(,).qww(,)
dimension p(4,4),n(4,4),ntrn(4,4),u(1,4),w(4,1)

dimension du(1,4),dw(4,1),duu(,1,4),dww(1,4)

dimension temp1(4,4),temp2(4,4),temp3(1,4),temp4(4,1)
dimension temp5(4,1),temp6(4,1),temp7(4,1)
dimensiondtempl(1,1),dtemp2(1,1),dtemp3(1,1),dtemp4(1,1),dtemp5(1,1)
onpedesnem PA3MEDHOCTND MATMPUY U 3ANOAHACM UT HYARMU
Mat p = Zer(4,4)

Mat n = Zer(4,4)

Mat u = Zer(1,4)

Mat w = Zer(4,1)

Mat q = Zer(pl*p2,3)

Mat qu = Zer(pl#*p2,3)

Mat qw = Zer(pl*p2,3)

Mat quu = Zer(pl*p2,3)

Mat quw = Zer(pl*p2,3)

Mat qww = Zer(plp2,3)

Mat templ = Zer(4,4)

Mat temp2 = Zer(4,4)

Mat temp3 = Zer(1,4)

Mat temp4 = Zer(4,1)

Mat temp = Zer(1,1)

Mat dtempl = Zer(1,1)

Mat dtemp2 = Zer(1,1)

YCMAHABAUBAEM FHAYEHUA N-MATNPUYYL

n(1,1) =2
n(1,2) = -2
n(1,3) =1
n(l,4) =
n(2,1) = -3
n(2,2) =3
n(2,3) = -2
n£2,4) = -1
n 3,3) =1
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n(4,1) =1
MPAHCTIOHUDYEM T-MAMPUYY
Mat ntrn = Trn(n)
fork=1to 3
icount = 0
ifk =1 then Mat p =x
ifk=2then Matp=y
ifk =3 then Mat p =z
Mat templ = p*ntrn
Mat temp2 = n*templ

forul =0to 1l step 1/(pl — 1)

u(1,1) = ulsulxul
u(1,2) = ulsul
u(1,3) = ul

u(l4) =1

du(1,1 *xulxul

duu(1,4) = 0

for wl = 0 to 1 step 1/(p2 — 1)

icount = icount + 1
w(1,1) = slaslasl
w(2,1) = slasl
w(3,1) = wl

w(4,1) =1

swlerwl

= ustemp?2
Mat tempd = temp2+w
Mat temp5 = dustemp2
Mat temp6 = temp2+dw
Mat temp7 = temp3*w
Mat dtempl = du*temp4
Mat dtemp2 = temp3+dw
Mat dtemp3 = tempb5+dw
Mat dtempd = duustemp4

Mat dtempb = temp3*dww

q(icount,k) = temp7(1,1)
qu(icount,k) = dtemp1(1,1)

qw(icount,k) = dtemp2(1,1)
quw(icount k) = dtemp3(1,1)
quu(icount,k) = dtemp4(1,1)

BHMUCAREM D * NLTN-KOHCTNAHY OAR 6CeT U, W

BUYUCAACM N * D * NITN-KOHCMAHMMY OAR 6CeL U, W

YCIMAHABAUBGEM FHAMEHUA U-MATPUYY

YCMAHABAUBGEM 3HAMEHUR dU-MaMPUUDBL

YCMAHABAUBGEM 3HAMEHUR dUU-MaMPUYDBL

YCMAHABAUBGEM 3HAYECHUR W-MAMPUYD

YCMARABAUBAEM 3HAYUEHUR dw- MAMPUUB

YCTNARABAUBGEM FHAUCHUR dww- MAMPUUB

BHNUCAREM U * L * D * NiTn

BUMUCAACM N * D* LTI * W

svqucaiem du * n * p x ntrn

evqucasem n * p x nirn * dw

evucasem q(u, w)

svyucazem qu(u, w)

svinucasem qu(u, w)

svnucasem quuw(u, w)

svvucasem quul(u, w)

evnucanem quw (u, w)

3ANOMUHAEM TRONKY NOBEPIHOCTIY (
3anomunaem NPou3eodHy NOBEPIKOCIY qu
3GNOMUNHGEM NPOUIBOTHYN NOBEPIHOCIU QU
3aNOMUNAEM NPOUIBOHYI NOBEPTHOCMY qUW
3anoMuNGEM NPOUIEOIHYIO NOBEDTHOCING qUU



qww(icount,k) = dtemp5(1,1)

next wl

next ul
next k
return

dbsurf

IloanmporpaMMa BEIYHCIAET JeKAPTOBO [IPOH3BEIEHHE Uil TIOBEPXHOCTH B-crinaiina,
H ero IPOU3BONHEIE, MCIIONb3YSl OTKPHITHIE ONHOPOAHbIE Y3/I0Bble BEKTODHI (ypaBHeHus

I'maBa 6

(6-58) u (6-62)—(6-66)).

5()

d1mbasis(,)
d1nbasis(,)
d2mbasis(,)
d2nbasis(,)
k

[
mbasis(,)
mpts
nbasis(,)
nplw

qu(,)
qu(,)
quu(,)
quw(,)

quw(,)

Maccue, codepocauyull MowKy CEMRU MHO20Y20AbHUKG

b( ,1) codepocum xomnoHenmy T eepusUND

b( ,2) codeporcum xomnonenmy y Bepusunb

b( ,3) codepoicum xomnonenmy z 6epuiunb

3amenanue. Bi,j = b(,) umeem paameprocms n*xm X 3, npuuem j
uamensaemca bocmpee. Pazmep cemxu muozoyzoavhura n X m
nepeas npoudsodnas 6azuchur Gynryul das w (ypasnenuve (5-74))
nepeas npoudeodnas 6asucnur dynxyud das u (ypasnenue (5-74))
eémopas npoudsodnas basucnur Gynxyud das w (ypasnenue (5-75))
6mopaa npoudeodnan Gaduchur Pynxyui dax u (ypaenenue (5-75))
nopAdox 6 HANPABACHUL U

NopAdox 8 HANPAGAECHUYU W

basucnme dynxyuu das w (ypasnenue (5-63))

MUCAO BEPUIUH MHOZOYZOALHUKG 6 HATPAGACHUY W

basucnvie dynxyuu u (ypaenenue (5-84))

NUCAO BEPULUH MHOZOYZOALHUKG 6 HANPABACHUY U

MUCAO NAPAMETMPUNECKUT AUKUL 8 HANPABAECKUY U

YUCAO NAPAMEMPUMECKUT AUHUT 8 HANPASACHUY W

Maccus, codepacawull Pe3YALMUPYOUYN NO6EPTHOCTL

q(, 1) codepacum xomnonenmy xr sexmopa

q(, 2) codepacum xomnonenmy y eexmopa

q(, 3) codeparcum xomnonenmy z eexmopa

dan Puxcuposarnozo 3naueHUA U caedylousue M SAEMeEnMo8 codepoicam
snauenur daa xpusot q(u(subi), w); q umeem pasmeps

plx*p2x 3. Omobpasicaemea noseprrocmv padmepa pl X p2
nPou3eodnas eexmopos u dazx B-cnaatn noseprrocmu;

umeem pasmepti p1 x p2 x 3 (ypasnenue (6-62))

npou3eodnaa eexmopos W das B-cnaaiin noseprrocmu;

umeem pasmepti p1 x p2 x § (ypasnenue (6-63))

npou3dsodHan 6exmopoe ulu daa B-cnaatin noseprrocmu;

umeem pasmepw pl* p2 x 8 (ypasnenue (6-64))

NPou3deodnas exmopos uw das B-cnaain noseprrocmuy;

umeem pasmepn. pl* p2 X 3 (ypasnenue (6-65))

NPou36odHas 6exmMopos ww daa B-cnaaiin noseprnocmu;

umeemn pasmepw pl* p2 X § (ypasnenue (6-66))

subroutine dbsurf (b(,),k,,npts,mpts,p1,p2; q(,),qu(,),qw(,).quw(,),quu(,),qww(,))
donycxaem 20 3adannmz moxex ¢ basuchoti ynxyued nopadxa 5

dimension x(30),y(30)
dimension nbasis(1,20),mbasis(1,20)
dimension dlnbasis(1,20),d1mbasis(1,20)

3anomuNaem nPou3sodnyto noseprHocmy quy
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dimension d2nbasis(1,20),d2mbasis(1,20)

onpec?e./meM DAMEPROCTIU U FANOAHAEM MACCUBDHL HYAAMU

Mat x = Zer(npts + k)
Mat y = Zer(mpts + 1)
Mat nbasis = Zer(1,npts)
Mat mbasis = Zer(1,mpts)
Mat dlnbasis = Zer(1,npts)
Mat dlmbasis = Zer(1,mpts)
Mat d2nbasis = Zer(1,npts)
Mat d2mbasis = Zer(1,mpts)
Mat q = Zer(p1%2,3)
Mat qu = Zer(pl+2,3)
Mat qw = Zer(pl1#2,3)
Mat quw = Zer(pl+2,3)
Mat quu = Zer(p1#2,3)
Mat qww = Zer(pl+2,3)
2eHepUPYEM OMEDUIMBE 00HOPOTHBLE Y3A08BE BEXMOPDL
call knot(npts,k; x())
call knot(mpts,]; y())
nplusc = npts + k
mplusc = mpts + 1
icount = 0
snUCAREM MONKY Ha B-cnaatin noseprrocmu
for u = 0 to x(nplusc) step x(nplusc)/(pl — 1)
call dbasis(k,u,npts,x; nbasis(d1nbasis,d2nbasis)
for w = 0 to y(mplusc) step y(mplusc)/(p2 — 1)

call dbasis(l,w,mpts,y; mbasis(d1mbasis,d2mbasis)

icount = icount + 1

for i = 1 to npts

for j = 1 to mpts
fors=1to 3
jl = mpts*(i — 1) + j

BUUNUCAAEM Y3A060U 6EXMOD U
6UHUCAAEM Y3A060U 6€XMODP W

6a3oevie GYHRYUL U NOBEDTHOCTY

q(icount,s) = q(icount,s) + b(jl,s)*nbasis(1,i)*mbasis(1,j)
qu(icount,s) = qu(icount,s) + b(j1,s)*d1nbasis(1,i)*mbasis(1,)
qgw(icount,s) = qw(icount,s) + b(j1,s)*nbasis(1,i)*d1mbasis(1,j)
quw(icount,s) = quw(icount,s) + b(j1,s)*d1nbasis(1,i)*d1mbasis(1,j)
quu(icount,s) = quu(icount,s) + b(j1,s)*d2nbasis(1,i)*mbasis(1,j)
gww(icount,s) = qww(icount,s) + b(jl,s)+nbasis(1,i)*d2mbasis(1,j)

next s
next j
next i
next w
next u
return

loftlinu

Ilonnporpamma BBIYHCIAET NpaBAIbHYIO TIOBEPXHOCTh B HAllpaBJIeHHH U (ypaBHe-

Hue (6-43)).
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Maccus pamepa n X 3, codepocawyuti mosxy na xpueot p(u, 0)

=]
~~
~—

)

b(,) = maccue paamepa n X 3, codepocawuti mosxy na xpusot p(u, 1)

INUM = YUCA0 MONEE Ha KeHCIOU NPasUAdLHOT AuNHUY

n = NUCAO MOYEX NG 2DORUNHBIT KPUEHT

g(,) = maccus pasmepa 1 * INUM X 3, co0eporcausutll TNOYKY HAE NPOMENCYMONHNT KPUSHT

subroutine loftlinu (n,a(,),b(,),inum; q(,))
icount = 0

EUNUCAAEM TLOEEPTHOCD

for w = 0 to 1 step 1/(inum — 1)

forl=1ton
icount = icount + 1
fork=1to3
q(icount,k) = a(l,k)+(1 — w) + b(L,k)*w ewwucasem noseprnocme (ypaenenue (6-43)
next k
next |
next w
return
loftlinw

ITognporpaMMa BEIMHCIAET NPABUIbHYIO IOBEPXHOCTL B HAIpaBieHuu w (ypaBHe-
nue (6-44)).

a(,) = maccus pasmepa n X 3, codepocawuti moury na xpusod p( 0, w)

b(,) = maccue pasmepa n X 3, codeporcawuti mowxu na xpusot p(1,w)

INUM = YUCAO TOUCK HG NPAGUADROU AUHUL

n = YUCAO THONEX HA ZPAHUNNLLT KPUEHT

p(,) = Maccue pasmepa n * inum X 3, codeprcausuti MoONKYU HA NPACUALHBT AUNURT

subroutine loftlinw (n,a(,),b(,),inum; q(,))
EWUUCAREM TOEEPTHOCTD
for u = 0 to 1 step 1/(inum — 1)
forl=1ton
icount = icount + 1
fork=1to3
p(icount,k) = a(l,k)*(1 — u) + b(L,k)*u evuucasem nosepznocms (ypasnenue (6-44))
next k
next |
next u
return
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mbezsurf

IoxnporpaMMa BHIYHCISET MOBEDXHOCT Besbe, HCNONB3ys MATPUYHBIE METOLBI
(ypaBHenne (6-59)).

b(,) = Maccus, codeprcawsul 6EPUUND MHOZ0Y20ADHUKG
b( ,1) codeporcum xomnonenmMy T GEPUUNDL
b( ,2) codepoicum KOMNOKRERNY Y GEPULUND
b( ,8) codepoicum xomnorenmy z 6epruuHB
3amexanue: Bij = b(,) umeem paameprocms n*x m X 3, npuvem j
u3dmenaemca fricmpee

jin = basucnan dynxyus Beprwmeiina 6 nanpasrenuu u (ypasnerue (5-63))

kim = 6a3ucnas Pyrxyus Bepruwumeting 6 nanpasaeruu w (ypasnenue (5-63))

m(,) = mampuye [M] (ypasnenue (6-59))

m1 = NUCAO0, HG COUHULY MEHDUEE YUCAG BEPUUN MHOZ0Y20ADHUKG 6 HANDPAEACHUL W
nl = NUCA0, HE EOUHULY MEHDUEE YUCAG BEPUUN MHO20Y20ADHUKG 6 HANDAEAECHUL U
Factrl = dyrxyua dan emvucrenus daxmopuara wucia

n(,) = mampuya [N] (ypasnenue (6-59))

Ni(n,i) = Pynnyus, ewwucanmrower (;) (ypasnenue (5-64))

pl = YUCAOD NAPEGMEMPUHECKUT AUKUT 8 HANDPABACHUY U

p2 = YUCAO NAPEMEMPUNECKUT AUHUL 68 HANPABAECHUL W

q(,) = K00POUHAMHBIE BEXMOPYL OAA TOUEK HG NOBEPTHOCTIU

g( ,1) codeporcum xomnonenmy T eexmopa

q( ,2) codepocum Komnonenmy y eexmopa

q( ,3) codepocum xomnonenwmy z eexmopa

048 PUKCUDOBAHIO020 FHAYENUR U CACOYIOULUE T IAEMERMOE COOEPIHCAM
anavenus dan xpueot q(ui, w); ¢ umeem pasmeprocmd pl+p2 X 3

[U] nepamempunecras mampuye (ypasuenue (6-59))

[W] napamempuvecxar mampuya (ypasnenue (6-59))

u(,)
w(,)

subroutine mbezsurf (b(,),n1,m1,p1,p2; q(,))
donycmuman cemxa Beave 10x 10
dimension x(10,10),y(10,10),2z(10,10),g(10,10)
dimension n(10,10),m(10,10),u(1,10),w(10,1)
dimension temp1(10,10),temp2(10,10),temp3(1,10),temp4(1,1)
def Ni(n,i) = Factrl(n)/(Factrl(i)«Factrl(n — i))
onpedeasem PA3IMEPHOCTIU MATNPUY, U FCNOAHAEM HYAAMU U MGMPUUD
Mat n = Zer(nl + 1,n1 + 1)
Mat m = Zer(m1l + 1,m1 + 1)
Mat x = Zer(nl + 1,m1 + 1)
Mat y = Zer(nl + 1,m1 + 1)
Mat z = Zer(nl + 1,m1 + 1)
Mat g = Zer(nl + 1,m1 + 1)
Mat u = Zer(1,nl1 + 1)
Mat w = Zer(ml + 1,1)
Mat templ = Zer(nl + 1,ml + 1)
Mat temp2 = Zer(nl + 1,m1 + 1)
Mat temp3 = Zer(1,m1 + 1)
Mat temp4 = Zer(1,1)
YCMAHABAUBAEM FHANENUA OAR MOIMPUY, T, Y, Z, T. €. KOMNOHERMB MAMPUY [B]
fori=1tonl +1
forj=1toml +1



I'nasa 6 589

ij=(ml+ )*(i-1)+]j
x(i,j) = b(ij,1)
y(iy) = b(ij,2)
z(i) = b(ij,3)
next j
next i
Yemanasaueaem anaverui dan mampuy [N| u [M]
for i = 0 to nl
for j = 0 to nl
ifi + j <= nl then
n(i + 1,j + 1) = Ni(nl,j)*Ni(nl — jnl —i — j)*(=1)A(nl — i — j)
else
n(i+1,j+1)=0
end if
next j
next i
fori = 0 to ml
for j = 0 to m1l
ifi + j <= ml then
m(i + 1,j + 1) = Ni(m1,j)*Ni(ml — jml — i — })*(—1)A(ml1 —i - j)
else
mi+1j+1)=0

end if
next j
next i
Mat m = Trn(m) mparcnonupyem mempuyy [M] das nocredyrowezo ucnoabv3oeanus
fork=1to3
icount = 0 NEPEYCTMANABAUBAEM CHEMYUK MOYER NOBEPTHOCTU
ifk =1 then Mat g =x NPUCBAUBGREM FHANEHUE KAHCIOT KOMNONEHMB

mampuyts [B] mampuye [G]
ifk=2then Matg=1y
ifk =3 then Mat g =12
YCMARGEAUBGEM IHAUENUA 0ak nocmoannoti mempuyt [N][B][M]
(nanomrum, wmo [M]=[M]T)

Mat templ = g+m [B][M]*
Mat temp2 = nxtempl [N][B][M]”
fort =0 to 1step 1/(p1l — 1) YCMANGEAUBREM IHAUEHUR MAMPUUDE U

fori =0 to nl
u(Li + 1) = tA(nl — i)

next i
Mat temp3 = uxtemp?2 [U][N][BI[M]T — xoncmarma das xasicdozo snasenus u
for s =0 to 1 step 1/(p2 — 1) YCMAHREAUBLEM IHAUEHUR MAMPUYD W

icount = icount + 1
fori =0 to ml
w(i + 1,1) = sA(m1 — i)

next i

Mat temp4 = temp3+w BUUUCAREM TRONKY NOBEDPTHOCTU

q(icount.k) = temp4(1,1) 3aNOMUNGEM MONKY 6 Maccuee g
next s

next t
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next k
return

rbspsurf

IToamporpaMma BEITHCIISET AEKAPTOBO IPOH3BEJEHHE IIOBEPXHOCTH PAIlMOHAIIBHOTO
B-cnnaiina, MCHIONB3yst OTKPBITHIE OQHOPOAHBIE y3/I0BbIE BEKTOPa (ypaBuenue (6-85)).

b() = maccus, codeprcayull MoNKY CEMRU MHOZ0Y20ABHUKG
b( ,1) codeporcum KoMNOHERMY T GEPULUNDL

b( ,2) codeporcum xomnonenmy y sepusuNb:
b( ,8) codepoicum xomnonenmy z 6epuUHBL
b( ,4) codepocum 00ropodny10 KoOPOUHAIMY HODPMUDYIOULEZ0 MHONCECTNEE
Bamevanue: Bi; = b(,) umeem pasmeprocmd n x m X 4, npunem j usmenaemcs
6wcmpee. Pasmep cemxu mnozoyzoavruxe 1 X m

k = nopadox 6 HanpaeseHuy U

1 = nopadox 6 HanpaeAeHuU W

mbasis = maccus, codeprcausuti nepayuonasbrdie basuctve GyrRruuY daa W
(ypasrenue (5-84))

MPLs = YUCAO GEPUIUN MHO20YZOADNUKG 6 HANPGEACKUY W

nbasis = maccus, codeprcawutl nepayuorarvhoe fasuchne Gyrryuy dat w
(ypasnenue (5-84))

npts = YUCAO BEPUWUN MHOZ0YZONBHUKG 6 HANDREAEHUY U

pl = YUCAO NAPAMEMPUNECKUT AUNULE 6 HANPABACHUY U

p2 = YUCAO NAPAMEMPUNECKUT AUNUL 6 HANDPREACHUL W

q() = Maccus, codepicauyutl Pe3yALMUDPYIOUYI NOSEPTHOCTND
q( ,1) codeparcum xomnonenmy T eexmopa
q( ,2) codepacum xomnonenmy y eexmopa
g( ,3) codeporcum xomnonenmy z eexmopa
dan PUXCUDOBANNO20 3HAYUEHUR U CAEOYIOULE M IneMenmos codeporcam
3navenun dan xpueoti g(ui, w); ¢ umeem pasmeprocms pl*x p2 X 3.
Omobpasicaemca noseporocms pa3mepe pl X p2

SUM = CYMME DRUUOHAALHNT Ga3uchuiz Pynxuull noseprrocmu

subroutine rbspsurf (b(,),k | npts,mpts,pl,p2; q(,))

donycxaem 20 sadannmwr movex c basucnoti Pynxuueti nopadxa 5

dimension x(30),y(30),nbasis(1,20),mbasis(1,20)

Onpedesfcs PAIMEPHOCIIY U SANOAHAEM MACCUSHL HYAAMY

Mat x = Zer(npts + k)

Mat y = Zer(mpts + 1)

Mat nbasis = Zer(1,npts)

Mat mbasis = Zer(1,mpts)

Mat q = Zer(pl+p2,3)

2EREPUPYEM OMEDBIMBLE 00ROPOIHBLE YIAOBUE BEXMOPHL

call knot(npts,k; x()) BUNUCAAEM Y3N060T 6eXMOD U
call knot(mpts,l; y()) BHNUCAREM Y310601l 6EXTNOD W
nplusc = npts + k

mplusc = mpts + 1

icount = 0

BUNUCAAEM MOYNY He B-cnaatin noseprrocmu

for u = 0 to x(nplusc) step x(nplusc)/(pl — 1)
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call basis(k,u,npts x; nbasis) HEPAUUOHAALRAA Da3ucrar PYNEyuA das u
for w = 0 to y(mplusc) step y(mplusc)/(p2 — 1)
call basis(l,w,mpts,y; mbasis) HEPAULOHAALHAA a3ucnar Pynxyua das w
call sumrbas(b,nbasis,mbasis,npts,mpts; sum) cymmupyem bazucrve dyrxyuu

icount = icount + 1

for i = 1 to npts
for j = 1 to mpts

fors=1to3
j1 = mpts*(i — 1) +j
gtemp = b(j1,4)*b(j1,s)*nbasis(1,i)*mbasis(1,j)/sum MONKG NOGEPTHOCTIU
q(icount,s) = q(icount,s) + qtemp COTPAHAEM 6 MOCCUBE TOGEPTHOCINA
next s
next j
next i
next w
next u
return
sumrbas

ITogmporpaMMa BBIYHCISET CyMMy HEpallMOHAJILHBIX (a3ucHBIX (yukumii (ypas-
nenne (6-87)).

b() = Maccus, codeporcauull MONKEU CEMKU MHO20Y20ALHUKG
b( ,1) codepoicum xomnonenmy T eepusuNdl
b( ,2) codeporcum xomnonenmy y sepusuns
b( ,3) codepoicum xKomnonenmy z eePWUNB
b( ,4) codepoicum 001opodHYI0 KOOPIUNGMY HOPMUDYIOUE20 MHOICUMENA
Bamexanue: B;; = b(,) umeem pasmeprocms n* m X 4, npuvem j udmeniemcs
6vcmpee. Paamep cemxu mnozoyzoavruxa n X m

mbasis = maccus, codeprcawuti Hepayuonaavrsie basuchoe dynxyuu daa w (yp. 5-84)

MPts = YUCAO GEPUIUH MHOZ0Y20ALHUKG 8 HATPABACHUL W

nbasis = maccue, codepoicausuil Hepayuonasvnse basucrme Gyrwyuu daa u (yp. 5-84)
npts = YUCAOD BEPWUN MHOZOYZOALHUKG 6 HATPAGACHUL U

sum = cymma Gasuchms Pynxyud

subroutine sumrbas (b(,),nbasis(,),mbasis(,),npts,mpts; sum)
sum = 0
for i 1 to npts
for j 1 to mpts
j1 = mpts*(i — 1) + j
sum = sum + b(j1,4)+nbasis(1,i)*mbasis(i,j) EBNUCAAEM CYMMY
next j
next i
return
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A pecanust o cTpokaM u cronbuaM (ad-
dressing row-column) 50

A npecyemocts (addressability) 72

AxTtusHas rpaduxa (active graphics) 72,
73

Anroput™, pucoBanusa (drawing algo-
rithm) 17, 18, 76, 491

- coeaunenus (connectivity) 491

Anarnmud nonspusosanubii (polarized
and glyphic) 199

- useroBoi (chromatic) 199

Angepcon (Anderson D.) 287

Annpokcumarius KYCOYTHO-IIOJTHHOMH-
ampHas (piecewise polynomial
approximation) 219

-0 HaWMEHbIMHM KBajpaTaM (least
squares) 219

- xopaoBas (chord length) 276

Apudmernueckne Boipaxkenus (arith-
metic expressions) 506

Addunnas reomerpus (affine geometry)
144

Addunnoe npeobpaszosanue (transforma-
tion) 144, 296, 311

- mpocTpaHCTBO (space) 381

Basa mannexx (data base) 18-20

Basuc rnobanbaeii (basis global) 309

- nernobanbHeli (nonglobal) 310

Basucnas dbynkuus (basis function) 297

- - B-cnnaitna (B-spline) 310

Basucurie pynkinun neproauueckue (pe-
riodic basis functions) 318-353

Bapckuii (Barsky B.) 343, 458

Besne (Bézier P.) 296, 381

Besve muoroyronpaux (polygon) 297

- noBepxHocTs {surface) 382, 436-445

Bem (Béhm W.) 355

Beprwumetina 6asucnas ¢yukuust (Bern-
stein basis function) 297-300

Bpesenzoma anropurm (Bresenham’s al-
gorithm) 70

Bpioap (Brewer J.) 287

ze Byp (de Boor C.) 310

Bydep xagpa (frame buffer) 38, 39, 44—
48

Bspuxunn (Barnhill R.) 436

Bekrop kacatenpubii {tangent vector)
221, 434

- Kpydenus (twist) 411, 434-436

- y3nosoit (knot) 310-318

BekTopnoe npoussegenue (cross produc-
tion) 100, 141

Bekropn KoOpauHaTHBIE (pOsition vec-
tors) 76, 94, 221

Becnpumn (Versprille K.) 359

Bun Bcmomorarenbubii (auxillary view)
150

- cBepxy {top) 150

- c3azgm (rear) 150

- cneBa (left) 150

- cam3y (bottom) 150

- cnepenu (front) 150

- cipaBa (right) 150

Buneokameps! uperssbre (color film cam-
eras) 72

BuzeomonnTop (video monitor) 44-47
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Bocnpusrue riny6uns (depth perception)
199

Boccranosnenue ofbekToB (reconstruc-
tion of images) 210-216

- TpexmepHoii  dopwmbr  (three-dimensio-
nal) 212

Bpamenue (rotation) 87-91

- koMbunuposannoe (combined) 124, 125

- OTHOCHTEJIBbHO HaYdaJ1a KOOPpIHHAT
(about the origin) 89

--oceff mapaswienbHbx (parallel axis)
130-134

- - - MpOU3BONBHEIX (arbitrary) 134-141

- TpexmepHoe (three-dimensional) 120

T'enepaTop  CHMBOJOB  aIlmlapaTHBIH
(hardware character generation)
21, 22

- - mporpaMMuBi {software) 21, 22

TeoMerpuueckue rpaHH4HBIE YCIOBHHA
(geometric boundary condi-
tions) 220

FeoMerpuueckoe wmomenuposanue (geo-
metric modeling) 482

Feomerpus addunnas (affine geometry)
144

- IEPCOEKTHBHAS (nageprarenbHas)
(perspective) 144

I'unepbona mapamerpudueckas (paramet-
ric hyperbola) 236-239

F'unep6onoung (hyperboloid) 387

- asynonoctHsiii (of two sheets) 405, 408

- opnononoctHei {of one sheet) 382, 405,
408

Funepboner cerment (hyperbolic seg-
ment) 251

TFopron (Gordon W.) 296, 310

TFopusontanpueiit mepeson ayua {(hori-
zontal retrace) 47, 48

Ppa¢duueckue npumuTHBLL
primitives) 483, 484

- -, BBOZ (input) 483

(graphics

- -, cocTaBHbIe Onepanuu (compound op-
erations) 484

--, ynpasnenue ycrpoiictBom (device
state control) 483

- yCTpo¥icTBa aKkTHBHBIE (active devices)
72

- - naccuBHbIe {passive) 72

Ipadugeckuit Metadaiin kKommbloTepa
(computer graphic metafile)
481, 489

- makeT pacTposoro auciuiest (raster dis-
play graphic package) 493-499

I'paduyeckux manuex ¢opMmar nepena-
qu (initial graphics exchange
standard) 14, 73

Ipadwuaeckoe saxpo cucremsr (graphical
kernel system) 481, 482

Ipadonocrpourenu (plotters) 57, 62, 67—
71

Iperopu (Gregory J.) 436

Ppunbepr (Greenberg D.) 458

Jun (Dill J.) 422

Jwnonpr, perenepupylomme cser (light-
emitting diodes) 49

Huck nmocku#t (planar disc) 382

Jucnnei (display) 31-37, 49-56

- mna3MenHsni (plasma) 49-51

- pacTposblii (raster) 38-43

- userHo#t {color) 56

Josonxka (lofting) 260

JoKkyMeHTanuss NpOrpaMM
documentation) 524

(program

E exauda reomerpus {Euclidean geomet-
ric space) 110

Sanomunaromas Tpybka (storage tube)
31, 32
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Hepapxudeckas WHTEPAKTUBHAS rpadu-
9ecKasi CHCTeMa NPOrPAMMHCTA
(programmer’s hierarchical in-
teractive graphical standard)
58, 481, 482, 484

N306paxkenne (picture) 17, 18, 484

- mepesepHyToe (inverted image) 184, 197

-, cerMenTtanus (segmentation picture)
35, 36

N3onapamerpudyeckde JuHMH (isopara-
metric lines) 414, 419

HuTepakTUBHAsT MalUMHHAS rpaduka
(interactive computer graphics)
14

WNuTepakTuBHEE yCTpoiicTBa (interactive
devices) 22-31

- -, andaBaTHO-UPPOBAA KIABHATYDA
(alphanumeric keyboard) 22

- -, Baynoarop (valuator) 25, 26

- -, noruyeckasa kuonka (logical button)
29

- -, nokarop (locator) 22

- -, Mplb {mouse) 27

- -, ianmer (tablet) 22, 29

- -, porgar (joystick) 22, 25, 26

- -, cBetoBoe nepo (light pen) 22, 31

- -, ceHcopHas nadens (touch panel) 25

- -, map (track ball) 25, 26

Unrepnonsuusa (interpolation) 219, 283-
304, 458-461

WHnrepdeiic BApTyanbHOro ycTpoicTBa
(virtual device interface) 58,
481, 482

- IpUKJaTHOM mporpammbl (application
programmer’s) 481

Ucrunnas ¢popma (true shape) 154, 163

HcTunneni pasmep (size) 163

Kona#tu (Cline A.) 283

Kokc (Cox W.) 311

Koxca —de Bypa dopmyna (Cox—de
Boor formula) 310, 316

Kommenrapuii (comment statements)
505

Koucrants {(constants) 505

Konrypsr kopabas (ship’s lines) 355

Konyc mMunmsiii (imaginary cone) 406

- npsiMO#t  KpYroBo# ycedeHHul# (trun-
cated right circular) 382, 383

- sjummnrudeckuii {elliptic) 408

Koopaunar cuctemsr (coordinate sys-
tems) 486488

Koopaunater  abCconoTHBbIE
coordinates) 18, 22

- rnobasbubie (global) 133

- moxkanpHeie (local) 133

- muposbie (world) 20

- HOpMaJsIW30BaHHble {normalized) 22

- oxHoponsbie (homogeneous) 19, 102,
109, 115, 144

- oTHOCUTENbHEIE (relative) 18

- mosib30BaTend (user) 486

- mpeobpasosannsie (transformed) 77

- ycrpoticrsa (device) 486

Kosu (Cohen E.) 301, 338, 339, 355

Kosddunuent uckaxkenus (foreshorten-

ing factor) 154

AHAINTHIECKASA

curve) 218

- Besbe (Bézier) 294-310

--, MmarpmuHada ¢dopma (matrix form)
301

-, BeraepumBanme (fitting) 219, 256, 261

- 3amkHyTas (closed) 221

- HemapaMeTpuieckasd (nonparametric)
219-221

- ocesaBucuMas (axis-dependent) 221

- oceHe3aBucuMasa  (axix-independent)
222

- mapaMerpudeckas (parametric) 221-
225

- mnockad (two-dimensional) 218

Kpnsusna (curvature) 302

- rayccoBa (Gaussian) 463, 466

(absolute

Kpusasa (analytical
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- raBHas (principal) 423, 463

-, paguyc (radius of) 260

- cpeauas (average) 465

- sitneposa (Euleurian) 463

Kpussie rpanmunsie (boundary curves)
413, 416

- HellapaMeTPHYECKHe
219

- mapamerpryeckue (parametric) 221

- mnockue (plane) 218-245

- IpocTpaHcTBeHHbIE (space) 256-359

Ky6 nedopmupoanusii (distorted cube)
183

Kyuc (Coons S.) 359

Kynea nosepxnocts {surface) 425-430

Kypcop {cursor) 18, 23

(nonparametric)

JlectHuanbnt 3¢ dekt (aliasing) 38, 58,
70

JIunsa ysenuuntens {enlarger lens) 198

JIunua npoexknuu (line of projection) 154

Jlormueckue onepamuu (logical opera-
tors) 506

Jlokarop (locator) 22, 29, 30

Maccuss! (array variables) 506

Macmrabuposanne (scaling) 79, 93-95,
98, 116-120

- mokansHoe (local) 116-120

- HeogHopozaHoe (nonuniform) 94

- obnactu (area) 99

- onHopozHoe (uniform) 94, 95

- nponopuuonasbHoe {overall) 108

- TpexmepHoe (three-dimensional) 116

Marpuna, Berautande (matrix substrac-
tion) 502

- reomeTpryeckas (geometry) 418

- muaronayibHas {diagonal) 267, 501

- egunndHaa (identity) 501

- KBaJgpaTHas (square) 501

- KOHKATeHHpOBaHHas {concatenated) 9

- Hyaesas {null) 502

- obparHas (inversion) 84

- , obpamenue (inverse) 504

- , onpenenunTend (determinant) 503

- oproronassHas (orthogonal) 90, 101

- orpaxxenus (reflection) 113

- mepenoca (translation) 141

- moBopora (rotation) 122

- cuMMeTpudHas (symmetrical) 502

-, cnoxenue (addition) 502

- TPaHCNOHUpOBaHHAasA (transpose) 90,
504

- TpuauaroHasibHas (tridiagonal) 267

-, ymHoxkenue (multiplication) 503

Me3soda3sa nemaruyeckas (mesophase ne-
matic) 54

- cMeKTHYecKas (smetic) 54

- xonecrepugeckas (cholesteric) 54

Mesio komanauoe (command menu) 524,
525

- momontu (help) 524, 525

Mepupuan pgonrorsr (meridian of longi-
tude) 411

Mepnanue usobpaxkenns (flicker) 46

Hanpasnenue B3raiaga (sight vector) 207

dororpadpuaeckuii  {photo-
graphic negative) 196, 197
Hunscon (Nielson G.) 283

HeraTus

O6paTnbiii xon BepTHKanbHbI (vertical
retrace) 47

- - ropuzonTansnbii (horizontal) 47

Osepxaysep (Overhauser A.) 284, 287,
296

Oxno (window) 20, 486

- orcegenns (clipping) 20

- ykazanua (hit) 31

Okpy>xHOCTb enuumdHas (unit circle)
224, 230

- kacaTenbHas (tangent) 244
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- HemapaMerprdeckad  (nonparametric)
223

- mapamerpudeckas (parametric) 223,
226

- mpoxoAAmas 9epe3 Tpu ToIKH (through
three points) 241, 242

Oneparops! (statements) 506-508

QOcao asropur™ (Oslo algorithm) 355

Orpaxenne (reflection) 79, 90-92, 101,
104, 116, 126, 127

- or mpou3BonbHOH mnockoctu (through
arbitrary plane) 141-145

- - - npsmoit (line) 103

- TpexMepHoe (three-dimensional) 126

Otcegenue {clipping) 20, 22

OnudpossBarens (digitizer) 29

IMapabona (parabola) 220, 233-235, 245,
247

ITapabonoun runepbonugeckuit {parabo-
loid hyperbolic) 40, 405

- anmunruaeckuii (elliptic) 408

ITapannakc asukeHust {movement paral-
lax) 198

- , TTaHOPaMOrpaMMBI (panoramograms)
199

-, HaHOrpaMHble CTepeorpammbl (pano-
ramic stereograms) 199

-, crepeorpaMmsl (stereograms) 199

ITapannens mupors: (parallel of latitude)
411

Ilepemennsie {variables) 505

Ilepenoc  mpoctpancreenubii  (three-
dimentional translation) 128

Ilepeceduenue mnapajuteTbHBIX NPSMBIX
(intersection of parallel lines)
111

- IIIOCKOCTH H cdeprl {plane and sphere)
411

Ilerepc (Peters G.) 381

ITurn (Piegl L.) 359

IMupamuna sumamoctu {(frustum of vi-
sion) 8

IInanmer (tablet) 22, 29

ITukcen (pixel) 37

ITnockocts 6Gurosas {bit plane) 38

- mpoekuu (of projection) 146

- du3ugeckas (physical) 107

Ilnomane  BuucanHas — HambOIbIIAA
(maximum inscribed area) 231,
234, 239

ITosepxnoctu Besse (Bezier surface)
436-446

- ppamenud (of revolution) 382-396

- Kycounsle {piecewise) 411

-, [peacTaBAeHHe IApaMeTPHYECKOe
(parametric representation) 384

- ckyabirypubie (sculptured) 428

IlosepxuocTs bumuneitnas (surface bilin-
ear) 417-421

- bunapamerpudeckas (biparametric) 32,
384

- 3ameTaromas (sweep) 396-402

- unTepuonANuonHas (interpolation) 417

- kBagparuynas (quadric) 402-405

- munefiqaras (ruled) 419

- passeproiBaromasicsa (developed) 420-
425

- cegioBas (saddle) 407

- nuuHApugeckas (cylindrical) 382

ITosopor (rotation) 87, 103, 130, 134

IMoackasku 6Gunokynsipusie (binocular
cues) 198

- MOHOKynsipHbIe (monocular) 198

INoauporpammusie momynu (subroutine
modules) 508

ITone 3penns (viewport) 20, 21

IMonsipusaTop (polarizer) 55

Ionsipusanmss ceera (polarization of
light) 54

Iopor nepekmiogenus (switching thresh-
old) 50
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IlpaBuno mnpasoii pyku (right-hand
sense) 121, 122

Ilpeacrasnenne wu306pakenuit (repre-
senting pictures) 16

- kpuBbIx (of curves) 226-236

ITpeobpasosanue adppunroe (transforma-
tion affine) 122, 296, 311, 361

- 6ununeinoe (bilinear) 116

- eIMHEYHOTO KBanpara (of unit square)
97-99

- XKecTKUX KOHCTpykuuii (solid body)
100-101

- 3ameTalomee (sweep) 397

- nHBapuaHTHoe (invariant) 362

- Kombunmposannoe {combined) 95-98

- kommo3unuu {multiple) 129-131

- KOHKaTeHanuu (concatenated) 96

- nuneitnoe (linear) 116

- maHuit napaienbHbx (parallel lines) 82

- - nepeceratommuxcs (intersecting) 83, 86

- macmrabupoBanus  (scaling)  93-95,
116-120

- orpaxkenns (reflection) 101

- mepcniekTHBHOE (perspective) 116, 170-
181

- noBepxuoctH (surface) 412-415

- mpsambrx aunui {of straight lines) 79, 80

- crepeorunHoe (stereo) 198-202

- rouek (points) 77, 78, 181, 183, 189

IIpunTep naszepusiii (laser printer) 60

- crpyiusbiii (ink jet) 64-66

- useTHoii (color) 65

ITporpammuoe obecnedenue MaImIMHHOH
rpaduku  {(computer graphic
software) 74

Ilporpamms!r cnenuduxannu (program-
ming projects) 523-536

ITpoexTopsr (projectors) 145

Ilpoeknuss akcoHOMeTpuueckasa (projec-
tion axonometric) 154~162

- numerpudeckas {dimetric) 159

- m3omeTpmdIeckas (isometric) 154

- kocoyronbHas (oblique) 163-169

- - kabune (cabinet) 163-168

- - KaBaJibe (cavalier) 163-168

- oprorpacuyeckas (orthographic) 146,
147

- mapaJjuresibHast (parallel) 145

- nepceKkTHBHAA (perspective) 145

- mnockas (plane) 145, 147

- crepeorpaduueckas  (stereographic)
198-206

- TpuMeTpuueckas (trimetric) 154157

ITpoeunposanue (projection) 106

Ilpoussomnas Kpuso#t Bespe (derivative
Bézier curve) 304

- mapaMeTpHIecKolt KpuBOif (parametric
curve) 221

- nosepxHocTu Besbe {Bézier surface) 442

- B-cruraiin 6asucuoit ¢yunknuu (B-spline
basic function) 341

IlpocTpancrBo obbexTHOE (Object space)
415, 416

- ¢pm3nueckoe (physical) 360

Ilpsimoit mocryn B mamsaTh (direct mem-
ory access) 37

Ilcesmokon (pseudocode) 505

Paspemmenue (resolution) 72, 488

Paccrosume mexnmy 3paukamu (inter-
pupil distance) 203

Pacrposas passeptka (scan conversion)
44, 46

Pacummpenne (expansion) 94, 108, 119

Peambnoe spems (real time) 15-20, 40-42

Puzendensy (Riesenfeld P.) 301, 310

Pomxepc (Rogers D.) 20, 243, 382, 458,
460

Cabun (Sabin M.) 381
Cazepmsng (Satherland 1.) 213
Ceer (highlight) 198

Casur (shearing) 79, 80, 98, 120
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- TpexmepHsiii (three-dimensional) 120
napabonudeckuit (parabolic

segment) 236

Cexymas miockocThb {cutting plane) 153

Ceuenne (sectional view) 153

Cxartue (compression) 94, 108, 119

Cumsonos rerneparop (character genera-
tion) 18, 22

Cumsonsl (characters) 21

Cucrema rna3—Mo3r (eye— brain sys-
tem) 198, 199

Ckandp (scalar) 502

CkansapHoe npousseaenue (scalar prod-
uct) 100

Cxanupyoomas cTpoka (scan line) 47

Cxaanka (knuckle) 451

Cronb3smas cerka (sliding net) 455

Cwmut (Smith L.) 234, 236

Coeuncdukaiuu  nporpaMM  (program-
ming projects) 523-536

Cnupais {(helix) 259, 396

Conaltn maremaTugeckuii (mathematical
spline) 260-262

- HanpspkeHHsbiii (under tension) 283

- dusuueckuit (physical) 260-262

B-coumaiin (B-spline) 309-343

- uHTeprnionsAnuy (interpolation) 458

- moBepxuocTH (surfaces) 446-457

- pannoHaIsHBIA (rational) 360

v-cinadn (v-spline) 283

Conattnel  kybumaeckue (cubic splines)
260-287

Crepeonapa (stereopair) 202-205

Crepeockon (stereoscope) 194, 202-204

- 3epKaJibHEIH (mirrored) 204

- dboxanpubni nuockuit (focal plane) 203

CerMeHT

TeneBast Macka (shadow mask) 45, 46
Tenu (shadows) 198

Tunnep (Tiller W.) 360

Touex cnenpr (trace points) 191-195
- COBOKynHOCTH (collection of) 218

Touxka, asropurm (point, algorithm) 17,
18

- - moBepxuocTH Bpamenus (on surface of
revolution) 384

- OCHOBHBIE  OI€palH
operation) 18

- nnedesas (shoulder) 372

- PeACTaBJieHUs] KpUBO# (representation
of curve) 220

- cxoma (vanishing) 173, 191-195

Touku GeckoneuHoctH (points at infinity)
109-111

- koHuenble (end points) 221

(fundamental

VYroaer cOnuxkenus (convergence angles)
198

¥Yron naknoHa (slope) 83

VYpaBuenue BrOpOro mopsiaka (second-
degree equation) 245

- OKpy>kHOCTH (circle) 385

- npsamo# (of a straight line) 219

- cepst (sphere) 385

- Topa (torus) 386

YpaBHeHHA KOHMYECKHX CedeHHi (conic
equations) 245-254

VYerpoticrso ykazanus (pick device) 28

Dacan 60xoBo# (side elevation) 151

- rasubiit (front) 151

Depetocona  TOBEPXHOCTH
putch) 436

Poxkyc (focal point) 196, 197

®okycHoe paccrosuue (focal length) 197

Oyukuuu runepbonuveckme {hyperbolic
functions) 238

- rpadugeckue (graphics) 484

- marpuuHsle (matrix) 509

- mon@HOMHAJBHEIE  (polynomial)
290, 306

- cnermaJibHBIe (special) 510

- creneHHbre (power) 219

(Ferguson

219,
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- TpuroHOMeTpHYecKkme  (trigonometric)
509

- 9KCHOHeHnHajbHble (exponential) 219

Oyukuusa Gunapamerpuueckas (bipara-
metric function) 384

- cenexropa (pick) 23

®or (Fog N. G.) 460

®opwmar ¢aiina (file format) 511

®oppect (Forrest A.) 296

IIser (color) 39

Lisernoit Gydep xagpa {color frame
buffer) 41

IIseros Tabnuua (lookup table) 4043

Ilenrpasibuble KBagpuku (central quad-

rics) 402

- KOHH4YecKue cedeHust {conic) 239, 245,
248

- - - BoIpoXK AenHbIe {degenerative forms)
245

Ilentp mpoexnuu (center of projection)
145, 179, 181

ITumuunp kpyrosoit {circular cylinder)
382, 383

- munMbli (imaginary) 406
- mapabonmnueckuii (parabolic) 408

- spurantudecknii (elliptic) 408
Iludpo-ananoroseiii  mpeobpa3oBaTenn
(digital-analog converter) 39

Yappor (Charrot P.) 436
YepeccTpounas pa3seprka (interlace
technique) 47

ITsukepr (Schwickert D.) 283
ITTen6epr (Schoenberg 1.) 310
IMupuna momocer (bandwidth) 36

Diaepa ypasuenue (Euler’s equation)
261

OnexTpoHHO-TyyeBad TpyOka ({cathode
ray tube) 44-47

Aanunc (ellipse) 220, 246, 248, 249

- mapameTpudeckuii (parametric) 228
231

- mpegenbHBI cnyydalt (limiting case) 249

- IEHTPUPOBAHHBIH B Hadaye (origin-
centered) 232

Aanuncoun (ellipsoid) 386, 403, 407

- vuuMblii (imaginary) 406

Ipmuma dyuxuust (Hermite function)
274



OTJIABJIEHUE

OT PEAAKTOPOB TEPEBOMA. . . . .« v et ettt e ettt e e tttae et aaiaaeinanaeans 5
IIpeHCAOBAE K PYCCKOMY HBJAHBED . . .. ..ottt ee et eetaianeannaaneenans 6
BBeZleHHE K IEPBOMY HBAHIED . . . . .« ..ttt ete et et taa e e s e eenenaenaaennenn 7
TIPEIHCIIOBIIE . . ...ttt ittt et e et et et e et nns 8
IpeucIoBAE K TEPBOMY BHBHABBEIO . . . ... .ootinttninnenerin et eraaeeneeerneneees 11
IaBa 1. Beenenane B MammBEAYI0 TPADHEKY ... ....coooivnenenienearnanenann.-. 14
1-1 O030p MAIIHHHON TPAMMEKHE . .. ..ot ettt et et e e eiaaeaaeanas 16
1-2 TIpencraBienne H300PAXKEHHH .......o..iviiiiieiit i, 16
1-3 TloaroroBKa H300PaXKEHHH IS BBIBOMA . . . ... ovuveererseraeeaeacnaeannen. 18
1-4 IIpencraBneHue MpeABAPHTEIBHO MOATOTOBIEHHOTO H300PAKEHHS . . . . . . 19
1-5 Opranusaiys B3aMMOIEHCTBHA C H30DPAKEHHEM .. . ... uverernnnenn.. 22
1-6 Tunbl rpa@HIECKUX YCTPOMCTB .« ovve vttt e e e et e eeaeaaanes 31
1-7 T'paduyeckue mucnied Ha 3aTOMHHAIONIEH TPYOKE .. .........ovvvnn..... 31
1-8 TI'pacduyeckue gucmien ¢ pereHepanyeil H300PAKEHHS .. ................ 33
1-9 Pacrpossie rpaduueckue AuCIUieu C pereHepannedl u300paskeHus . . ... . 37
1-10 YcTpoicTBO 3A€KTPOHHO-TYIEBOM TDYOKH .. ..ovveiieeeiineiieaa .. 44
1-11 Yerpoiticrso nsetno#t pactpoBoit DJIT ............. .. ...l 45
1-12 CuCTEMBI C TEIEBUIHOHHBIM PACTPOM - ..\ttt eteeeeraernannannns 46
1-13 JHCIIen € IIOCKHM BKPAHOM . . -« e ettt et eeteseaaeaaenaaesann, 48
1-14 DneKTPOCTATHIECKHUE TPAMOIOCTPOUTEIH . .« .o e eeannsaaraennnnnn 56
1-15 JlasepHble NEYATAIONIME YCTPOMCTBA . . ...\ttt teeeeineeraennnens 60
1-16 MaTpudHBie TPAQOIMOCTPOMTEIM . . . .« .ttt teee s e etaaesearernnennns 63
1-17 YCTPOMCTBO CTPYRHOM TETATH -« e veineetetiieeeriaaneraaaiaaaennns 64
1-18 YCTPOMCTBO TEPMOIIEUATH . . . . .t ceeeeeeeteee e e et iee e et e aeeeeannns 66
1-19 IlepbeBBIE TPAPOIMOCTPOMTEN M. « -« « « v et teaeereere e e eaaesaaeaeaaeanns 67
1-20 LIBETHBIE BHACOKAMEDBI . -« -t ueeuettn it et i e e e et et eta e aeaeaaenns 71
1-21 AxTuBHBIE M NACCUBHBIE IPADUIECKHE YCTPORCTBA .« ..\ e eeenns 72
1-22 IIporpaMmHoe obecniedenne MAITHHHOM PPAPHKH. ... .. ...oevneennnnn... 73
1-23 JTHTODATYDA . oot oe ot et ettt e e e 74
TnaBa 2. JIpyMepHbIe IPEOOPABOBAHMT . .« ...ttt eeeeeess 76
2-1 BBEICHEE . ..ot e 76
2-2 VI300DAMKEHHME TOTEK .. .ovovrteneetee et et e ee e e e ie it eaeeeas 76
2-3 TIpeobOpa3sOBAHHA M MATPHIIBL . ... nvvnernran s rsaneeeninianreanaeaen, 76
2-4 TIPEOBPAIOBAHHE TOTEK .. .ovnerein e et e e tae e eean e, 77

2-5 IIpeobpa3’0BaHHE MPAMBIX JIHHHE ... ..ooueoseeeuenannesereoeeeaneenii, 79



OrnaBienne 601

2-6 IIpeobpa3oBaHMe CPEOHEH TOURKM . ...\ een et tiia e eeaaneaaaannnn. 81
2-7 Ilpeo6pasoBanue MAPAJUIETBHBIX JIHHHH ... ..ovveenneenineeiiaenaa... 82
2-8 IIpeobGpasoBaHue MEPECEKAIOMIHXCH TIPAMBIX « . .. vvetenneeunenennneennnenn 83
2-0  TLOBOPOT v ettt e et e e e 87
2-10 OTPAMKEHME . ..\t vvn ettt et et et e et ettt n 90
2-11 MACIITAGHPOBAHHE . . .. .ottt atae et et e et e e e e ae e e e e 93
2-12 KoMOHHHPOBAHHBIE TIPEOOPABOBAHMS ... ..o evrneeereneeennnnnaannnnn 95
2-13 IIpeobpa3soBaHue € JHHUIHOTO KBATPATA « . ..o ovvvvnnennarnnnennnnansnnnn. 97
2-14 IIpeobpa3oBaHUs KECTKHX KOHCTPYKIME . ... .oovvveerneennneennnnninss 100
2-15 IlepeMenieHuA ¥ OTHOPOIHBIE KOODIHMHATDL . .. v\ vevernenerarnnenannenenns 101
2-16 IToBOPOT BOKPYT MPOU3IBOIBHOM TOTKH - ... ovvecneeeaenaraennnnannnnns 102
2-17 OTpaxxeHHe OTHOCHTEIbHO IPOU3BOJILHOM IPAMOM . ... ..........uL. ... 103
2-18 IlpoenupoBanue — reOMeTPpUYECKAA HHTEPIIPETALMA OJHOPOIHBIX KOOP-
1542 | 106
2-19 ITponopuHOHATEHOE MACIITADUPOBAHME - . - .« .\ oveeeeeaenaenanrnnnn.en. 108
2-20 TOYKH GECKOHETHOCTH . . . ..\t eettetee et e et et et ea e 109
2-21 IlpaBusia BBIIOJHEHHS PEOOPAZOBAHMM .. .. .ovvei e 112
2-22 JTHTEDATYPA - - o« e ettt ettt et et et et et et e 114
I'nasa 3. IIpocTpaAcTBeHHEbIEe NPeOOPA30BAHNS M MPOEKIHHE . . . . ... ..o c.n. ... ... 115
3-1 BBOIEHEE . oottt e e 115
3-2 TpexMepHOe MACIITAOHPOBAHME . . ... .ottt eeeriaeenaaannannnn 116
3-3 TPEXMEPHBIE CIUBUIE ...« oottt et e tta s e et e areaanenenns 120
3-4 TPEeXMEPHOE BPALIEHHME . . . ... unttitie e ttae e e enae i eenaersnannnn 120
3-5 TPEeXMEPHOE OTPAMKEHME . .. ....eeneenrrnenrarnsrarsaeaenaeaeenennnnns 126
3-6 IIpOCTPAHCTBEHHBIH TIEPEHOC . . .« e et eeeesataeee e e e iiae e aneenenns 128
3-7 KoMnosuuuu mpeobpasOBaHMM . .........oouiriiirea e 129
3-8 IloBOPOTHI BOKDYT OCH, NAPAJLIEIBHOMN KOOPIMHATHONR OCH .. ............ 131
3-9 IloBopoT BOKPYT MpPOHU3BOABHOH OCH B POCTPAHCTBE. . ... .vvvnnern..,.. 134
3-10 OrpakeHue OTHOCHTENILHO MPOU3BOIBHOR IINIOCKOCTH . .o .\vevvnnnn.... 141
3-11 Addunnas u nepcneKTUBHAN (HAYCPTATEALHAN) TEOMETPHS............ 144
3-12 OprorpadMYeCKHe TIPOCKIIAM . . ... ...xeesneernsseeetraeeeennnnnennn. 147
3-13 AKCOHOMETPHUYECKUE TIPOCKITHH - . ..o\ veeeeeensrsenerneennnnneraassenns 154
3-14 KOCOYTONBHBIE IPOCKITHHE . ... eeeeeenttreteesianeesanaeaseeenaaenssns 163
3-15 IlepcrieKTHBHBIE TIPEOOPABOBAHHE .. ..o\ evve s erseeeeeaanaeenerrannenns 170
3-16 MeTonp! cO3maHUSA HEPCHEKTHBHBIX BUAOB ... ...oueeveennrarnenarnannnnns 182
KO A Kok 14 f o' <o )1 £: W U 191
3-18 Pororpacdusa H MEPCHEKTUBHOE MPEOOPABOBAHME . - ... vevvnrrrnnnennenn. 196
3-19 CrepeorpadU9eCcKas IPOCKIIHS .. ... ..oreeennttnneeereaiernnnennnn 198
3-20 CpasHenHe ABYX METOIOB MOCTPOEHHS MPOEKIIHI — C (PHKCHPOBAHHBIM
06BbEKTOM ¥ C PHKCUPOBAHHBIM IIEHTPOM IMPOEKITHH . . .. .veveneennennn s 207
3-21 BoccranosneHre TPEXMEPHBIX OOBEKTOB MO MPOSKIHAM . .. ....vu'evn..n. 210
3-22 JTHTEDATYDA -+ cevevitn e etee ettt aaaa e ettt ettt 217
TinaBa 4. TLNOCKHE KPHBBIE . . . ... ... ..ottt e s et et a e e e eaeraaeans 218
4-1 BBEHEHHE ....ooottiiiie it et e 218

4-2 TIPeACTABIICHME KPHBBIX . .. ... vvn et e e s iee e aaeaaetaeieeeeaeenns 218



602 Ornasienue
4-3 HenapaMeTpPHYECKHE KPHBBIE ... .....eunrnnnenaeenaeraenanenanennnns 219
4-4 TIapaMETPHIECKHME KPHBBI .. . ... uttuniune ettt ee e eneenneens 221
4.5 Ilapamerpu4ecKoe NPEACTABICHHE OKPYXKHOCTH .. ..vuinveninnnennnasn. 226
46 IlapaMeTpHIECKOE NPEACTABIIEHHE IITHIICA . . o v voveviieeianenennenans 229
4-7 TlapamerpuyecKkoe IPeICTABIEHHE NAPabONBI. ... ....oooiiiiiiiiiii..s 232
4-8 TlapameTpHYecKOe NPEACTABIEHHE THIEPOOBI. .. ....ovvvuienneinn. ... 236
49 TIpoueaypa MCHONB30BAHHA KOHUIECKHX CEUECHHM ...........c.oocnuen.... 240
4-10 Obniue ypaBHeHH KOHHIECKHX CETEHHM ..........ooivviiiiinieini.... 244
I PE 171 ) 0 5 ' - SO 255
[imaBa 5. IIPOCTPAHCTBEHHBIE KPHBBIC . . . ... .o .veeeeeneee e et ennnns 256
51 BeemeHue .............coviiiennn... e 256
5-2 IlpencraBneHue HPOCTPAHCTBEHHBIX KPHBBIX . ....ovnvenrnnennennennen.. 257
5-3 KyOHuecKne CIVIAMHBL ... ....ooovviinniiiiiii i, e 260
5-4 Hopmaiu30BaHHBIE KyOHIECKHE CIIIAMHBL . ..o.\vvunreenrrennnernnaennnn, 273
5-5 JIpyrue rPAHHTHBIE YCIOBHS . ... vneetnianeeiineniineenrneaenns 278
5-6 TlapabonH9ecKAT MHTEPIOMAIMMI - « .. v v oeneneenenenenarannrraearaennnns 286
5-7 O6o6mennas napaboMHIecKas HHTEPIOMALM . . . .o veerrernrnrrnaennnn. 292
5-8 KPHBBIE BEBBe. .. oottt e e 296
LSO 5 TGA 1 B 1112020 (P 310
5-10 Koneunble ycnosust njist nepuogudeckux B-comaéivos ................... 343
5-11 TIoATOHKA B-CIJIAHHOB ... .. ovvirieitr et e i et 350
5-12 Pazbuenne B-CIVTAMHOB . .........ooivrviiniiii it i iie e 355
5-13 PaumoHaJibHbIe B-ClIMaliHbL ... s 360
514 JIMTEPATYPA - .o v oeve ettt et et e ettt e e e i 378
TmaBa 6. IIOBEPXHOCTH .. ..c.o\vneee ettt ettt e e e e e e e eeens 381
6-1 BBEICHME . ..o\ttt e e 381
6-2 TIOBEDPXHOCTH BPAIIEHMSI ... .ovvvrnennenenie e et eenn s 382
6-3 3aMETAIOIMINE TIOBEPXHOCTH - .« .t vv et snenne e aee e eeeaeeennesnenns 396
6-4 KBaIpaTHYHBIE MOBEPXHOCTH .. .ovrvvenerannearaeanecnenarnanernenannns 402
6-5 KycouHoe npeaCcTaBieHue MOBEPXHOCTEM. . . ... vuuienennerneiernrnns 410
6-6 OTobparkeHHe MAPAMETPUYECKHUX MOBEPXHOCTEM .. ... .ovvneevvrnernnnns 413
6-7 DBHIMHEHHAS HOBEPXHOCTD .. vvvvorrenen et eneree e etaeeaneennens 417
6-8 JluneifyaThie H PA3BEPTHIBAIOLIAECS TIOBEPXHOCTH o .o oveeerennnn. .. 419
6-9 Jluneiinas noBepXHOCTD KyHCA .....ooovive i 425
6-10 Buxybudeckas moBepxHOCTb KyHCa . ...c.ooovvvvieni o 428
6-11 IIoBEPXHOCTH Be3BE ..o\t 436
6-12 B-CIINafH HOBEPXHOCTH . . ..o e ettt e eetteeetitae e eeeaeeeeenennnns 446
6-13 B-CIIaiH MHTEDIOMAIE . ..« c\vvevee e ettt e e e e eeeeens 458
6-14 Pa3buenue B-cronalin TOBEPXHOCTEH . ......ovvvvrvrneneeeenineennnnns 461
6-15 FayccoBa KPMBU3HA U KAYECTBO HOBEPXHOCTH ..o eveeernnn s nnnnnnns 463
6-16 Panuonasipupie B-CiaiiH TOBEPXHOCTH - . ... vevveeeeeenneeenenn. e 467
6-17 JIMTEDATYDA ... oottt e e 479
Ipnnoxenne A. I'paduueckoe mporpaMmuoe obecnederse .. .............. s 481

A-]l BBEIOGHME ... oottt e e e 481



OrrapJerne 603

A-2 Dpadwuyeckne NpUMATHBLEI MAIMUHHOK TPAdUKH. . .....oovvieenn . ia., .. 483
A-3 DnemeHTapHBIE TPAMDUIECKAE DYHKIME ..ottt eenennanennnnn.... 484
A-4 CHCTEMBI KOODIMHAT ... o rtetetttas ettt et e e eiaeeenaaian, 486
A-5 Tlpocroii rpaduaeckuit MeTadalr ..........covviiiiieieiiian ..., 489
A-6 TIpocThie GpOpMATEI TPADHIECKOTO BBOMG. -+« v veeveerenrnnneennnannnn... 489
A-T7 TIpoCTbIe AJIrOPHUTMBI COEMHEHMS .« oo verenarenaaereaernnaennanannnn.. 491
A-8 TIpocToit rpadrIECKHM MAKET .. .. .vevvetteeeieecrieeeaaeneeeaeenns, 493
A JIHTEPATYPE « oottt ettt ettt e 500
IIpnnoxenne B. MaTPpHYHEIC OMEPAIIHI . ... ........ovneneenennnenniriannnnennn.s, 501
B-1 TepMHHOMOTHS ... ..vtit ettt ettt e et 501
B-2 CoKEHNME M BEITHTAHIE . ... ....ovntrnaneernet et erareenneenernaennen. 502
B-3 YMHOMEHME ...\ttt ettt ettt et 502
B-4 Omnpenemurens KBAIPATHON MATPHIBI - ..ovverervnenerneiraeraannann.., 503
B-5 TpaHCHOHUPOBAHHE MATPHIIBI - - « ..o vvertt vt etteen e ateeennnarneennnnnn, 504
B-6 O6pamenne KBAIPATHON MATDHIIBL «....uvvnrrrreernennenearneenrnnes., 504
IIpunoxenme C. IlceBmokof, ........ R 505
C-1 KOMMEHTADHHE ..o ceo ettt ettt ettt e e e e et 505
O €005, 122 5 S 505
C-3 TIEPEMEHHBIC. . ..ttt ettt ettt et e e e e e e 505
O Y YT 152 O 506
C-5 OnepaTop MPHCBAMBAHMST .. ... ..ooverninneeir et eineraererneenn, 506
C-6 ApHQPMETHIECKHE BBIPAMKEHHMS - . ..o vt eeetrein e et aeeranneeeennns, 506
C-7 Jloruueckue OUEPANUHA W OMEPATTAN OTHOMICHMA ..o ovveverrenrnernen... 506
C-8 Omeparop finish ................ i 506
C-9 Omneparopst whilenwend while......................................... 506
C-10O0meparop if-then...... ... 507
C-11 Oneparopsr if-then-elsewend if ............................oo. 507
C-120mepatop for-next ..ot 508
C-130mepaTop 0 t0. ... i 508
C-14 ITOATPOrPAMMHEBIE MOJLYIIH « . .+« v et evtet e e et ee e e eseeee e eneeneas 508
C-15 TpUroHOMETPHYECKHE PYHKITHHE ... ..ovortnteeretneenennenanneenen.s 509
C-16 MATPHIHBIE DYHKIAH . . . .. oeeveett i et ee i e eee et iee et areeeaneenns 509
C-17 CUEnMAIILHBIE MYHKITAM - - . ..o e vt veeevit ettt aee e et e e antaeeeeeaeenes 510
ITprnoxenwe D. ®opmar daiiia B-cruaiil NOBepXHOCTH . .......covvvvvnnnneenn. 511
Ipumoxkenrme E. Bafadl .. ..ottt e 513
TmaBa 2. e 513
DomaBa 3. 514
TmaBa 4. ... e 515
DomaBa 5. o e 517
THaBa 6. ... e 520
IIpnnoxenwe F. Croemamkaitam HPOLPAMM .. .........ouvvrieneieeeaananaarnss 523
DoaBa 2. o 525
TmaBa 3. .o 530



604 OrnaBirenne

122 - ¥ Y J A S 534
DaBa B .ottt e e e s 535
Iprrokerne G. AJTOPHETMEL ... .....o.ooiiit ittt e e e aaeeaes 537
DTIaBa 2. . e e 538
%)Y 7 N 539
DoIaBa 4. . oo 546
DTIaBa 5. .ottt 551
DomaBa 6. . ittt 576



Yuebroe usdanue

Hssun ®©. Pogxepc, Ix. Anan Anamc
MareMarrdeckde OCHOBBI MAIlIMHHOM rpaduKm

3as. pegakmuedi akagemuk B. Y. ApHomsg
3am. 3as. pemaxmueit A. C. Ilonos
Benyu#t penaktop M. B. Xarynuesa
Xymoxmnk 0. JI. Makcumos
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Opurunan-maker nogrorosyed B. H. 1laad
B makere HTEX 2¢ ¢ ucmonb3opanneM
KApWLIAYecKux mpudTos cemeiictsa LH

JImuenzus JIP Ne 010174 or 20.05.97 r.

Iommacano x meuaru 14.12.2000 r. Popmar 70 x 100/16.
Tlapruurypa Computer Modern. Ileuars odcernas.
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Hsmaremscrso «Mup»
Mumucrepcrsa PO no gestam neuaru,
TeJIePAJUOBENIAHNA U CPEACTB MAaCCOBBIX KOMMYHHMKALUIT
107996, I'CII-6, Mocksa, 1-#t Puxckmit mep., 2.

JAnano3uTHBE H3rOTOBJIEHE
B H37aTeNIbCTBe <MHup»

OTnedaTaHO B COOTBETCTBHHE C KaYeCTBOM IPEAOCTABJIEHHBIX [HANO3UTHBOB
B ITIIIT «Tunorpacdus «Haykas 121099, Mocksa, Illy6unckuit nep., 6



(c)

Prc. 1. AMepuKkaHcKas sixta Kiacca Stars & Strips B ¢opme B-crnaifn
[OBEPXHOCTH, ONpENENaeMOi (a) CETKO MHOTOYTONEHHKOB; (b) TenoM
KOpITyca, XBOCTOBOH YacThiO M BaTepIMHUEH; (C) MapaMeTpH4ecKOH
cerkoii. (C paspemienus JIxopaxka XeiiseHa.)
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