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Ceemaotli namamu axademura
Andpes Huxoaaesuua Turonosa
NOCEAUAEMC

BBEIEHUE

HeBo3moxkHO npencTaBuTh cebe COBPEMEHHYIO HAayKy 0e3 IIMPOKOTO
[IPUMEHEHNS MATEeMaTHIeCKOT0 MoneaupoBanus. CyIIIHOCTL 3TON METOLO-
JIOTUM COCTOUT B 3aMeHe MCXOIHOTO OOBEKTa €T0 «00pa3oM» — MaTeMaTH-
4eCKOM MONENIbIo — U HaJlbHeWIIeM M3y4eHUN MOIENN ¢ IOMOIIBIO peaju-
3y€EMBIX Ha KOMIIBIOTEPAX BEIUNCINTEIHLHO-IIOTUIECKAX AITOPUTMOB. OTOT
«TPETHHl METOm» NO3HAHUs, KOHCTPYUPOBAHUS, IPOEKTUPOBAHUS COUETa~
eT B cebe MHOTHME NOCTOMHCTBA KAaK TEOPUM, TaK U dKcrmepuMeHTa. Pabo-
Ta HE ¢ CaMUM OOBEKTOM (SIBJIEHUEM, IIPOIECCOM), & C €r0 MOIENbIO HaeT
BO3MOXKHOCTb 6€300JIe3HEHHO, OTHOCUTENBHO OBICTPO U 6€3 CyIIeCTBEHHBIX
3aTPaT UCCIENOBATDH €r0 CBOMCTBA U IOBEICHUE B JIIOOBIX MBICIIMMBIX CH-
Tyausx (IPeuMyIIecTBa Teopun). B TO xe BpeMs BEIUUCIUTEIbHEBIE (KOM-
BIOTEPHBIE, CUMYJISIMOHHbIE, AMUTAIMOHHEIE) SKCIEPUMEHTHI C MOIEIIAME
00BEKTOB IO3BOJISIOT, ONMMPASCh HA MOIIb COBPEMEHHBIX BLHIUNCINTEIBHBIX
METONOB M TEXHWYECKNX MHCTPYMEHTOB MHOOPMATUKHU, IOAPOOHO M TIIy-
00KO M3y4aTh OOBEKTHL B OCTATOUYHON IIOIHOTE, HENOCTYIIHOR YUCTO TeO-
peTUYecKUM HonxonaM (IpeMMyIlecTBa SKcnepuMenTa). Heynusurensuo,
YTO METOHOJIOTUS MaTeMaTHIeCKOTO MOLENNPOBAaHMUSA OyPHO Pa3BUBAECTCH,

OXBaTBIBas BCE HOBBIE CHEpPBl — OT Pa3pabOTKU TEXHUYECKUX CUCTEM U
YIIPaBIEHU UMU OO aHAIN3a CIOXHENIINX S5KOHOMUYECKUX U COIIUAIIBHBIX
TIPOIIECCOB.

OJIEMEHTHl MAaTEMATUUYECKOTO MOMEIMPOBAHUS UCIOIB30BAIINCE C Ca-
MOTO HAadJaJjia MOSBIIEHUS TOYHBLIX HAYK, W HE CIIyYaWHO, YTO HEKOTOPHIE
METONBbI BBIUYKUCIIEHWA HOCST WMEHa TakKuX KopudeeB Hayku, Kak Hbro-
TOH U DWiep, a CIIOBO «AJTOPUTM» MIPOUCXOOUT OT MMEHU CPEIHEBEKO-
Boro apabckoro yuenoro Anb-Xopesmu. BTopoe «poxmeHunes 3TOR MeTo-
OOJIOTUY TPUILIOCh Ha Kouell 40-x—wuauayio 50-x romoB XX Beka u OBIIIO
00y CIIOBIIEHO IO KpaliHell Mepe nByMs npuurHamu. IlepBas u3 HUX — mO-
sprieane OBM (KOMIBIOTEPOB), XOTS ¥ CKPOMHBIX IO HBIHEITHUM MEDKaM,
HO TeM He MeHee M30aBUBIINX YUEHBIX OT OTPOMHOU IO 00BbEMY PYTHUHHOMR
BBIUKCIIUTEILHON paboThl. Bropas — OecnpeneneHTHLIN CONNAIBHBIA 3a-
Ka3 — BEINOIHeHKe HannoHanbHEX nporpaMm CCCP u CIIIA mo coszganuio
PaKeTHO-SIOEPHOTO IIIATA, KOTOPHLIE He MOTVIN OBITH PEAJIN30BAHEL TPAIUIIN-
OHHBIME MeTomaMmu. MaTeMaTuIecKoe MOMIeIMPOBAHKNE CIIPABUIIOCH C STOMN
3a0a49€eNl: soepHbIe B3PBLIBLI U IOJIETHI PAKET U CIIyTHUKOB OBLIN IIpEnBa-
PUTENBHO «OCYIIIECTBIIEHBI» B Henpax OBM ¢ moMoiiso MaTeMaTuaeckux
MOIIEJIER U JIMINB 3aTEM IPETBOPEHBI HA, MPAKTUKE. JTOT YCIEX BO MHO-
TOM OIpPEneNnyI NAJIbHENIe JOCTUXKEHNS MEeTONoJI0oTun, 6e3 TpruMeHeHUs
KOTOPOU B PA3BUTHIX CTPAHAX HU OOVH KPYIHOMACIITAOHBIA TEXHOJIOTH-
YECKUU, DKOJOTUUECKUN WM SKOHOMUYECKUU MPOEKT Temepb BCEephe3 He
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paccMaTpuBaeTcs (CKa3aHHOE CIPABEIUIMBO U 10 OTHOLIEHUIO K HEKOTO-
PBIM CONMUANIBHO-TIOIUTUIECKAM [IPOEKTAM ).

Ceituac MaTeMaTUUECKOE MONENMPOBAHNE BCTYNAET B TPETUN ITPUH-
IUNXAIBHO BAXKHBIM 5TAIl CBOETO PA3BUTHUS, «KBCTPAUBASICH» B CTPYKTY-
PBI TaK HA3BIBAEMOTO UHGOpMayuonno20 obuwecmaea. Brewarastonuit npo-
TPECC CPENCTB MepepaboTKY, EPEnadn U XPAHEHNST NHOOPMAIIAY OTBEIALT
MUPOBBIM TEHOCHITUSAM K YCIOXHEHUIO U B3aXMHOMY IIPOHUKHOBEHUIO Pa3-
JIMYHBIX Cep UesoOBevecKOon nesTelbHOCTH. bes Bnanenus uudopmanmon-
HBEIMU «PECypCaMU®» HeJb3s U OYyMAThb O DEIIeHuu Bce 0olee YKPYIHSIO-
muxcsl ¥ Bce Ooree pazHOOOPA3HBIX IIPOOIEM, CTOSIINX Iepen MUPOBBIM
coobrriecTBoM. OmuHako nHGOPMALIKS KAK TAKOBAsI 3a9aCTYI0 MAJIO YTO Ha-
eT OJIs aHAJIN3a U IIPOTHO3a, NI IPUHSITHUS PELIeHWH X KOHTPOJSI 33 UX
ucronuenreM. HyXHBI HamexHbIE CIOCOOBI IepepaboTKu MHPOPMAIMOH-
HOTO «CBIPbsI» B TOTOBBIN «IIPOOYKT®>, T. €. B TouHOoe 3HaHue. VcTopus
MEeTONOJIOTHY MATEMATUIECKOTO MONENUPOBAHUS yOeXIaeT: OHA MOXET U
IOJKHA, OBITH UHMEAACKMYAALHOIM A0POM THOOPMAIMOHHBIX TEXHOJIOT U,
BCETO IIponecca NHGOPpMAaTU3aUU ObIIeCTBA.

Texunueckue, KOIOTUUECKNE, YKOHOMUIECKNE U WHBIE CUCTEMBI, 13-
y4aeMble COBDEMEHHON HAYKOW, GOJIBbIIE He MOMNAIOTCSA UCCICNOBAHUIO (B
HYXHOI IIOJIHOTE W TOYHOCTHU) OOBIYHBIMEA TEOPETUYECKAMU METONAMIU.
IIpsMol HATYDPHBIN 5KCIEPUMEHT HAI HUMHU IOJIOT, OOPOT, YacTO JIubO
onaceH, JubO MOMPOCTY HEBO3MOXKEH, TaK KaK MHOTHE U3 DTUX CUCTEM
CYIIECTBYIOT B «EIWHCTBEHHOM 5K3eMiuisapes. [lena omubox u mpocueToB
B oOpallleHnu ¢ HUMM HENOIIyCTHMO BEICOKA. IlosToMmy wmamemamuueckoe
(wupe — unGOPMAYUOHHOE) MOEAUPOBANUE ABATETNCA HEUIOEHCHOT CO-
cmasagowel HaYuHO-METHUYECKO20 TPO2PECCA.

Cama moCTaHOBKA BOIIPOCA O MATEMATUYECKOM MOIEINPOBAHUN KAKO-
T10-Tu60 0OBEKTA TOPOXKIALT YeTKUY TIIaH JeHCTBUN. Kro MOXHO yCIOBHO
pa3bUTh HA TPU dTANA: MOJEAb — AAZOPUMM — NPO2PaMMa (CM. CXEMY ).

Mounens

O6BekT

Ha nepsom sTamne BEIGUPaeTCs (MM CTPOUTCS) «IKBUBAIEHT® OOBEK-
Ta, OTPAXKAIOIINN B MATEMATINYIECKON (hOpMe BaXKHEMIIINE €T0 CBOMCTBA —
3aKOHBI, KOTOPBIM OH MOLUYWHSIETCS, CBSI3M, IIPUCYIIIAE COCTABIISIONIAM €T0

IIporpamma
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gacTaMm, u T. 1. Maremarudeckas monens (wiu ee HParMeHThI) UCCIENLy-
€TCsI TEOPETUUECKUMY METOIAMY, YTO MO3BOJISET MOIyYUTH BaXKHBIE IIPEI-
BapuTenbHbIE 3HAHUSI 00 00BeKTE.

Bropoit sTan — BbIGOD (Miiu pa3paboTKa) AITOPUTMA, IJI PEATU3AIIAN
Momenu Ha KoMmmbioTepe. Momens npenctapnsgeTcs B dopMe, yOOOHON it
TIPUMEHEHUS YUCIIEHHBIX METOMIOB, ONPENEIISIETCS IOCIIEN0BATEIFHOCTD BhI-
YUCIUTENbHBIX U JIOTUYECKUX OIlePaLNil, KOTOPHLIE HYKHO IIPOU3BECTH, UTO-
OBl HANTHU UCKOMBIE BEJIMUMHEBL C 33JaHHOM TOYHOCTHIO. BhruncnurensHbie
AJITOPUTMBI HOJXKHBL HE UCKAXKATH OCHOBHBIE CBOMCTBA MONEIN U, CIIEN0OBA-
TEeJIbHO, UCXONHOTO O0BEKTA, OBITH YKOHOMUYHBIMYU U ANANTUDPYIOIIUMUCS
K OCODEHHOCTSIM DPEIAEMBbIX 330349 U NCIOIB3YEMBIX KOMIILIOTEDOB.

Ha Tperbem sTame co3maioTcs NPOrPAMMBI, «IEPEBOISIIINES MOLEIH
¥ aJITOPUTM HA OOCTYNHBIZ KOMIBLIOTEDY I3bIK. K HUM Takke IpenbsB-
JISIOTCS TPEeOOBAHUS SKOHOMUYHOCTH U aHANTUBHOCTH. MIX MOXHO Ha3BaThH
«DIIEKTPOHHBIM>» SKBUBAJIEHTOM U3y Iae€MOT0 OOBEKTA, YKe IPUTONHBIM [1J15
HENIOCPENCTBEHHOTO MCHBITAHUS HA «DYKCIEPUMEHTAIHLHOM YCTAHOBKE» —
KOMITBIOTEDE.

Cozmas mpuady «MOMENb—aJTOPUTM—IIPOrPAMMA®, UCCIENOBATEND
TOJIyYaeT B PYKW YHUBEPCAJILHBIN, TMOKUN ¥ HENOPOTOM MHCTPYMEHT, KO-
TODPHIA BHAUAJIE OTIIAXKUABACTCS, TECTUPYETCS B KIIPOOHBIX®> BHIUUCIUTEIb-
HBIX 5KcnepuMenTax. Ilocie Toro kak adexéammnocmy (IOCTATOYHOE COOT-
BETCTBUE) TPUAILI UCXOMHOMY OOBEKTY yIOCTOBEPEHA, ¢ MOMAEINIBIO TPOBO-
OSITCS PA3HOOOpa3HbIE M NMOOPOOHBIE OIBITBELY, MalolIue Bce Tpebyemble
KaJeCTBEHHBIE U KOJIMYECTBEHHBIE CBOMCTBA U XAaPAKTEPUCTUKNA O0BEKTA.
IIporecc MmomeupoBaHUsI COMPOBOXKAAETCS YIYUIICHUEM U YTOYHEHUEM, TI0
Mepe HeOOXOOMMOCTH, BCEX 3BEHBEB TPUAIEL.

Bynyuu meTonosnorueil, MaTeMaTAIECKOE MOOENUPOBAHYE HE TIOIMEHSI-
eT cobol MaTeMaTuKy, GU3UKy, OMOJIOTUI0 U OPYTUe HAyYHbIE DUCIUILII-
HEI, HEe KOHKypupyeT ¢ HuMu. Haob0opoT, TPYIHO MEPEOLEHUTH €ro CUH-
Tesupymolyio poib. CozmaHve m NpUMEHEHWEe TPHUAIbl HEBO3MOXHO 6e3
ONIOPHL H& CaMble PAa3HblE METONBI U MIOAXONBI — OT KAUYeCTBEHHOTO aHa-
N33 HEJIMHENHBIX MOJeJIEN OO COBPEMEHHLIX S3LIKOB IIPOIDAMMUIPOBAHMUS.
OHO maeT HOBBIE NOMOIHUTEIBHBIE CTUMYJIBI CAMBIM PA3HBIM HATIPABIICHM-
SIM HayKU.

PaccmaTpuBas Bompoc mupe, HATOMHUAM, UYTO MOAEIINPOBAHYE IIPUACY T-
CTBYET MOYTH BO BCEX BUIAX TBOPUYECKON AKTUBHOCTHU JIIOAEN DA3IUIHBIX
«CHEIUAIIBHOCTEN> — HCCIIENOBATENEN U IPENIPUHIMATEIIEN, TOINTIKOB
U BOCHAUAJILHUKOB. [IpuBHECEHUE B 5TU CHEpPHI TOYHOTO 3HAHUS IOMOTAET
OTPAHNYUTH NHTYUTUBHOE YMO3PUTEIBHOE «MOMEINPOBAHNES, PACIINDIET
TIOJIe TPUWJIOKEHUHN PAIMOHAIBLHEIX METONOB. KOHEUHO Xe, MaTeMaTUIeCKOe
MOIENVPOBAHME IIJIONOTBOPHO JIWIIL IIPY BHIIOJIHEHUY XOPOIIO M3BECTHBIX
npodeCcCuOHAIIBHBEIX TpeboBaHUN: YeTKast GOPMYIMPOBKA OCHOBHBIX ITOHSI-
TUY U TPENTNONIOXKEHN, alIOCTEPUOPHBIN aHAIN3 aIeKBATHOCTH UCIOIb3ye-
MBIX MOZEN€EN, TapaHTUPOBAHHAS TOYHOCTD BEIYUCINTEIBHBIX AJITOPUTMOB
u T. n. Ecim ke TOBOPUTH O MONETMPOBAHUAU CUCTEM C YUACTHEM «KUEJIO-
BEUYECKOTO (haKTOpa», T. €. MPYOHoPopMaiusyemviy 06eKmos, TO K STUM
TpeboBaHUAM HEOOXONUMO NOOABUTH AKKYyPATHOE PA3TPDAHUYEHUE MAaTEMAa-
TUYECKUX ¥ XUTENCKUX TEPMUHOB (3BydYallluX ONWUHAKOBO, HO MMEIOIITAX
PA3HBIN CMBICIT), OCTOPOXKHOE TIPUMEHEHVE yKE TOTOBOTO MATEMATUIECKO-
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rO anmapara K U3YYEHUIO ABJCHUN U IPOLECCOB (IPEMIOUTUTENCH IyTh
«OT 3313491 K METOAY», a He HA00OPOT) U PSI NPYTHUX.

Pemas npobnembr nHOOPMAIIMOHHOTO 0O1ITECTBA, OBLIO OB HAWBHO YIIO-
BaTh TOJLKO HAa MOIIb KOMIBIOTEPOB U WHEIX cpencTB uHdopmaTuku. Ilo-
CTOSIHHOE COBEPIIIEHCTBOBAHME TPUALEI MATEMATAIECKOTO MOIEIINPOBAHMS
¥ ee BHEOPEHNE B COBPEMEHHBIE MH(OOPMAIMOHHO-MOIEINPYIOITNE CUCTE-
MBI — Memodoao2uueckutl umnepamus. JIUNTb ero BLITOTHEHNE OAET BO3-
MOXHOCTBH IIOJIy4YaTh TAaK HYXHYIO HAM BBICOKOTEXHOJIOTMYHYIO, KOHKY-
PEHTOCIIOCOOHYIO U PA3HOOOPA3HYIO MATEPUAILHYIO U MHTEINIEK TYAIIBHYIO
TIPOAYKITUIO.

PasnuuneiM acnmekTaM MaTeMaTUIECKOTO MONEINPOBAHUS IOCBSIIIIEHO
HEMAJIO, XOTsI SBHO HENOCTATOUYHO, XOPOIIUX U Pa3HBIX KHuUT. [Ipu Hanuca-
HUU OAHHOW KHWTHW aBTOPHI CTABWIM mepeln cOoOOW 1enb oToOpaTh W M3-
JIOXKUTH TOOXOOBI K IOCTPOEHUIO M AHAIN3Y MATEMATUUYECKUX MOMENel,
obime s Pa3niuYHBIX 00JIacTel 3HAHWS, HE 3aBUCIIINE OT KOHKDETHOU
cnenubuku. OKPyKAOIIUA IOl MUD eWH, U ucciienoBarenu 3GhexTus-
HO HCHOJIB3YIOT 3TOT AP NPUPOOBI, BEIPAXKAIOIIUNCSI B TOM YUCIIE B YHU-
6€pPCalbHOCMYU MaTeMaTUIeCKuX Momeneii. KoHeuHo, comep:KaHme KHUTH
CBSI3aHO B OIIPENEJIEHHON Mepe C JIMUYHBIM OINBITOM aBTOPOB. TeM He MeHee,
NPUAEPKUBAICHL CHOPMYINPOBAHHON BEIIIIE TOYKY 3PEHUS, HAM OBLIO JIeT-
Ue PACIIUPITL PAMKU U3JIOXKEHUS U JEMOHCTPUPOBATH IITUPOKUE BO3MOXK-
HOCTH MATEMaTUYECKOTO MOIEINPOBAHNS — OT MEXAHUKU JI0 COIIAAIIBHBIX
HayK. OTHUM, KaK [OJIATAI0T ABTOPBI, MAHHAS KHUAT, U OTIINIAETCSI OT KHUAT
HAIIINX KOJLIET.

Uto xacaeTcss CTUIIST KHUTU, TO MBI CTPEMUWJINCHL M36€TaTh TPOMO3I-
KUX U CTPOrUX Hpouenyp (KOTOpHIE 3aMHTEPECOBABLINICSI UATATENL MO-
XKET HAUTHU B CIENUAILHBIX M3MAHUAX), 8 OOPAIAIn OCHOBHOE BHUMAHUE
Ha ONUCAHWE UOEH U COOTBETCTBYOIUX UM mpuMepoB. IlosTomy kHura co-
NEPKUT OOIIBITOE KOJIUIECTBO MILIIOCTPAIIAN U YIIPAXKHEHNU, ee MaTepuaJl
0e3 0COOBLIX 3aTPYHOHEHUN MOXET OBITH MCIOIBL30BAH ISl (DOPMUPOBAHUS
y4eOHBIX KYPCOB IO PA3JIXYHBIM KOHKDETHBEIM HAIPABIIEHUSIM MATEMaTH-
YEeCKOTO MOOEIMPOBAHUS.

He6omnpimioit 06beM KHUTH HE IO3BOJIMII OCBETHUTH Psifi BAXKHBIX TEM;
XOTenoch OBl 6oJtee MONPOOHO PACCMOTPETH NOOXONHLI K ITOCTPOEHUIO IUC-
KPETHBIX MOMENEN U YUCIIEHHBIE METONBI, BOIIPOCH! «OCHAIIIEHUS> MOJEIIen
U UX NOCHTUDUKAINN, UX CUHTE3a U JeKkoMmo3unuu 1 T. O. [lo 5Toi xe npu-
YMHE CIKUCOK JINTEPATYPHI BKITIOUAET JIUIITL HEOOXOMUMBIN MUHAMYM — 3TO
b0 paboThI, Pe3yIbTaThl KOTOPBIX HEIOCPENCTBEHHO OTPAXKEHBI B TEKC-
Te, b0 KIII0YEBBIE KHUTH, TZI€ MOXHO HANTHU NAJTBHEHNINNE CCBLIKY.

ITonbop MaTepuasia m MaHEpa €rO M3JIOXKEHUs OTBEYAIOT KOHIEIIIN-
SIM OTE€YECTBEHHOU IITKOJIBI MAaTEMATUYECKOTO MONEJINPOBAHMS, BCET N Ha-
XONMBIIENCS HA MUPOBOM YPOBHE U INWPOKO TPAKTYIOIIEW NAHHYIO Me-
Tomostoruio. IlosTOMy MBI He MOXEM HAa3BaTh BCEX CBOUX KOJIJIET, 00-
IIeHNe C KOTOPLIMK TaK WM WHAUE IOBIUSJIO HA CONEPXKAHUE KHUTHU.
ABTOpHI CUMTAOT CBOMM TPUATHBIM [OJITOM TOGJIATONAPUTDL HOKTOPA
dusuko-maremaruyeckux Hayk H. B. 3murpenko, B3sBuiero ua cebst ne-
JIETKUY TPYH IO TPOYTEHUIO PYKOMUCHU U CHEJIABIIETO PSI IIEHHBIX 3aMe-
JaHUN, OOKTOPOB (u3umko-MaTeMaTuueckux Hayk b. H. Yermepymikuna,
B. ®. Tumkuua n akamemuka PAH A. A. Ilerposa 3a mpemocTaBiieH-
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HBIE MATEPUAIIEL U IIONOTBOPHBIE AUCKYCCUM IO AKTYAJIBHLIM IIpOOIIeMaM
MaTEMaTUIECKOTO MOLEIUPOBAHNSI. ABTODEL IPU3HATEIbHLL TAKXKE TOKTO-
py dusmko-maremarumueckux Hayk B. 4. KapmoBy, xanmunaty dusuko-
maremaruueckux Hayk A. E. KopomneBy, kanmumaTy TEXHUUECKUX HAYK
B. A. OscsaunukoBy, nuxenepy B. U. 3emenueny, skonomucty O. A. By-
ceiruny, dunancucty H. Y. Konenbko 3a none3nHoe o6Cy X neHre HEKOTOPBIX
CHENMAIILHEIX BONPOCOB. MEI 6itarogapHbBL Takxke coTpynHukam VHcTuTy-
Ta maremaTudeckoro monesrupoauus PAH H. I'. Cuporenko u A. C. Bosn-
IapeBy, NpOodeCcCHOHAIBHO U3TOTOBUABIINM OPUATAHAI-MAKET KHUTH.

Haneemcs, uTo Hama xHura O6ymeT MHTEPECHA U IOJIE3HA KAaK HAUU-
HAIOIUM, TaK U ONBITHLIM KUCCJIENOBATENSM U [IENArOoraM, UCIOIb3YOIIAM
MEeTOOBI MATEMATUIECKOTO MONEINPOBAHUS U BHIUUCIUTEIHHOTO HKCIEPH-
MEHTA B CBOEU HAYYHOMN NEATEIHLHOCTU.

Mocksa, uions 1997 r. A. A. Camapcexud, A. II. Muzaiiaos

Brrmmrenimee B ¢cBeT 0KOJIO TPEX C MOJIOBIHOM JIET HA33 IEPBOE N3TAHNE
HaIel KHUTY (€€ aHTJIMACKUI nepeBos] OymeT OnyGIMKOBAH B TEKYILEM I'O-
Iy KPYHIHBIM OpuTaHckuM m3narenbcTBoM «Taylor and Francis publishing
group» non nazsauueM « Universal Principles of Mathematical Modelling»)
0Ka3aJI0Ch BECbMa BOCTPEOOBAHHBIM — OBYXTBICAUHBIA TUPaXK PAa30LIEIICs
B TeUeHUe TPeX-UeThIPpeX MeCslleB, MHOTHE KOJIlern oOpallajuch K HaM C
npocbO0i MOMOYL B ee mpuobpeTennn. K coxasenuto, GONBIMTMHCTBO STUX
npockb aBTOPHI yAOBIETBOPUTH He MOTyIM. MBI HazmeeMcsi, YTO BTOPOE, KC-
NIPABJIEHHOE U3IAHUE B 3HAUUTENHLHON CTEIEHN CMATUUT 5TOT O0BICHUMBIN,
HO HEXeNATEeNbHBIN NedUuIuT U IOMOXKeT, Yepe3 PaCIIupeHne KPyra IuTa-
Telell KHUTY, DaJIbHEHNIIeMy Pa3BUTUIO OTE€UYECTBEHHOU IIIKOJIBI MaTeMaTH-
YEeCKOTO MOOEITMPOBAHUS.

Mocksa, MapT 2001 r. A. A. Camapcexud, A. II. Muzaiiaos



FIABA I

IMPOCTEUNIUE MATEMATUYECKHWE MOIEJIN
1 OCHOBHBIE ITIOHATUSA
MATEMATHUYECKOI'O MOOEJINPOBAHWUS

§ 1. BJIEMEHTapHI:Ie MaTeMaTn4YeCcKmnue MoneJsin

PaccmoTpuM HEKOTOpPBIE TOAXONBI K IOCTPOEHUIO IPOCTENAIINX MaTe-
MaTHUYIECKUAX MOMEJIEN, WILTIOCTPUPYIOIIe IpUMeHeHre QyHIaAMEeHTAIbHBIX
3aKOHOB IIPUPOLbI, BAPUAIMOHHLIX IPUHIUIIOB, AHAJIOTUN, NePAPXUIECKUX
nemouek. HecMOTps HA IPOCTOTY, IPUBIIEKAEMBI MATEPUAJ HACT BO3MOXK-
HOCTBH HauaTbhb OOCyXIeHMEe TAKUX IIOHSATHUN, KaK aleKBATHOCTH MOIEJeH,
X «OCHAIIIEHUEY», HeIMHENHOCTh, YNCICHHAS Pealu3anus U pana OPYTUX
NPUHIUNUAIBHEIX BOIIPOCOB MATEMATHIECKOTO MOMEINDOBAHMUS.

1. ®yunameHTaJ IbHBIE 3aKOHBI npuponbl. Hambomee pacmpo-
CTPAHEHHBI METOH IMOCTPOEHUs MOIEJIEd COCTOUT B MpUMEHEHUUN GyH-
IAMEHTAJIBHBIX 3aKOHOB NPUPONBI K KOHKPETHOW CUTYAIMU. OTU 3aKOHBI
OOIIIeNPU3HAHBI, MHOTOKPATHO MOATBEPXKIEHBI OIBITOM, CITyXKaT OCHOBOU
MHOXKECTBa HAYyUHO-TEXHUYECKUX HocTmkeHui. [losTomy mx o6GOCHOBaH-
HOCTBH HE BBI3LIBAET COMHEHMUI, UTO, IOMUMO BCETO IIPOUEr0, 06ECIeYnBaALT
HCCIIENOBATEIIO MOIITHYIO IICUXOJIOTAYUECKYIO TonaepkKy. Ha mepBuIil mian
BBIIBUTAIOTCS BOMPOCHL, CBA3aHHBIE C TEM, KAKOU 3aKOH (3aKOHBI) CIIEHYET
NPUMEHSITH B HAHHOM CJIyYae U KaK 5TO NEIaTh.

a) Corpamnenue mepeuy. ITOT 3aKOH M3BECTEH MOUYTH OBECTHU JIET
¥ 3aHUMAET, MOXAIYH, HauboJiee MOYeTHOE MECTO CPEOW BENUKUX 33aKO-
uoB npuponsl. [lonarasce Ha HETO, SKCIEPT IO
GaIlIICTYKe, KEJIAIOIINI GBICTPO ONPENeuTh &2

CKOPOCTDH DEBOJILBEDHOM IIyIM U He UMeEIo- NS

i moOJIM30CTHU CIEIUAIBLHON J1abopaTopuy, B AR
MOKET BOCTOJIB30BATHCS OTHOCUTENLHO POC- I ‘\‘
TBEIM YCTPOMCTBOM THIIa MAsSTHUKA — IDY3a, N

TIOMIBEIIIEHHOTO Ha JIETKOM XKECTKOM U CBODOIHO
Bpamaoemcs crepxkue (puc. 1). lyms, sact- 4,
pABIIAA B IPy3€, COOOIMIMT CUCTEME KIylid— = [ M |
TPY3» CBOIO KMHETUIECKYIO SHEPTUIO, KOTOPAs

B MOMEHT HamMOOJIbIIIETO OTKIIOHEHUS CTEPXKHS

OT BEPTUKAJIN IOJIHOCTDIO IIEPERNET B MOTEHINAIILHYIO SHEPTUIO CUCTEMEL.
OTu TPAaHCHOPMAIUY OMUCHIBAIOTCS [ENIOYKO PABEHCTB

mv2 2

T:(M+m)v7:(M+m)gl(1—cosa).

Puc. 1
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Bnecs mu? /2 — KuHETUUEeCKas SHEPrusl IyJIM MAacChl M, UMEOIIEed CKO-
pocTb v, M — Macca rpy3a, V — CKOPOCTH CUCTEMEL IIYJISI—TPY3> CPaly
ocjie CTOJIKHOBEHUS, § — YCKODEH:e CBOOONHOTO TaneHus, | — IIuHa
CTEpXKHs, @ — yrojl HaubOoInbIIero OTKIOHeHusI. VIckoMast CKOPOCTH OImpe-
nenseTcs GopMyon

v:\/2(M+m)gl(1—cosa) (1)

KOTOpas 6yI[€T BIIOJIHE TO‘{HOfI, €CJIA HE YUYUTBIBACMbIC HAMU TIOTEPU SHED-
TUM Ha PA30TPEB Iy U I'PYy3a, HA NMPEONOJIEHUE CONPOTHUBICHUS BO3MY-
Xa, PA3rOH CTEPXKHSI W T. M. HEBEJIUKU. OTO, HA MEPBBIA B3TJISLL, PA3yM-
HOe paccyxIeHue Ha caMmoM geinie HeBepHO. [Iponeccsl, mpoucxonsiive npu
LKCIIAIIQHUAMI> IIYJIN 1 MasdTHUKA, YK€ HE ABJIAIOTCA YUCTO MEXaHUIECCKUMU.
HOBTOMy HpI/IMeHeHHbIﬁ IJ1d BBIYNCIJICHUA BEJINYMHBL V 3aKOH COXpaHEHUA
MEXaHNYECKON SHEPI'UM HECIIpABEOJINB: COXPAaHAETCA IIOJIHAA, a HE MEXaHU-
YeCKasd SHEPrus CUCTEMBIL. OH OaeT JINIIb HUXHIOIO I'DAHULY JIA OUEHKU
CKOPOCTHU Tynu (MJisi MPABUIBHOTO PEIEHUsT STOU MPOCTON 3a0aUU HAIO
BOCIHONIB30BATHCS TAKXKE 3aKOHOM COXPAHEHUS MMILYJIbCA — CM. yIp. 1).
CXO,E[HbIe PacCCyXOeHuss MOXET IIPUMEHNUTH U HWHXEHED JId OLCHKN
BPEMEHHU fj, CBEPJIEHUS CJIOS METaJUIa TONMIWHEL L j1a3epoM € MOIITHOC-
TBIO I/V7 U3JIYyYE€HUE KOTOPOro NEPIEHANKYJISAPHO ITIOBEPXHOCTU MaTeEPpUAJIa
(puc. 2). Ecnu sHeprus jasepa MONHOCTBIO UAET HA WCIAPEHUE CTOIOUKA

w w w

t =ty

Puc. 2. HauansHas, IPOMEXYTOUHAS ¥ KOHEUHAS CTANUM CBEDJIEHUS METAJIIIa
J1a3epoM

metasuta maccel LSp (S — obnyuaemas miomans, LS — obbeM cronbuka,
p — IUIOTHOCTBb BELIECTBA), TO 3aKOH COXPAHEHUs SHEPIUU BHIPAKAETCS
DPABEHCTBOM

Ey = Wt), = hLSp, (2)
roe h — sueprust, TpebyeMas sl UCHAPEHUs eNUHUIBI MACCHl. Bemuunua
h mmeer cocrasuyio cTpykTypy: h = (Tun — T) b1 + ha + hs, nockonbky
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MaTepruail HeOOXOMUMO IOCIENOBATENBHO HATPETH IO TEMIEPATYPHI IIIIaB-
senust Ty, a 3aTeM paciaBuTb u npeBpaTuTb B map (I — ucxomuas
TeMIEPaTypa, h; — yIoenbHas TemIoeMKOCTh, ho 1 A3 — COOTBETCTBEHHO
yIENbHAS TEIIOTa IIIABJICHNS U TapOOOPA3OBAHN ).

Wsmenenne rny6unst Beiemku [(t) CO BpeMeHeM ONpPEnessieTcs U3 [e-
TaJIBHOTO OAJTaHCa BHEPrumM B MPOMEXyTKe Bpemenu oT t mo t + dt. Ha
HCIAPEHHYIO 33 5TO BPEMS MACCy

[i(t +dt) — 1(£)] Sp = dI Sp

TpaTuTcs sueprus dl hSp, pasuas suepruu W dt, coobiiraemMoii BerecTBy
J1a3epoM:

dlhSp =W dt,
OTKyIla nonnydaeTcs nubdepeHnuaabHoe YpaBHEHTE

a_w
dt ~ hSp’

Ero waTerpupopanue (¢ y4eTOM TOTO, 9TO HAUAILHASA TITyOMHA BLIEMKH
DPABHA HYJIIO) IaeT

w E(t)
I(t) = ——t = —=, (3)
hSp hSp
roe E(t) — BCd YHEPTUsd, BBIOCICHHAS J1a3€POM K MOMEHTY BPDEMCHU .

CrenmoBaTenbHO, TIIyOWHA, BBIEMKY MIPOMOPIIMOHAIBHA 3aTPAUYEHHON SHEp-
ruu (mpuueM BesuuuHa ¢y, Korna l(t;) = L, coBnagaeT ¢ BEIYUCIEHHON 110
dopmye (2)).

B meficTBUTENBHOCTY IPOIECC CBEPIIEHUS [OPA3IO0 CIOXKHEE PACCMOT-
PEHHOI CXeMBI — DHEpPrusi TPATUTCS HA HATPEB BEIIECTBA, HA yOAJICHUE
MapoB U3 BBIEMKHU, KOTOPAs MOXET MMETH HENPABUIBLHYIO GOpMY, U T. O.
ITosToMy yBEpEHHOCTD B IPABUIILHOCTH IPEAJIOKEHHOTO MATEMATUIECKOTO
ONUCAHUS 3HAUUTEILHO MEHbBIIE, UeM B CiIyuae ¢ myiei. Bompoc o coorBeT-
CTBUM OOBEKTA U €r0 MOIENY — ONUH U3 HEHTPAIBHBIX B MATEMATUIECKOM
MONEIUPOBAHUN, U B HAJILHEUIIEM MBI OyZIeM HEOOHOKPATHO K HEMY BO3-
BPAIATHCS.

6) Cozpanenue mamepuu. IMEHHO 5TUM COOOPaKEHNEM PYKOBOLCTBY-
€TCs IIKOIBbHUK, PEIIAIOINN 33139y O 3allojIHeHnu OacceilHa BOIOU, BTe-
KaIoIllel ¥ BEITEKAOIeH n3 nByx Tpy6. Koneuno xe, 061acTh IpUMEHEHUS
3TOr0 3aKOHA HECPABHEHHO IIUDE.

IIycTe, Hanmpumep, uMeeTCss HEOOIBIITOE KOIIMIECTBO PAINOAKTUBHOTO
BerecTBa (ypaHa), OKPYKEHHOTO TOJICTHIM CIIOEM «OOBIYHOTO» MaTEepPHU-
ama (CBUHIIA), — CHTYyalus TUNWYHASA JUOO NPU XPAHEHWUM NEIISIInXCS
MaTepuaJioB, JubO MpPU UX UCIONb30BaHUM B sHEpreTuke (puc. 3). Ilom
CJIOBOM «HEOOJIBIIION> MTONPA3YMEBAECTCS YIIPOIIAIOIee 00CTOITENBCTBO,
UMEHHO TO, YTO BCE IPONYKTHI PACHANa, HE UCIBITHLIBAS CTOJIKHOBEHUM C
aTOMaMU BEIIECTBA, OECIPENsITCTBEHHO MOKUOaT obnacth I. Hpyrumm
CIIOBaMu, IJINHA CBOOONHOrO Ipobera NponyKTOB Paclana A; B IEPBOM Be-
IIIECTBE 3HAUUTEIBHO OOJIbIE XapaKTEPHBEIX Pa3MEPOB CaMOro MaTepua-
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na Ly, T. e. A1 > L. CloBa «TOJCTHIN CJIOW®» O3HAYAIOT, YTO B COIJIa-
CUU C LEJSIMU XPAHEHUs] TPONYKTHI NEJIEHUS MTOJHOCTBIO TOTJIOIAIOTCS B
obmactu II. OTo rapamTupyer-
Csl TIPY BBIMIOJTHEHUY TTPOTUBOIIO-
JI0XHOro ycnoBus A\ < Ly, roe
A1l — InuHa, npobera mpomyK-
TOB PACHaa BO BTOPOM BEIIIeCT-
Be, L] — ero xapaxTepHBIN pa3-
Mep.
WUrak, BCEe, 4TO BBLIETAET
u3 obnactu I, morsomraercs B
obnactu II, u cymmapuas macca
000UX BEIIECTB CO BPEMEHEM He
MEHSETCs. DTO U €CTh 3aKOH CO-
Puc. 3 XpAHEHUS MATEPUU, TPUMEHEH-
HBI K MAHHOW cuTyaruu. Eciu
B HAUAJILHBIN MOMEHT BpeMmenu ¢ = 0 macchl BemecTs 6butn pasubl Mi(0)
u My1(0), TO B m06GON MOMEHT BPEMEHU CIPABEIIAB GAJIAHC

MI(O) + MII(O) = Ml(t) + MH(t). (4)

Onuoro ypasrenust (4), OUeBUAHO, HENOCTATOUYHO JIS OLPENETICHUS Te-
KyLIUX 3HaueHuit nByx macc — Mi(t) m Myi(t). dns saMbIkaHus MaTeMa-
TUYIECKON (POPMYITMPOBKU HEOOXONUMO IIPUBIIEUD NOMONHUTEILHOE COO0pa-
XKeHue o xapakTepe pacnana. OHO IIacuT, ITO CKOPOCTD pactana (Iucio
aTOMOB, PACHALAIOIINXCS B €IUHUILY BDEMEHN) IPONOPIUOHAIBEHO OOIIEMY
YHCITy ATOMOB PAJNOAKTUBHOIO BEIIECTBA. 3a HeGONbIIoe BpeMs df Mex Iy
MoMeHTaMu t u t + dt BCcero pacmaneTcs

Ni(t+dt) — Ni(t) = —alN; (¢ + £dt), a>0, 0<é<,

aTOMOB. 3I€Ch BTOPUYHO MCIONB30BAH 3aKOH COXPAHEHUs BEIECTBA, HO
MIPUMEHUTEIBHO HE KO BCEMY IPOIECCY, 8 K OTPE3Ky BpeMeHu dt. B sTom
yPaBHEHUN, OMUCHLIBAIOIIEM GAJIAHC ATOMOB, B MPABOM YaCTU CTOMT 3HAK
MuHYyC (BemecTBo yOuIBaeT), a emuuuna Ni(t + £ dt) orBeuaeT HEKOTOPO-
MY CpEmHeMy 3HAUEHUIO JUCIIa aTOMOB 33 pacCMaTpuBaeMoe Bpems. Ilepe-
nuieM ero B nuddepeHnuaibHon GopMe:

dNi(t)

———= = —aNi(t).

dt

YunruBast, uro Mi(t) = prNi(t), roe pp — aTOMHEBIR BeC BelecTsa I, mo-
IydaeMm

AMI) ). (5)
dt

IIpu camonpou3BONBLHON PANNOAKTUBHOCTY JIFOOOH aTOM MMEET HEKO-
TODPYIO HE 3aBUCHIIYIO OT COCTOSHUS OKPYKaIOIIET0 BEITIECTBA BEPOSITHOCTH
pacnana. IlosTomy dem Gombiie (MEHBINE) CAMOrO PANUOAKTUBHOTO BE-
IeCTBa, TeM GOoubiie (MEHBINE) BBIIEIAETCS MPOLYKTOB PACIaNa B G-
uuny Bpemenu. Kosdduiment nponopuunonaibaoctu « > 0 (nocmosnmas

pacnada) ONPENessaeTcs KOHKPETHLIM BEIIECTBOM.
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Ypasuenus (4), (5) Bmecte ¢ yenoBuamu A > Lp, Aip < Lig, a Takxe
pesmmumaaMu ¢, M1(0), M11(0) u COCTABNAIOT MATEMATUYECKYIO MONEIH
paccMaTpuBaEMOro OOBEKTA.

WNurerpupys (5), nomydaem, 4T0 Macca OEIAIIETOCS MATEPUAIIa yObI-
BAET MO SKCIOHCHIMAILHOMY 3aKOHY

Mi(t) = Mi(0) e,

u npu t — 0o B o6nacTu | BelecTBo MONMHOCTHIO NCUE3aeT.
Tak Kak CyMMapHas Macca B COOTBETCTBUM C (4) OCTAETCs MOCTOSH-
HOH, TO B obmactu 1l xonuuecTBO BelllecTBA PACTET:

MH(t) = MH(O) + MI(O) — MI(O) et = MH(O) + MI(O) (1 — eiat) R

u TIpu ¢ — 0O MPOOYKTHI PACIaNa MOIHOCTBIO mepexonsaT u3 obmactu [ B
obmacts 1I.

B) Cozpanenue umnyabca. HemomBuxHO cTOSIIAL B GE3BETPEHHYIO 110~
rOmy Ha IOBEPXHOCTHU 03€Pa JIONKA HAUHET IBUTATHCS BIIEPEN, €CIIU COEIATH
HECKOJIBKO IIIATOB OT ee HOca K KopMe. Tak mposBiiseT cebs 3aKOH COXpaHe-
HUS UMITYIIBCA, YTBEPKIAIOIIAN: TOITHBIA UMITYJILC CUCTEMBI, HE UCIBITHI-
BAIOIEN NEeWCTBUS BHEIIHUX CUI, coxpaHseTcsa. Ha nepenBuxenue rpebia
JIOKA pearmpyeT CMEIIEHUEeM B IIPOTUBOIOJIOXKHYIO CTOPOHY.

[TprHnKn peakTUBHOIO OBUXKEHWsS IOJIOXKEH B OCHOBY MHOTHUX 3aMe-
YATENbHBIX TEXHUYIECKUX YCTPOUCTB, HAIPUMED, PAKETHI, BLIBOLAIIEH HA
OpOUTY BOKPYT 3eMJIl UCKYCCTBEHHBIA CIyTHUK, IJIS Yero e Tpebyercs
pPa3BUTH CKOPOCTH mpuMepHO 8 kM/c. IIpocreiimias MaTeMaTuyeckas MO-
IeNb OBUXKEHUS DaKeThl IOIIyYaeTCs U3 33aKOHA COXPAHEHUS MMIIYIILCa B
npeHeOpeXXeHNN COIPOTUBIIEHUEM BO3MyXa, TPABUTAIEN M ODYTUMU CU-
JIaMU, UCKITI0Uasi, KOHEUHO, TATY PEAKTUBHBLIX OBUTATENEH.

IIycts nmponykThl cropaHus PaKeTHOT'O TOIIMBA, IOKUAAT PACIOIO-
XEHHbIE B KOPMOBOM YACTU BBLIXJIONMHBLIE COIUIA CO CKOPOCTBIO U (IJist CO-
BPEMEHHBIX TOIUINB BEJINUNHA 1 PaBHA 3-5 KM/c). 3a MaJIbIil TPOMEXKYTOK
BpeMeHu dt Mexny MOMeHTaMu t u t + df 9acThb TOIUIMBA, BBITOPENA, U
Macca, PaKeTHl U3MEHWIIACH Ha BeauduuHy dm. V3MeHUscs Takxke UMILYJIIbC
PaKeThl, OMHAKO CYMMAPHBIN MMITYJIBC CUCTEMBI «KPAKETA INTIOC IIPONYKTHI
CTOPAHUS» OCTAJICS TEM XK€, YTO U B MOMEHT ¢, T. €.

m(t) v(t) = m(t +dt)v(t + dt) —dm[v(t + {dt) — u],

rze v(t) — ckopocTs pakeTsl, v(t + £ dt) —u, 0 < { < 1 — cpennss 3a mpo-
MEXYTOK dt CKOPOCTD MCTEKAIOIUX U3 COMEI Ia30B (06e CKOpocTu 6epyTcs
oTHOCUTENHHO 3emin). lepBEIil UieH B IPABOI YaCTH HTOrO PABEHCTBA, —
UMITYJIbC PAKETHI B MOMEHT ¢ + di, BTOPOIl — UMITYJILC, IEPENAHHBIA UCTE-
KaIoIM Ta30M 33 BpeMms dt.

Yunresas, uro m(t + dt) = m(t) + (dm/dt) dt + O(dt?), 3axom coxpa-
HEHVS UMITYJIbCA MOXHO NIEPENUCATH B BUAe AUD(DEPEHIIMAIILHOTO yPaBHE-
HUSL

dv dm

a T A
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B KOTOpOM usteH — (dm/dt) u, O4eBUNHO, HE UTO MHOE, KaK CUJIA TACH Pa-
KeTHBIX OBUTATENER, 1 KOTOpoe, Oynyunu npeoOpa3oBaHHBIM K BULY

dv d(lnm)

Ak Sl 74

dt dt ’

JIETKO MHTETPUDPYETCS:

Mo
v(t) =vo+uln | — |,
m(t)
rme Vg, Mo — COOTBETCTBEHHO CKOPOCTH ¥ MAaCCA PAKeTEL B MOMEHT | =
= 0. Ecnz vg = 0, TO MakCUMaJIbHAs CKOPOCTDb PAKETEHl, JOCTUrAeMast IPY
IIOJTHOM CTOPAHWY TOIUIMBA, DABHA

v=uln <£) . (6)
My + M

3mecs My — moTesHas Macca (Macca CIyTHUKA), My — CTPYKTYPHAS MACCa
(Macca cOBCTBEHHO PAKETHON KOHCTDYKIMU — TOIUIUBHEIX OAKOB, IBUa-
TeJIell, CUCTEM YIPABIEHUS U T. I.).

IIpocras dopmyna Iuonkosckoro (6) mossomseT coenaTh GyHIAMEH-
TaJIbHBIN BBIBOL O KOHCTPYKIIAU PAKETHL IJIs1 KOCMUUIECKUX IIOJIETOB. BBe-
ZIeM BEIIMUIHYy A\ = ————— KOTOPAas XapaKTePU3yeT Ipu my = 0 oTHO-

mo — My
LIEHUE CTPYKTYPHON U HAYAIBHON MACC PAKeThl. Torma miist mpak TUIeCKT
peanbubix 3Hadennit A = 0,1, u = 3 kM/c monyuaem npu m, =0

v=uln(1/X) =7 km/c.

Orcrona cienyer, 4TO naxe B CAMOU UAEANBHON CATyauuu (LIOIe3Has
MacCca paBHA HYJIO, OTCYTCTBYIOT I'DABUTAINSI U CONPOTUBJIEHUE BO3MY-
Xa U T. [I.) PAKETa PACCMATPUBAEMOrO TUIA HE CIOCOOHA NOCTUYL MEPBOIL
KOCMUUIECKOU CKOpocTU. TeM caMbIM HEOOXOMUMO KUCIIONB30BATH MHOTOCTY-
TIeHYaTHIe PAKETHI — BBIBOI, K KOTOPOMY IIDUIIIIN OCHOBOIIOIOXHUKY KOC-
MOHABTUKU.

HaHHBI TpUMeD WILTIOCTPUPYET TAaKXKe CBOETO PO, IPUHITNI «HAW-
60IbI1Ier0 OJIATONPUSITCTBUASLS, YACTO UCIOIB3YEMbIN HA HAYAJIBHON CTAOUN
MaTeMaTUIECKOTO MONEIUPOBAHUS CIOXHBIX OOBEKTOB: €CII O0BEKT, IO-
CTABJICHHBLIN B HAWIYYIIINE YCIIOBUS, HE B COCTOSHUM JOCTUYL TPEeOYEMBIX
XapaKTEePUCTHUK, TO HAMO U3MEHUTEL CaM IOAXOHN K OOBEKTY Jub0 CMATUYUTD
TpebOBaHUS K HEMY; €ClIU XKe TpeOOBaHWUS B IPUHINUNE NOCTUXUMBI, TO
CIIEQYIOIINE IITaryu CBSI33HBI C MCCIENOBAHMEM BIUSHUS HA OOBEKT IOMOJI-
HUTEILHBIX OCIIOXKHSIOINX (HaKTOPOB.

2. BapuanuonHble npuHINNLI. Eille OnWH TOOX0N K IOCTPOCHUIO
MOIIleIel, IO CBOeH MINPOTe U YHUBEPCAIHLHOCTU COIOCTABUMBIN C BO3MOXK-
HOCTSIMU, NAaBAEMBIMU DYHIAMEHTAILHBIMU 3aKOHAMU, COCTOUT B IPUME-
HEHUU TAK HA3BIBAEMBIX 64PUGUUOHHLIT NPunyunos. OHU TPENCTABIISIOT
coboii BeCbMa OOIIME YTBEPKACHUA O PACCMATPUBAEMOM OOBEKTE (cucTe-
Me, SIBJICHUN) U TJIACAT, YTO U3 BCEX BO3MOXKHBIX BAPDUAHTOB €0 TOBEACHUS
(mBUXKEHVS, SBONIONMN) BLIOUPAIOTCS JIAIIL T€, KOTOPHIE YIOBIETBODPSIOT
onpeneieHHoMy ycyioBui0. OOBIYHO COTIACHO YTOMY YCJIOBHUIO HEKOTODAs
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CBSI3aHHAs C OOBEKTOM BEJIMUUHA NOCTUTAET SKCTPEMAaJIbHOIO 3HAUEHUS
IIPU €ro Nepexoe U3 ONHOTO COCTOSHUS B IPYTOe.

HonyctrM, aBTOMOOMIIBE, OBUXYIIANUCS C IOCTOSHHON CKOPOCTBIO v,
IIOJIKEH MOMAcTh U3 TOUKA A B TOUKy B U mpm 3TOM KOCHYTBCSI HEKOTO-
poit mpsamoit nuauu C (puc. 4). Bonurenb aBTOMOOMII OYEHB TOPOMUTCS
¥ BBIOMPAET U3 MHOXECTBA TPACKTOPUHU IIyThH, TPEOYIOITUN MUHUMAJIbHBIX

p A
A

- -
= >

Puc. 4. Pasnuunbie TpaeKTOpUK NBUXEHUS U3 TOUKKU A B TOouky B ¢ KacanueM
npsmont C. 2KupHOi juHMel BeIAeIeH OBICTPENIINI Iy Th

3aTpaT BpeMeHu. IIpencraBum 3aTpadeHHOe BpeMs KaK (DYHKIIUIO BEJIUIU-
HBI (@ — YIJIa MEXIY TPSIMON U OTPE3KOM IIyTU OT TOYKU A 1Mo mpsiMoii:

o) = —° b
(c) = vsina  wsinB(a)

3neck ¢ u b — NIUHBEL TEPHIEHIUKYIIIPOB, OIMYIIEHHEIX U3 TOYeK A u
B ma npamymo, B(a) — yroa Mexmy mpsSMOi U OTPE3KOM IMyTH U3 TOUKA
KaCaHus 0O TOUKU B.
YcnoBue skcTpeMasbHOCTY H((r) O APryMEHTY (@ O3HAYAET, YTO
dt(a)
— =0,
da

Q=C0ext

unu
acosa  beosfB(a) dB

sina  sin® B(a) do

s m00BIX 3HAUEHUH (v CIIPABEIIINBO PABEHCTBO
a b

c=—+ )
tga  tgB(a)

2 A. A. Camapckuit, A. II. Muxaitios



18 IIPOCTEVIINWE MOOEJIN U ITIOHATU [TVI. I

Ie ¢ — PacCTOsHUE Mexy npoekuusMu Touek A u B Ha npamywo (onum-
HAKOBOE I BCeX TpaekTopuit). Huddeperuupys ero, momydaeM COOTHO-
eHue
a b dg
. 9 ) — =0, (8)
sin“a  sin® B(a) da

KOTOPOE BMECTE C YCIOBUEM MUHUMAJILHOCTH (7) O3HAYAET
cosa = cos B{a),

T. e. paBeHCTBO yrioB o u B (cMm. ymp. 5).

Iasee HETPYMIHO HAUTY CAMU 3HAYCHUA Cmin, bmin 9€PE3 3aJAHHLIE BE-
JIUUUHLL @, b, ¢. OmHAKO cefyac Mg HAC BAXKHO MPYroe — YCJIOBUE MUHU-
MAaJIBHBLIX 3aTPAT BPEMEHU IPUBEIIO K BEIGOPY COOTBETCTBYIOIIEH TPACKTO-
PUM TI0 IPABUITY «YTOIl A ICHUS PABEH yTily OTpaxeHuss>. Ho Bens TakoMy
3aKOHY MOMUMHAETCA W XOI CBETOBOTO JIy4a, MOMANAIOIIEr0 Ha, OTPAXKAK0-
IO MTOBEPXHOCTL! MOXeT OBITE, 1 B OOIIEM CITy4ae JIydl CBETA JBUXKY TCS
[0 TPACKTOPUAM, ODECIEYMBAIONIMM OLICTPENIIee TONAIAHNe CATHAIIA, U3
onmHOI Touky B Apyryio? Ila, IMEHHO Tax M MPOMCXOMUT COTJIACHO M3BECT-
HOMY BapuanuoHHOMY npuHnumy Pepma, OMupasch HA, KOTOPBIA, MOXKHO
MOIIyYUTH BCE OCHOBHBIE 3aKOHBI T€OMETPUYECKOM ONTUKM.

TokaxeMm 5TO, PACCMOTPEB IIPEIIOMIICHUE JTy Y€l Ha IPAHUIE NBYX CPEl
(puc. 5). CeT, BLIXONAIIME U3 TOYKA A, NBUKETCS B IEPBOM CPELE CO CKO-
POCTBIO Vg, TPEIOMIISIETCS W, TIEPEXOMIsl Yepes JIMHUIO PA3Mesa, IBUraeTCs

II v

Puc. 5. Bo3aMoXxHBIE TPAaGKTOPUM CBETOBHIX JIyUel, MAYIIMX U3 TOUKH A B

Touky B um npenomsisiiornuxcs Ha guHUN C' — TpAaHUIE pa3meiia ABYX Cpen.

2KupHoit nuHMeR BEIOEIEHA TPAeKTOPUs, OTBEYUAIONIAS 3aKOHY IIPEJIOMIICHNS
cosa/ cos f = va/vp

BO BTOPOI CPeMie CO CKOPOCTDIO Up U MONanaeT B Touky B. Ecmm o — yron
naneHus jyda, a 3(a) — yroi ero IMpesOMIIEHUs, TO BPEMS MPOXOXKICHUS
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u3 A B B paBuO
a b
vesina  wysinB(a)

t(a) =

Ycnosue munnMansroCTH t(r) 3anuceBaeTcs B sune (cp. ¢ (7))

acos becosa  dfB
vesina  wvpsinB(a) da

9

a nponuddepeHIPOBAHHOE IO (¢ YCIIOBUE MOCTOSHCTBA BEIMYUHBL ¢ II0-
IpexHeMy BhIpaxaeTcsa dopmyioir (8). 3mech BequuuHLI @, b, ¢ UMEIOT
TOT € CMBIC]I, UTO U B NpenbimyineM ciaydae. Vckiouas u3 mociienHei
(hopMyIIbl TPOU3BONHYIO df3/da, IPUXONUM K PABEHCTBY

cosa _ Va 7 (9)
cosfB vy
T. €. K U3BECTHOMY 3aKOHY IIDEJIOMJICHUS CBETA.

ChopmynupoBaHHbIE IPUMEHUTEIHHO K KAKOMY-Iu60 KIIACCy SBIIEHUI
BapUalMOHHBIE IPUHINUILL IO3BOJISIOT €IMHOOOPA3HO CTPOUTH COOTBET-
CTByIOLIZE MaTeMaTudeckue monenu. VIX yHUBEPCAIBHOCTDH BHIPAXKAETCS
TaKxXke B TOM, UTO, UCIOJIb3Ys UX, MOXKHO B ONPENEJICHHON CTEIeHN OTBIIe-
KaThCsd OT KOHKDETHOW NPUPONBI Impouecca. Tak, BOOUTEIb aBTOMOOUILS,
CITIEYIOIINY IPUHITNITY «MUHUMAJBLHOIO BPEMEHI» U XKeJIAIOIINH IIONaCTh
U3 TOUKU A, HAXONAIIENCsS HA MEeCUaHOW mouBe (OOHA CKOPOCTH), B TOU-
Ky B, pacrooXeHHyI0 Ha TPABSHUCTOM JIyry (Opyras CKOPOCTB), 0OsI3aH
OexXaTh HE [0 MPsAMOl, coemuHsoomedr A u B, a 1m0 JIOMaHHOA TPAEKTO-
puH, CIeJIaB HEOOXONMMOE IIPEIIOMIIEHTES> Ha JINHUAN, PA3NESISIOIEN TeCOK
U TPaBy.

3. IIpuMmeHeHME aHAJIOTUII IIPU IIOCTPOEHUN Moaeseii. B orpom-
HOM YHCJIE CIIyYaeB IIPU MIOIBITKE IOCTPOUTH MOIENb KAKOr0-1n00 00BEKTA
160 HEBO3MOXKHO NPSIMO YKa3aTh QyHIOAMEHTAJIbHEIE 3aKOHBL UJIN Bapua-
IWOHHBIE IIPUHIIATBI, KOTOPBEIM OH IMOOUWHSETCS, 00, C TOYKU 3PEHUSI
HAIIIX CETONHSAIIHUX 3HAHWUHN, BOOOIIE HET YBEPEHHOCTHU B CYILIECTBOBA-
HUM IONOOHBIX 3aKOHOB, JHOIIYCKAIOIINX MATEMATUIECKYI0 GOPMYIUPOBKY.
OpHuM ¥3 NIIONOTBOPHBIX MOAXOHNOB K TAKOI'O PONa OOBEKTAM SIBIISETCS
HCIIONIB30OBAHNE AHAJIOTUH C YK€ M3YYEeHHBIMU SBIIEHUAMU. UTO, Ka3aoch
OBI, OOIIETO MEXIY PAOUOAKTUBHBEIM PACHAIOM M IWHAMUKOHN IOIIYIISINNT,
B YaCTHOCTY M3MEHEHUEM YUICIIEHHOCTU HAaceleHus Haeln mianeTs! On-
HAKO Ha IPOCTeEHIlIeM ypOBHe TaKas aHaJOTUs BIIOIHE IPOCMATPUBAETC,
0 UeM CBUAETENLCTBYET ONHA U3 IPOCTENIINX MOOeNeN MOMyJIIsuil, Ha3bl-
BaeMast modeavto Maavmyca. B ee OCHOBY mOJIOXEHO POCTOE YyTBEPKIE-
HUE — CKOPDOCTBH M3MEHEHUs HACEJIEHUs CO BPEMEHEM i IIPOIOPIIMOHAIILHA
ero tekyiueit yncieHHocTu N (t), yMHOXEHHOR Ha CyMMy KO3(DdULUEHTOB
poxmaemoctu «(t) > 0 u cmepraoctu [(t) < 0. B pesynbprare npuxonum
K yPaBHEHUIO

dN(t)

S = lalt) - BN (), (10)
BeCbMa IIOXOXEMY Ha yPaBHEHUE DaIUOAaKTHUBHOIO PACHana U COBIAIA0-
wiero ¢ uuM npu @ < 3 (ecnu « u B MOCTOsSHHBIE). DTO HEYOUBUTEIHHO,

2%
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TaK KaK [IPY WX BEIBOE MCIOIL30BAINCH OMUHAKOBEIE COOpaxerHus. MaTer-
puposanue ypasuenus (10) maer

N(t) = N(0) exp / lat) - B dt | |

roe N(0) = N(t = tp) — HauaIbHAS IUCIEHHOCTb.

Ha puc. 6 npusenens! rpaduxu bysknumu N (f) Opu DOCTOSHHBIX @ U
0 (pasHBIM MODOGHBIM ADYT OPYLY KPUBLIM COOTBETCTBYIOT DA3HBIE o —
3HAYEHUs BpEMEHU Hadalna mnpouecca). Ilpu a = f 4ucieHHOCTH ocTaeTcs
[OCTOSHHOM, T. €. B 9TOM CIIydae DeLIeHHeM yDPABHEHUs SBIISETCS DaB-
HoBecHas BenmmuuHa N (f) = N(0). PaBHOBecue Mexny POXIAEMOCTBIO U

N(t) A

N(0)

~Y

to; =0 too tos tog

Puc. 6. I3MeHeHNe YNCIEHHOCTH MOMYJIANNMM CO BpeMeHeM B Momenu MaJbTyca

CMEPTHOCTBIO HEYCTONUNBO B TOM CMBICIIE, UTO faXKe HeOOJIbIIOe HapyIIe-
HUE PABEHCTBA & = [ TIPUBOOUT C TEUYEHUEM BPEMEHU KO BCE OOIBIIEMY
orkionenuio dyuknuu N (¢) or pasuoBecuoro 3Hauenus N (0). Ipu a < 8
YUCIEHHOCTDH HACENIeHUs YObIBaeT U CTPEMUTCS K HYIIO IPU ¢ — 00, & IIpU
«a > [ pacTeT MO HEKOTOPOMY SKCIIOHEHIUAJILHOMY 3aKOHY, OOpaIlasch B
OeckoHEUHOCTD Tpu t — o0. [locimentee 06CTOATENBLCTBO M MOCITY XKUIIO OC-
HOBAHUEM [UJIs OmaceHrnis MajgpTyca O IPAMyIeM MepeHaCeIeHnr 3eMIT CO
BCEMU BBEITEKAIOIIUMY OTCIONA MTOCIIENCTBUSIMU.

Kakx B mamHOM mpumepe, Tak U B PsI€ PACCMOTPEHHEIX BBIIIE CIIyIaeB
MOXHO YKa3aTh HEMAJIO OUYEBUIHBIX OIDAHUYEHUN TPUMEHNMOCTH ITOCTPO-
eHHon Momenu. KOHETHO ke, CIOXHENIINI NPOIeCC U3MEHEHUS INCIIEHHOC-
TU HACEJIEHUS, 3aBUCIIIAN K TOMY XK€ OT CO3HATEJIBHOI'O BMENIATEILCTBA
CaMUX JIIONeR, He MOXKeT ONUCHIBATHLCSI KAKMMU-JINOO MPOCTHIMYU 33KOHO-
MepHOCTsMU. Jlaxxe B MOCATTBHOM CIIydae M30JIMPOBAHHON OMOIOTMIECKOMR
TIOMYJISAIIAY IIPEAJIOXKEHHAS MOIENIb He OTBEYAET PEAJIBHOCTH B IIOJIHON Mepe
XOTs OBl U3-33 OT'PAHUYEHHOCTU PECYPCOB, HEOOXONMMEIX IJIs €€ CYyILeCT-
BOBAHUS.

Crenanuoe 3aMeJYaHNe TEM HE MEHEE HUCKOJIBLKO HE YMAJIAeT PO aHA-
JIOTUH B IIOCTPOEHUYN MATEMATUUECKUX MOIEJEN OYeHb CIIOXHBIX SBIICHUU.
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[Tpumenenne aHAJIOTUI OCHOBAHO HA OOHOM W3 BaXXHEWUIIINX CBOWCTB MOZE-
JIel — WX YHUBEPCAJIBLHOCTH, T. €. UX IPUIOXKUMOCTUA K OOBEKTAM IPUH-
NUIUAIIBHO PA3IMYHON TIpuponbl. Tak, MPEmnooXeHus: TUMA «CKOPOCThb
U3MEHEHUs BeJIMYUHEI IIPONOPIMOHAIBHA 3HAUCHNIO CAMOM BeJIMIMHBL (UK
HEKOTOPOI (GyHKIUU OT HEe)» MIMPOKO UCIOIBL3YIOTCS B NAJIEKUX APYT OT
Opyra objacTsX 3HAHUM.

4. Wlepapxudecknili moaxon K IOJIydYeHHUIO Mmoneseii. Jlumes B
penKuX ciiydasx OblBaeT yIOOHLIM M OIPABIAHHBEIM IIOCTDOEHUE MaTeMa-
TUYECKAX MOMENEN naxe OTHOCUTEIIFHO IPOCTHIX OOBEKTOB CPa3y BO BCEU
MOJIHOTE, C YIeTOM BCeX (PakTOPOB, CYLUIECTBEHHBIX MJIsS €TO MOBEOCHUS.
ITosTomy ecTecTBeH momxon, PEAIU3YIOMINI IPUHIUAI «OT IIPOCTOrO0 — K
CIIOXKHOMY>», KOTIa CJIEAYIOIINH IIar AeaeTCs MOCIe TOCTATOYHO IOIPOO-
HOTO M3yYEHUs He OUeHb CIIOXKHOU Momenu. [Ipm 5TOM BO3HUKAET IEIOYKA
(uepapzusg) Bce BOmee TMONHBIX MOIENEH, KaXkMmas U3 KOTOPBIX 0006IIaeT
NPENBIAYIINe, BKIIIOUas UX B KAUeCTBE YaCTHOTO CIIydas.

ITocTpoum Takyo mepapxuiecKyio IenovuKy Ha IpUMepe MOOETN MHO-
TOCTyHeH4IaTON pakeThl. Kakx OBIIO yCTAHOBIIEHO B KOHIE II. 1, peajbHAas
ONHOCTYIIEHUATAas PAKeTa HECIIOCOOHA PA3BUThH INEPBYIO KOCMUIECKYIO CKO-
pocts. IlpuumHa 5TOro — 3aTpaThl TOPIOUETO HA PA3TOH HEHYXKHOM, OT-
paboTaBImeil YacTu CTPYKTYpHOU Macchl. CIenoBaTeIbHO, IPU IBUKEHIN
PakeThl HeOOXOOUMO MEPUOANYIECKN M30aBIATHCSA OT basnacra. B nmpakTu-
YeCKOW KOHCTPYKIIMY 3TO O3HAUAET, UTO PAKETA COCTOUT U3 HECKOJIBLKUX
CTymeHel, OTOPACHIBAEMBIX IO MEPE UX UCIIOIb30BAHUS.

IIycte m; — obmias macca 4-# CTyImeHu, Am; — COOTBETCTBYIO-
as CTPYKTYpHas Macca (HpM 5TOM Macca TOIUIMBA DABHA BEIIXYMHE
(1 —A)m;), mp — Macca IOJe3HOR Harpysku. Bemumumubl A u CKOPOCTH

WCTEUYEHNS T'a30B U ONWHAKOBHI IUIsl BCEX CTymeHen. Bosbmem miis ompene-
JIEHHOCTH YUCJIO cTymeHen n = 3. HauanbHas Macca Takoil pakeTHl PABHA,

mg = mp + my + ma + mgs.

PaccmoTpuM MOMEHT, KOT1a M3PACXONOBAHO BCE TOILJIMBO IIEPBOL CTYNIEHU
¥ Macca paKeTbl PaBHA BEJIMUYMHE

mp + Ami + ma + ma.

Torna mo popmyie (6) mepBOHAYAILHON MOMEI CKOPOCTD PAKETHI PABHA

mo
v1 =uln .
(mp+)\m1 + mo +m3>

ITocne mocTukeHUs: CKOPOCTHU V1 CTPYKTYPHAS MACCa Ay OTOPACHIBAETCS
¥ BKJIIOUAETCS BTOPas CTYIeHb. Macca pakeThl B 5TOT MOMEHT DaBHA

mp + M2 + m3.

Hauwmnas ¢ 5Toro MoMeHTa U OO MOMEHTA IOJIHOTO BBITOPAHUS TOIJIABA
BTODPOH CTYIEHU, HUUTO HE MEIIAET IOJIb30BATHCS Y3Ke IOCTPOECHHON MO-
IeNbIo, TPUMEHUB €€ K PAacCMaTpUBAEMOMY ciiydaio. Bce paccyxmeHus o
COXPAHEHUY CYMMAPHOTO UMIYJIHCA U COOTBETCTBYIOIINE BBIKIAIKYN OCTa-
0TCA B cuiie (CIIEAyeT TONBKO YYECTh, UTO Y PAKETHL YK€ €CTh HAUaIbHASL
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ckopocTh vy ). Torma mo dopmysie (6) moce BLITOpaHUs TOIIABA BO BTOPOi
CTYTICHN PAKETa HOCTUTAET CKOPOCTH
my + Mo + M3
vo =v; +uln [ —2v—"—-—"
mp + Amao + ms3

Taxkue xe paccyXIeHus IPUMEHUMEL U K TPEThell CTyIeHn pakeTsl. [loce
OTKJIIOUEHUS €€ OBUTATENE CKOPOCTh PAKETHI PABHA,
my, + ms
v3 =vs +uln | —2——= .
mp + Ams

OTy LEMOYKY HETPYIHO IMPOMOIKUTE ISl JIFOOOTO YUCIIa CTYIEHER u
NOJIYIUTH COOTBETCTBYyIOINEe hopMynsl. B ciydae xe n = 3 Oois oKOHYA-
TEJIbHON CKOPOCTU UMeeM

v—3—ln mo My + Mo + Mg mp + ms3
U myp + Amy + mg + mg3 myp + Ama + ms my + Amg ’
mo My + Mo + M3

WU, BBOOSI BEJIMYMHBI () — ——————————————, (g — —————————————, (A3 —
Mp + M2 + M3 mp + mg

mp + M3
= ————, noIy4aeMm
my

%:ln{<1+x?;1—1)) <1+A((ljz—1)> (HA?;B—U)}

HanHoe BhIpaXXeHre CUMMETPHUYHO I10 OTHOIIEHUIO K BEJIMUUHAM (1, Ao, (3,
¥ HETPYOHO IOKA3aTh, YTO €r0 MAKCUMYM NOCTHUTAETCS B CUMMETPUYHOM
ciaydJae, T. €. IPU @1 = Qp = g3 = «. llpu sTom s+ = 3

11—

“=pn

P:exp(—g—Z).

ITpousBenenue ;s = @ paBHO, KAK JIETKO IIPOBEPUTH, OTHOIIEHUIO

mo/mp, WiIn
a3_m0_ ].—A 3
" m, \P-X/)

L1 MHOTOCTYTIEHUATON PAKETHI, AHAJIOTUIHO, UMEEM

mo

m = (%)n, P =exp (— Z—Z), (11)

e n — UUCIO CTyIeHeH.
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Ipoananusupyem dopmyy (11). Ilpumem v, = 10,5 xm/c, A = 0,1.
Torpa nna n = 2, 3, 4 nonyuaeM mo = 149m,, mo = 77 myp, mo = 65 m,
COOTBETCTBEHHO. JTO 3HAUNUT, YTO ABYXCTYIEHUYATAS PAKETA MPUTOMHA
IJIsl BBIBENEHUS HA OPOUTY HEKOTOPOU IMOJIE3HOM MACCH (OMHAKO MpU Of-
HOIl TOHHE TIOJIE3HOTO I'Py3a HEOOXOMUMO UMETh pakeTy Becom 149 ToHH).
ITepexon x TpeThel CTYEHN YMEHBIIAET MACCY PAKETHI IIOUTH B IBA PAa3a
(HO, KOHEUHO XKe, YCIIOXKHSAET €e KOHCTPYKIWIO), & UeTHIPEXCTYIICHUATAS
pakeTa He HAeT 3aMETHOTO BBIUTPHIIIA, [0 CPABHEHUIO C TPEXCTYIEHIATON.

ITocTpoenne nepapxXxuyeckon MemOYKN MO3BOINIIO OTHOCUTEIBLHO TTPOC-
TO TIPUUTH K 5TUM BaXHBLIM BBIBOmaM. Mepapxus MaTeMaTUICCKUX MOMIe-
JIEW 9aCTO CTPOUTCS U IO MIPOTUBOIIOIOXKHOMY IIPUHITUITY «OT CIIOXHOTO K
npocToMy». B 9TOM ciyuae peanmsyeTcs MyTh «CBEPXY BHU3» — U3 MIO-
CTATOYHO ODIIIEN U CIIOXKHON MOMEIIN IIPU COOTBETCTBYIOIINAX YITPOIIAIOIITUX
TIPETIONOXEHUSIX TIOITY YA TCsI TIOCIIENOBATENLHOCTE BCe 60i1ee MPOCTHIX (HO
HMEIOIINX YMEHBIIAOIIYIOCs 00/IacTh IPUMEHIMOCTH) MOLEIIEH.

5. O HesIMHeTHOCTH MaTeMaTUYeCcKNX Momesiei. [IpocTora pac-
CMOTPEHHBIX BBIIIE MOMOEJIE BO MHOTOM CBSI33aHA C UX Jaunetnocmuvio. B
MaTEMaTUIECKOM IIJIAHE 3TO BAXKHOE MOHITHE O3HAYAET, YTO CIPABENJINB
NPUHYUN, CYNEPNOUYUY, T. €. JII00as JIUHENHAS KOMOMHALINS PenieHni (Ha-
pUMep, UX CyMMa,) TaKXKe ABJIAETC perienneM 3anaqn. [lons3ysics npus-
IUIIOM CYIIEPIIO3UINY, HETPYIHO, HAWMIS PelIeHne B KaKOM-JIn00 IaCTHOM
cIyJae, IOCTPOUTE pelieHue B 6osiee obirient cutyauuu. [losTomy o kauect-
BEHHBIX CBOMCTBaX OOIIETO CIIy4as MOXHO CYOUTH II0 CBOMCTBAM YaCTHO-
T0 — pa3Iuuue MEXOY OBYMS PEIICHUSIMU HOCUT JIUAIID KOJIMIECTBEHHBIN
xapaxTep. Hanpumep, yBenuuenue B oBa pasa CKOPOCTU UCTEUCHUS PAKET-
HOT'O TOIJINBA BENET TAKKE K NIBYKPATHOMY YBEIIMUEHUIO CKOPOCTU PAKETHI,
YMEHbIIIEHUE VT4 MaIeHUs CBETOBOIO JIyYa, HA OTPAXKAIOIIYIO IOBEPXHOCTH
03HAYAET TAKOe XK€ M3MEHEHWEe YIIla OTPAaXeHus u T. A. pyrumu criosa-
MU, B CJIy4ae JIMHENHBIX MOeNel OTKINK OOBEeKTa Ha U3MEHEHUEe KAKUX-TO
YCIIOBUH TIPONOPIIMOHAJIEH BEJIMYNHE 3TOTO U3MEHEHNUS.

s neaunetinol 164111, MATEMATUICCKIE MOOEITN KOTOPBIX HE MO~
YUHSIOTCS IPUHIUIY CYIEPIO3UIAN, 3HAHUE O MMOBENEHUN JACTU OOBEKTA
elle He TapAaHTUPYET 3HAHUS MOBENEHUS BCETO OOBEKTA, a €ro OTKJIUK Ha
U3MEHEHUE YCIOBAM MOXET KaUeCTBEHHO 3aBUCETH OT BEJIMUYUHBL 3TOTO U3-
MeneHus. Tak, yMEHbBIIEHNE YTJIa MAOCHUS JIydIa CBETa Ha T'PAHUILYy pasmde-
JIa IBYX CPEN MPUBOOUT K YMEHBIIICHUIO YIJIa ITPEJIOMIIEHUS, HO TOJIBKO 110
OIpeneNieHHOro Ipenena. Ecnu yron namneHrs CTAHOBUTCS MEHBIIIE KPUTH-
geckoro (cm. dopmyiy (9)), TO IPOMCXOAUT KAYECTBEHHOE M3MEHEHUE —
CBET IIEPeCTaeT MPOHUKATH Yepe3 I'PAHUIy pa3fieiia BO BTOPYIO CPeLy, ec-
I OHA MeHee INIOTHAs, UeM IepBas. TeM CaMbIM IPEIOMIIEHUE CBETa —
IPUMEDP HEJIMHENHOTO IIPOIEcCca.

BonbmuHCTBO peasibHBIX IPOLECCOB M COOTBETCTBYIOIINX UM MATEMa-
TUYECKUX MOIenell HearHerHbl. JIMHeRHbBIe Xe MOMean OTBEYAIOT BEChMA
JACTHBIM CIIy4YasM U, KaK IPABUJIO, CIYXKAT JIUIITH MEPBLIM IPUOIIINKEHU-
eM K peanbHOCTU. HampuMep, mOmysISIimoOHHEIE MOOENU CPa3y CTAHOBSITCS
HEJIUHEWMHBIMU, €CIU IPUHITHL BO BHUMAHUE OT'DAHUYEHHOCTDH HOCTYIIHBIX
TIOMyJIIIuK pecypcoB. [Ipu ux BEHIBOOE CIUTAETCS, UTO:

1) cyiecTByeT «paBHOBECHAS® UHCIIEHHOCTS HOMysinuu Ny, KOTOPYIO
MOXKeT 00ecreunThb OKPYXKAIolIas Cpena;
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2) CKOPOCTb W3MEHEHUS UMCIIEHHOCTY MOMYJIANNY IPOMOPIUOHAIBHA,
CaMOll IMCIIEHHOCTH, YMHOXEHHOR (B oTimune oT Momenu Mambryca) Ha
BEIMYMHY €€ OTKJIOHEHUS OT PABHOBECHOTO 3HAUCHM, T. €.

dN N

Yier (1 — N/N,) B 5TOM ypaBHEHHE 00€CIEUMBAET MEXAHU3M «HACBIIIlE-
Hust» aucneHsocty — upu N < Np (N > Np) CKOPOCTB pPOCTa IOJIOXKU-
TesbHA (OTPULATENBHA) U CTPEMUTCS K HyIto, ecit N — Np,.

N(t) A

Np/2

al

0

Puc. 7. JlorucTuueckue KpuBBIE, COOTBETCTBYIOIINE DA3IUIHBIM 3HAUCHUSIM
HauaibHOI uucserHoctr N (0)

IIpencrapnsas ypasuenue (12) B Bune
_aN_ + an =adt
N,—-N ' N
U WHTETPUPYS €ro, MOIyIaeM
—In(N, —N)+InN =at+C.

IMocTosuuas uaTerpuposanus onpenensercs u3 ycnosus N(t = 0) = N(0),
t.e. C =1In ((N, — N(0))"'N(0)). B pesynbraTe Haxonum

N(0) ¢ N(0) ¢
N=N,—~ e _N_— 7~ %
PN, —N(0) © N, —N(©) ° °
nJin, B OKOH4YaTEJIIbPHOM BUIE,
N,N(0) et

NO =g —Noa=en

Iosenenve gyukimu N () OMUCHIBAETCS TAK HA3BIBAEMON 402UCTRUNECKOT
xpueot (puc. 7). Ilpu mo6om N (0) 4MCIEHHOCTD CTPEMUTCS K PABHOBEC-
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HOMY 3HaUeHmIO Np, IpHUeM TeM MeIJieHHell, deM Bemuaunna N (¢) Onmxke k
N(0). Tem cambiM paBHOBECHE, B OTIIHYME OT ciydas monesiu (10), ycToii-
IUBO.

Jlorucruueckas Momens 6oJiee PEATUCTUYHO OTPAKACT OTUHAMUKY II0-
MyJISIUY B CPAaBHEHUN ¢ Momenbio MambTyca, HO camMa OHa ¢ HeOOXOMUMOC-
TbI0 CTAHOBUTCSI HEJIMHEAHOW W MO3TOMY 0OJiee CIIOXKHOM. 3aMeTUM, UTO
TIPEAIOJIOXKEHNS O MEXAHU3MAX HACBIIIEHUS KCIOIB3YIOTCS IIPU IIOCTPOeE-
HUY MHOTUX MOZEJIEY B DA3NIMYHBLIX OOIACTIX 3HAHUH.

6. IlpenBapuTenbHbIe BRIBOABI. [Iporiecc moCTpOEHMS MOMEer MO-
XKeT OBITH YCIOBHO PAa30UT HA CIENYIONINe 3TAIIbI.

1. KoncTpyupoBaHnve MOmeau HAUUHAETCS CO CIOBECHO-CMBICIIOBOTO
onucanus o0bekTa unu seieHus. [lomumo cBeneHnn o0IIIEro XapakTepa o
npupozne 0OBEKTA U IENAX €r0 UCCIENOBAHNS 3Ta CTAOUSI MOXKET CONEPKATH
TaK¥XKe HEKOTODLIE IIPENIIONIOKEHNs (HEBECOMBIN CTEPXKEeHb, TOJICTHINA CIION
BEIIIECTBA, IPSMOJIMHENHOE PACIPOCTDAHEHUE CBETOBBIX JIyYeill U T. X.).
HaHHBIA 5Tal MOXHO HA3BATL (GOPMYIUPOBKON MPEIMOIEITH.

2. Cnemyromuit sTam — 3aBepiuenue uaeanunsanuu oobexTa. Orbpacei-
BaIOTCS BCe PAKTOPHI U 3G PEKTHI, KOTOPHIE IPEACTABIISAIOTCSI HE CAMBIMU
CYILIECTBEHHBIMU MJIs €0 moBenenus. Hanpumep, npu coctasieHnn OaIaH-
ca Matepuu (1. 16)) HE yUATHIBAJICS, BBUIY €0 MAJIOCTH, IePEKT MacC, KO-
TOPBIM COIIPOBOXIAETCSI PAOUOAKTUBHEIN pactnan. [lo BosamoxHOCTH nmea-
JIN3UPYIOIE IIPENTIONOXKEHNS 3aMKUCHIBAIOTCS B MAaTEMATUIECKON dopMme
(momo6HO ycnoBuio A; 3> Lp B m. 16)), ¢ Tem 9TOOHI UX COPABEMJIUBOCTH
IO 1aBAJIACH KOIIMYIECTBEHHOMY KOHTPOJIIO.

3. Ilocse BHIMOTHEHUS IEPBLIX IBYX HTAIOB MOXHO IEPEXONUTH K BBI-
60py i GOPMYITUPOBKE 3aKOHA (BAPUAIMOHHOTO MPUHIIAIA, AHAJIOTUU U
T. 1.), KOTOPOMY TOMUUHAETCS OOBEKT, U €r0 3alUCh B MATEMATUIECKOM
dopme. [Ipu HEOXOAUMOCTH KUCHIONB3YIOTCS JOIOIHUTEIbHEIE CBENEHUs 00
00BEKTe, TAKXKE 3aINCHIBAEMBIE MATEMATUIECKU (HATIPAMED, TOCTOSHCTBO
BEJIMUMHEI C IS BCEX TPAEKTOPUY JIydell CBeTa, BEITEKAIOIee N3 IeOMET-
puu 3anmaqy; . 2). Ciaenyer uMeTh B BUAY, YTO HAXKE IJIS IIPOCTHIX 00B-
€KTOB BBEIOOD COOTBETCTBYIOIIETO 3aKOHA, OTHIONL HE TPUBUAILHAS 337139
(cM. ymop. 1).

4. 3aBepiraeT GOPMYIUPOBKY MOIEIU ee «OCHaIlleHue». Hampumep,
HEOOXOMUMO 331aTh CBEIEHUS O HAYAJILHOM COCTOSIHUYM 00BEKTa (CKOPOCTh
DPAKeTHl 1 ee Maccy B MOMeHT ¢t = () miu UHBIE €ro XapakTepucTuku (Be-
suunss [, g B oL 1a); @, A, Aip B o. 16); at) u B(¢) B n. 3), Ge3 3HaHus
KOTOPBIX HEBO3MOXKHO OIPENeNnTh moBenenne obbekTa. U, nHakoner, dop-
MYJIMPYETCS UeITb UCCIENOBAHNS MONEIN (HAUTY 32KOH IIPEIIOMIICHUS CBETA,
OOCTUYb IOHUMAHUS 3aKOHOMEPHOCTEN N3MEHEHNU S TIOYJIISINY, OIIPENENINTh
TPeGOBAHUA K KOHCTPYKIIMN PAKETHI, 3AILy CKAIOIIEH CIIyTHUK, U T. II.).

5. llocTpoeHHas Momenb U3y4aeTCsl BCEMU JOCTYIHBIMU UCCIEIOBATE-
JII0 METOIAMMY, B TOM UHKCIIE CO B3AUMHON IIPOBEPKOY PA3IMIHBIX IOIXOIOB
(cM., manpumep, yup. 4, 7). B orauuune oT paccMaTpuBaeMbix B § 1 mpoc-
TEUIINX CIIy4aeB, OOIBITMHCTBO MOIEJIEN HE MOLMAIOTCS YUCTO TEOPETU-
YEeCKOMY aHAJIU3y, U MIO3TOMY HEOOXOOMMO IINPOKO KCIOIB30BATH BBIYUC-
JINTEIILHBIE METOMNBL. JTO 0OCTOATENHCTBO OCOOEHHO BaXXHO IIPU U3y UEHUN
HEJIMHEWHBIX 00BEKTOB, TaK KaK UX KaUeCTBEHHOE TIOBECHUE 3apaHee, KaK
TIPaBUIIO, HEU3BECTHO.
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6. B pesynbTaTe MCCIENOBaHUS MONEIM HE TOJIBKO NOCTUTAETCS I10-
CTABJICHHAS 11eIb, HO W MOJIKHA OBITH yCTAHOBIICHA BCEMU BO3MOXHBLIMIA
criocobamu (CPABHEHUEM C IPAKTUKOM, COMOCTABICHUEM C APYTAMU TIONXO0-
IaMu) ee aIeKBATHOCTh — COOTBETCTBUE OOBEKTY U CHOPMYITMPOBAHHEIM
mpennosoxeHusM. HeanekpaTHas MONENb MOXET HATh PE3yJILTAT, CKOIb
YTOMHO OTIIUYAMLIMACS OT UCTUHHOrO (cp. dopmyny (1) m pesyabrar
yup. 1), u monxHa 6bITb 160 0TOPOLIEHA, IUGO COOTBETCTBYIOIIUM 06~
pa3oM MOnuPUUIUPOBAHA.

YIIPAXKHEHNUA

1. B mepBoit 3amade 1. 1, a) mpuMeHUTe Il HAXOXIEHUS BeJMIMHEL V (CKOpPOCTH
CHCTEMBI «IIyJIi—TPy3» CPasdy MOCIe CTOJKHOBEHUS) HE 3aKOH COXPAHEHWs SHEPIUM, 3
3aKOH COXPaHEHMU UMITYJIbCa. Y O0eIUTeCh, YTO 1A CKOPOCTH IIyJIN ¥ IOJIydaeTcs Gopmy-

na, naromas sHagerue B (M + m)/m)'/2 pas MeHbIIe, YeM MOMyYAIOMEecs TI0 HOPMYTIE
(1).

2. ITycTs MOIIHOCTH J1a3epa, CBEPIAIIero MaTepuadi (. 1, a)), 3aBUCUT OT BpeMe-
Hu, T. e. W = W (t). Kak usmenurcsa dpopmyna (3)? Ocraercs ju B CUile yTBEPXKICHUE
0 TOM, 4TO INIyOWHA BBIEMKU NIPONOPIMOHAIBHA 3ATPAYEHHON SHEPTUN !

3. Haiimure MOMEHT BpeMeHU, KOIa PACHALAETCS MOCIEOHUN aTOM PAILUOAKTUB-
Horo semecTtBa (m. 1, 6)). Ilouemy B Momenu (5) BEIIECTBO PACHALAETCS IMOJHOCTHIO
s npu t — 007

4. ITpeanosnoXxuM, 94To B II. 1, B) pACCMaTPUBAETCS «AAEATHHAS> ONHOCTYIIEHYATAS
pakeTa, y KOTOPOI HENPEPBIBHO OTOPACHIBAETCS OTPAOOTABINAs M CTAaBINAsS HEHYXHOMN
YACTh CTPYKTYDPHOM MAaCChl (K MOMEHTY IOJIHOrO cropasus tommmsa ms = 0). Iloms-
3ySACh 3aKOHOM COXPAHEHMs MMITYJIbCA, IMOKAXUTE, UTO MAKCUMaJIbHAs1 CKOPOCTH TAaKON
pakeTsl ompeneisercs 1o Gopmyie v = (1 — A) uln(mg/mp). Cpasaure ee ¢ dbopmyon
(6). Ilouemy mmeasibHAs paKeTa MOXET HOCTHUUL JIIOGOM CKOPOCTHU?!

5. IIpoBepbTe ¢ ncnonb3oBanueM (8), aTo ycmosue (7) eCTh yC/I0BIE MUHAMAJIBHOC-
T i Bemmauisl t(a). W3 puc. 5 onpenesmure, Kakas CKOPOCTH GOJIBINE — Vg WIK Vp?
IMons3yscs dopmymnoit (9), HalnuTe, PN KAKUX YIJlaxX ¢ JIy9W CBETA HE MPOHUKAIOT M3
cpensl a B cpeny b, T. e. Korga peanusyeTcs 3pdEKT «IIOIHOr0 BHY TPEHHETO OTPAXKEHUS
CBETa», UCMOJIb3yEeMBII B PAOe TEXHUUECKUX yCTPOMCTB.

6. Onpenenure, kak ce6s OOJDKHA BECTH Ipy Gonblnux ¢ BesmamHa 7(t) = a(t) —
— B(t) > 0 B momenmu ManbTyca (10), 4TOGB YMCIEHHOCTSH OIS OCTABAIACH Or'Da-
HUYEHHON mpu t — 00.

7. Iepeitnure B dopmyne (11) mis MHOrOCTYNIEHYATOM DAKETHI K IPENEIy NP
n — 00 1 yOEMUTECh, UTO €€ MPENEeNIbHASL CKOPOCTh BBIUUCIACTCS 10 GOpMyJie AJIs Uae-
aIbHOM pakeTsl u3 ynp. 4. Ilouemy pe3ynbTaThl COBIALAOT?

8. Paccmorpute B sormeTmdeckoit momenu (12) masible OTKIIOHEHHS OT IIOJIOXKE-
HUs PaBHOBECHUs, T. €. CUTYAlMIO, Koraa pemenne umeer sun N(t) = Np + 0N (t), rme
[6N(t)| € Np. Ilokaxure, aTo mis BenuuuHsl 0N (t) B mepBOM NPUGIINKEHNM CIIPABEL-
JuBa JIMHENHAs MOeIb Tuna Momeiu Mambsryca (10).

§ 2. IIpumepsl Monestelt, IOJIyYaeMbIX
u3 QyHAAMEHTAJILHBIX 3aKOHOB IMPUPOALI

ITo cpaBuenuto ¢ . 1 u3 § 1 Gomee mompobHO U mJist GOJIEE CIIOXKHBIX
00BEKTOB PACCMOTDPUM MOZEIH, CIIenyIome u3 3akoHoB Apxumena, Horo-
ToHa, KyIioHa u Apyrux XOpoIio u3BECTHHIX 3aKOHOB. O6CymuM HEKOTOPBIE
CBOMCTBA PACCMATPUBAEMBIX OOBEKTOB.

1. TpaeKTOpHﬂ BCIIJIBITIA HO,[[BOI[HOﬁ JIOOKMN. HyCTb IIOOBOOHASL
JIONKa, HaXOOIIascsI B MOMeHT BpeMenu t = 0 Ha riybuue H OT moBepx-
HOCTY MOPSI ¥ ABUXKYIIASCS C TOCTOSHHON TOPU30HTAILHON CKOPOCTHIO U
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(puc. 8), mosy4aeT MpUKAa3 MONHATHLCS HA IOBEPXHOCTH. ECium mpoMexy-
TOK BPEMEHU, 33 KOTOPHIA IIUCTEPHBI MOMIIONKN OCBOOOXKIAIOTCSI OT BOIBI
¥ 3AMOJIHAIOTCS BO3MYXOM, C TeM YTOOBI €e CPEmHss INIOTHOCTL pP1 CTa-
Jla, MEHBINE TJIOTHOCTH BONBI Py, HEBEJIUK, TO MOXHO CUMTATH, YTO B
MoMeHT ¢t = 0 Ha MOMIONKY HAYUHAET MNeil-
CTBOBATH BBITAJIKABAOIIAS CUJIA, OOJIBIIAs,
uyeM Bec JTomKu. 110 3akony Apxumena BHITAI-
KuBaroias cuina pasHa F' = gVpy, rme g —
yCKOpeHue cBoOOmHOrO mafeHus, V — 00b-
em mommonku. CyMMapHas Cuia, HENCTBYIO-
11asl Ha HOAJIONKY B BEPTUKAILHOM HAIIPAB-
JIEHUU, — PAa3HOCTH Mexny F' u BecoM Tesia
P = gVp;1, a coobiiaemoe €10 yCKOpeHue II0
BTOpOMY 3akoHy HbioTOHA paBHO

prW:F—P:gV(po—m% 7 7
Koopanuuara [, xapaxTepusymoiias ropu3oH-

TAJILHOE TIOJIOKEHME TOMNJIONKY, M3MEHSIETCS IO 3aKOHY NBVKEHUS TeNa C
TIOCTOSIHHON CKOPOCTBIO:

h

0

: L

Puc. 8

dl
a_ .
dt
Pemas sTtu ypaBHEHUS, HAXOOUM, UTO
ht)=g 22— ) =t (1)
P1

1 49TO JIOOKa BCIIJIBIBET Ha IIOBEPXHOCTH B MOMEHT t= tk, Kornga

1
_ H /2
hty) =g 22 = m, tk:<_pl ) '
p1 g(po —p1)

IIpu 5TOM B rOpU30HTAILHOM HAMPABIEHUN IOAJIONKA IPORNAET PACCTOSHUE

1

H /2

L= vty = (/’_> .
g(po —p1)

Wckimouas u3 (1) BpeMs, HallleM TPACKTOPUIO NBUKEHUS TIOIJIONKYA B

koopmuuaTax (I, h)
h=g M 12,
p1v

KOTOpasi OKa3bIBAETCs Mapabodiol ¢ Bepiiuuuoit B Touke | = 0, h = 0 (upu BBI-
Boze (1) BepTuKaIbHAsS CKOPOCTD JIONKY, & TaKXKe BEJIMIUHEL | U h IpuHU-
MaJIUCh PABHBIME HyJi0 B MOMEHT ¢ = (). CunTaiioch TakXke, YTO HUKAKUIE
OPYyTUe BePTUKAJIbHBEIE CUIIBL, KpoMe F' m P, Ha TOmIIONKY HEe OEHCTBYIOT.
9T0 IPEnInoJIOKEHNE BEPHO JINIITb IIPW MaJIbIX CKOPOCTAX BCINNIBITUA, KOT' Oa
MOXHO IIPeHeOPeUb CONPOTUBIEHNEM BOABI NBIKEHIIO JIOAKY (CM. ymp. 1).

Nrak, HEMOCPENCTBEHHOE TPUMEHEHE 3aKOHa, A pXuUMena, Onpenessio-
IIEro BEJIINYUHY BBITaJ'IKPIBaIOH.[efI CHJIBI, 1 3aKOHa HBIOTOHB,, CBJ3BIBAIOITIC-
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TO CUITy, DEACTBYIOIIYIO Ha TEJIO, 1 €r0 YCKOPEHUeE, MO3BOJINIIO JIETKO HANTH
TpaexTopuio nommonku. QueBumHO, YTO MapabOINIECKO TPACKTOPUER 06-
JlafgaeT JI000e OBUXKYINEECS B INIOCKOCTH TEJIO, MMEIOIee MO ONHOMY M3
HaHpaBJ'IeHI/Iﬁ IIOCTOAHHYIO CKOPOCTH 1 Ha KOTOPOE B NPYI'OM HaIIPpAaBJICHUN
IEeRCTBYeT NOCTOAHHAs cuita (ypaBHeHus (1) GaxTUYECKH MAK0T IapaMeT-
PUYECKYIO 3amuCh napabossl). K TakxuM MBUXKEHUSIM OTHOCSITCS, HATIPUMED,
TOJIeT KaMHsI, OGPOIIEHHOTO C BBICOTHI H € TOPU3OHTAIBLHON CKOPOCTBIO U
HJIA TI0JIET BJIEKTPOHA B SJIEKTPUYICCKOM II0JIE IIJIOCKOI'O KOHIOECHCATOPA. O,E[-
HAKO B IIOCJICOHEM CiIydae IIOJIYYUTH TPACKTOPUIO Tejla HEIIOCPEOCTBEHHO
u3 QyHIaAMEHTaJbHBIX 3aKOHOB HENTb3s, TpebyeTcs mpuMeHUTh Oojiee me-
TaJIbHYIO npouenypy. PaccMorpum 3ToT Bonpoc monpobHee.

2. OTKJIOHEHNE 3aPAXKEHHON YaCTUILI B 3JIEKTPOHHO-JIY Y€BON
TpyOke. Bymem cuumTaTh, UTO OOKIIAOKU KOHIEHCATOPA DIIEKTPOHHO-
syueBoir TpyOku (puc. 9) mpencTaBisoT cob0i G6ECKOHEUHBIE MIIOCKOCTH

dF,

Puc. 9

(IIpEAIosIOXeHNe CIPABEIJIVBO B CIIyYae, eCIIKA PACCTOSHUE MEXAY OOKIIA-
KaMU MHOTO MeHBIIIe UX Pa3MEPOB, A 3JIEKTPOH OBUKETCS HA OOJIBIIOM
yOAJeHUN OT uX Kpaes; yup. 2). OueBumHo, 4To 3JIeKTPOH OymeT HpUTs-
TUBATHCSA K HIXKHEN OOKIIaKe U OTTAJKUBATHLCA OT Bepxuen. Cusa mpu-
TsKEHNS F' IByX Da3sHOMMEHHBLIX 3aPSIOB 3JIEMEHTADHO ONPENEseTcs U3
3akoHa Kymnona

_ 0192
=7

F
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TIe ¢ U G2 — BEJUYUHBI 3aPSIO0B, I — paccTosHue Mexny aumu. Crox-
HOCTB 32KJIIOUAETCS B TOM, UTO B TaHHOM IIPUMeEpE Ha OOKJIANKE HAXONUT-
cs1 6ECKOHEYHO MHOTO 3aPSIOB, KaXKIBIN 13 KOTOPEIX PACIIONIOXKEH HA CBOEM
PACCTOSIHUM OT OBUXKYIErocs 3iekTpoHa. IlosTomy HeoOxommMo cHagasia
HAWTU CUITY, UHAYIUPYEMYIO KaXIBIM 3aPSIOM, U 33TE€M, IPOCYMMUPOBAB
BCe BJIEMEHTAPHBIE CUIIBI, OIPENEINTD PE3yIIbTUPYIOIIee NeHCTBUE OOKIIa-
IIOK Ha, BJIEKTPOH.

Pasobrem BCIO mITOCKOCTH HUKHER OOKITAOKM HA BJIEMEHTAPHBIE «IIO-
JIOCKM», XapaKTePU3YIOITEeCsS KOOpANHATAMHA T, T2, T3; —00 < 11,73 < 00;
ro = 0 (cM. puc. 9).

IMoncumraeM cuny npuUTSIKEHUS SIIEKTPOHA 3aPsIOM, HAXONSIIIEMCS Ha,
3JIEMEHTAPHON mmoranake ds = dry drs m paBHBIM dq = qods, TOe gy —
MOBEPXHOCTHAS INIOTHOCTD 3apsina Ha oOkianke. Eciam yacTuia HaXonuTcs
HA PACCTOSIHUU T'o OT 3aPSIKEHHON IIJIOCKOCTHU, TO

da
dry = t +da) —t =Py ———
r1 =72 (tg(a + da) —tga) = 7o oo

(3mech yuMTHIBAETCS MAIIOCTD BeIWYHEL dax). IIJist OmpeneseHus: BelmInHb
drs mMeem

rs + drs _ tg(B + dp) E:@
ry+dry  sin(a+da)’ re  tga’

W3 mocnenamx nByx hopMyn HaxomuMm

r1 dB/(cos? B) + dry tg B

sin a

drg = (r1 +dr)tg(B+dp) —ritgf =
re, AaHAJIOTUYHO MPENBIAYIIEMY, YITEHA TAaKKe U MAJIOCTh BEIUIUHLL df3.
Ywumuoxas dr; Ha drs u orbpaceiBas WwieH 00Jiee BBICOKOI'O MOPSOKA Ma-

socTu, monydaem ds = rory da dB/(cos® a cos? Bsin ). Cuna npuTsKeHus
5IIEKTPOHA C 3APSAIOM e K DIIEMEHTAPHON IIomaaKe ds PaBHa,

geqorar1 docdf

dF =
72 cos2 accos? Bsina’

rme T — <«CpeoHee» DACCTOSHME OT 9JIEKTPOHA OO IUIOMIALKU, KOTO-
poe ¢ yueToM MamocTu BenuuuH do, df BEIUmCIseTCS 1O QopMmyne T =
= ro/(cosacos3). B utore mis sieMeHTapHON CUIBL IMEEM

dad
dF = gogo L 9280 _ 4ed 4 45
To SIN & COS

a IJIs ee BEePTUKAJILHON COCTABIISIOIIEN
dF| = dF cosf3cosa = g.qo cos B da df.

IIpounTerpuposas Beipaxeuue mist F| mo B or =0 no B = 7/2,
HaWIeM CUILy TPUTSKEHUs 3JIEKTPOHA K YACTU DIIEMEHTAPHON IIOJIOCKUS,
PACIIONOXEHHON B KBanpaute r; > 0, rg > 0:

dF} = g.qo da.
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pocymmuposas dF+, mo a or a = 0 mo @ = 7/2, T. e. IO BceM TOIOCKaM
kBanpauTa r1 > 0, rg > 0, oupenenuM CuIy TNPUTSKEHUS, AHIYIUPYEMYIO
3apsagaMu, PACIIOJIOXKEHHBIMI B 3TOM KBaJdDAaHTE!:

™

+ —
dFT =~ deqo-
2
y‘II/ITbIBa,ﬂ ,E[eﬁCTBHe BCE€X YETBIPEX KBaJPAHTOB IIJIOCKOCTH HIXKHENR

OOKIaOKV ¥ TIPOBOMS AHAJIOTUYHBIE PACCYXKIEHUS IS BEPXHEW OOKIAIKW,
[OJIYYUM PE3YIbTUPYIOLIYIO CUILY IPUTSXKEHUS (OTTAIKABAHUSA) SIIEKTPO-
Ha KO BCEM 3apsnaM KOHIEHCATOPA

F = 4mq.qo. (2)

Cuna F mampasiieHa BIOJIb OCK T2 K HUXKHER oOkianke (cocrasistonme F'
10 OCSIM 71, '3, OUEBAIHO, DABHBL HYJIIO B CHIIy CUMMETpUr — 4TOOBI ybe-
OUTHCS B 3TOM, JOCTATOYHO PACCMOTPETH OEACTBUE 3aPSAA, HAXOMSIIETOCS
Ha, IJIOIIAIKE, PACIONOXEHHON B KBaapante r1 < 0, r3 < 0 u cummeTpud-
HOII mwIomanke ds).

ITockonbky cuma F' He 3aBUCHUT OT T3, & IO TOPU3OHTAJIBLHON OCH YacC-
TUA OBUXKETCS C MOCTOSHHON CKOPOCTBIO U, TO NPUXOOUM K CUTYAIUU
NPEObIAYIIero IYHKTa — IPUMEHUB BTOPOi 3akoH Hbi0TOHA, erko mosy-
quTh GOpMyIIbl, aHaIOruyHble (1), OMUCHIBAIOIIE IBUKEHNE HIIEKTPOHA [0
napaboInuecKOll TPAEKTOPUK U HAIOIUe BO3MOXHOCTD BBIUUCINTE BCE €€
napameTpbl. OOHAKO B OTIXYME OT CIy4Yas C MOMJIONKON IPSIMOE MpuMe-
HeHre QYHIAMEHTAIBLHOTO 3aKoHa KymoHa 171 MOy YeHus] MOIEIN IBUXKe-
HUS 9JIEKTPOHA OKa3bIBaeTCs HeBo3MOxXHBIM. [loTpe6oBanocs, onupasics Ha
(yHOAMEHTAIbLHBIN 3aKOH, CHAYAJIA ONKUCATH JIEMEHTAPHBIN aKT B3aWMO-
IENCTBUS 3aPSOOB, U YK 3aTEM, IPOCYMMUPOBAB BCE YTU aKTHI, YAAJIOCh
HAWTU Pe3yJIbTUPYIOIIYIO CUIIY.

ITomobuas cuTyanus u mOCIEOOBATENHHOCTD JEHCTBUN BEChbMa TUMNAY-
HBI IPU TOCTPOEHUM MOMEJNIEN, TAaK KAaK MHOrue (QyHIAMEHTAJILHBIE 3a-

KOHBI YCTAHABIMBAIOT B3aWMOOTHOIIECHWSI
" A KaK pa3 MEXIy 3JIeMEHTADHLIMHI YacCTs-
MU UCXOTHOTO OOBEKTa. DTO, pa3yMeeTcs,
CIIPABENJINBO HE TOJILKO MJIS DIIEKTPUUIEC-
KUX CUJI, HO, HAIIPUMED, U OJIS CUJI TSTO-
TEeHUs.

3. Kose6anusa xosierr CarTypHa.
IlocTpouMm Momenb MOBMXKEHUS TOUEIHON
Maccel My B 1Oje CHII TATOTEHWs, CO3-
[aBaE€MOM MATEPUAILHBIM KOJIBIIOM C Pa-
nuycoM Ry v nuHedHOW MIIIOTHOCTBIO pg.
Kosmpio cunTtaercs GECKOHEUHO TOHKUM,
IBUXEHUE [IPOUCXONUT BIOJIb OCK KOIIBIA
(puc. 10). Hanuas cxemMa MOXKET PACCMaT-
pUBaTBLCS Kak wmueajumsanus mporecca komebauuin kosen Carypua. Tem
HE M€Hee, HECMOTPs Ha CYIIIECTBEHHBIE YIIPOIIEHWsI, HEIIOCPEACTBEHHOE UC-
MOJIF30BAHUE 3aKOHA BCEMUPHOTO TATOTEHUSI

Puc. 10

momm1
F=xv —z
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rnoe F — CHJIa IIPUTIAXKCHUI ABYX TEJI, UMEIOIINX MaCCBL Mg U My, ' —
pacCTOAIHUE Me)KI[y HUMU, v — IIOCTOSAHHAA TATOTEHUSA, HE MOXET OaThb
OKOH‘{aTeJ’IBHOﬁ MOOEJIN OBUXEHUSI KOJIEL Ca,TypHa, TaK KaK MaCCbI Mg,
™1 OOJI2KHBI 6BIT]) TOYECYHBIMU.

HOE)TOMy BBIUUCIIIM CHa4vaJla CI/IJ'Iy IPUTAXKECHU ST Me)KI[y TO‘{e‘{HOﬁ
Maccoir My u Maccoit dm, COmep:KAIecs B MaJOM BJIeMEHTe KOIbLa, dl,
KOTOPYIO YK€ MOXHO CUMTATh TOUYETHOU:

IF My dm
= ’)/ —R2 .
3meck R, r — COOTBETCTBEHHO PACCTOSIHUE OT Macchl My IO KONbIA U

1o nerTpa xonbua. OueBunno, uro npu 0 < a < /2 (ans 7/2 < a < 27
BEIKJIAIKA AHAJOTUIHEI)

&—sina—$ L——cosa—é
R JP+R, R SR

IMockombky dm = po dl = poRo dB = —por tg adf, To

Mo po
R2

Haiinem mpoekuuto cussl dF' Ha oCb r (MMEHHO 5Ta IPOEKIWs OIPENesIseT
UHTEPECYIOLIee HAC ABUKEHNUE):

0 .
sin « cos a df3.

M,
dF = —v rtgadf = —vy 0

M,
dF|, =dFcosa=—vy 2Lofo sin a cos® a df3.
r

ITpocymMMupoBaB Teneps CUIILI TSTOTEHUsI, CO3NABAEMBIE BCEMU BJIEMEHTA-
MM KOJIBIIA, T. €. B3sIB uHTerpajs or dF', mo ot 8 =0 mo B = 2w, Haiimem
PEe3YIIbTUPYIOLIYIO CUILY:

M
F =27y %0 Ginacos? o = —yMoM; ;3/27 3)
r (r? + Rj)

rne My = 2w Rypo — monHas Macca Koiblla. Kak m B IpenbiayIeM myHk-
Te, TOPU3OHTAJIBHAS IPOEKINS PE3YILTUPYIOLIEN CHIIBL PABHA HYJIIIO M3-33
CIMMETPUYIHOIO PACIONIONKEHUS KOJIbIA OTHOCUTEIBLHO MacChl M.

Cuna tarorenuns (3) CyIECTBEHHO OTIIMYACTCS OT BEIPAKEHUSL, NABAC-
MOTO 33aKOHOM [JIsl TOYEUHBIX MACC, IEPEXOfs B HEro JMib Ipu r 3> R,
KOT'ZIa, KOJIBIIO MOXHO YIOMOOUTH TOUEUHOUN Macce Gitaromaps 60JbIIIOMY, B
CPaBHEHUU C Pa3MepPaMyl KOJIbIIA, PACCTOSHUIO MEXOY TITOTEIOIIUMHI Te-
namu. Ecin xe r < Ry, To

My M,
F=— 3 T,
0
¥ CUJIA TIPUTSIKEHUS, B IPOTUBOMOJIOXHOCTE CIIYUai0 TOYETHBIX MACC, yObI-
BaET C YMEHBIIECHUEM PACCTOSHUSA MEXIY OOBEKTaMU (€le ONUH TIPENeih-
HBIU [IEPEX0l] PACCMOTPEH B ymp. 3).
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ITpumenur x macce My BTOpOii 3akoH HbioTOHA, IONyYnM ypaBHEHUE
ee OBUXKEHUS BIOOJIb OCHU T

d?r r
— = —YMi —,
dt (r? + R2)”

KOTOpPOE, B OTJIMYUE OT I. 1 U . 2, CYIIeCTBEHHO HEJIMHENHO U CTAHOBUTCS
JNIMHEWHBIM Juilb 0pu r K Ry:

d27" M1

a2 - R_S r. (4)

4. [IBu>KeHNe IMIapuKa, IPUCOEANHEHHOIO K IIpyXuHe. B momny-

YeHun Mozesiel ni. 1-3 riraBHyIo poib urpaiu GyHIaMeHTAIbLHEIE 3aKOHBI,

OIIPENEeIABIINE IPONCXOXK TEHYE U BEJINUNHY CUIL, NENCTBYIOIINX HA OOBEKT,

a BTOpO#t 3akoH HbioTOHA OBIT KaK ObI BCIIOMOTATEIbLHBIM U TIPUMEHSIJICS

HAa MOCJIEOHEN CTANNU ITOCTPOEHUS MO-

L nenu. KoneuHo xe, Takoe OejleHne Iuc-

r=0 TO yCIIOBHO. Bens eciiu peus umet o 3a-

/ W_» , Hadax OIMHAMUKH, TO MOXHO UCIOIIB30-

) BaTh U APYI'YIO CXEMY — CHAYaJIa CBS-

' "/, 3aTh C IOMOIIILIO 3aKOHa, HeloTOHA TIPO-

Pue. 11 €KY YCKOPEHUS Tela C IPOEKIUSIMUI

IEUCTBYIOINX HA HETO CUJI, & 3aTeM,

HUCXOOs M3 T€X WIN WHBIX COOOPAXKEHWH, BEIYUCIUTD 3TU CAIIBI KaK GQYHK-

UMY KOOPIAMHAT, HMOJIYUUB 3aMKHYTYIO Momenb. lIpomeMoHCcTpUpyeM 3TOT

TIONXON Ha IIPUMepe MONENN IBVXKEHUS IAPUKA, IPUCOEOUHEHHOTO K IIPY-
XKUHE, ¢ XKECTKO 3aKPEINIEHHbIM KoHIoM (puc. 11).

IIycts r — xoopauHATA IIAPUKA BIOOJIL OCU IPYXKUHBL, JIEXKaIlleld Ha
TOPU3OHTAJIBLHON INIOCKOCTH, ¥ HATIPABIICHNE IBUXKEHNS IITADIKA COBIALAET
¢ ee ocbio. Torma nmo BTOpoMy 3aKOHY OUHAMUKA

d?r
F=ma=m ol
roe m — Macca IIapuKa, ¢ — €ro yCKopeHue. bynem cumraTh IIIOCKOCTDH
UICATBHO TJIAAKON (T. €. IBUXKEHVUE TPOUCXONUT 6e3 TpeHus), mpeHebpe-
KeM TakKXe COIMPOTUBIIEHUEM BO3L4yXa U IPUMEM BO BHUMAHUE TO, UYTO
BeC LIaPUKA yPABHOBEIINBAETCS Peakimell miockoctu. Enuncreennas cu-
J1a, DeACTBYIOIAS Ha IITAPUK B HAIIPABIEHUN OCH 7', OUEBUIHO, CUIIA, YIIPY-
roctu npyx)ubbl. OnpenenuM ee, UCHOIL3YsI 3aKOH ['yKa, CIIacsiui, 4To
LISl DACTSIXKEHUs (CXKATUS) IPYKUHBL HEOOXOAMMO IPUIIOKUTE CUILY

F = —kr,
rae xosdpunument k > 0 xapaxkTepusyeT yOpyrue CBOMCTBA MPYXWHEL, 4
7 — BEIINYHY €€ PACTSKEHUSA WM CKATUS OTHOCUTEIIBHO HEHTPAIBLHOTO,

HEHATDYXKEHHOTO nojioxkeHus r = 0. Y paBHEHNE NBUXEHUS IAPUKA IPUHU-
MaeT Byl (ypaBHEHUE HIIEMEHTAPHOTO OCIHUIIIATOPA)

CT — kr,  t>0. (5)
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OHO OnuCLIBAET €ro TapMOHNYECKNE koJsiebaHus 1 uMeeT oblree peleHmne

r = Asinwt + B coswt, (6)

rme w =/ k/m — cobcTBeHHas 9acTOTA KOIeGAHUN CUCTEMBL «IIPY KUHA—
mapuk». 3HadeHns A u B JIerKo OnpenensaioTcs U3 HadaJlbHOTO COCTOAHUA
obbekTa, T. €. yepes BenuauHsl 7(t = 0) = ro u v(t = 0) = vy (v(t) — cxo-
pocTh mapuka), npuueM 7(t) = 0 mpu rg = vo = 0. 3amerum, 94TO ypas-
uenue (4) ¢ TOYHOCTHIO MO 06O3HAUEHUHN COBIamaeT ¢ (5), mOSTOMY B 1. 3
peub TakXe IIa O Iporecce KojebaHWi, HO IPUMEHUTEILHO K CUCTEME
«CaTypH—KOJIBIIO>.

Iomxomer, ¢ MOMOIIBI KOTOPHIX CTPOUIIKMCH MOLENM NAHHOTO Tapa-
rpada, He NOIKHEI, PA3yMeeTCs, IPOTUBOPEUNTE APYTUM (YHIAMEHTAIb-
HBIM 3aKOHaM npuponsl. COOTBETCTBYOIIAS TPOBEPKA HEMIPOTUBOPEINBOC-
Tu (eciy OHA BO3MOXKHA) BECbMA, TIOJIE3HA, [JIsl YCTAHOBIIEHNSI IPABUIILHOC-
T Momeneir. [loscHUM 5TO, UCIONB3ys A BLIBONA ypasHeHus (5) He 3a-
koH HbI0TOHA, 8 3KOH COXPAHEHUA SHePruu. II0CKOIBKY TOUYKA, KPETJICHUS
IIPYKUHLI HEMOABIXKHA, TO CTEHKa HE COBEPIIACT PaboTy Hal CHCTEMOM
«TIPYXUHA—IIAPUK> (1 HA060POT), U €€ TOIHAS MEXAHNIECKas SHeprus F
0CTaeTCa NOCTOAHHON. Boraucmum ee. KuneTnueckas SHEPrus OnpenesseT-
Csl IBUXKEHUEM IIAPUKa (IPYXKUHA CUATALTCS HEBECOMOM ):

2
mv?  m (dr/dt)
Bo="2 = :
2 2
ToTennmanbHAsS SHEPTUS CUCTEMBI COLNEPKUTCS> B TIPYKUHE, €€ He-
TPYIHO HAWTHU, ONPENenus paboTy, HEOOXOMUMYIO IJIs PACTSKEeHUs (CxKa-
TUA) TIPYKUHLI HA BEJTUINHY T:

s memsmennoit co spemeneM Benuwuubbl F = B, + F, (uaTerpaina
SHEPIUM) MOILYUAEM

B m (dr/dt)®  kr?
B=—m—+5

Tax xak dE/dt = 0, To, nponubdepeHIIPOBAB UHTErPAIl SHEPTUU 1O ¢,
NPUXOMUM K BBIPAKEHUIO

mdrd2r+kdrT_dr md2r+kr _0
dt dt? dt  dt dt2 o

T. €. K ypaBHEHUIO (5), IPOBEPUB TEM CAMBIM MPABMIBHOCTD €r0 MOJLYYe-
Hus. [lonoOHy!o mponenypy HETPYIHO IIPOBECTH U IJIS IPUMEPOB mm. 1-3.
5. 3akirogeHue.
1. Jaxke B IPOCTERIINX CUTYAIUSIX IS IOCTPOEHUS MOAEIIN MOXKET II0-
TpebOBATHCS UCIIOIB30BAHNE HE ONHOTO, & HECKOJILKUX (DYHIAMEHTAILHBIX
33KOHOB.

3 A. A. Camapckuit, A. II. Muxaitnos
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2. IIpsmoe dopmanbHOEe mpuMeHeHVE GYHIAMEHTAJIbHBIX 33aKOHOB K
00BEKTY, PACCMATPUBAEMOMY KaK IIE€JI0€, HE BCErIa BO3MOXHO (mm. 2, 3). B
3TUX CIy4dasx TpebyeTcs NpPOCyMMUPOBATH 3JIEMEHTAPHBIE aKThI B3aUMO-
OENCTBUS MEXIY €r0 YaCTSIMU, IPUHUMA BO BHUMAHME CBOMCTBA OOBEKTA
(Hampumep, ero reoMeTpHIo).

3. OpHuMUy U TeMu XKe MOIENSIMA MOTYT ONUCHIBATLCS COBEPIIIEHHO
pa3Hble IO CBOEW Ipupone OOBEKTHI, MOMUWHSIOIINECS DPA3HBIM (GyHIa-
MEHTAJIbHBIM 3aKOHAM, U, HaoOOpOT, DAHHOMY 3aKOHY MOTYT OTBEYATbH
MIPUHIUNNAIILHO PAa3HbIE MONENM (HAIPpUMED, JNHEHHBIE U HEJMHENHBIE;
cM. 1. 3).

4. HeobXonuMo KCIIONB30BATH BCE BO3MOXKHOCTHK [JIsI IIPOBEPKU IIpPa-
BWJIBLHOCTHY IIOCTPOEHMSI MOIEIH (IIPenebHbIE IEPEXONEl — MII. 2, 3, ApyTrue
(hyHIaMEHTAIbHBIE 3aKOHBl — M. 4 U T. 1.).

YIIPAXKHEHNUA

1.B 3am0a4e O BCILJIBITHN HOHBOHHOI‘/'I JIOOKUN YYUTBIBACTCA COIIPOTUBJICHNE BOIBI.
IIpunumas cuimy compoTuBieHus paBHON Fy = —kou, roe ko > 0 — xospdunument, 3a-
BUCSIINN OT CBOMCTB BOZEI M (HOPMBI IOAJIONKMU, U — BEPTUKAJIBHASI CKOPOCTH JIONKH,
HAWOUTEe MAKCUMaJIbHYIO rIyOuHy H, IpM BCINIBITHM C KOTOPOHM CMII0M F'| MOXHO IIpe-
HeOpeub B JIIOOOM MOMEHT BpeMeHU t < tj (MOXKHO BHINOIHATHCS TpeGoBanme Fi <
K F—P).

2. IloBTOpSSI pacCyXOeHU II. 2, HANAUTE CUIy NMPUTSXKEHUs 3JIEKTPOHA K OOKIIan-
KaM KOHIEHCATOpa, MMEIOIINM KOHEeUHEBIE pasMmepsl R, R3. Yb6enurech B TOM, UTO IpHU
Ry — 00, R3 — 00 MOJIy4YEeHHOE BHIPAXKEHUE IepexonuT B ¢opmyity (2).

3. B 3amade n. 3 BBequTe TOIIUMHY KOibLa d, HauguTe cuity F u ybemurech, ITO
mostyueHHoe BhIpaxkeHue npu d — 0 coBmamaer ¢ popmyson (3).

4. IlycTp pacCTOSHME MEXIY TOYKON HEMTPAIBHOTO IIOJIOXKEHUS IMPYXWHBL 7 =
= 0 1 CTeHKOI, K KOTOPOil OHa KpemuTcs, paBHo L (cm. puc. 11). Haitnure, noms3syscs
dopmyon (6), YCIOBUS HA BEJIIWYMHBL T(, U0, OIPU BBINOJHEHUM KOTOPBIX IIAPUK HE
MOXEeT yNAapUThCA O CTEHKY (B IPOTMBHOM Cilydae Momeib (5) HeBEepHA, Tak KaK NpU
COyIapeHNM CO CTEHKOU IMAPUK MCILITHIBAET C €e CTOPOHBI HEMCTBUE HEKOTOPOW CHMIIBI,
He y4YMTHIBAEMOl B ypasHeHun (5)).

§ 3. BapI/IaI_II/IOHHBIe IIPMHIOUIIBI 1 MaTeMaTu4ecKne Monejin

Hanum yuporernyo GOpMyIUPOBKY BAPUAMMOHHOTO NMPUHIMIA ['a-
MIJIbTOHA, [T MEXAHWYIECKON cucTeMbl. Ha ero ocHOBe BEIBEEM yPABHEHUS
NBUXEHUS [IAPUKa HA NPYXUHE U MAATHUKA B moje cuit Tsxkectu. Como-
CTaBUM DPE3YJILTATHI OJLY YeHMs. MOLIENIeH 13 (DyHIAMEHTAIBHBIX 3AKOHOB 1
13 BAPUALMOHHOTO MPUHIIATLA.

1. O6was cxema npurnuna I'amunbrona. Ilycts uMeercs mexa-
HUYECKasl CUCTEMA, (POPMAIILHOTO U CTPOTOTO OHNPENEIEHUs] KOTOPOH IOKA
naBaTh He OymeM, uMes B BULY, OMHAKO, UTO BCE B3AUMOMNCUCTBUS MEXIY
SIIEMEHTAMU TAKOUM CUCTEMBL OLPENEIISIOTCS 3aKOHAMYU MEXAHUKY (OOUH U3
MPOCTERIINX IPUMEPOB — DPACCMOTPEHHAA B 1. 4 § 2 cucreMa «Imapuk—
npyxuHas). Beenem nouatue 0606wennbir koopdunam @Q(t), MOTHOCTHIO
OIIPEMEIISIONINX TOJIOKEHIE MEXAHUYECKON CUCTEMBI B IIPOCTPAHCTBE. Be-
suunsaa Q(t) MoXeT ObITH NEKAPTOBOM KOOPAMHATOW (HAIPUMED, KOOD-
IUHATA T B CACTEME KUIAPUK—IIPYKUHAS), PALNYCOM-BEKTOPOM, YTJIOBOI
KOODPIMHATOM, HAO0OPOM KOOPAUHAT MATEPUAJILHBIX TOYEK, COCTABIISIOIINX
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cucremy, u T. i. Benuuuny d@)/dt ecrecTBeHHO HA3BATEL 0006WEHHOT CKO-
POCMbI0 MEXAHUYECKOU CUCTEMEL B MOMEHT BpeMenu ¢. Habop semmmuun Q ()
u dQ/dt onpenenseT cOCTOSHUE MEXAHUIECKON CUCTEMBI BO BCE MOMEHTHI
BPEMEHU.

Huist onucanust MEXaHWYECKOR CUCTEMBI BBOOUTCS Pywxyusg Jlaepan-
J#€a, TOCTPOEHUWE KOTOPOW — OTHENBLHBIM BOIPOC, Oojee mOmpoOHO pac-
cmarpuBaeMmbiin B rii. lII. B mpocreimux cnyuasx ¢yukius Jlarpamxa
MMEeT SICHBIM CMBICI U 3aIUCBLIBAETCS B BUIE

L(Q7dQ/dt) = EK - Ern (1)

roe Ey, E, — KuHeTWYeCKas U MOTEHIMAJIbHAS YHEPTUM CACTEMBI COOT-
BETCTBEHHO. [lns meseil nanHoro maparpada HeT HEOGXONUMOCTY NABATH
obtiee onpenenenne Beanunt Fy, F, TOCKOIBKY B pACCMAaTPHABAEMBIX IIPU-
MEpPax OHM BBIYUCIISIOTCS OUEBUIHBIM 0GPA30M.

Beenem nanee senmuuuny S[Q)], HasbBaeMmyo deticmeuem:

to

sl = [ 1 (Q, %) dt. 2)

t1

Wurerpan (2), oueBunHo, sBisercs QyHKIUOHAIOM OT OGOOIIEHHON
koopmuHATEL ((t), T. e. dyukuum Q(t), 3amamuoil Ha oTpe3ke [t1,ts], OH
CTaBUT B COOTBETCTBUE HEKOTOPOE UUCIO S (IEHCTBUE).

[Mpuanun ['aMunbTOHA 1Tl MEXAHUIECKON CUCTEMBI TIACUT: €CITU CUC-
TeMa ABUKETCS II0 3aKOHAM MeXaHUKY, TO ()(t) — crauunoHapHas GOyHKIUI
st S[Q], unu

dia SlQ + eple=0 = 0. (3)

durypupyiomas B npunyune woumenbuweeo deticmeud (3) byHkius
(t) — HekoTOpas npobHas GYHKIW, OOPAIIAKILASCI B HYJIb B MOMEHTHI
t1, t2 W yIOBIETBOPSIOIIAL TOMY yCIOBUIO, uTO Q(t) + £¢(t) — BO3MOXKHASL
KOODOMHATA LAHHOM CUCTEMBI (B OCTAIBHOM ¢(t) IPOM3BOIIBHA).

Cwmpicnt npuHnuna (3) B TOM, YTO U3 BCEX AIPUOPU MBICIMMBIX (IOIyC-
KaeMBIX) TPAEKTOPUH ([IBUKEHNUI) CUCTEMBI MEXIY MOMEHTAMN t1, to BbI-
Gupaetcs (peanusyeTcs) IBUXKEHUE, NOCTABIAIIIEE MUHUMYM (DyHKIINOHA~
sy mefictus (OTCIONA MPOUCXOAUT U HasBauue npuHnuna). Pyuxuus ep(t)
HA3LIBAETCA apuayueti Bemmaunbl Q(t).

Wrak, cxema npumenenus npuHnuna [amunbToHa (3) miis mocTpoe-
HUS MOZIEJIEH MEXaHUYECKUX CUCTEM COCTOUT B CIEAYIOLIEM: ONPENEIISIOTCS
o6ob1enHse KoopauHaThl ()(t) u obobmennsie ckopoctu dQ/dt cucteMmer,
crpostcs yukuus Jlarpamxka L(Q, dQ/dt) n dysxkunonan neiicteus S[Q)],
MUHIMM3ALUI KOTOPOro Ha Bapuarnusx p(t) koopaunartel Q(t) u naer uc-
KOMYIO MOJIEIIb.

2. Tperuii croco6 MOJSyYeHUS MOAEJN CUCTEMBI IIapUK—
npyxuHa». Bocnonb3yeMcs NpuHIUNOM [aMuUibTOHA IUIS IIOCTPOCHMUSL
MOIIeNN [BUXKEHUS IIAPUKa, COEAUHEHHOTO ¢ mpyxuHoi (m. 4 § 2). B ka-
gecTBEe ODOOIIEHHOW KOOPOWMHATHI CUCTEMBI €CTECTBEHHO BHIODATH OOBIU-
HyIO 3isiepoBy koopmuuary mmapuka 7(t). Torma o606IIEHHAsS CKOPOCTH

3*
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dr/dt = v(t) — obbrunas ckopocTh mwapuka. Pyaknus Jlarpanxa (1), pas-
vas L = Ey — FEy, 3anKUCBIBAETCS Yepe3 yKe HAWNEHHbIE B 11. 4 § 2 3HaueHust
KUHETUYECKOW U MOTEHINAIBLHON SHEPTUU CUCTEMBI:

2 2
L:m(dr/dt) e
2 2

HJ’IH BEJIMUNHBI TENCTBUS IIOJIy4aeM BBIDaXXEHUEe

to to 2
S[r] :/L (r, %) dt:/ l% (%) —grzl dt.
t1 t1

Tenepb, B COOTBETCTBUU CO CXEMOM II. 1, BHIUMCIMM [EHCTBUE HA Bapua-
usax £(t) xoopouHaThI 7(1):

S[r +ey] :]2[%<W)2—g(r+ap)2

IMocnenuioo GopMyny HEOOXOMUMO TPOAUPHEPEHITUPOBATE IO € (YUATHI-
Bast, uTO byHKIMHU 7, @, dr/dt, dp/dt oT € He 3aBucAT):

to
d d 1 dr\? dr do — ,(dp\’

t1

dt.

—k{r® + 2erp + 52902}] dt =

to
_ dr dp dy 2 5
_/[m{dt 7 —|—E<dt> } k{ry +ep”}

t1

dt,

U IIOJIOXUTEL B Helt € = (:
t

_ g dr dp _
5:0_/[m 7t —k:r(p] dt = 0.

t1

d
e S[r +ey]

IIpaBas 9acTb 3TOr0O BEIpaXKEHUs (PABHOTO HYJIIO B COTJIACUY C TIPUHIIUIIOM
PamunbToHa — cM. (3)) ¢ HOMOIIBIO MHTErPUPOBAHMS €€ HIEePBOTO UJIeHA
IO YacTSIM U C YyIeTOM TOro, UTO ¢ = (0 B MOMEHTHI {1, t2, Ipeobpa3yeTcs

K BULY
to
d?r
:—/(p[mﬁ—i-kr] dt = 0.

t1

d
£S[r+€cp]

e=0

IMockonbky npobuas dyukims @(t), Gurypupyroras B GOpMYIUPOBKE
TIPUHINIIE, HAMMEHBIIETO NEUCTBUS, IPOU3BOIbLHA, TO YAaCTh BBIPAXKEHU,
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CTOSIIIas TION 3HAKOM MHTErpajla B KBAAPATHBIX CKOOKaX, NOJKHA OBITH
PaBHA HYJIIO BO BCe MOMEHTHI BpeMeHHU ¢ < t < ia:

T. €. IBUXEHUE CUCTEMBI JIOJIKHO ONUCHBATHLC ypaBHeHueM (5), momyden-
HEIM B § 2 w3 3akoHa HpioToHa (mEpBBHIA CHOCOG) M 33aKOHA COXPAHEHUS
sHepruu (BTOPOU crocob). Bee Tpu momxona 0Ka3sBAIOTCS SKBUBAJICH THEI-
Mu (TakK KaK MEXIy HUMU CyIIECTBYeT IiyboKas CBsA3b, Gojiee mompoGHO
nsyuaemas B it IIT).

3. Kosre6baHus mMasTHUKA B IIOoJie CUJI TsxkKecTH. llpuBemem He-
CKOJIBLKO OoJjiee CIOXKHBIN IIPUMED NIPUMeHeHus npuHnuna ['amMmnbToHA C
NOAPOOHBIM PACCMOTPEHUEM HAUAIBHOM CTaqUU IOCTPOEHUS MOLEIN —
ONUCAHNEM MEXAQHUIECKOH CUCTEMEL.

IIycTe Ha HEMOABUXHOM HIADHUPE TMOABEIIEH MAasSTHUK — I'PY3 MaCCHI
M, HAXONALIMIACS Ha KoHue crTepxkHs mussl [ (puc. 12). Hlapuup cunra-
€TCS UIOEABbHO TJIAOKMM B TOM CMBICIIE, UTO B
HEM He IIPOMCXOHNST IOTEPU SHEPTruy Ha TPEHUE.
HenonBuxHOCTE MIapHUpA 03HAUAET, UTO OT He-
IO HHEPT'US B CUCTEMY «CTEPXKEHb—TPY3> He IIO- o
CTyIaeT, TAKOU IITapHUP HECIIOCOOEH COBEPIIUTH I
HaJ Hell Kakyo-im6o pabory. CTepxkeHb cunTa-
€TCsI HEBECOMBIM U aOCOITIOTHO XECTKUM, T. €. €70 |
KVHETWYECKAsS U NOTEHINAJIbHAS SHEPTUU DPaB-
HBL HYJIIO, a IPy3 HEe MOXET COBEpLIAThH IBUXKeE- ]
HUE BIOJIb OCU CTepXKHs. ['py3 numeeT HebonbIIIIE h g
pPa3Mephl 0 CPABHEHMUIO C [JIMHON CTepKHs (Ma-
TEepPUAJIbHASA TOYKA), YCKOPEHUE CBOBOMHOTO Ma-
IEeHUsl ¢ TOCTOSHHO, COIPOTUBIJICHNEM BO3AYXa
nperebperaeTcs, KoneOaHUs NPOUCXONAT B (UK-
CUPOBAHHOU BEPTUKAJILHOU IIOCKOCTHU (IJisl 9ero, OYEBUIHO, BEKTOD Ha-
YAJBHOU CKOPOCTH I'PY3a NOJIKEH JIEXKATH B 3TOU IIOCKOCTH ).

ITocrme Bcex 5TUX YOPOIIAOININUX IIPENTIONOXEHUH SICHO, UTO IOJIOXKe-
HUE MasSTHUKA ONPENeseTCs JIUIIL OOHOU OOOOIIEeHHON KOODAMHATOH, B
KauecTBe KOTOPO BrIOepeM yrodl &(t) OTKIIOHEHWs CTEPXKHS OT BEPTHUKA-
sin. O6oOIIeHHAsT CKOPOCTD B NAHHOM CIIydae — YIJIoBas CKOPOCTb da/dt.

KuneTuueckas sHeprusi cucTeMul naeTcs GopMyIion

1, 1 da 2_1 5 da\?
EK—Em’U _§m<lﬁ> —§ml E s

a MOTEHINAJIbHAA S9HEPI'UA BBIPDAXKCHUEM

Puc. 12

E, =mgh=—-mg(lcosa —1),

rae h — OTKIIOHEHVE MasSTHUKA OT HAWHUBIIETO MOJIOXKEHUsS [0 BEPTHUKA-
nu. B manpHedmmx BhIKIankax senuunHy mgl B E omycTmMm, Tak xax
NOTEHINAJIbHAs] SHEPTUs OIpeNesieTCsl ¢ TOYHOCTBIO JO IOCTOSIHHOMU.
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Teneps HeTpynHO BhUUCIUTL Qyukumio Jlarpanxa (1) u meiicTBue

do 1 (da\?
L(a,ﬁ> =ml [5«%) +gcosa],
1 fda\?
o
t1

Haxons meiicTeue Ha Bapumanusax « + eo(t):

to
_ da do _
S[a+€<p]_ml/l l<dt +e€ dt> +gcos(a+z-:<p)] dt =

t1

to
1 da\? da dp o (dyp 2
_ml/ l§{<ﬁ) + iy +e <E) + gcos(a +ep) | dt,
t1

mubdeperupys ero no € u nojaras € = 0, nomydaem

to
da dy
=ml —_——— dt = 0.
» m/[ 7 dl <pgsma]

t1

(2):

d
£S[a+scp]

Kax u B n. 1, uHTErpupyeM NIepBLI YJI€H BBIPAXKEHUS B CKOOKAX IO
YaCTsIM U, YIUTHIBAs, 4TO (t) = 0 B MOMEHTHI ¢1, {2, IPUXONUM K CIIEAYIO-
1ieMy yPaBHEHUIO:

t

2 d2
ml/ [ el —|—gsma] dt =0,

t1

KOTOPOE B CUJLY TIPOU3BOIIBHOCTY (1) MOXET yIOBIETBOPSITHCS JIAIIE €CIIN
s Beex £ < t < to cCOpaBemIImBO

o g .

— = — % sina. (4)

dt? l

3ameTuM, 4TO ypaBHeHUWE KojeGaHWN MasTHUKA (4) B oTiudme OT

ypaBrenus (5) § 2 HemuHeHHO. DTO 06CTOATEIBCTBO CBA3AHO ¢ 60sIee CIIOXK-
HOW TEOMETPUEN CUCTEMBI «CTEPXKEHb—TPY3>, & UMEHHO: YCKOPEHUE, UCIIHI-
THIBAEMOE T'PY30M, HE IIPONOPIIMOHAIBEHO KOOPINHATE, KaK B CIIydae 3aKOHA
I'yka, a aBnsgeTcs Oonee CIIOXHON (DYHKIMEN OTKIIOHEHUS OT IIOJIOKEHUS
pasHoBecus (yria «). Ecnu e 5T OTKIIOHEHUs MaJjbl, TO SinQ & @, U
MOZIENb MAJIBIX KOJleGaHWH ITNHEeNHA:

da_ g,
a2 1
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Onu onuceBaroTcs Hopmyion, anajgormuuoi (6) us § 2, rme w =

= /g/l — cobcrBennas yacToTa Manbx Konebauuil, a BenuuuHsl A, B
da
oupenensorcs uepes ot = 0), T (t=0).

4. 3akmouenne. IIpuMeps! UCIONL30BAHUS TPUHINIA [ aMUILTOHA,
1 TIOCTPOEHUSI MOJZIeJIell MEXAHUIECKAX CACTEM DHUCYIOT BECHbMa UeTKYIO
IPOTPpaMMYy IENCTBUM, B OOIIEM BUIE OMUCAHHYIO B II. 1. Y HUBEPCAILHOCTD,
CTPOTO (HOpMAIN30BAHHBIE TIOCIIENOBATEIILHBIE IPOLENYPEI, HE 3aBUCAIIINE
OT HeTajiell KOHKPETHON CUCTEMEI, O€3yCIIOBHO, BECbMA IIPUBIIEKATEIbHAS
UepTa BAPUAIMOHHBIX MPUHINIOB. B NPUBENEHHBIX BBIIIE IPOCTHIX CIIY-
JasgxX MOOENM MOTYT OBITH OTHOCUTEILHO JIETKO MOJYyYEHBI U WHBIMU CIIO-
cobamu. OmHAKO IJIST MHOTUX NPYTUX, 6OJiee CIOXHBIX OOBEKTOB, BApUa-
NWOHHBIE MPUHINILI OKA3BIBAIOTCA GAKTUUECKUA ENUMHCTBEHHBIM METOIOM
mOCTpOeHusT Momenei. Tak, HampuMep, MEXaHWUECKUE YacTUh OOJIBIIWH-
CTBa PODOTOTEXHUYECKMX YCTPOUCTB COCTOSAT M3 OONBIIIOTO KOJIUIECTBA
Pa3HOOOPA3HBIX 3JIEMEHTOB, CBSI3AHHLIX MEXIY COOON Pa3IMIHBIMU CIIOCO-
b6amu. x MaTemMaTuyecKkue MONEIN BKITIOUAIOT OOJIBIIIOE YICIIO YPABHEHNH,
eIMHOOOPA3HO MOIIyYaeMBIX B OCHOBHOM C IIOMOIIIBIO BAPUAIMOHHLIX ITPUH-
UUIOB. DTOT MOOXOI YCIEIIHO MPUMEHSIETCS TaKXe U IJIs CUCTEM WHOM
npuponsl (PUBMUECKUX, XUMAIECKUX, GUOIIOTUIECKUX ), I KOTOPHIX (hOp-
MYJIEPYIOTCS COOTBETCTBYIONINE OOIIIE YTBEPXKACHUS O XapaKTepe UX SBO-
sionuy (IIOBENEHUs ).

To 06cTOATENBCTBO, YTO IPUHIUT ['aMUIBTOHA U APYTHE MOOXONBL Ha-
IOT COBIIQNAIOIINE MOIENY, €CTECTBEHHO, IIOCKOIbKY OHYU OIMCHLIBAIOT ONWH
U TOT XK€ UCXOOHBIA 00BeKT. Paszymeercs, Takoe COBIaIeHUE FapaHTUDO-
BAHO TOJIBKO IIPU OMHUX U TEX XK€ UCXOOHBIX MPEOIONIOXEHUIX 00 00beKTe.
Ecnu ero uneanusaius (Kak OMUH U3 MEPBLIX HTAINOB IOCTPOECHMS MOIEIIN)
TIPOBOAMTCS ONWHAKOBO, TO DPA3HBIE CIOCOOBI MOJIYYEHUs! MOOENEN OOJIK-
HBI JaBaTh TOXIECTBEHHBIE Pe3yiabTaThl. IlycThb, Hampumep, B cucteme
«UIAPUK—TIPYKUHAS> TOSABIISIETCS OOMOIHUTEILHAS TOCTOSHHAS CUJIa He-
KOTOPOTO BHEIITHETO BO3meCcTBU Ha mapuk Fj. Torma u3 BTOpOro 3akoHa
HeroTona HETPYOHO MONYYNTHL YPABHEHUE NBUXKEHUS ITAPUKA

d2r

mﬁi—kr—FFo

(cp. ¢ (5) § 2). Ilpumensas npunnun [aMuabTOHA K Takoil cucTeme, He-
06XOMUMO yuecTb Hajimuue 3TON cuiibl. QUeBMIOHO, UTO omnpeneneHus o6-
OOIIIEHHON KOOPAMHATHL, OO0OIIIEHHON CKOPOCTY ¥ KMHETUYIECKOW HSHEPTUU
Ey ocrarorcs HemsaMeHHBIMU. B TO e BpeMs BEIpaXKeHUe [JIs IOTEHIUAITb-
HOI1 9HEPI'UU CYIECTBEHHO U3MEHSeTCs (Cp. C II. 2) Ha BEIWYUHY, DABHYIO
paboTe, TPOM3BENEHHON YTOW CUJION HAJl CUCTEMOMU:

7‘2 r 7'2
EH:k7+/F1dT:k?+F0T.
0

IIpoBoms amamoruunbie m. 2 BHIKIAOKUA ¢ COOTBETCTBYIOIIMM OOPa30M M3-
MEHEHHBIMU BejumaunHaMu L v (), HeTpyaHO yOenuThCsl B TOM, UTO MIPUHIIATL
lNamunbTOHA maeT HAIMCAHHOE BEHIIE YPABHEHUE C BHEIIHEN cuion Fy.
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YIIPAXKHEHNUA

1. IIposepbTe, uTO MOmEsb (4) MOCTPOEHA MPABWIBLHO, HOJLyYHMB €€ C IOMOIIBIO
BTOpOro 3akoHa HbioTOHA.

2. Ucnone3ys pesyiabrars o. 2 § 2 u npusHmun ["aMumisToHA, TOCTPORTE MOLENH KO-
ne0aHu MASTHUKA B 3JIEKTPUUECKOM IIOJIE, CO30ABAEMOM 3apIXKEHHON IOPU3OHTAIILHON
IUIOCKOCTBIO, HAA KOTOPOM IONBEILICH MAasATHUK. 3apsh IPy3a PaBeH ¢, IOBEPXHOCTHAS
IUIOTHOCTD 3aPAAOB HA INIOCKOCTU paBHA —qo (cmion Tsxectu mpeHebpeus). Ilouemy,
HECMOTPS Ha PA3JIWYHYIO NPUPOAY HEMCTBYIOLINX CWJII, ITOJIyYAEeTCs MONEJb, AHAJIOTMY-
Has (4)7

§ 4. IIpumep nepapxum Momeseit

51 nBUXEHUS MIaPUKA, COEIUHEHHOTO C MIPYXKUAHOMN, TOCTPOUM Hepap-
XUYECKYIO IEMOYKY MOMIeJIell 1o IPUHITAITY «CHU3Y BBepx». IlocnenoBaTensb-
HO BBEIIEM HOBBIE YCIIOXHSIONME (GAaKTOPLI U HAAUM UX MATEMATUIECKOE
OICAHLE.

1. Pa3znuuHble BapuaHThI OeMCTBUS 3adaHHON BHEITHEN Ccu-
ael. IlycTes Ha IIApUK NERCTBYET W3BECTHAs BHemnHss cwia F(rt), 3a-
BUCAIIAS OT BPEMEHM M IOJIOXKeHUs mrapuka. OHa MOXET MOpPOXAATLCS
[OJIEM TArOTEHUs (CM. yup. 1), IMeTH SIeKTPUYECKOE Uil MATHUTHOE IIPO-
ucxoxmenue u T. n. 3 Broporo 3akona HbioToHa cpasy moiydaeM, 4To 10
CpaBHEHMIO ¢ 6a30BOM MOOENbIO KOJieOaHW

d?r
m— = —kr 1
e (1)
B IIPABOY 4acTU ypaBHeHus (1) MOSBIIAETCS HOMOIHUTENbHBIN UIIEH:
d?r
m— = —kr + F(r,t). 2
= (r,1) 2

IIpocreimuit BapuanT ypaBHeHus (2) OTBEYAET MNOCTOSHHON CUIIe
F(r,t) = Fy. lIposenst sameny 7 = r — Fy/k, nonygaem s 7
d’r
dt?
T. €. IOCTOSTHHAS CUJIa, HEe BHOCUT U3MEHEHUN B IIPOIECC KOIeOAHUN 33, TEeM
UCKIIOYEHNEM, YTO KOODAWHATA HENTPAJILHON TOUKY, B KOTOPOH CHIIa, NeH-
CTBYIOLIAS HA IIAPUK, PABHA HYJIIIO, COBUraeTCs Ha Benuuuny Fy/k.
T'opasmo Gonee cmoxHas KapTUHA IBUKEHUS MOXKET IMOPOXKIATHCS 3a-

Bucsmelnt or spemenn cunoit F(t). PaccMOTpuM miisi OnpenesieHHoOCTH Tie-
puonuueckyo BHewHwo cuiny F(t) = Fysinwq t:

m &>r
dt?

= —kr,

=—kr+ F(t) = —kr + Fysinw; t. (3)

Pewrenne nuneitHoro ypasHeHus (3) HAXOOUTCA KaK CyMMa OOIIIErO
peleHus OMHOPOAHOro ypasuenus (dopmyia (6) § 2) u vacTHOrO pemenus
HEOIHOPOMHOrO ypaBHEHUs (3), KOTOpOe OyIeM UCKATh B BUIE

r1(t) = Csinw;t. 4)
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IToncTaHOBKOR 9TOTO BhIpaXKeHUs B (3) HAXOMUM
Fo Fo

:k—mwf - om(w? — w?)

c

9

rme w = y/k/m — ugacTora KoneGaHuU IPYXUHBEL B OTCYTCTBAE BHEIITHUX
CUJI, WX COOCTBEHHAs YaCTOTa CUCTeMBL. B mTore mms obiiero pereHus
(3) nmeem

r(t) = Asinwt + B coswt + sinws t.

m (w? — w?)

Wrak, Bremaas cuna F'(¢) npuBoOuT HE TOIBKO K MOSBIICHUIO B CUC-
TeMe MOMOJHUTEIbHBIX KOJIEOaH!A C YaCTOTON W1, HO U K BO3HUKHOBEHUIO
Pe30HaKCca — HEOT'PAHWUYEHHOMY POCTY aMINIUTYIBI KOJIeOaHUT Ipu wy —
— Ww.

2. IBnKeHWEe TOYKW KPEeMJIeHNUs, IIPYXKMHa Ha BpallaloieMcs
cTepxkHe. Pe3soHnaHnc B cucteme MoxeT OLITh BBI3BaH Takxke OGiraromapst
OEeWCTBUIO CUJI WHEPHUOHHOTO mpoucxoxneHus. [lycTh Touka kpemmeHus
[IPYXKUHBL ABUXKETCS TI0 33MaHHOMY 3aKoHy ro(t) = f(t). Torma B cucreme
KOODOWHAT, CBSI3aHHOU C 3TON TOYKOH, Ha, ITaPUK HENCTBYET, IIOMUMO Ha-
TSKEHUSI IPYKUHBL, CUJla UHepLuY, paBHas ma(t), roe a(t) — yckopeHue,
00y CIIOBJIGHHOE IBUXKEHUEM CUCTeMBI KoopnuwHat, a(t) = d f/dt*. B sToit
CHUCTEMe KOODAWHAT OBIKEHUE IAPUKA OMUCHIBACTCS YPABHEHUEM

d*r
mw = —kT+F(t),
rne F(t) = —ma(t) = —m d* f /dt* — mexoTopas 3ananHas HyHKIUA BpeMe-

uu. Kak u B mpensinyineM cirydae, Ipu COOTBETCTBYIOIIEM IIEPUOMAIECKOM
IBIUXKEHUN TOYKU KPEIUJIEHUsS B CUCTEME BO3ZHUKAET PE30HAHC.

ITpu Gosee CIOXKHOM TeOMETPUM CUJIBI MHEPIUU CUCTEMBI MOTYT 3a-
BHCETDH HE TOIBKO OT BPEMEHH {, HO U OT KOOPAWHATHI 7. Ecim npyxuHa
HANETa Ha CTEPKEHb, NBIXKYIIUICS C YIIIOBOM CKOPOCTHIO w(t), TO LEHTPO-
Gexnas cuita uaepnun papsa F = mo? (1) /R = mw?(t) R, tme v(t) = w(t) R,
R = Ry +r, Ry — nnuHa OPyXWHB B HEHATDYXKEHHOM COCTOSHUU, ' —
OTKJIOHEHUE IIAPUKa OT HENTPAIILHOTO MOJIOXKeHus, 11 > —Ry. YpaBHenue
IBUXKEHUs IIIAPUKa, TPUHUMAECT BUI

d*r
mW:—kr—i-F(r,t), (5)
roe F(r,t) = mw?(t) (Ro + r), umm
d’r 5 5
m—y = —(k — mw?(t)) r + mw*(t) Ro,

npuyeM, 09eBUAHO, pu r K Ro nuneiinoe ypasaenue (5), obiree pereHue
KOTOPOTO 30€Ch HE BBIIMACBHIBACTCA B CHJIy €IO I'DOMO3IOKOCTH, IIEPEXOONUT B
ypasaerue Buma (3) ¢ F(t) = —mw?(t) Ry.

OnHako B MAHHOM CITy49ae PE30HAHC HEBO3MOXKEH, TAK KAK BHEITHSS
CUJTa BCETNa HANPABICHA B ONHY CTOPOHY M HE B COCTOSHUM DPACKAYATH
CUCTEMY.
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3aMeTuM, YTO YCIOKHEHHAS 110 CPABHEHUIO C UCXOMHBIM CILyUaeM I'e0-
MeTpHus OTHIONL He BCErma O3HAYaeT OoJiee CIIOXHOE MOBemeHme OOBEKTA.
PaccmoTpum, Hampumep, IIApuUK, NIPUKPEIJIEHHLIN K OBYM IPYXWHAM C
XKECTKOCTbIO k1 1 ko (puc. 13). Haua-

—kair —kar JI0 KOOPIWHAT IIOMECTUM B TOUKY, T'Ie

- m - .
%{n\(m\(mmm CUJIBI, NEWCTBYIOIINE HA IIIAPUK CO CTO-
POHBI 00€UX MPYXUH, YPABHOBEIINBA-

7

0 O 0T ADYT Opyra (IpU HTOM HOJIKHO CO-
> T GIIONATHCS HEKOTOPOE YCIIOBUE HA Ia-
Puc. 13 paMeTphl CUCTEMBI, UTOOLI ITAPUK HE
MOT KaCaTbCsl OMHOW M3 TOUEK KDeIle-
Hus — cMm. yop. 2). Ilo sakony I'yka mpu OTKiOHEHUM T Ha LIAPUK CO

CTOPOHHI JIEBO TIPYXUHBI MENCTBYET CUia —k17T, 8 CO CTOPOHBI IIPABOM —
cuita —kor (06 CuIbl HAIIPABIIEHE B OLHY CTOPOHY, TAK KaK MDY DACTSIKe-
HUY TIEPBO MPYXKUHLI BTOPAs MPYXKUHA, HA000POT, CKUMaeTCs). B urore
NPUXOAUM K TAKOMY e YDABHEHUIO, KAK U B CJIydae ONHOM IIPYKUHEL,

d*r

m—— = —kir — kor = —kr,

dt?
HO C YBEJUYEHHOU XXECTKOCTBIO k = ki + k2, CKIIAQOLIBAIOIIENCS U3 XKECT-
KOCTeN 00eux MpyKUH.

3. Yuer cmi TpeHus. B paccMaTrpuBaeMoil cucTeMe CHIIBI TPEHUS
MOTYT HOSIBIISITHCS IO KPaiHel Mepe u3-3a nByX npuunt. [lepBas u3 Hux —
HEUIEAJIBbHOCTD MOBEPXHOCTEN IIAPUKA, U IJIOCKOCTH, TI0 KOTOPOR OH IBU-
xkercsi. B sTom ciiyuae cuna Tpeuus paBua F' = k1 P, rne k1 — kosdhdu-
uveHT Tpeuus, P = mg — Bec mapuka. OHa Bcerma HaIpaBieHa MPOTUB
IBUXEHUS [IIAPUKA, €€ 3HAK MPOTUBOMOJIONKEH 3HAKY CKOPOCTH IIAPUKA U =

=dr/dt, 1. e. F = —kymgsign(dr/dt). IlBuxenue mapuka NOMIUHACTCS
YDABHEHWIO
d? d
m# = —kr—klmgsignd—:, (6)

KOTOpOE BHEIIHE MOXOXe Ha ypaBHeHue (2) ¢ mocrosaHOR cuionn F(r,t) =
= Fy. Onnako u3-33 3HAKOMEPEMEHHOCTHU CUJIEI OHO HE CBOOUTCH K CTAaH-
MapTHOMY YPABHEHUIO KOJEOaHuA. DTO 06CTOATEIBCTBO CIIYKUT BEIPAXKE-
HEEM TOro, uTO ypaBHenus (1) u (6) ONUCHIBAIOT CYIIECTBEHHO PA3HBIE IPO-
[eCCHl. B 4aCcTHOCTH, aMIIIATy N8 KOJICOAHWN IIAPUKa, B MOCIETHEM CIIydae
YMEHBIIIAETCS CO BpeMeHeM. B 3ToM HeTpymHO ybemuThes, mepenucas (6)
B BUIE

v
m_ + kr = —kymgsignv,

YMHOXUB 00€ TaCTU 5TOTO BHIPAXKEHUS Ha v/2:

v dv Tk v A . v
m— — r— = —kimgsignv —
gar g mINSRUG
U C yu4eToM TOro, uto v = dr/dt, noay4uus
m dv?  k dr?

?E_Fgﬁ :—Eklmgmgnv«v.
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ITocnennee ypaBHEHUE SKBUBAIIEHTHO YPABHEHUIO

d 2 2 1
E(%.’-k%) :—Eklmgsignv-v. (7)

[IpunvMmas BO BHUMAHME, YTO B JIeBOU 4acTy (7) IIOL 3HAKOM IPOU3BOLHOIM
CTOMT CyMMa KWUHETUUYECKOW U MOTEHIUAIBLHON sHeprun cucteMbl E(t) =
= Ey(t) + E4(t), a npasas uacts (7) npu v # 0 orpunarensia, uMeeM

dE(t) daEW)
7<0, v#£0 <7—0, ’U—O),

T. e. nonHas sHeprust E(t) y6uiBaeT co BpemeneM. IIOCKOIBKY B MOMEHTEI
NOCTUXKEHUS LIADUKOM MAKCUMAJIBHOR aMINIUTYHOBL |ry,(t)| ero ckopocTsb
(1 kuHeTmueckas sHeprus Ey) paBHa HyJI0, TO B 5TH MOMEHTH Ej =
=kr2,(t)/2 = E(t), u B cuny yowBanusa E(t) ammmaryna |r, (t)| — Taxxe
yObIBAIOLIAs (DYHKIWS BPEMEHN.

Bonee nonpo6HO paccMOTPUM PE3YIbTAT NEMCTBUS CUIbL TPEHUS UHO-
IO IPOUCXOXKEHNU, BO3HUKAIOIIEH U3-33 COIPOTUBIIEHNUS CPELBL, B KOTOPOR
IOBIXKETCS MIAPYK (BO3LyXa, BOLHEL X T. A.). B aTOM cityuae cuna TpeHus He
[IOCTOSIHHA, & CYLIECTBEHHO 3aBUCUT OT CKOPOCTHU IBIKEHUA. DTa 3aBUCH-
MOCTB OIUCHIBAETCS U3BeCTHON dopmynon CTokca

dr
© dt’
roe xodddunrent p > 0 ompenenseTcs pa3MepaMu MIAPUKA, IIOTHOCTHIO

cpenel, €€ BASKOCTBIO I T. . YpaBHeHMe OBUXEHUS B BI3KOHN cpene mMeeT
BIL

F=—p=

d*r dr
mW:fkr—i-F(v):—krf,uﬁ. (8)

Haiimem ofiee pemieHwme IWHERHOrO ypaBHeHus (8), M30aBUBILINCH

PEABAPUTENHHO OT WIEHa ¢ mepBol npoussonuoi. [loncranoska B (8) 3a-
mensl 7(t) = 7(t) € naet nna HoBO# byHKIUM T () ypaBHEHUE

d>r dr dr
m <eo‘t ar + e a + et ar + azeo‘tr> =

dt? dt dt
dr
= —kre® — pe®t d—: — poe®ty.
CokpaTus B HeM MHOXUTEINH €t u monoxus o = —pu/(2m), mpunem K ypas-
HEHUIO
d?7 u?
— =—|k——|T=—-kT. 9
" < dm )" T ©)

B ornwume or ypasmenus (1) mepBeii MHOXWTENL B mpasou vactu (9)
MOXET MEHATH 3HAK B 3aBUCUMOCTH OT 3HAUEHWUU IapaMeTpoB k, w, m
CHCTEMBI, UTO C yueToMm cBsasu r(t) = e*'F(t) IpUBOOUT K CYITIECTBEHHO

UHOMY €€ IOBEOCHUID OTHOCUTEJIBHO CTAaHOAPTHOI'O CIIy4das.
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[Ipu mamnoit BaskocTu, T. e. npu k — p?/(4m) = k1 > 0 pemrenne 7(t)
naercsa dopmyioin (6) § 2, u nus r(t) nmeem

r=7e = et/ ™) (Asinwt + Bcoswt),

roe w = (ky /m)l/z, a KOHCTAHTHL A, B HaxomarTcs depes rg, vg. B cucreme
IIPOUCXOAST 3aTYXAIINE CO BpEMEeHeM KojeGaHus (CM. Takke yup. 3) ¢
YaCTOTOR W.

Ecnu ki = 0, To Benmuuna, dF /di mOCTOSHHA, WM, YTO TO XKe CaMOE,
7(t) = ct + ¢1. st (t) ¢ yueTOM HaUAIbHBLIX HAHHLIX HOIIYYaEM

_ —tu/(2m) — o—tu/(2m) HTo
r(t) =e (ct+c1)=e ((v0+ 2m)t+r0).

B nmamsOM ciyuae koneGaHUA OTCYTCTBYIOT OJaromaps MOMABIISIOIIEMY
NEUCTBUIO CWII BA3KOTO TpeHus. CucTeMa MOXET JIUIb OAWH DPa3 MPOi-
T TOuKy 7 = 0, IIg 9ero HeOOXOMUMO U NOCTATOYHO BBHIIOIHEHUS Y CIIOBUAN
vo < —pro/(2m), ro > 0 mim vg > —ure/(2m), ro < 0, T. e. HAYAIBHAS CKO-
POCTBH IIAPUKA, HOJIKHA OBITH HOCTATOYHO BEJIWKA U HAIPABIIEHA K TOUKE
r = 0. IIpu 5ToM, oueBrIHO, CKOPOCTD mapuka v(t) = dr/dt MoxeT MeHsTb
3HAK JIAIIL ONUH Pas3.

Haxkomerr, mpu GONBINIOA BSI3KOCTHU MEACTBUE CUIILI TPEHUS HACTOIb-
KO 3HAQUUTENLHO, YTO Ui JIIOOBIX T, Vg IIAPUK «3aCTPEBACT> B CpEIHe,
HUKOTIIA HE TPOXoms TOuky r = 0, a Juillb OTHOCTOPOHHE MPUOIIMKASICDH
K Hell npu ¢t — oo. HeiictBurensuo, npu k; < 0 peurenue ypasuenus (9)
(cMm. Takxke yup. 4) 3HAKONOCTOSHHO (IIPEIIIOIOKEHIE O IPOTUBHOM CPa3y
e MPUBOMUT K NPOTUBOPEUUIO C YPABHEHUEM ), CICNOBATEILHO, BEJIMIMHA
r(t) Takxe He menser 3Hak. [losenenue dyukuuu 7(t) opu ¢ — 0O MOKHO
MOHSTDb U3 CBOUCTB MEPBOrO MHTErpaJsa ypasHeHus (9)

dr\ 2 N
m o = —k17° + const,

KOTODPBIN HETPYIHO IOIIyYnTh, yMHOXas 06e uactu (9) ua df /dt u usTer-
pupys omus pas 1o t. IIpennonoxenus o Tom, uro 7(t) — oo wmu 7(t) —
— C1 # 0 nmpu t — 0o mpoTuBopeuaT mociienuemy pasencTBy. OcraeTcs
enuHCTBeHHBIN BapuaHT 7(t) — 0, t — oo, u, Takum obpasom, r(t) — 0,
t — o0.

Wrak, nBuxenne CUCTEMBI B BS3KOU CPENE OTIMUYAETCs OONBIIMM IO
OTHOIIIEHNIO K UICAILHON CATYaIlnu Pa3sHoOOpasueM, IpUIeM BO BCEX CITy-
YasgX OHO MPOUCXOMUT C 3aTyXAHUEM.

4. IIBa TUIla HeJIMHENHBIX MOMeEJIell CUCTEMBI «IIapuK—IIpYy-
xuHa». Popmyna CTokca cripaBemuBa, CTPOro TOBOPSL, TOIBKO I yCTa-
HOBUBIINXCS IBVKEHUN, KOT A NENCTBUE IOCTOSHHON BHEIITHEN CUIILI yDaB-
HOBEIMBAETCS CUIION BA3KOTO TPEHMUSA TAK, YTO B MTOTE TEJIO MEPEMEIIACTCS
C TIOCTOSIHHOM CKOPOCTBI0. BIOIHE BO3MOXKHET CUTyanuu, TP KOTOPBIX CH-
J1a COMPOTUBJICHUSA BS3KOM CPEIbLI TIPU MAJILIX CKOPOCTSX MEHBINE, & IPH
BOJIBIIINX CKOPOCTSX OOJIbINe, ueM BhIUnCIseMas o ¢opmyse Ctokca; Ha-
npumep, F(v) = —pw [v|*, toe p > 0, a > —1. Torma uckomas Benuunsa
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r(t) onpenensercsa u3 ypaBHEHUS

d2r

Z = Fv) = —kr — @, 1
me—s kr + F(v) kr — po |v| (10)

Ypasrenue (10), B oTnudme 0T BCEX PACCMOTPEHHBIX PaHee MOLENei,
HEJIMHENHO, U ero PEIEHNe BHIUCATD, BOOOIIE TOBOPS, HENIB3s (XOTSI MOXK-
HO TPOBECTHU NOCTATOUHO NETAJIBHOE U3yUEHNE CUCTEMBI U B HEJTMHEAHOM
Clly4ae, B 9aCTHOCTHU, yCTAHOBUTE, TOJIb3YACh IPUEMOM, TIPUMEHSIBIIAMCS
st ypaBHeHus (6), 3aTyXaromuil XapakTep NBuxkeHus cucremsr). [losTo-
My OTPAHMYMMCS 3[€CHh MPUOIIKEHHBEIM AHAJIM30M MOBEICHUS CUCTEMBI B
IBYX €€ MPENeNbHLIX MOJIOKEHNIAX — B OKPECTHOCTH Touek v = 0 m r = 0.
O6a monoXeHns, OUEBUIHO, HE MOTY T NOCTUATATHCS OMHOBPEMEHHO, TAK KAK
5TO O3HAYAIIO OBI, YTO CUCTEMa TIOKOUTCSL.

Ecnu v(tg) = 0 (3mece MOMEHT to — OOWH U3 MOMEHTOB HOCTUKEHUS
MaKCUMAJILHON aMIUIATYIBL 7o), TO BTOPBIM YIEHOM B IIPABON 4aCTH yPaB-
menus (10) MoxHO peHE6PEYH IO CPABHEHUIO C TIEPBBIM, U OHO IIPUHUMAET
BUI

d*r
m o —kro.
ITockonmbKy paccMaTpUBAETCA MaJlas OKPECTHOCTE At OKOJIO MOMEHTa to,
TO TIPeHeOPEraeTCs TakXKe OTKIIOHeHEM AT B CDABHEHUN C 7. Y YATHIBAS,
a0 v(tp) = 0, momyuaem

k
AT:r—roz—EEro(t—to)z,

T. €. IMApUK ABUKETCA C TOCTOSHHEIM (B TIEPBOM MPUOIMKEHUA) yCKO-
pPEHMEM, TaK KaK Ha HETO NEHCTBYET JIWIIb CUJIa HATKEHWS MPYXKUHEL,
MOCTOSHHAS B OKPECTHOCTHU TOUKW I' = T, & CUJIa TPEHUs PABHA HYJTIO.

Ilpu 7(tg) = 0 (tp — OOWH U3 MOMEHTOB MPOXOXKIECHUs CUCTEMOU Ha-
Jana KOOPAWHAT, €CJIH, KOHEIHO, TOUKa 7 = () MOCTUTaeTCsa XOTs OB OMUH
pa3s) MePBHIA WIEH B MPABOil YaCTU MaJl O CPABHEHUIO CO BTOPHLIM, U

d*r

m —

dt?

3mech Takxke mpeHeOperaeTcs OTKIOHeHWEM Ay OT 3HAUEHUs vy =

= v(tp) BBumy ero mMasoctu. Tak kax r(fp) = 0, TO U3 NOCIENHETO ypaBHE-
HUS CIIELYeT

= —puvg |vo|*.

_ —ho |vo|®
2m

Ar =r (t—t0)? +vo (t — to).

:gHa,‘{I/IT7 1 B 3TOM IIOJIOKEHUU CUCTEMA UCIIBITHIBAECT IIOCTOSIHHOE (B II€epPBOM
MPUOIXKEHUN) YCKOPEHUE, OMPeNeaeMOe JIUIlb CUJION TPEHUs, TOCKOIb-
KY HaTsAXKEHUE IIPYXWHBI DABHO HYJIIO. HaHHbIﬁ BBIBOJ, BIIOJIHE OYEBUOECH U
CIIPABEIJIUB IJIsI BCEX TOJIOXKEHUN CUCTEMBI, XOTS YCKOPEHUE IIapPUKa IIPU
v # 0, r # 0 onpenenseTcs yXe COBMECTHLIM meicTBueM obemx cuir. Mc-
KIIIOUEHNE COCTABISET IUIIb TOUKA, rhe krg = —uvp |vg|%, Korma mpasas
yacTb ypasHeHus (10) obpaiaeTcs B HyJIb W NEDPBBIA WIEH B yCKOPEHUN
CHCTEMBI B TOT MOMEHT ¢ = to paBeH Hymwo. Pasnaras r(t) B pan Teisopa
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B OKPECTHOCTHU TOUKHU ¢ = Iy:

r(t) = rlto) + 5 (10) (¢ = t0) +

1 dr , 1dr ;
+§W(to)(t—t) +gﬁ(to)(t—to) +..

rze TouKaMu 0603HAUEHBI UIeHEI 60JIee BEICOKOTO MOPSIIKA MAJIOCTH, U IPY-
2
r
HUMas BO BHUMaHUe, 9T0 —- (t = to) = 0, Haxonum

d2

dr 1 d3r
Ar:r(t)—m:&(to)(t—t )+6dt3

T. €. B I'NIaBHOM UJIEHE YCKODEHUE CUCTEMBL B OKDECTHOCTH TOUKY ¢ = to He
[IOCTOSIHHO, & SBJISIETCs JIMHENHOM QyHKIUel BpeMeHu (CM. TakXke yup. b).

Eme onus Tun HEMUHEXHOCTU MOXKET OOYCIIOBIUBATHCS U3MEHSIOIIN-
MUCsI MEXAQHUYECKUMU CBONCTBAMU MPYXKUHBLL. 3akoH ['yka meiicTBUTENEH,
BOOOILIE TOBOPS, JIUIIb IIPU MAJIBIX OTKJIOHEHUAX (nedhOopManusix) IpyKUHbL
OT HEHArPYXEHHOTO HENTpAaJIbHOTO mojoxenus. [Ipu 3amMeTHBIX medopma-
OUSX OIPYXWHA, B 3aBUCUMOCTY OT MaTepuaJia, U3 KOTOPOTO OHA U3TOTOB-
JIEHA, U BEIMYUHBI NeOpMAalN, MOXKET BECTH Ce0s KaK «MATKASL>, U TOT A,
CWIIa, HATSXKEHUs Oy[eT MEHbIIE, YeM TONIaraeTcs no 3akony L'yka (B ciy-
4ae «XKECTKOU»> IPYXUHBI — HA000poT). 2KEeCTKOCTDb TPYXKUHBEL B TAKOM
CUTYaIuy CTAHOBUTCS QYHKIMEH KOOPAUHATHL, T. €. k = k(r), u ypaBHeHue
OBUXKEHUS IPUHNMAET BUI

(to) (t —to)® +...,

— = —k(r)r, (11)

rae, pasymeercs, k(r) > 0. Hanpuwmep, ecnu k(r) = ko /(1 + |r|), To npyxu-
Ha MArkas. Y paBrHenue (11) HenuueiHoe Tak xke, Kak u (10), HO TOCTATOUHO
OUEBUIHEI 110 KpaliHeil Mepe nsa pasmuuaus Mexny (10) u (11). B oTauaue
T (10), moxHO Bhmucarh (HessHOe) pernenume nis (11) ¢ mByKpaTHBIM
UCIob30BanueM kBanparypsl. Kpome toro, nepenucwisas (11) B Bune

dr &r  dr dr d [ a7

__:__k - _ k/ /d/:__ k/ Idl

muyaE - @t =g dr/ (r)ridr’ == / (r)ridr ),
0 0

yUUTBHIBas, UTO Ji€Bas UYAaCTh HTOrO BhIpaxeHus pasHa mudv/dt =

1 dv?
= — M —— , U UHTErPUPYS €ro 1o t, MoIyIaeM

2 dt

1
Ey+ E; = §m<dr> /k: r' dr' = const > 0. (12)

OTO O3HAYAET KOHCEPBAMUSHOCMb IBUNKEHUS, ONUCEIBAEMOIO MO-
nenbio (11), mim nocToAHCTBO TONHOI SHepruu cucTeMbl. CylecTBOBaHE



§ 4] [IPUMEP UEPAPXUM MOIEJIEA 47

mepBoro uaTerpasa (12) mo3BosiseT yeTaHOBUTH OOIIUI CO CIIy4aeM JINHEH-
HOU cucTeMbl PakKT — KOJe6aTeNbHBIN XapaKTED U3ydaeMOro IBUXKEHUS.
HeticrBurensho, us (12) cnenyer orpannueHHocTs Gyukuuit v(t) = dr/dt
u r(t) upu mobeix ¢ > 0. Pemenue He umeeT mpenesna mpu t — 00, Tak
kak npu v(t = 00) = Vs # 0 5TO mpoTMBOpPEUUNIO 6Bl OrPAHUYEHHOCTH
®yuxumn r(t) npu t — 00, a 0t v(t — 00) = Voo = 0 HEBO3MOXKHO, UTOOHL
r(t = 00) = oo # 0 — Torma u3 (11) cnenoBasia 6bI HEOrPAHUYEHHOCTD
BenuuuHbL v(t) mpu ¢ — 00 (CIIyUall XKe Voo = r'oo = 0 npoTmBopeunT (12)).
Tem caMbiM mapuk kosebnercs. OH HEOrPAHWYEHHOE YUCIO PA3 IPOXONUT
Touky 7 = 0 (B mpOTUBHOM ciiyuae BenuuuHa 7(t) Gblia GbI 3HAKOOIpELE-

JeHHO# BMecTe ¢ yckoperuem d2r/dt? (cm. (11)) m v — oo, t — 00).

5. 3akimouenwme. IIpuBenennbie B 5TOM maparpade DOCTPOEHUS
IEMOHCTPUPYIOT UEPAPXUUECKYIO LEMOUYKY MOMENEel CUCTEMBI IIAPUK—
IPYXKUHAY, [MOJLYYAOUMXCs ONHA U3 APYTOM IPU NOCIENOBATEIHLHOM OT-
Kase OT MPENIOJIOKEHU, UAeAT3UDYIOINX U3y daeMblil 00bekT. B ogHux
CIIy4asx yCIOXKHEHUE He BHOCUT HAYErO HOBOIO B IIOBENEHUE CUCTEMHI (II0-
CTOSIHHAS BHEIIHSISI CUJIA, IAPUK HA [ABYX IPYXKUHAX), B IPYTUX €€ CBOMCT-
Ba MEHSIOTCS CYIIECTBEHHBIM 00pa3oM. IlyTh «OT mpoCTOro K ClIOXHOMY>
aeT BO3MOXKHOCTB [I03TANHO U3y4aTh Bee 6OJIee PeauCTUIHbIE MONEIN U
CPaBHUBATH UX CBOUCTBA.

CyuiecTByeT u APYTOl Iy Th MOCTPOCHUS U U3YUCHUS MOMEIIEH — «OT
00111ero ¥ yacTHoMy>». VI3 pesynbpTaToB JaHHOTO maparpada OueBUIHO: [0~
CTaTOYHO O0Iee yPABHEHUE ABUKEHUS CUCTEMbI IIAPUK—IIPYXKUAHAS 3a-
[ICHIBAETCS B BUME

d*r dr
mﬁ:—k(r,t)r+F<r,t,£), k>0,

roe k u F moryT GbITh pasHOOODa3HBIMU (GYHKIMIMHA CBOMX APryMEH-
ToB. OnEpasch Ha 5Ty OOIIYI0 MONEIb,
MOXHO, IIPOBOLS COOTBETCTBYIOIIHE A
KOHKDETU3AIUY, TIOCIIEIOBATEIBLHO 0
JIy4aTh ¥ U3y4aThb O0Jiee IPOCTHIE MO-
nenu. Hampumep, 3aBucumocts k ot r
u t oTBevaer cienyoweMy nocie (5)
ypaBHeHu1o u ypasHenuio (11), saBu-
cumocTb F' OT 7, t — HAIUYUIO BHEII-
Hell CUIIbI WM CUJIBL MHEPIUY (ypaBHe-
uus (2), (3), (5)), a ot dr/dt — compo-
TuBIeHuO cpensl (ypasrerus (6), (8),
(10)). HanHBIA TOOXON TAKKE LINPOKO
[IPUMEHSETCs, B TOM YUCJIe U IOTOMY,
YUTO MO3BOJIIET Cpa3y YCTAHOBUTH HEKOTODPBIE OOIMe CBOMCTBA OOBEKTA,
KOHKDETU3UPYS ¥ AOHONIHSAS UX B YACTHBIX CUTYALUSIX.

Y

sy

Puc. 14

YIIPAXKHEHNUA

1. IomyuwuTe ypaBHEHUE NBIDKEHUS IIAPUKA HA NPYXUHE, IEPEMEIAIOIerocs no
MIEATIBHON MOBEPXHOCTH ¢ HEMOCTOSHHBIM HAKIIOHOM IIOI HEACTBUEM CHJIBI HATSKCHUS
[IPYKUHEL ¥ CIJIBL TSDKECTH. ¥ paBHeHue nosepxuoctu: y = f(z), y' < 0 (puc. 14).
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2. Ionbepure Bemuuuust ki, k2, m, ro, vg Tak, 4TOOBl B cucTeMe Ha puc. 13
OTCYTCTBOBAJIO COIPUKOCHOBEHNE IIMAPUKA C TOUKAMU KDEIIJICHU.

3. ITomb3ysch IpUeMoM, IPUMEHSBIINMCS TP aHaJIM3e ypaBHeHus (6), mokaxure,
49TO B Cilyuae ypaBHeHUs (8) OBIDKEHME MPOMCXOOUT C 33TyXAHUEM.

4. Bomumnre permenue ypasrenus (9) npu ki < 0 uepes runepGonuaeckue QpyHK-
uuy 1 y6enuTech B TOM, UYTO DELIeHne ypaBHEHUs (8) CTPEMUTCS K HyJIO mpu t — 00.

5. ITome3ysch passnoxenueM B psn Tennopa ¢yHkuuu 7(t) B OKPECTHOCTU TOUKK

t = to, rme mpasas gacTb ypasrenus (10) pasHa Hymo, HajinuTe Bemuauay dor/dt> (to).

§ 5. YHuBepcaJabHOCTh MaTEeMaTUIECKNX MOIEei

PaccmoTpum mpornieccsl KommeOaHui B 00BEKTAaX PA3IUIHON ITPUPOMLI.
IToxaxem, 4TO HECMOTPS HA PA3HYIO CYLIHOCTH OOBEKTOB M COOTBETCTBY-
IOT ONHU M T€ XK€ MAaTEMAaTUIECKNE MOMEIIN.

1. 2Kunxoctb B U-o6pa3zaom cocyme. 2KunkocTh 3aHIMAET YaCTh
cocyna U-o6pa3Hoit GOpMBI, IPEACTABIILIONIETO COO0M U30THYTYIO TPYOKY
pamuyca 1o (puc. 15). Macca xunkoctu My, ee mwioTHOCTL po. CTeHKE
coCyna MIaeaabHO IJIaKNe, IOBEPXHOCTHBIM HATSXKEHIEM IIpeHebperaeTcs,
aTMocdepHoe nasnenue Py u yckopeHre cBOGOTHOTO AOEHUS § TOCTOSIHHEL.

h A Py

27‘0

Po

Puc. 15

B cocTosnuu paBHOBeCUs XKUOKOCTD, OUEBUIHO, IIOKOUTCS, €€ BHICOTA,
B 000UX KOJIEHAX COCYIa OAMHAKOBa. ECnu ee BLIBECTU U3 PABHOBECUS, TO
HAUYHETCS OBUMXKEHVE, XapaKTeP KOTOPOTO YCTAHOBUM C IIOMOIIBIO 3aKOHA,
COXPAHEHUs HHEPTUU, TOCKOJIIBKY B CWIY CHEIAHHBIX MIPENNOJIOXEHUN ee
TOTEPU B CUCTEME OTCYTCTBYIOT.

IToTenunranbHyI0 SHEPTUIO CUCTEMBI BHIUUCIUM depe3 paboTy, KOTO-
Py HEOOXOOUMO COBEPIIUTH, UYTOOBI IEPEMECTUTH €€ U3 COCTOSHUS PaB-
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uoBecus (rme hy = hs) B monoxenue, n3o6paxentoe Ha puc. 15. OHa paBHa
ho

En:—/Pth:— p=lithe

PoSo (hl — h) gdh, h = 2

_ 2
9 S0 = 7Ty,

T—5

>

roe P — Bec TON JacTU XUOKOCTU B JIEBOM KOJIEHE, YPOBEHb KOTOPOI IIpe-
BBIIIAET Benuuuuy hs. PaboTa cui armMochepHOro naBieHns paBHA, HYITO,
TaK KaK [JIsl PA3HBIX KOJIEH COOTBETCTBYIOLIME [I€PEMEILIEHNs] HATPABIIEHEI
B Pa3HBIE CTOPOHHL.

Hewssectusie Benuuunst hy(t) u ho(t) CBA3AHBI OUEBUAHBIM COOTHO-
merneM hy (t) + ha(t) = const > 0, BBIPaXAIOMIMM MOCTOSHCTBO IIOIHON
IUIMHEBL CTOJI0a XUOKOCTH B COCYLE C IIOCTOSHHBIM cedenueM. [loncrasisis
[ocJIenHee PABEHCTBO B BEIpaXKeHUe it Fy, HoiydaeM IOCie HHTErPUPO-
BaHUs

EH = —poSog (—h%(t) + Chz(t) + Cl)

IIpy BLIYMCIICHNY KUHETUYECKON SHEPI MU YITEM IOCTOSHCTBO CEICHUSL
TPYOKM M HECKUMAEMOCTD XKUIKOCTH. DTO O3HAYAET, ITO CTOIO KUIKOCTH
IOBIKETCI KaK LIENoe, U ee CKOPOCTH ¥(t) ONMHAKOBA BO BCEX CEUCHUIX.
IIpumewm 3a v(t) Bemuwuuny dhs(t)/dt, u Torna

dhz
MO )
dt
a 13 3aKOHA COXPAaHEHU SHEPIuun ClenyeT

dhs

2
?> — posog (—h3 4+ Chy + C1).

E(t) = Eo(t) + En(t) = % (

Tak xak dFE/dt = 0, To, nponuddepeHIpoBaB HTO BEIPAKEHUE, [OILy IaeM

d?hs
My —~ gz~ Posog (=2hy +C),
4TO, C YIETOM TAKOTO € COOTHOIICHWs I BeImauHbl hi (t), maet ypas-
HeHue

#h _
2

roe h = (ha — h1)/2 — OTKIIOHEHVE YPOBHS XKUIKOCTHU OT IIOJIOKEHUSI PAB-
woBecusi. OHO, C TOYHOCTBHIO OO ODO3HAUEHWIA, MOIIHOCTHIO COBIALAET C
ypasruenueM (1) § 4 mia cucTeMbl «IIapUK—TIPYXKUHAS (B DAHHOM CITy-
yae aHAJIOTOM IIAPUKA CITyXKAT CTOI0 XKUIKOCTH, & POIb IPYKUHLL UTPAET
TATOTEHHUE).

[TocnenoBaTenbHBIN OTKA3 OT UOCAIN3AINN OOBEKTa maeT Ooee moJl-
uele ero momenu (kak u B § 4). Hanpumep, ydueT CHIIBI IIOBEPXHOCTHOTO
HATSKEHUs, PABHOU 0027Tg  (0p — KO3(DGDUIMEHT MOBEPXHOCTHOTO HATSI-
JKEHUs) U BCEr/Ia HAMPABIIEHHON NPOTUB IBUXKEHUS KUIKOCTU, TPUBOLUT
k ypasreHmo Buna (7) § 4 ms Benuuunst b (cMm. Taxxe yop. 1).

0 —posogh = —mporggh,

4 A. A. Camapckwmit, A. II. Muxaitnos
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2. Kone6aTeabHbIl 3JIEKTPUYECKUA KOHTYP. JTO yCTPOUCTBO
IpencTaBiIseT coO0U KOHIEHCATODP, COENVMHEHHBIN TPOBONAMY C UHIYKTUB-
HON KaTyikoi. B mMoMeHT ¢ = 0 1enb 3aMBIKAETCs, U 3apsn ¢ OOKJIAIOK
KOHIIEHCATOPA HAUXHAET PACIPOCTPAHATHCA 1o Henu (puc. 16).

ConpoTussieHue TPOBOMOB OyIeM CUYUTATH PABHBIM HYIIO, EMKOCTh
KoHmeHcaTopa paBua C', MHOYKTUBHOCTD KATyKu L. s usmensoencs
co BpemeneMm Benmuuusbl ¢(t), roe q(t) — 3apsam Ha OOKIANKAX KOHIEH-
caTopa, HeoOXOMUMO MOy YUTh COOTBETCTBYIOIIee ypaBHeHue. QUueBumIHO,

9To TOK i(t) m Hampsokenwe v(t) TakXKe SBISIOTCS

(PYHKITUSIMU BpEMEHU.

Ilo ¢usuueckomy cmbiciay Benuuueabl C' B JIIO-

i 6Ol MOMEHT BpeMeHu uMeeM paBeHcTBO v(t) = q(t) C

~ (eMKOCTL paBHA BEIMYMHE 3apsAna, KOTOPBIA HeOO-
r XOOUMO MTOMECTUTH Ha, OOKIIAIKVM KOHIEHCATOPA IJIs

L

Q

YBEJIMYEHUs PASHOCTY OTEHIUAIIOB MEX Y HUMU Ha,
eNUHUILY ).
Puc. 16 Tak xax 5JI€KTPUIECKOE COMPOTUBIICHNE B IIEIN
OTCYTCTBYET, TO MAIECHUS HANPSIKEHUS Ha, IPOBONAX
HET, ¥ PA3HOCTh MOTEHINANOB ¥(t), CYIIECTBYIOas Ha KOHIEHCATODE, [0-
aeTCsl HEMOCPENCTBEHHO Ha KATYIIKYy. [Ipy mepeMeHHOM TOKE B KATYIIKe
BO3HUKAET 5JIEKTPONBUKYINAA CUJIA CAMOUHIAYKIUK, paBuas € = —L di/dt.
3axon OMa 17151 nenu B OTCY TCTBUE CONPOTUBIIEHUS BEILILIAUT CIIEIYOIIIM
obpaszom:

v(t) = —&(t),
q(t) C = —e(t) = Ldi/dt.

Tax xak 110 onpenesenuio { = —dq/dt (upu u3MeHeHUU 3apsna HA KOH-
IEHCATODE B LIENMU BO3HUKAET TOK), TO U3 MOCIEMHETO COOTHOLIEHUS Oy~
4aeM ypaBHEHUE

d*q

L W = _Cq,
OIIICBIBAIOLIEE IpoLece Konebauuit BenuduHst ¢(t) (a crnenoBaTensHo, U Be-
smand (1), v(t)) B IPOCTERIIEM K TPUUECKOM KOHTYDE, TOXIECTBEHHOE
(1) § 4. B cucreme «eMKOCTb—UHIYKTUBHOCTEY KOIEOAHUSI IPOUCKXOLT
TaK Xe, KAK U B CUCTEMe «IIAPUK—IIPYKUHAS> (I TaK XKe yCIOKHIIOTCS
COOTBETCTBYIOLIME MOLENIN [IPY yUeTe NOMOIHUTENbHBIX IIPOLECCOB — CM.
yup. 2).

3. Masible KosieGaHUs OPU B3aMMOAENCTBUU ABYX OHOJIOTH-
geckux nomysisnuii. [lycTh Ha OmHON U TOM ke TePPUTOPUY IIPOKUBA-
10T ZiBe GUONOTMYIeCcKye HOMysiuu ¢ unciersoctsMu N (t) u M (t), mpuuem
nepBasi PACTUTENBHOAAHASL, & BTOPas yIOTPEGIIIeT B MUIIy IPENCTABUTE-
Jleil IEPBOM OIS,

Ckopocts nsmenenns N (t) CKIaAbIBaeTCS M3 ONPENENEMOll IO mep-
BOMY 4jieHy B IpaBou yactu dbopmyisr (10) § 1 ckopocTu npupocra Giaro-
naps poxmaeMocTu (5hGheKT HACHIEHNS He yIUTHIBAeTCS; cp. ¢ (12) § 1)
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¥ U3 CKOPOCTH yOBIBaHUS 6i1aromapst COCEACTBY CO BTOPO MOILYJISIIUEH:

ﬂ:(%—ﬁlM)N, (1)
dt
roe a; > 0, f1 > 0, wien $; M N onucbBaeT BLIHYXOEHHOE yOLIBaHUE (€C-
TECTBEHHOU CMEPTHOCTBIO MOMYJIANAN TPeHeOperaem ).

YucneHHOCTh BTOPOR MOMYJIANNEA PACTET TeM ObICTpee, ueM OOJIbIie
YUCIIEHHOCTD IIEPBOY MOMYJISLNUK, & NIPU €€ OTCYTCTBUM YMEHBIIAETCSI CO
CKOPOCTBIO, IPOHOPIUOHAILHON unciaeHHocty M (1) (TeM caMbIM ee pOXK-
IaeMOCTh He YUUTHIBAETCS, KaK U 5DHEKT HACHIIICHNS ):

ﬂ:(—az + B2N) M, (2)
dt
roe as >0, B2 > 0.

OueBunHO, 9TO CUCTEMA HAXOOUTCS B paBHOBecuu pu My = oy /01 u
No = a2/f2, xorma dN/dt = dM /dt = 0. PaccMoTpuM Masible OTKIIOHEHUS
CHCTEMBI OT PABHOBECHBLIX 3HAYEHWH, T. €. MPENCTABUM DPEIICHUE B BUMIE
N =Nyg+n, M =My+m, n << Ng, m K My. lloncrasnsas N u M B
ypasuenus (1), (2), nonydum, 0T6pacHBas YWICHbI 60JIEe BLICOKOTO MOPSIKA,
MAaJIOCTH,

d
d_? = —B1Nom, (3)
d.
d—Ir: = —/BQM()’H,. (4)

HNupdepenmupys (3) mo ¢ ¥ NOACTABISA B IONyYEHHOE yDABHEHUE
odyuxumio dm/dt, onpenensemyio us (4), npuneM K ypaBHEHUIO

d*n
dt?
anajiornyHoMy no ¢opme ypasuernuio (1) § 4. CnemoBaTenbHO, B cucTe-
Me MPOUCXOMST MaJible KOJeOaHuUs YUCIIEHHOCTH C YaCTOTON W = /0 Qa,

3aBUCAIIEN TOJIBKO OT KO3(POUIMEHTOB POXKIAEMOCTN M CMEPTHOCTH (] U
Qs.

= —Qa7102N,

3amerum, yTO BeuuuHa 1M(t) TOMUUHIETCS TAKOMY XK€ yDABHEHUIO,
mprYeM eciim OTKJIoHeHue 7(t) PaBHO HYJII0 B HAYAJbHBIA MOMEHT t = 0,
to m(t = 0) uMeeT MaKCUMAIIbHYIO aMILIUTYLY, 1 HA000pOT (CM. perieHue
ypaBHeHus kosneGauuit (6) § 2). Ora curyamms, korma gucieHHOCTH N(1)
u m(t) HaxomATCA B IPOTUBOGA3E, BOCIPOU3BOMUTCS ISl BCEX MOMEHTOB
t; =4T/4,1=1,2,..., (T — nepuon xone6GaHuUil) u OTPAKAET 3aMA3MbIBA~
HUE PEAKIUM YUCIEHHOCTY ONHOU TOMYJISAIN HA U3MEHEHNE UNCIIEHHOCTH
npyroit (cM. Takxke ymop. 3).

4. TIpocTelimas Mofesib U3MEHEHUs 3apIUlaThl U 3aHATOC-
. PLiHok Tpyna, Ha KOTOPOM B3aMMOOEUCTBYIOT pabOTONATENIN U HaeM-
HBIE pabo4me, XapakTepu3yeTcs 3apmiaToi p(t) u uuciaom 3auaTeix N (t).
IIycTb HA HEM CyIIECTBYET PABHOBECHE, T. €. CATyalus, KOTAa 33 IIaTy
po > 0 cormacusl paborats Ny > 0 uenoeek. Eciu o kakuM-To TpUYnHAM

4*
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5TO PABHOBECUE HAPYIIAETCS (HAIPUMED, MO BO3PACTY YaCTh PAGOTHUKOB
YXOOWUT HA TEHCUIO MO0 y MPENNPUHUMATENECH BO3HUKAIT (DUHAHCOBLIE
TpynuocTn), To dyukimu p(t) u N (t) OTKIOHAIOTCS OT 3HAUYEHUN Pg, No.
Bynmem cunrars, 9TO paboTORATENN U3MEHSIOT 3aPILIATY IPOIOPIAO-
HAJILHO OTKJIOHGHUIO YUCICHHOCTH 3aHATHIX OT PABHOBECHOTO 3HAYECHUS.
Torna
d—p:—al (N—N()), a; > 0.
dt
ITpenmonoXxum, 4TO YUCIIO PAGOTHUKOB YBEIMYUBACTCS WIIA YMEHBIIIA-
€TCs TaKXKe MPOMOPIMOHAIILHO POCTY WJIM YMEHBLIIEHUIO 3aPIIATEl OTHO-
CATEIBHO 3HAYEHUS Po, T. €.

dN

Ezaz(P—POL az > 0.

Huddepentupys mepBoe ypaBHEeHUE TI0 ¢ ¥ UCKITI0YUAS U3 HErO ¢ TOMO-
IIBI0 BTOPOTO YpaBHEHUs BeauduuHy N, IPUXOOUM K CTAHIAPTHON MOIEIIN
KonebaHun

d?(p — po)
di2

3apabOTHOM AT OTHOCUTENBHO IIOJIOXKEHsI PABHOBECUS (AHAJIOTUYIHO U
s Benwuuebl N (t)). W3 nepsoro uaTerpana sToro ypasHeHus.

= - (p— po)

a1 (N — No)? + az (p— po)* = const > 0

BUIHO, YTO B HEKOTOPBIE MOMEHTHI t = t;, 1 = 1,2,..., xorna p = pg (T. e.
3apIIATA CTAHOBUTCS DABHON DABHOBECHOMY 3HaueHuio), umeeM N > Ny,
T. €. YUCJI0 3aHATHIX OOIbIe PABHOBECHOTO, a ipu N = Ny monydaem p >
> pg, T. €. 3apINIaTa MPEBHIIIAET PABHOBECHYIO. B 3Tu MoMeHTHI GOHI
3apabOTHON IIJIATHI, PABHBIA PN , IPEBBIIIAET PABHOBECHOE 3HAUEHUE Py No
(w1 MeHbIIE ero), eciiu IpPHU IOAXONE K MOMEHTY ¢; BBITIOITHEHO P > Do WK
N > Ny (u mao6opor). Ho B cpenuem 3a nepuon konebanuii Benuauna pN
paBHa poNo (ymp. 4).

5. 3aksroueHue. IlocTpoennsle B faHnHOM maparpade MOTEIu B Of-
HUX CJIy4asX OCHOBAHBI HA TOYHO M3BECTHLIX 3akoHax (mm. 1, 2), B mpy-
rux — Ha HabmomaeMblx daxkrax u nubo Ha aHajorusx (m. 3), nubo
Ha IPABIONONOOHBIX IPENCTABIEHUAX O xapakTepe oobekTa (m. 4). Xo-
TS U CYIIHOCTL PACCMATPUBABIINXCS SIBIIEHUH, U IOOXONLI K IOJIYyUEHUIO
OTBEYAIOIINX UM MOIeJIEN COBEPIIEHHO DPA3NUYHBLI, IOCTPOEHHBIE MONENN
OKa3aJIUCh UAEHTUYHBL APYT APYTY. JTO CBUAETEILCTBYET O BaXKHEHIIIeM
CBOMCTBE MATEMATUIECKIX MOIEJIEH — UX YHUBEPCAALHOCTY, — IIIPOKO
HUCIOIb3YEMOM IIPU U3yUeHUN OOBEKTOB CAMOU PA3HOOOPA3HOW IPUPOMBI.

YIIPAXKHEHNRI

1. ITycTs B 3amadye 06 U-06pasHOM cOCyZIe JIeBOe KOJIEHO MMeeT IIeDeMeHHOe Ce-
uenue, T. e. r = ro(h). Ilokaxkure, npuMeHsas BTOPOR 3aKOH HBIOTOHA M IpeAmosaras
OTCYyTCTBUE I‘OpI/I3OHTa,J'H)HOI71 KOMIIOHEHTBI y CKOPOCTHU XKUIAKOCTU, YTO OJISA BEJINYINHBL h,
mostyaaercst ypasHenue suna (11) § 4.
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2. Beoms B LC-xouTyp compoTtusieHure R u ucmonb3ys 3axon Oma, y6emurecs B
TOM, 9TO Momeis kojebanuii B LC R-KOHType aHajnorudHa ypasHenuio (8) § 4.

3. Ceenure Hemuuennyo cucreMy (1), (2) Kk ypaBHEHNIO BTOPOTO MOPSOKA M IOKa-
XKUTE, YTO OHA (KaK U ee JMHEHHBIN aHAJOr (3), (4)) UMeeT mepBHI MHTErPAL.

4. Ions3yscs hopmyioit (6) § 2 nysa o61ero pereHns ypaBHEHU KOIeGaHu, OKa-
XKUTE, ITO CpenHee 3HaueHne HoHna 3apaboTHON miaTsl pN (1. 4) 3a mepuox KoeGaHmit
PaBHO PABHOBECHOMY .

§ 6. Hexoropsie Momesiu IpoCTENIINX HEeJIMHENHBIX 06bEKTOB

O6cynuM IpONCXOXAEHNE HETMHEHHOCTY 1 PACCMOTPUM HEKOTOPHIE €€
[IOCJIEICTBIYS, [IPOSIBIISIOIINECS B MMOBENEHUU U3ydaeMbIX 00beKTOB. [Ipo-
WIIIOCTPUPYEM HEM30eXHOCTH IPUMEHEHUs] YUCIEHHBIX METONOB IJIS UX
aHAIN3a.

1. O mpoucxoxnaeHUn HeJIUHeHHOCTU. Kak yxe OTMEUaioCh B
m. 5 § 1, nuHedHbIE MONEIU MOMUUHSIOTCS MPUHIUINY cyneprosunuu. B
5TOM CJIy4ae, HaXOMs YACTHHIE PEIIECHUs] M CYMMUPYs UX, KaK MPABUIIO,
yIAeTCsA TOCTPOUTH U ObIlee perieHre (TUIMYHBE TPUMEPEl — (HOpMYyIIa
(6) § 2 u popmyna mis obiero pemenus ypasaerus (3) § 4 B Momensax
KOJIeOAHMIA).

Hs1isi HenUHERHBIX MOeNel MPUHIWN CYIEPHIO3UINN HEIPUMEHUM, U
o0I1iee peIeHne MOXHO HAUTHU JIUIIb B penkux citydasx. OToenbHbIe ke
YaCTHBIE DEIIEHNS HEeJINHENHBIX YPABHEHI MOTYT HE OTPAXATh XapaKTeP
noBeneHus 00beKTa B Oojee OOIIEN CUTYALINN.

WcTounukaMu HEMUHEAHOCTU MOTYT OBITH MHOTHE NpuumHbl. DyHIa-
MEHTAJIbHBIE 3aKOHEI IIPUPOILI — 3aKOH TAroTeHus u 3akoH Kymona — u3-
HAYAJILHO HEJIMHENHE! (KBAAPATUIHAS 3aBUCUMOCTD CAJIBI B3aXMOIENCTBYSI
MeXIy MaCCAMU WJIM 3aPANaMu), U TOTOMY OCHOBAHHBLIE HA HUX MOIEIN,
BOOOIIIE TOBOPsI, TakXke HelmHenHbl. CBOM BKIIA B HEIMHEHHOCTH MOMEJe
BHOCAT GoJiee CII0XKHas reoMeTpus seieHus (cM. yop. 1 § 4 u yop. 1 § 5),
pasiuYHbIE BHEIIHME Bo3nencTsust (cM. ypasaerue (10) § 4) u, koHeuHO Xe,
“3MEHEHNEe XapaKTepa B3aUMOIEUCTBUS B CAMOM OOBEKTE NMPU M3MEHEHUN
ero coctosaus (5hGHEKT HACHIIEHUS B MOMEJISX IMOILYJIAIUA, MEHSIOIIAICS
KECTKOCTD IIPYKUHBI).

B cymuocTH, peanbHBIM SBIIEHUSIM OTBEYAIOT TOIBLKO HEJIMHEHHBIE MO-
IEJN, 3 JUHENHBIE CIPABEIJINBLI JIAIIL IPU ONUCAHUYN HE3HAUUTEILHBIX
W3MEHEHUN BEJINYMH, XaPAKTEPUIYIOITNX OOBEKT.

2. Tpu pexumma B HEJIMHEMHON MOEJIN MOIyaanuu. B oTnuaue
ot monenu Manbryca (10) § 1 u monenu (12) § 1 koshdunuenT poxnae-
MOCTH Oy[IEM CYMTATH 3aBUCAIIAM OT YUCIeHHOCTU nomyisaiun N (t), T. e.
a = a(N). Kosddunuent cmepraocTE 3 Takxke 3apucut oT N. YpasHeHue
OUHAMUAKYA Oy IS

dN

dt
HEJIMHEWHO O1arogaps U3MEHEHNO XapaKTEPUCTUK B3aUMONENCTBUS BHY T-
PY IOIYJISINY IPU U3MEHEHUN €€ COCTOSHUS.

TMonoxum misa onpenenennoctu B(N) = [y = const, a(N) = agN,
T. €. POXOTAaCMOCTDb IIPOIOPIMNOHAJIbHA YMCIICHHOCTH (HaHpHMep, HOTOMy

= (a(N) = B(N)) N (1)
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YTO WIIEHBI MOMYJLANNY 3aNHTEPEcOBaHbl B ee pocte). Torga ypasuenue (1)
npeobpa3yeTcs K BULY
N _ agN? — BN (2)
dt
C KBaAPATUYHON HEJIMHENHOCTBIO (XapaK TePHON TaKKe [[JIs HEKOTOPBIX XU~
Muueckux peakuuit). Paccmorpum nosenenue ¢yukiuu N (t) npu pasnug-
HEBEIX HauaiabHbIX uucnersoctsx N(0) = Ny (puc. 17).

a) IIpu Ny < Nyp = o/ IUCIEHHOCTE MOHOTOHHO YMEHBIIAETCS CO
BpPEMEHEM, CTPEMSICh K HyJTio ipu t — 00. Perrienne naercs popmynoir, amna-
JIOruyHOU (opMyse niis pernenus ypasrernus (12) § 1, roe ¢ 3amensercs Ha
—t (obpaTHas IOruCTUYECKAs KPUBas; Cp. ¢ puc. 7, § 1).

6) IIpu xpurmaeckom suatsennn No = Nyp IUCIEHHOCTD MOILYJIALNAYN HE
3aBUCUT OT BPEMEHU.

B) Ilpu Ny > Ny, xapaxTep peIleHUs IPUHIUINAILHO U3MEHSIETCS
[0 CPABHEHUIO CO CIyuasMu a) U 6): YUCIEHHOCTH PACTET CO BPEMEHEM,
IpUYeM HACTOJIBLKO OBICTPO, 9YTO 00paIaeTcs B 6ECKOHETHOCTD 33 KOHETHOE
BpeMst t = ty. Bennuuna ¢ty TeMm Menblie, ueM Gombite Ny (cM. ymp. 1).

N(t)A

Noy

Noo
Nos
E I e S 160/010

0 iy tf, tfs t
Puc. 17

HenuueitnocTs ypaBuenus (2) nopoxnaet Gonbiunoe pasHoobpasue sd-
(HEKTOB, CONEPKAIMXCA HAXKE B MPOCTENINe MONEIN: TPU BO3ZMOXKHBIX
PEXUMA U3MEHEHUs YUCIIEHHOCTU CO BPEMEHEM; HeyCTOMYMBOCTD PEXUMA,
6) — IpU MAJBIX OTKJIOHEHUSIX B OONIACTH @) WM B) DEIUEHUE yLAJseT-
cst ot ymuHuN Ny, = [o/Qo; CWIBHYIO 1yBCTBUTENLHOCTE (yHkunu N (1) k
HAYAJILHLIM TAHHLIM Ng; HAKOHEIl, KATACTPODOMUIECKHI POCT YUCIIEHHOCTH
MOMYJIAIMY 38 KOHeuHOe BpeMs npu Ny > Nyp.

3aMeTuM, 9TO MOCJENHEe CBOUCTBO HE YaCTHBIA PE3YIIbTAT, & UMEET
MeCTO IJIs JII0OBIX MOZesell Buna

dN

E:F(N)’ t>0, N(0)>0, F(N)>0,
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eciu ipu Gosbiiux N dyukuus F'(N) pacrer GbicTpee nepsoit creneau N,
Tounee, ecnu 1y F'(N) cnpaBemyius kpurepuin

[e )

AN
F(N)

< 00,
N(0)

TIOJTIY JAIOIIANCS HETIOCPENCTBEHHBIM UHTET PUPOBAHNEM YPABHEHUS.
3. BausaHue cUIbHON HEJINMHENHOCTH Ha IpoIlecc KoJjieGaHmiA.
YpaBuenue koebaHu

moy = —k(r)r, 3)

roe dyskuus k(r) > 0 OMUCHIBAET XKECTKOCTD IPYXKUHBL, — OIHO U3 OTHO-
CUTEIBHO HEMHOI X HEJINHENHBIX ypaBHeHI/II\/’I7 OJIsI KOTOPOTO MOXKHO BBIITN-
caTh obuiee pernenue. Beons Benumuuny ckopoctu v = dr/dt, mepenuiiem
(3) B BULZE

dv dr
m 7 (r)r, o v;

Iess IEPBOE M3 3TUX YPABHEHUN HA BTOPOE, MOJIYINM HEJIMHENHOE ypaBHE-
HUE TIEPBOTO IOPSIIKA

dv _ k(r)r

Pasnensas B (4) nepemenusie:

mudv = —k(r) rdr,
7 OBAaXKIBI MHTETPUPYS MOCIENHEEe YPABHEHNE, HAXOMUM

2 '
v = (%) = —Q/k'(r') ' dr' + C, E(r) = @ ,
0

+ C—2/k’(r’)r’dr’,

0

dr _
dt

—1
t:i/df C—Q/k:’(r’)r’dr’ Lo, (5)
0 0

IZie B HESIBHO BBIMUCAHHOM 001ieM pertennu (5) koHcTanTsl C, C) MOXHO
OIPENeNuTh, 3Has HaUaJbHEE NaHHBIE.

3ameTuM, 4TO HaHHAS MPOLELYPa IO OTHOIIEHNIO K YDABHEHNUAM BUAA,
(10) § 4 HempuMenuMa (IEPEMEHHEBIE HE PA3NEIAIOTCS), U HANTH WX obtiee
PELLEHNEe 9TUM CIOCOOOM YK€ HEIIb3sI.
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B numeinnom ciyuae (k(r) = ko) uHTerpaibHbIE KPUBHIE yDABHEHUS
(4) mpencraBsoT OG0 KOHIIEHTPUIECKME KPYTH C IEHTPOM B HAUAJIE KO-
OPAMHAT, PAIIYC KOTOPBIX ONPENENIIETCA HAUAIBLHON SHEPTI Uil CUCTEMBL 1
IBUXEHUES TI0 KOTOPHIM OIUCHIBAET MEPUONNICCKUI BO BDEMEHH IIPOIECC
kosebanuit (puc. 18).

PaccMoTpuM Teneps CHIIbHO HEIIMHENHY IO CUCTEMY, B KOTOPOU Py K1~
Ha BemeT cebs Kak «CBepxXMaArKasy, mampumep, k(r) = 1/(r? + a), a > 0.
B npenensuom cnyuae o = 0 ypaBHenue (4) npuHuMaeT BUL

dv 1

m-—=——
dr ur’

7 €ro peleHre IPUHIUNNAIBLHO OTInIaeTcs oT pemterns (4) (cm. puc. 19)
TeM, UTO YHEPTUs He COXPAHIETCs U, 60jiee TOrO, HEOIPAHMYEHHO PACTET

AY AY

Puc. 18 Puc. 19

npu r — £0. IIpu ocnabieHnu HEeIUHERHOCTHU IPOIECC KOonebaHu mpuob-
peraeT OOBIUHBIA XapakTep (ymp. 2).

4. O yncieHHBIX MeTOoHaX. PaccMOTpeHHEbIE 31eCh IPUMEDHL OCTa-
TOYHO yOeOUTENbHO CBUAETENLCTBYIOT O HEN30EXKHOCTY IIPUMEHEHUS TUC-
JIEHHBIX METOMOB IJISI MOIEIMPOBAHMS HEJIMHEVHBIX OOBEKTOB U3-32a SBHOMN
HEOCTATOYHOCTH UUCTO TEOPETUUECKUX ITOAXONOB U CJIOXKHOTO, PA3HOOD-
Pa3HOTO IOBENEHUS XaPAKTEPUBYIOIINX 3TU OOBEKTH BennunH. Brpouem,
5TOT BBIBO, CHIPABENJIUB M I JIMHEWHBIX MOIEJIeN, comepxammx O0omb-
1I0€ YMCJIO HEU3BECTHBLIX BEIWMYNH, HE3ABUCUMBIX II€DEMEHHBIX, IIapaMeT-
POB ¥ MMEIOIINX CJIOXHYIO IPOCTPAHCTBEHHYIO CTPYKTYpy. Hist mocTpo-
€HUsI COOTBETCTBYIOIINX YKUCIIEHHBIX MOJIEJIEN IITUPOKO MCIOIb3YIOTCSI Me-
TOOBI, IOOXOOBLI M NIPUEMBI, pa3pabaThIBaeMble IIPDU CO3NAHUU KCXONHBIX
MOZeNel, 1 BO3HUKAIOT CBOU crenuduieckue TpobieMbl, TpeOyolme Tiry-
OOKOTO U3yUeHUS.

IMosicuum mocnentee yTBepx)aeHue IpocTHIM mpumMepoM. s ypaBue-

mus (10) § 1
dN

E:(a—ﬁ)N:W’N: t>0, N(0)= No,
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roe mia onpenenesroct (o — () > 0, BOOJIHE JIOTUYHO NPEIJIOKUTH CIIe-
OYOIIYI0 YUCICHHYI0 cxeMmy (pa3buB OChb § HA PABHBIE OTPE3KU BEJIMYMHBL
T=1ti41—1;, 1=0,1,2,...; tp = 0 1 3aMeHNB IPOU3BONHYIO HA KOHEUHYIO
Pa3HOCTD):

Niy1 — N;
T

:rle’ Z:07177 N(to):NO (6)

W3 (6) momyuaem
N = (T’Y + ].) N;,
9TO OaeT MJId €ro pelieHusd

Ny = (1 + 1) No, Ny = (1 + 77)* No,

Ni=1+7y) No = (1+779)" Ny,

T. €. pu ¢ — 00 perenue (6) MOXKET OTIMYIATHCS OT UCKOMOTO CKOJIb YTOI-
HO cuiibHO. ClienoBaTeNbHO, AITS Oy YeHU s Hy )KHOM TOYHOCTU HEOOXOAUMO
IOIKHBIM 06PA30M BLIOMPATD IIAT T B 3aBUCUMOCTHU OT BEJIMUUHEL OTPE3Ka,
uaTerpuposanus 1" (ymp. 3).

YIIPAXKHEHNRI

1. ITonb3ysch 3aMEHOI, IPUMEHEHHOM Npu aHaiuu3e ypasHeHus (8) § 4, Haitmure
pemenve ypasHenus (2) npu No > Nyp U BEIUUC/INTE BEJIMIUHY ty uepes No, ao, Bo-

2. Haitnute orpannuenue Ha poct ¢ymkuuu k(r) — oo, 7 — 0 B ypaBHeHun (3),
NIpY BBIIOJHEHWM KOTOPOTO CHCTEMA <IIAapPUK—IIPYXMUHA®> ObLTa OB KOHCEPBATUBHOIM,
T. €. COXPaHIANIACh OB €e IOJIHAs YHEePTU.

3. Ucnonw3ys mpencTaBiieHUe YNMCIIa € B BUOE COOTBETCTBYIOIIETO IIPenesIa, IOoKa-
XWUTe, YTO I 3aaHHBIX BeqwuuH v, No, T pemenne ypasHenus (6) cTpeMUTCS mpu
7 — 0 K pelIeHuIo NCXOTHON 3aIaYu.

B saxmroueHue, OCHOBLIBAsICh HA MATEPUAIIE TAHHOU T'IABHI, BELOEIINM
pPAn TeM, SABJISIOUIMXCS KIIIOUEeBBIMU NI PA3BUTHUSA U IIPUMEHEHUS METO-
IOJIOTUU MATEMATUIECKOTO MOOEIUpOBaHUs. K HUM OTHOCATCS: BOIPO-
CBI UEAJIN3AINY UCXOTHOTO 00BbeKTa M (POPMYIUPOBKA COOTBETCTBYIOIINX
MIPETIONOXEHWI; IPUMEHEHNE KaK CTPOrUX mporenyp (pyHmaMeHTalbHbIe
3aKOHBI, BADUALMOHHbLIE NPUHIWILI), TAK ¥ METONA AHAJIOTUN U OPYTUX
MONXOIOB K TIOCTPOEHUIO MATEMATUYECKUX MOZENel (B TOM Yucie u TPyI-
HODOPMAJIN3YEMBIX ); METONBI KAUECTBEHHOIO UCCIIENOBAHWS HEIMHEAHBIX
Mopenen; noctTpoerue 3PpGhEeKTUBHBEIX BEUNCIATEILHBIX aJITOPUTMOB, Dea-
JI3YIOIIUX MOMIEINN. D TU BONPOCHI, HAPSIAY C OMUCAHUEM HEKOTOPHBIX aKTY-
AJIBbHBIX MTPUIIOXEHUN, COCTABJIISIOT OCHOBHOE CONEPKAHUE ITOCIIENYIOITNX
TJIaB.

Bubnuorpadus k raase I: [7, 16, 25, 40, 47, 57, 60, 66, 73, 76-79, 81,
83, 84].



FTABA II

IIOJIYYEHUE MOJIEJIEN
N3 ®YHIAMEHTAJIbBHBIX 3AKOHOB IIPUPOIBLI

§ 1. CoxpaneHue Macchl BelllecTBa

Ha ocuoBe cocraBmenus 6ajaHca MacChl BEIIECTBA U HEKOTOPHIX IO-
TIOJTHUTENBHBIX COOOPaXKEeHNN IOCTPOMM MONEX MTOTOKA HEB3aUMOIENCT-
BYIOIIIIX YACTUIl ¥ ABUXKEHWS TPYHTOBBIX BOM B nopucToi cpene. Omuiem
PsOo CBOMCTB IOJIYUEHHBIX MOHenedl um oOCynuM UX BO3MOXKHBIE 0000IIIe-
HUS.

1. IloTok wacTtuir B Tpyb6e. B nunummpuueckoit Tpybe ¢ mo-
nepeunbiM ceueHueM S (puc. 20) OBUXKYTCS YACTUIBL BEIIECTBa, (MbI-
JHKY, 57eKTPoHbL ). CKOPOCTH nX NBU-
xenus u(t) > 0 Bmoms ocu z, BOOD-
1€ TOBOPSI, M3MEHSETCSI CO BPEMEHEM.
Hanpuwmep, 3apsixeHHBIE YaCTUIBI MO-
TYT YCKOPSTBHCS WM 3aMeIJISITHCS IO,
IENCTBUEM 3JIEKTPUIecKoro mosts. s
TIOCTPOEHUST TPOCTENIIEN MONENIU pac-
CMaTPUBAEMOTO IBVKEHUS BBENEM CIIEAYIOIINE IIPENTIONOXKEHNS:

a) 4aCcTULBL MEXAY COOOI He B3aUMONENCTBYIOT (HE CTAIKUBAIOTCS, HE
MPUTATUBAIOTCA U T. I.). I 5TOr0, 04eBUIHO, MIIOTHOCTE YACTUIL MOIIKHA,
OLITH HOCTATOYHO MAJIOH (B 9TOM Cllydae 3apsKEHHBIE YACTUIBL HE TOJIb-
KO He CTAJIKWBAIOTCS, HO M HE OKA3bIBAIOT OPYT HAa ODPYyra BIUSHUSI WU3-32
GOIBIIIOTO PACCTOAHMS MEXKIYy HUMMU);

6) HAUAIILHAS CKOPOCTD BCEX YACTUI], HAXOMAIIUXCS B OIHOM U TOM XK€
MIONIEPEYHOM CEUYEHUU C KOODAWHATON I, ONWHAKOBA U HAIIPABIIEHA BIOJb
OCH Z;

B) HAUAJIIbHAS INIOTHOCTH YACTUIl TAKKE 3ABUCUT TOJIBKO OT KOODIU-
HATHI T;

I') BHEIIHWE CUJIBI, AEMCTBYIOIIUE HA YACTUILI, HANPABIEHLI BIOJb
ocH .

IIpennonoxenue a) 03HAYALT, YTO CKOPOCTH YACTUL] MOKET U3MEHITh-
Cs1 JIUILB TOJ NEACTBUEM BHEITHAX CUJI, IPETIONOKeHYs 6)-T) obecreunBa-
0T OOHOMEPHOCTH IIPOIIECCA NEPEHOCA, T. €. 3aBUCHMOCTH MCKOMOM IIJIOT-
HOCTY IOTOKA YACTHUIl TOJIIBKO OT KOOPAWHATHL & U BpeMeHu ¢ > 0.

Wrak, mo 3amannoil HaganbHoi noTHOCTH p(2,t = 0) = po(x) HEOO-
XONUMO HAWTHU IJIOTHOCTH 4acTull p(Z,t) B 060 MOMEHT BPEMEHU IJIs

Puc. 20
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mo6bIx  (ckopocTh nBuxkenus u(t) 3amana). [lpuberueM x 3aKOHY cOxpa-
HEHUS MACCHI, TIOACYNTAB OAJIAHC BEIIECTBA B

MaJjioM 3jieMeHTe TPyObl OT T mO « + dx 3a z ¢+ de

Bpems di (puc. 21). CrneBa B 35eMeHTAPHBLA
00BbEM BXOAUT KOIMYECTBO BEIIECTBA C MAaC-
COM, paBHOU

Su(t) dt p(z,t + £dt), 0<éL,

roe Su(t) dt — oObeM BOLIEAIIEro 3a IpoMe-
XYTOK BpeMmeHu dt BeriecTBa. Uepes mpaBoe
CeveHne HIIEMEHTA, 33 TO XK€ BPEMsI BBIXOAUT MAacca, PaBHAS

—Su(t) dt p(x + dz,t + £ dt), 0<EL,

Puc. 21

T. €. CyMMAapHOE U3MEHEHNE MACCHl PABHO
dm = Su(t) (p(z,t + £dt) — p(z + dz, t + Edt)) dt.

B cuny manoctu npomexyTka dt ckopocTs u(t) cumTaeTcs HoCTOSHHON. Be-

smavnst p(z,t + € dt) u p(z + dz, t + £ dt) — cpenuue o BpeMeH 3HAYEHU S
IJIOTHOCTHU B CEUEHUSX T U T + dx.

Hpyroit cnocob nozgcueTa usMeHeHU B GUKCUPOBAHHOM oOBbeme S dx
OYEBUMIEH U3 CMBICIIA BeIUdIuHbL p(,1):

dm = Sdz (p(z +ndz,t + dt) — p(z + 7dz, 1)), 0<nn<l,

roe p(x + ndz,t + dt) u p(z + fjdr,t) — cpenHue MO MPOCTPAHCTBY 3HA-
YEeHUS IIIOTHOCTY B MOMEHTHI t u t + dt.

IIpupaBuuBas 06a TMONIyUYEHHBIE OIS dIM BBIPAXKEHUS U YCTPEMIIsT dr
u di ¥ Hyi0, IPUXONUM K YDABHEHWIO st p(z,t), OTBEYAIOIIEMY 3aKOHY
COXPAHEHUs MaCCHI,

9  Op .\ _
§+8_wu(t)70’ —o <z <o, t>0, (1)

C HAYAJILHBIM yCJIOBAEM
p(z,0) = po(z), —00 <z < 0. (2)

Benuuuna pu (nomox sewecmea, Wiv nomMox MACCbl) PABHA KO-
YEeCTBY BeEIIECTBA, IPOXOOLAIIIEMY B €OUMHUINY BPEMEHU YepPE3 COVHUYIHYIO
MOBEPXHOCTD momepednoro cedenus Tpybel. Kak sumuo u3 (1), ckopocTs
U3MEHEHUs IUIOTHOCTY BEIIECTBA CO BPEMEHEM B JIIOOOM CEYEHWH OIpe-
TIENISIETCS «CKOPOCTBIO®» M3MEHEHMs MOTOKA BEIECTBA 0 KOOPIUHATE L.
CXO)KHM CBOMCTBOM OGHaﬂa.IOT MHOIr'u€ MOOEJ/Ir, OTBEYAIOIIIIE 3aKOHAM CO-
XPaHEHUA U ONMUCBIBAIOIINE COBCEM OPYrue ImpouecChl.

B ciyuae mocrosiHHOM ckopocTH 4(t) = to IPUXOMUM K IPOCTEUIIEMY
ﬂMHeﬁHOMy YPaBHEHUIO B YaCTHBIX IIPOU3BOOHBIX

op op

E—i—u()%_(), —co <z <oo, t>0. (3)
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Ero ofrmee pemenme HETPYAHO HAWTW, NPUHSAB BO BHUMAHWE, UTO
ypaBHeHue (3) wMeeT XapakTepucTuku — JuHEE % = uot + C, Ha
KOTOPBIX 3HAYEHUS MCKOMOW (DYHKIMM MOCTOSHHBEI BO BPEMEHH, T. €.
p(x = upt + C,t) = p., Win, B SKBUBAJICHTHOU 3aIIUCH,

p(x,t) = p(x + uo (t — to), to), t—1t > 0.
Bribupas tg = 0, monyuum

p(z;t) = p(§) = p(z + uot). (4)

Wurerpan (4) u sBnsercs obumM peuenueM ypasraerus (3). U3 op-
Myl (4) ¥ HAYAIBHBIX DAHHBIX (2) JIErKO HAMTYU UCKOMYIO GOYHKIUIO, TP~
YeM OHA 3aBUCUT HE [0 OTHEIBHOCTY OT MIEPEMEHHEIX T, T, 8 OT UX KOMOUHA-
mnu £ = z + ugt (Oeeywagt 604-
#a). IIpocTpaHCTBEHHBIN IIPO-
dune mimoTHOCTH 6€3 MCKaXxKe-

HU EPEHOCUTCS BIOJb MOTOKA,

(puc. 22) ¢ TOCTOSHHON CKOPOC-

t t2 Te10 (ypaBHeHue (3) Ha3bIBa-

0T TaKXe YPaAGHEHUEM NePeHo-

ca). O TO OCHOBHOE CBOICTBO pe-

0 o1 7> uieHus ypaBHeHus (3) HEeCKOIb-

KO MOmmuIupyeTcs B Ciydae,

KOTZIa CKOPOCTb YaCTUIl 3aBU-

cuT oT BpeMmeHu (CM. yup. 1) — npoduik IWIOTHOCTY MEPEHOCUTCS 38, PAB-

HBIE TIPOMEXYTKV BDEMEHU Ha, PA3HBIE PACCTOSHUA. FCm ke 10 KaKuM-TO

IPUYMHAM CKOPOCTD MMOTOKA 3aBUCUT OT WIOTHOCTH (1 = u(p)), TO ypaBHE-

uue (1) CTaHOBUTCS HEJIMHENHBIM, U [IOBEIEHNE €10 PEIEHNs MOXET UMETh
KaueCTBEHHO MHOU xapakTep (cMm. m. 7 § 4).

2. OcHOBHBIE MIPEIIOJIOXKEHNS O TPAaBUTAIIOHHOM peXIMe Te-
4YeHMUs IPYHTOBBLIX BoA. IlopucTas cpena mIpeacTaBiseT COO0M MTacT BO-
MOTIPOHUIIAEMOTO MaTepuasa (IeCOK, TIINHA), OTPAHUIEHHOTO CHU3Y TDYH-
TOM, He TIPOMYCKAKUMM BOAY (TPAHUT), a CBEPXY — MOBEPXHOCTBIO 36M-
s (puc. 23). Ecnu u3-3a MHTEHCHBHON PAGOTHI APTE3UAHCKUX CKBAKWUH
WV B PE3YJbTATE OOUIIBHBIX OCAIKOB yPOBEHb BOABL B KAKOM-JINOO MECTE
CII0SL U3MEHSIETCS, TO MO AEHCTBUEM CUIIBI TSKECTU HAUNHACTCS [BUKCHIE
KUAKOCTHU, BEIPABHUBAIOIIEE €€ CBODOOMHYIO MOBEPXHOCTh.

st omucaHus 5TOTO MPOIECCa BBEAEM MPEXKIE BCETO PSI MPENIIOIO-
KEHUH:

1) Boma paccMaTpUBAETCS KaK HECKUMAECMAS KUIKOCTH C IIOCTOSHHON
IJIOTHOCTBIO p;

2) TOJIIKHA TIACTA MHOTO MEHBIIE €0 MIUPUHBL U [JINHEL;

3) MOmCTMIIAIONIAA TIOBEPXHOCTHL HE MMEET PA3PLIBOB U U3JIOMOB, 3a-
naoras ee uspectHas Gyuxmus H(z,y) — moCcTaToYHO riankas GyHKIus
CBOKMX apTyMEHTOB;

4) cBoGomHAs IOBEPXHOCTH BOMbL b = h(x,y, ) NIaBHO MEHAETCS C U3-
MEHEHUEM KOODIWHAT &, Y;

5) rPYHTOBEIE BOIBI HATMIE HE BHIXONSAT HA TIOBEPXHOCTH 3EMJIN, TIPUUEM
Ha CBOOOMHOW MTOBEPXHOCTU XKUIKOCTH HABIIEHNE IIOCTOSHHO;

plx,t
(=04 xo — 1 = ug (t2 — t1)

Puc. 22
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6) CPYHT ONHODOIEH, T. €. ero MU3UKO-MEXAHUUECKUE CBOUCTBA HE 3a-
BUCAT OT apPUYMEHTOB I, Y, 2.

ITepBoe mpenmomnoxeHwe BIOJIHE €CTECTBEHHO, ITOCKOJIBKY B PACCMAaT-
PUBAEMOM IIPOIlECCE HE MOTYT IOCTUTATHCS HABIIEHUS, CIIOCOOHBIE 3aMeT-
HO U3MEHIATH IINIOTHOCTH BOIBI. OCTB,J'[BHBIG NIPEenInoJIOKECHNA YIIPOIITAI0-
uwe. Hanpumep, Bropoe npennonoxenue (TOHKUN ILIACT) O3HAYAELT, UTO
TE€UEHUEC XUOKOCTU NOBYMEPDHOE M BCE €Ir0 XapPaKTEPUCTUKU HE 3aBUCAT
OT KOOpOMHATHI 2z, IOCHIEeOHME OBa IIPEOIIOJIOKEHUS IIO3BOJIAIOT IIOCTPO-
UTH MOMEINb, eNUHOOOPA3HYI0 BO BCEX TOYKAX CPYHTA, X T. O. BMmecTe ¢
TeM Ipennonoxenus 1)—6) OTHIONL He BLIXOIAIIUBAIOT CYTH MPOLECCA,
TaK KaK OHM BBIIIOJHSIOTCS B OOJBIIIOM KOJMYECTBE peaJIbHBIX CUTYa-
oM.

HOBer HOCTBH 3€MJIN

3a6op Bombl

) x

) Lpamur 7
Puc. 23

3. BanaHc macchl B jieMeHTe IpyHTa. BrelmeauMm B miiacTe siie-
MEHTapHEBIN 00beM, 00PA3YIOUINNCS B PE3YIbTATE IEPECEUCHNS BEPTUKAIb-
wout mpusmbl ABC' D noncTumatoiei u cBOGOMHON TIOBEPXHOCTAMU TPYHTA.
ITockonbky pasmepnl npusmel dxr u dy Maisel, a dyukuuu H u h roamgkue
(upenmosnoxenus 3), 4)), TO MOy YMBINEECS TEJIO C XOPOLIEH CTEIEHBIO TOU-
HOCTY MOXHO CUMTATh HapajuiesienunenoM. Beemem Hems3BecTHEIE QyHKITAN
v =v(z,y,t) u u =u(z,y,t) — COCTABIIOIIAE CKOPOCTH KUIKOCTY BIOJb
oceit z, y (puc. 24).

IToncumraeM KoIMUIECTBA KUOKOCTH, BXOMAIIEH B IapaJlIICJICIIATIEN 1
BBIXOISIIIIEH U3 HErO 33 IIPOMEXYTOK BpeMeHu dt.

UYepes rpaup DC B sieMeHT IPYyHTA BXOLUT MAcCa BOALI, PABHAs 065~
eMy IpOIIeAIel yepes Hee XKUAKOCTHU, YMHOXKEHHOMY Ha INIOTHOCTD p, T. €.
BEJINYUMHA,

pu (H + h) dy dt,
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a uepes rpaHb AB BEIXOOUT Macca BOLLI

pu (H + h) dy dt + {% [pu (H + h)]dw} dy dt.

B sTOM BEIpaXXeHUU IO CPABHEHUIO C MPEOBIAYIINM TOOABISETCS UIIEH, OIN-
ceiBarornuii npupartenue Gyukuuu pu (H + h) npu nepexone oT miIockocTu

z

A

Puc. 24

z x miockocTu % + dz. CaMa xe BeruauHa pu (H + h), kak u B 1. 1, nmeer
CMBICII [IOTOKA MACCHL (BELLeCTBa).

Wrak, npu ABUXEHUN XUOKOCTY BIONb OCH & B BIIEMEHTE TPYHTA Ha-
KaIlINBAETCS MacCa

0
~ % [pu (H + h)] dz dy dt.

IIpoBoms amasmornunsie paccyxaenus s rpanein AD u BC, momyua-
€M U3MEHEHUE MAaCCHI BOMNBI 33 CUET €€ NBUKEHUS BIOIL OCH ¥:

0
~ 3 [pv (H + h)] dz dy dt.

ITockonbky BOOSIE OCKH 2 B BJIEMEHT TPYHTA XKUOKOCTH HE BTEKAET U HE
BBEITEKAET U3 HErO (CHU3Y — MONCTUJIAIOMIMA ILIACT, & Yepe3 CBOGOMHYIO
MOBEPXHOCTD HET MOTOKA BEIIECTBA), TO CyMMAPHOE U3MEHEHUE MACCHL BO-
OBI B BJIEMEHTE TPYHTA PABHO

oz

Ob111ee KOIUIECTBO KUAKOCTH B IAPAJIIENIEIINIIENe PABHO ero 00beMy,
YMHOXEHHOMY Ha INIOTHOCTH p U HA K0d3dduuueHT nopucrtoctr m < 1 (Tak
KaK J4aCTh OOBEMa 3aHATA TPYHTOM):

mp (H + h) dz dy.

W3meneHre Macchl BOOEI B 3JIEMEHTE 33 BpeMs dt, OYEeBUIHO, PABHO

{% [pm (H + h)] dz dy} dt.

—{i[pu (H+h)] + aa—y[pv (H+h)]}d$dydt. (5)
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YunruBast, uto 0H/0t =0, Jdp/0t = 0, u3 mOCNEnHETO BEIPAKEHUS
oLy 9aeM

mp g—lz dz dy dt (6)

u, npupasHuBas (5) x (6), IpUXONUM K YPABHERUIO HEPA3PLIGHOCTUY, BHI-
PaXaroIMeMy 3aKOH COXPAHEHUS MACChI B PACCMATPUBAEMOM MPOIECCe:

oh 0 0

B ypaBuenuu (7) CKOPOCTb M3MEHEHUS PACCMATDPUBACMON BEIMUMHBL
(B mamHOM Cilyuae MacCHI) CO BPEMEHEM ONPENENseTCs AUBEPreHIuel mo-
TOKa HTOU BEJIMYUHBI — CBOUCTBO, XapaKTEPHOE MJII MHOTUX MOZIEJIEN, O-
JIy4aeMbIX U3 3aKOHOB cOoXpaHenus (cp. ¢ ypasuenuem (1)).

C yuerom Toro, uro dp/dx =0, Odp/dy = 0, ypasuenue (7) nepenu-
CBIBaeTcCs B O0Jiee IpOCTOR hopMe:

ma—h:—i[u(H+h)—i[v(H+h)]. (8)
ot oz oy

4. 3aMbIKaHMe 3aKOHA COXPaHEHWs Macchbl. YpasHeHue (8) co-
IEPXKUT TPU HEU3BECTHBLIX BEIUUMHBL — A, u, v. ClenoBaTensHO, 0y 3a-
MBIKAQHUS MOIENN HEeOOXONMMO TIPUBIEUb KAKUE-TO MNOMOIHUTEILHEIE CO-
obpaxkeHus: O XapakTepe mporecca. VX maeT momysSMOUpUYECKUd 3aKO0H
Iapcu

Ip Ip
UZ—N8—> V=—pa, 9)

x Jy
rae p(z,y, z,t) — maBIeHue B XUAOKOCTH, 4 > 0 — xosdduimenT, onpemne-
JgeMbIil cBOMCTBaMu rpyHTa. CormacHo 3akoHy Ilapcu KOMIIOHEHTHI CKO-
POCTH TEYEHUS XUIKOCTY MPOMOPIUOHAIBLHEl COOTBETCTBYIOIIAM KOMIIO-
HEHTAM TPANUCHTa MABJICHUSA. 3aMETHM, YTO IO CBOEMY (U3MIECKOMY
CMBICITy TPAAVEHT MABJICHUA — HTO CWIa (OTHECEHHAs K eNuHUIE O00b-
ema). B To xe Bpemsa mo BTOpoMy 3akoHy HbIOTOHA mERCTBYyMOIIAs HA Te-
JIO CHJIa TPOMOPIMOHAJILHA, €0 YCKOPEHUIO, a He CKOPOCTH, KAK B 3aKOHE
Hapcu. OmEako DAHHOE MPOTUBOPEYUNE KAXKYIIEECd, TAK KaK TPU TEUCHUN
yepes rPYHT (QUILTPANNHA) KUIKOCTH MPEONOIIEBAECT CONPOTUBIICHUE ErO
YACTUIl, B OTJIMYKE OT CBOOOMHOTO TeUEHUs (CP. C yPABHEHUEM IBUKEHUS
KUOKOCTHA B § 4).

B dopmymax (9) ucnonbsyercs HOBas HEM3BECTHAS BEJIMUNHA — [AB-
JIEHE XUOKOCTU. e CBsI3b C yXe BBENEHHLIMU BEIIMUMHAMU HETPYIHO
HAUTH, IPUHSB MPENNOIOKEHE O MEMJIEHHOM U MOYTH TOPU30HTAILHOM
TeuyeHUH BOOBI. TOrma MUHAMWYECKON COCTABIIAIOMIEH MABICHUS MOXKHO
IpeHe6peds W BEMMUCIATL €r0 10 YMCTO THAPOCTATHYCCKOMY 3aKOHY KAk
IaBJICHNE, CO3MABAEMOE CTOJIOOM XUIKOCTH:

p(w,y,z,t) = P9 (h(l',y,t) - Z) + COHSt?

re const — MaBJIEHUE HA MOBEPXHOCTHU KUAKOCTH (HATIPUMED, aTMochep-
HOE), § — YCKOpEHUE CBOOOMHOTO MANCHUS.
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Toncrasnas nocnenuow Gopmyny B (9), momydaem
oh oh
— g = —upg 22, 10
u=—ppg o v=reg 5 (10)

u, ucnonb3ys (10) B ypaBHEeHUN HEPA3PHIBHOCTH (8), OKOHUATENILHO IIPU-
XOIUM K yPABHEHUIO IBVXKEHUS IPYHTOBBIX BOI

oh 0 oh 0 oh
3 (Y BAOL| EY Ay (19 R PR
L _ 1pg

)

m
v K ypaswenuto Byccuwecka, comepxkaluemy JuiIb ONHY HEU3BECTHYIO
dyukmmo h(z,y,t).

5. O HekoTOpBIX cBolicTBaX ypaBHeHUs ByccumHecka. Ypas-
uenne (11) mecramumonapuoe (uckomas GyHkums h 3aBucut OT t), OBY-
MmepHoe (h 3aBUCHT OT Z ¥ Y), OTHOCAIIEECS K NapabOIMUecKOMy THILY.
Ono meomuopomuoe, Tak Kak GyHKius H 3aBUCAT OT &, i, ¥ HEJIUHEN-
HOE, IOCKOJIBKY B €r0 IPaBOil YaCTU NPUCYTCTBYIOT WieHsl Buna (hh,), u
(hhy)y. B cpaBuenun c ypasuenuem (1) ypasuenue Byccunecka — ropas-
no boree CIOXHBIN MATEMATUYECKUN OOBEKT. B cumy HeNnuHeHHOCTH ero
00l11ee peleHne He MOXeT OBIThL HANNIEHO AHAJIUTUYECKY, OMHAKO OTHOCH-
TENLHO HETPYIHO MOy YNTh HEKOTOPEIE BIIOJTHE CONEPKATEIBHEIE YaCTHLIE
petenus (M. ymp. 2), KOTOPBIE CIIyXaT TaKkKe TECTaMU IPU Pa3paboTKe
YUCIEHHBIX METONOB i ypasHerus (11).

715t MOCTPOEHMS 3aBEPIIEHHON MOIENN NBUKEHUS TPYHTOBLIX BOI HE-
00X0OMUMO 3HATH BXONHBIE HaHHBIE 11 ypasuenus (11): dopmy noncrunazo-
et mosepxuocTu H (x,y), kosbdunmenT k 1 KpaeBbie yCIOBUsL, 3a0A0IINE
GyHKIUIO h B HAUAIBHBIA MOMEHT BDEMEHU U HA, PAHUIAX MI1ACTa (U, OBITD
MOXKET, B HEKOTOPBIX BEIICIICHHEIX OOIACTAX INIACTA, HAIPUMED, Ha, apTe-
3MAHCKOU CKBaxuHe). Bosee monpo6HO GOPMYITMPOBKa KPACBHIX yCIIOBUN
[T ypaBHEHUN mapaboiimdeckoro Tuma obcyxmaercs B § 2. 3mech oTMe-
TUM TOJIBKO, UTO TPOCTERIIUM BAPUAHTOM (HOPMYIUPOBKA KPAEBHIX YCII0-
Buil auis ypasaenus (11) apisercs 3amaHue UL HAYAIBHOTO YCIIOBUSI —
dyukmun h(z,y,t) B Moment ¢t = O:

h(z,y,t =0) = ho(z,y), —co < <oo, —00<y<oo.

Taxkas mocTranoBka orBeuaeT 3adavwe Kowu nms ypasuenus (11), pe-
LIa€MOT0, €CTECTBEHHO, TaKXe B 0bmacT —o0 < ¢ < 00, —oo <y < 00. B
3amaue Ko mo u3BeCTHOMY PaCIpENeseHuIo YPOBHSI TPYHTOBLIX BOI hg
HaxomurTcs dyukimsa h nis Bcex t > 0.

PaccmoTpenue mimacta 6€CKOHEUHBIX PA3MEpPOB, KOHEUHO XKe, NOeaJIn-
sanus. OmMHAKO eCiiu M3ydaeTcs: TeYeHre B HEOONBIION [EHTPAIBHON 006-
JIACTU IIACTa HA OTHOCUTENIBHO HEOOIBIIOM IPOMEXYTKE BPEMEHU, TO
BIINAHUEM I'DAHUIL IINIaCTa MOXHO npeHeﬁpeqb, I pEIICHUE 3aaa4un KOH_II/I
ONUCHIBAET BIIOJIHE PEAJILHBIN ITPOIECC.

OTMeTuM Taxke, YTO HEKOTOPHIE KPAEBLIE yCIIOBUSI ObLTN GaK TUIECKH
HEsBHO BBEOEHBI B MOOEJIb IIPDU BBEIBOOEC YPABHCHUA Byccnﬂecxa. Hpe,uno—
JIOXKEHUE O HETIPOHUIIAEMOCTH IIACTA OBLIO UCIOIB30BAHO MIPU Oy ICHUN
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ypaBHeHUs OasiaHca, a 6e3 MPEANOIOKEHN 5) O «3230PE» MEXIY MOBEPX-
HOCTBIO 3¢MJIA U ITIOBEPXHOCTHIO T'PYHTOBHBIX BOL (T. €. KOrga BCs XXKUIOKOCTh
HAXOMWTCS B MOPUCTOU CPEe) HEeNlb3s ObUIO Obl UCIONB30BATEL 3aKO0H Iap-
CH BO BCeH paccMaTpuBaeMon obsactu. Pasymeercs, BLINONHEHNE STUX U
APpyrux npennono;xeﬁnﬁ OOJI2KHO KOHTPOJIMPOBATHCA IPU U3YyYCHUN MOAH-
HOTO OOBEKTA HA OCHOBE IOCTPOEHHON MOIEIIN.

IIpu BBemeHVUM MOMONHUTENBHBIX MPENNONOXEeHU OobIas MOOeIb
ymporraercsa. Tak, eciu Mo KAaKUM-TO IPUUYMHAM PEIeHrne He 3aBUCHUT
OT BpeMeHHU ¢ (CTAIMOHADHBIA MPOLECC), TO NPUXOAUM K SILIAITAIECKO-
My yPaBHEHUIO

0 oh 0 oh

— |[(H+h)—|+=—|(H+h)—| =0, 12

Oz [( : 0%] dy [( ) By] 12
IJIA PEIIEeHnsS KOTOPOTO, €CTECTBEHHO, He TpebyeTrcs 3ananue GyHKIuu h
B HAYAJIbHBIA MOMeHT. B mpocreiiiem ciyuae (12) npespainaercs B ypas-
newue Jlanaaca (cm. ymp. 3). Eciu noncruiatornias moBepXHOCTH TOPU30H-
tansHa (H(z,y) = Ho = const), To ypasBuenue Byccunecka craHoBUTCs

O,E[HOpO,E[HbIM N
oh 0 oh 0 oh
F (ha—w> ey (’%)-

ITpy momONHUTENTLHOM NPENIONOXEeHU 00 OLHOMEPHOCTU TEUeHWs,
KOI'Zla UCKOMOE DellleHNe 3aBUCHUT JIUIIb OT ONHOU IIPOCTPAHCTBEHHOU IIe-
PEMEHHOM, HallpuMep, KOODAVWHATH] T, IPUXOOUM K YDABHEHUIO

oh 0 oh

HA3LIBAEMOMY TaKKe 00MOMEDPHbIM YPAGHEHUEM TMUNG Heaunetinot men-
A0nposodnocmu (cM. § 2) WM ONHOMEPHBIM YPABHEHUEM WM30TE€PMUIEC-
kot punbrparuu. OTHOMEPHEIME ABIIAIOTCS, HAIPUMED, TEUCHUS B ILIAC-
Tax, CWIBHO BBEITSHYTHIX TI0 OMHOMY U3 HANPABICHUN, TaK ITO U3MEHE-
HUEM BEJIMYUH BONb TOMEPEYHOTO CEUEHUs MIACTA MOXKHO MpeHeOpedb
(ecrm 4epe3s OrpaHMYMBAIONINE €TO B TOMEPEUHLIX HATPABIICHUIX MOBEPX-
HOCTY XUAKOCTH He TpoTekaeT). Hakomer, camas mpocTas MOIeNb TeYeHns
IPYHTOBBIX BOI MAETCA YPABHEHUEM Tenaonposodnocmu (WA ypasHenuem
dudPysuu sewecmsa)

dh d?h

— =kHy —,

dt dx?
nosyyaronmmcs pu ycnosuu b <K Ho, T. e. IJIa MaJIbIx M3MEHEHUH yPOBHS
KUIKOCTHU TIO CPABHEHUIO C TOJIINHON TIIACTA.

Iocnenuue Tpu ypaBHEHUA OTHOCATCA K MApabOINIeCKOMy THUILY, TPU-
yem ypapHeHue (14) nuHENHOE W CYITIECTBYIOT XOPOIIO U3BECTHBLIE METO-
IIBI TIOTYIEHUs €T0 OOIIEro permenns. PasyMeeTcs, KpoMe MepedrCIIeHHBIX
BO3MOXHBI U APYTHUE YIPOIIEHNS NCXOMHON MOMENN, HATPUMED [BYMEPHOE
ypassenue (13).

W3 ypasuenus Byccunecka OTHOCHTENBLHO HETPYIHO MONYyYATL U 6O-
JIee CIIOXHBIE MOTENHN, KOTIa HEBEPHLI HEKOTOPHIE U3 CHOPMYINPOBAHHEIX

(14)

5 A. A. Camapckuit, A. II. Muxaitnos
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B I. 2 IpeOmoyioxeHwi. B 4acTHOCTU, BO MHOTUX CJIyYasxX IPYHT HEOM-
Hopomes, T. e. m = m(z,y), u = pu(r,y), 1 HEOOGXOMUMO YUUTHIBATEL IO~
CTYIUIEHZE XUOKOCTU B INIACT B PE3yJIbTaTe OCamKOB. Torma oboOIeHUE
ypaBHeHus byccunecka umeer BUI

mey o2 |

pg Ot  Ox

o) (1) 52| +

+ g e e G o, (5)
Ay Ay

roe q(z,y,t) XapakTepusyeT MOIIHOCTb OCANKOB B TOYKE T, § B MOMEHT
Bpemenu ¢ (cM. yup. 4).

Wrax, npumeHeHne GpyHOAMEHTAJIBLHOTO 33aKOHA COXPAHEHUS MAaCCHI
TIO3BOJIVJIO IIOIYYUTH PAa3HOOOpA3HBIE MOLEIU PACCMATPUBAEMBIX IIPO-
neccoB. Paznmuue MexXny MONENSIMM OINPENeNseTCs THUIOM IIOIYyIeHHBIX
ypaBHeHu#l (TUnepOONMIecKuil, MapabOIMIecKuil, SIIIUITUIECKAN), UX
IPOCTPAHCTBEHHO-BPEMEHHBLIMY XaPaKTEPUCTUKAME (CTAIIMOHAPHOE, He-
CTalUOHAPHOE, ONHOMEPHOE, MHOTOMEDHOE), HAJINYMEM WM OTCYTCTBHEM
HENWHEWHOCTER, 8 TaKXke MOCTAHOBKON KpaeBbIX ycioBuit. Takum obpa-
30M, B 3aBUCUMOCTY OT KOHKPETHBIX CBOMCTB OOBEKTA U NONOITHUTEILHBIX
NIPENTIONIOXKEHNH, OCHOBBIBASICH HA ONHOM M TOM ke (pyHIAMEHTAILHOM 3a-
KOHE, MOXHO IIOIIyYUTDh COBEPIIEHHO PA3NIMYHLIE MATEMATAIECKIE MOLEIIN.
C mpyroit cTopoHBI, Kak OymeT He pa3 MOKA3aHO B NAJILHEUIIEM, ONHU U
Te Xe MaTeMaTWYeCKUe MONENIN MOTYT, B CUJIy CBOEH YHUBEPCAJIBLHOCTH,
OTBeYaTh OOBEKTAM COBEPIIEHHO PA3HON IIPUPOIHL.

YIIPAXKHEHNUA

1. Haiinure 3aMeHy II€PEMEHHBIX, CBOAAINYIO ypasHeHue (1) k ypasHeHumio (3), u
t
[IOKAXUTE, ITO perieHue B cirydae u = u(t) umeer Bun (4), rme £ = x + fo u(t) dt.

2. Pemenne ypasuenus (13) Buna h(z,t) = u(t) 0(z) (T. e. B pasmessiomuxcs nepe-
MEHHBIX ) HAa3bIBAETCS Ynopadouennvim pexrcumom Byccunecka B cimyaae, eciau u(t) — 0,
t — oo. Ilokaxure, uTo u(t) — cTeneHHas QyHKIWs BpeMeHU Ipu GObIINX t.

3. YcraHoBuTE, IPU KAKUX IPENNOIOKEHUIX ypasHeHue (12) CBOOUTCS K ypaBHe-
muo Jlamaca.

4. TTomb3ysCh 32KOHOM COXPaHEHMs MAaCCH U 3akOHOM Ilapcu, moiiyunTe ypaBHEHME
(15).

§ 2. CoxpaueHnue sHepruu

3aKOH COXPAHEHUs SHEPTUU BMECTE C HEKOTOPBIMU JOMOITHUTEILHEIMUI
TPENTOIOXKEHUIMY IPUMEHUM [J15T IOCTPOEHUS MOMENEN PACIPOCTPaHEHUS
TermIa B CIioHoi cpene. ChoOpMyIupyeM TUMUYIHBIE KPAEBLIE 330aUN IJIs
ypasuenuil Temnonepenaun. O6CyIUM HEKOTOPBIE (PU3UUECKUE U MATEMa-
TUYECKVE CBOMCTBA IIOIyIEHHBIX MOIEIIEH.

1. IlpenBapuTesibHBIE CBeNEHUs O MpoIeccax Temjonepemna-
uynm. TemioBas SHEPrus, WM TEIIO — DTO SHEPTUS Xa0TUUIECKOTO TBUKE-
HUSI ATOMOB WJIM MOJIEKyJl BemiecTBa. OOGMEH TemioM MeXmy Pas3IndHBIMU
y4aCcTKaMU MaTepualia Ha3bIBAETCS mendonepedaueli, a caMu MaTepua-
JIBI, O0JIaIAIONTE XOPOIIIO BBHIPAXKEHHBIM CBONCTBOM TEIUIONEPEnadund, —
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menaonposoonbimy. K HIM OTHOCSTCS, HAIPUMED, METAJUIBI, B KOTOPBIX
TEIJIOBAsl SHEPTUs MEPEHOCUTCS B OCHOBHOM CBOOOMHBIMU 3JIEKTPOHAMU,
HEKOTODBIE Ta3kl U T. A. [Iporeccer mepenaum Temia pacCMaTPUBAIOTCS B
YCIIOBUAX TaK HA3BIBAEMOTO 40KAAbHO20 MEPMOIUHAMUNECKO20 PABHOBE-
cug (JITP). Housarue JITP mus rasoe BBomurcs mpu A < L, T. e. xorma
IJINHA, CBOOOMHOTO MPOGera IaCcTUIl BEIIECTBA MHOTO MEHBIIIE XaPAK TEPHBIX
pPa3MepoB paccMaTpuBaeMoro obwekTa (cnaownas cpeda). JITP monpasy-
MEBAeT TaK¥Xe, YTO MPOIECCH U3YUYAIOTCS [IPU BpEMEHAX, OOJIBbIINX, YeM T
(BpeMst MeX[y CTOJIKHOBEHUSMM YaCTUL), X Ha pasMepax, OONbIINX, 4eM
A. Torma B obmacTsx BeIECTBA, Pa3MEPBI KOTOPBLIX MPEBOCXOMSIT BeJIM-
yuHy A (HO MHOTO MEHbILE BeNUYMHBEL L), yCTaHABIUBAETCS DABHOBECUE
¥ [T HUX MOXHO BBECTU CPEIHUE BEJIUYUHBI IFIOTHOCTY, CKOPOCTU TeIl-
JIOBOTO IBUXKEHUS YACTUIL U T. I. OTU JIOKAJILHBIE BEIIMYUHLI (DA3HBIE B
PA3HBIX TOYKAX CPeNbl) Ipu CHOPMYIMPOBAHHBIX IPENIOIOXKEHUAX HAXO-
ISATCSI 13 PABHOBECHOIO MAKCBEJIJIOBCKOTO PACIpeneieHus: yacTur (cM. § 3
ra. III). K mum oTHOCHTCs M memnepamypa T', onpenesiomas CPenHIO0
KUHETUYECKYIO SHEPIUIO0 YACTHUIL:
mv? 3
— = kT,
2 2

TIe M — Macca YaCTUIBL, ¥ — CPEMHSS CKOPOCTDb Xa0TUUIECKOTO IBUKEHUS,
k — nocrosuuas Bonmbnmana (B ciryuae Tak HA3bLIBAEMOTO HOIIBIIMAHOBCKO-
ro rasa,).

CBs3aHHAsA C XAOTUYECKUM [BUXKEHUEM YACTUI[ SHEPTUS BEIIECTBA
(BHYTPDEHHS SHEPIUs) OMPENENIeTCs Yepe3 TEeMIEPATYPY € IOMOLIBIO Be-
JIUUUHLL Yoeavnot menaoemrxocmu c(p,T), a uMeHHO

9e(p,T)
C(paT) = 8—1’17 C(paT) >0,
TIe p = Mmn — MIOTHOCTH BEIIECTBA (N — YUCIO YACTUIl B eMUHAIE 00he-
Ma), €(p,T) — enympennaa anepaus edurnuyvt maccoi. Ipyrum cioBamu,

TEIUIOEMKOCTH — HTO SHEPTUS, KOTOPYIO HALO COODIINTE eNUHUIE MACCHI
BEILIECTBA, YTOOBI YBEIINMYUTE €0 TEMIEPATYPY HA ONUH TPALYC.
Hawn6osee mpocToe BhIpaxeHue sl TEIIOEMKOCTY Oy YaeTCsI B CILy-
yae udeaabno2o 2a3a (ras’a, YaCTUIBI KOTOPOTO B3AUMOAEHCTBYIOT JIMIIIh
[IPU HEIOCPEACTBEHHOM CTOJIKHOBEHUU ¥, MONOOHO OMIIMADAHBIM IIapaM,
6€e3 moTepu CyMMAPHOU KUHETUUYECKON sHeprun). Eciu B HeKOTOPOM 06be-
Me WIOeasIbHOIO rasa COmepXuTcCs N 9acTull, TO UX IOJIHAsS BHYTPEHHSS
SHEPrust ecThb
2
mo 3 3 k
E=N—=-NkT=-M—T,
2 2 2 m
roe M = Nm — cymMMapHas Macca 4acTHUll, & YIOeIbHAs BHY TPEHHSIS DYHEP-
TUsl, WA SHEPTUs HA eUHUILY MACCHI, HaeTCst GOpMYIIon
E 3k
M  2m”’
T. €. TEIIOEMKOCTDb UAEAIILHOTO Tas3a paBHa 3k/(2m) u He 3aBUCHT OT Be-
nuavH p, 1.

5*
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B obriem ciiyuae ¢BsA3b MeX Iy BHYTPEHHEH SHEPTUEH U TEMIEPATY PO
bonee cnoxuas. Hampumep, mOMUMO KMHETUUECKOW HHEPTUU IBUKYIITUX-
CsI YACTUI], BHYTPEHHSS SHEPTUS COONEPXKUT COCTABJIISIONIYVIO, CBI3aHHYIO
C TOTEHITUAIILHON YHEPTUEl WX B3AMMOMEUCTBUS, 3aBUCIIIEH OT CPEIHErO
PaCCTOSHMS r MexIy HuMu. B cBOIO ouepens r & (n) /3 = (p/m)_%, rme
7 — UUCJIO YaCTUIl B eqUHUIE 00beMa, T. €. £ 3aBUCUT OT ILIOTHOCTH p.
IlosToMy B Teopum Temyonepenavn BEIUUUHBL € (WK, 9TO TO XKe CaMoe,
€) ABIAIOTCS, BOOOIIE rOBOPS, GyHKImaMu OT p u 1. VIX KOHKPETHBIA BUL
OIIPENEeNIETCS CBOMCTBAMY PACCMATPUBAEMON CPEIBI.

2. BriBom 3akoHa ®Pypbe M3 MOJIEKYJISIPHO-KMHETHMYIECKUX
npencraBiieHuii. s monyueHus MaTEMAaTUUIECKON MOIENIN TeIIonepe-
Iavu HeOOXOMMMO, IOMAMO OINUCAHHLIX B II. 1 MOHATHUN, BBECTH BAXKHOE II0-
HATHE TOTOKA Temna. [Tomokom menaa (WM TEIIIOBOR SHEPIUU) B HAHHOM
TOUYKe HA3BIBAETCS KOJIUUIECTBO TEILIA, IIEPEHOCKMOE B E€OUHUIY BPEMEHU
uepes eNUMHUIHYIO0 TOBEPXHOCTh, IIOMEIIIEHHYIO B MaHHYI0 TOUKY BEIIECTBA
(cp. ¢ mousTweM moToka Maccel B § 1). OueBMOHO, YTO MOTOK TeIa —
BEKTOPHAS BEJIMUNHA, (TOCKOILKY OHA B OOIIIEM CIIyUae 3aBUCAT OT OPUEH-
TAIVU eUHUIHON TIOBEPXHOCTY B IIPOCTPAHCTBE).

BrimenuMm B cpeme TOUKY ¢ KOOPDOAWHATAMU I, Y, 2 U BEITUCIUM KOMIIO-
HEHTEHI TOTOKA W TeIta Mo COOTBETCTBYIOIINM OCsAM (Benuuussl Wy, Wy,
W.). Pacnonoxum rioaaKy eIMHIIHON BEIMIUHEL (IITPUXOBAS JIMHI Ha,
puc. 25) IEPIEHIUKYIIAPHO OCH &. YacTUIbl, ABUKYIINEC BIOJb OCH I, TIe-
DPEeCeKaroT ee CIpaBa HAJIEBO U CIIEBA HAIIPABO
N ¢ paBHOI BeposTHOCTHI0. OOHAKO ecnu TeM-

vn | v nepaTypsl 4acTull (a, CIENOBATENBHO, U UX
- KVHETUYECKUE SHEPTUU) DPA3SHBIE MO IIPABYIO
i i i » r U JIEBYIO CTOPOHBI IUIOIIANKYA, TO B €NUHUILY
BPEMEHU Uepe3 Hee CIIPABa U CJIeBA IEePeHO-
caTCs pasHble sHeprun. PasHoCTh 3TUX HHED-
ruit 1 GOPMUPYET MOTOK TEIIA BIOIb OCH .
Brinenuwm Ha puc. 25 obnacTtu, OTCTOSIINE HA
paccTOsHUE A = UT OT IUIOMIAOKY CIIPABA U
cieBa. M3 uacTui, HAXOMSIIUXCS B NPABOMR
obnacTu, mpuMepHO 1/6 JacThb OBUXKETCS HAJIEBO, TAK KaK BCE IIECTHb Ha-
mpaBieHuil (BBepX — BHU3, BIIEpel — Ha3al, HAIIPABO — HAJIEBO) DABHO-
BEPOSITHBEL. 3a BPEMS T 9Ta YaCTh YACTHUI C HEOOXONMMOCTBIO ITEPECEUET
IUIOIIAKY U TIEPEHECET DHEPIUI0, PABHYIO

Puc. 25

1 mu2
Zn o
6" T2

TIIe Uy — CKOPOCTD YACTHUIL B IPABOI 00JIACTH (BEIIUIUHEL 11, A CAUTAIOTCS B
EPBOM NPUOIKEHUY PABHEIME [0 06€ CTOPOHBI IIJIOMIANKY ). AHAJIOTUIHO,
YACTULBI U3 JIEBOU OOJIACTHU IEPEHOCST DHEPTUIO

1 . mo?
2o a
6" 2

Tl Uy — CKOPOCTB YACTHUI] CJIEBA OT IUIOMIANKU. PasHOCTE 3TUX »HEprui,
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OTHECEHHas K €OMHUIEC BPEMEHU, IIPEOCTaBIIsICT coboit BCIINYUHY

1 mv2  mo? mnv
Ww:6nv< 2“— 5 ): 5 (€n — €n),

TOe €y, €g — BHYTPEHHSS YHEPTUS BEIIECTBA COOTBETCTBEHHO CJIEBA U
CIIPaBa OT INIOUIANKY, & B KAUeCTBE ¥ O€PETCs CPENHST MEXIY Uy U Uy CKO-
pocThb yacTull. B nepBoM npubnImXeHny BeJIUUNHEL €5, £ MOXHO BEIDA3UThH
4yepes BeUYUHY € (SHEPTUI0 B TOYKE T, T. €. Ha IUIOLIAAKE) CIICHYIOMIAM
obpa3zoM:

Oe oT

L= A— = Ae —
€ €+ oz €+ Ac o7
Oe oT

T=E—A—=€—Ac—.
€ ¢ oz ¢ ¢ or

IToncraBnsas stu dopmyssl B Beipaxkenue miist W, nomydaem
oT

roe » = pcAv/3.
IIpoBons Takue xe paccyxneHus nias komnonesT W, W, npuxonum
K BBIPAXKEHUSIM

oT oT
= —3x — . ==X . 2
Wy P e W <y (2)
O6wenuuenue (1) u (2) naer zaxon Pypve
W = —sgradT. (3)

Benuuuna > HasbBaeTCa K03PPUYUERTOM MENAONPOE0IHOCTN.
3ameTuM, 4TO KO3(DUIMEHT TEIIONPOBONHOCTYU 3aBUCUT B OOIIEM
Clly4ae OT IJIOTHOCTHU ¥ TEMIIEPATYPHI BEIIECTBA:

A
%:%20, (4)

TIOCKOJIBKY HE TOJIBKO TEINIOEMKOCTH ¢, HO U IJIMHA, CBOOOmHOTrO mpobera
A Takxke MOXeT ObiTh dymkimen ot p, 1. Tak, Hanpumep, B rase, HaXO-
IAIIEMCsI B OOBIYHBIX yCIIOBUSX, TEIIO MEPEHOCUTCS MOJIEKYJIaMu (MOJIEKY-
JIApHAS TEIUIONPOBOMHOCTS ). [IJisl BEIMYUHBL A B 9TOM CIIydae CIPaBeIJInBO

A~ 1/p, a Tak kak v ~ VT, T0 u3 (4) umeeM ¢, ~ V1 (TenmoEMKOCTH
CUMTAETCs MOCTOSHHOM). B mitasme (rme OCHOBHYIO POJIb B IIEPEHOCE TEILIA
UrpaioT HIEKTPOHBL) ININHA Ipobera IeKTpoHa 3aBucutT ot p, T, Tak 4To

A~ T2?p~! u nns BenUUNHEL 3, CIPABENIINBO 3, ~ T (¢ — mocTosuHas).

Nrak, 3akon Oypbe IIacuT: TOTOK TEIIa IPONOPIXOHAJIEH T'DAIUEH-
Ty TeMIepaTyphl. Tak KaK TEIJIOBas YHEPTUs HEITOCPENCTBEHHO CBI3aHA, C
TEMIIEPATYPOI, TO B OIMPENEIIEHHOM CMBICIIE MOXHO CUUTATh, UTO KIIOTOK>
TEMIIEPATYPHI MPOMOPIMOHAJIEH T'PANUEHTY camoin Temneparypsl. CoBep-
IIEHHO TaKWUM € CBOMCTBOM OOjlazmaeT ONU3KUU IIO CYIIHOCTU IIPOIIECC
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nuddysum BemecTsa (3akod Puka). AHAIOIMYHYIO NHTEPIPETAINIO MOXK-
HO npupaTh 3akoHy Hapcu (10) u3 § 1, X0Ts NBUXEHUE IPYHTOBLIX BOI 11O
CBOEH IPUPOIE NIPUHITUNNAIBLHO OTIIMIAETCS OT Ipouecca nuddy3un Temnia
(u 3akon Japcu HEe MMEET CTOIIb OTHOCUTEIHHO IPOCTOrO TEOPETUIECKOTO
o6ocHOBaHUs, Kak 3aK0HB Pypbe u Duka).

3. YpaBHeHme Gamanca Temia. lIpuMeHUM 3aKOH COXpaHEHUS
SHEPTUHU [JId MATEMaTUIECKOTO OMUCAHUS IIPOIeCcca Temsonepenadn. by-
JOEeM IIpA 3TOM CUHUTAThb, YTO BHYTPEHHAS SHEPrUsd BCIIECCTBa MU3MEHAET-

cs IUIIb Oi1aromaps MEXaHU3MY

zZ A Wy TEeIJIONPOBONHOCTH, T. €. APyTue
: a - BUOLI DHEPTUHU TIOJIACaeM HeECy-
[IECTBEHHBIMY (HATIPUMED, IIpe-

Lo-|-
4
s dy dz HeOperaeM uU3MEHEHUEM BHYT-

T(e,9,2) T(z,y+dy, 2) We peHHel SHEPTHU 32 CUET XUMU-

YeCKUX PeaKlNil Uiu 33 CIeT Pa-

W, OOTBHI CHJI IABJICHUS, CXKUMAIO-

IIUX HEKOTOPHIA 00BEM rasa, u

T. I.).

Beinenum B TemionpoBo-

HOU cpene 3JIeMEHTAPHBIA KY-

Puc. 26 6uk co cropoHamu dz, dy, dz

(puc. 26) u mpuBeneM moACYET

U3MEHEHUS CONEPXKAIENCsI B HEM TENJIOBOU SHEPTUU 3a MAJIBIM IIPOMEXY-

TOK BpeMeHu dt. Ilo coemaHHBIM IPENIONOXEHUSIM HTO U3MEHEHNE MOXKET

OBLITH BEI3BAHO JIUIIL PA3HOCTHIO IIOTOKOB TEINIA, BXOMAIINX ¥ BBIXOMSIITIX

uepe3 pasHble rpanu Kyouka. Tak, IOTOKU BAOIL OCU T IPUBOLAT K YMEHb-
UIEHWIO WM YBEIWYEHWIO BHYTPDEHHEN dHeprun o0beMa Ha BEINInHY

We(z,y,2,t) — Wy(z + dz,y, 2,t)] dy dz dt,

roe dy dz — TIIONIAAbL TPAaHU, MEPIEHIUKYIISIPHON ocu . B sToir dopmyse
cunraercs, 4To W, xak GyHKUIUS BpEMEHU He CUJILHO M3MEHSIeTCs 33 IPOo-
MEXYTOK df, 1 MOXHO B3sITh €e 3HaueHue B MOMeHT t. TOYHO Takum xe
06pa3oM BBEIYUCISIFOTCS. U3MEHEHUsI BHY TPEHHEH SHEPTUH IO OCAM ¥, 2:

[Wy(a:’ Y, Z,t) - Wy(l‘,y + dy, Z,t)] dx dz dt,

<Y

W.(z,y,2,t) — W,(z,y,z + dz,t)] dz dy dt.
Cymmapsoe usmenenue sueprun AE = E(t + dt) — E(t) ects
AE = —divW dzx dy dz dt.

C mpyroit croponst, Benuunay A E MOXHO BEIPDA3UTh Yepe3 U3MEHEHNE TeM-
nepaTypsl 00beMa U Yepe3 ero TeINIOEMKOCTh IO (GopMydie

AE = (T(t+dt) —T(t))clp,T) pdzdydz,

B KOTOPOH! M3-33 MaJOCTU 00beMa OepyTCs HEKOTOPBIE CPENHUE IO HEMY
S3HQUYEHU TEMIIEPATYPhI U IIJIOTHOCTH.

HpI/IpaBHI/IBaH ABa IOCJIEAHUX BBIPDAXKEHUS OPYr OPYr'y U YCTPEMJIIAA
dt X HyII0, IOIIyIaeM 00uee YpasHerue, ONUCHI8aoULee PAcNPoCcmparene
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menaa:
C 86—1; = div(scgradT), (5)
UMeIoIlee B Pa3BEpPHYTON ¢hopMe BUL
or _ o ( 9T\ 0 ( 0T\ o ( or 6
ot Oz Oz Oy Oy 0z 0z )’
roe C' = pe.

Ypasuenue (6) — mecranumonapuoe, Tpexmepsoe (byukuusa T’ 3aBucut
OT BPEMEHU U TPEX NPOCTPAHCTBEHHBIX IEPEMEHHBIX X, Y, Z) yPABHEHUE
napabosuueckoro tuna. OHO HEOMHOPOMHOE, TaK KAK TEINIOEMKOCTh, KO-
5QPUIMEHT TEIIOMPOBOMHOCTY U INIOTHOCTE MOT'YT OBITH, BOOOIIIE TOBOPS,
PA3HBEIMU B PA3HBIX TOYKAX BEIIECTBA, W HEJIMHENHOE, MOCKONILKY (ODYHKIINN
€ M 3 MOTYT 3aBHUCETH OT TeMuepaTypsl T (T. €. OT UCKOMOTO DEIeHnst).

IIpu MOMOHUTENBHLIX MPETIONOXEHUAX O XapaKTepe MPOLecca Tell-
sonepenauu ypasHeHue (6) mMoxer ympornarbes. Tak, ecnu mporecc cra-
[MOHADHEIN, T. €. TEMIIEPATYDPA HE 3aBUCAT OT BpeMeHu, To (6) mpesparma-
€TCA B YPABHEHUE JAAUNMUUECKO20 TUNG

oy o (ary o oty o
9z \” 0z Oy %3y 9 \"0z) =

a ecnu GYHKIWU ¢, 3 HEe 3aBUCAT OT TeMIepaTypsl, To (6) cTaHOBUTCs
AUHETHBIM NAPAOOAUNECKUM YPABHENUEM, KOTOPOE B CIIyUae OTHODPOMHON
cpenst (3, ¢, p HE 3aBUCAT OT I, Y, Z) IPUHAMAET BUL
oT
ar kO AT: (8)
ot
rze BenuuuHa kg = 3¢/C Ha3LIBAETCS K03PHUYUEHMOM MEMNEPANYPONDO-
sodnocmu. s ypasaerus (8) OTHOCUTENBHO HETPYAHO BHIIACATH OOIIIEE
pertenue.
B omnoMepHOM cityuae (TemmepaTypa 3aBUCAT Uiub OT ¢ U x) u3 (6)

IoJIydaeM
oT 0 oT

YpaBuenue (9) CBOOUTCSA K YPABHEHUIO TUIA HEJIMHEHHON TEIIOIPO-

BOOHOCTHA
ou 0 Ou
% (k(u) £> (10)

npu ponyiteruu, yro 0C [0z =0, 0s/0zx =0 (cp. ¢ ypasuenuem (13) u3
§ 1). Hakonern, ecimu » = 3¢9, C = Cy, rre 3y, Cy — NOCTOSHHEBIE, TO U3
(10) nonyuaercs ypaBHEHME TEIIONPOBOLHOCTY — IPOCTENIIEe yDABHEHNE
napaboInIECKOr0 TUIIA,

ou 0%u
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Kak u B ciiyuae ypasaenus Byccunecka, u3 ocHOBHOTO ypasHeHus (6)
MOXKHO HOJIYYUTH Pa3IudHbIe 0000IIEHs, COOTBETCTBYOIINE OOee CII0XK-
HBEIM, UY€M PAcCMOTDEHBIE BHIIIE, MEXAHW3MaM TeIwonepenadn. Tax, Ois
HEM30TPONHOMA Cpensl (T. €. KOraa KO3QOUIUEHTH TEIIONPOBOTHOCTY Pa3-
HBIE TI0 PA3HBIM HANPABIICHUAM) C SHEPrOBHLIENICHHEM BMeCTO (6) nmeeM

or o or 0 or 0 or
CE = 8_.%' <%z 8_.’L'> + 8_:1/ (J{y (9_y> + & (J{z &) +f(:17,y,z,t,T),
(12)

THe 3¢, 3y, #, — KoosbdumuenTs B 3akone Pypre (3) mo ocsam z, y, z, a
GysKIMA f — MOITHOCTD BHIIEICHUS (MM TOTJIONIeHNs1) SHeprun. Hewmso-
TPOMHOCTD, HAIIPUMED, B CIydae 3JIEKTPOHHON TEeIJIONPOBONHOCTH, MOXET
BLI3BIBATBCSA JOCTATOYHO CHNILHBIM MATHUTHBIM TIOJIEM, 3TPYMHSIIONIIM
IIBIDKEHUE ePEHOCYMKOB TeIIa, MOMePeK CUJIOBEIX JIMHUIL MO, a BBIICIC-
HIE SHEPTUU MOXET ObIThH CBA3AHO C UAYIIMMH B BEIECTBE XUMUYCCKIMUI
PEaKINAMHU WU TIPOTEKAHUEM 3JIeKTPUYECKOrO TOKA.

Bce nonmyyeHHbIe B MAHHOM IIYHKTE YPABHEHUS BLIBEICHEI C TOMOIIBIO
(OYHIAMEHTAITBEHOTO 3aKOHA COXpaHEHWs sHepruu u 3akoHa Pypwe (Cp. ¢
BLIBONIOM ypaBHeHus Byccunecka B § 1). BmecTe ¢ 3amaHHbIME DyHKIAA-
MHU ¢, 5, p U KPACBEIMU YCIOBUAME OHU IPENCTABIAIOT COOOM 3aMKHYTHIC
MATEMATUIECKIE MOIENN TPOIECCa TETIONePEeTayn.

4. TlocTaHOBKAa TUIMYHLIX KPaeBLIX yCJIOBUIl NJIf ypaBHEHUs
TeILIONPOBOTHOCTH. IJis MIPOCTOTHL OyIeM PAaCCMATPUBATE OTHOMEPHLIE
IPONECCH TemIonpoBonHocTH. OHM MMEIOT MECTO, HAIPUMED, B IJIMHHOM 1

TOHKOM METAJIIMIECKOM CTEePX-

) He (puc. 27), HarpeBaeMoM C Ofi-
T(0,t) T(z,t) 1T(1,¢) HOTO M3 TOPIOB, IIPU YCIOBUH,
"""""""""""""""""" i----@---o YTO CTEPXEHL M30TPOIEH, €ro
0 \ x
\ Ha4YaJIbHAs TEMIEPATypa B JIIO-

N

OOM TIOIIEPEYHOM CEUYEHUU He 3a-
BUCHT OT Y, Z (3TO e CBOUCTBO
- » IOJIXKHO COOMIONATHLCS U HA TOP-
[[aX CTEPIKHs), 8 [MOTEPSIMU Tell-
713 ¢ DOKOBOY TOBEPXHOCTU MOXK-
HO npeHeOpeub. ByneM cuuTaTh Takke, ITO TEIIOEMKOCTH CTEPXKHS IO-
crosiHHAa. Torma TeMmepaTypa 3aBUCUT TOJBKO OT T U t, U ee pacipe-
IeJieHNe BIOJIb CTEPXKHS B PA3NUYHBIE MOMEHTHI BPDEMEHU ONUCHIBAETCS

ypaBHEHNEM
or o0 oT
5 = B <k(T) %> ; (13)

Puc. 27

cupasemiuebiM mpu 0 < ¢ < I, t > 0. Ilns onpenenenus dyuxuuu T'(z,t),
T. €. PEIeHus], JOCTATOUYHO 33aTh HAUAJIbHYIO TEMIIEPATYPY CTEPKHI:

T(z,t) = To(z), 0<z <l (14)
U 3HATH TEMIEPATYPY HA KOHIAX CTEDPXKHS B JIIO00OM MOMEHT BPEMEHMU:

TO,t) =T1(t), T(,t)=Ts(t), t>0. (15)
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Sanaga (13)—(15) maswsiBaeTca nepsoti kpaesot zadaueti nys mapa-
Gosmmueckoro ypasHenus (13) wa ompesxe z € [0,1]. Pusmuecku ycnosume
(15) cooTBETCTBYET TOMY, 9TO Ha KOHIAX CTEPXKHS C IOMOIIBI0 KAKUX-TO
BHEIIHAX MCTOYHUKOB TEIUIA TOANECPKUBACTCS OMPENEICHHAS TEMIIEPATY-
pa, 3aBUCALIAs, BOOOLIE TOBOPS, OT BPEMEHH.

Ecnu ke Ha TOpiax crepxHs 3amaoTcs BMecTo (15) moToku Temma
KaK QYHKIIUYW BPEMEHN:

—k(T(O,t))Z—f =W, k(T(l,t))g—z =Wa(t), t>0, (16)

TO Takas 3a[1a4a HA3BIBAETCS 8Mopoti kpaesot 3adaueti na ompesxe [0,1].
HanHas cuTyarus peanusyercs, HapuMep, KOI4a TOPIbI CTEPXKHs Harpe-
BAIOTCS JIydaMU J1a3ePHOTO CBETA U3BECTHON MOITHOCTH.

Bosee criox bl (HENMMHERHBIN) BADUAHT YCIOBUI HA TOPIIAX OTBEYAET
CAIIBHO HArpeTOMY U IIO3TOMY HM3JIydalOlIeEMy SHEPTUI0 CTEDPXKHIO, HE KOH-
TaKTUPYIOUIEMY C KaKUMU-In60 TemaMu. Torna B eIUHUITY BDEMEHU CTep-
XKEHb TepAeT Ha CBOMX TPaHWIaxX (Topuax) sHepruio, pasuyoo o14(0,t) u

z=l

oT*(l,t) coorercTBenno, n BMecTo (15) umu (16) momydaroTcs ycmopus

JT4(0,t):k(T(0,t))g—T , UT4(l,t):—k(T(l,t))g—T , (17)
€T 2=0 T

=l
t>0,

roe o > 0.

Bosmoxubr Takxke u uHbIE BUOBI KPA€BBIX yCJ—IOBI/If/'I7 COOTBETCTBYIO-
IITe WHBIM (GU3UYIECKUM CUTYAIuAM. PasyMeeTcs, MOMyCTUMBI PA3INIHBIE
koMmOuHanuu ycnosuit (15)—(17), Hanpumep, Ha IeBOM KOHIIE U3BECTHA TE€M-
mepaTypa, a Ha IPaBOM IIOTOK TEIJIa, U T. I.

Pasnoobpasme mOCTAaHOBOK KPAEBBIX YCJIOBAW IJIsl YDABHEHUU TeIl-
JIonepenad CBA3AHO W C PA3JIMYHBIMU HUOCAJINU3AIUAMNI HCXOﬂHOﬁ 3aa49m
(13)—(15). IIpm aHaIM3€e PACIPOCTPAHEHUSI TEILTA OKOJIO OLHOTO U3 TOPIIOB
JJIMHHOTO CTEPXKHS B TEUECHUE CPABHUTEIIBHO KOPOTKOI'O BPDEMECHU BJIMAHN-
€M APYroro Topia MOXHO npenebpeus. Bmecto (15) mocrarouno 3amaThb
JIMIIB ONHO U3 YCIOBUE (IJIsl ONPENENIEHHOCTH HA JIEBOM KOHIIE):

T(0,t)=Ti(t), ¢>0, (18)

u pemaTh ypasuenue B obnactu x > 0 ((13), (14), (18) — nepsas xpaesas
3a0a4a 8 NOAYNPOCTPAHCEE).

O6cyxnmapmiascs yxe Ha mpuMmepe ypasHeHus Byccuuecka (§ 1) 3a-
naga Kommu paccMarpuBaeTcs BO BCeM IPOCTPAHCTBE —o0 < & < 00. s
ypasrenus (13) 3amaercs NuIIb HAYAIBLHOE PACIPENESICHIE TEMIIEPATY P
(14). Takas mocTaHOBKA BIOJIHE PAa3yMHA, KOIA PACCMATPUBAIOTCS IIPO-
IIECCHL B LleHTpaJ'IbHOfI JaCTU CTEPXKHA U BIIMAHUNE oboux TOPIOB MOXHO
CUNTATh HECYIITECTBECHHBIM.

L1 MHOTOMEPHBIX YPaBHEHUN TEIJIOIPOBOLHOCTHU MOCTAHOBKA KPae-
BBEIX YCIIOBHHM II0 CPABHEHWIO C ONHOMEDHBIM CIIy4YaeM CYIIIECTBEHHO HE
MEHSETCS: Ha I'PAaHUIAX OoOJIacTy! 3amai0Tcs Iubo TeMuepaTypa, imbo mo-
TOK Temia, nubo Kakue-To 6ojee CIIOXKHBIE UX KOMOWHALUM, a TakXke (B
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MoMeHT ¢ = () HauaJIbHOE PACIPEeNeNieHIe TeMIIePATyPhL. 3aMeTHUM, 9YTO B
CIly4ae CTAIMOHAPHOrO ypasHenus (7) 3a[al0TCs JIAIIb IPAHUYIHLIE YCII0-
Bus. KpaeBbie yCaoBUS 11 yPABHEHUS OBUXEHUS TPYHTOBLIX BOM U3 § 1
BIIOJTHE AHAJIOTMYHBI ONMUCAHHBIM B 5TOM IYHKTE (IPU 3TOM AHAJIOTAMU
TEMIIEPATypPhI U TOTOKA, TEIIa B ypaBHeHuu ByccuHecka CiiyXaT ypOBeHb
IPYHTOBHLIX BOI ¥ TIOTOK MACCHI).

5. O6 ocobenHocTsax Monesen Temnonepenayn. HaunGosee mpoc-
Tas U3 BCeX OOCYXKIABUINXCS BBIIIE 33134 TEILIONPOBOLHOCTY — 331343 O
CTaIMOHAaPHOM mporecce st ypasrenus (11) ma orpeske [0,1]:

o’T
k’Oﬁ :0, T(O) :T‘]_7 T(l) :Tz.

Ee pemenne — muneiinas GyHKINSI KOOPDAWHATHL X:

T, —Th

T(z) = ]

z + 11, O<z <l (19)

Perrenne (19) umeer BrosHe oueBUnHEN dusnyueckuil cMbIci. edcT-
BUTEIILHO, IIPYU CTAIIMOHAPHOM IIPOIECCe IOTOKM TEIIa, BXOMAIINE B JII000e
MIOTIEPEUHOE CEUEHNE CTEPIKHS U BEIXOIAIIAE U3 HETO, PABHBI (MHAYE TEMIIE-
paTypa B CEYEHUU MEHsITach 6bl). [[03TOMy MOTOK MOMXKEH OBITH MOCTOSHEH
B 10001 TOUKe %, uTO 10 3aK0Hy Dypbe (3) mpu s = 3¢9 = const BO3MOKHO
JIVIITL TIPU JIMHEWHOM «IpOGUIIes TEeMIIEPATYPHL.

BwmecTe ¢ Tem mpumenenue 3axona Pypbe NpMBOOUT K TOSBIEHUIO
ONHOTO HE MMEIOIEro Gu3mvecKoro CMuIcia dddekTa, XapakKTEepHOrO O
ypaBHEHU# napabonumyeckoro tuma. [loscHuM ero, pacCMOTDEB O ypaB-
menus (11), pemaeMoro BO BCEM MPOCTPAHCTBE —00 < & < 00, 33034y O
TaK HA3BIBAEMOM M2HOBEHHOM TOUEUHOM UCMOUHUKe menaa. Tpebyercs
HAWTU paclpeneseHne TeMIepaTypsl npu Beex ¢ > 0, —oo < £ < 00, BHI-
3BaHHOE BhImeNeHueM B MoMeHT ¢t = (0 B mnockocTtu £ = (0 HEKOTOPOTO KO-
nuuecTBa Temna (Qo. HavambHas TeMmepaTypa CYMTAETCsI PABHOU HYITIO:
T(z,0) =To(z) =0, —oo < z < oo. Takas mocTaHoBKa — nueamu3anus
PeasibHOTO IIPOIIECCa, CIIPABENNINBAS [IPYU BHIIOJIHEHUN COOTBETCTBYIOIINX
ycroBuii (HAIpUMEp, IO IEHTPY XOJIOMHOTO CTEPXKHS MPOILYCKAETCI MOIII-
HBI [OMEPEYHBLI UMIIYILC 3JIEKTPUUYECKOTO TOKA, NEUCTBYIOIIETO OUYEHb
KODOTKOE BPEMS U 3aTPATUBAIOIIEr0 MAJIBIA yIACTOK MeTailia). Pelenue
TIOCTABIIEHHON TaKUM 00pa3oM 3amadun JaeTcs GOpMyJIIon

.1.2

Qo (
o/t P\ T Tkt

YTO NPOBEPSIETCs HEMOCPENCTBEHHOH MONCTAHOBKOM B ypaBHenue (11).
Cummerpuunas Gyuknusa (20) B ClIly U3BECTHOTO PABEHCTBA,

T(z,t) = ) t>0, C=1 (20

/ e Vdy =1
—o0
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obsamaeT CBOMCTBOM
o0
/ T(z,t)dz = Qo, t>0,
—c0

TaK YTO 3aKOH COXPAHEHWs SHEPI'UU BEIIOIHIETCA. B TO xe Bpems cormac-
HO (20) TeMnepaTypa B 0060i TOUYKE IPOCTPAHCTBA B JIF060I MOMEHT ¢ > 0
ornuyHa OT Hysst. Tem cambiM Monesns (11) u MHOTHe opyrue MOmenu Tem-
JIONEPENady ONUCHIBAIOT HIPOLECCHL

¢ OECKOHEUHOI CKOpPOCTBhIO pacnpo- T(xz,t)A
CTPaHEHUs] BO3MYyIUEHUll (TeMmepa-
Typa npu ¢t = (0 6bLIa HYJIEBOUW OJIs
BCEX ).

OToro HemOCTATKA JUIIEHEI (HO
JIWIIB [IPU ONPEETIeHHBIX Y CIIOBUSIX )
YPABHEHUs TUIAa HEJIMHENHON Tell-
sonposonuocTu (10) (B wacTHOCTH,
ypasaerue (13) § 1). s momenn
(10) ¢ k(T) = koT°, o > 0 paccmort- 0 >
PHM TIPOIECC PACTIPOCTPAHEHHS TEII- Dty Dty Dty Dty T
Jla B HOJIyIPOCTPAHCTBO = > 0 mpwu Puc. 28
33JAHHOY Ha TPAHUIE TEeMIEPATY-
pe: T(0,t) = T1(¢t). HauanpHas TeMmmepaTypa Cpenbl CIMTAETCS HYJIEBOI:
T(z,0) =To(z) =0, z > 0. YacTHOe pelieHre 3TOR 3a1aUl, OTBEUAOIIEE
IPAHUYIHOMY 3aKOHY

0<t <t2<tz< iy

oD? \
Ty(t) = ( L t) . t>0,

umeeT Bun Oerymiein BomHbL (cp. ¢ pemenueM (4) § 1), pacmpocTpassio-
IENCs OT T'PAHUILI BIVIyOb BEIIECTBA He C OECKOHEYHOM, a C KOHEYHOHN
ckopocTsio D > 0 (puc. 28):

1/(7
D '
<—U ) (Dt —z)", z < Dt,
T(z,t) = ko t>0. (21)

0, x > Dt,

Omuaxo 9TO CBOMCTBO PEAIM3YETCS JIUINL MPU PACIPOCTPAHEHUU TEIIa,
B XOJIOOHYIO CPENy U TepSIeTCS B CIydae OTIIMYIHOM OT HYJIs HAYAJILHON
TeMIepaTypHl BewecTBa (6osee HOLAPOGHO HTOT KPYr BOIPOCOB PACCMAT-
puBaeTcsa B 1. V).

Onucanubl DedeKT, CBA3AHHLIA C HEIPUMEHNMOCTDLIO 3akoHa Pypobe
(u 3akoma Ilapcu B cityuae ypaBHeHUs ByccuHecka) B OKPECTHOCTH (GPOHTA,
PACIPOCTPAHEHUST TEIIOBOM SHEPrUH, HE MPEMATCTBYET IMPOKOMY MpU-
MeHeHUIo napabosmueckux ypasaenuin (u3 (20) BUOHO, 9TO MOJIS SHEPTUM,
CONMEPKAILEACSA B BEIIECTBE TIPU NOCTATOUYHO GOJBIINX 3HAUCHUSX L, HUU-
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TOXHO Majla B CPABHEHUM C TIOJTHOM DHEPTUEHN Qo). OHu ciykaT XOpo-
M IIPpUMEPOM YHUBEPCAJIBHOCTU MATEMATUYCCKUX Moneneﬁ, OIINCHIBAA
GOITBIIIOE KOIIMYECTBO PA3HOOOPa3HbIX mporeccoB (cMm. Takxke § 1 ru. IV),
UMEIOIUX IIPUHIUIINAJIBHO PA3HYIO IIPUPOOY.

YIIPAXKHEHNUA

1. HaiinuTe MHTEerpaipHyo 3aMeHy dyHkimu 7', ¢ IOMOIIBIO KOTOPOW ypaBHEHUE
(9) mpunumaer Bun (10).

2. Ucnomb3ys Te Xe pacCyKOEeHUs, ITO U IIPK BHBOLE 3aKOHA (3) u ypasHeHus (6),
mostyunTe ypasHeHue (12).

3. ITonyunte pemenne (20) niis 3aKa9y 0 MCHOBEHHOM TOYEYHOM MCTOYHUKE TEILIA,

npencrasiss ero B Bune T(z,t) = f(t) ¢(€), rme € = x/v/4kot.

4. Iloctpoiire pemenue (21) nis ypasuenns (10) ¢ k(T) = koT?, o > 0, npencra-
BuB Temneparypy B Bune T(z,t) = Af(§), A >0, £ = Dt — z. Y6eaurech B TOM, 4TO
B TOuke (ppoHTA BOMHEI & = Dt MOTOK TEmIa paBeH HYJIIO.

§ 3. CoxpaneHue uncsa 4acTHUI

BBeI[eM HeKOTOpBIe IIOHSTUA TeOpI/II/I TEIIJIOBOIO 1/13nyqu1/151, nepeHO—
CUMOTI'O B cpene CBETOBBIMU KBAaHTAaMU. ?)aKOH COXpaHeHI/Iﬂ YNnCJiIa KBAHTOB
MCHOJ’IbSyeM JJIs1 nonyquM;{ KHHETUYECKOTrO ypaBHeHm{, KOTOpOMy nog4yu-
HsieTcs QyHKIUs pacupenenenus ¢GoToHoB. O6CyaquM HEKOTOPHIE CBONCTBA,
TIOCTPOEHHON MOIEJIX JIyINCTOrO TEII000MeHa B BEIIIECTBE.

1. OcHoBHbBIE TIOHATHUA TEOPUU TEIJIOBOTO M3JIydeHUs. B Be-
IIECTBE, HATPETOM JI0 JOCTATOUYHO BBHICOKON TEMIIEPATYPHI, OOJIBIIYIO POIb
UCPAIOT MPOIECCH TIEPEHOCA SHEPTUM CBETOBBIMU KBaHTaMu ((POTOHAMM).
PacnpocTpansiachk B cpemne, pacCemBasCh U TOTJIOMIASICH HA, aTOMaX U MO-
JIEKYJIaX BEIECTBA, & TAaKXKe UCIYCKAsICh UMU, POTOHBI 0OECTIEUNBAIOT JIY-
YUCTBHIA TEIIOOOMEH MEXOy PA3IUYHBIMU YUaCTKAMU cpenbl. biaromapst
UMEHHO 3TOMY MEXaHU3MY TOPSIIAA KaMUH HAIPEBAET BO3AYX B IIOMEIIIE-
HUN.

ITose m3myuenusi, 3amOIHSIONIEE TPOCTPAHCTBO, MOXHO PACCMaTPU-
BaThb KaK JIEKTPOMATHUTHOE U3JIyYeHNE C YaCTOTON KOJIeOAHUY V M NJINHON
BOJIHBI A, CBS3aHHBIMU Y€pe3 CKOPOCTH cBeTa ¢ (A = ¢/v). Ecnu xe roeo-
PUTH O TOJIE U3IIYyYEeHUSI KaK O COBOKYITHOCTHU OOJIBIIOrO YMCIIa, YaCTUI] —
CBETOBBLIX KBAHTOB, TO HEOOXONMMO BBECTU IOHSITHE SHEPTUU KBAHTa, hv
(h — mocrosunas [lnanka), MBUKYIIETOCsA CO CKOPOCTBIO ¢. B oTnuume ot
TIOJISL TEMIIEPATYP, XapaKTePU3yeMOro KOOpANHATAMA T, Y, Z X BPEMEHEM
t, U1 OTIUCAHUS W3JIyUEHUS] BAXKHO 3HATH TaKkKe ero 4acTory v (Booble
TOBOPsI, PA3HYIO IS PA3HBIX KBAHTOB) M HAIIPABIICHUE NBUXKEHUS KBAHTOB
B J1I000M TOUYKe IPOCTPAHCTBA B JIIOOON MOMEHT t.

IIpocnenuTh TPAaEKTOPUIO KAXKIOTO U3 OTPOMHOTO YKcia GOTOHOB B
BEIIIECTBE MOMIPOCTY HEBO3MOXKHO. [109TOMY B TeOpuu M3y deHs NCIOIL3Y-
€TCsI CTATUCTUYIECKUN BEPOSTHOCTHBIN MTOAXOM, OCHOBAHHBLI HA, BBEOCHUU
Pynxyun pacnpedesenug wacmuly. ITO BAXKHOE MMOHITHUE YCIIEITHO UCTIOb-
3yeTCsl I U3YYEeHUS COBOKYITHOCTH OOJIBIIIOTO YWCIIa YaCTUI WU WHBIX
00BEKTOB B PA3IIMYHBLIX 00IACTaX 3HaHUs (CM., Hanpumep, § 3 rir. IIT).
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dyukuus pacupenenenus Gorouos f = f(v,7, ), t) 3aBucuT oT gac-
TOTHI KBAHTOB, PAANyCa-BEKTOPA 7 (T. €. OT KOOPAUHAT I, Y, Z), HAIIPAB-

seHus nBukeHus uvactur () u Bpemenu t. Ee
CMBICJI COCTOUT B ciemyomieM. Paccmorpum B
HEKOTODHII MOMEHT BPEMEHN { 3JIEMEHT 00BbeMa,
di” okosio Touku 7 (puc. 29). Torna Benuunua

f(v, 7,8, t) dv di d§ (1)

II0 OIPENENEHNI0 — 9TO YKUCIO KBAHTOB, HAXO-
IAIINXCS B CIEKTPAJIBLHOM MHTepBaie (v,v +
+ dv) (T. e. UX 4ACTOTA JIEKUT MEXKAY 3HAUE-
HUSME V ¥ V + dv), 3aHEMAIOLUX 00beM dF U

Puc. 29

UMEIOIINX HAIPaBIICHNE NBUXEHUSA B OUAIA30HE OT Q no G+ dQ (Q —
eNVHUYHLIA BEKTOP). Pasmep obbema dff mpemnonaraeTcs ropasno 6ombIie
JJINHBI BOJIHBI )\, TaK 4YTO BOJIHOBBIC Sq)(peKTBI HECYyIIeCTBCHHBI.

®ynuknus pacupenenenus (1) — OOHO M3 UCXONHBIX HMOHATUN TEOPUN
JIy9uCTOTrO TeHJ'IOOﬁMeHa, C IIOMOIIBIO KOTOPOTO BBOOATCA U BBEIUUCIIAIOTCS
BC€ OCTAJIBHBIEC XaPaKTEPUCTUKN, OIIXNCBEIBAOIIIE 3TOT IIPOLECC. Bemunna
1,,, onpenensemas o Gopmyie

L(7, 0, t) = huef (v, 7, G, 1), (2)

HA3BIBAETCS CNEKMPAAbHOT UHMeHCUBHOCMbI0 udayuenud. OHa IpenCcTaB-
J1seT cOO0M KOJIMYIECTBO JIYYUCTON SHEPTUY B CIIEKTPAJIbHOM MHTEPBAJIE OT
v 0o v + dv, meperocumoe HOTOHAMU 33 €U~
HUITY BPEMEHU Yepe3 eIUHUYHYIO IUIOUIANKY,
MIOMEIIIEHHYI0 B TOUKE | U MEPIEHIUKYJIIP-
HYI0 K HAIPABICHUAM UX TOJETa (KOTOPHIE

bl

=

nexar B ananasore yrioB oT §) mo € + d€l;
puc. 30).

HefcTBUTENBHO, TAK KAK DHEPTUA KBAH-
Ta paBHa hv, a 00IIIee YUCIIO KBAHTOB ¢ 9aCTO-

o Puc. 30
TOM OT V 10 V + dV 1 C HaIIpaBIIEHUEM TIOJIETa,

ot Q mo 2 + dS) B enunuIe 06bema pasuo f dv df), TO IepeHoCUMas UMK 33,
1 ¢ uepes paCIONOKEHHYIO TIEPIEHANKYIAPHO MONeTy IIOMANKy B 1 cm?

sueprus pasHa hvef dv df), uro cormacyercs ¢ onpeneseruem (2).
Cnexmpasbrad naomuocmy U3IydeHns

L1 .
U, (7, 1) :hz//fdQ: E/L, d (3)
47T 4

npencTaBiseT COOOM KOMMYUECTBO JIYUUCTOM SHEPruK KBAHTOB, COIEPKAa-
muxca B 1 cm® mpocTpaHCTBa B TOUKE 7 B MOMEHT t B eMHNIHOM HHTED-
BaJle YACTOT ¥ MMEIOIIUX YaCTOTY V.

Errie onHol BaxXHOU XapaKTEPUCTUKON CIIYKUT CNEKMPGAbHbIT NOMOK

udayuenud S, . POTOHBI, MEPECEKAIOIINE ENMHIIHYIO [JIOMIAAKY C HAIPAB-
JIEHIEM HOPMAJIN 77, IEPEHOCST 4epe3 Hee SHepruio (B 1 ¢ B uHTEpBaJe OT ¥
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no v + dv) pasuyio hve [ f cos0d} (puc. 31). AHATOTMYHO BBIMUCIILETCS

2w
SHEPrusd, paCIPOCTPAHAIOIIAACA Yepe3 IIJIOIIAa Ky CIipaBa Ha-

JIEBO, HO MHTEI'PUPOBAHUE BENETCs IO JieBOi momychepe. Mx
PA3HOCTH U HAET BEIUYUHY S, :

Sy (7, t,7) = hl/c/fcostﬁ, (4)
4

Puc. 31

rmoe 0 — yroma Mexny HallpaBJIEHUEM MOBUXKCHUA KBAHTOB U
—

HOpMaJbio. Bemuuuna S, — mpoeknus BekTOpa S, Ha HOPMAJb 71, & CaM
BEKTOD €CTh

g, = / 1,3 a6 (5)

4

3aMeTuM, 94TO NpU M30TPONHOM (HE 3ABUCAIIEM OT HAIpaBieHus €))
U3JIyYEHUN CHEKTPAJIbHAS INIOTHOCTD, Kak cienyer u3s (3), paBHa

U, =4rhvf,

a 3 (5) BULHO, 4TO HOTOK S, PABEH HyINO B 000N TOUKE IPOCTPAHCTBA.

IlonHBIE HHTEHCUBHOCTD, MIIOTHOCTD U TIOTOK M3JIyYEHWs MOXHO TIO-
JIYYUTH W3 CHEKTPANLHBIX XaPAKTEPUCTUK WHTETPUPOBAHUEM IO BCEMY
CTIEKTPY 9acTOT V.

2. YpaBHeHme Gasranca uyumciia GOTOHOB B cpenme. Brisemem
yDABHEHWE, ONUCHLIBAIOIEE TEPEHOC WM3IIYyUYeHWs B CPENe, MOJb3YsICh 3a-
KOHOM COXDAHEHUS UUCIIA Yac-
TUI[ ¥ CIEAYIOMIAMY TIPEITIOI0-
KEHUSIMIU:

1) mpomecc pacmpocTpase-
HUS KBAHTOB ONHOMEDHEIHA, T. €.
f=f,z,Q1);

2) paccessHEEM KBAHTOB CBe-
Ta HA ATOMAX WA MOJIEKYIaX
(T. €. M3MEHEHWEM WX HATIPABIIE-
HUsI) MOXHO IpeHeOpeub;

3) um3BecTeH XapakTep IO-

0 z z+dz z  romeHus u UCIyCKAHUS CBe-
Puc. 32 Ta aTOMaMU U MOJIEKYJIaMU Be-
IIECTBA;

4) GOTOHBI CAMOIIPOM3BOIILHO HE MCUE3AIOT U HE TOABIISIIOTC.
PaccmoTpum 6aaHc 4acTHUI] B 3JIEMEHTAPHOM IUINHIDE, MMEIOIeM

ockb B Hanpasienun ), mmuny ds = dz/ cos § u ocaoBanue do (puc. 32), rue

6 — yroa mexmy ockio x u BekTopoM (). Bymem mrTEepecoBaThCs usiyue-
HUEM YaCTOTHI ¥ B €IVMHUYHOM HHTEPBAJE YaCTOT, PACIPOCTPAHSIIOIINMCS

BHYTDU €OUHUYHOTI'O TEJICCHOT'O yI'Jia B HAIIPABIICHUN Q.
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B coorsercreunm ¢ (1) (cm. Takxe ompenenenue (2)) 3a Bpems dt B
JIeBOE OCHOBAHUE LIIMHIPA BXOLUT YUCIIO YACTHUL, PABHOE

cf (v, x, Q, t) do di.

3a To Xke BpEMsA U3 €ro IMpaBOTrO OCHOBAHUSA BBIXOOUT YUCIJIO YaCTHUI]

(cf (v, z,98,t) + cdf) do dt,

rre BeJIuYuHa df OMUCHLIBAET Mpupalienre GYHKIN f Ipy mepexomne OT Of-

Horo ocHoBauus X npyromy. I[lockonsky f = f(v,Q, z,t), To 5Ty Benuuuuy
MOXHO TIPEICTABUTE B BUIE

0 f of dz
df = dt + 5= ds, ds = ,
0s cosf
rIie TIepBOE CJIATaeMOe OTBEUAET €€ MPUPAIIEHUIO 0 BPEMEHU 33 MpPOMe-
XKYTOK dt, & BTOPOE — MPUPAIIECHUIO 110 KOOPOUHATE S.
YuuThiBas, 4TO CKOPOCTH GOTOHOB paBHa ¢ U dt = ds/c, momydaem

1 af af

Wrak, uncio GOTOHOB B HMIVHADE 33 BpeMs di U3MEHWIOCH HA BEJIUIUHY

of  of i of
_<8t+ 88)dsdadt— <8t+6€0898w ds do dt. (6)

HanomuuwMm, uTo uepe3 GOKOBYIO MOBEPXHOCTH IUIUHIADPA (POTOHBI, UMEO-

LITVe HAIIPABIIEHUE IIOJIETA 0 u ne TIPeTEPIEBAIOIINe PACCESHU, He IIPOJIe-
TaIoT.

Taxum 06pa3oM, U3MEHEHNE YKCIIa KBAHTOB B 00BEME IIMINHIAPA MO-
JeT BBI3BIBATHLCS JIUINL UX IOTVIOIIEHWEM WM HCIYCKAHWEM aTOMAaMHU U
MOJIEKYJIaMU BEIIeCTBA, HAXOMAIIETrOCs BHYTpU ImiauHapa. s Beraucie-
HUSI 5TOU BEJIMYNHBI BBOLUTCS MOHATHUE PABHOBECHO20 U3AYUEHUT, KOTIA
UUCIIO KBAHTOB, IOIVIOIIEHHBIX BEIIIECTBOM, PABHO UUCIIY UCIYIIIEHHBIX Yac-
Tl (M3JIy9E€HVE U BEIIECTBO HAXOMSTCSI B DABHOBECUM) B JIHOGOM MOMEHT
BpeMeHH. PaBHoBecHas ¢yHKUUs pacupeneneHus f, ecTsb (3akon Ilaanka)

212 hv
=—expl|ll-— 7
fp 03 p kT Y ( )
roe T — TemmepaTypa BeIECTBA (CUATAETCSI, YTO CPeNa HAXONUTCSA B

YCIIOBUSX JIOKAJIBHOIO TEPMONWHAMUYECKOTO DABHOBECUS, U B JIIOOOU ee
TOYKE MOXHO BBECTH TaKW€ XapPaKTEPUCTUKU, KAK TEMIIEPATypa, BHYT-
DEHHSS SHEPTUs U T. I.).

B OTCYTCTBUE PABHOBECUA MEXNOY M3JIYyUYCHUEM N BEIIECTBOM WHTECH-
CUBHOCTD TIOTJIOMIEHUs (MCIyCKaHus) (GOTOHOB MPOMOPIMOHAIILHA PA3HOC-
T MeXny fp, u f, T. e. BenuuuHe

%,,C(f - fp):
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roe s, = », (1 —exp(hv/kT)), a 3, — K05bOPUINEHT MOTITIOIEHNSI, OIPe-
IeTIIeMBII COCTOSIHIEM CPELbL U ee CBOCTBaMU. M3sMeHeHne uncsia KBaHTOB
B 00beMe HWINHIDA 33 BpeMs di PABHO

w0, (f — fp) dods dt. (8)

Ipupasuusas (6) u (8), monyvaem nis QyHKIUU PACIPENETIEHUS Ki-
HEMUUECKOE YPasHerUe, OMUCHIBAIOIEE IEPEHOC U3IIYICHU B CPEMe:

af P of 9

5; T ecost 5= = (f = f), 9)
rze fp 3anaercs dopmyioit (7). Ypasuenue (9) BMecte ¢ yHKImIME fp, 32,
¥ KPAEBBIMU YCIIOBUSIMU IIPENCTABIISIET COOOM 3aMKHYTYIO MOIEJb PACIPO-
CTPAaHEHUA JTy‘{HCTOfI SHEPI'UNU IIPU COEJIAHHBIX BBIIIE IIPEOIIOJIOXKECHUAX.

3. HekoToprie cBoilcTBa ypaBHEHUsS NepeHOCA W3JIyYUeHUs.

HonyquHoe Ha OCHOBAaHUHM 3aKOHA COXPaHEHUs YMUCIIa 9aCTUIl HECTaIuo-
HApPHOE OMHOMEPHOE HEOMHOPOMHOE TUNEpOOIMIecKoe ypasaerue (9) Moxer
OLITH OOOCHOBAHO TaKXe U C MOMOIITBI0 3aKOHA, COXpaHeHus dHepruu. [lei-
CTBUTEJIBHO, B MUWINHAOPDE PACCMAaTPUBAJICA bamanc YJaCTHUL, UMEKIINX OO~
HAKOBYIO UaCTOTY V U, CIIEIOBATENBHO, ONMHAKOBYIO SHEpruio hv. Y UnTHI-
Bas 9T0, (9) JIErko MepenucaTsb KakK ypaBHEHNE OTHOCUTENBLHO CIEKTPAlb-
HOIl MHTEHCUBHOCTHU u3iyuenus I, = hvcf:

1 Gl + cosf Gl
c Ot ox

KOTOpOE 5KBUBAJIEHTHO (9), HO mMeeT 6ojee HEMOCPENCTBEHHEIN (Gu3ndec-
KU CMBICII. R

ITpu unrerpuposanuu (10) mo Temecaomy yriy € (T. e. mo BceMm Ha-
[IPABJICHUAM TOJIETa KBAHTOB) TIOJIyYaeM YDPABHEHUE, CBA3LIBAIOIIEE TLIOT-
HOCTB u3iyuerus (3) u ero moTok (4):

ou, N oS,
ot ox

OTO ypaBHEHUE MOXHO TPAKTOBATH KAaK YPABHEHUE HEPA3PBLIBHOCTHU
IJIST M3JIyUeHUs] TAHHOW YaCTOTHI, BHIPAXKAIOIIee 3aKOH COXPAHEHUS U3ILy-
YEHMs ¥ BIIOJIHE aHAJOTMYHOE ypaBHeHuo (7) § 1 B TEOpUU MBUXKEHUS TPYH-
TOBBIX Box U ypasHeHuio (5) § 2 B Teopun TemnonposonHocTu. HauGonee
OYEBUIHA HTa AHAJOIUSI B TPEXMEPHOM cilydae, korna ypasaenus (10) u
(11) mpunuMmaroT BUR

=y (IVp_IV)7 (10)

= 36, Uy — U,). (11)

10, ~o.

Pl +QVI, =3, (L,p—L,), (12)
10U, .=
iy +div S, = ¢, (U, — Uy). (13)

Xorsa ypasuenus (9)—(13) nuneiinbie, HEb3s, BOOOIIE FOBOPS, y TBEPXK-
IaTh, YTO MOMEINN JIyYUCTOrO TEIIOOOMEHA MPOIIE HEJIMHENHBIX MOIEIIEH,
paccMoTpeHHBIX B § 1, 2. Bens, pemmas (9)—(13), MOXHO momnyuaTs KaXK bl
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Pa3 JIUIIb CIEKTPaJIbHBIE (T. €. IJIs TAHHOW YaCTOTHL l/) XapaKTEepUuCTu-

KU W3JIyYeHUs, PACIIPOCTPAHSIONIEroCs B 3aMaHHOM Hanpasienun (). s
TIOJTHOY KapPTWHBI HeOOXONMMO HANTU HYXKHBIE BEJIMYWHEL MJIS BCEX 3HAYE-

Huit v, () (v Kakwe-TO MHTErpajibl OT HUX), 9TO ABIAETCS ropasmo 6o-
siee TpynHoi 3anadein. K Tomy xe B 6oJiee CIIOXKHBIX CUTyanusx (Hajaudue
pacceuBanus GOTOHOB U T. A.) camu Monenu (9)—(13) MoryT 3HAUMTENBHO
YCIIOXHATHCS.

Hawu6Gonee nmpocras Momens nmepeHoca usiydenus noiydaercs us (10),
€CJIM MOTVIOLIEHNEM U MCIyCKaHMEM KBAHTOB MOXKHO IpeHeOpedYb U pac-
CMATPUBATHL CIIy4al, KOTJa BCE YACTHUILI ABIXKYTCS B OTHOM HaIIpaBIle-
urw. Torma mis mobbIX 3HAUEHUH ¥ MOXKHO MOJIOKUTE cos § = 1 u npuiiTu
K YPaABHEHUIO

101, . oI,

c Ot or
MOJIHOCTBIO UAEHTUIHOMY ypaBHeHuo (3) § 1 miis moToka HEB3aMMOMENCT-
BYIOIINX MATEPUAILHLIX YACTHII.

Ecnu vHTE€HCUBHOCTS U3ITyYeHrs HE 3aBUCUT OT BpeMenu, To (10) mpe-
BpAIIAETCs B HEOJHOPOINHOE NTUHENHOE nuddepeHIInaIbHOEe YPABHEHNE

=0,

dI,
cos @ - Tr + 0,0, = 5,1y, (14)
ob111ee perreHne KOTOPOTro NMeeT B
I(z) = / s, Ipe ) dg' + I, e (@), (15)
o
3mecn x(z') = ;, o, dz" ) s(xg) = on », dz'  (mna opocrorsr B (15) mo-

soxeno cosf = 1), I,, — MOCTOSHHAS MHTETPUPOBAHUS.

He ocranasnuBasch mogpo6HO Ha Gu3rdueckoM cMmbicie perrerus (15),
TOSICHUM, UTO TEPBBIN WIEH O0S3aH CBOMM MPOMCXOXKIECHUEM W3ITyUEHUO,
BO3HUKINEMY B BEIIECTBE HA OTPE3Ke OT Zo A0 Z (M OCIABGIIEHHOMY TIOTJIIO-
wieHuneM ). Bropoe ciiaraemoe npencTasigeT cob0i U3y YeHre OT KAKUX-TO
BHELIHWX UCTOYHWKOB, BXOMAIINX B BEIIECTBO HA €TI0 IPAHUALIE Zo (1 TaKKe
0CJ1abIIEHHOE TIOTJIOIIEHNEM 10 Mepe PACIPOCTPAHEHUS [0 CPEle).

Ecmu I, n 3, — u3BecTHBIC GYHKIMM KOOPAMHATHI % (I STOTO
IOJIKHBIL OBITH U3BECTHHI TEMIIEPATYPA U IFIOTHOCTD BEIIECTBA, BAOIbL TPa-
€KTOPUU Y9aCTHIl), TO pelneHue ypasuenus (14) ceomuTcs K KBagpaType.

B npoTuBOmOIOKHOM PACCMOTPEHHOMY CIIydae IPOCTPAHCTBEHHO Ofl-
HOPOMHOTO ToJtst u3nyuenus u3 (10) momyuaem

101,
o = Ly~ L), (16)

Ipouecc, onucuiBaeMblil ypasaerreM (16), cOOTBETCTByeT cCuTyaIuu,
KO3 B HEOIPAHUIEHHON U TIEPBOHAYAIBHO XOJIOAHOM cperie (T. €. B MOMEHT
t = 0 u3IIyYeHUs HET) C MOCTOAHHOMU INIOTHOCTHIO IPOUCXOMUT OBICTPHIA Ha-
T'PEB BEILIECTBA 10 HEKOTOPOU TeMIePaTypsl ', KOTOpas 3aTeM MO IEPKI-
BAETCs HEM3MEHHOU BO BpeMeHHU. [I0CKObKY MOTEph U3JIyUeHUus C TPAHUII

6 A. A. Camapckuit, A. II. Muxaitnos
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HET, TO IPOCTPAHCTBEHHEIC IPaAneHTEl I PaBHBI HyO U %, I,, He 3a-
BUCAT OT I, Y, Z. BO3HUKIIIEEe B De3ylbTaTe HATPEBA U3JIyUEHUE TaKKe
nmeer Hyneponl rpamueHt (T. e. I, = I,(t)) u, oOMeHUBasCH SHEprUen c
BEILIECTBOM, CTPEMUTCS ¢ TEYEHUEM BDEMEHV K DABHOBECHOMY 3HAYEHUIO
[0 5KCIOHEHIMAIILHOMY 33KOHY.

YIIPAXKHEHNRI

1. IIpoBepbTe NPAaBMILHOCTL BHIpaxkeHus (5).

2. IToBTOpss pacCyXIeHus II. 2, MOJIy4YnTe TpexMepHoe ypasHerue (9) mmu (10) B
ciIyuae, Korga (GyHKIMs PACIPENeIeHUs 3aBUCAT OT T, Y, 2.

3. Ucnonssys ompenenerus (3), (4), seiBenure us (12) ypasuenue (13).

4. Ionyuute pemenue (15) ypasrenus (14) m KOHKDETM3MDYHTE €ro B CIIydae
HOCTOSIHHBIX 3y, I,,p.

5. Y6enurech B TOM, UTO DEIIEHUE ypaBHEHUs «HachleHus» (16) (cp. ¢ ypaBHe-
HueM (12) § 1 ra. I) mMeeT SKCIOHEHIIMAIIBLHEIA B, X HAMOUTE [IOKA3ATENb S9KCIIOHEHTH.

§ 4. CoBMmecTHOE IpUMEHEHUE
HeCKOJIBKNX (pyHIaMeHTaJbHBIX 3aKOHOB

3aKOHBI COXPAHEHUsST MACCHI, UMITYJILCA, YSHEPTUKA UCIOIB3YEeM I TO-
CTPOEHUS MATEMATUIECKON MOIENIN, ONMCHIBAIOIIEN TeUeHUe CKUMAEMOI0
raza. O6CcynuM OTIINYMS MOy YEHHON MOMEN OT MOEJIell, PACCMaTPUBae-
MBIX B § 1-3, & Takke HEKOTODPBIE CIIEAYIOIIINE U3 HEE CBOUCTBA, ra30[MHA-
MUYECKUX IBUKEHUN.

1. IIpenBapuTesibHbIE IOHATNA [a30BOI AUHAMUKN. 3aMETHOE
U3MEHEHUEe INIOTHOCTEHN XUNKOCTEW U TBEPIBIX TeJl MOXKET HOCTUTATBHCS
JIVITL DA OTPOMHBIX HABJIEHUSIX B HECATKU M COTHU THICAY aTMOChep u
BoIre. ['a3000pasHbie cpenbl ropasno Jierdye MOABEPraioTCsa CXKATUI: IIPU
nepemnane NaBjeHus B OOHY aTMOcChepy IIOTHOCTH rasa, IEPBOHAYAIILHO
HAXOOUBIIETOCS TIPU aTMOCHEPHOM NABIEHUN, YMEHBIIAETCS WM yBeIH-
YUBAETCS HA BEINUUHY, COOCTABAMYIO C HAUAJIBLHON €r0 INIOTHOCTHIO.

B rasopoit muHamuke, M3ydaromiell NBIUKEHIE CXKIMAEMBIX CPel IIOf
IefCTBUEM KAKUX-JINOO BHEITHUX CUJI UK CUJII JABIIEHUS CAMOI'O BEIIECTBA,
CUUTAETCS BLIOTHEHHBIM HEPABEHCTBO A K L, roe A — mimHa cBOGOTHOTO
npobera, L — xapakTepHEBIe pa3Mephl 00IaCT PACCMATPUBAEMOTO TeUe-
Hus (cmtomHas cpena). CunTaeTcs TakXke BHITONHEHHON runoresa o JITP
(em. m. 1 § 2). B ycmoBusax JITP cxumaeMy®o cpemy MOXHO PacCMaTpU-
BaTh KaK COBOKYITHOCTBH OOJIBIIIONO YUCIIA KUOKUX YACTHIL C Pa3MepaMu,
MHOTO OOJIBIIIUME A\, HO MHOTO MeHbIuMu, ueM L. Jjis Kaxmoi Takomn gac-
TUILL, CBA3AHHON ¢ HEOONBIION (MKCUPOBAHHON MACCOU CPENbI, BBOMSTCS
XapaKTepU3YIOIINe ee CPeNHUE BEINYMHLI — IUIOTHOCTDL p, HABJIEHUE P,
TemmepaTypa 1', BHYTPEHHSISI SHEPTUS € U T. M., & TAKXKe CKOPOCTb U ee
MaKPOCKOIIMYIECKOTO NBUXKEHUS KAK €OUHOTO IeIoro. Bee 5Tu BeNUUnHEL B
OO0IIIEM CITydae 3aBUCAT OT TPEX IPOCTPAHCTBEHHBLIX IEPEMEHHEIX T, Y, 2 U
BpEMEHU ¢.

B manpuelmem OyneM Taxke IPEANONaraTh OTCYTCTBUE B CPENE IPO-
1IECCOB TEIJIONEPENAYuN, BI3KOTO TPEHUs, UCTOYHUKOB U CTOKOB DHEPTUU,
HAIpUMED, U3IYyUIEHUs, U, KPOME TOTO, OTCYTCTBUE BHEIIHUX OOBEMHBIX
CHJI ¥ UCTOYHUKOB (CTOKOB) MACChI B BEIIIECTBE.
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2. YpaBHeHUMe Hepa3pBIBHOCTHU IJIs CXHUMaeMmoro rasa. llpu-
MEHUM PAaCCyKIEHUs, AHAJIOTUIHBIE TEM, YTO UCIOIL30BAIINCE IJISI BEIBOLA
ypasHenuit HepaspeisHOocTH (7) § 1, (5) § 2 miist TeueHws IPYHTOBBIX BOA U
nporuecca Temonepenadn. PaccMor-
PUM B HEKOTOPOU 006/1aCTU TPOCTPAH- z A &P'Uz
CTBa, 3AHITOW IBUXKYIIIMMCS Ta30M,
3JIeMEHTapHBI KyOUK CO CTOPOHAMU b d
dx, dy, dz u momcunTaeMm B HEM 0Oa- vy 1 i
JaHC Maccel 3a Bpems dt (puc. 33). — -r-
3meck vy, vy, U, — KOMIIOHEHTBI CKO- , %:x
POCTH IO COOTBETCTBYIOIIAM OCSM. dy

ITo ocu z uepes rpansb ¢ KOOPIU-
HATOM x B KyOWK 3a BpeMs dt mocTy- 0
IaeT Macca rasa, paBHas /p%

pug dy dz dt,

TMOCKOJIBKY BEIUYWHA pPU, HE YTO
VMHOEe, KaK IOTOK MAacChl II0 HAIPABIEHUIO OCH . 3a TO XKe caMoe Bpe-
MsI U3 TPAHU C KOOPAUHATON X + dX BBITEKAET MACCa

[pve + d(pvy)] dy dz dt,

rze uepes d(pv, ) 0603HAUEHO IPUPALLIEHNE IOTOKA MACCHL IIPY IIEPEXOLE OT
KOOpOUHATHL K KoopauHate T + dz. CyMmmupys 06a MOCIEIHUX BhIPAKE-
HUS U YIUTHIBAS, ITO

<Y

Puc. 33

0
d(p’UJ) = a_w (p’U.E) d.’L’,

[IOJIyYaeM BEJIUINHY U3MEHEHUS MacChl B Kybuke 3a Bpems di Gimaromapst
IBUXKEHUIO Ta3a BIOJIb OCH &:

dmg, = — 9 (pvg) dx dy dz dt. (1)
0x

Touno TakuMm xe 06pa30M HaXOOUM MU3MEHEHUSA MaCCHhI 3a CYET OBU-
XKEHU II0 OCAM Y, Z:

dmy, = — (,)a—y (pvy) dz dy dz dt,

(2)

0
dm, = — % (pv,) dz dy dz dt.

B dukcupoBannoM ob6beMe KyOumka M3MEHEHWE HAXOMAIIEHWCS B HEM
MaCChI T'a3a BEIPAXKAETCSI TAKXKe UYepe3 M3MeHeHUe ero IJIOTHOCTU CO Bpe-
MeHeM:

0
dm = a_f:) dt dz dy dz. (3)
Cymmupys dm,, dmy, dm, u npupaBHUBas pe3ylabTaT K dm, IOILy-
yaeM u3 (1)—(3) uckomoe ypaBHEHUE HEPA3PLIBHOCTY
dp

. 4
at—Fdlvpv 0, 4)

6*
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BBIPAXKAOIIEE 3aKOH COXPAHEHUST MACChI BEIIECTBA IPUMEHUTEIBHO K [BU-
KEHUIO CKUMAEMOro rasa. I1o cBoeit popme 1 CMBICITY (CKOPOCTH N3MEHEHU S
BEJIMYMHBL ONPEEIIETCS AUBEPTEHINEN TIOTOKA STOM BEIMYAHEBL) OHO BITOJI-
HE aHAJIOTMYHO ypaBHeHuo HepaspwiBHOCTH (7) § 1 u ypaBuenusam (5) § 2,
(11) § 3.
Omuako aHaJIOrWs C TEYEHWEM TPYHTOBBIX BOI HA 5TOM 3aKAHYU-
Baercs. Ilpm cBOOOOHOM NBUXKEHUU Ta3a €ro NWHAMUKA OIPENeIIsieTCs
JIAIIb CUJIAMHU OABJIEHUS CAMOTO Ta-
zZ A 34, B OTJIINYNE OT OBUXEHUS XKUITKOC-
TU, UCIBITHIBAOIIEN COIPOTUBJIICHUE
ply) ° p(y+dy) HacTuUI 'PyHTA.
- 3. YpaBHeHUs OBUXKEHUS r'a-
3a. s ux momydeHuUs IPUMEHUM
e BTOpO# 3akoH HbioTOHA K dieMeH-
TaApHON XUOKOM JACTULE, UMEOIIen
B HEKOTOPBIA MOMeHT t hopMy KybOu-

<y

0 y y+dy ka ¢ rpausvu dz, dy, dz (puc. 34).
Kunkas gacTuia — 5TO IepeMe-

z HIAOIINICA B HOPOCTPAHCTBE W Me-
Puc. 34 HSOMIAA CBOIO GOpMy 00BEM, comep-

KA B Pa3Hble MOMEHTHI BDEMEHU
t omHUM W Te XKe aTOMBI U MOIIEKYyJbl rasa. Tem cambiM ero macca dm 1mo-
crosHHA. 71 mpoCcTOTH BEIBOAA OyIeM CUMTATh, UTO 33 KODOTKOE BPEMs
dt KyOuk He MeHseT CBOEH (GOPMBI M CMEIIAETCS MO BCEM HAIMPABICHUSM
Ha PacCTOsSHUE, MHOIO MEHbIIIee er0 Pa3MepOB.

OnpenenuM cHavaa CUILy, NEACTBYIOIIYIO HA KyOUK, HAIPUMED B HAa-
npasiennu ocu y. OHa, OYEBUIHO, PABHA PA3HOCTU NABJIEHUN HA JIEBOA U
[IPABOM MPAHAX, YMHOXKEHHON HA WX IIOMIAAN (MHBIX CHJI IO IIPEIIIONIONKe-
HUIO HET):

Fy = [p($7y7z7t) —p(%y + dy,z,t)] drdz.

Cura F,, paBHA yCKOPEHWIO XKUIKON YaCTUILI B HAIPABIIEHUIN MHOX€EH-
Y )
HOMY Ha ee Maccy dm = pdx dydz:

dv
F,=—2pdzdydz. (5)
dt
3aMensisi B mepBOM BbIpaxkeHny [uisi I, pasHOCTH NABIIEHUIA depes Ipous-
BOIHYIO OT NABJIEHUS 10 Y U TIPUPABHUBAA €10 K (5), IPUXOMUM K ypaBHE-
HUIO, ONUCHLIBAIOIIEMY MBIKEHUE Ta3a BIOIb OCH Y-

dv dp

pr 2P (©)
dt dy

TouHO Tak xe HoIydaeM ypaBHCHNS OBUKCHIS [0 HAIPABIICHUAM T, 2:
dv, Jdp

- 2 7

P 5 (7

dv, Op

PE:—&’ (8)
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umeromue, Kax u (6), O4eBunHbIA Gu3ndeckuil CMBICI. B BekTOpHOU hopme
ypasHenus (6)—(8) mmeror BuL

dv

p—

dt

Mosicumm, uTo B (6)—(9) wepes df /di obosnauena momnHas (cybGcras-

[IUOHABHAS, T. €. CBI3aHHAA C GUKCUPOBAHHBIMU YACTUIAMUA Ta3a) IPO-

M3BOMHAS [0 BPEMEHM KAKOU-IT1M00 BEJIMUNHEL, XaPAKTEPU3YIOIIEN TaHHYIO
HEM3MEHHYI0 MACCy rasa.

Packpeie df /dt uepes wacTHBIE IPOU3BOAHEBIE N0 &, Y, Z U t B COOT-

BercrBuu ¢ npaswiom df /dt = 8f /0t + (Vgrad) f, npunem x ypasuenugm

deugcenug Diliaepa

= —gradp. 9)

—

1
g—: + (Tgrad) v = — p grad p. (10)

Bynyuu 3amumcasb mOKOOPAMHATHO, OHU IPUHUMAIOT BUI

Ovy ov, ov, ov, 1 0p

T o, Ty, T, T 2P 11
ot tv Ox + oy Oy o 0z p Oz (11)
vy Ovy Ovy Ovy 1 0p

T, Ty, Sy, = 2P 12
ot v Oz T oy v 0z p Oy (12)
ov, ov, v, ov, 1 9p

Pz o, T g, B2y T 208 1
ot o Oz oy Oy tv 0z p 0z (13)

B orsmune oT TeueHUS IPYHTOBBIX BOL, TPANUEHTEL LABICHUS B yPAaB-
HeHUsX ABukeHus rasa (6)—(13) onpenensior KOMIOHEHTHI YCKOPEHUS Be-
IIIECTBA, a He KOMIIOHEHTEI ero cKopocTu (cp. ¢ 3akoHoM Hapcu (9) § 1).

Ypasuenus (4), (11)—(13) comepxaT naTh HEU3BECTHBIX BEJIUIUH — p,
D, Ug, Uy, U;. I UX 3aMBIKAHUS €CTECTBEHHEE BCETO MCIONb30BATH 3aKOH
COXDAHEHUsT SHEPTUIL.

4. YpaBHeHue sHeprum. s ero moiydeHWs WUCIONB3YEM TY XK€
YIPOILEHHYIO CXEMY, UTO U B II. 3: 6yIeM PACCMATPUBATDH U3MEHEHUE BHYT-
penHen suepruu GUKCUPOBAHHON MACCHI 'a3a, d1m 33 KOPOTKUA IPOMEXY TOK
BpemeHnu dt. Tak Kak IO CHENAHHBIM IOIYILEHUSIM B BELIECTBE OTCYTCTBY-
€T TEeINIONPOBONHOCTD, BA3KOCTb W MCTOYHUKY (CTOKM) SHEPIHM, TO 3TO
N3MEHEHUE BBI3BIBACTCS JIUIIB PAGOTON CUII LABIEHUs HA FPaHIX KyOuKa
[IPX €r0 CXKATUY UM PACIIAPEHUY.

Pabora maBnenus, CBI3aHHAS C IBUXKEHUEM TPaHEl 00beMa, BIOIL OCH
Z, OUEBUIHO, PABHA

dA, = p(vy(z) — vy (z +dx)) dt dy dz,

rie craraeMble B CKOOKaX MOXHO, OTOPaCHIBas UEHBI BTOPOTO MOPSIIKA
MAaJIOCTH, IEPENUCATL Ye€Pe3 NPOU3BOAYI0 Ov, /0T 1 MOIyUnTh

ddy = —p 2% 4y dy dz dt.
ox
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3mech p — cpemHee MaBIEHUE B SJIEMEHTAPHOM o0beMe. AHAIOrudHO,

ov
dAy, = —p B—yy dx dy dz dt,
dA. = —p 2 4w dy dz dt.
0z

[Tonuas pabora, coBepIleHHAs HAJ Ta30M 3a BpeMs dt, ecThb
dA =dA, +dA, +dA, = —pdividz dy dz dt.
Ona paBHA U3MEHEHUIO BHYTDPEHHEN SHEPruu o6beMa, T. €.
dA = pde dx dy dz,

€ — ynmenbHas BHyTpeHHss sHeprus. [[pupaBuss 06a Beipaxenus mis dA
¥ YCTPEMUB K HYJII0 df, OKOHUATENHHO Oy IAM

de

P

rze de /dt — nonuast (CyGCTAHINOHABHAS) IPOU3BONHAS BHY TPEHHEH SHED-
T'1 II0 BPEMEHN.

3aMeTuM, 4TO ¢ MOMOIIBI0 YPABHECHUN HEPA3PLIBHOCTH U IBUXKCHUS
ypasrenue (14) npusonurcs, mono6HO (4), k dusepeenmmuomy 6udy

0 pv? . . . v? N
7 <p5 + T) = —div [pv (6 + ?> +pv] . (15)

Caesa B (15) cTouT npOM3BORHAS OT HONHOM (BHY TPEHHEN U KUHETUYECKON )
SHEPrUY r'a3a B NAHHOM TOYKE IIPOCTPAHCTBA.

Tax kak TepMOOWUHAMUUECKUE CBOKCTBA BEIIECTBA, NMPENIOIAraloTCs
WU3BECTHBIMU, TO € — U3BECTHAas QYHKIWS y2Ke BBEICHHBIX BEINYNH D U p,
u ypasaenue (14) nmubo (15) maeT HEOOCTAIIIYIO CBSI3b IJIA ONPENEIICHUSL
HMCKOMBIX T'a30MMHAMUYIECKAX BEITUMINH.

5. YpaBHeHus ra3zoBoii TUHAMWKHN B JIarPaH>KEBBIX KOOPIW-
HaTaX. B NOoIydYeHHBEIX MONENIX TeUeHUE ral3a XapaKTepPU3yeTCs 3aBUCHU-
MOCTBIO BENIAYUH OT AEKAPTOBBIX KOODOMHAT &, Y, Z U BPEMEHH t. OTOT
criocob onucanus (914epos nodxrod) TPAKTYET NBUKEHUE CPENBI C TOUKU
3PEHUS HEMIOIBIUKHOTO CTOPOHHETO HAOIIONATEN S U yIOO€EH, HAIpUMED, IIpU
u3ydeHnu oOTEKAHUs I'a30M MOMENEH JIeTaTEeIbHBIX AIllapaTOB B a3pOIiu-
HaMuueckux Tpy6ax. B aaepanscesom nodrode KOOpOUHATA CBI3LIBAETCS
HE C OIIPENENIeHHON TOYKON TPOCTPAHCTBA, & C OIIPENeIeHHON, (GUKCUPOBAH-
HOHM YaCTHUIER BEIIECTBA — XXKUOKON JacTuien. JlarpaHkeBbl KOOPAMHATH
yIOOHBI, HAIIPIMED, TP AHAIIN3€e HEKOTOPBIX BHY TPEHHUX IIPOLECCOB, IIPO-
TEKAIOIINX B YaCTUIE, CKAXKEM, XUMIIECKIX PEAKIN, CKOPDOCTb KOTOPBIX
OIIPENENETCS He IPOCTPAHCTBEHHBIM IIOJIOXKEHNEM YACTHIEL, a €€ TeMIIe-
paTypol ¥ INIOTHOCTHIO. JlarpaHxkeB momxon MOxKeT OBITH MOJIE3€H U IO
OPYTUM IPUYMHAM: OH, HAIIPUMED, HESIBHO KCIIONB30BAJICS B II. 3, 4 miis
VIPOIIEHHOTO BLIBONA YPABHEHUN [BUKEHUS 1 SHEPTUM (PaCCMaTPUBAIIACH
KUAKAS YACTULA B BULE KyOuKa).

+pdivi=0, (14)
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OcobeHHO HATTIAOHYO U IPOCTYI0 GOPMY Ia30nMHAMUYECKUE yDaBHE-
HUS B JIATPAHKEBBIX KOOPAWHATAX UMEIOT B OMHOMEDHOM cirydae. IleicT-
BUTEIILHO, B3sB B HAIPABJIEHUN OCKA T CTONO €NWHUIHOTO CEUEHUS, JIEBAS
TPAHUIA KOTOPOTO HMOABUXKHA U CBI3aHA C PUKCUPOBAHHBIMU UaCTULIAMU
BEIIIECTBA, MOXKHO BBECTHU JIATPDAHKEBY KOOPAMHATY IO IIPABUILY

€T

m(zx) = /p(w,t) dz, dm = pdx, (16)

rue zo(t) — KOOpAMHATA JacTHUll cTONOA Ha €ro JIeBOM KOHue, (t) — Te-
KyIllas KOOPOMHATA (B KAYECTBE YACTULIBI C KOOPOWHATON Zo(t) MOXKHO
BBIOPATH YACTHUILYy OKOJIO TBEPIO CTEHKU, OrDAHUYMBAIOLIEN a3, Wil Y
CPaHUIBL C MyCTOTOI, €CIIN TAKOBbIE UMeI0TCs). Bemuuuna m(z) — macca
cTonba MeXny TOUKAMU Tg, T.

Casa3b (16) maer Hanbosee eCTECTBEHHBI U IPOCTOM CIIOCOO BBENEHUS
JIATPAHKEBOM IEPEMEHHOM (HA3BIBAEMON B 5TOM CITydae Macco80l K00pou-
namot). Teneps Bce rasonuHAMUYECKUE BEIMIMHEL TPAKTYIOTCS KAK 3aBU-
cawge He OT Z, t, a oT m, t. [lodgyuuM miis HUX ypaBHEHUS [BUXKEHUS U3
OMHOMEPHBIX YPABHEHUN B 5UIepOBON opMme

op N ap ov
L =—p=
ot or oz’
ov . ov 1 Jp
g ==_-Z
ot Oz p Oz’

Oe n Oe p Ov
—trv—=—=—=—.
ot oz p O0x
Bripaxkenus, crosmue B (17) cneBa, 5T0O yke BBOLUBILUECS CYyOCTAH-
OMOHAJbHLIE IPOU3BOMHBIE, OIUCHLIBAIOIINE U3MEHEHNE CO BDEMEHEM BellH-
YUMH, OTHOCSIINXCS K GUKCUPOBAHHON MaCCOBOM koopauuaTe m. Torma, uc-
nons3ys (16), uz (17) momyuaem

01 ov

~ - - 2= 1
otp Om’ (18)
v Op

Oe v
o~ Pom (20)

3mecs 0/0t — cybcTaHUMOHAIBHASL IPOU3BOLHAS 10 BPEMEHM OT COOTBET-
crBytonmx BenumuuH. Pu3ndeckas TPAKTOBKA ypaBHeHuil neumxenus (19)
u suepruu (20) Ta XKe, UTO U B SWIEPOBBIX KOOPAMHATAX (B OTIAYUE
ot ypasuenus uepaspeisaocTH (18)). Ilocnenuee npencrasmiser coboi oue-
BUHOE CBOMCTBO: 00beM (& C HAM U IJIOTHOCTH) HDUKCUPOBAHHOM KUIKOM
YaCTUIBI U3MEHSIETCSI CO BpeMeHeM Ojiaromapsi pa3HOCTH CKOPOCTEH Ha, ee
TPAHUIIAX.
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C momomsio (19) ypaBHeHUE SHEPTUU MOXHO 3allUCATH B JUBEPIEHT-
HOM BUIE

% <5 + g) = - 8% (pv), (21)

re CjleBa CTOUT IIPOU3BONHAS IO BPEMEHU OTHOCUTEJILHO MOJIHON SHEPIun
YaCTULEL.

Ecnu perterne marpanXeBbIX yPABHEHUN HAWMIEHO, B YACTHOCTH, HAM-
IeH yrenbHbll o6veM V(m,t) = 1/p(m,t), TO 3aBUCUMOCTH ra30nuHAMU-
yecKuX (GYHKIUN OT WIEPOBON KOOPOWHATHI HAXOOUTCS M3 KBAAPATYPHI

(cm. (16))
dx =V (m,t)dm, z(m,t) = /V(m,t) dm + zo(t).
0

C moMOIIBbIO TAKUX XK€ PACCYXKIEHUN HETPYMNHO MOIYUYUTDH JIArPAH-
KEeBBl YPABHEHUS B CIIyUae IMUIMHAPUUECKON U CHepUIeCKON CUMMETPUH,
KOTIa Ta30nNMHAMUYIECKNE BEJINUWHEL 3aBUCAT JIULIIL OT OOHOW IIPOCTPAH-
CTBEHHOU KOOPAMHATEL 7' (7 — PACCTOSHUE OT OCH UJIM OT LEHTPA CAMMET-
pur) u or Bpemeru t. OHU TakXke UMEIOT BECbMa MPOCTON U HATJISMTHBINA
B, 9€TO HENIB3s CKa3aTh O IBYMEPHOM U TPEXMEDPHOM CJIydae.

HecmoTps Ha pasubie GOPMEI 3aIIICH, SHIIEPOBLI U JIATPAHXKEBEL YDaB-
HEHUs F'a30BOM OUHAMUKU OOJIaIai0T, €CTECTBEHHO, AHAJIOTUYHBIME CBOM-
CTBaMU, SIBIISSICH HEIMHENHBIMY TUIEPOOINYIECKUMY YDABHEHUSIMY B UaCT-
HBIX TPOU3BOAHBIX (HECTAIMOHAPHLIMEA U B OOLIEM Cilydae MHOTOMEp-
ueivMu). Ha mx ocHOBe momyuatoTcs 60jee CIIOXKHBIE MOMNENU IBUKEHUS
CXKUMAEMBIX CP€Il, BKITIOYAIOIINE MOIOTHUTEIbHBIE (GU3NUECKUE IIPOIIEC-
col. Tax, s raza, ob6IamAIOIEr0 TEIIONIPOBONHOCTHIO, YIACTBYIOIIEH B
IIPOLIECCE MIEPEHOCA SHEPIUU, YPABHEHU HepasphIBHOCTH (18) u nBikeHMs
(19) ocratorcs B cuite, a ypaBHEHUE SHEPrUuM IPUOOPETAET BUL

Oe ov oW
%= Pom om’ &2
rne W = —p 0T /Om — norok tenna, » = x(p,T) — kosbdunuenT remn-

JIOMPOBOMHOCTY. BHY TPEHHSISI SHEPTUS KUMIKON YACTUILI TAKOTO I'a3a U3Me-
HSIETCSI HE TOJIBKO 33 CUEeT PAbOTHI CUJI JABIIEHUS, HO U M3-38 HAJIMIUS TeIl-
sonepenauu. Bonee mpocteie, yem (18)—(20), Momenu ras’oBoll HUHAMUKY
MOJIYYAIOTCS TIPY COOTBETCTBYIOIINX NOMOIHUTEIBLHBIX MPEMITOIOXKEHISIX
(eM. . 7).

6. KpaeBble ycJioBUsS [Jis ypaBHEHUIl ra30BOMl AUHAMUKMN.
HawbGonee varmsnHa uX MOCTAHOBKA B CIIyYae OMHOMEPHOTO TEYEHUsS Ta-
3a, omuceiBaeMoro ypasaeHusamu (18)—(20). Paccmorpum Takoe TeueHume
B Tpybe, BHYTPU KOTOPOH IIOMEIIEH I'a3, OIPAHWYEHHBIN CIPaBa U CJIEBA
HEMPOHUIIAEMBIMYI TBEPALIMU CTeHKamu — nopiaamu (puc. 35). Yactn-
11aM, HaXOMSIIIAMCS y JIEBOU CTEHKY, IPUINIIEM KoopauHatTy m = 0; Torma
KOODIOWHATA YaCTHUI[ y [IPaBOM cTeHKW paBHa m = M, rme M — mnonHas
Macca rasa Mexay HOPIIHSIMY B CTONIOE eIMHUIHOTO ceueHus. BHyTpenHnue
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gacTunsl umenT koopauaaty 0 < m < M. Ypasuenus (18)—(20) paccmar-
puBatoTcs B obnactu 0 < m < M u npu ¢ > 0.

g onpenenenus teuenus npu Bcex 0 < m < M u ¢t > 0 Heobxonumo
3a0aTh:

1) HaUaIBLHBIE YCIIOBUS, T. €. COCTOSIHUE I'a3a B MOMEHT ¢ = 0,

v(m,O) = ’Uo(m), p(m,O) = pO(m)7 p(m,O) = po(m), (23)

0<m< M,

B (23) BMECTO p Wil p MOXKHO, IOIIb3YsCh YPABHEHUSIMU COCTOSHUS CPEIbL,
3aaBaTh HauaabHyio Temneparypy 1'(m,0) = To(m);

2) TPAHUYHBLIC YCJIOBUSA, T. €. 33BUCUMOCTD OT BPEMEHM Ta30MUHAME-
YECKUX BENMUMH Ha rpaunax m = 0, m = M, HanpuMmep, 3aKOH U3MEHEHUsI
IABIICHUA

p(07 t) =D (t)7 p(M7 t) = p2(t)7 t>0, (24)

UM 33KOH U3MEHEHUST CKOPOCTY TOPIIHEH (T. €. MX TPACKTOPUIO B SUIIEPO-
BBLIX KOODIWHATAX, TaK KaK 0% /0t = v)

v(0,t) = v (t), v(M,t) = vs(t), t>0. (25)

3uanue kpaesbix ycnosuit (23) u (24) (6o (25)) momHOCTHIO OMpe-
IEJIAET OMHO3HAYHOE PEIeHNE PACCMATPUBAEMOR 3adaut 0 NopuLke.

B kauecTBe IpaHMYHBIX YCJIOBUI [OMYCKAIOTCS TAKXKE DA3IIUYHBLIC
koMOuHanuu (24) u (25), Korma Ha JI€BOU IpAaHULE IONNEPKUBACTCS U3-
BecTHOe nasiieHue pi(t), a Ha MPaBOI 330a€TCs U3BECTHAS CKOPOCTH Vs (t)
(nnm HAOGOPOT, KaK Ha puc. 35).

Ecnu wHTepecoBaThCs NUIIL TEUEHUEM B OKPECTHOCTU ONHOTO U3
MOPIIHE, CUNTASA BIUAHUE BTOPOTO MOPIITHS HECYIIECTBEHHBIM, TO TOCTAa~
TOYHO 3a[aTh JIUIIL ONHO U3 yCIOBUN
(24) (wm (25)), manpumep, npu m = 0, oo . .
u ycnosue (23) mpu Becex m > 0 (ras 3a- vo(m), po(m),
HUMAeT TOIyNPOCTPAHCTBO, orpamu- v(0,1)[] = .po(m) . p(M,t)
YEHHOE CJIEBA, TIOPIITHEM ). '

Hakoner, rpaHwuHBIE yCIIOBUS
(24) unm (25) BOOOIIE HE 3AMAIOTCH,
KOT[la BIUSHUEM TDAHUI[ HA IBUXKE- . .
HUE T'a3a B IIEHTPAJIBHON 0OJIACTH MOXK- 0 M
HO mpeHebpeub (paccMaTpUBas MPO-
[ECC TPU NOCTATOYHO MAaJIBIX BPEME-
uax). Torma u3 ucxomuoin 3amaun muist ypasuenuir (18)—(20) momyuaercs
samada Komwm — 3amada 06 SBONONAU CO BPEMEHEM HEKOTOPOTO IIEp-
BOHAUAIILHOTO PACIPENENIEHNs Ta30qUHAMUUIECKAX BEJIUUNH, 33JaHHOTO B
HEOTDAHWYEHHOM IPOCTpaHcTBe. [lpu 5ToM HauaabHBIE HaHHbE (23) ompe-
IeNeHbl I BceX —00 < m < 00, a YPABHEHUS PEUIAIOTCS B 001acT —00 <
<m < oo, t>0.

BaxkHbIil KJ1aCC KPAEBBIX YCIIOBUI — YCIIOBUS Ha, TPAHUIIE C BAKYYMOM.
IIycTb CMIIBHO CXKATHIA ra3, UMEIOIIN BEICOKOE NABJICHUE, HAYUHAET KC-
TEKATH B CDABHUTEJILHO PA3PEREHHYI0 CPEIy, HAXONALIYIOCS TIPU HU3KOM

3y

Puc. 35
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napnenuu. Vmeamu3upyst 5TOT IPOLECC, MOXKHO CUMTATH [NABIIEHUE U IIJIOT-
HOCTH B IIPOCTPAHCTBE, B KOTOPOE UCTEKAET ra3, PABHLIMU HYJIIO, T. €.
3amaBaTh yciosue pi(t) = 0, t > 0, mubo po(t) =0, t > 0 (ymbo py(t) =
= po(t) =0, ¢t > 0), B 3aBUCUMOCTH OT KOHKPETHOU IIOCTAHOBKY 3a1a4N.

7. HekoTopnie 0co6eHHOCTHM MoOHOeJjiell Tra30BOll AWHAMUKMI.
Itst mosicHeHUST 5TUX 0COGEHHOCTEN IIPENBAPUTEIBLHO YIIPOCTUM YPABHEHMUSI
(18)—(20), ucnons3sys nBa obcToaTenbCTRa. [lepBoe 13 HUX — OTCYTCTBUE B
cperne (IO IPEeIONOXKEHI0) N3MEHEHUI SHEPIUY 33 CUET TEIIONPOBOLHOC-
THU, BA3KOCTY, U3JIyUEHUS, BHEIIHUX UCTOUYHUKOB U CTOKOB SHEPTUU U T. 1.
C TepMOMUHAMUYECKOU TOYKK 3PEHUS STO O3HAUAET, YTO MPOIECC AMUA-
GaTuyeckuit u SHTponus S KaXmou GUKCUPOBAHHON KUAKON YACTULBL CO
BpeMeHeM He MenseTcs. Torna ypassenue suepruu (20) MOXHO IepenucaTs
B DKBUBAJIEHTHOU popMe

08

5=

B sToM HerpymHO ybemuThCs, TakXke UUCTO (GOPMAIBLHO MPUMEHSS
BTOPOE HAYAJIO T€PMONUHAMUKY

TdS =de+pdV (27)

0. (26)

K KUIOKOW YaCTUIIE.
Bropoe 06cToATENBCTBO — 0COGEHHAS TPOCTOTA, BHIPAKEHUS SHTPO-
WU Yepe3 MaBJIEHNE U IJIOTHOCTD B CIIyYae UOEAIIHHOIO rasa:

S=Cylnpp™7 + Sy, (28)
roe v > 1 — mokazaTenb anuabaThl, PABHLI OTHOLIEHUIO YOEIHHOW TeI-
JI0EMKOCTH IIpK nocTosiHHOM nasnennn (Cp) u nocrosaEoM 00beMe (Cy ),
So — HeCyILLeCTBEHHAS KOHCTAHTA.

W3 (26) ¢ yuerom (28) mmeem
d(pp~7)

o O

YTO S3KBUBAJICHTHO BBIPAXKECHUIO

pp~" = p(m), (29)
O3HAYAIOIIEMY HE3aBUCHMOCTDH OT BPEMEHU SHTPONUU JII0O00N JaCTUITHI Ta-
3a. OyHKIU (M) OMUCHIBAET PACIPENETECHNE SHTPOIUK [0 MACCe Ta3a,
OIpenernsieMoe 0 3aAaHHBIM B MOMeHT t = 0 dyHKImaM po(m), po(m).
Wcnonesys uarerpan (29) BmecTo muddepeHIualbHOr0 yPABHEHUS
(20), ceemem (18), (19) x mubdepeHIIMAILHOMY yPABHEHUIO BTOPOLO IMO-
pAOKa OTHOCUTEJIBHO IIJIOTHOCTMU:

82p _ 8 v+1 8p
5~ om (W %) : (30)

Toe ag = 7YYo, & MOCTOSIHHAS (09 — DHTPOIUS, IPEATIONAraeMas He 3aBUCS-
IIEH TAKXKe U OT MACCOBOU KOOPAUHATHI (CIIydail M39HTPOIMIECKOrO TEUe-
HUA).

T'unepbosuunocTs ypasaenus (30) 1 TeM caMbIM yPABHEHUN Ta30BOU
OUHAMUKY JIETKO YCTAHOBUTH HE TPUOETasi K BHIUUCIIEHNIO XaPAKTEPUCTHUK,
a TOJIYYUB €0 JIMHEWHBIN aHaJIoT. IJIs 5TOro pacCMOTPUM MAJibie BO3MY-
LIEHUS Ta30AMHAMUIECKUX BEJINUUH B OKPECTHOCTH IOCTOSHHOTO PEIIeHUS
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p(m,t) = po. llpencrasnss Bo3MyiienHOe pemienve B Bune p(m,t) = po + p
u npenrnojiarasd MaJIbIMU KaK CaMU BO3MYIIIEHU, TaK U UX IIPOMU3BOOHEIEC,
u3 (30) nmomyuaem ypaBHeHue Ui § (U€PTOUKY OMyCKAEM):

2 2
p _ 5 0%
ot2 0 Om?2

Jluneitnoe ypasrenue (31) MOIHOCTHIO AHAJIOTUYHO YPABHEHUIO KOJIE-

6auuit crpyHusl u3 § 2 rii. 111, umeromiemy, kak m3BECTHO, TUIEPOOITUIECK U
Tun. OHO ONKCHIBAET PACIPOCTPAHEHNE MAJIBIX (3BYKOBBIX) BO3MYIIICHUN B

rase (ypasnenue axycmuku) co CKOPOCTHIO 3BYKa Co = +/YPo/po U, B CUILY
JIMHENHOCTH, JIsl HETO HETPYAHO HAUTHU OOlllee pellleHue.

Eite onso yuporrenve ypasuenuit (18), (19), (29) nonyuaercs B upen-
MOJIOKEHAM O TOM, UTO TEYEHUE MMEET XapaKTep IPOCTOU BOJHBL, T. €.
JIIOOBIE Ta30MUHAMAIECKIE BEJIMUVHEL SBISIIOTCS QYHKIUAME KAKON-TO Ofl-
HOI BBLIODAHHOU BenuuuHbl, Hanpumep miotHoctu. U3 (18), (19), (29) u ¢
yUeTOM TOrO, 94TO v = v(p), moryuaem

dp

1 0p  Op dp o
et Poame ot Y m
rie v, — IPOU3BOAHAS CKOPOCTH IO INIOTHOCTH. VICKIIIOUast U3 IOCIenHIX
YPaBHEHUI BEJIUYIKUHY U,, IPUXOAUM K ypasuenuto Xongda

Op a1 Op

Ypasuenue (32) nepBoro mopsimka, HO OHO CONEPKUT TUNAIHYIO Ta-
30MMHAMIYECKYIO0 HEITMHEHHOCTD, W TIOTOMY CITyKUT XOPOIIEH MONENBIO
IUTS M3Y9CHUS HEJIVHENHBIX 3(M(MEKTOB, XaPAKTEPHEIX [JIs TEUCHUN CIKU-
MaeMoro rasa. CaMblil IpKU U3 HUX — «TPAAUCHTHAS KATACTPOPa», 3a-
KITIOYAIOIIAACSA B TOABJICHUM B BOJTHAX CXKATUSA GECKOHEYHBIX TDAIUCHTOB
ra3oMUHAMIYECKUX BEJIMYUH, HECMOTPS HA TO, 9YTO B HAUAJIBHBEI MOMEHT
BPEMEHU BCE DYHKINM ABIIAIOTCS TIIAIKAME.

[MoACHUM 5TO MOHATUE CIEOYIOMIUMEA TPOCTHIMA PACCYKICHUSMY.
Ypasuenne Xonda MOXKET GBITH 3aIUCAHO B XAPAKTEPUCTUIECKOM BUIE

@—’t)) = 0. (33)

3mech MHOEKC § 03HAUAET, UTO MOJHAS IPOU3BOLHAS MO BpEMeHU Oe-
PETCs BOOJb XapaKTEPUCTUKY — JIMHUA B KOODIUHATAX 1M, ¢, HA KOTOPOU
3HAYEHUE DeIeHus (IIOTHOCTHU) OCTAETCS MOCTOSHHBEIM BO BCE MOMEHTHL.
Packpeisas (33) B Bunme

31)

Op , dma(t) Op _
ot dt  Om

roe ms(t) — 3HAYEHUE KOOPAWHATHL 1M IJis NAHHOU XapPaKTEPUCTUKHA B
pasHBle MOMEHTHI BpeMeHH, U cpaBHuBas (32) u (34), HaxonuM ypaBHeHUE
XapaKTEePUCTUKH

0, (34)

ms(t) = /ag p = t +ms(0).
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W3 5TOr0 BuIpaXKeHUsI BUIHO, YTO COCTOSIHUSA C GOJBIINM 3HAUECHUEM
INIOTHOCTH PACIPOCTPAHSIOTCS 10 Macce ra3a ¢ O60IblIell CKOPOCTHIO, UeM
COCTOSIHUS C MEHBIIIEN IIJIOTHOCTBHIO, U B KAKON-TO MOMEHT BPEMEHU «IIOTO-
HAI0T» nocienuue. B perrennn o6pasyeTcs HEOGHO3HAYHOCTE, €r0 I'PaIueH-
TBI B TOUKE KCIIUSHUST> COCTOSHUN C PA3HBIMU INIOTHOCTSIMU HEOT'DAHWYEH-
HO Bo3pacTaioT. CxemMaTmdecku 5TOT npouecc n3obpaxeH Ha puc. 36, rae
TIOKa3aHa SBOJIIONUS CO BpEMEHeM HAJYaJIbHOIO IPOGUIIS INIOTHOCTHU Tpe-
YTOIBHOHN GOPMBI: BEPIINHA TPEYTOIBHUKA, YepPe3 HEKOTOPOE BPEMS OKA3bI-
BAaETCs B TOUKE C TOM Ke KOOPAUHATOU My, UTO U €ro NepenHuit GpoHT.

p(m,t) A

P1

to t1 t2 t3 tr

po

3Y

Puc. 36

«[PpamuenTHas karacrpoda» — HenuHelHbIn dbdexkT (monpobhee
cM. ri1. V). OH He BO3HHKAeT B nuHEHHOM ypaBHeHun (31) u nuHeitHOM
ypaBreHuu neperoca (3) § 1, momyuatomemcs u3 (32) npu paccMOTpeHUM
MAaJIBIX BO3MYIIEHUA B OKPECTHOCTH TOCTOSHHOrO pernenus. CyiiecTso-
BaHUE 5TOro 3(GGhEeKTa MPUBOAUT K HEOOXONUMOCTHU PACCMATPUBATL Pa3-
DBIBHBIE DEIICHVS YPABHEHUN Ta30BOM NUHAMUKU (3aMETUM, UTO [MPU IIPO-
XOXIEHUN PA3PBIBa 4€Pe3 KUAKYI0 YACTUILY €€ SHTPONUI U3MEHseTCs). B
5TOM COCTOUT BaXXKHOE OTIINYNE HEIMHENHBIX IT'UIEPOOINIEeCKAX YPABHEHUN
oT mapabomuueckux (momenu B § 1, 2).

YIIPAXKHEHNRI

1. ITosnyunTe ypasHenue (21) u3 (20), ucnonssys ypasuerue (19).

2. Vcnonb3yst 3aKOH COXPAHEHUsT SHEPIMM IPUMEHNTEIBHO K BHY TDEHHEH SHEPruu
XUIKOM YACTUIB], BEIBEANTE ypaBHeHue (22).

3. Y6enuTech B 5KBUBAJIEHTHOCTH ypaBHeHuE (26) u (20), ncmonssys (27) u (28).

4. Tonyuute ypasaenue (31) me m3 (30), a u3 (18), (19), (29), npumenss e xe
PACCYXKICHUS.

5. Mcnonb3ys xapakTepucTudeckyio ¢opMmy ypaBHeHus Xomda, HAROUTE MOMEHT
ty W TOUKY M} «TPASUEHTHON KAaTacTPOdBI» AJIs CUTyauuu Ha puc. 36.

Bubnuorpadus k raase 11: [30, 43, 44, 55, 69, 74].



FNIABA III

MOOEJIN N3 BAPUAIITMOHHBIX ITPUHITUIIOB,
MNEPAPXVIN MOIEJIEV

§ 1. YpaBHeHUs NBUXEHNA, BADUANUOHHLIE IPUHIINAIEI
¥ 3aKOHBI COXPaHEHUs B MeXaHUKe

IIpuBenem smeMeHTApPHBIE CBEOEHUS U3 KIACCUIECKOW MEXAHUKU, UIT-
JIIOCTPUPYIOIINE CBSI3b MEXIYy ypaBHeHusMu nuuamuku Hoiorona u Jla-
TPaHXka, BAPUAIIMOHHBIM IPUHINATIOM ['aMUIbTOHA, 3aKOHAMU COXPAHEHUSI
IJTST MEXQHUUIECKUX CUCTEM U CBOMCTBAMU IIPOCTPAHCTBA-BPEMEHN.

1. YpaBHeHus OBUMXKEHUS MeXaHUYECKOW CUCTEMBI B dopmMe
Hrurorona. llunamuka cucTeMbl, cOCTOsAIEH n3 N MaTepUAIBLHBIX TOUYEK,
HUCTIBITHIBAIOIINX OEHCTBUE KAKUX-JINOO CUII, OMUCHIBACTCS YPABHECHUSIMU

7 4 .
m; a2 :Fi, 7,21,...,N, (1)
rme m; — Macca MaTEepPUAIIbHON TOUKH, t > 0 — BpeMsi, 7; — ee panmyc-
BekTOp, F; = F;(t,7,di/dt) — pesynpTupyiomias BCex NENCTBYIOLMX Ha

mee cui. Yepes 7 0603HAUEHO MHOXECTBO KOODIAWHAT BCEX TOUYEK CUC-

Tembr. Benmumuer F; COMTAIOTCA 3aNAHHBIME 1 MOTYT 3aBUCETH KaK OT
BPEMEHHU, TaK U OT IPOCTPAHCTBEHHBIX KOODAUHAT U CKOPOCTEN (IpuiueM
He TOJIbKO BBIIENIEHHOM - TOUKM, HO M BCEX PACCMATPUBAEMBIX TOYEK).
Cucrema (1) — MaTeMaTHUYeCKOe BEIDAXKEHKE BTOPOrO 3akoHa HbioToHA,
MPUMEHEHHOTO K COBOKYIHOCTY MATEPUAIIBHBIX TOUEK. JAMUCAHHASL B IIO-
KOOPIOWHATHOM ¢hopMe OHA, OUYEBUIHO, COCTOUT u3 3N ypaBHEHUINl BTOPOTO
opsiaKa OTHOCUTENBHO 3N HemsBecTHBIX KoopauHaT Z;(t), y;(t), zi(t), ¢ =
=1,...,N. Ecnn ussectssl HauasgbHble koopmuHaTsl z;(0), y;(0), 2;(0),
i=1,...,N, Touek u ux ckopoctu dz;/dt, dy;/dt, dz;/dt B MmomenT t = 0,
To cucrema (1) maeT BO3ZMOXHOCTH HAUTH KOODAMHATHL U CKOPOCTHU BCEX
TOUeK mpu JIOObIX ¢ > (0, T. €. PEMUTHL OCHOBHYIO 33M1a4y KIJIACCUIECKOU
MEXaHUKIU.

Ypasuenus nuaaMuku B dopme (1) CIpaBemiuBhL I UHEPUUAALHOT,
WIN 2a.4u4ee60l cucmembl omcuema. B Hell cBOOOIHAS MaTEPUATBHAS TOU-
Ka, T. €. TOUKA, HEe MCIBITHIBAOIIAS KAKAX-TNOO0 BO3OENCTBUAN, OBUXKETCS
PABHOMEDHO U TIPAMOJIMHEWHO. [IpyruMu cjoBaMu, B 3TO# cucTeMe KOOp-
OVHAT BBINOJIHAETCS NepBbIl 3aK0H HbioToHa. [IpuMepoM MOXeT CyXuTh
CHCTEMa, OTCUETA, JKECTKO CBSI3aHHASI C IHOE3I0M, MBUXKYIIUMCS C IIOCTO-
SIHHON CKOPOCTBIO IO TPSMON M TOPU3OHTAJLHO POBHOW KEJIE3HOMOPONK-
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Hom xonee. [lapuk, mMyIIeHHEBIR IO TIAOKOMY IOJIy BAarOHA TAKOTO MOE3Ma,
OymeT NBUraTbCS OTHOCUTEIHHO HETO PABHOMEPHO U MPSMOJIMHENHO (9TO
CBOICTBO CPa3y XK€ yTPAUNBAETCS IPU TOPMOXKEHUIX U YCKOPEHUSX TTOE3-
Ia, Ha TMOBOPOTAaX, MOOBEMAX U CIYCKAX — CHUCTEMa OTCUETa CTAHOBUTCS
HenHepuuaiabHon ). KoHeuno xe, vHEpIMAIbHAS CUCTEMA OTCUYETa — UM~
aJU3UPOBAHHOE TOHITHE, OIPABIAHHOE, OMHAKO, IPU PACCMOTPEHUU MHO-
IUX BaXKHBIX MEXAQHUUECKUX sSBileHuN. OUeBUIHOE OTCYTCTBUE UHEPINAITb-
HOCTH CUCTEMBI OTCUETA, XKECTKO CBI3aHHON ¢ 3eMieil (XOTs ObI M3-33 ee
BPAILEHYSI ), HE MEIIAET C XOPOIIei TOYHOCTHIO OIUCHIBATD DL «36MHBIX>
IBIXKEHUI TaKUX, KAK [BUXKEHUE [I0e31a [0 ee MOBEPXHOCTHU ([Jis HoyeTa
6aIIIICTUYECKON PAKETHL ONOOHOE OIUCAHIE MOXKET OBITh YK€ HETOUHBIM ).

Jlobast cucTema OTCUETA, MOKOSIIASCS WM [PSIMOJIAHENHO OBUXKY-
IIASICsL C MTOCTOSHHOY CKOPOCTHIO IO OTHOIIEHUIO K HEKOTOPOU WHEPINAIIb-
HOIi cuCTeMe, TAKXKe SIBIIIeTCs MHepIUaIbHOW. MHOXECTBO TaKUX CUCTEM,
«TIOPOXKIOAEMBIX> UCXOMHON CUCTEMOH T, Y, 2, t, OIPENETISIeTCs CIeNyIOIN-
M7 IpeoOpPa3OBAHUSAMY KOOPOMHAT U BPEMEHMU:

*=z+a, y*"=y+b zzF=z+4+c, t*=t,

* *

=z, y'=y, 2"=2z *=t+a,

¥ =xcosa+ysina, y*=-—zsina+ycosa, z*=2z2, "=t

Tt =z —vgt, Y =y-—ut, 2F=z-wvt, t"=t,

a Takxe JIIoOLIMI KOMOMHAIIMSIMY 3TUX Ipeobpas3oBanuii. 30ech a, b, ¢, vy,
Vy, ¥, — TPOU3BOJIBHBIE MOCTOSHHEIC TAaK e, KAK ¥ (& — YTOJI IIOBOPO-
Ta CHCTEMBI OTCUETA, OTHOCUTEILHO OMHON U3 OCEell KOOPOUHAT (B TaHHOM
Cllyuae OCH 2).

Krnaccuueckast MexaHuKa UCXOOUT U3 IPUHIUNA OTHOCUTEIbHOCTY [a-
JIest — PABHOLPABUS BCEX MHEPIUAILHBIX cucTeM (2), T. €. U3 TOro, 4TO
3aKOHBI MEXQHUKY ONMHAKOBEL B JTIFOOON U3 HUX. DTOT MPUHIIUIT OTPAXKAET,
B YaCTHOCTHU, ONHOPONHOCTH MPOCTPAHCTBA U BpeMeHU (IIEPBOE M BTOPOE
npeobpasoBaHus (2)) U U30TPOIHOCTH IPOCTPAHCTBA — OTCYTCTBUE B HEM
BBIIENEHHBIX HAIpaBieHuil (TpeTbe mpeobpasosanue). [locnentee us npe-
obpasoBanuii (2) — mepexor K CUCTeMe OTCUETA, NBUKYIIEUCS C OCTOSH-
HOW CKOPOCTBHIO OTHOCUTEIIHHO UCXOMHOM, — HA3BIBAETCS NPeodpa3o6anuem
lanuaes.

3aMeTuM, 4TO €CJIU M0 KAKAM-TO IPUIMHAM IPUXONUTCS PACCMATPHU-
BaThb OBUXKEHUE B 3aBEIOMO HEMHEPITNAILHON CUCTEME OTCIETa, TO BTOPOM
3akoH Herorona B dopme (1) me sBemonusercsa. Tak, mapuk, myIeHHbIA 10
TNIaOKON FOPU30HTAIBHON OBEPXHOCTH BPAILIAIOIIETOCs NUCKA OT IIEHTPA K
€ro Kpalo, B CUCTEME OTCUETA, JKECTKO CBI3AHHOM C OUCKOM, IBMKETCS YKe
He MPSMOJIMHENHO, & IO KPUBON TPAEKTOPUU, KaK Obl MCIOBITHIBAS JIEUCT-
BU€ HEKOTOPOU BHEIIHeH cuiibl. I HeMHepIMaIbHBIX CUCTEM YDPABHEHUS
(1) u mpyrue 3aKOHBI MEXAHUKYA CTAHOBITCS CIPABEIJINBEIMY TIPU UX OTHO-
CUTEIBHO HeclloxkHON Monudukanuu. Ee cyTs 3akmodaeTcs B 1o0aBIeHUN
K OEACTBYIOIIUM HA CHCTEMY CHJIAM «(DUKTUBHBIX®> BHEIIHUX CUL UHED-
YU, BEIIMYNHA, KOTOPBIX ONPENEIIeTCsS U3 XapaKTepa MBUXKEHUS HEWHEP-
NUAJIBHON CUCTEMBI OTCUYETA II0 OTHOIIEHWIO K BHIODAHHON MHEPUMAILHON



§ 1] BAPUAIIMOHHBIE ITPUHITNIIEI B MEXAHUKE 95

cucteme. OOBIUYHO XKe UCXOMHAS CUCTEMA OTCUETa B MEXAHWKE CUNTAETCS
WHEPLIUAILHON, & €€ HEMHEPINAILHOCTD CIENNAILHO OTOBAPMBAETCS.

HewsmeHHOCTE 3aKOHOB MEXAQHUKY TIO OTHOIIIEHUIO K TPEOOPA3OBaAHUSIM
(2) MOXeT BEIpaXKATHCA PA3NUIHBIM 00pa3oM. Eciu nis ypaBaenuii, cooT-
BETCTBYIOIIAX 3TUM 3aKOHAM, IIPU TIEPEX0e K HOBOU CUCTEME OTCUIETA,

1) He MeHseTCA UX CTPYKTYDPA,

2) He MeHseTCs BUI GYHKIUNA OT KOOPAUHAT, CKOPOCTEN U yCKOPEHMIA,
OUTYPUPYIOINX B yPABHEHUAX (MMU ABIISIIOTCS CUJIBI, SHEPTUS, KOIUIECT-
BO IBUXKEHUS U NPYTUE MEXAHUUECKUE BEJIMINHEL),

TO YPABHEHUS UHBAPUAHMMHbL TI0 OTHOIIEHUWIO K 33JaHHOMY IIpeoOpa3oBa-
uuto. [Ipumepom ciyxar ypaBHEHUS

d?r
mlﬁ:—k(l—kﬁ —7’2),
B 3)
r
mzﬁ:—k(rg—rl—l),

HEU3MEeHHBIE K JI000M npeobpasoBanun (2) (cMm. Takxke yop. 1).

YpaBuenne, onucwiBatoiiee konebanus koner; Carypua, u3 m 3 § 2
. 1
d*r r
dt2 - 7M1M2 (7’2 +R(2))3/2 )
WHBAPUAHTHO NIPU «CABUTE» BpeMeHu t* = t + a, HO u3MeHseT CBOI GOopMy
[IPU «COBUTE» KOOPAWHATEHL '™ = 1 + a:

d*r* r* —a
Mz dt2 YMLM; ((r* —a)2 + R2)°"’

B TOM CMBICIIE, YTO BBIPAXKEHUE, CTOSMIIIEE B €r0 IPAaBOil YacTu (T. . CHIIa),
Kax GYHKIUS KOODAWHATHL 3aIIMCHIBAETCS MHAUE, UeM B HUCXOMHOM yDPaB-
uenny. PopMa 3anucy ypaBHEHUIN MEXaHUKU, TEPSIOLIAs CBONCTBO 1), HO
COXPAHSIOIIAsl CBOACTBO 2) npu npeobpasoBaHusx (2), HABBIBAETCS K06G-
puanmmuoti. I3 mokoopnuuaTHOU 3amucu ypasHeHuil (1) HemocpemcTBeHHO
CllenyeT UX KOBAPUAHTHOCTH OTHOCUTENBHO ImpeobpasoBanuit (2) (omHaxo
npu 6ostee CIIOXHBIX TPEOOpPA3OBAHIIX MUCXOOHOM CHUCTEMBI OTCUYETA, Ha-
puMep, IPU IePeXole K MUINHAPAIECKUM U CHepruecKuM KOOPAUHATAM,
KOBapUAHTHOCTD ypaBHEHUN nBmkenus B popme HoooToHa yTpaunsaeTcs).

2. YpaBHeuus neuxenus B ¢popme Jlarpanxka. Ypasueuus Jla-
rpaHxka — ynobHas 3amuch BTOpOro 3akoHa HbioToHa, KOBapMaHTHAS IO
OTHOIIIEHUIO K ropa3zo 0oiiee IITUPOKOMY KJITacCy IPeoOpa3OBaHUN CUCTEM
oTcuera, Hexenu (2) (KOBApUaHTHOCTH IIOHUMAETCS B TOM XK€ CMBICIIE, YTO
7 Ipu npeoOpa3soBaHUAX MHEPIUANBHLIX cucTeM). [loscHuM, Kak mosyda-
IOTCS 9TU YPaBHEHUS, Ha IIPUMEPE CaMOU IIPOCTON MEXaHUYECKON CUCTEMEL,
COCTOSIIEN W3 OMHOM MATEPUAIIBHOM TOYKM, COBEPIIAIOIIEN OLHOMEDPHOE
IBIDKEeHrE. B MCXomHOW MHEpInaIbHON CIUCTEMe KOODAWHAT OHO OIMUCHIBA-

eTCsa ypaBHeHI/IeM
d?r dr
ar _ a4\ 4
mi ( v ) ()

M,
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IIycTs 3anano npeobpasosanue koopauuart r(t) = r(q(t),t), roe q(t) —
HOBas KOOPJIMHATA MATEPUATBLHON TOUKH. [IJIs ee CKOPOCTH MOy dIaeM Cie-
nyminee Boipaxenue uepes Gyukuuu 7(q) u g(t):

_ﬁ_ﬁ'_kﬁ
@t aq? T a

3mech ¢ = dq/dt — «CKOPOCTB» TOUKM B HOBBIX KOODIOMHATAX (3TO B 00-
1IeM CIIydae yKe He peallbHAas KWHEeMATHUIeCKas CKOPOCTH, a BCEro JINUIIb
XapaKTEPUCTUKA TEMIIA U3MEHEHUs KOODIUHATHL ¢ TOYKUA CO BPEMEHEM).
«Hacrosmass> xe CKOpOCTb v B HOBOHW CHCTEME OTCUETA, B OTIIAUMAE OT
CTapoll, CTAHOBUTCS COMIACHO (5) (QyHKIMEN KOOPOUHATEL ¢ U CKOPOCTH ¢,
T. e. v = v(q, ¢,t). Boiuncnum Temepb yCKOpEHUE TOUKM W B HOBBIX KOOD-
OWHATAX, IPEICTABUB €r0 IPEIBAPUTENIHLHO B SKBUBAJIEHTHOM BUIE:

$Pr  dv 1 dvor 1 [d < 37‘) d 87‘]

:W:E:&"/aqﬁa_q_ar/aq dt ”a_q _”Ea_q

v

(5)

[Iponuddepeniuposas (5) 0o ¢, MOLyIUM

or _ 0Ov

dg 0q’
T. €. BLIPAXKCHNUE I IPEe0OPa30BAHNIA IEPBOTO WICHA, B KBAIPATHEIX CKOO-
kax. Iljs BTOpoOro wieHa, yunteBas (5), nMeeM IEm0YKy PABEHCTB

d orle®),t) & 0 9 [Or  Or] _dv
dt~ 0q o1 80t " 0q |0q? T 81| T 8-

Wcnone3ys nBa nocieqHUX PABEHCTBA, IPUALEM K OKOHUATEIHLHOMY BhI-
PaXeHuo

a1 d 0(v?/2)  0(v?/2)
(640 = 55 [dt 2 aq |’
[OACTABUB KOTOPOe B (4), IOyunuM ypaBHEHUe
d 0(mv?/2)  d(mv?/2) . or
ol _ - F -
7 o0q 9 (¢,4,1) 94 (6)

B (6) Benuuuna F'(q, ¢, t) — cuma, CTOSIIAA B IPABOM YacTU ypaBHeHUs (4),
HO 3aIMCAHHASA B HOBLIX KOOPAWHATAX, 3aBIUCAMOCTD €€ OT aPTYMEHTOB ¢, ¢,
t B o6IIeM CIlyuae HE Takas, Kak OT T, ©, t. Ypasrenue (6) — mpocreiiniee
ypaBHeHue nBmkeHus B hopme Jlarparxa. B ero nesoit wactu nmon sHaxkamm
nuhdEePEeHIUPOBAHNS CTOUT, OYEBUIHO, KUHETUICCKAS SHEPTUs TOYKH, a B
[IpaBOil — AEACTBYIOIIAS HA Hee CUNa, YMHOXEHHAs Ha Bejawduuny Or/0q,
XapaKTePU3YIOIIYIO CBA3b MEXIy CTAPEIMUA ¥ HOBLIMU KOOPIWHATAMM.
IIpu TpexmepHOM NBMXKEHUU TOUKKM BMECTO KOOPAUHAT X, Y, 2 HEOOXO-
MO BBECTU TPU HOBBIE KOOPIWHATEL G1, (2, 3. IIOBTOpUM paccyKneHus,
[IPeMIIeCTBOBABIINE BEIBOLY (6), HO BO3bMEM B KauecTse v, w, F' mooue-
PEIHO Vg, Uy, V5 Wg, Wy, Wz; Fy, Fy, F, — COOTBETCTBEHHO IPOEKIIUN
CKOPOCTHU, YCKOPEHUS W CHJIBL. PacCMOTPUM MOOYEPENHO WX KaK (DYHKIIAN
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apryMeHTOB ¢1, 1, t; g2, ¢2, t; g3, ¢3, t ¥ TONCTABUM MIOJIyI€HHEBIE BEIPAXKE-
HUs B 3aIUCAHHBIE [OKOOPAUHATHO ypasHeHus HeuroTona m dv,/dt = Fy,
mdvy/dt = Fy, mdv,/dt = F,.
B pesynprare mpumeM yxe K TPEM ypPaBHEHUSIM, aHAJIOTWIHBIM (6).
Hampumep, mepBoe u3 HUX UMEET BUI
d oT 0T oz Jy 0z

—— - —_— =F, F F, —
Gon o tag T ag T g @

rme T =m (v + v, +v2)/2 — KUHeTUYECKAs SHEPTUS TOUKHU.

W3 sTux mpuMepoB sSCHA MPOLEAypa IJis OOIIEro Ciiydas NBUXKEHUs
N Touex, MOJIOXKEHNE KAXKIOA U3 KOTOPBIX OMPENENISAETCs TPeMs KOOPIu-
maramu z;(t), y;(t), z;(t), ¢ =1,..., N (BBIKIQOKU BIOJHE CXOXU C TEMHU,
YTO UCHONB30BaIuCch npu noiydenun (6), (7), u He NPUBOOATCS BBULY UX
rpomo3akocTn). Ilepexon Kk HOBLIM KOOPAMHATAM 330AETCs TPOM3BOIILHBIM
npeobpa3oBaHUEM

T =2i(q1, .-, qn3t),
vi = Yi(q1, -, qn3 t), (8)

zi = 2i(q1, - -, qn3 t),

roe i =1,...,N, n=3N.B (8) Bemuuunsl ¢;, 1 < j < 3N, — Tak Ha-
3LIBaeMbIe 0000uenmnbie Koopdunamel. Ux obIiee 4mcio, Kak u B CTAPOR
CICTEeMe OTCUeTa, ECTECTBEHHO, paBHO 3N . [Ipu mepexone K KOOpaAMHATAM
g;j 70bas crapas KOOPOWHATA MOXKET 3aBHCETh, BOOOIIE TOBOPS, OT BCEX
HOBBLIX (K&K, HAIIPUMED, B CIIyUae MEPEXoa OT NEKAPTOBLIX KOOPIUHAT X,
Yy, z K chepuuecKuM KOOpOuHATaM p, @, ). IlosToMy B mpaBBIX YaCTIX
dopmya (8) mpemycMOTpeHa 3aBUCUMOCTD OT BCEX BENIMUHH (.

ITocse mopcuera «mpoekuuit> (TOYHEe, KOMIIOHEHT ) BCEX BEKTOPOB U,

@, F}, t=1,..., N, Ha BCe HOBBEIC KKOODIMHATHBIE OCI®> ;, HONCTAHOBKI
[IOJIy YEHHBIX BHIPDAXKEHUEN B IOKOOPAUHATHLIE ypaBHeHUs (1) u ux cyMmu-
POBAHUS 110 MHAEKCY % TPU GUKCUPOBAHHOM 3HAUEHWN j ITPUXONUM K OOIITIM
ypasnenuim Jlaepanica

40T 0T _ 4
dt@(jj 8(]j_ 7

B (9), xax u npu N = 1, Benmuuuna T — KUHETUYECKAsS SHEPIUsL CUCTEMBI

ji=1,...,n. 9)

—

miv? m;U; - 17,

T =
2 2

i=1,...,N,
=1
3alIMCaHHasI B KOODOMHATAX q] BGJTI/I‘{I/IHI)I

N N
=1 J i=1 %

MOXKHO IIOHUMATh KaK BBIPAsKCHHBIE B KOOPAUHATAX ¢; IpoeKuums cuit F;
Ha ocu ¢; — obobwennvie cuavt (Gyukmuu |07;/dq;| — xoadduyuenmor

7 A. A. Camapckuit, A. II. Muxaitnos
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Jame; uepes A - B 0603HaYEHO CKaJIAPHOE IPOU3BENEHUE BEKTOpoB A u
B). B ykasauHoil TpakTOBKe ypaBHeHUs (9) IpencTaBIAiOT COOON 3amuch
BTOpOro 3akoHa HeroroHa (1) B «IpOeKIUsIX> Ha OCH ;.

OHu 3aMeTHO YIPOIIAIOTCS B CILy4ae, KOTIa BCE CUIIBI IOTEHINABHEL,
T. e. cymectByeT Gyukiusa [I(z1,...,ZNY1,-- -, YUN; 21, -, ZN; ) Takas,
9TO

oIl oIl oIl
F o=_ F., =— F, =—- ,=1,...,N.
(2 8.’1}'2 b 1y ayz I 1z 822 ’ ¢ ) Y

Ioncraum stu Bepaxenus B (10) u momyuum

N
b, = — .
J Z <8£L‘Z qu + Byi 8qj + 821 (9(]j>

i=1
3aMeHsaa B MOCITENHEM paBeHCTBE B (QyHKIuuU Il cTapee apryMeHTHI HA
HOBBIE, IPUXONUM K BBEIBOMIY, YTO €r0 IPaBas 9acThb MPEACTABIAET COBOM
YACTHYIO [IPOU3BOLHYIO HEKOTOPOU byHkimu V (g,t), HA3EIBAEMON nomen-
YUAA0M, IO APLYMEHTY ¢, T. €.

ov
8(]j
Hpyrumu cnoBamu, €Ciu UCXOOHBIE CUIIBI MOTEHIIAAIBLHEI, TO U 0606-
IIEHHEBIE CUJIBI IOTEHIUAIILHEL, 1 ypaBHeHus (9) mpro6GpeTaT BUI

o, =

d 0L 8L
L i=1,... 11
L=T-V. (12)

Ipu nmomyuennu (11), (12) yureno, uro dyukuus V(g,t) He 3aBucut oT
g, m nosromy OL/0q; = 0T /0q;. B ypaBuenusx Jlarpamxa (11) Benuunna
L — pasHOCTb KMHETUYECKON U MOTEHITUAJIBLHON YHEPTUU CUCTEMbBI, BbI-
PaXeHHLIX B HOBBIX KOOpAuWHaTaX. Ke HaswiBaoT dywkuyuet Jaepanca,
AGZPARHCUAHOM WA KUKEMUUECKUM NOMENYUAAOM CUCTILEMDI.

Ypasuenus (9), (11), momyuenssre u3 ypasuenuit Hoiorona (1), xoBa-
PUAHTHBI, KAK CIIENyeT U3 UX BUOA, OTHOCUTEIHLHO MTPOU3BOILHOIO IPeos-
pasoBaHus (8) MCXOMHON CHUCTEMBI OTCUETA, & BXOLSINE B HUX (GYHKIUU
MMEIOT SICHBEI MEXaHWYeCKU CMEBICH. I WX HANUCAHWS TPUMEHWTEIb-
HO K KOHKDPETHOU CUCTeME HeOOXOMUMO BBIIOIHUTD CIIEAYIONINE NENCTBUS:
BEIODATH HE3aBUCUMBIE KOOPAMHATEL (1, - - . , §n; HAUTH OOOOIIIEHHBIE CUITBL
(10) xak GyHKIIME HOBBIX KOOPAUHAT (€CIIU CUJIBI IOTEHIUAIILHEL, TO 3TOT0
IENIATh HE HyKHO); BEIPA3UTH B HOBBIX KOODIUHATAX KMHETUIECKYIO SHED-
ruto T u norennuansuyio sHepruio I u naiitu narpamkuasn (12) (B ciaygae
[OTEHIUAIIBHEBIX CUII); IOACTABUTH IOJIyUeHHbIe Bhpaxkenus B (9), (11).

OTa cTaHmapTHAs MPOIENyPa HASLIBAETCS AG2PAHHCEBLIM HOPMAAU3-
mom. Ilocne ee peanusaruu monyuaercs cucrema u3 3N nuddepennrain-
HBIX YPABHEHWI BTOPOTO MOPAAKA IJIS KOOPAWHAT (1, .. ., (,, BCETOA Pa3-
peImMas OTHOCUTEIILHO UX BTOPHIX MPOU3BOMHEIX:
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IIpu msBecTHbIx HavanbHbIX sHadweHmsx ¢;(0), ¢;(0), j=1,...
ypaBreHus (13) maroT BO3MOXHOCTH ONUCATH IBUXKEHUE CUCTEMBI B JIHO-
601t MOMeHT ¢t > 0, T. e. pelINTH OCHOBHYIO 330aUy MEXAHUKI.

IIpeumytiecTBa JarpaHkeBa MOAXOMA 3AKIIIOUAIOTCS B €r0 eNUMHO00-
pasuu (KOBADUAHTHOCTD), B MOJIYYEHAN OTHOCUTEJILHO MIPOCTOrO MaTEMa-
TUYECKOTO ONMCAHMUS TBUXEHNS OUCHD CIIOXKHLIX MEXAHUIECKIX yCTPONCTB
(mampumep, poGOTOTEXHUYECKNX) B MPOM3BOJIBHBIX CUCTEMaX OTCYETa (B
TOM 4YKCIle, KaK BUOHO U3 (8), 1 B HEMHEPUUAJBHLIX CUCTEMax (e3 BBeme-
HUS NOMOJIHUTEINBHBIX CUII MHepUuy). 3aMeTuM, 4To ypaBHeHus (1) Takxke
MOrYT OBITH BBIUCAHLI B BUME, KOBAPUAHTHOM IO OTHOIIEHUIO K IIPEOO-
pasoBanusaM (8). OmHAKO OHU He Pa3PEeLIAIOTCS OTHOCUTEILHO CTAPILNX
[IPOM3BONHEIX U COLEPIKAT ropasno Goublie (0 CPABHEHUIO C yPABHEHUEM
(9)) GyHKUMI OT HOBBIX KOODLWHAT, HE MMEIOIIAX K TOMY K€ IIPOCTOrO
MEXaHUUECKOTO CMBICITA.

Eitie omHO npeuMyecTBO OMuCaHHOro hOpMAaIU3Ma, IPOSIBIIAETCS IIPU
U3YUEHUN CUCTEM C MELAHUYECKUMY C6A3a4MU (BO BCEX MPENBIMYIIINX PacC-
CYXOEHUAX IJIsl YIPOIIEHNS PACCMATPUBAIIUCE CBOOONHBIE cucTeMmbr). CBsi-
31 HAKIIAOLIBAIOT HA OBMKCHUE TOUEK CUCTEMBI OMPENEIICHHEIE OTPAHMIE-
HUS, BEI3BAHHBIE TPUCY TCTBUEM MATEPUAIBHBEIX 00HLEKTOB, HEIIOCPENCTBEH-
HO B HEE HE BXOMANMX. [IpuMepaMu CiTyKaT CBSI3M U3-38 HAJIMUAS XECTKOM
MOBEPXHOCTHU, OTPAHMYUBAIONICH MBUXEHAE KATAIIErOCS MO HEM IIAPUKA,
W HEBECOMOTO XKECTKOTO CTEPKHS, COSMUHSIONIETO BE TOUCIHEIE MACCEL,
W T. I )

Cessu 3anatorcs nabopom K coorHomennit Buna (7,7, t) =0, 0 <
<k < K <3N, KOTOPBIM HOJIXKHO YIOBJIETBOPSATH DPEIIEHUE YDPABHEHUN
Herorona (1). Camu xe ypasaenus (1) B 9TOM ciiyuae MORUGUIUDYIOTCS,
B UX NPaBLIX 4aCTAX cjenyer (mpu HEKOTOPBIX MPEINONOKEHMIX O Xa-

pakTepe CBs3eil) MOACTABUTH BMECTO F BEJIAUNHY F + R Cuna R
BBIYUCIISIEMAs] U3 TEX WJIN UHBIX COOODPAXKEHUA peaxyusd ced3el. HoaTOMy
npu monxone HeioToHa onucanre HECBOOOMHBIX CUCTEM IO CPDABHEHUIO CO
CBOOOMHBIMY MOXKET 3aMETHO YCIIOXHUTHCS.

ITpu momxome Jlarpanxa peaxiuu CBsI3edl IJIs OUYEHDb IAPOKOTO KIIac-

ca dyukuuin fi,(7;, 7, t) yUATHBAIOTCA ABTOMATUYIECKU, B PE3YIILTATE YEro

0606mennbie cunel (10) He comepxaT B cebe Bermmaun R; (cama mpouenypa
OJIyYeHUs] ypaBHEHUN JlarpaHxka MOIHOCTHIO AHAJOTUYHA CIIYUIal CBO-
Gonubrx cucteMm). Bomee Toro, uncio ypasHenui JlarpaHka paBHO KOJIU-
YeCcTBY TakK Ha3BIBAaeMBIX crTemneHed cBobomer | = 3N — K u MoxeT OBITH
3HAYUTEILHO MEHbIIE, YeM IJIs CUCTeMbI 6e3 cBsizeil. Uuciio HOBBIX Hesa-
BHUCHMBIX KOODAMHAT ¢;, €CTECTBEHHO, Takxe papHo 3N — K.

Wrak, ypaBuenus Jlarpanxa BuiBomsTcs u3 ypaBHenuit HoioToHa, u
Haobopor (ymp. 2). Takum 06pa3oM, narpaH)eB IOLNXOHN, KAK U IONXOL
HeroToHa, MOXeT OBITH MIOJIOXKEH B OCHOBY MEXAHUKIL.

3. Bapunanmonusmi npuHnun 'amuiabToHa. B xauectse dyHma-
MEHTa MEXAHUKN MOTYT PACCMATPUBATHLCS HE TOIBKO AuddepeHInaabHbe
ypasrenus (1), (9) unu (11), cBsI3BIBaOIIME MEXAHUIECKUE TTAPAMETDEL B
IOAHHBIM MOMEHT BDEMEHU #, HO TaKxXe HEKOTOpbIe OOIue CBOWCTBA, Xa-
PaKTEpU3yOIIe NBIXKEHAE MEXAHUIECKOW CHCTEMBI B IEIIOM, Ha JII0O0M
[IPOU3BOJILHOM OTPE3Ke BPEMEHU OT o OO t1. YO6enuMcs B 9TOM, aHAIIA3H-

T*
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pPys BEIUUUHY

t1

Q= / Lq(t), d(t), ) dt, (14)

to

HasbIBaeMy1o deticmeuem no Iamuavmony na ompesxe [to,t1]. OueBunso,
uro (14) sBugeTcs QYHKIUOHAIIOM, 3aBUCAIIAM OT TOTO, KAK IBUKETCS
CHCTEMa B MOMEHTHI {g <t < ¢1.

Bosbmem B (n + 1)-meprOM npocTpancTse ¢, ¢ aBe Touku Mo (q(to), to)
u Mi(q(t1),t1), 3adUKCHPOBAB TE€M CAMBIM MOMEHTHI fg, §; ¥ IIOJIOXKE-

HUE CUCTEMBI B 9T MOMEHTHI («CKOPOC-

i A TU» ¢ B MOMEHTHI g, t; He QUKCHUDY-

M torcst). U3 Ttouku My B Touky M; cuc-

TEMa MOXET TONACTh, NBUTASCH B MIPO-

CTPaHCTBE ¢, t, BOOOIIE TOBOPS, 10 JII0-

OBIM KMHEMATUYECKU BO3MOXKHBIM Tpa-

€KTOPUAM (KIyTAM»), T. €. [0 IyTsM,

IOy CKAEMBIM CYIIIECTBYIOIIUMY CBsI35I-

» ¢; M (cM. puc. 37 Wi Ciydas mpOCTPaH-

0 CTBa q1, G2, t). llycTs cpenu sTux my-

Tell UMeeTCs TaK HA3bIBAEMBIN NpAMOU

nymb (crutomsas gunus). Ha vem dynk-

Puc. 37 mn ¢;(t), j=1,...,n, B mo6oir MO-

MEHT BPEMEHU MOMUUHSIOTCS yPABHEHN-

am Jlarpamxka (11). OcranbHble Iy TH HA3LIBAIOTCS 0KOAbHbIMY (IIITPUXO-
BbI€ JIVHWN).

Ipurnyun amusvmona hopMynupyercs Tak: meicTBue () MMeeT Ha,
MPSIMOM Iy TH SKCTPEMAJILHOE 110 CPABHEHUIO C OKOJILHBIMY Iy TSIMU 3HAUE-
HUE.

OxapakTepusyeM BCE BO3MOXHBIE IYTU ONHOMAPAMETPUUECKUM CE-
MeNCTBOM (GQYyHKIUN

QJZQJ(taa)a togtgtla |Oé|<ﬁ<00, j:1,...,n,

a1

rae 3sHaveHno o = 0 OTBEYAET MPSIMOR My Th, a 3HAUEHUIM & 7 0 — OKOIIb-
uple nytu. Torma neiictBue (14), oueBUnHO, sSBisIeTCs GYHKIMER TapaMeT-
pa a:

31

Qa) = / Llg;(t, @), q;(t,@),t] dt.

Bapuanus () npu BapbUpOBAHUU IAPAMETPA (¢ €CTh

ty t1
_0Q _ [N (0L, 0L
0Q = 5~ do = /6Ldt_/; (8% bqj + 24, 6qj> dt,  (15)
to to 4T

T. €. PaBHAa CyMMe IIpUDAIIECHWN, BBI3BAHHLIX BapPUAIMEH KOODAWHAT
dq;(t, @) m ckopocreit 6¢;(t, o).
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IIpounTErpUpOBaB 1O YaCTAM BTOPOU WieH B Ipasoi yactu (15), mo-
JIyJaeM

t1 th
n n
oL d 0L BL
0Q = E — 4(q; — E —_——_—— dq; dt,
Jj=1 to to Jj=1

WU, NCIOJb3Y S MEPECTAHOBOYHOCTD OIlEPAlINil BAPDBUPOBAHUS 110 ¢ M mud-
depeHuupoBaHus 1o t:

M@zﬂﬁ%ﬁyyii< W“ik%

IPUXOMUM K PABEHCTBY
t1 t1
" (d 0L 9L
0Q = Z 5613 - /]Z; (E 26, 0q, > dq; dt. (16)
to to 4

ITo mocTpoenuto Bapuanuu 6¢g; () paBHBL HYJIIO B MOMEHTHI tg, t1, T. €.
PaBEH HYJII0 NepBBIU uieH B npasoit wactu (16). g mpsamoro myTw mo
OIPEMIENICHUIO CIpaBeyIuBEl ypasHerus Jlarpanxa (11), mosTomy pasen
HYIII0 TaKXe U BTOPOI UJIeH.

Takum o6pasom, Ha psamoM myTu 6@ = 0. B sTom cocTout maremaru-
YECKOE BBIPAXKEHUE MPUHINTA ['aMuibToHa. Ero erre HasbIBalOT Npuny-
NoM HaUuMeHrbuLe20 Jelicmeud, TTOCKOIbKY NENCTBUE BOOJL MPSAMOTO My TH,
KaK MOXHO TOKa3aTh IIPU HEKOTOPBIX MOMOJIHUTEBLHBIX MTPENNOIOXEHN-
SIX, UMEET HAUMEHbBINIEE B CPABHEHUUM C OKOJbHLIMU IIyTSIMU 3HAUCHUE.
Hust Gosee OOLIMX MEXAHUYECKUX CUCTEM (HE MONUMHSIOLINXCS yDaBHE-
uuam (11)) cxoxkee yTBepKIEHUE HA3BIBACTC NPUHyunom I amuibmorna—
Ocmpoepadcrozo.

HamoMuuM, 4TO B TepMUHAX BAPUALMOHHOTO UCUUCIEHUS yPABHEHUS
(11) naseBatorcs duddeperyuaivnoimy ypasreruimy Siepa s Bapua-
IVOHHOU 3a0a4u

d
g;(t, ) 504] == d¢;,

ty
6Q=6/L@¢wﬁ=m
t

IPAMOU MyTh — IKCMPEMAALIO, 8 OTBedaromee emy dmuciio Q(a = 0) —
CIAYUOHAPHOIM 3HANERUEM PYRKYUOKRALG Q.

Herpynuo y6emuThcs B CHPaBeMIMBOCTU yTBEPXKICHUSA, OGPATHOTO
npuHIATY ['aMWITBETOHA: €CIU I HEKOTOPOTO MYTH BHITIOIHAETCS CBOM-
ctBO Q) = 0, TO 5TOT My Th ABIAeTCs NpsambiM (yup. 3). [losTomy BCe Tpm
PACCMOTPEHHBIX BBIIIE MOMXONA PABHONPABHEL 1 MOTYT GBITH MOJIOXKEHBI B
OCHOBY MATE€MaTWICCKOTO ONUCAHUSA MEXAHWICCKUX CUCTEM.

4. 3aKkOoHBI COXpaHEHNUs M CBONCTBA MPOCTPAHCTBAa-BPEMEHU.
AHaju3 MHTErPANBLHLIX MEXAHUIECKAX XaPAKTEPUCTHUK HE CBOMUTCA K Op-
MyJIUPOBKE TPUHIANTS ['aMUITLTOHA M PA3IUYHEIX ero 0606mennii. OH mo3-
BOJIIET YCTAHOBATD U NPYTHE QYHIAMEHTAIBHLIEC CBONCTBA MEXAHUIECKIX
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cucteM. [IpomeMoHCTpPUpPYEM HEKOTOpPBIE M3 3TUX CBONCTB B CIIydae IBU-
KEHUN B MOTEHIUAJIBHBIX TOJISIX, KOTa KaK BHEIIHUE, TaK U BHYTDEHHUE
CUJIBI, OEUCTBYIOIINE HA TOYKU CUCTEMBI, MOTEHIUAIbHEL. g sToro mo-
HANOOWTCSI BLIYUCIUTD BaPUALNAO HEACTBUS () HA GoJiee OOIEM, HEXeJn
COBOKYITHOCTD NIPSIMBIX U OKOJIBHBIX MyTel U3 II. 3, CEMENCTBE KPUBLIX B

(n + 1)-MepHOM MPOCTPAHCTBE q1, - - - , Gn, -
PaccMOTpuM 3TO OOHOIAPAMETPUICCKOE CEMEHCTBO
a=qalta), ..., ¢u=an(t ), (17)

rIe @ — MapaMeTp, OMHO3HAYHO ONPENENIAIONINA KPUBYIO, B YACTHOCTH €€
HUXHUI> U «BEPXHUI®> KOHIBI B IpOCcTpaHcTBe ¢, ¢ (puc. 38). Ha myqok
(17) He HAKIANBIBAETCS KAKUX-IMOO OTDAHUYECHUI, MOSTOMY KPUBBLIE MO-
I'YT «HAUNHATHCAS> U KKOHIATHCSS B
pasHBIE MOMEHTHI BpeMeHu fo(a) u
t1(e)  t1(a), mepecekaTbCs MeXIMy CODOM,
Pa3HBIEC KPUBEIE MOT'YT COBIIAIATD B
HAYAJILHEIE ¥ KOHEYHBIE MOMEHTHL 1
to(a)  T- 0. Bapumanms mewcrsus

t
A o ag 02

tl(a)
- Q=5 [ Lia.d.vd

to (a)

0
Ha myuke (17) HaXOmMTCA C HOMO-

Puc. 38 B0 PACCYXKAEHUIA, BIIOJIHE AHAJIO-

TUYHBIX TEM, YTO KCHOJB30BAINCDH

pu nosyderun (16), OMHAKO COOTBETCTBYIOIINE BLIKIIAIKA TOPA3I0 CIIOXK-

Hee, TaK KaK HAYAJIbHOE U KOHEUHOE IOJIOXKEHUs KPUBLIX CEMENCTBa B

IPOCTPAHCTBE ¢, ¢ 3aBUCAT OT mapaMeTpa «. IlosToMy mpuseneM TOIBKO

KOHEUHBII Pe3ynbTatT: obimas GopMyna mis 0@ B ClIyuae ONHOLAPAMETDY-
Jeckoro nmyuka (17) mmeer Buz

t1(a)

= “~(d 0L 0L
le] 0q; — Hét / Z (dt 24, 8%) dg; dt. (18)
= to(a) tola) 7=
Cwueicn dynxmmit p; u H GyneT pasbsICHEH HIKE.
OueBUIHO, UTO €CITM HAYAJIA Y KOHITBI BCEX KPUBLIX MyYKa COBIANAIOT,
10 d¢; = 0t = 0, m u3 (18) cpasy caenyet (16), wnu npuniun I"aMunsroHa.
Gynknum p; m ¢dynknus H Ha3LIBAIOTCS COOTBETCTBEHHO 00600UjeH-
HOLMU UMNYADCAMY U 2AMUABMOHUAHOM CUCTEMbl. BEIIMINHEL p; BBOOIATC

KaK YaCTHBIC IIPOU3BOOHBIC JIAlr'DAHXKNAHA IT0 CKOPOCTAM q]

0L
8qJ

n B HpOCTefILHeM ClIy4yae OBUXEHUS TOYKU B NEKAPTOBBIX KOODAOAWHATAX
B CTAaIXMOHAPHOM IIOTEHIIMAJBHOM IIOJIE (CI)yHKL[I/ISI II u3 o. 2 He 3aBucur
SABHO OT BpeMeHI/I) COBIIA AT C IPOCKIUAMU KOJIMYCCTBa OBUXKCHUI Ha

p; = *p](q Q7t)7 ]:laana (19)
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ocu z, Yy, z. B cuimy He 06Cyx)maeMbIX 37eCh OOIIINX CBOMCTB JIATDAHXKMAHA
coorrorerns (19) MOryT GBITH Pa3peIIeHBl OTHOCUTEIHHO OOOOIIEHHBIX
CKOPOCTEN:

4j = hj(g, p, 1),
T. €. CYLIECTBYET B3aMMHO ONHO3HAUHBIN IIEPEXON OT JIATDAHXKEBBIX IIEpe-
MEHHBIX ¢, ¢, { K TAaK HAa3bIBAEMBIM 2AMUALIMOKOEbIM TLEPEMEHHbIM ¢, D, T
®yuxnus H onpenenseTcs paBeHCTBOM

H(g,p,t) Zp]qy ; (20)

rre narpanxuad L u 0000IIeHHBIE CKOPOCTY BBIMUCAHLI B IIEPEMEHHBIX ¢,
p, t. N'aMunbTOHMAH UrpaeT BAaXHYIO POJIb NIPU U3YUECHUNM TOTEHITNAIIL-
HBIX [BUXKEHWUN, B YACTHOCTH IIOTOMY, UTO u3 ypasHeHuir Jlarpamxka (11)
MOJIy Yar0TCs ypaBHEHUs nBuxenus B Gopme [amunbrona (kanoHmueckue
yDABHEHUs)

i=1,...,n, (21)

u Ha060poT (yup. 4). @yukuus H uMeeT SCHBI MEXAHUYECKUAN CMBICIL: €CIIN
Ipeobpa30BaHMsI NCXOLHOM CUCTEMHI (8) CTAIMOHADHEL (IBHO HE 3aBUCST OT
t), TO B 000 MOMEHT BPEMEHU MaMUIIbTOHUAH UWCJIEHHO DABEH MOJHON
SHEPTUN CUCTEMHI, T. €.

H=T+II=E.

IToce 5TUX MOSICHEHUN YCTAHOBUM CBSI3b 3aKOHOB COXPAHEHUS B Me-
XaHUKE CO CBOMCTBAMU MPOCTPAHCTBA U BpeMeHu. PaccMoTpuM omHomapa-
MeTpUYECKOe IIPeoOPa3OBaHME CUCTEMBI OTCUETA, ¢,

Q_;k :(pj(Q7t7a)7 jzla"'ana t* :w((bt:a) (22)
TaKoe, ITO OHO TOXOECTBEHHO IIpu « = () ¥ [ Hero CymiecTByeT 0OpaTHOE
npeobpa3oBaHUeE.

IlycTh marpamxuwaH 3aMaHHON MEXAHUUYECKOW CHUCTEMBI, MBUXKYVILEH-
€ B IOTEHIIMAIILHOM IIOJIe, WHBAPUAHTEH OTHOCUTEILHO IIPe0Opa30OBaAHUM
(22). Do 3HauUT, UTO HOBBIA Jarpanxuad L*(q*,¢*,t*) He 3aBucur ot «
u KaK GyHKIm ¢°, ¢*, t* uMeeT TOT Xe BUM, UYTO U UCXOMHBLIN JTArDAHKUAH
B IIEPEMEHHBIX ¢, ¢, t. Torma cyuiecTByeT GyHKIUS OT P, q, t

d(a,p,t zn:pg <a%> . (%ﬁf) (23)

He MEHsIOIIas Ha NPSAMBIX MyTSX CBOErO 3HAUEHWS C TEUEHUEM BPEMEHH
(mepBeit nETErpan nemxenus). B (23) p;, H — cooTBeTcTBEHHO 0600IICH-
HBle UMIYNbCH (19) n ramunbronuas (20), 3anucaHHBIE B IEPEMEHHBIX D,
q,t.

CxeMa MoKasaTenbCTBa CHOPMYIUPOBAHHOTO yTBEPKIECHUS (TeopemMa.
Hérep) Bernamur Tax. B npocrpancTse ¢, t Beibupaercsa kpusas ¢(t), Ha
koTOopoit §() = 0, T. e. OTBEUAOIIAS YACTU HEKOTOPOTO NPSIMOTO MyTH Ha
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oTpeske [tg,t1]. B coorBercTBuu C (22) 9Ta KpUBas «IOPOXKAAETS B IPO-
cTpaHcTBe ¢*, t* cemeiicTBO KpuBLIX ¢*(t*, ). Ha HUX, B cuity nHBapUaHT-
HOCTH JIATPAHXKUAHA, BAPUALINS NEACTBUS PABHA HYJIIIO IPU BCEX 3HAUCHUSIX

a, i, 1o dopmyse (18), IPUMEHEHHON I TPOCTPAHCTBA §*, t*,

t1 (@)
n
5Q = | p;dq; — H* 6t* -
=t t5(e)
e d oL* OL*
— / — a0~ 5 5q;dt*:0. (24)
— dt* 0¢* 3qj

ty(a) \IT

Ecnu B (24) nmonoxuts o = 0, T. €. B3ATh TOXIECTBEHHOE IPEOOPA30Ba-
HUE, TO MONLIHTErPAJILHOE BBIPAXKEHUEe O0pAIaeTCsl B HyJlb, TaK KaK B
KOOpOMHATAX ¢, t KpuBast ¢(t) — IPSIMON IyTh, U HA HEM YIOBIIETBOPSIOT-
ca ypasuenus Jlarpanxa (11) mua L = L*. 3uauut, HeoOXOAUMO, 4TOOLL
BBIMIOJTHSIIIOCH

. t (@)

* * * * _

E(pjéqj—H ot™) =0.
— .
J t3() | 4o
OTciona ¢ y4eToM CBOMCTB mpeobpasoBaHus (22) HETPYOHO BLIUUCIUTH
6q;f u 6t* u, ycrpeMuB « X HyI0, nonyuanthb dopmyny (23). Ilockonbky
NPSIMOIL Iy Th U TOYKMU g, t; OBLIN BEIOPAHBI IPOU3BOJILHO, TO Y TBEPXKIEHUE
TEOpPEeMbl CIPABEIJIUBO IS JIFOOOT0 MPSAMOrO IMyTH (I BCEX MCTUHHBIX
IBIDKEHNUIT) CUCTEMBL.

N3 Teopemur HéTep ciemyeT 3aKOH COXpPAHEHUsS IOJTHON MEXAHUYUEC-
KOW SHEDPruM IJisi CACTEM, JIATPAHKUAH (TaK Xe KaK U TaMWIbTOHUAH )
KOTOPBIX SIBHO HE 3aBUCUT OT BPEMEHU, WIN KOHCEPBAMUBHBIT CUCTLEM.
HeiicTBUTENBHO, B3B B KauecTse (22) CABUT 110 BPEMEHU

q = qj, j=1,...,n, t"=t+a,
JIerko yOemuThCs B MHBAPUAHTHOCTY JIATDAHXKMAAHA U u3 (23) monyunTh
—¢=H =T + Il = const.

AnazornusbIM 06pa30M yCTAHABIMBAIOTCS 3aKOH COXPAHEHUS KOIMIECT-
Ba [BUXKEHUS OIS 3aMKHYTOR (He WCHBITHIBAIOLIEH NEMCTBUS BHEIIHUX
cuit) cucTeMsl (yup. 5) U psif APYTUX 3aKOHOB MexaHuku. IIpu paccmoTpe-
HUJ OBVKGHUWN HE HA ONHOM IPSIMOM IIyTH, & Ha HEKOTODBIX BBLIEIIEHHBIX
MHOXECTBaX IPSMBIX Iy Tl Moy 4aioTcs 6oree o6IIye epBble NHTErPAJIbL
MEXaHWIECKUX CUCTEM — MHTErPAJIbHbIE MHBAPUAHTEL HeKoTophie u3 HuX
MOTYT OBITH MOJIOXKEHBL, KaK U IpUHIUN ['aMUnbToHA, B OCHOBY MEXAHUKIN.

InyGokast cBsi3b ypaBHEHWN [BUXKEHUS, 3AKOHOB COXPAHEHUsI, BapHUa-
[[MOHHBIX HPUHIUIOB U CBOMCTB CUMMETDHUU [IO3BOJIAET SKBUBAJIEHTHBLIM
06pa30oM ICIOIb30BATH PA3HOOOPA3HEIE IONXONEL ISl IOCTPOEHNUSI MATEMa-
TUYIECKUX MOMEJIENl MEXaHWIECKUX CHCTEM. 3aMeTUM, UTO WHBAPUAHTHBIE
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cBoCTBA O0BEKTOB 3(DGEKTUBHO NMPUMEHSIOTCS HE TOJIBKO IJISL ITOCTPOE-
HUS, HO U IJI aHau3a (CM., HAIPUMED, Til. V) MOMesell MHOTUX SBJICHUIA.

YIIPAXKHEHNRI

1. ITokaxuTe, 9TO ypaBHeHUs (3) OMUCHIBAIOT ABUXXEHUE IIAPUKOB C MACCAMU 1M1,
M2, COSNUHEHHBIX HEBECOMON NPYXWHON C XeCTKOCThIo k (I — nimHa HEHArpyXeH-
HOIt npyxuHHL, 71(t) < 72(t)). [IpoBEphTE MHBAPUAHTHOCTH ypPABHEHWI IIPU IEPEXONE
OT OHOM MHEPIMAJIBHON CHUCTEMBI K IPYTOM.

2. B3sB B xauecTBe (8) TOXAECTBEHHOE MPeO6GPA30OBAHNE MCXONHOW CHCTEMBI OT-
cuera, ybenuTech B TOM, UTO W3 ypasHeHuil (9) MOIydaeTCs MOKOOpAMHATHA (Hopma
sanucu ypasHeHuit (1).

3. IIposepbTe, ncnob3ys paBeHcTBo (16), 94To miist myTH, BIOIL KOTOpOro 6Q = 0,
YIOBJIETBOPSIOTCS ypaBHeHus Jlarpamxka (11).

4. YcTaHOBUTE SKBUBAJIEHTHOCTH ypasHeHui ['amunbrona (21) m Jlarpamxka (11)
Ha I[IpUMeEpe OBUXCHUA OOHOW MATEPUAJIBHOM TOYKM B CTALMOHAPHOM IIOTCHIIVAJIBHOM
1oJjie, PaCCMaTPUBAs €r0 B HEKAPTOBBIX KOODAMHATAX T, Y, Z.

5. B oTCyTCTBME BHEIIHUX CHJI NOTEHIWAJIbHAS SHEPIUS CACTEMBI, & 3HAUUT, U
dysxums Jlarpanxa He MEHSIOTCS [IPY CABUre HAUaJIa KOOpAMHAT. B3ss B kauecTse (22)
mpeo0pa3soBaHme AEKAPTOBBIX KOODAUMHAT T} = Tj + @, y* = y;, 2% = z; (i=1,...,N),

N .
t* =t, y6enurech B TOM, 4TO (23) mMeeT BUX ¢ = Zi:l m;ZL; = const, T. €. 4TO OJIa

TAKOU CUCTEMBL CIIpaBEOJINB 3aKOH COXPAHCHWA KOJIUYECTBA OBUXCHUA B IIPDOCKIWU Ha
OCb I.

§ 2. Mozneyiiu HEKOTOPHIX MEXaHNYECKUX CUCTEM

Ypasuenus Jlarpanxa n npusHiuun ['aMuIbLTOHA TPUMEHUM IJIsI OTNCA-
HIUS PA3JINIHBIX TUIOB NBVXEHUS MASTHUKA U MAIIBIX KOJIEOAHUN CTPYHHI,
a TaxXe KOeOaHul 3IIEK TPUIECKOTO TOKA B KOHTYPE, IJIsI U€T0 UCIOIH3YeM
3JIEKTPOMEXAHIIECKY0 aHaoruo. O6CyauM HEKOTOpBIE CBOMCTBA U3y Iae-
MBIX NIPOIIECCOB.

1. MasTHuK Ha cBoGomHOI nmoaBecke. CucTreMa COCTOUT U3 ABYX
TOYEUHBIX MacCC, M1 U 1My, COEOTUHEHHEIX HEBECOMBIM KECTKUM CTEDKHEM
muaeet | (puc. 39). IBuxeHrne IPOUCXOOUT B TOJE CUIIBI TSKECTU U CUU-
TAeTCs ITIOCKUM, T. €. PACCMATPUBAET-

cs B CHCTeMe oTcueTa T, y, t. Toukac YA F
Maccoit m; (HOomBecka) He 3aKpeIlIeHa, ~
a MOXeT [IepeMeIaThCsa BOOIb OCH Z Q N

(cp. cm. 3§ 3rmI). 1, U
Ilnst onmmcaHus TIIIOCKOTO IBUXKE-
HUS NOBYX TOUEK B HUCXOMHON CHUCTe-
Me OTCueTa HeoOXOmMMO, BOOOIIE To-
BOpsl, HaliTy u3 ypasHeHuit (1) § 1 ge-
TeIpe yHkuum Bpemenu, zi(t), yi(t),
z2(t), y2(t), T. e. HEKAPTOBLI KOOPIY-
HATHI IepBOU U BTopou Touek. Onuaxo
n3yuyaeMas CHCTEMa HECBOOOMHA, IIO- Puc. 39
CKOJILKY COINEDPKUT IBE MEXAHUIECKUE
cBa3u (. 2 § 1). Onma u3 HUX onuceBaeTcs ypasHenueM y; = 0 (moxBecka
He MOXET COBEPIIATH BEPTUKAILHBIX [EPEMEIEHUIl), a BTOpas — ypaB-

menueM (21 — 72)? + y5 = [2 (paccTosHME MeXIy TOUYKAMU TIpu J0GOM ¢
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paBHO nnuHe cTepxHs). [losToMy mpu mepexonme k ypapreHusM Jlarpas-

K& NOCTATOYHO BLIOPATH (IO UMCILy CTENeHe#l CBOGOMBI) JIWIIL IBE HOBBIE

HE3aBUCUMBIE KOODOUHATHL. Bo3bMeM B kauecTBe OGOOIIEHHEIX KOODIUHAT

BenuuuHsl ¢ (t) = z1(t) u g2(t) = a(t), rie o — yrom Mexny BePTUKAIBIO

7 ocbio cTepxkHs. Takoi BHIOOp COOTBETCTBYET mpeobpasoBauio (8) § 1

BUIA
T1=¢q, To=gq +l1lsings, y»=—lcosgm.

Bripasum cuauaa KuHeTHUeCKyio sHepruio cuctemel ' =T + 715 B
KOODOMHATAX ¢1, g2. s monBecku numeeM

2 2 .2

T1 _ mivy _ m1’U1w _ miTy

2 2 2

HJ’IH MasdTHHKA IIOJIydaeM

2

mavy meo 2 2
Ty = =—(v3, +v3,).
2 9 2z 2y
C moMoI1Ibi0 paBeHcTB Vo, = &1 + l& cos a, v2, = l&sin a, epBoe U3 KOTO-
PBIX VUUTBIBAET COCTABHOE MBUXKEHUE MACCHI My BIOIL OCH I KAK CyMMY
IOBUXEHUT BMECTE C TMOOBECKOW W OTHOCUTEIBHO Hee, 3AIUIIEM BeIUIUHY
T> xaK QYHKIAIO X1,

+2
m;xl + % (2léviy cos a + 1262).

PaccmoTpum Teneps cuitbl, AEACTBYOINE HA TOYKHA M1, M. Cuita, Ts-

T, =

KECTU U BEPTUKAIbHAA MPOEKIMs Ry, peakuuum CTepKHs Rl, TIPUIIOKEH-
HBIC K IIOIBECKE, YPABHOBEIINBAIOTCSA PeaKlyell ONOphl, U MO3TOMY BEpPTU-
KaJIbHAsS paBHOOENCTBYOIAs cuita, paBHa Hyio. Cuna Fi, npencrasiser
co00i1, OYEBUIHO, TOPU3OHTAILHYIO [IPOEKLINIO PEAKIUK CTEPXKHs (CBA3M)
R,y ,. llpu narpaHxeBOM IIOAXONE CUIIBI PEAKUINUU CTEPKHS HA IBUXKEHUE

KaK MOABECKW, TAK U MAsATHUKA, T. €. cuiibl Ry u Ry, yIuTHIBATEH HET He-
obxomumocTu (KOHKPETHEIA mpuMep comepxutcs B 1. 2). [losTomy u3s Bcex
OENCTBYIOUINX CUJII JOCTATOYHO IPUHATH BO BHUMAHUE TOJIBKO CUITY TsXKeC-

™1 F2, OeACTBYIOUIYIO HA MasSTHUK. s ee mpoekuii mMeeM PaBEHCTBA
ol
~7:2w:07 f2y:_m29:_m28_,
Y2
rze I1(y2) = magys — noreHunanbHAS S9HEPIUs MAsSTHUKA. B KoopamHaTax
g1, g2 II(y2) BEIpAXKaeTcs Gopmynon
Vi(ga) = —malgcosa.
Tax kak u3y4aeMoe IBUKEHNE TOTEHIINAIBLHO, TO CIEAYET BOCIOIb30-
BaTbCs ypapHeHusmu Jlarpamxka (11) § L, rne j=1,2, i =1,2, u
L=T-V=T1+T-YV,
WiV, B Pa3BEPHYTOM BUIIE,
mi+me ., Mol

5 7+ 5 (1% + 2416 cos @) + malg cos a. (1)

L=
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W3 (1) mudpdepenmuposanuem 0o qi, ¢, g2, o (HATIOMHUM, YTO ¢ = 1,
g = @) TIOJIy4aeM
oL 0 oL (my1 +ma) &1 + mald
— =0, -_— = (M1 mo) X1 maol COS (¢,
g1 041
oL oL

_— = —mzlsina(:'vld+g), — =mysl (lOé—FSL‘l cosa).

g2 04>

IoncTapmnsas NOMyYEHHBIC BEIPDAXKEHNS B ypaBHEHM JIarpanka u mpousBo-
s muddepeHnnpOBAHTE IO ¢, IPUXOOUM K IBYM yPABHEHUAM OTHOCUTEIh-
HO Z1, Q::

(m1 +ma) i1 + malcosa - & = malsina - &2,

(2)

cosa iy +1lad = —gsina,

NPEACTABIISIONIIM COOON MOIENb M3yJIaeMoll cucTeMbl. B cooTBeTcTBUY C
o0LIIMU CBONCTBAMU JIArpaHXKeBa (opMmanu3Ma ypaBHenus (2) paspemn-
MBI OTHOCUATEINBHO £1, (¢ ¥ IIPY N3BECTHBIX 3HAUEHUSIX HAYAIILHBIX 0000IIIeH-
HBIX KOOPIUHAT U OOOOIIEHHBIX CKOPOCTEN ITO3BOJISIOT HAUTHU KOOPAUMHATEL
U CKOPOCTH TOYEK B JIFOO0M MOMEHT BDEMEHU.

Henuueitnas cucrema 4eTBepTOro MOpsiaka (2) erko CBOLUTCS K ypaB-
HEHUIO BTOPOT'O IOPSIOKA, HAIIPUMED KCKITIOUEHNEM U3 Hee BEIIMINHEBL I1:

I(my +mysin®a)d = —sina [malcosa - &% + (my +ma)gl.  (3)

OTOT pe3ynbTaT — CIEeACTBIE NHBAPUAHTHOCTH JIarpamxuana (1) or-
HOCUTEIILHO MBYX OMHOMAPAMETPUIECKUAX CEMENCTB mpeobpasoBauuii. [Tep-
BO€ U3 HUX naeTcs hopmyion 7 = x1 + [ (L He MeHseTCst 1Py CABUTE KOOD-
OUHATHL T1), & BTOpoe — hopMyioit a* = a+msign 8 2r, rnem =1,2,...;
 — napametTp mpeobpasoBanus (L He MEHsSETCS NP OBOPOTE CUCTEMBL
KoopauHAT Ha yros, kparHell 27). Coraacuo teopeme Hérep (m. 4 § 1)
y CHUCTEeMBI UMEIOTCs [BA MEPBHIX MHTEIrPAJIa, OIpenessieMble 10 GopMyie
(23) § 1, u mosTOMY €e HOPSANOK MOXKET OBITH IOHWKEH Ha [BE eNUHULEL.
Eirte onus uHTErpas cucTEeMBI OUeBUIEH: Jarpanxkuaf (1) He 3aBUCAT SBHO
OT BpeMeHM (KOHCEPBATUBHOCTD), U COXPAHIETCS ee TONHas sHeprus H =
=T+ V. 370 cBOICTBO 06ECIEUNBACT BO3MOXKHOCTD ITOHMKEHUS TIOPSIKA,
cucTemsl (2) ele Ha ONHY eOVHUIY U CBeeHUs (3) K yPABHEHUIO IEPBOTO
nopsznka (yop. 1).

HauHBI pUMEP XOPOIIO WNIIOCTPUPYET DPA3IddINe MEXAY JIarpaH-
JKEBBIM UM HbIOTOHOBBIM IIOAXOMAMU K OMUCAHUIO JBUKEHUS MEXAHUIECKUX
cucteM. Y paBHeHuss Hpl0TOHA [JIs TONBECKY U MASTHUKA B KOOPOUHATHON
(opMe BBITJIAOIT TaK:

’I’I’Llfi'l = Rl (1’2 — 1’1)/1,
moiy = —Ry (x2 — z1)/1, (4)

mafis = —Roys /[l — mag,
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roe Ry = Ry = R — MOOynb BEKTOPA PEAKUUWHN CTEPXKHS, MPUIOKEHHBIX

K MaccaM my u ms (cM. puc. 39), IpuueM OUYEBUIHO, UTO R, = —R,. Pe-
AKIUs CO3MAETCS HATSIXKEHUEM CTEDXKHs, KOTOPBLIA B UICAIU3UPOBAHHOMN
MTOCTAHOBKE CUNTAETCS a0COIOTHO XKECTKUM, 1 ero medopMaliuein mpenes-
peraercs.

Tpu ypasuenus (4) comepXKaT YeTHIPE HEU3BECTHBIX BEIUYUHEBL: I7,
T2, Y2, R. Cucremy (4) MOXHO 3aMKHYTH, UCIOIb3Ysl YPABHEHUE CBA3U
(z2 — 21)? + y2 = |2, u IPUIATH K HEKOTOPOMY HEJMHENHOMY yPaBHEHUIO
BTOPOro mopsnka (cM. Takxke yup. 2). OmHako B ciaydae 6osee CIIOXHBIX
CUCTEM 5Ta TPOMO3IKAs IIPOLEMyPa CTAHOBATCS GAKTUUIECKA HEOCYIIIECT-
Bumoit. [Ipu cocrasnenun ypasuenuil Jlarpamxa ona ue tpebyercs (4To u
TOCIIYKUJIO TIEPBOHAUAIBLHON IIPUYMHON pa3paboTKU jarpaHxkena hopMa-
mu3ma). Kpome Toro, nHBapUaHTHBLIE CBOMCTBA JIATPAHKUAHA, ACHO YKA3HI-
BAIOT Ha CYIIIECTBOBAHUE MEPBBIX UHTETPAJIOB MBUXKEHUS, UTO CYIIECTBEH-
HO YIIPOIIAET UCCIIENOBAHUE.

IMonyuaromeecs u3 (3) ypaBHEHUE IEPBOIO HOPSALKA OTHOCUTEIIBLHO He-
TPYAHO U3YUUTH B IIIOCKOCTH MyHKUuU o, da/dt (pasoBoit mwiockocTu) u
OTIPENeNINTEL BCE XAPAKTEPUCTUKU MBUKEHUS B 3aBUCUMOCTU OT HAUAb-
HBIX MaHHBX. OrpaHIYIMCS PACCMOTPEHUEM MAIIBIX KOJICOAHWA CUCTEMEL,
korga @ < 1. OrbpaceiBas B (3) usnens! 6051€€ BHICOKOTO MOPSIIKA, MAJIOCTH,
MIPUXONUM K yPABHEHUIO

.. g mi + ma
oqO=——-————2qQ,
l mi

KOTOPOE, OYEBUIHO, UMEET OOIIEE PEIeHre
a(t) = Asinwt + B coswt,

rie KOHCTaHTH A u B onpemensorcs 13 HAYAJIbHLIX MAHHLIX, 4 YaCTOTA
kosebanuii maeTcs GOpMyIIon

w = g(l—i-@).
l miq

B CPaBHEHUNHU C XKECTKO 3aKPEINICHHBIM MAasATHUKOM, OJIs KOTOPOI'O Wy =

= /g/l, 9acToTa yBeIMYMBACTCS, 3ABUCAT OT 3HAYECHWUHN 1M1, Mo U PACTET
TeM 60osbIIe, 9eM GOJbIIEe CTAHOBUTCS OTHOLICHUE Mo /M1, ITO CBA33HO
CO CBO6OI[HBIM OBU2XKCHNEM TOYKU KPEIIJICHUA. STI/IM XKe OOBICHSICTCS €Ie
OIHO OTJIMYME, 3AKIIFOYAIOIIEEC B CenyomeM. [lycTs B HAYANBHEI MO-
MmenT t = 0 oTknoneHne MasTHUKA paBHO a(0) > 0, a €ero CKOPOCThb, KaK 1
CKOPOCTB TIOMBECKW, PABHA HYJIIIO, T. €. BHEPTUs CUCTEMBI COCPEIOTOUCHA,
B MOTEHIMAILHON sHepruu MasTHuKa. OHa MOMHOCTBIO MPEobpasyeTcs B
€r0 KWHETUYECKYIO SHEPIrUIo IIPU IIPOXOXKACHUN UM HU3MEen Touku. B sToT
MOMEHT CKOPOCTHb MAasSTHUKA PaBHA Vs, = &1 + la. Ilpu ee Bbruucienun
yuaTeM, 94To B nagaoM ciydae «(t) = a(0) coswt u uro & = —lé& — ga (no-
CIIeZIHEE PABEHCTBO BLITEKAET U3 JIMHEAPU30BaHHOU cucTeMsbl (2)). Takum
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obpa3om,
t
1 = —la— /ga(t) dt,
0

nJm
t
Vog = —g/a(O) cos wt dt.
0

B unTepecyroumit Hac MoMeHT ¢t = 7/ (2w)
m/(2w)

V2, (@ = 0) = —ga(0) / coswtdt = — 90(0) .

w

OT0 3HaUEHVE B w/wy pa3 MEHbIE MAKCUMAJIBLHON CKOPOCTY MAsSTHUKA HA
JKECTKOU TOIBECKE — 3aIMaCeHHas BHAUAJIE DHEPTUS YACTUYHO IEPEXOMUT
B KMHETUIECKYIO SHEPTUIO MIOOBECKU.

Ecnu xe my — 0o (OueHb MacCuBHASL TIOABECKA,), TO, ECTECTBEHHO, KAK
MaJible, TaK U KOHEUYHBLIE KOJIEOAHWS CUCTEMBI COBIAMAIOT C IBUXKEHUEM
KECTKO 3aKPEINIEHHOI'0 MAasSTHUKA.

2. HenmoreHnnuanbHbie KojieGaHUsI. YUTEM Temepb OEHCTBUE CUII
TPEHUS Ha MasSTHUK U TOABECKY, CINTAs UX MPOHIOPIXOHAIBEHBIMU CKOPOC-
TSIM:

ﬁl = —u v, ﬁg = — o, w1 >0, e > 0.

TaK KaK CUJIbI TPEHUA 3aBUCAT OT CKOpOCTefI, TO OBUXKECHUE HEIIOTCHIINAJIb-
HO, U CJIENyeT UCIOJb30BaTh ypaBuenus Jlarpanxa (9) § 1 ¢ 0600IIeHHBIME
CIJIaMIU B TPABBIX YacTsX. Boibupas, Kak u mpexne, ¢ = T1, 2 = &, IO-
syuaem u3 obmei dpopmyer (10) § 1

0x1 oY1 0o O0y2
S =F,—+F, —+Foy — +Foy —,
“ oq Y 0q * oq Y 0q,
0x1 oY1 0o O0y2
by =F,—+F1, — +Fo, — + Fo, =—
2 te 0q2 lv g2 2o g2 2y 0g2 ’
roe Fi,, F1y, Faz, F2y — KOMIOHEHTHI DABHONEHCTBYIONUIMX CHUJI, TIPH-

JIOXKEHHBIX K MaccaM my, me (cM. puc. 39). IIpungas Bo BHuMaHUE, 4TO
Fi, =0, u paBencrsa 071/0q1 = 0x2/0q1 = 1, 0y1/0q1 = Ox1/0q2 = 0,
0x2/0q2 =1 cosqa, Oya/0qa = lsinqe, ynpocTum Beipaxenus mist Pp, Po:

¢, =Fi, + Fou,

(5)
by = Foplcosga + Faplsings.
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Bripasum KOMIOHEHTHI HERCTBYIOIINX CAII B KOOPOUHATAX 1 = T1, 2 = Q'

Fip =Fip, + Ry,

—p1v1, + R, = —p@1 + Rsing,

Fop = Fop + Rop = — oo, + Rop = — o (.Zl + lév cos Oé) — Rsina,

Foy = Foy + Roy —mg = —piav2y + Ray — mag =

= —polasina + Rcosa — mag,

roe R — BenuuuHa cunbl peakiuu crepxkus. [logcrasmss ux B (5), nomy-
UM

Q= — (1 + p2) &1 — poléecosa,
(6)

By = poliy cosa — pal?éc — maglsina.

B coorBercTBUM ¢ O6IITUM CBOKCTBOM JIarpaHxkeBa GOpMain3Ma pe-
aKIuu CBA3€l, Kak BUmHO u3 (6), HE BOIUIM B OKOHYATEIILHOE BHIDAXKEHUE
st @1, 5. Kuneruueckas sueprust cuctemul 1’ HaingeHa B 1. 1:

my +ma mal . .
T=——"3+— (I&® + 2& 16 cos ).
2 2
Beruncnsas amanoruusno n. 1 mpoussonusie dT'/dgr o u dT/dg; 2 u nud-
depenmupys mo ¢, npuneM K ypaBHeHUsM Jlarpamxka TpUMEHUTEIBHO K
pPaccMaTpUBAEMOR CUCTEME

(m1 +m2) i1 + malcosa - é& = malsina - &% + @y,

(7)

mol cosa - F1 + mol?a = Ps.

KaK 1 0JIsd IIOTEHINAJIBHOI'O OBU2XKCHUA, HEINHEHHASI CUCTEMA qeTBeEpP-
TOro nopsAnka (7) pasperraeTcs OTHOCUTENBHO CTAPUINX IPOU3BONHBIX, U
[P 3aJaHHBIX HAUaIbHLIX 3HaueHusx z1 (0), £1(0), a(0), &(0) us nee ompe-
OENSIOTCS MOJIOXKEHNS X CKOPOCTY MacC My, My B JIFOOOM MOMEHT BPEMEHU.

Onnako, B OTIMYME OT CHCTEMHI (2), y M3y4aeMOro ABUKEHUs HET
TPEX MEPBBIX MHTErPAIIoB (Teopema Hérep cnpasemmuea miis MOTEHIUATB-
HBIX ,ﬂBH}KeHMﬁ), I ee IIOpAOOK MOXET OBITH IOHVXKEH JIUINL Ha COVHUITY
(yup. 3). Eme onHo oTiiMune 3aKi0YaeTCA B BULE OAJIAHCHOTO SHEPreTH-
YECKOTO COOTHOILICHUS

E0) = E(t) + A(?), (8)
rue E(0) — nomuas nawanbHas sHeprus cucreMsl, FE(t) = T'(¢) + V() —
Tekylas nonHas sHeprus, A(t) — paboTa Cuil TpEHUs, MPOU3BENCHHA

K MoMmeHTy t. Mexanudeckuit cMbICa (8) COCTOMT B TOM, YTO BEIAIMHA
YTPAYEHHOU (IUCCUIMPOBAHHON) SHEPTUU CUCTEMBI PaBHA, pabOTe, COBEP-
[IEHHON HaJl HEI0 HEMOTEHIUAILHLIMY CHJIAMYA TPEHUS.

IMonyuum pasencTBo (8) mist TpOCTOTH B citydae e = 0 (Tperue uc-
IBITHIBAET JIMIIL HonBecka). U3 (6) umeem

(I)l = —/l,ljjl, (1)2 = —mzlgsina.
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IMoncrasum 5Ty BhIpaxenus B (7), yMHOXUM IE€PBOE yPABHEHUE HA, 1,
BTOpPOE — Ha (¢, CIIOXUM 003 YPDABHEHUS U IPUIOEM K DABEHCTBY

Z1 ((mq +ma) &1 + malcosa - &) + & (meldy cosa + mzlzd) =
:mglsina-d-i'l—mglgsina-d—uli'f. 9)

CoorHoutenue (9) coBnanaetr ¢ nponudbepeHIMPOBAHHEIM 10 BDEMEH! Da-
BEHCTBOM (8), B KOTOPOM IIOJIHASL YHEPIUs B MOMEHT ¢ €CTb

l
w:ﬂf il (162 + 2&1 ¢ cos @) — malg cos a,

E(t) = :

a paboTa Cuibl TpeHus naeTcs GopMyIIon

t ¢ t ¢
d d 2
A(t):_/Fldxl:/M1U1d$1=/u1%d$1:/ul <%> dt.
0 0 0

0

Taxum 06pazom, (9) SKBUBAJIEHTHO PABEHCTBY

4 B+ Aw) :% B(t) +/tu1 <dﬂ)2 dt| =o,

dt
0
unu, 9TO TO XKe camoe, paBeHcTBy (8). Tax kax

2

dE(t) dzq

——=-m (=) <0,
dt dt

TO B CDABHEHUY C KOHCEPBATUBHOMU CUCTEMOM II. 1 OTHAS SHEPT U B TAHHOM

cilydyae He IIOCTOsSHHA, & yOBIBAEeT CO BPEMEHEM.

IIpu Masbix KOne6aHUIX KECTKO 3aKPEIIEHHOro MasTHuKa u3 (7) mo-
JIydaeM ypaBHEHUE

SKBUBAJIEHTHOE YPABHEHUIO NBUKEHUS B BSI3KOW CPelie IIaPUKa Ha IPYKUH-
ke (m. 3 § 4 ru. I) u umerorriee npocToe oblee pereHue.

3. Manbie kxosie6aHus cTpyHbl. [Ipumenumocts npuniuma ['a-
MIWIbTOHA HE OrPAHUYUBACTCS CUCTEMAMU MATEePUANIBHBIX Touek. OH pac-
MPOCTPAHSIETCS Ha, OOBEKTHI, HE SIBIISIFOIIIECS, CTPOTO TOBOPSI, COBOKYITHOC-
TsIMU TOUeUHBIX Macc. IIpumepoM ciyxkuT ynpyras HUTH WM CTPYyHA —
CIIOIIHAS CPEeNa, KOTOPYIO, OOTHAKO, MOXHO PACCMAaTPUBATL KaK MHOXKEC-
TBO MPUMBIKAOIINX OPYT K OPYTY MaTEPUaJIbHBEIX TOYEK. ByneMm cunTaTh,
YTO TOJIIINHA CTPYHBI MHOIO MEHBIIE €€ [UIMHBI [ U 9TO OHA MMEeT IO-
CTOSIHHYIO JIMHENHYIO INIOTHOCTD po. HaTsuyras ¢ cumoir Fy cTpyHa B co-
CTOSITHUU PABHOBECUSI HETIOMBIKHA, U IIPENCTABJIIIET COOOM MIPSIMYIO JIMHUIO.
IIpu oTksIOHEHUEU OT PABHOBECUS, HAIIPUMED, B PE3yNIbTATE yOapa, CTPY-
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Ha M3rubaeTCs, ee yuacTKM HaumHaioT nsurarhbes (puc. 40). KomeGanus
CUNTAIOTCS INIOCKIMHI U MAJBLIMI — UX aMIUINTYNA 3HAUYUTENHEHO MEHbIIIE
IIIAHBI CTPYHBL. DTO IPEAIOJIOXKEHNE TO3BOIISET IpeHebpedsh IPONOIIbHEI-
MU CMEIIEHUSIMU U CKOPOCTSMU yYaCTKOB CTDYHBI, PACCMATPUBAs TOIBLKO
TIOTIEPEYHOE UX OBUKEHUE.

ITpencraBrM CTPyHY Kak COBOKYNHOCTH N MaTepUAIBLHBEIX TOUEK C
paBHBIMU MaccaMu m; = pol /N = poAz, i=1,...,N. Hauna kaxmnoro
Y4aCTKa CTPYHBI, CONEPKAIIETO MACCY 1M;, paBHAsS AZ B IOIOXKEHUN PABHO-
BECUS ¥ HECWILHO, BBUIY MaJIOCTHU KOJIEOAHN, M3MEHSIOIIAICS IPU OTKIIO-
HEHWUU OT HEro, CunTaeTcs MaJion. [loaToMy momoxenue 4-i « MaTepuaIbHON
TOUKW» B ITIIOO0N MOMEHT BPEMEHU MOXKHO OXapaKTEPU30BATH BEIUINHAMUI
z;(t) (IpOmONBHOI KOOPAMHATON LEHTPa i-ro orpeska) u y;(t) (nmomepeu-
HBIM OTKJIOHEHUEM LEHTPA OTPE3Ka OT MOJIOXKEHUs paBHOBecus). Beenen-

Y4

Y

Puc. 40

HBIE TAaKuM 0Opa3oM OOOOIIeHHbIE (B NAHHOM CIIydae — NEKAPTOBLI) KO-
OPOVHATEI IIOJTHOCTBIO OIMMUCBIBAIOT IIJIOCKOE OBUXKCHUE paCCManHBaGMOﬁ
cucTeMBl. B Cuily MasioCTy OTKIIOHEHUI, KaK yKe OTMeUasock, d;(t)/dt =
=v;, = 0, T. €. KOOPAWHATHI ; HE 3aBUCIT OT BPEMEHU.

Cocrasnsioniye CTPyHy «MaTePUAIbHBIE TOUKAS> CBI3AHBI MEXIY CO-
6ot u mpu N — 0o, Az — 0 o6pa3syior mis J060ro MOMEHTA BPEMEHU B
IIJIOCKOCTH Z, i HEKOTOPYIO KPUBYIO

y =y(z,1). (10)

B OTJIMIEe OT PACCMATPUBABIINXCSA BBIIIE MEXaHUYICUCCKUX CBHBGﬁ,
KOTOpBIE BCETOA CUYMTAIOTCSI 3aNAHHBIMM, «CBsi3b» (10) HemssecTHa, u
odyukuus y(z,t) nommexur ompenenenuto. Ecnu ona HalineHna, To TeM ca-
MBIM U3BECTHHI KOODAUHATH y; = Y(Z;,t), ¥ IOCKOIBKY KOODOUHATHL T; HE
MCHAIOTCA C TECHEHUEM BPEMEHN, IIOJTHOCTBIO U3BECTHO ABUXKECHUE CUCTEMBI.

Kunernueckas sHeprus ¢-it MacChl OMpenenseTcs no Gopmyite

P ST N €A S A
Ty T g ) T2 et )

Ipu mosyyenun 5ol GOPMYIIBI UCIOIB30BAHO PABEHCTBO dy; /dt = Oy; /O,
cmpaBemiuBoe notoMmy, uto dz;/dt = 0. IlonHas KuHeTWUYECKas HYHEPrUsL
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CUCTEMEI pPaBHa
N 2 N 2
1 Byi 1 By
22m<8t) 22;’”)(&) ’ (11)

=1 i= 7

Brruucnum Teneps cuiibl, nercTByOME Ha -10 Maccy. Ilo mpennosto-
KEHUI0 O MaJeix Konebamuax F;, = 0. Beprukamenas xommonenta Fi,
onpenesaeTca KaK CyMMa BEPTUKAJBHBIX KOMIIOHEHT CWJIIBI HATAXKCHUA
CTPYHBEL Ha IIPABOM UM JIEBOM KOHIaX i—FO OTpPE3Ka. EI‘O YOJIMHEHUE IIpU
OTKJIOHCHUN OT IIOJIOXKEHUS PABHOBECUS MaJIO, IIOSTOMY CWIIy HATAXCHUA
CTPYHBI MOXHO CUNTATL HEM3MEHHOU u paBHOU Fj. Torma BepTuUKaIbHBIE
COCTABJIAIOIINE CUI, IPUJIOXKECHHBIX K IIPDABOMY U JIEBOMY KOHITaM, COOTBET-
CTBEHHO PaBHEBI

A
F_=—Fysina=—Fj 9y <J:, + —J;) )

oz 2
Fi = Fysing = Fy @ (1'2 - &)
oz 2

(cM. puc. 40; HAIOMHYM, YTO CUIIA HATSXKEHUS HAIPABIIEHA 110 KACATEILHON
K cTpyue). B urore momyuaem

Fiy=F4 +F- = Ry [yo (z — Az/2) — yp (z + Az/2)],
i, YIYUTBIBAsd MaJIOCTh OTPE3Ka A.’L’,

fiy = _FO (yww)z A.T

[Ipumem Bo BHUMAaHME, uyTO U3 (10) cienyet Oy = y,, - 0T, v nepenuieMm
MOCITIETHEE BEIPAKEHNE B BUIE

_ 9., = 0.,)-_1 9 0
Fiv = FOAw(axyz)i_ FOA$<yzayyz>i_ QFOAx(ﬁyyz)z‘.

Orcroma cpasy BunnO, uTo BCe cmitbl Fiy, @ = 1,..., N, IOTeHIIMANBHbI,
IpUYEM MOTEHINAIBHAS YHEPTUS -1 MACCHL HaeTcs GOpMyIIon

Vi= 3R (), Ar,

a IIOJIHAs MMOTEHIUAJIbHAs S9HEPI'Us CTPYHBI €CTh

1 N
V= 3 Fy ; (yi)l Az. (12)

ITockONMbKy OBUKEHUE CUCTEMBI MOTEHINAIILHO, TO K HEMY TIPUIIOXKUAM
npuanun [aMunsToHa, chopMymuposanusii B § 1. W3 (11), (12) monyyaem
JIATPAHKUAH

N 2 2
oy 0w\ (% o
L(y,y,t) =T V_Qi; p0<3t> Fo((%) 'Aw, i= 5

8 A. A. Camapckuit, A. II. Muxaitnos
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I[eﬁCTBMe o FaMI/I.]'IbTOHy BBEIUUCIISIETCS IO (HOpMyIIe

2 oy\?

Qy,9,1) Ldt= E Po —Fo | o=

oz
rae tg, 1 — IBa OPOM3BOILHLIX MOMEHTA BPEMEHU, B KOTOPHIE CACTEMA,
umeeT KoopauHaTH Y;(to), yi(t1). IlepeitTu u3 cocrosuus ¢ y;(to) B co-
crosiHue ¢ Y;(t1) MOXKHO, BOOOIIE TOBOPS, MHOTUMH myTsamu. [Ipuanun [a-
MWJIBTOHA BEIIEISET U3 5TOrO MHOXECTBA «UCTUHHBINS MPAMOU Iy Th, I
KOTOPOTO Bapualys neicTeus 6() paBHa HyI0. Boraucoum ¢ momorsio (13)
Bapuauio 0(), IpuaaBas BAPUAIMUIO 0y; KOOPAUHATAM U 01; — CKOPOCTSIM

1-X TOYEK:
t1

(SQ:(S/Ldt:

3 () -n (3] 9]

Ilepsoiit wiien B mpasoit yacTu (14) BO3HUKAET B PE3yJbTaTe BADLUPO-
BAHUsI CKOPOCTH ¢;, 8 BTOPOIl — IMPU BAPBUPOBAHUYN KOOPOMHATHI ¥;. Ilis
npeobpa3oBaHMs IEPBOTO WICHA, IPOUHTETPUPYEM €T0 MO UaCTSIM, UCIOIb-
3ysl IEPECTAHOBOYHOCTD ONIEPALNii BAPbUPOBAHUS U NuddepeHIINPOBAHUS
1o ¢, u, IpuHEMAas BO BHUMaHUeE, 94T 0y (to) = dy(t1) = 0, nomyunm

t1 N
oy . 0%y
/Z[ <E>] Azdt—/z;po (W)iéyledt'
to =

Bropoit umen ¢ yuerom paBencTBa Jy = Y,0T NEPENUCHIBACTCS B BULIE

t oy
/Z 0 — (8:17) oy = — /F0<8 2) oy; Az dt.
to
ITocre mopcTanoBKY >TUX BhIpaxkeHuil B (14) momyumm
5Q = / Z Al 5 Az dt.
pO atz 8 2 yl

ITepeiinem 0T OUCKPETHON CUCTEMBI «MATEPUAIBLHEIX TOUEKS>, KOTOPOU
EPBOHAYANILHO OBIJIA 3aMEeHEHa CTPYHA, K cruomHoi cpene. s sToro B
moclieqHeM paBeHCTBe ycrpeMuMm N — 0o, 3aMeHuM AT Ha dT U OILyCTUM

MHIOEKC %:
0%y
0Q = //(po 92 Oﬁxz) Sy dz dt.

Azdt, (13)

Az di. (14)
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Ha npamom mytu §@) = 0, 9TO BO3MOXKHO, JIUIIL €CIIM B MOCIIEMIHEM PABEH-
CTBE MOOBIHTErPAIBLHOE BLIPAXKEHUE PABHO HYJIIO IPU BCEX T U t, T. €.

d? 02
a_t?Z/ 8_;;, 2==, 0o<z<l, t>0. (15)

= a(Z)
Po

CrenoBaTenbHO, TP MAJIBIX KOJIEOAHUAX CTDPYHBI €€ OTKJIIOHEHUE MONYU-
HsaeTcs ypasHeHuio (15), M3 KOTOPOrO MpPH COOTBETCTBYIOIIAX KPACBBIX
yCII0BUAX onpenesnserca Gyukuus y = y(z,t).

ITpusmnmun 'aMuIbTOHA TPUMEHUTEIHHO K PACCMATPUBAEMON CUTYa-
LM MOXHO TPAaKTOBATh KaK CIHOCOD MOIyUeHus ypasHeHus «cBssus» (10).
B cuny croiicTB narpanxuana nmonHas sHeprus H =T + V' cTpyHBI coxpa-
HSETCsI CO BpeMeHeM (KOHCEPBATUBHOCTD ABUKEHUS HETPYIHO yCTAHOBUTD
TaK¥XKe HeIOCPEACTBEHHO U3 ypasHeHus (15); cm. yup. 4).

Ypasuenue maavir xoaebanut cmpynvy (15) (w = 2mag/A — wacTora
KOIeGaHUi C [IIMHON BOJIHEL \) — JIMHEHOE yPABHEHKE BTOPOrO HOPSIKA B
YACTHBIX IPOU3BOMHBIX TUNEPOOINIECKOTO TUma. [IpUHIMI cynepno3ummm
MO3BOJIAET TOJYUYUTH €ro OfIlee PeIeHne KaK CyMMY YaCTHBIX DEIIeHU,
HCIIONB3YsT COOTBETCTBYIOIINE METONLI TEOPUM YPABHEHUA MATEMATUIEC-
KON (DU3UKU.

OcuoBHoll Kpaesont 3anmadenn mist (15) sBisgeTcs mepBas KpaeBas 3a-
naga Ha orpeske [0,l], Korma mis ONHO3HAYHOIO ONPENEIEHUs DEIIEHUsI
3amaTca Hadadbable oTkyoHeHus y(z,0) = yo(z), 0 < z < I, ckopocTu
9(z,0) = go(z), 0 < z < I, m rpannunsle 3Hauenus odyuxkuuu y(0,t) = y1 (1),
t>0uy(0,1) =y2(t), t > 0. OcHoBHAS 330398 NOMYyCKAET PAIIAYHBIE MO-
nubUKaAIMY, caMas IPOCTasi U3 KOTOpBIX — 3amada Komm, pemaemas Ha
BCEH mpsMoN —o0 < ¢ < 00. Takas mmeanusaius ONpaBoaHa B CIIydae, ec-
JII PACCMATPUBAETCA INBIKEHUE NEHTPAILHOU YACTU CTPYHBI B TEUCHUE
HEMPONOIIKUTEIHHOTO BPEMEHU, 1 BIUSHAEM TPAHUI MOXHO MPEHEODEeUb.
Ins peutenus 3amaun Komm mocTaTodHO 3HATH HAYAIBHBIE CKODOCTU U
KOODIMHATHL CTPYHBL, T. €. GyHKIuu yo(z), Yo(z) mpu —oo < z < 00.

Iyt 4acTHOrO BUAA ABMXKEHWH, OOIANAOLINX CBOACTBOM JYy/0t =
= ¢0y/dz, c = const (mpocreie BONHBL), ypaBHeHue (15) mepexomut B
usyuennoe B § 1 ra. II runepGonuueckoe ypaBHEHIE TIEPBOTO TOPSIIKA, WA
yDaBHEHHUE TIePEHOCa (CM. Takke yIp. b).

OrmeruM, 94TO 0OBIYHO ypaBHeHUE (15) mOMy4aroT ¢ IOMOILIBIO HENo-
CPEICTBEHHOrO MPUMEHEHUsT BTOPOro 3akoHa HeioToma u 3akoma ['yka k
SJIEMEHTAPHOMY YYaCTKy CTPYHHI. IIpM 5TOM NPENNOOXeHus O MaJIOCTH
KOe6aHuil, OMHOPOMHOCTY CTPYHLL U T. M. B 000MX MOAXONAX ONHU U T€ XKe.
ITosTOMYy M MaTeMATUIECKUE MOMEIN NBUKEHUS CTPYHLL B OOOUX CITydasiX
OIVHAKOBEL.

4. DiieKk TpoMexaHndecKas aHaJIoTud. PacnpocTpaHeHne IpUHIT-
na ['aMuIbTOHA BO3MOXKHO HE TOJILKO HA MPOIECCH] NBUKEHUs CINIOIIHBIX
Cpell, HO ¥ HAa HEKOTOPHIE HEMEXaHUYECKUE OOBEKTHL. PaccMoTpuM yxe
m3yuaBimiics B § b ri. I xomebaTenbHbll KOHTYD, COCTOSIIUN U3 KOHIEH-
caTopa ¢ eMKOCThI0 Cy U KATYIIKMA C MHAYKTUBHOCTHIO Lo. B HauanbHbIx
MOMEHT BPEMEHHU IIeIlb PA3OMKHYTA, 3aPsI COCPENOTOUEH Ha OOKIAIKAX
KOHZIEHCATOPA. [Ipu 3aMbIKAHUN [ENMr KOHIEHCATOP HAUMHAET PA3PAXKAThH-
Csl, 1 IO HEW UOEeT TOK.

8*
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Daexmpomezanuveckad anaso2ud 3aKiodaeTca B crenyomem. O6-
OOIIIEHHON KOOPAWHATE OTBEUAET 3apsn Ha OOKJIamKaX KOHOEHCATOPa —
HenmsBecTHas QyHKUMs BpeMmenu ¢ = ¢(t). Beauuuna siekTpuueckoro To-
ka ¢(t) = dg(t)/dt = i(t) urpaer poasb 0600wwenHOA ckopocTu. s mpa-
BUJILHOTO ONPEIENICHNs AHAJIOTOB KMHETUIECKON SHEPT UK (SHEPIUY IBIXKE-
HUS) ¥ TIOTEHIUAIBHON SHeprun (SHEPruy KOHIEHCATOpa,) 6yneM PyKOBOMI-
CTBOBATLCA CICAYIOINAMA HABONAIIAMYA COOODAKEHUAMU. DHEPrUs Iepe-
MEIIAOIINXCS 110 TIPOBOMHUKY 3apPSN0B (SHEPTUs TOKA) MPOMOPIIMOHAIILHA,
KBAIPATy CKOPOCTH ¥ UX HAIPABICHHOrO mBuxkenusa. C IpPyroi CTOPOHEL,
3PS, TPOXOMAIIAA Yepes MOMEPEeIHOe CeYeHne S TPOBONHUKA B CNUHUITY
BpeMeHHU (TOK), paBeH i = gonSv, Toe go, T — BEIUNYUHBI HJIEMEHTAPHOrO
3apsana U OOBEMHON KOHIEHTPAIMA IIEPEHOCUMKOB TOKA, COOTBETCTBEHHO.
CrenoBaTenbHO, DHEPIU OBMKEHNS JacTurl 1 ~ v? ~ 42, T. e. IPOIOPIIO-
HajbHa kBanpaty Toka ¢(t) = i(t). Kosdduuuent mponopuuonamsHOCTH
(amasor maccer) 6epercs paBHbIM Lg, T. €.

. 1.
T=T(44) = 3 Log®.

[MorennuanbHas sHEPrUsl KOHTYPA CONEPKUTCS B KoHmencarope. s
€ro 3apanku TpebyeTcs 3aTPATUTD OIPeNelleHHYI0 PabOTy IO PA3NeNIeHUo
pasuHouMmenubix 3apsanoB. Cormacuo 3akony Kymona cuma, mpensTcTBYIO-
m1as 3TOMY, KaK GYHKIWS 3apsOoB (1, G2 IPOMIOPIIMIOHAJILHA WX IIPOU3-
BeneHuo q;qs (ecmu q; = g2 = ¢, TO cua mponopnuoHaibha g2 ). Takum
obpa3oM, paboTa IO Pa3NeeHNIO 3aPsNoB, T. €. IOTEHINAIbLHAS DHEPTUs
CcuUCTeMB! V, IPONOPIIMOHAIBEHA KBAIPATY «OOOOIIIEHHON KOOPIUHATHI>:

_ 1 2
(q)_200q7

roe 1/Cy — amasor koshduimenTa yupyrou cuiibl B 3akoue ['yka (cucrema

V=V

LIAPUK—IIPYXKUHA), WK BenuduHe \/ g/l B ciydae KonebGaHuil MasTHUKA.
[IpumeM Temeph BO BHUMAHWE, UTO MEACTBYIOIINE B KOHTYpPE CH-
JIBL UMEIOT YUCTO BIIEKTPOCTATUYECKOE IPOUCXOKAEHUE (COIPOTUBIICHIEM
NPOBOMHUKOB IIPEHEOPEraeTcs, T. €. «TPeHues> OTCYTCTBYET, KaK OTCYT-
CTBYIOT U IIOTEPU SHEPIUU HA M3JLyUeHUEe HIEKTPOMArHUTHBLIX BosH). Ilo
3aKOHY KyioHa 5TU CHIIBI OmpenensioTcs: «0000IIEeHHON KOOPIUHATONS
¥ HE 3aBUCAT OT ¢. B 5TOM CMBICIIE CHUIIBI «IIOTEHIUAIILHBEL», U BMECTE
C HEMU <TIOTEHIINAJIbHAY> paccMaTpuBaeMas cuctema. lloaTomy y Hee cy-
mecTByeT «narpanxuany L =T — V u K Hell IpUMEHUM aHAJIOT IPUHIUIIA
laMumbTOHA: OIS «ACTUHHOTO®» MYTU CUCTEMBI BAPUALIUS «IECNCTBUSI>

ty
Q:/Lﬁ
to

paBHA HYJIO (3[€Ch, KaK OOBIYHO, tg, {1 — IBA IMPOU3BOILHO B3ATHIX MO-

menTa Bpemenn). [lycts dynkimusa q(t,0) = ¢°(t) orBevaer npamomy myTu
CUCTEMBL B IPOMEXyTKe to < t < t1. Bapuauus xoopnuunars ¢(t, ), a # 0,
pasHa §q = q(t,a) — ¢°(t), rme q(t,) — BCe BO3MOXKHEBIE «TPACKTOPHUI>,
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UMEIOIIUe ONUHAKOBBIE KOOPAWHATEI ¢(to, ), q(t1, ). s Bapuanum «neii-
CTBUS> UMEEM

t1 t1 t1
5Q :J/Ldt: 5/1 (Locf - iq) di = /[L(Q) — L(¢")] dt.
2 Co 2
to tO

to

Tak kak ¢ = ¢q° + §g, TO IOMBEIHTErPATIBHOE BHIPAKEHIE MOXKHO HPENCTa-
BUATDH B BUIE

L(q) — L(¢"°) = Lo [(¢°)* + 2¢° 6¢ + 6¢°] —
1

— — [(¢°)* + 2¢° 6 + 6¢*] — Lo (¢°)* + = (¢°)°.
C() CO

OT6pOCKB B HEM WIIEHBI BTOPOTO MOPSAKA MAJIOCTH, TOIYINM

t1
1
Q= / <Loq° 6 — —¢° §q> dt.
Co
to
Nurerpupys unen Loq® 8¢, roe 6 = d(q)/dt, no uacTsam u yauTHIBas, 4TO
0q(to) = dq(t1) = 0, mpuneM K OKOHUATEILHOMY BBIDAXKEHUIO st 06)

ty
1
5Q = / (Lo(jo + C_ q0> (Sth =0.
; 0

W3 mero mis 3apsana q(t) (Bepxuuit mamekc y ¢ omymen) ciemyer ypapHe-
HEEe

. 1
Lo = - +q,

Co
OMUCHIBAIOIIEE KOJIEOAHUS B 3JIEKTPUUECKOM KOHTYDE U IOJIyUIEHHOEe B § H
ri. I gpyrum cmoco6om. 3aMeTuM, 4TO MONHAS SHEprus Kojebauuun H =
=T + V coxpaHseTcs cO BpeMEHEM, YTO COTIIACYETCS C UHBAPUAHTHOCTHIO
«JIATPAHXKAHA®»> OTHOCUTEILHO COBUTA IO BPEMEHU.

PaccMmoTpennas aHAJIOTUsI TPUMEHUMA TAKXKe K BIEKTPUUCCKUM IIe-
msaM ropasno 6ojiee CIOXHON KOHGUTypalluu, HA €e OCHOBE CTPOSITCS Ma-
TEeMATUYECKNEe MONENN MPOTEKAIoNMX B HUX mporeccoB. [IpuBeneHHbIN
TpuMep OaJIEKO He eNUHCTBEHHAS WNTIOCTPAIIUS IIMUPOKON TPUMEHUMOCTH
npuHOUNg ['aMUIbTOHA U OPYTUX BaPUANMOHHBIX NpuHIUIOB. OHEU 9acTo
HUCHONB3YIOTCS IIPU MIOCTPOCHNN MATEMATUIECKNX MOIEJIE He TOJIBKO Me-
XAHUYECKUX WU PUBUUECKUX, HO U MHOTUX XUMUUECKUX, OMOIOTUIECKUX
W UHBIX SBJICHUMN.

YIIPAXKHEHNRI

1. Micnoms3y s 3ameny do/dt = v, cBenure ypasHenue (3) k suny dv/da = f(v, o).
2. Ilepexonom B ypasHeHusx (4) x koopauHaTaMm T2 = T1 + [sina, y2 = —lcosa
mostyunre ypasHerue (3).
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3. B cucremy (7) BenmmunHa £ SBHBEIM 06pa3oM He BXOnUT. I[0OKaxkuTe, NCIOMBL3Y s
9TO CBOMCTBO, UTO (7) CBOAUTCS K CUCTEME YPABHEHUI TPETHETO MOPAAKA OTHOCUTEIHLHO
dysxmmn X (¢) = dz1/dt, Y(t) = da/dt, Z(t) = aft).

4. YmHOXBTE 00€ uacTu ypasHeHus (15) ma Oy/dt m, MHTErpUpys MOIydYeHHOE
paserctBo or t =0 no ¢t > 0 m ot ¢ = 0 no = = I, y6enurecs B TOoM, uro H(t) = H(0)
nis mo0six ¢ > 0.

5. ITomyunTe pemenue ypasHeHus (15), omuchiBamoliee OBIKEHWS CTPYHEBI, AJIS
KOTOpEIX Oy/dt = cdy/Ox.

§ 3. YpaBuenue BosibiMana 1 IpoN3BOLHLIE OT HETO

IMocTpouM mepapxXmdecKyro IEMOUKy MOLEIEH, OMUCHLIBAIOIINX IUHA-
MUKY OOJIBIIIOTO YUCIIa MATEPUAIbHEIX YyacTull. OCHOBON IEPBOHAYAIBLHON
Momenu OymeT CIlyXXUTh KUHeTUYeCKoe ypaBHeHue Bosnbimana mis GyHK-
uuy pacupeneienus. V3 Hero mo OpuHIMNY «CBEPXY BHU3® IIYTEM IIOCIIE-
IOBATENILHOIO BBENEHUS YIIPOIIAIOIINX IPENNOIOXKEHNA IOMYIUM MOIEIIN
IJISL BA3KOIO TEILJIONPOBOMHOIO ra3a, YPABHEHUS DIIIepa U YPABHEHUS aKy C-
TUKX.

1. Onucaume COBOKYIHOCTHU YaCTHUI[ C IIOMOIILIO (QyHKIAN
pacnpenesieHusi. B mpocTpaHCTBE I, Y, 2 HAXOMATCI «KUAKOCTD® WA
«raz» — GOJIBIIOE YUCIIO0 MATEPUANIBHBIX YACTUI] (MOJIEKYII, ATOMOB, HJICK~
TPOHOB, HOHOB), CBOOOMHO NBUXKYIIUXCS B IPOMEXKYTKAX MEXKIY B3AUMHBI-
MU «CTOJIKHOBEHUSIMI»>. KCiiM M3BECTHBI KOOPAMHATHL U CKOPOCTH JIIOO0M
YACTUIEL KAK HYHKIIUU BPEMEHE, TO TEM CaMBIM MOJIHOCTHIO M3BECTHBI OC-
HOBHLIE XapaKTEPUCTUKNI paccMaTpuBaemMoro aucaMmosisa. OHu onpenensiocs
HAYAJILHBEIM COCTOSHUEM KaXXIOW YACTULLI, XapaKTEPOM B3aMMONEHACTBILI
MexXIy HUMU (HAIIPUMED, SJIEKTPOHBI U MOHBI IPATITUBAIOTCS UM OTTAJ-
KUBAIOTCs 110 3aKoHy KysioHa), a Takxke NefCTBYOIUMA Ha HIX BHEITHUMA
CUJIAMU.

3amaBas B MOMeHT ¢t = 0 MOJIOXEHUE M CKOPOCTHU YACTUIl U 3HAS BCE
IEACTBYIOIINE HA HUX CHJIBI, MOXKHO B IIPUHIIAIE PEIIUTH OCHOBHYIO 3a-
nmauy mexanuwku (§ 1) mis paccMaTpuBaeMOd CUCTEMLI (MMEeTCs B BUIY,
YTO OHU MONUYUHSIOTCS 3aKOHAM KIIACCUYECKON MexaHuku). Taxoil monxon
(IpUMEHUTENBHO K OOBIYHOMY Ta3y OH HA3LIBAETCS MOAEKYAIPHOU Juna-
MUKOT) AT UCUEPIBIBAIONIYI0 HHPOPMALNIO 1 3aHUMAET BBLICIIIEE MECTO
B MEPapXuy MaTeMaTUUEeCKUX OmucaHumi rasa. OIHAKO IpM JOCTATOYHO
GOJIBIIIOM KOJIMYECTBE YaCTHUIl PEaIn30BATL €r0 MPAKTUIECKM HEBO3MOXK-
HO B TOM YHCII€ ¥ TOTOMY, YTO WX HAYAILHBIE TOJOXKEHUs U CKOPOCTH
HUKOT[Ia, B TOUHOCTY HE M3BECTHELI. KpoMe TOro, Kak ImpaBuiio, HeT HeoOX0-
IUMOCTH MPOCIIEXKUBATDH MOBENEHUE KAXKIOM YaCTUIILI, TTOCKOIIBKY MHTEPEC
[IPENCTABIIAIOT JINIIL CPENHME XAPAKTEPUCTUKN CUCTEMEL TaK1e, KK ILIOT-
HOCTb, CKOPOCTh, TEMIEPATypa U T. II.

[MosToMy omucaHue ¢ TOMOIIBIO NEPEONPUHYUNOS, T. €. C IPUMEHEHU-
€M BTOPOro 3aKOHa, HBIOTOHA K KaXIIOWl U3 YaCTHI], UCIOIL3YETCsS TOILKO
B CIIEIUAIBHBLIX CiIydasx. Ilepexon K CiemyromneMy 3BeHy B UePAPXUM MO-
Iesiell OCHOBAH HA, OTKA3€ OT M3YUEHUS WHAUBUAYAILHOW CyObOBI YaCTUII.
BBonutcs craTucTuueckoe BEPOSTHOCTHOE OMUCAHUE WX AHCAMOJs C TO-
MoOmIbI Pynkyuu pacnpedesenus f(7,U,t), roe 7, ¥ — pamuyc-BEKTOD U
CKOPOCTb COOTBETCTBEHHO. DyHKIMA [ 3aBUCAT OT «KOOPOWHATS IIIEC-
THMEPHOTO (306020 NPOCMPAHCINGE T, Y, Z, Uy, Uy, U, (IPOCTPAHCTBA
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COCTOSIHUIT) U BpeMeHu (cp. ¢ (QyHKIWe#d pacupeneneHus GOTOHOB B § 3
ri. IT). Benuunsna

f(7,0,t) dF dv

IO ONPENENICHNIO PABHA, YMCILy YACTULl, HAXOMAIIUXCSI B MOMEHT ¢ (TOouHee,
UX CPENHEMY 3HAUEHUIO 33 KODOTKWUHI TPOMEXKYTOK BPEMEHU dt) B BJIEMEHTE
dr dU $a30BOr0O MPOCTPAHCTBA, T. €. UMEIOIINX KOOPAUHATHI B MHTEPBAJIC
oT 7 1Mo 7+ dFf 1 CKOpoCTu B muanasoHe oT ¥ m0 ¥ + dv. Omnement di dv
CUATAECTCA MaJIbIM B CPAaBHEHMM C XapaKTEPHBIMHU pa3MepaMM CUCTEMBI,
HO COMEPXKAIITUM JOCTATOIHO GOIBINTOe YncyIo dacTuil. s mpocToTs! pac-
CMATPUBAETCSA I'a3, COCTOAIIMNA 13 YACTUL, OMHOTO COPTA.

Uepes QyHKIUIO paCIpenesieHrs] BLIUYUCISIOTCS CPEOHUE BEITUIUHBI,
XapaKTePU3yIIINe COCTOSHNIE Ia3a B MPOCTPAHCTBE M BO Bpemenu. Ha-
IpuMep, OUEBUIHO, UTO BLIpAXKEHUE

n(F, 1) = / F(7,5.4) i,

rie UHTEITPUPOBAHUE BEAETCS TI0 BCEM CKOPOCTSAM, €CTh HE UTO UHOE, KaK
YUCITO YACTHUII, HAXOMAIIUXCS B eOUHAIE (PU3NIECKOTO 00BEMa ¢ KOOPIUHA-
TOI 7 B MOMEHT BPEeMEeHN .

B of1iem cityuae cpemHmre BeITMUMHLL HAXOMSATCS CIEAYIOIMM 06Pa30M.
IIycrs @ (¥) — npousBosnbHast GYyHKUUSA OT CKOPOCTH YACTULBI (KUHETUIEC-
Kas SHEPrus, CKOpoCTh U T. a.). O6o3nauum yepes » & ycpenuennyio 3a
Bpems di cymMmy s3HadeHui GyHKmum P 1Mo BCeM WACTUIAM, HAXOMAIIIAMCS
B BjleMeHTapHOM (usumyeckom obweme di. Torma cpemuee, T. €. IpUXOmS-
I1eecs Ha ONHY JacTuiy, 3Hadenune ¢ momyuaercs nenerueM y P Ha 9ucio
yacTuil B oobeme dif, KOTOpOe PaBHO n di:

_ > (@)

ndr

(@)

C mpyroii CTOPOHBI, YACIIO YACTUIl B HIEMEHTAPHOM (Ha30BOM OOBeMe
drdv pasuo f dF dv, u kaxnas u3 Hux BHOCUT B » , ® Bxian, pasubiil O(7),
a ux obumit saeMenTapHblil Bkian paseH P f di'dd. Yurem temepnb, 4TO
YACTHUIBI, HAXOMSIINECS B Gu3ndeckoM obbeMme dif, MOT'yT UMETh Jo0bie
ckopoctu U. IlosTOoMy miisi moOsydyeHWs: MX TOIHOTO BKJIAMa HEOOXOMUMO

IIPOCYMMUPOBATE 3JIEMEHTAPHbBIE BKIIAOBLI II0 BCEM CKOPOCTSIM:
> @) = dF/ ®(7) f(7,7,t) do.

CpaBHuBast nBe mociaenuue GOPMYIIbL, TOIYYUM [IJIsI CPEIHErO 3HAYUE-

uust
) /(I)fdﬁ /(I)fdﬁ. "
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TaxkoBa cBs3b m10060# cpenHel GyHKIINM, XapaKTePU3YIOIIen ra3, ¢ GyHK-
el pacupenernenus. Hanpumep, ecmu ®(7) = ¥, To minsa ckopoctu rasa
uMeeM

V(Ft) = /Uf(f’,ﬁ,t) dv-n~t.

Ananornuso, Mo M3BECTHON QYHKUIUU DACIPENENICHUS MOXHO BBEIYUCIATH
KaK QyHKIWY 7 ¥ ¢ ¥ IPYTIe MAKPOCKONMIECKNE BEJININHEL, OINCHIBAIOIIIE
COCTOSIHZE T'a3a.

2. YpaBueHue Bonbsnmana niis dyHKInu pacupenesenus. la-
OUM HECTPOTWI BHIBOA 5TOTO YPABHEHUS, OCHOBBLIBASCH HA CIELYIOIIUX
NIPEAIIOIOXKEHUSIX:

1) BpeMst CTONKHOBEHUS (HEOCPENCTBEHHOTO 3()(hEK TUBHOIO CUIIOBOIO
B3aUMOINENCTBUS) YACTUI] MHOTO MEHBIIIE BPEMEHMU, IIPOXOIAIIET0 MEXKIY X
CTOJIKHOBEHUSIMU;

2) BIUSHUEM BHEITHUX CUJI, JEHCTBYIOIIUX HA YACTUILI (IPABUTAIIN-
OHHBIX, SJIEKTPUIECKAX U T. II.), MOXKHO IpeHebpeun;

3) YacTUIBL HE PACIICINISIIOTCS U He OOBeNUHSIOTCS.

PaccmoTpum gacTuIsl, HaXOOAIINECS B MOMEHT ¢ B $Ha30BOM OOBEME
dr dv (mMerore KOOPAMHATEL U CKOPOCTH B MUANIA30HAX OT 7 10 T + dFf 1 0T
¥ mo ¥ + dv coorBeTcTBEHHO). [lyCTh CTOIKHOBEHUS MEXAY HUMEU OTCYT-
crBytor. Torma xk MOMeHTY t* =t + di CKOPOCTH YACTHUI] HE U3MEHSIIOTCS,
a UX KOODAWHATHL IOJIyYaT IPUPAIIEHIS, COOTBETCTBYIOIINE HAYAIbLHBIM
CKOPOCTSIM:

v =49, 7F=740dt,

rie, HAIIOMHUAM, BEJIMYUHLL U U 7 JI€XKAT B YKA3AHHBIX BBIIIE NUATTA30HAX.
Boruucnum dasoBwiil 06beM vactur dif* dv* B moment t*. W3 mociennux
IBYX PABEHCTB IMeeM

dv™ = du, dF*:dF+d17dt:dF+Z—:(dt)2+...,

T. e. dFfdv = dr* dv™, u $a30BbIl 00BEM YACTUI] COXPAHAETCSA C TOIHOC-
ThIO 10 wieHoB mopsanka (dt)?. Ilpm stom umcno wactun f(7,d,t) dF dv,
HaXOMUBIMXCA B obbeme dif d¥, paBHo ux umciy f(7*, 0%, t*) dF* do'*
obweme di* dv'*. Ipyrumu cioBaMu, B OTCyTCTBUE CTOJIKHOBeHUR f = f*,
T. €. QYHKIUS PACIPENENICHNs] He MEHSIETCS CO BPDEMEHEM, YACTUILI JIUIIh
CMEHSIIOT (a30BbIl 06beM (B MaHHOM CJIy4ae TOJILKO CBOU KOODAWHATHI).

YureM Temeph BO3MOXHOCTH CTOJIKHOBEHWI, BBEIS MOHSITUE UHIME2-
paaa cmoaxnosenuti S(f). o ceoemy cmbiciy Bemuuuna S(f) dFdddt —
PA3HOCTB MEXIY UUCIOM YACTUII, BHIIEAMNX OIIArOnaps CTOIKHOBEHUSIM
3a BpeMs dt u3 o6veMa dif dU (1 He nonaBmwux B 06beM dif* dU'*), u unciaom
YACTHUL, HONABLINX W3-33 CTOJKHOBEHUIT 33 BpeMs dt B obveM di * di'* (u
He HAXOLUBIIUXCS B IEPBOHAYAIILHOM 00beMme dif dif). Torna ypasuenue Ga-
saHca (COXPAHEHUs) YUCIIa, YaCTUIl 33 BpeMs di Ipu mepexone OT ob6beMa
dr dv x obvemy di* di'* 3amuchIBAETCSI CIEMYIOIIIM 0Opa3oM:

FOF*, 0 ¢%) dir* di* — f(F,0,t) dFf di = —S(f) di di dt.
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OueBunuo, 9yTO (B OTIIMYME OT MPOLECCa (GE3 CTOIKHOBEHUIT) MPU ydueTe
CTONKHOBEHui, Boobie roBopst, f # f*.

PasmoxumMm neByo uyacTh ypaBHeHUs OajaHca B psan Teisopa, omyckas
ayennl nopanka (dt)? u Bere:

£5, 1) i di + 2L g dge a1 9L 97

ot or dt
8f dv . . Ll
5 q — dr* dv* dt — f(F,0,t)df dv = —S(f) dr dv dt.

B nosyuennom pasenctse dif/dt = ¥ um di/dt = F, rne F — prermmss
CHUJIa, KOTOpAs MO IMPENNOJIOKEHUIO PABHA HYJIIIO, 1M, — MaCCa, YaCTUIIBL.
Bribepem mpomexyTok df HACTOIBLKO MAJIBIM, UTO 3a BpeMs OT t mo t* =
=t + dt yacTuisl He CTANKUBAOTCS. Torna Ga3oBbIll 00BEM COXPAHIETCS,
u dr dv = dr’* dv™*. Tlomenus o6e yacTu paBeHCTBa Ha, dif dU dt u ycTpeMusB
dt x mymio, mpuneMm K ypasuenuto boavuymana

of  _of

SIS+ S() = @
KOTOPOE SIBJISIETCSA CIEMYIOIIEN MO CIIOXHOCTY MOMEILIo ([TOCIe MOMENeit,
MOJIy YaE€MbIX U3 IEPBOMPYHIIAIOR) B UEPAPXUN MATEMATUIECKUAX OMUCAHUIA
raza. OHO mpencTapiseT cOOOW HEIMHENHOe MHTErpo-auddepeHnnaibHOe
ypaBHernue. Ero KOHKpeTHas 3aMuCh 3aBUCUAT OT XaPAKTEPA CTOIIKHOBEHUN
gacTu, T. €. oT Buna dyakuuu S(f). 3amerum, uro (2) merko 0606IaeTcs
Ha ra3, COCTOSIINIL M3 YACTUIl PA3HOTO COPTA, X Ha CITyYal, KOT/1a BHEIITHSIS

dr* dv™ dt +

cuma F ornmana ot Hyms (oHa MOXeT GBITH BBI3BAHA, HAIPUMED, HAJINUL-
€M 9JIeKTPOMATHUTHEIX 1ojielt). IIpu oTcyTCTBUYM CTONKHOBEHUI, T. €. IpU
S(f) =0, (2) upeBpawaercs B ypaBaerue neperoca u3 § 1 ra. IL.

3. Pacupenenenne MaxkcBesia u H-teopema. Onun u3 HanGosee
IIXPOKO YIOTPEOIIIEMBIX UHTErPAJIOB CTOJIKHOBEHUHA 3AMUCHIBACTCS CIe-
OyommM oOpa3oMm:

:// (F'f! = f 1) gbdbdip di. (3)

He mpueoms rpoMo3nkoro BLIBOmA GOPMYIEL (3), TOSCHUM CMBICT BXOMS-
uwx B Hee BemuumH. Yepes f = f(7,0,t), f1 = f1(F,01,t) o6osHaueHbr
dYHKIUM pacrupeneneHus N0 CToikHoBeHus, uepes f' = f/'(7,7',t), f1 =
= f{(7,¥],t) — mocne cTONKHOBEHUsI, Tae U U U1 — CKOPOCTH I[ByX cTal-
KMBAOIINXCS YaCTUIl. Bemmunna g — MOOYIb MX OTHOCUTENBLHOM CKOPOCTH,
b — Tak Ha3BIBAEMBIN TIPUIEITLHLIA TapaMeTp (PACCTOSHUE HAMMEHBIIIETO
CONMMKEHNS MEXITy JACTUIIAMH), ¢) — YTIIOBas XapaKTEePUCTUKA X B3au-
MomeiicTBusA. MHTerpupoBaHre IPOU3BOOUTCS IO BCEM BO3MOXKHLIM 3HAUE-
HUSAM BeuuuH b, 1, U7.

Hnmeepaa cmoarxnosenuti 8 gopme Boabymana (3) momydaercs cym-
MIPOBAHIEM 3JIEMEHTAPHBIX AKTOB MEXAHNUECKOTO B3aMMONEHCTBIL MEXK-
ny gactunamu. [Ipu 3TOM IpEanonaraeTcs Caenyoee: CTONKHOBEHNS YII-
pyrue (COXPaHIIOTCS CyMMADPHBIE MACCA, UMITYIILC, MOMEHT UMITYIIbCA U
SHEPTHUs YACTUI], YTO O3HAMAET, B YACTHOCTH, BLITOIHCHNAE PABEHCTB § =
=g¢', b="1"); cuna B3aMMONENCTBUA YACTUI 3ABUCAT JIUIIL OT PACCTOSHUS
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MEXIy HUMU U 3HAUUTENHHO GOJIbINE BHEITHUX CUIT; YUCIO CTOJIKHOBEHUIT
¢ yuacTuem 6ojiee IBYyX YacCTUIl IPEHEOPexXUMO Majo (ra3 He CIUIIKOM
mwioTHBIA). [[py U3BECTHBIX KOHKPETHBIX 33KOHAX B3AMMOAEHCTBYS YaCTHULL
u3 (3) crenyroT 6osiee KOHKPETHBIE BHIPAXKEHUS IJisl MHTErPAIIA CTOIKHO-
BEHUH, UCTIOIb3yeMble, HAIPUMED, TIPY U3yUYEHUN SBJICHUN B ILIa3Me, TIe
SIIEKTPOHBI U MOHBI TIPUTSTUBAIOTCS U OTTAIKUBAIOTCA 1O 3aK0HY KyioHa.
Wcnone3ys coliicTBa nHTErpadia (3), MOy YuMM OMHO IIPOCTOE, HO OUEHB
BaXXHOE pelleHre ypasHenus bombiivana. PaccMoTpuM ras, HaXOMAIIUiCst
B COCTOSIHUE MEPMOOUHAMUUECKO20 PGBHOBECUA, T. €. B CATYAIAN, KOTIA
BCE €r0 MAKPOCKOIMMIECKUE XaPAKTEPUCTUKH MOCTOSHHEI TTO0 TPOCTPAHCTBY
U He 3aBUCAT OT BpeMmenu. [Ipu sTom, oueBunuo, yukuus f(7, ¥, t) Takxke
He 3aBucut oT 7 u t, T. e. f = f(¥). U3 (2) cpasy xe cnenyer ypaBHeHue

J[[wsi= g5 gpasap s o,
y,E[OBJ‘IeTBOpHIOLL[eeCH JINITITb HpI/I BBIIIOJTHEHN N yCHOBHﬂ
ffh=rfi,
njim
o () +In fu(3) = I /(&) + In £().

Hpyrumu cmoBamu, cymma J1orapudMoB GYHKIINA PACIpPEIETeHUs COXPa-
HSIETCSI, SIBILSISICH NHBAPUAHTOM CTOJNKHOBeHUs. Ho mpu ynpyrux CTOJIKHO-
BEHUSIX WHBAPUAHTHLI TAK¥XKe TIOJTHAS DHEPTUS YACTUIIL:

2 2
mv?  moi  m't mu)

5 T3 T T

U UX TIOJTHBIN UMITYJIBC:

— — —/ —/
mu + muy = mu + muyj.

OTU CBOMCTBA HAIOT CHOCOO HAXOXIEHUS GYHKIMOHAJIBLHONW 3aBUCUMOCTH
f ot ¥. Panu mpocTOTHI yCTAHOBUM 5TY 3aBUCUMOCTD IJIST «OMHOMEPHOTO®>
CIIydJas, KOTZJa BEKTOPHI BCEX CKOPOCTEN MapallIebHbL IpYT ApyTry. Torna,
YMHOXas MOCJIENHUE TBA PABEHCTBA HA IOCTOSHHBIE BEJINYUHBI G1, Gy U
BBIUNTAS UX U3 IPENBIAYIIEro, IOy YuM

F) + F(v1) = F(') + F(vy),

rie ucnonb3oBaHo obosmauenue F(z) = In f(z) — aim/2 - 2* — aymz. B
9TOM PABEHCTBE apLYMEHTHI CIIAraeMBIX IIPOU3BOINBHLL, IOYTOMY OHO MO-
XKeT BBINONHATHCA nuiub npu F(z) = az (ag — nocrosiHuas). Takum 06-
pasoM, Iyl QYHKINY PACIPENENCHNs CIPABELIIIBO

In f(v) = %ﬁ + asmvu + as.

Brinensis B mpaBoil YacTu HTOrO BHIPAXKEHUS MOIHBIN KBAAPAT,

2 2
arm a asm
lnf(v):17<v+£> —27+a3,
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u n36aBIASACH OT JorapudMa, IpuxonuMm K Gopmysie

f(v) =exp{ ————— pexp{ ——

2@1 2 (4)

2
2a1a3 — aim aim as
2 v
)

BBIpaXAIoLIell 3aBucuMOoCcTh f or v. B cuity cBoiicTs dyskuuu f(v) uMeror
mecto (cm. (1)) paBencrsa

n—/fdv nV = /'dev —nkT /m fdv

rfe 7 — KOHIEHTDALus YacTul; V — UX CpenHss (MaKPOCKOIMYECKas )
CKOpOCTh; T' — cpenHsisa TeMrepaTypa 4acTull (IO ONPENeNeHuIO), BEIpa-
XKaeMas 4epes CPENHION KHHETUIECKYIO SHEPTUIO NX XA0TUIECKOTO IBUAXKE-
HUS C TEIJIOBOY CKOPOCTHIO ¢ = v — V 1 u3MepsieMas B rpanycax KembBuna
(cm. Taxxe . 1 § 2 ron. I1); k — nocrosunas Bonbumana. Ucnonssys stu
DPABEHCTBA 1 ODO3HAYEHU, UCKIIOUNM U3 (4) BEIMYUHEL a1, G2, 43:

f(“):"(27:2T)3/26Xp{_21%(”_v)2}' (%)

AmnasoruuHoe BHIpAXKEHUE CIPaBEmIMBO (Mpu 3aMeHe v HA U u V Ha

V) u B «MHOrOMepHOM» cityuae. Dopmyma (5) IpencTaBIseT coboil OXHO
73 PELIEHU! yPaBHEHUs BoJbIMaHa, ONUCHIBAIOLIEE DACIPENESICHNe Yac-
THUIl IO CKOPOCTSIM B T'a3e, HAXOMAIIEMCS B COCTOSHUYM TEPMOMUHAMMIIEC-
koro pasHoBecus (pacnpedeaenue Maxceeana). Takoe xe pacupenenenue
CIIPABEIJIVBO HE TOJIBKO IIPU TOJIHOM, HO U IIPY A0KAALHOM MEPMOOUHAMU-
weckom pasnosecuy (JITP), korma MakpOCKOMMUECKHE XapaK TEPUCTUKMY 7,
T, V aABRAIOTCS MEMJIEHHO MeHSoImMucs Gyukuusyu 7 u t. Tounee, npu
JITP dyuxuuu n(7,t), T(7t), V(F,t) Mano MeHsIOTCS HA PACCTOSHUSIX
MOPSIKa IJIMHLL CBOOOMHOrO mpobera | m 3a BpeMst CBOGOMHOrO mpobera
7. llosaTomy B ycnoBusx JITP paccyxnenus, mpeniecTBOBABIIINE BHIBOLY
dopmyunst (5), mpuMeHUMEI K JI060# TOUYKe 7 B II060M MOMEHT BDEMEHU
t (upu sTom ¢urypupyioume B (5) 3uadenus n, T, V pasHbele B pasHbIX
TOYKAX OPOCTPAHCTBA U B PA3IMYHBIE MOMEHTHI BDEMEHH).

C nomombio pacupenenenns MakcBeia yCTaHABINBAECTCS UMEIOIIAsI
dbynmamenTanbHoe 3HaueHue H-meopema Boavymana, COrIaCHO KOTOPOI
C YBEIMUYEHNEM BPEMEHN SHTPONUS ra3a (OMUCHIBAEMOrO ypaBHeHueM (2)),
BO3pacTaeT. Bynem cuuTaTh pacupenenenne YacTuIl 0 TPOCTPAHCTBY O
HOpOXHBIM (HO 3aBUCAIINM OT Bpemenn). Torna ypasuenue Bonbsumana (2)
NPUHUMAET BUI

of _

5= | U'H = 11 gbdb s, (©)

H-oyuxuus BonmbiiMana BBOOUTCS 1O GOPMYIIe

H(t):/flnfdz?
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U IO OINPENeSICHUI0 TPENCTABIIET COOON DHTPONUI0 €OUHUILI 00BheMa, Ta-
3a, B3ATYIO C OOpaTHBEIM 3HAaKOM, T. €. S(t) = —H (t). Ee npoussonzas mo
BPEMEHU €CThb

dH of .
E— (1+1Hf)§dv,
wiu, ¢ yaeroM ypasuenus (6),
dH 14l o
e (I+Inf)(f'fi — ff1) gbdbdy dv dv;.

Amnasnoruyso, NpUHUMas BO BHUMAHUE CUMMETDPUIO ypasHeHus (6) oT-
HOCUTENBHO GMyHKIui f u fi, momydaem

= [avmp) (7~ 1) gbabay dvas,
T. €
dH
o = % /(f’fl’ C PR 2+ Inf ) gbdbdy didin.

Bropuuno ucnonssys cummerputo ypasaerus (6) (oTpaxaroriyio o6paTu-
MOCTB HPOIECCa YIPYTUX CTOIKHOBEHNI), HETPYIHO YOMATHCS B TOM, UTO
IUIsT «<OGPATHOTO®> CTONKHOBEHUS CIPABEIIIABA TaKas ke GOopMyJIa, T. €.
dH 1
1 pt ! gl AN} ! 1 321 321
= (U= rEem R g a ay d di,
HO B Hen Bemmuumesl f', fi um f, fi momensanuch mecramu. Brime orme-
YaJI0Ch, YTO IJI YyIOPYTHUX CTOJKHOBeHU: g = ¢', b = b' (paBHBI Takxe u
muddepennmanst: dbdy = db' dyy', dvdvy = dv’ dv]). Tostomy u3 mByx
MOCIICMHNIX YPABHEHUI OKOHUATEIBLHO IOITyIaeM

dH 1 [ .. f'fi
E——Z/(fﬁ—ffl)ln ffll

3uak npoussonuoit dH /dt onpenensercs 3sakom dyukuuu F(z,y) =
= (z —y) In(z/y), crosuueit nox uaTErpasoM. JIerko ycTaHaBIMBAETCS, ITO
F(z,y) > 0 (paBenctBo F(z,y) = 0 oTBEUaET PABHOBECHOMY COCTOSIHUIO,
KOrna GyHKIUS PACTIPENeIIeHrs TIOCIIe CTONKHOBEHUS He MeHseTcs ). [losTo-
My —dH/dt = dS/dt > 0, T. e. sHTpONNSA ra3a B HEPABHOBECHOM COCTOSHUIN
pacrer, npubImKaich K MakcuMasibHOMy 3HadeHuto. OHO mocTuraercs B
COCTOSHUN TEPMOIUHAMUYECKOTO PABHOBECH S, B KOTOPOM YaCTUIIBI PACIIPE-
nerieHs o 3akony Maxkcsesuta. Takum o6pa3soM, KHHETHUIECKOE YPABHEHNE
Bonbimana, B OTiMune OT yPABHEHUN KJIACCUYECKOW MEXAHUKU, OIUCHI-
BaeT HeOOPATUMBIE MPOIECCHL. DTO — CIENCTBHUE MEPEX0na OT MOIEIIEH,
OCHOBAHHBIX HA TEPBONPUHIUIIAX, K MONEIAM, UCIOIB3YIOIIUM OCPEIHEH-
HOE CTATUCTUYECKOE ONUCAHNE COBOKYITHOCTY YACTHUIL C TIOMOIIILIO (DY HKITAN
pacupeneneHus.

4. YpaBHeHUs IJia MOMEeHTOB dyHKIUu pacupeneieraus. Cre-
OYOIWA OCse ypaBHeHus BonbliMaHa ypOBEHb B MEPAPXUM MaTEMaTU-
YECKOTO OMUCAHUS COBOKYIMHOCTY YACTUI[ — TUAPONUHAMUYECKAE MOIEIIN

gbdbdy di di, . (7)
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raza. [Isg nx nomydyeHns yCTAHOBIM CHA4AJIa HEKOTOPHIE CBOMCTBA MHTET-
paJia CTOJIKHOBEHMUA, CIPABENJINBEIC He TONBKO I O0IBIIMAHOBCKOTO rasa,
HO U B o0mmeM ciydae. TpebyeTcs muirs, 4TOOBI CTOIKHOBEHNUS OBLIN yII-
pyrumu. Torga u3 HEM3MEHHOCTH YHCIIA YaCTHI] OO U IIOCITIE CTOIIKHOBEHUS
ClenyeT paBEeHCTBO

(/ﬂﬂmnw:m (®)

a U3 3aKOHOB COXpaHeHIfIﬂ I/IMHyJ'Ibca n f-)Hepl"I/II/I BBITEKAT COOTHOIIIEHUA
(ymp. 3)

— — — m’U2 — —
/mvS(f(v))dv:O, TS(f(v))dv:O. 9)
B manpHefiiieM Takxke TOHAOOOATCSI QOPMYJIIBL
L Of @ [ D
[o@0 Ghdo= g [e@ rar= 5 mia),

. of ., 0 . L, 0 .
/@(v) v; 3—;0@ dv = 9z, O(0) v, f dVU = 7z (n(®(7) v;)),
JIETKO BBIBOMUMEIE U3 GopMyIiel (1) miist cpenHux GyHKIWIA, ONUCHIBAIOIINX
COCTOSTHUE T'a3a.

IMonyunm Tenepb u3 ypasHenus BonbliMaHa ypaBHEHWs I MOMEH-
TOB (DYHKIUM pacupenesneHus, T. e. mus semmaud suna [ (0) f dv. Pamu
MIPOCTOTHI BLIKJIAAKY Oy[eM MPOBONUTE i OMHOMEDPHOIO CITydasi, KOrIa
7=z, U =v. Yuuoxum (2) va ®(¥) = 1 u upounTerpupyem mnoiryueHHOe
BBIPAXKEHUE TI0 CKOPOCTSIM:

%dv—k/%dv—i—/S(f)dv:O.

YunreiBas, uTo B cuity (8) TpeTuil uieH CieBa B HOCIEOHEM YPABHEHUN Da-
BEH HYIII0, U UCHONB3ys Gopmynsl (10), mepenuiem nocientee ypaBHEHUE
B BUIE

Tt (o)) =0
IMockoneky (v) =V, TO nMeem

on 0

E + (9—.%’ (TLV) =0,

WY, YMHOXKWB NAHHOE yPABHEHUE HA 1M, IPUXONUM K YDABHEHUIO HEPa3-
PBIBHOCTHU

ap 0

L (V) =0, (1)
rIe p = nm — IFIOTHOCTD rasa, ¥V — ero MakpOCKOMMUYECKas CKOPOCTh. B
MHOTOMEPHOM cityuae aHasnorom (11) sBisercs ypaBHeHue

ap

e +div(pV) =0
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160 5KBUBAJIEHTHOE €My yDaBHEHUE
dp
dt

IIycts Teneps dpyukmus ®(v) pasua ummymscy, T. e. ®(v) = mo. Io-
BTODSIS IPENBIAYIIYIO IPOLENYPY, HoiayduM u3 (2)

= —pdivV. (12)

—mvdv+/v—mvdv+/5(f)mvdv:0.

B cuty nepoit popmysnst (9) TpeTUR YIEH B JIEBOA YACTHU 3TOTO yPABHEHUS
pasen myio. Ucnonbsys (1) u dpopmynsr (10), mpuxonum K ypaBHEHUIO

0 0

— (nmV — (nm(v?)) =0 13

o (V) + 2 (am(u7)) =0, (13)
roe <’U2> — CcpenHui KBAaApaT CKOPOCTH dacTuil. Jjs ero BBIYUCIIEHUS

BBEIEM XaOTUIECKYI0 CKOPOCTD YaCTHIIL ¢ (TEIIOBYI0 CKOPOCTD ), IIPEICTAB-
JISIOILYI0 COOOM PAa3HOCTh MEXIY COOCTBEHHON CKOPOCTBIO ¥ M CKOPOCTBHIO
MaKPOCKOIIMYICCKOTI'O OBU2KECHU A I'a3a V KaK €OuHOI'O I1eJjioro, T. €. ¢ = v — V
,HJ'IH CpeqHero 3Ha4eHUss ’U2 nMeeM

() ={(V+0)?) =V2+2(cV) + () = V> + ().

B nocnenuem pasercrse yureno, uto (cV) = V{(c) = 0 B cuny xao-
TUYHOCTHU TEIIJIOBOI'O OBUXXCHUI. I/ICHOJIB3yﬂ TIOJIYYE€HHOE BBIDAXKEHUE OJIA
(v?), 3 (13) mocTEnOBATENBHO UMEEM

9 3
S(V) + o (0V) 5 () =
ap 9V 9 v

—_— —_— —_— _— 2 =
5 TP TV g PV AV 5o+ o (p(c*)) =0.

IlepBoiit 1 TpeTHil YIEHBI CIIEBa B NOCHeqHeM ypaBHeHuu B cuiay (11) B3a-
UMHO YHHUTOXAa0TCs. [[03TOMY ero MOXHO 3ammcaTh Kak

ov. OV _10op
ot oz p@x'

B MmuOrOoMepHOM Cilydae aHAJIOr OZHOMEPHOrO ypaBueHus (14) umeer

(14)

BUO

D |
— +V (VV) = —grad P,
p
NI, 9YTO S5KBUBAJICHTHO,

av 1

— = —grad P. 15
a e (15)
B ypaBuenuax neuxenus rasa (14), (15) ucnonb3oBansl cremyrommue 060-
smavenus: Pj; = —p(cicy), 4,5 =1,2,3; z; =z,y,z o i = 1,2,3.
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B 3aBepriuenue mosyyuM ypaBHEHUE IJis U3MEHEHUs SHEPTUU, B3SAB B
kauectse P () pemmumny mo? /2, yMHOXUB ee Ha ypapHeHUE (2) U TPOUH-
TErPUPOBAB €T0 1O CKOPOCTSIM:

3fmv 8fmv
5% o v+ d—|—/S —dU—O

TpeTuil WieH CleBa B NAHHOM BBHIPAXKEHWU PABEH HYIIO (CM. BTOPYIO GoOp-
myny (9)), a mepsbie nBa 3amuceiBaioTcsa 1o Gopmyse (1) yepes cpemaume

BCJINYUHBI:
O (MmN L O (L met N
at \"\ 2 oz \"\2 ")) ="

CHOBa BBEOEM TEIVIOBYIO CKOPDOCTB C = U — V u BBUKMCINM BEINYU-
ay (v¥) = ((V+¢)?) = (V3 +3V2c+ 3V + ) = V3 +3V(c?) + (?)
(3nech yureno, uro (3V2c) = 3V?(¢) = 0 B cuily XaOTHYHOCTH TEIIIOBOTO

IBUXEHUsI, CM. TakxXe yup. 4). VIcronb3ys BeIpaXKeHUs Iiis <’U2> u <v3> u
PaBEHCTBO p = Nm, NOJIYyIUM

10, , 18,,, 8 .
55(,0‘/)"‘58_(9(0» %(PV)‘F

+ 3 52 V) + 5 50 (o) =

uiu, nponuddepeHITIPOBAB CTOSIIINE CIIEBA, IEPBBHINA U TPETUN WIEHBI 3TOTO
YPaBHEHUS:

l\DIn—\

10 V2 dp ov. 10 V2 0pV ov

——(pV) = — L4 pV =—, = —(pV?) = — LT— 4 pV? —

AR I TR R B L A S FeR A
u npuHUMas BO BHuUManue ypasHenus (11) u (14), yMHOXEHHBIE COOTBET-

cTBeHHO Ha V2 1 pV IpuIeM K ypaBHEHUIO

TIOIIY YUM

Ly 2 1o

SV (o) + 5 () + 20 T4 2 L (o)) =0 (16)

®urypupylomas B (16) Bemmuuna p(c®)/2 = nm(c?) /2 npencrasuser
COGOM HHEPTUI0 XAOTUIECKOTO IBUKEHNS YACTHL, 3AKIIIOUCHHBIX B €IUHILE
00BbeMa ra3a, WIN ero BHYTPEHHIO SHEPIUI0 ([Jsl IPOCTOTHL CIUTAETCS,
YTO OHA ONPENEISIeTCS JINIIb TOCTYIATeNbHEIM OBIXKeHreM dactui). Oue-
BUHO, YTO BHYTPEHHSS YHEPIUs €, OTHECEHHAs K €AUHUIE MACCHI, DABHA,
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e = (¢?)/2. Torna nepseLil 1 BTOPOIt wieHs! ciieBa B (16) MOXHO npencra-
BUTH KaK

1,0 oy _ 0 1o, 5 9p
2V8w(p<c>)_pvaw+2v<c>8x’
10 oy <c> o (c*) 9 B
335 () =0+ 5L 2 ”E‘Ta_x(pv)_
9e 1 23_‘/_1 2\ 9P
“Pa T2 '°< ) oz 3 V() 5

IJie IPU MOy YEHUN BTOPOTO BLIPAKEHUS UCIOIB30BAHO ypaBHeHHe Hepas-
peeHOCTH (11). IlopcraBus sTtu paBercrsa B (16), momyunm

de 9 5 OV 10, .
P PV g ) Gy g g () =0
NI, OKOHYATEJIBHO,

de p ov oW

Z_pZ_ 17
Pt Oz Oz (17)
B MHOrOMepHOM Cilyuae ypaBHEHHE SHEPIUU MMEET BULL
de oV; .
po = —pdiv V+ z} M — o, —divIV. (18)
B (17) n (18) Bemmamna W onpenmensercs kax
2 =
W= 'O<02—C> (19)

7 HA3LIBAETCS 6EKMOPOM NOMOKA Menaa (B NATBHENIIEM CTAHET MOHATHA
OIPABIAHHOCTH 9TOTO HA3ZBAHUA).

Bornee cioxHyo CTPpYKTYpY UMEET BBENEHHBIN BBIIE (CM. YDABHEHUE
(15)) memnzop nanpaxcenui P:

Pij = —plcic;) = —pdi; + I,

roe §;; — cumBon Kponekepa, a Benuuuusl p, II;; matorcsa dopmynamu
(c? () s
p=p 3> ;o Mg =p < dij — (Cicj>> . (20)

3mech, KaKk HETPYIOHO BUNETH, P — MABIIEHUE YACTUI[ T'a3a, CBI3aH-
HOE CO CPeIHel SHEPTUell UX XaOTUUECKOTO MBUXKEHUS, T. €. C TEMIEPATY-
poir T = [m/(3k)]<c2>, coorrowerueM p = nkT = pkT /m (cTporo roeops,
TaK TEeMIIEPATYPAa OIPENeIIAeTCS IJIsl COCTOSHUI, GIIM3KUX K DABHOBECHLIM ).
Bropoe cnaraemoe B popmyne mis P — menzop eazkuz nanpaucenut I1;;.
Bsaskwue cumbl 06yCIIOBIEHBI «TPEHUEMS> MEXOY JYaCTSIMU Tal3ad, UMEIOIu-
MU pa3Hble MAaKPOCKOIMUIECKNE CKOPOCTU. Ero mpoucxoxXmeHue HeTPYITHO
NOHATH, TIPENCTaBUB cebe, HaIpUMep, NBA IJIOCKUX CJOS Tas3a, OBUXKY-
HITUXCS APYT OTHOCUTENIHLHO Apyra. YacTULBL, TePEXONIIie Yepe3 TPAHUILY
pasmeina U3 «OBICTPOrO® CIOs B «MENJIEHHBIN» CIIOH, OyoyT yBEIUUUBATDH



§ 3] YPABHEHUE BOJIBIIMAHA 1 ITPON3BOIHBIE OT HEI'O 129

CPENHIOI CKOPOCTH MOCIIENHEr0, 1 HA060poT. TeM caMBIM CKOPOCTH CIIOEB
BLIPABHUBAIOTCS, UTO O3HAUAET HAJIMUNE «CUIbI TPEHUS> MEXIY HUMH.
Ypasuenus (11), (12), (14), (15), (17), (18) mns MOMEHTOB 3amuca-
HBEl OTHOCUTENBHO CPENHUX (TUAPONUHAMMUYECKUX) BENUUUH, XapaKTepu-
3YIOIINX ra3: IIOTHOCTY, CKOPOCTHY, HABIIEHUs, BHy TpeHHeR sHeprun. I1pu
UX BBLIBOZE He IMPUBIEKANNCH KaK1e-jub0 CYLIECTBEHHBIE NOIONHUTEIbHEIE
[IPENIIONIOXKEHNS, X B 9TOM CMBICIIE OHN IPUHAIIIERKAT K TOMY JKE Mepap-
XMIEeCKOMY YPOBHIO, 4TO 1 ypaBHerue Bonbivana. Onnako, B oTinune oT
ypaBHeHus (2), UX elle HeIb3sd HA3BATDL MOLEINLIO Ia3d, TakK KaK OHU He-

3aMKHYTBI: KDOME p, KOMIIOHEHT CKOPOCTH V, P, € B HUX COOECPXKATCA TaKKe

Bemuunisl 11;;, W, T. e. uncno ypaBHeHHH MeHbIIE YMCIIA HEM3BECTHBIX.
ITonbrTKa COCTABUTDL MO AHAJIOTMYHON CXEME yPABHEHUS IJIsi MOMEH-

TOB 60JIee BLICOKOTO IOPIKa C Helbio Haxoxnerus I1;;, W npusonuT x 1o-
SIBJIGHUIO B 9TUX YPABHEHUSIX HOBBIX HEM3BECTHHIX BesmuuH. [losTomy mis
HOJIyYeHNs FUIPONMHAMUYIECKMX MOIENel ra3a HeobxonuMo BeIpasuTh IL;;,

W epes mCKOMBIE THAPOIMHAMUIECKHE IAPaMeTphL p, V, p, . Torna B ms-
TH yPABHEHUAX OYyIyT GUIYyPUPOBATH NATH HEM3BECTHBIX BEJIMUUH (HAIOM-
HUM, 9YTO BHY TPEHHSS SHEPTUS CUNTACTCS U3BECTHOU (DYHKIIMEH IIOTHOCTY
u nasieHus: € = £(p, p), WIK IWIOTHOCTY U TeMeparypsr: € = €(p, T)).

Ilonyunte stu BEIpaxxkesms nng II;;, W moxnO passEEIMEI cmocoba-
MU, HAIPUMED, 330aBasi HEKOTOPHIE TOIYSMINPUIECKIE 3aBUCUMOCTH. Bo-
jlee CTPOTHUM SIBJISIETCS CIIOCOO, COCTOSINUMN B NPUOINXKEHHOM «PEIIeHUNS>
UCXOMHOTO KWHETUIECKOTO ypaBHeHus (2). Il 5Toro BBOOUTCS CyILIECT-
BEHHOE ITIPEITIONIORKEHNE O TOM, 4TO IJIMHA CBOGOmHOrO mpobera | (Bpems
cBOBOMHOrO MpOGera 7) YaCTUI] MHOTO MEHBIIE XapaKTEPHOro pasmepa L
(xapaxTepHOro Bpemenu t) 3amauu. Ipyrumu ciioBamu, CUCTEMa GiIu3Ka K
cocrosiuuio JITP, a ¢dyukiusa pacupenenenusi f HECUIIBHO OTIIMYAETCS OT
JIOKAJILHO MAKCBEJJIOBCKON. Torma, 3anuceiBas pelienue B Bumne GECKOHEU-
woro psma f = fO + fU 4+ (rme £ — makcsemopckas byukmus (5),
a f(1) — Maj0e OTKJIOHEHHE OT Hee), CINTas OCTAJIBHBIC WICHBT P IPe-
HeGPERUTENHHO MAILIMH 10 oTHOmeHuo K f(Y) u moncrapisas BeIpaxKeHue
f =194+ fM 5 (2), moxuo HaitTu ssHbt Bun Bosmymenus f(1). Toc-
JIe BTOTO yKe depe3 M3BECTHYIO q)yHKumo f=FfO + fO no popmyme (1)
HAXOIMTCS TEIIOBAs CKOPOCTH &=+ V umno popmynam (19), (20) ompe-
nmensioTcs BenuuuHbl I, w. Hampuwmep, W BBMECISETCS CIIEYIOIIIM
obpaszom:

212
W:/%E(f(0)+f(l))dc

Bamernwm, uro npu f = f() Beramcnenus maoT II;; =0, W =0: Brase c
MAKCBEJUJIOBCKUM DPACIPENETIEHNEM YACTUI] BI3KWE HANPSIKEHUS U TOTOKA
TEIIa OTCYTCTBYIOT.

He 6ymem onmmchIBaTh CHOXHBIN U TPOMO3IOKUIN MPOIECC HAXOXKIECHUS
dyakmmn 1) myTem «pemtennss (2) (Ipu €ro MPOBENEHUY MCIONb3YETCs

9 A. A. Camapckuit, A. II. Muxaitios
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npennonoxkenue | € L (7 < t)). IlpuseneM KOHEUHBIA pe3ynbTaT:

=

_ (0) . - m 3111T_ m ) _1 =2 8‘/1
f A(f)c\/QkT oF 2kTB(£)2j: CiCj 3513 €] z; )

roe A(€) u B(¢) — ckanapubie byrkuuu aprymenta & = m |¢|2/(2kT), Bun
KOTOPBIX 3aBUCUT, B YACTHOCTH, OT BHIA HHTETPAIIA, CTOIKHOBEHUN MEX Iy
YACTUIAMU.

Bripaxenne ms f(1) comepxuT HemsBecTHBIE MAKPOCKOIMUECKUE Be-
mranuer T'(7,t), V (7, t). Tlosromy npouenypy onpenenenns f(1) menbss za-
3BATH PEIICHUEM YPABHEHMS BONBIMAHA B IOJHOM CMBICIIE 3TOTO IIOHS-
THs, T. €. HAXOXIeHUeM HeusBecTHOU dyukimu f(7,7,t) BO Bcell obmacTu
ee onpenenerus. Ilon pemenneM 31meCh CIenyeT IOHUMATEL yCTAHOBIICHUE C
MOMOIIBIO (2) HEKOTOPBIX CBA3EH MEXY THAPONUHAMUYECKUME [IaPAMET-
paM# CpemsL.

Wcnonb3oBanme AByX MOCHEOHUX (GOPMYJIT MAET LA MOTOKA, TEIIa,

W = —sgradT. (21)
It KOMIIOHEHT TEH30pa BSI3KUX HANPSDKEHUI CIPABEIJIUBEL CIENYIONIAE

BBIDAKEHWS:
- v av; IV
m; = Adi DITRALINNS | As B B 22
AdivV + M@a:," j u<3$j+3xi) i #£ ] (22)

Benuuuna s > 0 HaswBaeTcs kosdduyuenmom menionposodnocmu, Be-
guaveer A > 0, p > 0 — xosdduyuenmamu sazxocmu. Koadduyuenmor
nepenoca », A, §4 MOTYT, BOOOIE TOBOPS, 3aBUCETH OT p u 1, T. €. OT
cocTosHus rasa. Ux QyHKIMOHAIBHAS 3aBUCAMOCTL OT p, 1 U 4UCIeH-

HOe 3HAYEHHUe OIpenessioTcs, Kak ciaenyer u3 suna (O, f(1) cBoficTBamu
yacTur (Maccoil, XapakKTepoM B3aUMONENCTBUSI MEXKIY HUMU U T. I.).

dopmyna (21) — 3anuck 3akoHa Pypbe IS TEMIIONPOBONHBIX CPeL
(cm. Takxe § 2 ra. II), dopmyna (22) — zaxon Hasve—Cmokca nius
BA3KUX XKUAKOCTEN U ra30B, CBA3BIBAIOIINN KOMIIOHEHTHI TEH30PA, BAZKUX
HANPSDKEHUN co ckopocmamy dedopmayuy (0600IIEHNE 3AKOHA BA3KOCTHU
Herorona).

5. ITenmouka rugpogMHAMUYIECKUX MoOHesell ra3a. 3akoHsl (21),
(22) mO3BONAIOT IIPU 3aAHHBIX KOd(DOUIMEHTAX IEPEHOCA 3aMKHYTDL BEHI-
BEIEHHBIE B 1. 4 ypaBHEHWUS IJI1 MOMEHTOB M TOJIYYUTH MONEIU Ia3a B
runponuHaMudeckoMm npubivxenun. [Toncranoka (21), (22) B (15), (18)
npuBonut (¢ yueroM (12)) k cucTeme IATH yPABHEHUI, COCTOSILIEH U3 yPaB-
HEHUs HEPA3PLIBHOCTHU

- —pdivV, (23)

TPEX yPABHEHU NBUXEHU (3aMUCAHHLIX B BEKTOPHOU dopme; Koshduim-
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€HTHL A, {4 CIUTAIOTCSA MOCTOSHHBIMMY)

av 1 A
—V:——gradp+ +u
dt p

U YPaBHEHUA SHEPTUN

graddivV + vAV (24)

de
o

- " BIAN
— H : 2 7
= —pdivV + A(divV)* +2u EZ (81:,) +

2
+u2 <8Vl + %> +divsegradT, (25)

roe v =p/p, df /dt = 0f /0t + (V grad) f — nonmas (cyGeTaHInoHATbHAS)
TIPOU3BOMHAS IO BPEMEHMU.
IIpu m3BECTHBIX KPAEBBIX YCIOBUAX M3 STUX YPABHEHUU HAXOMSITCS

ST UCKOMBIX GQYHKIWA: p, P U TPU KOMIIOHEHTHI CKOPOCTH V. Cucrema
(23)—(25) mpencrasusger cobO CIENYIOMME TOCIe ypaBHEeHUs Bonbimana
YPOBEHD B MEPAPXUY MATEMATHIECKUX ONUCAHUN GOIIBIIIOTO YICIIa B3AMMO-
IERCTBYIOIINAX YACTUIL — MOIENb CKUMAEMOIO BSI3KOTO TEINIONPOBOLHOTO
rasa. BmecTo Haxoxnenus GyHKuuy f, 3aBUCAIIEN OT IIIECTH «KOOPIUHATS
7, U (a TakKe BPEMEHN t), U ONPENENICHUS YePe3 Hee CPENHNX BEeJIMIVH 3,10~
Ua CBENIaCh K MOUCKY HEIOCPEINCTBEHHO MUAPONMHAMUIECKIX IapaMeTPOB,
SIBIISIFOIIIUXCSI K TOMY e (DYHKIUSIMY JIWIIb TPEX AEKAPTOBLIX KOOPAUHAT U
BpeMeHU. 3aMETUM, YTO C IOMOIIBIO CXOXKUX [OCTPOSHUH U3 ypaBHeHus (2)
nosty4aioTcst 6oiee cioxHbe, yeM (23)—(25), rungpoquHaMudecKe MONeu,
VUUTHIBAOIINE, HAIPUMED, aHN30TPONHOCTD, HAJINUAE BHEIIHUX CUJI, XU-
MUYECKUX DPEAKINY B Cpeme, 3aPSKEHHBIX JACTHUIl U 3HJIEKTPOMATHUTHBIX
noJyiet u T. O.

Ilonyuennas 3 MCXOMHOTO KWHETMYECKOTO ypaBHeHUs (2) MOmesib
(23)—(25) umeeT ACHYIO MHTENPETANNIO B FUAPOAUHAMUIECKAX TEPMUHAX.
YpaBuenue (23) — 3amKUCh 3aKOHA COXPAHEHUS MACCHI XKUIKOU YACTUI[BL,
MOJTHOCTBIO COBIIQNAIONIAS C YPABHEHUEM HEPA3DBIBHOCTY, BHIBENEHHBIM B
§ 4 ron. II mpyrum cmocoGom. Ypasuenve (24) BHIpaxkaeT BTOPOU 3aKOH
HeroTona, npuMeHeHHbBIN K GUKCUPOBAHHON XUIKON YaCTUIIE: €€ YCKOPEHUE
OIIPEMEITAETCS CyMMOU CUJT NABJICHUA U BA3KUX Hanpsxenuit. Hakower, (25)
ONUCHIBAET U3MEHEHNE CO BPEMEHEM BHYTDEHHEH SHEPIUU KUIAKON IaCTU-
IBI 33 CUET PABOTHI CUIT AAaBJEHUA (IEPBHIA YIEH B IIPABOU YACTH), BI3KOTO
TpeHus (CIeNyIolpe TPY UIeHA) W Telonepenadn (mocienHuin wied). B
OTJIMYNe OT TEIJIONPOBOMHOCTHU BSI3KOCTh, KaK HTO Cpasy BUAHO u3 (25),
BCErla MPUBONUT K YBEIMYCHUIO BHYTPEHHEN SHEPruu rasa (To XKe camoe
CHPABEIJINBO ¥ MJIsl SHTPOIMN CPENbI).

Mognenu Gosee HUBKIX MEPAPXUUECKAX YPOBHEH HOIyvaoTcs u3 (23)—
(25) mpu COOTBETCTBYIONUINX YIPOIIEHUSX U KOHKPETU3ALUAX DACCMAT-
pUBaeMOro 06BHEKTA, ONPENEIIEMBIX IIPOTEKAIOIIAMY B HeM (DU3NIecKuMu
TPOLIECCAMU, €70 TeOMeTpuel u T. . Hucio 06pa3yronuxcs TaKuM o6pa3oMm
MEPAPXUIECKUX LIETIOYEeK MOXKeT ObITh BecbMa Benuko. [IponemoncTpupyem
HEKOTODPHIE U3 HUX.

9*
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B orcyTcTBReE TemmonpoBogHOCTH, T. €. pu ¢ = 0, Mozens (23)—(25)
OTBEYAET BIA3KOMY CKUMAEMOMY HETEILUIONPOBOMHOMY a3y (ypasHenusm
Haeve—Cmokca, MUPOKO TPUMEHSIEMBIM IS OTIUCAHIS MHOTUX IIPOIIECCOB
B €CTECTBO3HAHUN U TEXHONOTYH). ]I BaXKHOTO YACTHOTO CITydas HECKU-
MaeMoll XKuIKocTH, Korna p(7, ) = const, us (23) cuenyer, uro divV =0,
u monenb Hapbe—CTOKCA COCTOMT M3 UETLIPEX yPABHEHUN

av 1 o e -
— = ——gradp+ = AV, divV =0, (26)
dt p p

a ypaBHeHue 5SHepruum (25) 3aMeHsETCS 3aLAHHON 3aBUCUMOCTBIO € =
=e(p,p) = e(p).

Korma cwinbl maBneHus ropasmo OONbIIE CHJI BS3KAX HAIPAKCHUI,
MOXKHO NOJIOKUTE i = 0, u u3 (26) crenyior ypasnenud deuscenud Diae-
Pa 0ad HecHumaemots #udKocmu, 1 BMECTE C OCTAIOIIMMCS HEU3MEHHBIM
yPaABHEHUEM HEPA3PLIBHOCTHU MOy IaeM

v
dt

Ecnun nBuxenume, BmoOABOK, TOTEHITMAIBLHO, T. €. CYIIECTBYET CKAJISIPHAS

_— grad% , divV =o0. (27)

dyurms ¢(x,y, z,t) Takas, 4TOo V= grad ¢ (mpm 5TOM, KaK ClemyeTr u3

U3BECTHOU (GOPMyIIBI BEKTOPHOrO aHayusa, rotV = 0), To cucrema (27)
CBORUTCS K ypashewuto Jlanaaca miis HOTEHIMAIA ¢

A¢ =0,

[IpryeM [epBoe u3 ypaBHeHul (27) yIOBIETBOPSETCS ABTOMATUYECKY (CM.
yup. 5).

B orcyrcrBue BsskocTu cuctema (23)—(25) OMUCEIBAET TEUEHUS CoHCl-
MAEMO20 MENAONPOE00HO20 203G, IACTO BCTPEUAIIIAECS BO MHOTUX AB-
senusax. B sToM cryuae ypaBHeHue sHepruu (OMHOMEPHAS T€OMETPUS)

de ov oW W oT
P =—"P3-— 37~ = —x o
dt 0r Oz’ oz’
COBIIAMIAET, C YYETOM IIEPEXONa OT SUIEPOBBIX KOOPAUHAT K JIATDAHKEBBIM,
¢ ypaBuenueM (22) u3 § 4 ru. I, oy 4eHHBIM € IOMOLIBIO IPSIMOTO IPUMe-
HEHUsI 33KOHA, COXPAHEHUS SHEPTUN K XUAKOW vacTuie. s HemonBuxHuon

cpensr (V = 0) Momens mpexncrasisier coGoil ypasnenue menaonepedauu
(5) m3 § 2 rur. 11

oT 0e(T)
C — =divx(gradT), C = ,
5 (grad T) P37
KOTOpOE Tpu NOCTOSHHBIX C', 3¢ IJIsi CTAIIMOHAPHOTO IIPOIIECCA IIPEBPAILa-
eTcs B ypaBHeHue Jlammaca miis TemmepaTypsl 1

AT = 0.

PaccmoTpum Tenepn cpeny 6€3 NUCCUTIATUBHBIX MPOIECCOB BSI3KOCTHU
u temwtonposonuoctr (A =0, u =0, 5 = 0). Torma u3 (23)—(25) cpasy
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TOJIYYAIOTCS YPABHENUT J8UNCEHUT Dlaepa 0ad cocumaemots Hcudkocmu

V- . 1
o + (Vgrad)V = — = gradp,
ot p

JONOJIHEHHBIE YPABHECHUAMU HEPA3PBIBHOCTU U SHEPTUN

d_p = - divv, pﬁ = —pdivv,
dt dt
T. €. MPUXOOUM K MOIeJu, coBnamaomei ¢ cucremon (4), (10), (14) us § 4
ra. II, a B cimyuae p = const — ¢ cucremont (27). Onna u3 mepapxuaec-
KUX TOCJIENOBATEIILHOCTEN, TIOPOXKAaeMas JAaHHOW MOMNENbIo, MOXeT OBbITh
obpa3oBaHa, HAIPUMED, CIEAYIONIUM Iy TEM.

IIpennomoxuM cHaYUaIA, ITO MPOLIECC ONHOMEPHBIHN, U TEPERIeM K Mac-
cosoit koopauaaTe m. Torga nomyunm cucremy (18)—(20) us § 4, ra. 11

o (1) oV ov._ 0Op O ov

at\p) " om’ ot om’ ot Pom’

rme depes 0/0t 0603HAUEHA [IOIHAS IPOM3BOLHAS 10 BDEMEHU. DTa CUCTE-
Ma, COCTOAINAS U3 TPEX YPABHEHUIA, B CIIyUae M3YHTPONUIECKOTO TEUCHUS

UIEATIBHOTO T'a3a CBOLUTCSI K KGA3UAUKETHOMY YPABHENUID 8MOPO20 NO-
padxa (ypasuenue (30) u3 § 4 ra. II):

32/) _ a 41 ap
72 = om (W %) :

W3 mHero mis OBUXEHUM, MPENCTABIISMIONINX COOOW MaJIble OTKJIOHEHUS OT
TIOCTOSIHHOTO TE€YEHUs, CIEAYIOT YPABHEHUE AKYCTUKY

&?p &p
o2~ O om2

(amazoruunoe ypasnenuio koaebanul cmpywer u3 § 2 ru. III; ¢y =

= \/YPo/po — CKOpPOCTH 3ByKa), nubO, €CIIN TEUEHNE — MPOCTasi BOJIHA,
ypasnenue Xonga

paccmoTpenssie B 1. 7 § 4 ri. II. Hakowerr, u3 ypaBHEeHUs aKyCTUKHA B CIIY-
Jae TeYEHUs TUIA IPOCTON BOJHEI JIMOO U3 ypaBHeHUs XOmda, Iy MaIbIX
BO3MYyIIEHU BbITekaeT noimydenHoe B 1. 1 § 1 . IT sunetdnoe ypasnenue
neperoca

9p v+1\2 Op
-+ (aopo ) — =0,
ot om
KOTOPOE MOXHO CUMTATH IPOCTENIIEN MONEIIBIO r'a3a B KJIacce YPABHEHUN
B YACTHBIX MMPOU3BOMHBIX.

B zaknmroueHre HATOMHUM JIOTUKY TOCTPOEHUS MEPAPXUN MATEMATU-
YEeCKUX ONMUCAHUY OOJIBIIOrO YMCIIa, B3AaUMONENCTBYIONIAX YACTHAIL:

1) maunbosee CIOXKHBIE MONEIIN OCHOBAHLI HA, TIEPBOMPUHIINIIAX, T. €. Ha
MPUMEHEHUN 3aKOHOB KJIACCUUECKON MEXAHUKU K KAXKIOW YaCTUIE CPEIbT;
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| I/ICXOI[HI)IG MOOe/IM, OCHOBAHHbBIC Ha II€PBONPUHITUIIAX |

| Kuneruueckue YPaABHCHUA TUIIA YPaBHECHUA BOJ’[])IIMaHa |

Cucrema TruaApOOATHAMWYIECCKUX ypaBHeHI/]fI IOJIA CCKMMAaeMoro BsA3KOIro
TEIJIOIIPOBOMAHOIO ra3a

Mounens @ Y paBHEHUS OIS CKUMAEMOTO
Hasbre—CTokca misa TEeIJIOPOBOMHOIO r'a3a
CXMMaeMOoro rasa @

Y paBueHus Y paBueHue
Momnens Oitepa mas TUIA
Hapbe—Crokca nns CXKHMAaeMOoro HeJIMHEeTHOI
BSI3KOI HECKUMAEMON rasa TeILIONpPOBOI-
KUIOKOCTH YpaBHeHUE HOCTH
M33HTpOImye-
13 CKOTI'O TeUeHUs
UAEATBHOTO
OmHoMepHEIE rasa
Y paBueHus Oitstepa ypaBHEHUS Y paBueHue
IJIS HEC)KMMAaEMO ra3oBoil @ Jlannaca nisa
KUIOKOCTI IOUHAMUKA TeMIIeEpaTy phI
YpaBHeHUE
Xonda
YpaBuenue Jlanmnaca YpapHeHUS Y paBueHue
IJIA IOTEHIInalla aKyCTUKU mepeHoca

Puc. 41. Mepapxudeckue ienoukum Mmozeieil rasa. CTpenku — Iepexonm K
Momen 60Jiee HU3KOTO MEPAXMYECKOTO YPOBHA, HUGPH — COOTBETCTBYIO-
e MPenmooXeHns 06 o0bekTe: 1 — BO3MOXHOCTH CTATHUCTHIECKOTO OIH-
CaHMUA I'a3a C IOMOIIBIO PYHKIINM PACHpPENeIeHUd, YIPYyTrue CTOJKHOBCHUS,
2 — GIU30CTH IPOIECCOB K JIOKAIBHOMY T€PMOTUHAMUYECKOMY DABHOBECHIO;
3, 19 — oTcyTCcTBHE TEmIONpPOBOOHOCTH; 4, 11 — HECXKMMAEMOCTb XUIOKOC-
TH; 5, 7, 18 — oTCyTCTBUE BA3KOCTH; 6 — MOEAIBHAS XUIKOCTH, IHOTEHIIN-
aJIbHBIE TEUYECHUS; 8§ — HENOOBMXXHOCTH ra3a; 9 — CTAIMOHAPHEBIN IIPOLECC,
NOCTOSHCTBO K0o3dduumenTa TemmonpoBonHocTu; 10 — OTCyTCTBHE BSI3KOC-
TH ¥ TEIUIOIPOBOTHOCTH; 12 — OMHOMEDHBIE Te4eHHud; 13 — HOeaIbHEIN Ia3,
SHTPONUS HNOCTOSHHA; 14, 17 — Maisie Bo3MyleHus rasa; 15, 16 — reueHus
THIA, IPOCTON BOJIHEBI

2) mpu mepexone K CIEAYIIEMy YPOBHIO MEPAPXUN — KUHETUUECKO-
My ypasHeHuo Bonbumana (2) — UCHOIB3yeTCs BEPOSITHOCTHOE ONUCAHIE
rasa ¢ DOMOIIBI0 GYHKIUYM DACIPENEIeHNs, & I KOHKPETU3AINY NHTEer-
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pajla CTOJIKHOBEHUU MeXIY YaCTULaMU BBOOSATCS IPENIONIOXEHUs 00 ux
YIPYyroM XapakTepe, 00 OTCYTCTBUAU TPONHBIX CTOJIIKHOBEHUN U T. II.;

3) IPEAIOIIOKEHUE O JIOKAIBHOM TEPMOANHAMUIECKOM PABHOBECUM —
OCHOBHOE€ [IJIs IIePeXOfa K ONMCAHUIO I'a3a B TMAPONUHAMUIECKOM IpubIu-
XKEHUu, T. €. K ypapHeHusM (23)—(25);

4) ocHOBHas rumponuHaMUYEcKas mMomenb (23)—(25) mopoxmaer, B 3a-
BUCHMOCTHU OT XapakKTepa PacCMAaTPUBAEMBIX IIPOIECCOB, PA3HOOODA3HBIE
HEPAPXUIECKUE IETIOUKY, YACTh U3 KOTOPBIX ObLIa ONMuCaHa, Buite (puc. 41).

Wepapxus Momeneir ra3a CONEPXKUT IMTUPOKUN CIEKTP yPABHEHUM, Cy-
LIeCTBEHHO OTIINYAOUINXCS IPYT OT APYTa U B YUCTO MATEMATUIECKOM OT-
voureHuu. K HIM OTHOCSATCS CUCTEMBl YPABHEHUN KIIACCUIECKON MEXAHUKI
BBICOKOU DAa3MEPHOCTH, KMHETUUECKAE YDABHEHUS, YDABHEHUS MEXaHUKU
croIHLIX cpen. [locmennue B CBOO Ouepent MOTY T IOAPA3AEIIsIThCS Ha, JIH-
HeJHbBIE 1 HeJIMHeHEbIe, Ha Y PABHEHs TUIepOOInIecKoro TUna (ypaBHeHUsI
Oiinepa u Xomnda), napaboimnaeckoro (ypaBHEHNE TEIJIONPOBOLHOCT) U HII-
sunTudeckoro (ypasHenwe Jlamiaca) TUIOB, & TakXke CMEIIAHHOIO THIIA,
Ha CTAIIMOHAPHBIE U HECTAIIMOHAPHBIE, MHOTOMEDHBIE I OMHOMEDHBIE yDaB-
HeHUs U T. O. JJonmosHuTenbHBIE BAPUALINY TOCTPOECHHBIX MONEIIEN CBSI3AHBI
C PA3TIMYHBIMU BAPUAHTAMU KPAEBBIX YCIIOBUY U APYTUX BXOMHBIX JAHHBIX.

ITpomemoHCTPUPOBAHHBIN B HAHHOM Naparpade MeTof IOCTPOEHUS MO-
neren 1o IPUHINIY «CBEPXY BHU3» DOJlee YHUBEDCAJIEH, YeM CIIocob, OCHO-
BAHHLIN Ha MPUHIIANIE «CHU3Y BBepx». Tak, HanmpuMmep, ypaBHeHuE Bombil-
MaHa HEBO3MOXHO MOJIyYUTH U3 KaKUX-Iub0 Momesenn 60Jiee HU3KOTO ue-
PapXu4IeCKOrO YPOBHSL.

IIpu nocTpoennu 1 aHaM3e JII060H MOIEIN BCETMIa MOJIE3HO 3HATH €€
MECTO B OOIIEN MepapXUU MOMENIeNl M3ydaeMoro O0bekTa. JTO HAeT BO3-
MOXHOCTB IIPABUIILHO OLEHUBATH OOIACTE €€ IPUMEHNMOCTHY U YETKO OCO-
3HABATH €€ CBSA3U C MOLENSMH OPYTUX YPOBHEH, T. €. CIOcOOCTBYeT Oosee
ri1yOOKOMY OHUMAHUIO UCCIIENYEMBIX SBIICHUN.

YIIPAXKHEHNRI

1. Wcnone3ys ceorcTBa (yHKIME pacmpeneneHus f(v), BEIpaxkaeMsble dOPMYJIOi
(1), momyunre u3 (4) popmymry (5).

2. IIposepsbTe, uTo Qpurypupyomas B (7) dysxums F(z,y) HEOTpUIATEIbHA.

3. Homyunre popmyst (8), (9), MCXOnA U3 OMPENEICHNA NHTErPATIA CTOIKHOBEHMIL

S(f(@))-

4. Y6enurech, UCHONB3ys MPOCTHIE KOHKPETHBIE IPUMEDHI, B TOM, UYTO BEJINIWHA
<c3> He PaBHA TOXIECTBEHHO HyNO (B OTJIHYNE OT CPEMHEH TEINIOBOM CKOPOCTH (C)).

5. Ucnone3ys ¢opMyiIy BEKTOPHOT'O aHAJIN3a
1 — — — — -
7 grad V|2 = [Vrot V] + (VV)V

¥ IPUMEHSIs OIEPALNIO ot K 06enM JacTsAM IEPBOro ypaBHeHus (27), HOIydunTe M3 HETO

ypaererue O (rot V')/8t = rot[V rot V], TOXKEECTBEHHO yIOBIETBOPSIOLIEECS B CIIydae
IIOTEHIINAJIBHBIX TEUEHUN.

Bubnuorpadus x raase I11: [3, 11, 20, 42, 43, 45, 69, 72].



FTABA IV

MOJIOEJINI HEKOTOPBIX
TPYIHOP®POPMAJIN3YEMBIX OB'bEKTOB

§ 1. YHuBepcaabHOCTh MaTEeMaTUIECKUX MOMEJIe

IMocTpouMm MmaTeMaTwuecKue MONEIN OWHAMUKU CKOILTEHUsS ameb u
CITy9ailHOr0 MapKOBCKOTO Tporecca. IloBenenne «XuBom» mMarepun (ame-
Obl) U «HEMATEDPUAJILHONS BEJIMUVHEL (IJIOTHOCTH BEPOSTHOCTH) OMUIIEM
TeMHU XKe MapaboINIeCKUMU YPABHEHUSIMIU, UYTO U SIBIIEHUS «MEPTBONS> IPU-
ponsul, uzyuenusie B ri1. 1I. PaccMoTpuM Takxke aHAIOTHU MEXIY HEKOTO-
PBIMU MEXAHUIECKUMU NN PU3NIECKUMU OOBEKTAMU U SKOHOMUIECCKUMU
TIPOLIECCAMMU.

1. Inanamuka ckorutenus ame6. Ameba — OMHOKJIETOUHBIA Opra-
HU3M pPa3MepoM OKoJio mecatu Mukpos (1073 cum), oburatommit B mouse u
TIEPEOBUTAIOIINNCS B HEW C IIOMOIIBIO JIOXKHOHOXKEK, T. €. JaCTel CBOEro
Tena. [lutatorcsa ameObl B OCHOBHOM OaXTEDPUSIMU, MOIJIOMIAS UX BMECTE C
3eMyiell (€CIM MUIU TOCTATOUYHO, TO aMeOBI PA3MHOXKAITCS IeJIeHueM Ha,
IIBE YaCTH).

W3 nabnmroneHu u SKCIEPUMEHTA U3BECTHO, UYTO NUHAMUKA PA3BUTUS
uX COOOIIECTBA — NOCTATOYHO OONIBIIIOTO KOIUIECTBA aMel, HaXOMAIIIAXCS
Ha HEeOOJIBIIIOM PACCTOSHUAM OPYT OT IPYra, — OBIBAET HOCTATOYHO CIIOXK-
Hou. Hampumep, B 3aBUCHUMOCTY OT BHENTHUX yCJIOBUN aMeObI MOT'YT COOH-
pPATBCSI B OCPOMHBIE (IO COTEH THICAY LITYK) CKOILIEHWS, KOTOPBIE HAUXHA~
IOT OBUTATHLCS KAK €OUHOE IIeNIoe, XOTS NHANBUALYAILHOCTE KaXIO0N aMeObl
COXPAHSIETCSI. 3aMEUYeHO, UTO 3TO MAKPOCKOIMUECKOE «OPraHU30BAHHOES
OBUXKEHUE MPONCXOONUT B HAIPABJICHUU K 00Jiee BBLICOKOU KOHIIEHTPAIIUI
HEKOTOPOTO XUMWYECKOTO BEIECTBA, BHIPAOATHIBAEMOTO caMuMu ameba-
mu. MaTemaTuueckas MOOENIb OUHAMUKYU CKOIUIEHUs ameb 6a3upyercs Ha
CIIEMYIOIIUX IPENTIOIOXKEHUSIX:

1) paccrosuue mMexny amebaMu Majio B CPDABHEHWU C PA3MEPAMU UX
CKOIUIeHUH (COTHU MUKDOH), X MOXHO PaCCMATPUBATH KAK «CINIOIIHYIO
cpemy» u BBOOUTHL KOHUeHTpaimioo N(z,y,z,t) — uucio ameb B enunuie
00beMa;

2) mpouece OMHOMEPHBINA, T. €. KOHIIEHTDAIMs aMed U IPYyTUe BeJIndu-
HBI SIBIISIOTCSI QYHKITUAMEI TOJILKO KOOPAWHATHL & U BPEMEHH

3) amMe6bl He POXIAIOTCA U HE YMUPAIOT B IPOLECCE MAKPOCKOIUIEC-
KOTO [BUXKEHUS, T. €. XapaKTEPHOE BPEMs NBUXKEHUS (HECKOIBLKO 4acoB)
MaJI0 IO OTHOUIEHWIO K XaPAaKTEPHBIM BPEMEHAM DPA3MHOXEHUS U KU3HU
ame0;
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4) VHAVBUAYAJIBHOE NBUXKEHHE aMe0 IpPU OTCYTCTBUU CTUMYIIUPYIO-
X BHEINHUX BO3NENCTBU (NUIIA, TEIO U T. A.) GECIOPSIOYHO, Xao-
TUYHO; BBIIEJICHHBIX HANPABICHUN HET U KaxXnas aMe0a MOXET C PaBHOU
BEPOSITHOCTBIO MBUTATHLCSI KaK BIPABO, TAK U BIIEBO;

5) ecim B Cpelie eCTh «IPUTATUBAIIEES XUMUUECKOE BEIIECTBO, TO K
cOOCTBEHHOMY HEYIIOPSMOUYEHHOMY OBUXKEHUIO aMmed moOaBiIsIeTcs WX Ha-
npaBjIeHHOEe IBUXeHKe B 00JIacTh C OOIblIell IIOTHOCTBIO 9TOrO BeIeCT-
BA.

CocraBuM ypaBHeHue GanaHca ame0 B 3JIeMEHTEe Cpenbl dr 3a BpeMst
dt, uCnonb3y sl «3aKOH COXpaHeHus» ux uucia (mpennonoxenue 3)). B sTom
ciiyuae ofiree uuciao ame6 B obbeMe dr (IIIOAnh HOMEPEeYHOro CeYeHus
eNUHNYHA) U3MEHIETCs JIUIIb U3-33 PAsHOCTH HOTOKa ameb W (z,t) Ha me-
BOH ¥ IPABOI rpaHuiax siuementa. Benuauna W (z, t) nonumaercs B 00br4-
HOM CMBICIIE: 9TO YHUCIO aMe0, TepeceKalonIuX eqUHIIHYIO IOBEPXHOCTD 33
enuHrYHOE BpeMs. VckoMoe ypaBHEHUE BBINIAAUT TaK (CP. C ypaBHEHUEM
Gamanca Temwra B § 2 ra. II):

[N(z,t+dt) — N(z,t)]dz = [W(z,t) — W(z + dz,t)] dt,

roe N, W — HekOTOpBIE CpenHYe 3HAUEHNS BEJININH HA MAJIBIX IIPOMEXY T-
kax dz, dt. Ycrpemnss dz u dt x Hymnio, mpuxonuM K nuddepeHnnaIbHOMY
ypaBHeHUIO OaJtaHca uuciia amed

ON ow

ot Oz

Bemuuuna W = W, + Wy cknanbiBaeTcs u3 OByX cocTapisonmx, W,
u Wy. Hacts W, ob1iiero noToka GopMupyeTcs 3a CUeT XaO0TUIECKOTO IBU-
XeHust amed, ¥ MOTOMY MO AaHAJIOTUKM C 3aKOHOM DPypbe IJiss IPOLEecca
muddysum temwta (§ 2 ri. II) ero MOXHO 3amUCATh YEPE3 TPAMUEHT WX
KOHIIEHTPAIIAN:

ON

- l’l’ aw 9
rae i > 0 — HeKOTOpHIH KO3DPUITNEHT, XapaK TePU3YIOIINYA PACCMATPUBAEC-
MyI0 «cpenys. Oty dopmysny miist W, u BeIUYuHy (4 HETPYIHO OJIYyYIUTH
u3 6osiee MOOPOOHOTO AHAJIN3A, IIPOLECCa, HA MUKDPOYPOBHE, UCIOJB3YS TE
Ke PaCCyXKIEHUS, KOTOPHIE IPUMEHSIINCD [T SBJICHUN TEPENatuy TEIIa.

ITpu nonyuenun BeIpakeHus misi cocrasisiomniein Wy, onucoiBatoren
HAMPABIEHHBIN MOTOK amMeb, OyneM cUuTaTh, 4TO BenuuuHa Wy TeMm 607b-
re, ueM GOJIbIlle IPANUEHT IFIOTHOCTY «IIPUTSATCUBAIOIIETOS> BEIECTBA:

Wd = nN g—p .
x

3mecs 7 > 0 — HekOTOpas mocTosHHAsL, P(T,t) — IIIOTHOCTDL BEIIECTBA, a
MHOXUTeNb [N niepen IpafreHTOM O3HAUAET, UTO IPU 3aJAHHOM I'DANUEHTE
BEJIMIMHEL P COCTABIISIONIAs MOTOKa Wy IpOnOpIinoHaIbHA KOHIIEH TPAIIIN
ame6 B mauHON Touke. OO0benuuss Buipaxenus mis W., Wy u noncrasiss
X B ypaBHeHue 0ajiaHca, oIydaeM

ON _ 0 ( ON . 0p
ot Oz “ax n 0z )’

We

(1)
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B ypasuenuu (1) nse neussectubix dyukuuun — N u p. [losTomy HEO6-
XOOMIMO IOJIYUUTD, IIOIB3YICh 3AKOHOM COXDAHEHUs BEIIECTBA, YPABHEHNE
bayaHca Oy1s BeIWYNHLL p. IIpm 3TOM ciemyer y4ecThb, YTO CKOPOCTDH BBI-
IEJICHNST XUMUYECKOTO BEIeCTBA MPOIOPIIMOHAIBHA KOHIIEHTpanuu aMeo.
Bynem yuumTEIBaTBE TakXe pachal BEIECTBA, CKOPOCTH KOTOPOTrO, ecTec-
TBEHHO, IPONOPIOHAIIEHA, €r0 KOHIEHTPAIMY (AHAJIOTMYHO MPOLECCY Pa-
MUOAaKTUBHOTO pacnana; cM. § 1 ri. I). Takum o6pasom, B eIUHUILY BPDEMEHN
B €QUHUYIHOM OOBEMe MOSIBIISIETCS U MCUE3aeT KOIMIECTBO BEIECTBA, PaB-
HOE

f =aN - /6/)7
rme « > 0, f > 0 — KOHCTAHTBI, XaPAKTEPU3YIOIINE COOTBETCTBEHHO CKO-
POCTB €ro BhLIEJICHU aMebaMu 1 CKOPOCTD PACIana (B 9TOM COCTOUT OTIIA-
qye MOMIENN IJIs BEIIECTBA OT MOMENHN I aMe6, B KOTOPOU OHU He yMUupa-
0T ¥ He POXMAITCs). VI3MeHeHre IIOTHOCTH BEIIECTBA B SJIEMEHTAPHOM
06BeMe CPENBI MPOUCXOMUT TAKXKE U BCICACTBUE PASHOCTH €r0 MOTOKOB Ha,
JIEBOY M MpaBoi rpauuiax siementa. Ouo nuddysaupyer B cpeme u3 MecT
¢ OOJIBIIIEl KOHIIEHTPAIIER B MECTA C MEHBIEN KOHIIEHTPAaIrel momobHO
TOMY, KaK TEIJIO PACIPOCTPAHIETCS OT 60JIee HATPETHIX yUaCTKOB TEILIIO-
MIPOBOMHON CPENBI K MEHEee HAUPETLIM. DTO NBUXKEHUE CO3MAET, COrJIACHO
3axony Puxa, motox W,, paBHbIH
w,=-p2%
ox

roe D > 0 — xospdunument nuddysuu (Beion 3axona duka ananormuen
BeIBOLY 3akoHa Dypbe).

Wrak, ypaBHeHue Gajtanca BEIIECTBA UMEET BUI

dp W,
ot ox

WY, yUNTHIBAS BEIpaxeHus miist W, u f,
dp &p

Ypasuenus (1), (2) BMecTe CO BXOONHBIMU NAHHBIME 4, 1], &, 3, D
CITyKaT MOMNEIbI0 NUHAMUKN CKOIUICHUs aMe0 MPU CHSAHHBIX BBILIE IIPe-
OJIOXeHusAX. i OMHO3HAYHOrO ONPENENICHUST PEIIEHUs, T. €. DYHKIAR
N(z,t), p(z,t), Heobxomumo, Kak OOBLIYHO, 3HATH COOTBETCTBYIOIINE Ha-
YaJbHBIE U IPAHWYHEBIE yCioBus. HanGosiee mpoCTO OHM BBITIIAAAT B CITy-
yae 3amaun Kommm, Korma mpornece pacCMaTpPUBAETCS B HEODAHUIEHHOM
MPOCTPAHCTBE —00 < T < 00; TOTHA MOCTATOYHO 33MaTh B MOMEHT t = 0
HavanbHyo KoHneHTpanuio ame6 N(z,0) = No(z) v mioTHOCTD BerecTBa
p(IL',O) = po(.’L’)

Ypasuenus (1), (2) B3aMMOCBA3aHBL: B IEPBOE U3 HUX BXONUT BEIMUM-
Ha p, BO BTopoM durypupyer Besuunna N. Cucrema (1), (2) menuneiina
u3-3a Hamwaus uieHa NN 0p/0x B ckobkax, cToAUX B mpasoit uactu (1).
PaccmarpuBaemMbie COOTBETCTBEHHO OTHOCUTEIBHO KOHIIGHTpanuit ame6 N
U INIOTHOCTH BEIIECTBa p ypasHenus (1) u (2), Kak HETPYOHO BUNETD, IIPU-
HaJJIeXKaT K MapaboIndecKoMy THILY.

+f
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Ecnu aMe6BI He BHIIENSIOT «IPATATUBAIOIIETO» BEIIECTBa u p(x,t) =
=0, o (1) nepexonuT B ypaBHEHUE TEIIONPOBONHOCTY (unu nuddysun)
ON 0’°N
ot F o2
YUTO JIETKO OOBSICHUTE, IIOCKOJIBKY B IIOTOKEe W O0CTaeTCs MUIIb COCTABIISIO-
mtas W., cooTBeTcTByoIIas 6€CIOPIIOIHOMY, HEHAIPABICHHOMY IBUXKE-
o ame6. Korma amMeObl 10 KaKUM-TO MPUYMHAM MEPECTAIOT BEIICIATH
BEILIECTBO, KO3buuueHT & B (2) CTAHOBUTCS PABHBIM HYJIO, U C HTOTO

MOMeHTa ypaBHeHue (2) npunuMaeT BuL (nuddysus ¢ pacuamoMm)
dp &?p
L =Del 3)
ot oz
7 CBOINWUTCS MPOCTON 3aMeHOM (yup. 1) Takke K yPABHEHUIO TEILIONPOBOL-
HOCTH

ou 0%u
ot 0x?’

Ws-3a menuuennoctu cucremer (1), (2) ckoHCTpyupoBaTh ee obIee
pelLIeHNe HEeJb3s, U IO3TOMY OIpENeieHue IPOCTPAHCTBEHHO-BPEMEHHON
OUHAMUKA CKOIUIeHUs amMe6 — BecbMa HempocTas 3amada. OmHakKo OHA
3HAUUTEIHLHO OOJIErvaeTCs, eCIU M3YYalOTCS MaJible OTKJIOHEHWUS OT IIO-
CTOSIHHOTO BO BDPEMEHU U IO IpOoCTPaHcTBy pemeHus N = Ny, p = po,
T. €. KOU[Ia HeJWHeWHas 3a/1ada CTAHOBUTCS JuHenHou. Takoe peleHue
CYILIECTBYET JIUIIb IPU COOTHOIICHUN

aNO = /6/)0’
O3HAYAIOIIEM, YTO BBIAEJICHUE BEIIECTBA U €r0 PACHAL YPABHOBEIIUBAIOT
ApyT Apyra.
JluneapusoBaHHas B OKPECTHOCTY MOCTOSHHOTO PEIIEHUS CUCTEMA
(1), (2) (cp. ¢ ypaBuenueMm axyctuueckux komebauuit B § 4 ri. II) ume-
€T BUI

ON _ 90 ( ON . 0p
ot oz \Mar %)

(4)
o 0 o
E—D@'ﬁ‘&]\[—ﬁp,

roe N u p — mansie Bosmyiuenus (N < Ny, p < po). Ee obiuee peuenue
IJIss HEOIPAHUYEHHOI'O IIPOCTPAHCTBA —00 < T < OO (B 9TOM ClIy4dae HeT
HEOOXONUMOCTY YIOBIETBOPSITH IPAHUYHBIM YCIIOBUSIM) MOXKHO IOCTPOUTH
B BUIE CyMMBbI YaCTHBLIX PelleHui (FapMOHUK )

N = C;sinkze™, p=Cosinkze,

rme k > 0 — BomHoBOe uncno, C1, Cy — KoHCTAHTHIL. JIJ1 YaCTHBIX perie-
HUW JOJKHBI BHITIOIHITHCS. COOTHOIIEHUS

C1 (v + pk?) = ConNok?,

(%)
Cs (')’ + ,8 + Dkz) = ClOé,
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CBA3BLIBAIOLIME [UIMHY BOJIHBI TapMOHEKU A = 27/k ¢ BenmumuumHOW v — ee
MHKPEMEHTOM (UJIM MEKPEMEHTOM ), XapaKTEepPU3yIIUM HADACTAHUE WJIN
3aTyxaHue Bo3MyIueHus co BpemeneM. Mckimouas Cq u Cs u3 (5), nonyvaem
OTHOCUTEITHHO Y KBAIPATHOE YPABHEHUE

Y 4+by+c=0, (6)

roe b=+ k*(u+ D), c= uk?(B+ Dk?) — naNgk®. O6a xopus ypas-
menus (6) oTpuUmATENBHBI TOrNA U TOJNBLKO TOrAa, Korma ¢ > 0, T. e. mpu
BEITIOJTHEHUN HEPABEHCTBA,

1 (B + DE?) > naNo. (7)

Ecmu nmeer mecto (7), TO st mioOBIX 3HAUEHUN k aMIUIATYIa BO3-
MYIIeHUu# ¢ 10001 OJIMHON BOJIHBI YMEHBIIAETCSI ¢ TeUeHUEM BpPeMeHU, U
[OCTOsIHHOE permenne ycronunso. Hepasencrso (7) 3aBEIOMO BBINOIHEHO
npu

uB > naNo (wmm p > npo),

T. €. 118 QUKCUPOBAHHBEIX IAaPaMETPOB 33a4M IIPU JIOCTATOYHO MAJIBIX
KOHIIEHTpAIusIX aMeb (U IUIOTHOCTAX «IIPUTACUBAIOLIErO®» BEIECTBa). B
IPOTUBHOM CIIy4ae BO3MOXHA HEYCTOMUNBOCTD MOCTOSIHHOTO PELIeHus (ec-
JI B HAYAJBbHOM CIEKTPE BO3MYIIIEHUH HANMYTCS NJINHHOBOIHOBLIE [apMO-
HUKU C HEOOIBIIUMY 3HAYEHUAMH K, PACTYIIME CO BDEMEHEM ), TTOPOXK A0
mas 60Jiee CIOXHYIO KapTHUHY SBOJIONNN CKOmeHus ameb. Pasymeercs,
JINHEapU30BAHHAS MOMENb HEe OaeT MCUePIBLIBAIollell KaPTUHBI IIPOIECCa,
HO U3 Hee MOXHO M3BJeuYb Dsifi CBEICHUM, MOJIE3HBIX I Oojlee IOIHOTO
HUCCIIENOBAHUS.

2. CiyuyaliHbI MapKOBCKUIA IIpomecc. TUNMUIHLIM IPUMEPOM IO~
IOOHOTO IIpoLiecca CIIYXKUT OBUXKEHUE IIOMEIIIEHHON B XKUIKOCTh MAJIeHbKON
TBEPION JaCTUIILI, COBEPLIAIONIEN XaOTUUECKUE IePEMEIEHUS TION NeNCT-
BreM 0ECHOPSANOYHBIX CTOJKHOBEHUI C MOJIEKYJIAMU XUAKOCTU (GPOYHOB-
ckoe nBukenue). Ee nmonoxenue B m060it MOMEHT BpeMeHU ¢ > to 3a1aeTCs
KOODIMHATAMU T, i, Z TPEXMEPHOro mpocTpancTea R® . B manbmeiiem mis
VIIPOLIEHUS BHIKJIANOK OyIeM pacCMaTpPUBATH ONHOMEDHOE OBUXKEHUE, T. €.
cIydaliHbe GIyXIaHns GPOYHOBCKON YaCTHIIHI BAONL ocu T, € RY.

CryuafiHBI# TIPOIIECC HA3BIBAETCS MAPKOBCKUM, €CIIU IO MOIIOXKEHUIO
TOYKM £ B MOMEHT BDPEMEHU ¢ ONHO3HAUHO OLPENesIeTCsI BePOSITHOCTD ee
HAXOXIEHWS B IIPOM3BOJILHEI MOMEHT t' > ¢ B HEKOTOPOR JacTu (B II060M
m3MepuMoM mopmHOXKecTBe E) mpocrparcrea R'. Ipyrumu ciopamu, 3T0
npotuecc 6e3 nocenecTBUL, KOrna COOBITHS, CIIyYUBIINECS B IPOMEXY TKe
BPEMEHU MeXIy t 1 t', He BIMAIOT Ha TOJIOXKEHNE TOYKA B MOMEHT t'.

MapxoBCKnuii IpoIece MOIHOCTHIO XapaKTepu3yeTcs GyHKITIeH

p(t7$7tl7$l)7 'TER]-’

HA3BIBAEMON NJA0TMHOCMbIO 8EPOAMHOCTMU B TOYKE .T,, 3Hasgd KOTOPYIO, HE-
TPYOHO BBEIYUCIIATH BEPOATHOCTH

p(at,¢', B) = / Dl t,a 1) do’

E(z')
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HAXOXIEHWs YaCTULILL B HEKOTOPO OKpecTHOCTH F(2') Touku ' B MOMEHT
BpemeHn t'.
OueBunHO, 9TO 11 GYHKIUA P BBIIOIHEHO YCJIOBIE HOPMUPOBKY

/p(t,x,t',w') dr' =1, (8)
R1
T. €. B II000I MOMEHT YaCTUIA 00133 TEJIHHO HAXOAUTCS B KAKOU-JINOO TOU-
ke mpocTpancTBa R!.

IIpu mocTpoenun Momesu MapKOBCKOTO IIPOLECCA CYIIIECTBEHHBIM 00-
Pa30M KCIIONIB3YETCS IIPEIIONIOKEHNE O €0 CuAbkotl Henpepbviehocmy. Cun-
TAETCs, YTO YACTUIIA 38 MAJIBIE IPOMEXYTKU BpeMeH At MOXET MOy YuTh
3aMEeTHEIC [PUPALLICHNS KOOPOMHATHEL ATz > § IUIIL C Majol BEPOSITHOC-
TBI0. OTO 3HAUNUT, YTO Mg Jiro6oro ¢ > 0

/ p(t — At,z,t, ') dz’' = o(At),
o’ —z| 26
WY, B 5KBUBAJIEHTHOM 3aIUCH,

1

. - _ ! ! —
AlirBO A7 / p(t — At,z,t,z") dz’ = 0. 9)
|z’ —x|>6

IIpennomaraercs Takxe, 4To s 00X § > 0 CYIIECTBYIOT PaBHO-
MEpPHBIE [0 I MPENEesIbI

. 1 ! ! ! __
Aliglo A7 / (' —z)p(t — At,z,t,2")dz’ = b > 0, (10)
|’ —x|<d
lim 1 (' — )’ p(t — At,z,t,z') dz’ = 2a >0 (11)
At0 At B ’
|&'—z|<d

OTHU OPEnnoNoKEHUsT UMEIOT CIIEAYIOITYI0 UHTEPIPETAINIO: BEPOIT-
HOCTH [IJIsl YACTULBI HAXONUTHCS B MOMEHT ¢ B umHTepBaie |z’ — x| <
nponopunoHaiibHa, At (YMEHBIIAETCS C yMEHBIIEHUEM MPOMEXKYTKA BPE-
MEHMU, MPOIIEAIIEr0 OT HAYAIBHOIO MOMEHTa ¢ — Af, 4TO €CTECTBEHHO) U
00paTHO TMPOMOPIMOHAIBEHA HEKOTOPON «CPEeOHENs> BeIUInHEe Pa3Mepa WH-
TepBana |z’ — x| (1 ero kBagpary, 9TO TakXke eCTECTBEHHO). BeruuuHs! a
u b 3aBUCAT, BOOOIIE TOBOPS, OT TOYKMA L W MOMEHTA t, T. €. a = a(z,t),
b= b(z,t), HO [y IPOCTOTHL 3HECH PACCMATPUBAETCS YACTHBIN CILydail,
KOr[la, @ b — MOCTOSIHHLIE.

Haxomer, mociensee ucmoib3yeMoe HIXKe TIPEIIONOKEHNe COCTOUT B
TOM, 9TO IS JIOOBIX ¢, , t', ' CyIIeCTBYIOT HENPEPHIBHBIE YACTHBIE TIPO-
M3BONHBLIC QYHKIK P IO T

dp 8%p
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OCHOBHOE CBOCTBO PACCMATPUBAEMOTO IPOLECCA BEIPAKACTCS 1M ONC-
decmeom Mapxrosa

ot o) = [ plot.8.0)p(E2, 0. o') do, (13)
R1
rae t <t < t' — HEeKOTODEIA MOMEHT BPEMEHH B IPOMEXYTKe OT ¢ 1o t', a

Z — KOOPAMHATA YACTUILI B MOMEHT ¢, t < t < t', HEKOTOpas MpoOMexy-
TOYHAsI TOUKA MPU OBUXKEHUA OT TOUKHA L IO
rouku z'. Cmpicn Toxzmectsa (13) mposcrs-
€TCs TIPU PACCMOTPEHUN TEPEXONA U3 TOUKU
Z B TOUKY Z' Kak TOCJIENOBATEIHLHOCTH IBYX
IepexonoB — CHAYaJIa U3 TOYKU I B TOUKY T,
a 3aTeM U3 TOUKY I B TOuKy ' (Ha puc. 42 mo-
Ka3aHbl BO3MOXHEIE KOMOMHAIMN STUX TIEPE-
XONOB, NPUYEM IIPOMEXYTOUHBIE IIEPEMerle-
HUsL U300DAXKEHBl IITPUXOBLIMU JINHUAME, &
OCHOBHOM II€PEX0l] — CIUIOMIHEIMY). Beposit-
HOCTB COOBITHUS, COCTOSIIIIETO U3 MBYX IOCHE-

Puc. 42 JIOBATEIILHBIX HE3aBUCUMBIX COOLITHI, PABHA,
MIPOU3BENIEHNI0 BEPOSITHOCTEN KAXIOTO COOLITUS, TIOSTOMY TON WHTErPa-
goM B (13) cTouT mpowsBemeHuEe COOTBETCTBYOLIMX BeiauuuH. VHTerpasn

t,x t,z t,x

6epeTcs Mo BCeM BO3MOXKHEIM TIPOMEKYTOUHBLIM TouKaM T € RL.

g paccmaTpuBaemoro nporecca ToxaectBo MapkoBa urpaer posib
CBOEOOPa3HOTO «PyHIaMEHTAIBHOTO 3aKOHA», CBI3bIBAsS HEKOTOPHIM 00pa-
30M 3HAUEHUs QYHKIMA p B Toukax ¢,z u t',z'. C ero moMoIspo BEMMUCInM
CHAYAJIA PA3HOCTD BEJIUYMH P B MOMEHTHI t — At u t:

p(t — At,z,t' 2") — p(t,z,t',2') =

= /p(t — At,z,t,7) p(t, z, ¢, 2') dz — p(t,z,t', 1) /p(t — At,z,t,7) dT.
R? R!

[lepBoMy wieHy B J€BOI 4aCTH HTOrO PABEHCTBA oTBedaer (cM. (13)) mep-

BBEI MHTErpall B €ro MPaBOM YaCTH, a BTOPOMY — TOXIECTBEHHLI eMy

qJleH, YMHOXEHHBIM HA WHTErPaJl, KOTOPHIA COTJIACHO YCJIOBUIO HOPMU-

poBku (8) pasen enunune. Muoxurens p(t,z,t',z’) e 3aBucur or Z, u
MO3TOMY, BHOCS €r0 IOI 3HAK WHTErpajia, IEePEIuIeM PABEHCTBO B BUAIE

p(t - At,.’L’, t,7'TI) —p(t,l’, tlazl) =

= /[p(t7j7tlaxl) _p(t7w7tl7$l)]p(t_ At,.’L’,t,i‘) dz.
Bl

IMomenum Temeps B 3TOM paBeHCTBE 06€ ero yacTu Ha At u pa3obbem
MHTErpai Ha ABa — 00 obmactu | — x| > 0 u [T — z| < 4:
p(t B At: Z, tI7 'TI) - p(ta Z, tI7 'TI)
At

=L + I, (14)
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1
Il = A_t / [p(t7j7tlvxl) —p(t,w,t',w’)]p(t - At,.’L’,t,i’) dj?
|z—2|>6

1
I2 = A_t / [p(t,.’f’,tl,l") —p(t,w,t',w')]p(t - At,.’L’,t,i’) dz.
|Z—z|<d

Wurerpan I B cuity CBORCTBA CUIIBHOM HENPEPLIBHOCTH (9) CTpeMUTCS
K Hyiro 1pu At — 0 (IepBbIl COMHOXUTEND B [IONBHTErPAILHOM BEIDAKE-
Hun He 3aBucuT OoT At u He BnuseT Ha nosenenve I; mpu At — 0).

Wurerpan I> npeobpasdyem, packiansiBas ¢ yaeToM (12) mepseii co-
MHOXWTEJb 110 CTeneHsM (T — x):

1 op(t,z,t',z') ,_ N
I = — oL T) g N
2= 5 % (z — ) p(t t,z,t,T)dT +
|z—z| <o
1 1 8p(t,x, t',x') ,_ 5 o
+ N / SR I (Z—z)° p(t — At,z,t,Z)dT +
|z—z|<6
1 = 2 1 azp(taxatlazl) _ _
+E / o[(Z — z) ]§Tp(t—At,a:,t,x)dz.
|z—z| <o

YerpemuMm B 5T0M paBeHCTBe At K HYIIIO, 3aMeUasi, 4TO YaCTHLIE IIPO-
n3BONHBIE QYHKIIUA P, CTOSIIUE TIOM 3HAKOM UHTErpajia, He 3aBUCIT OT .
BuiHOCS X M3-TIOR MHTErpana, s IEPBLIX ABYX WIEHOB TOIYYUM, B CHITY
npennosoxenuit (10), (11), 4To UX mpemesbl COOTBETCTBEHHO PABHEL

a
Oz ’ Oz? ’

a TPeThe CIaraeMoe MPEeNCTaBUM B BUIE

L 1 0%*p(t,z,t',z") 1 _ o
&z —x) 3 % A7 (7 —2)?p(t — At,z,t,T) dz,

|T—z| <o

roe E(T — x) — cpennee 3HaueHue byHKUUU £(T — ), IPUIEM IO ONPENe-
senuto BenmunHbt of (T — x)?] umeem £(Z — x) — 0 mpu § — 0. OcymmecTBuM
B TIOCIIEMHEM BBIPAXEHWN TIPENeIbHBINA mepexon cHauaia npu 6 — 0. OToT
Tpenes, OUeBUIOHO, paBeH Hyio mpu jobeix At > 0. Ilostomy ero mpe-
nmen ipu At — 0 Takxe paBed Hyimo. Hakonern, npenen nesoit wactu (14)
mpu At — 0 paBeH nmpousBONHON GyHKIUE p 10 Bpemenn. CyMMupys >Tu
pesynbTaThl, nonydaeM u3 (14) ypasnenue Koamozopoea miisi MIOTHOCTH
BEPOSATHOCTHU, CIIPABENINBOE I BCex t > tg, —o0 < & < 0Q:

op(t,z,t', ' ?p(t,z, t', z' opt,z,t', '
p(,:];, 7./1;)_0, p(,:];, 7'T)+b p(7$7 7'2:).

ot - 0z? ox (15)
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Ypasuenue (15) — nuHeiHOe TapabOIMUIECKOE YPABHEHNE. DTUMU XK€
cBoBCTBaMu 06yIamatoT u ero obobienus. Hanpumep, B cioyuae, korna Be-
smunisl b 1 a B (10), (11) saBucsar ot t, z, aHanor ypasuenus (15) nmeer
BN

Op 8%p Op
— =a(t,r) =— + b(¢ 16
L at,) 55 + blt,0) 52 (16)
Ecnu xe TOYKa T TPUHAIJIEXUT N-MEPHOMY IPOCTPAHCTBY, T. €. & =
= (z1, :172, ., Tpn), TO Iy GYHKIUY P CIPABEIIIUBO CIeMyoliee 0600IeHne
(15), (16
Op ~ 0%p ~ Op
- = a;j(t, 1) =——— bi(t,z) —, 17
3:‘, ijz,::]- ZJ( ) )axlaxj +; Z( ) )axl ( )

rre bi(t,x) m a;5(t, ) Beramcsores no gopmymnam (10), (11), Ho B (10)
BMecTO comuoxuTens (z' — ) 6epercs Bemuunna (z' — z);, a B (11) BMecTO
(z' — z)? purypupyer Buipaxenue (¢’ — z); (' — z);, i,j =1,2,...,n

3amerum, uro (17) ormons e dopmanbroe obobmenue (15), (16).
CryualiHble MApKOBCKHUE TIPOIECCHI MOTYT MPOTEKATH HE TONIBKO B PEAITb-
HOM (DU3WIECKOM MPOCTPAHCTBE (6POYHOBCKOE NBUXKEHUE), HO U B TaK Ha-
3BIBAEMOM (ha30BOM TpocTpaHcTBe. OHU XapaKTEepHBI U1 MHOTUX TEXHU-
YECKUX U MHBIX CHCTEM, COCTOSHUE KOTOPBIX OMUCHLIBACTC COBOKYITHOCTBIO
(ha30BBIX MIEPEMEHHBIX T1, L2, - . - , Ty, YACIO KOTOPBIX MOXET OLITh 3HAUU-
TENIbHO OOJIbIIE TPeX.

IIpocreimuit BapuanT ypasuenus Kommoroposa nonyuaercs us (15)
npu b=0

op 8%p
ot~ "oz’
U TIPENCTABIAET COOOU ypasrernue menionposodnocmy (unu nubdysun).

Onmuaxo MEXIy MaTEeMaTUUICCKMMU MONENSAMUA TEINIONEPENady U CILy-
JaRHOTO MapPKOBCKOTO MPOIIECCA €CTh CYIIeCTBeHHas pa3Huiia. [Ipu BriBome
ypasrenus (15) mis yuxuuu p(t, ) UCHONB30BAINUCH (B OTIIMYUE OT BBHIBO-
14 YPABHEHUS TEINIONPOBOMHOCTH) YCIOBUS CUIILHON HEMpepbiBHOCTY (9)—
(11). Oro npusonuT ¥ TOMY, 9TO QyHKIUA P(t, ) HE MOKET OBITH JIHOOBIM
pemerrem ypasreHus Kommoroposa. OHa OKa3BIBAETCA TAK HA3LIBAEMBIM
Pyndamenmanvuvim pewenvem ypasrwenut (15)—(18).

IIporie BCEro mosSCHUTH 5TO CBOUCTBO dhyHKuuu p(t, ) B CIydae mpoc-
tenmero ypasaenus (18). Ilycts Gyuxuus u(t, £) — pelneHune ypaBHEHUSA
(18), ompenenennoe npu ¢t > ty, —00 < £ < 0O U YAOBIETBOPSIOLIEE 3a,1aH-
HOMY HAUAIILHOMY YCJIOBUIO

u(t,z) = up(z) >0 mpm ¢ — to. (19)

Torna, ecnu p(z,t,t',z') — dynnamenransuoe pewenue (18), To byukiusa
u(t, z) HaxomuTcs o GopMyIe

(18)

u(t,z) = /p(t,m,t',m’) uo(z') dz'. (20)

R1
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To, uro u(t, x), 3anaBaemas B Bune (20), — pemenue (18), mHeTpymHO
ycranoBuTb nuddepenuuposanveM (yup. 4). Csoitctro (19) nokassisaeTcs
C TIOMOIIIBI0 pasbuenus nuTerpasia B (20):

u(t,z) = / p(t,z,t' 1" ) ug(z') dz’ + / p(t,z,t',z") uo(z') d'.
|a’ —x|<é |a!—x|>6

ITpu t = tp Touka MMeeT KOOPAMHATY I, X IOITOMY IO CBOWCTBY CUJIHLHOU
HEIPEPLIBHOCTU BEPOSTHOCTD €€ HAXOXIeHus mpu t' — ¢ — tg B obmacTu
|z' — 2| > § uynesas, . e. p(t,z,t',z') = 0 upu t' — ty. CenoBaTensHo,
U3 nocyenHer GopMyIbl IOIydaeM

t'—to t'—to
R? lz—y|<d

lim [ p(t,z,t',2")ug(z') dz’ = lim / p(t,z,t',z' ) ug(z') dz'.

Wcnonssys ycnosue nopMuposku (8) mpu ¢ — to, 2’ — x u yuuTheBas He-
3aBUCUMOCTB JIEBOTO MIPEMENa B MOCIenHel Gopmyse oT §, moIydaeM

lim [ p(t,z,t', z") uo(z") dz’ = uo(z),
t'—to
R1

T. e. dopmyay (19).

Tot dakT, uro dyukuus p(t, z) we a1060€, 8 UMEHHO DYHIAMEHTAIb-
HOe pelneHue ypasHerus Konmoroposa (miis ypasrenuit (15)—(17) nokasa-
TENBCTBO AHAJIOTUYHO ), HE ABJIIETCS Ne(HEKTOM PACCMATPUBAEMON MOTIENH,
a OTPaXKaET €CTECTBEHHOE CBOWCTBO CIIYYalHOrO MapPKOBCKOTO IIPOIECCA.
HelicCTBATENBHO, B HAYAJLHLI MOMEHT ¢ = fo OJIyXIAIONIas TOUYKA NMEET
HEKOTOPYIO KOODAWHATY To, U HOdTOMY p(x,tp) = 0 mpu x # zo. B To xe
BpeMst u3 yciosus (8) npu t' =t = ty cuenyer, 4TO

/p(z,to) dr =1,

R1

T. €. HAUAIIbHBIMU NAaHHBIME 1715t ypaBHenus (18) (u ypasrenuit (15)—(17))
ciiyxut §-byaknus. Pemenns sanaun Koumm ny1s muHeiHbIX mapabonadec-
KUX YPABHEHUI C TAKUM HAYAJLHBIM YCIOBUEM SBISIIOTCS UX GyHIAMEH-
TAJbHLIME peleHusMu. [IpocTeidmuii npumep — (QYHKIUS MTHOBEHHOTO
TOYEUHOTO MCTOYHUKA TEIUIa IJI ypaBHEHUs Terionposonuoctu (11) u3
§ 2 ra. II, maBaemas npocroi dopmysoir (20) u3 § 2 ra. IT u umeromas Te
XKe CBOUCTBA, uTo U dyukims p(t,z). Husa Gonee obiux ypasuenuit (15)—
(17) me cymecTByeT CTOIb MPOCTHIX IPENCTABICHUN UX OYHIAMEHTAIbBHBIX
peutennit. OMHAKO TO OGCTOSATENBCTBO, YTO BeMIuHa, P(t, ) TOMIAHIAETCI
ypasrenuto Konmmoroposa u sBiseTcs ero GyHIaMEHTAIbHBIM DEIICHUEM,
CYIIIECTBEHHO UCTIONIb3YETCS IPU UCCIEAOBAHNY OOBEKTOB, B KOTOPHIX IIPO-
TEKAIOT CIIy4YallHbIe MAPKOBCKUE TIPOIECCH], B YACTHOCTH B 33[1a9aX yIIPAB-
JIeHUs. TAKUMU OOBEKTaMU.

10 A. A. Camapckmnit, A. II. Muxaiisos
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Tabnuma 1
Y HUBEPCAIBLHOCTH MaTEeMaTUYECKUX MOAeJei.
ITapa6onuuyeckue ypaBHEHU

O6mwexT (npouecc) OCHOBHBIE MIPEAIIONOXEHUS U 3aKOHBI

JIBr>xeHne rpyHTOBBIX

BOI Coxpaunenue Macchl, 3akoH Jlapcu

Tensonepenada;
nuddysusa BerecTBa

Coxpanenue sHepruu, 3ak0H Pypbe; coOXpaHeHUe MaCCHI,
3akoH Puka,

Coxpanenue 4uncita ameb, XaOTUIHOCTh ABIXKEHUS aMel B
OTCYTCTBUE IIPUTSATUBAIOIIETO®> BEIIECTBA

IBuXeHre CKOIJIEHUS
ameb

CrtygaiiHbiit

. ToxnmectBo MapkoBa, CHIIbHAS HEIPEPHIBHOCTD IIPOLIECCA
MapKOBCKU IIPOLIECC

HNuaaMmuka
pacupenesyieHus BJIACTHU
B Mepapxum

3aKOHOIOCIIYIITHOCTE, IOCTYJIAT O MEXaHU3MaxX
nepepacIpenelleHls BJIACTH B MEePAPXUM

Wrak, mapabonuueckue ypaBHEHUS — ONUH U3 IPUMEPOB YHUBEPCAJIb-
HOCTEM MaTeMaTuueckux mozenedl (Tabi. 1). OHEM ONUCHLIBAIOT IIMPOKUR
KDPYT NPOIECCOB COBEPIIEHHO PA3JIMYHON NPUPOABI (IIOCIENHUI IpUMED B
Tabnuie paccmarpuBaeTcsa B § 4). OTmeTuM, 9TO TapaboNnIECKue ypaBHe-
HUS 9aCTO CBSI3BIBAIOTCA C XAOTUUECKUMY HEYIOPSANOUEHHBIMY SIBIIEHUSIMU
(Temmonepenava, nudbdysus u T. 1.). ONHAKO OHU IPUMEHUMBL 1 KO MHOTUM
IpOLeccaM, KOTOPBIE PACCMATPUBAIOTCS KAK NeTePMUHUPOBAHHBIE (IBIXKE-
HUe TPYHTOBHIX BOI, GUILTPALUS Ia3a B HOPUCTON CPene U T. I.).

YHUBEpPCAIBHOCTh MATEMATUIECKUX MOIENE — OTPAXKEHUE eNUHCT-
Ba OKPY2KAIOIIET0 HAC MUPA U crtocoboB ero onucanus. [losTomy MeTons: u
pe3ynbTaTHl, pa3pabOTAHHLIE U HAKOIJIEHHBIE IIPY MATEMaTHIECKOM MOJIe-
JIMIPOBAHUM ONHUX SBIIEHUN, OTHOCUTEIIBHO JIETKO, KII0 aHAJIOTUUS>, MOTYT
OBLITH IepEeHeCeHBl Ha MIMPOKNE KIIACCHL COBCEM APYTUX IPOIECCOB.

3. IlpumMepbl aHAJOTWII MeXOY MeXaHNUYeCKUMW, TepPMOIU-
HAMUYECKMMHU ¥ SKoHOMuUYeckumu ob6bekTammu. Ocoboe sHaueHume
«METOI AHAJIOTWII» MMeeT IIPU MATEeMATHUYECKOM MONEJIUPOBAHUU TPYI-

HOOpMAIU3yEMBIX OOBEKTOB, IJIS KO-

Y

)
0o/

A

(L Ll L
f

v' (2) I;b

Puc. 43

TOPBIX GyHIAMEHTAJIbHBIE 3aKOHLI, Ba-
PUAIMOHHBIE TPUHIINILI ¥ WHBIE O0IITIe
¥ MATEMATUIECKN CTPOTUE yTBEPKIEe-
Hug 160 HEU3BECTHHI, TuO0 BOOOIIE He
cyurecTByioT. K TakuMm 06BeKTaM OTHO-
CSTCSI, HATIPUMED, CUCTEMBI C 3aMETHBIM
BMEIIATEILCTBOM JIIOAEN, B YaCTHOCTHU
SKOHOMUYIECKUE CACTEMBI.

OnHa 13 BaXXHLIX MEXaHUKO-5KOHO-
MUYECKUX AHAJIOTUA — AHAJIOTUS MEXK-
Iy PABHOBECUEM MATEPUAIILHOW JaCTHU-

IIBI B IOTEHITNAITLHOM II0JI€ BHEIITHUX CUJI U BEIDOPOM ONTUMAJILHOTO TIAHA,
IPOU3BOACTBA. PaccCMOTPUM panu MPOCTOTHI €€ YaCTHHIN ciydai. IlycTs
enuHUYHAS Macca (TOUKa Ha puc. 43) HAXOMUTCS B MOJE CUJILL TAXKECTU U
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MOXKET 3aHUMATh, BOOOIIE TOBOPSI, JII000€ TIOJI0XKEeHUE B 00IaCTH IIPOCTPAH-
CTBA, OTPAHUYEHHOTO CHU3Y TBEPIOU UOEAJILHON MOBEPXHOCTHIO. Y DaBHE-
HIE TIOBePXHOCTHM MaeTcs 3aBucuMocTwio yl(z) > 0, rme z, y — cooTBer-
CTBEHHO TOPU30HTAILHAS I BePTUKAILHASL KOOPAUHATEL YACTUIEL, i () —
riankast Gyskinus. OUeBUIHO, YTO BEIIMUNHA §f — PACCTOSHUE YACTHUIIBI OT
ocu abCIuce — MOMYMHSIETCS HEPABEHCTBY

y>y'(z), 0<z<g (21)

TTosne cubl TSKECTH MOTEHIUMAIIBHO, T. €. CYIIecTBYeT (yHKIms (mo-
rTenuman) P(z,y) Takas, 4TO KOMIOHEHTBHI €€ TDAAUEHTA OMPEeNessioT
BHEIIIHION CIILY, NENCTBYIOLIYIO Ha MATEPUANBHYIO YACTULY B HAHHON TOY-
ke nois. B paccMaTpuBaeMonl cuTyaun

gra’dp = (07 _g)a

rme g — YCKOPEHHME CBOOOMHOIO maleHus (FOPU30HTAILHAS KOMIIOHEHTA,
€CTECTBEHHO, paBHa Hyi10). CIienoBaTeNbHO, IOTEHIUAN HAeTCs HOPMYJIIOin
P =—gy, (22)

B KOTOPOH OIyIIIeHA HECYLIECTBEHHAS I IUTUBHAS IOCTOSHHAS.

W3meneHve TOTEHITNAIIA IPU TIEPEMEIIEHIX YaCTHUILI B IIOJIE CHAIIBL TsI-
XKEeCTU PABHO paboTe A, COBEPIIIAEMOIl 5TOI CUIION, U OMPEIENIAETCSI TOILKO
HAYAJILHBIM U KOHEUHBLIM MOJIOKEHUEM JACTUIbI (B JAHHOM CIIy4ae TOJBKO
KOOPIUHATON ¥ ):

T2,Y2
A:‘/dPZH@wﬂ—Hmwﬂ:P@ﬁ—ﬂw) (23)
T1,Y1

Touka x*,y* HA3LIBAETCSI NOAOHCEHUEM PABHOBECUTL, ECIU UACTHULA,
MIOMEIIIEHHAs B Hee M MMEIOIIAs HyJIEeBYH CKOPOCTb, OCTACTCA B HEH JIIO-
6oe BpeMs (IpU HAJIOXKEHHBIX CBsA3sx (21) u BHernwen cuite grad P(z*, y*)).
IMoTermman B TOUKE PABHOBECHUS NOCTUTAET CBOETO SKCTPEMANLHOTO 3HA-
YeHUs. DTO CBOMCTBO XOPOIIO WIUTOCTPAPYET puc. 43, rie paBHOBECHLIMA
ABIIAIOTCA TOUKM MUHUMYMa GyHKIIT Y1 (1) (B HUX Cusa TSKeCTH ypaBHO-
BEIUBAETCA peakiuelt onopel). JIro6oe supmyasvroe (He TpoTUBOpEUAIIee
cBa3aM (21)) Manoe cMeleHne YaCTUIbL U3 HTUX TOUYEK IPUBELET K TOMY,
YTO HAJ Hewo GyIeT COBEpIIeHa, KaK BUIHO u3 (23), orpunaTenbHas paboTa,
U TOTEHIINAJ YMEHBIINTCS (€CIU MePEMEIIEHNE TIOTHOCTHIO WA YaCTUIHO

ocymecTeisercsa no nosepxuoctam yl(z), z = 0, £ = z!, To, mockonbKy
OHU CUUTAIOTCS UACAIBHBIMU U CHIIBI TPEHUS OTCYTCTBYIOT, & UX PEAKIU
[ePIIEHANKYIISIPHA IEPEMELIIEHNIO, 9TO He CKA3LIBAETCS HA BeJIMUINHE pabo-
To1). Bo Beex mpyrux Toukax obmactu y > yl(z), 0 < * < z! moTenmman
(22) me mocTHraeT CBOEro MAKCUMAJILHOIO 3HAUCHUS.

WTak, mouck ycTORUNBOIO MONOKEHNST PABHOBECHSI CBONUTCS K pellle-
HUIO 3378491

P(z,y) > max mpu y>y'(s), 0<o<a (24)
3axon noxoa Monepmiou (24) asanorudubiM 06pa3oM GOPMyIUPyeT-

Cs U OJI OOIINX MEXAHUIECKUX CUCTEM, TOUYKHN PAaBHOBECUA KOTOPBIX Ha-
XOOATCda HE CTOJIb IIPOCTO, KaK B IIPUBEOCHHOM CJIy4dae. HaHpMMep, €ClIin

10*
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HA YACTUILYy NEHCTBYIOT, KPOME CUJIBI TAKECTH, NPYTUE MOTEHIUAIBHBIC
CUJTBI, TO TOYKWM PABHOBECUS OTHIONEL HE OOSI34HBI COBIANATEL ¢ TOYKAMHU
MUHEMYMOB byHKIME Y (7).

B skonoMuueckoil uHTEepnperanun 3anada (24) HaswBaercsa zadavel
HEAURETHO20 NPORPAMMUPOGANUL W IACTO BOSHUKACT IPY INIAHUPOBAHIN
POU3BONCTBA.

IlycTs HEKOTOpPOE TMPEANPUATHE BLIMTYCKAET MPOMYKIWIO (KUprnudn),

obwem koTopoit o6o3HaunM z, 0 < z < 2'. IIng mpom3BomCTBA MPeTpHs-
TH0 HEOOXOAUMO 3aTPATUTh HEKOTOPKIA Pecype (TIIUHY ), OCTATOK KOTOPO-

IO TIOCJIe BLITIOTHEHMS TaHa 0603HaIuM ¥ (HauaIbHEIA pecypc paseH y° u

CYMTAETCA HE3aBUCATIMM OT Besmumusl wiana =, y° <y < 0). UssecTHo,
YTO IPOU3BOACTBO IIPOUCXONUT IIPU HEKOTOPBIX PECYPCHBIX OT'DAHUIEHUSIX
CBEPXY, T. €.

v’ <y<y'(z), 0<z<at, (25)

roe y!(z) — MUHEMAIBEHOE KONMUECTBO HEHCIONb30BAHHEIX PECYPCOB, KO-
TOpO€ MPpEaNnpuATUC II0 TEXHOJIOTUYIECKUM, (pI/IHaHCOB])IM I WHBIM IIDU-
yuHaM 00S3aHO MMETh B CBOEM PaCIOPAXKEHNU II0CJIEC BBIIIOJIHECHUS IIJIaHA
r (y'(z) cumTaerca 3amaHHOM TIAIKON GyHKIMEH T).

B ynoporennoi nocraHoBke npubbuib P(z,y) paBHA Pa3HOCTH MEX-
Aoy CTOUMOCTBIO BBIHyLL[eHHOfl IPpOoYyKIIUN f.’L' I CTOMMOCTBIO 3aTPAaUYC€HHBIX

pecypeos g (y — y°):

P(:L',y):f.’L'-l-g(yO—y), (26)

roe f, g — leHa eNUHUILI TPONYKIUNA U PECYPCa COOTBETCTBEHHO (0CTAIIb-
HBIE 33 TPATHL CIUTAIOTCS HECYIIECTBEHHBIMN ).

3amaua MIaHUPOBAHUSI IIPON3BOACTBA COCTOUT B TOM, YTOOBI BEIOPATH
IJIaH Z*, BBINOJIHEHUE KOTOPOTO AT MaKCUMAJbHYI Npubbuib (26) mpu
PECYPCHBIX OrpaHuueHusx (25):

P(z,y) »max mpn y° <y<y'(z), 0<z<al. (27)

dopmynuposku, monobuse (27), COpaBemIuBLL I BECbMa OOLIMX 33134
MIIIAHUPOBAHMS.

15t TIOITy Y€HU S TIOTHOM AHAJIOT Y HECKOIILKO Y CIIOKHUM 339y O PAB-
HOBECUM MaTEPUAIBHON YaCTUILL. BBeneM MOmOMHITENIBHO K CIIIE TAXECTH
MOTEHIIUAIILHYO BHEITHIOW CiTy (CM. puc. 43), meiCTBYIOIIYI0 Ha YaCTU-
Iy B HAIIPABIICHUM OCH I ¥ paBHYIO 1o Benuuune f. Hanpumep, misa 3aps-
XKEHHOW YACTHUITEL 3T, CUIIA, OABIIAETCSA IPU HAJIMYUA COOTBETCTBYIOIIErO
SIEKTPUYIECKOro modid. TOrmna moTeHmall eCTh

P(z,y) = fz + gy,

YTO C TOYHOCTBIO 10 HECYIIECTBEHHON a1 JUTUBHON IOCTOSHHON COBIIaIAET
¢ (26). 3aBepuiaeT aHAJIOIUIO BBENEHUE WNEAIILHON TBEPHOM IIOBEPXHOCTY
y = y°, orpaETUMBAIOIIell NBIKEHIE MATEPUASTBHON JaCTHUITBI CBEPXY; TOT-
na (21) npumer Bun (25) (¢ y4eTOM TOTO, UTO 33 TPATHL BCETNA CUATAIOTCS
OTPULIATENbHEIMHA).
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Wrak, 3amaun (24) u (27) HONHOCTHIO AHAJIOTWYHBLL U MMEIOT COBIA-
Iarolye perreHus £, y*. 3aMeTuM, 4TO MEXaHUKO-9KOHOMUIECKIE aHAJIO-
TUM WMEIT MECTO He TOIBKO mjis oOmmx (GopMyaupoBOK IpobseM, HO u
IJIsL MHOTUX CONEPKATEIbHBIX KOHKPETHBIX TIOHATHH (CUila — TpPeneiibHas
PGB, PEAKIWS CBA3EH — MPENeIbHBIE U3NEPKKHA U T. II.).

Ha mnane z*, y* (onmumasbrom naane) MakKCUMAJILHOTO 3HAUCHUS [0~
CTHUTaeT He TOJIBKO YKOHOMUYECKWUY aHAJOI IOTEHINANIa — IPUOBLIb, HO
TaKXe ellle OfHA BEIUINHA, KOTOPOA CTABUTCSA B COOTBETCTBHUE yXKE HE
MeXaHUYECKOe, 3 TEePMOOMHAMUUIECKOE MOHATHe, — HSHTponus. W3BecTHO,
YTO IPENOCTABIEHHAS CAMOU cebe TepMOOMHAMUIECKAS CACTEMA, HAIPU-
Mep, ra3 B u3oaupoBaHHOM cocyne (cMm. m. 3 § 3 ru. III), ¢ mambombiiei
BEPOSTHOCTHIO IIEPEXONUT B COCTOSHUE C HAUMEHBIIEH YIOPSIOYEHHOCTHIO
IapaMeTPOB, XaPAaKTEPU3YIOLINX COCTABIIAIOINE €€ YACTULEL (ATOMBI, MO~
Jiekynbl). B 9TOM cocTosiHUM cucTeMa HAXOOUTCS B PDABHOBECUU, €€ Hapa-
MeTDBI ONHU U Te XK€ BO BCEX ee TOUKax. I[09TOoMy He CyIIecTByeT Kakoro-
mu6o crnocoba pasuuuuTh (yIOPSOOYUTD) €€ YaCTU APYr OTHOCHTEIIHLHO
IpYra: OOCTUTAETCS HAMGONbINUA (B CPABHEHUN C OPYTUMEU BO3MOXKHBIMUA
cocTosHUsIMHU) BECTIOPANOK — «XaoC». Mepoi 3Toro 6ecropsanKa CilyXKUT
SHTPONUS, SBIISIOMIASICST PYHKINEN COCTOSIHUASI CUCTEMBI M IPUHIMAOIIASL
MaKCUMaJIbHOE 3HaUeHUe, KOT 4 CUCTEMa HAXONUTCS B DABHOBECUN.

yA
0 » T
y'(e)
A B
C
‘TY y
& M 9
yO
7
A
\
|l 2 A -
Puc. 44

Ijisi HEKOTOPOro MPOM3BOJLHOTO HEONTUMAJILHOTO IWIaHa (Z,Yy) #
# (z*,y*) u3 3amauu (27) pacCMOTPUM E-OKPECTHOCTD BCEX COCENHUX ILITa-
HOB (Z,§) (T. e. BEIONHEHO |T — | < €, |§ — y| < €). Ilockonbky mnam
(%,y) HEONTUMAJIEH, TO B €r0 £-OKPECTHOCTY BCET A CYIIECTBYET HEIYCTOE
MHOXECTBO IIJIAHOB, KOTOPBIE: MO0 HE yIOBJIETBODPSIOT PECYPCHBIM OrpPa-
uuuenusam (o6mactu A u B ua puc. 44); mubo He UMEIOT NPEUMYIIECTBA,
o npubHUIY B CpaBHeHuU ¢ mwiaHoM (z,y) (o6macts C Ha puc. 44); nu6o
0051a1a10T 000MMU STUMHU CBOMCTBAMU. JOTO O3HAYAET, UTO B OKPECTHOC-
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T TOYKY (,y) MOXKHO HPOBECTU YACTUYHOE YHOPSIOUCHUE TUIAHOB NPYT
OTHOCHUTEJIBHO OPYTra, TaK KaK U3BECTHA NPOLEeNypa NPEeNNOYTeHNs ONHUX
mmanoB ApyruM. O6beM MHOXECTBA 9TUX «ILIOXUX> [IJIAHOB V 3aBUCUT OT
T, Y, € U, OUEBUIHO, BCEI I3 MEHbIIEe 00eMa £-OKPECTHOCTU:

V(z,y,e) < V. =€

PaccMoTpum Tenepn £-0KpeCTHOCTH ONTUMAJILHOTO wiaHa (z*,y*). B
OTJIAYNe OT Ciiydas WiaHa (,y) BCE IUIAHbL U3 3TON OOIACTH MEHEe Mpef-
MOYTUTENBHBL 10 OTHOIIEHMIO K (¥, y*) (7160 1m0 pecypCHBIM OrpaHrYeHn-
M, b0 O BEJIMYMHE MPUOLLIIN, UMEOIIel MakcuMyM B Touke (z*,y*)). B
3TOM CiIydae O0BbEeM «INIOXUX> IIJIAHOB PaBeH 0OBEMY BCEM £-OKPECTHOCTH:

* *
V(:L' Y 75) =V..

Brenmem dyukiuio
Viz.y.e)

'V[‘{ )

KOTOPAas CILyXUT MePOU YIOPSIOOUYEHHOCTHU PA3JIMIHBIX COCTOSIHUHN TaHHOU
cucrembl. Yem «bnuxes TOUKa (T,Y) K «PABHOBECHOMY ONTUMAIBHOMY
cocrosuuo (x*,y*), TeMm Gombiue 3uavenue byukiuu FE. OueBmmuo, uTo
E < 1 npu Beex (z,y) # (x*,y*) u MoCTUraeT CBOEr0 MAKCUMAJILHOTO 3HA~
uyenus E =1 B Touke (z*,y*). OHA U ABIAETCSI HKOHOMUUECKUM AHAIOTOM
SHTPONUY B PACCMATPUBAEMON 3a1aUe.

Tax ke, KAK 1 MEXaHUUECKIE aHAJIOTUN, TEPMONMHAMUIECKUE AHAIIO-

' CIIpaBEOJIMBBI OJIA MHOI'MX BE€CbMa O6H_II/IX SKOHOMHNYECKUX CUCTEM U
IIAPOKO IIPUMEHAOTCA IIPU NX UCCIIEOOBAHUN.

E(z,y,¢) =

YIIPAXKHEHNUA

1. Ucnonesys sameny suna p(z,t) = ¢(t) - u(z,t), ceenure (3) x ypaBHEHUIO Tem-
JIOTIPOBORHOCTM.

2. Y6enuTecs B TOM, 9TO KBAIPaTHOE ypaBHEHUE (6) BCerma MMeeT HEMCTBUTENb-
HbI€ KOPDHI ¥ YTO HeOGXOﬂHMI)IM ¥ OOCTATOYHBIM YCJIOBUEM OTPUIATEJIBHOCTU oboux
KOpHel saBysgeTcsa ycioue ¢ > 0.

3. Ionyunte ypasuenus (16), (17), ucrnomnbsys Te Xe IPEAIIONOXKEHMSI, ITO U P
BeiBoze (15).

4. OuddepeHunpys uHTErpas B npasoil wactu (20) 0o ¢, & ¥ UCHONb3Ys ypaBHEHUE
(18), ybenurech, uro dpynkuns u(t,x) — pemeHune ypasHeHus (18).

§ 2. HexoTopsle Mmonenn GUHAHCOBBLIX
1 PKOHOMWYECKUX IIPOIIECCOB

PaccmoTpuMm Momenu peksaMHOW KaMIAQHWU, IPOLENYPHI HIOTAIIECHUS
B3aMMHBIX [OJITOB IPENNIPUITUAN, MPOCTHIE MAKPOMONEIN PaBHOBECUS WU
pocTa 9KOHOMIIECKOi cucTteMbl. OGCYouM pPOIIb AHAJIOTUHN, UCIOIB3YEMbIX
IPU IOCTPOEHUU MOJIEJIEH, ¥ HEKOTOPHIE BBIBOIEBI, CIEMYIOITNE U3 UX aHA-
u3a.

1. Opranusanus pekjaMHOll Kammnauumm. Pupma HAUMHAET pe-
KJIaMUPOBATH HOBBHI TOBap Wiy yCiyry. PasymeeTcs, 94To mpubBLIbL OT
Oynymmux mpomaxk HNOJKHA C JIMXBOM IOKPBHIBATH M3IEPXKKW HA, TOPOTO-
CTOALIYIO KaMIaHWO. YICHO, UTO BHaUajle PAaCXOObI MOTYT IIDEBBIIMIATD
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IpUOLLIb, TMOCKOJIBKY JIAIIL MaJiasd 4acTh MOTEHIUAILHBEIX MOKyHIATeNen
GymeT mHGOPMUPOBAHA O HOBUHKE. 3aTE€M, NPU YBEJIUUCHUN UUCIA, TIPO-
aX, yXe BO3MOXHO PACCYMTHIBATL HA 3aMETHYIO NPUOBLIbL, 1, HAKOHEII,
HACTYIUT MOMEHT, KOTJ[& PHIHOK HACBLITUTCS, U PEKIIAMUPOBATE TOBAD Ha-
Jlee CTaHeT OECCMBICIIEHHO.

Monenb peksiaMHON KAMIIAHUU OCHOBBIBAETCS HA, CIEHYOIINX OCHOB-
HBIX npennonoxenusx. Cuuraercs, uro Benuuuua dN/dt — ckopocTs u3-
MEHEHMsI CO BPEMEHEM YMCIIa TOTPEOUTENed, y3HABIINX O TOBAapE M TO-
TOBBIX KYIUTL ero (¢t — BpeMs, IpOLIellee ¢ HAYAIA DEKIAMHON KaM-
nanun, N(t) — uuciao yxe uHGOPMUPOBAHHLIX KIIMEHTOB), — IIPOIOD-
[UOHAIBHA YUCIY [OKYMATENEd, elle He 3HAIOMINX O HEM, T. €. Beju-
unne i (t) (Ng — N(t)), rme Ny — ofliee 9uCiI0 MOTEHIMAILHBIX IIJ1a-
TEXEeCHOCOOHBIX HoKymnaTenel, a(t) > 0 xapaxTepusyeT WHTEHCHBHOCTH
peknaMHOl KaMuaHuu (Gax TUUECKY ONpeNessieMyo 3aTPATaAMK Ha, DEKJla-
My B OaHHBI MOMeHT BpeMmenu). [Ipenmnonaraercs Takxe, 4TO y3HABIINE O
TOBape MOTPEOUTENN TEM UM UHBIM 06Pa30M PACIPOCTPAHAIOT MOy UeH-
Hy0 UHOOPMAIMIO CPENU HEOCBEIOMJIEHHBIX, BHICTYNAs KakK Obl IOMOIHU-
TENLHLIMEA PEKIIAMHBEIME «areHTaMms» GupMbl. VX BKIAN pABEH BEIMIMHE
as(t) N(t) (Ng — N(t)) u Tem Gombiue, uem GOJbIE YUCIO AreHTOB. Be-
smunHa @ (t) > 0 XxapakTepusyeT CTENeHb OOILIEHUs MOKYIATENeH MEX Iy
co6oit (0Ha MOXKeT ObITH YCTAHOBIIEHA, HAIIPUMED, C IOMOLIBIO OIIPOCOB).

B wrore nomyuaem ypaBHeHUE

dN
dt

Ipu 1 (t) > asN(t) u3 (1) nonywaercs momens Tuna momesnun Maib-
tyca (10) u3 § 1 ra. I, npu IpOTUBOMOIOKHOM HEPABEHCTBE — yDABHEHUE
sioructudeckont kpueoi (cM. (12) B § 1 rut. 1)

v =N (No— N), dr = as(t)dt,
dr
pemrerre KoToporo usyueno B § 1 rii. I (cm. Takxe puc. 7).

IMonyuennas aHaJOTWs BIIOJHE TOHITHA, TAK KaK MPU MOCTPOCHUU
MaHHON MOMENM W MOMEN: POCTA UUCIEHHOCTY TMOMYJIAIUN MCIOIb30Ba-
JIACh ONHA W Ta K€ UIes «HACHILEHUS>: CKOPOCTb POCTA CO BPEMEHEM
KaKOU-TnO0 BEJIMYNHBI IIPOMIOPIIXOHAJILHA, IIPOU3BENECHNIO TEKYIIIEro 3HaYe-
Hus 9Tou Benuuusbl N (t) Ha pasHocTb Ny — N (1) Mexny ee PABHOBECHBIM
(momyssinus) UGO NpenenbHBIM (TOKYIATENN) U TEKYIIUM 3HAYCHUSIMA.

Awnayorus Mex 1y 060MMU TIPOLECCAMU 3aKAHUYUBAETCS, €CIIA B KAKOM-
TO MOMEHT BPEMEHU BEJIMYUHA 1 + ap N CTAHOBUTCS HYJIEBOU UK HAXKE
OTPULATENbHON (I 9TOro HeO6XOMUMO, YTOOE OfVH Ui 068 Kosddunn-
enTa aj(t), as(t) cranu orpunarensueiMu). I1omoOHBI HEraTUBHELA -
(HEKT MOBOJILHO YACTO BCTPEUAETCS B PEKIIAMHBIX KAMIIAHUAX PA3IIXMIHOTO
poa U NOMKEH MOOYIUTHL X OPTraHU3aTOPOB JIUOO U3MEHUTH XaPAKTED
pekiiaMbl, Tu60 BOBCE OTKA3aThCSI OT HajIbHelteld mpomnaraunbl. Mepo-
MIPUATHUS TI0 YBEIMYEHUIO MOMYIIIPHOCTY TOBAPA MOTYT, B 3aBUCUMOCTH OT
sHaueHu BenuuuH g (t), as(t), N(t), HAIPABIATHCS HA YIIydIIEHUE De-
3yJILTATOB KaK IPAMOR (DapaMeTp ), Tak ¥ KOCBEHHOU (mapaMeTp as)
DEKJIaMBbI.

= [ (t) + a2(t) N(#)] (No — N). )



152 MOIEJIA TPYTHOPOPMAJIN3YEMEIX OB’ BEKTOB [TII. IV

Mogens (1) suiena OueBUAHOTO HENOCTATKA, IPUCYIIETO JTOTUCTAIEC-
KOMY ypaBHEHUIO. [lefiCTBUTENIBHO, OHO HE MMEET PEIICHUR, OOPAIIIAIOTIX-
Csl B HyJlb B KOHEUHBIl MOMEHT BPEMeHH (M3 COOTBETCTBYIOIIEH hOPMYIIBI
mst N(t) Bo. 5 § 1 ra. I caenyer, uro N(t) — 0 mpu t — —o0). IIpume-
HUTEIBHO K PEKJIaMe 3TO O3HA4aJjo Obl, YTO YaCTh MOKYHATEJIEN eIrle IO
Hauajla KaMIIAHUN yXe 3HaeT O HOBOM ToBape. Kciu ke paccMOTpeTs MO-
nens (1) B okpecrroctu Touku N(t =0) = N(0) =0 (¢ =0 — momenT
Havana KaMmnasuu), cantas, 910 N < No, as(t) N < a;(t), To ypaBHeHue
(1) npurrMmaeT BuI

dN
Pk (t) No
U IMEET DeIICHNe
¢
N(t) = No/al(t) dt, (2)
0

YIOBIIETBOPSIOIIEE €CTECTBEHHOMY HAUAILHOMY ycioBuio npu ¢ = 0.

W3 (2) OTHOCHTENBHO JIETKO BBLIBECTH COOTHOIIEHUE MEXIY PEKIIaM-
HBIMU M3IEPXKKAMU U IPpUOBIIBLI0 B caMOM Hadajie kamnauuu. O603HaumM
uepe3 p BeIUUYUHY IPUOBIIN OT €NWHUYHOU MIPOMAaXKW, KAKOU OBl OHA ObLIIa
6e3 3aTpaT Ha pekiamy. CumTaeMm s TPOCTOTHI, YTO KAXKIBLIN MOKYIIa-
TeJb IPUOOPETAET JIUIIbL OfHY eNuHUIly ToBapa. Kosdhduuument i (t) mo
CBOEMY CMBICITY — YKCIIO PABHO3HAUHLIX PDEKJIAMHBIX IENCTBUN B €IMHUILY
BpeMeHu (HapUMep, PacKielika OquHAKOBEIX aduir). Yepes s 0603HaAUNM
CTOMMOCTD BJIEMEHTAPHOTO aKTa PeKJIaMbl. Torma cyMMapHas OIpuOBLIb
eCThb

t

P =pN(t) = pNy / o (1) dt, (3)
0
a IPOM3BENCHHLIE 33 TPATH

t
S = s/al(t)dt.
0

ITpubrinb mpeBoCXOMUT U3AEPXKKU Tpu yciroBuur pNg > S, U €Clu pe-
KJIaMa OEeNCTBEHHA U HENOPOra, & PBIHOK HOCTATOYHO €MOK, TO BBIUTDBIIII
MOCTUTAETCS C TEPBBIX XK€ MOMEHTOB KAMIAHWA (B PEAILHOCTU MEXIY
OIJIATON PEKJIAMEL, DEKJIAMHBIM IEUCTBUEM U IOCIEYIOIIEHN TOKYIIKOW Me-
€T MeCTO TaK HAa3LIBAEMBIW /G2 — BPEMEHHAas 3aIePXKKa, KOTOPas MOXKET
OLITH yuTeHa B 0oiee MOMHBIX MOnessax). [lpu He ciuimkoM 5hdeK TUBHOM
WK OOPOrod pekiame GupMa Ha HEepBBIX Iarax Hecer yowiTku. OmHako
3TO 006CTOSTENBLCTBO, BOOOIIIE TOBOPSI, HE MOXKET CIIYKUTh OCHOBAHUEM I
mpeKpalenus pekiamel. JlefiCTBUTENBHO, BEpaxkenue (3) 1 moJlyYeHHoe ¢
€ro MOMOIIBIO ycioBue pNy > § CIPABEIJIUBEI JINIIL IPU MAJIBIX 3HAUEHUSIX
N(t), korna dyukiuu P u S pacTyT CO BPEMEHEM IO OIUHAKOBLIM 3aKOHAM.
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Ipu ysemuuenun N (t) orbporuerHsbie B (1) WIEHBI CTAHOBSTCS 3aMETHBI-
MU, B YACTHOCTH YCUJIMBAETCS NEHCTBUE KOCBEHHOU pekitambl. [losTomy
dyukuus N () moxer cTarh 6ojiee «OBICTPOM> DYHKIMEN BPEMEHH, 9eM B
dopmye (3). OToT HenmuueinbIl 5bdeKT B u3MeHeHun Besiwanbbl N (t) npu
HEU3MEHHOM TeMIIE POCTa U3MEPXKEK NaeT BO3MOXHOCTDH CKOMIIEHCUDOBATDH
(pUHAHCOBYIO HEylady HauaJIbHOU CTAqUU KaMIIaHUM.

TMosicHuM maHHOE YyTBEPXKICHUE B 4aCTHOM Citydae ypasHerus (1) ¢
MOCTOSIHHBIMU KO3()DUITMEHTAMEA (1, (. 3aMEHOM

N = 061/062 + N
OHO CBOOUTCHA K JIOTUCTUYECKOMY yPAaBHEHUWIO
dN — = — — a1
— =asN(No— N No=— + N, 4
a2 (No ), 0 a2+ 0 (4)
UMEIIIEMY pelleHue
N(t) = NO [1 + (Noaz/al - ].) €xXp (—N()Oézt)]il. (5)

Mpu stom N(0) = oy /an, Tax uro N(0) = 0, 1 HauambHOE yCIOBHE
BemonHsAeTca. W3 (4) Bumo, uTo mpousBomHas dymkmuu N (t) u, cremo-
BaTenbHO, Gyukuuu N (¢) moxer mpu ¢t > 0 6BITH 6OJIBINE €€ HAYAIBLHOTO
snadenus (mpu yesopun Ny > 2ay /as mmm Ny > ay /as). Makcumywm mpo-
m3BomHoOl nocturaercs ipu N = No/2, N = (ay/as + Ng)/2:

dN dN Ng (a1 /as + No)?
(@), = (), =3 =i
m m

B sToT mepuon miis TEKyIiel, T. €. MOIyYaeMOl B €NUHUILYy BPEMEHU

TpuOLIIN UMeeM

dN ((11/(12 + N0)2
I m = P _l = px —l .
t 2

Burunras us P, HauanbHyo Tekylyio npubsiib Py = p (dN/dt)i=¢ =
= a1 Ny (cm. (2)), nonyuaem

Pm—Po:p(al/\/a_;\/@No)z

)

T. €. Pa3HUIA MEXIY HAYaJIIbHON X MAaKCUMAaJIbHON TEKYyIIeN NpUOBLILIO
MOXeT OBITh BECbMa 3HAUMTENbHOR (cM. Takxke yup. 1). CyMmapHBIi 9KO-
HOMUYeCKui 5GHEKT OT KaMmaHuu (ero HeOOXONMMBIM YCJIOBUEM SBJISET-
¢, OUEBUITHO, BLITIOHEHME HepaBeHCTBa Py, = p (a1 //as + /az No)? /4 >
> (1§) ONPENENSIeTCS BCEM €€ XOINOM, XaPaKTEPUCTUKUA KOTOPOTO BBIUKC-
sstorcs u3 (4), (5) ¢ noMoImbo KBaApaTypsl (CM. Takxke yop. 2).

Kak cnemyer u3 (4), HaumHAs ¢ HEKOTOPOI'O MOMEHTA, IIPONOIIKATH

9 K

peKJaMy CTaHOBUTCS HeBHIronHO. HeicrBuTensuo, npu N (t), 6iuskux
Ny, ypaBHenue (4) 3aMuCBIBAE€TCs B BUIE

dN o _
E = aaNy (NO—N)- (6)
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Ero pemenue crpemuTcs mpu ¢ — 00 K IpemesnbHOMY 3HaueHuio No (a
dyukuus N(t) — x Np) IO MENJIEHHOMY SKCIOHEHIUAIBHOMY 3aKOHY
(yup. 2). B enqunuily BpeMeHU MOSBIIAETCS HUUTOXHO MAJIOE YUCIIO HOBBIX
TIOKyTIaTeJel, U MOCTYIIAOMIAs IPUOBIIL IPX JIIOOBIX YCIIOBUSAX HE MOXKET
TIOKPHBITH ITPOINOIIKAOIINXCS U3NEPKEK.

Amnasoruunble XapakKTEePUCTUKU BEIYUCIIAIOTCS il ypasHeHus (1) u
Pa3IMYHEIX €ro 0000IIeHNH, IITUPOKO UCIOIB3YEMBIX TAKKE IS OIUCAHMS
BHEIPEHUS TEXHOJIOI'MYECKAX W WHBIX HOBIIIECTB.

2. Bzanmo3ader mosiroB npennpusaTuii. Jlro6as 3HAUUTENbHAS IO
CBOUM MacCIITabaM SKOHOMUUYECKAs CUCTEMA BKIIIOUAET B ce0s NECATKU THI-
cs1u mpenupuaTuil (GUpM, KOPIOpauil U T. M.), OOMEHUBAIOIINXCSI MEXKIY
coboit ToBapamu u ycayramu. Jaxe menkas Gupma, UMEROIas OTHOCU-
TeJILHO HeOOJIbITIOe YUCIIO HETOCPEACTBEHHBIX IAPTHEPOB, KOCBEHHO CBA3a-
Ha (4epe3 CBS3K IPSMBIX ¥ BTOPUYHBIX IAPTHEPOB) C OCPOMHBIM YHCIIOM
NPEenNpPUATHN, BXOOAIINX B CHUCTEMY, U ee OJIAronoiiyuue HAIPIMYIO 3a-
BUCHAT OT UX COCTOSIHUS. JTO yTBepXKIEHUe TeM 0oiiee CIPaBemJINBO s
KPYIHBIX KOPIOPALWH, IOAAEPKUBAIOIINX MIaPTHEPCTBO C COTHSIMU U THI-
CSTIaMU SKOHOMUYECKUX ar€HTOB.

B3arMoCBsA3aHHOCTE BCEX 3BEHBEB HKOHOMUYECKOM CUCTEMBI XOPOIIIO
TIPOSBIIETCS TIPU IPOBENEHUN DPACUYETOB MEXNY NPENNPUATUIMU 33 IIO-
CTaBIIEHHYIO TPONYKINO. HefiCTBUTENBHO, MOMYYIUB OT CBOUX KJIMEHTOB
BBEIDYYKY 3a IPENOCTABJIEHHBIN TOBApP, IPENNPUSATHE TPATUT €€ Ha 3a-
KYIKY ChIPpbsl U MAIIWH y APyrux GupM, Ha 3apmiary (T. €. Ha HOKYI-
Ky pabouell CUIIbl), HA PEKJIaMy W HA WHBIE NEHCTBUSA, HEOOXOMUMBIE IJIs
CBOETO HOPMAJILHOTO GYHKIIMOHUPOBAHUSA. €M CaMBIM B DKOHOMUYECKU
060pOT HDONOTHUTEIBLHO BOBIEKAETCS OOJIBIIIOE UUCIIO MAPTHEPOB HAHHOIO
npenupusTus. B cBoro ouepent KIWEHTHI, [OIYUYUBIINE OT IPENNPUSITUL
TOBAP, HAIIPABIAIOT €r0 Ha NAJIBHEUITYIO IEPENPONAXKY, UCIONIL3YIOT IS
TIPOU3BOACTBA COOCTBEHHON IPONYKIUY U T. I., TaKXKe YBEJIUIUBAS TUCIIO
YIaCTBYIOIINX B 3KOHOMUYIECKON HNesITeILHOCTH areHTOB.

Ecnu nocraBku v miiaTexu 33 HUX OCYILLIECTBIISIIOTCS CBOEBDEMEHHO (B
ueaile MUHOBEHHO), TO C TOYKHU 3PEHUs (PUHAHCOBOTO OOGPAIIIEHUST SKOHOMU-
YeCKOHM cucTeMe Huuero He rpo3ut. s mpomomxeHus CBOeR OesTenbHOC-
TU NPENNPUATHUSAM HeT HeOOXONUMOCTH HU HKCIOIb30BATH 3HAUUTENHHYIO
9aCTh CBOUX (DMHAHCOBBLIX PECYPCOB, HAXOMAITNXCS HA OAHKOBCKUX CUETAX,
HU, TeM Goiee, MPONABATh OCHOBHEIE GOHIBI (3eMITIO, 3MaHus, 060Dy IOBa-
HUE, TEXHOJIOrUY). B peabHOCT MEXY MOCTABKOM TOBAPA U €10 OILTATON
(160 mpenomIIaTOR BCErO0 TOBApA WM €r0 YacTH U CIeNYIOIel 3a Hei
MOCTABKOI) BCET[la CYIIECTBYET 3alePXKKa BO BpeMeHu. Fe MuHuMambHOe
3HAUEHUE OIPENEIIIeTCSI YUCTO TEXHIIECKAMYU IPUINHAMY, TaK KaK BCETIa
TpebyeTcs BpeMsl HA TPAHCIOPTUPOBKY 1 pacdacoBKy TOBapa, Ha IPOBE-
nenue 6aHKOBCKUX mepeBomoB u T. n. IIpu meGompinux marax HeOOILITIX
mapTuil ToBapa (unu HeGONBLUINX NEHEXKHBIX CYMM) IDPENIPULTHI HA KO-
POTKOE BpeM s IIPUBIIEKAIOT HEOOIBIITYIO YaCTh CBOUX CBOOOMHBIX (GPMHAHCOB
¥ 3aTeM OBICTPO HOMOJIHAIOT 3T 3aTPATHL U3 IOJIyYaEMbIX OT CBOUX IIaPT-
HEPOB TIJIaTEXEN.

OmHaxo BO3MOXHBI CUTYAIINN, KOTMIa, IO KAKUM-JIN00 SKOHOMUYECKUM,
(UHAHCOBLIM, BHYTPU- WM BHEITHENOJIUTUICCKUM, COUUAIILHBIM, IICUXO-
JIOTMYECKAM W VHBIM [IPUYAHAM BDPEMs 33IEDPKKU IIIaTexel (IOCTABOK)
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CTAHOBUTCS CPABHUMBIM CO BpeMeHeM o000opoTa (UWHAHCOB, a abCOIIOT-
Hoe 3HaueHUEe (0OBEM) HEBBINOJIHEHHBIX IUIATEXKEH WM MOCTABOK — CO-
TIOCTAaBUMBIMI C 06BEMOM CBOOOIHBIX OOODOTHBIX CPENCTB IPENIPUSTHIN.
B sToM cniyuae BO3HEKAET TakK HA3BIBAEMBIN Kpu3uc Henaamexceti, Cocoo-
HBIN IIPUBECTHU K CEPLE3HOMY KPU3UCY BCEU SKOHOMUYIECKON CHCTEMEL.

B camom mene, mpenmpusTue, He MOIYUUBINEE OEHLIY 33 IOCTABIICH-
HYI0 TPOAYKIUIO (MM OIJIATUBINEE TOBAP, HO HE IOJyYUBIIEE €r0), He
MOXKET PACIFIATUTHLCSI CO CBOMMM MOCTABIIMKAME (ITOCKOIBKY 00BEM HOJI-
OB NPENNPUATHIO CPABHUM C BEJIMUWHON €ro CBOOONHBIX CPENCTB, TO UX
HCHOIB30BAHNE HE MOXKET IPUHIAIMAIIBHO YIyYIINThL CATyanuo). B cBoo
odepenhb NOCTABIIUKY He PACIIIAUMBAIOTCS CO CBOUMU KIIMEHTAMU, T€ —
CO CBOMMU U T. I. BO3HVKAIOT NJIMHHBIE [EMIOYKY HEIJIATeXel, TPOHU3bI-
Barore Bcio cucremy. OHM, OUEBHIHO, MOT'YT COCTOSITH U3 N 3BEHBEB, a
ux oflee 4ucio gocTuraTh BeauuuHsl nopsanka N! (N — obuee aucio
npennpusTui). Cymma abCOMOTHBIX BEJIUUMH [OJTOB IO BCEM IETTOUKAM
MOXeT He TOIIBKO IIPEBBINIATHL CBOOONHBIE CPEANCTBA IPENIPUSITUN, HO U
CTaHOBUTBCS COMOCTABUMOM CO CTOMMOCTBLIO MX OCHOBHBIX (DOHIOB (pedb
UOET UMEHHO O CyMMe abCOIIOTHEIX HNOJITOB, TAK KaK JI000€ MPEeanpusiTie
ONHOBPEMEHHO MOXKET OBITh KaK MOJIXKHUKOM, TaK M KPEOUTOPOM CBOUX
napTHepoB). CucTeMa 3aXONUT B TYNUK — MPENNPUATUSL OO0 MOJIKHBL
NPEKPATUTL IPOU3BOACTRBO, TUOO CHOBA 3aHITHL APYT yV IOPyra CPENCTBA,
YBEJINYUB CYMMAaPHBIN B3aMMHBINA JOJIT.

B npunIune nyis paspeleHus CUTYallu BO3MOXKEH IOOXOMN, KOT1a, He-
KOTOPOE YIOJHOMOUEHHOE yupeXIeHre (HAIPUMED, TJIABHBIA HAIMOHAIIb-
HBIU GAHK) BBIIAET BCEM IIPEIPUSLTHUSIM €INHOBPEMEHHBINA KPENUT, PABHELA
cyMMe Bcex moiroB. Torzma OHUM pACIIAUMBAIOTCS MEXOY COOON U 3aTeM
Bo3BparaoT kpenuT. OMHAKO TakKas KPEOUTHAS SMUCCUS MOXET CIPOBO-
LUPOBATH CUWILHYIO UHOIANNIO (IPOM3BOACTBO TOBAPOB HE YBEIUYIMIIOCH, &
IeHer B 060pPOTE BAPYT CTAJIO 3HAUUTENBLHO OONBINE) CO BCEMU €€ OTPUIa-
TEeJIbHBIMU ITOCIENCTBUAMIU.

B mroboMm kpusuce HemsaTexXel OMpPEmeleHHYI0 POIIb BCETIa UTPAET
YUCTO «TEXHUIECKAS> KOMIIOHEHTA, CBSA3AHHAS C HECOBEPIIIEHCTBOM CaMOM
NpOIenyphI pacueToB. B nanpHeleM 6yneM pacCMaTpPUBATD KPU3UCHI, TIO-
pOXnaeMble UMEHHO 5TUMH (HaKTOpAMU, OTBIEKASCH OT HSKOHOMUYIECKUX,
TMOJIUTUYIECKUX U OPYTUX IPUUNH UX BOZHUKHOBEHUS.

Crauasia TOSICHUM CyThb MPOOJIEMBI HA MPOCTOM YUCIOBOM IIPUMEDE
I CUCTEMBI U3 TPeX MPEANPUITHN, KaXI0e U3 KOTOPBIX UMEEeT CBOOOI-
HBIE CPENCTBA, PABHBIE YCIOBHO ONHOUW (GUHAHCOBOW €IWHUIIE, M OCHOBHLIE
dounser, paBubie 10 enuaunam. [IycTs nepBoe npennpusTue JOIKHO BTOPO-
My 100 enuauir, BTopoe momxHO TpeTbeMy 100 equuui, u, HAKOHEI, TPETHE
nepBomy Takxke 100 equuui. CyMMapHbIi aGCONMIOTHBINA HONT TPEOITPUAITIR
pasen 600 emuauIIAM 1 OrpoMeH B cpaBHeHun ¢ ux dounamu (30 enunn),
He TOBOPSL yXKe 0 CBOGOMHEBIX cpencTBax (3 emuuunsl). B To xe Bpems du-
HAHCOBOE TIOJIOXKEHUE DTON CUCTEMBI GAKTUIECKN GIarONOIyYHOe, TaK KakK
CYMMAaPHBIU «IOJIT» KAXKIOTO NPEAIPUATHUS B OTHEIBLHOCTU (T. €. CyM-
Ma, CPENCTB, KOTOPBIE IPENIUPUITUE NOIIKHO APYTUM, U OPYTUEe OOJKHBIL
emy) pases Hymo. QueBuIHAS TPOUEAYPA B3AUMO3aUETa COCTOUT B ONHO-
MOMEHTHOM aHHYJIUPOBAHUY (IOTAIIEHNHN) BCEX NOJITOB: OOBABIAETCS, UTO
HUKTO HUKOMY He IOJIKEH, U ITaPTHEPH! IPONOIIKAI0T CBOIO paboTy, Oymy-
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un CBOOOMHBEIME OT IOJNTOBOTO OpeMeHH. IleHTpaIN30BaHHEIA KPENUT TIPU
3TOM, eCTECTBEHHO, BOOOIIEe He TpebyeTcs.

ITonobuyio onepaluio, TPOU3BENEHHYIO «BPYUHYIO®», HEJIb3sI, KOHEUHO,
peanm3oBaTh Ml OOIBIIOTO YKCIIA NPENIPUSTUR C OIPDOMHBIM KOJIMUEC-
KBOM (PMHAHCOBEIX 00s13aTeIbCTB. TpebyoTcs 6osmee rirybOKuMe IOMXOMBI,
IJIs1 PACCMOTPEHUST KOTOPBIX HEOOXOMUMO, IIpeXae BCero, GopMaan3oBaTh
33714y

Wrak, nycTh SKOHOMUUECKAs CACTEMa COCTOMT u3 N NpenupusTui,
MOTYIIIX UMEeTH B3auMuble Hoiru. O603HAYUM [ONTY N-TO MPEOIIPUSITHUSI
M-My 9€pe3 Tpm, e 1 <n,m <N (zp;, <0, eciiu mepBoe npenmnpusTue
IOJIZKHO BTOPOMY, U Tpm > 0 B o6paTHOM citydae). SlcHo, 9To

Tnm = —Tmn, Znn =0,

T. €. COBOKYIIHOCTBH [IOJIFOB ONUCHLIBAETCS KOCOCUMMETPUIHON MAaTpPUIEH
pasmepa N X N ¢ HyieBoll AMATOHAIBIO (Zn, = 0, IOCKONBKY NpenIpu-
ATHE CaMOMy ce6e DOIKHO OBITH HE MOXKET).

CyMMa BCeX B3aMMHBIX [OJITOB BEIYUCIISIETCS Y€PE3 UHIUBUIYATLHBIE
IOJITY IO IIPOCTOU hopMmye

N N
X=Y">"|zaml. (7)

n=1m=1

Benuuuna (7) ciryXuT ORHOM U3 MHTErPAIBHBIX KOJIMYECTBEHHBIX XaPAKTe-
PUCTUK UHAHCOBOT'O IIOJIOXKEHUS CUCTEMBI: €CIIM OHA CONOCTABUMA C CYM-
MO BCEX CBOOOMHBLIX CPENCTB mpennpusatuit Xg, T. €.

N
X>Xo=) n, (8)
n=1

TO ONUCHIBaEMas HEPABEHCTBOM (8) CUTyalMs U O3HAUAET KPU3UC HEILIa-
Texed (30ech Ty, > 0 — UHOUBHAYANbHBEIE CBOOOLHBIE CPENCTBA NPEAIPU-
SATHI).

Eme omua BaxHas XapakTEePUCTUKA — OAJAHC KPEOUTOB U HOJITOB
(canmpmo) Kaxmoro NpennpusTus

N
Sn = Z Tnm, (9)
m=1

npuyeM, Kak oueBunHO u3 (9), BO3MOXHEL BapuanTh S, > 0, S, <0, S, =
= 0. lpu S, > 0 npenupusTHe ABIAETCA B HEKOTOPOM CMBICIIE KPENUTOPOM
[IPeNIPUATAR- IOIKHUKOB, T. €. TeX, y kKoro S, < 0 (mpu S,, = 0 npenunpus-
TH€ B OTHOIIEHNY [OJITOB «HeRTpasibHo»). [Ipu |S,| < z, uanuBngyamsaOE
(UHAHCOBOE COCTOSAHUE IPENIPUATHS IO CYLLIECTBY HOPMAJILHOE, TOCKOIIb-
KY €r0 PeAJIbHBIE CYMMAPHBIE IOJTY (AN KPEIUTHL, <TAHHBIES> UM IDYTUM )
MEHBIIIE €r0 CBOOOLHEIX CPENCTB.
Ananoruuso, cyMmMapHOe abCONIOTHOE CAIBLO CUCTEMEL

N
S= 15l (10)
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CIIYXUT MAKPOIOKA3aTEIeM €€ BO3MOXKHOTO GUHAHCOBOTO «3I0POBbs». Ec-
mu S < X, TO CBOOOOHBLIX CPENCTB B CUCTEME OOIIBIIE, YeM NeACTBUTEIIb-
HBIX JOJITOB, ¥ MOTEHINAILHO OHA MOXET YCIEITHO QYHKIIMOHUPOBATE (TI0-
NOGHO CHCTEME TPEX MPEANPUITULA U3 MTPUBENEHHOTO BHIIIE TIPUMEDA,).

Mexny Benuuununamu X u S BCErna CyIIECTBYET OIMPENEJIEHHOE COOT-
Horenue. s g:0007 TpOU3BOIBLHON MaTPUIILI HOJITOB BEITOIHSIETCS HEPar-
BEHCTBO

X 25, (11)

T. €. CYMMAapHBIZ JONIT HUKAK HE MOXeT OBITH MEHBIIE CYMMAPHOTO CAJIbIO.
3amaya MOrallleHrsl B3AUMHBIX JOJTOB COCTOUT B TOM, UTOOBI, 3HAs
MATDULY Ty, HAWTH MATPULY I, <HOBBIX® LOJIOB, IJIS KOTOPOH BBI-
monEanock 661 X' < X . OueBumHO, YTO UOCAIBHBEIM €€ PEIIeHneM OBIIO OB
X' =8, . e. xorna HepaBeHCTBO (11) CTAHOBUTCS PABEHCTBOM. 3aMeTHUM,
YTO TOTA IJIsl GIATOMOIIY YHOM 10 CYIECTBY cucTeMsl ¢ S < Xg mocTura-
s0¢k 661 cooTHOmenne X' = S < X, 1 IOCHE B3aUMO3a4eTa, OHA, MOTJIa, OB
HOPMAJILHO PaboTaTh (XOTs yMEHbIIEHNE BeauduHbl X B JHO00M CiIydae
TIOJIE3HO) .
IIpu mocTpoeHry MaTeMaTUUECKOW MOMNEIU MPOLEOYPHI B3aUMO3aUe-
Ta IOJITOB IIOCJENOBATEIHLHO MCIOIb3YETCS DA HENCTBUN, aHAIIOTUIHBIX
NPOBOAUMEIM IIPU KUCCIIENOBAHUN €CTECTBEHHOHAYUIHBIX 00heKTOB. [lepBoe
U3 HUX — OTKA3 Ha OIPENEJIEHHOM 5Ta-
e OT NeTaJbHOIO PACCMOTDPEHUS MHOXKEC- 3
TBA UHOWBUOYAJIBLHBIX IOJITOB M COOTBET-
CTBYIOIINX CBSA3EN MEXIY IPENIPUITUSIMUA.
ITepexonm ¢ MUKpPOypPOBHS Ha MAaKPOYPOBEHH
nonobeH TOMy, KaK IIpU ONUCAHUU OOIb- o @ o M—2
IOT0 YMCJIA YACTUIl T'a3d OTKA3BIBAIOTCS
OT HEOOXOOVMOCTH TIPOCIIEXUBATHL TPAEK- o
TOPUMIO KaXIOU YACTUILI M BBONAT HEKO- .R./ M-1
TOPBIE YCPEeOHEHHBIE XapAK TEPUCTHUKY, 3HA- 1 M
HUSI KOTOPBIX, OOHAKO, BIIOJIHE NOCTATOYHO
OJIs1 TIOJIy4YeHms MOmPOOHOM KAapTUHEL IIO-
BeieHust 00BEeKTa (CM., HAIpUMEp, BBIBOL ypaBHeHUs Bombivana B § 3
ra. III). Tponenypa mpOCIeXUBAHUS TIENOYEK HEIIATEXKEN, TIPUMEHEHHAS

Puc. 45

4 4
30—»._ 3 .
9 }}M—2 9 o M —2
L] L )
M-1 M-1
1. o/ 1.\>-o
M M
Puc. 46 Puc. 47

BBIIIIE IJISI TPEX IPENIPUITUN, He TOJIBLKO TPYIHOBLIIONHUMA, mis N mpen-
TNPUATHUIN, HO UMeeT TaKKe U MPUHIUTNAILHLIN HeNoCTAaTOK. [eficTBUTENE-
HO, PaCCMOTPUM CHAYaJa IENOYKY, B KOTOPOW KaXXIO€ MPENIpPUITHUE C
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nepsoro o M-e (M < N) mOMXHO APYroMy ONVHAKOBYIO CyMMY, W Ta-
KyI0 Xe CyMMy IOikHO M-e mpennpusarue nepsomy (puc. 45). Ienmouka
3aMKHYTa, I PeIIeHNEe OYEBUIHO — BCE HOJITU B IENIOYKE IIOTAIIAl0TCs.
IIycts Teneps M-e mpenmpusTue He NOJKHO nepsomy (puc. 46). Torma
LIETIOYKa PA3OMKHYTa, M 3TOT METOX HempuMeHuM. B TO e BpeMms mpoc-
TO€ PEIeHNe 3aKIII0YAETCs B TOM, UTO IOJTH IPENIPHUATHH CO BTOPOTO
o (M — 1)-e aHHYAUPYIOTCA, & NOJIT MEPBOTO NEPEANPECOBEIBACTCA M -My
(puc. 47). DKOHOMUYIECKU CMBICII [IEPEANPECALINN COOTBETCTBYET BEKCEIIb-
HOMY OOpAIIIEHUIO, KOTIa HOJIIOBOE 00sI3aTeIbCTBO MEHSET CBOUX XO3SEB,
7 B pesyibTaTe y HOJKHUKA ([IEPBOE IPEANPUITUE) HOSBIIAETCS HOBLIM
kpenutop (M-e nmpennpusTue).

B orauume oT cuTyanuu ¢ ONraMy B LETOYKAX IOJIHAS CUCTEMA IOJI-
TOB II0 BCEM LEIOYKAM 3aMKHYTa, TaK KaK PACCMAaTPUBAIOTCS B3aUMHBIE

monru. B camoMm mere, U3 CBOUCTBA Ty = —Imyy CHELYET, UTO
N N
j{: j{: Tpm =0
n=1m=1

. . N
1151 JTI000# COBOKYITHOCTY HEIIATEXKEH. Y IMTHIBASL, ITO Sy = » 1 Tnm,
U3 TIOCIEOHETO PABEHCTBA MOIyIaeM

N
> 8, =0, (12)
n=1

nin

ZS:-ZS:%, (13)

Sn>0 Sn<0

T. €. CyMMa NOJIOXKUTENLHLIX CAJIBI0 NPEANPUITUAN PaBHA IO abCOIIOTHON
BEeJIMYMHE CyMMe OTPULATENIBHBIX cainbmo. PaccmaTpuBaeMas Ha Maxpo-
YPOBHE CHCTEMa B3aUMHBIX IOJIFOB 00JIanaeT CBOMCTBOM «CHUMMETPUYHON
KoHcepBaTUBHOCTI> (13), a «3aKoH coxpaneHus» (12) — aHayor OOBIYHBIX
3aKOHOB COXDaHeHUs (MACChl, SHEPTUU U T. [.) IPUMEHUTENLHO K U3yJdae-
MOU CUTYalluu.

Pasenctso (13) mposicHseT TOCTPOEHNE MATEMATAIECKON MOIEIIH I ie-
AITBHOTO B3aMMO334€Ta, KOTOPHIN IPOM3BOLUTCS NPU CIIEAYIOIINX €CTECT-
BEHHBIX YCIIOBUAX:

1) BCe monru %, W3BECTHBI U NPU3HAIOTCS MPEAIPUITAIMIE;

2) Ipu IPOBENEHUY B3aMMO3aUYEeTa CANIBI0 NPENIPUATHN S;, OCTAITCSA
HeumsMeHHBIMU: S|, = Sp,, T. €. UHOWBUAYAIbHOE (PUHAHCOBOE IIOJIOXKEHVE
KaXJIOTO U3 HUX B HTOM CMBICIIE HE U3MEHSETCS;

3) 4acTb HONTOB I, CIHUCHIBAETCS, 4 YaCTh IEPEANPECOBHIBACTCA,
T. €. Yy OPEOIpUSITUNl MOTYT MOSBUTHCS HOBBIE NOJIXKHUKA U KPEIUTODPHI
¥ UCYE3HYTH YaCThb CTAPHIX.

CyTp Makpompouenypsl B3amMO3adeTa COCTOAT B TOM, YTO BMECTO
BeJIUYNH Ty, PACCMATPUBAIOTCI BEJIUYMHEL S,. [Ipenmpustus ¢ S, < 0
OOBSBIISIIOTCS HOIKHUKAME (B PasMepe CBOMX CAJIBIO), & MPENIPUITHUS C
Sp > 0 — kpemuropamu (B Tex Xe pasMepax). 3aTeM INOJITU MPEANpUs-
Tuit ¢ S, < 0 KxaxuM-TO 00pa30M PACIPENeNSIOTCS MEXIY KPEIUTOPAMU,
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T. €. HAXONUTCSI HOBAsI CUCTEMa NONTOB I, . IIpy 9TOM BBIOIHEHBI 3aKOH
coxpanenus (12), ycnosue 2) u gocturaercsa paseHcTBo X' = S; mosTomy
pelIeHNe 33 034N SIBIISIETCS ONTUMAJIBLHBIM.

Takux OoNTUMAIBLHBIX PEIIEHU MOXET OBITH, BOOOIIE TOBOPSI, MHOTO,
TaK KaK PAaCIpENeNsaTh OOITH MEXOY KPEAUTOPAMHU MOXKHO PAa3HBIMU CIIO-
cobamu. [IpuBenmem mBa Hambostee IPOCTHIX U HATIAOoHLIX. [lepBoe M3 HEX
IAETCs HECJIOKHON (POPMYIION, IO KOTOPOR HOBBIE NOJITY BBEIYUCIISIOTCS de-
pe3 cTapeie:

o _ 5ulSnl= S Su|

nm — S

Cornacuo amropurmy (14) mosnr mo6oro npenmpusTtus (paBHBIA Sy,
eciu Sy, < 0) pacnuCBIBAETCS IO IPENIPUAATUAM-KPEIUTOPAM B HOJLIX, IPO-
MOPLUOHAIILHBIX BEJINUMHAM UX CANBIO (PABHBIM Sy, eciu Sy, > 0). IIpen-
IPUATHAM C GOIBITUM MOIIOKUTETBHEIM CAIIBI0 IIPAIATACTCI OT KaXKIOTO
13 IOIKHUKOB GONBIIAS YACTh €r0 NOJITOB, IPUYEM B CyMME OHU HAIOT Be-
smmauny Sy, (yup. 5). s npeanpusTuil ¢ HyJEeBBIM CAJIbIO B3aUMO3AUET
CBOOMTCS K TOTAIIEHNIO BCEX WX MOJTOB W BCEX JOJITOB WM.

3amerum, uTo B pernennu (14) 1ny1st HOBLIX HONroB umeeM . = 0 mpu
Sp <0, 8, <0 mubo npu S, > 0, .S, > 0 (mocie B3auMo3aueTa NOIKHUKA
He NOJDKHBL IOJIKHAKAM, & KPEIUTOPH — KPEIUTOPaM ). DTO 03HAYAET, ITO
YYICIIO TOJLY YUBIINXCS (PUHAHCOBLIX CBA3EH MEXKIY MPEOIPUITUIMYA 3HATH-
TEJILHO MEHBIIE MaKCAMAJBHO BO3MOXKHOIO, KOTA KAXKI0€ IPENIPUATHIE
SIBIISETCS NOJIKHUKOM WM KPEIUTOPOM JIFOO0r0 APYTOro, U MaTPUIA [OJI-
TOB HE UMEET HYJIEBHIX JIEMEHTOB (KPOME, PA3yMEEeTCsl, NUATOHAIILHBIX ).

KonuuecTso cBsizelt MOXET OLITH 3HAUUTENBLHO YMEHBIIIEHO, €CITH TIPO-
BECTU MPENBAPUTENBHOE YIOPAMOUNBAHNE MPENNPATHRA 10 aGCOTIOTHBIM
3HAUEHUWSIM WX CallbJ0 U YCTAHOBUTH HEMOCPENCTBEHHBIE CBSI3U MEXIY
NOJKHUKAMU U KPENUTOPAMU OLHOrO MAcIiTaba (KPYNHBIX C KDPYIHBIMU,
MEJIKUX C MEeNKUMU U T. A.). OTa Opouenypa NONyCKaeT IPOCTYI0 TeOMeT-
puueckyto nnTenperanuto. Ha puc. 48 Ha BepxHel IPAMO JIMHUA OMUCAHO
pacupemnereHre Cajbao KpenuTopos (B yObiBaroieM mopsake). Hiuua o1-
PE3KOB 3TOU NIPSIMON paBHA Be-
JINYMHE CATTBLIO KaXKIOTO IPEI- Sp=1 Sp=2  Sp=3
mpatus S, > 0,1 <p< N,aee * ' ' ' '
obmiass ojvHa, OYEBUIHO, PaB-
Ha S/2. Ha HuxHe#l npsamoi
OIKCAHO PACIPENEIEHNE Callb- Sg=1 Sg=2 Sg=3
1o momxHUKOB Sy < 0,1 < g <
< N,p+q < N (cambio B3ITH |
¢ O6paTHBIM 3HAKOM) TaKXe B
ybriBatomeM nopsake. Ee mimm-
Ha cornacHo (13) Takxke pasua S/2. lllTpuxoBbie quHUY, IPOBENEHHLIE U3
V3JI0B HUKHEN IIPSIMOH, NEISAT IPSMYIO KDEOIUTOPOB®» HA ¢ OTPE3KOB, PaB-
HBIX BEJIMYUHE HOJITa KAXIOTO MPEANPUITUAA. DTOT NOJIT JUGO0 HOCTACTCS
OIHOMY KDPEMUTODPY, MO0 NEIUTCA MEXAY HECKOIBKUMU B COOTBETCTBUH C
PACIIOJIOKEHNEM Y3JI0B BEPXHEN MPSIMOU OTHOCUTEIBHOTO TAHHOTO OTPE3KA.

OnmcaHHBI ANTOPUTM ONTUMAJIEH 1o KpuTepuio X' = S u npencras-
JIAETCS HAUITYULIIM TI0 YUCIy CBA3€EH, OCTAIOMIUXCA MOCHE B3aUMO3aUeTa.

(14)

5/2

Y

Puc. 48
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Tabauma 2
IIpumep B3ammo3sadera B cucreme ¢ N = 10
" HaYaJIbHOW MaTpHUel HOJIroB
c 90 HeHyJIEBBIMM HEeAMAroHAJIbHbIMM 3JIEMEHTaMM

1 2 3 4 5 6 7 8 9
Haganbnaas marpuna (X = 3729)
2| =25
3 -1 -20
4 4 25 -2
5 25 —450 25 30
6| —15 150 —30 20 —928
7 3 —40 3 3 5 25
8 1 —-22 -2 -2 4 -15 5
9 10 322 —-15 —25 498 —800 -—10 20
10 1 -25 -2 1 -20 15 -1 -3 30
Koneunas marpuna (X' = S = 62)
2 2
3 0 0
4 0 0 0
5 0 0 0 0
6 0 0 0 0 -28
7 1 0 0 0 0 0
8 0 -7 0 0 0 0 0
9 0 -18 0 0 -2 0 0 0
10 0 0 0 0 0 4 0 0 0

ITpumep nomobuoro B3aumo3auera B cucteMe ¢ N = 10 u HauaIbHOM MaT-
puueit monros ¢ 90 HeHyIEBBIMU HEAMATOHAJIBHLIMU 3JIEMEHTAMU [IPUBENEH
B Tabi. 2. Koneunas MaTpuiia COmepKuT nuiltb 14 HEHYJIEBBIX HJIIEMEHTOB.
B croernuanbHBIX Ciiyuasx y OMHOTO AOJIXKHUKA OCTAETCS ONUH KPEOUTOD, U
Haobopor (ymp. 6).

OTMeTuM, 4TO 5TU U APYTUE MPOIENYPhI B3aNMO3aU€Ta UMEIOT CMBICIT
JIMIB [IPU BHINOJIHEHUM YCIOBUA 1)-3), T. €. IPU ONPENesIeHHOM COrJla-
[IEHUU MEXNIY HPennpusiTusMu. [[puyusbl, HE MO3BOJISIOIINE TPUIEDXKU-
BaTBLCS MAHHOTO COTJIAIIEHUS, MOTYT OBITH BECbMa Pa3HOOODA3HBIMU —
OT HEXEJAHWS MIATUTH MOJITU TIOTOMY, YTO 3TO BBEITOMNHO NOJIXKHUKY, IO
TOCJIEACTBUN CAHKIAY MEXIYHAPOMHBIX WM WHBIX OPTaHU3ALUWM, KOTOa
(DUHAHCOBLIE CPENCTBA TPENNPUITUN 3aMOPAKUBAIOTC. DTU OOCTOSTEIb-
CTBA U ONPENENIOT PAMKU IPUMEHUMOCTHU MOOEIIM B3aUMO3aueTa, IIPU I0-
CTPOEHUU KOTOPOW CYILIECTBEHHO MCIOJIB30BAJIACH AHAJIOTAU C MOMEJISIMU
HEKOTODPHIX €CTECTBEHHOHAYYHBIX OOBEKTOB.

3. Makpomoneab paBHOBeCUs PBLIHOYHOI 3KOHOMUKHU. Jl:o6oi
YYaCTHUK PBIHOYHOTO SKOHOMHWYECKOTO IIPOIECCa MENCTBYET B COOTBET-
CTBUHU CO CBOMMU WHIUBUIYAJbHBIMA UHTEPECAMU (U3BIICUEHUE TIPUOBIIIN,
VIYUIIEHNE YCIOBUN TPYHa, MUHUMU3BAINS PUCKA, YKOHOMUSI PECYPCOB U
1. i.). IlpocTeiiimuii BApUAHT TAKON CUCTEMBI — SKOHOMUKA, C COBEPLICHHOM
KOHKYPEHINEN, KOT N KaX OB CYObEKT S5KOHOMIUYECKY HIYTOXHO MaJl U HE
OKa3BLIBAET HEMMOCPENCTBEHHOTO BIIUSHUS HA YPOBEHL IPOU3BOACTBA, IIE€HEL,
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3apIUIaTy U APYTUEe MAaKPOMOKa3aTenu. B To ke BpeMs pa3o0IlleHHBIE Neii-
CTBUSL SKOHOMUYECKUX areHTOB MOTL'YT CKJIAOLIBATHLCS Uepe3 CYIIECTBYIO-
1I7€e B CUCTEME OTHOIIIEHUS KYIIIIU-TIPOIAXKY B COBOKYITHYIO COTJIACOBAHHYIO
KapTUHY OeNCTBUU paboTomaTellel M HAEMHBIX pabouux, GUHAHCUCTOB U
BKJIQQUUKOB U T. .

Ecnu B pesynbraTe TAKOro KOJNIEKTMBHOTO B3aWMONENCTBUS Obliiee
TIPOU3BONCTBO TOBAPOB U YCJIYI' B CUCTEME COTJIACOBAHO C OOILIMM CIIPOCOM
HA HUX, TO TaKO€ COCTOSHUE SKOHOMUKY HA3LIBAETCS PABHO6ECHbIM, & YCTa-
HABJIVBAIOLINECS TIPU 3TOM IEHBI — PAGBHOBECHBIMU DLIHOUHIMU UYEHAMU.
Bamanc Mexny cnpocoM u IpenjiokeHueM UMeeT MeCTO, KaK [IOApa3yMe-
BaeTCs, He IPY IIPOM3BOJILHBIX, & MMEHHO IIDY 3TUX PHIHOYHBIX IIEHAX, ITO
O3HAYAET, B YACTHOCTH, IIJIATEXECTIOCOOHOCTE CIIPOCA.

Onna 13 BaXHBIX 33[1a4 S9KOHOMUIECKON HAYKYM — OIpPeIeSieHe yCiIo-
BUY PABHOBECUS SKOHOMUKY, I B TOM UHCJIE PABHOBECHBIX DHIHOUHBIX IIEH.
Hawubonee mpocTeie MaTeMaTUUIeCKUE MOLEIN SKOHOMUAUECKOI'O PABHOBECHSI
CTPOSITCS IIPY CIENVIOUTNX IIPENNOJIOXKEHUAX:

1) coBepiiieHHAs DPLIHOYHAS KOHKYDEHIWS, O3HAYAIONIAS OTCYTCTBUE
KaK KPYITHBIX TPOU3BONCTBEHHBIX KOpIopauuii (1, TeM 60siee, MOHOIOINA ),
TaK 1 oObenwHeHU® PAOOTHUKOB, MOTYIINX OUKTOBATH CBOM YCJIOBUS IS
BCEU CUCTEME;

2) HEM3MEHHOCTH MIPOU3BONCTBEHHBIX BO3MOXKHOCTEN CUCTEMBL: 060DY-
IOBaHME, TPOU3BOACTBEHHEIE IIOMEITIEHNS, TEXHOJIOTUMN HE M3MEHSIOTCS CO
BpEMEHEM;

3) HEM3MEHHbIE BO BPEMEHU SKOHOMUYECKUE WHTEPECHI MAPTHEPOB:
IPEIPUHUMATEIN HE MBITAIOTCS YBEINYATH CBOIO NMPUOBLIL, pabodmne —
3apIIIATY, UHBECTOPOB YCTPAUBAIOT IIPOLIEHTHI, NMOJIyUaeMble 110 IIeHHBIM
Oymaram, u T. I.

OTBeuatolize 5TUM TPEANOJIOKEHUIM MOMENM OMUCHIBAIOT BECHBMA,
YaCTHBIN CIIy4all «3aCTHIBIIE» BO BPEMEHU UIE€AJIbHON PBIHOYHON 3KOHO-
muku. OQHAKO OHK JAIOT OTBET Ha BOIPOC O BO3MOXKHOCTH CYIIIECTBOBAHUS
9KOHOMUIYIECKOT'O PABHOBECHS, DOPMUPYIOIIETOCS U3 PHIHOYHOT'O «Xa0Ca», U,
KpPOME TOT'O, CBSI3BIBAIOT MeXIy COOOM OCHOBHBIE MAKPOIIOKA3ATENN YKOHO-
MUYECKON CUCTEMBI.

Onna u3 Takux Makpomonenein — modeav Ketinca — paccMaTpuBaeT B
KaueCcTBe ar€eHTOB HAHUMATEJE U HAHIMAEMbIX, TOTpebuTese u coepera-
Telel, IPOU3BONUTEIIE U NHBECTOPOB, NENCTBYIOIINX HA PHIHKAX pabouen
CHJIBI, TIPONYKTOB M NIEHET, T. €. PACIPENENSIONNX 1 OOMEHUBAOIINX HTU
TOBapH (TPYI, IPONYKTHI, IEHbIU) MEXIY CODOIA.

[MepBBiit MAKPOIOKA3ATEINb CUCTEMBI — HAYUOHAAbHBIE d0z0d Y | aBiis-
FOIIUICS eMUHCTBEHHBIM (I TPOCTOTHI) MPOLYKTOM, IPOU3BOMUMBIM €10
B €QUHUILY BPEMEHU. DTOT MPOAYKT BHIPAOATHIBAETCS IIPOU3BOICTBEHHBIM
CEKTOPOM HSKOHOMWKM, & €T0 BeNIWYNHA HaeTcs dyHkuwen F', 3aBucsiniei
OT KOJIMYECTBA U KAUECTBA PECYPCOB, COCTABA OCHOBHBLIX (DOHIOB M UUCAG
sanambuir pabomuukos R (BTopoil makpomokasarens). B coorsercTBum €
MIPEATIOIIONKEHUEM 2) B COCTOSHUY PABHOBECHS IIPOU3BOACTBEHHAS (DyHKIIMS
R, a ¢ Heto 1 mponykT Y ompenenseTcs JIUIB 3aHITOCTHIO, T. €.

Y = F(R). (15)

11 A. A. Camapckmnit, A. II. Muxaiisos
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Ornocurensao F(R) obbubo cuumraercsa, uro F(0) =0, F'(R) >
>0, R>0u F'(R) <0 mpu R >0 (puc. 49). ®yukuus F(R) obmna-
NIAET CBOMCTBOM <HACHIIICHUS>: C POCTOM

Y,wh w=w(Y) R Brimyck pacter Bce MmemienHee. Taxou
Y = F(R) w(Y) MOOXO[, BIIOJIHE OIPaBOAH, IIOCKOJBKY IIPU
F(R)  WBWMIIHE OOJIBIIIOM YMCIIEe 3aHATHIX Ha IPO-

U3BOICTBE IJIsl HUX TONPOCTY HE HANNETCS
COOTBETCTBYIOIIEro porTa pador. Onun
I HECKOJILKO CTapaTesell, 0OHAPYXKUB-
X 30JI0TYI0 XUy, OBICTPO u Oe3 momMex
» JOCTUTHYT CBOEW MAKCUMAJLHOW IPOU3BO-
0 R,Y HOUTEIBHOCTH; [P OOJIBILIOM KOJIMYECTBE
pabounx OHU HAUMHAIOT MEIIATh OPYT APY-
Iy, 1 UX UHIUBUIYAIbHAS TIPOU3BONUTEND-
HOCTH YMEHBIIIAETCs; HAKOHEI], IPU OYeHb GOJIBIIIOM YKUCIIe CTAPATENER 10~
OBIYa, 30J10Ta, BOOOIIE IEPECTAET PACTH, TaK KAK BHOBb MPUOBLIBAOIINE HE
MOTYT HOACTYIUTHCSA K MECTY Pa3paboTKu.

Cootrourenue (15) maer cBa3b Mexy peiHKamu Tpyna (R) u nponyk-
ta (V). JonomHuTebHOE COOTHOLIEHNE OMPENEIIIETCS C IOMOIIBIO OTHOTO
13 OCHOBHBEIX MOCTYJIATOB KIIACCUYECKOU MONUTIKOHOMUN:

4) zapabomuag naama s pabOTHUKA PABHA CTOUMOCTY MPOMYKTa, KO-
TOpas OblIa Obl MOTEPSAHA IPU YMEHBIIECHAN 3aHITOCTY HA ONHY CIUHUILY
(3apaboTHAas TWIATA PABHA MPENEILHOMY IPOLYKTY TPYIA).

3amernm, uTO B HocTynaTe 4) He yUNTHIBAIOTCS (CINTAIOTCS MAIIBIMHY)
IpyTUe U3NEPKKU, KOTOPHIE OTHAN Obl B PE3YIILTATE COKPAIIEHNS OIHOTO
pabouero MecTta (3aTpaThl Ha pPeCypchbl, O6OpymoBaHue u T. m.). Takum
06pasoM, U3 MOCTYIIATA MOITYIAEM

Puc. 49

1 —
AYD .p=g,
roe AY (D) — konmmduecTBO mpOmyKTa, MOTEPSHHOE MU YMEHBIICHUY 3a-
HATOCTU HA ENUHUILY, P — yena npodykma (Tak 49TO CIEBA B NAHHOM

DPABEHCTBE 3aIKMCAHA BEIIMYMHA, OTEPSHHON cTouMocTr). Ecnu 3ansaTocTs
M3MEHWIIaCh Ha BequmumHy AR, TO U3 mocCiemnHero paBeHCTBA, OUYEBUIHO,
nMeeM

AY -p=s-AR,
roe AY = AY(M) AR — ¢ToMMOCTb, HOTEPSHHAS WK IOy YeHHAS TIPY 13-

MeHeHun 4nciia paboTaukos Ha AR. Cuntas AR u AY mMansiMu B CpaB-
Henuu ¢ R u Y, mepenuitiem mocjienHee paBeHCTBO B AuddepeHnnaIbHOR

dopwme:

(16)
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Iockonbky F'(R) 3anana (a c mewo usBectHa dyukius F’'(R)), To npu
U3BECTHBIX MaKPOMOKA3aTesax s u p u3 (16) MOXHO HAWTHU YPOBEHDb 3aHS-
toctu R, a u3 (15) u Benumuwny nponykra Y. Hamomuum: sTOT ypoBeHb
OTBEYAET YKUCIy PAOOTHUKOB, COTVIACHBIX TPYAUTHCS 3a OAHHYIO 3apILIATY
NP NAaHHBIX IIEHAX M APYTUX XapPaKTEPUCTUKAX CUCTEMBI, a He BOOOIIe
BO3MOXHOMY UHNCIIy HaeMHBIX paboumx. [Ipenmomaraercs, uro mms obec-
TIeUeHNs PABHOBECHOI'O YPOBHS 3aHITOCTU BCEra HAMMETCS NOCTATOUHOE
KOJIMYECTBO XKEJAOIINX PaboTaTh HA CYILIECTBYIOLINX YCIIOBUIX, T. €.:

5) mpenJioxkeHue TPY4a He CAEPKUBALT IPOU3BOLCTBA, YUCIIO 3aHIATHIX
OIIpENENIETCS CIPOCOM Ha TPYZ, CO CTOPOHBL IPENNIPUHNIMATEEH.

Hsa ypasuenus (15), (16) comepxat uersipe Bemuuuabl. O THOCHTEIH-
HO OIHOM U3 HUX INIPEATNIONAraeTcs, ITo:

6) 3apaboTHAs IIATA S B MONEIIN CUNTAETCS 3a4aHHOM.

Omna onpenensercs B pe3yIbTaTe KOMIPOMUCCA MEXIY PAbOTONATENS-
MU ¥ HAHUMAEMBIMU (DeasIbHAs Xe 3apINIaTa 3aBUCUT TAKXKE U OT YPOBHS
IIeH).

OueBunHO, NJIsT HOCTPOECHUS 3AMKHY TOI MOIENN HEOOXOMUMO NAJIbHEN-
1ree pacCMOTPEHNE PHIHKA IPONYKTA U PHIHKA (prHaHCOB. Ilpon3BeneHHbIN
MIPONYKT YaCTUYIHO TPATUTCS Ha NOTpebiIeHne, a8 YJaCcTUIHO cOeperaeTcs:

Y =5+w,
rme w — nompebagemad wacms (B 9KOHOMUKY HE BO3BDAIAETCH), a S —
cbeperaemMasi 4acTh, BO3BPAILAIOMIAACI B SKOHOMUUECKYIO CACTEMY (WIIn
(HhOHIOOOPA3YIOINIA TPOLYKT).

CooTHOUIEHNE MEXIY BeNMUMHAMEU S U W ONPENENSeTC U3 CIeLyTo-
mmx coobpaxenuit. OTHOCUTENLHO BEIVUNHBL W CUATALTCS, UTO:

7) morpebiisieMas 4aCTh BBITYCKA 3aBUCAT OT BEJIMUUHBEI CAMOTO BbI-
mycka, T. €. w = w(Y).

Ilpu sTom dyukumsa w(Y) obmamaeT CBONCTBOM <«HACLIIIEHUSI> TaK
xe, kKak 1 Gyukius F(R): yeMm Gounblie BHITYCK, T€M MEHBIIAS HOJLL IO-
MOITHUTENBHOTO Bhimycka AY Tparutcs Ha norpebnenue (puc. 49) u Tem
Gonbias nois coeperaercs. Bemuuuna dw/dY = ¢(Y) naseBaeTcs ckaou-
HOCBIO K nompebaenuto  JexuT B npemenax 0 < ¢ < 1, uHade npu Ma-
JILIX BBIMYCKAX MOTPEBIAIoch 661 GOMBINE MPOAYKTA, YEM TPOU3BOIMIOCEH
61 (BenmuumHa d = 1 — ¢ — CKJIOHHOCTH K HAKOIUICHUIO).

DoHIOOOPA3YIOUTNH TPOLYKT

S=Y -wlY) (17)
BKJIAILIBAETCS WHBECTOPAMHU B S5KOHOMUKY C IEJIBIO MOIYYUTh B OyIyIeMm
C 9TUX WHBECTULUI NOXON. B Momenu cumTaercs, 4TO MHBECTUIUAU SKBU-
BaJICHTHEI OTJIOXEHHOMY (OTHECEHHOMY Ha OyIylee) MOTPEGIeHNIO U Mo~
5TOMY ONPENEISIIOTCS €IT1e ONHUM (DUHAHCOBLIM MaKPOIOKA3ATEIEM CACTE-
MBI — HOPMOT 6aHK08CK020 npoyewma 1. IefCTBUTENBLHO, CHENAB UKEeC-
muyuy B pasmepe A u momyuus uepes ron noxon D = Ar, uHBeCTOp HUUIETO
He TepseT (B NAHHOM MPUMEPE U He BHIUTDPHIBAET) 110 CPABHEHUIO C BIIOKE-
HUEM TUX CPENCTB B 6aHK TOMN MPOIEHT r. B 060uX CiIydasx ceromHsIHee
noTpe6IIeHNe OTKIIANBIBAECTCS PAINA BO3MOXKHOCTHU OONBIIErO TOTPEOIICHYS
B cnenyromiem rony. Cnpoc Ha uHBecTUNVHA 3amaeTcs dbyukiumen A(r) Ta-
koit, uto A'(r) < 0 mpu 0 <7 < r; uw A(r) =0 upu r > r1: npu GONBIION
HOPME TIPOIEHTa UHBECTULIUA OTCYyTCTBYIOT (puc. 50).

11*
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B ycnoBusix paBHOBeCHs IpemyIoKeHue GOHNO0GPA3YIOIIEro IPOLYKTa
S(Y) c6amancupoBaHO co cpocoM Ha mHBecTHruMu A(r):

wnu, yanteBas (17),
Y —w(Y) = A(r). (18)

Hs1si OKOHUATENHHOTO 3aMBIKAHUS MOIENM PACCMATPUBAETCS DPHIHOK
¢rHaHCOB. leHbI'M HYXKHBI SKOHOMUUIECKUM areHTaM [JIsl MOKYIKYU (HOHIO-
00pa3yIoIero IpoayKTa, MJist HOTPeOIeHNs, a TaKXe KaK OTHO U3 CPENCTB
Hakorenus. CUnTaeTcs, YTO HEHBIU BBIMYCKAET TOCYHAPCTBO, U UX KO-
IuaecTBO (npedaoscenue) Z SBISETCA 330AHHBIM YIPABISIONAM [Iapa-
MeTpoM cucTeMbl. QO THOCUTENBHO CIIPOCA HA NEHBIU MEJIAeTCs CIEMyIOIee
MIPEIIOIIOXKEHNE:

8) crpoc Ha NEHBIU IPENCTABIAET COOOM CYMMY ONEPAIMOHHOTO U CIIe-
KYJISTUBHOTO CIIPOCA..

Onepayuornbili cnpoc OIpenesieTCs KOIUIEeCTBOM NeHer, KOTOPOe Ha-
[0 IMETH Ha, PYKaX, 4TOOBI IPOM3BOMUTE IOKYTIKY TOBapa Y (kak hoHmo06-
PAa3yIoIIero, TaK 1 uAyIero Ha norpebienune). Ecimu nena nponykra paBHa
P, & 8pemd 00pauLenud PABHO T, TO OIEPALXOHHLIA CIIPOC PABEH, OYEBULHO,
BesmunHe TPY .

Cnexyagmusnbltl cnpoc CBI3aH C BEIMUXHON HOPMEI IIpoteHTa . Ecin
HOPMA IIPOIEHTA BBICOKA, TO OONBUIYIO YaCTh NEHEr MX BIIANEJIBILI IPEN-

[IOYXTAIOT XPAHUTH B OAHKE, PACCUUTHIBAS

AA T Ha, XOPOIIUI MOXOM U XKEPTBYs Oojiee BLHICO-

KOU CTEIEeHbIO JINKBUAHOCTY OAHKHOT (CIo-

COOHOCTBIO OOMEHUBATHCS HA IIPOLYKTHL) B

cpaBHeHUU ¢ OAHKOBCKUMU 00s3aTeIbCTBA-

I(r) mu. IIpu HU3KOM MPOIEHTHON CTaBKe CIIEKY-

JISITUBHBIN CIIPOC YBEJIUIUBACTCS: BIIAEIIb-

IIBI KEeJIAI0T UMETh Ha PyKax Bce OOblire

6aHKHOT, AKKyMYJIUPYsS B HUX CBOM HAKOII-

0 o ™ sierus. [1o5TOMY CHEKyIISITUBHBIA CIIPOC 3a-

naercs dyukyeit I(r) (puc. 50) Taxoit, aTo

I'(r) < Ompu r > ro u I(r) pesko Bo3pacra-

ermpu r — ro (lim I(r) = 0o, 7 — ro; BIAmENbIBI HEHET HE IPUOOPETAIOT

oba3aTenscTs 6anka). EcrecTBeHHO cunTaTh 9 < 71, TaK KAK B IPOTUB-

HOM Cjiy4ae b0 MHBECTULINY PABHBI HYJIIO, X TOBOPUTH 00 SKOHOMUUECKOM

PABHOBECHUHU He IpUXonuTcs, mubo dyukuus I (r) He onpenesnena, 1 paccMoT-
pEeHUe He MMeeT CMBICIA.

Tax xakx GUHAHCOBEIZ DBHIHOK HAXOOUTCS B PABHOBeCUHU, TO OajaHC
(«3aKOH cOXpaHeHUs») NEHEr B CUCTEME NAETCs YPABHEHUEM

Puc. 50

Z =T1pY + I(r). (19)

Csons Boenuno ypaerenus (15), (16), (18), (19), npuxonum x mame-
MAMUNECKOT MOOJEAU PHIKOUHO20 PABHO6ECU, TIOIyICHHON B IIPENIOIOKEe-
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Husx 1)-8):
Y = F(R),
F'(R) = s/p,
Y —w(Y) = A(r), (20)
7 =rp¥ +1(r).

B mopenu (20) 3amatorcs mapaMeTpsl CUCTEMEL § (CTaBKa 3apabOTHOM
mwiaTH), Z (OpemyioxeHue OeHer) U TeXHudYecKuil napamerp 7. DyHknuu
F, F', w, A, I — u3BecTHbIe (QYHKIIUN CBOMX aPryMEHTOB C ONMMCAHHLIMUA
BBHIIIE CBOMCTBAaMHU. [[0 5TUM BXONHBLIM JAHHBIM U3 MOIEIA OMPENEISIOTC
YeTHIPe HEW3BECTHBIX BEIMUYUHLL: Y (BBILYCK IpOAyKTa), R (3aHATOCTS),
p (ueHa mponykTa) u r (HOpMa, IPUOLLIH).

Wckmouas w3 (20) Bemuuunust p, r, Y, ypasuenus (20) serko cBecTu K
ONHOMY YPaBHEHUIO OTHOCHUTENLHO [}

7sF(R) B 1
—W+Z—I{A [F(R) —w(F(R))]}, (21)

roe A~ — dymknusa, obpataas k dyuxnmu A. Haitna us (21) szauenne R,
u3 (20) HETPYIHO ONPENENUTD BCE OCTAJILHBIE UCKOMBIE BEJINUVHEL

IokaxkeM ¢ MOMOIIBI HECTPOTHX, HO 32TO MPOCTHIX TOCTPOCHUN Cy-
mecTBoBaHue pemenns (21), OCHOBEIBasCH Ha aHanm3e rPabUKOB QYHKITAN,
BXOISIIAX B €U0 JIEBYIO U NPABYIO TACTH.

A F(R) - w(F(R)) A ATYF(R) - w(F(R))]
A_l (7‘1)

o
Y
o

Y

Ry R,
Puc. 51 Puc. 52

®ynknus F(R) — w(F(R)) — MOHOTOHHO pacTyias dyskuus R, pas-
nas Hymo npu R =0 (puc. 51). Ee MoHOTOHHOCTD CiiemyeT u3 yCIoBus
dw(F(R))/d(F(R)) = ¢ < 1, a poct mo Mepe yBenumuenus R — u3 yciaoBus
dF(R)/dR > 0. Jauuas QyHKIUS SBISETCS APIyMEHTOM IJIs1 MOHOTOHHOI
dbyuknmu A~ w us ceoitcTs dynkimu A (puc. 50) merko yCTaHOBUTD Ka-

vecTBenHEI B 3apucumoctu AL or R (puc. 52), mpuuem A~ = 0 npm
R > R; (R; — mekoropoe 3uauenue senmurasl R, 0 < Ry < 00). B cBowo
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ouepenb A~! CIIyXUT apryMeHTOM MOHOTOHHON (yHKIuM I, CBONCTBA KO-
Topou TakoBH (puc. 50), uTo Kax byHKImMsa R OHa WMeeT BUI, N300paKeH-
HBIZ Ha puc. 53 (s smavenuit R > R, dynkuus I we onpenesnesa).

AI{A7Y[F(R) — w(F(R))]} A —7sF(R)/F'(R)
0 »
R
0 R: Ry Tz
Puc. 53 Puc. 54

Paccmorpum  Temepnr seByoo wacTb ypaBHeHus (21). Dymkuus
—7sF(R)/F'(R) paBra uHymo nmpu R = 0 (cuuraercs, uro F'(0) # 0);
(cM. puc. 49). Ee nepsas npoussonsas no R, Kak ciienyeT u3 CBOACTB QyHK-
muit F'(R) > 0, F”(R) < 0, oTpunaTenbua, T. €. OHA MOHOTOHHO yOBIBAET
(puc. 54).

Cosmernas rpaduku eBoii (kpuBas 2) u npasoit (kpuBas [) wacrei
ypasrenus (21) a ogHOM puc. 55, y6exK1aeMCs B TOM, 9TO P HOCTATOUHO
GOJBIIIOM 3HAYEHUN YIIPABIIIOLIErO MapaMeTpa Z KDPUBBIE IIEPECEKAIOTCSI
B HeKoTOpou Touke Ry, 0 < Ry < oo. Touka mepeceueHuss eqUHCTBEHHA,

B CHJIy MOHOTOHHOCTU rpadmkoB. CIienoBaTeNbHO,
A Mozens (20) meiCTBUTENBHO UMeeT eNUHCTBEHHOE
PeIleHNe, ONMUCHIBAIOIIEE PABHOBECHOE COCTOSHUE
SKOHOMUKM.

OnHakKo 3HAUEHWE MOMEIN STUM HE OrDaHU-
ynBaeTcs. OHA MOXET OBITH UCIOIL30BAHA IS
CPABHUTEILHOTO AHAIN3A, PA3JIMUYHBEIX, HO OIIm3-
KUX COCTOSIHUI paBHOBecHs (HE OTBeYas, ecTec-
TBEHHO, Ha BOIIPOC, KAKMM 00Pa30M CUCTEMA, TIPU-
XONUT B PABHOBECHOE COCTOSHUE UM BLIXOOUT U3
Hero). lomycTuM, YTO 3HAUEHNS DABHOBECHBIX A~
PaAMETPOB Sg U Zg U3MEHWINCH HA, MAJILIE BEJINIL-
HEI 0Sg U 8 Zg TIPU TIEPEXOLEe U3 OMHOTO PABHOBECHOTO COCTOSHUA B IPYTOe
(mapameTp 7 cumTaeM HeM3MEHHBIM). TOrma M3MEHATCS U BCE OCTAILHBIE
XapaKTePUCTUKY cucTeMbl. Mx MoxHO HatiTu u3 (20), uMes B Buiy, 4TO 062
CPABHUBAEMBIX COCTOSHUS PABHOBECHBI. Hanpumep, u3 BTOPOro ypaBHEHUS
(20), ucnonb3ys pasznoxenue B pan Teinopa, momydaem

Y

0 Ry Ry
Puc. 55

so 0p _ 6s
Po P Po

IIpoBens aHAIOrMYHYIO IPOUENYPY C OCTAIBHLIMU YPABHEHUAME CHUC-
TeMmsl (20) U CBOOS pe3yIbTATH BOLUHO, IOy IaeM

— F"(Ry) 0R.

% =a1 (0A + 0w) + as (6Z — 6I) + azds — asdY. (22)
0
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B Bripaxenun (22) mpUCyTCTBYIOT BCE XaPAKTEPUCTUKU U3YdIAEMOU
cucremsl (kosdduiments a; < 0,4 = 1,...,4, ONpenenasoTCs PABHOBECHBI-
MU 3HAUEHUSIMHU BEUYUH Sg, Po, Yo, To, GyHkiui R, w, A, I u ux mpous-
BOMHEIX). [[05TOMY C €ro mOMOIIBI0 MOXHO aHAIIM3UPOBATH BECh KOMILIEKC
W3MEHEHU, TPOUCXOMSIINX IIPY IEPEXONE OT OLHOTO PABHOBECHOTO COCTOSI-
HUSA K ApyroMy (Tak HA3BIBAEMBLA cucmemmbiti nodzod). IlycTs, nanpumep,
[PV HEM3MEHHOM 4uciie 3aHAThIX (T. €. IR = 0, §Y = 0), Hem3MeHHBIX 3ap-
mwiare (6s = 0) u ypoBue norpebienus (dw = 0) TpeGyeTcs HOHU3UTD IEHY
(0p < 0), T. e. yBENUUUTH PEATBHHYIO 3apabOTHYIO IJIATY DPabOTAIONIMX.
Torma HEOOXOOUMO CTPEMATHCS yMeHbIUTE uHBecTurmu (0A < 0), cHu-
3uTh 00wl 06beM meHer (07 < 0) U yBeAMUYUTDL CHEKYISSTUBHBIL CIPOC
uHa #Hux (61 > 0). 3amerum, uTo TpeGOBAHUS, BLITEKAIOIINE U3 AHAJINA3A
cooTHoreHus (22), MOryT ObITh, BOOOLIE TOBOPSl, IPOTUBOPEIUBEIMU.

Pasymeercs, sTa u gpyrue cuCTeMbl MEPOIPUATURA, MOTYIIIUE CIIEI0-
BATh U3 IIOCTPOEHHOY MOENN, HE PEAIU3yI0TCsI ABTOMATUIECKH Iy TEM CO-
OTBETCTBYIOLIIE] BAPUALUY TapaMeTpa Z win § (unu 060uX mapaMeTpoB).
Monens (20) nuiub ykaselBaeT Ha HEOOXONUMBIE U3MEHEHUs B MOBEICHUN
SKOHOMUYECKUX areHTOB. BOmpoc 0 TOM, Kak HeiCTBUTEIBLHO 06ECIeYnTh
5TU W3MEHEHUs, yOenuB yJYaCTHUKOB DPBIHOYHOTO MPOIECCA, MPUHSTH WX,
BBIXOMUT 33 PAMKHU pPacCMaTpuUBaeMou Momenu. Ero perienue CBsA3aHO C
usydenueM erre 6osee TpynHoGopMmanusyemerx 06bekToB. [lpu uccienosa-
HUU TOMOOHBIX OOBEKTOB IIMPOKO MPUMEHSIIOTCS MONXONbI, TOUEPIIHY THIE
U3 €CTECTBEHHOHAYYHON ChEPHI, TAKUE, KAK UIes] HACHIIIEHUS, IIEPEXOMNEL C
MUKPO- H3 MAaKpPOYPOBEHBb, UCIIOIL30BAHNE «3aKOHOB COXPAHEHUS>, MPEI-
CTABJIEHUS O CTAIMOHAPHOCTY U PABHOBECHOCTHU U IP.

4. MakpoMozesib 5KOHOMIYIECKOT0 pocTa. B pacTyiiei 5KoHOMU-
Ke 4uciio paboramomx R(t) He IOCTOSHHO, & YBEIUUUBAESTCS C TEUEHUEM
BpeMeHu. B mpocTeiineir Mogenu CUnTaeT s, YTO TEMII IPUPOCTA 3aHATHIX
PabOTHUKOB IIPONOPIIMOHAJIEH YUCITY YKe pabOTaIoIIX:

dR

— = aR(1).

o (t)
Hostomy R(t) = Roe®t — 3apanee usBecTHas GyHKIUS BpeMEHU (BeTAYN-
Ha « 3apaercs, Ry = R(0) — uucio paboTaiomux B HAYAILHLIA MOMEHT

t = 0). PaGoTHUKY IPOM3BOAAT HAIMOHAJBHLIA noxon Y (t), KOTOpBI Jac-
TUYHO UIOET Ha NOTPEOIIeHNe U YaCTUYIHO HA HAKOIICHUE:
Y(t) =w+ A (23)
Haxomiennas 4acTb nponykTa A BO3BPAIIAETCSA B HKOHOMUKY C TEM,
YTOOB CKOMIIEHCUPOBATH BEIOBIBAIOLINE U3 CTPOSI [IPOU3BONCTBEHHEBIE MOLL-
HOCTH, a TaK¥XKe IJIs CO3maHus HOBBIX MomHocTei. [lon mowmocmuio M (t)
[ONPA3yMEBAETCS MAKCUMAJILHO BO3MOXKHBIM BBINYCK [IPOLYKTA SKOHOMHU-
koii. PeasbHBIN BBIIYCK MPOAYKTA 3aBUCUT, €CTECTBEHHO, OT YKCIIa Pabo-
TAOIIAX U 330AETCS IPOU3BOLCTBEHHON (HYHKIINEN BUIA,

Y(t) = M(t) - f(z(t)). (24)

B dopmyne (24) Benuuuna z(t) = R(t)/M (t) mo cBoeMy CMBICITYy — KO-
JIXYIECTBO paboTaoIIuX Ha equHuie MomHoCcTH. OTHOCHTENbHO QyHKINN
f(z) memarorca cmenyromme npennonoxenus: f(0) =0, f' >0 (Bomyck
pacTeT C yBenmueHumeM umcia 3aHATHX) u f < 0 (maceuuenne). Oynk-
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mus f(x) ompenmenena mis 3Hadenuin £ Ha orpeske 0 < z < xp, e Ty =
= Ry /M, a Rp(t) — umcyio paboumx MECT B XO3AUCTBE MPU MOIIHOCTH
M (t). Ecnu Bce MeCTa 3aMOJIHEHBI, TO BHILYCK Y () IO ONPENENICHNIO PABEH
M(t), T. e. ansa f(z) DOMXKHO BHIMONHATHCS ycioBue f(zpr) = 1.

Onua 13 rIaBHBIX 330849 MEOPUL IKOHOMUYECKO20 POCTNG — HAXOXKIE-
HUE ONTUMAJILHBIX B HEKOTOPOM CMBICJIE CIIOCOGOB PA3IeIIeHI s IPON3BEICH-
HOTO HPONYKTa Ha MOTPEOIIIeMYyI0 U HAKAIUIMBaeMyto yactu. Kpurepuem
ONTUMAIILHOCTY MOXHO BBEIOPATh, HATIPUMED, MYIIEBOE NOTpebienne (Ko-
JITYECTBO MPOLYKTA, MOTPEOIIIeMOro OMHIM PabOTAIOIINM ), T. €. BEITUINHY
c(t) = w(t)/R(t).

C6epexeHHbI B equHULly BpeMeHu IponyKT A(t) pacxomyercs Ha €O3-
MAHUE HOB0T MOUHOCTNU:

A(t) = aI(?),
roe a > 0 — cumTaueecs 3a0aHHBIM U NOCTOSAHHBIM KOJIMYECTBO (HOH-
n000Opa3yoIero IpoaykKTa, HeOOXOnuMOoe ISl CO3MaHUS EOUHUIILI HOBON
motsocTH, I (¢) — YuCIio equHUI HOBOU MOIIHOCTH.

TeMII BLIOBITHA CYIIECTBYIOIIEH MOITHOCTY MPEIIIONAraeTCsA TPOMIOpP-
[MOHAIBHBIM BEJIMUMHE CAMOR MOIHOCTH, T. €. Bemumuune SM (1), kosdbdu-
1ueHT BHIObITUS > 0 330a6TCS IOCTOSHHBIM.

B urore mis usmenenus dyukunu M (¢) nomyuaem G6ajaHCHOE COOTHO-
IeHIEe

dM
— = 1(t) - BM(1). (25)

Ypasuenus (23)—(25) comepxkaT UeTHIPE HEM3BECTHBIX BEIMYUHBI —
Y (), w(t), M(¢), I(t). Ons 3aMblKaHUs MOLENU NPEAIOIOKIM, UTO CKO-
POCTb BBENEHUS HOBOU MOIIHOCTH IIPONOPIMOHAJIBHA BEJIMUUHE yXKE Cy-
wectBytowein momHoctu: I(t) = yM(t), tme v > 0 (Benmuuuna, obpaTHas
XapaKTEPHOMY BDEMEHU HAPAIIUBAHUS MOIIHOCTY) CUMTACTCS 3aAHHON 1
OCTOSIHHOU (ecTecTBeHHO, y > (3). Torma pertenve ypapuenus (25) serko
HAXOIMUTCSL:

M(t) = My e =9t (26)

a BMeCTe C HAM OIPENeNsSOTCS U BCe OCTAJIbHbIE HEM3BECTHBIE BEJIMUUHBIL.
IIpoananusupyem MpOCTOM, HO MOKA3ATEILHBIN CITyYall SKOHOMUAIECKO-

IO pOCTAa, KOTIa MOLIHOCTD YBEINUINBAETCSI CO BDEMEHEM B TOM XK€ TeMIIe,

qTO 1 YUCI0 padoTatorux. i 5Toro, 0ueBuIHO, HEOOXOOUMO, YTOOBI BhI-
TOJTHSITIOCH PABEHCTBO

T-B=a (27)

OHO 0O3HAaUAET TakKXe, UTO ¢ TEM XKe TeMIOM pacTyT dyukuuu Y (t) (mo-
ckonbky f(z(t)) = f(z = Ro/My) = const) u w(t), I(t).

Haiimem uwmciio paboTaoNIX W COOTHOIIEHUE MEXOY HOTpebieHueM

¥ HAKOIJICHWEM, TIPY KOTOPBIX AyIIEeBOe NOTpebiieHre pabOTHUKOB MAaKCH-
masbHO. [lo onpenenenuio

YunroBast, uro Y (t) = M(t) f(z), A(t) = ayM(t), n npuHIMas BO BHU-
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manue (26), (27), nonyuaem

T. €. OyIIeBOE MOTPEOIICHNE CO BPEMEHEM He um3MeHsgeTcsa. Ero makcumyM,
Kak odeBunHO u3 (28), mocTUraeTCs OpU yCIOBUL

de _ d [f(z) —a(a+p)

=— =0,
dez dzx z
KOTOPOE JNAeT yPAaBHEHUE IJIs UCKOMOW BEJIUUUHBL Ly,
T f' (Tm) = f(2m) + a(a+ B) = 0. (29)

OTO ypaBHeHME BCerna uMeeT enuHcTBeHHOE pemenue 0 < T, < Tys
(yop. 9). 3ameTuM, 4TO IOMUMO BCEX CHEIIAHHBIX IIPENNOIOXKEHUN, AJIs
peaiu3aiuy pacCMaTPUBAEMOTO PEXMMA, SKOHOMUYECKOTO POCTa HEOOX0-
OUMO COTJIACOBAHUE YHCIEHHOCTH padoTawrmx Ry ¢ momrmocteio My B
HAYAIILHBIA MOMEHT BPEMEHU Tak, 4YTo0bl Ry/My = .

Hopwma nakomienus, obecrneunBaronias MAaKCUMAIbHOE 3HAUEHHE Cpp,

HAXOLWTCS U3 PABEHCTB Yy, = My, f(%n), Am = ayM,, uu3 (27), (29):
!
f'(zm)
2

U Ha3BIBAETCSA HOPMOT 3040mo20 npasuaa pocma Coaoy.

Ecnu ycnosue (27) He BBIIOIHEHO, TO PEXUMEL POCTA SKOHOMUKY CTa~
HOBSTCS 6OJIEE CIIOXHBIMUA, U ONTAMU3AIAA UX XaPAKTEPUCTUK TPOBOIUTCS
Ha BCEM pPacCMATPUBAEMOM BPEMEHHOM WMHTepBaje. HamomMHuM, uTO TO-
CTPOEHHAs MOMeNb U NONOOHBIE €l MOmeNU He YUMTHLIBAIOT W3MEHEHUU B
[IPOU3BONCTBEHHBIX OTHOIIEHUAX (OHU CUUTAIOTCS HOCTOSHHBEIMU) U OIe-
PUPYIOT B OCHOBHOM TEXHOJIOTMUECKAME CBA3IMHU, HABas, B YACTHOCTH,
BEPXHUE TEXHOJOTMUECKUE OTPAHUUEHUS HA, TEMIT SKOHOMUUYECKOTO POCTA
(yup. 11). Ilpu ux nony4eHVN TakKkKe MIMPOKO UCIOIB3YIOTCS AHAJIOTUN C
€CTECTBEHHOHAY YHBIMU OOBEKTAM.

(30)

N =1 — 2,

YIIPAXKHEHNRI

1. Ilycts mapameTrpsr a1, No, p, s dukcupoBansl. Halinure 3HaUeHME mapaMeTpa
a2, mpu KOTOpoM GyHKIMs P, (@2) HOCTUraeT MUHMMAJIBHOTO 3HAUEHUs, U yOEOUTeCH,
YTO B 9TOM CiIy4ae TeKyinas mpubblib P(t) mMakcuMmanbHa B MoMeHT t = 0, T. e. Ha
CTapTe PEKJIAMHOM KAMIIAHUM.

2. HepasenctBo Py, > a1s (3aBnc9ILuee oT a1 > 0 HeJIMHENHBIM 06pa30M) SBJISIETCS
HEOOXONUMBIM YCJIOBUEM NPUOBIILHOCTH peksambl. Cumras mapameTpsl a2, No, p, S
GUKCUPOBAHHLEIMU, HaWAUTE OGJIACTH 3HAUEHMWS IIapaMeTPa (1, B KOTOPHIX IIPU POCTE
(] DAHHOE HEPABEHCTBO yCUIMBAETCS (OCIAOIISIETCS).

3. Cunras, uTo 5QpdekT HACHINEHUS OT pekyaMbl npoucxomut npu N(t) &~ No,
HayiguTe u3 ypaBHEHUs (6) MOMEHT BPEMEHHU, KOTLa HPONOIDKEHNE KAMIIAHUU CTAHET
3aBEIOMO yOBITOUHEIM.

4. Ybenurech B CIpaBeNIMBOCTY HepaBeHCTB (11).

5. IIposepbTe, ucnons3ys dopmyast (7), (9), (10), ¢ momomsio paserncTsa (13),
4To nyis peuteHns (14) BHINOIHEHBI CBOMCTBO T, = —Z),,, yClIoBue 2) U KpUTEpHit
onTumaibHOCTN X' =

‘z'nm
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6. IlokaxxmTe,9TO B COOTBETCTBUM C OIMKMCAHHOW IPOLEAYPON HAYAJIBbHAS MAaTPUIIA
IOJITOB BUOA

0 +1 ... 41 ... 41 +1

-1 0 oo 4+ o0 41 41
Tam = | -1 —1 0 +1 41 |,

-1 -1 ... -1 ... 0 +1

-1 -1 ... -1 ... -1

roe N ugernoe, X = N (N — 1), npuHuMaeT BuL
0 0 0 0 0 N -1
0 0 0 0 ... N-3 0
0 0 0 +1 0 0
Tpm = ;
0 0 -1 0 0 0
0 ~(N=3) ... 0 0 .. 0 0
—(N-1) 0 .0 0 .. 0 0

npmuem X' = N?2/2=S5 < X.

7. Bupaxenue AY = AA/(1 — ¢), rne AA — u3MeHeHMEe B yPOBHE MHBECTHUIMIA,
a AY — cooTBeTcTByOmul IpUpoCT (yOBUIB) BEILYCKA MIPOLYKTA, HA3BIBAETCSI COOM-
Howenuem myavmunauramopa Ketdnca. Iomyunre ero us monenu (20).

8. ITonyunTe BEIpaXeHUs At K0abduuueHTos a;, i = 1,...,4, B (22) u y6enurecs
B TOM, UTO BCE OHU IOJIOXUTEJILHEL.

9. ITokaxuTe, UCIOIbL3YsI CBOMCTBA GyHKunN f(Z), CyIIECTBOBAHIE €AMHCTBEHHOIO
pewenus ypasHeHus (29).

10. Wcnons3sys paccyXAeHus, IpUMeHsIBIIrecs npyu seiBome (30), mokaxure, 4TO
LIS BEJIMUMHEL MAaKCHUMAJIBHOTO AYLIEBOTO HOTPEOIEHUs ¢, CIPABENJIMBO PABEHCTBO
em = f'(zm) (Benmmuuna f'(zm) HasEIBaETCI NPEdeabroli NPOU3BOIUMEALHOCTNBIO MPY-
06 — 9TO NPUPOCT BHILYCKA NPOAYKTA IPU yBEAMIEHUN 3aHATOCTU HA EOUHMUILY).

11. IToxaxuTe, YTO eClIM BeCh NMPOM3BENEHHBIN NMPOAYKT NAET HA HAKOIUIEHNE WU
MOIIIHOCTH 3arDyeHBI MOJHOCTBIO, TO SKOHOMUYECKUN DPOCT PEATIM3YETCsS C TEMIIOM
Y(t) = Yote'mt, vy, =1/a —B.

§ 3. HexoTopble Momesin corepHUYeCTBa

ITocTpoum Momenu pa3IUYIHBIX BUIOB COMEPHUYECTBA — ABYXBUIOBON
OOpBEOBI B MOMYJISIIIUSX, TOHKKA BOOpYKeHuUl, 60eBbIx nmericTeuii. [loxaxem
OOIITHOCTH METOMOJIOTMYECKUX IOIXONOB, IPUMEHSEMBIX IIPU IOIYyYEHUN U
aHaJIM3€e 3TUX MOLeNeH.
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1. B3zanMooTHoOIIIEHNs B CUCTEME «XHITHUK—XepTBa». CTpo-
rO TOBOpS, 5TU OTHOLIEHUS (KAaK U OTHOLIEHWS B QHAJOTMYHON CUCTEME
«TApa3UT—XO3SMH») He MOT'YT Ha3BIBATLCS COmepHUIecTBOM. «ComepHu-
YECTBO» XEPTBBHI C XWIIHUKOM BLIPAXKAETCS B M3MEHEHHWU YUCIEHHOCTHU
JKE€PTBBI, KOTOPAs B CBOIO OUEPENb CKA3BIBACTCS HA UMCIIEHHOCTH XUIITHU-
ka. JleficTBUTENBHO, HUKAKOM Opranu3M (TeM 6oiiee MOMyJIIInus) He XKUBET
M30JIMPOBAHHO, & B3aNMONENCTBYeT cO cBoMM OKpyxeHumeM. [Impoko pac-
IIPOCTPAHEHHEBIN BUJ, B3aUMONCHCTBUSA — UCIOIL30BAHNE ONHUMU XKUBBIMI
opraHmsMamu (KUBOTHBIMY, ITULAME, PEIOAMU, HACEKOMBIMHU) IPYTUX Op-
TaHM3MOB B Ka4ueCTBe IUIIIN.

MaremaTuyeckas Momenb Hauboslee IPOCTOM, T. €. IBYXBUIOBOH CUC-
TeMBl «XUIITHIK—XEePTBa» OCHOBLIBACTCS Ha CICAYIOIINX IPENIOIOXKeHN-
AX:

1) uncnenrocTH monyAnyil xepTB N ¥ XUIHUKOB M 3aBUCAT TOIIb-
KO OT BPeMeHH! (TOYevHas MOIeNb, He yUNTHIBAIOIIAs IPOCTPAHCTBEHHOE
pacIpeneneHue IOMyIanuy Ha 3aHMMAEMOM TEePPUTOPHUU; CP. C MONEIBLIO
coobiiectBa ame6 B § 1);

2) B OTCYyTCTBUE B3aUMOAEHCTBUS YNCIEHHOCTD BUIOB U3MEHSETCS TI0
vomesnn Maneryca us m. 3 § 1 rur. [; mpu 5ToM 9nCiI0 XKEPTB yBEITUINBACTCS,
a JHCIIO XUIITHIKOB I3JIaeT, TaK KaK UM B 5TOM CIydae HeueM NUTATHCS:

dN aM
7 aN, 7 BM, a>0, [>0;

3) ecTecTBEHHAsI CMEPTHOCTH XEDPTBBL U €CTECTBEHHAS POXKIAEMOCTH
XUITHUKS CUATAIOTCS HECYIIECTBEHHBIMU;

4) 3(pHeKT HACHIIEHNS YUCIEHHOCTH OOEUX TOMyJIALUI HE YIUTHIBA-
eTcs;

5) CKOPOCTBH POCTA YUCIEHHOCTH XEDPTBBI yMEHBIIAETCS IPOIOPIIO-
HAJILHO YUCJIEHHOCTH XUIITHUKOB, T. €. Benuuune cM, ¢ > 0, a Temm pocta
XUITHUKOB YBEIINYNBACTCS TIPONOPIUOHAIILHO YUCIIEHHOCTY XEPTBHI, T. €.
peqmuune dN, d > 0.

O6benutss Npenmnoiiokenus 1)—5), IPUXOAUM K CHCTEME YpPasHeHul
Jlomxu—Boavmeppa

dN

E = (a—cM)N,

dM o
P (=B+dN) M,

73 KOTOpO# mo HauanbHbIM umcnenHoctsM N(0) = N(t =0), M(0) =
= M (t = 0) onpenesnseTcs YUCIEHHOCTD NOMYJISIUY B J1F000i MoMeHT ¢ > 0.

Henuueitnyro cucremy (1) yno6HO UCCIenOBATD B INIOCKOCTH [IEPEMEH-
ueix N, M, njs 1ero mepBoe ypaBHEHUE MOIEINM Ha BTOPOE:

dN  (a—cM)N

M~ (CB+dN) M @)
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Ypasuenus (1), (2) umerT MONOXKEHNE PABHOBECUS (UIU CTALUOHAD-
HOE, HE 3aBUCSAIIEE OT BPEMEHN DeLIeHNe)

M():—, Ny = . (3)

3amanumcs BOmpocoM 00 yCTORYMBOCTH HOJIOXKEHUS paBHOBecus (3).
ITon sTum monpasymeBaercs crenytoiee. Eciu HauampHble YNCIIEHHOCTH B
TOYHOCTH PABHBI BENIMYNHAM (3), TO KaK C T€UEHUEM BPEMEHU OHU M3MEHS-
forcsa? Eciu o kakuM-To IPUYNHAM YUCIEHHOCTY HEHAMHOTO OTKIIOHSIOT-
cst or BesmmuunH My, Ny, TO BEPHETCS S CUCTEMA, B IIOJIOKEHNIE PABHOBECUS !
Haxoner, eciu sagansueie 3Hauerus N (0), M (0) 3aMeTHO OTIMYIAIOTCS OT
PaABHOBECHBIX, TO KAKUM 006pa30M OHU MEHSIOTCS CO BpEMEHEM OTHOCUTEIb-
HO BenmuuuH No, Mo?

YTo6bI NOHATH BpeMeHHyI0 auHamuky dymkuuin N(t), M (t), npeob6-
pasyeMm ypaBHeHue (2) k BULy

dN (=B + dN) M = dM (o — cM) N,

nonenuM 06e YaCTU MOy YUBIIETOCS PABEHCTBA Ha, Benuuuny N M u nepe-
HECEM BCe WIEHBI B JIEBYIO YaCTh:

dN aM

Ypasuenue (4) HETPYAHO IPOMHTEIPUPOBATH U IIOIYYUTH COOTHOLIE-
HHE

BInN —dN 4+ aln M — ¢cM = const,

rie KOHCTAHTA B [PABOM YACTU ONPENENAeTCS [0 HAYAILHLIM 3HAUECHY-
sm N(0), M(0). Opyrumu croBamu, ypas-
MA Henme (2), Wy, YTO TO XKe CaMOe, CHCTEMA,

(1) umeeT uaTErpAT BUNA

ImN? +lne ™ +In M® +lne N =C.

IloTennupys mnocienHee BBIpaXKEHUE,
TIOJIyYaeM MHTErpaJjl B BUIE

NP e N — i M~%eM, C; > 0. (5)

CymectsoBanue uaTerpana (5) maer

Puc. 56 BO3MOXHOCTBH OTBETUTH Ha ITOCTABJICHHBIC

BOIPOCHI (Ha puc. 56 n306paxeHsr GasoBbIe

TpaekTopuu cucTeMbl (1); CTpeNKaMu MOKA3aHO HAPABJICHUE IBUXKCHUS
[0 TPACKTOPUAM C TEUECHUEM BPEMEHM):

a) ecnu N(0) = No, M(0) = My, TO BO BCé MOMEHTHI BDEMEHU UUC-
JICHHOCTH HOHyHﬂHHﬁ HE MEHAITCI;

6) IIpU MaJIOM OTKJIOHCHUU OT IIOJIOXKEHUSA DPABHOBECUS YNCIICHHOCTH
KaK XUIIMHNKA, TaK 1 XKEPTBBI C TEUYECHUEM BPEMEHN HE BO3BPAILAIOTCA K
PaABHOBECHBIM 3HAaUEHUsM (mpu 5ToM u3 Momenu (1) momyuaeTcs cTanmapT-
HOe ypaBHeHue Kosiebanuit; cM. m. 3 § 5 rur. I);

B) €CJIM OTKJIOHEHUE OT MOJIOKEHUs PABHOBECUS BEJIMKO, TO [OBENEHNE
dyuxuuit N(t), M(t) Takoe xe, kak B ciiydae 0).

zy
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OTU BBIBOILI O3HAUAIOT, UTO YUCIEHHOCTH MOMYJIAINA XKEPTBLI U XUIII-
HUKA COBEPIIAIT NEPUOAMYIECKNE KOIeOAHUs BOKPYT MOJIOXKEHUS PAaBHO-
Becus. AMmnTyna xkojeGaHuit 1 ux nepu-

OIl OIPENENIOTCS HAUATLHEIME 3HAUCHIUS- AN(t),M(t)

mu uncienrocreir N(0), M(0) (ymp. 1, 2),
OHIF COBEpIIAIOTCS He B dase: MAKCUMAIIb-
HoMmy 3HaueHuio N (f) COOTBETCTByeT Cpen-
uee sHauenue M (t), u maobopor (puc. 57).
Komnebanus, CyuiHocTb KOTODHIX BIIOJIHE
HOHATHA (M OHU PeANbHO HAOIIONAIOTCS
B IpUPONE) O3HAYAIOT BO3HUKHOBEHVE B
OBYXBUOOBBIX IIOMYJISIIIUOHHBIX CHCTEMAX
3HAUUTEIBLHO 00Jiee CIIOXKHBIX IIPOIECCOB,
yeM B OIHOBUIOBBIX CUCTEMax (Cp. € MoO-
nenbio ManbTyca U JIOrMCTUYECKON MOZENbIo B Il I).

Bosnee Tounble MaTeMaTUUECKNE OMUCAHUS IBYXBUIOBLIX B3aMMOLEH-
CTBUH YyYUTHIBAIOT HEPABHOMEDHOCTDH PACIPENENICHNs YUCIEHHOCTY IIOIY-
JIANUR HA 3aHUMAEMBIX TEPPUTOPUAX (MM COOTBETCTBYIOT CUCTEMBL yPaB-
HEHUIl B YaCTHBIX [MPOU3BOMHLIX), BDEMEHHOE 3AIA3IBIBAHIE MEXIY DOXK-
neHueM ocobell U X 3peocThio u T. . Bo3uuka-
0T TOpa3mo 6osiee CIOXKHBIE KAPTUHEL B3auMonein- M A
CTBUS KaK [0 BPEMEHU, TaK X B IPOCTPAHCTBE.
Hanpuwmep, mpu yueTe HACBHIIIEHUS OJIS HOIYJLS-
UV XepPTB B NepBoM ypasHeHuu (1) mossiserT-
CsI COOTBETCTBYIOIINH JIOTUCTUIECKUH YJIEH, 1 OHO
npuobpeTaeT BUL

ﬂ:(oz—chaN)N. (6)
dt 0

B sTom cnyuae ¢a3oBbie TPAEKTOPUY UMEIOT
Buz crupadiein (puc. 58), CXOMAIIUXCS ¢ TeUCHUEM
BPEMEHU K MOJIOXKEHUIO PABHOBECUS, & AMILIUTYIA KONeOaHW YMEHbIIAET-
cst ¢ TeueHueM BpeMeHu (ymp. 3).

2. 'onka BoOpyKeHUN Mexny nByMs crpaHamm. [Ipemmomara-
eTcs, 9TO 0o0IIlee KOIMYIEeCTBO BOOPYXKEHUN ¥ KaXIOW CTPAHBL U3MEHSETCS
CO BPEMEHEM B 3aBUCUMOCTH OT TPeX (aKTOPOB: KOJINIECTBA OPYKUS Y
IPOTUBHUKA, N3HOCA Y2KE CYIIECTBYIOIIEr0 BOOPYKEHUS U CTEIeHN HeNOBe-
pUsi MEXIY IPOTUBHUKAMU. T'€MIIBI IPUPOCTA, U Y MEHBIIIEHUS] BOOPY XKEHUI
[IPOIOPIIMOHAJILHEI YKA3aHHBIM (HaKTOpaM, T. €.

Puc. 57

N
Puc. 58

P = () My~ Bu(t) My + (1),
., (7)
dt2 = as(t) My — Ba(t) My + 72 (t).

B ypasrenusx (7) M1(t) > 0, Ms(t) > 0 — o6beMbI BOOpykeHuit, Ko3ddu-
mueHTsr o (t) > 0, aq2(t) >0, B1(t) >0, B2(t) > 0 xapakTepusyioT CKO-
POCTHU HAPAIIUBAHUS U «CTAPEHUAS> BOOPYKEHUIT (AHAJIOT IIPOIECCa aMOp-
TU3aIN TPOU3BOACTBEHHEIX MOITHOCTEH B MOMEIIAX SKOHOMUKH ) , DY HKIIAH
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71(t) = 0, v2(t) > 0 onMCHIBAIOT YPOBEHDb B3AUMHOIN HACTOPOXKEHHOCTH (HE-
IOBEPUsT) KOHKYPEHTOB, KOTOPHIA CANTACTCS HE 3aBUCAIIAM OT KOJIMICCTBA,
BOOPYKEHHUI, & OMPENeNACTCA IPYTUMA TPUITHAMIE.

Momens (7) He yUATHLIBAET MHOTHE BaXHBIE (DAKTODPLI, BIUAIONIAE HA
MUHAMWKY TOHKYM BOOPYKEHUI, HO, TEM HE MEHEee, MaeT BO3MOXHOCTE MPO-
AHAIM3MPOBATD PAM CYIIECTBEHHLIX CBOUCTB 5TOTO Mporecca. Ananmus Hau-
6oJiee IPOCT B YACTHOM city4ae, korma dysxumu «;, O, vi, ¢+ = 1,2, He
3aBUCAT OT BPEMEHHU:

dM
dtl =y My — B My + 7,

. (8)
dt2 =My — BoMs + 2.

Wccnenyem cucremy (8) B mmockoctu My, Ms ¢ 1eIbI0 ONPENeuTh Ka-
yecTBeHHOe nosenenune Gyukuuit Mi (t), Ms(t) Bo Bpemenu. Y pasuenus (8)
nmeroT nosoxenue pasHosecust dM; /dt = 0 u dM»/dt = 0. PaBroBecubIe

sgagenns MY, M3 naxomnarcs, OueBUIHO, U3 yCIIoBUit
My =i Myi+7 =0, aMy— M2+ =0
1 DaBHBI

o1y2 + Boyi o1 + B2
Gt Pn e et 9)
P12 — araz B1Pe — aza

W3 (9) crenyer mepBBI BaXKHBIA BBIBOA: IUIA TOIO UTOOBI DABHOBECHUE

M7 =

CYITIECTBOBAJIO TIPM TONOXKUTENBHBIX 3HaueHUax semmwuauma MY, MY (mo
cBoeMy cmbicity yaxouu M (),

My A M5 (t) meoTpuLaATENbHLL), HOIK-

HO BLINIOJIHATBCA HEPABEHCTBO

B1B2 > aias. (10)

Cwmeicnt yenosus (10) mposic-
HSIETCSI U3 CJIENYIOIINX PACCYXK-
neuwnii. IlycTs, Hanmpumep, mapa-
MeTpHl a1, (f1 U [Jo HEU3MEH-
HBI, 3 IAapaMeTpP (i YBEeIUInBa-
eTcs. OTO O3HAYAET, UTO MEPBas
CTPAHA HE MEHSET CBOIO CTpaTe-
ruio B 0O0JACTH BOODPYXKEHUH, a

0 "o MO M, BTOpPAasi HAPAIIIUBAET BOOPY KEHUS

B [P HEU3MEHHOM TeMIle H3HOCA,
opyxus (mapamerp fs2). Torma

IPU IOCTATOYHO OOJIBIION BeJIu-

YUHE (¥ PABHOBECKUE CTAHET 3aBEIOMO HEBO3MOXHBIM, a HepaseHcTBO (10)

005138 TeIbHO HAPYIIUTCSI. 3aMETUM, UTO, €CjIu 00a mapaMeTpa v, Yz, Xa-

PaKTEpU3YIOIINe B3aUMHOE HEIOBEpUE, PABHLI HYJIIO, TO IOJIOXKEHUO PaB-

HOBECUSI OTBEUAELT OTCYTCTBUE BOOPYXKEHUN y OOEUX CTOPOH.

\j

Puc. 59
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Wsyuum Teneps Bompoc 06 ycroiuuBocTu pasHOBecus (9) mpu ycio-
Buu (10). B sToM cityuae uHTErpasibHbIe KPUBLIE ypaBHEHUs (8) B IIIOCKOC-
T My, Ms umeroT Bum, n3obpaxeHusiin Ha puc. 59. lITpuxorbie npsmbie
oTBeuatoT usoknuHaM Hyis (M = as/f2s My + v2/fB2) u GeckoreunocTu
(M2 = B1/a1 My — 1 /). VsoknuHa HyIsS UMeET HAKJIIOH, MEHBIINI, 1eM
n30KIMHA GecKoHeuHOCTH (9TO0 crenyeT u3 HepaseHcTBa (10)). CrsomabiM
JIMHUSAM COOTBETCTBYIOT UHTErPaJibHbIe KpuBbie. CTpeNKaMu IOKa3aHo Ha-
[IPABIIEHUE IBUXKEHUS TI0 WHTErPAILHLIM KPUBLIM C TEUEHUEM BPEMEHH.
@Oyukuuun M, (t) u M>(t) npu Bo3pacTaHuu ¢ CTPEMATCs K DABHOBECHBIM
sHaueHusM. TakuMm o6pa3oM, paBHOBECUE YCTOWYMBO: JHO00E OTKIIOHEHUE
OT HETO CTAHOBUTCS HUUTOXKHO MAJILIM TI0 TPOMIECTBUAN HOCTATOIHO GOIb-
LII0T0 IPOMEXYTKa BpeMenu (yup. 4, 5).

W3 mocTpoeHHON MOmENM HETPYIHO ONPENesinTh HEKOTOPLIE Xapak-
TEPUCTUKYA BO3MOXHBIX MMOBEIECHUN COMNEPHUKOB IPU MEPEXOAE OT OIHOTO
MIOJIOXKEHNUsST PABHOBECUS K Ipyromy. IlycTh, HampuMmep, TEMII HapallluBa-
HUS BOOPYKEHUU B IIEPBOHM U BTOPOUN CTPaHAX U3MEHSETCS Ha HeOOIBIIYIO
Benuunny da (da = day = das). Ilpu 9T0M 06BEM BOODYKEHUN TaKKe 13-

MEHSEeTCS, IpudeM 06e CTOPOHBI KeJaloT, UTo0b mpuparterns dM, u d M3
OBbUIN PABHBIMY U MHTEPECH 00ErX CTOPOH HE yINeMIIsuch. s Benuauna
dMy, dM2 u3 (9) nomyuaem
2
0 aroeys + asfoyr + ajye + a1y
dM7 = > da,
(B1B2 — araz)

a1 + a1 fB1ye + a3 + @By
(P12 — aran)?

IIpennonoxuM mis TPOCTOTH, YTO HACTOPOXKEHHOCTHU (HENOBEpUI)

nmapTHEPOB paBHbIe (71 = ¥2). Torma us pasencrsa dMY = dMYJ nonyuaem
YCIIOBHE TIADUTETa CTOPOH IPY HEGOIBIIOM M3MEHEHUY PABHOBECHS

ay (ay + B2 — B1) = az (a2 + B1 — Ba),

KOTOPOE MOXET OBITH IOJIOXKEHO B OCHOBY COOTBETCTBYIOIINX IOTOBOPEH-
HOCTE MEXIy CTPAHAMMU, €CIIM M3BECTHBI BEJIMUUHBL (1, (s, (1, B2. Tak,
HAIpUMep, OyCThb o = o0&, o > 0. B sTOM ciyuae u3 mpembioyIero pa-
BEHCTBA II0JIyIaeM

dMY = dov

a1 (1-0) =By — fi. (11)

Ilpu 0 < 1 (Temn mpupocTa BOOPYKEHU y BTOPOU CTOPOHBI MEHBIIIE,
4YeM y NEepBOM) Ui COXPAHEHWs HapuTera Heobxomumo (s < (1, T. €. y
BTOpO#1 CTOPOHHI (B cooTBercTBuu ¢ dhopmyson (11)) Temn amoprusanun
BOOPYKEHUN NOJIXKEH OBITh MeHbIne. [Ipy IpOTUBOMOIOKHOM HEPDABEHCTBE
o > 1 umeeM, eCcTeCTBEHHO, OOPATHOE COOTHOIIEHUE MEXIY CKOPOCTIMU
aMOPTU3AINH.

3. BoeBrle nelicTBuUs AByX apmuii. B npoTuBo60pcTBE MOTYT IpH-
HUMATh yUaCcTUE KAK PEryJsApHBIE apMUM, TAaK U IAPTU3AHCKUAE COEIUHE-
uus. ['IaBHON XapaK TEPUCTUKON COMEPHUKOB B PACCMATPUBAEMBIX MOLIEIISIX
SIBILIIOTCST IuciieHHOCTU ¢TOpoH Np(t) > 0 m Na(t) > 0. Ecnu B kaxoir-To
MOMEHT BPEMEHM OIHA, U3 UNCIIEHHOCTEN OGPAIAeTCs B HYJIb, TO HAHHAS



176 MOIEJIA TPYTHOPOPMAJIN3YEMEIX OB’ BEKTOB [TII. IV

CTOPOHA CYUTAELTCS IIOTEPIIEBIIEH TOPAKEHUE (IPUTOM, UTO B STOT MOMEHT
YUCJIEHHOCTD NPYTOil CTOPOHBI MOJOXUTEIBHA).

B cnyuae meficTBuil MeX 1y PEryISPHBIMU YACTIMU IUHAMUKA UX TUC-
JIEHHOCTY OIPENeNseTcs TpeMs (GaKTOpaMu:

1) CKOPOCTBIO YMEHBUIEHUS COCTABA, U3-33, IPUYNH, HETIOCPELNCTBEHHO
HE CBA33HHBIX ¢ G0EBLIMU HEACTBUAMHA (OOJIE3HN, TPABMBI, IE€3€PTUPCTREO);

2) TEMIIOM TOTEpPb, 06YCIIOBIEHHBIX OOEBHIMY NEACTBUAMU ITPOTUBO-
GOPCTBYIOIIEN CTOPOHBI (KOTOPLIE B CBOK OUEPENb OMPENENAIOTC KAueCT-
BOM €€ CTPATEruy U TAKTUKN, YPOBHEM MODPAIILHOTO NyXa U MPOdeccuoHa-
JIU3MOM GOMIOB, BOOPYXKEHUAMUA U T. II.);

3) CKOPOCTBIO IOCTYINIEHUS TIOAKPEIJIEHU, KOTOPAs CIUTAETCS HEKO-
TOpPOU 3aaHHON GQYHKIIMEN BPEMEHU.

Ilpu sTux npenmosnoxenusx mis Ni(t), Na(t) momyuaem cucremy
ypaBHEHUN

% = —Oél(t) Ny _BZ(t) N +’Yl(t)’
(12)
% = —ax(t) Na — B1(£) N1 +7(t),

U3 KOTOPOW TpU 33aMAaHHBIX QOYHKUUSIX y, (i, Vi, ¢ = 1,2, 1 HAYAIBHBIX
suauerusx Ni(0), N2(0) oqHO3HAYHO OMpeneNnseTcs pelesne B b0l MO-
meHT Bpemenu ¢ > 0. B (12) kxosddunmentsr a; o(t) > 0 xapakTepusyoT
CKOPOCTH [IOTEPD B CUITYy OOBIYHBIX (He 60eBbIX ) npuunH, 1 2(t) > 0 — TeMm-
IIBI [IOTEPh U3-33 NeCTBUI CONEPHUKA, Y1 2 > 0 — CKOPOCTY HOCTYIIIIEHUsI
TONKPETJICHUH.

Boitna Mexxny perynsapHbIME 1 TapTU3AHCKAMY YACTIMU OMUCHIBACTCS
npyroi mozesnbio. ['maBHOe OTIIMYMe B TOM, UTO HEPETYIISIPHBIE COSIUHEHSI
B CPABHEHUU C APMENCKUMU MEHee YSI3BUMBI, TAK KaK NeACTBYIOT CKPBITHO,
334YaCTYI0 OCTABAsICh HEBUAUMBIMY JIJISI COIIEPHUKA, BHIHY XK IEHHOTO IEHCT-
BOBaTh HEM3OMPATENBHO, IO TIIOMIAMSIM, 3aHIMAEMBIM TapTu3anamu. [1os-
TOMY CYUTAETCS, YTO TEMII IOTEPh MAPTU3AH, IIPOBOMSIIINX CBOU OIEPAITAN
B PA3HBIX MECTAX Ha HEKOTOPOW M3BECTHOUN TEPPUTOPUY, IPOIOPIINOHAIIEH
He TOJILKO YUCIIEHHOCTY apMeickux coenuuenuil Ny (t), HO U YNCIEHHOCTH
camux naptusas N(t), T. e. ompenmensercs uinesHoM Buna (1 (t) Ny N2. B
pe3yiabTaTe MONENb CTAHOBUTCS HEJIMHENHOM:

% = —Oél(t) Nl - 62(t) N2 + ’Yl(t)’
(13)
% = —az(t) N2 — B1(t) N1 N2 + 7o(t).

B (13) Bce BenuuMHBL UMEIOT TOT XKe CMBICH, 4TO u B (12). Usyuum
momeiu (12), (13) (modeaw Jlanuwecmepa) B gacTHOM Ccitydae: y; = o = 0
(CTOPOHEBI HE MOIYYAIOT NONKPEIVICHNH U KaK Obl IPENOCTABIIEHBI CAMIM
cebe); a; = const, as = const; B1 = const, By = const (nmociennee o3Ha-
9aeT, B YACTHOCTH, ITO y NPOTWBHUKOB BCETHA HAWOETCS NOCTATOYHOE
KOJIMYECTBO BOOPYKEHUI, KOTOPOE MOXKET UCIONIb30BATHCS TONHBIMU K He-
CeHHUIO CIIyXKOBI GofaMn).
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Monens (12) cTaHOBUTCS ABTOHOMHOR ¥ TIPUHUMAET BUI

dN-
d—tl = —a1 N1 — 2N,
(14)
dN,
—= = —ayN, — 31 N;y.
dt Q2iV2 ﬂl 1

W3 ypasuenuii (14) BumHO, 4TO B NAHHOM CIIyUae UACIEHHOCTU CTOPOH
C TEUEHHEM BPEMEHHU MOTYT TOJIBKO yOLIBATL. KakKOB BPDEMEHHON XapaKTep
5TOTO IPOIECCa U KaKas CTOPOHA HOTepnuT nopaxenue? UToObI BLIACHUTD
9TOT BOMNPOC, BBENEM €Ie ONHO YIpPOIIeHue (BIOJHE ONPABIAHHOE MIIS
KPATKOCPOUHBLIX KAMIIAHWN): TONoXuM 1 = s = 0. Ipyrumm croBamu,
MOTEPU CTOPOH OMPENENAIOTCS JUIIb NeACTBUAMEU TPOTUBHUKA. Cucrema
(14) ymporaercs:

Ny Ny
7l Ba2No, e B1N1, (15)

1 JIETKO HAaXOOUTCA €€ MHTEerpaJl
BiNT (t) = B2 N3 (t) = BLN7(0) — B2N3(0) = C. (16)

W3 (16) ommosmauno ompenensercs nobenurens (puc. 60). Ipu C >
> 0 mobexmaer mepBas apmusi, npu C < 0 — BTOpas, B ciaygae C =
= 0 CTOpPOHBI YHUYTOXAKT OPYTL NOPYra OTHOBPEMEHHO, W mOOemuTe-
JIsI HET. CM])IC.TI 9TUX peSyﬂbTaTOB BIIOJIHE CEH U3 BUOA KOHCTAHTHI B
(16). Hist mobener BaxHa He

TOJILKO YUHCJIEHHOCTH CTO- Nz A <o C=0
poH B Hauaje OOEBBIX Heu- /
creuii (N1(0), N2(0)), HO 1

UX BEIyYKa, KAIECTBO UX BO-

OpyXeHuit u T. m. (T. e. KO-

sppmmmenros 41, fo). Tax, >0
ecau C > 0, To u3 (16) cie-

Ayer V/—Cl2

P17 (0) > B2N3(0),

¥ Ui OOCTHXeHus mode-
OBl BTOPOH CTOPOHE CJle- 0 \/c/s N
nyer nubO yBeNMWYNTHL Ha-
YaJIbHYIO YUCIEHHOCTD, JIN-
00 yIy4dIIuTh KaueCTBO OOEBBIX NENCTBUIA, MO0 TO U IPYroe OMHOBPEMEH-
HO. 3aMeTuM, 9TO 5hdEKT OT yBenuueHus Ko3hPuImenTa, o MEHbIIE, YeM
0T Takoro xe ysejuuenus ducia No(0), KOTOpOe BXOMUT B HOCIENHEE He-
PaBEHCTBO (TakK HA3BIBAEMEIA K8a0pamuubll 3aKxon 60esbir deticmeuti) BO
BTOPOU CTEIEHN.

HNudpdepeniupys neppoe u3 ypapHeHuil (15) u npuHIMas BO BHIMAHIE
BTOpOeE, noNlyuaeM ypasHenue miist Ny (t)

d*> N,
dt?

12 A. A. Camapckmnit, A. II. Muxaiisos

P
' o

Puc. 60

= P1B2N1. (17)
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W3 (17) ¢ yuerom HauampbIx yemoBuit Ni(t = 0) = N1(0) u dN;/dt (t =
=0) = —2N2(0) HAXOMUM YUCIEHHOCTH TEPBON APMUY KK DYHKIIUIO BPe-
MEHU:

Ni(t) = N1(0) ch\/B1B2 t — N2(0) \/B=2/B1 sh/B1f: t, (18)

3HAs KOTOPYIO, HETPYAHO HaiTu u dbyukmumo Na(t) (yop. 7).

PaccMoTpuM Teneps MedCTBUSA PEryJIApHON apMUM IPOTHUB IapTU3aH
B TeX Xe YIPOIIAIOIINX IIPENIOIOKECHIAX, YTO U B MPEOBIAYIIEM CIIydae.
Mogens (13) mpuobperaer Bun

dN; dN>
= — 2N2 _— = 1N1N2. 19
L= N, =g (19)
YuCeHHOCTH CTOPOH, KaK U Ipexie, yOLIBAIOT CO BPEMEHEM, HO IO
IPYroMy 3aKOHy. Y MHOXUM miepBoe ypasuenue (19) ma (31 Ny, BTopoe —
Ha (2 W BBIYTEM BTODOE MOJIYUYUBILIEECS yPABHEHUWE U3 NEepPBOro. B umrore
IPUAEM K YDABHEHUIO

dt b 5 NE(D) = BaNa(t) | =0,

UMEIOIIEMY MHTErPail

51 51

N7 (t) — B2Na(t) = = N7 (0) — B2N2(0) = Cy. (20)

Wsyunm dasoseie TpaekTopuu cucteMbl (19) ¢ mOMOIIBIO MHTErpasia
(20). U3 puc. 61. Bugso, uro npu C; > 0 nobexnaer apmus, npu C; < 0 —

NoA Oy <0
C1=0
C] >0
0 20, /51 Ny
Puc. 61

naprusansl, a npu C; = 0 mobGenurens ner. Tak ke, Kak u Ipu OeACTBUN
PEryisapHBIX dacTel, nobena obecneunBaeTcs He TOIBKO HAUAJIBLHON YUC-
JIEHHOCTBIO, HO 1 60EBOY BBEIYUYKON U KAYECTBOM Opyxus. [IycTs, Hampumep,
C; >0, 7. e

Br

5 Vi (0) > B2 (0). (21)
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Torpa mapTuszaHaMm HEOOXOOMMO OOECHEUUTH yBeIUUeHUE KO3DGIOUINEHTA
(> ¥ TOBHICUTH CBOK HAUAJIbHYI 4nCJIeHHOCTb Na(0) Ha COOTBETCTBYIO-
YO0 BEJWYVHY, NHAUE OHU OOpeveHHbl Ha mopaxkeHnue. [IpmueM sTo yBemu-
venre ¢ poctoM BemuuuHbl N (0) DOMKHO pacTu He JMHENHO, a IPOIop-
uonasbHO Bropoi crenenu Ni(0) (napaboauvueckuts 3axon 6oesbir deticm-
sut). MOXHO CKa3aTb, UTO B HEKOTOPOM CMBICIIE PETYIISIPHLIE COCNUHEHUS
HAXOOATCs B 6OJlee BBITOLHOM IIOJIOXKEHWU, IIOCKOIbKY HepaBeHCTBO (21)
IUIsl HUX JOCTUTAETCS MPU MEHBIIEM POCTE HAYAIBLHON YUCIIEHHOCTH, IeM
IPOTUBOMONOKHOE (21) HEPABEHCTBO IS YMCIIEHHOCTHU TAPTU3AH.
Iosenenve dyukumit N1 (t), Na(t) Bo Bpemenu naxomurcs us (19) c
ncnons3oBanueM uuTerpana (20). Tak, mias Ni(t) numeem

dN, Br s
@y _ APy
el R

9TO 3KBUBAJIECHTHO YPABHEHUIO

dN;y

Wurerpupys (22), merpynuo naittu Np(t) u 3arem No(t) kax HesBHBIE
¢dyukuuu Bpemenu (yup. 7).

B saxmroueHre OTMETHM, YTO PACCMOTPEHHEIE 3M1€Ch MPOCTERIITIE MO-
eI COMEPHUYECTBA, COOTBETCTBYIOT CACTEMaM OOBIKHOBEHHEBIX mudde-
PEHIMANILHLIX YPABHEHUI BTOPOrO MOPAAKA (B OOIIEM CITydae HeaBTOHOM-
HBIX U HEJIMHENHBIX ), IIMPOKO PACIPOCTPAHEHHBIM DU ONUCAHUYA MHOTUX
€CTECTBEHHOHAY YHEIX O0BEKTOB. OTO 3aKOHOMEPHO, TAK KAK MCIOIbL30BAH-
HBIE [IPY TIOCTPOEHUH TIOAXONE! (HACHIIIIEHNE, TIPOHOPIIOHAIILHOCTE TEMIIOB
POCTa BEJIMUMHBL 3HAUCHUIO STON BEJIMYMHLL U [[P.) AHAJIOTUIHBI ONXONAM,
MIPUMEHSEMEIM B MEXAHWKE, (PU3MKEe, XUMUN.

YIIPAXKHEHNRI

1. ITokaxwure, nuaeapusys cucremy (1) B OkpecTHOCTH pasHOBecus (3), 4TO COOT-
BETCTBYIOIIAs €My 0CO0as TOYKa SBISIETCS LEHTPOM.

2. Beruncimre mepuon Kojae6aHui B CUCTEME «XUIIHUK—XEPTBa» B 3aBUCUMOCTH
oT ee xapakTepuctuk (e, 0, ¢, d) 1 HAYAIBHOLO COCTOSHUS.

3. Y6enurech, IuHeapU3ys CUCTEMY yPaBHEHUII, COCTOAIIYIO M3 ypaBHeHus (6) u
BTOpOro ypasHeHus (1), B TOM, 4TO I Hee TOYKA PABHOBECUs — YCTONYMBEIN (HOKYC.

4. ITokaxuTe, 4TO TOYKa paBHOBECU (9) — yCTOMUMBEIN y3€JI.

5. Ilosy4uTe OLEHKY OIS BPEMEHN IIPUXOAA CUCTEMEI (8) B paBHOBECHE C TOYHOC-
TBHIO OO 1% B 3aBUCHUMOCTHU OT €€ XapPpaKTEPUCTUK U BEJINYWHBI HAYAJIBHOI'O OTKJIOHCHU.

6. YcTaHoBUTE XapaKTep KPUMBU3HBL (PA30BBIX TpaeKTopuil Ha puc. 60.

7. Haitnure dyskumio No(t), mcnonssys nubo ypasreHue (15), mu6o mHTErpas
(16), n cpaBuuTe ee ¢ dyukumen Ni(t) u3 (18). Y6eaurech B TOM, 9YTO BHIBOABI, CHEIIAH-
Hble Ha OCHOBe aHasm3a uHTerpasa (16), mpasmnbusl (T. e. yro npu C' > 0 mobexnpaer
nepBas cTOpoHa, npu C < 0 — BTOpast).

8. Halinure pernenue ypasHeHus (22) 1 OnpememTe MOMEHT, Korna Gyskuns N (t)
obpalaeTcs B Hyb (IpK 5TOM, ecTecTBeHHO, C1 < 0). YCTaHOBUTE XapaKTep KPUBU3HBL
$a30BBIX TpaeKTOpUil Ha puc. 61.

12*



180 MOIEJIN TPYTHOP®OPMAIIN3YEMBIX OB BEKTOB [[II. TV
§ 4. IluHaMuKa paclpefiejIeHus BJIACTU B MepapXuu

ITocTponM n M3yunM MaKpOMOZEINb, OIUCHIBAIOIIYI0 HEKOTOPHIE KIIIO-
UeBbl€ B3aMMONENCTBUS B CUCTEMe TOCYyHapCTBEHHAs BIAaCTb—TPaXIaH-
ckoe 00111ecTBO». PaccMOTpuM BIIusHIE DEAKITNN IPAXKIAHCKOTO OOIIECTBA
U IPYIUX XaPAaKTEPUCTUK CUCTEMBI HA NWHAMUKY DACIPENEesIeHUs BIIACTH
BHYTDHU HePAPXUM, a TaKXkKe HEKOTOPBIE CBOMCTBA 3TUX PACIpENeIeHNN.

1. O6mias mocTraHOBKa 3amadyud M TepMuHosorus. Wzyuenue
CTPYKTYP BJIACTH — ONHA M3 IVIaBHBIX 33ad Hayk 00 OOIIecTBe, Ipex-
e Bcero nonurosioruu. [TousTue «BIacTh» TAaMHCTBEHHO, MHOTO3HAYUHO, C
TPYIOM monnaeTcs GOopMain3aluy ¥ KOJIXIECTBEHHOMY u3MepeHuio. Ec-
TECTBEHHO MIO3TOMY, UTO MaTeMaTUdeCKrue MOLeNN MOIUTOJIOTUY HOCAT B
OCHOBHOM OIUCATEIbHEBIN, (DeHOMEHOJIOTMYECKUN XapakKTep U NPUMEHSIIOT-
€ K OTHOCUTEJILHO y3KOMY KDPYTY IIpOOJIeM MOHUTODPUHTA: CTATUCTUYECKAS
06paboTKa 37IeKTOPAJIBHBIX OXUIAHAN U Pe3yNIbTATOB BEIOOPOB, ONpeete-
HI€ PEATUHIOB PA3INYHBIX TOJIUTAIECKUX CUII, IIPOTHO3BI IPANYILNX Tap-
JIAaMEHTCKUX TOJIOCOBAHUN HA OCHOBE y2K€ COCTOSIBIINUXCS U T. I.

ITocTpoenne maTeMaTmuecKnX MOIeENe OOIIeH MOINTONIOTUY Pa3yMHO
HAQUUHATDH ¢ U3YUEeHUsI MMEHHO IOCYIapCTBEHHBIX MepapXuil kak obsanaro-
HIUX BIIACTHIO HA OQUINAIIBHBIX, T. €. JIerKO (HOpMajIn3yeMbIX OCHOBAHUIX.
B »TOM cocTouT BaxkHOE OTNIWYME TOCYNAPCTBEHHON BIIACTHU OT BIIACTHU He-
3aBUCUMBIX CpencTB MaccoBor uudopMaiuu (CMU), vHTEIEK Ty aabHBIX
¥ HPaBCTBEHHBLIX ABTOPUTETOB U OPYTUX BUIOB BIACTH.

ITon uepapzued, unu uepazuueckot cmpykmypoti, TOHUMAELTCS YIOPSI-
MOYEHHAS [0 CTAPIIUHCTBY COBOKYITHOCTD MHCTUTYTOB (MHCTAHINN, HOJIK-
HOCTe1, IOCTOB, YMHOB ¥ T. II.), HAJEIEHHBIX BIACTHLIMU [IOJIHOMOUNSIMIY
oT uMeHu rocynapcTsa (1. e. no Koncturyiuu, 3akoHaMm, ycTaBaM, I0CTa-
HOBJIEHUSIM, IIPABUAIIAM, MHCTPYKLIUSAM U T. IL.).

NnmeroTcs B BULy He TOIBLKO OOMIETOCYNAPCTBEHHBIE YUPEXKIEHN, Ha-
npuMep, denepalibHble MUHICTEPCTBA, HO TaKXe MeXDeruOHAJIbHEIE, pe-
THOHAJIbHBIE M MECTHBIE OPTaHbl, OPUIMAIBLHO MMEIOLINe COOTBETCTBYIO-
11y10 BracThb. CIIOBO «MepapXuvecKass MONUEPKUBAET, UTO BHYTPH CTPYK-
TYDHL 3apaHee U UYEeTKO OIpeNelleH MOpsnoK nmomuuHeHHOCTH. Kaxnoe ee
3BEHO (KpOMe BEICIIIErO) MMEET CTapIINe, IPUKA3BIBAIOIINE> NHCTAHIIUY
7 (32 UCKIIIOYEHMEM HU3IIErO 3BEHA) MIIAIIINE WHCTAHIWA, BBIIOJHSIO-
e IPUKa3bly, UCXOASIIMe KaK OT NaHHOM MHCTAHUWM, TaK U OT OPY-
TUX CTapIINX 3BeHbeB. PazyMeercs, mpukasbl UOyT TOIBKO OT CTAPIINX K
MITQIIINM.

I'pascdancroe 06wecmeo — 5TO J4aCTh OOIIECTBA, HEMIOCPEACTBEHHO
He 00/IamaIias ToCyIapCTBEHHON BiIacThio. K HEMY OTHOCSTCS rpaxima-
He (B TOM YHCIie TOCYNAapPCTBEHHBIE YNHOBHUKY, NEACTBYIOIINE BHE PAMOK
CBOUX CITyKeOHBIX OGSI3aHHOCTEN) U Pa3iIMYHbIE UX O0benuHeHus (mosu-
TUYECKUe, KYIbTYPHbIE, IPODYECCUOHAIBHEIE), CEMbU U YACTHHIE IPEATIPI-
stust u T. . OUeBUOHO, YTO WIEHBI IPAXKIAHCKOIO OOIeCTBa HE MOTYT
«IIPHUKa3bIBATE®» OT UMEHU IOCyNapCTBa HU APYT APYTY, HU KaKuUM-Jnrbo
3BEHBbSIM BIIACTHON CTPYKTyphl. Hampumep, HerocymapcTBeHHAs KOPIIOpa-
ust, KaKo# ObI KPYITHON OHa HU OBLIIa, HE BIIpaBe OPUIINaIIbHO IPUHY K 1ATH
KOro OBI TO HI OBIIO K TOMY WJIX WHOMY NOBeneHui0. B To ke BpeMs mobast
WHCTAHLIUS MMeeT TaKyl0 BO3MOXKHOCTB IO OTHOIIEHUIO K OIPENesIeHHOR
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YaCTHU TPAXKIAHCKOTO OOIIECTBA, a HEKOTOPLIE — IO OTHOIIEHUI KO BCE-
My oOriecTBy. 3aMEeTHUM, UTO ONHO M TO Xe «(PU3MYECKOe JIUI0> MOXKET
ONHOBPEMEHHO KaK IPUHALIIEKATHL KO BIIACTHOM CTPYKTYype, TaK U OBITH
YJIEHOM TPaXKIaHCKOTO OOIIECTBA.

Peaxyug o6wecmea — oTBeT (nonoanem;Hmﬁ, OTPUIIATENLHBIN UK
6€3DPa3IINIHBIN) TPAXKTAHCKOTO OOIIECTBA Ha, NEUCTBUS TOrO UJIA WHOTO WH-
CTUTYTAa BAACTHU (C TIOMOIIBIO BEIOOPOB, pedepeHIyMOB, IIeOUCIUTOB, Ye-
pe3s CMHU, onpocs! 0011[eCTBEHHONO MHEHUS, MUTUHI Y, 330aCTOBKUY T. I.).

B Momens BBOOUTCS TakXKe MOHITUE «PEAKITUSI NEPAPXUUS>, CMBICI KO-
TOPOT0, KAK U CMBICJI TEPMUHA «PACIIPENESIEHIE BIACTI» U NPYTe TEPMU-
HOJIOTUYECKUE YTOYHEHUS, PA3BICHIETCS HIXKE.

1
p(7,t) Uepapxuueckas cTpykTypa
\‘
-] 4
. o pa(ist) HukraTtypa
:
2 * °
e 0 . [<]
z ~ p(7,t)
g %
> * %
+ + P1 (11 t)
Amnapxus +
4+
0 0 1 1—1 i i+ 1 N-1 N
Bricime nacTaHIIIM Husimne nacranmmm
A e Rz
Koucrurymnus, 1
3AKOHDI, - I'paxmanckoe

ob11ecTBO

ycraBBRI 1 T. I.

Puc. 62

Wepapxuueckas crpykrypa cocrout u3 N + 1 uncraunmuu (puc. 62),
kaxmon u3 uux npunvcad zomep ¢ (0 < 4 < N). Briciias uacTanmus nve-
er Homep 0, Husmmas — #Homep IN. Crpenka 4 0003HAUAET HANPABIICHUE
MOMYMHEHHOCTHU B CTPYKTYPE «CBEPXY BHU3® (WU «CJIEBA HAIPABO®), T. €.
HAIIPABIIEHUE IBUKEHUS BIACTHLIX PACIOPSIKEeHU (IPUKA30B), IepenaBae-
MBIX IO ME€PAPXUIECKON JIECTHUIIE.

Koneuno xe, nms m000f KOHKPETHOW ¥ MOCTATOUYHO MPOTSIXKEHHON
MEPapXUIECKOll CTPYKTYPHL (TeM 6osiee B MacuITabax rocynapcTBa, IyCTh
HEBOJIBIIIOr0) ONPENEINTD PACTIONOKEHNE BCEX COCTABIIAIONINX €€ UHCTAH-
UUH B TOPSOKE MOMUNHEHHOCTU — OYEHb CJIOXKHAS U TPYHNOEMKas 331a4a.
B Tom umcne u moToMy, UYTO BIACTHBIE OPTAHLI UMEIOT B PEATBHOCTHU «IPe-
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BECHOE» CTPOEHUE, MOTYT IPUHALIIEKATHL PA3HBIM BEOOMCTBAM, OLITH KakK
NepCOHNGUIIUPOBAHHBIMY, TAaK U KOIIETUAIBLHEIMEA U T. 1. [loHaTue «non-
YWHEHHOCTb®» UMEET MO3TOMY YCJIOBHBIN OCPETHEHHBIN CMBICII.

Omuako [y MOCTPOEHUs MATEMATUIECKON MONEIU U aHaau3a GyH-
IDAMEHTAJIbHBIX CBOMCTB BIIACTHBIX CTPYKTYP HOCTATOYHO TOTO, YTO HTA
331843 MOXeT OBITH PEIleHa B IPUHIINIE, BIIPOUEM, Ha, OCHOBE HEKOTOPBIX
KOJIMYIECTBEHHLIX KpuTepueB. s mposcHEeHus 5TOr0 BOIPOCa HEOOXOAMMO
YTOYHUTDH PA3NIMYHLIE TIOHUMAHUS CIIOBA 64GCTMD.

OHO wacTo ymoTpebiseTcs B CMBICIE opz2akbi eaacmu (BepxosHbiil
Cyn, roponckas [yMa, MeCTHOe OTLEJIeHAE MUIALIMAY T. 1I.). PaBHOIEHHOR
3aMEHON TAHHOTO MOHATHUS CIIyKAT TEPMUHBI «AHCTAHLINY, «AE€PAPXUIEC-
Kasl CTPYKTYDPa», KIEPAPXUT>.

Ipyroe BaxXHOe 3HAUEHWE HTOTO CJIOBA OIUCHLIBAETCS TEPMUHOM
saacmuble NoAROMOuUL. CUMTACTCS, YTO BIIACTHBLIE MMOJIHOMOYUS JIFOOOM
WHCTAHIUM MOT'YT OBITH, BOOOIIIE TOBOPS, ONPENEJIEHEl ¢ IIOMOIIBIO HEKO-
TOPOr0 COBOKYIHOI'O KOJIMYECTBEHHOI'O KPUTEPUs, BKIIIOYAIOLUIETO B cebs
HOMUHAIBHOE (POPMAJIBLHOE) MOJIOXKEHNE UHCTAHIMKA B CTPYKTYpPE, OOb-
€M HaXONSIIINXCS B €€ PACIOPSKEHUU JTIOOCKUX, GUHAHCOBLIX, MATEPUAITb-
HBIX, THPOPMAIMOHHEBIX, NHTEIIEK TYAJIbHBIX,, 3aKOHOMATEILHLIX, PACIOPSI-
OUTEIbHLIX U UHBEIX BUIOB PECYPCOB, PAa3MEP U MECTOIOJIOXKEHVE KOHTPO-
JIUPYEeMO TEPPUTOPUHU, TPECTUKHOCTD B IN1a3aX OOIIECTBEHHOTO MHEHUS U
SKCIEPTOB 4 T. I. B yka3aHHOM MOHUMAHUY CJIOBO «BJIACTH®» O3HAUAET BO3-
MOXKHBII yPOBEHB (CTENEHb, CUITY ) BIWSHAS JAHHOTO BJIACTHOTO HHCTUTYTA,
HA TOBENEHVE OPYTUX WHCTAHIUN M HA KU3HL I'PAaXKIAHCKOTO OOIIECTBA.
WNucrannum, mMmeroieir OONbIINE BIIACTHBIE MOJIHOMOYMS, OTBOOUTCS, €C-
TECTBEHHO, 60JIee BHICOKOE MECTO (MEHBIINI HOMED) B MEPAPXUU IO CPAB-
HEHUIO C WHCTAHIMEN, uMeoleld MeHbinue monHomouus. [Ipu stom mis
PacCMOTPEHUS OOIINX BOIPOCOB HET HEOOXONMMOCTY BBOOUTDH KaKue-InOO0
abCONIOTHBIE €OUHUNIBI M3MEPEHUS BIIACTH; OOCTATOYHO IPUHATL BIIACT-
HBIE IIOJIHOMOYMS BBHICIIEN MHCTAHUuU 3a enuauny (unu 3a 100%), Torma
[IOJTHOMOY U J1000M OPYTON MHCTAHLUY OYAYT BHIPDAXKATHCS B NONX (Wiu
[IPOLIEHTAX) [I0 OTHOLICHUIO K BBICIIEMY WHCTUTYTY.

HanbHeliiiee yTOUHEHE TEPMUHA, «BIIACTHBIE IOJIHOMOUUS> CBI3aHO
C TOHSTUSIMI MAKCUMAGADHBIE TLOAHOMOUUL U MUHUMCALHBIE TLOAKOMOUUL.
ITepBoe ommcwIBaeT Te mENCTBUsI, KOTOPLIE OPTAH BJIACTU MOXKET BBIMOJI-
HUTHL MAaKCUMAJBLHO B HEKOTOPOU CUTYAIlX B COOTBETCTBUU C 3aKOHOMA-
TenbcTBoM. Hampumep, rybepHaTOp MMeeT NpaBo, P U3BECTHHIX 06CTOSI-
TEIIbCTBAaX, OOBIBUTH UPE3BBIYANHOE IIOJIOXKEHNE HA KOHTPOIUDPYEMOUA UM
TEPPUTOPUY, HO HUKAK HE IPABOMOYEH PEIATh BOIPOCHI BOMHLI U MUDA.
MuHUMAIbLHBIE TOTHOMOYKS ONUCHIBAIOT OEUCTBUS, KOTOPHIE BIACTD 0053a-
Ha npennpuarMarh Beerna (IIpesumeHT 06s43aH NPENCTABIATE €XETOMHOE
Gromxerroe nocianue B Kourpece). O6a 5Tu HOHATUSA XOPOIIO WILTIOCTPH-
PYIOTCsI, HAIIPUMED, CTAThIMU Y TOJIOBHOTO KONEKCA, ONPENEIISIIONINMHI 33,
OOVH ¥ TOT XK€ BUI IPECTYIIEHUS MaKCUMAJIbHBIE U MUHUMAJBHBIE CPO-
KV Haka3aHusI. [pyrumu cioBaMu, MaKCUMAJIBHBEIE U MUHUMAJILHBIE ITOJ-
HOMOYHWS MAIOT 3aKOHHBIE BEDXHUE U HUXKHUE TDAHUIILI BIACTU KaXKIOW
WHCTAHIII.

3aMeTuM, YTO T'PAHUILI BIACTU MOTYT, KAK M3BECTHO U3 MPAKTUKUA
MHOTTX TOCYOAPCTB, ONPENEIITHCS He TOIBKO 3aKOHONATEILCTBOM, HO TaK-
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XK€ TPAIUIUAMU U CUCTeMOl npernenenToB. OMHAKO g KPATKOCTY BCIOMY
Iajblle pedb OymeT UATH O 3aKOHOMATEIBHO YCTAHOBIICHHBIX IOJTHOMOUH-
SIX.

B MaTeMaTrueckoi MOMEIn MAKCUMAIbHbIE BIACTHBIE TOJTHOMOYNS 38~
NAITCA HEKOTOPOU TIONIOXUTENbHON byHKimen ps(i,t), 0 < i< N (kpy-
KOYKM Ha puc. 62), MOHOTOHHO yOBIBAIOIIEN C POCTOM HOMEDA i, T. €.
B N00O MOMEHT BpeMeHH t cmpasennuso po(i + 1,t) < po(i,t) < pa(i —
—1,t), 1<i< N -1 MuHuManbHbe IOJIHOMOUUS 33LAI0TCS IIOIOKU-
TenpHO QyHkumen pi(i,t), 0 < i< N (xpectuku Ha puc. 62), Takxe
MOHOTOHHO yOBIBafoIer ¢ pocToM 4, T. €. p1(i + 1,t) < p1(i,t) < p1(i —
—1,t), 1<i< N —1 (pasymeercs, scerma py(4,t) < p2(i,t), 0<i < N).
06e dyuxiuu, BOOOIIIE TOBOPS, 3aBUCIT OT BPEMEHH ¢, TOCKOIBKY CO Bpe-
MEHEM MOTYT M3MEHSTHCS 3aKOHONATEIHCTBO, TEPPUTOPUAILHOE [EIICHUE
u T. .

YucTo yMO3pUTENbHBIE CUTYAIUN, KOTIa B 3aKOHONATEIHCTBE 3allM-
CAHO «BJIACTH MOXET [eJIaTh BCE» WK «BJIACTH He 00s3aHa NeNaTh UTO-
160>, €CTECTBEHHO, HE PACCMATPUBAIOTCS, T. €. TPAHUILBLL BIACTH (XOTsI
661 GOPMAIILHO) BCETIa ONPENENICHEl, 1 BMECTE C HUMU OIPENeSIeHbl (DyHK-
am py, pa.

TomuepkHeM erne pas: IJis pACCMATPUBAEMON TaKuM 00pa3oM (B arpe-
TUPOBAHHOM OGOBILIEHHON MaHepe) UePAPXUIECKOd CTPYKTYPHL MOJIO0KEHUE
710001 MHCTAHIIAT OTPEAEIIAETCS He TOIBKO €€ HOMUHAJILHBIM MECTOM, HO 1
BCEMHU OTHOCAIIMMUCS K N6y (1 3a49acTyio 605ee BeCOMBIME) (haKTOPAMIE.
Takum 06pa3oM, HOMEP WHCTAHIIUN, OTBEUAIOIINN HEKOTOPOMY «CPEIHEMY
YUHOBHUKY®» U3 BJIACTHOTO IPEBa, HE (hOpMajbHAs KOOPAWHATA, a KOOP-
NWHATA, IO CYIIEeCTBY>». [IpUBENEHHBIM BHIIIE PACCYKIEHUSIM O BIACTHBIX
MOJTHOMOYUSX U O CITOCO6E PACCTAHOBKY MHCTAHIUN B MOPSIKE «IOMUNHEH-
HOCTU» HETPYIHO MPUOATHL 60jiee TONPOOHYIO U CTPOryI0 MaTeMaTHIec-
Kyio (opMy (MHKDOOMUCAHUE), ONHAKO I M3YUEHUS IPUHIUNUAIBHBIX
CBOWCTB CUCTEMBI «BIIACTb—OOIIIECTBO®» 5TO HE UMEET PEIIAOIero 3HaYe-
HUSL.

Hakowmen, emre OmHO UCIONB3yeMOe B MONENM ITOHUMAHUE CIIOBA
«BIJIACTH®» CBSI3aHO C (HAKTUYUECKU OCYIIECTBIISIEMBIM B MAHHBIA MOMEHT
NAHHOW MHCTAHLIUEN YPOBHEM BAGCTNIHO20 SAUAKUL (MU BeAununol 64acC-
mu). IedCTBUTEIHHO, BIACTHLIE TIOJIHOMOYYSL ONIPELEIISIOT UL BEPXHUE
U HUDKHUE 33KOHHBIE DAHUIBI YPOBHSA WM BEJIUYUHBL BIACTU (B HTOM
CMBICJIE MOXKHO TOHMMATh U3BECTHOE BBIPAXKEHUE «OODHEM BIIACTHBLIX ITOJI-
HOMOYMIT>). OTHU TPAHUILL, BOOOIIE TOBOPS, MOCTUTAIOTCI HE BCEra U He
Bciony. [lycTs, HampuMep, MO HEKOTOPOIA CTATHE ¥ TOJIOBHOTO KONEKCA,, IPE-
NYCMATPUBAOIIEN OT TPEX A0 MATHU JIET JINIIEHU CBOOOMBI, CYIbI 38 HEKO-
TOPOE BPEMsI BLIHECIU JOCTATOYHO MHOTO MIPUTOBOPOB CO CPEMHUM CPOKOM
JeTHIpe roma. Torma pealn30BaHHAS MU IO JAHHOU CTAThe BIACTh COCTa-
Buita 80% oT nx MakcuMaabHEX 1 133% OT uX MUHUMAIBHBEIX TOTHOMOYMI.

B maTemaTuueckoi mMomenu GpakTUUECKN MOCTUTAEMON BIACTU OTBE-
yaeT HeoTpuuaTenbuas byakuus p(i,t), 0 < i < N, 3aBucaimas oT «mpo-
CTPaAHCTBEHHOW» KOODAWHATHL { ¥ BpeMeHH ¢ (3Be3nouku Ha puc. 62). Ecan
Il KAKUX-TO 3HAYEHU i, ¢ BuumomHseTcs p(i,t) > pa(i,t) (wmma p(i,t) <
< p1(i,t)), TO €CTECTBEHHO FOBOPUTH O «BBLIXONE®> BIIACTU 33 PAMKHA IIOJI-
HOMOYWI, WA O NPesuluerut (NPUHUNCEHUL) 6AACTNL.
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Ipuauunuaneaas pasHuna Mexny dyukumamu py(i,t), pe(i,t) m
¢dyukuuein p(i,t) COCTOMT B TOM, UTO, B OTJIMYME OT W3BECTHBIX, 3a-
IAHHBIX (MyCTHb M B CaMOM OOILIEM BUIE) BIACTHBIX MOJHOMOUME pi(4,1),
p2(i,t), dyuxuus p(i,t) — HemsBecTHAas, UCKOMAs BEJIMYUHA, OIUCHI-
BAIOLIASL MeEKYULee PACnpedeqenie 64acmy 6 UEePaPTuNeckot cmpyxmy-
pe. TlocTpoeHne COOTBETCTBYIOMIEH MATEMATAYECKON MOMEIA U U3YUCHUE
IPOCTPAHCTBEHHO-BPEMEHHOU NUHAMUKY UMEHHO 1yt byukimu p(i, t) (pac-
[IPEIENIeHNST BIIACTH) B 3aBUCUMOCTY OT BCEX (DAKTOPOB, IPUCY TCTBYIOIINAX
B U3y4YaeMOll CUCTEeMe, TPUBOMUTCS HUAKE.

3aMeTuM, UTO TOHATHE PEasbHOe PACNPedeserue 6A4aCmiy O3HAUAET
BBEICHNE B MOJIENb CIIEAYIONIEr0 MPeAnOIOoXeHus 1:

8CE NAPMHEPDL 8 CUCTNEME KBAUCTND—O0OULECTNEO> 3AKOHONOCAYULHDE:
3aKOHbL COOANIAMOMCA, HAAORY NAGMAMCA, NPUKA3LL 8bINoaHIIOMCT (8
nPomusHom cayuae Gynrxyud p(i,t) — BEAUNURE 6AACTNU — CTNAHOBUMCA
8ECHMA HeONPedeaenHot Ul 608CE MEPIEM CMBICA).

Taxoll TOXOMm «OT IPOCTOTO K CIIOXHOMY, T. €. IIOCTPOEHNE MOMIEIN
ISl CIWITHHO UOCAIM3UPOBAHHON CATYAIUY U NAJIbHENINee ee yCOBEPIIEHCT-
BOBaHUE, ABJIAETCS TUNUIHLIM (& 3a9aCTYIO U €OUHCTBEHHO BO3MOXKHBIM )
[P MaTEMaTUIECKOM MOMNEIUPOBAHUY CIOKHBIX OOBEKTOB.

IIpuBenem oO6iee onucaHue B3aXMONEWCTBUNR B CUCTEME «BIIACTh—
0611ecTBO». OHO COCTOUT B CIIEAYIOIIEM:

a) IPaXKIAHCKOE OOIIECTBO HEMOCPENCTBEHHO UM YepPe3 CBOUX IPEI-
craBuTenei npuanMaeT (nononuser, usmenser) Koncruryuunio (crpenka 1
Ha puc. 62). Ono, Takum 06pa3oM, BLICTYIAET KaK UCTOYHUK (3aKa34VK,
XO35MH) BIACTHU [JIA NEPAPXUUECKON CTPYKTYDHI, B3AUMONEUCTBY S C HEIO C
YUETOM CYIIECTBYIOIIErO 3aKOHONATEILCTRA,

6) nepapxmueckas CTPyKTypa CYIIIeCTBYeT He caMa 10 cebe, a KakK «OT-
KPBITAsA» CUCTEMA, B3AUMONENCTBYIOMIAsA ¢ KOHCTUTYIMER U TPakIaHCKIM
obuectBoM. KoncTuTyus (B MIMPOKOM HOHUMAHUY, BKIIIOYAIOLIEM 3aKO-
HbI, YCTABBL U T. M.) CIYXUT IJI MEPAPXUAU CBOEOOPA3SHBIM PE3EPBYapOM,
13 KOTOPOTO €€ 3BEHbs 10 Mepe HEOOXOMUMOCTH MOTYT JuGO YepHIaTh HO-
[OJIHUTEIIbHEIE KIOPLUUMS BIACTY (CTpeiKa 2), 160 BO3BPAILAThL OGPATHO
ee U30BITOUHBIE o> (CTpeika 3).

Taxum ob6pasom, mexmy uepapxueir u Koacturynuein ocymecTsiser-
csl Kak Obl «0OOMEH BIIACTBIO®> U, B HESIBHOM BHIe, KaKk ObI 0OMEH BIACTBIO
(«cBOGOMOI») MEXIY MEPAPXUER U PAXKMTAHCKUM OOLIECTBOM — YUDPEIU-
TeneMm Koncrurynuu;

B) BHYTPH CaMOIl MEPAPXUUYECKON CTPYKTYPHI MPOUCXOMUT IIEPEPAC-
[IpEIESIeHne TEKYIIEeH BIIACTA MEXIY COCTABIAIOIIAMYA €€ WHCTAHIUAME
(cTpenka 4) B COOTBETCTBUU C NPUHATHIMYA B MEPAPXUA MEXAHU3MAMU
[epenadn BIACTHBIX PACIODSKEHUI;

I') 10 OTHOIIEHWIO K I'PaXKIAHCKOMY OOIIECTBY BIACTHBLIE CTPYKTYPHI
BHICTYNAIOT KaK 3alpeliaonme (CTpeika §) mwiu pasperaommye (CTpei-
Ka ) MHCTUTYTHI, BBOOAIIME ¥ OTMEHSIONUINE T€ WIN WHBIE yKECTOYCHUS
wiv nocaabieHns (TUIUYHBIN TPUMED — €XETONHEIA IPU3LIB B APMUI0 U
IeMOOUIM3anus, KOT[a ONHA YaCTh HACENCHN HAYMHACT HECTHU NOMOJIHU-
TEJILHYIO IIOBUHHOCTD, 8 APYTas OT Hee OCBOOOXKIAETCA).

OnuH 13 KITIOYEBBIX BOIIPOCOB [T OMUCAHUS B3AUMOAEHCTBYS B CUCTE-
Me «IepapxXus—OoOIIeCTBOY> — OMPENEIEHIE «BEININHBL> 0OMEHA, BIIACTBIO
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MeXay umepapxudeckoi cTpykrypoir u Komcturyumein (u, omocpemoBam-
HO, B WTOTe MEXIy uepapxueii u obmecTsoM). BBomuTcs cremyoree
NpenmojoXeHnue 2:

BHAK U BEAUUUHG 0OMENA BAACTNDIO MEHCAY UEPAPTUNECKOT CTPYKMY-
poti u Konwemumyuueti onpedeatomed peaxyueti cucmem.

ITon peaxyueti cucmemvr ONpa3yMeBaeTCs CyMMapHas peaknus 000-
X TapTHEPOB (Mepapxuu 1 OOLIECTBA) Ha TEKYIEe PACIPENETICHNE BIIaC-
i p(i,t) B cTpykType. Hanmpumep, mprMeHUTENBHO K peaxuyut obwecmasa
UMEeTCS B BULY, UTO €CNIM B TAHHBIM MOMEHT BPEMEHU OHO BEIPAXKAET CBOE
OTPUIAHNE TEX WA UHBIX HECHNCTBUAN NAHHOTO 3BEHA Mepapxun (COMpPOTHUB-
JIeHnE), TO 5TO MOGYXKIAeT WHCTAHIIUIO YMEHBIIUTE OCYIIECTBIISIEMYIO €10
BJIACTH, KaK OBl OTIIOXKUB IIPO 3aIIaC HEKOTOPOE €€ KKOINIECTBO» B KOHCTH-
TYUMOHHBIN pe3epByap (M yMEHBIINTH WX BOBCE M30€XKATH COOTBETCTBY-
IOIINX OTPULATENLHBIX, C TOYKM 3peHus ofblecTBa, nocienctsuii). Ilon-
XONAIIUAY PUMEDP — TPEOOBAHUSA CMATYUTH T€ WIN WHBIE BAIBI HAJIOTOB.
IMonoxurenbuas xe peakuus o6IIECTBa (T. €. ero MOANEPKKA) HOOY KIAeT
WHCTAHIWIO YBEJIUUUTDH YPOBEHDb PEAIIM3YEMOM €10 BIIACTH, B3SIB HEOOXOMU-
MBIE «PECYDPCBI» U3 3aKOHOLNATEILCTBA (IpuUMep — TPebOBAHUS yCUIUTH
60pB0y € IpPecTymHOCTHI0). KayecTBeHHbI XapakTep peakuuu ObIecTBa
CBA3LIBAETCS C JOMUHUDYIOUIMM B HEM TUIOM CO3HAHUSA (IIPABOBOE, aHADP-
XUYECKOE, ABTOPUTAPHOE, CMEIIAHHOE).

B paccmaTpuBaemoii Momenu peakius OOIIeCTBa ONKUCHIBAETCS HEKO-
Topou 3amaBaeMont dyukumenn Fs(i,t,p,p1,pe), 3aBuUcsILEls, BOOOIIE TOBO-
ps, OT BCEX BBENEHHBLIX PaHEE BEJIUUUH: HOMEDA WHCTAHINU §; BPEMEHN t;
YPOBHS BJIACTHU, OCYIIECTBIIAEMOM NHCTAHIMEN P (%, t); BIACTHBIX TOTHOMO-
uuit py(i,t), p2(i,t). DTO HaeT BO3ZMOXKHOCTH HOCTATOYHO HOJIHO U TOYHO
OTPAa3UTh CTPYKTYPUPOBAHHOE U MEHSIOIIIEECS BO BDEMEH OTHOIIEHUE 00-
mecTBa K nepapxuu. Hanpumep, ecnu [jis BceX MBICIUMBIX 3HAUEHUN CBO-
nX apryMeHTOB, T. €. B ool curyaunu umeem Fg < 0 (Fs > 0), To B
o011eCcTBe, OYEBUAHO, IPEOOIANACT AHAPXUIECKOE (TOTAIUTAPHOE) CO3HA-
Hue. Peaknus o6iiecTBa MPENCTABIISIETCS BEIUUWHON, BIIOIHE HAOIIOMAC-
MO U U3MEPSIEMON, U CIIYKUT OCHOBHOU €TI0 ITOBENEHUYECKON XapaKTePUCTHU-
KOl B HEKOTOPOM OCPENHEHHOM II0 BCEM JIEMEHTaM I'DaXKIAHCKOIO O0IIIecT-
Ba cmeicite. [Ipu sToM nompasymeBaeTCs, ITO PEAKINS BEIPAXKEHA BOBPEMSI,
BEPHO MCTOJIKOBAHA, MHCTAHIINEH U YUTEHA €10 B CBOEH HEsSTEIHLHOCTH.

AnasornunbiM 06pa3soM B MOMENb BBOAWTCS OMHA U3 TOBEMECHUECKUX
XapaKTEPUCTUK BIIACTHON CTPYKTYPHI — PEAKYUL UEPAPTUU. ITO TIOHS-
THE XapaKTEepPU3yeT CTPEMIIEHUE 3BEHLEB UEPAPXUN MOBLICUTH WY MOHU-
3UTH YPOBEHDL BJIACTH, PEAJU3YEMBIN UMY B TaHHBIA MOMEHT BpeMeHu. Ei
oTBeuaeT 3anasaemas byuakuus Fg(i,t, p, p1,ps), 3aBUCAIIASL OT TEX KE ap-
TYMEHTOB, 4TO U Flg, M UMEIOIIas TOT XKe CMBICI, HO yXe IPUMEHUTEIIHLHO
K vepapxun (ee MOXHO HAa3BATh CMENEHbI0 KB8AACTNOAOOUTS UHCTARYUT).

B namprefitiiem s npocTotTsl Oynem cuutaTth Fy = 0, T. . nepapxun
0Oe3pa3IvieH ypPOBEHDb OCYILECTBIIIEMON €10 BJIACTU, M PEAKIUS CHCTEMBI
F = Fs + Fg onpenesnseTcs JIUIb «T'PaXIaHCKOWN» KOMIOHeHTOH. [lanHoe
VIOPOIIEHUE HE MEHSET YUCTO MATEMATUIECKUX CBOMCTB MOIEIH, TIOCKOIIb-
Ky dyukiuu Fs, Fi, F 3aBucsT oT onuux u Tex xe aprymenToB. Omuako
IPU UHTEPIPETAUNYN PE3yIbTATOB, PA3yMeeTCs, HEOOXONUMO yUIUTHIBATDH
poib Kaxnon cocrasisiomiein Fis, Fy B cymmapHon peakuuu F'.
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B npuBemenHOoM 0OIIeM OMWCAHUW CUCTEMA, <«BIIACTb—OOIIIECTBO»
IPENCTAET KAaK 3aMKHYTHIM CAMOCOTVIACOBAHHBIA X CAMOOPIaHU3YIOIIIUICS
OOBEKT C PA3IIMYHBIMU MIPSIMBIMEI 1 OOPATHBIMU CBSI3SIMU. Y DOBEHB BIIACTH,
OCYIIIECTBIIIEMON 000N WHCTAHUNEN NEPApXUy B JIFOOOW MOMEHT BpeMe-
HU, OTHIONb HE IIPOU3BOJIEH, a SIBJISETCS PE3YIbTATOM CUCTEMHOTO B3aUMO-
IENCTBUS BCEX KOMIIOHEHT OOBEKTA: UAYIINX 10 UEPAPXUIECKON JIECTHUIIE
BJIACTHBIX PACIOPSIXKEHUN, peakuun OOIeCTBa, OENCTBYIOIIETO 3aKOHOIA-
TEeJIbCTBA, HAYAJIBHOIO COCTOSIHUS CUCTEMBI U T. O. Il momydeHus Ha OC-
HOBE HTOH OOIIeN CXeMBI MaTEMATUUECKON MOOEIN PaCCMOTPUM OAPOOHEe
COOCTBEHHO BIIACTHYIO CTPYKTYPY.

2. MexaHu3MBbI IlepepacnpeneieHUs BJIACTH BHYTPM Hepap-
XUYeCKOU CTPYKTYPbl. BHyTpu nepapxuu mobast MHCTAHIUS IPUHAMA-
€T K HCIOJIHEHWIO KaKWe-TO BIIACTHBIE DACIOPSIKEHUs, UAYIINE OT CTap-
IINX 3BEHBEB, U B CBOIO OUepenb IepenaeT KakKue-TO IIPUKA3BEl MIIaJ-
muM 3BeHbsM. [Ipm 5TOM HOpOMCXOMUT HEKOTOpPOE IepepacipeneieHne
BIIACTH MEXIY CTYNEHIMHU HepapXuy (HAOMHUM, YTO DEYb UAET He
O BIIACTHBIX IIOJTHOMOYMSX, a& O PEAJIbHO OCYIIECTBIISIEMOM, TEKYIIEM
yPOBHE BiacTu — Benuuuse p(i,t)). BBomuTcs OCHOBHOU mOBEmEHYECKUin
DOCTYyJIaT:

8 UEPAPTUY BAGCTND MOHCEM NEPEAABAMBCT MOALKO 0M UHCMAHYUT €
boabwet, mekywet 64aCMbI0 K URCMAHYUIM ¢ Merwbuletd mexyuwet 8.4ac-
muto (npuuem ckopocmv nepedauwu mem 6oavwe, uem O0AbBWE PAZHUYAQ
MENCOY BHAYEHUIMY TNEKYWET BAGCTNY 8 UHCTNANYULL).

PaccmaTpuBaioTcs nBa TIaBHBEIX MEXaHU3Ma, OTBETCTBEHHBIX 33, IIe-
pepacupenesieHue BIaCTU BHYTPU NEPAPXAU.

a) Bauskodeticmeue. Y CJIOBHO TOBOPSI, STOT MEXAHU3M MOXHO HA3BATD
nepedaueti 8a4acmu No Komande, KOTIa HAYAIBHUK OTOAET BIACTHOE Pac-
TopsKeHne OIMXKAWINUM TONUNHEHHBIM, KOTOPEIE TaKXe B3aUMOLENCTBY-
IOT TOJILKO CO CBOMME HEIOCPENCTBEHHBIMU MONUUHEHHBIMU. [aHHBIT Me-
XaHU3M COOTBETCTBYET XOPOIIO M3BECTHON OIOPOKPATUUECKON MIPOIENnype
(coBO «BIOPOKPATUIECKUIT> U BCE APYTUe HOHATUS YIOTPeOIsoTcs 6e3
KaKuX-ub0o HSMOLUOHAIIBHEIX OTTEHKOB — KaK PAabOUYMil TEPMUH).

Ilycts i-1 mucTanmus nepenana (i + 1)-i MHCTAHIIUM HEKWI TPUKA3
(mampuMep, mOPYYMIIa MOATOTOBUTD IPOEKT FOLOBOTO OTUYETa O GUHAHCO-
BOU [EATEIHLHOCTH OMHOTO U3 MONBENOMCTBEHHBIX yupexmneHui). UTo mpo-
M30IIJIO B TAKOM 3JIEMEHTAPHOM aKT€ B3aMMOOEUCTBUS MEXY COCENSIMU TI0
nepapxuu? BmecTe ¢ IpUKa30M MOMYUHEHHBIN TIOILY YUIT HEKOTOPYIO (IyCTh
HEeBOJIBIYIO U MyCTh BPEMEHHO) MOPIIUIO BIIACTH, HOMOIHATEIBHY IO K TOMY
YPOBHIO BJIACTH, KOTOPHIU OH PEAIBHO 3aHUMAJ (HAIPUMED, UMes IPUKA3,
OH B GONIBIIEH CTENEeHN, YeM DAHbINE, N3y4aeT HUHAHCOBLIE HOKYMEHTHI).
C mpyroil CTOPOHBI, -5 MHCTAHIUS YTPATHUIA HEKOTOPYIO YaCTh OT CBOEN
TEKYyIIeN BIIACTH, IIEPEJIOXKUB KOHTPOIIb 38 NAHHLIM YYaCTKOM PabOTHL HA
(¢ + 1)-e 3BeHO.

COBOKYIIHOCTB IEPENABAEMBIX PACIOPSIKEHUN HOPMUPYET CBOETO POIA,
MOTOK BIIACTH, UAYILIER OT 4-it Kk (4 + 1)-i macraunmuu. Onpenenum nomox
saacmu W (i,t) Kax KOIIMIECTBO BIIACTY, MOy YEHHOE B €MUHUIYY BPEMEHU
(¢ + 1)-it cTyneHsto OT i-i CTyIEHN.

B coorBercTBum ¢ mocrynarom sesuauna W (i, t) momoxuTenbHa Ipu
p(i,t) > p(i + 1,t), orpunarensua npu p(i,t) < p(i + 1,¢) u pasHa HYyIIO



§ 4] IUHAMUWKA PACIIPEOEJIEHUSA BJIACTU B UEPAPXUN 187

mupu p(i,t) = p(i + 1,¢). PaccmaTpusaeTcs BecbMa, 00Iee BHIPAKEHUE [IIs
Wi, t):
Wi, t) = —»[p(i,t) — p(i + 1,t),p(i,t), p(i + 1,¢),4,4 + 1,¢] x

rae QYHKIWS 3¢ TOJIOXUTENBLHA TP BCEX 3HAYEHUAX apPTyMEHTOB, OT KOTO-
PBIX OHA 3aBUCHUT.

dopmyna (1) — KOHKpeTH3aIWs MOCTYIATa IPUMEHUTEILHO K Pac-
CMaTPUBAEMOMY MeXaHmU3My OnmskomeicTBusa. [1oI0XUTENHHOCTL QyHK-
1y s 0becreunBaeT HyKHbIA 3HaK Besuwaussl W (i, t). B wactaoctu, eciu
B KaKOU-TO MOMEHT BpeMeHU ¢ okaseiBaercs, 4to p(i + 1,t) > p(i,t), T. e.
MJIAIIIAs WHCTAHIWS UMEET BIIACTH, OOINBIIYI0, YeM CTapIlas, TO MOTOK
BIIACTU ABTOMATUUECKU «CPAOATHIBAET® B CTOPOHY yYMEHBIIEHUS PA3HU-
ust p(i,t) — p(i + 1,¢), cnocobCTBYS IPEONOIIEHMIO 9TON «HEHOPMAJIBHOI>
cuTyaruy (CBUIETENBCTBYIOMEN O HEOIArONOIyund B MHAHHBIX 3BEHbIX
nepapxun). [lorok BiacTtu pacrer ¢ pocrom pasuuust p(i,t) — p(i + 1,1),
YTO COOTBETCTBYET BTOPOU YACTH HNOCTYIIATa (IJisl 9TOr0 TPeGyeTCs Hajo-
XKUTb COOTBETCTBYIOLEE OrPAHMUEHNE Ha > Kak dyHKuuio ot p(i,t) — p(i +
+1,t)). OTo 03HAUAET, B YACTHOCTH, UTO HAYAJILHUK (IIPY IPOYMX PABHBIX
YCIIOBUSX) NAET Te€M OOJIbIIE TIOPYYECHU TONUYNHEHHOMY , 9€M MEHBILE TOT
B JAHHBEI MOMEHT BPEMEHU 3arpy2KeH paboToH.

O6muocTs BhIpaxenus (1) B TOM, YTO I MOTOKA BIACTHU TMIPELy-
CMOTPEHA, MOMUMO 3aBUCUMOCTU OT pasuuusl p(i,t) — p(i + 1,t), Takxe
3aBUCHMOCTB OT BCEX BBEIEHHBLIX DAHEE BEJIMINH: 3HAYCHUI NCKOMOU (DyHK-
wav p(i + 1,t), p(4,t); koopmuuar i, 4 + 1; Bpemenu ¢. 3aBUCUMOCTH OT ¢
u 1, 4 + 1 o3HaUaeT TakxKe HEIBHYIO 3aBACUMOCTH OT 33aJAHHBIX BIACTHBIX
MIOJTHOMOYM# Py, P U peakiuu obmiectsa F' (BumpoueM, 5Ty 3aBUCUMOCTD
HETPYLHO BBECTU U SIBHBIM 06pa3oM). OOIIHOCTE 3aKIII0UAETCS TAKXKe U B
TOM, UTO Ha BCE STU 3aBUCUMOCTY HE HAKIIANLIBAETCS HUKAKUX CYIIIECT-
BEHHBLIX OrPAaHUYEHUl, KpoMe TpeGoBanus, 4Tobwl npu p(i + 1,t) = p(i, t)
Bemnonaanocs W (i, t) = 0. 3amerum, ogHako, uTo no dopmyse (1) moTok
BIIACTH OIPEAENISIETCS TONBKO BEJTAUNHAME, OTHOCSIIUMECS K HETTOCPENCT-
BEHHO B3aUMONEUCTBYIONM (B JAHHOM CIIydae COCENHUM) WHCTAHITASIM.

DyHKITUS > UMEET ONPENeIeHHbIN OIOPOKPATUIECKUAA CMBICIH, OMUCHI-
Bas CBOICTBA BIIACTHOM «CPEOEI», HEKOTOPHIE ACTIEKTHI B3aMMOOTHOIICHIIH
BHyTpu umepapxuu. [lycTb, k mpumepy, morok Biaactu W (i,t) u Bemwun-
Ha p(i,t) GUKCUPOBAHBL, & » = 3¢9 = const, T. €. GYHKIUs > HE 3aBUCUT
OT BpeMeHU u npyrux BeqmuuH. Torma no dopmyse (1) momygaem, 4to ¢
BO3pacTaHueM s pasuuna p(i + 1,t) — p(i,t) kak aGCOIMIOTHO, TaK U OTHO-
CATEIBHO YMEHBIIACTCA. MOXHO CKa3aTh, 9TO C POCTOM 3 yMEHBIIAECTCS
«OMBEMCMEEHHOCTNbLS> CTAPIIEH MHCTAHIINEA, KOTOPas Bce HoJiee TepIMMO
OTHOCUTCS K BLIDABHUBAHWIO CBOEH BIIACTH C BIIACTBIO MIIAIIIErO MapTHE-
pa. C yMeHbIIIEHNEM BEJIWUUHEL ) CATYAIUs, €CTECTBEHHO, OOPATHAL.

6) aavnodeiicmeue. O6pasHOE OMUCAHME 3TOTO MEXAHU3MA MOXKET
OBITH MAHO U3BECTHLIM BEIPAXKEHUEM KKOMAKIA Uepe3 20406Yy». DTO O3HA-
YAET, UTO -5 MHCTAHINSA OTOACT BIACTHEIE PACIIOPSIKEHUS 3BEHBM C JaJIe-
KUMU HOMEpaMU, MUHY S OIMXaAINX TOnInHEeHHBIX. K Takoro pona neuct-
BUSM MOXKHO OTHECTH, HAIIPUMED, PACTIOPSKEHNE O TIEPEXOE BOOPY XKEHHBIX
CUJT Ha JIETHIOK (GOPMY ONEXKIBI, IS PEAJM3ANUN KOTOPOrO (GaK TMIeCKN
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He TpebyeTcs NIpoIemypa MEpenadun IO KOMAHIE, MOCTATOYHO OITyOIIMKO-
BaThb COOTBETCTBYIOLINI IPUKA3 [l CBEAEHUS (U MCIIOIHEHNSI) CPa3y BCEX
BOEHHOCITY KAIIUX.

O6pa3syotmiics: 6iarogaps MEXaHU3MY TAJILHONENCTBUS TOTOK BIIAC-
Tu (CMBICI TOT Xe, UTO U B CIIy4ae a)), HoiydaeMmsiil (i + 1)-it uHCTaHIUeR
OT j-TO 3BeHa (WM OTHABAEMBIN BHU3), MOXKET OBITH BBIPAXKEH HOCTATOUHO
obrient hopmyon

V(i+1,5,t) = x(p(i +1,8),p(5,8),i + 1,5,8) - [p(G, 1) —p(i + 1,1)],  (2)

rae dyukums x > 0 B corsacuu ¢ mOCTynaToM. 110 cBOEMY CMBICITY TOBe-
IEHYECKAs XAPAKTEPUCTUKA Y ONU3Ka K QYHKIMM 3¢, HO, BO-TIEPBLIX, €10
OIUCHIBAETCS B3AUMONENCTBIE HE COCENHNUX, 8 YIOAJIEHHBIX NPYT OT APYra
WHCTAHIWA, T. €. j # i + 2,%; BO-BTOPBIX, BEIIMUAHA Y MOXET 0OpaIliaTh-
Cs B HYIIb, T. €. IPEAYCMOTPEHA, BO3MOXHOCTEL OTCYTCTBUS KOMAHI Yepes
TOJIOBY MEXIY KAKUMU-JINGO CTYTIEHIMU UEPAPXUN.

Tak xe, Kak U QYHKIUS ¢, OHA 3aBUCUT TOJILKO OT BEJIMYUH, OTHO-
CAIINXCSA K HEMOCPENCTBEHHO B3aWMOIECUCTBYIOIIUM 3BEHbIM. OTH 3aBUCH-
MOCTH alpUOPHU HE MOABEPTalOTC KAaKUM-JIub0 orpanudeHusM (Tpebyercs
Tonbko, uTobbl V(i + 1,4,¢t) = 0 mpu p(i + 1,¢) = p(j,t)) u MoryT 6T
IIOTIOJTHEHBI IBHOU 3aBUCAMOCTBIO OT APYTUX BBEACHHBIX DAHEE BEJINYMH.

IMomuepxuewM errie pas, 9To0 063 PACCMOTPEHHBIX MEXAHU3MA, TIPENCTAB-
JIII0T COOOM yCpeNHeHne, arperupoBaHNe NETAIBLHOTO MUKPOOIIMCAHUS B3a-
UMONEUCTBUN BHY TPU NEPAPXUIECKON CTPYKTYPHI, UMEIOIIEeH, KOHETHO XK€,
HE MPOCTYIO KOHGUTYPAIMIO IIEMOUKY, & CKOPEE TOIMOJIOT IO GOJIBIIOrO KO-
JINYECTBA MEPEBLEB CO B3AMMOIEPECEKAIOITUMUC KPOHAMMU.

CremnaeM ellie OIHO BaxXHOE pa3bscHeHNe. B Mexanu3Max a) u 6) BiactT-
HbIe PACIOPSAXKEHUs, IepenaBaeMble Ot i-in (j-i) ¥ (i + 1)-i uHCTaHIUY, B
HOpMasbHOU cutyauuu (T. e. upu p(i,t) > p(i + 1,t) unu p(j,t) > p(i +
+ 1,t), j < i) HecyT ¢ cobOil, COrIIACHO NOCTYJIATy U €r0 KOHKDeTU3a-
muam (1), (2), HEKOTOPYIO MOIOKUTEILHYIO OPLUUIO BiIacTu muist (i + 1)-it
MHCTAHIMKA. FCiu Xe uMeeT MECTO yXkKe YIOMUHABLIUNCS HEHOPMAJIbHBIM
ciyuair, xorga p(i, t) < p(i + 1,t) wmm p(4,t) < p(i +1,¢), j < i, T0 MO MOC-
TYJATY HEKOTOPAsL OIS BIACTY IEPEXOMUT yKE OT MIIAIIETO K CTAPLIIEMY
3BEHy. OTO IIPEANOJIOKEHNE eCTECTBEHHO U OTBEYALT CYTU UEPAPXUIECKON
CTPYKTYPHI (€Cin, KOHEYHO, KOHKPETHBIN HAYAJILHUK HE 3a0/1y K 1aeTCs OT-
HOCUTEIBHO PEAILHOTO YPOBHS CBOEH BIIACTH MO CPABHEHWIO C PEAIHHOM
BIIACTHIO MONIUHEHHOTO).

B T0 xe Bpems mOCTyIAT, ONUCHIBASI CATYALNIO «MJIAIIINA HE MOXKET
MOJIy YUTh TIOPIKIO BIIACTY OT CTAPIIIETO, €CN TOT B JAHHBLIA MOMEHT UMe-
€T MEHBIYIO (WK PABHYI) PEABHYIO BIACTLY, HE ONUCHIBAET, KA3AIIOCh
OBI, BOBMOXHYIO CUTYAIIIO, KOTJA «CTAPIIUA MMEET BJIACTH, GOIBIIYIO,
YyeM MJIIAININHN, HO BIOOABOK ellle 1 OTOUPaeT y MJIIQAIIEro YacTh ero BiIac-
Tu» (9TO IPOTUBOPEUMIIO GBI IOCTYIIATY ).

PaccmoTpum »Ty mocnenuion cutyanuio 6osee monpobHO, YTOOL yoe-
IUTLCS, YTO B TOYHOM, IPABMIILHON MHTEPIPETAINKA OHa (HAKTUUIECKH He-
peanusyema, (10 KpaliHell Mepe, B HEKOTOPOM «CPEIHEMS> CMBICIIE).

HelicTBUTENBHO, OTOOPAB YAaCTh BIACTHU y KOTO-INOO M3 CBOMX HOMUN-
HEHHBIX (HAIIPUMED, OTO3BAB HEKOTOPOE TIOPYYEHNE), HAYAIBHUAK PAHO UK
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TIO3THO BCE PABHO «CIIyCTUT BHU3® HTO IOPYUYEHUE B BUIE KAKOTO-IINOO IIPU-
Ka3a, HO, OBITH MOXeT, npyruMu nyTsamu. V6o B m000i nepapxuu HIKaKas
WHCTAHLUS He CIOCOOHA B35ITh Ha cebs HeTTOCPEACTBEHHYIO PeaIn3allnio 3a-
METHOU NOJIM MOPYYEeHUH, ¢ HeOOXONMMOCTBIO BHIIOHAEMBIX 1aXKe MaJIOU
YACTBIO MOMYMHEHHBIX €/l 3BeHBEB (MMEETCS B BULY JOCTATOYHO IPOTIKEH-
Has MepapXuIecKas cTpykTypa). C Apyroi CTOPOHBL, IEJI0 B UTOTE HOJIKHO
OBITH CHEIIAHO, U NIPUKA3, & C HUM U IIOPIIUS BIIACTH, OyoyT TaK UM WHAUE
nepenaHsl MaanmuM. TakuMm o6pa3oM, BBEIEHHBI [TOCTYJIAT €CTECTBEH U
000CHOBaH XOTS OBl «B CPETHEM>.

WNHoe memo — 6Gosiee KOHKPETHBIE B3AMMOOTHOIIIEHUS MEXIY 3BEHbsI-
MU HEPAPXUU, BHEIITHE MOXOXKUE HA OOCYXKMEeHHYIO Bbile cuTyaruio. OHu
MOTYT OBITH ONMCAHBI ONPENENeHHbBIMU paHee QyHKIuaMu. IlycTs, Hanpu-
Mep, B YCJIOBHOHU Nape «HAUAJbHUK—3aMeCTUTENN HAYAJIbHUKA> [IePBBIN
0 KaKUM-JIu00 IpUYUMHAM He YIOBIETBOPEH paboTOol OMHOIO U3 CBOUX 3a-
mectuTesneir. CTapIiuit MOXeT, HAIPUMED, TPEIIPUHATE CIEOYOIIne nei-
CTBUS:

1) cMecTuTh «dU3MIECKOE JUIO>, 3aMEHUB ero 60ee TONXOMIIeR hu-
Ty pOit;

2) HANIPABUTH MOTOK BIACTHHIX PACIOPSIKEHUN Uepe3 APYTUX 3aMeC-
TUTEJIEH.

B sTux nByx ciydasx B mepapXuu B IIEJIOM U B OTBEUAIOIIEH €l MOIEIIN
haxTUIECKU HE MEHSIETCS HUIEro, KpoMe MePCOH. B 4acTHOCTHU, MHCTAHITUS
«3aMECTUTEN» KaK IeJIoe MOIydaeT TOT XKe IMOTOK BIIACTH.

B pacnopsxeHun HaUAJILHUKA MOTYT UMETHCS U TAKUE CIIOCOOBI:

3) yCmiuTh POIIb KOMAHT 9e€pe3 TOJIOBY JAHHOTO 3aMECTUTEIL;

4) U3MEHUTH €ro BIACTHHIE TIOJTHOMOYUMNS;

5) ympasmHUTH DAHHYIO JOIKHOCTD.

Cayuait 3) oTBEUaET YyMEHBIIEHWIO BEJIUYUUHBL ¢ U YBEIUUCHUIO X,
B ciay4ae 4) COOTBETCTBYIOLIMM 00Pa30M U3MEHAIOTCS QYHKIMA P U P2, B
cityuae 5) yMeHbIIaeTCst Yuciio 38eabeB N B nepapxuu. Pasymeercs, MOTyT
OLITH PEAIIN30BAHBL ¥ PA3IINYHbBIE KOMOMHAIIMA 9TUX AEACTBUN (B TOM 4KC-
JIe ¥ TI0 OTHOIIEHUIO KO BCEI MHCTAHIINYN «3aMECTUTENNs ). Fcin xe Hauaib-
HUK, HA000pOT, BeCbMa YIOBJIETBOPEH KAKUM-TNOO 3aMECTUTENEM, TO €ro
nercTBUs OyOyT, €eCTECTBEHHO, IPOTUBOIOIOXHBIME. Bee 3Tu n3MeHeHus
HE 3aTParmBaiOT CYIIECTBA IOCTYJATA U ONUCHLIBAIOTCS C IIOMOIIIBIO U3Me-
HEHUsI BBEIEHHBIX BBIIIE QYHKIWINA P71, P2, ¥, X, F'. CoorBeTcTBytomas dop-
MaJIM3alus TOXKHA, KOHEYHO e, IPOBOAUTHCS TIIATENBHO U aKKYPATHO.

3. Basamc BjlacTH B MHCTAHINM, YCJIOBUS Ha €e I'PaHUIAX
¥ IIepexo] K HeIpepbIBHOW Mozxesin. Temepb, KOTa BBENEHBI OCHOB-
HBIE MOJIEJIbHBIE TIOHSATH S, ONIUCAHBI B3aUMOCBSI3Y U IIPENTIONIOKEHN ST, MOXKHO
CIleJIaTh MOCIENHNN ITIAaT B IOCTPOEHUY MOMENIN 1 OTBETUTH HA, BOIIPOC: KaK
HAUTU PACHOpPENENIeHNEe BIACTU B uepapxuu, T. €. bysakuuo p(i,t)? s mo-
60T0 4-TO 3BEHA BJIACTHOW CTPYKTYPHI B JTIOOONM MOMEHT BpPEMEHU t OHA
TOMUWHSIETCS YPABHEHWIO, IIPU BEIBOZIE KOTOPOTO MCIOIb3YETCS CBOETO PO-
2 JIOKAJILHBIA 3aKOH COXPAaHEHU S BIACTH:

CKOPOCTND USMEHEHUL (YMEHDULEHUT UAYU YBEAUUEHUT) 6EAUUUNDL BAGC-
MU UHCTNAHYUY ONPEIEATEMCT NOMOKAMY BAGCTNY U PEAKYUET CUCTIEMYI.

Ioncunraem, Kakoe KOIMUUECTBO BIACTU HOIydYaeT (Tepsier) 4-s UH-
CTAHINA 33 TPOMEXYTOK BpeMeHu At mMexny momenTamu t u t + At. O1o
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KONN4IeCTBO GOPMUPYETCS:
a) TIOTOKOM BIIACTH, TIOILYUAEMBIM OT (4 — 1)-i CTYyIeHN [0 MEXaHU3MY
(1), T. e. BenUUUHOM

Ap_ =W(i —1,t) At;

6) MOTOKOM, OTHABAEMBIM B (I 4+ 1)-€ 3BEHO MO AHAJIOTUYHOMY MeXa-
HU3MY,

B) CyMMOIl IIOTOKOB, TIOJyYa€MBIX U OTIAABAEMBIX IO MexaHusMy (2)
OT ymaJieHHbIX uHcTaummin (j # ¢+ 1,71 — 1),

N
ApE = Z V(7’7.77 t) At;

=0

I') CKOPOCTBIO OOMEHA, BIIACTHIO MEXKIYy WHCTAHIMEN U 3aKOHONATEIb-
CTBOM, KOTOPAas OIPENENISIeTCS IO TIPEIONIOXKEHNIO 2 PEAKIINEH TPaXIAHC-
KOT0 OOIIeCTBa,

ApF = F(i7tap(iat)7p1(i7t)7p2(i7t)) At.

CknapgeBast Benmuuussl Ap_, Ap,, Apy, App, nosyuaeMm CyMMapHOE
U3MEHEHUe

Ap = p(i,t + At) — p(i,t) =
N
= |W(i—1,t) =W(i,t) + > _V(i,j,t) + Fi,t,...) | At.  (3)
7j=0

IIpu BeiBOmE ypaBHeHus Ganasuca (3) mpoMmexxyTok Bpemenu At mpen-
OJIAraeTcsi, KaK OOBIYHO, NOCTATOYHO MAJIBIM, TaK ITOOBI BenuuuHsl W
V, F' MOXHO OBIJIO CUMTATDL MOCTOAHHBIMU. Vcnonb3yeTcs Takxke (1 5TO
CYIIIECTBEHHO) ITIPEAIOJIOKEHNe 1 0 3aKOHOMOCIYIIIHOCTY, O3HAUAIOIIEE, B
YAaCTHOCTH, UTO B JIIOOOM 3BEHE MEPAPXUN BIIACTHOE PACIOPSIKEHUE BCErIa
BBIMOJIHSIETCS U MOCTYIUBIIAS C HAM TTOPIUS BIACTY HA, JEJie Pean3yeTcs
(a me ucuesaer Geccrnento). HanoMuuM, 4TO BBENEHHEIN BBIIIIE HEPAPXUAIEC-
KU TIOCTYJIAT YK€ HAIEeJI CBOe MaTeMaTIIeCKOe BOIUIOIIeH e B hopMyJIiax
(1), (2).

Pasnenmus 06e vactu (3) ma At, momydyaeM ypaBHEHHUE IJis CKOPOCTHU
W3MEHEHUS BIIACTHU 4- MHCTAHIUU CO BPEMEHEM

Ap(i, 1) ol
pA—t’:—[W(i,t)—W(i—l,t)]—ka:(:)V(i,j,t)+F(i,t,...). (4)

Cupicnt (4) siceH U3 PACCYKIOEHUI, MPENIIECTBOBABIINX BLIBOLY OajaHca
(3).

Ypasuenus (3), (4) 3anucanst 11 TpousBobHOro Homepa 0 < 4 < N.
g 3anucu 6amanca B Touke ¢ = 0 HEOOXOOUMO OIPENEINTDH BEIUMIUHY
W (—1,t) noroka BnacTu, MOy 9aeMoil CAMOU CTapIIel NHCTaHIuel (C HO-
mepoMm 0) OT HECYIIeCTBYIOIIEH BEIIIECTOsIIeR nHcTannun. OYeBUmaHO, 4TO
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5TOT MOTOK BCEr[la PABEH HYJIO (BLICIIEH NHCTAHIUYA HUKTO HE MOXKET IIPHU-
ka3aTh). Anasornyno, sesmuauna W (N, t) — moTok BIacTu, nepenaBaeMbLil
CaMOM MITAMIIIEH CTYTEHBIO NEPAPXUM B HECYIIIECTBYIONTYI0 HUKECTOSIIYIO
CTYTIEHb, TAKXE PABEH HYIO (IPUKA3LIBATEL HEKOMY ). ITak, MOTOK BiacTu
Ha TPAHUIAX MEPAPXUU BCETIa PABEH HYJIIO:

W (—1,£) = W(N,t) = 0. (5)

ECJ'II/I pPacCMAaTPUBAECTCA JINIIBb YaCTh NEPAPXNN, HE BKJIIOUAIOIITAI BBIC-
mme n (I/IJ‘II/I) HU3IINE NHCTAHINN, TO, OY€BUOHO, Ha I'PaHUIlaX OOJI2KHEI 3a-
NaBaTbCs (M3 TEX WIM WHBIX COOODaKEHUI) IOTOKK BIIACTY KAK (OYHKIIUM
BPEMEHU.

Hnsa sambikanus ypasHeHus (4) HEOOXONUMO, MOMUMO yCIIOBUIA (5),
33/1aTh TAaKXKe PACIpenesieHue BIIACTU B HEKOTOPBLI HAYAJIBLHBI MOMEHT
BpeMeHU t = fg, T. €. QyHKIUIO

p(i, to) = po(i) > 0, 0<t<N. (6)

Ypasuenue (4) ¢ yenosusmu (5), (6) u 3anaHHEIME QYHKIUAMEA 3¢, X,
F'| p1, po mpencraBiser coboit 3aMKHYTYIO OUCKPETHYIO MONENb PAaCIIpe-
IEJIEHUsT BIIACTHA B CUCTEME <HUEPAPXUUECKAs CTPYKTYpPa—TDaKIAHCKOEe
0o0IIeCTBO», MATEMATUUIECKN DEAIM3YIOUIYIo OOLIyI0 CXeMy, NPUHATYIO B
n. 1. Oua mo3BossgeT mjs M00BIX MOMEHTOB BpeMeHu t > tg U JIF0OBIX TO-
yek 0 < ¢ < N maliTu pemienve (pacnpenesieHue BIACTH B UEPAPXUN), T. €.
dyukuuio p(i,t).

OcyiecTBuUM Temeph HEepexon K HEIpPEPBIBHOW MOIeNu, PacCMaTpH-
Basl BIIACTHYIO MEPAPXUIO KAK «CIUIOMIHYIO CPEmy», T. €. CUUTAas UUCIIO
HHCTAHIUA nocTaTouHo 6ombimuM (N 3> 1), a Bce BXOmsIUE B MOMEINb
DyHKIIUU — [OCTATOYHO rIankuMu. ITuCKpeTHO! KOOpAMHATE ¢ CTABUTCS
B COOTBETCTBUE HENPEPLIBHAS KOOPAUHATA T (HOMEpaM i COOTBETCTBYIOT
TOYKY T;, BEIOPAHHBIE, HATIPUMED, IO MPABWIY T; = ), & HEJOYACICHHOMY
orpesky [0, N] — orpesok [0,!] (Benuuuna | — aHAIOT «IJIMHBLS NEPAPXU-
YeCKOW CTPYKTYPHI, & KOOPAWHATA T XaPAKTEPU3YeT MECTO MHCTAHIIUU B
uepapxum: 4eM OOJIbIIe T, TeM Milajlle uHcTannus). Passoctu Buna p(i +
+ 1,t) — p(i,t) B (1) m p(i,t + At) — p(i, t), W(,t) — W((E —1,t) B (4)
3aMEHSIIOTCSI COOTBETCTBYIOIIUMY I€PBBIMY [IPOU3BONAHBEIMY, CYMMa B IIPa-
Bol uacTu (4) — WMHTErpajoM, a 3aBUCUMOCTH Beex Bxomsamux B (4)—(6)
GyHKIMI OT apTyMEHTOB ¢,  3aMEHSIeTCS Ha 3aBUCUMOCTH OT I, t.

B pesynbrare miua dyukuuu p(z,t) (HOMpOOHBIE BHIKIIAIKA HE MTPUBO-
ISITCSI, TAK KAK OHU JOCTATOYHO OYEBUIHLI; CP. C BBIBOIOM MOIEINY TEIJIO-
nepenaun B § 2 rii. IT) momydaercs cremyoriee ypaBHeHUe:

o _ 0| (,9 ol
ot oz |\ ") Ba

!
+ /X[p(a:'),p(a:), z',z) - [p(z',t) — p(z,t)] dz’ + F(p,p1,p2,2,1), (7)

O<z<l, t>to,
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C TPAHUYHBIMU yCJIOBUSIMU BTOPOTO POOa

9p Ip
W(0,t) = —» — =0, W({l,t)=—s» — =0 t>t 8
(7) ” x|y ) (7) %8.%' o ) = L0, ()
1 HaYaJIbHBIMU yCJIOBUAMU
p(.’L’,to) - pO('/I;) > 07 0 < T g la (9)

npuueM » > 0, x > 0, a momoxuTenbHble QYHKIUX P1, P2 MOHOTOHHO
yOBIBAIOT 1O T.

Ypasuenue (7) mpencraBiseT coGOU «IapabOIMUIEcKOe» HHTErPO-
nuddepeHnnaabHoe ypaBHeHre (B TOM CMBICIE, UTO B OTCYyTCTBUE UHTET-
PAIIBLHOTO WIEHA OHO QHAJIOTMYHO YPABHEHUIO TEINIONEPENAYN; CM. TAKKE
yup. 1). B maTemaruueckoM oTHOmeHnn Moneis (7)—(9), «annpokcuMupy-
H0IIas» UCXOAHY0 Moneib (4)—(6), 3aMKHyTa U KOPPEKTHA, T. €. OMHO3HAY-
HO OIpENesieT PelleHne — IIIAIKY HEOTPULATENbHYI QyHKIuio p(x, t)
ms Beex 0 <z <l ut >ty (Ipu HEKOTOPBIX HECYIIECTBEHHBIX 1711 OOIII-
HOCTH OTDAHUYEHUAX Ha BXONHBIE NAHHLIE). 3aMETUM, YTO IPU YUCICHHOM
MonenuposBanuy 3ana4u (7)—(9) mpousBonuTcs 06paTHLINA IEPEXOL K 320396
(4)—(6) (cm. ymp. 2).

HamomuuMm cmbicn Benuuus, Bxomsux B momensb (7)—(9). Pyukuus
p(z,t) (peuieHue) ONKMCHIBAET HIPOCTPAHCTBEHHO-BPEMEHHYIO NUHAMUKY
pPACIpENeseHrs. BIIACTU B UEPAPXUUECKOU CTPYKTYpE, T. €. 3aBUCUMOCTD
BeJIMYMHBLL (YPOBHS) DEAJIbHO OCYLIECTBIISEMOM MHCTAHIMEN BIACTU OT
ee MeCTONONOXeHns (KoopauHaTa z) u Bpemenu t. CKOPOCTH U3MEHEHUs
dyukuuu p(z,t) (neBas yacTb ypaBHenus (7)) OMpENeNnseTcs CIeyOmuMy
XapaKTePUCTUKAMM:

1) pa3HOCTBIO MOTOKOB BIIACTH, IOJLYYAEMON 110 MEXAHU3MY a) OT OJin-
KAUIMUX COCENeRl M0 MEePAPXUA Wi OTAaBaeMON UM (mepBbid, nuddepeH-
[UAIIBHELA 1ileH B npasoit yactu (7));

2) CyMMOW TIOTOKOB BJIACTH, MOJIyYaeMOM MHCTAHLIUEN IO MEXaHU3-
My 6) OT OTHAJIEHHBIX CTYIEHEH MEePAPXWA WA OTHABAEMOU uM (BTOPOIA,
MHTErPAIILHBIN WieH B npasoi gactu (7));

3) peakuuelt TpaXkIaHCKOTO OOIIECTBA, T. €. hyHKIen

F(.’L’, tap(l'v t)7p1 (.’L’, t)7p2 (1'7 t))
(Tperuit unen B npasoit vactu (7));

4) MUHUMAJILHBIMEA ¥ MAKCAMAJLHBIMA BIIACTHBIMU MOTHOMOUUSAME
HepapxXuu — MOHOTOHHO yOwBaromwuMmu 10 z GyHKumsmu pi(z,t) > 0,
pa(z,t) > 0;

5) BHY TPEHHUMU MOBEIEHIECKUMHU CBONCTBAMY NEPAPXUIECKON CTPYK-
TYypPBL — QYHKIUIMU

0
o (e,0). G2 t) >0, X0l 1) 900, 0.0',2.) > 0

6) HaYaJIbHBIM DacCIpEOeJICHUEM BJIACTU B CTPYKTYype — (pyHKHHefI
po(z) = 0.

Taxum obpaszom, monens (7)—(9) — mMaremaTuyeckas peanu3anus 00-
LIl CXEMBI CUCTEMBI «BJIACTb—OOIIIECTBO®, M3JIOXKEHHON B 1. 1 u OTBe-
YAIOMIEN CAMOOPTAHU3YIOIEMYCSI OOBEKTY C PA3JIMYHBIMU NPSMBIMU U 00-
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parHbMEu cBsa3sMu. OUUCBIBAEMOE €10 PACIPENENIEHNE BIACTU B UEPAPXUL
YCTAHABIIMBAETCS HE IIPOU3BOJILHO, & B PE3YIbTATE B3aUMOINENCTBUS BCEX
3JIEMEHTOB CUCTEMBI.

OuepTuM paMKy IPUMEHUMOCTH MOJIy ueHHOR Momenu. [Ipu ee mocTpo-
€HUU CYIIIECTBEHHO KCIIOIL30BAJIUCH MIOCTYIAT, IPEANoiokeHue 1 0 3aK0-
HOMOCJIYITHOCTY CUCTEMBI, IIPEATIOJIOKEHNE 2 00 OIPEenesisioeM BIUSIHAN
peaknuy rpaxkIaHCKOTO OOIIeCTBa Ha CKOPOCTH OOMEHa BJIACTBIO MEXIY
uepapxmen 1 3aKOHONATEIBCTBOM, a TAKXKe CIMTAJIOCH, YTO XapaKTeP Te-
KYIIIEr0 B3aUMONEUCTBUS MEXAY OBYMS 3BEHBSIMU MEPAPXUM 3aBUCUT OT
TEKYIIIEr0 COCTOSHUS TOJIBKO DTUX WHCTAHIIUH.

Bce stu npennonoxenust choOpMyIIPOBAHEI B BO3MOXHO Hamboee 006-
1leM BUAe, TPU U3 HUX IIPENCTABIISIOTCS BIIOJHE €CTECTBEHHLIMU U OO-
OCHOBAHHBIMHU (UTO XK€ KACAETCS MPENTIONOKEHNs O 3aKOHOIOCIIYIITHOCTH,
TO 9Ta HeoOXOommMas Ha HAYAJILHOM 3TAIle UCCIENOBAHUS WUIEATN3ANUSI B
IaJIbHENIeM MOXeT MonubuiuposaThes). Bynem naswisars (7)—(9) obwet
MAMEMAMUECKOT, MOOEABIO JURAMUKY PACTPEJeseHUd 8AACMY B TOCYIAP-
CTBEHHBIX MEPAPXUYIECKUX CTPYKTYPAX, B3AUMOMENCTBYIOIINX C I'PAXKIAH-
CKUM OOIIIECTBOM.

ITocTpoennas BeIlIe MOZETL HO3BOJISIET AHAIU3UPOBATD PSI TOBOJIBLHO
o0111rx TpobsIEM, CBA3AHHBIX ¢ GQYHKIIMOHNPOBAHUEM U 3BOJIIOIIUENA CUCTEMBI
«BJIaCTb—O00I1IeCTBO>. [lepeuncauM HEKOTOPLIE U3 HUX:

1) momyduenue HEOOXONUMBIX W NOCTATOUHBIX YCJIOBUU CYIIECTBOBA-
HUs (WM HECYIECTBOBAHUS) CTALMOHADHBIX (T. €. IOCTOSHHBIX BO Bpe-
MEHU) PACHPENENICHUI BIIACTYA U YCIOBUI yCTOMYUBOCTU TAKUX CTAIMOHA~
POB;

2) aHAIM3 U IPOTHO3 KPU3KUCOB BIIACTHU PA3IINIHOTO XaPAKTEPA: IIPEBLI-
LI€eHWE BJIACTH; HEHOPMAJIbLHBIE, HEMOHOTOHHBIE DACIPENENeHNUs BIIACTUA B
uepapxuy, KOria HeKOTOPHIE MIIAAIINE NHCTAHIINY OCYIIEeCTBIISIOT Peaslb-
HYIO BJIAaCTh, OOIBUIYIO, YeM HEKOTODPHIE CTApIINe CTYIEHN; aHADXUIECKIE
WM TOTAIUTAPHBIE DBOIIONNAN DACIDENENeHus BIIACTA U T. I.;

3) u3ydeHume pesyIbLTATOB M3MEHEHUR, MPOUCXONAIIAX B DPEAKIIUN
rPaXIaHCKOTO OOIIECTBA, B 3aKOHONATEILCTBE, BO B3aMMOOTHOIIEHUIX
BHYTPU HEPAPXUM ¥ T. H., HA IPOCTPAHCTBEHHO-BPEMEHHYIO NWHAMUKY
pacCIIpenesneHns BIaCTH.

BosMmoxHO Takxke uCCemoBaHUE PA3IMYHBIX KOMOMHAIIWEN MpobseM
1)-3). Camo co6oil monpasyMeBaeTCsl, UTO aHAIIM3 [IEPEUVCICHHBIX BBIIIE
U OPYTUX OTHOCSIIIAXCS K CYIIECTBY Heja 3304 NOJKEH COMPOBOXKIATHCS
TIIATEIBHON WX IMOCTAHOBKOM M aKKYPATHOU MHTEPIPETAINEN PEe3yIIbTa-
TOB B TEPMUHAX HUCIOIb3YEMOU MOIEIN.

Mogens (7)—(9) mossosmsier maTh BecbMa OOIIMI OTBET Ha DX 06-
X BOIPOCOB, BO3HUKAKIIUX Tpu u3ydeHunm mpobmem 1)-3). Hampm-
Mep, UCIOJIb3ys TEOPEMBI CPABHEHUS DPEIICHUN TapabOIndecKuX ypaBHe-
uuit (M. § 2 ri1. V), HETPYAHO YCTAHOBUTH, YTO DU YBEIMYCHUY [IOJI0XKU-
TEJIHHON PEAKITAY TPaXKIAHCKOTO OOIIeCTBA HA NENCTBUS BCEX MWHCTAHITAN
BJIACTH B JIFOOOV WHCTAHIWY NEPAPXUN TAKXKE YBEIIMUIUBACTCS, & IIPU yBe-
JIMYEHNN OTPUIATEIHHON pPeakIuy — Hao00OpOT, a Takke 4TO OosbIiue
HAYaJIbHBIE PACHPENEJICHNSI BJIACTA B WMEPAPXUM IIPUBOLIT IIPU IIPOYUX
PaBHBIX YCJIOBUSX K OOJIbIIIEMY YPOBHIO BJIACTK BO BCEX 3BEHBSIX BO BCE
TIOCIIENYIOIIIE MOMEHTEL BDEMEHU, 1 Ha000pOT.

13 A. A. Camapckmnit, A. II. Muxaiisos
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Onnako IEPBOCTENEHHLIM UHTEPEC IPEACTABIIIIOT BCe XKe Homee KOH-
KpEeTHBIE BOIIPOCHI, OTBETHI HA KOTOPBIE MOXKHO IOJIyYUTh IIPDU ONpeNesIeH-
HBIX KOHKDETU3AIUIX CUCTEMBI «BIAaCTh—O0011ecTBO». HexoToprie u3 Hux
U3yYIalTCs HIXKE.

4. IIpaBoBas cucreMa «BjiIacTb—O006IIecTBO». CTanumoHapHbIe
pacmpenesieHuss U BBIXOH BJIACTHU 3a paMKu ImostHoMouwmii. Onua u3
HaubOIlee eCTECTBEHHO (POPMAIIU3YEMEBIX CUCTEM «BIACTH—OOIIECTBO» —
npaBoBas cuctema. [losTomy mpocTefiiiine KOHKPETU3AUY OOIIIEH MOIEIIH
(7)—(9) oTBEUAIOT MMEHHO HTOMY CIIyYAlo.

Cucrema «BIIacTh—OOIIECTBO»> HA3BIBAETCS NPAB060T, €CIIA PEAKIIHSI
o0I1IeCTBa Ha NEUCTBUS OO0 MHCTAHIINK MEPAPXUU BCETIa HAIIPABIEHA,
HA yIEPXAaHWE DACIPENeNIeHUs BIACTU B DAMKaX IIPENNNCAHHBLIX €y II0JI-
womounit. [logpasymeBaeTcs, ITO MaKCUMAJIbHBIE U MUHIMAJIbHBIE [TOTHO-
MO4YMS COOTBETCTBYIOT IIPABY B OOMIENPHHSITOM CMBICJIE 3TOTO IIOHATUS
(mOmOGHBIN TUI PEAKIIMA OTBEYAET IPABOBOMY OOIIECTBEHHOMY CO3HAHMUIO).

p(z,t) A

Hukratypa

p2(01t)

pO(O, t) - - IpaBosoe

~ <

moie "~ ~~o

p1(0,t) R

Awnapxus

Puc. 63

B o6r1ieit Mmonenu copMyIupOBaHHOE BBIITIE OIPENeSICHIe PeATN3yeTC s
3aaHueM cooTBeTcTByoeln dyukuuu F(p,p1, ps, z,t). Ha puc. 63 noka-
3aH KQUeCTBEHHBIA Bun GyHKumit ps(z,t), p1(x,t) — MaKCUMAJIbHBIX U
MUHUMAJILHLIX BIACTHEIX TOJTHOMOYMI MHCTAHIWN NEPAPXUA B HEKOTOPBIIA
MOMEHT BPEMEHHU ¢ B 3aBUCUMOCTY OT UX MecTa (koopauHaTsl ). Ilo cBoe-
My cMBICy p1(,t), pe(x,t) — MOHOTOHHO YyOLIBAIOIINE TIO L MOJIOKUTEIb-
uele Gyukimu, npudaem po(z,t) > pi(z,t), 0 <z <1, t >t (n. 1). O6-
JIACTB, JIEKAIAI MEXKIY KPUBLIMU P1, P2, — IMPABOBOE MOJIE, OOJIACTD BHIIIE
3HAUEHUN Py YCIOBHO HA3BIBAETCS MUKTATYPOU, 0OIACTh HUXKE 3HAUECHUU
p1 — anapxueil. ickomoe perenre — pacupenenenue Bnactu p(z, t) — Mo-
XKET alpuoOpy B PA3HBIE MOMEHTHI BPEMEHHU JIMO0 TOIMHOCTHI0 HAXOMUTHCS
B IIPABOBOU O0JIACTH, JTUO0 YACTUYHO WM HOJTHOCTHIO BEIXOOUTH U3 HEE.

KauecTsennntit Bun 3aBucumoctu pyukuuu F(p,p1,p2,x,t) OT Bemu-
YUHBL BNACTU P(Z,t) (B HEKOTOPHIN MOMEHT ¢ JJIsi HEKOTOPOTO 3HAUEHUS )
noka3aH Ha puc. 64. Ecnu BenuuuHa BIACTU NPEBHINIAET MAKCUMAJILHBIE
nosHOMOUUs (p > ps), TO peakuus OOIIECTBa OTPULATEILHA U PACTET C
POCTOM 5TOrO TIPEBLIIICHNS; €CIIHA X€ P < P1, T. €. BEIUMINHA BIACTA MEHb-
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IIe MUHUMAJILHBIX TIOJTHOMOYKH, TO, HA0O0OPOT, PEAKIWS TOJIOKUTEILHA U
PACTET C YyBEJIWUYEHUEM OTKJIOHEHUs. B mpoMexyTke p; < p < P2 Peakmus
00IIECTBA C POCTOM P MOHOTOHHO U3MEHSETCS OT IIOJOKUTEIbLHBIX K OT-
PUIATETBEHEIM 3HAYCHUAM, 06paIlasch B HyJIb B HeKoTopoir Touke p°(z,t),
n <p0<p27 0<£L'<l, tZtO

Benuunny p°(z,t) MoxHO HazBaTL Udeasbnbvim (CPEMHUM) pacrpene-
JIEHMEM BJIACTU B TOM CMEICIIE, UTO IIPU PEANTU3AINY TAKOTO PACIPENEIICHISI
peaxius O0LIEeCTBa Ha, NefCTBUS NePAPXUY BCETAA U BCIOAY DABHSIIACH Obl
mymo (dyskmas p°(z,t) camTaeTcsa MOHOTOHHOM 1O T; cM. puc. 63).

A F(p,z,t)
[onnepxxka (F > 0) Comporusienne (F < 0)
— -
0

p1 P 2 P

0 P -
Anapxus I[IpaBoBoe mose Iuxrarypa
Puc. 64

Nrak, B mpaBoBoil cucTeMe OOITIECTBO OTPHUITATEILHO PearupyeT Ha, Mo-
JIOXKUTEBHOE OTKIIOHEHVE BJIACTH OT HEKOTOPOTO CPENHErO ee 3HAUEHU,
YCUIMBAS BEJIMUUHY DEAKIUNA C YBEIMIEHIEM STOrO OTKJIOHEHUs (miis OT-
PULIATENBHBIX OTKIIOHEHUI PEAIIM3YeTCs IPOTUBOIONOXKHAsL cuTyanus). [To
CBO€Y KOJIMYECTBEHHON aMINNTUTYIe PEAKITNS 3aBUCUT He TOIBKO OT Pa3HOC-
T p — p°, HO, BOOBIIIE TOBOPS, M OT BPEMEHH ¢; OHA MOXKET GBITH PA3HOM M1
PA3HBIX 3BEHBEB Mepapxum (KOOPIUHATA
Z) U MOXET BKIIIOUaTh Oojlee TOHKYWO 3a-  F(p,«)
BHCHMOCTL OT BeNMWuuHbL p(x,t) (Hampu-

Mep, Ha puc. 64 UHTEHCUBHOCTD PEAKITUU

st 00nacTel IMKTATYPHL P > Po U aHAP- 0
xuu p < p; 3aMETHO BBIIIIE, UeM IS Ipa-

BOBOU 06yacTu p1 < p < Pa).

ITepeiinem k W3y4eHUIO CTAIMOHAD-

HBIX (HE 3aBUCSIIMX OT BPEMEHU) DAC- Puc. 65
TIpeniesIeHNH BIIACTY B IIPABOBOM CHUCTEME.

Haunem ¢ amanusa mambosiee IpOCTOR, HO BMECTE C TEM COIEPXKAIIel Bce
CYIIECTBEHHBLIE KOMIIOHEHTHI MOAEIIN IPABOBOH cucTeMbl. i sToro 6ymem
CUNTATH, 4TO B obIel Monenu (7)—(9):

1) dyHKmus 3¢, COOTBETCTBYIOIIAA MEXAHU3MY [IE€PENAYN BIACTU IO
KOMAaHIEe, TOCTOSHHA, T. €. 2 = 3y = const > 0;

2) B mepapxuu HET MEXaHU3Ma KOMAaHJ 4epe3 TOJIoBY, T. €. X = 0;

13*
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3) peakuus OBIIECTBA — JIMHERHAsS GYHKIWS OTKIIOHEHUS OT UNEAITb-
HOT'O YPOBHS BJIACTU U HE 3aBUCUT OT ¢, T. €.

F(p7 :L') = kl (pO(:L,) _p)7
roe kp > 0 xapakrepusyeT ammiutyny peaknuu (puc. 65);

4) uneanbHOE pacupeneneHue BracT p° U BIACTHBIE OTHOMOUHS D1,
Do HE MEHAIOTCA CO BDEMEHEM U JIMHENHO YOBIBAIOT ¢ POCTOM KOODIMHATEL
z (puc. 66), T. e.

pP’=H—kz, H>0, pp=0-a)p’, p=(1+a)p’.

3mecs k > 0 — cremens yOeBamums oyukmum p? mo z, 0 < a <
< 1 — orHoCcHTenbHas pasHUa Mexny p° u pp, pe (mpumuem p° =
= (p1 +p2)/2 — cpensee apudMeTHUECKOE OT MUHUMAJBHBIX U MAaK-

cumanpabrx nomEoMounit), p°(0) = H, p°(l) = H — kl > 0. Bemuuuna,
(H — kl)/H = p°(1)/p°(0) = p1(1)/p1(0) = p2(1)/p2(0) < 1 — orromenne
TIOJTHOMOYH HU3IIWX U BBICIIUX CTENeHeN NePAPXUY, UIIN TEPETa] OITHO-
MOYHIH.

sy

Puc. 66

B pesynbrare ynporenuii 1)-4) nonydaem 6a306y10 modesb TPABOBOR
CHUCTEMBL:

dp 0 dp 0

ot Oz <“0,9x) +k (%) —p), O<z<l, t>t,
dp Op (10)
il _ ., 9 _ S

) 9z, , ) 3z, 0, t=>to,

p(.’L’,to):po(iL') 207 nggh

roe ky >0, p°(z) = H —kz, H>0, k> 0.
3amerum, uTo Monens (10) muHeitHA, U 11 Hee OTHOCUTETHLHO HETPY -
HO BBIIKCATH O0Illee peleHue.
Cranuonapusie (p(x,t) = p(z)) pemenus (10) HaxomsaTcs u3 3amaun
dp

wp' =ki[p— (H—kz)], p0)=p1)=0, 0<z<I, p’z%,
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comep:Xallleil YeThIpe mapaMeTpa: sy, k1, k, [, 1 cBomsIIeics MacIITabupo-
BauueM (cM. § 1 ro. V) p=p/H, T = z/l kx 3amaue ¢ ByMsl IapaMeTpaMu
ap" =p—-(1-bz), 0<z<l, p'(0)=p'(1)=0, (11)

roe a = o/ (ky -1?), b=kl/H < 1 (4epTouku Ham BeSWINHAMEI P U T B
(11) omyruensr).

p(z) A N
Wneansuerit
1.0 npoduib BIacTU
ON S (F=0)
/ Hukrartypa
po \ P2

Comnporusinerne (F < 0)

0,5

0
Honnepxxka (F > 0) 4
~. N
~- 1-b
Anapxus ~.
~ -
0 0,5 1,0 z
Puc. 67

3anada (11) nMeeT XOpOIIO U3BECTHOE €NUHCTBEHHOE (HEOTPULIATEIb-
HOE) pellleHre, IaBaeMoe MOHOTOHHO yOBIBAIOIEH 110 & HyHKITER

1/2b _1y _1y
p(.’L’) = J/za—a—l/z |:<]. — e_a /) ewa / +

ed —e”
a2 —za—'
—|—<1—e ) e ]—!—(l—bw). (12)

KauecTBennoe nosenenue pernenus (12) onpenesnsercs mapaMeTpoM a
(mapameTp b & 1, Tax uro 1 — b < 1, OCKOIBKY PACCMAaTPUBAIOTCS HO-
CTATOYHO IPOTSIKEHHBIE HEPAPXUUECKNE CTPYKTYPHI C 3aMETHBIM IIeperna-
oM mostHoMounit). Bun pemenns mis suauenui b = 0,9 u Tpex 3sHaueHmit
a=1073,1072, 107! npusenen ma puc. 67. C pocTtom a perrenue (Kpu-
Bble 1-8) cTaHOBUTCS GOJEe IOJIOTUM, U IIPY HEKOTOPOM ¢ > Ggp DELIeHUE
YACTUIHO JIEKUT B 067aCTU p > po (kpuBas 3). Ananusupys (12) u puc. 67,
MOXKHO CIIEJIATh CIENYIOIINE TPEIBAPUTEILHBIE BHIBOMBL:

1) cTanuonapHOE pPACIpENeseHre BIACTH B IPABOBOM CUCTEME CYILIECT-
BYET;

2) cyiecTByeT 06/1acTh IapaMeTPOB CUCTEMBL, B KOTOPOU PaCIIPenesie-
HUE BJIACTY BBIXONUT 33 PAMKU [IOJTHOMOUNi (B MAHHOM CIIy4ae IJis YaCTH
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MJIQIIUX CTYTIEHEHR BIACTH IpEBBIieHa). HeTpynHo BemucaTs Heo6Xomu-
MO€ U IOCTATOUYHOE YCIIOBUE HAXOXIEHNS BIIACTHU B IPABOBOM 00/1aCTH:

ab (ea% _ 1)/ <ea1/2 v 1) <(1=b)(1+a). (13)

C pocTom BemuuuHLL a KpuTepuii (13) HAPYIIAeTCa BCE CHITbHEE, TIPAIEM
ecim @ — 00, 10 p(x) = 1 — b/2. MakcumasibHOe TPEBBINICHNE ([IOCTUTa-
emoe B Touke £ = 1) paBHo p(l) —p2(1) =1—-5/2 — (1 + ) (1 = b), aro
npu b & 1 naet p(1) — p2(1) = 0,5, T. e. npessimenve cocrasisger 50% ot
MAKCAMAITEHLIX TIOTHOMOYMI;

3) umeasbHOE pacipenesieHue BIacTu (IITPUXOBas npsaMas Ha puc. 67)

He peajlu3yeTcs, PelleHne Beeria uMeeT «aob6asky» k pemmuunne p°(zr) =
= 1 — bz — BTOpOMY uiIeHy B mpasoul yacTu (12).

BBuny BaxkHOCTH BBIBOIOB 1)-3) HEOOXONUMO BBIICHUTH CTENEHb WX
OOILIHOCTH, T. €. IOHATb, He SBIISIOTCS JIM OHU CBOACTBAMH TOJILKO YIIPO-
menHoi Monenu (10).

5. Posib OCHOBHBIX XapaKTePUCTUK CUCTEMEI B ¢ eHOMeHe IIpe-
BbIlIeHUs (IPUHUXKEHMs) BJIACTU. BBeIeM HEKOTOpPBIE O0OOILLEHUs B
6a3oByio mozmens (10).

1) Mexanuzm xomand wepes 2oa06y. B npasoi wactu ypasuenus (10)
MOSIBIISIETCS DOMOJIHUTEIBHOE CIaraeMoe BUIA

1

/ xlp(@') - p(z)) dz’
0

(3mecwb B3aTO X = X0 = const > 0). 3amaua Mg CTAIMOHAPHOTO PEIICHUSL
(amagior 3amaun (11)) mocsie COOTBETCTBYIOMIErO MACUITAONPOBAHMS UMEET
BULO

ap" = [p— (1 — bz)] 0/ p(z)] dz’, 14

p'(0) =p'(1) =0, 0<z<1,

rme o = Xol/k1 > 0. Hecnoxuon 3amenoir (14) ceomurcs x 3amaue (11) ¢
HEHYIIeBLIMU KPAEBLIMY yCIIOBUAMY (YIIp. 3), nMeroLeil peutenve sua, (12).
Yenosue (13) mepexonut B ycioBue
1
b 71/2€Z/2—1 o 140

].+U 4 621/2 +§ g(l_b)(l_‘_a): Z = a 3

+1

KOTOpOE TaK ke, Kak u (13), Bcerma HapyuIaeTcs Ipu JOCTATOUHO BOIBIINX
3HAUEHUSX a U (1in) o (MaKCUMaJIbHOE IIPEBLIIIEHNE TO XK€, UTO I B CIIyUae
Xo = 0, Tak xax p(z) = 1 — b/2 npu Gonbiwx a, 7).

2) Ymounennad peaxuyud 2paxcdackozo obwecmsa. B obuecTse cy-
HIECTBYET YacTb, KOTOpas B IIPUHINIE HE COIJIACHA C JIIOOBIMU IENCT-
BusME uepapxur (B 6a30BOM MOIENN KakK ObI IPENIONarajioch, YTO TAKOM
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KOMIOHEHTHI HeT). [lonobHas peakiys MOXeT ObITh OMUCAHA NOOABIICHU-
eM B mpasyio dacTh ypasHenus (10) cimaraemoro Buma kep, ko < 0 (T. e.
3Ta YaCTh PEAKIUN BCEra OTPUIATEILHA U TeM GOJIbIe, 94eM BOJIbIe Be-
smuusa Bractu). s dysaknum p(z) B 9TOM Cllydae MONYydYaeTCs 3a0a4a,
amagornunas (11). OnHako mpu HOCTATOYHO GONBIINX 3HAUEHUAX ko U @
pelIeHne, OYeBUIHO, YXOus u3 00IacTu p > pa, nonanaeT B 0651acTsb p < pi,
T. €. PACIPENEIICHNE BIACTU BBIXOAWT 38 PAMKUA MUHUMAJILHBIX MOJIHOMO-
yuil (B AHHOM CIIy4ae 5TO NPOMCXOAUT C BBHICIIAMY WHCTAHIMSIMA).

3) Pazauunbie METAGHUIMbL NEPENAUYU BAGCTU NO KOMAHIE.

a) B mepBoM uiene npasoil uactu ypaprerus (10) paccmarpuBaercs
He GYHKUUS »x = 39 = const, a dyHKuua »x = 3 |0p/0z|*, a > —1. Do
3HAUAT, YTO CTENEHb OTBETCTBEHHOCTY MEPAPXUN 3aBUCAT OT I'PAIUEHTA
BesuumHbL p(z,t) (HepaBeHCTBO @ > —1 obecneunBaeT 1apaboIUIHOCTD CO-
OTBETCTBYIOIIErO ypaBHeHus). [l momydaroneics CTaMOHapHON 3a,0aun
CYIIIECTBYET €NMHCTBEHHOE MOHOTOHHOE perenue. [Ipu nocTaTouno 60b-
IUX 3HAUEHUSIX [IapaMeTpa, aHAJIOIMYHOrO mapamerpam a u o u3 (11),
(14), pacnpenenenue BIaCTU BHIXOMUT 33 PAMKU MOJHOMOYMI (TOCKOIIBKY
C €ro POCTOM DPEIIEHUE CTPEMUTCS K HEKOTOPOM KOHCTAHTE).

6) B mepsom unene mpasoi yactu ypasaenus (10) BmecTo dyHKIEII

2% = 3y = const 6epeTcs byHKnus » = »xyp°, B3> —1, T. e. OTBETCTBEH-
HOCTD 3BEHBEB UEPAPXUN 3aBUCUT OT BEJINUNHBI PEAIIN3YEMON UM BIIACTH.
ITo cpaBHEHUIO C NPENBIAYIITUME CIIYYasMUA PE3YIbTATHl IPUHIAINAILHO
HE MEHSIOTCSI.

B cnyuanx a), 6) 5T BBIBOOBI TOJNYyYAIOTCSA U3 AHAJIU3A IIOJIEH WH-
TErpabHbIX KPUBLIX COOTBETCTBYIOIINX HEJIMHEHHLIX YPABHEHUN TIEPBOTO
nopsnka (cM. yop. 4).

6. Unrepnperanus pe3yiabTaToB 1 BeiBoAbl. Urak, u3 1)-3) mw. 5
ClleflyeT, 9TO BBIBOLEL 1), 2) 1. 4 0 CyLIeCTBOBAHNN CTALMOHAPHBIX PACIpe-
NeJIEHNY BIACTU B IIPABOBOM CUCTEME U HAIWYIUM (HeHOMEHa IIPEBBIIIEHUS
(mpuHMXeHus) BIacTU (Haxe B TAKOUN CUCTEME) HOCST NOCTATOYHO OOt
xapakTep. Ecinu BeiBom 1) m. 4 6e3yCIIOBHO MOJIOXUTENbHBIA, TO BLIBOI
2) m. 4 meobxomumo 06CymUTL GoJiee MOMPOGHO, MOCKOIBLKY OH O3HAUAET
HaJIM4Yue sIBHOTO KPU3UCA BIACTH.

Bo Bcex ciryuasix, pacCMOTPEHHBIX B Iil. 4, 5, BEIXOM BIIACTH 33, PAMKHI
MOJIHOMOYUH MPOUCXOMUT IPYU NOCTATOUYHO OOJNBINUX 3HAUEHUSIX HEKOTO-
pBIX mapaMmerpoB ¢ ¥ (wim) o (unu ux aHasjaoros). YToOHI HOHATH CYTb
npobneMsl, obpaTumcs K 6a30Boit momenu 1. 4. B sanaue (11) napamerp a
onpenesnseTcs GopMyIIon

o
a = m 5

SBIISSICH CUCTNEMHBIM NAPaMempPonm (CONEPKAIMM HECKOIIBKO XapaK TEPUC-
TUK OOBEKTA), & TAKXKE NAPaMempom nodobud (IJis CACTEM C PA3IIMIHBIME
3HAUCHUSAMU 3, k1, |, HO ¢ OMTHAKOBLIME 3HAYCHUAME ¢ TPOPUIL BIACTA
UMEET ONUH U TOT XK€ KAYECTBEHHBIN BUL).

W3 (15) BumgHO, 94TO @ yBEIUUIUBAETCA C POCTOM IAPAMETDA ), XAPAK-
TEPU3YIOIIEr0 NHTEHCUBHOCTE MEXAHI3MA, TIEPENAYy BIIACTY [0 KOMAHIE, 1
C yMEHBIIICHIEM MMAPAMETPOB ki, | — peakmuu ObIIecTBa U IJIMHLL Hepap-
XUYECKON CTPYKTYPHL.

(15)
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Ilycts ki, | dukcupoBaHbl, a s pacTeT (BMECTE C HAM DPacTET U
BemmuuHa a). C POCTOM ¢y YMEHBIIAETCS OTBETCTBEHHOCTH BCEX 3BEHBb-
€B MEepapXuu B TOM CMBICJE, UTO CTApIINE UHCTAHINUM Bce 0Olee JIerKo
«TPAHCIOPTUPYIOTS> MOTOKU BIACTU Miammmm cocemsM (cm. 1. 2). Tpe-
IebHAs 6Ee30TBETCTBEHHOCTD (39 = 00) O3HAUAET, UTO JIF00AsT WHCTAHINS
CTAHOBUTCS CBOErO POAA TEJETANIIOM, IIePENAOIINM ITOIyUYeHHBIE KCBED-
Xy» BJIACTHBIE DACIOPSAKEHUs (U MOCTYHAIONINE C HUMU MOPIUYN BIIACTH)
«BHU3» 0€3 BCIKOTO UX M3MEHEeHUs. B pe3ynbTaTe y HUXKHUX CTYIEHEN ue-
papxuy Kax Obl HAKAIIMBAIOTCS U3NUILKY BiiacTu (kpusas § Ha puc. 67),
KOTOPEIE HE MOT'YT OLITH YMEHBIIIEHEI 38 CUET PEAKIN OOIIeCTBa (OHa (PUK-
cupoBana). [losToMy Hu3IIME MHCTAHIUN BBIHYXIEHBI BBIATH 33 DAMKU
CBOUX MaKCUMAJIBHBIX MOIHOMOYMA. AHAIOrMYHAS KAPTUHA HAOIIONAETCS
Ipy U3MeHeHuu mapamerpa o = Xol/k; (KOMaHIBEL uepes rososy).

BropokpaTuueckuit cMbici ycinoBus (13) 1 ero aHAIIOrOB 3aKIII0UAETCS
B TOM, YTO, €CJIM XaPAKTEPUCTUKU UEPAPXUN U TPAKIAHCKOTO ODIIEeCTBA
U3BECTHBIM 00PAa30M COTVIACOBAHBI, TO PACIPENEIEHNe BIACTH OCTAETCS B
paBoBoil o6nactu (1 HA0GOPOT).

Paccyxmenust, compoBoxnaoriue ananu3 coorHouenus (15), cimyxar
BBIPAXKEHUEM OOIIEr0 MPOTUBOPEUUS, IPUCYIIETO UEePAPXUIECCKON CTPYK-
Type. OHO coctout B cuenyiomieM. C ONHOW CTOPOHEL, B Mepapxuu obs3a-
TEJILHO MOJKEH ObITH Mepenay] MOIHOMOYNA (IPUYeM BEChMa, 3HAUUTEIh-
HBIN), COOTBETCTBYIOIIUX €€ BBHICIIUM U HU3IIMM 3BEHBSIM, UHAUE UEDPap-
xust He umeeT cMbicia. C Ipyrofl CTOPOHBI, MEXAHU3MBI IEPENAYUN BIIACTHI
BHYTPU NEPAPXUU BCETIa PAOOTAIOT HA CIIIAXWBAHUE PA3HUIILI BO BIACTH
MexXny mHCTaHIuIMu. Ecnu maHHbIE MEXaHU3MBI CTAHOBSITCS BCE CUIIBHEE,
TO OCTaloIascs 6e3 U3MEHEHU PeaKIust IPAaXKIAHCKOrO ODIIIeCTBA, JaXe B
NPABOBOY CHUCTEME He B COCTOSIHUUN KOHKYPHPOBATH C STUMU IIPOLECCAMU
¥ CKOMIIEHCHPOBATH CIJIaXUBaHUe. Pacrnpenenene BIacTA CTAHOBUTCS BCE
60oJ1ee MONOTUM U ¢ HEOOXOAUMOCTBIO YACTUIHO BBIXOAUT 33 PAMKIU NIPENIIU-
CLIBAEMBIX €l MOJTHOMOYUN. 3aMEeTUM, YTO NAHHOE CBOMCTBO UMEET MECTO
HE TOJIBKO IJIs IIPABOBOM CUCTEMBI «BIIACTH—OOIIIECTBO.

Taxum o6pa3oM, CipaBeJINBEL NBA CIELYIOIINX BBIBOLA:

1) mitst IpaBOBOM CUCTEMEI BCETIA CYIIIECTBYET eNUHCTBEHHOE CTAIINO-
HApHOE pACHpeeNieHne BIIACTY B UEPAPXUIECKON CTPYKTYPE, IPAUEM Be-
JINYWHA BIIACTYA MOHOTOHHO MAAAET MIPU IEPEXONe OT CTAPIINX K MIIAIIINIM
VHCTAHIIUSIM;

2) maxe B IPABOBOU CUCTEME BCErfa CyIIECTBYET O6JIACTb MapaMeT-
POB, IPU PEAIU3ANNYN KOTOPBIX PACIPENEICHIE BIIACTYA BEIXOOUT 33 TPAHU-
LBI IPABOBOTO IOJIS.

Cronb %e 00LIuM SBIISETCA U BHIBOL 3) U3 II. 4 O HEBO3MOXHOCTY Pea-
JIU3aIUY UOEAJILHOTO PACIPENEICHUS BIIACTH, T. €. TAaKOTO PACIPENCTICHNS,
P KOTOPOM PEAKIUsl OOIIIECTBA BCETA U BCIOAY ObLIA, OBl HYJIEBOUA. OTOT
BBIBOJI YCTAHABIINBAETCS 3IIEMEHTAPHO, U €0 CMBICI TOCTATOYHO SICEH: IPU
HYJIEBON peaKIWM Mepapxus IepecTasa Obl B3aUMONENCTBOBATL CO CBOUM
MapTHEPOM — TPAXMIAHCKUM OOIIecTBOM. B TO ke BpeMs cOTIacHO MO-
[eN MePAPXUIECKAs IETOYKa IOABEPKEHA, IPOTUBOIMIOIOXKHO HAIIPABIIEH-
HBIM BIUAAHUAM (TONOEPXKKA U CONPOTUBIIECHUE OOIIECTBA, IPUOLUILS U
«yObUIb® BIACTU B MHCTAHLUAX). B yCIOBUSX IPABOBOU CUCTEMBI UX I-
HAMWYEeCKas KOHKYPeHIUs HOPMUPYET B MTOre CTAIMOHAPHBIN IPODUIL
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BJIACTH ITONOOHO TOMY, KAK CTATUYECKAs] KOHKYDPEHIINS CUJI TSKECTU U YII-
pyroctu oupenesnseT ¢bOpMy TPOCa, BUCSIIIETO MexXOy omnopamu. B orcyt-
CTBUE PEAKINY €OUHCTBEHHO BO3MOXKHBIM DEIIEHUEM B 3TOM CiIydae ObLIO
OBl MIOCTOSIHHOE IO IIPOCTPAHCTBY M BO BPEMEHU pAaCIIpPENeNieHue BJIACTH
(yup. 4). W3 3T0Oro BBIBOLA, B YACTHOCTHU, CJIENYET, UYTO IIPU yMEHbIIIE-
HUU PA3HUIBI MEXY MAKCUMAJIbHBIMU U MUHUMAILHBIMU ITOJTHOMOYUSIMU
(B TIPENENTBEHOM CITyUae 3TO O3HAYAET PABEHCTBO BENIMYUH pP; = po = p°)
pacIpenerneHre BIaCTU BCETNA BBHIXOAUT U3 IpaBoBou obiacTtu. Hpyrumu
CJIOBAMMY, IJIS NEWCTBUY MEPapXUX HE CJIenyeT OTBOAOUTH CIIHMIIKOM Y3KOe
IPABOBOE IT0JIe, MHAUE OHA OyIeT «BLIHYXKIEHHO®» BLIXOOUTDH 33 3aKOHHLIE
PaMKU CBOeH BIACTH.

IIpz mocTpoeHuu pacCCMOTPEHHON MOIENM CUCTEMBI «BJIACTb—O00-
HIECTBO» U €€ OOOOIIEHNH MINPOKO KCIOIb30BAIINCE AHAJIOTUY, IOUEPIIHY-
THIE U3 U3YUEHUs €CTECTBEHHOHAYYHBIX OOBEKTOB: [IEPEXOM OT NUCKPETHON
K HEIIPEPHIBHON Mozenu (Hepapxus TPAKTYEeTCs KK CIUIOLIHAS CPeNa); aHa-
Jior 3akoHa Pypbe IPU ONUCAHUYM MEXaHU3MOB IIepepaCIpeNere s BIacTI
B NEPAPXUN; «3aKOH COXPAHEHUS BJIACTI»> IPU BBIBOIE OCHOBHOTO yDaBHE-
HUSI; IOHSATHE «IIOTOK BIACTUS> U AP. OTHU AHAJOTUU JOIYCKAIOT PA3yMHYIO
WHTENPETAINIO, UX TPUMEHEHVE TTO3BOJISIET MNIYyOXKe MOHATH IPUHITAINAIb-
HBIE CBOMCTBA CTONIb TPYLHOGOPMAIN3YEMOTO OOBEKTA.

YIIPAXKHEHNUA

1. Ypasuenue Buma u¢ = L(Uze,Us,U,T,t) HAZBIBACTCI NGPAOOAUUECKUM, €CIIH
OL/Buzy > 0. Ilonyunre ycmoBus must dysHkumu »(p,pe,,t) B ypasaenmn (7), samu-
CaHHOM 0€3 MHTEerDAJIBLHOTO WIEHA, MPH KOTOPHIX OHO ABJISETCS MapabOImdecKuM.

2. ITonoxmus x = 0, OCylLIeCTBHATE, NCHOIb3Y PA3JIOXKeHNe GYyHKIWA B pAn Teiopa
¥ yoepXKuBas [JIaBHBIE WIEHHI, nepexon ot momenu (4)—(6) x (7)—(9). 3amensas mpous-
BONHBIE KOHEUHBIMM Pa3HOCTSIMHU, BBHIIOJIHWUTE OOpaTHBI mepexon or momenu (7)—(9) k
(4)-(6)-

!

3. IIposens sameny v(z) = p(z)(1+o0) — (1 —bz) — 0B, roe B = fo p(z') de’,
nostyunte u3 (14) xpaeByo 3amady nis dyHKumMI v(T).

4. Ilpencrapias cTamoHapHOe ypasHeHue (10) B BuIe CuCTEMBI OBYX ypDaBHEHUI,
HABITE JUTS CITyYaes x = g, 2 = 2o |0p/dx|®, o> —1mx = sp?, B> —1 samensr,
CBOASIIKE €r0 K YPABHEHUIO MEPBOTO MOPSAKA.

5. IIposepbTe, uro npu F' = 0, x = 0 pemenue ypasuenus (7) ¢ ycaosuamu (8) B
CTAIMOHAPHOM CiIydae mMmeeT Bun p(z) = const.

Bubnuorpadus x rnase IV: [1, 5, 9, 10, 37, 38, 40, 48-50, 56, 58, 85,
86].



FTABA V
VN CCJIEIOBAHUE MATEMATUYECKNX MOIEJIEN

§ 1. IIpumeneHue MeTOnoOB MOOGUS

HanuMm XapakTepUCTUKY CIIOCOOOB YIIPOIIEHUS MATEMATUIECKUX MO-
neryiell, OCHOBAHHBIX HA, CBOMCTBAaX ux cuMMerpuu. [IpuBemem omucaxwme
caMOIONOOHEBIX (ABTOMOLENBHLIX) aBieHuil. Vccnenyem HEKOTOpEIE aBTOMO-
IeNIbHBIE IIPOIIECCHI IS HEJIMHENHBIX TapaboIniecKuX 1 IunepoonuIecKmx
YPaBHEHUMN.

1. Ananu3 pasMepHOCTEN U rpynioBoi ananu3 mopeseit. On-
HO 13 QYHOAMEHTAIBHEIX CBOACTB IPUPOAHLIX, TEXHOIOTMIECKUX, MHOTUX
HKOHOMUUECKUX ¥ COLUAIBHBIX OOBEKTOB — cuMMeTpus (monobue, IoBTo-
PAEMOCTbH, BOCIPOU3BOAUMOCTD) — HAXOOUT CBOE OTPAKEHUE B UX MaTEMa-
Traeckux mMonenax. Hamuuaue kakoro-nmubo BUma CUMMETPUAN Y U3YIAE€MOTO
SIBJIEHUSI O3HAYAET OOJIBIIYIO IPOCTOTY OOBEKTA B CPDABHEHUNU C €0 MEHee
CHMMETPUYHBIM aHAJOrOM. Ha 5TOM OCHOBBIBAIOTCS IIIMPOKO IPUMEHSIEMBIE
METOOBI YIPOILIEHNUS MATEMATUIECKUX MOOENER U, CIeNOBATEILHO, METOMIBL
ympoltenus ux aHaimm3a. OHU COCTOAT B MOHUXEHUU TMOPSIIKA CUCTEMBI
ypaBHEHUH, 06pPa3yOIINX MOIEIb, B YMEHbIIICHUU YKCIIAa TEPEMEHHBIX, OT
KOTOPHIX 3aBUCST MCKOMBIE BEJIMUUHBI, WX YKUCIIA TOCTOSHHBIX MAapaMeT-
POB, ONPENENAINMX IPONecC, U T. A. (Tak, cuMMeTpus GOYHKIUHA TPeX
TIEPEMEHHBIX OTHOCUTEIBHO HTUX IEPEMEHHBIX MO3BOJIMIA HANTUA MAaKCH-
MaJIbHO BO3MOXKHOE 3HaUeHNe CKOPOCTY TPEXCTYIEHIATON PAKETHI; CM. II. 4
§ 1 rm I).

TunuuHbI TOAXON K MCIOIB30BAHUIO CBOUCTB CUMMETPUN — AHAJIN3
Pa3MEpPHOCTY BEJIMYNH, BXOMAIINX B MOmesb. JacTh XapaKTePUCTUK O0b-
€KTOB U3MepSAeTCs B KaKUX-In00 eNWHNITAX, UMEIOIINX HEeIOCPENCTBEHHBIN
(Mexanuyeckuit, GU3NIECKU, SKOHOMUUECKUH U T. A.) cMbicia. Hanpumep,
Macca B rpaMMax, TeMIeparypa B rpanycax KenbBrHa, BaJIOBBIT HAIMO-
HAJIBHBIN NIPOAYKT B PyOssax. Taxue BenuuuHbl HA3BIBAIOTCS PaA3MEPHbILML,
X YUCIIEHHOE 3HAUEHUWe 3aBUCUT OT BbIOOpa emuuumi] usmepenus. Cpenu
HUX BBIIEIAIOTCS BEIIMUYMHLL C HE3aBUCAMOUN (OCHOBHOW) Pa3sMEpPHOCTBIO,
WIN PA3MEPHO He3asucumble BeauduHbl. Hampumep, ecnu niisi OMUCAHUS
MEXaHUYECKUX SBJIEHUI UCnonb3yeTcs cuctema equnun CI'C (canTumeTp,
rpaMM, CEKyHZAA), TO PA3MEPHOCTHU MJIUHBI I, MACCHL M U BPEMEHU t He-
3aBUCUMBI X He BBIPAXKAIOTCS ONHA uepe3 Apyryio. B ormuume or Hux

Pa3MepHOCTh KUHEeTUUECKo# sHeprun E = mw? /2 onpenenseTcs uepes pas-

MEPHOCTY OCHOBHBIX BesmunH 10 dhopmyie [E] = [m][z]%[t] 2 =r-cm? - ¢ 72,
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HasbIBaEMON opmyaoti pazmeprnocmy (3nech v = dx/dt, yepes cumpou [ f]
0003HAYAETCA Pa3MepHOCTb BesnuuHbl ). Takue BeNUUYMHBI HABBLIBAIOT-
CA PA3MEPHO 3a6UCUMbIMY. HATTOMHUM, UTO SBJIEHUS U TPOIECCHI MOTYT
ONUCHLIBATHLCS TaKke U Oe3pa3MEePHBIMU BEJIMUMHAMU, CKAXKEM, OTHOIIIE-
HUEM MJIMHBI BOJOHOCHOTO IJIACTa K €ro IMUPUHE, MOKA3ATEJIeM CTEIeHU
B ¢dopMyIe, IaOMIER 3aBUCUMOCTE KOADOUIIMEHTa TEIJIOIPOBOSHOCTA OT
TEMIIEPATYPhI, TONOBLIM GAHKOBCKUM MTPOIEHTOM ¥ T. II.

CucTeMbl eNUHUI] U3MEPEHUS] MOXKHO BBIOMPATH MO-PA3HOMY, IPUYEM
CBA3YM MEXIY BEIUUNHAME, XaPaKTEPU3YIOMNMU O0BEKT (MOIyIaeMbIe 13
3aKOHOB NIPUPOALI WK WHBLIX COOOPAXKEHU1), He HOJKHBI U3MEHSTHCS [IPU
usMeHeHuu enuuutl usMepenus. Haopumep, Bropon 3akon HbioTona F' =
= ma (F — cuna, a — yckopenue) B cucreme CU 3amuceiBaeTcs TOUYHO
Tak xke, kak u B cucteme CI'C. MHBapHaHTHOCTD SIBIEHUN U MIPOIIECCOB TI0
OTHOILIEHUIO K U3MEHEHUIO EIWHUII U3MEDEHUSI HAXOAUT CBOE BOIJIOLIEHUE
B Tak HasbiBaeMmoun I[-Teopewme.

Iycmv umeemcea GynKyuonaabHAL C643b

a:F(a17a27"'7ak7ak+17"°7a’n) (1)
mencoy n + 1 PasmMepHuiMu 6EAUNUHAMYU G, A1, ..., Gp, 20€ GEAUNUHDL
ai, ..., A UMENM HE3ABUCUMYI PASMEPHOCTDL, U NYCMb IMaA C64A3b HE

3asucum om 6vi00pa cucmemvl eOuRuY usmMeperud (8eAUNURG Q& UCKOMAL,
a ocmaavhble 3adasaembie).
Tozda cea3v (1) moxcem 6bimb 3anUCAHG KAK

O=F@1,...,1,1,..., 0, 2)
k n—k

m. e. 6 eude coommowernus mexncdy n + 1 —k seavuunamu I1, I, ...
.y, Op—k, npedecmasamowumu coboti 6e3pazmepubie KOMOUKAYUY U3 N +
+ 1 pasmepuviz seauuwun a, a1, ..., Gn.
IIpu sTom Benmmuwmust I, 11y, ..., Il,,_; cBsa3anwI C a, a1, . . ., Gy IPOC-
TBIMU COOTHOIIEHUSIMUA

a=1Iai"" a3 ... a;"*,

al l
Q41 = Hlal as ...a;’,

p2 Pk

a, = 1II,,_ kal ay” ...apt.
3mech MOKa3aTenu CTEneHe:d My, ..., My b1, .., lg; .5 p1, ..., Pp TE
XK€, UYTO M B COOTBETCTBYIOIIMX (HOPMYJIaX Pa3MEPHOCTER i pasMep-
HO 3aBUCAMBIX BEJINYUH G, Gfi1, --., Gn, HAIpUMEDp B Gopmyie [a] =

= [al]ml [az]"‘z ... [ak]m’“.

HoxaszarenscTso [I-TeopeMbl OCHOBAHO Ha, MHBAPUAHTHOCTY CBs3K (1)
OTHOCUTENBHO enuuull u3mepenus. [Ipexne Bcero mposenem obe3pasmepu-
sanue coornouterus (1), ucxoms ux TOro, 9To Jbas Pa3MEPHO HE3ABUCH-
Mas BeJIMYWHA a4, % = 1, ..., k, MOXeT OLITh IPEACTABIICHA B BULE A; = A;Q;.
3neck 6e3pasMepHBIN KOYGOPUIMEHT G; — YUCIOBOE 3HAYCHUE BEJIMUUHEL 4
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B IIPUMEHSIEMON CUCTEME ENUHUIL, 3 COMHOXUTEIb (; UMEET Pa3MEPHOCTD G;;
7 XapaKTepu3yeT MACIITab U3MEPEHns (IeCATKA WK COTHA HYHTOB, COTHU
WV THICSYU TPALYCOB, MUIIMOHBL WM MUJLTHAPALL py6iei u 1. 1.). Yu-
CJIOBBIE 3HAUEHUS 6e3pa3MepHBIX MHOXUTEJEN IS PAa3MEPHO 3aBUCHMBIX

BENIUYUH O, Gft1, - - -, Gp BHIUUCISIIOTCS C MCIOJIIL30BAHUEM MACUMAOHBLY
mHuoxHcumenet a;, 1 =1,..., k, mo mpaBuity
G- a a _ Qk+1 Q= an
= Tmi_ms my k+1 = "9 Iy n = T pr_D2 Pk
Qg Ty 0‘110‘22'~0‘kk Qy Oy .. Oy

HENOCPEACTBEHHO ClleAyloleMy 13 GOopMysl Pa3MepHOCTER OIS KaXOON U3
uux. CoorHomienue (1) MOXKHO TPAKTOBATHL TAKXKE U KAK CBA3DL MEXKIY Y-
CIIOBbIMU 3HAYEHUSAMHU BEJIUYUH G, G1, - .., Gy (T. €. CBA3b MEXIY 6e3pas-
MEPHBIMU BEINYMHAMUA 4, A1, . . ., dn), HE 33aBUCAIIYIO, IO IIPEOIIOJIOXKEHNIO,
oT enuHUIl n3Mepenus. Takum o6pa3oM, niis 106X HAOOPOB MaCIIITaOHBIX
MHOXUTEJEN (; CIIPABENIINBO

(j,:F(dl,az,...,ﬁk,ék+1,...,(§,n),

a az ak Ap+1 an
a1’ ay’  ag altal? ...aﬁg’“ NG et e

ITomoxum Temepb a3 = a1, s = a9, ..., A = ag. Ipyrumu cmoBa-
MU, BIOEpEM MACIITAOHbIE MHOXUTENN TAK, YTOOBI B IOy Y€HHON CUCTEME
€IIMHUIT U3MEPEHUS BEJIUINHEL 41, . . . , G TOXIECTBEHHO DABHSIINCH €IMHU-
ne. Torma m3 mocaenHero COOTHOUIEHUST HEMENJIEHHO BBITEKAIOT (POPMYIIBL
(2) u (3).

ITpumenenue II-TeopeMbl CHUXKAET YUCIIO BEIUUWH, GUTYPUPYIOIIUX B
onrcaHum OOBEKTA, U HAaeT SIBHBEIM CIIOCOO MPEeNCTABIIEHUS NCKOMOU BEJIU-
YUHBL @ (M BENUYUH Qft1, -.., Gp) depes I1 Iy, ... Il w ay, ..., ak.
On «6e3pas3nuueHs» K KOHKPETHOMY BUAY (GYHKIIMOHAJILHONW 3aBUCUMOCTH
(1), TpebyeTcs auIb 4OCTATOUHAS MIANKOCTD QyHknuu F.

B uactrOCTH, eciiu n = k, To, Kax cpasy cienyer u3 (2), II = const, u

_ . ,Mm1 M2 mp
a=const-a; ‘ay”...qa,",

T. €. IJIs PEIIeHUs IOJIyYaeTCs IMPOCTOE BBIPAXKEHUE Uepe3 3aaBaeMbIe
napaMeTpsl (4TO0bI 3HATH TOYHOE 3HAUEHUE (, OCTACTCS ONPENEIUTh KOH-
cranTy). [lycTb, HapuUMep, U3BECTHO, YTO MEPUOM MAIILIX KOJIeGaHUN Ma-
satauka T (cm. n. 3 § 3 ru. I) He 3aBUCKT OT €ro HAYAIBLHOIO OTKIIOHEHUS
¥ CKOPOCTH, & OIPENeSIIeTCs JIWIb €r0 IJIMHON [, MacCOl M U yCKOPEHUeM
cBobonuoro nagenus g. Oynknuonanbuas cease T = T'(I;m, g) comepxur
YETHIPE PA3MEPHBIX BEIMYIUHEL, TPU U3 KOTOPHIX UMEIOT HE3aBUCUMEIE Pa3-
MepHOCTHU. BriGepeM B KauecTBe TAaKOBBIX 17, | 1 m, TOrma miis pa3MepHOC-

i g Gymem mvets [g] = [I][T] 2, wmu [T] = [I]2[g]~ 2, orxyna

T = const - v/1/g.
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C TouHOCTBIO MO 6€3Pa3MEPHOTO MHOXHUTEINS MaHHAS (HOPMYIa COBIALA-
€T C MOJIyYEeHHOU U3 PEIICHUs yPABHEHUs KOJICOAHNN MAATHUKA (TIOMYyTHO
BBUICHAETCS, 9YTO UX TIEPUOM HE 3aBUCUT OT 11).

3ameTrM, uTO 6€3pasMepHbIe IapAMeTPhI, XaPaKTePU3YIOIIe OObEKT,
TIPYU BapUAIAU €IWHUI] U3MEDEHUS He U3MeHSI0TCs u modaToMmy B [I-Teopeme
He GUrypupyror.

IIpouenypa obespasmepuBanus (Macwmabuposanug) BCETAa MONE3HA
IpU M3YUYEHUN MATEeMATUIECKUX MOMENed, IMOCKOJIBbKY MOXKET NATh BaX-
HYIO IIpeBapUTeNbHYI0 nHpopMmanuo 06 o6bekTe. Hampumep, B pesynbra-
Te MacirTabupoBanus 3a0a4u 1. 4 § 4 ri1. IV BBISICHUIIOCH, YTO ee pereHue
onpenenseTcs GAKTUIECKN He YeTBIPbMS, & JIULIIb OOHUM IIaPAMETPOM.

IMomyuaembie ¢ mnomoribio II-TeopeMbl 6e3pasMepHBbIE BEIUUNHBL
Iy, ..., II,,_; MoxHO Ha3BaTh napamempams (Kpumepuimu) nodobud B
TOM CMBICJIE, YTO PA3HBIE II0 CBOMM MacIITabaM, HO OOUHAKOBLIE IIO CYIII-
HOCTY SIBJIEHUS U TIPOLECCH BeAyT Ccebsl KaYeCTBEHHO ONWHAKOBO IIPH 3a-
nausoM Habope napamerpos Iy, ..., I, (1 ODMHAKOBO U3MEHSIOTCS DU
UX U3MEHEHUN).

VHBapraHTHOCTDL MOIENER IO OTHOIIEHMIO K CUCTEME eNUHUI M3Mepe-
HUS — YaCTHBIA ciIydai 6osee obmux cBOMCTB ux cuMMmerpuu. Hanbosee
XOpOIUIO Pa3pabOTAHHBIN U IIMPOKO IPUMEHIEMBIN ITOAXO]I, UCIIOIb3Y IR
nopobue Mofesell, OCHOBaH Ha TaK HA3BIBAEMOM UHBAPUAHMHO-2DYNNO0E0M
memode uccrenoBauus nuddepeHnuaabubX ypaBHeHuil. JleicTBUTEBHO,
00abIMMHCTBO Nu(dEePEHINAIBHBIX YPABHEHUN, IPEICTABIISIIONINX COOOR
COCTABHYIO YaCTh MAaTEMATUIECCKUX MOIENEe MHOTUX SBIIEHUN, OCTAIOTCS
HEU3MEHHBIMU (UHGAPUAGHMHBLMY) TIPU HEKOTOPBIX MPEOOPA3OBAHUAX BXO-
OAIUX B HUX HE3aBUCUMBIX IIEDEMEHHBIX ¥ MCKOMBIX (DYHKITUI.

Hanpuwmep, ypasuenue tennonepenauu (5) u3 § 2 rur. 11

c %—f =div(s - gradT) (4)

VHBAPUAHTHO K «COBUTY» BpeMmeHHu t' =t + to u, eciaum GYHKIUM ¢ U
HE 3aBUCAT OT 7, K «CIOBUTY» KoopmuHaT 7' = 7+ 7y. B wacTtHOM city-
vae ¢ = ¢y, »# = »p1'?, T. €. IpU CTENEHHON 3aBUCUMOCTHY KO3PDUITHEHTA
TEIJIONPOBOMHOCTH OT TEMIIEPATYPHI, (4) HE MEHIET CBOErO BUIA IIPU IIPE-
00pa3OBaHUAX «PACTIKeHUs—CcxaTus»: t' = at, 7' = Br, T' =T (uucna
a, 3, 7y MOMXKHBI IONYUHATHCS HEKOTOPOI CBA3M; CM. yIp. 1).
AnanornyseIMu CBOMCTBaMU OOJIANAIOT, KAK JIETKO BUOETH, OMHOMED-
HBIE YPABHEHUS TA30BOM OUHAMUKU IS UAECAJILHOTO MOIUTPOIHOTO Tas3a

0 (1)  Ov 31}__3_]) 2 L
a<;>a—m = am a7 =0 (5)

3alUCaHHBIE B MACCOBBIX KoopauuaTax (cm. mm. 5, 7 § 4 ru. II). Herpynuo
ybenuThCs, 9TO B TOM WIX WHOM BUIE€ WHBAPUAHTHOCTH IPHUCYLIa 0OJIb-
IIMHCTBY NOCTPOEHHEIX B 1. [-IV Momeneit.

PaccMmoTpennsie BrIllie mpeoOpPa30BaHUsI IEPEMEHHBIX U DA3IIMYHEIE UX
xKoMOmHauu u 0600IIEHNSI OTHOCSITCS K KJIACCy TAK HA3LIBAEMBIX TOUYEY-
HBIX IPe06pa3oBanuil, uiau npeobpasosanuii Jlu (IpOU3BOMHEBIE OT BEIWYUH
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He mpeobpasyorcs). [lycTe OHM K TOMY K€ yIOBJIETBODPSIOT HEKOTOPHIM
IOTOJIHUTENILHBIM YCIOBUSM (IPENCTABIAT coboir rpynmy). Torma nud-
depenmaIbHOE ypaBHEHNE, NOMyCcKatoliee rpynny JIu, MoxeT OBLITEH yIpo-
IIEHO: 00 MOHUKAETCS €r0 MOPSIOOK, TUO0 YMEHBINAETCS UKUCIIO HE3aBU-
CUMBIX TIEPEMEHHBIX, OMPENESIIoNmMX UCKoMble dyukiuu. OnHa u3 1esei
TPYIIOBOTO aHAJIN3a — OIPENeNICHNE BCEX TPYIIT Ipeobpa3oBaHuM, OOy C-
KAEMBIX JAHHBIM YDaBHEHUEM WJIA CUCTEMOY YPABHEHU, 1 COOTBETCTBYIO-
XX HTHUM TPYNONAM TaK HA3BIBAEMEBIX UMBGPUAHMHBIT peuwerul] ypaBHe-
vuit. C TOYKM 3PEHUsT WCCIENOBAHUS MATEMATUIECKUX MONENICH BaXKHBI,
TpexXie BCEro, He CJIOXKHAS U FPOMO3MOKAs IPOLENYyPa I'PYIIIOBOTO AHAJIU-
33, & €ro KOHEUHLIE UTOTYM IPUMEHUTEIHHO K KOHKDETHOMY yPAaBHEHUIO
(st GonBIIMHCTBA GA30BBIX MATEMATUIECKUX MONEIEH 3TU Pe3yibTaThl
IOJTY YEHH ).

ITpuBemeMm B kauecTBe BaXXHOTO YACTHOIO IPUMEPA UTOT TPYIIOBO-
ro aHamusa ypasHenus (4) npu ¢ = 1, 3 = »(T) B ogHOMEpHOM CiIy4ae
(Tabu. 3). Homepa B ieBoM cT0s61€ TAOINLIBL OTBEUAIOT PA3IMYHBIM IPYII-
TOBBIM IIPeOOPa3OBAHUIM, a B €€ KIIETKaX IMPUBENEHBI COOTBETCTBYIOIIUE
UM MHBAPUAHTHBIE PEIICHUS [JIs PA3IIMIHBIX BUIOB (crienudukaimit) GyHK-

Tabauma 3
I'pynnoBas kjiaccupukauus ypaBHEHMA

e

ot oz
Ne »(T') nmpou3sBosibHOE »(T) = el »(T) =T (o0 #—4/3)
1 T=f(¢), ¢=x « «
2 | T=f(), €=t « «
3 T=f&), E=z—t « «
4 | T=f), ¢=2%/t « «

T = i]anrf(f), T = 1/ f(¢),

5 — £ =t o, g=at?, B=—(a+0/2)/a)
T=Int i (&), T =t f(¢),
= (a=0) ¢=ela=-o/2)

. T =z+ f(&), T =€t f(¢),
& =te* £ =xet/2

7 T =2t + f(¢), T = e f(¢),

& =zet & =teo®
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mun »(7T). CuUMBOII « O3HAUAET MOBTOD BBIPAXKEHUS, CTOSILETO B CTPOKE
CJIeBa, IPOYEPK — OTCYTCTBUE MHBAPUAHTHLIX pereHuil. Yepes ¢ o6o3ua-
YeH WHBAPUAHT — KOMOMHAIVS, HE U3MEHSIOIIASICS IPU TAHHOM IIpeobpa-
30BaHUMN.

Ilpu moncranoBke mHBapUaHTHOTO pernenus 1 (z,t) B ONHOMEPHOE
ypasrenue (4) nomy4daercs 0OBIKHOBEHHOE NudhEPEHIAILHOE YPABHEHUE
oTHOCUTENLHO hyHkuun f(&) (Takxke naBapuanT npeobpasosanus). Vccie-
IOBATH €r0 TOPa3mo IMpOIlle, YeM UCXOMHOE YPABHEHUE B YACTHBIX IIPOU3-
Bonubix. Jlanee He npencrasiseT Tpyna BemucaTh dyukiuio 1'(z, t) depes
f(&) n u3yunTs ee cBOCTBA, eciau U3BECTHLL cBOUCTBA f(§).

I'pynnosere npeobpasoBauus ¢ HOMepamu 1—-4 OCHOBHBIE, MOCKOJIBKY
IOIyCKAIOTCS IPU NPOM3BONbHEIX crerudukanusx Gyuxnun (1), Ciy-
yail 1 — cranuoHapHoe penieHne (MHBAPDUAHTHOCTD (4) O OTHOLIEHUIO K
COBUTY IO 1), 2 — MOCTOSHHOE IO NPOCTPAHCTBY pelleHue (MHBADUAHT-
HOCTBb K COBUT'Y IO Z), 3 — pelieHue Tuna Oeryiueil BOIHBL (MHBAPUAHT-
HOCTH K OMHOBPEMEHHOMY CIBUTY TIO t U X), 4 — pellleHne ¢ TMOCTOSHHBIM
suauenveM ¢Gyukiuu T(z,t) B Touke 2 = 0 (MHBapUAHTHOCTD K IpPEOOpa-
sopammaM Buna t' = o’t, ' = az, T'(2',t") = T(z,t)).

Pacimupenus oCHOBHOI rpynnbl (HA3BIBAEMBIE NOJZPYNNAMY) TPOUC-
xonsiT npu KoHKpeTusanusax »(1T) = e, »#(T) = T7 dyuxuun »(T). Taxk,
IIJISL PEIIeHniA ISITON MIOATPYIINEL BeIMUrMHA, ¢ HBAPUAHTHA K IIPeobpa3oBa-
HUIO PACTSIXKEHUI-CXKATUSL, KOTOPOE B HTOM CIIYUIae OOy CKAECTCS MCXOTHBIM
ypaBHeHUEM (TOsICHUM: perienue 4 0TBedaeT HaKTUIECKA JACTHOMY CITy-
Jai0 NpeoOpa3’oBaHUil PACTSKEHUS-CKATUASL I [IPOU3BOJILHON GYHKIIUN
#(T), a nusa »(T) = T? uM OTBEUAIOT DELIEHUs B PA3NEIISIOIINXCS Iepe-
MeHHBIX). Pemtenus miis moprpynn 6 u 7 mopoxpmaroTcs KOMOMHALUER U3
peoOpa30BaHUM CABUTA U PACTIXKEHUS-CXKATUS.

3aMeTyM: BUI MMOYTHU BCEX MHBAPUAHTHBLIX PEIIEHUH u3 Tabi. 3 ObII
MOJIyUeH eIlle [0 TPYNIOBOrO aHAJIN3a U3 OPYTUX COooOpaxkeHwil (U3 Teo-
pUU pa3sMEpHOCTEN, MpEeNelbHLIMYU [MePEXONaMU, YralbiBAHUEM PeIeHus
U OPSIMOY IONCTAHOBKOR ero B ypasHeHue (4)). OmHako 5TO HE yMaJseT
IOCTOMHCTBA HAHHOTO METOHNA, IO KPANHEN Mepe B CWILy OBYX IPUYWH.
OH maer CTPOruil ¥ MCYEPIBIBAIOIINIA OTBET 006 OCHOBHOI IpyIme mpeod-
pPa30BaHUil U O Tex crenubUKanusx ypaBHeHuil (Moneseil), Ipu KOTOPBIX
5Ta TPYINIa PACIIUPSIETCs (3apaHee U3BECTHO, UTO NPYTUE CHENUbUKAINA
»(T) B ypaBuennu (4), ckaxewm, suna »#(T) = In(l + T'), He momyckaor
MOTIOJIHUTENILHEIX K OCHOBHBIM perienuit). Kpome Toro, CBOMCTBa CUMMET-
pUM ypaBHEHUN MOTyT OBITH BECbMa PA3HOOODPA3HBIMU U HEOXUIAHHBIMIU.
Hanpumep, mins He omucamuoro B Tabi. 3 ciydas ¢ = 17, o = —4/3
ypaBreHue (4) umeeT GOJIBINOE YUCIIO HETPUBUAILHBEIX NPEOOPA30BAHUN,
OTIPENENISIEMBIX JIUIIE C IIOMOIIBIO TPYIIIOBOIO AHAINA3A, IPENCTABIISIONIETO
coOO PEryiIsipHBLIN CIIOcO0 YIPOIIEHNS MATEMATUIECKUX MONEIIEH.

ITomuepkueM Taxxe, 4TO 9TOT METON M3yYaeT CBOUCTBA Auddeper-
IUABHOTO YPABHEHUS KaK TAKOBOTO, T. €. CBOWCTBA JIUIIH YACTH MOIEIN
UCXOMHOTO 00beKTa (6e3 NPYruxX BXONHBLIX MAHHBLIX, HampuMep 6e3 Kpae-
BhIX ycioBuit). I[05TOMYy HPUrOMHOCTH MOyYaEMBIX HA €r0 OCHOBE TEX
WIM WHBIX WHBAPUAHTHBIX PEIIEHWH [JIS ONUCAHUS KOHKPETHOTO SIBIIE-
HUS IOJKHA UCCIENOBATHCS NONOJIHUTENbHO. B oTnudme oT rpymnmoBoro
aHAJIM3a, TEOPUs PA3MEPHOCTER (€€ MOXKHO PACCMATPUBATEH KAK MIPUMEHE-
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HI€ YaCTHOTO CIIy4as TPYNIIOBON CUMMETPHUY, CBOMSIIEHCS K PACTIKEHIIO-
CXKATUIO eIUHAUL U3MEPEHNs) U BhITeKaromas u3 Hee [[-Teopema onepupyor
C MOZEJIBIO BO BCEH ee MOIHOTE.

2. ABromonensHbie (camomomoGHubie) mponecchl. Cpenu wHBa-
PUAHTHBIX pelleHnit nuddepeHnrnanbHBIX YPABHEHNN BBIAEISIETCS BAXKHBIA
KIIACC CaMONo00OHBIL, WA A6MOMOOEALHLIT DEIIeHnH (CMBICI 9TOTO Ha-
3BaHUA CTAHET MOHIATHBIM Yy Th HIXKe). K HUM IPUHATO OTHOCUTH IIUPOKO
UCIIOJIb3yEeMBIE PEIleHus Tula Gerymieil Bonusr (ciyuait 4 u3 tabmn. 3 mius
% =T7; cm. Takxke yup. 4 § 2 ra. II), cTeneHHbIe ABTOMOIENBHBIE PELICHUS
(cmyuair 5; cm. Takxke yup. 3 § 2 rur. IT) u 5KCIIOHEHIIUABHBIE ABTOMOMEIb-
HBle pemtenus (ciaydan 6, 7).

YbenuMmcs B MOJIE3HOCTH MOCTPOEHUS U AHAIINA3a ABTOMONEILHBIX De-
LIEHWH I MCCIIENOBAHNS MaTEeMATUIECKUX Moerell. B kauecTBe mepBoro
NprMepa PacCMOTPHUM DeIlleHns TUma OeryIell BOJIHLL I CUCTEMBL yPaB-
senuii (5). OHu My TCs B BUAeE

p(m,t) = p(§)

v(m,t) = v(£) = v(m — Dt),

p(m - Dt)7

p(m,t) = p(§) = p(m — Dt),

roe D > 0 — HekoTopas nocrosuuas. [logcrasmnss stu Beipaxenus B (5)
C 3aMEHOM [T eOUHOOOPAa3us TPETHEro YPAaBHEHUs NWBEPreHTHLIM ypPaB-
uenueM suepruu (21) § 4 ru. II, nomyuum BMECTO ypaBHEHUIT B YaCTHBIX
MIPOU3BOMHBIX CUCTEMY TPEX OOBLIKHOBEHHBIX Nu((epeHInaIbHbIX YpaBHe-
HU

d1l dv dv dp d v? d
D—~-4+—7=0, -D—+-—-=0, D |e+—-]|+-(v)=0

i p i " df( 2) 2 ) =0
rzoe €(§) = e(m — Dt) — BHyTpenuss sueprus rasa (e = e(p, p)). Aurerpn-
Pys UX B IPOM3BOJIBHEIX mpenenax &y, &1, yOeKIaeMCs B TOM, 9TO GEryIast
BOJIHA, OTBEYAET TEUECHUSM, B KOTOPBIX COXPAHSAIOTCSA TPU MHTErPAIIA:

1 2
D_+v=C)p —Dv+p=0C), Ds—i—D%—pv:CE. (6)

B ciyuae HENpPEPLIBHBIX T€UEHWN UHTErPAJILL (6) Mar0T €NUHCTBEHHOE De-
LIEHNEe — TOCTOSHHBIE IPU BCeX & 3HAUEHUS P, U, P, €.

HeTpuBuanbHBI Pe3ysabTaT MOIYyUIAETCS, €CIIU YUECTh, UTO ypPaBHE-
HUS T'a30BOY NWHAMUKY OJIarozaps CyIIeCTBOBAHUIO B HUX «TDAINEHTHON
KaTacTPOQBI» MOTYT IOIYyCKATh padpbienble peurenus (cm. m. 7 § 4 ra. IT).
IIycre paspeis dyukuuit p(€), v(€), p(€) pacmonoxen B Touke £ = 0. B 06-
macTax € > 0, £ <0, T. e. cipaBa u CjIeBa OT HETO, TEUEHUE, OUEBUIHO, TI0-
CTOSIHHO U XapPaKTEPU3yeTCsI HabOPaMU BEIIUIMH 0g, Vg, Po U P1, U1, P1 (CM.
puc. 68, Ha KOTOPOM pelleHue n300PaKEHO KaK GYHKINSI KOOPOUHATEI 1M B
MOMEHTBI BDEMEHH t1, o, t3; 1 < ta < t3). CKAYOK ra30MuHAMUIECKUX T1a-
pamMeTpoB He mpou3BosieH. [lokaxeM 3TO, aHATU3UPYSI CMBICIT HATTMCAHHBIX
BHIIIIE UHTErPAJIOB (CIPABEMIIMBEIX TaKXKe U 71 PA3PHIBHBIX TEYEHMUIT).
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OnucbiBaeMbIll aBTOMOAEIBHBIM PEIIIEHUEM PA3PHIB IBUXKETCS [0 MAC-
ce rasa C HOCTOSIHHOM cKOpocThio D. HewsmMeHHOCTH MAcCOBOW CKOPOCTH

P1,V1,P1,€1

P0,%0,P0,€0

3y

m:Dt1 m:Dt2 m:Dt3

Puc. 68

ofeceurnBaeT PABEHCTBO NMOTOKA BellecTBa [, = D, «BTEKAIOIEro» ¢ Of-
HOW CTOPOHBI PA3PBIBA U «BBITEKAIOIIETO®» C APYroi ero cTopoubl. Hapy-
LIEHE HTOTO eCTECTBEHHOrO QU3NUECKOrO TPEOOBAHUsSI 03HAUAJIO ObI TIOSIB-
JIEHVE WM MCUYE3HOBEHUE MDY MEPEXOMEe UYepe3 HEro KAKOro-TO KOJIMUECTBA
BermecTBa. [IoTOK «BTeKalomIe#s» MacChl paBeH, IO onpenenenuio, I,y = D =
= po (u — vp), a «BEITEKAOMIEN> [, = D = p; (U — v1), "me u — dilIepoBa
CKOPOCTH [BIKEHUsS Pa3PHIBA, npuueM u — vg > 0 u u — vy > 0. IlepBrrit
nurerpan (6), kak cuenyeT u3 pasencrsa I, = I, = I, , npencrasiser
co00H TOXIECTBO U = U.

O6paTumcs ko BTopoMy uHTerpasy (6), 3anucas ero IJid BEJIUYUH C
urnekcamu 0 u 1:

Cpo =po + po (u — v0)2 —Iu =1, — I,u,

Cp, =p1+p1(u— v1)? — Iu=1, — Iu.

durypupyomue B 3TUX PaBEHCTBAX BeJIUIHMHHI [, , I, CyTBH MOTOKH
ummynsca I, cnpasa u cnea oT paspsiBa. [lockonsky Cp = Cp, = C),, TO
oHH Takxe paBHb: I, = I, = I, . Inaue npu nepexone uepe3 GECKOHETHO
TOHKYIO TIOBEPXHOCTDH PA3PBIBA YACTHUILI BEIECTBA MOLYUYAJIA ObI MpUpa-
IIIEHIE UMILYIbCA, YTO BO3MOXHO JIWINL MDY HAJIUYUMA NEACTBYIOIINX HA
HEM GECKOHEUYHO GOJIBIINX CHIIL.

Haxowner, Tperuit uaTerpas (6) mocie HECIOKHBIX BEIKIIAIOK 3aIUCHI-
BaeTcs 10 06e CTOPOHBI PAa3phIBA B BUIE

U U
05)’ 0612161_U(Ip1+11)1 §)>

roe I. = p(u—v)e+p(u—)(u—12?)/2+ p(u—v) — MOTOK d>HEprUN.
IMockonbky B Geryiueir Bonue BenuuuHa C. MOCTOSHHA U, KAK yXKe yCTa-
HOBJICHO BBIIIIE, IIOCTOSHHLI BeJIMUUHEL I,, I, TO Takxke NOCTOSHEH MOTOK
sHeprun I, 9TO O3HauaeT paBeHCTBO I, = I.,. DHEPTUs, «BTEKAIOLIAIS>
B Pa3phIB, PABHA «BLITEKAOIEH> U3 HErO SHEPruu (IPOTUBHOE O3HAYAIIO
OBI CyIIIECTBOBAHME BHYTPY HETO NCTOYHUKOB SHEPTUY OECKOHEYHON MHTEH-
CHUBHOCTH).

Ceo =1y —u (IPO + 1,

14 A. A. Camapckmuit, A. II. Muxaiisos
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YuuThIBas pe3yIbTATH, CIEAYIOIINE U3 aHAIN3a UHTErpasos (6), mpu-
XOIOUM K BBEIBOAY O HEIPEPBIBHOCTU MOTOKOB MACCHI, UMIIYNIbCA, U 3HEPTUL
IpK Mepexofe depes MOBEPXHOCTh Pa3pPhiBa, Ta30NMHAMUYECKUAX MapaMeT-
pOB:

I,

=1,, I,,=1,, I,=1I,.

0 0

3aMeTuM, 4TO STOT BBIBON CIPABEmIUB TakXke u B ciyuae D = 0 (kon-
MaKMKBLY PA3peis).

st qBUXKyIIErocs o Macce rasa paspeiBa (ydaprot 604Hbl) U3 yCTa-
HOBIIEHHBIX PABEHCTB HETPYIHO HAWTH IIPpU U3BECTHOU ckopocTu D ycaosud
I0o20Hu0 — OMHO3HAUHYIO CBSI3bL MEXIY BEIUUMHAME [0 U TOCIE CKAUKA,
(cM. ymp. 2, 3). OTU yCIOBUS MOXKHO TAKXKE MOJYIUTh U C HOMOIIBIO HEMO-
CPENCTBEHHOTO BLIYUCIIEHUSI TOTOKOB 110 00 CTOPOHBI yoapHOR BOHLL. On-
HAKO aBTOMOMENbHLIE DELIeHUs TUIA OeryInell BOJHBL B CUJIy UX CBOUCTB
TO3BOJIIIOT ABTOMATHUYECKHN TOJIYUYATh YCIOBUS 1'TOrOHMO miisi OONBIIOTO
YUCIIa MOIIEJIEN CIIOIIHBIX CPEN, B YACTHOCTH IJIsl CUTYAIINH, KOr1a CKAI0K
IPOUCXOOUT He B GECKOHEYHO TOHKOM CJIO€, a MMEET IIPOCTPAHCTBEHHYIO
TIPOTSXKEHHOCTD, OOYCIIOBIIEHHYIO BCErIa IPUCYTCTBYIOIIUMH B BEIIECTBE
OUCCUMATUBHBIMU TIpotieccaMu. [Ipu sToMm ypaBHeHUS 071 OEryIeil BOITHE
OIKCHIBAIOT €I11€ U CTPYKTYPY MEPEXOTHOTO CJIOS.

3amMeTuM, 4TO yCIoBUsA ['FOTOHMO MOy CKAKOT KaK CKAUKY CXKATUS, KO-
[a DaBJIEHWE, INIOTHOCTh U BHYTPEHHS S SHEPTUS I'a3a 3a YIapHOW BOJIHON
BO3DACTAIOT, TaK, GOPMAIILHO, U CKAUKy paspexenus. [locnenuue, onHako,
MOTYT PEaJIn30BBLIBATHCS JIUIIb MIPU HAJMYAYU B CPENe COOTBETCTBYIOIITUX
du3MUIECKUX MPOIECCOB, HANPUMED, CIEIUAIBHOTO TUIA, XUMUYECKUX pe-
AKIIUH.

CaMonomoGHOCTD, MITM aBTOMOIENILHOCTD, MIOCTPOEHHOTO PEIIEHUs XO0-
POIIIO BUAHA Ha puc. 68: 0HO 6€3 u3MeHEeHNI BOCIIPOU3BOIUTCS B PA3JINIHLIE
MOMEHTHI BPEMEHU Ha PA3IUYHBIX YIACTKAX BEIECTBa. Pellenne moHnMa-
eTcs B OO0OOIIIEHHOM CMBICTIE, TIOCKOJIBKY OHO YOOBIETBOpseT nuddepeHIy-
AIIbHBIM ypaBHEHUsAM (5) JUib B 0GJIACTSIX HEMPEPHIBHOTO TeueHus. Pac-
CMaTPUBaEMOe B 00J1acTy —00 < m < 00, OHO IIPEACTAaBIIsIeT COO0U OMHO U3
0006wennvir pewenut 3anadn Komm njs ypaBHEHU ra30BOA OUMHAMUKMY.
Ecmu xe B xakoi-nmubo TOUuke ¢ QUKCUPOBAHHOW MACCOBOM KOODIWHATOM,
ckaxeM, B Touke m = 0, 3a0a10TCI COOTBETCTBYIOIINE IPAHUYIHBIE YCJIIO-
BUsI, TO €r0 MOXHO TPAaKTOBATL KakK peleHue B obnactu m > 0 3amauum o
TIOPIITHE, BABUTAIOIIEMCS C IIOCTOSTHHON CKOPOCTHIO B CPEMNY C IIOCTOSHHBIMU
napaMeTpaMu.

MN3yuuM Temepb CTEMEHHOE AaBTOMOMENILHOE PEeIeHue JIs YaCTHOTO

ciyuas ypasaenus (4)
or o - 0T

OIUCHIBAIOIIETO PACIPOCTPAHEHNE TEIIA B HEOTPAHUYEHHOM cpene (—oo <
< z < 00) OT MIHOBEHHOT'O TOYEYHOIO UCTOYHUKA. B MoMeHT ¢ = 0 B TOuke
x = 0 BBLOEISIETCS KOINIEeCTBO Telia (Jo. JaHHas mocTaHOBKA IOIHOCTHIO
COBIIAIAeT C MOCTAHOBKOW aHAJIOTMYHON 3amauu u3 n. 5 § 2 ra. I, ¢ Ton
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pa3HUIEl, YTO KO3POUIUEHT TEIIONPOBOAHOCTH (TOYHEE, MEMNEPAMYPo-
nposodnocmu) k(T) = koT?, o > 0, He MOCTOSHEH, & ABIAETCA PACTYIIEH
CTETIEHHON (DYHKIIMEN TeMIepaTypHl.

s HaXOXKOEHUS aBTOMONEILHOTO PEIIeHUs UCIoab3yeM [I-Teopemy.
O4eBuMIHO, OHO 3aBUCUT OT YETHIPEX ONPENEISIONINX TapaMeTpPoB &, £, ko,
Qo, T.e. T =T(x,t, ko, Qo). laHHOE PABEHCTBO CBA3BIBAET MATH PA3MEP-
HBIX BEJIMYUH, TPU M3 KOTOPLIX MMEIOT HE3aBUCUMBIE pasmepHocTu. Cre-
IOBATENBHO, COraacHo [I-TeopeMe OHO CBOMNUTCS K (DYHKIINOHAILHON 3aBU-
cumoctu II = F(II;) mexny nByms Ge3pasmepubivu Benuauaamu, 11, I1;.

BrifepeM B kKauecTBe pa3sMEpHO HE3aBUCUMBIX BelU4uMHBL (o, Z, t.
Torma u3s ypasaenus (7) mus ko ciemyer dopmyna pasmeprocTu (ko] =
=[Qo] 7 [2]° ~2/[t]. Dopmymny pasmepuocTu [T'] = [Qo]/[7] nns T monmyuaem
13 yCIOBUS

[e )

QO = / T('Tat) d.Z’, v 2 07

— 00

O3HAUYAIOIIIET0 COXPAHEHNE MEePBOHAYAJIBLHO BBINEIIUBIIENCS HYHEPIUU B He-
OI'PAHUYEHHOU cpeme 6e3 MCTOYHUKOB u CTOKOB Tema. U3 II-teopemsbr u
GOpMYII pa3sMEepHOCTH UMeeM

M ="T(z,t)2Qy", T = kotz~*T)Qg

u, ¢ yaerom cessu I = F(I1;),

T(z,t) 2Qy* = F(kotz~ (9 Qg).

ITepenuriem nocienuee paBeHCTBO B BUE, IPUHSATOM B TabiI. 3, BBOOS

o6osmauenme & = I1; /(772

T(z,t) = Qoz ' F(Il) = Qoz '®(&) = Q57" ko 771~ T €D(¢),
i, obosuadas EP(E) uepes f(£),

2 1 od 1
T(a,t) = Q5 hy 7Tt FELE),  £=Qp Tk TUH Fw. (8)

Bespasmepnsiii uuBapuanT & HA3LIBAETC AGTMOMOJEAbHOT Nepemen-
noti, dyukuus f(£) — 6espazmepnoti Pynxyuet (IpencTaBUTEIEM) TEMIIE-
paTypHI, pasMepHbiil MHOXUTEND nepen f(€) B (8) — macurTabHBIM MHO-
xureraeM. PuKcuposanubim asMmMoMOo0eabHbIM COCTNOTHUEM HASHIBAETCS CO-
CTOSIHIE, COOTBETCTBYIOIIee PUKCUPOBAHHON aBTOMONEIHLHOU KOOPAUHATE
§ = ¢o-

Amanmus pasMepHOCTE MaeT BO3MOXHOCTD HOJIyUYNTh HEHHYIO IpPEI-
BAPUTETLHYI0 MHGOPMALIIIO O TPOIECCe, He HAXOMS MOIHOCTHIO PEIIEHUS
samaan. Tak, TeMI U3MEHEHUS CO BPEMEHEeM pellleHus B Touke & = &, B
gacTHOCTH, B Touke & = 0, OmpemengaeTcs Wb MACIITAOGHBIM MHOXKHUTE-
siem. IlosTomy B Hauane koopauuar £ = 0 (£ = 0) TemnepaTypa ybrBaeT
[0 3apaHee U3BECTHOMY 3aKOHY

T(0,t) ~ ¢t~ 7= £(0).
14*



212 WCCIEOOBAHUE MATEMATUYECKUX MOIEJIEN [NI. V

Taxkxe 3apaHee U3BECTHA CKOPOCTB POCTA CO BDEMEHEM KOODAMHATHI & HJIs
cocrosuus £ = &y:

z(&) ~ t57 &.

Ecnu npunsats T'(0,t) 3a xapakTepHYIO TEMIEPATYPY HATPETON 0BIIACTH, &
z(€y) — 3a ee xapakTepHBIA pa3mep, To ux npoussenenue 1'(0,t) - (&) He
3aBUCHAT OT BPEMEHU, YTO COLJIACYETCs C YCIOBUEM IOCTOSHCTBA TEILIOBOI
suepruu (Jo, COmEpKAIlencs B cpemne.

Ioncrasus (8) B (7) u nposens nuddepeHINPOBAHNE, TOLYYAM He-
JIMHEHOe 0OBIKHOBEHHOE MuddEPEeHINaIIbHOE YPABHEHIE BTOPOrO MOPSIKA,
oTHOCUTENBHO f(&):

f
240
IIpeo6pasyem ero x Bumy
1
(2+0)
¥ ONWH Pa3 IPOMHTErPUPYEM:
Gy =cn

3mece C7 = 0, Tak kak npu £ = ( pelreHne CUUTAETCS OTPAHUIEHHBIM
(f(0) < 00), rmamkuM ®, O HOCTPOEHUI0, CUMMeTpudHEIM, T. e. f'(0) =
= 0. [Ipu C; = 0 nepemeHHbIE B IOCIENHEM YPABHEHUY PA3HEIISIEOTCS U OHO
JIETKO UHTErPUPYETCS:

.fl _ o I\
rig I

+¢

€N+ =0

o Iz
fé) = (5«%—52)m )

IMockonbky nonyuennas dopmysa npu || > £ HaeT OTPULATEILHBIE
3HaUeHUs, TO B 9Tok obnactu f(£) mosaraeTcsa paBHOU HYIHO (perieHue
B TOukax |{| = £ «CIIMBaeTCS» C TPUBUAJBHBIM DeleHneM). Benmunma

s = &a(0) > 0 onpenensercs us pasencrsa [ f(£) d¢ = ff‘: f(&d¢ =
= 1 — 6e3pa3sMepHOTO AHAJIOTA, YCIOBHS TIOCTOSHCTBA YHEPTUN B CPeIe
1
¢y _ [0 2T T2 41/3)] 7
* o’/ re(1/0) ’

€] < .

roe I' — ramma-dyHKIM.
Wcnonesys (8), mpuxonuM K OKOHYATENILHOMY BULY DELIEeHUs 334a49n
O MCHOBEHHOM TOYEYHOM MCTOYHUKE TEIUIa B HEJIMHEHHOW cpeme:

T(z,t) =

2 z2 L
07 iy T 2+v{[1——] 2(57”)} el < s,

212240

0, lz| > z4(t).
Brech Ta(t) = o (QF ko) L/ PHo) 1/ (2+o)
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Pewenne (9) 06061ienHOe, Tak KaK IPU JOCTATOYHO GOJBIINX O €ro
[IPOU3BOMHBIE 110 U t B TOUKAX |z| = 24 () HE CYIIECTBYIOT U B HUX OHO HE
yIOBIETBOpsieT ypaBHeHu:o (7) B kiaccuaeckoM cMbicie (cMm. yup. 4). On-
HAKO €CTECTBEHHOE PU3NIECKOe TPEOOBAHNE HEITPEPHIBHOCTHU IIOTOKA, TEILITA,
W(z,t) = —koT? T /0x B TOukax |z| = z4(t), xak u nusa peruenus (21)
§ 2 rur. I1, BemmonHsieTCs (IPOTUBHOE 03HAYAIIO OBl HAJIMYUE B STUX TOUKAX
UCTOYHUKOB WJIA CTOKOB SHEPTrUU GECKOHEUHOM WHTEHCUBHOCTH).

PacopocTpanenne Ternsa IpOUCXONUT B BUIE 60.Hbl, OXBATHIBAIOIIEH
CO BpEMEHEM BCe HOBBIE U HOBLIE y4yacTKu BemlecTBa (puc. 69). Ona nsu-
XKeTCsI O cpelie ¢ koweunotl ckopocmuio (cp. ¢ perteruem (20) § 2 rur. II
s ciydast o = 0). @powm 60.41bl — TOUKA, OTIAEISAIONIAL HATPETYIO YaCTh

1
IPOCTPAHCTBA OT XOJIOLHON, — IPOLABUTAETCS 110 3aKOHY Zg (1) ~ t2+7 | o1-
BeYas ONHOBPEMEHHO KaK (DMKCHPOBAHHOMY ABTOMONEIHLHOMY COCTOSIHUIO
¢ = &3, Tak u dukcupoBanHoMy dusudeckomy cocrosuuio T (zg(t),t) = 0.

T(‘r1 t) A
T(O,tl)

t1 <ita <t3

0 ze(t1) wa(t2) 034>(t3)=x

Puc. 69

Camononobue pemenust (9) mMeeT HECKOIBKO UHOE IeOMETPUYECKOe
BEIDAJKEHME, YeM B IPEABIAyIneM npumepe. Kpusere Ha puc. 69 MOXHO
COBMECTUTH B ofHy (B dyukumio f(&)) mocie ux «aBTOMONEIBHOU 06pa-
OOTKI» — COOTBETCTBYIOIINX TPEOOPA3OBAHUN PACTIXKEHUI-CKATUI KAK
apryMeHToB z, t, Tak u byukuuu 1'(z,t).

Ocobyo0o POk aBTOMONENLHLIE DEIICHUS WIPAIOT IS HEeJIMHEHHBIX
MOZEJEN KAK BAXKHBEIE YACTHBIE DEIICHWS, PACKPLIBAIOIIAE TC WA WHEIE
cBomCcTBa 00BeKTOB. X m3yueHume cnocob6CTBYET BHIPAOOTKE CBOETO POOA
5JIEMEHTAPHOTO SI3bIKA, HEJIMHEMHBIX sBJeHUN (yoapHas BOJIHA, TEIJIOBasl
BosiHA # T. O.). OOHAKO 5TUM X 3HAUEHVE NAJIEKO HE OTDAHUYMBAETCH.
IIpu ONpeneseHHbIX YCIOBUAX OHU CITyXKAT NPOMEHCYMOUHBLMYU GCUMTIINO-
muKamy 0Js GOJBIIOTO KIAcca (GOPMAILHO HEABTOMONEILHLIX MTPOIECCOB.
O4eBuIHO, YTO BEIEJICHNE TEIJIOBOM SHEPTUN B KAKOU-TO YACTH BEIIECTBA,
HE MOXeT OLITh HM MTHOBEHHEIM, HUM TOYEYHLIM. TeéM He MeHee ee pac-
npoctpanenue B cpene (¢ k(T) = koT?, o > 0), OCTaTOYHO XOJIONHON B
MOMeHT ¢ = 0, IO MCTEYEHUU NOCTATOYHO OOJILIIIOTO BPEMEHW W IIPU MI0-
CTaTOYHO GOJIBIINX 3HAUCHUAX T (t) C XOPOIIE TOYHOCTBIO OMUCHIBACTCS
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peurenuem (9). IleTasu HAYAIBHOM CTAIUN «3a0BIBAIOTCSI>, U IIPOIECC BHI-
XOINUTS Ha CAMOMONOOHBIN PEXuM (Ha MPOMEXYTOUHYH0 aCUMTOTHKY ).

3. Pasjnuunbie peXuMbI PACIPOCTPAHEHUsA BO3MYILEHUIN B
HEJNHENHBIX cpemax. Ecnu HenuHeWHas Momenb objanaeT OOraTHIMUI
TPYIIOBBIMY CBOWCTBAMHE, TO HOSBJIISIETCS BO3MOXHOCTD IIOJIyYaTh HE OT-
IeJIbHBIE PeIeHus, a HabophI IPOMEXYTOUYHBIX ACUMIITOTHK C PA3HOOOpa3-
HEBEIM IIOBEIEHUEM.

W3yuumM pa3audHble PeXUMBI PACIPOCTPAHEHNS TEIIIA, OMUCHIBAEMEIE
ypasuenueM (7). IIporecc paccMaTpuBaeTcs B HMOIyOrDAHUIEHHON Cpene
0 < z < 00, XOIOOHOY B MOMEHT t = tg:

T(z,t0) = To(z) =0, 0<z< o0, (10)

U HArpeBaeMOHN C JIEBOM I'DAHUILI TakuM oOpa3zoM, UTO TeMIepaTypa B
Touke £ = () pacTeT CO BpeMeHEM IO 3aKOHY

T(0,t) = Ao (ty — )", n <0, t<t<ty <oo. (11)

Samaua (7), (10), (11) umeer cMeica numb opu ¢ < tf, TOCKOIBKY B
KOHEUHBIM MOMEHT ! = {y IpaHMYHAsA TEMIIEpaTypa obpalaeTca B OECKO-
HEYHOCTH. IIpOorecchl momOGHOrO TUINA HA3HIBAIOTCSI PEHCUMAMY C 060CM-
PeHueM U ABIISIOTCA MATEMATHICCKON NACAIN3ANUENA MHOTUX PEAJIHHO Ha-
OJIFOMAEMBIX SBIJIEHUN, IOPOXKIAEMBIX MeOMETPUEN OOBEKTOB, UX HEJIUHENH-
HOCTBIO U T. A. K HUM OTHOCATCsS, HAIPUMED, CXOXKIEHUE CHEPUIECKOI
YIApHOU BOJIHBI K €€ IIEHTPY, CXJIONBIBAHNE ITY3LIPLKOB BO3AYyXa B XKUJ-
KOCTSX M Ipyrue BUABL KyMyusamuu (reomerpudeckuil daxtop). Hpyroi
IpUMep: POCT YUCIEHHOCTY HacesieHus 3emiu N () XOpOIIO OMUCHIBAET-
Cs1 B TedeHMe HECKOJBbKMX IIOCIENHMX BekoB 3akoHoM N (t) = No/(ty —t),
ty = 2026 (rom), CIemyIOIMM U3 MOMyJAUOHHOK Momemu dN/dt = agN?
(cM. . 2 § 6 ra. I; cusbHAsT HEIIMHETHOCTD ).

Pewenne 3anauu (7), (10), (11) onpenesnsercs, O4€BUNHO, BEIMUMHA-
Mz z, t, ko, Ao, to, ty. Pysxunonansuas cesa3b T = T'(z,t, ko, Ao, to, L)
CONEPXUT CEMb MAPAMETPOB, TPU U3 KOTOPBLIX SABIIIOTCS PAa3MEPHO He-
3aBUCAMBIMA. W36aBUMCS OT «MEIIAIONINX®> ABTOMONEIBHOCTU MAPAMET-
poB tg, ty. BosbMem (Ge3 orpaHudeHns OOILIHOCTH) MOMEHM 000CMPEHUL
ty = 0 u OGymeMm paccMmaTpuBaTh Iporecc npu —oo < ¢ < 0, T. e. mono-
KuM g = —00 (BpeMs MO-IIpeXHEMY BO3PACTAET, TEUET OT IPOILIOrO K
Gynymemy). ChopMmynupoBanHas TakuM 00PA30M 337248 CTAHOBUTCS, IO
II-Teopeme, aBToMOnmenbHOM. IIpOBOMIS BEIKIIANKY, AHAJIOTMYHLIE TPIMEH IB-
[IIMCS TPA BBIBOAE GOPMYJIEL (8), Oy YnM BU KCKOMOTO ABTOMOMIEIIBLHOTO
peIeHms:

n —Yo =) — lino
T(e,t) = Ao (=0)"f(©), &=k "4, (=)” e, €20 (12)
IMoncranoeka (12) B (7) maer nmns maxoxnenus f(€) OOBIKHOBEHHOE

nubdepeHnnanbHoe ypaBHeHne BTOPOro NOPsaKa (C KDAeBLIMU Y CIIOBUMY,
BurTekarorumu u3 (10), (11)):

- df 1+no  df _ B _
(L) - e vns =0, je =0 fO =1 (3
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Ypasuenue (13) B cBOW0 0ouepens mOMyckaeT npeobpasoBanue momobus £ =

=af, f =Bf, B=a’l (pacTaxKeHme-CKATHE) I TOITOMY CBOLUTCS K
YPABHEHUIO TIEPBOTO MOPANKa (YIp. 5), UCCIEMYyEeMOro CTAHAAPTHEIMU Me-
TomaMu. AHaJM3 MOKA3BIBAET, UTO perienue 3anaqu (13) cymecTByer npu
Bcex n < 0, 0 > 0, eIMHCTBEHHO U MOHOTOHHO.

Ero cBoiicTBa ONpemesarOTCsa COOTHOIICHNEM MEXIy MapaMeTpaMu 1
(CKOPOCTBH POCTA IPAHUYHON TEMIEPATYDLI) U 0 (HEIUHEHHOCTH CPENbI).
Kpuruueckum ssasercst 3HaueHuwe n = —1/0, Opu KOTOPOM B ypaBHe-
uuy (13) BTOpOU WiieH BHINALAET U OHO MHTEIPUPYETCs SIBHBIM 06pa3oM
(yup. 6). IlepenuceiBas ero ¢ momorpio (12) B MCXOOHBIX NEPEMEHHBIX,
nMeeM

1 i 2/0
Ao (—t) (1 - —) . o<z

Ts(z,t) = e (14)

0, > Ty,
roe

1/2
a+2> ' (15)
g

Tp =Ts = (2]{:0143
IlepBoe m3 kpaeBbix ycsoBuii (13) BBINONHAETCS «DOCPOYHO®» (T. €. mpH
z = z¢(ko, Ao, 0) < 00), TEIIOBOI NOTOK Ha (HDPOHTE PABEH HYJIO (Tak XKe,
kax u B pemenun (9)). Pemenne (14) 0606111eHHOE, TOCKOIBKY €I0 TIPOU3-
BOZHEIE B TOUKE T = L¢ [IPU AOCTATOUHO GOJIBIINX 0 HE CYLLIECTBYIOT.
IIpu n < —1/0 ycrnoBus HA IPAHULE MEXKIY HAIPETHIM U XOJIOLHLIM Be-
[IECTBOM TAKK€ BHIIOJIHSAIOTCS B KOHEUHOU Touke p = &g (N, 0) < 00 (3HA-
JeHue KOOPOUHATHL YPOHTA AJI KOHKPETHBIX 71, 0 HAXOLUTCS IUCIIEHHO). B
€e OKPECTHOCTY [OBEIEHNE PELICHNs ONUCHIBACTCS ACUMITOTHICCKIM BbI-
pa’KeHWeM, IePBBI YeH KOTOPOIO — PEIIeHNe YIPOLIEHHOTO yPABHEHHU,
noayuarorgerocs u3 (13) B npennonoxenun f(§) — 0, & — &g:

1/(7
(—H%U@) (E-O"+..  E<,

f(&) = (16)

07 £>§’~P

3neck 1 masee MHOrOTOUnEM OGO3HAUEHBI YJIEHBI 60JIee BLICOKOTO MOPSIKA
magioctu. M3 (16) Bunno, uto peuenue npu 1 < —1/0 o6obieHHOE ¢ TeM
XKe mopsakoM ryankoctd, 9To u (9) (rmagkocts y (14) Boime, uem y (9)
n (16)). Ogmako morok Temna B Touke (poHTa, Kak u mus (9) u (14),
HENPEPHIBEH.

B orsmune or cayuas n < —1/0, npu n > —1/0 ycnoBust Ha GpoH-
Te BOJIHBI BBHINOJIHAIOTCA Jmtk npu & — oo. Pemenne — raankas npu
Bcex ¢ > 0 dyHKIUS, €ero aCUMITOTUIECKOE PA3JIOXKeHNe ¥ GPOHTA JAaeTCs

dopmyon

f(f)205%+015ﬂ—;3+..., 1+no >0, (17)
rne C = C(n,o) > 0 (maxomurca uucnenno) u C; = —C°L + [2n (2n +
+mno —1)]/(1 +no)? <O0.
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st Bcex n, o mpu £ — 0 pelreHne uMeeT aCUMITOTHUKY

fFEO=1+f0)¢&+..., f’(O)Zd—é(n,U) <0,
£=0
03HAUAIOIIY0, UTO IIOTOK TEIIa Ha TPAHUIE CPENbl TOJOXUTENEH U SHEP-
THUsS TOCTYNAET B BEILIECTRO.

ITepeiinem x aHamu3y GU3MIECKUX CBOHCTB HOCTPOEHHBIX DELICHUN,
pasiauuas caydau n = —1/o, n< —1/ocun > —1/0.

1) llpu n = —1/0 OPOHT TEMIIOBOU BOJHBLI HEMOLNBIKEH. DPPermus-
noili pasmep HATPETON OGJIACTHU, HANPUMED, NOAYWUPUHAE, T. €. TOUKA
Tog(t) Taxas, 9To T(Z5¢(t),t)/T(0,t) = 1/2, Takxke He U3MEHSIETCA CO
BpEMEHEM. ABTOMONENLHOCTL NAHHOTO PEIICHWS, KAK M BCEX PEIIeHW

B DA3MEIAONINXCs [ePEMEH-

T(z,t) A HBIX (UMerommx Bugn u(z,t) =
1 <2 <3 <ty =U(t) V(z)), BeIpaxaeTcs B

t=0 OIMHAKOBOCTH €r0 IIPOCTPAH-

CTBEHHBIX NpoduiIel B pas-

JINYHBIE MOMEHTHI BDPEMEHU.

[Mpodunu oTnruarTCsa B aH-

th HOM ClIydae JIUIIb paCTymeIZI

CO BpEMEHEM AaMILIUTYIOH

\4_ U(t). Takum xe CBONCTBOM
obamaeT  ynopsooOueHHBIN

ot pexum Byccuuecka, nis xo-
\ TOPOTO AMIUATYNA — yObI-
t1+ Baromias (GYHKIUS BPEMEHH

| > (yop. 2u3 § 1 o II).
0,5z Te & Pemenue (14) MoxHO Ha-
Puc. 70 3BaTh ocmanosusuLetica
menaoeot  60aHOYU (cm.
puc. 70, roe moKa3aHbI IPOMUITN PELIEHNS OIS CPEObl C 0 = 2, KDECTUKAMU
OTMeUeHa NosylnupuHa). B sTom pexume mpu ¢ — 0 B BEIIECTBO MOCTY-
MaeT HeOTPAHUUEHHOE KOJIMIECTBO SHEPTUN; TEMIIEPATyPa U KO3hPunueHT
TeIIIONPOBONHOCTH IpH Beex 0 < z < g CTpeMATCs K OECKOHEIHOCTH.
Tem He MeHee Temylo He IPOHUKAET HAJIEE TOUKU C KOODOUHATON T =
= Xg, OIPeNesieMOll MHTEHCUBHOCTBIO IPAHUTIHOTO pexXuMa, Ay U CBOMCT-
BaMu cpensl kg, 0. Pemenune (14) mokaseiBaer, 4TO pacIpoCTpaHEHNe TEIl-
J1a MOXeT OBITH 40KaAU3080H0 B OOJIACTY KOHEUHBIX PA3MEPOB — 004aCMU
aokaauzayul (rs — eaybuna sokasuzayuu). IllosTomy cyirecTByeT npus-
LUNAAJIBLHAS BO3MOXHOCTD KOHIIEHTPUPOBATE JIF000€ KOIMIECTBO SHEPTUU
B OFPDAHUYEHHBIX YUYACTKAX BEIIeCTBa 6€3 PACIPOCTPAHEHUS €€ 33, IPEIeIbl
30HBI JIOKAJIA3AIIAN.
2) B cayuae n < —1/0 koopmuHaTa HPOHTA BOJIHBL HATPEBA HEOIDA-
HUYEHHO yBeJimuuBaercs npu t — 0:

o

2o (t) = kPAT? (—1) 775 s — 0.

To xe camoe CIPaBENINBO NI MOJIYLUINPUHBL BOJHEL Lag (¢) ¥ KOOPAUHAT
Beex Touek (t, o) ¢ PUKCUPOBAHHBIM ABTOMOMEJIbHLIM COCTOsIHUEM & = &p.
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ITpocrenum 3a u3menenreM pereHus: B GUKCUPOBAHHON TOYKE BEIIIECT-
Ba z = zg < 00. OTBeuaromas et aBToMonenbHas koopauaara &(t, Zg), Kak
BUIHO U3 BTOpou dhopmyiiel (12), crpeMures k myito nipu t — 0. PackpoiBas
nepByo popmyity (12), moayuum mpu ¢ — 0

T(o,1) = Ao (—1)" f(£(@0,8)) = Ao (~1)" £(0) = Ao(t)" — oc.

Takxum 06pas3oM, pu IPUOIMKEHUN K MOMEHTY OOOCTDEHMS BOJIHA OXBa-
THIBAET BCE NMPOCTPAHCTBO, TEMIIEPATYPA B JIIOO0H TOUKE Cpembl HEOr'pa-
HUYEHHO BO3PACTAET, JIOKAJIM3ALNSI OTCYTCTBYeT. B 5TOM oTHOIEHUN pe-
LIIeHNe aHAJIOTMIHO Geryimeit Bosre (21) us § 2 rar. I, onHako GecKOHEUHBIE
ImapaMeTpHl TOCTUTAI0TCS He IpU ¢t — 00, & 3a KoHeuHoe BpeMs. IIpoucxo-
IOUT CBEPXOBICTPBIN IPOT'PEB CPEIHL.

3) CoBceM MO-MHOMY peajmM3yeTCs PaCIpOCTPAHEHUE TEIUIa TIpu 7 >
> —1/0. U3 (12) BuOgHO, YTO MONIYUINPUHA COKPAIIAETCS CO BPEMEHEM IIO
3aKOHY

Tog(t) = kPAT2 ()73 6y >0, £t 0.

Pemenne mpencrapiseT cob60i TEIJIOBYIO BOJIHY C YMEHBIIAIOIIEHCS Hd-
dexTuBHON riybuuol mporpeBa. C TeuyeHMEM BPEMEHU IOCTYIAOIIAS B
BEIIECTBO HHEPrUs COCPeno-

ToumBaeTCs B cokpamaomeir-  T(Z A s 4 _¢

¢ 06acTu BOIM3M TPAHMIILD N f1 <tz <t3 <14 <O
(puc. 71). «PpoHT> TeEmwIO-
BOUl BOJIHBEI, KaK CllefyeT U3
(17), (12), HaxomuTCs B TOUKE
z = 00 (mpu Zg < 0O pasMep
HarpeTou obJIacTé CO BpeMe-
HEM YMEHBINAJCS Obl, YTO B
cpene 6e3 TOTJIOIIEHWS SHEP-
TUY HEBO3MOXKHO).

st (buKCHpPOBAHHOM + .
TOUKM BEIECTBA I = Ig 0 ]
(0 < =z < ) nMeeM Puc. 71

&(xo,t) = 00, t—0, T. e
koopmuHaTa &(Zg,t) CTPEMUTCS, B OTJIMYME OT IPENLIAYINErO Cilydas, K
koopruHate dporTa. Ucnonbsys acumnroruxy (17) u dopmyny (12), mo-
nydaeMm mpu t — 0

2n
T(zo,t) = C (kg™ Ag) TFre a7 +
1 2n2
+Cy (kg Ay ) TFae i (=) + ... (18)
HecmoTps Ha HEOrPAHWYEHHBIN POCT TEMIEPATYPHL B Touke & = 0, BO BCel
OCTaJIbHON CPee OHa IPU BCeX ¢ <ty OTPaHUYEHa CBEPXY MPENesIbHON Kpu-
Boit (mepseiit wiieH B (18); Ha puc. 71 — mrTpuxosas kpusas). B cayuae
3) Takxke OCYLIECTBIIIETCS JIOKAIM3AINS TEIIa, HO B IPYTOM DEXUME, IeM
mpun = —1/o.
Awnamus aBromonmenbubix pemenuin 3amauau (7), (10), (11) mossomman
C TIOMOILIBIO TIPOCTHIX MATEMATUYECKUAX CPEACTB YCTAHOBUTDH CYIECTBOBA~
HUE B TEIUIONPOBOMHOA CPENe TPeX NMPUHIUNUAILHO PA3IINYHEIX DEXUMOB
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PACTIPOCTPAHEHMS TEIIA 1 U3yUUTh PN UX BaxXHEIX cBoitcTs. OHHU ompene-
JIAIOTCA B OCHOBHOM CKOPOCTBIO TTOMBOMAA, SHepruM K cpene mpu ¢ — 0 u cTe-
[IeHBIO ee HeNMHeTHOCTH. I «MeNIIeHHBIX> DeXUMOB Harpesa (n = —1/0,
S-pexcum; n > —1/o, LS-pescum) umMeeT MECTO JIOKAIM3ALUS TEILIA, IPY
«bercTpoM» Harpese (n < —1/0, HS-pexcum) 95T0T 5dDHeKT OTCYyTCTBYET.
Habopwr pasHooOpasHBIX IO CBOMM CBOMCTBAM aBTOMOMIEIBLHBIX perte-
HUIT MOXHO THONyYaTh HE TOJILKO IJII MATEMATUUCCKUX MOMETCH, CBOMS-
IINXCSA K KBA3WIMHEHHBIM IapabOIMuecCKUM yPABHEHUSAM, HO, HAIPUMEp,
U 7S yPABHEHUI Ta30BOM OUHAMMKEA. M3yumM OGOCTPAIOIIMECT PEKIMEL
PacIpoCTpaHeHus BO3MYIIEHUN NIl IPOCTENIIEr0 KBA3UINHENHOTO TUIIED-
6osn4eckoro ypasaenus — ypapuenus Xonda (32) us § 4 ra. 11

—_ _|_ kopa —m = 07 (19)

3aMUCAHHOTO OTHOCUTEINLHO masnenus p = p(m,t), o = (y+1)/(2v) < 1.
PaccmoTpuM miis Hero 3amady O MOPIMHE, CKUMAOIIEM Ta3, 3aHIMAI0-
LU TOIyIPOCTPAHCTBO M > 0, ¢ HYNeBBIM HAUAJILHBIM [ABJIEHUEM:
p(m,to) = po(m) =0, 0<m < o0. (20)
ITopiens pacnosoxen B Touke m = 0, DaBiieHrE HA HEM PACTET B PEXIME
¢ obocTpeHueM:

p(0,t) = Ao (ty — )", n <0, to<t<ty <oo. (21)
Samaua (19)—(21) aBroMomenbHA, eciay IOLOOGHO MPENBIAYIIEMY CJLy-
YAl MONOXUTH tyg = —00 (Kak U paHee, BO3bMeM 0e3 OrpaHudueHus OO

Hoctu ¢ty = 0). Ee pemenue B coorsercrauu ¢ II-Teopemoit umeer Bun

p(m,t) = Ao ()" (),  E=ko A7 (=), £>0. (22)
W3 (19), (22) nonyuaem nis onpenenenvs f(§) ypaBHeHIE IEPBOrO IOPSOKA

3—2(1“’+(1+n0)§)—nf:0, (23)

KOTOpOE, GyIy4n 3aIUCAHHEIM B BULE
¢ f7+(1+mno)f

af nf ’
JnmHenHO oTHOCUTENBHO . OHO uMeeT OOIIEe pereHre
E=frth -y, (24)

yIoBJIeTBOpsoLee cienytomemy u3 (21) ycmosmo f(0) = 1 (mpu anammse
(24) HEOOXOMUMO TaKXKe CIENUTH 33 BBIIONHEeHneM ycnoBus f(oo) = 0, BbI-
tekarorero u3 (20)). CeolicTBa PElIeHni 3aBUCAT OT COOTHOILCHUA MEXK Y
nuo.

1) lIpun = —1/0 u3 (24), (22) nonyuaeM SBHOE PEIIEHUE B PA3NEIISIIO-
IIUXCSI TIEPEMEHHBIX (0CMaK08USULAICT B0AHA CHCATNUL, WA TA30NAHAMUA-
YECKUN S-PEXUM):

ps(m,t) = (25)
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roe me = mg = kgAY — xoopauHaTa GPOHTA BOJHBL CKATUS, OTHEISIO-
IIEro NPUIIEINAA B ABUXKEHUE I'a3 OT HEBO3MYIIEHHOTrO BerecTsa. PpoHT
BOJIHBL U €€ TIOJIYIIIUPUHA MOCTOSHHBL BO BPEMEHU, NABIICHIE U BCE OCTAIIb-
HBIE Ta30AVHAMUYECKUAE BEIUYUHBI — CKOPOCTb, IJIOTHOCTH W T. I. —
HEOrpaHUUIeHHO HapacTaT B obmactu 0 < m < mg mpu t — 0. Omuako
Ipu M > Mg Ta3 OCTAETC HETONBIXKHBIM U XOJIONHEIM 1ipu Beex ¢ < 0 (B
5IIEPOBBIX KOOPANHATAX 5TO O3HAUAET, YTO MOPIIEHDb CKUMAET MPUIIETAI0-
Y10 K HEMY KOHEUHYI0 MacCy rasa mg B GECKOHEUHO TOHKUI CJION, HUKAK
He 3aTparmBas OCTAJbHOE BellecTBO). Pemenne (25) memoncTpupyer 5db-
DEKT A0KGAU3AYUYU CHCAGMUL HA OTPAHUIECHHON TITyOUHE M5, OTIPENeIseMOil
mapaMeTpaMm 3a0a4u, T. €. 5GGEKT, BIOJIHE AHAJOTUYHLIN JIOKAIA3AIAN
TeIta B S-pexunme.

2) Takas xe MOYTH MOJTHAS AHAJIOTUS CIPABENJIMBA U B CIIydae n >
> —1/0 (rasommaamuueckuit LS-pexum). Pemrenne, kak Bugso u3s (24),
MOHOTOHHO yOBLIBAeT ¢ yBesjmuyeHueM & u o0palnaeTcs B HyJb mpu & = 00
(ycnosue f(0o0) = 0 BermosseH0). PPOHT BOJIHBI CKATUSI PACIOIOKEH B TOU-
K€ M = 00, ee MOJIYIIUPUHA,

Mo (t) = ko Af (=)' 7" &g

cokparraercs no Hyns npu t — 0 (54 merko Haxomurcs u3 (24) ¢ yuerom
paBercTBa f(&q) = 1/2). Oneprus, cooblaemast rasy HOPIIHEM, KOHIIEHT-
pPUPYETCa B yMEHBIIAIOMIENHCS CO BPEMEHEM OOJIaCTH BOJIM3M MPAHMITEL

Hns mo6oro 0 < my < oo mmeem &(mg,t) — 0o, ¢ — 0. IlosTomy,
paspemas (24) orrocurensuo f(£) mpu £ — 0o:

F(&) = € +n (1 +no) LT + ...,

1 Iepexons C IIOMOIIBIO (22) K MCXOOHBIM IIEDEMEHHLIM, IIOJIy4YaeM IIpu
t—0

1
Ay —n_ n AZTIN TFre noa
mg,t) = | — | mi ™7 + —— 0 my T (=) + ...
p( 0, ) <kg) 0 14+ no <k611 0 ( )

Permenue crpeMuTcs CHU3Y K MPENeIbHON KPUBOR (MEPBLIA WileH B IOJIY-

YeHHOU (hopMyie), obparra-

ace B MoMeHT ¢ = 0 B Gecko-  f(€)A

HEYHOCTB JIAIIL B TOYKE 1M, =

= 0. 1
3) Hna amanusa pere-

Hus mpu n < —1/0 pac-

CMOTPUM TIOJIE WHTErpailb- fi

HBIX KPUBBIX ypaBHeHUs (23),

MOKA3aHHOE Ha, puc. 72 (xup-

HOU JUHMENR BBIOEJIEHA KpPU-

Bas I, myia koropoit f(0) = 1,

IITPUXOBAs JIMHAS — M30-

KIHA OECKOHEYHOCTH, pa3ie-

JIIOLIAS IJIOCKOCTD Ha 0bJ1ac-

T A u B). U3 pucynka Bun- Puc. 72

HO, YTO HEMPEPBIBHOTO DPEIIeHUs, OoTBedarero Tpebosanuo f(oo) = 0,

~y
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HE CyIIECTBYET, TAK KAaK KPUBYI | HEIBL3s MPONOIIKUTEL B 00/acTh B 3a
muano f' = oo. Ilo 3TON Xe mpUYMHE HEB3S MOCTPOMTL M PA3PHIBHEIE
PEIIeHMs, TOTyYaroNInecs ¢ MOMOIILI0 CKAIKOB, N300PaKEHHBIX CTPEITKAa-
mu. Takum 06pa3oM, eMUHCTBEHHAS BO3MOXKHOCTL — IEPEXOMN ¢ KpUBOM [
CKQUKOM, TTOMAJA0IINM Ha, OCh abcIuce, u mponosnkenue npu & > &g, & —
KOODIMHATA CKauKa, pemenus Hyyem (3uauenve f(£) = 0 ymosierBopser
ypasHeHuio (23)).

YcmoBue Ha ckadke Hiis pelneHus ypasHeHus (19) MOXHO HOIyduTH
o aHajioruu ¢ ypassenusMu (5), npencrasus (19) B IuBepreHTHOM BUIE

dp O

op , %) _

ot om
rae ¢(p) = kop° 1 /(0 + 1), m moCTPOUB [T HETO PA3PEIBHOE PEIICHUE T-
na, Geryment BosHbL p(m, t) = p(m — Dt). 3Hauenus GyHKIUN p N0 U TOCTE
pAa3pBIBA CBS3aHBEI COOTHOLICHUEM

p_ PWwo) —elp)
Po—p1
OTcropa s aBTOMOIENIBHOrO pereHus (22) uveem
_ o+1 fa—i—l
D=—-(14+no)(c+1)é = 2—-1
fo—h

roe £ — aBTOMOMENBbHAS KOOPAWHATA Pa3pwiBa, D — ero ob6espasMepeH-
Has CKOPOCTB, CBA3aHHAs ¢ MCHOBEHHOU CKOPOCTHIO D(t) cooTHOIIEHMEM

p(m,t) A —oo<t1 <t2 <tz <ty <O 4
3
2
1
D(t)
0 me(t1) me(ts) me(ts) mae(ts) m
Puc. 73

D = (0 + 1)tk Ag (—t)"° D. Ilna umrepecyromiero Hac ciydas fo = 0 Ha-
XonuM CBs3b Mexny fi1 u &g

fi = [~ +no) (0 +1) €] 7,

UCIIOJIB3Y 1 KOTOPYIO HETPYIHO YCTAHOBUTE, UTO TOUKA (f1,£p) IEKUT BHI-
me quHI ' = 00, T. €. ICKOMOE Pa3PLIBHOE PEIIEHUE NEHCTBUTENBHO Cy-
1IeCTBYeT.
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Pemenne xak QyHKIusg m u300pakeHO B PA3JIMUHBIE MOMEHTHI Bpe-
MeHH Ha puc. 73. Ero ¢porT me(t) u momymmpnna msye HEOrPAHUIEHHO
PacTyT CO BpEMEHEM IO 3aKOHY

ma(t) ~ Mag(t) ~ (=) — oo, t—0.

Bosmyiuenue B mpemene 0XBaTHBAET BCE IIPOCTPAHCTBO, PELICHUE B JIFO00M
TOUKe Mgy < 00 CTpeMUuTCs K H6eckoneunocTu mpu t — O (ymp. 7).

TakuM 06pa3oM, KaK U IS MPOIECCOB TEIIONPOBOMHOCTH, B «MEII-
JICHHEIX> PEXUMAX ¢ OOOCTPEHUEM BO3MYIICHUS JIOKAIM30BAHEL, B «OLICT-
PBIX» — JIOKAJIN3aIUsl OTCYTCTBYET.

3amerum, uro ypasrenue (19) BeiBonuTcs u3 ypassenuit (5) B mpenmo-
JIOKEHWH O HEMTPEPLIBHOCTHU U U33HTPOMUYHOCTHY T€IeHN (IIPOCTAS BOJIHA).
Tax Kak IOCTPOEHHBIE DELICHN B Cilydae 1 > —1/0 HempPEPHIBHEL, TO OHU
YIOBJIETBOPSIOT (5) UM MOMyCKAIT HEMOCPENCTBEHHYIO Ia300MHAMUYECKYIO
UHTEpIpeTanuio (B OTINYNE OT Pa3pLIBHOIO pertenus upu n < —1/0).

YIIPAXKHEHNRI

1. IIposepbTe mpPAMOI MOACTAHOBKON, uTO ypasHeHue (4) ¢ ¢ = c¢o, 3 = 30T°

MHBAPUAHTHO K MPE06PA30BAHMIO PACTAKEHUA-CKATHA TIpU ycosun o3~ 2y = 1.

2. Y6enurech, ucnonbsys (6), 4TO Ha paspeiBe, He NBHXKYIIEMCSI IO MacCe rasa
(koHTaKTHEIN paspeB, D = 0), CKOPOCTBH U AABJIICHNUE HEIPEPHIBHEL.

3. YnapHas BOJHA, AJIs KOTOPOR p1 > Po, HABIBACTCA cuabhoti. [lomyunre us (6)
ycnosue ['IOrOHMO IO INIOTHOCTH HA TAKOM DAa3pHIBE (B CIydae WAEAIBHOTO rasa € —
=p/((y — 1) p)), momaras mns npoctoTs vg = 0. ITokaxkure, YTO Ha CUIBHON yHAPHOMN
BOJIHE CKAUOK INIOTHOCTY He 3aBucuT 0T D u naercs dopmynoit p1/po = (v +1)/(y — 1).

4. Ycranosure, 9TO mIpu ¢ > 1 mepseie mpousBonHbIe pemeHus (9) mo ¢ u t pas-
DBIBHEL B TOUKE T = 4 (t), a npu o > 1/2 mpeTepneBaioT paspelB BTOPHIE IPOU3BOLHELE.

5. I[IposepbTe, YTO 3aMeHa NepeMeHHbIX 1) = Iné, f = 62/"@(77), ¥ = dp/dn m6o
samena ¢ = —Ef~Lfo df /dE, = —€f177 /(df /d€) cBommT (13) X ypaBHEHMIO TIEPBOTO
nopsinka Bupa dy/de = YF (), p)/(e®(, p)) (BO BTOpoM Ciiyuae ypaBHEHUWE WCCIENO-
BATh JIer'de, 4eM B [IEPBOM, OCKOJIbKY hyHkIun F', ® comepxkaT IpOCTYIO HEINHENHOCTD
BULA ).

6. Ypasmenve (13) mpu n = —1/0 moxer 6erTh 3amucamo B Bume (fo+1)” =

= —(0 + 1) nf. Ucnonbsys samener v = f°+1 v/ = v, normseTe ero mopsamox u mpous-
TEerpupyiTe HOIIyIeHHOE yPABHEHIUE.

7. Y6ennrech, uconbsys (22), uro npu n < —1/0 maa mo6oi TOYKM mo < 00
cupasennuso &(mo,t) — 0, t — 0 u p(mo,t) — p(0,t) — oo, t — 0.

§ 2. IIpuHOUOD MaKCMMyMa U T€OPEMbI CPaBHEHU

IaguMm mpencTaBileHNE O HEMPEPBIBHON 3aBUCUMOCTH IPOILECCA OT
BXONHBIX NAaHHBIX. C MOMOIIBIO TEOpeM CpaBHEHUs U HAOOPa aBTOMOMNEIb-
HBIX DEIIEHUN INOCTPOUM 3aMKHYTYIO KIIACCUDUKAIIUIO PEXUMOB C 000CT-
pEeHUeM B HEJIWMHENHBIX cpemax. PaccMoTpum 000O0IIeHYsST aBTOMOOEIHEHOTO
MeTOma.

1. ®opMmysupoBka, HeKOTOpPbIe ciencTBus. COBOKYIHOCTU MIPO-
MEXYTOYHBIX aCUMIITOTUK, KAKUMU OB PA3HOOOPA3HBIMY OHU HU OBLIN, HE
MOT'yT OaTh ONUCaHKE OOBEKTa B O0IIIEeM CiIydae XOTs OBl IOTOMY, YTO IIPU
X TOJIyYEHUN BCET A IPUXOAUTCS NeJIaTh CUIbHBIE YIIPOIIAOIINE IPEAIIO-
JIOKeHUs (HyJIeBOM HAYAJBLHBIA (HOH TEMIIEPATYDHl B HAIPEBAEMOU CpEIne,
TIOCTOSHCTBO TEUYEHWsS OO W TIOCJE yIOAPHOW BOJIHBI, PEIIEHWE HA I'DAHU-
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e — CTeneHHas GyHKIWs BPEMEHU U T. I.). [locTpoeHre NOCTaTOIHO MOJI-
HOU KapTUHBL HEBO3MOXKHO 0€3 UCIOIb30BaHUS Ycmotut60Ccmy MaTeMaTH-
YECKUX MOIEJIEH, W HENPEPLIBHOT 3a68UCUMOCTIU Pewenut 0m 6T0OHbIL
dannwiz. Tlom 5TUM MOAPA3yMEBAETCS CBOMCTBO PEIIIEHUI HECHIILHO (B HEKO-
TOPOM CMBICIIE) U3MEHATHLCS IPU HECUITLHOM M3MEHEHNU KPAEBLIX YCJIOBUIA,
K03PGUIMEHTOB YPABHEHUN U APYTUX XaPAKTEPUCTUK MOAENeH. Y CTONIn-
BOCTh, MATEMATUIECKN BBIPDAXKAEMAs IIO-PA3HOMY IS PA3HBIX CATYaIINH,
SIBJIIIETCS OMHUM U3 HEOOXOOWMBIX YCIIOBUHN KOppexmuocmu Mopesen, 6e3
YEro Hejlb3si FOBOPUTH 06 UX a[E€KBATHOCTHU U3ydaeMOMY OOBEKTY (Ipem-
[0JIAraeTCsl, YTO B ONPENEJIEHHOM CMBICHE yCTouuB u caM o6bekT). s
YCTOWYMBBIX MOAEJIEN HAOOPHI YACTHBIX PELIEHU CITYyKaT CBOETO POIa, OPU-
€HTUPAMU UM I'PAHUIIAMY CDENY MHOXKECTBA BCEX BO3MOXHBIX DEIIEHUN.
OTO 0COGEHHO BAXKHO, €CIIU 331443, HEJIMHENHA U CKOHCTPYUPOBATD €€ 00-
IIlee pelleHre U3 YaCTHLIX Helb3s.

[TpumMenuTEIBLHO K ypaBHEHUSIM MapabOIAIECKOrO TUIA HTO CBONCTBO
HAXOOUT CBOE€ BOIUIOIIEHUE B NPUHYUNE MAKCUMYME T TNEOPEMAT CPABHE-
nug. Paccmorpum 3amauy Komm s ypaBHEHUs HEIWHEWHON TEIIIONPO-
BOIHOCTX:

or o T
Ea?((T)a?), KT)>0, T >0;

1)

—o<r<oo, t>0,

T(z,0) =To(z) > 0, —00 <z < 0.

Mpusuun Mmakcumywma. Maxcumym pewenus T(z,t) (memnepa-
mypul) 6 a1060U MOMEHRN BPEMERY HE NPEBOCTOOUM MAKCUMYME HAUAAD-
noixr danwvix To(z) (nauwasbnol memnepamypot):

max T(z,t) < max Ty(z). (2)
t>0, —oco<zr <00 —oo<z <00

HepasencTeo (2) umeer oueBumHbIN Gusnueckuii cMbici. Makcumym
HAYAJILHOTO PACTIPENENICHNS TEMIEPATYPHI HUKAK HE MOXKET YBEJIMIUTH-
CS ¢ TEUYEHWEM BPEMEHH, Belb MO 3akK0HYy Dyphbe MOTOK TEIIa MEePEHOCHT
SHEPTUIO OT HATPETHIX yYACTKOB CPEIBI K XOJIOMHBIM.

B cayuae mepsoii kpaeBoil 3amaum st ypasueHus (1) B mosympo-
CTPAHCTBE MPUHIIAN MAKCUMYMa WMEET CTOJIb XK€ SACHLIA CMBICIT W O3HA-
JaeT, 9To

<
t>0,11012¥<ooT($’t) S max {ogﬁxoo Toa), ngcT(O,t)} ’ )

roe Ty(z) — mavanbHas TeMmnepaTypa Bewectsa, 1'(0,t) — 3anaBaemas Ha
€r0 TPAHUIE TEMIEPATYPA.

W3 npusnmna mMakcuMyMa CIENyIOT TEOpeMBl CpaBHeHuUs. s
sanaqu Komm (1) GopMynupoBKa BHINIIAAUT CIEMYOMMM 00Pa3oM.

Iyems TW (z,t), T(z,t), T® (z,t) — pewenus 3adawu Kowu, coom-

BEMCMBYIOUYUE HAUAALHIM OAHHBIM To(l)(ﬂi), To(z), TO(Z) (z). Toz2da ecau

To(l)(ﬂ,‘) < To(z) € To(z)(a:) dag 8cex —o0 < < 00,
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mo
T (z,t) < T(z,t) TP (2,t) dag 6cez —c0o <z < o0, t>0. (4)

Hpyrumu cnoBaMu, eciu B3STh OBa OOUHAKOBHEIX 0Opa3sIla TEIJIONpO-
BOMHOTO MATEPUAIIa TAKUX, YTO HAUYAJIbHASI TEMIIEPATYpPa ONHOTO U3 HUX
He MeHbIIle, YeM B TaKOU Xe TOUKe NPYroro, TO B JIIOOO! MOCHEenyIOIINi
MOMEHT BPEMEHH 3TO CBOUCTBO COXpAHUTCs. I mepBOi KpaeBoi 3ama4un
B IIOJIYIIPOCTPAHCTBE TEOPEMa CDABHEHUS PELIEHUN O3HAUAET CIELYIOIIEee.

Buinoanenue nepasencme

TW(2) < To(z) < TP (), 0<a < oo,

TW(0,t) < T(0,8) <T®(0,¢), >0,
saeuem 3a coboli Hepasencmea
T (z,t) < T(z,t) <TP(z,t) dag ecex 0< z <00, t>0, (5)

ede TW(z,t), T(z,t), T®(z,t) — pewenus 3adauu, coomeemcmeyrousue
KPAESLLM YCAOGUIM Tél)(m), To(z), Téz)(m) uwTM(0,t), T(0,t), T®(0,1).

Kak u mpuniun makcuMyma, TEOPEMBI CPABHEHUS UMEIOT HEMmOCPes-
CTBEHHBI (PU3MIECKUH CMBICI: OOJIbIIIEE TEIJIOBOE BO3NEUCTBUE Ha, (DUK-
CAPOBAHHBIA OOBEKT HPUBOAUT K (HOPMUPOBAHUIO B HEM OOJIBIIIETO IIOJIS
TeMIIEPaTyPHL

Ananoru choOpMyIMPOBAHHBIX Y TBEPKICHAN CIPABEIIINBLL U [JIS IPY-
TUX 33789 TEOPUM TEINIONPOBOMHOCTH. VICHONB3ys HYACTHEIE DPEIICHUS
Kakux-1ubo 3anad I ypaBHEHHUI NmapaboJMdecKoro U 3JNIMITUYEeCKOTO
TUIOB, MOXHO OUEHUTDH (OrPAHUYUTDL CBEPXY U CHU3Y) pereHus Gosee 06-
X 33789 W, HE 3HAS WX B METAJX, CIENIATh BEIBOMLI OOIIErO XapakTepa.
HenpepuiBHas 3aBUCMMOCTD PEIICHNH OT BXOMHBLIX JAHHLIX B TOW WM WHON
¢opme ycTaHOBIIEHA TaKXKe IS IIINPOKNX KJIACCOB I'UIepOOIMIECKUX yPaB-
Henuit (HanpuMep, s ypassenus (19) us § 1 ona BEIpakaeTCs TeOpeMaMu
CPaBHEHUsI, AHAJOTUYHBIMU TeopeMaM st ypasuenus (1)).

W3 uepasencts (4) u coiicTs pewenus (9) u3 § 1 BeITeKaeT KOHEUHAS
CKOPOCTH PACIPOCTPAHEHNs BO3MyILeHui B 3anade Ko (1) nis ypasue-
uus (1) ¢ k(T) = koT?, o > 0, npu ycioBuu, 4TO HAUAILHOE PACIpene-
sienne Temiepatypsl 1o(z) — dunurHas dyukuus, T. e. To(z) =0, |z| >
> Ry < oc. [Iycts Ty, — makcumanbHoe 3Hauenue gyuximu To(z). Torna,
BBOIA B bopmyity (9) u3 § 1 cABUr IO BpeMEHU HA BEJIMYUHY o U BEIOUDAsL
nocTosHHEE (o U Ty HOCTATOUYHO GONBIIMMY, HETPYLHO YIOBIETBOPUTD
uepasercTBy Ty, < T(Rp,0), us koroporo cyenyer nepaseHCTBO To(z) <
< To(z,0) = To(z), —o0 < z < 00, e uepes T'(z,t) 0603HAUEHO peleHue
38491 O MIHOBEHHOM TOYE€YHOM WMCTOYHUKE TErIa. 1Tak Kak OHO MaxXo-
pupyer perenue obweir 3anauu Kommn (1) mo HavajbHBIM TaHHBIM, TO U3

Teopembl cpasrenus (4) serrekaer T'(z,t) < T'(z,t), —oo <z < 00, t > 0.
IosTomy B 060 MOMeHT Bpemenu ¢ > 0 mainercs Besmuuna R(t) Takas,
uyrto T'(z,t) = 0 mua Beex |z| > R(t). OT0 u 03HAUAET KOHEUHYIO CKOPOCTH
OBUXEHUS PPOHTA TEMJIOBON BOJIHEI.
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IIyTeMm cx0XUX MOCTPOEHUN U3 CBOMCTB PEIICHUs TUIMa Oeryiiei BoJi-
uel (21) § 2 ra. II u mepasencts (5) merko ycraxaBnusaercs (mpu ¢u-
uuTHOM Gyukiuu To(z)) KOHEUHAS CKOPOCTH PACIHPOCTPAHEHUS TEIUIA B
CiIydae IEepBOM KPAaeBoO#l 3amaduum B IOJynpocTpancTBe. (CIienoBaTesnbHO,
5ToT 5ddekT nMeeT oOIMIL, & He YacTHBIA xapakTep. OH CBA3aH C 0OCO-
GEeHHOCTSAMU ypaBHEHUs HeNluHenHo# TemnonposonaocTu (1). st MEHOrMX
BAXKHBIX IIPOIIECCOB TEMIEPATYPA B HEKOTOPHIX YACTSIX BEIIECTBA MOXET
CUNTATHCS MIPAKTUYECKN DABHOM HYIIIO0 (HAIPUMED, HA HAYAJBHON CTALUN
CHJIBHOTO B3PHIBA B aTMOCheEpe TeMIepaTypa BHE €ro 30HbI HUUTOXHO Ma-
JIa TI0 CPABHEHUIO C TEMIEPATYPON B 06/1aCTH, OXBadeHHO! B3puBOM ). [Ipu
IOCTATOYHO CUIIBHOM pOCTe KO3GDUIMEHTA TEIIOIPOBOLHOCTY OT TeEMIIe-
parypsl Besmmuusa k(7)) B 5TuX 30HaX Takke (AKTUIECKU DABHA HYJIIO.
PackpriBas npaByio yacTb ypaBaeHus (1):

oT *T (9T
3 =+ gz 4 ()

ybexnaeMcs, 4T0 B TOYKaxX I,t, B koTopuix T (z,t) = 0 u, Takum obpa-
soM, k(T (z,t)) = 0, OHO BEIPOXIAETCSA B ypaBHEHUE IEPBOTO MOPSOKa (B
ocrasnbHOl 06nactu (1) — mapabosmueckoe ypaBHEHNE BTOPOTO HOPAIKA).
TakoBa MAaTEMATUIECKAS TIONOILIEKA KOHEUHON CKOPOCTH PACIPOCTPAHEHNUS
TEIIa B CPEy C HYJIEBBIM TEMIEPATYPHBEIM GOHOM. B TOukax BEIpOXIEHUS
pelleHne, Kak yxke OBIIO TOKA3aHO Ha YACTHBIX IIPUMEPaX, CJENyeT MOHU-
MaThb B OOOOIIIEHHOM CMBICIIE, B OCTAJILHON OOJIACTU OHO yOOBJIETBOPSET
ypaBHeHuo (1) B OOBIYHOM (KIJIACCHIECKOM) CMBICIIE.

Bosee mompobHO paccMOTPEM NOKA3ATENHCTBO CYIIECTBOBAHUA (-
(exTa NoKanu3anuu Temia B 3anade Komm. Y TBepKIEHNe COCTOUT B CIIe-
nytomem: perterve T'(z,t) sagaun Ko nis ypaBuenus

oT a( LT
_ o 9T

> =52 m)’ >0, t>ty, —-co<z<oo, (6)

C HaUaJILHON GyHKIIUEN

€T e
Ty (1——) el < mo,
T(,t0) = %o (7)

0, |£13| > Zo,

JIOKAJIM30BAHO B (IIEPBOHAYAJIBHON) 00NacTy |z < Zo B TEUEHUE 8peMEHU
A0KGAU3AYUY Ty, HE MEHBIIETO, IeM

2
TG0

t.l'[: Y Y Al )
2k0(0+2)TJ(\f4

(8)

T.e. T(z,t) =0, |z| > 20, to <t <L to+En-
B cuny (2) makcumym T, (t) pemenus 3anaun (6), (7) He mpeBocXOnuT
HAYaJIbHOTO IIpU BCex t > tg:

To(t) =T(0,¢) < Tw,
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npuaeM paseHCTBO Ty, (1) = T'(0,t) caenyer u3 cummMerpun 3amauu. Pac-
cmorpum pernenue T'(z,t) B obnactu z > 0, o6o3aauus ero uepes T4 (z,t).
®yukuuio T4 (z,1) MOXKHO, OUEBUIHO, TPAKTOBATE IPHU ¢ > ty KAK PEIICHIEe
[epBOl KPaeBol 3anaun st ypasaerus (6) B obmactu z > 0 ¢ HAYAIBHBIM
yeaoBueM T (z,t9) us (7) u ycaosuem na rpanune 14 (0,t), ynosieTso-
PAIOIIIM HEPABEHCTBY
T, (0,) = T (t) = T(0,1) < Tar.

ITo mocrpoenmio dyuxuus T4y (z,tp) He 9To MHOe, kKak pernenue (14),
(15) m3 § 1 (aBTOMOL[eanHI?I S-pexum Ts(z, t) B koTtopom Ay =
= [230/(2ko (0 +2))]/7, x5 = m0), B3ATOE B MOMEHT ty = —t, =
= —120/(2ko (o +2)TY).

Cpasuum peutenus T (z,t) u Ts(z,t) upu to <t < 0 (B3aumuoe pac-

nosoxenue yuxuuii T'(z, o), T4 (z,t) u Ts(z,t), B3LTHIX B MOMEHT ¢ > tg,
nokaszano Ha puc. 74). Hauanbuble nanabie B 060MX CIIy4asxX COBIALAOT,

TA

—Zo 0 Zo

Puc. 74

a rpaHugHOe ycyoBue mia T4 (z,t) MakXopupyeTcs TPAHUYHBIM YCJIOBIEM
s Ts(x,t):

Ty (0,8) < Tor < Ao ()7, to <t <O,
W3 Teopemer cpaBHenus (5) U CBOACTB S-pexuMa UMeeM

T (z,t) =0, x>z, to<t<O.

B cuny cummerpun T (z,t) = T4 (—z,t), rne T_(z,t) — pewenne T'(z,t)
B obmactu = < 0 (cMm. puc. 74). C y4eTOM 5TOr0 OKOHUATENBHO MOJIydaeM
CHOPMYIIMPOBAHHOE BHIIIE yTBEPKICHUE

T(z,t) =0, |z|>®mo, to<t< o+ tn

W3 Teopemer cpasrerns (4) cremyeT, uTO JIFO60E HAYATLHOE PACTIpe-
IeJIeHNE TeMIepaTyphl, Maxkopupyemoe byukimei (7) (1 uMeroriee coBma-
IAOLIVE C Hell GDPOHTHI), TAKKe JIOKAIN30BAHO B 061acTH |2| < %o, a BpeMs

15 A. A. Camapckwuit, A. II. Muxaiisos
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JIOKAJIM3aIMN OlleHuBaeTcs causy mo dgopmydne (8). Takum obpasom, cripa-
BEIJIMB BEIBOM OOILIETO XapakTepa: IJs CPEMbl, TEIIONePenada B KOTOPO
OnUCHIBaETCs ypaBHeHueM (6), BCerna MOXHO yKa3aTh IPODUII TeMIepa-
TYpHI, 00JIANAIOINE «UTHEPIIMOHHOCTBIO>. PPOHTH TaKUX TPOPUICH, B3s-
THIX B KAYECTBE HAYAJIBHEIX NAHHBLIX, HAYMHAIOT OBUTATHLCS MO BEIIECTBY
He cpa3sy, a [0 UCTEUYEHUN HEKOTOPOTO BpeMeHu (CM. Takxke ymp. 1).

3aMeTuM, 94TO B Cpene ¢ MOCTATOYHO CUIIBHBEIM TOTJIOMIEHNEM TEILIa,
(yup. 2) BO3MOXHBL CUTyaluy, KOT 1A Pa3Mep HArpeToil 06/1aCc Ty OrPAHIYEH
MOCTOSHHON BEJIMUMHON mpu Beex to < ¢ < 00 (PU3MUueckuil CMBICI 3TOTO
sbdeKTa OueBUIEH).

2. Knaccugpukanus peXnMoB ¢ o6ocTpeHneM. VHEpIMOHHOCTD
CBOICTBEHHA, JIWIIL NOCTATOUHO «IIOJIOTUM®» TEMIEPATYPHLIM IPO(QUIIIM;
9TO BUIHO M3 CPABHEHUS JIOKAJM30BAHHOIO pacupeneseHus (7) u, CKaxeM,
PELIeHNs 33a0a4/ O MTCHOBEHHOM TOYEUHOM UCTOUHMKE Tera (bopMyina (9)
§ 1). OpHuM u3 c1oco60B GOPMUPOBAHUS TONOGHBIX IPOdUIE MOXKET GHIThH
BO3IIEACTBIUE HA TEINIONPOBOMHYIO CPENy COOTBETCTBYIOIIMX I'PAHUUHBIX
pexumos. Hanpuwmep, B cayuae pemenus (14), (15) us § 1 mocrynnenue
SHEPTUU C TPAHUIBI COTJIACOBAHO CO CBOMCTBAMU CPENbI TaKUM OOpa3oM,
YTO B 1060 MOMEHT BPEMEHHU B BEIIECTBE BOCITPOM3BOMATCA MHEPIIMOHHEIE
npodusu Buna (7) (BpeMs JOKaJIU3aI1uK KOTOPBIX, ECTECTBEHHO, YMEHbIIIA~
€TCA ¢ POCTOM TEMIIEPATYPHI).

Onmpasch Ha M3ydeHHLIE B I. 3 § 1 aBTOMONEILHEIE PELICHUS U TEO-
PEMBI CPABHEHUS, NAIUM KJIACCUDUKAIINIO TPAHMYHLIX PEXUMOB C 0DOCT-
PEHMEM MO PE3YNbTATAM WX BO3NCACTBUS HA HETMHENHBIE CPEIEL.

Paccmorpum miis (6) mepByro KpaeByio 3amady B MOJYIPOCTPAHCTBE
2 > 0 ¢ TPAHUYHBIM yCJIOBUEM

T(0,t) > 00, t—0, tH <t<0, (9)
U, U1 TPOCTOTHL, HYJIEBBIMY HAYAIBHEIMYA JAHHBIMA
T(z,t0) = To(z) =0, z > 0. (10)

Jloxanm3amms B TOM ciyuae, B oTiuuue oT 3anaun Komm, o3nauaer cy-
[IECTBOBAHUE TIOCTOAHHOM [* < 00 Takou, 94To 1Jis pemmenus T'(x, t) 3anaqan
(6), (9), (10) cupasemmueo T'(z,t) =0 npu | > 1*, t9 <t < 0. Hpyrumn
CJIOBAMM, TEIJIOBLIE BO3MYIIEHUS B Te€UEHUE BCErO IIPOIECCa HATI'DEBA He
MIPOHUKAIOT HAJee HEKOTOPOI KOHEUHOU IiTyOuHLL [* (B IPOTUBHOM Cilyuae
JIOKAJIM3ALUsL OTCYTCTBYET).

W3 reopemer cpaBHeHust (5) U CBONCTB aBTOMOEIBLHOIO S-DEXUMA BbI-
TEKAET, UTO eCIII

T(0,t) < Ao (=)™, o<t <O,

To B 3anade (6), (9), (10) umeeT MecTO JIOKANM3ALMS TEIIA HA TNIyOHHE
I* = zg, a ee pemenue mMaxopupyercs dyukiuein Ts(z,t). Ecau xe (9)
YIOBIIETBOPSIET HEPABEHCTBY

T(Ovt) < AO (7t)n7 _1/0 <n< 07 to < t < 07 (11)
TO pellIeHre JIOKAIN30BaHO Ha rirybure (ymp. 3)

g

1/2
1 2
< (%OAO (—to)n l) , (12)
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u npu 0 < z < I* mog mero copasemuBa oueHka (ymp. 4)

T(z,t) < C(n,0) (k" Ag) TreaTine, z<I*, to<t<0, (13)

CIIeyIoIas U3 CyLeCTBOBAHUS IpenenbHoi Kpusoil (18) § 1 mia aBTomo-
nenpHOrO LS-pexuma.

Hepasencrso, npemmectsyrorree (11), onpenessieT KiacC IPaHUIHBIX
PEeXUMOB € O0OCTDEHUEM, NMPUBONAIINX K JIOKAJU3AUWY TEIJd; HepaBeH-
cTBo (11) yTouHsET 5TOT Pe3ysbTAT: IPU €0 BLIIOJIHEHUN DEAIN3YETCs
LS-pexum, Temneparypa npu ¢t — 0 HEOrpAHUYEHHO PACTET JIUIIL B TOUKE
z = 0. [Ipu uenyneswix, HO unuTHLIX byHKIMIX To(z) B (10) 06a coeman-
HBIX BBIIIIe YTBEPKIOEHUS O JIOKaJM3anuu ocTaiorcs B cuse. Heobxomumo
JUIIb BBIOPATH HOCTATOUYHO OCOJNIBIION BenMuuuHy Ag B MaXKOPHUPYIOIIUX
pellleHNe aBTOMONEIBHEIX S- m LS-pexumax; xonkperHble oneHku (12),
(13), ecTeCTBEHHO, IPETEPIEBAIOT U3MEHEHUs. 3aMETUM, U4TO IJis ODIe-
ro LS-pexuma ¢poHT BOJHBI, B OTIINYME OT aBTOMONEIIHLHOTO, HAXOMUTCS
HE TIPU & = 00, & B KOHEYHON TOUKE.

OdDexT JoKAIM3AIUN B KPAECBBIX 330aUaX HE CBI3aH C OLICTPOTON HA-
T'PEBa BEIIECTBA KaK TAKOBOU. YTOOBI yOENUTHCSI B 9TOM, IPOAHAIIA3UDYEM
nosenenve pernenus (6), (9), (10) B ciyuae, korma

T(0,t) > Ao (—)", n<—1Jo, to<t<O. (14)

Ipexme Bcero mokaxem, 9TO B HEKOTOPBIN MOMEHT t, (g < . < 0) perme-
ume T'(z,t) oTnuano OT HyJs B OKpecTHOCTHU rpanuisl £ = 0. g sToro

cpaBHUM ero ¢ pemtenueM 1'(z,t) Tuna Geryieil BOIHBL

D 1

) LDt —to) —al’, <D (t—to),

T(x,t) =4 ko (15)
0, $>D(t—t0),

nast ypasrerns (6), B koropom D = [AZ (—tg)" kg /o]"2. Tlo mocTpoenmio
T(z,t0) =0, a mocrosiuras D momobpana Tak, urober T(0,t) < T(0,t) <
< 4o ()", to <t < 0. Cuemosarensro, T'(z,t) > T(z,t), 0<z < oo,
to <t < 0 B cuimy Teopemnr cpasuenus (5).

O6patumcs Temeps k perrermo (12) u3 § 1 mpu n < —1/0 (aBTO-
momenbabll HS-pexum), obosnauus ero uepes T,(z,t). Bribepem B HeMm
BesmunHy Ao, < Ao Takoit, 9Tobb Ipu ¢ = £* OHO MaXOPUPOBAJIOCH QYHK-
mueit (15), B3saToll B MOMeHT t = t*, T. €. uTobbl Ty (z,t*) < T'(z,t*), 2 >0
u, TakuM obpasom, To(z,t*) < T(z,t*), = > 0. Uz (14) umeem T,(0,t) <
< T(0,t) mysa Bcex ¢t > t*. Torma u3 Teopembl cpaBHeHus (5) mosydaem
uepasencTBo Ty (x,t) < T(z,t) nns Becex £ > 0 u ¢ > t* (MaxopupoBanue
upu ¢ > t* aBromonensroro HS-pexuma usyuaemeim pemenuem). ITockoms-
ky To(z,t) > 00, t—0, >0, rou T(z,t) = oo mpu ¢t — 0 B 06O
Touke T > 0.

Ilpn BomonHeHwn HepaBeHCTBa (14) JOKaIM3anUs Temsa OTCYTCTBY-
eT, BOJHA Harpesa mpu ¢ — 0 OXBATHIBAET BCE BEIIECTBO, TEMIIEPATYPa B
70601 €10 TOYKE HEOIPAHWYEHHO PACTET (MaHHOE yTBEpPXKIEHUE TeM bosee
cupasemmuBso, eciu T'(z,t0) Z 0).

15*
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OTOT BHIBOI 3aBEPIIAET KIIACCUDUKAINIO TPAHUYHBIX PEXKUMOB C 00-
OCTDEHMEM B HEJIWHEWHBIX TEeMJIONPOBOOHBIX cpenax. [lpu Bo3melicTBUM

HA BEINECTBO «MeIIeHHbIX> S- 1 LS-pexxumon (T'(0,t) < Ao (—t)~ /= mm
T(0,t) < Ag (—t)", —1/0 < n < 0) sHEPrus JOKAIU3YETCA B O0JIACTY KO-
HEUYHBIX PA3MEPOB, B «GuICTphIx» HS-pexumax (14) sokanuszanus e nmeeT
MecTa.

L1 TONHOTHI KapTUHBL MOSCHUM, UTO 3POEKT JIOKAIU3AIUU PEeaIIu-
3yercs u npu oTkasze oT tpebosauus T(z,t9) =0, z > 0 (mwm ot Tpe6o-
Banus dpuauTHOCTH MyHKuuu (10)). B 5TOM Ciiyyae IOKaIM3aIuio clienyer
noHUMAThH B Gosiee obiieM @dermuenom CMBICIE KAK CYIIIECTBOBAHUE II0-
cTosHHOM L* < 00 Takoil, uTo pemenue 3anaun (6), (9) mpu npousBOIBHON
orpanwuenHoi byukiuu To(z) orpanuueno mpu © > L*, t > tg, HECMOTDS
Ha becnpenesbHbBIT pocT perenus B Touke z = (. Kimaccudukanns rpanund-
HBIX PEXUMOB ¢ O0OCTPEHUEM He 3aBUCUT OT XapaKTepa HAYAIBLHOTO Pac-
NpenesieHus TEMIIEPATYPBI U OCTAeTCs MpexHeid. B wacTHOCTH, HE UMeeT
3HAUEHHUs, CYIIECTBYET UM HET B PACCMATPUBAEMOM MPOLECCE KOHEUHBIA
(GPOHT TENIOBON BOJIHHL.

B kauecTBe mpumepa, WIIIIOCTPUPYIOLIETO STU YTBEDPXKICHUS, PaC-
CMOTPUM [JIs ypaBHeHus (6) 3a4ady ¢ TPAHUYHBIM yCIIOBUEM

T(Ovt) = AS (_t)il/(T? to < t < 07 (16)
oTBevaomM pemenuio 1s(x,t) — aBTOMOTENBLHOMY S-peXuMy, HO C HO-
CTOSHHBIM HAYAJILHBIM (DOHOM TEMIIEPATYPHI

_1
T(z,t0) =Ty = As (—to) ™ 7. (17)

Ee pemenuve T'(z,t), oueBunuo, maxopupyer T's(z,t):
TS('T:t) ST(SL‘,t), -7:207 t0<t<0
Tax xax TemnepaTypa B Touke £ = (0 11 060MX PEIIEeHn OMHA U Ta XKe, TO

U3 TOCJIEMHETO HEPABEHCTBA BEITEKAET CIIEAYIOIIEE HEPABEHCTBO HA IIPOM3-
BOIHBIE B DTOM TOYKE:

T
- 8_ X T % ) tO < t < 07
0z |,_q oz |,_q
a M3 HEro — HEPABEHCTBO [JIA MOTOKOB TEILIA HA IPAHUIE
oT oT
W(O0,8) =—k(T) 2= | < Ws(0,t) = —k(Ts) = |
31‘ 2=0 3:!) 2=0 (18)
to <t <O0.

@usuueckuit cmbica (18) B TOM, YTO IpU IPOYMX PABHBIX YCIOBUSIX
EPBOHAYAIILHO 0OJlee HArpeTas Cpena XyKe «BOCIPUHUMAETS MOCTYIA0-
IO ¢ TPAHUITET SHEPTHIO IO CPABHEHUIO C MEHee HArpeToi. [IpounTerpn-
pyem (6) ¢ yaerom (18) mo z ot 0 mo 0o u mo ¢ ot ¢ mo t < 0 u (moCKOIBKY
Ws(oo,t) = W(oo,t) =0, to <t <0) nomyunm

oo oo

/[T(a:,t) ~Ty]ds < /[Tg(a:,t) — Ts(z,to)] da,

0 0
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wiu, pa3buB 06JIACTH UHTErPUPOBAHUS HA YacTu oT £ = 0 10 T = Zg U OT

T =g 0 x = 00 u uMes B Buny, uro Ts(z,t) =0, © > xs, t > to, npunem
K HEPABEHCTBY

/[th Toda:+/[T:vt —T]d /[Tgwt — Ts(z,to)] da.

Tax xak T'(z,t) > Ty, >0, t >to (yup. 5), To DAaHHOE HEPABEHCTBO
MOXHO II€EpENnUCaThb B BUOE

< /[T(z,t) ~Ty]dz < /[Tg(a:,t) —T(z,t)]dw+/[T0 — Ts(z,to)] dx,

oTKyna crenyer, B cuity uepaseHcTB T'(x,t) > Ts(z,t), © >0, t >ty, u
To > Ts(z,t0), > 0, orpanuuennocts Gyukuuu 1'(z,t) npu Beex T > Zg,
to <t < 0. Opyrumu crnoamu, B 3amade (6), (16), (17) ocyecTisiercs ag-
Pexmuenad 0Kaiu3ayug TeIIa Ha rirybune L* = x5, B TOYHOCTH PABHOM
riryOUHE JIOKAJIU3ALUY TIPYA OTCY TCTBUAU TEMIIEPATYPHOTrO hOoHA.

Knaccupukanusa pexxuMoB ¢ 060CTPEHNEM IS TIPOIECCOB, OMUCHLIBAEC-
MBIX runepbonudeckuM ypapuernueM (19) u3 § 1, mpoBOLUTCS AHAJIOTUIHBI-
MU METONAMU U IPUBOIUT K BECHMA CXOXUM DPE3yJIbTATaM: IIPU AEHCTBUN
HA CPENy «MEIJIEHHBIX®» IPAHUYHBLIX DEXUMOB UMEET MECTO JIOKAJIN3AIINSL,
B Cilyuae «OBICTPBIX®> PEXUMOB 3TOT 3GHEKT OTCyTCTBYET.

3. Pacmupenue «aBTOMOOEIBHOro MeTomas». lIpomeMoHCTpHU-
POBaHHLIA B mII. 1, 2 TOMXON, OCHOBAHHLIA HA WMCIOIb30BAHUU ITUPOKUX
KJIACCOB ABTOMOMEIBHEIX WJIM MHBIX YACTHBLIX PEIICHUN W HEMPepLIBHOM
3aBUCHMOCTHM TIPOLECCA OT BXONHBLIX NAHHBLIX, NOMYyCKAET PA3HOOOPA3HLIE
0000111eHS.

IToxaxem, 4TO 5DdeKT TOKATUIAIUU TEMJIa MOXKET OCYIIECTBIISITh-
CS1 He TOJIbKO B OMHOMEPHOM, HO M B MHOTOMEDHOU MeOMETPUHU, IOCTPOUB
COOTBETCTBYIOIIEE SBHOE PEIICHNE YPABHEHMS

P2 (20 o 2 (1o ) 1 2 (e 1),

ot Ox Oz 8y Jy 0z 0z (19)

to <t <O,

paccmarpuBaemoro B kBanpanTe £ > 0, y > 0, z > 0 (3mech, kak u panee,
T =T(z,y,2,t) — TemmepaTypa).

Ilo amasorum ¢ omHomepubiM S-pexumom (14), (15) u3 § 1 Gymem
UCKaTh 4acTHOe pemieHue (19) B Pa3messIONIMXCSA MEPEMEHHBIX, T. €.
T(z,y,2,t) = U(¢) f(z,y, 2z). loncranoka sroro Beipaxkenus B (19) maer
mis U(t) Takyro %e, Kak U B ONHOMEPHOU reomerpuu, dopmyny U (t) =
= Ag (=)~

s dyukuuu f(z,y, 2) TOIYIAETCS CIIOKHOE HITUITHICCKOE YPABHE-
Hue. [1o5ToMy OrpaHIYIMMCS TPOCTLIM CITyYaeM, KOTMA TPOCTPAHCTBCHHAS
YACTb PEIIeHUs 3aBUCAT (DaKTUUECKU OT OMHOrO aprymenta: f(z,y,z) =
= f(§), E=z+y+ 2z Torma f(£) nomuuasercs ypasaenuio (13) § 1 npu
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n = —1/0, pemenne KOTOPOTO yxKe U3BECTHO. B nTore mpuxonum K MHOTO-
MEPHOMY S-PEXUMY
Ts(z,y,z,t) =
ty+z\ 7
z z
Ao (—t)~ e <1 - L) . z+y+z<rs,
= re (20)
0, T+y+z2>rs,

rme 7o = rs = (2koAg (0 +2)/0)'"? BErUMCTAETCS IO DOpMYyIIE M OmHO-
MepHOro pernenus. Pemenne (20) onuceiBaeT HArPEB TPEXMEPHOI TeEIIO-
TIPOBOIHOY CPENBI B PEXUME € 000CTPEHNEM, IIOCKOIBKY IDAHINYHAS TeMITEe-
parypa T(0,y,2,t), T(z,0, 2,t), T'(z,y,0,t) obpaiiaercs B 6ECKOHEIHOCTH
(B obmactu £ < rg) mpu t — 0. To xke camoe IPOUCXONUT B 9TOM OBIACTA U
¢ pemerreM. OMHAKO BO BCEM OCTAJILHOM IIPOCTPAHCTBE & > I's KBAIPAHTA
x>0,y >0, 2> 0 TeMmnepaTypa paBHa HYJIIO BINIOTH OO MoMmeHTa t = 0.
Pasmep obnactu nokanusaiuy rs (PACCTOAHME OT HAYAJA KOODIAWHAT IO
IJIOCKOCTY (DPOHTA, TEIJIOBOU BOJIHEI), KAK U MPEXKIE, 3aBUCAT OT CBOWCTB
cpensl kg, 0 M UHTEHCUBHOCTHU MPAHUYIHOTO pexuma Ag.

Iockonbky miis pemieHuit ypasHeHus (19) copaBemyUBBI TEOPEMBI
cpaBHeHus, TO u3 (20) cpasy OmpemesseTcs KiacC TPAHUYHBIX PEXUMOB,
TPUBOMSIINX K JIOKAQJIN3AIIAY TEIJIa B paCCMaTPUBAEMON MHOTOMEPHO 00-
nactu. Ux nanbHennas KiaccubUKAaIs BIOJIHE AHAJIOIUIHA IOy YeHHBIM
B II. 2 pe3yJIbTaTaM.

O6paTumMcs Tenepb K 6oJiee MUPOKOA TPAKTOBKE ABTOMONEILHBIX Pe-
LIEHW, PACCMOTPEB MOHATUE NPUOAUNCEHHBIE AETNOMOJECALHBIE PEULEHUL.
ITporie Bcero ero BBeCTU Ha IpUMEPE 330aUM O HATPEBE CPENBI C IOCTOSIH-
HBEIMU TEeNJIOOU3NIECKIMY CBOUCTBAMY B PEXUMe C 000CTPEHIeM:

oar  o°T
e . to<t <0,
5t " 9z SESoe fsts 21)

T(0,t) — oo, t— 0.

IMonoxum 6e3 orpannuenus obimoctu T (z,t9) = 0, z > 0. Obee pere-
HUE JIMHENHOR 3ama4u (21) XOpOLIO U3BECTHO:

2

T(.T,t) = N—WTO/GXP (— m) (t —T)_ /ZT(O,T) dr. (22)

C momorsio (22) HETPYAHO MpOBECTH Kiaccubukanuo pernerauin (21)
B 3apucumoctu oT Buma 1'(0,t). Bumuo, uro, mockonwky mpu 7 — t, ¢ —
— 0 mepBLIl COMHOXUTENb B MOABIHTEIPAILHOM BLIPAXKEHUM CTPEMUTCS
K HYJIO, & BTOPOU ¥ TPeTUil K OECKOHEYHOCTU, TO BO3MOXKEH JII0O0U u3
M3YUABIIUXCS B II. 2 PEXMMOB PACIPOCTPAHEHUS TEILIA.

Taxk, misa T(0,t) = Age %/t ag > 0 — mapameTp, XapaKTepU3y Ot
TPAHWYHLIA PEXUM, TEMIEPATYPA HEOTPAHMUECHHO PACTET BO BCEX TOUKAX
0< 2z <25 =2Vkoao mpu t — 0, a B 06s1acTu T > Ts OTPAHUYEHA IJISA
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Becex t < 0. Takxe orpanuueHa TEMJIOBAs SHEPTUS, CONEPKAIIIASLCS IpaBee
TOYKU L = Tg:

oo

}i_I)I(l) T(z',t)dz' < oo, z>1zg, t<0,
xr

T. €. OCYIIEeCTBIACTCA 3PPEKTUBHAS JOKAJIU3AIMA TEINIa B S-PEXUME C
BBIUMCIsIEMO u3 (22) riybunont L* = zg = 2v/koag.
PaccMmoTpes kpaesoe ycaoBue 60ee obIIero Buia,

T(0,t) = Agexp (ao (—1)"), n <0, (23)

nmostyunM, uTo npu —1 < n < 0 peamusyercs LS-pexum, a misg n < —1
HS-pexum.

Ananus uaTerpana (22) He MOXET NATH HEKOTOPBIX BAXKHBIX NETAJb-
HBIX CBOUCTB mporecca. Hanpumep, s TOro 4TOOH NONYyUUTD 3aKOH 13-
MEHEHUs CO BPEMEHEM MOJIYIIIUPUHEL L5 (1), HANO GAKTUIECKY PEIINTD MH-
TerpasnbHoe ypasruenue (22). 3amaua (21), (23) He momyckaer, Kak JIErko
[OKa3aTh C MOMOIIBLI0 [I-TeOpeMBl, U MOCTPOEHUE ABTOMOMNEIBHBIX DEIle-
HUH.

Monuduuupyem (21), (23) cremyrormm 06pazom: BMecTo (23) BozbMeM
rparuusoe yciosue B Buze 1'(0,t) = Ag [exp (ao (—)™) — 1], n < 0 (noGas-
JIGHNE KOHCTAHTBI CAEJIAHO [y ynobeTsa u nipu ¢ — O posn He Urpaet) u
nposenem 3ameny V(z,t) = AgIn(T(z,t)/Ag + 1). Torma mua V(z,t) no-
JIyuuM 33189y

%—Z: ogZTerj—(;(g—Z)z, 0<z<oo, ty<t<O,

V(0,t) = Agag (—1)™, n<0, ty<t<O, 24)
V(z,to) =0, 0<z < o0

I'panuunoe ycmosue (24) — crenennas ¢yHkiws BpeMeHu. Ecmu mo

amasioruu ¢ 1. 3 § 1 uckars pernenne sanaun (24) B Bune, GIM3KOM K CTe-
TIEHHOMY aBTOMOIEJILHOMY PEIIeHUIO, TO IJISI TaKOoro perteHus npu ¢ — 0
nemeﬁ YJICH B npaBoﬁ YaCTU YPaBHEHUA CTAHOBUTCA HUYTOXHO MaJIbIM
[0 CPABHEHUIO CO BTOPBLIM, U UM MOXHO mpeHebpeus (ymp. 6).

Bosee cTporuit anam3 mOKa3bIBAET, YTO NEACTBUTENBHO PEITEHUE 3a-
naau (24) 6mmusko npu ¢ — 0 K pemenusM 6oJiee IPOCTOR 330391

8_u k‘o ou
ot Ay

2
= %>, O0<z<oo, —0<t<O,

u(0,t) = Agag (—1)", n<0, —-oo<gt<O,

u(z, —o0) = 0.
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B ormunune ot (24) pernenue u(z,t) samaum (25) — cTeneHHOE aBTO-
MOIIENIBHOE DEIIIeHNe, IPOAHAIN3NPOBATE KOTOPOE HE NPENCTABILIET TPY-
na. Oyukuus u(z,t) sBIAETCS NPUGIMKEHHBIM ABTOMOLEIBHBIM DeLle-
HueM muis 3amaun (24) u, ClenoBaTeNbHO, M MCXOOHON 3amaum (21),
(23). OrHOCHTENbHAS TOUHOCTH OMUCAHUS YIIYULIAETCS C TEUEHUEM Bpe-
MEHU:

p - A0 uteansal] 0, t—0, z>0.
T(z,1)

W3 caoiicts u(z,t) BBITEKAET 3aKOH IJIA MOJYUIMPUHBI BOJIHBI HATDEBA
Tog (1) = (=t)1="/2102[ko / (ag (—n))] 2, KoTOpas ymembmaercs Bo Bcex
Tpex pexuMax (Cp. C HEJIMHEHHON CPemol). 3aMeTUM, 4TO MOCTPOCHUE U
AHAJIN3 TPUOIIMKXEHHBIX aBTOMONEILHEIX PEIICHNN BO3MOXHBI U UCTIONb3Y-
IOTCS IPU M3YUYEHUU MIMPOKOrO KJIIAaCCa YPABHEHUYU MapabOIMdecKOro TH-
ma.

Erte onHo BaxXHOE paCUIMPEHNE aBTOMONEIBLHOTO METONA OCHOBAHO Ha,
0006wenuy nowamug cpasrerud pewenut. CyIIHOCTD 5TOrO MOLXONA CO-
CTOUT B CPABHEHWUM PELICHUN 33184, OTBEUAIONINX HE TOILKO PA3HBEIM KPa-
€BLIM YCIIOBUSM, KaK B TII. 1, 2, HO 1 Pa3HbLIM ypaBHEHUAM (B CIIydae ypaB-
uenus (1) — pasusim byukmsm k(7). B onpeneneHHOM cMBICIE DeYb UAET
06 ycmotiuusocmu TIPOIECCca TEIJIONEPENaun 10 OTHOIIEHUIO K 603 MyUe-
HUIM mensoPusuueckus ceolicme cpenbl. Ilpum 5TOM B KauecTBE OTHOTO
73 CPABHUBAEMBIX DPEIEHUIN MOXKHO BBIOPATH PEIICHUE XOPOIIO U3yueH-
HOro ypasHeHus (Hampumep, (6) wim (21)) 1 DONyUnTH COmEPXKATEINbHBIE
pe3yabTaThl OISl pellleHuit 60iiee CI0XHBIX YPABHEHUN.

[IpocTefimnii BApUAHT TaKOroO MOAXONA IPOIEMOHCTPUPYEM B CIIyuae
ypasuenns (21). Pacemorpum pemrerns T (z,t) u T3 (z,t) nByx kpae-
BBIX 33734 B IOIyIPOCTPAHCTBE T > 0:

oTw B k(l) 92T

ot = Ky 87, xr > 0, t> 0,
T, =11, >0, (26)
T (z,0) = Tél)(x), z > 0;
oT® (2) 0*°T®?
7 = kO 87 , T > 0, t> 0,
(27)

T®(0,t) =T (), t>0,
T (2,0) =T (x), x>0

s passocu V(z,t) = T3 (z,t) — T (z,t) u3 (26), (27) momyunm cie-
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IYIOUIYIO KPAEBYIO 3a0a4y:

oV 4y 2V

9V _
ot Ko 02

T2

+ (k(()2) - k(()l)) oz

V(0,0) = TP — V@), >0, (28)

V(z,0) =Vo(z) =T (@) - TV (x), =z>0.

IlycTs BHIMOMHEHbI TpeGoBamms Maxkopuposanus pernenms T (z, 1)
pemernuem T (z,t) MO KpaeBBIM yCIOBHAM:

TV <T@,  t>0,

(29)
V(@) <T@, @20,
7 10 KO3D(PUINEHTY TEIIIONPOBOAHOCTHL:
kY <k (30)
IycTs Taxxe mits pemterns T3 (z,t) cipaBemmuso
o1 >0 T >0 mpm z >0, t>0. (31)

oz2 77 ot

Caoitctno (31) meyGuBanus dyukmmn T3 (z,t) co Bpemenem B 060i

Touke z > 0 obecneunBaercs (mpu Té2) (z) = 0) HeyObiBaHUEM 10 t TPAHUY-

HOTO yCIIOBUSA Tl(z)(t). IIposepum 5T0, nmpomuddHEePEeHINPOBAB yPABHEHNE

(27) mo t u nonmyuns ms dysxman Z 2 (z,t) = 0T /ot = —W ) (z,t) [ ko
3amaqy

07(2) @ 927(2)
R

>0, t>0,

Z0(0,6) >0, >0, (32)
Z?)(z,0) = 0.
Ee pemienve, kak HETPYAHO MOKA3aTh (yIp. 7), HEOTPUIATENBHO TIPK

Beex > 0, t > 0 (B ciiyuae Téz) Z 0 mus BBIIONHEHUsT HepaBeHCTBa (31)

NOCTATOMHO HAJIOKUTE etne u yeiosue 02To(z)/0z? > 0, = > 0).
IIpn Bemnonmuennu HepaseHcTs (29)—(31) 3amava (28) nns V(z,t) cra-
HOBUTCA 3aJa4CH

ov 0%V
W:k(()l)w+f(av,t), >0, t>0,

V(0,6)>0, ¢>0,

VO(:L') 207 .’L’ZO,
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C HEOTPULATENLHBIMU KPAEBBIMU YCJIIOBUAMEA ¥ HEOTPULATENLHON DYHK-
muen f(x,t) (ucrounumkamu Temia) B mpaBoil yacTu ypasaenus (33). Ee
petienue HeoTpunaTeabHo npu Beex > 0 u ¢ > 0. OTcioga cnenyer Maxo-

)

(1
pupoBaHue perenus 3ana