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NPEAUCIOBUE K MEPBOMY W3J1AHUIO

BypHoe pasBuTHe HOBelinlefi TeXHHKH H Bce Ooabliee BHEIPEHHE
COBPEMEHHLIX Pa3/e/ioB MATEMAaTHKH B HHMEHEDHHE HCCIEA0BAHNS HEN3-
MEpPHMO MOBHICHJIH TpebOBaHHS K MaTeMaTHYecko# MOArOTOBKE HIKeue-
POB H HayunblX PaGOTHHKOB, 3aHHMAIOILUXCS MPHKNAZHEIMH BOMPOCAMH,

MaTtematuyeckoe 0o6pa3oBaHne HHXKEHEPA-HCCAEAOBATENS B HACTOM-
1ui€e BpPEMS He MOXET OrpaHHuUNTbCH TPAaAHUHOHHWMH pasjenaMu Tax
Ha3HBAEMOTO «K/NAacCHYECKOrO aHajaHu3a», CJIOXKHBLIETOCH, B OCHOBHBIX
CBOHX wHampaBleHHsX, K nauany waumero seka. OT umkenepa, paso-
TalULero B HAay4HO-HCCNELOBATENLCKOM HHCTHTYTe, TpebyeTcs Tenepb
3HaHHE MHOTHMX Da3/le/loB COBPEMEHHOW MAaTEeMaTHKH W B MEPBYID Oye-
pelab OCHOBATe/ibHOE BJlafleHne METOLaMH M MPHEMAMH BLIYHCANTEAbHOR
MaTeMaTHKH, TaKk Kak pelleHne MOYTH KawIOH HIKeHepHOH 3apauu
JOMKHO ObITh ROBENEHO LO YHMC/EHHOTO pesyabTaTa.

BoiuncanTtennHas TexHHKa HaliuX AHel npeiCcTaBASIET HOBLIE MOUIHLIE
cpeacTBa A1s (AKTHYECKOrO BHMONHEHHS cuyeTHOH paboTh. Braropapa
9TOMY BO MHOTHX C/AYy4Yasix CTajJO BO3MOXHLM OTKa3aThcs OT NpuGAH-
WEeHHOM TPAKTOBKHM MPHKNAAHKEIX BOMNPOCOB H nepefTn K peulenHo 3anal
B TOYHOH MOCTauoBKe. ITO NPEANOJaraeT HCMNOAb30BaHHe OoJjee rny-
GOKHX CMeUHaNbHHX PAa3ACAOB MaTeMaTHKH (Henunefinbie Auddepen-
UHAJbHEE YypaBHeHHsd, (QYHKIHOHAJBHLIH aHaAH3, TEOPEeTHKO-BEPOSITHO-
CTHHIE METOAH H Ap.).

PasymHoe HCMONb30BaHHE COBpeMEHHOH BLIYHCAMTENBHOR TEXHHKU
HE MHCJHMO 6e3 yMeJOro MpHMEHEHHSI MeTOJLOB NPUO/IHKEHHOTO H 4R-
CJIEHHOTO aHanusza. ITHM H OGBACHAETCH yYpe3BHYalHO BO3pOCUIHI KaK
y Hac, Tak ¥ 3a pyGeoM HHTEpPeC K MeTOAaM BHYMCAUTENbHOH Ma-
TEeMaTHKH.

B unaweft ctpane GhN0 M31aHO HECKONbKO OPHIHHANLHHIX H Depe-
BOAHLIX KHHUT, IMOCBAILEHHRIX ﬂpHﬁJlH)KeHHblM H YHCJNEHHLM METONaM.

OnHaKo 3TO He YAOBJETBOPACT B MOJHOW Mepe mMOTPeGHOCTH YHTa-
Tenell, Tak KaK MHOTHE M3 STHX KHHUT cTanyu Gubanorpadmuueckoit pen-
KOCTBI0, @ 4aCTb M3 HUX YCTape/ja HAH HOCHT CAHLIKOM CNEUHAMbHHHA
Xxapaxrep.

OcHoBHO® Ha3HayeHHe HacTosllel KHUIK — KaTbh B W3BECTHOR Mepe
CHCTEMATHUYECKOE M COBPEMEHHOE H3JOXWeHHEe BawHCHWHX METONOB H
DNpHEMOB BBEIMHCAHTEJbHON MaTeMaTHKH Ha Ga3e. o6ulero BTY30BCKOTO
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Kypca swciiett MaTemaTuky, Kuura coctas/ieHa Tak, UTO OCHOBHAA YacTh
ee npeactasaseT co6ol yueGHoe mocobie MO MEPBOMY KOHUEHTPY MPH-
OGN EHHBIX BBIYHCAEHHH AN BHICUINX TEXHHYECKHX yueGHbiX 3aBefenufl.

Mnorue MHCTHTYTH Hawef CTpaHbl NpUCTYNHAM K MOATOTOBKE cre-
LHAMAHCTOB AN8 paloOTh B BHUHCAUTENLHLIX UCGHTPaX. Bonbuine pasaenu
NpROJNMEHBOTO0 H YHC/IEHHOTO aHanu3a BKJIOYEHL B IPOrpaMMy acmu-
paHTCKOH NOArOTOBKH MO psiAy cmeyuanpHocTeft H B Mporpammnl pas-
JUUNBIX KyPCOB YyCOBepledcTBOBaHNA uHweHepoB. [lostomy B Kuury
BKJ/IOYEH JONOJHHTENbHHN MaTepuas, BHXOASWHA 338 paMKH OOLIUHOTO
BTY30BCKOIO Kypca. IJT0 06CTOATENBCTBO HE 3aTPYAHHUT MO/Nb30BaHME
KHHFOH: 4uTaTenb O6ed yulepba AAS NOHUMAHHS BHGEPET HYWHbIE emy
pasaens M OnycTHT AviuHKHe. lus yao6cTBa I0Nb30BaINS KHATOH FAaBH U
naparpadu, HeoGs13aTeAbHbBIE TPH MEPBOM YTEHHH, OTMEUEHb! 38e3004KO .

B kdure [HPOKO HCMOAB3YIOTCH OCHOBH MAaTPHYHOLO HCHHCACHHSL,
[NonaTne BexkTOpa, MAaTpHuL, O06PATHOW MaTpHib, COGCTBEHHOIO 3Haue-
HUSl M COOCTBEHHOIO BEKTOpPAa MaTpHUL H T. M. ABASIOTCH PaGOYHMH,
flpumenenne MaTpuu JAaeT pAA NPEHMYLLECTB MNPH H3JNOKEHHH, TAK
KaK, MOAb3yfACh UMH, N€rye yaaeTcsi BHIACHHTD 3d4KOHOMEPHOCThH MHOMHX
pacueToB. OcoGeHHO BLIMTPHUIHBIM B DTOM CMbICJAE ABASETCS] NpoBeje-
HIle A0Ka3aTeJbCTB TeOpeM CXOAMMOCTH Pa3/HYHBIX YHCAEHHBIX npouec-
coB. Kpose Toro, coppementoie 6bICTPOLEHCTBYIOUIHE BHUYHCAHTENbHLE
MalHHB JIEFKO OCYLLECTBAAI0T OCHOBHbLIE MaTPHYHWE OMepauHH.

Jns n0JAHOrO MOHHMaHHA COAEPMAHHRA KHHIH OT YHTatens Tpebyercs
M3BECTHLII MHHUMYM cBeneHHH 10 JauHefino# anreGpe M TeopuH JH-
HeHHHX BEKTOPHBIX MPOCTPaHCTB., UTOGH 06aeryuTh ycBOEHHE B8TOrC
MHHHMYMa ¥ H30e%aTbh OTCHIJIKH K MHOTMM HMCTOYHHKAM, B KHHTe NpH-
BeAeH Bech HeOOXOAMMHH AononHutenvHuit mMatepuast., COOTBETCTBYIO-
LiHe [/1aBW HE3aBHCHMBI OT OCHOBHOFO TE€KCTA H MOTYyT OBITh ONyiieHd
MOACOTOB/JEHHHWM YHTATENEM,

Bkpatue ocranosuMmca Ha colepwaHHH KHuru. Kuura B OCHOBHOM
MOCBAILEHA C/eAYyIOUHM BONpocam: AeHCTBHA ¢ MPHOAHMEHHBIMH uHC-
JlaMH, BhYHCNeHHe 3Ha4deHHH (PyHKUHA NpH MOMOWK PSIAOB M HTepa-
THBHBIX [POLECCOB, NPHONHMEHHOE H UYHCJIEHHOE peuleHHe anrebpau-
YECKHX H TPAHCUCHAEHTHHX YyPaBHEHHY, BHIYHC/IHTE/NbHHE METOAM
AuHefiHO/ anare6pel, HHTepnoaupoBaHHe QyHKuHH, uncaeHHoe auppe-
peHUHpOBaHHE W HMHTerpupoBaHHe ¢yHxuuH, metod MouTte-Kapio.

Bonbwioe BHUMaHHe o06pameHo Ha YAOGHHE CNOCOOHW OUEHKH mno-
rpewmHocTell. TlouTm ans Bcex NpoLeccOB AAlOTCd  AOKa3aTebLeTBa
TeopeM CXOAMMOCTH, MPHYEM H3N0MEHHEe NOCTPOEHO TaK, YTO NpH Ne-
JIAHHH MOWHO HX ONYCTHTL W OFPAHHYHTLLA JHIID TEeXHHYECKOR C¢TO-
poHOR nena. B oTaenpHuIX caydasx, B LeJNSX HACJASAHOCTH H3/I0XeEHNs
H yCTDaHEHHA H3JIHUWHEH TPOMO3AKOCTH, BHYHC/AHTEAbHBIE MPHEMW CO-
00Lal0TCa peuenTypuo.

OcHoBHEE METOAL A0BE€ACHH A0 UYHCJAEHHLIX npnnomeuuﬁ—ﬂanu
pacyeTHbIE CXeMbl W NPHBEAEHH YHCJIOBHE TPHMEPH € NOAPOOHBIM XO-
JA0M peltenusl, B uensx ayywero [OHHMAaHHS CYTH fena GOMbWHHCTBO
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NPEANCIOBHE

NPHBEAGHNHX TNDPHMEPOB pacCMATPHBAETCS B YNPOLLEHHOH TpPaKTOBKe
H HOCHT HAMIOCTPATHBHLIA XapakTep. Mcnonb30BaHKHAas M AOMONHUTENb-
Has JAMTepaTypa ykasaHa NoO riaBawm.

Hactosmas KHHra u3naraer h3GpaHHHe MeTOAM BHYHCAHTEJLHCH
MATEMATHKH, M B HEe He BK/LNOYEH MaTepHaJ, CBi3aHHbH C 3MnHpHue-
CKHMU  (OPMyJamMH, KBaApPaTHYHHIM aNNPOKCHMHPOBaHWEM QyHKUHH,
NpUGAHKEHHHM pelienneM auddepeHUHanbunx ypasHenn#t u ap. As-
TOPH HaMepenbi NOCBATHTb 3THM BONPOCAM OTLENAbHYIO KHUTY.

B KHHTY TaKwe He BK/IOYEHH CBEJEHMH O NPOrPAMMHPOBAHHH H TeX-
HHKE pellenHs MaTeMAaTHYECKHX 3ada4Y Ha CYETHHX MAILMHAX; N0 STOMY
BOMpOCY cnenyeT OGPATHTHCA K CHEUMANbHBIM PYKOBOACTBAM.

ABTOpb NPHHOCAT 61ar0NaPHOCTD KOANEKTHBY Kadeaph BhcuieH Ma-
TeMATHKH ApPTHANEPHACKOH HuwenepHoH axasemun um, @, . [lzep-
MHHCKOTO, NPHHAMABUIEMY y4aCTHe B O0OGCYWAEHHM PYKONHCH KHUTH.
Oco6yio npusHaTenbrocTh Buipawaem JI. A. Jhoctepwuky, I'. I1. Tos-
croBy u H. [l. Bycnenko, cuenapmuM pan 3ameuanuh o6uiero xapak-
Tepa, 3. 3. LUyBanoBoi, NpencTaBHBLIEH HEKOTOPhE MHCbMEHHHIE Ma-
Tepuand, J[. M. Tpob6Many 3a ueHHbe npaKTHYeCKHE COBETH H
A. A. IOwmkesnuy, npopeuensuposasweMy raasy XVII,

Aetopn 6aaromapun Takwe npog. X. J. CMONHUKOMY W nou.
C. B. ®ponosy u P.fl. WocTaky, peuesann KOTOPhX NO3BOAHAN yayy-
IINTh Ka4eCTBO PYKONHCH,

CuHTaeM CBOMM JONTOM OTMETHTb KOMNETEHTHYIO PaGOTY pelaKTopa
I'. Y. Bupiok. '

Mocksa, 1959 r. Asrop



NPEAVCIOBUE KO BTOPOMY U3JAHUIO

Bropoe uspaume KHMrm 1[1€YaTaeTCs € He3HauuTe/bHbLIMM H3MEHEHHAMH
NO CPaBHEHMIO C mnepsbIM. BHecenbl mcmpas/eHus 3aMeyeHHBIX OLMOOK.
B Kouue HexoTOpHX raas pao0asaennl orneasunie ¢parmentol. Tak,
B BBENEHUW [aHBl JOMOJHHTE/NbHbIE YKasanus K oCLMM T1pasu/aaM BbIUM-
cautenvroit paborthl. Chenanisl Takme HEKOTODHIE 3aMeydids K METOLy
Eepuyaan u ap.

B 1962 r. QPusmarruszom Obira esinywena kuura B. T1. Jemunosuy,
M. A. Mapon, 3. 3. LllysanoBa <«UucjeHHble MeTOAB aHajau3a», TNOCBS-
werrHas npubankednio Qyukurl v AuddepenuuasbHLIM  yPaBHEHUAM U
ABJIAOIIAACST €CTECTBEHHBIM NpOJO/KeHneM hacrosuwie#t kuuru, O6e s1u
KHUFM BMECTe COCTaBJAfIOT ABYXTOMHOe yueOHoe mnocofue 1no BBUUCAK-
TEJbHOH MaTeMaTHKE, OXHaThIBAIOULCE OCHOBHBLIE METOAHW YHCJSHHOrO
pemeHns BaxHeAINX MaTeMaTHuecKuX sasay. Iro yuebHoe mocobue
CO/IePXUT Marepual, AOCTaTOYHBIA A5t GOJLLIOr0 Kypca TmpUO/MIKEHHBIX
BHIYHC/ACHUH BO BTY3aX, U MOXeT ObiTb HCNOJB30BAHO TAKKE CTYACHTAMH
u3UKO-MaTeMaTHUeCKnX (aKyJ/IbTeTOB, CHEUMaIH3upyoUIMXcd B o0nacTi
BHIMHC/ANTENLHON MaTeMaTHKU,

Mocksa, 1963 r. } ) Asmopot

MPEJUCIOBUE K YETBEPTOMY U3AAHUIO

B YETBEPTOM H3JaHMM HMCODPABJ/JCHBI JUWb 3aMEYEHHBIC OllEUaTKn.

Mocksa, 1970 r. Asmopot



BBEJAEHHUE

C6uire mpaBwia BHIUMCAMTENABHOR padoThLi

ITpy BHINOJHEHNMH MAaCCOBBIX BBIUMCJCHHH BAXHO TNPUAEPIKUBATLCH
OnpeaeNeHnbX NPOCTHIX NpaBuJ, BHIPa0OTaHHBIX NPAKTHKOH, CoOJioaeHne
KOYOPBIX SKOHOMHT TPYJ EBHIYHCIUTENR W MO3BOJAET PalliOHAJLHO HCIOAb-
SOBATh KMEIOWIYIOCH  BBLIUMCAHTENBUYIO TEXHMKY 1 BCTIOMOraTeJblible
CpeacTsa.

TTpexzne BCEr0 BHYMCAMTE]Ab JOMKEH paspaborars nOAPOOHYIO Bbi-
HUCAUMENSHYI0 CXeAY, TOUHO YKasHIBAIOLLYW TOPSAOK AeHcTBuM u mato-
ILYH0 BO3MOXHOCTb RNOJYUMTb MCKOMBIf pe3yabTaT Hanboace NPOCTLIM
1 OpCTpHiM nyTeM. ITO 0Co0eHHO HeOoOXOAUMO MPH OJAHOTHMIHBIX BHIUMCAE-
HUAX, TAaK KaKk TaKas CXeMd, aBTOMaTu3WpYs BLIYHC/IEHHS, HO3BOJAECT
BHINOJHATE WX Gonee GLICTPO W HAJEKEO, YTO C MOJB30OH OKyNaer BpeMs,
3aTPayeHHOE Ha CcoCTapjaedue cxeMbl, Kpome Toro, umes nerajbHylo
BBIYHCAMTEABHYIO CXEMY /A DElIeHHs Salaul, MOXHO HCI0Jb30BaTb
TPYA MeHee KBaluUUMPOBAHHBIX BBIUKCIHTENCH.

CocrasJieHue BHUKCAUTENBHOR CXEMB TPOWIMOCTPUPYEM Ma CJeAyio-
mem npemepe. ITycts  Tpebyerca  BHIURCAUTH 3HAUCHUST AHAMHTUUECKH
321aHHOH (PYHKUUH

y=75x
D9 3303HHLIK SHaueHuP apryMeHta X=—uxj, X ..., Xz ECIM unciao
9THX 8HaueHuH BEAHKO, TO HEPa3yMHO BBIUMCAATH OTAEALHO CHAYasaa
snayenue f(xy), 3aTeM 3uaueHme [ (X:) W T. A, K&OKIBH Da3 BHINOJHAA
ECIO COBOKYIHOCTb Onepauui, ykasanumx cumsoaoM f, ['opasao ueseco-
oGpasHee, pacyjaenus QyHKUuo [ Ha 3JeMEHTapHBE ONEpanuu

(delicmous)
f(x)zfm(- . (fi(fl (x))) . ')v

BBIYKUCJIEHUS NPOUSBOAUTL OAZHOTHUMHBIMU ONCPAILMAMU!

u;=f (%) (i=1,2 ..., ny;
v, = fa ) (=12 ..., ny

y=/n(w) i=12 ..., n)
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BHNOJHAS OXWY M Ty e onmepaunio f,(j=1, 2, ..., m) anqa Bcex
paccMaTpHBaeMblXx 3HAYEHHR aprymedta. [1pH 3TOM WIHPOKO MOTYT OHITh
UCMO/Ab30BAHE COOTBETCTBYIONIHE TaO UIL PYHKUHHA H cneunnanusupo-
BAHHHIE CYETHbIE MAalWHHBL, 3aNHCh pPe3y/NbTaTOB BHYMCAEHUR caenyet
MPOH3BOJAHTH HA OCOGBLIX BLIYHCIUTEJbHHIX 6AQHKAX HNH GOpMysapax,
NPeACTaBAKIOWHX COOOH cnenuanbibiM 06pasoM paarpadienHbie U pas-
MCUEHHbie JHCThl OyMaru (MPUMEHHTENbHO K BLOPAaHHOR BRIYMCAUTENbHOH
cxemel). Ha sTux Gnaukax, B CTPOro onpemefeHHbiX MECTax, 3aHOCATCA
MPOMEXYTOUHHE pPe3yIbTaTH MO Mepe HX MOJNyyeHHd, a Takxke OKOH-
YyaTe/bHble pe3yJbhTaThi.

BuiuucauTebine GAaHKH OBHYHO CTpOATCS Takum 0Gpa3oM, YTOOH
pe3yabTaThl KaWAOH CepHH OMHOTHMHHIX OMepaudfi 3aHOCHAHChH B OLHH
cronbeu uaH B OAHY CTPOKY, NPHYeM pacrojOKeHHe 3anucelt mpove-
XYTOYHHIX pe3y/AbTaTOB AONXHO ObITh yA06HEIM A NpPOH3BOACTBA
NOC/CAYIOIWHX BHIYHCACHHH.

Hanpumep, mas coctaBieHrs Tabsuub 3Hauendid dyuxuuu

__e"+cosx

~h Y T (1)

MOXHO DEKOMEHIOBAThL BHUHCAHTENLHBI G/aHK, NpHBeLeHHb B Tab-
auue 1.

Ta6auua i
BoiyucauTeasHblit 6aank aas ¢ynkuux (1)

eT+cos x

B 21 o sin 2 leos x e“’+c095x 1+x2 i “Tgx 1+sin® x |V 1 +sin® x (8U)+
1) 3)+ N+(2 +(9 _

(M @+@ [+ @ Do) |y | O,
tle2|s] 4] 5| 6 | 7| 8 [ o 10 | 1|2

Buuncnesus BeAyTcs no cToa6ilaM, ApH4eM XapaKkTep BbIMOJHAEMBIX
ONHOTHMHLIX ONepauHil fceH u3 CaMOro BBLIMHCAHTEALHOTO G/aHKa.

CHayana B ctoa6ey (1) 3anHCcHBAIOTCH AAHHBIE 3HAYEHHS apryMeHTa X.
3aTeu Bce 4Hcaa cToabua (1) Bo3soasiTcd B KBaApaT U 3aHOCATCS B CTOA-
Geu (2). Janee notaGanuaMonpeneasioTCH AN KaXA0T0 4ucaa ctoabua(l)
fl0C/1e 10BATE/BHO 3HAYeHHd e”, sinx, COSX H 3aMONHAOTCH COOTBETCT-
BeHHO cToaGub (3), (4), (3).

B nanpHe#mnx cTonbuax yka3aHel pe3yabTaThl MPOMENYTOYHKIX One-
pauuit, Hanpumep, ctoabey (6) comepwmur 3uaueHus cymm e* - cosx
(cxemarnueckn (3)--(5)) u 1. K. B nocneanem cronbue (12) npusoasrtesa
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3nayesus uckoMoH GyHxuuu y. IIpH NpaBHAbLHO COCTABAEHHOM GraHKe
BHIYHCAHTENL B MPOLECCE BHYHMCIEHHS yxe PaKTHYECKH HE NONb3yeTcs
¢opmy0#, no KOTOpOR BepeTcsd pacyer, €ro BHHMAHHE COCPENOTOYECHO
UCK/IOYHTEAbHO HA N0CNeN0BATe/NbHOM 3aMOJHEHHH CTO/610B,

3aMeTHM, YTO pacyeTHas cxeMa M dopMa 6/1aHKa CYULECTBEHHO 3aBHCAT
OT HCMO/b3yeMOH TeXHHKH BHUKCAeHHN] M BcoMoraTeabHHX Ta6anu. Tak,
HarnpUMep, B HEKOTOPKIX C/1y4asix OTAE/LHEIE TPOMEKYTOUHBE PE3yIbTATH
XPaHATCA B NaMiTH MAWHHW H B 61aKK He 3anocsutcsd, MHOrAa cTanpapr-
HHe COBOKYMHOCTH onepauu#t ynob6HO paccMaTpHBATb Kak OTAEAblIOe
nedcTene. Hanpumep, npH HCIOAb30BaHMM sorapHMHYECKOH nuHEHKH
YHCNEHHOE 3HaYeHWe BHPAaXeHUs BHAA

ab

3
MOWHO BHYHCAATH Cpasy, He (HKCHPYH MPOMEXyTOUHHN peaysbTar,
H 103TOMY HET HEOOXOMUMOCTH PACU/IEHATH €0 Ha POCTeHIIHE OnepaHH
YMHOXEHHS H ReNeHus. AHAaJOTHYHO nPH DabOTe Ha 9JEKTDPHYECKHX
CYCTHHX MAIIMHAX NMPOUECC OTHCKAHHA CYMMH NapHHX NpPOH3BeNeHHH

n
2 ayby
E=1

fBAsIeTCA eAMHuM NeHcTBHeM. Bo MHOIHX cayyasx BHFOXHO npeo6pa3o-
BHBATh JdHHBE BHPAMEHHH K CHEUHANBHOMY HCKYCCTBEHHOMY BHAY
(HanpHMep, 3aMeHATb AENEHHE YMHOXEHHEM Ha 00PATHYIO BEJHYHRY, U/H
IIPHBOMHTD BHP&KEHHE K BHAY, yLOOHOMY IS N0TapUPMHPOBAHKS, U T.11.).

Bropoe, Ha YTO HYWHO O6GpPaTHTh CePLE3HOE BHHMAHHE, — STO KOH-
Tpoay evuucsenull, Be3 npoBepkH BbYHC/JEHHE HE MOXKET CYHTATh(H
3akoH4YeHHHM, KOHTpOAb pasnensieTcd Ha Tekyiyul W 3aKAO4UTENbHOIL.
IIpH TexyuieM KOHTpOJE, Npou3BOLS A06aBOUHHE NEHCTBHA, Mbi C 60/1be
niefi uaH MeHpUIEH CTENEeHbIO TOCTOBEPHOCTH y6exaaeMcd, YTO NONYyYeH-
Hhle NPOMEXYTOYHHE pe3y/ipbTaTH MNpaBHAbHH. B npoTHBHOM cayuae
NIPOH3BOAHTCA fIePecyYeT COOTBETCTBYIOULETO 3Tana. I1pH 3aK/I0YNTENBHOM
KOHTpOJE MPOBEPAETCSA Kb OKOHYaTeNbHbIH pe3ynbTaT. Hanpumep,ecan
BLIYHC/IAETCA KOPEHb yDaBHEHHS, TO HaHIeHHOe 3HAaYeHHE MOIKHO Moj-
CTaBUTh B yYDaBHEHHE M TaKkHM O00pa3OM Yy3HAaTb, NPABH/IbLHO WAH HCT
penieHa 3amaya. [1o 3a1paBoOMy CMBIC/TY SICHO, YTO €CJIH BWYHCJICHHE OUYEHD
60/1b110€, TO PHCKOBAHHO CTABHTH MOL Yyrpo3y BCIO BHYHCAUTEJBHYKO pa-
60Ty, NOXHAAfACh NPOBEDPKH OKOHYATENbHOTO peaynbTata. [TosaTomy we-
J1ecoo6pas3no npoBepATh NPABHJABHOCTbL pacyeTos No sTamam. B oreer-
CTBEHHHIX CAy4yasx pacyeTh KOHTPOJHPYIOTCH NYyTEeM He3aBHCHMOTO
BLIMOJIHEHHS PACYETOB ABYMS DA3JHUYHHMH BHIUHCAHT@NAMU, HJIH XeE 331444
pelaeTcss OMHUM M TEM e BHIYUCAHTEAEM ABYMS PA3JHYHKIMH CIOCOBaMK,

Tpetu#l pawun} MOMeHT —oyenxa TouHoCTu. B GoabWiHHCTBE Cay-
YaeB BHYHC/IEHHS NPOM3BOINATCH ¢ NPHOJIHKEHHBIMH YHCAAMH H NIPHTOM
npn6anxenso. JlosTomy naxe ni% TOYHOrO MeTONA peHleHHs 3axauu
Ha Ka¥JAOM 39Talne BhIMMCACHHH BO3HHKAWT Ho2pewiHoCTL OedicTeul M
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nozpewHocTy okpyesenud. Ecam caM MeTOR — NpuOAHMEHRRH, TO K 9THM
ABYM MOTPEWHOCTAM fipHCOeAHHAeTCH no2pewnocTo Meroda. Tlpu HeGnra-
TONPHATHHX OBCTOATENLCTBAX CyMMapHas MOTPEIIHOCTL MOXET OHThb
CTOJb BEJIMKa, YTO NOJYUCHHHH Pe3ynbTaT OYAET HMETh JIHUID H/JIO30D-
Hoe 3Hayenue., B COOTBETCTBYIOWIMX TF/laBaX KHHTH YKa3aHel METOAH
OUCHKH TOTPeIIHOCTEH AN OCHOBHBIX BHIYHC/CHBH,

B BuuuciuTenbHOM O6JlaHKe TO0JIe3HO NPeAyCMOTPeTb CTOAGUB AR
TaGanynbix pasHocTtelt (cm. ra. XIV, § 2), KOTOpHe MOMNHO HCIOAb30OBATH
AN KOHTPOJS BHUHCACHHH. A HMEHHO, eCay MPaBHJIBHOCTH TaGMHUMK
pasHocTed HapyliaeTcs HA OTAE/ABHOM y4aCTKe, TO CeAYeT HePecHUTaTh
COOTBETCTBYIOLUIHE 3eMeHTH Tabauuk (1HOO BHABHTL NPHUYUHY HApPY-
LIeHus).

Hyxno ofpaTuth BHMMaHHEe TakKwe Ha QKKYPATHOCT6 W 4ETKOCTb
34MHCH B BRUYHC/AHTEAbHbIX 6nankax. [IpakTHka noka3wBaeT, 4TO HEYETKAs
3anuch UHQp Y4acTO NMPHBOAMT K OWMOKAM M MOWeT NOryGHTb XOpOLO
Oprasun3oBaHHoe Bhiyucienne, Oco6eHHo onacHH OLINGKH B 3aNHCH YHCel,
coaepxauHx Goabiuoe yncao Hynei. Takue yncaa caeAyeT 3anuCHBATD
B HopMasibHOH dopme, BbleasAn UENYIO CTeneHb NeCATH, HanpuMep

0,00000345 = 3,45-107¢
HT. O
HanbHefinas 4acTb KHUMH NOCBAULEHA TJ1aBHLIM OGPAa30M METOM aM
BuuncaeHni. [TpuBoausmpe uncjoBLe NPHMEPH BO MHOFHX CAyuadx
yNPOILEHbI, NPUYEM NPOMENYTOUYHbIE BHKJAAKH 4acTO OMYyCKAKTCA.



rnABA 1l
NPUBJWXEHHbIE 4YHUCIA

§ 1. AGcomoTHa H OTHOCHMTENbLHAS NMOrPElTHOCTH

ITpubausxerHoiM 4UCAOM @ HA3LIBAETCH YNCJA0, HE3HAYHTEABHO OT/H-
yaioueecs OT TOYHOrO A H 3ameHfIOWLCe HNOC/AeAHee B BHIUUC/IEHUAX.
Ecan ussectHo, uto a <{ A, TO @ HA3HBAeTCH NPUHOMHKEHHBIM 3HAUYEHHEM
ynena A no Hedoctarky, ecnu we a>A, To—no us3burky. Hanpu-
Mep, Iad l/2 yiicao 1,41 Gyaet upubamKeHHHM 3HAYEHHEM NO HEAO-
ctatky, a 1,42 —no u3buTKy, Tak kak 1,41 <} 21,42, Ecan a
eCTh NpHOGAMKEHHOE 3HAYEHHE YyHCna A, TO nHUYT a = A.

Tlon owubkod wAn noepewnocTsolo Aa NPUONHKEHHOIO YHCIa a
06bYHO NMOHUMAETCHd PAa3HOCTh MEXIY COOTBETCTBYIOUIMM TO4YHLIM YHC-
A0M A M DaHHBIM NPHGJHKEHHBIM, T. €.

Aa=A—a*).

Ecau A >a, to owHbGKa nojowurtensHa: Aa >0; ecau we A < a,
T0 omubka orpuuarensta: Aa<< 0. YUtobw noayunts TOuHOE UHCIO0 A,
HyXHO K npubanxeHHOMY yucay a npubasute ero owu6ky Aa, T. €.

A=a- Aa.

TakuMm 06pa3oM, TOYHOE UYHC/I0 MOXHO PACCMATPHUBATL Kax NMPUOJHKEH-
Hoe ¢ omu6KO#, paBHOH HyJIO.

~ Bo muorux cayuanx 3nak omuOKu HeusBecTeH. Toraa nesecoo6pasuo
M0J1b30BATHCH A6COMOTHOU NO2PEUIHOCTHI0 NPUGAUNCEHHO2O HUCAQ

A={Aal.

Onpenenenne 1. AbcoawrHod noepewnoctsro A tpubIHKEN-
HOTO 4HC/A G Ha3LBARTCA aGCOMOTHAA BEIMYHHA PA3HOCTH MEKAY COOT-
BETCTBYIOLIHM TOYHBLIM UHCJIOM A H UMCIAOM a, T. €.

A=|A—al. mn
3,10Cb caeayeT pasaviatb ABa Cjayyas:

1) uucno A nram H3BECTHO, TOTAA aBCOMOTHASE HOTPEUHOCTD A ALIKO
onpeneasiercd no dopmyne (1);

*) Miorpa owu6KOH HA3LIBAOT Pa3HOCTL a— A,
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2) uncno A nam He u3BECTHO, YTO NpaKTHYecKH GHBaeT yaule BCEro,
M, CJIEAOBATE/]bHO, MB HE MOXeM OnpefeiHTb H abCOJIOTHYI0 NOrpeul-
HOCTL A mo dopmyae (1).

B sToM cayyae mose3HO BMECTO HEH3BECTHOH TeopeTwyeckoH abco-
JIOTHOM MOTPEIHOCTH A BBECTH €€ OLCHKY CBEpXy, TAK HA3HRACMYIO
npedensHyto abCONOTHYIO NOZPEULHOCTS.

Onpenenenue 2, Tlon npedeasrod abcoatoThOl nozpeuwtnoCcT b0
NPUOAHIKEHHOTO YNC/a MOHAMAETCS BCAKOR YHCJIO, He MeHbLiee a6conoT-
HO#t NOTPEMHOCTH STOro YucJja.

TakuM o6pa3oM, ecan A, - npenenbHas abCcONIOTHAR MOTPEWIHOCTh
NpPHOJHKEHHOTO YHC/IA @, 3aMEHAIONlero ToyHoe A, To

A=|A-a|<Aa' (2)
OTCIOlla cnenyeT, YTO TOYHOE YHCAO A 3aK/I4YeHO B rpammax
a—A,<<A<<a-+ A, (3)

CrenoBaTenbko, a — A, eCTh npHOANNKEHHE Yncaa A MO HEROCTATKY,
a a- A, —npubnuxenne yucaa A no HIOHTKY.
B 3TOM cayyae AAS KPATKOCTH NMOAb3YIOTCH 3aMHUCHIO

A=G+Aa.

Mpusmep 1. OnpelenuTh npeaenbryio a6CcoNOTHYIO NOTPEeLHOCTD
yucaa a ==3,14, 3aMEHAIOUIEr0 YHCIO T,
Pemenwne., Tax kaKk uMeeT MECTO HEPABEHCTBO

3,14 < 3,15 10 |a—mn]|<0,01

I, CN1eROBAaTEJbHO, MOXHO MpHHATE A,=0,01.
Ecan yuecTs, 4TO
3,14 <m < 3,142,

T0o GyACM HMeTh Nydmylo ouerky: A,=0,002.

3ameTnM, 4TO cHOPMY/IHPOBAHHOE BhILIE MOHSATHE npenenbHOR a6co-
JIOTHOH MOrPELIHOCTH HABJAAETCA BeCbMA LIHPOKHM, a WMEHHO: 7i0d
npedeabhod abCOAOTHOL NO2PEUIHOCTbIO nPUBAUNCEHHOZO HUCAQ A NOHU-
maerca A100608 npedcTasuTesb 6eCKOHELHO20 MHOMECTBA HEOT PUYATEAbHbLX
wucer A, Yoosiersopaouux Hepasenctsy {(2). OTciona JOrHYyecKH
BHTEKAET, YTO BCIKOE 4HC/0, 6onbwee npeaeabioft abCoMOTHOR norpew-
HOCTH AAHHOTO TNPHOMHKEHHOFO 4YHCAA, TaKke MO¥eT OhTb Ha3Bano
npeaenpHofl aGCoOMOTHOR NOTPEIHOCTBIO STOro yHcaa. IlpakTuueckn
yao6HO B KayecTBe A, BHOHPAaTb BO3MOXHO MEHbIUEE MNPH AaHHHIX
06CTOATENbCTBAX YHC/IO, YAOBJETBOpsionlee HepaBeHCTBY (2).

B 3anucu npa6GAHKEHHOTO YHCAA, NIOYYEHHOTO B PE3Y/IbTATE HaMepe-
HHUsl, OOLIYHO OTMEYAlOT €ro npene/bHyl0 a6COMOTHYIO MOTPEIIHOCTb.
Hanpumep, ecau anuna otpeska /=214 cm ¢ ToydocTeio po 0,5 ca,
10 nuyTt [ =214 cm £ 0,5 cn. 3nech npepenbHas a6CcONIOTHAR 1O-
rpewHocTh A,=0,5 cu, a TouHas BeNHYMHA AAnun / OTpeE3Ka 3aKAI0-
yeHa B rpannuax 213,5 cum<<l=<<214,5 cu,
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A6comoTHas norpentHocTh (HAM npenesnHas aGconKOTHAA MOTpell-
HOCTb) He MOCTATOYHA A/ X3aPaKTePHCTHKH TOYHOCTH H3MEPEHUs HIH
BoiuucaeHus. Tak, Hampumep, eC/H NMPH H3MEPEHHH IJHH IBYX CTEpK-
Helt nonyyenn pesyabratn /;=100,8cm + 0 1cnu /,=5,2cm1+0,1cx,
TO, HECMOTpS HA COBMNAaJeHHE TpeJe/bHLIX a6COMOTHLIX MOTPemHOCTeH,
Ka4yeCcTBO MEPBOrO H3Mepenus Bhille, 4eM BTOpPOro. [as TOYHOCTH HaH-
HbIX M3MepeHuH cyuiecTBeHHa a6CONOTHASN MOTPEUIHOCTD, NpUxoAdULaice
Ha €IMHHLY AJHHB, KOTOPas HOCHT HA3BAHHE OTHOCUTEAbHOU nozpetu-
HOCTU.

Onpenenenue 3. Ornocuresstold nozpewocToo & TPHOGIMNCEH-
HOTO YHCJAa @ Ha3bBaeTCd OTHOWEHHe AaGCOMOTHOM [OrpeulHOCTH A
STOTO 4HCAAd K MOAYJH COOTBETCTBYIOW(EFO TOUHOrO uncaa A(A==0),
T. €.

A
o=rhr 4
Otciona A=|A|8.

Tak xe Kak ® AAg a6CONOTHOR MNOTPEIIHOCTH, BBEAEM MOHATHE
npedesbrol OTHOCUTEALROL NOoepPelHoCTy.

Onpenenenne 4. [Tpedeasrol oTHocutersnol noepewsnoctsio §,
LaHHOTO MPHOJIHXEHHOFO YHCJ/IA @ HA3LIBAGTCS BCAKOE YHC/IO, HE MEHbLIEE
OTHOCHTE/bHOH MOrpelwnocTy 3TOro uHcaa. [lo onmpexeneHHIO HMEeM:

d< 9, )

A
A= 0,, orciona A=c|A|d,.

Taxkum o6pasoM, 3a npefesbHyl0 aGCOMIOTHYIO NOFPELIHOCTL YHCAA @
MOWHO MPHHSATD: '

T. €.

Ay =[A[0,. (6)

Tak xak Ha npakTHke A= a, To BMecTo Qopmyant (6) yacTo monp-
aylorcd ¢opmynok

’

A, = la | 64‘ (6"

Otciona, 3Has Mpeie/bHyi0 OTHOCHTEAbHYIO NOTPeIHOCTb 8,4, NONy4aloT

rpaHdUs AAs TOYHOFO 4Yucaa. TO 06CTOHTENbCTBO, YTO TOYHOE YHCAO
aewcut mexay a(l—48,) n a(l-9,), ycroBHo 3anuchBalOT Tak:

A=a(l £8,).
Iyctp a — npubanxkeHHoe YHCI0, 3aMensioltee Toynoe A, u A, —npe-

nenbHasg aGco/0THAs NOTPeWHOCTh Yncaa a. [1on0wuM Aas onpepeneH-
toctd, 4to A>0, a>0 u A, < a. Torna

A A
== =<,
A Ta—A,
CrnexoBaTenbHO, B KauYeCTBE IpPeAE/]bHOM OTHOCHTENBHOH MOTPEHIHOCTH
YHCJIA @ MOXKHO MPHHATD YUCAO

8, = e

e T a—p,"
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Ananoruyno noavuaem A= Ad= (a-}-4)3,; orcroma

A = Pa_
T,
Ecan, xak ofmuso Gnwaer, A, <La n 3, L1 (anax < obosnavaer
«BHAUNTEIBHO Meﬂblﬂe»], 1O ﬂpﬂ().’]ﬂ}KCHHO MOXHO {1pHHATE:
AII

3, Aw 2

a
A, =~ a¥,.

Mpumep 2. Bec 1 du® pomwt npu 0° C p=999,847 = 0,001 T,
Onpeneauth  NPENeTbHYIO  OTHOCHTEALUYIO TOrPEIHOCTb  PesyJabTara
B3BEILHBAHUA,

Pewenne. Ouespako, yro 4,=0,001 [ n p=< 999,846 I,

ChenosaTte.bHo,

0,001

b= 930,846

A= 10749/,

Mpumep 3. Ilpu onpenesenun rasoBoft NOCTOSHHONH 479 BOSAYXA
noayuwsin R=29,25, 3sas, uyTO OTHOCHTE/NbHAS WOFPEIMHOCTh BSTOrO
anauenus passa 1%, naltm mpemens, B KOTOPBIX 3aKkacyaercd R,

Pewmenne, Mueem 85=0,001, rotga Ag=Rip~=0,03,

Chnegosatenpiio, 29,22 << R<2 29,28,

§ 2. QcHoBHbIE HCTOYHHMKH MOrpeumrsocTell

ITorpeiunocty, BCTPEUAOIINECS B MaTeMaTHYECKHX 8aHauaX, MOCyT
OblTh B OCHOBHOM pasz0OuTBI Ha NATH FPYMM.

1. TorpewnocTy, cBs3aHHBIE € CaMOH NOCTaOBKOR MaTeMaTuyeckoh
3apaun. MateMaTnueckne (POPMYJKDOBKH PeaKO TOYHO  oro0paxaior
peasbiible ABaeHus: OObIYHO OHM OZIOT Jitb §oJiee WK MeHee yjleanusu-
poBanbbie Mogend. Kak npaBu/so, NPM M3YUYEHHH TEX MM UHBIX ABJEHLH
HPUPOAN MBI BBIHYXKIACHB NPHHATH HEKOTOPLIE, YNPOIMAKWIME 3ajauy,
YCA0BUS, YTO BBI3BIBAET PAA MorpewHocTelt (nozpemnocmu 3aldayn),

Muorpa Guizaer u Tak, 410 pewwu’h 233Uy B TOYHOH TOCTaHOBKe
TPYAHO WM gaxe Hesosmoxno. Torpa ee 3ameHnsiot Oan3KOH 1O pesyib-
TartaMm npubankenHo#t samaycH. Tlpu 3TOM  BO3NUWK2ET TWOT[LEIHOCTD,
KOTODPYIO MOXHO HAa3BaTb Mo2PEeUHOCHEI0 Mermolda,

2. TorpewnocTy, CBA3EEHBIE € HaapyueM OeCKOHEYRHIX TIPOLECCOB
B MaTeMaruueckoM aHaamse. ®PyHkiury, dQurypupyomue B MaTeMaTnue-
ckux dopmyJax, yacTO 3aJalTCS B BMAC O€CKONEUHBIX NOCACNOBATE/b-

. . X3 x5
HOCTER My Psil0B |HANPUMED, SiN X=X -3 -+ BT ) . Boxaee Ttoro,

MHOTME MaTE€MaTHUE€CKWE YypaBHECHUS MOXNHO PECIUWTL, JUIUL ONKCaB Gecko-
HEUHBIE NIPOULECCH, NMPEACAbl KOTOPHIX M #4BAAIOTCA HCKOMBIMH PEUICHKAMA.,
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Taxk kak GeckoHeuHBH npouecc, BooOUIE roBops, HE MOxkeT GbTh 3aBep-
IIeH B KOHEYyHO€ 4YuC/J0 [aroB, TO MBl BHIHYXOEHB OCTAaHOBHTBCA Ha
HEKOTOPOM UYJ€HE HOCJAENOBATEJNBHOCTH, CYWTast €ro npubimkesueM
K HCKOMOMY pewenuto. ITOHATHO, 4TO TaKo#l oOpbIB nmpouecca BhHISHBAET
NOTPEUIHOCTD, HA3LIBAEMYIO OOBIUHO OCMAMOUAOL NOPEUHOCIBIO .

3. TlorpewHocty, CBf3aHHHE € HAJIMYMEM B MaT€MaTHYECKUX ¢op-
MYJaX UYMCJIOBHX TapaMeTpoB, SHAYEHUs KOTOPBIX MOryT OniTh onpene-
JeHBl Jdlb npubamxendo, TaicoBel, Hanpumep, Bce (PU3MUYECKHE KO-
CTaHTH. YC/MOBHO HA30BeM 3Ty MOIrPELIHOCTD HALAABHOIL.

4. IlorpewmHocry, CBg3aHHble C CHCTEMOH cyucaeHus, I1pu nsoopa)xe-
HUW  [3aX(€ DALMOHAMBHBIX UHCEN B HAECATHUHOR CHUCTEME uJaH APYroH
NO3HLLHOHHOH cucTeMe c¢npasa OT 3anaAToH MoxeT ObiThb OGecKoHeuloe
yucao uudp (nanpumep, MOMET NOJYUuThbcs OeCKOHeuHas AecsiTuynas
nepuoauieckas apobw). ITpH BHUHCAEHHUHX, OUEBMAMO, MOXHO MCMOJb-
30BaTh JMUIb KOHEUHoe yucao 3Tux undp. Tak Bo3HuKaer nozpewrocms

i
oxpyanrenun. Hanpumep, noaaras -3—=0,333, NOJy4yaeM MNOr pewtocThb

A~z3.107% [IpUXORMICA TaK Xe OXPYr/AATh H KOHEUHBIE YHCA3, WMEIO-
mue 6oabLIOe KOMMUECTBO 3HAKOB,

5. TlorpemHocTn, CBA3aHHBlE C OGHCTBUAMH AL NPHUOMKEHHBIMH
uncaamu (nozpewnocmu deidcmsnli). TIoHATHO, YTO, MPOHU3BOAS BBIUMCIL-
HYA € MpUOAHKEHHBIMM UYMCJAAMM, TIOTPELIHOCTH WCXOAHHX  AaHHBIX
B KaxoH-TO Mepe MBI TNepeHOCHM B pe3yabTaT BuiuucaeHuit. B s1OM
OTHOMIEHMH TNOTPEWHOCTH AeHCTBHUH SBJASIOTCA HEYCTPAHHMB MU,

CamMo coBo#t padymeeTcs, 4TO TPH pPElIEHMH KOUKpeTHoH 3ajaym Te
WM HHBE NOrPEWHOCTH HHOTAZ OTCYICTBYIOT, MJM BJHSAHHE HX
HuuTOXHO. Ho, BOOOule roOBOpH, A% MOJHONO aHaiu3a MOTPELIHOCTEH
CAEAYET YYWTBIBATL BCE MX BHAB. B HansHeiduieM MBI OrpaHHUHMCA
B OCHOBHOM uCuuC/IeHMEM norpemHocret gedcrsuft w norpemnHocres
METOJ0B.

§ 3. HecaTuuHad 3anuch MPUGARKEHHBIX UHCEJ.
3Havamaa uudpa. Yucio Bepubix 3HAKOB

M3BecTHO, HTO BCAKOE MOMOMHTIENLHOE UYHCJAO @ MOXeT ObTh mpef-
CTaB/IEHO B BuAE KOHEYHOH wam OeckomeurHo# AecstuuHod apobu

a=0,10" 40, 110" J-a, o10™2 -,

e G g 10T )
rae a; —uudpe uucna a (2;=0, 1, 2, ..., 9), npuuem crapuas uudpa
4m # 0, a m — HEeKOTOpOE Uedoe YHuCHO (CTaplwnd AeCHTuuHBIH pa3psi
ygcna a). Hanpumep,

3141,59...=3.10* 4+ 1.10*-1-4.10' +-1.10% -}
45107 9.100 .,
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Kaxaag enuumita, crosiias Ha ONPEeLENEHHOM MeCTe B YHCIE 4,
HaNMCaHHOM B Bulde AeCATHYHOR Apoln (1), nMeeT cBoe 3HayeHue. Exu-
HHIA, CcTofmas Ha nepeoM Mecre, paswa 10™, Ha BTOpOM— 10771,
Ha n-Mm—107~"*1 4 1, 1,

Ha npakTuke npenMyumiecTBEHHO NPHXOAHTCS HMETh A€o0 ¢ npuban-
W EHHLIMU YHCNaMH, NPEACTaBAANOUIHMH co6olt KOHEYHH € AeCATHY-
HbBIE JpOGH

b= ﬁm lOm—I— ﬁm-l 10m_l+ e + Bm—n+1 10m_n+1 (Bm#o)' (2)
Bce coxpansiembie pecsiTuuHble 3uaku P;(i=m, m—1, ..., m—n-1)
NasHBAOTCH 3Hadauumu yuppamu nPHGIAKEHHOTO unucaa b, npuyeMm
BO3MOXHO, YTO HEKOTOpble M3 HHX DaBHW HyJ0 (3a wckmouenueM B,).
ITpn no3HUHMOHHOM H306paweHHH YHCna & B AECATHYHOH CHCTEME CHYH-
CJ/I€HHUsA HHOraa NPUXOAUTCA BBOIAHTDL JAHWHHE HyJ]'H B Hayanae HIAN
B KOHUe uyucara. Hanmpumep,

b=7-10"40-10"¢+41-10"4-0-107=0,007010,
HJIH
b=2-10°40.10840-107 - 3.108 4 0-105 =2 003 000 000.

Takne Hy/u (B MpHBEAEHHHIX NPHMEPAX OHH MOLYEPKHYTHI) HE CYHTAIOTCH
3Ha4amuMn undpamu.

Onpenenenne 1. 3xaqawed yuppod npHGANKEHHOrO YHCJA
Ha3LIBAIOTCA BCAKas uudpa B €ro mecITHYHOM H306PaXEHHH, OTJIHYHAA
OT HyAd, W HYJb, €CJAH OH COLEPXUTCH MewJy 3HayauluMH nudpamu
MW/IH fBASieTCS MPEACTABHTE/NEM COXDAHEHHOTO HeCATHYHOTO paspsaa.
Bce ocrannHbie HyaH, BXOAAIME B COCTaB NPHOJHMXEHHOrO YucJa H
Cny¥amue JHWbL A4 0603HAYeHHs JeCcATHYHHX Pa3psajoB €ro, He NMpPH-
YHCAAIOTCA K 3HauYamuM uudpam.

Hanpumep, B uucae 0,002 080 nepsoie TpH HY/S He ABAAIOTCA 3Ha-
yamuMe 1HdpaMK, Tak Kak OHM CJAYXaT TOAbKO 1J9 yCTaHOBJEHHS
JecATHYHBX pas3psamoB INpyrux uudp. OcTaibHble [ABA Hyns ABAAIOTCH
3HavyalmuMu LUdpaMH, TaK KaK mepBuift H3 HUX HAXOLMTCH MEXIY 3Ha-
yauiuMd  undpamn 2 u 8, a BTOpoOi#f, KaK 3TO OTPAXKEHO B 3amHCH,
YKa3biBaeT, YyTo B MPHOJUMEHHOM YHCAe COXPaHeH JHeCATHYHhH pas-
pax 1078 B cayuae, ecau B mannoM yucie 0,002 080 nocaeanss undpa
He sBAAETCH 3Hayauielt, TO STO YUCJAO HOMKHO ObITH 34NHCAHO B BHIE
0,002 08. C sTo#t Toukn 3penus yucaa 0,002 080 u 0,002 08 He pasHoO-
IeHHBl, TaK KaK NMEepPBOE M3 HHX CONEPNKHUT yeToipe 3Hayautux uubdpH,
a BTOpOe —/JIHWIp TPH 3HAYAWHX LHPH.

ITpu Hanucanum GONBLIMX YHCEN HYJH CNPABA MOTYT CAYXHTb Kak
o5 o603HayeHus 3HayaulMx UHdp, Tak K A8 ONpPEAEJeHHs PaspsioB
octaneHbix Uudp. [losToMy npu o6bunoit 3amHCH YHCEJ MOTYT BO3HHK-
HyTb HesichocTH. Hanpumep, paccmatpusas uncno 689 000, Mu He uMeeM
BO3MOXHOCTH MO €ro BHAY CYIHTh O TOM, CKOJBKO B HEM 3H3Yaulux
nudp, XOTH MOXKHO YTBEPKAAThb, YTO HX HE MeHblle Tpex. JTOH He-
Onpeie/CHHOCTH MOXHO H3GexaTh, BHABHR AECATHYHLI MOPAAOK 4HCAA
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u 3anucas ero B suae 6,89-10%, ecau OHO HMeeT TPH 3HAYAILLHX UHGPHI;
uan  6,8900.10%, ecaum 4YHcaA0 HMeeT NATH 3HAYalWHX uudp, U T. 0.
Boo6uie, Takoro pona 3anuch yaoGna st YHCe, copep)alnx 60abwoe
KO/JNYECTRBO He3Haualux Hyaed, wanpumep 0,000000120=1,20-1077
HT. I

Beenem nousiTHEe O 8eproix BecaTuunsblx 3HAKAX ﬂpllé/lll?lCEHHOé‘O
yucaa,

Onpenenenune 2. losopaT, 4TO n nepsoiX 3HaUAWHX UHPP
(necATHYHHIX 3HAKOB) NPHOIHXKEHHOrO YHC/a ABASIOTCA Gepubimut, €CAH
a6Co/0THAS MOT PEWHOCTh STOrO YAC/IA HE IPEBRIALST NOJOBHHLI CXHHHILL
paspsana, Bupawaemoro n-# snavawie#i tudpofl, cunrTas cJeBa Hanpaso.

Taxkum oGpa3oM, ecan aad npubaniceHHoro uucaa a (1), samensio-
LIEro TO4HOE 4HCA0 A, H3BECTHO, 4TO

1 -
A=|A—a|< 107",

TO, 1O ONMpene/eHHio, nepsne n uHbp a,, o
yuc/aa SBASIOTCH BEPHBIMH,

Hanpumep, aas toudoro umucaa A=35,97 uucao a=36,00 ss-
ASleTC NPuGIHIKEHHEM C TPEMs BEDHHMH 3Hakamd, TaK Kak |A—a|=

1
=0,08 < 50,1
38MeTHM, YTO B MATEMAaTHYECKHX Taénnuax BCe noMelleHHbie 3Ha4ya-

wHe undpy ABasioTCa BepHbiMH. Tak, Hanpumep, B NSITH3HAYHHX Tal-
JHIAX J0Tapr$MOB rapaHTHPOBAHO, YTO aGCO/IOTHAS MOrPELIHOCT D MaH~

m=11 voes Opp_py1 STOTO

THCCH HE NPeBOCXOAHT -2—-10"’ HT. O

TepMHH «2 BepHHIX 3HAKOB» HE C/AelyeT NOHUMATh GYKBAJAbHO, T. €.
TaK, YTO B [JaHHOM NPHOGJHXEHHOM YHC/E g, HMEIOLLeM /1 BepHHX 3Ha-
KOB, /1 MepBbiX 3HAYal(HX UHPP ero COBNafaloT ¢ COOTBETCTBYIOUUMH
undpami Tounoro yucaa A. Hanpumep, 1ipu6inxennoe uncio a = 9,995,
saMensiomwee TouHoe A= 10, HMeeT TDH BepHHX 3HAKA, NpHYEM Bce
undpul 3THX uHces pa3anydsl. ONHAKO BO MHOTHX cJyyasx AcA0 06CTOHT
HMEHHO TaK, YTO BEpHHIE 3HAKH NPHOGAHIKEHHOTO HHCAA OXHHAKOBBI
¢ COOTBETCTBYIOIHMH UH(PAMH TOYHOTrO 4MCAA,

3ameuanue. B HexoTOpHX CAyuasx yAOGHO T[OBOPHThL, UTO
YHCN0 g sABAseTCH NPHOAHKEHHEM TOYHOro uHcaa A ¢ 71 gepHuimu 3HQA-
Kamy B LIKPOKOM CMbIC/Ie, MOHUMAs (OA STHM, 4TO a6coaloTHad no-
rpewHocTh A =|A—a| He npeBbiaeT eAHHKUN ASCATHUHOTO pa3psaia,
Bupauaemoro 7-A 3navautefl uudpol npHO/AMKEHHOTO 4Yucaa.

Hanpumep, ans tounoro uucna A-==412,3567 uuciao a=412,356
sBafeTcs nprOAMKeHHeM C LIECTHIO BEPHHMH 3HAKAMH B HIHPOKOM
cMbicae, Tak xak A =0,0007 < 1.1073,

B nanbnefiieM BepHbie 3HAKH JIPHOJIHIKEHHOTO YHC/Na MK Oy I eM HOHH-
MaTb B CMbIC/IE onpenesneHus 2 (T. €. 8 y3Kkom cmeicae), eCay SBHO He
OTOBOPEHO NPOTHBHOE,
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§ 4. Oxpyraenne ancen

PaccMOTPHM HEKOTOpOe NpHGAMIKEHHOE HJAM TOUHOE 4YHC/I0 4, 3aMH-
cannoe B jecATHuHOH Hymepauuu. HacTo GbiBaeT HanoGHOCTL B OKpYye-
JAeHUY STOrO 4HC/Aa, T. €. B 3AMEHE CTO YHC/IOM @, C MEHbIINM KOJH-
4eCTBOM 3Hayailnx undp.Hucao a; BubnpaoT Tax, YTo6L NOCpPEUHOCTb
oxpyesenun |a, —a| 6una MHHUMANBHON.

Mpasuno oxpyriaenus (no ponosiHenuid). UTobbl OKPYrAHTbL 4HCAO
10 7 3nayawux widp, oTéGpacHBAOT BCe UHDPH €ro, CTOsALLNE CNpaBa OT
n-1t 3navaneR undpsl, HAH, €CAH 3TO HYXKHO A/18 COXPaHEHKHA pa3pslos,
3aMmeHoT ux Hyaamu. [Ipn aTom:

1} ecan nepBasn u3 or6poiweHHnx uHdp MeHbule 5, TO OCTaBlIHECH
JCCATHYNBIE 3HAKHM COXPaHATCA 6e3 H3MEHEeHHUS;

2) ecnn nepman u3 otrOpowlennny uudp Goabwe 5, TO K mocAed-
Hell ocTaBwelica uudpe npnbaBnseTcss €nKHHULA;

3) ecau nepsBas M3 OTGPOIIEHHHX UM(pP paBHa S5 M cpean OCTadb-
HHIX OTOpPOLIEHHBX LHGD UMEIOTCA HeHY1eBLIe, TO NOCAEAHAS OCTaBIIANCS
nudpa yBResuuuBaeTcs Ha €AHHHLY;

3a) ecay ke nepsas n3 orGpoluenubx LHGP paBHa O H BCe OCTaldb-
upie otTépowennsie UHQPH IBJAAIOTCA HYJAAMHI, TO HOCACAHSAS OCTaBWAsACA
nudpa coxpaHseTcs HEM3MEeHHOH, eCnH OHA YeTHad, M YBEJHYHBAGTCA HA
eIHHULY, eCJH OHA HevyeTHas (MpaBHUAO0 YeTHOH uUHpr).

VIHbIMH  c/IOBaMH, e€C/AM APH OKPYIJEGHHH 4YHCaAa OTOpackBaeTcs
MEHbLIE NOJOBHHE €AHHHUH M0C/JAELHEr0 COXPAHAEMOro AeCATHYHOIO pa3-
paaa, TO umdpo BCeX COXPAHEHHBIX Pa3PANOB OCTAIOTCH HEHU3MEHHBIMH;
ecan We OTGpOLIEHHAs 4YacThb YHC/Aa cocTaBageT 60ablle MOJAO0BHHK
CAHHHUb NOCAEIHEr0 COXPAaHEHHOro AeCATHYHOro paspaia, TO undpa
9TOr0 pa3psna yBe/MUYHBAETCS HA €AMHHLY. B HCKIIOUHTENBHOM Caydae,
Koraa OTGDOWEHHAR 4aCTh B TOYHOCTH pAaBHA MOJOBHHE eIHHHIlA
MOCJAEAHer0 COXPAaHEHHOrO AeCSITHYHOTO pa3psasa, TO AJfA KOMIEHCAUHH
3HAKOB OWMGOK OKDPYTJCHHR HCMOJAB3YETCH NPAaBHJAO 4eTHOH LAQpH.

OueBunHo, 4TO INPH NPUMEHCHUH MPABH/Ia OKPYIJEHHS MOTPEIIHOCTD
OKDYT/ICHHSl HE MPEBOCXOAHT % €IMHHUB [1eCATUYHOrO paspsaaa, onpe-
JeaneMoro nocjenHed ocras/ieHHoH 3Havaute# uundpof.

[Tpumep 1. Okpyrasg uuciao

=3,1415926535 ...

A0 N9TH, YETHpeX W Tpex 3Hayawux uudp, moayyuMm npudanKeHHbie
uyncaa 3,1416; 3,142; 3,14 ¢ aGcoOTHHIMM NOTPENIHOCTSMH, MEHBILIUMH
1 -a, 1 -3 1 -2
'5' 10 N 7 10 H 5 1072,

Mpumep 2. Oxpyrana uyncao 1,2500 no asyx swavauwtnx uudp,
noay4yuM npubavikesnwoe uucao 1,2 ¢ a6coa0THONR MOrPeMIHOCTbIO, pas-
holl -+ 1071 =0,05.
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TouHOCTb npubANKEHHOTO YHCA2 32BHCHT HE OT KOJIMYECTBA 3HAua-
wux uudp, a oT konuvyecTBa sepuwx 3Havamwux undp [1], [2}
B Tex cayyaax, xoraa npubaHKeHHOE YHUCIO COLEPWHT H3JHLIHEE KO-
JUYeCTBO HeBepHHX 3Havyawux undp, npuberaloT K OKPYyTJEHHIO.
OGLIYHO PYKOBOLCTBYIOTCA CAEAYIOLLHM NMPAKTHYECKHM MpaBH-
JOM: npu BbINOAHEHUU NPUBAUNCEHHBLX BbUCAEHUL YUCAO 3HAYAUWUX
Yudp npomescyTCUHLLX Pe3yAbTATO8 He OOANCHO npesviiarTb 4ucAa 8ep-
Holx uugp Bosee 4em Ha 00my uau Ose edunuyvi. OKOHUATEJBHbIA
pes3y/abTaT MOXET COoAep¥aTh He 6o/a€e UeM ONNY H3IJHUIHIOW 3Haya-
wyio uudpy, no cpasHenuio c¢ BepitkiMi. Ecau npu sTom abcomorias
NOrpewnoCcTL pe3ysabTaTa He npeBbllaeT IOBYX e€IHANN MOCJAE€IHEro
COXPaHEHHOrO NECATHYHOrO pa3pana, TO HIJHIWHAA uudpa HasHBaeTCd
COMHUTEAbHOL.

[lprBenexHoe npaBrio nosporfieT Ge3 ywep6a TOYHOCTH BblYHCe-
HHX n36eraTb HaMHCaHHH JUUIHUX UHDDP U 3HAUNTEIBHO SKOHOMHT BpeMd
Boiyucaenul. CoxpaHenne 3anacHhHX 3HAKOB HMeeT TOT CMHIC/I, YTO
06GLIYHO OleHKa NOrpCluHOCTel pe3y/bTaTOB NPOU3BOAUTCHA A5l HANXY I~
WHX BAapHaHTOB, H $aKTHyeckas MOTpelwHOCTb MOKET OKa3aThCH 3HA-
YHTEJbHO Medblle MaKcHMaabHOH TeopeTHuyeckofl. Taxum o6pasom, BO
MHOTHX CJy4afix Te 3Hayauiue UMPPL, KOTOPHIE CYUHTAIOTCH HEeBE PHRIMH,
Ha CaMOM jeJie SBJSIOTCH BEPHHIMH.

UlpuxoauTcsd Takwme OKDPYIJATb TOYHHIE YHC/IA, COAEPIKALIME CAMIU-
KOM MHOTO HJIM OecKOHeuloe KOJMuecTBO 3Hauyauiux uudp, coobpasyach
¢ ofuiell TOYHOCTBIO BhIYHCJIeHHH.

3aMeTHM, 4YTO ecaH TouHOe uHucao A OKPYraAHTH 0O NpaBHay
JONOJHEHHA 10 /2 3Havauiux uHdp, TO NOJAYyueHHOe TaxuM 06pasoM
npubauKenyoe 4YHCa0 a OyneT HMeTb 72 BepHbIX uudp (B Y3KOM CMHCE).

Ecan we nppubJamxensoe uyucao a, HMewliee 72 BepHhx uudp,
OKPYTrANTDH A0 71 3Havaw X uumdp, TO nojsyyeHHoe HOBoe npubaHKed-
Hoe YHca0 a,, Boobuie roBopd, 6yaeT HMeTb 72 BepHuX uudp B umpo-
KOM cmbicae, JleHcTBHUTENBHO, B CHJY HEPAaBEHCTBA

|A—a |<|A—a|+|a—a,]

npeneabnas aGCoMOTHAA NOTPEUIHOCTD YHCIA @, CKJaLkBaeTCd U3 abco-
JIOTHOM NOTPEIIHOCTH YHC/JA @ W MOTPEHIHOCTH OKPYI/eHUd.

§ 5. Cen3p OTHOCHTE/NBHON ROrPEelIHOCTH NMPHGIHMEHHOrO UHCJIA
€ KOJNMYEeCTBOM BepHBIX 3HAKOB 3TOro yuc/a

HokaxeMm TeopeMy, KOTOpas CBf3WBAEeT BEJHUMHY OTHOCHTEAbHON
MOTPEWHOCTH NPUONHNKEHHOTO YUCAA C KOJNHYECTBOM BEPHHX 3HAKOB
storo yucaa [3], [4].

Teopema. Ecau nosoxmuressnoe npubauscennoe 4ucio a umeer n
gepHbLx O0eCATUUHbLIX 3HAKOB 6 Y3KOM CMBICAE, TO OTHOCUTEAbHAS NO2Pell-

1

n-1
HOCTS O 3T020 4UCAQ He npesocxodurt (W) , OeseHHYO na nepeyro
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snasawyo yupy dannozo wucaa, T. e.

1 /1\"1
b= ()

20e o, —nepsas snaxawiaa yudpa wucaa a.
NokxazartenncrtBo. Ilycty uncio

a=0,10"4a, 107" 4, 4a,_, 107" L (o, =1)

ABAACTCA llpHﬁﬂH)KEHHb[M 3HAYEHHEM TOUHOTO ynucaa A ¢ HMeer n Bep-
HHX 3#akoB, Toraa mo ONnpeneieHHIO NMeeM:

1

A=|A—a|< 510777,
OTCOoa
A = d—-;— . 10m—n+1.

[locaennee nepapeHcTBO eule Gosnee YCHANTCHA, eCAd YHCIO @ 3aMe-
HHM 3aBEOMO MEeHbIUHM uncaoM a,107,

A=a,10"— 4. 107" =L 10'"(2a,,,-W‘T,). (1)

Tlpasas yacTp HepaBeHcTBA (1) AOCTHraeT HAHMEHDbIUEro 3HAYEHHA NpH
n=1. Tloatomy

Az - 10" (20, — 1), @)

o] —

HAH, TaK KaK
2,—l=a, 4+ ,— )=,
T0

1
A= 0,10,

CrenosareanHo,

Urak,
1 /1\n=1
b=y (m) : 3)

Teopema noxasana.

3ameyanue 1, Tloasaysch nepaBeHcTBOM (2), MOXHO MOAYYHTD
60/ce TOYHYI0 OLEHKY OTHOCHTeabHO# norpeutHoctd O.
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Cnencrtsue 1. 3a npclenbHyl) OTHOCHTE/NbHYIO MNOrpeuIHOCTD

YHCNA @ MOXHO IIPHHATD:
1 1\*-1
— d 4
6“ a, (10> ! )

Tae &,-— Nepras 3Hayaulas uxdpa yucna a.
CnexcrtBue 2, Ecan uucao a umeeT 6oabmie ABYX BEPHBIX 3Ha-
KOB, T. €. 7==2, TO NpaKTHYeCKH CrnpaBeasnBa (opmy.a

1
JefCTBUTENBHO, NPH 713> 2 YHCAOM g7=T B HepaBeucTae (1) Moxuo

npexebpeun. Toraa

Az 4 10m 20, =0, 10%;

oTcloaa
1 10m—n41

A 1
A S T a7 T e, \T (—o) :

n—
b= (5)77
a, \ 10

Bameuanue 2. Ecan npubaHkeHHOE YHMCAO a HMEET /1 BEDHBIX
NECATHYHLIX 3HAKOB B LUMPOKOM CMHCAE, TO ouenkd (4) u (5) caenyer
YBE/NHYHTL B OBA pa3a.

Mpumep 1. KakoBa npenenbnas OTHOCHTENbHA® MOrPELIHOCTD,
€caH BMECTO YHcha JU B3ATb 4HCJIO a==3,14?

Peuwenne, B nawem cayyae o, =3 u n=3. CrenoBarenrHo,

bum gz () = ey = .

8=

CaenosaTtensro,

2:3\10 600

MNpumep 2. Co CKOABKMMH JeCATHYRHMH 3HAKAMH HAL0 B38ATH
/20, uto6u norpeuwiHocTs He npeBwmwana 0,1%?
Pemenne. Tak xax nepsas uudpa 4, 10 0O,=4, npuuem

1
8=10,001. Mmeem —orm; =< 0,001, orciona 10°7' =250 u n=4.
[TpuBenexHast TeopeMa NaeT BO3MOKHOCTb N0 YHC/Y BEPHMWX 3HAKOB

ﬂpHé.’IH)KEHHOI‘O HYHCha
107 da, 1071 )

onpeieanTb €ro OTHOCHTENbHYY0 [OrpEeIHOCTH 4.
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s pewenns oOpaTHOH 3axaud —onpeneneHHR KOJAHYeCTBA 7 BCP-
1nX 3HaKoB yucna (6), ecaw u3BecTHAa ero OTHOCHTEAbHAd mnOrpein
10cTh §, O6MYHO MO/AB3YIOTCA NPHOAHKEHHOH (opMyaoh

6=%m>®,

sae A —abconoTHan norpewHocTs uyucna a. Otcona
A= ad. (7

Y4UTHBaA CTapIIHfl RecATHYHLIA pa3psa uucna A, Nerko yCTaHOBHTH
<OMMYECTBO BEPHWX 3HAKOB AaHHOr0 npubaMxeHnoro yucaa a. B vacr-
HOCTH, eCaH i

§<<

\-Rﬁ,
ro u3 ¢opmya (6) u (7) umeenm:
A<<(a,+1)10"- 107" 107"+

T. €. YHCAO0 @ 338EA0MO MMEET 7 BEPHBLX AECATHYHHX 3HAKOB B LIHP
KOM cMuicne. AllanOruyHo, €can
1
S ——
= 7707
TO YHCN0 @ HMeeT 71 BEDHHIX 3HAKOB B y3KOM CMbicae.
NMpumep 3. Mpubankennoe yucao & =24 253 uMeeT OTHOCHTE]
Hyl0 ToyHocTs 19/, CKOABKO B HEM BepubX 3HAKOB?
Peweunne, Hmeem:

A =124253-0,01 ~ 243 =2,43-10%

CAeNOBATENLHO, YHCAO @ HMEeT BEPHHMH JAHUIb [ePBhie ABe UHPPH
(n=2); undpa cotex suBaserca comuutenbnofl. CornacHo npHBedeH-
HOMY BWILE [PABHAY YHCAO & NPEANOYTHTe]bHEe 3auHcaTh B BHAE
=2,43-104,

3amevanue, Ykasauuni§i cnocob onpeaeneHHs YHCaa BePHEIX 3HA-
K08 aBasercs npubanwennwM. [IpH TOYHOM noacyeTe BepHux uudp

Yyycaa a CneayeT HCXOAUTbL H3 HCDABCHCTB
A

o

6= a+ A

ad

1—38

A< (0<Co ).

§ 6. Tabauusl aAs ONpelesieHUs NpeneJibHOR OTHOCHTEAbHON
MOrpeuiHoCcTH MO YHCJAY BEPHBIX 3HAKOB H HAOGOPOT

Ecnu ﬂpHGﬂH)KEHHOe YUCNAO HANHCAHO ¢ YKAa3aHHWMH BCDHHIMH Aecf-
THYHBIMH 3HAaKaMH, TO MOXWHO NCTKO NOACHHTATDH €I'0 NPeAeAbHYIO OTHO-
CHTE/MbHYI0 MNOrpeitHoCTb. npaKTH‘*leCKH ¢ TAaKHM noACYeTOM MNpH-
XOAUTCA CTAJKHBATHCH 4aCTO H [03TOMY WKeNaTeNbHO PAUHOHAAHIHPO-
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BaTb 3Ty onepaunio. Tabanua 2 [3] yxaswsaeT OTHOCHTEALHYIO
NOCPEIHOCTb B POUEHTAX I[PHOAHNCEHHOTO 4YHCJ4 B 3aBHCHMOCTH OT
KOJIHUYECTRA BEPHBLIX B LIHDOKOM CMBIC/E HECATHUHLIX 3HAKOB €ro 4 OT
UePBBLIX ABYX 3Hayawiux UMdp uxcaa, CYHTad CACBA HANPano.

Ta6anua 2

OtHocnureabHaa norpemwdoctb (B %) uncea ¢ n
BEPHLIMH 3HAKaMu

TTepeule pe !
syavalue uudpn
2 3 4
10—11 10 1 0,1
12—13 8,3 0,83 0,083
14, ..., 16 7,1 0,71 0,071
17, ..., 19 5,9 0,59 0,059
20, ..., 22 5 0,5 0,05
23, ..., 25 4,3 0,43 0,043
26, ..., 29 3,8 0,38 0,038
30, ..., 34 3,3 0,33 0,033
35, ..., 39 2,9 0,29 0,029
40, ..., 44 2,5 0,25 0,025
45, ..., 49 2,2 0,22 0,022
50, ..., 39 2 0,2 0,02
60, ..., 69 1,7 0,17 0,C17
70, ..., 79 1,4 0,14 0,014
- 80, ..., 89 1,2 0,12 0,012
90, ..., 99 1,1 0,11 0,011

MycTp, nanpumep, uMeem npubamxenHoe yuciao 0,00354 ¢ Tpewms
BCPHBIMH AeCATHYHHMMH 3Hakami., Tak Kax 3gech n=3 u 4ncao 35 co-
BepxuTcad B npoMexyTke 395, ..., 39, To no TaGanume 2 naxomum
§=0,29%.

Ecnn napectna Toabko mnepsas uudpa uywcna, uanpumep 4, to Ge-
peM, ‘KoHeuHo, Gojbuiee M3 yucea 2,5 # 2,2, COOTBETCTBYIOULHX BO3-
MowHbiM papuanTam 40, ..., 44 u 45, ..., 49 (upu n=2). Ecau u
nepaas UHdpa neM3BecTHa, TO GepeM YHCaa M3 nepBod ctpoxu (10°0/,;
1 %; 0,1 %), xax naunboavmne, W3 3ToH Tabauub Mbl BHANM, 4TO TpH
BEPHBIX 3tdKa 06eCneunBalOT OTHOCHTE/bHYIO TOUHOCTH (He MeHee 1 0/,
AOCTATOYHYIO JJISt OONbLIMHCTBA TEXHHYECKHX paCyeTOB. J3aMeTHM,
YTO €C/H NPHOGAHKEHHOE UHCIO HMCET ARa, TPH HJH 4YeTHPC BEPHHIX
3HAKA B y3KOM CMBICJE, TO BCE YHCIAA Tabidl HYMXHO YMEHBUIHTH
BIBOE.

B tadanue 3 [5] npuBeienn BePXHHE IpaHHUB A% OTHOCHTENb-
HHX DorpemHoctedt (B npouenTax), 06ecncyuBaOWHX AaHHONY TPHOIH-
MCHHOMY 3HAYEHHIO TO WM APYroe YHCI0 BEPHHIX 3HAKOB B IIHPOKOM
CMLIC/TIE B 3aBHCHMOCTH OT €rO IEPBHX ABYX Lup,
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Ta6anua 3

Yucao BEPHHX 3HAKOB NPHOJHIKEHHOTO YHCJAA B 3aBHCHMOCTH
OT npefeibHOl OTHOCHTEAbHOH norpemuocTH (B °/y)

n
TlepBrie Ape
sHayawgie undpu
2 3 4

1011 42 0,42 0042

12—13 3,6 0,36 0,036
14,..., 16 2,9 0,29 0,029
17,..., 19 2,5 025 0025
20, ..., 22 2,2 0,22 0,022
23, ...,25 1,9 0,19 0,019
26, ..., 29 1,7 0,17 0,017
30, ..., 34 1,4 0,14 0014
35, ..., 39 1,2 0,12 0,012
40, ..., 44 1,1 0,11 0,011
45, ..., 49 1 0,1 0,01
50, ..., 54 09 0,09 0,009
55, ..., 59 0,8 0,08 0,008
60, ..., 69 0,7 0,07 0,007
70,.... 79 06 0,06 0,006
80, ..., 99 0,5 0,05 0,005

ITokaxeM Ha mnpuMepe, KaK Hag0 TNoaAb30oBaThCs Tabauued 3. Ilycrs,
HanpnMep, HaHO npubAuKEHHOE YHCA0 @ = 5,207 C OTHOCHTEJbHOH MO~
rpeurHocteio 8 = 0,5%/,. 3aech nepBeie jase 3Hauawwe undpe S W 2
yucio, 00pa3osaHHOe 3TUMH uudpamu, cogepxutca mexny 50 n 54,
NpUUEM [OCJAEAHHM, B 8aBUCHMOCTH OT YHC/Ia BEPXHHX 3HAKOB, COOTBET-
CTBYIOT OTHOCHTeAbHBE morpewrocty 0,9%; 0,099/ 0,009/, u 1. &
Tak xak 3=0,5%,<C0,9%, u oTHOCHTEJbHAs TOrPENIHOCTb YHCJIA HE
3aBUCHT OT TOTO, KaKWe ICCATHUHBIE PaspsABl BEIPAKAIOT LU(PH STOTO
yucaa, TO UYHCAO a— 5,297 uMeer [ABa BepPHBIX JECATHUHBX 3HAKA
B IIHPOKOM CMBIC/E,

NDpumeps. 1, [Nonaraa ==3,142; V'7=265 e=2718; lgd-=
=0,699; sin 1°=0,0174, no tabauue 2 HaxoauMm, 4TO0 COOTBETCTBYIOULHE
OTHOCHTE/bHBE TOTPewHoCTd  caenyoune: 8 ==0,033%,; 8=0,19%/;
3==0,019%,; 8=0,17%/; 8=0,59%,.

2. Ilo nporuby CTajibHOTO CTepikHs Bouucaed Moayas 1Owra
E=2212... T/ea® ¢ tounocteio go 2%, CKOJIbKO BEpHBIX B3HAKOB
B Ha#geHHoM suauenwu? ITo Tabauue 3 naxomum n==2. C/efoBaTelbHo,
E=22.10% T/cH’

3. Hdas B3phBYaTOH CMECH B rasoMOTOpE BLIYHC/ICHA rasoBas IoO-
crosumas R==31,5... ¢ oTHocuTeapHON nOrpelnocToio & == 1%/, Onpe-
OETUTb UMCAO BepHBIX 3HAKOB, Ilo Tabauue 3 HaxomuM n==2, 3HauuT,
R=32,
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§ 7. llorpemHOCTE CYMMBI

Teopema 1. AGcosromnasn nozpemnocms anrzebpauteckoli Cy.uMmbl
HECKOABKUX NPUOAUFCEHHBX HUCEA HE NPEBHILLACHL CYMMbL AGCONIO MHBX
nozpewHocmell smux dicen.

Nokasareabctso. Ilycte x;, Xa ... X, — IaHHBE npuOau-
xenuole yncaa. Paccmorpum ux anrefpanueckyio CyMmy

=" x Etx, ... Fx,
Ouesnano, uto .
AII:iAxli—AXQ &+ iAx,,

¥, CAEIOBATENBHO, ‘
A< Axy || Axa | - A, L (1)

Caencreue. 3a npereasHyio aGCcoMOTHYIO NOTPEWHOCTL airebpan-
YECKOH CYMMbI MOXHO NPHHATL CYMMY npeie/lbHbiX aGCOMOTHHX nOrpel-

HOCTER CJaaraeMnix
Au:Ax1+Ax2 +---+Axn~ (?)

Ws dopuyas (2) cremyerT, uto npeneabHas abCOMOTHAasg MOTpeLI-
HOCTb CyMMBI HE MOxeT ObTb MeRblue mpeneapHoH aGCOMOTHOH morpenr-
HOCTY HAUMEHEE TOUHOTO (B CMbICAE abCOMIOTHOM INOrPeuiHOCTH) u3 Caa-
TaeMBIX, T. €. CJAaraeMoro, HMEIOLIET0 MaKCHMalbHYIl0 abCOMOTHYIO
norpemsocTs, Caeaoratenbe, ¢ KakoM G5l CTENEHBIO TOUHOCTH Hu ObLAK
onpefie/IeHbl  OCTa/bHbIE CAaraeMble, Mbl HE MOXEM 33 MX CYET YBEJH-
YUTb TOYHOCTb CyMMH. IJOSTOMY He MMeeT CMbiCAa COXPAHATb WSJHMILHUE
8HAKM K B Gosee TOYHIX caaraemblx., OTCIOHa BHTEKAET CaAeayioulee,
OGLIYHO NPHMEHAEMOE, NMPAaKTHUECKOE MNPABMAO JJS  CJOKEHHS TPHOIu-
JKEHHBIX YUCE/L

ITpasuno, Yrobbl caoxuTe uncaa pasamuHo# aBCOMOTHOR TOY-
HOCTH, CJeayert: .

1) BHZEANTb YuCAa, HECATHYHAS 33aMUCh KOTOPHX OOpHIBAeTCA paHee
ADYTHX, H OCTaBHTb HX 0€3 HSMEHEHHS;

2) OCTa/bHHIE YHCAA OKPYTAHTh MO OGPE3lLy BHIIEACHHBIX, COXPaHSA
ONMH WJIU J1BA 3aNaCHbIX ACCATHUHBIX 3HAKa,

3) mpousBecTH CAOXEHHE NAHHBIX YnuCeJ, YYHTHIBAs BCe COXPaHeHHHEe
8HaKu;

4) noayuenHsIt PESYABTAT OKDPYIJUTh Ha OOHH 8HAK.

Ilpn okpyraenun 1o npasuay ROMONHEHHS CAAraeMbIX CyMMB

N=xy+x3-+...4 x,

o0 m-ro JneCATHYHOro paspsiza norpemHocTh OKPYTJ/I€Husg CYMMH B
CaMoM HEGJI&TOHPHHTHOM C/yya€ He TNPEBBIIIACT BEJHYHHA

onpgn'% - 107, (3)
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MoxHo noayuuts Gosee TOYHEIE pacyeT NOrpewINOCTH  OKPYr/ACHHA
CYMMbl, €C/H YY€CTb 3HAaKM OWUOOK OKPYFJAEHKA CJIaraemblx.

Mpumep. Hakttu cymmy npuGiauikennnix uwucen: 0,348; 0,1834;
345,4; 235,2; 11,75; 9,27; 0,0849; 0,0214; 0,000354, kawooe B3 KOTO-
PHIX nMeeT BCe BEPHBIE 3Hauauie HUQPH (B LIMPOKOM CMBIC/E).

Peumienune, Brigensem uncaa naumedblieli TOUHOCTH 3454 u 235,2,
abcoMmoTHas TOFPEuHOCTE  KOTOPBX Moker gocturats 0,1, Oxpyrass
ocranbHble uucsaa ¢ Tounocteio no 0,01, moayumm:

345,4

235,2
11,75
9,27
0.35
0,18
0,08
0,02
0,00
602,25

Oxpyrasa peayastar jpo 0,1 no npasuay uerHod undps, noJayunM
npubiukennoe 3xavenue cymmsr 602,2,

[Monuas NOorpeliHoCThb A pe3yabTaTa CKAAALIBACTCA K3 TPCX cJaarae-
MbIX:

1) cyMMB npeae/bHBIX TOTPelIHOCTed NUCXONHHX AAHHBIX
Ay=102410%L 10"+ 10"+ 102 10241074 107* |- 108 =
=0,221 301 < 0,222;

2) abcoMIOTHOH BEJMUMHBL CYMMB OWHOOK (C yueToM HX 3HAKOB)
OKPYI/ICHVs CJIaraeMbIxX

Ag=| — 0,002 - 0,0034 - 0,0049 - 0,0014 -} 0,000 354 | =
—0,008054 < 0,009;

3) BaK/MOUNTEALHON NOTPEIUHOCTH OKPYTJIEHMA Pe3y/LTaTa
A, =0,050,
CaenoBareJtHo,
A=Ay -1 Ay Ay =< 0,222 0,009 - 0,050 = 0,281 < 0,3;

U, TakxuMm o0pasoM, pckoMas cymma ects 602,2 70,3,

Teopema 2. Ecan caazaembie — 00H020 U mO20 Jice 3HAKQA, MO
npedenbHast OMmHOCUMENbHAST HOZPEUIHOCISG X CYMMBL He Npegbuaem
naubontuell U3 npedessMblX OMHOCUMENBHBLX no2pewHocmell caazae-
MBLX.

Nokasareabctso. Ilyctb w=x;-} X+ ...~ Xp v, nas
onpegenenuocty, x; >0 (i=1, 2,..., n).
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O6o3uaunM uepes A;(A; >0; =1, 2,..., n) TOUHHIE BEANYHHLI CJa-
raemMbx X;, a uepes A=A, -+ Ay} ...+ A, — TOUHOE 3HaUCHUE CYMMBHI 4.
Toraa 8a npeaeabHyid OTHOCHTEABHYIO TNOTPELIHOCTb CYMMBl  MOXHO

NPHHATD: :
A, AX1+AX2+"-+Ax,,

— . 4
== AT AT A @
Tak xak
____X{ j — “rey hy
Sxi—A; (i=1, 2, n)
TO
by, = Ay, )

Honcrasass 310 pHpawenue B GopMyay (4), noayunm:
_ Albxl + A!bx2 + e + Anaxn
ST AT ATt A,

MycTs 3 sBasieTcs HauGOJBLIEH #3 OTHOCUTEMbHBIX norpetusocrel 3

3

*iy

1. e B, << 8. Torza

By drgrrns By)

§ 8. MNorpemuocts pasuocTu

PaccMOTpiM PasHOCTb ABYX TPHOIMKEHHBIX UUCeA o == X| — X».
Ilo ¢opuyae (2) § 7 npenemvuan abcomotHan NOrpewHocTs A, pas-

HOCTH
A, =4, 44,

T. € NnpedeasHast aO0COAOMHAL NO2PEUHOCHE PAZHOC MU paska cysuse
npedessHbLX QOCOAIMHOLY NO2PEULHOCIE] YMEHbUWALMO20 U BHLALING-
eMo2o0.

O1croma npesenshas OTHOCHTENbHAS MOrPELIHOCT PasHOCTH

Axl +AX1
§=—, M

rae A — TOuHOe 3Haueuue aGCOMIOTHON BeMHUAHH Pa3HOCTH HUCEN Xy U Xy,

3aMeuanne O NOTepe TOYHOCTH NpU BBYUTAHNHU
6auskux uyucea Ecanm npubaukentvie uucaa x, U Xy AOCTATOUNO
6AuSKH APYF K APYTY M MMEIOT Madsle aBCOMIOTHHE HOT PEINHOCTH, TO
uncao A mano. Us dopmyan (1) BmTEKaET, UTO NpeaeabHAs OTHOCHTE/b-
Has NMOTPEMIHOCTE B STOM C/Aydyae MOXeT OmTh BECbMa OGOJBIIOH, B TO
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BpEMf KaK OTHOCWTE/bHbIE MOTPEIHOCTH YMEHBIUAEMOrO ¥ BHYHTACMOrO
OCTAIOTCA MaJbiMH, T. €. 3AE€Cb NPOUCXOAHT NOMEPS MOUHOCMIL.

Briuicaum, wanpumep, pasHocts ABYX uncenm: xy = 47,132 u Xo==
= 47,111, Ka¥noe W3 KOTOPHX HMEET NATb BEPHHIX B3HAYALLHX nngp.
Buiuntas, nomryunm u=47,132 — 47,111 =0,021.

Takum 06pasoM, pasHOCTb u uMeeT Aulub ABE BHAYAMINE uudpse, ©3
KOTODBIX MOC/TENHAS COMHUTE]bHA, TaK Kak npeaenpHas abCoMoTHAs No-
IPEIIHOCTb PasSHOCTH

A, ==0,0005 - 0,0005 = 0,001.

l'Ipeneanue OTHOCHTEJNBHBIE NOrPEWHOCTY BHIYMTAEMOrO, YMenbuiae-
MOI0 # pasHOCTH COOTBETCTBEHHO

10,0005

= g7133 ~ 0,00001;
00005 ,

=777 = 0,00001;
0,001

v =51 ~ 0.05.

[TpenenbHas OTHOCUTE/bHAA MOrpPElHOCTh PaSHOCTH 3AECH MPUMEPHO
B 5000 pas Gosbiue nMpenenbHHIX OTHOCHTENbHHIX MOFPELIHOCTEH WCXOI-
HBIX NAHHBIX.

[TosTomy npu npuOAMAKEHHBIX BHIYMCAEHUAX TMOJE3HO NPEO6PA3OBbI-

BaTb BBIPAXCHWA, BBIYKMC/JIEHUE YUCJOBBIX SHaYeHHHB KOTOPBLIX INPUBOAUT
K BBIYUTAHHMIO OJIUSKUX YUCEJ.

ITpumep. Hatru pasnocts

u=V201—-V72 @
C TpeMs BEDHBIMM 3HAaKaMu,
Pewenune Tak kak

V2,01 =1,4177 4469, ..

V2=141421356...,
TO UCKOMBIH pe3yJbTaT €CcTh
1 =0,00353 =3,53 . 107,

DT0T pesyabTaT MOXHO NOJY4HTb, €CAM SamuCaTh BRIp2XeHne (2)
B BHIE
00!

=
V20l + V72
N B3ITb KODHH VQ,OI n V§ JUlllb C TPeMd BEpPHBIMM B8Hakamu. Jen-
CTBUTEJBHO,

001 001

B=1a 1 Lar — 283

=102.3,53. 101 =3,53. 103,
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Hcxons wu3 BBHIIECKA3aHHOrO, MNOJAYUYaeM CJaeaymouee MNpakTHUECKOe
NpaBu/0: MpU TNPubAMKEHHBIX BBIUKC/ICHHAX CJAELYET NO BO3MOXHOCTH
n30eraTh BBIUWTAHWA ABYX TOYTH DaBHBIX TNPHOJMKEHHLIX YHCET, €C/n
We B CHAY HeoOXOAMMOCTH NPHUXOAATCS BBIYKUTATh TAKME YHCA3, TO CJe-
AyeT YMEHbLWIAEMOe i Bblupraemoe OpaTh C AOCTAaTOUHBLIM YKCJOM 3anac-
HBIX BEDHBIX 3HaKoB (ec/AW Takas BO3MOXHOCTb uMeercs). Hanpumep,
€C/u U3BECTHO, UTO Tpu BBIYMTAHUM UYHUCEJ Xy U Xg TMEPBLE M 3HAUALIMX
nidp nx nponaayr, a pedyabTaF LeOOXOAMMO HMETh C FI BEDHLEIMH 3Ha-
yauMu  nudpamMu, TO Cjaeayer B3ATb Xy M Xy C M- H BEDHEIMH 3Ha-
yauuMp nudpamy.

§ 9. MorpemnocTe Mpou3BegeHus

Teopema OmuocumensHast NOZPEULHOC b NPOUIBEOEHUS HECKOALKILY
NPUCAUNCEHHBLX HUCEN, OMAUYHLLX OMM HYAS, HE NPEBbLIULAC CYMMbl
OMHOCUMENbHOLX NOPEUUHOCMEL IMmuX Hucean.

Ookasarteascrso, Iycrs n=xxq... %,

Hpeanonaras nsa MpoOCTOTH, YTO MPUOIMIKEHHBIE YHCAD X1, X500 vy Xy
TI0JI0KHUTeNbHB, OYIe€M ©MEeTh:

Inz=1Inx —+Inxe+4...4 Inx,
A
O1ci04a, ucnoasays npubauxkennyw ¢opmyay Alnxacdlnx = 7\’5 ,
HaXOAUM:
Au

AXl“i_Ax““i‘ __I_

OuenuBasi MOCJEAHEE BHIPAXEHHE 1O abCOJIOTHOH BEJUUYMHE, TOIYUUM:

Au IAx1 l__|qu T +| X

Ecm A; (=1, 2,..., #) — TOUHBIE 3HAUYCHUS COMHOXnTEdeH Xx; W
|Ax;], kak 210 OblBaeT OOCHLIUHO, MaJbl MO CPABHEHAIO € X; TO NpU-
6/11KEHHO MOXHO MOJIOMHTD:

Axi Ax,- _8
X -~ Aq T
H
Au
‘_ =3,
u
rae 8; — oTHOCUTe/bHblEe TOFPELIHOCTY CoMBOXHTERe! X; ({=1, 2,..., n).

H 8 — OTHOCHTEBHAR NorpeluHoCTs NMPOH3BECACHHKA.

CaenoBarensHo,
8T ¥ 3.} 8, €))]

dopmyna (1), 04eBMAHO, OCTAeTCA BEPHOH TaKKe, €CAM COMHOMH-
tean x; (=1, 2,..., n) UMEIOT pa3UUHbE 3HAKH.
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Cnencrsue, [lpesenbnas OTHOCHTENbHAS TOTPEIIHOCTD NIPOU3BE-

A€HHA DABHA CYMME TIpEAE/bHLIX OTHOCHTE/bRBIX MOTPEUIHOCTEN COMHO-
KHTened, T. e,

6u=6x,+6x3+ e +6x,,- (2)

Ecan Bce MHOWHTE/]M NPON3BELEHHS U BECHMA TOYHBI, 3a HCKAIOYe-
HHeM ONHOrO, TO M3 (OopMyaw (2) cneayeT, YTO WpeAEnbHAs OTHOCH-
Te/bHas MOrPELHOCTh NPOU3BEAEHHR B ITOM Cay4ae OyAeT npaKTHYECKH
COBNafaTh C MPEAEAbHOH OTHOCHTE/JBHOW MOTPEIIHOCTLIO MHOXHTENR,
00713 121011€r0 HAMUMEHDIIEH TOYHOCTHIO. B uacTHOM cayuae, ecau npH-
GAHKEHNBIM SBJASETCA JIMIID MHOXHTEAb X;, TO HMEeM npocTo

5, = b

3Has npese/bHyI0 OTHOCHTEABLHYIO NOT PEITHOCTL §, Npon3BeneHus u,
MOWHO ONPEAENUTL €ro MpefenbHYI0 aGCOMOTHYIO NOTPEIIHOCTh A,
no dopmyne

u=|”16a'

ITpumep 1. Onpeneanrb NpoM3BeLEHHE U MPHOAHWEHHHX YHCeN
x;=12,2 u x,=173,56 n 4HCI0 BEDHHIX 3HAKOB B HEM, €CAH BCE
HanHCaHHBE LUPDPH COMHOKHTENEH BepHue.

Pewenne. Umeem Ay, =0,05 u Ax,=0, 005 OT1cona

5, _005 0,005

12,2 T 73,56 = 0:0042.

Tax xak mnpoussesenne u=897,432, To0 Au=u6u=897~0,004.:3,6
(npHOAHU3HTENbHO).

OTciona 4 uMeeT AHLb ABa BepHbLIX 3HAKa H pe3yabTar caenyer
3a0ucaTtp Tak:

=897 4 4.
OrtMeTum vacTHmil cayuall
u=rFkx,

rae k— TOYHBI MHOXHTENb, OTAHYHMH OT ayas. Hmeem:

8, =,

Allzlkle’

T. €, NPU YMHONEHUW NPUOAUINCEHHO20 HUCAA HA TOYHbLIE MHOXCUTeAb B
OTHOCUTEAbRAR NPederbran NOZPEUNOCTS He UBMEHAETCA, a4 abCcoAOTHAA
npedensHas noepewHoCTs ysesuwusaerca 8 | k| pas.

IMpumep 2. lpn vaBedennu paKeTsl HA Leab NMpPEAE]bHAA yraoOBas
ownbka € ==1'. KakOBO BO3MOXHOE OTK.JIOHEHHE A, PaKeTH OT uean
Ha 1anbHOCTH X = 2000 k4 Mpu OTCyTCTBHH KOPPEKTHPOBAHKS OUIHOKH?
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PemeHnue. 3nech

A= 180 180.60 -2000 «m =~ 580 m.

OueBHRHO, YTO OTHOCHTE/bHAS OTPELIHOCTb IPOU3BELEHHS HE MOXKET
GHTH MEHbLIE, YEM OTHOCHTE/NbHaf MOTPEMIHOCTb HAUMEHEE TOYHOTO H3
compoxxutenel, [losTomy 3mech, Kak n B cAyvae C/IOMEHHS, HE HMEET
CMhCJIa COXPaHATb B 60siee TOYHBIX COMHOXHTE/SX H3/IHIUHEE KO/H-
4eCTBO 3HAaYauwiux uHOp.

[Tone3no pykoBOACTBOBATHCA CJAGLYIOLIHM MPABHJAOM: YTOOH HaHTH
TIPOH3BE/ICHHE HECKO/bKHX NPHO/IHMEHHBX YHCENR C Pa3IHYHbIM YHCIOM
BEDHBHIX 3HaYalllyX UUpP, LOCTATOYHO:

1) OKpyrauTh HX Tax, YTOOW KAWJA0E W3 HUX COREPKAJIO HAa OOHY
(nan nBe) snavawyio ungpy Goabiue, yeM YHCAO BepHHX UMdp B HaH-
MeHee TOYHOM H3 COMHOXHTeJel;

2) B pe3yAbTaTe YMHOXEHHS COXDPAHHTH CTOJbLKO 3Hayallux Ludp,
CKONBKO BepHHX UH(P HMeeTCA B HaMMeHee TOYHOM H3 COMHOXHTE/eH
(1nH ynepxaTb euwle oxHy 3anacHyi uudpy).

[lpumep 3. HaltTu nponssesenne npuGAHKEHHBK YHCEd X, = 2,5
H X,=72,397, BepHbIX B HANHCAHHWX 3HaKaX.

Pewenue. [puvenss npasuio, nocie okpyriedns uMeem x; = 2,5
M x,=72,4, Orciona x,x,=2,5.72,4= 181~ 1,8.10%

§ 10. Yskcao BepHsIXx 3HaKoB NPOH3BeNeHHZ

[TycTs uMeem nponssenenne 7 comnoxutenedt (7 <5 10) w=x.x,...x,
Kau b H3 KOTOPWX HMeeT no kpafinel mepe m (m > 1) BepHux uudp.
IycTs, nanee, @y, &, ..., o,—Nepeuie 3Havawmme UHPPL B AeCATHYHON
3alHCH MHOXHUTENeH:

= 10004 B,10m-1 4 |, (i=1, 2, 3, ..., %)

Toraa no dopmyne (5) § 5 GyneMm umeTs:

L 1\#-1
6,i=§a(m) (=12 ..., n
H, CJed0BaTe]bHO,
I 1y7-1
8= ( + - + = )(10) . (1
Tak xak l—%-l—}- + <10, 10 6, << (l noe
a "a ' " T, 8 <SS 2 \10 ‘

CrnenosarenbHo, B caMOM HEGAATONPHATHOM caydae NPOH3BELEHHE &
HMEET m ~ 2 BepDHHX 3HaKa,

[Tpasuno. Ecan Bce COMHOWHTE/H HMEIOT m BEDHHX AeCATHYHHX
3HAKOB M 4HCA0 HX He Goabwe 10, TO unca0 BEepHHX (B WIMpPOKOM
CMBIC/IE) 3HAKOB NPOH3BEACHHS HA OAHY HJH HA 1BE eIHHHLUH MEHbLUE /.
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CnenoBatesibHO, €C1¥ HYXHO 06eCneunTh B MPOW3BEACHHU /M BEPHLIX
NeCATHUNBIX 3HAKOB, TO COMROXHTEJNA caeayeT 6paTb ¢ OAHHM HJH
JBYMSAl 3anacHbIMH 3HaKaMmH.

Ecnan comnoxuTeny o6nanaloT pasnHYHON TOYHOCTDBIO, TO NOXL m Cae-
AYET MOHUMATh YHCJO BEPHHX 3HAKOB B HaHMEHEE TOYHOM H3 COMHOXH-
Tenel. TakuMm 06pa3oM, 4uCA0 BepHbIX SHAKO8 npousgedenus HeboAb-
wozo 4ducaa comuoxcuterell (nopsdka OecATu) mowxer ObITo Ha 00HY
uru 06e eQuHUYbL MeHbUie YHUCAQ BEPHLIX 3HAKOS 8 HAUMEHee TOYHOM
u3 3TUX COMHOMCUTENEl.

Mpumep 1. OnpeneanTs OTHOCHTEAbHYIO MOrPEHIHOCTL W KOJHYE-
CTBO Bephhux UHdpP mpousseaeHus u = 93,87.9,236.

Pewenue, Ilo dopmuyne (1) umeem:

NI GURINUR NI TS I BT
511‘7(?“"?) =g 1077 <5107

CnenoratesnbHo, NpoM3BeJeHHE 4 HMeeT MO MeHbuiell Mepe Tpu
Bepuble uubps (cM. § 5).

Mpumep 2, OnpenesnTh OTHOCHTENBYYH MOrPEWIHOCTD H YHCJO
BepHuX UHdp npousspenenus u=17,63-14,285.

Pemenue.

[ 1 1
6u=7(T+—>-@_1 1073,

CnenoBaTensno, B mpousBejienud OyAyT NO KpaiiHe#t Mepe TPH BepHue
UHQpL (B LWIHPOKOM CMBICHE).

§ 11. MorpewHocTh YaCTHOrO

Ecau u=l;—, 10 lInu=lnx—Iny

u_ax_ Ay

4 x y "

Orciona
Au
U

+|%
Y
W3 nocnenneit gopmynsl BuTekaeT, 4TO TeopeMa § 9 Bepna M s
YacTHOTO.
Teopewma. Omocure/zbﬂaﬂ nozpeuwiHoCT6 4acTHO20 He Rpesbluaer
CYMMbL OTHOCUTEAbHOLX NOZPewlHOCTeld Qeiunoeo u 0eiuTes.

Cnencreue. Ecan u:%, To §,=6,+9,.

[Tpumep. HaliTh uncao BepHBIX 3HAKOB uYacTHOTO 4 =25,7:3,6,
€C/IH BCE HanWCaHHble 3HAaKH HEAHMOTO M JeJHTejisl BeDHH.,
Pemenue. Uneen:

0,05 , 0,05
6, = 257+36_0002+0014_0016



§ 14] OTHOCHTE/NBHAA NMOTPEWIHOCTb KOPHHA 39

Tak xak #=7,14, To A,=0,016.7,14 =0,11, TlosTomy uacTHoe u
HMeeT JBa BepHHIX 3HAKa B LUHPOKOM CMmucae, T, e. u#=17,1 unay, 60-
Jiee TOYHO,

y=717,14 30,11,

§ 12. Usucso BepHHX 3HAKOB YACTHOTO

[TycTh nenuMoe X Y LEAHTENb Y UMEIOT MO MEHbLieH Mepe M BRePHHX
nudp. Beaw o v f—ux nepsue 3navauiye undpm, TO 3a npeseabrylo
OTHOCHTEJIbHYIO NOTPEIHOCTb YaCTHOTO ¥ MOXKET GulTh NPHHATA BEJHYHHA

e (343) (1)

Otciona nonyuaem npasuno: 1) ecnn =2 u f=2, 10 yacTHoe «
HMeeT no MeHbwel Mepe m—1 RepHHIX 3HAKOB; 2) ecan ow=1 unu
B=1, To yacTHOe & 3aBENOMO HMEeT nt —2 BEpHHX 3HaKa,

§ 13. OTHOCHTE/IbHAA MOrPEWIHOCTL CTEMeHU

Myctb #=x"(m —narypaibnoe uucio), Torxa lnu=mlnx u,
C/eN0RATEBHO,
Ax

X

M
u

Otcrona
8, =ms,, (1

T. é. npe(?e/tbﬂaﬂ OTHOCUTEAbHAA TNO2PEWHOCTs m-i CcTeneHu 4quciaa
8 m pas boabuie npe(?e/zbuozi OTHOCUTEABHOL NOZPCUHOCTI CaMO20
qucaa.

§ 14. OrHOCHTe/BHAA NOrPEIHOCTH KOPHSA

[lyctp Teneps u:”‘Vx, toraa ™ =x. Otcona

1
0y = 8, (1

a
T. €. npedenbHAA OTHOCUTEAbHAR NOZPEdHOCTb KOPHA m-f CTenexu
8 m pas Medbuwie npedesbHOl OTHOCUTEAbHOU nOZPeHOCTY nOOKOpPeH-
HO20 4ucAaq.
IMpumep, Onpenenuts, ¢ KakOA OTHOCHTEAbHOH MOTPEILHOCTHIO
H CO CKOJIbKHMH BEDHBIMH LAPaMH MOKHO HalHTH CTOPOHY 4 KRaapaTa,
ecan ero naowanb §=12,34 (¢ tounocrnio no 0,01).

Pewenne, Uveewm a=) s=23,5128... Tak kak

5 0,01

g = ’l—m ~ 0,0008,
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70 § =%55=O,0004. Toatomy
A,=3,5128.0,0004=1,4.10783,

Otciona uncao g G6yneT HMeTh NPHMEDHO YeTWPE BEePHWX 3HAKa
(B WIMPOKOM CMHICIE) H, CJeaOBaTeabHO, @ = 3,513.

§ 156. Boluncaenus Ge3 TOYHOTO Y4YeTa MOrpemHOCTeH

B npeawayuwux naparpadax M ykasaad crnocoObl OLEHKH Dpeleib-
Ho#t a6contoTrHol norpewocTH xeftcTBHH. [1pn 9TOM npexnonaraaocs, 4To
a0COMOTHEIE NOTPENIHOCTH KOMIOHEHT YCHJAHBAKT HpYyr Apyra, 4TO
NpaKTHUeCKH OhiBaeT CPaBHUTEJbHO PEIKO.

[lpn MaccOBHX BBIUHC/IEHHAX, KOTAa He YYHTHBAIOT MNOTrPELIHOCTD
KaXJ0TO OTAE/NBHOTO Pe3yAbTaTa, PEKOMEHLYETCH NONb30BATHCS CAELYIO-
UIMMH npaBHnaaMu moacdeta uugp [6].

1. TIpH ciaoXeHHH H BHUYHTAHHM NPHOAMKEHHEX yHcen Miaanui
COXpaHeHHbI NeCATHYHHH Pa3pal pPe3y1bTaTa L0MKeH ABAATHCA HAHGOND -
{IUM Cpedu NeCATHUYHbIX Pa3pfAloB, BHPANKAEMbX NOCACLHHMH BepPHHMH
3HayalHMH UH@PaMU HCXOLHBIX LAHHHIX.

2. Tlpn ymHOWEHHH M KeneHHH NPUGAHKEHHBIX YUCesN B pe3yabTaTe
cnenyeT COXPaHAThb CTOJNbKO 3HAYaWNX LHGP, CKOMBKO HX UMeeT npHbaAn-
KEHHOE LAHHOE ¢ HAMMEHBIINM YHCJIOM BEPHBIX 3HAaYallHX LUP.

3. Ilpu Bo3BenmeHHM B KBaApaT HAH KYG NPHOGIHKEHHOTO YHCIA
B pe3y/]bTaTe HYXHO COXPaHATh CTOJbKO 3HAaYawlMx UHPP, CKOJbKO
BEPHLIX 3Ha4alHX UHGP HMEET OCHOBAHHE CTENEHH.

4. Tlpn n3Bie4YeHUH KBAAPATHOTO H KyGHYECKOTO KOpHeH M3 npubau-
YEHHOTO YHCNA B pe3yibTaTe cneayeT 6paTh CTONBKO 3HAuawlnx nudp,
CKONbKO BEpHWX UMD HMEEeT NOAKOPEHHOE YHCJIO.

5. Bo Bcex npoMexyTOYHWX pe3y/ibTaTax c/eayeT COXPAHSITh HAa OLHY
nugpy 60/bire, yeM peKOMEHAYIOT NpelbayuiHe npaBuia. B okonuaTens-
HOM pe3ynbTaTe 3Ta «3anacHaf uudgpa» oTépacuBaeTcH,

6. Ilpu BHUMCTEHHAX C NOMOMIBK) JOTapH(MOB PEKOMEHAYETCH MOA-
CYHTATh YHCJIO BEPHHX 3Ha4YalluX uHdp B NpUOIHIKEHHOM YHCIe, HMEIOLLIeM
HaUMEHbLIEE YHCNO BEPHHIX 3HAYAIMX LH(P, H BOCNIONB30BATHCH TabnuieH
J0rapHPMOB C YHCJIOM NeCATHYHHIX 3HAKOB, HA e€AHHHUY OO6nbmuM. B
OKOHYATeJbHOM Pe3yabTaTe MOCAeHAs 3Havawas undpa otépacusaercs.

7. Ecau naHubie MOXKHO OpaTh ¢ MPOH3BONBHON TOYHOCTBIO, TO A9
nonyuyenus pe3ysnbTaTa ¢ £ BepHHMH uHpaMH HCXOAHBIEC JaHHBIE ClelyeT
6paTb C TAKHM YHCJIOM UHGP, KOTOpEE COTJIACHO MpPEeALILYLUHM [paBHIaM
oGecneunBaoT £ 1 BepHyw undpy B peayabrare,

EcaH HexoTOphe LaHHBIE MMEIOT H3JNHIIHHE MJAaLUIHe AeCATHYHbIEe
paspsabl (NMPH CAOMEHHH H BHYHTAHHH) HaH Gonabnle 3HayawlMx UHdp,
yeM Apyrue (N1pH yMHOXEHHH, Ne/NeHHH, BO3BEAEHHH B CTENEHb, H3BJeye-
HHUH KODHA), TO HX NPEABAPHTENbHO HYMXHO OKPYI/HTb, COXPAHAS OAHY
sanachyio uudpy. '
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§ 16] OBLIAS POPMYJA JJIS NOTPELIHOCTH

§ 16. O6man ¢opmyna aag NOrpemtHOCTH

OcHoBHas 3aJa4a TEOPHU NOTPELIHOCTH 3aK/IOHAETCA B CJeayiouieM:
M3BECTHH MOTPEWIHOCTH HEKOTOPOH cHCTeMu BeauduH, TpebyeTcs onpe-
NEeNATh MOTPEWHOCTh AaHHOH yHKUHH OT ITHX BENHYHH,

Tlycth 3anana auddepenunpyemans GynKiHA

B=[(Xy, X3 .00y X,)
u nyets |Ax; (=1, 2, ..., n) —a6CONOTHBE NOTPEUIHOCTH aPryMeH-
ToB (ynxunu. Toraa aGcomoTHas NOTpewHocTh GyuKuun
[Au| =/ (X + A%y, XoAXy ooy XyFAX)—F (X, Koy oony ) [
O6Liuno Ha 1pPaKTHKE |AX;|—Manbie BeJHYHHH, NPOHU3BEAEHHAMH,

KBAJPaTaMu H BHICLUHMH CTENEHSIMH KOTOPHIX MOXKHO Nipenebpedb., [ToaTomy
MOHO TOJNOXKHTD!

6ﬁ
|Au| & | df (%, X5 oo X)) = ax,- Z|a
i=1
Hrak,
|Au] << (h
Otciona, o6osnayas uveped Ay (=1, 2, ..., n) npenenpHuie a6co-

MOTHEE NOTPEIIHOCTH APRYMEHTOB X; H Yepes A, — NPele/ibuyio norpeiu-
HOCTb YHKOHH I, LIS MaiuX AX; 0OAy4HM:

n
D=2,
1

i =

du

e (2)

Paazenus o6e uvactu HepasencTBa (1) Ha x, 6yneM uMETb OILEHKY
ANA OTHOCHTeJbHOH norpeutHocTH GyHKUHM 4

. 2
ng 6x, IA II_Zla_‘]nf(xl, ceey X)) ‘Axi|

Pi=1
CirenoBaTenbHo, 3a nNpeldeibHYI0 OTHOCHTEJbHYIO HOTPEIIHOCTH
QYyHKUMH # MOXHO NPHHATD:
n

O .

(=1

5 In u| Axp 4

MMpumep 1. Hattitn npenenbHne aGCOMOTHYIO H OTHOCHTENLHYIO
]
NOTrpelHoCcTH 06bema wapa V=End3, ecin aHaMeTrp d=3,7 ¢
=+ 0,05 cun, a =~ 3,14,
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Pewenune. PaccvatpuBas 7t B d KAK MEPEMEHHWE BEIHYHHH,
BLIYHC/IACM YAaCTHHIC IIPOU3BOLHBIE

av 1

_— 3 .
an_ﬁd_8’44'
v 1 .
= nd?=21,5,

B cuny dopuyau (2) npenenbHas abcoMoTHAs NMOTPEIIHOCTL 06beMa

Ay = _gﬁKMAn[+|%}|Ad|=8,44.o,0016+21,5.0,05:
=0,0134+1,075=1,088 cm® ~ 1,1 cnd.
[ToaTomy
Vi nd 27,4 ond £ 1,1 cat. (5)

OTcilona npeaeabHad OTHOCHUTEAbHAA NMOTPEUWIHOCTH o6bema

3
Sy — 1,088 cu

V—m=0,0397 z4(%).

MMpumep 2, Onsonpenenenus monyas lOura E no nporuby crepxus
TIPAMOYTO/IbHOTO ceyeHHs npumedsietcs GopMyaa
1 8
E=vGs
rae [— pAHMHA CTeP¥HA, @ H b-— H3MepeHus TNOMEpEeYyHOro CceyeHHd
CTepXHd, s— cTpesna nporuba, p — Harpyska,

BLIYHCANTD NPeNEIbHYI0 OTHOCHTENbEYIO IOT PELWIHOCTb IPY O penee-
nun monyas fOwra E, ecan p=20 «I; 8, =0,1%; a=3 su; 8,=1%;
b=144 um; 8,=1%; 1=50cm; 8,=1%; s=2,5 c¢m; 6,=1%.

Pewenue. InE=3Inl+lnp—3Inea—Inb—Ins ~In4.

Otciona, 3aMensisi npupawesns auddepenunanamn, OYyIeM HMETb:

AE o Al Ap
T3 Tty

CnenoBaTenrHo,
O = 36l+6p+ 36,46, +6,=3.0,014-0,00143.0,01 +
+0,01 40,01 =0,081.

Takum o6pasom, npeaenbHas OTHOCHTE/bHAS MOTPEIUHOCThH COCTAB-
anet 0,081, 1. e. npuMepno 8% oT u3aMepsemoit BEAHUYHHMI.
Ilponasess uHcNeHHhie pacyeThi, HMeeM:

E=(2,100,17).100 |
cM
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§ 17. O6partsas 3agaua TEOPHH NOrpelsHOCTEH

- Ha npakTuke Bawna Takwe 06paTHas 334a4a: KAKOBE LO/HH GHTH
a6CcoNOTHEIE MOCPEWHOCTH apryMeHToB (GyHKUHY, YTOGH aBCOMOTHAS
NOTPEUIHOCTD (PYHKUUHM He OPEBHILIALA 3aXAHHOH BEJMYHHM.

ITa 3a1a4a MaTEMATHYECKH HEOIPENENEHHA, TAK KAK 3aJAHHYIO Mpe-
AeNBHYIO MOTPEWHOCTL A, (YHKUHH L= f(X,, X, ..., X,) MOXHO
00€eCneynTh, yCTaHaBAUBAS MO-PA3HOMY NpeieNbHble A6CONIOTHEE HOTP el -
HOCTH Ay, €€ apryMeHTOB.

[lpocTefiiee pewedue 0O6paTHON 3a4aYH 1AeTCH TaK HA3LIBACMEIM
npunyunom pasavix eaussudg. COTNACHO ITOMY MNPHHUMNY [peAnona-
raeTcs, 4TO BCe 4acThhe AuddepeHurant

of
EAxt (i=1,2 ..., n
OIHHAKOBO BIHSIOT na 00pagoBaune obwel aGcOMOTHON NOrpeHOCTH A,
byHKIHn L= f (%, X,, ..., X,).

[lycts Bennyuna npenennHoll a6coMOTHONR NMOrpewHOCTH A, 3adaHa.
Torna ua ocnoBanun copmynu (2) § 16

A, (N

ITpennonarasi, 4TO BCe CJAATaEMHE DaBHH MeWAy co6OH, GyneM HMETb

Ou _ | ou . | Gu A
A e e e L it
Orciona
By ;
Axi:—T (i=1, 2, RN} ﬂ). (2)
n| 2%
0x,-

[Tpuwmep 1.Pannyc ocuosanus unanuapa R & 2 m; BHCOTA UHAHBIPA
H =2 3 #. C xakuMu aGCOMIOTHHMHE NOTPELIHOCTAMA HYKHO ONPEAENHTD R
# H, 4ToBH ero o6pem V MOkHO 6bI0 BHYHCAUTD ¢ TOYHOCTHIO A0 0,1 13?

Pemwenune. UMeem V=naR®H u Ay =10,1 x3.

Nonaras R=2 #; H=3 m; n=3,14; npuGAHXKEHHO NOJYUnM;

Y THET Y
B-ﬂ-—-R H=12;

ov
¥ —2mRH =31,T;
Y R =12,6.

oH
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Orclona, Tak Kak n=23, TO Ha OCHOBaHHH QOPMY.Hl (2) 6yAEM HMETb:

A, = 21 < 0,003;

A= gop7 377<0001

H=3 126<0003

Mpumep 2, Tpebyerca Hality sHaueHue QYHKUHH
u=6x%(lg x — sin 2y)

C TOUHOCTBIO A0 MABYX JECATHYHBIX 8HAKOB (NOCJAE 3anarol), mnpuueM

npubmnKeHHble 8HAYEHHs X W Y DaBHBl COOTBETCTBeHHO 15,2 u 57°

Hatitu gonyctumyio aGCoMOTHYIO TOrPEMIHOCTb STHX BEJAHYHH.
Pemenne 3nech

=="06x%(g x — sin 2y) =6 (15,2)*(Ig 15,2 — sin 114°)=371,9;

gﬁl =12x (Ig x—sin 2y)-}-6xM = 88,54,
rae M==0,43429 — Moayab nepexona;
%2_ 12x% cos 2y = -+ 1127,7.

Ina toro utoBsl pe3y bTaT OB BepeH 10 ABYX IECATHYHBIX 3HAKOB,
HYXHO BhIMoJaHeHne paseHctea A,=0,005. Torpa mo npunuuny pas
HBIX BJHSHHUA HMEEM:

0,005

A, .
Ap=— d_u =5 %51 =0,000028;
dx\
A 0,005 I
A, — l"u“ = o rroyT = 0,0000022 pad = 0”45,
0y

Hepeako npu pelennu o6parHOH 8alauu MO MPUHUMNY PABHBIX BJKA-
HHP Mbl MOXEM CTOJIKHYTbCA C TaKuM CJyuYaeM, KOrjaa HaHleHHbEe [0
dopmyae (2) nperenbHble abCO/MIOTHBIE TIOTPEIIHOCTH OTAEJBHBIX HE3aGH-
CHMBIX TIEDEMEHHBIX OKQWKYTCS HACTOABKO MAaJBIMH, YTO AOOMTBCA COOT-
BETCTBYIOWEH TOYHOCTM TIPM M3MEPEHHH 3TUX BeJMYHH [PAKTHYECKH

HEBO3MOXHO. B Takmx ciyuasx c/aeayer OTCTYNHTb OT NMPHHUMNA PaBHBIX
" BAMAHME K 32 CYET PasyMHOTO YMeHbILEHHs MOrPEWHOCTeH OJHOH uacTy
nepeMeHHHx A00UTbCA YBEJAUYEHHUsT NOrpeiuHOCTeH apyro#t uwactu mepe-
MEHHBIX,

[Tpumep 3. C Kako# TOYHOCTBIO Hamo H3MEDHTb pamuyc Kpyra
R=30,5 cx# u cO CKOMbKHMM 3HaKaMM B34Tb T, UTOOB MJOWAAL Kpyra
Ghila MSBECTHA C TOYHOCTBIO j0 0,192
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PeweHne Hmeem s=nR* n Ins=Inz-J}2InR Orciona

=4 1 2% —0001.
Tlo NpUHUMNY DPaBHBIX BAMAHUR CAELYET NOJOKHTD:
40,0005 228 —0,0005.
- R

Orciona A, = 0,0016 u Ap= 0,00025R=0,0076 ca.

Takum 06pagoM, caenosaio 6w B3Ab ©==3,14 1 uamepsts R ¢ TOu-
HOCTBIO 10 TBICSYHDIX A0J€R CaHTuMeTpa. HCHO, 4YTO TadKas TOYHOCTHb
M3MEPeHNs NPAKTHYECKH TPYAHO oCyilecTBuMa. [10970My BEIrOHEE NOCTY-

NUTh CaenyowyM o6pasoM: B3ATh == 3,142; oTcl0aa %:0,00013;

Torna%_OOOI — 0,00013=0,00087 u A=< 0,013 ca. Takas TOu-

HOCTb JNOCTHIAeTCs CPAaBHUTENBHO JErKO,
Vuoraa gonyckawor, 4To mpeaeibHas aGCoOJIOTHAA TOrPELIHOCTb BCEX
apryMentoB x;{(i=1, 2,..., n) onHa un Ta we. Toraa, noxnaras

By =A, =...=A

Xn

u3 dopmyasl (1) 6yzeM uMerhb:

A= (i=1,2..., n.

Z ’(Lvi

Haxonel, MOXHO NpEeANoJoKUTb, YTO TOUHOCTh UBMEDEHUS BCEX apry-
MeHTOos8 X; ({==1, 2,..., n) OAMHAKOBA, T. €. MNPENCAbLHBE OTHOCHTEb-
HBIE€ TIOrpPeIUHOCTH Bxi(lzl, 2,..., 1) aprYMEHTO8 pasHBl Mexay cobol:

Bxiz?nx'z, N ,:Sx".

OT1clona NOAYYnM:
Ary __ An
| X1 | X |

Ax A
== —p,

rae k — obmee sHaueHue OTHOILEHMH.
Caenosatenbuo,

Axizkixil (i=12,..., n.

IMoacrasasis 3Tu sHauenus B dopmyay (1), waxomum:

Bu=k 2 ‘x‘dx,’
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H
A
b= ————.
Elpﬁi
=1 ’ax,-
Takum 06pa3OM, OKOHYATEABLHO HMeEeM:
[xi] A .
An=nl—" i=1,2 ..., n.
PR
/ﬁx/

i=1

MoxHO Takw¥e UCIoAbL3CBATh W APYTHe BAapHAHTH,

AnanoruyHo pemaetcs BTOpas o6paTHas 3agaya TEOPHH UOTpeuI-
HOCTH, KOrja 3alaHa npegenbHasi OTHOCUTE/bHAs MOrPEINHOCTh
GyHKUNA M MILYTCA NpefesbHble aGCOMOTHBIE HJIM OTHOCUTE/bHHE
TOTPEIIHOCTH apryMeHTa.

MHorga B caMo#l MOCTAaHOBKE 3a[1a4d UMEIOTCA YCJOBHS, HE NO3BO-
ASIOIHE MCOOMb30BATb NPHHUMN PaBHHX BJHAHHH.

IMMpumep 4. Cropoun NpsSMOYTOAbHHKA a &5 # u b~200 #u.
Kakosa nomycTumass npesge/bHas aGCOJIOTHAas MOTPELIHOCTD NP U3Me-
peHHM 3THX CTOPOH, OLMHAKOBAf JAas 06eHX CTOPOH, YTOGH Iuowanb S
NpAMOYTOJbHUK2 MO¥HO ObJIO ONpeneanTb ¢ npeaeabHo# abcomor-
HOW morpemHocThio Ag=1 #*?

Pemenne. Tak kak

S=ab,
TO
AS~bAa+alAb
H
As———bAa +‘aAb.
CorznacHo ycnoBHMIO 3axayu
Aa': Ab’
NO3TOMY
As 1

A 20,005 =5 mua.

e~ g ¥b6~ 205

§ 18. TousocTh ompenesnexHus aprymesTa Aas GbyHxuuu,
3ajasHoi Tabauuei

B BuMHCANTENbHON NPaKTHKE 4aCTO BO3KUKAET HEOOXONHMOCTb Onpe-
De/HTb apryMenT o 3HayeH0 (PYHKILHH, 3a1aHR0l Tabauueit. Hanpumep,
NOCTOSIHHO BCTPEYAETC HEOOXOMAHMOCTh OMPEAeJHTb 4HCJI0 0[O ero
Ta6AMYHOMY JOrapudMy HJIH YroJg no TaGAMYHOMY 3HAYEHWIO KaKOH-
au6o TpuroHometpuyeckoli ¢yukuwun u 1. n. TToHsATHO, YTO morpei-
HOCTb (YHKUHH BLI3WBAE€T IMOrPEIUHOCTbL B OMpPEMENeHHH apTyMeHT4.
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[TycTes umecM Tabauiy C OAHHM BXOAOM mas yHKUMHM P == f(x).
Ecan dyukuna f(x) anddepenunpyema, To A8 L0CTaTOUHO Ma/LIX

aHavennt | Ax| umeem:
Ay |=1f"(x)|| Ax

OTciona

_ Al
A= M

HIH
1
Be=ry1 8

[Tpumennm dopmyny (1) ¥ HekoTOpPHM HaHGO0JEE PACHPOCTpPAHEH-
HbM TaOy/MPOBAHHHM (QYHKUHAM.

A. Jlorapudmuu

Iycts y=Inx, torna y’=jl-.

Orciona
Ay=xA,. (2)
Ecan ke y=lgx, 10 ' = —/li , the M=10,43429;
A, —_—%xAy=2,30 x4,. (29

Orciona, B 4acTHOCTH, noaydae 8,=2,30A,, 1. e, npexenvuas
OTHOCHTE/IbHASA MOFPEWHOCTH YHCA B Ta6AUUe NeCATHUHBIX JOrapHDMOB

1
paBHa NPHMEPHO 27-KpaTH0ﬁ npenenbHoH a6comomoﬂ MOTPEIIHOCTH
norapudma storo uucha.

B. TpuronowmeTpuueckne dyukuun

1. Ecmn y=sinx (0<x<%), 10 ' == €0s X H, C/1€XOBATEBHO,
A,=A,secx pad. (3)
2. Ona dyuxunu
y=tgx(0<x<g>
HMEEM
y =sec?x
"
A,=A4,cos®x pad, 4)
3. Ecan y=]g(sinx)(0<x<g), TO

Yy =Mcgx n A,=230tgxA, pad. (5)
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4. [lonoxuu y=1g(tgx)(0<x<g>, TOrma

.M
Y =snm

u A, =1,15sin 2xAy pad., (6)

Tak kKak, OYEBHIHO, 5”122"<tgx npu 0 <x<;, to u3z dop-

Myn (5) u (6) cneayer, 4TO yroa x no Tab/aule JA0rapudMOs TAHreHCOB
oilpeaeaseTcs ToyHee, 4eM 1o Tabadue JorapHdMOB CHHYCOB.

B. fokazartenvuas dyHkuusg

Ecan y=e€*, 10 y'=¢" u

A
y
A=
uan
A
A=
y

MNpumepl. C kakolt TOYHOCTHIO MOXKHO ONPELENUTD YHCA0 X 25000
No/b3yfACh YETHIPEX3HAYHOR TabJHUEH AECATHYHHX J0OrapudMOB?
Peuwenne, Tlo popmyae (2') noayuaem:

A,=2,30-5000++--10"40,6,

T. €, YHUCIO X HMEET NPHMEPHO YeThlpe BepHhle WUHGPHL
[Tpume p 2. Ha#ttu norpemHocTs B onpemenenun yraa x=~60°
a) no naTH3HayHoH Tab.Hue JorapHdMOB CHHYCOB,
6) no naTH3HayHOH Tab/HUE JOrapH(MOB TAHTEHCOB.
Peuienue. Jlna nepsoro cayyas no dopmyne (5) umeem:

B8,=230-) 351075 pad=0,00002 pad~4".
Bo BropoMm cayuyae no ¢opmyae (6) noaydaem:
B,y=1.15.V 3+ 41075 padar0,000005 pad=1",

T. €, TOrpeuwiHOCTb B 4YCTLIPDE pa3a MeHbLUE,

§ 19. Cnoco6 rpanuy

O6wuno npumensemas onexka norpemnoctd dyukuun (§ 16, dop-
Myna (2)) apasercs npuHGAHKEHHON, TAK KaK 3Ta OLEHKA OCHOBAHA HA
npeHeGpeXEHHH NPOH3BEACHHAMH OIIHOOK. B HeKOTOpHX cayuyasix Tpe-
6yeTCsl UMETH TOYHBIC TPAHHIK 1.1 HCKOMOTO 3HAa4YeHHs (YHKUHH
€C/M M3BECTHH TpaHHUW H3MEHEHHA €€ aprymentos, [lpouie Bcero,
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STOrO0 MOXHO JOGHTBCA, HCNOAB3YS cA0CO6 OB0URbIX ebivucaeHUl,
HHAaYe Ha3nBaeMmi cnocobom epanuy.
MycTte
U=f{X] X5y ceey X,)

— HenpepwsHo nubdepenunpyeman dbyHKIHA, MOHOTOHHAS 110 KaXKAOMY
aprymenty x,(i=1, 2, ..., n). [lag 9TOro KLOCTaTOYHO NPeANOI0KHTh,

YTO MPOH3BOJHHIE a‘— ({=1, 2, ..., n) COXpaHAIOT MOCTOAHHMM 3HAK
{

B paccMaTpHBaeMoll 06/aCTH ® H3MEHEHHS apLyMEHTOB. JONycTHM, YTO

_'xii<x(<x[ (i=1| 21 “00y ’Z)y (1)

npudem napaanenenunen (1) uenuxKoM npuHalJexHT 06JaCTH o.

[onowkmuM, 4TO X;=x; X;=X; €cAn QyHKuus f—BO3pacTaio-
1asi [0 TepeMEHHOMY X, H x}:x?, x}:xi, ecnn QyHkuus f— y6ul-
BAIOINAAA [O MepEMeHHOMY X.

Toraa, ouyeBmaHo,

e <u<u, 2)
rae
u=f(xy, Koy vres ;c,,)

U=f(X, X35 veey X))

3ameTuM™, 4TO mepeMennwse x; (i=1, 2, ..., n) u peayapTaT meHcT-
BUM f Ham HHMM MOXHO OKDYT/NSTb /HMIb B CTOPOHY YMEHbLUCHHS BETH-

YMHB 4, a nepemeHHbie x; ({=1, 2, ..., n)u peayapTatr AeAcTBUN f

Hax HUMH MOXHO OKPYTJATDH JIMIb B CTOPOHY YBEAHYEHUS BeNHUHHMW .
[lpu sTHX 0GCTOATEABLCTBAX GyAET rapaHTHPOBAHO CTPOTOE BHIONHEHHE
HepaencTsa (2). B yacTHoM cayuae, ecanm dyHKuus f— MOHOTOHNO
BO3pacTaoas no KaxaoMy apryMmenty X, (=1, 2, ..., n), To umMeenm
npocTo

FE X v XD <u<f(6, By ., X, 3)

[Mpumep. AmOMHHMEBLIH LHAHHADP ¢ AHAMETPOM OCHOBaHHA
d=2cn40,01 c# u BoicoTolt B =11 es+0,02 cu Becut p=93,4/4=
=£0,001 . OnpeneanTs ynAenbHbi BeC y AMOMUHHS K OLEHHTb €ro
npeneNbHy0 aGCOMOTHYIO MOTPEIIHOCT.

Pewmenne. O6bem unanugpa pasen

oTcCloaa

I (4)
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U3 ¢opmyam (4) eutexaer, yto B obaactu p>0, d>0, A>0 dynk-
LKA y — BO3PACTAIOIAR N[O apryMEHTY p M yOLBAIOUIas (O apryMeHTaM
d v h. CornacHo yc/joBHIO 3afauH HMeeM:

1,99 em<<d << 2,01 cu;
10,98 em<< R<C 11,02 cs;
93,3997 < p< 93,401 I

Kpome Toro,
3,14159 < nt < 3,1416.

[Tostomy
493,399 . r
= 3,1416.2,01%-11,02 267105
(c renoctaTkKoOM) U
- 4.93,401 _ r
Y = 3.14159- 1,09 10,98 — ' /99,3

(c nab6urkon). B cpennee apmpmernqecme, MNOJNy4HM:
vy=2, 703 +O 027 — Ms , (5)
HJIH 0OCJ€ OKPYTJIeHHd
y=2,701-10,03 L,
Dast cpasHennsi npuseneM npHONHMKEHHYIO OLEHKY TOLPEMIHOCTH.

Ucnosb3ys cpernne 3HAueHHS apPryMeHTOB, HORy4YHM:

4.93,4 r
Y=3qmeo =203 55

Jlorapudpmupys dopmyay (4), umeem:
Iny=Ind4+lnp—Inn—2Ilnd—Ink
0TCrla, B34B MOJAHbIR anddepednHas, noayyum:
Ay Ap An 2Ad Ak

CaenoBaTteabno,

0,001 , 0,00001 , 2.0,01 02
O,=8,+6,42§, +6"—934+31416+ +n=

—=1,07.107513,18.1076 4 10~2 4 1,82. 10- 3=1,183.10"2,
Jlanee, naxonum:
A,=8 .y=1,183.1072.2,703=3,2.10~2 .

cxnd’




§ 201 NOHATHE O BEPOSTHOCTHOM OLEHKE NMOTPEIIHOCTH ol
Takum oGpasom, npudnumeﬂuo HMeeM:
v=2 703 +0 032

4TO O4eHb OJAHM3KO COBMajgaeT ¢ TOYHOH oueHkoH ().

§ 20%. TlosaT#e O BepOATHOCTHOH OLEHKE NOrpelBOCTH

[lycTb umeem cymMy »n caaraembix
U=x,+x,4...+x,

Toraa npeaesnbHag aGcoMOTHAA NOTPEIIHOCTD CYMMb, K4K H3BECTHO,
paBHa

=B F AL A (1

Otcioga B cydae, KOrja npeaesbHble aGCOMIOTHbHIE NOTPEMHKOCTH
¢naraemMblX OIUHAKOBH,

Axl:Ax,:-”:AX ':A,
GyLeM HMETb:
‘ Au:ﬂA' (1)

dopmyna (1) maeT MaKkcHMaAbHOE BO3MOXKHOE 3HA4YeHHE alco-
AOTHOH NOT PEIHOCTH CYMMBl. JTa MpeAenbHas NOT PEIHOCTh AOCTHTrACTCS
JUWb TOrAa, Koraa OwHGKH BCex caaraembix: 1) HanGoabluue U3 BO3-
MOXHBEIX ¥ 2) MMeIOT OJAuHAKOBHe 3HakH. [Ipu GOAbLIOM KOMHYeCTBe
c/araeMblX Takoe He61aronmpHATHOE CTEYEHHe OBCTOATENBCTB ABASCTCS
ManoBepoATHHM. PaKkTHYECKH OWMOKH OTHENbHBIX CA3araeMbix, Kax mpa-
BHJO, MMEIOT pPa3JHYHLIE 3HAKH H, CNeI0BATE/bHO, YaCTHYHO KOMMEH-
CHPYIOT Apyr apyra. [103ToMy Hapady ¢ TeOpeTHYECKOM mnpejenbuolt
MOrPEIHOCTDIO CyMME A, BBOAAT APAKTUHECKYIO npedessyro nozpeu-
#OCT6 A}, peanmsyemyio C HEKOTOPOH MepOH AOCTOBEPHOCTH.

Orpannynmcs pacemoTpernem npocteHwero ciysas. I[lycts a6co-
nOTHHE norpemHocTd Ax; (i=1, 2, ..., 1) craraempix cymmal (1) ne-
3aBHCHMB M NOMLYHHAIOTCA HOPMAJbHOMY 3aKOHY C OJHOH M TOH we
Mepofi TouHOCTH. [lO/IOXHM, YTO ¢ BEPOATHOCTHIO, IpPEBHIWAOLLCH
YHCJ0 Y, a6CO/OTHbE MOTPEUIHOCTH C/araeMblX He MPEeBLILAIT YKena A,
T. €.

P{|Ax; | <<A)>y.

[Ipp 9TOM yc/a0BUM B TeOpHH BEPOSTHOCTEH AOKA3WBAETCH, UTO
C TOH Xe MEpPOH AOCTOBEPHOCTH abCOJIOTHAs NOrPemHOCTh CyMMb #
6yneT ymoBneTBOpaTh Hepasenctny |Au|<<AV n,rae n—uucao cna-
raeMux.
TakuM 06pasoM, 3a mpepenbHyI0 aGCOMOTHYIO MO PEIHOCTD CyMMbl
MOXHO NPHHATDH YHUCIO
. -
A=AV n 2)
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Hanpumep, cxnageBas 100 umcen ¢ ab6coMmoTHOR MOTpEMIHOCTBIO
0,1, MBI TOMyYUHM TEODETHUECKYIO NPENeAbHYIO OWHMOKY CyMMm A, =
=0,1-100=10. dakTnuueckn xe MOKHO OXUAATb, YTO 3Ta OIKUOKA
He npee3oiizer sedanunup 0,1.10=1,

B yacTHOCTH, paccMOTpuM cpepHee apudMETHYECKOE 71 4MCE

=L (ot x)

CorsacHo cTporoif Teopun npeaeabHas aGco/oTHag ouwubKa

TOraa kak C OG/bLIeH CTENEHbIO JOCTOBEPHOCTH MONHO YTBEPHIATh,
YTO MPAKTHYECKH

AS AV n A
E=ET, =——F’

T. € NPAaKTHUECKH NOCTOBEPHO, 4mo cpeduee apughmemudeckoe npub-
AUNCEHHBLX HUCEL UMEENL NOBLIILEHHYIO MOYHOC S NO CPABHEHUID € SMUMU
yucaamu, npudem

*
A - 0 mpu n— oo

AHanOrHYHO A1 CAyuass YMHOXEHHs /I COMHOXHMTENAeH ¢ OAMHAKOBOH
OTHOCHTETbHOR NpenesbHOH TOrpeIHOCTbI0 8 MOXHO 10Ka3aTb, uTO
IpaKTHYECKas TpEeNeJbHAg OTHOCUTENbHAs TOTPEINHOCTh MPOMSBEAEHK
onpenessercs hopMyaoi

3 =3V n. 3)

Jiutepatypa K mneproit riage

—

. A. H. Kpuiaos, Jlexuun o npubankeHusx seiuncaenunx, Usan, 2, AH CCCP,
JI,, 1933, ra. L

J. A. Bentuneas, E. C. Beurtueanb, JIeMeHTH TEOPHH NpHOANNKEH-
HBX Bbiuucaewunit, Man. BBWMA um. H. E. Mykosckoro, M., 1949, ra. I

Jx. Cxap6opo, Yucaennnie MeTomel MaTeMaTHueckoro aHanmsa, |'TTH,
1934, ra. 1.

1. C. besankoBuvy, I[lpubGankennnie BuuHcreHns, [ocrexmspar, 1949,

ra. 1 u L

M duxrenroanpn, Marematika mas uHwenepos, I'TTH, 1933, u, i,

ra L :

. B. M, bpanuc, YcrHei#t u nucbMeHHbI! cuer. Bemomorateabubie cpenctsa
BblYHCAeHUH. DHUHKIOMENHs 9MeMeHTapHON MaTeMaTukH, kH. 1, TocTexusiar,
1951, -

o o os W W



FMTABA 1
HEKOTOPBIE CBEJEHHUSI U3 TEOPHM LEEMHHIX JPOBE

§ 1. Onpenenenne uenHoi npodGn

Boipaxenne Bnna

[, b b b
e ey al+b3 -——[ao,a—l, ag’ ay’ “.]
ag+ by
a4 ...

Ha3BIBACTCA HenHoil uau  Henpepsi8Hol npoboio. i nemHod mpobu (1)
yroTpe6aseTcss TaKme COKPAUICHHas 3aruch

by |
‘01+|as+

B o6wem cayuae anemenmsl UETHOR npobu ay, Ay, bp (B=1,2, ...)—
BELIECTBENHBIE WKW KOMIUVIEKCHBIE UMCHA3, MM (QYHKOHY OXHOHM BJH He-

a, b
CKOJbKHMX TiepeMeHHbX. Jlpobu a0=T°, a—’*(k:l, 2, ...) HasblBawICA
3

38ensamu uenHo# npobu (1) (COOTBETCTBEHHO HYJEBHIM, MEDPBBIM U T. 1.),
a yucaa uad QyHkuwd ap n by (R=1)—usenamnu k-ro 3peHa (yact-
HBIMH 3HAMEHATEJAAMH uad uucauTenasMn). Mpl OynmeM npeanonarars, uro

: b
a, # 0. 3aMetuM, uTO B cokpaweHuo#i 3anucu (1) 3peHbs a—k coKpawmarb
k

He/Ib3l,

Ecan wennass apo6b (1) comepmHT KOHEYHOE UYHMCIAO SBEHbEB (Hanpu-
Mep, M, HE CYMTan HYJEBOr0), TO OHA HA3LIBAECTCHA KOHEHHOU WMN N-38eH-
Holi u COkpameHHo ofo3HaqaeTcs caenyruuM o0pasom:

Lby by b __[,. 0]
o 300 &0 oo =l G- ®

Koseunas uenHas ppo0b OTOXKAECTBAAETCS € COOTBETCTBYIOWEH
OOBIKHOBEHHOH, TNOJAYYeHHOH B pe3yibTaTe BHIMOJHEHAA YKa3aHHBIX jef-
creufl, llennas apo6e (1), uMelomas OCCKOHEUHOE MHOMKECTBO 3BEHLEB,



54 HEKOTOPLIE CBEAEHHS M3 TEOPUM LEMHBIX JPOBEN [ra. uw

HasbBaeTCsl beckonednod, NpuyeM ynotpebaserca o6o3HaycHHE

b, ®
[ao; a_:] . @)
Llennas apoGe
1 1 1
ao+m =[aO) 0—1’ ;27 '~~]1 (4)
a;+ .

y KOTOPOH BCE YaCTHbIC UYHCAHTENH paBHH 1, HA3LBAETCA O0ObIKHOBCH-
Hold WIM CTaHLapTHOW yennod Opobew. 3Hamenaresu 36eHbes Hasbi-
BAIOTCH HENOAHbIMU 4ACTHLLMU. 3aMETHM, YTO B TEODHH YWCEJ] HEINoJ-

HBIMH YaCTHHIMH OOBIYHO SABAAIOTCSH HaTypaJbHble 4YuCa4d, T. €, LEJAbC
TNOJIOWHTENBHLIC.

§ 2. OGpamenue uenHofl Apo6u B OGHLIKHOBEHHYIO H OOpPATHO

Besikyo KoOHEYHYIO LenHylo Apo6b MOWHO OGPATHTbL B OOHLKHOBEH-
Hylo. g 3TOro AO0CTAaTOYHO NpPOHM3BECTH BCe ACUCTBUS, yKasaHwble
B n306pawenuy uenno# apo6u.

[Tpumep 1. OGpatutp uenuymw apolb

11 1 1
P’ﬁ’T’T]=3+__T—
34—
I+
B 0OLIKHOBEHHYIO.

Pemenue. [locnenoBaTenbHo BbLIMOMHAR yKa3zannwe OdedCTBHSA,
HAXO0JHM!

15 195

Didtg=7: 4 lig=y3;
5 4 5 62
4 19

9 3+tg=5;

CnenosatenbHo,
-1 1 ! 5
3; 3y T 3| T 315 -
3 1 4 19
O6paTHO BCAKOE MOJOWKHTEJAbHOE pAUMOHANBHOE YHCAO MOWKHO

0o6paTHTb B LENHy0 Ap0o6b C HATYpabHuMu 31eMeHTamu. [TycTs, Hanpu-
p

Mep, naHa Apobb 7 HckaounB H3 Hee ey 4acTb @y, GyaeM HMeTb:
p To
—=aqa -—
7 ot )

rie r,— oCTaTox (ec.rm q_p — nmpaBujbHat apobb, 10 @y =0ur, =p),
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: 7
PaznennB Tenepb umcauTENb H 3HAMEHaTeNb APOGH —°‘-7 Ha ry, n0-
NyuHM:

-~

o 1 1

7: q:rg al_*_l
"o

rie @, —1ei0e 4acTHoe, ry— OCTATOK OT [eNEHHA ¢ Ha ry.
r
Pa3genus duciautesns u 3HaMeHaTesab APOGH r—‘ Ha ry, NOAy4HM:
0
ry 1 1

. - ’
re  reiry a ':'f‘
rie a,—1eN0e 4aCTHOe, r,— OCTATOK OT [eJeHHs r, Ha ry;. Anaio-
THYHO MOXHO MPOAOJKHTL NPouecc dajabiue,
Takkak g >ro>ri>r,>r> ... v li= 0, 1,2,...)—ue-
Jble NOJMOMHTE/bHbE YHC/3, TO B KOHLE KOHLOB Mbl Gyl1eM HMEThH OCTA-
Toxk r,=0, T. e,

rpoa_ |
rn—ﬁ_an_{'o'
lNoacrasans Bopaxenue aApobefi ——, GyseM HMeTb:
r 1
f.=ao+?°—_—ao+ . =a, + ] =
at - a; + P
0 L
n
. 1
_-—_-ao-l— 1
a
1+a2+
62 .+a
Mpumep 2. O6patuts Tg B UemHyl 1poGs.
Pewenne. [NocnenopaTensHo umeem;
62 5 1 1
E=3+E—3+E=3+——i=
5 5
{ 1
=3+4+—=3+ ]
3‘*‘—5 3+
E L
4 4

62 111
Taxkum obpa3som, 5= [3, T T]'
Ananoryyio npeo6pasyloTcs obuine UenHbe APOGH.
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MNpunep 3. O6patnTe uenuyw ApoGb

[1; —x? —x2 —x”:l —1 _L
1

I .

x?
3——5—
B OGbIKHOBEHHYIO.

Pewenne. Uveem:

x2 5x? 15— 6x2
) ]_3 pe el Nl T Moy Fpue 2
5
x2 15x2—x4%  15—2Ix24 x4
D e~ "B = B_6a
15— x2

Takum obGpazow,
1 —x2 =y —x?] 152024
L T 15— 622 °

§ 3. Toaxoasmue npobu

Mycth nava Koueynas waM GeckoHeyras uensas apoGb

b8 '
2
O6niknoBenHyo Apobb
Pp__ [ by bk]
-—=|a : Ty ee sy —
Qr 2 q ag
(k=1, 2, ...), rTae k=Cn, Ha3uBAOT R-U nodxodaweil dpobvio uen-
nol npo6u (1). Caenys Diiaepy, 06biYHO M0JATAIOT:
Py__ao . P_, 1

Q 1’ QL0
npuyem anasd onpeneneHHoCTy CUUTAKOT, 4YTO
FO = Q, Qo =1 (2)

Po=1, Q_,=0. 2)

Tlpu paGote Ha 3neKTpOHHOH UNPPOBOH MalMHE NOAXOAfAULHE uUen-
Hhle JpoCH
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YLOGHO RAXOAHTb ¢ mnoMOWbiO cxemot [oprepa (cM. ra. ) das de-
AeHUR

= dy=a, +cg
n .
bn_1 .
CZ=Z—' d2=an_2+62,
1
bn-k+l . : .
“="gq, Gp=0p 5+ Cy
by Py
Ca=g d,,:ao—{-cn:a—n.

YKka3anras nocnaenoBaTenbHOCTb AeHCTBUE /NeTKO mPOrpaMMupyeTcs.
Teopema 1. (3axon coCTaBACHHA MOXXOLAWHX AP O-

Geit). Yucaa P, Q,lk=—1,0, 1,2, ...), onpedessemvie us coor-
Howexud
Py= Py + b, Py s, : (3)
Qr = 2, Qo1+ 0,Qs s, (3"
20e
P_1=11 Q_IZO; P():aoy Q(]:l, (4)

ABASIOTCA COOTBETCTBEHHO HUCAUTEAAMU U SHAMENATEAAMU nodx00aux
. P .
dpobei Q—" yennoii Opobu (1)*).
®

Hoxasarteanbctpo. [lycts R, (k=1, 2, ...)—1nocrenoBarenb-
Rble noaxomsuiHe Apo6H uenHof apo6u (1), HyxHo mokasaTh, yTo
P
R, =3" k=1,2, ...).
LA ( )

HoxazatenbcTBO OyneM NPOBOAMTbL METOXOM MATEMATHYECKOH MH-
AYKLHH.
[Ipu k=1 ana nomxoasueft mpo6n R, nmeem:

. ﬁ_”o”l‘!‘bx
Ra=tote="0—
C nmpyro#t cropons, u3 cooTHomenu#t (3) u (3'), yyutupas (4), Haxo-
IHM:
Pl_—_alao-}—bl,

Q=a,-146,-0=aq,
p

CnepoBatennho, Ry=7%* w mas k=1 yTBepwIeHHe TEOPEeMH Cnpa-
1= g, P

BEIJHBO.

*) Takue nopxopaune APoGH OyLeM Ha3HBATE KGHOHUMECKUMU,
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flycTp Temepb Teopema BepHa AN BCeX HATYpPAaAbHBIX YHCEJ, HE Hpe-
Bhimaouiux k. Tlokaxem, 4TO Teopema CMpaBeAHBA TaKXKe AJS Ouepe-
HOTO HaTypa/bHOTO uncna k- 1. U3 cootHowenufi (3) 1 (3') noayuaem

P =ap Pt 0,1 Py
Qpr1= 0 Qp + 0y 1Qp 1
COr/1acHO HHAYKLHOHHOMY MPELNONOKEHHIO HMEeM:

R, = Pr  apPp_1+b5Pp_s

EQr apQp_1+6xQp_s”

Mo cnocoGy cocrasiaenus wennoit apo6u (1), moaxoasmas Apo6b R4
nosyyaercs M3 noAxonsuite#t apoGu R, nyTem 3aMeHhl YIEHA @, Ha CyMMY

br+1
a =21 TTeatom
& +ak+1 y

(ak'{'ka) Pp_1tbePr_s

R _ p+1 .

k4l =
¥ <‘1 +bk+l) Qr_1+52Qp_s

A+
o Gt (9Pr_atbpPr_2) T bevsPro1 _ Gpa 1 PetbparPp_y _ Prna

1 (0pQpa1 T 00Qro2) T 0241081 @p41Qrtbet1Qr_1  Qars ’

Y10 M TpeGoBanOCh AOKAa3aTh.
3amevanne. Tak KaK wieHn NOAXOAAUIHX APOGEH OnpenenioTcs
HEOJIHO3HAYHO, TO B OOILEM CTyyae HEJb3A YTBEPWAATh, YTO YHCIUTEND
¥ 3HAMEHAaTEJb MOAXOAAWMX APOGEH HEeKaHOHUYECKOrO BHAA YAOBAETRO-
psiot ypaBuenuam (3) u (3°). B nanbnefiem Mb Gynem NPeanoarars,
4YTO DacCMAaTpHUBAEMble MOUXOAALIHE APOOH ABAFIOTCH KAHOHMYECKUMH.
CnepcrtBue, [lna 0OHKHOBERHOH LenHoli npobu

1
a°+a1+l
a+

YHCAUTENH W 3HAMEHATEJH eenonxonﬂmuxnpoéeﬁg—k k=1, 2, ..))

&
MOTYT ObITh OMpeAe/JEeHE H3 COOTHOWEHHH

Pr=03Pp-1T Pr2
r~2 } 3)

=y Gp_1+G;_s

TLe NMONOWEHO po=a4 p_1=1 1 gy=1, g_; =0.
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3avevyanne. JIng uaxowaenuss no opu§yaam (3) u (3') wienos
10CJEA0BATENbHBIX MOAXOASULHX ApOGei ynoOHO MPHMEHATD CedYIOL IO

cxemy:

k —1 ! 0 1 2 3
by J 1 by by by
g ‘ ay 25} ay a;
Py i a P, Py P,
Qe 0 1 Q0 ~ Qa Qs |» -
Las o6kikHoBenHOM unenho#f apobu, rme b,=1(k=1, 2, ...) n

umeroT mMecto dopmyawm (37), B cxeme onyckaioT CTpoKy &,.
pumep 1. [aa uensoft apobu
%‘3=2 + : I
1
34—
4 ——
I+

BLIYUCAUTL BCE MOLXOASIHE KPOGH.
Pemenue. Hcnonpsys cxemy, Moayyum:

ay 2 I 3 4 ! 2
i rp_l=1 { 2 [ 3 1 ‘ 47 58 163
g | 9_1=0 ‘ 1 [ 1 4 17 21 59
Takum 06pa3om,

Po_ 2.3, pa_ 11,

go L' g 17 g 47

Pa_ 47, py_ 58, ps_ 163

gs 177 g4~ 217 g, B9 °

Mpumep 2. Halitu Bce monmxomsune apobu Ana obuied uenHoit

BpoOH o-i 3 05 1
) >27' 47 87 16]°
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Pewenrne. [IpuMeHss yKa3aHHYIO BHIIE CXEMy, HMeeM:

k [_1‘ 0 ‘ i 2 3 | 4
by | ‘ Lo 3 5 7
a \ ) 0 ‘ 2 4 ‘ 8 ‘ 16
P, [ 1 { 0 | 1 4 [ 37 }620
Qs ‘o[ | l 2 [11 ’98‘!645
Orciona
Po 0. Py_ 1, Py 4, Py 37 Py 620
Q ' Q 2'Q, 11’ Qs 98’ Q, 1645°
Teopema 2. [asa deyx cocednux nodxodawux 0Opobed gk“
k=1
u % yenwold Opobu (1) cnpasedausa Popmyra
k
Pr Py gy biby. . b ,
Sk TRl (-1 72Tk k= 1) 4
Qr Qi (=D Qr-1Qs ( ) *)
NloxasatTenbcTBOo. VMeem:
Pp Ppa A
Qe  Qra1 Qeo1Qr’ ©)
rae i
Py Ppa
A =
k Qr Qi

Vicnoabays cootnowenus {3) u (3'), B cuay u3BeCTHHX cBOHCTB onpe-
AenuTtens TNoJydyaem:

_ apPp_1+bpPp_s Pp_a
B apQpoat+0pQr_s  Qe_s

OTciona nociaefoBaTenbHo 6yAeM HMETb:
Ap=(—b)(—b,_)...(—b)Ay=(—1)%5.0,...5A,

Pp_a Pp_a

Qroz Qrr - bkAk'l'

=Y

rae
Py P_y

Be=1q, Q_,

a, 1‘
Takum o6pasom, .
Ay=(—1)""1bb,...5,,

H, CJeAO0BAaTeNbHO, Ha OCHOBaHHU GOPMYIH (3) BLIBOAHM:

Pe_ Proa (o qyp-1laba-be
Qk ks Qk-le *
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Ppy , Py

Q-1 Qk
nsuwHe npo6u uenno# apo6u (1), TO

A=PQs 1 —Po 1 Qp=(—1"160,...b,.
Cnencrteue 2. Ias coceaHuX NOAXOAAUHX apoGeft Z"_I, %’:
(= 1) o6uKHOBeHHOH uenHOH APOGH CNPABEANHBO PaBEHCTBO
Pr__Proy_ (=DFT
9r  Gr-1 9r-19%
Teopema 3. [laa Jsyx 00unaxosod 4eTHOCTU COCeOHUX noo-

xo0awux 0pobed Pp-s u L (B =2) yennod Opobu (1) cnpasedauso

(£ = 1) — nBe cocennne noaxo-

(47)

Qk_2 Qk
COOTHOWeHUE
Pk Pk—‘i! kblbz...bk_lak
Th_ ket (_ qyk Dabaee Droity
Pt Sl M P ©)

JdokasaTteabcTso. Kmeewm:
Pr Pypy__ Dy

0n Qe e’ (7
Tae '
D _‘ Pk Pk 2
k k 2

OTcl0la Ha OCHOBAHWH 3aKOHA COCTABJEHHS MOLXOASUHUX Apobel n 3ae-
MEHTAPHHX CBOMCTB ONMpEeNEe/aHTE/fl [0JyvaeM:

Py 0Py Py Po1 Proy
aQp-1+8Qx_2 ka Rl Qpoy Qpos

rie A,—onpeaennTtens, paccMOTpeHHbIfi B Teopeme 2. Comacno cnen-
cTBHIO 1 Teopemun 1 umeeM:

Apy :('—‘1)k byby. . by,

D,= =ayl,_y,

OTKYyna
Dy=(—1)%b,b,...b,_1a,

CnenoBaTenbHO, HCNIONb3YH COOTHOLIERHE (7), moayyaeMm GpopMyay (6),

Z: 2y Pk pge cocennne nomxonsuwue npo6u
=] k

ONMHAKOBOH YETHOCTH /sl OGHIKHOBEHHOH WEMHOMN npo6u

1
2 +——g—,

“t T

Cnencteue., Ecan

TO HMEET MECTO COOTHOIIEHHE

Pr__ Pho2_ (_ (¢ % _ 6
9dr  Qr-2 ( )qk_zqk ()
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Teopema 4. Ecau 8ce snemenmst Konewnoii yenwoti dpoGu no-
A0JCUmensHel, Mo ee no0xXolfuue dpobu wemno20 nopadxa obpasynm
MOHOMOHKKO  803PACMANULYI0 NOCAC00BAMEABHOCNS, @ NOOX0dAuULIe
0pobu Hewemno2o nopadxa o6pa3yiom MOHOMOHHO YOBBRIOULYI0 NOCAE-
dosamensnocmes. [lpu smom raxdas nodxodsawas 0pols wemuozo
nopadxa  Memsue 060l nodxodsuweli Opodu Hewemrnozo nopadra
Caxo e wucao o, 8sipascaemoe yenwold dpobsi, codepacumes
Mexcdy 08ymsa cocedHumu nodxodauumu dpobamu.

HokxasateancTeo. [lycts uMeem uennyio apo6s

O b b,
a—[ao,a—x,—avz, cany E;l (8)
Py
C TIOJIOXHUTENbHBIMU DJIEMEHTAMHU Qp U by W NMYCTD O (=0, 1,..., n)—
&k

€e NOC/NeNnOBaTe/bHbE KaHOHHYeCKHe NOAXOAswme Apobu. OueBuaHo, YTO
Pk>0 H Qk>0

PaccMoTpum mBa cuayuast,

1. Ilyets o =2m — vetHoe uncao. Toraa u3 cootHowenus (6), yyu-

THBag, 4To @, >0 u b, >0 (I=1, ..., k), noayvaem:
Pem _ Pin—s ~ ¢
sz 2m—2> '
CnenoBatenbHo,

Pem_s Pem —1. 9
Qomos Qe =12 )

HJIn
Po ~Pr Py
NN ASE ®

2. Mycre k=2m - 1 -— HeuerHoe uucno. Caenosarensuo, 2 — 1 Gy-
JeT yeTHHM uncaoM. Torga u3 TOro xe CooTHowenus (6) Oyzem wmersb

Pom 1~ Pomar
ng—l ng-{'l
I
P Py~ Py
> A D >, 1
070 (10

TakuM oBpasom, mOKa3aHO, YTO YETHElE ROAXOAAmME ApoGu 0OOpa-
3YI0OT MOHOTOHHO BO3pAaCTAOIYI0 NOCAEIOBATEIbHOCT, 4 HEYETHHIE ——
MOHOTOHHO yOniBaoiyio (puc. 1).

Ianee, ecan 8 cootHowennn (4') notoxute k=2m, TO nOAyuuMm:

P?m—l P__Lﬂl 11
Oum = Ou? (1
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T. €. BCAKAas noxxonsmas ApoOb HeYeTHOro nopsaka Gosablue cocen-
Hefl noaxoaswed n1poGn yerHoro mopsaxa. OTciona sak/ouaen, uro mobag
noaxonsuas ApoGb HeueTHoro mnopsaaka OGoabuwie moGo#i noaxousiiet

b B D & b B
0 % & 4, o % G ¢ .
Puc. 1.

PSS-l

apobu yeTHOro mopsika. JleHcTBuTeabHO, MyCTh Q————Kal(aﬂ-HH6yllb
351

HeyerHas noaxonswas apobe. Ecan s<m, TO

PZS—I P°m—1 P2m
=" .
Qﬁs—l sz—1> Q2m ’

ecnn we S > m, 10
P!S-l PSS > P?m
Q2S—l Q2S QEIH.

CrenosarenbHo, NP MOGHIX S B M uMeeM:

Pes_y M : )
Qzs1 Qe (12

. Hakonen, u3 cnoco6a ofpazosanns nenHot#t ApoGu

(l:ao—*—'ba—
al+as+ .

BUMEEM OYEBWIHBIE COOTHOLIECHHUSA

Py Py~
>0 gty

CnenoBarennbHo,

P_Ig<a<Pk+l 18

Qk Qk-H’ ( )
ecau kB — 4eTHOEe 4HuCa0, H

Pe~ o~ Pra 13

Qk Qk+1’ ( ,)

ecau k& — wneyetHoe uyucao. QueBuano, 4TO A9 nocJeaHel noaxopnsuiett

apobu BMECTO CTpOruX Hepasencts (13) u (13") b Gymem wmmers crpasa
paBeHCTBO.

Caencrsue 1. Ecnu aneMents menHolt apobu (8) monoxutensHsl
P ,
! Q—’;—ee noaxoasuue Apobu, TO CNpaBei/nBa OUEHKA

bybs. . by

T 0SS OhQpn

Py
<
|+ 2%
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ﬂeﬂCTBHTeJleO, TdK KAaK COrJMaCHO JOKa3aHHOMY HMECM:

Py Pry _ Py ’
R = —k
I Qk = Qk+1 Qk !
TO Ha OCHOBAaHHY cpqpu)?nm (4) nonyuum ouenky (14).
Caencrteue 2. Ecam uenHas apofe « C MONONKHTEAbHBIME 3J€-

qﬂ’——ee OCACA0OBATEAbHEE NOAXOAALLNAE
k

MEeHTaM# — OGBIKHOBEHHAA W

npobu, TO
1

9rps’

|a—&'<
']

3ameuanne. Ecau sneMeHTH o6GbIKHOBEHHOH uenHO# apoGu — Ha-
TypaibHble, TO MOXHO NoKa3aTb [1], 4To moxxonsiuas ApoGb %E ABJIETCS
k

Hauayiuwus npzz6/zuolceﬂueﬁt qyucaa «, T. €. BCE OCTAJbHEIC 11p06H % co

3HaMeHaTesneM ¢ << ¢, OTKJIOHAIOTCA OT uucha & GoJblie, YeM npobb %’1‘-.
k

Mpumep 3. Hasa apobu 15—69% npeanocaefHedt noaxonsieft 1poGbio

SBJAANACH g—?— (cM. npumep 1). [Toatomy

163 58 1
5—9—2—1l<—5g_21 < 0,001,

§ 4. becKoneunrie nenubie ApoGH

Mycts
. bl b2

[aoy Z, 21_;’ ...]=ao—l—

by
_bs—_ (1)
e

— Geckoneunan wenHas ApoGb. PaccMOTpuM ee OTpesok, T. €. KOHEuHyio
eTHY0 Apo0b

L by by bp]__Pn
[ao, a’l-,a—2,..., b—,'l]—o_; (n—lx 2’ 3) "')' (2)

Onpenenenue DBeckoneudad uensas apo6s (1) HaswiBaercss cxo-
Ofuedcst, eCny CYIIeCTBYET KOHEUHBIH mpenes

— lim P
= e g 3)

NpUYEM YACJAO o TPHHHMAETCs 3a 3HaueHme 3TOH Nnpobu., Ecam ke mpe-
nen (3) He cymlecTsyeT, TO uenHas ApoGb (1) naswipaercs pacxodsujelics
U efi HE NPUIHCBIBAETCS HUKAKOTO YXCJAOBOTO 3HAYEHMA,
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Coraacuo kpurepuro Koww [3] Anst CXOAMMOCTH NOCJACAOBATEABHOCTH
P
“An=1 2,3, ...) neobX0AUMO H LOCTATOYHO, UTOOL A1 KawKAOTO
n
€ > 0 cyuectropano uucao N=N(g) Taxoe, 4TO

P

n+m__

Qn+m Qn

npr >N u moGom m > 0.
Ecan Q, =50, To, ouennano, umces:

P, Py N\ (Pr_ Pu
Q—H“Q_fﬁ;(oﬁ )

<e

OTcona

O TS Sy (TS S ST

n~> oo

T.e. CXOAUMOCTb UenHoi apo6u (1) sxBUBANEHTHA CXOAHMOCTH piila (4')
Ecan neunan apobp (1) cxomamrcs:

o =liin Py
n—»oan

To B cuny dopmyn (4) H (4') nMeeM OUCHKY

= X |- =X

k=n+1 k=n+1

o=

Qll

byby. . by ‘
Qr1Qs

Teopema 1. Ecau sce aaesentor a,, b, (k=0, 1, ...) yennoi
dpobu (1) noaoocuteapnst, npuxes’

by<<a, ma,=d>0 (k=1, 2, ...), (5)

T0 uenHas 0pcbe (1)— cxodawanca.

doxaszaTeabcTBO. [lpi noKa3aTenbCTBC NepBON yacTH TeopeMH 4
npeastayuero naparpada He GnJIO HCIIOIL30BAHO CBOHCTBO KOHEUHOCTH
ueniod apo6n. loatoMy, noBTOpPS% 3TO A0KA3aTeALCTBO, YCTAaHABNHBAEM,
YTO eC/H MeMeHTH LenHo# ApoGu (1) HONOWHTEbHH, TO €€ YeTHhIC
P
&Zm:o, 1, 2, ...) 0o06pa3yiOT MOHOTOHHO BO3-
pacTalollylo [OCJeAOBATENLHOCTb, OTPAHHYEHHYIO CBepXy (Hampuuep,

14
YHCIOM ——‘). Orcioga 8 cuay H3BeCTHOR Teopemuw 3akjaioyaeM, 47O

Q
cyuiecTayer

noAxoAslEe Apo6H

. P
lim -2 =q,
k- 00 Q2k
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Ananoruwuno B YCAOBHAX Hawen TEOPCMbl HEUETHHIE noaAxXoaqulne 11P06H

P
O—?:*Jr'—‘ (=0, 1,2, ...) nenno#t Apo6u (1) 06pasyi0T MOHOTOHHO Y6HIBAIO-
H 1
P
Li{ Y10 OC/I€10BATENbHOCTL, OTPAHHYCHHYIO CHH3Y (Hanpnmep, YHCIOM 670>
0
CnenoBaTenbHO, CYyWIECTBYET TaKke ‘
]im P2k+1 = ﬁ’
ks 0o Qap+1
npuuem B==c«. Kpome Toro, mns mo6oro k£==0 umeem:
Pz)z P2k+1
i, o << < _ERT 2.
sz <as< ﬁ Q-zk+1 ’
NO3TOMY, HCNOAb3ys TeopemMy 2 § 3, nonyunm:
Ogﬁ_a<P,k+1_Qz_b1b2---b2k+1 =1, (6)

Qer+1 Qur Qo Qerta

[lokaxeM, yto M,— 0 npu k£-— co. B camom mene, Ha OCHOBAHHH
34KOHa COCTABJEHHS NOMXOAAWHX ApoGelt nmpu k=2 HMeeM:

Qr=0,Qp_1+ Qs
Quo1= g1 Qpog 0, 1Qp 5.

Orciona B cuny ycaosust (5) TeopeMmuw BLIBOAMM:

Qk = bk (Qk—1 +Qk—2)

W
Qro1 =dQy .
CnenosatesnsHo,
Qu=b, (14d) Q. (7)
13 HepasencTBa (7) NOCAEAOBATENLHO NOAYYAEM:

Q2k>b2k(1 +d) ng;_2> .

cee = bopbop g by (1) Q= boby. . by, (1 +d)F (8)
H
Q2k+1>b2k+1(1+d)Q2lz—1>" .

e =l b (1A Q =005, . by, (14 ), (9)
Tak Kak Q; =a,>=b,. Tlepemnoxas uepasencrsa (8) u (9), maxonum:

QuiQaps1= 10y . by, (1 - 2)2* (10)
N, 3HAYHT,
_ biby. . bapaa 1

M= QuQuper = (I dE

Takum o6pasoM, 1,-—0 npu k& — oo.



§ 4] BECKOHEYHHE LEINHLE LPOBH 67

[TosTomy, nepexoas k npeaeny npu k2— oo B Hepasencrse (6), Oy-
neMm nveTh 0<<Pp—a<<0, 1. e,
P
a=PR= lim =2
"> 00 Qn
1, clenoBaTenbHo, HemHas Apo6b (1) cxomuTes.
Sameuanue, lasg cxoanwetics Apo6u (1) ¢ MONOKUTEABHBIMA e~
MEHTAMH ee 3HaueHHe ¢ 3aK/MIOUCHO MEXAY ABYMS MOCAEAOBATE/bHbIMH

Py Pp
NOAXO ARIIHMH  APOGAMU H CnenoBsartensHo,
Qn Qn
|a_& P, Pn _ biby ...b,,.
Qn Un Qna Qra10Qn

Cnencteue, O6pkHoBeHHad 1enHas ApoGb ¢ HATypaNbHHIMH 9/«
MEHTaMH Bceraa cxogurcd.

Moo norasats [1] Takwe caemywoulyio Teopemy.

Teopesma 2. Kamdoe nor0MuTEAbHOE HUCAO O MOXNHO pasno-
HuUTh 8 OOBIKHOBEHHYO CXO0OAWYOCA Yennylo Apobs ¢ HaTypaArbHbIML
3AeMeHTaMu, npudem 370 paszaocedue eduncreerno. [loayuennas
nenHad aApobb KOHeuHa, €C/lH ¢, — PalHOHAAbHOE YHCAO, U OecKoHeuna,
€C/H O— HPPalHOHA/IbHOE HHCAO.

MMpumep. Pasznoxuts B nenuyo 4pobp yucio V41 w uafitn ero
npubaHmenHoe 3HaueHne.

Pewenune. Tak xax Hanbonbliee [el0e YHCA0, 3aKawHalouleccs

B Vﬂ, ectb 6, To umeen:
Vail=64L. (11)
1
OTciona
g— L _e+Va
S 7Y 5

HauGonbliee nesoe uucao, 3akaiouaiouleecs B @, €CTb 2, MOITOMY

1
@ =2+, (12)
Ortcioaa
1 5 44Vl [
= =24+ —.
%= “Vi—1 5 +03 (13)
Auanoruuxo
]
I R & 210 }
BT TR Viite . 5 —2+a—,' (15)
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Mu 3ameuaeM, Y4TO @, = @,, NOITOMY SAEMEHTH UenHOH APOOU GyAYT
NOBTOPATHCA, T. €. UenHast APO6b NOAyuHTCS nepuoauyeckod. Tlpons-
BO# NOCAEAOBATEAbHYIO NOACTAHOEKY B paencTro (11) Bupaxennii (12),
(13), (14), (15) u 1. m., nonyymm:

Val=6+

2+ :
2+ ]
12 4+ 1
94— ——
2+12+-_

Taxum 06pa3oM, HPPAUHOHANBHOE YHCIO VZI— BHpa3unoch GecKo-
Heuno#t nepnoanyeckofl nenwolt apo6bio:

m:(ﬁ; —;—, —l— l i ! : \

1
2' 2 212 2 2 2)

20| —
—

TMoaxoasuine apodu %‘(k:O, 1, 2, ...) HaxoLNM, NONBL3Yd4Ch Cle-
k
Aywoweli cxeMoit:

| — | 6 | 2 | 2 12| 2| 2] 2
pa| poi=1]pe=6 13 | 32 ’397‘826|2049

qo=1. 2 ‘ 5 ‘62‘129'320‘

e ’ g.1=0

OrpasnynBascb, Hanpumep, NAToHd noaxoxasuief ApoGeio, Mu GyneMm
- 2049
HMCTb nNpHOAHKCHUOE 3nayenne 41 no u3bLITKY: Val =55 =

= 6,403125 ¢ a6GcomoTHOA NOrpeillioCTHIO MEHbIIEH, ueM

1 1

A=z (2-3204 129) 320769

< 5-1078,

Teopema 3 (Ilpuucreilma). Ecau daa Geckonednod yentodl
dpobu
b b b
[T:J——] (16)
EbLINOAHEHbL HepaBerRCT8A

[6,]-+1<<]a,| n=1,2 .., (17)

70 3ra O0pcbe—cxodauiaaca, npudem abcOMOTHOE BHadeHue ee He
npessuuaer edunuyor [4). )
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Hoxaszartenbctno. [lycts rgﬁ (k=1, 2, ...)—noaxoasuiHe
&
apo6bu uenHo#t apo6u (16).

Tak xak
Qk=aka—l+kak—2 (k= ]) 2’ .. ')!

1Qu| =[x 1| Qe | — 181 || Qe2 -
Ortciona, ucnonbdysa uepasenctBo (17), nonyyaen:

[Qe| = (18,14 )| Quo i | — 18, || Qp=z s
[Qe | = Qu= 1 [ =6, | (] Quey | = [ Q=2 |)- (18)

TlocnenosatTenbHo npuMmenss HepaseHcTBo (18) u yuuaTHBag, uto Q =1
u Q_,=0, GyaeM nMeTb:

|Qul— | Qe-r | =8¢ || 04=s |+ - [01]. (19)
M3 uepasenctsa (19) BumTekaer, uto |Q,| MOHOTOHHO BO3pacTaeT mpu

po3pactanuu k, npuden [Q,|=|Q,|=1.
Cxonnmoctbh uenHoii xpobu (16) sxBHBaNeHTHA CXOAHUMOLTH psnia

ﬁ Pk Pk 1 = (—‘l)k—lblbz e bk .
QﬂLZ (gt —2= =)= Ga e " (20)

k=1

TO

uiln

PacemoTpum paa moayaeh

[ b1 11 bg) .o [ b
L [ Qk_ 1||Qk| : 20

Ha ochobanuu uepapenctsa (19) umeem:

by [ bel e Lbrl vy [ Qrl =] Qe
zz-‘ﬂ | Qe—1l] Qrl \kz___:] | Qr_111Qsl

_ nr 1 N 1 _ N
—kzleQk_lI |Qk|>—|Qo| (Gl < TQul T (n=1,2, ..,

Takum 06pasom, wacTHhE cymMsl paga (21) orpaunuenn d, caepo-
BaTeNibHO, 3TOT PSA CXOAHTCH, NpHYEM

byl 1bal ... |bg]
kZ Qe 11 Qkl =t 22)

Ho Toraa, B Cuay npu3Haka CPAaBHEHHUSH, TaKX¥e CXOLUTCR, H NPHTOM
a6conwTtHo, paa (20), T. e. cywccTByeT

P, <[Py P
lim £ % (Zr__ k—1)= i
n—l>ma.> Qn 211 (Qk Qk-l @
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Kpome Toro, yuurniBas nepaBedcTBo (22), umeem:
la| < 1.

3ameuanue 1. Ona cxoaumoctu uenHo# apo6u (16) mocratouso,
uTOGH HepaBencTBO (17) umeno Mecto npH n=m, upuueMm Q,==0
npu k<<m.

3ameuanue 2. B ycnoBufx TeopeMn 3 ANA 3HAYEHHA HENMHOK
Apo6H ¢ HMeeM CAEAYIOULYIO OUEHKY:

_ Py o |Pe__Pros
l°‘ nl=< X le Q™
kR=n+1
_ono IBi)iba] .. 1By o 1 Qel\—1 Q1] _
—kz GGl = 20 TQeaNGl =
=n+1
=i( L ——1>——l—1im—l
|Qk—1[ ‘le —‘in k—waQkI
k=n+1

B uacTHocTH, ecan |Q,| —+ oo npu £— o0, TO
P
%

=
Qn

[Qnl”

§ 5. Pasmowxenue dyukunit B uennsie npobu

Uernupie apo6u siBasioTCd yAOGHHM anmapatoM AJs NpeiacTaBleHHd
h seiyucnenus Gynxuuit, [loApoGHOCTH MO STOMY BOMPOCY H3JIOWKEHH
B crenHanbiol nutepaType (cM., HanpuMep, [2]), a Mu orpawnuumcs
JUIb PACCMOTPEHHEM OTIeJNbHbIX MPUMEPOB,

3amerny, 4T0 ecan dyuxuus f(x) ¢ noMoOUIbI0 KaKOI0-HUOY b NpHe-
Ma paasnaraetcsa B GeCKOHEuHYIO UemHYy® 1pobb, TO B ofuieMm ciayyae
HYKHO 10Ka3aTb CXOAHUMOCTb 3TOH ApPO6H M yOeAHTHCR, YTO Npelenb-
HOe 3Hayenue uenHol Apobu paBHO dyHxuuH f(X).

A. Paanoxenue pauHoHanbHOH PyHKUHH
B UenHYyw Apo6b
Ecnu

f(x) =C]0+c”x+012x2+
oot Co1x +Copx® 4 ... 7
TO B o6uleM CAyyae, MPOH3BOAA S/JeMEHTapHue npeoGpasoBaHus, 6Gynem
HMETh:
flx) = ‘ ~_Go
Coo | CootCoX+Copt®+... Coo  Coo+xfr (%)’
Crp ' Crotcnxtcxt+... ¢y
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roe
7 (x)____c,o+cux+cﬂx2+...
t eroFoux et ..
q .
Car = €10C0, ge1 = CooC1, a4t B =0, 1, «ol)e
AHnanormuudo
Ca9
xX)=——2
fl( ) CroFxls (x)'
rae
f (x)=030+03|)$+€32x2+..,
z CaotCarXF-Conx®+4 ...
f
€35 == C30C1, k41— €102, 141 B=0, 1, ..
n T, A
Takum o6pasoM
Cio [ €10 Ca0X Cyo* CnoX
X)= =|0; 1%, 2= L. 1
/%) CagX Te ! Cip Cap ! P Cpo10 ’ (0
Coo

c CapX
e+
.

npuyeM nerko ybeautnbes, uTo ienuas ApodSu (1) nonyuurcs KoHeuHoH.
KosdduuneHTs pasnokenuit ¢, ya06HO NOCIEN0BATENBHO BHYHCSI Th

no ¢opmyne
Cpp=—

rie j=2.

Cr=2,0 G-z, k41

Crety0 Crmny ket

3aMeTHM, YTO B HEKOTOPHX ClyYasxX KOIPPHUHEHTH ¢, MOFYT OKa=
3aTbcst paBuuniMH Hyalo. Torna 8 pasnowenue (1) HyXHO BHECTH COOT-

peTcTBylowne namenenns {2].

Mpumep 1. Pasnownts B uennyio Apo6s ¢yHKUHIO

1—x

f®) =15 7%a"

Pemenue., BonucuBaem koddpduuueHts ¢, B Ca1eAy0OULYIO cxemy:

N o | 1 | 2
I
0 1] —s] 6
i 1 -1 0
2 —_q 6 0
3 -—2 0 0
4 —12 0 0
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CaenoBatensho,
1—x - b - =2 —12x7 1
1—=bx-f6x2 | * 1 1 * —47' =2 —1.-, 4x *
lome2¢
— 4+ 6x

"B. Pasnoxenne e B nenuyw apobs

Ias e Ditnep monyunn pasnoxenne [2]
P VO e I _x (@)
T 2Fx 6 T v AnFor |
cxolfueecs Aa% S060ro 3HaveHus X, TeHCTBUTEALHOIO WAH KOMIIEKC-
noro [2].
OTciona noayyaem noaxonsue apobu:

Po_ 1,
Q17
Py _2tx,
Q  2—x’

Py 1246x+a?
Q, 12—6x+-x%°
Py 120-460x 4 12¢7 413
Q,  120—60x 4 12x2—x3

¥ T, I
[Mosaras, B 4aCTHOCTH, ¥ =1 W OrpaHNYUBAsCh 4YETBEPTOH NMOAXO-

asuied npobplo, HUMEeM

193
T=2’7183 .

e
Jlas nocruwenns TOH ke TOUHOCTH HYXXHO B pasnoxennn Makjaopena
e=2 +i+:]'-+. . e
2t sl
B3AThH HE Menee BOCbMH 4U/IEHOB,

B. Pasznowenne tgx B uenunyio aApo6s

Jas tg x JlanGeprom nmoaydeHo pasdomenue

th= [0, '/‘)t“ = :x—2 o . —x -] ’ (3)

» T3 0 TE gt

CXOAAULECCS BO BCEX TOUKAX HEMPEPHBHOCTH drikunm.
Mpumep 2. Haiitu npubauwenno tgl.
Pemwenue. Tlonaran & ¢gopuyne (3) x=1, 6ynem umern:

1 =1 —1
tg1=[0,—l—','d—, Ty ...]-



JHTEPATYPA KO BTOPOR [NABE 73

Ha ochoBanuu dopyyan (3) u3 § 3 cOCTaBMUM CIEAyIOMLYIO CXEMY
OAs YWIEHOB MOAXOAAW MK ApobGei:

B~ 0,1(2f3{4
| |1 1’—1|—-1|1
ak' 0 1‘3' 5'7
P,,]l 0|1|3|1495
Qe | O L | 1| 2| 9]sl

OrpanvuynBasic 4eTBepTOR noaxofsiutedt Apobblo, OyAeM HMETh:

tg 1A go=1,557377

(no Tabauuam tgl=1,557396).
Jlutepatypa ko BTOpO# raaBe

bl
H. Xosancku#, [Ipunoxenne uenusux apo6eli u ux ofoSmenni
Bonpocam npubauxesHoro anaansa, locrexusgar, 1956, ra. [ a Il
M. ®uxtenroasn, OcHoBH MaTeMaTHUeCKOro ayaausa, [ocrexusaar,
55, 1. 1, ra. 111 .

erron, Die l.ehre von den Kettenbriichen, Teubner, 1913, ra. VIl

R

. . Xnnuun, Uenuoe apo6u, Cocrexnspar, 1949, ra. L.

e [<¢] DO —
Cz



TTABA 111
BbIYUCIEHUE 3HAYEHUNA dYHKUMIA

[Mpu BLYKCACHHH C NOMOWLBIO CYETHHX MawivH 3uaveHud Qyukuuft,
3anaHHuIX QopMyaamH, Aanexo He Ge3pasNuyHO, B KAKOM BUAE 3arHCaHA
cooTBeTCTBYIOMAsA (POPMyNa. MaTeMaTHYECKH SKBHBAJNCHTHLIE BRIPaKEHHd
4aCTO OKa3hIBAIOTCH HEPABHOUCHHLIMH C TOUYKH 3PEHHS NPHONHXKEHHKX
Buiuncaenuit, [103ToMy DO3HHKAET NpaKTHYECKH BaXHad 3a4aya O HAXO-
WAEGHHH AA9 3MeMenTapHux Gyuxuuit Hanbonee yAoOHLX aHANTHTHUECKHX
Boipawenn#t, Buuucnenne 3HavdeHnd ¢pyHKuMl 0GLIYHO CROAMTCA K NO-
CNENO0BATEAbHOCTH 3/eMEHTAPHHX apudMeTHYeckux AedcTBufl, YuHTH-
Bas OrpaHnyeHHOCTh O0beMa NaMATH MamiHHbl, KeJaTeRAbHO 3TH Oounepa-
LHH pa3buBaTh Ha MOBTOPSAIOUIHECH HHKAbL. Huxe MH paccMOTpHM
HEKOTOpble THMOBHE NpHEMH BHYHC/AEHHH.

§ 1. Bouncaenue 3HaueHui noaunoma. Cxema Tlopuepa

[TycTb nan monuHOM n-it CTEneHu

Pxy=apx"+ax" 14, 4a,_1x+a, N
¢ AeicTBUTENBHLMMH Ko3dduunentamu a,(R=0, 1, ..., n). IToaowuy,
yto TpeGyeTc HAaWTU 3i1ayeHHe ITOrO NOJHHOMA OpH X =§!

PE)=af"Faf" ' +...+ae,,5+a, (2

Bouucaenne uncaa P(E) yaoGHee BCero NPOH3BOAUTH CAELYIOMIUM
o6Gpasom. [lpeactarum cdopmyay (2) B puae

PE=(.. (((ao§+a1)§+a2)§+a3)§+- . .+an-1)§+a")-

OTClOlIa, 10C1en0BaATE/NbLHO BbIYHCAAd 4YHCAA

by=ay,

b,=a, + b,

b,=a,4bE, 3
by=a;+ b8, )
bn = an+bu—1§1

HAXOLUM b!' =P ().
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[ToxkaxeM, uto uucaa by=ay, b, ..., b,_; aBag0Tea Ko3dhpuunen-
Tamu noanHoma Q (x), MONYYCHHOTO B KayecTBE YacTHOTO NPH AE/AEHUH
LaHHoro noiauHoMa P(x) na nsyuned x —E. B camoMm nene, nycrtb

Q) =Box" "+ Bx" 2+ ...+ By (4)

Plx)=Q(x) {(x—E) +B,, (3)

NpHYeM Ha OCHOBaHHH TeopeMbl besy octatox or menenus B,=P(E).
Us gopmyn (4) u (5) nonyumm:

P(x)=(ﬁoxn—l+ len_2+ v +ﬁn-1) (x_g)"*' Bny

WJIH, PacKpHB CKOOKH M CleNaB MpHBEAEHHE MOAOGHHX YJEHOB, GyeM
HMETb:

P () = Box™ -+ (By —Bof) 4"+ (B,—By&) #" 2 4. .
coot Bror—Baost) %+ (B— BB

CpasruBan KOS(QPUUHEHTH NPU OAHHAKOBLIX CTEMEHEX MepeMeHHOH X
B JIeBOH M NpaBO# 4aCTAX nOCJAeAHEr0 PABEHCTBA, NOJYUYHM:

o= a,,
B1—Bo& = a,,
Bz—.'ﬁlg = Q,,

i —Bn —.2§ = an.—l'
Bn_ﬁn—lg =a,

Orciona
o= a, =4,
Br=a,+BE =0,
Ba=a,+B,E=0,,

Bn-l =an—l+ Bn—igzbn—ll
ﬁn=an+ﬁn—l§=bn’
4TO H TPe6OBanOChb NOKA3aTh.
Takum o6pasom, dopmyau (3) no3BONAOT, He MPOH3BOAT NeJeHud,
onpenenats kodbduurent dacTHoro Q{(x), a rakxke ocratok P(E).

[lpakTHyeckn BhuHCNEHUS OCYWECTBAAOTCH MO caenyomel cxeme,
HaswBaeMoR cxemod lopuepa:

a
SR I A S
bo by by ... by=P(E)
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[Tpumep 1. Buyucautb 3Hayesue noAMHOMA
Px)=3x%3}2x2—5x+47 npﬁ x=3.
Pemwenue. Cocrasnsem cxemy Topuepa:
3 2 =5 7 |3

t° 9 33 m =
311 B =P

3amevaune. [loabayacy cxemofi [opHepa, MOXHO nOAyuHTH
Tpanuinl AeHCTBHTENbHBX KODHCH AaHHOrO noaunoma P (x).
Tonoxum, uto npy x=0 (f>0) Bce xoadduuuentn 5, B cxeme
lopuepa neoTpHuaTenbHe, npHyeM NepBuH KO3DGHUNEHT HONOKHTENEH,
T. e,
by=a,>0mn b;=0 (i=1, 2,...,n). (6)

Toraa MowHO yTBepwnaTb, UTO Bce JEHCTBHTE/bHHIE KOPHH X,
(=1, 2,...,m; m<<n) nonnnoMa P(x) pacnonoxeHsl He mpasee f,
T. €. x, <P k=1, 2, ..., m) (puc. 2).

B caMom aene, Tak kak

P(x)=(box" ' ...+ b, ) (x—P) + b,

TO npu mo6om x> B 8 cuny ycaosus (6) Gyaem umers P(x) >0, 1. e.
Mo6oe yncao, 6onpuiee f§, 3aBeA0MO He ABAAETCA KOPHEM noaunoMa F(x).
Taxuy o6pasom, Meem BEPXHIOIO OLEHKY A5 1eiCTBHTENbHBIX KOPHEH Xy
NnoJinnoMa.

Jas monyuenus HMWHCH OUCHKH KOPHEH X, COCTaBAACM MOJAKHOM

(— ) P—x)=ax"—ax" 1+ ...+ (—1)"a,

Jlns 2T0ro HOBOrO NOJAHHOMA HAXOAHM TaKoe uYHCa0 x=a (o > 0),
yToOn BCce KO09GhduuHeHTH B cOOTBeTCTBYIOULefl cxeme [opuepa 6wy
HEOTPHLLATENLHI, 33 HCKAIOUCHHEM nep-

— oo™ BOFO, KOTOpPbil, OYCBHAHO, OyaeT 110-

% Y 2 7% nownteapnnn. Torma coraacuo npeAH-

Puc. 9. LYUIHM PACCYXACHHAM AAS AeHCTBUTEN,-

HuX KOpHeH moaunoma (— 1)* P(— x),

OUEBMNIHO, paBHbXx — X, {kR=1, 2, ..., m), HMeeM HeDABEHCTRO
— X =

CnenoBatennho, x,=—a (k=1, 2, ..., m). Takuu oSpasom, mul

MOJIY4HJIH HHXKHIOIO TPAHAILY — o AeHCTBHTEAbHMX KOPHEH noanHoMa P(x).
Orciona cneayeT, 4TO BCe AeHCTBHTEAbHBIE KOPHH nojiuHoma P{x)
pacnonoxens na orpeske [—o, .

[Tpumep 2. HaiiTy rpaununl AeficTBUTeNbHbX KOPHEH [OAHHOMA

Px)=uxt—2x%43x* +4x— 1.
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Pemeunne. Toncuutaem 3snauewne noaunoma P(x), nHanpumep,
npu x =2, [loap3sysacb cxemolt [opuepa, monyuum:

| —2 3 41
+ 506 2 2
i 0 3100 19

Tak kak sce kospdnuuents b, =0, T0 AeHCTBHTENbHBIE KOPHH X,
noaxHOMa P(x) (eCMM OHM Cyu(eCTBYIOT) YNOBACTBOPHIOT HEPABEHCTBY
X,<C 2. Bepxhada rpanuna neficTBHTeAbHUX KopHeH Halinena. [Tepefinem
K oueHke nmxHelt rpannusl. CoctaBHM HOBHH MOAHHOM:

QxX)=(— 1P P(—x)=x*+ 243+ 352 —4x—1.

[Moacunrnpas sHavyeHne noaunoma Q (x), Hanpumep, npH x = 1, umeem:

1 2 3—4—1 |
+ 135 6 2 b

]

1 36 2 1

Bece kosdpduumentsr b; >0, sunaunr, —x,<<1, 1. e. X, >—1
WUrak, Bce HeifcTBUTE/bHHE KOPHH HAHHOTO TMOJAHHOMA HaXOoLATCHA
BHyTpH OTpe3ka [— 1, 2].

§ 2. O6o6mennas cxema I'opuepa

HyCTb B JAaHHOM TNOJHHOME

Pxy=ax"+ax" '+ ... +a, (1)

M0 KaKHM-TO Co06paxenusM TpeGyeTcs NPOH3BECTH 3aMeHYy mnepeMeH-
HOH x no dopmyae

x=y ‘l'gr (2)

raie E— QuxcupoBaHHOe 4UCA0 U y——HOBAH MepeMeHHas.

IMoxcrasuB Buipawenne (2) B moanHoM (1) M npowsBens ykKasaHHue
JeHcTBUH, nocne INpPHBEMEeHHS TNOMLOOHHIX UJEHOB [OJYYHM HOBHIH
TIO/THHOM OTHOCHTE/bHO MepeMenHod y:

Py+8=Ay"+Ap" +...+A,. (3)

Tax kax mnmomuHom (3) MOMHO paccMaTPHBATL KaK pasjomeHue
Te#tnopa no cremensm y dyuxunn P(y-+E), T0 xospduuuentn A4,
(i=0, 1, ..., n) MOoryT GuiTb BBIUUCAEHH NO (opmye

P ()

A= (n—i)

(i=0,1, ...,n).

YkaweM 6osnee ynoGumit Ha npakTuxe cnoco OTHICKaHHT KO3PH-
unentoB A (i=10, 1,2, ... ,7n) ¢ novomnio cxemu Fopuepa. Tlonoxum
cnayana y==0 B suipaxennn (3). Torga 6yneM uvern A,= P (E).
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Pasgenns nonunom (1) Ha asyures x—£E, nonyunM:

P(x) = (x—8) Py (x)+P(E), (4)

rie
P (x)=bx""14b,x"" 2 ...+ b, 1

Ilanee, ecau B Bupawenue (3) BMECTO y NOACTABHTb Ero 3HaUeHHe
y=x—E&, 1o GyleM HMETh:

Px)=(x—8) [Ay(x—E)" T+ A (x =5)" 2 ...+ A, ]+ PE). (5)
Conoctasassn dopmyaw (4) u (5), 3axaioyaeM, 4yTo
Pi(x)=Ag(x—8)" 14 A (x—E)"" 24 ...+ 4,10 (6)

Orciona
An—l = P1 (E) (7)

Ananoruuno, pasaenuBs noJnHHOM P (x) wa aByuien x—§&, MOMeM
NOJIOXKHTh,
Py (x) = (x—E) Py (x) + Py (), (8)

rae Py (x)=cpx" 24 ¢ x" 34 ...ty
Kpome toro, us dopmyn (6) n (7) nmeem:

Py ()= (—8) [Ag(x —8)" 2+ A, (x — "3+ 1oL 4 A, ]+ Py (E). (9)
Conoctaenna dopmyant (8) u (9), saxaoyaeM, 4TO
Py(x)=A,(x—E)" 24 A (x—E)" 3 ...+ 4,_,

Otciona A,_,= P, (E).

Tlpodomkas 3TOT mpouece fanee, MH NOCAEA0BaTEAbHO BHPA3IUM BCE
kostbduunents A, {i=0, 1, ..., n7) uepes 3HaueHus COOTBETCTRYIOWNX
noantomos Py{x)=P(x) u Py(x), ..., P,(x)=ua, npu x=§:

A" =P (g),
An-l = P1 (g);
A, e =Py (B);
AO =Pn (g)!

Tiae NoAnHOMHE P, , { (X), HCX049 13 NOARHOMOB P,(X), cTposTCa nodopuMyae

PriX)=(x—8) Py () + P ) k=0, L,...,n)
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Ana Buunenenna 3uavenuit P(E), P, (E), P,(E), ... moapsyemcs
0606uwiennod cxemoil TopHepa:

a, a; a, az ... 4,_; 4a, 3
bol B8 8,8 ... b, o8 b,k £
bo by by b3 ... b, , b, =P (§)
ckol ... €25
Co €1 €3 «v. Cn_y=Py(E)

IlpamMep. UTo6W YyHAYTOWATH B MOJHHOME
Px) =x%—8x345x2 - 2x—7

YJNEH, COAEPXAMUH TPETBIO CTENEeHh HEH3BECTHOH, MONAraT X ==y - 2.
Hai#itn npeo6pasosaunnit noannow.
Pewenue, IpumensieM 0606uiennyio cxemy lopuepa:

1—8 5 2 —7 [E=2
51> —14 o4 Lo
I —6 —7 —12 —31

2 — 8 —30
I —4 —15 —42
2 — 4
b =219
2
[0

1

CnenoBaresbHo,

Py+2)=y*—19y2—42y —31.

§ 3. Buluncienve 3HaYeHMH paNMOHANLHBIX APOGel

Besakyw payuonarsnyro dpobs R (x) MOXKHO npeACT2BHTH B BHje
OTHOLIEHHA ABYX HOJHHOMOB, T. €.

_PW»

R(x) =% Y

rae
Plxy=aux"+ax" 1. .. +a,
Qx)=box™ +b,x" 1+ ... +b,.
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[lycte nam tpeGyercs onpenennTb 3HauyeHue R (x) B Touke X =E:
=PE

Hucautens P(E) w 3namcnatens Q(E) npobu (2) moxuo HaftTu,
nonb3ysich cxemoft Ioprepa. OTciona mnoaydaeM TNPOCTOH CNnoco6 Bhi-
yucaenna uncaz R (§).

-Apyroft cnocc6 BRUACAEHHS COCTOMT B NpPeo6pa30BaHHH (YHKUKH
R (x) B uennyio npodb. [14s1 3TOTO MOYKHO BOCNONB30BATHCH CHOCOOOM,
yxasdanumum B raase |l, § 3.

§ 4. Mpn6amxennoe HAXOKACHUE CYMM YHCJIOBHIX DPALOB

Onpenenenune, Yncaosoil pan

ay ot a4t (1)
HA3WBACTCA CXOAAUMCA, CCAN CYUECTBYET MPENC NOCeL0BATENLHOCTH

€10 YacCTHBHIX CyMM
S=lim S, 2)

n—> o0
rae
S,=a,+ay4...+a,
Yucno S naswBaercs cymmod prda.

Takum o6pa3oM, cX0LHMOCTH psna (1) 3KBHBAJEGHTHA CXOLMMOCTH
NOCJICLOBATEABHOCTH ero YacTHwx cyMM. Cornacuo kpurepuio Kowu |11}
87Td NOCAELOBATEAbHOCTbL CXOMAHTCH TOTAAa W TOAbLKO TOrpxa, Korza aad
mo6oro & >0 cywecrsyer N=N(g) Takoe, uTo

|Sn+,n—snl<8
npu n>N u npousBosrHoM p>0.
W3 ¢opmynet (2) noayuaem:
§=S§,4+R, (3)

rae R,—ocrarox psda, npudyem R, — 0 npu n— oo.

Jusa Haxowaenus cymmn S cxoasiuterocs psaga (1) ¢ 3amanuoit
TOYHOCThIO & HYMCHO BhHGPAaTh YHCAO CJAATACMWX 72 CTONb OOABLINHM,
4TOOH MMCJO MECTO HCPAaBeHCTRO

IRnl<8' (4)

Torma wdacTras cymma S, npuHGaumeHHo MOxeT ObiTb NpHuATA 3a
TOYyRY10 cymmy S paza (1).

34MeTHM, 4TO HA NPaKTHKC caaracMse a@;, @,, ... TaKxke onpe-
nensioTcs npubanxento. Kpome rtoro, cymma S, oGeluHO OKpyr.sercs
10 3aB3dHHOTO YHCA4 AeCATHUNLIX 3HA4KOB, Y106 yuecThb BCe 3TH no-
FPEWHOCTH © OBECneYHTh HYWHYI0 TOYHOCTb, MOXHO MDHMEHUTB
CAGAYIOUYIO METOLHKY: BhiOepen, B c6uem C/ayuae, TPH MONOKHTEAbHBIX
YHCAA Ej, E, H &g TAKHE, YTO

& te,tEg=E¢.
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BosbMeM YHCJO 172 UJEHOB pfila CTOAb GOALIINM, 4TOOM OCTATOYHAA
nozpewnocTo | R, | yroBneTBOpSia HEPaReHCTBY

|Rn|<81' (5)

Kawnoe w3 cnaraemolx a,(k==1, 2,...,n) BoudcAUM C Npene/bHON

e —

aGconoTHOR MOTpPEWHOCTHIO, HE mpeBHuaoule! 7’, H nycTh a,

(k=1,2,..., n)—COOTBETCTBYIOUIHE MPHOAMKEHHHIE 3HAUEHHS Y1eHOB
paxa (1), T. e.

- 4
lap—a,| <.

Torpa aas CcyMmu

n
Sn= E ag
k=1
noepewinoctTe OeticTouid (CyMMHpOBaHHS) YHORJIETBOPAET HEPAaBEHCTBY
[S,—S8,] << &, (6)

Hakoneu, nonyuennsift npubamxentbi peayaprar S, okpyramnu 00 6onee

NPOCTOr0 YHcna S, ¢ TaKHM pacuetoM, YTOGbI HO2PEUIHOCT6L OKpy2ae-
Hus Obiaa

Ign—'g;n“<83‘ (7

B rakom cayuae uucao 3‘,, ABAsieTca  nPUOAMIKEHHHM  3HaueHHeM
cyMubt § psina (1) ¢ samannol TOYHOCTBIO €. [{e#CTBHTENbHO, H3 He-
pasencTB (5)—(7) mmveem:

'S—§n|<lS_Sn|+|Sn_§nl+’§n_§n|<81+£2+€3=€'

PasOuenne unCna £ Ha MONOXKHTENbHbIE C/lATAEMBIE £, €, H €, Clle-
LYeT NpOu3BOJUTH, C006pa3yfich ¢ NOTPeOHLM 06beMOM paboTh Aad
no/y4ennss HCKOMOro pesyabtata, Ecine= 107" u peayabTaT moameH
copep:kaTh Mm BEPHBIX NeCETHUHLIX /2 B

3HAaKOB MoOCJAe 3andarod, To daule 0w 97 T
BCEr0 MPHHHMAIOT: - r T N
e e €
&1=7> g =1 Es=g " Puc. 3.

Ecan 3aka0uHTEAbHOE OKpyT/€HHE OTCYTCTBYET, TO OOhIYHO MOJAraloT:
e e
8125, 822—‘7, €8~——0.

3anaua yCAOKHAETCH, €C/H HYWHO HAHTH CyMMY pPAla € TOYHOCTBIO
KO m BepHEIX JNECATHYHLIX 3HAKOB [IOC/E 3aMUTOH B Y3KOM CMHCAE
caoBa. leoMerpuieckn 3ro 3awauyuT, 41O TpebyeTcs HAUTH BNEMEHT

k .
MHOMECTBA oz (£ —uenoe), OGamwaidwnit Kk yncay S (puc. 3).
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Hycets nang onpendenennocTn cymma S nOMOXHTENbHZ U
S po"l'_"*" +lorn+ +1U"

(p, —HeNBe HeoTpHUATEeRbHBE UYHCAZ, 7> M)— PalMOHaNbHOE [pH-
GnnKeHne Takoe, 4To

Jonyctum, uyto
P,,,+1'7'é4 H pm+17é5-

Torna, oxpyrasisi uncao S, MOJAYYAM HCKOMBE pe3yabTarT:

0= p0+ + +10m1 - ecan pm+1<31 (8)
HJN

0 =Dy '+' '+' oot pmom ) eCH D = 6. (8’)

JeRcTBHTENBHO, B MepBOM Cayuae, NPH OKPYIJIEHHH N0 HEAOCTATKY
MHl HMeeM:

p p
0<S—o=frt 4 s . 4§ 10,,

9 9 4
= 10m+1 + 1073 +2 + LR +10_n < 10m+1 *
Bo BTOPOM Cjayua€, npu OKPYTJEHHH 110 H36bITKy, MMOJYUYHUM!:

T 1 Pm+ p 1 6 __ 4
0<0—S=qmm—jgrsr— - —g7 <07 [07+1 = [07¥1 *

TlosToMy B 0o6oMX caydasx uMeeM:

H, CJ€A0BAaTENbBHO,

= ~ 1 -

Takum 06Gpasom,
§=0 41077,

Ecan pn,,=4 HAH p,,,=25, TO CrenyeT yBeAHYUTb TOUHOCTH

BHuHCAeHUH npubamKeHHoN cyMMul S, npuBaexas ouepentolt AecaTHUHHE
paspsan.



§ 4] MPUBMAUKEHHOE HAXOWIEHHE CYMM YHCJOBLIX PAROB 00
B YaCTHOM cay4ae, eca Pmsy =% ¥ H3BECTHO, 4YTO
S,

1 -
T0 0 (8) ecThb NPUBAHKEHHOE 3HayeHHe CyMMBl S C TOYHOCTHIO 1O 5 10—~

(no HemgocTatky).
AHaJOruyYHO, €CAR p,,., =95 H

$>3,
, ' S
T0 0 (8’) ecTh npubnmxentHoe 3Hayenye cyMmy S ¢ TOYHOCTHIO KO 5 10-2

(no u3GHITKY).
Jaa ouenkn octatka pasa (1)

Ry=a,,1+a,,,+ ...

no/e3Hbl CAeAylOUlHe TEeOpeMu, KOTOpwe Mbl MpuBoAMM 6e3 1oxasa-
Teabcts [1].

k4
” 7 Yalit)
a,
8 e T
0 Z n n+l Z
Puc. 4.

Teopema 1, Ecau dnenos pada (1) npedcrasgasor cobod coot-
BETCTEYIOUUE SHAYEHUA NOAOMUTEALHOL MOHOTORHO ybuisarowed @yrrk-

yuu f(x), 7. e

an=f(”) (n=1, 2,...), (9)
To (puc. 4)
{ rae<r,< §7wax

Teopema 2. Ecau pad (1) —3narouepedyowuiica:

a; >0, a,<<0, a;>0,...
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u Moay/zu €20 HNEHO08 MOHOTOHHO y6bzaator, T0
| Rn ' = | Cpi1

u
sgnR,=sgna, %)

Mpumep. Halltu cymmy pana

1 1 1 1
S=qrtgrtgteo.togt... (10)

¢ To4HocTbio o 0,001.
Pemenune. [IpumeM 0cTaTOUHYIO MOTPEUIHOCTS

1

1 -3 __
81——4-010 -—m.

Unenw pama (10) npemcTaBnsioT co60o# COOTBETCTBYIOUIHE 3HadeHHS
MOHOTOHHO yOmiBalowel GyHKUHH

®
1
Rn - E s
kR=n+1
HMeeM ONCHKY
td 1
X
R,={ 5 =g
n
Pewasn uepasescrso
1 1
2n% 4000 °

NONyYHuM:

n>=12000 ~ 44,7.
Ilpuvem n =45,
flpenenbnyio mOTPEMIHOCTL CYMMIPOBAHHS BLGepeM pasHON

32=% + 1073,

OTCIOAa AOMYyCTHMAn nmpelenbHas aGCoMOTHAN NMOTPEIMHOCTL CAaraeMux
HYaCTHOM cymmbl Sy; paiaa {(10) ecTs:

1

— . 10"8
€y 4 __5 ~5
wSTH —9 107°.

*) sgn R, o6osnayaeT 3Hak uucna R,, T. e. sgnR,=+1, ecan R, > 0
sgn R, =—1, ecain R, < 0; sgn R, =0, ecin R,=0.
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[Monoxum

€, 1 -

=g 107
T. e. wiedn paga (10) 6Gyaem BHYHCAATL C NATBIO BEPHBIMH, B Y3KOM
CMBIC/IE, NECATHUYHHIMH 3HaKaMmu nocie sanatod. Hmwe Bwmucans co-
OTBETCTBYIOULHE 3HAYEHHs CJaraeMulx H Pe3yabTaThi YaCTHYHOTO CyM-
MHDOBaHHA!

1,00000 0,00024 0,00003
0,12500 0,00020 0,00003

0,03704 0,00017 0,00003
0,01562 0,00014 0,00003
0,00800 0,00012 0,00002
0,00463 0,00011 0,00002
0,00292 0,00009 0,00002
0,00195 0,00008 0,00002
0,00137 0,00007 0,00002
0,00100 0,00006 0,00002
0,00075 €,00006 0,00001
0,00058 0,00005 0,00001
0,00046 0,00004 0,00001
0,00036 0,00004 0,00001
0,00030 0,00004 0,00001
1,19498 0,00151 0,00029
CaenoBaTe/bHO,

S45=1,19998 4-0,00151 4- 0,00029 = 1,20178.

Oxpyrasst 3TO 3HAYeHHE [0 THICSIUHLIXK, NOJAYUHM [PUGAUKEHHOE 3Hay@-

HiE CYMML
S~ 1,202.

Tak K¥aKk NOTPeINHOCTh OKPYTJIEHUS
£5=0,00022 < - - 1073,
TO CymmMapHas MOrpeiIHoCcTb HaflIeHHOTO pe3ynabTaTta HE MNpEeBLIMAET
A -3 1 ~3 gl -3 -3 -3
8<4 10 +T°10 +T°10 <T'10 .

Taxum obpasom,

§=1,202 4- 0,001.
OueHKy MOXHO TIPOBECTH TOYHEE, €CJH YYECTb 3HaKH okpyraennd. Has
CpasHeHNs PHBOAHM 3HAYEHUE CYMMB S ¢ TOYHOCTBIO A0 —;— <1078 [2]:

§=1,202057,
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3ameuanne, Tak Kak pacyeT CyMMapHOH MOrpewIHOCTH npencrta-
BSET COGOH BecbMa TPYMOEMKYIO ONEPAURIO, TO HA NMPaKTHKe A% o6ec-
neyenus 3anarnoft TouHocTH &= 10" BCe NPOMENYTOURBIE BLIYHCAEHHS
[POHU3BOAAT C OAHHM HJH JABYMR 3amacHHMM 3HakaMmu. [IpH 3TOM ne
BOOJIHE CTPOro MPeAno/araioT, YTO AONYULEHHBE MOTPELIHOCTH He No-
BIHAIOT HA NECATHYHWE 3HAKH /M-TO PA3PARA HCKOMOTO Pe3y/abTaTd.

3aMeTHM, YTO MpPH PELUEHUY ITOFO NPHMEPA MPHXOAHIOCH HAXOAUTb
CYMMY CPaBHHTEABHO OONBWIOTO YHCAA caaraembix. Ha npaktuke pannsiit
PAL CTapaloTcd npeABapuTeabHO nMpeobpa3oBaTh Tak, YTOOH MR NOCTH-
MEHHA HCKOMOrO Pe3y/nbTaTa MOMHO ObIO OFPAHHYHTLCH MaJbiM KONHYE-
CTBOM u4nexoB. Takoro popa npeoGpa3oBanue HA3WBAGTCS YAYHUIEHUEM
CxX00UMOCTU pAO@ W BO MHOTHX CAyYasX 3HAYHTEBHO SKOHOMHT Bpems
BoIYHC/AEHHA, DTOT BOMPOC paccMoTpen B rjase. VI

§ 5. Buiancaenue ananennit amannTAYECKOR (YHKUHH

HeRctenrenphas GyHaKuns /(X) HaspiBaeTCs ananuTHYECKOH B TOYKe §,
€C/H B HEKOTOPOH OKpPeCTHOCTH |x—E|<TR 3TOH TOukH YHKIUSA
pasnaraetrcs B cTeneHHOR pan (psd Tediopa):

FO=fO+7 G -5+ g ...

...+f'(";'(§)(x—§)"+... (1)

Ilpu £=0 nonyyaem pad Makaopena

J=fO+7 Ox+LQey OOy g

nl

Pasnocts
Tk
R, (%) = () — 3 Lo (e — gyt
k=0

Ha3bIBAGTCA OCTATOUKBIM 4AEHOM W TIPEACTaB]seT co6OH owwubKy npH
samene (Qynkumn f(x) nosunomom Tedaropa

"
P)=3 L@ —py,
k=0
Kak uamectno (1],

D E+0(x—E) n
Rn(x) = (n4 1)1 (x—'g) +I: (3)

rae 0<C6<C1. B vacthocTn, ans pama Maxaopesa (2) nmeem [1]:

R

Ru(x)=ml—x ) (4)

rae 0<C0<C 1. Mmeworcs takxe apyrue OPMB OCTAaTOUHHX YJ/CHOB,
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87

Pasnoxenne pynkunu B pan TeAnopa Bo mMHorux cayuadax siBafeTCs

yIOGHLIM COOCOG0OM BHYMC/AEHHS 3HaueHuft 9Tof dynkunu.

Ecau f(E) ussectno u TpebGyercss HalTH 3nauenne f(§-4h),

rae

h—«manasg nonpaska», T0 dopmyny (1) BMroaHo 3annchBaTb B BHae

FEAn=fO+Fr ©r+ L e+ O R ),

rne
(P40 E01) sy
(nF Dl

Mpumep. Mpubanxkenno wnatitu J 10,
Pemenue. Umeem:

R, (k) = 0<8< 1)

1

Vﬁ=V32+1=3(1+%)?.

Tonaras
L
2

Flx)=(1+x)

NOoCACAOBATEABHO NOJYYHM.
1

F=104077,

Fw=—tanT,

£ =207,

Yo =— 304077,
Otciona, npuuas =0, k= u ysuTupas, 4To

FO=1, FO =%, FO=—%, F"O==,

B cmiy GopMyasl (D) Haxomum:

1
1\? | R U S T
(145) =14z s—g gtE mt R
=14-0,05556 —0,00154 - 0,00009 + R, = 1,05411 4 R,,

7

©®)

(6)

@)

1] )
T 1680616 (H'?) O<6<1).
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Oucsuano,
R, | < m<6 1078,
W3 ¢opmya (6) n (7) nonyuaem:
1/ 10=3,16233 +E, (8)
rae
|E[< 34 + 105 43.6.1070=3,3.10".

Oxkpyrass HaflnewHoe 3HayeHHe A0 4YeTHPEX 3HAKOB NOCAE 3aNSTOH
OKOHYATeNbHO OYyLEM HMETh!

V' 10=3,1623 4-6-10"5,
Hns cpaBHeHus npuBOAMM TaG/AMYHOE 3HAYEHHE
V 10=3,1622777 ...

§ 6. Brigncenne 3naveHuil NoxasateNbHON (ByRKUBE

Jna skcnoneHuHanbHoOH HKUHH e* cn aBef/MBO pasnoxenne [1
y

S R R (1)

MHTEPBAJ CXOAHMOCTH KOTOPOro — 00 < x < --o00. OcTatouHuii unen
psaa (1) umeer Bua
ot

n+1
R, (¥) =™ (0<0<1). )
[pn 6oabmnx no Moaymo anauexusx x psa (1) mano npuroaed ana
Buryneneniit. TloaToMy OGHYHO MOCTYNAOT CJAeAYIOUHM 006pasoM: 11yCTh

x = E{x)+q,

rne E{x)—uenas gactp uncaa x u 0<Cg<<1—napoGuas yacTh ero.
Hueem:
e’ = ef ¥ . o4, (3)

[lepBuift MHOWMTE b 1TpOU3BeseHH (3) MOXeET 6GLITh HABAEH C MOMOLLLIO
YMHOMEHHA!

E (x) pa3
. ——
£ =ce ... ¢, ecmn E(x) =0,
P
-~ E (x) pa3
1 1
Ewy . L, 2 —-
e PRI ecan E(x)<C0,
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riue
e=2,71828 18284 59045 . . .
u

%=o,36787 9441171442 .

1
MpRUCM € Wan —, I ofbecneyeHus 3a1aHHOR TOYHOCTH, caeLyeT B3ATH

€ 10CTaTOYHO GOBUINM YHCIOM AECHTHYHBIX 3HAKOB (B HACTOMALLEE BpPeMs
YHCJIO e OnpenesieHo CBuile yeM ¢ 250 LecSTHYHMMH 3HAKAMA).

Yto xacaeTcd BTOPOro Muowuteas ef npowussenesus (3), To Ans
BLIYMCJICHHA €r0 NOJIb3YIOTCH NPHBELEHILM Bbillle Pa3N0MEHHEM

=>, (4)
n=0

xotopoe npu 0=C¢ <1 oBpasyer GucTpo cxoaguiuiics paa, TaK Kax
Ha ocHoBaHuH opMyb (2) Aas 0CTaTOYHOrO wiena R, (g) NMEEM OUEHKY

3 n
OéR"(q)<(n—+]—)lq +1

Busenem Gonee TouHyio GopMyny Iast OueHkH octatka R, (g) npn
0 < g < 1. Umeewm:
q"+2

n+1
R, (@)= (H4n+<wen+<uan+'

n41
q+

=i [1+niz+<n+2;ﬂ(n+3>+“"]< ,
<Gy [ n+2+<n+2) +- ] :

OT1crona, CYMMHDYR TeOMETDPHYECKYIO MPOFPCCCHIO, CTOSULYIO B KBaA-
PaTHHIX CKOOKax, mOJYy4HM:

. n+2
nan npn 0 <g <1, yynTwsag, 4to
n4+2 _n+1
n+1 n '
OKOHYaTeNbHO OyneM HMeTh:
0<R,(q)<? n, 7
T. €.
0 <R, g <u, L, 6)
rane u,,=£—-—nocne11nnﬁ COXpaHeHHLH uned,

nl
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Bcam ocraTtounas AorpeuiHoCTb & 3444Ha, TO HEOOXOAHMMOE WYHCJIO
H/1eHOB 71 MOXKHO HalTH nmopGopoM, pewlas HepaBeHCTRO

0n+|

&.
nln

Tpubauxcennoe soraucaenue e* oo gopmyse (1) a1a mMaaux X ynobHo
NPON3ROAHTL NO CXeme

ex=uo+u1+a2+---+ lln-l-Rn(X), (7)
rae
uy=1, a,,:i'i;:;‘ (k=1,2,...,n). (8)

Ha cyetdnx mammHax BuuncacHAs yaobHO BECTH 1O CXeMe

X
Upy=7 pnr
Sp="5,_,+4, (=0, 1, 2,...,n),

1
S
rie uy=1, s_; =0, s;=1. Hucno s"=2‘ ST OPpHGAm¥CHHO maeT
k=0
HCKOMHHA peaysbrtaTt e”.
Ecan ¢ —3anaHnan NonyCcTHMas OCTATOYHAan NOCPEWHOCTy W N1 ==
=2|x|>0, TO npouecc CyMMupORaHHS CJeLyeT NPEKPAaTHTb, Kak
TO/NLKO OYNET BWNOJHCHO HEPABEHCTBO

Ix'n+l |
n+42
2] x "+ 20x) (x|" ' i
S TFDr =ag1 0 ar <lual<e,
T. €. eCau
|U"(x)|<6. (9)

MupiMi C10BaMH, npOlece CYMMHPOBAHHS MPEKPaulaeTcd, eCJH nocnaen-
HAH BuipaGoTannuifi 4JaeH 4, U0 MOAYMO HE MpeBwiuaeT &, NPH 3TOM

|Rn(x)|<|an"
IOns pacueta cyMmMapHO# nNOrpeliHOCTH cJeldyeT HO/b30BaThbea
obuieft cxemolt (§ 4).
Mpumep 1. Halitu l/e ¢ TOuHOCTbIO Ao 1075,
Pemenue., TIpHHEMaeM OCTATOYHYIO NOrpPEillHOCTH

81=%-10'5=2,5-10'“.
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Tak kax Torma uucsao cnaraemwx B cymme (7), mo rpy6oft mpukHaxe,
NOpAAKa AeCATH, TO C/araeMue MOACYHTLIBACM C TOYHOCTBIO A0 5 * 1077,

T. €. C ABYMA 3amacHuMMH ZECHATHUHHIMH 3HAKAMH.
Tlonaras

B=1, g="E2 (k=1,2, ..),

NOCNEN0BATE/bHO HMEEM:

1, = 5 = 0,5000000

1, =1 =0,1250000

)
g = % =0,0208333
Uy = % = 0,0026042

Ug=32=0,0000217

47 =12=10,0000016

1,6487212

Oxpyrass cymMmy 00 OSTH AECATHUHMX 3HAKOB nOCJE 3andTOH, MOAYYHM:
Ve =1,64872, (10)

¢ CYMMapHOH nOrpeuHoCThHIO
< 1,6-10704-5. 51077 41,2.107% =3,05. 1078 < 5+ 1073,

T. €. Bce 3Haku pesyantarta (10) BepHHe B y3KOM CMHICE,
Ons eblync/IeHHs e* MOXKHO HCMONB30BATbL TAKXE Pa3NOXEHHE B Len-
HYy10 Apobhb (4]

_[g. 3 =20 2 x?
e —.[0, T m’ T, W’ eoay m, ..-], (l])

CXOARULYIOCS AN M060T0 3HAYEHHS X (AEHCTBHTENLHOTO HJAH KOM-
NJ€KCHOr0}.

Mpumep 2. Hatiru }' e, nosab3ysace ¢opmynofs (11).
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1
Pewenune. [lonaran 8 dpopmyae (11) X ==, COCTaBIsIEM Tabaiuy
NMOAXOARIHUX ApoOel Anf coOoTBeTCTBYOWEHN uenHol apebu.

. —1 0 1 2 3 4 5
1 1 1
b 0 1 -1 3 T T
5
ar 1 ] 1 3 6 10 14
, | 5 61 | 1225 | 34361
k 0 1 2 T 8 6
3 37 743 | 20841
Qn 0 ! ! Fl T 3 | 18

Ocranasnusagce wa 5-H noaxoasduied KpoGH, HMEeM:

V7 Pr 34361 20841 34331
~g, T 1 T16 T 2084l

=1,648721

3
C TOUHOCTBIO 10 = * 10-9,

[an shiuncnenns snavenns obuiedi noasarenpnol dyuxunn a¢* (a>0)
MOXHO HCHOAbL308aTh OPMYyay

In%a Inda
e*=1+41In a-x—}—Tx?—}—-ﬁ—xs—}-
§ 7. Beiuucjienne snauenuil Jorapudmuteckolt dyuxunn

Hns vatypanbenx norapudmos unces, OAH3KHX K eAHHHLE, cnpa-
BEIJIHBO pasnowenHe [1]

ln(1+x)=x—§+§——’f:—+...
(=TI (— 1<), (1)

dopmyna (1) manonpurofiHa ans BHUYUCACHHUH, TAaK KK AMANA30H YHCEA
0<<1+4x =<2 neseanx M, xpome TOro, npu |.x|, Gnuskom K esunue,
paa (1) cxomHTCcs MensewHo.

Beenem Gonee ynobnyio $opMyly AN BHUMCAEHHH HATypasibHHX
aorapugpumon uncesn. 3amenas x B Qopmyne (1) Ha —x, OyLeM HMCTb:

h(l—X)=—x—F—F5——F— e — e (2)
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BuwunTtas nounewno u3 dopmyau (1) dopmyny (2), naxosum:
l—x
1

n1+—x=—2(x+1;—+%5+...).

ITonaras
l—x_
14+x =2,
TNONYYRMY
1=z
*=q +z

H, CJNEeLOBATE/bLHO,

. l—2z 1 /1—2\3 I /1—2\8
ne=—2[iTits (75) +s () + ] @
npu 0 << z2<C + oo,
[ycTh X —- n0JOXHATENbHOE uHca0. [IpefcTaBUM €ro B BHAE
x=2".z

1
rae m—uenoe 4ucao H - <<z<< 1. Torpa, nonaras

11—z
=&
rne

n npuMengs gopmyny (3), 6ynem umeTb:
Inx=In2"2=mln2-41lnz=
2n=-1

=m1n2—2(§+§§+. ) =R,

/

rae

. §2"+1 §2ﬂ+8 §2n+5
Ry=2 <2n+l+2n+3+2n+5+ ) <

' an 9 gan+1

g2 +1
<SOSR )< Zptgr

Mpn 0 <<E<< % HMeeM:

2
—g

9
= T
H NOITOMY
9 §2n+1
a4, Goaee rpyéo,

0< R, < 7= (—;-)2""-.
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Beena o6osnauenne

Eak—x
uk=‘2k—_]— (k=l: 2) -'-)t
nony4um;
Inx=mIn2—2(w,+u,+...4+u)—R,
rae

In2=0,69314718 ...

Ipouecc cyMMHPOBAaHHS NpPEKPAlLAETCH, KAK TOJBKO

u, < 4e,

[ra. ux

()

rae &€ —A0nycTumMas OCTaTOYHAaA NOTPEIHOCTb, KaK Kax TOrmias cuay

dopmyan (4) umeem:
Ry<Jep. 20 ]
I s A

(]
[penenbHyio nOTPeWHOCTD CYyMMES kz U, MOXHO OLUEHHUTH, 3aXaBUIUCh
=1

onpefeseHHblM KOJNHYECTBOM JAECATHUYHBIX 3HAKOB C/AaraeMhx H ycTa-
HOBHB HAa OCHOBaHMH OPMYAH (4) NPUMEPHOE UYHC/O C€/J4araeMuXx /1.

Mpumep. Hatite In3 ¢ Toynoctsio no 1075,

Pewenne. Buuncaenna Gyiem npou3BOAHTL C ABYMA 3anacHLIMH

3Hakamu. [losowum
3=22.2 =92.0,75.
Otcwoaa 2=0,75 u

=0,1428571.

Hmeem:
u,=§=0,1428571

§3
Uy = 5-=0,0009718

ES
Uy == =10,0000119

13
uy = —=-=0,0000002
0,1438410

Hcenoabays dopmyay (5), nonyuaem:

In3=2.0,69314718—2-0,1438410 = 1,09861.

3amevanne. MOXHO TaKke BHMHCAATL HATYPANbHLE JA0TapHDME!

YHCEJ, HCXOAd H3 NPeACTaBAeHus
x=¢e?z,

rae p— uenoe Yucao H ?l<z<l (cM. [B]).
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Jins BHYHCIEHHS AeCATHYHHIX jorapudmoB ucrmoabpsyertcs Gopmyna
lgx=Mlnx,

rae
M=I1ge=0,43429 44819 03252 ...

§ 8. Buiunucaenue 3HaueHHfl TPUTOHOMETPHUECKHX (YyBKuui

A. Buyucnenue 3HauyeHuH ciHyca H KOCHHYCa

C nomompio ¢GopMysi NPUBENEHHS aPryMeHT X MOXHO 3aK/IOY4Th

B OTpe30K 0<x<%. Ecau 0=£x<%, TO HMEeM:
o 2n 41 :
inx — L AL
sinx =3 (—1) PTEEE ()
n=0
n 1
eCciu ke -‘—1--<x<7, TO f101arailoTt
) @ ln 22n 2
smx_cosz—Z(—— )(2—’1)“ 2)

n=0

n
rie z=-—-—x u 0<z<—2—.

Cymmy psza (1) yno6HO BHIMMCAATH TNPOUECCOM CYMMHDPOBAHHS

sinx=u;fu,+...+u,+R, (3)
rae caaraemsie u, (k=1, 2, ..., n) nocnenoBaTeNLHO HAXOASTCA C MO~
MOW(bI0 PEKYPPEHTHOrO COOTHOUIEHHS

xz
U, =x, uk+l=_2k—(2—k-{—l)uk (k-——], 2, ooy ﬂ—l).

Tak kax pan (1) 3HakouepenyOWHHCT € MOHOTOHHO YOBIBAIOLINMH,
N0 MOAy/Alo, YJE€HAMH, TO JJIa OCTAaTOUHOTO wjiena R, CIpaBenaHBa
OlleHKa

xn+1

| Ral S @nT

|
=l
sgn Rn =SgN U,y

[losToMy mpomecc CYMMHPOBAHHRL MOXHO NPEKPAaTHTh, KakK TOJbKO
OynerT oOHApyxkeHO, 4TO

| <,

rae g€-—3anaHHas OCTATO4YHas TNOrPeEUIHOCTD,
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Ananoruyuo
cosz=v+V+...+v,+R,
riae
xz
'Ul=1, vk_l_l:-—m'vk (k=1, 2, ooy ﬂ—l)
7|
IRy < 2t =101 |, 580 R, =sgnu,,

(2n

Npnmep. Hafita sin 20°30° ¢ TounocThio no 1079,
Pewmenne. Mmeen:

X == arc 20°30" = - + 360 = 0,349066 4- 0,008727 = 0,357793.
Ilpumenss Qopmyay (3), nOJYUHM:
u, = x; 0,357793
s 0,007634

2=35.3

u3=jf—‘§ —= +0,000049 I

g = 5% — —0,600000 ]
—0,350208

OTcwaa
sin 20°30° = 0,35021,

AHANOrHYHO BHYMCANIOTCH 3HAYEHHA COS X.

B. Buncaenune tTanrenca

MoOXHO cuHTaTL, 4TO O<x<—— Has tg x upwu |x|<-— cnpa-
BeLJHMBO pa3s.oxenie [6]

177 | 62x°
gx= x+ + +315+28>5+

Kosdduuuentsl pasnomenus BupawawTes uepes ducaa  Bepuyaau
(cM. rn. XVI, § 12).
3HauenHe TaHTeHca MpOCTO BHYHCAAETCA C MOMOLILIO LeMHHX APO-

6eit. [lonaras

X
tgx—~y~,
B cuny Gopuyas JlamGepra (ra. I, § 6) Gynem umerts:

—x2 2 ey ]

y=[lr _3_) T) LIRS ] Q—mr
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Jins Buuucaenns y ¢ to4nocTsio 80 1071% pgocTaToyHo npHENTH
n=17. Toraa
y=1—=x2:(3—x2:(0 — x2:(7T—x2:(9—

—x2 (11 —22:(13—£2:15))))) ). (4)

Buiuncnesue y OOGHUHO NPOU3BOUMTCH ¢ moMouwblo cxemn lopuepa
I peneHna (Haydhad € KOHUA):

Y =13—x%15
Yo=11—x2y,
ys= 9—x%iy,,
Y= 7_"52:)’3-
y5= 5_’52‘)’41
Yo = 3—x’~':y5,

y=y;= 1—=xy,
Orcroaa tgx=i.
Yy
IMpuwme p, Hafitn tg40°,
Pewenne, Umeem:

x =arc'40°=0,698132

x%=0,487388.

OTcrona

0,487388

05
y _ 1y 0.187388
2 {2.967508
_ g 0,487388
Y= 9715 962413
0,487388 )
Vi= 7—8,955540=6’905577;
_ 5 0,487388
Vs = 05 g55577
487388
Cyy= 3—3—:9299%:2'90“37‘

8
y=yi= 1 —igoits=0832001

y=13— —12,967508;
—10,962413;

= 8,955340;

=4,929928;

H, C/IelOBaTEeNbHO,

0,698132

12 40" = 5335001

=0,839100,

B nonysenHoM pesyanTaTe BCe 3HAKH BepHue,
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§ 9. Briuncnenne 3nadeHMit runep6oAHYECKHX QYHKUUN
A. Bouucrnenne sHadeHUH TunepbONHYECKOrO cHHyCa

Kax u3mectHo,

ex_e—x
Sh x == T,
npu4yeM

sh(—x)= —shx.
Ana runep6ONNYECKOro CHHYCAa CNpaBel/HBO pa3fioXeHue
X3 xb
th=x+§?‘+gx—+... (— oo << x <<+ o0).

Ilpeanonaras, uto x>0, BuncaeHNa yACOHO NPOH3BOAHTL NPOLECCOM
CYyMMHPOBaHHA

shx=u;+u,~+ ... +u,+R,

rae \
X
U, =ux, uk+1=muk (kzl, 2, ooy n—-—l)
n R,—ocrarounnfi unen. Ilpn n=x > 0 umeem:
x2h 41 x4 245
Ri=gnxmmtansay Tangan T <
- x20 41 [1+ x2 n x4 n ]<
@nF 0l GnF D @n+3) T @nror@nrar e
24+ 1 4 x4 4
S@tni ] Pz <TEaFm 3
(2n+2)(2n+3)
Tax kak, 04eBHALO,
x? 1
Uy = gn@n g <7 w
TO

R, <—; u,.

B.BouuncnennesnaueHufirunep60JHYeCcKOrOKOCHHYCA

Kax wnaBectHO,
eXte~*

chx = 5 ,

npuueM
ch(—x)=chx,

Jna runepGoaHuecKOro KOCHHyCa CNPAaBEAMEO Pa3JOKEHHE
x? x
=144+ +... (— o0 <<x <+ o0).

Buuucnesns ypao6HO NpPOH3BOAKHTDL IPOLLECCOM CyMMUDOBaHHA
chx=v,+o+...47,+KR,
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rae
x2

’Ul=1, ’Uk+1=(2k_-—l)2k"vk (k=1,2, ey Il—l)

u R, —ocrartounsit uned. Ilpn n=|x| >0 nmeenm:

520 §2 42 e
Rn:(Qn)!_'_(Qﬂ—[—?)f (2n+4)[+-..<
X2 x2 48
< (QT)‘ [1 —1_ (2n4-1) (2n+2)+ (2n+l)2(2n—\—2)?+ . .] <
x2n 1 4 en .
(2“)]'» _____i_— <§.(2—[1)l=§’vn+l'
(2n4-1) (2n+-2)
Takx kak Opu 7= 1 cnpaBellUBO HEPaBEHCTBO
x2 1
Upe1= @n—1)2n v, = 5 Un
TO
2
R,,< g'vn.

B. BuyHcnende runepbOaHYecKOro TaureHca
Hmeem:
shx e¥—e™*
rie
th(—x)= —thux.

Tlpy Manux |x| Ans BhYMCNEHAS 3HAYEHHH runepGOIUUECKOro TaH
FCGHCA MOXHO HCMOJ/b30BATh pA3n0MeHHe

x3 ., 2x8 17x7 | 6249 k14
the=x—"3+95 353 +2’§“35+'-~<|x'<7>°
[lpy mobom x 3HaueHHe rUnepOOJIHYECKOrO TAKreHca BHpaxaeTcs
tenHoft Apo6nio

Cox o ox2 xf x3
thx_[O,T, ER- R IEREEE ) .-.],

npuueM TaKk Kak npH x >0 sneMenTH 3ToH ApoGH NOJNOWHTENbHM,
7o thx npu x >0 3aknioyen Meway nABYyMS COCELNHMH NOAXOANULHMH
aApobamu.

Ecau x >0senuko, 1o thx yno6no BulyHcaaTh, npumenss Gopmyay

2
thx=1~m.



100 BEIMHCAENNE 3MAUEHHH SYHKUHKI [tn. w

§ 10. Mpumenenue MeTona MTepauHH R TPHGAHKEHHOTO
BLIYUC/ICHUs] 3HAUeHuH DyHKUuU

ITycte TpeGyeTcss BWUHC/IMTH 3HAueHHE HeNnpephBEOR dyuknuu

Y= _ (1)

LMt 33/1aHHOFO 3Havenus aprymenta x. Ecam dyukuus (1) nocratoyno
CMOMHA H HYWHO NOACYHTATh OONLUIOE KOJHYCCTBO €€ 3HAauyeHHH, TO
BbIYHCACHHS OOLIMHO NPOH3BOAATCH HA CUETHWX MaulHHax. MowxeT cay-
YHTbHCH, YTO B CHAY KOHCTPYKTHBHLIX 0COGenHOCTeH MalMHbl Henocped-
CTBEHNOE BHYHCAenne 3nHayenuil QyHkunn no ¢opmyae (1) 6yzrer 3a-
TpyanuTeabHbM. Tlpn 3TOM caMble npocTeie AEHCTBHA MOTYT 0Ka3aTbes
«CHIOWHBIMA» M Jawe HeBhnosHAMuMU. Tak, nampumep, CywiecTsylT
cyeTHbE MalWUHK «6e3 aeneHns». Toraa BO MHOTHX Clyyadx OKa3nBaeTCs
NONE3HHM CAeaylowHi nprem. 3anuwem ¢yHKUno (1) B HexBHOM BHIC

Flx, yy=0. (2)
Ilpennonowum, uto F(x, y) HenpepuBHAa H HMEET HENPephiBiyId 4acT-
Hyl10 npoussoanylo F,(x, y)==0.

Iycts y,—npubnukennoe snauenne y. [pusenss reopeny Jlarpanxa,
Oydem HMETb:

F(x, y)=Fx, ) —Flx, )= (3, —» F, (x, 3,),
rae ;,I—H(’KOTOPOE HPOMC)K}’TO‘{HOQ 3H34YCHHC M@)K}ly yn H y. OTC}Oﬂ.a
_ Flxoyy)

Foix, g,

3uayenne y, HaM He w3pectro. [lonaras y ~y,, Ans BLUHCAenus
3HAUENHA ¥ NOAyuuM urepartuenvii nposecc [T]

Y=y, (3)

r (X, yu)
= —_— ﬂ—O, 1, 2, R N 4
yn+1 yn F_,, (x, yn) ( ) ( )

dbopmyna (3) umeer npocrofi reoMerpudeckHit cmpicn. 3adukcupyen
3HA4CIHKE X H DaccMOTPHM rpaduk QyHKiHH

z=F(x, y). (4"

W3 copmyan (4) BhiTekaeT, uTO Hall Npouece NpeiacTaBafeT coboi
meTod Hbwrtona (cm ra. IV, § 3), npuMmeHeHHnlil k Pynkunu (4),
T. €. AOCNeA0BaTENbHEE NPHOJNIDKEHHS Y, ) NOJYHAOTCH KaK abcumcehl
TOUKH repecevennst ¢ ochio Oy xacarenbHofl Kk KpuBoH (4), mposesen-
noft npu y=y (n=0, 1, 2, ..,) {puc. 5). CxopuMocTb npouecca
6yner obecrneyeHa, €CJH

Fylx, y) 1 Fyy(x,y)
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COXDPaHSIOT NMOCTOSIHHbBIE 3HAKH B PACCMATPHBAEMOM HHTepBaje, COAepxKa-
f(eM KopeHb y.

Hayanbuoe snauenne y,, BooGLLe FOBOPA, MPOH3BOALHO H BHiGHpaeTCs
10 BO3MOMHOCTH GJHM3KMM K HMCKOMOMY 3Hauewuio y. [lpouecc urepa-
LMY MPOAOMKAETCR AO TEX MOP, Mnoka
B mpe/jenax 3aLaHHOH TOYHOCTH € ABa 2
NoC/e40BATEAbHBIX 3HAYEHAR Y, H Y, _, HE
coBnanyT Meway coboit: |y, _; —y,|<e.
[Ipu 3TOM, CTPOrO rosops, He rapaHTu-
pyeTcs, uro

ly—ynl<6’ ()

NO3ITOMY B KaXJOM KOHKDPETHOM C/ayuae
tpebyeTca AOMOMIHTEbHOE HCCAENLOBA-
Hye. i
JLOCTOMHCTBOM HTEPATHBHAHX mpouec- ¢
coB sBJiAercs 0aHooOpasne omepauuil H
BCJEINCTBHE 3TOTO CPaBHUTEJIbHO Jerkag
NporpaMMupyemMocTh. Pic. 5.
3aMeTHM, 4YTO NpeacTasneHue
F(x,y)=0 nna sanannodl dyukuun (l)
MOXCHO P€afiH30BaTh GECUHCAEHHBIM MHOXKECTROM CNOCOGOB. DTHM caeayer
" BOCMOAbL3OBATLCA, YTOOH NCAYUHTDL GLICTPO CXOAAHUACE HTEPAUHOHHK
npouecc. B caenyloulyx naparpadax npuBeseHn THIH OCHOBHHIX MPO-
LLeCCOB.

§ 11. Beiuncnerue 06paTHOH Bennunabl

1
s —_—,
Oyere y=-
Ilna oupenesensoctH 6ymeM cuutath, uto x >>0. [lomoxmum

F(x,y)ex—ll.—:O,

[~

TOoT A
4 1
F'y (x’ )’)= 'y_Z'

IMpumensan dopmyay (4) § 10, 6yaem umers:
l

X——

yn+1=yn_%‘
3
HIH
Va1 =Ya2—xy)  (n=0, 1,2, ..), (1)

T. €. Mbl MOJYUYHJH HTEePalHOHHWI mpoiecc, He coepkautHil aenexus.
HauanbHoe suavenne y, BuGupaercs cnenylomuM o6pasom. [lycts
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apryMeHT X 3anHcaH B ABOHYHOH CHCTEME:
1

* =2"%, rae m—uenoe uncno B 5<% <L
Toraa nonaraioT
Yo=2"". (2)
Buoisicnum ycnosus cxoanmoctn npouecca (1). U3 gopmyant (1) umeenm:
] L, . 1 2 3
Y= Y1+ XY =X ;—y,,_l) H (3)
oTclona
1 n 1 2™ | n
= (=) =4 (= (4)

Jas cxoanmocTH mpouecca (4) HEOOGXOLMMO H LOCTAaTOUHO, YTOOH OO
BhINOJIHEHO HEPABEHCTBO

|1_xy0f<]
HIN
— <<l —xy, <1

Taxkum 06pa30OM, OKOHYATENbHO NOJAYYaeM CJACAYIOMHH pesyabTaT: ecian

0<Txy, <2, (5)
TO

lim y _ 1

n—> ® " X )

3aMeTuM, uTO npu HaweMm BubOpe ¥, (2) umeem:
XPe=2"x,-27" = xy;

no3TOMy

L=xy<t (6)

W, 3HAUUT, ycaosue (5) BunonHewo. Kpome Ttoro, u3 dopmyan (3) Bu-

BOOHM:
1 1 /1\2" 1\2"
‘— <7<7> <2y0(7) '

X —Va
T. €. CXOAMMOCTb HTEpauHOHHOrO npouecca upe3snyafino OuicTpasn,
BuBegem aApyryio ouesky owHOKH 3HAYEHUR Y, HHOTILA NPAKTHYECKH
6onee yno6uyio. [pewne Bcero, 3aMeTuM, YTO nocAeldOBaTeNbHbLIE MPH-
O/MeHus Y, ¥, ¥, ... B [aHHOM Clyyae noay1aloTca no MeTOAy
HeotoTona, npuMenennoMy ¥ runepGone

z=x—% (x = const)
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(puc. 6). VI3 nepasenctra (6) u dopmyanw (3) caeayer, uto
0<y, <+ (1=0, 1,2 ...
Kpome Tbro, TaK Kax
Vo= Yn1 =Yyl =2y, )=xy, (%-y,,_l) =0, (N

TO TOCNAeAOBATEAbHHIE NPUONHNKEHHS Y, MOHOTOHHO BO3DACTAIOT:
Yo <Y, <... ;
M3 dopmyan (7) umeem: }
1 1 .
7—'}’u—1=m(}’n_}’n—1),
HAd TaK Kak

1
XYy > Y02 5

TO
1
T—yn—l < 2 (,V,. —yn—l)'

O1ciona

1
_;__y"<yn—y"_l, Puc. 6.

Taxkum o6pa3oM, ecan Gymer OGHAPYKeHO, YTO Y, —Y, 1< &, TO
¥ MCTHHHAA [OrPeUIHOCTb

1
0l —y,<e.

Mpamep. C nomowsio (1) Haltn anauenne dyHxuun y=—:;-
npu x=3.
Pemwenne. 3aecoy x=22-%. [Tonaraem y0=%, TOraa
1 3 5
y,=0,312(2—3-0,312)=0,332 n 1. &

[Tponece uTepanun OHCTPO CXOLHTCH.
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§ 12. BbiunciteHne KRappaTEOrO KOpPHA

Mycts

y=Vx (x>0). o)
Tlonownm

F(x, py=y*—x=0,
Toria

Fy(x, 3)=2y.
Ipumeusns dqopmyny- (4) § 10, umeem:
Yn—x

yn+l=yn_T

nan
1
yn'+l=?<yn+yi”> (2)

(n=0, 1, 2, ...)—=npoyecc l'epona.

[locienozateavnne npubmmenna Yo, ¥y, ¥4, ..., OUCBHAHO, HONY-
z vatoreg no merony Hoiotona,
NPUMEHEHROMY K mapaboJie

z=y'—x (x==const)

(puc. 7).

3ameTHM, uTO ecan 3a y,
NPHHATL TabauuHOe 3HayeHHe,
pawuee Vx ¢ OTHOCHTEALHOR
norpewnocino | 8, Toy,, onpe-
nenennoe  no  dopayne  (2),
nact suaucune Vx npuban-
3HTEIbHO ¢ OTHOCHTENLHO# no-

IPCLIHOCThIO %62.

JNelicTeiTennno, noaaran

Vo=V x(16)

u.npenebperas crencksmn O, Bowe 3-#, OyAeM HMeThb:

Puc. 7.

i - - -
=y ()= Vru++Vr+97])=
=%V}(1+6+1—6+62);—.V?<1+6—;).
OTCI0Ra MOAYYACM BaXHWH BHBOA: npu npumexenut npoyecca lepoua

wuCA0 8epHblx NP npuMepno ydeaueacica Ha KAXCOM 3ITANE RO
CPOBHEHUIO € NePBOHAYAAbNbIN KOAUHECTE80M.
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MNpumep 1. Hag y=l/2_ NPHONHKEHHO HMeeM:
yo=14.
YTouusta 3TO 3HAuEHHE, MOJyuyacM:
9
ni=g (144 55) =0T +0T14=1,414,
Ewe pas nosTopss upouecc, 6yaeMm HMeTb:

Vo= (1,414 -|-1—rjl4) 0,707 -+ 0,7072136 = 1,4142136,

APHYEM BOCCHMb WJIH CEMb AECSATHUHBIX 3HAKOB ABAAIOTCA BepHuMH. Jlefi-
CTBHTENLHO,

V2 =1,41421356. ..

Buscnus ycnosns cxonnmocTh npouecca I'epona. Ma Qopuyan (2),
samensia n+ 1 na n, npu y 0 umeem:

V= _(yn 1™ —Vx)
,v,,—l-V—— (yn-1+V—)2

yn:5§=<‘;::1;$§>”- ®

Orciona

Cnesnosare/bho,

—Vx _ (’/o'— Vx_>”"

Ynt Vx_ Yot V—;
n
(4)
rae _
(]=M. (5)
YotV x
M3 topmyan (4) BuTeKkaeT, uto npouecc Iepona cxomures npu
lgl <1,
T. e, eCaH
Yo >0,
B srom cnyyae, OvYEBHAHO, HMeeMm:
limy, =Vx,
n—>w
fapuyeM

.=V (=12 ...
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3aMeTHM, 4TO

Yn-—
Y= Ypr— (y,. ) =50, @)

nosToMy npubanikenus ¥, npu 7= 1 06pa3yloT MOHOTOHHO yGLIBAIOULYIO
MOC/e/10BaTENbHOCTD

S S S - 8

[lpu pabGote Ha CYETHOHK MauiMHe 4YHCAO X YAOGHO 3amHCHLIBATH
B ABOHYHOH CHCTEME

1
x=2"x,, e m-—Ueoe YHCAO H o << X) < 1.

Torpa 3a nyneBoe npubanxeHHe OOGLIMHO NPHHHUMAIOT:

=226, (7)

m m
roe E(?)——uenaﬁ 4acTb YMCHA .

Mpumep 2. Hatitu /5.
Pewenwue, 3neco x=5_—_23-—2—. [ToaTomy

y0=25(%) =2.
Mo ¢opmyne (2) nocaenoBaTeNbHO HAXOAMM:
n=3(2+%)=22,
y2=%(2,25 +Zi25>=7§-(2,25+2,2222):2,2361
H 1. A. [lo taGauuam xBaapaTHeIX KOpHe# HMeeM:
V5 =2,236068. ..

Ouennm sennynuy |g|, BopaxaeMyo gopmyaolt (5), ncxons us 3sua-
yeuusu y,, onpenensemoro cdopmynoft (7).
Ecnn m==2p ecTb 4yncno ueTHoe, TO HMeEeEM:

yo=2") o s yz

H, {J1€A0BATEAbHO,

gl =t V22V VA _1=Vh 1/2—0/5—02
y0+Vx 2P+ 27V x, 1+Vx1 1+]/— .

*) 3naK paBeHCTBA MOXKeET HMETb MeCTO TOJbKO npH yo=V x.

v
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Ananoruyno, ecnin m=2p-+4 1 ecTb 4UCAO HeyeTHoE, TO

m
y0==25(7f)?=2p£;‘vf;.
Tlostomy
Vi—y, 2PV 2x—27
Vity 27V 427

V 2x,—1 2 2 =
_ — 2-1)2,
Vo 41 ! V ox 41 <1 v )

Taxkum o6pa3oMm, Bceraa umeem:
19l <(V2—=1)2=0,1716... < .

Otciona Ha ocnoBannun GopMynn (4) moayunm:

lg|=

(1)2"
—VE<2- A msin(z)" w21,

(5

1 3
)’1=—2'<yo+y_i> =3 Ve

rae.

Orciona
— 95 1\
0=y, —VE<Tn(3)" (8)

M3 dopmyan (8) nerko MoxHO OnpefenuTb YMCI0 UTepaunft 71=n{x),
JLOCTaTO4YHOE A4 ofecCrieyeHnqa 3alaHHOHX TOYHOCTH.
[IpnBeaeym ewe oany opMyay Aas OUEHKH MOrpeliHOCTH 3HAYEHHSH
Y (n=2). Tak xak
<Vx,

yn I/V—

Yn-1
To, yuuTthiBan dopmyay (6), umeem:
- X y2 1——1
n-—
—1—Vx <.Vn—l_m =T 2 (Ype1— V)
CnenoBatenbHo,
e<-yn_.l/-xg-yn—l—yn' (9)

Taxuym o6pasoy, ecin 0 <<y, _,—y, < €(n=2), T0 rapauTHpoOBaHo,
4TO Ogy”—]/x<e.

Ykaxew eile oauH crnocol BhYUC/IEHHS KBAAPAaTHOrO KOPHS, OKa3hi-
BaOWuAcs WHOrAa noJesHbiM. 3ameHum ¢yHkuuio (1) SKBHBa/JeHTHLM
COOTHOLLEHHEM

F(x,y)sj%— 1=0.
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Torna
Fy,(x, y)=—;i;.
[Ipumenasn cdopmyay (4) § 10, noayuum:
-1
Y,
VYoer=Yut 21_x__
I
HaH
Yn
n“=%<&—7) (=0, 1, 2, ...). (10)

BuscHenne ycaoBuit CXOAHMMOCTH wuTepaTHBHOTO mnpouecca (10) u
OlEHKY NOTPEeUlIHOCTH MH OCTaBjseM Ge3 pacCMOTPEHHH.

§ 13. Boiuncaesne 00paTHONl BeJMIUHD KBAAPATHOLO KOPHA

IMonowum
1
= — (x> 0).

X

3anncaB QyHKUNIO B BHIE
_ T
Y= X

u3 dopmyan (10) npeaniayuero naparpada nony4ynM HTepaTHBHHE NPO-
uecc «Ge3 mesenuar
ln
Yo =B—xy2)  (n=0, 1, 2, ...). ()

1
Ecin x =2"x,, rae 5 <x; <1, 10 33 y, BuGHpaeTCs 3HaueHne
(%)
Yo=2 .

38M€THM, YTO, MNOJAB3YACb OYEBHIAHLIM PABEHCTBOM

V)?:x]/;,

B cuny gopmyaun (1) H3BIeyeHHe KBaAPAaTHOrO KOPHS H3 YHCAA MOWHO
NMPOU3BOAHTL TaKwe «6e3 KeneHHd».

§ 14. Bpiuucnenue KyGHueckoro KOpHs

Ecan _
y=V% (x>0, (M

TO, NLOJOXHB
Fx, )y=y?—x=0,
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6yaem HMCTH:
F,x, y) =2y

Ortciona, upumenss dopuyny (4) § 10, nonyuaem:

Yn—*
yn+1=yn_- 3!/: (2)
HJn
1
yn+l=—3—<2yn+%)‘ (3)

Teomerpaueckn npouece (3) npeacrasageT coboit metona Huiotona, npu-
MeHeHubii K KyOuveckoh mapadoJiie

z=y*—x (x=const)

(puc. 8). [lpouecc (3) cxodaures npu y, > 0.

Ecan B kavecTBe HayanpHOTO NPHOANKEHHS Yo B3ATh Tabau4noe 3Ha-
denne }/ %, uMeioutee OTHOCHTEb-
Hy norpewmnocts |8, 1. e. nono-
HHUTh

\
Yo=1 % (1-+8),
TO 3HayeHue y,, Hakaexnoe u3 gop-

Myan (3), pact f/x C OTHOCHTE/b-
no#t norpewnoctnio 6%. Jleficrau-
TeabHO, napuMenss dopMyay (3),
HMEEM;

1
)'1=§<2y0+;—2>=

0

=32 V/F0+8)+
+V/ % (148)%] =
=1 /% (2+20+1—26-367)=
=3/ % (1452,

OTCiO)la, B 4aCTHOCTH, 3aKJ/JI0¥YdEM, YTO €CJIH Yo UMEET p BEPHLIX 3HAKOR

B Y3KOM CMuCAe, TO Y, OyaeT HMeTh npuMmepno 2p uau 2p — 1 BepHux
3HAKOB B IUHPOKOM cMbicae (cp. § 12).
[Tpumep. Mo TpexaHauuuM TabanlaM HMeeM;

v/ 10 =2,154,

Puc. 8.

rie BCe 3HAKH BEpHLIC,
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Tipumenasn dopmyay (3), nonyuaem;
Y/ 10=+ (2-2,154+2%) =3 (22,154 +-2,155304) = 2,154435.

L cpaBHexna npHBOAMM 3navexne u3 Tabauu Bapaoy

v/ 10=12,1544347. ..

1
Ecau x =2"x,, rie m— uenoe 4uc10 u —2—<x1 < 1, TO3a Kayanab-

HO€ 3Hayeuue y; OOLYHO BRIGHPAIOT

Yo=2 <T>> 0. )
Tak kax
3/ 17 3 —
y,,—?/x=~3—\2yn_1—{— : —35 x>=
n1—1
1 — —
=5 Un =V @ +V/ ) > 0,
n—1
TO
y,,>f/; npu nz=1. (5)
Kpome Toro, us dopmyan (2), 3amenas n--1 nHa n, umeem:
y:ril—l—x
e 6
Yn-1 Ya 3!/,21_1 ( )
no3ToMy
B A N 22 (7)
OT1crola BhiTeKaer, YTO CyuleCTByer
lim y,=y>0.
e

Ilepexoas ¥ npeneay npu n— oo B pareHCTBe (3), GyAeM HMeTh:
1 x
Y=z (2y+f) '
o .
T. e. y*=Xx WU, CcaeR0OBaTeJbLHO, y_/x. Taxnm o6pa3sow,

. 3 _—
lim y, = v x.
n =0
Ecan nauanbnoe npuGnuxenne y, BuiGHpaeTcs Ha OCHOBaHHH (op-
Myan (4), TO MOXHO NOKasaTh, YTo '
3/ 3
Ogyn——l/xsf(ylx—l.*yn)
npu n=2.
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THAABA 1V

NPUBJIVXXEHHOE PELIEHUE AJTEBPAUYECKHUX
W TPAHCUEHIEHTHbIX YPABHEHUH

§ 1. Crtnenenne Kopuei

Ecau ypaBHenue anre6panueckoe WJIH TPaHCHEHIEHTHOE LOCTATOUYHO
CNIOKHO, TO €ro KOPHHM CPaBHUTE/bHO PENKo yRaertcs HaHTH TOUHO.
KpoMe TOro, B HeKOTODHX CJy4yasx ypasHEHHE COAEPKUT Kodpdhuin-
€HTH, U3BECTHHIE JNHIIb NPUOAN3HTENBHO, U, CIEL0BATENBHO, CAMA 3a/1a4a
0 TOUHOM oOlpefeseHyH KOPHeH ypamHenus repsieT cMbica. [losTomy
BAWHOC 3HAUeHHE npuoGpPeTanT CHOCOGH NpHGIMKEHHOTO HAXON(AEHHS
KopHell ypaBHEHHS M OWGHKY CTEMEHH HX TOYHOCTH.

[lycTb 1naHo ypaBHeHue

J (%) =0, (1

rie ¢yHkuusg f(x) onpeneseHa H HENpephLBHA B HEKOTOPOM KOHEUHOM
HAH GeckoHeuHoM uHTtepsane a < x < b.

B nanbuefimiem B HEKOTOPHIX CAY4asX HAM MOKANOOUTCS CYILECTBOBA-
HHE W HENpPepHLBHOCTb HepBOH mpousBoanod f' (X) uAM Rxawe BTOpoil
npousBoaHoRt f’(x), 4T0o GyXeT OrOBOPEHO B COOTRETCTBYIOUINX MECTax.

Besikoe 3navenne E, obpamaiomiee dyukuuio f(x) B Hyab, T. e,

TaKoe, 4To
F€) =0,

Ha3biBaeTcsl koprem ypaswerusa (1) wan wysrem oynxkunn f(x).

Mp OyzeM npeanosaraTh, YTO ypaBHeHHe (1) uMeeT JHIb U304UpO-
6aHHble KOPHY, T. €. IS KaXIOro KOpHfl ypaBHeuus (1) cymiecTByerT
OKPECTHOCTb, He COLePWaLas JPYrHX KOpHeR 3TOro ypaBHeHHS.

[MpubanxenHoe HaxoxcAeHHe H30HPOBAHHLIX 1€HCTBHTEAbHLIX KOPHEH
ypaBHeHus (1) 06bYHO CKJaAHBaeTCsl M3 ABYX 3Tanos:

1) oTnenenne KOpPHEeH, T.e. yCTAHOBJAEHIE BO3MOXKHO TECCHHIX
npoMexyTKoB [ct, B], B KOTOPbIX COLEPWHUTCA OAMH U TONBKO OIHH KO-
peHb ypaBHenus (1);

2) ytTouHeHHe NPpHOAHKEeHHBX KopHel, T. e. nosele-
HHE WX [0 3alaHHOH CTEeNneHH TOYHOCTH.

Lns oraenenuss kopHeH mose3Ha M3BeCTHAR TeOpEMa M3 MATEMaTH-
ueckoro ananuaa ([5], ra. IV).
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Teopema 1. Ecau wenpepuisran (Qynkyua f(X) npurumaer 3xHa-
“wenus pasnblx 3HaKos Ha xowyax orpeska o, P, T. e. f(o) f(B) <O,
TO B8HYTPU B3TO20 OTPE3KA CO-
depacurci no menotueil mepe o0ur 4
Kopeno ypasuenusa f(x)=0, 1. e.
Haiiderca xoTa 6ol OOHO HuCAO i
E€(a, P)*) 7axoe, uro f(E)=0 P
(puc. 9). _ fe)l

Kopens & 3apemomo Gyder '

! &
€LHHCTBEHHBIM, €C/IH NPOH3BOAHAT 7 A : =
f'(X) cyulecTByeT M coxpauser u x
NOCTOAHHLIA 3UaK BHYTpPH HHTEp-

1
Bana (&, B), T. e. ecau f'(x)>0 118)
(nmu f(x) < 0) npu a<<x <P '
(puc. 10).

[Tponecc ormencuus kopueh Puc. 9.
HaYHWHaeTCsl C yCTAHOBJACHHSA 3HAKOB
GyHnkuun f(x) B rpanuuyplX TOYKAX X=a H x =20 obnacTtu ee cyute-
CTBOBaNUA.

3atem onpeneamoTca 3Haku (yHKUHH f(X) B pAne NPOMEKYTOUHLIX

TOUEK X =i, Oy, ..., BHGOD KOTOPHX YUHTHIBAET OCOGCHHOCTH yKK-
, unu  f(x). Ecan oxawercd, 410
I : flo) flag, 1) <0, TOB cuny Teo-

peMul 1 B uHTepBane (o, &, )
HMeeTCsl KOpeHb ypaBHeHus f(x)=0.
HywHo Tem Haum HHBIM cnocoGom

1
, !
fz)>0 }f(ﬁ/' yOEAHThCH, ABAKETCA U STOT KO-
| pexb exuHcTBEHHBIM. JAsi0TACACHYS
{ KopHeH MpaKkTHYECKH YacTo OhiBaeT
a £ 1B, n0cTaTOMHO MPOBECTH MpOILEcCC

Z NOJNOBMHHOTO J€J €HHH, NPH-

OAHKEHHO nels AaHHBIWY HHTepBan

(e, P) Ha mBe, ueTHpe, BoCEMD H T. A.

Puc. 10. PaBHBIX yacted (/IC HEKOTOPOTro

wara) ¥ onpeneass 3HakuH QyHKUHH

f(x) Broukax nenennht. [10/1€3H0 NOMHUTH, UTO ajireGpandeckoe ypasHe-
HHE N1-i cTeneHu

apx"+ax" 1 ... 4a,=0 (a,=0)

umeeT He Gonee 71 ACHCTBHTE/DbHBIX KOpHeﬁ. ﬂosmmy €CJIM A5l TaxKoro

YpaBHeHHA MHl NOAy4YHAH n2--1 nepeMeHy 3HAKOB, TO BCE KODHH €ro
OTAe/IeHs. '
Mpumep 1. OTae uTh KOpHU ypaBHEHHS

flx)=x3—6x4-2=0. (2)

y=1(z)

*) 3anucs § € (a,f) o6osnauaer, 4to Touka § npunagiexur uutepsany (a,p).
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Pemwenne, CocraBnneM npubJM3UTENDHYIO CXEMY:

x ‘f(x) x If(x)
—_0 — 1 —_—
—3 — 3 +
—1| + |+ +

0| +

ChenoBatennHo, ypasHenue (2) uMmeeT Tpu NeHCTBUTEbHHIX KODHA,

JeXawHx B unTepsanax (—3, —1), (0, 1) u (1, 3).
Ecau cyuwiecTByeT nenpepwBHas mpou3BonHas f’(x) M KOpHH ypas-
HeHus
fx)=0

JIeTKO BHIYHC/SIOTCS, TO NPOIece oTaeeHns KopHeli y paBruenns (1) MoxHo
ynopsaourTh. JLas 3TOro, O4eBHAHO, ROCTATOUHO NOACUHTATD AHLLb 3HAKH
PyHkuMK f(x) B Toukax HyleH ee mpOM3BOIHON H B FPAaHHYHBLIX TOUKAaX
XxX=an x=>5.

Mpumep 2. OTnenuTs KOPHH YypaBHEeHUH

flx)=x'—dx—1=0. (3)

Pemenne. 3mecy f'(x)=4(x®—1), nostomy f'(x)=0 npu
x=1.

Hveem f(—00) > 0(+); £(1) < 0(—=); f(+00) > 0(+). Creno-
BATe/JbHO, ypaBHeHHe (3) HMeeT TOJbKO LBa NEHCTBHTCAbHBIX KOPHS, H3
KOTOPhX OAWH JIEXHT B HHTepBaJje (— oo, 1), a npyrol — B uHTepRale
(11 -+‘ OO).

[fpumep 3. OnpenenuTb uncao 1eCTRUTENBHBIX KOPHEH Y paBHERUS

fxy=x+e*=0. 4)

Pewenne. Tak kak [f(x)=1+e">0 u f(— )= —o0,
f(-+00)= 4 00, TO ypaBrenue (4) #mMeeT TONBKO OJHH NEHCTBHTENbHbLIHA
KOpEHb.

Jlanum Tenepb OLEHKY NOTPEIIHOCTH NPUOAMMKEHHOTO KOPpHS.

Teopema 2. [ycre E—rounnul, a x-— npubiudscennvil KOpHU
ypasuenun f(x)=0, wHaxodawjueca Ha 0OHOM u TOM Jce OTpeske
[a, B]. nputem |f' (x)|=my >0 npu a<<x<P*).

B taxom cayvae cnpasedausa oyenxa

[r—gl< LA )

*) B uwacTHocTH, 32 m; MOMHO B3HTL HauMeHbllee sHawenHe |J' (x)| mpnu
asx<<f.
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Joka3zaTennbcTBo. HPHMGHSHI TeopeMy Jlarpanka, Gy 1eM HMETb:

FO—fE) =(x—28f (o),

TAe ¢ — NPOMENKYTOYHOE 3HAYEHHE MEKIY *xnk T. e c€le P
Orciona, tak kak f(E)=0 n |f' (c)|=m;, nonyuum:

F ) —f @)=/ ) |=m |x—E]|

CienosaTenbHo,

(x) |

-t <

3aMeyanne., dopmysna (5) MokeT AaTb FpyCuie pe3yabTaThl, H €€
He Bcenaa yno6HO MpuUMeHAThb. [ToaToMy Ha NMpPaKTHKE TeM HJH HHbLIM
cnocodom cymaioT obuinit muTepsan (a, $), coaepxkammit xopenb § #
ero MpHGAMNKEHHOE 3naueHHe X, M nomaraT |X¥—§|<<f—a.

[Tpumep 4. [IpubamxeHnnM  KopHeM v
ypasHenns f(x)=x*—x—1=0 sBaserca
x =1,22. Ouenuts a6COMOTHYIO NOTPEWHOCTD
3TOrO KODHH,

g

Puc. 12.

Pemenue. Vveem f(x)=2,2153 —~1,22—1=—0,0047,
Tak kak npu x = 1,23 nonyyaem

F(x)=2,2888—1,23—1 = 40,0588,

TO TOYHHIH Kopenb § coaepwutcs B nrtepsase (1,22; 1,23). Mpoussoxn-
nas f'(x)=3x3—1 MOHOTOHHO BO3pacTaeT. [103TOMY ee HaHMEHBbLINM
3HaueHHEM B JaHHOM HHTepBaje SIBJAETCH:
m;=3:1,22%—1==3.1,816—1=4,448,
Orciona no dopmyae (5) nomyupm:
— 0,0047
|lx—El<

\mz 0,001.
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3ameuanune. VHorma wa upakTHKe TOYHOCTb HPHGAHMEHHOrC
KOPHS X OUEHHBAIOT MO TOMY, HACKONLKO XOPOLIO OH YyAOBAETBODSET AaH-
HOMY ypasneHHio f (x) =0, T. e. ecau 4ncao |f(£)| Manoe, TO CUHTAIOT,
YTO X SBASIETCH XOPOLIUM NPEGAHKEHHEM TOUYHOTC Kopua §; ecmt e
|f(;)| BEJHKO, TO X nonarawt rpyObid 3nauenweM TouHOro KopHi &.
Tako#t noaxon, kak nmoxaswsa:oT puc. 11 u 12, aBAAeTCH HENpaBHIbHEIM,
He cneayeT Takice 3abbiBaTh, 4TO ecau ypaBHedue f(x) =0 yMHOKHUTb
Ha NpoM3BoabHOE YHCaA0 N0, TO nonyyaeTcst PABHOCH/ILHOE ypaLHEeHUE
Nf(x)=0, npudem uyxcao |Nf(;)| MOXHO CHAejaTb  CKOJAb  YIOZHO
GOAbWUM WK CKOJb YIOLHO ManpiM 3a CueT BHGOpa MHOWHTesis V.

§ 2. I'paduueckoe pemenne ypasHeiuui

JeficTBHTe/IbHEE KODHH YpaBHeHwud
fx)=0 (1

ﬂp“ﬁﬂH)KEHHO MOXYHO OnpenenvuTh Kak a6cunccu TOYEK nepecevyeHus
rpaduxa Pysruun y==f(x) ¢ oceio Ox (prc. 9). Ecan ypasuenne (1)
Re HMeeT OAH3KHX Mewuy coB60fl KopHeH, TO 9THM CrocOBGOM ero KOpHU
serko ortaensoTcs. Ha npakTuke yacro GuBaeT BHroAHO ypaBHenue (1)
34MEHHTh PaBHOCHJIbHBIM eMy ypaBHeHuew *)

@ (%) =¥ (%), (2)

roe $yHkunn @ (x) n P(x)—6Goace npocTuie, ueM Pynkuss f(x).
Torna, noctponB rpaduxu Qysxuuft y=¢(x) u y==1Pp(x), uckomsie
KOPHH NOJYUYHM KaK aGCUHCCH
TOUYeK NepeCceycHnst ITUX rpa-
¢uxos.

- TIpuwmepl.I'paduueckn
pelilTh ypaBHerRne

9z

- xlgx=1 (3)

o —  Pewenwe. 3anuwen
7 ] 7 ¢ 3 °z ypasuetive (3) B BHAe pa-
BEHCTBA

1 x—l
Puc. 13. Ex=+.

OTcl04a siCHO, YTO KODHH ypaBHenud (3) MOryT OHIThb HaiigeHol Kak

aGcuuccH TOYEK mnepecevenus jgorapudmuueckoft xpuso#t y=Igx u

runep6oabl y'=—i—. [Toctpous aTu xpusHe (puc. 13) Ha KoOpAHHATHOH

*) JiBa ypasHeHus HasbIBAOTCS PABHOCHJILHbLIMH, €CJH OHH HMEIOT OAHHA-
KOBble KOPHH,
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Gymare, NpHOAHWEHHO HalldeM eMHCTBeHHmH KopeHb EAv2,5 ypasse-
tus (3).

Haxoxnenue kopHell ypasrenHs (2) ynpomaetcs, €Cau 04Ha #3 PyHK-
urf @ (x) nan P (x) auHeftnas, T. e., Haupumep, ¢ (x)=ax -+ b6. B atom
CAyuae KOPHH ypaBHeHL# (2) HAXOANTCH KAK abCUUCCH ToueK nepeceye-
Hust Kpusol y=1(x) u npamoh y=ax-4b. OcobeHHO BHIrOAHBHIM
OKa3bIBAETCA TOT NpHEM NpH
pewieHHH psBa OMHOTHIHHLIX _ ‘ ¥
ypasHedni, oTauyamuuxca
TOABKO Ko3hPuuHeHTaMH a
v b nuneltnolt dyrkunn. 3xech
Fpa@uueckoe nocTpoeHHue
CBOJIATCH K  HaXO0MAEHHIO
TOYEK nepeceyenns Gukcupo-
BaHHOro rpaduka y =19 (x)
pasavuubMu ApaMuimMy. [ yka-
3aHHOMY THMY, OYEBUAHO,

/,5

OTHOCATCH Tpex‘{.’!eHHble
YpaBHEHHUs
x"4-ax+b=0.

‘[Tpumep 2. Peururs ky-
OHYeCKHe ypasHeHHs

x3—1,75%4-0,75=0

%3 4-2x+7,8=0.

Pewenne. [locTponm
KyOuueckylo napaGoay y==x3,
Hckomble KOpHH HaxoaaTcs
KaK aGCuuCCH TOYEK fMepeceyeHuss 3TOR napaboaul ApsMuiMH (puc. 14)
y=175x—075 n y=—2x—17,8. o Yeprexy fCHO, 4YTO mepnoe
ypaBHerle HMeeT TPH MeHCTBHTEALNBIX KOPHSA: X, = — 1,5; x,=0,5;
Xg=1, a BTOpPO€ ypaBHeHHE — JHIUb OAHH AeHCTBUTEAbHBLIY Kopelis
x, = — 1,65,

OTMeTHM, 4TO XOTS rpadHyecKie METO/NL PELIeHHA yPaBHEHNH BeCh-
Ma yNOGHH M CPAaBHHTEABHO NPOCTH, HO OHH, KaK IPABHAO, TIPHMEHHM i
JAvwWb ua8 rpyboru onpenenrenus kopruedt. OcoGeHHo He6J1arONPHATHHIM
B CMbICNIE [OTePH TOMHOCTH HBASETCA CAyvail, KOrAa JMHHH nepece-
KaloTCd [IOA OYEHb OCTPHLIM YIJOM H fIDAKTHYECKH CJAHBAIOTCH N0 HE-
KOTOpOR nmyre.

Pa3uoBuAHOCTHIO TPaHUECKUX METONOB PEIUEHHS ypaBHeHHH ABas-
I0TCH  HOMOzpaudecKkue MeTOObL, [1AS O3HAKOMAEHHA C KOTODHIMHU
caepyeT OGPATHThCA K CHEUHANbHHM PYKOBOACTBAM.

Pue. 4.

\
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§ 3. MeTon 1NOJOBHHHOTO AeJEHUSA
[lyctb nano ypaenenne
flx)=0, (1

rae ¢yukuus f(x) HenpepmiBHa Ha (a, b] u f(a) f(b) <O0.
Jns naxownaeHnus KopHs ypaBHenus (1), mpHHAAAEWKALWLETO OTPE3KY

b
la, b], neaum 3TOT oOTpe3ok nonosam. Ecau f % =0, 10 E=
b b
—_—_‘% BARETCA KopHeM ypaBHeHusa. Ecan f 02 )#0, TO BLIOH-

atb
& T
dyHkuug f(x) UMeeT NMPOTHBONOAOKHHE 3HAKU. HoBui#l cyxcennnii oTpe-
30K |ay, &,] cROBa 1aeJuM NOMOJAM H MpPOBOAMM TO W€ PacCMOTDEHHE
H T. 4. B pesyabTaTe mosnyuaeM Ha KakOM-TO STale H/IH TOYHLIH KOpeHb
ypastenns (1), uan e OCCKOHEUHYIO MOCNEAOBATENBHOCTD BAOKEKRHBIX

paeM Ty H3 NOJNOBHR [a, ] UK [%_-?, b] , Ha KOHLAX KOTOPOi

ApyT B Apyra OTPE3KOB [a,, b1, [a,, b,], ..., [a, b,], ... Takux, 470
Fa)fio) <0 (n=1, 2, ...) @)

7
b—a, = (b 3
n—an'—?( —a)' ( )
Tak kaK JeBble KOHUbLI @), @y, ..., 4, ... OOPa3yOT MOHOTOHHYIO
HEyOLIBAOLLYI0 OFPAHHYEHHYIO TMOCAE€A0BATENbHOCTL, d MPABHIE KOHLH
by, by, ..., b, ... —MOHOTOHHYIO HEBO3DAacTAaIOULYI0 OTPAHHYEHHYIO

NOC/N€e/N0BATENLHOCTD, TO B CHJAY paBeHcTBa (3) cyuiecTByeT OOGuMiHH
npenen
E=lime,=Ilimb,.
n-—-»w n—»w
[Nepexons x npemeny npu n—s 00 B HEpaBeHCTBe (2), B CHJIY He-
npepuiBRocTH  yukunu  f(x) noayunm [f(§)]12<<0. Orciona f(§)=0,
T. e. § ABAAeTCA kopuem ypaBHeHus (1), npuuem, oueBuaHO,

0<§—an<2—|,;(b——a). (4)

Ecan kopuu ypaBuenus (1) He orTigeneHn Ha orpeske [a, b], To Ta-
KHM Coco6OM MOWHO HAaHTH OAWH H3 KOpHell ypaBuenus (1).

MeTon NOMOBUHHOTO A€/AEHHA MPAKTHYECKH yI0GHO MPUMERATD 444
rpy6oro HaxoxJAeHW# KOPHA JAHHOFO yPaBHeHHS, TaK Kax MpH ypesuye-
HHH TOYHOCTH 3HAYMTEJILHO BO3PACTaeT O0bEM BhiYHCAUTENbHOH PaBOTH.

3aMeTuM, 4TO METOA MOJIOBHHHOrO AE/EHHA JIETKO peanusyercsd Ha
9JIEKTPOHHKEIX CYETHHIX MaiHHaX. [IporpaMma BwUHCAEHUS COCTaBAsSETCA
Tak, 4TOObl MauiHHA HAXOAMNA 3HAYeHWe MpaBo# uwacTH ypasueuus (1)
B CepenHHe KawIOro w3 orpeskos [a,, b, (=1, 2, ...) u Bubu-
pana cOOTBETCTBYIOULYIO MOJOBHIUY ero.
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TMpumep. MetomoM [OAOBHHHOTO JeJ/ieHHS YTOYHHTH KOpeHb

ypannenus
fly=x*4243—x—1=0,

aewawu# wa orpesaxe [0, 1].
Pemenmne. [locrenoBaTe/lbHO HMEeM:

O =—1; fFl)=1;
f(0,5)=0,0640,256—0,5 —1= —1,19;
£(0,75)=0,32+4-0,84 —0,75 — 1 = —0,59;
£(0,875) = 0,59+ 1,34-—0,88 — 1 = -} 0,05;
f(0,8125) = 0,436 +- 1,072 — 0,812 —1 = —0,304;
/(0,8438) = 0,507 - 1,202 — 0,844 —- 1= —0,135;
£(0,8594) = 0,546 + 1,270 — 0,859 — 1= —0,043 u 7. &,
MoxHo npuuate
E =4 (0,859 0,875) =0,867.

§ 4. Cnoco6 npomopuHOHANBHBX YacTed (meTom Xopx)

Ykawem (B npeanonowenuax § 3) 6onee GuicTpuit cmocob Haxoxc-
faenna xkopHa £ ypaBdenus f(x)=0, Jexallero Ha 3alaHHOM OTpe3ke
[a, b] Taxom, yTo f{a)f(b) <O.

[Mycts aas onpegenendoct f(a) <O u f() > 0. Torma, BMecTo
TOro 4yTOOH eJHTH OTPe30K [a,b] nononam,60/1ee eCTECTBEHHO PA3AEANTD
ero B oTHOwenun —f(a):f(b). g
3T0 gaeT HaM NPUOAHNEHHOE 3Ha- ’1
YyeHHe KODHS

X, =ath, N
rae

=@ o ,
= a0~ = 0o by

R A )] - g @y > " 3
=~ —f@ "9 2 L/

Ilanee, npuMeHas 3TOT NpHeM
K TOMY H3 OTpe3KoB [a, x,] wiu
[x,, b], Ha xonuax koroporo ¢ynxuus f{(x) uMeeT NPOTHBOMOIOWHKE
3HaKH, MOJNYYHM BTOpOE NpuOG/IMKEHHe KOPHA X, M T. A.
I'eoMeTpHuecku crnoco6 NPOMOPUHOHANBHBIX 4YacTell SKBHBAJIEHTEH
3ameHe KpHBOH y = f(x) xopupo#, npoxoasueit yepe3d touku A [a, f (a)]
n Blb, fb)] (puc. 15). B cavom nene, ypasHesue Xxopim AB ecTb
r—a_ y—fla)_
b—a [O)—L(a)"

Puc. 15.



Orciona, nonaras x =x; n y =0, nonyuum:

f(a) ’
xl—a——m (b‘—a)- (1 )

Popmyna (1') noanoctbio sksupanenTHa dopmyaam (1) n (2).

Ilns 1oKa3aTenbcTBa CXOAHMOCTH NPOLECCA NPELNO/OKUM, UTOKOPEHb
oTnesen W BTOpas npouasoanas [’ (xX) COXpaHsieT NOCTOAHHLIA 3HAK
Ha oTpeske [a, D].

MOycre ans ounpeaenennoctd f7(x) >0 upu a<<x<<b (cayuall
f7(x) <0 cpoauTcs K Lalemy, eCAH 3anucaTb YpaBHelHE B BUAC
4)

5/

Sl

— f(x)=0). Toraa kpuBas y==f(x) GynaeT BblIyK/Ja BHH3 H, C/e10-
BATE/ABHO, pacrnosiowena nuxe csoeH xopaot AB. BosMmowun nsa cay-
uast: 1) f(a)> 0 (puc. 16) u 2) fla)<< 0 (puc. 17).

B nepBoM cayuae KoHEU @ HENOABHKEH U [10CJA€I0BATE/blikie
npubanKenHa: x, =b;

O (A
nrl T ) — [ (a)
06pasyloT OTPaHHYEHHYIO MOHOTOHHO YOMBAIOULYIO TOCAEA0BATENBHOCTD,
npuueM

x (x,—a)} (n=0, 1, 2, ...) (3)

B<E< Xy <Xy < < Xy <

Bo BTOpPOM CJayuyae HENOINBHXEH KoHel b, a noC/Jea0BaTC/bHKC

NpUGAHNKCHUSL: X, = &;
Xn-l-l_—_xn—"ﬁ(bf)(_x’;f)(x") (b"—x") (4‘)

06pa3yloT OTPaHHUYEHHYID MOHOTOHHO EBO3PAacTalOULYI0 NOCAELOBaTENb-
HOCTb, TpUUCM

o <X <y <o <<, <y <L L < E L
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O6o6umas 3TH pe3yabTaTh, 3aKMmouaem: 1) HEMOABHKEH TOT KOHEL,
aas KOTOPOro 3Hax QyHKUHMH f{Xx) COBNaZaeT CO 3HAKOM €€ BTOPOH
npousBoaHoR f7(x); 2) nocnenoBaTenbable MPUGAMKEHUA X, NexaT
mo Ty cropony KOpua &, rae ¢yuxuusd f{x) HMEET 3HAK, IPOTHBO-
noaowunH 3uaky ee BTOpof npoussoaxoRt f”(x). B oGoux cayuasx
Kawaoe cacAylollee npubiukenne x,,., Oanwe K KopHio §, uem
nperuecrayiomee x . [lycrs

E=limx, (e <E<H)
n—o
(npenen cyuwectnyer, rax kak nocaenoBaTensHocTs {x,} orpanndena
¥ monotonHa). [Tlepexoxs k npemeny B pasedcrse {(3), 443 Mepsoro
cayyas OyneM uMeTb:

E=E —*—(—L(E)— E—a);

orciond f(§)=0. Tak Kax 1O NPeANONOKEHHIO ypaBHeHHe f(x)=0
VMEET EeAHHCTBEHHHH Kopenb & Ha wuHTepsane (a, §), TO, CaenoBa-
TeAbHO, § =&, 4TO u Tpc6oBaI0Ch NOKa3aTh.

CoBepuieHHO Tax e 11E€PEeXOIOM K npemeny B paBeHcTBe (4) 1xo-
KasnBaetcs, yto §=§ nas sroporo caywas.

Lins OueHKH TOYHOCTH NPHOJHKEHHH MOXHO BOCHOJb30BATHCS

dopuynoft (5) § 1
[ (xn)]
|xn-§| < ml ’

rae | f (x)|=m; upn a<<x <#h.

llpusenem ewe dopMyay, MO3BOAKIOULYI0 OUEHHRATH aBGCONIOTHYIO
NOTPEHOCTb NPUOAHKEHIOrO 3HAYEHHS X,, CCIH H3BECTHH 18a NOCAE-
AOBATENbHHX NMPUOAIKEHUSI X, | W X,.

Byaem npeanonaraTh, 4TO npoussoanan f’ (x) HenpepeBHa Ha OT-
peske [a, &], comepwawem Bce NPHGIHKEHHN, U COXPAHAET MOCTONH-
Hulﬂ 3HaK, NpHYyeM

0 < my <[ f ()] << M, < + oo, (5)

TIpuMeNM 1A% ONpeaeneHHOCTH, YTO NOCAeL0BATEAbHHIC npubanxenus x,
TOWHOro KOpHS § BepaGaTwBaoTest uno dopmyae (3) (paccmorpenue
cdopuynn (4) auanoruydo)

,(xn_l)

T o) — [(@ Fr1

(n=1, 2, ,..), rae koHel a spasercs wenoasHxuuM, OTCIOAA, yuH-
TaBag, 4to f(E)=0, 6vaeM umern:

JO —flgyy=tta0=T@

Xp_1—a

X, =X

n —a)
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[Tpumenan Teopemy Jlarpawma 0 KOHeYHOM mpHpauwenun QyHKUHH, 110-
JYUHM:

E—x,-0) f' Ermt) = (= %,m) F (X, i),

rae §,_€(x,_;, &) m ;n_IE(a, x,-1). CregoBatensHo,

_ _1r (}—n—l)—f' En_1)l _ 6
IS =% =T | Famal (©)

Tak xax f'(x) coxpansieT NOCTOAHHLIH 3HAK HA OTpe3xe [a, 6], npuuem
x,_€la, o] n En_lE[a, b], TO, OYEBHIHO, HMeEeM:

|/ (;n—x) —f E) IS My —m,.

Tostomy n3 cdopmynn (6) srsoaum:

[E—x,|< —’"‘lx — Xy | (7)

rae 3a my; 1 M; MOTyT GLITb B3fTbl COOTBETCTBEHHO HAUMEHDLIEE W HAH-
6onblIee 3HaYeHUs MOAyNs npoussogHol f'(x) Ha otpeske [a, &). Ecau
oTpe3ok [a, b} cronb y30K, YTO HMeeT MECTO HEPABEHCTBO

M, <2m,,
10 H3 dopmyan (7) moayuaem:

[E—x,|<<|x,—x,_

Takum 06pa3oM, B 3TOM C1ydYde, Kax TONbKO GyaeT 06HAapyXeHO, 4TO
|xn _xn—1| <e,

rae €-—3axaHHasi npejeibHas aGcoMOTHAN MOrPEWHOCTh, TO CAPAHTH-
POBAHO, 4YTO

Ig'—xn| <.
MNpumep. Haltn monoxurenbHut KOpeHb ypaBHenns
fx)=x*—0,2x2—0,2x—1,2=0

¢ TounocTtnio ao 0,002,
Pemenune. [lpexne Bcero ornensem kopeub. Tak xax

f(M=—06<0mn £(2)=5,6>0,

TO HCKOMbit kopenb § newnt B autepBase (1, 2). MonyueHnwit nuTep-
Ba/l BeJHMK, NO3TOMY pasnennM ero nononaM. Taxk kak

f£(1,5)=1,425, 10 1 <& < 1,5.
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MocnenoBateabro npumenss dopmyam (1) u (2), 6Gyrem HMETb:

Xy =1 +t%m(1,5—1)=1+0,15=1,15;
Floey) = — 0,173;
0,173 B} .
xy= 115+ gt (1,5 — 1,15)= 1,15 40,040 = 1,190;
J(%,) = — 0,036;
0,036

= 1,190 4 o= (1,6 — 1,190) = 1,190 4 0,008 = 1,198;

f(xg) = —0,0072.
Tak kak f'(x)=3x2—0,4x—0,2 u npu x,<x <15 umeem
f(x)=3-1,1982—0,4-1,5 —-0,2=3.1,43 — 0,8 = 3,49,

TO MO¥HO NPUHATD:
0,0072
0<CE—x,< 349 =~0,002.

Takum o6pasom, §= 1,198+ 0,0020, rone 0 << O <1,
3aMeTHM, YTO TOYHLI KopeHb ypaBueuus (5) ectp §=12,

§ 5. Meton HbtoToHa (MeTOL KacaTeJbHLIX)

Mycte xopenb § ypasHenus
fix)=0 (M

oTaencH Ha orpeske [a, b], npuyem f'(x) u f”(x) HenpepuBHH H CO-
XPaHsIOT Onpeje/ieHHbe 3HAKH NpH a << x <<b. Hallng kakoe-HHGyIb
n-¢ NpHOMMMEHHOE 3HaveHHe KOpHA X, & E (a << x,<Tb), MH MOXeM
YTOUYHHTb €ro no merody HewTtona caenyowuM obpasom. Ilonoxwum

E=x,+h, (2)

rae  h, cuntaem Mmanoit BeamunnoBt. Orciona, npumends  @opmyay

Te#nopa, noaydum:
0=f{x,+h,) = fx,)+h,f (x,).

CnenosateasHo,
ho— — F (xn)
n P xn) °

Buecs sty nonpasky 8 dopmyny (2), wafaem cnepywoutee (no mno-
pAAKY) UPUONHKEHHE KOPHS

fn =t TPy =01 2 ), @
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Ieomerpuueckn merton HbioTona skBuBasieHTeH 3ameHe HeGosbLiON
LyTH Kpuso#l y = f{x) kacaTeqbHOH, mpoBeaeHHOH B HEKOTOpO# TOUKE
xpuBol. B camom nHese, mosoxuM A48 OnpeneseHHOCTH, 4To f(x) > 0
npn a<<x<<b u f{b) >0 {puc. 18).

BuiGe pen, nanpumep, x,=2>4, aas koroporo f{x,)f" (x,) > 0. Ilpo-
BefleM KAacATenahHylo K KpueoH y=f(x) B Touke B,[x, f(Xo)]

%

B kayecTBe nepsoro npubanxenns x, KOpHs & BOo3bMeM aBCUMCCy TOYKH
nepeceyenns TOH KacaTteabHOH ¢ ocblo Ox. Hepea Touky By [xy, f(x,)]
CHOBA MpOBeAEeM KacaTe/bHY10, aBCUHCCa TOUKH fepecevyeHdss KOTOpOH
AacT HaMm BTOpoe npubanxenue x, kopua & a 1. A. (puc. 18). Oue-
BHANO, 4TO ypaBHenue KacaTeapHOl B Touke B, [x,, f(x,)](n=0,1,2,...)
ecTh
’
y—rle)=r (x) (x—x,).
Monaras y=0, x=x,,,, noayuum dopuyay (3)

_ f(xn)
n+l _xn—il AN

X

3aMeTHM, YTO €CAH B HalleM CAyuae MONOKHTb X,= @ H, CAC/LOBa-
TesbHO, f(Xo) 7 {xy) < 0, To, npoBena KacaTenbHylo K KPHBOH ¥ = f(x)
8 touke Afa, f(a)], Mol monyuunu 6w Touky x, (puc. 18), nexauyio
BHE OTpe3ka [a@, b], T. €. Npu 3TOM BuGOpe HAYaALHOIO 3HAUEHHUA Me-
ton HbioToHa oOKasbiBaeTcd HenpakTHuHbiM. TakuM 0Gpa3oM, B JaHHOM
cayvae «XODOIUHMY HAYanbHbIM NPHOAHKEHHEM X, ABAETCHA TO, AAd
KOTODOro BHLIOJNHEHO HEePaBEHCTBO

F(x0) " (x0) > 0. (4)

JlokaxeM, YTO 9TO MpaBHAO ABAsSETCH OOUIHM,
Teopewma. Ecau fla)f(b) <O, npusem f'(x) uf"(x) orauunst
OT HKyss U COXPAHAIOT oOnpedesennble 3naku npu a < X <b, 10,
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Lcx098 U3 Ha4anbnozo npubauxenus xo € [a, 0}, ydosaercopaiouieen
HepeBeAcTY (4), MOMHO emducaurs merodon Hewotona {popmysa (3))
eduncteennbui ropent & ypastesus (1) ¢ aw06od cTenenslo TOUHOCTU.

Ilokasareabctso. Ilycrs, nanpumep, fla) <0, f(6)>0,
f (%) >0, f/(x) >0 npn a< x<(H (ocranbiibie cAysan paccMatpu-
paoTCsl auagoruuno). Coraacio HepamencTBy (4) umees f(x,) >0 (na-
IIPHMED, MOXHO MPHHATD X, = 0).

MeToj10M MaTeMaTHUECKOR HHAYKIUH AOKaXeM, 410 BCe nDHOJHKE-
st x, >E(n=0, 1, 2, ...) u, crenoBareabho, f{x,) > 0. B camom
aejie, nmpexie Bcero, x, > .

[ycrs tenmeps x, > &. [Tonoxum

B, + ()

[Tpusmensss Gopmyny Te#nopa, no.qayuum:
0=F®) =) +/ (5) E— %)+ 5/ () E—x ) ()

rae £ < ¢, < x,.
Tak xak f"(x) >0, To nmeem:

Fle) i x) (E—x,) <0
H, CHCAOB&TEAbHO,

o>

uTo M TpeboBanoch A0KA3athb.
Us dopmyam (3), yunTwBam 3wakn f(x,) u f'(x,), wumeem

X1 < X,(n==0, 1, ...), 7. e. nocrexoBartejbHbie DPHOIHKEHNS
Xgy Xl +evs Xp ... OGPAZYIOT OTPAHHYEHHYIO MOHOTOHHO YOBIBAIOWLYIO
nociea0osatenbHocTh. CaenoraTenbno, cyulecTsyer E=Ilimx .

n=-= o

[Tepexons k npedeny B paBeHcTBe (3), OyaeM HMeTb:

E—f-m F&)

[ €)

1. e. f(E)=0. Orciona §=E, uto u TpeBoBasoch 10Ka3aTh.

[Tostomy, npumensis Meton HbloTona, caesyer pyxoBOACTBOBAThCA
CNeLyIOUIUM MPABHIICM: 8 KauecTse WCXOOHOU TOYKU X, 8ubupaercs
TOT Koney unTepgara (a, b), koropomy oTsewaer opdumara 1020 e
sraka, 410 U 3uak f7(x).

3amevanune 1. Ecaur 1) dyukuna f(x) onpesenena u nenpe-
puBta npu —oo <L x < -too; 2) f(a)fib)<0; 3) f{x)5~0 npu
a<x<<b; 4) f'(x) cymiecTByeT BCIOAY H COXDAHAET NOCTOAHHLIN
3Hak, TO npu npuMeneHnd Metosa Howorona ang Haxowaenus Kophs
ypasnenns f(x)=0, /nexaniero B Hutepsane (a, b), 3a HauaAbLHOE
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npubanKenue X, MOXHO HpPHHATH NI0G0€ 3HayeHne ¢ € [a, ]. Buacr-
HOCTH, MOXHO B3ATb Xg=a HJH X,=bh.

He#cTsutensto, nyCTb, nanpuMep, f'(x)>0 npn e<{x <),
S x)>0u xo__c rae a<gc< b

Ecan f(c)=0, to kopeub E—c ¥ 3a1a4a, TAKUM 06 pa3oM, pelleHa.

Ecan f(c >O TO CNIPaBEANHBO MPHBEAEHHOE BhIIE DPACCYKACHHE
% npouecc HbpoToHZ ¢ HayaabHhM 3HAYEHHEM ¢ CXOAMTCA K KOPHIO
€ € (a, b)

HaKOHeu, ecan f(c) <0, TO HaxoauM 3HaueHue

f) G
T =710~ ¢

Xy =Xy

[pumenns popmyny TeHnopa, Gynem nmeTn:

fen=r—gGr@+s (ol @ =5 [F' r@>o

rae ¢— HEKOTOPOE NPOMEKYTOUHOE 3HAYEHHE MEXAY ¢ H X,
Taxum ob6pasowm,

fle) f7(x

Kpome Toro, us ycaosms f”(x) > 0 switexacrt, 410 f (x) —BO3pacTaio-
was ¢ynkuua w, 3uauwnt, f(x¥) > f'(¢)>0 npu x>a. Carenona-
TENbHO, X; MOXHO MNpHHATH 3a HAYaAbHOE 3HAYEHMC AAA npouecca
HbioTona, cxoasuerocs Kk HEKOTOPOMY KOpHIO E,(pynxunufx) TaKoMy,
4to E> ¢ = a. Tak Kak B CHJY NONOXHTENbHOCTH NMPOH3BOAHOH f’(x)
npu x > a Qyskuns f(x) AMeeT eAHHCTBEHHMH KOPEHb HAa HHTepBane

+o0), TO _
E=E € (a, b).

AHanoryuHOE pacCMOTPEHHE MOXHO NPOBECTH AN APYTHX KOMOGHHaumui
3HAKOB NMPOH3BOAHLIX [~ (X) u f"(x).

Bameuanne 2. Madopmynn (3) BHAHO, 4TO ueM GOJIbLIE YHCAEHHOE
aHaueHHe npoH3BOAHOH f'(X) B OKPECTHOCTH JaHHOTO KOpHS, TeM
MEHbiUE MONPABKA, KOTOPYO HYXHO NPHGABHTH K 7-MY OPHOAUNEHHIO,
4yTo6H fiony4uTh (74 1)-¢ npubamwmenne. [lostoMy metos HploTona
0COGCHHO yaOOHO MPHMEHSITb TOrAa, KOCAA B OKPECTHOCTH JaHHOTO
KOpH#t rpaduk ¢yHkunu uMeeT Goablwylo kpyTuzny., Ho ecau uncaen-
HOe 3HayeHue MpOM3BOAHOW f'(x) G1M3 KOpHS- MaJO, TO MOMpPaBKH Gy-
INYT BEJNYKH, H BHYHCICHHE KODHA 1O 3TOMY METOAY MOXET OKa3aTbCs
O4YeHbL LOJTHMM, @ HHOTJA M BOBCE HERO3MOXHLM., C/EL0BATENBHO, ecaH
Kpusas y=f(x) BOAM3M TOUKH nepeceyeHus ¢ Ocbio OX nOYTH
YOpHIOHTANLHA, TO NpUMEHsTb MeTOA HbloTona And pewenns ypasne-
Hug f(x) =0 ne pexoMenayerca.
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Iss OUEHKH NOTPEIIHOCTH 71-TO MPHG/IHKEHUS X, MOXHO BOCHO/b3O-
BaTbcs obuteit dopmynoft (5) § 1
5—x, | <2l ©)
rae m;—Haumexbllee 3HaveHne |f'(x)|wa orpeske [a, 8]

Buisenem ewte onny GopMyay A1s OUEHKH TOYHOCTH NPHOANIKEHHR X .
IMprvenss dopmyny Tedinopa, umees:

f(xn) =f[xn-1+(xn_xn—l)] =
= F ) ) ey = ) 7 () (6, — X, )% (D)

rae En_‘ € (x,_1, x,). Tax Kak B cuay onpenenexns npuGaAHKeHns X,
HMeeM

FU ) f () (e, — 2, 1) = 0, 7
TO U3 (7) HaxoauM:
1 0 [ g My (e, — x, )%,

rae M, —naubonbiiee  3HaueHue
|f"(x)| na orpeske [a, &]. Cregosa-
T€NbHO, HA ocHOBaHUH (opmysl (6)
OKOHYATeJIbHO MOoJYyYaeM:

&=, | << o x,0)% (8)
Ecau npounecc HbIOTOHa CXOMHUTCH,

10 X, —X%,_;—0 npu n—oco. [lo- =¢
a1oMy npu n =N uMeem:

[E—x, 1<%, —x, 1], Puc. 19,

T. €. CYCTAHOBUBIUUECAY HAYANBHBIE ACCATHYHBIE B3HAKM NPUOAHNEHUR
n—1 M X, HAUHHA" ¢ HEKOTOPOrO IPHGJHIKEHHS, SB/AAIOTCA BEPHEIMH.

3amemw uTo B O6LLEM Cyyae COBNANEHHE C TOYHOCTBHIO IO & ABYX
n0CAeN0BATENbHBX MPHOIHKEHHH X, | U X,BOBCE HE TapaHTHPYeET, 4To
¢ TOH e TOUYHOCTBHLIO COBMajaer 3Haqune X, W TOYHHIH KO-
peds & (pnc. 19).

YcTaHoRUM TaKwe QOPMY 1Y, CBA3HBAION Y10 AGCOMOTHBIE NOTPeuHOCTH
ABYX MOCAENOBATeNbHHX npubaMkeHuH x, U x, ;. U3 dopuyan (5)
NnoJyyaem:

§=x —_ f(xn)__l_ f"(cn (E x
o R 2 [ xa)

rae ¢, € (x, E). Orciona, yuutniBan dopmyay (3), Gynem umers;

b= — g (e )
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H, CAeHOBATRABLHO,
M
lE—xn+11<2—m§l(§—-x")2. )

dopmyaa (9) obecmeynBaeT OhCTPYI0 CXOAHMOCTHL mnpoiecca Helotoua,

€CaN HavanbHOe NpHOANIKEHHe X, TaKOBO, 4TO
M,
5ty [E—x, | <g < 1.
B uwacrtuocTH, ecan

M - -
p’=2m: <lnlE—x,| <1077,

TO M3 ¢opmyan (9) noayqaem:
I E'—xn+].l < 10-2”‘!

T. € B DTOM Ciyuyae, ec/u NpuOIMKEHHE X, HMEJO /Mt BePHLIX HECHTHY-
HHX 3HAaKOB NocC/ie 3amuTol, To cieaywoniee npubiuxenne x,, , 6yzer
UMeTh MO MeHbulel Mepe 2/ BepHbiX 3HAKOB; HHBIMH C/lOBaMi, ecau b < 1,
TO ¢ TOMOILLIO MeTOXa HbloTOHA 4HC/I0 BepHBIX 3HAKOB IIOC/AE 3anaToit
HUCKOMOTO KOpHS § yIBamBaeTcs Ha KaXOOM ijare.

Mpumep 1. Buuncanuts meromoMm HpioTOHAa OTpHuaTENbHHH KO-
penb ypaBuenust f(x)=x*—3x2-}-75x—10000=0 c narsi0 Bep-
HBIMH 3HAKaMH. .

Pewewuue. llonaras B seBoll sactu ypaBHenns x=0, —1i0,

—100, ..., MOy 4ilM f{0)= —10000, f(—10)= —1050,
F{—100) ~ + 108,
Cnenosatennto, HCKOMbE Kopenb E  HAxXOANMTCd B HHTEpBaae

— 100 < & << —10. Cy3um walinennniit uurepsan. Tak xak f(—11)=
=3453, To — 11 < &< —10. B arou nocaennem untepsajie f' (x) <0
u f7{x)>0. Tak kak f(—11)>0 u f"(—11) >0, To Mowem npu-
HATH 3a HayasbHoe lpubimxwenne xy== — 11, [ocsenoBatenbunie npu-
Oanwenns x, (n=1, 2, .} BbluucageM no caenaywoumel cxeme:

4 - f (xp)
n Xn f(xn) f: (Xn) hn "'tTE;)
0 —11 3453 —5183 0,7
1 —10,3 134,3 — 4234 0,03
2 — 10,27 37,8 —4196 0,009
3 —10,261 0,2 — _
OcranaBausasch Ha n= 3, [npoBepseM 3HAK 3HAYeHust
flx.+0,001)=F(—10,260). Tak kak f(—10.2600 < 0. ToO

-10,261 < ¢ < - 10,260, u 1060e U3 ITUX YMCEJ JaeT UCKOMOEe IIPH-
OMIKeHue.
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[Tpumep 2. Hafitn no merony HbloTona HauMenpmnit monoxi-
TEAbHHH KOpeHb ypaBHeHust tg x ==x ¢ TouHocThri0 A0 0,0001.
Pewenue, [Toctpous rpadn-
Ki KpuphX y=1gx w y=x , y-tyx
(puc. 20), 3axai0uaem, 4To HCKOMBI

y=z
KOpEHb E HaxXoInHU1TCsl B HHTEpBane

nE< 33-;— [epenucas ypasne-
HIE B BUJIE

flx)=sinx—xcosx=0,

OyneM uMeTs:

|
[ (x)=xsinx; ?

[ (%) ==sin x4 x cos x. 7 21

&

|
|
|
Orciona f/(x) <0 m f"(x) <0 }
npH n<x<%- Tax  kax {

9
f(?):—], TO 33 Hayadp- Pue, 20.

HOE ﬂpHﬁJ]H)KeHHG MOMXHO MNPHHHATH Xo = 5 - Buiuncnenus npon3sonuM

no ciaeiyouel cxeme:

7 ,(er)
x L (2 = ~— T
n n f(rn) Z (xll) hn f \X“)
3n o1y
0 | 5-=4,71239 (270°) |—1 —4,7120 —0,212  (=—12°10")
1 4,50004 (257°50") —0,0291 —4,399| —0,0066 (=~—22"44")
.2 4,49343 (257°27°16™y | —0,00003 - —

N ouenkH NOrPCILHOCTH NPHOAMKEHHOrO 3HAYGHHA X, 3AMETWM,
4TO nocieroBaTenbHule upHbankenus x (n==0, 1, 2, ...) B cuny
OTPHLATENbHOCTH BTOPOH npoH3BOAHOR f”(X) \‘lOHOTOHHO yGuisaor,

upuuem f(x,) < 0. [ToaToMy MOMHO HpHHATE x, <E<x,rnex, —
3n 0 Suac
3HAayenue M3 HMHTepBana | m, 5 ) Taxoe, uTO f(xn)> . Hauce-

HHe X, aerko walitm noabopom®). Tax, Hanpumep, npr n=2,

) OHeYHo, MOXKINO Obl10 Obl B3ATH k_fn=ﬂ:, HO 3TO HEBLITOAHO, TAK KaKk

Lt
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nosaras nNpuGARKEHHO
X, =4,49340 = arc 257°27°12",
6ynem HUMETh:
J (%,) =sin 257°27°12" — 4,49340- cos 257°27°12" =
= —0,97612 + 4,49340-0,21724 =
= —0,97612 4 0,976 14 = 4- 0,00002.
CnenoBaTenbHo, ;2 BHIOPAaHO MPAaBHALHO 4
4,49340 < £ < 4,49343.

MoxHO pONOXATH
£=4,4934,
TAC BCE 3HAKM BEPHHIE,
OueHKy MOrpeHIHOCTH 3HAUEHHA X, HETPYIHO NPOBeCTH GOJIEe TOUHO.
Tak kak npu x € [x,, X,] nponssoxnas f'(x)y6usaernf (x) <0, 10

my=min |/ (x)|=|f (x;)

Y Orclona
J=1z) m, =4,49340-0,97612 > 4
M, C1e10BaTCAbHO,
i 2 }(x)|  0,00003 -
7 T 7 g — | < U D0 g0,
! Taknm 06pazom,
| £ =4,49343 — 0,00001 9,

roe 0<< 0 < 1.
Mpumep 3. PaccmorpuM ypas-

HEHHE f(x)=0, (10)

rae f"(x) HempepelBHa W COXpaHfieT  MOCTONHHBIA  3HaK  1pu
—oolx< 4 oo. B cuny teopemun Ponns ypamsuenue (10) ne moxer
uMeTh Goslec nByx nelcTBHTENbHbIX Kophel. OTMETHM ABA BAXHBLIX Aas
NpaKTHKH Ccayuas,.

I, Tyctpb

Puc. 21.

Flxg) f (%) <O, flog) f7 (%) <O

(puc. 21). .

Torna ypaeaenne (10) mMeeT eaumucTBennmfi xopeHb B HHTepBane
(xg, Xx;), rae
f(x)
£ (x) °
Kopenp & MOkeT ObTb BbIMHCJAEH C 3a43HHOH TOHHOCTHIO METONOM
Hboiotona,

Xy =Xo—
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I, Mycrs
S lxq)=0, Flxg) f(x) <O0.

Toraa ypasHewue (10) wumeer nBa kopua & u E' B wmHTepnane
(— o0, -}o00) (puc. 22).

[Tpeo6pa3ays neryro wuacte ypasHenus (10) mo dopmyne Teilnopa,
NPHOAHIKEHHO UMeeM:

F ) F () (1 — ) - £ (3) (8 — 50)* =0

Hau
F00) 5 £ () (6 — x6)2 = 0.

Orcioza nxast xopHet & m §' noaydyaeM HadanbHue MNPHOTHKEHHA
2f (xo)
X =xo— ]/— 0
1 0 17 (xo)

‘ 2f (x5)
X =x,+ 'l/—m:—) ,
npeAcTasafioue co6oi aGeuuccHl ToYeK nepecedeHus napaboau
1 .
Y= F o) 7 (xg) (£ — )7

¢ ocbio Ox (puc. 23). Haneuelitune yTounenus KOopHeH MOTYT ObiThb
npousseleds o0nurbM MeToxoM HbtoTona.

Puc. 22. Puc. 23.

Yreepwaenns I u Il reomerpuyccku ouesuanmi. Crporoe noia3a-
TENbCTBO NPeJOCTaBASEM MPOBECTH UUTATeNo.

§ 6. Bunousmenennsit MeTox HeioToHa

Ecnu npoussoanas f’(x) mano u3MeHseTcs Ha oTpeske [a, 8], To
B dopmyne (3) npeasaywero naparpada MOXHO NOAOWKUTL:

I (e, = F (%), h
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Otciona amas xopus § ypaBuenus f(x)=0 noiyuaeMm nocieaona-

TeAbHbIE NPHOAHNKEHHUS
f (xn)

x"+1=x”—,, (Xo')' (’l-—O, 1, ...)- (2)

TeomeTputieckn 3TOT C1OCOO 03HAYAET, YTO Mh 3AMEHAEM KACATENbHEE

B Toukax B, [x,, f(x,)] npaMuMH, MapasenbHLMH KACATCABHOH K KD~

Bok y=f(x), B ee duxcuposannchh Touke By[x, f(xg)] (puc. 24).

®opmyna (1) u3BapasneT HAC OT HEOOXOAUMOCTH BHIMHUCAATD KaN /bl

pas suauenus npomssomnod f’(x,); uosToMy 39ra dopumyna Becbma

.4/} £o
|
|
i
I
I
7(z,)
!
|
I
I
i
I
|
c Z, T
Pre. 24.
noneswa, ecmr f'(x,) caoxna. Mowwo B.OKZ]3aTb 4TO B MPEAnnJao-
WEHHU MOCTOAHCTBA 3HAKOB MNPOM3BOAHWX f'(x) u f”(X) nocrezosa-

TeabHble NPHOAUNEHHR (2) RAOT CXOURUHHCH npouecc.

§ 7. KomGunrpoBanubiit mMeTton

Myere fla)f(6) <O, a f'(x) u f"(x) coXpaHSOT NOCTORNHHE
3HakH Ha oTpeske [a, b]. Coeamnas cnoco6 npONOPUHOHANBHIX YaCTE
u metor HpioToHa, monyyaem MeTOM, Ha KawIOM 3Tane KOTOPOTO Haxo-
KM SHAYeHH N0 HELOCTATKY W 3HAYEHHS NO H3OLITKY TOHHOIO KOpHS £
ypaenenus f(x)=0.

Otciona, B 4aCTHOCTH, BHITEKAeT, 4TO UHpHL, o0Wue 418 X, H X,
0613aTeNbHO NPHHALTENAT TOMHOMY KOPHIO §. TeopeTnyecku 31ech 803-
MOYHBL HeThIpe cayuasn:

0> 0 (0 >0 (pre. 251
2) f'(x)>0; f"{x) <O (puc. 26);
3) /1 (x)<<0; f7(x)>0 (puc. 27);

4) fx)<<0; f7 (x)<0 (prc. 28).

Mu mpaﬂwm.\’.cn pasGopom nepporo caydasg. OcTanbHhe cayvau
H3Y4aloTCA aHANOIHYHO, NPUYEM XAPaKTep BhUHCAEHHH NIETKO 1OHATH U3
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COOTBETCTBYIOWHX YepTexeH, 3aMeTHM, YTO STH CAYYAaU MOXKHO CBECTH
K TMEepBOMY, eCAd 3aMEHHTb paccMatpuBaemoe ypasuenue f{x)=0

q

PaBHOCHJAbBHHMHA €MY YyDaBHEHHIMH:

8

4

Puc. 26.

Tel

Puc. 27. Puc. 28.

rie z=—ux.
Mrak, nycte f(x)>0 u f"(x)>0 npr a<<x<<b. Ilonaraem
Xo=a; Xo=0b U

nel =X —,(x“") (;n——xn) *);

X =
t (xn)""i (xn)

X o= —lE 001, . ),

n+l n

[ (x4)
M3 nokasannoro Beme (§§ 5 u 6) caeayer, urto

x,<E<x,

—f(x)=0 wmm = f(—2)=0,

(h

(1)

*) Ha xkaxpom mare MeTOJ XODA MpHMeHSETCH K HOBOMY OTPe3ky [x,, %,l.
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0<E—x,<x,— %, (2)

Ecan  nonyctumas a6coMoOTHAA  NOFPEIIHOCTL  MPHOIHIKEHHOrO
KOpHSl X, 3a1aHa 3apaHee M paBHa €, TO npouecc cOaMmeHus npekpa-

U4eTCs B TOT MOMEHT, Korxa Oyaer o6HapyxeHo, 4TO X, -—X,<E&.

Tlo okonuyannu npouecca 3a 3HaveHHe KOPHH & Jyuille BCEro B3fTh
cpejHee apudMeTHYECKOE - NOAYYEHHBIX NOCIELHNX 3HA4YeHuH:

E= (%, 4 7,).

INpumep. Buugcants ¢ Tounoctew a0 0,0005 ennucTBeHHWH
NOJIOKHTE/bHBIH KOPEHb yPAaBHEHHS

fx)=x*—x—0,2=0.

Pemenne, Tak kax f(1)<<0 n f(1,1)>0, 10 Kopenb comep-
%WuTCca B uuTeppane (1; 1,1). Mmeem:

ffx)=5x%—1 u f"(x)=20x3

B BuGpanuov Hamu unteprane f'(x) >0; f"(x)>0, T. e. 3Haxn
TIPOM3BONHLIX COXPaHSIOTCS. _
Ipumenum xoMOuHHPOBaHHLI MeTON, mnonaras x,=1 W x,=1,l.
Tak xax
flxd=f()=—02;  flx)=/f(1,1)=0,3105;

f(x)=7"(1,1)=6,3205,
70 dopmyam (1) u (1') rawor:

0,1.0,2

= 0,31051
x1=1+m1—~1,039, x]_:l,l—

m’ ~ ],051.

Beuny toro, uro x;—x,;=0,012, TO TOYHOCTb HEZOCTATOuHAf.
Haxonum cneayioulyio napy npubauxedui:

0,012.0,0282
0,0595

00313 _

A 1,04469; %, =1,051— e~

x,=1,039 4 1,04487.

3nech ;2—x2 =0,00018, T. e. HywHas CTeNeHb TOYHOCTH AOCTHIHYTa.

MOXHO 1OJIOKHTH

E— % (1,04469 4 1,04487) = 1,04478 ~ 1,045

¢ a6COMIOTHON TIOrpelIHOCTbI0, MeHblueH

-+ 0,00018 40,0022 = 0,00031 < - 1072,
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§ 8. Meron mrepaunu

OnxnM w3 naufonee BAaWHWX CMOCOGOB YHC/JEHHOTO pELIEHHS ypase
HeHuR sBaserca merod urepayuu*®). CyuiHoCTb 9TOr0 METOAa 3aK/MO-
yaetca B caenyloutem. IlycTs nmaHo ypasHeHue

) =0, (15)

rae f(x)—HenpepbisHan dynkuus, U TpebyeTcs ONPENEJUTH ero Bele-
CTBEHHHE KOpHH. 3aMeHuM ypaBHenne (1) paBHOCHALHEM ypaBHeHHEM

x = (x). 2)

Brbepem kaxuMm-n60 cnocobom Tpy6o MPUOAHKEHHOE 3HAYEHHE
KOPHE X, M M[OJACTaBUM €ro B MPaBylo uacTb ypaBuenns (2). Torzaa
U0/1y4YHUM HEKOTOPOE 4HHCAO

X, = ¢ (x,). (3)

Moacrasnas Temep, R TpPasyl0 4YacThb paBencTBa (3) BMeCTO X,
UMCA0 Xy, MOJAYYHM HOBOE 4HCIO X, = ¢ (x,). [loBTOpsAa 3TOT npouece,
OyneM UMETb MOCJAeJOBATENbLHOCTh YHCEN

X,=¢x,.) (=12, ...). (4)

- Bcaw sta nocnenoBaTenbHOCTbH — cxonsiuascs, T. €. CyumiecTByer
npeaen £= lim X, TO, Nepexoas K npeaeny B paseHcTse (4) n npea-

n— oo
nonaras GyHKuHIO @ (X) HenmpepwBHOH, Hafizem:
lim x,=¢(limx,_,)
1 = 00 n-—roo

HJIN

E=o(d). (5)

Taxum ofpasom, npeaen § sBasercs Kopuem ypasHenus (2) # Moxer
ObiTh BHYHCACH no dopmyne (4) ¢ n060H CTeNeHbIO TOYHOCTH,

TeomeTpuyeckn crnoco6 HTCPAUHH MOWET GLITH NOACHEH CJAEAYIOULHM
obpasom. [loctpomm Ha naockoctH xOy rpaduxn yHkuni y=x
ny=@(x). Kawanii nctictentensunit kopens £ ypassenus (2) asasercs
abcuuccolt  TOYkM nepeceyenus M kpnoH y=¢(x) ¢ npamo#t
y=ux (puc. 29).

Otnpasanace OT HEKOTOPOM TOuKH Ay[Xe @ (X)), cTpoHM JOMaHyIO
a0 AgBiA By A,. .. («ecTHRUAY), 3BeHbA KOTOPOH MOTEPEMEHHO na-
paanenvhs oci Ox w ocu Oy, Bepmunn Ay A, A,, ... J1exaT Ha
kpuso#l y =@ (x), a Bepwuuw B, By, B, ...—Ha npaMolt y = x. 06-
inne abcunccw Ttovex A, u By, A, u B,, ..., OYeBHAHO, MpenCTaB-
AS0T COBOR COOTBETCTBEHHO TIOC/AENOBATE/bHHE MNPUGAHXERUR X,
Xy, ... kopun E.

*} HacTo MeTold HTepPalHH Ha3niBAWOT memodom nocaedosamencrotx npubais
denud,
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Boamoxen rtaxwe (pac. 30) apyrofl Bua nomanol AgBiA,BA,. ..
(«cnvpanb»). Jlerko ¢oo6pasuTb, YTO PCLICHHE B BHAC «JNCCTHHOLI»
NONyuaeTcs, ecay npou3soaHas @ (X) nonoWHTEAbHA, & PelieHte B BUAE
«cnupanu», ecad @ (x) OTpHUATEABHA,

#(Z)

e e

8

Pue. 29.

Ha puc. 29 kpupas y=@(x) B okpecTroctn kopus §—nonoras,
T. e, j¢' (%)|<C 1, n npouecc wrepanun cxomnrer. Oanako, ecin pac-

g

cMoTpeTh Cnaydaii, rae [ (x)|>>1, To npouecc uTepauny Moxer GhiTh
pacxonsiuimmea  (puc. 31). [loatomy AnS QP2KTHYECKOTO NPHMECHEHHS
METONA HTEPAUHH HYXKHO BHACHHTE LOCTATOUHME yCJAOBHS CXOLHMOCTH
MTEPAUHOHHOTO Rpouecca.

Teopema 1. Mycto (ynxyusa @(x) onpedesena u Ouppepeniyu-
pyena Ha orpeske {a, b], npuuem 6ce ee anauenus @(x)€ [a, &].
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To2da, ecau cyuwectayer npasussuas 0pobe g Taxaa*), uro

[o" (x) | <g<<1 ' 6)
npu a <<x <<b, 10. 1) npoyecc urepayuu
X, =@ x,_,) (n=1,2, ...) {7)

CX00UTCA He3ABUCUMO OT HAvaAbHO20 3Hadenus X, €le, b]; 2) npedens-
Hoe 3HaueHue

g'——- limxn ¢

n - oo

ABAAETCA  eQUHCTBEHHBIM KOPHEM Ypag-
HeHUA
X =¢(x) (8)

na orpeske [a, b].

JlokasateancTso. Paccmorpum
IBa MOCJAEAOBATE/LHBIX NPUOINKEHUS

xn = (P (xn—l) 1 xn+l = q) (xn)
(koTopble B cHAYy YCJAOBHH TeopeMbi 3a-
BenoMo umeloT cMuica). OTcona

xn+l - xn = (P (xn) - (P (xn—l)'

[Mpumersas TeopeMy Jlarpanxka, 6ysem o

BMETh:

X X =(x"—xn_1) (p’ (:' Puc. 31.

n+1" *n nh
rae x €(x,_y, x,). CnenosaTtenvHo, ha ocHoBanuu ycaosusa (6) nonyunm:
|xn+ x’ (]'x —X, 1" (9)

Orciona, nasag 3Havenus n=1, 2, 3, ..., 00CJIeN0BATEIHHO
BhIBOJHM: :

fra—x; | <<q |2, — % l;
lx:s_xzlgq[xz_fcll\q2|x1—x0[;
Ixn+l—xn’<qnlx1—'x0r‘ (]O)
PaccmorpuM pan

ok (6, —X) + (g — ) o =X, ey (D)

INS KOTOPOIO HAWM NOCJCROBATE]bHHE NPHOAHKEHHS X, SBASIOTCS
(74 1)-Mu yacTHHIMH CyMMaMmH, T. €,

n=5

n+1°

*) 3a 4HCcAO ¢ MOXHO MPHHATh HAHMEHbUIeE 3HAYEHHE HJIH HYN(HIOW FpaHb
MOAYAR upou3sofHoft |’ (x)]| nmpH a<Cx<Th.
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B cuny uepaBencrsa (10) uneww psga (11) no aGcomoThoH Beau-
YHHE MeHbIUE COOTBETCTBYIOWMNX 4YJIEHOB reOMeTpHuecKoP nporpeccuu
co 3Hamenatenem g < 1, nostomy paa (11) cxomurca u nputom abeo-
ATHO, Cen0BaTeIbHO, CYLIECTBYET

lim §,,,= lim x,=E,
1—=» 00 n~> 00
npuueM, oucsuano, £ € [a, 8].

[Nepexons k npeneny B paBenctBe (7), B CHJIY HENpepHBHOCTH
¢ynkunn @ (x) noayuaem:

E=q () (12)

Taxkum o6pazom, & ecth KopeHub ypasHenus (8). Hpyroro kopus
Ha otpeske [a, b] ypasuenwe (8) ue wmeer. [eficTBuTeabHO, ecan

E=¢ @), (13)
70 n3 pasenctB (12) u (13) nonyumm:
E=t=g@—0@
H, C/leA0BATENLHO, _
E—8[1—9¢ (0] =0, (14)

rae c€[§,E]. Tak kax BHpaxeHne B8 KBanpatnoll cko6ke B paBel-
cree {14) ue pagHo Hyn}o to E=E, 1. e. KOpeH» E—enuncTBeHnui.
3ameuanue 1. Teopema octaercs BepHOH, ecan dyHkuus @ (x)
onpenejeda H nnd)q)epeﬂunpyema 8 GeCKOHEYHOM HRTepBaje— oo <
< x < 4 oo, npuyeM npu x € (~— 00, c0) BHITOJHEHO HEPABEHCTRO (6).
3ameuaune 2. B ycnoBusx Teopeml 1 METOL HTEpaUnM cxo-
IATCA npu A060M 86I60OPe HAYAALHO20 3HAHEHUA X, W3 [a, b]. baaro-
Naps STOMYy OH fARANETCH £aMOUCNDABAAIOWMUMCS, T. €. OTAe/NbHan
ownbka B BHUMC/ACHHSX, HE BWBOAAWAS 33 NPeLCaw OTpeska [a, b], ne
NOBJHAET HA KOHEYHHH pe3ynbrar, Tak Kaxk OWHO0YHOE 3HaueHue
MOMWHO paccMaTpPHBAaTh KAaK HOBOE HayanbHOe 3Havenue X, Boamoxmno,
BO3pacTeT JHlb 06bem pabore. CROACTBO CAMOMCDIpAB/EHHs Lenaer
METOL HTEPAUMH OAHHM M3 HalexcHeHwnx MeTOLOB Bouncaenuni. Camo
co60#f pasymeercd, UTO CHUCTEMATHYECKHE OIWNOKH NPH NPHMEHEHHH
STOr0 MeTOna MOTYT NOMEWAThH TOJNYYEHHIO HYXHOYO pe3yabraTta.
Ouetixa npubanwkenna. s ¢opmyaw (10) nmeem:

Ix"+p—xn| <l‘xn+p—'-‘xn+p—1 ,+ |xn+p-—1_xn+p—2|+ L
ek |xn+1_xn|<qn+p-1 | Xy — Xo|+q" 72 Xy —xp|+ ...

e G Xy =2y | =q" | X =2 [T+ q+02+ ... +¢77Y)

IMpocymmupoBaB reomeTpudecKyio nporpeccmo, no/y4nM:

—q*
s p—%nl<4q" lxl—xoll <1=5 le Xo
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YeTpemnas uucI0 p K GECKOHEUHOCTH M y4HTHRAS, Lnoal—l’m Xppp =5
o0

HAXOANM OKOHMATEJbHO:

8=l < o — x5 . (15)

Otciona 6CHO, 4TO CXOMMMOCTb npouecca uTepauuu GyAeT Tem
ObicTpee, 4eM MEHbILE YHCIO q.

HAas oueHkw npubAMMEHHA MOWHO TaKXKe AaTh APYTylo GOpMYyNy,
MOJIE€3HYI0 B HEKOTOpPHX cayuasix. [lycrp

fx) =x—0(x).

Ouesnaxo, uto f'(x)=1—¢’ (x) = 1 —gq. Otciona, yuuTHBas, 410
F (&) =0, noayunm:

|, —@ ()| =|F(x)—FE) | =|x,—L||f (x)| =(1—q)| x,—E]|,

rae E"E(x", £), u, caenosareanio, ¥

_ 5
-t <2l g 5

T. e Y=p(x)
E—x, <zl g

Hcnoabays opmyay (9), umeesm Takxe:

q
IS—x,| <=

{
|
|
lx,—x,_ i (16" |
|
]

9 i
|
OTKYNa, B 4aCTHOCTH, caeayer, 4ro _J | Tp) [Zpy
1 3 = g e
€Ccan qu, TO .
Puc, 32,

Ig—xnlglxn_xn—].,’

T. €. B 3TOM C/yuae M3 HepaBencTBa |x, —x,_,| <& BuTekaer uepa-
BEHCTBO

[E—x,] <e.-

3ameuanue. CymecTByeT pacnpocTpaHEHHOE MHEHHE, YTO €CIH IPH
NPUMEHEHHH METONA MTEPAUUM [Ba MOCAENOBATENBHHX O0DHUOAMMKEHHA
X,.1 M X, COBNAajaioT Meway coBOH ¢ 3aMaHHON TO4KOCTBLIO & (HAnpH-
MEp, ZLN ITHX IPUONHIKEHUH YCTAHOBH/INCH /M NEPBBIX AECHATHIHHX 3Ha-
KOB), TO ¢ TOR ke TOUYHOCTHIO CrpaBEMTMBO paBeHCTBO § =y ¥, (T. e.,
B YaCTHOCTH, B NPHBEACHHOM NPHUMEPE /m 3HAKOB (IPROANIKEHHOrO uncaa
X, A8asioTca Bepuumul). B ofutem cayuyae, KkaKk HATAALHO NOKa3WBaeT
puc. 32, 310 yTBepRAcHHE omnboyHo. Bosee TOro, 1€rKO NOKa3aTk, 4TO
ecin @' (x) 6auska k 1, TO Beanunsa |E—x | mOeT OuTb 6onbmIOH,
XOTS BEAHYHHA |X,—X,_ | Becbma Mand,
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dopuyna (167) 1aeT BO3MONHOCTb OUCHHTD MOTPEIIHOCTL NPUGAHNKEH-
HOTO 3HAYEHURN X, MO PACXOWAEHHIO ABYX MOCACLOBATENbHWX MPHOAH-
wewlt X, _; " X .

[lpouecc urepaunu caeiyer npomoa¥aTh A0 TeX MOp, MOKa AAH
ABYX MOCAEACBATENLHLIX NpHOAMKEHHH X, _; H X, He OyjaeT ofecneyeno

BhilIO/IHEHHE HEPABEHCTBA

'xn—_xn—l ' <

1 —q
q e,

T1e &—3aJaHHas TipefeabHas aGCONIOTHAR MOOTPEHIHOCTh KOpHA § H
’

@' (x)|<{q. Torma B cuay dopmyast (16”) GyseT uMeTh Mecro Hepa-

BEHCTBO

[E—x, <o,
T, €.
E=x,+e¢.
3aMeTum, 4TO €Cau
X, =@ (xX,_q)
"
E=9 (),
TO .
lE—x, =0 )= (r,_ )=
=[E—x,_]|¢’ (:\_‘,,_1) |<q|E—x,.1] (;’n-—1 €x,-1 B)),
T. e,

'E—xnll< | Ez—xn—l |

Takum 06pa3oM, NPH CXOAALLEMCH HTCPATHBHOM NPOLECCE NOTPEUIHOCTD
§—X,| CTPeMHTCH K Hy/MO MOHOTOHHO, T. €, KaXJ10€ CACNYIOLLee 3Ha-
UCHHE X, sB/ISeTCs 60Jee TOYHBIM, YeM NPeNlIecTBYIOUIee 3HAYCHHE X, _ .
KoneuHno, npH BCeX 3THX BHBOXAX HTHOPDHP YIOTCSi MOTPE M HOCTH
OKpyraeuui, v. e, npeanosaraercs, 4ro MOC.1eL0BATEAbHbIE MIPii-
OnMNEHHs HAXOAATCST TOUHO.

Ha mpaxtnke oGhuHO OniBaeT TdK, YTO rpyouLIM NPHEMOM YCTaHa3-
JHBACTCH CYLLECTROBAHHE KOPHHA § ypaBueHus (2) m METOAOM HTEepauud
TpebyeTcst NONYYHTh AOCTATOUHO TOYHOE MPUO/IHN(EHHOE 3HAYCHHE KOPHS,
NPHYCM HEPABEHCTBO {6) BLIMOMHIACTCA JAHUIb B HEKOTOPOH OKPECTHOCTH
{(a, b) atoro kopHda. 3nech, MpH HeylauyHoM BHOOpPE HAYAJBHOrO 3Haye-
HHS X, MOCAe0BaTe bRbe NDHOAmKeHs X, =@ (x,_,) (n=1, 2,...)
MOTYT MOKHHYTb HHTEPBan (a, b) HAM Aaxe noTepstsh cubica. [Tosromy
noJiesna apyraa Qopmynuposka Teopems 1.

Teopewa 2. [Mycte ynkyua ¢(x) onpedesena u Jugppepenyu-
pyesa Ka HexoTOpoM oTpeske [a, b, npusem ypasHenue

x =@ {x) (17)
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useer xopens &, nemauwuil 8 Gosree ysxom orpesxe [a, B], 2de a=
=a+%(b—a) u ﬁzb-——;—(b—a) {puc. 33).

a & b
Ean=
g d K
Puc. 33,

Tozda, ecau: a) | @ (%) |<<g <1 npu a <<x<b 0) Hawassuor
npubauscenue x, € [c, P], ro:
1) gce nociaedosartesbrbie npubsuderun cofepiarca 8 UnTepsase
(a, 0): ‘
X=lr,_)€E(a, b) (=1, 2, ...),

2) npoyecc nocaedosarenvHbix npubausicenytld — cxodawuica, T. e.
cywecrsyer
limx,=§,

n=>

nputem T — edunctgennsil kopeuv Ha otpeske [a, 8] ypasnenus (17), u
Y P Yy

3) cnpasedausa oyenxa (13).

HJokasareabcrso. 1) Heficteuteabno, MyCcTh

x, € [o, B
Torna paBeHCTBO

xl=q)(xn)’
OMCBHAHO, HMeeT cMuica. Menosibays paBeHcTRO

E=¢ (),

Ha OCHOBAHHH TCODCMKI .ﬂarpam«a noJy4Haem:

o == ) — @ &) = xo—E ¢’ (%) [ <<q(B—0) < °5%;

oTCioaa
x, €la, b).

Boobute, ectn x,_, €(a, &) (n=1,2, ..)) n|x,.,—§|<

xn= P (xn—l)

bh—

a
5 T0

HMCeT CMbLICT A1
|x,—El=@{x,)) —@(8)|=

o 5 b——‘
=|x,.,—Ello (xn—1)|<4|xn_1—§|<—30-
CnenoBatenwho, x,€(a, b), rne n=1, 2, 3,

Hro kacaercd yTtsepkacHu# 2) w 3), TO 10Ka3aTEALCTBO HX BHNOMHE
aHaJOTHYnO AOKa34aTelbCTBY Teopemu I,
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3auevaune. lyeTp B HekoTopoit okpecTHocTH (a, b) Kopus &
vpasuenuq (17) nponssontan ¢’ (x) coxpansier 10CTOSHHLMA 3HAK H
BRINOJHEHO 11€PABEHCTRO

[ (x)I<<g < 1.

Toz0a, ecau npousgodras @ (x) noaoxutensna, TO nociaedosarens-
Hble npubauxcenus

xn=q)(xn—1) (’Z:]Y 2’ "')7 qu(av b)

CX00ATCA K KOPHIO & MOHOTOHHO.

Ecau oce npoussodnan @' (x) oTpuyaresvna, 710 nociedosarenstivie
npubrudcens KoAeONOTCA OKOAO KOPHA §.

1) B camom xene, nycts 0<< @' (x)<Cg << 1 n, nanpumep,

xo < E.
Toraa

X —E=0(x)—¢ () =(x,— &) ¢' () <O,
rae &, €(x,, §), npnuem
|6, =8| <glxo—E] <[x,—El
ChenoparennHo,
Xo < xy <&
Tlpuvenns MeTon MaTeMaTwueckoH HMHAYKUHH, TOJydaeM:

Xo L a0 < xp <. < &
(puc. 34a).
Auanornunslff pesysnbTaT moayuaeTcs npH X, > E.
Taxkum o6pa3oM, B cayuae MojoxuTenbHoR npoussoanoft ¢’ (x) no-
CTAaTOUHO BLIGPATH JIHIUL HAYAIbIOE DPHOIHKENNE X,, NPHHALJNE}alee

z, z z &
O—0—0-

Puc. 34a.

oxpectHocTH (a, &) uHTepecylowero Hac kopus §; Bce ocTanbHble npu-
6anwenns x, (n=1,2, ,..) aBToMaTHYeCcKH OyLyT COLEPWATLCA B OTOM
OKPECTHOCTH M C yBe/lHYeHHeM HOMEDA 72 MOHOTOHHO 6yNyT CTPEMUTBCR
K KopHio E.

2) Myets —1 << —¢g<< @' (x)<<O u, wanpuMep, x, <§, npuuem
X, =@ (x,) € (a, b).

Nmeenm:

x;—E=@x))—@ €)= (x,—8 ¢ () >0,

T.eo X, >E |, —§|<<|x,—E&
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TToBTOpPSS 5T paccywAeHHs AA9 NPUOAKIKEHHH Xy, Xy, ..., TIOTY-~
qaem:

X< xy <L <LE< L < xy < xyy

T. €. nocaenoBaTeapHule npuGiauxeHns GyAyT TO MeHbuie, TO Goanute
kopus & (puc. 340).

Taxum 06pasoM, B cayuae OTpUUATEALHON MPoH3BOAHOH @ (x), ecan
IBa NPUGIHKEHHS X, M X, NpPUHALIeKaT OKpecTHOCTH (e, &) Kophs g,

Lo Ly é Ly 4

Puc. 346.

TO BCE OCTANbHBIE NpUGAHKEHHT X, (=2, 3, ...) TaKwe NPHHALIEKAT
9TOH OKPECTHOCTH, IPHYEM NOCAedOBaTeABHOCTL {X,} «oGepTHBaE T
KopeHb &.

3aMeTHM, YTO, OYEBHIHO, 91
[E—x,|<lx,—x,4], 5

=

T. e.B 9TOM CJy4ae YCTAaHOBUBILHECH
3Hakn npubanxenus x, o683aTeNbHO /- -
UPHHAJIEWAT TOUHOMY KOpHIO E. S

MMpumep 1. Halttu nefictBuTEAb- yd

" Uple KOPHH ypaBHeHHd X -—sinx =
=0,25 ¢ TouHoCTLIO 4O TpPEX 3Haua-
mHUx uudp. g

Pemenue. TlpeactaBum gannoe
ypaBHeHHe B BHAE Puc. 35.

x =sinx -}- 0,25,

\:yé‘f’%?#
2

S

e — e ——

-l

I'paduueckum cnocoboM yCTaHaBNHBaeM, UTO ypaBHEHHe HMEET B OT-
peske [1,1; 1,3] onnu BeurecTBeHWH KOpeHb §, NPUGTHKEHHO PaBHHA
x,=1,2 (puc. 35).

[Tpunepxusanch, o6o3HaueHHHA TeopeMbl 2, MpUMeM:

oc:l,l H ﬁ=1,3;

OTCI0AA
a=0—(pf—oa)=0,9 =~ arc 52°
u
b=F+(p—a)=1,5= arc 86°.
Tak xak
¢ (x)=sinx 0,25
H

@’ (x)=cos x,
To npu 0,9 < x << 1,5 umeem:
| " (x) | < cos 52° &= 0,62 =gq.
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Ecay mu Bubepem x, €(1,1; 1,3), To Bce ycaosna Teopemm 2 Gy-
AYT NOJHOCTBIO COGOMONEHM W, CNeN0BAaTCNLHO, TaPAHTHPOBAHO, YTO
NOCAeJIOBATENbHBE NPUGIHKEHHS

x,=sinx, ;+025 (=1, 2, ..))
1) comepxarca B unrepsane (0,9; 1,5) u 2) x,—E npu n— oo,

BuiGupas xy=1,2 n 3an1aBadcb, COr1acHo yC/IOBHIO 3a1a4H, Npeie/b-
HOH aGCOMOTHOA NOFPCIUHOCTBIO

g=-—=.+1072,

o) -

CTPOMM NOCAeNO0BaTeNbHHE NpuOANKEHHT X, (=1, 2, ,,.) 1o Tex nop,
NOKa ABA COCEAHMX NPHOIHIKEHUA X, _; M X, He COBNAyT ADyT C LpYy-
FrOM B NPEAENaIX TOUHOCTYH, PaBHOH

1=9¢ _0,51.L.10"2 2 0,0025.
q 2

Mneewm;
x,=sin1,2--0,26=0,932-+0,25=1,182;
X, =sin1,182+0,25=0,925+4-0,25=1,175;
x,=s5in1,175-40,25= 0,923 40,256 =1,173;
x4=1sin1,17340,25= 0,922 4+ 0,25 =1,172;
x,=sin1,172+0,25=0,922 40,25 = 1,172,

Yerseproe U naTOe npubAMKEHHS COBNAJIH C TOYHOCTHIO 10 UETHIPEX
aHavamnx undp. IToatomy (cm. (16"))

0,62.0,001

25— B < =gy = 0,0016.

Tak kax npereavHas abconTHad norpeumiHoCThb []pH6-’1H)K€HHOl‘O KOPHS X5
BKJI04as HOrPECUIHOCTL OKPYTJ/IGHHUA, He NpEeBhiLIAET

E=0,001640,002 < 1072,

TO MOXMO MNPHHATD!
E=1,17 4 0,005,

3ameuanue. Jandoe ypaBHeHHe

flx)=0 (18)
MOXHO 3aUHCaTh B BHIE DABEHCTBA
x=¢(x), (189

BLGHpas pa3nuynbiM o6pasom yukumo @ {x).
Cnoco6 3auucn (18') oTHionb He Oe3pasauuen: B OQHHX Clydanx
|9 {x)] oxaxercss maJof B OKPECTHOCTH HCKOMOTO KOPHsI §, B ApPyrux —
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Gosnbwoft. JIns MeTona MTepauuit BHrOAHO TO npencTasacuue (187), npy
KOTOpPOM BLINOJHEHO. HEPABEHCTBO

¢ (x)| <g <1, : (19)

TIpHYCM, YeM MEeHblle YHCJI0 ¢, Tem OwCTpee, BOOOiLe FOBOPR, NOCALA0.
BATE/NbHLIE NPUONHKEHHS CXOLATCH K KOPHIO .

YkaneM OLHH ROCTATOYHO o6unit nprem npuelenHa ypasnenns (18)
k Budy (187), 15 KOTOpOro ofecrnedeHo BunOMBEHHE nepaBexcTsa (19).
MycTh HckoMwi KOpeHb § ypaBsenns aewuT Ha oTpeake [a, b], npuien

0<m <f )M (20)

npu a << x < b¥). BuacTHOCTH, 3@ 52, MOKHO B3ATH HAHMEHbIIEE 3HA-
yewne NpoOM3BONHOK f’(x) ua oTpeske [a, b], KOTOpOE NOMKHO OMTB
NONOWHTE/pHEIM, a 3a M, —Haubonsuwee 3nauewne f'(x) Ha oTpeske
[a, b]. 3amennm ypapHenne (18) 9KBUBAJEHTHbIM eMy YpaBHEHueM

x=x—MAf(x) (A>0).

MoxHO MOAOKHTE @ (X} =x — Af(X).
[TonGepeM napametrp A TakuMm 06pa3oM, yToOu B NAHHOW OKPECTHO-
cti [a, b] KopHA § GhlA0 BHINOAHEHO HEDPABEHCTBO '

0< ' () =1—-Af()<g <1 (21)

Ortciona Ha OCHOBawHH Bupaiketns (20) nmoxyuae:
01— AM < 1—Am, < g

CneaoBaTebHO, MOIKHO BHIGpPATH:

L

M,

=1—"L <1,
q m, < -
Taxkum o6pa3oM, HepaseHcTBO (21) BeImoaneHo.
Mpumep 2. Haéttn HanGoavwnit nonoxuresbun#t Kopenb § ypas-
HeHHg :
x3 4 x=1000 (22)

¢ ToyuoCThio A0 1074,
Pewenne, py6oit npukuakol mony4aem npuéAHNKEHHOE 3HAYEHHE
kopHa x,= 10, npuues, ouesnano, &< x,.

*) Ecin npor3Boinas [’ (x) OTpHUATe/NbHE, TO BMECTO ypdbUEHHR fx)=0
paccMaTpHBaeM ypasaenue — f(x)=0,
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Y paBHenue (22) MoxHO 3anucaTb B Buie

x = 1000 —x3, (22)

niam
1000 1 ’

HuJau
x=1/1000—x, (22

# T. 1. HawBosee BHIroaHuM M3 NMPHUBEAEHHHX BAPHAHTOR OKa3uBaeTCd
Bapuant (227), Tak xax, B3qB
Ta6aunua 4 3a ocnoBHo# muTepsan (9,10)u

MONOXHUB
3HaueHUs NOCAeNOBATENbHBIX

npuGavKeHHi X, U ¥, @ (x) =1/ 1000 — x,

OyneM HUMETb
n ‘ Xp ‘ in —1
! X))—m—m——.
, ¢ (%) 33/ (1000—x)?

0 10 990

1 9,96655 990,03345 Orciona
.2 9,96666 990,03334 , < 1 1

3 9,96667 lo (x)w\s—%/—wfvm=q-

BuiugcasieM nociaenoBaTeablble MPHOAHMKEHUS X, C OXHHM 3alaCHHM
8HaKoM No ¢opMmyaam

¥,=1000—x;

Sy =3y, (n=0,1,2 ...

Hattnennble 3navenuss noMeuteHw B Tabnuue 4.

Tak kak 1—qga 1, To ¢ TounocTbIO 40 107% MOWHO TONOWUTE
£ =9,9667.

MeToa HTepauMH MOMXHO NPHMEHSITh TaKKe Nas BHYHCAEHUS KOpHel
ypasHenuH, 3a4aHHLHIX B BHIE CTENEHHBLIX PHJIOB.

Mpumep 3. Haiitn nelicTBuTtenbhuiii KopeHb ypaBHEeHus [2]

).’3 )(5 ).’7 xD X“
*—ztomwtie im0
x2n=1

... +(_])n—lm+.-.=o,4431135.

Pewenue. Uvecem x =g (x), rne

x? x1

B x5 %7
(p(x):O,4431135-{—E'—l—d-i-Zi—T6 30"



§ 8] METOI HTEPAUHH 147

O16pacwBag Bce cTeneHud X Bhllue NMEPBOH, onpenensieM NpHOIHKEH-
HOe 3HayeHHe KOpHA x,=0,44. [lanee,
0,44) =~ 0,47;
0,47) ~ 0,476;
0,476) ~ 0,4767;

xl_ o (
P
P
@ (0,4767) =~ 0,47689;
P
=0

0,47689) &~ 0,476927:
0,476927) =~ 0,476934;
x, = (0,476934) ~ 0,476936.

II

CnenosaTennto, &=10,47693.

Ykaxem eute oaHH NPHEM yaydlueHHs CXOAMMOCTH Mpouecca HTepa-
UMM, KOTOPHIM MOXET OKa3aThCHl NOJE3WHM B HEKOTOpHX caydasx [7].

[Tyctp umeeMm ypaBHenue

x =0 (¥)
TaKoe, YTO B OKDECTHOCTH HCKOMOIO KOpHfH E BbHINOJIHEHO HEPABCHCTBO

¢ ()| =k > 1.

Toraa mponecc MTEpallMu AJA 3TOrO ypasHenus pacxoautcs. Onxnako,
€C/H JaHHOe ypaRHEHHE 3aMEHHTh IKBHBAJICHTHBIM YpaBHEHHEM

x = (x),

rae P (x)=¢7l(x)—~o6paTHas GyHKUMA, TO Mbl TOJAYUHM ypaBHEHHE,
I KOTODOTO MNpOUECC HTEPAUHH CXOZUTCH, TaK KaK

i
<5z =¢<L

r 1
v Wl =| 55
Mpumep 4. Yparuenne
f)=x3—x—1=0 (23)
umeet xopeub & €(1,2), Tak xak f()=—1<<0 u f(2)=5>0.
Ypaeneuue (23) MOXHO 3anucaTh B BHIE
x=x%—1 (24)
3mech
px)=x%—1 u @ (x)=3x%
no3TOMY
@ (x)=3 npn 1<<xe<L?2

H, CJA€IOBATEAbHO, YCJAOBHA CXOIHMOCTH npouecca HUTCPalWH HE BH-
NOJHEHLI.
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Ecan 3anmucats ypasuenne (23) 8 sune

x=vx+1, (25)

To GyaeM BMeTb:

sy b 1
=yx+1 uyp (x)_——zg/aﬁ?'

Orciona 0 <P (¥) << ———= <— pu 1 << x << 2 u, 3HayuT, mpouece

3%/4
HrepaitMn Ans ypasnenns (25) 6eicTpo coflzercs.

§ 9. Meton uTepauki RIS CHCTEMbl ABYX ypasHeHHH

[TycTp gaWe ABa ypaBHeHWss C ABYMA HEH3BECTHLIMH

Fl(x’ )’)=0: }
Fy(x, =0

NCHCTBUTENbHHE KOPHH KOTOPHWX TpeOyeTcs HAallTH ¢ 3apaHKON CTENEHbIO
TOYHOCTH.

Mun npeanoaoxum, uto cucrema (1) ZonycKkaeT AnIlb H3O/NHPOBAH-
Hhie KOPHU. YUucn0 3THX KOpHed 1 uxX rpy6o nmpubaukeHHble 3HAUEHHS
MOWIIO YCTAHOBHTB, NOCTPOHB KpuBme F,(x, ¥)=0; Fy(x, y)=0u
onpeneus KOOPLHHATH HX TOUEK NEpeCevyeHus.

[MycTs x=x, y=y,—npubamkennne 3naueHna Kophel cucremu
(1), nosyyeHuble rpaprHuecKH HAH KAKUM-HHOYyAb APYTHM cnocoboM (Ha-
npuvep, rpyOGoH npukuakofi).

[agnM UTEpPatHOHHLE mpouece, NO3BOSKIOULI PH H3BECTHUX yC/0-
BHSX YTOUHHThL [auHbie NprGavkeHHsie 3Hadenus kopneil. Jas storo
fipeactaBuM cucremy (1) B Buae

xz(pl (x7 ,V),}
y=9,(x, »

(1

(2

W TMOCTPOHM TOC/AeA0BATe/bHME MPHOMMKEHHA N0 CAeLyIowHM Gopmy-
Jam:

X =0 (X0, Yob Y1 =0 (X4 Yo)i
Xy =@ (¥, ¥ )'2:fP2 (£ ¥
e e e e (3)
xn+l=(Pl (xn’ yn) yn+1 (PZ (xnv )’n)»

Ecau urepaunonnnil npouece (3) cXxoAnTes, T. €. CYIECTBYIOT fpe-
nenn
§_.l1mx H n-|imyn,

n-»®
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TO, NpeaAnonaras QysKuHn @, (X, y) # @, (X, y) HEAPEPHBHLIMA A NEPL~
XoAA K mnpeneny B paBenctne (3) ofwiero Buna, HONYUHM:

limxn+1 = “m (Pl (xn? yn)'

n—-rw n—.own
limy, ., =limg, (x,, ¥,).
n—»w n— o

Orciona
E=¢. & ) n=e: & 1),

T. €. npejedbHbie 3HAYGHHS £ W 1] ABANIOTCA KODHAMH cHcTembl (2),
a ciemoBatenbho, H cuctembl (1). Tlostomy, B3dB 10CcTAaTOYHO GOAbLUIOE
uyHea0 HTepauuit (3), MBI nmoayuHM '
wicia X, H y,, KOTopsie OyAVT O0TAU- J Flzy)=0
yaThc OT TOYHLIX KOpPHeH x=E n
y=mn cuctemu (1) ckoap yroano ma-
n0. [loctasneduas 3ajxava, TaKHM BL———
o6pa3owm, okaxercst peuendod. Ecan o ”
HrTepaunoHHmit npouecc (3) pacxo- LI 7777/ /////
LHTCS, TO HM 10AB30BATLCS HEAB3A. %M(zggg)
Teopewma. [Tycto 6 nexoTopod ¥ ;
samxnyrol oxpectrocty R{a << x < /|/ ,
=< A; 6<<y << B} (puc. 36) uneerca l |
‘00Ha U TOAbKO 00HQ napa KopHell
x=E u y=m cucremsr (2). Ecau: Puc. 36.
1) @ynkyuu @, (%, y) u @y (%, y)
onpedesenst 1 renpepsiano Oupdepcryupyemst 8 R; 2) nazasonvie npu-
GAaudcenus Xy, ¥, U 6ce nocaedyrouiue npubauscenun X, y,(n=1,2,...)
npurnadasexcar R; 3) 8 R svinoanenst HepasencTsa

Zp:4n)

0 I3}
acil + ‘Pz ql < l
acPl I+ a‘Pz <g, <1,

TO, npoyecc NOCAC00BATENbHOLY npuézzuo/ceﬂuu' (3) cxodurca & KoOpHAM
x=§ u y=n cuctemst (2), 1. e.
limx,=§ u hmy =1.
n—w
Bameuvanue. Teopema ocrvaercs Bepuoil, ecad ycnaosue 3) 3ame-
HUTb ycaosHeM 37)

99y 0

|+ | [=a <,
0¢, a(Pz
ax | Ty | <<t

[TpumeprHoe AaoKasaTeabcTBO Teopemul ¢M. B [2], DBonee o6uias
TeopeMa npuseldena B8 raase X, §§ 10—11.
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[Tpumep. Ilna cucremu (2]

filx, y)=2x*—xy—5x41=0,
folx, I=x4+3lgx—y?=0

HAalTH NONOKHTENbHLIE KOPHH C YETHIPbMA 3HAYAIWLMAMH Oupamu.

Puc. 37.

Pemenwne. Crponm rpadukn byukunhi £, (x, ) =0 u f, (x, y) =0
(pnc. 37). [NpubanikeHHnle 3HaYCHHH HHTEPECYIOUIHX HAC KOPHEH ecTb

x,=385; y,=2,2.

ﬂ.’lﬂ NMPpHMCHEHH MeTOJda HWTEpauuyd 3andvilieM Hamy CHCTEMY B Ta-

KOM Bupjge.
FE—1
X = l/-x(yf)z(h(xy )

y=Vx+3lgx=q,(x, y.

Hafizem uactHe npomnsBolHbE

aMm

1422
L S S N
ox 4p/n;ﬁﬁj’dx 2 Vx+3igx’

2
rae M=0,43429,
O x 992 __q.
Oy 4l/-x(y+5)—1' dy
2

OrpaHH'mBa Cb OKPECTHOCTLIO
R{|x—35|<0,1; |y—22|<0,1},
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6yseM HMETb:
2,345

0,54;
l/a 4.2, 1+5)—1 <
I = << 0,27;
l/3 4(2 1+5
3.0 43
1+
09 | 34 042
ox 9V 3,4421g3,4
99
ay |= 0
Orciona
(a%\ <054+0,42=096<1; . 4
6@1 0P, =
% <0,2714+0=027 < 1. )

CnenoBaTellbHO, ecad Noc/efoBaTenbHbie npubaumenns (x,, y,) #e
NOKMHYT o6nacTH R (41O nerko o6HapyXuTb B npouecce BhuuCAeHni),
. TO WTepaunoHubfi ppoueccc GyAeT CXONALLMMCA,
OtHocuTenbHas GaAu30CTbh CyMmb (4)
K €IMHMLlE NaeT OCHOBAHHA npelanojararh, Ta6annab
YTO MTEPAUMOHHKH NPOUECC B AAHHOM Cly- 3HA4YeHWA  mocjenoBaTeNb-
wae 6yoeT CXOAMTbCH CPaBHHTENLHO Mep-  HHIX npuGauxennd x, n y,

aenHo. [lpucTynaem K BHIMHMC/EHHIO nocJje-
LOBaTeNbHHX Npubamxennh no Qopmynam . ta v
P l/x,,(.u,,+5)—1,
n+l 2 ' 0 | 3,5 2,2
S— | 3,479 2,259
Vo =Vx,+31gx, (n=0, 1,2, ...). 2 | 3,481 | 2,260
3 | 3,484 2,961
- COOTBETCTBYIOIHE 3HAYEHHS NOC/IEN0BA- 4 3,486 2,261
TeAbHHX OpHGARXKEHH# noMelleHw B Tab- 5 3,487 2,262
nuue 5. 6 3,487 2,262

Takum  o6pa3oM, MOXHO DPHHATDH
£=23,487; n=12,262.
3amevyaHHne. BMeCcTo paccMOTpEHHOro mpouecca NOCNEA0BaTeNbh-
HHX apubamxenuit (3) uHoraa yao6Hee NONb30OBATLLA «APOYECCOM
eiideany:
Xpp1 =@y (%, y,,);
Yna1=0s (Xpips V) (n=0, 1, 2, ...).

Mertoa utepauun ans obiuux cucTeM paccmoTped B raase XllI

(§§ 8—11).
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§ 10. Meron HbroToHa /9 CHCTeMB! ABYX ypaBbHeRMH

Mycts X, y,—rnpubaniejidsie KOPHH CHCTEMBI yDaBHEHUH

F(x, y)==0; G{x, y)=0, (1)
rae Fn G—nenpepnizuo auddepenunpyessie gyrxuun. [lonaras

x=x,+h; y=y,+%,
NOJyunM:

F(xn—‘_hn; yn—}—kn)=0’ } (2)

Gle, +hy y,+k)=0

Orciona, npumenss ¢opmyay TeHI0pa B OTpPaHAYHBAACH AHHEHHHMA
YICHAMH OTHOCHTENbHO K, W k., GyneM HMETb:

F 0 30) 1o (40 90)+ 'y (50 3) =0, I o
G(x”, yn)+hnGX (xn‘ yn)+knGll (xn’ —y ) 0

~ Ecan sxobuan

Filxy v Foten, v,) |

Ge(x,, y,) Gylx, 3,)

TO M3 CHCTCMBbl (3) HAXOMIM:

J (%, ¥ = 0,

h __ 1 F(xm )n) rl/ xn’ yn)
BT T (X, Ya) ’
ns Yu G( o y) G (xn’ ,V,,) '
; 1 Fy (xn, Y Fixg, )’n)
=77
J (Xnr Yn) Ge(x,, v, G, y,,)

CﬂeIlOBaTe.TIbHO, MOWHO [ONOXKHTL:

. =y I Flx, y,) F,, (X, ¥,) )
n+1 n I (Xn» Yn) G{xn) ),n) ’U (xn, yn) )
Felx,, Flx, ¥, .
yn+1=yn'_’-l— 'un V) ( In) 6"
I (Xae 0| G, (x, v,) Glx, )

(n=0, 1, 2, ...).

Wcexonnpe npubanmkenus x,, ¥, onpereasiorcs rpy6o npubmikenno.
MMpumep. HafiTu BewecTBEHHBC KODHH CHCTEMDI

Flx, y)==2x3—y*—1=0;

Gix, =xy?—y—4=0. M

Pewmenne. papuyeckum nyrtem ralinem rpy6o MNpROAMMKEHIbE
3HauYCHHA KOpHei:
xo=12; yo=11.
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foacrasue 8 cucremy (1), monyunm:
F(1,2; 1,7)=—0,434;
G(1,2; 1,7)=0,1936.

BoiuucauM sKobuau

Ox? —2y
J(xr Y)—- y3 3xy2_1 ’
0oTClona 8.64 340
J={1 a1 o4 =297.910-

[To dopuyne (4) BumuHcageM f1;:
| |—0,434 —3,40| _ 3,389

ho=—g7 50| 0196 9,40 = 7,010 = 00343
otciona no dopmyae (6) naxoum:
£, =1,240,0349 =1,2349.
Mo ¢opmyne (3) BuuucaneM K
L (8,64 —0,434 | )
ke=—grgm|a0 01056 = 00390;

otcioaa no ¢opmyae (6) naxomum:
y,=1,7—0,0390 =1,6610.

[loBTOpsia 3TOT mpollece € NONYUEHHBIMH 3HAYEHHAMH KOpHelf, no- .
JIYUUML
x,=1,2343; y,=1,6615 n 1. 1.

Meton Hbiotona ans obuiux cnetem paccvotped B raase Xl

(§§ 1—7).

§ 11. Meton HoloTosa pas ciayuas KOMIUIGKCHBIX KOpHed

.Ha npakTtuke (Hanpumep, npu peuleHnn nuHefinnix nnddepeHunann-
HBHX YDaBHEHUH) MOXET BCTPETHTbCH HAACOHOCTbH B YyTOUHEHHH KOM-
M/IEKCHBIX KOPHEH A3HHOTO YpaBHEHus

f(z)=0. (h
Jas stoft 1eam HMHOTINA MOWHO HWCNOAL30BATh METOA, aHa/0THUHLIA
metony HeloToHa.

Honyctuy, 410 f(2) (2=x iy, i®=— 1) — ananutnyeckas Qyux-
uusg B HeKOTOpPOH BHINYKJOH ¥) oxpecTHocTH U ee npocTOro H30AHPO-
BaHEOTO Hy.d

L=E&+in (AD =0, f1(5)==0),

*) To ecTb Jo6uie ABe TOyKM, NpHHAAJewawue okpectHoctu U, sBasiorcs
KOHUAMH OTpe3Ka, Takxke Npunagnemaulero U,
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KOTOpbi, BOOOute roBOpS, ABASETCH KOMIIEKCHLM. [lycThb z, — npH-

O6nXEHHO® 3HAYEeHHE KODPHH, npHHajnexaiee okpectnocTH U, n
zn+l=zn+Azn

— yTouHenHoe 3nadenue kopus. [puamensa pasnowenue s pan TeHnopa
B TOYKE 2z, H CYHTAR, 4TO f(2,,,;) =~ 0 ¢ TousocTho A0 Az), Gynem

UMETh:
f(zn+1) z/‘(zn) + Aznfl (‘zn) = 0;
OoTCI0AAa
__ lew
A‘zn_ I3 (Zn). (2)

Takam o6Gpasom, OTnpaBafschL OT K3aKOro-HuByan 3HayCHUd z,, lWar 3a
LIaroM MOXHQO (0/ny4yaTh fajbHeduine opuOanxeHus kopHs no dopmyne
I (zn)
i (z,)

Bcam 2, €U (n=1, 2, ...) # MOCNEAOBATENLHOCTD {z,} cxomnres,
TO upenen

Z

=Zn— (ﬂ=0, 1, 2, ..-). (3)

n+1

{= lim 2z,

n— o0

ABARETCA KOPHeM ypashennsa (1). JleficTauTenbHO, nepexois K npeneny
Npn n— 00 B pasencTBe (3), OyneMm HMeTh:

Bm f(z,)

nlipmoo 2"+1= rzli»moozn— lim LI (Zu)
uan
—__ 1@
=l
CnenosaTenbHo,
7{g)y=0.

Lns ouenxu morpemHocTd OpuG/IHKERHOro 3naueHuss z, NpeAnono-
WUM, UTO

|f'(2)|=m >0 npn z€U.
Torma nnn panHol dyHkuun
w=7(2)
B NOCTATOYHO MaIOH R-OKPECTHOCTH KOPHA { CyunieCcTByeT OZHO3HAYHAA
obpatHan dyHKIHS
z=f"{w),

onpejpeseHsas B HEKOTOPOH OKPECTHOCTH ]w| < p, NPOH3BOAHAR KO-
TODPOH, Kak H3BECTHO, €CTb

dz !
W= VE ®
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Mpennoxnaras, uto |f(z,)| < 0, umeem:
zZ, ==/ )—fTH )=
i(zn) f(zp
= S dt[f ](f]dt_ S 7(/—1(”, (5)
F(o

rie ¢ — Texyulas Touka, npoberaoas npaAMOAMHeRHMA OTPE3OK Memny

Toukamu f(§)=0 u f(z,) (puc. 38). Tax xak |£| <p, T0 [f"1(f)| <R
M, C/NEN0BATECIBHO,

£ N = m,.

Orciona Ha ochoBanun dopmynn (5) OGynem
HMETh:
Flzp
|“':n_—'C]<

Jdt | (e
T o~ "m = ©

[TpuBeaem Ge3 QokasaTeabCTBA AOCTATOU-
HblE YC/OBHA CYILECTBOBAHWS KOPH® ypasHe-
Puc. 38,
nus (1), BoiTekaomune u3 rteopemm Octpos- .
ckoro [8], [9].
Teopema. Ecau ¢pynxkyus f(2) awasutudeckans 8  IAMKHYTOL
R-0KpecTHOCTU TO4YKU 2, npu4em 6biNOAHENb: HEPABENCTEA:

D [ |= A

2) {f, (20)

I/”(zl\C mpr |2—zy| <R
4) 24,B,C=p,<1,

R

0 ypasrenue (1) umeer eduncreennsul kopens [ 8 obractu |z —z,| <R
u npoyecc Herorona (3), onpedessemoll Raqarbrbin npubiudscerues 20»
Cxo00uTca K 3TOMY KOpHIO, T. e.

{= lim z,.

n—>

DLoictpora cxo0umocTu npoyecca XapaxTepusyercs OyeHKoll

1\?=1 .
t—z,l<B(z) w )

Mpumep. [pubmixenno paliTy HaUMEHbIIME 1O MOAY/IO KODHH
ypaBHeuns

J(R)=e"—0,224+1=0. (8)
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Pemenne. 3necn

AJTEBPAHUYECKHE H TPARCUEHIEHTHBIE YPABHEHHI

S (Z)=e"—0,2.

Tak kak f'(2)=0 npn z=10,2~—1,79 u
fl—oo)= 400, f(z)>0, F(+o00)= -} oo,

TO ypaBHeHHe (8) HmelcTBHTENbHHX KODHEH He HMeeT.
3a HavanbHOe OPHOAMNKEHHE HCKOMOrO KOPHA § npuMeM HaWMeHbUnil
Nno MOLYJAI0 KOPEeHb Z, yPaBHCHHS

OTCioaa MOKHO

Hanbueiime npubankenns z,(n=1, 2, 3,

[TIOJIOWHUTh:

e’—§—1=0;

zo=mil.

...) KOpHs

TeAbHO omnpejeaseM, npumexan dopuyay (3):

[ra. v

¢ nocnenosa-

_ flz) _ _, 02 5 . N
=Ty T =% nii = 2,618
_ [(zy) _ 5w 0,132—0.,024i N .
zz_zl—[, @) — 6 " —i,86840,5 =0,069-1-2,624/ wu 1. a.

PesynbraTu BoyncaeHnit ¢ ToyHocThio 10 0,001 npusenens B Tabauue 6.

Ta6.nuﬁa 6

YToynenne KoMmaeKCHbiXx KopHed no merony Hbulorona

0.1074-2,650i
0,107-4-2,646i

—0,98140,525¢
—0,977+-0,534i

—0,002—0,005;
+-0,0024-0,004{

—1,1814-0,525i
—1,177-4-0,534i

n 25 P f (zq) 1" (za) Alu—--ff ((Zzn:)

0 3,142i1—1 —0,628{|—1,2 —0,524i
1 2,618i|—0,8684-0,5¢ 0,132—0,024/|—1,068-4-0,5¢ 0,1534-0,040:
210, 1534-2,658i| —1,0:0+4-0,541i|—0,061+40,005:|—1,2304-0,541{|—0,044 —0,012i
310,109+4-2,646i|—0,9784-0,535: 0+4-0,006:|—1,178-+0,535i|—0,0024-0,004i
4

5

—0,000—0,004

JIns BLIYHCISH

dopmyaa
[Tonaras

OyLemM HMeTb!

e? = ¢%(cos y -+ i sin y).

¢~ 2z, =0,107 + 2,646/,

f(25) = 0,002 40,004,

TprGaneHHo cunTas

my=|f"(z5)| & 1,3,

msl e° npHM 2z=x-I[y HCNOAb30BANACH H3BECTHAI
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na ocHoBauuu opmyan (6) nonyuieMm norpemHoOCTh
3 ~ *

my L,

|E—2;| =~

BBHAy TOTO, 4TO seBaf YaCTb ypaBHeHH: (B) NpH BELIECTBEHHKX 2
NPUHAMAET BELleCTBEHHBE 3RAYEHHT, TO 3TO ypaBHEHHE HMeeT TaKce
CONPANKEHHHA KOpetb

¢ = 0,107—2,646,
paBubifi no Moaymo Kophio §. JleicTBATENBHO, HMeeMm:

Q=7 =0.

Sameuvanne. Opyrodl cnocob peuwrenns ypasuenua (1)—aT1o cae-
JIeHue ero K cucerTenme ABYX AeficTBuTenbunx ypasuennit. [lonaras

z=x+1iy

B ypasHenun (1) u Buizensns NeHCTBUTENBHYIO M MHHMYIO 4acTH (yHK-
uun f(z), Gynem nMeTh:

fRy=ulx, y)+ivix, y)=0,

rae z u v—nefictsuteasunie ¢yakunu, 0TC02a 1n0ay4aeM, YTO ypam-
Henne (1) 3KBUBAJNCHTHO CHCTeMe

u(x, y)=0,

v (¥, }’)=0- I ©)

YTounenne xopueil cucremn Buaa (9) paccmorpeno B §§ 9 u 10. 3a-
METHM, 4TO STOT HOBHH Cn0COG TOAMTCA TAKWKE W B C/aydyae Headasi-
THYHOCTH yHKUHH f(2).

JlutepaTypa K uerBeproii raase

1. 4. C. beauxkosuu, Ipubnumednsle ebluucitesus, octexuspar, uszg 6,
1949, ra. VI,

. HOx, Ckap6opo, Hncsaennnle MeTOAH MaTeMaTHuecKoro ananusza, I'TTH,

1934, ra. 1X, X.

2. ¥Yurrexepu I'. Pob6uncon, Marematnueckan ofpaborka pesyJsbra-

toB Habmopenufi, OHTH, 1935, rn. VI.

[ M. duxtenroast, Kypc anddepennuanbhoro v HHTErpasbHOro ic-

unchenns, 1. 1, Foctexusnar, 1957, ra. 1V

I'" TI. ToacTos, Kypc Matemarudeckoro anannsa, 1. 1, Focrexusaar, 1954,

ra. VI

A. OV Fenbdoun VMcuncnenue xoHeunnix pasnocrteit, [ocTexuanar, 1952,

ra. V.

. A. Bentueas, E. C. Bentuenn, DieMeHTH TEOPHH NpHOMHAKCU-

HbiX soiudcaernil, Uap, BBUA um. Xykoscxoro, 1949, ra. 3. § 4.

. A Ostrowski, Matem, cGopuuxk 2 (1937).

J. B. Kautoposuy, O wmerone HbioTona, Tpyam maTeM. wuu-ta

uM. B. A. Creknosa XXVIII (1949). (04—~144.

- (9] N

©X =N o o



I'TABA V

CNEUUAAJNBHBIE NTPHEMBI IJI NMPUBIMXEHHOTO PELIEHKA
AJTEBPAVWYECKUX YPABHEHUH

§ 1. O6mne ceoifictea asreGpandeckux ypaBHeHuf

Pacemorpum aseebpauteckoe ypaswenue n-fi ctenenu (n==1)

Pxy=ax"+ax" 14 ... +a,=0, (1
rae KoshduunenT @y, @, ..., @,— RefCTBUTE/bHEE YHCIA, TPHYEM
a, 0.

B ofwiem cayuae mepemennyjo x Gynem CUMTATb KOMNAEKCHOR.
OcnoBHad Teopema aarebpu. Aazebpauneckoe ypasnenue
n-i crenenu (1) (a caedosaressno, u noaunom P(x)) umeer posHo 1
KOpHed, 0elCTEUTEeAbHbIX WAL KOMNAGKCHbLX, NPU YCAOBUU, YTO KanOoli
KOpeHb CHuTaeTcA CTOAKO pas, kakosa ezo kpatwocts (1], [2].
{Ip#t 3TOM roBOpAT, 4TO KOpeHb § ypaBHeHus (1) UMEET KpPaTHOCTHL §
(. e. & ecTp s-kparHoid Kopews), €CIH

PE =P ©)=...= P {=0,
P (5) 0. @

Komnnekcuuie xopru ypasueuus (1) o6aanaioT CBOHCTBOM napuod
CONPANCEHHOCTLL,

Teopema 1. Ecau kospuyuentor anzebpauteckozo ypasHenus
(1)— Oedcrautensrole, TO KOMNACKCHbIE KOPHIL ITO20 YpPASHENUA NONAPHO
KOMNACKCHO-cOnpAXcennble, T. e. ecau §=a--if (a, f— neficTBuTenn-
nwie) ecro kopenv ypaswenus (1), kparnoctu s, T0 4ucio §=a—if
TAKIKe ABAAETCA KOPHEM 3TO20 YPABHEHUA u umeeT TYy e KPATHOCTL S,

OTMeTHM, YTO MOAYJAM 3THX KOpPHEH OJNMHAKOBHL

[8]=1El=Vor 1 B2
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CnencrBue. Areebpauveckoe ypassenue HeveTHON cTenert ¢ Oeil-
CTBUTEAbHLINU KO3(DPuyuenTamy umeer no meHvuied mepe odun dedcreu-
TeAbHbL KOpeHs.

HeTpynno nate rpyGyio ouenky MmoAyJaeft kopueHl ypasuenus (1)

Teopema 2. Hycre

A=max{la,], |ay], ... gy} ) |
20e a,—koappuyuentor ypasnenus (1). 1] ®)
Tozda  modyau  e6cex  KopHeil /// ‘\\

xp, k=1, ..., n) ypasuenus (1) yoo- /< Je
8AETBOPSIOT HEPUABEHCTBY ' 2 A
A \ |
14— 3
lxkl< +la0[, () \ o 7
qduz,
T. e. KOPHU 3TO20 YPOBHEHUA HO KOM- A
naexcnoil  naocrocte EOM(x =E -+ in) N p
PAacnoaoxenbl BRYTPU KPYea N+
A

lx[<l+|¢10{=1__\) Puc. 39.

(puc. 39).
HokasateabcTio. [onaras |x|> 1, ua dopmyast (1) umeem:

[P = laps"|— (] @ 8" M+ apx" 2|+ ...+ e, ) =

=|a|lx|"—A (x| x| 24+ )=
n x|®— A
=|a,||x] —A.llxll_lx ><la0|——————lx‘__1)]xl.

Orcona, ecan
A

Vool = =7 =0
T. €. ecnnu
A
lx I =1 +m: (4)
noayuaeM, 4To
[ P(x)| > 0.

TakuM o6pasoM, 3HAYEHHA X, YAOBAETBOpAOL{He HepaBeHCTBY (4),
34BeJ0OMO He SBASIOTCA KOpHAMH ypasHenus (1). CnemoBaTennHo, BCe
KODHHU X, ypaBHerHus (1) yA0BACTBOPSIOT IPOTHBOIIOI0KHOMY HEPABEHCTRY

A
el < 1+ lao|
CneactBue. ITycre a, =0 u

B=max{|a,l, |a;], ..., a,_,]|}
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Toeda sce xophu x,(k=1, 2,..., n) ypasuenua (1) ydosieTsops0T
HepasencT8Yy

|| > —g =1, (5)
T

T. e. Kopau ypasrerus 1) pacnoaoxcersl 8 KpY08om KOAbUE

r<|x]l <R
7 (puc. 40).
TN ® B camoM nesne, nojaras
1|4 1
\A’ 1~ 4 x:?’
h
I SP) ¢ OyneM UMeTh:
o | % P 1,
X) = — {
\\hﬂ/// (%)== Q (y),
rae

Puc. 40. QW =eay' ta, 1y 1+...+a,

1 "
Kopun Y=~ (=1, ..., n) nonuuomMa Q(y) B CcHJIy Halled Teqs
k
peMBl Y/I0BJIETBOPAIOT HEPABEHCTBY

1 B
ka{= lxk-1.< 1+|anl ’

OTKy1a

1 .
|xkl>_.—B—_=r (=1, ..., n).
e

Bameuanne. Yncaa r u R 9BAKIOTCH COOTBETCTBEHHO HUMCHED
W gepxHell IPAHHLIAMH TOJOXHTE/NbHHIX KOPHeH ypaBHenus (1).
AHanoruyHo uyucaa —R M —r CNyxaT COOTBETCTBEHHO HHMXKHER H
pepxuell rpanHilaMH OTPHUATEALHHIX KOpHeH ypasuenus (1).
Ecau
X1 Koy euny X

n

— xophu ypasuennd (1), To mas NeBOH YacTH ero cnpaBexnHBO pas-
JIOWEeHHe

Pxy=ay(x —x ) (x—x,) ... {(x —x,). {6)

Orciona, npousBoas nepevHoxende OunomoB B dopmyae (6) M npu-
paBnuBan Ko3pPUUHMCHTH NDPH OLHHAKOBHIX CTEMEHHX X B JAEBOH I
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§ 1]
npasofl yacTAX paBeHcTBa {6), MONYYHM COOTHOILEHHA MEWIY KOPHIIMH

a,

]

1 ko3dduueHTaMH anre6pavyecKOro ypaBHEeHHd:

XXy X, =— 2
aa
} {7)

XX+ XXt '+xn—1xn=a_0' )

a
XiXa.s X, = ——1)"~JL.
12 n ( ay J
Jleswe uactu pagencts (7) npenactaBastoT cOoCOR cymmMu coueTannit

Kopuelt ypasHenus (1) mo oaHomy, no ABa H T. A.
Mpumep 1. Kopuu x;, x,, X3 KyGHuecKOro ypaBueuus

x4 pxttqx+r=0

YOOBAETBOPSIOT yCJAOBHAM:
X+ Xyt X3=—p,
XXy + X Xy X X3 =4,

X XgXg=—1.
Ecan yunThBaTbL KpaTHOCTH kopueH, TO pasnoxenue (6) mpuxu-
P(x)=ay(x —x5)* (X —x,)% ... (X —x ),

MaeT BHA
TAE X}, Xy +..,X, (M<Sn)— pasanuHnle KOPHM ypaBuenua (1) u

Oy, Oloy ovsy O, —HX KPATHOCTH, NPHUEM

ottt o, =n.

[Mponssonnast P’ {x) Bupawaercs CreLylouiuM oBpasom:
P {x)=ay(x—x )51 {x—xy,)%"t ... (x —x, )"m~1Q(x),

rae Q{x)—noaunomM Taxofi, 4To
Qx50 npun k=1,2, ..., m

TloaToMy noaunom
R(x)=ay(x —x )M~ 1 (X —x,)%~1 ... (X —x,)™m"1

AB/deTCA HaHOOMbLIHM GOLLMM JenHTeneM noanHoMa P(x) H ero npoua-
poauo#t P’(x). Kak wusmectHo, moanHoM R (X) MoxeT OuTb Hailuct

P (x)

¢ noMoursio anropugma Eskauna [1]. Cocrapass wacrnoe

NoJAy4YyuM nO0JHHOM
F)y=Ax"+A X" LA, (8)
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¢ nelicTBuTenbHBIMH KO3(dnuuentamn Ay=a, A, ..., 4
KOTOPOTO Xy, Xy, .u., X, Da3/HYHH.

Taxknm o6pa3oM, peweHue aAre6panyecKOro ypaBHEHHUSl ¢ KpaTHHMH
KOPHSIMH CBOJHMTCH K DeLIEHHIO anreGpaHuecKoro ypasHeHus Gojee HH3-
KOH CTENEHH C PAa3/HYHBLIMH KOPHAMH.

[onnoe uncno kopHe#t X;, X,, ..., Xy ypaBHEHHq

P(x)=0,

pPacnosOXeHHBX HAa KOMIIIEKCHOH IJIOCKOCTH BHYTpPH MPOCTOro 3aMKHY-
Toro kKourypa I (puc. 41), MOXIIO ONpeAe/HTb HA OCHOBAHHH npuryuna
apzymenta [4], KOTOPHH COCTOMT B CleAylOweM: ecau noauom P(x)
He umeeT KopHell Ha 3amkHyTOM KOHTYpe I,
TO 4ucr0 Kopret N 3T020 nOAUHOMG BHYTPU
KonTypa I 8 TO4HOCTU PpABHO USMEHEHWO
Arg P(x) npu noaomuresvnom 00x00e KOH-
rypa I, Qeaennomy na 21, T. e.

»» KOpHH

1
N = Ap Arg Px),

npHYeM KawAblfl KODeHb CYHTAeTCcd CTOJABKO
pa3, KakoBa ero KpaTHOCTb.
Ecin ypaBHenue koHtypa [ ecrb

k=g 0<t<T

({ —napameTp), TO man onpeaeaenus uucaa N Ha naockocTH XOY
CTPOSIT KPHBYIO

X=X(@), Y=Y@ (0O<i<T), (K)

rae
Plx)=PE (@) + () = X (&) iV (f)

(X(f), Y(f)—neficTBuTenbHble (YHKUHH), N NOLCYMTHBAIOT, CKOAbKO
o6opoToB N kpuBan K pesnaeT BOKDYr Hayana KOODAHHAT.
IIpumep 2. Onpeaeants yncao kopuel ypasHenus

Px)y=x*—3x4+1=0, (9)
CONEPKAIIMXCA BHYTPH Kpyra |x| << 2.
Pewenue. [lonaras
X =2 (cos t4isinf),
OyleM HMEeTh:
P(x)=8(cost-}-isinf)®*—6(cost-isint)+ 1=
= (8 cos 3t —6cos £ 4 1) i (8 sin 3¢ — 6 sin #).
Ozcioaa

X=28cos3t—6cos 41,
Y =8sin 3t — 6 sin £, }
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Ta6nanuna 7
t 0 K3 K o 2n |, S
e | t3 | Fg | ¥ Ew | ET
X 3 —4,22 —10 1 15 6,22 —1
Y 0 +5 +522 | Fl4 | F522 +5 0

[TocTpons mo rtouxkam kpusywo K (cM. Tabauny 7), nerko yGeauTbCd,
YTO KpHBad TpH pa3a OKpywaeT HayaJo koopaHHAT (puc. 42). [Tostomy

N =3 H, cnenoBaresnbHo, ypas-
nenue (9) uMeer BHYTpH Kpyra
|x| <2 rpu kophs.

§ 2. Tpanuauw AeiicTBUTEBHBIX
KOopHeil aJjreGpanueckux
ypaBHesHi

- B artom naparpade mul 6y nem
paccMaTpuBaTh NMOJHHOMB BH/a

Pixy=ayx"+ax"" 1+

+...4aq, (D
¢ neficTBuTenbHbM  KO3pPH-
UMEHTAMH @, @y, ..., @, €

a,5=0. Haue#t uenslo a1gercs
yCTaHOBJGHHE FTPaHUL, NO BO3-
MOWHOCTH TECHLIX /A MOJOKH-
TeJbHHX H OTPHILATEIbHBIX KOD-
el Xy, Xy, oL, X (ISm<<n)
ypaBHenus

P(x)=0, @)

[IPHYEM BONPOC O CYIECTBOBAHUH 3THX KODHeH 31eCh He 3aTpardBaercs.
3aMeTHM, YTO MOWHO OTPAaHHYHT®CS HAXOXAEHHEM BepxHeH rpanuun R
JUllb MOJIOXHTENbHHMX KOpHefi ypaeHenu#t Buma (2). B camom geae,
HapaLy C ypapHenHeM (2) paccMOTDHM BCNoOMOraTeabHHE aiarefpanuye-

CKHE ypaBHEHUd

14

Puc. 42,

3 (x)zx"P(%):O,
Py (x)=P(—x)=0,
Py(x) =x"P (—5)=0
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W MyCTb BEPXHHUE rPAHHULLl HX TMOJOKHUTENbHHX KOPHEH COOTBETCTREHHO
1

ecTh Ry, Ry ¥ Rg. Torna uucao 55—, 04BHAHO, €CTh HIKHAN FPaHHIL
1

NONOWUTENbHHX KOpHel ypaBHewHs (2), T. €. BCe TMOJONKHTEbHBIE

KOpHM x¥ 9TOrO ypaBHEHHS, €CIM OHH CYU[ECTBYIOT, YAOBAETBOPHAIOT

HEDaBeHCTBY

|
—<<xT<<R.

AHanOryuHo wMeNa — R, M -— 5— ABNMIOTCA COOTBETCTBEHHO HHUNHeH
3

W BepXHeH rpaHulaMH oOTpHlLaTeNbHBX KoOpHell ypaBuenuns (2), T. e.
BCE OTpHLATEJbHLE KOPHM X~ 3TOrOo YpDaBHEHUR, €C/d TaKosHe
HMEIOTCH, YJAOBJIETBODSAIOT HEeDABEHCTBY

- 1
'_'Rz g\ X <"_'I‘?— .

3

YKaxem HEKOTOPHE NpPOCTHIE NMpPHEMbl HAXOXIeHus BepxHed rpa-
HUUB R MONOMUTEAbHWX KOpHeH ypaBHeHHA (2), npuyeM HEKOTOpbe
W3 HHUX npHBeAeM (€3 L0Ka3aTenbCTBa.

Teopema Jlarpauwa. [Tycro a, >0 u a,(k=1)—nepsoui
u3 orpuyaresbnolx Koapguyuentoe *) nosunoma P(x). Toeda 3a eepx-
HIOW 2panuyy noaoXuTeAbrolx KOpHed ypagHenus (2) moocer GoiTe

NPUHATO YUCA0
k rp-
B
R=‘+1/'a? 3)

20e B—rauboabwas u3 abCOMOTHOLX 8eAUHUK OTPUYATEAbHBLX KOIPPuU-
yuento8 noauroma P(x).

HoxkaszateabnctBo. [lonoxkum x> 1. Ecau B nonnuome P(x)
Kaw bl W3 HEOTPHUATEIbHHX KO3P(UUHEHTOB ay, ..., G@,_, 3aMEHUTb
HyJeM, & KaXihH H3 OCTa/IbHBIX KOIQPRUHEHTOB @4 Qppyy ..., 4,
3aMEHUTb OTPHUATENbHBIM 4YHCJIOM -— B, To oT 3Toro noawHom (1)
MOWET JKLWb YMEHbIIHTL CBOE 3HaYeHUE H Mbl Oy1eM HMETb HEeDPABEHCTBO

P(x)>= apx" —B(x" A4 x" k0 )=
n xn—k+l_l
_ =X x—1
Orciona npu x > 1 noayuum:

x1=ke

Px)> age"— L erhr X g et (o — 1) — B] >

X
. xn—k+l

> 'ﬁ' [ao (x— ])k—B].

*) Ecau takoro xoadduunenta Her, T. e. Bce K0IPPHUHEHTH NoJHHOMA
P (x) HeoTpHLATENBHE!, TO NOJHHOM P (X) He UMeeT TNOJOMXHTENbHbLIX KOpPHEH,
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CaenmoBratenbuo, npH
R
B
x=14 1/—- =R
[

P(x) >0,

GyneM HMeThb:

T. e. BCe MOJOXHTeNbHHEe KOpHH X' ypaBHewus (2) yZOBJIETBODPAWQT
HEPABEHCTBY

x¥ <<R.

§ 3. Meroa 3naxomepeMeHHbIX CYMM

Waes metona Jlarpanxa moxeT 6u6Th 0606uleHa caeaylouum o6pa-
30M: MyCTb MOAMHOM P(x) pacnosowed no yOHBAIOL(HM CTeHeHM
nepemeHHO# x, npruem ero crapwu#t xosdduunent a; > 0. Ilpencra-
BuM P(x) B BHIe 3HaKONepeMEHHON CyMMhul :

Px)=Q (x) — Qu(x)+Q5(x) — Qa(x)+ ... +Q‘2m—1(x)_Q2m(x)’

rie Q, (x)—cymMa noc/aes0BaTE/NbHEIX YIEHOB noankoMa P(x) ¢ noao-
'WCHTeJbHBIMH  KO3DPHUHEHTAMU, HauuHas C @gx", — Q, (x) — cymma
noc/ae10BaTEAbHEIX Y/IEHOB MOAHHOMa P (X) ¢ OTpHUATeNbHHMH KO3D-
QUUHEHTAaMH, HENOCPENCTBEHHO NMPHMBIKAIOUIHX K 4jieHaM nepsol cym-
MBI, M T. ., NpuueM foc/aenHee caaraemoe — Q,, (x) mam cocTont
M3 UJEHOB C OTPHUATENbHLIMH KOIDODHUHEHTAMU, HAH TOXAECTBEHHO
PAaBHO HYJIO.

OGosnaunm uepes ¢; (j=1, 2, ..., m) 0ONOKUTENbHHE YHCAA
TakHue, 4TO

Qz/_l(c/)—sz(c/)ZO (1)

(/=1, 2, ..., m). Torra 3a BepXHIO TPaHHUY MONOXKHTENbLHHX KOD-
nell ypasHenus (2) § 2 MOMHO NPHHATL yucnoO

R=max(c,, ¢ ..., C,). (2)
B camoMm nene, mosnoxum:

Quyoy (0) — Qg (%) = 6™ 4 6P = L 4 pP Pt —
— b X = TP B xR,

riae
gl);o (S=1) 2:---;P+q)’
npuuem 6> 0 (j=1, 2, ..., m).
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Tlonaras x > 0, uMeem:

Quyop (%) — Qy (x) = ™77 [(b&”x"-l+b;”x"-2+...+b£/’)—

(N ) ()
(bp+1 B p+2 T bp+q )] 3)
W3 dopuyan (3) ncHo, uto dynkuun Q,j_ 1(x) Qyx)j=1,2,... m

BO3pacTaloT NpH BO3pacTaHHH X. CnenoaaTeano npy x>c/>0
HMeeM:

Qpjay (¥) —Qyy (%) > Qa1 (C/)—sz(cj)ZO

Otciona npn x > R noayuyaewm:

(%)= E [Qsj-1 (%) —Qy; ()] >0

T. €. BCE MOMOKHTeAbHbE KOpHH Xx¥ ypapuenua (2) § 2 ymoBieTBO-
PAIOT YCJ/IOBHIO
x*<<R.

Mpumep. OnpesennTs rpadui(h JeHCTBUTEABHHIX KOPHEH Y PABHEKUS
2x°—100x%4-2x—1=0. 4

Pemenune. 3nech qp=2 1 A=max (100, 2, 1)=100. ostomy
BEPXHAA TPaHuLa R MOJOXHTEeNbHHX KOpHed ypaBuenus (4), cornacHo
Teopeme 2 u3 § 1, ecTb

_1+—_1+1°°_51.
[puMenss Teopemy Jlarpanwma, yuuThBas, 4To
a,=a;=—100 n B=max(100, 1)= 100,

6yneM uUMETb 3HAYUTENBHO JYYLIYI0 OLEHKY XJs1 BepXHEH Trpanuunl
- TOJOXHTENbHLEIX KOpHe#

3 100 -—
R=1- ]/¥=1+$/50z4,7.

HaKOHeLL, NPpUMCHSN METOJL 3HAKOMEPCMEHHLIX CYMM, HaxonuM:
25 — 100 = 2x2 (x5 — 50) > 0

npu x > f/ﬁﬁ (nanpumep, npu x > 3,7) u
2x—1=2(x——)>0 npy x> 0,5.

CnenoBaTeNbHO, MOWHO OPUHATH
R =max (3,7; 0,5)=3,7.
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Lns onpenenesns HHxHeH CPAHHUN F N00KHTENbHKEX KOpHeil ypag-
Henna (4) nonoxum:

i
X=—,
Y
Toraa ypasuenue (4) npuMeT BHA
' y>—2y% 4 100y3 -2 =0,
[MocaenoBaTenbHo monyuaem:
V—=2'=y'(y—2)>0 upn y>2

100y3—2=100(y*—0,02) >0 uapn y> 0,3,

CnesnoBarenbHo,
' R,=max(2; 0,3)=2

| R
r=El=O,5.

Ilng naxoxaeHus TPaHHUB OTPHLATE]bHHX KOpHefl B yparnenuu (4)
0JI0KHM;
xX=—2z
Orcrona
22541022 4-224+1=0. 49
Tax xax ko3(pdHUNEHTH ypaBuenun (4') NONOWUTLABHE HAN PaBHH HY/MO,

TO 8TO YPABHEHHE HE HMEET MMO/JONHTENbHHX KOPHEN, a C/IeOBATENLHO,
JLlaHHOE ypaBHEHHE (4) He HMeeT OTPUUATEeNbHHX KopHel,

§ 4. Meron Hesworona

Teopema Hbowortouna. Ecau npu x=c¢>0 nosunon P(x) u
8ce eco npoussodnsie P'(x), P'(x), ..., P™ (x) neorpuyareasnst:

P®(c)=0 (=0, 1, 2, ..., n), (H

npusen P™M(c)=nla,>0, 10 R=c mower Gore npunsro 3a 8epXHION0
2DANULY NOAOKUTEALHBIX KOPHell ypasHenus

P(x)=0. (2)
HoxasateasncTno, Ilpn x>¢, yunrosas HepasenctBa (1), Ha
ocHosanun dopmyas Teflnopa umees:
P(x)=P()+P () (x—c)+... + D (e ey >0,

CnenosarenbHo, BCe NOMOKHTEAbHME KOpHM x* ypasnenna (2) yaosnes
TBOPAIOT HEPABEHCTBY

xt <.
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Sameyanne. flpn npaktuueckoM npumenenun Teopemu HbioToMa
METOAOM Npob (MCnoan3ys, Hanpumep, cxeMy [OpHepPa) OTHCKHBAIOT MOHO-
TOHHO BO3PACTAIONLYI0 MOC/AEAOBATENBHOCTD NONOWHTEbHEXY YHCEN

<=, <. .. <<, <<€

"l
IAS KOTOPBX CNpaBea/idBbl HepaBEHCTBA

P D (c)=0,

P (c,) =0,

P, _)=0,

P(c,) =0.
Takde 49uCAa B3aBENOMO CYLLECTBYIOT, TaKk Kak ans a, >0 umeem:
P™ (x) — -+ o0 (m=0,1,2, ..., n—1)

mpr X — - 00, OKOHYATENbHO MOXHO MPHHATDL C=C,.
JelicTRuTENBHO, Tak Kak

P?(xy=nla, >0,

10 $yukuns P~V (x)—Bo3pacraloulas u, C1eAOBATENBHO, NPH X > ¢,
MH Gynesm HMMeThb:

POV (x) > PU (¢} = 0.

W3 nocnennero nepaBeHcTBa BuTekaer, 4To dynkuus P72 (x) —Bo3-
pacraioulags B npoMexyTKe [c,, -} o00), W mOITOMY npu X > ¢, == ¢,
noaysaem:

P@=2 () > P™2) (c,) = 0.

[MpoBoas nocnenoBaTeNbHO STO PACCyXAEHHE, Mbl, HAKOHel, yOemuMcH,
uto P (x)—Bo3pactawuias GyHKuHs B npomexyTtke [c,_;, - o0) u,
C/e0BaTeNbHO, NPU X > ¢, ==C,_; HMEeM:

P{x)> P(c,)=0.
Snaunt, x* < c,.
Mpurmep. PaccmoTpum npuseaeHHoe B npuvepe § 3 ypasHenne

Plx)=2x*—100x242x—1=0.

3aech
P (x)=10x'—200x + 2,

P" (x)=40x>— 200,
P (x) = 120x%,

PV (x) = 240x,

PV (x)=240.
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Quesnano, P''"(x)>0, PV(x) >0, PV {(x)>0 npu x > 0. HMmeem:
P (x)=40(x*—5)>0 npu x=2.
Tpuvem ¢y =c,=c3=2. Tax kax
P (2)=10-16—200-2+2 <0,
TO OnpejessieM 3HaK YHC/A
P’ (3)=10-81—200-3+2> 0.
MoxHo npuudath ¢4 =3. [Janee, nmeem:
P(3)=2-243—100-9-4+2.3—1 <0;
N03TOMY BHIYMCIISIEM:
P(4)=2.1024—100-16+2-4—1> 0.

3naunt, cy=4. HUrak, BepxHss rpadnia NOJONKHTENbHHX KOpHell nau-
HOTO ypaBHEHUs €eCTb

R=4.

Ouenxa no MeToay HbioToHa nosyynaach ToyHee, YeM NpuUBeAeHHas BhIlE
oueHka no Meronay JlarpaHwxka, HO MeHee TOYHAaf, 4Ye€M OUEHKAa MO CHO-
coby sHaxonepemeHHnx cyMmm (cM. nmpumep § 3).

§ 5. Yncao peficTBHTENLHBIX KOpHel mosnHOMa

[Tocae TOro KaK YCTAHOBJEHH TPAHHLUL INOJOKHTENbHHX H OTpH-
naTeJbHBX KOpHe# anare6pauyeckoro ypasHeHHsd

Px)=0, (h

rae P(x)—nxaHHui# nONMHOM, BO3HHKAET BOMPOC O uMcae AeHcTBHTENb-
HbIX KOPHEH JJAHHOTO y PaBHEH WS HA HEKOTOPOM M3BECTHOM HHTepBane (a,b),
OO0i11ylo OpPUEHTHPOBKY © uMcae P
AECHCTBHTENAbHBIX KOpHEH ypaBHEHHUs
(1) na untepBane (a, b) naet rpadux
dynxknun y =P (x) (puc. 43), rae xop-
HAMH X, Xy, X3 ABAAIOTCA AOCUHCCH TO~
yek mepeceuenud rpauka ¢ ocbio Ox.
OTMeTHM [pOCTble OCOGCHHOCTH
11eI0T0 MOMHHOMA, Y
1) Ecan P(a)P () <0, 10 Ha
uuTepBase (@, b) nMeeTcss HeyeTHoe
4yucao KopHeH nmoauHoMa P{x) ¢ yue-
TOM HX KpaTHOCTeH.
2) Ecan P(a)P(h)>0,” To Ha Puc. 43.
uuTepBase (a, H) HaHM He nMeercd
xopredd nosunoMa P(x), WA TaKHX KODHEH CYILECTBYET YeTHOE YHCIO.
[ToaHOCTHIO BONPOC O YHCAE NEHCTBUTRAbHLH X KOpHEH aAreGpanyecKoro
YPasHeHHs Ha JaHHOM NPOMeXyTKe pewaetca merodom rypma (11, [2].
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IpensapuTenbHO BBeldeM MOHATHE O YHC/E MEPEMEH 3HAKOB B YHCJIO-
BOH cucTeme,

Onpeneanenne. [lycre dana ynopsdouenHas KOHEYHAA CuCTeMa
0elcTeUTeAbHbIX HUCeA, OTAUYHOLLX OT HYAS:

€1s Cgy sees C, (n=2). (2)

Tosopar, 410 027 napel padom CTOAWUX 3AEMEHTOB Cy, Cp., CUCTEMDL (2)
UMeeTCsl U3MEHeHUe 3HAKA, ecAu ITU aaemenTsr 064a0ar0T npoTUsono-
JNOXUCHBIMU 3HAKAMU, T. €.

a1 <0,

U HeT U3MeHeHus 3HAKQA, eCAU 3HAKU ux OOUHAKOBLL, T. €.

CkCra1 > 0.

OGuiee 4HCcI0 H3MEHEHRA 3HAKOB BCEX MNap COCENHUX S/IEMEHTOB C,
Cre1 (R=1,2, ..., n—1) cuctemn (2) Ha3bLIBACTCA 4UCAOM nepemen
3Hakos B cucteme (2).

Jas nawsoro noanHoMa P(x) coctaBuMm cucremy [lTypma

Plx), Pi(x), ..., Py(x), ..., P,(x), (3)

rae Py (x) =P (x), Py(x)—B3siThill ¢ 06PaTHBIM 3HAKOM OCTATOK NpPU
aeneHun noanHoMa Plx) nHa P (x), Py (x) —B3aThil ¢ 06paTHBEIM 3HAKOM
OCTaTOK TpH AeJenud noannoma P (x)ua P, (x) u 1. a. [Nonunomu P, (x)
(=2, ..., m) MOryT OWTb HA{IEHH C [OMOLLbI0 HECYULECTBEHHO BHAO-
nameHenHoro aaropudma EBkauna, nprueM, ecau nonudom P (x) He uMeer
KPaTHbHIX KOpHeH, TO nocaeanuit saement P, (x) cuctemn LlTypma
€CTb OTJHYHOE OT HyJs DeHCTBHTE bHOE YHCA0. 3aMEeTHM, UTO 9JIeMEeHTH
cuctemu LUTypMa MOXHO BHYHC/AATH ¢ TOYHOCTHIO A0 MONOKHTENIBHOFO
YHCJIOBOFO MHOMXHTE/.

O6o3naunm uepes N(c) uyucao nepemeH 3nako B chcreme lTypuma
IPH X =C, NPU YCJIOBHH, UTO HYy/eBbie SMEMEHTH 3TOH CHCTEMb Bhi-
YepPKHYTH,

Teopema Htrypma. Ecau nosunom P(x) ne umeer kpaTheix
xoprell u P(a)5=0, P(b)5%50, 10 aucio ezo OeiicTéuTesbrolx KOpHedl
N(a, b) na untepgare a <<x < b 8 TOYHOCTU pPQABHO H4UCAY NOTEPAH-
Holx nepemer 3Haxko8 68 cucteme LTypma noaunoma P(x) npu nepexode
0T x=a 00 x=0b, T. e.

N(a, b)=N(a)— N (b). (4)

CnexncrtBue 1. Ecin P(0) 540, To uncao N, "HOJIOWHUT e/IbHEIX
u yHcno N_ oTpHUaTenbHHX KopHeR noaunoma P(x) coorBeTcTBeHIO
PaBHb
N,=N(O0)—N(+ o)
H

N_ =N (—o0)—N(0).
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Cnencrrue 2. Jlns Toro 4tobu Bce KOPHH noJuHOMa P (x) cTe-
NeHH 72, HE UMEIONLEr0 KPATHHX KOpHeH, OHW/H AeHCTBHTENbHM, Heo6-
XOIHMO H JOCTaTOYHO, HTOOH BHMONHAIOCH YCJIOBHE

N{—o0)—N(+o0)=n.
Takum obpasom, ecJH
Pxy=ax"+ax" 1+ ... +a,

rae a,> 0, To Bce KopHu ypaBHeHus P(x)=0 6yayT AeHCTBHTEbHM
TOrAa ¥ ToAbKo Toraa [1], korma: 1) cucrema Utypma umeer maxcu-
Ma/nbHOE 4YHCJIO0 3JeMedTOB n+1, T. €. m=n, H 2) BHOOJHEHW
nepasenctsa Py (+o0) >0 (k=1, 2, ..., n), 7. e. crapmne Ko3¢-
¢buunedtn Beex ¢ynxnuit Wrypma P, (x) ROANHM 6GHTb NOMOKH-
TeJIbHHL.

[Tpumep. OnpenesnTb YMCA0 NOJNOKHTEIbHEX H YHCAO OTpHiA-
TCJbHRX KOpHeH ypaBHeHus

Xt —dxd-1=0. - (5)
Pewenne. Cucrema Witypma umeer Bug
Plx)=x*—4x+1,

Pi(x)=x—1,
Py(x)=3x—1,
Pyx)=1;

oTCIIa
N(—o0)=2, N(0)=2, N(+ 00)=0.

CnenoBatennHo, ypasuenne (3) umeeT:
N, =2—0=2

NOJIOXHTENbHX KOpHelt u
N_=2—2=0

OTpHUATENbHEX KOpHeH. [losToMy nBa KOpHA ypashenns (5) — kou-
NJEKCHbIE,

C nomowsio cucrems LUTypya MOMHO OTAENATH KOPHK anreGpante-
CKMX ypaBseHuH, pasbusas uHTEpBaa (a, b), coaepwauwnt pce aedcTBU-
TC/IbHHE KODHH yPaBHEHHA, HA KOHEYHOE YHCIO 4YaCTHUHHLIX HHTEpBa-
7108 (@, B) raxux, uto

N{a)—N(B)=1.

§ 6. Teopema Brogana — dypne

Tak xax nocrpoenne cucremu [Typma, Boo6we rosops, Tpebyet
TPOMO3AKHX BHYHC/EHHH, TO Ha MPAKTHKE OrPAHUYHBAIOTCH GoJee Mpo-
CTHIMH 4aCTHBIMH MPHEMAMH MNOACYETA 4icAa ACHCTBHTEbHHX KOpHEH
anre6pan4eckux ypaBHeRHH,
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Y TOuHUM MOACYET 4YHMCNA MepeMeH 3HAKOB B YHCJAOBOH cHcTeMe,

Onpenenenne. [Tycre dana KoHetnaa YnopadOHeHHAS CUCTEMG
dedcTeuTenbHblx ducen

€ Car eer Cp (1)
cde ¢, 50 u ¢, 0.

C O0OHOL CTOpPOHBL, HA308EM HUNCHUM HUCAOM nepemen 3Hakog N
cuctenmot (1) wucao nepemen 3naxos 8 ee cooTsercreyrowell nodcucreme,
He colepocawjell HYynessvlx 3NeMEHTOS.

C Opyeoii cTOPOMLL, Ha308eMm BepxHum 4ucaom nepemen 3nakog N

cuctemor (1) 4ucao nepemen 3smaxoe 8 npeobpaszosannod cucteme (1),
ede Hynegvle INEMEHTbL

Cp=Cpy1= e = Cpyy 1 =0
{ch_1 70, ¢, 7=0) 3amenenor saementanu ¢, ; (i=0,1,2,...,/—1)
TaKumu, 410
iy -
sgnc, ;=(—1)""sgnc,, . (2)

QueBHaHO, yTO ecau cucTeMa (1) He HMeET Hy/IeBHX /NEMEHTOB, TO
yncno N nepeMeH 3HaKOB B STOH CHCTEME N0 CMbICAY COBNAagaer C ee

mmHaM N H BepxiuM N yicnaMy nepeMmeH 3HAKOB:
N=N=N,

BooOLIe e TOoBOpH, IT/; N.

Mpumep 1. OnpenenuTh HUMNHEe YHCNO H BEPXHEE YHCJIO mepe-
MeH 3HaKoB B CHCTeMe

1,0,0, -3, 1.
Pewenue, UrHopapys Hynu, noayuaem:
N=2.

Jns noxcuera N, coraacuo dopmyne (2), cocrasaseM cHCTeMy
1, —e, g, —3, 1,
rae ¢ > 0. Otcwona
N=4,

Teopema Bwonana—Pypbe. Ecau wucaa a u b (a < b) ne
ABARIOTCA KopHAamu noaunosma P(x) crenenu n, t0o uucro N(a, b)
delicTeuTeNbHOLX KOPHEU YpasHeHus

P(x)=0, 3)

codepmcawuxca memdy a w b, paswo munumarsromy uucay AN
nepemexH  3HAKOG, nOTEepAHHbIX 6  cucTeme  nocaedo8ailessHolx
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npou3soonslx
P(x), P {(x), ..., P V(x), P™(x) (4

npu nepexode OT XxX=a K x:b, uau menswe uucaa AN na uerHoe
Yucao, T. e.

N{a, b)=AN—2&,
riue _

1 N{a) —HuXKHee uuCNO mepemed 3HAKOB B cucteMe (4) npH x = a,

N(b)—aepxnee YHCAO MepemMeH 3HAKOB B 3ITOH cucTemMe npu x=10
AN
(k=0, 1, .. E(T)) (. [1]).

[Ipennonaraercsi, 4YTO Kaxablt KoOpeHb ypaBHenus (3) cudraercs
CTONBKO PAa3, KaKoBa €ro KpaTHocTb. FEcam npouasomnsie PP (x)
(=1, 2, ..., n) ne obpawaoTca B HyAb NPH X=a U x==0, TO
NOACYET 3HAKOB YMpoLLaeTcs, a HMelHo:

AN = N (a) — N (b).

Cnenctoue 1, Ecain AN=0, To Mexay @ u b HeT aeicTau-
TeJbHHX KOpHeH ypaBuenus (3).

Cnencteue 2, Ecin AN=1, 1o Mexly a H & umeercs pOBHO
oouH NeHCTBUTENBHLE KOpEHb ypasHennsa (3).

Bameuanune, [Jas nojncuera 4yucaa moTepsunux 3iakoB AN B cu-
cTeme (4), moab3yfich cxemoft [opuepa, cocTaBaseM JBa pa3fioweHus:

Pla+h)=a,+ah+toai*+ ... +ak" (5)

Po+h) =B, +Bh+BA2+...+BA" (6)
[Tycts N (@) —HuxHee YHC/A0 nepeMeH 3HakoB KO3(DHIHEHTOB pasno-

wenusa (5) u coorseTctBenHo N (O)—pepxHee 4uCA0 mepeMeH 3HAKOB
Koapduuuentos pasnowennsa (6). Tak kax

P (g P (b)
T LT

TO 3HAaKH 4Yucea o, H [, COBMAaNalOT CO 3HaKaMu cucTeMu (4) npn
x=a 1 x=>=0. [losaTomy

AN = N (a)—N (o).
MMpumep 2. OnpenennTs YHCA0 XEACTBUTENbHHX KOPHEH ypaBHEHHA
Plxy=+x3—x*4+2x—3=0 (7)

B nutepsane (0, 2).
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Pewenne, 3pecs N (0), oueBHIHO, €CTh YHCAO MEDeMEH 3HAKOB
B CHCTEMe uHcel
—3, 2 —1,1,

T. €

Pasnoxenne P (24 h) monyyaercs ¢ noMmouibld MPHMEHEHHS CXEMu
Topuepa

1 - 2 43 |2
2 8

1 1 4 [T]
2 6

] 3 |_10—|
9

w

-
|

—_

CnenoBatennbto, N(2) ecTh 4uCAO NepeMeH 3HAKOB B CHCTEME 4YHCel

5 10, 5, 1,
T. e. N(2)=0.
Orcona
AN=N(0)—N (2)=3.

Takum o6pasom, ypasuetne (7) umeer B HHTepBaae (0, 2) Tpu Han
onnH NeliCTBHTENbHLIH KOpPEHb,

Teopema INexkaprta. Yucao norosxcurerbusblx KopHeldl aarzebpau-
4ecKo020 YpasHeHus

P(x)=apx"+a,x" 1+ ... +¢,=0 (@ 5 0) ®)

¢ Y4eTOM UX KPATHOCTel pOBHO HUCAY hepemer 38HAKO8 8 cucTeme
Koagppuyuentos

Qy, Ay, Ay ...y @, 9)

(rae koshdUUMEHTH, paBHbie HYMO, HE YUHTHIBAIOTCH), WAL MeHblle
51020 4UCAQ HA 4ETHOE HUCAO.

Teopema IekapTa npeacrtasiasieT co6o# npuMmeHeHHe TeopemH bio-
nana—Pypoe k untepsany (0, -4 oo). B camom pene, Tak kxak

PR (O)=kla, , (k=0,1, ..., n),

TO cHcTema (9), ¢ TOYHOCTBIO A0 NMOJNOKHTEJNbHHX MHOWHTeNell, ecTh
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COBOKYNHOCTb MPOH3BOLHLIX P (0) (=0, 1, 2, ..., n), 3anucanyas
TaK, 4TO NOPAAKH HX y6wBalT. [losTOoMy YuCn0 mepeMeH 3HAKOB B CH-
creme (9) pasHo N (0), npuyuem k03(ddHUUMEHTH!, PaBHEIE HY/IO, HE YYHTHI-

aiotca. C ipyro#t cTopousl, npouaBonuse P (4 00)(k=0,1,2,...,n),

OYeBHAHO, HMEIOT OLHH H TOT %€ 3HaK M, caeaoBaTenbso, N (- oo)=0.
TToaTomy umeeM:

AN =N (0) =N (4 o) =N (0),

NpHYEM HA OCHOBaHHH TeopeMbl BiogaHa — Pypbe YHCAO MONOWHTENb-
HbIX KOpHeH ypasHeuus (8) uau pasHo AN, uin meupwe AN Ha yeTHoe
4HC0.

CnencrtBue. EcankoadduuneHTo ypaBHeHua (8) OTIHYHN OT HY S,
TO 4YHCJO OTPUUATEJbHHIX KOpHel ypaeneuud (8), ¢ ydeToM MX KpaTHO-
cTel, paBHO 4YHCJY MOCTOAHCTB 3Haka B cucteMe (9) ero koadduuu-
€HTOB HJIH MeHbIe 9TOr0 YHCJIa HA YETHOE YHCJO.

JloKa3aTenbCTBO STOTO YTBEPWAECHHS HEIIOCPEACTBEHHO CJEAYET
H3 npuMedenus Teopemut Jlekapra k noaunomy P(— x).

Ykawem ewe HeOOXOAMMBIH (PH3HAK BELIECTREHHOCTH BCeX KOPHei
[ONHHOMA.

Teopema Tlwa. Ecau ypasnenue

agx” + a,x" 7 - apx" "2 4L 4-a, =0 (10)

umeer QeiicTeuteasrvle kK03(pduyuento. u 8ce KOpHu e20 OelicTUTeAbHbL,
TO Keadpar kamdoe0 HexkpaiHeeo Kos(puyuenta 3IT020 YPasHerus
6oabwe npoussedenun 08yx e20 cOCEOHUX KOIpPuyuenTos, T.e. 861104~
HEeHbL HEePaseHcTsa

2
ey > ay_ya,,, (k=1,2, ..., n—1).
CnencrtBue, Eciu npu KakoM-uu6yab R BHIOJHEHO HEPaBEHCTBO
2
Q<1 Gy

10 ypasuenne (10) umeeT 1o MeHblUel Mepe OAHY Napy KOMI/IEKCHHWX
KopHeH.
[MTpumep 3. Onpenesutb COCTaB KOPHeH ypaBHeHHA

x%4-8x8 —12x2 4 104x —20 =0. (11)
Pewenune., Tak kax
(—12)® < 8104,

To ypaBHenue (11) uMeeT KoMnJieKCHbIE KOPHH H, C/lEILOBATENbHO, YHCIO
BelleCTBEHHHX KOpHeH 3Toro ypaBHeHus He Goabiue IBYX. B psne
Ko3pduunentoB ypasuenus (11) HMmeerca AN=3 nepemeH 3HaKOB H
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AP=1 nocrosinctB 3rakoB. OTciona Ha OocHOBaHHHM TeopeMme JlexapT
H CHeACTBHSI K HEH, yYMTHBAfd HaJudHe KOMILIEKCHBIX KOpHeH, nenaem
BHIBOA: ypaBHenne (11) uMeeT OIHH MOJOYHTEAbHbIH KOPEHb, OILHH
OTpHLATENbHBIA KOPEHb H Napy KOMIJIEKCHHIX KOpHei.

§ 7. Upea meropa Jlo6auesckoro — I'peddpe
Paccvorpum anreGpanueckoe ypasuenue 71-B cTeneHu
X"+ ax" 14 ... +a,=0, n

rae a,==0. [lpeanonowum, 4To KOPHU X,, X,, ..., X, ypasuenus (1)

T4KOBH, YTO
Lo > %:12 | x5 > . . 2> 1%, (2)

T, €, KOPHH Pa3JaHYHbI N0 MOAY IO, I1PHYEM MOAY/Ib KaX<A0T0 ApeRbAyUero
KOPHSI 3HAYHATE/NbHO 60oablle MoAyasd no-

A ciaenyouero®).  Muuimu  caoBamu, Mo
1 a=é+ip npeanojaraeM, 4YTo OTHOWEHHE JI00LIX
41" N JBYX COCEIZHHX KOpHe#, cyHTas B mno-
/ \ psalake yObBaHWS HX HOMEpPOB, €CTb Be-
/ XTI A A JWYHHA, Manas no MOAYMO, T.e€.
! Al 87|
H NI j —_
{ A S ] 3 Xo =£&1Xy,
\ ~d 4L~ ) e
. 4 X3 = €yX5,
g L/ e @)
\\\ ’,r,
H xn::sn-lxn-li

rne |g,|<e W eg—Manas BeluuuHa.
Takue kopHu A9 KPATKOCTH OymeM Ha-
3niBaTh OTdesenHoimu (puc. 44).

Bocrionbayemcst Tenepb COOTHOWEHHSAMH MEXAY KODHSMH H KO3(-
¢duunentamu ypasuenus (1) (§ 1)

Puc. 44.

a,

x1+x2+---+x,,=—-a—o,
o |
X Xot+ X%+ ... -i—xn_,xn:—a—i,

a
x1x2...xn=(—l)"§i‘.
0

*) Ecaun xoapduunentsl ypasHenus (1) AeHCTBHTENbHB, TO U3 ycaosus (2)
cllelyeT, YTO BCe KOPHU ypaBueHHs (1) ACHCTBHTENbHLL
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Orciona B cuay ponyuiedndt (3) Mel noayuaem:
@
X, (1 E)y=——
1( + 1 aO,

a

X%, (14 Ep) = 2
1 2( + 2) ao’ } (4)
E)=(—1"2
X Xg. o X, (1F+E)=(—1) a0
rae E;, E,, ..., E,—Manple 00 MOLYJTIO BeIUYHHH TNO CPaBHEHHIO C
eqHHULeH. npeHeﬁperaﬂBpaBeHCTBax(4)BeJIHllHHaMHEk (k=12,...,n),

6yneM HMETb IDHONHXEHHbIE COOTHOUIEHHS

|
X, = !
_ &
i =g (5)
a
n
XXy X, ={—1) ;::.
Orcloga HaXOOHM HCKOMbE KODHH
. o
xl = —21— l
0
a;
Xy = — a_ ) ’
1 { (6)
2
X
" an 1 J

VRbMM CIOBaMH, €CIH KOPHM ypaBreuHs (1) OTHeseHn, TO OHH npPH-
6/1HXEHHO ONPENeNAOTCS U3 Ueny JUHeHHWX ypaBHEeHHH

agx,+a, =0,
a x2+a2—0

lx +a _O

NpUYEM TOYHOCTb 3THX KOpHell 32BHCHT OT TOro, HacKOJbKO MaJH 1o
MOZLY/IO BeJIM4YHRHL €, B COOTHOWEHHAX (3).

Yro6n no6uThbcl OTACACHUA KOpHEH, MCXORA U3 ypaBseuus (1), co-
CTaBJSOT NPeo6pa3soBAHHOE yPaBHEHHE

gy amyn i 4L e =0, (N

KOpHAMH KOTOPOTO ¥4, ¥,, ..., ¥, SBJAAIOTCA m-e¢ CTeneHu KopHeit
X1, X9, eeo, X, ypasnenus (1), T.e.

Ye=x3 k=1, 2, ..., n). (8)
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Ecau kopun ypasnenus (1), KOTOPHE MH CUHTAEM PACNOJOKEHHEIMH
B nopsnke yOnBaHus MOAYJeH, ABAAOTCA PA3NHYHHMH [0 MOAYJIIO, TO
KOpHU ypasHenus (7) npu noctatoyno GoabuioH ctenenH m GyAyT OT-
JeNIEHHBIMH, TaK Kak
X m

Yr =(—L) — 0 npu m — oo.

Y1 k-1
Hanpumep, nycts

xX,=2; x,=1,5; x,=1.
Ilpn m=100 Gynem umeTh:
¥, =127.10%; y,=4,06-10""; y, =1
U, C/eJ0BaTe/bHO,

Y2 —32.1071  B_95.1071
11 Yo

OO6GbIYHO B KauecTBe nokasatens m OepyT cTeleHb uucaa 2, T.e.
nonaraiot m==27, rae p-—HaTypasbHOE 4HUCJO, a CaMO NpeoSpasoBatue
DPOM3BOAAT B p NMpPHEMOB, KaXAHH pas cOCTABAAA ypaBHEHHE, KODPHAMH
KOTOPOTO fBAATCA KBaAPaThl KOPHEH Ipe/luecTBYOUIETO ypaBHEHHd.

TIpu6anKeHHO BLIYHCAUB KOPHU ¥, (k=1, 2, ..., n), u3a dopmya (8)
MOHO OMpeleNHTb W KODHW HCXOAHOro ypaBHeHusa (1). TOuHOCTH BH-
yHuC/AEHHH 3aBHCHT OT TOTO, HACKOJbLKO MalJblM H#BJASETCH OTHOLIECHHE
moaynaeH coceanux KopHeH npeo6pa3oBaHHOTO ypaBHeHHS,

e 3TOTO METOa BHUHCAeHUA KOPHeH npurannexnt JloGaueBckomy,
NpaKTHYECKH ygoGuad CxeMa BoluMC/AeHHH Onina npennoxena I'pede.

HoctounctBom merona JloGauesckoro —pedipe saBasiercs To, 4TO
NpH IPUMEHEHHH 3TOTO METO01a HeT HeOGXOAUMOCTH H30JHDPOBATH KOPHH.
HywHo nuwp u36aBHTHCA OT KPAaTHBIX KOPHER ¢ MNOMOLLIbIO NMpHeMa,
ykasanHoro B § 1. Camo BmuHC/IeHHe KOpHEH BeneTcs OLHOOGPA3HLIM
peryaspHuM crnocoGom. I{ak Mb YBUIHM Jajee, METOL TOMMTCA TaKMe
H A7 HaxoxaeHnHs Komriekcibix kopHell. Heyno6cTBO MeToma cocTouT
B HeoOXOAMMOCTH onepxpoBanua ¢ GoabwHMH unciaamu. Kpome Toro,
OTCYTCTBYET OCTATOUMO HAJEeXHBIH KOHTPOAbL BBIYUCAEGHHH U 3aTpya-
HeHa OUEHKA TOYHOCTH MOJYYEHHOTO pe3dyabTaTa.

3aMeTuM, UTO ecAH KOpHu YypaBueHHs (1) pasaHuHH, HO MOAyAH
HEKOTOPHX H3 HUX 6JU3KH Meway co6oli, To cxoanmocts Meroaa JloGa-
yeBckoro —I'pedde Bechbma mennennasn. B 3ToM cayuae Takue KOpHU
caenyeT paccMaTPHBATH KAK paBHBE MO MOAY/A0 H NPHMEHATbH Crie-
LHa/NbHEE IIPHEMBl BHYHCJEHHS,

§ 8. llponecc xBajapupoBanHA KOpHeil

Tlokaxem Teneps, KaKk MOXHO MPOCTO COCTABHTHL YPaBHEHHE, KOPHAMU
KOTODPOTO SBJSIOTCA KBaApaTH KOpPHeH AaHHOro anre6paunueckoro ypae-
HEHHS, B3AThie CO 3HaKOM MuHyc. [Tocnennee 06¢TOATENbCTRBO BH3LBALCTCH
coofpaxentsiMi yno6CTBa, 4TOOH 110 BO3MOKHOCTH H36e%aTh MOABACHUs
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oTpuuareabuux kKosdduunenton. Ilpouecc nepexoaa OT KopHeH
x, (k=1, 2, ..., 1) K KOpHAM
Y= —x3} (1)

AN KPATKOCTH GyJNeM Ha3uBaTh Keadpuposaxuem Koped.
TlycTb
Px)y=apx"+ax" 1+ ...4a,=0

— LaHHOe ypaBHeHHe, Tae gy 7=0.
OGo3uauas uyepes x,, X,, ..., X, KODHH 9TOTO ypaBueHud, Gynem
HMETh:
Px)=a,(x—x)(x—x5) ... (x—x,).

Orciona
P(—x)=(—aylx+x)(x+x5) ... (x+x,).
CnenoBaTenbHo,
P(x) P(—x)=(—1)"a% (x* — x2) (x*— x?) ... (x?—x2), (2)

Monaras
y=—x"

B cuay dopmyas (2) noayuuMm MnoOJHHOM
Q)= P(x) P(—x),
KOPHAMH KOTODPOTO SIBJAAIOTCH 4YHC/IA
Yo=—xp (k=1,2, ..., n).
Tak xak
P(—x)=(—1)"[ax" —ax" 14 a,x" "2 — .. 4+ (—1)'a,],

TO, TIPOH3BOAS MePeMHOXKEHHE NOJHHOMOB P (x) n F(—x), 6yiemM uMeTh:
P(x)P(—x)=(—1)"[abx®" — (a} — 2a,a,) x*" 2+

: + (a3 — 28,0, +2a0a) x* "0 —. . (—1)"al].
ChnenoBaTenbHo, HHTEPECYIOUIEE HAC YDABHEHHE eCTh

Q=AY "+ A" 1+ A4y 2+ 4 4,=0,
rae
A, = ay,
A, =al—2a4a,,

2
Ay =a;—2a,a,+ 2040y,
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Kopoue mowHo 3anucats:

%
Ak=a2+2 2 (—1)sak—sak+: (k=01 ]v 2! ey ’l)’
s=1
rae npeanonaraetc g,=0 npn <0 u s> n. ]

[MpaBuano. Ilpu keadpuposanuu KopHed xKaxcooll KoI(PPuyuenT
npeobpa3ns8anHo20 YPABHeHUN PABEH KB8AOpary npesxrezo Koapdulyuenra,
MUHYC YOBOEHIOE npou3Bederue COoCeOHUX ¢ HUM KO3(dUyuenTos, natoc
Yyosoennoe npoussedenue caedyrouux 8 nopsoke 6ausocTu Ko3(duyuen-
TO06 4 T. 0., TPHYEM CCAH HYWHuH KOSDOHUHEHT OTCYyTCTBYET, TO OH
CYHTAETCR DPABHBIM HYJIO.

§ 9. Meron Jlo6aueBckoro — pedpe aas cayzas
AefiCTBATE/NHHLX PA3/JIHUHBIX KOpHefi

TTycts Kopuu x,, X5, ..., X, ypaBueHus sn-# CTenmeHu ¢ NeHcTBH-
TeJbHEMH KO3pPULiHeHTaMn

apx"Fax" L 4a,=0 (N
IeHCTBUTENbHH M Pa3d/HyHb 10 Moaymo. Pacnonoxum ux B nopsnke
yOuniBaHHd Monynefi:
L2 > [22[> 0 > %,

[MocnenoBaTenbHO nNpHMeHsst MpPOUECC KBaLPHPOBAHUS KopueHd, cocTa-
BJSIEM YypaBHeHue

by 0" b, =0, (2)

KOPHAIMH KOTOPOTO CAYyXaT YHCJa
Vo= —xb (k=1,2 ..., n). 3)
Ecan p ROCTATOYHO BENHKO, TO KODHH Vi, Vo, ..., ¥, SBIAAIOTCH OTAE-

JEHHBIMH M HA OCHOBAHWM De3y/AbTATOB § 7 MOryT OHTh Onpenenenm
M3 LENH JUHEHHbBIX YpaBHEHHH

boy1+b,=0,
by, + b, =0,
b, v, +0b,=0.
Orciona nmoayuaem:
pp—— /%
n=x= Y =V k=l L @

3HaKH KopHel x, onpeneasioTcst rpyGoH NnpuKknAKOH, NMpH NMOACTAHOBKe
B RallHOE ypaBHEHME, HJKR HA OCHOBAHHH COOTHOWIECHHH ME¥AY KOPHAMH
u kosuunentamu ypasuennii. Ilpouecc kpagpupoBanns Kopred obuiio
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NpoAOMIKAaeTCst A0 TeX NOop, NOKa yABOEHHHLIE NPOH3BEAEHHS HE nepe-
CT&HYT BJMATH HA NepBbie [I/1aBHRE 4YjeHn KO3dPuuHHEeHTOB mpeobpa-
30BaHHOTO ypaBHEHHS.

Mipasuno. Hpoyecc xeadpupasanus xKopred caedyer npexparurts,
ecal Ko3Puyuents. HeKoTopozo npeobpas’oganrazo YypasHeHus 8 npede-
AQX TOHHOCTU B6lHUCAeHULl pasHbL KeadpaTam COOTEETCTEYOUUX KOIPGu-
yuentos nocaedyroueeo npeobpas’osannozo YpasHeHus 3G c4er OTCYTCT-
8un yodsaenublx npoussedenull.

IleficTBHTENBHO, €cAH NpeoGpa3oBaHHOE YpPaBHEHWE, COOTBETCTBYIO-
wee crenenn 27*1 ymeer BuI

c2"H ¢ 2" Fc,=0
H BHIMOJIHEHH COOTHOLIEHUS
, co=0b% (k=0, 1,2 ..., n)
TO, OYEBHAHO, MONydadeM:

p
cr, 2 b,

lxk|— Chor be_r’

Taxum 06pa3oM, npH ITHX OGCTOSITENBCTBAX Mbl HC CMOMXEM YBCAHYHTD
TOYHOCTb BBLIYHCJEHHUSA KOpHeh.

_ Tak xak npu npumenenuu meTona JloGauesckoro— [pedde kosp-
¢uuyuenTH npeo6pa3oBanHbIX YpaBHernit, BOOOLLE FOBOPS, GHCTPO pacTyT,
TO M0JIE3HO BBIAENATb MOPSIAKH MX, 3anHcHBafg KOIQGHULUHEHTH B CTan-
zapthoti dopme o-10", rae |a| <10 u m—uenoe uucno. [lpn Bw-
YHC/NICHUSIX, TPeGylowiux GONbIWONH TOYHOCTH, BHIFOLHO MOJAb3OBATHLCH
aorapudmamu (cM. [5]).

MMpumep. Metonom JloGauesckoro — pedde nafttn xopuu ypas-
HeHus
x3—3x41=0. (5)

Pewenue. Peaynpbrarto Boiunciaenuft ¢ YCTHIPbMA 3HAYAL(UMH LiH-
¢pavn nomentenn B Tabauue 8.
QOctanaBnuBasch Ha 64-f crenenu KopHel, 6yaeM HMETH:

—x3%4-3,445.10Y7 =0,
—3,445.107. %" 1-2,486-1022 =0,
—2,486-102%. x5% -1 =:0,
Otciona
x, =2 °}/3,445.107,

62 /2,486 1o
=%V 355 10%
84
Xg= -t L 10-,

2,486
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BuiuncaeHne ReficTBHTENbHBIX KOpHe#
Meropom JloG6auesckoro — I'pede

Ta6auuna 8

Crenenin x® x3 x x0
1 I 0 —~3 1
0 9
‘) o)
2 1 6 9 1
36 8l
—18 —12
4 1 18 69 . i
3,24. 102 4,761 103
—1,38-10% } —0,036-103
8 I 1,86 -10? 4,725.103 1
3,460.10¢ 2,233-107
—0,945.10¢ 0
16 1 2,515. 101 2,233-107 1
6,325 108 4,986.1014
—0,447-108 0
32 1 5,878.10° 4,986.10'% i
3,455. 1017 2,486-10%¢
—0,010- 10* 0
64 1 3,445 107 2,486.10% 1
1,187.10% 6,180-10%8
0 0
128 1. 1,187.10% 6,180-10%8 1

Jlorapuduupys, noayuum:

H, C/leA0BaTeNbHO,

g | %,] =gy - 17.53719 = 0,27402;

1g| x| = g+ 11,85831 == 0,18528;

1
lglxyl=g-(—
x;=1,879;
X, = 1,532;
x;== 0,347,

29,39550) = 1,54070,

Jlna onpenenesns 3HaxkoB KOPHeH 3aMeTHM, 4TO COT/NACHO NpaBUNy
Hexapra ypashesue (5) uMEET OAMH OTPHIlaTeNbHL KOpeHb W Asa
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TIOJIOXHTENbHBIX KOPHA ¥), mpuuem
x,+x,+Fx,=0. (6)

TTosToMy nanGonplIMM NO MOAYMO JOJNXeH ObiTh OTPHUATEAbHBHI KO-
peHb, M Mbl OKOHYAaTENBbHO HMeeM:

£, = —1,879;
xZ = 1,532;
xy=0,347;

npuyeM cooTHoulenwe (6) BHONHEHO B Npenesax 3aAaHHOH TOYHOCTH.
Jlas cpaBHEHHs NPUBOAMM TOYHHE 3HAa4YeHHA KOpPHeH, MoJydyeHHHe mno
tdopmyne Xapaada:

x, =2 cos 160°= — 1,87938;

X, =2cos 40°=1,563208;

x, =2 cos 80° = 0,34730.

3aMeTHM, YTO B HalIEM C/y4Yae BHYMCICHHE KOPHeH HeCKOJBKO ynpo-

cTHAOCHL OGaaronaps ToOMYy, 4TO KpaHHne KO3(DOHUHEHTH YypaBHEHHH
paBHa 1. BooGuie, npu npumenenun metona JloGauesckoro— I'pede
-peKoMeHAyeTCs NpeBapHTebHO NpeoOpa3oBLBATH yPaBHEHHE TAK, YTOOH

crapiwn# koddpduuuent ypasHenna Owa pasBed 1, a cBoGoaHbift unen
ypaBxenus 6ua pased =1 (cm. [5]).

§ 10. Meron Jlo6ageBckoro — I'pedde nas cayuas
KOMILIEKCHBIX KOpHei

O606uiHM Teneph MOHATHE OTHENEHHS KOpHel.
IlycTb KOPHH X, Xy, ..., X, YpaBHEHHH

ax"+ax""14+ ... +a,=0 (1)
YIOBAECTBOPAIOT YCNAOBHAM
|x1|>lle> h >|xm|>lxm+ll>[xm+2[> e >Ixn" (2)

MupiMu cnosamu, npeanonardaercs, 4TO KOpPHA ypasHeHns (1) MoxHO
pasbuTb, Ha ABe Kareeopuu (rpynmsl):

Ky Xy e, X, (@< 1)

Xnev Xpezr vy Xy

*) Mn yuntniBaeM, 4to ypasuenue P (x)=13—3r4-1=0 umeer mosoxu-
TeAbHHE KOPHH, Tak Kak P(0) >0 u P (1) <O0.
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TaK, YTO MOJYNH KOpHeil meprofk KaTeropHH BeCbMa BEJIMKH IO CpaBHe-
HHIO C MOAY/AAMH KOpHEil BTOPOH kaTeropuu (cM. pHc. 45, rae kopuu
COAEPIKATCH B 3AIUTPHUXOBAHHMLIX 00/aCTAX, @ BRYTPEHHOCTb HEIAWTPH-
XOBAHHOTO KPYTOBOTO KO/blla CBOGOLHA
OT KOpHeHl ——«30Ha MyCTBHIHUY).

Buinumem mepssie m COOTHOWEHHMH
Mexay KOpHAMH H  Ko3pduuuenrtamu
ypaBuerus (1): ~

§ X+ X+ Fx,+
§ T (gt b ) =~
XX+ X X+ F XX+

a
+ (xmxm+1+ e +xn—1xn) =a—z’

CY

2

Vi

Zi
7

VLD ¢
1244 /ﬁg %)
7107
&
=
o7

S
D

%
27

XX o Xy (x1x2' R P PP e

a
’“"_xn-m+1xn—m+2- : ~xn) = (—])m'a‘o'"""

Puc. 45.

l'IpeHe6peraﬂ B NOCJeIHUX PaBCHCTBAX B3AThIMU B CKOOKH OTHOCH-
TE€JbHO MAaJAbIMH MO MOLYJ/IO 4/JE€HAMH, I[0JYy4UM npuénnmeﬂﬂue COOTHO-
meHud

ay
xl+x2+...+xm=—ao—, ]|
: : =%
XXX X5+ ... —}—xm_lx,,,—ao ) } (3)
a |
XXy, X, =(—1)"-2,
12 m ( ) ay J
Orciona caepyer, 4TO KOPHH Xy, X,, ..., X, nepBoi kaTeropuu (¢ 60ab-
WAMH MOLYJSMH) NPHOMHMKEHHO FBJAIOTCA KOPHAMH ypaBHEHud
m -
apx” +ax" " 4 L +a,=0. (4)

M3 ocTaBMXCA HEHCNONb30OBAHHHX 71— m COOTHOLIEHHH MEXAy KOop-
HAMH B Ko3duuHeHTaMH ypaBHenus (1) noaydaem:

X Xgoo XK1+ Xppet .. +x,)+

i x2x3"‘xm+1xm+2 e ! xn—mxn—m-l-l"‘xn_
( 1)m+1am+l
=

ay
xlxz- . 'xm (xm+1xm+2+ e +xn—1xn)+x2x3.' . 'xm+1xm+2xm+3+' .
a
LR +xn-m—-1' . 'xnz(— 1)””'2 .JZ—:_%’

I T S S T S

. . nQy
X Xge o X pXpopin X, =(—1) e
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OTﬁpaChlBaﬂ B NOCJAeAHUX paBE€HCTBAX OTHOCHUTE/JAbHO MaJie NO MOAYJiO
YJACHH, 6)’£leM HMCThb npnémmemme COOTHOWIEHNH S

Aty

X Xge o XK1+ X0t oo+ x,)=( __1)M+1r2_0,
— m+39m+a

X Xge o X (X1 Xt F X %) =(—1) e,

. nflp
XXy XX e Xy=(—1) 2

OTciona, HCOAB3Ys mocleliHee COOTHoweHHe B dopmynax (3), Haxomum:

Am+1
Kmpa T Xyt oo X, = a0 ]l
mn
__am+2
L Pal } (5)
(. __1\r=mAn
xm+1xm+2"'xn—( 1) a. "’ Jl
m
CnenoBaTensno, KOPHH X, .4, X, .9, ..., X, BTOpOil kaTeropuu (c ma-
JBIMH MO[ly.’lﬂMl’l) ﬂpH6ﬂH)KeHHO SIBJAAIIOTCA KOPHSIMH YpaBHCHUSA
n—m Nn=m-1 .
a,x"""+ta, x +...4a,=0. (6)

Takum o6pa3oM, B HAIUMX YCJOBHSX ypasHeune (1) pacnamaercs Ha asa
ypasrenus 6o/aee HH3KUX CTeneHell, KAWAOE H3 KOTODPHX MPUOIHKEHHO
onpenenseT KOPHH, NpuHaadexauiHe OAHOM H3 KaTeropHi.

Paccywanas no aranoruy, 3axK/ao4aeMm, 410 ecJH KODHH ypaBue-
#ust (1) Moryt 6LITb pa3GUTH nHa p KaTeropui

Xpr Xy eeey Xmy
Xmg+1 Xmyrar eees g3
Xmy,_s+1s Xmp_y+2r os ey Xmy
(ml—{—mz—{—...-{-ml,:n);

TaK YTO BLITOJHEHO YC/JA0BHE

|2, | =5, =0 o2 [ X0, | X | 2 Hmyre [ =02 2, >

T T T .

>>|xm,,_,+1 l?!xm,,_|+2|>-- = lxm, l,

T. €. MOAY/aH KOpHeﬁ, NPpHHAAAC KAWL UX 6o/ee HU3IKNM KaTeropusam, 3Ha-
YHUTENBHO NOPEBLITAIOT MOLYJH KOpHeﬁ, NpHHAANEXKAIHX Gosee BhICOKHM
KaTeropusm (MO)KHO Cka3aTtb, HYTO 3TH KOPHHU ABAJIOTCA OTOeAeHRbIMU
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6 2pynnogoM CMbiCAe), TO KODHH KaXIOH KATeropHu npubaHWeHHO
MOTYT OWTb OfipeldesieHH W3 COOTBETCTBYIOUHX ypaBHeHuH

apx™ o™=l L 4 a, =0,
Am XM A Qg XM L Qmyem, =0,

|
|
(

C e e e e e e e e e P (7)
Cmptmyt oo 4my XD Qg L amp_ 1 X L
vt Amyem +m, =0,

CTENEeHN KOTOPhIX COOTBETCTBEHHO my, My, ..., Mm,. B‘laCTHOCTH, eCcn

KOPHH ypaBHeHus (1) MOJHOCTLIO OTAeNEHB!, TO ypaBHeHHs (7) — auHeH-
Hbie; Nape KOMMIEKCHbLIX KOPHEH NpH OTCYTCTBUH APYFHUX KOPHEH TOrO e
MOLyN 6yneT COOTBETCTBOBAThb KBaLpPAaTHOE YDAaBHEHWE B COBOKYIMHOCTH
ypaedenu#t (7) u T. 1.

Mbl OorpaHuuyuMcs 31€Ch pacCMOTPeHHEM npocTeHHInX cayuaes, Koraa
ypaBHenne (1), ko3pPpHUNEHTH KOTOPOro CYHTAIOTCA AeHCTBHTEABHLIMH,
uMeeT OIHY Napy KOMIEKCHHX KODHEH MM e ABe Napbl KOMIJAEKCHbIX
KOpHeH ¢ Ppa3NH4YHbIMKH MOLY/NAMH, TNpPHYEM MOLY/AH AeHCTBUTEAbHLIX
KOpHEeH pa3/iMyHbl M OT/JHYHL OT MoayaeH xoMniekcHuX KopHeli. C Goaee
OflnME  CAyuasAMH MOXHO MO03HaKOMHThCs B kHurax Kpwuosa [5] u
Ckap6opo [6].

§ 11. Cayuait mapel KOMIUIEKCHBIX KOpHell
[lyctn
X, =u-+iv, }

Xy =u—iv

(m

(¢ v v nelctBuTenbHbl, U=~0) — KOMA/MEKCHHIE KOPHH ypaBHenus (1)

§ 10, npuuem Bce ocTanbhule KOPHH X, (RsE=m, ksEm-4-1) atoro

ypaBHeHHS NelCTBUTE/bHHM H YAOBIETBOPHIOT YCJOBHIO
,x1|>|x2'>°">|xm|=|xm+ll>"'>|xnl' (2)

[pumeHsa npouecc KBaAPHDPOBAHMA KOPHEH, COCTABHM YpaBHeHHE

boy"+byy" ... +b,=0,
KOPHAMH KOTOPOFO SIBAAIOTCSL:

ye=—x2 (k=12 ..., n)

[Tpn 1nocTaToyHo GOJLUIOM HATYPaNbHOM P NeHCTBHTE/NbHBIE KOPHH
Y seer Ymeats Ymazr «+o1 Yo OYAYT DasfencHy ¢ GOMBHIOH CTelIEHBIO
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TOYHOCTH M MOTYT OLTb OMpelde/eHH H3 NHHeHHBX ypaBHeHHH
bOyl—I_bl:Ol
bm—‘lym—l—l_-bm—lzov
bm+1ym+2+bm+2=01
bn-lyn+bn:0'
Ortciona noayyaem:

2P S
Xy = b:—kl (kstm, bk m1),

ITpouecc KBAXPHPOBAHHS KOPHEH MPEKPaLiaeTCs, KOraa B KoahdHiKeH-
Tax by, ..., bp_yy byy ..., b, Npu caenylowmem ware nponagawot,
B NpeaesaX 3a1aHHOR CTemeHu TOYHOCTH, YABOEHHbIE Npou3Beaenus. Uto
xacaercsd ko3adpouuuedta b,, To B ero cocras, BooSiie romops, He
BXOLAT MCYE3AOUWHKE YABOEHHBIE MPOU3BENEHHSA. MOXET faxe CAYYHTbCH,
YTO 3TH NPOW3BENEHHA NPEBAIHPYIOT HAL KBAADPATOM U Ko3(hduLUeHT b,
MMeeT MEHAIOULHACA 3HaK. JTO OOCTOHATENbCTBO CHAYMKHT XaAPAKTEPHBIM
TIPH3HAKOM HAJIMYHST KOMIJICKCHWIX KOpPHe# HAM KOpHEH ¢ PABHBIMH MOLY-
asmu B ypapHennd (1) § 10, npryem Benyuiuit ce6s HeOGRUHLIM 06pa3oM
KO3(PuUHEnT b, yKA3KBAELT M€ CTO TAKHX KOPHEH B pside Modynett (2).
. 3ameTuM, 4TO pacCMaTPHBaEMOE Y DABHEHUE 3aBEIOMO HMEET KOMIIeK -
HBlE KOpHH, eCau Ko3hduuneHT b, MeHseT 3HAK; TaK, NPH HaJHYHH
JIHIb JeHCTBHTENbHHIX KOpHEH BCe KO3IDdHUMEHTH NPeobpa3oBaHHbIX
YPaBHeHHH, OYEBHIHO, HEOTPHUATE/bHE,

CornacHo ofuwielt Teopuu KOpHH Y, H Y,_.,, COOTBETCTBYIL(HE
KOMIUVIEKCHBIM KODHAM X, H X, ., NDHG/IHKEHHO YNOB/JIETBODPHIOT KBald-
paTHOMY YpaBHEHHIO

2
bm-ly +bmy+bm+1:0'
O6paTnM BHHMaHue, 4TO KOIGPHUMEHT b, asaserca ¢pennum. Tak Kax
— 2 2 __ p2
XpXp = U4 V2 =r?,
rue
r=|x|=]xp,.|
— o0uLH MOLY/b KOMIJIEKCHHIX KODHEH, M
— y2P, 42P 4 P
Vo¥mir =X} XF == (X,%,.,)2" = (r})??,

TO MO CBOHCTBY KOpDHEH KBANPAaTHOTO YPAaBHEHHUA HMMeeM:

(,.2)2P=bm+l
bm—l
OTClOlIa onpeaenﬂem KBaapaTr MOAYJA KOMIJIEKCHHX KORHGH
oP
2 bm+l
rr=1y 4. (3)
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JeHcTBHTeNbHYIO YaCTb X KOMIJIEKCHBIX KOpHed mnpole Bcero HaHTH,
80CMOJb30BaBUIHCh COOTHOUIEHHEM

x1+x2+ e —{_xrn—1+(xm+xm+l)+xm+2+ e +x =_ﬂ

ay
Orciona
a[ ”
U=y X =—2— D %,
[ =m
REmM+1
H, cjAenosare/bHoO,
=T X
= X,
“ 2e¢, 2 = k )
kzEm
kREm+1

3nas B cuny dopmyan (3) ofuinit MOAYAb r KOMIJIEKCHHX KOPHEH, Ha-
X0nuM KO3(P(DHUHEHT ¥ HX MHUMOM 4acTH

v=Vrt—u. (5)
Mo ¢opmyaam (4) u (3) ompenesseM HCKOMble KOMNJEKCHLIE KOPHH
X

my m+1=uilv'

MoOXHO Takme HCKaTb KOMIJIEKCHLIE KOPHH B TPHTrOHOMETPHYCCKOM
BHae
X me1 =1 (€08 @ ising)

IMMpumep. Hatity xopuu ypasrenus [7]
x4 x%—10x? — 34x — 26 = 0. {6)

Pewmenue. Pe3yapbTaTol BbYHCAEHHH € 4eTHPbMf 3HAYAU(MMH
uudpamMu npusenens 8 Tabauue 9.

W3 Tabauub 9 BHIHO, 4TO B MSATOM MPeoGPa3OBAHHOM YypaBHEHMH
(ctenedb KkopHeH 25=32) nelicTBHTenbHHE KOPHH X; H X, {cunTas
B nopsixe yObiBaHHd MonyneH) ABAAIOTCS OTIENCHHBIMH. DTH KopHu
MOXHO Ha#TH ¥3 ABYUNEHHBIX YypaBHeHH#t

—x324-2,005-10'* =0,
—2,704-10%%x32 41,901 104% = 0.
Orciona
5 nNE 1010 1,901
X, =+ %Y/2,0065- 10,  x,—+ 1/2 IR
Jlorapudmupys, 6yxem umeTh:

1g | X, | = 35+ 19,3021 =0,60319;

lg| 4| =5 - (2,27898 —0,43201) = 0,05772.
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Ta6nuua 9
Beiuucaenne KOMNJAEKCHBIX KopHed
meroioM Jlo6aueBckoro — I'pedide
Creneld 134 x3 ( x? x x°
1 t 1 —10 —34 —26
I 100 1156
20 68} —520
—52
2 | 21 116 636 676
44] 1,346. 104 4,045.105 :
—239 —2,671-104} —1,568. 108
0,135-101
4 \ 209 —1,190. 101 2,477.105 4,570.108
4,368 104 1,416-108 6,135- 100
2,380-101f [—1,035-108 1,088-101°
0,009- 108
8 | 6,748- 101 3,90 .107 7,223.1010 2,088. 102
4,554.10° 1,521.101% 5,216 102
—0,078.10°f |—9,748-10'8 —0,016-102%1
0
16 1 4,476.10° |—8,227.1015 5,200. 102! 4,360. 1022
2,003. 10 6,768. 103! 2,704.10% '
0,002.101°f | —4,655. 103! 0
0
32 1 2,005- 1019 2,113. 101 2,704.10% 1,901.10%8
4,020 1038 4,465- 1082 7,312.1088)
0 —1,084- 1083 0 f
0
64 1 4,020-10% |—6,38- 1062 7,312.1088 3,614.10%

ChenoBartesnnno,
x; =-4,010; Xe=--1,142.
CpyGol npuxkuikoil yGexnaeMcs, 4TO KOPEHb X;— MOJOWKHTEAbHbIH,
a KopeHb Xx,—oTpHuareapiniii, Takuym 06pa3oM, OKOHYATEABLHO HMCEM:
X, =4,010; x,=—1,142.

Tak kak npeo6pa3oBaunbifl Ko3pduunent npu x? Menser 3Hak, TO HaH-
HOE ypaBHenue HMeeT KOMIUIEKCHLIE KODHH X =X, W X =X, KOTOpLE
ONpeneasioTcsl M3 TPEXUJEHHOTO ypaBHeHust
2,005-101%2 4-2/113- 103y 42,704 - 1043 = Q,
rne
Y= —x%,
Cornacuo obuiefl TeopUH MOAY/Ab KOpHEH

r=|%y|=|x4]
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HaxoouTca no ¢dopmyne (3)
82 /5704
2 ; . 1024
r2 = 1/2'005 1024,

lgre = - (24,43201 —0,30211) = 0,75406

Orciona

H, CJ1€N0BATENbHO,

r2=>5,6763.
[Monaras
Xo=Uu+iv, xg=u—Iiv,
U3 COOTHONIEHHS
Xt X, Fxtxy=—1
noay4nm:
1

u=—§—(—1—4,010+1,142)= —1,934.

Kosdduuuent mMunmoit yacTu v onpegeasercs no dopmyne
v=Vr*—u?=156763—3,7404 =}/ 1,9359 = 1,395.

CrenosatenbHo,

Xg,5= — 1,934 + 1,3950.

34METHM, YTO KOPHH X, H X, MOXHO TaKKe ONpPEAENHThb H3 COOT-
HOIWEHUA MEWAY KOPHAMH M Ko3dduuuenTamn ypasHenus (6), a umenno,
HMeeM:

Xy bxybxgfx,=—1,
XXX 4K = —26.
Orciona, HCnonb308aB HalillenHye BHIE 3HAYCHHS X, H X, NOAYYHM:
Xy+x,= —3,869;
XpX5=25,677.
IosTomMy X, M X; MOXHO HalTH KaK KOPHH KBAAPAaTHOrO ypaBHeHus
x%+43,869x 45,677 =0,
pemwns koTtopoe, OyaeM HMeTb:
Xg,3= — 1,934 41,3914,

§ 12. Cayqait aByx map KOMHOJEKCHBIX KOpHef

IMycTts ypaBuenne (1) § 10 nonyckaer ABe Napw KOMIJAEKCHRX KOpHelt:

Xp=UyFivy, X, ,=u,—Iv,
41
X = Uyt iv,, Xpp1 = Uy — iU,
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C Pa3AHYHBIMH MOLYAAMK (#y, V;, Uy, T, HAEHCTBHTENBHH M T, 540,
v, ~0), npuyem Bce oCTaibHble KOpHH X;(j5=k, js&k+1, jo=m,
Jj==m— 1) 3TOro ypaBHeHUS LEACTBHTE/NbHB, PAa3AHYHE! 10 a6COMOTHOH
BC/IHUHHE, He paBHW HYJI0 ¥) H OTAHYHW 0O MOAYJIO OT KOMIJIEKCHBIX
KopHel, T. e.

|x1I> |x2|>~"->|xk—1|>|xk|=|xk+1|>-">|xm|=
=Xy | > >]x, >0, (1)

Kak 06bi4HO, npoOHM3BOAA KBAAPHPOBaHHE KODHEA paccMaTpHBAEMOTO
ypaBHenHs O HexOTOpOH cTenewn 2P, mnoaydunm npeoGpa3oBaHHoe
ypaBHEHHE

by + by 4 ... 4 b, =0,
KOPHAMH KOTOpPOTO fABJAAIOTCA 4YHCA
y=—x" (j=1,2 ..., n.

Tlpr mOCTaTOYHO GONBINOM HATYPaJbHOM p OOHAPYKHTCHA, YTO NPH mepe-
xome k crenenn 2¢*1 nexoTopre xO3(HUMEHTH ¢, HOBOTO mpeoGpa-
30BAHHOTO YypPaBHEHHA

€p2" ¢, 2" 4 ... +¢,=0

6ynyT npeactaBiasTb co60H, B npenenax samaHHOM TOYHOCTH, KBAAPATHI
COOTBETCTBYIOUWHX KO3 dHUHEHTOB b NpeluIecTBYIOUEr0 Npeo6pa3oBan-
HOro ypapuenus. [lpn Hamewm npennosnoxenHu (1), MH B KOHUE KOHLOB
MOy YuM:

c}.=b7 mpu j=0, 1,2, ..., k=1L k41, ..., m—1, m+1,...,n

H

ck#_—bz H o, b,’n.

9710 06CTOATENbCTBO NO3BOANSAET YCTAHOBHTD MECTO KOMIIJIEKCHHX KOPHEH,
3aMeTHM, 4TO HOCTATOYHWM NPHIHAKOM HANWUYHA IBYX NAap KOMIJNEKC-
HbIX KOpHeRt ypaswenus (1) § 10 cayxut n3menenue 3naxkos Ko3ddu-
UMeHTOB b, W b, AN pasnMuHeX noxasatenei 27,

Je#cTBUTE bHHE KOPHH X; PaccMaTpHBAEMOrO YPAaBHEHUS ONpeAe-
JAIOTCA H3 ABYWIEHHHX ypaBHeHufl

- bf—xxip‘l‘b/: 0.
Orcioaa

2P Y :
Xy=k ,,—/j—l Uk JFk+1, jEm, jEm41).

*) Hyaessle KOpui MOryr GbiTh BblZeJeHH IpeiBAPHTENLHO,
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Kowmnnexcune KOpHH X,, X,,; M X, X,,; COOTBETCTREHHO Onpeae-
JSUOTCA H3 TPEXYNEHHBIX ypPaBHEeHHH

by ¥ —bx?” b, =0 2
H

by X —b 2" b =0, 27

m+1

Beexem o6o3nayenns:
ro=[%g|=|%ps1l

r2=|xm’=,x

m+1
YuuThIBaA, 4YTO

2
N=XgXp

2
ry =XaXme1

W3 ypasuen#t (2) m (2) MOMHO BBIYHCAHTbL KBAXDATH MOAyNEH KOM-
TNJEKCHHX KOpHeH

) ol y— 2P
2 bpay 2 bm+l
ry= P H = .
br_s bma

m

Has onpeaenenns AeHCTBUTENbHBIX YacTeH i, U Uy KOMIIEKCHBIX KopHeH
BOCMONb3yeMcas COOTHOLIEHHSIMH MEXIUY KODH#MH H KX03(hdHUuHeHTamu
ypasnenus (1) § 10, a umenno, umeem:

-1 Gn_
XogXg oo o Xg X Xy cuu X oo XXy L X = (— 1) ‘”To‘

nan
XXy oo Xp=(—1) e
(]
Pasneaus nepsoe paBeHCTBO Ha BTODOE, 110J1y4UM:
11 1 an 1
x1+x2+"'+xn— o *

Kpome Toro,

OTC]O,D.&, YUHTHIBAA COOTHOWIEHHA

xk+xk+1+xm+xm+1=2ul+ 2”2

1 1 1 1 2u 2u
Xp o Xpy1 o Xy Xy i e
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HMeeM CAeAYIOLULYI0 JAHHelHyi0 CHCTEMY ypaBHEHHIt:

a, 1
u+uy= —E‘—go,
A @
r? r2 2u,, 2 )

TIoe 0-—CyMMa AeHCTBHTE/BHBIX KOPHEA H 6' — cyMMa OOPaTHBIX BEAHYHH
IefACTBHTENbHHX KOpHeH, T. e,
.
0= > x;
f#k, E+1, m, m+1

o = Z L.

X
izk kt1, m, o me1 ]

Haitas w3 cucremu (3) u, n u,, onpenensem xo3hPHUMEHTH U, H Uy
MHHMLIX YacTel KOMIUIEKCHBIX KOpDHeft mo dopmynam

'vl-——Vr?—uf, "’2=Vr§—u§.
Taknum 06pa3oM, OKORYATE/bHO HAXOLHM:

Ly pe1 =l £ Uy

Xy a1 = Uy £ {0,
Mpuwnep. MerononJloGayesckoro— I'pedide pemnts ypannenue [7]
x4 4 4x?2 —3x43=0, (4)

Pemenne. Ilpamenss npouecc KBaapupoBaHus xopHeit po 16-#1
CTeneHH H MPOU3BOLA BLIUHCIEHHS ¢ TOHHOCTHIO A0 HeTbipex 3Havauux
uudp, MOJYHHM DPe3yabTaThi, mpuBeleHHnle B Tabauue 10.

Jlerko BHAETb, 4TO NpH cAeayiouleM NPeo0pa3oBaHny cpeanuil Koad-
¢HuneHT 6yaeT paBeH KBajJpaTy CBOEro fpexHero 3uaueHus. Ilostomy
Mbi TIpEKpallaen mpouecc ksadpnposanns kopHeHd. Tak kak nas 16-# cTe-
nenn cpend kosthduINeHTOB NPeo6Pa30BAHHOrO YPaBHEHHS UMEIOTCH ABa
oTpunaTeabHux Ko3ddHIuenTa, TO ypaBHexne (4) ZomyckaeT ABE napid
KOMIJIEKCHBIX KOpHeH:

Xy,o = Uy ki)

Xg 4= Uy = i0,,
KOTOpble COOTBETCTBEHHO YAOBJAETBOPMIOT TPEXUYJEHHBIM YPaBHEHHSM

x324-1,359-10%x1% 4-5,720.10° =0

5,720-10%- x%2 4 8,184.10% . £+ 4,305 107 =0
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Ta6auuna 10
BuiupncaeHHe ABYX map KOMNJEKCHHX KopHef
meTogoM JloGauesckoro — Mpedide
Crenenn x4 x3 x* x x°
1 1 0 4 -3 3
0 16 9
—8 0 —24
6
2 1 —8 22 —15 9
64 484 225
—44 —240 —396
18
4 1 20 262 —171 81
4.10% 6,864.107 2,924.10%
—5,24 .10? 0,684-104 —4,244.10%
0,016-104
8 1 —1,24 -10% 7,564.10% —1,320.10% 6,561.10°%
1,538-10% 5,723.10° 1,743.10%
—15,128.10% {|—0,003-10° —9,927. 108
: 0
16 1 —1,359.105 5,720-10° —8,184.108 4,305-107
Orciona onpepensieM KBaapaTh MOAynRel 3THX KopHeH:
ri="9/5,720-10% = 4,072
n
14 a s
7 4,305 -2 .
ry= 5.720 «1072=0,7367.
Tak kax
L —0,2456; L-=1,3574,
r
1 2
TO HA OCHOBAHHM CHCTeMH (3) AAd HaxowiaeHHs JAeHCTBHTEAbHBHIX

vactell ¥, M u4, KopHeH HMeeM CHCTeMy
Uy Fu, =0,
0,24564, 4+ 1,3574u,=0,5.
Orciona
u, = —0,4497;
u, =0,4497,
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Ucnonsays nalinenune KBanpaTw Moaynelt r; W ry kopuefl, onpeneiseM
KOIpODHUHERTH U; ¥ v, MHHMHIX wacTeff KopHeil:

'01=Vrf——uf= 1,967;
'02=Vr§-—u§=0,731.

Taxkum o6pa3om, KOpHH ypaBHenHH (4) UMEIOT BUI
Xy,5= —0,450 + 1,967

H
Xx3,4="0,450 + 0,7314,
§ 13. Merton Bepnyaas
[ycTs maHo aareGpaHieckoe ypaBHeHue
apx"4-a,x" V4 L 4 a,=0 (@, 5~ 0), N
KOPHH KOTOPOTO X, Xy, ..., X, Pa3quuHsl.

Ha ocuose kosdpduumuentos a, (=0, 1, ..., n) nocrpoum Tax
HAa3bIBAEMOE KOHEYHO-DA3HOCTHOE YpasHerue

aoyn+i+a1yn+,‘_1+...-}—(1,,}’1=0 (i=01 ]) 2- ---)’ (2)

KOTOpPOE MpeAcTaBnsieT COGOH DeKyppPEeHTHOE COOTHOUIEeHHE, CBA3HBAIO-
iwee Jalobue, creayouie Apyr 3a apyroM, n-1 usenos Beckoneynoit
n0C/1e108aTeAbHOCTH

Yo Yir Yor wees Yir s (3)

[Mocnenopateavuocts (3) yy=f(i) ({=0, 1, 2, ...), uneuu KoTopo#
yAOBNETBOPSIOT KOHEYHO-PA3ZHOCTHOMY ypaBHeHu0 (2), Ha3nBaeTCa pewe-
Huem ITOro ypasuenns. ns noCTPOEHUS pelteHHs Y; XOCTATOYHO 3aRaTh A
ero hauanrbhblx 3navenud Yo, Y, ..., Y,_1; OCTalbHHE YIEHH Y,
Va4 --. IIAr 33 INarOM MOXHO ONPENEAHTL W3 ypaBHenHsd (2),

B Teopun koneunsx pasnocTed [8] 0K a3KBaETCA, 4TO €CAH KOPHYU Xy
X9y ..., X, anrebpauyeckoro ypasueHua (1) pasauyns, TO M060E
pelieHHe KOHEYHO-DAa3HOCTHOTO ypaBHeHHR (2) HmeeT BUL,

yi=Cx1+Cxat . +Coxh (=0, 1, 2, ...), (4)

rae C, C,, ..., C,~—npousoibHuie nocTosHHme. TakuM 06pasom,
ypaBHeHue (1) nO OTHOWIEHMIO K ypaBHeHWW (2) sBiasgeTca xapaxTe-
pucruveckum. Iocrosuiwe Gy, C,, ..., C, MOLYT GHTb ONpEIENEHH
H3 HAHANbHBLE YCAOBULL:

Yo=C+C+ ... +C,,
Nh=Cx+Cxy+...+C.x,,

Yaar =Cxi  + Cxi ™ L+ Cuxn T
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Teopema. IMycre areebpauseckoe ypasrenue (1) umeer edun-
cTgennbil  Hauboaswiuill no modyao kopens Xx,. Toe0a oTHowenue
08yx noCied06aTenbHbIX HABHOS Vi, ; U Y; DEUEHUR KOHEeYHO-pas-
HOCTHO20 YypasHenus (2} cTpemurcsa, so0o6uje eosopa, K npedeny,
pasHoMy x,, T. e.

lim f*+t— x| (6)
{>o i

HoxasaTeawcTro, [Iycts
FAPSEAETENTR ()

Ilpennonaras, 410 KopHR x, (k==1, 2, ..., n) pasmuund, u3 ¢op-
Myan (4) umeem:

v [ake (3) 4+ (2]
sl [k 6 () ()]

i+1 1+1
erve (3 e (5)

coven(2) rrven(3)

Orciona

Yi+1 —
Yi

(8)

1

Ecan C 540, 1o, mepexoas x npeneay B dopmyne (8) npu i— oo
W YUHTHIEa®, YTO B CHIY HEPABEHCTB (7) HMEIOT MECTO Npefenbuhie

COOTHOLLEHHR .
x5 \* £, \!
(@)~ ()
1 X1

. Y;
lim Z*t=x

= @ i

Oyaem HMETh:

3avevanwne 1. Ecay npu neynaunos BuGope penieHus oxakercd,
yto C;=0, a C,5=0, 10 upeaen (6) 6Gyner pased cheuyoulemMy Hau-
OGonbuweMy MO MOLYMIO KODHIO ypasHenus (1).

y1+1

3avmeuanne 2.Ecan ana pewenns y; oTHomeHNe Kone6nercy,

He CTpEMSCh K Mpeleny, TO BO3HHKAET NMOLO3PEHHE, 41O ypasnenne (1)
HMEEeT KOMIUIEKCHBIC KOPHH, HAaWGONBUINEG MO MOAYJIO.
3amevanue 3. [Ipouseonas B ypassennu (1) 3aMeHy nepeMedHoH

MeTonoM DBeprynnan MOXHO HAHTH OTAHYHHN OT HyJS HaHMEHbLWHR no
MOLYJIO KOPeHb ypaBuenus (1).
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TaxnM o06pagoM, anf npuGAUKEHHOTO HAXOXKAEHHS HAUGOAbUIETO
N0 MOAY/MO KOpuf X, ypasHeHds (1) MOxil0 nosb3oBaTbc Gopmynoit

%, ~ 2L
Yiot
rae [ DOCTAaTOYHO BEHKO.
(59 npaxTuyeckoro npuMeHeHus MeTona BEPHYJAIH HYXHO 3a1aTh
NPOHU3BONBHBIE UNCNA Y4, Y1y «.-, Y,_1» @ 3ATEM, NONL3YACh GOPMYJOR
1
Ynri=—g @it a1yt oo oY) (=0, 1,2, 100,
BLIMHC/IHTD MOCAEACBATEABHOCTD YACEN ¥,, ¥,110 Yypns .. H OTHOLEE=
g
In_ Ynrr Ynra o Eeqw ovnowenne 21X ppy pospacraro-
Yn_1 Yn Yn+1 Yn+ioa
uieM i 06HapyKMBACT TEHIEHUHIO NPUGAHKENHT K HEXOTOPOMY YHcny &,
TO NOC/MEAHEE MPHHMMAETCA 32 HanbOBWIHA MO MOAYAK KOPEHb Xy
ypasuenus (1). B npoTnsroM cayuae BecbMa BepOSTHO, YTO ypasHenue (1)
MMeeT HEeCKONbKO KOpHel, HauGOJbLIHX NO MOLYMO, MJH, YTO MeHee
BEPOATHO, YTO N/ HAYaJbHOH CHCTEMB YHCEA Yo, V1, «uv, Y,_; KO-
¢punuent C; =0,
Ecnn ussecTHO rpyGoe 3HaueHHe ¢ HAROONBUIETO 10 MOLY IO KOPHS X
TO A YCKOPGHHA CXOAMMOCTH RPOLECCa BHITOLHO MNOJOWHTH:

Yo=1, yr=0a, ..., ¥, =a""L

HHAA

3aveTHM, 4yTO MeTOA BepHynnH CBOIHTCA K NOBTOPEHHIO OLHOOGD a3«
HBlX onepauut ¥ no3ITOMY yAOGEH NS Peanu3aliu HAa CYETHLIX MAUIHHAX.

Havaabueie awavewns y; (i=0, 1, ..., n—1), Boo6ue rosops,
MOryT GWTb B3ATH Npon3BOAbHO. O6BMHO 6epyT yy=y,=...=y,_,=0;
Ya—r1=1. Xunpne6past [9] npemnowun BuOHRpaTL Y; Tak, YTOOH BCE
koshduuuenter C; B dopmyne (4) Ouaum pasum 1. B srtom cayuae,
NPH HAJTHYHM eXHHCTBEHHOrO HAHGO/JBIIETO MO MOALYNO KOPHA ypaBHe-
nust (1), mpouecc yi 3aBEAOMO CXOMMTCH MPH { — 0O,

i-1

Meton DepHynnn Moxer GwTb OpPUMEHEH TaKXe AN BLIMHC/ICHUS
KOMIACKCHHX XopHe# ypasuenus (1) [10].

[Tpumep. Halith nanGonbluni no MOLYNO KOPEHb X, ypaBHeHns

x5 4-5x4—5=0.

Peweunne. COOTBETCTBYIOULEE KOHEUHO-PA3HOCTHOE ypABHEHUE
UMeeT BHA

yi+5=5(y[—y[+4) (i=01 1) 2) "‘)' . (9)
[TpousBosabHo Gepem 3naueHus
Yo=0, y,=0, y,=0, y=0, ypy=1.

[To Gopmyne (9) nomcymTniBaem 3navenns y; npu i =5. Halaennue
3HaueHHa npuselenw B Tabauue 11,
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Ta6auma 11
Haxcxaenue KopHedl anreGpanueckoro ypasHeHus mertoioM Bepuysnn

! u b’:/:i ¢ o Wl/i—i
5 —5 —5 10 15575 | —4,992
6 25 —5 i - —77750 | —4,928
7 —125 —5 12 388125 | —4,99196
8 625 —5 13 —1937500 | —4,991948
9 —3120 —4,992
OCTaHOBHBIIKCh HA Mg 6y,ELeM UMETH:
Uy 1937500
Ar1~y—12~ m— 4,991948-
OTC}O}Ia, YUHTHBAA VYy,, l'IpPl6.’IH)KeHHO MOXHO MOJOXHTB?
%, = —4,99195.

B 3akmiodeHHe OTMETHM, YTO B MOCJeAHEe BPeMs MOSBUIUCH HOBHIE
METOAb pellenns aareGpanHyecKHX ypaBHeHHH, oGjanalouiHe yIOGHLIMH
BEIYHCNHTENBHEIMH cxemaMu (MeTos Jluwa, merox H. B. [lanysepa
u ap.) [10].
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TMTABA VI
YAYYIWIEHUE CXOAHMOCTH PA10B

§ 1. YayquieHue CXOLHMOCTH HHCJOBLIX PsALOB
ToBopsar, uro paa
ata,+...+a,+... (M

CxX00UTCA MEOAEHHO, €C/IH HYWHO B3fiTb BecbMa GOJBINOE YHCIO YJIEHOB
paaa, yToObH MOJYYHTb €ro CYMMY C 3a4aHHOH CTeneHbio TOYHOCTH.
Hanpumep, nycth TpebyeTcs HallTm cymmy pajga

1 1 1
S=qitmtoee bt (2)

¢ tounocteio A0 1078, [lna #-ro ocTaTka psaja HMeeM OLEHKY
R _ )
< B

CaenoBaTenbHO, HAIA TOYHOCTh OydeT TrapaHTUPORAHA, €CAH Mil
Bo3bMeM cymmy 1000000 uneHoB pafa, 4TO NPAKTHYECKH HEBO3MONHO.
{losromy psan (2) npu pewenHu nNOCTaBaeHHOH 3agzauyu CjAepyeT pace
CMATPUBATH KaK MELJIEHHO CXOAflUACH pAAd.

Taxum 06pa30M, HENOCPEACTBEHHOE HAaXOWAEeHHE CYMMH MENJIEHHO
CXOAfULErocs psaa ¢ 3aLaHHOH TOYHOCTHIO €, BOOGLLE FOBOPS, 3aTPyAHH-
TE/ILHO HJIH [ aXe DPaKTHYeCKH HeBbMOAHUMO. [103TOMY BakHOe 3HayeHHe
npuobperaor npeo6pa3oBanus pPALOB, YAYYILAIOUIHE HX CXOAHMOCTb.
Mu 31ech o3nakoMmuMcs ¢ npeobpasosanues Kymmepa [3), [4], B pane
CAy4yaes MOMe3HhM A8 HAlWeH UeH.

IMycts paa (1) cxomutea u cymma ero pasua A. Ilon6epem Bcromo-
rareabHpifl cxoadutufics pag '

bbb (6, 70), @)
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cymMMa KoToporo B usBecTHa, npuuem Takoff, 4TO cym(ecTByeT

lim 22 =g 0. (3)

n—»mbn

Torpa uMeem O4eBHAHOE PaBeHCTBO

Z a, 2 E a —qbn)

n=1

8

HIH
A=qB+ 2 (e,—qb)- “)

B vacthocTn, ecnn a,~b,, 10 g=1 u Mu HMeem:

A=B4 21 (@,—b,). )

CnenoBaTenbHO, HAXOwAendne cymmbl paga (1) B obuiem ciydae 3a-
MEHSeTC HaXxOX/JAEHHEeM CYMMbl pslna

ZQI (a,—gb,)- (5)

Ocratox psina (5) Ry Moxer OuWTb 3anmucaH B CAeAYIOIEM BHje:

§N= 5: (a,—qb,) = i (l—qab—:) 2 sa

n=N+1 n=N +1 n=N+%

rie e, —l—q——-+0 OpH 71— 0o,

[Toatomy, Booéme ropopd, paa (5) cxomuTcs OblcTpee HCXOAHOTO
paga (1). OcuoBnas TPyIHOCTb NpHMeHeHHs npeobpasoBanus Kymmepa
COCTOHT B yaaunoMm nojbope Bcnomorate/bHoro pasa (2).

MokaxeM mnpHMeHeHHe 3TOr0 NpeoGPasOBaHHA A/ 3HAKONOJIOWKH-
TeabHOTO pafa (1), uaensl KOTOPOro a@, €CTh PALHOHANbHHE (QYHKUHH
LeJIOUHCIEHHOR nepeMeHHol 71, T. e.

_aoni’—l—alnl"l—i—...—i—al,
%0 = Bn Bin? - F B,

rie p M g—ilejble HeOTpHUATe/abHLE 4ncaa H oy >0, B, > 0. Hdas
CXOAHMMOCTH paaa ¢ o6uwiuM wiaenoMm (6) HeoOXOAUMO H JLOCTATOYHO,
4yTOOB HMEJI0 MECTO HEPAaBeHCTBO

=p+2.
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ei=0(3)"
(mo menpme#t mepel).

PaccMoTpuM BCIOMOTATENBHHE PAIAH

-

my __ 1 N
s ’—;m (m=1,2, ... (7)

=1

B atom cayuae

Tak kak

1 [ 1 1
m {n(n+ 1)...(n+m—l)_(n+ 1) (n-|—2)...(n+m)]'

TO
~ 1
em_ NV
Sw —En(n+1)...(n+m)
1 1 1
=m [1.2...m—(1v+1)(N+2)...(N+m)]'
CnenoBaTenbHo, .
my __ 1. (m)____l__
St )_A],TwSN mml”® (8)

Vcnoawsaya naeio Crupannra, oOwnui ynen pana, onpenensemnft gop-
Myao# (6), npeAcTaBHM B BUIE KOHeYHOH cymmu ofpaTHuwX (hakTopnasnos
M A, Ay am
Y%=t D T AT aFD T TR g m T

rae A, Ay ..., A,—ueonpenencunse kosppuurenty u al™—ocra-
toyuwfi unen. IlonGepem kosdpuuvenTn A, (i=1, 2, ..., m) Tax,

4TOOH
1
ony —
al, __O(n“,,,) .

*) [oBOpAT, 4To a, ecTh GECKOHEMHO MaJjas NOPAAKA HE MEHbIUE /1 OTHO-

CHUTEJbHO ~—1§
n

ecnu

lim ;1",,,=c;£oo,
n—a [ 7
(%)

Ecnu npyu atom ¢ # 0, To g, —6ecKoHEuHO Malas TOUHO NOPAAKA M OTHO-

CHTEJIbHO —,
n
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Hng 310TO MOCTaTOURO KO3(dHUMCHTH A; MOCAeNOBATENbHO Onpe-

JeJsiTb no popMynam

Ay=limn(n+1)a,
n-—>w
. A
A, = lim [a ———‘:lnn N (n42),
2 o0 n n(n+l) ( + )( + )
m=1 A
— i _ f
An =t [a" ,2;1 PATES (n+:)}”(”+” (n - m).
Cornacno oBuiefi cxeme 3a Bcriomorareannuift pans (2) npumem:
® ® A? A
2=1 2= [n(n-{—l) n(n4+1) n—|—2) +"'+n(n—|—l) (n—l—m):l
Ap
=A S+ 4,804+ 44,5 = I+22l+"'+m-ml’ (10)
npuyeM OYEBHINO, YTO
s Oy
Bt
bt
S= X a,=B+ X am, (11)

o

Tax kak GHCTPas CXOXMMOCTb LOMOJAHUTEALHOTO pana Y al™ obua-

pyxHnBaercs, Boobuie romopd,

n=1

JIHIL NpH KOCTETO4YHO 601b110M n, 1o

INNPaKTHUYECKH y1106HO BHIMOJHATD YKA3dHHOC npeo6paaoBaHne, HayHHan

JHUb C HEKOTOPOrO ujeHa psina- a,,,. Ilonaras
P
~Se+ 2 =5+ 3 q
n=1 n=p+1 n=p+1
6yneM HMMeETh:
A,
S=5+ Z s T R

n=p+1

A m
T T ] =St A Z( )+
A 1 !
+3 2 [n(n+1)—(n+1)(n+2)]+“'

n=p+1
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+—”‘Z [n(n—l—l) (n—l—m—l) TFD.. (ﬂ+m)] Z o=

n=p+1 n=p+1
1

. _2.
vt G eEt

A_’" _l— (m)
ST Iy <P+”l>+n§,la

=S,+4

B uaCTHOCTH, npH m —> 00, yuuthBas uto aW-70, moayynm pas-
aoccenue CTupaurea

1
nzl" —nzl“ 4oty e T
A, 1

S T Y R e e

Npumep. Hailth cymmy pansa

@

(12)

¢ touHocTeio nmo 0,001,
Pewenue. TNMonowum:
1 A, (2)
n?4-1 n(n—l-l)+n(n—|—l)(n—|—2)—I_a'lz

Hmeem:
1
A=l =
. 1 1 . 1 2
A, = lim [m—m] n(n—[—l)(n—}-2)=nlx_,mm% -1
CnenoBartenwHo,
) 1 1 |
a = -— —_ =
n nt+1 n(nt1) n@n+1)(r+2)
_ n¥4-3n*4+2n—n3—2n—n—2—-n*—1 n—3
n(n+1) (n+2) (n*4-1) a1 (a2 (n2 1"

Ha ocnosanun dopmya (10) u (11) monyunm:

1 1 n—3 ,
S=W+ﬂ+n§n(n+1>(n+2)(n2+l)° (129
Tax kak npu 7==3 umeenm
n—3 <—li

R D (nF2) ()
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TO
- n—3 Tac 1 1
Pw= %:+]n(n+1)(n+2)(n%+1)<SF=W<‘§'O’OOI‘
n= N

Otciopa caeayer, 4TO 4HCAO claraembix 8 cymme (127) MOXHO B3ATh
N =10, nprueM 3T ClaraemMbieé HYXHO BLIYHCASTH C YETHPHMA Aecsd-
THUHBIMA 3HAKAMK B y3xoM cMbicae, Taxum o6pasoM, umeem:

S~ 1,254 (—0,1667) 4- ( — 0,0083) 4 0 4 0,0005 - 0,0004 -
40,0002 - 0,0002 40,0001 -~ 0,0001 4- 0,0001 = 1,0766,

npyueM, MPpUHSB BO BHUMAHHE, 4YTO CYyMMa YCThHIPEX NEPBHX CJaraeMbix
TOYHas, and abconoTioH NOrpemwoCTH pe3yiabTaTta NOJY4YHM OLEHKY

A< g 10734 751074 < 0,7-1073,
OTciona, OKpyriss, HAXOLHM 3Hauedne
S~ 1,077
¢ npepeabHoft a6coaOTHOR MOrpeHOCTHIO
A=0,7-10"340,4-10"3=1,1.10"3,

3aMeTHM, 4TO AJA OCTAaTKa AanHOro pana (12) uMeeM OLGHKY

dx dx 1 1
< __=N<7'0’001'

Otciona N = 2060, 1. e. 6e3 npeoGpazoBanua A9 LOCTHMEHHA TOM
e TOYHOCTH HYXHO B3sTh npuMepno 2000 useHoB psasa.

3amevanne. Jag npubauKeHHOrO BBIUHCACHHA cyMMu pajsa (1)
¢ o6utuM uneHoM (6) MOWHO HCOOAL30BATH TAKWE PALN

Si-% Lheh Shefhera

n=1]1 n=1 n=1

i 1 (NP~ Byp (2127
n? 2 T @Epytr

rae B {n=1, 2,...)—uuncaa Bepnynnn [5], [6], onpegensembie cum-
Bonnyeckoft dopmynoi

(B+1)"—B"=0,



§ 2] YAYYUIEHUE CXOOMMOCTH CTENEHHHIX PHIOB 205

B KOoTOpOil moc/e paasepTuBakug no Guromy HewoTona nosaraem B” = B,
B uwacTHocTH, uMeeM:

(em. ra. XVI, § 11).
§ 2. YayumeHue CXOLMMOCTH CTENEHHBIX DHAOB
MeTONOM Jiinepa — AGeuas
PaccMoTpuM cXomsuniics CTENEHHOH P
®
= a,x", (n

n=0

roe f(x)—cymma pana.
[Mycrp paamyc cxomnumoctd R pana (1) koHeyeH H OT/AHYEH OT Hy.s.
He napymas OOGWIHOCTH paccyxcaeius, MOXHO C4MTaTh, 4yTo R==1%),
Sanuuiem paa (1) B coeayouieMm BuHAe:

Fl0) = a5 419 (x), 2)
rape
Q)= 2 "= 2 a,, 8" (3)

Ymuoxasn o6e yacti paBeuctBa (3) Ha OunoM 1 —x, moayyum:

o]

(=) Q)= Z a,,x"— X a0, (4)

[Monaras Bo BTOpO# cymme n--1=m H y4yaATbIBAfA, YTO CyMMa HE 3a-
BHCHT OT O0O3HAYeHHs HHIEKCA CYMMHDPOBaHH{, OyAeM HMETh;

@0

»
20 n+ l""n+1 = 2‘ alllx ngl anxn'

n= m=1
[lostouy

(1=X)@x)= X @y, x"— Z a,x" =
n=90 n=t

—ao‘*‘u(anﬂ a,)x —ao—}—}_,Aax,

rAC
Ae,=a,  ,—a (=0, 1, 2,...)

n n+1 n

x
*) B camom nene, ecan 0 < R< o u R # 1, To, nonarasa 1=F , OJTYYHM

CcTeneHHOH PAX OTHOCHTENBHO NEPEeMeHHOR { ¢ paauycoM CXoguMocTd p= 1.
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— KOHeWHble pO3HOCTU nepsozo nopsdxa kosdduunentos g, (nonpol-

Hee O Koweuynblx pasvoctax cm, ra, X1V, § 1). CnemosatensHo, H3
¢dopmyn (3) u (4) BuBOLHM:

(P(x)=2 Qi X" = 1——x+ — Z
n=0 n=0

M, 3HAYMT,

Fo=a,+ 25+

Yiasawnoe Tpec6pa3osande CTENEHHOTO PfAa HAa3HBaeTCst npeobpa+
sosanuem 3Iidrepa— Abeas. AHanoruuwo, npuMEHUB npeobpasoBanue
w

Ohnepa— AGens X creneHHoMy pany 2, Aa,x", HaxOQuM:
n=0

@®»
n__ Agy 2
nz—oAanx _l—x+l—x2 A%q,x",

rae
Aa,=A(Aa,)=Aa,, ,—Aa,

— KOHE4Hble pasHocTu 6T0pozo nopadka xosdduunentos a, Orciona
Ha OcHosanud Qopmyas (D) nojyuaem:

-] @
n_ 4 X Aaq X 2 n\__
Z anr _l—x+l——x(l~—x+l—xz Ata,x >—
n=90 n=90
A 'y
g x Ag, x A
_——1_x+—(1_x)2+(-—l_x) HZ_OA a,x".

TToBTOpAS TNOCJAenOBaTensHO p pa3 npeobpasopanue Jinepa— Abens,
Gynem HMETb:

xP=YAPT g,

c x Aa
HZ__'OG,;x l-—x+( xo)z'l“---'l“w‘F

T
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rae
Ao = AP1g  ,— AP 1g, (n=0,1, 2, ...)
— KOHeHHble pasHocTu p-20 nopadxa KO3IPQPHUHEHTOB a,, a A”a0 (kR=0,

1, 2, ...)—nocaenosaTenbHHe KOHEYHbIE PAa3HOCTH KO3(QHINEHTOB a,
npu n=0. Taxum obpa3om,

p—1 X oo
7l =20 Mg (IT)”Z AP, (6)

rae nonoxeHo Ala,=a, Popmyny (6) BHroLHO IPHMEHATh TOTAA, KOrla
KoHeyHsle pa3uocTH APa, npu n-—— oo uMel0T Gosnee BHCOKHI MOPAAOK

yOuiBanus, dem koddpuuuents g, ITo 0OCTOATEALCTBO BCTpevaeTCst

1
nepeaxo. Hanpumep, ecan @, = -, TO MOJYHHAL

11 1

A= T W T T Ay

T. e. 31ech Ag, npn n-— 00 yOLBAOT GWCTpee, 4eM a@,.
B yacThocTH, ecan a,==P (), rae P{n) —neablid NONHHOM CTeNeHH
p—1, 10 dopmyaa (6) maeT B KOHEUHOM BHAE CyMMy pdja

0o p—1
DL Pimyx" =2 A*P(0) ),m (x| <D, M
n=o0 =0
Tak xak APP(n)=0.
$opvyna (6) tepseT cmbica npu x = 1. [IpUMEHNTEAbHO K 3TOMY
€JAyual MOWHO BUJAOH3MEHHTH rpeobpa3oBanne JHaepa — Abend. [Tona-
rag x =—1%, 6Gynem HMeTb:

Ean(—t =Z —1)a " =

Y A[(— Wm0 = o (12 2 A= 1a, ] £

‘e
,_.o

1

k=0

Bosspamascy k nmpexHel mepeMeHHOH, moayunM:
P—1
. — VAR 1\ _ X
=2 (= DA = 18 o
p -] B .
+{5) X (= (e ] @)

dopmyaa (8) umeer cMbica u npu x =1,

+
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[ra. vy
MNpumep 1. Halitu ¢ tounoctbio mo 0,001 cymmy pana
x"
9= 2 GFT 6D ©)

npu x=—1,

Peuwenune, TIpamennn npeoGpasosanne dfinepa nsa pasa (p=2)
Hmeem:

1
=TI’
Aa =a ,.—a = ! ! =
e N S N A e py

2
T FH @+ (T’
' 2
ba, =0y, = Ao, =— <n+2)(n+3)<n+4>+
6
+(n+1>(n+2>(n+3> FDTH @+ (+4) °
Chenosartensho,
1 2
2y=15; Agy=

Orciona na ocnosanuu dopmyast (6) mosyuaes:

f(_l)=l-2‘_+].2.3"4_+
112\ 6
+( 2> ﬁs'—.:o‘”‘)("+2)<n+3)<n+4)(—”nz’
! 1,3 1 3 | 3 1 3
=7tuty 2___7'@+7‘:@‘7'm+
3 | 3 1
-I- _

1680 7 502 T2 500 -+ (10

Pan (10)— 3nakoucpenyioILHACE € MOHOTOUHO YOLIBAIOWMMH O
MoAymo uieHaMmu. [lo9ToMy, ec/H MW OCTAHORHMCSH HA 4ucHe

3
2

472016

€'

0

TO OCTAaTOK psaa R no Moayawo He Gyler npeBniaTh nepsoro ot6po-
IHEHHOTr O YJIeHa:

1 -
|R|< 5040 ga60 < 3-107%
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Takum o6pasom, Gepsl ABA 3anaCHHX 3HAKA, HMeeM:

f(—1)=10,25000 + 0,08333 + 0,06250 — 0,01250 + 0,00417 —
—0,00179 4+ 0,00089 — 0,00050 = 0,38610

¢ a6coN0THOR NOrpewHoCThIo
A < 5.5+1070 43,1074 < 4.1074,

Okpyrass HaflleHHO® YHCAO A0 TPeX 3HAKOB, MOAYYHM NpubAAKeH-
aoe 3Hayenne f{— 1) = 0,386 ¢ npenenbHoft a6cONOTHOH NOrPeIUHOCTbIO

A <4107 411078 = 1073,
TouHoe 3naueHHe CYMMbl €CTh:

f(—1)=2In2—1=0,38630...

3aMeTHM, YTO €CAHM HEelOCPeACTBEHHO BHMRCAATH uncao f{— 1),
noAb3ysch pALOM (9}, TO NAA NOCTHKEHHS YKA3aHHOA TOYHOCTH Npu-
WAOCh 6H B3STh MPEMEPHO COPOK MATh 4YJEHOB 3TOro pina.

Mpumep 2. Haddltu cymmy pana '

S(x)y= 2 (n2+ nep 1) X"

Pemenune. Mueem:
Pimy=n*+r+1.
CocrasuM Tabauuy 12.

Ta6nuwua 12
TaGaxua KOHEYHBIX Pa3HOCTEH

n P(m AP (n) AP (n)
0 1 2 2

1 3 4

2 7

TTo dopMyane (7) noayqaew:

] 2 247
SW=1Ztaopta=

npu | x| < L.
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§ 3. Ouesxu KoadduuuerToB Pypne

Tpuronometpuyeckum psaom Pypee mannod dynxudu fx)(—x <
< x < m)*) HasuBaeTcs paAL

w[h

2 (a,cos nx b, sin nx), (1)

KO3{duUHENTH KOTOPOro @,, b, (kos¢ppuyuentes Pypve Gynkunn f(x))
BHMHCAMOTCA N0 opmynam

an=%gf(x)cosnxdx (n=0, 1, ...), 2)

—T

Sf(x) sinng dx (n=1, 2, ...). (2)

JlocTaTounbIM ycJIOBHEM cyulecTBOBaHusl psaa Pypbe dyukuun f(x)
SIB/IETCS HHTErPHPYEMOCTh 3TOH (yHKlAU HAa oTpesxe [ —m, m]. B aToM
cnydae koapduunentnt Pypbe (2) 1 (27) HMeIOT onpene/ieHHAE KOHEYHBIE
3HaYeHHUS.

MoxeT oOka3zaTbest, 4TO mosyvyeHHHH psuag Pypbe pacxomuTcss HIH
CXOAHTCH K Apyro#t dyukuun. [Tpusenem Ges noxasartessctra [1], [7]
YCJIOBHH, NPH BBLIMOJHEHHH KOTOPBIX TPHTOHOMETpHYecKH{t pax Pypbe
CXORHTCS K DYyHKUHH f(X) BO BCeX TOYKAX HENpepbLiBHOCTH Mnocjenneil.

Teopema cxonumocTH. Ecau pynxyua f(x) Kycourno Henpe-
poiBRA U KycO4HO Ouddepenyupyema wa orpeske |—m, ], To ee pad
Pypve cxodurca Ha 6cell wucaogold ocu u cymma eeo S(x) ecTo nepuo-
Juueckan Gyukyus ¢ nepuodom 27, pasHas

S(x0)=f(xo—0)~§2-f(xo+0) 3)
8 woboil Touke Xq€(—m, m) & S(+n)=2"[(—an+0)4f(n—0)].

B uactnoctH, S(x,)=f(x,), eciu B Touke X =x, QyHKUHSA Hempe-
pHiBHa, T. €. ecan fx,—0)= f(x,40)=f(x,).

Ecau, ceepx Toro, QynkuHs f(x)-— nepHopHyecKkas ¢ NepHOAOM 27,
TO €e paA Pypbe CXOANTCH AJisl KaXIAOTO 3HAYEHHA X, B HMEET cymMy (3).

[IpH BHIMOJHEHHH YCJOBHH TeopeMbl CXOXHMOCTH O4Y€BHAHO, 4TO
a,—0 u b,—0 npun-—oo. Jlanum Gojee TOYHHE OLEHKH KOIDDH-

*) s npocToThl GOPMYJHPOBOK MBI paccMaTpuBaeMm QYHKIHIO, ONpeeseH-
Ryl Ha oTpeske [—um, n]. O6wui cayyalt yHxkuHn @ (), 3alaHHOH Ha oTpeske
[a, b], MoxeT OuTh cBelleH K HaieMy NMpH NMOMOWK NHHEHHOH 3aMeHHI

b+a b—a

= }_2:1'.

Xo
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uHeHTOR Pypbe, HakIaanBas H3BECTHHE OrpPAHHYEHHS HaA TNOBEIeHHE
bywkunn f(x)

Onpenenenune. losopar, ato pynxyus f(x), sadanras Ha 0T+
peske [ —m, ®), npunadirexmur kaaccy nepuodunoctu C™, ecau:

1) f(x) nenpepoisra na oTpesxe [ —m, 1] smecte co ceoumu npou3sod-
HotMu 00 m-20 nopAdKa BKAIOHUTEAbHO;

Yy fOU—=n4+0)=fB(x—0) ang £=0,1,2, ..., m 7. e. Ha
xouyax orpeska [—m, n] Goaxcnbr cosnadare anasenun Gysuxyuu f(x)
U ee m nepsvix NPOU3BOOHHLX.

W3 ycaosuit 1) m 2) cresyeT, yro nepHOLHUECKOE NPOJOJKEHHE
dyukuny f(x) npusannaewuT kaaccy C(— oo, + 00).

Jlemma., Ecau yuxyua [f(x) npunadiaexur xiaccy nepuodutiHo=
cru C"™ na orpeske [—m, n) (xopoue, f{x)EC™ [—m, ]}, To ee
Kosppuyuenter Pypove a, u b, ecto OeckoneiHo maisie npu n-—> 00

1
nopﬂdxa goiuie m OTHOCUTEAbHO i T. e.

a,=o0 (n],,,> ; b,=o0 (%) *).

HokaszaTenbcTBo., [IpOHHTErpHpYEM N0 YacTAM m pa3 mpaBhe
YWICHH CJeNYIOWIHX DaBeHCTB:

. Sf wcosnxdy  (n=0, 1,...), @)
bn=ni Sf(x)sinrzxdx n=1,2,...) 4)

[Monaras u=f(x) u dv=cosnxdx, Haxonum du=j'(x)dx n
I .
v =—-sinnx. Cnenoratenbto, no GopMy/e HHTErPHPOBAHHA MO YaCTAM

UMeeM:
n
171 . n 1 , .
a, = —n—f(x)smnx T fx)sinnxdx=
—7

=% Klf’(x)cos (g—+nx> dx.

n -+ o0

*) 3anuch a,=o0 (%,,) o6osHayaer, uto lim <aT">=0.
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[TpuMensas enie pa3 MHTErPHPOBAHME [0 YacTAM M YYHTHBAH, 4TO
S (—m)=f"(n), nonyunm:

a, =er—2 { [lnf’ (x) sin (%-—{— nx) tn—i—
+—;—§ f" (x) cos (% « 24 nx) dx] } =

" (x)cos (%2 + nx> dx

nn?

i
;,C/ﬁ::l

¥ T. I
[Mocne m-kpaTHOro WHTETrPUPOBaHHS 1O uacTaM B Gopmynax (4) u (4')
6yneM uMeTh:

n
a,= ml,m S S (x) cos ( g . m—i—nx) dx.

-7

AHanoruyto
n
b 1 m) .o m
w=m \ [ (x)sia{ 5 -mtnx)dx.
-1

Wnrerpanu

aT

1

e, =— S‘ S (%) cos (%-m-{—nx) dx
-1

ef,:iﬂ §f‘”’) (x) sin (%-m-}—nx) dx

€ TOYHOCTBIO A0 3HAKA ABASIOTCS KO3 (HUHEHTaMH Pypbe HenpepLIBHOW
no ycaosuio dynkunu fU (x). Kak usgectHo, ko3dgduuuentn dypve
HenpepeBHON PYHKIHH HE3ABHCHMO OT TOTO, CXOMNMTCS WJIH HET €e psan
dypbe, CTPEMATCH K HYJIO NPH HEOTPAHHYEHHOM BO3PACTAHMH HX HO-
Mepa ¥}, Tlostomy

,

eg,—0 u g, —0 npp n— oo,

*) D70 caenyet U3 TOTO, YTO L1 OGO KycouHO HenpeprsHoR GyHKUMH [ (x)

¢ xoapdunuentamn Pypee a, u b, (n=0, 1, 2, ...) riMeeT MecTo HepaseHcmao
Beccenn [7]

aZ - 14
-+ (a,”,—i—bf,)g% sz(x)dx.
n=1 -1

00
CiepoBate/ibHO, pAl 2 (0,21+b,2;) cXoauTcsina, — 0; by — O0npun — co.
n=1



§ 4] METOL A. H. KPHIJIOBA AJS TPHIOHOMETPHUYECKHX PSJAOB oypbE 213

Ho rtak kak

Q
B3

l
S(»
5
=
e
B

i
3

sl B

T0 Ko3dduunedTn dypoe @, H b, Gynkunn f{X) A8AAOTCA GeCKOHEUHO
|
ManwMy 60/ee BBICOKOrO MOPAAKA MO CPABHEHHIO ¢ X

1 1
mal). (3.

dtotr pesynnTaT Oma nonowen A. H. KpwioBuM B ochoBy Merona
yAydyleHus CXOAMMOCTH panoB dypbe,

3avMeuatnne. Ecan fY (x) yzZOBAETBOpAET YCJHOBHSM TeOpeMbt
CXOLHMOCTH, TO Jerko A0Ka3aTb, 4TO

=O<L) H e,l,=O<L) .
n n

B 3tom cnyuae aas kosdduunento Pypoe dyuiunu f(x) monyuaercs

Jdydlmias oue€HKa:
—O< m+1) nob —O<nm+1)'

§ 4. Yayqulende CXONHMOCTH TPHTOHOMETPHYECKHX pAnoB Pypbe
meTonom A. H. Kpnigosa

Mycts dynxuna f(x) na orpeske [—, n] KycouHo Henmpepwsha u
HMEET KYCOYHO HempepbiBHHe upoussomnuie f9(x) (i=1, 2, ..., m)
J0 m-ro NOPHIKa BK/MOUHTENbHO. TOrga B CHRy Teopemsl cxonnmocm
(§ 3) dynkumo f(x) BO Blex ee TOYKAX HENPEPHBHOCTH MOWHO nmped-
CTAaBHTb TPHTOHOMETPHYECKHM psanom Pypbe

f(x)=922—|—2(ancosnx-}—bnsinnx), (H

rie a, u b, —xo3ppuunente Pypoe, onpenensemue dopmynamu (2)
¥ (2') us § 3. B obues cayyac xospduumentsl @, H b, pana (1)
MEIIEHRO CTPEMATCH K HYNIO, M PAKTHYECKH [10Jb30BATHCSA DTHM PAIOM
BaTPYRHATEIbHO, 4 TemM GOAee HEeMONYCTHMO NOWIEHHO AHbdepenuu-
posath paa (1), 4TO O6WBAET HYXHO NPH pELIEHHH HEKOTOPWX 3anad,
B UYACTHOCTH NPH lIpHMeHeHHH MeToxa Pypbe.

Maea metona A. H. Kpwaosa [8] cocrouT B TOM, 4TO H3 dyHK-
uHH f(x) BuaendeTcs aneMeHTapHas ¢yukuus g{x) (06uuHo npenctas-
asowas co6oi KyCOYHO MOMHHOMHANBHYIO (QYHKLUIW), HMewwas Te we
paspuidbl, 4TO H (yHKUHA f(X), npuiyeM ee nponspodune g9 (x) ({ =1,
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2, ..., m) 10 m-ro nOpsAKa BKJIOUHTEJbHO 06JANAOT TAKUMH e pas-
pbiBaMH, KaK M COOTBETCTBYOIHE nponssodHbie U (x) nanHOH ymk-
unu f(x), H, CBEpXx TOro, Takas, 4TO

fO(=n+0)—g" (=nt+0)=
=f(n—0)—g" (n—0) (i=0,1,2,...,m).
B TtakoMm cayuae pasHocTh
P (x)=f(x)—g(x)
6yieT MpHHALNEWATH KAacCy MepHoaHdHOCTH (™,

O6o3nauas yepes o, u B, (n=0, 1,2, ...) koadpuunentnt ypne
GyHKUHH @ (X}, nonyunm:

/(%) =g(x>+[%+2 (0, cos nx+ﬁnsinﬂx>], @

n=1
rae o, 0 P,—0GeckoHedHo Majibie npn 22— co NOPRAKA BhE, YeM 2,
1
OTHOCHTENBHO —-, T. €. PAA (2) 6yner, BooOuie roOBOPHA, OBICTPO CXO-

asuwuMcs. JTOT Pl MOXHO aH(depeHUHpoBaTb NOYJIEHHO O MEHbIIEH
Mepe m—2 pasa.

[Tokaxem, kak no 3anaHHoH yHKUHH f(X) MPAaKTHYECKH CTPOHTCH
Bcrniovoratesibhas dynkuna g (x) [9]. Jas 3Toro pekyppeHTHHIM Croco-

g =0, (z)

g
Zni z,
I

7
N / N

Puc. 46,

60M mocTpouM Ha oTpeske [ —2m, 2m] nocnenoBaTenbHOCTh BYHKUHN
Og (X), 0, (X), +v.y O, (x), OOnanaonIux CIEAYIOIHM CBOHCTBOM:

ot (+0)—of” (—0) == (3)
(k=0,1,2, ..., m), npu4eM TaKHX, YTO NMPOH3BOJHHIE ofz/) (x) (j=0,
1, ..., B—1) nenpepuub Ha oTpeske [— 2w, 2m].
DYHKUHIO O (X) onpeaenuM cieaytouiuM oGpa3om:
# npy —2n < x <0,
0 () = ﬂ;x npy 0 < x < 2=, (4)

0 npn =—2n, 0, 2x.
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Ee rpaduk w3o6pawen na puc. 46. IDra dynkuna HedyeTHasd, M03TOMY
.ee pad Pypbe COLEPHHUT TOABKO CHHYCH KDATHHX LYC:

w
Gy (X)= 2 b, sinnx,
=1

a
b =£Sn_xsin nx dx =
n
[

11
2 n—x cosnx|n 1
= — . —— \cosnxdx |=
7 2 n 0 2n
1]
(= ! smnx V=1,
n \2n~ 2n? “n*
CnenoBaTtenbho,
smx sin 2x sinnx

e

OueBnano, 4T0 OYHKUMA G, (x) uMeeT pa3puB B Touke x =0 co ckay-
KOM, PaBHBIM IU

0 (+0) =00 (—0) =5 — (=5 ) ==
TTostomy dyHnkuns

Fun ()

GOy (x) =T

P(x)=0,{xr—x%;) (—asr<<m —u<<x,<<N)
HMEeT B TOYKE X, TakoH e ckauyox, kak ¥ QyHkuus o, (x):
P (%40 =P (¥, —0) =m,

npudeM TOYKA PA3PbLiBAa — AUHCTBEHHAR Ha oTpeske [—m, m].
dyuxuuio o, (x) onpenennd Gopmynoi

o, () =c¢, + { 0, (x) dx, (6)
o

Tle ¢;—HEeKOTOpas NOCTOAHHAA.
ViHTerprpyst mouneHs#o pax {9), monayums:

01(x)=cl+SZ mnxdx__c +Z Zcosnx. )

0 n=1

Mocrosnnyw ¢, noaGepem Tak, 4TOGHW CBOGOAHHA WieH pAxa (7)
6u paBed Hy/IO
w

N[.._
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OTtciona

-

YAYYWIEHHE CXOAHMMOCTH PSJ0B

[ra. vi

@®
1
Z’“z OYEBMANO, ABJAAETCH CBOGOAHLM wnenoM psina Pypbe

dynrinn Soo (x)dx. Orciona, moab3ysco
L]

dopmyot (4), nmeem:

» n x 1 x .
1 1 10 (m—x) -
ZF=?_deSG°(x)dx_ﬂS|:4 n ]dx_w
n=1 0 (1] 4]
= L (e nt _
Twm\4d 12)7F6"
Tostomy
nz
Cl———E.
CaenoBartennHo,
@
cos nx
ol(x)=_ PR (8)
n=il
npHyeM
( xn-——x n?  n®  (ge—x)?
S 5 d\:—bf=ﬁ— 7 npu 0<x << 2n,
0, (x)= ! ’,
2 2 2
I Sngxdx—%—=7—2—-(ﬂtx) npy —2n <<x <0,
0

rpaqu bynkunu 6, (x) nsoGpaien Ha puc. 47, GynxKuns o, (x) ne-

npepeiBHa Ha oTpeske [— 2, 2n], Ho ee

Hpou3BoAHas O (X)=0,(x)

HMeeT pa3puB B Touke x =0,

NnpHYyeM

01 (+ 0)—0,(—0)==n
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Takum we oOGpasom onpenenstores QyHKUHH

" (X) = S‘ 0p-1 (x) dx -+ Cos

e IPOU3BO/bHHE TOCTOAHHBIE Cy, Cqy .o 5 €, NONGHPAIOTCA TAK, YTOCH
CBOGOAHBIH UI€H COOTBETCTBYylOULEro paia Pypbe 6bl1 paBeH HY IO, T. €.
nocTosiHbie ¢, (R=1, 2, ..., m) DOCIELOBATEIBHO HAXOANTCA H3
ycaoBuh

?Ck‘l"g%—l(x) dx |dx=0.
0

0

dynkunn 6,(x) (k=1, 2, ..., m) n Bce nponssoansie 40 (£ —1)-ro

TNOPSIAKA BKAKUYHTEIbHO HENPePLIBUL Ha oTpe3ke [— 2m, 27t]. [1pu aToM,

TaK Kax U(f’ (x)=0,(x), TO

o (+ 0 —0 (—O0)=a (k=1,2, ..., m),

T. e. MPOM3BGAHAs K-r0 NOpsiaka (YHKIHH G,(X) HMEET pa3puiB IpH
x=0 co crkaukom gm. Orciona caeayer, yto Qynkuns P, {(x) =
== 0, (¥ —x,) (— 7 << ¥ << 71), noayvennas capurom GyHKunn o, (x), ume-
€T paspmB AULIb K- NPON3BOAHON B TOUKE X ==X,

Ve (20 + 0) — i (x, — 0) = 7.
Ilyctb Tenepsn
S0 2, L., W — toukn paspuisa f(x);

1 ’
#P M L., Y —toukn paspmisa £ (x);

m
2, 2, L, 2P —toukn paspema £ (x),

npuyeM HEKOTODPHE H3 3THX TOYEK MOTYT MOBTOPATHCH.
J219 COOTBETCTBYIOUIHX CKAuKOB (DYHKIUHH H €e MPOU3BOAHHX BBEZEM
06o3HaYeHus

SO (%] 4 0)—f D () —0) = AP
(=0, 1, ..., m j=1,2, ..., k).
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Onpepeanm bynkuuo g(x) (Pynxyua cka4xos) GopmynoH

s=ky h(ov s=hy h(l)

(¥ — x}“)—}—z T o x—x)+ ...

s=FRp, h(m)

+Z

1

e—x™.  (9)

®ynkuna g(x) obnamaer CACRYIOIHUMH CBOHCTBAMH:
1) 8 Toukax x\", xi%, .. , Xk GyHxuns g(x) uMeeT pa3phBH,
npHYeM CKaykH ee B 9THX TOl-lex paBunt cxauyxkaMm ysxuun f(x)

B COOTBETCTBYIOMHX TOUKAX:

(o) £ _h(m 0 0)] =
g0 +0)—g (&f" —0)=—L [0, (x;— 5,4 0)—0, (x;—x,—0)] =
h" o),

=g n=h

2) npoussonnan g¥(x) ({=1, 2, ..., m) paspuBHa B TOuKAx

x(.“, x;“, PR x,&’,’, npHyeM

g(l) (x;l) +-0) — g(l) ([) —

ny #— A _ D i 0
]
=—1o,( +0)—0, (xj" —x] —O0)]| =——n=4h",

g0 (5, 4+ 0)—gP (x,—0) = £ (xx, 4 0)—F (x,— 0);
3) npu x;éx*” QyHKuHR g (X) HMEET HenmpephBHHE MPOU3BOKHEE

BCEX TOPAAKOB.
Mycts

P (x)=s(x)—g(x). (10)
B cuny nepBoro u BTOpOro CBOHCTB cJefyeT, UTO

e (2 +0) =V (P —0)=0 (=0, 1, 2, ..., m),

P (x) € C™ [— =, xn].

Taxum o6pasoM, a8 pasznoxenua GyHKunH f{x) MOXHO BOCTONb-
30BaThC OHICTPO cxoaduuMca psaom @Pypee (2). 3amerum, uTo,
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noJb3yschb p_asnomeﬂnmm

; (0)
sinn (x—x0

{
s
S

Ty (x—x§°))

o0
S
ol(x—xﬁ”)=——2 =

o
) s )
0y (x—x") =— Z nd ;

JeTKO HanucaTh pasjoxenue B paa dypve Pyukuun g(x). B urore
MBI 110J1yuuM, 4TO psid Pypbe PyHKkUMH f(x) COCTOHT: a) M3 MELJEHHO
CXOmsiLeHCs YaCTH, BJeMEeHTapHO cyMMmHpyloulelics Kk dynkuun g (x), 1
6) H3 GLICTPO CXOAALLETOCS OCTATKA, NPEACTaBASAOLEro pAL Pypbe PyHK-
nun @ (x) € C'™ [—m, m).

3ameuanne, Ecan na KOHUAxX OTpe3ka [— 7, 7| mpedeabHbie 3Ha-
ueHust YHKUHH f(X) AN ee NPOH3BOAHLX f'(X), ..., fP (x) (k<< m)
He COBNAajaloT Mexucdy coboil, T. e.

j‘(l)(_n_}_O)#f(l)(n_O) (l=0, 11 2) sy k)v

TO TOUKH X=— H X =10 CJIeILyeT CYUTATh TOYKAMH Pa3puiBa PyHK-
LM f(X) MM COOTBETCTBEHHO NpOM3BOMHBIX 'O (x).

[lpeanonaras, 4To QyHKUHS f(X) NEPHOAHYECKH NPOLOJKEHA 3a npe-
neast oTpe3ka [— m, w] ¢ neproaom 25, noayyaeM, 4TO CKauOK NPOH3-
BOAHBLIX B TOYKAX X=—1J MU X=01 OAHH H TOT Xe€ ¥ paBeH

Y = O (— 4 0)— f9 (n—0).
B cuay nepuoanuHocTH dyHKUHM O, (X} HMeeM:

o, (x + 1) =0, (x—),

npuuem dyHKLHUS o (x - ) HA.OTPe3Ke [— I, 7| NOoMmyCKaeT ABE TOYKH

paspuiBa (X =-—7 H X=23) C OAHUM H TeM Xe CKauKOM, PAaBHbLIM I.
Iloatomy B dopumyay (9) Hy#HO BK/IOYHTH TOJBKO OJHY KOHLEBYI) TOUKY,
HanpuMep x =— . B camoM aese, Ha ocHoBaHuH dopmyast (9) ckayox
npoussoaHoii g (x) B TOuke x =—m paBeH

L ! (Y l !
g —=n40)—g (—a—0)=— [0 (+ 0) —¢*" (— 0)] = A"\
B cuny nepuoanunoctH g (x) 3Ta npouspomHan uMeEeT TOT ¥e CKAuoK
U npu x=m. Ciei0BATENbHO, NPH COCTABJIEHHH PA3HOCTH
F(x)—gx)=9(x),

FAe Y4yTeHa JHIb TOYKA X =-—J, CHUMAeTCs pa3pbie /-H npon3BoaHOH
$yHKNHH @ (X) KaK B TOYKE X=—T7T, TaK H B TOUYKE X =7,
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pumep. Meromom A. H. KpuaoBa yaydiuts CXOLUMOCTb psisa
dypve dyukunu (pnc. 48a)
241 npy —n<x<O,
fa={ ¥t
| npn 0 < x< m.
Pewenue. Ha otpesake [—m, n] dynxuns f(x) B cuny sameva-

HHA UMEET TOUKH PaspuiBa: X;=-—1; X, = 0; x;=mn. Bouncana xoad-
dunnentsl Pypoe, noayunm;

2 .

2n? | 4 —— TQPH N HEYETHOM;

a, =1+ 5 an=n—z(——1)”; b ={ L ;
0 npn n ueTHoM.

CnenoBarensHo, psn dypve Qydxunu f(x) umeer BHA

FE—tt iy

n=1

2 [+
® cos nx — TL k_l_lsm (2+-1x. (11)
k=0
CxoamnmocTs pasa(11) —nnoxas, Tak Kak kosdduunents b —O<n)

yOuBaoT Menanendo. Y3 dyuxunn f (xX) Boineanm QyHKuuo cKaukoB g {(x)
TaK, 4ron @ (%)= [/ (x) — g (¥)] € C"™ [—=, a].

Al

Puc. 48a.

TMoncuntaew ckauku h{” wynesoro poma B Toukax x;(j=1, 2, 3):
B =flmn40) = (n—0) = (4 1) —n* = I; |

B = f(+0)—f(—0)=0—1=—1;
By = b = 1.
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Ha ocnoBanuu dopmynn (9), yuuToiBag 3aMeuanHe, [OJTydaeM:

1 1
g (%) =+ 0y (5 10) — =0, ()
HAU
1l a—{(x+m) _I_.:rt+x__l_
gx)= T 2 +n 2 T2

mpn —n<x<0wu

npr 0 < x<m. .
Buuuras u3  Qyuxunn f(x) ¢yukuuio ckaykoB g(x), noayuaem
¢y HKLHIO

mm=ﬂ+%,

HenpepuBHYyIO Ha OTpe3ke [—m, m] (puc. 486). Tak kak

Z\ sinn
X
O(X)*Z n

n=1
H
Z Emn(v+n) > .
0, (X +m) =Z 2 " sin nx,
" on=1 a=1
TO
1 — 1 e~ 1
g (%) :—n—z smrzx—?z — sin iy =
n=1 n=1
_1) —1 2 ~~sin(2k4Dx
= L sin nx = —— T "
=1 k=o
CnenoBartenwHo,
fx)= (xH— +I —I—4Z cosnx

n=1

nprdeM ko3¢ uUneHTH npeobpazosadHoro piia dypbe UMEIOT MOPATOK
1
yOHBanHs1 O(——

3aMeTM, 4TO €cat H3 QYHKUHH f(X) BHLENHTD (GyHKUMIO CKad-
KOB g(X) ¢ TOYHOCTbIO A0 pa3pLBOB [POW3BOAHONH, TO OCTaTOK
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OyZAeT TOW/IECTBEHHO DAaBeH HYJI0, T. €. MH MOJYYHM TOUHYIO CYMMYy
paaa (10).

3ameuanne. Meroa A. H. KpunoBa npuMenuM Takxe Kk paaam
¢ypbe nepuona T=2/. B camom gene, nmycTb Qynkuusa f(x) 3azana
B ocHoBHO#l o6Gnact a—/!<x < a-!. Ilpousseas saunefnoe mpe-
oOpa3oBatue

x=a+:—i—t,

nony4yuM Gy HKUHIO F(l)=f(a +:11_t) nepuoaa Qn, Onpesle/IeHHYIO

B cTanaapTHOH obnacTn — < ¢ <M.

§ 5. MNpubankeAnoe CyMMHpPOBAHHE TPUrOHOMETPUUECKAX PHANOB

TlycTh Mbl MMeeM CXOAAUMACH TPUIOHOMETPHYECKHHA psig
w .
Y (a, cos nx b, sinnx) =S (x), (1)
n=o0

cyMMa xoToporo S(x) neussectna. Tpebyercs NPHGIMKEHHO C HEKOTO-
poH Hamepel 3aMaHHON TOUYHOCTbIQ BLIYHCAHTL STy CyMMY.

Ouepuaio, 4TO uem ObiCTPee CTpeMATCH K HyJIo KoapdHUHEHTH a,,
n b, paaa (1), TeM MelbiIe €ro YJICHOB HYXHO B3fATh, YTOGH OGeCcneuuTh
34/laHHYI0 TOYHOCTbL. [lo3TOMy, mpexie YeM TPHUCTYNUTH K MOACHETY
CyMMBl, KeJaTeJbHO YNyUlUHTh CXOAHMOCTL JaHHOro paaa. [das storo
OGHYHO NOAb3YIOTCH CACAYIOUHM NPUEMOM: M3 JaHHOTO PAAa BHAEAAIOT
HEKOTOPLIH TPUTOHOMETpHYECKUH psA, CyMMa KOTOPOro g(Xx) H3BecTHa,
Tak, 4TOOb OCTaBuwHiica paa

io (et, cos nx -+ B, sin nx) (2)
n=
uMea 6osee OHCTPYIO CXOAMMOCTh, 4€M HCXOAHLIH.
Ecan
g (%)= nio (@, cos nx -}- b, sin nx),

TO

Sxy=glx)+ ’go (ot cos nx + B, sinnx), 3)
rae

o,==a,—a, (n=0,1, 2, ...)
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B npocteitwux caydyasx aas noctpoenusn ¢(yHxuuu g (X) MOXHO
HCNONb30BATH PACCMOTPEHHLIE BHI(IE€ PasJOXEHHS:

sin nx KX

=0, (¥) =5 (0 <x < 2n);

4 12

sin nx 2n2x — 3nx? 4 x°
= — 0, () =TE= TS

Z"”" —o, =0T o< e <om);
Z__ 5 (0 << x < 2n);

Hhorna monessn Takxe pasnoxenus [7]

Zcoi"" =—1In (2 sin—;—) 0<% < 2n);

b4
X =_S1 (2sm—)dx 0 <x < 2n);
[

x X (-]
co;:x=gdxj1n(2smg) de+Y, 5 (0<x<eon),
[ 0 .

e 3 2=1,202056903. ..

n=1
[Mpumep. Ha#ttu cymmy pana

o0

S(x)=2 nz—r:-l sin nx

n=1

¢ ToyHocteio no 0,001,
Pewenne. KoadduunesTn psna bn:n?——,:-T HMEIOT NOpAAOK YO~
parng Of-L), Tak kax lim (5 . L
n nn

n-+»oo

Horo psina. OueBuaHO, 4TO

n__n 1
e ()

) = 1. Yy4uHM CXOAHMOCTD 3aAaH-~

1

I 1 1 1 I
7(1—;i+,7—~--)=7—ﬁ+%

rae
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Toraa

oo . ©0
Eﬁ-l—sinnx=z S”:lnx —Z Sin nx +Z ¥, sin nx.

n=1 n=l1 n=]

Ho

2 sin nx _ (x) - Z sin nx —_02 (x)'

Taxum oGpa3on,

S (%) =0, (x) 40, (¥)+ Dy, sinzx,

=1

1 t
re V= e =0

Tycetb N —unca0 yaeHoB pana Zyn sin 72, KOTOpPHIE HYXHO B34Th,
n=1

YTOGH €ro OCTaTOK Ry YNOBIETBOPA/ HEPABEHCTBY

o -
2 Y, sinnx
N+1

Hafaem yucno N. HMmeewn:

[Ry| = < 0,001.

‘_‘ ”3("‘+1)Sm”x <N+1 ”"’ < X W .

Pemas HepaBeHCTBO < 0,001, nosay4uM, 4TO XOCTATOYHO B3ATD

4 V‘

N =25, CnenoBatenbHo, ¢ 3a1aHHOK TOYHOCTBHIO HMeeM:

—

O PNS Tne N

6
—x  2nix—3mx%4x3 Z sin nx

S(x)=”2 _ - L ) (0 <<x < m).

JluTepatypa K iwecToli ruaase
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A. O. Tensvdonuna Hcuncaenne xoneunwix pasnocteld, Tocrexusaar, 1952,
ra. V.
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C.Il. Toactos, Pagol ®ypre, Foctexusnar, 1951, ra. 1—V.
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anaju3sa, KMaa. 3, Coctexuszar, 1949, ra



rmABA VII
AJITEBPA MATPUL

§ 1. OcuoBHble ompefesesus

Cucrema mn yucen (neHCTBHTENbHBX HIM KOMIUIEKCHBIX), pacHoo-
WEeHHHX B NPAMOYroJblofi TaGaHue W3 m CTPOK H 7 CTOAGLOB,

a1 Qi3 Q13 «ee Q1

A= ‘.Zzl.azlz Qg3 ‘:' azl'z , (1)

Am1 Ams Op3 Cmn

HasmBaetca marpuyed (uncnosol). CTpoku H cTOM6UW Tabanuu (1) Ha-
3LIBAIOTCA pAROamu MATPULbL.

Ynena a; (i=1, 2, ..., m; j=1,2, ..., n), cocTagasiomne 1an-
HYIO MaTpPHIY, HA3WBAWOTCA €e IAeMeNTaMu. 31eCb MNepBulfl HHIAEKC [
0603HayaeT HOMEp CTPOKH 3JieMeHTa, a BTOPO# j—HoMep ero croadua.

Jag marpuun (1) yacto ynorpefifercs COKpalleHHAs 3alUCh

A:[a‘-j] (=12, ..., m j=1,2, ..., n
HIH

A= [al/]m.n'

npuyeM roBOpAT, YTO MaTpHua A umeeT THN mXn.

Ecau m=n, To marpuua Ha3biBacTcH keadparnoll nopadka n.
Ecnu we m=£n, TO MaTPHLA HA3LIBACTCA NPAMOY20A6K04. B yacTHOCTH,
MaTpuua THna | X7 HaswBaercs 6eKTOPOM-CTPOKOL, a MaTpuua THNA
mX 1| —8ekTopom-cToAbyoM. Hucao {CKanap) MOKHO paccMarpuBaTh
kak MaTpauy tHna 1x 1. KeanmpaThas maTpuua Bria

@ 0 0...0

0 a, 0 ...0

A= (2)

66 0. ]

Ha3WBaeTCcs JuazoHarbrod 1 0603HA4aeTCsl KPATKO TaK: [al, gy oo )
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B cayuyae, ecam o;=1 (i=1, 2, ..., n), To Marpuua (2) Hasu-
Baercs edunuynod n o6o3nayaercs o6uuHo Gyksoft E, T. e.
1 0 0,,.0
E=0 1 0 Ol
0 0 0...1

BBena cumsonr Kponexepa

0, ecm iz47;

1, ecmn i=j,

MOXHO 3amHCaTh
' = [6;/].

MartpHua, Bce 3/1eMeHTH KOTOPOH PaBHH HYJIO, HA3KBAETCH HY.1e804
n o6o3HavaeTca 4epe3 0. Ecam WenaloT ykasaTp euie 4HCJIO CTPOK H
cTon6UOB Hy/eBol MaTpHUH, TO ynoTpe6asT obosHauenue 0
C xBanparthoit matpuuett A=[a,/], , cBasan onpede/zure/lb (0erep-
MUHAHT)
Q11 813 +ee Gy
detA=1%1 Ba2 «v. gy,
anl Cpp ees Qpy
He cienyeT OTOWAECTBANTL STH ABAa MOHATHSA: MaTPHLLa TPEACTABASAET
cofoff ynopaAOYEHHYIO CHCTEMY 4YHCeJ, 3aNUCAHHYIO B Bule
NpAMOYTOJbHO# Ta6/IWIL, a8 ee ONnpene/nTe/b detA eCcTh ‘mcno onpe-
nensieMoe MO H3BECTHHIM [paBHjaM, a HMEHHO:

det A= 2 (—1)" @10, 830, + - o )

(@g Qas - o o0 Op)

rae cyMma (3) pacnpocTpaHeHa Ha BCEBO3MOXHBIE 1€ PECTaHOBKH
(@, %y ..., Q) 30eMeHTOB 1,2, ..., 11 H, C/IEOBATE/IBHO, CONEPXKHUT nl
cjaraeMuix, npuueM x =0, eca1u nepecTaHOBKa YeTHafw, H X =1, ecau
nepecTaHOBKA HeyeTHaf.

§ 2. HdeficTBua ¢ mMaTpunamu

A. PapencTBO MaTpuu

Ie marpuun A=[a;,] u B=[b;]] cuutaorcs papnumu: A=B,
€cnu OHM ONHOTO H TOTO K€ THNA, T. €. HMEIOT OAHHAKOBOE YHCJO
CTPOK H CTOAGUOB, H COOTBETCTRYIOUINE S/JEMEHTH HX pPaBHh, T, €.

aU=bU.
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B. Cymma H pa3HoCTb MaTpHU

Cymmod neyx wmatpun A=[a;)] n B=[b;] omuwakororo Ttumna
HasmBaercss Matpuua C=[¢;| TOro e THna, SMEMEHTH KOTOPOH ¢y
PaBHB CyMMaM COOTBETCTBYIOWHX 3/EMeHTOB a;, ¥ b;, marpuu Awu B,
T. € €;y=a;,+b;; Taxum obpasom, '

ay+byy ety ol ay,tby,
A+ B= Qp1+byy Ay tbyy ... Gy, 0y,
am1+bm1 am2 +bm2 LR amn+bmn
M3 onpexenenus cyMMBl MaTpHI HENOCP@ACTBEHHO BHITEKAIOT cle-
OywuiHe ee CBOHcCTBa:

1) A+ (B+C)=(A+B)+G;
9) A+ B=B4+4;
3) A40=A.

AHasnoruyso ofnpenenseTcs Pa3’sHOCTyd MarTpliy

ay —by @by ... a,—0,
A—B=|%1—bs @y —by ... ay,—0,, .
aml_bml a‘mZ—me KR amn_bmn

B. YMHOXeHHEe MATPHUHW HA YHCAO

Ipoussedenuen marpuysr A={[a;)| wa aucio o (wid npoussene-
HHEM 4HC/I2 @ HA MaTpHuy A) HA3HBACTCH MATPUYR, SNEMEHTH KOTOPO#
[O/y4eHE YMHOMXEHHEM BCEX 3/EMEeHTOB MaTpuus A Ha YHCAO &, T, e.

Gy Gl ... GGy,
Ag =0 d — Laam Aoy ... Ay,
by QA ... OQ,,

Hs OmpemeeHusT NpoU3BeNeHHUs YHC/IAa HA MATPHLY HEIIOCPEACTBEHHO
BHITEKAT CJAENYIOLLHE €ro CBOHCTBA:

1) 1A=A;
2) 0A=0;
3) a(BA)=(ap) 4;
4) (a+p) A=ad+ p4;
5) a(A+B)=aA+-aB
(3aecs A u B—wMatpuus; @ u f —uncaa).
3ameTnM, 4TO ecnn MaTpuua A —KBaapaTHad NMOPAAKA 71, TO

detad=a"det A4,
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MaTpuua
—A=(—1)4

Ba3bIBACTCH npPOTUBONOA0IHOG. HeTpynHO BHACTH, YTO ecaH MAaTPHIN A
H B 0AMHAKOBWX THNOB, TO

A—B=A_1(—B).

. YMuowmenwe MarTpuu

[Iycts
Qyy 8y ... @y,
A=] 8% Qo ... Gy,
aml am2 e amn_
1
I_bu by vv. by
B:r’zl bay ... 2q
bpr bpy vii by

— MaTpHUH THNOB COOTBETCTBEHHO MmXn u pXq. Ecau uucao cron6-
10B MaTpuuu A PaBHO HHC/AY CTPOK MaTpuun B, T. e.

n=p, (1)

TO AR 3THX MATpPHIL onpenenena MaTpuua C Tnna mX¢, Ha3uWBaeMas
HX npousgederuem:.

I‘cu €1 ... C14

Ca1 Cgo »es Cy

C=| . 7%,
Ca1 Cma-++ Cmy

rane

Ci/=ailblj+al'2b‘2/+ vt +ainbnj (i= 11 21 ooy M j= 11 2! oy (I)-
W3 onpenenchis BUTEKAeT C/ENYIOULEE NPABHAO YMHOKEHHS MAT PHIL:
47066l NOAY4UT6  IAEMENT, CTOAWUL 6 i~ C(Tpoke u J-#  cToAbye
npoussederus 08Yyx MATPUY, HYNCHO IAeMenTol i-fi CTPOKW nepeod
MATPUYbL  YMHONCUTL HA  COOTBETCTEYIOWUE INCMEHTbL j-20 CTOAGYG
8TOPOL U NOAYHEHHbLe NPOU3BEACHUN (AOXUTS,
[Iponssenenne AB wmeer cMbich TOTAd H TONBKO TOrZd, KOrja
MaTpHua A CONEPKHT B CTPOKAX CTONLKO 3EMERTOB, CKOAbKO J/eMeH-
TOB HMeeTCH B CTON0UaX MATpuun Bl B 4acTHOCTH, MOXHO NepEMHOKATH
KBajpaTHHE MAaTPHLL JHIIb OMAHHAKOBOrO MOp#AaKa. '
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flpumep 1.
3 281
A=[1 _~403];
2 —17
B— | -3
0 1
31
4 3-24+2.-14+8.041-3 3 (—H+2-(—3)+8-141.1
b= [1-2+(—4).1+o-o+3.3 1-(—1)+(—4)-(—3)+0-1+3-1]:

1o
=7 14]"

[Tpunep 2.
1 2 3"| I 1.1-42.243.3 7 14
456||2 |=|4.14-5.24-6.3 |=|32],
78 9J 3 7-148.24-9.3 50

Matpuynoe npousBeseHHe 06/1a1deT CAEAYIOLIMMH CBOACTBAMHS

1) A(BC)=(4B)C; 3) (A4 B)C=AC+ BC;
2) a(AB)=(ad)B; 4) C(A+B)=CA+CB

(4, B v C—matpuus; a — 44cno).

Parenctsa 1) —4) noHMMaOTCA B TOM CMBIC/AE, YTO €C/JH ONHA H3 HX
YacTeH Cyu(eCTBYeT, TO APYyras 4acCTb TAKXC CYULECTRYET H OHH DABHM
Mexay coBofl.

[TponsBegenne ABYyX MaTpHL He 0GJ13aAaeT MEPEMECTHTEbHbLM CBOH-
CTBOM, T. e., BOOGule rosops, AB=£BA, B yeM MOXHO yGeanHThCR Ha

npumepax.
2 5 6
A=[ ]; B= }
3 4 7 8

[Tpumep 3.
19 22 23 34
A
43 50 131 46

T. e. 31ecb AB=4BA,

Bonee Toro, Moxer gaxe cayuHTbes, YTO MPOHIREAEHHE ABYX MATPHL,
B34ThiX B OLHOM MOpsaAKe, 6yLer HMETb CMBCJ, a NPOU3BENEHNE TEX Ke
MaTPHLU, B3ATHX B NPOTHBOMO/JIONHOM NOPAILKE, CMLICNA HMETH HEe GYIET.

Tak, nanpumep, ecan

Toraa

321

123
- M = 2
A"‘[456]’ B Sk
430
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TO
19 13 7

AB= [46 31 19

], a BA He cywmecrByer,

B Tex yacTHMX cayuadx, korna AB=BA, matpuuw A u B Hasu-
BAIOTCA nepecTanosodsvimu (KoMMyTaTHBHEIMHM). Tak, HanpuMmep, Kak
HeTpYAHO YGEAHThbCH, elMHHYHAs MaTpuua E nepecTanoBouysa ¢ n060H
KBanpaTHOoH MaTpuuelt A Toro we mopanka, mpHyem

AE=EA=A.

Takum 00pa3oM, eAHHHYHAass MaTpHua £ urpaet poas eduHruybt npw
YMHOXEHHH.
Ecan A m B—xBaapaTHwe MaTpHUB OAHOTO M TOrO e MOpSiiKa, TO

det (AB) = det (BA) = det A.det B.

Arta ¢opMy/la BHTEeKaeT H3 NpPaBH/Ja NePEMHOWeHHs onpenenuTeneH,
Hanpumep, Aas MaTpuu, NPHBEAEHHHX B TpuMepe 3, umeem:
‘19 22| |1 2 ‘5 6
43 50| |3 4| |7 8

]23 34‘_‘1 2/ ‘5 6

31 46| |3 4| |7 8

§ 3. TpaHCcHOBHpPOBAHHAA MATPHUA

3aMeHHB B MaTpHie
a11 Ay «os Qg

A |9 @22 el a2p

Ap1 Qe oo Qpy
THNa MmX7n CTPOKA COOTBETCTBEHHO CTOHGL[BMH, MOJIY4HM TAaK Hash-
BAEMYIO TPAHCNOHUPOBARKYID MaTpuyy
ayy Qo1 eae (21
A = AT =— | %12 G20 +o¢ Qo

P ?
A1y Qap co App

tHna 72X m. B wacTHocTH, AAS BEKTOPA-CTPOKH
a=[a; a, ... a,]
TPAHCNOHHPOBAHHOA MaTpHuel sBAseTca BekTOp-cToOAGen

a,
as

an
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TpaHCMOHHPOBaHHAR MaTpHlla o6aanaeT CAEAYIOU{HMH CBOMCTBaMu:
1) ABaabn TPAHCIOHUPOBAHHAA MATpPULA COBMNAAAET C UCXOMHOH:
AII =(A/)l =A;

2) TpaHCMOHUPOBAHHAR MATpPULA CYMMH paBHA CyMME TPAHCIOHHPO-

BaHHBIX MATPHIL CJAaraeMux, T. €.
(A--BY =4 +B;

3) TpaHcnOHMpPOBAHHASA MATpHIA NPOM3BEAEHUS PABHA NPOM3BEXEHHIO
TPAHCNOHHPOBAHHLIX MATPHL COMHOXHTeseH, B3ATOMYy B OGDATHOM mo-
paaxe, T. e.

(AB) =B'A'.

HellcTBUTENbHO, 9aeMeHT {-# CTPOKH M j-ro cToaBLa MaTphHuu (48)
paBen 3;eMeHTy j-# CTPOKH M i-ro cToabua maTpuun A8, 1. e.

aj1b1i+ byt ... apby

[Mocaeanee Bhipaxenue, O4EBNAHO, IpeACcTaBaneT oGO cyMMy npous-
BeJAEeHUH 9/71eMeHTOB {-H CTPokn MaTpuun B Ha COOTBETCTBYIOULHE 3Je-
MEHTH J-ro croabua matpuun A’, T. €, PaBHO ofuLeMy 9JEMEHTY
matpunn B4,

Ecaun marpuna A-—kBaapaTHasi, TO, OUEBHIHO,

det 4" = det A.

Marpnua A=[a,/] Ha3HBAeTCs cummerpudeckot, eCAn QHZ COBMa«

JaeT CO CBoeil TpPaHCNOHHPOBaHHOH, T. e. eC/aH
A =A. (N
M3 pasenctBa (1) BhiTekaeT, uTO: 1) CUMMETpHUECKAf MaTpPHLA — KBa-

apatHas (m=n) N 2) >3neMeHTH €€, CHMMETPHYHHE OTHOCHTEJbHO
[/ABHOR anaronanu, paBHH Mex Ay cOOOH, T. e.

a/‘- = a,/.
[pousseaenne
C=A4,
O4YeBHAHO, NpeACTaBAAeT cOOOH CUMMETPHYECKYIO MATPHIY, TaK Kak
C =(AA")Y =AY A =44"=C,
Hanpunsep,

U2 o[y sl B2 43 14425436 _[14 30
[4 5 GJ 2=l srds2 468 ets e [T 77]'

§ 4. O6paTras martpuna

Onpenenenue 1. Obparnod marpuyed nNO OTHOUICHHIO K JAaH-
HOM HA3HIBAETCA MaTpHUA, KOTOpas, Oyayud yMHOWEHHOH Kak cmpama,
TaK M C/1eBa HAa JAAHHYI0 MATPHLY, AaeT eAHHHYHYI0 MaTPHILY.
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Ins matpuun A o6o3naunM oGpaTHylo el MaTpuuy yepea A~ Torna
NO ONpele/IeHHI0 HMEeeM;

AAT = A"1A=E, (1)

rae E—eauHuyHas MaTpHua.

HaxoxieHne 06paTHOH MATPHUL IS LaHHOM HasHBAeTCs ofpawenuen
IaHHOK MaTpHUK.

Onpenenenue 2. Kpanpathas MaTpHlla Ha3uBAECTCH HEOCOBERHOU,
€chu onpenenuTenb ee OTJAHYEH OT MNynd.

B npOTHBHOM CAyyae MaTpHUd HA3bIBAETCA OCOBEHHOU, WAM CcuHey-
ARPHOU.

Teopesa. Besxaa Heocobewwas marpuya umeer obparnyro
Marpuyy.

NoxasateabcTBo. IlycTs nasa neocobeHnas MaTpuua #2-ro
nopsiaka '

apy Qg oo Oyp
Qgy Aoy oes Qgp
A - )
. . s e e
am Apa «v- dpg

rne detA=A=£0.
CocrapuM aA9 MaTpuunl A Tak HA3BIBAEMYIO npucoeduresryto (Hau
COM3HYIO) MaTPHLLY

All A21 ess Anl

o | A Am e Ap
e A (2)
LAln Azn oot Ann
rue Al-j—anreranqecxne JONOJIHEeHH (MHHODBHI CO 3HaKaMH) COOTBET-
CTBYIOLIHX 3JIEMEHTOB a,-/(i‘ j=1,2, ..., n).

3aMeTHM, UTO aareGpanyecKHe HOMOJHEHHUS 3JEMEHTOB CTPOK mome-
IMAIOTC B COOTBETCTBYIOWINX cTonbuax, T. €. IPOH3BENEHA ornepaunus
TpPAaHCNOHHPOBAHUS.

PaznennM Bce 3/eMEHTH MOC/]edHed MaTPHUW HA BEJHYHHY onpe-
pexantens Marpuus A, T. e. Ha A:

TAn A Am
AR
A Anw Ap
A*—=| A A A |, 3)
Ain Ay Ann
A A A

Hoxaxewm, uTo maTpuua A% ecTb uckomast o6patnasimarprna A¥ = A-1,
Kax wu3BecTHo, 1) cyMMa npou3BefeHuil 9JICMEHTOB HEKOTOPOTO pAa
(cTpokH naH cTon6ua) onpeAc/HTeNR HA anreGpanyeCKHe JAOUONHEHHS
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STHX SJIEMEHTOB DABHA OMpeNe/NuTeNI0 H 2) CyMMa npou3BemeHuH sne-
MEHTOB HEKOTOPOro psiza onpeneiuTens Ha aareGpaudeckne A0UOAHEHUS
COOTBETCTBYIOLLHX /1EMEHTOB MNapas/e/bHOTO pajsd pasHa HyMO, T. e,

n
X apAp=06,A (4)
k=1
n
> ahyy =64, 4)

k=

.6 1 nmpu i=},
U7\0 npn i)

Ha ocroBamuuM 9THX CcBOHCTB, cocTaBass npoussenenne AA*, Gyaem
HMETh:

—~

raoe

Ay Asy Am
Q11 4y e Oyn AA ,;\ AA
A4* — Gy Gy Qay 7‘1—2—13% . .K"E -
a a . D I
nl n2 nn Alnﬁ An"
A A "t TA |
10 0
01 0
00 lJ
VIT&K, AA* =F,

®opMyay (5) MOKHO BHIBECTH KOpOYe, €C/1M BOCNOJAb30BaTbhCH COKpa-~
L{EHHEIMH 0003HayEeHHSMH
A
= ®_ | 2A
A=la;]n A* = L A]‘

Yuyutwoigasa cooThoumenue (4), noayunm:

LA
AA* = I:Za,k —A’i‘J =81 =E.
k=1 '

AHANIOTHYHO MOKHO yHOCTOBepHThCH, uTo A¥A=FE.
CnegoBatenbho, A*=A4"1 1, e.

ATl= Al (Al (6)

rae
A =detA,
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3ameuvanune 1. Jaa nandoit MaTpuus A ee o6pataan MaTpuma A~1
ennHcTBeHHa. Bosaee Ttoro, BcAkas npamas ob6paThad (a1eBas oGparTHad)
MaTpHna MaTpuuel A coBnagaer ¢ ee o6paTHoH Marpuued A~1 (ecau
nocaennfis CyuwiecTByer).

Je#cTBUTENBHO, €CaH

AB=E,
TO, YyMHOXAfA 3TO PABEHCTBO cAeBa Ha A~ nmoayuum:
AT1AB=A"1E
HAH
B=A"1,

AHaJIOTHYHO NOKA3HBAETCHA, YTO €CAH
CA=E,
To C=A"1,
[Tostomy npn npoBepke cooTHouierus (1) 10CTaTOYHO OTPaHHYUTHCH
JUIIb OJHHUM DAaBEHCTBOM.
3ameuanne 2. OcobeHHas kBaapaThas MaTpuua o6GpaTHOH He
umeet. JleficTBUTeNBHO, Tak Kak MaTpuua A — ocofeHHad, TO
det A=0.
N3 paseHctBa (1) umeem:
detA-detA"1=det E=1,
T. €.
0=171,

YTO HEBO3MOXHO. Y TBePWEHHE [0Ka3aHo.
Mpumep. Haa matpuun

1 2 3
A=| —2 —4 —5
3 & 6

naliTy OOpAaTHYIO MaTpHUY.
Pemenune, Tak kax onpeaeaurens

1 2 3 1 2 3
A=|—2—4 -5 |=|0 0 1 =1#0_
3 5 6 0 —1 ~—3

To MaTpuua A HeocoGeHHas.,
CocTaBHM NPHCOEAHHEHHYIO MATpHILY
1 3 2
A=|—3 =3 —1
2 1 0
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Pasgeanm Bce snementw maTpuun A Ha A=1 1 nonyunm:

1 3 2
A-1=| =3 =3 «~1
2 1 0

PexoMennyeTcsl npoBepuTh, YTO NeHCTBHTENLHO
AATY=E,

YxaxeM HeKOTOpHE OCHOBHe CBOHCTBA 06paTHON MaTpHUM,
1. Onpedeautes obparnod matpuybt pasen o06paTHOd  8eAUHUNHE
onpedeautenn ucxo0Hou marpuyst. JIeACTBHTENBHO, MyCTh

A" 1A=E,
YuutHBag, 4TO OnmpejenHTeNb NPOH3BENEHHA ABYX KBAADATHWIX MaTpHIL,
paBeH NMPOH3BENEHHIO ONpeJe]HTeNell 3THX MATDHL, HOJYYHM:
detA~l1det A=det E=1,

CnenoBarennHo,
1

—1‘_‘_
det A~ =34

2. Obpatnas maTpuya npoussedeHus KBaOPATHOLY MATPUY PABHA
npousgedenut0o O0OPATHOLY MATPUY COMHOMCUTEALH; B3ATOMY 6 O6PATHOM
nopadke, T. e.

(AB)"1=B"14"],

B camom mene,
AB(B 1A ) =A(BB 1)YA1'=AEA-'=AA-1=E

(B1A1)AB=B-1(A~'4) B= B~1EB=B-1B=F,

3Hauut, B71A~! ecTh o6paTHas maTphua aas AB,
B Goaee obuwem cayuae

(A4, AT =474 AT

3. Tpancnonuposannas obpathas marpuye pasia obpaTHod oT
TPAHCNOKUPOBAHHOU OaHHOL MaTpuybL:

(A7) = (4L
Je#icTBHTENBHO, TPAaHCHOHUPYS OCHOBHOE COOTHOWEeHHe A~!A=E,

HOJYYHM:
(A"14) =4’ (A~ =E =E,
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Ortcona, ymHoxas nocaeanee paBeHcTBO C/aeBa Ha MaTpuuy (4)71,
6yneM HMeTh:
(A 1A (A"Y =(A)LE
HaH
(A7) =),

4YTO H TpEéOBaIlOCb 0Ka3aThb.

3ameuanne. C noMowpio 06paTHOR MATPHUN JETKO PEMIAIOTCS
MaTpHuHble ypaBHeHHS

AX=B u YA=8B.

Hedcrautennno, ecan detA=£0, T0

X=A"B u Y=BA™L,

§ 5. CTenenH MaTpuusl

Mycts A—xkBanpaTHas MaTpuua. Ectn p—marypanpHoe 4ucao, TO

Nonaraioor:

AA ... A= AP,

|

p pas

JlonoanutenpHo ycaasausawtcs, uto A’=FE, rae E— equHuuHas Mat-
puua. Ecan Matpraua A HeocoGeHHad, TO MOXHO BBECTH OTPHUATE]b-
HYI0 CTeNeHb, ONpENE/HB ee COOTHOWIEHHEM

AP = (AYP,

Inst cTemexeit MaTpHUbl C LEJAbIMH [OKA3aTeasiMH CNpaBe/JIHBhH
ofnYHbe MpaBHAA:
+q,
1) APA? = AP,
2) (AP)? = AP4,

HekBanpaTHylo MaTpHUy, OUEBHAHO, B CTeMeHb BO3BOLUTL HEJb3K.
Npumep 1. Mycts

@ 0... 0
A 0 a3... 0
0 0...qa,
Torna
a? 0... 0
v o 0
AP = 2 .

0 0 .,..00

~ n
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Mpumep 2. Hailtu

010072

0010

0001,

0000.'
Pemenne. Vmeew:
0100732 TO10O0 0100 0010
0010 0010 001 0 00 01
0001|0001 ]0001|7l0o00 0]
0000 0000 00 00 00 00

Ecan A w B—xkBaapaThble MATPHULI OLHOFO M TOTrO %€ MOpsAAKa,
npuuem AB= BA, 10 cnpasexnnsa ¢opmyaa Gunoma HpioToHa

P
(A By =kj CﬁAkBP_/’,

)

§ 6. Pauxonaabupie (QyHKUKH MATPHIbI

ITyctn
Xu X1z X1n
X— X33 Xog Xon
Xpt Xpg oo Xppd

— NpPOH3BOJbHAA KBaApaTHag MaTpuua nopsaka rn. [lo aHazoruw
¢ ¢opmynamp 3jieMeHTapHOH anrefpul ONpefensioTcs Le/he . palno-
HanbHble QYHKUHH MaTPHUB X:

PXy=A X"+ A X" ...+ ALE (npasbui noaunon);
PX)y=X"Ay,+X"A 4 ...+ EA, (aeeuid noaunos),

rae 4, (v=0, 1, ..., m)—mMarpuusl THNA m X HIH COOTBETCTREHHO
THna nXm ¥ E—ennHuunas Marpuua nopsika .

Boo6uie rosopu, P(X)=~=P(X).

MoXHO BBeCTH TaKwe OpoOHble PAYUOHAAbHbIE PYHKYUU MATPHIH X,
onpeneauB HX Qopmynamu

Ry (X)=P(X)[Q(X)™*

H

Ry (X) = [Q(X)]T'P(X),
rae P(X) n Q(X)—marpnunue nonntomn u det[Q (X)] 540,
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I[MTpumep. Iycrs
p X2 | X 01
=2+ (JX=[1 o)

rae X —nepeMeHHas MaTpuua Broporo nopsaaka. Ha#itu P ([(1) g]) .

Pemenne. Vmeem:
() R e R R R R
=lo o]+ [0 ol =13 o] =7 -
§ 7. AGcomoTHan BenNYHHA. M HOPMA MATpHIL

HepaBeHcTBO
A<LB (1)
weway matpuuami A=[a;] u B=[b;] onnnakoBrX THMOB 0603HA-
uaer, 4T0
B 3TOM CMBIC/]Ie He BCAKHE JBE MaTPHIB CPABHHMB MEXAY COOOH.

[Ton abcosrwoTHol seauwurnod (moly/em) MaTpHUb A=[a,-/] 6ynem
NOHHMATL MaTpHuy
|A|=[|ai/|]:

rae |a; |—monynn s7evMeHToB Matpuun A.

Ecan A n B—wMaTpHuw, 818 KOTOPHX onepanud A 4+ B u AB mMe0T
CMBICT, TO:

a) |A+B|<|A|+|B;

6) | AB|<|A|-|B;

B) |ad|=|a]|]A]

(@ — uncao).
B uacTHOCTH, noayyaem:
| AP <] AP

(p—HnaTypa/jbHOE 4HCJIO),
Mon wopmoi marpuysr A={[a;;] nounumaercs HelcTBHTeABHOE
yucao ||4||, ynoBaersopsiouiee ycaoBHAM:

a) ||A]] =0, npuuem [|A]| =0 Torna u toabko Toraa, korga A=0;
6) |jadll=]|oa|l|All (o —wuncao) u, B 4acrtHocTH, ||— A =]A4l};

B) {44 Bl < |All - liBil;
r) 148l << [l All- Bl
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(A n B—maTpunbl, 18 KOTOPHX COOTBETCTBYIOUIHE ONEPALAM HMEIOT
¢MBCI). B yacTHOCTH, AAS KBajpaTHOH MATDUIW HMEeM:

1471} < [1AJFP,
rlle p—HaTypalbHOE YHCJIO,

OTmeTnM eule ONHO BawHOE HEDABEHCTBO MEXKIY HOPMAMH MaTpHi A
¥ B onunakosoro tuna. [Ipumensst yciosue B), 6yldeM HMETh:

Bil = 1|4+ (B—A)I< 1Al + || B—All

Orciona
lA— Bl = 1B — Al = [|B]| — }4]|.
Ananoruyso
14— Bl = l|A]| — 1Bl
CrnenoBarensHo,

lA—Bil = |18l — |4l .

Hasorem HOpMy xanouudecxkod, €Cniu HONOJHKTENBHO BHIIOJHEHH
yCAOBHS:
1) ecnn A={[a;;], 10
la;; <114l

npuyeM AnA ckanspuol Matpuusi A=[a,,] ameem [|A|| =|a, |;
e) ua Hepasencrsa |A|<{|B[(A u B—mMaTpHun) ciaeLyeT Hepa-
BEHCTBO
1Al < 1Bl

B uactuocrn, 1|A[l=]]A4][].
B nanpnefimem nas marpuusl A=[a;)] NpoM3BOALHOrO THMNA MH
GymeMm paccMaTpPABATh I/1ABHHM 06Pa30M TPH JerKO BhYHC/SeMble HOPMbi:

1) ||A.]|m=mgx;|aij| (m-nopma);
2) HAH;=m?XZ|a,-;| (l-nopma);
i i
3) Ally=1/STa, P (k- .
)y 14l -‘/%‘la,A (k-ropma)

IIpumep. [lycts
1 23
A=[4 5 6:|,
789
Hueem:

NAll,=max (1+2+3, 4+5+6, T+8-+9)=max (6, 15, 24)=24;
All, =max(1+4+4+7, 24-5-+8, 3+6-4-9)=max (12, 15, 18)=18;
Al =V P+ 22+ 8+ 445+ 6+ T+ 8+ 9 =

=V 1+4+9+16+25+36--49+64+81=7285 =~ 16,9.
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B wacrsoctH, Aaw BekTopa

X1

x.,,
STH HODMH HMMEIOT CleldyioliHe 3HayeHHs:
|lx|]m=mlax|x,-|;

Noelly == oy [+ | % |+ oo A2, T
xlly=|x=V]x P+ %P+ ... F| %,

(a6corroTran eeiuduna sextopa). BCiH kOMNOHEeHTH BekTOpa AeHCTBH-
TenbHw, TO HMEEM NPOCTO

Nell,=V x2+ x4 ... + x5

Ilna Hopm [|All ., [1All; u [JAll, npoBepum BunoAHEHUE yCAOBHH a) —T).
HenocpencTBeHHO OYEBHAHO, YTO YC/J0BHA a) B 6) BHNOJHALOTCA.
YnoctoBepuMcsi, YTO A% 9THX HODM BHNOAHEHO ycjoBue B). [1ycTs
A:yga,-/] u B={[b;], npuiem MaTpuun A u B— OLHHAKOBHX THIOB.
MeeM:

1448, _maleal+b,/| max {2'“1/|+Z,b:/|}
\m‘_ax;la,/lerfx;lbul— 14l -+ 18115

AHAaNOTHYHO
1A+ Bl <Al + HBII;-

Jlanee,
1A+ Bly=y/ Xlai,+byF
1/;|a,,|2 IR

[Ipumensia u3BecTHOe HepaBeHdcTBO Kowy *)
. =< Y a,, (. .
g’at/”bd’ 1/%[01/‘ ]/;:I[b‘/l

*) [puBeneM AOKa3aTesanCTBO Hepasencmea Kowu

n 2 n n
Za:bs <2|as[2-2|bs["‘,
s=1

s=1 =1
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OyoeM HMeTh:

lA+ Bl <y/ BlayF+y/ BTe, F=Ale+ 181,

TaxkuM 06pasoM, XS BCeX TPex HOPM YCJOBHE B) BHIOJHEHO.

[TpoBepum Teneps BHNOJHEHUE YCIOBHS T). I'chrb Matpuua A =[a;)]
THma m’ Xn', a matpuua B= [b,] THna m"Xn". Bas BO3MO)KHOCTH
NepPeMHONEHNS T1ePBOH MATPHIK HA BTODPYIO HEOOXOAUMO, YTOOW m” = 1,
npauem Matpuua AB 6ymetr uveTs THn m’ Xn'.

Hmeem:
n’ | n
&
”AB”m=m_‘3x 24 iy
t j= s=1
n" n
Q
<max{_ Ztais||bs,|}=
! j=1s=1
n’ n”
—mox | 810,13 101f <
s=1 =
n
<m3x{21a“l 131, }
s§=1
o
=max{ |,,1}-nB||m=nA||m-||Bnﬂ,-
{ s=1
fae ag n by (s=1, 2, ..., n)—NpoH3BONbHLE KOMNJEKCHhe uwucna. [lycts

h— AEHCTBHTeﬂbHaﬁ nepeMeHHas. PaCCMOTpHM O4YE€BHRHOEC HEPABEHCTBO

M=

V' | ah + bgef?s 2 =0, (k)

s

1

rie @;—HekoToprle neficTBuTesbHBle uHcHa, OG03Hauas uepes a; A bs uyucna,
cOnpsXEeHHbE C a; U by, OyneM HMeTb!

{ash 4 bse'?s 2= (ah + be'®) (a A+ bye™%,) =
=aah+ (asb_se-ivs‘i’;sbse{?s) A+bgbs=|as A2+ 2Re (ashse™1s) M| b3
O1ci04a HepaBeHCTBO (K) NpuMeT BHX

n

n n
2 D) lag 242 D) Relagbe™#s) + 3 652 =0.
§=1 $=1

§=1
Ecnn nonoxnrtb
ps=arg (agby),
TO0
Re (aghse™s)=Re {I aghs | ef g (050), o1 218 (a_,f;_,)} =
= Re {[ asEs I} = asb-:v [=lashd
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Ananornyno
s, =max 3| 8.0, |<
<m{§2 afsflbs;!}=
el S z.a.s,}
<mr{ S o141 =
= HAHpm;?x 5:21 |65y | =11All,-11Bll,-
Hanee,

v/ 513

B, CJeloBaTesbHO,

n

2 2 lag P20 3 1ashs |+ ) 1bg [2==0.

s=1 s=1 s=1
Tak kak nmepas uacTe noc/elHEro HepaBEHCTBA B CUJY HCXOLHOTO Hepa-
BelCTBA (%) HEOTPHUATENbHA NPH JIOGHIX BEUIECTBEHHBIX A, TO COOTBETCTBYIOWEE

KBaJpaTHOE ypaBHEHHE He MOXeT HMeTb DAas/JHUHbIX JEHCTBHTEJBHBIX KOpHeil.
[TosTOMy AHCKDHMHHAHT yPaBHEHMSA

n 2 n n
{2 lasbs|} — Y lag Y b <0,
s=1 s=1 s=1

n 2 n n
{2 lasbs'} < 2 faslz'Z“’s‘z-
s§=1

s=1 s§=1

OT1clona ¥ Mo JaaBHO

n
2 asbs

s=1

= {Zlasb |}<2|a512 i b, 2

s=1 s=1

Ecan uHcaa ag 0 by JeACTBHTENbHE, TO TOJydaeM NPOCTO

<i asb,>z< sg al -5:21 b

=1
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Ipumenns HepasencTBo Kown u yuutwmean, uto m” =n', 6yneM umeTs

HAB“k<]/EZ{Z\GisIZ'Z]bt/|2}=

i=1j=1 ‘s=1 t=1

m’ n’ m’
=]/22|a.-s|2-22|b¢/|’=1/ HANZ-NBHz=1 A Nl B |l

i=1s=1 (=1 j=1

CrenosaTebHO, /A PaCCMaTPUBAEMKLIX HOPM YCJOBHE I) BHIOJHEHO,

[Tokaxem, uto Hopmbl || A|l,, || All, u || A ||, —KxaAoHRryeckue.

Ecau apq—HaHGOnbuJHﬁ MO0 MOLYMIO 3JEMEHT MaTpPHUH A:[au]
THna m' Xn', TO, OYCBULHO, HMEEeM:

lellp=la,nl+ .. tla,l+ ...+l em [=la,l;

=
||A||l>|alq|+"'+|apq|+“'+|am'ql>|a

m n’
"Aﬂk=l/22|a.~,l2>|apq-

i=1j=1

Takum o6pa3som,
Loy | <|a, | <IAll, (s=m, 1, k).
Kpome Toro, ecmu A=[a,], TO
AN =1Al,=0Ally=]a]
Hanee, ecnn |A|<<|B|, rae A=[a;] u B=[b;], 10| a;;|<|b; .

M3 onpenenenns Hopm | A|,, (A, ¥ ||A|l, o4eeunHo, 4to umeioT
MeCTO HepaBeHCTBa

“A”s<“3“3 (S=m‘ 4, k)-

Kpome Ttoro, mns moGoil M3 STHX HODM HMeeM:
NAlNg=1{All; (s=m, L k).

TakuM 06pasoM, YcaOBHE €) TaK¥kKe BHIIOJHEHO.

CraenosatesHo, 10xasauo, 4T0 HopMet || A |, 1 A1, n | A)|, — kano-
HUYECKHE,

OtmeTuM, 410 ecau MaTpuua E—eauduydas, 0OpPAaxa 7, TO

NENa=0EN=1

NEli,=Vn.
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§ 8. Paur martpuusl

TlycTs naHa mpaMoyrosbHas MaTpHla

ayy Qg ..o Oy
gy Gz «es Qg
A= CR R R A S S A . .
L8t Qg ves Amn !

Ecnn B 3Toft MaTpuie BHOpaTh MNPOH3BOJBHLIM 06pa3oM & CTpOK
¥ k cronbuos, Tae R<Cmin(m, n), TO 3NeMEHTH, CTOSUIHE HA Nepe-
Ce4yeHHH 3THX CTPOK H CTO/1610B, 00Pa3ylOT KBaJAPaTHYIO MATpHily mo-
psaka k. Onpenennrtenn STOH nmocienell MaTpuubl HA3BIBACTCA MUHO-
pom k-ro nopsaaka marpHust A.

Onpenenenne. Paneom Mmarpuyst HA36i8AETCA MAKCUMAAbHbLLL
flOpﬂ@OlC MURODA MATPULLL, OTAULKHO20 OT HYyaa, HNupimu CJ1I0B&MH, MAaTpH-
ua A HMeeT paHr r, eci:

1) HafineTcd no Menblieft Mepe OIMH €€ MHHOp r-TO MNOPAAKa,
OT/NUYHBIH OT HY.A;

2) BCe MHHOpH Matpuubl A nopsaka r--1 M Boe paBHE Hymo.

Panr HyneBoH MaTpHuml, T. €. MaTpPHUB, COCTOAUIEH H3 HYyJeH, cun-
TaeTcs PAaBHBIM HYJ/MO. PasHOCTbL MEXIY HAUMEHbLUHM M3 4HCEA m U 72
¥ DaHTOM MATDHILL Ha3biBaeTcd degextom Mmatprubl. Ecan nedext pasen
HYJI0, TO PaHT MAaTpPHUB — HaHOOAbIIHA H3 BO3MOWHBIX 115 ZaHHOTO TUNA.

TTpu HaXOXIeHHW paHra MAaTPHUL NOJE3HO TNPHILPKHUBATLCS CJe-
AyIOUIero npasHaa:

1) mepexoauTb OT MUHODPOB MEHBUIMX MOPHAKOB (HaUMHAs C MHHOPOB
nepgoro nopsiaka, T. €. SMEMEHTOB MaTpPHUL) K MHHOpDaM 66/MbUINX MO-
PSI1KOB; .

2) mycTb Hafimen MuHOp D r-ro mopfazaka, OTAHYHEIN OT Hy/4, TOraa
HY}HO BBIYHCJAHTB JHWb MHHODH (r-F1)-ro mopsiaka, okalimasoutie
manop D. Ecau BCe 3TH MMHOpH DaBHBI HYJI0, TO PaHr MaTphUM pa-
BEH r; €CAH XKe XOTA O OAHH N3 HHX OTJHYCH OT Hynf, TO 3Ty Ole-
PalMIO HYXHO MPUMEHHTDb K HEMy, NPHUEM B 9TOM CayYde PAHT MATPHILL
3apenoMo 6oable 7.

ITpumep. Hafitu paur maTpuun

2 —4 3 1 0
I —2 1 —4 2
0 1 —1 3 1
4 ~7 4 -4 5

PemeHnne. Mudop BTOporo mopsnka, CTOAILHA B JIEBOM BEpPXHEM
yray aTofl Matpuus, pases Hymo. Onsako B MaTpHle COZEpKaTC H
OT/HYHHE OT HYAA MHHODW BTODOTO MOpAIKa, Halpumep

|—4 3
#0,

|2 !
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npuueM OKaWMAfIOU(UA ero MHHOD Tperbero mopsaaxa

2 —4 3
D=1 —2 =1
0 1 —1

u ofa MHHOPA YeTBEDPTOrO MOPSAKA, OKaHMasouwHe MUHOP [, paBHH
HyMo:

—4 3 | 2 4 3 0

1 —2 1 —4 1 —2 1 2
0 1 ~1 3|=0 o 1 —1 1 =0.
4 —7 4 —4 4 —7 4 5

Taknu 0GpasoM, panr MaTpuuw pasew Tpem, a nedext 4—3 =1,

§ 9. Mpenea marpuupr

nyCTb HMEETCHA IOCJEHOBATENbHOCTDH MaTpuIl

k)
Ay=lal]) (k=1,2,...) (1
OnHOrO ® TOro We THma mXn (=1, 2, ..., m j=1,2, ..., n).
[fon npedesom mocnenoBaTenbHoCTH MaTpuu A, noHuMaercs MaTpHLA
—_ 1 =T I k
A= tm Ae=lim afp] @

[MocnenoBatensHocTh MaTpulL, HMelOWLAK npenen, Ha3WBaETCH cxodaufelica.
Jemma 1. [Jaa cxodumoctu nocaedosatensrocru marpuy A,
(k=1, 2, ...} «k marpuge A neobxodumo u Aocrarouno, 4Tobse

WA—A,ll—0 npu k— oo, (3)
20e || All — woban kanonuseckas nopna marpuyte A. [pu stom
| Jim {4, [ =11 Al
JeHCTBHTENBHO, €Ccau
Ak —’A = [a"/]|
TO \
Ia‘-j—a,(»,)l <e npu k> N(e).
OTtciona

|A—A4,| <&l

rae /—wMaTpuua THNA mX 71, BCE SCMEHTH KOTOPOH paBHH €XHHHIE.
B cuay cBOACTB HOpMH nMeeM:

NA—=All<ell/ll npu k> N(e),

C/leA0BaTEeNbHO,
lim || A—~A, | =0. (4)
ko> o
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OGpatHo, nycTb Bunoaxeno ycnosue (3). Torzanpu k> N (&) umeem:
(
la;—aif |<NA—4, 1l <e
H, C/1e10BaTeNbHO,
lim a(‘,,;.) = aij,

k> o

lim A, = A.

k- o
Kpome roro, ecan A, — A, To uMeem:
| TAN—=1A I [SNA—A4,|—0 npn k— oco.
TNosToMy

lim [ A, [[=[4|
k> w

Cnenctsue. Tlocnenoratenniocts A,— 0 npun k2 —» 00 TOTHA H
TONBKO TOTAA, KOTAa
lim | A, ]| =0,
k> o

rae || A, || —xakaga-nubynp KaHOHHYeCKas HOpMa.
Jlerxo y6enuTbcd, YTO ecay
limA,=A u lim B,=B58,
k> w® k- ®
TO:
a) lim (A, B)=A+5,
ko> ®

6) lim (A,B,) = AB,
kE>w®

B) lim A-1=A"1 (detA=£0),
k> o

B NIPEANONORKEHHH, YTO COOTBETCTBYIOLIHE ONEPallud HMEIOT cMulc. B ua-
¢THOCTH, ecay C—rmocCTosHHan MaTpUUa Takas, YTO BO3MOXHH nepe-
miowenun CA, n A,Clk=1, 2, ...}, To

lim CA, = CA
k> o

H
lim A,C= AC.
k> o

Jlemma 2. laa  cxofumocTu  nocaed08aresbHOCTU — Marpuy
A, k=1, 2, v..) Heobxo0umo u 0OOCTATO4HO, H4TOOL Obin  BbINOANEH
obobujennoi kputepud Kowu, a MMEHHO: 144 Bcakoro & > 0 ponxen
CyuiecTBOBaTh Tako# womep N=N(e), uto npu B >N, p>0

||Ak+p'—Ak “ <g, (5)

rae || || —nobas xaHoHHueckas HOpMma,
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HeficTBHTENBHO, €CAH CNIPABE/IHBO HEPABEHCTBO (D), TO AJI8 KA KAOTO

3/71eMenTa aﬁ’,z) matpuus A, 6yner Boinoaver kputepuit Kown (em. ra. i1,
§ 4) u, cienoBaTenbHO, CyUIECTBYeT

lim 4, = [kl_i’mw 0(17)]'

k> o
OGpa‘rHo, €CJH CYLLECTBYET
A= lim Ak!

k> o

TO B CHay JdemMsl |
NA—A,||-~0 nopy k— oo
M, 3HAYHT, OYNeT UMETb MECTO HEPABEHCTBO (D).

§ 10. Marpnussie pagsl

Moab3ysich noHATHEM Mpefena MaTpHIL, MOWHO BBECTH B PacCMOT-
peHHe MaTpuHbie pads

® N

= i 1

ZA,‘_ lim ZAk, (1)
k=1 N->w k=1

rae A, —MarpHUbl OJAHOTO M TOFO e THOA.

Ecan npenen (1) cyuiecTByer, TO MaTpH4HHH PRI HA3WBAETCH CXO0-
O0aujumcA, W MaTpHLa, nNOJydyeHHas B npelese, HA3bLIBACTCH CYMMOL
s1oro pana. Ecau npemena (1) ne cywiectByer, TO MaTpudunil pag
Ha3piBAETCS PACXOJAUUMCS H €My HE NPHNHCHIBAETCH HHKAKOH CYMMbl.

Heo6xonumoe ycnoBie CXOMHMOCTH MATPHUHOTO PANA.

Teopewa 1. Ecau marpuaneui psd (1) cxodurca, to

lim A, =0,

k> w

Hokasateancrro. [Iycts

k
Sp= 2 A,
i=1
Ecau pan (1) cxomnTcs, TO Cyu(eCcTBYyeT KOHEYHHH npemen
S= lim §,,
k> w k
Hmeewm:
Ay =S, — S,
oTKYyla

lim 4, = lim §,— lim §,_;, =8§—8=0.

k> o k> o ko

Marpuunsit pax (1) HaswBaeTcss abCOMOTHO cxOdaumca, ecau
CXOAHTCA psA

214, 2
k=1
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Teopema 2. Abcoamorso cxodawutica marpuxnoui pad ecTo pad
cxo0auutica.
HdoxazareabcTBoOo. [lycTh

(k)
A,=[a®] (k=1,2, ...
Torza
0
Siai={Za].
Taxk kax MaTpuuHwil psx (2) cXOAHTCH, TO MO ONPENALACHHIO KAWAH T
@»
k . ,
W3 YHCAOBLIX PAIOR 2 |a§,~’| (=12, ..., m j=1,2, ..., n)
k=1
agasieTca cxoasunmcs. OTCI0Aa B CHIY H3BECTHOH TEOpEeMH H3 TEOPHH pe-
=}
JIOB CXOAATCHA TAKWKE, H NPHTOM a6COIIOTHO, BCE PAAL 2 a; (i=1,...,m
k=1
J=1, ..., n), T. e. CywecTByeT npenen
S= lim Sy = lim 2 A,
No>w» N-o>w k=1

M, 3RAYHT, MaTpHunmit pax (1) cxoauTcs,
Hna rpyboro anannaa CXOAMMOCTH MaTpuuHoro psaaa (1) MoxHo
NOJb3OBAThCS NMPHBEAEHHHIM HHXE MOCTATOYHBIM YCHOBHEM,
Teopema 3. Ecau ||A|| — ar0ban xanonuueckas Hopma u 4ucio-
8ol pad

pIEN (3)

cxodurca, 10 marpuunsid pad (1) Takxe cxodurca u npurom abcoAOTHO.
HokasaTteanbpctBo. [lycTs

A,=[ei]] =12, ...

PaccMoTpuM 4HC/IOBME DPRAITH
@
(k)
2 aij 4)

(i=1,2, ..., m j=1,2, ..., n). Tak xax
| 0l | <1 4,1,

TO Kawau$ U3 panor (4) cxoaumtcs W nputom abeoaotso. Cnemosa-

TeAbHO, MATPHYHHA DAL
@» 2]
S 4= |8 ap
k=1 k=

B CHJY OTIPEAR/IEHUSA TAKKE CXOAUTCH, IPHYEM CXOXUMOCTh — a6COMOTHAA.
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B npHaomkeHHAX BaxiOEe 3HAYCHHE HMEIOT MATPUYHbIE CTENeHHbiC
padel: TpaBH e

2 A X" (5)
k=0

HJNBEBHE
2 Xk, (5)
k=0

rae X —KBajnpaTHas MaTpulla nopdanka z. B nepsom caydyae A, —ma-
TPHULI THNA m X7 AW uncna (HanpuMep, A, MOTyT mpeacTasasTh coboi
BEKTODH-CTPOKH); BO BTOPOM crydae A,—maTpuusl THNA 72X m HIH
uncaa (Hanpumep, A, MOryT GHTb BEKTOPaMH-CTOOUAMH).

Teopema 4. Ecau r—paduyc cxodumocty CKAAAPHOO CTENEHHO20
pada

o0
2 14,1 %5, (6)
k=0
2de NA,ll (B=0, 1, 2, ...)—«kakas-nubyoo KAnOHUYECKAR HOPMA,
TO marpudnsie cTenenusie padsi (B) u (5') sasedomo cxodarca npu
XN <r. {7)
B uacTHOCTH, MaTpnuHbf cTeneHHOH psia
[+
y £
>a,X
k=o k
¢ udCnoBHMH Koshduuuentamn a,(k=0, 1, 2, ...) cxozutcs npu
X <r,
FA€ 7 — paiuyC CXOILMMOCTH CTENEHHOFO paAa
o0
k
a,|x",
3l

JHokaszarteabcTBo. Tak kax
NAXE <A X%,

TO NPH BHINOJHEHWH HepaBeHCTBa (7) pALd

ZlAX

cxoautea. CrenoBaTenbHo, B CUly TeopeMu 3 crenenuoft psa (5) Tak-
We CXOAHTCS.

Auanornynoe paccyxiende crnpaseinnBo Aas psaa (9').

Bropoe yTBepmaedHe TEOPCMH CJEAyeT H3 TOro, YTO €CAH a, —
YKCI0, TO :

“ak|l=|ak
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Teopewma 5. Ieomerpuueckue npozpeccuu

A+ AX+FAX 4 FAXR L, .. (8)
u
A+ XA+ XA .+ XA, ., (89
ede X — keadpatnan Marpuya, cxodATca, ecau _
X <1 9
Ilpu atom
D AXF=A(E—Xx)1
k=0
u

s

X*A = (E—X)"A.
k

It
=3

HelcTpuTeNbHO, B CHAY TeopeMn 4 npu HaJAMUHH ycaoBua (9) reo-
MeTpuyeckas nporpeccus (8) cXoauTCd, T. €. CYUECTBYeT KOHeuHas
MaTpuua

S= D) AX%,
k=0

Pacemotpum ToOMaecTso
AE+X+ X4, ..+ XY (E—X) = A(E— X*+y), (10)

llepexona ¥ npeieay npu kB-—oo B pasencTse (10) # yuuTuBag, uto
B CHay ycnoBa (9)

X150 npu k- o0,

OyneM uMeTb:

S(E—X)=AE=A. (11)
B uactHoctn, nonaras A=ZF£ B pasedcre (11}, noayunm:
Sl (E—X)=E,
rae
S, =2 Xt
k=0
Otciona

detS;-det (E— X)=detE=1,
Tax kak detS, koweueu, TO
det (E—X)=£0

u, clenosarenbuo, Matpuua £ —X —neocoGeHHad, T. €. CyWECTByeT

(E—X)-lg
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YmHoxkas o6e yacTu papencrBa (11) cnpaBa #a (E— X)™1, nonyunm
OKORYATENbHO;

S=Y, AX* = A(E— X)L,
k=0
AHaJ]Ol'H‘{HO AOKAa3bLIBaeTCs, 4TO

>, XA=(E—X)"1A

k=0
npu

Xy <t.

Canencrane. Ecnn || X|| <1, To cyuecTByer o6paTHad MaTpHua
(E—X)"1= ) X~
k=0

- Caepx Toro, ecan | E[j=1, 10

o

-1 k__ 1
I(E— %) ||<§HXH = =TxT -

Bameuanne Ecan || X|| <1, TO HeTPynHo OUEHUTH HOPMY OCTaT-
Ka marpuysoro psaa (8).

HNmeenm:
Ry=||AE—X)'—A(E+X+ X2 4.+ XY <] A | A1
X <AL (X | X ey = AT

I—fxj

Ananoruuso aas paaza (8') nmeem:

Ri =||(E= X 1A—(E+ X+ X 4. - X1 4] < LALLX I ”lﬂ_""))‘('l‘f“ :

MaTprynble PAXBl RAIOT BO3MOWHOCTb ONPERENHTb TPAHCYEHOEHT«
nole ynxyuu marpuyvi. Hanpumep, nosarawor

-] X"
eX=nZ=O - (12)

TpHYeM MOXHO NOKa3aTb, 4TO psax (12) cxomurcs Ans moGOH kBaapat-
HO}t MaTpHum X,
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§ 11. Knetounbie marpaum

[ycTp mana uexotopas matpuua A. Paso6bem ee Ha MaTpHUM HH3-
MHX NOPRAKOB (K4eTKu HAH 640Ku) ¢ NOMOUIBIO TrOPHU3OHTAJbLHHX H
BEePTHKANbHHX NMEPEroponoK, HAYMHX BAOAb Bcel maTpuunt. Hanpumep,

A1 Q19 | Gy

A= T2 B2 | Ay

’
a3 a3y ‘ Ay3
rac KReTKaMy HABJASIOTCA MaTpHUM
011 @12 Q13
P= ; == i R=lay asz,]; S=lal.
g1 Gya |’ Q ayg |’ R=lay asl; (2351

Torna MaTpuuy A MOXHO paccMaTpPHUBATBL Kaxk CJAOXHYIO MaTpHuy,
DNEMEHTAMH KOTOPOH ClyWaT K/AeTKH:

a=[e s

Martpuua, pa36uTaq Ha KJCTKH, HA3LIBACTCA KAETOYHOU WIH 6A04HOM.
[ToHATHO, UTO pa3GHEHHE MATPHUL Ha KJIETKH MOXeT OHTb OCYLLecT-
BJIEHO Pa3/NYHBIMM CMOCO6aMH. YaCTHHM Cly4YaeM K/JAETOYHHX MaTpHLL
SIBASIOTCAL K8A3UOUa2oHaAbHble MaTPHILbI

1

Rl
Ll

As

rae kaeTku A, {i==1,..., §) ecTb KBaapaTHHE MaTpHUH, Boo6Lle IO-
BOPS, Pa3AHYHbIX NOPSANKOB, a BHE KACTOK CTOAT Hynu. OTMeTuM, 4TO

detA=det A, ...det A.

Apyreh Bawnul yacTHWH cayyaft KACTOYHHIX MAaTPHL NpeacTaBAd-
0T OKQUMAEHHbIE MATPULbL

- R
An-l Un
A= .
vn ann
rae
an Mg vee Gy n-1
Qg Q99 eer Qg n=y

An—_l =

an—l, Lan-l'g veeGn-y n-1
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-—MaTpHua nopsaka n—1;
U a, ,
U, = fz%" — MaTpHUA-CTORGEL;
. .
V.=la,, 1 @45 @, ,-,] —MaTpHUA-CTPOKA H @, — unCAO.

Knerounwe MaTpHub OAMHAKOBOTO THNA H C ONHHAKOBWM pasue-
HUEM yCJIOBHMCH HA3MBATb KOHPOPpMHbLML. YNROGCTBO KACTOYHHX MATPHLL
COCTOMT B TOM, 4TO LEHCTBH HAL HHUMH COBEPWIAKTCH GOpManbHO 110
TeM M€ MpPaBH/iaM, YTO H HAjJ OOHKHOBEHHHMH MAaTpHLLaMU.

A.CnoweHHe H BHYMTAHHUE KAECTOUHHX MaTpHL

Ecau kierTounnie MaTpuus

A A,,...Alq
A),,1 Ap2...qu
n
By Bya... By
B = e e e e (2)

Br1 Bra.. By

KOHPOPMHBI, T. €. p=1r; g=5 H KIETKHU Ai/ " BU HMEIOT OLMHAKOBH
THI, TO
An+ 8y A+t By Alq‘I"Bu]
A+B=| ... ... .. ... 00|
Ayt By Ap,,-l—Bp,...Ap,]-]—qu .

B camoM nene, 4TOOHW CAOKHTH MaTpuikt A H B, HaLO CAOKHTH
COOTBETCTBYIOIMHE 3JEMEHThl HX, HO OUEBHAHO, YTO TO XK€ camoe no-
JAYUHTCH, €CAH Mbl CAOWHUM COOTBETCTBYIOUIHE KJETKH 3THX MaTpui.

AHANOrHYHO TIPOH3BOAMTCHA BHIVHTAlHE KJAETOYHBX MaTPHU.

Ecan A—xknertounas Matpuua (1) M &—u4HCl0, TO HMEEM:

aAy ady, ... oAy,
oA = - .

aA aAp2...aqu
b. YMHOMXeHMEe KNETOYHHX MaTpull

[ycTh KxneTounnie MaTpuubl A U B HMEIOT CTPYKTYPY COOTBETCT-
BeHHo (1) m (2), npuuem g=r.

IpennonoxuM, 4yTo BCe KAETKH Agym By, i=1,2,..., py j=1,
2,...,q; k=1,2,..., §) TakoBH, YTO YHC/IO CTOABLOB K/ETKH Ay
paBusieTcs Yucay CTPOK knaeTku By, B vacTHOM cayuae, ecau Bce
KneTku A;, W B;,—KBagpaTHne ¥ HMCIOT OAWH H TOT K€ NOPSLOK,
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TO STO NpPEANOJIOKEHHE 3aBEeAOMO BHIONHAETCA, TOrMa MOWHO ZOKa-
3aTh, 4TO npoH3BeAeHWE MaTpHU A H B ecTb K/IETOYHASA MATpPHUA

Cll CIZ P CIS
Car Cop ... Cys

C= ’

Cpt Cpa.o i Cp
rie Cpp=A;By+AnByt ... +A4,8,0=1, 2, .., pp k=1,
» §), T. e. maTpULe A W B nepeMHOKAOTCH Tak, Kak OyATO

2, ...
H4 MeCTe KNeTOK Haxoaarcs uucna [2].

[Tpuwmep, Tepemrowasns KaeTOUHHE MaTpHUM

| '4—2—>|4—-l—> 7]
A= 1
2 P Q
!
n
3 l+—l—»r4—-2—> ]
f
2 R S
B=| ,
f
1 T U
H
noﬂy‘”’lM ManHLLy BHIXA _
AB=1 | PR4+QT | PS+QU
H

Oco6eHHO NPOCTO NPOUSBOMHTCA CJOKEHHE H YMHOMEHHEe KBA3WAHA-

rodansHux martpuu. Ecan

[ ]
S

&
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n nopaaxku marpun A; B;(i=1, 2, ..., ) ONHHAKOBH, TO, OYEBHA-
HO, HMeeM:

4+B |

A+B= IR

JAlBl

AB= I .
AsB;s

§ 12. O6pamenre MaTpay mpH NMOMOMA pPasGHEHAS HA KJICTKA

Ilyctb Ana xanHo# AeocobesHol uucioBOft MaTpuuw A Tpebyercs
naittu o6patuy0 matpuuy A~!. Paso6bem MaTpHuy A Ha uermpe

KNEeTKN;
a (r, 1) Qg (7 8)
A= .
Uy (S, f) 37} (Sr S)
3neck B cKOOKax YKa3aHbl TNOpPAAKH COOTBETCTBYIOUINX KJETOK,

NpuieM r~-$=n, rie n—iopsioKk MaTpuusl A. Byaem mckath ofpar-
Hyl0 MaTpuuy A~! Takxe B BHUIE YEThIPEXKJETOYHOM MaTPHIk

A_l_[ﬁll(r- ') ﬂlz(” S)]
- le (S- r) BM (S' S) :

Torna, Tak kxak A~'A=E, To, nepemnoxas 3TH MATPHLULI, NO1Y4YHM
YeThipe MATPHYHHIX YDaBHEHHs

B11011 -+ B 1500 =E,,

Brio1s +PBre0e =0, 1
211 -+ Bastiay =0, &
Por01ztPoolas =Ey,

rae £, u E — enuiuuseie MaTpHUH COOTBETCTBYIOUIMX NOPALKOBR. Pe-
LIMB 3Ty CHCTEMYy, OMpeae]NHM KJeTKH MaTpuusl A~L, Jas pemenus
cucteMol (1) ncrmosb3yeM cnoco6 HCKAKOUERHS HEU3RECTHRIX, YMHOWKas
cnpaBa nepeoe ypaBHeHRAe cucTemu (1) Ha ocrlloclz M BHYHTad Hu3 pe-
3yNbTATA YMHOXEHHS BTOPCE YDaBHEHHE 3TOH CHCTEMH, MOJY4HM;

-1 -1
Bz (@101 X3 — Agq) =Ty Oy
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Ortciona HaxoAuM:

Bra = —aj oy, (%22 — azxafllalz)-l

| -1
ﬁll -—all —Blzaua’u .
AHa/OrHYHO H3 TpEThEro W 4YeTBEPTOro ypasneHHH cHcTemun (1)
GyaeM HMETD:

oz = (%22 ——-auaﬁlau)'l

Bor = —PBosttsiaple

3116(1!), KOHEYHO, mpeanonaraercsd, 4TO COOTBETCTRYIONUHE ONEpauuu
HMEIOT CMbica, Beegem B paccMoTpenre MaTpuub

11’
0 =gy — 0y X =y — Yty

(2)

X=arla, Y=o,a7} }

Torpa ¢opmyan Aad KJETOK 51/ (6, /=1, 2) moxHO 3anucatn
mpouie:
611=(Z1_11+X6_1Y,
ﬁm:-——XO_l,
ﬁ2l=—6_1Y, 52226—1-
dopmyapt (1) onpenenstoT KiaeTku wmaTpuust A~! npu  ycaosum,

uro a ! u 07! cywecTByioT. BoluncaeHHs yL06GHO paclONOWHUTE B BHje
crenyouelt cxems [4]:

} Uag
X=aylay, ‘ ar! ‘ Uy
67! ‘ Y=a21a;11 ‘ O=05—Yay,
u
ap' + x0"Y‘ — X671
ATl=
—oy | e

ATOT METOA N0/E3HO NPUMEHATD, €C/IH MaTpHIA Gy NIETKO 06pa1‘uma.
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Mpumep 1. Obparuts Matpuuy

1 0 3 —4

0 1 5 6
-3 4 0 2 |
-5 —6 2 0

Pewenne. MMonowum
1 0 3 —4
oy, = ; Olyy = :
1 [0 1]’ 12 [5 6_]
o[ 4] 02
21 5 | P 2 ol *

[TpuMensiss NpHBeJEHHYIO Buile CxeMmy, Gylaem HMETb:

—3 4 0
—5 —6 2 0

3=

x| 3 = I 0 | 3 —4
5 6 | 0 1 |5 6

. 6 34| -3 4 | —11 —34

07 s | —47 —11 | =5 —6 | 47 16

Orciona

Yo-1— L 3 —4 16 34 ! 235 146
=T1a22|5 6| —47 —11 | T 1422 —202 104 |’

sy 16 34 7[—3 4 | [ —218 —140

0 13| —47 —11 || =5 —6 |TTam| 196 —i22 |’

- 1 236 146 | [ —3 4 | [ —1438 63
X0 = | —202 104 —5 —6 | T 1422 85 —1439 |°

Ilas koutpona nponssensenne XO71Y Buuncnages asyma cnoco0aMu:
X0~V =(X0~"12YY n VYO-lY=X(0"1Y)
[lo ofuie#t cxeme wumeem:

”‘—16 68 | —236 —146

86 —10| 202 —104
Al=

]
1422 218 140
—195 122

16 34
—47 —11
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YacTHHM C/yyaeM W3J0WEHHOro MeTolda sBJfETCH TaK HasbiBaemuh
MmeT0d okaidmaenusn. CyWHOCTb Cro 3akjiowaercs B cheayrouem. [1ycTo
Jaga MaTpHUa

apq... a1,

A=

Api-+Qyp
OGpasyeM moC/eIOBATENbHOCTh MaTpPHIL
S, = [_a”];
Q11 Qyg
S, = ] ;

Qg1 Qge
an a3 a3 %1z

Qg Qpg Qg
951 G52 933 ay g | g

F an Qi Qi3 Qi 14
Qg1 Qg Q3 Qg Ss an
J- a3 Q3 Q33 Q3 31

%1 Gz ds3 Qu A5 Gy ag | an

Sy=

I

n T. n. Kawxnas cienyiowiag MaTpPHia nosydyeHa M3 npelbayuiell npH

noMomn oxafimnenus. O6paTrHas Ko BTOpOH u3 Tux MaTpuu S; ' Haxo-
IUTCSl HENOCPEACTBEHHO:

Qo3 %13

STl A A
2 - ]

__ %1  4u

L A A

TIne
A=a;a,,—a;,a,.

Tipn moMomn MaTpuunl S; ', npuMenus k¥ S, NpPUBENGHHYIO BHIIE
CXeMy BBIUMC/JCHHS, MOKHO MoayuuTn S, ', a 3atem npu momoutd S; '
ananoruyno moayuuth S; ' m, Haxoweu, S, =A"1

MeTon oxaliMieHHST CTAHOBWTCS HENPHIOAHBIM, €CJH OAHA M3 MpO-
MeXyTOUHBX MaTpul S; sBasercs ocobeunofl. Ilonoxenne moxeT GHTh
HCITPaBJIeHO C TOMOULbIO TEPECTAHOBKH CTPOK Matpuub [3].

[MTpumep 2. Hatttu o6paTHyi0 MaTpuuy NAA MATPHUN

1 41 37

0 —1 3 —1
A=ls 19 ol

1 —2 5 1

Pemwenne, 3nech
1 4 -
S == == l-
=, _1] ;
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Cxema BHUMCACHHA S; ' HMEET ClelyOWHH BHI:
3 1| 0
x| 13t I
-3 [0—-1] 3
=1 __ 113 11]|—36
36
Y 0
13 143
12 T3
-1y .
X0-1Y = 1 ek
4 12
CrenoBatenbHo,
’ ro1 1 13 7]
12 3 36
-1 LI I I
S; = 3 2 PRE
L L R
L 12 36 3

Ins ewuncaenua S; ' CAYWHT credylomas cxema:

1 =2 5 1
a0t 1 B
9 2 3 36
x| 2 L _1t_ 11
3 4 12~ 19
I T I R O
9 2 3 36
g QL a1 2
P |76 18 18 9
)
| 3 7 7
33 99 99
- 1 31 7
1V — | — —_
X7y = 22 66 66 |
i 31 7
L 132 396 T 396

239
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Cnrenosatennno,
i

_3 1192
44 44 44 11
CAS N
44 44 4| T u
Si'=AT'=| 4 w0 2| 1=
43 4 T 43 2%
33 _ 10 9
L 4 44 4 22 |

—~5 15 19 -8

1 9 17 l —12
44 4 10 —2 21

3 =3t =7 18

§ 13. Tpeyroabnbie mMaTpHilb

Onpenenenne. KpanpaTnas MaTpuua HasulBaeTC Tpey20Ab6HOH,
€C/H 5/EMEHTH, CTOSLIME Bbli€ (HHKE) rJaBHOW [HATOHAAM, paBHH
Hyno. Hanpumep,

tll tla s tln
T_ 0 123 vee tgn

P T

0 0

tﬂﬂ
rane t,j= 0 npu i>> j, ecTb BepxKAf TpeyronbHas MaTpHUA. AHaforuuno

th 0 ... 0
T,=|f ta e O

tmv tne «ov lpg

rae t‘.j=0 ons j>> f, eCTb HUXHAS TPEYronbHas MaTpHna.

JvaroHanbHas MaTpuua ABASCTCH YAaCTHHM CAY4aeM KaK Bepxhedd,
TaKk M HUxHeH TpeyroabHOR MaTpuub. OnpenesHTenb TPEYroabHOM
MaTpHUW PaBeH MPOWU3BENEHHIO €€ NHArOHA/NbHbIX 3/1CMEHTOB, 4 HMEHHO:
ecau T=[t,-j]—'rpeyronbnaﬂ MATPUNA, TO O4eBUAHO, 4TO det7 =
=f,ty,...t,,. [103TOMY TpeyronbHas MaTpHua ABAAETCH HEOCOBEHHOH
TOJbKO TOra, KOrla BCe ee NMarOHa/lbHLIE JEMEHTH OT/AHYHbI OT HYJA,

Mowro nokasath, uto: 1) cymMMa H OpOH3BEIEHHE TpPEYrOAbHAHX
MaTpHL, OJHHAKOBOrO THMA W OMHOH W TOH We CTPYKTYypH, T. €. OAHO-
BPEMEHRO TOJbKO BEPXHUX HJIH TONBKO HHWHHX, €CTb TAaKWKe TPeyrodbHhe
MaTpHUB TOrO e THna U oGuleH CTPYKTyph; 2) ofGpaTHas MaTpuua
HCOCOOEHHON TpeyrosbuoH MaTpuus €CTb TAKIKE TPeyronbHas MaTpHila
TOro ®e THOa H CTPYKTyph. [lonb3yfice nmocaeaHum o6CTOATENBCTBOM
Mb JE€rKo MOweM 00pamaTh TPeyroldbHYI0 MaTpHLy.
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lTpumep 1. O6patuth MaTpuuy

1 0 0
A: 1 2 0 .
1 2 3
Pemenne. lNonoxkum

ty 0 0
A-1= 1231 .tzz 0 1.
t3]. t32 t33

IMepemuowas matpuum A u A~l Gynem umern:
b

th=1, ty + 285 + 3t =0,
t,+ 26, =0, 2%y, +3t,, =0,
2t,,=1, 3ty =1,
Otci00a nOCA€AOBATEABHO HAXOLUM:
1 1
th=1 t21——_2'; fgz=7;
1 1
t5=0; tgg=—733 tyg=-3 -

CaenoBaTenbHo,

}.

o ==

Hmeer mecto BaxHad TeopeMa [3].
Teopewma. Beakyw xsadparnylo MaTpuyy

a G 1n

A= Q21 Qg «se  Qgy
- . . . - ’

Qp1 Qna R Ann

umerouyio OTAUYRsle OT RYAA esasHble JuazonarsHble MUHODOY

ay; a1

A =a,;#0; A,=

t o] T B,=]A]£0,
MOMCHO npedcTasute 8 6ude npou3sedenus O03Yyx TPey2oAbHbLX MATDUY
pasaudnbix CTPYKTYD (HusMcHed u 8Bepxned), npuderm 370 pas3roxceHue
6yder eduHnCTBenHSIM, ecau 3apanee 3aukcuposats  QuA2OHAABHAE
asemenTot OGHOL u3 TpPeYyeOAbHbLX MaTpuy (Hanpumnep, ROAOKUTL UX
pasnoimu 1), '
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He MPHBOASA A0KA3aTEAbCTBA TEOPEMB, OFPAHUUYUMCA YKA3aHUEM CIIO-
co0a OTKLCKAHMA 3NCMEHTOB MCKOMKIX TPEyro/ibHRX MaTpuiu. H_yCTb

A=T,T,, M
rae

Ty=[b;], b6;=0 naa j>i, (2)
€CTb HHUIKHAA TPEYyroabHad MAaTpHUA nNOpAAKa 7;

Ty=[c;y], ¢;=0 nmas i>}, (3)

€CTb BEPXHES Tpeyronbsas MaTpHUa nopsaka n. [lepemHoxas 3TH
MaTpullbl, B cuay Gopmyas (1) moayumum:

n
Zb,-kckizai/ ¢ j=12, ..., n. (4)
k=1
Cuctema (4) B cuny ycaosuit (2) n (3) npuenMaet Bux
i
X bucry=ay wpn  i=j (=1,2, ..., n) (4")
k=1
H
!
a

bicry=a;; mpu i<j (i=1,2, ..., n—1). (4")
k

fl
—

Cuctemnl (4') u (4”) B cHay HX 0COGOH CTPYKTYPH JIEFKO pelaoTcs
¢ TOYHOCTHIO A0 [HaroHalbHbIX 3/CMeHTOB &;; W ¢;. [na onpepenen-
HOCTH MOWHO NOMOKHTL ¢;=1 (i=1, 2, ..., n).

[Tpumep 2. [lpeactaBuTh MaTPHUY

1 —1 2
A=|—-1 5 4
2 4 14

B BHJE NMDOH3BEAEHHN ABYX TpPeYronbhulXx MaTpuu 7, u T,.
Pewenne. A=T,T,. Byaem nckatb T, n T, B Buae

th O 0 1 ryp 755
Ty=|ta tm O [uT,={0 1 ry|.
Ly ly Iy 0 0 1

Umveenr:
1 -1 2 tn tuie tiris
—1 5 4 |=|fn farriattee Ifaf1zt+1tanras H
2 4 U4 31 faifiedfae fa/istfyerastas
OTKyna
th=1 tyre=—1 turs=72;
th=—1 tlig+fpe=95; tofigttaalas=4;

1=2; Lalfie 1l =4 taalia -+ faal ag 13y = 14
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Pewur cucremy, nmoayunm:

th=1; ty=—1; ty=2
taa=14 t3 =6; tiy=1;
3.
re=—1 ryu=2 r3s=v5 -
Taknum o6pa3oM,
10 0]
T,=|—1 4 0
2 6 1
. i
1 —1 2
3
T,=[0 1 o |
0. 0 1 J

[Monb3aysace mupencraraexuem xpaapaTHoit Matpnuw A (det As5£0)
B BHIE NPOU3BEACHHS ABYX TPEYTrOAbHBIX MaTpHI, MOMHO yKa3aTh eile
OonuH cnocof BpiYyHcaAeHHA 06paTHOW MaTpuual ATl a uMeHHO, ecaH

A=T,T,,
TO
AT =TT

OépaTHue MaTpHUB I TPEYroabiblX, KaK Mb BHAE/H BhIlie, HAXO-
AATCH CPABHUTEJALHO NPOCTO.

§ 14. dnementapsbie npeoGpasoBaHud MATPHI

Crenyioutue npeoBpa3oBanus MaTpHL HOCAT HA3BAHUS 3A2MEHTAPHbIX:

1) nmepecranoBka ABYX CTPOK HJAH CTOAGILOSB;

2) yMHOWetHe BCeX 3/JeMeHTOB KakoH-a1u60 cTpokm (cToabua) Ha
01HO M TO X€ 4YHCA0, OTAHHHOE OT Hy.s;

3) mpubarnenne K 3aeMeHTaM Kako#-nu6o cTpokn (cTonbua) cooT-
BCTCTBYIOULHX 3/1€MEHTOB APYrof cTPOKH (CT0N61a), yMHOKEHHBIX HA OAHO,
M TO XK€ 4HCJO.

JlBe mMaTpui HA3WBAIOTCA IKBUBGACHTHoLMY, CCAU OAHA MOJydaeTcs
N3 Apyro#l ¢ NOMOWIBI0 KOHEHHOTO HHCIA 3NEMEHTAPHKX NPeo6pa3oBanui.
Takue MaTpuuh He ABARIOTCA, BOOOULIE FrO3OPS, PABHBIMH, HO, KAK MOXHO
1OKa3aTb, UMEIOT OAHH B TOT ke paur [6].

Jlerko y6ednTbCsl, 4TO Kaxkiaoe a/jemeHTapnoe npeobpas3oBaiie KBal-
paTHOH MaTpHib A PABHOCHALHO YMHOXEHHIO NOCACAHER HA HEKOTOPYIO
HeoCoBeHHy0 MaTpuuy. [lpn 3toM, ecan npeo6pa3onanue NMPOH3BOLHTCS
Hal cTpokamu (croafuamu) MaTpau A, TO MHOWHTEIb AOMKEH ObTb
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JieBbiM (TIPaBHIM) ¥ MPENCTaBAsITh COG0H pe3y/ibTaT NIPHMEHEHR] COOTBET-
CTBYIOLLErO 3/€MCHTAPHOIO MPCOGPA30BaHUA K eAHHUYHOH MaTpuue (6],
Hanpumep, nepecrasnga B MaTpuue

A=\ayn ap a5y
BTOPYI0 H TpeThio CTpokH, O6yaeM HMETb SKBHBAJEHTHYIO MaTpUUY

A=|an a3z a3

[ .

Ta we MaTpuua A NoOny4nTCs, €C/AW B €AHHHYHON MaTpuue

I 0 0
E=|[0 1 0
0 0 1

MNEePeCTaBHTh BTOPYXD H TPETb{0O CTPOKH H NOJYUYEHHYIO MaTpHUY

E=

(=2 R
-0 O
o - O

YMHOXHUTH cneBa Ha matpuuy A, T. e. A= EA.

AnanornynbiM ¢rnoco6oM NpousBOAAT H APYrHe 3MEMEHTapHble mpe-
o6pa3oBanns. 3aMetum, uTo ecan B paBeHcTBe AA~1=FE cosepiath
oLMHaKOBbie mpeoOpa3oranus cTpok matpuu A u E mo Tex mop, moka
MaTpHUa A He npeBpaTHTCR B €AHHHUYHYIO, TO OYIeM HMETD EAA- 1—E,
rae E—npeoépasoeauﬂaﬂ enunuyHas MaTpuua. OTciona, Tak kak EA=E,
nonyunm A~1=FE, 1. e. o6paTHan maTpuua A~! mpcmcrasaseT coGoh
npeo6pasoBAHHYIO €AMHUYHYIO MAaTpPHLY. Ha 3ToM oCHOBaH ¢nocob BHuu-
cieHHs OGPaTHOH MAaTpPHULL NpH HOMOWLH NPeo6pa3oBaHHs CTPOK [4].

§ 15. Buimucienue ompeneaureeii

DnemMeHTapHHe Npeo6pa3oBaHHA MATPHUB HAOT HauGoJee yNOGHHM
¢noco® BLYKC/EHHA onpenenuTens 3Toif Marpuun. [lycTb, Hanpumep,

an Qig «v. Qg
Q a vee Q
A — 21 22 n (1)
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[Ipeanonaras, uto @;; = 0, Gynem umeTh:

1 Q13 «v. g
91
—— Oy ... Qgu
A —a &,
n— ¥ . s .
any
= Gy ... Qup
_Gn

Otcloaa, BHYHTAST U3 3/IEMEHTOB @y, NPHHALJICKALUIHX j-MY CTOAGUY
(j; 2), COOTBCTCTBYIOM{HE 3/EMEHTH MepPBOrO CTONGHA, YMHOXKEHHHE
Ha @, MOJYunM:

i1 0 ... 073
a,
(ﬁ a‘zlz) e all)
An:all . - " . - . . :allAn-l’
a
ni (1) (1)
a e
—all n3 nn 1
rae
) (1) 1
Qgy Qa3 s« Ggp
all) Q1) gt
A, =] 33 an (2)
(1) (1) (1
an2 a’l3 e aﬂ’l
H
(1 anty .,
ay =ay——— ({, j=2,3, ..., n).

K onpeaeantemo A, _; npusmensem TOT xe npueM. Ecau Bce anementu
ai™"V£0 (=12, ..., ),
TO OKOHYATEJBHO HAaXOAHUM:
A,=ayas) ... am Y (3)

Ecnu B KakoM-HHGYIb MpOMEKYTOUHOM ompenenutene A,_, nesuiit
BEPXHHI JCMEHT @by, k4 =0, TO CNEAyeT nepecTaBHTh CTPOKH HAH
cTon6ub onpenenntens A,_, Tak, 4TOOH HYXHBH HaM 3/eMeHT Oba
OT/AMYEH OT HynAd (3TO BO3MOWHO BCeraa, ecau onpenenurtenp As=0).
Kone4HO, TPH 3TOM C/lelyeT yuecTh H3MEHEHNE 3HaKaonpeneantens A, _,.

MoxHo AaTh 6onee obuiee npasuio, [lycTs onpeseanteas A, = det o5
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npco6pa3oBan Tak, YTO O, =1 (0tpg — rnaBHUA SNEMEHT), T. €.

Ty o Uiy Ay On
1731 | Qiq | . ay Qin
Ap=| v oemee e .
0p 1 eor |G| oo Gpn
. . P N §
(s Gpg eos Gnj see Upp

Torza

— +q A
R,=(—1*4,
rie A,_;= det[af})] ecTh onpenfenures (/1 — 1)-ro nopaaka, noayyalo-
uutica u3 A, nyteum BpiGpacwBanis p-i CTPOKH H g-To cTonbua ¢ mocae-
JylowHM npeoGpasoBanueM 37eMeHTOB no dopuyae

(1) __
Qi = a,-j—a,qocpj,

T. €. KaoOslll 3AemMeHT ocf-}) onpedeautesn A,_; pasen cooTsercTeylo-

Wemy dAEMENTY Oy onpedeiutern A, ymeroulenHOMY Ha npou3sedenue
20 «npoeKyud» Oy, U O, KA OTGpOwenHbie cTOAGEy U CTPOKY ucxod-
HO20 onpedeaureis. [J0Ka3aTe bCTBO 3TOTO MON0WEHUS JNeTKO BHTEKAaeT
u3 o6uIMx CBOHCTB ompeneautench [7].

[Ipunep. Buuncaurs

31 —1 2 1]
-2 3 1 4 3
As=1 1 4 2 3 11l
5 —2 —3 5 —]
-1 1 2 3 2

Pewenwne. Tlpunumas 3a raasnmit aneMenT o= 1, 6ynem uMeTh!

—2 —3.3 3 —1-3 l—(—=1)3 4-—2.3

Ay (—1yivs| =31 4 —1.1 2—(—1)-1 3 —2.1
57 5 —3.(—1) =2 —1-(—1) =3—(—1)(—1) 5 —2-(—1)

—1 =32 1 —1.2 2—(—1)2 3 —2.2

—11 0 —2

-2 3 3 |1

Tl 8 —1 —4 7

-7 -1 4 -1
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llanee, npunuman 3a IJaBHLf 3MEMEHT @,y=1 W npuMeHsq aHa/o-
ruyHoe npeobpa3oBanue, nOJYUHM:

—15 6 10 —15 3 10
Ay=(—1p| 2 —2 =B ol 2 —Il =%
-9 2 7 -9 |1 7
12 -1l
—9.(e1)3+2 —
—2.(—1y+e| 2 52] 446.

3aMeTHM, uTO YHCAO YMHOWEHHH W NENCHUH, HYKHBHX NIf Bh'HC/IC
HUS OnpejesHTejs f-TO NOpsaka, pasHo [8]

"=l int 4 n+3)

JluTepaTypa K celbMoii raase
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nzpar, 1950. .
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® Nog & o



FJTABA VI
PEILEHUE CUCTEM JIMHEWHBIX YPABHEHMIA

§ |. OOmas xapakTepHCTHKA MeTOROB pelleHHs CHCTeM
JNyHeAnsIX ypaBuenuii

Cnoco6nl pclleHHsl CHCTEM JHHe{HLIX YpaBHEHHH B OCHOBHOM pas-
neastiorcss Ha mBe rpynnbl: 1) Tounvie merodot, npepcTasasniouiue co6oH
KOHEUHDBIE anTOPUGMbI 115 BHUHCICHUT KOPHEH CHCTeMul {T4KOBLI, HaNpH-
mep, npasuao Kpamepa, Metom Taycca, MeTOm raaBHbIX 971eMECHTOB,
METOA KBaApPATHHX KODHeH W Ap.), W 2) uTepayuonnvie merodot, 1103B0-
JSOULHE TIOYYyaTb KOPHH CHCTeM € 3alaHHOH TOUYHOCTBI) mNyTeMm
cxoaswHxca GeckoHeubX MPOUECCOB (K YHCAY HX OTHOCATCAS MeTod
urepayuu, metrod 3eiddenn, merod pesakcayuu W Ap.).

BenremctBie HeuaGexnblXx OKPYrAeHHH pe3yapTaThl Jlawe TOYHBIX
METOMOB ABAAIOTCA NP UG N U K € HHB MH, IPHYEM OlleHKa MOTPCWHOCTEH
xopHeli B obuiem cayyae 3aTpyAHuTensHa. [IpH Hcmoab30BaHUK HTeEpa-
UHOHHBIX NIPOUECCOB, CBEPX TOTro, A06aBAfeTCH MOTPEWHOCTL METOAd.

3ameruM, yto s5pdexTHBHOE MpHMEHEHHE HTEePALHOHHWX MEeTOMLO0B
CYLIECTBEHHO 3aBUCHT OT YAAYHOrO BHIGOpA HAYANBHOTO NPHOIHKEHHS
¥ GhICTPOTH CXOAMMOCTH Npouecca.

§ 2. Pemenne cucTem ¢ MOMOMmMBIO OOpaTHO# MAaTpHIH.
dopmys Kpamepa

IlveTh nmaHa cucTeMma 71 JUNEHHBIX YpaBHEHHH € 71 HCH3BECTHLIMH

A%yt @kt g, = by,
@gi¥y+ QgpXe . Qg X, = by, (1)
QX+ a,x+ ... Fa,,x, =8,
O6o3nauum yepes
Ay Qg +-« Qi
A= | T G2z -v- Gan (2)

Ay Qpg «++ Qpp
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MaTpuily H3 KO3ppuuumeHTOB cuctemun (1), uepes

b=\ @)

x=" 4)

—cTonGen u3 Heu3BecTHHIX (McKOMB B Bek Top). Torna cucrema (1)
KpP4TKO MOWeET OWTb 3amucaHa B BHAE MATPHYHOIO YpABHEHHH

Ax =b. (3)

CoBokynnocTb uwucen %y, %Xy ..., %, (WIH, KOpOuE, BEKTOp X),
ofpawatomwux cucreMy (1) B TOWNECTBO, HA3hIBAETCH peuleHuem 3TOH
CHCTEMBI, 3 CaMH YHCAA X;—ee KOPHAMU.

Ecan marpuua A —HeocoGennasn, T. e.

G Gz .. Gy
detA=|% T e fn | A2, (6)

An1 Qpa «ev Qpp

To cucteMa (1), HIn IKBHBANEHTHOE efl MaTpHYHOe ypaBHeHHe (5), uMeer
€AMHCTBEHHOE pellleHHeE,

B cavom zene, npu ycaoeuu det As40 cywectByer ofpaTHas Ma-
Tpuua A~1l, Ymuowas o6e yacTu ypaBuenus (D) caeBa Ha maTpuny A~
NOJYYHM

A 1 Ax=A"1b
HJIH
x=A"1b. (7)
dopmyna (7), oueBuAHO, MaeT peineHue ypasHenus (5), npuuenm Tax

Kak Kaijaoe peumrenpe uMeeT BHA (7), TO pelleHUe E€AHHCTBEIHO,
Npumep 1. Pemnts cucremy ypasuenuit

3x;, —x,=235,
—2x FxyFx;=0,
2x, — x4 dxy =13,
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Pemtenue. 3anuweM cHcTeMy B MaTpHYHOH dopme

3 —1 0 Xp 5
-2 11 ¥ =1 01,
2 —1 4 Lx 15

Onpeaenurens marpuunl A AaHHOH cHCTeMA

3 —1 0
detA=|—2 1 1|=5=£0,
2 —1 4

Buuncass ofpathylo matpuuny A~ monyumm:

RS
A=l 2 2
o5 5]
Orciona
xl . —‘g‘* 5 9
xy = 2 1—5% —% 0 |=| 1 |.
X5 0 -15- %f_ 15 3

3uauut, ¥;=2; x,=1; x,=3.

Has Matpuun A nopsaxka n >4 HenocpeacTBEHHOE HAXOWAEHHE
obpaTHolt maTpuusl A~! TpeGyer mHoro Bpemeuu. IToatomy dopmyna (7)
peako ynoTtpebsnsgeTca Ha NMpaKTHKE.

HMonpsyscy dopmynott (7), 1erko nonyuuTh GOPMYNH A1 HEU3BECTHHX
cuctems (1). Kax wm3pecrno (ra. VII, § 4),

ATl=1 A4,
rne
All A21 Anl
A: - . .
Aln A?n Ann
—MaTpuua, .cowo3nas ¢ A (A;; — anre6panyeckne ROMOJNHEHHS 3/IeMeH-

TOB @;;). Hoartomy
] ~
x——K‘Ab
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HIH
Tx T CAT
Xy . AZ i
=a0 ) )
gl LAl
rue
n ay ve.0 i1 by Gy i+1 «+v Qi
_ G ... azyl'_l b2 Qg j+1 +e. Qap
Ai—lz:Ajibj—‘ e e
=1
Qp1 evr Qp i) by Au,i+1 -+ App

— ONpeNe/HTEe/NH, NMOAYYaoLIHecT H3 onpeneauTens A [¢1op.\1yna {6)]
TyTeM 3aMEeHH €0 {-ro cT0A61a CTONGLOM CBOGOLHKIX 4/E€HOB CHCTEMH (1),
s pamenctBa (8) nonyuaem gopmyan. Kpamepa

A A, A
X=3, x‘l:f’,"" Xp=—t. (9

CnenosatensHo, eci onpegenutens cucteMs (1) As=0, To cucTeMa
HMEET eIHHCTBEHHOE DEIleHHe X, onpeneasemoe Marpuunoh popmy.ot (7)
N/H 3KBHBAJEHTHLIMH e CKansaphbiMu dopmyaamu (9).

[lpumep 2. Pemntb cucteMy nuielHuox ypaBHeHHH

2xy - xy — x5+ x4 =8,
X, —3x,—6x,=9,

2%y — x4} 2x4= —5,
X, +4x, —Tx,+6x,=0.

Pewenne. Onpenenntenn 3T0#f cHcTeMbl

2 I =5 1
1 =3 0 6

A= 0 9 4 9| =270
l 4 -7 6

Buuncass AONOMHKTENbHHE OnpeNenuTeNH, HOJIyllHM:

8 1 —5 1
9 —3 0 —5 .
M=l_5 o —1 - o/=8L
0 4 —7 6
2 8 —5 1
1 9 0 —5| .
A= 0 —5 —1 9 = —108;
L0 —7 6
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2 1 8 1
1 —3 9 —6
By=lp o 5 o=—20
1 4 0 6
2 1 —5 8
1 =3 0 9
A4=0 2 —1 —5 —27.
1 4 —7 0
Orciona
A, 81
1=3 =g =%
A, 108
=gk
A .
=R T Tk
A, 27

Taxum o6pa3om, pemtenue auHeliHol cucTemu (1) ¢ 77 HEH3BECTHHIMHA

" cBoauTca K BuuncaeHuip (n-+ 1)-ro onpeneanteas nopsiaka n. Ecan

YHCAO 72 BeJNHKO, TO BbIMUC/EHNE Oonpenenutenel apasieTcd TPynoemMKOH

onepauneil. [losTomy pa3paboTaHb npsiMble NPHEMbl HAXOWKIAEHHS KOPHEH
JUHERHOR CHCTEMH,

§ 3. Meton Taycca

HanbGonee pacnpocTpaHeHHHIM MPHCMOM pElIEHHs CHCTeM JHHeHHKIX
ypasHeHHil aBaseTca aaropugm nocne10BaTeNbHOrO HCK/IOYEHHS Heus-
BECTHHIX. JTOT METOA HOCHT Ha3Banue meroda [aycca. O npocToTh
paccyxneHHi OrpasMyuMCcCs PacCMOTpDEHUEM CHCTEeMH YeThpeX ypasHe-
HHH C YeTbipbMsl HEH3BECTHLIMH

X+ QX+ @ Xt a4 X = a5,
Q1 Xy Bye Xy QygXg T Gy Xq = Ay,
M
@y %)+ Xy + Ag3X5+ A5 X = Ay,
g, %)+ QapXy+ QggXs+ @gaXy = Q45
TMyctb @), =0 (Benyuwu#t snement). Pasnenus koagdruncuru
NepBOro ypaBHeHHa cHCTeMu (1) Ha ayy, Doayuum:
X1+ 15X+ by3 X5+ 014X = by (2)
rae
b= (j>1
U= (j>1).
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Moasaysacy, ypasuennem (2), rerko ucknouuTh U3 cucremn (1) nens-
BECTHYIO X¢ LR 3TOI0 AOCTATOUHO W3 BTOPOro ypanHenus chcrems (1)
BbiueCTb ypasHeHHe (2), YMHOXKEHHOE Ha a,,, U3 TPEThErO ypaBuEHHs
cuctemMp! (1) BwueCTb ypaBuenue (2), yMHOXEHHOE HA a4, W T. 4.
B pesyabrate nonyumm cuctemy u3 Tpex ypaBuewuft

1) 1 ,. ) ()
Qo2 Xyt Ao X3+ Ao Xy = Qs
e} (1 « (1) .
@52 %, + @355+ a5 %, = agy, (1)

(1) (1) 1) (1)
Baa Xy -+ @gaXy+ @ yg X =Yy,

rae kosbduunentn al’ (I, j=2) swunucasorca no dopuyae
 __ .
aij =ay—a,by, {{, j=2).
Pasnenus, najnee, k03hdnuUReHTH NEPROro YpaBHEHHA CHCTEMH (19
Ha «BedyuwHH saemenT» all), nonyunm ypasaeune
{1) (1 {1 ’
X, 4+ b, b, = bih 2)
rie
20
Bl =—,  (U>2)
a0
22
Hcekmionas Tenepb x, TakuM xe CNOCOGOM, KAKHM MBI HCKAIOYHIR X,
NpHAeM K caeAyiouiell cHcTemMe ypaBHeHHU:

0(323)x3 + a(a?zu)x‘l = ’15;25)' } (1")
aws + axi =l
rae

o =aP—al ey (I, j=3)

Pazneans kosdduunenrw nepsoro ypaBHenns cucremu (17) wa
“BeRyu HA sneMenTy @), noxyunm:

2) . 2
X5+ b0, =b2), (2%
rae
(2)
a5
b =2L ;> 3),
3/ al?)
33
Mckaiouus Teneps X, aHANOTHYHHM myTeM 3 cacTemu (1%), Gyazem
HMeTh!
aye=al, 4
rae

(3) — (2) — 2 H(2) / f
i '—at(i G bsi (6, j=4).
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Orciona
(3)
X4 = 435 =b<3) (2H/)
4 (3} 45"
a44

OcTanbuble meH3BeCTHBE NMOCJAELOBATEARRO ONpPELLASIOTCS W3 ypas-
neunit (27), (2) » (2):

— H(2) __ pHi2)
X3 bas b34x4'
(1 (1) (1)
x2=bzs—bz4x4“‘b-23x5,
X, =0b5—b4Xq— b X5—b10%,.

Taxum 06pa3om, npolecc perteHus JauHeHHON CHCTEMH NO MeTOLY
Taycca cBOAHTCH K MOCTPOEHHIO SKBUBaJeHTHON cucTemm (2), (27, (27),
(277), uMetoutelt TpeyroabHyio MaTpuuy. HeoOX0aUMBM H L0OCTATOYHLIM
YC/IOBHEM MPUMEHUMOCTH MCTOA ABAACTCA HEPABEHCTBO HYJIO BCeX «BEAY-
LIHX 3MCMEHTOBY. Bolunucaenus yao6HO moMeCTHTHL B Tabauwy 13. Tlpu-
BCIEHHAn B Hel cxema Ha3nBaeTCa cxemol eOQuncTBeHH020 Oesenus.
Tpouecc Haxowaenns xospduLreHTOB b;;’"’ TPEeyronbnol CHCTeMb!
OObIUHO HA3BIBACTCH npasmsim x000M, NPOUECC MOJAYUYEHHS 3Hauenuld He-
H3BECTHLIX — 06pATHOIM X000M.

[Tpamoit xom HaynHaeTCs € BHNUCLIBAHHT KOIPPHLUHEHTOB CHCTEMS,
BKMo4as cBoboanbie wieHn (passen A). TMocneaunss cTpoka pa3nena A
cxeMbl npeactapafeT co0oH pe3yabTaT AeneHud MepBoH CTPOKH pa3aena
Ha «BenyuwlMH B3eMeHT» a;;. IVeMeHTH aj.l!’ ({, j=2) cnenywulero

pasnena cxems (pasmen A;) PaBHb COOTBETCTBYIOUUMM SJieMEHTAM &,
TpeauIecTBYIOUlero pasfena ©Ge3 DPOU3BEACHUST MX «NpOeKuHi» Ha
panm pa3nena A, codepwaumue sneMent 1 (T. e.-Ha nepBmii croabeu
K MOCTeJHIoNn CTPOKY). '

[Mocnennsns crpoxa pasaena A, HaxOQNTCAd MNyTeM AeneHus nepsol
CTPOKH pa3gena Ha «BeayUHP SaeMeHT» 0(2123. AHanoruyHo cTposiTes

caelyloutde pasnens. Tlpsamoli xon 3awanyuBaeTcsl, KOrna Mu aofines
00 pa3fena, COCTOALLErO M3 OZHOH CTPOKH, HE CUHTas npeofpa3oBaH-
1ol (pasfen A; B HalleM yacTHOM Ciydae).

Tlpn oOpaTHOM XOde HCNOAB3YIOTCA JHIL CTPOKH pasnenos A;,.
cooepwautue EAHHULE (OTMEYeHHble CTPOKU), HAYMHAST C MOCAemHe.
AneMeHT bﬁ’ H3 pasaena A,, cTosuHi B cTonbue ¢8000AHBIX YNCHOB OT-
MeyeHHOW CTPOKHM pa3fena, AaeT 3HayeHue x,. [lanee, Bce OCTajbHbE
HeusBecTHole X; (=3, 2, 1) mar 3a WAroM HAaXOAATCA C TOMOULBKD
BHIYUTAHUA M3 CBOGOAHOTO Y/l€HA OTMEYEHHOH CTPOKH CYMMbl MpPOH3Be-
aennit ee kK03PDHLUNEHTOB Ra COOTBETCTBYIOUIHE 3HAYERK S paHee HaligeH-
HHIX HEH3BECTHHX. 3HAUEHHS HEU3BECTHBIX MOCJENOBATENbHO BHIUCHBA-
10Tcs B nocaeanuft paszzen B. PaccraBaeHuble Tam eAUHHUL HOMOLaioT
HAXOAHTh JAf X; COOTBETCTByWOULHE KO3PDULHEHTH B OTMEUYCHHBIX
CTPOKAX.
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Ta6anna 13
CxeMa €lMHCTBEHHOrO NeJenus
Caobonsnbie « Faspens
E Xy X3 X4 YaeHb - CXeMbl
ayy ayg (U1 ay, a5 (2T
Q9 A2 Q93 Qga a5 Qgg
a3 2%} Qg3 Qg4 Qgp ] A
Q41 Q49 Q43 Qg Qyg Qas
bis b1a b b1y b1e
(1) (1) () (1) (1)
Qyy Qys %yq 9y 9oa
(1) (1) (L (1) (1)
U3 233 Qa4 Qys 936 A
(1) (1) 1) (1 (1) !
A4y 943 a‘“ 245 Q46
(1) (1) (1) (1)
1 bza bza b25 b26
(2) (2) (2) (2)
333 Qg4 O3 Qg4
(2) (2) (2} (2)
Q43 a4 A4 24 Ay
"2) (2) (2)
1 by, byy bys
(3) (8} (3
a4y %45 LY
(3) (31
1 by bs Az
(X‘) (Xq)
1 Xy f::,
1 xg X3 B
1 Xy Xy
1 Xy Xq

JIET| KOHTpOAd BbIYHCACHUH HCMOAb3YIOTCl TaK Ha3bBaeMnE «KOH-

TPOJAbHHE CYMMGI»

b
ai6=,21‘1ij (i=1,2, ..., 9),
j=

3)

noMelleHHbe B cToAGUe 2 H npeacTaBasiowHe cobol cyMMy an1eMeHTOB
CTPOK MAaTPHUL HCXOAHOH cuCTeMbl (1), BKAWYAA CBOOOAHHE HYAEHH.
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Ecav @y, npunaTh 33 HoBwe cBOGOAHME 4NeHW B CHCTEME (1), 10
npeoGpasoBaustas AudelHas cUCTeMa

4
2 o %, =ay,  (I=1, 2, 3, 4) (4)

GyIlE‘T HMETb HEH3BECTHHIE x/, CBYI3aHHbIE C NPEWMHHMH HEHIBECTHHIMH xl
COOTHOLIEHNHMH

X;=x,41 (=1, 2 3, 4). (5)

B camom nene, nomcrasass dopmyan (5) B ypabuenne (4), B cuay
cuctemn (1) u dopmya (3) nmonyyum ToxaectTBo

4 4 5
/2 a,jxj—i—jz a,/=/2l a =0 (J=1, 2, 3, 4).
=\ =1 =

Boo6uie, ecam Han KOHTPOJLHBIMA CyMMaMB B Kamaofl CTpPOKe mpo-
IENhBATb Te K€ Onepauul, 4YTO H HAA OCTAJbHLIMH 3NEMEHTAMH
STOH CTPOKH, TO NIpU OTCYTCTBHN OWIKOOK B BHLIUHCAGHHSX 3JIEMEHTH
cronbua 2‘ PaBHbL CYMMaM 3/IEMEHTOB COOTBETCTBYIOLIHX Npeo6pazoBaH-
HbiX CTPOK. ITO OBCTONTENBCTBO CAYKHT KOHTpONEM IpHMOro Xona.
O6paTHblii  X04 KOHTDPONUPYETCA HAXOMIEHHEM 4HHCel X, KOTOphie
AODKHE COBMARATH C YHCAAMM X, + 1.

[Ipasep. Pemuts cucremy

7,9x, 49,66, 45,7x,~7,2x, = 6,68;

8,5x, —4,8x, 4 0,8x, -+ 3,5x, = 9,95; .
4,3%, +4,20, — 3,2, + 9,3, = 8.6; (6)
3,2x, —1,4x,—8,9x, -+ 3,3x, = L.

Pewenne. B pazgen A Tabanum 14 Bunmesm martpuuy kodddu-
WHEHTOR CHCTEMb, €€ CBOOOINHBIE 4/€HBl M KOHTpPOJAbHKE cymmb. [anee,
3an0aHseM MOCACAHIOD (MATYIO) CTPOKY pa3aena A, Aens nepsyio
cTpoky Ha 7,9 (Ha ay,).

[Mepexoanm K 3anonHenuio pazgena A, taGauum. B3ss nwo6oil sne-
MeHT pasaena A (He HaXOARUMHCS B Nepsofi CTPOKE), BHIMHTAEM H3
HEero NpPOW3BENCHHE TNEDPBOrO SNEMEHTA €ro CTPOKH HAa MNOCASAHHA
9n1eMeHT  €T0.161a, K KOTOPOMY OH NDHHALNEXHT, H 3anuchHiBaeM Ha
COOTBETCTBYIOWEE MECTO B pasnese A, cxemu. Hanpumep, Buépaa
a4,= —8,9, 6yaem nMeTh:

0l =ag—aub;= —8,9—3,2.0,72152 = — 11,20886.

YT06Hm monyunTh NOCJAELHIOD CTPOKY pa3fena A,, Ae/nM BCe YeHw
nepsofl CTpokH 3TOro pasaena Ha all)= —10,8253|. Hanpumep,

(1)
(m _ %3 —5,33202 .
byy = a0 = 10,89531 = 0,49263.




§ 3) METOL TAYCCA 277

Ta6nuna 14

Pewenue cucrembl N0 cXeMe eNHHCTBCHHOTO NeJenus

l CeoGoankle Paznenw
bt Xz 2] X4 pasnesn p2 cxXemb
7,9 5,6 5,7 —7,2 6,68 18,68
8,6 —4,8 0,8 3,56 9,95 17,95 A
4,3 4,2 —3.2 9,3 8,6 23,2
3,2 —1,4 —8.9 3,3 1 —2,8

1 0,70886 0,72152 -—0,91189 | 0,84557 2,36456
—10,82531 -—5,33292 11,24682 2,76265) —2,14876
1,15190 —6,30254 13,21898 | 4,96405 13,03239 A,
—3,66835 | —11,20886 6,21645 |—1,70582] —10,36658
! 0,49263 | —1,03804 |—0,25520]  0.19849
—6,87000 14,41573 | '5,25801 12,80374 A
—9,40172 2,40525 |—2,64198) —9,63845 ?
i —2,09836 |—0,76536] —1,86372.
—17,32294 [—9,83768| —27,16062 A,
1 0,56790 1,56790
1 0,56790 1,56790
1 0,42630/  1,42630 | o
1 0,12480 1,12480
1 0,96710 1,96710

AnanornysbM nyTeM 3ano/HAOTCA OCTa/lbHue pasfeas Tabadunl.
Hanpumep,

(2) (1 (1) g(1)
Qg3 =gy —Ayp byg =

= 6,21645 — ( — 3,66835) - ( — 1,03894) = 2,40525,

JIns HaxowaeHHs HEM3BECTHHX MCNOAb3YEM CTPOKH, COAEPKALLlHe
e[HHHIL, HauyuHas ¢ nocjenHeit (oTmedennste cTpoku). HensBecTHoe Xy
npeacTaB/ineT co00B cBOOGOAHMLIN uaer nmocaenHedt cTpokH pasaena Ag

x,="0%% =0,56790,

BHQHEHHH OCTa/bHbIX HEH3BECTHHX X4, X,, Xy NOJAYHAIOTCHA nocje-
A0BATEAbHO B Pe3y/bTaTe BHYHTAHUA H3 CBOﬁOlIHleV‘UIEHOB OTMCHYCHHBIX
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CTPOK CYMMH NpOU3BELEHHN COOTBETCTBYIOMHX KOIPPHUNEHTOB bﬁ-/) Ha
panee HalleHuble 3HAYEHHN HEUSBECTHLIX,
Nmeem:

X, =4 — by x, = —0,76536 — (—2,09836)-0,56790 = 0,42630;

(1) (1) mn
Xy =byy —bygXg—byyx5=

= —0,25520 — ( — ¥,03894) -0,56790 — 0,49263 . 0,42630 = 0,12480;

X, = by — b 4%, — bygky — by o, = 0,84557 — ( — 0,91139) X
% 0,56790 — 0,72152.0,42630 — 0,70886-0,12480 = 0,96710.

Hrak,
x,=0,06710; x,=0,12480; x,=0,42630; x,=0,56790.

Tekyuilnil KOHTPONb BLIYHC/JEHHH OCyliecTBASETCH € MOMOWBIO
cTo.101a 2, Hall KOTODLIM [POH3BOARNTCH Te Xe RefCTBHA, YTO M Hal
OCTanbHLIME CTOJOLAMH.

B pesyabrate: 1) cymmMa 3n1¢MeHTOB Ka/A0H CTPOKH CXeMH (He npH-
BaanexamHux croabuy 2) fAomkHa ObITh paBHa 3n1eMeHTY 3TOH CTpPOKH

W3 cT0aA61a Dy 2) KOPHH X;, COOTBETCTBYIOUIHE CTOAGUY ), AOMKHUI
OuiTb Ha eauHuuy 6GoJblIe COOTBETCTBYIOUINX KOpPHeH CHCTEMH.

Kctarn, ecnn yyecTe eAMHHUL), HallMcaHekwe B pa3nene B, 1o onaTb
NMONYYUTCH, YTO U B 3TOM pa3jese 3JeMeHTH ¢To/6ua ZﬂBﬂﬂ}OTCﬂ CyMm-
MaMH 3/IeMEHTOB OTBevalollMX MM CTPok. B nawewm cayuyae nepBoe n
BTOpOE yCAOBHfl BLINOJAHAIOTCA € TOYHOCTBHIO NO €AHHHIK MOCAeJHEro
paspana. CnenoBaTtenbHo, NMOYTH ROCTOBEPHO, YTO BHIUHC/IECHHA BbLINOJ-
HeHbl NPaBHAbLHO. .

3ameTuM, UTO €C/JH MaTpHIlA CHCTEMbl — CHMMETpPHYECKaf, TO COOT-
BETCTBYIOUIHE 4acTH pa3aenoB A, Ay, A,, ... CXeMbl eAHHCTBEHHOrO
JejeHnsl TaKwe [0AYyYaioTcsl CHMMEeTPHYCCKHMHE. DTO 06CTOATEALCTBO
MOXHO HCMONb30BAThb AN YNPOLWLEHHA Tab/AWILHL

Herpyaro oueduTh uncao N apudgmeryyeckux aeficTteufl, Heobxoan-
MLIX JAAf pelleHHA JHHEeAHOW CHUCTeMbl C /2 HEH3BECTHLIMH METOLOM
laycca [5] (He yuuThBas KoHTpoOJf).

Jas npsmoro xoma rTpebGyeTcd cJaefylouiee YHCA0 YyMHOmEHHH’
¥ denchHufl

np+N+m—Dnd .+ 12=(124+224+ ...+ 1)+
+(1+2+__,+ﬂ)=w

n(n—1)
2

YMHOMKEHHI H NeJeHHA H Takoe e KOJAHYECTBO BuuuTanuil, Cienosa-

¥ CTOAbKO Xe BuuuTaHuit, Ilaa o6paTHoro xoaa morpebyeTtcs
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TeabHo, ofliee KOJAWYECTBO apudMernuyeckux neHcTeufi B MeToxe
laycca ectn

N.—:——2"(n'l'?]’)(n'*'g)-i—rz(n—1)<n3
npy n>17.

Takum o6pa3om, Bpems, HeoOXOAHMOe LJRA pELEHHa JHHeRHON
cucTeMs MertonoM [aycca, nmpumepHo npornopuuoHanpHo KyBOy uucaa
Hen3BecTHHX. Hanpumep, aas pewenus metonom [aycca cuctemn 100
JiuHelublx ypaBHenn#t co 100 Heu3BeCTHHIMH Ha ObICTpOREACTBYIOUIEN
MalnHe, Bunoansouefi 104 onepaunit B cexynay, notpebyercsa Bpems

T=10%.10"4=100 cexk.

dakTHyeckoe MaliHHHOe BpeMs OyneT 3HAYMTENbHO 60Jbuie BBHILY
HaAH4Hs 8 OporpamMe, kpoMe apudMeTHuecknx AeHCTBUR, apyrux omne-
pauuit (mepeagpecauus, JOrHYecKHe onepauid, nepecuiikd, GopMUpPO-
Banue W Ap.).

§ 4. YTounenne kopned

TMoayyeHnbie MeTOAOM ['aycca npubauneHube 3na4e s kopHelt MowHo
yTOuHHTb, [lokawmeM, KaK STO Jenaerca, eCaM MONPABKH KOPHEH Mainl
no abcon0THON BeanuHie. '

[MycTp Aas cHCTeMbl

Ax=b
Haf1eHO npuGawkeHHOe pewenne X,. [lomaras
x=x,+0,
8,
aaa nmonpaskr 8= . | Kopns X, GyseMm HMeTb ypaBHeHHE
8
Alx,+8)=b
HIH
Ad =g,

rie g=>b—Ax,—nesaska 012 npubauxenHo2o pewenus X, Takum
06pa30M, uTOGHL HANUTH O, HYWHO PELINTh JHHEUHYIO CHCTEMY C npewHeH
&

MaTpuueit A M HOBWM CBOOGONHHM 4jeHoM €= . |. Jlas atoro nocra-
e,

TOYHO K OCHOBHOH cxeme BhlMHCJAEHH{ NPHCORMAHHHTH cTOAbell & ¢B0OOOA-

HLIX Y4JEeHOB M npeobpa3oBaTh ero mo ofuinM npasuaam. [lonpasku 6,

8y, ..., 0, Kax OGHIMHO, ONPEAENAOTCH M3 OTMCUEHHHX CTPOK, MpHYEM

KO3(hhHUMEHTE NPH STHX HEH3IBECTHbIX NONPABKAX Y Ke HMEIOTCH [OTOBLIMH
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8 Tafaune. 3aMeTHM, 4TO npeobpa3osanubie KOIDDUUHEHTH MATPHIW A
MOMHO HC YTOUYHATb, TaK KAaK NPH MaJdbiX HEBA3KAX COOTBETCTBYIOLIHE
owubikn 6ynyr obnasate Gosee BHICOKHM OOPSILKOM MaJOCTH,

f1pumep. Pewnte meronaom Taycca ¢ Tpems 3nakamu (Hampumep,
Ha cyeTHOH annelKe AN BPYUHYIO) CHCTEMY

6x;, —xy—x,=11,33;
—x,+6x, — w3 =32 (1)
— X —xy+ 6x,=142.

Hcnonbsys nonyuennbie 3HauYeHHR KaK HayaibHble TPUGTHKEHHS, yTOH-
HHTbL KopHr go 1074,

Peumenue. IMpumennem OO6HUHYIO CXEMY ELWHCTBEHHOTO LEJAEHHUA
(radauua 15), Bunoanaa Bce NEHCTBUA ¢ TPeMd 3HauautuMy uudpamu.

Ta6nuuna 156

Yrounenne KnpHeil, BBUNCAeHHBbIX MeTogoM lMaycca

Y %, X3 nggé):gme b Hesnska e
—1 —1 11,33 15,33 —0.02
] —1 32 36 0
- —1 6 42 46 —0,01
1 —0.167 —0,167 1.89 2,56 —0.0033
5,83 —L17 33,9 38,6 ~—0,0033
—117 , 43.9 48.6 —0,0133
1 —0,200 5,80 6,60 —0,0006
5,60 50,7 56,3 —0,0140
1 9,05 10,05 — 01,0025
9,0475
1 7,62 8.62 —0,0011
7.6189
1 4,67 —0,0039
4,6661

Nveem npubaumeHnsie 3HaueHHs KOpHEH:

2 =467, £ =7,62; x{ =9,05.
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Monacrtasans stuuncaa 8-rannyio cuctemy (1), BHUYHCISEM COOTBCTCTBY 0~
ulHe HEBu3KH (T. €. Pa3HOCTH MEXAY NpaBo#l U NeBOH yacTamH cHcTeMb (1))

e =—0,02; e”=0; e”=—0,01

Wcnonbays 3T 3Hayenus B KayecTRe cROBGOAHWX uaenoB (Tabinna 19),
[0Jy4aeM MONPAaBKH KOpHEH

8 = —0,0039; 8,/ = —0,0011; &Y’ = —0,0025.
OTCIOLla HAXOJHM YTOUHECHIILIE 3HAUEHUST K_OpHeﬁ
x; =4,6661; x,=7,6189; x,=9,0475,
npuyeM HEBA3KH PaBHBI
8,=—2.10"%, §,=2.10"%, 8,=0.

Wrorna tpebyeTcs onpemnenuTh BO3MOXHYIO owHOKy Ax Kopha x
NHHEHHOR CHCTEMH 0O H3BECTHHIM MajniM omubkam AA u Ab matpuun A
CHCTeMBl H ee CBOGOJHOrO usena b.

Hmeem:

Ax=0>b (2)

(A4 AA) (x+Ax) =b-+ Ab. (3)

Ortciona, npenebperas ManawM uneHoM AA.Ax, noayun:
Ax+AAx +AAx=b6-+Ab
Han

AAx=Ab—AAx. (4

Taxkum 06pasoM, 115 BPHOIHKEHHOTO HAXOXAEHUT AX MOKHO HCTIOJb-
30BaTh cxeMy [aycca and OCHOBHOH cuCTeMmbl (2), MOMOJHHB 3TY CXeMy
HOBHIM CTONGLOM CBOGOZHBIX uneHOB Ab— AAx.

§ 5. MeToa rJaBHBLIX 3JEMEHTOB

IMycTs mana aumue#nan cHerema

ap X -bapx,+ . e, =a 40
Qo Xy gk + . @K, =0y s )

. . - . PR

QX+ 0l + ...t X, =a, ..



282 PEIUEHHE CHCTEM NHHENAHBIX YPABHEHHH [ra. vm

PaccMOTpUM paciIMPEHHYI0 NPSMOYFOABHYIO MATPHUY, COCTOSALLYIO
H3 KO3pdHUHEHTOB CHCTEMH M €€ CBOGONHBIX YJEHOB,

ty1 Qi «.. Arj oss al(] eee A1y Q1 p+1 J—
Gy Gz eer Qof voe Ozg ove Qo Q3 i
Qn  Qig ene Apjoees aiq eee Qi Qf pii
M= e e e e e e - . .
apl apz cen GP/ .-.‘apq ‘e (Zp" Gp.n+1
| Gy Gy evr Gpjoevs Qpg «vv Qpp Gy pp

Brfepem HeHysneso#f, kak npasuao, HanGoAbWIHK MO MOAYJNIO, He
npusannexaniuit K cronbily cBOGORHHX YNeHOB (g =% n - 1) anemenT ap,
MaTpHuW M, KOTODHIY Ha3LIBACTCH 2AABHGIM JAEMEHTOM, H BLIUHCAHM
MHOXHTENH

=gt
Pq
nns Beex i=&p,

Crpoka ¢ HOMepOM p MaTpuiuy M, coaepwaulas TAaBHHE DJIEMEHT,
HasniBaeTcsl esasHold crpokod. [lanee, npoussensem caeldyIOUlyl0 onepa-
M0 K KaXI0H HernaBHOR CTPoKe NpubaBuM rAaBHYI0 CTPOKY, YMHOWEH-
HYIO Ha COOTBETCTBYIOULHH MHOXHTENDb m; N5 3TOH CTpOXH. B pe3ynb-
TaTe€ MB NOJYUHM HOBYIO MATpuily, y KOTOpol ¢-# cTonbeuw COCTOUT
n3 nynet. OT6pachiBan 9TOT ¢ToAGE H IIABHYIO pP-I0 CTPOKY, MONYHHM
HOBYIO MaTpuuy M) ¢ MEHbIIHM HA eAMHHLLY YHCAOM CTPOK M CTONOUOB,

Han matpuueit M) poBTOpsieM Te e omepauuu, nocae yero no-
ayuyaem matpuny M@, w 71, a4, Takum o6pa3om, Mbl MOCTPOHUM MOC/Es
N0BaTENBHOCTD MaTpHLL

M, MDD, L, M=,

NnoC/Je1HA H3 KOTOPHX NPEACTaBASeT IBYYNMEHHYH) MaTpHUY-CTPOKY;
€e TaKwe CYHTaeM rnaBHOW CTPOKOH.

Jna onpenenenua HEH3BCCTHHX X; OOBEAMHACM B CHCTEMY BCE rnaB-
Hule CTPOKH, Haunwasi ¢ mocsaeawed, BxoasuleHh B maTpuuy M1—D,

[Mocne HanneXaulero U3MeHEHH S HyMePaUHN HEH3BECTHHX MOyYaeTcs
cHCTEMAa € TpeyroabHoH MaTpuuel, K3 KOTOPOH nerxko war 3a iarou
HaliTu HeH3aBecTHuwe JHaHHOM cucTemb (1), MeTon raaBHWX 3aeMeHTOB
BCEr1a MPHMEHHM, €CAW OnpefeauTenb CHCTEeMb

ay --. AQip

det A =

Api «ev Qup
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3ameTuMm, uto MeTon [aycca sBASIETCH YAaCTHLIM C/ydaem MeTOHA
TaBHBIX 9/7€MEHTOB, a c¢xema metona [aycca mosnyusaercs, ecad 3a raas-
Hblfi 37€MEHT Bceraa BoiOHpaTbh ACBHH BEDXHHH S7EMEHT COOTBETCTBYIO-
el MaTtpuus.

§ 6. Npumenenne metona Faycca nJs BLIMHC/AEHHA ODpefeJHTeJei

[Mycte
1y Gya +v Q1p
A= Qg Qo ees Qo (1)
Qn1 Gpa +vv Gpp
H
A =det A, (2)
PaccMorpuM nuHefiHylo cucremy
Ax =0, (3)

[Tpn peutennu cucremu (3) no meroay FCaycca Mol 3amendau matpuuy A
TpeyroJpHON MaTpuueit B, cocTosliell H3 5/1eMEHTOB OTMEUEHHKIX CTPOK,

1 by by vev by,
B=10 1 BY .. bV

23 2n e
[ S S

00 0o ..
B pe3syabtare noayuanaacb 3KBHBAJEHTHAsl CHCTeMa
Bx=0. 4

DaeMeHTH MATPHUH B 1oc/aeA0BaTENbIO NOAYYaNHCh U3 3TEMEHTOB
MaTpuun A ma’bHeHLINX BCNOMOraTe/NbHuXx MaTpuul 4, 4 A

C NOMOULbIO CJEAYIOULMX 3JEMERTapHLX npeofpa3osakuii:

1) ZeneHWs Ha CBEAYULHE» SACMEHTH @y, @Ya, ..., s ), KOTOPHIE
Npeanosarainch OTAHUHBIMM OT HYNH, H

2) BHWYMTAHHS W3 CTPOK MaTpUlbl A H NPOMEWYTOUHHX MaTpuu A;
(i=1, 2, ..., n—1) uucea, nPoONOPUHOBANBHHX 3JIEMEHTAM COOTBET-
CTBYIOIMNX BEAYIIHX CTPOK. [1pH nepBofi onepauny ollpeesHTeNb MaTPHUN
TAKKe NEAHTCA H3 COOTBETCTBYIOWHI «Beayulif» 34eMEHT, npH BTO-
poit —onpenendTens MaTpullW OCTaeTcsl HeuaMeHHmM. [losTomy

20 e ey Ay

det A
detB=1= o Tk
andyy, ... @y
CirenosaTenbHo,
A=detd=gaal) ... ali-1), (9)

T. €. onpedeaurerv pasen npous3sedenurd «Bedyujux» SAeMeHTo8 018
cootgercrsyroued cxemoi [aycca. OTcliona 3ak/loyaeM, 4YTO NpHBEAEHHAS
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Havu B § 3 cXema eNHNHCTBEHHOTO JeACHHN MOWET OhiTh HCIOMb-
30BaHa A% BHIYIC/ACHHA onpeneautenel, npudeM cToa6en CcBOOOLHBIX
YJIEHOB TOPMRA CTAHOBHTCH H3NWILHUM. )
3aMeTHM, YTO €CAH ANF KAKOTO-unGyNb Ward 31eMeHT ali™V =0uan
6au30K K HYMO (4TO BacueT 3a COGOH yMeHbUIEHHE TOYHOCTH BBIYHC/e-
HUR), TO c/elyeT COOTBETCTBYIOUIMM O6Pa30M U3MEHHTh NMOPALOK CTPOK
H CTO/JOLOB MATDHAILH.
[Tpumep. Buuucauts onpenenutens
7.4 2,2 —3,1 0,7
A— 1,6 4,8 —8,5 4,5
4,7 7,0 —6,0 6,6|°
59 2,7 49 —5,3
Peumrenne, Hcnoanays saeMeHTo ORpenenutens A, cocrasise
CXeMy eIHHCTBEGHHOro neneHHs (tabamia 16).
Ta6auua 16
Buiugcaenne onpelenntens merosom laycca

V-it cTon6eu 2-f cronfeu | 3-A cronbeun | 4-i1 cronbew b3 ‘
| 7.4 2,2 -3,1 0,7 7,2
1.6 4,8 —8,5 4,5 2,4
4,7 7,0 —6,0 6.6 12,3 A
5.9 2,7 4,9 —5,3 8,2
| 0,29729 —0,41891 0.09459 0,97297
| 4,32434[ —7,82974 4,34866 0,84326
5,60274 —4,03112 6, 15543 7,72705
0,94599 7,37157 | —5,85808 2,45948 Ay
] —1,81032 1,00562 0, 19500
6,11331 | 0,52120 6,63451
9,08440 —6,80039 2,27501 A
2
1 0,08523 1.08526
| —7,58393 —17,58393 A,
A=-—1483 61867
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[MepeMHuoxan «Bedyuine» 31eMEHTH (3aKAIOHEHHHIE B PAMKH), NOAY YKL

A =17,4-4,32434-6,11331.( —7,58393) = — 1483,61867.

OGpaTuMm BHuMaHue HAa caenyloulee 06CTOATENbCTBO, [af TOro 4To6H
PelHTs CHCTEMY £ NHHeluwx ypaBHeHu# ¢ 7 HenssecTHwMH RO Qoup-
mynam Kpamepa, nywuo Buuucants n 4 1 onpeasenutenedl n-ro nopsaka.
Mexny Tem 1Sl BHMUCAEHHS OLHOrO ONpENEAHTEAs /1-TO NOPAAKA N0
CNeMe EJHHCTBEHHOrO AesleHua TpebyeTCs MOYTH Takok e o6bem paGoTh,
KaK H A% [OAHOr0 pelelns CHCTeMn ypaBHenylt. [103TOMY 101530BaThCR
dopmynamu Kpamepa aas uncaenHoro pewmteHus nuHe#Hol CHCTEMH NpPH
n> 3, BooGUlE TOBOPA, HELENECOOGPAZHO.

§ 7. Beiancaenne o6GpartHoii maTtpuust meronom [aycca

[ycTe nasa neocoGeHHas MaTpHua

A=[aij] (i) j= ]) 2,' es ey fl). (1)
Jlast Haxowaenns ee o6pAaTHON MaTpHUM
A7V =[xy (2)

HCNONb3YEM OCHOBHOE COOTHOLUEHHE
AA"1=E, (3)

rae E— eaunnynas matpuua,
[Mepemnoxas maTpuus A n A™!, Gynem umeTs # cucTeM ypaBHEHMH
OTHOCHTENBHO 7% HEH3BECTHBIX X,

kzla“‘x"’:a” (G, j=1,2, ..., 1),

rae

5. _{ 1, korna =/,
7710, woraa i~

[Tony4ennele 7 cHCTeM NUHeRHbIX ypaBHenul aaa j=1, 2, ... n,
MMEIOULHX OAHY W Ty e Matpuuy A W pasanuHpe CBOGOIHNWE YiaeHu,
ONHOBPEMERHO MOWHO pelunTb MmetoaoM [aycca.

Mpumep., Haiiru obpatnyo matpiuy A™! gas MATPuaunw

r1,8 —3,8 07 —3,7
,0,7 2,1 —2,6 —2,8
73 81 1,7 —49°
Ll,g —4,3 —4,9 —47
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Pemenune;, CocTaBuM cxemy ¢ eABHCTBEHHLM ResenneM. JIpH sTom .
6yneM uMeTh 4eThipe cTOAGUA CBOGOAHLIX unenoB (Tabauna 17). 3ame-

THM, YTO 3JCMEHTH CTPOK O6PATHOH MaTpHUbL MOAY4aloTes B 06paTHOM
nopsaxe,

Ta6auna 17

Buiuncnenne ofipaTHoft mMaTpuuwm metonoMm laycca

gl o Xy X34 Xay T ]=1 ]1=2 i=3 =4 ¥
1,8/—3,8 0,7 =3,7 1 0 0 0 —4,0
0.7 2,1 ~2,6 -2,8 0 1 0 0 -~1,6
7,31 8,1 1,7 —4,9 0 0 I 0 13,2
1,91—4,3 -4,9 —4,7 0 0 0 i —11,0
1 |-2,11111f 0,38889/-2,05556| 0,55556| 0 0 0 —2,22223
3,57778|-2,87222|—1,36111|—0,38885 | 0 0 -0,04440
23,51110|—1,13890| 10,10559|—4,05551| 0 1 0 29,42228
—0,28889|—5,6388%| ~0,79444|—1,05554| 0 0 I —6,77776
1 —0,80279|~0,38042|—0,10858| 0,27950{ 0 0 —0,0124)
17,73557| 19,04992(-1,50032|-6,57135| 1 0 29,71405
—5,87081/—0,90434|—1,08694| 0,08074| 0 1 —6,78134
| 1,07411{-0,08459(—-0,37108| 0,05638| 0 1,67539
5,40155(-1,58355(-2,09780; 0,33100| 1 3,06456
I -0,29316/-0,38837| 0,06128| 0,18513| 0,56540
------- B e e e [
1 0,23030; 0,04607|—0,00944|-0,19885| 1,05809
1 : —0,03533| 0,16873| 0,01573|-0,08920| 1,06013
1. —0.21121{-0,46003| 0,16284] 0,26956| 0,76266

Ha octioBauun pesynpTatoB Tabanuwm 17 noayuaewm:

—0,21121 —0,46003 0,16284 0,26956

—0,03533 0,16373 0,01573  —0,08920
0,23030 0,04607 -0,00944 —0,19885 |°

—0,29316 —0,38837 0,06128 0,18513

A=
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Jns npoBepKH COCTaBHM TNpOW3BElNEHHE

1,8 3,8 0,7 —3,79 —0,21121 —0,46003 0,16284 0,26956
AA-1 0,7 2,1 —2,6—2,8||—0.03533 0,16873 0,01573 —0,08920 | __
|73 81 1,7-—49 0.23030  0,04607 —0,00941 —0,19885 | —

1,9 —~4,3 —4,9 —4,7 | |_—0,29316 --0,38837 0,06128 0,18513

0,99997  0,00000 —0,00001  0,00000
—0,00025  0,99997 —0,00002 —0,00039
—0,00808 —0,01017  0,99982  0,00009

L. 0,00000 0,00000 0,00000 1,00048

0,03 0,00 0,01 0,00
0,25 0,03 0,02 0,39
8,08 10,17 0,18 —0,09 |°
0,00 0,00 0,00 —0,48

=E—10"3.

Mb BuanM, uto Gnaronaps okpyrieHuio ofpaTHas MaTpHUa MOAY-
yunach He Brnoave TouHoH. Huxe mb ykawesm (cM. § 15) meTon nenpa-
BJIEHHSl 3/1€MEHTOB NPUOAHWEHHOH 0OpaTHOM MaTpHLb.

§ 8. MeTton KBaApPAaTHBLIX KOpHEi
[lycTs nmana nuuefiHaa cucrtema
Ax =b, n

rne A=[a;]— cumverpnyeckan matpuua, T.e. A =[a;]=A. Toraa

M‘anHLLy A MOXHO ﬂpEIlCTaBHTb B BHAaEC ﬂpOH3B€ll€HHﬂ llByX Tpchno-
HHPOBAHHBIX MEWAY COOOH TpeyronbHLIX MaTpHL,
4
A=TT, 2)

rae

0 0 ... in, Lin lan ove nn

Tponseons nepemuoxenne matpun 7 u 7, 047 ONDenesNeHUN 3JeMeH-
TOB #;, MaTpHub 7 NOJYYHM CIENLYIOLUHE YDaBHEHHUS:

tutyt oty + . it =ay (i <Jj)
Y SR
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Orclo8a nocnenoBatenbHo H3XONHUM:
— a,, .
tu=l/aur t[,':?: (]>1)-

S
t11=‘/“11—2 ta <li<n,
k=1
fom}
N
ary— D titsy

fi/=+_”l (i <M

t;=0 npu >

3

Cucrema (1) uMeeT ompenencHHoe eQWHCTBEHHOE pelleHHe, €CTH
t,==0 (=1, 2, ..., n), Tak Kaxk TOraa

det A =det T"-det T'= (det T) = (£,,ty, . .. 2,,)% 0.

Kosdouunentu matpuun 7 6ynyT neHcTeuTeabau, ecnu 3 > 0. B aann-
nelwem Mp, BoOOULe roBopsi, He GyaeM MPeLmonaraTh 3TO NOcCAedHee
YCNORHE BHITOJHEHHBIM,
[Tpn nannunu cooTowenus (2) ypasueune (1) 3KBHBAAGHTHO ABYM
ypaBuenuam: '
' Ty=b n Tx=y,

HAHW B DacKpwTOM BHIAE

Lty =by,
Loy 190V = by, )
Lottt Ly, =0,
H
LIRE PR R I P UL of PP g U
X0+ ...+ tznx"=y2,j 5)
t"ﬂxn:—y"‘
Otci013 NOCACHOBATENRHO HAXOMAMM:
_bh
Y1 =t
-1
6
by— D triie ()
. k=1

y=—tt— >
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H .
I/
xnth",
nn
n
7
yi— X tinta (7)
k=i+ .
K= (<),

Wanowennuift cnocob peuleHns JHHEHHOR CHCTEMbl HOCHT Ha3BaHue
meroda keadparueix KoprHed. Tax kKak Marpuua A -— cuMMeTpHuyeckad,

aMatpuua 7 —BepXxHAf TPEYroJabHas, TO B BHYHCAHTENbHOH CXEME MOXK IO
3aMucHIBATD TOJbKO % (n -+ 1) Bepxuux ko3ppuuueHTos a;, 1 £, (E=)).
[Tpn Buiumcnenusx npuMensercs OOLIYHBIA KOHTPOJb C MOMOILBIO CYMM,
ApHYCM NPH COCTAB/JEHHH CYMMbl YYHTHIBAIOTCH BCe KO3(DPHUHCHTH COOT-
BeTcTBYIOULeH CTPOKH.

3aMeTHM, UYTO ecad s HEeKOFOpod s-H CTpokH Hmeem t§s<0, TO
COOTBETCTBYIOUIHE SNEMeHTH Z;, OyayT MuuMbiMA. MeTtoa opmanbio
MPUMEHUM H B 3TOM cJayuae.

[Tpn npakTHYECKOM NPBMEHEHUH MeTOa KRAAPATHHX KOPHEH npassim
x0dom ¢ nomoitbio ¢opymya (3) u (6) nocnea0BaTENLHO BHYHCATIOTTS
kospduunent £, u y, (i=1, 2, ..., n), a 3aTem obpatnein x0dos
¢ nOMOULbIO GOPMYJIbl (7) HAXOAATCHA HeH3BECTHUE X, ({=n,n—1, ... 1)

[Tpusep. MeTonoM KBaApaTHBIX KOPHEH PELIHTH CHCTEMY yPaBHEHHH

3x,+F4x,—0x;-F x,—3x;=95,4;
—2x, —0x,+3x,—2x,+2x;=25,0;
Xo—2x,+5x4+3x,=7,5;

— 2%, — 34, + 205+ 3wy -+ 4xy=33. )

x,+3x, —2x, —2xy=10,5; ]

Pemwewnue. 3anucnpaeM ko3QGuUUHEHTH a;; H CROGOARKE HACHN f;
JanHol cucTembl B Hauanbibf pasaen A rtabanum (tabsuua 18) u noa-
CYHThIBaeM CToaGel Z Mpumenss dopmyan (3) u (6), nocaenosatenbiio
nepexoas OT CTPOKH K CTPOKe, BbYHCASCM KOSDOHUMEHTH £, W HOBHIE
cBoGonHKe 4YIeHW y¥; W, TakuM 06pa3oM, 3amoansieM pasaca 5 tabauusl.

Hanpuwep,

Ay —ligls—layfos _ 2—(—2) (—2) —(—0,4472i)( — |,3416i)
las - 0,8944«

=1,5653i.

t35 =

Jns KOHTpOas noacudTwBaeMm CcToAGen 2 Ha ocnoBanun dopmyn
(7) waxoAHMM 3HaYeHHS HEH3BECTHbIX X; M KOHTPOJDbHHE BEAHYHHA
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Tabnuna 18
Peitende JuHeHHON cHCTeMbl METOROM KBaApPaTHHIX KopHel

ais iz . ajy ay, ' ap b 2 Pfféﬁ."’
| 3 —2 0 —2 0,5 0,5
3 4 —5 1 —3 5,4 5,4

—2 -5 3 —2 2 5,0 1,0 A
0 | —2 5 3 7,5 14,5

—2 —3 2 3 4 3,3 7,3

i tiz i fie ‘ iy Y1 z

1 3 —2 0 -2 0,5 0,5

- 2,2361¢ |—0,4472i1—0,4472(—1,34164|—1,7471i|—1,7471
- 0,8944¢| 2,0125:| 1,5653i|—7,5803i|—3,1081i| &b
- | 3,0414 | 2,2194 |—2,2928 } 2,9679
- | 0,8221i 0,1643¢ 0,9859;

—6,0978| —2,2016| —6,8011 | —0,8996| 0,1998

X B
—5,0973| —1.2017| —5,8004| 0,1007| 1,1992 %

x;=x;+ 1, nomewas ux B pasnene B. Hampumep,

_ Yar— ls¥o— ot _
o foo " 6 9 1
—7,5803i —1,5652-0,1998—2,0125i - (—0,8996)
0,8944; = —6,8011.

§ 9. Cxema Xameuxoro

Ins ynoGcTBa paccyxaenndt cucTeMy AuHeHMHbx ypaBhenn#l sanu-
pmIeM B MaTPUYHOM BHAE

Ax =20, (1)
rae A=[ai/]—KBaLlpaTHaﬂ MaTpuua nopaiaka nn M
- x] -
. a1 n+1
x=| . [, b=| ...
. : an‘n+1
- X,

— BeKTOPH-CTOAGUN. [IpeacTaBuM MaTpuuy A B BHIE [POH3BELEHUHA
nwwHell Tpeyroasnof matpuun B=[b,] n Bepxue# TpeyroapHoh Mat-
puus C={[c;;] ¢ eaunnynoll anarowanbio, T. e.

A =BC, 2
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rae
by 0 ... 0 . 1 cyp.i.€qp
B— byy by +.. 0 u C— 0 1 ...6p
bpr bna ... bpn 00 ... 1

Toraa saementu &;, H ¢;; onpeneasioTcs no Qopaynan

bl’l =0y

j=1 .
byy=a;— kzjl biCyy (i=j>1

01/

cl/ =bll,

i (-1 - 4)
Ci/=m<“u—szkck/) a<i<< ).
k=1
OTCI0Za HCKOMEIl BEKTOpP X MOWET GHTb BHYHCAEH H3 LEMH ypape

HeHn#i
By=»b, Cx=y. (5)

Tak kax matpuunl B u C—Tpeyronbtuie, TO cHCTeMH (D) aerxo
peIldIOTCH, a MMEHHO:

_ %t
h= byy
| (6)
yi=r<ai,n+1_2b/kyk> (i>1
i k=1
H
xnzyn’
n
7
xi=yi—k2+ Cpx, (I <n). (7
={+1

WUs ¢opmya (6) BuAnO, 4TO uMCAa ¥; BHTOLHO BHYHCAATH BMECTE

¢ koauumenTamn ¢;;. ITOT METOA MOAYUHJ Ha3BaHne cxemol Xasrey-

kozo. B cxeme npumendeTcd OObl4HLI KOHTDO/Ab ¢ MOMOUIBIO CyMM.
3aMeTHM, 4TO ecau MaTpHUA A — CHMMETDHUECKAd, T. €. ;= dy;, TO

by :
Ciy=p; (i <))
Cxema Xajeukoro yno6Ha aas paGoThl HAa BHWYHMCAHTEAbHBIX MAallH-

Hax, TaK KaK B STOM Cnyyae onepauuu «Hakonaenusi» (3) u (4) Moxuo
npoBOANTb 0€3 3aMHCH NPOMEXYTOUHEIX PE3YyNbTATOB.
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[Ipunwmep. Pemntsp cucremy

36,4+ x5— x54+2x,=06;"
—3x,+ x,+3x,—4x,= —12;
26,4 x3— X4=1; B
Xy —9x,+43x;—3x,=3.

Pewmeunune (cM, Tabanny 19).

B nepswit pazgen Tabanuw 19 Bnumem Matpuily Ko3dhdHUHEHTOB
CHCTEMB, ee CBOGOIHbIE UYNERHI M KOHTPOJbHbLIE CyMMHl.

Nanee, Tak kak b, =a; (i=1, 2, 3, 4), To nepsuit cronbeu u3s
pazaena 1 nepenocutcs B mepauil crToaeu pasiena 1l

UToOH MOAYyYHTH NepByld cTpoky paszsena ll, nenum Bce 3neMenTh
neproit cTpoku pasiena | ra sneMeHT a@,;=~0,,, B HaleM caydae Ha 3,

Fhveem;
Cia =5 =0, 3);
5132—%=—0: 3%
Cia=2=0, (6);
C1p= -g— =2
tlo=15 =2, (6)

[lepexonns K 3aMOJHERUWW BTOPOTO cToa6ua pasnena I, waunnas
co sropoit ctpoxn. [loabsysics dopmynamu (3), onpeneasem &,

1 8
bog = gy — by C1g=1— ( _5"§) =5 =2,66(6);

1 2
b32=asz“b31512=0'—2'§=“§=01 (6);
1 1
bag =4y —b41C1g=—5—1 -—3—=—5§=——5, (3).

- lanee, oupenenss c,;(j=3, 4, 5, 6) no dopmynay (4), sanonnsem
BTOPYK CTpoky pastena ll: '

c23=512—2(a.23—b21c13) =3 [3—(—5)- (—%)] =i
=g (@bt =5 (=9 —(=5)- 5| =— 3
Cos = g (125 — by 15) = 5 [(—12)—(—5)-2] -3
on = 5= (30— by1C10) = [(-17)-(-5)}-%] =
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3aTeM MepPexoHM K TpeTbeMy CTOAGLYY, BHLIYHC/IASR €ro 3jeMeHTH g
u b, no dopmynam (3) u T. A., noka He OymeT 3arnojHeHa B¢ Tab-
auua paspena Il Takum o6pasom, sanosnenue pasgena Il mponcxoaur
cnocofoM «esouKHuy: cToN0el — CTPOKa, cToabel — CTPOKa M T. A.

B pasnene llI, nonwsyacs dopmynamu (6) u (7), ompenensem y;
ux; (i=1, 2, 3, 4).

TeKywHnii KOHTPOAb OCYLLECTBAAETCS C MOMOLLbIo cToabUA 2 Han
KOTOPHM NPOH3BOAATCH Te He ueﬁcreuﬁ YTO H HaA cTOJ6LOM cBOGOA-
HHIX YJEHOB.

§ 10. MeTtoa uTepauuu

TIpn 60AbLIOM YHCJIE HEHU3BECTHbX JAHHEHRHOH cncTeMbl CcxeMma Me-
Tona laycca, nawouias TOYHOE pelleHHe, CTAHOBHTCH BeCbMa CJIOKHOM.
B 3THX yCnOBHAX IS HaXOwAEHHS KOpHel cucTeMmbl HHOraa ylnoGHee
N0J/b30BaThCsl MPHONMIKEHHBIMH YHCJEHHHIMH MeTomaMu. M3n0oxuM 3nech
OLHH M3 3THX METOJMOB — MeTOO urepayuu.

[Tycrb naHa nuHelHas cucTeMa

ayXytapX,+ oo Fax, =0,
@y X1+ QppXp 1 .. +‘12n » =0,

QX+ ax,4 .. +a o =0,

BBeas B paccMOTpeHHe MaTpHUHI

(1)

- X1 by

Gur Gy -0 Qi Xy by

| am ag -..ap I .
A= SO ow=p L b=

Qpy Qpa s Qup . .

X, b,

cucremy (1) KOPOTKO MOXHO 3amHcaTh B BHAE MATPHYHOrO ypaBHeHHS
Ax=»b. (1)
Tpeanonarasi, 4TO AHATOHaAbHBE KO3(GDHUHEHTH
(Z”#O (l:'lr 2, ..., 1),

paspelluy nepeoe ypaBHeHHe cucTeMul (1) OTHOCHTENBHO X, BTOpOE —
OTHOCHTEJBHO X, H T. A. TOrza nosyyusm SKBHBAJIEHTHYIO CHCTEMY

=Pr+ o, o+ L +a‘1nxn’

xz‘— 52+°‘21-‘v +°‘23x3+ - Clop X

—5 +an1x +an2x + ! n,n—lxn—l’

2
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riae
! 4y
wa,=0mnpu i=j (i j=1,2, ..., n)
Bseaa maTpuuu

i By

Ay Qg +ee Oy Be
= %t Gz ... 02 u ﬁ= :
p

alll ﬂnz ve. alll?
n

cucTeMy (2) Mowem 3anucaTs B MaTpHunofl ¢opume
x=0+oax. 2

CucteMmy (2) Gysnem peilaTh MeTOJLOM NOCAEAOBAaTENbHKX
npudéauwenui. 3a nynesoe npuGaumKeHHe NPHHHMAEM, Hanpumep,
ctonbeun cBoSonHmx unenos X' =p.

Janee, mocaenoBaTenbHO CTPOHM MaTPHULI-CTOAOUM

' = B -+ ax®
(nepsoe npubauncenue),
X2 =B+ ax®

(eropoe npubiuxcerue) w T. I.
Boob6ute roeops, no6oe (k--1)-e npubanienue BHYHCAAIOT M0
dopmyne .
XD = B g xP (=0, 1, 2, ...). (3)
Ecan mocnenoBaTeabnocTb mpubamimenuit x0, xth, o oy
HMeeT npenen
x = lim x"",
hR—®
TO 3TOT npenesa sBASETCA peuleHueM cuctemn (2). B camom nene, nepe-
X048 K npeneny B paseHcTBe (3), Oynem uMeTb:
lim x¥*0 =f 4o lim x®
k- k—»
HIY
x=0p+ax,

T. e. npelenbHul BeKTOp X ABJfeTCH pewenneM cHcTemuw (27), a cae-
noBaTeabho, H cuctemo (1),
Hanuuiem dopmyaw npubanxendfl B pa3BepHyTOM BHAE:

x§0)=ﬁir

xFTY =B, 4+ /Zloc,-jx,(-ki (39
((Z”=0; 1=1, vaey 12 k=0, 1,2,.--)-’
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3aMeTHM, YTO HHOrJAa BhITOAHEe NpHBOAHTL cucTemy (1) k Buay (2)
TaKk, 4ToOW KO3hduuHeHTHW a; He ObaH paBHu Hymo. Hanpumep,
ypaBHeHune

1,02x; —0,15x, = 2,7

A9 NPHMCHEHHA METOHAa NMOCACAOBATEAbHRX ﬂpHéJIH)KEHHH €CTECTBEHHO
3anucato B BuiAEC

x1=2,7—0,02x1+0,15x2.
Boobuie, nMes cHcTeMmy
n

Z al/x/:bi (i=1, 2, v ey ’l),

MOXHO TMOJOXHTH!:
(1) (2)
= aj; + ai;’,

rae aff =~ 0, Torna naHHafl CHCTeMa 3KBHBAJNEHTHA NPHBEACHHON CHCTEME

xi._—ﬁi_l_zal.jxj (l:l, 2, ...,ﬂ),
. j=1 '

rae

2
B, =—" o= a? o= — npy i
map T Ty T T '

[TosToMy npu nanbHeAmHX paccyxnenusx Mol He Oynem, BooGuie
ToBOpf, mpeanojarath, 4TO o; =0. .

Meton nocaenoBatenbHuix npubamkenull, onpenenseMbix Gopmy-
aoit (3) wam (3'), mocur HasBaune merode urepayuu. [lpouecc urte-
pauri (3) XOpOUIO CXOAHTCH, T. €. YUCAO NPUOIHKEHHIR, HEOGXOAUMBIX
ANS noayyeHust kopHe# cuctemn (1) ¢ 3amaHHON TOYHOCTHIO, HEBEIUKO,
€C/I¥ 3JMeMeHTH MAaTpHUK ¢« Maan no abcomoTHOH Beanunue, Muoimu
C/IOBaMH, MU yCNEIWHOTO NPHMEHEHHA Npolecca UTepallid MOLyJIH dHa-
rouanpHex K03DDUUHEHTOB cHcTemb (1) moaxust ObITb BEJAHKH 10
CPaBHEHHIO ¢ MOAYJIAMH HENHArOHaAbHWX KO3(DHHUHEHTOB 3TOH CHCTeMH
(cBo6onHBIC Y/NCHH DPH 3TOM POJH HE HrPaloT).

flpumep 1. Pemnto cucremy

4x,+0,24x,—0,08x, =8, l

009x 4 3x,—0,15x,=9,
0,04x, —0,08x, + 4x, =20 J

(4)

METOLOM HTCpallliH,
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Pewenue. 3neco anaronanpusie kospbuuresTh 4; 3; 4 cuctemn
SHAYHTENBHO PEO6AaNayOT HAaf OCTafbHbIMH KOIPPHULKEHTAMH TpH He-
u3BecTHux, [IpuBeseM 3Ty cucTeMy K HODMaJbHOMY BHAY (2)

x; =2 —0,06x,+ 0,02x,, '
X5 =3—0,03x, + 0,054, (5)
Xg=90—0,01x,+0,02x,.

B matpuuHo#i dopme cucteMy (3) MO¥HO 3amHcaTh Tak:

£ 2 0 —0,06 0,02 X
X [=| 3 |+]—0,03 0 0,05 % |.
X3 5 —0,01 0,02 0 X3

3a nynesnie npubauxernds xopHell cucTemn {4) npHHUMaeM:
D=2 xV=3; £ =5.

[MoncTapnas 9TH 3Hayenus B npaBuie yacTH ypasneHufl (5), nonyuum
nepsule NpuONHMEHUNt KopHeli:

% =2-—0,06-340,02.-5=1,92;
xV=38—-0,03-2+0,05-5=3,19;
£ =5—0,01-2+40,02.3 =5,04.

Hance, noacrasnss 9tH wallnennsle npuGanxenus 8 dopmyay (3)
M0.1y4HM BTODHE MPUGANKEHHA KOpHEH:

X =1,9094;  x{¥ =3,1944; Ta6auua 20
(2) Boiuucaenune pewenust avHeinoi
- 5 0446 CHCTEMB! METONOM HTEPAUHH
[Tocne @omo#t noxcranoskn Gynem
HMETb TPEThH NPUONUMKEHNT KOPHEH: & "(lk) ";k) "gk)
x =1,90923; x4t =3,19495;
0|2 2 5
(3)—5 04485 n 1. n. 1| 1,92 3,19 5,04
2| 1,9094 | 3,1944 | 5.0446
Pe3yabTaTh BHIYHCACHHST MOMELEHR 3| 1,90923 | 3.19495 | 5.04485
B tabauue 20.

Sameuanne. [Ipu npumenennu merona utepauun (gopmyna (3))
HeT HeOGXOIAMMOCTH 3a Hynesoe npubauxenne x'9 npuHnmats cToabew
cBoGORHMX uaeHoB. Kak Gyner nokazawo wmwe, CXORHMOCTbH npouecca
WTEepauuu 3aBHCHT TOJbKO OT CBOWCTB MAaTpHUbB ¢, NPHYEM NPH BHINOI-
HEHUH H3BECTHBLIX YCNOBMA, ecau 3TOT npouecc CXOAHTCH MPH KAKOM-
HGyab BbGOOPE HCXOLHOTO HAYanbHOTO NPHGAHMNKEHHE, TO OH GymeT
CXOANTBbCH K TOMY X€ NMpEReNbHOMY BEKTOPY H TNPH JHOGOM APYyroMm
BHOOpE 3ITOTO HAYANbHOTO npubanxkenun. [109TOMY Hayanbuuii Bek-
Top x'® B npouecce HTepau;m MOMET OBITb B3IT NPOH3IBOJAbHLM
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Llenecoo6pa3sHo 3a KOMMNOHEHTH HAa4aJbHOrO BEKTOPA BHGHPATh MpHB.IH-
WEHHbIE 3HAYECHHA KOpHEH CHCTeMH, HaxOAMMHe rpyGoft IpHKHAKOH.

Cxonawuitca npouecc uTepaunu 06/1a1a€T BamIibiM CBOACTBOM € aMO-
HCNpaBAdeMOCTH, T. €. OTAenbHad OIWHOKA B BHUUCACHHAX He
OTpPa3uTCA HA OKOHYaTEeJbHOM Ppe3y/abTaTe, TaKk Kak OWHBOYHOE npH-
Omienue MOXHO paccMaTpHBaTh Kak HOBHI HavasJbHbI BEKTOP.

OTMeTHM, 4TO uHoraa ObiBaeT YyHOGHEE MOACUMTHBATbL HE CaMH
npubMNeHHd, a UX Pa3HOCTH. Baems o6o3nauyenus

AP - g _ k-1 (=0, 1, 2, ,..),

n3 opmyan (3) umeem:

xFD =B 4 ax® (6)
H
xP =B+ ax®-0, (7
Ortciona, BuwuMTas n3 paBeHcTBa (6) paBenctso (7), monyuum:
P p y
A‘k“’za(x"”—x‘k'”) =aA‘k’,
T. €.

AFHFD —gA® k=1, 2, ...). (8)
3a HyneBoe NMpPHOAHXKERHE NPHHHMAEM:
A(O) — x(O)’ (9)

TOraa m-¢ anGJIH)KEHHE €CTh
m k:
x( ) = E A( ). (IO)

k=0

Ecau, kak o6ubuno, nonoxuts AQ=x@=f 1o pasenctso (8)
6yaer Bonoaredo u npu k=90. B npornBuoM cayyae pasenctso (8)
npu k=0 ne mmeeT mecta. OTCI0Aa BbITEKAeT TaKas METOAHKA Bbiud-
Cleius STOro BapHAaHTa HTEPaLHH:

1) ecan AP =x9=f, 1o

AP —aA*-D =gk (k=0,1, 2, ...)

n
k k
xP =2 A= 3 oa’p;
$=0 s=0
2) ecam we AP =x'=£f, To Haxomum
AN = xD — g0 = g © | f— xO
H nmoJnaraeM

AP —gA®-V =gF-1IAD (=1, 2,8, ...).
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CnenosaresnnHo,

k k
£ = 2 A = x(0 |- 2 A=A,
s=0 s=}i

[Tpumep 2, Pemurs cucremy
2%, —xy3F x,=—3,
3x,+5x,—2x,=1,
x,—4x,410x,=0.
Pewmenne, INpusenem cucremy (11) x Buay (2):
;= —1,54-0,5x, —0,5x
x,=0,2—0,6x, 4 0,4x,;
xg= —0,1x, 4 0,4x,.

3aech

0 05 —0,5
a=|—0,6 0 0,4
—0,1 04 O
H
—1,5
p=| 02 .
0
IMoas3ysace opmynamu (8) u (9), moayunm:
—1,5
A(O)_____ﬁ= 0’2 ;
0
0 05 —0,6][—1,5 0,1 7
AV =aA® =| 0,6 0 0,4 02|=|09 |;
—0,1 0,4 O 0 0,23 |
0 05 —0,5]70,1 0,335 ]
AP =aAP=1_06 0 0,41 10,9 |=|0,032

—0,104 O 0,23 0,350 |

n 1. &, Pe3ayabraTw 3anuceiBaem B Tabauuy 21.
Takum oGpa3oM, NpHOAMKEHHWE 3HAYEHHS KOPHEH ecTb

x, = —1,2353; x,=1,089; x,=0,560.

299

(1)
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HexocTaTkoM 9TOro BapHaHTa METOMA HTEPAUHU ABANETCH CUCTeMa-
THYECKOE HakKomaeHie OmuOOK Npu yBe/JHYEHHH YHC/AA ClaraeMmnix, B pe-
3y/NbTaTe Yero MOryT BO3HUKHYTb 3HAYHTEJAbHLIC TOIPEINHOCTH HCKOMBK

kopuedd. Kpome r7oro, ounibka,
Tab6awuima 21
nonyuleHHass B BHLIYHC/ACHHSX, NO-
BpiuHclieHHe pemieHH s JHHEAHOH

ot Hen H etonoy  DAMAET HA OKOHUATeNbHKLH pe3yb-
HCTEM B H HEHHLIM M
¢ A TaT. [lo3TOMy Halexnee MONbL3O-

HTEepalHHy

(MeTox HaKOTJieHN) BaTbCA MEPBLIM BAPDHAHTOM METONA

UTEPalHH.
* * @ 3amMevanus o TOUHOCTH pac-
& AT A, AT xy yeta. Ecau Bce KodppuimenTH H
CROOOMLHBIE YNCHD AAHHONR CHCTEMH
0 | —I.500 0,200 0,000 ABJASHOTCS TOUHBIMH YKCaMHU, TO pe-
1 0,100 0,900 0,230 UIEHHE €e METOAOM NOC/E10BATE /b~
2 0.335 | 0,032 | 0,350 HLX NprOAMKeHHil MOWeT BHTb NOo-
2 :8(1);8 _88?} :88%'8 JAydeno ¢ MoOwM 3apanee 3a4aHAbIM
5 0:010 0:009 0:006 YUCJOM 177 BEPHhIX AE€CATHYHWX
6 0,002 | —90,004 0,003 3HakoB. [Ipn 3ToM B 3HaueHsx no-
7 | —0,004 0,000 { —0,00! c/elOBaTeNbHHX npubaniceniti
g 888(1) 888(2) 888? cnefayeT yrepwusaTbh m-4-1 accs-
’ ’ ’ THYHKLIX 3HAKOB W NMOC/AEROBaTE/b-
Hhle NpHOIHKEHHN BRUNCAITL AC UX
X | —=1,235 1,089 0,560 COBMaZeHHa, MOCNRe YEro HYmHO
OKPYF/IHTb pe3yabTaT Ha OIHH

3nak. Ecan xosdduuuenrs u cpo-
BonHbIe YACHB AAHHOR CHCTeMH ABJANOTCH npubAHIKEHHBIMH YHCNAMY,
HAMUCAHHBIMK € P 3HAKAMH, TO pellieHHe 3TOH CHCTeMb NPOH3BOAMTCS,
KaK B C/1y4ae TOUYHLIX 4YKHCeJd, C TOUHOCTLIO 0 72 = p 3HAKOB.

[lpuBenem Oe3 A0Ka3aTe bCTBa AOCTATOUHOE YC/AOBHE CXOAHMOCTH
npouecca HTepauun (1okasateanctso cm. ra. IX, § 1)

Teopema. Ecau 0an npusedennod cucTembt (2) 8bINOAHEHO nO
MeHbuiell Mepe 00HO u3 ycaosud

1) Zloyl<r (=12 ..., n
=1
uru
2) Dlayl<1 (=12, ..., n),
i=1

10 nponecc utepayuu (3) cxodurci K eGUHCTBEHHOMY peweHUr) 3TOL
L CUCTeMbI, He3asucuUMO OT 86I00pa HAYAN6HO20 NPUbAUlCeHUR.,
Chaenctbue. JIng cucremn

n

Za‘.jxlzbi =12 ..., n)
i=1



§ 11]  nPUBELEHHE CHCTEMH K BUAY, YAOGHOMY Aasl WTEPAUMH 301

ME€TON HTEpauHH CXOAHTCHA, €CJAH BbLINOJHEHN HEPAaBECHCTBA

Iaii|>)2,|alj| (=1, 2, vees 1),
=i

T. €. €C/IM MOLYJIH ANArOHaAbHEX K03PHULHEHTOB AT KAXKIAOTO ypasHe-
HHA CHCTeMbl GONbuIe CyMMBl MOAyJeH BCex OCTaAbHHX KO3(QHIHENTOR
(He cuuTas €B06OAHBIX 4/IEHOB),

§ 1. Npusenenne Junelinolt cHcTeMsl K BULY, YHOGHOMY
RJs HTEpauHd

Teopema cxomnmoctH (§ 10) Hak1anAbIBAET MKECTKUE YCAOBKA Ha
KO3MMPHUMEHT JanHOH AnHeHnoRt cucTemul
Ax=b. (1

Ounnaxo, ecnn det A=£0, To ¢ NOMOULLID AHHERHOTO KOMOHMHHpPOBA-
HHA ypasHenHH cucTembl (15) NOCNENHIO BCErXA MOXHO BaMEHHTH
9KBHBANCHTHOH CHCTeMOH

x=B+ax, (2)

TakoH, YTO yC/JOBHA TeOPEMb CXOLMMOCTH OYAYT BLITONHEHH.

B camoM nene, yMHoxum ypasneuue (1) Ha matpuuy D=A"1—¢,
rae e=|[g,] —MaTpuUa C MaALMHE 0O MORYAIQ SneMenTamu, Toria
6yneM HMMETb:

(A=d —e) Ax = Db
Han

x=0+ox, (3)

rne a=¢t¢A u §=Db. Ecan [e;;| 10CTaTOYHO Manw, TO OYEBHLHO, 4TO
cucrena (3) ynoBneTBOpSeT YC/OBHSAM TEOPeMbl CXOLHMOCTH.

YMHuOMeHnne Ha MaTpuiy D 9KBUBANEHTHO COBOKYMHOCTH 3]eMEHTap-
HuX Npeo6pasoBaHiil HAA yPAaBHEHMAMM CHCTeMb. 32444a 3aKAO4YaeTCs
B TOM, uTOGH RNPUHTH K CTaHAapPTHOMY BuAY (3) ¢ HaumeHbliell 3a-
TpaToit Tpyuna.

[TpakTrHuecku MOCTYNAOT caeAyom UM 06pasom, Ms 3a1aHHOM cHCTeMl
BhAENAOT ypaBHeHH ¢ KO3(QPHUMEHTAMH, MOAYAH KOTOpPuX 6Oablue
CyMMBl MOAYJEH OCTa/NbHHX KO3(MGULHENTOB ypaBlceHist, Kaxnoe Buuae-
JIEHHO€ ypPaBHEHHE BLIMHMCHIBAIOT B TAaKyl0 CTPOKY HOBOH CHCTeMbi, 4TOOL
HanGoAbUWIHA N0 MOAY/MO KOIPDHUUHEHT OKA3aNCA AHATOHAIBHLIM.

M3  OCTaBWIMXCR HEHCII0.1b30BAHHBIX K BblAEJEHHHIX yPaBHEHHi
CHACTEMB COCTAaBASIOT /NHHEHHO HE3aBUCHMble MeXAy coSoH auHelinne
KOMOHHAUNM € TaKHM PacueTOoM, YTOGH Gbil cOGA0NEH yKAa3aHHHH BHUIE
NPHUHLIUI KOMMNJIEKTOBAHHSA HOBOl CHCTEMH H Bce CBOGOAHHE CTPOKH
‘0K4a3anHCh 3anonHeHHwMH. [IpH 3TOM HyxHO no3a6oTuTbCA, YTOOH
KaXI0€ HEHCMOJb30BAHHOE paHEe ypaBHEHWE MONan0 XOTs Obi B OAHY
AHHEHHYI0 KOMOMHAUMIO, SBASIOULYIOCSH yPABHEHHEM HOBOH CHCTEMbl.
[MoscuuM Bece cxasannoe Ha npumepe,
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[Tpuwsep. Cucremy

(A) 2x;+ 3%, —4x,+ x,—3=0,
(5) x1—2x2—5z\73+ x4—2=0,
(8) bxy—3x,+ x;—4x,—1=0,
(r 10,4+ 25, — x,+2x,44=0

NpUBECTH K BUAY, TOLHOMY [N8 [PHMEHEHHA METONa HTepaiHH.

Pemenue. B ypasnennu (B) xoadpduunest npum x, no moaynao
Gonbule CyMMbl MOAyJeH OCTalbHBIX KO3(MDHUHEHTOB, MO3ITOMY MOWHO
NPHHATL 3TO ypaBHEHHe 3a TpeThe ypaBHeHHe HOBOH cHcTemb. Koad-
¢duuueHT npu X, B ypaBHenun (/) Takue GosblIe CyMMbl MORyieH
OCTalbHBIX KO3(hdUuUHEeHTOB ypaBHeHus ([7), MOSTOMY MOXHO NPHHATHL
5TO YpaBHEHHE 3a NepBOe ypaBHeHHe HOBOH cucTemsl. Takum o6pasom,
HOBAA CHCTEMa HMeeT caelylownii BHA:

) 10x +2x2—x3+2x4-{ 4 =0,
) . e

) —2x2—5x +x4—2_0
)

L v e s e e

ABany3upys NaHHYI0 CHUCTEMY, NIeTKO 3aMeTHTh, YTO LIS NMOJy4YeHHH
ypasHenun (I1) ¢ makcuManbHaM 00 MoRymo KO3(QHUHEHTOM npH X,
JIOCTaTO4YHO COCTABHTb pa3HocTb (A)—(B):

(1) X, +5x,+x,4-0xy—1=0.

Tenepb B HOBYlO cucTemy Bowau ypasuewus (A), (B) n (), nostomy
B ypastenue (IV) o6a3aTenbHo A0MicHO BOHTH ypaBHenwe (B) nawuoi
ciuctempl. [Ton6opom y6ewpaemcs, 4To 3a ypagHenue (IV) MOXKHO B34Th
aunelinylo Kombunaumio 2 (A)—(B5)+2(B)—(I), 1. e.

(Ivy 3x,+0xy+0xy,—9x, —10=0.

B HTore noayuum npeoBpa3oBaHryio cucreMy ypaBHenuh 1—IV,
SKBHBAJMEHTHYIO HCXOLHOH ¥ yIOB/NETBOPAOILYI0 YCAOBHAM CXOAHMOCTH
npouecca HTepauxu. Paspemns 3Ty cHcTeMy OTHOCHTENBHO AHATOHaAb-
HLIX HEHW3BECTHHX, OyloeM HMeTb CHCTeMy

x,=0x, —0,2x,40,1x,—0,2x,—0,4;
x,=02x, +0x, —0,2x,40x, +0,2;
x,=02x, —0,4x,+0x, +0,2x,—0,4;
x,=0,333%x,+0x, +0x;, +0x, —1,111,

K KOTOpOﬂ MOYHO [DHMEHHTb METOA HTEpAauHH,
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§ 12. Meron 3eitnens

Meron 3e#inens npeacrasaser co60f HEKOTOPYIO MOAUDHKALHIO Me-
TOAa urepauun. OCHOBHAS ero MAER 3aK/I0YaeTCs B TOM, YTO NPH BWYH-
caennn (k4 1)-ro npubanxesns HEH3BECTHOR X; YUHTHBAIOTCH yIKe BHYH-
crensnie panee (k- 1)-e npubanxenns HeHBEC THAX X1, Xgy wuey Xj_ge

Ilycte nasa npuBenessasn ausefinan CHcTema

xl=ﬁ{+l_21a,-jxl (=12, ..., n).

BuiGepem npou3sonnrso nauaabusie npubImKeHHs Kopheht

0y (0 (0)
X1y X2y auvy Xny
CTapasch, KOHEYHO, YTOOW OHH B KaKOH-TO Mepe COOTBETCTBOBAaJH
HCKOMKM HEH3BECTHbLIM
X1y Koy vy X ,
Jlanee, npeanonaras, 4ro k-€ NpUGARKEHHS xg’” KOpHeH H3BeCTHH,

cornacuo 3efinento 6yaem cTpouth (k- 1)-e npubanmenns KopueHl mo
caenyiouwinm Gopmynam;

A =it 3

(k+1 (k+1) (%),
)—-ﬁz Fog X+ 2 Qo %j 3

L I S T T T S S
{—1

3
(k+1) ﬁ + E a/xfk“’ Zau (),

-...v--...........---cn.cccooli
n—1

2y =Bk X wxft a,xP (k=0,1,2, ...
=1

3amerum, uTO yrkasawmas Buwe (§ 10) Teopema cxoaMMOCTH Aag
TPOCTOR WTEpalMK OCTaeTcs BepHOH And uTepaunu no Metony 3efizens
(cm. ra. IX, §§ 3—7).

O6wuno MeTOL Sefinens maeT Nyumylo CXOAHMOCTB, YeM METOS MpO-
CTOH HTEepaluH, HO, BOOGLLE FOBOPSA, OH MPHBOANT K GOJNee TPOMO3LKHM
BuyncaenusM. [lpottece Befinens MOMET CXOLMTbCH MaxXe B TOM ciyvac,
ecay pacxoauTca nmpouecc utepauuH. OnHaKo 9TO OGniBaeT He Bceraa.
Bosmoxun cnyuan, koraa npouecc 3efilenss CXOLHTCH MeANEHHEe npo-
necca urepaunn. bonee Toro, MoryT GuTh C1yyaH, KOrLa MPoLECC HTE-
paumu cxoautcs, a npouecc 3efinens pacxogutes [1] (e, ra. XI, § 6),



304 PEIIEHHE CHCTEM JIMHEHHBIX YPABKEHUMH [ra. vin

[tTpumep. Meronom 3eltnens pemtnTs cucTeMy ypaBHeHHH

10x,+x,  +x; =12,
2%, 4+ 10x, +x, =13,
26,4 2x, +10x,=

Pewenne, Ipusenem 3Ty crcTeMy K BHIY, yAOGHOMY 4AS HTe-
palluy,
x;=12—0,1x,—0,1x;
X, =13—02x,—0,1x,
Xg==1,4—-0,2x, —0,2x,.

B kauecTBe HyseBuX npuOanxenrnil KopHefi BO3bMeM:
=12 x"=0; x"=0.
Tpumenss npouecc 3einens, nocaea0BaTENbHO HOAYUHM:
xV=12-01.0 —0,1.0 =1,2; }
*=13-02.12—-01.0 =108 (1)
xP =1,4—0,2.1,2—0,2-1,06 = 0,948; ’
x¥=12-0,1.1,06—0,1-0,948 = 0,9992;

’2’—13—02 0,9992 —0,1.0,948 = 1,00536; (mn
%\ =1,4—0,2-0,9992 —0,2.1,00536 = 0,999098 u 1. a. )

———

PeayapTaTh BHYHCAGHUH C TOUHOCTBIO 10 YETHPEX S3HAKOB NOMe-
mieHn B Tabadue 22.

Tabnuuna 22

Haxoxpenne xopneil nuueiiHoi
CHCTEMB MeToncM 3eipens

(k) (k) (k)
x x g

1,2000 | 0,0000 | 0,0000
1,2000 | 1,0600 | 0,9480
0,992 | 1,0054 | 0.,93991
0,9996 | 1,0001 1,0001
1,0000 | 1,0000 | 1,0000
1,0000 | 1,0000 | 1,0000

Ul W — O

Tounne snayenus kopuefl; x;=1; x,=1; x;=1,
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§ 13, Cayualt HOpMa/nbHOH cHCTeMBI

Onpenenenue 1. llean#i 0oZHOPOXHKHA MOAHHOM BTOPOR CTENEHH
OT n nepeMeHHBIX Ha3blBaeTca Keadparu4nod Gopmod ITHX Nepemen-
HbIX. B obitem cayyae xsaapaTHunas ¢opMa MMEET BUI

U{Xy, Xy vuey X)) =0 X 405002+ ...+, X2+
+2a12x1x2+2a13x1x3 20,0, 0 XX (1)

rae ag;; (i, j=1, ..., N)—TNOCTOSHHBIE 4HCJa, NPHUYCM AA% YN0OCTBA

COOTBeTCTBleU.lHe Koaq)qmuueﬂru npu { == j B39TH B 4eTHOR dopue 2a, .

[pupaBuas # NOCTOSIHHOMN ¢, OJYYUM YPaBHEHHE UEHTPaNbHOH NOBEPX-~
HOCTH BTOPOTO MOPANKA

U(Xyy Xy eeny X)=C

B 1-MCPHOM TNPOCTpAHCTRE.
Ecan nonoxursb

a;=a;, (2)

T. €. Qa”:a,j—{- @y, TO Gopmyny (1) kopoue mMOwHO 3amucaTh cJae-
ayouuM o6pasom:

B
]

11
U(Xq, Koy ovey z QXX (1)

lI

MarTpuua
A=[a;] (3)

HOCHT Ha3Bauue marpuuyst ksadparuunod opmer (1'), B cnay ycio-
Bus (2) MaTpuila A Oyaer CHMMETPHYECKOH, T. e. cOBmameT co cBoeil
TpaHcnoHupoBanHoh matpuueil. Hao6opoT, ana 8cako# cHMMeTprHuecKo#
MaTPpALb A_[a,] MOXHO IIOCTPOHTb COOTBETCTBYIOULYIO KBAAPATHY-
nyo dopmy (1°). _
Onpenenenne 2. Ksagpatuunan dopma (1) xaswiBaetca no.o-
HUTeNbHO (0TPUYATEAbRO) onpedeseHHod, ecad OHa [PUHHMAET TOA0-
WATenbHbe (OTPHUATE/bHEE) 3HAYEHHd, 06pailladch B HY/ab JUIUL NPH

Xi=Xp=..,=x,=0.

Ecan u(x;, X4 ..., X,)—IONOKHTEJbHO OIpeAeNeHHasd KBalpa-

THunad ¢opma, TO ypasBHeuue
U(xy, Xy, ov., X,)=C¢ (e >0
npeicTasaser co60H ypapHenue SAMINCONNA. 3aMETHM, 4TO B ITOM Cayuae
a; >0 i=1,2, ..., n),
TaK Kax
ay=u(l, 0, ..., 0)=>0,

a22=u(07 1) s ooy )>O

a,,=u(0, 0, ..., 1)>O
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Onpeneneune 3. Haszosem anuelinyio cucremy

2 a;x;="b; (i=1,2, ..., n (4)

wopmaserol, ecan: 1) marpuna kospduunentos A =[a, ] —cummerpu-
yeckas, T. . @;;=a,, 2) COOTBEeTCTBylOW s KBaapatnunas GopMa

n n
u= 2 Z Q; ;XX ;— NOJOXHUTENbHO ONpeNeeHHas,
i=1]=1

HopumanbHbie CHCTEMbl BCTPEYAIOTCH MPH PELWICHHH MHOCHX BOTIPOCOR,
Hanpumep, B cnocofe HaHMEHbUIMX KBaAPATOB, NPH HAXOWIAEHHW Hanpa-
BJaAenufl raaBHLIX Ocef 3AAMNICOMAA U T. IO

Hopmanbuywo cuctemy (4) npnBemem OOLIMHBIM CNOCOOOM K cre-
DHanbHOMY BHAY

X = éiaijx/‘l'ﬁiv 4)

rae
a; . bi
05;/"—'—5[—: (js=i) w ﬁi=-}m-
Teopema 1. Ecau auneiinas cucrema (4)—Hopmassnan, To
npoyecc 3eddean Oaa skeusasentHol ed npusedennotl cucremss (4)
eceeda cxodutcs.
NokasatenbcTro oM. raaey XI, § 5, a takwke [2].
Cnoco6 npuBeleHns nuHefiHOR CcHCTeMB K HODMaJbHOMY BHAY yKa-
3uBaeTcs caeaywuel teopemof.
Teopema 2. Ecau obe uwactu auHeidnoid cucremot

Ax="b (5)

¢ Heocobennol matpuyel A={[a;;] yMHOKUTL €Ae6A HA TPAHCNOKUPO-
sannyo marpuyy A =(a,], 10 nosywennan nosas cucrema

A'Ax=Ab (6)
6ydeT HOpMAALHOL.
IlokaxeM cuavana, uto Matpuna A’A ecThb CHMMETpHYeCKas MaT-
paua. B camom nene, umeem:
(AA)y = A"A"=A"A.

Tenepb AOKawWeM, 4TO KBaapaTHyHas GOpMa, COOTBETCTBYIOWIAS MaTpHILE
A'A, —nonoxutenbno onpenenennas. CocTaBuM KBaapaTnuuywo Gopmy
¢ MaTpuued A'A:

n

n n ’
U(Xy, X3 veny %)= Z Zakiak/xix/.
i=1 j=1k=1
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H3smenasn MOopANOK CYMMHDOBAHHA, MOJYUHM:

n n n
uzlzl1 t=21 iglak‘-x,-akj = 2 <[_21 QpiX;e Z aijj>

Tak kak snauenue CYMMBI HE 3aBHCHT OT 0003HA4YEHUS HHAEKCA CYMMH-

posanud, TO
2
2(2%,)/a
k i=1

Cornacio npeanonoxennio det A = det [a;;] 5= 0. [Nostomy onnopoa-
Has cHCTeMa

n
D ;=0 (k=1,2, ..., n)
=1

HMECET JIHLUb HYJNECBLIE DEUICHHA. CJIeILOBaTeJIbHO,

U(xy, Xo ...y X,)>0 mpu |xy|4|x, [+ ... +]x,
Teopema nokasana.

§ 14. Meton penaxcauun

[MycTh MMeeM cHcTeMY JHHeHHBIX YpaBHEHHMH

ap Xyt ayX,t+ . ayx, =0,
Qg Xy A QooXa+ oo Ay, X, = by, (1)
QX+ X+ ..t a,x, =0,

ITpeoGpasyem 3Ty cHCTeMy CcHeAylOmHM o6pa3oM: mepeHeceM CBoGOI-

HbI€ WIEHH HA/leBO W pa3feldM MePBOE yPaBHEHHE HA ™ —@&,,, BTOpoe
Ha — Quy B T. . TOrAa NONYMUM CHCTEMY, NPUZOTOBAEHHYIO K perak-
cayuu,

— X+t bppXst . O, + 6 =0,

byyxy— x2+.. +b2n nt6=0,

n1x1+bn2x2+ — Xyte,=

@)

rie
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Mycts 2O =(x, %9, ..., x{V)—nauanbHoe npubamienne

peulenus cuctemo (2). Ilomctasngs 9T1u 3uavenus B cuctemy (2),
IIONYYUM HeB8A3KU

n
0) — f— 0 0
R{"=¢, x‘,’+/_22 by %,

n
7
(0) — ¢ — 5(0) (0)
R €y—x{ +j§lszxl ,
IFxe

n-=1
R = ey =l 2 by

(3)

Ecau onnolt u3 nemssectunx x{» natb nprpauiedue Gxg"), TO COOT~
BercTByloulas HeBsa3ka R\ yMeRbUIATCS Ha BenuuuHy 0.x(%), a Bee ocTanb-
ubie HeBa3kH R(® (i =4 s) ysenuuatca na seanuuny b; 6x(. Takum o6pa-
30M, uToGH 06pPaTHTH OuepeldHylo HeBssky R{Y B Hynb, pocTaTouno
Beanunne x{» naTh npupautenue

(0) — R0
6x(9 =R,

B oMbl GyaeM HMETh:
R =0

RV =R 4- b, 6x( npu i=ts.

Merod peaaxcayuu (no-pyccku: merod ocanbarenus) [3], [4] & ero
npocTeiweit Gopme 3aKN1049aeTCA B TOM, 4TO Ha KaW/IOM Liare o6paiialor
B HYJb MaKCHMaabHYIO MO MOAYNIO HEBSI3KY MyTeM HM3MEHEHUN 3HAYEHHA
COOTBETCTBYIOWEN KOMMNOHEHTH npuGanxenus. [Tpouece 3akanunBaercs,
KOTAa BCe HeBA3KH mocaeaseil npeo6pasosarHoli cucTembl GyAyT paBHLS
HYJI0 ¢ 3aJ1asHOR TounocThio. Bonpoc o cxoammoctd 3TOTO npouecca
Mbi OCTaBnsem Ge3 pacemorpenus [4].

[lpumep. MeToaom penaxcaunn pewrntb cuctemy [3]

10x; — 2x,— 2x,=06,
—x,+10x,— 2x,=7, (4)
—x;— X,+10x,=8,

NPOW3BOJAA BHIYHCJIEHHS C JABYMA JAECATHUHLIMH 3HaKaMH.
Pewenne, [lpuBonum cuctemy (4) x Buly, yaro6uoMy And penak-
caunu
—x;+0,2x,4+0,2x;40,6 =0,
—x,+0,1x, +0,2x,-40,7=0, 1
—x3+0,1x, 4+ 0,1x,40,8=0. J
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Bhibupas B KauyecTBe HavaJAbHHX TNpuOAMKEenu# kopuel nysesue

3HAYCHUS

HAaXOUdUM COOTBETCTBYIOUIHE HM HEBA3KH
R = 0,60;

X0 = (0 = x (9 =0,

R =0,70;

CorsnacHo oBuieil Teopud nojaraem:
620 = 0,80.

Ortciona noJiyyaem HeBa3KH
RV =R 40,2.0,8=0,6040,16=0,76;
RV =R"40,2-0,8=0,70+0,16 = 0,86;
RV =R;°"FR‘2°’=O.

R = 0,80.

Tabanuma 23
PeineHne AUHERHON CHCTEMB METOROM peraxkcauuy

X R, Xy R, Xy R,
0 0,60 | 0 0,70 | 0 0,80
0,16 0,16 | 0,80 [—0,80
0,76 0,86 0
0,17 | 0,86 | —0,86 0,09
0,93 0 0,09
0,93 | —0,93 0,09 0,09
0 0,09 0,18
0,04 0,04 | 0,18 [—0,18
0,04 0,13 0
0,03 | 0,13 | —0,13 0,01
0,07 0 0,01
0,07 | —0,07 0,01 0,01
0 0,01 0,02
9 0 1o,02 |22
0 0,01 0
0 0,01 | —0,01 0
0 0 0
2 1,00 1,00 1,00
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Jasnee, nonaraem
6x;” =0,86

¥ T. & CoOTBETCTBYIOUIHE DPE3yAbTATH BLIYHC/AEHUH MPHBELEHH B Ta6-
auue 23.
Cymmupys Bce npupautesua 6 (i=1,2,3; k=0, 1, ...), noay-
YHM 3HAYeHusd KopHel
x,=0+40,93 40,07 = 1,00;
x,=0-+40,86-4 0,13+ 0,01 =1,00;
%37= 00,80+ 0,18 4- 0,02 = 1,00.

Jlns KOHTPOJAA MOACTaBAAeM HalAEHHbIE 3HAYEHHS KODHEH B HCXOIN-
HHe ypaBHEHHS; B NAHHOM Cayyae cHCTema (4) pelleHa TOYHO.

§ 15. Ucnpasjenne ajementos npudiummxensoii obpaTHoli MaTpuum

[lycte uMeem HeocofeHHyw MaTpuuy A u Tpebyerca Hafitn ofpart-
nyo Matpuuy A~Y, TION0WHM, YTO MLl HONYYH/IH NPHOJHKEHHOE 3HAYe-
nue obpatnolt matpuus Dy A™', Torma ILis yayyuwlenus TOYHOCTH
MOXHO BOCAOJNB30BAaThCSl METOAOM MOC/AEIOBATEAbHHX OpPUGANKEHHH
B cneunannpoit ¢opme. B kauyecTBe npensapHTe/bHOH Mepw morpet-
HOCTH HCMOAb3yeM PasHOCTb

Fy=E— AD,.

Ecan Fy=0, 1o ouesnauo, uto Dy=A~1 noatomy, ecan monyau
57eMeHTOB MaTpuub Fy manw, To MaTpuuw A~! u D) 6amsku mexny
co6o#l. bynem cTponte nocnaenoBaTenbHble NPHGAHNeEHHR 10 Gopmyne

Dk=Dk—l+Dk—1Fk-—l k=1, 2, 3, v (1)
npuyem COOTBETCTBYIOLLAA NOrPeUIHOCTDL €CTh
F,=E—AD,.

OueHuM ObICTPOTY CXONAHMOCTH TOCAENOBATENbHBX MPHOIHKEHUH,
Mmeenm:
Fi=E—AD,=E—-A(Dy+ DyF)y=E—ADy(E+ F,) =
=E—(E—F,) (E+FO)=E—(E—F§)=F§ .

AHAaJOrHYHO

u, Boobue,
F,=F? (=1, 2, 3, ...). 2)
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Jlokaxem, 4TO ecCaH
[Fol<<q <1, (3)

rae | Fy|| —kaxas-unubyap kanonuuyeckan Hopma Matpuun Fy (ra. VI,
§ 7), 10 mpouecc utepauun (1) cxoamrcs, T. e.

lim D, =A"1,

k>
DeficteutenpHo, H3 dopMyan (2) umeem:
[Fel<<IFol* =g
[lostomy
lim| F,|=0
k>

H, CJAelL0BaTe/bHO,
lim F,= lim (E—AD,)=0
k—+x k> ®
"
E—Alim D, =0,

R—+=

lim D,=A"1E=A"1,
R—> >
Takum 06pa3oM, yTBepwIeHHe ILOKa3aHo.
B uactHocTH, Hcmoabaya m-wopuy (ra. VII, § 7), nonyuaem, dro
€C/H 3eMeHTH MaTpHub Fo=[f;,] yIOBNEeTBODPRIOT HePABEHCTBY

9
|fi/|<;,

rae n—nopanok matpuuw ¥ 0<<q <1, To mpouecc utepaunu (1) aa-
BEIOMO CXOLHTCH,
Ipeanonaras HepaBeHCTBO (3) BLIMOJHEHHLIM, OUEHHN MOTPEIIHOCTD

Re=| AT =Dy | <[ AT || E—AD, | = A7 | F| <[ A= g* .

Tak xak
ADy=E—F,,
TO
Al =D, (E—Fy)1=D, (E—{-FO—{-Fg—{- ol )
Orcioaa

1A <UD I El+ -+ + ..} =IDo {1 El+ 1L} -

Oas m-nopmu uan I-sopme umeem |E|=1, n noatomy

- Il Dol
Jamt <=
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Takum o6pa3son,
D
ja71 =D, | <220 7, 4)

uan

j47 =D, < 120l g, (5)
TAe HOPMa MNOHKMAETCA B Cmuicae m-HopMmbt Haw J-nopmui. Y3 dop-
Myaol (4) cneayet, uto cxoaumocTh mpouecca (1) mpu ¢<£1 oueub
GuicTpas.

Ha mpakTuke mnpouecc YTOYHEHUA I/NEMEHTOB OGPATHOW MATpPULLM
npeKpamanT, Kkoraa oGecredeHo HepaBeHCTBO

I1Dy =Dyl <e,

Tie &-—33anaHHaf TOYHOCTh,

Mpumep. HcnpaBuTe 3eMeHTH npubmimkeHHOR 06GPaTHOH mat-
pHiib, noayuyewHo# B npumepe § 7 Ha cTp. 286.

Peuenne. lna matpuus

1,8 —3,8 0,7 —3,7
4|07 21 —26 —2.8
~17,3 81 1,7 —4,9

1,9 —4,3 —4,9 —4,7

merogoM laycca monyuyena npuGammeHHan oGpatnas MaTpHuA

—0,21121 —0,46003 0,16284 0,26956
—0,03533 0,16873 0,01573 —0,08920

Do=1"0.23030  0,04607 —0,00944 —0.19885 |’
—0,29316 —0,38837 —0,06128 0. 18513
npuieM
0,03 0,00 0,00 0,00
0,25 0,03 0,02 0,39
—F—10-8.| " ’ , ’
ADy=E—10"""1g'08 10,17 0,18 —0,09 "
0,00 0,00 0,00 —0.48
Ortciona

0,03 0,00 0,01 0,00
0,25 0,03 0,02 0,39
8,08 10,17 0,18 —0,09
0,00 0,00 0,00 —9,48

Fy=E—ADy=10"5.

Ina nanpHeHwWero yTOYHEHHS SNEMEHTOB MaTpPHIL DO BOCHOJb=
8yeMCA HTEDAUMOHHBIM TPOLECCOM

Dyy1=Dy+DF, Fy=E—AD, (£=0, 1,2, ...).
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Taxk kak
g=| Fyl;=1072-(0,03+410,17) = 1,02. 1072 L 1,

TO MPOIECC uTepalHn GHCTPO CXOLHTCH.
Hueewm:

—0,21121 —0,46003 0,16284 0,26956
—0,03533 0,16873 0,01573 —0,08920

DoFo =14’ 93030 0,04607 —0,00944 —0,19885
—0,29316 © —0,38837 —0,06128  0,18513
0,03 0,00 0,01 0,00
0,25 0,03 0,02 0,39
\ -3, » ’ ’ ’ —
X107%-) "8 1017 0.18 —0.09
0,00 0,00 0,00 —0,48
1,19 1,64 0,02 —0,32-
_10-s.| 017 016 001 0,11
= —0,06 —0,09 0,00 0,11]"
0,39 0,61 0,00 —0,24
Orcrona
—0,21121 —0,46003  0,16284  0,26956
—0,03533  0,16873  0,01573 —0,08920
Dy =D, +DoFy= 0,23030  0,04607 —0.00944 —0.19885 |1

—0,29316 —0,38837 0,06128 0,18513

1,19 1,64 0,02 —0,32
0,17 0,16 0,01 0,11

—3. ’ * ? 1 —
+10 —0,06 —0,09 0,00 0,11

0,39 0,61 0,00 —0,24

—0,21002 —0,45839 0,16286 0,26924

—0,03516 0,16889 0,01574 —0,08909
0,23024 0,04598 —0,00944 —0,19874 | =

—0,29277 —0,38776 0,06128 0,18489

MoxHo cynTaTh

Al D,
TaK Kak
2 =2 1 3
0 2 —1 0
— F—_ =56,
AD,=E—107%-|, % T 1]
1 0 01|
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n
2 —2 1
0 2_10—’
—FE— AD. — 10-5.
Fi=E—AD,=10"%|, | “o |
10 01J

Ha ocuosauun cdopmynw (4) AN NOrpeuninocTH HMeeM OLEHKY

- o
1471 =Dy <2 IFfe

Tak Kak
[ Dy, = 0,46003 4 0,16873 4 0,04607 -+ 0,38837 < 1,07

[Fyl,=107%.(24+ 2+ 4)=8.10"5,
TO OKONYATEALHO HMEeM:

1,07

-1 I —_
| A =Dyl <77, 02.1072

+8.107% < 9.1078,

3ameuvanune, Tlon6op npubanwmeHHoR o6PaTHON MaTpPUUB MOWET
OniTb OCYLLECTBJEH pPasauunnmMi cnocobaMu. B yacTHOCTH, HCnoab-
3yerca cnoco6 ofpaulenus maTpuu, ykasanuwft B raase Vi, § 12,

B saknoyenue raasw OTMETUM cJjeaymooulee. B nactosuiee epems
pa3paboTann MHOrHe ApyTrHe MeTOAH pPeLIeHHT CHCTEMb JHHCHHBIX
anre6paunyeckux ypasuenuit (Meron llepcenna, sckanatopuuit meton (6],
metoa Puuapacona [7] u ap.)

JiutepaTtypa Kk BocbMoii raase

1. B. H. ®apnneeera, Buuncautensunie MeToln JNuHelinoi anre6pel, [ocTex-

usnat, 1950, rn. 11

IOx. CxapGopo, YucienHote MeTOAB MaTeMaTHueckoro ananusa, [TTH,

1934, nonoaHeuue I,

M. Ox. Caanseanopn, Ydcnenuse metonst B Texuuke, HJ1, M., 1955,

ra. 1, § 10

CospeMeHHast MaTeMaTHKa I/ uHXKeHepoB, mNof pel. . ®. Bekkeubaxa,

WUJ1, M., 1958, ra. 15 ’

X. Jl. Cvoannkuf, Beluncnnrensnas mMaTemaTuka (KOHCOEKT JeKuui),

JIKBBHUA um. Moxaiickoro, J1., 1960.

OO K ®agrees n B H. Panneesa, Buuucnuressusle MeTOIb aunei-

noit asre6pol, Pusmarrns, 1960, ron. 1.

7.1 C. Bepesnunu H. [I. Xnuakos, Metoanu swuucaenuis, Gusmarrus,
1959, ra. VI,

SRS S
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CXOJIMMOCTb UTEPAUUOHHBIX IMPOLECCOB
I8 CUCTEM JUHEAHBIX YPABHEHUH

§ 1. Nocraroynsie yCNOBHA CXONMMOCTH NpOHECCa MTepalun

[TycTh MW MMeeM NpHUBELEHHYIO JHHEHHYIO CHCTeMY

x=ax+p, (N
1
a=[ay], Bp=
By -
X1
— 3alaHHHeE MaTpHua H BEKTOD H X = . — HCKOMH BEKTOD.
xll

Teopema. Ilpoyecc urtepayuu 0As npuseQeHHOd AUHENHOL cu<
cresmol (1) cxodutca K eOUHCTEEHHOMY ee pewlenuo, ecau Kakas-Hubyde
KAHOHUMECK AR HOPMA MATPUYbl O Menouwie eQunuust, T. e. dia urepa-
LUOHHO20 npoyecca

xP=ftax® D (k=12 ...)
(X' npouseoasro) docTarounoe ycaosue cxoduMOCTU ecTo
el <. (2)

HDokaszateabctBo. OTnpaBagscs 0T NPOH3BOABHOTO BeK-
Topa X', CTPOMM MOCAEN0BATEAbHOCTH NPROAHNKEHHH

£ = B+ ax'®,
£® =B+ oxD,
x5 =B +axt D,

x(k)__z(E_l_a_i_aZ_l_”'_l_ak-])ﬁ_l_akxw). (3)

Orconaa
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Tax kak npu |l <1 numeen ||of|| — O npu & — oo, To (cM. ra. VII,

lima®f=0

k—o00

lim (E+atot+...+a" )= i of = (E =)L,
k=0

k> o0
[Mostomy, nepexods k npeneny npu B — oo B paBenctse (3), monyuum:

x=blimw x* = (E—a)~1 . (4)
DTtuM N0Ka3aHAa CXOAMMOCTbL HTepaTHBHOro npouecca. Kpome Toru, ns
paBedcTBa (4) HmeeM:
(E—a)x=p
HaY
x=ax+p,

T. €. npeleabibifi BeKTOp X sBAgeTcA pewennem cHetemu (1), Tax kax
marpuua cuctemsl (1) E—o-—Heoco0eHHaRn, TO pelueHue X eadd-
CTBCHIO.

Caencteue 1. [lponecc utepaunn ans cuctemn (l) cxoantes,

€CaH:

n
a) ol = max X oy | <13
i =
Han
n
6) ]l ,=max 2 ol <1
i =
nan

B) ol ,= 22]|‘11/|2<‘-

=1 /=

B vacThocTH, npouecc HTepalnu 3a8€AOMO CXOAHUTCH, €CJIH SJAEMEHTH
MaTpHlb O YAOBJACTBOPMIOT HEPABEHCTBY

1
oy, | < e
The 71— 4YuCJio Heu3BeCTHHX B cucreme (1).
DNeficrauTennno, a), 6) H B) #BAAKTCA npocTeHulnMH KauonHye-

CKHAH HOpMaMH ManHle! .
Caeanctenre 2. Aas cucTeMH

ZayF=t (=12 ...,0) ()
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npouecc ATepauHH CXOAWUTCHA, €CAH BLIIOJHEHW HEpPABEHCTBA:

a’) 'aiil>izllai/, (i=1,2, ..., n)
=1
HJH
6) 'a//|>I§’l ay| (=12 ..., n),

rae IMTPHX Yy 3HAKA CyMML O3HAa4deT, 4TO NPH CYMMHUPOBAHHH OPONY-
CKAlOTCA 3HAYEHHT [=J, T. €. CXOLHMOCTb HMEET MECTO, eC.JH MOAYyaH
AHATOHAIbHKX 3JeMEHTOB MaTpHIk A== [a;;] cucTems (1) uan pas ka-
KAOH CTPOKH NPEBHNIAIOT CYMMYy MOAY/eH HCIAHATOHANbHHIX 3/MEMEHTOB
STOH CTPOKH, HAH Ke A KOKAOro CTOAGUA NPEBLINADT CYMMY MOLY-
Jefi HeIHarOHAMbHEIX 3/EMEHTOB 3TOTO cToAbUA.

B camom sese, NpU HaNMYHK HEPABEHCTBA a’), OUEBHAHO, BHIMOJIHERO
COOTBETCTBYIOUEE HEPABEHCTBO a) caemcTsus .

Jas nokasaTenbcTBa BTOPOrO yTBEPWAEHHS B CHCTeMe (3) MOMOwHM:

2; ;
X =t (i==1, 2, ..., n),
a;i

rae 2; — HOBbLIE HCHIBECTHHIE, Torna DONYHYHM CHCTEMY

Zl_lﬂz/z i i=1,2, ..., n), (5’)

Ans KOTOPOH Npouecc HTepauHH CXOAHTCA HAH DPACXOLHTCH OQHOBpe-
MEHHO € MPOUEeCcCOM HTepauud g HCXoRHOH cuctemu (5). [lpuBens
O6bI4HLIM cHocOGoM cucTeMy (') kx cmenmanbdomy Buay (1) 4 ucnoan-
3ya ycaoBHe 0) caeacTBus 1, moayuum 1N0CTATOYHOE YCJNOBHE CXOMH-
MOCTH IIpOlecca MTEpalHH AAf CHCTeMH (D).

n

i=1

’

aiy
af

<1 (j=1,2 ..., n)
HIH

|a//|>i§'[a‘./| =1, 2, ..., n.

§ 2. Ouenka morpemsOCcTH NPHOJIMKERHH Ipouecca HTepanHd

Mycrs x%-V u x® (B> 1) — 1Ba nOCAEN0BATEALHKX NPHOAHKEHUS
peurens auHeHHoH cuctemn X =ax--fB. [Ipy p=1 umeeu:

I 2 FEP B < XRED _ pth |+
-+ xtF2) __ gkt 4.+ x<k+p)_x<k+p—1)|[. 1)
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Tak kax
XD g ™ i

X — g xtB=1 +- 5'
TO
Ak U L R (x(m_x(m-l))

W, CneaoBaTeJbHO,
” PRLES L) “ < “ a H H XM _ gun=1 n <
<ol F et —xP) mpr m> k=1

[Tostomy u3 dopmyan (1) monyudaewm:

” x<p+k)_x(k) ”< ”x<k+1)_x(k)” +
+H0¢|| ” x‘k“’—x‘k’n-l- et Ha”I’—l H x‘k+1’—x‘k’|l<

< [ aken g

—
1—{j all
Tepexons B nocaefHeM HEPABEHCTBE K MPENeNY MPH p— 00, NOAYUUM

OKOHUYATEeNbHO: ’ 4 "
% J| x5+ 0— g )y
=Pl < e @

npu k=1, nau

Lol

(R __ qoR~1
=y 127 ==

[ERal =
Bcan
lell<
To npeawayuias GopMysa NPHHHMAET BHIL
| x—x® || <] x®—x%-1,
T. €. B 9TOM C/y4ae, ecJH
Hx‘k’—x‘k‘l’H <e,
TO U
| x—x% | <e.

B ofuwieM caysae, ecau B npouecce BuuHcaeHHA GymeT o6Ghapy-
%eHo, 4TO
R e
rie q=||oc||<1, TO .
[x—xP] <e
H, TakuM 06pa3oM,

| —xfP|<e (i=1,2, ..., n)
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Ipu sTOM npeanonaraeTcs, KOHEYHO, YTO NOCAEAOBATEAbHLE NPUEANIKE-
nug xY (j=0, 1, ..., k) BHYHCASIOTCA TOYHO, T. €, B HHX NOJHOCTHIO
OTCYTCTBYIOT MOFPEUIHOCTH OKPYTJAeHHH.

M3 dopmynst (2), HCnoap3ys nonyuyeHHsle Bulille OUEHKH AR HOPMM
pPa3noCcTH ABYX MOCAEZOBaTeNbHbX npubamxeHull, GyneM HMeTb:

K20

— xk (1) __ 410
“x X ”<1_”a” HX xJ“‘
B ugacrHocTH, ecau BuOpaTh
x(o)=ﬁ,
TO
x‘“=ocﬂ+ﬂ
H
[0 — x| =]laBl|<]lal 8]
ChnenosatensHo,
k1 :
X — (k) < ”a” . 21
= —x )< L2 B @)

[Tpuwmep. [MokasaTb, 4TO AJAA CHCTEMB

10x,— x,4 2x,— 3x,=0,
X+ 10x,— x,-+ 2x,=35,
2x,+ 3x,+20x,— x,=—10,
3x,+ 2x,+ x;4+20x,=15

(3)

npouecc HTepaunu cxoautca, CKonbKo HTepaun# CledyeT BHIOIHHTD,
yTo6L HaHTH KOpHU CHCTeMbl (3) ¢ TouHoCTbio Ho 10747
Pewenne, [IpuBons cuctemy (3) K cneuHanbloMy BHAY, NONYUHM:

x;= 0,1x, —0,2x; 4 0,3x,;

x,=-—0,1x;, +0,1x;, —0,2x; +0,5;
xy=—0,1x;, —0,15x,- 0,05x,—0,5;
xy=—0,15x, —0,1x, —0,05x,40,75.

(3’

OTciona MaTPHIA CHCTeMbl

0 0,1 —0,2 03
| =01 0 0,1 —0,2
=|—=0,1 —0,15 0 0,05 |°

—0,15 —0,1 —0,05 0

Wcnoab3ys, nanpumep, Hopmy || ||, moayunm:
|2} ,= max (0,35; 0,35; 0,35; 0,55)=0,55 < 1,

ChnenosarenbHo, npouecc HTepalHn Aas CHcTemu (3°) cxoanTes.
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3a HavanbHOe NPHOAMKEHWE KODHS X NPHMEM:

x(O)___B= '

0

0,5
—0

0,75

Ortciona
I8]l,=0+0,54+0,540,75=1,75.

flycTs R-—uncno HTepaunit, HeoGXOMHMOE AN AOCTHXEHHS 3aKaH-
1ol Tounoctn. Tlpumenan dopmyay (2°), Gynem uMers:

laff* B0, 0,55*+11,75

| x—x® | < e, = 0@ <10
Orciona
0,55%+1 < 22 . 10-s
175
H
(k+1)1g 0,55 < lg 45—1g 175 —4,
T. €

— (k4 1)-0,25964 < 1,65321 —2,24304 — 4 = — 4,58983.

CnegosateiibHo,

4,58083 __
k1> glomse =~ 17,7

k> 16,7,
Mowuo npunsates k=17.
CnenyeT OTMETHTb, 4TO TEOPeTHHecKad OLEHKa uYucaa wutepauni,
HeOOXOAMMBEIX AA9 O6eclIeyeHus 3a4aHHOK TOYHOCTH, NMPAKTHYECKH OKa-
3LIBAETCSl BeCbMA 3aBbillleHHOMH.

§ 3. Mepsoe nocTaTouHoe yCJOBHE CXOAMMOCTH npuiecca 3eitaedan

Teopema. Ecau Oaa auneinod cuctemot
x=ox+p (1
BHLNONANEHO [CAOBUE
el m <1, (2

ede
n
||rx”m=max E ’a‘ij”
(=1

To npoyecc 3eddenn Oan cuctemvt (1) cxodurca K eGuxcTaeHHOMY ee
pewenuio npu a0bos suibope natarbHozo gekropa XV,
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k .
dokaszateabcTno. [lyers X' ’={xf”, ceey X9 —f-e upa-
Gamcenue npouecca 3efinens. Mucem:

-1

xW—Faxm+ZaxW”+m 3)
(z=1, 2, n.k—l, 2, )

Ipn Bhinosnennu ycaoBusa (2) cuctema (1) monyckaetT emHHCTBEHHOE
y

pewenne x={x, ..., X}, KOTOpOe MOueT ObTb HalLeHO, HAaNPHMED,

MeTomoM uTepainu. Myees:

= DB (=12 ). )

=1
Bbl'-lHTaH U3 paBeHcTBa (4) pasenctro (3), noayuum:
=1

Xp—xlb = Z o (6, — %)+ 2, iy (%, —x (=1
orcona
(=1
E7 '—x‘k)l< Z [oy % —x® |+ 24 Loy || %y —> =1 (5)
i=1, 2, ..., rz).
CornacHo CMuIC/Iy OPHHATOH HODMH
| — x5 = max |2, —x("|,
{
1O3TOMY \
B EEr
=1, 2, ..., n). Caeigomatenpno, Hu3 uepaBencTsa (5) BHLIBOIWM:
| — s | < pill 2 =20+ gl 5 — 5570, (6)

rie
i-1

n
Vla | » qi=2,|ai/|
I=1

i=1
MycTr s=s(k) ecTb TO 3nauenne HHAeKca f, AJS KOTOPOTO
lx.v—x;k)| = max ]xi_xg'k) | = “ x_x(k) ” m
i

[Tonarasg {=s B HepaBeHCTBe (6), moayumm:

i Hx—x(k)”mépr“x_x(k)” m—l—qcux—x(k_l)Hm
HAR

I =%, < | —x* VY,

1-—0
Orciona
k
Hx_x( )||m\p'llx x(R D” m (7)
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rae

. a1
u-—mlaxl_pi . (8)

ITokaxeuM, 4TO
p<llal, <l
JleHcTBHTEAbHO, TaK Kax

n
p,+q;=§11aul<llallm<l,
10
g<llo|l n—p
H, CJeI0BaTeNbHO,
9%_ - Noelm—pi Nl m—pillallm__
l—p; = 1=—p; 1—p,

”a“ m*
ToaTomy
W= || o ” <l
U3 HepasenctBa (7) BHITEKaeT, 4TO
|2 =25 <pf|x—22,
M, CJen0BaTesbHO,
lim x'® = x,

k=
TeM CaMbIM CXOAUMOCTbL Tpotecca 3efinenn k HCKOMOMY peuIeHUI0 10-
Ka3aHa.
3ameuvanune. Tak kak and MmetTona HTEpAllHY MLl HMEeM

[x—x® | <[ all 4l x—x*2,
a ana Metona 3eHmens nonyymu
[x—x" l<pllx—x*1,

raew<g||a|| 5 TO B ycaoBuax Teopems 1 cX0AHMOCTD Npouecca 3efizenn
B oflleM HeCKOJbKO Jy4ile, YeM CXOLHMOCTb Tpollecca NpocTOd HTepa-
nuu. M3 dopmyan (8) caemyer, 4TO B 3TOM CjAyuae, NPH NPHUMEHEHHU
Merona 3elizensn, cuctemy (1) BHrooHO pacnosarath Tak, 4Tobul neproe
ypaBHEHHE CHCTEMh HMEJIO HaHMEHBIIYIO CyMMy MOLYAeH Ko3dduuUHeHTOB

n
= 21 |y,
=

§ 4. Ouenka morpemsocTH mpuGavkeHHH mpouecca efinens
o m-HopMe

Mycrs % u x**1__j1ge nocienopaTenbHbe HTepauuH npouecca
3e#aens, [MpuMeHas K 3TUM HTepauusiM UpeoGpa3oBaHHs, UCMOAb30BaH-
HbI€ NMpPH AOKa3aTenbCTBE Teopemu § 3, NONyuHM HepaBEHCTBO, aHalO0-
ru4yHoe HepapeHcTBy (7) u3 § 3:

“ g1 __ gtk ” ; < N ” x(k)_x(k—l) ” e .
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Orciona
[| xE*P — kY || L) xEFP — giktp=1y| -
+ ” x<k+P—1)_x(k+p—2)“ R “ xFFD__ b ” n <

< p_p” x(k)_x(k-l)“ - u}’—l ” x(k)__x(k—l)” T

k k- P- 4 k=
e l””x() x! 1)|]m<1_}1|,'() ! Dlllﬂ'

lim x**P = x

p— o

M, C/€]0BaTeJbHO,
k L k ke
l| x—xt )”m<ri—p||x( P—x L,
rie

n
2| a;;l
u:mlax—’—j':—— <[ afl
1— p ’ al’/’
i=1
B yacTHoCTH, M3 MOMYUEHHOFO HepaBeHCTBA BHIBOLMM:

;)| pe 1) (0 [
”x_x ”’”\l—-p.”x —X ||m.’
) e 'ty (0) ; :
| % — x¢ |<l_pmjax|xl —x{) i=1,2, ..., n.

§ 5. Bropoe moCTaTOYHOEe YCJOBHE CXOAMMOCTH upouecca 3efinenas

Teopewma. Ecau Ona aunednod cuctemor

x=ax-+p (n

BbINOAREHO Ycaosue

flell, <1,

20e
n
i
||, = max 24 |051,-|,
i i=t
70 npoyecc 3elddern €x00uTCA K eOUHCTBEHHOMY pewenuro cuctems (1)

npu 21060m 8b160pe HAMANLHOZO 8EKTOPaG.
HdoxasarteabcTBO. [IycTh

i—1 n
P =2 oc[jx}k’—}—IZaUx;k_“—{— Bili=1,2,...,mk=1,2,...). (2)
i=1 =i
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Das touworo pewenns x={x;, X,, ..

<y X,}, KOTOpOE CylIecTBYeT
H eIMHCTBEHHO, HMEeM:

i=1 n
xi=l_21 Y I_Z[ai/x/'{'pi' (3)

Bruutas n3 pasencts (3) cOOTBETCTBYIOUIHE DasencTBa (2), mMoayyns:
i-1

n
xi—x;k) = 2 o (x,-——x k>)+ 2, ;) (x,——x‘,k'”).
1=

Orciona

{1 n
‘xi‘xﬂk)lg IZ |ai/||x/—x§k)|+§ ’“i/”x/—xl(k_l)[
(i=1,2,...,n).

ﬂpocymmnpoaaa nocaeAHNe HCPABCHCTBA, 6yll€.\i BMETh:

A

n -t
2 |x;— P | < 21 lea;'/llx/—x‘k) |+2 Zla,/Hx/-—x‘k v
i=1 =1j=

HAH, MCHAA TNOPAXOK CYMMUPOBANU, [IOJIYYHUM:

n-—1

n - ]
i; |x — xft , IZJJC (k)l 2 l“z,H‘ Z[x Sk_1)|igllai,‘|- 4)

Toaoxum
"

QueBuano,

n
s/+f/=l=21 [OL,-/|<||OCHI<1;
oTCI0Aa
s;<< L.
HepaseucTBo (4) nmpueumaeT BHI

i=

7 n
2=l Bl =P+ }3 )], — x|

-

HJIH

n n
,Z, (1—s)) Ix — x| < E’t/]xj—x}k‘”l.



(o)
(973

§ 6] OLLEHKA TIOTPEINHOCTH TPHBIIKEHHH NPOILECCA 3CHAEAS 2

Tak kax .
t<llall, —s; << llall, —s;licll, = llall (1 —s)), (9)

TO IXajcee HMeem:

4

n
2 (=) |5 =" | <Joll, B (1 —sp )= <

=1

—

~

n

<loflf X (1—s)| 5, —%"]. (6

i=1

Ortciona, nepexons K npeaeny npu k—s oo H yyuteiBaf, 4to [jofl, <1,
NOAYYAM:

n
lim X (1—s)|x,— x| =0.
k> o j=1
CinenoBaTesbHO,

lim xfP =x, (j=1,2,...,n),

kE—>®

4TO H TpeﬁOBaﬂOCb D0Ka3athb.

§ 6. Ouenka morpemHocTs npubammenuit Bpouecca efinens
no l-nopme
Mycte

%H=;u—muwmﬁWIw:muz“m
=1

HMcnonb308ag npeoSpa3oBaHus, aHaNOTHYHEE TPHMEHEHHBIM IPH 0K 3~
3aTeNbCTBE TeOpeMbl MpeanAywero naparpada, 18 ABYX NOCAEROBa-
(
@ ®+D noayunm HepaBeHCTRO ((6) § 3

TEJAbHHX HTepaunl x; n xj
0',;,+1<90'k, (1)
raie B cuny nepasenctsa (d) u3 § 5

i
l—S/

< Jia

p= m;ax -

OTcioda
ck+p<p”0k (p=1, 2,...).
Janee wuMeen:

n
(k+p) ) .
2(1—Sj)[xi =X | SO pTOppyt . F0 <
j=1
; - - 00
< pfo,+pf o, + ... o, =< .
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OTciopa npH p—» 0O NONYYUM!

n

X (=) [ < 2

=1

NI
n

n
I;ij—x}k’ |< W‘()l—m le}k)”‘x;k—n l

f=1

rie
n

§ =max s; = max 2 [ocgle
i [ i=j+1
Tax xak n3 dopmynn (1) BhiTexaetr, uto
k=
0, <<p""loy,

TO COpaBensiiBa TaKXe OleHKa

n
&
=27 l= ey |= =f =5, =

n
i
0 (1) __ ,.(0)
<{=9 u-m?}l'x/ &

§ 7. TpeTbe mOCTaTOYHOE YCJAOBHE CXOAMMOCTH npouecca 3efisena
Teopema. Ecau Gar Aurednod cucremot
x=ax-f (n
BOLIOAHEHO YCAOBUE
fledl, <1,

ede
iy =/ 2 o, P,

10 npoyecc 3eddesn daa cucremsr (1) cxodurca K eQuHCTBeHHOMY ee
pewenuro npu a06om 66i60pe HAYAALHOZO BEKTOPA.
JdokazateabcTtBoO, [lycts

rx (P)
| 41 Xy

x=|- | u xP=

%, P
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~— COOTBETCTBEHHO TOUHOE pelueHne cuctemb (1) u p-e upnGamxicenne
(p=0, 1, 2,...) npouecca 3efinens ana stoli cucTemn. Mmeem;

(=1 n
X, = 21 Oy pX 1 211 %+ By
j= i=

n
2 o jx(p)+’2 O‘i;x}p—”‘f' Bi
={
({=1, 2, ..., n). Orcona
t—1
=X = l}ja (2= 5") + 2 oy, (2, —x77")
=1
H, C1eA0BaTeJabHO,
) 'S , 2
|l =2 [ < {/:ZIM,-/”*";—JC/D |+ Zlauffx,—x," ”[}

Npnmensia nepasescteo Kowwn (ra. VI, § 7) K cymme Bcex craraeMmx,
cTosduiux B QUrypHOH cKoGke, GydeM HMETh:

i=1 n
<a{Slo—sP o+ la -t @
= i=i

le_xA

rae
n
s=2laylP (=12 ..., 0.
=1

Cymmupys ucpaBenctea (2) mo { or 1 g0 7, noayuum:
n

(D) 2 (p) |2 (p=1) |2
2|xi—'xi [P < 2 Zsllx/-—x +v114451|x —x7PP
i=1 i=1 /=t

WNamenan WHAEKC CYMMHDOBAHHS B NeBOH YaCTH B NMOPAAOK CyM HpPO-
BaHus B NPAaBOH 4YaCTH nOCAEAHErO HepaBeHcTBa, OyAeM HMETh:

n i
2_:] xj—x';m < 24 lx m lz 2 8+ 2 |xj x}p-n’z Esi' 3)

L=1

flyctp

n
S;= X s, Es U=1,2...,n—1)
I=/+1
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OQuesnnro,
n n n
S;+71T,= Zs 121 Z“II o=
=1 j=

ﬂonb3yﬂcx> 3TUMH 0003HAYEHHIMH, HEPAaBEHCTBY (3) MOMHO NMPHAATH BHIL

[e3

\Ie‘<1 (j=1,2,...,’1). (4)

]x —xf ZSjlx/—-x/”’I + 2 T/,x/—x,” v

HIH

n n
1;2 (1 —S/ lx/_x(p) ’ IZ‘ 7/{x/ (P—l)
Ha ocromanun copuyaw (4) noayuaen:

Ty=llallz—S, <llalli — loli S ;= llel: (1 — ).
Tostouy

n

Iz (1=8) 5, — =P P<lall} D(1=8) |2, =P (5)

W3 wepasenctsa (B) npu p>1 mocneM0BATENLHO BLBOKHM:

n n
2 0=8) s, —xP P < (lld)” 2 (1=S)] 5, — = [
i=1 =1

Tax kak |lall, <1, 10 oTciona GyaeM HMET:

lim }_,(1-8)];/ P =0

P> ® =1

¥, CreloBaTeabHo, yudresan, yrto 0<LS,; 1 (j=1, 2,..., n), no-
JAYUUM:
lim xf'=x, (j=1,2, ..., %,
pD—>®
4YT0 ¥ TPebOBaNOCH L0OK33aTh.
3aveuanne. [Morpeuwsnocts nrepauntt P (p=1,2, ...) ouenn-
B2eTC aHasoTHYHO TOMY, Kak 9T0 6pa0 cieanado B § 6.

Jlutepatypa K I€BATOW rhame

. B. H ®aanneena. Buyncantenbunie MeToAr AHHeHHo#H anreGpu, Toctex-
u3nat, M.—JI., 1950, ra. II, § 17 u 19.



rTABA X

OCHOBHbIE CBEJAEHUA
13 TEOPUU JIMHENHBIX BEKTOPHbIX MPOCTPAHCTB

¢ 1. MMoHsTHe AUBSHOro BeKTOPHOrO NMPOCTPAHCTBA

Onpeneneine, Yuopsaouyennas  COBOKYMHOCTb /I 4ucen
X=(X;, X5 ..., X,), BOOGILE FOBODPS, KOMMIEKCHLIX, HA3HBAETCH TONH-
KOl WM 8EKTOPOM N-MEPHOTO MPOCTPAHCTBA, A YHCAA Xy, Xpyu.., X,
HA3HLIBAIOTCH koopduwaramu Bextopa Xx|[1], [2], [3]. B kauectBe npu-
MEPOB BEKTOPOB YKaWeM CHedytoulHe:

1) cBOGORHKE BEKTOPH Ha MAOCKOCTH MM B TPEXMEPHOM MPOCTpaH-
cTBe OYyNyT COOTBETCTBEHHO JBYMCPHLIMH HJH TPEXMEDHBIMH BEKTOpPAMH
B CMBbICTE JAHHOIO BLILLE OMpeAEeHNs;

2) BcAkoe pemicHHe M0GOH CHCTeMbl JMHEHHLIX ypaBHEHHH ¢ 71 Hes
U3BECTHHMH OYLeT /I-MEpHbIM BEKTOPOM;

3) ecau naHa MaTpHua u3 # CTPOK M m CTOAGLOB, TO €€ CTPOKH
OyRYT m-MEPHLMH BEKTOpPaMH, CTOAGUB — 7Z-MEePHBIMH BEKTOPaMH.

IBa BekTopa X=1(x;, X5, ..., X,) H y={(y;, Yo, ..., Y, Cun-
TAlOTCA PAaBHHMHA TOrAa H TOALKO TOTAA, KOT/AA CORIAAAIOT HX KOOD-
ANHATH, CTONUIHE HAa OJNHHAKOBLIX MeCcTax, T. €. eCIu X;=y; npH
i=1,2,...,n

O6osnauuam BekTop (0, O, ..., 0) yepe3 0 u HA3OBEM €r0 HYaeebLIH
8CKTOPOM.

Cymmold 6exT0p08 X = (X[, Xy, ..., X,), V=(¥Y1, Yo, .., ¥, HaE3LI-
BaeTcl BEKTOD

XF+y=(x+ys Loty i X+

KOOPAHHATL KOTOPOIO CYTh CYyMMbBI COOTBETCTBYIOUIHX KOOPAHHAT Cla-
raeMnlXx BCKTOPOB. Cnosxenue BEKTOPOB 1OAYYHACTCA MNE€peCTado-
BOUYHOMY "W COYETATEAbLHOMY 3aKOHaNM]

) XFy=y+x;
2) (X+M+2z=x+(y+2).
Ananoruuto ompenenscTcd Pa3HOCTb BEKTOPOB X M Y. Bektop — X,

YAOB1ETBOPAOWHI yca08H0 (— X)X =0, HasbiBaeTcss NpOTHBOMNU=
JIOXKHLIN BeKTOpy X. Jlerko mnokasath, 4TO

X —y=x-(—y)
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Mpoussederuen gexTopa X =(Xy, Xy +..,X,) Hd UHCAO R HA3H-
BaeTcsl BEKTOp
kx=(kxy, kx,, ..., kx,).

N3 storo onpeleNeHnd BHTEKAT Ccaeayoulne cBOMcTBa npousse-
ACHHA BCKTOpa HA 4MCJIO!

1) k(x £3)=kx + ky;
2) (R x=kx = lx;
3) & (Ix) = (k]) x;

4) Ox=0;

5) 1x =x;

6) (=1 x=—ux,

rae k& B /—npoH3BOJLHHE YUCI3, @ X H P — BEKTOPLL.
[nsl BeKTOPOB X W 3 eCTeCTBEHHO ONPENeNsieTcs Junelinas Kombu-
Hayus

ax -+ By

(o, B -—uncna), kax BekTop ¢ KoopaunaTamn ax, -+ By, (j=1,2,...,a).

Jio6as cOBOKYNHOCTL A-MCPHBIX BEKTOPOB, paccMaTpHBaeMad C yCTa-
HOB/NEHHLIMH B Hell oOmepailMaMH CJOWEHHS BEKTOPOB H YMHOWEHHs
BEKTOPa Ha YHCIO, He BHLIBOAHUIMMHM 3a Mpedein 3TOH COBOKYMHOCTH,
HAa3hIBACTCH AUHEUHbLIM BEKTOPHbIM RPOCTPAHCTEOM., B qacTHocCcTH, COBO-
KyNHOCTb BCeX 7-MEPHwX BEKTOPOB OGpa3yeT f-MepHOe BCKTOpH()e
npocTpancTso E,.

§ 2. Jlnpeiipasa 3aBACHMOCTL BEKTOPOB

Onpeanenenne 1.Bextopw XV, x®, ., x'" npoctpanctaa E,
HA3hiBAIOTC R AUHELHO 3agucumsimu, €Ciin CyLLLECTBleT YHucaa Cl' C'Z’ veey €
HE BCE DABHBIC HYJNI0 ¥ TaKHe, 4TO

XV 4 P L4, x' =0, (1)
IycTs, nanpumep, ¢, =~0. Toraa n3 pasenctsa (1) GyseM uMeTh:
x(m)=\,l#l)+ sz(2)+ v + Ym—lx‘m_n’

m?

rae
yy=—-L (j=1,2,...,m—1).

Takum o6Gpa3oM, Qanubie 6CKTOPbl AUHEHHO 3asucumel To2da u
TOALKO T0e0a, K020@ O00UH U3 HUX ABAAETCA AUHElHOH Komburayuel
OCTAAbHBLK.

Ecau we pasencTBO (1) BO3MOKHO B €NHHCTBEHHOM CJyyae, KOraa
(=¢y=...=¢, =0, 10 BexTopn x'U; x'¥ _ %™ paspBa0TC
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AUHEIIHO  He3asUCUMbIMU, T. €. BEKTOPbL JUHEHHO He3asucumsl To20a
4 TOAbKO To20a, K020Q HUKAKAR AUHEUHAA KOMOUHAUUA ux, He 6ce
KO3(ppuyuenTs KOTOPOL PpAGHbI HYAO, He S[BARETCA HYAb-8eKTOPOM.
3avMeTHM, YTO Cpeldd JHHCHHO HE3ABHCHMLIX BEKTOPOB, OYEBHAHO, le
HOMKHO ObITh HY/Ab-BEKTOPA.

Ilpusep 1. s cayyas TPeXMepHOro BEKTOPHOTO NPOCTpaHeTBa E,
A¥HEHHas 3aBHUCHMOCTb ABYX BEKTOPOB X Wy O3HAYaeT, YTO OHU na-
panienbHsl HEKOTOPOH npAMOH, a auHedHas 3aBUCHMOCTbL Tpex BeK-
TOPOB X, ¥ M 2 —\4TO OHH TMapaniesbHh HEKOTOPOH MIOCKOCTH.

OTmeTHM, YTO eCAM 4aCThb BEKTODPOB JHHERHO 3aBUCHMA, TO BCH
COBOKYMHOCTb BEKTODPOB TaKKe JHHeHHO 3aBHCHMA,

TlycTp uMeeTcsi COBOKYRHOCTH BEKTOPOB

M= (P, 2P DY =1, 2,..., m).

Torma pssi onpeleseHds NOCTOSHHWX C,{k=1, 2,..., m) B cany
paBedcTBa (1) nonyuaem cucrtemy

(1 2) (m}
et eV kL e =0,
(1) (2) (m)
€%y Xy + ... Fc,xy =0, )

1) (2) (m)
e xt e o e xit = 0.

Ecan 3Ta CcHCcTeMa HMeeT HEHyJeBHe pEIUeHHsi, TO [NAaHHbIE BEKTOPH
AnHeHHO 3aBHucHMBL. B OpOTHBHOM Ciayyae OHH JHHEHHO HE3aBHCHMSbI.
PaccmoTpum MaTpHUy KOOpAMHAT
A1) (2) (m)
Ll xl ces Xl
(1) ,(2) {(m)
X= x2 x2 cas X2 .

(1) ,.(2) (m)
D

Tlyctp r—panr 9tod mavpuunl. B aare6pe nokaswBaetcs [2], 4TO
cuctema (2) MMeeT HEeHYJCBHE pEIleHHS TOTNA W TONBKO TOrma, Korsa
r << m. CaenoBatenbro, BekToput X' x| X juneitno 3aBucHMb,
ecan r < m, W JINHEHHO HE3ABHCHMH, €CAu r=m (60/buie m paHr r,
OYGBHIHO, OHTBH HE MOXeT).

OTciona BeITeKaeT, 4TO PaHT MaTpuubl X HaeT HaM MaKCHMajbHOe
4lCA0 JHHEHHO HE3aBHCHMbIX BEKTOPOB, CONEPWAWHXCA B JTaHHOH

COBOKYMHOCTH BCKTOPOB. »
Takum o6pasoM, ecau paHr MaTpuusl X paBeH r, TO CpenH Bek-
TopoB-cToA6uUoB £ (=1, 2, ..., m): 1) nalinetcs r JHHeHHO He3aBUCH-

MhIX M 2) kaxawe r-+1 Bektopos (r-+1<Cm) u3 37O COBOKYMHOCTH
AuHeitHo 3aBHucHMbl, TO e camoe COpaBelJHBO OTHOCUTENBHO BEKTO-

pos-ctpok (x{", ..., x{™) (=1, 2,...,n) vatpuus X.
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Mpumep 2. HccnenoBatTs HA NHHEHHYIO 3aBHCHMOCTL CHCTCMY
BEKTOpPOB;

x(l):“) —1, 1, -1, ‘);
x#=(1, 0, 2, 0, 1)
xP=(1, —5, —1, 2, —1}
X9=(3, —6, 2, 1, 1)
Pemenue, CocTasnsiem MaTpHIYy KOOpAUHAT
-1 1 1 3
—1 0 -5 -—GQ!
X=| 1 221 2|,
-1 0 2 1
1 1 =1 t!

Iing onpepenenns paHra r MaTpuibl X npoBeleM HEKOTOpLE 3ne-
MeHTapHue npeo6pas3OBaHHs, a HMEHHO, RHYHTAs 13 YeTBEPTOro croabua
MaTpHLL CYMMy Tpex mepBbiX, moJydaen:

1 1

—~1 0 =5

X oo 1 2 —1
0
1

SO OO

-2

1 -1 0

Ovciona 3axmouyaeM, 4TO BCE ONPERCAHTENH YeTBEPTOro MOPHAKA
MatTpHub X paBHb HyMo. OueBUIHO, UYTO HMCIOTCH MHHOPH TDETbEro
nopsanka Matpuis X, oTanuibie oT Hyas. CnexoBaTeabho, r=3, H
TaK KaK pair MaTpHUL MEHbile YRCAa BCKTOPOB, TO BekTOph X'D,
X, x& 9 appefino 3aBucuMp. B LaHHOM Cayuae 3To 9CHO, Tak Kak

XD g @ i),

Teopema 1, Maxkcumaronoe #UCAO AUHERHO HE3ABUCUMSIX BeK-
TOpo6 n-mepro20 npoctpanctea E, 6 TouxocTu pacuo pasmeprocTU
3T020 NPOCTPAHCTEQ.

LoxasaTteabcrBo. [pexae Bcero, 8 npocTpancTse E, umeiorca
CHCTEMHl W3 71 JMHefiHO HE3aBHCHMBIX BekTOpeB. TakoBa, Hanpumep,
COBOKYMHOCTD /1 €AMHMYHLIX BEKTOPOB (0pTo6):

e,=(1,0,0,..., 0)
e,=(0, 1, 0,..., O)

Tak kak ecnn
ey +ces .. e,=(cy, €y iny €)=0,

TO OUCBHARO, Y10 ¢ =Co= ... = = 0,
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[Tokawem, uTo ecau umcno Bextopos xV, x2 ... £™ Gonsuie
n(m > n), To oHH 06N3ATENLHO JAHHEHHO 3aBHCHMHW. JlelfiCTBHTENBHO,
MaTPHLA KOOPAMRAT HTHX BCKTOPOB HMEET THII /2 X M H, CJEL0BATENbHO,
paur ee r<smin(n, m)=n <m. OTci0da CHeAyeT, YTO 3ITH BEKTOPH
AinHe#HO 3aBHCHMBI,

Onpeanenenue 2. Jlio6as cOBOKYNHOCTD 72 NHKEHHO HE3ABHCHMEK
BEKTODOB /1-MEPHOrO MNPOCTPAHCTB4 Ha3hiBAETCH 6asucom STOro mnpo-
CTpaHCTBa.

Teopema 2. Kawdoul sexrop n-mepnoco npoctrpaucrea E, mo-
acer 6oiTe npedcTasier, u npUTOM eBuUNCTEeHHbLMA 00pa30M, 6 BUde Al-
nelnoll kombunayuu 8ekTopos Gasuca.

Hdoxkasateabcrso. [ycte x € E, ne, e, ..., g —0a3nc
npocrpauctsa F,. B cuay Teopemt | BexTopw X, €, &, ..., €
annelino 3aBucHML, T. e,

CoX+ci8 + 68+ ... e, =0, (3)

rae HekoTopwi Ko3dduunent ¢,£0 (0<</<<n).
B pasencree (3) xoddduunent ¢, =~ 0, Tak Kak B IPOTHBHOM CAyyae
ML OH HMeJN

n

0181+0282+ L +Cn8n:0'

tae ¢;=0 (j=1), 4T0o NpPOTHBOPEUNT AHNCIHON HE3aBUCHMOCTH BEKTO-
poB £, &, ...,&,. ClcroBaTe/nbHO, Mbl MOXEM Da3PeLIATh PABEHCTRO (3)
OTHOCHTEJILHO X

x=§181+§232+ . e +§,‘?‘nv (4)
rae
Cy ¢ c
‘E1=—C-0_, §z=_‘?:, LECIES ) §"=—C_:'.

Tawum oGpasoM, mo6oft BexTop X npocrpancrea £, ecTh anHeHHad
KoMOHHauus BexTOpoB Gasica. Pasnoxwenue (4) eamiicTrenHo. B camom
JAene, eCNd HMEeTCs APYyroe pa3noxenye

x =88 +E 8+ ...+ Eue,, (4)

OT/MYHOE OT M€PBOrO, TO, BWYNTA® M3 paBencTsa (4) pasencrso (47),
oy yuM:

0=(5, —E)e, +(E—E) eyt ... +(E, —E) e, (5)

rae 00 MeHbWER mepe onHH H3 KOIPhHUUNEHTOB 5,—&}#0. Pages-
CTBO (D) HEBO3MOHO, TaK “KaK BCKTODH 6a3zuca AHHEHHO HE3aBHCHMLL.
Cne10BaTeNbHO, CYUIECTBYET TOJBKO OXZHO pa3ioweHne suaa (4).

Ceomerpigecian uJmocTpaunf. [as cayyas TPEXMEPHOTO npo-
cTpaHcTBa QopumyAaa (4) 3KBHBANEHTHA PA30WEHHIO BEKTOPA X MO HA-
NDAB/CHHSM TpeX MHAHHWKX BEKTODOB €, €, H E; OOLEr0 NOJOWEHIA
(puc. 49).
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Onpenencnue 3. Ecan g, &, ..., &

, €CTb Ga3suc n-MepHoro
NpOCTpalCTBA H

x=E& +E8+ ...+,

10 unena &y, &, ..., §, HA3LBAIOT KOOPOUMHATAMU BEKTODA X B NAHHOM
Gasuce g, &, ..., g, 3aMeTHM,
YTO KOODAHHATH BEKTOpA

[fjed
! X=(Xy, Xp, ...y X,)
‘ ecTh KOOPAMHATL €ro B 6Ga3nce
&s| OpTOB
% ¢
g -
e U & B R e;=(8; O ooty Oy
g (=12, ..., n),
e rae 8,,— cumsonKponekepa. Cre-
ée, NOBATEAbHO, UMEEM OCHOBHOE pa3-
noxenue
Puc. 49.

X=x+x.6+...+x,¢e, (6

Basuc opros e;(f=1, 2, ..., n) Gysem na3nBaTbh uUCXOOKbLM
6a3ucom NMpOCTpaHCThBa,

Onpeaenenne 4. CosokynHocth E, BeKTOPOB H3 JI-MEPHOTO
npoctpanctea E, nNA3WBACTCA AUHEUHbIM  NOONPOCTPAHCTEOM TPO-
cTpanctia £, eC/iU BHIOJHEHH clle-
LylolU(He YCI0BHA:

1) wax € E,uy € E,creayer
x+y € Ey

2)n3x € E, cnenyetox € E,,
rae o — aboc uicsao, BuactuocTy,
6 €L,

Caenomatensno E,  MowHo
TaKXK€ CYMTATb BEKTOPHHM Mpo-
cTpaHcTBOM. MakcuManpioe wiIcnok
NAHEHHO HE3aBUCHMMX BEKTOPOB
R npocTpaicTee £, HaswBsaeTcd
pa3mMepHOCTHI0 3TOTO NOANPOCT PaH- Puc. 50.
cTBa.

M3 rteopemst 1 caeayer, uro k<< n. Takum 06pa3oM, B NpoCTpaH-
ctBe £, MOryT ObiTh NOATNIPOCTpaHCTBa: £, — OAHOro uavMepenus, £, — nsyx
n3Mepern# ¥ T. A. 10 E£,—72 M3MEPEHHH (camo npocTpaucTso). Hyane-
BO# BekTOp 0 MOXHO paccmMaTpuBaThb KaK MPOCTPEHCTBO HYJEBOILO H3-
MepeHHs.

Mpumep 3. B obwunoM TpexmepHom npocTpaHcTBe E, noanpo-
CTPancTBO £ ONHOTO H3MEPENNS ABAKETCH 0 P st M O H; NQANPOCTPAHCTBOE,
IBYX H3Mepenu—naockocTbio (puc. 50).

Es
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Teopewma 3. Ecau 2,, 2,, ..., 2,—6eKTOPbL M-MEPHOZO NpO=
ctpanctsa E,, TO nOAHAR COBOKYNHOCT6 GEKTOPOS

X=0aR+ a2yt ...+ a2, (M

2de a,(fj=1, 2, ..., R)—npoussgossnsie wucra, npedcragrser co6oi ro-
onpocTpancTéo npoctpancrsa E,, npudem, ecau 6exTopol 2y, By, .. ., &y
(B n) auwnedno  we3zasucumbl, TO  pA3MEPHOCTL 3T020  nodnpo-
cTpancTea pasua k.

Of6parno, scakoe noonpoctpanctéo E, npoctpancrea E, cosnadaer
C COBOKYNHOCTOIO BCEX AUHEIrbIX KOMOUHAUUI AUHEIHO He3a8UCUMLLX
8eKTOPOB 21, Zg, . . .2, 3T020 NOONPOCTPAHCTEA (6A3UCHbIE BEKTOPbL).

Nokazarenabctro. CApasemsiuBoOCTb nepaoro YTBEPWACHH T
TEOpEeMbl NPOBEPSIETCS HEMOCPENCTBEHHO.

HokaweM BTOpoe yTBepwxaenne Teopemn. [Iyctn x € £, u X He -
JAAETCH AHHeHHON KoMBHHaUH el Ga3HCHBIX BEKTOPOB 2y, &y, . . ., £, TOTAA
OUEBHAHO, YTO BEKTOPH Xy, 21, 2y - . ., 2, THHEHHO HE3ABHCHMBL, H, TAKHM
o6paszom, B npocTpanctse E, umeeTca R 1 /AHHEHHO HEIABHCHMBIX
BekTopoB. Ho nocstenHee o6cTOATENBCTBO HEBO3MOXKHO, TaK KAK COTJIACHO
NPennoIONKEHHIO MAKCHMANbLHOE YHCJ/AO JIHHEHHO HEe3aBHCHMBIX BEKTOPOB
npoctpanctea £, pasHo k.

CnenosatenbHO, NPH KaKOM-HHGYIb BHGOpE YHCEN @y, @y, ...,
HMeeM:

X=0.2+ a2+ ... 1T a2,

4TO H TpeGoBa/joCh [0Ka3aTb.
Cnencreue. COBOKYNHOCTbL BEKTOPOB X, onpeneasembix op-
myao#t (7), npeactaBaseT coGoft HauMenbulee AHHeHHOE IPOCTPAHCTBRO,

conepxauiee BEKTOPH 2y, 2y, ..., 2, (TaK Ha3bIBaeMOE NPOCTPAHCTEO,
nopoxdennoe GeKTOpamu 2y, Zy, ..., &, HJIAU TPOCTPAHCTBO, HATA-
HYTOC HA GEKTOPbL Zyy Rgy +u.y Z)s

§ 3. Cranspxoe mpoH3BefeHHE BEKTOPOB
Mycte B n-mepuoM npoctpanctse E, uMeeM BEKTOPH
X=(Xp, Loy vony X)) RY=(Y1, Yoy vevs Yol
Bynxem cuyuTaTh, YTO KOOPAHHATH BEKTOPOB— KOMIJIEKCHbHIE YHCJ/a:
X, =Y, yy=m,4 i,

rae i:l/——l; j=1,2, ..., n
BBe,[le.\l COMmpsSIKEHHbIE BEJAVMYHHBI

. e . L
xj=F,—ifs  yj=m,—inu
Toraa oO4YeBHAHO, UTO

) =] %,]°
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MMon craasprotm npoussederuem ABYX BEKTOPOB MOHHMMAaeTcd YHUCJIO,
pasiioe

J:!

x N= % (n

=1

CkanapHoe npousBencHne 00/afaeT CACLAYIOUIMMH - CBONCTBAMHU.

1. CsoiicTBOo MNOJOXUTE/LHOX ompenesendocTd. Ckannpuoe mpo-
U3BeACHUE BCKTOPA CaMoroe Ha ceba ecTb HEOTpHUuaTteabHoe YHCNO, KO-
TOPOE PaBHO HYJIO TOraa M TOJAbBKO TOrKa, KOTAd BEKTOP PABEH HY IO,
B camnoym gene, us dopmyan (1) umeen:

* n
(x, x)= Fxx; = |x;[2=0.

Ouesnano, uto (0, 0)=0. HaoGopor, ecan (x, x)=0, 10 x;=0
(=1, 2, ..., n) n, ciaenosarcapHo, x=0.

2. Jpmurtosa cumMmeTpuda. [Ipn repecTaHOBKe IBYX MHOXHTesel
CKansgpHOe mpoM3Beseie 3ameHsieTcs conpsikeHdanM. JelcTBHTENbHO,
No/b3yAch TEOPEMaMH O CONPSKEHHON BeaHddHe CYMMbL H CONpsKeHHOH
BCANYHHE NPOM3BeleHus ¥), nmeem:

n . Dok n <\ .
o, x)=l__2;ijf =i2.:4x/)’/ = (j_)_:;x/)’i) =(x, ¥)*.

C1c0BaTE/bHO,
(¥, %) =(x, )" (2)

3. CraafpHbll MHOMHTe b, CTOMUIMA HAa [ECPBOM MecTe, MOWHO
BLIHCCHTb 3a 3HAK CKa/AdpHOro mpoussenpenns, T. €.

(ex, ) =al(x, ¥). (3)

IlokazaTenbcTBO STOro cBOHCTBA HEMOCPEACTBEHHO BHITEKaeT W3 op-
myas (1).

CaencrtBue, CKaasipubiii MHOXHUTCAB, CTOSUIHIA HAa BTOPOM MeCTe,
MOWHO BHHOCHTB 33 3HAK CKANAPHOTO MPOH3BEAEilds, 3aMeHsid e€ro co-
npsKeHnuM. Mmeewm:

(%, o) =(ay, x)*=[a(y, x)|" =a*(y, x)*=a"(x, y).
HMrak,
(£, a)=0a*(x, y).

4, CpoiictBo aucTpulSyTHBHOocTd. Ecan nepsufl 1an BTopol BekTOpK
npeAcTanasioT cOGOH CyMMY [BYX BEKTOPOB, TO CKaJAPHOE IPOH3BELEHHE

*) Mot 31ech ROCNONL30BANUCL CAEAYIOUIHMHE TEOPEMAnH:

a) compsuKeNHAas BEJAMUHMHA CYMMBl pauHa cyMMe CONPHAXKEHWBIX REJTHUHH
c/araemeix;

6) conmpsKeHHas BeNMUYHMIIA NPOM3BEAEGHUA PaBHa NPOH3BEAEHKIO CONPSAKEH-
HBIX BeJHUYHH COMHONCUTened.
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BTOr0 BCKTOpA €CTh CYyMMa COOTBETCTBYIOLIUX CKaﬂﬂpHHanOHBBEHEHHﬂ
Craracembix 3TOro BeEKTOpA. B camom aene, nyCcrtb

x = x'V 4 52

rie xP= (P, £ L 2Py k=1, 2).

Mcxona ns onpeneneuns cmeu BEKTOpPOB, coraacHo ¢opumyae (1)
nonyqaeu:

(0422, g)= B (5 y] =

j=

-

Sy NaPy) =0, 9)+ (52, 9),
j=1 /=1
T. €.
(EV 4 2D, )= (xD, y)+F (x?, y). (4)
Haaee,

(x’ y“’+y‘2’)=(y‘“+y‘2’, x)*=(y(1)‘ x)*_{_(ylz), x)*=
= (x, yV) +(x, y?). ()

dopmynn (4) m (5) nerko pacnpocTpaHsloTes Ha Mo0oe KoHeulioe
YHC/I0 BEKTOPOB, & HMEHHO:

< () lﬁ (k)\ SIS 9] ]
(8 2, 2y0)=8 5w, yo.
=1 k=1 =1 k=]

KpomMe BBELEHHOTO #-MCDHOTO KOMRAGKCHOZO0 RPOCTPAHYCTER, TO-=
JIG3HO PACCMATPHBATE 7M-MepHOe Beuject8ennoe (JeldcTBuTebHoe) Tpo-
CTPAHCTBO, T. €. COBOKYNHOCTb BEKTOPOB ¢ BCUICCTBCHHBLIMH KOODAH=~
HaTamy.

B ne#icTBUTENBLHOM 7-MEPLOM NPOCTPAIICTBE CKAMAPHOE TIPOH3BCALHHE
PABHO CyMME€ MNPOH3BeAeHHH COOTBOTCTBYIOLIHX KOOPAHHAT BEKTOPOB

(x, ¥)= ’21] X (1"

PaccMoTpennsie Bhie cBoficTBa ckansproro mpouasenenus GopMy-
AHPYIOTCS TaK: )

1) (x
9) (%, ¥)=(y, x);
) (ox, Y)=(x, W) =0a (x, ¥) (% KehCcTBUTENBHO);
4) (x+y, 2)=(x, 2)+ (¥, &)

(X, y-+2)={x, ¥)+(x, 2).

, X)=0, npuuem ecmn (x, x)=0, 10 x=0;
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C noMouipl0 CKANIPHOTO NPOM3BEAECHHS MOXHO LATh Ofpeje/eHHe
W OCHOBHLIX METPHUYECKHX TMOHITHH B 72-MEPHOM MPOCTPAHCTBE: MJIMHH
BEKTOPa M yrja MewAy Dapoll ReKTOPOR,

1. Innsa sexrtopa. [auuo# BekTOpa B /I-MEDHOM OPOCTPAHCTRE
Ha3LIBAETCSt HEOTPHUATENbHOE HHCAO

[x]= +V(x 2.

OueBnano, 4TO 9TO OmpenesneHue COTNACYeTCHs C MOHATHEM MJAHHEI
BEKTOpa B TPEXMEPHOM [POCTPAHCTBE,

2. Yron mexny BeKTOpaMu. Yrjaom (¢ Mewny mnapofl BEKTOPOB X
H ¥ naswpaeTcs TOT yroa (B npepenax or 0 mo 180°), mns kortoporo

(x, y)
EXTN

Ins BEKTOPOB B TPEXMEPHOM MNPOCTPAHCTBE DTO OMpe/iesieHHe Co-
rjacyercd ¢ OOBLIYHKIM BhIp&KEHHEM Yrna MEWILY BEKTOpamu yepes CKa-
JsipHoe mpousBeneuue, MowHO 1Q0Ka3aTh, UTO COPABENJIHBO HEPABEH-
¢TBO [1]

Cos p =

) <|xlyl

[TosTOoMy yros Mexny BeKTOPAaMH B BEI(ECTBEHHOM {IPOCTPAHCTBE GyneT
JOeHCTBHTENEH,

§ 4. OprorosajbHbie CHCTEMbl BEKTOPOB

Onpenenenne 1. Ina Bektopa X u y npocrTpanctsa £, Haaw-
BAIOTCA OpPTO2OHAAbHLIMU, €CIAH WX CKaJApHOE NPOH3BENEHHE pAaBHO

HYJ10, T. €.
(x, y)=0. (N

Ecan BEKTOPH HC HYJCBHE, TO OpPTOroHajJbHOCTL O3HA4YaET, 4YTO

n
Yroa MeWAy HUMH paBen - . Hynepofi BexTOp, OYeBHAHO, OPTOTOHA-

Jien n1000My BEKTOpPY MPOCTpPaHCTBA.

Taxkum o0Gpa3oM, OpPTOTOHAABHOCTHL €CTh 06GoGuUIEHHOE CBOHCTBO
nepiesInK yaapHOCTH.

Oupeneneunne 2, Cucrema Bextopor x0; x®@ ., x"" Hazw-
BaeTCsl OPTOCOHAALHOU, €Ccau JMiobble ABA BEKTOpPa CHCTCMBI OpPTOrO-
HaAbHK ADYT IApPyTYy, T. €.

(2, ")y =0 npn j=kk.

3ameTny, 4To ecan sektop x™ oproronanen BexTopam X, , .., x™,
TO 3TOT BEKTOP OPTOTOHAaACH Takike JI060H nuHelHOM KOMGUHALUM f10-
CJENHMX BEKTOPOB, WNLIMH CJOBamu, BekTop x'!’ opTorowasen npo-
CTPaHCTBY, HATAHYTOMY Ha BekTopw x?, ..., x'™, JleficTBUTeabHO,
ecan
(0, x®)=0 npn k=2, ..., m,
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TO HMEEM!

nt

m
U %

(x‘”, pa ckx"”)= D cx (£, x*) =0,
=3

k=2

rae C2, oy Cm — NPOH3BONDBHLBIC TOCTOAHHHE,
Teopewma., Henyasesue nonapuo O0pTOZOH@AbHble 6eKTOpss XD,

x2 . ., x"™ aumeidino Hesasucumot.
HNokasaTenbcTBO. B camoM nene, mycThb
(m
€X'V e x P e x™=0. , (2)

Ymuox)an ckanspuo ofe uwacTu pasenctsa (2) wa x, moaydmm:
€1 (20, 2D) ¢, (P, 2B ... Fom (2D, x™) =0,
HAH, TaK Kak
(20, xV)=£0 u (U, ¥ =0 npn j==1, 10 ¢;=0 u ¢, =0,

CoBepileHHO TaK e J10Ka3uBaeM, 4To ¢,=0, ..., ¢, =0. Creno-
BaTeabHO, BekTopw XD, x| x™ nuneflno He3aBHCHMBL

Cnencrene. B 7n-mepuom mpoctpancTse £, OPTOrOHanbHasl CH-
cTeMa CONEPXHT He 6oJiee 7 BeKTODOB.

Onpeneacuue 3. Basuc g, &, ..., &, npoctpanctea £, Hasb-
BAETCH OPTOSOHAALHbIM, €CnH Ga3uCHbe BEKTODPH MONapHO OPTOrOHaNb-
Hu, T. €.

(&, g,)=0 npn js=k (j, k=1,2, ..., n).

Ecan, ceepx Toro, Bextopu €,(j=1, 2, ..., n)—ezunuyHLe, TO
OpTOroHaTbHLIR $as3uc Ha3nBaeTCs HOPMUPOSAHHbIM (KOpOYE, OPTOHOp-
Muposannbii). B stom cayuae mveem:

(), 8,) =0,

rae 8, — cumpoa Kpowuexepa.
MpocTefiuufl opronopsuporavnufi Gasuc mpoctpancTsa E,, kaK ue-
TPYAHO yOIRTbCH, NpeacTaBisieT cO00ft cucTeMy OpTOB

e,=(1,0,0,...,0),
e,=(0,1,0,...,0),
e,=1{0,0,0...,10),
06pa3yowux MNCXONHKH 6asuc.
Oproronanbhui 6a3uc €, €,, ..., &, BCErA2 MOXHO HODMHPOBATh,
pa3Ne/nHB KaxAbH H3 BEKTOPOB &, HA ero anmny. [losyuennne Hophe
BEKTOPH

8}0)— g, (]=1’ 2, e, ”)

o V(E,. 2))

06pa3yioT OPTOHOPMHPOBAHHLIR Ga3duc.
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Boipasum KoOpAHHATH BCKTOPa X B OPTOHODMHDOBaHHOM GasHce
€, €y ..., &, Bcan

] x=F + 58+ ... +E2, (3)
TO, YMHOXasl CKanfpHo paBencTeo (3) Cnpasa Ba €; NMOJYYnM:
E=(x ) (=12, ..., n). (4)

Mo ansanornu ¢ BeKTOpHON anreGpoli MOXKHO CKa3aTh, YTO KOOPIU-
HATol 6eKTOPA 8 OPTOHOPMUDOBArHOM Basuce pasHbL NPOEKUUAM BEKTOPA
KA CO0T3eTCTI8yroujie 8¢KTOPbL 6asuca.

a

Bossona paeenctBo (3) B kBaApar, GyAeM HMETh:

. x)=<1'=21 & kgl E"s")=
=X B, ek>—25m~2 &% )

T. e. ksadpar daunvl sexropa pasen cymme Ksadparos modyied ezo
npoexyud Ha 6asucHsle OPTOHOPMUPOBAHHBIE BeKTOPbL (GHAA02 Teopembl
Nugpaeopa). B yacrhocTH, ecau npocTpancTBO £, — aeHcTBUTENbHOE,
TO ¢opyuyay (8) mMowno 3anucare 6€3 mMoOmyan:

i3 E &, (5")

i=1

§ 5. Mpeo6Gpazosadua KOOPAHHAT BEXKTOPA
npH p3menedusx 6asuca

Ilycte €, &, ..., €, U &, &, ..., & —aABa 0a3uca OAHOrO
m toro we sannecithoro npoctpanctsa £,. Kawan#t sextop Hosoro (ato-
poro) Gaszuca g£; HMECT B CTapoM (nepzon) Gazuce €; HeKOTOpbte KOOp-
ABHATE 81;, Sypy oo0y 8y/%), To €

8/—5‘1/9 +32192 *'.--‘{_Sn/ n (j=1= 2, ceey ﬂ). (1)

HeocofGenunas MaTpuua S= [s;/] naswiBaeTca marpuyed nepexoda ot
craporo 6asuca k HoBovy ¥¥).. Dra matpHua aBARETCA TPAHCHOHH-
posanici no OTHOWIENHIO K MaTpuue, 3aaaoulei npeo6pasosanue 6asuca,
Mycte X — nandmil BekTop. OG603nAYHM uyepe3 X; KOOPIMHATH 3TOrO
BEKTOpa B CTapoM Gasuce u yepes &;— ero KOOPAMHATH B HOBOM $a3uce.

*) [Ipuy o6o3HayeH#H KOOPAHHAT Ha NEPBOM MecTe YKa3blBaeTcsd HOMep
COOTBETCTBYIOUIEr'O ¢Taporo 6a3HWCHOTO BCKTOPA, a 11a BTOPOM— HOBOro 6asue-
HOTO BEKTopa.

**) Onpegenntens det S # 0, Tak Kak B NPOTHBHOM CJyd4ae BEKTOpH €,
€, ..., €, ObiN Ob JIHHEHHO 3aBHCHMbI.
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QuesuaHo, 4TO

JB

n

"
x=24xiei= Ee

=1 i=1

Otciona, mogcrasiss BO BTOPYIO CcyMmMy Buipaxcenue (1) ans g,
NOMYYHM:

n n i1 n n
Yl %] <) oY
X = 24 X8 = }Q g > S;6r= 2 é; 24 Si/5
=1 i=1 i=1 f=1 =1
CnenoBaTenbHO, B CHAY JHHEHHOH HE3aBHCHMOCTH BEKTOPOB &,
€, ..., €, HAXOouM:
n

=X sk (=1,2 ..., 0. (2)

j=1
Ecan 00603Ha4uTh

< ret™
xX= - u E=| - .
Xy £,

TO COOTHOIUEHRE (2) MOWHO Mepenucarth B CACAYIOLEeM MAaTPHYHOM BHIC:
x =SE, 3)

T. €. BeKTOp 8 cTGPbIX Koopdunartax (6asuce) pasen marpuue nepexoda S
(MM TpaHcmOHUpOBaHHOM MaTpHue, 3agnaloulefl HOBbLIK 6aauc), ymne-
JCEHHOL HQ GeKTOp 8 HOBhLX KOOpOuHaTaX.

W3 dopmyan (3) noayuaem:

E=8""x. (4)
OTMeTHM ORMH BaXHBIH HacTHHI cuayyait, ananoruinLit npeobpasona-
HHIO MPAMOVIO/bHBLIX KoopauHaT. [IycTh craphil 6asuc e, &,, ..., e,
¥ HOBHH Ga3uc &, &, ..., &, MACHCTBHTEAbHW H OPTOHOPMHpOBRA-
1el, T. €.
(ei, e,) 26[/ (a)
"
(e, &) =0, 3"

rae 6;,— cumBon Kponekepa.
Torna na cdopmyan (1) snTekaer:

sy=1{e, €) (i, j=1,2, ..., n), )

*) Muwimu cnosamu, Mbl paccMaTpuBaeM BeKTOpP x B HOBLIX KOOpAHHATAZX
KaK npeo0pa3oBaliHblil BeKTOP, OTHECEHHHIA K cTapomy 6asucy.
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T. €. DNCMEHTHl MATPHUK MCPEX0Aa S ABNATCA HANPABAAIOUUMU KO-
“Cunycamu w MOTYT ObITb 3ananul Tabauueh 24,

Ta6nuua 24
KocHHycH yraos Mexny opTamMu 1Byx Gaszucos

OpThy cTapolt cHeTeMut
OpTi HOBOH eHCTEMB
€y ' €. J o €n
€, S11 Sg1 e Sm
(2 S12 Sag e Sn2
. . . . .
L f1n San vee Snn

MoxctaBnas Bupawenue (1) s ¢opmyay (5'), 8 cuay dopmyn (5)
DOJy4YHM:
n

n n
— = 3 —
(&), &)= ([2 St€ '2‘ Slkei>— ~ 8178 =81

=1 = =
T. ¢. 1) cymmor napusix npoussedexutl cOOTBETCTEYIOWUX HANPABASIOWUY
KOCUHYCO8 pPA3AULHBLY KOOPOUHATHOIX 0Cel HOBOU OPTOHOPMUPOSAHHOU
CUCTeMbL PAGHH HYAO N 2) CyMMA K8ADPATOB HANPABASUUX KOCUHYCOB
028 Kaxdod HOGoU KoOpAunarnold Ocu pasua edunuye. OTCIona

S'S=E, %)

T. €. Marpuya nepexoda 0T 00HO20 OPTOHOPMUPOBAHHO20 Gasuca Kk Opy-
20y OPTOTOHAAbHA (noapolGHee 06 OPTOrOHANbHLIX MaTpuuax cMm. § 6).

§ 6. OproronasbHbie MaTpRIlbI

Onpeneneunne. JeHcTBuTenbHas MaTpuua A HasuiBaeTcd 0pro-
201aAbHOH, €CNM ee TPaHCMOHMpOBaHHas MaTpuua A’ conadaer ¢ o6-
patHoli A7Y, 1. e,

A =A4-t (1)
uin '
AA =A'A=E. 2

OproroHanbHas MaTpuUa HMeeT caeywolude CROUCTRA.
1. Crpokn (cTOAGibl) OPTOTOHaALHOK MATpPHilkl MONAPHO OPTOTO-
HACbHHE, :
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NeftcTBnTensto, ecnn A=[e,], T0 u3 pasescTsa (2) nmeen:
n
Y - .
kZ a;,a;,=0 nmpn ij
=1

n

Za“a“.—_—O npn I

2. Cym«a KBaIpaTOB 9/IEMEHTOB KaXAOH CTPOKH (CTonéua) opio-
rORa/sbRON MaTpuus pasua 1.
M3 pasenctBa (2) npu f==/ noayuacm:

n "

2 ! 2
X ah= 2 ai=1
k=1 k=1

3. OnpenesuTens opTorouatbHOR Matpuus pasBed 1.
B camom nese, na ocHosaHup paBeHCTBA (2) nmMeeM:
det Adet A" =det E.
OTtclona, Tak kak detA'=detd4d n detE=1, 70
' (det A)? =1
#, CNeN0BATeJbHO,
detA=41,

4. TpaHCNOHHPOBAHKAA M O6PATHAR MATPHUL OPTOTOHAABNOH MATPHILIH
CYTb TaKXe€ OPTOrOHAa/MbHLE MATPHUH. ITO CBOMCTBO HENOCPEACTBEHHO
BuTeKaeT U3 ¢opmya (1) » (2).

§ 7. Oproroaquaanus mMaTpHy

[TycTp nMMeeM MaTtpuuy ¢ ReHCTBHTE/NbHLIME J/MEMEHTAMH

Tan e +ov @y57|

Q31 Qg2 .« O,
A= .
L8ny Gpg o0s Qpp L

Croabun MaTpuusl A Gyiem pacCMATPUBATh KAK BeKTOPH
ah=| - =12 ..., n).

CJIQJIOBaTeJleO, 9TY MaTpHUy MOXHO 3anHCaTb B TAKOM BHIeE:

a=| el Tam]].
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Teopewma 1. Beakyro Cedcreutervnyro weocobennyo marpuyy A
MOMHO npedcTasuts & eude npoussedentts MArpuybl ¢ OPTO2OHAALHBIMU
CTOABYaMU HO BEPXHION TPEYSOABRYIO MATPUNY, T. e.

A=RT,

2de R—marpuya ¢ oproconaavreimu croabyasy u T — eepxuas Tpe-
YyeoreHan MaTpuya ¢ eGunutHod OuaioNaAblo,

NovkaszaTenbcTBO. ANt 1DCCTOTH A0KA32TEABCTRO TEOPEMSI TPO-

. BEJeM ANs Caydad, KOraa nopsiaok Matpui n=3. O1Hako paccyxae-

Has OynyT umeTh oOwudl xapakrep. [lycTs

[an Cig a3’
Qg1 Opp gy

A:

Lag Qg Ay

Sanuiem 3Ty MATpPUUY B BHAE

A=[a'V a? a¥),
gty .

Tay,T
agy
Lag,l

rie = — BCKTOPHI-CTOABI.

Pue. 51,

Tax xax matpuuna A —ucocobennas, To0 BexktTopm a'l', @, @ ju-
HEtHO HEe34BUCHMbI,

HeficterTenbHo, ecnn Gnl 3TH BEKFOPHW OuaH JAuMHEHHO 3aBHCHMbI,
TO B det A ontn U3 CTOAOUOB #BARACA On JuHelnod komOuHaunel AByx
Epyrux H, cnenopatensno, det A =0, 4TO0 HEBO3MOWKHO.

Bysem wckare maTpuny R Takxke B BHIC

R ==[rL p» p]

rae r (j=1, 2, 3)— HcKOMWE OPTOrOUaNbHbE CTONGLH.
[MNonowum

r(l):.alh_ . (0

Nanee, BexTop @'® packiambiBaeM Ha cocrasasiompe f,r0 y 2,
W3 KOTODBLIX fepBaf HampaBJeHa No BekTopy r‘’, a BTopas nepmenan-
Kynapha (OpPTOrodannHa) Kk semy (puc. d1), T. e,

a(Z)___ tlzr(l)_{_r(Z), (2)
rae
(F0, P2y =0, (2"

Ananoruyno BexTop @'® packnanmaem Ha TpH cocTasnsioulne £, 70,

f35r'® u r'%, 3 KOTOPHIX UEPBbIE ABE HANPABIACHH COOTBeTCTBEHHO no
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sekTopaM £V u r®, a nocaensus nepneranKyAspHa Kak K BexkTopy U,
Tak n Kk Bextopy r'® (puc, 51), T. e.
(2) {
a® =t PV £, D 4P, (3)
rae
(FV, F¥Y =0 u (r'?, r') =0, (3"

W3 noctpoenus sico, uto sextopn U, P u £? 6yayr B3aumso
nepnenaukynspiue, Oupepennm u3 cHeTeMsl (2) # (3) Kak BEKTOpH
r® w r®, 1ak w kosdduuuentn f;,. YmHOkas ckansapuo o6e acTu

papienna (2) na r'P =gl B cua CJ0BHS OPTOTOHAJAbHOCTH (27
I 1

noay4nM: .
@?, rvy=t¢,, (ro, 1 1’)’
IpuueM
(f‘“, r‘l)):,t:'().
CnenosaTensho,
(a(‘.l) r(l))
‘ ,

12 — (r(l), r(l))

¢

r=a® ¢,

BameTum, 4TO B CHAY HeocoGennocTH MaTpHUH A BekTOp 'V =a™' =£0
u nostomy (r'V', r''y=£0. Kpome toro, £ =40, Tak Kak B POTHBHOM
cayyae BeKTOpH @'’ B @'% 6WaAM OW JHHCHHO 33aBHCHMbI,
AHanoruyHo, yMHoMan ckanfipHo ofe uacTy ypassenns (3) nocaeno-
BaTebHo Ha UV u ¥ g cuay ycaosuil oproromansHocTr (2°) u (8)
NOAYYuM:
( { i N
(a S’)‘ rl))ztw (r”, r” )y
(a(S), ,.(21) =t23 (’.(2)‘ ’.tﬁi)_
Otcwoma, yuntwiBas, uto (FV, rU)s£0 u (r?, r2) £ 0, 6yaen
HMETb:
((1(3’, r(l)) (a(a) ’.(2))
137 (A0 Ay B (p1B, @)
Q) — 4D D __ 2)
rv=aq 1t o',

Jlerko mpoBepHTb, YTO TAK NOCTPOEHHBE BEKTOPH U, p2 g p®
MONapHO OPTOrOHAaAbHLL. TakiuM 06DPA30M, OKOHYATENBHO HMEEM:

all =
)
(2) (v 2)
a® =t,r'+ r® (4)
@
a?® = tlsr(1)+ tzar(Z) —|-l'(3),
rae b
(@b, riy L
i _‘(,.u‘), #0) (€<
|

(r®, r9) =0 npn =4
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OucBHAHO, 4TO cHCTcMa (4) SKRHBAAGHTHA MATPHYHOMY YPABHEHHIO

ay Qg a3 r11 r19 f33 1ty tyy
Qgp Gog Qg | =| o1 Tag oa | « | O 1 I
Q3 g3 Qg3 Ts1 T3z Tss 00 1
RAH
A=RIT, (5)

rae R=[r;]—waTpuua c oprorosanssuma cronbuamu, a T=f[t;]—
BEPXHAN TPeyroibHas MaTpuuUa C €NMHHYHON AHAroHanNbIO.
[lpumep. Oproronasn3nposats CTONGIE MATPHIL

01 2
A=|1 2 0],
2 0 1
Pewenune, INonownm

0
rv=| 1 |=gagw,
2

@, ') 1.0-42-1-0.2 0.4
D, Oy T Tt 124

Toraa

tl‘l

Tenepn Haflmem

1 0 1
r2—=g® __ tmr“’ =|2{—04| !t |= 1,6 |,
0 2 -0,8

Jns onpenenenus r¥ Buuncanm £ a1 f,,. Haeem:

(@®, £ 2.0--0-141.2 2

18 = [, p0) = 5 =§=0’4;
(@9, r™) _2140:1,641(—0,8) _ 1,2 oo
tys = o, rlz))= 1+ 1,6°+0,8° =7 Ve
Orciozna

2 0 1 1,70
P —g® 3r‘1’—t23r‘2’= 0[—0,411]—0,3 1,6 |=| —0,88 |,
! 1 2 —0,8 0,44

Hrak,
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npHuieM BEKTOPH

0 1 1,7
ro—|t]|; 2= 1,6: ro—|—0,88
2 —0,8 0,44

NONAapHO OPTOrOHa/AbHEL, B HeM MOWHO yGeAUThC HemocpelICcTBEHHOH
npoBepKoH.
B HeKOTOpHIX C/AyuasX BhIFOAHEE OPTOrOHA/NH3UPOBATH He CTOAGUM,
a CTPOKM MATPHUB, PACCMATPHBAA MUX KAK COOTBETCTBYIOULHE BEKTOPH.
Tycts A’ —TpaHCMNOKMPOBAHHAR MATpPHWUA A/as AaHHOW MaTpHLU
A —npuBenena K BHAY

AI = RT1 (6)

rage R—MaTpuua ¢ OpTOroHanbHeMu cTonGuamu w T —Bepxuas Tpe-
yrosabHas Matpuila C eaHHHYHO# Avaronanbio. TpaHCmOHHpYyd paBeH-
cTBO (6), momyuHM:

A=TR, (M)

roe T’ — HuXHA TpeyronbHas mMaTpuua U R’ —maTpHlla ¢ OPTOrOHANb-
HLIMH cTpoxamu. Takum 06pasoM, yKa3aHHnH BhILE MPHEM OPTOTOHANMH-
3aUHU CTONGIOBR MAaTPHUW TFOINTCHA TAaKX¥e H A48 OPTOrOHAaNH3alUHH
CTPOK, H MB HUMEeM Teopeay.

Teopema 2. Beaxkyo OedcTsutesvHyi0 HEOCODEHHYIO  MATPUYY
MONCHO npPedCTasuUTdb 8 6U0e NPOU3BE0eHUA HUNHed TPeyeoabHOU MAaTpuLbl
¢ eQuHUYHOU OuQ20HAALID U MATPUYUBL ¢ OPTOZ0HAALHLIMU CTPOKAMLIL.

Yxaxem eule oAMH NPUEM OPTOrOHANH3aUNH CTPOK MaTPHUM, HHOTIA
npaktuyeckn 6oaee ynodnwh [5]. [lycTb nana nelicTBHTenbHas HEOCO-
6eHHan MaTpHla

Ay Qg eee Ayp
A= g1 Qg3 +vs gp

Qpt Gng oo Qpp

W3 xawnoft i-ff cTpoxu maTpuub A, HaumHas Co BTOPOM, BHUTEM ee
NepBYyIO CTPOKY, YMHOWEHHYIO Ha HCKOTOpOE YHCAO Ay (i=2, ..., #),
3aBucqllee OT HOMepa CTPOKH. B pesyabTaTe Oynem umeTh mpeo6paso-
BaHHYIO MaTpHLY

- (1)

) (1)
Ay Gyp oee Op
(1) (1) (1)
| ey ay ...a
AL — | %21 %3 en |
(1) (1) (1)
Gnt pg ve- Ayp

rae af=a;; npu i=1n a) =a;; —A,ay; vpu i=2.
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MoaGepem muoxuTenn A, Tax, uToGH nepsas cTpoxka MaTpuub AV
6bisa OPTOTOHANBHA KO BCCM OCTAJbHBIM CTPOKaM 9TOH MaTpuub. Mmeenm:

:

n

Za<1)a(1r = Zalj — Ay = 1al/a i Ailizlailzo.

i=1 /=

Orciona

Zal,a,',
A= (=2, ..., n).

¥ el

i=1

Han matpuuest A" nponensizaeM awanoruuHylo onepannio, a HMEHHO!
nepBble IBe CTPOKH €€ OCTABASIeM HCH3MEHHBLIMH, & U3 Kaw1o# i-#t cTpokH,
rie {223, BuwunTaem BTOPYW CTPoxky matpuubl A'Y, yMHOXKEHHYIO
Ha 4HCNO Ay (=3, ..., n). NosydaeM HOBYI0 MATpHIY

(2) (2 (2)

Yy 8y +ee Oy

(2) . {2) (2)

A® = %21 G2z - %yn
?

(2) {2) (2)
a'll an2 A ann

rie aglz’ =‘Z(.~}) npu [=1, 2 u am—a“'—-kma‘;f npu [ =3.

Tax xax nepBasd cTpoka maTpuum A comnanaer ¢ nepsoil ¢TpoKOH
MaTpuupt AV n Bce ocTanbHbie CTPOKHM MATpHUK A® npeacTasaslor co-
60l nuHeHHbIe KOMOGHHALHU CTPOK MaTpuuul AV, oproroHansuuix mep-
Bo# cTpoke matpuuw AV, 1o crpoku matpnubn A® Gyayt Takxe opro-
TOHAJBHBIMH K ec MmepBof cTpoxe. Bubepem MHONKHTENH A, TAK, UTOGH
cTpoku maTpuus A®, HaunHas ¢ TpeTbe#, GhAM OPTOTOHANBLHBL KO BTO-
poit ee cTtpoke. Tlonyuacm:

n n n n
; @ al?) = %‘,la(;; (e — A ally = l_§ alalh — 7\:22[0;‘,}]2 =0.
Orciona

Zail) (1)

Ap=12t (=3, ..., n). (A)

) Sl
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YkasauHL} Bhillie MpOLecC MPOXOMKAEM A0 TEX MOp, MOKA HE MOJYy-
yuTCA MaTpuua

-a(llz-b a(lnz—l) (171 1}
(n~=1) (n=1) (n—1)
AN—D a 27 ves Qo
X ?
(n 1, in=1) (n—1)
L% @ s Opp

BCE CTPOKH KOTOPOH MOMApHO OpPTOrOHAAbHLI:

M:

~Dgn=1) —
afi=Val=V =0 npn kL.

I

i=1

Marprua AY~D =R ¢ opTOroHanbHHMi CTPOKaMM MOAY4HIACh
H3 J4HHOW MaTpuunl A B pe3ynbTaTe Lenu 3jeMEHTApHHX mpeobpaso-
Bayuil, [103ToMy cnpaBexnHBO paBEHCTBO

R= A4, (8)

rae A —mneocoBernas MaTpuua, KOTopas B Hauwlem clydae fBAfCTCS
HHXKHEH TPeyroanHoil Martpuuel.

MaTpuuy A Jjerko BOCCTAHOBMTb, NPOAETAB HAl €AHHHYHON MATpH-
ueit £ pce aneMentaperie npeobpa3oBaris, COBEPLIGHHHE HaL MaTpi-
ueit A. Y3 dopmyan (8) nmeem OKOHuaTENbHO:

A=TR,
roe T=A"!— umxnasn TpeyronbHas MaTpHLA.
YKaweM HEKOTOpHE CBOWCTBA MaTPHIL C OPTOTOHAJNBHHMH pPRLAMI.
Jlemma. Ecau croabys OeficTeuTeabnoid marpuyst COCTABAAIOT
OPTO2OHAALHYIO CUCTEMY BEKTOPOE, TO Npouseedenue TPAACNOHUPOBAHHOU
AQTPUYbL 1A CAMY MATPUYY PABHO Oua2OKAABHOL MATpUYe.
HoxasaTteabcTBO. TlyeTh A= [a;;] —nanuas maTphua. Tpe-

OyeTca noxas3aTth, 410 A'A=0D, rae A’ —[(Zjl]-—TpaHCIlOHHPOBaHHaﬂ
maTpuua A H

dn 0 ... 0
0 d22

D == . | —anaronanpHas matpuua.
00 ... d,,,,

Monaras D'=[d;,], cornacno npasuny yMHOWCHHUS MAaTPHL HMeeM:
n
a
dl-/z kz;‘lakl.akl.

Orciona, Tak Kak a,;— KoOpanatst i-ro Bextopa @ H a,,~—Ko-
opaHHaTH j-ro BexTopa a’, moayuae:

2, =(a", a) =0, ecan i=EJ.
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Cnenosatennuo, D= [d;;] — nnaronanbHas MaTpHua,

Cnencrtsue, [lpoussenenne NeACTBUTENLHOR MATPHIW € OPTOro-
HaJbHBIMH CTPOKAMH Ha TPAHCNOHHPOBAHHYIO MaTpULY PAaBHO AHATOHAa/b-
Holt matpuue, 1. e. AA =D.

Teopema 3. Bcakas Heocobennan dedcreutessnans marpuua A ¢
ODTO20HANGHbIMYU CTOAGUAMYU npedcTasaneT co60d OPTO2OHAAbHYIO MATDU-
YY, YMHOMEHHYIO Cnpasa Ha OUG2OHAAbHYIO MATPUYY.

HNokasareabcTBo. B cuny neMMu umeeM:

A'A=D, (9

rae D=[d,-j]—1marox-lanbnaa martpuua. Ecan A={a;l, To, o4eBuiHO,

= 2,a? 0.
&k >
Iycts .
p;=Va;>0 (t=1,2, ..., n
u

d= 0p2 LR \!

Ouesnano, uto D=d% W3 ¢opmyan (9) nmeem A'A =42, oTkyna
“AAdT =E.
Tak kak
(@Y =d~', 1o (Ad™Y (Ad~Y)=E
CnenozatensHo, Marpuua Ad~'= U oproroHasbHa H, 3HAYMT,
A=Ud, : (10)

4TO H Tpe6OBANOCh 10KA3dTh.

Cnencteue. HeocobeHHylo HeHCTBHTEbHYIO MATPHILY C OPTOro-
HAJbHHIMH CTPOKAMH MOYXHO NpPeACTaBUTb B BHIE NPOH3BEAEHHS NHA-
roHabHON MaTpPHUUR HA OPTOrOHaAbHYIO MaTpHUY.

HedcTanTensHo, nycts A—MaTpHUua ¢ OPTOTOHAJBHLIMH CTPOKAMH;
toraa A’ — MaTDHLA C OPTOTOHAALHHLIMK ctonbuamu. B cuny gopmyan (10)
umeem A’ = Ud, rne U—opTorosanbHas matpuua n d — IHaronaibHad
MaTpuua, KOTopas MOXET ObiTb ONPENEeNCHA H3 COOTHOLIEHHS

AA" = d2.
OTciona noaydaes:
=AY =d'U =dU,

rae U — Takwke oprOroHasnpHad Martpuua.
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3ameuyanne. Yrobu naHHYl0 HeHCTBATENbHYIO HEOCOBEHHYIO
MaTpuuy A ¢ OPTOTOHAa/bHLIME CTOAOUAMH (CTpOKaMH) npeoBpa3oBaTh
B OPTOrOHAa/NBHYIO, NOCTAaTOYHO HOPMHPOBATH €€ CTOJOUW (HAH COOT-
BETCTBEHNO CTPOKH), T. €. S/MEMeHT KaXAoro croabua (CTPOKH) pas-
Ie/UTh HA KOPEHb KBANPATHHH M3 CYMMHl KBAAPATOB JJEMEHTOB 3TOTO
cronbua (ctpoku). Hanpumep, ecaun A=[a;;] ecTb MaTpuua ¢ opToro-
HaJbHBIMA  CTONOLAMK, TO MAaTpHUA
A=[a1/])
-~ a”

rie a;=
n

2 CH
k=1

(i, j=1, 2, ..., n), ecTb OpTOroHa/bHas

MaTpHulia,

§ 8. [lpuMenensne METONOB OPTOTOHAJNH3AUNH K PEHIEHHUIO CHCTCM
JinHeHHbLIX ypaBHEHUil

A. Ileperu @l cnoco6 (opToronannsauus CTOJGLOB)
[TycTh uMeem cucTeMy AHHEHHBIX ypapHeHHN
Ax=b (1)

¢ IeitcTBATe bHOW HeocoGenHolt maTpuuelt A, OpToronanusnpys cToA6-
UL MaTpuusl A, noayunm matpuuy R, npuuem A=RT, rae T —Bepx-
HARl Tpeyroabsas MaTpuua. Mmeewm:

RTx =b. (2)
Ymuowan cnepa va R’ oGe uyacti pasenctsa (2), noayyum:
R'RTx=R'b. (3)

Ho, xax wu3BectHo, R'R=D, roe D—nanaronaabsag MaTpHUA,
Beoasi oGo3nayenne. R’ =[, Gynem vmMeTh:

DTx=§,
OTKyna .
x=(DT)"'B=T"1D"1. (4)

Martpuua D~1!, o6paTHas nuaronanbHoll, HAXOAUTCS JErkO, a HMEHHO,
ecau

dy 0...0
po| 0 dn...0
0 0...dpy,
TO
a7l 0 ... 0
D-1—| 0 dzpt..0 |-

0 0...d;
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OTHOCHTENbIO MNPOCTO HAXOAXTCH Taxxwe oGpaTHad matpuma T-1
Tpeyroabno#t matpuun T,

fMprasep 1. Meronom OpTOroHa M3aLuy CTOASLOB PEUIHTD CHCTENY
ypasHeHH#

0,4x,4+0.3x,—02x,=2;
0,6x, —0,0x,+0,3x,=2,5;
0,3x, +0,2x,4+0,0x,=11.
Pemwenne, MNpeacrasum marpuuy A nanHol CHCTEMB B BHAE IPOH3-

BeNeHUs MaTPHUL R ¢ OPTOrOHANBHLIMH CTOAGIAMH HA TPEYrO/bHYIO
MBTDHILY. ¢ eAHHHUHOH AHAroHa/bIo:

u 12 g [ PP
A=RT=|ry rg ro||0 L Ay |,
rg frg e L0 O 1
Nonaraem:

r(l)=a(1); r(2)=al2)_7\'12r'1); r(m=a(3)_7\-13r(“—‘}\23r(2‘.

0,4
r't =106,
0,3
No dopmynam (4) npeanayuiero naparpada Haxonum:

(@®, r4)  0,12—0,340,06 0,12
D, rT)=0,1640,3640,00 0,61

0,3 0,47 [ 0,3787
r® o=l —0,5 | 40,1967 | 0,6 | = —0,3820 |,
0,2 0,3 0,25¢0

0,4 0,3787 0,15151
(70, 2y = 0,6 || —0,2820 | =—0,2292 } —0;

HNmeem:

= —0, 1867

}‘12 =

Konrpons:

0,3 0, 2590 0,0777 l
(@®, ') _ —0,08--0,1840,15 _ 0,25 _
Aia = G, ) = 0,61 = grer = 4098:
(@®, r) 0,07574 —0,11460-+0, 12050 L
Koy == (r‘z’ 7= 0.5 = —0,1714;

0,4 0,3787 —0,2950
0,6 | +0,1714| —0,3820 | =| —0,0114 |.
0.3 0,2590 0,4215

(I’”’, r\3)) — (r\'?.)’ rm)) =0

5

{OHTp_Uﬂb;
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Taxum oGpa3oy,

0,4 0,3787 —0,29907I'1 -—0,1967  0,4098
A=|0,6 —0,3820 —0,0114 (10 1 —0,1714 |,
0,3 0,2590 0,4215]J{0 O 1

R T

o dopmyne (4) nveem:

x=T"1D"1R'D,

rie D= R'R— nnarouanbHas MaTpuua u

2
b=[ 2,5],
11

s matpui D u ee obGpatHo#t matpuuw D~1 noayuaem Takue
3HAYEHUSA:

0,61 0 0 1,640 0
D=|0 0,35 0 w D l=|0 2810 |,
0 0 0,272 0 0 3,75

0,4 0,6 0,3 2 5,6
R’ = 0,3787 —0,3820 0,2550 2,5 |=12,674,
—0,2990 ~0,0114 0,4215 | 11 4,08

Hanee,

Hakotew, OCHYHBIM NPHEMOM TONCYMTHIBACM:
1 0,1967 —0,3761
T-r=|01 0,1714 {,
00 I

B urore momyuum:

1 0,1967 —0,2761 1,64 0 0 5,6 5,0238
x=101 0,1714 || O 2,81 0 2,67 | =| 10,0475 {,
00 1 0 0 3,75114,08 15,0087

CaeaoBaTenbHo,
x, =15,0238; X, = 10,0475; x,=15,0087;

Touune 3HAUCHHS Kopuei: x,=95; x,=10; x,=15.

B. Bropo#t ¢cnoco6 (opToroxHanausauug CTPOK)

IycTp aana cucrema
Ax =0, (5)
rae detA==0.
lpeoGpasyeM CTPOKH CHCTEMb (D) ¢ MOMOIIBID TPHEME, YKA3aHHOTO
B npeanayuieM naparpade, Tak, uto6un MaTpuua A nepeiusa B MaTpuny R
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C opTOroHaabHbBIMKR cTpokaMu. [Ipu sToM BekTOp b nepefinet B KaKoH-TO
BekTop B. B pesyabtaTe noayuuM SKBHBANEHTHYIO CHCTeMy
Rx=2§. (6)
CnenoBatennHo,
x=R71§. (7N
Kak nssectho, RR'= D =d? rned — nnaronaabnasi MaTpuua, u R =dU,
rae U—oproronansras matpuna. [loatomy
Rl=d)1=U Y 1'=U'dd*=dU)d " ?=R'd™*=R'D™L
Takum o6pa3soM, Ha ocHoBanuu Gopmyas (7) OKOHYATENbHO HMEEM!
x=R'D™1}, (8)
rae
D=RR'. (9)

Hcnonb3ys ¢opmyay (8), momHo usbemarb Haubodee TPYLOEMKOTO
Npouecca Hax0Aerns 06PaTHON MATPHUH /115 HEXHATOHANbHON MAT PULIE.
Hanuuue matpuust D~1 He BHOCHT ycnowHenus, Tak kak D— gmaro-
nHajibHaf Matpupa. <dopmyna (9), Hyxuads [o CyuLiecTBy, MowxeT OHTb
HCII0Ab30BAHA TaKXKe W IS KOHTPOJS.

[(Ipumep 2. MeronomM OPTOrOHANH3aUHM CTPOK PEUIHTbL CHCTEMY
YypaBHeHu#

3,00x, 4 0,15x,—0,09x, = 6,00;
0,08x, +4,00x, —0,16x,=12,00;
0,05x, + 0,30x, -+ 5,00x, = 20,00.

0

Pewenune. To dopmynan npeawayiiero naparpada onpenensem
MHOXHKTeNH:

3,00-0,0840,15.4,00 4 (—0,09)-(—0,16) _ 0,854

Ao = 3,002 0, 152+ 0,092 _—9,0306=0’0946;
3,00-0,05-+0,15.0,30—0,09-5,00 _  0,2550 _
Ay = 3,008 4-0,15%+0,09° = "5 0306 0,0282.

Coxpansin nepBoe ypasHenue cucTemu (1), M3 KaWJAOTO CNeAYIOWLEro
BHUHTaeM TeEpBOE, YMHOWEHHOE Ha COOTBETCTBYIOUIHE MHOWHTEAH Ay
(i=2, 3)

3,00x, + 0,15x,—0,09x, = 6,00;
—0,2038x, + 3,9858x, — 0,1685x, = 11,4324; (n
0,1346x, 4 0,3042x , 4 4,9975x, = 20,1692.

Ias cuctemn (Il) ompeasensieM MHOXHTeENb

—0,2038-0,13464 3,9858-0,3042—0,1685-4,9975 _ 0,3430
0,2038%+-3,9858%- 0, 16852 15,9565

Ago = =0,0215.
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Coxpaussi ABa nepBHX ypaBHesnsi cHcTeMum (II), H3 ee TpeThero
yPaBHEHHS BLIYHTAEM BTODOE, YMHOMCEHHOE HA MHONXHTENDb Ayl

3,00x; 4+ 0,15x, — 0,09, = 6,00;
—0,2038x; + 3,9858x, —0,1685.x, = 11,4324; (11I)
0,1390x, +0,2185x, + 5,001 1x; = 19,9234,
Marpnua
3,00 0,15 —~0,09

R =| —0,2038 3,9858 —0,1685
0,1390 0,2185 5,0011

HMEET OPTOroBalbHLIC CTPOKH, s KOHTPOJ/s1 COCTaBJAfEM MaTpHUy

9,0306 0,0017 —0,0002 9,0306 0 0
D=RR = 0,0017 15,9565 —0,0018 |~ [0 15,9565 0
—0,0002 —0,0018 25,0780 0 0 25,0780
Tpumensia dopmyny (8), nonyuum:

3,00 —0,2038 0,1390
x=R'D™g=( 0,15 3,9858 0,2185 | X
—0,09 ~—0,1685 5,0011

0,1107 ¢ 0 6,00 1,957
X110 0,0626 0 11,4324 | = 3,126 |,
0 0 0,0399_| | 19,9234 3,803
CrnenoBatenHo,

x;=1,957; X,=23,126; x,=3,803.

B. Tpern#i cnocoG (MeTon OPTOrOHAaJbHHX MAaTpHL)
IycTs Aunefinas cucTema npuseleHa X BHAY

Rx =8, (10)
rae R=|[r;;]—neocoGennas MaTpuua ¢ OPTOFOHAJLULIMH CTPOKaMH H
Bi
p= —BEKTOp CBOGOARBIX YJEHOB.
B

YmHokasn xawzaoe ypassedne cuctemu (10) na nopmupyiowui mHo-
WHTEAb

p".:—— i=1, 2,..-; ﬂ):

1

. (
3

2

I=1
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NOJMYYUM CHCTEMY

Rx=§, : (in
rae ﬁ:[p‘-r,-j]——opTorouaanaﬂ MaTpuna o
by
f= “2132 ~—HOBbIl BEKTOP CBOGOIHEIX YJCHOB.
“abn
Us ypasuenns (11) 6ymeM HMeTb:
x=R13=R'§. (12)

§ 9. IlpocrpancTso pemeunit oMHOPORHOA CHCTEMbI

PaccMOTpuM ORKHOPOLBYIO JMHEHHYIO CHCTeMy

QX1+ ax,F .o+ a,x,=0;

Ap1 X1+ QooXo+ ... Fay,x, :_0; (1)
QX1+ 8ex, ... +a,,x,=0
HJH, KODOue,
Ax:—_O, (]’)
X1 ’
rae A:[ai/] W X=| . |—HCKOMBIi BCKTOP.

xﬂ
Ecan det A=£0, 1o B cuny dopmyn Kpamepa cuctema (1) umeer
€NMHCTBEHHOE #HYJeBoe pelleHne X =0.
[Tycte det A=0. B srom cayyae cucrema (1) umeer GeckoHeunoe
MHOXECTBO PeIUeHHH (B TOM uHC/Ie M HeHylesbe).
Ws dopuynnt (1°) BriTexkaer: 1) ecan x— pemenne ypasuenus (1°),
TO ¢X, TAe ¢ —INPON3BOJAbHAA MOCTOSHHAH, €CTh TAKKE PEUleHHE 3TOro
ypasrenns; 2) ecam x'U n x'¥ —pewenna ypaewenus (1’), To cymma
XD+ ™ ecTp Takwe pelieswe 3TOTO ypaBHCHHUA,
JeHcTBHTeNbHO, ecan
Ax =90,
TO
A{cx) =cAx=0.

CnenoBaTebHO, €X— pewseHre OMHOPOAHOM cucTemu (1).
AnanoruyHo, ecau
AxV =0 n Ax'» =0,
TO
A(x(l)+x(2))=Ax(l)+Ax(2):0+0:0,

T. e. ¥4 5P —raxke peutende 0QHOPOAHOH cucTemu (1).
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Orciona nonyvaem, 4TO n0ban  suHednas KombuRQUUA peulenudl
odxopodrod cuctemor (1) ecto Takxe pewenue 370l cuctemor. Cnenosa-
TC/ABHO, COBOKYMHOCTh BCeX pemenufi onHOpoaHo# cuctembl (1) oGpa-
3yeT BEKTOPHOE MNPOCTPAHCTBO, KOTOPOE HA3bIBARTCH nPOCTPAHCTEOM
pewenud. CnpasednuBa Teopema.

TeopemMa. Ecau n—4ucso reussecTrolx 00HOPoOrOU cuctemor (1)
u r ecto pasez ee marpuyst A, TO pA3MEPHOCT6 NPOCTPAHCTEA peuleruil
pasrHa k=n—r.

Dasuc mpocTpancTBa peweHnil nasmBaeTCd PyHOAMENTANbHOU cucTe- .
moli pewennit. Ecaw nns cuctems (1) m3BecTHa ¢ynaamenTanbHad
cHcTemMa pelleHuls

x‘”=(x(l", xgl), ey x(nl)),
22 = (x®, £, .., x®),

»
V= (2P 2P, .., 2P,

TO Bce ee peuleHus cozepwarcs B dopmynae
K=0 X0 J-cpx® 4 4 xP (2)
i, Gonaee moapodHo,
Xy = xWcx® L opxle,
By= e ex D L+ o),

— k
Xp= x4 cox@ L LB,

TRe Cyy Cyy o.., Cp— NPOU3BOALHBIE NOCTOAHHLIE YHCAA.
g naxowaenua dyniamentanpnofl cucTeMmn pewleHuil B MmaTpuue A
BLUUENSIIOT MHHOP r-ro nopsaxa &, oTauunmit oT nyas. [lycts

Q1 Q1 «.- Qyr

6r a?l ‘122 azr 0.

arl arz arr
STOro BCeraaMoXno 10GUThCANYTEM IEPECTAHOBKN y paBHenuii cuctemu (1)
H U3MEHEHHA HYMEDAUHH ee Hen3peCTHHX, Torma Nerko 10Ka3aTb, UTO
ypaBHeHHA cucTemn (1), nauunaa ¢ (r-+ 1)-ro, ABAAIOTCA CACACTBHAMH
MepBuiX I ypaBHEeHHH 3TON CHCTEMH, T. €. OHH YIOBJETBODPAIOTCH, eC/H
Oy1yT YILOBJAETBOPEHHW r nepBuXx ypaBueHuft cuctemu (1), TlosTomy
JOCTAaTOYHO PACCMOTPETH MOLCHCTEMY

apyxytapXet .o da =m0y X e 8Ky,
Qy%, +az2x2 +ood e, = Ay, g X T T B Xy, 3)
rlx + ar2x2 + + Ay X, = —Qp 1 X1 e A Xy,

ONnpeACAUTEND KOTOp_OH (Sr OT/AHYEH OT HYyAd,
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B cucreme (3) 3HauEHHS HEU3BECTHHX

Xrr1=C X 9=Co ooy Xp=Cp_ =0
MOWHO CHHTATH 1IPOU3BONIbHBLIMU. Pa3pelﬂ“B CUCTeMY (3) OTHOCHTEALHO
HEHUBBECTHHX Xy, Xy, +.., X,, NOAYUHM; '

Xy =00 ot oo o - Oppls
Xo = Oy €y QopCoF v v 0y Chy

- . . . . . - . . L] (4)
Xp =0y € OpgoF oo 0yl
rie oc,-,(i: 1, 2, ..., r; j=1,2, ..., k)—Brnoaie onpeneseHHHe
NOCTOSAHHLIE,
Kpome Toro,
Xrp1 = Cyy
Xppa= Cp
r+ (4/)
X, = Cpe

dopuynn (4) n (4') naloT noAHYIO cucTemy peweHui cuctemu (1),
3a ¢ynnaMeHTaAbHYIO CHCTEMy pELIeHHH MOXHO NPUHATH;

TanT Tag | VN
ap Ty rp
V=) 1 xD—1 0 i, ..., x| 0
0 ! 0
0 0 0
_0_ _ 0 _ _ b

DTH TocaeaHne peljeHuss MOTYT OublTb HaHAEHH HenoCPEeACTBEHHO H3
cucTeMul (3), ecnnm B Hell NMOCJENOBaTe/JbHO NMOJNaraThb:
Y=L X 0= =x,=0;

X,:1=0, X, ,.=1, x o=x,=0;

r+1 re3 T ¢

Xpp1=+..=Xx,_,=0, x, =1,
Mpumep. Ha#ttn c¢ynaamenTanbyylo CHCTeMy pEIHIeHHH CHCTeMH
OJHOPOAHKNX YDPAaBHEHHM
X, — X,+0x,— x,=0,
X+ xX,—2x;4+3x,=0, 5
3x,— X, +8x;+ x=0, ©)
x,+3x,~ 9%+ 7x,=0.
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Pemenue, Paur maTpuuw cucremm (3) r=2, npuuem

=2-£0.

[TosToMy ABa nocnenHux ypaBHEHHS CHCTeMH (5) ABAAIOTCA CAencT-
BHeM JABYX mepBux. Pewaem noacucresmy

(=1
6—|1 !

Xy =Xy =—058x%3+ Xy |
X, +x, = 2x3—3x, |

[Monaraa cnepBa x3=1; x4=0, a 3arem x3=0 # x4=1, noay-
YMM JBa JIUHEHHO HE3aBHCHMHX pelleHHs

xw=(=3, 5. 1 0);

x(2)=(—11 —2» 0) 1)1

KOoTOpue 06pa3yloT QyHAaMeHTaNbHYIO CHCTEMY peuleHH CHcTemu (5).
BekTops XV u x'¥ 06pasyi0T 6a3Hc NPOCTpAHCTBA peuleHHH Aali-
€0l cucTeMbl, H BCE ee peliewus onpeaensiorcs Qopuynamu

X, = —3¢; —¢C,, ]
Xo= Tc; —2¢c,

Xg= 2¢,

the ¢; H C,—NPOM3BOJBHHE NOCTORHHDIC (3A4eCh A8 yn06CTBA nepsast
nocTosiian B3ATa B BuAe 2¢)).

§ 10. Jlunednoie npeo6pasosaHda IEpPEMEHHBIX

n)’CTb xl, xz, ey xn—HeKOTOpaﬁ CHCTEMa NEPEMEHHHNX BEJHYHH,
ayy, You ..., Y,—Apyras cucreMa nepeMeHHWX BEJHYHUH, CBA3aiiaf
< nepBoﬂ CAeAYIOULHMR COOTHOLUEHHAMMA:
y1=f1(x1) xzr LECEER xn)l

y2=f2 (X1 Xas vees xn)’

yn=fn(x1: x21 e vy x"),

(1)

rae fi, fo ..., [,—3ananune QyHKuUHHU.

Ilepexon oT cucTeMbl X, Xy, ..., X, K CHCTEME 31, Yo, o0y Yu
OyneM Ha3pBaTh npeobpasoganues.

Onpenenenue. [Ipeobpasopanne (1) HAZWBACTCA AURCLHDIM, €CIH
HOBHE MEepEeMEeHHBIE Y|, ¥, ..., Y, ABARIOTCA THHEHHHMH ONHOPOAHLMH
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GYUKUHAMA CTapHIX TIEPEMEHHBIX X[, Xy, ..., X, T. €.

"Y
D= apX a0+ agx,,
Vo= Qo1 X1+ G X+ .. g%,

2)

In=0a,1%, + Q90X +.oot Q¥

rae a;;(i=1, 2, ..., n; j=1, 2, ..., n)—nocTosunule.
JluneRnoe npeoGpasoBanne (2) 0IHO3IHAYHO ONpPeNeNAeTCa CROEH KBAL- -
patHoft MaTpHUEH ko3hdHUHEHTOR (staTpuyed npeobpasosartis)

]—Uu Qyg: .. Q1p
Ay Qog-..4
A if2 A 2n

[ Gr1 Qpa-.-Qpp

O6patho, HMen KBaAPaTHYI0 MaTpHUY A:[a,.j], MOXHO TOCTPOUTH
ankednoe npeoBpa3oBatie, NI KOTOPOro 3Ta MaTPHUA C/AYKHT MATPHILCH
ko3 duurenTos. Takum o6pasoM, MEXLy JUHEHULMY TTPEOGPa3OBaHUIMH
H KBAAPaTHBIMH MATPHUAMH CYULeCTBYET 63AUMHO0OHO3HAYHOE COOT-
BETCTBHE.

CHCTeMBl NMePeMeHUBIX Xy, Xy, ...y X, U Y}, Yo, o .., ¥, MOKHO pac-
CMATPHBATh KAK BEKTOPLI-CTOAGILI

Edl [ Y17

X2 ! Ys
X = M n y =]

Xn Yn

OIHOTO H TOFO e BEKTOPHOro npoctpanctsa E,. [TosToMy npeoGpaso-
BaHne (2) otoGpamaeT NPOCTPAHCTBO E, na camoro ce6f WiaH Ha CBOWO
NpPaBH/AbHYIO 4acTb. :

[Tpumep 1. [lpeoGpasopatue
=%+ x,, l
Yo=x1+x, |

TEPEBOAHT NPOCTPAHCTBO £, B NOANPOCTPAHCTBO ¥, = Y, pa3aMepHOCTH 1.
CooTHOweHNRA (2) IKBUBANEHTHH OLHOMY MATPHUHOMY COOTHOLIEHHIO

y=Ax. (3)
JLe#CTBHTRNLHO, TIO NMPABHAY YMHOKCUHS MaTpHUL Mbt HMeeM:
LAl

Yo ! ayxytapc,+ ... tagx,
. Aoyxy +agaXg+ oo+ a9, x,

PRI S PY. 0% +annxn_\

un
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Otciona na ocHOBarHW MOHATHS O PAaBEHCTBE MAaTpHI noayyaeM dop-
myabl (2). Coraacuo dopmyne (3) marpuuy A MOMHO paccMaTpHBATh Kak
oneparop JauHefiHoro npeolpa3oBaHus.

Jlunefinoe npeoGpasoBanie, KaK Nerk0 yGeanThCH HENOCPeACTBEHHO,
06.s1anaeT ZBYMS OCHOBHBIMM CBONMCTBAMH:

1) MOCTOSHHBIH MHOMHTEIb MONKHO BHHOCHTH 33 31taK OMepaTopa
JAHHEHHOrO npeobpa3oBaHud, T. e,

Alax) = aAx;
2) onepartop auHCHHOTO NPeOGPA30BAHUA OT CYMMH HECKONbKMX BeK-
TOPOB paBeH CyMMe OMepaTopoB OT 9THX BEKTOPOB, T. €.
Alx+2z)=Ax-+} Az,
Kak cneuactsue nmeen:
Afax4-B2)=adx + Az = z2{%,5,}
(x, z—BexTopH, o W P —cKannpw),

IMpuvep 2. IycTe Ha naockoct Ox,x,
KaKIOMY BEKTODY

Z

1 Py
CTABHTCH B COOTBETCTBHE BEKTOP J Glged T
— |5 Puc. 52.
Y [yz] !

ABASIOWKACS TpOeKuned BekTopa x Ha ock Ox, (npeobpa3zosanue npoex-
Tuposanun) (puc. 52). IMToxasars, 4TO HaHHOe npeobpasopasue — nuHeH-
HOe, M HaHTH MaTpHUy npeoBpasoBatus.

Pewenne., Ouepuano, umeem:

}’1=x11}

y2=0)

H, C/NEXOBATE/NbHO, NPeo6Pa30RaHHE IPOCKTHPOBAHHA AB/AETCH JMHHEH-
HEM. MaTpuua npeo6pa3oBauns ecth

10
a=ge]-
BuificHuM cMBIC/T 9/1€MEHTOB @;; MaTpHUW mpeoGpasoBanua A. Pac-

CMOTPHM EIHHHYHLIE BEKTOPW (OPTL), HAMpABJEHHHE [0 OCHM KOOpAH-~
wat Ox;, Ox,, ..., Ox,;

1 0 0
0
e1= : 3 e2= s eeey €,= : .'

,_
[=d

0 0 A



3062  CBEAEHMS M3 TEOPHH JAHMHEHHBIX BEKTOPHLHIX NPOCTPAHCTB [ra. X

IlpuMensin npeoGpasoBanue A Kk e; GyneM HMETb:

T 0T
0
- [ @1y
@1y Q19...Q5p . Qg
e I P I e O VA
uy Gpoe o Oy . .
a,,/
0

Takum obpasom, a,; npeacrasaseT co60H i-10 KOOpAHHATY mnpeoG-
PA430BAHHOTO J-IO €IHHHYHOTO BEKTOpA.
Mpumep 3. INycts na naockocty Oxx, Kawanl paaHyc-Bek-
TOP X 3aMeHAeTcH TOH e JJHHBl PARHYCOM-BEKTOPOM 3y, MOBep-
HYyTblM OTHOCHTE/]bHO MEPBOrO Ha
L~ Y98/ yron o (npeobpasosanue 6pawenus)
(puc. 53).
N\, 2(z, 2} [loikasaTk, 4TO nauHOe npecs-
N pasoBaHHe—IJIHHERHOoe, H HaliTu Ma-
\ Tpuuy npeobpasoBanus.
Pemenune. C BexktopoM ¥
\ CBAWEM KOOPAHHATHYIO CHCTeMYy
j; - ‘ — Oy1Y,, KOTOpasl MOBEPHYTA OTHO-
. CHTE/JbHO KOOPAHHATHOM cHCTeMul
Pue. 53. Ox,x, na yroa a. Tak Kak KOOp-
AHHATLl BEeKTOpay B CHCTCME Oyl.y‘z.‘
OYEBHAHO, €CTb Xy H X, TO KOODAHHATH ATOrO BEKTOPA B CTapoi cH-
creme Ox x, MO H3BECTHLIM (GOPMYNaM aHANHTHYECKOH reOMeTPHH Bhipa-
BATCH CaeayowuM obpaszom:

{-sinee, cosoc} |

o
{cosee, sinee)
\

~

Yy =x,00sa—x,sina, | )

Yp=x,sina 4 x,cosa. |
Takum 06pa3oM, npeob6pa3oBaHue BpalueHus eCTh JHHeHOE, U €T0 MAT-

pHLlAa HUMeEeT BHI
cosg —sina
A=|_. .
sina cos o

Moxno HHaue pemuTh 3ajzavy: B peayibTaTe npeoSpa3oBaHHUs enH=
HUUHEH BEKTOD e, O4eBHAHO, IePEXORHT B BeKTOp {cosa, sina}, a exu-
HUYHLA BekTOp e,—B BekTop {—sina, cosa}. CrelnosatensHo,
COTJIACHO CKA3aHHOMY Bullile MAaTpHIA npeoGpa3oBaHuHd ecTh

A [cosa -—smu] ,

sina cos a

H Mol CHOBa npuxoxuM k ¢opmynam (4).
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OnpenenuM caenyiouue xeficTBUS Hal JAHAEHHLIME npeo6pa3osa-
Husimi A u B 1) cnoxenne A4B; 2) yMHOXEHHe HAa CKaAa-
adp aA; 3) ymMmHoWeHHe (komnosuius) BA ¢ 1OMOILBIO €CTECTBECH-
HBIX COr/amienni:

1) (A+ B) x = Ax -+ Bx; (5)
2) (@A) x =a (Ax); - (5)
3) (BA) x = B(Ax), (5")

Tae X—BeKTop.

Jlerko npopepHTh, uT0 ecan A u B—iuHefiune npeo6pa3oBaHus,
TO pesyaprupylowne npeoGpasosanus A+ B, a4 n BA Takxke
auHefnue,

WmeeT mMecTo crenyoudit npuuuun: xasdomy dedersuro 1) — 3) nad
AUHEUHbIMU — npeobpa3osanuamMy — cO0T6ETCTEYeT Takoe ke Jdelcraue
Hao Marpuua,rtu aTux Aunedunlx npeobpazosarud, T. e, (QOpMYH
(5), (5'), (B") MOWHO MOHMMATb B GyKBaJbHOM CMHICHE.

ll.rm noxaaarenbcraa orpanpuymMcs TpeTbum cayuaem (5”) [dop-
Myan (S) u (5°) nposepsiioTcs Goaee mpocTol.

[MycTh Ham TpeGyeTcsd MOCIEAOBATENbHO BHIMOMHHTL ABA JIHHEHHMX
npeo6pa3oBaHud:

SR ITE T S ATE PR I, T 2
Yo =109 X1 QypXy+ ...+ 8y, %,

©)
yn= anlxl + anzxz + vee + annxn
¢ maTpune#t A=[a;] u
21 =by Y1 +bp Yot F 0L Y0
Zp=by Y+ by Yot ... by, 9, )

zn=bn1y1 +bn2y2 + e +bnnyn
¢ matpunedt B=[b,].
O60o3HauuM yepes C__[c,/] MaTPHUY KOMIO3HUHH 3THX npeobpa3o-
BaHU{l B YKA3aHHOM MOPAAKE, T. €. NEPEXOH OT NEPEMEHHBIX X, Xy, . .., X,

K NEPEMEHHBIM 2y, 2y, ..., Z,. KOPOTKO 3anuchBas npeoGpasosanus (6)
u (7) B BHIE

n
)’k:‘,Z{ ayx; (k=1,2, ..., n) (6

g m)’k (=12, ..., n) (7)

|1M;

L3
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n nonctaeasa dopmyay (6°) B dopmyny (7), noayyus:

n n n n
—_ ) =
zi—;bik<z ak/x/> 3 x; 3 by (8)
=1 j=1 j=1 k=1
Taxum 06pa3oM, ko3pHUMEHT NpH X, B BHPaMeHHH 1ns z;, T. C.
SJACMEHT Cl'j MaTpHIL C, HMEeeT BHJ

n
¢y zkzb,-hakj=b“a1/—|—b,2a2j—|— v —{—b,-na"/.
=1
Mbl BHAMM, YTO 2aeMeHT MAaTpHLW C, cTOAWHH B j-i CTPOKe H J-M
cTonbue, paBen cymme npousseseliii COOTBETCTBYIOUIHX 971eMEHTOB i-H
CTPOKH MaTpuubl B M j-ro croabua maTprue A, T, €, coBnapaer
¢ COOTBETCTBYIOLIUM 3JEMEHTOM NPOH3BedeHld MaTpiuw B na MaTpunyd.
CaenoBatennho, C=: BA.
[Monb3yAch MaTPHUHBIMH 0603HAYEHHAMH, LOKA3ATEe 1bCTBO MOXHO 1PO-
BecTH 3nauutensHo npowte. [lycTh

X3 h I—Zl

Xq Y2 29
x=|"L y=| H 2=

Xp LYn 2p i

— cOOTBETCTBYIOUHE BekTOpH. M3 dopmyn (6) n (7) HMeen:

y=Ax u z=Dy.
Otcona
2=B(Ax)=(BA) x.

CaenoBatenbHo, MaTpHUA Pe3yALTHPYIOWLEro n1peodpa3oBanns C=BA,
Mpumep 4. HaliTu pesynbTaT noc/ienOBAaTEAbHOFO BHIIONHEHHS
anHeHHnXx npeobpazoBanuil

Y1=05%;—x,+3xy
Yo =% —2%,;
Yg=Tx,—x,

H
2, =2y,+ g
Zy= Y, —5Yq
2g=2¥,.

Pewenne, Hannwem maTpuus npeoGpascBanuit
5 —1 3 20 1

A=|1 -2 0| n B=|01 =5
0 7 —1 0 2 0_1
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[lepemnowan 5Tn MaTpHUBl, MONYYHM MaTPHUY DE3YAbTHPYIOLErO
npeo6pa3oBaHus

o o 175 —1 3 10 55']
C=BA=|01 —5||1 —2 0|=| 1 —37 5{.
02 oo 7 —i |2 —1 OJ

CnemoBarenbHo, HCKOMOE JuHeHHOE npeoGpa3oBante HMEET CAeAYIO-
IMUA BuA:
2;=10x, +5x, —5x,;

2, =%, —37x, 4 5x,;

s ) —_
2y =2x —4x,.

§ 11. O6parHoe npeobpasobanue
[Tycts nansoe anuelnoe npeofpa3osanne

n=apnx, tapst,+ .. tax,
Ve =05, X1+ @y Xy + ...+ ay,%,,

L .

e (1)
yn=an1x1+an2x2+"'+armxn

NEPeBONHT CHCTEMY MEPeMEHHBIX X|, Xy ..., X
HBIX Y3, Yo, «vvy Yo

Onpeneneunne, [Ipeofipasosanne, mepesoadiuiee CHCTEMY Nepe-
MEHHHX ¥y, Vg, ..., ¥, B CHCTEMY NEDEMEHHHX X, Xy, ..., X,, HABH-
BaeTcsl 06paTHbiM N0 OTHOIMEHHIO K mpeoGpasoBauuio (1).

Popmyns  00paTHOro npeo6pa3oBaHUA M [ONYYUM, pPa3PEUIHB
cucremy (1) OTHOCHTE/NBHO MIEPEMEHHBIX Xy, X5, ..., X,

[yets Ay (i, j=1,2,...,n) —anreGpandeckiie LONONHEHNS DIENEH-
TOB @;; MaTpuus A=[a;] n

detA=det[a;;] =As£0.

B CHCTEMY nepeMeH-

n

Yuuowan ypasnenus cuctesn (1) cootseTcTento Ha Ay, 4y, .. ., 4
B CKJaJABBasi, B CHAY H3BECTHOH Gopmyias GymeM HMeTL;

A+ Any,+ ..o+ A4,y =Ax,.
AHaNOTHYHO BHLIBOOHM:

ApditApye+ .o A0y, =Axy;

al

Alnyl +A2ny2+ L +Annyn=Axn'
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OTciona
A A, A,
o=yt E et
A A An
Xy="2y +Fy . 1, } (2)
A’l Aﬂ Aﬂ"
Xy = Al J’1+Ti)’2+---+T yn‘J

TakuM o6pa3om, o6paTHoe npeo6pasoBanue aunefinoro npeoGpaso-
BaHHA TaKXe ABJSETCH JHHEHHBIM (eCan OHO CyLLecTBYeT).

Teopewma. Junednoe  npeobpa3osanue  umeer OOHO3HAUHOE
obparnoe npeobpaszogadue T020a U TOAbKO To20a, Kozda Marpuya
danno2o npeobpaszosanua — Heocobernas., (Obparnoe  npeobpasosanue
AuHellHo20  npeobpasoGanus  ecTs  AuHeilHoe, u  e20 MaTpuya
fA648€TCA  0OPATHOU nO OTHOWIeHW!O K MATpuye UCX00HO20  npe-
obpasosanus.

NoxasatenbctBo. Ecam A=[aq;]—waTpuua npeoGpasosa-
nua (1) 1 A=det 45£0, To o6paTHoe npeoBGpa3oBanve CyLLECTBYET
¥ onpenensetca ¢opmynamu (2). Marpuua o6parnoro npeo6pasoBannd,

OYEBHAHO, paBHa ,
Aji

A\ = a1,

( A ’

Ecan A=0, 10, Kax u3BecTHO H3 ajreGpul, ypasHenud (1) Heab3sd

OJIHO3HA4YHO PA3PElHTh OTHOCHTEIbHO NEPEMEHHHX X1, Xy, . . ., X,. Crle-
AOBATENBLUO, OAHO3HAYHOTO O0GPATHOrO Npeo6pas3oBaHus HE CYLLECTBYET,
npHyeM 006513aTeNbHO HARAYTCA 3HAYCHHS MEDPEMEUHBIX Y, Yo,. .., Y, AN
KOTOpWIX He CYUIeCTBYET COOTBETCTBYIOLHX 3HAYeHHA TNepeMeHHHX
Xy, X3y ..., X, Jluncfinoe npeoGpasoBanne B 3TOM C/yyae Ha3wiBaeTCs
BbLPOFCOCHHBLM,

Bameuyanne 1, 3Banmuem npeofpasosanue (1) B MaTpuuHOi

dopue
y=Ax, (3)

rie A=/[a;;] —maTpuua npeo6pasoBaHus; X ¥ Y — BEKTOPH-CTOABLLI,
Ecan npeoGpasonanne A — westwpoxcdenroe (det A=£0), To cyuwiecT-
ByeT o6paTHOe npeoGpa3oBaHue

x=A"1y, (4)

M Kami0My BEKTOPY X U3 fI-MEPHOTO NpocTpaHcTBa OXy X,...X,, B cHly
¢dopmyas (3), COOTBeTCTBYeT OAHH H TOALKO OIHH BeKTOp 3 3TO-
r0 mnpocTpancTea, T. e. Qopmyna (3) npeobpa3yeT mNpOCTPAHCTBO
Oxy%,5...%X, B camoro cebs.

Ecau  npeo6pasoBanne A —sopoxdennoe {detA=0), T0 dop-
Myna (3) npeoBpasyer npoctpauctBo Ox X,...X, B NOANPOCTPAHCTBO
HU3LIEro YHCaa H3MCpeHHH.
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[Tpumep. PaccMorpum npeob6pasoBanue npoekTwposanus (§ 10,
npumep 2), onpenenseMoe marpuuedt

A 10
—Loo]°
3neck Mmatpuna A—ocobenHas u npeobGpasoBanue y = AX mepeBOIdT
npocrpatcteo Ox,x, B Koopausatuyw ocs Ox,.
3amevanne 2. bynem monnmars noa Ex TOXAECTBEHHOE mpe-

o6pa3opaHue, OCTaBAKAIOL(EE BEKTOP X HEU3IMEHHbBIM,
Tak Kak W3 COOTHOWeNnHH

y=Ax ux=A"y
caepyer
y=AA"Yy n x=A"1Ax,
TO
AATY=A"1A=E.

§ 12. CobcTBeHHbBIC BEKTOPH H cOGCTBEAHBIC 3HAACHHS MATPULB!

[lycTs nasa ksanpatHas Matpuua A= [a;]. PaccmoTpum auneiinoe
npeo6pasoBanie

y=Ax, (1)

Tle X M y-—ri-MepHele BeKTOpPH (CTOJOUOBHE MaTpPHIb) HEKOTOPOro,
BOoOOLlEe T'OBOPS, KOMIJEKCHOTO fI-MEPHOrO MpPOCTPAaHCTRA.

Onpenenenune 1. HenysneBolt BekTOp Ha3nBaeTCsl COOCTBEHHbIM
8eKTOPOM IAHHOH MaTpHubl (HJH OrpeieaseMOro el JHHEeHHOTO mpe-
06pa30BaHHR), €C/JH B PE3y/1bTaTe€ COOTBETCTBYIOILErO JHHEHHOrO npe-
06pa30BaHUsl 3TOT BEKTOP MepexoAuT B KOAAUHEapHHIH emy, T. e. ecaH
npeo6pa30BaKHbil BEKTOP OT/JAMYAETCH OT HCXOIHOTO TOJALKO CKa-
JISIPHRIM MHOMCHTEMeM.

Mnaue rosops, Bektop X =0 Ha3bBaeTcsl cO6CTGEHHbIM BEKTOPOM
MaTpHIl A, eCiH 5Ta MaTpulla NepeBOMHT BEKTOD X B BEKTOD

Ax = Ax. 2)

Yucao A, crosniee B paseHcTBe (2), HA3HWBAETCS COOCTBEHHbIM 3HAHe-
HUEeMm, VJIH XQPAKTePUCTULECKUM YUCAOM, MATPHILLl A, COOTBETCTBYIOULHM
JNaHHOMY COGCTBEHHOMY BEKTOpY X.

[Tpumep 1. Paccvorpum npeo6pazoBanne npoeKTHPOBAHHA B ABY=
meprom mpoctpanctBe Ox,x,, Onpenensemoe MaTpuueh

1[0}
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3nech COGCTBEHHHIMH BEKTOPAaMH fBAAOTCA: 1) HEHYIEBHE BEKTOpPH X,
nanpabaenuple no ocH Ox,, ¢ cOOGCTBERHBIM 3HadyeHneM A;==1 H
2) nenynesble BeKTOpH ¥, hampasieHHsle 10 ocH Ox,, ¢ COGCTBEHHHM
3nauenueMm A, =0 (puc. 54).
Teopema 1. B koMmnaekcHOM 6eKTODHOM npPOCTPAHCT8e Kaxcdoe
Aunedroe npeobpasoganue (marpuya) umeer no meHdowed mepe OOUR
OellcTautenbHolll UL KOMNAGKCHOLE COO-
\ CTBCHHbLUL 6EKTOP.
HoxaszarteabctBo. llycth A—
mMarpuua JaMHednoro npeoGpa3oBarHA.
g Co6crBeitHbie BeKTOPhl MaTpHUbt A ABAd-
IOTCSl HCHYJIEBLIMH PELIEHHAMH MaTpHU-
HOI'O YpdBHEHHS

Ax = Ax

%

_ & U
¢ 3 (A—AE) x =0, (3)
Puc. 54. i

rae Matputa A—AE wasmBaeTca xapax-
Tepuctuneckoll marpuyell, Ypasneuue (3)
npeactaBaser coGoH MHHEHHYIO OMHOPOAHYIO CHCTEMY, KOTOpas HMeeT
HeHY/IEBhle PEINEHUS TOFZa M TOJbKO TOr1a, KOTAa ONPEAENNTC/]b CH-
CTEMBl DaBEH HYJIO, T. €. HOJNHO BHIOJHATHCE yCNOBHE

det (A— AE) =0. (4)

Onpeneaunrenb (4) HA3BIBACTCH XapakTepucTudecKum (8exosgoin) onpe-
neauTeseM MaTpHul A, a ypasHenue (4) Ha3nlBaeTCs xapaxkrepucTiiec-
xum (8exoseln) ypaBHewnem mMaTpuusl A. B pasmepuyTtom Buize xapaxre-
pHCTHUEecKkOe ypaBuenHe (4) 3amHIUeTcs CAELYIOUUM 06pa3oM:

ap—~A ap oo Oy
Qg Gso—hA ... Qg —0 (4
an Qe vee Qpp—A
HIH
M—o A T Lo, 22— (=)o, A+ (—1)0,=0. (5)

[Tonunom, crosiuiuit B neBoH YacTH ypaBHeHus (O), Ha3mBaeTcs
xapakrepucrudeckum noaurosmom wmatpuun A, Koadduumentnt ero
0;,(i=1,2,...,n) onpeaenstorcs no caenyiouum npasunar. Koaddu-
LHEHT O; paBeH CYMME RHArOHaNbHBIX 3JEMEHTOB MATpHuu A, T. e,

n

01=Z @;;. 310 uMCcn0 HaswBaeTcHd caedom MaTpHus A M 0603Haya-
i=1

ercs rak: 0,=Sp A. Koabpdnunenr 0, ecTp cymma Bcex IHATOHAMB-

HBIX MHHODOB BTOPOTO mopsizka MaTpuup A, BooGuwie, ko3dduuuesT 0,
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€CTb CyMMa BCEX IMArOHaJbHBIX MHMHOPOB R-r0 MOpAAKa MaTpHuu A,
Hakoueu, cBoGoaunfi unen o, paBen onpeiennTenio MaTpHubl A:

0, =det A.

XapakTepHucTHyeckoe ypaBHEHHe (5) €CTb aareGpauvuecKkoe ypaBHe-
e n-f CTeIleHH OTHCCHTEAbHO A H, CNE10BaTE/NLHO, KAK NOKAa3HBaET-
ca B aarebpe, HMeeT Mo MeHblucH Mepe OMHH HEUCTBHTEJbHHH HAH
xomnexcunit kopeun. [Tycts Ay, Ay, ..., A, (m < 1) — pa3nnuubie Kop-
HH ypaBHenus (D). DTH KODHH Ha3bIBAIOTCS COBCTBEHHLIMU SHAYCHUAMIL,
UAH XAPUKTePUCTUMECKUMU “UCAQMU, MAaTPHLUL A, a COBOKYMHOCTL gcex
COOCTBEHHBIX 3HAYeHHH Ha3bBaeTcd cnexTpom matTpuubsl A. Bosbmen
KaKol-uubyab xopenb A=A, u noactasum ero B ypasuense (4). Tor-
Za Gynem mmeTb (4 —AE)x=0 uan, B passepuyTom Buie,

(au—?\j)x1 a6+ ..+ ay,x,=0,
G915, + (a“—-kj)x2 + .. Fayx,=0,

(6)

Xyt QX+ o oo (2, — A ) x,=0.

Tax kak onpeaeautenn cuctems (6) det (A—AX E)=0, 10 3rta cH-
CTEMa 3aBE€AOMO HMEET Hely/eBble DElLIeHHH, KOTOphie # fABAAIOTCH COO-
CTBEHHLIMH BEKTOPAMH MaTpHub A, COOTBETCTBYIOUIAMH COGCTBEHHOMY
3HAUEHHIO 7»,. Ecan paur maTpuih A—?\jE pasen r(r <n), TO cy-
uecTByeT R=n—r JAAHeHHO HC33aBHCHMBIX COOCTBEHHHX BEKTODPOB

k
x(lf’, x(al), vy X /)’

oTBeuatontux Kopuio A, Teopewa nokasaua.

3ameuyanue. MOXKHO 10K23aTh, YTO UHC/IO JHHEHHO HE3ABUCHMBIX
co6CTBEHHHX BEKTOPOB, OTBEYAIOUIHX OAHOMY H TOMY Xe KOpHIO Xapax-
TePHCTHUECKOTO YPaBHEHHS, HE MPEBHINAET KPATHOCTH 9TOTO KOPHS.
OTciona, B 4aCTHOCTH, CJAEAYET, YTO €C/AH KOPHH XaPaKTEPHCTHYECKOTrO
ypasHeHnud (5) paz3/MyHbl, TO KaWAOMY COGCTBEHHOMY 3HAYEHHIO COOT-
BETCTBYET C TOUHOCTbIO A0 KO3GhDUIKEHTA NPONOPUHOHATBLHOCTH OUH
H TOJbKO ONHH COGCTBEHHBLI} BEKTOP.

Tlpumep 2. HahTu coScTReunbIe 3HaUCHN H COOCTBEHHHE BEKTO~
pH MaTpHLH

2 11
A=|1 2 1],
11 2

Pemenne, CocTasuM xapakTepPUCTHYECKOE YpaBHEHHE MATPHUN A:
2—2 1 1

L 2—2 1 |=o,
i 1 2—A
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Otciona A—12(4—A) =0 u Ay=RA,=1; Ay=4.
BosbMeM A;=1 u HOACTaBHM B ypaBHCHHE

. (A—?»fE)x:O. (7)
Unmeen:
11 1%
L1 1% {=0
L1 1qixg
HIH
X1+ x,+x,=0,
X+ X, +x,=0, 8)

X+ %, Fx;=0.

Tak Kak paHr MaTpuun cuctemu (8) r=1, To IBa ee ypaBHeHud
ABJSIIOTCR CJEACTBHEM TpeTbero (4To, Blnpoyem, ouesuHuHo). [lostomy
JOCTaTOYHO PEUIHTb YDABHEHHE

X, +x,+x;=0.
[Monoxus x;=1c¢;; X,=7c¢,, NOAYyUHM:
x3: —(Cl+c2))

rie ¢; H C,— RIOObie H9#C/1a, HE PaBible HYJI0 OLHOBPEMEHHO.

B uactHocTn, Bui6Mpan crepsa ¢ =1; ¢,=0, a 3satem ¢;=0;
€,=1, 6yaem uMeTh mpocTeHulyi0 QyHAAMCHTAJbHYIO CHUCTEMY pelle-
HHIl, COCTOAULYI0 M3 ABYX JNHHEHHO HE3aBHCHMBIX COOGCTBEHHHIX BEKTO-
pos MaTpHub A:

1 0
D= 0| u x®= 1
—1 —1

Bce ocTasbHHe COGCTBEHHLE BEKTOPH MATPHUB A, COOTBETCTBYIOUIKE
X4paKTePUCTHYECKOMY uncay A, =1, asasmorcs auneHHOH KoMGuuaud-
et 3Tnx 6asuCHBIX BEKTOPOB M 3aNOMHAIOT MJI0CKOCTb, HATAHYTYIO Ha
exkTopul X0 n x'¥ (Mcknaiouas HAYaNO KOOPAMHAT).
Bosbmem Tenepb A,=4. [TogcTasasas sTO 3HaueHHe B ypaBHEHHE
(7), nonyuum:
—2 1 1«
i —2 1||xml=0
11 —2]lx
uian
—2x,+x,+x;=0,
X, —2x, 4 x,=0, (9)
X+ Xy —2x,=0.
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Paur matpuus cuctemst (9) r =2, npudyem nesuff BepxHU# MHHOD

0.

&=

1
1 -2

CnenoBaTenbHO, TPEThE ypaBHeHHe CHCTeMbl €CTh CJIEACTBHE ABYX
NepBHIX, MO3TOMY MOXKHO OFDaHHYHTLCH CHCTEMOH M3 MepBuX AByX
ypasHeHHil:

—2x,+x,Fx;=0, l

X, —2x,+x;=0. |

Orciona
! X _ X3
T 1] =2 17 [—2 1
|—21 _l 11‘ ( 1.,21
HAH
X1 Xy X3

S=E=2E, T e Xy =xy=Xx,=0C,

rie ¢—TNOCTOSIHHAH, OT/AKYHAR OT HYAA.
TTonowus c¢=1, nonyuum mpocrediiee pelieHHe, peanHayloutee
coGcTBeHHbI BeKTOp MaTpHip A:

1
x® =11
1

Onpeaenenne 2. Jluneltnoe noaupocrpanctso E, (k< n) nasu-
BAETCS UHBGPUAHTHOIM OTHOCHTEABHO JIAHHOFO JAHHEfHOrO npeoGpaso-
BaHus

y=Ax,

ecan Kawib¥ npeoGpa3oBaHHLI BEKTOP 3TOrO MOAMNPOCTPAHCTBA TaKwe
UPHHALMCKHT eMy, T. €. u3 x € E, caeayer Ax € E,.

OueBH/AHO, YTO [J0OKa3aTeNbCTBO TeopeMbl 1 MOJHOCTHIO OCTaeTcH B
CHJe, eC/JIH paccMaTpHBaTh JuuneiiHoe npeoGpaz0BaHue, oOfipegensieMoe
MaTpuiel A, B HEKOTOPOM HMBApPHANTHOM MPOCTPAHCTBE,

Teopema 1°. Kawdoe aunednoe npeobpa3osarnue, onpederernoe
HQ UHBQAPUAHTHOM nOONCOCTPAHCTBE KOMNAEKCHO20 B8EKTOPHO20 npoCT=
T paHcTea, useeT no meHouleld mepe 00uH COBCTBeHHbLE 8eKTOP.

OTMeTHM elle ONHO Ba)KHOe CBOHCTBO COGCTBEHHBIX BEKTOPOB.

Teopema 2. CobOcTsenHbie 8eKTOPbI MATPUYbL, COOTBETCTBYOWUE
nonapHo pasAudHbiM Mex 0y CO60U COOCTBeHAHbIM 3HAYEHUAM, AUHELIHO
He3asucumsl.

HoxasatenncrBo. Ilycte A— naHnHan maTpuua H

AxD=hxD  (j=1,2, ..., m), (10)

xD=£0 m  AEd,  mpn jokk.

rae
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HonycruuM, dto
e XV x4 e, k™ =0, (1
rae |, |+lec, |+ ...+ |c,|550.

flycts ans onpenenenoctn ¢y =0, [pumenss x paeencrsy (11)
npeobpasosanne A, B cuay ¢opmya (10) 6ynenm umeTh:

Aoy xR, x® L 4N e 2™ =0, (12)
Otciona, ymnowxas pasenctso (11) ma A_ w BouMTas H3 NOJYYeH-
HOro pamedcTsa paBeHcTBO (12), Haxoaum:
A=A e+ A, —Ay) ux™® ...
ree +(}\m'—}\m—l) cm-—lx{m—hzo‘ (13)

Hanee, u3 pasedcTsa (13) aHAAOrUYHLIM NPHEMOM MOKHO HCKAKOMHTD

BekTop X"~V u 1, A. B pesyabTaTe, uck/I04ag BeKTOPW
R N L
NOMyyuM:
A= A) Aoy =AY eoe (Ag—A)) ey xD =0, (14)

Ho nocnennee paBeHCTBO HEBO3MOWHO, TAK KaK HH OLHH H3 COMHO-
wuTenedt ero JeBod uacTu He paBed #yao. CrexcsaTennHO, Haule
NONYLLEHHE J/IOWHO M COGCTBEHHpIE BekTOpw X'V, x, = ™
JIHHEHHO HE3aBHCHMbI.

Cnencreue. Ecanm Bce co6cTBeHHblE 3HAYEHHA MATPHUE A
NOPstAKA 71 [ONAapHO pa3auyHbl, TO OTBEYAlOLiMe MM COGCTBEHHLIE BEK-
TOPH 3TO¥ MaTpUUL B uHCIe, pasHoM n%¥), 06pa3ywT 6a3Hc cOOTBET-
CTBYIOULErO /2-MEPHOIO MpOCTpaucTBa.

§ 13. {lopo6rble MaTpHUb

Onpeneneunne, [lBe MaTPHUW, COOTBETCTBYIOUIHE  ONHOMY
H TOoMy We jauHelinoMy npeoGpa3OBaHUI0 B Pa3NuYHHX 6a3ucax, Hasw-
BalOTCH n00obHoIMU.

Ecau matpuua A nomobna marpnue B, To nruyr Awo B. Busenen
ycnosue noaobus asyx Mmatpud. IlycTe Matpuua A B Hexotopom Gaziuce
peann3yer jAnnefiHoe mpeo6pa3omrarne

y=Ax. (1)

B HoBoM Ga3nce (B HOBBIX KOODAHHATAX) 9TO Xe AHHeRHOE npeob-
pasoBanue OyAeT ONKCHBATLCH APYroft martprueid B

n= Bgr 2)
Bw A.

*) Ipeanonaraercs, ST AN KaXAOrO COGCTBEHHOTO SHauenHs Geperca
O/iH COGCTBEHHBIH BEKTOP.

rie
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OGo3HaunM uepe3d S MaTpHILy mepexoja OT HOBOH cHCTeMH K CTa-
poH, T. e. nmycTh

x=8§, y=35m, 6)]
det S =40.

rie

Moncraeue dopmynnl (3) B ypaBHesne (1), moaydum:
Sn = ASE.

Orciona, yMHOXAs CleBa Moc/ienHee PaBEHCTBO HA OGPATHYIO MarT-
puny S, Gymem umetn:

‘q:S—lASg. (4)
Cpapuusas ¢dopmyan (4) u (2), noayuuM:
B=S§8"1AS. (5)

OrHocutensho Marpuil A u B, CBA3aHHLIX cOOTHOWeHHEM (D), FOBO-
pAT, uTO MarTpuua B nosyuaerca u3 mMaTpHuw A nyrem npeobpasosa-
Huf ¢ nomouio marpuyst S. Taxum o6pa3oM, 3axaiodaem, uTo Ose
marpuyst nodobubt T0eda u TOALKO TO20a, Ko20a OOHA noaytaercs u3
dpyeoi nyTem npeobpazeeaHun ¢ nOMOWLIO HEKOTOPOd HeocobeHHO
NaTpuybL.

W3 paseuctBa (D) Buoaum A=SBS~' T. e. ecau marpuya B
riodobra marpuye A, TO u, Hanboper, marpuya A nodobua marpu-
ye B. OTvernM HCKOTOpHIE CBOHCTBA Mpeo0pa30BAHHA C MOMOLLBIO
MaTpHUB S.

1. Hpeobpasosanue cymmoi pasHo cymse npeobpaszosarud:

STH(A+ B)S=S"1AS - S71BS.

2. [Ipeobpasosarue npoussedenus pagHo npoussefenutd npeobpaso-
saHult comHoxcuTenel:
S"1(AB)S=8"14S5.5718S.

3. Ipeobpazosarue obpatHoid matpuybs pasHo o6patHOl Mmarpuye OT
npeobpasosanHoll:

S$TIATLS = (S71AS)~ L,

4. Ilpeobpasosanue ueroll cTenenu (rnoa0xcuTeAbHOL WAY OTpuya-
TeabHOU) pasHo 104 gKe cTenexu npeobpas3osanus:

ST1A"S = (S~148)".

Teopema 1. [10006rbie maTpulpl uMer0T 00UHAKOBIE XAPAKTEPUC-
TUYeCKUE NOAUHOMbE,
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Jokazareanbctro. Ilycte Bun A, TpeGyercs A0Ka3aTh, UTO
det (A— AE) = det (B—AE).
Tak Kkak

B=S"1AS (detS==0),
TO

det (B— AE)=det [S"1 (A— AE) S] = ,
=det S~'det (A —AE)det S=det (A —AE)*),

Hrak
' det (B— AE) = det (A— AE).

Cnencteue 1. [lono6uyie MaTpHUE HMEIOT OLHHAKOBHE CHEAH
¥ ONMHAKOBHE COGCTBEHHhE uucaa (BKJAIOYAd HX KPaTHOCTH).

CnepcTtBue 2. CBONCTBO BeKTOpa OWThb COGCTBEHHWM AAS AadH-
HOTO JHHeHHOro npeo6pa3oBaHMA He 3aBHCHT OT BHOOpa 6asmuca.

B camoM jaene, nycTh

Ax=Ax (x5 0).
Ecaun B HOBOM 6aswce BEKTOD X 3KBHBAJEHTEH BEeKTOpY §, TO HMeeM:
x=385,

rae S—mMaTpHua mepexona.

Orcona AS§=AS§ u, cnenoratenvho, S"1ASE=1A§, 1. e. §ecth
coGcTBEeHHNA BeKTOp 144 MaTpuun B=S"14ASw» A, onucnpawouef
B HOBOM Oa3uce Haule juneHiHoe npeobpas3oBaHiue.

Samewanue. Tak Kak XapakTepHCTHUECKHH MOJUHOM, cOGCTBEH-
HHE 3HaYeHHd H COGCTBEHHLIE BEKTOpH ONLMHAKOBH AJS1 BCEX MaTpHI,
peain3ylouldx LaHHOe JrHefiHoe npeobp430BaHHe, TO OHH HA3HBAIOTCHA
COOTBETCTBEHHO XQDAKTEPUCTUHECKUM NOAUHOMOM, COOCTEEHHBIMU 8HAYe-
HUAMU 4 COOCTBEHHBIMU BEKTODAMU CAMO20 AUHEIH020 npeobpasosarus.

Teopema 2. Ecau dannana ksadpatnas marpuya nopaoka n umeer
N AUHeIHO He3asucumblx COOCTEEHHbIX BeKTOPO8, TO, NPUHAB nocaedHue
8a Gasucuble, noaydum OuQzoHaAbHY0 MaATpuyy, nofobry AaxHOL.

JdoxasateabcTBo. [lycTs nmeem kBaapaTHywo MaTpuuy A. Ma
ee coGCTBCHHHX BEKTOPOB €, &,, ..., €, o6pasyem Oasuc. Taxk kax
BEKTOPH €;— COOGCTBEHHHE, TO

Ae/=7\/e/ (J= 1» 2) ey ﬂ).

*) Mu 30eck MOL30BANHCh M3BECTHEIMU TeopeMamu (cMm. ra1. VI, § 2m §4):
1) onpesenuTesib NPOH3BEAEHHS ABYX KBaJPaTHHIX MATpPHL OAHHAKOBOIO NOPALKA
paBen mpoH3BeleHHIO onpeleanTenell sTux maTpulu; 2) onpeaenunTess o6paTHOH
Martpuibel paBed 06DaTHOH BeJWuUMHE OMpejeNuTedss HCXOAHON MATpPHUH,
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Pacesmorpuy n1060i BexkTOp X Hawero npocrpaHcTea, PacknanmBasn
ero no GasucwwM BexTOpam e, (j=1, 2, ..., n), Gyaem umern!

s +]
x=2 xe,
=1

e X;—KOODIHHATH BeKTOpa X B AaHHOM Ga3uce.
ITpumensin npeoGpasoranne A K BEKTOPY X, [OJYYHM HOBbH BeXTOp

n
y:Ax:Aj§ X8

HJIH, TaK Kak npeobpasosanne A nauneitnoe,
n n
4
y= j%_,l x,Ae; = Igl x,M e

OTciona BHAHO, YTO KOOPAHHATH BEKTOPA Y B ZAaHHOM 6a3HCe ecTh

y=Nx, (j=1,2 ..., n
HJ/H
I

roe 6, —cumBon Kpouekepa,
CrerosatenbHo, B HOBOM 6a3uce MaTpuua NpeoSpasoBaHHs eCTb
LHaroHa/fbHas MATPHUA

A=(8y0)
HJH, B PAa3BepHYTOM BRIE,
, 0 0...0
A_|0 MO0 |
0 0 0...h,

CnencrBrue. Beakylo KBaIpPaTHYI0 MaTpHILY, COGCTBEHHLIE 3Have-
HHS KOTOPOH nomapHO pa3anyHbl, HyTeM npeo6pasoBaHHs nomXOGHS
MOXHO NPHBECTH K JAHAroHa/jbHOMY BHAY,

OTOT pe3ynbTaT BLITEKAET HENOCPEACTBEHHO U3 TEOPeMH 2 Npeiu-
Lyuero naparpada.

§ 14. Baauneiinaa ¢opMa MaTpUUB

[MycTs A:[a/k]-—ueﬁcmnrenbﬁaﬂ KBaapaTHash MAaTpHUA H X, y—
BEKTOPH /I-MEDHOIO KOMMJIEKCHOIO NpOCTpaHcTBa. COCTABHM CKaNApHOE
NpoH3BeleHHE

Az, 9)= B (Ax)pi= B B aprl. (1)
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Buipaxenne (1) waswiBaeTcs Guaunednoii ¢opmod MaTphus A.

Brisegem oxno Baxnoe cpoftcTso Guanneiinoii Qopmu. Cymma (1),
OYCBHAHO, OYyNET HMETb MPEXHEE 3HAYCHHE, eCAH W3MEHHTh NOPSAOK
CYMMHDORAHHSI M OLHOBPEMEHHO B3AHMHO NOMEHATh OCO3HAYEHHS HHIEK-
COB CyMMHDOBaRHs. [loaToMy noayyum:

n n
(Ax’ y)= 2 2 ak/x/yk‘
f=1k=1
SanuiieM NOAYYCHHYIO CYMMY B BUIE CKalfAPHOLO NpOH3BEAEHHS
n n »
(Ax, y)= 2 Z ak/x/}’k—<_2 kz ak/)’k"l) =(Ay, x)*=(x, A'y).
j=1% I=1r=1
Takum oGpasowm,
(Ax, y)=(x, A%y), (2)

T. €. 8 ckaaapwom npoussedenuu (1) .Jedcreutesviyo marpuyy A
MOMCHC NepecTagAAT6 ¢ nepsoz0 MecTQ HA 8TOpOe, 3AMEHAS ee TPaxc-
NOHUPOBAHHOU.

Caencraue. Ecan matpuua A — NeHCTBHATENLHAR H CHMMETpHYE-
ckasi (A" =A), 10

(Ax, y)=(x, Ay), (3)

T. € B8 CKAAAPHOM npoulBedeHuu QelCTGUTENbHYIO CUMMETDUHECKYIO
MQTpuly MOJXHO NepectasAaTt ¢ nepsoco MecrTa Ha 8ropoe.

§ 15. CBoHcTBa CRMMETPHYECKAX MATPHL

Teopema 1. Bce cobcreennsie 3naueHun CUMMETPULECKOL MaTpuyb:
¢ OeliCTBUTENbHOIMU INeMEHT AMU — JelicT8UTeAbHbIE.,

HdoxaszareanscTno. [Iycte A —cobcTBentoe 3HaEHHE MaTpH-
Ul A 4 X-—COOTBETCTBYIOMIMH COGCTBEHHWI BCKTOpP, T. €.

Ax=Ax (x 5= 0). (1)
Tak xak A"=A, 10
(Ax, x)=(x, Ax)
HAd B cuny pasenctBa (1)

(Ax, x)=(x, Ax).
Orciona
Ax, x)=7~%(x, x).

Co6cTBeHHBIlt BEKTOD MO ONPENC/ICRHIO — HEHYIEBOH, noaromy
(x, x) 70

n, cnenosatensno, A =A% T. e. A — meficTBMTEAbHOE WYHCNO.
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CnencTrHue. XapaKTePHCTHYECKOE YpaRHEHMEe IAH AeHCTBHTENb-
HOH CHMMETPHYECKOH MaTpHUB WMEET TO/NBKO HEHCTBUTE/NbHBIE KOPHH.

Teopena 2. Cobcrsennvie 8exTopol GeficTBUTeAbHOL CcuMMeTPUYe-
CKOL MATpuybt, COOTEETCTEYIOUUE PA3AUYHbIH COOCTEEHHOIA BHAYEHUAM,
opTO20HANbHEL Med Oy c06od.

HoxasarenbcTso, [IycTh A— zeliCTBUTEbHAA CHMMETpHYE-
ckas maTpuua. PaccMorpuM ABa coOCTBEHHWIX - BeKTOpPa Xx'? u xV,
COOTBETCTBYIOUHE COOCTBeunbM uHCaaM A, u A, (A;554,). Hveen:

AxD == A x (2)

Ax"’=7\,x"’. - (3)
CocraBum ckansgpHOe MPOH3BENEHHE
(Ax'h, XNy = (D) AxM.
Orciona B cuny pasencte (2) u (3) nonyuaem:
(Ax D, £D) = (£, ),x)

A; (x(i), xD) = 7\‘, (x, £y, (4)

Tak Kkax Ha oCHOBaHHH TeopeMmb | CcOBCTBeHHOE JHCAO A/—neﬂ-
»
CTBHTENbHOE, TO A ;=R
Cnenosatenbio, na dopmynw (4) umeem:
(A =2, (2D, 2 =0,
Ho
Aj—h,; %0,
NO3TOMY ) )
(P, xu)):(),

T. €. cobcTaentinie BeKTOpH X u x) opToronanbhu Mexay co6oil.
"3ameyanne. CoOCTBEHHbE BEKTOPW CHMMETDHUECKOH MaTPHLLLI
C NCHCTBUTENbHLIMA 9/1€MEHTAMH MOXHO [0NaraTh AeHCTBHTE/NBHBIMHU,
Teopewma 3. Beakyto 0eldCcTOUTENOHYIO CUMMETPUNECKYIO MATPULY
npu nomowu npeobpaszceanun no0COUR MONCHO npusecTu K OUALONAAL-
HOMY 8udy.

HokasaténbcrBo. OrpanuyusMcss npu J0Ka3aTenbCTBE 4NN Ha-
FASLAHCCTH CAyvyaeM TDEXMEpHOro npocTpancrsa £,

[IycTb mana cummeTpuyecikas MaTpuua A rtperbero nopsaka. Kax
M3BECTHO, BCHIKAA MATPHILA HMeeT NO MEHbUICH Mepe OMMH cOBCTBE-
nuii Bextop (§ 12, Tteopema ). OGo3naunm uvepes e; CoGCTBEHHLIH
BexTOp maTpuum A, Tax kak 3Ta MATPHUA — CUMMETDHYECKAH, TO BeK-
TOp €, MOWHO BHOpaTb NeHCTBHTEJIbHKIM.

PaccmoTpum Bece BekTOpn X, OpTOronabhbie K BEKTOPY e, T. e,
TaKHe, 4TO

(x, £,)=0. (5)
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ITokawxeM, 4TO 9TH BeKTOpH O6pa3ylOT HHBAPHAHTHOE MOAMPOCTpPaH-
ct8o E, oTnocHTeabuo npeoBpasosanus A (puc. 83).
B camom nene, npexcne Bcero, ecnin x€E, u yE€E,, T. €.

(x) 31):—(}’, e1)=0,
TO Aaf MoGux uyucea o v [ HMeeM:

(ax+ ﬁyv e1)=a(xa el) +ﬁ(y) el) =0
n, ClenoBaTel]bHO,
ox + By € E,.

Takum 06pa3oM, MHOWECTBO BEKTOPOB, YUOBJIETBOPRIOULHX YCA08BHIO (3),
o6pasyeT NHHEHHOE NPOCTPAHCTBO, npHYeM Jerko yGenHTbCA, 4YTO H3-
MepeHHe 3TOr0 MPOCTPAHCTBA PaBHO
DBYM.
e, [Mycts Tenepb X € £,. PacemoTpum
cKa.sipHoe IpOH3BeaeHHe

(Axv e1)=(x7 Ael)z(x) A'181)=
=A’1(x> e1)=0)
T. €,

Ax ¢ E,.

B cuny Teopemm 17 (§ 12)
B ABYMEPHOM NpoCTpancTae £, Takwe
CYULECTBYET COOCTBCHHLIH BEKTOD €,
matpuun A. Dynem Tenepb paccema-
TPHBAaTh BEKTOPH X, OPTOrOHaJ/bHhIE
KaK K BeKTOpY €,, TaK M K BEKTODY &,,
Puc. 55. T. €. TaKue, 4TO

(x, e1)=(x, e2)=0'

Ananornunto npennaynieMy NOKa3wBAETCH, YTO 3TH BEKTOPH ofpa-
3yIOT OJHOMEPHOE€ NpPOCTPAHCTBO £, HHBADHAHTHOE OTHOCHTEJNBHO Npe-
o6pasoauus A. B npocrpanctee E; CHOBa HMeeTcs COGCTBEHHHH
BeKTOp €; MaTphuu A. BekTopw e, e,, e; OyAyuH nonapHo oOpro-
TOHAJLHBIMH, JHHEHRHO HEe3aBHCHMBI MCXAY cOoGo#. Takum o6pa3oM, Mul
NOCTPOMM OpTOroHaibhmi OGasuc upoctpancTBa £, cocToswuit us
COGCTBEHHHX BEKTOPOB MaTpHuUH A.

O60o3naunm yepes A, co6cTBEHHbIE 3HAYEHHA, COOTBETCTBYIOLHE OG-
CTBEHHbIM BeKTOpaMm ;. B cuny teopemm 2 n3 § 13 matpuna A naunoro
auHefiHoro npeofpa3osadnst B coOcTBenHoM Gasnce e, €,, €; GyleT
LHATOHAbHOW, MpuueM B HamieM caydae

M O 0
A=|0 3 0 |.
0 0 2

AHanoruyHo noxasnBactcd TEOpema U B obiem ciydae,
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Cnemcrteue 1. Hdag Beakoro auueitHoro npeoGpa3oBanus ¢ neid-
CTBHTEJBHOM CHMMETpHUECKOW MaTpHUeH CyLUlecTBYeT OpPTOrOHAJbHLIR
6a3uc, coctoduiuli U3 HeHCTBUTEbHBIX COGCTBEHHBIX BEKTOPOB AaHHOM
MaTpHIB, B KOTOPOM MaTpuua npeoGpa3oBaHH — AHATOHAJbHas.

Cnencrteue 2. Eca mMmaTpHua — cHMMeTpHueckas, TO KaxIOMYy
cOGCTBEHHOMY 3HAUCHHIO €€ COOTBETCTBYET CTOJNbKO JHHEHHO He3aBH-
CHMBLIX COOCTBEHHBIX BEKTODPOB, KaKOBa KPAaTHOCTb 3TOTO COGCTBEHHOTO
3HAYEHHS.

Teopema 4 (3kcTpeManbHoe CBOHCTBO cO6CTBEHHHX
SHavewu ), [Tycto A—OelicTouTesbHas CUMMETPUHECKAS MATPUYG U

=min(Ay, Ay ..., AL,
A=max (A, A, ..., X)),

2de Ay, Ay, ..., A, —6ce cobcTeennble 3nadenus maTpuysl A.
Toeda 0as 406020 6eKTOPA X Cnpasedauso HepaseHCT80

AMx, x)<<(4x, x) <A(x, x). (6)

HokazaTtTenscTBO. B cuny caencteus 1 x Teopeme 3 cyuiecrt-
ByeT CHCTeMa COGCTBEHHHX BEKTODOB €, €5, ..., €, MaTpHuu A:

Ae/=}\-/e/ (j:l’ 2. “ ey n),

o6pasylolllyX HOPMHPOBAaHHLIA OpToronanbuu# Gasnc mpoctpancTsa E,.
Torna mo6o#f BEeKTOp X MOWHO NPEACTaBHTbL B BHAE

x=x6 -+ x.6,+ ...+ x.€,
rae X;,Xs, ..., X,— KOODIHHATH BeKTOpa X B nauuoM 6asuce. OTclona
Ax=x,Ae,+x,de,+ ...+ x,de,= A xie, +Ahx.e,+ ...+ A x

YuuThBasg OpPTOroHAa/AbHOCTH BEKTOPOB 0asnca, GyneM HMEeTh:

n n n
(Ax, x) <Z Ax e /gxxkek>=,§ %, x/xk (e, €)=

/=1

n n n
=2 D hpmd= 2N |5,
j=1k=1 I=1

n
2
(Ax, x)=’§17\/|x/| . (7)
3amennn B pasencTBe (7) 7\/ Ha HaVMeHblllee 3HAYEHUE A, TOAYYHM:

: (Ax, x)=A 2 [x,P=2(x, x).
i=1
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AHANOruyno, moacTasass B paseHcTso (7) BMeCTO ?\ HaubonblIee 3HAYE-
nie A, naxoaum:

(Ax, x)<A§] [x,2=A(x, x).

i=1

Taxum obGpa3om, HepasencTBo (6) Aokazawo.

Cnencrsune MunuManbnoe cOGCTREHHOE 3HAYEHHE A B MAKCHMA/b=
Hoe cOGCTBEeHHOE 3HavyeHne A cHMMeTpHuecKOH AefcTBHTEAbHON MaTpH-
us A ABAAIOTCS COOTBETCTBEHHO HAHMEHLIUHM M HaHGOABIUWM 3HAYE-
HHAMHA KBaapaTHyHOi dopmn

U= (Ax, x)
Ha eIHHRuHON cdepe (X, X)=
HefictBuTenbHO, Nonarasa (x, x) =1 B nepasencrse (6), 6yaAeM UMeTh:
< (4x, x) <A

Kpome toro, ecnu Ax=2ix, 10
(Ax, x)=(Ax, x)=2A

ananoruuto, ecin Ax=Ax, 1O
(Ax, x) = (Ax, x)= A,
Taxum 06pa3om,
A =min(Ax, x) npu (x, x)=1
H '
A=max(Ax, x) npun (x, x)=1.

HeficTBUTENBHYIO CHMMETDHHeCKYI0 MaTpuuy A = [a;;] nasosem noso-
2CUTEALHO Onpedenennod, ecan COOTBETCTBYIOULAA KBalpaTHuHas dopma

a
a

D %Y .

u=(Ax, x)= > ;XX

1=17=1

SBJAAETCT MOJOWHTeabHO onpedencuuofi (ra. VI, § 13), 1. e. mag aw-
6oro BekTopa Xx %0 umeem:

(Ax, x) > 0.

Teopenma 5. [ledcT8UTeNbHAA CUMMETPUHECKAR MATPUYQ ABARETCA
NOAOMCUTEALHO OnpedenrenHol T02da w TOAbKO Toz0a, Koeda 8ce cobCTBeH-
Hole 3HAUEeNUA ee NOAONCUTEeAbHOL.

JokazatenbcT80. Ecan A— neficTBUTEAbHAA CHMMeTpuYeckas
MaTpHua U ee CcOOCTBEHHHE 3HAYCHHA Aj TAKOBH, 4TO0 A >0(j_1
2, ..., n), To Ha ocHoBauuu dopmyas (7) u3 noxaaarenbcraa npeant-
Aym.en TEeopeMbl HMEeM:

(Ax) X)= lgi A'/I Xy Iz-,
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Tae X={(X;, X,, ..., X,). Orciona apit x =0 noayuum:
(Ax, x) > 0,

T. €. MaTpuua A— NONOKHTENbHO OnpeneeHHasd,
O6patho, nycTh A-— nelicTBHTeNbHAS CHMMETDHYECKAS MONOKI-
TeNbHO ONDEeLeNeHHAs MaTpHUA.
B cuay Teopemn 1 Bce ee co6CTBeHnbie 3HayeHus Ay, A, ..., A
DeHCTBHTE/NbHE, NpHYEM

A =min (}\ll }‘2’ R A'n)

n

ABJIACTCH HAMMEHBIUHMM 3HaYenHem KBampaTruynol dopMu i = (Ax, x)
na cpepe (x, x)=1. Tax kak cpepa (X, X) =1 —KomnaxTHoe u orpa-
HHUEHROE MHOXECTBO H KBARDaTH4HAA QOPMA U HENDEPHBHA H DOAONKH-
TenbHa Ha aT1oH cdepe, TO no Teopeme BeflepuiTpacca HanMenpuiee 3Ha-
YeHHe K CYulecTByeT M TakKxe NOJOMKHTENbHO, T. €.

A>0.
O7ciona v nomasHo

A, >0 nmpu j=1,2,...,n

[Ipupenem 6e3 A0Ka3aTenbcTBa yCJIOBHS MONOKHTEALHON Onpeaesen-
HOCTH nelicTBUTENBHOH MaTphun [2].

Teopema 8. [Jan noaoxureasnod onpedesennoctu OelicTéuress-
noll marpuyvr A=|[a;;], ede a,;=a;, Hec6x00umo u OOCTATO4HO,
4yTobbt Obiau 6binoAHenbl ycaosua Cuabeectpa:

Ay=a,>0 Ay = fu >0 ...
gy Gy
[227] Qg o Qip
8,= ‘121. . ‘.122. . a2n >0,
qpy qpg vee ann

T. €. AeHCTBHTENbHAA CHMMETDPHYECKAR MaTpHUA A NOAOKATENBHO Onpe-
LeJenHas TOr4a U TONABKO TOrAa, €CAH BCE FJI3BHHE [IHATOHANbHEIE Mil-
HGpH ee onpenennteas det A CTPOro UOJNOKHUTENBHH.

§ 16%, Cepo#icTBa MATpHIl C ACHCTBATEJbHLIME 9JIeMERTAMH

B nanpuelfimem Mel, KaKk npaBusio, 6yreM paccMaTpHBAaTh MaTpHUH
A =[a;;], anemMeHTH KOTOPHX @;; REHCTBHTENbHE; TaKHe MaTPHLH Hadbi-
BAIOTCS OedCTBUTEAbHOIMU WA GEUeCTBeHHbLMU.

Mlycts A =[a;;] — BeHcTBHTENbHAS KBAADATHAS MaTPHLA NOPIAKA I, -
Tak kak ee XxapakTepHCTHYECKOe ypaBHEHHe

det(A—AE)=0
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ecTb MOMMHOM ¢ AeHCTBHTEJbHBIMH KO3GbdHUHEHTAMH, TO KOpHHU
AL, Ay, ..., A, XapaKTEPHCTHYECKOrO YPaBHEHHH, MpPEACTABAAIOLUINE
co6oft cOGCTBEHHBIE 3HAYEHHS MATPHUB A, B CJ1yyae HX KOMNAEKCHOCTH
nonapro conpsskenn (ra. V, § 1), T. e. ecan A, ecTb COGCTBEHHOE
3HaYEHHE MATPHUE A, TO CONPSKEHHOE YHCAO A] Takxke aBageTcs

COOCTBEHHEIM 3HAUEHHEM MaTPHUB A M HMEeT Ty e KPaTHOCTb.

LeficTBUTENbHA MATpHLA MONET He HMeTb MAEHCTBHTENbHHIX COO-
cTBeHHWX 3HauveHnB, OLHAKO B OLHOM BAXHOM CJIyyae, KOTHA 3JEMEHTH
MaTpPHILLl TMOJOXHTENbHH, FapaHTHPYETCA CYLIECTBOBAHHE XOTH Oul
OMHOTO AeHCTBHTEBHOIO COGCTBEHHOTO 3Havyenus [6].

Teopema lleppoua. Ecau sce snementor k8adpaTtHod marpuybt
noAoKUTeAb b, TO Hauboasuiee no moOyao cobCTEeHHOe 3HAYeHUuEe ee
TQKMCE NOAONUTEABHO U ABAAETCA NPOCTHIM KODHEM XApAKTepucTudec-
K020 YPABHEHUA MATpUybl, NpUYeM eMy COOTBETCT8YeT coBCT8eHHbil Bek-
TOP € NOAOMCUTEAbHLIMU KOOPOUHATAMU.

CoGcTBeHHble BEKTOPH NeHCTBHTENbHOR MATpHUH A C Pa3AHYHBIMK
COGCTBEHHLIMH 3HAaUeHUAMH B OOlleM cJyyae KoMmnjexcuble H He 00644-
naloT CBOHCTBOM opToronaasHocTH, Onnako, npuBjekas coGCTBEHHLIE
BEKTOPL TPAHCIOHUPOBAaHHOW MaTpHubl A’, MOXHO NOJAYYUTb T4K HA3Li-
BAEMble COOTHOWeHUs OUOPTOSOHAAbLHOCTY, KOTOpHIE IAf CAy4as CHM-
METPHYECKOH MaTpHlb SKBHUBAJEHTHL OOLIYHBIM COOTHOWIEHHSAM OPTOro-
HaJbHOCTH,

Teopema 1. Ecau marpuya A— QedcTsutesvnans u cobcTBexHbie
3HA4eHUus ee NONAPHO pA3AudHbL, TO CyuiecTsyoT 0sa 6asuca {xj} u
{xl} npoctpanctéa E_, cOCTOAWUX COOTSETCTBEHHO U3 COOCTGEHMOLY

6eKTOpPO8 MaTpuybsl A & COOGCTBEHHbIX 6eKTOPO8 TPAHCHOHLPOBAHHOL
marpuyer A’, ydo8AeTBOPAIOUUX CACOYOUWUM YCA0BUAM BUOPTOROPIUPOBKUL:

, 0 npn js%k,
(x/) xk)= 1 .
npn  j=k.
HokasateabctBo. Ilyete Ay, Ay, ..., A, —cOBcTBEHHHE 3Ha-

yenna matpuun A. Tak xak MaTpHua A — aeHcTBUTEAbHAS, TO, KaK Mbl
3HaeM, COOCTBEHHBIE 3HAUEHHS €€ — MONapHO CONPAXKEHHBE, T, €. HapALY
C COGCTBEHHWIM 3UAYEHUEM A, COMpHAWEHHOE YHCIO 7\; Takxe ABaseTcs
coBCTBEHHBIM 3HaueHnem MaTpuls A. O6o3naunn uepes X, (j=1,2,...,n)
COOTBETCTBYIOUIHE COBCTBEHHBIE BEKTOPH MaTpHum A, T. €.

Ax/:—'xlx/ (j=1, 2, ...,’l)- (1)

BekTops {xj-} o6pasyior Ga3auc upoctpauctea E, (§ 12, Teopema 2,
ClenCTBHE).

Tax xaxk onpegenuTesb He H3MEHSieT CBOErO 3HAYECHHA NPH 3aMmeHe
CTPOK CTONOWUAMH, TO

det (A" —AE)=det (A—AE)
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H, CJIeNOBATEJNbHO, TPAHCIOHMpOBanHas maTpuua A’ umeer Te Xe col-
CTBEHHHE 3HaueHns A, uTO M maTpuua A. ﬂyCTbx UJ=12...,n)—

co6cTBeHHBIE BeKTOPH MaTpuun A’ cooraercrsyrou.me conpﬂxcennum
COGCTBEHHHM 3HAYEHUSM A;, T. €.

Ax=h% (=12 ...,1). @

Bextopn {%;} Takie o6pasylor Gasuc mpocrpanctea E,.
Basucw {x,} u {x} 6uoprozonarens, a uvenno:

(x,, x,)=0 npu js%k. (3)
IeficTauTenpHo, ¢ OMHOH CTOPOHR, HMEeM:
(Ax; x,)=(A,x; %) =h,(x, x,). (4)

C npyro#t CTOpOHH, YYHTHIBAs BEULECTBEHHOCThL MaTpPHUH A, mojaydaem:
(Ax,, x,)=(x, A'x,)=(x, Axy) =4, (x; X)) (5)

W3 pasencTe (4) n (5) BuBOAHMM:
/(x/, W) =A%, X)) (6)

Tax kax A; =X, npu js=k, T u3 paseHcTBa (6) BerTexaeT paBeHcTBO (3).
lMoxaxem, 4To BCKTOPH {x,} M {xi) MOXHO HOPMUDOBaTb TaK, YTOGHI

(x; x;.)=1 =12, ...,n). (7)

B cavom nerne, pasnaras BeKTOp X, 110 BexTOpam Gasnca {X, E AT
6yneM HMETb:

X,=0% +. ... text . tex
OTciona, y44ThBas ycaoBHe GHOPTOroHaJALHOCTH (3), MOAYYHM:
(X x)=ci(x), x)F.o4c (x, x)F...
.ot C; (x/’ xn) =C; (x/v xi) > C;
03 TOMY

. . 1 1
Bads BMeCTO BexTOpPOR X,, ..., X, BEKTODH ?xl y ooy =3 X, 000y
1 k)

yuM Tpebyemylo HOpMHpOBKY (7), TaKk Kak
1 1
(x/, x,)"-—( ,,x,)=—/‘a/_1 U=12...,n.
9

Taxum o6pa3oM, ecqH cOOGCTBeHHbIe 3HAyeHUs AeHcTBHTeApHOR Ma-
TpHUL A pasnuuHb, TO AJs co6cTBeHHOro 6asuca {x;} Matpuun A
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BCETla MOYHO HAaWTH cOGcTBeHnbif Gasuc {X;} TpaHCIOHHPOBAHHOH Ma-
TpHun A" Takoit, uTo
(X %) =04, (8)

rae 8, —cumeoa Kponexepa.

Cnencreue, Ecau matpuua A — neACTBHTENAbHAA H CHMMETpHYE-
ckas (A'=4), 1O MOKHO monOWHTR: X;=x,(j=1, 2, ..., n),
rie X,-—HOPMHpPOBaHHbE COOCTBEHHNE BEKTOPH MaTpuum A (cM. § 15).
Torna

(%, xk)=6,k.

BhiBeneM eule TaK HaswBaemoe Ouaunednoe paanosenue marpuyst A.
Teopema 2. ITycto A— ksadparnan OedcTsuresvHas marpuya u

Xy
X/ =
Xny
(i=1, 2, ..., ny—ee cobcTaenHbie BeKTOPbL, PACCHMATPUBACMbIE KAK

MATPUYbL-CTOAOYDL, 1

Xy=[x, .. %]
(k=1, 2, ..., n)—coorsercrayrowyue *) cobcT8eHAbIE BEKTOPBL TPANCNHO-
nuposanuoll matpuyst A', paccmarpusaemsie KaK MATPULbI-CTPOKU,
npudem svinonenst ycaosua buopronopmuposku (8):

- o _
(X), Xp)= /('kX/——jé/,,. (9)
Toeda umeer mecTo COOTHOUleHUE
A=A X X+ MXX+ . A XX, (10)
2de Ay, Ay, ..., A, —coBcTBennble 3Ha4eruR maTpuyst A.
JokasaTenbcTBo., Paccmorpum mMatpuum
e x . .
'11 ) .ln Xig oo X
X=|. .. n X = P R Y
Xn1 * Xnn Xin *+v %nn

COCTOfANIHE COOTBETCTBEHHO H3 cToabuos X, (j==1, ..., n) u cTpok

Xrlk=1, ..., n).
B cuay pasencrtsa (9) OyaemM HuMeTb:

n
X X= LZ x,“-xk,] =[XXi]=[8,]=E, (11)
=1
rae E —enuunynas matpuua. Tax kaxk MatpHua X COCTOWT M3 JHHeHHO

*) To ectb oTBeyalilHe TeM #e coGCTBeHHmIM 3HauenusAm Matpug A u A',
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HE3aBHUCHMHX CTOAGLOB, To oHa — HeocoBennan, T, e. det X =0 u, cae-
LOBATeNbHO, CywecTByeT obparsas marpuua XL Ha ocHoBanuu pa-
senctBa (11) (em. ra. VI, § 4, teopema, sameuanue 1) umeem:

X l=X,
OTtciona BHTEKAeT, YTO

XX =E,

H, TakuM 06pa3oM, MH TOJAYYaeM 8TOpsie COOTHOWEHUA GuOpTO20HAL=
nocru [7]

n
> XpXie =0 (12)
k=1

Mcrosib3ys TH COOTHOMIEHHA, MMeeM:

XX X Xy o+ XK =[] [pa ] + oo Degial =
= Lgl xikx}k] =[6,]=E

E=X,X, 4+ XX+ ... +X, X,
YMHOMa® 9TO PABEHCTBO caeBa Ha maTpuuy A W yunTHBaf, 4TO
AX,=h,X, (j=1,2 ..., n),

OYeBHHO, moayuum pasencTso {10).

OGparum BHHMatHKe Ha TO, uTO B popmye (10) X, u X (j= 1, 2,...,n) —
cobcTBertne BEKTOPH MaTpHiL A 1 A, COOTBETCTBYIOUIHE OAHOMY H
TOMY e COOCTBEHHOMY 3HAuCHHIO A; BOnpexkn 0603HaueHUSM TeO-

peubr 1, rae Xx; v x;—coGerpennue sekTopw maTpuu A u 4’, coor-

BeTCTBYIOUIHE KOMNJAEKCHO CONMPAMEHHNM COOCTBEHRBIM 3Ha-
L

uennas A, u Az
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r'TABA XI*

JOMNOJHUTEJIbHBIE CBEIEHUSI O CXOJAUMOCTH
WTEPAIXOHHLIX MPOUECCOB JJIs1 CUCTEM
JUHEHAHBIX YPABHEHUWNA

§ 1. CogHMOCTS MATPHUHLIX CTEMEHHBIX PSAOB

Teopema 1. Marpuuneul crenennod pad
o .
> a, Xt (1
k=o

€ wuCA0BbLMU  KOIDDuyuenTamu @, cxo0uTca, ecau 6ce coBCTeeHHbie
sHaueHus Ay, Ay, ..., A, marpuyst X pacnoaoicenv. 8 3aMKHYTOM KpYy2e

o cxodumocty | x| <R (pnc. 56) cxaaapnozo
7 cTenenHo20 pada

A, . 2 a,xt 2)
k=0

R (x =E-+in), npuxem cobcreennsie suate-
7 % OHUA,  Jexauue HA  OKPYHHOCTU  Kpyea
A, ° CX00UMOCTU, NPOCTbie U ABASOTCA TOUKAMU

cxodunoctu pada (2).

Pad (1) pacxodurcs, ecau xora 6ol
0040 cobcTgedrnoe  gnauenue marpuyor X
Haxo0uTca 6He B3AMKHYTO20 Kpyea cxodu-
moctu psoda (2), uau umeerca cobcrTeennoe
3HaueHue marpuyer X, Aexcauiee Ha OKPYMHOCTU Kpyea C¢xodumocru,
0aa Kotopozo pad (2) pacxodurcs.

HoxkazatenbctrBo. 1) [Mycts maTpuua X Takora, uto

Puc. 56.

[MIR, ..., |A <R
lpennonoxum ANs  mPOCTOTH, YTO  COGCTBeHHhE — 3HayeHus A,
(j=1, 2, ..., n) matpuum X—npocteie. Torma matpuua X ¢ no-

MOLLBI0 HEOCOGeHHOH MaTpuubl S MOXET OHTb NPHBELEHA K AMaroHalb-
HOMY BHAY
X=81[A;, .., A,]S.
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Beenem 0603Hauerus
m

”,(X)=k§0a,,X", folX)= 2, a,x"

flx)=lim f, (x)= Z a,x®,

m->®
Mmeem:
m

F,,,(){):é0 a, {S 1Ay ..., 7\,,]8}"=S'1{k2 ap [ .. A’:]}S=

=0

=S87f, Ay oony S (A)]S. (3)

Tak kak umcaa A, pacnoJoxeHsl BHYTPH KPYra CXOAMMOCTH CT@NEHHOTO
psaa (2) MM COBRANAIOT € TOYKAMH CXOAHUMOCTH 3TOTO DAfa, NPHHAL-
JeKAUHMH OKPYWHOCTH KPYra CXOLHMOCTH, TO CYLLECTBYIOT KOHEYHHIE
npenen

fApy=tmf. () (j=1,2, ..., n).

m —» oo

[losTomy, nepexoas k npeaeay npu m — oo B dopmyne (3), noaydaem:
F(X)=1im F, (X) =87 [f (&), ..., FR]S, 4)
m - o0

T. e. MaTpuunui paa (1) 8 touke X cxomuTes.

MoxHO 10Ka3aTh TaKwxe, YTO YTBEPWKIEHHE TEOPEMH BepHO H 141
cyyas KpaTHEX COGCTBEHHBIX 3HayeHnH A, Ha HeM Ml OCTaHaBaM-
paTbcs He Gyaem [1].

2) Tlycrb, Haupumep, XOTd Obl OLHO COGCTBEHHOE 3HAauyenHe A, Ma-
Tprus X TaxKoBo, 4TO

[Ay ] > R.

Tax kak A; JeXHT BHE KPyra CXOLHMOCTH CTenewHoro psaa (2), To
S (A) UpH m-— oo we wumeer npesena. Ms dopmyaw (3) crenyer,
uro F_ (X) npw m-~— oo TaKme He uMeeT npenena, T.e. paa (1) B
TOYKe X pacxonmures.

[od

3 -]
Ananoruysbif pesayabTaT noJydaetcs, ecan |A,|=R n pﬁ}lkz a,hy

=0

pacxomuTes.
3aveuanne. M3 dopuyan (4) caeayer, uto ecanm Ajd,, ..., A,
eCTb NPOCTHE cOBCTReHHbe 3Hauenns MaTpuuu X, TO f(Ay), F(Ay), ...

voos f(A,), TRE
flx)= X a.x*,
K=0
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SIBASIOTCA COOCTBEHHLIMH 3HAYEHHAMH C];)yHKU.HH
00_‘ k
F(X)=k2:) a, X~

B 4acTHOCTH, COBCTBEHHBIMH 3HAUYEHUAMH MaTpPHUILH X* apnsioTcs vucaa

k I3
A’l) R ] }‘n-
Teo peMa 2. Marpuunasn ceoMerpudeckan npoepeccusn

E4+X4+X204 . +X4 ., (5)

2de X —ksadparnas marpuya nopadka n, cxodurca T020a U TOAHKO
T020a, K020Q BCe COOCTBEHHbIE BHAYEHUR

A=%@  (=1,2 ..., n
marpuyst X pacnoaolicerbt 8HYTNU e0UHULHO20 Kpyea
A<t (=1,2 ..., n), (6)

npusen ecau pad (5) pacxodurca, 10 X* 40 npu k— oco.
Hdokasarteabctpo. [leficTBUTENbHO, TaK KaK A4 COOTBETCT-
BYIOULEro CTENEHHOro psaa

7,8

x* (7

k=0

1]

paanyc cxonuMmoctTd R =1, npuuem npu |x|=1 pan (7) pacxonutcs,
TO B CHJAY TeOpeMbl ] reoMeTpHueckasi 1porpeccus (5) CXOAHTCS JHUIbL
npH BhINOJHEHHH ycaoBdi (6).

Ecnu pan (5) pacxoautcs, TO

[A, (=1 (=12 ..., n.

Otciona, npeanojaras AAf TpPOCTOTH, YTO COOCTBEHHHIE 3HAYCHHA
Ay, ...y A, pazanunnl, GyneM uMETH!

X=5"1[A, ..., A]S,

n

rae S— Heocobernaa maTtpuna. flostomy

X¥=8"1[AL, ..., M,

H, caenoarenbHo, X*-40 npu k-— oo, IlocieaHee yTeepucaeHue

0CTaeTCs CNpPAaBEA/HBHIM M NPH HAJIHYKH KPATHHIX 3HaveHH# A, Ha uyeM
MBI OCT2HaBJHBATbCst He Gyaem.

Teopema 3. Modyas kaxdozo cofcT6enn020 3Hatenus Ay, ..., A,

ksadparnoli marpuyst X He npesocxodur aw060d ee KAHOHU4ecKod

HOopMmeL, T, €,
|;\j|<“XH (.]:1: 2) “ v ey ﬂ).
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Ooxazateabctso. [lorokum

| Xll=p
H paccMOTPUM MATpuUY
1
Y=—_ X, ' 8
Py (8)
rae ¢ > 0. OueBuaHo,
l o] .
1Yl = i Xl =5 < .

CnenoBatearno (ra, VI, § 10, Teopema 5) psa

E4+Y4Y24, +VFg
CX0anTCY.
Orciona B cuay Teopemb 2 3akJ/io4yaeM, 4yTo COOCTBEHHbE 3HAYRHHT
By, +oey U, MATPHUB Y yAOBAETBOPAIOT HEPABEHCTBAM

<t (j=1,2, ..., n)

Ho na dopmyau (8) BuTexaer, 4TO

=t U=1 2 .
CnenoBaTensHo,

Mi<pd+e (=12 ...
H/IH, BBHAY NPOHU3BOJBHOCTH YHCHA &,

IV I<e=|X] (=12, ..., n),

4YTO H Tp86OBaHOCb A0Ka34aTb.

§ 2. Towxpectso MamuanToHa — Kenu

Teopewma. Bcakaa keadparnas marpuya X ABAAETCA KOPHEM
€80€20 XAPAKTePUCTU4ECKO20 NOAUNOMA, T. e. ecau

YR)=A"4p A" L+,
2de Pp(A)=det (AE—X), 10 )
P(X) = X" +p X1+ ...+ p,E=0.

HOoxkasartenncTBo. [lycTb BCe COGCTBEHHBIE 3HAYeHHT Ay,
Ayy ..., A, MaTpHUW X, T. €. KOPHH XaPaKTCPHCTHYECKOTO ypaBHEHHS
P(A)=0, pazanyuer. Toraga marpuuy X ¢ nOMOLIBLIO HEKOTOPOH HEOCO-
OeHHOft MaTpuuB S MOXHO DPHBECTH K JHarOHAJbHOMY BHIY

X=S"[Ap Ay o.uy A,]S.



390 nononHUT. CBEAEHHS O CXOAMMOCTH HTEPAIHOHHEIX MIPOUECCOR [ri. XI

Tak kak P (X) npeacrasaser cobofi vacTanil cAy4yail MaTpUUHOTO cTe-
TEHHOrO Psila, TO Ha OCHOBannu opmyam (4) u3 § 1 umeewm:

iP(X)zS—l ["’p(}\l)’ IP(}‘2)1 es 0y il’(ln)]s-

Ho, ouesuano, :
PAy=0 (=12, ..., n).

[Toaromy

$X)=S5"1[0, 0, ..., 0]S=0.

Ecan xapakrepuctuueckoe ypasnenne Y (A)=0 nveer kpaTume xophu,
TO HX MOXHO paccMaTpHBaTh Kak npegenbl HECOBMALAOMWHX KOpHeﬂ
NPpH GECKOHEYHO MajuX BO3MYIIEHHAX KO3DMHUHEHTOB YpaBHeHus [1].
B pesyabrate Teopema 0606ul4€TCR M HA BTOT cayuah.

§ 3. HeobGxonumbie M 10CTATOYHBIE YC/IOBHA CXOIMMOCTH
npouecca MTEpaLUA Aad CACTEMbl JHHEHHBIX YpaBHEHHH

Wcnonb3ayst cOOCTBEHHBIE 3HAUERHS MaTpHIL a:[a,,], MOKHO NaTh
HEeOOXOOHMBIE H JOCTATOYHLIE YCAOBHS CXOLUMOCTH NPOLECCa HTepauny
I AUHEHHOU CHCTEeMH

x=ax+p, (1)
rae
B “ Xy
B: H X= .
- sn Xn
' Teopewma. Jia cxodumoctu npoyecca utepayud

£ = qrk-D B (2)

k=1, 2, ...)

npu  mobom svbope Hayaavro2o Gextopa X9 u  awbom ceo6odHOM
wiene B neobxodumo u doctatouno, uTO6bL COGCTEeHHbIE 3HaYeHUA
MATpUULL O, T. e. KOPHU XAPAKTePUCTUYECKO20 YPABHEeHUA

det (a—AE) =0,

Ooiau no mooyro mervwe edunulor.
HDoxasateancrro. MUz dopmyan (2) monyuaem:

AP =(Efata?+ ...+t Bate, (3)

OTcioaa creayer, 4TO CXOAMMOCTb MPOUECCA HTEPAllMH (2) nput npowus-

BOMbHLIX 1 x'" sKBuBANEHTHZ CXOLMMOCTH MATPHUHOH reoMeTpu-
YCCKOH nporpeccHu

7,8

Etatoi4.,, = ok ‘ (4)

k=0
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B cuay rteopemn 2 u3 § | reomerpuueckan nporpeccus (4) cxonurcs,
ecnn Bce cobermennne 3Hauenna A (f=1, 2, ..., ) MaTpuUL & yAOB-
JETBOPSAIOT HEPABEHCTBAM

|}\./|<1 (]:1, 21 ve ey ﬂ). (5)

Tak kak npu 3ToM a* — 0 npH k& —» 0o, TO n3 GopMyan (3) BHTEKaET,
4TO MPOLECC HTEPAUNH CXOLUTCH npH Mobbix  n £, T, e, cywecrByer

lim x® = x,

h=>wm

1€ X-—, O4eBHAHO, pelueHHe cuctemn (1).

Ecaun nepaBeHcTBa (D) He BHNOJHEHH, TO PSiA (4) PacXxoanTcs. B TakoM
clAyuae UpH HEKOTODOM BuOOpe HauyaavHoro BekTopa Xx'® mpouecc
UTEPAaUUH, OYEBUAHO, TaKwe PaCXOANTCA. '

Takum 06pa3oM, nns CXOANMOCTH mpouecca urTepaunu (2) neobxo-
A¥MO M AOCTATOYHO, YTOOW BCE KOPHH Ay, Ay, ..., A, XapakTepucru-
4¢CKQro ypaBHQHHSl

ap—A  ap . oag,
Oop Cpa—h ov =0
%p1 a‘n% et otnn_-}"
ynoBaeTBopsan ycaomuam: [A,| <1 (j=1, 2, ..., n).
Chencrtreue, Jas cxoaumocTd mnpouecca urepanuu {(2) gocra-
TOYHO, 4TOGH

o]l <1, (6)

wakosa 6w nu Guaa KanoHuueckas Hopma (cp. ra. 11X, § 1).
Ne#icTenTeNnHO, B CHAY TeopeMmn 3 u3 § 1, Ha OCHOBaHHH Hepa-
sencTBa (6) noasyuaem HepaseHcTBa (9),
Samevanne. Pacemorpum amuelinyio cucrtemy

Ax =0, N

rae A=[a;] n b=[b, ... b,] —BexTop-cTONGEL.
Nyctn
e; 0 .. O
D= 0 Qog eeo 0 #O.

¢« 0 0 o

0 o I

Jna npusenenns cuctemn (7) k cnemwanpomy Buay (1) obwuno no-
JAramoT:

A=D+(A—-D).
Ortciona

Dx=b6—(A—D)x,
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n tag kak detD=apa,, ... a,,5=0C, 10

x=D"p4{- D"V (D—A)x
MoxHo npHHATH
a=D"1(D~— A).

Takum o6pa3oM, A% CXONKMOCTH OOLIYHOTO ppoillecca HTepauwu Ans
auHeidHoft cuctemu (7) mpu mwbGoMm csoGoaHoMm usene b u moGom na-
ua1puoM BekTope X' HeOGXOLHMO M ZOCTaTOuHO, 4TOOH BCE KOPHH Aq,
Agy, ..., A, XapaKTEPUCTHYECKOIO YpPaBHEHHUA

det[D=1 (D—A)—AE] =0 (8)

6Ll mO MOAYMO MeHbie epmuuusl. Ioabsysce Teopemolt 06 onpene-
JuTeJe NPOM3BEAEHHS [BYX MAaTpHi, ypaBHenue (8) MOwHO npeodbpa-
30BaTh CJeAYHOUAM 06pa3oM:

det D=1 det [(D—A) — AD] =

Hian

det [AD-- (A—D)] =0
T. €.

au}» Qg -.. Qpy

Qgy 022A ves Qop =0.

Ap1 Qpa eee a,,,,?»

§ 4. Heo6xopmMbie M JOCTATOYHBIE YCJOBUST CXOAMMOCTH
npouecca 3eiigens QDA CUCTeMb! JIHHEHHBLIX ypaBHEeHM#

Jag anunefidoB cucTeMmnl

x=ax-p, M
B.

re a=[o;] n = .|, paccmorpum mpouece 3eitzenn
Br
L ZOC,, (k)+2 o ¢ WL =1, 2w k1,2, )

npH NPOH3BOJABHOM HAYAJBHOM BEKTOpE
~ .(0)
xl

e | Lol

£
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IMonoxum
a=B-}C,

o 0 ... O 0 Ay COgg «0n Oqp
B—| o= 0 ... O 0 0 dyy oo. Oy .

rne

. . . . . ) C= v .
Uyt Opg vve Oy 1 O 0 0 s

Torza npouecc 3efilens B MAaTPHYHOM BHIAE MOXHO 3amyucaTh cJe-
Aylomum o6pasom:

x(k) Bx(k)_l_ Cx(k—l) | B (k=1, 92, ) (2)

Teopema. Las cxodumoctu npoyecca 3etlidesrn (2) dan cu-
cremnt (1) npu aobom sevibope ¢80600H020 4aena P u HawaabHO20
sexTopa X0 neobxodumo u doctarouno, 4Tobbr 8ce KOPHU Ay, ..., h,
ypasHeHus

aux—h Oy A a,
det[C—(E—B)A] = |%uh  G—h e Can g 3)

,a,,.h Upoh oo

Gotan no modyao meuowie eOUHULDL. :
NokasarteabctBo. U3 dopmyas (2) BeiTexaer:

(E—B) £ = Cx'k- 1)_}_5 4)

Marpnna £~ B—HeocobeHnag, Tax Kak
det(E—B)=1.
IToaToMy paBeHCTBO (4) MOMHO 3anmHCaTb B BHIE

P = (E— B)-lcx(k D (E—~B)"1B. (5)7

Orciona ficHO, uYTO rnpouecc 3eilaeas IKBHBAJEHTEH HNpOLECCY Ipo-
CTOW HWTEepauuu, NPUMCHEHHOMY K JNHHEHHOR cHcTeMme
=(E—B)"1Cx+(E—B)~1f.

B cuny Teopewmu mnpeaumayiiero naparpada, Ans CXOLHMOCTH HTepa-
Huounoro mpouecca (3) HEOBXOLMMO M IOCTATOUHQ, YTOOGH KODHH
Ay, ..., A, XapaKTepHCTHYECKOTrO ypPAaBHEHHR

det[(E—B)"'C—AE] =0 (6)
YAOBJETBOPHAJH YCJIOBHAM
<1 g=1,2 ..., 0.

Ypasueuue (6), o4eBHAHO, PABHOCH/DbHO ypaBHeHHIO (3).
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3ameuanne. Ilycts

Ax=b. (7)
ITonoxum
a, 0 ... 0
e R EA 0

0 0 ... ay,

Jlna npuMeHeHnsa MeTona 3eHaens cucremy (7) OOWYHO 3aMHCLIBAIOT
B ¢opme
Dx=(D—A)x+b

HaH
x=D"1(D—A)yx+ D~1p. (8)
TMonowum
A—D=B,+4+C,,
rae
[o 0 ... 0 0
B, = ag; 0 ... 0 0
a;zl Qpg '-an,n-lo
0 4dig a1, net Qin
_ 0 Ao, p-1 Qap
S .
0 0 .0 0
Torna
DY (D—Ay=B+C,
rae

B=—D"8, u C=-—D"1C,

npayeM Tpeyrojpnble MaTpuubn B u C peanusyor pasduenue MaTpuun
cuctemsl (8), HeofGxoaumoe AJ NpPHMeHeHua npouecca 3edaend. Ha
ocHoBaunu dopMyan (3) CXoAHMOCTb npouecca 3eHaens And Ccu-
CTeMbl (7) 3aBHCHT OT CBOHCTB KOpHel ypasHenua

det[— D~1C,— (E+D"1B,) A] =0. 9)

YpaBuenue (9) MOXHO 3aMEHHTb 9KBHBAJEHTHHM YPaBHEHHEM

det[(D+B,)A+C,]=0
HIH

aph Ay ... Gy
anh  aph ... ay,

=0. (10)
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Takum o6pasom, aast CXOAUMOCTH npouecca 3edaenst aas cuctemul (7)
npR 1I060M cBOGOAHOM unene b u moboM HavanbHoM npuSamKenun x
He0OX0NHMO H HOCTAaTOYHO, 4YTOOHW BCE KOPHH }\, ypasnenus (10)
YILOBAETBOPSIH YCJIOBHAM

14,] <1 =12, ..., n.

§ 5. CxonumocTs mpouecca 3eiinens A8 BOPMAJBHOH CHUCTEMBI

TeopeMa. [aa Hopmanvroid cuctemst 00vtunsll npoyecc 3elddenn
cxodurca npu a000m 8vi60pe HA4ANLHOLO BEKTOPA.
NokasarteabctBo. [lycts aunefinags cuctema

Ax="5 (1)

— HOpMaZnbHad, T. €. maTpuua A= [g;;] —cHMMeTpUYECKaT H MONOKH-
TENBLHO ONpeje/eHHas.

[Tonoxum
A=D-+V+VH¥
rae
a; 0 ree 0
p=| 0
0 0 ... au,

—JuarodanbHags MaTpuna,

0 0 ...0
v=| 0 ...
dpt Qpa 0

— HHKHAS TPeyronbnas MaTpuua,

o dig e« Qyp
Vvt — 0 0 ... a5
o

T T )

— BEPXHAS TPEYTO/bHAA MaTpHLA, ABAAIOMLANCA BBUAY CHMMETPUYHOCTH
MaTpHusl A TpaHcnouupoBannofi no oTHoweHnio K Matpaue V. Toraa
HMeem:

(D+V+VHx=0b.
Orciona
Dx=b—(V+VHx
H, C1€10BATENBHO,
x=D"10—-D"V(V+ V¥, . (2)
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rie
"1 o ... o
ai
0 1 0
D—1= a_zz (X} .
0 L
L Ann )

CornacHo npenwayuiemy npouece 3efiaens aas cucrems (1) uam k-
BHBAJEHTHON e#l cucTeMpl (2) cTpOMTCA CAeAYIOULHM 06pa30oM:
xB = D=1p - Bx® 4 Cx*-D (k=1,2, ...) (3)
rue
B=—D"W u C=—D"1V*

Iast cxonumocTu mpouecca B CHAY TEOpeMmu Npeaniayuiero maparpada
HeOOXOANMO ¥ LOCTATO4RO, YTOGK BCE COGCTBEHHBIE 3HAYEHHT A MATPHUL

M=(E—B)"!C

OblIM [0 MOMYMIO MCHBIUE EAMHHLLL
B uamewnm cnyuae umeem:
M=—(E-+DW) 1D W= — DV ( D+ V)71 D™ W*=
=— (D4 V) 1 DD-W¥=— (D4 V)"1V*,

IMycTb @ — eAHHNYHBI COGCTREHHBIH BEKTOP MATPHLbL M, COUTBETCTBYIO-
WA COGCTBEHHOMY BHAUEHHIO A, T. €.

(D+V)y"1WW¥e=—2de
HAH
V¥¢=—A(D+V)e.
OTciona
(V¥e, e)=—A[(D+V)e, e]

H, C1eJ0BaTeNbHO,
A= — (V*e, e)
(De, e)+(Ve, ¢)°
BeeseM ofo3HaueHus

J 2

(De, &)= 2 a;;|e;f=06>0

i=1
(Ve, e)=a+if

(@ u P meHicTBUTENbAK H i=1/f— 1).
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Beuay toro, 4to Mmarpuua V* sapasercs TpaHCHOHMPOBAHHOH 110
OTHOWCHNIO K Martpuute V, noayuaem:

(V¥e, e)=(e, Ve)=(Ve, &)  =a—if.

TlosTomy
Ao 0—iB
(o+a)-+p
M, ClelO0BATEeNbHO,
VTR

M=y “

Mcrmonb3ys MONOWHTENBHYIO ONpENeaeHHOCTb MATPUIN A, GyIeM UMEeTh:

(Ae, e)=(De, e)+ (Ve, e)+(V¥e, €)=
=0+(a+il3)—l-(a—il3)—-_0+2a>0.

T. €.
o+a>—d. )

Janee, yunTelBas MOJOMUTENBHOCTb 4YHCAA O, O4YEBHLHO, HMeeM:
o4-a>a.
TakuMm 06pasom, Bceria BhLIMOJHEHO HEPABEHCTBO

ct+a>|al (6)

Orciona a8 unevos apobu (4) OGyneMm uMeTb:

Vio+a)l+p2>Var+h2=0,

I <1,

4TO 1 TpeGoBanoch NOKa3aTb.

§ 6. Crnocofut oddexkTHBHON mpoBepxH ycaosMit cXomumMocTd

Ilns mpoBepky yc/nOBH# TeopeM CXONMMOCTH HTEPAIHOHHHIX MPOLECCOB
HYXHO uMeTh 3¢ ek THBHBIE KPHTEPHH, NO3BOANIOLLHE ONIPEeiaTh, yAOBNE-
TBOPAIOT AM KOpHH Ay, Ay, ..., A, DAHHGIO aAre6panyeckoro MONKHOMA

FA)=pA" +p A" -+, M
Tpe6oBaHHIO
'A'/]<1 (j=]»2: e ey ’Z) (2)

WAH HE YAOBAETBOPSIOT €My. DTOT BOAPOC MOMXHO NPOCTO pa3peuiutsb,
BOCIO0/b30BABIIKCS H3BECTHWMH yeaosuamu [ypsuya [2].
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Teopewma I'ypBuuna. llycre xosppuyuentor p, (k=0 ,1, ..., n)
noaunoma (1) Oedcrsurtensnol, npudem

Py >0
u
pilp] 00 ... 0 0 0
ps _Pal prpp ... O 0 0
M=\ . .
0 0 0 0 Pn Pn_1 Prn_s2
0 0 00 0 0 Pn

— marpuya n-20 nopsdka, crpoku Koropoidl npedcrasaaror coboil
pacwupennole  nocaed08aTeAsHOCTY — Kodppuyuentos  noaunoma (1)

Pem-1» Pem—2v «+s Dam—n>

20e noaomeno p,=0 npu k<0 u k>n. Tozda ece xopuu A,
Ag, ., A, noaunoma (1) umeior oOTpuyaTesdbrbie BeujecTEEHHbIE
4acTU

Reh, <0  (j=1,2, ..., 7)

(1. e. pacnoaoscenst 8 .aesOli NOAYNAOCKOCTU KOMNACKCHOL RAOCKOCTU
A=oa-4iP) e Tom u TOALKO TOM cayuae, ecau 2aaBHbIE OUALOHANbHLIL
MURODPbL MaTpuyol M noaoMuTeAbHbL, T. €.

A1:pl>01
—|P1 Po :
AZ ‘pa P2}>0’ (3)

Bu=Pubyy > 0.
Npuwmep 1. Jlna xsaapaTHoro Tpexunena
PoA*+pyA+py
ycnoBus ['yparua TakosH:
Po>0, py >0, p, >0.

Hac nurepecyer Bonpoc, xorxza kopuu noausoma (1) yaosaeTsopsor
ycaoBrio (2), T. €. JMexaT Ha KOMIJIEKCHOH MJIOCKOCTH A BHYTpH eAn-
HHUYHOTO Kpyra

A< 1.
C noMouibio ApoGHO-TUHERHOA yuKumnn

A__P’-i—l
=T
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BHYTPEHHOCTH eanumnynoro kpyra |A| < | npeoGpasyercs 8 nesyio noay-
maockocTb Re p < 0. Tlpu 3tom Hawt monunom (1) mpuHuMaeT BUR

P-+] _ p-{-l n P-+1 n-1 _
f(;?l)"’c<p_1) +p, (u—l) +...+p,=
=y [re (0 D7 py (P =D L p, = D,

CrenoBatennno, kopHu monuHoma (1) Torma u TOJBKO TOFAA Pacrioso-
EHE BHYTPH €XMHYYHOTO KPyra, KOTAAa BCMOMOTATE/bHBIA MNOJMHOM

Fwy==2[pon+"+p (n+ 1"t u—=0+...+p,(n—1"

yaosaetsopsier yenoeusim Typsuna (3), mpuuem 3HaKk BuiSupaeTcd Tak,
yToOu cTapwuit koadduuneHT

+Po+p+...+p,)>0.
Mpumep 2. PaccMoTpuM KBampaTHHA Tpexu/eH
F) =22+ ph+-gq, 4
rae p u ¢ nedcrBuTebHu. BernomoraTeabHeA MOJMHOM HMEET BHI
Fl==x[p++pp+HE—-D+q@—-1"=
=x[(1+p+ap+2(1—g)p+(1—p+a)l
Hs ycnosu#t Typeuua moaywaem:
+(1+p+9)>0, )
+(1—¢) >0,
+(1—p+q) >0. )

PaccMoTpuM caydan:
a) g< 1, Torna ¢ >—p—1ug>p—1;
6) ¢> 1, torna g<—p—1n g<p—1, 4TO HEBO3MOKHO.
CneposarennHo, ypasHenue (4) umeer KOpHH A;, A,, mo moaymo
MEHbUIME EAMHHUb, TOTAa W TOJBKO TOrJAa, KOraa

lpl<<t+q, gl <1. (5)

Tak wax npH n=2 XapakTepHCTHYECKOE YpaBHEHHE MaTpHUb &

HMEeT BHI
oy —A oy, =0,
Gop Qg —
M

A2 —(a;; + ) A +deta=0,

TO A5 CXOAMMOCTH COOTBETCTBYIOILErO mpouecca HTepauuy Qs Cu-
CTeMBl IBYyX ypaBHeHHi#t HeoO6XOAUMO, YTOOH

|deta| < 1.
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OG6nacTy CxOAMMOCTH mpouecca 00bIYHONR HTepaunu u npouecca 3efi-
Aens, BooGule roBOPf, mepeKpuBatoTca. MOMHO NpHBECTH mpuMepw Jiu-
HeHHBIX CHCTEM, AJI1 KOTODHIX mpouecc OGLYHOH HTEPAUUH CXOMHTCH,
a npouecc 3efinens pacxoaurTca, H 06-
patao [3].

[Tpumep 3. PaccmoTpum nuneilnyo
cucTeMmy

x=ox+§ (6)
€ KOCOCHMMETPHYECKOH Matpulie#t
a=[ p q]
‘ t—q P
{p ¥ q DeHCTBHTENbHH),

XapakTepuCTHYeCKOe ypaBHEHHE Ma-
TPHUH & HMEET BHI

,p—l q 0

—q p—Al "
HAH
(A—p)? +¢*=0.
Orciona
Ay, a=p1iq.
Jinsl CXOZHMOCTH METOAA OGHYHOH MTEpAUHH HEeOGXOAMMO M LOCT aTOUHO,
YTOOB
A2l =V PP+¢g* <1,
T. €

P-kg* <1
(o6nacte A na puc. 57).

Ias wmcroma 3efinens ypaBHeHue, " ONpEREAAIOMIEE CXO AUMOCTD,
UMEeT BUA

p—A g |_
T o ia]=0
HAH

A —(2p—¢*)A4-p*=0. (N

Ha ochosanwu pesynnTaToB mpuMepa 2 A TOrO, 4TOGH KOPHH A, M A,
ypaBHeHus (7) yAOBAETBOPAIN YCJHOBHHAM

A <1, A <,
HEO6X011H.\1O H A0CTATGCUYHO BLINOAHEHHE HepaBEHCTB

[2p—g?l<<V4-p%, P2 <,
OTKyna

lp|<<l, Jgi<<i+p
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(o6nacte B na puc. 57). Tax kax obGnactun A W B 4aCTHYHO MepeKphl-
BAIOTCH, TO OTCIONA CHeAyeT, uTO IAA cucTemu (6) mowHO BHOpaTh
K03hDGdHUHEHTH p H ¢, BO-nepBulX, TaK, UTOOw MeTOZ HTEpalUHH CXO-
anacs, a meton 3efimens pacxoanncs (wanpumep, p= —0,5; ¢=0,6),
H, BO-BTOPHIX, TaK, 4TOOH, Ha060pOT, MeTON 3efinensd CXOaHACSH, a METOL
UTepauuu pacxoamics (wanpumep, p=0,5; ¢=1).

JlutepaTypa « OAUHHANLATON riaBe

1. B. U. CMupuos, Kype sucwelt marematuxu, v. 3, [TTH, M. —J1,, 1933,
ra. VIL

2. A.T.Kypou, Kypc Bucuwefl anre6pu, Focrexuspar, M. —J1., 1946, ra. VIIL,

3. B. H ®ananeena, BeudcauTeapHbie MeTous!l AuHeHHOH anrebpol, [ocTexe
uspar, M. —Jl., 1950, ra. Il.



FrarAaBaA X1l

HAXOXI(EHHE COBCTBEHHBIX 3HAYEHWH W COBCTBEHHBIX
BEKTOPOB MATPUUbI

§ 1. Beonubie 3ameuanus

Tlpn pemenun TeOpeTHYECKMX M MPAKTHYECKHUX 32434 4ACTO BO3IHU-
KaeT 1ano6HOCTb ONpeneNnTh COGCTBEHHBIE 3HAYEHU AaHHON MaTpHUL A,
T. €. BHIYNC/IWTb KODHH €€ 8eK08020 (XxapaKTepucTu4ecKo20) ypaBHEHHT

det(A—AE)=0, (n

a Takxe HalTH COOTBETCTBYytouiMe COGCTBEHHHE BEKTOPW MaTpHub A.
Bropas sanmaua ssndeTcs 6oJee MpOCTOH, TaK KAK €CJH KOpHM XapakKTe-
PHCTHYECKOr0 YpaBHEHHA H3BCCTHB, TO HAaXOXIeHHe COGCTBEHHBIX BEK-
TOpPOB CBOLMTCH K OTHICKAHUIO HEHYJEBhiX pelieHHH HEKOTOPHX OdHO-
POIHBIX JAMHEHHWX cucTeM. [103TOMYy MW B nepByto oyepelb GydeM 3anu-
MaTbCd NepBOR 3anaueifi—BbIYHCIEHHEM KOPHEH XapaKTepHCTHUECKOTO
ypaBHenus (1).

31ech B OCHOBHOM INpHUMeHsIIOTCA AB3 npuema: 1) pasBepTuiBaHue
BEKOBOTO OMpeae/NuTens B MOJHHOM n-fi CTeneHH

D (M) =det (4 —AE)

¢ mocaeaytouium petsennem ypasxenun D (A) =0 onHuUM H3 M3BECTHHX
npuGanKeHHbIX, BooGuWe rosops, crnocoboB (Hanpumep, metounoMm JloGa-
yesckoro—Cpedde, ra. V, §§ 7—12) u 2) npnbanxennoe onpesencune
KopHeH XapaKTepHCTHYECKOro ypaBHeHHUs (vauie Bcero HanGONbUIMX MO
MOLYM0) METONOM HTepauud, 6e3 NpeNBAPHTENbHOTO Pa3BepThIBAHHH
BEKOBOTO onpedenuTend.

B stoit rnage OyayT HM370MeHb OCHOBHbLIE METOIB DEUIEHHN TOCTa-
BseHHol o6ulefl 3a1aun, NPHUYEM MK HAYHEM C DA3BEPTHIBAHUNL BEKOBLLX
onpedeaureaed.

§ 2. PassepThiBaHBe BeKOBbLIX Ompenesutesel

Kax nasectro, gexosen onpedeautesesm matpuubl A= [a;;] wasu-
BaeTCH ONMpejenuTenb BHIA
an—>h ap ees Qip
a dyo~Mh oo a
D} =det(A—AE)=|"" 22 2n . (1)

am g eos Oup—Ah
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TlpapaBHHBaR 3TOT ONpeAENuTeNb HYNIO, NOAYYAEM XAPAKTEPUCTU-
uecKOe ypasHenue
D(A)=0.

Ecau Tpe6yerTcs HaliTh BCe KOPHM XapAKTEPHCTHYECKOTO YPaBHERHUS,
TO UeNecoo6pasHo nNpeABapUTeNbHO BHYHCAUTL onpeaeautens (1),
PasseprwBas onpemeautens (1), nonyuaeM nonunom n-H cTenenu

D)= (=1 M=o, 140 A" = (= 1)0,], ()
rae ’

n
0, = z a,

a=1
€CTh CyMMa BCEX AHATOHaNbHBIX MHHODOB MEPBOro MOPSAKA MaTpHun A.

a a
—_ an ad
0y =

a< |33 %33

€CThb CYyMMa BCEX JAHAroHajJbHHX MHHODOB BTODPOTO NMOPAAKA MAaTPHUM A;

o (% aaa aay

3 <Zr5 “ 27 aaa ’1@7
o Y

sy av@ Qyy

— CYMMa BCEX IHAronaiabHHIX MHHODOB TpPETHLEro NOpAAKA MaTpHIL A
u 1. 4. Hakoneuy,

o,=det A.

Jlerko y6eauTbesl, YTO YUCIAO AMATOHANbHHX MHHODOB R-ro mMopsika
MaTpulu A paBHO

C,Ii= n{n—1). .k.l(n——k—)— 1)

k=1, 2, ..., n).

OrTcrona nojyyaem, YTO HEMOCPEACTBEHHOE BHYKHCAEHHE KO3DdULMeH-
TOB XapPaKTePHCTHHECKOrO NONHHOMA (2) SKBHBANEHTHO BHYHC/IEHHIO

ChtClg.. . +Ch=2"—1

onpenesHTesed DPasAMdHbix nopaakoB. [locseawsis 3anaya, Boobuue
FOBOPS, TEXHUYECKH TPYNHO OCYLIECTBHMA INF CKOJbKO-HHOY b GONbIIHX
3HaueHuA 7. T1o3ToMy cCO34aHB CHeEUHANbHHE METOAN Da3BepTHBaHHS
BexoBbiXx onpenenutench (Meronn A. H. Kpnnosa, A. M. Hdanuiesckoro,
Jlesepbe, MeTON HeonpeneneHuux KOIQHUHEHTOB, METON HHTEPNONALHH
u xp.) (e [1]). B cneayomux naparpacax Mhl H3JOMHM HEKOTOpME
M3 3THX METOAUB.
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§ 3. Meton A. M. [Jdanuiaesckoro

,

Cyuuiocts metona A. M, Hanunesckoro [1] sawiiouaerca B mpuse-
ACHAK BEKOBOTO ONPEAENHTENS K TaK Ha3biBAEMOMY KOPMAAbHOMY 6UBY
bpobenuyca

pr—=XA Py Pz .. pu

1 —A 0 ... 0
DMN=| 0 T T 0f, (M
0 .. .0. . .0. -.—X

Ecan wam ynanoch sanucaTb BekoBoi onpenennteab B dopme (1),
TO, pasJjiaras ero no 9/eMeHTaM nepBOH CTpPOKH, OyldeM HMCTh:

D (&) = (p, — M) (—A)""2 = p, (—A)* "2, (—A)" "3 — L. (—1)""Ip,

U
DA =(—1)"(A"—p A" 1—p A"t —pA"=3 —  —p). (2)

Takum o6pa3oM, pa3sepTwBaHWe BEKOBOTrO ONpeNeNHTeNH, 3amucaH-
HOTO B Hopmanbholi ¢opme (1), He mnpedcTasnder saTpyadueHnil.
O6Gosnaunm yepes

A1 Qi eee Q1p
A=1%1 GQog oo Gy
Qpy Qpg «ee Qpp
IaHuyio Matpuuy, a uepes

Pi Pa ees Ppo1 Pa
P=|1! 0 .. 0 0

00 o 10
~—noavbnyio el marpuyy bpobenuyca, T. €.
P=S-14S,

rae S—HeocobeHHas MaTpmlla.
Tak kax nogoOHble MATPHULI 061a1AI0T OAHHAKOBHIMY XaPAKTEPHCTH-
YECKHMH TIOAMHOMAMH, TO HMEeM:

det (A —AE) =detl (P—AE). {3)

lostomy ans o06OCHOBaHHS METOLA AOCTAaTOYHO TMOKa3aTh, KAaKHM
obpasoM, ucxonss B3 MaTpuun A, crpontcs matpuua P. Cornacno
metony A. M. lawunesckoro, mepexox oT matpuuu A K nonoGuoH efy
Matpuue P ocyulecTBasercsa ¢ moMouibio #— 1 npeobpasosanuit nonobus,
NOCNeNOBATENbHO MpeolpasyIoWHX CTPOKH MAaTpHilk A, HauHHag C no-
cnenHel, B COOTBETCTBYIOLLHE CTPOKM MaTpuub P.

[oxawem Hauano mpouecca. Ham nyxno ctpoky

4y, Tpg oo an, n=1 ann
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nepegecty B ctpoky 0 O .., 1 O. lNpeanonaras, yTo @, ,., 70,
paspennm 8ce saeMeHTH (27— 1)-T0 cTonbua MmaTpuuw A Ha @, ..
Torna ee n-a cTpoka nmpuMmer BHA

anl Tpa oo 1 ann'

3artem BuuTeMm (71— 1)-it cTonGeu npeobpa3oBaHnOf MaTPUUR!, YMHO-
WEHHBR COOTBETCTBEHHO HA UYHCIA @y, Qg « ..y 2,,, U3 BCEX OCTaJb-
HblX ee CTO/6uO0B.

B pesyabTaTe moayumM MaTpHily, MOC/JEAHAA CTPOKA KOTOPON uMeeT
wenaemurtt Bua 0 0 ... 1 0. Yka3anubie onepausy 98AsHOTCS d1eMeHTap-
HBIMP TIPe06PAa30BAHKAMH, APOM3BOMHMBIME HAZ CTOAOUAMH MATpHUH A.
INpoussens 3TH we npeoGpasoBaHnd HaL eARHMIHON MATPHLEN, DOMYUHM *
MaTpuLy

1 0 vee 0 0
0 1 ves 0 0
M, 1= e e e e e e e e e e ,
Mp_1,1 Mpoy2 o+ Mp,nat Mp_1n
0 0 aee 0 l
rie ’
Moy, i=——"2 pn iz=n—1 (4)
n, n-1
H
] ,
mn—l,n—1=m' (4)

Orciona 3akmaiouaem {cM. ra. VI, § 14), uTo npoussenennpie one-
pallHH PaBHOCHAbHL YMHOXEHHIO cnpasa maTpuuws M,_, na marpuuy 4,
T. €. NOc/Ae yKa3aHHbix npeoGpa3oBaHuf MONYYHM MaTpHLY

by big vee by pa by
by, bag ree by n1 bz, n
AM,_ = B= e I (5)
bn_l‘l bn—l,z o bn—l,n—l bn_l,n
0 0 l

Vcnonb3ys mpaBmao yMHOWEHMS MAaTpul, HAXOAMM, UYTO JIEMEHTH
MaTpHub B BHYHCAAIOTCA 10 caenylomum Qopmyam:

b,j=aij+ai,n_lmn_1’_l npu 1<i<Cn; js=n—1; (6)

. 7’
Dy n-1=0p, s My_y, poy UpE I i {6)

Onnako nocrpoennas matpuua B=AM, _, ne 6yreT nomnobxa ma-
Tpuue A. Utobe umerh nmpeofpasosaHne noao0Hs, HYKHO OGPaTHYIO

maTpuuy M,l, cneBa yMHOWHTb Ha MaTpuuy B

MiliAM, | = M7 .B.
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HenocpencTeennolt nposepkoft nerko ybeanTbcs, UTO ob6parTHas
matpuua M;l, mmeer Bua

10 .. 0 0

-1 0 1 ... 0 0
- = . 7
=1 O, Qpy wee Oy n_q Oun (N
0 0 ... 0 1
TTycts
a2 AM,_ =C.
CaenosatenbHo,

C=M;1B. (8)

Tak kak, OUeBUIHO, YMHOXEHHE C/eBA MATDPHLHI M>1, na matpuuy B
HC HM3MeHHET UpeoOpa30BaHHON CTPOKH mocnemneit, To MaTpuua C umeer
BHA

on 012 e O pan Cin

Ca1 Cao e Copa Con
cn—l,l cn-1,2 ere Cpobonay cn_l_n

L 0 0 1 0

Mepevnoxaa maTpuus Ms2, (7) u B (5), Gynem umern:

¢y=>; npu 1<iCn—-2 (10)

n
Comry )= D) Quplyy mpn 1< j<< (101
k=1

Takum o6pasoM, yuuomenne M,l, na wmatpuuy B menseT auib
(n—1)-10 cTpoKy MaTtpuubn B. dneMeHTH 3TOH CTPOKH HAXOARTCH NO
¢opmynam (10) u (10°). lMonyuennan matpuua C nomo6Ha matpHue A
K uUMeeT 01Hy NpPHBENEHHYI0 CTPOKY. 3TUM 3aKaH4yHBaeTCs nepsmil 3Tan
npotecca.

Nanee, ecau ¢,_y ,_, 0, TO Han MaTpHUEH C MOKHO MOBTOPHTH
aHa/lOTHYHKlEe ONepalHH, B3AB 33 OCHOBHYIO (7 —2)-10 ee CTpOKY.
B pesyabTaTte moayumM MaTpHUY

D=wMm;l,Cm,_,

C AByMA mpHBeNeHHLIMH cTpokamu. Han nocaenuelt matpuue#t aponens-
BaeM Te e onepaunu. [Ipodonaxas 3TOT HPOLECC, Mbl, HAKOHEN, MOAY-
yumM MaTpHuy Ppobenuyca

P=M* oo MOA ML AM, \My_y oo My,

€C/TH, KOHEYHO, BCe 77— | MPOMEeXYTOYHKX Npeobpa3oBaHuil BO3IMOWKHH.
Becs npouecc Mo#eT GuiTb Opopmaed 8 yAOOHYIO BHYHUCIUTENAbLHYIO
cXeMy, COCTaB/AEHHE KOTOPOH MNOKAameM HAa CJACLYIOlLEeM NIPHMCpe,
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MMpumep, IMpusectn x suay Ppobeunyca maTpHUy

1 2 3 4
2123
3 21 2]
4 3 21

A=

Pewmenue. Buyncaenns pacnonaraeM B tabauuy 23.
B cTpokax 1—4 rtabauun 25 noMmewiaeM 3AeMeHRTh ay i, j=1,
4

2, 3, 4) RaHHON MaTpPHUH ¥ KOHTDONBHHE CYMMH @, = Z ay (=1,
i=1

2, 3, 4) (2). Ormeyaem snemeHT @43=2, NpHHALNEKAULUA TpeTbeMmy
cTonduy (ormetennoid croabey). B cTpoke | 3amHchiBaeM 3NEMEHTh
TpeThell CTPOKH mMaTpuun M,_, = M,, BauucadeMue no popmyanam (4)
u (4):

_ an __i__
my = rn %_ 2;
a0 : .
’nrl‘z:_‘ri;l:_?:_le)’
1 1
= — = =05
BT gL Ovl'
G __ __
My, P 7= 0,5.

nonyyaeMbli aHAaJOTHYILIM [PHEMOM U3 KOHTPOJAbLHOTO Ccroafua 2.
Uneno —5 ROMKHO COBMACTb ¢ CyMMOH 3JeMenTOB CTPOKH I, He BXods-
IWHX B KOHTPOAbHEA cTOnbeu (moc/ie 3aMeHbl dneMeHTa my,, Ha —I).
Haa yno6eTBa 4uc/io —1 3amichiBaeM PSLLOM C S/IEMEHTOM 7 ,,, OTAENAS
OT nocJeaHero uepToH.

B crpokax 5—8 B rpage M~! BuimHchiBaeM TPeTbl0 CTPOKY MaT-
puunt M=l goropas B cuay ¢opmyan (7) coBnagaer ¢ ueTBepTOH
cTpokol HcxoaHoM matpuun A. B ctpokax 5—8 B cooTBeTCTBYlOWHX
CTO/M0UAX BLIMHCLIBAEM 3JCMEHTH MAaTpPHLA

B=AM,,
BhIYHC/AfeMble MO aByudeHHuM dopmyaam (6) a9  HeoTMedeHHuX

cTonbUOB H MO oatouneHHOR dopMyse (6°) A1 OTMEHYeHHOro croabua.
Hanpumep, nas mepsoro crosfua umeem:

by =1+3(—2)=—5;

by =24+2(—2)=—2;
by =3+1(—2)=1;
by =4+2(—2)=0
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TaG6anuna 25

Buuncaureasnan cxema metoga A. M., Jdanuaesckoro

i Cto aAHubl MaTpHLLL
corn | M7 - Z s b b3y
i | 2 3 4 10

2 2 ! 2 3 8

3 3 2 1 9 8

4 4 3 2] 1 10
oMyt My o —1,5 | 0,5l—1| —05 | —5

5 4 -5 —2,5 1,5 25 | =35 | —s
6 3 2 —2 1 2 -1 —2
7] 2 I 0,5 0.5 1,5 3,5 3
e 1 0 0 1 0 1

7] —%4 —i5] | 0 19 —9

- —1,600 —0,067 0,733 1,267 —0,600

om0 M, - |

9 ‘ —2 ] — ‘ 0,167} _0,333‘ —0.667| —1,833 —2
l—n—] —15 1,2 0,133 —0.467] —0,533] 0,333 0,2
T
12 / o | 0 \ 0 ) | 1 0 ‘ [ ‘ 1
107 ‘ ‘ |6 | 5 ‘ 34 24 69

0,167 |— ——0,833( —5,667 —4,0000 —11,500

=
e mMtmy

]| s ’ —0,167 1 ‘ 5,338 3,333 9,500 9,667
oS | | o | o | o | 0] e
s s | o o e oo
| 2 | 0 | o | 1| o .
BED ‘ ‘ 1 ‘ 40 ‘ 36 / 20 120 }
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[TpeoGpasoBatitbie 3/1€MEHTH TPETHEro (OTMEUYEHHOTO) cTONONA NOJNY-
YQIOTCS € MOMOLLBIO YMHOKENHS HCXOAHBIX S/ACMEHTOB Ha mgg=0,5.
Hanpuwsep,

»9;

13
23
3
3

f

-0,5
d=1;

1

1
0,5;
1

)

{
I

3

S o
N

i
v T e W
oOoo

,5
5

I
fl

3
3aMETHM, YTO NOCAenHsAsr CTPOKA MATPHUM B nonwHa uMeTH BHI

0010

Jlnas KOHTpOAs momoanseM Matpuuy B npeoOpa3oBaHilkMA 1O aHa-
TOTHYHBIM IABYY/NCHHBIM (opMyaaM ¢ m,,=—0> COOTBETCTBYIOULHMA
anemeHTamu croabua . Haupumep,

bis=10+3(— ~5)=-
byg=8+42-(—9) =
by =8+ 1-(—5) =
byg =10+ 2 (—5) = o

Monyuennnie pesynbTaThl 3anuchiBaeM B cTOAGUE X' B COOTRETCTBYIO-
HIUX CcTpoxax. [IpuGaBHB K HHM 3JIEMEHTH TpPeTbero croabua, OGymem
UMETDb KOHTPOJbLHLIC CYMMAh!

4
bis= Xby  (i=1,2, 3 4)

i=1
ang cTpoxk 5—8 (croabeu ).

Mpeo6pazosanue M, ', nponasencHHoe nal MaTpuued B v nawoulee
matpuly C=M; ' B, usmenser anub TpeThbIO CTPOKY MaTpHun B, T. e.
CeIbMYyI0 CTPOKY TaGauubl. dneMeHTH 8TOH npeoGpas3oBanHoit cTpoxu 77
noanyyaiotea no gopmyae (10), 1. e. mpeacTaBasioT co60H cymMmb map-
HHIX [IPOH3BEAEHHR SAeMEHTOB cToa6ua M~1, Haxo&duluXCcH B CTPOKax
5-—8, Ha cOOTBETCTBYIOIME INEMEHTH KAWKAOIO M3 CTOAGLOB MATPHILbI

B. Hanpuwmep,
€3 =4(—5)+3(—2)+2:1=—
HT. I
Te #e npeoOpasoBaHHR NPOM3BOLHM HAN CTOAOLOM 2%
Cy5=4(—3,5)+-3(—1N+2-354+1.1=-—09,

B pesynstate noaysaem marpuuy C, cOCTORLLYIO H3 CTPOK 5, 6,
7’,.8 ¢ KOHTPOJBHBIMH CyMMaMmu X, npHyem marTpuua C nomno6ua mat-
pue A M MMeeT OAHY NpPuBEAEHHYW CcTpoky 8. DTUM 3aKaHuuBaeTcs

NOCTPCEHHE MCPBOro NOAOCHOTO npeo6pa3oBanud C=M;‘AMS.



410 HAXOWIEHHE COBCTBEHHKIX BHAYEHHH W BEKTOPOB [ra. xu

Danee, npuusas matpuuy C 32 HCXOAHYIO H BLIIEJHB IMEMEHT Cqo =
= — 15 (BTOpo# cTOaGEW), PONOIKAEM NPOLLECC AHANOTHYHLIM 06Pa3oM,

B peayabrate nodyuaem matpany D=M;'CM,, snementm KOTOPOH
pacnosowens B crpokax 9, 10°, 11, 12, comepwaulyio ABe npuBeIeH-
Hele cTpoku. Haxonen, ornpapassach OT aneMmedTa dy, =06 (nepBufl
croabeu) u npeoBpasya matpuuy [ B noaoGuyio e, noaysaeMm HCKo-
myo matpuuy dpobennyca P, 9/1eMEHTH KOTOPOH 3anHCaHn B CTPOKAX
13, 14, 15, 16. Ha xawxaom sTane npouecca KOHTPOAb OCYLULECTBAsIETCA
€ IOMOWBIO CTO6WOB % u X,
Taxum o6pasom, maTpuia Ppobeunyca Gynet:

4 40 56 20

1 0 0 0
P=lg 1 o of

0 0 1 0

Orciona 8exoBOH OnpenennTe/]b, NPHBE AEHHHE K HOPMANBHOMY BHALY
$pobeHnyca, 3alMWeETC TaK:

4—A 40 56 20

1 —A 0 0
D)= 0 1 —h 0
0 0 1 =2

Ban

D (A) =A% — 443 — 40A% —56A — 20.

§ 4. HckmoauTenbrbie caysau s metoxe A, M. Jlaunaescxoro

[Mpouecc A. M. lannnesckoro nponcxoauT 6e3 BCAKHX OCAOKHEHUH,
€C/# BCEe BRIAENACMBE NEMEHTH OTJHYHH OT Hy/as. Mu ocTaHoBmMCcd
cefuac Ha MCKJIQYHTENbHBIX Cayyaax, Koraa 9To TpeboBanue Hapy-
niaeTca,

DonycTtum, uTo npu npeoGpasosauud MatTpuus A B MatpuHuy $po-
Gennyca P Mu nocae HeCKObKHX 1IAro8 NPHWAM K MaTpHUE LHAA

Tdyy dyy .. dip ove A1 p_1 din
d21 dzz o d2k vee dz‘ n-1 d?n
D= Aoy Gpa woe Qip ooe g poy din
0 0 .1 vee O 0 ’
0 0 .0 ...0 0
I R RO BT TR S

npuyeM OKasanocb, 4TO d, ,_,=0.
Torna npononxarb npeo6pasoBanne no Metony A. M. Ilanunesckoro
HEb3%, 34eChb BO3MUMHH 1BA CJY4Yds.
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1. Tlycto kaxo#-To snemenT maTpuun L, CTOSILUHA JeBee HYNEBOrO
onemMeHTa d, ,_,, OTAWYEH OT Hyas, T. e, d, (50, rne I <k—1.
Torna 3TOT 9/leMeHT BHABHIAEM HAa MECTO HYJEBOTO SMEMEHTA dy gt
T. €, nepecrasasem (k—1)-# u /- cTroabum maTpuun D W 0nHOBpE-
MEHHO nepecrapisieM ee (k—1)-10 H /-10 cTPOKH., MOMXHO 10OKA3aTh, 4TO
noayueHHaf HoBas MaTpuua [’ Gymer noxoGwa npewwed. K wnosokt
Matpuue npumensem meron A. M. dawnaesckoro.

2. Myete d,,=0 (I=1, 2, ..., k—1), Torna D umeet BHI

- (Dy) (L) -
c11 (57 vie €1 gL Cip vee €1 o Cin
Ch~1,1 Ca_1,2 »o» Cpon k1 1€k 1,8 v Chot per Ch_1,n

D=|20 0 .0 Chp "'ck,n-l Chn
0 0 e 0 1 e 0 0
0 0 ... 0 0 R | 0
© (D,) -

-2,

B Taxom cnywae BexoBo# onpeneantenn det(D—AF) pacnazaercs
Ha 1Ba ompenenuTens

det (D —AE) = det (D, — AE) det (D, — AE).

IIpn stom matpuua D, yie npusenena k KanoHHYecKO# popme Ppo-
Gennyca n nostomy det (D,—AE) suuncanercs cpazy, Ocraercs npu-
menuTh MeTox A. M, [lawunescxoro x maTpHue D,.

§ 5. Boiuncaenue coGCTBEHHBIX BEKTOPOB N0 METORY
A. M. Jlanuaesckoro

Meron A. M. JlaHuneBckoro naeT BO3MOWHOCTL OMPEAEASTh OG-
CTBCHHBIC BEKTOPH JAHHOW MaTpuusl A, €C/H HIBECTHH €€ COBCTBEHHME
snauennd. [lycTe A—coGeTBennoe 3Hauewwe maTpHuM A, a cienosa-
TeNbHO, M COOCTBEHHOE 3HAUEHHEe MOLOGHOMN eil MaTpHIlH $pobennyca P,

Hattzem coGeTrennnli Bextop 9 = (y,, y,, .. . Y,) MaTpuuw P, coor-
BETCTBYIOLUHH nannoMy 3HaqeHio A1 Py = Ay. Otciona (P—AE)y = 0 unu

|
pi—%  p Ps «es  Dp Ys
1 = 0 ... 0 Ys
0 1 —A ... 0 . |=o.
0 0 0 . -

—Yn__
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{lepeMionan MaTpuib, NONYYUM CHCTEMY Ui ONPEAC]EHHS KOOpPAH-
HaT Yy, Y9, +v., Y, COOCTBEHHOTO BEKTODA Y:

(1 =My +peyo+ .o +p,y,=0,

yl")‘)’2 =0,
Ya—hy, =0, (1)
Va-1 —A,y”=0.

Cucrema (1)—omnuopornas. C TouHocTbio 40 xos(duurenta npo-
TMOPUHOHANBHOCTH peUIeHUsi ee MOTYT OniTb HafileHw chaeaywwum o0-
pasoMm. [losoxnm y, = 1. Torua nocnenonarenbHo NOJyuHM:

yn—1=A"2
T 2
y,=A"1
Taknm o6pa3oM, HCKOMbIH COBCTBeHHHfi BEKTOD €CTh
e
y= .
1

O603HaunM Tenepb uepes X cOGCTBEHHbIH BEKTOp MaTpuun A, cooT-
BeTCTBYloWMH 3Haueuuio A, Toraa, OYeBMAHO, HMeeM:

x=M,_M,.a... ;M.
[Mpeo6pasoBanne M;, cosepiuennoe Hal y, N4eT:

o] > Mgy D Mynyn
o My ..l My Yo k=1 le=1
| . . h‘l‘ﬂ
My = = b — ; .
0 0 ...1 : .
Yn * *
Ya 1

Taxum ofpasom, nipeoGpasoBanne M; H3MendaeT NUWb NEPBYIO KOOP-
auHaTy BexTopa. Ananoruyno npeobpasosanie M, H3MEHUT JMHllb BTOPYIO
Koopaunaty BexTopa M,y u T. a. [loBTOpuB 3TOT mnpouecc n— 1 .pas,
NOJNYYNM HCKOMHH COOGCTBEHHHH BEKTOp X MATpHum A.

§ 6. Meron A. H. Kpeuiosa

{IpuBeseM MeToA pa3BepTHBAHHA BEKOBOTO OilpeAeNHTeNd, NpHHAA-
nexwawn# A, H. Kpwinosy [2] u ocHOBaHHWA HA CymiecTBEHHO HHOK
uaee, yeM meToa A. M. Janunesckoro,
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Mycts
DA)=detAE—~A)=A"-p,A""14-, .. +p, O

~— XapaKTePHCTHYECKHH MOAMHOM (C TOUHOCTBIO 4O 3HAKa) MaTpHUL A.
CornacHo TtownmectBy lamunbtona —Kenn (ra. XI, § 2), matpuna A
ofpaulaeT B Hy/ab CBOM X4paKTEPHCTH'UECKHN NONUHOM; MOITOMY

A" p AN+ p,E=0. 2)
BosbMeM Tenepb Npou3po/ibHLHI HEHY/NEBOH BEKTOP
y(lo)7

PO =

.‘/;0)

YMuoxas ofe wacTh pasedcTBa (2) cnpasa wa p'®, nonydmm:

Ay L p A" Ly =0, (3
TMonoxcnm:
Ay — g (=1, 2, ..., n); (4)
Torza paBeHcTBO (3) npuofperaeT BHA
YO+ 40,y * =0 ©
Han
‘y(n-n y(n—z) . ym) - _y(")—
(lll—l) :n—z) «10) Py (1"
Yy Yy v Yy P2 Yq
N [ I (5)
Logpmn g Dy |0 Lot |
roe
“y(llz)"
e
2
yo | (=0, 1,2, ..., n)
Lo

CneoBaTenbHO, BEKTOPHOE pABEHCTBO (D) IKBHUBANEHTHO CHCTeMe
YpaBHeHHA

T T 4y == (=1, 2, ...,m (6

H3 KOTOpOil, BCOOULE TOBOPS, MOXKHO ONpeLelHTb HEH3BECTHHE KO3(-
QUIHERTL Py, Pay v v vy Pye



414 HAXOWIEHHE COBCTBEHHBIX 3HAYEHHH M BEKTOPOB [T, X1l
Tak kax Ha ocHoBauuu Gopmyan (4)
_v"" ____Aym—n

(k=1,2, ..., n), 10 koopaunatu ¥ y® .. y®

CNeNOBATENLHO BHIYRCANIOTCA 110 QOpmMynaM

sexkropa P no-

n
( (0)
= ’zau,"io ’
n
i2) N (1)
Vi =8 (7)
i=1
l
W =3 a0 (=12 .. )
i=1

Takum ofpaszom, onpeaenenne KkO3(PPUUHEHTOB p, XapaKTEpPHCTH-
yeckoro noausoMa (1) meromom A. H. Kpmiosa csoautcs x pewenuio
nuHedHoR cucremot ypasHenu#t (6), kosdduuHeHTH KOTOPOH BwUmMCAn-
lotca 0o ¢opmynam (7), upuyeM KOOPAHMHATH HAYA/NbHOIO BEKTODA

y(lo)‘j

PO =

0)
A

npouseoabHe, Ecan cucrema (6) mMeeT €AHHCTBEHHOE DeleHHE, TO ee
KODHH Py, Do, . . ., P, #BAKIOTCH KO3 DHUMEHTAMN XapaKTe pUCTHYECKOTO
nonunoma (1), 1o pewenue MokeT GLTh HaAeHO, HAPUMEP, METOLOM
TFaycca (rn. VIII, § 3). Ecan cucrema (6) ve uMeeT eAMHCTBEHAOrO
pemenun, TO 3amaua ycaownserca [1]. B arom cayyae pexomennyercs
H3MEHHTb HayaJbHHH BEKTOD.

flpumep. Merorom A. H. Kpunora na#tTH xapakrtepnctuyeckuil
noauHoOM MaTpuuw (cM. § 3)

A=

N — DN W

4
3
2
1

W N —
W N — BN

Pewenne. BuGepem nauanbubif BEKTOP

1
0
o
yr=191-
0
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[Tonwsysacs ¢opmynamu (7), onpenenuM KOOPAMHATH BEKTOPOB

y(k, =Aky(0) (k = 1, 2, 3, 4).
Hmeem:
1 2 3 4 17 r1
21 2 3 0 2
(D Aq(0) — - .
YP=Aay=14 o | of |0 |=|3 ]|}
4 3 2 1]|0] L4
rl 2 3 4 1 r30
21 2 3 2 22
2 — Qy'D — _
yu =4y 321 2|3 18|
432 1][4a] |20
(1 2 3 49 130 208
2 1 2 3 22 178
(8) _ Aq62) — = .
Y=y =10 o0 | of |1s|=|102}}
432 1] |2 242
rl 2 3 44 r208 2108
21 2 3 178 1704
@) __ A8 —
YO =AyP= 5 o | o |192|=| 1656 |-
14 3 2 1] [242 1992
CocraBum cuctemy (6):
‘y(la) P yiO)_ _m g
y (23) -‘/(22) y(zl) ygo) Ps _ y(241
-‘/(33) ygz) y;” ygo) ps ygu ’
._yg:s) ygz) y(‘“ y;‘”_ _p4— _yy)_‘
KOTOPas B HALIEM C/yyae HMeeT BHA
%08 30 1 14 rp, 2108
178 22 2 01 Py | 1704
192 18 3 0] | ps| | 1656
242 20 4 0] |p, 1992

OTciona

208p; + 30p, + ps -+ ps = — 2108,
178p, -+ 22p, -+ 2p, = — 1704,
192p, + 18p, - 3p, = — 1656,
242p, -+ 20p, + 4p; = — 1992.

PelwiuB 3Ty CHCTEMY, DOMyuHM:

py=—*%4; p,=—40; p;,=—056; p,=—20.



416 HAXOWIEHHE COBCTBEHHWX 3HAUEHHHA B BEKTOPOB [, xu

CnenoBareabho,

det (LE — A) = A% — 445 — 4012 — 56 — 20,

YTO COBRajaeT ¢ pe3ynbTaToM, HafinenunMm no merony A. M. Jlanu-
aesckoro (§ 3).

§ 7. Bbluucaerue cobcTeeHHnX BekTopos mo merony A. H. Kpmaosa

Metoa A. H. KpuoBa naeT BO3MOXHOCTb NPOCTO HalTH COOTBET-
cTByloutte co6eTBenHLe BEKTOPH [1].

Hns 11poCTOTH OrpaHuymmes CayyaeM, KOIAa XapakTepPHCTHyeckui
HOJHHOM

DAYy=A"+p A"+ ... +p, (h

uMeeT pasamdnbie KOPHu Ay, Ag, ..., A, [peanonownm, 4to K03
uHeHTH noannoma (1) M ero kopuu onpencaenn, TpeGyerca HaiTu cob-
cTpennue BektTopw X', x'2, .., x'), oTBeyaloulne COOTBETCTBEHHO
COGCTBEHHBIM 3HAYEHHAM Ay, Ay, ..., A,

flycts @) 9y V= Ay ® 9P~ = A" 190 _ gexropal, HCNOAL-
3oBanHue B metoae A. H. Kpmaopa ans naxouaenus xoscpduunentosn
pi(i=1,2, ..., n). Paznaras Bexrtop y'® no coGCTBEHHMM BEKTODAM
X0 (=1, 2, ..., n), Oyaem umers:

YO =c X'V x ¥4 Fc,x'", (2)

rae ¢ {({=1,2,...,n)—nexoTtopsle YncnoBue koddduunent. Orclona,
YUHTBIBAA, 4TO

Axt = A, xD,
A2 = Aix,

(i=1,2,...,n),

N0/1y4uM:
YU =c A xV Ao x® 4 A x™,
(3)
y“"”zclwf'lx"’—I—Cz?»;'lx‘z’—}—...—}—cnlﬁ-lx‘"'.
[ycts _
@M =A""T4q A" g,y (4)

(i=1, 2, ..., n)—npou3sBoJbuas CucreMa nojuuomos, Cocrasass au-

HeflHyl0 koMGHHaumlo BekTOpos Y~V y*=B. | 90 ¢ kosdduunen-

Tami 1, Gy_p vveyGyoq,p B CHAY COOTHOWEHHHE (2) Hu (3) naxommn:
=1 n—2) 0
YW+ YT =

. p ( { (1) =4

=y (A X Ve (Ay) X' 4 oL 9 (A,) X7 (D)
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Ecan nmonoxuTh

= =120, (6)

TO, OYEBHIHO,

@; (A,)=0 npu i~/
@; (A)=D"(A) 0.
dopmyaa (5) MPH STOM NPHHUMAET BHA
P (}\) x(i)=y(n—1)+q 'y("_2)+ . +q"_1 iy(O) (i: 1, 2’ ey ”). (7)

Taxum o6pasom, ecau ¢;=~0, TO nonydeHHasd AnHeHHass KOMOHHAUUS
sekropos YD, gt y“” naet coGetsensnft Bektop xP ¢ ToOY-
HOCTBIO A0 lnaxc.lxoaoro mHoxatens. Kospduunentoi ¢, ;(j=1, 2, ...

, n— 1} MOryt OHITb JErKO OMpeneneHsl No cxeme [oprepa

Jor=1 }
Qi=Ng,1, i+ oy

§ 8. Merton Jleseppbe

AroT METOA PacKpPLITHA BEKOBOTrO ONMpeAenHTend OCHOBAH Ha (opMy-
rax HboTona [3] ana cymm cTeneHeél kopHeH anreGpauyeckoro ypas-
HEHHSL.

flycto

— A" n-1
detAE—A)y=A"+p A"~ 1 .. +p, (1)
— XapaKTepHCTHYECKUH NMOJHHOM AaHHOH MaTpHLUL 4 = [a,l] WAL, Ag,. ..
, A, —T0AHAA COBOKYNHOCTh €ro KOpHel, riae Kaxau# kopeHb nNosTo-
pﬂeTCﬁ CTONBKO DAa3, KaKkOBa €ro KPaTHOCTb,
Monoxum

sp=M A A (=0, 1,2, ..., 7).
Toraa npu k<<n cnpaseadusw gopmuyas. Hewrona [3]
SetPiSpar e F P51 =—kDy, (k=1,2, ..., n). (2)

Orcrona
Pp=— 311

Pa ————(sg+pl AR

—

: (3)
1
Py=— re (sn R ST +pn—lsl)' J .
"Bean cymmml sy, §,, ..., S, H3BECTHBI, TO ¢ NoMOULbiO hopMyn (3) MoxHO

War 3a lWaroM onpenenudTb KOIPOUUHEHTH Py, Py, ..., P, XAPAKTEPH-
cTHgeckoro noauxoma (1).
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Cymmpr 8y, 89, ..., S, BBHIYHCJSIOTCA CJIEAYIOWHM o6pasoM: Mg 8,
umeeM (ra, X, § 12):

s;=hAi+A+ ... 4A,=5p4,

] A

S1 :1 Qg 4)

]
-

Hanee, xak uspectno (ra. XI, § 1), A’f, 7\2, ...,7\,’: ABJSI0TCS COO-

CTBeHHWIMH 3HauenuaMu MaTpuum A% [losTomy

sp=A - AF . AE=Spat,

T. €. €C¢In
a=Laff],
TO

Sy :2-10%2). ) (5)

Crenenn A*=A%"1A4 naxoxaTcs HENOCPEACTBEHHHIM I1€PEMHOXEHHEM.

TakuM 006pa3oM, cXxeMa DAaCKpHLITHS BEKOBOrO OMpenenuTeNas Mo Me-
toay JleBeppbe BECbMAa MPOCTAsds, a UMEHHO: CHayana BHUHCAstoTCA A%
(=1, 2,...,n)—creneun nawHOR MaTpulb A, 3aTeM HaxoxATCH
COOTBETCTBYIOLLHE S, — CYMMBI 3/1€MEHTOB IJIaBHWX AHaroHanel matpni A
H, Hakoxell, no dopmynsam (3) onpeneasorcs nckoMue KO3DDHUHEHTH
p;i=1,2, ..., n).

Meton Jlepeppbe BecbMa TPYXOEMOK, T4K KdaK NPUXOAHUTCH MOACYH-
THIBATb BHICOKHE CTeneHn NaHHOH MaTpHub. JIOCTOHHCTBO €r0-— HECI0K-
Hasl CXeMa BRIUHCJAEHHH M OTCYTCTBHE HCK/IQYHTE/bHLIX CJ/ydYaeB,

[Tpusmep. Meronom JleBeppbe pasBepHYTb XapaKTEpHCTHUYECKH
onpeneuTe b MaTpulu (cm. § 3)

A=

[SL
N — N W

4
3
2
1

B W N —

Pewmenne. Obpasyem crenenn A (=2, 3, 4) Matpuuu A.

Hmeem:
1 2 3 49¢r1 2 3 4 30 22 18 20
4r_ |2 12812 123/ 12218 16 18],
13 21 2 321 27|18 16 18 22°
4 3 2 1 4 3 2 1 20 18 22 30
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30 22 18 2011 2 3 4 208 178 192 242
A8 — 20 18 16 18|12 1 2 3| _|178 148 154 192 |
T |18 16 18 22|13 2 1 2| |192 154 148 178 |’
20 18 22 30 |4 3 2 1 242 192 178 208
208 178 192 24241 2 3 4 2108 1704 1656 1992
A4 — 178 148 154 192 |2 1 2 3| | 1704 1388 1368 1656
1192 154 148 178 (|3 2 1 2|7 | 1656 1368 1388 1704 |°
242 192 178 20814 3 2 1 1992 1656 1704 2108

3ameTHM, YTO He GHJIO HEOGXOAMMOCTH BHYHCAATH A? M0AHOCTHIO,
ZOCTATOYHO OHJAO HAHTH JHIIb [JaBHLIE AHAroHajJbHuE 3JEMEHTH 3TOH
MaTpHUbI.

OTclona

§;,=8SpA=1414141=4;

8, =SpA% =30+ 18 4 18 4- 30 = 96;

53 =8pA? =208+ 148 4- 148 4208 =T712;
§4=SpA?=2108 - 1388 -+ 1388 + 2108 = 6992.

Cnenosatenbno, no ¢opmyaam (3) 6yaeM HMeTh:

pl=—31=‘—4;

Py = {53+ P15 =— 5 (96 — 4-4) = — 40;
p3=——%(sa+pls.z+p231) =—~%(712—4-96—-40-4)=—56;
py= ——},— (54 + Py -+ PaSy +Pysy) =

= — 1 (6092—4.712 — 40.96 —56 - 4) = — 20.

TakuM o6pa3om, MH MOJAYyyaeM ywe H3BeCTHHH pedyabrat (cMm. § 3):

A—l -2 =3 —4
~2 A—1 —2 =—3| ., .
3 Ty all o|=n1—srs—s002—560 —20.

-4 =3 —2 i-1

§ 9. llouaTHe o Merone HeompejedeHHBIX KO3(GHUUEHTOB

PaaaepTuBaHHe BEKOBOIrO ONPEACANTENS MOXKHO TaKX€ OCYWECTBHTD

MPH NOMOWLH HAXOKHAEHHUA NOCTATOYHO GOJLUIOrO KOJHYECTBA €ro 4H-
CJAOBBIX 3HaYeHHM.
[lyctn

DQA)=A"+p A"~ 14 .., +p, &)
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€CTL BCKOBOH onpepeauTeab MaTpuusl A, T, €,
D (A) = det (AE—4).

Ecnu B paBenctBe (1) nocsenosatensbHo moaoxuts A=0, 1, 2, ...

..,n—1, 10 ana kosapduumuentos p; (i=1, 2, ..., n) noayuus
CHCTeMy JUHeMHBIX ypaBHeHHH
p,=D(0),

1" py- 17704 L 4 p, =D (1),
2" 4 p, 2" L+ p, =D (2),

(n—1)"+py (1—1)""1 4 ... +p, = D (n—1).
OTclona

pitpet .. Apoi=D(1)—D(0)—1,
2" 1p, 2" 2p, - ... 4+ 2p,_;=D(2)—D (0) —27,

)}
l

(n—1)""1p 4+ (n—1)""2pyt ...+ (n—1)p, ;=
=D (n—1)—D (0)—(n—1) J

p, =D (0)=det (— A).

s cuctems (3) wmowno onpenenuTs kosdduunentn p;(i=1,
2, ..., ) XapaKTepHCTHYeCKOro noanxoma (1).
BBoast maTpHuly

2n-1 2n-2 2
n= ---------------
(n—N""1(n—-1)""2 , . n—1
H BEeKTOpH
i P1
D()—D O~1" P2
—_— -_—on
D— D (2)—D (0)—2 ’ P— ’
Din—1)—D Q) —(n—1)#
LPno1
cucTeMy (3) MOWHO 3anHcaThb B BHAE MAaTPHYHOLO ypaBHEHUS
C.P=D, (4)
oTClona
P=C;'D. (5)

3ameTnm, 4TO 06paTHas maTpuua Cy ' 3aBHCHT TOABKO OT MOPSAKA /1
BEKOBOrO ONpede]HTeas M MOweT ObThb Halena 3apaqee, €cCaH [(pPH-
XOAHTCS HMETb Je]10 ¢ MaCCOBRIM DAaCKPHTHEM BEKOBHX ONpeleaHTeNel
OJHOI0 M TOTO Xe MOpsSAaKa.



§ 11]HAXOAEHHE HAHBOJBIUEL O [0 MOAYAIO COBCTBEHHOIO 3HAUEHUA42 ]

Taxum 06pa3osl, NMPUMEHCHHE 3TOFO METOAY CBOAHTCH K BbBIYHCJIECHHIO
YUCA0BHIX onpeuenm‘eneﬂ

D (k) =det (RE— A) (=0, 1, 2, ..., n—1)
H HAaXOXIEHHIO DellcHUA CTaHmapTHOR anunelnoft cucrems (4).

§ 10. CpasHeBHe pa3jH4HBLIX METONOB Pa3BEPTHIBAHUA
BEKOBOIO OnpejesnTens

06 otHocuTENbHON 3PpdPEeKTHBHOCTH Pa3/IHYHBIX METULOB Pa3BepTH -
BAaHHS! BEKOBOI'O ONpENeUTe s MOWHO CYILHTb [0 NPHBEREHHOH Huxe
tabanie 26 [4], B koTopo# ykasans kosnuecTra meHcTBuil, TpeGyembix
KaWAbM H3 PacCMOTPEHHBLIX METOMOB, B 3aBHCHMOCTH OT [OPHAKA Olipe-
LeauTend.

Ta6nuuwa 26
KoanuecTBo neitcTeuii, HCHOAb3YyeMbIX PAa3JAHUHBIME METONAMM
pa3sepTHBAHKUSA BEKGBOr0 onpeneautTelsisi, B 2ABHCHMOCTH OT NOpdaKa ero

MopAgok
3 4 5 7 9
Mervon =T

v |, 3

ER- I

2 o|¥LFa|V=RIC—EY—IC—T|Y—]l| C~B | ¥Y=1 | C—B
E’g =5 xx |

>::IQ::rQ

HemnocpeacTsen-

110e pasBepThl-

Bauue . . . . .| 12 10 | 60| 46320238 |13 69210 078985 400|795 758
Hdannnesckoro . .| 14 12 | 42| 36| 62| 80| 282 252 632 576
KpeitoBa . . . .| 67 38 | 179] 118|389 (280| 1287| 1022 3209 9688
Jleseppee . . . .| 41 27 1 153(114[414)330| 1791 1533| 5228 4p44
Heonpenenennsx -

- Ko3pdHUKHeNTOB 67 4] |-171(116[364|265! 1189 945 2966| 948
Hurepnonuposa-

Husi*) ... . .| 46 38 |125|102(2791230| 972] 826] 2525 9909

*yCMm ra. X1V, § 23.

M3 srtofl TaGauum BHAHO, YTO AJS Da3BEPTHIBAINA BEKOBBIX OMpee-
autesefl nopsaxa BLIUE NATOr0 HauGonee BHIOLHHM, C TOYKH 3peHus
KoJaHyecTBa medcTBHi, aBaderca merox A. M. Jlanuaesckoro.

§ 11, Haxoxpense Hau6ojbmero no mMoayJ0 COGCTBEHHOTO
3HAYCHHN MATPHILI H COOTBETCTBYtOUEro cOGCTBEHHOrO BEKTOpa

nyCTb HMCCM XapakTePHCTHYECKOE YpaBHEHHE
det (A—AE) =0.

Kopnu sToro ypasnenus Ay, Ay, ..., A, SBAAIOTCH COGCTBEHHBIMH 3HaYe-
anami MatpHus A, [IycTb HM COOTBETCTBYIOT JMAHHEHHO HE3aBHCHMbIC
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co6eTennbie BekTopet XU, x| ) x". YVkaweMm HekoTOpHE HTepa-
I{HOHHBIE METOIbl BHIYHC/JAEHHA HAHOOAbLIETO0 NO MOLY/IO COGCTBEHHOrO
3HAYEHUA MaTpullel A, He Tpe6GyioluiHe PACKPHITHS €€ BEKOBOrO onpene-
JUTeNS.

Cnyuaht 1. Cpenu coGcTBeHHBHIX 3HaueHufl MATPHUM A ecTh 04HO,
Hanbosbniee no Moy . Jid onpenesieHHOCTH IPeANOJOKHM, YTO

(A > 1A =A== A, . (n

TaK uTO HanGO/bIUKM O MOAY/IO AB/IAETCA NepPBOE COGCTBEHHOE
snayvenne OueBHAHO, AJ1% NCHCTBHTENbHON MAaTPHUL HAHBOMbIIEE NO
MOLY /IO COGCTBEHHO® 3HaueHHe A, AeHCTBHTE/NbHO. 3aMeTws, 4yTO TaKOH
cayyall nmeeT MeCTO, eCqH MATPHLA A — 1eHCTBHTENbHAA K 3/IeMeHThl ee
nonoxurensusl (ra. X, § 16, teopema [leppona).

YKaweMm npHOAHKEHHB CMoco6 Bhiukc/ ents kopus A,. Bosbmem npo-

H3BOJIBHLI BEKTOP ¥ W DA3/IONHM ero no co6CTBeHHLM BekTopam xY)
MaTpuub A:

n
y= 2 c;x¥,
i=1
rae ¢;{j=1, 2, ..., n)—noctosunne koadpduuuentr. I[Iponssens

npeo6paszoBanue A Hajl BEKTOPOM ¥, GydeM HMETb:
IIﬂ X
Ay= c;Ax.
/=1

Orclona, Tak Kak x ecTb COGCTBEHHHWH BEKTOP npeo6pasoBatun A4,
T. e. Ax¥=A;x¥, nonyyum:

Ay =3 c/h x;
/=1

Ay Ha3oBeM urepayuell BexTOpa y.

[locnenosarenvho o6pasya Hrepaunun Ay, A%y, ..., A™y, naxoaum:
n

amy =3, ¢ hmxd 2)
i=1

(m-s urepayus).

BeiGepem B npoctpanctse E, = {y} Gasuc e,, e,, ..., e, (ne 063-
3aTenbHO eaHHHYnb#). [lycThb

ATy = y™ (m=1,2,3, ...)
y{™
P — '

gt



§ 11] HAXOKIEHHE HAHBOJBLIErO IO MOAY/IIO COBCTBEHHOrO 3HAUEHMA 423

rae ym(i=1, 2, ..., n)—xoopauHaTh BexkTOpa ¥ B BHOGpPaHHOM
Gasuce.

Paanaras co6crsennne BexTopn XY no BexTopaMm Gasuca, Gyiem
HMETh:

xh = Zx,,e 3)
i=1
Otciona, noactasasis supaxenue (3) B dopmyny (2), noayunm:
n m a
= 2 C/}\.,' zx‘-/el
f=1 =1

WJ/IH, H3MCHAA NOPANOK CYMMHPOBAHHII,

n n
(7 m
y™= 363 ey (4)
KoshduunenT npu e; ectb i-f1 koopauHarta sextopa y*™, Cnemosa-
{
TeNbHO, MOXHO HaM{CaTh:
n
myo__ ) ’
¥ ’—%lc,x,/k’/.". (4)
Auanoruuto
n .
m+1) — + 4'/
¥ ’—glc/xi/k;" L (4%

Pasnenus BTOpyw CyMMy Ha nepBylo, GyHeM HUMETb

‘m+ 1 m+1 m+1
Y, Clxilxl + .. +cnxinxn

= . (5)
yi™ expA o opxph

MNpeanonoxum, uto ¢; 520 u x;; =~0. DTOro MOXKHO NOBGHTLCA, BH-
6upas nan/exaninM o6pa3om uCXONHKA BEKTOD Y 1 Ga3uc (€, €3, «« ., €,)e
[Mpeo6pasyem Buipaxenue (D) ciaeayrowmnm oSpasoM: '

C2Xgg X2>m+1 CnXin <7»,,>m+1
UE"H-U-—}\ 1+91’Ci1 (E +‘“+CxXi1 X—x

yl(m) - ™M l+6;2x_l2(%2) +.. +Cnxln (%’)m .
1 1

C1%4y C1xn

Orciona, nepexois K npeaeiy (pH m —— o0 H YYHTHBAH HEPAaBCH«
ctBa (1), nonyyum:

y(m) =M (6) )
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. A\m
(Tal( xax lim (——/> =0 mpu j> 1) HAH NPUBIHMEINO
n—»o0 A'l
(m+1)
Mo~ L [=1, 2 7
INT (l—" 1---1”)) ()
L)
TOUHEe,
(m+1)

= +0((2))

B3fiB LOCTATOYHO 6OALWION HOMEp KTepalliH m, MB CMOXeM ¢ JIo-
60% CcTenmeHbl TOYHOCTH onpenedutb no Qopmynae (7) naubonbuini 110
MOLYJI0 KOPeHb A; XapaKTePHCTHYECKOrO ypaBHEHHA DaHHOH MaTpHILk A,
Jns HaxOWIeHHs 3TOro KOpHH MOXeT 6hTb HCRHOAb30BAaHA Mi0basd KO-
opaunata BekTopa Y™, B UACTHOCTH, MOXHO B3fTh CpenHee apudmeTH-
YeCKOe COOTBETCTBYIOLIHX OTHOLIEHHH.

3ameuaHHe 1. BHCK/IOYHTENBHHIX CAYYaARAX, NPH HE Y NAYHOM BhI~
6ope HauanbHOro BekTopa y, dopMyna (6) MOWeET He JaTbh HYKHOTO

KOpHSl HJIH Ja¥xe BOOOLIE MOXET He HMETh CMhICJA, T, €. npemen OTHO-
y(m+l)

IeHHA MOXCT H€ CYUIECTBOBATH. fTocaennee nerko 3aMeTHTH

()
L

MO «NPHTAIOULHMY 3HAYEHHAM 3TOro OTHOLIEHHA. B Takux cayuasx cae-
AyeT Hcnpo6oBaTh APYrof HauanbHBI BEKTOP.

Bameyanne 2. [Ias ycKopenus CXOXHMOCTH HTePAallHOHHOIO NpO-
necca (6) MHOrAa BHIFOJAHO COCTABAATH NOCAENOBATENBHOCTb MATpHIL

A2 =A.4,
At — A% 42,
A8 = A4, 49,

A2 42F1 peft

OTciona HaxomHM:
y(m)zAmy

e+ __ y
y - AY' L]

roe m=2% 3arem, kak 06bIYKO, Mojarae:

y(_m+1)
t .
Alz—‘w (l=1, 2, “ 5y ﬂ).

Yy

Bextop 9™ = A"y npubanxenno npescraeiaseT co60o# coBCTBEHHB
BEKTOD MaTpHlUb A, COOTBETCTBYIOMIMHA COGCTBEHHOMY 3HA4EHHIO A,.
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B camom nene, uz dopmynn (2) nmeem:

n
A"y =c M7V 43 ¢ AT %D,

i=2

rie x' (j=1, 2, ..., n)—cobcTeeHnbe BeKTOPH MaTpUUH A.
Orcrona

( n }\. m \
my om0 $Y c_f<_1> i,
A,;_clh{\x‘ +f=';cx T )% i

A\ .
Tak kak <x-j> —0 nmpn m— oo (f>1), To mpn n0CTaTOYHO
1
GonbuioM /m ¢ JA060H CTeneHbi0 TOYHOCTH OyleM HMETb:
A"y ~ ¢, AT xD,

T. e. ATy nuWb YHCIOBHM MHOXKMTENEM OTJHYaeTcsl OT COGCTBEHHOrO

gekTopa X W, c/emoBaTeNbHO, TaKXKe fBAAETCA COOCTBEHHBIM BEKTO-

POM, COOTBETCTBYIOLIHM, TOMY e CamoMy COGCTBEHHOMY 3HAUYEHRIO A,.
MMpumep. HalkTu nanGonbimee coScToeHHOe 3HAYEHHE MaTPUILH

410
,4—_-[121} 8)
011

H COOTBETCTBYIOUHH eMy coOCTReHHBIA BEKTOD.
Pemenne, BubnupaeM nauanbHbil BeKTOp

1
y:: i .
. 1
Ta6awua 27

Boiuncaerne nepsoro cOGCTBEHHOIO 3HAUYEHE SR

CocrtasaseMm Ttabauuy 27.

Aty A%y Aty Aty Aty Ay Aty Aty Atoy

t
1[5 24 111 | 504 | 2268 | 10161 | 45433 | 202833 | 905238 | 4 038939
1| 4 15 60 | 252 | 1089 | 4779 (21141 | 93206| 417987 | 1 862460
1| 2 6 21 81 333 | 1422) 6201 | 27342 121248 | 539235
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OcranopuBmnce Ha urepauusx A%y =y'® u Ay = pU0 ponyyaem
3HaueHus
(10)

Yy 4038939 .
g T 005238 =4,462;
1
(10)
Y 1862460 .
y(9) T 417987 = 4,456;
2
(10)
Y3 539235
(9) ~ 121248 4,447,
Y3

CienoBaTenbHO, NPUG/AHKEHHO MOXHO MPHHSATE!
Ay (4,462 4 4,456 4 4,447) = 4,455 A 4,46.

B xayecTBe nepBoro coGCTBEHHOrO BEKTOPA MATPHILL A MOXHO B34Th:

4038939
Aloy — | 1862460 |,
539235

Hopmupys ero, OKOHYaTENbHO MNOJYUYHM:

0,90
x—|0,42],
0,12

Cnyua#t 2. HanGoabwee no monyno coGcTBeHHOE 3HAYEHHE Ma-
TPHUL A fIBASETCS KPATHBIM,
Tlycth
Ay=hy=...=Ah

$
[Ay| > 1A mpn k>
V3 dopuyan (5) umeem:
y}.m"—l) _CIX,'I}\.T*-I + - —'—L‘_‘Xisk’ln*—l—'—lfs_‘_lx[. 3+1k?:11+ LR} +cnxfn}",’1n+l

- m m m m
g™ expM 4 e A ek s A e Cakigh ]

Y m+1 A, \m+1
CXpm o T Cexis T Co X g4 ( 3{11) T T entin (ﬁ)

1

G A ym
clx“—|—...—|—05X[s+Cs+1xl" S+l( i:l) e T onin (f)

Otcrona, ecan ¢y x; + ... ¢ x; =0, yunTwBas, 410

(%)"‘_,0 pH m 0 U R>s,
1
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[MOTY4Yu M2
(m+1)

lim —sm =4, =12 ..., n

m—o Y

WJIH, TOYHee,
(m+1)

W= ol ().

Taxum o6pazoM, ykaszarHbI Builile ¢rnoCo6 BHIYUCACHHS A, nprMeHnM
H B 3TOM CJyuyae.
Kak u nopexae,

y(”‘) A”’y

npeacTaBafeT coBOR oaMn W3 NPUGAMNKEHHWX COGCTBEHHWX BEKTODOB
MaTpHub A, COOTBETCTBYIOULHX 3nadeHHl0 A,. MaMenas Hauanbubifl Bek-
TOp y, Mb, Boofule TOBOpR, MOAyyaem APYroR JHHeHHO He3aBHCHMbIil
BEKTOp MAaTpHi A. 3aMeTHM, YTO B 3TOM C/y4ae He FapaHTHPOBAHO,
4YTO HAamIUM npueMoM OyneT onpelneseHa BCSl COBOKYMHOCTbL JAHHEHHO He-
3aBHCHMBLIX COGCTBEHHBIX BEKTOPOB MATpHUM A ANA 3Hauenus A,

Hns cayyaeB | —2 MowHO ykasartb 6osee GHCTPH HTepauuonﬁuH
DpOLECe HAXOXKACHHSA HAUGOIbLIETO 110 MOLY 110 COGCTBEHHOTO 3HAYEHHA A
maTpHum A, a HMeHHO: 06pasyeM 110C/eN0BAaTEeNbHOCTb MATpHLL

A, A2, A4 48, ..., AR,

Kak wuasectno (r1. X, § 12),

aHaa0ru4yno

rne m=2* OrpannunBafch A1 DPOCTOTH cayuaem 1, umeem:
m m ha\m A, \m m
AT A=A () 4 () | =spar
orctona
I
Ag\m Aa\mlm _ mae—m
|Aly[1+(ﬁ) +oo 4 (32) ]"'=",Vsp,4”'.
[pn m — oo nonyuaewm;
|[A,|= lim 7/Sp A~
m — o0

I A1 l ~ T/Sp Am,
rae m AOCTAaTOYHO BEJAHKO,
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Yro6b H36eKaTh H3BACUEHHA KOPHEH BEICOKOH CTemenH, MOXHO HalTH
A= 4”4,
Toraa
7\;11+1+Ar2n+1+ . +7\.T+1=Sp14'"+1

AT AT 4 AT =SpA™,

Otciona, yYHTHBAA OTHOCHTENbHYIO MaJI0CTD | Aolonss A, mo cpapue-

Huio ¢ | A, |, monyuns:
AlepAm+1/Sp A,

§ 12. MeTon ckaafpHBIX MPOU3BENeHUl NJA HAXOKICHUA HEPBOro
COGCTBEHHOrO 3HAYEHHS JEHCTBHTEALHON MATpHIB! ’

N8 OTHICKAHHS MEPBOro COOCTBRHHOrO 3HAYEHHS A, AeHCTBHTECABHOM
MaTpHUL A MOXHO YKa3aTb HECKOJbKO HHOH HTepailMOHHLIH npouecg,
R0 HCa HHOTAa 60Jee BHIrOAHBIM. MeToa ocHoBaH Ha 06pa3oBaHuu
CKaJAapHLHX NMPOH3BEAEHHH

(Ak_vo’ A’kyo) H (Ak_lyov Atyg)

(=1, 2, ...), rie A’'—mMaTpHua, TPAHCIOHKPOBAHHAS C MATPHLUEH A,
1 y,—BbGPaHHLIA KakUM-1HO0 06pa3oM HadadbHHH BEKTOp.
[lepexoauM Tenepb K H3JOXKEHHIO CAMOI'0 METOZA.
MycTs A— aeficteutenbnan marpuaa u Ay, Ay, ..., A,—ee coGer-
BeHHble 3HAYEHHS, KOTOPLIE NPEAIONATAIOTCA PA3JHUYHBIMH, NPUYEM

A > A= 2> A,

Bo3bMeM HEKOTOPbIl HEHYNEBOH BEKTOP Yo M C NOMOMIBIO MATpH-
Wi A 1IOCTPOMM IOCAEAOBATEALHOCTH HTepaluil
Ye=Ay,y (R=1,2, ...). (1)

lns pexTOpa y, 0o6pa3yeM TaKme C MOMOLLBIO TPAHCIOHHPOBAHHON Ma-
Tpuusl A’ BTOPYIO f0OCJAEA0BATEALHOCTb HTepaluil

ye=Ayi,  (k=1,2, ...), (2)
rie y, =y,
Cornacno Teopeme 1 raasu X, § 16 B mpocTpanctBe E, BhGepen

msa cobetsennsix Gaanca {x,} u {x;} cooTBercTBenHo ans Matpuu A
u A’, yLOBJETBODPHIOWHX YCAOBHSM GHOPTOHOPMHPOBKH:

iy 3

‘ * 7 . .
rae Ax;=MAx; u Ax;=Nx; (i, j=1, 2, ..., n). O6oznayun
KOOpAHHATBl EEKTOpa y, B Oasuce {x;} uepes a,, ..., @, a8

(x;, %) =0
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6asuce {x}—uepe3 by, ..., b,, T. e.

r
Vo=0a1X; ...} a,x, 0y, =bx +...+b,x.
Ortciona
Ye=A",=3 a/hi x, (4)

i=1

n :
y,=A%y, =N b At (k=1,2, ...). (4)
i=1

CocTaBUM cKaasgpHOe NPOH3BELEHHE
n n
(Yoo ¥2) :(Akyo, A%y) = (34 A'thy ) :(2 ax;, /2 b,k*;’*x}) .
\NE=1 =1

Orciona B CHJAY YCNOBHST OPTOHOPMHPOBAHHA HAXOIHM:

n
(B )= 3 At =a b M Fabi A+ e b hk (6)
—
Anaaoruyno

Pom 90 = @0 AE=1 @A L g A0 (6)

Cnenosatennto, mpu a,b; =0 nueen

e ve) @b A pa, M auy A =A1+O<<7m)z/€) .

(yk-lv Jl,;) alb: 7\-?k—l+azb; }":k—l'i_'--‘*’anb:}\,zk—l 1

Takum o6pasowm,
We ) _ (A 4%
(.Vk_l» J’;a) (Ak_lyt)r Alkyo) ’

3toT Meton 0coGeHHO ynoGeH 1S CHMMETPHYeCKOH MaTpHuH A,
Tak Kak torna A=A, H MH HMeeM IIpocTO

~ (AkyOY Akyo) (8)
(A% 1y, Aky)
M, CJe10BaTeJbHO, 3/eCb HYWHO [OCTPOHTL TOJABKO OINHY NOC/enoBa-
TeapHocTh y, =A%y (=1, 2, ...).
ITpumep. MeToaoM cka/ADHHIX MPOU3BeneHHHd HalTH nanboabliee
cob6cTBennoe 3nayenue marpuun (§ 11)

41 0
A=|1 2 1}.
01 1

Pemenne. Tak kax MaTprua A-—cuMMeTpHYECKAH, TO LOCTATOUHO
NOCTPOHTL JNHLIb OAHY TOCNEAOBATEALHOCTD HTEPALHH A"yo(k =1,2,...)

(N

A&



430 HAXOWIAEHHE COBCTBEHHBLIX 3HAYEHMA M BEKTOPOB [ra. xn

Bhi6iipass 3a gauaabHul BEKTOp

(1)

MOWHO HCNONb30BATL pe3ynbTaTh TaGauum 27. Hanpumep, npu £=35
u k=16 Hmeem:

2 268 10 161
Ay, =,[1 089] u A%y, :_[ 4 779] .
333 1422
Orclona

(A3y,, ASy,)=2268.10161-41089-4779 4 3331422 =28 723 005
n
(A8y,, ABy)=10161244779% 4 14222 = 128 106 846.

CnenoBaTeabho,
e (A%, APpy) _ 128106 846
17 (Asy,, A%y,) 28723005

= 4,46,

41O COBUAZAET B HAMHCAHHBIX 3HAKAX CO 3HAYEHHEM, HAHACHHLIM Mpex ae
¢ nomowio A%y, (em. § 11).

3ameyaHue, MeTobl HAX0K AEHHS HAHGOMIBLIETO NO MOAY /IO KOPHS
XapaKTepHCTHUEecKOTO ypasuenud (§ 11) MOXHO MCNIOAb30BAThH A% HAXO-
WIeHHS HauGO/NbWEr0 MO MOAYMI0 KOPHA aiAre6panueckoro ypaBHeHHs

x"+px"t4 L +p,=0. 9

IleficTBUTENbHO, ypaBuenne (9), KaK JeTKO HENOCPEACTBEHHO NpPOBe-
pHTh, ABAAETCH BEKOBLIM iad MaTpuun (cp. §3, matpuna dpobenuyca)

—P1 —Pg.es—Pu_1 —Pn
o 0

T..€. ypaBHenue (9) SKBHBA/JCHTHO YPaBHEHHIO
det (xP—E)=0.

Ecan ypaBuenue (9) He HMeeT HyaAeBHWX KODHeH, TO aHANOTHYRBLIM
cnoco60M MOX¥eT ObTh Onpeae/ieH HauMeHbIH it 10 MOAY 10 KOPEHL 3TOro

1
ypaBHenHs, a HMeHHO, NpH p,=~=0, noaaras ~ =, noayuns:

g Pt 1_
y—{—pn y—{—...—l—pn—o. (10)

O6paTHad BeauyuHa HanGoAbIIETO MO MOAYJIO KOPHA ypaBHeHus (10),
04€BUIHO, AACT HaM HaHMEHbLIMH MO MOAYAI0 KOPeHb ypaBuenus (9),



§ 13] HAXOXIEHHE BTOPOI0 COBCTBEHHOrO 3HAYEHHS 431

§ 13. Haxomuenne BTOpPOro COGCTBERHOrO0 3HAYEHHA MATPHLULI
¥ BTOPOro COOCTBEHHOrO BeKTOpa

MycTh cOBCTBEHHbIE 3HAYEHHS A =1 2, veey n) Matpuum A
7 ’ ’
TAKOBbI, 4YTO

M > 1A >[R[ =0 =1, (m

T. €. HUMEIOTCH ABA OTJMUYHBIX APYT OT APYra, HAHGO/bIIHX TIO MOLYJIIO
cob6cTBeHHbHIX 3Hauenns A; u A, matpuum A. B TakoMm ciyyae npuemom,
aHANOTHUHHLIM pa3obpaHHomy Boiwe (§ 11}, MoxHO npubanxkentno Haltity
BTOpOE COBGCTBEHHOE 3HAYEHHE A, M OTBENAIOUIHA eMy COGCTBEHHBIN BeK-
Top X,

W3 dopmyas (2) § 11 nmeem:

A"y = c M7V 4, AT P - L o AT (2)
Am+1y — ‘717"1"”-"7(1) + 027»'2"+1x(2) + - + c";\g-l-lx(n)_ (3)

Wekmounm us dopmyn (2) u (3) wienn, conepxawne A;, Has storo
#3 paBeHcTBa (3) BHYTeM paBeHcTBO (2), ymHowennoe Ha A,. B pesyxs-
TaTe NOJYYHM:

ATFY — M ATy = AT (A —Ay) 2P L AT, —Ry) 7L (4)

Iag kpaTkocTH BBeneM o603HaueHHe

A, ATy = A™Hly —) A"y, | (5)

npudem Bhipawenue (5) Gydem HazbsaTh A-paswoctero ot Ay, Ecanm
¢, == 0, TO O4eBHIHO, YTO NEpBOE CjaraemMoe B MpaBOW 4YacTH paseH-
cTBa (4) ABAAETCH €€ I/IaBHRM WIEHOM NMPH M — 00, B MEl MMEEM MpH-
6/nWeHHOe DABEHCTBO

A ATy = AT (hy —Ry) £ (6)
Orciona
AxlAm-ly = Cz;‘;n-l (Ag —Ay) £ )
Mycrn
]
gy
A"y =y = . .
(;n) :
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W3 dopyyn (6) n (7) BuBOLHM:

N A)v1 y(lm) yi_m+ 1)—-7"1!/,-("’1)

2 AM y([’TI—l) yf_.-n)_;‘qygm—l)

Tlonbaysch Qopmyaoft (8), MOwHO TPHOAHKEHHO BBIYUCIHTL BTOpOE
coOcTBEHHOE 3HayeHHe A,. 3aMETHM, YTO Ha TMPAaKTHKe BBHIY NOTEpH
TOYHOCTH HNPH BHYUTAHHH OJAU3KHX YHCeJ HKHOTIAA BLIFOAHEE HOMep
uTepauuu £ pas onpeleieHus A, 6paTbh MEHbIMM, YeM HOMEp HTepa-
uH{ m AAs onpenenenns A, T. e. ULeqecoo6pasHo noJjaraThb:

GEED g0

2 yB D (e <m) 9)

rne k-—HauMmeHbliee U3 4HCEN, UDH KOTOPOM HA4yMHAET CKa3hiBaThCH
npeo6aananse A, HaQ CJAELYIOUMMH COGCTBEHHLIMM 3HadeHusmu. dop-
Myiaa (9), Boofule roBops, faeT rpyObe 3Hauekust Aas Ay, 3ameruwm,
YTO eC/M MOAYJH BCeX COGCTBEHHBIX 3HAUEHHH Pa3/IHUHB MeXay co6of,
TO Tpu nomowu GOpMyJ, aHAaNOrHYHbIX GopMyie (9), MOWHO BEYHCANTD
H OCTa/bHLE COGCTBEHHbiE 3HaueHHs DaHHOW MaTpHubl. OAHAKO pe3yb-
TATH BHYHCAEHHH OYAYT elie MeHee HaLENHH,

Y1o kacaeTcss coGCTBEHHOrO BeKTopa X%, TO, Kak BHITCKAaeT K3
¢opmynsl (6), MOXHO NOJOMKHTb:

xD & Ay y®, (10)

ViMeeTcs pacnpocTpaHeHHe JAHHOTO METOAa Ha Ciayyail KpaTHBIX
KopHel XapakTepHCTHYEeCKOro ypaBHeHus [l].

MpuMep. Onpeneauts naibHeduine COGCTBEHHLIE 3HAYEHHA H
COGCTBEHHBIE BEKTOPH MATPHUM (cM, npumep H3 § 11)

4 10
A=|1 2 1
011

Pemenune. JlAa HaxowAeHHs BTOPOTO COGCTBEHHOTO 3HaYEHHs
npumem k=8, Vmeem (cMm. Tabauuy 27):

Aly } Aly ‘ Ady

45433 | 202833 | 905238
21 141 93906 | 417987
6201 27342 | 121 248

CocrtaniseM A-pasHocTd no dopmyne

A (=1, 2, 3),

o V]

ALy =y
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rne yP=Aly. [lan kaxnoro u3 cToNOUOB NMPHHUMAETCH CBOE 3HAue-
uue Ay, a uMenHo: Ay ==4,462; A, =4,456; A, =4,447 (Tabauua 28).

Ta6bnuua 28

BbluncreHne BTOPOro CoGCTBEHHOrO 3HAYEHMA

Aty MATY Ay, A%y Avy ‘ A ASy ‘ Ay, A%y
202 833 202 722 11l 905 238 905 041 197
93 806 94 204 —298 417 987 418 445 —458
27 342 27 576 —234 121 248 121 590 —342

Orciona nosaydyaem:

by sz 46
,46.

8, 48 197 _
AM yy) —234

AM y(l7) 111

A0y 458
R, 50 —298

1

1,78; = 1,564;

CnesoBaTenbHO, NPHOAMKEHHO MOXKHO NPHLATHS

A= 5 (1,784 1,54+ 1,46) & 1,59,

B kauecTBe BTOPOro COBGCTBEHHOrO BEKTOPA MOXHO NPpHHATH:
197

Ay ABy = | —458 |,

_ —342

HopMupysd 3TOT BeKTOp, NOJAY4HM:

0,33
x® | —0,76 |
—0,56
Tak kak MaTpuua A — CHMMETpHYECKAH, TO BEKTOPH X'V (§ 11) u x2
AOMMHE OBITH OPTOTOHANbHH MeXAy co6oit. [Ipoepka maer:

(29, x®)=0,90-0,33 40,42 (— 0,76) -+ 0,12.(—0,56) = 0,09,

Otcioaa (£, x'?) =85° ut0 NOBOABHO HETOUHO.
Tpetbe coGcTBEHHOE 3HAYeHHe Ay, HAXOAMM MO CNeAy MaTpHum A;

AMFA+A,=SpA=4+2+1=1.
Ay=T—4,46 —1,59 ~ 0,95,

O1crona
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Co6cTBeHHBIH BEKTOP
x(]a)
X — x(;’)
3

MOMHO BLIYHCJIUTD U3 ycnoam‘«i OPTOTOHAJABHOCTH:

0,90x» + 0,425 10,124 = 0, ]f
0,33%%” + (—0,76) x%” +(—0,56) x¥ = 0.

OTciona
x(13) xs;i) ng)
0,42 0,12 =| 0,12 0,90]  [0,90 0,49
—0,76 —0,56 —0,56 0,33 0,33 —0,76
HJad
x(18) x(28) xgﬁﬂ

—0,144 " 0,539 —0,818°

Tlocsie HODMHUDOBKH OKOHYaTE/JbHO MOJYYHM:

—0,14
x®=| 053]
—0,81

§ 14. MeTon mcyepnblBaHAS

X1l

Jlas onpenenenns BTOPOr0 COGCTBEHHOTO 3HAYEHHS MaTPHUH WU
NPHHALIENAUEr0 eMy COGCTBEHHOrO BeKTOPa MOXHO YyKasaTh eule

OAuH cnoco6, HaamBaeMuit merodom ucuepnsisanusn [1].

Mycto maTpuua A=[a;,] nedcTBuTeNbHa W 00]2NET Pa3/IHYHHMH

COOGCTBEHHBIMH 3HAYEHHAMM A;, A,, ..., A,, mpHuem

A > A > A 1= ... =7,

Hapaay ¢ matpuueft A paccMOTpUM MaTpuuy

A =A—=MX X,

rae A, —nepeoe COGCTBEHHOE 3HAYeHUe MATPUliM A,

(M
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— COOTBETCTBYIOMHH cOGCTBEHHBIA BEKTOP MaTpuUH A, paccMaTpHBae-
MBIH Kak MaTpuua-cToabel, H

X;. Z[x'u x;1 N xr,zl]

— oTBeyalow il A, cOGCTBEHHBIN BEKTOP TPAHCIIOHHPOBAHHOR MaTpHLLE A’

paccMaTpuBaeMbll KaK MaTpHLA-CTPOKa, NpHYEM BeKTOpH X, H X, HOp-
MUPOBaHW TdK, YTO HX CKaisipHOE NpPOH3BeJeHHE DABHO eNHHHLE:

n
(X, X1)=XX, = l_=21 xpxp =1, (2)

Yucno A, ® BekTopH X; H X; NpeinonaraloTcs M3BECTHLIMH,
B passepnyroM Buze MaTpuua A; 3anMHCHBAETCHA CAGAYIOLLHM
o6pasom:

X1
A1 Qry +s Qi X1
Q31 Qgg «»e GQap . [ o 4 ]
A, = —X . X1 X1 o0 Xy | =
a1 Qng <o+ Qpp
—x"l—

. ’ ’
X11% X11Xgy e X11X
dy; Qg +es Qip 11 11%2y 11%n1

’

_ a2 G ees ag, Xa1X),  XorXy, s XajX,, ’
=™ . ’ _}\1 1 21 . (1 )
a a e Q 4 ’ ’
nl “n2 nn XX, Xp1¥gq es Xpikp
Moxaxewm, uTo Bce coGcTBenHne BekTopn X; {j=1, 2,...,n)

MaTpulel A fABASIOTCA Takxe COGCTBEHHBIMH BEKTOPAMM MAaTpHIUb A,
npHYeM COOTBETCTBYIOULHE COOCTBEHHbIE 3HAYEHHS COXPaHAIOTCH, 32
HCKJIQ4eHHeM A, BMECTO KOTOPOTO MOSIBAAETCH HyNeBOe COGCTBEHHOE
3HayeHHe.

B camom nese, MCnonab3ys CBOHCTBO aCCOUHATHBHOCTH MaTPHYHOrO
NPOU3BENEHHS M YC/JOBHE HOPMHpPOBKH (2), MmeeM:

A1X1 =AX1-7‘1 (X1X'1) X1 =7‘1X1_‘ }‘1X1 (X’1X1)=7‘1X1"7‘1X1 =0,
T. €.
A1X1=0X1

M, CJI€J10BATE/IbHO, HYb ABASAETCA COOCTBEHHBIM 3HAYEHHEM MATDPHUL A,
Nanee, npu j> 1, yuuTeiBas, uTo

X, X )=XxX,=0 (j=2,...,n)
(cm. ra. X, § 16, teopema 1), moayuaem:
AX;=AX,— Ay (X, X) X =M X — Ay X (XX ) =0X,
(j=2,...,ﬂ).
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Taknum ofpasoM, nn1s MaTpuue A, #aubonbuIUM MO MOAYIH COG-
CTBEHHHM 3nauenneM apaserca A,. [lostomy aasm onpenenenus A, u
COOTBETCTBYIOUIEr0 COGCTBEHHOrO BexkTOpa X, MOXHO BOCNO/Ab30BATHCH
yKkasanneiNd Bite Metodamu (§§ 11 u 12). Dror npuem uazmBaertcs
merodom ucwepnwisanus. Hanpumep, HCXomf 43 NPOU3BOILHOIO BEK-
TOPa Y,, MOWHO BHUHCAHTH A, 0 dopmyae

(ATy,),

R R
1 f

g R
npuyeM

X, =~ cAly, (c=£0).

Mokawem, uTo NA% Haxowaenus wutepauuit ATy, (m=1, 2,...)
MOMHO BOCMO/Nb30BAaThCA POpMyIIOH

Ay, =A"'y0-7\TX1X/1y0, (3)

no3poasiouielt H36ewaTh HEMOCPEACTBEHHOrO UTEPHPOBAHUS MATPHIK A,

[eACTBUTENBHO, NYCTh COGCTBEHHbBIE BEKTODH! X/uX; (j=1,2,...,n)
MaTpuis A ¥ TpaHcnonupoBaHHof MaTpuum A’ yNOBIETBODPNIOT yCJa0-
BiAM GuopTonHopmuposku (ra. X, § 16, teopema 2)

XX, =10,

rae 6, —cumpon Kponekepa. Torna mmeer mecto GuauneHnoe pasio-
wenne Matpuun A

A=A X Xy XXy + oo+ R,X, X (4)
Orciona i ) ) .
Ay =A—MX X =MX Xo 4+ oo 20, X, X, (5)
Tak kak
A"X, =ATX, (=1, 2,..., ),

TO, yMHOWasi pasewcTBO (4) cneBa Ha A", GyneM uMeTh:

A" = A"X X+ AKX+ L+ AT X, =
=AX X A X X o AKX X (6)

Aulaaornyso, YYHTHIBAA, 4HTO

ATX, = AT (A, X,) =0

A’{!XJZ}\-}"XJ (_]'_—2) 37-'-1,1))
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noc/e yMHOWEHWA pameHcTRa (5) caema Ha AT ' moayuwm:
AT = ATX, X, + .+ ATX, X, = AT X, X+ o AKX (T)
Ha dopmya (6) u (7) BhiTekaert:
AT =A™ —\TX X,

4TO IKBHBAJIEHTHO COOTHOWEHHIO (3).

§ 15. Haxommenne COGCTBEHHBIX 3JEMEHTOB NOJOKUTENbAO
ONpefeeHHON CHMMETpPHYECKOH MATPHUbI

[MpuseaeM HTepauHOHHbIE MeTOX OAHOBPEMEHHOTO0 HAaXOMIAEHHT
COBCTBEHHBIX 3HAYEHHAd M COGCTBEHHBIX BEKTOPOB MOJOKHTEABHO Olpe-
DeJeHHOH MaTpHub [5].

Kax usBectho (ra. X, § 15), ecau npelicTBuTe/bHas Matpuua

A:[a,-j]
— CHMMeTPUYECKAst U MOJNOWHTENbHO ONpeneeHnas, TO:
1) kopuu Ay, Ay, ..., A, €€ XapaKTePHCTHYCCKOrO ypaBHEHHS:
ay—A ap, ves Qi
Qa1 Uge—h ooi @y, =0 (1)
ap1 Qpo A

AeHCTBUTEAbHN U TNOJOXHTE/IbHL,
2) cofcTBEeHHBIE BEKTODPH

£
xh=| . (j=1,2,...,n)
D

MOrYT OHTb B3ATH ACHCTBHTE/NbHBHIMH H YAOBJETBOPSIOT YC/IOBUAM
OPTOTOHa/IbHOCTH

W

xPx® =0 npu jo£k. (2)

I

i=1

Hanumem cucTeMy, CAyXalylo AAs ONPELE/EHHS COBCTBEHHOTO
sexTtopa x':

1 (1) (1)
(‘111—}‘1)*‘7( )"Famxz + ...+ a,xX =0,

1) (1)
a°1x(11)+(azz_7‘1)xz +.. +‘12n =0,

1 (1) (l)
n1x1)+nnqx2 ...—l—(a,m—?»)x
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HAH
xV = ~1—(anx‘l”—|— @y 4+ o Fay,xh),
(I.l (a“x(ll)_*_a“x(l)_*_ . _!_azn (1)),

. . . -1 e« 8 8 & v 4 s e & & s e e s+ e @ l (3)
(1 (1) ) (1)
x”“zk_,(a X T e Xy R,y X0 ),

1 (1) (1 1
7\1=W(an1x1 +apxy +..00Fa,xn )
n

Tak kak KOOpPAHHATH COOGCTBEHHBIX BEKTOPOB ONpeneqioTCd C TOU-
HOCTBIO N0 MHOXHTEJA NPONOPLUHOHAABHOCTH, TO OAHA H3 HHX MPOH3-
BO/MbHA, HATNPHMED, 33 HCKAIOUEHHEM O0COOOro CAyuas, MOXHO NOAOKHTb
x =1, Cuctemy (3), BoOGUle TrOBOPA, MOMKHO peltuTh MEeTOAOM

utTepauun [5], BUOHpan NMOAXOAfILHE HauaAbHbe 3navenus xit* ®, A(®
H moaaraf

s LR VI (k)<2 a,lx(l' k)_{_am) i=1,2,...,n—1)

=1

}\(lz+1) Za x(l k+1)+ann (=0, 1, 2,...).
=1

Moxuo Takwe HCOONb30BaThL npouecc 3ehmens. Taxum o6pasowm,
HAXOAATCH MEPBHY KOPEHb XapaKTepUCTHYECKOro ypasHenus (1)

k
A~ AL (4)
n uepBHil cOGCTBEHHBIH BEKTOP
T BT
xl
x(l) ~ .
xu k)

n=1

1

—_— -

Ilna onpenenenna sTOporo Kopus A, ypassenns (1) n BTOpOro co6-
CTBEHIOFO BEKTOPA X2 HamHIeM COOTBETCTBYIOULY IO CHCTEMY YPaBHeHNH:

Mt = B a1, 2,00, (5)

=1

W3 coorHowenns OPTOTrOHAaNAbHOCTH

2 x5 =0 (6)
i=1 -
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HCKIOYHM OIHO M3 HEH3BECTHHX X|° ), nanpumep x”. Toraa cuctema (5)

3aMEHHTCS 3KBUBAJEHTHOH CcHCcTeMOHU

£V = Z aPx® (i=1,2...,2—2), ]
{ (7

(2) (2)
Ay = m Za,, IR J

’lll"l

Monaras x$2, =1, pewaem cucremy (7) Metomom HTepauns. B pe-
ayabtate GyayT HalaeHel BTODOH KOpeHb A, XapaKTepuUCTHYECKOro
ypaBueunns (1) m cobGeTsenunit BexTOp X'®, npuueM z-1 KoopaMHATA
3TOr0 BEKTOPa ONpeleffeTcd M3 YC/AOBHA opToroHanbHocTH (6). Aua-
JIOTHYHO OTHICKHBAIOTCA OCTaAbHbeE KOPHH A, (j=3, ..., n) ypasue-
uust (1) ¥ COOTBETCTBYIOLHE UM co6CTBeHHue BeKTOpbl xh

Mbr He paccMaTpHBAaEM HCKJIOUMTE/bHHE CaAY4YdaH, KOTOPbleé MOTYT
BO3HHKHYTb NpPH NPUMEHEHHH STOTO METOAA. .

[Mpumep. Haa matpuus [5]

4 2 2
A=[2 6 1
216

HaHTU KOPHM A, XapaKTEPUCTHYECKOrO YpaBHEHHA H COGCTBEHHHE
geKTOpH X',

Pewenue. MaTpuua A nsaaeTcs CHMMETPHYECKON H NOJNOKHTEALHO
onpeaeNeHHOR, Tak Kak

A=4>0;
42
A, = ‘2 5'=IG>O,
Ay=det A=80>0.
COOTBeTCTBy[OU.laﬂ CUCTEMa HUMeEEeT BHIA

A x(’) =45 4 2x - 258,
Ml =25 4550 X0, 1 (=1, 2, 3). (8)
A AP =260 4 1l 461

Monaras j=1 n x5’ =1, nonyan:
1
o = 1( x4 258V 4 9),
Y = g (26 550 40 1), (9)
A —2x(“+x(21 +6.
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Cucremy (9) peilaeM METOLOM HTEDALMM, BHGHDAs HAUATbHHE 3HA-
geirus

M0 =1y V=1,

Torsa w3 nocnenHero ypasHenus cucrtems (9) Gynem uMmeThb AP =0,
Pesynbrath Buiuucaenut npuse-
Ta6auna 29 penw B Tabnuue 29,

BLiuKC/ieHKE METOJOM KTeDalHH MoxHo npunaTe
CoOCTBEHHbIX JIEMEHTOB MaTpHLUBL,
OTBEHAIOUIMX NEPBOMY KOPHIO A, =8,3874
XaPAKTEPHUECKOro ypaBHEHUS 3¢
70,8077
(0 .
B AL LR L XD = (1),7720
(]) ! 8 1 % 1 267 Monowum Teneps B CH-
p) 8’85 (())'83 } 8’53 creme (8) j=2. M3 ycnosus
3| 0.83 0.80 1 8,46 OpPTOrOHANBHOCTH BekTOpOB X'V
4| 0,8l 0,78 1 | 8,40 H X2 pMeem:
51 0,805 0,770 1 8,38
6| 0806 | 0771 | 1 | 8383 0,8077 £{ +0,7720 x4 4
71 0,807 0,771 1 8,385 (2)
8| 08074 | 0,7715 | 1 | 8,3863 +x37 =0,
9| 0,8075 | 0,7717 1 8,3869 Orciona
10| 0,8076 | 0,7719 i 8,3871
i1 08077 | 0,7720 | 1 8,3874 £ =—0,8077 ¥ —
—0,7720 x'® . (10)

[loacTasnns STO BWpaXeHWe B cucTeMy (8) M monmaras x3 =1, no-
AyunuM:
1 .
xP = };—(2,3846 x¥'+0,4560),

(11)
A, =1,1923 x1¥ 44,2280, ;
Cuctemy (11) pewaeM METOIOM HTEpauu”, monaras:
£ =1 1 A" =5,42.

Pe3aynbraTh BhuucAennfl aHw B Tabnuue 30.

MOKHO NpPUHATH A, =4,4867 1 x\* = 0,2170; x{¥ =1.

TpeTbs KOOpAMHATA ONpENeNRETCH H3 COOTHOWEHHH oOpTOrodanb-
noctu (10):

c 1P =-—0,9473,
Nno3TOMY
0,21707
X = 1 .
—0,9473
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TaGauna 30

Buluncheiiie MeTOAOM HTEpauHH COOCTBEHHBIX 9eMEHTOB MaTpUUbI.
OTBEYAWLIHX BTOPGMY KOPHIO XAPAKTEPHCTHUYECKOTO YPABHEHK S

& x(l2k) x(zzlz) ;\(211) & x(l2k) x(22k' ;\(2/:)
0 1 1 5,42 6 0,223 1 4,494
1 0,52 1 4,85 7 0,220 1 4,490
2 0,35 | 4,64 8 0,218 | 4,488
3 0,28 | 4,56 9 0,2174 l 4,487
4 0.25 | 4,53 10 0,2171 { 4,4868
5 0,23 | 4,500 11 0,2170 1 4,4867

Tpetnit coBerrehnbit BekTop X% HenocpeacTReHHO onpenenaerca
M3 ABYX COOTHOIWEHRH OPTOrOHA/JbHOCTH

0,8077 £\ 40,7720 £V 4 £ = }
0,2170 ¥ 4 £ —0,9473 x{¥ = 0

Monaras x\° =1, noayunm x\V =—0,5673; x} =—0,3698.
CaenoBaTeibHo,
| —
xm:’ —0,5673
_—0,3698_

W3 nocnennero ypasuenns cuctemb (8) npH j=3 Haxomum taKwe
Ay =12,1260.
[lng KOHTPOJIA COCTAaBMM CJed MaTpuun A:

SpA=A, 4 A, + Ay =8,3874 +4,4867 42,1260 = 15,0001 x4 + 5 + 6.

3aMeTUM, YTO KOPUH, MOJyyaeMble NMPOLECcCOM HTEePauHH, KaKk upa-
BHJIO, pAacnoyioens B mopsaxke yOwBands ux moaynei. CoBeTeennne
BEKTOPAl MATPHUH ONpeesioTcd ¢ TOYHOCTHI0 10 KOI(PDHIUHEHTOR npo-
NOPUHOIAJILHOCTH, [O3TOMY Bce peuenus cncremu (8) Takops:

!
Ay ‘ x‘n ‘ x(2/) ‘ tgi)
{
8,3874 0,8077¢, 0 772001 [
4,4867 e, 2170(: —0,9473¢,
2,1260 | —0 567361 —0,3698¢,

(¢1, Cpy C3—NPOH3BOALUBIC IOCTOAHHBIE, OTHHYHWE OT Hyas).
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§ 16. Hcnoab3oBanue KO3GHUKEHTOB XapakTepRCTHYECKOrO
NOJHHOMA MATPHUL! JJis ee o0paleHus

Boiwe ObinH npuseneHn cnocoObl Pa3BepThBAHHA BEKOBOro Onpene-
nutens matpuue B noanHom (§§ 3—9). C nomowbio xosdduuHenTOB
9I0T0 XapPaKTePHCTHYECKOTO TMOJHHOMZ H COCTAB/IEHHA CTemeHeR A,
A% .., A" neocobernoft MATPHILW A OPSIIKA /1 CPAaBHHTENbHO NPOCTO
MOMHO HaiitTn o6paTnyio matpuuy A~!, OcolerHo BHIOAHHM B STOM
OTHOWWEHNH fBAseTca MeTon Jleseppoe (§ 8).

[lycTb umeem neocobeunyio maTpuly A nopsaxa n. PaccMoTpum ee
X4pPAKTEPHCTHYECKHH MOJHHOM

det(AE—A) =A"+p A"~ 1 . +p._ A +p,.

Cornacno towaectsy lamuabrona—Kenn (ra. X1, § 2) nmeem:

A+ p A"t L+ p A+ p,E=0. (hH
Ymuowasn matpuusoe pasenctso (1) caesa na A~!, noayuum:
A4 p AT L p, (B p, AT =0, (@)

Orvciona npu p, == 0 6ynem nmetn:
] -
ATH = — = (AT p AT L B 3)

Takum 06pa3oM, ec/u H3BeCTHH KOIPPULHEHTH XaPaKTePHCTHYECKOT O
NOJHHOMa MATPHLL A W COCTaBACHLI CTENEHH 3TON MaTpHUb 10 (n—1)-#t
BK/IOMMTENbHO, TO O6paTHas maTpuua A~1 jerxo suiuucasercs mo ¢op-
myae (3).

3ameTtum, yto ecan p, =0 n p,_, =0, T0 419 noaydeuns Gopmyan,
conepxawed A~L, pekTopuoe paseHcTso (1) HYWHO YMHOWATbL CJeBa
wa A% u 1. A

flpumep. Nawn matpuum (cm. § 8, npumep)

2 3

= W N =
[+
_— D o &

2
1
2

nafiTu o6paTuyo Matpuuny ATl
Pewenne. Bocnonbayemen HaliaenHbiMi Tpexae CTENEHAMH Ma-
Tprubn A (§ 8):
30 22 18 20
22 18 16 I8
18 16 18 22
20 18 2 30
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i
208
178
192
242

A =

178
148
154
192

192
154
148
178

2427
192
178
208

TaK KakK xapaKTepncmquKnﬁ MOMHHOM MaTpHUA A HMEET BHI
det (AA—E) = A% — 443 —40A2—56 A — 20,

To no dopmyae (3) noayuaem:

O —= O O

I

F208 178 192 242
-1 1 178 148 154 192
T T20) 192 154 148 178
219 192 178 208
30 22 18 207 1 2 3 4 r o
22 18 16 18 21 2 3 01
- __l‘
s 16 18 22| %003 91 2|7 o
20 18 22 30 l4 3 21 1o 0
7104 89 96 121 60 44 36 40
1 89 74 77 9 44 36 32 36
10 96 77 74 89 36 32 36 44
121 96 89 104 ] 40 36 44 60
2 40 60 80 8 0 0 0
40 20 40 60 0 28 0 0
60 40 20 40 0 0 28 0
80 60 40 20 0 0 0 28
—0,4 05
| 05 1
0 0.5
01 0
IlJI‘il KOHTpOJI‘il CoCTaBJdeM npouaaeﬂeHHe
il 2 3 47M—04 05 0 0,1 1
212 3 05 —I 05 0 0
AA- = ’ ’ =
321 2 0 05 —I 0,5 0
4 3 921 0,1 0 05 —0,4 0

(=Rl

_ 0 O O

S - O O

443
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§ 17. Meron Jl. A. JliocTepHuKa yayuieHHs] CXOJHMOCTH OpoLecca
HTEPAUHH NS pelueHHsl CUCTeMbl JMHEHHBIX ypaBHEHHId

ITyctb cucTema aunelinnix ypaBHennil

Ax=b (1
npuseseHa K BHAY, YLOOHOMY A7 HTEpanuH,
X=p-+oax. (1"

Cornacuo metony nrepaunn (ra. VI, § 8), nocaenosatensume npubiu-
wenua pemenns x cuctems (1°) onpepeasiorca no dopmyae

x(m)=ﬁ+ax(lﬂ—1) (m:]) 2, ...), (2)

rae x© —npou3BOIbHMIA HavaAbHLIN BEKTOP.
[peanoa0muM, 4TO COOGCTBEHHEIE 3HAUYEHN A, Ay, ..., A, MATPHULI &
Pas/nuHbI, MpHYEM
. (3)

[MI>1h 0= =4,
IMpouecc ntepaunu (2) cCXOAHTCH, €CAH
] < 1.

[epBoe cobGcTBeHHOE 3HAaueHHe A, MOMET GHTh NPHOIMMEHHO OMpe-
JI€1EHO C NOMOILLbIO YKa3aHHbiX Bhine MeTonoB (§§ 11— 12). Kak nokazan
JI. A Jloctepnuk [6], ncnoabays 4ucao A, MOWHO CyLLeCTBEHHO yayu-
IHTH CXOLHMOCTb HTEPaHOHHOTO Npoiecca(2) aas pelueHus cuctems (17),
TlokaneM, kak 3TO Jjenaetcs.

[pn nocTaTouHO GOMBWIOM nt NPHOAMMEHHO MOKHO MOJOKHTD:

X~ x™,
OuennM omubky X—x'™. [lpun ycaosuu cxoaumocTn mnpouecca (2)
nmeemM:
m
x= lim X" =x© E (x®B— gth=D1y,
m—co k=1
KpoMme TOro,
m
XM= 0 2 (x(k)___x(k—l)).
k=1
TNoaTomy
(-]
X —x'™m= 2 (x® — x5 -D) =
R=m+1
=[x(m+1)__x(rm]+[x(m+2)__x(m+1)]+ (4)
Tax kak

x(le)_x(k—1)=[5+ax(k— 1)]_[ﬁ+ax(k—2)]___
:_a}(x(k-l)_x(k—z))=ak-1(x(1)_x(o)) npun k=1, 2, cen
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TO
X — X = oM (gD — xO) 4 g (gD Oy (5)

[ycts ¥4, Vo vy Y,— COBCTBEHHLIE BEKTOPHI MATPHIL ¢, COOT-
BETCTBYIOIIHE COOCTBEHHBIM 3HAUEHHAM Ay, A, ..., A, 1 oBpasywouiue
Gasuc npoctpancrsa E,. Pasnaras Bextop XM — x® 1o Bexrtopam
8TOro 0asuca, 6yaeM HMETb:

x(l)_x(0)=cly1+c2y2+ e +Cnym
rae ¢, (/=1, 2, ..., n)—nekoTopue onpeaenexuse yncaa. Orciona
X =D — gkl (Y —x0) =

=Cl7\l|e—ly)+627\§_1y2+ ee ‘I‘Cn}\/}f_lyn (6)
(k=m+1, m+2, ...).

CnenosaTenbHOo, Ha OcCHOBaHHM (opMynn (D) Haxomum:
=2 = AT (L A+ A o )+ ek (Ao AT+ )y +
RS Yl § RE R W (T R

o AT My ca Ay
=i T T e
OTciona, YuBTbiBag HepaBeHcTBa (3}, noOmyuum;
{m) Cl}‘r;l 0 Am
X—x =l )yl'l' (9) (7)
—
Kpome Ttoro, n3 dopmyaw (6) npn k=m -1 BoiBoanM:
q XD et ¢ ATy, - O (AT). 8)
03TOM
: y om XD xm m
¥—x"==———+0(1]).

Takum o6pas3oMm, OKOHUATENLHO HMEeM:
(M4 1) ()
P x —x
xxx )+T' 9)

Ho6aBounnifi  unen —]—jx — 3aMETHO yAyullaeT CXOLUMOCTbH
A |

HTepauKoHHOro npolecca (2).
Tax wxak u3 dopmyas (8) BuLITEKaeT, 4TO

XD — ) (X —x"=V) L O(AT), (10)

To Gopmyny (9) MOMHO 3aMeHUThL caeaylouled:

i A -
X~ x'm -4 ‘ll—h(x(m’_x\m m, (1 1)
M
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$opmyna (11) ocBobouaaeT OT HEOOXOAHMOCTH BHYUCAATH CAelylolee
no nopajaky npubaenue.

Ha ocuoBanun copmyns (10) Haubo/biiee cOOCTBEHHOE 3BHAYEHME
A, Moxer GuThb onpeneneHo no -dopmyJe,

(x‘””—x"”‘”),-
=1 =2y,
(Xt~ V . x(n=2),

@éi=1, 2, ..., n).

A&

B cnyuae cHMMeTpHYECKOW MaTpuub o, NOJAb3y#Chb METOAOM CKansp-
HHX npousBefeHuH, nonyuyaem Gosee TOuHyto dopMyay:

- (x"’”—x(’"'”, x(m;_x-m—n)
1™ (P D (A=2) ) g im)__ gUB= 1)) *

A

B uacrHocTH, ecan

x‘°’=ﬂ,
TO
XM M=) - g1 (x(l)_x(m) — C(.mﬂ
%1
(1) __ 4el0) ) k=1 (1 0y — AP
X =0 4 Patol (Y —x0) = Ya’p,
k=1 k=0
Tlostomy

Alz@(—%’)—l G=1,2 v.., 1) (12)

rre (™), n (@™ B); —i-e KOOPLUHATE COOTBETCTBEHHO REKTOPOB &.™P
y o 1. AHanorduHO, eclu MaTpUua o — CHMMETPUYECKam, TO

A (amﬂ, amﬁ)

Vo8, oy

(18)

Npumep. Meronom nrepauny pewntsh cucremy [1]

0,78x, —0,02x, —0,12x, — 0,14x, = 0,76;
—0,02x, -+ 0,86, — 0,04x -+ 0,06, = 0,08;
—0,12%, —0,04x,+ 0,72x, — 0,08%, = 1,12;
—0,14x, + 0,06, — 0,08, + 0,74, = 0,68,

NpHUMEHUB 1/ YTOuHewus kopHel cnoco6 Jl. A. Jlioctepuuxa,
Pewenne. lpuBoanm cucteMy k Buay, yROGHOMY AAS NPHMEHEHHS
METOJa HTepailuu:

x,;=0,22x,4+0,02x, + 0,12x,+ 0,14x, 4 0,76;
x,=0,02x,40,14x, 4 0,04x,—0,06x, + 0,08; 14
x5 =0,12x, +0,04x, + 0,28x, 4 0,08x, + 1,12; (14
x4=0,14x,—0,06x, 1 0,08x, 4+ 0,26x, 4- 0,68



§ 17] METOA /. A. JIOCTEPHHKA YAVYIIEHHS CXOQMMOCTH HTEPAuMN 447

HJAM B MaTpu4yHOH ¢opme

%, 0,76 0,22 0,02 0,12 0,147 rx,
Xg 0,08 0,02 0,14 0,04 —0,06 X2 ,
= + . (14)
X3 1,12 0,12 0,04 0,28 0,08 X3
X L0,68 0,14 —0,06 0,08 026. Lx,
Orciona
0,22 0,02 0,12 0,14 0,76
0,02 0,14 0,04 —0,06 0,08
o = H B= .
0,12 0,04 0,28 0,08 1,12
0,14 —0,06 0,08 0,26 0,68
Tax' kak

|lel| , = max (0,50; 0,26; 0,52; 0,54) = 0,54 <1,
TO NPouecc HTepaunu Ans cucremun (14) cxoautcs.

Mcnoab3ysn B KauecTBe HAualbHOro BekTopa X' Bextop P, aas
m-ro npnéamkenus X' HCKOMOTO pellCHHS

[IoayyuM cJjaenyiounlee BbEPaXeHHe!

X — i akﬁ. (15)
k=0

Takum o6pasom, 448 Bhuncaennsd x™ nymHo o6pa3oBnBaTh Nocie-
LOBaTe/lbHBE MTEPalUHH BeKTOpPa B ¢ NOMOULbIO MATpHul a. Mmeem;

0,22 002 012 0,147 0,76 0,3984
[0,02 0,14 0,04 —0,05| 0,08 0,0304
“ﬁ={0,12 0,04 028 0,08/ | 1,12 |0,462 |’
0,14 —0,06 0,08 0,26 L0,68 0,3680
0,22 002 0,12 0,147 (0,3984 0,195264
0B 002 0,14 004 —006| 00304 | _|0,008640
0,12 004 0,28 0,08 | 04624 0,207936

Lojia —0,06 0,08 0,26 0,380 Lo,186604
H T. A..
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PesyabTarh cOOTBeTCTBYIOUINX BHYHCACHHI PABeNeHk B Tabuue 31,

Tab6auna 31

Mocnenosatennvubie HTepauru sextopa i marvpuueil o

B ufp B u3p a‘fs
0,76 0,3984 0,195264 0,09421056 0,04527913
0,08 0,0304 0,008640 0,00223488 0,00055572
1,12 0,4624 0,207936 0,09692928 0,04589292
0,68 0,3680 0,186624 0,09197568 0.04472340

8
asp as3 o’ ad3 X8 = 2 o'p
k=0
0,02174095 0,01043649 0,00500961 0,00240463 1,532746
0,00013570 0,00003285 0,00000792 0,00000190 0,122009
0,02188361 0,01047017 0,00501763 0,00240654 1,972937
0,02160525 0,01040364 0,00500170 0,00240272 1,410737

B dopmyne (11) npuvem m=28. Tak Kak MarpHila o — CHMMETpH-
yecKad, TO XA BRYUCJIEHUS €€ NepRoro COOCTBEHHOTO 3HAUCHHA A
HCOO/b3yeM MeTOH CKamdpHbIX npousseieHnnil. Hmeem:

A (e aB)

V7@, o)

_ 240 463 4 1902 - 240 6542 4 240 272 0,480

~ 500 961240 463+792. 190501 763.240 654 -+ 500 170.240 272 ,480000.

O71ciona, yuntwsaf, 410 X9 — " =abp, nHaxoaum:
) 3

XX® £ ap

v
1,532746 £0,002405 r1,534965
0,122009 | 12 0,006002 0,122011

= | 1,972937 13 0,002406 | ~— | 1,975159 |
1,410737 0,002403 1,412955

Ilng cpaBHeHud MPUBOAMM 3HAYCHHH KOpHeR cHcTemul (11), noayyen-
nne merogom [aycca [I]:

x, = 1,534965; Xy =0,122010
xy=1,975166; xg=1,412955.

Taxuw o6pasom, ecan x'® napano sHavenns koprelt x; ({=1, 2, 3, 4)
npuMepno ¢ TouHocthio 1-107%—~2.1078%, 10 nocae nonparok
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JI. A. JliocTephika Mbl 1101y4aem 3TH KOPHW NPHOJH3HTEABHO € TOu-
HocTbio 00 1078,

Meton JI. A. JliocTepruka yayulleHna CXOAKMOCTH MOXeT OnTh
TpHMeHen Takke k npoueccy 3edinens. Kax 13sectno, npouece 3eitaens
AN crcTeMu (2) npeacTasageT co60H npouece HTEPAUHH AAA PABHO-
CHAbHON cHCcTeMB

x=0+ox

FA€ MaTpHua o, OAHO3RAUHO OnpeneaseTes uepes MaTpuuy o (en. ra Xi,
§ 3), a umenHo, ecau

o=B4C,

rae B— HuxHss TPeyroabhasg MaTpPHUA C HYyJeBOH nanaronanpio ¥ C—
BepXHAs TPeyroJbHas MATpuLa, TO

| =(E—B)-'C.

Hostomy, ecau B (m=1, 2, ...} —nocrezoBaTe 1bHbie NPROIRKEHIT
no 3elneno KopHA X cucTeMbl (2), TO MOXHO MOJOWHTH:

xNE(m) 'é(m.;.l)_g(m)’
L —py
rie |1y —HanGonbulee MO MOAYMO COOCTBEHHOC 3HAUCHHE MATPHUH O;.
OTMeTHM, 4TO CYUW{ECTBYIOT TAKMe H ApPYyrHe METOLb yJYyulIeHHs
CXOIHMMOCTH HTEPAUHOHHHIX NPOLECCOB M8 PEIIeHHs CHCTEM JRHCHHBIX
ypasueuu#, nanprmep, meton M. K. Canypuua [7], [8], meTox A. A, AGpa-
noza [9].

Jiuteparypa Kk ReeHaauartoii rnase

H Qangeesa, BouucauTeIbHBIE MeTOIu JHHelHoW anrebpel, [ocrex-
aat, M., 1950, ra. TJT.
M Feasodang Jlexunu no aunelinodl aaredpe, Man. 2, Tocrexuspar,
—J1, 1901, jpobasn [

N
3:: us}

3. A T. Kypou, Kypc suicuieii anreGpw, [octexnanar, M. —J1., 1946, ra. VI,

4. Taponvn Befinmens, [lpeacrassende BexOBOFO YPABHEHMS B BHAE MHO-
rounena, ¥MH II, sun. 4 (20) (1947), 126—158.

5. B. 2. MunH Ll.lc'xeunbm anaans, WJ, 1951, ra. [1.

6. JI. Al lwoctepHunk, Tpyae Marem. ui-ta uM. B. A. Crekaosa, 20 (1947),
cTp. 49.

7. M. K. Tasypun, [Ipiuveucune NoJMHOMOB HAHJIYYLIETO NMPHOAHKCHHA K
yggl:me&um CXOMMMOCTH HWTepaTHBHHIX mnpoueccos, ¥YMH, 5:3 (37) (1950),
156 — 160,

8 M. C. Bepesnn n H. II. Xupgkos, Meroau suiyucaenuii, ®usMaTrns,
1959, 1. 2, ra. VIIL.

9 O K. dagneesu B. H. ®apgpeesa, BuudcidTeNbHbie METOAR AUHeAHOI
anre6pnl, Pusmarrus, 1960, ra, 1X.



FTJTABA XIII

NMPUBJIUXKEHHOE PEIIEHUE CUCTEM HEJIUHEHHBLIX
YPABHEHUIA

§ 1. Meron HeloToHa
Paccmotpum, BooGuie ropops, HeAHHeAHYIO CHCTEMY ypasHeHHi

fl(xly Koy veey xn)=0,
f2(x1) Koy eeoey xn)= , (1)

¢ XeflCTBHTEIbHEIMH JIEBLIMH YaCTAMH. _
3annuiem xopoue cuctemy (1). COBOKYNMHOCTb aprymMeHToB X,

X3, +.., X, MOXHO DPacCMaTPHBAThL KAk 7i-MepHHH BEKTOD

X1

Xn

AHanoru4no CoBOKynHoCTh Qyukund fi, fo, ..., f, NIpeAcTaBasger coboh
TaKxe 7-MepHHH BEKTODP (6exTop-QyHKyuro)

f
L |
=
Lt
[TostoMy cuctema (1) KpaTKO 3amUCHBAeTCH TaK?
f(x)=0. (1

Ins peurenns cucrems (1°) GyaeM Moab30BATHCS METOAOM IIOCAENO0-
BaTeNbHHX TPHOJHXEHHUM.
[Ipeanonoxkns, 4To HalneHno p-e NPUOAHKEHHS

() (p) (r) (p)
X :(xlxe y esey Xn
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ONHOro M3 M30MHPOBAHHHIX KOPHEH X = (X;, X5y ..., X,} BEKTOPHOrO
ypaBueuns (1°), Toraa Touumit kopenb ypaBHeHus (17) MOXHO npencTa-
BHTb B BHJE

x=xP ] P, (2)
raee?® = (e, e, ..., e{"") —nonpaBka (morpemuocTh KOPH).
IMoacrasaas Bupaxeuue (2) B ypasnenue (1'), GyxeM HMeTb:

FlaP +P) =0, 3)

Mpexnonaras, 4ro ¢yukuus f(x) HenpepniBHo Auddepernupyema
B HEKOTOPOH BHNYK/JOH ofnacTH, codepxauwelt x u x'P, pas3nowum
NeBYI0 YacTh ypaBHenus (3) no crenensM manoro sektopa &%), orpanu-
YHBASICh JIHHEHHHIMH YJEHAMH,

f(x(ﬂ) + 8(17)) =f(le)) +f' (x(P)) e =0 (4)
HJIH, B Pa3BepHyTOM BHIE,
fi (x(lp) + 8(1‘7), *P aép), e %P + ezp))=
=/, (60, 27 ) e, (B0, 10, 2P e
+f1x,(x;p), x(zp)’ s, xf]p)) 8(2p) NI
o fi (2P, 1D, L 2P e =0,
fz(x(lp)+8(lp)y x(zp)_i_a(zm, e xs}p) +szp)) -
=f2(x(1p), x;p)’ ey xflp))+f’2x1(x(lp)’ x;m’ cers xf,p)) 8(1p)+
Fo 0, 50, o ) 60 @)
o F (O, XD, L 1P e =0,

fn(x(lp) + 8(1p), x;ﬁ) + 8(2‘7), e, xflp) 1 Eflp)) —_
=f"(x(1p), x;ﬂ)’ e xf.p))-l—flnxl(x(lm, x;p)’ cees xﬁlp))e(lp)_i_

+ (2P, L )P+ L
o fan, (2, 22, o, xP) e =0

Ha dopmyn (4) u (4') BuTeKaeT, 4TO noa MpousBOXHOH f (x) che-
JyeT NOHWMAaTb MmaTpuyy Sxobu cuctembl GyHKUHH fl, Jor eeny S

OTHOCHTE/NLHO NMEPEMEHHBIX Xy, Xy, «..y X, T. €.
[ iyl

Ox; Oxy ° 7 T Ox,

, Oy Oa, , .9
S () =W(x)=|0x, 0z 0%y |

fn Ofs f

Oxy Oxg ~ ' " 0x,
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WK B XpaTKOR samucH
£ (%) =W (x) = [‘”] U j=1,2, ..., n).
1

Cucrenma (4') npenctaBaser co6oit AnuefHy10 CHCTEMY OTHOCHTEJIBHO

nonpasox & (i=1, 2, ..., ny ¢ matpuued W (x), nostomy ¢op-
myna (4) moxcer ObLITbL 3anHCaHa B CACAVIOILEM BHAE:

F(XP) A W (x) gD =0,

Orciona, npeanoaaras, 4ro Marpuua W (x*”’) —neocoGeHnas, noay-
M
e = — W (x'P) f (x'P),
CienoBaTensHo,

x(P+l)=x(P)__W—1(x(p))f(x(ﬁ)) (p:O, 1’ 2, ) (5)

(mer0d HewTona).

3a nyneroe npubammenne x'@ MOwHO B3ATH rPpy6oe 3HAUCHUE HCKO-
MOTO KOpH{.

Mpumep 1. [Npubanxento HaliTH NONOWHTE/IbHEE PELLEHHS CHCTEME
ypastcunft (cp. ra. 1V, § 9)

Si(%g, xz)_Ex1+3lgx1_’x§=0. } (6)
fo (X %) =2%7— x,%,—5x, 4+ 1=0.

Pewenne. Kpusbe, onpepensemme cucremoii (6), epeceKHIOTCﬂ

(
npu6ausuTensio B toukax M, (1,4;—1,8) n M,(3,4; 2,2). Hcxoas
N3 HAYaJbHOTO NPHOHKEHH

o _ [3.4
* _[2,2 ;

BLIUHC/IM BTOPHE MPUGAHMKEHH KOPHEH, NPON3RO/A BHYHCAEHHS C TOU-
HOCTBIO A0 4YeThpex AecATHYHBIX 3HaikoB. [lonaras

Flo=[pim o],

2 (xyy xg),
nMeeM:
Flao) = [34+31g8.4—2,2" [ 0,154
—12.3,4*—3,4.2,2—5-3,44+-1]| ~ | —0,3600 *
CocraBum tenepn matpuily fkobu
o] [
W(x): *1 xAz — 1

9y ’

Ox; Ox, LAxy—x,—5 —ux;
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rae M=0,43429. Orciona

3.0,43429
w/(xm)):[l'l‘ 34 —2.-2,2:|=[1,3832 —4,4]’

4-3,4 —2,2—5 —3,4 64 —3,4
apuueM

A=det W (x'0)==23,4571.
Cnrenosatensno, Matpuua W (x') — neocoGennan, Cocrasum ofpar-

HYI0 el maTpHuy
1[—3,4 4,4
-1 0N —— = ’ ’
W= (x%) =3 [— 6,4 1,3832]'

Hcnonssys dopmyny (5), noaydum:
o _[34]__ 1 34 4,4 0,15447 _
2,2 23,4571 1,3832 | [ —0,3600
__[3.4 1 —2,10896 3,4 + 0,08997 _ 3,4899]
12,2 23,4571 | — 1,48504 2,2 0,0633] — [2,2633]°

Ananoruino naxonsTcn AadpHefuine npubamKeHus. PeayabTaTu Buls
YuCACHHH npuBesens B Tabanue 32. '

Ta6anuna 32
Nocnezosareabunie npubaHHeHUs KopHel cHcTeMu (6)

i } % ’ 8, =Ax X g, =AX,
0 3,4 0,0899 2,2 0,0633
1 3,4899 —0,0008 2,2633 —0,0012
2 3,4891 —0,0016 2,2621 — 0,0005
3 3,4875 2,2616

OcrtanapauBasnch na npubanxkenun x'®, 6ynem HMeTh:

X, =3,4875; x,=2,2616,
fnpH4en

£ = [0

MMpumep 2. Metonom HbioToOHA 1pubAMKEHIO HARTH HOJ0KUT ML
110€ peuIcHHe CHCTeMh YypaBHeHHH

x4y t2i=1, )
2x% - y* — 42 =0,
3x%2 —4y 2=
HCXOA H3 HAUA/NABHOTO MmpHOMMKeHus

Xo=Y,=2,=0,5.
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Peweunne. Hmeem:

tyitei—1
f(x)=[2x2+y”-—4z ]
Bx2— 4y 2

0,25+0,2540,95 — 1 —0,%5
F(x®) = 0,5040,25 — 2,00 =[-1,2%1.
0,75 — 2,004-0,25 - 1,00

Orciona

CocraBuM MaTpuuy fkobu

2% 2y 22
W(x)=[4x 2y —4].

6x —4 22
Viveem
1 1 ]
W(x‘“’)=[2 1 —4:\
3 —4 1
H
1 1 1
det W(x"=1|2 1 —4|=—140,
3 —4 1
Haxonuw o6patnyio matpuny
—15 =5 —=5] [ 3 1 1|
’? 8 0 ®
- 1 7 1 3
w 1(-":(0))=___m — 14 =2 35 55 —3 .
‘ i1 7 i
— 11 | 40 I TV RN T

Mo dopmyne (D) monyuaem mepBoe mpuGaumenue

x(l) = x(O) W—] (x(O))f(x(O)) —

los] |3 1 17]]-02]
8§ ¥ 3B
7 1 -3
5| — A1 =8 g5 |=
=|0.® W W W
1 =7 1
_0,5_ | 40 40 40 —1,00

0,5 0,375 0,8751
=|05|4+| o =|0,500].
0,5

—0,125 0,375 ]
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Hanee Buuncnsem Bropoe npubamxenne x¥, Mmeen: -

0,8752 40,5002 40,3752 — 1 0,15625
f(x”))_ 2.0,87524-0,5002 — 4.0, 375

0,28125
30,8752 —4.0,500--0,3752 0,43750
14
2.0,875  2.0,500  2.0,375
W {x'D) = [40875 2.0,500 —4 ]:
6.0,875 —4 2.0,375
1,750 1 0,750
=[3,500 1 —4 ]
5,250  —4& 0,750
Orcona :
1,750 1 0,750
det W (x'V) =13,500 1 —4 | =
5,250  —4 0,750
1,750 1 0,730
1,750 0 —4,750|=— 64,75
12,250 0 3,750
u
| [—15.2 — 3,75 —4,75
W‘l(x‘”)=—64—75|:—-23,625 — 2,6250 9,625}.
U L—19,25 12,25 —1,75

Hcnonssys dopmyny (5), noayvaem:
X = gD 1 (D) f (kD) =

0,875 1 — 15,25 —3,75 — 4,75 0,15625
=[O,SOO]+W — 23,625 — 2,6250 9,625 1] 0,28125 [ =

0,375 — 19,25 12,25 —1,75 0,43750
0,875 0,08519 0,78984
=10,500 }— [ 0,00338 | =] 0,49662 .
0,375 0,00507 0,36993

Ana/orHYnO HAXOAATCA HaabHeHwHe NPUGAHKEHAN:

0,78521 0,00001
X9 = [0,49662] , flx¥) = [0,00004]
0,36992 0,00005
unT. IO

OI‘p_aHH‘iHBaﬂCb TpEeTbUM l']pH6.’[HH(eHH6M, NOJYyUHM:

x=0,7852; y=0,4966; z=0,3699,
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§ 2. O6uxe 3ameuarnsd O CXOAUMOCTH Hpouecca HoloTora

B § 1 6uin aan dopmanbubii acnekT MeToAa Heotona. Ycnosus cxo-
IUMOCTH STOTO MeTOAa Nt CHCTeMul HCCael0BaHu Buanepcom, Crenn-
HeM, Octposckuy, KKantoposuuen u ap. Huwxe usnaraercs 4acTHH cay-
uait teopems JI. B. Kantoposuuya (reopema 1) [1] o cxommmoctu npo-
necca HbloTOHA B PYHKUHOHANBHEX MPOCTPAHCTBAX NPHMEHHTENBHO
K KOHEUHBIM CHCTEMaM HenuHeHHLX ypaBHenul, npHuer AN8 NpoCTOTH
paccyxaennit Hcnoab3ywoics Gosee rpy6oie ouenxu, Caenys JI. B, lau-
TOPOBHYY, YCTAH4BNHBAEM TaKwe GHCTPOTY CXOAHMOCTH npouecca Hew-
TOHA, €IHHCTBEHHOCTb KOPHH CHCTEMB H YCTOWYMBOCTBH Npolecca no
OTHOLIEHIIO K BHIGOPY HauaabHOrO npuosumxeHns (Teopemn 2 —4). Kak
uacrHuf cayyail monyvaetcs Teopema Octposekoro [2] o cxounmMocTh
npouecca HelotoHa ans ypabssiens ¢ ananutiHuecKol KOMINEKCHOHN npa-
BOHl 4acThsIO.

B nansnefiirem copokynnoctn Qyskuuil 6ynert yaobiuo paccMaTpuBaTh
KaK  8eKTOp-hyHKuuio wau marpusnyo (pyakyuro. HOas obnerdenis
H3M0MeHHA OOO0OILAM TMOHATHE NPOM3BOAHOH HA 3TH Ciyyad.

Oyerp x=(xy, ..., x,) ¥

[i(x)
f(x) = . ]
falx)

rne f;€CY (i=1,2, ..., n).

Onpenenenne 1, [Ton nponssosHoit f£(x) monnMaeTca MaTpuua
flicobn cuetempl Gynkun#t f; (i=1,...,7) N0 népeMeHHEM Xy, ..., X
T. c.

Fo=[ 5] (1)

Martpuunyo ¢yurunmo

fule).. fi(x)
F(x)—.—_ e e e .
frnr(%) .o fnp(X)

MO¥HO paccMaTpHBaTh KaK COBOKYMHOCTb /i BeKTOD-(yHKUMiT

fa(x) p‘u(x) ~
Fix)=| . | .. Fu=| 1
[nl(:‘ ) = El..'r(-x)J

Tlostomy noa npon3soasol F'(x) ecTECTBEHHO MOHMMATh COBOKYMHOCTh

F'(x)=[F\(x) ... Fy(x)],
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rie
I, ,, P
. ox ‘' ox,
Fx)y=| ... "
Int ., .‘9f_nk
...dxl Oxn_x

—mMatpunn flxobn (k=1, 2,..., r)
Onpenenenune 2, Ecam F( = [f;{(X)] — pynkunonansuas ma-
TpHUA THNA nAXr w fi(x) ECY, 1

F'(x)=[F'(x)], (2)

rie

. 3 _
Fo(x) == [aifl"] (i, j=1,2,..., m; k=1, 2,..., n.

B uwacTHoCTH, ecau BekTOp-yHxuna flx)==|f,(x)] Taxosa, yTo
filx) €C®, 10 :
Frx)=1Wyx)... W, (x)],

rae

52
Wk(x):[ajk(é{\:/] (=1, 2,..., n).

B atom naparpade ans OUEHKH MaTPUi Mu OyaeM noJb30BaThes
m-nopmodt (ra, VI, §7), npuuem 2HauoK m Aad KPaTKOCTH ONycKaeTcs,
a HMEHHO:

ol = max | fi(x) |5

’ c ai )
If (x)||=me;x2 0
i=1

’

\n'r n.

dzf,(x)

2 _— 1 — 1
I (o)l = max || W)l mgx }_ s, | |

Ananoruyso

l|F(x)]| = max Z | f. A0

|1F'(x)}] = max Z }afu(x) ¥,

Li k=1

*) Tak Kak, oueBHAHO, Ins1 Ni0GOH KCHEUHOHN COBOKYMHOCTH 4HCes {a,-,-}
uMeen:

max (max a,-j) =max a;
‘ / 4
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IIpenBapuTenbHO BHIBELEM HECKOJLKO OLEHOK I/ m-HOPM pa3HocTelt
3HayeHNH# MaTpHuHbLIX PyHKunH, aHanoOrnuHbX QOPMyNe KOHEUHOTO NpH-
palieHns, KOTOpre OKaXyTcsd MOJNe3HBIMH B JanbHelmeM (cp. [1]).

Jlemma 1, Ecau '

F(x)=[f;;(x)] (nXxr),

ede fi;(x) HenpepoigHbl GMECTE CO CEOUMU HYACTHLLMU NPOUIEOOHBLML
nepgoeo nopadxa 8 seoinyxkaod obaacTu, cofeprcawjell TouKu X U
x+Ax, 10

IF (x+ Ax) — F ()| rllax]l - [F' (B)I, (3)

20e E=x-1+0Ax, 0<CO<1 u HOpma Mmarpuy nOHUMQETCA B8 CMbi-
cae m-HOpMbL.
HoxazateabcTBO. [lpumenss dopuyny Tefinopa, nomyunm:

0fi; (&
Flx+t Ax)——F(x)=[f,-,(x+Ax)—f,~;(x)]=[ LT k]
k=1
ree &, =x+0,4x, 00, <1 i=1,2,...,m j=12,..., 1
Orciona, ¢ukcupys X H x4 Ax, GyieM uMeTb:

WF(x+ Ax) — F(x)|| =
0f./ (E;;)

xk\

maxzz ’ah/ (glj)( | Ary ) <

j=1k=1

max | A% |- Z max Z ‘ fgx(f")

_rHAmeaxZ ’

aflj (Euj)

Tak kak uucao nmap (f, j) koneuHo, To Ha#aeTca nmapa (p, q) Takas,
4710

=|lF" (&),

max
4

rie §=§,,

Takum o6pasoM
F(x+ Ax)— F ()<< rllax]l |F (&),

afl/(glj)\ Z ’aqu (§p7)

af!j(gpq)
0xk 0xk

‘/kl

470 B TpeboBajsoOCh AOKA3aTh.
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Canepncreue 1. Ecan
Th ()T
flx)=

s ix)_
f(x+ ax)—~fFll < liaxli-If @&l,

rie E=x+0Ax 0 0<0 <1,
3necy r=1.
Cacncreue 2. Mpa f(x) €C? mueem:

I (2 +ax)—F < allaxl] 1f @)l

rie E=x+0Ax 1 00 <L,
Jlemvma 2. Ecau

Th ()7
: ecw

L (0l

Jx)=

8 soinykaol obaactu, colepxwawed Touku X 4 X+ Ax, 10
. ” 1 ; ”
If (€4 ax)—fF(x) —f (£) Axll <z zlax]®-Ilf" B,

20e E=x+0Ax u 0O <1,

459

(4)

Hokasateasnctro. Vicnonb3ysa asyunennyio dopmyay Tefinopa,

noJyyaem:
IIf (x -+ Aax) —f (x) —f (%) A xl| =

=|[f; (x +ax) —f; (x)—df; (x)]ll =
- 1 [ 3% (81) Axy Axy | <

7 axfaxk
P
1 3 (&)
=37 [2|Ax1|2‘ axl/axlk || Axe l” <
i k
_l af‘ l
=< 2m‘;1x|Ax/| .m2x| Axy| - 6x/6xk ”
_1 9% (&)
—glleWHEz 0x; 0k, J“’
7 &

rze &, =x+40;Ax, 0<0; <1,
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Tak xak
3% (§)) i (81 ‘ .
Z 0x;dx;, “}f‘,"z Ay x|

Ialp(gp) Iafl p) ”
Z e max2|_ax/ax =1If" G

TO H3 HepaBeHCTBa (D), YUHTHIBAR CMLICJH HOPMHI, OAyuaem:

1f (2 + Ax)—f (£) — £ (%) dxll < (1612 (117 ()] =

= llaxl2 1LF” @)1,
rie §=§,=x+06Ax n 0<O<,

§ 3*. CymecTBoBaHHe KOPHEH CHCTEMB! H CXGIMMOCTh
npouecca HolotoHa

Teopewma 1. MTycte dana neiunednas cucTema arcebpanveckux
UL TpaHcyenOexTHbIX  ypasHeHull ¢ OelicTeuTenbHbIMU — KOSPhu-
YuenTamu

flx)=0, (1)
ede BeKkTOp-QyHKYUA '
h (g, e .,x,,)1
f(x)—_— e e J

fn xl’ . ',Xﬂ)

onpedeieHa U HENpepuiBHa, GMecTe CO CEOWMU HACTHOLMU RpOU3sod-
KOLMIL NePGO20 W BTOI020 NOpAAKOE, 8 HEKOTOPOL obaacTu , T. €.

f (%) €C® (w).

Honoxum, uro X© ecto TOUKQ,  Aeawas 6 w emecTe co csoell
3aMKHYTOU FE£-0K[eCTHOCTbIO:

Ugg () ={llx—x2<H}co

2de Hopm@ nowumaeTcs € cmeicae m-nopmet*) (cm. ra. VI, § 7),
rputes BbUOAHEHb! CAeGYIOUWuUe YCAOBIUSL:

*) To ecTb ecan A =[q;;), TO

14N =11 alln=max 3 |al.

i
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df;

1) marpuya Slkobu W(.ar):[W
7

] npu X =X umeer obpar-
nywo Ty= W-1{x'?), 2de

Tl < Ag™);
\|1‘of<x<°>)u <B<Z,

>Z

npu i, j=1, 2, ..., nu x € Ug(x®);
4) nocroannvie Ay, By, u C ydosaeTgopsiorT HepaBeHcTsY
e =2nA,B,C< 1. (2)

i (x) |
0x/0xk

Tozda npoyecc HowoTona
x(}"‘l‘l) =x(}7)_ W-l(x(P))f(x(P)) (3)

(p=0, 1, 2, ...) npu wravarerom npubruscenuu X'¥ cxodurca u
npedeasHbli 8eKTOp
x*= llm x(P)

P>
ecTb peiuenue cuctemst (1) taxce, uro
l* — x| < 2B, << F7.
JdoxasaTtenncrpo. Beemem obosnauenuns
hp — ||x‘P+“—x‘P’H — m2x| x;€p+1) _x(bp) [’
r,= W-1(x®) (p=0, 1, 2, ...)
U3 dopuynsr (3) umeem:
h,= T, f(xP).

Ucxoast u3 ycaoBufi 1)—4), nonyuyduM OIL€HKH HAS BEAHYHH I‘p "

T, f (&P,

PaccmoTpum cHavana cnydalh p=1. Hcnons3ays ycuoBue 2), .umees

hy = |69 — £ O = [| W7 (£O) f (x| < By < Ly
* “(x107 -1 (5® A
) Hunmu cnosamu, ecan W (x'%)=[a;], 10 Fi=W"1 (£ = + |

rae A;;— anreGpauyeckne RONONHEHHH 9JlenedTOB a;; u A =det [g;;] u, caelo-
pare’nio,

lITg il =max - lAi };IA/‘
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¢aea0BaTenbio,
hy < B,y
H _
Ugg (x'0) < Ugg(x).
2

Has ouenkn I'j=W-1(x"), Bocnonb30BABUICH COOTHOMIEHHEM
(AB)"1=B~14~1 npencTaBHM 3Ty BEJHYHHY B BHIE

I =[W(x®)-T,W (D)t =[T,W (x")]7*-T,. (4)
YuyutpiBas ycioeue 1) TeopeMel, umeeM:
IE—ToW ()]l ==1T'g [W (V) — W (xV)]]} <
SITlHIW (1) — W (x D) << A | W (£Y) — W (£ O)].

Tak kax ua ycnosms 3) BHTeKaer, 4TO

" _ “ azfi (x)
1" ()l = ma ij e <c

TO B CHAY ClexcTBHSt 2 k semMe 1 nmosayyaem:

W (x D) — W(x )| = | f" (x2)—Ff" (x9)]| < n|xP — 2O C < nB,C;
[O3TOMY
| E—ToW (x0)| < n4,B,C=He < 1.
CneaxoBatensno (ria. VI, § 10, Teopema 5, cnenctsue), CyecTByeT
ofpaTHas MaTpuua

[ToW (xM) 1= {E—(E—T,W(xV)}"!
npuyeM, Tak kak || Ef=|E|,=1, TO
IF W ()7 < —— < 2. )
2

Tenepb H3 QopMyan (4) BHBOLHM:
T <D W ()T Nl | <24 =4, (6)
Hanee, u3 dopmyan (3) caeayert:
F(x9+F) (x9) (xD — x0) =0,
Orciona Ha OCHOBAHHH NeMMH 2 6yIeM HMETh:

ILF () [ = IF (2P) —F (x'9) f (x) (P —x9) || <

< gl 2V — X0 [ £ (8) || < 5

3 ’ZB?)C,
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rae
%=x(0)+9(x(1)_x(0)) " 0 <e < 1_
TostoMy, yuutweas uepasesctBo (6), monyumum:

IT f (D) I HTL N ILF (D) | <<
<24, 4 nBIC=nABC= 5 1By =By ()

Urak, nns toukn xV mum uMeem:
U gg(x) CU% (*")cw
H, KpPOME& TOrO, :
Tyl =<4y by =T f (M) | < By

rne
A =24,

1
B = 5 HoBy < %.
OTciona nonyyaem:

u, =2rA,B,C=2n.24, -—uOB C=p,-2nA,B,C=pl<1. (8)

CienoBaTebHO, MK CHOBAa HAXOLMMCSl B YCJAOBHAX TEOPEMH C TOH
TOAbKO pasunuedt, uTo BMecTo oxpectnocTH Ugy (x'®) mmeem okpect-
HOCTh Uﬁ (x'0), BAOWEHHYID B MEPBYIO.

HOBTOpﬂH ananoruuHbe paccymzxenuﬂ MH YCTAHOBHM, YTO MOCAENO-
BaTeabHue npubGankenns X7 (p=1,2, .,.) HMEIOT CMHCJ U TaKOBH,
4TO

U% (x‘“’):U?(x‘l’): e :U?{ (xM>o...,

npuueM
IT =1 W x?) <A,
N0, F () =l xP*P =% P B,

rae noctosHHne A, H B, cBA3aHH MeKLY COGOR PeKypPPEHTHHIMH COOT-
HOWEHUSAMHU

A,=24,_,

1 9
By=gtp-1B,-

p,=224,8,C (p=1,2, ...). (10)
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[okaxeM, 4TO AA% NOCAEAOBATENBHOCTH npubaMkenrit XV (p=0,
1, 2, ...) sunoaneu kpurepuit Kowwn (ra, VII, § 9). Hehcreutensto,
upu g >0 nmeem:

xPto e U% (x'PY),
2p
[Tostomy

|0 — x| <Z <o,

ecmt p> N u g> 0, yto sksusatentHo kputepuio Kowwu. OTcwona
c/lenyeT, 4TO CyUIecTBYeT

lim £7 = x* ¢ Uy (x0),

prw

Y6ennmcs renepp, u4To X* ecTp pemenne cucrems (1). HUs coornos
uicnus (3) umeem:

f(x(P))+ W(xtpl) (x<P+1)_,x(P))=0'

[epexoasn B 3TOM paBeHcTBE K APERENy NPU p—= 00 H YYUTHIBAA, UTO
pU 3ITOM.

x(ﬂ+1) —xP 0,

a Tarke, yto W (x'P) nenpepnBHA H OrpatnuyeHa B Uyzf ('), 6yaen
HMETb!

lim £ (£7) = 0.

P>

Orciona B ciay nenpephisnocTh Gyuxuuu f(Xx) moayuus;

f( lim x’-‘”) =f(x*)=0,

p>®

T. e. x* ec7b peuwenne cucrems (1), Kpome roro,

@®
| x% — %9 || = E [xP+D — g <<
p=0

8

<DE=0”x‘P+1)_x(P> fl <L3p<30+70+.._=230<y{_

p=0

Teopema n0Ka3aHa MOAHOCTHIO.
3ameyanne 1. Bean f(x) €C? (0) n B o6nacty @ cucrema (1)
H¥eeT npocToe pemenue X¥, T, e, Takoe, 4TO

F &) =0, f' (£%) =W (x*) 0,

To aaf Kawaofl Touku x'O, nocratouno 6am3koil Kk X%, yCa0BHA Teo-
pesw .1, 0ueBHAHO, GyAyT BHIIOJHE HbI,
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Ilns npoBepxu ycJAoBHS 2) MOJNE3HO OTMETHTH, MTO 5, HaeT OUEHKY
PacXoXAeHHA HayalbHOTO M mepBOro mpHGAmxeun# npouecca HoioTona:

ITo F (O =l P =2 < By,

M TMO3TOMY 3TO HEPaBEHCTBO Jerko MOXET OHTb NPOBEPEHO, KaK TOJIbKO
Gymet Hattaefio mpubankenne x.

3amevanne 2. AHanoruuHsie GOPMyAHPOBKH A% TEOPEMH CXOAH-
MOCTH MOy4a10TCs, €CAH BMECTO HOPMU ||A || , Heno1b30BaTh HOpMH ||Al},
uan || A |f,.

§ 4*. BuicTpoTta cxonumoctd mpouecca Hootoua
Teopema 2. Ecau sewnoanenst ycaosun 1) —4) reopemss 1 u3 § 3,

) —_—
T0 048 nociedosaresvrnix npubauxcenud x7 (p=0, 1, 2, ...) cnpa-
6e0AUB0 HepaseHrTs80

et =20 < () 7B,

20e x* — pewenue cucteme 4 W, onpedeaserca gopanyrod (2) uz § 3.
DokasatenbcTso. Mcuonbays cootourenus (9) u (10) u3 § 3,
HMeCeM:

1
B, =20A,B,C=2n"24, 1 + 5ty B, - C=

=Wy 204, B, C= o1
Orcropa noay4aem

”1:“’3’ 1
ﬁ2=pf=ug, ? (n
Pp—__ugp' J
Hanee,
1 1 Pt
BP=7L'P—IBP—1 ='§'ng Bp—l'
[Mostomy
1 p=1 1 -z 1 [
Bp=7ll§ . 7u§p ...711,3 By =
:(_;_)Plpgv—l+gp—z+...+130:(%)Puzﬂ—lBo. (.2)
Tak xax

“ x(ﬂ+1)__xm) H < pr
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TO npu ¢ > 1 umeem:
" x(PH])_x(P) ” < ” x(P+l)_x(P) ” ‘I‘

41 X! PFa _ pP+D 14 ... 41 £PHD _ g (PFI-D <
<BP+BP+1+ e +Bp+q—1=

1\r 2P-1B p+1 2P+!_IB 1 \p+tg=1 2p+q—1_15
(2) (2]) ot (2)
1\r 2oy l 1 ab d=1 P (29=1w1 |
_—-(._) Uo B 1+—'“0 +_'.+(_l-) “’0( ) s

OTcrona, YYHTHIBAsdA, 4TO P’o< 1, noJayyaem:
n x(F'l-Q)_x(P) “ <

1 - 1 1\e- I \p=1 -
< (7)”“3” 1B, [1 toto.t (?)" 1] < (—2—) w18,
[Tepexons k npemeay npu g —— 00, OKOHYATEJBHO HAXOMMM:

| x* — x| < (—;—)p_l“?)p_lBO < (%)9“39-1:%’
rIe

o =2nA,B,C< 1.

Takum o6pasom, npn 1, < 1 cxopumocts nponecca Hoiotona —cpepx-
6ucTpas, B yactHocTH, npy p=0 GyneM uMeTh:

lx* =% <28, < .

§ 5*. EnuncTsenHoCTh peweHus

Teopema 8. [pu wnasusuu ycaosud 1)—4) reopemst | uz § 3
8 obaacrtu
| x—x'"] < 2B, (n

codepaxcurca edurcreennoe pewerue cucrexmst (1) (§ 3).

HDokasateabctBo. [lyerh, kpome pemenns x* cucremuw (1)
u3 § 3, onpenpensemoro nmpoueccoM HewTona, MMeeTcs Apyroe petme-
HHe x** 3Toll cHCTeMw Takoe, 4TO

| 2% — x| < 2B, @)

[Mocnenoratenvine npubanxenns xP (p=0, 1,2, ,..) npouecca
HoloToHa coaepxarca B OKPecTHOCTH (1) M yNOBJAETBOPHRIOT YCAOBHIO
/- (x(P)) + WP (x(F+l)_x(P)) =0,

roe
W,= W (x'P),
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Orcioza, yyuTHBas, YTO

flx**)=0,

Hoay4aem:;
Wp(x(p+1)_x**) =f(x*’k) _f(x(p))_Wp(x**_x(P))
H, C/I€10BATEAbHO,
x(F+1)_x**=I‘P [f(x**)—f(x"”)—WP (x** — x'P)],
Tae
r,= w,t.
Tlpou3soas OueHKY MO Hopme, OyleM HMeTh:
[l %% — PO Ty 1| 1F (6%%) —F (67) — W, (£** = 2P,
Cornacno o6osnadeHusam § 3 (cu. Teopemy 1)

T, <4,
Tpumenss aemMmy 2 n3 § 2, noayunM HepaBeHCTRO

“f(x**)__f(x(l’))__W’p(x**_x””) ug%rzcnx**—x"”llz.
rae nocrosunas C onpencnresa u3 ycaosus 3) teopemul 1, [loatomy
27 —x P <L rA,Clx* —x P2 (p=0, 1,2, ...). B

[Monaras p=10 B HepasencTee (3) M HCNOAB3Yys HepaseHCTBO (2),
MO/ y4HM:

et —xP << ——IZA oCll x** — x9 |2 <L 2n4,B:C,

HJIH, BBOAS 4YHCJAQ, ONpEAe]seMbI€ COOTHOILIEHHAMH

up=2rzAPBpC,
| (=0, 1,2 ..., )
Bpii=7gHpB,p
HaxoauMm
| %% — x| < poB, = 2B,. (9)
Ananornuso npu p=1 u3z dopuya (3), (5) u (4) BuBOLHM:
| — x| < —le (Cllx** —xV |2 < 2nA,B}C =, B, = 2B,.
Boo6ute,
| x**—xP || <28, (p=0, 1,2 ...). (6)

Tak xax Ha ocnoBanun Qopymyas (2) u3 § 4 senuunna B, — 0 npu
p— 00, TO, Mepexoas K mnpeneny B HepaBeHcTse (6), 6)’2161\1 HMETD:

x** = lim x(p):x*,

p—>®

T. €, peurenne cHcTeMH (1) B o6nactu || x—x'9 || << 2B, eauHCTBEHHO,



468 nNPUBAMWENHOER PEIIENHE CHCTEM HEAHHEAHMLIX YPABHEAWH [ri, X
3ameyanune. Ecan obnacte Ugy (x'%), Takoea, 410
2 B, <%
- Yo == )
o
TO B8 pacmupeHHoft ob6nactu (1)

| x—x0 < Hi B, (7)

He uMeeTCs ApPYIHX pemiennit cuctemm (1), xpove x*,

Jedicrsitenbno, npeanonaras, yToB o6aactu (7) HaXOOHTCH pelle-
Hue x** crucremn (1) (§ 3) ¥ noBTOPAS pacCymAEHHS TEODPEMbl, Mbl
[OY4YHM HepaBeHCTBO BHAA (3)

1
H XE* _x(P+1) || <_2_ TZAPC ” xF* _x(P) ”2’

rae x'P (p=0, 1, 2, ...)—nocnenoBarejbHue NPHOAHIKEHHS NpO-
uecca HepioToHa ¢ Havaabuny upnbamxennedm x'?, Otciona, Tak Kak

2
™ — 20| < - B,

TO, HCNIOAL3YA YHCAAZ up+1=u§, nocae0B8aTe/IbHO HMeEEM:

1607 — £ || < 5 nd,C — By =
Ko
' 1 ] 2 2
=2n4,8,C 2 0=E‘Bo=—?31=EBv
[ ]
i 4 1 2
|| X% — x'2 || <§ﬂA1C- 75f=2”f4131c'“2—!~l131'—3—=
By |2
a2 2 2
== .B‘,. = B = —
P’l 2 l.: f 2 tig 2
nT. oA
BooGuie,
2
et =PSB, (p=0, 12, ..,
Tax xak
1
Bp=—2—pp—pr-—1
1]
2
“’pzuﬂ—h
TO
Br 1 Bp _<l)”_ By (8)
Up T2 Wp_1 T2 ity °

TMocaeaHee COOTHOWIEHHE MOMHO TAKME HEIOCPEALCTBEHHO NOJYYHTHL U3
dopmya (1) u (2) (§ 4).
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Taxum obpasom,
nerr—x2 1< (5)

ChrenosatebHo,

p_lé}l (on, l» 21 ---)~
Ko .

2% = lim xP = x*,

P

4YTO B TpeGoBaIOCH AOKA3ATD.

§ 6% YcToiuusocTb CXONUMOCTH upouecca HoioTona
npd BAPLUPOBAHUE HAYAJAbHOrO UPHOMMMEHNS

Teopema 4. Ecau 8ulnoAHEHbL YCAOBUA 1) —4) reopemu 1 u3
§3u

2 B, <,
Yo

2de p,=2n4,B,C <1, ro npoyecc Hoorona cxodurca &  edusn-
CTBEHHOMY pelienuo X* cucrembl
(1) (§3) 8 ocrosrold obaactd L1 77’77;»/\
(0) ol ™~ KN
| x—x901<2B, npu awbOM L L
86160pe HOUAALHO20 NPUBAUNEHU.

X0 y3 obaactu N, L1
P ></ \\
’(01 {0)
20— x| <= o Do (1) ozt
VL PALT
,U,OKa3aTeszCTBO.HoaHa- Lo
JIOTHH C BBEICHHBIMH BHUE 0603HA-
YEHHSIMH N Y
\ \\\__,—//
N ] |4+

Wy=W(x" u [,=W;"'
BeeneM 0003HAYSHUS

W,=W(x'® u I'y = (W,)"L

IToxawxem, uto B Touke X' Gyayr BLINONHEHH YCJOBH:, aHano-
ruynpie ycaosuam 1) —4) teopems 1.
Mcnonpsys 06030a4enns 1 METOA A0KA43aTeNbCTBA TCOPEMH 1, nmeen;

Il E—ToWoll =11 T (W, — Wo) || <
ST Wo—Wo | < ApnCl X0 — X9,
Orcioaa, yynTeBag Hepasenctso (1), moayumw

1
T

I E—DW, || < AnC By =15l <
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CnenosatencHo,
I CoWo) ™ =l [E—(E—=T, W' | <
1 1 4
T = E=T W < TR @
4

Mostomy cymectayer
FO = (FOWU)-]PO
"

1T BT Wo) ™ T | <y t= 4 (3)

Ilanee, BuBOIMM:
HDof (FNNNTG I F (") —F () —
=Wy (£ Q=) |+ Do f (£O) |+ 120 =20 <
< ACHE® = 2O |4 By [ 50— 20| <

1—2p,+p) —p,
Bt gt B=

1 —2u5+ )+ 16p, -+ 8—8p, (34 1o)?
= BO= BO'
1619 16,

1
<7{ 1oBo

OTciona, ucnonb3ys nepaBeHcTBO (2), uUMeem:

DO (27 9) | = || (T Wa)~1-To £ (") [|<<II (To W)~ || ]| Do f L")

4 (3+P-0) 34, o
<3+ Ko 16, Bo= 4 Bo=5. *

Ha ocroBaunn wepasencts (3 un (4) nonyuaem:

, , 44, 3+4p, 1
= A BI =] 2 . = _—
n =2nA’'B'C 2n3+“0 an B,C=2n4,B,C ™

Kpowme Toro,

2B 4 || x"O — x© ”<3+Ho O_I_l—'P-oB __Qﬂo

<

u, 3Ha‘{HT, H [0JA3BHO
23’<§°<%’.

TakuM oGpa3oM, B Touxke Xx'‘¥ NOJHOCTBHIO BEINOJHEHH YC/IOBHA Teo-
pembl 1, npuyem
Upp (x" ) Uy, (£ ) =Ugz (£) (5)
Ho
(puc. 58).
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[Toatomy mpouecc HeioTona

XPFD — P -—I‘;,f (%P,
rie
To=W1(x'?") (p=0, 1,2, ...),

CXOMMTCA K HEKOTOpoMy peumenuio Xx'* cucrevn (1) § 3, newamemy
B o6aacti Us,p (x'®). Ha ocwosannu cdopmyan (5)
x* €Ups, (x0).
Ho
Ho B cuny 3amMeyanusd ¥ TeopeMe 3 npeisiayiiero naparpada s o6aactu
Uch, (') uMeeTCs eNMHCTBEHHOE pDelleHME X* OCHOBHOH cH-

Mo
cremu (1), [loaromy
X =x*
H
x*= lim x"'P,
p-? -
yTOo M Tpe6GoBa/noOCh IOKA3aTh.

Bameyanne, Ecnu 2B, < F npg < 1, TO N4 HAaYanbHOro npubaH-
wenns x'9 Bcersa uMeeTCsi OKPEeCTHOCTD, J1106af TOYKA KOTOPOi MOXeT
OWTb NPHHATA 33 Hava/JbHOe NpuGaMieHHe nponecca HpioTona, cxons-
{IETOCS K HCKOMOMY pellieHnio X*, '

JelcTBUTENBHO, NYCTh

2B, <29By =3,
rae g > 1. [Tonaras
* 1
] Wo =max (P’O: ?) ’

0ONYYHM, YTO B CHAY TeopeM 1 U 4 mnq mo60ro HawanabHoro npuban-
wenus X0, ynosaeTBOpAOUIETO YCAOBHIO
x
T—p,
2u,

cooTBeTCTRYIOMHA npouecc HbwTona GyAeT CXOAHThCA K PELICHHIO X*
cucreMu (1)

“ x'(O) _x(o) " <

BO)

§ 7. Mopuduuuposanunit Meton Hsrotona
Ilpu nocrpoenun npouecca HbwoToHa
XPHD = (P W—l(x(}’))f(x(}’)) (P=O: 1, 2, “_) m

CYLLECTBEHHEIM HE Y LOGCTBOM ABISETCH HEOGXOAHMOCTD IS KAKAOrO Ward
HAHOBO BHIYUCAATD 06paTHylo MaTpuny W1 (x¢P), Ecnn matpuna W 1(x)
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HCOPEPHRHA B OKPECTHOCTH HCKOMOTO PELIEHHSt X* # HAYabHOe NpHb/IH -
wenne XV 10cTaTOYHO 61M3K0 K X*, TO NPHGIHIKEHHO MOKHO MONOKHTD’

178 (x( P)) ~ w-1 (x(O))’

H MH, TaKaM 00pasoM, NPHXOANM K MOOuduiupOBAHHOMY npoyeccy
HerorONG

g(ﬁ+l)= g -t (x“”)f(‘{:,‘ 2y (Q)
(p=0,1,2, ...), roe 9= x9 3amerum, yto aag npoueccon (1) u (2)
nepswe npubanxeuns xV u ED copnanaior meway co6oit, T. e.
D =g,

CxonumocTe moandnuupoBannoro npouecca Heiotona (2) wnccaeno-
Baaacs Jl. B. Kantoposnuem [1].
Teopewma. Ecau sonoanenvt ycaosus 1)—4) 1eopemer 1 u3 § 3 u

1, = 2rA,B,C < 1,

10 moduipuyuposansutd npoyecc Herotona (2), onpedeasembui wauane-
uotm npubauxcenuem 5= x" cxodutca K pewenur x* cuctemo

f(x)=0,

npuiem
=PI <pill o —x@ <2800 (p=0, 1, 2, ...), (3)

20e HOpMA NONUMAETCS 8 CMBLCAC M-HOPMbL.
JoxasarteabcTtpo. PacemoTpum BekTOp-QyHKUMIO

F(x)=x—TL,f(x)=[F;(x)],
rae [y= W1 (x™).
Quesnuno,
FEDM)=EP =T fEMN=E (p=0, 1,2, ...). (4

Kpowme Toro,
F'(x)=E—=T,f (x); (5)
0TCIO1a, B YaCTHOCTH,
Fx)=E~T,f (x")=E—E=0. (6)
MeTonoM MaTEMATRUCCKONW HHAYKUHH NOKaXeM, 4TO BCE NPHBAHKE-
sus 8P (p=1, 2, ...) conepxarca b 2B,-oxpectnocT Toukn X0, 1. e,
| &P —xO[ < 2B, (7)
JlefictauTensno, npH p=1 pasencreo (7) OYEBHIHO, TAK KaK B CUIY
YCJAOBHSA 2) TEOPEMBH HMEeM:
| ED — x| = || £V — x© | < B,.
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IMycrs Teneps As HEKOTOPOTrO p BHIOAHEHD HepaBeucTro (7). Toraa,
ncnoansys aemmy 2 (§ 2), nmees:

” g(ﬂ+1) —x0 =1l F(%(P) — xto ==l g(m —T f %(P)) x'0 | =
= Do [f (§'7) = W (') (87 —x )] |} <Nl To f (#7) | +
HI T {fE) =S (x“”) W (%) (8P —x NI <

< Byt 5 AnCl EP — £ |2
Hcnonssya nepaseHCTBO (7), HaxoanM:
[ 82%1 — O < By 1A, C-45E =
= By + 2n4,B,C- By = (1 + 1) By <25y,

YTO ¥ JOKA3BBAET HAUIE yTBepKIeuue,
Tak xak ycnosus teopemb 1 (§ 3) npeanondaraioTes BLIIOIHEHHBIMY,
TO cucteMa f(x) =0 uneer xoperb X* taxod, uto || x* — x| << 28,
Paccmorpum pasnocts x*—E¥) rne p>1. Yuurmsan, uto

Flx*y=x*—-T,f(x" =
n ucrroanays gemmy 1 (§ 2), umeem:
fx* =" ) =1 Fx*) = FE" DI <N&F =P P I-TF O 1, (8)

roe 0 —Touka crtpeska [x¥, E‘”’”].
Hanee (cm. § 2, nemma 1, cnencrsue 2)

NF O I=1F6)—F (xN<all0—x @ max | F* ()], (9
rae vj—rouka orpesxa [0, x'P]. U3 dopmyaw (5) umecm:
, “ of
F(x)= I:aij—'Z Yxs‘ai }
s=1

rae 8;,—cumson Kponexepa n I‘(,:[y,-]-]. TMosTony

S
= ; Yis o,
H
a°F; . a2
A S s
ax 0z Z Yis 5 o5z

CaenoBsaTenbHO,

n n n
" AF ()| 8,
I F"(n) H:ma_x Z ax/_af:;)/:“,‘a?‘ ( Yis é,&(?(?k) <
k=1 Ll pet]s=1 /

0® is m)
ax a/\k

malele

|ls_|_

<n;ax2|v,slc CIIT, 1< A,C

s$=1
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H, 3HAYHT, HA ocHoBauuu (9),
I F (0) Il <nA,Cli6— x|
Tak kak Touka 0, oueBHIHO, npHHALIEKHUT 2B,-0KkpecTHOCTH ToukH X', 10

16— x@ || < 2B,
H, Takum 06pa3om,
| F(0) || < 2n4,B,C = p,. (10)

Yuutumpas HepaBenctso (10), u3 HepasexcTBa (8) BHBOAHM:

Nx* =82 <ug f ¥*—FF7V ],
OTKyna

x* =P [ < puf | &® — 8O | =pf | 2% — & || < 2Bps.
ITpn py, <1 M3 nocsrepHero HepaBeHcTBAa BHITEKAET, YTO
‘ lim P = x*,

P> ®

Teopema J0Ka3ana noaHOCTbhbIO.

§ 8. Meron urepaunu
IMycTs nama cucrema HeauHeHHbiX ypaBHeHHH CHEUMANbHOTO BHAA
Xy=¢y Xy, Xp oony X,),

Xy =0y (X1, Xgs o0sy X,)

xnz(Pn (xlr x2l ® sy xn)r

(1)

Tae QYHKUHA @y, Py, o o oy P, ACHCTBHTENbHY, ONPEAEIEHR H HENpepHIBHE

B HEKOTOPON OKPECTHOCTH (0 H30NHPOBAHHOIO peIUEHHS (xl, xz, ey x,,)
STOH CHCTEMBHI.
Beeas B paccmMoTpeHHe BEKTOPH

X=(Xy X ooy £,) 0 @(X)=(P1 (%), 95(X), ey @, (%)),
cuacrteMy (l) moxHO 3anucaTh Gosnee KpaTKo:
x =@ (x). (2)
N HaX0K ACHHA BEKTOP-KOPHA X* = (x;, x;, vesy x;) ypaBuenua (2)
4acTo ynoGHO HCMONb30BATH Merod urepayuu
XPD =@ (x9) (pr=0,1, 2, ...), (3)

rae HasanpHoe npubamkenne X9 x*. CxomumocTh 3TOro mpouecca
GyneTr uCCae0BaHA HHe, 3aMeTHM, YTO €CJAH MpOoUecC HTepaunx (3)
CXOLHTCH, TO MpejeibHUe 3HaYeHHe

g = lim &2 (4)

p—+®
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ofs3aTepHO TBASETCS KopHeMm ypaeHeuus (2). HeficteurensHo, npen-
rosiarasi, 4TO COOTHOWeHNe (4) BHIIONHEHO, ¥ MNEpexoas K mnpeneny
B paseHcTse (3) npa p—+ 00, B CHAY HENpepHBHOCTH PyHKUUH @ (X)
OyneM HMETb:

lmle“h—¢<hm f”

p=> o p— >
T. €.

E=q(%).

Takum o6pasoM, & ecTb KOpenb BEKTOPHOTO ypaBHeHHs (2).

Bcnu, cBepx Toro, Bce npubnuxenus X7 (p=0, 1, 2, ...) npuHan-
JeXaT 06JacTH O 0 X*—~eAMHCTBEHHH§ KOpeHb CHCTemn (2) B 0,
TO, OYEBH]HO,

E=ux*
MeTon uTepallHu MoxeT OnTb MpUMEHEH Takxe K oOuled cHcTeme
f(x)=0, (3)

rie f(x)—BekTop-dyHKLHA, ONpPENE/NEHHAs U HENPEDWBHAA B OKPECT-
HOCTH @ H30/7HPOBAHHOrO BekTOp-kopud x*. Hanpumep, nepennwes
3Ty CHCTEMY B CJASAYIOUIEM BHIE:

x=x-+Af(x),
rae A —ueocobennan MaTpuua. Beexs o6osnauenne
X+ Af(x)=¢(x), (6)
6yneM HMeTb:
X =@ (x). M

K nocaemnemy ypasHenmio Jerxo mnpumensercss OOGLMABIE MeTON HTe-
pauun (3).

Ecan ¢ynxuus f(xX) umeer HenpeprBHyo npousBoanyo f'(x) s o,
TO u3 ¢opmyan (6) BuTexaer:

¢ (X)=E-+AFf (x).

B cienywuinx naparpadax 6yaeT 140Ka3aHo, 4TO NPOLECC HTEPALHH
ana ypasHenus (7) GuHCTpo cxoamTes, ecnn @ (X) Mana mo HopMe.
YuutnBas 370 o6cTOfATEABCTBO, BHOGHpaem Matpuuy A Tax, 4ToOM

QXN =E4Af (x)=0
otciona, ecan Marpuua f’ (x'®) —neocoGennast, GyaeM HMeTbi
A=—Lf ()L

3aMeTHM, uTO 9TO, B CYUIHOCTH, MoaudHUKpORaHHKR Tpouecc HeioToHa,
nNpHUMeHeHHHH K ypaBHenuio (3) (cm. § 7).

B cayuvae, ecau detf (x9)=0, To carenyer BHOparh APYroe
HayaapHOe npubGanmkenne x'0,
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YnoTpebAsOTCs Takke HHue Cnocobbl 3amenn cHeTemm (5) Ixeu-
sanedTHO# el cuctemo# (7).
IlTpayep. Metopom uTepaunu TPHOMIIKEHHO PEWHTh CHCTCMY

£ xl=1, }

3 (8)
xl “xa = 0.

Pewenne. U3 rpadpuueckoro mocTpoenns sBuano (puc. 59), uto
cuctema (8) mmeer ABA pelcHNAa, OTAHYAOWIXCA TOALKO 3HakoM. Orpa-
HHUMMCH HAXOXJIEHHEM NMONOWHUTEABHOTO pewennn, M3 yeprena ycmaTpu-
BaeM, 4TO 3a HadyaabHOe (pHOIMKeHHe MOJOKHUTEABHOTO peileHns

cHCTeMbl {8) MOXHO OPHHATH!

£

1 0,9
0) . '
=05 ]

!

4 w1+ — 1]
(x): p )
o 7 [x';_'xz J
6yaeM uMeTh:
- 2%, 2x
7 , 1 2
\// 'f(x)=l:3x2 —l]
1
X Orcwaa
1,8 ]
P I
/ \\‘_, iz )'[2,43 -1]
1
Puc. 59 detf’ (xw)) =—18—
— 2,43 = —4,23.

Tax xak matpuna f' (x'9) —HeocoSennan, 70 cyuecTByeT oGpaTras
Matpuua

, - 1 —1 —1
Lf N = —713 [—2,43 1,8]'
Takum o6pasom,

I P S
[ {0~ —
== 1f =) ‘"4,23[—2,43 1,8]‘
Tonomum

X1 i 1 1 xf—[—x:—l
ex)=x+Af(x)= x| 2B 2,43 —1,8 || £1—x, .

Torna cuctema (8) Oyner SkBHBaJeHTHZ CTAHAZPTHOMY MaTPHUHOMY
yPaBHEHHIO

X =q(x). )
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[Moabaynce dopmynoit (4), naxomum nias pewenus cuctemer (9)
nocaen0BaTeIbHBE NPHOAHMKEHNS:

5 2 2
x V= xio, L [ : x(lm +X(20)_1 —
Eo 4,23 2,43 1,8 207 ey (0
__To,8 1! 1 70,0607 _ [0,9 0,06837 __ [0,8317] ,
~lo,5| " %,23|2,43 —1,8]|0,229] = |0,5|  |—0,0630] ~ |0,5630] *
[ 0,8317 1 T1 | 0,83172-4-0,56302—17
| 0,5630 | ~ 4,23 2,43 —1,8 | | 0,83178—0,5630 -

_[0,8317° —0,00497 _ [0,82687
= lo,5630 | —| 0,0003 | = |o,5633 | °
@ [0,8268 0,00077 _ [0,826L7 . :

*7= 10,5633 | — [ 0,0002 | T [ 0,5631 | }

.o [0,82617 [ 0,0000] _ [0,8261
F7=10,5631 —0,0005 | = | 0,5636
H T. O.
OrpadnuuBasch YeTBEPTHM NPHOJMIKEHUEM, HMEeM KOPIH

x,=0,8261; x,=0,5636,

o= [

X2 =

npuueM

¢ TouHocThio go 1074,

§ 9*. MounatHe o cxumaroumleM 0TOGpamenun
Ilycyb mana HeauneflHaa cucTema

h=% (xv KXoy ooy xn)’
Vo=@2(Xy, X9, ..., X,),
()
yn:(pn(xh x2’ ey xn)Y
ri1e QyHKUHH Qq, @Qoy .., P, ONPELEJEHBl 1 HENPCPLIBHE B U3BECTHOI
o6nactn G AeficTBUTEABHOTO 7-MEpHOro npocTpancTea £, (ra. X, § 1),
NpUUeM 3HAUGHHA HX (Y, ¥y, ..., Y,) 0DPH (X, Xy, ..., x,) € G 3ano.-
10T HekoTopylo obaacte G’ < E,. Cucrema (1) ycTaHaBaupaeT 0To-
Gpasxenue obaactn G na obaacte (', Beeast BexTOpM

X1 [!/1 e
X = . y y= . y ¢= D ,

. L Xp - w U L Pn
cnereMy (1) KOpPOTKO MOKHO 3anHCaTh c/ieaylomuM o6pazoM:
Y= (x). (1"
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B npoctpanctee E, BBeieM KaHOHHYeCKyi0 HopMy || X ||, yZaosaer-
BOPSIONLYI0O OOWYHBIM YCJOBHAM. Hanpumep, MOXHO MONOXHTb:

| % Il = max | %1,
i

HIH
=31 %1,
HJIH o
Ixle= 1/ 2t
n T, om

Oto6pawenne (1) uan (1) naswBaetcs cocumawowyun B o6nactn G,
€CJM CyuleCcTByeT [paBu/abHasg NpoOb ¢ Takaf, 4TO 4JS JOOhX ABYX
TOYEK Xy, X, € G ux obpa3e y,=@(X;) H y,=0(X,) YAOBAETBO-
PAOT  yCJOBHIO

(3 =y 1<l x,—x, 1, (2)
T. €,
lex)—@x)ll<qgllx, —x, 0L ). 29
PacemoTpuM nennHednoe BeKTOpHOE ypaBHEHHE
X =q(x), (3)

OKBHBAJICHTHOE HeauneHHOH cHcTemMe YypaBHeHHfl CnelHalbHOTO BHAA

X1 =% (xlv Xy ey xn),
xz=(P2 (xp xg, co ey x"), (3,)

xn:q')n(x[i le LCLR ) x").

Peutenne x* 9TOro ypasHeHHs, €c/AM OHO CyuI€CTBYET, fBASETCH He-
nodsuocrod touxot npeobpaszoBanus (1). [Aaa naxoxaenus x* nocrpoum
uTepayuorHbil npoyecc

x(m:(p(x(p_l’) (r=12 ...), (4)

rae x9e¢G.
Teopema 1. Ilycte obaacte G 3samxuyra u orobpaxcenue (1)
agaserca cocumaromum 6 G, T. e. evinoaneno ycaosue (2). Toeda,
ecau 0an utepayuoxrozo npoyecca (4) ece nocaedosaresvnvie npubau-

aenus X" € G (p=0, 1, 2, ...), 70 1) nesasucumo or eeibopa Ha-
4aabH020 npubauxcenus X'© npoyecc (4) cxodurca, T. e. cyujecTayer
x*= lim x7 (5)

p—>®

2) npedessusil 6eXTOp X* A64A€TCA eQUHCTEEHHbIM peuleHuem YpasHe-
nus (3) e obaactu G; 3) cnpasediusa oyexka

P
| x*— 2P| < l_i_q | X0 — x|, (6)
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HoxasarteannctBo. 1) Jng noxasarenbcTsa CXOANMOCTH MOC/€-
norateapHocTH npubamxennit x'P (p=0, 1, 2, ...) npamenam Kpure+
putt Kowa (cv. rn. VIIL, § 9). Umeem:

il x'Pth —xP = (x(p+1) —xP) (x(p+2) _x(p+1>) .k (x<p+k)_
_x«p+k-1)) <<y XPHL __ P (| 41} X P*D — PO 4 -
+ 1| X 7D — PRV ()

Hcnoabsys cooTnowenne (4) u «ycaosue cxaroctu» (2°), nocienosa-
TEAbHO MOJyYaeM:
¥ — 9 =@ (£?) —@ (" V) | <

SN =2 L@ NP = 2PN L N P =2V |, (B

rae s> 0. [loaromy, ycH/aMBana npasyio 4yacTb HepaBencTBa (7), Oynem
HMEeTb:

I xP¥R _ P H<<g? il XD O g gPELY| e Oy
_l_qP+k 1 1l XV — xo 1l

HJH, BOCNOJIB30BABIIACL (POPMYIOH L9 CYMMH YNeHOB reOMETDHYCCKOH
npOrpeccHy, HaxOOMM:

et — g < TP

” X 1 xlO) ” " x(l) xm) ". (g)
Tax kak 0<Cq < 1 d, cneposarensto, ¢ — 0 npu p — oo, 10O U3 ¢op-
Myan (9) BmTexaer, 4to an8 Beskoro & >0 cyutectByer N=N(¢)
Takoe, 4T0 npu p > N(e) 0 >0 Oyner cnpaBeAnHBO HEPABEHCTBO

&
” x(p+ )____x(P) ” < g,

T. €, LA nocjaefoBatensHocty X7 (p=0, 1, 2, ,,.) Bonoaxen Kpu-
tepuit Kowu, ITostomy cyuiectyert:
x* = lim x'P,
p—>w
npuyem X* € G B cnay samkayroctd obaacrn G.

2) BexTop x* sBanerca pewenveM ypassenus (3), Tax kak, nepe-
XOAf K Npepeny npu p— 0o B paBeHcTBe (4) M YYUHTHBAA HENpephB-
nocth B G BexkTop-yHxunn @ (X), 6yaem HMeTb:

lim xP =@ ( lim x'7~D),
p—>® D>

T, €.
x* =@ (x%). (10)

dro pewenne exudctsenno B G. [eficTBuTtennno, nyctb x*' ecto
Apyroe peuienne ypasHewus (3), T. e.

x* =@ (x*). (11)
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Buwyntas ua pasencrsa (10) pasenicto (11), noayunm:
xF— X" = (xF) — g (x*),
oTCIOAa
2 —x® =l (x*) =g (™) | <qgllx*—x*|
nan :
(1—@) | x* —x*" | 0. (12)

Tak xax 1 —¢g > 0, 10 nepasenctso (12) MOWET HMETb MECTO JHUIb
apu || ¥ —x*'|| =0, 1. e. Toraa, xorna x* = x*', Takum o6pasom,
Apyroro pewenns ypasHedns (3) B o6aacty U GWTb He MOWeT.

3) epexoas « npeneny npy k—s oo B HepaseucTse (9), moayunu
ouenxy (6).

Teopema 1 noxasana MOJHOCTBIO.

3amevanne 1. Ecan obaacts G coBmapaeT co BCeM TpOCTpaH-
ctBoM E,, 10 ycaopue xP€G (p=0, 1, 2, ...}, 04eBHAHO, CTaHO-
BHTCA H3AHIIHHM,

3amevanue 2. Ucnonsays nepasencrsa

| 70— P g [l 2P — x|,
” x\PtD _x(P+1) “ <qz “ X'\ xP-D ”,

u3 gopuyas (7) Oyaem umern:
1270 — 2P gl 2P — 2770 4

p - k - q -
A E e [ e e R e S P

Orci6fa npu k— 0o monyuum:

l* =P | < 7 — PP, (13)

i

B uactuocTu, ecan O<q<—§-, To u3 dopuyan (13) caenyer,

YTO NpH
” x\” __x(P-l) H < e

ClIPAaBEAIHBO HCPABEHCTEO
| e® — P || <Le.

B ycanosun teopems 1 Tpefyercs, u4ToGH BCe nprOamxenuds x'P
npuHaanexmaad Qurcupopannol o6actu (. Ha npaktuke 310 06cTos-
TEeALCTBO HHOTAA 3aTPYAHHTEJAbHO NposBepuTb. [To3ToMy mbl npuzemem
HECKOJIbKO BHAOU3MEHCHHYID (OPMYJAUDOBKY Teopemuw 1.

Teopema 2. [Tycro orobpascenue (1) asaseTca cocustarouum
8 samkuyrod obractu G u g— oepanudennas obaracts, Aescauian & G
gMecTe o cgoed P-0KPecTHOCTHIO (B CMbiCHE BBEACHHOM HOPMM), 2de

o=

Tqv (14)
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D —duamerp obaactu g 4 q— COOTGETCTEYIOUL KOSDPuULUeHT 8 Hepa-
sencree (2). Toeda, ecau

*Veg u V=gV ey,

TO urepayuonnbili npoyecc (4) cxodurca u cnpasedaussl 3aKaUeHUn
Teopembvl 1.

NdoxasaTteansctno., OueBUAHO, AOCTATOYHO HOKA34Tb, YTO BLE
nocjeisosatenbHsie npubnniKeHua coaepwarcd B obaacta G

xPeG  (p=2 3, ...). (15)
,H,OKaBaTe.’leTBO 6_‘/116!\1 Npo30IHTH METOAOM MaTeMaTHY@CKON HH-
AYKLHH.

[Ipewne Bcero, mo ycaosuio Tteopemsl X' €G u xV €G. Mycrp
teneps X E€G (s=0, 1, ..., p). Tax xax

10— x| <D,

TO HA OCHOBANMH HepaBeHcTBa (8) nveewm:

” x(5+1)_ L 5) ” <q5n x(l)_x(O) || <D(]s (S=O, 1. 2’ e ]7).'
[Tostomy
” x\p+1)_x(1) ” \<\ ” x(Z)_x(l) ” _|_ e ‘l‘ ” x(p+]) ___x(p) ” <
<Dq+...+Dq‘”<l—'f—q<p.

CnenoBateasno, x**D g G,

Taxkum o6pa3om, cBOACTBO (1D) YCTAHOB/JEHO W Mbl HAXOLHMCS B yC-
anosusix teopeMn (1). Teopema 2 nokasaua.

3amevanue, YcaoBus Teopembl 2 PABHOCHIBHBI CIEAYIOULUM: OYCTh
x9 ¢ Gux e G, npuyen || x'V— x99 || << D. Ecaut paccroanue Toukn xV

= D
a0 rpanuun [ o6aactn G He Gouabue —qq, TO HTEpalnoHHHE npo-

1
nece (4) cxoauTcA.

§ 10%, HepBoe JOCTATOUHOE YCJOBHE CXOAUMOCTH Ipouecca uTepailiil

PaccMOTpHUM aeficTBUTEAbHYIO NPHBEAGHHYIO CHCTEMY

Xy=0;(xy, X ...y X,),
Xy=@y (X1, X3, ..oy X,), ()
xn__'(Pn(xlv Koy vves x,-;):
HJAH B MATPHUHOM BHIEC )
P X =@ (x), (1)
riae
- X1 7 ‘l’ @1 (%)
x=| - |, @(x)= . .

Xn P (%)
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IMpeanonaraercd, 4To BeKTOP-GYRKUMS ¢ (X) ONpene/eHa u HellpepLIBHA
dw;
BMECTe €O cBOeH npoussoaHolt @ (x)= [al;‘ B BHTIYKJOH OrpaHHueH-
7

HO#t 3aMkHyTO# o6Gnactu GoE,.
B stom naparpade Mul GyneM 1o/ab30BaThCA ABYMA HOPMAaMH:

llxllm=miax|x.-|

n
el =2 %]
i=1
QOtHocutenpno obnactn (G BBEZEM HOPMHL

e’ (x) 1= max e (x) 1, (2)

H
[l (x) Il = max e (x) 1l (3)

rie
7 $ a i 7
9" () = max 35| 220 @)
i=1

"

@’ (x) |, = max 3 aqu(;c) : (3"
! i=1

Teopema. Tycrs pynkyuu @ (x) u @' (x) Henpepsigus. &8 obaa-
ctu G, npudem 8 G B6INOAHEHO HEPABEHCTBO

e ()l <g <1, (4)
ede q— HEKOTOPAA NOCTOAHHAA.
Ecau nocaedosarensHsle npubauxcenus
x(ﬁ+1)=(p(x(ﬁ)) (5)
(p=0, 1, 2, ...) ne soxodar us obractu G, 0 npoyecc urepayuu (35)
cxodurca u npedenvbill 6€KTOP
x*= lim x*»
D> ®

asanercs 6 obaactu G edunctsennum peulenuem cuctemvr (1),
HJokxaszarteabcTtBo. B cuay Tteopemn 1 mpenmayiiero mnapa-
rpada JOCTAaTOYHO MOKAa3aTh, 4TO OTOOpaXeHue

y=¢(x) (6)

TPH HaJNYHM yCNOBHA (4) ABAfAETCA CHMalouwmM B obaact G B cMbice
m- HOPMHI,
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[ycts x4, X, €Gn y;=¢(x;) (i=1, 2). Ha ocuoBauun cnex-
cTBud 1 Kk Jemme 1 u3 § 2 umeem:
1y =y lln=1@(x)—@(x) ], <

<oy —=x i e B, <lx, =%l 1@ (%) I,
Orciona

Ny =3 la<sqll Xy — %l

rae 0<Cqg <1, uto u TpeGoBanoOCh AOKAa3aTh.
Caencreue, [Ipouecc utepauuu (D) cxomurcd, ecau

>

j=1

6q>, (x)

l<q,<1 ((=1,2 ..., n) (7N

npn x €G.
OyeBHaHO, U3 CHCTEML HepaBeHCTB (7) BuTekaeT ycaosue (4) TeopeMnt,
3ameuanne. Ha ocuoBanun Teopemol 1 u3 § 9 ana npubiamwe-
nug X7 nonydaem cneayxomy;o OLLEHKY:

I x*— 52, sl Hx‘“—-x“”ll r=0,1, 2, ...),

rie xV =g (x).

§ 11* Brtopoe XoCTaTOYHO® YCJIOBUE CXOMMMOCTH
npouecca HTepaudy

Ilpewne yeM nepexOAHTH K IOKAa3aTeJNbCTBY TEOPeMhl CXOAMMOCTH,
ucnoabayouel Hopmul ||’ (x)||11, BHBeaeM N1peBaPUTE/AbHO OHY OLLEHKY
OAf  Pa3HOCTH 3HayeHHH BeKTOP-PYHKIHHM, &HANOTHUYHYI0 TeopeMme
O CpejHeM M MPeACTaBAfIoUYI TaKke CaMOCTOATe/]bHbIH HHTepec.

Jdemma. Ecau sextop-pyuxyus

rfi(x)
f(x) (=3 .
S (x)

Henpepolsna, smecte co ceoell npoussoduod f'(x), 6 sunykiol obaactu,
colepacaweld Touku X u X+ Ax, 10

Nf(x+A%)—f ) < Ax N F (Bl (1
ede E=x+0Ax u 0O <1,
JdokazarenncTBO, PaCCMOTpHM BCMOMOTATEAbHYI0 (YHKUHIO

2 (i Ax)—f; (%]

rae 0<Cf<C1—ckandpuulfl apryMeHT H &; — CHCTeMa Uncell, MPHHUMAIO-
wux 3navenns —1, 0, 1. Ouesnano, @ (0)=0. Ilpumenas Teopemy
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Jlarpawxa 0 KOHCUHOM NpPUPAIEHHH (DYHKUHH, NOAYUUM:

2l (AR — £ ()] =D (1) — D (0) =T (8) =
{=]
SPRSAG)
=Ze,2 5%, Ax,,
{=1 =1
rie E=x+0Ax n 0<06 <1,
Orciona, yuntwBas, uto |g;| <1, 6ynem umern:

D e/ x4 AR — £ ()] <
i=1

<ZX|HP[ lax1=X1ax B LB o

{=1j=1

Tak xax
n

D

=1

ai - a ,
LI < max 3| 1O < 7 @)1,
I 1=y

TO, YCHJUBAs HePaBeHCTRO (2), nosyiaem:

g g [fi(x+Ax)—f; (x)] < z | Ax, |1 f (8) 11, =

=IF(E I, 2 A%, (=01 &), 1A%l
IMonarasi 8 nocnelHeM HepaBeHCTBe '
g=sgn|fi (x+AxX)—f;(0)] (=12 ..., n),

OKOHYaTCJbHO HAXOAHM:
2 S s AR = [ B < EF® N axl,

Ifx-+ax)—f) il <<l axll N (), (2"

uTO U TPeBOBANOCH LOK23aTh *).

*) Ecamn nenocpeacTBeHHO NPHMEBHTL TeopeMy O CPeAHEM K KaXKIOH KO-
fIOHEHTE BeKTOpa f(x-}: Ax)—f(x), T0 nonyuaeTCs OUCHKA, 3ABUCALAA OF 3Ha-
yeHull NPOUIBOABBIX —%gé—‘) B pasnanuHuEX TOouKax §; (i=1, 2, ..., n)

. /
uuTepsana (¥, x+ Ax) HepaBencTno (2) noxaanisaeT, 4TO MOXKHO OTPAHHYHTRCS

3HAYeHHAMH DPOH3BOAHLIX éx B OAHO# H TOK Ke Touke $C (¥, x4 Ax).
7 ;
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Teopewma. Ilycre sexrop-ynxyua @(X) wrenpepeisra, emecre
co caoell npoussodnoll @ (X), 8 0zpanuienrol GulayKAOL IAMKHYTOL
obractuy G u

e (x)in<g <1, (3)

2de q—noctoannana. Ecau X' €G u sce nocaedosarervnsie npubru-

HEHUA
XPHD = g (£17) (p=0,1,2, ...) (4)

takae codepywarca e G, 10 npoyecc utepayuu (4) cxodurca K edun-
CTBEHHOMY peulenur0 YpasHenusn
x=¢(x) (5)
8 o6aactu Q.
HNoxazatenbcTtso. [oxawxem, 4to oTobpawenne y=¢(x)
apageTcs owuMawmiuM B G B cMhicae [-HODMBL.
Myets %, X, €CGny, =@(x;) (i=1, 2). Ucnonb3ya nemmy, umeem:

|3 —y: .= o x) —@(x) [l <1 %, — %ol -1 9" (8} ls 6)
rae £€Q.
Tar xax ]
e (&)l < n;gé.'lw’ )l =lle" (x)lu<qg,

To u3 Hepasencraa (0) moayumn:

=yl <qllx,—x,
rae 0<{g < 1.
B cnny teopems u3 § 10 Teopema aABaseTcs NOKa3aHHOMH.
Chanencraue. Ilpouecc urepatnu (4) CXOARTCH K €AHHCTBEHHOMY
pewrennio ypasuenna (5), ecan npu X € G BHIOJHEHH HEPaBEHCTBA

n

)

1=1

09, (x)
0.\’1

<<l (M

(i=1,2 ..., n).
3ameuanne, Ha ocnoBaunn teopeMn u3 § 10 ana npubanmxe-
fnd X% HveeM CedyOLlYI0 OUEHKY:
»
* (P) 9 (0 (0
< —x”“,él__q[{x —x O,
rre X =g (),

§ 12*. MeTox ckopekwero coycka (MeTOA TpalHeuTa)
TlycTb uMeeM cHCTeMy ypaBHeHHi

Xy Xy o0y X)) =0,
fa(Xy, X5 voey X,)=0,

(N
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Ham B Matpuunoft gopme
S (x)=0, (2)
It
fa

rae f=| '|.

In
[TpennoounM, 4T0 QYHKUMK f; TeHCTBUTENBHE H HEMPEPLIBHO AHG-
deperHunpyeMn B HX obwieit o61acTH orpesesienns. Pacemorpum @yskiuio

U(x)= 2 [f; (%)]2 = (f(x), F(2)). (3)

QueBnanO, 4TO Kaknoe peuwienne cuctemn (1) o6pauwtaer B Hyab
Gynkumo U (x); naofopor, uucna x;, X,, ..., X, JMAId KOTOPHIX
dynkoua U(x) pasHa Hy/10, €BASIOTCA KOp-
naMu cuctemst (1).
Bynem npennosaraTh, uTto cucrema (1)
MMEET JMIIb U30MMPOBAHHOE DEllieHHE, KOTO-
poe mnpenctaBaseT cofoft TOUKYy CTpPOroro
MuHuMyMa ¢yokunn U(x). Taxum oGpasom,
3ajaya CBOLMTCH K HAXOWIEHHIO MHHHMYyMa
dynknun U(x) B n-MepHOM DDOCTDAHCTRE
e En= 1y %o oo %),
[lyctp Xx-—BekTop-kopeHb cHcTemMun (1)
H x'9 —ero nynesoe npubamikenne, Yepes
Touky Xx'® nposeseM NOBEPXHOCTL YPOBHA
dyuxuuun U(x). Ecan touka x'© nocrartouno
6/7H3Ka K KOPHI X, TO NPH HAWHX OpPeAno-
JIOXEHHUAX MOBEPXHOCTH YPOBHA

U(x)=U(x'?)
0
OyneT noxowa Ha 3J/HICOHI,
Puc. 60. M3 Touku x'® nBHraeMcs no HOpMaJsH K mno-

sepxuoctu U(x) = U (x'9) no tex mop, noka
BTa HOpMa/db HE KOCHETCS B HEKOTOpo# Touke x'V kako#-To Apyro#
noBepxHocTH ypoeHa (puc. 60)

U(x) = U (x9).

3areMm, OTHpaBafsch OT TOUKH X'V, CHOBA JABWraeMcf 1O HODMaaH
k¥ nosepxnoctH yposus U(x)=U(x") no 7Tex mnop, noka 3Ta
HOPMaJb He KOCHETCS B HEKOTOpPO# Touke X2 HOBOH HOBEPXHOCTH
yposug U(x)=U(x®), n 1. 1.

Tak kak U(x9)>UxWV)>U(x™)>..., 710, 1Buraick no
TaKoMy NYTH, Mbl OLICTPO NMPUOIHKAEMCA K TOUKE C HAHMEHbUIHM 3Ha-
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yenueMm U (IHO «fIMBI®), KOTOpas COOTBETCTBYET MCKOMOMY KOPHIO X
cuctemu (1). OGosuauum yepes

_0x,—
rpaguent *) dyaxuuu U (x). ‘
U3 BekTopHbix Tpeyroabuukos OMoM,, OMM,, ... 3akawuaeM, 4yTo

HPD= P L YU (xP)  (p=0, 1,2, ...).

OcraeTcsi onpeaenuTb MHOXHTeENH 7» Hast 3TOrO paccMOTpPHUM CKa-
AApHYI0 QYHKURIO
O (A) =U[xP—AvU (x'P)].

dynwuna @ (M) naer uamenenne yposus ¢pysxuuu U Bnoss cooTser-
CTBYIOIEH HOPMAaJH K MOBEPXHOCTH YPOBHA B Touke Xx'P, Muoxurenn
A=A, Hano BuGpaTh Taknm 06pa3om, uTo6n M (A) umena munumym, Beps
npousaouuy}o 00 A M npupaBHHBas ee HYJIO, N0Ay4aeM ypaBHEHHE

@’ (A):E‘U[x‘p’—kVU(x‘f”)] =0. (4)

Haumenbiuufl monowuTenbHul Kopenb ypaBHeHHs (4) H macT uam
3nayerne A,. YpasHenue (4), BoOOumIe TOBOPS, HYMHO PEIMATh YHCACHHO,
IToatomy yKa>|<eM MEeTOH NMpUGIHMEHHOTO HAXOWAEHHUS Yuce A,. Bynem
CYHTATh, YTO A— Manaf BENHYHUHA, KBAJAPATOM H BBHICHIHMH cTemensvm
KOTOpOK MOWHO npeHeBpeub. Mmeem:

(D(X) =§1 {f; [P — AV U (x'P)]}2.

Pasaaras GyHKUHH f; NO CTENEHSM A ¢ TOYHOCTBIO IO JAHHCHIHX
Y/IEHOB, MONYYHM:

© () =X, [£ ) —2LLED qu )|

{=1

*) Fpannent pyuxuun U (x) (o6o3rauvaercs grad U nuan vU, rae cumson v
Ha3nBaeTca Habaol) ectb BEKTOpP, MPHJNOXKEHHHH B TOYKEe X, HMEIOmMHUH nanpa-
BACHHE HOPMaJAM 72 K NOBEPXHOCTH YPOBHA QYHKUHU B JaHHOH TOYKe B CTO-

pony Bo3pacTanus U u AnuHy, paBHYIO e
Cnpasegausa dopMyaa
ou au oU
VU=E81+5;582+. ..+aT"e

rpe ¢; (i=1, 2, .., n)—optul npocipancrea E,.
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rue
a_f[____ afl afl _aﬁ_
Oxy’ Oxg? tt x|
Orciona
n
Z [ (xP) — af, (-" vU(x‘“]
= O (EP) or)icimy
CrenoBateanHo,
n
E [ (') m vU (x7)
i=1 0%
A== n ” ; =
S, [ ]
i=1
(f (xP), W (xP) gU (x7))
(W (x'¥) ¢U (£