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Abstract

Extractingqualitative informationfrom datais a centralgoal of experimentalscience.In
dynamicalsystems,for example,thedatatypically approximateanattractoror otherinvariant
setandknowledgeof thestructureof thesesetsincreasesour understandingof thedynamics.
Themostqualitative descriptionof anobjectis in termsof its topology— whetheror not it is
connected,andhow many andwhattypeof holesit has,for example.This thesisexaminesthe
degreeto which suchtopologicalinformationcanbeextractedfrom a finite point-setapproxi-
mationto acompactspace.Weconsiderboththeoreticalandcomputationalaspectsfor thecase
of homology.

Any attemptto extract topologicalinformationfrom a finite setof pointsinvolvescoarse-
grainingthedata.Wedothisatmultiple resolutionsby formingasequenceof � -neighborhoods
with � tendingto zero.Ourgoalis to extrapolatetheunderlyingtopologyfrom thissequenceof� -neighborhoods.Thereis somesubtletyto the extrapolation,however, sincecoarse-graining
cancreatespuriousholes— afactthathasbeenoverlookedin previouswork oncomputational
topology. Weresolve thisproblemusinganinversesystemapproachfrom shapetheory.

The numericalimplementationsinvolve constructionsfrom computationalgeometry. We
presenta new algorithmbasedon the minimal spanningtreethat successfullydeterminesthe
apparentconnectednessor disconnectednessof point-setdatain any dimension. For higher-
order homology, we useexisting algorithmsthat employ Delaunaytriangulationsand alpha
shapes.Weevaluatethesetechniquesby comparingnumericalresultswith theknown topolog-
ical structureof someexamplesfrom discretedynamicalsystems.Mostof theobjectswestudy
have fractalstructure.Fractalsoftenexhibit growth in thenumberof connectedcomponentsor
holesas � goesto zero. We show that the growth ratescandistinguishbetweensetswith the
sameHausdorff dimensionanddifferenthomology. Relationshipsbetweenthesegrowth rates
andvariousdefinitionsof fractaldimensionarederived.

Overall, the thesisclarifiesthe complementaryrole of geometryandtopologyandshows
that it is possibleto computeaccurateinformationaboutthe topologyof a spacefrom a finite
approximationto it.
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Chapter 1

Introduction

In this thesiswe considertheproblemof extrapolatinginformationaboutthetopologicalstruc-
ture of a spacefrom a finite approximationto it. The motivation for this work comesfrom
the studyof chaoticdynamicalsystems.A fundamentalgoal in this field is the extractionof
qualitative informationfrom data,e.g.,geometricandtopologicalpropertiesof invariantsets.
Much work on analyzinggeometricstructurefocusseson the fractal dimensionsof attractors.
Techniquesfor extractingtopologicalinformation,however, havebeenrestrictedto smoothsets.
In this dissertation,we developanapproachto computationaltopologythat is generalenough
for applicationto both smoothand fractal data. Our analysisof quantitiessuchas the num-
ber of componentsandholesat multiple resolutionsyields a new way to characterizefractal
structurethat is relatedto, but distinct from, the conceptof fractal dimension.We contribute
to theemerging field of computationaltopologyby developingsoundfoundationsfor boththe
extrapolationandapproximationproblems.

This thesissits at the intersectionof threeareasof research:dynamicalsystems,fractal
geometry, andcomputationaltopology. We begin with a brief survey of the relevant literature
from eachof thesefieldsin thischapter.

1.1 Extracting qualitative information from data

The qualitative theory of dynamicalsystemstakes a global geometricperspective in under-
standingthetime-evolution of a system.Typically, this involvesdescribingthephasespace—
a geometricrepresentationof all possibletrajectoriesfrom theflow of a differentialequation,
for example,or the iterationof a map. Much informationaboutthedynamicscanbededuced
from thestructureof invariantsubsetsof phasespace.1 We rarelyhave ananalyticdescription
of theseobjects;experimentaldataarealwaysfinite, andeven if the equationsof motion are
known, they are usually too complicatedto solve exactly. Instead,numericalintegration of
thegoverningequationsis usedto generatecomputervisualizationsof thephasespace.These
visualizationshelpguideformal results,especiallywhenthephasespaceis two or threedimen-
sional.It is verydifficult to visualizehigher-dimensionalspacesonacomputerscreen,however;
evenin a three-dimensionalspaceit is almostimpossibleto seedetailedstructurein a cloudof
points. Therefore,numericaltools thatextractqualitative informationfrom dataareusefulfor
providing intuition into thebehavior of adynamicalsystem.

1In fact, for Hamiltoniansystemsof two degreesof freedom,geometricandtopologicalinformationhasbeen
usedin anartificial intelligenceapproachto theautomaticclassificationof orbits[89].
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Figure1.1: Approximationsto a quasiperiodicorbit in the standardmapfor differentvalues
of its parameter, � . The top orbit ( ���	��
� ) approximatesan invariantcircle; thebottomorbit
( ������
�� ) coversaCantorset.Thetransitionfromcircleto Cantorsetisadramaticchangein the
topologyandhasimportantconsequencesfor thedynamics.The invariantcirclestrapchaotic
orbits,whichimpliesthedynamicsis relatively confined.A Cantorsetis totally disconnectedso
thechaoticorbitscandiffusethroughthegapsandthemomentumvariableis nolongerbounded.
We studythis transitionin Chapter4 by countingthenumberof connectedcomponentsof the
dataasa functionof resolution.

Geometricpropertiesof aninvariantsetthatareof interestin thestudyof chaoticdynamics
includeits Lebesguemeasure,thedensitydistribution of pointsfrom anorbit, andits fractaldi-
mension.For a certainclassof chaoticattractors,theLyapunov exponents(whicharebasically
averagedeigenvalues)arerelatedto thebox-countingdimensionof theattractor[64]. Thestudy
of dynamicalsystemshasdrivenasubstantialamountof researchonfractalgeometry, including
multifractalanalysisandfat fractalexponents.Wediscusstheseconceptsin Section1.2.2.

Topologicalproperties,suchas the numberof connectedcomponentsor holes,aremore
fundamentalbut moredifficult to extractfrom data.In Figures1.1,1.2and1.3we sketchsome
examplesthat illustrate the type of topologicalpropertieswe are interestedin. We examine
theseexamplesin detailin Chapter4.

Previouswork onextractingtopologicalinformationfrom datarangesfrom determiningthe
topologicaldimensionof an attractor[54, 65], to applicationsof knot theory to modelflows
in

���
[28, 57, 82], to the computationof homologygroups[37, 58, 60]. The topologicaldi-

mensionof an attractoris a measureof the numberof degreesof freedomof the dynamics.
Fluid flow, for example,is modelledby partialdifferentialequations,but in somesituations,the
essentialbehavior canbedescribedby a low-dimensionaldifferentialequation.For attractors
thatareembeddedin

� �
, theknot andlink invariantsof unstableperiodicorbitscanbeusedto

build a templatefor the dynamics.The templategeneratesequationsthatmodeltheflow and
allow the predictionof otherperiodicorbits. This givesa way to test the validity of a given
templateagainsttheexperimentaldataby verifying thepresenceof thepredictedperiodicor-

2



Figure1.2: A chaoticregion of the standardmapwith ������
�� . The pictureis generatedby
recordingwhichboxesin a ������������� grid arevisitedby asinglechaoticorbit of ����� points.The
chaoticregion is connectedandappearsto have positive areawhich tells us that a significant
proportionof initial conditionswill leadto chaoticmotion.Thereareholesonarangeof scales,
however, sonot all trajectoriesarechaotic.Theseholesarecausedby resonancezonesaround
periodicorbits. This setis anexampleof a fat fractalbecauseit haspositive areaandholeson
arbitrarily finescales.

Figure1.3: The Hénonattractor, oneof the standardexamplesin chaoticdynamics.The set
is connectedand it is often describedashaving a Cantorsetcross-section.We confirm this
structureusingour computationaltechniquesin Chapter4. The attractorhasa box-counting
dimensionof approximately ��
 �!� . Orbits cover the attractorin a slightly non-uniformway
whichgivestheattractormultifractalproperties.

3



Figure1.4: TheCantorset,Sierpinskitriangle,andSierpinskicurve — standardfractalexam-
ples.

bits. Homologygroupsaretopologicalinvariantsthatusealgebraictechniquesto describethe
topologyof aspacein termsof equivalenceclassesof � -dimensionalcycles.If two spaceshave
differenthomologygroupsthenthey cannotbe homeomorphic.An implicationof this is that
if two attractorshave differenthomology, thenthedynamicscannotbeequivalent. Homology
groupsarealso importantin Conley index theory; see[15] for an introductionto this topic.
Thefirst stepin computinghomologygroupsis to constructa finite triangulationof thespace.
Muldoonet al. [60] do this for embeddedtime seriesdatathat cover a manifoldusinga stan-
dardprocedurecalledtakingthenerve of a cover. Thecover is madeof overlappingpatchesof
approximatelylinearsubsetsof theembeddeddata.Thesimplicesin thenervearegeneratedby
the intersectionsof thepatches.Mischaikow et al. [37, 58] usecubical,ratherthansimplicial,
complexesin their applicationof Conley index theoryto chaotictime seriesdata. We discuss
otherapproachesto computationalhomologyin Section1.3.

1.2 Fractal geometry

As we have alreadyobserved, invariantsetsfrom chaoticdynamicalsystemareoften fractals,
andthis is a fundamentalconsiderationin our work. In this section,we give an overview of
somebasicconceptsin fractal geometry. We startwith someexamples,thendiscussfractal
dimensionsandother ways to characterizefractal structure. We finish with a descriptionof
iteratedfunctionsystemsandthesimilarity dimension.

Theterm“fractal” is nebulous— it is difficult to giveaprecisedefinitionwithoutexcluding
someinterestingcases.Instead,Falconer[23] lists somepropertiesthat arecommonto most
fractals,but theseareneitheressentialnorexhaustive.

1. A fractal, " , typically hasfinestructure,i.e.,detailon arbitrarily smallscales.

2. " is too irregularto bedescribedin traditionalgeometricallanguage.

3. The“fractal dimension”of " exceedsits topologicaldimension.

4. Often " is self-similar, at leastin anapproximateor statisticalsense.

5. Many exampleshave asimple,recursive definition.

Classicalexamplesincludethemiddle-thirdCantorset,theSierpinskitriangle,andtheSier-
pinskicurve;seeFigure1.4.Themiddle-third Cantorsetis thesubsetof # ��$%�'& thatremainsafter
removing themiddle-thirdinterval, thenrepeatedlyremoving themiddlethird of theremaining
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intervals, ad infinitum. This set is compact(closedandbounded),totally disconnected(each
connectedcomponentis a singlepoint), andperfect(every point is a limit point). We study
thesepropertiesin moredetail in Chapter2. SincetheCantorsetis totally disconnected,it has
a topologicaldimensionof zero,its fractaldimensionis (*)�+,�!-�(*)�+/. .

TheSierpinskitriangle (or Sierpinskigasket) is constructedin asimilar manner. Onestarts
with a filled triangleandremove thecentralfilled trianglewith verticesat themidpointsof the
edges,thendoesthis repeatedlyto theremainingtriangles.Theresultingsetis connectedand
topologicallyone-dimensional,but its fractaldimensionis (*)�+0.!-�(�)�+,� . We usetheSierpinski
triangleandsomerelatedfractalsasexamplesthroughoutthis thesis;seeFigure1.5.

If we start with a square,divide it into nine squares,remove the centralone and repeat
with the remainingeight,andso on, thenthe resultingsetis the Sierpinskicurve(or carpet).
Although this set appearsto have very similar topology to the Sierpinski triangle, they are
fundamentallydifferent. TheSierpinskicurve containsa homeomorphicimageof every plane
continuum[87], but theSierpinskitriangledoesnot. Thedifferencehasto do with thepossible
valuesof the branchingorder of a point. The Sierpinskitriangle haspointswith branching
orderof �1$2. , and 3 , but theSierpinskicarpethaspointsof every order;see[66] for details.The
techniqueswedevelopin this thesisfail to distinguishthisdifferencein topology.

1.2.1 Fractal dimensions

The mostpopulartools for describingfractal structurearethe variousformulationsof fractal
dimension.Roughlyspeaking,a fractal dimensionis a numberthat representsthe amountof
spaceoccupiedby a set. It generalizesthe intuitive notion thata point is zero-dimensional,a
line is one-dimensional,andso on. If a curve hasinfinite length,say, but zeroarea,then it
shouldhave a fractal dimensionbetweenoneandtwo. The two mostcommonlyuseddefini-
tionsaretheHausdorff dimensionandthebox-countingdimension.The former is basedon a
constructionfrom measuretheoryandthereforehasthe mostusefulmathematicalproperties,
but it is difficult to computefor specificexamples.Thebox-countingdimensionis basedon the
notionof “measurementat scale� .” This definitionis easyto work with andstraightforward to
implementcomputationally. Wegive formaldefinitionsof thesedimensionsbelow.

Hausdorff dimension

Given a subset," , of a separablemetric space,the definitionstartswith a countable� -cover,465
— a collectionof opensets 7 suchthat 8:9�;�<=7?> � , andwhoseunion containsthe set" . (Recallthat thediameterof a setis the largestdistancebetweenany two pointsin theset:8@9�;�<=7A�CBEDGFIHKJMLONP$EQ:RTS�NU$EQWVX7ZY .) Thes-dimensionalHausdorff outermeasure of " is

[]\5 L^"_R��`9�aGbZcdfehg1i LO8@9�;�<=7jR \ (1.1)

wherethe infimum is taken over all countable� -covers of " . The s-dimensionalHausdorff
measure of " is then:

[ \ L^"_Rk�l(m9�<5^npo [ \5 L^"qRE
 (1.2)

If r is aninteger, then
[ \ L^"qR is equivalentto Lebesguemeasure.

When �ts � we know � \vu �xw if r szy . It follows that
[ \5 L^"_RT{ [ w5 L^"_R , andthereforethat[ \ L^"_R,{ [ w L^"qR . In fact,thefollowing theoremholds;seeFalconer[23] or Edgar[19].

5



Theorem 1. If
[ \ L^"_R s}| and r s~y , then

[ w L^"qR���� . Conversely if
[ \ L^"_R s}| andy,s r , then

[ w L^"_Rk� | .

This theoremimpliesthatthereis auniquevalueof r wheretheHausdorff measurejumpsfrom
infinity to zero.This valueof r is theHausdorff dimension:

8@9m<���L^"_R��C9�aGb'H�r�� [ \ L^"_R��`�1Y��CBEDGFIH y � [ w L^"_Rk� | Y (1.3)

Wedonotexplicitly usetheHausdorff dimensionfor any of ourexamplesor proofs,but include
the definition sinceit is typically what mathematiciansmeanwhen they usethe term fractal
dimension.

Box-counting dimension

Supposethatat least ��L � R setsof diameter� areneededto cover " . Then
[ \5 L^"qR�>A��L � R � \

.
If r��}8@9�<j� and

[ \ L^"_R is finite, thenwe expect ��L � R�� ��� \
as ��� � . The box-counting

dimensionis thereforedefinedas

8@9�<j�vL^"_R��l(�9�<5On�o (*)�+6��L � R� (*)�+ � 
 (1.4)

Of course,this limit maynot exist, in which casethe (�9�<zBED@F and (�9�<z9maGb areused.Theabove
heuristicdoesnot guaranteethat box-countingand Hausdorff dimensionsare equivalent; in
general,8@9�<j��>�8@9�< � andtherearecompactsetsfor which thetwo differ. SeeFalconer[23]
for furtherdetails.

Thenumber��L � R canbedefinedin many ways,all of which yield anequivalentvalueof8@9�< � (see[23] for details).Somedefinitionsof ��L � R include:

1. thesmallestnumberof closedballsof radius � thatcover " ;

2. thesmallestnumberof cubesof side � thatcover " ;

3. thenumberof � -meshcubesthatintersect" ;

4. thesmallestnumberof setsof diameteratmost � thatcover " ;

5. thelargestnumberof disjoint ballsof radius � with centersin " .

One useswhichever definition is most convenient. Numericalalgorithmsfor estimatingthe
box-countingdimensionmostly usedefinition 3 andmeshesof boxes with side ��� [4]. The
box-countingdimensionis typically whatphysicistsmeanby thetermfractaldimension.

1.2.2 Other characterizations of fractal structure

Thedimensionof afractalis ameasureof geometricirregularityonsmallscales.TheHausdorff
andbox-countingdimensionsareeachinvariantunderbi-Lipschitz transformations:thosefor
which thereexist �%��$E�h� suchthat

�%��S N � Q�S�>AS �kLONPR � �kLOQ:R'S1>z�h��S N � Q�S
 (1.5)

This makesthemgeometricinvariantsof sorts,but not topologicalinvariants.All onecansay
aboutthe topologyof a setgiven its Hausdorff dimensionis that 8:9�<j� s � implies thesetis
totally disconnected.Theconverseis certainlynot true— Cantorsetscanbeconstructedwith

6



a b

dc

Figure1.5: Four relativesof theSierpinskitriangle. Eachof thesefractalsis generatedasthe
attractorfor an iteratedfunction system(Section1.2.3) that mapsthe unit squareinto three
squaresof onehalf thesize.The“L” notationdesignatestherotationor reflectionusedin each
case.ThesefractalshaveexactlythesameHausdorff dimension( (*)�+0.!-�(*)�+T� ) but their topology
is different. We usethesefractals in Chapters2 and 3 as test examplesfor our numerical
techniques.By looking at the numberandsizeof connectedcomponents,andthe numberof
holesasa functionof resolutionwecandistinguishtheirdifferenttopologicalstructureof these
four fractals.
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Figure 1.6: Two fractals with the samedimensionbut different lacunarity (after Mandel-
brot [51]). Eachfractal is built from � � � � copiesof theunit squarewith anedgeof �� . They
differ in the positioningof the 9 deletedsquares,and this gives them different coarse-scale
structure.The oneon the left hasa large centralhole andthereforehashigh lacunarity. The
fractalon theright hasa moreuniform structureandis thereforeof lower lacunarity. Both the
fractalshave thetopologyof aSierpinskicarpet.

Figure 1.7: A multifractal measureon the Sierpinski triangle. This picture is generatedby
choosingeachof thethreefunctionsfrom theIFSwith unevenprobabilities.Suchanonuniform
distribution of points leadsto inaccurateestimationsof the box-countingdimension. In our
work, theeffect is anundesirablyhigh “cutoff resolution;”seeSection2.4for morediscussion.
Multifractal theorycharacterizesthe fractal propertiesof the measureratherthanthe set that
supportsthemeasure.
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any Hausdorff dimension.Thus,asmany peoplehave observed, thedimensionis just onepart
of a completecharacterizationof thestructureof a fractal. In this section,we review someap-
proachesto distinguishingbetweentwo setsthathave thesamefractaldimension.Eachtheory
addressesadifferentcontext, whichweillustratewith theexamplesin Figures1.5,1.6,and1.7.

If two fractalshave thesameHausdorff dimension,8@9�< � ��r , thenthefirst steptowards
telling them apartis to comparetheir r -dimensionalHausdorff measures,

[ \ L^"qR . We have
alreadyremarked,however, thatHausdorff dimensionsandmeasuresaredifficult to work with
computationally. In any case,this fails to distinguishbetweentheSierpinskitrianglerelativesin
Figure1.5,sincetheHausdorff measureis relatedto theself-similarscaling(seethefollowing
section),andthis is identical for eachof theseexamples.Onecanalsocompareobjectslike
this by determiningtheir topologicaldimension.This would distinguishtheCantorsetrelative
from the other threetopologicaltypesin Figure1.5, for example,but not betweenthe other
threefractalswhich aretopologicallyone-dimensional.In this thesis,we obtaina finer char-
acterizationof topologicalstructureby examining the numberof connectedcomponentsand
holesasa function of resolution. We elaborateon this whenwe return to theseexamplesin
Chapters2 and3.

Mandelbrot’s work on lacunarity[5, 51] aimsto distinguishbetweenfractalswith thesame
dimensionanddifferentcoarse-scalestructure.The problemis illustratedby the examplesin
Figure1.6. Lacunaritymeasuresthe degreeof translationalinvariancewithin the fractal and
is interpretedasa textureparameter. This hasimplicationsfor experimentalmeasurementsof
dimension,sincefractalswith low lacunarity(i.e.,very uniform coarse-scalestructure)canap-
pearto fill out a set of positive Lebesguemeasure.An approximationto a Cantorset with
low lacunaritymaythereforeappearto bea connectedinterval at coarseresolutions.A precise
mathematicaldefinitionof lacunarityis not yet agreedupon;see[2, 5, 51, 76] for morediscus-
sion. Our work doesnot addressthis issue,sincewe areinterestedin the limiting scalingof
componentsor holes,justasthedimensioncharacterizesthelimiting scalingof themeasure.

It is possiblefor setswith positive Lebesguemeasureto have structureon arbitrarily fine
scales;suchsetsarecalled fat fractals. An exampleis the chaoticregion in Figure1.2. The
Hausdorff or box-countingdimensionof a fat fractal is an integer andthereforefails to char-
acterizethefractalnatureof theset.Scalingpropertiesof thesesetsarestudiedin [20, 22, 30,
80, 84], mostlyby examiningthe rateof convergenceof themeasureof the � -neighborhoods," 5

, as ��� � . Theresultingfat fractalexponentsareinterpretedasanexchangeindex by Tri-
cot [80]. In Chapter5 wederivesomeinequalitiesthatrelateourtopologicalgrowth ratesto the
fat fractalexponents.

We finish this sectionby mentioningmultifractals. Multifractal theorystemsfrom theob-
servation that the distribution of pointson a set (i.e., a measure)canhave fractal properties.
This is often the casein dynamicalsystems,for example,whenorbits cover an attractorin a
nonuniformmanner. Theexamplein Figure1.7shows anapproximationto amultifractalmea-
sureon theSierpinskitriangle.Thefirst stepin multifractalanalysisis a pointwiselocalization
of theconceptof dimension.This is doneby analyzingthescalingof thefractalmeasure,� , of
balls ����LONPR centeredat N with radii   � � :

8:9�<Z¡£¢2¤@��LONPRk�¥(m9�<� n�o (*)�+���LO����LON�RxR(*)�+0  

One then considerssubsetsof the fractal that consistsof points with identical local dimen-
sion. The distribution of the dimensionsof thesesubsetsis the multifractal spectrum. See
Falconer[23, 24] for furtherdiscussion.We considertheeffect of nonuniformpoint distribu-
tions on our computationaltechniquesin Section2.4, but we have not yet attemptedto adapt
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themto thiscontext.

1.2.3 Iterated function systems

We finish our review of fractal geometryby describinga tool for generatingand analyzing
fractalswith somedegreeof self-similarity. The conceptof an iteratedfunctionsystem(IFS)
wasformalizedby Hutchinson[36]. Givena finite collectionof functions, ��¦,� ��� � ���

, for§ ����$�
�
�
U$E¨©{=� , we studysetsthatareinvariantunderthejoint actionof thesefunctions:

"ª�`�kL^"qRk�¬«¦�®P� ��¦¯L^"_RE
 (1.6)

ExamplesaretheSierpinskitrianglerelatives,shown in Figure1.5.Whenthe ��¦ arecontractions
on a closeddomain ° ± ���

(i.e., for NP$EQ�V¥° thereis a number � s � ¦ s � suchthatS ��¦¯LON�R � ��¦²LOQ@R'SG>z�'¦ES N � Q�S ) thefollowing resultshold:

1. Thereis auniqueclosed,boundedsetsatisfying(1.6).

2. Thissetis theclosureof thesetof fixedpointsof arbitraryfinite compositions,��¦´³Mµ/¶�¶�¶%µ��¦*· , with
§m¸ V¹H���$�
�
�
�$E¨XY .

3. Givenany set ºl±z° , then �I�»LOºpR � " in theHausdorff metricas � �¼| .

Proofsof the above arebasedon the contractionmappingtheorem;see[23] or [36]. Further
propertiesof iteratedfunction systemsare explored in detail in Barnsley [4]. Many of the
exampleswe usethroughoutthis thesisaregeneratedby iteratedfunction systems,e.g., the
Sierpinskitrianglerelativesin Figure1.5.

Onepropertywe make useof in our numericalwork is that IFS attractorsareperfect,i.e.,
they have no isolatedpoints.This follows from result2 above. Wemustshow thatevery point,NXV]" , is thelimit of asequenceof otherpointsin theIFS attractor. From2, N is eithera fixed
pointof afinite numberof compositionsor in theclosureof thesepoints.In thelattercase,N is
(by definition)thelimit of asequenceof pointsfrom " . For theothercase,let ½��¾� ¦´³ µU¶�¶�¶²µ¿� ¦ ·
andsupposeNÀ�A½¿LONPR . Now considerthefixedpoint of oneof theIFS functions, Q]�	��¦�Á�LOQ@R .
Again, from result2 we know Q]V�" ; sincethereis morethanonefunctionin theIFS,we can
assumethat Q¹Â�`N . Now let Q � �Ã½��»LOQ:R ( ½1� is the � -fold compositionof ½ ). Since "Ä�¾�kL^"_R ,
we know Q � V]" for all � ; thecontractionmappingprincipleimplies Q � � N , sowearedone.

Thequestionof whetheranIFSattractoris connectedor disconnectedis studiedby Barnsley
[4] in thecontext of generatingMandelbrotsetsfor parameterizedfamiliesof iteratedfunction
systems.An imagebasedalgorithmfor studyingtheconnectednessof IFSattractorsispresented
in [7]. Although we use iteratedfunction systemattractorsas examplesin this thesis,our
algorithmsfor determiningconnectednessaredesignedto applyin amuchbroadercontext.

Similarity dimension

Many simplefractals,suchastheSierpinskitriangleandmostof theexamplesin Chapter2, are
attractorsfor iteratedfunctionsystemsof similarities.Thismeanseachfunction, ��¦ , satisfies

S ��¦¯LON�R � ��¦²LOQ@R'S��C�'¦ES N � Q�S for all NP$EQ (1.7)
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where � s �'¦ s � is the contractionor similarity ratio. Suppose" is the invariantsetfor a
family of ¨ similarities:

"©�?«¦�®P� ��¦¯L^"_RE
 (1.8)

Thereis a very simpledefinition of dimensionwhich is easyto compute— thesimilarity di-
mension,8@9�<�Å , which is thenumberr thatmakesthefollowing hold:

«c ¦�®P� � \¦ ����
 (1.9)

In general,8@9�<j�ZL^"_RÆ>}8@9m< Å L^"_R . The Hausdorff andsimilarity dimensionsareequivalent
when the IFS satisfiesthe openset condition. An IFS of similarities satisfiesthe openset
conditionif thereexistsanonemptyboundedopenset, Ç , suchthat

Ç	ÈÉ«¦�®P� ��¦²LÊÇ�RE$ (1.10)

with theuniondisjoint. For example,theSierpinskitrianglerelativessatisfytheopensetcondi-
tion with Ç astheopenunit square.SeeFalconer[23] for aproof thatHausdorff, box-counting,
andsimilarity dimensionsagreeunderthis condition.

1.3 Computational topology

By computationaltopology, we meanthestudyof topologicalpropertiesof anobjectthatcan
becomputedto somefinite accuracy. Thereis agrowing literatureontheformalizationandrep-
resentationof topologicalquestionsfor computerapplications,andon thestudyof appropriate
algorithms;see[13] for a survey of thefield. Applicationareasincludedigital imageprocess-
ing, topology-preserving morphingin computergraphics,solid modellingfor computeraided
design,meshgenerationfor finite elements,3-d modelsof protein molecules,and the anal-
ysis of experimentaltime-seriesdata. Otherdistinctly differentfields that combinetopology
andcomputerscienceincludetopologicaltechniquesin thetheoryof computingandcomputer
visualizationof complicatedtopologicalspaces.

Theearliestwork on extractingtopologicalinformationfrom datatargeteddigital images.
Thesearetypically representedby binarydataonafixedregulargrid in two or threedimensions,
e.g.,pixelsandvoxels. This field hasmany applicationsincludingalgorithmicpatternrecogni-
tion, whichplaysanimportantrole in computervision(e.g.,determiningwhetherarobot-width
corridorexistsbetweentwo obstacles[6]), andremotesensing(e.g.,computingtheboundaries
of adrainagebasinfrom satellitedata[88]). Thefundamentalconceptin thisfield is thatof ad-
jacency, thedefinitionof whichdependsuponthegrid structure.Muchwork in thisareafocuses
onalgorithmsfor thelabelingof components[40], boundaries[83], andotherfeaturesof digital
images.Basicresultsincludeconsistentnotionsfor connectedness[40], simpleconnectedness
[33], a digital Jordancurve theorem[74], andalgorithmsfor theEulercharacteristicof digital
sets[39, 45].

The datawe are interestedin analyzingare typically finite setsof points from a finite-
dimensionalmetricspace.Existingwork on extractingtopologicalinformationfrom this type
of dataincludesa numberof approachesto computationalhomology. The first stepin com-
puting homologyfrom point-setsis to build a triangulationor otherregular cell complex that
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reflectsthe topologyof thedata.Oncethis is done,it is possible— thoughcostly— to com-
puterepresentationsof thehomologygroupsfrom thecomplex. It is muchfasterto find only
the ranksof the groups— the Betti numbers — andoften this is enoughinformationfor ap-
plications. Fast2 algorithmsfor computingBetti numberstake many forms. Friedman[26]
usesan isomorphismbetweenhomologygroupsandthenull spaceof a combinatorialLapla-
cian to computeBetti numbersfrom an arbitrarysimplicial complex. In Chapter3, we usea
multiresolutionapproachto building simplicial complexescalledalphashapeswhich is dueto
Edelsbrunneret al. [17, 18]. For subsetsof

� � and
� �

thereis a fastincrementalalgorithmfor
computingBetti numbersfrom alphashapes[11]. The implementationsusefundamentalcon-
structionsfrom computationalgeometrysuchasDelaunaytriangulationsandVoronoidiagrams;
wedescribethesein moredetailin Section3.4.1.To thebestof ourknowledge,Edelsbrunner’s
approachis the only existing algorithmfor computingBetti numbersat multiple resolutions.
However, previouswork with alphashapeshasnot formally investigatedtheproblemof extrap-
olating informationabouttheunderlyingspacefrom thefinite data— the topic of this thesis.
A drawbackof thealphashapeimplementationfor ourapplicationsis thatit is notsuitedto the
largedatasetstypically encounteredin dynamicalsystemsapplications.

1.4 Overview of the thesis

1.4.1 The basic assumptions

In both experimentalandsimulateddynamicalsystems,the datato be analyzedaretypically
pointsalonga trajectory. Thesepointsapproximatetheomega-limit setof theorbit, which in
turn mayapproximateanattractoror otherinvariantset. We abstractthis settingby assuming
theunderlyingset, " , is a compactsubsetof a metric space,andthat thedata, Ë , area finite
setof points that approximate" . We measurethe accuracy of the approximationusing the
Hausdorff metric,

J��ZLÊË�$x"qR���<�9�a¿H � S�"Ì±ÃË 5
and ËÍ±Î" 5 Y!


Thenotation Ë 5
representstheclosed� -neighborhood:

Ë 5 �lHKN¹S�JMLONP$ÏË0R,> � Y!

Thus,if ÐX�~J»��LÊËk$x"_R , thenevery point of Ë is within a distanceÐ of somepoint in " , and
viceversa.

Our goal is to extract informationaboutthe topologyof " from thefinite approximation,Ë . Wekeepourapproachasgeneralaspossiblewithin theabove context; theonly requirement
on " is that it mustbecompact.Thedefinitionof compactness— thatgivenany coveringof
a spaceby opensets,it is possibleto cover thespaceusingonly a finite numberof thosesets
— impliesthatapproximatingacompactsetby afinite setof pointsis notunreasonable.In the
applicationswedescribeabove,compactnessis avalid assumptionsincetheomega-limit setof
anorbit is compactif it is bounded.

A finite setof pointshasno intrinsic topologicalstructure,so it mustbecoarse-grainedin
somemanner. To give the datanon-trivial structure,we form the closed � -neighborhoodË 5

,
as definedabove. Our basicapproachis to determinetopologicalpropertiesof the fattened
setat differentvaluesof � tendingto zero. The ideais that the topologicalstructureof " can

2I.e., time coststhataresubquadraticin thenumberof points.
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beextrapolatedfrom thatof the � -neighborhoodsof Ë . Naturally, this extrapolationis always
constrainedby theinherentaccuracy of thedata.We developa criterionthat identifiesa cutoff
resolutionfrom thedata;thisprovidesameasureof confidencein theresults.

The first stepin justifying our approachis to examineits validity for generalspaces.For
example,a spacethat is “connectedat resolution � ” for all � u � is only guaranteedto be
connectedin theusualsenseif it is compact.Thesecondstepis to formally relatethetopology
of the � -neighborhoodsof Ë to that of the � -neighborhoodsof " . We do this in Chapter3
usingtheassumptionthat thedataandtheunderlyingspaceareclosein theHausdorff metric.
Thesesoundmathematicalfoundationsform the mostsignificantcontribution of the thesisto
theemerging field of computationaltopology.

1.4.2 Organization of the thesis

The thesishasfive chapters.Thefirst two cover theoreticalandcomputationalresultsfor our
multiresolutionapproachto topology. We thendescribesomeexampleapplicationsin dynami-
cal systemsandfinish with a chapterthatderivesinequalitiesinvolving our topologicalgrowth
ratesandvariousdefinitionsof fractaldimension.

We begin, in Chapter2, by investigatingthe most elementarypropertiesof a space:the
numberandsizeof its connectedcomponents.Computingthesequantitiesat multiple resolu-
tions allows us to determinewhetherthe dataapproximatea connected,totally disconnected,
and/orperfectspace. The ideaof formulatingconnectednessusing a resolutionparameter�
goesbackto Cantor’s definition for connectednessin compactmetricspaces.(In this chapter,� is a distancebetweenpoints,not the fatteningby � thatwe describedearlier.) We introduce
threefunctions, Ñ�L � R , °XL � R , and Ò:L � R , that arethenumberof components,largestcomponent
diameter, andnumberof isolatedpoints,respectively. Fromthelimiting behavior of thesethree
functions,we areableto determinethe connectednesspropertiesof a compactspace.For fi-
nitesetsof points,we computethesequantitiesfrom theminimalspanningtreeandthenearest
neighborgraph. We show that the minimal spanningtree is the ideal datastructurefor de-
scribingconnectedcomponentsat multiple resolutions.For Cantorsetsandotherdisconnected
fractals,the numberof � -componentsgoesto infinity as � tendsto zero,and for totally dis-
connectedsets,the diametersgo to zero. We characterizethe ratesof growth usinga power
law andcomputethecorrespondingdisconnectednessanddiscretenessindicesfor a numberof
examples.

In Chapter3 we addressthe morechallengingproblemof computationalhomology. The
definitionsfor homologytheoryarequiteinvolved,sowegiveanoverview of thebasicconcepts
in Section3.2.Homologyquantifiesstructurevia theBetti numbers,Ó � , whichessentiallycount
thenumberof � -dimensionalholesin aspace.Ourinitial planwasto computetheBetti numbers
of the � -neighborhoods;we hopedthat the limit as �p� � would give theBetti numberof the
underlyingspace.Theprocessis moresubtlethanthis, however, becausefatteninga setto its� -neighborhoodcanactually introducenew holes. We resolve this problemusingan inverse
systemapproachfrom shapetheory. This allows us to definethe persistentBetti numbers,
whichcountholesin an � -neighborhoodthatcorrespondto a holein theunderlyingspace.The
computerimplementationsof theseideasarenotfinalized.Instead,weuseexistingalphashape
software to analyzesomesimpleexamples,and illustratewhy the regular Betti numbersare
inadequate.

Chapter4 exploresapplicationsof thesetechniquesin dynamicalsystems.The examples
we studyhave well-understoodstructure,which enablesus to evaluatethe usefulnessof our
techniques.Themostextensive studyof this chapteris thebreakupof invariantcirclesin area-
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preservingtwist maps. We endby suggestingsomeotherapplicationsof our computational
topologytechniquesto someopenquestionin dynamics.

Finally, in Chapter5 we explore connectionsbetweenour topologicalgrowth ratesand
variousdefinitionsof fractal dimension. The resultswe give are far from completeand we
outlinesomepotentialavenuesfor furtherwork.
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Chapter 2

Computing Connectedness

2.1 Intr oduction

This chapterexaminessomeelementaryconceptsfrom point-settopology— specificallycon-
nectedness,total disconnectednessandperfectness.Thegoal is to obtaincomputationaltools
that allow us to determinethe numberandsizeof connectedcomponentsof a datasetat any
givenresolution.

The first part of the chapterreformulatesthe classicaldefinitionsin termsof a resolution
parameter, � . We thenshow that for a compactspace,

�
, the topologicalpropertiesof con-

nectedness,total disconnectedness,andperfectnesscanbededucedby examiningthe limiting
behavior of the number, ��� ��� , and size, ��� �	� , of � -connectedcomponentsas ��
 � . We
characterizethe limiting behavior of thesetwo quantitiesby a power law, and computethe
correspondingdisconnectednessanddiscretenessindices.

In Section2.3, we give a new algorithmbasedon the minimal spanningtree(MST) that
implementstheseideasnumericallyfor arbitraryfinite point-setdata. We show that theMST
is an ideal datastructurefor representing� -componentsof a finite point-set. Essentially, this
is becausetheMST alwaysjoins two subsetsby thesmallestpossibleedge.An importantstep
is to determinea cutoff resolution, , sothat thecomputedresultsarea goodrepresentationof
thetruespacefor ���  . Whentheunderlyingspaceis perfect,  is well approximatedby the
resolutionat which thedatafirst appearsto have anisolatedpoint.

Finally, in Section2.4,wedemonstratetheeffectivenessof ourtechniquesby applyingthem
to a varietyof examples.We presentdatathatexhibit differenttypesof scalingin thenumber
andsizeof their � -components.We also investigatethe dependenceof the cutoff resolution
 on the numberof datapointsandon the uniformity of their distribution over the attractor.
The first set of examplesare fractalsgeneratedby closely relatediteratedfunction systems.
Eachhasa distinct topologybut all have the sameHausdorff dimension. We show that the
disconnectednessanddiscretenessindicesclassifythesetsaccordingto their topology. Wenext
analyzefiveCantorsetsto demonstratedifferenttypesof scalingthatcanoccurin thefunctions
��� ��� and ��� �	� as ��
 � . Theseexampleslead us to conjecturethat Cantorsetswith zero
Lebesguemeasurehavedisconnectednessindex equalto theirbox-countingdimension.Results
thatprove somespecialcasesof this conjecturearegivenin Chapter5.

Thematerialin thisChapterhasbeenpublishedin [71, 72].
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2.2 Foundationsfor computing connectedness

2.2.1 Conceptsfr om point-set topology

Connectednessis avery intuitiveconceptthatcapturesthenotionof continuityof asetof points
in a topologicalway. Themathematicalformulationgoesbacka little over onehundredyears
andthefollowing definitioncanbetracedto Jordan[42]. A topologicalspace

�
is connected

if it cannotbe decomposedinto the union of two non-empty, disjoint, closedsets. If sucha
decompositionexiststhen

�
is saidto bedisconnected— thatis, if therearetwo closedsets�

and � suchthat ��������� and ������� � .
Thisdefinitiondoesnot lenditself to computationandin thefollowing sectionwewill give

a definition that is equivalent to an early formulationof connectednessin metric spacesdue
to Cantor[35]. Cantor’s definition uses� -chains: a finite sequenceof points ���! �"�"�"# $�&% that
satisfy '(�)�(*+ $�&*-,/. �10�� for 23�546 �"�"�"# $7 . A set,

�
, is Cantor-connectedwhenevery two points

in
�

canbe linked by an � -chain for arbitrarily small � . This definition agreeswith the one
above only in thespecialcaseof compactmetricspaces.For example,therationalnumbersare
Cantor-connectedbut disconnectedin theregularsense.

Oneobjectwe areparticularlyinterestedin is theconnectedcomponentof a point. Given
�98 � , thisis thelargestconnectedsubsetof

�
containing� . For example,if

� �;: �  <4>=+�?:A@B DCE=
then the connectedcomponentof .F is : �  <4>= . If the connectedcomponentof every point is
only the point itself then the set is said to be totally disconnected. The rationalsare totally
disconnected,asis themiddle-thirdsCantorset.

Anotherconceptfrom point-settopologyis thepropertyof perfectness.This meansevery
point hasarbitrarily small neighborhoodscontaininginfinitely many otherpoints, so that no
point is isolated. Formally a set is perfect if it is equalto the setof its accumulationpoints.
Noticethatthisdefinitionimpliesthatonly closedsetscanbeperfect.

Any compactmetricspacethat is totally disconnectedandperfectis homeomorphicto the
middle-thirdsCantorset(see[35] for a proof). Thecombinationof thesepropertiesmayseem
somewhatparadoxical,sincethey tell usthateachpoint is isolatedin onesense— its connected
componentis thatsinglepoint,andyetnopoint is isolated,sinceeachmustbethelimit of some
sequenceof pointsin theCantorset.

In thefollowing sectionwe reformulatethesedefinitionsin a way that relieson extrapola-
tion, makingit possibleto implementtheideasnumerically. Thebasicapproachis to look at the
setwith a finite resolution� , seehow certainpropertieschangeas �G
H� , andinfer information
aboutthetopology.

2.2.2 I -Resolutiondefinitions

Givena compactsubset
�

of a metricspace,we sayit is � -disconnectedif it canbewritten as
theunionof two setsthatareseparatedby a distanceof at least � — i.e., therearetwo closed
subsets,� and � with ���J�K� � and '��L�G M� �ONQP-RTSVU6W6XTY Z<W\[ '(�)�# $] �_^`� . Otherwise,

�
is� -connected. As with Cantor’s definition,a setthatis � -connectedfor any �a�b� is connectedif

andonly if it is compact.This follows from thesimplelemmabelow.

Lemma 2. If a compactmetric space
�

is disconnected,then it is � -disconnectedfor some�O��� .
Proof. Since

�
is disconnected,therearecloseddisjoint sets� and � suchthat �����Q� � .

Now suppose'(�L�c M� � � � . This implies that thereare sequences�&%�8d� , ]6%`8d� with
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'(�)�(%� $]6% �3
H� . Since � and � arecompact,theremustbeconvergentsubsequences�(%!e 
 ��f
and ]6%�g 
 ] f with '(�)� f  $] f � � � . But this implies � f �`] f , which is impossiblesince � and
� aredisjoint,sotheremustbean �O�b� suchthat '��L�G M� � � � .

Restrictingour attentionto compactsetsis not unreasonable,sincewe areprimarily inter-
estedin setsthat arewell approximatedon a computerasfinite point-sets.In the context of
dynamicalsystems,we are interestedin attractorsandother invariantsets. Theseareclosed
subsetsof metricspaces,andarethereforecompactwhenthey arebounded.

We now make an � -resolutiondefinitionof connectedcomponent.A subsethji � is an� -componentif h is � -connectedand '��)h� ��k h �?^�� . Givena resolution,� , � hasa natural
decompositionasthedisjoint unionof its � -components.We canexploit this decompositionto
deducetopologicalpropertiesof theset.For example,if theonly � -componentis

�
itself for all� , thenwecanconcludethat

�
is connected.Wealsoknow thatatany fixedresolution�l�b� , a

compactsethasa finite numberof � -components.To seethis, take a coveringof
�

by � -balls.
Since

�
is compact,thereis a finite sub-cover. By their definition, every � -componentmust

containat leastone � -ball � � , sothereis a finite numberof � -components.This motivatesthe
introductionof a function �m� �	� that countsthenumberof � -componentsat resolution � . This
functionis monotonic:if � . 0�� F then �m� � . �n^ ��� � F � .

By lookingatthesizeof the � -componentswecandeducethepropertiesof totaldisconnect-
ednessandperfectness.Therearea numberof waysto measurethesizeof a set;thequantity
useddependson the context. We usethe diameter, sincethis is definedin any metric space.
Recall that the diameterof a set h is the largestdistancebetweenany two points in the set:o P-p\q �)h � �srDtTu U6Y Z<W6v '(�)�# $] � . At a resolution� , let w�� �	� representthesetof diametermeasure-
mentsof the � -components.For notationalconvenience,we write ��� �	� � qmp!x wy� ��� for the
functionthatdescribeshow thelargestdiameterchangeswith resolution. ��� �	� is a monotonic
non-increasingnon-negative function,sothelimit as �1
H� mustalwaysexist.

Fromthedefinitionof total disconnectedness,we have thefollowing result.

Lemma 3. A compactset
�

is totally disconnectedif andonly if z P-q|{)} �~��� ��� � � "
Proof. By wayof obtainingacontradictionto theforwarddirection,supposethat

z P-q{)} � ��� ��� �s� �b� "
Takeany sequence,� % 
�� andconstructatreeasfollows. At level 7 list all the � % -components
with diameter̂ � . Therearea finite numberof these.Orderthetreeby setinclusion,i.e. an
edgeconnectsh { g and h { gV��� if and only if h { gV����i�h { g . We know that theremust be � -
componentswith diameterŝ � for all � , so this treemusthave an infinite branch.This gives
a sequenceof nestedcomponentsh {�� , with

o P-p\q �)h {����_� � . Sincethe setsarenested,they
have a limit, h f �jz P-q % }?� h { � ��� % h { � . It thenfollows that h f is � -connectedfor all �
and

o P�p\q �)h f � �`� . This implies h f hasat leasttwo pointsin it andso
�

couldnot betotally
disconnected.

Theconversefollowsdirectlyfrom thedefinition.If thediametersof the � -componentsgoto
zero,thentheconnectedcomponentof any �98 � is just ���/� , so

�
is totally disconnected.

In � -resolutionterms,a compactset
�

is perfectif andonly if qmP-R wy� ���G��� for all ����� .
Alternatively, we canlook for isolatedpoints,sincetheseareeasyto detectnumerically. We
saya point ��8 � is isolatedat resolution � if '��)�/ �H� � ��^Q� . For a setto be perfect,the
numberof � -isolatedpoints, �(� ��� , mustbezerofor any �O�b� .

Thethreequantities�m� �	� , ��� ��� , and �(� �	� form thebasisof our computationalapproachto
determiningtheconnectednesspropertiesof data.
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Figure2.1: Theconstructionof a ��� Cantorset.

2.2.3 Disconnectednessand discretenessgrowth rates

In somesituationsof interest— Cantorsets,for example— it is expectedthat �m� �	��
�� and
��� �	��
 � as ��
 � . An effective way to evaluatethis behavior is to assumean asymptotic
form andcomputeappropriateindices.We usea simplepolynomialpower law, althoughfiner
scalesof functionsexist [81]. Thus,near � � � , we look for real numbers� and � suchthat
��� ���3���	�T� and ��� ������� � . Theexponentsmaybefoundasthefollowing limits:

����z P-q{)} � z-¡\¢£���
���

z¤¡\¢(� 4�¥ ��� (2.1)

�?��z P-q{)} � z¤¡\¢n���
�	�

z¤¡\¢ � " (2.2)

If thelimits do notexist wecancomputethe z P-q�P-RTS andthe z P-q r$tTu of eachquantity.
The componentgrowth rate, � , is calledthe disconnectednessindex. A positive valueof

� implies that the sethasinfinitely many components.We call � the discretenessindex. If
� is positive, the setmustbe totally disconnected.The function ��� �	� relatesthe sizeof the� -componentsto the distancebetweenthem, so � measuresthe relative rate of decreaseof
componentandgapsizes.If thesetis connectedor hasa finite numberof components,then �
and � arebothzero.Threesimpleexamplesof Cantorsubsetsof ¦ aregivenbelow.

Middle- § Cantor sets

TheseCantorsetsarisein piecewise-linearone-dimensionalmaps.Let �m0 § 0 4 andconsider
the Cantorset ����ij: �  <4>= constructedby successively removing the middle § -proportionof
eachremaininginterval. Thisconstructionhasanaturalcorrespondencewith the � -components.
At agivenlevel 7 , thereare �1%���@ % intervalsof equallength �|%�� .F � 4 � § � �|% � . , separated
by gapsof at leasẗ6%���§#�|% � . ; seeFigure2.1. With ���_�d4 , therecursionrelationsmaybe
solvedto find �|%m�5: .F � 4 � § � = % and ¨\%���§£: .F � 4 � § � = % � . , sothat

�?�©z P-q% }?� z¤¡\¢1�|%z¤¡\¢ª¨6% �©z P-q% }?� 7_z¤¡\¢�: .F � 4 � § � =
�)7 � 4 � z¤¡\¢«: .F � 4 � § � =T¬�z¤¡\¢G§ ��4� 

and

���©z P-q% }?� � z¤¡\¢c�1%z-¡\¢�¨6% �©z P�q% }?�
� 7_z-¡\¢1@

�)7 � 4 � z-¡\¢: .F � 4 � § � =�¬®z¤¡\¢1§ �
z-¡\¢£@

z¤¡\¢G@ � z¤¡\¢�� 4 � § � "
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Thediscretenessindex, � , is independentof § becausetheCantorsetis constructedin sucha
way that the � -componentsandgapsdecreaseat thesamerate.Thedisconnectednessindex, � ,
hasthesamevalueastheHausdorff dimension

o P�q�¯ . Since
o P-q|¯°0 4 , it follows that these

Cantorsetshave zeroLebesguemeasure.This alsofollows from the fact that the sumof the
gap-lengthsis equalto one.

A Cantor setwith positive measure

Now considera Cantorsetwith gapsthatdecreasemorerapidly. Let � bethesubsetof : �  <4>=
obtainedby successively removing gapsfrom the centerof remainingintervals, with widths
¨\%y�d� .F � F % � . � ..V� � for 7±�²46 D@B �"�"�" . Thetotal Lebesguemeasureof thegapsis just ..V� , sothe
measureof � is ³.V� . After a bit of algebra,we find that for � .F � F %6,/. � ..V� �_´µ�¶0 � .F � F % � . � ..V� � ,
thereare �1%|��@ % componentswith diameters�|%��5� .F � % :·³.V� ¬s� .F � % � ..V� � =(" So,

�_�©z P-q% }?� 7_z-¡\¢(�
.F � ¬¸z¤¡\¢~: ³.V� ¬s� .F � % � ..V� � =

�¹@67 � 4 � z¤¡\¢� .F � ¬¸z¤¡\¢� ..V� � � 4
@  

and

���©z P-q% }?�
� 7_z¤¡\¢1@

�¹@67 � 4 � z¤¡\¢~� .F � ¬¸z-¡\¢(� ..V� � �
4
@ "

Since � haspositive Lebesguemeasure,its Hausdorff dimensionis 1. Therefore,thediscon-
nectednessindex andthedimensionaredistinct. In fact,in Chapter5 we show thatfor subsets
of ¦ , thedisconnectednessindex is equivalentto thefat fractalexponent.

Cantor setswith zero Hausdorff dimension

It is possiblefor a Cantorsetto have
o P�q¶¯ � � . SuchCantorsetsareobserved asinvariant

setsfor thesymplectictwist mapswe studyin Chapter4. As anexample,let ��05º®0 4 and» �°� 4 � º«� ¥ º , andsupposetheCantorsethasa singlegap ¨6%9� » º % for each7¼�°46 D@B �"�"�" .
WeconstructtheCantorsetasasubsetof : �  <4>= , sotheconstant» is chosenthemake thesum�½

*-¾/. ¨ * �
�½
*-¾/.
» º * �546"

This meanstheLebesguemeasureof theCantorsetis zero. By setting � �Q¨\% , we have that
���¿¨\% � �s7m¬s4 andtherefore

���Àz P-q% }?� � z-¡\¢(�)7�¬s4
�

z¤¡\¢�¨ % �©z P�q% }?� � z¤¡\¢�)7�¬s4 �
7_z-¡\¢ º ¬®z¤¡\¢ » � � "

Thediametersof the � -componentsdependon theexactpositioningof thegapsin : �  <4>= . How-
ever, if � ��¨\% , thenthelargestremaining� -componentmustbelongerthanthenext gapto be
resolved,andits lengthcannotexceedthesumof all theremaininggaps.Thatis,

¨6%\,/. ´ ���¿¨6% �1´ 4 �
%½
*-¾/. ¨6*+"

It follows that

z¤¡\¢ª¨6%\,/.
z¤¡\¢ª¨ % ^ z¤¡\¢£���¿¨\% �z¤¡\¢�¨ % ^ z¤¡\¢(� 4 �¼Á %*¤¾/. ¨ * �z¤¡\¢�¨ % "
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Now,

4 �
%½
*-¾/. ¨6*/��4

� %½
*-¾/.
» º * ��4 � » º

4 � º � 4
� º %\,/. � � º %6,/. "

Thus,

z¤¡\¢ » º %6,/.
z¤¡\¢ » º % ^ z¤¡\¢£���¿¨\% �z¤¡\¢�¨6% ^ z¤¡\¢ º %6,/.z¤¡\¢ » º % "

Takingthelimit as 7 
Â� in eachexpression,we find that �?��4 .
In Section2.4,weexaminesomeCantorsubsetsof ¦ F . For many of theseexampleswefind

that � is approximatelyequalto thebox-countingdimension,
o P-q|Ã , andthat � is closeto one.

We give formal resultsrelatingfractal dimensionsandthe disconnectednessanddiscreteness
indicesin Chapter5.

2.3 Implementation

Thetheoryoutlinedin theprevioussectionappliesto arbitrarycompactsets.Recallthatcom-
pactnessis thepropertythatany coveringof thesetby opensubsetscanalsobeaccomplished
by a finite numberof thosesubsets.This is why it is possibleto representa compactsetby a
finite numberof points.Onewayto dothis is to takeacoveringof thesetby openballs,choose
a finite sub-cover, andlet the centersof the balls be the finite point-setapproximation.Sup-
poseeachpoint in thecompactset,

�
, is within a maximumdistance�¥6@ of somepoint in the

approximatingset, Ä . Theoriginal setandits finite point-setapproximationthereforeexhibit
essentiallythesame��� ��� , ��� �	� , and ��� �	� behavior when ���  . For example,if theoriginal
set,

�
, is connectedandperfect,thenexamining Ä with resolution ���  we see �GÅ«� ��� �Æ4 ,o P-p\q � � � �  ´ � Å � �	��´ o P-p\q � � � ¬� , and � Å � �	� � � . For ��0  , Ä hasmany compo-

nentsandthemajorityof theseareisolatedpoints.For generalcompactsetswehave thebound
� Å � � �  �1^ �1ÇÈ� �	�£^ � Å � � ¬¸ � for �l�  . Theseideasaredevelopedfurtherin Chapter3.

In practice,we aregivenonly thefinite point-setapproximationandwish to determinethe
connectednesspropertiesof theunderlyingset. To do this, we needto estimatetheminimum
resolution, , from thepoint-setitself. Wecanthenattemptto extrapolatethelimiting behavior
of �m� �	� and ��� �	� from thedatawith �O�  . Thequestionthatnaturallyarisesis: how confident
can we be that the limiting topology is that implied by the datafor �®�  ? It is possible
to constructexamplesthat appearto be connecteddown to a given resolution,but arein fact
Cantorsets. Conversely, thereareconnectedsetswhosefinite point-setapproximationsmay
appearto be totally disconnected.Both theseproblemscanbe addressedto someextent by
checkingtheeffect on ��� ���  $��� ��� and ��� �	� of increasingthenumberof pointsapproximating
theunderlyingset.Ultimately, though,we arerestrictedby machineprecision.

In orderto compute�m� �	� , ��� ��� and ��� �	� numerically, we needan appropriateway to or-
ganizethefinite point-setdata.Thestructurewe useis a graph— theMinimal SpanningTree
(MST) [67]. Thischoicewasinspiredby K. Yip’swork oncomputerrecognitionof orbit struc-
turesin two dimensionalarea-preservingmaps[89]. The following sectiondescribeswhy the
edgelengthsof theMST naturallydefinethe resolutionsat which oneshouldseea changein
thenumberof components.In fact,theMST of a datasetcontainsall theinformationwe need
aboutthe � -components.
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a b c

Figure2.2: A finite setof points(a), its minimal spanningtree(b), andthe nearestneighbor
graph(c). Theweightof anedgeis theEuclideandistancebetweenthepointsit joins.

2.3.1 Minimal spanningtr ees

A graph is a structureconsistingof a finite setof pointscalledverticesanda list of pairsof
thesepointscallededges. A weightedgraph hasa weight or costassignedto eachedge. A
graphis connectedif thereis asequenceof edges(a path) joining any point to any otherpoint.
Whenit containsno closedpaths,aconnectedgraphis calleda tree. Givenagraph,aspanning
tree is a subgraphthat is a treeandcontainsall the verticesfrom the original graph. For our
purposes,theverticesaredatapointsin a metricspace(usually ¦ % ), theedgesarelinesjoining
two points,andtheweightof anedgeis just themetricdistancebetweenthetwo pointsjoined
by thatedge.

Theminimalspanningtree(MST) of a graphis a spanningtreeof thatgraphthathasmin-
imal total weight. It is uniquewhenall theedgeweightsaredistinct. For our application,we
build the MST from the completegraph— i.e., one that hasan edgebetweenevery pair of
points.Theintuitive way to do this is to deleteedgesfrom thecompletegraphasfollows. Start
with thelongestedge(largestweight),andthenremovesuccessively shorterones,providedthat
doingsoleavesthesub-graphconnected.Thealgorithmceaseswhenremoving any edgewould
leave a disconnectedgraph. An alternative constructive algorithm,dueto R.S.Prim [68], is
morereadily implementedon a computer. The initial subtreeconsistsof any point, its nearest
neighbor, andtheedgebetweenthem.Thesubtreegrowsby addingthepoint thathastheshort-
estdistanceto somepoint (calledits parent)in thesubtree.Thisstepis repeateduntil all points
arein thetree. Thecostof this algorithmis É��)7 F � where 7 is thenumberof pointsin theset.
It is alsopossibleto constructtheMST from a specialgraphcalledtheDelaunaytriangulation
(c.f., Section3.4). For setsin theplane,this resultsin analgorithmwith cost É��)7_z¤¡\¢£7 � . See
[67] for details.

Thepropertyof connectingclosestpointsmakestheMST a naturalstructurefor our anal-
ysis. This is illustratedby thedatasetandMST presentedin Figure2.2. Noticethat theMST
bridgesthe“gap” betweentwo subsetswith theshortestedgepossible,automaticallyorganiz-
ing thepoint-setin a way thatcorrespondscloselyto � -connectedcomponentsof theset. The
following resultsformalizethis intuition. More resultsaboutminimal spanningtreesandtheir
relationshipto clusteringcanbefoundin [90].

First, we show how the edgelengthsin the MST relate to � -connectednessand the � -
components.

Lemma 4. If Ä is a finite setof pointsthat is � -connectedfor all ��^Ê� � �Ë� , thenthelongest
edge in theMSThaslength Ì 0�� � .
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Conversely, if theMSTof a finite setof points, Ä , haslargestedge length Ì 0Ë� � , then Ä is� -connectedfor all �l^�� � .
Proof. Recallfrom Section2.2 that Ä is � -connectedif andonly if thereis an � -chainjoining
every pair of points in Ä . This implies that in the completegraphover the pointsof Ä , it is
possibleto move from onevertex to any otheralongedgesof lengthlessthan � . Therefore,in
theintuitiveconstructionof theMST, all edgesof lengthgreaterthan � � areremoved,sincethey
couldnotdisconnectthegraph.It follows thattheMST of Ä canhave no edgelongerthan � � .

Conversely, the MST is a connectedgraph,so given any points �# $]®8�Ä , we canfind an� � -chain: �(�|�;�# �"�"�"# $�&%9�Q] , with '(�)�(*+ $�&*-,/. ��0�� � . This implies that Ä is � -connectedfor
all �O^�� � .

The next resultshows that theMST is a suitablestructurefor representing� -components.
First,we notethatevery edgein a MST definesa partitionof Ä (thepoint set)into two subsetsÍ

and Î containingthepointsfrom thetwo subtreesgeneratedby removing theedge.It follows
that:

Lemma 5. Removinganedge froma MSTgeneratestwosubgraphs,each of which is a MSTof
its points.

Supposethatthelongestedgehaslength Ì andassumethatthisedgelengthis unique.If we
remove this edge,we areleft with two subsets

Í
and Î thatare � -connectedfor some �m0 Ì .

Thesesubsetsgenuinelyare � -componentssince '�� Í  MÎ � �`Ì �Ë� . If thereare 7 � 4 edgesof
length Ì thenremoving themleaves 7�¬�4 connectedcomponents.

Theminimal spanningtree,onceconstructed,holdsall theinformationwe needto deduce
connectednesspropertiesfrom � -components.The � -componentsof the set Ä corresponddi-
rectly to theconnectedcomponentsof thesub-graphthatis generatedby removing edgesfrom
theMST of lengths,Ì ^�� . Also, theedgelengthsof theMST automaticallygivetheresolutions
at which oneseesa changein thenumberof components.We now discusswaysto extractthis
informationefficiently from theMST.

2.3.2 Practical issues

This sectionaddressessomeof the detailsof the numericalimplementation.In particular, it
describeshow we compute�m� �	� , ��� �	� , and �(� ��� . Wegive Matlabcodefor thefollowing algo-
rithmsin anappendixto this thesis.

Finding the numberof � -componentsis straightforward: �m� �	� is just onemore than the
numberof edgeswith lengthgreaterthan � . Webuild theMST usingPrim’salgorithmwith the
Euclideandistancebetweenpointsastheedgeweight,andstoretheMST asthreearrays.The
first lists thecoordinatesof thedatapointsin arbitraryorder, thesecondcontainsthe index of
theparentof eachpoint, andthethird, the lengthof theedgebetweenthepoint andits parent.
This allows us to compute�m� �	� from thecumulative distribution of edge-lengths,obtainedby
simplysortingthearray.

We know thata point will be isolatedat resolution � if all theMST edgesincidenton that
point are longer than � . One way to compute��� �	� is to deleteall edgeslonger than � from
theMST andthencountthenumberof isolatedpoints. Anothermethodis to usethe nearest
neighborgraph (NNG); seeFigure2.2 for an example. The nodesof this directedgraphare
againthedatapoints;anedgepointsfrom onenode,�(* , to another, �·Ï , if

'��)�&*+ $�·Ï �1´ '��)�&*V $� � for all �98�Ä k ���(*+ $�·Ï6�Ð" (2.3)
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This relationshipis not reflexive, i.e., �&* 
 �BÏ doesnot imply �·Ï 
 �(* . Ignoring their di-
rections,theedgesof theNNG area subsetof thosein theMST. It is thereforevery simpleto
build theNNG from theMST, againby sortingtheMST edgesby lengthandthenrecordingthe
shortestedgeincidenton eachpoint. Thenumberof � -isolatedpoints, ��� �	� , is just thenumber
of edgesin theNNG thatarelongerthan � (countinganedgethatpointsbothwaystwice). �(� ���
is thenacumulative distribution of edge-lengthsin theNNG.

To find thediameterof an � -componentwe first needto list thepointsin the � -component.
This involvesa treewalk algorithm,which we will discussin the following threeparagraphs.
Finding theEuclideanmetricdiameterof a setof 7 pointsin theplaneis anorder Ém�)7_z¤¡\¢n7 �
algorithm, since the computationscan be restrictedto points lying on the boundaryof the
convex hull. For subsetsof higher-dimensionalspaces,this restriction doesnot necessar-
ily help [67]. Instead,the algorithm we useis the brute-forcecomparisonof distancesbe-
tweenall pairsof points,which is Ém�)7 F � . Finding the diameterusing the supremummetric
( 'ÐÑ¿Ò	Ó&�)�/ $] � �Ôr$tTu *&Õ �&* � ]6* Õ ) is faster, sinceall that is requiredis to find the maximumand
minimum value in eachcoordinateover the setof points,andthis is linear in the numberof
points.

A treewalk on theMST is not particularlyefficient sinceits root is arbitraryandlittle can
besaidin generalaboutits branchingstructure.Thereis, however, anaturalbinarystructureto
theMST, sinceeachedgedefinesapartitionof theMST into two components.This factcanbe
usedto constructabinarytreefrom theMST, which is thenfasterto search.

The binary treerepresentsinformationaboutthe MST in the following way. Nodes(ver-
tices)of thebinarytreerepresentedgesfrom theMST, orderedby length;theroot is thelongest
edge.Thetwo childrenof anedgenodearethe longestedgesof thetwo sub-MSTsgenerated
by removing thatedge.Theleaves(nodeswith nochildren)of thebinarytreerepresentthedata
points;theparentnodeof aleaf is theshortestedgeincidentto thatpointin theMST. In essence,
eachedgenodein thebinarytreerepresentsaconnectedcomponentof theMST. Givenavalue
of � , each � -connectedcomponentis representedby anedge-nodewith lengthlessthan � , but
whoseparenthaslengthgreaterthan � . Thepointsin an � -componentcanbefoundby listing
theleaves“under” its representative node.This binarytreecanbebuilt sothateachedge-node
hasinformationaboutthecomponentit represents— for example,thenumberof pointsin the
component.

Thetime to list thepointsin a componentis proportionalto thedepthof thetree,which in
turndependsonthenumberof pointsin thedatasetandhow well thetreeis balanced.For fairly
uniformly distributeddata,thetreeis well balanced,but for non-uniformlydistributeddatathis
is not thecaseandthetime to list thepointsin an � -componentcanbecomevery long.

Our algorithmsto build theMST andthebinarycomponenttreearenot themostefficient
implementations.Thereis a large literatureon specialdatastructuresfor graphalgorithms[9]
thatcouldbeexploitedto give fasterimplementations.

Finally, we mustaddresstheproblemof how to determinethefinestappropriateresolution,
 , asdiscussedat the beginning of Section2.3. To do this, we examinehow the numberof
isolatedpointsin the � -decompositionof thesetvarieswith resolution—i.e., thefunction �(� �	� .
In all of theexamplesbelow, theunderlyingsetsareperfect,sothefinitepoint-setapproximation
is “bad” at any resolutionfor which thereareisolatedpoints. It follows that the resolutionat
whichwestartto seeisolatedpointsis anestimateof  , i.e. �� P�RTS � �lÖ �(� ��� � � � . Thevalidity
of this approachis supportedby thenumericalevidencein thenext section;thedatafor �m� �	�
and ��� ��� divergefrom their truevaluesat theresolutionwhenisolatedpointsarefirst detected.
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Figure 2.3: Templatefor the iteratedfunction systemthat generatesthe Sierpinski triangle
relatives

2.4 Examples

In this sectionwe presentsomeexamplesthat illustrate the behavior of the numberof � -
components,�m� �	� , the largestdiameter, ��� �	� , and the numberof isolatedpoints, �(� �	� , for
fractalswith differenttopology. Thegoal is to show that thesequantitiesgive usefulinforma-
tion aboutthetopology.

The first examplesarerelativesof the Sierpinskitriangle. Thesesetsaregeneratedfrom
a family of iteratedfunction systems(IFS). The Hausdorff dimensionof eachsetis identical,
eventhoughthey have differenttopologicalstructure,asthedisconnectednessanddiscreteness
indiceshighlight. For thesefractals,we show that the cutoff resolutiondecreaseswhen the
numberof datapoints is increased,which is not surprising,sincemorepointssampledfrom
an attractorconstitutea betterapproximationof the underlyingset. We alsovary the way in
which thedatacover thesetandfind thatfor a fixednumberof pointsthecutoff resolutionis a
minimumwhenthedataareuniformly distributed.Again, this is exactlywhatwe expect,since
isolatedpointsappearat largervaluesof � whenpointsarenotevenly spaced.

We next presenta numberof Cantor-set examplesto illustrate different typesof scaling
behavior in ��� �	� and ��� ��� . We observe that,for Cantorsetswith zeroLebesguemeasure,the
computedvalueof � is approximatelyequalto thedimensionof theset. For a Cantorsetwith
positive measure,though,� andthedimensionaresignificantlydifferent.

2.4.1 Relativesof the Sierpinski triangle

Sierpinskitrianglerelativesareattractingfixedsetsof a family of iteratedfunctionsystems:

Ä±��×�:ØÄÙ=�Ë×Ð.E:ØÄ3=B��× F :ØÄÙ=���×6Ú\:ØÄÙ=¹"
In eachcase,thefunctions×!* aresimilarity transformations1 of theunit squarewith contraction
ratio .F , asillustratedby thetemplatein Figure2.3. The functionsthatgeneratetheSierpinski
triangle,Figure2.4,aresimplecontractionscomposedwith a translation;thegeneratorsof the
examplesin Figure2.11andFigure2.13involve additionalrotationor reflectionsymmetriesof
thesquare.Thereare232differentfractalsin this family [66] andtheir Hausdorff dimensions
areidentical:

o P�q ¯ �Ûz-¡\¢1CÐ¥3z¤¡\¢c@ . Their topology, however, rangesfrom simply connected
to connectedto totally disconnectedto a classof exampleswith infinitely many connected
componentsof non-zerodiameter[71]. This rangeof structuremakesthemidealtestcasesfor
our techniques.

1Recallfrom Section1.2.3thatsimilarity transformation,Ü , is anaffine transformationthatcontractsor dilates
distanceuniformly; i.e., for all Ý and Þ , thereis a positive numberß suchthat à Ü«á¤ÝÐâ�ã|Ü~á¤Þ6âVàMäyß!à ÝGãÈÞåà .
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It is easyto generateafinite numberof pointsontheattractorof aniteratedfunctionsystem.
Oneway (Barnsley’s chaosgame[4]) is to chosean initial point ��� in thedomainof the IFS
andthenrecordits trajectoryunderthe iteration �&%\,/.¶�²×!* � �)�(% � , setting 2)%J�Æ46 D@ or C with
probability æ~.� �æ F and æ�Ú respectively. If �(� is in the attractorthen its entire orbit is in the
attractor;if not,theiteratesconvergeto it. In theexamplesbelow, wechoose� � �5� �  �B� . Thus,
theorbit canbeviewedasarandomsamplingof theattractorby afinite numberof points.When
æ~.|�µæ F �µæÚ�� .Ú thedatacover the fractal uniformly; if theprobabilitiesarenot equalthe
distribution of pointsis nonuniformandtheir densityapproximatesa multifractalmeasure.In
theappendix,we give Matlabcodefor generatingtheSierpinskitrianglerelativesin theabove
manner.

The Sierpinski triangle

Thegeneratingfunctionsfor theSierpinskitriangleare:

×Ð.��)�# $] � � .F �)�/ $] �
× F �)�# $] � � .F �)�|¬�46 $] �
×6Ú!�)�# $] � � .F �)�/ $]?¬s4 � " (2.4)

A finite point-setapproximationto thetriangleandthecorrespondingminimalspanningtreeare
shown in Figure2.4.Theunderlyingsetis connectedandperfect,soweexpectto see�m� �	� ��4 ,
��� �	� �Ëç @ , and ��� �	� � � for �O�  . This is corroboratedby thecalculationsof ��� ��� and ��� �	�
for 4 �6è and 4 �\é point approximationsto the triangle,asshown in Figure2.5. We seethat for� above a thresholdvalue,thecomputedvaluesof ��� ��� and ��� �	� arein exactagreementwith
our expectations.Thepoint at which ��� �	� and ��� ��� deviate from the idealvaluesis thevalue
of � at which thenumberof isolatedpoints, ��� �	� , becomespositive. This � valueis, of course,
thecutoff resolution discussedin Section2.3.2.At finer resolutions— i.e., �_0  — we see
a sharptransitionin thenumberof connectedcomponentsfrom oneto thenumberof pointsin
theset;thediametersshow a correspondinglysharpdecrease.Both theseeffectsaredueto the
narrow distribution of edge-lengthsof theMST. Clearly, thevalueof  dependson thenumber
of points, ê , covering theset. For the 4 �6è -point approximation,�ë � " �\�Ðì andfor êÂ�²4 �\é ,
Jë � " �\� @\@ ; We expectthe relationshipto be JëÆ4�¥\ç ê , sincethedataarehomogeneously
distributed on a subsetof ¦ F . This is supportedby the datain Figure2.6(a). Here,we plot
cutoff resolutionversusthenumberof pointsfor 4 � Ú ´ ê ´ 4 � é ; theslopeof theleast-squares
fit line is

� � "îí ì .
The resultsdiscussedso far arefor uniformly distributeddata. In generaldynamicalsys-

tems,though,orbitscoverattractorsnonuniformly. Therefore,wewantto understandtheeffects
thatnonuniformlydistributedpointshave on theconnectednessdata.As describedearlier, we
canchangetheway an orbit coversthe IFS attractorby choosingthe functions ×Ð.� D× F , and ×6Ú
with different probabilities. To generateFigure 2.7(a), for example,we set æ~.ï� � " � í and
æ F �¼æ�Úl� � "Að·ñ6í . Thishighly nonuniformdistribution of pointsinducesperceptiblechangesin
the �m� �	�  $��� �	� and ��� �	� data,asshown in Figure2.8,but thegraphsremainqualitatively similar
to thosein Figure2.5. The cutoff resolutionis significantlylarger: ±ë � " � ð comparedwith� " �\�Ðì for theuniformdistributionwith thesamenumberof points.Thegrowth in thenumberof� -componentsfor �ò0  is alsolessrapidthanthatfor theuniform data.Both of thesechanges
aredueto a greaterspreadin theedge-lengthsof theMST. Thegeometryof thedistribution is
reflectedin thegraphof ��� ��� ; thedenselycovereddiagonalmeansthat ��� ��� � ç @ for � values
significantlylessthan  .
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(a) (b) (c)

Figure2.4: (a) 4 � è pointsuniformly distributedon theSierpinskitriangle.(b) Thecorrespond-
ing MST. (c) A closeup of thebottomright cornerof theMST.
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Figure2.5: �m� �	�  $��� �	� and �(� �	� for theSierpinskitriangle. The top row givesresultsfor 4 �6è
uniformly distributed points on the fractal and the bottom row for 4 � é points. All axes are
logarithmic. The horizontalaxis rangeis 4 � � é90d��0 4 . The solid lines represent�m� �	� and
��� �	� for idealdata;thedotsarethecomputedvalues.
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Figure2.6: (a)Cutoff resolution, , asafunctionof thenumberof points, 4 � Ú ´ ê ´ 4 �\é , cov-
eringtheSierpinskitrianglefor two valuesof æ . ; û marksdatafor thenonuniformdistribution
with æ~.a� � " � í and ü marksdatafor æ~.l� .Ú , i.e.,a uniform distribution. (b) Cutoff resolution
asa functionof æ~. for 4 �6è datapointson theSierpinskitriangle.Theerrorbarsarethestandard
deviation aboutthemeanof twentycalculationsof  for eachvalueof æ~. .

Wecanlower thecutoff resolutionby increasingthenumberof datapointsbut, asshown in
Figure2.6(a),therateatwhich  decreasesis mësê � �>ý F Ú , significantlyslower thanthatfor the
uniform data.This is an interestingresultthatdeservesfurther investigation.Thedistribution
of edge-lengthsin the MST mustdependon the distribution of points,andperhapsthereis a
way to formally relatethetwo distributions.For aconnectedset,  is thelargestedge-lengthin
theMST. Thus,givenananalyticform for thedistribution of edge-lengths,it maybepossible
to predictthescalingof  with thenumberof points.Wearriveatsimilarquestionsin Chapter4
whenweconsiderpoint distributionson invariantcirclesof thestandardmap.

Finally, thegraphin Figure2.6(b)summarizesthevariationof thecutoff resolutionwith the
nonuniformityin thedistribution of points.Themeasureof nonuniformityin thedatais æ~. , the
probabilityof choosing× . ; we set æ F �µæ Ú ��� 4 � æ . � ¥6@ . Twentyorbits of 4 �6è pointswere
generatedfor valuesof æ~. in the range� " � í to � "îþ . Thecutoff resolutionreachesa minimum
at æ~.|� .Ú , i.e., for uniformly distributeddata,aswe expect. The otherfeatureto noteis that
thestandarddeviation alsodependson thedistribution, andis greatestfor highly nonuniform
data.This is becausewhenonefunctionin theIFS is chosenwith very low probability, thereis
greatervariability in thewayanorbit fills out theattractor;this in turn leadsto greatervariation
in theedge-lengthsof theMST.

We concludethat for moderateamountsof nonuniformity(for this example, � "î@ ´ æ«. ´� "îí ) thecutoff resolutionis atalevel comparableto thatfor perfectlyuniformdataandourtech-
niquesarenotadverselyaffected.For highly nonuniformcoveringsof anattractor, significantly
moredatapointsareneededto reachthesamecutoff resolutionsasfor uniform data.Theonly
effect thishasis to generateinconclusive, ratherthanincorrect,diagnosesof thetopologyof the
underlyingset.
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(a) (b)

Figure2.7: (a) 4 � è pointson theSierpinskitrianglegeneratedby settingæ~.�� � " � í and æ F �
æ�ÚO� � "Að·ñ6í . (b) ThecorrespondingMST.
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Figure2.8: �m� �	�  $��� �	� and �(� ��� for the nonuniformlydistributed dataset in Figure2.7. All
axesarelogarithmic.Thehorizontalaxisrangeis 4 � � é_0��O0 4 .
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(a) (b)

Figure2.9: (a) 4 �6è pointson thesetgeneratedby (2.5)and(b) thecorrespondingMST.

�m� �	� ��� �	� ��� �	�

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
0

10
1

10
2

10
3

10
4

10
5

ε

C

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

ε

D

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
0

10
1

10
2

10
3

10
4

10
5

ε

I

Figure2.10: ��� ���  $��� ��� and �(� ��� for thesimply connectedgasket relative. Thedatais for 4 �6è
pointson theset.All axesarelogarithmic.Thehorizontalaxisrangeis 4 �B� é 0��O0 4 .
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(a) (b)

Figure2.11:(a) 4 � è pointsontheCantorsetgeneratedby (2.6)and(b) thecorrespondingMST.
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Figure2.12: �m� �	�  $��� �	� and ��� �	� for 4 �\é pointsuniformly distributedover theCantorsettrian-
gle relative. All axesarelogarithmic. Thehorizontalaxis rangeis 4 � � é�0Q��0 4 . Thesolid
linesrepresent��� ��� and ��� �	� for idealdata;thedotsarethecomputedvalues.

A simply connectedrelative

Thefractalshown in figure2.9 is generatedby:

×Ð.E�)�# $] � � .F � � �¶¬s46 � ]_¬�4 � (2.5)

× F �)�# $] � � .F � � ]�¬b@B $� �
×6Ú6�)�# $] � � .F �)�/ $]?¬s4 � "

This set is simply connected,in contrastto the Sierpinskitrianglewhich hasinfinitely many
holes.Despitethis difference,we seethatdatafor ��� ��� and ��� ��� arealmostidenticalto those
for thetriangle.Theproblemof detectingholesis addressedin Chapter3.
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A Cantor setrelative

Figure2.11shows theattractorfor theiteratedfunctionsystemgeneratedby

×Ð.��)�# $] � � .F � � ]_¬s46 $� �
× F �)�# $] � � .F �)]�¬�46 $� �
×6Ú!�)�# $] � � .F �)]( � �¶¬®@ � " (2.6)

This fractal is a Cantorset,so we shouldsee ��� ���_
 � and ��� ���_
 � as �|
 � . We can
deriveanalyticexpressionsfor bothfunctions,sinceweknow thatthesetis threecopiesof itself
athalf thesize.Wecall theregionthatdisconnectstwo � -componentsa“gap”. Its “width” is the
metricdistancebetweenthetwo components.Clearly, thesethasasinglecomponentwhenever� is greaterthanthe width of the largestgap, ¨ � . As � decreases,subsequentcomponentsare
resolved at gapsizes̈6%±� ¨Ð��¥6@ % . Thediametersof thecomponentsfollow thesamepattern
aftersomeinitial transientbehavior. Thusfor 7 ^ C ,

��� �	� �s���¿¨ F � ¥6@ % � F for ¨6%\,/. 0��l´ ¨6%�" (2.7)

Thisgives �?��4 , confirmingthatthesetis totally disconnected.
The numberof components,��� ��� , is a little harderto determine.Since ��� ��� is just one

morethanthetotalnumberof gaps,wecalculateit by first deriving anexpressionfor thelatter.
Let ê % bethenumberof gapsof size ¨ % . Sincethefractalcontainsthreecopiesof itself, one
might think that ê�%���C % . By carefulinspectionof theIFS templatewefind thatthis is not the
wholestory— somegapsmergeinto one.In fact,with ê¶�l��4 wehave therecursion:

ê % �
� C6ê�% � . if 7 is odd,

C6ê�% � . � @��EC %�� F � . if 7 is even.

Thesecanbesolvedto find:

ê�%m�
� @���C % � . ¬bC
	 % � .��� F if 7 is odd,

@���C % � . ¬bC %�� F � . if 7 is even.

We thenhave thatfor ¨\%6,/. 0��l´ ¨\% ,

�m� �	� ��4£¬
%½
ÏM¾~� ê�Ïa�

� C % ¬b@���C 	 % � .��� F if 7 is odd,

C % ¬bC %�� F if 7 is even.

Theleadingpower is thesamefor all 7 , sowemayuseeithercaseto evaluatethelimit:

����z P-q r$tTu% }?�
z¤¡\¢��L���¿¨ % � �
z-¡\¢(� 4�¥<¨6% � �©z P-q% }?� z-¡\¢�:AC

% ¬bC %�� F =
z¤¡\¢�:A@ % ¥<¨Ð�>= � z-¡\¢£Cz-¡\¢£@ "

Sincethereareno isolatedpoints,theattractoris perfectandthereforeaCantorset,asclaimed.
We canseein Figure2.12that thenumericalcalculationsagreevery well with the theory

down to thecutoff resolution ë � " �\� C . When �_0  , thecomputedvaluesof ��� ��� arelarger
thanthe predictedvaluesbecauseisolatedpointsarecountedasextra components.For still-
smallervaluesof � , everypointis resolvedasanisolatedpointandthe ��� �	� curvelevelsoff. The
meaningfulportionof thedata— betweentheseextremes— showsastaircaseperiodicityabout
a linear trend. Theslopeof the linear trendis anestimateof � . We determine� numerically,
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usingaleast-squaresfit, to be 46"Að&4�� � " � í . This is lower thanthetruelimiting valuegivenabove
( 46"îí ì ) becauseof second-ordereffectsat therelatively largevaluesof � for which the ��� �	� data
arevalid. Weestimatetheslopeof thetruecurveover thesamerangeto be 46"Að ì , whichis closer
to thevaluecomputedabove.

Thenumericallycalculatedvaluesof ��� �	� alsoshow a staircaseperiodicityabouta linear
trend.Thedatahaveasystematicbiasfor thejumpsatslightly largervaluesof � thanpredicted
by theory. This is dueto finite-dataeffects: thepointsarenot filling out thecorners,soedges
in theMST area little longerthanthe“true” gapsandthediametersof the � -componentsarea
little less. Thedatapointsfall below the truecurve when �|0  becauseinter-point distances
arecomparableto theinter-componentdistancesat theseresolutions.Since ��� ��� measuresthe
largestdiameter, theflat tails of the ��� �	� datain Figure2.12aredueto thepresenceof at least
onetriple/paircombinationwithin a distance� of eachother, whilst almostall theotherpoints
havebecomeisolated.Theslopeof thelineartrendof ��� ��� is anestimateof � . Weestimatethe
slopeover the range 0;��0Q� " ��� becausethefirst few stepsareshallower thanthe limiting
trend.Usinga leastsquaresfit, again,wecalculate� to be 46" �\� � � " � C , aspredictedabove.

The cutoff resolutionfor datafrom this IFS varieswith the numberof points and their
distribution in exactly thesamemannerasthedatafrom theSierpinskitriangle.For moderately
nonuniformdata,estimatesof � and � arethe sameasthosegiven above. Whenthe datais
very unevenly distributed,  increasessignificantlyandthe � rangemaybe too small to allow
anestimateof theslope.Again, this leadsto inconclusive resultsratherthanincorrectones.

A relative with infinitely many connectedcomponents

A third trianglerelative, shown in Figure2.13,is generatedby thefollowing similarities:

×Ð.E�)�# $] � � .F �)�/ $] �
× F �)�# $] � � .F �)]_¬�46 � �¶¬s4 �
× Ú �)�# $] � � .F �)�/ $]?¬s4 � " (2.8)

Theattractorfor thissystemhasinfinitely many connectedcomponents,yetis nottotallydiscon-
nectedbecausethecomponentshavepositivediameters.Wethereforeexpectto see��� ���3
Â�
and ��� ���|
 4 as �y
 � . Again, the gapsdecreasesimply as ¨\%b�j¨Ð��¥6@ % . This time, the
numberof componentsis just

��� �	� � .F �¹C %6,/. ¬�4 � for ¨ %6,/. 0��O´ ¨ %  (2.9)

giving �µ�Ôz¤¡\¢£CÐ¥3z-¡\¢£@ . The largest � -componentalwayscontainsthe line segment �Ë� � ,�m´ ] ´ 4 , so ��� �	��
 4 .
The graphsof �m� �	� and ��� ��� in Figure 2.14 reflect this; the former hascharacteristics

similar to thoseof the Cantorsetabove, but ��� ��� looks like that for the Sierpinskitriangle.
Theslopeof the �m� �	� staircaseis estimatedfrom thedatafor a 4 �\é pointapproximation,giving
a value of �;� 46"îí\í�� � " � C . This is in very closeagreementwith the theoreticalvalue of
����z¤¡\¢£CÐ¥3z¤¡\¢c@?ë�46"îí ì í .
2.4.2 Cantor setsin the plane

Oneof ourobjectivesis to useourtechniquesto identify andcharacterizephase-spacestructures
in dynamicalsystems.Cantorsetsareoftenpresentin chaoticdynamicalsystems,soit is useful
to examinesomesimpleCantorset examplesto gain a betterunderstandingof the different
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(a) (b)

Figure2.13: (a) 4 �6è pointson thefractalgeneratedby (2.8)and(b) thecorrespondingMST.
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Figure2.14: ��� ���  $��� ��� and��� �	� for atrianglerelativewith infinitely many components.Again,
thedatais for 4 �\é pointsuniformly distributedon theset. All axesarelogarithmic. Thehori-
zontalaxis is 4 �B� é 0`�|0 4 . Thesolid line represents��� �	� and ��� �	� for idealdata;thedots
arethecomputedvalues.
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typesof scalingthatcanoccurin the �m� �	� and ��� �	� graphs.In Figure2.15,Figure2.17,and
Figure2.19,we show five Cantorsetsin the plane. In eachcase,the orbit has50000points.
Fourof thesehave zeroLebesguemeasureandone(Figure2.17(b))haspositive measure,soit
is termeda fat Cantorset(this is analogousto the term “f at fractal” for fractalswith positive
measure[22]). All areattractorsof iteratedfunctionsystemsof theform

Ä��Ë×�:ØÄÙ=��×Ð.!:ØÄÙ=B��× F :ØÄÙ=��y×6Ú\:ØÄÙ=T��× è :ØÄÙ=¹"
The generatingfunctions, × * , becomeincreasinglycomplex in this seriesof examples. The
threesimplestinvolve only affine transformationsanda fourth usesconformalfunctions;the
functionsthat generatethe fat Cantorset cannotbe written in closedform. The geometric
structureof eachsetis reflectedin the typeof staircaseseenin the graphsof ��� ��� and ��� �	� .
For the four exampleswith zero Lebesguemeasure,we expect to see �5� o P-q|Ã , the box-
countingdimension;this is supportedby our results,summarizedin Table2.1. For theCantor
setwith positivemeasure,thevalueof � is significantlydifferentfrom thedimension.Weagain
observe, for all of the examples,that the cutoff resolution,  , is well approximatedby the � -
valuewherethenumberof isolatedpointsceasesto bezero. Again, this is becauseall of the
underlyingsetsareperfect.

Westartwith asimpleexamplewhereeach×!* is asimilarity transformationwith contraction
ratio .Ú , asshown in Figure2.15(a). The numericalcalculationsof ��� �	� , ��� �	� , and �(� ��� are
presentedin thetop row of Figure2.16. Thesegraphsshow staircasescalingbehavior similar
to the triangle-relative Cantorset presentedin Section2.4.1; this makes sensebecauseboth
aregeneratedby iteratedfunctionsystemsof similarity transformations.For this example,the
jumpsin ��� ��� and ��� �	� areat � %¸�H4�¥6C % ; becausethereare four self-similarcopiesat one
third thesize,wesee��� � % � ��ð % and ��� � % � �54�¥6C % , whichgivesthetheoreticallydetermined
limits of ��� z¤¡\¢ªð·¥3z-¡\¢GCyëj46"î@ � @ and � �Û4 . This is in closeagreementwith our numerical
estimateof ���546"î@\C�� � " � í and �?� � "îþÐñ�� � " � @ .

Thesecondexample,Figure2.15(b),is alsogeneratedby similarities.This time, thelower
two have a contractionratio of .Ú andthe uppertwo have a ratio of .è . As canbe seenfrom
the secondrow of Figure2.16, this leadsto a morecomplicatedstaircasepatternin the �m� �	�
and ��� �	� graphs.Jumpsin thesegraphsoccurat valuesof � correspondingto edgelengthsin
theMST. Thestructurefrom theIFS meanstheseedgelengthsareof theform Ì+� .Ú ��� � .è � % , for
all integers � and 7 , where Ì is oneof thetwo longestedges.Valuesof � and � , presentedin
Table2.1,areagainvery closeto theexpectedvalues.

To generatethe set in Figure2.17(a),more-generalaffine transformationsareused,each
contractingby .Ú horizontallyand .è vertically. Thecorrespondinggraphsof ��� �	� and ��� ��� in
Figure2.18show thenow-familiarstaircasescalingpattern.Comparedto thesecondCantorset
example,thelargerstepsin thesegraphsreflectthemoreregulargeometricstructureof theset.

Thefourth exampleis a Cantorsetwith positive Lebesguemeasureandthereforea dimen-
sionof @ . It is possibleto representthis setastheattractorof aniteratedfunctionsystemof the
generalform above. Thefunctionsinvolved,however, arelimits of piecewiselinearapproxima-
tionsandit is notpossibleto write themin closedform. Instead,wegeneratethesetasthecross
productof two positive measureCantorsubsetsof theunit interval. Thesesetsareconstructed
asfollows: at eachlevel, 7 ^ 4 , @ % � . gapsof length �T¥6@�� % � . areremovedfrom thecenterof
aninterval remainingfrom level 7 � 4 . Thesumof thegaplengthsis �T¥B�¹@ � � . � 4 � ; choosingæ
and � to make this lengthlessthanoneensurestheCantorsethaspositive measure.It is easyto
recursively generatetheendpointsof thegaps(down to somelevel) andthesepointsareused
asthefinite point-setapproximation.For thesetin figure2.17(b),weset ���Ë@Ð¥6C andæy�Ë@ for
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(a) (b)

Figure2.15: Cantorsetsgeneratedby iteratedfunctionsystemsof four similarity transforma-
tions. Both setshave í �\�\�\� points.(a) Similaritieswith contractionratio .Ú . (b) Theuppertwo
similaritieshave ratio .è andthelower two have ratio .Ú .
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Figure2.16: �m� �	�  $��� �	� and �(� ��� for the Cantorsetsin figure 2.15. The top row is datafor
Figure2.15(a);thesecondrow is for Figure2.15(b). All axesarelogarithmic. Thehorizontal
axisrangeis 4 �B� é 0��l0 4 . Thesolid linesrepresent�m� �	� and ��� �	� for idealdata;thedotsare
thecomputedvalues.
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(a) (b)

Figure2.17:Two Cantorsetswith largestgapsof 4�¥6@ and 4�¥6C . (a)A setgeneratedby anIFSof
four affine transformationswith horizontalcontractionof .Ú andverticalcontractionof .è . (b) A
fat Cantorset,generatedasthecrossproductof two Cantorsetsof positive measurein thereal
line.
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Figure2.18: ��� ���  $��� ��� and �(� �	� for the2-D Cantorsetsin Figure2.17.Thetoprow is datafor
Figure2.17(a);thesecondrow for Figure2.17(b),thefat Cantorset;All axesarelogarithmic.
Thehorizontalaxisrangeis 4 � � é_0��O0 4 .
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Figure 2.19: A Cantorset generatedby an IFS consistingof four nonlinearaffine transfor-
mations,eachmappingthe unit circle into a circle of radius .Ú . (a) The dataset with circle
boundaries.(b) A closeup of oneof thefour clusters.
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Figure 2.20: ��� ���  $��� ��� and �(� �	� for the nonlinearCantorset of Figure 2.19. All axes are
logarithmic.Thehorizontalaxisrangeis 4 �B� é 0��O0 4 .

thehorizontalcross-section,and �9�;@ , æ±�QC for theverticalone. Thebehavior of ��� �	� and
��� �	� , shown in thebottomrow of Figure2.18,is not unlike thatof thepreviousexample.The
slopesaresignificantlyshallower, however, becausethegapsaredecreasingata fasterratethan
the componentdiameters,giving ��ë � "Að � . The componentgrowth rate, � , is approximately� " ì6� , which is clearlydistinctfrom thebox-counting(andHausdorff) dimensionof @ .

The final IFS exampleusesnonlinear, conformaltransformations.A function, � , is con-
formal if its derivative matrix at eachpoint, ���m�)� � is a similarity transformation.For theset
illustratedin Figure2.19,thefunctionsareof theform ×� ·�"! � �#! F ¥6Ca¬ »  , where !m�Ê�|¬b2¹] ,
andthe translations,»  for $��°46 �"�"�"Ù  ð , take thevalues �%� .F  &� *F � . Notice thatalthoughwe
choosethe × * with equalprobability, the nonlinearityintroducesa nonuniformity to the dis-
tribution of pointsover the Cantorset. The cutoff resolution �ë í('�4 �B� è is nevertheless
comparableto the previous examplesof uniformly distributeddata. Scalingin the graphsof
��� ��� and ��� ��� occursin two distinct � intervals; seeFigure2.20. For � " �\� í 0²��0 4 , there
arethreeshallow stepsreflectingthe large-scalestructurethat is visible in figure2.19(a).The
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Table2.1: A summaryof thevaluesof � and � for Cantorsubsetsof theplane.Thenumbersare
estimatedusinga least-squareslinear fit to logarithmicplots of ��� ��� and ��� ��� , respectively;
the error margins areestimatedby varying the scalingrange. The secondcolumn gives the
box-countingdimension,

o*),+.- Ã , for eachset;thesenumbersarecomputedusingformulasfrom
Falconer[23].

DataSet
o P-q�Ã � �

Fig. 2.15(a) 46"î@ � @ 46"î@\C/� � " � @ � "îþ � � � " � ð
Fig. 2.15(b) 46"-4<@ � 46"-4\40� � " � @ 46" �\� � � " � C
Fig. 2.17(a) 46"-4<C�4 46"-4<C/� � " � 4 � "îþ ì � � " � C
Fig. 2.17(b) @ � " ì6� � � " � í � "Að � � � " � í
Fig. 2.19 46"î@�4 0 o P-q�Ãb0 46"îC!ð 46"îC � � � " � C � "îþ\í�� � " � í

secondportionof thedata,for  0��O0b� " �\� í , hasasteeperslope,correspondingto thelimiting
small-scalestructureof theset.Thevaluesof � and � givenin Table2.1areslopesof the �m� �	�
and ��� ��� over the interval  0;��05� " �\� í . We find, asfor theprevious zero-measureCantor
sets,that � is closeto thebox-countingdimensionand �?ë�4 .

2.5 Concluding remarks

Our resultsdemonstratethat theminimal spanningtreeof a finite setof pointscanprovide ac-
curateinformationaboutthetopologyof theunderlyingset,down to anumericallycomputable
resolution ��� . In particular, we areableto identify setsthatareconnected,totally discon-
nected,or have infinitely many connectedcomponentswith non-zerodiameter. Confidencein
the extrapolationcanbe increasedby samplingmorepoints in order to get a betterapproxi-
mation to the underlyingset, but of coursewe arestill ultimately restrictedby the machine
precision.Connectedsetshave disconnectednessindex �¸� � , anddiscretenessindex � � � .
Basedon theexamplesin thechapter, we conjecturethatCantorsetswith zeroLebesguemea-
surehave � equalto thebox-countingdimensionand �È�Q4 . Resultsin this directionaregiven
in Chapter5. The fat Cantorsetexampleshows that � anddimensionarenot thesamewhen
thesethaspositive Lebesguemeasure.

The points in mostof the examplesof this chapterare fairly evenly distributed over the
underlyingset. However, it is often thecasethat orbits cover anattractorin a highly nonuni-
form way. Previouswork oncharacterizingfractalshasdealtwith thisby introducingaconcept
of dimensionfor measures,anddevelopinga theoryof multifractals[24]. The resultsof Sec-
tion 2.4.1show thatour techniquesaremosteffective for uniformly distributeddata;for afixed
numberof datapoints,the cutoff resolution, , is minimal whenthe pointsareevenly spread
over the attractor. Our techniquescanstill give valid resultsfor highly nonuniformdata;the
differenceis that  maybetoohigh in thesecasesto makestrongstatementsaboutthetopology
of theunderlyingset. It maybepossibleto weight theedgesof theMST by thedensityof the
datadistribution andtherebylower  in thesesituations.

A naturalquestionthatarisesfrom studyingtheSierpinskitrianglerelativesis how to distin-
guishbetweensimplyconnectedsetsandoneswith holes.This involvesreformulatingconcepts
from homologytheoryby introducinga resolutionparameter, similar to the way we treatthe
definitionof connectedness.This is thesubjectof thenext chapter.
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Chapter 3

Computing Homology

3.1 Intr oduction

Wenow turnourattentionto themoredifficult problemof deducingthehomologyof acompact
metric spacefrom a finite amountof data. The homologygroupsof a spacecharacterizethe
numberand type of holes in that spaceand thereforegive a fundamentaldescriptionof its
structure. This type of information is used,for example, in understandingthe structureof
attractorsfrom embeddedtime seriesdata[58, 60], or for determiningsimilarities between
proteinsin molecularbiology [13].

Thecomputabilityof homologygroupsfrom agiventriangulationis well-known andtheal-
gorithmusessimplelinearalgebra[61]. Thisalgorithmhasextremelypoornumericalbehavior,
however, sothestudyof computationalhomologyremainsanactive areaof research.In many
applicationsknowledgeof theentiregroupstructureis unnecessary— all that is neededis the
rankof thehomologygroup,i.e.,theBetti number. Thisinformationcanbecomputedindirectly
from a triangulation;many algorithmsexist [11, 14, 26, 37]. Theextractionof homologyfrom
datainvolvestheadditionalproblemof generatinga triangulationor otherregularcell-complex
that reflectsthetopologyof theunderlyingspace.Therearemany differentapproachesto this
[18, 37, 60].

Our goal is to developcomputationaltechniquesthatallow usto extrapolatethehomology
of an underlyingcompactspace,

�
, given only a finite approximation,� . We assumethat �

approximates
�

in a metricsense,i.e., thatevery point of � is within distance� of
�

andvice
versa.As in Chapter2, thebasictrick is to coarse-grainthedataat a sequenceof resolutions
thattendto zero.Of course,theextrapolationwill alwaysbeconstrainedby theaccuracy of the
data— this is measuredby � , thecutoff resolution.We modelthecoarse-grainingof a set,

�
,

by closed� -neighborhoods:1 �����	��
������
�������� �����
Ourmaincontribution to theliteratureoncomputationalhomologyis soundmathematicalfoun-
dationsfor relating the homologyof the � -neighborhoodsof � to the homologyof

�
. Our

multiresolutionapproachhastheadditionaladvantageof beingapplicableto fractalsets.
We begin this chapterwith anoverview of the relevantconceptsfrom homologytheoryin

Section3.2. Thesectionstartsby describingsimplicial homologytheory. This theoryis based
on finite triangulationsso is readily adaptedto computerimplementation.Fractalsetsdo not

1This is a differentcoarse-grainingprocedureto that in Chapter2 — theresolutionparameterthereis relatedto
thedistancebetweenpoints.A setis � -connectedin thesenseof Chapter2 if its � �"! -neighborhoodis connected.
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have finite triangulations,soa moregeneralhomologytheoryis needed.Theappropriatefor-
mulationis Čechhomology. Thebasisof Čechhomologyis aninversesystemof finite triangu-
lationsthatapproximateaspace.This ideais extendedby shapetheorywhichconsidersinverse
systemsof approximatingspacesin amoregeneralclass.Oursequenceof � -neighborhoodsfits
this framework.

Thecentralresultsof thischapteraregivenin Section3.3.Thissectiondescribestheinverse
systemof � -neighborhoodsof

�
andthecorrespondinginversesystemsof homologygroups.

We would like to quantify the topologicalstructureby computingBetti numbersasfunctions
of � . Thereis a problemwith this however, sincethe � -neighborhood

���
canhave holesthat

do not exist in
�

. We resolve this problemby introducing the conceptof persistentBetti
number, which countsthe numberof holesin

���
that correspondto a hole in

�
. When

�
hasfractalstructure,it is possibleto seeunboundedgrowth in thepersistentBetti numbersas�$#&% . We characterizethis growth by assumingan asymptoticpower law. The next part of
this sectionderivesformal relationshipsbetweenthe � -neighborhoodsof

�
anda finite point-

set approximation. For the finite approximations,we show that it is possibleto reducethe
computationof � -persistentBetti numbersto linearalgebra.

In Section3.4, we turn to the practicalproblemof how to implementtheseideascom-
putationally. As mentionedabove, therearea numberof existing approachesfor generating
triangulationsand computingBetti numbers. The one that is closestto our needsis due to
Edelsbrunneret al. [11, 18]. Their algorithmsarebasedon subcomplexesof theDelaunaytri-
angulationcalledalphashapes.We describetheir approachin somedetail sincewe usethe
NCSA implementationof thesealgorithmsto generatedatain Section3.5.Wealsogiveabrief
overview of someothercomputationalhomologyalgorithms. In thefinal part of this section,
we outlineamultiresolutionapproachto computationalhomologythatmaybeamoreefficient
implementationof our ideas.

We usethe Sierpinskitriangle relatives as testexamplesagainin Section3.5. Sincewe
have not yet implementedalgorithmsfor computingthepersistentBetti numbers,we give data
for theregularBetti numbers.ThisdistinguishesbetweentheconnectedSierpinskitriangleand
thesimplyconnectedrelative. TheexamplesdemonstratethattheregularBetti numberscanbe
misleadingandthat thepersistentBetti numbersarenecessaryfor a propercharacterizationof
theunderlyingtopology.

Thematerialin Sections3.3–3.5is publishedin [69].

3.2 An overview of homologytheory

Homologytheoryis abranchof algebraictopologythatattemptsto distinguishbetweenspaces
by constructingalgebraicinvariantsthat reflect the connectivity propertiesof the space.The
field hasit originsin thework of Poincaŕe. In Section3.2.1we review thebasicdefinitionsfor
simplicial homology— a theorybasedon triangulationsof spaces.Simplicial homologylends
itself to computationalimplementationbecausetriangulationsof dataarecommonnumerical
constructionsand thereis a well definedalgorithm for computinghomologygroupsfrom a
giventriangulation.Fractalstypically requireinfinitely many simplicesin their triangulations.
This meansthegroupsassociatedwith a fractalshouldalsobeinfinite, but this is not possible
with simplicial homology. A differentapproachis needed,therefore,to describespaceswith
infinitely detailedstructure. The appropriateformulation of limit for this situationis given
by the machineryof inversesystems,which we describein Section3.2.3. An inverselimit
systemis thenusedto defineČechhomologyin Section3.2.4. We alsogive a brief outlineof
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Figure3.1: Two triangles(2-simplices)with oppositeorientations.
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Figure3.2: A triangulationof thecircle. Thesimplicial complex containsthe % -simplices' �)(
,

and * , andthe + -simplices , ' ()-.� , ( * - , and , *�' - . The homeomorphismfrom the complex to the
circle is denotedby / .

shapetheory, anotherbranchof algebraictopology. Thebasicresultof shapetheoryis thatany
compactmetricspacecanbeapproximatedby aninversesystemof polyhedra.Weusethis idea
to formulatethemathematicalfoundationsfor ourapproachto computationalhomology.

3.2.1 Simplicial homology

Thereareanumberof different,but equivalent,formulationsof homologytheory. Thesimplest
to understandis simplicial homology. This theory is basedon triangulationsof topological
spaces(simplicial complexes). Singularhomologyis a moregeneraltechniquethatusesmaps
of simplicesinto a generaltopologicalspace.AnothercommonapproachusesCW-complexes
thatarebuilt from general0 -dimensionalcellsratherthansimplices.This is probablythemost
populartool in currentresearch,andthereis a good introductionto algebraictopologyfrom
this perspective by Hatcher[32]. We focuson simplicial homology, sinceit is the easiestto
adaptfor implementationonacomputer. Thenotationweusein thissectionis basedon thatof
Munkres[61].

Simplicial complexes

Thebasicbuilding block is anoriented1 -simplex, 243 — theconvex hull of 1657+ geometrically
independentpoints,

��
�89�:
<;=� �>�>� �:
 3 �@?BA�C , with 1 � 0 . For example,a % -simplex is just a
point,a + -simplex is aline segment,a D -simplex atriangle,anda E -simplex is atetrahedron.We
write 2 3 � , 
�8��:
<;=� �>�>� �:
 3 - to denotea 1 -simplex andits vertices.Theorderingof thevertices
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definesan orientationof the simplex. This orientationis chosenarbitrarily but is fixed. Any
evenpermutationof theverticesin a simplex givesanothersimplex with thesameorientation,
while anoddpermutationgivesa simplex with negative orientation;seeFigure3.1.

An abstractsimplicialcomplex, F , is acollectionof orientedsimpliceswith thepropertythat
a non-emptyintersectionof two simplicesin F mustitself bea simplex in F . If thesimplicial
complex is finite thenit canalwaysbe embeddedin AGC for some 0 ; certaincomplexeswith
infinitely many simplicescanalsobe embeddedin finite-dimensionalspace(seeFigure3.10
for anexample).Suchanembeddedcomplex is a geometricrealizationof F . Thesubsetof AGC
occupiedby thegeometriccomplex is denotedby

� F �
andis calledapolytopeor polyhedron.

Whena topologicalspace
�

is homeomorphicto a polytope,
� F �

, it is called a triangu-
lated space, and the simplicial complex F is a triangulation of

�
. For example,a circle is

homeomorphicto theboundaryof a triangle,sothethreevertices' �)(�� * andthree + -simplices,, ' (:-.� , ( * -.� , *�' - area triangulationof the circle; seeFigure3.2. A completecharacterizationof
theclassof topologicalspacesthathave a triangulationis not known.

Homology groups

We now definethegroupstructuresassociatedwith a space,
�

, that is triangulatedby a finite
simplicialcomplex, F . Althoughthetriangulationof aspaceis notunique,thehomologygroups
for any triangulationof the samespaceare identical; this makes simplicial homologywell-
defined.Theessentialingredientsfor constructingthehomologygroupsarethefreegroupsof
sumsof 1 -simplices,andtheboundaryoperatorthatmapsa 1 -simplex to the

� 1IHJ+ � -simplices
in its boundary.

Thesetof all 1 -simplicesfrom F form thebasisof a freegroupcalledthe 1 th chain group,K 3 �L���
. The groupoperationis an additive one; recall that H6243 is just 243 with the opposite

orientation,so this definesthe inverseelements.In general,a 1 -chain is the formal sumof a
finite numberof oriented 1 -simplices: * 3 �NMPO ' O 2 3O . The coefficients, ' O

, areelementsof
anothergroupthat is typically the integers: ' ORQTS

, but canbe any abeliangroup. For Čech
homologyandourcomputationalwork we userationalor realcoefficients.

When 1VUW+ , theboundaryoperator, X 3ZY K 3 # K 3=[ ;
, mapsa 1 -simplex ontoasumof the� 1$H\+ � -simplicesin its boundary. If 243 � , 
]8��:
<;=� �>�>� �:
 3 - is a 1 -simplex, we have

X 3 � 2 3 ��� 3^ O`_ 8 � HR+ � O , 
�89� �>�>� �ba
 O � �>�>� �:
 3 - (3.1)

where , 
�89� �>�>� �ca
 O � �>�>� �:
 3 - representsthe
� 1�HP+ � -simplex obtainedby deletingthevertex


 O
.

Theactionof theboundaryoperatoron general1 -chainsis obtainedby linear extensionfrom
its actionon the 1 -simplices: X 3 � M O ' O 243O �I� M O ' O X 3 � 243O �

. We drop the subscriptfrom the
boundaryoperatorwhenthedimensionis understood.

Therearetwo waysto definetheboundaryoperatorX 8 on % -chains.Thefirst approachis to
make X 8 � * 8 �d� % for all % -chains.With thisdefinition,thedimensionof theresultinghomology
groupcountsthenumberof path-connectedcomponentsof aspace.An alternative definitionis
to saythat theboundaryof a % -chain * 8 � M O ' O 2 8O

is zeroonly whenthe integercoefficients
addto zero:

M O ' O � % — this is calledaugmentedhomology. Thedimensionof theaugmented
homologygroupis onelessthanthenumberof path-connectedcomponents.We usethe first
definition, becauseit links back to the work in Chapter2, wherewe countedthe numberof� -connectedcomponents.
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0

Figure3.3: Theboundaryof a 2-simplex is thesumof its threeedgesandtheboundaryof this
1-chainis zero.

As an example,considerthe simplicial complex consistingof a triangleandall its edges
andvertices,asshown in Figure3.3.Theboundaryof the D -simplex , ' �)(=� * - isX � , ' ( * -��e� , ( * - Hf, 'g* - 5h, ' ()-.�
andtheboundaryof this + -chainis:X � , ( * - Hi, 'j* - 5h, ' ()-����k� *lH (�� H � *lH�' � 5 �.( H�' �d� %c�
This illustratesthefundamentalpropertyof theboundaryoperator, namelythatX 3�m X 3>n ; � %c� (3.2)

Theproof is straightforward,andinvolvessomecombinatorics;see[35].
We now considertwo subgroupsof

K 3 thathave importantgeometricinterpretations.The
first subgroupconsistsof 1 -chainsthatmapto zeroundertheboundaryoperator. This groupis
thecyclegroup, denotedo 3 — it is thekernelof X 3 andits elementsarecalled 1 -cycles. The
secondis thegroupof 1 -chainsthatbounda 1R5P+ -chain.This is theboundarygroup, p 3 — it
is theimageof X 3>n ;

. It follows from (3.2) thatevery boundaryis acycle, i.e. p 3 is a subgroup
of o 3 .

Since p 3 ?qo 3 , we canform thequotientgroup, r 3 � o 3ts p 3 . This is thepreciselythe
homology group. Theelementsof r 3 areequivalenceclassesof 1 -cyclesthatdonotboundany1u5v+ chain— this is how homologycharacterizes1 -dimensionalholes.Formally, two 1 -cyclesw ;3 � w�x3 Q o 3 are in the sameequivalenceclassif w ;3 H w�x3 Q p 3 . Suchcyclesaresaid to be
homologous.Wewrite , w 3 - Q r 3 for theequivalenceclassof cycleshomologousto w 3 .

Thehomologygroupsof a finite simplicial complex arefinitely generatedabeliangroups,
sothefollowing theoremtellsusabouttheirgeneralstructure.

Theorem 6 (Munkr es,Thm 4.3). If G is a finitely generatedabeliangroup thenit is isomor-
phic to thefollowingdirectsum:y{z � S@|T}>}>}�|7S � |~S s=� ; |P}>}>}�|7S s=��� � (3.3)

The numberof copiesof the integer group
S

is called the Betti number � . The cyclic
groups

S s=� O arecalledthe torsionsubgroupsandthe � O arethe torsioncoefficients. Thetorsion
coefficientshave the propertythat � OI� + and � ; divides � x which divides ��� andso on. The
torsioncoefficientsof r 3 � F �

measurethe twistednessof the spacein somesense.The Betti
numberof the 1 th homologygroup r 3 is denoted� 3 . For 1BU�+ , � 3 is the numbernon-
equivalentnon-bounding1 -cyclesandthis canbe interpretedasthenumberof 1 -dimensional
holes. As we mentionedearlier, � 8

countsthe numberof path-connectedcomponentsof
� F �

.
TheBetti numbersarethereforeexactly thetypeof informationwe seek.
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Figure3.4: (a)Thetorushastwo non-equivalent,non-bounding1-cyclesasshown. Thehomol-
ogy groupsare r 8R� S

, r ;�� S�|iS
, and r x � S

. (b) A triangulationof thetorus. Theleft
andright edgesof therectangleareidentified,andthetopandbottomedges.

Examples

Two simpleexamplesarethecircle,Figure3.2,andthetorus,Figure3.4. Thecircle is homeo-
morphicto thetriangle,andthechaingroupshave thefollowing bases:K x Y � %j�K ; Y � , ' (:-.� , ( * -.� , 'j* - �K 8 Y � ' �)(�� *=���
Thereis asinglegeneratorfor the1-cycles, , ' ()- 5v, ( * - H�, 'g* - andit is notboundaryof a2-chain.
Thecircle is path-connectedandthereareno 2-simplices,sothehomologygroupsare:r 8�� Sr ;�� Sr x �Z� %j���

The torus is triangulatedby the simplicial complex in Figure 3.4(b). It has two non-
homologous1-cycles, , ' ()- 5~, ( * - 5~, *�' - and , 'c� - 5~,�� �t- 5~, � ' - . Thesecorrespondto theloopsin
Figure3.4(a).Thereis alsoa non-bounding2-cycle, 2 equalto thesumof all the2-simplices.
Thehomologygroupsaretherefore: r 86� Sr ;l� S�|7Sr x � Sr � �I� %j���
Smith normal form

Thereis a well definedalgorithm for computingthe homologygroupsof a given simplicial
complex. This algorithmis basedon finding theSmithnormal form (SNF) for a matrix repre-
sentationof theboundaryoperators.Recallthattheoriented1 -simplicesform abasisfor the 1 th
chaingroup,

K 3 . Thismeansit is possibleto representtheboundaryoperator, X 3ZY K 3 # K 3=[ ;
,
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by amatrixwith entriesin
� % � + � HI+�� . WedenotetheSNFof theboundarymatrixby � 3 . If � 3

is thenumberof 1 -simplicesthen � 3 has� 3 columnsand � 3=[ ;
rows.

Thealgorithmto reduceanintegermatrix to SNFis similar to Gaussianelimination,but at
all stagestheentriesremainintegers.Theresultingmatrixhastheform:

� 3 �N� p 3 �� �b� �
where p 3 ����� (>; %

. ..% ("��� ���� � (3.4)

Thenonzeroentriessatisfy
( O UW+ and

( ;
divides

( x , divides
( � , andsoon. For afull description

of thebasicalgorithmseeMunkres[61].
The SNF matricesfor X 3>n ;

and X 3 give a completecharacterizationof the 1 th homology
group, r 3 . Thetorsioncoefficientsof r 3 arethediagonalentries,

( O
, of � 3>n ;

thataregreater
thanone.Therankof thecycle group, o 3 , is thenumberof zerocolumnsof � 3 , i.e., � 3 H�� 3 .
Therankof theboundarygroup, p 3 , is thenumberof non-zerorows of � 3>n ;

, i.e., � 3>n ;
. The1 th Betti numberis therefore� 3 �P�)�t b¡¢� o 3 � H �)�t b¡¢� p 3 �d� � 3 H�� 3 H�� 3>n ; �

Basesfor o 3 and p 3 (andhencer 3 ) aredeterminedby the row operationsusedin the SNF
reduction.

Thereare two practicalproblemswith the algorithm for reducinga matrix to SNF as it
is describedin Munkres[61]. First, the time-costof the algorithm is of a high polynomial
degreein the numberof simplices;second,the entriesof the intermediatematricestypically
becomeextremely large andcreatenumericalproblems. Devising algorithmsthat overcome
theseproblemsis an areaof active research.Whenonly the Betti numbersarerequired,it is
possibleto do better. In fact, if we constructthe homologygroupsover the rationals,rather
thanthe integers,thenwe needonly apply Gaussianeliminationto diagonalizethe boundary
operatormatrices— aprocessthatrequiresontheorderof 04� arithmeticoperations.Doingthis
meanswe loseall informationaboutthetorsion,however. We discusssomeotherapproaches
to computationalhomologyin Section3.4.

3.2.2 The role of homotopy in homology

Thestudyof homotopy leadsto a substantialbranchof algebraictopology. In this sectionwe
givesomeelementarydefinitionsthatarenecessaryfor consideringequivalenceclassesof maps
betweenspacesandthecorrespondinghomomorphismsof homologygroups.For moredetails,
seeMunkres[61] or HockingandYoung[35].

Homotopy equivalence

Two mapsor two spacesarehomotopy equivalentif thereis acontinuousdeformationfrom one
to theother. This typeof equivalenceis usuallyeasyto visualizeandgivesusa powerful tool
for computinghomologygroups. We startby defininga homotopy betweentwo continuous
maps.

Let
�

and £ beany topologicalspaces.Two maps ¤ ��¥ Y � #¦£ arehomotopicif their
images,¤G, �§-

and
¥ , �¨-

, canbecontinuouslydeformedinto oneanother. Formally, ¤ ��¥ Y � #£ arehomotopicif thereis amapping© Y �hªu« #¬£ suchthatfor each

 Q �

, © ��
� % �G� ¤ ��
4�
and © ��
� + �®�¯¥<��
4�

. The map © is calleda homotopybetween¤ and
¥
, and

�°ª±«
is the
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Figure3.5: An annulusandaMöbiusbandarebothhomotopy equivalentto a circle.

homotopycylinder. We usethe notation ¤ z ¥
when ¤ is homotopicto

¥
. For example,let¤ ��¥ Y � ; � ,�% � D9² � #³,´HR+ � + - , bedefinedas ¤ ��µc�G� % and

¥<��µc�G�{¶:·` lµ
. A homotopy between¤ and

¥
is givenby © ��µb� � �d� � ¶:·` lµ

. If £ is aconvex subsetof A C , and
�

is anarbitraryspace,
thenany two functions ¤ ��¥ Y � #¸£ arehomotopicvia © ��
� � ��� � ¥¢��
4� 5 � +¹H � � ¤ ��
4�

[77].
In general,however, it canbea difficult problemto find a homotopy betweentwo maps,if one
exists.

Two spaces,
�

and £ have the samehomotopy type, or arehomotopicallyequivalent, if
therearemappings¤ Y � #¦£ and

¥ Y £º# �
suchthat ¤ ¥ Y £»#¦£ is homotopicto the

identity on £ and
¥ ¤ Y � # �

is homotopicto the identity on
�

(notethat throughoutthis
chapter, thecompositionof two functions,¤ and

¥
is written as ¤ ¥

). Wecanshow thattheunit
circle, � ;

, andtheannulus,¼ , have thesamehomotopy typeasfollows. Let� ; �	�½��¾=�:µc���9¾¿� +�� and ¼ �	�½��¾��:µb��� + �\¾$� Dg�
Let ¤ Y � ; #À¼ betheinclusionmap ¤ � + �:µc�d�k� + �:µc�

, and
¥ Y ¼W#¬� ;

mapall pointswith the
sameangleto thecorrespondingpoint on theunit circle:

¥<��¾=�:µc�e�Á� + �:µc�
. Then

¥ ¤ Y � ; #Â� ;
is given by

¥ ¤ � + �:µc�®��� + �:µc�
, which is exactly the identity map. The other compositionis¤ ¥ Y ¼Ã# ¼ is ¤ ¥<��¾=�:µc�®�Â� + �:µb�

. This is homotopicto the identity, Ä Å �Â��¾=�:µc�
, via the

homotopy © ��¾=�:µb� � ���k� +�H � ��¾ H\+ �:�:µc�
.

The following theoremis oneof the centralresultsin homologytheory. The proof uses
constructionsfrom thefollowing section;see[61] for details.

Theorem 7. Homotopicallyequivalentspaceshaveisomorphichomology groups.

This meansthathomologyclassifiesspacesup to homotopy equivalence.Homeomorphic
spacesarenecessarilyhomotopicallyequivalent, sinceif / Y � # £ is a homeomorphism,
thenit hasaninverse,/ [ ; Y £B# �

, andby definition /�/ [ ; � Ä Æ , and / [ ; / � Ä�Ç . This fact,
togetherwith Theorem7, imply thathomologygroupsaretopologicalinvariants. It is not the
casethat homotopy equivalentspacesarehomeomorphic.For example,a circle is homotopy
equivalentto anannulusandto theMöbiusband,but notwo of thesespacesarehomeomorphic;
seeFigure3.5. Theorem7 is alsoa usefultool for determininghomologygroups: if a given
spaceis homotopy equivalentto asimplerone,thenweneedonly find homologygroupsfor the
latter.

Induced Homomorphisms

Whenwe studythesystemof � -neighborhoodsin Section3.3,we needto considerhow contin-
uousmappingsfrom oneneighborhoodinto anotherinducehomomorphismsontheirhomology
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groups. A large amountof machineryhasbeendevelopedfor studyingthis type of problem.
Wegiveabrief summaryhereandreferto Munkres[61] for moredetails.

SupposeÈ and É are two simplicial complexes andconsidera continuousmapof their
underlyingspaces¤ Y � È@Ê � # � É �

. The first stepis to make a continuouspiecewise linear
approximationof ¤ , calledasimplicial approximation, / Y ÈË#ÃÉ . Thesimplicial complex È
is a subdivision of È@Ê , so

� È@Ê �b�Ì� È �
. Thesubdivision is constructedto ensurethat / is close

to ¤ . “Close” meansthatgiven

 Q � È@Ê � , then ¤ ��
4�

and / ��
4�
lie in thesamesimplex of É .

Thesimplicial approximation,/ , mapsverticesof È to verticesof É andextendslinearly
to eachsimplex of È . Sucha simplicial map, induceshomomorphismson the chaingroups/ÎÍ Y K 3 � È � # K 3 � É �

in a naturalway. If 2 3 � , 
�89� �>�>� �:
 3 - is anoriented 1 -simplex of È ,
thenwe define /�Í � 2 3 �d� ,�/ ��
]8��:� �>�>� � / ��
 3 ��- if ,�/ ��
�89�:� �>�>� � / ��
 3 ��- Q É �/�Í � 2 3 �d� % otherwise�
Thisdefinitionis extendedlinearly to all chains* 3 Q K 3 � È �

.
Thecrucialpropertyof thechainmap /�Í is thatit commuteswith theboundaryoperator, i.e.,X � /ÎÍ � * 3 ����� /�Í � X � * 3 ��� . This impliesthat /ÎÍ mapscyclesin o 3 � È �

to cyclesin o 3 � É �
andalso

boundariesto boundaries.This in turnmeansthat /�Í inducesahomomorphismof thehomology
groups, /ÎÏ Y r 3 � È � #¦r 3 � É �

. This homomorphismis definedon equivalenceclassesof 1 -
cycles , w 3 - Q r 3 � È �

by: /ÎÏ � , w 3 -��Ð� ,�/�Í � w 3 ��- . See[35] for a proof that this definitionsatisfies
thepropertiesof ahomomorphism.

In the specialcasethat / Y � È � # � È �
is the identity map,then /�Ï is the identity homo-

morphism. If / Y � È � # � É �
is a homeomorphismof the underlyingspaces,then /�Ï is an

isomorphismof thecorrespondinghomologygroups.
For acontinuousmap, ¤ , any simplicial approximationto ¤ inducesthesamegrouphomo-

morphism,denoted¤tÏ . The resultwe needfor Sections3.2.4and3.3 is thathomotopicmaps
induceidenticalhomomorphisms.

Theorem 8. Suppose¤ ��¥ Y � È � # � É �
are two continuousmapsandthat ¤ is homotopicto

¥
.

Thenthey inducethesamehomomorphismof thehomology groups,i.e., ¤ Ï �i¥ Ï .
This is astandardresultin homology;see[61] for aproof.

3.2.3 Inversesystems

In orderto generalizehomologyto spaceswith infinite structurewe needto usea limit. There
aretwo waysto generalizethenotionof limit to generalindex setsandspaces:directandinverse
limit systems.Ourprobleminvolvesthelatterandwedescribetheassociateddefinitionsbelow;
seeHockingandYoung[35] or Spanier[77] for moredetails.

An inversesystemof topologicalspacesconsistsof collectionof spaces,
��Ñ

, indexedby a
directedset

��ÒÓ�ÕÔ��
, andcontinuousmappingsÖ Ñ>× Y � × # ��Ñ

, for eachpair Ø ÔTÙ
. Themaps

arecalledbondingmorphismsandmustsatisfythefollowing two conditions.Ö ÑÕÑI� +�Ç�Ú �
theidentitymapon

��ÑÎ�
and (3.5)

Ö Ñ>× Ö ×=Û � Ö ÑÕÛg�
for any choiceof Ü Ô Ø ÔfÙ � (3.6)
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Notice that thesemapsactagainsttheorderrelation,which is why thesystemis an “inverse”
one. We write Ý �Þ�L��Ñb� Ö Ñ>×]�:Ò��

for the inversesystem,or
�L��ÑÎ� Ö Ñ>×Î�

whenthe index set is
clearfrom context.

The inverselimit space, ß ·`àâá�ã Ý , is thesubspaceof äÓå ��Ñ
consistingof all “preorbits” inÝ . Thatis, ß ·`àá�ã Ý �	�½��
]Ñc����
]Ñ Q ��Ñ

andÖ Ñ>×]��
 × �d�P
]Ñ
for Ø ÔiÙ ��� (3.7)

The projections, Ö × Y ß ·æà�áã Ý¸# � ×
, arethe continuousmapsÖ × ����
]Ñc���I�Ì
 ×

. In fact, the
inverselimit spaceis definedupto anisomorphism:any spacethatis homeomorphicto ß ·`àâá�ã Ý
is alsoaninverselimit of Ý .

We canoftensimplify theinverselimit calculationby usinga subsetof theindex set,
Ò Ê ?Ò

. The subsetmustbe cofinal for this restrictionto work, i.e., given any
Ù Q Ò

, thereis an
elementØ Q Ò Ê with Ø ÔiÙ

. We thenhave thefollowing theorem[52].

Theorem 9. If
Ò Ê isacofinalsubsetof

Ò
, thentheinversesystems

�L��Ñb� Ö Ñ>×]�:Ò��
and

�L��Ñb� Ö Ñ>×]�:Ò Ê �
haveisomorphiclimits — i.e., their inverselimit spacesare homeomorphic.

As anexampleof aninversesystem,supposetheindex setis thenon-negative integers, ç ,
andlet

��8�� , % � + - , �è;Z� , % � ;� -�é , x� � + - and
� 3 be the level-1 approximationto themiddle-

third Cantorset(c.f., Section2.2).Since
� 3>n ; ? � 3 , for all 1 , thebondingmorphismsarejust

inclusionmaps: Ö 3�ê¿Y � êÓë # � 3 when ì � 1]�
It is easyto show thatthesemapssatisfythetwo conditions(3.5)and(3.6). Theinversesystem
is representedby thediagram:}>}>}Õí ��îbïH]# � 3 í �H]# � 3=[ ; }>}>} � x í=ðH�# �è; í ïH�# ��8 �
Theinverselimit spaceconsistsof sequences

��
 3 � suchthat

 3 Q � 3 for all 1 , andÖ 3�ê ��
 ê �u�
 3 . Sincetheprojectionsareinclusionmaps,this means


 3 �ñ
 ê . It follows thata sequence
in the inverselimit spacejust repeatsthesamepoint, andthis point mustbe in theCantorset.
Therefore,theinverselimit spaceis homeomorphicto themiddle-thirdCantorset.

Theconceptof inverselimit systemalsoexists for thecategory of groups.In this casethe
bondingmorphismsaregrouphomomorphismsandtheinverselimit is asubgroupof thedirect
sum ò å y Ñ

of thegroupsin the inversesystem.We usethis in thenext sectionwhenwe de-
fine Čechhomologyby relatinganinversesystemof topologicalspacesandthecorresponding
inversesystemof homologygroups.

3.2.4 Čechhomology

Čechhomologyis a generalhomologytheorythat cancapturethe infinitely detailedstructure
of a fractal. It agreeswith simplicial homologyon finite simplicial complexes.For moreback-
groundmaterial,seeHockingandYoung[35] or MardesicandSegal [52].

The nerve of a cover

TheČechapproachis basedon a way to generatesimplicial complexesby taking thenerveof
a cover. Given a compactHausdorff space,

�
, let ó �L���

denotethe family of all finite open
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coveringsof
�

(a covering, ô Q ó �L���
, is a collection of opensetswhoseunion contains�

). We constructanabstractsimplicial complex, calledthenerve of thecover, by associating
eachopenset, õ Q ô with a vertex, alsolabelled õ , in thecomplex. An edgeexistsbetween
two verticesõ and ö if andonly if thecorrespondingopensetsintersect.Higher-dimensional
simplices ,�õ 8 �>�>��õ 3 - areincludedif theintersection÷ 3O`_ 8 õ O

is non-empty. Notethatalthough
thespace

�
couldbelow dimensional,thenerve of agivencoveringcouldcontainmany high-

dimensionalsimplices.In fact,givenany finite simplicial complex È anda compact,perfect,
Hausdorff space

�
, it is possibleto constructa coveringof

�
whosenerve is isomorphicto È

[35]. This ambiguityis removedby consideringaninverselimit system.

A partialorderrelation,
Ô

, thatmakes ó �L���
a directedsetis givenby thenotionof refine-

ment. Thecover ø is a refinementof ô , denotedø Ô ô , if for any set ö Q ø , thereis a setõ Q ô suchthat öù?Áõ . The family of all coverswith this orderingis the index setfor the
Čechinversesystem;we now definethebondingmorphisms.

If ø refinesô , wedefineaprojectionmapÖcú¢û Y ø~#¯ô by takingtheimageof aset ö Q ø ,Ö ú¢û � ö �
, to beany fixedelementõ Q ô suchthat öÁ?fõ . Thedefinitionof theprojectionmap

is not uniquesincetheremay be more than one choiceof õ for a given ö . However, any
two choicesof projectionfrom ø into ô are homotopic. Therefore,we definethe bonding
morphismsto be homotopy equivalenceclassesof projectionsÖ ú¢û , andthese“H-maps” then
satisfytheconditions(3.5) and(3.6). The inversesystem

� ô � Ö ú¢û � ó �L�����
is referredto asthe

Čechsystem.Next, we considerthecorrespondinginversesystemof homologygroups.

The Čechhomologygroups

Thenerve of a finite cover ô is a simplicial complex, sowe cancomputeits homologygroups
by theusualtechniques.Thereis oneslight difference,however, thecoefficient group

y
must

bemoregeneralthantheintegers;for example,we couldusetherationalor realnumbers.The
homologygroupsof the nerveswith coefficients in

y
aredenotedr 3 � ô � y �

. The projection
mapsÖ ú¢û areidentifiedwith simplicial mapsof thenervesof ô and ø . They thereforeinduce
homomorphismson thehomologygroups:Ö ú4û Ï Y r 3 � ø � y � #¬r 3 � ô � y �

. Theorem8 implies
that two elementsof the homotopy classof Ö ú¢û inducethe samehomomorphismon the ho-
mologygroups.Theinversesystem

� r 3 � ô � y �:� Öjú¢û Ï � ó �L�v���
is calledthe 1 th Čechhomology

system.Finally, the 1 th Čechhomologygroupwith coefficientsin
y

is denoted ür 3 �L��� y �
and

is definedto betheinverselimit of the 1 th Čechhomologysystem.

Geometrically, supposethereis a non-bounding1 -cycle w 3 in r 3 � ô � y �
for some ô Qó �L�v�

. Thenthis 1 -cycleexistsin thelimit only if givenany refinementø of ô , thereisa 1 -cyclew Ê3 Q r 3 � ø � y �
whoseimageundertheprojectionhomomorphismis w 3 , i.e., Ö ú4û Ï � w Ê3 �d� w 3 .

The Čechsystemfor all finite coversof the space
�

is overwhelminglylarge for compu-
tationalpurposes;this is why cofinal subsetsareuseful. A subcollection,ó Ê �L��� ?Áó �L���

, is
cofinal in ó �L���

if given any cover ô Q ó �L�v�
, thereis a cover ø Q óýÊ �L���

suchthat ø is a
refinementof ô . As anexample,if we have a compactspace

� ?PA�þ , let ô C bea finite cover
of

�
by openballs with diameter+ s 0 . Thecollectionof all suchcoveringsfor 0 Q~S

forms
a cofinal subsetof ó �L���

. We cannow setup a Čechsystemfor this subfamily of coverings
andcomputethecorrespondinginversesystemof homologygroups.By Theorem9, theinverse
limit of this systemis isomorphicto the inverselimit of the full Čechsystem.Thus,usinga
cofinal family of coveringsgreatlyreducestheamountof work neededto “compute” theČech
homologygroups.Theuseof cofinalfamiliesis alsoimportantin ourcomputationalwork.
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Figure3.6: Thelevel-1 cover of theSierpinskitriangleandthenerve of this cover. Thehigher
level coversrepeatedthispatternon smallerscales.

Figure3.7: Nervesof the level-3, level-2, and level-1 coversof the Sierpinskitriangle. The
arrows show theactionof theprojectionmapson thecircledtriplesof points.

An example

Weuseacofinalsequenceof coversof theSierpinskitriangle,ÿ , to computeits Čechhomology
groups.This exampleis consideredfurtherin Section3.5.

For Ä � % � + � D � E � �>�>� , let ô O
be a cofinal sequenceof covers of ÿ with the following

properties. The setsin eachcover are identical openconvex regions with different centers.
Thereare E O suchopensetsin ô O

such that for each õ O�Q ô O
thereare exactly threesetsõ O n ;�� ö O n ;=��� O n ; Q ô O n ;

that mapinto õ O
, andeachpoint of the Sierpinskitrianglebelongs

to at mosttwo of thesetsin ô O
. SeeFigure3.6 for an illustrationof the level-1 cover, ô ;

and
its nerve. Thelastconditionimpliesthat thenerve of ô O

hasonly 0-simplicesand1-simplices.
Thenervesfor ô ;

, ô x , and ô � aregiven in Figure3.7. This figurealsoshows theactionof the
bondingmorphisms,Ö O�� O n ; Y ô O n ; #Âô O

, which aredefinedby the inclusionof the threesetsõ O n ;�� ö O n ;=��� O n ; Q ô O n ;
into õ OGQ ô O

.
The simple,one-dimensionalnatureof the nervesmeansthat we canwrite down the ho-

mology groupsby inspection. The zerothandsecondhomologygroupsare the samefor all
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Figure3.8: Theprojectionmapfrom ô x into ô ;
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Figure3.9: Theprojectionmapfrom ô � into ô x .
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Ä : r 89� ô O � y � zWy
for Ä � % � + � D � �>�>�r x � ô O � y � z � %j� for Ä � % � + � D � �>�>�

Thefirst orderhomologygroupshave thefollowing pattern:r ; � ô 8 � y � z � %j�r ;�� ô ;=� y � z{yr ; � ô x � y � z{y | y | y | y � y��r ;�� ô � � y � z{y ; �r ;=� ô O � y � z{y C�� where 0 O � O [ ;^3 _ 8 E 3 � +D � E O H\+ � �
Weconsidertheactionof theinclusionmapsonthefirst-orderhomologyonly, startingwithÖ ; x Ï . Theactionof this mapis shown in Figure3.8. The basisfor r ; � ô ; � y �

is the loop
� ;

,
andabasisfor r ;�� ô x � y �

is givenby thefour loops,
� ' �)(=� * �:� x � . SinceÖ ; x alwaysmapsthree

points into one, the cornerloops, ' �)(=� * , areeachcollapsedto a singlepoint. The actionofÖ ; x Ï Y r ;�� ô x � y � #Àr ;�� ô ;=� y �
is therefore'	� H]#À%( � H]#À%*
� H]#À%� x � H]# � ; �

A matrix representationof Ö ; x Ï relative to thebasesabove is� ; x �� % % % +��d�
The above actionis repeatedin a threefoldway for Ö x � Ï Y r ;=� ô � � y � # r ;�� ô x � y �

, see
Figure3.9. Weorderthebasisfor r ;=� ô � � y �

asfollows:� '�� �)( � � *�� �:� � � '�� � �>�>� �:� � � '�� � �>�>� �:� � �:� þ ���
Theactionof Ö x � Ï is � � � H]#À'� ��� H]# (� � � H]#À*� � � H]# � x �
All otherloopsin r ;�� ô � � y �

mapto
� %j� . Thematrix for thismapis:

� x � � ���� % % % + % % % + % % % + +
����� �
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Figure3.10: The Warsaw circle hastrivial simplicial homologygroup, r ; � % , but its Čech
homologygroupis ür ;ý� y

. It hasthesame“shape”asthecirclebecausethey arebothinverse
limits of asequenceof annuli.

This patterncontinuesfor higher levels, andfor Ö O�� O n ; Ï Y r ;�� ô O n ;=� y � # r ;�� ô O � y �
we

have therecursive form for thematrix

� O�� O n ; � ���� � O [ ; � O � O [ ; � O � O [ ; � O +
����� �

This meansthat the first Čechhomologygroup for the Sierpinski triangle, ür ;=� ÿ � y �
is

an infinitely generatedabeliangroup. The elementsof ür ; � ÿ � y �
consistof sequences,

� w O � ,
of elements,w O\Q r ;=� ô O � y �

, such that Ö O�� O n ; Ï � w O n ;��\� w O for all Ä � + � D � E � �>�>� . For
example, the central hole in the Sierpinski triangle would be representedby the sequence��� O ���¬���c;=�:� x �:� � � �>�>� � , and the ' -loop of ô x by

� ' O ���¬� % � ' �:� � � �>�>� � . Smallerholeshave
a longerinitial stringof zeros.

The next sectiongeneralizešCechhomologyby consideringinverselimit systemsof ap-
proximatingspacesotherthannervesof covers.

3.2.5 Shapetheory

Shapetheorygeneralizestheconceptof homotopy equivalenceby consideringinversesystems
of “nice” approximatingspaces. As an example, the unit circle hasthe sameshapeas the
Warsaw circle of Figure3.10,becausebothareinverselimits of sequencesof annuli,although
they have differenthomotopy andsimplicial homologygroups.

Theessentialresultwe usefrom shapetheoryis thatevery compactmetricspaceis home-
omorphicto the limit of an inversesystemin the category of finite polyhedraandhomotopy
equivalenceclassesof maps(H-maps). The Čechsystemfor a compactspaceis an example
of suchan inversesystem. Shapetheorygeneralizesthe Čechapproachby allowing the ap-
proximatingspacesto behomotopy equivalentto afinite polyhedron.Thefollowing theoremis
a compilationof resultsfrom MardesicandSegal [52, App.1]; it characterizesspacesthatare
homotopy equivalentto finite polyhedra.

Theorem 10. A topological spacewith thehomotopytypeof a compactCW-complex or a com-
pactANRis homotopyequivalentto a compactpolyhedron.
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CW-complexesaregeneralcell-complexes,andANR standsfor absoluteneighborhoodre-
tract; see[35] for definitions. ANRs arean importantclassof space;they have many useful
properties— oneof theseis that theidentity mapextendsto a neighborhoodof thespace(this
is theneighborhoodretractpartof ANR). Theunit cubein AGC andthe 0 -sphereareexamples
of ANRs.

Thealgebraicsideof shapetheoryassociatesan inversesystemof homologygroupswith
theinversesystemof finite polyhedra,in muchthesamemannerasČechhomology. Thatis, if���dÑb� Ö Ñ>×��

is aninversesystemof polyhedra,then
� r 3 ���dÑc�:� Ö Ñ>× Ï � is thecorrespondinginverse

systemof homologygroups.A third resultwe needfrom shapetheoryis:

Theorem 11. If
���dÑb� Ö Ñ>×��

and
���¿ÑÎ���ÕÑ>×Î�

are inversesystemsof polyhedra (or ANRsor CW-
complexes)and H-mapswhoseinverse limit spacesare homotopyequivalent,thenthe corre-
spondinginversesystemsof homology groupshaveisomorphiclimits.

For a compactspace,
�

, the Čechsystemis an inversesystemof polyhedra. The above
theoremthereforeimplies thatany otherinversesystemof polyhedrayieldsan inversesystem
of homologygroupswhoselimit isomorphicto Čechhomology. This is the sensein which
shapetheorygeneralizešCechhomology.

In the following sectionwe consideran inversesystemof closed� -neighborhoodsandin-
clusionmapsfor acompactspace

�
.

3.3 Foundationsfor computing homology

In this sectionwe develop theoreticalfoundationsfor understandinghow homologygroups
computedfrom datarelateto thehomologyof thespacethey approximate.Thesettingfor our
analysisis asfollows. Weassumethattheunderlyingspace,

�
, is acompactsubsetof ametric

space,
���W�:�Î�

, andthatthefinite setof points, �f? �
, approximates

�
in a metricsense,i.e.,

eachpoint of
�

is within distance� of somepoint in � andvice versa.In otherwords, � is the
Hausdorff distancebetween

�
and � :

�� �L�¨� � �l� � . In a givenapplication,this assumption
mustbejustifiedby physicalor numericalarguments;we give a numberof differentexamples
in Chapter4. A smallvalueof � implies � is agoodapproximationto

�
. Typically, � depends

on thenumberof pointsin � , aswedemonstratedwith examplesin Chapter2, andmorepoints
naturallyresultin a smallervalueof � . In someapplications,� couldrepresentthemagnitude
of noisepresentin thedata,or adiscretizationerror.

To give the compactspace,
�

, and its finite approximation, � , comparabletopological
structure,we form their closed� -neighborhoods:���G� ��
 Q � �9����
�������� ��� and � �G�	��
 Q � ���]��
� � ��� �����
Roughly speaking,since

�
and � are within � , their � -neighborhoodsshouldhave similar

propertiesfor � � � . Wemake thisprecisein Section3.3.4usinganinversesystemframework
from shapetheory. Sincethe homologyof

���
convergesto the homologyof

�
as �â# % in

an inverselimit sense,we hopeto extrapolatethe homologyof
�

from the homologyof the� -neighborhoodsof thedata, � , for � � � . Of course,extrapolationis never guaranteedto give
thecorrectanswer, andwe arealwaysrestrictedby theinherentaccuracy of thefinite data.

3.3.1 The inversesystemof ! -neighborhoods

We begin by describingthe inversesystemof � -neighborhoodsfor theunderlyingcompactset�
. Thespacesfor theinversesystemaretheclosed� -neighborhoods,

���G� ��
@�9�]��
������� ��� ,
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Figure3.11: A segmentof Antoine’s necklace.This pictureis from Eric Weisstein’s World of
Mathematics[85]. http://mathworld.wolfram.com/AntoinesNecklace.html

indexedby %#"k� � � 8 . Sincewe areinterestedin the limit as ��#°% , theorderrelationis an
invertedone:

ÙTÔ � when
Ùi� � . Since

��Ñ ? ���
when

Ùf� � , thebondingmorphismsare
simply inclusionmapsÖ � Ñ Y ��Ñ # ���

, whicheasilysatisfytheconditions(3.5)and(3.6). The
inverselimit spaceis homeomorphicto

�
andtheprojectionsÖ � Y � # ���

areagaininclusion
maps.

Each � -neighborhoodof
�

is an ANR and thereforehasthe homotopy type of a finite
polyhedron.Thismeansthe 1 th simplicialhomologygroupsr 3 �L���:�

arewell-definedfor � � % .
The inclusionmapsÖ � Ñ Y ��Ñ # ���

inducehomomorphismson the homologygroupsin the
standardwaydescribedin Section3.2.2.Wewrite Ö � Ñ Ï Y r 3 �L��Ñc� #Ãr 3 �L���)�

for theseinduced
homomorphisms.Thehomologygroups,togetherwith theinclusion-inducedhomomorphisms,
yield inversesystemsof groups,denotedby r 3 � Ý �

. Resultsfrom shapetheoryshow that the
inverselimit of r 3 � Ý �

is isomorphicto the 1 th Čechhomologygroup ür 3 �L���
; for detailssee

[52, p.121].
For computationalpurposes,we typically usea cofinalsequenceof � -neighborhoods,

��� � ,
where � ; Ui� x Uh�>�>� is adecreasingsequenceof � -valueswith � O #À% .

3.3.2 PersistentBetti numbers

We would like to quantify the structureof
�

by looking at the Betti numbers� 3 �L��� �±��)�t b¡ r 3 �L���:�
as �Ó#°% . In generalthough,it is not thecasethat � 3 �L���:� #�� 3 �L���

as �Ó#�% ,
i.e., ß ·`à��$¿8 � 3 �L���:�&%� � 3 � ß ·æà��$¿8 ���)� �

As anexample,considerAntoine’snecklace,Figure3.11.ThisCantorset, ¼ , is constructed
by taking the intersectionof a sequenceof nestedandlinked solid tori. Thezerothlevel, ¼ 8

,
is a singlesolid torus,which is homotopy equivalent to a circle and thereforehasfirst Betti
number, � ;�� ¼ 8���� + . A chainof ' linked solid tori is embeddedin ¼ 8

to give thefirst level
approximation,¼ ;

. This processis repeatedinsideeachoneof thesetori sothatthe Ä th termin
thesequence,¼ O

, consistsof ' O
links. Antoine’s necklaceis then ¼ � ÷~¼ O

. It is possibleto
choosea sequenceof � -valuessothat ¼ � � z ¼ O

. We thenhave � ; � ¼ O �u� ' O #)( . However,
sincethelimit ¼ is a Cantorset, � ;�� ¼ �ý� % . Theproblemstemsfrom ignoringtherole of the
bondingmorphisms.Wenow describehow to incorporatethis information.

Theessentialpoint is thatwe only want to countholesin an � -neighborhoodthataregen-
eratedby a hole in theunderlyingspace,not holesthatarecausedafter fatteningthesetto its
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εXλ X

Figure3.12: An illustrationof thedifferencebetweenpersistentandnon-persistentholes.The
underlyingspace,

�
, is madeof an ’O’ and a ’C’ that touch at a point. In the larger � -

neighborhoodontheright, theholefrom the’O’ hasapreimagein thesmaller
Ù
-neighborhood.

Theholefrom the’C’ is not theimageof aholein
�

, or
��Ñ

.� -neighborhood.This ideais illustratedin Figure3.12. Thesmaller
Ù
-neighborhoodcaptures

the homologyof the underlyingspace,which hasa singlehole (i.e., � ; � + ). For the larger� -value,theneighborhoodhastwo holes;onecorrespondsto agenuineholein
�

, andtheother
doesnot. In termsof homology, we want to countonly thosecycles in r 3 �L���)�

that are the
imageof somecycle in r 3 �L��Ñc�

, for all
Ù "i� .

More formally, for
Ù "i� , wesaythatanequivalenceclassof cycles , w � - Q r 3 �L���)�

persists
in r 3 �L��Ñb�

if it is in the imageof the bondinghomomorphism, w � - Q Ö � Ñ Ï � r 3 �L��Ñc���
. The

numberof holesin
���

thatpersistin
��Ñ

is thereforejust therankof theimagesubgroup:� Ñ3 �L��� �d�T�)�t b¡¢� Ö � Ñ Ï � r 3 �L��Ñc����� � (3.8)

Sincewewantto know thetopologyof
�

, we arealsointerestedin thequantity� 83 �L��� �d�T� �t b¡<� Ö � Ï � r 3 �L������� � (3.9)

Wereferto � Ñ3 �L���)�
for

Ù U\% , asthepersistentBetti numbers.
For Antoine’s Necklace,we have that � O n ;; � ¼ O ��� % for all Ä , becausethereis no cycle in¼ O n ;

thatmapsontoa link in ¼ O
. Theprojectionfrom ¼ into ¼ O

gives � 8; � ¼ O �G� % for all Ä , soß ·`à O $+* � 8; � ¼ O ��� � ; � ¼ ��� % .
The persistentBetti numberis an integer-valuedfunctionof two realnumbers,

Ùf� � . In
orderto understandthepropertiesof this function,wegivesomeelementaryboundson � Ñ3 �L���:�

.
From the definition, it follows that the persistentBetti numberis lessthan the regular Betti
numberfor both

��Ñ
and

���
: � Ñ3 �L���:�Ð� � 3 �L���)�

and (3.10)� Ñ3 �L���:�Ð� � 3 �L��Ñb� � (3.11)

The next two inequalitiessay that for a fixed � -neighborhood,� Ñ3 �L� � �
is a monotonicnon-

decreasingfunction of
Ù
; while for a fixed

Ù
, the persistentBetti numberis a non-increasing

functionof � .
For Ü," Ù "i� � � Û3 �L���:�u� � Ñ3 �L���)� � (3.12)

For
Ù "i�
"\Ø � � Ñ3 �L� × �Ð� � Ñ3 �L���)� � (3.13)
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Roughlyspeaking,increasingthedifferencebetween
Ù

and � decreasesthenumberof persistent
holes.

The above inequalitiesarea first steptowardsunderstandingthe continuity propertiesof� Ñ3 �L���)�
, but morework remainsto bedone.Most importantly, we wantconditionson

�
that

guarantee � 83 �L���)� #N� 3 �L���
as �ý#À%c� (3.14)

If � 3 �L�v�
is finite and(3.14)holds,thentheremustbean � 8 � % suchthat � 83 �L��� �d� � 3 �L���

for� Q , % � � 8�� . In additionto this,our computationalwork will bemosteffective for spaceswhere
thereis a

Ù 8
suchthat � Ñ3 �L� � �¹� � 83 �L� � �

for
Ù Q , % �)Ù 8 -

. We do not expecttheseconditions
to hold for anarbitrarycompactspace.However, for specialcasessuchastheiteratedfunction
systemattractorsin Section3.5, it maybepossibleto saysomethingmoreconcreteaboutthe
continuityof persistentBetti numbersas

Ù
and � tendto zero.

3.3.3 Growth rates for persistentBetti numbers

In Chapter2, we quantifiedthe rateof growth in thenumberof connectedcomponents,
K � � �

by the disconnectednessindex, - . We cando the samething for the 1 -dimensionalholes,as
countedby the persistentBetti numbers.If � 83 �L��� � # ( as �â# % , we quantify the rateof
divergenceby assumingan asymptoticpower law, � 83 �L� � �/. �10 � . The exponent - 3 canbe
computedasthefollowing limit (whenit exists)

- 3 � ß ·`à��$¿8 ß3254u� 83 �L��� �ß3254 � + s � �f� (3.15)

If thelimit doesnotexist, thenwe usethelimsupor liminf.
Recallthatfor 1 � % , theBetti numberis just thenumberof connectedcomponents,sothe

definition of - 8 agreeswith that for the disconnectednessindex, - . The + -dimensionalholes
countedby � 8;

arereally loops,andthe 2-dimensionalholesaresphericalvoids like thosein
Swisscheese,sowemightcall - ; theloopinessindex and - x theholiness.Resultsin Chapter5
show that for subsetsof A x , thereis a relationshipbetween- ; andthe fractal dimension;the
examplesin Section3.5confirmthis.

SimpleExamples

We candeterminethegrowth rates,- 3 , analyticallyfor simple,self-similarfractalsuchasthe
Sierpinskitriangle,Sierpinskicurve (or carpet),Mengerspongeandso on. We alreadycon-
sideredthe homologygroupsfor the Sierpinskitriangle, ÿ , in Section3.2.4. It is possibleto
choosea sequenceof � -valuesso that thehomologygroups r ;=� ÿ � � �¹� r ;=� ô O �

. Specifically,
let

¾
be the radiusof the largestcircle inscribedby the triangularholewith verticesat

� ;x � % �
,� % � ;x �

and
� ;x � ;x �

, sothat
¾R� ;x H76 x�98 %c�`+�:�;�:�< . Sincethenext largestholehasradius

¾ s D , we
choose

¾ s D#"{� ; " ¾
and � O n ;¿� � O s D . Every element,, w ;)- Q r ;=� ÿ � � � , hasa preimageunder

theprojectionmap,Ö � � Ï Y ür ; � ÿ � # r ; � ÿ � � � , sothepersistentBetti numberis thesameasthe
regularBetti number. Fromourpreviouscalculations,then, � 8; � ÿ � � ��� 0 O �k� E O H\+ � s D . Thus,

- ; � ß ·`à�=$R8 ß>254 � � 8; � ÿ � � ���ß3254 � + s � O � � ß ·`àO $+* ß3254 ��� E O Hi+ � s D �ß3254�D O s � ; � ß>254ÐEß>254ÐD � (3.16)

Not surprisingly, thisnumberis thesameasthesimilarity dimension.
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3.3.4 Finite approximations

We now analyzethefinite approximation,� , andits relationshipto thecompactset
�

. As de-
scribedin theintroductionto this section,we assumethattheHausdorff distance,

�  �L�¨� � �u�� , i.e., that
� ?q�@? and �h? � ? . We keepthenotation,

�L���)� Ö Ñ � �
, for the inversesystemsof� -neighborhoodsof

�
andwrite

� � �)���ÕÑ � �
for thesystemof neighborhoodsof � . Theinclusions

of � into
� ? and

�
into �@? givea formal relationshipbetweentheseinversesystemsandallow

usto deriveboundsonthepersistentBetti numbersof
���

in termsof � -persistentBetti numbers
of � �

.
Since

� ?f�@? and �\? � ? , wehave thefollowing inclusionmapsfor any � � % ,Ä � Y � � # ��� n ? and ì � Y ��� #¬� � n ?t�
With appropriatebondingmorphisms,this givesus a commutingdiagramfor any

Ù UB� and��U Ù 5~D�� :

Xλ Xε

ε+ρε−ρλ+ρλ−ρS S S S
(3.17)

Thisdiagramimpliesthatif anelementof r 3 �L���)�
hasapreimagein r 3 �L��Ñc�

, theremustbean
elementof r 3 � � � [ ? � with apreimagein r 3 � � Ñ n ? � . Similarly, if � � n ? hasaholethatpersistsin� Ñ [ ? , theremustbea correspondingholein

� �
thatpersistsin

��Ñ
. In termsof Betti numbers,

we have thatfor
Ù U~� and �6U Ù 5\D�� ,� Ñ [ ?3 � � � n ? �u� � Ñ3 �L���:�ý� � Ñ n ?3 � � � [ ? � � (3.18)

Wecanswaptherolesof
�

and � in (3.17)to obtainanalogousboundson � Ñ3 � � �)�
:� Ñ [ ?3 �L��� n ? �Ð� � Ñ3 � � ���ý� � Ñ n ?3 �L��� [ ? � � (3.19)

Since
�

mapsinto �A? , we canonly hopeto get informationabout
�

from holesin � �
that

persistin �@? . Setting
ÙV� � in (3.19),we have thatfor �6U~� ,� 83 �L��� n ? �Ð� � ?3 � � �)� � (3.20)

Thus, if � 83 �L��� �B. �C0 � as �â# % and � is small enough,we shouldseeat leastthat orderof
growth in � ?3 � � �:�

.
In onesense,� is theoptimalresolutionfor coarse-grainingthedatato estimatethetopolog-

ical structureof theunderlyingspace.This could imply that � 3 � � ? � is thebestapproximation
to � 3 �L�v�

, whichwould renderourmultiresolutionapproachredundant.For verysimplespaces
this may be the case. However, we are interestedin morecomplicatedsettings. In general,
the inversesystemof � -neighborhoodsandthepersistentBetti numbersoffer two advantages.
First,thecutoff resolution� is typically notknown in advanceandmustbedeterminedfrom the
data;examining � �

atmany � -valueshelpsusestimate� . Second,computingtheBetti numbers� 3 � �@? � at a singleresolutiondoesnot distinguishbetweenholesdueto thetopologyof
�

and
holesin � ? inducedby thegeometry. Thesequenceof persistentBetti numbers� ?3 � � � �

for � � �
giveamoreaccuratebasisthan � 3 � �@? � from whichto extrapolatetopologicalinformationabout�

(c.f., theexampleof Antoine’s necklace).Suchanextrapolationmustalwaysbegivenwith
respectto thecutoff resolution� , however, sinceit is possiblethatthetopologicalpropertiesof�

changeat resolutionsbelow � .
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3.3.5 Computing persistentBetti numbers

Wewanttocomputethenumberof holesin � �
thatpersistin �@? , thatis, � ?3 � � �:���f� �t b¡D��� ?"Ï � r 3 � �@? ��� .

This definition is in termsof the rank of a linear operator,
�Õ� ? Ï , on the two quotientspaces,r 3 � �@? � and r 3 � � �)�

. Below, wederiveanequivalentformulathatis givenin termsof thelinear
mapon thechaingroups,

� � ? Í Y K 3 � �@? � # K 3 � � �)�
. Recallthatthe 1 -simplicesform abasisfor

the 1 th chaingroup,soit is easyto write down amatrix representationfor thismap.
To simplify notationa little, we write:K ? for thechaingroup

K 3 � �A? �:�K �
for

K 3 � � �)�:�� Í for thechainmap
� � ? Í �� Ï for thehomologyhomomorphism

�Õ� ? Ï �oE? � o �
for thecyclegroupsp�? � p �
for theboundarygroups,andr ? � o ? s p ? andr ��� o � s p �
for thehomologygroups.

Our startingpoint is the imagegroup,
� Ï � rF? � ? r �

. Oneof thefundamentaltheoremsabout
homomorphismsof groups[34] is that theimageof a group,

y
, undera homomorphism,G , is

isomorphicto thequotient,
y s ¡5H>� G . Thus,� Ï � rF? � z r	? s ¡5H>�@� Ï=�

Thekernel,
¡5H>�I� Ï , containsall elementsof rF? thatmapto thezeroelementof r �

. Thatis,¡5H>�J� Ï � � , w - Q r	? � , � Í � w ��-� , % - Q r � ���
But acycle is homologousto % if andonly if it is in theboundarygroup,so¡5H>�J� Ï z o ?DK � [ ;Í � p � � �

Now, recall from Section3.2.2 that a homomorphisminducedby a simplicial mapcom-
muteswith the boundaryoperator. It follows that cycles map to cycles and boundariesto
boundaries;i.e., � Í � oL? � ?fo �

and
� Í � p�? � ?\p � �

Thesecondexpressionimpliesthat p�? ? � [ ;Í � p �)�
, so p�?Z?hoL? K � [ ;Í � p �:�

. It follows thatthe
quotient � Ï � r	? � z r	? s ¡5H>�J� Ï z ,�oL? s p�? - s ,�oL? K � [ ;Í � p �)��- z oE? s ,�oL? K � [ ;Í � p �)��- �
Finally, thismeansthatthepersistentBetti numberis� ?3 � � �d�T�)�t Î¡ ,�o ? - H �)�t b¡ ,�o ?DK � [ ;Í � p � ��- � (3.21)

In termsof actualcomputation,then, we can find the persistentBetti numberfrom the
dimensionsof null spacesandrangesof matrix representationsfor theboundaryoperatorand
theinclusionmaps.Specifically,

�)�t b¡ o 3 � � �
is thedimensionof thenull spaceof thematrix for
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X 3 � � � Y K 3 � � � # K 3=[ ; � � �
. For thesecondtermin (3.21)weneedto find theintersectionof two

spaces:
� Í:,  �M ß`ß � X 3 � � ����-

, and p �
, which is the rangeof X 3>n ; � � � Y K 3>n ; � � � # K 3 � � � . Finding

the intersectionof two linear subspacesrequiressomeinformation abouttheir bases,and is
thereforea moredifficult problemthancomputingdimensions.The standardalgorithmsfor
determiningintersectionstypically run in N � 04� � time, where 0 is the largestdimensionof the
matricesinvolved [29]. As we discussin the following section,we have not yet implemented
thesealgorithms. Instead,for the examplesof Section3.5 we usepre-existing software for
computingtheregularBetti numbersfrom subsetsof a triangulationdescribedin Section3.4.1.
Theseexamplesillustratewhy theregularBetti numbersareinsufficient for extrapolation.

3.4 Implementation

Our goal is to take a finite cloudof points � asinput,andcomputepersistentBetti numbersas
a functionof a resolutionparameter. Therearefour partsto theoverall process:

1. Forasequenceof � -values,generatesimplicialcomplexesthattriangulatethe � -neighborhoods
of thedata.

2. Estimatethecutoff resolution� .

3. ComputepersistentBetti numbers,� ?3 � � � , for � � � .

4. If appropriate,computethegrowth rate, - 3 .

This is essentiallythesameapproachwe usedin Chapter2 in computingthe numberof con-
nectedcomponents.For that case,however, a simplicial complex is unnecessary— all the
informationabout � -connectedcomponentsof � is encodedin theEuclideanminimal spanning
treeof thedata.

In thepresentcontext, steps1 and3 arethemostcomputationallyintensive. Thetwo steps
arealsocloselyrelated;efficient algorithmsfor computingBetti numbersmake explicit useof
thedatastructuresinvolved in building thecomplexes.Thus,givenan � -neighborhood,� �

, the
first problemis to generatea simplicial complex, F �

, whoseunderlyingspaceis at leasthomo-
topy equivalent to � �

. Sincewe are interestedin the inversesystemof � -neighborhoods,we
needsimplicial complexesfor a sequenceof numbers� O #¸% . In orderto have inclusionmaps
thatarewell defined,weneedF � � to beeitherasubcomplex or asubdivisionof F �PO

when � O "i� ê .
A subcomplex approachto this problemdueto Edelsbrunneret al. [18], is describedin detail
in Section3.4.1. This grouphasalsodevelopeda fast incrementalalgorithmfor computing
Betti numbersof complexes in A x or Ae� . We usetheir implementationsfor the examplesin
Section3.5.

We usethe samecriterion for Step2 that we derived in Chapter2 for approximationsto
perfectspaces.Sincea perfectspacehasno isolatedpoints,we estimatethecutoff resolution
as the largestvalue of � for which � �

hasat leastone isolatedpoint. This underestimates
thevaluefor which �@?/Q �

, but theexamplesin Section3.5 show it to bea reasonablygood
approximation.Recallthatisolatedpointsarestraightforwardto detectnumerically— apointis� -isolatedif thedistancefrom it to everyotherpoint in thesetis greaterthan � . Thecomputation
of growth ratesin Step4 is straightforwardoncethepersistentBetti numbersarefound.
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(a) (b)

Figure3.13:(a) TheVoronoidiagram.(b) TheDelaunaytriangulation.

3.4.1 Alpha shapes

As we mentionedabove,alphashapesareasequenceof simplicial complexesderivedfrom the
Voronoi diagramandthe Delaunaytriangulation(DT) — fundamentalconstructionsin com-
putationalgeometry. Alpha shapeswerefirst definedby Edelsbrunneret al. for a finite setof
pointsin theplane[17] andlatergeneralizedto higherdimensions[18].

The Voronoi Diagram and the DelaunayTriangulation

TheVoronoidiagramof afinite setof pointsrepresentstheregionof influenceof eachpoint;an
exampleis givenin Figure3.13(a).Thegraphhasawiderangeof applicationsin computational
geometry(finding nearestneighbors,for example),in biology (assigningareasof influenceto
individualtrees),andmodellingcrystalgrowth, to nameafew. TheDelaunaycomplex isclosely
relatedto theVoronoidiagram,andis equallyimportantin computationalgeometry. Wegivethe
basicdefinitionsof thesegraphshere. For moredetailsabouttheir properties,andalgorithms
for computingthem,see[67]

Givena finite setof points, �W?	A�þ , we definetheVoronoi cell, ö � Ö �
, of Ö Q � to bethe

setof all pointscloserto Ö thanany otherpoint in � :ö � Ö �G�	��
 Q A þ �9����
�� Ö �Ð�\�]��
���g�:�
for

� Q ��HVÖ��� (3.22)

The collectionof Voronoi cells is the Voronoi diagram. The cells areclosedconvex regions,
andtheunion R í5SUT ö � Ö �Ð� A þ . If ö � Ö � K ö ���g�+%�WV

, thentheir intersectionis a subsetof the
hyperplanethat is perpendicularto, andbisectstheedgeÖ � ; the interiorsof theVoronoi cells
aredisjoint.

TheDelaunaycomplex, X , is definedto bethegeometricdualof theVoronoidiagram;see
Figure3.13(b)for anexamplein theplane.Thegeometricdual is a similar constructionto the
nerve of a cover: if thecells ö � Ö 8=�:� �>�>� � ö � Ö 3 � have non-emptyintersection,thentheconvex
hull of Ö 8�� �>�>� � Ö 3 , is their dual. The nerve of ö � Ö 8��:� �>�>� � ö � Ö 3 � , however, is the 1 -simplex
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Figure3.14: The points, ' �)(=� * �:� arenot in generalpositionbecausethey simultaneouslylie
on a circle. Thefour Voronoicells intersectat thecenterof this circle which meanstheDelau-
nay complex containsthe quadrilateral' ( * � . The nerve of the Voronoi complex containsthe
tetrahedron, ' ( * �t- ., Ö 8 � �>�>� � Ö 3 - — thedifferenceis illustratedin Figure3.14.In thisexample,four cellsintersectat
a point,sothegeometricdualis aquadrilateral,whereasthenerve containsa tetrahedron.This
situationis adegenerateone;it only occurswhenfour pointssimultaneouslylie on acircle. To
excludethis degeneracy, thepointsin � aretypically assumedto be in general position. This
imposestheconditionthatno

��� 57D � pointsin � lie on theboundaryof a
�
-sphere(wediscuss

the practicalityof this assumptionlater). When � satisfiesthe generalposition condition,a
point in AGþ canbelongto atmost

� 5T+ differentVoronoicellsandit follows thattheDelaunay
complex is a simplicial complex. This is why theDelaunaycomplex is usuallyreferredto as
theDelaunaytriangulation. Note that theunderlyingspaceof theDelaunaycomplex,

� X �
, is

theconvex hull of � .
A consequenceof theabove discussionis thatwhenthepointsarein generalposition,the

Delaunaytriangulationis a geometricrealizationof the nerve of the Voronoi diagram. This
correspondenceis usedto definethealphacomplexes.

Alpha complexes

Wenow describehow EdelsbrunnerintroducestheresolutionparameterY into theVoronoidia-
gramandDelaunaytriangulation.Thisoperationgeneratesasequenceof simplicial complexes
that triangulatethe Y -neighborhoodsof thedataset � . TheparameterY is exactly thesameas
ourparameter� ; we switchto Y in this sectionto beconsistentwith theoriginalpapers.

TheclosedY -neighborhood�@Z is just theunionof all closedballsof radius Y with centers
in � : � Z �\[í5SUT p Z � Ö �:�

where p Z � Ö �d� ��
����]��
� Ö ��� YG���
These Y -balls thereforeform a cover of � Z . We could take the nerve of this cover, but the
correspondingsimplicial complex is likely to have simplicesof a higherdimensionthan the
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Figure3.15: Theunionof alphaballs is partitionedby theVoronoi cells (in blue). Thealpha
complex (in orange)is asubsetof theDelaunaytriangulationthatis homotopy equivalentto theY -neighborhood.

ambientspaceof � . A betterapproachis to take theintersectionof the Y -ballswith theVoronoi
cells: ö Z � Ö ��� ö � Ö � K p Z � Ö � �
Thisgivesusacover of � Z by closedconvex regions,calledthealphadiagram:� Z � [í5SUT ö Z � Ö � �
If thepointsof � arein generalposition,thenthenerve of thealphadiagramis a subsetof the
Delaunaytriangulation,calledthealphacomplex, F Z . This subsetrelationholdssincethereis
a 1 -simplex , Ö 89� �>�>� � Ö 3 - in thealphacomplex only if ö Z � Ö 8�� K }>}>} K ö Z � Ö 3 �&%�]V

. This impliesö � Ö 8�� K }>}>} K ö � Ö 3 �^%�]V
, sothesimplex , Ö 89� �>�>� � Ö 3 - is in X . SeeFigure3.15for anillustration

of theabove constructions.
We now give somepropertiesof the alphacomplexes. The most importantfor our pur-

posesis that the underlyingspaceof the alphacomplex,
� F_Z �

, is homotopy equivalent to theY -neighborhood,� Z . This meansthe two spaceshave isomorphichomologygroups(recall
Theorem7), andthereforethesameBetti numbers.A directproof of this propertyis givenby
Edelsbrunnerin [16].

Theconstructionof thealphacomplexesimpliesa sequentialorderingof simplicesthat is
veryusefulin developingefficientalgorithms.First,by thesameargumentthat F Z ?`X , wesee
that if Ya"]Y Ê , then F Z ?iF Z5b . Also, sincetheDelaunaytriangulationis finite, thereareonly a
finite numberof distinctalphacomplexes:VI� F Zdc � F Z ï � �>�>� � F Zde � X �
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Theseareorderedby increasingY , andby convention, Y 8�� % and F 8��fV
. This ordering

of the alphacomplexes inducesan orderingof the simplicesin X . If 2 8�� 2 ;=� �>�>� � 2hg b is the
orderedlist of simplicesin F Zdi , then 2 g b n ; � �>�>� � 2 g b nbê arethe ì simplicesin F Z i îcï HVF Zdi , listed
in orderof increasingdimension. This sequentialorderingof simplicesis calleda filter and
the correspondingsequenceof complexes is a filtration. The algorithmfor determiningthis
orderingis basedon computingtheradiusof thecircumsphereof eachsimplex in X ; see[18]
for details.

DelfinadoandEdelsbrunner’s algorithm[11] for computingtheBetti numbersof a simpli-
cial complex relieson this sequentialorderingof simplices.The theoreticalunderpinningsof
their algorithmcomefrom centralresultsin homologytheorysuchasthe Mayer-Vietoris se-
quenceandPoincaŕe duality. TheBetti numbersarecomputedincrementallyaseachsimplex
is addedto thecomplex. This processdependson a testto determinewhetherthenew simplex
belongsto a 1 -cycle of the new complex. Thereareefficient algorithmsfor testing1-cycles,
andhomology-cohomologyduality theoremstransformthe

��� Hi+ � -cyclesinto 1-cocyclesthat
are equally easyto test for. However, thereis no test for other 1 -cycles, so Delfinadoand
Edelsbrunner’s algorithmappliesonly to subcomplexesof A x or Ae� .

Remarks

TheNCSAftp siteprovidessoftwarethatimplementsall of theabovealphashapeconstructions
in A x and Ae� [1]. WegeneratetheBetti numberdatafor theexamplesin Section3.5usingthis
software. TheNCSA alphashapesoftwarerequiresthe input data, � , to be in integer format.
This reducessomeof the standardproblemswith datastructuresin computationalgeometry.
The implementationusesa techniqueof simulatedperturbationsto copewith any degenera-
cies,sotherestrictionthat thepointsof � be in generalpositionis removed[18]. Complexity
boundsfor thealgorithmsinvolved areat worstquadraticin thenumberof points, 0 , for both
time andstorage.The Delaunaytriangulationof a setof points in the planecanbe found inN � 0¿ß>254Ð0 �

timeand N � 0 �
storage.For asubsetof A � , theNCSAsoftwareusesanincremental

flip algorithmwhich builds thecomplex in N � 0 x � time andstorage.Thesimplicesof theDe-
launaytriangulationarethensortedby the radiusof their circumsphere;this processrequiresN � �hß>254Ð� �

time,where� is thenumberof simplices.Theincrementalalgorithmfor comput-
ing theBetti numbertakes N � �jY � � ���

to find all Betti numbersfor all thealphacomplexesof
asubsetof AG� , andis slightly fasterfor subsetsof A x . Thefunction Y � � �

is theinverseof Ack-
ermann’s function(which is definedby repeatedexponentiation)andit thereforehasextremely
slow growth. This timeestimateis commonin algorithmsinvolving setoperations;see[9].

TheNCSA alphashapeimplementationgoesa long way towardscarryingout our desired
program.It is not clearhow to easilyincorporatethecomputationof persistentBetti numbers.
It is possiblethatanincrementalalgorithmfor finding thepersistentBetti numbersexists,asis
thecasefor the regularBetti numbers.However, finding thepersistentBetti numbersrequires
someexplicit informationaboutthecyclesandboundaries,andthealphashapealgorithmdoes
notgenerateor recordthis information.This problemclearlyrequiresfurtherwork.

Anotherdrawbackof thealphashapealgorithmis a largedegreeof redundancy in thetrian-
gulationsfor thetypeof datawe areinterestedin. TheDelaunaytriangulationbuilds simplices
that involve every singledatapoint, and this generatesa much finer complex than is neces-
sary for resolutions�§U � . This redundancy is likely to occurwhenever we constructF � � as
a subcomplex of F �3O

for � O "B� ê . In Section3.4.3,we discussa possiblealternative approach
to building complexeson multiple scalesbasedon subdivisions. In the following section,we
outlinesomeotherfastalgorithmsfor computingBetti numbersof asinglecomplex.
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3.4.2 Other algorithms for computational homology

Thedevelopmentof fastalgorithmsfor computationalhomologyis anactive areaof research.
Many differentapproachesexist for variousspecificapplications,mostly for complexesin Ae� .
To thebestof our knowledge,thealphashapealgorithmis theonly onethatgivesinformation
at multiple resolutions. In this section,we give a very brief overview of someof the recent
literature.

Dey andGuha[14] describeanefficientalgorithmfor computingBetti numbersandgeomet-
ric representationsof thenon-boundingcyclesfrom 3-manifoldsin Ae� . They thengeneralize
this to includeany simplicial complex in Ae� througha processof thickening. They areinter-
estedin applicationsto solidmodelling,molecularbiologyandcomputer-aidedmanufacturing.
This algorithmfindstheBetti numberswith time andstoragecomplexity thatarelinear in the
sizeof thecomplex, andthegeneratorsfor thefirst andsecondhomologygroupswith acostof
order N � 0 x ¥��

in time,where
¥

is themaximumgenusof theboundarysurfaces.
In [37] Kaliesetal. developanalgorithmfor computingtheBetti numbersfrom cubicalcell

complexes.Theirapproachis basedon a local reductionof thecomplex to simplerform. In A x
this reductionis ahomotopy equivalenceandtheresultof thereductionsis a minimal complex
consistingof loops.Thenumberof loopsgivesthefirst Betti number. In higherdimensions,the
reducedcomplex maynotbeminimalandthereductionstepsareno longersimplehomotopies.
Kalieset al. conjecturethat theBetti numberscanbecomputedwith N � 0¿ß3254 � 0 �

operations,
where 0 is the numberof cubesin thecomplex. This codewasdevelopedfor applicationsin
dynamicalsystems— specifically, for computingtheConley index of isolatingneighborhoods
of invariant setsfor flows generatedby ODEs; see[58] for an example. The generationof
cubicalcoversof suchsetsis part of the GAIO (global analysisof invariantobjects)project
[12] and is an efficient way to representsuccessive approximationsto attractorsor unstable
manifolds,for example.

Finally, we describeanapproachdueto Friedman[26] which computestheBetti numbers
of arbitrarysimplicialcomplexesin A þ . Thismethodis basedonafundamentalresultof Hodge
theorywhich saysthat thehomologygroups(with realor rationalcoefficients)areisomorphic
to thenull spaceof aLaplacianoperatoronthechaincomplexes.TheLaplacian,k 3ZY K 3 # K 3
is formedfrom theboundaryoperatorsandtheir transposes:k 3 � X 3>n ; X Ï3�n ; 5~X Ï3 X 3 �
Hodgetheoryimplies that the 1 th Betti numberis thedimensionof thenull spaceof k 3 . For
simplicial complexes, Friedmanconstructsa matrix representationof the Laplaciandirectly,
without using the boundaryoperatorsexplicitly. The matrix for k 3 is positive semidefinite
andsymmetric,andtypically quite sparse,so it is amenableto fastalgorithmsfor computing
ranksandnull spaces.To computethedimensionof thenull space,Friedmanmakesa careful
applicationof thepower methodfor finding eigenvaluesandeigenvectors.Thepower method
canbe inaccuratefor large matriceswith repeatedeigenvalues;Friedman’s methodattempts
to rigorouslyverify the correctnessof the computedBetti numbers.This algorithmholdsfor
simplicial complexesof any finite dimensionandtherunningtime is approximatelyquadratic
in thenumberof simplices.See[26] for detailedcomplexity bounds.

3.4.3 A better way?

The two main drawbacksto the alphashapeimplementationare(1) that the simplicial com-
plexesarefiner thanthey needto be,and(2) the fastalgorithmfor computingBetti numbers
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only holds in A x and A � . The excessive numberof simplicesin the alphacomplexesmeans
that computingthe persistentBetti numbersfrom the formula in Section3.3.5 is unrealistic.
Any subcomplex approachto generatinga sequenceof complexesat differentresolutionswill
encounterthe sameproblemof having an unnecessarilylarge numberof simplicesat coarser
resolutions.Theremainderof this sectionsketchesanalternative approachto generatingcom-
plexesat multiple resolutionsbasedon subdivisions.

Theadvantageof subdivisionsis thatcomplexesat coarseresolutionshave fewer simplices
thanthoseat fine resolutions.Subdivision of simplicial complexesis a commonprocess,both
in homologytheoryandin computationalgeometry. For applicationsto generalscatteredpoint
data,however, cubicalcomplexesarea morenaturalconstruction.Thecubicalcomplexeswe
have in mind areessentiallyregularmeshesin AGC . Thelevel-0complex is asinglecube

� F 8�� Q� , with side * . This cubeis thensubdivided into D C equalcubesof side * s D , andthe level-1
complex, F ;

, consistsof thosecubesthat containa point from � . This processis repeatedon
thecubesof F ;

to get F x , andsoon. Thesequenceof complexescanbeorganizedinto a tree
structure;suchamultiresolutioncubicalcomplex is usuallyreferredto asaquadtreein A x , and
anoctreeAe� .

Thissequenceof cubicalcomplexesdoesnothaveascloseacorrespondencewith � -neighborhoods
asthealphacomplexesdo,sowe needto slightly modify theinversesystemsof Section3.3.1.
Givena compactspace

� ?iAGC , it is possibleto constructa sequenceof cubicalcomplexesas
wedescribedin theprevioussection.Theunderlyingspace,

� F O �
, of suchacubicalcomplex still

hasthehomotopy typeof afinite polyhedron;
� F O � # �

in theHausdorff metric;andfor Ä � ì ,F O
is a refinementof F ê . Thesepropertiesshouldbeenoughto show that the resultinginverse

systemof homologygroupsis isomorphicto Čechhomology.

Anothersubstantialdifferencebetweenthe subdivision andsubcomplex approachesis in
the chain mapsinducedby inclusion on the underlyingspaces. For the sequenceof alpha
complexes,thesechainmapsareone-to-oneinclusionmapson thecomplexes.For thecubical
complexes,if F O

is a subdivision of F ê , we still have that
� F O � ? � F ê �

. Thechainmaps
� Í areno

longerone-to-one,however, sinceeachcubein F ê is subdivided into D�C cubes,andall of these
arepossiblyin F O

. The inclusion-inducedchain map thereforemapsall of thesecubesonto
thelargerone.Thishasimplicationsfor thenumericalimplementationof computingpersistent
Betti numbers.

Of all the fastBetti numbercomputationsdescribedearlier, it seemsthat Friedman’s ap-
proachusingtheLaplacianhasthemostpotentialfor adaptationto our proposedsubcomplex
approach.Theisomorphismbetweenhomologygroupsandthenull spaceof aLaplacianmatrix
suggeststhat in orderto computepersistentBetti numbers,we needonly find intersectionsof
null spacesof the appropriateLaplacianmatrices. This is an easiernumericallinear algebra
problemthanthe oneimplied by the formula in Section3.3.5. Therearestill problemsto be
workedthroughhere.In particular, how to build theLaplacianmatrix from cubicalcomplexes
(ratherthansimplicialones),andhow to incorporatetheinclusion-inducedchainmapsbetween
theLaplaciannull spaces.

The above ideasare just onepossibledirection for the developmentof moreefficient al-
gorithmsto computepersistentBetti numbersfrom data. This an openproblemthat needsa
substantialamountof furtherwork.
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Table3.1: Computedvaluesof - 8 and - ; . The resultsareslopesof linear least-squaresfits
to thedata;errorboundsareestimatedby varying thescalingrange.Theexact valuesfor the
non-zeroexponentsarethesameasthesimilarity dimension,ß3254ýE s ß3254�D 8 +9�l<5m5< .

DataSet Figure - 8 - ;
Sierpinskitriangle 3.16 0 +9�l<5n�o7%c��%�D
Cantorset 3.18 +9�p:�%�o7%c��%d< 0
Simplyconnectedset 3.20 0 0
Disconnectedset 3.22 +9�p:½D&o7%c��%d< 0

3.5 Examples

In this sectionwe examinethe � -neighborhoodsof somesimplefractalexamplesgeneratedby
iteratedfunctionsystems.We usethesamerelativesof theSierpinskitriangleasin Chapter2.
Theseexamplesare chosenbecausethey have well understoodtopologicalstructure,and it
is easyto generatefinite point-setapproximationsto them. We usethe alphashapesoftware
describedin Section3.4.1 to computethe regular Betti numbersasa function of resolution.
The resultsdemonstratethat growth in the regular Betti numberscanbe misleadingandthat
for truly topologicalinformation,thepersistentBetti numbersarenecessary. Sincewehavenot
implementedanalgorithmfor computingthepersistentBetti number, we do not have thedata
to make a comparison.For thesesimpleexamples,however, we do know what the persistent
Betti numbersshouldbe. This is a very preliminary set of numericalexperiments. Further
investigationsrequireamoreefficient implementationto computepersistentBetti numbers.

3.5.1 Sierpinski triangle relativesrevisited

Recallfrom Section2.4thattheSierpinskitrianglerelativesareattractingfixedsetsof a family
of iteratedfunctionsystems: � � ¤G,�� -<� ¤ ; ,�� -jé ¤ x ,�� -cé ¤ � ,�� - �
The functions ¤ O aresimilarity transformationsof the unit squarewith a contractionratio of
one half, and they can involve rotationsor reflections. The topology of thesefractals falls
into four classes:simplyconnected(Figure3.20),connected(Figure3.16),totally disconnected
(Figure3.18),anddisconnected(Figure2.13).Thetechniquesof Chapter2 distinguishbetween
connectedand disconnectedexamples. With the mathematicalmachinerydevelopedin this
chapter, wearenow equippedto distinguishbetweensimplyconnectedsetsandconnectedsets
with holes.

The pointson the fractalsaregeneratedin the samemannerasin Chapter2, by applying
the transformations¤ ; � ¤ x � ¤ � in randomorder to any initial point. For eachof the following
fractals,we computethe numberof components,� 8t� � � , the numberof holes, � ;�� � � , and the
numberof isolatedpoints, q � � � , for an approximationwith +>% � points. Whereappropriate,
we calculatethe growth rates, - 8 and - ; ; the resultsarecompiledin table3.1. Since � 8�� � �
countsthenumberof connectedcomponentsin the � -neighborhood,ratherthat thenumberof� -connectedcomponents,we have that � 8t� � ��� K � � s D �

. With this change,thedatahereagree
with theresultsin Chapter2.
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The Sierpinski triangle

Thegeneratingfunctionsfor theSierpinskitriangleare:¤ ;���
���rÎ�G� ;x ��
��r��¤ x ��
���rÎ�G� ;x ��
 5h+ ��rÎ�¤ � ��
���rÎ�G� ;x ��
��r 5P+ � � (3.23)

A finite point-setapproximationto thetriangle,an � -neighborhoodandthecorrespondingsubset
of the Delaunaytriangulationare shown in Figure 3.16. The underlyingset is perfectand
connectedwith infinitely many holes,sowe shouldsee� 8t� � ��� + and � ;�� � � #s( as �¿#°% .
As wederivedin Section3.2.4,for

¾ 8 %c�`+�:�; ,¾ s D C "i� C " ¾ s D C [ ; �� ; � � C �d� C^3 _ ; E 3 � ;x � E C H\+ � �
Thegrowth rate, - ;l� ß>254ÐE s ß3254lD 8 +9�l<5m5< , is thesameasthesimilarity dimension.

Theseexpectedresultsarereflectedby thecomputationsof � 8t� � � , � ;�� � � and q � � � (graphed
in Figure 3.17) for the +>% � point approximationto the triangle. We seethat for � above a
thresholdvalue,thecomputedvaluesof � 8 � � � and � ; � � � arein closeagreementwith thetheory.
The point at which � 8t� � � and � ;�� � � “blur” is approximately� � %c��%t%�E , closeto the valueat
which the numberof isolatedpoints, q � � � , becomespositive. This � value is, of course,the
cutoff resolution� . As wesaw in Chapter2, atfiner resolutions— i.e., �^"~� — thereis asharp
transitionin thegraphof � 8

from oneto thenumberof pointsin theset,aseachpoint becomes
isolated.Thegraphof � ;

shows thattheholesaredestroyedas � decreases.This is becausethe
edgesthat form theloopsareeventuallydeletedfrom thetriangulation.We estimatetheslope
of thestaircaseby a linear, least-squaresfit andfind - ; 8 +9�l<5n . This is very closeto thevalue
derivedabove.

A Cantor setrelative

Figure3.18shows theattractorfor theiteratedfunctionsystemgeneratedby¤ ;���
���rÎ�G� ;x � H r 5P+ �:
4�¤ x ��
���rÎ�G� ;x ��r 5h+ �:
4�¤ � ��
���rÎ�G� ;x ��r�� H 
 5~D � � (3.24)

This fractal is a Cantorset,andthereforeperfectandtotally disconnected,sowe expectto see� 8t� � � # ( as ��#À% and � 8; � � �d� % . In Chapter2 we derivedthefollowing form for � 8t� � � :� 8 s D C n ; "i� C "i� 8 s D C� 8 � � C ���ut E�C�5~D } E�v�C [ ;1w�x x if 0 is oddE C 5~E C x x if 0 is even.

Here, � 8 is the smallestvalueof � for which � �
is connected.Recall that the valueof - 8 isß3254�E s ß3254ýD , which is thesimilarity dimensionagain.

We saw in Chapter2 that the numericalcomputationsof � 8t� � � agreevery well with the
theoreticalvaluesabove when � is greaterthan the cutoff resolution � . Here, the value of
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(a) (b)

Figure3.16:(a) +>% � pointsontheSierpinskitriangle.(b) An � -neighborhood(blueoutline)and
correspondingsubsetof theDelaunaytriangulation(orange).
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Figure3.17: Numberof components,� 8t� � � , andnumberof holes, � ;�� � � , for +>% � pointsuni-
formly distributedovertheSierpinskitriangle.Thedashedline in thegraphof � 8t� � � is thenum-
berof isolatedpoints,q � � � . All axesarelogarithmic.Thehorizontalaxisrangeis +>% [ � "i�
"W+ .
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(a) (b)

Figure3.18:(a) +>% � pointsontheCantorsetrelative. (b) An � -neighborhoodandcorresponding
subsetof theDelaunaytriangulation.
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Figure3.19: Numberof components,� 8t� � � , andnumberof holes, � ;�� � � , for +>% � pointsuni-
formly distributedover theCantorsetrelative. Thedashedline in thegraphof � 8t� � � is thenum-
berof isolatedpoints,q � � � . All axesarelogarithmic.Thehorizontalaxisrangeis +>% [ � "i�
"W+ .
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� 8 %c��%t%d< . The graphof � ;�� � � hasregularly spacedspikes— the reasonfor this is seenin
Figure3.18(b). The � -neighborhooddrawn therehastwo connectedcomponents.Datapoints
in the two componentsareseparatedby a distanceof at least Dt� 8 . We set the valueof � in
Figure3.18(b)to beslightly larger than � 8 s D — thevalueat which the � -neighborhoodbreaks
into fivecomponents.Holesappearin thetriangulationatthevalueof � displayedbecauseof the
few remainingedgesthatbridgethe “gap”. Theseedgesaredeletedat slightly smallervalues
of � andtheholesdisappear. A graphof thepersistentBetti number, � ?; � � � , would not contain
thesespikes.

A Simply connectedrelative

A simply connectedrelative of theSierpinskitriangle,shown in Figure3.20,is generatedby:¤ ;=��
���rÎ��� ;x � H 
 5P+ � H r 5h+ �¤ x ��
���rÎ��� ;x � H r 5\D �:
4�¤ � ��
���rÎ��� ;x ��
��r 5P+ � � (3.25)

We expect to seea singleconnectedcomponentandno persistentholes. However, holesdo
appearin the � -neighborhoods,asrecordedin Figure3.21.Theseholesaredueto thegeometry
of thefractal,not its topology. Again, thesespikesin thegraphof � ;�� � � would not appearin a
graphof thepersistentBetti number.

A relative with infinitely many connectedcomponents

A fourth trianglerelative,shown in Figure3.22,is generatedby thefollowing similarities:¤ ;=��
���rÎ��� ;x ��
��r��¤ x ��
���rÎ��� ;x ��r 5h+ � H 
 5P+ �¤ � ��
���rÎ��� ;x ��
��r 5P+ � � (3.26)

Theattractorfor this systemhasinfinitely many connectedcomponents,yet is not totally dis-
connectedbecausethecomponentshave positive diameters.Thus,we expect � 8t� � � #s( and� 8; � � ��� % . Again,self-similaritymeansthatfor:� 8 s D C n ; "f� C "f� 8 s D C �� 8t� � C ��� ;x � E C n ; 5P+ �:�
giving agrowth rateof - 8 � ß3254ÐE s ß3254lD . Weestimatetheslopeof thegraphof � 8 � � � asbefore
andfind - 8 8 +9�p:½D . This is lower thanthe limiting valuebecauseof the small rangeof � for
which thecomputedvaluesof � 8t� � � reflectthoseof theunderlyingfractal.

This exampleis anothergoodillustrationof why thecomputationof persistentBetti num-
bersis important. Topologically, the setis composedof disconnectedline segments,so there
canbe no non-boundingcyclesin the first Čechhomologygroup. However, the geometryof
the setcreatesholesin the � -neighborhoods,asseenin Figure3.22(b). In the previous two
examples,it is clearthattheholesdo not persistas � decreasesbecause� ; � � �u� % betweenthe
spikes. In Figure3.23we seeanapparentgrowth in � ;�� � � . Thedifferenceis thatsmallerholes
appearbeforethelargeronesdisappear, resultingin anaccumulation.

Noticethatthis sethasthesamevaluesof - 8 and - ; astheCantorsetrelative. This implies
thattheBetti numbersarenotenoughto distinguishtheirdifferenttopologicalstructure.Recall
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(a) (b)

Figure3.20:(a) +>% � pointsonasimplyconnectedset.(b) An � -neighborhoodandcorresponding
subsetof theDelaunaytriangulation.
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Figure3.21: Numberof components,� 8t� � � , andnumberof holes, � ;�� � � , for +>% � pointsuni-
formly distributed over a simply connectedfractal. The dashedline in the graphof � 8 � � � is
the numberof isolatedpoints, q � � � . All axes are logarithmic. The horizontalaxis rangeis+>% [ � "i�&"W+ .
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(a) (b)

Figure3.22: (a) +>% � pointson a disconnectedset. (b) An � -neighborhoodandcorresponding
subsetof theDelaunaytriangulation.
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thatthiswasaddressedin Chapter2 by examiningthediametersof theconnectedcomponents.
For a Cantorset, the diametersgo to zero,while for the examplein Figure3.22, the largest
diameterconvergesto one.

3.6 Concluding remarks

We have demonstratedthat it is possibleto extract informationaboutthe topologicalstructure
of a compactspacefrom a finite approximationto it. The examplesgiven herearesubsets
of the planewhereit is easyto seethestructureof the data. In higher-dimensionalspaces,it
is extremelydifficult visualizetheunderlyingtopologyof a cloudof points,socomputational
techniquesbecomeevenmoreimportanttools.

In Section3.5,wecomputedonly theregularBetti numbers,� 3 � � � , of the � -neighborhoods.
Theexamplesgivenhighlighttheneedfor computationof the � -persistentBetti numbers,� ?3 � � � .
Thelattergiveabettercharacterizationof thetopologyof theunderlyingspace.In applications,
both setsof numbersmay prove useful,sincethe Betti numbersof the � -neighborhoodsgive
geometricinformationabouthow theunderlyingspaceis embedded.

Many openproblemsremain. For the theoryof persistentBetti numbers,we needfurther
resultsrelatingthelimit of � Ñ3 �L���)�

as
Ù

and � tendto zeroto theBetti numbersof
�

. In terms
of computation,morework canbedoneon developingandimplementingefficient algorithms
for building complexesandcomputingpersistentBetti numbers.Fasteralgorithmsareessential
for easein studyingthelargedatasetstypically encounteredin thestudyof dynamicalsystems.
Weanticipatethatsuchcomputationaltoolswill assistin thenumericalinvestigationof chaotic
systemsby giving adeeperunderstandingof thestructureof attractorsandotherinvariantsets.
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Chapter 4

Applications in Dynamical Systems

4.1 Intr oduction

In this chapterwe examinedatafrom numericalsimulationsof somediscretedynamicalsys-
tems.Thegoalis to illustratehow our computationaltopologytoolsapplyin this context. Pre-
viousapplicationsof computationaltopologyin dynamicalsystemsfocuson flows andchaotic
time series. Muldoon et al. [60] computehomologygroupsfor embeddedtime seriesdata;
Mischaikow et al. [37, 59] alsousehomologycomputationin a numericalimplementationof
Conley index theory to experimentaldata;a numberof groups[28, 57, 82] have usedknot-
theoreticideasto modelthedynamicsof attractorsin

���
. Wefocusondiscretedynamicsrather

thanflowsbecausethereis lessnumericalerrorandgreaterefficiency in iteratingamapthanin
solvinga differentialequation.Mapsarisenaturallyfrom flows via Poincaŕe sections,for ex-
ample,or throughmethodsfor their numericalsolution,so their propertiesarecloselyrelated.
While our techniquesapply equallywell to flows, every flow trajectoryis connected,so only
thehigherorderhomologyis interesting.Thereis a greatervarietyof topologicalstructuresin
thephasespaceof adiscretemapsinceanorbit cancover adisconnectedset.

Thethreeexampleswe studyin detailaretheHénonattractor, thetransitionfrom invariant
circleto Cantorsetin thestandardmap,andcantoriin afour-dimensionalsawtoothmapnearthe
anti-integrablelimit. Theseexampleshavewell understoodstructure,soweareableto evaluate
theeffectivenessof ourcomputationaltools.Wealsoshow how ourtechniquescouldbeapplied
to investigatethebreakupof invarianttori in higher-dimensionalsymplecticmaps,thestructure
of thechaoticregion of thestandardmap,andfor pruningoutliersfrom embeddednoisytime-
seriesdata. The examplesare chosento cover a wide rangeof dynamicaland topological
phenomena.They alsorequiredifferentapproachesto approximatingthe underlyingsetand
therebyconvey thegeneralapplicabilityof theideasfrom Chapters2 and3.

TheHénonmapis thecanonicaltwo-dimensionalquadraticmapwith constantJacobian,in
thesensethatany othermapin this classis conjugateto theHénonmapwith somechoiceof
parameters.In Section4.2westudythemapatparametervaluesfor whichit hasanattractorand
usetheminimalspanningtreetechniquesfrom Chapter2 to studyits connectednessproperties.
Our resultsgive strongsupportto thecommonintuition thattheHénonattractorhasCantor-set
cross-sections.

Thestandardmapis anarea-preservingtwist mapof thecylinder. It is themostcommonly
studiedexampleof thisclassbecauseit modelsanumberof differentphysicalproblems,hasan
easilycontrolledperturbationfrom integrability, andexhibitsmostof thedynamicalphenomena
commonto area-preservingtwist maps.In Section4.3we investigatethetopologicalchangein
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aquasiperiodicorbit astheperturbationparameter, � , is increased.Eachquasiperiodicorbit has
acritical � -valuebelow whichtheorbit coversacircle,andabove it, aCantorset.Theexistence
of invariant circles is importantbecausethey trap chaoticorbits and imply somedegreeof
stability in thesystem.Thetransitionfrom circle to Cantorsethasbeenstudiedextensively, but
this is thefirst timethatthetopologyof thesesetshasbeenexaminednumerically. Theminimal
spanningtreetoolsof Chapter2 successfullyshow thechangein topologyon a coarse� scale.
A moreprecisecriterionfor determiningthecritical � -valueis suggestedby acloseranalysisof
how thelongestMST edgescaleswith thenumberof pointsin theapproximatingorbit.

Symplecticmapsarehigher-dimensionalversionsof area-preservingmapsandarediscrete
versionsof Hamiltonianflows. The problemof torusbreakupin nearlyintegrablesymplectic
mapsis notwell understood;thiswasoneof theoriginalmotivatingquestionsfor thethesis.As
a first steptowardsthis goal,we examinea four-dimensionalpiecewise linearsymplecticmap
nearits anti-integrablelimit in Section4.4. It is known thatat this extreme,orbitswith incom-
mensuraterotationfrequenciescover Cantorsetscalledcantorisincethey arethe remnantsof
invariant tori. We show that the cantoriexhibit logarithmicratherthanpolynomialgrowth in
thenumberof components,which is relatedto thefact that their Hausdorff dimensionis zero.
Wediscussthepotentialof thecomputationaltopologytoolsfrom Chapter3 to helpunderstand
torusbreakupof nearly-integrablesystemsin Section4.5.1.

Thematerialin Sections4.2and4.4 is publishedin [72].

4.2 The Hénonattractor

Figure4.1shows themuch-studiedHénonattractor� , for themap � :

���
	�����
��������������
� �
	�� ���� � (4.1)

with parametervalues����
�! and ���"#�%$ . SeeRobinson[73] for a review of thepropertiesof
thismapandits attractor. Thefirst observationwemake is thatthesethasa topologicaldimen-
sionof oneandmustbeconnected.This follows from the fact that theattractoris theclosure
of theunstablemanifoldof a fixedpoint for � . Theattractorhasfractalstructurenonetheless,
andis oftendescribedashaving a Cantorsetcross-section[73]. We usetheminimal spanning
treetechniquesfrom Chapter2 to investigatetheabove topologicalproperties.

To generatefinite-pointapproximationsto theattractor, wecomputetheorbit, & , of asingle
initial point ' ��(
)*�+(-, , from the trappingregion for theHénonattractor. For our connectedness
datato be valid, we needsomeguaranteethat this givesa goodapproximation,i.e., that the
Hausdorff distance,.0/1'2& ) � ,1354 . Firstly, this orbit mustconverge to the attractor, so given4768" , thereis an integer 9 , suchthat for : 6 9 , .�';�=<>' ��(
)*�+(-,*) � ,?3@4 . This meanswe have
to iteratethemapa few hundredtimesbeforewe startrecordingthepointsvisitedby theorbit.
Thelengthof thesetransientsdependsonthestrengthof contractionalongthestablemanifolds
of the attractor. If an attractoris topologically transitive, thena typical orbit will fill out the
entireattractor. Thereis noproof thatthis is thecasefor theHénonattractorwith theparameter
values����
�! and ����A"#�%$ , but numericalexperimentssuggestthatthereis adenseorbit; see
[73] for morediscussion.

The graphsin Figure 4.2 show the numberof connectedcomponents,B�'DC , , numberof
isolatedpoints, E�'DC , , andthe largestcomponentdiameter, FG'DC , , for two orbits, onewith �H"
I
pointsandonewith J�K �H" I . Thesegraphsareexactlywhatweexpectto seefor datathatcover
aconnectedsetin aslightly nonuniformfashion.For theorbit with �H"
I iterates,isolatedpoints
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Figure4.3: (a) A close-upof the Hénonattractor. The bold facedotsarepoints in the three
cross-sectionsconsideredin thetext: slicesat �V�"#�%$
">_- 0$ J , �G`"#� J and �a5" . (b) A small
partof thesliceat �b�"#�%$
">_- 0$ J , ��^"#�%_+_ thatshows thefolding of theattractor. Thepairsof
vertical linesin (b) aretheboundariesof thedifferentsub-slicesof widths _ K �H"�\�]
)c_ K �H"�\�d
and _ K �H" \Ze .
areresolvedat 4=Nf�H"�\ � . Thenumberof componentsat this resolutionis actuallyaroundten,
so this valueof 4 underestimatesthetruecutoff resolution.Thegraphof FV'DC , shows that the
largestcomponentdiameterdoesnot changeuntil C 3g4 , andthenit decreasessharplyto zero,
which is whatwe seefor otherconnectedsets.Theorbit with �H" ] pointshasa smallercutoff
resolution,4GNf$ K �H"�\ � , andqualitatively similar graphs,which increasesour confidencein
thenumericalresults.

To investigatetheCantorsetcross-sections,wecomputeBh'DC , , FV'DC , , and E�'DC , for thin slices
taken throughthe attractorat threedifferentplaces: �ij"#�%$
">_- 0$ J , �ij"#� J and �kj" (the
bold dotsin Figure4.3(a)).This processis relatedto takingthePoincaŕe section— a common
techniquefor visualizingthe structureof attractorsfrom flows. To createa Poincaŕe section,
a surfaceof codimensiononeis chosenandpointson the sectionarerecordedwhenever the
trajectorypiercesthesurface.TheHénonattractoris generatedby iteratinga map,so it is not
possibleto find many pointsonagivensection.Instead,thesectionsaregeneratedby recording
pointsthatfall within aninterval of thegivensectioncoordinate.Thismeansthatthesliceshave
a finite width andthedataarestill two-dimensional.To beconfidentthat theobservedscaling
behavior is approximatingthatof a one-dimensionalCantorset,we computeBh'DC , , FG'DC , , andE�'DC , for four successively narrower slicesat eachcross-section.Thethinnestslicein eachcase
hasawidth of _ K �H" \Ze .

The sectionat �ij"#�%$
">_- 0$ J is interestingbecauseit cutsthrougha fold in the attractor.
This folding of theHénonattractoris thesourceof its nonuniformhyperbolicstructure.Note
thataone-dimensionalcross-sectionthattouchesafold will haveanisolatedpointandtherefore
cannotbea Cantorset.A close-upof sucha fold is shown in Figure4.3(b). This figureshows
that slicesof differentwidths taken at this � valuecapturedifferentfolding structure.This is
reflectedin the B�'DC , datain figure4.4. Thedatafor differentslicesat �l5"#�%$
">_- 0$ J doesnot
coincideexactly for C 6`4 , asit doesfor theothertwo sectionsat �kf"#� J and �mf" , which
show no folding at theseresolutions. Note that we can reversethis observation andusethe
inconsistency to detectcross-sectionsthattoucha fold. Thesectionsat �=�"#� J and �h�" have
simplerstructure.Thegraphsof FV'DC , show thenow-familiarstaircasestructureof aCantorset.
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Figure4.4: B�'DC , , FV'DC , , and E�'DC , datafor threesectionsof theHénonattractor. Theleft column
shows datafor �op"#�%$+_- 0$ J , the middle columnfor �oq"#� J , andthe right for �rq" . The
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Table4.1: Valuesof u and v for thethreesectionsof theHénonattractorshown in Figure4.3.

section u v�a�"#�%$
">_- 0$ J "#�%_ Jxw "#�y"z� "#�%T w "#�Q��a�"#� J "#�%_+P w "#�y"z� "#�%R Jxw "#�y"
 �n�" "#�%_>{ w "#�y"z� "#�%R+R w "#�y">_

The flat segmentsin eachgraphof FV'DC , aredueto thefinite width of eachslice, makingthe
dataaCantorsetof line segments.

Valuesof u and v arecalculatedfrom the B�'DC , and FV'DC , datafor thethinnestsliceat each
section.Theresultsaresummarizedin Table4.1.Themultifractalnatureof theHénonattractor
[86] meansthat we expect the dimensionto vary for different cross-sections.For the three
examplesgivenhere,though,thevariationis not significant.It is possiblethat themultifractal
naturewouldbecomeapparentif we computedu from thinnersliceswith moredata.However,
themultifractalspectrumis determinedby choosingpointsontheattractorandcomputinglocal
scalingrates. The sectionsarenot local and this may obscurethe multifractal natureof the
attractor.

Theabove resultsgive strongnumericalsupportfor thecommonbelief thatcross-sections
of theHénonattractorareCantorsets.Thebox-countingdimensionof theHénonattractoris
estimatedto beabout �
�%_>{ [86, 63]. Resultsonthedimensionof intersectionsof sets[23] imply
that thedimensionof a crosssectionthroughtheHénonattractorshouldbe �
�%_>{1���h|"#�%_>{ .
The valuesof u given in Table4.1 are in closeagreementwith this value,providing further
supportfor our conjecturethat Cantorsetsof zeromeasurehave u equalto the box-counting
dimension.

4.3 Cir cle breakup in the standard map

In this sectionwe examineorbits from the standardmapasa parametercontrolling the non-
linearperturbationis increased.This mapis a popularexampleof theclassof area-preserving
twist mapsof thecylinder, which arecloselyrelatedto Hamiltonianflows with two degreesof
freedom.Thepropertiesof thesemapsarereviewedin [55].

Ourgoalis to seehow thecomputationaltopologytoolsfrom Chapter2performin detecting
a transitionfrom circle to Cantorset. This transitionis interestingdynamicallybecausethe
invariant circles trap chaoticorbits and thereforeimply somedegreeof stability. When an
invariantcircle is destroyed, it is possiblefor nearbychaoticorbits to diffusethroughthegaps
in theremainingCantorset(seeFigure4.17). If no circlesexist, thenit is possiblefor a single
chaoticorbit to accessmostof thephasespace.Many approachesto detectingtheexistenceof
invariantcircleshave beenexploredin the last twenty or so years,[8, 31, 44, 49, 53]. These
techniquesexploit propertiessuchasthestability, flux, andfrequency of orbits;ourwork is the
first time thetopologyhasbeenuseddirectly.

For our computationaltoolsto give valid results,we needgoodfinite point approximations
to theunderlyingcircle or Cantorset.Thequasiperiodicorbitswhich cover thesesetsarevery
difficult to find numericallybecausetheir positionin phasespaceis uncertainandthey do not
attractotherorbits. Instead,we uselong periodicorbits that arecloseto quasiperiodicones,
sincesymmetrypropertiesof thestandardmapmake theserelatively easyto find. This method
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Figure4.5: Phasespaceportraitsfor thestandardmapat two different � values.

of approximationwaspioneeredby Greene[31], andis justifiedby Aubry-Mathertheory[46].
Webegin thissectionby describingsomeof thebasicphenomenologyof thestandardmap,

andreviewing theessentialdetailsof Aubry-Mathertheoryandthe methodof approximating
quasiperiodicorbits by symmetricperiodic orbits. For the purposesof comparison,we also
summarizesomepreviousnumericalwork ondetectingthebreakupof invariantcircles.Wethen
presentconnectednessdatafrom theminimal spanningtreetechniquesof Chapter2 appliedto
periodicorbit approximationsof aninvariantcircle. Theresultsobtainedarenot assensitive at
detectingthetransitionasaresomeprevioustechniques,sowe investigatescalingpropertiesof
the Bh'DC , distributions in moredetail. This work raisesmany questionsabouttheconnections
betweenthedistributionof pointsandthedistributionof edge-lengthsin theirminimalspanning
tree,andabouttherenormalizationof phasespaceneara critical circle. This is partof a larger
projectthatis outsidethescopeof this thesis.

4.3.1 Background

Thestandardmap

� �
	�� �� � � �_
}b~*�Q� ' _
}�� � , (4.2)

� �
	�� �� � ��� �+	�� �h�#� �
�
appearsin a numberof physicalapplications. It modelschargedparticlemotion in a simple
particleaccelerator, thecyclotron,andis equivalentto theFrenkel-Kontorova modelof a chain
of atomsin aonedimensionalperiodicpotential.Thestandardmapis alsotheresultof applying
a first ordernumericalsolver to the pendulumequation �� �i� ~*�Q� � q" , with �� �U� ' _
}�, ,�h��� , and �  9 . The � variableis ananglein � "#)S�-, and � is analogousto momentum.Clearly� is alsoperiodic,so the phasespaceis in fact homeomorphicto the torusandwe needonly
considerorbitsin theunit square.

We labeltheorbitsby their rotationalfrequency, � , theaveragechangein � periterationof
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themap:

� �� � ��
�t�
� � ���Z(
9 � (4.3)

Tocalculate� , weiterate� �+	�� �� � ��� �+	�� , withouttakingthefractionalpart(thiscorresponds
to takinga lift of themapof thecylinder (4.2)andmakingit amapof thecoveringspace,

� � ).
Thetwist condition,

� � �
	��� � � � B 6i"#) (4.4)

meansthat orbits with larger � have larger rotationalfrequency. This is compatiblewith the
physicalinterpretationof � asa momentumvariable.Periodicorbitssatisfying �
��`�+( , �M�t��(���� , have rationalrotationfrequency � �-� andarecalled ' �L) � , -periodicorbits.Quasiperiodic
orbitshave irrationalrotationfrequency. Notethatthelimit in (4.3)maynotexist, for example,
in thecasetheorbit is chaotic.

Whenthe nonlinearityparameter� is zero,the mapis integrable. Its orbits lie on invari-
ant circles ���� ( andevolve as rigid rotationsof the anglevariable, �M�+	��m��M���8� ( , so
that � ��+( . When � 6�" , the geometricstructureof the orbits becomesdramaticallymore
complicated;this is illustratedin Figure4.5. ThePoincaŕe-Birkhoff theoremshows thatevery
invariantcircle with rationalrotationfrequency is destroyed, leaving a pair of periodicorbits
with that frequency, oneelliptic andonehyperbolic.Circleswith irrational rotationfrequency
are guaranteedto persistfor a small interval of � valuesby the Kolmogorov-Arnold-Moser
(KAM) theorem.SeeArrowsmithandPlace[3] for moredetailsabouttheseresults.

Periodic and quasiperiodicorbits

Theexistenceof aspecialclassof periodicandquasiperiodicorbitsin any area-preservingtwist
map follows from Aubry-Mathertheory; see[55] for an overview. Theseorbits minimize a
quantitycalledtheactionandaremonotone(theorderof pointsispreservedunderiteration).An
extremelyusefulresultfrom Aubry-Mathertheoryis that if a sequenceof rationalsconverges
to an irrational, � � �-� �@  � , then the minimizing ' � � ) � � , -periodic orbits converge (in the
Hausdorff metric) to a setof minimizing orbitswith rotationnumber� . Aubry-Mathertheory
alsoshowsthatthislimit setis eitheraninvariantcircleor aCantorset.Sinceit is relatively easy
to find minimizing periodicorbits in thestandardmap,this resultmeanswe canusesequences
of theseorbits to approximatea quasiperiodicone. This approach,first usedby Greene[31],
will form the basisof approximationin our numericalinvestigationof invariant circles and
Cantorsetsin Sections4.3.2and4.3.3.

It is thesymmetrypropertiesof thestandardmapthatmakeminimizing ' �L) � , -periodorbits
easytofind (see[47] for moredetails).Eachsuchorbitmusthaveapointontwoof thefollowing
four symmetrylines:

�h@¡£¢1 ' ��)*��,�¤-�=�"�¥ (4.5)��@¡£¢1 ' ��)*��,�¤-�=5� � _U¥ (4.6)¦§@¡£¢1 ' ��)*��,�¤-�=�� � _U¥ (4.7)

. @¡£¢1 ' ��)*��,�¤-�= ' �¨���-, � _U¥>� (4.8)
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Thepair of lines is determinedby � and
�
. For action-minimizingorbits in thestandardmap

theobservedpatternis:

� odd,
�

even © ¢ (�ª ¦ and ¢ �*« � ª . (4.9)� odd,
�

odd © ¢£( ª � and ¢+¬ � 	��® « � ª ¦ (4.10)� even,
�

odd © ¢£( ª � and ¢ ¬ � 	��® « � ª . � (4.11)

Thesepropertiesmeanthesearchfor anorbit is madealonga singleline, ratherthanover the
wholeof phasespace.Weusethesetypesof orbitsin Section4.3.2.

In practice,we want the sequenceof rationals ��� �-� � to converge to the irrational � as
fastaspossible.This is achieved by usingthe continuedfraction convergentsof � (see[55]
for a descriptionof how to generatecontinuedfraction expansions).The continuedfraction
convergentsarethe“bestapproximants”in thesensethat if � �-� is a convergentof � , thenany
otherrational �Z¯ �-� ¯ , with

� ¯�° � is further from � , i.e., ¤ � �±��¯ �-� ¯D¤�6�¤ � �m� �-� ¤ . Thenumber
with theslowestconvergenceof its bestapproximantsis thegoldenmean,

²G �³�i´ J_ 5�³� �
�³� �

�³� �
�³�gµHµHµ

��
�%P#�SR
">$¶�H�H�·� (4.12)

Theconvergents,� � �-� � , of ² arerelatedto theFibonaccisequence:¸ �
	��  ¸ � � ¸ � \ � , with¸ (§ ¸ � 5� , by setting� �  ¸ �+	�� , and
� �  ¸ � .

The invariant circle with goldenmeanrotation frequency plays an importantrole in the
standardmap,sinceit is thelastoneto bedestroyed,i.e., its transitionfrom circle to Cantorset
occursat a � -valuelarger thanthatof any otherquasiperiodicorbit. This stemsfrom thestatus
of thegoldenmeanasthenumberthatis hardestto approximateby rationals,andthereforethe
orbit for which theKAM smalldivisor problemsareminimal.

Renormalization near a critical circle

Thephasespacenearan invariantcircle at its critical � -value(i.e. thepoint of breakup)hasa
remarkabledegreeof local self-similarity [31, 75]. MacKay [47] studiesthis extensively and
quantifiesthe scalingrelationsusingrenormalizationtechniques.We observe relatedscaling
propertiesin theMST data,asdiscussedin Section4.3.3.

As anillustrative example,we describeresultsfor thestandardmapandanorbit with rota-
tion frequency of � � ² � �"#�%$+R#�ST+P¶�H�H� . This numberis closelyrelatedto thegoldenmeanand
it hascontinuedfractionsconvergents,� � �-� � with � �  ¸ � ) � �  ¸ �+	 � ; it alsohasthesame
critical valueof �  �+¹ �"#�%T>{��SP+$ J  >">P .

Nearthepointwherethegoldencirclecrosses�a�" , thephasespaceis asymptoticallyself-
similar with a scalefactorof º (x»�t�
�! M�¼ 0R+$+P
" in � and ½ (?5�§$��y">P+P+R+R+R+_ in � . Thenegative
signsindicatea flip in orientationwhich is causedby theoscillationof successive convergents:� � �-� � 3 � 37� �
	�� �-� �+	�� .

At �5¾� � _ , the scalingis a little more complicated. Here, the structureof the period
orbitscycleswith period3. Shenker andKadanoff [75] explain this in termsof thesymmetry
propertiesof theorbits.TheFibonaccinumbers,

¸À¿ 5�
)S�
)c_�)c$�) J )cR�)S�S$�)c_#�+)c$
 z) J+J )cR+Tz)S�H + M)c_+$>$�)Á$>{0{³�S�H�
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follow arepeatingpatternof odd,odd,even.This impliesthattheminimizing ' � � ) � � , -periodic
orbits that converge to the � � ² � circle cycle throughthe threesymmetrypatternsof (4.9) .
The renormalizationmust take this into accountandMacKay [47] computes3-stepratiosofº�Â ] f�� z�%R- J R#� in � and ½�Â ] |�t�SP��%R J T>{ . Sinceareais preserved,thesevaluesarerelatedtoº ( and ½ ( via:

 z�%$+$+T#�¨ º ( ½ (§¾ÃÄ 'Dº�Â ] ½�Â ] ,· ' �
�%P+T+_+_U, ' _�� J P- 0_U,A� z�%$+$+T#�
� (4.13)

Althoughwe describedthsscalingin termsof a particularcritical circle, thescalingholdsfor
any circle with a rotationfrequency thathasa continuedfraction expansionthatendsin ones
[47].

Nonexistenceof invariant circles

Invariantcirclesthatgo aroundthecylinder (i.e. onesthatarehomotopicto �b»" ) arecalled
rotationalinvariantcircles.Thereexistenceis importantbecausethey confinechaoticorbits to
a small region of phasespaceandimply that the systemis essentiallystable. If no rotational
invariantcirclesexist for any rotationfrequency, it is possiblefor asinglechaoticorbit to cover
mostof the phasespace.This meansthat the dynamicsis inherentlyunstable;in particular,
themomentumvariable, � , canincreasewithout bound. Invariantcirclesareobserved to exist
for much larger valuesof � than thosegiven by KAM theory. Many methodsexist for esti-
matingthe critical value, �+¹ , suchthat for � 6 �
¹ , no KAM circlesremain;we outline three
computationalapproachesbelow. The mostaccuratenumericaldeterminationof �+¹ is dueto
MacKay [47, p.199],who usesGreene’s criterion andrenormalizationtechniquesto estimate�
¹ ^"#�%T>{��SP+$ J  >">P . Thebestrigorousboundon �+¹ for thestandardmapis dueto MacKayand
Percival [50] who show thatthereareno invariantcirclesfor � 6�P+$ � P- n�"#�%T+R- 0$>{ J .

A very direct methoddue to Chirikov [8] estimates�+¹ by measuringdiffusion times of
chaoticorbits. For differentvaluesof � , andinitial conditions, ' �+(-)*��(-, with �+(±NÅ�H"�\ � , he
recordsthe numberof iterations,Æ , it takesfor the orbit to reach �kNÇ"#� J . Thereis a sharp
increasein Æ for valuesof � near �+¹ ; the longestorbitsconsideredhave Æ j�H">e . By fitting
the dataobtainedfor Ær'2� , , he estimates� ¹ NÇ"#�%T+R+T . This is surprisinglycloseto the above
values,giventheinaccuraciesof thesenumericaltechniques.

More recently, Laskar[44] hasdevelopedageneralmethodfor detectingthedestructionof
invariantcirclesby computingthe frequency of orbitswith differentinitial conditions.Recall
that thetwist conditionimpliesthatalonga vertical line, �V`" say, orbitswith larger initial �
coordinatehave larger frequency. Laskarthereforeusesinitial conditionsalongsucha vertical
line andlooksfor non-monotonicityin thecomputedfrequencies.For thestandardmaphefind� ¹ to five significantfiguresusingorbits of around �H"+d points. This makesit computationally
intensive,but theapproachgeneralizesreadilyto higher-dimensionalmaps.

The mostsensitive numericaltechniqueis probablyGreene’s meanresiduecriterion [31].
This approachusesthestability of long periodicorbits thatarecloseto a quasiperiodiconeto
indicatetheexistenceof aninvariantcircle. Theresidueof a ' �L) � , -periodicorbit is ameasureof
stability relatedto theeigenvalues: È  �I ' _t�kÉÀÊcË+Ì¼ÍÀÎ», , where Î is thematrix linearization
of the

�
-fold compositionof the map. The meanresidueis a type of geometricmean, Ï ' ¤ È ¤ � ½ , � «Ð� , where ½ is a scalefactorusedto improve convergence.To extendthedefinitionofÏ to quasiperiodicorbits,Greeneusesthecontinuedfractionconvergents� � �-� � of anirrational� . Thevalueof Ï·'Ñ� , is foundby takingthelimit: Ï·'Ñ� ,��� � �n�
�Ò� Ï·' � � �-� � , . For thestandard

map, ½ »� �  , andGreene’s criterionis thattheorbit with rotationnumber� coversa circle if
andonly if Ï·'Ñ� ,³38� . An attemptto generalizethis criterionto higher-dimensionalsymplectic
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Figure 4.6: Connectedcomponentdatafor a ' $>{+{U)cT+R>{0, -periodic orbit approximationto the
golden � � ² � orbit at differentvaluesof � . In bothgraphs,thedatamarked with solid circles,Ó , is for � ��
�y" . Thecrosses,K , markdatafor theother � values,� f"#� J )*"#�%P�)*"#�Ô{U)*"#�%R�)*"z�%T .
Thecut-off resolutionfor the � j�
�y" datais 4GNfP K �H" \�] . (a) Numberof componentsasa
functionof resolution,C . (b) Diameterof thelargestcomponentasa functionof C .
twist mapsis madein [70]. A formal justificationfor this approachis hamperedby the fact
that thereis no correspondingAubry-Mathertheoryin higherdimensions.Greene’s criterion
impliesthat thegoldeninvariantcircle is destroyedat �  �
¹ `"#�%T>{��SP+$ J . This valueof �+¹ is
determinedin [31] usingorbitsof lengtharound �H"
I .
4.3.2 MST analysisof the transition fr om circle to Cantor set

In this sectionwe investigatethetransitionfrom invariantcircle to Cantorsetusingthecompu-
tationaltoolsbasedon theminimal spanningtreefrom Chapter2. As onemight suspect,these
techniquescannotmake asprecisea determinationof �
¹ asGreene’s residuecriteriondoes,for
example.This is becausethereis acontinuousmetricchangefrom invariantcircle to Cantorset;
the resultsof Chapter3 imply that the C -neighborhoodshave correspondinglyclosetopology.
However, our connectednesstechniquesdo show the transitionfrom circle to Cantorseton a
coarse� -scale.

Westartby examiningthestructureof asingleorbit in thesequenceof periodicapproxima-
tionsto the � � ² � orbit as � is changed.Thedatain Figure4.6 is for theminimizing (377,987)-
periodicorbit approximationfor � Õ"#� J )*"#�%P�)H�H�H�·)*"#�%T�)S�
�y" . Thereis a significantdifference
betweenthe B�'DC , and FG'DC , graphsfor � °�"#�%T and � ¾�
�y" , consistentwith the fact that"#�%T73 �+¹ 3Ç�
�y" . For � °»"#�%T , the Bh'DC , and FG'DC , datalook like thatof a connectedset. For� j�
�y" , thecutoff resolutiondropsto P K �H"�\�] and FV'DC ,   " , which suggestsa totally dis-
connectedset. We estimatev astheslopeof the leastsquareslinearfit for �H" \MI ° C °f�H" \ � ,
andfind v N»�
�Q� J?w "#�y" J . Thegrowth in thenumberof components,B�'DC , , resemblesthatof a
Cantorsetwith u �" (recallSection2.2.3).

Similar resultsareobtainedwith a finer � scale,asshown in Figure4.7. Here,we present
connectedcomponentdatafor the period-987orbit with � j"#�%T
"#)*"#�%T#�
)H�H�H�O)S�
�y" . Again, we
seeasignificantchangein the Bh'DC , and FV'DC , curvesas � increases.This time,for � °i"#�%T>{ , the
orbit appearsto approximateaconnectedset,andfor � � "#�%T+R , aCantorset.Theabove results
give an estimateof �
¹ to two significantfiguresusingan orbit of just T+R>{ points. To obtain
higherprecisionwe needto uselongerorbits; thedifferenttopologicalstructureof thegolden
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Figure 4.7: Connectedcomponentdatafor a ' $>{+{U)cT+R>{0, -periodic orbit approximationto the
goldenorbit for � Å"#�%T
"#)*"#�%T#�
)H�H�H�O)*"#�%T+T�)S�
�y" . (a) Numberof componentsasa function of
resolution,C . (b) Diameterof thelargestcomponentasa functionof C . Thechangein theshape
of thecurvessuggeststhat the transitionfrom circle to cantorusoccursbetween� �"#�%T>{ and"#�%T+R .
orbit at � f"#�%T>{�� and � »"#�%T>{
_ , for example,is revealedfor approximationsof around �H"
I
points.

Thegraphsin Figure4.8show theambiguitythatoccurswhentheapproximationisnotgood
enough.In eachcolumn,we fix � andplot connectednessdatafor a sequenceof successively
longerperiodicorbit approximations(

� � q$>{+{U)H�H�H�À)Ö M�SR#� ) to the goldenorbit. The datafor� Õ"#�%T>{ show that the orbits areprobablyconverging to a connectedset,asexpected. For� Õ"#�%T+R , it is clear from the persistenceof the long MST edges,andthe trend FV'DC ,   " ,
that the orbits areconverging to a Cantorset. At � ×"#�%T>{
_ , however, thedatais misleading
sincetheorbitsappearto beconverging to aconnectedcircleeventhoughthe � � ² � orbit covers
a Cantorset. The problemis that the largestgap in the Cantorset is shorterthan the cutoff
resolutionfor thedata;seeFigure4.9.

Thegraphsof Bh'DC , for � �"#�%T>{ and � �"#�%T>{
_ in Figure4.8appearto keepthesameform
as
� � increases.Thegraphof B�'DC , is really a cumulative distribution of edgelengthsfrom the

MST. It maybepossible,therefore,to obtainmoreaccurateinformationabouttheunderlying
topologyby analyzingtherelative distribution of edgelengths.We examinehow distributions
of MST edgeschangewith � andtheperiodof theorbit in thefollowing section.

4.3.3 Scalingof the gaps

To explore thegapdistributions,we againusetheminimizing ' � � ) � � , -periodicorbit approxi-
mationsto the � � ² � orbit. We cansimplify thenumericalcomputationof theMST by usinga
resultfrom Aubry-Mathertheorywhich shows thata monotoneinvariantset(i.e., minimizing
periodicandquasiperiodicorbits)mustbeagraphover � [55]. This letsusorderthe

�
pointsin

anorbit ¢ ¿  ' � ¿ )*� ¿ , by their � -coordinate,i.e., � ¿ 3i� < if Ø 3 : . Thelengthsof theMST edges
arethengivenby the“gaps,” Ù ¿  .�' ¢ ¿ 	��Ú)*¢ ¿ , for Ø `"#)H�H�H�À) � ��� , and Ù �  .�' ¢ ( )>Û¢ � , , whereÛ¢S�Ò ' �M�A�g�
)*�
�Ú, . In fact, the

�
gaps,Ù+¿ , give us thedistancebetweenevery neighboringpair

of points,whereastheMST, by its definition,omitsthelargestgap.Westartby examininghow
themaximum,minimum,andmeanof thegaplengthsscalewith thelengthof theperiodicorbit
approximationsatdifferentvaluesof � . When �  �
¹ , ourresultsarecloselyrelatedto thelocal
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Figure4.8: Bh'DC , , FV'DC , , and EZ'DC , datafor threevaluesof � in thestandardmap.Theleft column
has � �"#�%T>{ , the middle column, � �"#�%T>{
_ , and the right one, � �"#�%T+R . In eachcase
thedatais obtainedfor a sequenceof ' � � ) � � , -periodicorbit approximationsto the � � ² � orbit,
with

� �=�$>{+{U)cP#�H"#)cT+R>{U)S� J T0{U)Á_ J R- M)Ö M�£R#� . For � �"#�%T>{ , thedatasuggeststhat theorbitsare
approximatinga circle, andfor � �"#�%T+R , a Cantorset. When � q"#�%T>{
_ is just larger than
thecritical value � ¹ �"#�%T>{��SP+$ J , thegoldenorbit is a Cantorset,but thedatagiven suggests
theperiodicorbitsareconverging to a circle. This is becausetheorbitsarenot long enoughto
allow usto resolve thegaps.
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Figure4.9: (a) The largestgap, Î 'ÜÙ � , , asa function of the lengthof the periodicorbit ap-
proximation,

� � , to the goldenorbit. The solid circles Ó aredatafor � �"#� J , the circles [
for � �"#�%T>{�� , the stars Ý for �  �+¹ �"#�%T>{��SP+$ J  >">P , the pluses� for � �"#�%T>{
_ , andthe
crossesK for � ×�
�y" . Thelinesthroughthedatafor � `"#� J and �  �+¹ areleastsquarefits
for P#�H"l° � °|�ST+P- M�SR ; theslopesare �Ò�
�y"+"+"+" and �A"#�Ô{
_#�+� respectively. (b) Thesamedata
plottedas Î 'ÜÙ � , � ( Â e � �Ö�� versus

� � , to exaggeratethedifferencebetweenorbitsconverging to a
circle andthoseconverging to aCantorset.

renormalizationpropertiesof thestandardmap[47]. In thefinal paragraphsof this section,we
make a preliminaryinvestigationof therelationshipbetweenthedistribution of pointsandthe
distribution of gaps.

The largestgap

Figure4.9(a)summarizesa studyof the relationshipbetweenthe largestgap, Î 'ÜÙ � , , andthe
period,

� � , of orbits converging to the � � ² � orbit. Thereare threescalingregimesin these
graphs,definedby � 3 �
¹ , �  �
¹ , and � 6 �
¹ . For � 3 �+¹ , Î 'ÜÙ � , tendsto zerobecause
theorbitsareconverging to aninvariantcircle. Thesameis trueat thecritical value �+¹ , but the
rateof convergenceis differentbecausethedensityof pointsgoesto zeroat every point in the
orbit of �a�" . For � 6 �+¹ , Î 'ÜÙ � , decreasesandthenflattensatavaluethatcorrespondsto the
lengthof thelargestgapin theCantorset.For � `"#�%T>{
_ , this occurswhen

� � 65�H" I , andfor� ��
�y" , when
� � 6^�H" � .

We now describethelinearscalingfor � ° � ¹ in moredetail. Thedatafor � ^"#� J show a
clearlinear relationshipbetween� �+Þ Î 'ÜÙ � , and � �+Þ � � , which implies Î 'ÜÙ � ,� B �-�
ß� . From
the leastsquareslinearfit of thedatafor

� � 6×�H"+" we find that à p�
�y"+"+"+" and B p�
�%_ J P .
Theslope, à , equalsonebecausethepointsarefairly evenly distributedaroundthis circle (see
Figure4.12). Thereis alsosimplelinear scalingat the critical value, �
¹ q"#�%T>{��SP+$ J  >">P . In
this casethe leastsquaresfit for

� �86��H"+" gave à �"#�Ô{
_#�+� and B á�
�y"
 0_ . The rateat
which Î 'ÜÙ � ,   " is closelyrelatedto therenormalizationschemefor acritical circleat �b�"
becausethe largestgapalwaysoccursaround �o�" . The scalingdescribedin Section4.3.1
impliesthat Î 'ÜÙ � ,·â º \ �( . OurresultsrelateÎ 'ÜÙ � , andtheperiod

� � as Î 'ÜÙ � ,·â � \ ß� . Since
the periodsareFibonaccinumbers,their growth is governedby the goldenmean,

� � âã² � .
Therefore,we musthave º (Ò`² ß , or à �� �+Þ 'Dº (-, � � �+Þ ' ²·,�»"#�Ô{
_#�H"0{ (usingthevalueof º (
from [47]), which is exactly what we computedfrom the graphin Figure4.9(a). When � is
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just lessthanthecritical value,e.g., � ×"#�%T>{�� , thereappearto be two scalingregions. This
is theresultof thenonuniformdistribution of pointsin theperiodicorbit approximationsto the
invariantcircle. For

� � 3|�H"+"+" , theorbitsarecloseto thoseapproximatingthecritical circle,
so Î 'ÜÙ � , appearsto scaleas B �-� ( Â e �� . However, for

� � 6f�H"
I , theslopeis very closeto one;
we computeà �"#�%T+T+R and B ^R��%_ .

Thegraphin Figure4.9(a)suggestsa new, purelygeometric,criterion for determiningthe
transitionfrom circle to Cantorset in area-preservingmaps. Given ' � � ) � � , -periodic orbits
with � � �-� � converging to an irrational, thequantityto examineis Î 'ÜÙ � , �-ß� as

� �± åä . The
parameterà shouldbechosento make theconvergenceasfollows: for � 3 �
¹ , Î 'ÜÙ � , � ß�   " ,
and for � 6 � ¹ , Î 'ÜÙ ��, � ß�   ä . The motivation for this is analogousto the choiceof the
parameter½ in Greene’s criterion. For the standardmap,we could choose"#�Ô{
_#�+�l° à 3�� .
Setting à �"#�Ô{
_#�+� givesthebestresultsbecausethisbalancesthecritical scalingexactly. This
datais shown in Figure4.9(b).Basedon thedatagivenin thatgraph,weestimatethatthevalue
of �
¹ couldbedeterminedto aboutfiveor six significantfiguresusingthiscriterion.

Much morenumericalwork is neededto testthevalidity of this idea. We needto look at
circleswith otherirrational frequenciesanddifferentarea-preservingmaps.Theadvantageof
this criterion is that it doesnot requireany informationaboutthe stability of an orbit — an
expensive computationinvolving eigenvaluesof large matrices.Thenew criterion is unlikely
to generalizeto mapsin higherdimensions,however, sincethe topologicaltransitionis very
different.

The meanand minimum gap

Wecansummarizesomeinformationaboutthedistribution of gaplengthsby plotting themax-
imum, Î 'ÜÙ �Z, , mean, æçÙ �Mè , andminimum, é7'ÜÙ �Z, , valuesasfunctionsof theperiod,

� � on the
sameaxes.Thisdatais givenin Figure4.10for thesamevaluesof � asin Figure4.9.

In all cases,we seelinearscalingin themeangapsize.This follows from thefactthat

æçÙ � èOjê
�Ðë
<�ì � Ù <� � Nîí� � � (4.14)

Thequasiperiodicorbit coversaninvariantcircleor aCantorset.In eithercase,theorbit lieson
a Lipschitzgraph,soits length í , is finite. We arecomputingthedistancebetweenpointsthat
arecloseto theLipschitzgraph,sothesumof thegapsconverges í . Thisconvergenceis quick,
so theapproximationin (4.14)is a reasonableone. If we insteadcomputeÙ < asthedifference
in � -coordinate,thenwe wouldhave ê

� ë
<Áì � Ù < �� for all 9 and � .

We now look at the scalingof the shortestgaps. For � ã"#� J , the relationshipbetween� �+Þ é7'ÜÙ ��, and � �+Þ � � is clearly linear, implying é7'ÜÙ ��,§|¦ �-�-ï� . Fromthedatafor
� ��6×�H"+" ,

we compute¦1f"#�%R+T+$ and ð q�
�y"+"+"+" . Again, theslopeis onebecausethepointsarefairly
evenly distributed aroundthe circle. For �  �
¹ there is also linear scaling. Initially, we
estimateð á�
�y">T+_+R from the datafor

� � 6��H"+" . Sincethe densityof points is highestat�kf"#� J , we expectthesmallestgapsto occurthere;this is corroboratedby our observations.
It follows thatwe shouldseetheperiod-3oscillationdescribedin Section4.3.1,causedby the
cycling symmetrypatternsof the approximatingorbits. Becausethe oscillationsaresmall, it
is not possibleto seethis in thegraphof Figure4.10. We evaluatethedifferencebetweenthe
least-squareslinearfit andthedata;thegraphof this in Figure4.11showsaverydefiniteperiod-
3 oscillation.Wethereforecomputetheslopeof � �+Þ é7'ÜÙ � , versus� �+Þ � � usingevery third data
point andfind anaveragevalueof ð ��
�y">T+$#� . This numberis relatedto the renormalization
scalingat ��ã"#� J via a similar argumentto that for maximumgap. Using the valuesfrom
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Figure4.10: Maximum,minimum,andmeanof thegaplengthsfor periodicorbit approxima-
tionsto thegoldenorbit at differentvaluesof � .

90



10
0

10
1

10
2

10
3

10
4

10
5

10
6

−0.01

−0.005

0

0.005

0.01

0.015

q
n

E(n)

Figure 4.11: Error in the leastsquareslinear fit to the minimum gap datafor �  �+¹ (see
Figure4.10).Specifically, weuse �H"+"�3 � � 3o_ K �H"+] to fit theline andthencomputetheerror
as ñ>';9 ,x|� �+Þ � ( ';é7'ÜÙ � ,Ö,�� ' �t�
�y">T+_+R·� �+Þ � ( ' � � ,O��"#�y">_+P+RU, . Theperiod-3oscillationis dueto
theperiodicorbit symmetryproperties.

(4.13), we thereforeexpect ð î� �+Þ ' Ã´ ºOÂ ] , � � �+Þ ' ²·,±ò�
�y">T+$#� J , which is exactly what we
found. At � p"#�%T>{�� we seethe sametype of transitionalbehavior asbefore,with the data
closeto thatof thecritical circle for small

� � andslopesthatconvergeto �
�y"+" as
� � getslarger.

For approximationsto the Cantorsets,we see é7'ÜÙ � , drop off exponentially. A possible
explanationfor this startswith a model that gapsin the Cantorsetdecreaseas Ù < �¦Hó < . A
finite approximationto the Cantorsetshouldthenhave smallestgap é7'ÜÙ � ,hN�¦Hó �Ðë . In the
log-logplot we thereforeexpectto see

� �+Þ é7'ÜÙ � ,��� �+Þ ¦�� ñ¼ô!õÖö � ë � �+Þ óL�
For � ã"#�%T>{
_ we estimateó�ã"#�%T+T+T>{ and ¦Vã"#�y"+"+">_ andfor � ÷�
�y" , ó�ã"#�%T+R+$ and¦øj"#�y">_ . Thesenumbersarecalculatedfrom least-squarefits for datafrom the longestfour
approximationsateach� , sincetheseareorbitsfor whichthelargestgapsareresolvedproperly.
Sincesuchfew datapointsareusedto fit the line, thesevaluesof ¦ and ó arenot likely to be
very accurate.

The linearscalingof themeansuggestsit is theappropriatenumberto rescaleby to geta
limiting densitydistribution of gapsin thegoldenorbit. It is not obvious that this shouldexist
or bewell defined,but it mighthelpgiveanexpectedform for the B�'DC , curve whichcouldthen
help distinguishbetweenconnectedanddisconnectedsets. In the following sectionwe pose
somequestionsabouttherelationshipbetweenthedensityof pointson an invariantcircle and
thedistributionof gapsizes.This leadsusinto theproblemof how to relatethedensity-measure
for setof pointsto thestatisticsof theminimal spanningtree— a muchlarger projectthat is
outsidethescopeof this thesis.

Renormalizedgapdistributions

We start by describingthe distribution of points aroundan invariant circle; seeFigure 4.12
for someexampledensities.We generatethesegraphsashistogramsof � -coordinatevalues
from very long minimizing periodic orbit approximationsto the � � ² � orbit. Sussmanet al.
[79] generatesimilar graphsusingthe linearizationof thestandardmapanda highly accurate
estimateof the tangentdirection at a single point on the circle. For � ¾" , the points of
eachperiodicorbit areperfectlyevenly spacedaroundthecircle. This impliesthatthelimiting
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distributionof pointsfor aninvariantcircleis uniform. As � increases,thisdistributionbecomes
slightly lessuniform with a minimumat �ù|" andmaximumat �k�"#� J . For � closeto the
critical value,thedensitybecomeshighly nonuniform,thoughstill nonzeroeverywhere.At �
¹
the densitydropsto zeroat �o�" , andat every point in the orbit of �o�" . The histogram
approximationdoesnot show this becauseof discretizationeffects. When � 6 � ¹ , the orbit
approximatesa Cantorset,so thereareintervals of � -valueswherethedensityis zero. Since
the cantori have Lebesguemeasurezero, the supportof the densityhasmeasurezero; it is
thereforevery difficult to generateagraphof this functionusinghistograms.

The gapdistributions graphedin Figure 4.13 arecomputedfrom the sameorbits and � -
valuesasFigure4.12. Here,we have rescaledthegaplengthsto make themeanequalto one
in eachcase.Sincethemean, æçÙ � è�â í �-� � , and í N�� , this rescalingamountsto multiplying
thegapsby thenumberof pointsin theorbit. For � 5" , thegapsareexactly thesamelength
andthe distribution is thereforea deltafunction. When � 3 �+¹ , the gapdistributionshave a
sharpmaximumandminimum which correspondto the constantsB and ¦ computedabove.
A possibleexplanationfor the spikes in the distribution is given in the next paragraph.For�  �+¹ , we know that Î 'ÜÙ � ,Òâ B �-� ( Â e � �Ö�� and é7'ÜÙ � ,Òâ�¦ �-� � Â (Öú �� . We thereforeexpectthe
rescaleddistributionsto have aminimumthatgoesto zeroandamaximumthatgoesto infinity
as the numberof points is increased.The rescaledgapdistributions for the Cantorsets(i.e.� 6 �
¹ ) shouldalsohave a minimum that goesto zeroanda maximumthat goesto infinity.
The differencebetweena Cantorsetandthecritical circle is that the relative numberof gaps
lessthanthemeanshoulddivergefor theCantorset.

It is not obvious how to analyticallyrelatethe densityof pointsto the distribution of gap
lengths.It seemsintuitively reasonablethatthelongestgapwill occurattheminimumin density
andtheshortestgapat themaximumandthis is whatweobserve. In fact,thelocal rescaledgap
size, Ùû' ��, , shouldbe inverselyproportionalto the densityof thepoints, i.e. Ùû' ��,tâ�� � Ï·' ��, .
The relative numberof gapsof a particularsize, � , shouldthenbe relatedto the numberof
pointswhere � � Ï·' ��,?�� . This explainsthespikesin thegapdistributionsfor � 3 �+¹ asthe
placeswherethedensity, Ï·' ��, , hasa turningpoint. A formal derivationof theserelationships
requiressomework but shouldbefairly straightforward. Theresultsshouldberelatedto order
statistics[10].

4.4 Cantori fr om sawtoothmaps

Thenext setof examplesweexamineareorbitsfrom 4dsymplecticsawtoothmaps.A cantorus
is an invariantCantorsetof a symplecticmappingon which the dynamicsis semi-conjugate
to an incommensuraterotation. It is known that closeenoughto an “anti-integrable” limit,
symplecticmapshave cantori for all suchrotations[48]. As we saw in the previous section,
cantoriin area-preservingtwist mapsarisefrom thedestructionof invariantcircles.For higher-
dimensionalmaps,it is not known if the breakupof an invariant torus leadsimmediatelyto
a cantorus,or if therearesomeintermediatestages;this questionis onewe intendto explore
further(seeSection4.5.1).Below, we look at cantorifrom theanti-integrablelimit.

A simplemodel for which cantoriareanalyticallycomputableis the following piecewise
linearmap,calledasawtoothmap:

� �+	��  � � �ýü�þ ' � � ,� �+	��  � � �G� �+	�� �h�#� ���
Here � ªrÿ � (the2-torus)and � ª � � and þÇ �

� �����?� is a quadraticpotential.By choosing
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Figure4.14: Two examplesof cantorigeneratedby symplecticsawtoothmaps.Eachorbit has�H"
I points.
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Figure4.16: B�'DC , versus� �+Þ 'DC , for the two cantoriof Figure4.14(a)andFigure4.14 (b) re-
spectively. All axesarelogarithmic.Thehorizontalrangeis �§_
"h3i� �+Þ 'DC ,³38�A"#�Q�

anincommensuratepairof irrationalrotationnumbers,for example,thegoldenmean
� ]�\ �� and�� � , we canfind anorbit analyticallyby looking for thesemi-conjugacy, � � �� ' � � �O� , . In

Figure4.14,weshow theprojectionof thecantorusontotheconfigurationplane( � coordinates)
for two choicesof � : for Figure4.14(a) �  ' �� � ) � ]�\ �� , , andfor Figure4.14(b) � is the the

spiralmean, '�� \ � ) � \ � , where � is the real root of � � � � ��� . Theseorbitsaregeneratedby
thesamedynamicalsystemsincein bothcasesthematrix for thequadraticform is:

��N 	 �
�%T#� J _ �§_��y">$ J R"#� J _#�¼ "#�y">R- U{�
 �

Thegraphsof FV'DC , in Figure4.15aresimilar to thosefor previous Cantorsets.They tell
us that the cantori are totally disconnected,becauseFV'DC ,   " . We estimatev to be very
closeto one: for the cantorusof Figure4.14(a) v Õ"#�%T+T w "#�y" J ; for that of Figure4.14(b)v ��
�y">$ w "#�y"
 . The graphsof B�'DC , exhibit scalingbehavior similar to that of the Cantor
setsin the standardmap (seeFigure 4.6). Thereis no linear scalingregion from which to
determineu , andthis suggeststhatour assumptionthat Bh'DC , â C \� doesnot hold here.Since
the underlyingsetsareCantorsets,we muststill see B�'DC ,   ä as C   " , but the growth
rateis possiblylogarithmic,ratherthanpolynomial,in C . To testthis hypothesis,we plot B�'DC ,
versus� �+Þ 'DC , on logarithmicaxesin Figure4.16. Theobserved linearrelationshiptells usthatBh'DC ,¶â ' � �+Þ C , \ ß near C �" . We estimatethevalueof à usinga least-squaresfit of theslope
of theline, andfind that à ^_��Q�¼ w "#�y" J for bothcases.Thisalsoimpliesthat u �" . A result
dueto A. Fathi [25] impliesthatthesecantorihaveHausdorff dimensionequalto zero,soagain
we seethat u andthedimensionareequalfor azero-measureCantorset.

The graphsof Bh'DC , for the two cantoriarealmostidentical,asare their scalingrates, à .
Experimentalobservationsshow thatthe B�'DC , datavarymoststronglywith thechoiceof eigen-
valuesfor thequadraticform, ratherthantheeigenvectorsor thefrequencies.Thissuggeststhat
theremaybesomerelationshipbetweentheeigenvaluesandthescalingrate, à . A relationship
betweenthesenumbersis not surprising,sincetheeigenvaluesgovernthecontractionalongan
orbit, andcontractionratiosareoftenassociatedwith fractaldimensions.
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4.5 Further applications

In this sectionwe describesomepossiblefurther applicationsof our computationaltopology
techniques.Thelist is far from exhaustive!

4.5.1 Torus breakup in the Froeschĺemap

Hamiltonianflows with . � $ degreesof freedomaremodelledby symplecticmapsof
� ���

— higher-dimensionalanaloguesof area-preservingmaps. Oneexamplethat symmetrically
couplestwo standardmaps,is calledFroeschĺe map:

� ¯� ¨�0�·� �
_
} ~*�Q� ' _
}�� �Ú,û�

¦
_
} ~*�ç� ' _
} ' � ����� � ,Ö,

� ¯� ¨� � �
�
_
}±~*�Q� ' _
}�� � ,û�

¦
_
}±~*�ç� ' _
} ' � ����� � ,Ö,� ¯ � ¨�û�O��� ¯� ����� �

� ¯ � ¨� � ��� ¯� ����� �
� (4.15)

This mapwasoriginally introducedasa modelof the time evolution of elliptic galaxies[27].
When �b5�¨�¦t�" , orbits live on two-tori embeddedin four-dimensionalspace.Thesetori
arelabelledby the rotationfrequenciesof theorbit. TheKAM-theoremimplies that tori with
incommensuratefrequenciespersistfor smallvaluesof � , � , and ¦ . We saw in Section4.4 that
far from integrability, the remnantsof thesetori areCantorsets,but little is known aboutthe
structureof torusremnantsfor moderateperturbations.It is possiblethat thesesetshave the
structureof a Cantorsetof linesor a Sierpinskicarpet[41]. We believe that thecomputational
topologytoolsfrom Chapters2 and3 couldbeusedto helpinvestigatethisproblem.

Theinvarianttori donothavequitethesameimportancedynamicallyastheinvariantcircles
of area-preservingmapssincea two-dimensionalsurfacecannotenclosea four-dimensionalre-
gion. ThisobservationledArnold to reasonthatachaoticorbit of any Hamiltoniansystemwith
threeor moredegreesof freedomcandiffusethrougha densesubsetof thephasespace.This
Arnold diffusion is typically extremelyslow, andoneexpectsthattransportwill bemorerapid
whentherearefew invarianttori. It is thereforestill desirableto have abetterunderstandingof
thestructureof torusremnants.

Recallthat in Section4.3we approximatedquasiperiodicorbitsby long periodicones.We
would like to usesimilar techniquesto approximateorbits on invariant tori in the Froeschĺe
map.Unfortunately, many propertiesof area-preservingmapsdonotnecessarilyholdin higher-
dimensionalsymplecticmaps.Thereis nonicegeneralizationof continuedfractions,sothefirst
problemis to generaterationalapproximantsto pairsof incommensurateirrational numbers.
Onereasonablyeffectiveapproachis ageneralizationof theFarey tree,dueto Kim andOstlund
[38]. Second,althoughit is easyto generalizethe twist condition,therehasbeenno general-
ization of Aubry-Mathertheoryto higher-dimensionalsymplecticmaps.However, numerical
simulationssuggestthat symmetricperiodicorbits do converge to quasiperiodicones. It may
alsobepossibleto usefrequency analysistechniquessuchasthoseof Laskar[43] or Sussman
et al. [79] to approximatequasiperiodicorbits.

Preliminarywork with periodicorbit approximationsto theFroeschĺe mapshows that it is
easyto find long orbits closeto invariant tori whenthe perturbationparameters,� , � , and ¦ ,
aresmall. As theseparametersincrease,theorbitsbecomeunstable;it becomesimpossibleto
find orbits with more thana few hundredpoints. This suggeststhat orbit stability is a good
predictorof theexistenceof invarianttori [70]. It alsomeansthatwe cannotgetenoughdata
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Figure4.17: A two-dimensionalhistogramfor a singlechaoticorbit in thestandardmapwith� Õ�
�Q� . We iteratedthemap �H">e times,andbinnedthepointsin a J �S_ K�J �S_ grid of boxes
in theunit square�L)*� ª � �A"#� J )*"#� J�� . Thecolor indicatestherelative numberof pointsin each
box;yellow is highdensity, redis low density, blackis zero.

to make a confidentanalysisof thetopology— thecutoff resolutionis too high. Until we can
generategoodapproximationsto quasiperiodicorbits in theFroeschĺe mapwe will be unable
to saymuchabouttheir topologicalstructure.

4.5.2 The chaotic fat fractal

As we describedin Section4.3,when � 6 �+¹ all therotationalinvariantcirclesof thestandard
maparedestroyedandit is possiblefor asinglechaoticorbit to covermostof phasespace.The
regionsthatremaininaccessiblearetheelliptic islandresonancezones.Thismeansthechaotic
region containsholesat many differentresolutions.Umberger andFarmer[84] show that the
chaoticregion is a fat fractal,andclaim that thescalingthey observe implies theexistenceof
globalscalinglaws for thedynamics.For us,thechaoticregion providesaniceexamplewhere
we can test the relationshipbetweenthe growth rate in the numberof holes, u � , and the fat
fractalexponent(definedin Chapter5).

Therearea few technicalissuesto addresshere.Thenaturalway to generatea finite setof
pointsthatcover thechaoticregion is to useoneor severalorbitswith initial conditionsnearan
unstablepoint. Theproblemwith this is thatanorbit takesavery long time ( â»�H" � ( iterations)
to cover the chaoticregion uniformly [56]. Using so many datapoints is impractical,but if��� � , thenorbitswith around �H"
I pointstypically cover only a fractionof theentirechaotic
region. Wecanreducetheamountof datawestoreby binning— i.e.,wedraw an Æ@KAÆ grid on
thephasespaceandrecordonly thosesquarestheorbit hits. This essentiallydigitizesthedata,
andmeansthe cutoff resolutionis at least � � Æ . The alphashapeapproachto computational
homologydescribedin Chapter3 is not themostefficient way find holesin griddeddata.The
cubicalcomplexesproposedin Section3.4.3wouldbeamorenaturalsetting.
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4.5.3 Pruning outlying data points

In [90], Zahnproposedusingthe minimal spanningtreeto identify outlying points from ex-
perimentalmeasurementsof particle tracksin bubblechambers.We think theseideascould
be extendedandusedto remove noisy pointsfrom embeddedchaotictime seriesdata. Regu-
lar noisefiltering techniqueswork by deletinga bandof frequenciesfrom the signal. This is
inappropriatefor chaoticsignalssincethey typically have a wide spectrumof frequencies.It
is possibleto computeinformationaboutthedynamics,e.g. theLyapunov exponents,from a
chaoticattractorthat is reconstructedby embeddingthetime seriesdata.Reducingtheamount
of noisein thesignalis desirable,asthiswill improve theaccuracy of suchinformation.

Our ideais to usethe minimal spanningtreeandnearestneighborhoodgraphto identify
pointsas“outliers at resolutionC .” Essentially, thesewill bethepointsisolatedat resolutionC ,
sotheNNG is of moreinterestthantheMST. Theseideasareverypreliminarybut they suggest
theversatilityof our techniques.

4.6 Concluding remarks

Wehave demonstratedtheeffectivenessof ourcomputationaltopologyalgorithmsby applying
our techniquesto a numberof well-understooddiscretedynamicalsystems.Our analysisof
somesectionsof the Hénonattractorin Section4.2 providesstrongevidenceconfirmingthe
intuition that they have Cantor-setstructure.The cantoriof Section4.4 have sub-polynomial
growth in the numberof components—i.e., u p" — even thoughthey areCantorsets. We
resolved this problemby showing that the numberof componentsgrew logarithmically. The
mostinterestingresultsof thechaptercamefrom studyingthe transitionfrom invariantcircle
to Cantorsetin thestandardmap.In Section4.3we showedthatthegraphsof thenumberand
thesizeof C -componentsdistinguishedbetweenapproximationsto invariantcirclesandCantor
setsat a fairly crudelevel. We developeda moresensitive criterionfor detectingthetransition
by examiningthe largestgapsin a sequenceof periodicorbit approximations.An interesting
avenuefor further work is to investigatethe relationshipbetweenthe MST edge-lengthsand
theunderlyingpoint distributionsfrom orbitson invariantcirclesor Cantorsets.We presented
numericalevidencethatasthenumberof pointsincreases,thegapdistributionsscaleby their
means.SincetheinvariantcirclesandCantorsetsareessentiallyone-dimensionalobjects,this
problemshouldhave parallelswith thestudyof orderstatistics[10]. A betterunderstandingof
theMST edge-lengthsmayhave implicationsfor therenormalizationof thestandardmapphase
space.

It shouldbenotedthatour techniquesusepurelygeometricinformation,no knowledgeof
theunderlyingdynamicsis needed.This is anadvantagein someapplicationswherenothingis
known aboutthedynamicalsystem.Typically, however, thereis someinformationthatcanbe
exploited. Thus,computationalapproaches,suchasMischaikow’s [59], thatmake explicit use
of dynamicalsystemstheory, havegreatersuccessatdiagnosingthedynamics.Wedeliberately
keptour theoryandalgorithmsasgeneralaspossible,so that they canbeadaptedto different
circumstances.
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Chapter 5

TopologicalGrowth Ratesand Fractal
Dimensions

5.1 Intr oduction

Throughoutthis thesis,we observe closecorrelationsbetweenvaluesof thetopologicalgrowth
ratesandvariousotherfractalindices.Theseobservationsarebasedonbothanalyticderivations
andnumericalcomputationsof therelevantexponents.In thischapterwederiveinequalitiesthat
relateour topologicalgrowth ratesto existing scalingindicessuchasthebox-countingdimen-
sionandtheBesicovitch-Taylor exponent.Suchrelationshipsleadto a betterunderstandingof
thetopologicalgrowth rates.

Thechapterhasthreesections.Westartby giving definitionsof box-countingdimension,fat
fractal exponentsandBesicovitch-Taylor index. Thesemeasuresof fractal scalinghave close
connectionswith oneanother, andwith the topologicalgrowth rates. Sections5.3.1 to 5.3.3
examinethedisconnectednessanddiscretenessindices,� and � for subsetsof � and ��� . The
mostdetailedresultsarefor compacttotally disconnectedsubsetsof theline; thesearegivenin
Section5.3.1.Suchsetsaredefinedin termsof countablymany complementaryopenintervals.
It is well known that the fractal dimensionis relatedto the scalingof the lengthsof these
deletedintervals. We adaptthis resultto show that � and � arealsorelatedto this scaling. In
Section5.3.2 we study subsetsof higher-dimensionalspaces,and obtainsimple inequalities
involving � , � , andthebox-countingdimension���	��
 . We give examplesin Section5.3.3to
illustratesomeof thecasesfor the inequalitiesof Sections5.3.1and5.3.2. A consequenceof
theresultsin thischapteris thatfor zeromeasureCantorsubsetsof ��� ������
 and ����� ����� � � ���
providing theappropriatelimits exist. Although thedisconnectednessindex � takesthesame
valueasthebox-countingdimensionundertheseconditions,we emphasizethat this doesnot
imply that � is a “fractal dimension.” Any definition of fractal dimensionshouldextendthe
classicalnotion,andthereforean � -dimensionalmanifoldmusthave dimension� , for exam-
ple. The disconnectednessindex, however, is zerofor any compact,connectedmanifold. In
Section5.3.4,we take a first steptowardsrelatingthegrowth rateof “ � -dimensionalholes” ���
to thebox-countingdimension.

Wediscusssomeof themany openquestionsin theconcludingsectionof this chapter. The
mostinterestingunprovenconjectureconcernsstrictly self-similarfractals.We have observed,
for theexamplesin this thesis,thatwhena self-similarfractalhasa non-zero��� , thenit takes
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thesamevalueasthesimilarity dimension.This is not surprising— self-similarity is a strong
conditionandwe expectit to dominateany scalingproperties.

5.2 Definitions

We recall the necessarydefinitionsof box-countingdimension,fat fractal exponents,andthe
Besicovitch-Taylor index — ascalingindex thatprovidesalink betweenourtopologicalgrowth
ratesandfractaldimensions.

5.2.1 Box-countingdimension

We discussedthe box-countingdimensionand its relationshipto the Hausdorff dimension
briefly in Chapter1. Here,werestatethedefinitionandgiveanequivalentformulationin terms
of � -neighborhoodsof aset.

Box-countingdimension

Recall from Chapter1 that the box-countingdimensionis definedin termsof covers of the
fractalby setsof size � . If � �!� � is thesmallestnumberof setswith diametersat most � needed
to cover " , then �#����
 �%$ ���&('*) $,+.- � �!� �� $,+.- � (5.1)

Of course,this limit may not exist, in which casethe $ ���0/2143 and $ ���0��546 areused. The cor-
respondinglimits are the upperand lower box-countingdimensions,�����7
 and ����� 
 . The
number�8�!� � canbedefinedin many ways,all of whichyield anequivalentvalueof ������
 (see
Falconer[23] for details).Thedefinitionsof � �!� � thatwe usein Section5.3are

1. thesmallestnumberof closedballsof radius � thatcover " ; and

2. thelargestnumberof disjoint ballsof radius � with centersin " .

Mink owski dimension

TheMinkowski dimensionis thescalingrateof theLebesguemeasureof the � -neighborhoods
of " . We write 9:�;" � for theLebesguemeasurein � � , and " & for an � -neighborhoodof " .
Thedefinitionof Minkowski dimensionis asfollows:�����=< �%$ �	�&('*) >;? � $,+.- 9:�;" & �$,+.- � @BA (5.2)

If the limit doesnot exist we usethe $ ���0/C1�3 andthe $ ���0��5�6 . This definition of dimensionis
equivalentto box-counting.To seethis, let � �!� � be the largestnumberof disjoint balls from
definition2 above. If we write D � for thevolumeof theunit ball in ��� — i.e., DFE � ���BDHG �I ��DHJ �LK INM�O , etc.— then 9:�;" & ��P D � � � � �!� � A
If we triple theradiusof theballs,we have that9:�;" & ��� D � � O � � � �8�!� � A
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Theseboundsimply that �#���7
 � ������< ; see[23] for a moredetailedproof. Thetwo different
formulationsof box-countingdimensionmeanwe canderive different typesof relationships
with thetopologicalgrowth rates.

5.2.2 Fat fractal exponents

We have givena few examplesof fat fractalsin this thesis.Recallthat thesesetshave positive
LebesguemeasureandthereforeintegerHausdorff andbox-countingdimensions.It is possible
to characterizetheirregularstructureof a fat fractalby modifying thedefinitionof Minkowski
dimension. The measureof the � -neighborhoods" & convergesto the measureof " ; the fat
fractalexponentcharacterizestheconvergencerateasfollows:QSR �T$ ���0/C1�3&('*) > ? � $,+.- �;9:�;" & � �U9:�;" ���$,+.- � @ (5.3)

Theexponent
QVR

is not a dimensionbecauseit givesinconsistentvaluesfor thedimensionof
the unit

?
-cube, WV� , dependingon the ambientspace.If WX�0YZ��� , then

QVR � ? �[� ; but ifWX�\Y]��^ with �`_ ? , then
Q R � ? .

Umberger et al. [20, 22, 84] give a finer characterizationof the scalingof 9:�;" & � by sep-
aratingout contributions from “f attening”and“filling in holes” of the fractal. This involves
consideringthefatteningof " to its � -neighborhood" & andthentheunfatteningof " & to aseta & . Theunfatteningoperationis achievedby fatteningthecomplementof " & , i.e.,a & � � � �0�;� � �b" & � & A
Theset

a & is larger than " — any structuresof sizelessthan � arefilled in or smoothedout.
Now define c=�!� ��� 9:� a & � �U9:�;" � , and d7�!� �:� 9:�;" & � �U9:� a & � . c=�!� � is themeasureof filled
in holes— i.e., the small-scalestructure— and d��!� � is the measureof fatteningcausedby
large-scalestructure.Umbergeret al. definescalingratesfor both ce�!� � and d7�!� � as �gfih , and
usetheseratesasacharacterizationof fat fractalstructure.In thenotationof [22]j �%$ ���&('*) $,+.- ce�!� �$,+.- � and

j �%$ ���&('*) $,+.- d7�!� �$�+.- � A
Notethat c=�!� �lk d7�!� �:� 9:�;" & � �U9:�;" � so

Q R � ? �U�=��5lm j � j:n .
5.2.3 The Besicovitch-Taylor index

This index is derivedfrom aprocessof packingthecomplementof a setwith regularcells.We
startby describingthecasefor compacttotally disconnectedsubsetsof � . Let "oYqp r#�2s2t be
suchaset.Thecomplementp r#�2s2tX�u" is theunionof acountablenumberof openintervals,

a�v
,

for w � ���2x�� AFAFA [81]. Thatis, " � p ry�2s2tl�{z| E a�v A (5.4)

We let } v � 9:� a~v � , the Lebesguemeasureof
a�v

, and assumethat the setsare orderedby
decreasinglength,i.e., }�E P }#G P AFAFA . Since"�Y�p ry�2s2t andthe

a~v
aredisjoint,we have that9:�;" ��� sg�Ur�� z� E } v A
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Figure5.1: Packingthecomplementof a fractal.

The convergenceof the series��} v canbe characterizedin a numberof ways. The original
formulationof Besicovitch andTaylor is theindex:Q 
�� � �	546�m���� z� E }��v���� n A (5.5)

Propertiesof convergentmonotoneseriescanbeusedto show thatthefollowing ratesareequiv-
alentto theBesicovitch-Taylor index [81].Q 
�� ��$ ����/C143� ' z $,+.- �� $,+.- } � (5.6)��$ ����/C143� ' z

> ��� $,+.- � z� } v$,+.- } � @TA (5.7)

Weshow in Section5.3.1that(5.6)hasacloseconnectionwith ourdisconnectednessindex.
Tricot [80] extendsthe definition of the Besicovitch-Taylor index to subsets" Y��~� by

packingaboundedcomplementaryregion with regularcells.For example,we canuse

?
-cubes

with facesthat areparallel to the coordinateaxes. Let
a ) be the smallestclosed

?
-cubethat

contains" , andlet } ) be the sidelengthof
a ) . Now let

a E be the largestcubein
a ) �]" ,a G be the largestcubein

a ) �0"�� a E , andso on; seeFigure5.1. If we set } v equalto the
sidelengthof

a v
, thenwe candefinetheBesicovitch-Taylor index asin (5.5). The Lebesgue

measure9:� a�v ��� } �v , so theseries� } �v converges,andtherefore
Q 
�� � ? . Theequivalent

formulain (5.6) remainsthesame,but (5.7)becomesQ 
�� ��$ ���0/2143� ' z
>;? � $,+.- � z� }��v$,+.- } � @�A (5.8)

We alsonotethat thesetsusedin thepackingcanbemoregeneralthan

?
-cubes;see[80] for

details.The“cut-out sets”describedin Falconer[24] involve similar ideas.
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5.2.4 Topologicalgrowth rates

For easeof reference,werecalldefinitionsfrom Chapters2 and3 for scalingratesin thenumber
of components,sizeof components,andpersistentBetti numbers.

Disconnectednessand discreteness

For disconnectedsets,the rateof growth in the numberof � -connectedcomponents,�=�!� � , is
measuredby thedisconnectednessindex, � . Thatis, �=�!� ��� �F�4� , and���%$ ���&;'�) $,+.- �=�!� �� $�+.- � A (5.9)

Thesizeof the � -componentsis measuredby thelargestcomponentdiameter, ���!� � . If a setis
totally disconnectedthen � �!� ��� ��¡ and� �%$ ���&('*) $,+.- � �!� �$,+.- � (5.10)

is the discretenessindex. If the limits do not exist, we usethe $ ���0��546 or $ ���0/2143 andwrite�#¢ £H¤ � �l¥	¦H§ �C� ¢ £H¤ or � ¥¨¦H§ for thecorrespondingindices.Wealsonotethattheresolutionparameter� is relatedto distancesbetweenpointsin theset.

Growth rates of Betti numbers

In Chapter3 we introducedthenotionof persistentBetti number,
j )� �;" & � , to countthenumber

of � -dimensionalholesin aspaceasafunctionof resolution.Here,theparameter� relatesto the� -neighborhood,soit is a radiusmeasurement.If
j )� �;" & � f � as �gfih , thenwe characterize

therateof growth by thefollowing index���*�%$ ���&('*) $,+.- j )� �;" & �� $,+.- � A (5.11)

As always,if thelimit doesnot exist, we usethe $ ���0/C1�3 or $ �	�0��546 . Recallthat for � � h , the
Betti numberis just thenumberof connectedcomponents,so thedefinitionof � ) agreeswith
thatfor thedisconnectednessindex, � . In thedefinitionof � v , we comparethenumberof holes
to their size.TheBesicovitch-Taylor index alsocomparesa numberwith a sizeparameter;this
is thereasonwe expecta link betweenthetwo.

5.3 Results

In this section,we derive a numberof inequalitiesthat relateour topologicalgrowth ratesto
different fractal scalingindices. Sections5.3.1 and5.3.2examinethe disconnectednessand
discretenessindices.Thefirst resultsarefor totally disconnectedsubsetsof aninterval. Thein-
equalitiesarestraightforwardconsequencesof existingresultsthatrelatetheBesicovitch-Taylor
index andtheMinkowski dimension.We thenconsider, in Section5.3.2,totally disconnected
subsetsof higher-dimensionalspaces.Theexamplesof Section5.3.3aremainlyCantorsubsets
of p h©�ª��t , chosensoasto illustratevariouscasesof equalityandinequalityfor theresultsof the
two precedingsections.Finally, in Section5.3.4,wetakeafirst steptowardsrelatingthegrowth
ratesof Betti numbersto fractaldimensions.
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5.3.1 Subsetsof the line

We startwith compacttotally disconnectedsubsetsof the real line andshow that the discon-
nectednessindex, � , is closelyrelatedto theBesicovitch-Taylor index, which is in turn related
to the Minkowski dimensionandthe fat fractal exponent.We thenderive generalboundsfor
thediscretenessindex, � .
Disconnectedness

Suppose" Y«� is compactand totally disconnected,and let " & denotean � -neighborhood
of " . As in (5.4) the complementof " is a union of openintervals,

a~v
. The numberof � -

connectedcomponents���!� � of " is justonemorethanthenumberof complementaryintervals
with length } v P � . Thisgivesusawayto relatethedisconnectednessindex, � , and

Q 
�� . Given� , choose

?
sothat } � � � � } � � E . Then ���!� �~� ? and$,+.- ?� $,+.- } � � $,+.- ���!� �� $,+.- � � $,+.- ?� $,+.- } � � E � $,+.- } �$,+.- } � � E $,+.- ?� $,+.- } � A (5.12)

Following [21] we define ¬ �$ ���� ' z $,+.- } �$,+.- } � � E A
This quantitysatisfies� � ¬ � � . Takingthe limit of eacheachquantityin (5.12),we have
that Q 
�� ���b� ¬ Q 
�� A (5.13)

It is arguedin [21] thatfor physicalexamples,

¬ � � , andthen
Q 
�� ��� . In general,however,

¬
canbearbitrarily large— e.g.,if ry�2sB_�� , set } v � r#��®°¯(±¨² , then

¬ � s . If thelimits in (5.12)
do notexist, we canobtainsimilar resultsto (5.13)by usingthe $ ���0/2143 or $ ���0�	546 .

Both Falconer[24] andTricot [81] derive inequalitiesinvolving
Q 
�� andthe Minkowski

dimension������< when " haszeroLebesguemeasure.Theseresultsthereforeextendto � . In
summary, thetheoremof Section3.4 in [81] shows thatQ ¥	¦H§
�� � �#���=< A (5.14)

Slightly differentresultsin Falconer[24] imply theabove,andalsothat�#��� < ����� ������< ������U����� < � � Q ¢ £�¤
�� � �#��� < A (5.15)

Theabove inequalitiestell usthat for totally disconnectedsubsetsof � with zeromeasure,the
limit ���	�=< exists if andonly if thelimit

Q 
�� exists,in which casethey areequal.Translating
this into anexpressionfor � wehave,providing thelimits exist,�����=< ��� � ¬ ���	�7< A (5.16)
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A proof

To illustratethetechniquesinvolvedin proving theabove inequalities,wegiveaproofof (5.14)
following thatin Tricot [81]. Westartby observingthatsincethelengths} v aredecreasing,for
sufficiently small ��_0h wecanfind aninteger

?
suchthat} � � x.� � } � � E A

Now considerthemeasureof the � -neighborhoodof " — thiscanbebrokendown asfollows:9:�;" & �~� 9:�;" ��k x.� ? k z� v�³ � } v A (5.17)

Thesecondtermrepresentstheoverlapof the � -neighborhoodinto gapsof lengthgreaterthanx.� andthe third term is the lengthof thegapsthatarefilled in completely. For zero-measure
sets,thefirst termdisappears.

The following proof usescritical exponentdefinitionsof
Q 
�� and �����=< , ratherthanthe

limit formulationsgivenin (5.2)and(5.5). Specifically, theMinkowski dimensionis����� < � �	546�m������ � � E 9:�;" & � f´h n A (5.18)

Version(5.6)of theBesicovitch-Taylor index is equivalenttoQ 
�� � ��546�m��]� ? }��� fih n A (5.19)

See[81] for a proof that thesedefinitionsareequivalentto theearlierones.We now compare
critical exponentsfor the left andright sidesof (5.17)proceedingin two stages.Thefirst step
shows that

Q 
�� � �#����< , thesecondthat ���	�7< � Q 
�� .
Step1.

Q 
�� � �#��� < . Multiplying bothsidesof (5.17)by � � � E , we have� � � E 9:�;" & �~� x.� � ? k � � � E z� v�³ � } v A
If �]_L�����=< , thenby definition, � � � E 9:�;" & � fµh , which impliesthattheright sidealsotends
to zero. Thus, x.� � ? f h andsince � P } � M x , we have that x E � � } �� ? f h andthis implies� P Q 
�� . Therefore,

Q 
�� � �����=< .
Step2. ������< � Q 
�� . Conversely, without lossof generalitywecanassumethat

Q 
�� � � .
(This is becauseif

Q 
�� � � , then step1 shows that ���	�7< P � , but �#����< � � from its
definition,sowearedone.)Now choose� suchthat

Q 
�� � � � � . Againwehave that��� � E 9:�;" & �~� x.��� ? k ��� � E z� v�³ � } v A
Since } � � x.� � } � � E , and � ��� � h we have that � � � �(} � � E M x � � and � � � E � �(} � M x � � � E .
Therefore � � � E 9:�;" & �g� x E � � } �� � E ? k x E � � } � � E� z� v�³ � } v A
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We wantto show that theright sidegoesto zero. Thefirst termdoesbecause��_ Q 
�� which
means} �� � E ? fih . Wecanrewrite thesecondterm(droppingthe x E � � ) as} � � E� z� v�³ � } v � } �� k z�v�³ �.¶ E } v} E � �� A
We next show that � zv�³ � } �v f h as

? f �
. Choose

j
suchthat

Q 
�� � j � � . Sincej _ Q 
�� thereis aninteger � sothatfor

? P � ,

? }©·� � � , i.e. } � � ? � E¹¸ · . Thusz� v�³ � } �v � z� v�³ � � M w � ¸ · �
and � M j _º� sotheright sidetendsto zero.Puttingall thepiecesbacktogether, we have that� � � E 9:�;" & � fih as �»fih , implying that � P �#���=< andthereforethat �����=< � Q 
�� .

Remark. If " is a fat fractal,we cansubtract9:�;" � from eachsideof (5.17)andobtain
resultsidenticalto (5.14)and(5.15)for thefat fractalexponent,

QSR
, insteadof ���	�7< .

Discreteness

For a totally disconnectedsubset" Yip ry�2s2t , the disconnectednessindex, � , is independent
of the arrangementof the complementaryintervals,

a v
, within p ry�2s2t . This is not true of the

discretenessindex, � . In this section,we derive boundson � that are independentof the ar-
rangementof complementaryintervals. Theargumentis thesameasonewe usedin Chapter2
for aCantorsetwith �� h .

Let }�E P }yG P }#J P AFAFA be the lengthsof the
a~v

. If } �.¶ E � � � } � , thenthe largest� -componentmustbelongerthanthenext interval to beremoved,so���!� �»P } ��¶ E A
If

?
is largeenoughthat } � � � and ���!� � � � , then$�+.- � �!� �$,+.- � � $,+.- } �.¶ E$,+.- } � A

Takingthelimit on bothsideswe have that � � ¬ .
On theotherhand,thediametercannotexceedthetotal lengthof whatremainsof theinter-

val p ry�2s2t , so � �!� ��� s¼�Ur�� �� E } v � 9:�;" ��k z��.¶ E } v A
Weassumeagainthat } �.¶ E � � and ���!� � � � sothat$,+.- ���!� �$,+.- � P $,+.- p 9:�;" ��k � z�.¶ E } v t$,+.- } �.¶ E A
If 9:�;" ��� h , thenthequantityon theright is relatedto theBesicovitch-Taylor index via (5.7).
Takingthe limit on bothsides,we find that � P ���B� Q 
�� � . If 9:�;" � _½h , thenall we have is
that � P h . To summarize,if 9:�;" ��� h andtheappropriatelimits exist, then����� Q 
�� �»� � � ¬ A (5.20)

Wegiveexamplesin Section5.3.3to illustratetheresultsobtainedhere.
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5.3.2 Disconnectedsubsetsof ¾ �
In this sectionwe exploreconnectionsbetweenthebox-countingdimension�����7
 andthedis-
connectednessand discretenessindices � and � , when " is a compacttotally disconnected
subsetof � � . Westartby showing thatfor any set " for which thelimits exist,�¿� ������
 A (5.21)

This follows from comparingthe numberof � -connectedcomponents,���!� � with the largest
numberof disjoint � M x -ballswith centersin " , � �!� M x � (i.e., definition x on page102). Since
any two � -componentsareseparatedby adistanceof at least � , any two ballsof radius � M x with
centersin different � -componentsmustbedisjoint. It follows that�=�!� �»� � �!� M x � A
If � � � wehave that $,+.- ���!� �� $�+.- � � $,+.- �8�!� M x �� $,+.- � � $,+.- � �!� M x �� $�+.- �!� M x � � $,+.- x A
By takingthelimit as �Àfµh on eachside,it follows that �8� ������
 . If thelimits do not exist,
we still have that � ¢ £H¤ � ����� 
 and � ¥¨¦H§ � �#��� 
 A

Any connectedfractal (e.g.,theSierpinskitriangle)has � � ���	�Á
 , sincea connectedset
with morethanonepointhas��� h and ���	�Á
 P � . Moreinterestingexamples— for whichthe
inequalityis strict— arefatCantorsetsin � E for which ������
 � � , but � � � (seetheexample
in Section5.3.3).We have alsoseenexamplesof self-similarCantorsetswhereequalityholds
in (5.21).

Next, we show thatif " is totally disconnectedandtheappropriatelimits exist, then�����7
 � � � A (5.22)

Weagainstartby consideringthe � -connectedcomponentsof " . Thenumberof � -components
is ���!� � andthe largest � -componentdiameteris � �!� � . We set Â � ���!� � M x , andlet �8�(Â � be
thesmallestnumberof Â -ballsneededto cover " (i.e.,definition1 on page102).Clearly �=�!� �
ballswith radius Â will cover " , sothat �8�(Â ��� �=�!� � A
Fromthis inequalityit follows thatwhen � � � ,$,+.- �8�(Â �� $,+.- � � $�+.- ���!� �� $,+.- � A
If we multiply theleft sideby $,+.- Â M $,+.- Â andrearrangewe have$,+.- Â$,+.- � $�+.- �8�(Â �� $�+.- Â � $,+.- ���!� �� $�+.- � A
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But Â � ���!� � M x so � $,+.- � �!� � � $,+.- x �$,+.- � $�+.- � �(Â �� $�+.- Â � $,+.- �=�!� �� $,+.- � A (5.23)

Since" is totally disconnectedweknow that � �!� � fih (Lemma3 in Chapter2). If weassume
thatthelimit defining � existsandis nonzero,thenthelimit as �gfih andthelimit as Â�fih are
equivalent.Wecanthereforetake thelimits on bothsidesof theinequalityandfind�~������
 �]� A

If the limits do not exist thenwe canusethe limsupor liminf instead.We mustbea little
morecarefulwhenderiving theinequalitiessincefor positive functions,Ãl�ÅÄ\_0h$ ���0�	546�pÆÃ~�(Ç � Äl�(Ç � t P p $ ���0�	546©Ã~�(Ç � tÈp $ ���0�	546.Äl�(Ç � t
and $ ���0/C143�pÆÃ~�(Ç � Ä��(Ç � t � p $ ���0/C1�3ÉÃ~�(Ç � tÈp $ ���0/2143»Äl�(Ç � t A
Takingthe $ ���0��546 in (5.23)we have$ �	�0��546 $,+.- � �!� �$�+.- � $ �	�0��546 $,+.- � �(Â �� $,+.- Â �´$ ������546 $�+.- ���!� �� $,+.- � A
And for the $ ���0/C143$ ���0/C143 $,+.- �8�(Â �� $,+.- Â �´$ �	�0/C143 $,+.- �=�!� �� $,+.- � $ ���0/C143 $,+.- �$,+.- ���!� � A
Since $ ����/C143���� M Ç ��� � M � $ ���0��5�6�Ç � , it follows that:����� 
 � � ¢ £H¤� ¢ £H¤ and ���	�Á
 � � ¥¨¦H§� ¢ £H¤ A

Finally, putting(5.21)and(5.22)together, tellsusthatwhenthelimits exist and � Ê� h then� � � A (5.24)

All of theabove inequalitiesareconsistentwith theresultsobtainedin theprevioussectionfor
Cantorsubsetsof the line. In fact, for totally disconnectedsubsetsof � with zeroLebesgue
measure,we have from (5.16)and(5.21)that ��� �����7
 , andif � Ê� h , then ���À� �N�»� � � � .
5.3.3 Examples

Wenow discusssomeexamplesthatillustratevariouscasesof therelationshipsbetweendimen-
sionsandthediscretenessanddisconnectednessindices.
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Middle-third Cantor set

This Cantorset is constructedby successively removing the middle third of eachremaining
interval. Thereare x � � E complementaryintervals with lengthsÄ �=� � EJ � � . Fromtheformulas
for middle-� Cantorsetsin Chapter2 we have that�� $,+.- x$,+.- O and � � � A
Sincethesetis self-similar, weknow that���	�Á
 � �����=< � $,+.- x$,+.- O A
Theconvergencerateof thegaplengthsis thelimit¬ ��$ ��� $,+.- Ä � ¶ E$,+.- Ä � ��$ ��� �Ë� k � �V$,+.- EJ� $,+.- EJ � � A
To compute

Q 
�� we needthetotalnumberof gapswith lengths P Ä � ; this is just? �B� � � E� v�³ E x v � x � A
Therefore, Q 
�� ��$ ��� $,+.- ? �� $�+.- Ä � � $�+.- x$�+.- O A
It follows that equalityholdsin all theappropriaterelationshipsderived above — i.e. (5.13),
(5.16),(5.22),and(5.24).

A fat Cantor set

Weexaminethesamefat Cantorsetasin Chapter2. Recallthat, ÌÍY%p h©�ª��t andthereare x � � E
gapsof size Ä �=� � EG � G � � E � EE ) � for � � h©�ª���2x�� AFAFA . Thesethaspositive Lebesguemeasureso����� 
 � ����� < � � . Weshowedthatwhenthegapsareremovedfrom thecentersof intervals,��� �x and � � �x A
Theconvergencerateof thegaplengthsis again¬ ��$ ��� $,+.- Ä � ¶ E$,+.- Ä � ��$ �	� �!xX� k � �V$,+.- EG k�$,+.- EE )�!xX���0� �V$,+.- EG k�$,+.- EE ) � � A
For theBesicovitch-Taylor index wehave thatthetotalnumberof gapswith lengthsP Ä � is x � ,
so Q 
�� ��$ ��� $,+.- ? �� $�+.- Ä � ��$ ��� � $�+.- x�!xX�7�0� �V$,+.- x k�$,+.- �Fh � �x�A
Weseethat �� Q 
�� , and ���	��
 ��� M � .
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Finally, we show thatthefat fractalexponentfor this setis also EG , usingtheformula(5.17)
for themeasureof the � -neighborhoodof Ì . Given � , choose� sothat Ä � � x.� � Ä � � E . There
area totalof x � � E gapslongerthan x.� andthelengthof thesegapsis thesum:� � E�� ³ E � EE ) � x � � E � EG � G � � E � EE ) �����0� EG � � � E � A
Since � z E xÎ� � E Ä � � EE ) , it follows that thetotal lengthof all gapslessthan x.� is � EE ) � � EG � � � E .
From(5.17)we thereforehave that9:�(Ì & � �b9:�(Ì �~� x.�ª�!x � � E �lk � EE ) � � EG � � � E A
By ourchoiceof � , wehave� JE ) � � EG � � � 9:�(Ì & � �b9:�(Ì ��� � JE ) � � EG � � � E A
Usingthis in thedefinitionof fat fractalexponent(5.3),we find that

QSR � EG . Thus,weseethatQ 
�� � QVR ��� .
A countabletotally disconnectedset

Finally, we considertheset " � mÏh©�ª��� EG � EJ � AFAFA n A
Thissetis totally disconnectedbut notperfect.Falconershows[23] thattheHausdorff andbox-
countingdimensionsdiffer for this set— thesetis countable,so �����7Ð � h , but ���	�Á
 � EG .
Thedistancebetweenneighboringpointsin thesetisÄ � � �? � �? k � � �? � ? k � � �
so

¬ � � , and
Q 
�� � EG . To computethedisconnectednessanddiscretenessgrowth rates,let� � beany numbersuchthat Ä �.¶ E � � � � Ä � . Thenthepoints ��� AFAFA �ª� M ? are � � -isolatedand

therestbelongto a single � � -componentsothat �=�!� � �g� ? k � . The largest � � -componentis
alwaysthetail of thesequence:p h©�ª� M � ? k � � t , whichmeans���!� � �~� � M � ? k � � . Thus,� �o$ ���� ' z � $,+.- � ? k � �� $,+.- ? � ? k � � � �x �
and ���o$ �	�� ' z $,+.- �

? k � �$,+.- ? � ? k � � � �x�A
Thisexampleshows thatit is possibleto have �� ���	�Á
 but �����7
 � � M � .

We observed in Chapter2 that the Cantorsetexampleswith zeroLebesguemeasurehad� � � . We conjecturethatthis is thecasefor all zero-measureCantorsets.Theexampleof the
countablesequenceof pointsdescribedabove is a totally disconnectedsetwith zeromeasure,
but � Ê� � . It follows thatif our conjectureis true,thentheproof will have to make explicit use
of thefactthatCantorsetsareperfect,i.e., thatthey have no isolatedpoints.
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5.3.4 Other subsetsof ¾ �
We now examinefractalsubsetsof � � thathave unboundedgrowth in thenumberof � ? �L� � -
dimensionalnon-boundingcycles. Supposethat "ÑY[�~� andthat " is a compact,connected
fractalwith persistentBetti number

j )� � E �!� ��� � �4�ÓÒÏÔSÕ as ��foh . Undertheseconditionswe
canshow that the growth rate � � � E is boundedabove by the Minkowski dimension�����=< if9:�;" ��� h More generally, if 9:�;" �»P h , � � � E is boundedby thefat fractalexponent

QVR
:� � � E � Q R A (5.25)

We startby defininga typeof Besicovitch-Taylor index for thesequenceof persistenthole
sizes.Fromthedefinitionof persistentBetti number, we know that if

j )� � E �!� �g� �Ö_Th , then
thereare � distinct � ? ��� � -cyclesin the � -neighborhoodof " . Thepresenceof an � ? ��� � -
cycle in " & implies theexistenceof an

?
-ball with radius � in theboundedcomplementof " .

Therefore,if
a ) is thesmallest

?
-ball containing" , and

j )� � E �!� �¼� �µ_[h , thenthereare �
disjointballs × v �!� � Y a ) � " . Now considerthevaluesof � wherethereis a jump in thevalue
of
j )� � E �!� � . These� -valuescharacterizethesizeof a newly-createdpersistentholesincethey

definethelargestpossibleradiusof aball thatfits insidethecorrespondingholein " . Let � v be
thesequenceof valueswhere

j )� � E �!� � is discontinuous,andlet � v bethedifferencebetweenthe
left andright limits of

j )� � E �!� � at � v , i.e., thenumberof holeswith size � v . In orderto definea
Besicovitch-Taylor index, we list theradii of thepersistentholesin decreasingorder, with their
multiplicity, andobtainasequence,Â�E P ÂªG P ÂªJ P AFAFA with Â � fÍh . Theindex is thenjustQXØ ��$ ����/C143� ' z $,+.- �� $,+.- Â � A (5.26)

This index hasidentical equivalent formulationsas for the Besicovitch-Taylor index in Sec-
tion 5.2.3. Despitethis similarity,

QXØ
is not the sameindex as that obtainedby packingthe

complementwith cubes;the latter will detectfractal boundariesaswell asthegrowth rateof
holes.

Theindex
QXØ

is closelyrelatedto � � � E . Givena sufficiently small �B_Th , we canchoose�
sothat Â � ¶ E � � � Â � . It follows that

j )� � E �!� �~� � andthereforethat$,+.- �� $,+.- Â � ¶ E � $,+.- j )� � E �!� �� $,+.- � � $,+.- �� $,+.- Â � A (5.27)

Thelimit of thequantityon theleft is not quite
QVØ

; theconvergenceof thesequenceÂ � playsa
role. As in Section5.3.1,we introducethefactor¬ �$ ���� ' z $,+.- Â � ¶ E$,+.- Â � A
Takinglimits of eachquantityin (5.27)we find thatEÙ QXØ ��� � � E � QXØ A (5.28)

If

¬ � � (acommoncase)then
QXØ ��� � � E .

Wenow show that QVØ � QVR A
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Theproof is similar to onein [80], whereinequalitiesinvolving theBesicovitch-Taylor index
andfat fractalexponentarederived.Theideais to relatethesizeof setsthatfill in thecomple-
mentof " to themeasureof " & . As weremarkedearlier, " is compactandconnected,sothere
areballsof eachradiusÂ � in theboundedcomplementof " , i.e. ×u�(Â �.� Y a ) ��" . Theseballs
aredisjoint,andif Â � � � , then ×u�(Â �X� Y]" & �b" . It follows that9:�;" & �U" �»P z� v�³ � 9:�(×\�(Â v ���~� z� v�³ � D � Â �v A
The integer � is the smallestsuchthat Â � � � andthe constantD � is the measureof the unit?

-ball in ��� (ason page102).
Fromthis inequalityit follows that$,+.- 9:�;" & �b" �»P0$,+.- z� v�³ � D � Â �v A

AssumingÂ �Á� � � � , we have that h � � $�+.- � � � $,+.- Â � so$,+.- 9:�;" & �U" �� $,+.- � P $�+.- � zv�³ � D � Â��v� $,+.- Â � A
Fromthedefinitionof

QVR
(5.3)Q R P�$ ���0/C1�3� ' z

> ? � $,+.- � zv�³ � ÂÎ�v k�$�+.- D �$,+.- Â � @ A
Thequantityon theRHSis equivalentto

QVØ
by (5.8),so

QXØ � QSR .
It follows from this result that � � � E � QSR . If " haszeroLebesguemeasure,then

QSR ������=< , the Minkowski dimension.Thus,we have that � � � E � ������< when 9:�;" �Á� h . As
anexamplewhereequalityholds,we saw in Chapter3 that � E � ���	� < �%$,+.- OXM $,+.- x for the
Sierpinskitriangle.

The above proof doesnot apply to �©� with � � ? �½� becausethe assumptionthat the?
-ballsin thecomplementaredisjoint is not valid.

5.4 Conjectures

In this section,we briefly discusssomerelationshipsthatwe conjectureto hold, basedon the
examplesin this thesis. The first problemconcernsthe discretenessindex of zero-measure
Cantorsets.Thesecondconjectureis thatself-similarfractalsshouldhave topologicalgrowth
ratesequivalentto their similarity dimension.We finish with somequestionsaboutadditional
inequalitiesinvolving thefat fractalexponentandthe � v .
Conjecture 1. Cantor sets with zero Lebesgue measure have � � � .

This holdsfor all thezeromeasureCantorsetexamplesthatwe have studiedin this thesis
andwe believe it to hold in generally. In Section5.3.2,we showedthat for any totally discon-
nectedsetwith �ÚÊ� h , � � � . Therefore,all that remainsis to show � P � undersuitable
assumptionsontheset " . Sincewehaveseenexamplesof a fatCantorsetandatotally discon-
nectednon-perfectsetwith � � � , theassumptionson " mustincludethatis haszeromeasure
and is perfect. It may alsobe the casethat � � � only holds for a more restrictedclassof
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sets— for example,self-similarCantorsets.We have attemptedto prove theconjectureunder
this condition,but have sofar beenunsuccessful.Theindex � is definedin termsof thelargest� -componentdiameter. It is possiblethat a differentmeasureof componentsizeis needed—
perhapsthesmallest� -componentdiameter, sincethis is relatedto thepropertyof perfectness.

Conjecture 2. If " is a self-similar fractal and � v Ê� h , then � v � �#����Û .
This hasbeenthecasefor theexamplesof Chapters2 and3. It is a reasonableconjecture

becauseself-similarity is sucha strongpropertythatwe expectit to dominateany scalinglaw.
A proof of this conjecturemight userelatedconstructionsto thoseusedin proving that the
Hausdorff andsimilarity dimensionsareequivalentfor self-similarsetsthatsatisfytheopenset
property;see[23], for example.It seemsthattheeasiestplaceto startis with self-similarCantor
setsthat satisfya “closedsetcondition.” That is, " �ZÜ Ã v �;" � with this uniondisjoint. Not
all self-similarCantorsetshave this property— for example,someCantorsetrelativesof the
Sierpinskitriangledo not.

As mentionedin Section5.3.4,it maybepossibleto derive furtherinequalitiesinvolving the
topologicalgrowth ratesandtheMinkowski dimensionor fat fractalexponent.For example,if"ÝY��~� , canwe show that � v � QSR for h � w � ? � x ? Theresultsof this chapterhave used
Tricot’s formulationof fat fractal scaling[80]. We may be ableto obtaindifferentresultsby
comparingour indiceswith thefat fractalexponentsof Umbergeret al. [22].

This is only apartiallist; therearemany promisingavenuesto explore.
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Chapter 6

Conclusionsand Futur eWork

This thesishasconsideredtheproblemof extractingtopologicalinformationaboutasetfrom a
finite approximationto it. Theessenceof ourapproachis to coarse-grainthedataatasequence
of resolutionsandextrapolatethe limiting trend. Our theoreticalwork andnumericalinvesti-
gationsshow thatthis multiresolutionapproachcansuccessfullyrecover informationaboutthe
underlyingtopologywhenthe dataapproximatea compactsubsetof a metric space.Theex-
trapolationis alwaysconstrainedby thefinite natureof thefinite-precisiondata;we identify a
cutoff resolutionto measurethis. Althoughtheexamplesstudiedin this thesisarefairly simple,
thetheoryappliesin very generalcontexts. With fasternumericalimplementations,we believe
thatourapproachto computationaltopologycouldbeausefultool for analyzingdatafrom both
physicalandnumericalexperiments.

In thefollowing sectionswesummarizethemainresultsof thisthesisthenoutlinedirections
for furtherresearch.

6.1 Summary of results

Themaincontribution of this thesisis themultiresolutionapproachto computationaltopology
developedin Chapters2 and3. This approachhasa numberof advantagesover existing single
resolutiontechniques.First, it is applicableto bothsmoothandfractalsets,theonly condition
is that they be compactsubsetsof a metric space.Second,by examiningdataat a sequence
of resolutionswe obtainmoreaccurateknowledgeof the underlyingtopologyby identifying
persistentfeatures.Finally, it leadsto a practicalmethodfor estimatingthe cutoff resolution
— a measureof confidencein theresults.At present,themajordrawbackto computingtopo-
logical information— especiallyhomology— at many resolutionsis thehigh time-costof the
computations.

In Chapter2, we consideredtheproblemof distinguishingbetweenconnectedanddiscon-
nectedsets. The key stepwas introducingthe functions ���!� � , ���!� � , and W#�!� � to count the
numberof � -connectedcomponents,the largest � -componentdiameter, andthe numberof � -
isolatedpointsrespectively. Resultsfrom Section2.2show thatthebehavior of thesefunctions
astheresolutionparameter� tendsto zerotellsuswhetheror notacompactspaceis connected,
totally disconnected,and/orperfect.For arbitrarypoint-setdata,�=�!� � , ���!� � , and W#�!� � areeasily
computedfrom theminimal spanningtree. Anotherconsequenceof theseideasis a technique
for estimatingthe inherentaccuracy of thedata. Whenthedataapproximatea perfectset,we
estimatethe cutoff resolutionasthe smallest� -valuefor which thereareno � -isolatedpoints.
Our characterizationof connectedcomponentsasa function of resolutionhasmany potential
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applications,someof whicharediscussedin thefollowing section.
Thetopicof Chapter3 wascomputationalhomology- in particularusingtheBetti numbers

to countthenumberandtypeof non-boundingcyclesin a space.Sincethezeroth-orderBetti
numberis thenumberof path-connectedcomponentsof a space,this formsa naturalextension
of thework in Chapter2. Thecentrallessonfrom thischapteris thatit is notenoughto examine
theBetti numbersasafunctionof resolution.Thisis becausecoarse-grainingasetcanintroduce
spuriousholesthatarecauseby thegeometry, ratherthanthe topology, of thespace.Instead,
aninversesystemof � -neighborhoodsis necessary. Theinclusionmapsfrom theinversesystem
identify holesthatpersistin thelimit as � tendsto zero.Wequantifythisby thepersistentBetti
number

j�Þ� �!� � which countsthe numberof holesin the � -neighborhoodthat have a preimage
in a smaller ß -neighborhood.This enablesus to detectthoseholesthataredueto thecoarse-
grainingratherthantheunderlyingtopologicalstructure.Thesystemof � -neighborhoodsalso
allows us to formalizethe relationshipbetweenthedataandtheunderlyingspace.In particu-
lar, we derive inequalitiesinvolving thepersistentBetti numbersof thedataandtheunderlying
space.We anticipatethat both thepersistentandregular Betti numbersof an � -neighborhood
will be usefulin characterizingthe structureof data. The persistentBetti numbersreflectthe
underlyingtopologicalstructurewhile the regular Betti numbersof � -neighborhoodsgive ad-
ditional informationabouthow the spaceis embedded.As we discussedin Chapter3, more
efficient numericalimplementationsareneededbeforethesetechniquescanbefully appliedto
realdata.

In Chapter4, we appliedthe techniquesfrom Chapter2 to studysomesimpleexamples
from dynamicalsystems.Theseexampleseachhave well understoodstructure,sothey provide
a testof our techniquesandillustratetheversatilityof our approach.In thefirst example,we
confirmedtheCantor-setstructureof cross-sectionsfrom theHénonattractor. We thenstudied
thebreakupof invariantcirclesin an area-preservingtwist map. The transitionfrom circle to
Cantorsetis continuousin ametricsense,sothefunctions���!� � and � �!� � arenotverysensitive
to this transition. However, by adaptingour techniquesto examinethescalingof the “largest
gap,” wedevelopanew criterionfor findingthecritical parametervaluethatcompareswell with
previousresults.

Many of the examplesin this thesisarefractals. By definition, a fractal hasstructureon
arbitrarily fine scales,so it is possiblefor ���!� � or

j )� �!� � to go to infinity as � goesto zero. In
Chapter5,wederiveinequalitiesthatrelatethetopologicalgrowth ratesto variousexistingmea-
suresof fractalscaling.Wefind thatthegrowth ratesof thenumberof componentsor holesare
closelyrelatedto theMinkowski dimensionandfat fractalexponentsvia theBesicovitch-Taylor
index. Our exponents,however, distinguishbetweenfractalsthathave thesamedimensionbut
differenttopologicalstructure.They arethereforeausefuladditionto thecollectionof toolsfor
characterizingfractalstructure.

6.2 Dir ectionsfor futur ework

A numberof openproblemswerediscussedin thebodyof thethesisasthey arose.Theseranged
from easyextensionsof thework presentedin this thesis,to potentialapplications,to general
questionsaboutwhetherwe canusesimilar techniquesto computeother topologicalproper-
ties,suchasbranchingstructureor local connectedness,from finite data.Themostinteresting
problemsfrom eachchapterarerevisitedbelow.

We startby describingextensionsof our work in Chapter2 on connectedcomponentsand
minimalspanningtrees.Thefirst two itemsaresimplegeneralizationsthatmaybeof interestin
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applications.Thelastquestionconcernsthedistributionof edgelengthsin theminimalspanning
tree.

1. We could usedifferentmeasuresof the sizeof an � -component.Examplesincludethe
relative numberof pointsin an � -componentor the

?
-dimensionalvolumeof spaceoccu-

piedby acomponent.Suchmeasuresareoftenusedin applicationsof percolationtheory.
Recallthatweonly examinedscalingin thelargest � -componentdiameter, sincethiswas
our testfor total disconnectedness. It is likely thattheentiredistribution of � -component
sizeswill give interestinginformationin applications.This would requireonly a slight
modificationof ouralgorithms.

2. We observed in Chapter2 that thecutoff resolutionfor nonuniformlydistributeddatais
larger thanthat for a uniform covering of the underlyingset. A large cutoff resolution
leadsto low confidencein the extrapolatedunderlyingtopology. It may be possibleto
reducethe cutoff resolutionfor nonuniformdataby weighting the MST edgesby the
nearestneighbordistancefor eachpoint. This ideais appealingheuristicallybut needs
someformal justification.

3. Thefunction �=�!� � isessentiallythecumulativedistributionof edgelengthsin theminimal
spanningtree.For finite datathis distribution hastwo parts.When �À_�à thedistribution
carriesinformationaboutthetopologyof theunderlyingset— thefocusof thisthesis.We
conjecturethatfor � � à thedistributionof MST edge-lengthsis relatedto thedistribution
of thedatapoints,i.e., a measureassociatedwith theunderlyingset. It is possiblethat
formal resultsaboutthis alreadyexist in statistics. In [78] thereis a result that relates
the total length of a MST to the underlyingpoint distribution. For subsetsof � , the
relationshipbetweendistributionsof pointsandcorrespondingMST edgelengthsshould
reduceto aproblemin orderstatistics[10].

Our work on computationalhomologyin Chapter3 focussedon themathematicalfounda-
tionsratherthanthe implementations,andthereis a significantamountof work to bedoneon
thelatter.

1. The alphashapealgorithmwe describedin Section3.4.1 is a subcomplex approachto
generatingsimplicial complexesat multiple resolutions.We arguedin Section3.4.3that
a moreefficient approachis to usesubdivisionsof cubicalcomplexes. This requiresa
slightadjustmentof thetheoryandasubstantialamountof work ontheimplementations.

2. We derived a formula for computingthepersistentBetti numbersin Section3.3.5. This
is certainlynot theonly way to computethem. Algorithms for computingregular Betti
numbershave exploitedmany differentresultsfrom algebraictopology. It maybepossi-
ble to adaptsomeof theseto our problem.Efficient implementationswill alsobehighly
dependenton thetypeof cell complexesused.

3. In termsof theory, we needa morecompleteunderstandingof thecontinuityof theper-
sistentBetti numbers,

j Þ� �!� � , as ß and � tendto zero. This is relatedto continuity and
tautnessresultsfor Čechhomology.

We gave somedetaileddescriptionsof potentialapplicationsin dynamicalsystemsat the
end of Chapter4. The most challengingof theseis the break-upof invariant tori in four-
dimensionalsymplectictwist maps.In general,weanticipatethatourcomputationaltechniques
will be particularlyusefulin suchhigher-dimensionalsettingswherevisualizationis difficult.
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More theoreticalquestionsthat arerelatedto thestudyof dynamicalsystemsincludethe fol-
lowing.

1. Justasthedimensioncanvary at differentpointsof a multifractal,thescalingof compo-
nentsor holeswith resolutionmaydiffer for subsetsof a fractal. Is it possibleto localize
our theoryto quantifythis?

2. Newhousedefinedthethickness of Cantorsubsetsof � to analyzetheexistenceof homo-
clinic tangenciesof stableandunstablemanifolds[62]. Thedefinition is given in terms
of ratiosof diametersanddeletedintervals. It maybepossibleto generalizethis notion
to Cantorsubsetsof �~� usingtechniquesfrom Chapter2.

As we emphasizedin Chapter5 thereis ampleroom for many more resultsrelatingour
topologicalgrowth ratesto fractaldimensions.SeeSection5.4for details.

Fromthenumberof openproblemsin this shortlist, it shouldbeclearthatcomputational
topologyis a rich, interesting,andrapidlyevolving discipline.Thework in this thesissuggests
thatfurtherresearchin thisfield is likely to befruitful.
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List of Notation

�
Underlyingcompactspace��� �
-neighborhoodof

�
	

Dataset��

Hausdorff distance/metric�� ���
Lebesguemeasurein ���

�
Resolutionparameter� Cutoff resolution�  ��� Numberof

�
-connectedcomponents�  ��� Largest

�
-componentdiameter�  ��� Numberof isolatedpoints� Disconnectednessindex, growth rateof

�  ����
Discretenessindex, growth rateof

�  ���

��� � -simplex !" 
Underlyingspaceof asimplicial complex#
Boundaryoperator� � Chaingroup$ � Boundarygroup% � Cyclegroup& � Homologygroup

� � Betti number
�('�  ��� PersistentBetti number� � Growth rateof �*)�  ���+-,-./(0 Inverselimit

1 Rotationnumber� Goldenmean� Standardmapparameter�32 Critical valueof � for thegoldenmeancircle

4  ��� Numberof boxesin thedefinitionof 5 ,6.87
5 ,-.97 Box-countingdimension
5 ,-. 
 Hausdorff dimension
5 ,-.�: Minkowski dimension
5 ,-.�; Similarity dimension��7�<

Besicovitch-Taylor index��=
Fat fractalexponent
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