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Abstract

Extractingqualitative informationfrom datais a centralgoal of experimentalscience.In
dynamicalsystemsfor example,the datatypically approximatean attractoror otherinvariant
setandknowledgeof the structureof thesesetsincrease®ur understandingf the dynamics.
The mostqualitative descriptionof an objectis in termsof its topology— whetheror notit is
connectedandhow mary andwhattype of holesit has,for example.This thesisexaminesthe
degreeto which suchtopologicalinformationcanbe extractedfrom afinite point-setapproxi-
mationto acompacspace We consideboththeoreticabndcomputationahspectgor thecase
of homology

Any attemptto extracttopologicalinformationfrom a finite setof pointsinvolves coarse-
grainingthedata.We do this at multiple resolutionsby forming asequencef e-neighborhoods
with e tendingto zero.Our goalis to extrapolatethe underlyingtopologyfrom this sequencef
e-neighborhoodsThereis somesubtletyto the extrapolation,however, sincecoarse-graining
cancreatespuriousholes— afactthathasbeenoverlookedin previouswork on computational
topology We resole this problemusinganinversesystemapproacHrom shapeheory

The numericalimplementationsnvolve constructiondrom computationageometry We
presenta new algorithmbasedon the minimal spanningtree that successfullydetermineghe
apparenttonnectednessr disconnectedness point-setdatain ary dimension. For higher
order homology we useexisting algorithmsthat emplgy Delaunaytriangulationsand alpha
shapesWe evaluatethesetechniquedy comparingnumericalresultswith the known topolog-
ical structureof someexamplesfrom discretedynamicalsystemsMost of the objectswe study
have fractal structure.Fractalsoften exhibit growth in the numberof connectedcomponentsr
holesase goesto zero. We shav that the grownth ratescandistinguishbetweensetswith the
sameHausdorf dimensionanddifferenthomology Relationshipsbetweernthesegrowth rates
andvariousdefinitionsof fractaldimensionarederived.

Overall, the thesisclarifiesthe complementaryole of geometryandtopologyand shavs
thatit is possibleto computeaccurateénformationaboutthe topology of a spacefrom a finite
approximatiorto it.
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Chapter 1

| ntroduction

In this thesiswe considerthe problemof extrapolatinginformationaboutthetopologicalstruc-
ture of a spacefrom a finite approximationto it. The motivation for this work comesfrom
the study of chaoticdynamicalsystems.A fundamentaboalin this field is the extraction of
gualitative informationfrom data,e.g.,geometricandtopologicalpropertiesof invariantsets.
Much work on analyzinggeometricstructurefocusseon the fractal dimensionsof attractors.
Techniquegor extractingtopologicalinformation,however, have beerrestrictedo smoothsets.
In this dissertationye develop anapproachto computationatopologythatis generalenough
for applicationto both smoothand fractal data. Our analysisof quantitiessuchasthe num-
ber of componentsaind holesat multiple resolutionsyields a new way to characterizdractal
structurethatis relatedto, but distinct from, the conceptof fractal dimension. We contrikute
to theemening field of computationatopologyby developingsoundfoundationsfor boththe
extrapolationandapproximatiorproblems.

This thesissits at the intersectionof threeareasof research:dynamicalsystems fractal
geometry andcomputationatopology We begin with a brief suney of the relevantliterature
from eachof thesefieldsin this chapter

1.1 Extracting qualitative information from data

The qualitative theory of dynamicalsystemstakes a global geometricperspectie in under
standingthe time-evolution of a system.Typically, this involvesdescribingthe phasespace—
a geometricrepresentationf all possibletrajectoriesfrom the flow of a differentialequation,
for example,or theiterationof a map. Much informationaboutthe dynamicscanbe deduced
from the structureof invariantsubsetof phasespacet We rarely have ananalyticdescription
of theseobjects;experimentaldataare alwaysfinite, andevenif the equationsof motion are
known, they are usually too complicatedto solve exactly. Instead,numericalintegration of
the governingequationss usedto generateeomputervisualizationsof the phasespace.These
visualizationshelpguideformal results especiallywhenthe phasespaces two or threedimen-
sional.lt is verydifficult to visualizehigherdimensionakpace®n acomputeiscreenhowever;
evenin athree-dimensionapacet is almostimpossibleto seedetailedstructurein a cloud of
points. Therefore numericaltools that extract qualitative informationfrom dataare usefulfor
providing intuition into the behaior of adynamicalsystem.

In fact, for Hamiltoniansystemsof two degreesof freedom,geometricandtopologicalinformationhasbeen
usedin anatrtificial intelligenceapproactto the automaticclassificatiorof orbits[89].
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Figure 1.1: Approximationsto a quasiperiodicorbit in the standardnapfor differentvalues
of its parameterk. Thetop orbit (¢ = 0.7) approximatesn invariantcircle; the bottomorbit

(k = 1.0) coversaCantorset. Thetransitionfrom circleto Cantorsetis adramatiocchangen the

topologyandhasimportantconsequence®r the dynamics. The invariantcirclestrap chaotic
orbits,whichimpliesthedynamicds relatively confined.A Cantorsetis totally disconnectedo
thechaoticorbitscandiffusethroughthegapsandthemomentunvariableis nolongerbounded.
We studythis transitionin Chapter4 by countingthe numberof connectedcomponent®f the
dataasafunctionof resolution.

Geometrigpropertief aninvariantsetthatareof interestin the studyof chaoticdynamics
includeits Lebesguaneasurethe densitydistribution of pointsfrom anorbit, andits fractal di-
mension.For a certainclassof chaoticattractorsthe Lyapune exponentgwhich arebasically
averageceigewvalues)arerelatedto thebox-countingdimensiorof theattractof{64]. Thestudy
of dynamicalkystemsasdrivena substantiahmountof researcton fractalgeometryincluding
multifractalanalysisandfat fractalexponents We discusgheseconceptsn Sectionl.2.2.

Topologicalproperties,suchasthe numberof connecteccomponentor holes,are more
fundamentabut moredifficult to extractfrom data.In Figuresl.1,1.2and1.3we sketchsome
examplesthat illustrate the type of topological propertieswe are interestedn. We examine
theseexamplesin detailin Chapter4.

Previouswork on extractingtopologicalinformationfrom datarangedrom determininghe
topologicaldimensionof an attractor[54, 65], to applicationsof knot theoryto modelflows
in R® [28, 57, 82], to the computationof homologygroups[37, 58, 60]. The topologicaldi-
mensionof an attractoris a measureof the numberof degreesof freedomof the dynamics.
Fluid flow, for example,is modelledby partialdifferentialequationsbut in somesituationsthe
essentiabehaior canbe describedby a low-dimensionaldifferentialequation. For attractors
thatareembeddedn R3, theknotandlink invariantsof unstableperiodicorbits canbe usedto
build a templatefor the dynamics. The templategenerategquationghat modelthe flow and
allow the predictionof otherperiodicorbits. This givesa way to testthe validity of a given
templateagainstthe experimentaldataby verifying the presencef the predictedperiodicor-



Figure1.2: A chaoticregion of the standardnapwith £ = 1.1. The pictureis generatedy

recordingwhich boxesin a256 x 256 grid arevisitedby asinglechaoticorbit of 102 points.The

chaoticregion is connectecandappeardo have positve areawhich tells us that a significant
proportionof initial conditionswill leadto chaoticmotion. Thereareholesonarangeof scales,
however, sonotall trajectoriesarechaotic. Theseholesarecausedyy resonanceonesaround
periodicorbits. This setis anexampleof afat fractalbecausdt haspositive areaandholeson

arbitrarily fine scales.

Figure 1.3: The Henonattractor one of the standardexamplesin chaoticdynamics. The set
is connectecandit is often describedas having a Cantorset cross-section.We confirm this
structureusing our computationatechniquesn Chapter4. The attractorhasa box-counting
dimensionof approximatelyl.27. Orbits cover the attractorin a slightly non-uniformway
which givesthe attractommultifractal properties.



Figurel.4: The Cantorset, Sierpinskitriangle,and Sierpinskicurve — standardractal exam-
ples.

bits. Homologygroupsaretopologicalinvariantsthat usealgebraictechniquego describethe
topologyof a spacen termsof equivalenceclasse®f k-dimensionatycles.If two spacehave

differenthomologygroupsthenthey cannotbe homeomorphic.An implication of this is that
if two attractorshave differenthomology thenthe dynamicscannotbe equivalent. Homology
groupsare alsoimportantin Conley index theory; see[15] for an introductionto this topic.

Thefirst stepin computinghomologygroupsis to constructa finite triangulationof the space.
Muldoonet al. [60] do this for embeddedime seriesdatathat cover a manifold usinga stan-
dardprocedurecalledtakingthe nere of a cover. The cover is madeof overlappingpatchesof

approximatelytinearsubset®f theembeddediata. The simplicesin thenene aregeneratedby

theintersection®f the patches Mischailow etal. [37, 58] usecubical,ratherthansimplicial,

complesin their applicationof Conley index theoryto chaotictime seriesdata. We discuss
otherapproacheto computationahomologyin Sectionl.3.

1.2 Fractal geometry

As we have alreadyobsenred, invariantsetsfrom chaoticdynamicalsystemareoften fractals,
andthis is a fundamentakonsideratiorin our work. In this section,we give an overvien of
somebasicconceptdan fractal geometry We startwith someexamples,thendiscussfractal
dimensionsand other waysto characterizdractal structure. We finish with a descriptionof
iteratedfunctionsystemsandthe similarity dimension.

Theterm“fractal” is nelulous— it is difficult to give a precisedefinitionwithout excluding
someinterestingcases.Instead,Falconer[23] lists somepropertiesthat are commonto most
fractals,but theseareneitheressentiahor exhaustve.

1. A fractal, X, typically hasfine structurej.e., detail on arbitrarily smallscales.
2. X istooirregularto bedescribedn traditionalgeometricalanguage.

3. The“fractal dimension”of X exceedsts topologicaldimension.

4. Often X is self-similar atleastin anapproximateor statisticalsense.

5. Many exampleshave a simple,recursve definition.

Classicakxamplesncludethemiddle-thirdCantorset,the Sierpinskitriangle,andthe Sier
pinskicurve; seeFigurel.4. Themiddle-thid Cantorsetis thesubsebf [0, 1] thatremainsafter
removing themiddle-thirdintenval, thenrepeatedlyemoring the middlethird of theremaining



intenals, ad infinitum This setis compact(closedand bounded) totally disconnectedeach
connecteccomponents a single point), and perfect(every pointis a limit point). We study
thesepropertiesn moredetailin Chapter2. Sincethe Cantorsetis totally disconnectedt has
atopologicaldimensionof zero,its fractaldimensionis log 2/ log 3.

The Sierpinskitriangle (or Sierpinskigaslet) is constructedn a similar manner Onestarts
with afilled triangleandremove the centralfilled trianglewith verticesat the midpointsof the
edgesthendoesthis repeatedlyto the remainingtriangles. The resultingsetis connectecand
topologicallyone-dimensionakbut its fractal dimensionis log 3/ log 2. We usethe Sierpinski
triangleandsomerelatedfractalsasexamplesthroughouthis thesis;seeFigure 1.5.

If we startwith a square divide it into nine squaresyemove the centralone and repeat
with the remainingeight, and so on, thenthe resultingsetis the Sierpinskicurve (or carpet)
Although this set appeardo have very similar topology to the Sierpinskitriangle, they are
fundamentallydifferent. The Sierpinskicurve containsa homeomorphiémageof every plane
continuum[87], but the Sierpinskitriangledoesnot. The differencehasto do with the possible
valuesof the branchingorder of a point. The Sierpinskitriangle haspoints with branching
orderof 2, 3, and4, but the Sierpinskicarpethaspointsof every order;see[66] for details.The
techniquesve developin thisthesisfail to distinguishthis differencein topology

1.2.1 Fractal dimensions

The mostpopulartools for describingfractal structurearethe variousformulationsof fractal
dimension. Roughly speaking.a fractal dimensionis a numberthat representshe amountof
spaceoccupiedby a set. It generalizeshe intuitive notionthata point is zero-dimensionala
line is one-dimensionalandsoon. If a curve hasinfinite length, say but zeroarea,thenit
shouldhave a fractal dimensionbetweenoneandtwo. Thetwo mostcommonlyuseddefini-
tions arethe Hausdorf dimensionandthe box-countingdimension.The formeris basedon a
constructionfrom measureheoryandthereforehasthe mostusefulmathematicaproperties,
but it is difficult to computefor specificexamples.Thebox-countingdimensionis basednthe
notionof “measuremenat scalee.” This definitionis easyto work with andstraightforvard to
implementcomputationally We give formal definitionsof thesedimensiongelow.

Hausdor ff dimension

Givena subset, X, of a separablanetric spacethe definition startswith a countables-cover,
U, — a collectionof opensetsU suchthatdiamU < ¢, andwhoseunion containsthe set
X. (Recallthatthe diameterof a setis the largestdistancebetweenary two pointsin the set:
diam U = sup{d(z,y) | z,y € U}.) Thes-dimensionaHausdorf outermeasue of X is

H:(X) =inf ) (diamU)® (1.1)
Uel,

wherethe infimum is taken over all countablee-coversof X. The s-dimensionaHausdorf
measue of X isthen:

HE(X) = lim H(X). (1.2)
e—0
If sisaninteger then*(X) is equivalentto Lebesguaneasure.
Whene < 1 weknow € > €l if s < ¢t. It followsthatH:(X) > HE(X), andthereforethat
He(X) > HY(X). In fact,thefollowing theoremholds;seeFalconer{23] or Edgar[19].



Theorem 1. If H*(X) < oo ands < t, thenH!(X) = 0. Converselyif H*(X) < oo and
t < s, thenH!(X) = oo.

Thistheoremimpliesthatthereis a uniguevalueof s wherethe Hausdorf measurgumpsfrom
infinity to zero. This valueof s is the Hausdorf dimension

dimpy(X) = inf{s : H5(X) = 0} = sup{t : H'(X) = oo} (1.3)

We donotexplicitly usetheHausdorf dimensiorfor any of ourexamplesor proofs,butinclude
the definition sinceit is typically what mathematiciansneanwhenthey usethe term fractal
dimension.

Box-counting dimension

Supposehatat leastN(e) setsof diametere areneededo cover X. ThenH(X) < N(e)e’.
If s = dimy andH*(X) is finite, thenwe expectN(e) ~ ¢~* ase — 0. The box-counting
dimensionis thereforedefinedas

dimp (X) = lim 28

. 14
e—0 —loge (14)

Of course this limit may not exist, in which casethe lim sup andlim inf areused. The above
heuristicdoesnot guaranteghat box-countingand Hausdorf dimensionsare equivalent; in
generaldimy < dimpg andtherearecompactsetsfor which thetwo differ. SeeFalconer[23]
for furtherdetails.

ThenumberN (e) canbe definedin mary ways, all of which yield an equivalentvalue of
dimp (see[23] for details).Somedefinitionsof N (e) include:

1. thesmallestnumberof closedballsof radiuse thatcover X;

2. thesmallestnumberof cubesof sidee thatcover X;

3. thenumberof e-meshcubeshatintersectX;;

4. thesmallestnumberof setsof diameterat moste thatcover X;
5. thelargestnumberof disjoint balls of radiuse with centersn X.

One useswhichever definition is most corvenient. Numericalalgorithmsfor estimatingthe
box-countingdimensionmostly use definition 3 and meshesof boxes with side 2* [4]. The
box-countingdimensionis typically whatphysicistameanby thetermfractaldimension.

1.2.2 Other characterizations of fractal structure

Thedimensiorof afractalis ameasuref geometridrregularity on smallscales.TheHausdorf
andbox-countingdimensionsare eachinvariantunderbi-Lipschitz transformationsthosefor
which thereexist ¢1, co suchthat

alr —y| <|[f(z) — f(y)| < c2lz —yl. (1.5)

This makesthemgeometricinvariantsof sorts,but not topologicalinvariants. All onecansay
aboutthe topologyof a setgivenits Hausdorf dimensionis thatdimg < 1 impliesthe setis
totally disconnectedThe corverseis certainlynottrue— Cantorsetscanbe constructedvith
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Figure1.5: Four relativesof the Sierpinskitriangle. Eachof thesefractalsis generatedisthe
attractorfor an iteratedfunction system(Sectionl.2.3) that mapsthe unit squareinto three
squareof onehalf thesize. The“L” notationdesignatesherotationor reflectionusedin each
case.Thesdractalshave exactly thesameHausdorf dimension(log 3/ log 2) but theirtopology
is different. We usethesefractalsin Chapters2 and 3 as test examplesfor our numerical
techniques.By looking at the numberandsize of connecteccomponentsandthe numberof

holesasa functionof resolutionwe candistinguishtheir differenttopologicalstructureof these
four fractals.



Figure 1.6: Two fractals with the samedimensionbut different lacunarity (after Mandel-
brot[51]). Eachfractalis built from 92 — 9 copiesof the unit squarewith an edgeof % They
differ in the positioningof the 9 deletedsquaresand this gives them different coarse-scale
structure. The oneon the left hasa large centralhole andthereforehashigh lacunarity The
fractal on theright hasa moreuniform structureandis thereforeof lower lacunarity Both the
fractalshave thetopologyof a Sierpinskicarpet.

Figure 1.7: A multifractal measureon the Sierpinskitriangle. This pictureis generatedy

choosingeachof thethreefunctionsfrom the IFS with unesenprobabilities.Suchanonuniform
distribution of pointsleadsto inaccurateestimationsof the box-countingdimension. In our

work, the effectis anundesirablyhigh “cutoff resolution;”seeSection2.4 for morediscussion.
Multifractal theory characterizeshe fractal propertiesof the measuraatherthanthe setthat

supportghemeasure.



ary Hausdorf dimension.Thus,asmary peoplehave obsered, the dimensionis just onepart
of acompletecharacterizatiomof the structureof a fractal. In this section,we review someap-
proachego distinguishingbetweenwo setsthathave the samefractaldimension.Eachtheory
addresseadifferentcontet, whichweillustratewith theexamplesn Figuresl.5,1.6,and1.7.

If two fractalshave the sameHausdorf dimensiondimy = s, thenthefirst steptowards
telling them apartis to comparetheir s-dimensionalHausdorf measuresH?®(X). We have
alreadyremarled, however, thatHausdorf dimensionsaandmeasuresredifficult to work with
computationallyln ary casethisfailsto distinguishbetweerthe Sierpinskitrianglerelativesin
Figure 1.5, sincethe Hausdorf measurds relatedto the self-similarscaling(seethe following
section),andthis is identicalfor eachof theseexamples. One canalsocompareobjectslike
this by determiningtheir topologicaldimension.This would distinguishthe Cantorsetrelative
from the otherthreetopologicaltypesin Figure 1.5, for example,but not betweenthe other
threefractalswhich aretopologicallyone-dimensionalln this thesis,we obtaina finer char
acterizationof topologicalstructureby examiningthe numberof connecteccomponentsand
holesasa function of resolution. We elaborateon this whenwe returnto theseexamplesin
Chapter and3.

Mandelbrots work onlacunarity[5, 51] aimsto distinguishbetweerfractalswith thesame
dimensionanddifferentcoarse-scalstructure. The problemis illustratedby the examplesin
Figure1.6. Lacunaritymeasureshe degreeof translationalinvariancewithin the fractal and
is interpretedasa texture parameter This hasimplicationsfor experimentalmeasurementsf
dimensionsincefractalswith low lacunarity(i.e., very uniform coarse-scalstructure)canap-
pearto fill out a setof positve Lebesguemeasure. An approximationto a Cantorsetwith
low lacunaritymaythereforeappeaito be a connectedntenal at coarseresolutions A precise
mathematicatlefinitionof lacunarityis notyetagreedipon;seg[2, 5, 51, 76] for morediscus-
sion. Our work doesnot addresghis issue,sincewe areinterestedn the limiting scalingof
component®r holes,justasthe dimensioncharacterizethelimiting scalingof themeasure.

It is possiblefor setswith positive Lebesguemeasurdo have structureon arbitrarily fine
scales;suchsetsare calledfat fractals An exampleis the chaoticregion in Figure1.2. The
Hausdorf or box-countingdimensionof a fat fractalis an integer andthereforefails to char
acterizethe fractal natureof the set. Scalingpropertiesof thesesetsare studiedin [20, 22, 30,
80, 84], mostly by examiningthe rate of corvergenceof the measureof the e-neighborhoods,
X., ase — 0. Theresultingfat fractal exponentsareinterpretedasan exchangeindex by Tri-
cot[80]. In Chaptels we derive someinequalitieshatrelateourtopologicalgronth ratesto the
fatfractalexponents.

We finish this sectionby mentioningmultifractals Multifractal theorystemsfrom the ob-
senation that the distribution of pointson a set(i.e., a measurean have fractal properties.
This is often the casein dynamicalsystemsfor example,when orbits cover an attractorin a
nonuniformmanner Theexamplein Figurel.7 shavs anapproximatiorto a multifractalmea-
sureon the Sierpinskitriangle. Thefirst stepin multifractalanalysisis a pointwiselocalization
of the conceptof dimension.This is doneby analyzingthe scalingof thefractalmeasurey, of
balls B.(z) centeredatz with radiir — 0:

dimyee p(z) = lim M.
r—0 log r
Onethen considerssubsetsof the fractal that consistsof points with identical local dimen-
sion. The distribution of the dimensionsof thesesubsetds the multifractal spectrum. See
Falconer[23, 24] for furtherdiscussion.We considerthe effect of nonuniformpoint distribu-
tions on our computationatechniquesn Section2.4, but we have not yet attemptedo adapt



themto this context.

1.2.3 Iterated function systems

We finish our review of fractal geometryby describinga tool for generatingand analyzing
fractalswith somedegreeof self-similarity The conceptof aniterated functionsystem(IFS)
wasformalizedby Hutchinson[36]. Givena finite collectionof functions,f; : R* — R", for

i=1,...,m > 2, westudysetsthatareinvariantunderthejoint actionof thesefunctions:
m
X = f(x) = fi(x). (1.6)
i=1

ExamplesaretheSierpinskitrianglerelatives,shavnin Figurel.5. Whenthe f; arecontractions
on a closeddomainD C R” (i.e., for z,y € D thereis anumber0 < ¢; < 1 suchthat
|fi(z) — fi(y)| < ¢l — y|) thefollowing resultshold:

1. Thereis auniqueclosed boundedsetsatisfying(1.6).

2. Thissetis theclosureof the setof fixedpointsof arbitraryfinite compositionsf;, o- - - o
fik’ with ij S {1, R ,m}.

3. Givenary setA C D, thenf*(A) — X in theHausdorf metricask — oo.

Proofsof the abare are basedon the contractionmappingtheorem;see[23] or [36]. Further
propertiesof iteratedfunction systemsare exploredin detail in Barnsleg [4]. Many of the
exampleswe usethroughoutthis thesisare generatedy iteratedfunction systemse.g., the
Sierpinskitrianglerelatvesin Figurel1.5.

Onepropertywe make useof in our numericalwork is thatIFS attractorsare perfect,i.e.,
they have noisolatedpoints. This follows from result2 above. We mustshav thatevery point,
z € X, isthelimit of asequencef otherpointsin the IFS attractor From2, z is eitherafixed
pointof afinite numberof compositionsr in the closureof thesepoints.In thelattercaseyx is
(by definition)thelimit of asequencef pointsfrom X . Fortheothercaseletg = f;, o---o f;,
andsupposer = g(z). Now considerthe fixed point of oneof the IFS functions,y = f;,(y).
Again, from result2 we know y € X; sincethereis morethanonefunctionin thelFS, we can
assumehaty # x. Now lety, = g*(y) (¢* is the k-fold compositiorof g). SinceX = f(X),
weknow y, € X for all k; the contractionmappingprincipleimpliesy; — x, sowearedone.

Thequestiorof whetheranlFS attractoiis connectear disconnected studiedby Barnsle
[4] in the contet of generatingMandelbrotsetsfor parameterizefamiliesof iteratedfunction
systemsAn imagebasedilgorithmfor studyingtheconnectedness IFS attractorss presented
in [7]. Although we useiteratedfunction systemattractorsas examplesin this thesis,our
algorithmsfor determiningconnectednesaredesignedo applyin amuchbroadercontext.

Similarity dimension

Many simplefractals,suchasthe Sierpinskitriangleandmostof theexamplesin Chapter2, are
attractordor iteratedfunction systemsf similarities. This meansachfunction, f;, satisfies

|fi(z) — fily)| = ci|lz —y| forall =,y (1.7)

10



where0 < ¢; < 1 is the contractionor similarity ratio. SupposeX is the invariantsetfor a
family of m similarities:

X =] f(x). (1.8)
i=1

Thereis a very simple definition of dimensionwhich is easyto compute— the similarity di-
mensiondimg, whichis thenumbers thatmalesthefollowing hold:

Y =1 (1.9)

In generaldimgy (X) < dimg(X). The Hausdorf and similarity dimensionsare equivalent
whenthe IFS satisfiesthe openset condition An IFS of similarities satisfiesthe open set
conditionif thereexistsa nonemptyboundedpenset,V, suchthat

Vo V), (1.10)
=1

with theuniondisjoint. For example the Sierpinskitrianglerelativessatisfythe opensetcondi-
tionwith V asthe openunit square SeeFalconef23] for a proofthatHausdorf, box-counting,
andsimilarity dimensionsgreeunderthis condition.

1.3 Computational topology

By computationatopology we meanthe studyof topologicalpropertiesof anobjectthatcan
becomputedo somefinite accurag. Thereis agrowing literatureontheformalizationandrep-
resentatiorof topologicalquestiondor computerapplicationsandon the studyof appropriate
algorithms;see[13] for a suney of thefield. Applicationareasncludedigital imageprocess-
ing, topology-preservig morphingin computergraphics,solid modellingfor computeraided
design,meshgenerationfor finite elements 3-d modelsof protein molecules,and the anal-
ysis of experimentaltime-seriesdata. Other distinctly differentfields that combinetopology
andcomputersciencencludetopologicaltechniquesn thetheoryof computingandcomputer
visualizationof complicatedopologicalspaces.

The earliestwork on extractingtopologicalinformationfrom datatargeteddigital images.
Thesearetypically representetly binarydataonafixedregulargrid in two or threedimensions,
e.g.,pixelsandvoxels. This field hasmary applicationsncludingalgorithmicpatternrecogni-
tion, which playsanimportantrole in computeision (e.g.,determiningvhetherarobot-width
corridorexists betweenwo obstacle$6]), andremotesensing(e.g.,computingthe boundaries
of adrainagebasinfrom satellitedata[88]). Thefundamentatonceptin thisfield is thatof ad-
jaceng, thedefinitionof which dependsiponthegrid structure Muchwork in thisareafocuses
onalgorithmsfor thelabelingof component$40], boundarie$83], andotherfeature<of digital
images.Basicresultsinclude consistennotionsfor connectednedg0], simpleconnectedness
[33], adigital Jordancurve theorem[74], andalgorithmsfor the Euler characteristiof digital
sets[39, 45].

The datawe are interestedin analyzingare typically finite setsof points from a finite-
dimensionaimetric space.Existing work on extractingtopologicalinformationfrom this type
of dataincludesa numberof approacheso computationahomology The first stepin com-
puting homologyfrom point-setds to build a triangulationor otherregular cell comple that
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reflectsthe topologyof the data. Oncethis is done,it is possible— thoughcostly— to com-
puterepresentationsf the homologygroupsfrom the comple. It is muchfasterto find only
the ranksof the groups— the Betti numbes — and often this is enoughinformationfor ap-
plications. Fast algorithmsfor computingBetti numberstake mary forms. Friedman[26]
usesan isomorphismbetweenhomologygroupsandthe null spaceof a combinatorialLapla-
cianto computeBetti numbersfrom an arbitrary simplicial complex. In Chapter3, we usea
multiresolutionapproactto building simplicial complexescalledalphashapesvhichis dueto
Edelsbrunneetal. [17, 18]. For subsetof R? andR? thereis a fastincrementahlgorithmfor
computingBetti numbersrom alphashapeg11]. Theimplementationsisefundamentaton-
structiondrom computationajeometrysuchasDelaunaytriangulationsandVoronoidiagrams;
we describeghesen moredetailin Section3.4.1.To the bestof our knowledge,Edelsbrunnes
approachis the only existing algorithmfor computingBetti numbersat multiple resolutions.
However, previouswork with alphashape$asnotformally investigatedhe problemof extrap-
olating informationaboutthe underlyingspacefrom the finite data— the topic of this thesis.
A dravbackof thealphashapamplementatiorfor our applicationds thatit is not suitedto the
large datasetstypically encountereih dynamicalsystemsapplications.

1.4 Oveview of thethess

141 Thebascassumptions

In both experimentaland simulateddynamicalsystemsthe datato be analyzedaretypically
pointsalonga trajectory Thesepointsapproximatehe omega-limit setof the orbit, which in
turn may approximatean attractoror otherinvariantset. We abstracthis settingby assuming
the underlyingset, X, is a compactsubsetf a metric spaceandthatthe data, S, area finite
setof pointsthat approximateX. We measurehe accurag of the approximationusingthe
Hausdorf metric,

dp(S,X) =min{e | X C ScandS C X.}.
ThenotationS, representshe closede-neighborhood:
Se=A{z | d(z, S) < €}.

Thus,if p = dg(S, X), thenevery point of S is within a distancep of somepointin X, and
vice versa.

Our goalis to extractinformationaboutthe topology of X from the finite approximation,
S. We keepour approactasgeneralspossiblewithin the above context; the only requirement
on X is thatit mustbe compact.The definition of compactness— thatgivenary covering of
a spaceby opensets,it is possibleto cover the spaceusingonly a finite numberof thosesets
— impliesthatapproximatinga compacisetby afinite setof pointsis notunreasonabldn the
applicationswe describeabove, compactnesis a valid assumptiorsincethe omega-limit setof
anorbit is compacitf it is bounded.

A finite setof pointshasno intrinsic topologicalstructure soit mustbe coarse-graineth
somemanner To give the datanon-trivial structure,we form the closede-neighborhoodSk,
asdefinedabore. Our basicapproachis to determinetopologicalpropertiesof the fattened
setat differentvaluesof e tendingto zero. The ideais thatthe topologicalstructureof X can

2|.e., time coststhataresubquadratién the numberof points.
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be extrapolatedrom that of the e-neighborhood®f S. Naturally this extrapolationis always
constrainedy theinherentaccurayg of the data. We developa criterionthatidentifiesa cutof
resolutionfrom thedata;this providesa measuref confidencean theresults.

Thefirst stepin justifying our approachis to examineits validity for generalspaces.For
example,a spacethat is “connectedat resolutione” for all ¢ > 0 is only guaranteedo be
connectedn theusualsenséf it is compact.Thesecondstepis to formally relatethetopology
of the e-neighborhood®of S to that of the e-neighborhood®f X. We do this in Chapter3
usingthe assumptiorthat the dataandthe underlyingspaceareclosein the Hausdorf metric.
Thesesoundmathematicafoundationsform the mostsignificantcontritution of the thesisto
theemeging field of computationatopology

1.4.2 Organization of thethesis

Thethesishasfive chapters.Thefirst two cover theoreticaland computationatesultsfor our
multiresolutionapproacho topology We thendescribesomeexampleapplicationan dynami-
cal systemsandfinish with a chapterthatderivesinequalitiesinvolving our topologicalgrowth
ratesandvariousdefinitionsof fractaldimension.

We bagin, in Chapter2, by investigatingthe most elementarypropertiesof a space:the
numberandsize of its connecteccomponents Computingthesequantitiesat multiple resolu-
tions allows usto determinewhetherthe dataapproximatea connectedtotally disconnected,
and/orperfectspace. The idea of formulating connectednesgsing a resolutionparametek
goesbackto Cantors definition for connectedness compactmetric spaces(In this chapter
€ is a distancebetweenpoints, not the fatteningby e thatwe describedearlier) We introduce
threefunctions,C(e), D(e), andI(e), thatarethe numberof componentslargestcomponent
diameterandnumberof isolatedpoints,respectrely. Fromthelimiting behaior of thesethree
functions,we areableto determinethe connectednesgropertiesof a compactspace. For fi-
nite setsof points,we computetheseguantitiesfrom the minimal spanningreeandthe neaest
neighborgraph We shav that the minimal spanningtree is the ideal datastructurefor de-
scribingconnectedcomponentsit multiple resolutions For Cantorsetsandotherdisconnected
fractals,the numberof e-componentgyoesto infinity ase tendsto zero, andfor totally dis-
connectedsets,the diametersgo to zero. We characterizehe ratesof growth usinga power
law andcomputethe correspondinglisconnectednessddiscretenessndicesfor a numberof
examples.

In Chapter3 we addresghe more challengingproblemof computationahomology The
definitionsfor homologytheoryarequiteinvolved, sowe give anoverview of thebasicconcepts
in Section3.2. Homologyguantifiesstructurevia the Bettinumbers3;,, which essentiallycount
thenumberof k-dimensionaholesin aspace Ourinitial planwasto computeheBettinumbers
of the e-neighborhoodsye hopedthatthe limit ase — 0 would give the Betti numberof the
underlyingspace.The procesds moresubtlethanthis, however, becausdatteninga setto its
e-neighborhoodcan actually introducenew holes. We resole this problemusingan inverse
systemapproachfrom shapetheory This allows us to definethe persistentBetti numbes,
which countholesin ane-neighborhoodhatcorrespondo a holein theunderlyingspace.The
computerimplementationsf theseideasarenotfinalized. Insteadwe useexisting alphashape
software to analyzesomesimple examples,andillustrate why the regular Betti numbersare
inadequate.

Chapterd exploresapplicationsof thesetechniquesn dynamicalsystems.The examples
we study have well-understoodstructure, which enablesus to evaluatethe usefulnesof our
techniqguesThe mostextensie studyof this chapteiis the breakupof invariantcirclesin area-
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preservingtwist maps. We end by suggestingsomeother applicationsof our computational
topologytechniquego someopenguestionin dynamics.

Finally, in Chapter5 we explore connectionsbetweenour topologicalgrowth ratesand
various definitionsof fractal dimension. The resultswe give are far from completeand we

outlinesomepotentialavenuedor furtherwork.
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Chapter 2

Computing Connectedness

2.1 Intr oduction

This chapterexaminessomeelementaryconceptdrom point-settopology— specificallycon-
nectednesgptal disconnectednesand perfectnessThe goal is to obtaincomputationatools
thatallow usto determinethe numberandsize of connecteccomponent®f a datasetat ary
givenresolution.

The first part of the chapterreformulateghe classicaldefinitionsin termsof a resolution
parametere. We thenshaw thatfor a compactspace, X, the topologicalpropertiesof con-
nectednesgptal disconnectednesandperfectnesganbe deducedy examiningthe limiting
behaior of the number C(e), andsize, D(e), of e-connectedcomponentase — 0. We
characterizehe limiting behaior of thesetwo quantitiesby a power law, and computethe
correspondinglisconnectednessddiscretenesmdices.

In Section2.3, we give a hew algorithmbasedon the minimal spanningtree (MST) that
implementstheseideasnumericallyfor arbitraryfinite point-setdata. We shav thatthe MST
is anideal datastructurefor representing-component®f a finite point-set. Essentially this
is becaus¢he MST alwaysjoins two subsetdy the smallestpossibleedge.An importantstep
is to determinea cutoff resolution,p, sothatthe computedresultsarea goodrepresentationf
thetrue spacefor e > p. Whenthe underlyingspaces perfect,p is well approximatedy the
resolutionat which the datafirst appeardo have anisolatedpoint.

Finally, in Section2.4,we demonstratéhe effectivenesf ourtechniquedy applyingthem
to a variety of examples.We presentdatathatexhibit differenttypesof scalingin the number
and size of their e-components.We also investigatethe dependencef the cutoff resolution
p on the numberof datapointsandon the uniformity of their distribution over the attractor
The first set of examplesare fractalsgeneratedy closely relatediteratedfunction systems.
Eachhasa distinct topology but all have the sameHausdorf dimension. We shav that the
disconnectednesmddiscretenesmdicesclassifythesetsaccordingo theirtopology We next
analyzefive Cantorsetsto demonstratéifferenttypesof scalingthatcanoccurin thefunctions
C(e) and D(e) ase — 0. Theseexampleslead us to conjecturethat Cantorsetswith zero
Lebesguaneasurdnave disconnectednessdex equalto their box-countingdimension.Results
thatprove somespecialcase®f this conjecturearegivenin Chapters.

Thematerialin this Chaptethasbeenpublishedn [71, 72].
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2.2 Foundationsfor computing connectedness

2.2.1 Conceptsfrom point-settopology

Connectednesds averyintuitive concepthatcaptureshe notionof continuityof a setof points
in atopologicalway. The mathematicaformulationgoesbacka little over onehundredyears
andthefollowing definition canbe tracedto Jordan[42]. A topologicalspaceX is connected
if it cannotbe decomposedhto the union of two non-empty disjoint, closedsets. If sucha
decompositiorexiststhenX is saidto bedisconnected— thatis, if therearetwo closedsetsU
andV suchthatU NV =0 andU UV = X.

This definitiondoesnotlenditself to computatiorandin thefollowing sectionwe will give
a definition that is equivalentto an early formulation of connectednesim metric spacesdue
to Cantor[35]. Cantors definition usese-chains a finite sequencef pointszy, ... ,z, that
satisfyd(z;, z;+1) < efori=1,... ,n. A set, X, is Cantorconnectedvhenevery two points
in X canbe linked by an e-chainfor arbitrarily smalle. This definition agreeswith the one
above only in the specialcaseof compactmetricspacesFor example therationalnumbersare
Cantorconnectedut disconnectedh theregularsense.

Oneobjectwe areparticularlyinterestedn is the connecteccomponenbdf a point. Given
z € X, thisisthelargestconnectedubsebf X containinge. For example,if X = [0, 1]U[2, 3]
then the connectedcomponentof 1 is [0,1]. If the connecteccomponentof every point is
only the point itself thenthe setis said to be totally disconnected The rationalsare totally
disconnectedasis the middle-thirdsCantorset.

Anotherconceptfrom point-settopologyis the propertyof perfectnessThis meansevery
point hasarbitrarily small neighborhoodsontaininginfinitely mary other points, so that no
point is isolated. Formally a setis perfectif it is equalto the setof its accumulatiorpoints.
Noticethatthis definitionimpliesthatonly closedsetscanbe perfect.

Any compactmetric spacethatis totally disconnectedndperfectis homeomorphido the
middle-thirdsCantorset(see[35] for a proof). The combinationof thesepropertiesmay seem
someavhatparadoxicalsincethey tell usthateachpointis isolatedin onesense— its connected
components thatsinglepoint,andyetno pointis isolated sinceeachmustbethelimit of some
sequencef pointsin the Cantorset.

In thefollowing sectionwe reformulatethesedefinitionsin a way thatrelieson extrapola-
tion, makingit possibleto implementtheideasnumerically Thebasicapproachs to look atthe
setwith afinite resolutione, seehow certainpropertiecchangease — 0, andinfer information
aboutthetopology

2.2.2 e-Resolutiondefinitions

Givena compactsubsetX of a metricspacewe sayit is e-disconnectedf it canbewritten as
the union of two setsthatare separatedy a distanceof at leaste — i.e., therearetwo closed
subsets{J andV with U UV = X andd(U, V) = infycpyev d(z,y) > e. Otherwise X is
e-connectedAs with Cantors definition,a setthatis e-connectedor ary € > 0 is connectedf

andonly if it is compact.This follows from the simplelemmabelow.

Lemma 2. If a compactmetric spaceX is disconnectedthenit is e-disconnectedor some
e > 0.

Proof. SinceX is disconnectedtherearecloseddisjointsetsU andV suchthatU UV = X.
Now supposed(U,V) = 0. This implies thatthereare sequences,, € U, y, € V with
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d(zy,yn) — 0. SinceU andV arecompacttheremustbe corvergentsubsequences,, — z*
andy,; — y* with d(z*,y*) = 0. But thisimpliesz* = y*, whichis impossiblesinceU and
V aredisjoint,sotheremustbeane > 0 suchthatd(U, V') = . O

Restrictingour attentionto compactsetsis not unreasonablesincewe are primarily inter
estedin setsthatarewell approximatecon a computerasfinite point-sets. In the contet of
dynamicalsystemswe are interestedn attractorsand otherinvariantsets. Theseare closed
subset®f metricspacesandarethereforecompactwhenthey arebounded.

We now make an e-resolutiondefinition of connecteccomponent. A subsetd C X isan
e-componentif A is e-connectecandd(A4, X \ A) > €. Givenaresolution,e, X hasa natural
decompositiorasthe disjoint union of its e-componentsWe canexploit this decompositionto
deducdopologicalpropertiesof the set. For example,if theonly e-components X itself for all
¢, thenwe canconcludethat X is connectedWe alsoknow thatatary fixedresolutione > 0, a
compactsethasa finite numberof e-componentsTo seethis, take a coveringof X by e-balls.
Since X is compactthereis afinite sub-coer. By their definition, every e-componenmust
containat leastonee-balln X, sothereis afinite numberof e-componentsThis motivatesthe
introductionof a function C(e) that countsthe numberof e-componentst resolutione. This
functionis monotonic:if €; < ez thenC(er) > C(ea).

By looking atthesizeof thee-componentsve candeducehepropertief total disconnect-
ednessandperfectnessTherearea numberof waysto measureahe size of a set;the quantity
useddependn the context. We usethe diametey sincethis is definedin arny metric space.
Recallthat the diameterof a set A is the largestdistancebetweenary two pointsin the set:
diam(A) = sup, ,¢ 4 d(z,y). At aresolution, let D(¢) representhesetof diametermeasure-
mentsof the e-components.For notationalcorvenience we write D(e) = max D(e) for the
functionthatdescribesdow thelargestdiameterchangeswith resolution.D(e) is amonotonic
non-increasingon-n@ative function,sothelimit ase — 0 mustalwaysexist.

Fromthe definition of total disconnectednessie have thefollowing result.

Lemma 3. A compactetX is totally disconnectedf andonly if lim,_,q D(e) =0 .
Proof By way of obtaininga contradictionto the forwarddirection,supposehat

lim D(e) =6 > 0.
e—0

Take ary sequenceg,, — 0 andconstructatreeasfollows. At level n list all thee,,-components
with diameter> §. Therearea finite numberof these.Orderthetreeby setinclusion,i.e. an
edgeconnectsA,; and A, ,, if andonly if 4., C A,. We know that there mustbe e-
componentsvith diameters> § for all ¢, sothis treemusthave aninfinite branch. This gives
a sequencef nestedcomponentsA,, , with diam(A,,,) \, §. Sincethe setsarenestedthey
have alimit, A, = limy, ;o Ae, = [, 4e,- It thenfollows that A, is e-connectedor all e
anddiam(A,) = d. Thisimplies A, hasatleasttwo pointsin it andso X could notbetotally
disconnected.

Theconversefollows directly from thedefinition. If thediameter®f thee-componentgoto
zero,thentheconnectedomponenbdfary z € X isjust{z}, soX istotally disconnected. [J

In e-resolutionterms,a compactset X is perfectif andonly if minD(e) > 0 for all e > 0.
Alternatively, we canlook for isolatedpoints, sincetheseare easyto detectnumerically We
sayapointz € X is isolatedat resolutione if d(z, X — ) > €. For a setto be perfect,the
numberof e-isolatedpoints,(e), mustbezerofor ary € > 0.

ThethreequantitiesC(¢), D(e), andI(e) form the basisof our computationabpproacho
determiningthe connectednegzropertieof data.
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Figure2.1: Theconstructiorof a K, Cantorset.

2.2.3 Disconnectednesand discretenesgrowth rates

In somesituationsof interest— Cantorsets for example— it is expectedthatC(e) — oo and
D(e) — 0 ase — 0. An effective way to evaluatethis behaior is to assumean asymptotic
form andcomputeappropriatandices. We usea simple polynomialpower law, althoughfiner
scalesof functionsexist [81]. Thus,neare = 0, we look for realnumbersy andé suchthat
C(e) ~ e~ andD(e) ~ 0. Theexponentsnaybefoundasthefollowing limits:

.. logCle)
—11_1)1(1) log(1/€) 2.1)
§ = lim M_ (2.2)
e—0 loge

If thelimits do not exist we cancomputethe lim inf andthelim sup of eachquantity

The componengrowth rate,~, is calledthe disconnectednesadex. A positive value of
~ implies that the sethasinfinitely mary components.We call § the discretenessndex. |If
d is positive, the setmustbe totally disconnected.The function D(e) relatesthe size of the
e-componentdo the distancebetweenthem, so § measureghe relative rate of decreaseof
componentindgapsizes.If the setis connectedr hasa finite numberof componentsthen~y
andé arebothzero. Threesimpleexamplesof Cantorsubset®f R aregivenbelow.

Middle- o Cantor sets

TheseCantorsetsarisein piecavise-linearone-dimensionaiaps.Let0 < « < 1 andconsider
the Cantorset K, C [0,1] constructedby successiely remorving the middle a-proportionof
eachremaininginterval. This constructiorhasanaturalcorrespondenceith thee-components.
At agivenlevel n, thereareC,, = 2" intenalsof equallengthD,, = %(1 —a)D,,_, separated
by gapsof atleastg,, = aD,,_1; seeFigure2.1. With D, = 1, therecursionrelationsmaybe
solvedto find D,, = [5(1 — «)]" andg, = a[3(1 — )"}, sothat

. logD, . nlog[:(1 — )]
0 = lim = lim I =
n—oo logg,  n—oo(n —1)log[5(1 —a)] +loga
and
1 —nlog?2 log 2
v= lim — 08 Cn = lim ln 08 = o8 .
n—oo loggn n—oo (n—1)log[3(1 — )] +loga log2—log(l - a)
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Thediscretenesmdex, ¢, is independentdf o becausdhe Cantorsetis constructedn sucha
way thatthe e-component@andgapsdecreasatthe samerate. The disconnectednessdex, ~,

hasthe samevalueasthe Hausdorf dimensiondimpy. Sincedimgy < 1, it follows thatthese
Cantorsetshave zeroLebesguemeasure.This alsofollows from the fact thatthe sumof the
gap-lengthss equalto one.

A Cantor setwith positive measuie

Now considera Cantorsetwith gapsthatdecreasenorerapidly. Let K bethe subsebf [0, 1]
obtainedby successiely removing gapsfrom the centerof remainingintenals, with widths

gn = (1)2»"1(L) forn = 1,2,.... Thetotal Lebesguaneasuref thegapsisjustll—o, sothe

2 10
measuref K is 5. After abit of algebrawe find thatfor (1)20+1(L) < e < (3) (&),
1 1

thereareC,, = 2" componentsvith diametersD,, = (5)”[% + (3)™(15)] - So,

nlog(3) +log[5s + (3)"(55)] _ 1

5 1i ol _ -
ns00 (2n—1)log(%)+log(11—0) 2

and
—nlog?2 1

lim I =5 -
n—oo (2n — 1)log(s) +1log(sp) 2

Since K haspositive Lebesguameasureits Hausdorf dimensionis 1. Therefore the discon-
nectednesmdex andthe dimensionaredistinct. In fact,in Chapters we shav thatfor subsets
of R, thedisconnectednessdex is equialentto thefat fractalexponent.

Cantor setswith zero Hausdorff dimension

It is possiblefor a Cantorsetto have dimy = 0. SuchCantorsetsare obsered asinvariant
setsfor the symplectictwist mapswe studyin Chapterd. As anexample,let0 < A < 1 and
¢ = (1 — A\)/A, andsupposedhe Cantorsethasa singlegapg, = c\" for eachn = 1,2,....
We constructhe Cantorsetasa subsebf [0, 1], sothe constant is choserthe make the sum

o o
Zgi = Zc)\i =1
i=1

i=1

This meanghe Lebesguaneasureof the Cantorsetis zero. By settinge = g,,, we have that
C(gn) = n + 1 andtherefore

) log(n + 1) . log(n + 1)
vy=lm ——/——— = lim ———F— =
n->00 log gn, n—oo nlogA+logc

The diameterof the e-componentslependon the exactpositioningof the gapsin [0, 1]. How-
ever, if e = g,, thenthelargestremaininge-componenmustbe longerthanthe next gapto be
resohed, andits lengthcannotexceedthe sumof all theremaininggaps.Thatis,

n
gn41 < D(gn) 1= gic
i=1

It follows that

loggni1 _ log D(gn) _ log(1— >, i)
loggn — loggn — log gn
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Now,

n

n

; cA n n

1—291-:1—2(;,\1:1—1_)\(1—/\+1)=/\+1.
=1 i=1

Thus,

log cA™ ! S log D(gn) S log A™t1
logeA® — loggn, ~ logeAm’

Takingthelimit asn — oo in eachexpressionwe find thaté = 1.

In Section2.4,we examinesomeCantorsubset®f R2. For mary of thesesxampleswe find
that~ is approximatelyequalto the box-countingdimensiondimpg, andthaté is closeto one.
We give formal resultsrelating fractal dimensionsandthe disconnectednesand discreteness
indicesin Chapters.

2.3 Implementation

Thetheoryoutlinedin the previous sectionappliesto arbitrarycompactsets.Recallthatcom-
pactnesss the propertythatary covering of the setby opensubsetsanalsobe accomplished
by afinite numberof thosesubsets.This is why it is possibleto represenacompactsetby a
finite numberof points.Onewayto dothisis to take a covering of the setby openballs,choose
a finite sub-cwer, andlet the centersof the balls be the finite point-setapproximation. Sup-
poseeachpointin thecompactset, X, is within amaximumdistancep/2 of somepointin the
approximatingset, S. Theoriginal setandits finite point-setapproximationthereforeexhibit
essentiallythe sameC(e), D(e), andI(e) behaior whene > p. For example,if the original
set, X, is connectedand perfect,thenexamining S with resolutione > p we seeCs(e) = 1,
diam(X) — p < Dg(e) < diam(X) + p, andIg(e) = 0. Fore < p, S hasmary compo-
nentsandthe majority of theseareisolatedpoints. For generacompactetswe have thebound
Cs(e — p) > Cx(e) > Cg(e + p) for e > p. Theseideasaredevelopedfurtherin Chapter3.

In practice we aregiven only thefinite point-setapproximatiorandwish to determinethe
connectednegsropertiesof the underlyingset. To do this, we needto estimatethe minimum
resolution,p, from the point-setitself. We canthenattemptto extrapolatethelimiting behaior
of C(e) andD(e) from thedatawith € > p. Thequestiorthatnaturallyarisess: how confident
can we be that the limiting topology is that implied by the datafor e > p? It is possible
to constructexamplesthat appearto be connecteddown to a given resolution,but arein fact
Cantorsets. Conversely thereare connectedsetswhosefinite point-setapproximationsnay
appearto be totally disconnected.Both theseproblemscan be addressedo someextent by
checkingthe effect on C(e), D(e) andI(e) of increasinghe numberof pointsapproximating
theunderlyingset. Ultimately, though,we arerestrictedby machineprecision.

In orderto computeC(e), D(e) andI(e) numerically we needan appropriateway to or-
ganizethefinite point-setdata. The structurewe useis a graph— the Minimal SpanningTree
(MST) [67]. Thischoicewasinspiredby K. Yip’s work on computerecognitionof orbit struc-
turesin two dimensionakrea-preservinghaps[89]. Thefollowing sectiondescribesvhy the
edgelengthsof the MST naturally definethe resolutionsat which one shouldseea changein
the numberof componentsin fact,the MST of a datasetcontainsall the informationwe need
aboutthe e-components.
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Figure2.2: A finite setof points(a), its minimal spanningtree (b), andthe nearesineighbor
graph(c). Theweightof anedgeis the Euclideandistancebetweerthe pointsit joins.

2.3.1 Minimal spanningtrees

A graphis a structureconsistingof a finite setof pointscalledverticesanda list of pairs of
thesepointscallededges A weightedgraph hasa weight or costassignedo eachedge. A
graphis connectedf thereis asequencef edgega path) joining ary pointto ary otherpoint.
Whenit containsno closedpaths,a connectedyraphis calledatree Givenagraph,aspanning
treeis a subgraplhthatis a treeandcontainsall the verticesfrom the original graph. For our
purposestheverticesaredatapointsin a metricspacgusuallyR™), the edgesarelinesjoining
two points,andthe weightof anedgeis just the metric distancebetweerthe two pointsjoined
by thatedge.

Theminimal spanningiree (MST) of a graphis a spanningreeof thatgraphthathasmin-
imal total weight. It is uniquewhenall the edgeweightsaredistinct. For our application,we
build the MST from the completegraph— i.e., onethat hasan edgebetweenevery pair of
points. Theintuitive way to do this is to deleteedgedrom the completegraphasfollows. Start
with thelongestedge(largestweight),andthenremove successiely shorterones providedthat
doingsoleavesthesub-graptconnectedThealgorithmceasesvhenremaoving ary edgewould
leave a disconnectedjraph. An alternatve constructie algorithm,dueto R.S.Prim [68], is
morereadilyimplementecon a computer The initial subtreeconsistsof ary point, its nearest
neighboyandthe edgebetweerthem. The subtreegrows by addingthe pointthathasthe short-
estdistanceo somepoint (calledits parent)in thesubtree This stepis repeatedintil all points
arein thetree. The costof this algorithmis O(n2) wheren is the numberof pointsin the set.
It is alsopossibleto constructhe MST from a specialgraphcalledthe Delaunaytriangulation
(c.f., Section3.4). For setsin the plane,this resultsin analgorithmwith costO(n log n). See
[67] for detalils.

The propertyof connectingclosestpointsmakesthe MST a naturalstructurefor our anal-
ysis. This s illustratedby the datasetandMST presentedn Figure2.2. Notice thatthe MST
bridgesthe “gap” betweentwo subsetith the shortestedgepossible automaticallyorganiz-
ing the point-setin a way that correspondgloselyto e-connecteccomponent®f the set. The
following resultsformalizethis intuition. More resultsaboutminimal spanningreesandtheir
relationshipto clusteringcanbefoundin [90].

First, we shav how the edgelengthsin the MST relate to e-connectednesand the e-
components.

Lemmad4. If S is afinite setof pointsthatis e-connectedor all ¢ > ¢; > 0, thenthelongest
edee in theMSThaslengthl < «.
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Corversely if the MST of a finite setof points, S, haslargestedg lengthl < ¢y, thenS is
e-connectedor all € > ¢g.

Proof. Recallfrom Section2.2that.S is e-connectedf andonly if thereis ane-chainjoining
every pair of pointsin S. This impliesthatin the completegraphover the pointsof S, it is
possibleto maove from onevertex to ary otheralongedgesof lengthlessthane. Thereforejn
theintuitive constructiorof the MST, all edgeof lengthgreatetthane, areremoved,sincethey
couldnotdisconnecthegraph.lt follows thatthe MST of S canhave no edgelongerthaney.
Corversely the MST is a connectedyraph,so given ary pointsz,y € S, we canfind an
eo-chainizg = z,... ,x, = y, With d(z;, z;11) < €. Thisimpliesthat$ is e-connectedor
all e > €Q- |

The next resultshavs thatthe MST is a suitablestructurefor representing-components.
First, we notethatevery edgein a MST definesa partitionof .S (the point set)into two subsets
P and@ containingthe pointsfrom thetwo subtreegeneratedby removing theedge.lIt follows
that:

Lemma5. Remeinganedg froma MSTgeneatestwo subgaphs,ead of which is a MSTof
its points.

Supposéhatthelongestedgehaslengthl andassumehatthis edgelengthis unique.If we
remove this edge,we areleft with two subsets”? and@ thatare e-connectedor somee < .
Thesesubsetgenuinelyaree-componentsinced(P, Q) = | > e. If therearen > 1 edgesof
lengthl thenremaving themleavesn + 1 connectedomponents.

The minimal spanningree,onceconstructedholdsall theinformationwe needto deduce
connectednesgropertiesfrom e-components.The e-component®f the set S correspondi-
rectly to the connectedcomponent®f the sub-graphhatis generatedby removing edgesrom
theMST of lengths] > e. Also, theedgelengthsof the MST automaticallygive theresolutions
atwhich oneseesa changdn the numberof componentsWe now discussvaysto extractthis
informationefficiently from the MST.

2.3.2 Practical issues

This sectionaddressesomeof the detailsof the numericalimplementation.In particular it
describediov we computeC(e), D(e), andI(e). We give Matlabcodefor the following algo-
rithmsin anappendixo this thesis.

Finding the numberof e-componentss straightforvard: C(e) is just one morethanthe
numberof edgeswith lengthgreaterthane. We build the MST usingPrim’s algorithmwith the
Euclideandistancebetweerpointsasthe edgeweight, andstorethe MST asthreearrays.The
first lists the coordinatef the datapointsin arbitraryorder the secondcontainsthe index of
the parentof eachpoint, andthethird, the lengthof the edgebetweerthe point andits parent.
This allows usto computeC(e) from the cumulatve distribution of edge-lengthspbtainedby
simply sortingthearray

We know thata pointwill beisolatedat resolutione if all the MST edgesncidenton that
point arelongerthane. Oneway to computel(e) is to deleteall edgeslongerthane from
the MST andthencountthe numberof isolatedpoints. Anothermethodis to usethe neaest
neighborgraph (NNG); seeFigure 2.2 for an example. The nodesof this directedgraphare
againthe datapoints;anedgepointsfrom onenode,z;, to anotheyz;, if

d(zi, z;) < d(zg,z) foral ze S\ {z;z;}. (2.3)
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This relationshipis not reflexive, i.e., z; — z; doesnotimply x; — z;. Ignoring their di-

rections,the edgesof the NNG area subsebf thosein the MST. It is thereforevery simpleto

build the NNG from the MST, againby sortingthe MST edgesy lengthandthenrecordingthe
shortesiedgeincidenton eachpoint. The numberof e-isolatedpoints, I (e), is justthe number
of edgedn the NNG thatarelongerthane (countinganedgethatpointsbothwaystwice). I(e)

is thena cumulatve distribution of edge-length&n the NNG.

To find the diameterof ane-componentve first needto list the pointsin the e-component.
This involvesa treewalk algorithm,which we will discussin the following threeparagraphs.
Finding the Euclideanmetric diameterof a setof n pointsin the planeis anorderO(nlogn)
algorithm, since the computationscan be restrictedto points lying on the boundaryof the
convex hull. For subsetsof higherdimensionalspaces,this restriction doesnot necessar
ily help[67]. Instead,the algorithmwe useis the brute-forcecomparisonof distancesbe-
tweenall pairsof points, which is O(n?). Finding the diameterusing the supremummetric
(dsup(z,y) = sup; |z; — y;|) is fastey sinceall thatis requiredis to find the maximumand
minimum valuein eachcoordinateover the setof points, andthis is linear in the numberof
points.

A treewalk on the MST is not particularlyefficient sinceits root is arbitraryandlittle can
be saidin generakboutits branchingstructure.Thereis, however, a naturalbinary structureto
the MST, sinceeachedgedefinesa partitionof the MST into two componentsThis factcanbe
usedto constructa binarytreefrom the MST, whichis thenfasterto search.

The binary treerepresentsnformationaboutthe MST in the following way. Nodes(ver
tices)of thebinarytreerepresenedgesrom the MST, orderedby length;therootis thelongest
edge.Thetwo childrenof anedgenodearethe longestedgesof thetwo sub-MSTsgenerated
by remaving thatedge. Theleaves(nodeswith no children)of thebinarytreerepresenthedata
points;theparentnodeof aleafis theshortesedgeincidentto thatpointin theMST. In essence,
eachedgenodein thebinarytreerepresenta connectedcomponenbf the MST. Givenavalue
of ¢, eache-connecteccomponents representetby an edge-nodeawith lengthlessthane, but
whoseparenthaslengthgreaterthane. The pointsin ane-componentanbe found by listing
theleaves“under” its representate node. This binarytreecanbe built sothateachedge-node
hasinformationaboutthe componentt represents— for example,the numberof pointsin the
component.

Thetimeto list the pointsin a components proportionalto the depthof thetree,whichin
turndependsnthenumberof pointsin thedatasetandhow well thetreeis balancedFor fairly
uniformly distributeddata,thetreeis well balancedbut for non-uniformlydistributeddatathis
is notthe caseandthetime to list the pointsin ane-componentanbecomevery long.

Our algorithmsto build the MST andthe binary componentreeare not the mostefficient
implementationsThereis a large literatureon specialdatastructuredor graphalgorithms[9]
thatcouldbe exploitedto give fasterimplementations.

Finally, we mustaddresshe problemof how to determinehefinestappropriateesolution,
p, asdiscussedt the beginning of Section2.3. To do this, we examinehow the numberof
isolatedpointsin thee-decompositiorof the setvarieswith resolution—i.e., thefunction I (e).
In all of theexamplesbelaw, theunderlyingsetsareperfect,sothefinite point-setapproximation
is “bad” at ary resolutionfor which thereareisolatedpoints. It follows that the resolutionat
which we startto seeisolatedpointsis anestimateof p, i.e. p = inf{e : I(¢) = 0}. Thevalidity
of this approachs supportedy the numericalevidencein the next section;the datafor C(e¢)
andD(e) diverge from their truevaluesat theresolutionwhenisolatedpointsarefirst detected.
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f1[S] | f2[S]

Figure 2.3: Templatefor the iteratedfunction systemthat generateghe Sierpinskitriangle
relatives

2.4 Examples

In this sectionwe presentsome examplesthat illustrate the behaior of the numberof e-
componentsC(e), the largestdiameter D(e), and the numberof isolatedpoints, I(¢), for
fractalswith differenttopology The goalis to shav thatthesequantitiesgive usefulinforma-
tion aboutthetopology

The first examplesarerelatives of the Sierpinskitriangle. Thesesetsare generatedrom
a family of iteratedfunction systemqIFS). The Hausdorf dimensionof eachsetis identical,
eventhoughthey have differenttopologicalstructure asthe disconnectednessddiscreteness
indiceshighlight. For thesefractals,we shawv that the cutoff resolutiondecreasesvhenthe
numberof datapointsis increasedwhich is not surprising,sincemore points sampledfrom
an attractorconstitutea betterapproximationof the underlyingset. We alsovary the way in
which the datacover the setandfind thatfor a fixed numberof pointsthe cutoff resolutionis a
minimumwhenthe dataareuniformly distributed. Again, this is exactly whatwe expect,since
isolatedpointsappeaiat largervaluesof e whenpointsarenot evenly spaced.

We next presenta numberof Cantorset examplesto illustrate differenttypesof scaling
behaior in C(e) andD(e). We obsere that, for Cantorsetswith zeroLebesgueneasurethe
computedvalueof v is approximatelyequalto the dimensionof the set. For a Cantorsetwith
positve measurethough,y andthe dimensionaresignificantlydifferent.

2.4.1 Relativesof the Sierpinski triangle

Sierpinskitrianglerelatvesareattractingfixed setsof afamily of iteratedfunctionsystems:

S = f[S] = f1[STU f2[ST U f5[S].

In eachcasethefunctionsy; aresimilarity transformationsof the unit squarewith contraction
ratio % asillustratedby thetemplatein Figure2.3. The functionsthatgeneratehe Sierpinski
triangle,Figure2.4, aresimplecontractionscomposedvith atranslationthe generator®f the
examplesin Figure2.11andFigure2.13involve additionalrotationor reflectionsymmetrieof
the square.Thereare 232 differentfractalsin this family [66] andtheir Hausdorf dimensions
areidentical: dimy = log3/log 2. Their topology however, rangesfrom simply connected
to connectedo totally disconnectedo a classof exampleswith infinitely mary connected
component®f non-zerodiameter{71]. Thisrangeof structuremalkesthemidealtestcasedor
ourtechniques.

1Recallfrom Sectionl.2.3thatsimilarity transformation S, is an affine transformatiorthat contractsor dilates
distanceuniformly; i.e., for all z andy, thereis a positive numberr suchthat|S(z) — S(y)| = r|z — y|.
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It is easyto generatafinite numberof pointsontheattractorof aniteratedfunctionsystem.
Oneway (Barnslg’s chaosgame[4]) is to choseaninitial point z¢ in the domainof the IFS
andthenrecordits trajectoryunderthe iterationz,+1 = f;,(z5), settingi,, = 1,2 or 3 with
probability p1, p2 and ps respectiely. If zq is in the attractorthenits entire orbit is in the
attractor;jf not,theiteratescorvergetoit. In theexamplesbelon, we choosery = (0, 0). Thus,
theorbit canbeviewedasarandomsamplingof theattractorby afinite numberof points.When
pL = p2 = p3 = % the datacover the fractal uniformly; if the probabilitiesare not equalthe
distribution of pointsis nonuniformandtheir densityapproximates multifractal measureln
the appendixwe give Matlab codefor generatinghe Sierpinskitrianglerelativesin theabove
manner

The Sierpinski triangle

Thegeneratingunctionsfor the Sierpinskitriangleare:

fl(xay) = %(xay)
f2(xa %(.’E + 17y)
fa(z,y) = 5(z,y +1). (2.4)

A finite point-setapproximatiorio thetriangleandthecorrespondingninimal spanningreeare
shavn in Figure2.4. Theunderlyingsetis connecte@ndperfect,sowe expectto seeC(e) = 1,
D(e) = V2, andI(e) = 0 for € > p. Thisis corroboratedy the calculationsof C(e) and D(e)
for 10* and10® point approximationgo the triangle,asshavn in Figure2.5. We seethat for
e above athresholdvalue,the computedvaluesof C(e) and D(e) arein exactagreementvith
our expectations.The point at which C'(e) and D(e) deviate from the ideal valuesis the value
of e atwhich the numberof isolatedpoints, I(e), becomegositive. This e valueis, of course,
the cutof resolutionp discussedn Section2.3.2. At finer resolutions—i.e.,e < p — we see
a sharptransitionin the numberof connectedcomponentférom oneto the numberof pointsin
the set;the diametershav a correspondinghsharpdecreaseBoth theseeffectsaredueto the
narrav distribution of edge-lengthef the MST. Clearly thevalueof p depend®nthe number
of points, N, coveringthe set. For the 10*-point approximationp =~ 0.008 andfor N = 103,
p ~ 0.0022; We expectthe relationshipto be p ~ 1/+/N, sincethe dataare homogeneously
distributed on a subsetof R%. This is supportedby the datain Figure 2.6(a). Here, we plot
cutof resolutionversusthe numberof pointsfor 102 < N < 10°; theslopeof theleast-squares
fit line is —0.58.

Theresultsdiscussedo far arefor uniformly distributed data. In generaldynamicalsys-
tems though,orbitscover attractorsxonuniformly Thereforewe wantto understandheeffects
that nonuniformlydistributed pointshave on the connectednesdata. As describedearlier we
canchangethe way an orbit coversthe IFS attractorby choosingthe functions f1, fo, and f3
with different probabilities. To generateFigure 2.7(a), for example,we setp; = 0.05 and
p2 = ps = 0.475. This highly nonuniformdistribution of pointsinducesperceptiblechangesn
theC(e), D(e) andI(e) data,asshavn in Figure2.8,but thegraphsemainqualitatively similar
to thosein Figure2.5. The cutoff resolutionis significantlylarger: p = 0.04 comparedwith
0.008 for theuniform distribution with thesamenumberof points. Thegrowth in the numberof
e-componentsor e < p is alsolessrapidthanthatfor the uniform data.Both of thesechanges
aredueto a greaterspreadn the edge-lengthef the MST. The geometryof the distribution is
reflectedn thegraphof D(¢); thedenselycovereddiagonaimeanghatD(e) = /2 for ¢ values
significantlylessthanp.
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Figure2.4: (a) 10 pointsuniformly distributedon the Sierpinskitriangle. (b) The correspond-
ing MST. (c) A closeup of the bottomright cornerof the MST.

C(e) D(e) I(e)

-,
.,
.
.

Figure2.5: C(e), D(e) andI(¢) for the Sierpinskitriangle. The top row givesresultsfor 104
uniformly distributed points on the fractal and the bottom row for 10° points. All axes are
logarithmic. The horizontalaxis rangeis 107> < e < 1. Thesolid linesrepresentC(e) and
D(e) for idealdata;the dotsarethe computedvalues.
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Figure2.6: (a) Cutof resolutionp, asafunctionof thenumberof points, 103 < N < 10°, cov-
eringthe Sierpinskitrianglefor two valuesof p; ; ® marksdatafor the nonuniformdistribution
with p; = 0.05 and A marksdatafor p; = % i.e.,auniformdistribution. (b) Cutof resolution
asafunctionof p; for 10* datapointson the Sierpinskitriangle. Theerrorbarsarethe standard
deviation aboutthe meanof twenty calculationsof p for eachvalueof p, .

We canlower the cutof resolutionby increasinghe numberof datapointsbut, asshavn in
Figure2.6(a),therateatwhich p decreaseis p ~ N %23, significantlyslower thanthatfor the
uniform data. This is aninterestingresultthat deseresfurther investigation. The distribution
of edge-lengthén the MST mustdependon the distribution of points,and perhapghereis a
way to formally relatethe two distributions. For a connectedset, p is thelargestedge-lengthin
the MST. Thus,givenananalyticform for the distribution of edge-lengthsit may be possible
to predictthescalingof p with thenumberof points.We arrive at similar questionsn Chapter4
whenwe considemoint distributionson invariantcirclesof the standardnap.

Finally, thegraphin Figure2.6(b)summarizeshevariationof thecutof resolutionwith the
nonuniformityin thedistribution of points. The measuref nonuniformityin the datais p,, the
probability of choosingf;; we setps = p3 = (1 — p1)/2. Twenty orbits of 10* pointswere
generatedor valuesof p; in therange0.05 to 0.9. The cutof resolutionreachesa minimum
atp; = % i.e., for uniformly distributed data,aswe expect. The otherfeatureto noteis that
the standarddeviation alsodependsn the distribution, andis greatesfor highly nonuniform
data.Thisis becausavhenonefunctionin theIFSis choserwith very low probability thereis
greatewariability in theway anorbit fills outtheattractor;thisin turn leadsto greatewariation
in theedge-lengthef the MST.

We concludethat for moderateamountsof nonuniformity (for this example,0.2 < p; <
0.5) thecutof resolutionis atalevel comparabléo thatfor perfectlyuniform dataandourtech-
niquesarenotadwerselyaffected.For highly nonuniformcoveringsof anattractor significantly
moredatapointsareneededo reachthe samecutoff resolutionsasfor uniform data. Theonly
effectthis hasis to generaténconclusie, ratherthanincorrect,diagnose®sf thetopologyof the
underlyingset.
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Figure2.7: (a) 10* pointson the Sierpinskitriangle generatedy settingp; = 0.05 andpy =
p3 = 0.475. (b) ThecorrespondingMST.
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Figure2.8: C(e), D(e) andI(e) for the nonuniformly distributed datasetin Figure2.7. All
axesarelogarithmic. The horizontalaxisrangeis 10 < € < 1.

28



(@) (b)

Figure2.9: (a) 10* pointson the setgeneratedy (2.5) and(b) the correspondingST.
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Figure2.10: C(¢), D(e) andI(e) for the simply connectedyaslet relative. The datais for 104
pointson theset.All axesarelogarithmic. The horizontalaxisrangeis 107% < € < 1.
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Figure2.11:(a) 10* pointsonthe Cantorsetgeneratedy (2.6) and(b) the corresponding/ST.
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Figure2.12:C(e), D(e) andI(e) for 105 pointsuniformly distributedover the Cantorsettrian-
gle relative. All axesarelogarithmic. The horizontalaxisrangeis 103 < € < 1. Thesolid
linesrepresentC(e) andD(e) for idealdata;the dotsarethe computedvalues.

A simply connectedrelative

Thefractalshavn in figure 2.9is generatedby:

filz,y) =3(—z+1,-y+1) (2.5)
fa(z,y) = 3(—y +2,2)
f3($a - %(.’E,y+1)

This setis simply connectedin contrastto the Sierpinskitriangle which hasinfinitely mary
holes.Despitethis difference we seethatdatafor C(e) andD(e) arealmostidenticalto those
for thetriangle. The problemof detectingholesis addresseth Chapter3.
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A Cantor setrelative

Figure2.11shaws theattractorfor theiteratedfunctionsystemgeneratedby

fl(xay) = %(_y+ 1,.’2)
fa(z,y) = 5(y + 1,2)

This fractal is a Cantorset,so we shouldseeC(e) — oo andD(e) — 0 ase — 0. We can
derive analyticexpressiongor bothfunctions,sincewe know thatthe setis threecopiesof itself
athalf thesize.We call theregionthatdisconnect$wo e-components “gap”. Its “width” isthe
metricdistancebetweerthetwo componentsClearly the sethasa singlecomponentvhenaer
€ is greaterthanthe width of the largestgap,gg. As ¢ decreasessubsequentomponentsare
resohed at gapsizesg, = go/2". Thediametersof the componentdollow the samepattern
aftersomeinitial transientoehaior. Thusforn > 3,

D(e) = D(g2)/2" 2 for gni1 < €< gn. (2.7)

Thisgivesd = 1, confirmingthatthe setis totally disconnected.

The numberof components(C(e), is alittle harderto determine. SinceC/(e) is just one
morethanthetotal numberof gapswe calculateit by first deriving anexpressiorfor thelatter.
Let N,, bethe numberof gapsof sizeg,. Sincethe fractal containsthreecopiesof itself, one
mightthink that N,, = 3™. By carefulinspectionof the IFS templatewe find thatthisis notthe
whole story— somegapsmeigeinto one.In fact,with Ny = 1 we have therecursion:

_ J3Np if nisodd,
" )3N,_; —2-3%2"1 if niseven.

Thesecanbesoledto find:

N 2.3n1 4 3(n-1)/2 if nisodd,
" )2.37-143%/2-1  jf piseven.

Wethenhave thatfor g, 1 < € < gy,

n 3n 4 9. 3(”71)/2 if n is odd,
Cle)=1+) N;=
(€) JZO J {371 4+ 3n/2 if n iseven.

Theleadingpower is the samefor all n, sowe may useeithercaseto evaluatethe limit:

n n/2
v = lim supw = lim log[3™ + 3™/7] _ log 3 .
n—00 log(l/gn) n—00 ]og[2n/go] 10g2

Sincethereareno isolatedpoints,the attractoris perfectandthereforea Cantorset,asclaimed.
We canseein Figure2.12thatthe numericalcalculationsagreevery well with the theory
down to the cutoff resolutionp ~ 0.003. Whene < p, thecomputedvaluesof C'(¢) arelarger
thanthe predictedvaluesbecausasolatedpoints are countedas extra components.For still-
smallervaluesof e, every pointis resohedasanisolatedpointandthe C(€) curve levelsoff. The
meaningfulportionof thedata— betweertheseaxtremes— shavs astaircasgeriodicityabout
alineartrend. The slopeof thelineartrendis an estimateof . We determiney numerically
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usingaleast-squarefit, to be1.41£0.05. Thisis lowerthanthetruelimiting valuegivenabove
(1.58) becaus®f second-ordeeffectsattherelatively large valuesof e for whichthe C'(e) data
arevalid. We estimateheslopeof thetruecurve overthesamerangeto be 1.48, whichis closer
to thevaluecomputedabore.

The numericallycalculatedvaluesof D(e) alsoshav a staircaseperiodicity abouta linear
trend. The datahave a systematidiasfor thejumpsat slightly largervaluesof e thanpredicted
by theory This s dueto finite-dataeffects: the pointsarenotfilling outthe cornerssoedges
in the MST arealittle longerthanthe“true” gapsandthe diametersf the e-componentarea
little less. The datapointsfall belov the true curve whene < p becauseénterpoint distances
arecomparableo theintercomponentlistancest theseresolutions.Since D (e) measureshe
largestdiametertheflat tails of the D(e) datain Figure2.12aredueto the presencef atleast
onetriple/pair combinationwithin a distancee of eachother whilst almostall the otherpoints
have becomasolated.Theslopeof thelineartrendof D(e) is anestimateof §. We estimatethe
slopeover therangep < e < 0.06 becausehefirst few stepsare shallaver thanthe limiting
trend.Usingaleastsquaredit, again,we calculates to be 1.00 + 0.03, aspredictedabore.

The cutof resolutionfor datafrom this IFS varieswith the numberof points and their
distributionin exactly the samemannerasthedatafrom the Sierpinskitriangle. For moderately
nonuniformdata, estimatef v andé arethe sameasthosegiven abore. Whenthe datais
very unevenly distributed, p increasesignificantlyandthe e rangemay be too smallto allow
anestimateof the slope.Again, this leadsto inconclusve resultsratherthanincorrectones.

A relative with infinitely many connectedcomponents

A third trianglerelative, shavn in Figure2.13,is generatedby the following similarities:

fl(way) = %(-’L',y)
fa(z,y) = 5(z,y +1). (2.8)

Theattractorfor this systerrhasinfinitely mary connected@omponentsyetis nottotally discon-
nectedbecausehe componentave positive diametersWe thereforeexpectto seeC(e) — oo
andD(e) — 1 ase — 0. Again, the gapsdecreasesimply asg, = go/2". Thistime, the
numberof componentss just

Cle)=1(3"" +1) for gpi1 <e<gn, (2.9)

giving v = log3/log2. The largeste-componenialways containsthe line segmentz = 0,
0<y<1,s0D() — 1.

The graphsof C(e) and D(e) in Figure 2.14 reflectthis; the former has characteristics
similar to thoseof the Cantorsetabove, but D(e) looks like that for the Sierpinskitriangle.
Theslopeof the C(¢) staircases estimatedrom thedatafor a103 pointapproximationgiving
avalueof v = 1.55 + 0.03. This is in very closeagreementwith the theoreticalvalue of
v =log3/log2 ~ 1.585.

2.4.2 Cantor setsin the plane

Oneof ourobjectivesis to useourtechniqueso identify andcharacteriz@hase-spacgructures
in dynamicalsystemsCantorsetsareoftenpresentn chaoticdynamicalkystemssoit is useful
to examinesomesimple Cantorset examplesto gain a betterunderstandingf the different
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Figure2.13:(a) 10* pointson thefractalgeneratedby (2.8) and(b) the correspondingvST.
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Figure2.14:C(e), D(e) andI(e) for atrianglerelative with infinitely mary componentsAgain,
the datais for 10° pointsuniformly distributed on the set. All axesarelogarithmic. The hori-
zontalaxisis 107® < € < 1. Thesolid line represent€(¢) and D(¢) for ideal data;the dots

arethecomputedvalues.
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typesof scalingthatcanoccurin the C(e) and D(e) graphs.In Figure2.15,Figure2.17,and
Figure2.19,we shaw five Cantorsetsin the plane. In eachcase the orbit has50000points.
Four of thesehave zeroLebesguaneasureandone(Figure2.17(b))haspositve measuresoit
is termeda fat Cantorset(this is analogougo the term “fat fractal” for fractalswith positve
measurg22]). All areattractorsof iteratedfunctionsystemf theform

S = fIS] = AISIU f2[STU f[STU fa[S].

The generatingfunctions, f;, becomeincreasinglycomple in this seriesof examples. The
threesimplestinvolve only affine transformationsaand a fourth usesconformalfunctions;the
functionsthat generatethe fat Cantorset cannotbe written in closedform. The geometric
structureof eachsetis reflectedin the type of staircaseseenin the graphsof C(e) and D(e).

For the four exampleswith zero Lebesguameasurewe expectto seey = dimpg, the box-

countingdimension;this is supporteday our results,summarizedn Table2.1. For the Cantor
setwith positive measurethevalueof « is significantlydifferentfrom the dimension We again
obsere, for all of the examples thatthe cutoff resolution,p, is well approximatedy the e-

valuewherethe numberof isolatedpointsceasego be zero. Again, this is becausall of the
underlyingsetsareperfect.

We startwith asimpleexamplewhereeachf; is asimilarity transformatiorwith contraction
ratio 3, asshawn in Figure 2.15(a). The numericalcalculationsof C(e), D(e), andI(e) are
presentedn thetop row of Figure2.16. Thesegraphsshawv staircasescalingbehaior similar
to the triangle-relatie Cantorset presentedn Section2.4.1; this makes sensebecauséboth
aregeneratedy iteratedfunction systemsof similarity transformationsFor this example,the
jumpsin C(e) and D(e) areate, = 1/3"; becauseherearefour self-similar copiesat one
third thesize,we seeC(e,) = 4™ andD(e,) = 1/3", which givesthetheoreticallydetermined
limits of v = log4/log3 ~ 1.262 andd = 1. Thisis in closeagreementith our numerical
estimateof v = 1.23 £+ 0.05 and§ = 0.97 + 0.02.

Thesecondexample,Figure2.15(b),is alsogeneratedby similarities. This time, the lower
two have a contractionratio of % andthe uppertwo have a ratio of % As canbe seenfrom
the secondrow of Figure2.16, this leadsto a more complicatedstaircasepatternin the C(e)
and D(e) graphs.Jumpsin thesegraphsoccurat valuesof e correspondindo edgelengthsin
the MST. The structurefrom the IFS meanstheseedgelengthsareof theform 1(3)™ (%)™, for
all integersm andn, wherel is oneof thetwo longestedges.Valuesof v and§, presentedn
Table2.1,areagainvery closeto the expectedvalues.

To generatahe setin Figure 2.17(a),more-generakffine transformationsare used,each
contractingoy % horizontallyand% vertically. The correspondingraphsof C(e) andD(e) in
Figure2.18shawv thenow-familiar staircasescalingpattern.Comparedo the secondCantorset
example thelargerstepsin thesegraphgsreflectthe moreregulargeometricstructureof the set.

Thefourth exampleis a Cantorsetwith positive Lebesguaneasureandthereforea dimen-
sionof 2. It is possibleto representhis setasthe attractorof aniteratedfunction systemof the
generaform above. Thefunctionsinvolved, however, arelimits of piecaviselinearapproxima-
tionsandit is notpossibleto write themin closedform. Insteadwe generatéhesetasthecross
productof two positve measureCantorsubset®f the unit interval. Thesesetsareconstructed
asfollows: ateachlevel,n > 1, 2" ! gapsof lengtha/2P" ! areremoved from the centerof
anintenal remainingfrom level n — 1. Thesumof thegaplengthsis a/(2°~! — 1); choosingp
anda to make thislengthlessthanoneensureshe Cantorsethaspositive measurelt is easyto
recursvely generataghe endpointsof the gaps(dowvn to somelevel) andthesepointsareused
asthefinite point-setapproximation For thesetin figure2.17(b),we seta = 2/3 andp = 2 for
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Figure 2.15: Cantorsetsgeneratedy iteratedfunction systemsof four similarity transforma-
tions. Both setshave 50000 points. (a) Similaritieswith contractiorratio % (b) Theuppertwo
similaritieshave ratio 3 andthelower two have ratio §.
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Figure2.16: C(¢), D(e) andI(e) for the Cantorsetsin figure 2.15. The top row is datafor
Figure2.15(a);the secondrow is for Figure2.15(b). All axesarelogarithmic. The horizontal
axisrangeis 10 ° < e < 1. ThesolidlinesrepresenC (¢) andD(¢) for idealdata;thedotsare

the computedvalues.
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Figure2.17: Two Cantorsetswith largestgapsof 1/2 and1/3. (a) A setgeneratedby anlFS of
four affine transformationsvith horizontalcontractionof % andvertical contractionof % (b) A
fat Cantorset,generatecsthe crossproductof two Cantorsetsof positive measuren thereal
line.
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Figure2.18:C(e), D(e) andI(e) for the2-D Cantorsetsin Figure2.17. Thetoprow is datafor
Figure2.17(a);the secondow for Figure2.17(b),the fat Cantorset; All axesarelogarithmic.
Thehorizontalaxisrangeis 10™° < € < 1.
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Figure 2.19: A Cantorsetgeneratedy an IFS consistingof four nonlinearaffine transfor
mations,eachmappingthe unit circle into a circle of radius%. (a) The datasetwith circle
boundaries(b) A closeup of oneof thefour clusters.
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Figure 2.20: C(e), D(e) and I(e) for the nonlinearCantorsetof Figure2.19. All axesare
logarithmic. The horizontalaxisrangeis 10> < e < 1.

the horizontalcross-sectionanda = 2, p = 3 for the verticalone. The behaior of C(¢) and
D(e), shavn in the bottomrow of Figure2.18,is not unlike thatof the previous example.The
slopesaresignificantlyshallaver, however, becaus¢he gapsaredecreasingitafasteratethan
the componentdiametersgiving § =~ 0.46. The componengrowth rate,~, is approximately
0.80, whichis clearlydistinctfrom the box-countinglandHausdorf) dimensionof 2.

Thefinal IFS exampleusesnonlineay conformaltransformations. A function, F, is con-
formal if its deriative matrix at eachpoint, DF'(z) is a similarity transformation.For the set
illustratedin Figure2.19,the functionsareof theform fi(z) = z2/3 + ¢, Wherez = x + 4y,
andthetranslationsg, for k = 1,... ,4, take thevalues{j:%,i%}. Notice thatalthoughwe
choosethe f; with equalprobability the nonlinearityintroducesa nonuniformity to the dis-
tribution of points over the Cantorset. The cutoff resolutionp ~ 5 x 10~* is nevertheless
comparableto the previous examplesof uniformly distributed data. Scalingin the graphsof
C(e) and D(e) occursin two distincte intervals; seeFigure2.20. For 0.005 < e < 1, there
arethreeshallav stepsreflectingthe large-scalestructurethatis visible in figure 2.19(a). The
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Table2.1: A summaryof thevaluesof v andd for Cantorsubset®f theplane. Thenumbersare
estimatedusing a least-squareBnear fit to logarithmicplots of C(e) and D(e), respectiely;
the error mamgins are estimatedby varying the scalingrange. The secondcolumn givesthe
box-countingdimensiondy,x g, for eachset;thesenumbersarecomputedusingformulasfrom
Falconer23].

DataSet dimp 5 )

Fig. 2.15(a) 1.262 1.23+0.02 0.96 +0.04
Fig. 2.15(b) 1.126 1.11+0.02 1.00 +0.03
Fig. 2.17(a) 1.131 1.13+0.01 0.98 4 0.03
Fig. 2.17(b) 2 0.80 £ 0.05 0.46 £ 0.05
Fig. 2.19 1.21 < dimpg < 1.34 1.36 £0.03 0.95+0.05

secondportionof thedata,for p < € < 0.005, hasasteepeslope,correspondingo thelimiting
small-scalestructureof the set. The valuesof v andd givenin Table2.1areslopesof the C(e)
and D(e) overtheintenal p < e < 0.005. We find, asfor the previous zero-measur€antor
setsthat~ is closeto the box-countingdimensionandd =~ 1.

2.5 Concluding remarks

Our resultsdemonstrat¢hat the minimal spanningreeof afinite setof pointscanprovide ac-
curateinformationaboutthetopologyof theunderlyingset,down to a numericallycomputable
resolutionp > 0. In particular we areableto identify setsthat are connectediotally discon-
nected,or have infinitely mary connecteccomponentsvith non-zerodiameter Confidencen
the extrapolationcan be increasedy samplingmore pointsin orderto get a betterapproxi-
mationto the underlyingset, but of coursewe are still ultimately restrictedby the machine
precision. Connectedsetshave disconnectednesadex v = 0, anddiscretenesgdex § = 0.
Basedon the examplesin the chapterwe conjectureghat Cantorsetswith zeroLebesguanea-
surehave v equalto the box-countingdimensionandd = 1. Resultsin this directionaregiven
in Chapterb. Thefat Cantorsetexampleshaws thaty anddimensionare not the samewhen
thesethaspositive Lebesguemeasure.

The pointsin mostof the examplesof this chapterare fairly evenly distributed over the
underlyingset. However, it is oftenthe casethat orbits cover an attractorin a highly nonuni-
form way. Previouswork on characterizindractalshasdealtwith this by introducinga concept
of dimensionfor measuresanddevelopinga theoryof multifractals[24]. Theresultsof Sec-
tion 2.4.1shaw thatour techniquesiremosteffective for uniformly distributeddata;for afixed
numberof datapoints, the cutoff resolution,p, is minimal whenthe pointsare evenly spread
over the attractor Our techniquescanstill give valid resultsfor highly nonuniformdata;the
differences thatp maybetoo highin thesecaseto make strongstatementaboutthetopology
of theunderlyingset. It may be possibleto weightthe edgesof the MST by the densityof the
datadistribution andtherebylower p in thesesituations.

A naturalquestiorthatarisesrom studyingthe Sierpinskitrianglerelativesis how to distin-
guishbetweersimply connectedetsandoneswith holes.Thisinvolvesreformulatingconcepts
from homologytheory by introducinga resolutionparametersimilar to the way we treatthe
definitionof connectednesdhisis the subjectof the next chapter
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Chapter 3

Computing Homology

3.1 Intr oduction

We now turn our attentionto themoredifficult problemof deducinghehomologyof acompact
metric spacefrom a finite amountof data. The homologygroupsof a spacecharacterizéhe
numberand type of holesin that spaceand thereforegive a fundamentaldescriptionof its
structure. This type of informationis used,for example,in understandinghe structureof
attractorsfrom embeddedime seriesdata[58, 60], or for determiningsimilarities between
proteinsin molecularbiology [13].

Thecomputabilityof homologygroupsfrom agiventriangulationis well-knowvn andtheal-
gorithmusessimplelinearalgebrg61]. Thisalgorithmhasextremelypoornumericabehaior,
however, sothe studyof computationahomologyremainsanactive areaof researchln mary
applicationsknowledgeof the entiregroupstructureis unnecessary— all thatis neededs the
rankof thehomologygroup,i.e.,the Betti number Thisinformationcanbecomputedndirectly
from atriangulation;mary algorithmsexist [11, 14, 26, 37]. Theextractionof homologyfrom
datainvolvesthe additionalproblemof generatinga triangulationor otherregular cell-comple
thatreflectsthe topologyof the underlyingspace.Therearemary differentapproacheso this
[18, 37, 60].

Our goalis to develop computationatechniqueghatallow usto extrapolatethe homology
of an underlyingcompactspace,X, givenonly a finite approximation,S. We assumehat S
approximatesX in ametricsensej.e., thatevery pointof S is within distancep of X andvice
versa. As in Chapter2, the basictrick is to coarse-grairihe dataat a sequencef resolutions
thattendto zero.Of coursetheextrapolationwill alwaysbe constrainedy theaccurag of the
data— thisis measuredy p, the cutoff resolution.We modelthe coarse-grainingf a set, X,
by closede-neighborhoods:

Xe={z|d(z,X) <€}

Ourmaincontrikbutionto theliteratureon computationahomologyis soundmathematicaloun-
dationsfor relatingthe homologyof the e-neighborhood®f S to the homologyof X. Our
multiresolutionapproactasthe additionaladvantageof beingapplicableto fractalsets.

We begin this chapterwith anoverview of the relevantconceptsfrom homologytheoryin
Section3.2. The sectionstartsby describingsimplicial homologytheory This theoryis based
on finite triangulationsso is readily adaptedo computerimplementation.Fractalsetsdo not

1This is adifferentcoarse-grainingrocedureo thatin Chapter2 — theresolutionparametethereis relatedto
thedistancebetweerpoints. A setis e-connectedn the senseof Chapter2 if its e/2-neighborhoods connected.
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have finite triangulations so a more generalhomologytheoryis needed.The appropriatefor-

mulationis Cechhomology Thebasisof Cechhomologyis aninversesystenof finite triangu-
lationsthatapproximatea space Thisideais extendedoy shapeheorywhich considersnverse
system®f approximatingspacesn amoregeneraklass.Our sequencef e-neighborhoodéits

this framework.

Thecentralresultsof thischapteraregivenin Section3.3. This sectiondescribesheinverse
systemof e-neighborhood®f X andthe correspondingnversesystemsof homologygroups.
We would like to quantify the topologicalstructureby computingBetti numbersasfunctions
of e. Thereis a problemwith this however, sincethe e-neighborhoodX, canhave holesthat
do not exist in X. We resole this problemby introducingthe conceptof persistentBetti
number which countsthe numberof holesin X, that correspondo a holein X. When X
hasfractal structure,it is possibleto seeunboundedyrowth in the persistenBetti numbersas
e — 0. We characterizehis gronvth by assumingan asymptoticpower law. The next part of
this sectionderivesformal relationshipdetweenhe e-neighborhoodef X anda finite point-
setapproximation. For the finite approximationswe shav thatit is possibleto reducethe
computatiorof p-persistenBetti numberdo linearalgebra.

In Section3.4, we turn to the practical problemof how to implementtheseideascom-
putationally As mentionedabove, thereare a numberof existing approachegor generating
triangulationsand computingBetti numbers. The onethatis closestto our needsis dueto
Edelsbrunneetal. [11, 18]. Theiralgorithmsarebasedon subcomplgesof the Delaunaytri-
angulationcalled alphashapes.We describetheir approachin somedetail sincewe usethe
NCSA implementatiorof thesealgorithmsto generatedatain Section3.5. We alsogive a brief
overvien of someothercomputationahomologyalgorithms. In the final part of this section,
we outline a multiresolutionapproachto computationahomologythatmay be a moreefficient
implementatiorof ourideas.

We usethe Sierpinskitriangle relatives as test examplesagainin Section3.5. Sincewe
have notyetimplementedalgorithmsfor computingthe persistenBetti numberswe give data
for theregular Betti numbers.This distinguishedbetweertheconnectedsierpinskitriangleand
the simply connectedelative. The examplesdemonstratéhatthe regular Betti numberscanbe
misleadingandthatthe persistenBetti numbersarenecessaryor a propercharacterizatiormf
theunderlyingtopology

Thematerialin Sections3.3-3.5is publishedn [69].

3.2 An overview of homologytheory

Homologytheoryis a branchof algebraidopologythatattemptgo distinguishbetweerspaces
by constructingalgebraicinvariantsthat reflectthe connectiity propertiesof the space.The
field hasit originsin thework of Poincaé. In Section3.2.1we review the basicdefinitionsfor
simplicial homology— atheorybasedon triangulationsof spacesSimplicial homologylends
itself to computationaimplementatiorbecausdriangulationsof dataare commonnumerical
constructionsand thereis a well definedalgorithm for computinghomology groupsfrom a
giventriangulation.Fractalstypically requireinfinitely mary simplicesin their triangulations.
This meanghe groupsassociatedvith a fractal shouldalsobe infinite, but this is not possible
with simplicial homology A differentapproachs neededthereforeto describespaceswith
infinitely detailedstructure. The appropriateformulation of limit for this situationis given
by the machineryof inversesystemswhich we describein Section3.2.3. An inverselimit
systemis thenusedto defineCechhomologyin Section3.2.4. We alsogive a brief outline of
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a b a b
[abc] = [bca] = [cab] [bac] = [acb]=[cba]
o -0

Figure3.1: Two triangles(2-simpliceswith oppositeorientations.
h(c)
h
/_\

h(a) h(b) b

Figure3.2: A triangulationof the circle. The simplicial complex containsthe 0-simplicesa, b,
andc, andthe 1-simplices|ab], [bc], and[ca]. The homeomorphisnirom the comple to the
circleis denotedoy h.

shapeheory anothetbranchof algebraictopology The basicresultof shapeheoryis thatary
compacimetricspacecanbeapproximatedy aninversesystemof polyhedraWe usethisidea
to formulatethe mathematicafoundationdor our approacho computationahomology

3.2.1 Simplicial homology

Thereareanumberof different,but equivalent,formulationsof homologytheory The simplest
to understands simplicial homology This theoryis basedon triangulationsof topological
spacegsimplicial complees). Singularhomologyis a moregeneratechniguethatusesmaps
of simplicesinto a generatopologicalspace . AnothercommonapproachusesCW-complees
thatarebuilt from generalh-dimensionatellsratherthansimplices.Thisis probablythe most
populartool in currentresearchandthereis a goodintroductionto algebraictopology from

this perspectie by Hatcher[32]. We focuson simplicial homology sinceit is the easiesto

adaptfor implementatioron a computer The notationwe usein this sectionis basecdn thatof

Munkres[61].

Simplicial complexes

Thebasicbuilding blockis anorientedk-simple, o* — the corvex hull of & + 1 geometrically
independenpoints,{zg, z1, ... ,z5} C R?, with ¥ < n. For example,a0-simple is justa
point,al-simplex is aline segment,a2-simplex atriangle,anda 3-simplex is atetrahedronWe
write % = [zg, 21, ... , 3] to denotea k-simplex andits vertices.The orderingof the vertices
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definesan orientationof the simplex. This orientationis chosenarbitrarily but is fixed. Any
evenpermutationof theverticesin a simplex givesanothersimplex with the sameorientation,
while anoddpermutatiorgivesa simplex with negative orientation;seeFigure3.1.

An abstracsimplicialcomple, C, is acollectionof orientedsimpliceswith the propertythat
a non-emptyintersectionof two simplicesin C mustitself bea simplex in C. If thesimplicial
comple is finite thenit canalwaysbe embeddedn R” for somen; certaincomplexes with
infinitely mary simplicescanalsobe embeddedn finite-dimensionakpace(seeFigure 3.10
for anexample).Suchanembeddeadomples is ageometricrealizationof C. The subsebf R"
occupiedby thegeometriccomple is denotedby |C| andis calleda polytopeor polyhedon.

When a topologicalspaceX is homeomorphido a polytope, |C|, it is called a triangu-
lated space andthe simplicial comple C is a triangulation of X. For example,a circle is
homeomorphi¢o the boundaryof atriangle,sothethreeverticesa, b, c andthreel-simplices,
[ab], [be], [ca] areatriangulationof the circle; seeFigure3.2. A completecharacterizatiorof
the classof topologicalspaceshathave atriangulationis notknown.

Homology groups

We now definethe groupstructuresassociatedavith a space X, thatis triangulatedoy a finite
simplicialcomple, C. Althoughthetriangulationof aspaces notunique thehomologygroups
for ary triangulationof the samespaceare identical; this makes simplicial homology well-
defined.The essentialngredientdor constructinghe homologygroupsarethe free groupsof
sumsof k-simplices andthe boundaryoperatotthatmapsa k-simplex to the (k — 1)-simplices
in its boundary

Thesetof all k-simplicesfrom C form thebasisof a free groupcalledthe kth chain group,
Cr(X). Thegroupoperationis an additive one;recall that —g* is just o* with the opposite
orientation,so this definesthe inverseelements.In general,a k-chain is the formal sumof a
finite numberof orientedk-simplices: ¢, = >, aiaf. The coeficients, a;, are elementsof
anothergroupthatis typically the integers: a; € Z, but canbe ary abeliangroup. For Cech
homologyandour computationaivork we userationalor real coeficients.

Whenk > 1, theboundaryopemtor, d, : C, — Ci_1, mapsak-simplex ontoasumof the

(k — 1)-simplicesin its boundaryIf o* = [zg, 21, ... ,z] is ak-simple, we have
k .
O(o®) =D (~1)[zo,- . , iy .., 2k] (3.1)
i=0
where[zg, ... , &, ... , x| representshe (k — 1)-simplex obtainedby deletingthe vertex ;.

The actionof the boundaryoperatoron generalk-chainsis obtainedby linear extensionfrom
its actionon the k-simplices: 9y (3>, aio¥) = Y, aifk(cF). We drop the subscriptfrom the
boundaryoperatomwhenthe dimensionis understood.

Therearetwo waysto definethe boundaryoperatord, on0-chains.Thefirst approachs to
make 9y(co) = 0 for all 0-chains.With this definition,thedimensionof theresultinghomology
groupcountsthe numberof path-connectedomponent®f a space An alternatve definitionis
to saythatthe boundaryof a 0-chaincy = 3, a;0? is zeroonly whentheinteger coeficients
addto zero:) -, a; = 0 — thisis calledaugmentethomology Thedimensiorof theaugmented
homologygroupis onelessthanthe numberof path-connectedomponentsWe usethe first
definition, becausat links backto the work in Chapter2, wherewe countedthe numberof
e-connecteccomponents.

42
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Figure3.3: Theboundaryof a 2-simple is the sumof its threeedgesandthe boundaryof this
1-chainis zero.

As an example,considerthe simplicial complex consistingof a triangleandall its edges
andvertices,asshavn in Figure3.3. Theboundaryof the 2-simple [a, b, c] iS

9([abe]) = [bc] — [ac] + [ad],
andthe boundaryof this 1-chainis:
([bc] — [ac] + [ab]) = (c—b) — (c—a)+ (b—a) =0.
Thisillustratesthe fundamentapropertyof the boundaryoperatornamelythat
Ok 0 Opy1 = 0. (3.2)

Theproofis straightforvard, andinvolvessomecombinatoricsseg[35].

We now considertwo subgroup®f Cj, thathave importantgeometricinterpretations.The
first subgroupconsistof k-chainsthatmapto zerounderthe boundaryoperator This groupis
the cyclegroup denotedZ;, — it is thekernelof 9, andits elementsarecalledk-cycles. The
seconds thegroupof k-chainsthatbounda k + 1-chain. Thisis theboundarygroup By — it
is theimageof 1. It follows from (3.2) thatevery boundaryis acycle, i.e. By, is asubgroup
of Zy.

SinceBy, C Z, we canform the quotientgroup, Hy = Z,/By. Thisis the preciselythe
homol@y group. Theelementof H;, areequivalenceclasse®f k-cyclesthatdo notboundary
k + 1 chain— thisis how homologycharacterize&-dimensionaholes.Formally, two k-cycles
z, %2 € Zy arein the sameequivalenceclassif z; — 22 € By. Suchcyclesaresaidto be
homologousWe write [z] € Hy, for the equivalenceclassof cycleshomologoudo zy.

The homologygroupsof a finite simplicial complex arefinitely generatedbeliangroups,
sothefollowing theorentells usabouttheir generaktructure.

Theorem 6 (Munkr es,Thm 4.3). If G is a finitely geneatedabeliangroup thenit is isomor
phicto thefollowing directsum:

C(Z® - ®L)DL/H B L/t (3.3)

The numberof copiesof the integer group Z is called the Betti number3. The cyclic
groupsZ/t; arecalledthetorsion subgoupsandthet; arethetorsioncoeficients Thetorsion
coeficients have the propertythat¢; > 1 andt; dividesty which dividestg andsoon. The
torsion coeficientsof Hy(C) measurehe twistednesf the spacein somesense.The Betti
numberof the kth homologygroup Hy, is denotedf,. For k > 1, B is the numbernon-
eguialentnon-boundingk-cyclesandthis canbe interpretedasthe numberof k-dimensional
holes. As we mentionedearlier 3, countsthe numberof path-connectedomponent®f |C|.
The Betti numbersarethereforeexactly the type of informationwe seek.
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Figure3.4: (a) Thetorushastwo non-equialent,non-boundindl-cyclesasshavn. Thehomol-
ogygroupsareHy = Z, H, = Z & 7Z,and H, = Z. (b) A triangulationof thetorus. The left
andright edgesf therectangleareidentified,andthetop andbottomedges.

Examples

Two simpleexamplesarethecircle, Figure3.2,andthetorus,Figure3.4. Thecircle is homeo-
morphicto thetriangle,andthe chaingroupshave thefollowing bases:

Cg : {0}
C1: {[ab], [bc], [ac]}
Co: {a,b,c}.

Thereis asinglegeneratofor the 1-cycles,[ab] + [be] — [ac] andit is notboundaryof a2-chain.
Thecircle is path-connectedndthereareno 2-simplices sothe homologygroupsare:

Hy =7
Hy =7
H, ={0}.

The torus is triangulatedby the simplicial complex in Figure 3.4(b). It hastwo non-
homologousl-cycles,[ab] + [bc] + [ca] and[ae] + [ed] + [da]. Thesecorrespondo theloopsin
Figure3.4(a). Thereis alsoa non-boundin@-cycle, o equalto the sumof all the 2-simplices.
Thehomologygroupsaretherefore:

Hy =7
Hi=7&Z
Hy; =7

Hs ={0}.

Smith normal form

Thereis a well definedalgorithmfor computingthe homology groupsof a given simplicial
comple. Thisalgorithmis basedon finding the Smithnormal form (SNF) for a matrix repre-
sentatiorof theboundaryoperatorsRecallthattheorientedk-simplicesform abasisfor the kth
chaingroup,C}. Thismeanst is possibleo representhe boundaryoperatordy : Cr, — Cx 1,
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by a matrixwith entriesin {0, 1, —1}. We denotethe SNFof theboundarymatrixby Dy. If my,
is the numberof k-simplicesthen D, hasmj columnsandmy_; rows.

Thealgorithmto reduceaninteger matrix to SNFis similarto Gaussiarelimination,but at
all stagegheentriesremainintegers.Theresultingmatrix hasthe form:

B by 0
Dy = [Ok 8] , Where By = . (3.4)

0 b

Thenonzercentriessatisfyb; > 1 andb; dividesbs, dividesbs, andsoon. For afull description
of thebasicalgorithmseeMunkres[61].

The SNF matricesfor dy; anddy, give a completecharacterizatiorof the kth homology
group, Hy. Thetorsioncoeficientsof Hy arethediagonalentriesb;, of Dy, thataregreater
thanone. Therankof the cycle group, Zy, is the numberof zerocolumnsof Dy, i.e.,myg — .
Therankof the boundarygroup, By, is the numberof non-zerorows of Dy 1, i.e.,lx1+1. The
kth Betti numberis therefore

Br = rank(Zy) — rank(By) = my — I — lg41-

Basesfor Z;, and By, (andhenceH},) are determinedby the row operationsusedin the SNF
reduction.

Thereare two practicalproblemswith the algorithm for reducinga matrix to SNF asit
is describedin Munkres[61]. First, the time-costof the algorithmis of a high polynomial
degreein the numberof simplices;second the entriesof the intermediatematricestypically
becomeextremely large and createnumericalproblems. Devising algorithmsthat overcome
theseproblemsis an areaof active research.Whenonly the Betti numbersarerequired,it is
possibleto do better In fact, if we constructthe homologygroupsover the rationals,rather
thanthe integers,thenwe needonly apply Gaussiareliminationto diagonalizethe boundary
operatomatrices— a procesghatrequiresontheorderof n?® arithmeticoperationsDoing this
meanswe loseall informationaboutthe torsion,however. We discusssomeotherapproaches
to computationahomologyin Section3.4.

3.2.2 Therole of homotopyin homology

The study of homotoly leadsto a substantiabranchof algebraictopology In this sectionwe
give someelementanygefinitionsthatarenecessarfor consideringequivalenceclasse®f maps
betweerspacesndthe correspondindjomomorphismef homologygroups.For moredetails,
seeMunkres[61] or HockingandYoung[35].

Homotopy equivalence

Two mapsor two spacesrehomotoly equivalentif thereis a continuousleformationfrom one
to the other This type of equivalenceis usuallyeasyto visualizeandgivesus a powerful tool
for computinghomologygroups. We startby defininga homotoly betweentwo continuous
maps.

Let X andY beary topologicalspaces.Two mapsf,g : X — Y arehomotopicif their
images,f[X] andg[X], canbe continuouslydeformednto oneanother Formally, f,g : X —
Y arehomotopidf thereisamappingF' : X xI — Y suchthatfor eache € X, F(z,0) = f(x)
and F(z,1) = g(z). Themap F is calleda homotopybetweenf andg, and X x I is the
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Figure3.5: An annulusanda Moébiusbandarebothhomotoly equivalentto acircle.

homotopycylinder. We usethe notationf ~ g when f is homotopicto g. For example,let

f,g: 8t =10,2m) — [-1,1], bedefinedas f(§) = 0 andg(f) = sinf. A homotoly between
f andg isgivenby F(6,t) = tsin@. If Y isacorvex subsebf R", and X is anarbitraryspace,
thenary two functionsf,g : X — Y arehomotopicvia F'(z,t) = tg(z) + (1 — t)f(z) [77].

In generalhowever, it canbea difficult problemto find ahomotogy betweerntwo maps,f one
exists.

Two spaces X andY have the samehomotoly type, or are homotopicallyequivalent if
therearemappingsf : X — Y andg : Y — X suchthatfg : Y — Y is homotopicto the
identityonY andgf : X — X is homotopicto theidentity on X (notethatthroughoutthis
chapterthe compositionof two functions, f andg is writtenas f g). We canshaw thatthe unit
circle, ST, andtheannulus,4, have the samehomotoy typeasfollows. Let

St={(r0)|r=1} and A={(r0)|1<r <2}

Let f : S — A betheinclusionmapf(1,8) = (1,6), andg : A — S mapall pointswith the
sameangleto the correspondingoint onthe unit circle: g(r,8) = (1,6). Thengf : St — S*
is givenby ¢gf(1,6) = (1,6), which is exactly the identity map. The other compositionis
fg: A — Ais fg(r,0) = (1,8). Thisis homotopicto the identity, i4 = (r,8), via the
homotoyy F(r,6,t) = (1 — t(r — 1),6).

The following theoremis one of the centralresultsin homologytheory The proof uses
constructiongrom thefollowing section;see[61] for details.

Theorem 7. Homotopicallyequivalentspacedaveisomorphichomolay groups.

This meanghathomologyclassifiesspacesp to homotoly equivalence.Homeomorphic
spacesare necessarijhomotopicallyequialent, sinceif h : X — Y is a homeomorphism,
thenit hasaninverse,h ! : Y — X, andby definitionhh~! = iy, andh~1h = ix. Thisfact,
togethemwith Theorem?, imply thathomologygroupsaretopologicalinvariants. It is not the
casethathomotoly equivalentspacesare homeomorphic.For example,a circle is homotopy
equialentto anannulusandto theMdbiusband but notwo of thesespacesarehomeomorphic;
seeFigure 3.5. Theorem? is alsoa usefultool for determininghomologygroups:if a given
spacds homotoly equivalentto asimplerone,thenwe needonly find homologygroupsfor the
latter

Induced Homomorphisms

Whenwe studythe systemof e-neighborhood# Section3.3,we needto considethow contin-
uousmappinggrom oneneighborhoodnto anotheinducehomomaorphismentheirhomology
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groups. A large amountof machineryhasbeendevelopedfor studyingthis type of problem.
We give a brief summaryhereandreferto Munkres[61] for moredetails.

SupposeK and L aretwo simplicial complees and considera continuousmap of their
underlyingspacesf : |K'| — |L|. Thefirst stepis to make a continuouspiecavise linear
approximatiorof f, calleda simplicial appoximation h : K — L. The simplicial complex K
is asubdvision of K, so|K'| = |K|. Thesubdvision is constructedo ensurethath is close
to f. “Close” meanghatgivenz € |K'|, thenf(x) andh(z) lie in the samesimplex of L.

The simplicial approximation ), mapsverticesof K to verticesof L andextendslinearly
to eachsimplex of K. Sucha simplicial map,induceshomomorphism®n the chaingroups
hy : Cx(K) — Ci(L) in anaturalway. If o* = [zo,... , ;] is anorientedk-simplex of K,
thenwe define

hy(a®) =[h(zo), ... , k(zx)] if [h(zo),...,h(zx)] € L,
hy(c*) =0 otherwise

This definitionis extendedinearly to all chainsc; € Cy(K).

Thecrucialpropertyof thechainmaphy is thatit commutesvith theboundaryoperatori.e.,
O(hy(ck)) = hy(0(ck)). Thisimpliesthathy mapscyclesin Z(K) to cyclesin Z (L) andalso
boundarieso boundariesThisin turnmeanghathy inducesahomomorphisnof thehomology
groups,h, : Hx(K) — Hy(L). This homomorphisms definedon equivalenceclassef k-
cycles[zy] € Hiy(K) by: hy([zx]) = [hy(2x)].- See[35] for a proof thatthis definitionsatisfies
the propertiesof ahomomorphism.

In the specialcasethath : |K| — |K| is theidentity map,thenh, is the identity homo-
morphism. If h : |K| — |L| is a homeomorphisnof the underlyingspacesthenh, is an
isomorphismof the correspondingnomologygroups.

For acontinuousmap, f, ary simplicialapproximatiorto f induceshe samegrouphomo-
morphism,denotedf,. The resultwe needfor Sections3.2.4and 3.3 is thathomotopicmaps
induceidenticalhnomomorphisms.

Theorem 8. Supposef, g : |K| — |L| are two continuousmapsandthat f is homotopido g.
Thenthey inducethe samehomomorphisnof the homol@y groups,i.e., f« = gs.

Thisis astandardesultin homology;see[61] for a proof.

3.2.3 Inversesystems

In orderto generalizenomologyto spaceswvith infinite structurewe needto usealimit. There
aretwo waysto generalizéhenotionof limit to generaindex setsandspacesdirectandinverse
limit systemsOur probleminvolvesthelatterandwe describeheassociatedefinitionsbelow;
seeHockingandYoung[35] or Spaniel{77] for moredetails.

An inverse systenof topologicalspacesonsistsf collectionof spacesX,, indexed by a
directedset(A, >), andcontinuousmapping,, : X, — X, for eachpairp = A. Themaps
arecalledbondingmorphismsandmustsatisfythefollowing two conditions.

pa = lx,, theidentitymapon X,, and (3.5)

PauPuv = Pav, forary choiceof v = p = A (3.6)
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Notice thatthesemapsact againstthe orderrelation,which is why the systemis an“inverse”
one. We write X = (X, pau, A) for the inversesystem,or (X, py,) whentheindex setis
clearfrom context.

Theinverselimit spacelim, . X, is the subspacef T, X, consistingof all “preorbits”in
X. Thatis,

1£nx = {(za) | zx € Xy andpy,(z,) = ) for p > A} (3.7)

The projections p, : lim,. X — X, arethe continuousmapsp,((z,)) = z,. In fact,the
inversdimit spacds definedupto anisomorphismary spacehatis homeomorphitolim, . X
is alsoaninverselimit of X.

We canoftensimplify theinverselimit calculationby usinga subsebf theindex set,A’ C
A. The subsetmustbe cofinal for this restrictionto work, i.e., givenary A € A, thereis an
elementy € A’ with u = X. We thenhave thefollowing theoren{52].

Theorem9. If A’ isacofinalsubsebf A, thentheinversesystem$ Xy, pa,, A) and(Xx, pau, A')
haveisomorphiclimits —i.e., their inverselimit spacesare homeomorphic.

As anexampleof aninversesystem supposeheindex setis the non-ngatie integers,N,
andlet Xo = [0,1], X; = [0, ] U [2,1] and X, bethelevel-k approximatiorto the middle-
third Cantorset(c.f., Section2.2). SinceXy; C X, for all k, thebondingmorphismsarejust
inclusionmaps:

pkj:Xj — X when j > k.

It is easyto shaw thatthesemapssatisfythetwo conditions(3.5) and(3.6). Theinversesystem
is representetty the diagram:

PR X PR X BB X B X,
Theinverselimit spaceconsistsof sequencesey) suchthatzy, € X, for all k, andpy;(z;) =
zy. Sincethe projectionsareinclusionmaps,this meanse, = ;. It follows thata sequence
in the inverselimit spacgust repeatdhe samepoint, andthis point mustbe in the Cantorset.
Thereforetheinverselimit spaces homeomorphido the middle-thirdCantorset.

The conceptof inverselimit systemalsoexistsfor the catgyory of groups.In this casethe
bondingmorphismsaregrouphomomorphismsndtheinverselimit is a subgroupf thedirect
sum@, G, of thegroupsin theinversesystem.We usethis in the next sectionwhenwe de-
fine Cechhomologyby relatinganinversesystemof topologicalspacesndthe corresponding
inversesystemof homologygroups.

3.2.4 Cechhomology

Cechhomologyis a generalhomologytheorythat cancapturethe infinitely detailedstructure
of afractal. It agreeswith simplicial homologyon finite simplicial compleces. For moreback-
groundmaterial,seeHockingandYoung[35] or MardesicandSegal [52].

The nerve of a cover

The éechapproach’s basedon a way to generatesimplicial compleesby taking the nerveof
a cover. Givena compactHausdorf space X, let ©(X) denotethe family of all finite open
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coveringsof X (a covering, Y € X%(X), is a collection of opensetswhoseunion contains
X). We constructan abstracsimplicial comple, calledthe nene of the cover, by associating
eachopenset,U € U with averte, alsolabelledU, in the comple. An edgeexists between
two verticesU andV if andonly if the correspondingpensetsintersect.Higherdimensional
simplices[Uy . . . U] areincludedif the intersectiorﬂf:0 U; is non-empty Notethatalthough
thespaceX couldbelow dimensionalthe nene of a givencovering could containmary high-
dimensionakimplices.In fact, givenary finite simplicial complex KX anda compactperfect,
Hausdorf spaceX, it is possibleto constructa coveringof X whosenene is isomorphicto K
[35]. This ambiguityis remavedby consideringaninverselimit system.

A partialorderrelation, -, thatmakesX(X) adirectedsetis given by the notion of refine-
ment The coverV is a refinementof U, denotedV > U, if for ary setV € V, thereis a set
U € U suchthatV C U. Thefamily of all coverswith this orderingis theindex setfor the
Cechinversesystemwe now definethe bondingmorphisms.

If V refined{, we definea projectionmappyy : V — U bytakingtheimageof asetV € V,
puy(V'), to beary fixedelementU € U suchthatV C U. Thedefinitionof the projectionmap
is not unique sincethere may be more than one choiceof U for a given V. However, ary
two choicesof projectionfrom V into U are homotopic. Therefore,we definethe bonding
morphismsto be homotoly equivalenceclasseof projectionsp,,y, andthese“H-maps” then
satisfythe conditions(3.5) and(3.6). Theinversesystem(U, pyy, £(X)) is referredto asthe
Cechsystem Next, we considerthe correspondingnversesystemof homologygroups.

The Cech homologygroups

The nene of afinite cover/ is a simplicial comple, sowe cancomputeits homologygroups
by the usualtechniquesThereis oneslight difference however, the coeficient groupG must
be moregenerathantheintegers;for example,we could usethe rationalor realnumbers.The
homologygroupsof the neneswith coeficientsin G aredenotedH (U, G). The projection
mapspyy areidentifiedwith simplicial mapsof the nenesof & andV. They thereforeinduce
homomorphismen thehomologygroups:pyys : Hx(V,G) — Hi(U,G). Theorem8 implies
thattwo elementsof the homotoyy classof pyy, inducethe samehomomorphisnon the ho-
mologygroups.Theinversesystem{ Hy (U, G), puyx, 2(X)) is calledthe kth Cechhomology
system Finally, the k&th Cechhomologygroupwith coeficientsin G is denotedH (X, G) and
is definedto be theinverselimit of the kth Cechhomologysystem.

Geometrically supposethereis a non-boundingk-cycle z in H,(U, G) for someld €
¥(X). Thenthisk-cycleexistsin thelimit only if givenary refinemen¥ of U, thereis ak-cycle
2, € Hy(V, G) whoseimageunderthe projectionhomomorphisms zy, i.€., pyy«(2;,) = 2.

The Cechsystemfor all finite coversof the spaceX is overwhelminglylarge for compu-
tational purposesthis is why cofinal subsetsareuseful. A subcollectionX'(X) C X(X), is
cofinalin ©(X) if givenary coverid € %(X), thereisacoverV € ¥/'(X) suchthatV is a
refinemenbf . As anexample,if we have acompactspaceX ¢ R?, letlf,, beafinite cover
of X by openballswith diameterl/n. The collectionof all suchcoveringsfor n € Z forms
a cofinal subsetof $(X). We cannow setup a Cechsystemfor this subfamily of coverings
andcomputethe correspondingnversesystemof homologygroups.By Theoremd, theinverse
limit of this systemis isomorphicto the inverselimit of the full Cechsystem. Thus,usinga
cofinalfamily of coveringsgreatlyreducegshe amountof work neededo “compute”the Cech
homologygroups.Theuseof cofinalfamiliesis alsoimportantin our computationawork.
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Figure3.6: Thelevel-1 cover of the Sierpinskitriangleandthe nene of this cover. The higher
level coversrepeatedhis patternon smallerscales.

Figure 3.7: Nerwves of the level-3, level-2, andlevel-1 covers of the Sierpinskitriangle. The
arravs shawv the actionof the projectionmapson the circledtriplesof points.

An example

We usea cofinalsequencef coversof theSierpinskitriangle, T, to computdts éechhomology
groups.This exampleis consideredurtherin Section3.5.

Fori = 0,1,2,3,..., let U; be a cofinal sequenceof covers of T with the following
properties. The setsin eachcover are identical opencorvex regions with different centers.
Thereare 3* suchopensetsin U; suchthat for eachlU; € U; thereare exactly three sets
Uit1, Vit1, Wit1 € U;+1 thatmapinto U;, andeachpoint of the Sierpinskitriangle belongs
to at mosttwo of the setsin I/;. SeeFigure3.6for anillustration of the level-1 cover, 4; and
its nere. Thelastconditionimpliesthatthe nene of I; hasonly 0-simplicesand1-simplices.
The nenesfor Uy, Us, andls aregivenin Figure3.7. This figure alsoshavs the actionof the
bondingmorphismsp; ;11 : Ui+1 — U;, which aredefinedby theinclusionof the threesets
Ui, Vit1, Wir1 € Ujyq into U; € U;.

The simple, one-dimensionahatureof the nernes meansthat we canwrite dowvn the ho-
mology groupsby inspection. The zerothand secondhomologygroupsare the samefor all
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Figure3.8: Theprojectionmapfrom Us into U;.

Figure3.9: The projectionmapfrom Us into Us.
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HyU;,G) ~G for i=0,1,2,...
Hy(U;,G) ~ {0} for i=0,1,2,...

Thefirst orderhomologygroupshave thefollowing pattern:

i1
. 1 .
Hi(U;,G) ~ G™ where n; = kE_O 3k = 58 = 1).

We considetthe actionof theinclusionmapson thefirst-orderhomologyonly, startingwith
p12«. Theactionof this mapis shavn in Figure3.8. The basisfor H; (U1, G) is theloop dy,
andabasisfor Hy(Us, G) is givenby thefour loops,{a, b, ¢, d2 }. Sincep;2 alwaysmapsthree
pointsinto one, the cornerloops, a, b, ¢, are eachcollapsedto a single point. The action of
p1o« : Hi(Us, G) — Hyi(Uy, G) is therefore

a—0
b— 0
c—0
do — dj.

A matrix representatioof p;2, relative to thebasesabove is
Pp=1[0 0 0 1].

The above actionis repeatedn a threefoldway for pas. : H1(Us,G) — Hi(Us, G), See
Figure3.9. We orderthe basisfor H; (U3, G) asfollows:
{aaa ba7 Ca, daa apy - - - db7 Qc, - - - 7dca dd}

Theactionof pos, is

dg — a
dp—b
d.—>c
ds — ds.

All otherloopsin Hy(Us, G) mapto {0}. Thematrix for this mapis:

00 01
0001

Pas = 000 1
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(0.1) (+.1) (L.1)

(0,0) (1,0)

Figure3.10: The Warsav circle hastrivial simplicial homologygroup, H; = 0, but its Cech
homologygroupis H; = G. It hasthesame‘shape”asthecircle becausehey arebothinverse
limits of asequencef annuli.

This patterncontinuesfor higherlevels, andfor p; ;1. : Hi(Ui+1,G) — H1(U;, G) we
have therecursve form for the matrix

Py

)

P P14
1,0+1 — B 1
4

1

This meansthat the first Cech homology group for the Sierpinskitriangle, H (T, Q) is
aninfinitely generatedabeliangroup. The elementsof H; (T, G) consistof sequences(z;),
of elements,z; € Hi(U;, G), suchthat p;;1.(zi41) = 2z forall ¢ = 1,2,3,.... For
example, the centralhole in the Sierpinskitriangle would be representedy the sequence
(di) = (dy,d2,ds,...), andthe a-loop of Uy by (a;) = (0,a,d,,...). Smallerholeshave
alongerinitial stringof zeros.

The next sectiongeneralizeechhomologyby consideringinverselimit systemsof ap-
proximatingspace®therthannenesof covers.

3.2.5 Shapetheory

Shapeheorygeneralizeshe conceptof homotoly equivalenceby consideringnversesystems
of “nice” approximatingspaces. As an example, the unit circle hasthe sameshapeas the

Warsav circle of Figure3.10,becausdoth areinverselimits of sequencesf annuli,although
they have differenthomotogy andsimplicialhomologygroups.

The essentiatesultwe usefrom shapeheoryis thatevery compactmetric spaceas home-
omorphicto the limit of aninversesystemin the catgory of finite polyhedraand homotoly
equialenceclassesf maps(H-maps). The Cechsystemfor a compactspaceis an example
of suchan inversesystem. Shapetheory generalizeshe Cechapproachby allowing the ap-
proximatingspaces$o be homotojy equivalentto afinite polyhedron.Thefollowing theoremis
a compilationof resultsfrom Mardesicand Segal [52, App.1]; it characterizespaceghatare
homotoly equialentto finite polyhedra.

Theorem 10. Atopolayical spacewith thehomotopytypeof a compactCW-comple or acom-
pactANRis homotopyequivalento a compacipolyhedon.
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CW-complexesaregenerakell-complees,andANR standgfor absoluteneighborhoode-
tract; see[35] for definitions. ANRs arean importantclassof space;they have mary useful
properties— oneof theseis thatthe identity mapextendsto a neighborhoodf the spacgthis
is the neighborhoodetractpartof ANR). Theunit cubein R™ andthe n-sphereareexamples
of ANRs.

The algebraicside of shapetheoryassociatesn inversesystemof homologygroupswith
theinversesystemof finite polyhedrajn muchthesamemannelaséechhomology Thatis, if
(Px, pau) is aninversesystemof polyhedrathen(Hy(Py), pau«) iS thecorrespondingnverse
systemof homologygroups.A third resultwe needfrom shapeheoryis:

Theorem11. If (Py,py,) and (@x,q»,) are inverse systemsf polyheda (or ANRsor CW
complees)and H-mapswhoseinverse limit spacesare homotopyequivalent,thenthe corre-
spondingnversesystem®f homolay groupshaveisomorphidimits.

For a compactspace,X, the Cechsystemis an inversesystemof polyhedra. The abore
theoremthereforeimpliesthatarny otherinversesystemof polyhedrayields aninversesystem
of homologygroupswhoselimit isomorphicto Cechhomology This is the sensein which
shapetheorygeneraIizeéechhomoIogy

In the following sectionwe consideran inversesystemof closede-neighborhoodsandin-
clusionmapsfor acompactspaceX.

3.3 Foundationsfor computing homology

In this sectionwe develop theoreticalfoundationsfor understandindhow homology groups
computedrom datarelateto the homologyof the spacethey approximate.The settingfor our
analysiss asfollows. We assumehatthe underlyingspace X, is acompactsubsebf a metric
space(M, d), andthatthefinite setof points,S C M, approximatesX in ametricsensei.e.,
eachpointof X is within distancep of somepointin S andvice versa.ln otherwords,p is the
Hausdorf distancebetweenX andS: duy(X,S) = p. In agivenapplication,this assumption
mustbejustified by physicalor numericalagumentswe give a numberof differentexamples
in Chapterd. A smallvalueof p implies .S is agoodapproximatiorto X . Typically, p depends
onthenumberof pointsin S, aswe demonstrate@ith examplesin Chapter2, andmorepoints
naturallyresultin a smallervalueof p. In someapplicationsp could representhe magnitude
of noisepresenin thedata,or a discretizatiorerror.

To give the compactspace, X, andits finite approximation,S, comparableiopological
structurewe form their closede-neighborhoods:

Xe={zxeM|dz,X)<e} and Se={zxec M |d(z,S) <¢€}.

Roughly speaking,since X and S are within p, their e-neighborhoodshould have similar
propertiedor € > p. We male this precisein Section3.3.4usinganinversesystemframeavork
from shapetheory Sincethe homologyof X, convergesto the homologyof X ase — 0 in
aninverselimit sensewe hopeto extrapolatethe homologyof X from the homologyof the
e-neighborhoodsf thedata,S, for e > p. Of course gxtrapolationis never guaranteedo give
the correctanswerandwe arealwaysrestrictedoy theinherentaccurag of thefinite data.

3.3.1 Theinversesystemof e-neighborhoods

We bagin by describingthe inversesystemof e-neighborhood$or the underlyingcompactset
X . Thespacedor theinversesystemaretheclosede-neighborhoodsX, = {z | d(z, X) < €},
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Figure3.11: A sgmentof Antoine’s necklace.This pictureis from Eric Weissteins World of
Mathematicg85]. http://mathverld.wolfram.com/AntoieNecklacehtml

indexedby 0 < € < ¢. Sincewe areinterestedn thelimit ase — 0, the orderrelationis an
invertedone: A = e when\ < e. SinceX, C X. when) < ¢, the bondingmorphismsare
simply inclusionmapsp,, : X, — X, which easilysatisfythe conditions(3.5)and(3.6). The
inverselimit spacdés homeomorphi¢o X andtheprojectiongp, : X — X, areagaininclusion
maps.

Each e-neighborhoodof X is an ANR and thereforehasthe homotopy type of a finite
polyhedron.Thismeanghekth simplicialhomologygroupsHy (X ) arewell-definedfor e > 0.
Theinclusionmapspey : X)» — X, inducehomomorphism®n the homologygroupsin the
standardvay describedn Section3.2.2.We write pex. : Hi(X)) — Hy(X,) for thesenduced
homomorphismsThehomologygroups togethemwith theinclusion-inducedomomorphisms,
yield inversesystemsf groups,denotedby Hy(X). Resultsfrom shapetheoryshav thatthe
inverselimit of Hy(X) is isomorphicto the kth éechhomologygroupflk(X); for detailssee
[52, p.121].

For computationapurposesye typically usea cofinal sequencef e-neighborhoodsX,,
wheree; > €9 > ... isadecreasingequencef e-valueswith ¢; — 0.

3.3.2 PersistentBetti numbers

We would like to quantify the structureof X by looking at the Betti numbersgg(X,) =
rank Hy(X.) ase — 0. In generathough,it is notthe casethat 8y (X.) — Bx(X) ase — 0,
i.e.,

As anexample considerAntoine’s necklaceFigure3.11. This Cantorset, A, is constructed
by taking the intersectionof a sequenc®f nestedandlinked solid tori. The zerothlevel, Ay,
is a single solid torus, which is homotoly equialentto a circle andthereforehasfirst Betti
numbey 31 (A4g) = 1. A chainof N linked solid tori is embeddedn Ay to give thefirst level
approximation A;. This processs repeatednsideeachoneof thesetori sothattheith termin
the sequence4;, consistsof N? links. Antoine’s necklaces thenA = () 4;. It is possibleto
choosea sequencef e-valuessothat A, ~ A;. Wethenhave 8:(4;) = Nt — co. However,
sincethelimit A is a Cantorset,3;(A) = 0. The problemstemsfrom ignoringtherole of the
bondingmorphismsWe now describehow to incorporatethis information.

The essentiapoint is thatwe only wantto countholesin ane-neighborhoodhataregen-
eratedby a holein the underlyingspacenot holesthat are causedafter fatteningthe setto its
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X o Xe

Figure3.12: An illustration of the differencebetweempersistenndnon-persistentoles. The
underlying space,X, is madeof an’O’ anda’'C’ thattouch at a point. In the larger e-
neighborhooantheright, theholefrom the’O’ hasa preimagen thesmallerA-neighborhood.
Theholefrom the’C’ is nottheimageof aholein X, or X,.

e-neighborhood This ideais illustratedin Figure3.12. The smallerA-neighborhoodaptures
the homologyof the underlyingspace which hasa singlehole (i.e., 5; = 1). For the larger
e-value,theneighborhoodhastwo holes;onecorrespond$o agenuineholein X, andtheother
doesnot. In termsof homology we wantto countonly thosecyclesin Hy(X,) thatarethe
imageof somecyclein Hi(X)), forall A < e.

More formally, for A < €, we saythatanequivalenceclassof cycles|z| € Hy(X.) persists
in H,(X,) if it is in theimageof the bondinghomomorphismz] € pe«(Hi(X)). The
numberof holesin X, thatpersistin X is thereforgustthe rankof theimagesubgroup:

Bir(Xe) = rank(pers (Hi(X)))- (3:8)
Sincewe wantto know thetopologyof X, we arealsointerestedn the quantity
ﬂl(c)(Xf) = rank(pe« (Hi(X)))- (3.9)

We referto 8 (X.) for A > 0, asthe persistentBetti numbes.

For Antoine’s Necklace we have thatﬂ{“(A,-) = 0 for all ¢, becausdhereis nocyclein
A;1 thatmapsontoalink in A;. Theprojectionfrom A into 4; givess?(4;) = 0 for all 4, so
lim; o0 37 (4i) = B1(A4) = 0.

The persistenBetti numberis anintegervaluedfunction of two realnumbers A < €. In
orderto understandhepropertiesof thisfunction,wegivesomeelementar;boundsonﬂ,;\(Xe).
From the definition, it follows that the persistentBetti numberis lessthanthe regular Betti
numberfor both X, and X.:

Br(Xe) < Bp(Xe)  and (3.10)
Br(Xe) < Be(X)). (3.11)

The next two inequalitiessay that for a fixed e—neighborhood,@,’c‘(Xe) is a monotonichon-
decreasindunction of X; while for afixed A, the persistenBetti numberis a hon-increasing
functionof e.

For v<A<e BL(Xe) < Br(Xe). (3.12)
For A<e<p, Bp(Xu) <Br(Xo). (3.13)
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Roughlyspeakingincreasinghedifferencebetweem ande decreasethenumberof persistent
holes.

The above inequalitiesare a first steptowardsunderstandinghe continuity propertiesof
B (X.), but morework remainsto be done. Most importantly we want conditionson X that
guarantee

BU(Xe) = Br(X) as e— 0. (3.14)

If B, (X) isfinite and(3.14)holds,thentheremustbeaney > 0 suchthatﬂ,‘c’(Xe) = Br(X) for
e € [0,€p). In additionto this, our computationatvork will be mosteffective for spacesvhere
thereis a Ao suchthat 8 (X.) = BY(X.) for A € [0, Ao]. We do not expecttheseconditions
to hold for anarbitrarycompactspace However, for specialcasesuchastheiteratedfunction
systemattractorsin Section3.5, it may be possibleto say somethingmore concreteaboutthe
continuity of persistenBetti numbersas\ ande tendto zero.

3.3.3 Growth ratesfor persistentBetti numbers

In Chapter2, we quantifiedthe rateof growth in the numberof connecteccomponentsC(e)
by the disconnectednesadex, v. We cando the samething for the k-dimensionaholes,as
countedby the persistenBetti numbers. If ﬁg(XE) — oo ase — 0, we quantify the rate of
divergenceby assumingan asymptoticpower law, 82(X.) ~ €. The exponenty, canbe
computedasthe following limit (whenit exists)

1 10.¢
+ = lim Ogﬂk( ¢)

e—0 log(1/e) ~ (3.15)

If thelimit doesnot exist, thenwe usethelimsupor liminf.

Recallthatfor £ = 0, the Betti numberis justthe numberof connectedomponentssothe
definition of v, agreeswith thatfor the disconnectednesadex, v. The 1-dimensionaholes
countedby 39 arereally loops, andthe 2-dimensionaholesare sphericalvoids like thosein
Swisscheesesowe mightcall v, theloopinessndex and~, theholiness.Resultsn Chapters
shaw thatfor subsetof R2, thereis a relationshipbetweeny; andthe fractal dimension;the
examplesin Section3.5 confirmthis.

Simple Examples

We candeterminethe growth rates,y;, analyticallyfor simple,self-similarfractal suchasthe
Sierpinskitriangle, Sierpinskicune (or carpet),Mengerspongeandso on. We alreadycon-
sideredthe homologygroupsfor the Sierpinskitriangle,T', in Section3.2.4. It is possibleto
choosea sequencef e-valuesso thatthe homologygroupsH; (T¢,) = Hi(Y;). Specifically
let » bethe radiusof the largestcircle inscribedby the triangularhole with verticesat (%, 0),

(0,3) and(%, 1), sothatr = 1 — ¥2 ~ 0.14645. Sincethenext largestholehasradiusr /2, we
chooser/2 < ¢; < r ande; 1 = €;/2. Every element|z;] € Hi(T,), hasapreimageunder
the projectionmap,p.,. : Hi(T) — Hi(T.,), sothe persistenBetti numberis the sameasthe

regular Betti number Fromour previous calculationsthen,3?(T.,) = n; = (3¢ — 1)/2. Thus,

log(BY(T, 1 i_1)/2) 1
e—0 log(l/ei) i—00 log 21/61 log 2

(3.16)

Not surprisingly this numberis the sameasthe similarity dimension.
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3.3.4 Finite approximations

We now analyzethefinite approximation S, andits relationshipto the compactset X. As de-
scribedin theintroductionto this section we assumehatthe Hausdorf distancedy (X, S) =
p,i.e., thatX C S, andS C X,. We keepthenotation,(X,, p)c), for theinversesystemsof
e-neighborhoodsf X andwrite (S, g)¢) for thesystemof neighborhoodsf S. Theinclusions
of S'into X, andX into S, give aformalrelationshipbetweertheseinversesystemsandallow
usto derive boundsonthepersistenBetti numberof X, in termsof p-persistenBetti numbers
of Se.
SinceX C S, andS C X,, we have thefollowing inclusionmapsfor ary € > 0,

eS¢ = Xeyp and je: Xe — Seqp-

With appropriatebondingmorphisms this givesus a commutingdiagramfor ary A > p and

VANV

S)\—p S)\+p - %—p SE+p
T (3.17)

Thisdiagramimpliesthatif anelemenbf Hy(X,) hasapreimagen Hy (X)), theremustbean
elemenof Hy(S.—,) with apreimagén Hy(Sx+,). Similarly, if S.,, hasaholethatpersistsn

Sx—p, theremustbea correspondindpolein X, thatpersistdn X,. In termsof Betti numbers,
we have thatfor A > p ande > X\ + 2p,

BY P(Sern) < Br(Xo) < ByP(Sep). (3.18)
We canswaptherolesof X andS in (3.17)to obtainanalogousoundson ﬂ,ﬁ(Sf):
B}?_p(XﬁLp) < /BI?(SC) < ﬂz‘ﬂ)(Xefp)- (3-19)

Since X mapsinto S,, we canonly hopeto getinformationaboutX from holesin S, that
persistin S,. Setting\ = p in (3.19),we have thatfor € > p,

Br(Xerp) < BR(Se). (3.20)

Thus, if ﬁ,‘g(XE) ~ €' ase — 0 andp is smallenough,we shouldseeat leastthat order of
growthin 82 (Se).

In onesensep is theoptimalresolutionfor coarse-graininghe datato estimatehetopolog-
ical structureof the underlyingspace.This couldimply that3(S,) is the bestapproximation
to By (X ), which would renderour multiresolutionapproachredundantFor very simplespaces
this may be the case. However, we areinterestedn more complicatedsettings. In general,
the inversesystemof e-neighborhoodsindthe persistenBetti numbersoffer two advantages.
First,thecutof resolutionp is typically notknowvn in advanceandmustbedeterminedrom the
data;examiningS, atmary e-valueshelpsusestimatep. Secondcomputingthe Betti numbers
Br(S,) atasingleresolutiondoesnot distinguishbetweerholesdueto the topologyof X and
holesin S, inducedby thegeometry Thesequencef persistenBettinumbers3, (S.) fore > p
give amoreaccuratéasisthanfy,(.S,) from whichto extrapolatetopologicalinformationabout
X (c.f., theexampleof Antoine’s necklace).Suchan extrapolationmustalwaysbe givenwith
respecto the cutof resolutionp, however, sinceit is possiblethatthetopologicalpropertieof
X changeatresolutionselow p.
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3.3.5 Computing persistentBetti numbers

Wewantto computethenumberof holesin S, thatpersisin S,, thatis, 8% (Se) = rank gep«(Hg(S,)).
This definitionis in termsof the rank of a linear operatoy g.,«, on the two quotientspaces,
Hy(S,) andH(Se). Below, we derive anequialentformulathatis givenin termsof thelinear
mapon the chaingroups g : Cx(S,) — Ci(Se). Recallthatthe k-simplicesform a basisfor
the kth chaingroup,soit is easyto write down a matrix representatiofor this map.

To simplify notationallittle, we write:

C, forthechaingroup Ci(S,),
Ce for Ci(Se),
gy forthechainmap g,
g. forthehomologyhomomorphism gep.,
Z,,Z. forthecyclegroups
B,, B, for theboundarygroups,and
H,=Z,/B, and
H,.=Z//B. forthehomologygroups.

Our startingpoint is the imagegroup, ¢.(H,) C H,. Oneof the fundamentatheoremsabout
homomorphismef groups[34] is thattheimageof a group,G, undera homomorphisme, is
isomorphicto thequotient,G/ ker ¢. Thus,

¢«(H,) ~ H,/ ker g,.
Thekernel ker g,, containsall elementf H, thatmapto thezeroelementof H,. Thatis,
kerq, = {[2] € H, | [g4(2)] = [0] € H.}.
But acycle is homologoudo 0 if andonly if it is in theboundarygroup,so
ker g, ~ Z, N g; ' (Be).

Now, recall from Section3.2.2that a homomorphisninducedby a simplicial map com-
muteswith the boundaryoperator It follows that cycles map to cycles and boundarieso
boundariesi.e.,

qy(Z,) C Z. and ¢4(B,) C B..

ThesecondexpressionimpliesthatB, C q[l(Be), soB, C Z,N qﬂfl(Be). It follows thatthe
guotient

a:(Hp) = Hp/ ker g = [Z,/B,]/[Z, N Qﬂ_l(BE)] ~ Zy/[Zp N qﬂ_l(Bﬁ)]'
Finally, this meanghatthe persistenBetti numberis
B4(€) = rank[Z,] — rank[Z, N q[l(Be)]. (3.21)

In termsof actualcomputation,then, we canfind the persistentBetti numberfrom the
dimensionsof null spacesandrangesof matrix representationfor the boundaryoperatorand
theinclusionmaps.Specifically rank Z(p) is thedimensiorof thenull spaceof thematrix for
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Ok (p) : Cr(p) = Ck—1(p). Forthesecondermin (3.21)we needto find theintersectiorof two

spacesigy[null(dx(p))], and B, which is the rangeof 0y 11(€) : Cr41(e) — Ci(e). Finding

the intersectionof two linear subspacesequiressomeinformation abouttheir basesandis

thereforea more difficult problemthan computingdimensions. The standardalgorithmsfor

determiningintersectiongypically runin O(n?) time, wheren is the largestdimensionof the

matricesinvolved [29]. As we discussn the following section,we have not yetimplemented
thesealgorithms. Instead,for the examplesof Section3.5 we use pre-«isting software for

computingtheregularBetti numberdrom subset®f atriangulationdescribedn Section3.4.1.
Theseexamplesillustratewhy theregular Betti numbersareinsuficient for extrapolation.

3.4 Implementation

Ourgoalis to take afinite cloud of pointsS asinput, andcomputepersistenBetti numbersas
afunctionof aresolutionparameterTherearefour partsto the overall process:

1. Forasequencef e-valuesgeneratsimplicial complexesthattriangulatehee-neighborhoods
of thedata.

2. Estimatethe cutof resolutionp.
3. ComputepersistenBetti numbers 3, (e), for € > p.
4. If appropriatecomputethe growth rate, .

This is essentiallythe sameapproachwe usedin Chapter2 in computingthe numberof con-
nectedcomponents.For that case,however, a simplicial comples is unnecessary— all the
informationaboute-connecteadomponentsf S is encodedn the Euclidearminimal spanning
treeof thedata.

In the presentontet, stepsl and3 arethe mostcomputationallyintensve. Thetwo steps
arealsocloselyrelated;efficient algorithmsfor computingBetti numberanale explicit useof
the datastructuresnvolvedin building the complexes. Thus,givenane-neighborhoods,, the
first problemis to generatea simplicial comple, C, whoseunderlyingspaceis at leasthomo-
topy equivalentto S.. Sincewe areinterestedn the inversesystemof e-neighborhoodswe
needsimplicial complexesfor a sequencef numbers; — 0. In orderto have inclusionmaps
thatarewell defined we needC, to beeitherasubcompleor asubdivisiorof C.; whene; < ;.
A subcomplg approacho this problemdueto Edelsbrunneetal. [18], is describedn detail
in Section3.4.1. This group hasalso developeda fastincrementalalgorithm for computing
Betti numbersof complecesin R? or R®. We usetheir implementationgor the examplesin
Section3.5.

We usethe samecriterion for Step2 that we derived in Chapter2 for approximationgo
perfectspaces.Sincea perfectspacehasno isolatedpoints, we estimatethe cutoff resolution
as the largestvalue of e for which S, hasat leastone isolatedpoint. This underestimates
thevaluefor which S, O X, but the examplesin Section3.5 shaw it to be a reasonablygood
approximationRecallthatisolatedpointsarestraightforvardto detecinumerically— apointis
e-isolatedf thedistancdrom it to every otherpointin thesetis greatethane. Thecomputation
of growth ratesin Step4 is straightforvard oncethe persistenBetti numbersarefound.
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(a) (b)
Figure3.13:(a) The Voronoidiagram.(b) The Delaunaytriangulation.

3.4.1 Alpha shapes

As we mentionedabove, alphashapesrea sequencef simplicial complexesderivedfrom the
Voronoi diagramandthe Delaunaytriangulation(DT) — fundamentakonstructionsn com-
putationalgeometry Alpha shapesverefirst definedby Edelsbrunneet al. for afinite setof
pointsin the plane[17] andlatergeneralizedo higherdimensiong18].

The Voronoi Diagram and the Delaunay Triangulation

TheVoronoidiagramof afinite setof pointsrepresenttheregion of influenceof eachpoint; an
exampleis givenin Figure3.13(a).Thegraphhasawide rangeof applicationsn computational
geometry(finding nearesheighborsfor example),in biology (assigningareasof influenceto
individualtrees) andmodellingcrystalgrowth, to nameafew. TheDelaunaycomple is closely
relatedio theVoronoidiagram andis equallyimportantin computationajeometry We give the
basicdefinitionsof thesegraphshere. For moredetailsabouttheir propertiesandalgorithms
for computingthem,see[67]

Givena finite setof points,S c R?, we definethe Voronoi cell, V(p), of p € S to bethe
setof all pointscloserto p thanary otherpointin S:

V(p)={z € Rr? | d(z,p) < d(z,q), for g€ S—p} (3.22)

The collection of Voronoi cellsis the Voronoi diagram The cells are closedcorvex regions,
andtheunionJ,.s V(p) = R If V(p) NV (q) # 0, thentheir intersectioris a subsebf the
hyperplanghatis perpendiculato, andbisectsthe edgepg; the interiors of the Voronoicells
aredisjoint.

The Delaunaycomple, 7, is definedto be the geometricdual of the Voronoidiagram;see
Figure3.13(b)for anexamplein the plane. The geometricdual is a similar constructiorto the
nene of acover: if thecellsV (py), ..., V(px) have non-emptyintersectionthenthe corvex
hull of py, ... ,px, is their dual. The nene of V(po), ...,V (pk), however, is the k-simplex

61



Figure 3.14: The points,a, b, ¢, d arenotin generalpositionbecausehey simultaneouslyie
onacircle. Thefour Voronoicellsintersectatthe centerof this circle which meanghe Delau-
nay comple containsthe quadrilaterakbed. The nene of the Voronoi complex containsthe
tetrahedrorfabed).

[po, - - - ,pr] — thedifferencds illustratedin Figure3.14.In thisexample four cellsintersectt
apoint, sothegeometricdualis a quadrilateralwhereaghe nene containsatetrahedronThis
situationis adegeneratene;it only occurswhenfour pointssimultaneouslyie onacircle. To
excludethis degeneray, the pointsin S aretypically assumedo bein geneal position This
imposeghe conditionthatno (d + 2) pointsin S lie ontheboundaryof ad-sphergwe discuss
the practicality of this assumptiorlater). When S satisfiesthe generalposition condition, a
pointin R? canbelongto atmostd + 1 differentVoronoicellsandit follows thatthe Delaunay
compl« is a simplicial comple. This is why the Delaunaycomplex is usuallyreferredto as
the Delaunaytriangulation Note thatthe underlyingspaceof the Delaunaycomple, |7, is
theconvex hull of S.

A consequencef the above discussioris thatwhenthe pointsarein generalposition,the
Delaunaytriangulationis a geometricrealizationof the nerwe of the Voronoi diagram. This
correspondence usedto definethe alphacompleces.

Alpha complexes

We now describehow Edelsbrunneintroducegheresolutionparametet into theVoronoidia-
gramandDelaunaytriangulation.This operationgeneratea sequencef simplicial complees
thattriangulatethe a-neighborhood®f the datasetS. The parameter is exactly the sameas
our parametet; we switchto « in this sectionto be consistentvith the original papers.

Thecloseda-neighborhoodS,, is justthe unionof all closedballs of radiusa with centers
inS:

Sa = | Ba(p), where By(p) = {z|d(z,p) < a}.
pES

Thesea-balls thereforeform a cover of S,. We could take the nene of this cover, but the
correspondingsimplicial comple is likely to have simplicesof a higher dimensionthanthe
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Figure3.15: The union of alphaballsis partitionedby the Voronoicells (in blue). The alpha
compl« (in orange)is asubsebf the Delaunaytriangulationthatis homotoy equivalentto the
a-neighborhood.

ambientspaceof S. A betterapproachs to take theintersectiorof the a-ballswith the Voronoi
cells:

Va(p) = V(p) N Ba(p)-

This givesusa cover of S, by closedcorvex regions,calledthealphadiagram

Sa = | ValD)

pES

If the pointsof S arein generalposition,thenthe nene of the alphadiagramis a subsebf the
Delaunaytriangulation,calledthe alphacomple, C,. This subsetelationholdssincethereis
ak-simple [po, . .. ,pk] in thealphacomplec only if V,,(pg) N --- N Vu(pg) # 0. Thisimplies
V(po)N---NV(px) # 0, sothesimplex [py, . .. , pg] isin T. SeeFigure3.15for anillustration
of theabove constructions.

We now give somepropertiesof the alphacomplees. The mostimportantfor our pur
posesis that the underlyingspaceof the alphacomple, |C,|, is homotoy equialentto the
a-neighborhood,S,. This meansthe two spaceshave isomorphichomology groups(recall
Theorem?), andthereforethe sameBetti numbers.A directproof of this propertyis given by
Edelsbrunnein [16].

The constructionof the alphacompleesimplies a sequentiabrderingof simplicesthatis
very usefulin developingefficientalgorithms.First, by thesameamgumenthatC, C 7, wesee
thatif a < o, thenC,, C C, . Also, sincethe Delaunaytriangulationis finite, thereareonly a
finite numberof distinctalphacomplees:

0 =Cap,Cays---+Cap, =T

n
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Theseare orderedby increasinga, andby convention, oy = 0 andCy = (. This ordering
of the alphacompleces inducesan orderingof the simplicesin 7. If og,01,... ,0. is the
orderedist of simplicesin C,, , theno,/ 1, ... , 0.1 arethej simplicesin C, ., — Cq, , listed
in order of increasingdimension. This sequentiabrderingof simplicesis called a filter and
the correspondingequencef compleesis a filtration. The algorithm for determiningthis
orderingis basedon computingthe radiusof the circumspheref eachsimplex in 7; see[18]
for details.

DelfinadoandEdelsbrunnes algorithm[11] for computingthe Betti numbersof a simpli-
cial comple relieson this sequentiabrderingof simplices. The theoreticalunderpinningof
their algorithm comefrom centralresultsin homologytheory suchasthe MayerVietoris se-
guenceandPoincaé duality The Betti numbersare computedncrementallyaseachsimplex
is addedto the complex. This processlepend®n a testto determinewvhetherthe new simplex
belongsto a k-cycle of the new complex. Thereare efficient algorithmsfor testing1-cycles,
andhomology-cohomologyuality theoremdransformthe (d — 1)-cyclesinto 1-cog/clesthat
are equally easyto testfor. However, thereis no testfor other k-cycles, so Delfinadoand
Edelsbrunnes algorithmappliesonly to subcomplgesof R? or R3.

Remarks

TheNCSA ftp site providessoftwarethatimplementsall of theabove alphashapeconstructions
in R? andR3 [1]. We generatghe Betti numberdatafor the examplesin Section3.5 usingthis
software. The NCSA alphashapesoftwarerequiresthe inputdata,.S, to bein integer format.
This reducessomeof the standardoroblemswith datastructuresn computationalgeometry
The implementationusesa techniqueof simulatedperturbationgo copewith ary degenera-
cies,sotherestrictionthatthe pointsof S bein generalpositionis removed[18]. Compleity
boundsfor the algorithmsinvolved are at worst quadraticin the numberof points,n, for both
time andstorage. The Delaunaytriangulationof a setof pointsin the planecanbe foundin
O(nlogn) timeandO(n) storage For asubsebf R3, the NCSA softwareusesanincremental
flip algorithmwhich builds the complex in O(n?) time andstorage.The simplicesof the De-
launaytriangulationare thensortedby the radiusof their circumspherethis processequires
O(mlog m) time,wherem is thenumberof simplices.Theincrementablgorithmfor comput-
ing the Betti numbertakesO(ma(m)) to find all Betti numberdor all thealphacompleesof
asubsebdf R3, andis slightly fasterfor subset®f R2. Thefunctiona(m) is theinverseof Ack-
ermanns function (whichis definedby repeatedxponentiationjandit thereforehasextremely
slow growth. Thistime estimates commonin algorithmsinvolving setoperationssee[9].

The NCSA alphashapemplementatiorgoesa long way towardscarryingout our desired
program.lt is not clearhow to easilyincorporatehe computationof persistenBetti numbers.
It is possiblethatanincrementaklgorithmfor finding the persistenBetti numbersexists, asis
the casefor the regular Betti numbers.However, finding the persistenBetti numbersrequires
someexplicit informationaboutthe cyclesandboundariesandthe alphashapealgorithmdoes
not generater recordthis information. This problemclearly requiresfurtherwork.

Anotherdrawvbackof thealphashapealgorithmis alarge degreeof redundang in thetrian-
gulationsfor thetype of datawe areinterestedn. The Delaunaytriangulationbuilds simplices
that involve every single datapoint, and this generates much finer comple thanis neces-
saryfor resolutionse > p. This redundang is likely to occurwhene&er we constructC,; as
asubcomple of C; for e; < ¢;. In Section3.4.3,we discussa possiblealternatve approach
to building complexes on multiple scalesbasedon subdvisions. In the following section,we
outlinesomeotherfastalgorithmsfor computingBetti numbersf a singlecomple.
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3.4.2 Other algorithms for computational homology

The developmentof fastalgorithmsfor computationahomologyis an active areaof research.
Mary differentapproachesxist for variousspecificapplicationsmostly for complecesin R3.
To the bestof our knowvledge,the alphashapealgorithmis the only onethatgivesinformation
at multiple resolutions. In this section,we give a very brief overvienv of someof the recent
literature.

Dey andGuha[14] describeanefficientalgorithmfor computingBettinumbersandgeomet-
ric representationsf the non-boundingcyclesfrom 3-manifoldsin R®. They thengeneralize
this to includeary simplicial complex in R? througha processof thickening. They areinter
estedn applicationgo solid modelling,molecularbiology andcomputeraidedmanugcturing.
This algorithmfinds the Betti numberswith time andstoragecompl«ity thatarelinearin the
sizeof thecomple, andthegeneratorgor the first andseconchomologygroupswith a costof
orderO(n?g) in time, whereg is the maximumgenusof the boundarysurfaces.

In [37] Kaliesetal. developanalgorithmfor computingthe Betti numberdrom cubicalcell
complees. Their approachs basedon alocal reductionof the complex to simplerform. In R?
this reductionis a homotojy equivalenceandtheresultof the reductionds a minimal comple
consistingof loops. Thenumberof loopsgivesthefirst Betti number In higherdimensionsthe
reduceccomplex may notbe minimal andthereductionstepsareno longersimplehomotopies.
Kaliesetal. conjecturethatthe Betti numberscanbe computedwith O(n log® n) operations,
wheren is the numberof cubesin the complex. This codewasdevelopedfor applicationsn
dynamicalsystems— specifically for computingthe Conley index of isolatingneighborhoods
of invariant setsfor flows generatecby ODESs; see[58] for an example. The generationof
cubical covers of suchsetsis part of the GAIO (global analysisof invariant objects)project
[12] andis an efficient way to represensuccessie approximationdo attractorsor unstable
manifolds,for example.

Finally, we describean approachdueto Friedman[26] which computeghe Betti numbers
of arbitrarysimplicial complexesin R%. This methodis basedn afundamentatesultof Hodge
theorywhich saysthatthe homologygroups(with realor rationalcoeficients)areisomorphic
tothenull spaceof aLaplacianoperatoonthechaincompleces. TheLaplacian Ay, : C, — Cy
is formedfrom the boundaryoperatorandtheir transposes:

Ay = 8k+182+1 + Bzak

Hodgetheoryimpliesthatthe kth Betti numberis the dimensionof the null spaceof Ay. For
simplicial complees, Friedmanconstructsa matrix representatiomf the Laplaciandirectly,
without using the boundaryoperatorsexplicitly. The matrix for Ay is positve semidefinite
and symmetric,andtypically quite sparsesoit is amenabldo fastalgorithmsfor computing
ranksandnull spaces.To computethe dimensionof the null spaceFriedmanmakesa careful
applicationof the powver methodfor finding eigewvaluesandeigemwvectors. The pover method
can be inaccuratefor large matriceswith repeateceigemvalues; Friedmans methodattempts
to rigorouslyverify the correctnes®f the computedBetti numbers. This algorithmholdsfor
simplicial compleesof ary finite dimensionandtherunningtime is approximatelyquadratic
in thenumberof simplices.See[26] for detailedcompleity bounds.

3.4.3 A better way?

The two main dravbacksto the alphashapeimplementationare (1) that the simplicial com-
plexesarefiner thanthey needto be, and(2) the fastalgorithmfor computingBetti numbers
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only holdsin R? andR?. The excessie numberof simplicesin the alphacomplees means
that computingthe persistenBetti numbersfrom the formulain Section3.3.5is unrealistic.
Any subcomplg approacho generatinga sequencef complexesat differentresolutionswill
encountetthe sameproblemof having an unnecessarilyarge numberof simplicesat coarser
resolutions.Theremainderof this sectionsketchesan alternatve approacho generatingcom-
plexesat multiple resolutionshasedon subdvisions.

Theadwantageof subdvisionsis thatcompleesat coarseresolutionshave fewer simplices
thanthoseat fine resolutions.Subdvision of simplicial complexesis a commonprocesshoth
in homologytheoryandin computationajeometry For applicationdo generakcatteregoint
data,however, cubicalcomplexesarea more naturalconstruction.The cubicalcomplexeswe
have in mind areessentiallyregularmeshesn R". Thelevel-0 comple is asinglecube|Cy| D
S, with sidec. This cubeis thensubdvided into 2" equalcubesof sidec/2, andthelevel-1
comple, €1, consistsof thosecubesthat containa point from S. This processs repeatedn
the cubesof C; to getCs, andsoon. The sequencef complexescanbe organizedinto a tree
structure;sucha multiresolutioncubicalcomple is usuallyreferredto asa quadtreén R?, and
anoctreeR3.

Thissequencef cubicalcomplexesdoesnothave ascloseacorrespondenogith e-neighborhoods
asthealphacompleesdo, sowe needto slightly modify theinversesystemsf Section3.3.1.
GivenacompactspaceX C R", it is possibleto constructa sequencef cubicalcomplexesas
we describedn theprevioussection.Theunderlyingspace|C;|, of sucha cubicalcomple still
hasthehomotoyy typeof afinite polyhedron;|C;| — X in theHausdorf metric;andfor i > j,

C; is arefinemeniof C;. Thesepropertiesshouldbe enoughto shav thatthe resultinginverse
systemof homologygroupsis isomorphicto Cechhomology

Another substantiadifferencebetweenthe subdvision and subcomplg approachess in
the chain mapsinducedby inclusion on the underlying spaces. For the sequencef alpha
complees,thesechainmapsare one-to-oneénclusionmapson the compleces. For the cubical
complees,if C; is asubdvision of C;, we still have that|C;| C |C;|. Thechainmapsgy areno
longerone-to-onehowever, sinceeachcubein C; is subdvidedinto 2" cubesandall of these
are possiblyin C;. The inclusion-inducedchain map thereforemapsall of thesecubesonto
thelargerone. This hasimplicationsfor the numericalimplementatiorof computingpersistent
Betti numbers.

Of all the fast Betti numbercomputationgdescribedearlier it seemshat Friedmans ap-
proachusingthe Laplacianhasthe mostpotentialfor adaptatiorto our proposedsubcomplg
approachTheisomorphismbetweerhomologygroupsandthenull spaceof a Laplacianmatrix
suggestghatin orderto computepersistenBetti numberswe needonly find intersectionof
null spaceof the appropriateLaplacianmatrices. This is an easiernumericallinear algebra
problemthanthe oneimplied by the formulain Section3.3.5. Therearestill problemsto be
worked throughhere.In particular how to build the Laplacianmatrix from cubicalcomplees
(ratherthansimplicial ones),andhow to incorporategheinclusion-induceathainmapsbetween
the Laplaciannull spaces.

The above ideasare just one possibledirection for the developmentof more efficient al-

gorithmsto computepersistenBetti numbersfrom data. This an openproblemthat needsa
substantiahmountof furtherwork.
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Table 3.1: Computedvaluesof v, and~;. The resultsare slopesof linear least-squarefits
to the data;error boundsare estimatedoy varying the scalingrange. The exact valuesfor the
non-zeroexponentsarethe sameasthe similarity dimensionlog 3/ log 2 =~ 1.585.

DataSet Figure Yo 24l
Sierpinskitriangle 3.16 0 1.59 + 0.02
Cantorset 3.18 1.40 +0.05 0
Simply connectedset 3.20 0 0
Disconnectedet 3.22 1.42 +0.05 0

3.5 Examples

In this sectionwe examinethe e-neighborhoodsf somesimplefractal examplesgeneratedby
iteratedfunction systems We usethe samerelatvesof the Sierpinskitriangleasin Chapter2.
Theseexamplesare chosenbecausehey have well understoodopological structure,and it
is easyto generatdinite point-setapproximationgo them. We usethe alphashapesoftware
describedn Section3.4.1to computethe regular Betti numbersas a function of resolution.
The resultsdemonstratehat growth in the regular Betti numberscan be misleadingandthat
for truly topologicalinformation,thepersistenBetti numbersaarenecessarySincewe have not
implementedan algorithmfor computingthe persistenBetti numbey we do not have the data
to make a comparison.For thesesimple examples,however, we do know whatthe persistent
Betti numbersshouldbe. This is a very preliminary setof numericalexperiments. Further
investigationgequirea moreefficientimplementatiorto computepersistenBetti numbers.

3.5.1 Siempinski triangle relativesrevisited

Recallfrom Section2.4thatthe Sierpinskitrianglerelatvesareattractingfixed setsof a family
of iteratedfunctionsystems:

S = f[S] = f1lSTU f2[ST U f3[S].

The functions f; are similarity transformationf the unit squarewith a contractionratio of
one half, and they caninvolve rotationsor reflections. The topology of thesefractalsfalls
into four classessimply connectedFigure3.20),connectedFigure3.16),totally disconnected
(Figure3.18),anddisconnectedFigure2.13). Thetechnique®f Chapter2 distinguishbetween
connectedand disconnectedxamples. With the mathematicamachinerydevelopedin this
chapterwe arenow equippedo distinguishbetweersimply connectedetsandconnectedets
with holes.

The pointson the fractalsare generatedn the samemannerasin Chapter2, by applying
the transformationsfi, fo, f3 in randomorderto ary initial point. For eachof the following
fractals,we computethe numberof componentsgy(e), the numberof holes, 8;(¢), andthe
numberof isolatedpoints, I(e), for an approximationwith 10* points. Where appropriate,
we calculatethe growth rates,y, and~;; the resultsare compiledin table 3.1. Since 3y(e)
countsthe numberof connecteccomponentsn the e-neighborhoodratherthat the numberof
e-connecteccomponentswe have that 8y (e) = C(e/2). With this changethe datahereagree
with theresultsin Chapter2.
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The Sierpinski triangle

Thegeneratingunctionsfor the Sierpinskitriangleare:

fl(way) = %(flj,y)
f2(xay) = %(:E + 1;y)
fa(z,y) = 5(z,y +1). (3.23)

A finite point-setapproximatiorto thetriangle,ane-neighborhoodndthecorrespondingubset
of the Delaunaytriangulationare shavn in Figure 3.16. The underlyingsetis perfectand
connectedvith infinitely mary holes,sowe shouldseefy(e) = 1 andj;(e) — oo ase — 0.

As wederivedin Section3.2.4,for r ~ 0.146,

/2" < e, <T/2"H
k 1
23 =3(" 1)

Thegrowth rate,y; = log 3/ log 2 ~ 1.585, is the sameasthe similarity dimension.

Theseexpectedresultsarereflectedby the computationof 5y (¢), B1(e) andI(e) (graphed
in Figure 3.17) for the 10 point approximationto the triangle. We seethat for ¢ above a
thresholdvalue,thecomputedraluesof By(e) andfi(e) arein closeagreemenith thetheory
The point at which 5y (e) andB1(e) “blur” is approximatelye = 0.003, closeto the value at
which the numberof isolatedpoints, I(e), becomegositve. This e valueis, of course,the
cutoff resolutionp. Aswe saw in Chapter2, atfinerresolutions—i.e.,e < p —thereis asharp
transitionin the graphof 8y from oneto the numberof pointsin the set,aseachpointbecomes
isolated.Thegraphof 8; shawvs thatthe holesaredestryed ase decreasesThisis becaus¢he
edgeghatform theloopsare eventuallydeletedfrom the triangulation. We estimatethe slope
of the staircaseyy a linear, least-squarest andfind y; ~ 1.59. Thisis very closeto the value
derivedabove.

A Cantor setrelative

Figure3.18shaws theattractorfor theiteratedfunctionsystemgeneratedby

filz,y) = 5(-y +1,2)
fa(z,y) = 5(y + 1,2)
f3($7y) = %(ya _:E+2)' (324)

This fractalis a Cantorset,andthereforeperfectandtotally disconnectedsowe expectto see
Bo(e) — oo ase — 0andpd(e) = 0. In Chapter2 we derivedthe following form for By(€):
60/2n+1 <€n < 60/2"
Bolen) 3" +2-3(=1/2 if nisodd
€ =
oLen 3" 4 3n/2 if n is even.

Here, ¢y is the smallestvalue of e for which S is connected.Recallthat the value of ~, is
log 3/ log 2, whichis the similarity dimensionagain.

We saw in Chapter2 that the numericalcomputationsf Gy(e) agreevery well with the
theoreticalvaluesabore when € is greaterthan the cutoff resolutionp. Here, the value of
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(@) (b)

Figure3.16:(a) 10* pointson the Sierpinskitriangle. (b) An e-neighborhoodblueoutline)and
correspondingubsebf the Delaunaytriangulation(orange).

Bo(e), I(e) Bi(e)

107 107 10° 10" 10° 107 10" 10°

€ €

Figure 3.17: Numberof componentsf,(e), and numberof holes, 51 (¢), for 10* points uni-
formly distributedoverthe Sierpinskitriangle. Thedashedine in thegraphof 5y (¢) is thenum-
berof isolatedpoints,I(¢). All axesarelogarithmic. Thehorizontalaxisrangeis 1074 < € < 1.
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@) (b)

Figure3.18:(a) 10* pointsonthe Cantorsetrelative. (b) An e-neighborhoodndcorresponding
subsebf the Delaunaytriangulation.

Bi(e)

Figure 3.19: Numberof componentsf,(e), and numberof holes, 51 (¢), for 10* points uni-
formly distributedoverthe Cantorsetrelatve. Thedashedine in thegraphof 5y(e) is thenum-
berof isolatedpoints,I(¢). All axesarelogarithmic. Thehorizontalaxisrangeis 1074 < e < 1.
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p =~ 0.005. Thegraphof ;(e) hasregularly spacedspikes— the reasonfor this is seenin
Figure3.18(b). The e-neighborhoodiravn therehastwo connecteccomponentsDatapoints
in the two componentsare separatedy a distanceof at least2¢;. We setthe value of € in
Figure3.18(b)to beslightly largerthaney /2 — the valueat which the e-neighborhoodreaks
into five componentsHolesappeain thetriangulationatthevalueof e displayedecausef the
few remainingedgeshatbridgethe “gap”. Theseedgesaredeletedat slightly smallervalues
of e andthe holesdisappearA graphof the persistenBetti numbey 8¢ (¢), would not contain
thesespikes.

A Simply connectedrelative

A simply connectedelative of the Sierpinskitriangle,shavn in Figure3.20,is generatedby:

(z,y+1). (3.25)

We expectto seea single connectedcomponentand no persistentholes. However, holesdo
appeaiin thee-neighborhoodsasrecordedn Figure3.21. Theseholesaredueto thegeometry
of thefractal, notits topology Again, thesespikesin the graphof 3;(e) would notappeatin a
graphof the persistenBetti number

A relative with infinitely many connectedcomponents

A fourth trianglerelative, shavn in Figure3.22,is generatedby thefollowing similarities:

fl(xay) = %(-'L',y)
falzy) =3y +1,—z+1)
fa(z,y) = §(z,y +1). (3.26)

The attractorfor this systemhasinfinitely mary connectedcomponentsyet is not totally dis-
connectedecauséhe componenthave positive diameters.Thus,we expectSy(e) — oo and
B?(e) = 0. Again, self-similaritymeanshatfor:

60/2n+1 <€y < 60/2”,
Bolen) = 5(3"H +1),

giving agrowth rateof oy = log 3/ log 2. We estimatethe slopeof thegraphof Sy (e) asbefore
andfind o =~ 1.42. Thisis lower thanthe limiting value becausef the small rangeof e for
which the computedvaluesof 5y (¢) reflectthoseof theunderlyingfractal.

This exampleis anothergoodillustration of why the computatiorof persistenBetti num-
bersis important. Topologically the setis composedf disconnectedine segments,sothere
canbe no non-boundingcyclesin the first éechhomologygroup. However, the geometryof
the setcreatesholesin the e-neighborhoodsas seenin Figure 3.22(b). In the previous two
examplesit is clearthatthe holesdo not persistase decreasebecause; (¢) = 0 betweerthe
spikes. In Figure3.23we seeanapparengrownth in ;(e). Thedifferencels thatsmallerholes
appeambeforethelargeronesdisappearresultingin anaccumulation.

Noticethatthis sethasthe samevaluesof v, andy; asthe Cantorsetrelative. Thisimplies
thatthe Betti numbersarenotenoughto distinguishtheir differenttopologicalstructure Recall
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(@) (b)

Figure3.20:(a) 10* pointsonasimply connectedet. (b) An e-neighborhoocndcorresponding
subsebf the Delaunaytriangulation.

Bi(e)

Figure 3.21: Numberof componentsgy(¢), andnumberof holes, 51 (¢), for 10* points uni-
formly distributed over a simply connectedractal. The dashedine in the graphof Gy (e) is
the numberof isolatedpoints, I(e¢). All axesarelogarithmic. The horizontalaxis rangeis

104 <e< 1.
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(@) (b)

Figure3.22: (a) 10* pointson a disconnectedet. (b) An e-neighborhoodand corresponding
subsebf the Delaunaytriangulation.

Bi(e)

€ €

Figure3.23: Numberof componentsf(e), numberof holes, 5 (€), for 10* pointsuniformly
distributed over the disconnectedelative. Thedashedine in the graphof 3y (e) is the number
of isolatedpoints,I(e). All axesarelogarithmic. The horizontalaxisrangeis 107* < e < 1.
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thatthiswasaddresseth Chapter2 by examiningthe diametersf the connectedcomponents.
For a Cantorset, the diametersgo to zero, while for the examplein Figure 3.22, the largest
diametercorvergesto one.

3.6 Concluding remarks

We have demonstratethatit is possibleto extractinformationaboutthe topologicalstructure
of a compactspacefrom a finite approximationto it. The examplesgiven hereare subsets
of the planewhereit is easyto seethe structureof the data. In higherdimensionalspacesit
is extremelydifficult visualizethe underlyingtopologyof a cloud of points,so computational
techniquedbecomesvenmoreimportanttools.

In Section3.5,we computednly theregularBetti numbers g (e), of thee-neighborhoods.
Theexamplesgivenhighlighttheneedfor computatiorof the p-persistenBettinumbers 3% (¢).
Thelattergive abettercharacterizationf thetopologyof theunderlyingspaceln applications,
both setsof numbersmay prove useful, sincethe Betti numbersof the e-neighborhoodgjive
geometridnformationabouthow the underlyingspaceas embedded.

Many openproblemsremain. For the theoryof persistenBetti numberswe needfurther
resultsrelatingthe limit of 3 (X,) asA ande tendto zeroto the Betti numbersof X . In terms
of computationmorework canbe doneon developingandimplementingefficient algorithms
for building complexesandcomputingpersistenBetti numbers Fasteralgorithmsareessential
for easdn studyingthelarge datasetstypically encountereih the studyof dynamicalsystems.
We anticipatethatsuchcomputationatoolswill assistn the numericalinvestigationof chaotic
systemdy giving a deepeunderstandingf the structureof attractorsandotherinvariantsets.
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Chapter 4

Applications in Dynamical Systems

4.1 Intr oduction

In this chapterwe examinedatafrom numericalsimulationsof somediscretedynamicalsys-
tems.Thegoalis to illustratehowv our computationatopologytoolsapplyin this contect. Pre-
viousapplicationsof computationatopologyin dynamicalsystemdocuson flows andchaotic
time series. Muldoon et al. [60] computehomologygroupsfor embeddedime seriesdata;
Mischailow et al. [37, 59] alsousehomologycomputationin a numericalimplementatiorof
Conley index theoryto experimentaldata; a numberof groups[28, 57, 82] have usedknot-
theoreticdeasto modelthe dynamicsof attractorsn R3. We focuson discretedynamicsrather
thanflows becausehereis lessnumericalerrorandgreaterefficiencgy in iteratinga mapthanin
solving a differentialequation. Mapsarisenaturallyfrom flows via Poincaé sectionsfor ex-
ample,or throughmethoddgfor their numericalsolution,sotheir propertiesarecloselyrelated.
While our techniquesapply equallywell to flows, every flow trajectoryis connectedso only
the higherorderhomologyis interesting.Thereis a greatewvariety of topologicalstructuresn
the phasespaceof a discretemapsinceanorbit cancover adisconnectedet.

Thethreeexampleswe studyin detailarethe Hénonattractoy the transitionfrom invariant
circleto Cantorsetin thestandaranap,andcantoriin afour-dimensionakavtoothmapnearthe
anti-integrablelimit. Theseexampleshave well understoodtructure sowe areableto evaluate
theeffectivenesof ourcomputationatools. We alsoshav how ourtechniquegouldbeapplied
to investigatehe breakupof invarianttori in higherdimensionakymplecticmapsthestructure
of the chaoticregion of the standardnap,andfor pruningoutliersfrom embeddedhoisytime-
seriesdata. The examplesare chosento cover a wide rangeof dynamicaland topological
phenomena.They alsorequiredifferentapproacheso approximatingthe underlyingsetand
therebyconvey the generalpplicability of theideasfrom Chapter2 and3.

The Heénonmapis the canonicaktwo-dimensionatjuadrationapwith constantlacobianin
the sensehatary othermapin this classis conjugateto the HEnonmapwith somechoiceof
parametersin Sectiord.2we studythemapatparametevaluesfor whichit hasanattractorand
usethe minimal spanningreetechniquegrom Chapter2 to studyits connectednegzoperties.
Ourresultsgive strongsupportto the commonintuition thatthe HénonattractorhasCantorset
cross-sections.

The standardmapis anarea-preservingvist mapof thecylinder. It is the mostcommonly
studiedexampleof this classbecausé modelsa numberof differentphysicalproblemshasan
easilycontrolledperturbatiorfrom integrability, andexhibits mostof thedynamicalphenomena
commonto area-preservingvist maps.In Sectiond.3we investigatehetopologicalchangen
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aquasiperiodiorbit asthe perturbatiorparameterk, is increasedeachquasiperiodiorbit has
acritical k-valuebelav whichtheorbit coversacircle,andaboveit, aCantorset. Theexistence
of invariant circlesis importantbecausehey trap chaoticorbits and imply somedegree of
stability in thesystem.Thetransitionfrom circle to Cantorsethasbeenstudiedextensvely, but
thisis thefirst time thatthetopologyof thesesetshasbeenexaminednumerically Theminimal
spanningreetools of Chapter2 successfullyshav the changdan topologyon a coarsek scale.
A moreprecisecriterionfor determininghecritical k-valueis suggestethy a closeranalysisof
how thelongestMST edgescaleswith the numberof pointsin theapproximatingorbit.

Symplecticmapsarehigherdimensionalersionsof area-preservinghapsandarediscrete
versionsof Hamiltonianflows. The problemof torusbreakupin nearlyintegrablesymplectic
mapsis notwell understoodthis wasoneof the original motivatingquestiongor thethesis.As
afirst steptowardsthis goal, we examinea four-dimensionabpiecavise linear symplecticmap
nearits anti-integrablelimit in Sectiond.4. It is known thatat this extreme,orbitswith incom-
mensurateotationfrequenciesover Cantorsetscalled cantorisincethey arethe remnantsof
invarianttori. We shav thatthe cantoriexhibit logarithmicratherthan polynomialgrowth in
the numberof componentswhich is relatedto the factthattheir Hausdorf dimensionis zero.
We discusghepotentialof the computationatopologytoolsfrom Chapter3 to helpunderstand
torusbreakupof nearly-intgrablesystemsn Section4.5.1.

Thematerialin Sections4.2and4.4is publishedn [72].

4.2 The Hénonattractor

Figure4.1shavs the much-studiedHénonattractorA, for themap H:

2
Tp+1 = Yn +1—ax;,

Yn+1 = by (4.1)

with parametevaluese = 1.4 andb = 0.3. SeeRobinson[73] for areview of the propertiesof
this mapandits attractor Thefirst obserationwe malke is thatthe sethasatopologicaldimen-
sion of oneandmustbe connected.This follows from the factthatthe attractoris the closure
of the unstablemanifold of a fixed pointfor H. The attractorhasfractal structurenonetheless,
andis oftendescribedashaving a Cantorsetcross-sectiofi73]. We usethe minimal spanning
treetechniquegrom Chapter?2 to investigatethe abore topologicalproperties.

To generatdinite-pointapproximationgo theattractoy we computetheorbit, S, of asingle
initial point (zg, yo), from the trappingregion for the Henonattractor For our connectedness
datato be valid, we needsomeguarantedhat this gives a good approximationj.e., that the
Hausdorf distancedy (S, A) < p. Firstly, this orbit mustcorveme to the attractor so given
p > 0, thereis anintegern, suchthatfor j > n, d(H’(xq,v0),A) < p. This meanswve have
to iteratethe mapa few hundrediimesbeforewe startrecordingthe pointsvisited by the orbit.
Thelengthof thesdransientslepend®nthe strengthof contractioralongthe stablemanifolds
of the attractor If an attractoris topologicallytransitve, thena typical orbit will fill out the
entireattractor Thereis no proofthatthisis the casefor the Henonattractorwith the parameter
valuese = 1.4 andb = —0.3, but numericalexperimentsuggesthatthereis adenseorbit; see
[73] for morediscussion.

The graphsin Figure 4.2 shav the numberof connectedcomponentsC(e), numberof
isolatedpoints, I(¢), andthe largestcomponentliameter D(¢), for two orbits, onewith 104
pointsandonewith 5 x 10%. Thesegraphsareexactly whatwe expectto seefor datathatcover
aconnectegetin aslightly nonuniformfashion.For the orbit with 10* iteratesjsolatedpoints
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Figure4.1: An orbit on the Hénonattractor Thered staris the unstabldixed point of H with
coordinategz, y) ~ (0.631,0.189).
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Figure4.2: C(e), D(e), andI(e) datafor two orbits on the Hénonattractor The crosses;t+,
representalculationgor theorbit of 10* iteratesandthecircles,o, arefor anorbit with 5 x 104
points.All axesarelogarithmic. Thehorizontalaxisrangeis 1075 < € < 1.
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Figure4.3: (a) A close-upof the Hénonattractor The bold facedotsare pointsin the three
cross-sectionsonsideredn thetext: slicesatz = 0.302435, x = 0.5 andy = 0. (b) A small
partof thesliceatz = 0.302435, y = 0.22 thatshavs thefolding of the attractor The pairsof
verticallinesin (b) arethe boundarieof the differentsub-slicesof widths2 x 1072,2 x 106
and2 x 10~ 7.

areresolhedat p ~ 10~2. Thenumberof componentsit this resolutionis actuallyaroundten,
sothis valueof p underestimatethe true cutoff resolution. The graphof D(e) shavs thatthe
largestcomponentdiameterdoesnot changeuntil e < p, andthenit decreasesharplyto zero,
which is whatwe seefor otherconnectedsets. The orbit with 10° pointshasa smallercutof
resolution,p ~ 3 x 103, andqualitatively similar graphswhich increasesur confidencen
thenumericalresults.

To investigatehe Cantorsetcross-sectionsye computeC(e), D(e), andI(e) for thin slices
taken throughthe attractorat threedifferentplaces:z = 0.302435, x = 0.5 andy = 0 (the
bold dotsin Figure4.3(a)). This processs relatedto takingthe Poincaé section— acommon
techniquefor visualizingthe structureof attractorsfrom flows. To createa Poincaé section,
a surfaceof codimensioroneis chosenand pointson the sectionare recordedwheneer the
trajectorypiercesthe surface. The Hénonattractoris generatedy iteratinga map,soit is not
possibleto find mary pointsonagivensection.Insteadthe sectionsaregeneratedby recording
pointsthatfall within aninterval of thegivensectioncoordinate This meanghatthesliceshave
afinite width andthe dataarestill two-dimensional.To be confidentthatthe obsered scaling
behaior is approximatinghatof a one-dimensionaCantorset,we computeC(e), D(e), and
I(e) for four successiely narraver slicesat eachcross-sectionThethinnestslicein eachcase
hasawidth of 2 x 1077,

The sectionat x = 0.302435 is interestingbecauset cutsthrougha fold in the attractor
This folding of the HEnonattractoris the sourceof its nonuniformhyperbolicstructure.Note
thataone-dimensionatross-sectiothattouchesafold will have anisolatedpointandtherefore
cannotbe a Cantorset. A close-upof suchafold is shavn in Figure4.3(b). This figure shavs
thatslicesof differentwidths taken at this z value capturedifferentfolding structure. This is
reflectedin the C(¢) datain figure 4.4. The datafor differentslicesatz = 0.302435 doesnot
coincideexactly for € > p, asit doesfor the othertwo sectionsatz = 0.5 andy = 0, which
shav no folding at theseresolutions. Note that we canreversethis obseration and usethe
inconsisteng to detectcross-sectionthattouchafold. Thesectionsatz = 0.5 andy = 0 have
simplerstructure. Thegraphsof D(e) shav thenow-familiar staircasestructureof a Cantorset.
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x = 0.302435

Figure4.4: C(e), D(e), andI(e) datafor threesectionsof the Hénonattractor Theleft column
shaws datafor z = 0.32435, the middle columnfor z = 0.5, andtheright for y = 0. The
curves are coloredaccordingto the width of the slice: 2 x 10~ is green,2 x 10~° is blue,
2 x 1079 is magentaand2 x 10~7 is red. All axesarelogarithmic. The horizontalaxisrange
is10°8 <e<1.
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Table4.1: Valuesof v andé for thethreesectionof the Hénonattractorshawvn in Figure4.3.

section y )

xz =0.302435 0.25+0.01 0.9+0.1
=05 0.26 £0.01 0.85+0.04
y=20 0.27 £0.01 0.88 +0.02

The flat sggmentsin eachgraphof D(e) aredueto the finite width of eachslice, makingthe
dataa Cantorsetof line sggments.

Valuesof v andd arecalculatedrom the C(e) and D(e) datafor thethinnestslice at each
section.Theresultsaresummarizedn Table4.1. Themultifractalnatureof theHénonattractor
[86] meansthat we expectthe dimensionto vary for different cross-sections.For the three
examplesgiven here,though,the variationis not significant. It is possiblethatthe multifractal
naturewould becomeapparentf we computedy from thinnersliceswith moredata.However,
themultifractalspectrums determinedy choosingpointsontheattractorandcomputinglocal
scalingrates. The sectionsare not local and this may obscurethe multifractal natureof the
attractor

The above resultsgive strongnumericalsupportfor the commonbelief that cross-sections
of the Henonattractorare Cantorsets. The box-countingdimensionof the Henonattractoris
estimatedo beabout1.27 [86, 63]. Resultsonthedimensiorof intersection®f sets[23] imply
thatthe dimensionof a crosssectionthroughthe Hénonattractorshouldbe 1.27 — 1 = 0.27.
The valuesof « givenin Table4.1 arein closeagreementvith this value, providing further
supportfor our conjecturethat Cantorsetsof zeromeasurehave v equalto the box-counting
dimension.

4.3 Circlebreakupin the standard map

In this sectionwe examineorbits from the standardnap as a parametercontrolling the non-
linear perturbations increased.This mapis a popularexampleof the classof area-preserving
twist mapsof the cylinder, which arecloselyrelatedto Hamiltonianflows with two degreesof
freedom.The propertiesof thesemapsarereviewedin [55].

Ourgoalis to seehow thecomputationatopologytoolsfrom Chapter2 performin detecting
a transitionfrom circle to Cantorset. This transitionis interestingdynamicallybecauseahe
invariant circles trap chaotic orbits and thereforeimply somedegree of stability Whenan
invariantcircle is destrged, it is possiblefor nearbychaoticorbitsto diffusethroughthe gaps
in theremainingCantorset(seeFigure4.17). If no circlesexist, thenit is possiblefor a single
chaoticorbit to accessnostof the phasespace Many approacheso detectingthe existenceof
invariantcircleshave beenexploredin the lasttwenty or soyears,[8, 31, 44, 49,53]. These
technique®xploit propertiessuchasthe stability, flux, andfrequeng of orbits; ourwork is the
first time thetopologyhasbeenuseddirectly.

For our computationatoolsto give valid results we needgoodfinite point approximations
to theunderlyingcircle or Cantorset. The quasiperiodiorbitswhich cover thesesetsarevery
difficult to find numericallybecauseheir positionin phasespaces uncertainandthey do not
attractotherorbits. Instead,we uselong periodic orbits that are closeto quasiperiodicones,
sincesymmetrypropertiesof the standardnapmake theserelatively easyto find. This method
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k=0.5 k = 0.976135406

Figure4.5: Phasespaceportraitsfor the standardnapattwo differentk values.

of approximatiorwaspioneeredy Greeng31], andis justified by Aubry-Mathertheory[46].

We bagin this sectionby describingsomeof the basicphenomenologgf the standardnap,
andreviewing the essentiadetailsof Aubry-Mathertheoryandthe methodof approximating
guasiperiodioorbits by symmetricperiodic orbits. For the purposesf comparisonwe also
summarizesomepreviousnumericawork ondetectinghebreakupof invariantcircles. Wethen
presentonnectednesdatafrom the minimal spanningreetechniqueof Chapter2 appliedto
periodicorbit approximation®f aninvariantcircle. Theresultsobtainedarenot assensitve at
detectingthetransitionasaresomeprevioustechniquessowe investigatescalingpropertieof
the C(e) distributionsin moredetail. This work raisesmary questionsaboutthe connections
betweerthedistribution of pointsandthedistribution of edge-lengthé theirminimal spanning
tree,andabouttherenormalizatiorof phasespaceneara critical circle. Thisis partof alarger
projectthatis outsidethe scopeof this thesis.

4.3.1 Background

Thestandardnap

k.
Yn+l = Yn — Dy sin(27xy,) (4.2)
T

Tptl =Ty + Ynt1 mod 1.

appearsn a numberof physicalapplications. It modelschaged particle motion in a simple
particleacceleratgrthe cyclotron,andis equivalentto the Frenlel-Kontoroza modelof a chain
of atomsin aonedimensionaperiodicpotential. Thestandardnapis alsotheresultof applying
a first order numericalsolver to the pendulumequationd — K siné = 0, with z = 6/(2x),
y = &, andt = n. Thez variableis ananglein [0, 1) andy is analogouso momentum Clearly
y is alsoperiodic, so the phasespaceis in facthomeomorphido the torusandwe needonly
considerrbitsin the unit square.

We labelthe orbitsby their rotationalfrequeng, w, the averagechangen x periterationof
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themap:

Ip — T

w = lim
n—o00 n

(4.3)

To calculatew, weiteratez,, 11 = z,+yn+1, Withouttakingthefractionalpart(this corresponds
to takingalift of the mapof thecylinder (4.2) andmakingit a mapof the coveringspaceR?).
Thetwist condition,

9%ni1 5 o, (4.4)
Oyn

meansthat orbits with larger y have larger rotationalfrequeng. This is compatiblewith the
physicalinterpretatiorof y asa momentunvariable. Periodicorbits satisfyingy, = yo, x4 =

xo + p, have rationalrotationfrequeny p/q andarecalled(p, ¢)-periodicorbits. Quasiperiodic
orbitshave irrationalrotationfrequeng. Notethatthelimit in (4.3) maynotexist, for example,
in the casethe orbit is chaotic.

Whenthe nonlinearityparameterk is zero,the mapis integrable. Its orbits lie on invari-
antcirclesy = yo andevolve asrigid rotationsof the anglevariable,z,; = =, + yo, SO
thatw = yo. Whenk > 0, the geometricstructureof the orbits becomesdramaticallymore
complicatedthisiis illustratedin Figure4.5. The Poincaé-Birkhof theoremshaws thatevery
invariantcircle with rationalrotationfrequeny is destryed, leaving a pair of periodicorbits
with thatfrequeng, oneelliptic andonehyperbolic. Circleswith irrational rotationfrequeng
are guaranteedo persistfor a smallintenal of k& valuesby the Kolmogora-Arnold-Moser
(KAM) theorem.SeeArrowsmithandPlace[3] for moredetailsabouttheseresults.

Periodic and quasiperiodic orbits

Theexistenceof aspeciaklassof periodicandquasiperiodi@rbitsin ary area-preservintyist
map follows from Aubry-Mathertheory; see[55] for an overvien. Theseorbits minimize a
guantitycalledtheactionandaremonotongtheorderof pointsis preseredunderiteration).An
extremelyusefulresultfrom Aubry-Mathertheoryis thatif a sequencef rationalscorverges
to anirrational, p, /¢, — w, thenthe minimizing (p,, g, )-periodic orbits converge (in the
Hausdorf metric) to a setof minimizing orbitswith rotationnumberw. Aubry-Mathertheory
alsoshavsthatthislimit setis eitheraninvariantcircle or aCantorset. Sinceit is relatively easy
to find minimizing periodicorbitsin the standardnap, this resultmeansye canusesequences
of theseorbits to approximatea quasiperiodicne. This approachfirst usedby Greeng31],
will form the basisof approximationin our numericalinvestigationof invariant circles and
Cantorsetsin Sections4.3.2and4.3.3.

It is thesymmetrypropertieof the standardnapthatmake minimizing (p, ¢)-periodorbits
easytofind (seg47] for moredetails).Eachsuchorbit musthave apointontwo of thefollowing
four symmetrylines:

a={z=(z,y) |z =0} (4.5)
b={z=(z,y) |z =1/2} (4.6)
c={z=(z,y) |z =y/2} 4.7)
d={z=(z,y) [z =(y+1)/2}. (4.8)



The pair of linesis determinedby p andg. For action-minimizingorbitsin the standardnap
theobsened patternis:

p odd, ¢ even = z €c and z;p €d (4.9)
p odd, ¢ odd = 2z €b and zg41)2 €c (4.10)
p even, ¢ odd = 2z €b and zg4y))2 €d. (4.11)

Thesepropertiesameanthe searchor anorbit is madealonga singleline, ratherthanover the
whole of phasespace We usethesetypesof orbitsin Section4.3.2.

In practice,we want the sequencef rationalsp, /g, to converge to the irrational w as
fastaspossible. This is achieved by usingthe continuedfraction convergentsof w (see[55]
for a descriptionof how to generatecontinuedfraction expansions). The continuedfraction
cornvergentsarethe “bestapproximants’in the sensehatif p/q is a convergentof w, thenary
otherrationalp’/q’, with ¢’ < g is furtherfrom w, i.e., |w — p'/¢'| > |w — p/q|. Thenumber
with the slowestcornvergenceof its bestapproximantss thegoldenmean,

1++5 1
o= +2\/_:1+—1:1.61803.... (4.12)

1+

1
14

1+

Theconvemgents,p, /gy, of u arerelatedto the Fibonaccisequencef,,.; = F, + F,,_1, with
Fy = Fy = 1, by settingp,, = F,,+1, andg, = Fj.

The invariant circle with goldenmeanrotation frequeng plays an importantrole in the
standardnap,sinceit is thelastoneto bedestrged,i.e., its transitionfrom circle to Cantorset
occursat a k-valuelarger thanthatof any otherquasiperiodiorbit. This stemsfrom the status
of thegoldenmeanasthe numberthatis hardesto approximateby rationals,andthereforethe
orbit for whichthe KAM smalldivisor problemsareminimal.

Renormalization near a critical circle

The phasespacenearaninvariantcircle at its critical k-value(i.e. the point of breakup)hasa
remarkabledegreeof local self-similarity [31, 75]. MacKay [47] studiesthis extensvely and
guantifiesthe scalingrelationsusing renormalizatiortechniques.We obsenre relatedscaling
propertiedn the MST data,asdiscussedh Section4.3.3.

As anillustrative example,we describeresultsfor the standardnapandan orbit with rota-
tion frequeny of 1/u2 = 0.38196 ... . This numberis closelyrelatedto the goldenmeanand
it hascontinuedfractionsconvergents,p,, /¢, with p, = F,, g, = F,42; it alsohasthe same
critical valueof k = k., = 0.971635406.

Nearthepointwherethegoldencircle crosseg = 0, thephasespaceds asymptoticallyself-
similar with a scalefactorof oy = —1.4148360 in z and3, = —3.0668882 in y. Thenegative
signsindicateaflip in orientationwhichis causedy the oscillationof successie corvemgents:
Pn/dn < W < Pnt1/dni1-

At z = 1/2, the scalingis a little more complicated. Here, the structureof the period
orbits cycleswith period3. Shenler andKadanof [75] explain this in termsof the symmetry
propertiesof the orbits. The Fibonaccinumbers,

F; =1,1,2,3,5,8,13,21, 34, 55,89, 144, 233, 377 . ..
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follow arepeatingpatternof odd,odd,even. Thisimpliesthattheminimizing (py,, ¢, )-periodic
orbits that corverge to the 1/u2 circle cycle throughthe three symmetrypatternsof (4.9) .
The renormalizatiormust take this into accountand MacKay [47] computes3-stepratios of
as = —4.84581 in x andB 5 = —16.8597. Sinceareais presered,thesevaluesarerelatedto
ag andgy via:

4.3391 = apBy = v/ (a585) = (1.6922)(2.5642) = 4.3391. (4.13)

Althoughwe describedhs scalingin termsof a particularcritical circle, the scalingholdsfor
ary circle with arotationfrequeng thathasa continuedfraction expansionthat endsin ones

[47].

Nonexistenceof invariant circles

Invariantcirclesthatgo aroundthe cylinder (i.e. onesthatarehomotopicto y = 0) arecalled
rotationalinvariantcircles. Thereexistenceis importantbecauséhey confinechaoticorbitsto
a smallregion of phasespaceandimply thatthe systemis essentiallystable. If no rotational
invariantcirclesexist for ary rotationfrequeng, it is possiblefor asinglechaoticorbit to cover
mostof the phasespace. This meansthat the dynamicsis inherentlyunstable;in particular
the momentunvariable,y, canincreasevithout bound. Invariantcirclesareobsered to exist
for muchlarger valuesof k thanthosegiven by KAM theory Many methodsexist for esti-
matingthe critical value, k., suchthatfor & > k., no KAM circlesremain;we outline three
computationabpproacheselon. The mostaccuratenumericaldeterminatiorof k. is dueto
MacKay [47, p.199],who usesGreenes criterion andrenormalizatiortechniquego estimate
k. = 0.971635406. Thebestrigorousboundon k. for the standardnapis dueto MacKayand
Percval [50] who shaw thatthereareno invariantcirclesfor £ > 63/64 = 0.984375.

A very direct methoddue to Chirikov [8] estimatesk, by measuringdiffusion times of
chaoticorbits. For differentvaluesof k, andinitial conditions,(yg, zg) with yo ~ 1073, he
recordsthe numberof iterations, N, it takesfor the orbit to reachy ~ 0.5. Thereis a sharp
increasen N for valuesof k neark,; the longestorbits considerechave N = 107. By fitting
the dataobtainedfor N(k), he estimatesk. ~ 0.989. This is surprisinglycloseto the above
values giventheinaccuracie®f thesenumericaltechniques.

More recently Laskar[44] hasdevelopeda generaimethodfor detectingthe destructiorof
invariantcirclesby computingthe frequeng of orbitswith differentinitial conditions. Recall
thatthetwist conditionimpliesthatalonga verticalline, z = 0 say orbitswith largerinitial y
coordinatehave largerfrequeng. Laskarthereforeusesinitial conditionsalongsucha vertical
line andlooksfor non-monotonicityin thecomputedrequenciesFor the standardnaphefind
k. to five significantfiguresusingorbits of around10® points. This makesit computationally
intensve, but the approactgeneralizeseadilyto higherdimensionamaps.

The mostsensitve numericaltechniqueis probablyGreenes meanresiduecriterion[31].
This approachusesthe stability of long periodicorbits thatarecloseto a quasiperiodimneto
indicatetheexistenceof aninvariantcircle. Theresidueof a(p, ¢)-periodicorbitis ameasuref
stability relatedto the eigevalues:R = £(2 — Trace M), whereM is the matrix linearization
of the g-fold compositionof the map. The meanresidueis a type of geometricmean, f =
(|R|/B)"/4, whereg is a scalefactorusedto improve corvergence.To extendthe definition of
f to quasiperiodi®rbits, Greeneuseghe continuedractioncorvemgentsp,, /g, of anirrational
w. Thevalueof f(w) is foundby takingthelimit: f(w) = lim,,« f(pn/qn). Forthestandard
map, = 1/4, andGreenes criterionis thatthe orbit with rotationnumberw coversacircle if
andonly if f(w) < 1. An attemptto generalizehis criterionto higherdimensionakymplectic
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(a) (b)

Figure 4.6: Connectedcomponentdatafor a (377,987)-periodc orbit approximationto the
golden1/u? orbit at differentvaluesof k. In both graphsthe datamarked with solid circles,
-, isfor k = 1.0. Thecrossesx, markdatafor the otherk values,k = 0.5,0.6,0.7,0.8,0.9.
The cut-of resolutionfor thek = 1.0 datais p ~ 6 x 107°. (a) Numberof componentasa
functionof resolutione. (b) Diameterof the largestcomponentsa functionof e.

twist mapsis madein [70]. A formal justificationfor this approachs hampereddy the fact
thatthereis no correspondingdubry-Mathertheoryin higherdimensions.Greenes criterion
impliesthatthe goldeninvariantcircle is destrgedatk = k. = 0.971635. Thisvalueof k. is
determinedn [31] usingorbitsof lengtharound10?.

4.3.2 MST analysisof the transition from circleto Cantor set

In this sectionwe investigatethetransitionfrom invariantcircle to Cantorsetusingthe compu-
tationaltools basedon the minimal spanningreefrom Chapter2. As onemight suspectthese
techniqguexannotmalke asprecisea determinatiorof k. asGreenes residuecriteriondoes for
example.Thisis becaus¢hereis acontinuougnetricchangdrom invariantcircle to Cantorset;
the resultsof Chapter3 imply thatthe e-neighborhood$iave correspondinglyclosetopology
However, our connectednes®chniquesdo shav the transitionfrom circle to Cantorseton a
coarsek-scale.

We startby examiningthe structureof asingleorbit in the sequencef periodicapproxima-
tionsto the1/u? orbit ask is changed The datain Figure4.6is for the minimizing (377,987)-
periodic orbit approximationfor £ = 0.5,0.6,... ,0.9,1.0. Thereis a significantdifference
betweenthe C(e) and D(e) graphsfor ¥ < 0.9 andk = 1.0, consistenwith the fact that
0.9 < k. < 1.0. Fork < 0.9, the C(e) and D(e) datalook like thatof a connectedset. For
k = 1.0, the cutof resolutiondropsto 6 x 102 and D(e) — 0, which suggests totally dis-
connectedset. We estimate) asthe slopeof the leastsquaresinearfit for 1074 < e < 1072,
andfind § = 1.15 + 0.05. Thegrowth in the numberof componentsC(e), resembleshatof a
Cantorsetwith v = 0 (recall Section2.2.3).

Similar resultsare obtainedwith afiner k scale,asshawvn in Figure4.7. Here,we present
connecteccomponendatafor the period-987orbit with ¥ = 0.90,0.91,... ,1.0. Again,we
seeasignificantchangen the C(e) andD(e) curvesask increasesThistime, for £ < 0.97, the
orbit appeargo approximatea connectedet,andfor £ > 0.98, a Cantorset. Theabove results
give an estimateof k. to two significantfiguresusing an orbit of just 987 points. To obtain
higherprecisionwe needto uselongerorbits; the differenttopologicalstructureof the golden
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Figure 4.7: Connectedcomponentdatafor a (377,987)-periodc orbit approximationto the
goldenorbit for £ = 0.90,0.91,...,0.99,1.0. (a) Numberof componentsas a function of
resolution . (b) Diameterof thelargestcomponentsa functionof e. Thechangen theshape
of the curvessuggestshatthe transitionfrom circle to cantorusoccursbetweernk = 0.97 and
0.98.

orbitatk = 0.971 andk = 0.972, for example,is revealedfor approximationsf around10*
points.

Thegraphsn Figure4.8shav theambiguitythatoccurswhentheapproximatioris notgood
enough.In eachcolumn,we fix k andplot connectednesdatafor a sequenc®f successiely
longer periodicorbit approximationggq,, = 377, ... ,4181) to the goldenorbit. The datafor
k = 0.97 shov thatthe orbits are probablyconverging to a connectedset, as expected. For
k = 0.98, it is clearfrom the persistencef the long MST edges,andthetrend D(e) — 0,
thatthe orbits are converging to a Cantorset. At k£ = 0.972, however, the datais misleading
sincetheorbitsappeato becorverging to aconnectedtircle eventhoughthe1/u2 orbit covers
a Cantorset. The problemis that the largestgapin the Cantorsetis shorterthanthe cutof
resolutionfor thedata;seeFigure4.9.

Thegraphsof C(e) for k = 0.97 andk = 0.972 in Figure4.8 appeato keepthe sameform
asqy, increasesThegraphof C(e) is really acumulatve distribution of edgelengthsfrom the
MST. It may be possible therefore to obtainmoreaccurateénformationaboutthe underlying
topologyby analyzingthe relative distribution of edgelengths.We examinehow distributions
of MST edgeschangewith & andthe periodof theorbit in thefollowing section.

4.3.3 Scalingof the gaps

To explore the gapdistributions, we againusethe minimizing (p,,, g, )-periodicorbit approxi-
mationsto the 1/u2 orbit. We cansimplify the numericalcomputatiorof the MST by usinga
resultfrom Aubry-Mathertheorywhich shavs thata monotoneinvariantset(i.e., minimizing
periodicandquasiperiodiorbits)mustbea graphover x [55]. Thisletsusorderthegq pointsin
anorbit z; = (z;,y;) by theirz-coordinatej.e.,z; < z; if i < j. Thelengthsof theMST edges
arethengivenby the“gaps, ¢; = d(zi41,2;) fori = 0,... ,q — 1, andg, = d(zo, Z;), where
Zq = (xq — 1,54). In fact,the g gaps,g;, give usthe distancebetweenevery neighboringpair
of points,whereaghe MST, by its definition,omitsthe largestgap. We startby examininghow
themaximum,minimum,andmeanof thegaplengthsscalewith thelengthof the periodicorbit
approximationatdifferentvaluesof k. Whenk = k., ourresultsarecloselyrelatedto thelocal
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Figure4.8: C(¢), D(e), andI(e) datafor threevaluesof k in thestandardnap. Theleft column
hask = 0.97, the middle column, k¥ = 0.972, andthe right one, k¥ = 0.98. In eachcase
the datais obtainedfor asequencef (p,, ¢, )-periodicorbit approximationgo the 1/u? orbit,
with ¢, = 377,610,987,1597,2584,4181. For k = 0.97, the datasuggestshatthe orbitsare
approximatinga circle, andfor £ = 0.98, a Cantorset. Whenk = 0.972 is just larger than
the critical valuek, = 0.971635, the goldenorbit is a Cantorset, but the datagiven suggests
the periodicorbitsarecorverging to a circle. This is becausehe orbitsarenot long enoughto
allow usto resolhe thegaps.
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Figure4.9: (a) The largestgap, M (g, ), asa function of the length of the periodic orbit ap-
proximation,q,, to the goldenorbit. The solid circles- are datafor & = 0.5, the circleso
for k = 0.971, thestarsx for k = k., = 0.971635406, the pluses+ for £ = 0.972, andthe
crossesx for k = 1.0. Thelinesthroughthedatafor ¥ = 0.5 andk = k. areleastsquarefits
for 610 < ¢ < 196418; the slopesare —1.0000 and —0.7211 respectiely. (b) The samedata
plottedas M (g,,)q% ™! versusg,, to exaggeratahe differencebetweerorbits converging to a
circle andthosecorveming to a Cantorset.

renormalizatiorpropertieof the standardnap[47]. In thefinal paragraphsf this sectionwe
malke a preliminaryinvestigationof the relationshipbetweenthe distribution of pointsandthe
distribution of gaps.

The largestgap

Figure4.9(a)summarizes study of the relationshipbetweerthe largestgap, M (g, ), andthe
period, g,,, of orbits converging to the 1/u2 orbit. Therearethreescalingregimesin these
graphsdefinedby & < k., k = k., andk > k.. Fork < k., M(g,) tendsto zerobecause
the orbitsareconverging to aninvariantcircle. The sameis true at the critical valuek,, but the
rateof corvemgenceis differentbecausehe densityof pointsgoesto zeroat every pointin the
orbitof z = 0. Fork > k., M(g,) decreaseandthenflattensata valuethatcorrespondso the
lengthof the largestgapin the Cantorset. For k& = 0.972, this occurswheng, > 104, andfor
k = 1.0, wheng,, > 102.

We now describethelinearscalingfor k < k. in moredetail. Thedatafor £ = 0.5 shaw a
clearlinearrelationshipbetweerlog M (g,,) andlog g, whichimplies M (g,,) = C/¢%. From
the leastsquaredinearfit of the datafor ¢,, > 100 we find thaty = 1.0000 andC = 1.256.
Theslope,v, equalsonebecauséhe pointsarefairly evenly distributedaroundthis circle (see
Figure4.12). Thereis alsosimplelinear scalingat the critical value, k. = 0.971635406. In
this casethe leastsquaredit for ¢,, > 100 gave v = 0.7211 andC = 1.042. Therateat
which M(g,) — 0 is closelyrelatedto therenormalizatiorschemdor acritical circleatz = 0
becausdhe largestgapalwaysoccursaroundz = 0. The scalingdescribedn Section4.3.1
impliesthatM (gy,) ~ oy ". OurresultsrelateM (g,,) andtheperiodg,, asM (g,) ~ ¢,”. Since
the periodsare Fibonaccinumbers their growth is governedby the goldenmean,g,, ~ u™.
Thereforewe musthave ag = p%, or v = log(ayp)/ log(r) = 0.72107 (usingthe valueof ag
from [47]), which is exactly what we computedfrom the graphin Figure4.9(a). Whenk is
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just lessthanthe critical value,e.g.,k = 0.971, thereappearto be two scalingregions. This
is theresultof the nonuniformdistribution of pointsin the periodicorbit approximationgo the
invariantcircle. For g, < 1000, the orbits arecloseto thoseapproximatinghe critical circle,
so M (g,) appeardo scaleasC/q%". However, for ¢, > 10%, the slopeis very closeto one;
we computer = 0.998 andC' = 8.2.

The graphin Figure4.9(a)suggests new, purely geometriccriterionfor determiningthe
transitionfrom circle to Cantorsetin area-preservingnaps. Given (p,, g, )-periodic orbits
with p,, /¢, converging to anirrational, the quantityto examineis M (g, )qY asqg, — oo. The
parameter shouldbe choserto make the convergenceasfollows: for k£ < k., M (g,)qr, — 0,
andfor k > k., M(gn)gl, — oo. Themotivation for this is analogoudo the choiceof the
paramete3 in Greenes criterion. For the standardnap,we could choose).7211 < v < 1.
Settingy = 0.7211 givesthebestresultsbecausehis balanceshecritical scalingexactly This
datais shavn in Figure4.9(b). Basedon thedatagivenin thatgraph,we estimatehatthevalue
of k. couldbedeterminedo aboutfive or six significantfiguresusingthis criterion.

Much more numericalwork is neededo testthe validity of this idea. We needto look at
circleswith otherirrational frequenciesanddifferentarea-preservingnaps. The advantageof
this criterionis thatit doesnot requireary information aboutthe stability of an orbit — an
expensve computationinvolving eigervaluesof large matrices. The new criterionis unlikely
to generalizeto mapsin higherdimensionshowever, sincethe topologicaltransitionis very
different.

The meanand minimum gap

We cansummarizesomeinformationaboutthe distribution of gaplengthsby plotting the max-
imum, M (g, ), mean,{g,), andminimum,m(g,), valuesasfunctionsof the period, g, onthe
sameaxes. This datais givenin Figure4.10for the samevaluesof k asin Figure4.9.

In all casesyve seelinearscalingin the meangapsize. This follows from the factthat

qn
(gn) = =219 L L (4.1)

dn qn
Thequasiperiodiorbit coversaninvariantcircle or a Cantorset.In eithercasetheorbit lieson
aLipschitzgraph,soits length L, is finite. We arecomputingthe distancebetweerpointsthat
arecloseto the Lipschitzgraph,sothe sumof thegapscornvergesL. Thisconvergenceis quick,
sotheapproximationn (4.14)is areasonabl@ne. If we insteadcomputeg; asthe difference
in z-coordinatethenwe would have 3%, g; = 1 for all n andk.

We now look at the scalingof the shortestgaps. For & = 0.5, the relationshipbetween
log m(gn) andlog g, is clearlylinear implying m(g,) = ¢/gn. Fromthedatafor ¢, > 100,
we computec = 0.893 andn = 1.0000. Again, the slopeis onebecausehe pointsarefairly
evenly distributed aroundthe circle. For k& = k. thereis also linear scaling. Initially, we
estimaten = 1.0928 from the datafor ¢, > 100. Sincethe densityof pointsis highestat
z = 0.5, we expectthe smallestgapsto occurthere;this is corroboratedy our obsenations.
It follows thatwe shouldseethe period-3oscillationdescribedn Section4.3.1,causedyy the
cycling symmetrypatternsof the approximatingorbits. Becausédhe oscillationsare small, it
is not possibleto seethis in the graphof Figure4.10. We evaluatethe differencebetweerthe
least-squardinearfit andthedata;thegraphof thisin Figure4.11shavs avery definiteperiod-
3 oscillation. We thereforecomputethe slopeof log m(g,, ) versuslog ¢,, usingevery third data
point andfind an averagevalueof n = 1.0931. This numberis relatedto the renormalization
scalingat z = 0.5 via a similar agumentto that for maximumgap. Using the valuesfrom
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Figure4.10: Maximum, minimum, andmeanof the gaplengthsfor periodicorbit approxima-

tionsto the goldenorbit at differentvaluesof k.
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Figure 4.11: Error in the leastsquaredinear fit to the minimum gap datafor ¥ = k. (see
Figure4.10). Specifically we usel00 < g, < 2 x 10° tofit theline andthencomputetheerror
ase(n) = logo(m(gn)) — (—1.0928 log;y(gn) — 0.0268). The period-3oscillationis dueto
the periodicorbit symmetryproperties.

(4.13), we thereforeexpectn = log(¥/as)/log(n) = 1.09315, which is exactly what we
found. At £ = 0.971 we seethe sametype of transitionalbehaior asbefore,with the data
closeto thatof thecritical circle for smallg,, andslopesthatcorvergeto 1.00 asq,, getslarger.

For approximationdo the Cantorsets,we seem(g,,) drop off exponentially A possible
explanationfor this startswith a modelthat gapsin the Cantorsetdecreas@sg; = c\. A
finite approximationto the Cantorsetshouldthen have smallestgapm(g,) =~ cA?. In the
log-log plot we thereforeexpectto see

log m(gn) = log ¢ + €'°8 9" log \.

For k = 0.972 we estimateA = 0.9997 andc = 0.0002 andfor ¥ = 1.0, A = 0.983 and
¢ = 0.02. Thesenumbersare calculatedfrom least-squardits for datafrom the longestfour
approximationgteachk, sincetheseareorbitsfor which thelargestgapsareresolhedproperly
Sincesuchfew datapointsareusedto fit the line, thesevaluesof ¢ and A arenot likely to be
very accurate.

Thelinear scalingof the meansuggestst is the appropriatenumberto rescaleby to geta
limiting densitydistribution of gapsin the goldenorbit. It is not obviousthatthis shouldexist
or bewell defined but it might helpgive anexpectedform for the C'(e) curve which couldthen
help distinguishbetweenconnectedand disconnectedets. In the following sectionwe pose
somequestionsaboutthe relationshipbetweerthe densityof pointson aninvariantcircle and
thedistribution of gapsizes.Thisleadsusinto the problemof how to relatethedensity-measure
for setof pointsto the statisticsof the minimal spanningtree— a muchlarger projectthatis
outsidethe scopeof this thesis.

Renormalizedgap distrib utions

We start by describingthe distribution of pointsaroundan invariantcircle; seeFigure 4.12
for someexampledensities. We generatehesegraphsas histogramsof z-coordinatevalues
from very long minimizing periodic orbit approximationgo the 1/u? orbit. Sussmaret al.
[79] generatesimilar graphsusingthe linearizationof the standardnapanda highly accurate
estimateof the tangentdirection at a single point on the circle. For k¥ = 0, the points of
eachperiodicorbit areperfectlyevenly spacedaroundthecircle. Thisimpliesthatthelimiting
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Figure4.12: Relative densitydistribution of z-coordinatevaluesfor long periodicorbits (g ~
10%) approximatinghe goldencircle at differentchoicesof & < k.. Thenumberof binsin the
histogramis the square-roobf the numberof points.
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25 0 1 2 3

9,/<9.> 9,/<9,>

Figure4.13: Distribution of gaplengthsnormalizedby their meanfor the sameorbits and &

valuesusedin Figure4.12.For k = 0, thedistribution is adelta-functionsincethe pointsin the
orbit areevenly spacedaroundthe circle.
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distribution of pointsfor aninvariantcircle is uniform. As k increaseghis distributionbecomes
slightly lessuniform with a minimumat z = 0 andmaximumatz = 0.5. For k closeto the
critical value,the densitybecomesighly nonuniform,thoughstill nonzeroeverywhere.At k.
the densitydropsto zeroat z = 0, andat every pointin the orbit of x = 0. The histogram
approximationdoesnot shav this becauseof discretizationeffects. Whenk > k., the orbit
approximates Cantorset,sothereareintenals of z-valueswherethe densityis zero. Since
the cantori have Lebesguemeasurezero, the supportof the density has measurezero; it is
thereforevery difficult to generatea graphof this functionusinghistograms.

The gap distributions graphedin Figure 4.13 are computedfrom the sameorbits and k-
valuesasFigure4.12. Here,we have rescaledhe gaplengthsto make the meanequalto one
in eachcase.Sincethemean,(g,) ~ L/g,, andL = 1, this rescalingamountso multiplying
the gapsby the numberof pointsin the orbit. For k¥ = 0, the gapsareexactly the samelength
andthe distribution is thereforea deltafunction. Whenk < k., the gapdistributions have a
sharpmaximumand minimum which correspondo the constantsC' and ¢ computedabove.
A possibleexplanationfor the spikesin the distribution is givenin the next paragraph.For
k = k., we know that M (g,,) ~ C/q%™* andm(g,) ~ ¢/q}%3. We thereforeexpectthe
rescaledlistributionsto have aminimumthatgoesto zeroanda maximumthatgoesto infinity
asthe numberof pointsis increased.The rescaledgap distributions for the Cantorsets(i.e.
k > k.) shouldalsohase a minimum that goesto zeroand a maximumthat goesto infinity.
The differencebetweena Cantorsetandthe critical circle is thatthe relative numberof gaps
lessthanthe meanshoulddiverge for the Cantorset.

It is not obvious how to analyticallyrelatethe densityof pointsto the distribution of gap
lengths.It seemsntuitively reasonabl¢hatthelongesigapwill occurattheminimumin density
andtheshortesgapatthemaximumandthis is whatwe obsere. In fact,thelocal rescaledyap
size,g(z), shouldbe inverselyproportionalto the densityof the points,i.e. g(z) ~ 1/f(x).
The relatve numberof gapsof a particularsize,y, shouldthenbe relatedto the numberof
pointswherel/f(z) = y. This explainsthe spikesin the gapdistributionsfor k£ < k. asthe
placeswherethe density f(z), hasaturningpoint. A formal derivation of theserelationships
requiressomework but shouldbefairly straightforvard. Theresultsshouldberelatedto order
statisticq10].

4.4 Cantori from sawtoothmaps

Thenext setof examplesve examineareorbitsfrom 4d symplecticsavtoothmaps.A cantorus
is aninvariant Cantorsetof a symplecticmappingon which the dynamicsis semi-conjugate
to an incommensurateotation. It is known that close enoughto an “anti-integrable” limit,
symplecticmapshave cantorifor all suchrotations[48]. As we saw in the previous section,
cantoriin area-preservingist mapsarisefrom thedestructiorof invariantcircles. For higher
dimensionalmaps,it is not known if the breakupof aninvarianttorus leadsimmediatelyto
a cantorusr if thereare someintermediatestagesthis questionis onewe intendto explore
further (seeSection4.5.1).Below, we look at cantorifrom the anti-integrablelimit.

A simple modelfor which cantoriare analytically computablds the following pieceavise
linearmap,calleda savtoothmap:

Pn+1 = pn+vv($n)
Tptl = ZTp+Ppy1 modl.

Herez € T? (the 2-torus)andp € R? andV = 1z!Az is a quadraticpotential. By choosing
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Figure4.14: Two examplesof cantorigeneratedby symplecticsavtooth maps.Eachorbit has
10* points.

€ D(e) 10

10 10 10 10 10 10 10 10
€ € €

Figure4.15: C(¢), D(e) andI(e) datafor the two cantori. Top row: datafor the cantorusin
Figure4.14(a).Bottomrow: datafor the cantorusn Figure4.14(b). All axesarelogarithmic.
Thehorizontalaxisrangeis 10~1% < ¢ < 1.
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Figure4.16: C(e) versuslog(e) for the two cantoriof Figure4.14(a)and Figure4.14 (b) re-
spectvely. All axesarelogarithmic. Thehorizontalrangeis —20 < log(e) < —0.1

anincommensuratpair of irrationalrotationnumbersfor example,thegoldenmean‘@‘1 and

%, we canfind an orbit analyticallyby looking for the semi-conjugag z; = X (6 + wt). In
Figure4.14,we shav theprojectionof thecantorusontotheconfiguratiorplane(xz coordinates)
for two choicesof w: for Figure4.14(a)w = (\/%, \/52‘1), andfor Figure4.14(b)w is thethe
spiralmean,(7~1,772) wherer is therealrootof 73 — 7 — 1. Theseorbits aregeneratedy
the samedynamicalsystemsincein bothcaseshe matrix for thequadratidorm is:

4 (19152 —2.0358
~\0.5214 0.0847 /-

Thegraphsof D(e) in Figure4.15aresimilar to thosefor previous Cantorsets. They tell
us that the cantori are totally disconnectedbecauseD(e) — 0. We estimated to be very
closeto one: for the cantorusof Figure4.14(a)é = 0.99 + 0.05; for that of Figure4.14(b)
0 = 1.03 £ 0.04. The graphsof C(e) exhibit scalingbehaior similar to that of the Cantor
setsin the standardmap (seeFigure 4.6). Thereis no linear scalingregion from which to
determiney, andthis suggestshatour assumptiorthatC(e) ~ ¢~ doesnot hold here.Since
the underlyingsetsare Cantorsets,we muststill seeC(e) — oo ase — 0, but the growth
rateis possiblylogarithmic,ratherthanpolynomial,in e. To testthis hypothesisye plot C|(e)
versuslog(e) onlogarithmicaxesin Figure4.16. The obsered linearrelationshiptells us that
C(e) ~ (loge)™" neare = 0. We estimatethe valueof v usinga least-squarest of the slope
of theline, andfind thatv = 2.14 4+ 0.05 for bothcasesThisalsoimpliesthaty = 0. A result
dueto A. Fathi[25] impliesthatthesecantorihave Hausdorf dimensionequalto zero,soagain
we seethaty andthe dimensionareequalfor azero-measur€antorset.

The graphsof C(¢) for the two cantoriare almostidentical, as are their scalingrates,v.
Experimentabbsenationsshav thatthe C(e) datavary moststronglywith the choiceof eigen-
valuesfor the quadratidorm, ratherthanthe eigemwvectorsor thefrequenciesThis suggestshat
theremay be somerelationshipbetweerthe eigevaluesandthescalingrate,v. A relationship
betweerthesenumberss not surprising sincethe eigervaluesgovernthe contractionalongan
orbit, andcontractiorratiosareoftenassociateavith fractaldimensions.
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4.5 Further applications

In this sectionwe describesomepossiblefurther applicationsof our computationatopology
techniquesThelist is far from exhaustve!

4.5.1 Torus breakupin the Froesché map

Hamiltonianflows with d > 3 degreesof freedomare modelledby symplecticmapsof R2¢
— higherdimensionalanaloguesf area-preservingnaps. One examplethat symmetrically
coupleswo standardnaps,is calledFroeschd map:

Yy =y1 + % sin(2mz1) + % sin(27(z1 + z2))

b
yh =y + o sin(2mzs) + i sin(27(z1 + z2))

i =r;+y; mod1
rh =r3 +y, mod 1. (4.15)

This mapwasoriginally introducedasa model of the time evolution of elliptic galaxies[27].
Whena = b = ¢ = 0, orbitslive on two-tori embeddedn four-dimensionakpace.Thesetori
arelabelledby the rotationfrequencief the orbit. The KAM-theoremimpliesthattori with
incommensuratérequenciegersistfor smallvaluesof a, b, andc. We saw in Section4.4 that
far from integrability, the remnantsf thesetori are Cantorsets,but little is known aboutthe
structureof torusremnantsor moderateperturbations.lIt is possiblethat thesesetshave the
structureof a Cantorsetof linesor a Sierpinskicarpef{41]. We believe thatthe computational
topologytoolsfrom Chapter and3 could be usedto helpinvestigatethis problem.

Theinvarianttori do nothave quitethesamamportancedynamicallyastheinvariantcircles
of area-preservingnapssinceatwo-dimensionasurfacecannotenclosea four-dimensionate-
gion. Thisobserationled Arnold to reasorthata chaoticorbit of ary Hamiltoniansystemwith
threeor moredeggreesof freedomcandiffusethrougha densesubsetf the phasespace.This
Arnold diffusionis typically extremelyslow, andoneexpectsthattransportwill be morerapid
whentherearefew invarianttori. It is thereforestill desirableo have a betterunderstandingf
the structureof torusremnants.

Recallthatin Section4.3we approximatedjuasiperiodiorbits by long periodicones.We
would like to usesimilar techniguego approximateorbits on invarianttori in the Froesché
map. Unfortunatelymary propertieof area-preservingapsdo notnecessarilyoldin higher
dimensionabymplecticmaps.Thereis nonicegeneralizatiorof continuedractions,sothefirst
problemis to generataational approximantgo pairs of incommensuratérational numbers.
Onereasonableffective approachs ageneralizatiorof the Farey tree,dueto Kim andOstlund
[38]. Secondalthoughit is easyto generalizethe twist condition, therehasbeenno general-
ization of Aubry-Mathertheoryto higherdimensionalsymplecticmaps. However, numerical
simulationssuggesthat symmetricperiodicorbits do converge to quasiperiodiones. It may
alsobe possibleto usefrequeng analysistechniquesuchasthoseof Laskar[43] or Sussman
et al. [79] to approximateguasiperiodi®rbits.

Preliminarywork with periodicorbit approximationgo the Froesch® mapshaws thatit is
easyto find long orbits closeto invarianttori whenthe perturbationparametersg, b, ande,
aresmall. As theseparameterincreasethe orbits becomeunstablejt becomesmpossibleto
find orbits with more thana few hundredpoints. This suggestghat orbit stability is a good
predictorof the existenceof invarianttori [70]. It alsomeanshatwe cannotgetenoughdata
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Figure4.17: A two-dimensionahistogramfor a single chaoticorbit in the standardnapwith
k = 1.1. Weiteratedthe map107 times,andbinnedthe pointsin a512 x 512 grid of boxes
in theunit squarer,y € [—0.5,0.5]. Thecolorindicatesthe relative numberof pointsin each
box; yellow is high density redis low density blackis zero.

to make a confidentanalysisof thetopology— the cutof resolutionis too high. Until we can
generategoodapproximationgo quasiperiodicrbitsin the Froesché mapwe will be unable
to saymuchabouttheirtopologicalstructure.

45.2 The chaoticfat fractal

As we describedn Section4.3,whenk > k. all therotationalinvariantcirclesof the standard
maparedestryed andit is possiblefor a singlechaoticorbit to cover mostof phasespace The
regionsthatremaininaccessiblaretheelliptic islandresonanceones.This meanghe chaotic
region containsholesat mary differentresolutions.Umbeger and Farmer[84] shawv thatthe
chaoticregion is a fat fractal, and claim thatthe scalingthey obsere implies the existenceof
globalscalinglaws for the dynamics.For us,the chaoticregion providesa nice examplewhere
we cantestthe relationshipbetweenthe growth ratein the numberof holes,~;, andthe fat
fractalexponent(definedin Chapters).

Therearea few technicalissueso address$iere. The naturalway to generatea finite setof
pointsthatcover the chaoticregionis to useoneor severalorbitswith initial conditionsnearan
unstablepoint. The problemwith thisis thatanorbit takesa very long time (~ 109 iterations)
to cover the chaoticregion uniformly [56]. Using so mary datapointsis impractical,but if
k > 1, thenorbitswith around10* pointstypically cover only a fraction of the entire chaotic
region. We canreduceheamountof datawe storeby binning—i.e.,wedrav an N x N gridon
the phasespaceandrecordonly thosesquareghe orbit hits. This essentiallydigitizesthe data,
and meansthe cutoff resolutionis atleastl/N. The alphashapeapproachto computational
homologydescribedn Chapter3 is not the mostefficient way find holesin griddeddata. The
cubicalcompleesproposedn Section3.4.3would be a morenaturalsetting.
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4.5.3 Pruning outlying data points

In [90], Zahnproposedusing the minimal spanningtreeto identify outlying pointsfrom ex-
perimentalmeasurementsf particletracksin bubble chambers.We think theseideascould
be extendedandusedto remave noisy pointsfrom embeddedhaotictime seriesdata. Regu-
lar noisefiltering techniqueswvork by deletinga bandof frequenciedrom the signal. This is
inappropriatefor chaoticsignalssincethey typically have a wide spectrumof frequencies.It
is possibleto computeinformationaboutthe dynamics,e.g. the Lyapune exponentsfrom a
chaoticattractorthatis reconstructetby embeddinghetime seriesdata. Reducingthe amount
of noisein thesignalis desirableasthis will improve theaccurag of suchinformation.

Our ideais to usethe minimal spanningtree and nearesineighborhoodyraphto identify
pointsas“outliers at resolutione.” Essentiallythesewill bethe pointsisolatedat resolutione,
sotheNNG is of moreinteresthanthe MST. Theseideasarevery preliminarybut they suggest
the versatility of ourtechniques.

4.6 Concluding remarks

We have demonstratethe effectivenessof our computationatopologyalgorithmsby applying
our techniquego a numberof well-understooddiscretedynamicalsystems. Our analysisof
somesectionsof the Hénonattractorin Section4.2 pravides strongevidenceconfirmingthe
intuition that they have Cantorsetstructure. The cantoriof Section4.4 have sub-polynomial
gronth in the numberof components—i.e., v = 0— eventhoughthey are Cantorsets. We
resoled this problemby shaving that the numberof componentgren logarithmically The
mostinterestingresultsof the chaptercamefrom studyingthe transitionfrom invariantcircle
to Cantorsetin the standardnap.In Section4.3we shavedthatthe graphsof the numberand
the sizeof e-componentsglistinguishedetweerapproximationdo invariantcirclesandCantor
setsat afairly crudelevel. We developeda moresensitve criterionfor detectingthe transition
by examiningthe largestgapsin a sequencef periodicorbit approximations.An interesting
avenuefor further work is to investigatethe relationshipbetweenthe MST edge-lengthsand
the underlyingpoint distributionsfrom orbits on invariantcirclesor Cantorsets.We presented
numericalevidencethatasthe numberof pointsincreasesthe gapdistributions scaleby their
means.Sincetheinvariantcirclesand Cantorsetsareessentiallyone-dimensionabbjects this
problemshouldhave parallelswith the studyof orderstatisticg10]. A betterunderstandingf
theMST edge-lengthsnayhave implicationsfor therenormalizatiorof the standardnapphase
space.

It shouldbe notedthat our techniquesusepurely geometricinformation,no knowledgeof
theunderlyingdynamicsis neededThisis anadwantagdan someapplicationsvherenothingis
known aboutthe dynamicalsystem.Typically, however, thereis someinformationthatcanbe
exploited. Thus,computationahpproachessuchasMischaikow’s [59], that make explicit use
of dynamicalsystemgheory have greatersuccessat diagnosinghe dynamics.We deliberately
kept our theoryandalgorithmsasgeneralaspossible,sothatthey canbe adaptedo different
circumstances.
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Chapter 5

Topological Growth Ratesand Fractal
Dimensions

5.1 Intr oduction

Throughouthis thesis we obsenre closecorrelationsbetweernvaluesof thetopologicalgronth
ratesandvariousotherfractalindices. Theseobserationsarebasednbothanalyticderivations
andnumericaktomputation®f therelevantexponentsin thischaptemwe derive inequalitieghat
relateour topologicalgrowth ratesto existing scalingindicessuchasthe box-countingdimen-
sionandthe Besicwitch-Taylor exponent.Suchrelationshipdeadto a betterunderstandingf
thetopologicalgrowth rates.

Thechaptehasthreesections We startby giving definitionsof box-countingdimensionfat
fractal exponentsand Besicaiitch-Taylor index. Thesemeasuresf fractal scalinghave close
connectionsvith oneanother andwith the topologicalgrowth rates. Sections5.3.1t0 5.3.3
examinethe disconnectednesmddiscretenesmdices,y andd for subsetof R andR™. The
mostdetailedresultsarefor compactotally disconnectedubset®f theline; thesearegivenin
Sectionb.3.1.Suchsetsaredefinedin termsof countablymary complementarppenintenals.
It is well known that the fractal dimensionis relatedto the scalingof the lengthsof these
deletedintenals. We adaptthis resultto shav thaty and§ arealsorelatedto this scaling. In
Section5.3.2 we study subsetof higherdimensionalspacesand obtain simple inequalities
involving ~, §, andthe box-countingdimensiondimpg. We give examplesin Section5.3.3to
illustrate someof the casedor the inequalitiesof Sectionss.3.1and5.3.2. A consequencef
theresultsin this chaptetis thatfor zeromeasureCantorsubset®f R

vy=dimp and (1—+)<é<1,

providing the appropriatdimits exist. Althoughthe disconnectednesadex v takesthe same
value asthe box-countingdimensionundertheseconditions,we emphasizehat this doesnot
imply that+y is a “fractal dimensiori. Any definition of fractal dimensionshouldextend the
classicalnotion, andthereforean m-dimensionamanifold musthave dimensionm, for exam-
ple. The disconnectednesadex, however, is zerofor ary compact,connectednanifold. In
Section5.3.4,we take afirst steptowardsrelatingthe growth rateof “k-dimensionaholes”
to the box-countingdimension.

We discusssomeof the mary openquestionsn the concludingsectionof this chapter The
mostinterestingunproven conjectureconcernsstrictly self-similarfractals. We have obsered,
for the examplesin this thesis,thatwhena self-similarfractal hasa non-zeroy, thenit takes
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the samevalue asthe similarity dimension.This is not surprising— self-similarityis a strong
conditionandwe expectit to dominateary scalingproperties.

5.2 Definitions

We recall the necessarylefinitionsof box-countingdimension fat fractal exponents,andthe
Besicwitch-Taylorindex — ascalingindex thatprovidesalink betweerourtopologicalgrowth
ratesandfractaldimensions.

5.2.1 Box-countingdimension

We discussedhe box-countingdimensionand its relationshipto the Hausdorf dimension
briefly in Chapterl. Here,we restatehe definitionandgive anequivalentformulationin terms
of e-neighborhoodsef a set.

Box-counting dimension

Recallfrom Chapterl that the box-countingdimensionis definedin termsof covers of the
fractalby setsof sizee. If N (e) is the smalleshumberof setswith diametersat moste needed
to cover X, then

dimg = lim log N(e)

A
e—0 —loge ®-1)

Of course this limit may not exist, in which casethe lim sup andlim inf areused. The cor

respondingimits are the upperand lower box-countingdimensions dimp anddimg. The
numberN (e) canbedefinedin mary ways,all of whichyield anequialentvalueof dimp (see
Falconer{23] for details). Thedefinitionsof N(e) thatwe usein Section5.3are

1. thesmallestnumberof closedballsof radiuse thatcover X; and

2. thelargestnumberof disjoint balls of radiuse with centersn X.

Mink owski dimension

The Minkowski dimensionis the scalingrateof the Lebesguemeasuref the e-neighborhoods
of X. We write u(X) for the Lebesguanmeasuren R™, and X, for ane-neighborhoof X.
Thedefinition of Minkowski dimensionis asfollows:

- oss]

dimy; = lim
loge

e—0

(5.2)

If thelimit doesnot exist we usethelim sup andthelim inf. This definition of dimensionis
equialentto box-counting. To seethis, let N(¢) be the largestnumberof disjoint balls from
definition 2 above. If we write ¢, for thevolumeof theunitballin R* —i.e.,c; = 1, ¢ =
m, cg = 4m/3, etc.—then

p(Xe) > cpe" Ne).
If wetriple theradiusof the balls,we have that

u(Xe) < cn(3€)"Ne).
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Theseboundsmply thatdimp = dimj,; see[23] for amoredetailedproof. Thetwo different
formulationsof box-countingdimensionmeanwe canderive differenttypesof relationships
with thetopologicalgrowth rates.

5.2.2 Fat fractal exponents

We have givena few examplesof fat fractalsin this thesis.Recallthatthesesetshave positive

Lebesgueneasureandthereforeinteger Hausdorf andbox-countingdimensionslt is possible
to characterizeéheirregular structureof a fat fractal by modifying the definition of Minkowski

dimension. The measureof the e-neighborhoodsX, convergesto the measureof X; the fat

fractalexponentcharacterizethe corvergencerateasfollows:

log (u(Xe) — p(X
dp = limsup |n — 280X — p(X))
e—0 log €

(5.3)

The exponentdy is not a dimensionbecauset givesinconsistenwaluesfor the dimensionof
the unit n-cube,I™, dependingon the ambientspace.If I C R”, thendr = n — 1; but if
I" C R™ with m > n, thendp = n.

Umbegeret al. [20, 22, 84] give a finer characterizatiorof the scalingof p(X.) by sep-
aratingout contritutions from “f attening”and “filling in holes” of the fractal. This involves
consideringhefatteningof X to its e-neighborhoodX, andthenthe unfatteningof X, to aset
U.. Theunfatteningoperationis achieved by fatteningthe complemenbf X, i.e.,

U. =R — (R" — X,)..

ThesetU. is largerthan X — ary structureof sizelessthane arefilled in or smoothedut.
Now defineF(e) = p(Ue) — p(X), andG(e) = pu(Xe) — u(Ue). F(e) is themeasuref filled
in holes— i.e., the small-scalestructure— and G(e) is the measureof fatteningcausedoby
large-scalestructure. Umbegeret al. definescalingratesfor both F'(e) andG(e) ase — 0, and
usetheseratesasa characterizatiomwf fat fractal structure.In the notationof [22]

log F' — log G
—1im 28 F ) g 7 i 0BG
e—~0 loge e—0 loge

Notethat F(e) + G(e) = u(Xe) — p(X) sodr = n — min{3, B}.

5.2.3 The Besicwitch-Taylor index

Thisindex is derivedfrom a proces®f packingthe complemenbf a setwith regularcells. We
startby describingthe casefor compacttotally disconnectedgubsetof R. Let X C [a,b] be
suchaset. Thecomplementfa, b] — X is theunionof acountablenumberof openintenals, U;,
fori=1,2,... [81]. Thatis,

X:@M—Gm. (5.4)
1

We let u; = u(U;), the Lebesguemeasureof U;, and assumethat the setsare orderedby
decreasindength,i.e.,u; > ug > .... SinceX C [a, b] andtheU; aredisjoint, we have that

u(X):b—a—Zui.
1
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Figure5.1: Packingthecomplemenbf afractal.

The cornvergenceof the series) " u; canbe characterizedn a numberof ways. The original
formulationof Besicwitch andTayloris theindex:

(e}
dpr = inf{a | Zuf‘ < oo} (5.5)
1

Propertieof corvergentmonotoneseriescanbeusedto shav thatthefollowing ratesareequi-
alentto the Besicwitch-Taylor index [81].

log k
dpr = lim sup o8 (5.6)
k—oo — logug
1 o0 uy
= lim sup [1 — M] . (5.7)
k—00 log uy,

We shav in Section5.3.1that(5.6) hasa closeconnectiorwith our disconnectednessdex.

Tricot [80] extendsthe definition of the Besicwitch-Taylor index to subsetsX C R" by
packinga boundedcomplementaryegion with regularcells. For example,we canusen-cubes
with facesthat are parallelto the coordinateaxes. Let Uy be the smallestclosedn-cubethat
containsX, andlet ug be the sidelengthof Uy. Now let U; be thelargestcubein Uy — X,
U, bethelargestcubein Uy — X — Uy, andsoon; seeFigure5.1. If we setu; equalto the
sidelengthof U;, thenwe candefinethe Besicwitch-Taylor index asin (5.5). The Lebesgue
measureu(U;) = u?, sothe series) u} corvemges,andthereforedgr < n. Theequivalent
formulain (5.6) remainghe same put (5.7) becomes

log 3% w7
dpr = limsup [n ~ M] . (5.8)
k—00 log ug,

We alsonotethatthe setsusedin the packingcanbe more generatthann-cubes;see[80] for
details.The“cut-out sets"describedn Falconer{24] involve similarideas.
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5.2.4 Topologicalgrowth rates

For easeof referencewe recalldefinitionsfrom Chapter® and3 for scalingratesin thenumber
of componentssizeof componentsandpersistenBetti numbers.

Disconnectednesand discreteness

For disconnectedets,the rate of growth in the numberof e-connecteccomponentsC (e), is
measuredby thedisconnectednessdex, v. Thatis, C(e) ~ ¢~7, and
1
y = lim 28€(9). (5.9)
e—0 —loge
The sizeof the e-componentss measuredy the largestcomponentiiameter D(e). If asetis
totally disconnectethenD(e) ~ ¢ and

(5.10)

is the discretenesidex. If the limits do not exist, we usethe lim inf or lim sup andwrite
~inf ysup 5inf or 55UP for the correspondingndices.We alsonotethattheresolutionparameter
e is relatedto distancedetweerpointsin theset.

Growth rates of Betti numbers

In Chapter3 we introducedhe notionof persistenBetti numberﬁg(Xe), to countthenumber
of k-dimensionaholesin aspacesafunctionof resolution.Here theparametet relatego the

e-neighborhoodsoit is aradiusmeasurementf /3,3(X€) — 0o ase — 0, thenwe characterize
therateof growth by thefollowing index

. log BR(X)
Y, = lim ——%———+.

5.11
e—0 — 10g€ ( )

As always,if thelimit doesnot exist, we usethelim sup or lim inf. Recallthatfor £ = 0, the
Betti numberis just the numberof connecteccomponentsso the definition of v, agreeawith
thatfor thedisconnectednessdex, +. In thedefinitionof ~;, we comparehe numberof holes
to their size. The Besicwitch-Taylor index alsocompares numberwith a sizeparameterthis
is thereasorwe expectalink betweerthetwo.

5.3 Results

In this section,we derive a numberof inequalitiesthat relateour topologicalgronth ratesto
differentfractal scalingindices. Sections5.3.1and5.3.2 examinethe disconnectednesand
discretenesmdices.Thefirst resultsarefor totally disconnectedubset®f anintenal. Thein-
equalitiesarestraightforvard consequenceasf existing resultsthatrelatethe Besicwitch-Taylor
index andthe Minkowski dimension.We thenconsiderin Section5.3.2,totally disconnected
subset®f higherdimensionabpacesTheexamplesof Sections.3.3aremainly Cantorsubsets
of [0, 1], chosersoasto illustratevariouscasef equalityandinequalityfor the resultsof the
two precedingsectionsFinally, in Section5.3.4,wetake afirst steptowardsrelatingthegrowth
ratesof Betti numbergo fractaldimensions.
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5.3.1 Subsetsof theline

We startwith compacttotally disconnectegubsetf the real line andshaw that the discon-
nectednesmdex, v, is closelyrelatedto the Besicwitch-Taylor index, which is in turn related
to the Minkowski dimensionandthe fat fractal exponent. We thenderive generalboundsfor

thediscretenesmde, §.

Disconnectedness

SupposeX C R is compactandtotally disconnectedandlet X, denotean e-neighborhood
of X. Asin (5.4) the complemenbf X is a union of openintenals, U;. The numberof e-

connecteacomponent®’(e) of X is justonemorethanthenumberof complementaryntenals

with lengthu; > €. Thisgivesusawayto relatethedisconnectednedésdex, v, anddpr. Given

€, choosen sothatu,, < € < u,—1. ThenC(e) = n and

1 1 1 1 1
ogn ogC’(e)< ogn  logu, ogn (5.12)

—logu, ~ —loge — —logup_1 logup_i1 —logu,
Following [21] we define

L= lim 1%8Y
n—oo log Uy 1

This quantitysatisfiesl < L < oo. Takingthelimit of eacheachquantityin (5.12),we have
that

‘dBT <~ < Ldpr. ‘ (5.13)

It is arguedin [21] thatfor physicalexamples,L = 1, andthendgr = ~. In generalhowever,
L canbearbitrarilylarge— e.qg.,if a,b > 1, setu; = a~®), thenL = b. If thelimits in (5.12)
do not exist, we canobtainsimilar resultsto (5.13)by usingthelim sup or lim inf.

Both Falconer[24] and Tricot [81] derive inequalitiesinvolving dgr andthe Minkowski
dimensiondim,; whenX haszeroLebesgueneasureTheseresultsthereforeextendto . In
summarythetheoremof Section3.4in [81] shaws that

dpr = dimyy. (5.14)
Slightly differentresultsin Falconer{24] imply theabove, andalsothat

dim,(1 - dimyy)
(1 —dimy,)

< dgh < dim,,. (5.15)

Theabove inequalitiestell usthatfor totally disconnectedubset®of R with zeromeasurethe
limit dimy, existsif andonly if thelimit dgr exists,in which casethey areequal. Translating
thisinto anexpressiorfor v we have, providing thelimits exist,

dimps < v < L dimyy . (5.16)
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A proof

To illustratethetechniquesnvolvedin proving theabove inequalitieswe give a proof of (5.14)
following thatin Tricot [81]. We startby observingthatsincethelengthsu; aredecreasingfor
sufficiently smalle > 0 we canfind anintegern suchthat

Up < 26 < Up_1-

Now considetthe measuref thee-neighborhooaf X — this canbebroken down asfollows:

w(Xe) = p(X) +2en+ > ui. (5.17)

i=n

The secondermrepresentshe overlapof the e-neighborhoodnto gapsof lengthgreaterthan
2¢ andthe third termis the lengthof the gapsthatarefilled in completely For zero-measure
setsthefirst termdisappears.

The following proof usescritical exponentdefinitionsof dgr anddimj,, ratherthanthe
limit formulationsgivenin (5.2) and(5.5). Specifically the Minkowski dimensionis

dimps = inf{a | € pu(X) — 0}. (5.18)
Version(5.6) of the Besicwitch-Taylor index is equivalentto
dpr = inf{a | nuj — 0}. (5.19)

See[81] for a proof thatthesedefinitionsare equivalentto the earlierones.We nowv compare
critical exponentdor the left andright sidesof (5.17) proceedingn two stages.Thefirst step
shawvsthatdgr < dim,,, thesecondhatdimy, < dp7.

Stepl. dpr < dimy,. Multiplying bothsidesof (5.17)by e, we have

o
(X)) = 2% + 71 Z uj-

i=n

If @ > dimyy, thenby definition,e*~1u(X,) — 0, whichimpliesthattheright sidealsotends
to zero. Thus,2e¢*n — 0 andsincee > u,/2, we have that21—augn — 0 andthisimplies
a > dgt. Thereforedpr < dimjy.

Step2. dimy, < dgr. Corversely withoutlossof generalitywe canassumehatdgr < 1.
(This is becausef dgr = 1, thenstepl shaws thatdim,, > 1, but dimy, < 1 fromits
definition,sowe aredone.)Now choosex suchthatdgr < a < 1. Againwe have that

o
@ u(Xe) = 26%n + @71 Z Uj-
i=n
Sinceu, < 2¢ < u,_1, anda — 1 < 0 we havethate® < (u,_1/2)® ande® ! < (u,/2)* 1.
Therefore

o0
(X)) <217 n + 2172t Z u;.

i=n
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We wantto shav thattheright sidegoesto zero. Thefirst termdoesbecausex > dpr which
means:®_;n — 0. We canrewrite theseconderm (droppingthe2!~¢) as

o0 o0 Wi
a—1 s 1
Uy E U; = Uy, + E .
i=n

1
i=n+1 Un

We next shaw that >>>° u® — 0 asn — oo. Chooses suchthatdgr < 8 < a. Since

i=n 1

B > dpr thereis aninteger N sothatforn > N, nuﬁ <1,i.e u, <n Y8 Thus

o0 [e's)
Doud <Y1/,
i=n i=n

anda/p > 1 sotheright sidetendsto zero. Puttingall the piecesbacktogetherwe have that

€* tu(Xe) — 0 ase — 0, implying thata > dimy, andthereforethatdimy, < dpr.
Remark. If X is afat fractal, we cansubtractu(X) from eachsideof (5.17)andobtain

resultsidenticalto (5.14)and(5.15)for thefatfractalexponentdg, insteadof dimj,.

Discreteness

For a totally disconnectedubsetX C [a,b], the disconnectednedadex, +, is independent
of the arrangemenbf the complementanyntenals, U;, within [a,b]. This is not true of the
discretenesidex, §. In this section,we derive boundson § that are independentf the ar
rangemenbdf complementaryntenals. The argumentis the sameasonewe usedin Chapter2
for a Cantorsetwith v = 0.

Letu; > us > ug > ... bethelengthsof theU;. If u,11 < € < u,, thenthe largest
e-componentnustbelongerthanthe next intenal to beremoved, so

D(E) Z Un+1-
If nislargeenoughthatu,, < 1 andD(e) < 1, then

log D(e) < log tp41
loge ~ logu,

Takingthelimit on bothsideswe havethaté < L.
Ontheotherhand thediametercannotexceedthetotal lengthof whatremainsof theinter
val [a, b], SO

D(e) Sb—a—Zui :,u(X)—FZu,'.
1

We assumeagainthatu,.; < 1 andD(e) < 1 sothat

log D(e)  loglu(X) + 3 n% uil
loge ~— log Un 11 )

If u(X) = 0, thenthe quantityon theright is relatedto the Besicwitch-Taylor index via (5.7).
Takingthelimit on bothsides,we find thaté > (1 — dpr). If u(X) > 0, thenall we have is
thatd > 0. To summarizeif u(X) = 0 andtheappropriatdimits exist, then

((1—dpr) <6< L.| (5.20)

We give examplesin Section5.3.3to illustratetheresultsobtainedhere.
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5.3.2 Disconnectedsubsetsof R”

In this sectionwe explore connectiondetweerthe box-countingdimensiondimg andthe dis-
connectednesand discretenesindicesy and 4, when X is a compacttotally disconnected
subsebf R™. We startby shawing thatfor ary setX for which thelimits exist,

G20

This follows from comparingthe numberof e-connecteccomponents(C(e) with the largest
numberof disjoint /2-ballswith centersn X, N(e/2) (i.e., definition2 on pagel02). Since
ary two e-componentsreseparatetby a distanceof atleaste, ary two balls of radiuse/2 with
centersn differente-componentsnustbedisjoint. It follows that

C(e) < N(e/2).
If e < 1 wehavethat

log C(e) < log N(e/2) log N(e/2)

—loge = —loge  —log(e/2) —log2’

By takingthelimit ase — 0 on eachside, it follows thaty < dimpg. If thelimits do not exist,
we still have that

'yinf <dimg and ~*P < dimpg.

Any connectedractal (e.g.,the Sierpinskitriangle) hasy < dimpg, sincea connectedet
with morethanonepointhasy = 0 anddimp > 1. Moreinterestingexamples— for whichthe
inequalityis strict— arefat Cantorsetsin R! for whichdimp = 1, buty < 1 (seetheexample
in Section5.3.3). We have alsoseenexamplesof self-similarCantorsetswhereequalityholds
in (5.21).

Next, we shav thatif X is totally disconnecte@dndthe appropriatdimits exist, then

dimg < <. (5.22)

]2

We againstartby consideringhe e-connectecomponent®f X . Thenumberof e-components
is C(e) andthe largeste-componendiameteris D(e). We setr = D(e)/2, andlet N(r) be
the smallesthumberof r-ballsneededo cover X (i.e., definition1 on pagel02).Clearly C(e)
ballswith radiusr will cover X, sothat

N(r) < C(e).
Fromthisinequalityit follows thatwhene < 1,

log N(r) < log C(e)
—loge — —loge

If we multiply theleft sideby log r/ log r andrearrangeve have

logr log N(r) < log C(¢)
loge —logr — —loge
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Butr = D(e)/2 so

(log D(€) — log2) log N(r) < log C(e)

. 5.23
loge —logr — —loge ( )

SinceX is totally disconnecteave know thatD(e) — 0 (Lemma3in Chapter2). If weassume
thatthelimit definingd existsandis nonzerothenthelimit ase — 0 andthelimit asr — 0 are
equialent. We canthereforetake the limits on bothsidesof the inequalityandfind

ddimpg < .

If thelimits do not exist thenwe canusethe limsup or liminf instead.We mustbe a little
morecarefulwhenderiing theinequalitiessincefor positive functions,f, g > 0

lim inf[f(z)g(z)] > [liminf f(z)][liminf g(x)]
and

lim sup(f(x)g(x)] < [limsup f(z)][lim sup g(x)].
Takingthelim inf in (5.23)we have

log D log N 1

lim ing 282 jipy i BV () gy i 108 LS
0g € —logr —loge

And for thelim sup

log N(r) < limsup log C(e) imsup loge
—logr ~— —loge log D(¢)

lim sup

Sincelimsup(1/z) = 1/(liminf z), it follows that:

inf ,ysup
it and dimpg < St

dimp <

Finally, putting(5.21)and(5.22)togethertells usthatwhenthelimits exist and~y # 0 then

§<1. (5.24)

All of theabove inequalitiesareconsistentvith theresultsobtainedn the previous sectionfor
Cantorsubsetof the line. In fact, for totally disconnectegubsetof R with zeroLebesgue
measurewe have from (5.16)and(5.21)thaty = dimp, andif v # 0, then(1 — ) < 4§ < 1.

5.3.3 Examples

We now discusssomeexampleghatillustratevariouscase®f therelationshipsetweerdimen-
sionsandthediscretenesanddisconnectednessdices.
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Middle-third Cantor set

This Cantorsetis constructediy successiely remaving the middle third of eachremaining
interval. Thereare2f~! complementaryntenals with lengthsg;, = (3)*. Fromtheformulas
for middle« Cantorsetsin Chapter2 we have that

_ log2

= and § =1.
7 log 3

Sincethesetis self-similar we know that

log 2

dimp = dimy; = log3"

Thecorvergencerateof the gaplengthsis the limit

k+1)logi
L:limlOgng—li (k+1)logg

log g1, klog %

To computed g we needthe total numberof gapswith lengths> g;; thisis just

k—1 .
np =y 2 =2k
=1

Therefore,

It follows that equalityholdsin all the appropriaterelationshipsderived abore — i.e. (5.13),
(5.16),(5.22),and(5.24).

A fat Cantor set

We examinethe samefat Cantorsetasin Chapter2. Recallthat, K C [0, 1] andthereare2—!
gapsof sizegy = (3)%*71({) for k = 0,1,2,.... Thesethaspositive Lebesgueneasureso
dimpg = dimj, = 1. We shavedthatwhenthe gapsareremoved from the centersof intenals,

Thecornvergencerateof the gaplengthsis again

1 1

= lim =1.
log gy, (2k — 1)log 5 + log 75

For the Besicwritch-Taylor index we have thatthetotal numberof gapswith lengths> g, is 2%,
o)

1

OgMk klog2 _ 1
— log gk (2k —1)log2+log10 2

We seethaty = dpr, anddimp = /4.
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Finally, we shav thatthefat fractalexponentfor this setis also%, usingtheformula(5.17)
for themeasuref the e-neighborhooaf K. Givene, choosek sothatg, < 2¢ < gx_1. There
areatotal of 2¢—! gapslongerthan2e andthelengthof thesegapsis the sum:

k-1
SR = - (),

n=1

Since} ° 2"1g, = £, it follows thatthetotal lengthof all gapslessthan2e is ({5)(3)" .
From(5.17)we thereforehave that

(I — p(K) = 2¢(2"1) + (15)(3)"

[y

By our choiceof ¢, we have
(15)(3)* < p(Ke) — p(K) < (F)(3)
Usingthisin thedefinition of fat fractalexponent(5.3),we find thatdr = % Thus,we seethat
dpr = dp = 1.
A countabletotally disconnectedset

Finally, we considertheset

X=40,1,4,3,...}.
This setis totally disconnectetiut not perfect.Falconershavs [23] thatthe Hausdorf andbox-
countingdimensiondiffer for this set— the setis countable sodimg = 0, but dimg = %
Thedistancebetweemeighboringpointsin the setis

1 1 1

gn:ﬁ_n+1:n(n+1)’

soL = 1, anddpr = % To computethe disconnectednesmddiscretenesgrowth rates,let
e, beary numbersuchthatg, 1 < ¢, < g,. Thenthepointsl,... ,1/n aree,-isolatedand
therestbelongto a singlee,-componensothatC(e,) = n + 1. Thelargeste,-components
alwaysthetail of thesequencef0, 1/(n + 1)], whichmeansD(e,) = 1/(n + 1). Thus,

n—oo —logn(n+1) 2

and

. log(n+1) 1
vy= lim ———— = —.
n—oologn(n+1) 2

This exampleshavs thatit is possibleto have y = dimp butdimp < /4.

We obsered in Chapter2 thatthe Cantorsetexampleswith zeroLebesguanmeasurenad
4 = 1. We conjecturehatthisis the casefor all zero-measur€antorsets.The exampleof the
countablesequencef pointsdescribedabore is a totally disconnectedetwith zeromeasure,
but § # 1. It follows thatif our conjecturds true,thenthe proof will have to make explicit use
of thefactthat Cantorsetsareperfect,i.e., thatthey have noisolatedpoints.
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5.3.4 Other subsetsof R

We now examinefractal subsetof R" thathave unboundedyrowth in the numberof (n — 1)-

dimensionahon-boundingcycles. Supposdhat X € R™ andthat X is a compactconnected
fractal with persistenBetti numbers?_,(¢) ~ e 7n-t ase — 0. Undertheseconditionswe

canshav thatthe growth rate-, ; is boundedabore by the Minkowski dimensiondimj, if

u(X) = 0 Moregenerallyif u(X) > 0, v,-1 is boundeddy thefat fractalexponentdg:

529

We startby defininga type of Besicwitch-Taylor index for the sequencef persistenhole
sizes.Fromthe definition of persistenBetti number we know thatif 8%_;(e) = N > 0, then
thereare NV distinct(n — 1)-cyclesin the e-neighborhoof X. The presencef an(n — 1)-
cyclein X, impliesthe existenceof ann-ball with radiuse in the boundedccomplemenof X.
Thereforejf Uy is the smallestn-ball containing X, andﬁgfl(e) = N > 0, thenthereare N
disjointballs B;(e) C Uy — X. Now considerthevaluesof e wherethereis ajumpin thevalue
of B2, (e). Thesee-valuescharacterizehe sizeof a newly-createdpersistentole sincethey
definethelargestpossibleradiusof a ball thatfits insidethe correspondindpolein X . Lete; be
thesequencef valueswheres?_, (e) is discontinuousandlet V; bethedifferencebetweerthe
left andright limits of /33_1(6) ate;, i.e.,thenumberof holeswith sizee;. In orderto definea
Besicwitch-Taylor index, we list theradii of the persistentolesin decreasingrder with their
multiplicity, andobtaina sequencer; > ro > r3 > ... with r, — 0. Theindex is thenjust

log k
d, = lim sup o8

. (5.26)
k—oo —logrTy

This index hasidentical equivalent formulationsas for the Besicwitch-Taylor index in Sec-
tion 5.2.3. Despitethis similarity, d, is not the sameindex asthat obtainedby packingthe
complementwith cubes;the latterwill detectfractal boundariesaswell asthe growth rate of
holes.

Theindex d, is closelyrelatedto v4,,_1. Givena suficiently smalle > 0, we canchoosek
sothatry,1 < € < 7. It followsthat8%_, (¢) = k andthereforethat

log k < log 39 _; () < log k

< . (5.27)
—log rg11 —loge —log g

Thelimit of the quantityon theleft is not quite d,; the corvergenceof the sequence;, playsa
role. As in Section5.3.1,we introducethefactor

L — lim M_
k—oo logry

Takinglimits of eachquantityin (5.27)we find that

dr < Tn—1 < dr- (528)

-

If L =1 (acommoncase}hend, = ~v,_1.
We now shaw that

dy < dp.
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The proofis similar to onein [80], whereinequalitiesinvolving the Besicwitch-Taylor index
andfatfractalexponentarederived. Theideais to relatethe sizeof setsthatfill in thecomple-
mentof X tothemeasuref X.. Asweremarledearlier X is compactandconnectedsothere
areballsof eachradiusry, in theboundeccomplemenof X, i.e. B(ry) C Uy — X . Theseballs
aredisjoint,andif r, < ¢, thenB(ry) C X, — X. It follows that

p(Xe—X) > w(B(r:)) = carf.
ik ik

Theinteger k is the smallestsuchthatr;, < € andthe constante, is the measureof the unit
n-ball in R™ (ason pagel02).
Fromthisinequalityit follows that

o
logu(Xe — X) > logz Cnty.
i=k

Assumingr, < e < 1, we havethat) < —loge < —logry SO

log u(Xe — X) S log 32, el
—loge — —logr,

Fromthedefinitionof dz (5.3)

1 X 41
dp > limsup [n — o8 Zz:k r; +logen
k—o0 log 74

Thequantityonthe RHSis equivalentto d,. by (5.8),s0d, < dp.

It follows from this resultthaty, 1 < dp. If X haszeroLebesguaneasurethendyr =
dimjs, the Minkowski dimension. Thus,we have thatv,, 1 < dimp; whenu(X) = 0. As
anexamplewhereequalityholds,we sav in Chapter3 thaty; = dimy, = log 3/ log 2 for the
Sierpinskitriangle.

The above proof doesnot apply to v, with ¥ < n — 1 becausehe assumptiorthat the
n-ballsin thecomplemengaredisjointis notvalid.

5.4 Conjectures

In this section,we briefly discusssomerelationshipghat we conjectureto hold, basedon the
examplesin this thesis. The first problemconcernsthe discretenesindex of zero-measure
Cantorsets. The secondconjectures that self-similarfractalsshouldhave topologicalgrowth
ratesequialentto their similarity dimension.We finish with somequestionsaboutadditional
inequalitiesinvolving thefat fractalexponentandthe;.

Conjecture 1. Cantor setswith zero Lebesgue measure have§ = 1.

This holdsfor all the zeromeasureCantorsetexamplesthatwe have studiedin this thesis
andwe believe it to holdin generally In Section5.3.2,we shavedthatfor ary totally discon-
nectedsetwith v # 0, § < 1. Therefore,all thatremainsis to shav § > 1 undersuitable
assumptionsnthesetX. Sincewe have seenexamplesof afat Cantorsetandatotally discon-
nectednon-perfecsetwith § < 1, theassumptionsn X mustincludethatis haszeromeasure
andis perfect. It may alsobe the casethat§ = 1 only holdsfor a more restrictedclassof
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sets— for example,self-similarCantorsets.We have attemptedo prove the conjectureunder
this condition,but have sofar beenunsuccessfulTheindex ¢ is definedin termsof the largest
e-componentdiameter It is possiblethat a differentmeasureof componensizeis needed—
perhapghe smallest-componentliametersincethisis relatedto the propertyof perfectness.

Conjecture 2. If X isa self-similar fractal and y; # 0, then y; = dimsg.

This hasbeenthe casefor the examplesof Chapters2 and3. It is areasonableonjecture
becauseself-similarityis sucha strongpropertythatwe expectit to dominateary scalinglaw.
A proof of this conjecturemight userelatedconstructiongo thoseusedin proving that the
Hausdorf andsimilarity dimensionsareequivalentfor self-similarsetsthatsatisfythe openset
property;se€23], for example.lt seemghattheeasiesplaceto startis with self-similarCantor
setsthat satisfya “closedsetcondition” Thatis, X = | f;(X) with this uniondisjoint. Not
all self-similarCantorsetshave this property— for example,someCantorsetrelatives of the
Sierpinskitriangledo not.

As mentionedn Section5.3.4,it maybe possibleo derive furtherinequalitiesnvolving the
topologicalgrowth ratesandthe Minkowski dimensionor fat fractal exponent.For example,if
X C R*, canwe shav thaty; < dp for 0 < ¢ < n — 2? Theresultsof this chaptethave used
Tricot’s formulation of fat fractal scaling[80]. We may be ableto obtaindifferentresultsby
comparingour indiceswith thefat fractalexponentsof Umbeigeret al. [22].

Thisis only a partiallist; therearemary promisingavenuego explore.
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Chapter 6

Conclusionsand Futur e Work

This thesishasconsideredhe problemof extractingtopologicalinformationabouta setfrom a
finite approximatiorto it. Theessencef ourapproachs to coarse-graitthe dataata sequence
of resolutionsand extrapolatethe limiting trend. Our theoreticalwork and numericalinvesti-
gationsshaw thatthis multiresolutionapproackcansuccessfullyecover informationaboutthe
underlyingtopologywhenthe dataapproximatea compactsubsef a metric space.The ex-
trapolationis alwaysconstrainedy the finite natureof the finite-precisiondata;we identify a
cutoff resolutionto measurehis. Althoughthe examplesstudiedin thisthesisarefairly simple,
thetheoryappliesin very generakontects. With fastemumericalimplementationswe believe
thatourapproacho computationatopologycouldbea usefultool for analyzingdatafrom both
physicalandnumericalexperiments.

In thefollowing sectionsve summarizeéhemainresultsof thisthesisthenoutlinedirections
for furtherresearch.

6.1 Summary of results

The main contritution of this thesisis the multiresolutionapproachtto computationatopology
developedin Chapter and3. This approacthasa numberof advantagesver existing single
resolutiontechniqueskFirst, it is applicableto both smoothandfractal sets,the only condition
is thatthey be compactsubsetf a metric space. Second by examining dataat a sequence
of resolutionswe obtain more accurateknowledgeof the underlyingtopology by identifying
persistenfeatures.Finally, it leadsto a practicalmethodfor estimatingthe cutof resolution
— ameasuref confidencen theresults. At presentthe major dravbackto computingtopo-
logicalinformation— especiallyhomology— at mary resolutionds the high time-costof the
computations.

In Chapter2, we consideredhe problemof distinguishingbetweenconnectedanddiscon-
nectedsets. The key stepwas introducingthe functionsC(e), D(e), and I(¢) to countthe
numberof e-connectedcomponentsthe largeste-componendiametey and the numberof e-
isolatedpointsrespectiely. Resultsfrom Section2.2 shav thatthe behaior of thesefunctions
astheresolutionparametee tendsto zerotells uswhetheror nota compactspacds connected,
totally disconnectedand/orperfect.For arbitrarypoint-setdata,C (¢), D(e), andI(e) areeasily
computedrom the minimal spanningree. Anotherconsequencef theseideasis a technique
for estimatingthe inherentaccurag of the data. Whenthe dataapproximatea perfectset,we
estimatethe cutof resolutionasthe smalleste-value for which thereareno e-isolatedpoints.
Our characterizatiorof connecteccomponentssa function of resolutionhasmary potential
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applicationssomeof which arediscussedh thefollowing section.

Thetopic of Chapter3 wascomputationahomology- in particularusingthe Betti numbers
to countthe numberandtype of non-boundingcyclesin a space.Sincethe zeroth-ordeBetti
numberis the numberof path-connectedomponent®f a spacethis formsa naturalextension
of thework in Chapter2. Thecentrallessonfrom this chapteiis thatit is notenoughto examine
theBettinumbersasafunctionof resolution.Thisis becauseoarse-graining setcanintroduce
spuriousholesthat are causeby the geometryratherthanthe topology of the space.Instead,
aninversesystemof e-neighborhoodss necessaryTheinclusionmapsfrom theinversesystem
identify holesthatpersistin thelimit ase tendsto zero. We quantifythis by the persistenBetti
numberﬂ,’c\(e) which countsthe numberof holesin the e-neighborhoodhat have a preimage
in a smallerA-neighborhood.This enablesusto detectthoseholesthataredueto the coarse-
grainingratherthanthe underlyingtopologicalstructure.The systemof e-neighborhoodsilso
allows usto formalizethe relationshipbetweenthe dataandthe underlyingspace.In particu-
lar, we derive inequalitiesinvolving the persistenBetti numbersof thedataandthe underlying
space.We anticipatethat both the persistentandregular Betti numbersof an e-neighborhood
will be usefulin characterizinghe structureof data. The persistenBetti numbersreflectthe
underlyingtopologicalstructurewhile the regular Betti numbersof e-neighborhoodgive ad-
ditional information abouthow the spaceis embedded.As we discussedn Chapter3, more
efficient numericalimplementationsreneededeforethesetechniquexanbefully appliedto
realdata.

In Chapter4, we appliedthe techniguesrom Chapter2 to study somesimple examples
from dynamicalsystemsTheseexampleseachhave well understoodtructure sothey provide
atestof our techniguesandillustratethe versatility of our approach.in the first example,we
confirmedthe Cantorsetstructureof cross-sectiongom the Hénonattractor We thenstudied
the breakupof invariantcirclesin an area-preservingvist map. The transitionfrom circle to
Cantorsetis continuousn ametricsensesothefunctionsC(e) andD(e) arenotvery sensitve
to this transition. However, by adaptingour techniquedo examinethe scalingof the “largest
gap, wedevelopanew criterionfor finding thecritical parametevaluethatcomparesvell with
previousresults.

Marny of the examplesin this thesisarefractals. By definition, a fractal hasstructureon
arbitrarily fine scalessoit is possiblefor C(e) or ﬂg(e) to goto infinity ase goesto zero. In
Chaptes, wederiveinequalitieghatrelatethetopologicalgrowth ratesto variousexistingmea-
suresof fractalscaling.We find thatthe growth ratesof the numberof component®r holesare
closelyrelatedto the Minkowski dimensiorandfat fractalexponentssia the Besicwitch-Taylor
index. Our exponentshowever, distinguishbetweerfractalsthathave the samedimensionbut
differenttopologicalstructure.They arethereforea usefuladditionto the collectionof toolsfor
characterizindractalstructure.

6.2 Directionsfor futur e work

A numberof openproblemswerediscussedh thebodyof thethesisasthey arose.Theseranged
from easyextensionsof the work presentedn this thesis,to potentialapplicationsto general
guestionsaboutwhetherwe canusesimilar techniquedo computeothertopologicalproper
ties, suchasbranchingstructureor local connectednes$;om finite data. The mostinteresting
problemsfrom eachchapterarerevisitedbelow.

We startby describingextensionsof our work in Chapter2 on connecteccomponentand
minimal spanningrees.Thefirst two itemsaresimplegeneralizationghatmaybe of interestin
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applicationsThelastquestiorconcernghedistribution of edgdengthsin theminimal spanning
tree.

1. We could usedifferentmeasure®f the size of an e-component.Examplesincludethe
relative numberof pointsin ane-componenbr then-dimensionalolumeof spaceoccu-
piedby acomponentSuchmeasureareoftenusedin applicationf percolatiortheory
Recallthatwe only examinedscalingin thelargeste-componentliameteysincethis was
our testfor total disconnectednest is likely thatthe entiredistribution of e-component
sizeswill give interestinginformationin applications.This would requireonly a slight
modificationof our algorithms.

2. We obseredin Chapter2 thatthe cutoff resolutionfor nonuniformlydistributed datais
larger thanthat for a uniform covering of the underlyingset. A large cutoff resolution
leadsto low confidencean the extrapolatedunderlyingtopology It may be possibleto
reducethe cutoff resolutionfor nonuniformdataby weighting the MST edgesby the
nearesneighbordistancefor eachpoint. This ideais appealingheuristicallybut needs
someformaljustification.

3. ThefunctionC'(e) is essentiallthecumulatie distribution of edgelengthsin theminimal
spanningree. For finite datathis distribution hastwo parts.Whene > p thedistribution
carriesinformationaboutthetopologyof theunderlyingset— thefocusof thisthesis.We
conjecturahatfor e < p thedistribution of MST edge-lengthss relatedto thedistribution
of the datapoints,i.e., a measureassociatedavith the underlyingset. It is possiblethat
formal resultsaboutthis alreadyexist in statistics. In [78] thereis a resultthat relates
the total length of a MST to the underlying point distribution. For subsetf R, the
relationshipbetweerdistributionsof pointsandcorrespondingMST edgelengthsshould
reduceto a problemin orderstatisticq10].

Ourwork on computationahomologyin Chapter3 focussedn the mathematicafounda-
tionsratherthantheimplementationsandthereis a significantamountof work to be doneon
thelatter

1. The alphashapealgorithmwe describedn Section3.4.1is a subcomplg approacho
generatingsimplicial complexesat multiple resolutions We arguedin Section3.4.3that
a more efficient approachis to usesubdvisions of cubicalcompleces. This requiresa
slight adjustmenbf thetheoryanda substantiahmountof work ontheimplementations.

2. We derived a formulafor computingthe persistenBetti numbersn Section3.3.5. This
is certainlynot the only way to computethem. Algorithmsfor computingregular Betti
numbershave exploited mary differentresultsfrom algebraictopology It maybe possi-
ble to adaptsomeof theseto our problem. Efficientimplementationsvill alsobe highly
dependenbnthetypeof cell compleesused.

3. In termsof theory we needa morecompleteunderstandingf the continuity of the per
sistentBetti numbqrsﬂ,;\(e), as A ande tendto zero. This is relatedto continuity and
tautnessesultsfor Cechhomology

We gave somedetaileddescriptionsof potentialapplicationsin dynamicalsystemsat the
end of Chapter4. The most challengingof theseis the break-upof invarianttori in four-
dimensionabymplectictwist maps.In generalwe anticipatethatour computationatechniques
will be particularlyusefulin suchhigherdimensionalsettingswherevisualizationis difficult.
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More theoreticalquestionghat arerelatedto the study of dynamicalsystemsncludethe fol-
lowing.

1. Justasthedimensioncanvary at differentpointsof a multifractal, the scalingof compo-
nentsor holeswith resolutionmay differ for subset®f afractal. Is it possibleto localize
ourtheoryto quantifythis?

2. Newhousedefinedthethickness of Cantorsubset®f R to analyzethe existenceof homo-
clinic tangencie®f stableandunstablemanifolds[62]. Thedefinitionis givenin terms
of ratiosof diametersanddeletedintenals. It may be possibleto generalizethis notion
to Cantorsubset®f R™ usingtechniquegrom Chapter2.

As we emphasizedn Chapter5 thereis ampleroom for mary more resultsrelating our
topologicalgrowth ratesto fractaldimensions SeeSection5.4 for details.

Fromthe numberof openproblemsin this shortlist, it shouldbe clearthat computational
topologyis arich, interesting andrapidly evolving discipline. Thework in this thesissuggests
thatfurtherresearchn thisfield is likely to befruitful.
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List of Notation

Underlyingcompactspace
e-neighborhooaf X
Dataset

Hausdorf distance/metric
Lebesgueneasurén R”

Resolutionparameter

Cutoff resolution

Numberof e-connectedcomponents
Largeste-componentiiameter

Numberof isolatedpoints
Disconnectednesadex, growth rateof C'(e)
Discretenesmdex, growth rateof D(e)

k-simplex
Underlyingspaceof a simplicial complex
Boundaryoperator
Chaingroup
Boundarygroup
Cyclegroup
Homologygroup

Betti number
PersistenBetti number
Growth rateof 82 (e)
Inverselimit

Rotationnumber

Goldenmean

Standardnapparameter

Critical valueof k for thegoldenmeancircle

Numberof boxesin thedefinitionof dimp
Box-countingdimension

Hausdorf dimension

Minkowski dimension

Similarity dimension

Besicwitch-Taylor index
Fatfractalexponent
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