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believe that A Course in Universal Algebra offers an excellent introduction
to the subject.

Special thanks go to Lis D’Alessio for the superb job of LaTeXing this
edition, and to NSERC for their support which has made this work possible.
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Preface

Universal algebra has enjoyed a particularly explosive growth in the last twenty years, and
a student entering the subject now will find a bewildering amount of material to digest.

This text is not intended to be encyclopedic; rather, a few themes central to universal
algebra have been developed sufficiently to bring the reader to the brink of current research.
The choice of topics most certainly reflects the authors’ interests.

Chapter I contains a brief but substantial introduction to lattices, and to the close con-
nection between complete lattices and closure operators. In particular, everything necessary
for the subsequent study of congruence lattices is included.

Chapter II develops the most general and fundamental notions of universal algebra—
these include the results that apply to all types of algebras, such as the homomorphism and
isomorphism theorems. Free algebras are discussed in great detail—we use them to derive
the existence of simple algebras, the rules of equational logic, and the important Mal’cev
conditions. We introduce the notion of classifying a variety by properties of (the lattices of)
congruences on members of the variety. Also, the center of an algebra is defined and used to
characterize modules (up to polynomial equivalence).

In Chapter III we show how neatly two famous results—the refutation of Euler’s con-
jecture on orthogonal Latin squares and Kleene’s characterization of languages accepted by
finite automata—can be presented using universal algebra. We predict that such “applied
universal algebra” will become much more prominent.

Chapter IV starts with a careful development of Boolean algebras, including Stone du-
ality, which is subsequently used in our study of Boolean sheaf representations; however,
the cumbersome formulation of general sheaf theory has been replaced by the considerably
simpler definition of a Boolean product. First we look at Boolean powers, a beautiful tool
for transferring results about Boolean algebras to other varieties as well as for providing a
structure theory for certain varieties. The highlight of the chapter is the study of discrimi-
nator varieties. These varieties have played a remarkable role in the study of spectra, model
companions, decidability, and Boolean product representations. Probably no other class of
varieties is so well-behaved yet so fascinating.

The final chapter gives the reader a leisurely introduction to some basic concepts, tools,
and results of model theory. In particular, we use the ultraproduct construction to derive the
compactness theorem and to prove fundamental preservation theorems. Principal congruence
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formulas are a favorite model-theoretic tool of universal algebraists, and we use them in the
study of the sizes of subdirectly irreducible algebras. Next we prove three general results on
the existence of a finite basis for an equational theory. The last topic is semantic embeddings,
a popular technique for proving undecidability results. This technique is essentially algebraic
in nature, requiring no familiarity whatsoever with the theory of algorithms. (The study
of decidability has given surprisingly deep insight into the limitations of Boolean product
representations.)

At the end of several sections the reader will find selected references to source material
plus state of the art texts or papers relevant to that section, and at the end of the book one
finds a brief survey of recent developments and several outstanding problems.

The material in this book divides naturally into two parts. One part can be described
as “what every mathematician (or at least every algebraist) should know about universal
algebra.” It would form a short introductory course to universal algebra, and would consist
of Chapter I; Chapter II except for §4, §12, §13, and the last parts of §11, §14; Chapter
IV §1-4; and Chapter V §1 and the part of §2 leading to the compactness theorem. The
remaining material is more specialized and more intimately connected with current research
in universal algebra.

Chapters are numbered in Roman numerals I through V, the sections in a chapter are
given by Arabic numerals, §1, §2, etc. Thus II§6.18 refers to item 18, which happens to
be a theorem, in Section 6 of Chapter II. A citation within Chapter II would simply refer
to this item as 6.18. For the exercises we use numbering such as 11§5 Exercise 4, meaning
the fourth exercise in §5 of Chapter II. The bibliography is divided into two parts, the first
containing books and survey articles, and the second research papers. The books and survey
articles are referred to by number, e.g., G. Birkhoff [3], and the research papers by year, e.g.,
R. McKenzie [1978].
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Preliminaries

We have attempted to keep our notation and conventions in agreement with those of the
closely related subject of model theory, especially as presented in Chang and Keisler’s Model
Theory [8]. The reader needs only a modest exposure to classical algebra; for example he
should know what groups and rings are.

We will assume a familiarity with the most basic notions of set theory. Actually, we use
classes as well as sets. A class of sets is frequently called a family of sets. The notations,
A;, i € I, and (A;)ier refer to a family of sets indexed by a set I. A naive theory of sets
and classes is sufficient for our purposes. We assume the reader is familiar with membership
(€), set-builder notation ({—:—1}), subset (C), union (U), intersection (N), difference (—),
ordered n-tuples ((x1, . ..,2n)), (direct) products of sets (Ax B, [[,.; Ai), and (direct) powers
of sets (A). Also, it is most useful to know that

(a) concerning relations:

(i) an n-ary relation on a set A is a subset of A™;
(i) if n =2 it is called a binary relation on A;
(iii) the inverse r™ of a binary relation r on A is specified by (a,b) € r™ iff (b,a) € r;
(iv) the relational product ros of two binary relations r, s on A is given by: (a,b) € ros
iff for some ¢, (a,c) € r,{(c,b) € s;

(b) concerning functions:

(i) a function f from a set A to a set B, written f : A — B, is a subset of A x B
such that for each a € A there is exactly one b € B with (a,b) € f; in this case
we write f(a) =bor f:aw—b;

(ii) the set of all functions from A to B is denoted by B%;
(iii) the function f € B4 is injective (or one-to-one) if f(a1) = f(az) = a1 = as;

(iv) the function f € B is surjective (or onto) if for every b € B there is an a € A
with f(a) = b;
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(v) the function f € B4 is bijective if it is both injective and surjective;
(vi) for f € BYand X C A, f(X)={be B: f(a) =b for some a € X};
(vii) for fe BAand Y C B, f~Y(Y)={a€ A: f(a) €Y},
)

(viii) for f: A— Band g: B — C,let go f : A — C be the function defined by
(9o f)(a) = g(f(a)). [This does not agree with the relational product defined
above—but the ambiguity causes no problem in practice.];

(c) given a family F' of sets, the union of F, | J F, is defined by a € | J F'iff a € A for some
A € F (define the intersection of F, () F, dually);

(d) a chain of sets C' is a family of sets such that for each A, B € C either A C B or
B C A;

(e) Zorn’s lemma says that if F' is a nonempty family of sets such that for each chain C' of
members of F' there is a member of F' containing | JC' (i.e., C' has an upper bound in
F) then F has a mazimal member M (i.e., M € F and M C A € F implies M = A);

(f) concerning ordinals:
i) the ordinals are generated from the empty set @ using the operations of successor
g y g

(xt =2 U{x}) and union;

(i) 0 =2, 1 =07%, 2=17, etc.; the finite ordinalsare 0,1, ...; and n = {0,1,...,n—
1}; the natural numbers are 1,2,3 ..., the nonzero finite ordinals;

(iii) the first infinite ordinalis w = {0,1,2,...};

(iv) the ordinals are well-ordered by the relation €, also called <;
(g) concerning cardinality:

(i) two sets A and B have the same cardinality if there is a bijection from A to B;

(ii) the cardinals are those ordinals x such that no earlier ordinal has the same car-
dinality as . The finite cardinals are 0,1,2,...; and w is the smallest infinite
cardinal;

(iii) the cardinality of a set A, written | A|, is that (unique) cardinal x such that A and
k have the same cardinality;

(iv) |A]-|B| = |A x B| [= max(|A|,|B]) if either is infinite and A, B # @]. AN B =
@ = |A|+ |B| = |AU B| [=max(|A4|,|B|) if either is infinite];

(h) one usually recognizes that a class is not a set by noting that it is too big to be put in
one-to-one-correspondence with a cardinal (for example, the class of all groups).



In Chapter IV the reader needs to know the basic definitions from point set topology,
namely what a topological space, a closed (open) set, a subbasis (basis) for a topological space,
a closed (open) neighborhood of a point, a Hausdorff space, a continuous function, etc., are.

The symbol “=" is used to express the fact that both sides name the same object, whereas
“~” is used to build equations which may or may not be true of particular elements. (A
careful study of ~ is given in Chapter II.)






Chapter 1

Lattices

In the study of the properties common to all algebraic structures (such as groups, rings, etc.)
and even some of the properties that distinguish one class of algebras from another, lattices
enter in an essential and natural way. In particular, congruence lattices play an important
role. Furthermore, lattices, like groups or rings, are an important class of algebras in their
own right, and in fact one of the most beautiful theorems in universal algebra, Baker’s finite
basis theorem, was inspired by McKenzie’s finite basis theorem for lattices. In view of this
dual role of lattices in relation to universal algebra, it is appropriate that we start with a
brief study of them. In this chapter the reader is acquainted with those concepts and results
from lattice theory which are important in later chapters. Our notation in this chapter is
less formal than that used in subsequent chapters. We would like the reader to have a casual
introduction to the subject of lattice theory.

The origin of the lattice concept can be traced back to Boole’s analysis of thought and
Dedekind’s study of divisibility. Schroeder and Pierce were also pioneers at the end of the
last century. The subject started to gain momentum in the 1930’s and was greatly promoted
by Birkhoft’s book Lattice Theory in the 1940’s.

§1. Definitions of Lattices

There are two standard ways of defining lattices—one puts them on the same (algebraic)
footing as groups or rings, and the other, based on the notion of order, offers geometric
insight.

Definition 1.1. A nonempty set L together with two binary operations V and A (read
“join” and “meet” respectively) on L is called a lattice if it satisfies the following identities:
Ll: (a)zVy=yVze

(b)xANy~yAx (commutative laws)
L2: (a)zV(yVz)=(xVy)Vz
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(b)zA(yAz)=(xAy)Az (associative laws)
L3: (a)zVarz

(b)z Nz~ (idempotent laws)
L4: (a) z=zV(zAy)

(b)z~xA(zVy) (absorption laws).

ExXAMPLE. Let L be the set of propositions, let V denote the connective “or” and A denote
the connective “and”. Then L1 to L4 are well-known properties from propositional logic.

ExXAMPLE. Let L be the set of natural numbers, let V denote the least common multiple
and A denote the greatest common divisor. Then properties L1 to L4 are easily verifiable.

Before introducing the second definition of a lattice we need the notion of a partial order
on a set.

Definition 1.2. A binary relation < defined on a set A is a partial order on the set A if the
following conditions hold identically in A:

(i) a<a (reflexivity)
(i) a <band b < aimply a = b (antisymmetry)
(iii) a <band b < ¢ imply a < ¢ (transitivity).

If, in addition, for every a,b in A
(iv) a<borb<a

then we say < is a total order on A. A nonempty set with a partial order on it is called a
partially ordered set, or more briefly a poset, and if the relation is a total order then we speak
of a totally ordered set, or a linearly ordered set, or simply a chain. In a poset A we use the
expression a < b to mean a < b but a # b.

EXAMPLES. (1) Let Su(A) denote the power set of A, i.e., the set of all subsets of A. Then
C is a partial order on Su(A).

(2) Let A be the set of natural numbers and let < be the relation “divides.” Then < is
a partial order on A.

(3) Let A be the set of real numbers and let < be the usual ordering. Then < is a total
order on A.

Most of the concepts developed for the real numbers which involve only the notion of
order can be easily generalized to partially ordered sets.

Definition 1.3. Let A be a subset of a poset P. An element p in P is an upper bound for
A if a < p for every a in A. An element p in P is the least upper bound of A (Lu.b. of A),
or supremum of A (sup A) if p is an upper bound of A, and a < b for every a in A implies
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p < b (i.e., p is the smallest among the upper bounds of A). Similarly we can define what it
means for p to be a lower bound of A, and for p to be the greatest lower bound of A (g.l.b.
of A), also called the infimum of A (inf A). For a,b in P we say b covers a, or a is covered
by b, if a < b, and whenever a < ¢ < b it follows that a = ¢ or ¢ = b. We use the notation
a < b to denote a is covered by b. The closed interval |a, b] is defined to be the set of ¢ in P
such that a < ¢ < b, and the open interval (a,b) is the set of ¢ in P such that a < ¢ < b.

Posets have the delightful characteristic that we can draw pictures of them. Let us
describe in detail the method of associating a diagram, the so-called Hasse diagram, with
a finite poset P. Let us represent each element of P by a small circle “o”. If a < b then
we draw the circle for b above the circle for a, joining the two circles with a line segment.
From this diagram we can recapture the relation < by noting that a < b holds iff for some
finite sequence of elements cq, ..., ¢, from P we have a = ¢; < ¢y --¢,—1 < ¢, = b. We have
drawn some examples in Figure 1. It is not so clear how one would draw an infinite poset.
For example, the real line with the usual ordering has no covering relations, but it is quite
common to visualize it as a vertical line. Unfortunately, the rational line would have the
same picture. However, for those infinite posets for which the ordering is determined by the
covering relation it is often possible to draw diagrams which do completely convey the order
relation to the viewer; for example, consider the diagram in Figure 2 for the integers under
the usual ordering.

O

@ (b (© (d)

(€) (f) (9) (h)

Figure 1 Examples of Hasse diagrams
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Figure 2 Drawing the poset of the integers

Now let us look at the second approach to lattices.
Definition 1.4. A poset L is a lattice iff for every a,b in L both sup{a, b} and inf{a, b} exist
(in L).

The reader should verify that for each of the diagrams in Figure 1 the corresponding
poset is a lattice, with the exception of (e). The poset corresponding to diagram (e) does
have the interesting property that every pair of elements has an upper bound and a lower
bound.

We will now show that the two definitions of a lattice are equivalent in the following
sense: if L is a lattice by one of the two definitions then we can construct in a simple and
uniform fashion on the same set L a lattice by the other definition, and the two constructions
(converting from one definition to the other) are inverses. First we describe the constructions:

(A) If L is a lattice by the first definition, then define < on L by a < b iff a = a A b;

(B) If L is a lattice by the second definition, then define the operations V and A by a Vb =
sup{a,b}, and a A b = inf{a, b}.

Suppose that L is a lattice by the first definition and < is defined as in (A). From aAa = a
follows a < a.If a < band b <athena=aAband b =bAa; hence a =b. Also if a < b
and b<cthena=aAbandb=bAc,soa=aANb=aA (bAc)=(aAb)Ac=aAc; hence
a < c. This shows < is a partial order on L. From a = a A (aVb) and b =b A (a V b) follow
a<aVbandb<aVb, soaVbisan upper bound of both a and b. Now if a <w and b <u
then a Vu = (a Au)Vu=u, and likewise bV u = u, so (aVu)V (bVu) =uVu = u; hence
(@Vb)Vu=u,giving (aVb) Au= (aVb)A[(aVb)Vu] =aVb (by the absorption law),
and this says a V b < u. Thus a V b = sup{a, b}. Similarly, a A b = inf{a, b}.

If, on the other hand, we are given a lattice L by the second definition, then the
reader should not find it too difficult to verify that the operations V and A as defined
in (B) satisfy the requirements L1 to L4, for example the absorption law L4(a) becomes
a = sup{a,inf{a, b}}, which is clearly true as inf{a, b} < a.

The fact that these two constructions (A) and (B) are inverses is now an easy matter to
check. Throughout the text we will be using the word lattice to mean lattice by the first
definition (with the two operations join and meet), but it will often be convenient to freely
make use of the corresponding partial order.
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EXERCISES §1

1.

10.

Verify that Su(X) with the partial order C is a lattice. What are the operations V and
A?

. Verify L1-L4 for v, A as defined in (B) below Definition 1.4.

Show that the idempotent laws L3 of lattices follow from L1, L2, and L4.

. Let C[0, 1] be the set of continuous functions from [0, 1] to the reals. Define < on

C[0,1) by f < g iff f(a) < g(a) for all a € [0, 1]. Show that < is a partial order which
makes C10, 1] into a lattice.

. If L is a lattice with operations V and A, show that interchanging V and A still gives a

lattice, called the dual of L. (For constrast, note that interchanging + and - in a ring
usually does not give another ring.) Note that dualization turns the Hasse diagram
upside down.

. If G is a group, show that the set of subgroups S(G) of G with the partial ordering

C forms a lattice. Describe all groups G' whose lattices of subgroups look like (b) of
Figure 1.

If G is a group, let N(G) be the set of normal subgroups of G. Define V and A on
N(G) by N1 /\N2 = N1 ﬂNQ, and N1 \/N2 = N1N2 = {n1n2 tnyp € Nl,ng S NQ} Show
that under these operations N(G) is a lattice.

. If Ris aring, let I(R) be the set of ideals of R. Define V and A on I(R) by I A I, =

LiNIy, [ VI, ={iy+1is: iy € I1,i5 € I}. Show that under these operations I(R) is a
lattice.

. If < is a partial order on a set A, show that there is a total order <* on A such that

a < b implies a <* b. (Hint: Use Zorn’s lemma.)

If L is a lattice we say that an element a € L is join irreducible if a = bV c implies a = b
or a = c. If L is a finite lattice show that every element is of the form a; V ---V a,,
where each a; is join irreducible.
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§2. Isomorphic Lattices, and Sublattices

The word isomorphism is used to signify that two structures are the same except for the
nature of their elements (for example, if the elements of a group are painted blue, one still
has essentially the same group). The following definition is a special case of 11§2.1.

Definition 2.1. Two lattices L; and Ly are isomorphic if there is a bijection « from L; to
Ly such that for every a,b in Ly the following two equations hold: a(a V b) = a(a) V a(b)
and a(a A b) = a(a) A a(b). Such an « is called an isomorphism.

It is useful to note that if o is an isomorphism from L; to Ly then o' is an isomorphism
from Ly to Ly, and if § is an isomorphism from L, to L3 then (o « is an isomorphism from
Ly to Lz. One can reformulate the definition of isomorphism in terms of the corresponding
order relations.

Definition 2.2. If P, and P; are two posets and « is a map from P; to P, then we say «
is order-preserving if a(a) < «(b) holds in P, whenever a < b holds in P;.

Theorem 2.3. Two lattices L1 and Lo are isomorphic iff there is a bijection o from Ly to
Lo such that both o and o' are order-preserving.

Proor. If « is an isomorphism from L; to Ly and a < b holds in L; then a = a A b, so
a(a) = a(aAb) = ala) A a(b), hence a(a) < a(b), and thus « is order-preserving. As a™! is
an isomorphism, it is also order-preserving.

Conversely, let a be a bijection from L; to Ls such that both o and o~ are order-
preserving. For a,b in L; we have a < aVband b < a Vb, so afa) < alaVb) and
a(b) < a(aVb), hence a(a) V a(b) < a(aVb). Furthermore, if a(a) vV a(b) < u then a(a) < u
and a(b) < u, hence a < a!(u) and b < a'(u), so a Vb < a~'(u), and thus a(a V b) < u.
This implies that a(a)Va(b) = a(aVb). Similarly, it can be argued that a(a) Aa(b) = a(aAb).

|

1

Figure 3 An order-preserving bijection
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It is easy to give examples of bijections o between lattices which are order-preserving but
are not isomorphisms; for example, consider the map «(a) = a,...,a(d) = d where L; and
Ly are the two lattices in Figure 3.

A sublattice of a lattice L is a subset of L which is a lattice in its own right, using the
same operations.

Definition 2.4. If L is a lattice and L' # @ is a subset of L such that for every pair of
elements a,b in L' both a Vb and a A b are in L', where V and A are the lattice operations
of L, then we say that L’ with the same operations (restricted to L') is a sublattice of L.

If L' is a sublattice of L then for a,b in L' we will of course have a < bin L' iff a < b in
L. Tt is interesting to note that given a lattice L one can often find subsets which as posets
(using the same order relation) are lattices, but which do not qualify as sublattices as the
operations V and A do not agree with those of the original lattice L. The example in Figure
4 illustrates this, for note that P = {a,c,d, e} as a poset is indeed a lattice, but P is not a
sublattice of the lattice {a,b,c,d,e}.

ao
b
o d
e
Figure 4

Definition 2.5. A lattice L; can be embedded into a lattice L, if there is a sublattice of L,
isomorphic to Li; in this case we also say Lo contains a copy of Ly as a sublattice.

EXERCISES §2

1. If (X,T) is a topological space, show that the closed subsets, as well as the open
subsets, form a lattice using C as the partial order. Show that the lattice of open
subsets is isomorphic to the dual (see §1, Exercise 5) of the lattice of closed subsets.

2. If P and @ are posets, let QF be the poset of order-preserving maps from P to Q,
where for f,g € QF we define f < g iff f(a) < g(a) for all a € P. If Q is a lattice show
that QF is also a lattice.

3. If G is a group, is N(G) a sublattice of S(G) (see §1, Exercises 6,7)?
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4. If < is a partial order on P then a lower segment of P is a subset S of P such that if
s €S, pe P,and p < s then p € S. Show that the lower segments of P form a lattice
with the operations U, N. If P has a least element, show that the set L(P) of nonempty
lower segments of P forms a lattice.

5. If L is a lattice, then an ideal I of L is a nonempty lower segment closed under V. Show
that the set of ideals I(L) of L forms a lattice under C .

6. Given a lattice L, an ideal I of L is called a principal ideal if it is of the form {b €
L :b<a}, for some a € L. (Note that such subsets are indeed ideals.) Show that the
principal ideals of L form a sublattice of I(L) isomorphic to L.

§3. Distributive and Modular Lattices

The most thoroughly studied classes of lattices are distributive lattices and modular lattices.

Definition 3.1. A distributive lattice is a lattice which satisfies either (and hence, as we
shall see, both) of the distributive laws,

Dl: zA(yVz)
D2: xzV (yA=z)

Theorem 3.2. A lattice L satisfies D1 iff it satisfies D2.

PROOF. Suppose D1 holds. Then

zV(yAz)=(xV(@eAz)V(yAz) (by L4(a))
oV ((xAN2)V(yAz) (by L2(a))
~zV((zAz)V(zAY)) (by L1(b))
~zV(zA(xVy)) (by D1)
~zV((xVy)Az) (by L1(b))
m@A@vy)V(@vy)nz)  (by Li(b))
~((@Vy)Ax)V((zVy) A (by L1(b))
~(@Vy A(xVz) (by D1).

Thus D2 also holds. A similar proof shows that if D2 holds then so does D1. O

Actually every lattice satisfies both of the inequalities (z Ay)V (x Az) <z A(yV z) and
zV(yNz) < (zVy)A(xVz). To see this, note for example that t Ay <z and x Ay < yV z;
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hence x Ay <z A (yV z), etc. Thus to verify the distributive laws in a lattice it suffices to

check either of the following inequalities:

rAy)V(zAz2)

zA(yVz)
2) <z V(yAz).

<
(zVy)A(zVz) <

Definition 3.3. A modular lattice is any lattice which satisfies the modular law
Miz<y—azV(@yAz)=yA(zVz).
The modular law is obviously equivalent (for lattices) to the identity
@Ay VyAz)=yA((@Ay)V2)
since @ < b holds iff a = a A b. Also it is not difficult to see that every lattice satisfies
<y —axV(yAz) <yA(zVz),
so to verify the modular law it suffices to check the implication

r<y—yA(xVz)<zV(yAz).

Theorem 3.4. Fvery distributive lattice is a modular lattice.

PRrROOF. Just use D2, noting that a V b = b whenever a < b.

O

The next two theorems give a fascinating characterization of modular and distributive

lattices in terms of two five-element lattices called M5 and Nj depicted in Figure 5.

In

neither case is a V (b Ac¢) = (a V b) A (aV c), so neither M5 nor Nj is a distributive lattice.
For N5 we also see that a < bbut aV (bAc) # bA (aVc), so N5 is not modular. With a

small amount of effort one can verify that M; does satisfy the modular law, however.

Figure 5



14 I Lattices

Theorem 3.5 (Dedekind). L is a nonmodular lattice iff N5 can be embedded into L.

PROOF. From the remarks above it is clear that if N5 can be embedded into L, then L does
not satisfy the modular law. For the converse, suppose that L does not satisfy the modular
law. Then for some a,b, cin L we have a < bbut aV (bAc) <bA(aVe). Let a; =aV (bAc)
and by = b A (aV c¢). Then

cVb=cANDA(aV )]
=[cA(cVa)]Ab (by L1(a), L1(b), L2(b))
=cAb (by L4(b))

and

cVar=cViaV(bAc)
=[cV(cAb)]Va (by L1(a), L1(b), L2(a))
=cVa (by L4(a)).

Now as cAb<a; <by we have cAb<cANay <cAb=cANb hence cNay =cANb =cAb.
Likewise cV by =cV a; =cVa.
Now it is straightforward to verify that the diagram in Figure 6 gives the desired copy of

N5 in L. O
cva
b,
C
ai
cAb
Figure 6

Theorem 3.6 (Birkhoff). L is a nondistributive lattice iff Ms or Ny can be embedded into
L.

PRroOF. If either M5 or N5 can be embedded into L, then it is clear from earlier remarks
that L cannot be distributive. For the converse, let us suppose that L is a nondistributive
lattice and that L does not contain a copy of N5 as a sublattice. Thus L is modular by 3.5.
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Since the distributive laws do not hold in L, there must be elements a, b, ¢ from L such that
(anb)V(aNc)<aA(bVc). Let us define

d=(aNb)V(anc)V(bAc

e—(a\/b)/\(a\/c)/\(b\/c)
=(ane)Vd
=(bAe)Vvd
=(cNe)Vd.

Then it is easily seen that d < ay,b1,c¢; < e. Now from
aNe=aN(bVc) (by L4(b))
and (applying the modular law to switch the underlined terms)

aNd=aN((anb)V(aANc)V(DAC))
((andb)V(anc))V(an(bAc)) (by M)
=(aNb)V(aNc)

it follows that d < e.

Figure 7

We now wish to show that the diagram in Figure 7 is a copy of M5 in L. To do this it
suffices to show that a1 Aby = a; ANy =biANecg =dand a; Vb = a1 Ve =b Ve = e
We will verify one case only and the others require similar arguments (in the following we
do not explicitly state several steps involving commutativity and associativity; the terms to
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be interchanged when the modular law is applied have been underlined):
ap ANby=((anNe)Vd)A((bAe)Vd)
=((ane)A((bAe)vd)Vd (by M)
=((ane)AN((bVvd)ANe))Vd (by M)
=((ane)NeNn(bVd))Vd
=((ane)A(bVd))Vd (by L3(b))
=(@N (V)N (bV(aAc))Vd (by L4)
=(@anOV((bVec)A(anc)))Vd (by M)
(an(bV (aAc)))Vd (anc<bVec)
=(anc)V(bANa)Vd (by M)
=d.
O

EXERCISES §3

1.

If we are given a set X, a sublattice of Su(X) under C is called a ring of sets (following
the terminology used by lattice theorists). Show that every ring of sets is a distributive
lattice.

. If L is a distributive lattice, show that the set of ideals I(L) of L (see §2 Exercise 5)

forms a distributive lattice.

. Let (X, T) be a topological space. A subset of X is reqular open if it is the interior of

its closure. Show that the family of regular open subsets of X with the partial order
C is a distributive lattice.

. If L is a finite lattice let J(L) be the poset of join irreducible elements of L (see

§1 Exercise 10), where a < b in J(L) means a < b in L. Show that if L is a finite
distributive lattice then L is isomorphic to L(J(L)) (see §2 Exercise 4), the lattice
of nonempty lower segments of J(L). Hence a finite lattice is distributive iff it is
isomorphic to some L(P), for P a finite poset with least element. (This will be used
in V85 to show the theory of distributive lattices is undecidable.)

If G is a group, show that N(G), the lattice of normal subgroups of G (see §1 Exercise
7), is a modular lattice. Is the same true of S(G)? Describe N(Zy x Z3).

. If R is a ring, show that I(R), the lattice of ideals of R (see §1 Exercise 8), is a modular

lattice.

If M is a left module over a ring R, show that the submodules of M under the partial
order C form a modular lattice.



64. Complete Lattices, Equivalence Relations, and Algebraic Lattices 17

84. Complete Lattices, Equivalence Relations,
and Algebraic Lattices

In the 1930’s Birkhoff introduced the class of complete lattices to study the combinations of
subalgebras.

Definition 4.1. A poset P is complete if for every subset A of P both sup A and inf A
exist (in P). The elements sup A and inf A will be denoted by \/ A and A A, respectively.
All complete posets are lattices, and a lattice L which is complete as a poset is a complete
lattice.

Theorem 4.2. Let P be a poset such that \ A exists for every subset A, or such that \/ A
exists for every subset A. Then P is a complete lattice.

PROOF. Suppose A A exists for every A C P. Then letting A* be the set of upper bounds
of A in P, it is routine to verify that /A A" is indeed \/ A. The other half of the theorem is
proved similarly. O

In the above theorem the existence of A @ guarantees a largest element in P, and likewise
the existence of \/ @ guarantees a smallest element in P. So an equivalent formulation of
Theorem 4.2 would be to say that P is complete if it has a largest element and the inf of
every nonempty subset exists, or if it has a smallest element and the sup of every nonempty
subset exists.

ExAMPLES. (1) The set of extended reals with the usual ordering is a complete lattice.
(2) The open subsets of a topological space with the ordering C form a complete lattice.
(3) Su(/) with the usual ordering C is a complete lattice.

A complete lattice may, of course, have sublattices which are incomplete (for example,
consider the reals as a sublattice of the extended reals). It is also possible for a sublattice
of a complete lattice to be complete, but the sups and infs of the sublattice not to agree
with those of the original lattice (for example look at the sublattice of the extended reals
consisting of those numbers whose absolute value is less than one together with the numbers
—2,42).

Definition 4.3. A sublattice L' of a complete lattice L is called a complete sublattice of L
if for every subset A of L’ the elements \/ A and A A, as defined in L, are actually in L'.

In the 1930’s Birkhoff introduced the lattice of equivalence relations on a set, which is
especially important in the study of quotient structures.

Definition 4.4. Let A be a set. Recall that a binary relation r on A is a subset of A2. If
(a,b) € r we also write arb. If r; and ry are binary relations on A then the relational product
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r1 0 T9 is the binary relation on A defined by (a,b) € 7y o ry iff there is a ¢ € A such that
{a,c) € r and {(c,b) € ry. Inductively one defines ryorgo---or, = (ryorgo---or, 1)or,.
The inverse of a binary relation r is given by r” = {{(a,b) € A? : (b,a) € r}. The diagonal
relation Ay on A is the set {(a,a) : a € A} and the all relation A? is denoted by V4. (We
write simply A (read: delta) and V (read: nabla) when there is no confusion.) A binary
relation r on A is an equivalence relation on A if, for any a, b, ¢ from A, it satisfies:

El: ara (reflexivity)
E2: arb implies bra (symmetry)
E3: arb and brc imply arc (transitivity).

Eq(A) is the set of all equivalence relations on A.
Theorem 4.5. The poset Eq(A), with C as the partial ordering, is a complete lattice.
PROOF. Note that Eq(A) is closed under arbitrary intersections. O

For 0; and 0y in Eq(A) it is clear that 0; A 0y = 01 N 0,. Next we look at a (constructive)
description of 6; V 6,.

Theorem 4.6. If 0, and 0, are two equivalence relations on A then
6)1\/&2 :6’1U(Ql0«92)U(«9100206’1)U(0106’200106’2)U-~- s

or equivalently, (a,b)y € 01V Oy iff there is a sequence of elements ¢y, ¢y, ..., ¢, from A such
that
<Ci, Ci+1> € (91 or <Ci, Ci+1> € 92

fori=1,...,.n—1, and a = c,b = c,.
Proor. It is not difficult to see that the right-hand side of the above equation is indeed an

equivalence relation, and also that each of the relational products in parentheses is contained
in 91 V 02. O

If {0;}icr is a subset of Eq(A) then it is also easy to see that A, 6; is just (., ¢;. The
following straightforward generalization of the previous theorem describes arbitrary sups in
Eq(A).

Theorem 4.7. If 0, € Eq(A) fori € I, then

\/ 0: = J{6i, 005, 000, tig, ... .ix €I, k < oo},

el

Definition 4.8. Let 0 be a member of Eq(A). For a € A, the equivalence class (or coset) of
a modulo 0 is the set a/0 = {b € A: (b,a) € 6}. The set {a/0 : a € A} is denoted by A/#.
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Theorem 4.9. For 0 € Eq(A) and a,b € A we have

(a) A =U,ecqa/0.
(b) a/0 # b/0 implies a/0 Nb/0 = @.

PrOOF. (Exercise). O
An alternative approach to equivalence relations is given by partitions, in view of 4.9.

Definition 4.10. A partition w of a set A is a family of nonempty pairwise disjoint subsets
of A such that A = [Jm. The sets in 7 are called the blocks of w. The set of all partitions of
A is denoted by II(A).

For 7 in TI(A), let us define an equivalence relation () by (7) = {{(a,b) € A%: {a, b} C
B for some B in w}. Note that the mapping m — 6(7) is a bijection between II(A) and
Eq(A). Define a relation < on II(A) by m < my iff each block of 7 is contained in some
block of .

Theorem 4.11. With the above ordering T1(A) is a complete lattice, and it is isomorphic
to the lattice Eq(A) under the mapping 7 +— 6().

The verification of this result is left to the reader.
Definition 4.12. The lattice I1(A) is called the lattice of partitions of A.
The last class of lattices which we introduce is that of algebraic lattices.

Definition 4.13. Let L be a lattice. An element a in L is compact iff whenever \/ A exists
and a < \/ A for A C L, then a < \/ B for some finite B C A. L is compactly generated iff
every element in L is a sup of compact elements. A lattice L is algebraic if it is complete
and compactly generated.

The reader will readily see the similarity between the definition of a compact element in
a lattice and that of a compact subset of a topological space. Algebraic lattices originated
with Komatu and Nachbin in the 1940’s and Biichi in the early 1950’s; the original definition
was somewhat different, however.

ExaMPLES. (1) The lattice of subsets of a set is an algebraic lattice (where the compact
elements are finite sets).

(2) The lattice of subgroups of a group is an algebraic lattice (in which “compact” =
“finitely generated”).

(3) Finite lattices are algebraic lattices.

(4) The subset [0, 1] of the real line is a complete lattice, but is not algebraic.
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In the next chapter we will encounter two situations where algebraic lattices arise, namely
as lattices of subuniverses of algebras and as lattices of congruences on algebras.

EXERCISES §4

1.

2.

§5.

Show that the binary relations on a set A form a lattice under C .

Show that the right-hand side of the equation in Theorem 4.6 is indeed an equivalence
relation on A.

. If I is a closed and bounded interval of the real line with the usual ordering, and P a

nonempty subset of I with the same ordering, show that P is a complete sublattice iff
P is a closed subset of I.

. If L is a complete chain show that L is algebraic iff for every a;,as € L with a1 < as

there are by, by € L with a1 < by < by < as.

. Draw the Hasse diagram of the lattice of partitions of a set with n elements for 1 <

n < 4. For |A| > 4 show that II(A) is not a modular lattice.

. If L is an algebraic lattice and D is a subset of L such that for dy,ds € D there is a

ds € D with d; < d3,dy < d3 (i.e., D is upward directed) then, fora € L, a A\/ D =
VdeD(a Ad).

If L is a distributive algebraic lattice then, for any A C L, we have aA\/ A =\/ . ,(aA
d).

. If a and b are compact elements of a lattice L, show that a Vb is also compact. Is a A b

always compact?

. If L is a lattice with at least one compact element, let C'(L) be the poset of compact

elements of L with the partial order on C(L) agreeing with the partial order on L. An
ideal of C'(L) is a nonempty subset I of C'(L) such that a,b € I implies a Vb € I, and
a€l, be C(L) with b < a implies b € I. Show that the ideals of C'(L) form a lattice
under C if L has a least element and that the lattice of ideals of C'(L) is isomorphic
to L if L is an algebraic lattice.

Closure Operators

One way of producing, and recognizing, complete [algebraic| lattices is through [algebraic]
closure operators. Tarski developed one of the most fascinating applications of closure op-
erators during the 1930’s in his study of “consequences” in logic.
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Definition 5.1. If we are given a set A, a mapping C' : Su(A) — Su(A) is called a closure
operator on A if, for X, Y C A, it satisfies:

Cl: X CC(X) (extensive)
C2: C*(X) =C(X) (idempotent)
C3: X CY implies C(X) C C(Y) (isotone).

A subset X of A is called a closed subset if C(X) = X. The poset of closed subsets of A with
set inclusion as the partial ordering is denoted by L¢.

The definition of a closure operator is more general than that of a topological closure
operator since we do not require that the union of two closed subsets be closed.

Theorem 5.2. Let C' be a closure operator on a set A. Then Lo is a complete lattice with
AC(A) =(C)
iel iel

and

VCmozCOJ&>

PROOF. Let (4;);er be an indexed family of closed subsets of A. From

iel
for each 7, we have
c(ﬂm)gcmgz&,
icl
SO
C<ﬂ&>gﬂm,
iel iel

hence
c<ﬂm>:ﬂ&;
i€l i€l

80 (), Ai is in Le. Then, if one notes that A itself is in L¢, it follows that L¢ is a complete
lattice. The verification of the formulas for the A’s and \/’s of families of closed sets is
straightforward. O

Interestingly enough, the converse of this theorem is also true, which shows that the
lattices L¢ arising from closure operators provide typical examples of complete lattices.
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Theorem 5.3. Fvery complete lattice is isomorphic to the lattice of closed subsets of some
set A with a closure operator C.

PROOF. Let L be a complete lattice. For X C L define
C(X)={a€eL:a<supX}.
Then C'is a closure operator on L and the mapping a +— {b € L : b < a} gives the desired

isomorphism between L and L. O

The closure operators which give rise to algebraic lattices of closed subsets are called al-
gebraic closure operators; actually the consequence operator of Tarski is an algebraic closure
operator.

Definition 5.4. A closure operator C' on the set A is an algebraic closure operator if for
every X C A

C4: C(X)=U{C(Y): Y C X and Y is finite}.

(Note that C1, C2, C4 implies C3.)

Theorem 5.5. If C' is an algebraic closure operator on a set A then Lo is an algebraic

lattice, and the compact elements of Lo are precisely the closed sets C(X), where X is a
finite subset of A.

PRrROOF. First we will show that C'(X) is compact if X is finite. Then by (C4), and in view
of 5.2, L¢ is indeed an algebraic lattice. So suppose X = {ay,...,ax} and

cx)yc\/ o) =c (U AZ-) .

i€l icl
For each a; € X we have by (C4) a finite X; C (J,.; A; with a; € C(Xj). Since there are
finitely many A;’s, say Aji, ..., Aj,,, such that

X]gAleJUA]n],

then
a; € C(Ajl U--- UAjn].).
But then
xXc |J cupu---uay),
1<j<k
SO
XCccC Aji |,

=
|é\u\
IAA
INA
S
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and hence

cxycol U 4ai|=V @,
1<j<k 1<j<k
1<i<n, 15,

so C(X) is compact.
Now suppose C(Y') is not equal to C(X) for any finite X. From

c(y) | J{C(X): X CY and X is finite}

it is easy to see that C'(Y) cannot be contained in any finite union of the C'(X)’s; hence
C(Y') is not compact. O

Definition 5.6. If C' is a closure operator on A and Y is a closed subset of A, then we say
a set X is a generating set for Y if C'(X) = Y. The set Y is finitely generated if there is a
finite generating set for Y. The set X is a minimal generating set for Y if X generates Y
and no proper subset of X generates Y.

Corollary 5.7. Let C' be an algebraic closure operator on A. Then the finitely generated
subsets of A are precisely the compact elements of L¢.

Theorem 5.8. Fuvery algebraic lattice is isomorphic to the lattice of closed subsets of some
set A with an algebraic closure operator C.

PROOF. Let L be an algebraic lattice, and let A be the subset of compact elements. For
X C A define
C(X)={acA:a<\/X}.

C' is a closure operator, and from the definition of compact elements it follows that C' is
algebraic. The map a — {b € A : b < a} gives the desired isomorphism as L is compactly
generated. O
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EXERCISES §5

1. If G is a group and X C G, let C'(X) be the subgroup of G generated by X. Show that
(' is an algebraic closure operator on G.

2. If G is a group and X C G, let C(X) be the normal subgroup generated by X. Show
that C' is an algebraic closure operator on G.
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3. If Risaring and X C R, let C(X) be the ideal generated by X. Show that C' is an

algebraic closure operator on R.

. If L is a lattice and A C L, let u(A) = {b € L:a <bfora € A}, the set of upper

bounds of A, and let [(A) ={b € L:b<aforaec A}, the set of lower bounds of A.
Show that C'(A) = l(u(a)) is a closure operator on A, and that the map a : a — C({a})
gives an embedding of L into the complete lattice L¢ (called the Dedekind-MacNeille
completion). What is the Dedekind-MacNeille completion of the rational numbers?

. If we are given a set A, a family K of subsets of A is called a closed set system for A

if there is a closure operator on A such that the closed subsets of A are precisely the
members of K. If K C Su(A), show that K is a closed set system for A iff K is closed
under arbitrary intersections.

Given a set A and a family K of subsets of A, K is said to be closed under unions of

chains if whenever C' C K and C is a chain (under C) then |JC € K; and K is said to
be closed under unions of upward directed families of sets if whenever D C K is such that
Ay, As € D implies A; U Ay C A3 for some Az € D, then | JD € K. A result of set theory
says that K is closed under unions of chains iff K is closed under unions of upward directed
families of sets.

. (Schmidt). A closed set system K for a set A is called an algebraic closed set system

for A if there is an algebraic closure operator on A such that the closed subsets of A
are precisely the members of K. If K C Su(A), show that K is an algebraic closed set
system iff K is closed under (i) arbitrary intersections and (ii) unions of chains.

. If C is an algebraic closure operator on S and X is a finitely generated closed subset,

then for any Y which generates X show there is a finite Yy C Y such that Y generates
X.

. Let C' be a closure operator on S. A closed subset X # S is mazimal if for any closed

subset Y with X CY C S either X =Y or Y = S. Show that if C' is algebraic and
X C S with C(X) # S then X is contained in a maximal closed subset if S is finitely
generated. (In logic one applies this to show every consistent theory is contained in a
complete theory.)
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The Elements of Universal Algebra

One of the aims of universal algebra is to extract, whenever possible, the common elements
of several seemingly different types of algebraic structures. In achieving this one discovers
general concepts, constructions, and results which not only generalize and unify the known
special situations, thus leading to an economy of presentation, but, being at a higher level of
abstraction, can also be applied to entirely new situations, yielding significant information
and giving rise to new directions.

In this chapter we describe some of these concepts and their interrelationships. Of pri-
mary importance is the concept of an algebra; centered around this we discuss the notions
of isomorphism, subalgebra, congruence, quotient algebra, homomorphism, direct product,
subdirect product, term, identity, and free algebra.

81. Definition and Examples of Algebras

The definition of an algebra given below encompasses most of the well known algebraic struc-
tures, as we shall point out, as well as numerous lesser known algebras which are of current
research interest. Although the need for such a definition was noted by several mathemati-
cians such as Whitehead in 1898, and later by Noether, the credit for realizing this goal goes
to Birkhoff in 1933. Perhaps it should be noted here that recent research in logic, recur-
sive function theory, theory of automata, and computer science has revealed that Birkhoff’s
original notion could be fruitfully extended, for example to partial algebras and heteroge-
neous algebras, topics which lie outside the scope of this text. (Birkhoff’s definition allowed
infinitary operations; however, his main results were concerned with finitary operations.)

Definition 1.1. For A a nonempty set and n a nonnegative integer we define A° = {&},
and, for n > 0, A™ is the set of n-tuples of elements from A. An n-ary operation (or function)
on A is any function f from A" to A; n is the arity (or rank) of f. A finitary operation is an
n-ary operation, for some n. The image of (ay, ..., a,) under an n-ary operation f is denoted
by f(ai,...,a,). An operation f on A is called a nullary operation (or constant) if its arity

25
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is zero; it is completely determined by the image f(&) in A of the only element & in A°
and as such it is convenient to identify it with the element f(@). Thus a nullary operation is
thought of as an element of A. An operation f on A is unary, binary, or ternary if its arity
is 1,2, or 3, respectively.

Definition 1.2. A language (or type) of algebras is a set F of function symbols such that
a nonnegative integer n is assigned to each member f of F. This integer is called the arity
(or rank) of f, and f is said to be an n-ary function symbol. The subset of n-ary function
symbols in F is denoted by F,,.

Definition 1.3. If ¥ is a language of algebras then an algebra A of type F is an ordered
pair (A, F) where A is a nonempty set and F is a family of finitary operations on A indexed
by the language J such that corresponding to each n-ary function symbol f in F there is an
n-ary operation f on A. The set A is called the universe (or underlying set) of A = (A, F),
and the fA’s are called the fundamental operations of A. (In practice we prefer to write just
f for fA—this convention creates an ambiguity which seldom causes a problem. However,
in this chapter we will be unusually careful.) If F is finite, say F = {fi,..., fx}, we often
write (A, f1,..., fi) for (A, F), usually adopting the convention:

arity f; > arity fo > --- > arity fi.

An algebra A is unary if all of its operations are unary, and it is mono-unary if it has just
one unary operation. A is a groupoid if it has just one binary operation; this operation is
usually denoted by + or -, and we write a+b or a-b (or just ab) for the image of (a, b) under
this operation, and call it the sum or product of a and b, respectively. An algebra A is finite
if | A| is finite, and trivial if |A| = 1.

It is a curious fact that the algebras that have been most extensively studied in conven-
tional (albeit modern!) algebra do not have fundamental operations of arity greater than
two. (However see IV§7 Ex. 8.)

Not all of the following examples of algebras are well-known, but they are of considerable
importance in current research. In particular we would like to point out the role of recent
directions in logic aimed at providing algebraic models for certain logical systems. The reader
will notice that all of the different kinds of algebras listed below are distinguished from each
other by their fundamental operations and the fact that they satisfy certain identities. One
of the early achievements of Birkhoff was to clarify the role of identities (see §11).

EXAMPLES. (1) Groups. A group G is an algebra (G, -, 7! 1) with a binary, a unary, and
nullary operation in which the following identities are true:

Gliz-(y-2)=(x-y) 2
G2:z-lxl-x=~zx
Gz o'~z zx1.

A group G is Abelian (or commutative ) if the following identity is true:
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Gd:z-y=y-x.

Groups were one of the earliest concepts studied in algebra (groups of substitutions
appeared about two hundred years ago). The definition given above is not the one which
appears in standard texts on groups, for they use only one binary operation and axioms
involving existential quantifiers. The reason for the above choice, and for the descriptions
given below, will become clear in §2.

Groups are generalized to semigroups and monoids in one direction, and to quasigroups
and loops in another direction.

(2) SEMIGROUPS AND MONOIDS. A semigroup is a groupoid (G,-) in which (G1) is true.
It is commutative (or Abelian) if (G4) holds. A monoid is an algebra (M, -, 1) with a binary
and a nullary operation satisfying (G1) and (G2).

(3) QUASIGROUPS AND LOOPS. A quasigroup is an algebra (Q,/,-,\) with three binary
operations satisfying the following identities:

QL a\(x-y)my; (x-y)/y~a

Q2 z- (2\y) = y; (2/y) -y~

A loop is a quasigroup with identity, i.e., an algebra (@, /,-,\, 1) which satisfies (Q1), (Q2)
and (G2). Quasigroups and loops will play a major role in Chapter III.

(4) RINGS. A ring is an algebra (R, +, -, —,0), where + and - are binary, — is unary and 0
is nullary, satisfying the following conditions:

R1: (R,+,—,0) is an Abelian group

R2: (R,-) is a semigroup

R3:z-(y+2)~(z-y)+ (z-2)
(x+y)-zr(x-2)+(y-2)

A ring with identity is an algebra (R, +,-,—,0,1) such that (R1)-(R3) and (G2) hold.

(5) MoDULES OVER A (FIXED) RING. Let R be a given ring. A (left) R-module is an
algebra (M, +, —, 0, (f,)rer) where + is binary, — is unary, 0 is nullary, and each f, is unary,
such that the following hold:

M1: (M, 4+, —,0) is an Abelian group
M2: fi(x+y) =~ f(x)+ fr(y), forr € R

M3: fris(x) = fr(x) + fs(x), for r;s € R
M4: f.(fs(x)) = frs(z) for r,s € R.

Let R be a ring with identity. A wunitary R-module is an algebra as above satisfying (M1)—
(M4) and

Mb5: fi(x) =~ .
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(6) ALGEBRAS OVER A RING. Let R be a ring with identity. An algebra over R is an
algebra (A, +, -, —, 0, (f.)rer) such that the following hold:

Al: (A, +,—,0,(f)rer) is a unitary R-module
A2: (A, +,-,—,0) is a ring
A3: fo(z-y) = (fr(2) -y~ fily) forr € R.

(7) SEMILATTICES. A semilattice is a semigroup (5, -) which satisfies the commutative law
(G4) and the idempotent law

Sl: 2z~ x.

Two definitions of a lattice were given in the last chapter. We reformulate the first
definition given there in order that it be a special case of algebras as defined in this chapter.

(8) LATTICES. A lattice is an algebra (L,V,A) with two binary operations which satisfies
(L1)—(L4) of 181.

(9) BOUNDED LATTICES. An algebra (L,V, A,0, 1) with two binary and two nullary opera-
tions is a bounded lattice if it satisfies:

BL1: (L,V,A) is a lattice
BL2: 2 A0~ 0; xV1=1.

(10) BOOLEAN ALGEBRAS. A Boolean algebra is an algebra (B, V, A,’, 0, 1) with two binary,
one unary, and two nullary operations which satisfies:

Bl: (B,V,A) is a distributive lattice
B2: x A0~ 0; xV1x1
B3: 2 A2 =0; zVa~1.

Boolean algebras were of course discovered as a result of Boole’s investigations into the
underlying laws of correct reasoning. Since then they have become vital to electrical engi-
neering, computer science, axiomatic set theory, model theory, and other areas of science
and mathematics. We will return to them in Chapter IV.

(11) HEYTING ALGEBRAS. An algebra (H,V, A, —,0, 1) with three binary and two nullary
operations is a Heyting algebra if it satisfies:

H1: (H,V,A) is a distributive lattice

H2: 2 NO0=0; zV1ix1l

H3: 2z -2 =1

Hi: (z - y)ANy=y; cA(z —y) =T Ay

Hs:z— (yAh2)m(z—y)AN(x—2); (zVy) - zx(x—2)A(y — 2).

These were introduced by Birkhoff under a different name, Brouwerian algebras, and with
a different notation (v : u for u — v).
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(12) n-VALUED POST ALGEBRAS. An algebra (A, V, A, 0,1) with two binary, one unary,
and two nullary operations is an n-valued Post algebra if it satisfies every identity satisfied
by the algebra P,, = ({0,1,...,n — 1}, V,A,’,0,1) where ({0,1,...,n — 1},V,A,0,1) is a
bounded chain with0 <n—-—1<n—-2<---<2<l,and 1’=2,2=3,...,(n—2) =
n—1,(n—1) =0, and 0' = 1. See Figure 8, where the unary operation ’ is depicted by
arrows. In IVE7 we will give a structure theorem for all n-valued Post algebras, and in V§4
show that they can be defined by a finite set of equations.

O-=-«—0
N =

n-1

—«—0O

0
Figure 8 The Post algebra P,

(13) CYLINDRIC ALGEBRAS OF DIMENSION n. If we are given n € w, then an algebra
(A, V N, oy ooy ne1,0,1,doo, dot,s - - -, dp—1n—1) With two binary operations, n + 1 unary
operations, and n? + 2 nullary operations is a cylindric algebra of dimension n if it satisfies
the following, where 0 < 1,7,k < n:

Cl: (A,V,A,’,0,1) is a Boolean algebra
C2: ;0= 0

C3: x <c¢x

Ch: ¢i(z N cy) = (¢ix) A (qy)

C5: ¢icjr = cjcw

C6: di; ~ 1

Cylindric algebras were introduced by Tarski and Thompson to provide an algebraic
version of the predicate logic.

(14) ORTHOLATTICES. An algebra (L,V,A,’,0,1) with two binary, one unary and two
nullary operations is an ortholattice if it satisfies:

Q1: (L,V,A,0,1) is a bounded lattice

Q2:z N2’ ~0;, zVvVa =1
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Q3: (zAy) ~=a'Vyi(xVy) =2 ANy
Q4: (o) ~ x.

An orthomodular lattice is an ortholattice which satisfies

Qr:z<y—zV(@ ANy =y.
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EXERCISES §1

1.

4.
d.

An algebra (A, F) is the reduct of an algebra (A, F*) to ¥ if ¥ C F*, and F is the
restriction of F* to F. Given n > 1, find equations X for semigroups such that ¥ will
hold in a semigroup (S, -) iff (S,-) is a reduct of a group (S, -, 71, 1) of exponent n (i.e.,
every element of S is such that its order divides n).

. Two elements a, b of a bounded lattice (L, V, A, 0, 1) are complementsif avVb =1, aAb =

0. In this case each of a, b is the complement of the other. A complemented lattice is a
bounded lattice in which every element has a complement.

(a) Show that in a bounded distributive lattice an element can have at most one
complement.

(b) Show that the class of complemented distributive lattices is precisely the class of
reducts of Boolean algebras (to {V, A, 0, 1}).

If (B,V,A,’,0,1) is a Boolean algebra and a,b € B, define a — b to be a’ V b. Show

that (B, V, A\, —,0,1) is a Heyting algebra.
Show that every Boolean algebra is an ortholattice, but not conversely.
(a) If (H,V,A,—,0,1) is a Heyting algebra and a,b € H show that a — b is the
largest element ¢ of H (in the lattice sense) such that a A ¢ < b.

(b) Show that the class of bounded distributive lattices (L, V,A,0, 1) such that for
each a,b € L there is a largest ¢ € L with aAc < b is precisely the class of reducts
of Heyting algebras (to {V, A,0,1}).
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(¢) Show how one can construct a Heyting algebra from the open subsets of a topo-
logical space.

(d) Show that every finite distributive lattice is a reduct of a Heyting algebra.

6. Let (M,-,1) be a monoid and suppose A C M. For a € A define f, : M — M
by f.(s) = a-s. Show that the unary algebra (M, (fu)aca) satisfies fo, -+ fao,(x) =
Jor - fo (@) iff ar---a, = by---b,. (This observation of Mal’cev [24] allows one to
translate undecidability results about word problems for monoids into undecidability

results about equations of unary algebras. This idea has been refined and developed
by McNulty [1976] and Murskii [1971]).

82. Isomorphic Algebras, and Subalgebras

The concepts of isomorphism in group theory, ring theory, and lattice theory are special
cases of the notion of isomorphism between algebras.

Definition 2.1. Let A and B be two algebras of the same type F. Then a functiona : A — B
is an somorphism from A to B if « is one-to-one and onto, and for every n-ary f € F, for
ai,...,a, € A, we have

aftay,. .. an) = fB(aay, ..., aa). (%)

We say A is isomorphic to B, written A = B, if there is an isomorphism from A to B. If «
is an isomorphism from A to B we may simply say “a : A — B is an isomorphism”.

As is well-known, following Felix Klein’s Erlanger Programm, algebra is often considered
as the study of those properties of algebras which are invariant under isomorphism, and such
properties are called algebraic properties. Thus from an algebraic point of view, isomorphic
algebras can be regarded as equal or the same, as they would have the same algebraic
structure, and would differ only in the nature of the elements; the phrase “they are equal up
to isomorphism” is often used.

There are several important methods of constructing new algebras from given ones. Three
of the most fundamental are the formation of subalgebras, homomorphic images, and direct
products. These will occupy us for the next few sections.

Definition 2.2. Let A and B be two algebras of the same type. Then B is a subalgebra of
A if B C A and every fundamental operation of B is the restriction of the corresponding
operation of A, i.e., for each function symbol f, fB is f# restricted to B; we write simply
B < A. A subuniverse of A is a subset B of A which is closed under the fundamental
operations of A, i.e., if f is a fundamental n-ary operation of A and ay,...,a, € B we
would require f(ay,...,a,) € B.
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Thus if B is a subalgebra of A, then B is a subuniverse of A. Note that the empty set
may be a subuniverse, but it is not the underlying set of any subalgebra. If A has nullary
operations then every subuniverse contains them as well.

It is the above definition of subalgebra which motivated the choice of fundamental op-
erations for the several examples given in §1. For example, we would like a subalgebra of
a group to again be a group. If we were to consider a group as an algebra with only the
usual binary operation then, unfortunately, subalgebra would only mean subsemigroup (for
example the positive integers are a subsemigroup, but not a subgroup, of the group of all
integers). Similar remarks apply to rings, modules, etc. By considering a suitable modifica-
tion (enlargement) of the set of fundamental operations the concept of subalgebra as defined
above coincides with the usual notion for the several examples in §1.

A slight generalization of the notion of isomorphism leads to the following definition.

Definition 2.3. Let A and B be of the same type. A function a: A — B is an embedding of
A into B if « is one-to-one and satisfies (x) of 2.1 (such an « is also called a monomorphism).
For brevity we simply say “a: A — B is an embedding”. We say A can be embedded in B
if there is an embedding of A into B.

Theorem 2.4. If a: A — B is an embedding, then a(A) is a subuniverse of B.

ProoF. Let a : A — B be an embedding. Then for an n-ary function symbol f and
ai,...,a, € A,
fBlaay,. .. aa,) = af®(a, ..., a,) € a(A),

hence a(A) is a subuniverse of B. O

Definition 2.5. If a : A — B is an embedding, a(A) denotes the subalgebra of B with
universe «a(A).

A problem of general interest to algebraists may be formulated as follows. Let K be
a class of algebras and let K be a proper subclass of K. (In practice, K may have been
obtained from the process of abstraction of certain properties of K, or K; may be obtained
from K by certain additional, more desirable, properties.) Two basic questions arise in the
quest for structure theorems.

(1) Is every member of K isomorphic to some member of K;7
(2) Is every member of K embeddable in some member of K;7

For example, every Boolean algebra is isomorphic to a field of sets (see IV§1), every group
is isomorphic to a group of permutations, a finite Abelian group is isomorphic to a direct
product of cyclic groups, and a finite distributive lattice can be embedded in a power of the

two-element distributive lattice. Structure theorems are certainly a major theme in Chapter
V.
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§3. Algebraic Lattices and Subuniverses

We shall now describe one of the natural ways that algebraic lattices arise in universal
algebra.

Definition 3.1. Given an algebra A define, for every X C A,

Sg(X) = ﬂ{B : X C B and B is a subuniverse of A}.

We read Sg(X) as “the subuniverse generated by X”.
Theorem 3.2. If we are given an algebra A, then Sg is an algebraic closure operator on A.

PROOF. Observe that an arbitrary intersection of subuniverses of A is again a subuniverse,
hence Sg is a closure operator on A whose closed sets are precisely the subuniverses of A.
Now, for any X C A define

E(X)=XU{f(a,...,a,): fis a fundamental n-ary operation on A and ay,...,a, € X}.
Then define E™(X) for n > 0 by

E'X)=X
E"Y(X) = B(E™(X)).

As all the fundamental operations on A are finitary and
XCEX)CE(X)C---
one can show that (Exercise 1)
Sg(X)=XUEX)UE*(X)U---,

and from this it follows that if a € Sg(X) then a € E"(X) for some n < w; hence for some
finite Y C X, a € E"(Y). Thus a € Sg(Y). But this says Sg is an algebraic closure operator.
|

Corollary 3.3. If A is an algebra then Lgg, the lattice of subuniverses of A, is an algebraic
lattice.

The corollary says that the subuniverses of A, with C as the partial order, form an
algebraic lattice.

Definition 3.4. Given an algebra A, Sub(A) denotes the set of subuniverses of A, and
Sub(A) is the corresponding algebraic lattice, the lattice of subuniverses of A. For X C A
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we say X generates A (or A is generated by X, or X is a set of generators of A) if Sg(X) = A.
The algebra A is finitely generated if it has a finite set of generators.

One cannot hope to find any further essentially new lattice properties which hold for the
class of lattices of subuniverses since every algebraic lattice is isomorphic to the lattice of
subuniverses of some algebra.

Theorem 3.5 (Birkhoff and Frink). If L is an algebraic lattice, then L = Sub(A), for some
algebra A.

PROOF. Let C be an algebraic closure operator on a set A such that L = L¢ (such exists
by 185.8). For each finite subset B of A and each b € C'(B) define an n-ary function fg; on
A, where n = |B|, by

Ieplar,...,a,) = .
olas, - ) a; otherwise,

{b if B={a,...,a,}

and call the resulting algebra A. Then clearly

fB,b(ala cey an) - C({(ll, ceey an}),

hence for X C A,
Sg(X) € C(X).

On the other hand
C(X)=|J{C(B): B C X and B is finite}

and, for B finite,

C(B) = {fsp(ar,....an) : B={ai,...,a,},b € C(B)}

C Sg(B)
C Sg(X)
imply
C(X) € Sg(X);
hence
C(X) = Sg(X)
Thus Lo = Sub(A), so Sub(A) = L. O

The following set-theoretic result is used to justify the possibility of certain constructions
in universal algebra—in particular it shows that for a given type there cannot be “too many”
algebras (up to isomorphism) generated by sets no larger than a given cardinality. Recall
that w is the smallest infinite cardinal.
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Corollary 3.6. If A is an algebra and X C A then |Sg(X)| < | X|+ |F| + w.

PRrOOF. Using induction on n one has |E™(X)| < |X| + |F| + w, so the result follows from
the proof of 3.2. O

REFERENCE
1. G. Birkhoff and O. Frink [1948]

EXERCISE §3
1. Show Sg(X) =X UE(X)U E*(X)U

84. The Irredundant Basis Theorem

Recall that finitely generated vector spaces have the property that all minimal generating
sets have the same cardinality. It is a rather rare phenomenon, though, to have a “dimen-
sion.” For example, consider the Abelian group Zg—it has both {1} and {2,3} as minimal
generating sets.

Definition 4.1. Let C be a closure operator on A. For n < w, let C), be the function defined
on Su(A) by
= Jlcv): v c X |y| <n}.

We say that C'is n-ary if
C(X) = Cu(X)UCRX)U-- -,

where

Lemma 4.2. Let A be an algebra all of whose fundamental operations have arity at most
n. Then Sg is an n-ary closure operator on A.

PRrROOF. Note that (using the E of the proof of 3.2)
E(X) C (Sg)a(X) C Sg(X);

hence

Sg(X)

XUEX)UE*X)U
(Sghn(X) U (S )Q(X)Uw
Sg(X),

N 1N

SO
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Sg(X) = (Sg)a(X) U (Sg)p(X) U+ .
O

Definition 4.3. Suppose C'is a closure operator on S. A minimal generating set of S is called
an irredundant basis. Let I'rB(C) = {n < w : S has an irredundant basis of n elements}.

The next result shows that the length of the finite gaps in I'B(C') is bounded by n — 2 if
C' is an n-ary closure operator.

Theorem 4.4 (Tarski). If C' is an n-ary closure operator on S with n > 2, and if i < j with
i,j € IrB(C) such that

{i+1,...,7—1}NnIB(C) = o, (%)

then j—i < n—1. In particular, if n = 2 then I'B(C') is a convez subset of w, i.e., a sequence
of consecutive numbers.

PROOF. Let B be an irredundant basis with |B| = j. Let K be the set of irredundant bases
A with |A| <.

The idea of the proof is simple. We will think of B as the center of S, and measure the
distance from B using the “rings” C**'(B) — C*(B). We want to choose a basis A in K
such that Ay is as close as possible to B, and such that the last ring which contains elements
of Ay contains as few elements of Ag as possible. We choose one of the latter elements ag and
replace it by n or fewer closer elements by, ..., b, to obtain a new generating set A;, with
|A1] < i+n. Then A; contains an irredundant basis Ay. By the ‘minimal distance’ condition
on Ap we see that A ¢ K, hence |Ag| > i, so |Az| > j by (x). Thus j < i+ n.

Now for the details of this proof, choose Ay € K such that

Ao ¢ C¥(B) imples A ¢ CF(B)
for A € K (see Figure 9). Let ¢ be such that

49 C CEYB), Ay g CL(B).
We can assume that

|40 N (G (B) = CL(B))| < |[AN(CH(B) — Cr(B))]

for all A € K with A C C'™!(B). Choose

ag € [C,7H(B) — Co(B)| N Ay.
Then there must exist by, ..., b, € C!(B), for some m < n, with

ag € Cn({bl, .. .,bm}),
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SO
AO g Cn(Al)u
where
Al = (AO — {ao}) U {bl, ey bm},
hence

C(Ao) € C(A),

which says A; is a set of generators of S. Consequently, there is an irredundant basis As C Aj.
Now |As| < |Ap| + n. If |Ao| +n < j, we see that the existence of Ay contradicts the choice
of Ay as then we would have

Ay € K, Ay C CHY(B)

and
|42 N (CHH(B) = C(B))] < |40 N (CLFH(B) = Co(B))|.-

Thus |Ag| +n > j. As |Ag| < i, we have j — i < n. O

Figure 9

ExAMPLE. If A is an algebra all of whose fundamental operations have arity not exceeding
2 then IrB(Sg) is a convex set. This applies to all the examples given in §1.
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EXERCISES §4

1. Find IrB(Sg), where Sg is the subuniverse closure operator on the group of integers Z.

2. If C'is a closure operator on a set .S and X is a closed subset of S, show that 4.4 applies
to the irredundant bases of X.

3. If A is a unary algebra show that |IrB(Sg)| < 1.

4. Give an example of an algebra A such that IrB(Sg) is not convex.

85. Congruences and Quotient Algebras

The concepts of congruence, quotient algebra, and homomorphism are all closely related.
These will be the subjects of this and the next section.

Normal subgroups, which were introduced by Galois at the beginning of the last century,
play a fundamental role in defining quotient groups and in the so-called homomorphism and
isomorphism theorems which are so basic to the general development of group theory. Ideals,
introduced in the second half of the last century by Dedekind, play an analogous role in
defining quotient rings, and in the corresponding homomorphism and isomorphism theorems
in ring theory. Given such a parallel situation, it was inevitable that mathematicians should
seek a general common formulation. In these two sections the reader will see that congruences
do indeed form the unifying concept, and furthermore they provide another meeting place
for lattice theory and universal algebra.

Definition 5.1. Let A be an algebra of type F and let 6 € Eq(A). Then 6 is a congruence
on A if 0 satisfies the following compatibility property:

CP: For each n-ary function symbol f € F and elements a;,b; € A, if a;0b; holds for
1 < i <n then
fAar, ..., a.)0f2(by, ... by)
holds.

The compatibility property is an obvious condition for introducing an algebraic structure
on the set of equivalence classes A/, an algebraic structure which is inherited from the
algebra A. For if a4, ..., a, are elements of A and f is an n-ary symbol in F, then the easiest
choice of an equivalence class to be the value of f applied to (a,/0, ..., a,/0) would be simply
fA(ay,...,a,)/0. This will indeed define a function on A/8 iff (CP) holds. We illustrate (CP)
for a binary operation in Figure 10 by subdividing A into the equivalence classes of #; then
selecting aq, b in the same equivalence class and as, bs in the same equivalence class we want
f2(a1,b1), f2(as, by) to be in the same equivalence class.
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Definition 5.2. The set of all congruences on an algebra A is denoted by Con A. Let 6
be a congruence on an algebra A. Then the quotient algebra of A by 0, written A/, is the
algebra whose universe is A/6 and whose fundamental operations satisfy

fA/e(al/ea - '7(1”/(9) = fA(ah - '7an)/0
where aq,...,a, € A and f is an n-ary function symbol in F.
Note that quotient algebras of A are of the same type as A.

ExaMPLES. (1) Let G be a group. Then one can establish the following connection between
congruences on G and normal subgroups of G:

(a) If # € Con G then 1/6 is the universe of a normal subgroup of G, and for a,b € G
we have (a,b) € 0 iff a-b~' € 1/,

(b) If N is a normal subgroup of G, then the binary relation defined on G by

(a,b) €0 iff a-b'eN

is a congruence on G with 1/ = N.

Thus the mapping € — 1/6 is an order-preserving bijection between congruences on G
and normal subgroups of G.

(2) Let R be a ring. The following establishes a similar connection between the congru-
ences on R and ideals of R:

(a) If & € Con R then 0/6 is an ideal of R, and for a,b € R we have (a,b) € 0 iff
a—be0/6;

(b) If I is an ideal of R then the binary relation € defined on R by

(a,by € fiffa—bel
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is a congruence on R with 0/6 = I.

Thus the mapping 6 +— 0/6 is an order-preserving bijection between congruences on R
and ideals of R.

These two examples are a bit misleading in that they suggest any congruence on an
algebra might be determined by a single equivalence class of the congruence. The next
example shows this need not be the case.

(3) Let L be a lattice which is a chain, and let 6 be an equivalence relation on L such
that the equivalence classes of § are convex subsets of L (i.e., if afb and a < ¢ < b then afc).
Then @ is a congruence on L.

We will delay further discussion of quotient algebras until the next section and instead
concentrate now on the lattice structure of Con A.

Theorem 5.3. (Con A, C) is a complete sublattice of (Eq(A), C), the lattice of equivalence
relations on A.

Proor. To verify that Con A is closed under arbitrary intersection is straightforward. For
arbitrary joins in Con A suppose 6; € Con A for ¢ € I. Then, if f is a fundamental n-ary
operation of A and
(a1,b1), .., (an, ba) € \/ 65,
iel
where \/ is the join of Eq(A), then from 1§4.7 it follows that one can find iy, ..., € I such
that
<&¢,bi>€0i000i10"'091k, OSZSH

An easy argument then suffices to show that
<f(a17“‘7a/n)7f(b17“‘7bn)> € gio Ogil Ooezk;
hence \/,.,; 0; is a congruence relation on A. a

Definition 5.4. The congruence lattice of A, denoted by Con A, is the lattice whose
universe is Con A, and meets and joins are calculated the same as when working with
equivalence relations (see 1§4).

The following theorem suggests the abstract characterization of congruence lattices of
algebras.

Theorem 5.5. For A an algebra, there is an algebraic closure operator © on A x A such
that the closed subsets of A x A are precisely the congruences on A. Hence Con A is an
algebraic lattice.
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PROOF. Let us start by setting up an appropriate algebraic structure on A x A. First, for
each n-ary function symbol f in the type of A let us define a corresponding n-ary function
fon Ax A by

flag, by), . (an, b)) = (fA(ar, ... an), A1, ... b)),

Then we add the nullary operations (a, a) for each a € A, a unary operation s defined by

s((a, b)) = (b, a),

and a binary operation ¢ defined by

(a,d) ifb=c
t({a,by, (c,d)) =
({a,5) e, d)) {(a, by otherwise.
Now it is an interesting exercise to verify that B is a subuniverse of this new algebra iff B is
a congruence on A. Let © be the Sg closure operator on A x A for the algebra we have just
described. Thus, by 3.3, Con A is an algebraic lattice. O

The compact members of Con A are, by 1§5.7, the finitely generated members O ((ay, b;),
...y {ay, by)) of Con A.

Definition 5.6. For A an algebra and ay, ..., a, € Alet O(ay,...,a,) denote the congruence
generated by {(a;,a;) : 1 <i,j <n},ie., the smallest congruence such that ay, ..., a, are in
the same equivalence class. The congruence O(aq, as) is called a principal congruence. For
arbitrary X C A, let ©(X) be defined to mean the congruence generated by X x X.

Finitely generated congruences will play a key role in 11§12, in Chapter IV, and Chapter
V. In certain cases we already know a good description of principal congruences.

ExaMPLES. (1) If G is a group and a, b, c,d € G then (a,b) € O(c,d) iff ab! is a product
of conjugates of cd™! and conjugates of dc™!. This follows from the fact that the smallest
normal subgroup of G containing a given element e has as its universe the set of all products
of conjugates of e and conjugates of e~!.

(2) If R is a ring with unity and a, b, ¢,d € R then (a,b) € O(c,d) iff a — b is of the form
Y i<icnTilc — d)s; where 7;,s; € R. This follows from the fact that the smallest ideal of R

containing a given element e of R is precisely the set {Zlgign ries; 11, S € Ryn > 1} )

Some useful facts about congruences which depend primarily on the fact that © is an
algebraic closure operator are given in the following.

Theorem 5.7. Let A be an algebra, and suppose ay,by,...,a,,b, € A and 6 € Con A.
Then
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(a) @(al, bl) = ®(b17a1)

(b) ©({a1,b1), ..., {(an,bn)) = O(a1,by) V-V O(ay,by,)

(c) ©(ay,...,a,) = O(a1,az) V O(az,az) V-V O(ay_1,an)
(d) 0 =J{O(a,d) : (a,b)y € 0} = \/{O(a,b) : (a,b) € 0}

(e) 0 =U{O({a1,b1),...,{an,by)) : (@i, b;) € 0,n > 1}.

<b1, a1> c @(&1, bl)

O(by,a1) € O(ay, by);

hence, by symmetry,
@(&1, bl) = @(bl, al).

(b) For 1 <i <mn,
<&Z’, bz> S @((&1, b1>, cey <an7 bn>)7

hence
@(&Z’, bz) Q @(<a1, bl>7 Ceey <&n, bn>)>

SO
@(al, bl) VeV @(&n, bn) g @((&1, b1>, cey <an, bn>)

On the other hand, for 1 < i <n,

(ai, bi) € O(a;, b;) € O(ay,by) V-V O(an,by),

SO

{{a1,b1), ..., {(an, bp)} € O(ay,by) V---V O (ay,b,);
hence

O{(a1,b1),...,{an, by)) € O(as,by) V-V O(ay,by),
SO

O(a1,b1), ..., {an, bp)) = O(a1,b1) V-V O(an, by,).

(¢c) For1 <i<n-—1,
(i, air1) € O(an, - . ., an),
SO
O(ai, ai11) € O(ay, ..., an);

hence

@(@1,@2) VeV ®(an71>an) g ®(a17 c '>an)‘

Conversely, for 1 <i < j < n,

(ai,a;) € O(a;, ai41) 0 -+ - 0 O(a;-1, ay)
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so, by 1§4.7
<(IZ‘, CLj> c @(CLZ‘, (IZ‘+1) VeV @(aj_l, CLj);

hence
(a;,a;) € O(ar,a2) V-V O(an_1,a,).

In view of (a) this leads to

O(ay,...,a,) CO(ar,az) V-V O(ay_1,a,),

O(a,...,a,) =0(a,az) V- -V O(a,_1,a,).
(d) For (a,b) € 8 clearly
(a,b) € O(a,b) C 0
" 0 C | J{O(a,b) : (a,b) € 6} € \/{O(a,b) : {a,b) € 6} C 6;
hence

0= J{0(a,b) : (a,b) € 0} = \/{O(a,b) : (a,b) € 0}.
(e) (Similar to (d).) O

One cannot hope for a further sharpening of the abstract characterization of congruence
lattices of algebras in 5.5 because in 1963 Gratzer and Schmidt proved that for every algebraic
lattice L there is an algebra A such that L = Con A. Of course, for particular classes of
algebras one might find that some additional properties hold for the corresponding classes of
congruence lattices. For example, the congruence lattices of lattices satisfy the distributive
law, and the congruence lattices of groups (or rings) satisfy the modular law. One of the
major themes of universal algebra has been to study the consequences of special assumptions
about the congruence lattices (or congruences) of algebras (see §12 as well as Chapters IV
and V). For this purpose we introduce the following terminology.

Definition 5.8. An algebra A is congruence-distributive (congruence-modular) if Con A is
a distributive (modular) lattice. If 6,60 € Con A and

010&2:02001

then we say #; and 6, are permutable, or 6; and 0y permute. A is congruence-permutable if
every pair of congruences on A permutes. A class K of algebras is congruence-distributive,
congruence-modular, respectively congruence-permutable iff every algebra in K has the de-
sired property.

We have already looked at distributivity and modularity, so we will finish this section
with two results on permutable congruences.
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Theorem 5.9. Let A be an algebra and suppose 6,05 € Con A. Then the following are
equivalent:

(a) 01002:02001
(b) 01\/92:91002
(C) 91092§92091.

PROOF. (a) = (b): For any equivalence relation 6 we have § o § = 0, so from (a) it follows
that the expression for 6, V 6, given in 1§4.6 reduces to 6; U (6, o 65), and hence to 0 o 6,.
(¢) = (a): Given (c) we have to show that

92001 g@loeg.

This, however, follows easily from applying the relational inverse operation to (c), namely
we have

(01 @) 02)v g (QQ (] ¢91)v7
and hence (as the reader can easily verify)
QQVO le g leO (92v

Since the inverse of an equivalence relation is just that equivalence relation, we have estab-
lished (a).
(b) = (c): Since
00, C 0,V 0,

from (b) we could deduce
00, C 0, 00y,

and then from the previous paragraph it would follow that
Oy 0 61 = 67 0 b-;
hence (c) holds. O
Theorem 5.10 (Birkhoff). If A is congruence-permutable, then A is congruence-modular.
PROOF. Let 601,605,605 € Con A with 6; C #,. We want to show that
O, N (01 V O3) C OV (0,1n05),
so suppose (a,b) is in 6, N (6, V O3). By 5.9 there is an element ¢ such that
abcl3b

holds as
01\/93 :91003.
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By symmetry

<C7 a) € 01;
hence
(c,a) € Oy,
and then by transitivity
<C, b> € 02.
Thus
<C, b> € 60, N Qg,
so from
&010(92 N 93)6
follows
<&, b) € 01 o (92 N 03),
hence

<CL, b) €0,V (02 N Qg)
O

We would like to note that in 1953 Jénsson improved on Birkhoft’s result above by
showing that one could derive the so-called Arguesian identity for lattices from congruence-
permutability. In §12 we will concern ourselves again with congruence-distributivity and
permutability.
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EXERCISES §5

1. Verify the connection between normal subgroups and congruences on a group stated
in Example 1 (after 5.2).

2. Verify the connection between ideals and congruences on rings stated in Example 2
(after 5.2).

3. Show that the normal subgroups of a group form an algebraic lattice which is modular.

4. Show that every group and ring is congruence-permutable, but not necessarily congruence-
distributive.
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5. Show that every lattice is congruence-distributive, but not necessarily congruence-
permutable.

6. In the proof of 5.5, verify that subuniverses of the new algebra are precisely the con-
gruences on A.

7. Show that © is a 2-ary closure operator. [Hint: replace each n-ary f of A by unary
operations

flay, ... i1, 2,041, ..., G,), Q1,...,0;1,0541,...,0, € A
and show this gives a unary algebra with the same congruences. |

8. If A is a unary algebra and B is a subuniverse define 6 by (a,b) € 0 iff a = b or
{a,b} C B. Show that 6 is a congruence on A.

9. Let S be a semilattice. Define a < b for a,b € S if a - b = a. Show that < is a partial
order on S. Next, given a € S define

0, = {(b,c) € S x S: both or neither of a < b,a < ¢ hold}.

Show 6, is a congruence on S.

An algebra A has the congruence extension property (CEP) if for every B < A and
6 € Con B there is a ¢ € Con A such that § = ¢ N B2 A class K of algebras has the CEP
if every algebra in the class has the CEP.

10. Show that the class of Abelian groups has the CEP. Does the class of lattices have the
CEP?

11. If L is a distributive lattice and a, b, c,d € L show that (a,b) € ©(c,d) iff cNdNa =
cNdANband cVdVa=cVdVb.

An algebra A has 3-permutable congruences if for all 6, ¢ € Con A we have o ¢po 6 C
bobog.

12. (Jénsson) Show that if A has 3-permutable congruences then A is congruence-modular.
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§6. Homomorphisms and the Homomorphism and
Isomorphism Theorems

Homomorphisms are a natural generalization of the concept of isomorphism, and, as we shall
see, go hand in hand with congruences.

Definition 6.1. Suppose A and B are two algebras of the same type F. A mapping « :
A — B is called a homomorphism from A to B if

aff(ar,. .. a,) = fB(aay, ..., aa,)

for each n-ary f in & and each sequence a4, ..., a, from A. If, in addition, the mapping « is
onto then B is said to be a homomorphic image of A, and « is called an epimorphism. (In
this terminology an isomorphism is a homomorphism which is one-to-one and onto.) In case
A = B a homomorphism is also called an endomorphism and an isomorphism is referred to
as an automorphism. The phrase “a : A — B is a homomorphism” is often used to express
the fact that a is a homomorphism from A to B.

ExAMPLES. Lattice, group, ring, module, and monoid homomorphisms are all special cases
of homomorphisms as defined above.

Theorem 6.2. Let A be an algebra generated by a set X. Ifa: A — B and §: A — B are
two homomorphisms which agree on X (i.e., a(a) = ((a) for a € X), then o = 3.

PROOF. Recall the definition of E in §3. Note that if @ and ( agree on X then « and 3

agree on E(X), for if f is an n-ary function symbol and ay,...,a, € X then
afay, ... an) = fB(aa, ... aay)
= fB(Bala"wBan)
= BfMay, ..., ay).

Thus by induction, if o and 3 agree on X then they agree on E™(X) for n < w, and hence
they agree on Sg(X). O

Theorem 6.3. Let a: A — B be a homomorphism. Then the image of a subuniverse of A
under a is a subuniverse of B, and the inverse image of a subuniverse of B is a subuniverse

of A.

PRrROOF. Let S be a subuniverse of A, let f be an n-ary member of ¥, and let a4, ...,a, € S.
Then

fB(aay, ... aa,) = &fA(al, o ap) € afS),
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so a(S) is a subuniverse of B. If we now assume that S is a subuniverse of B (instead of
A) and a(ay),...,a(a,) € S then af®(ay,...,a,) € S follows from the above equation, so
fAay, ... a,)is in a7(S). Thus a~1(9) is a subuniverse of A. O

Definition 6.4. If « : A — B is a homomorphism and C < A, D < B, let «(C) be the
subalgebra of B with universe a(C'), and let a~*(D) be the subalgebra of A with universe
a YD), provided a1(D) # @.

Theorem 6.5. Suppose « : A — B and 3 : B — C are homomorphisms. Then the
composition 3 o « 1s a homomorphism from A to C.

PRrRoOOF. For f an n-ary function symbol and ay,...,a, € A, we have

(Boa)f*ay,... an) = Blafr(a,..., a,))
= BfB(aay, ..., aa,)
= fC(B(aar), ..., [(aay,))
= [C((Boa)a,...,(Boa)ay).

O
The next result says that homomorphisms commute with subuniverse closure operators.
Theorem 6.6. If a: A — B is a homomorphism and X is a subset of A then

a Sg(X) = Sg(aX).

PROOF. From the definition of E (see §3) and the fact that « is a homomorphism we have
aB(Y) = E(aY)
for all Y C A. Thus, by induction on n,
aE"(X) = E"(aX)
for n > 1; hence

aSg(X)=a(XUEX)UE*(X)U...)
=aXUaFE(X)UaFE*(X
=aX UFE(aX)UE*(aX
= Sg(aX).

JU...
JU...
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Definition 6.7. Let a : A — B be a homomorphism. Then the kernel of o, written ker(a),
is defined by
ker(a) = {(a,b) € A% : afa) = a(b)}.

Theorem 6.8. Let a: A — B be a homomorphism. Then ker(«) is a congruence on A.

PRrOOF. If (a;,b;) € ker(a) for 1 <i <n and f is n-ary in &, then

afay,. .. an) = Blaa, ..., aa,)
= fB(aby,...,ab,)
=af?(by,...,b);

hence
(fA(a1,...,an), fA(by, ..., by)) € ker(a).

Clearly ker(«) is an equivalence relation, so it follows that ker(a) is actually a congruence
on A. O

When studying groups it is usual to refer to the kernel of a homomorphism as a normal
subgroup, namely the inverse image of the identity element under the homomorphism. This
does not cause any real problems since we have already pointed out in §5 that a congruence
on a group is determined by the equivalence class of the identity element, which is a normal
subgroup. Similarly, in the study of rings one refers to the kernel of a homomorphism as a
certain ideal.

We are now ready to look at the straightforward generalizations to abstract algebras of
the homomorphism and isomorphism theorems usually encountered in a first course on group
theory.

IR A8

Figure 11
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Definition 6.9. Let A be an algebra and let § € Con A. The natural map vy : A — A/0
is defined by vp(a) = a/f. (When there is no ambiguity we write simply v instead of vjp.)
Figure 11 shows how one might visualize the natural map.

Theorem 6.10. The natural map from an algebra to a quotient of the algebra is an onto
homomorphism.

PROOF. Let § € Con A and let v : A — A/6 be the natural map. Then for f an n-ary
function symbol and aq,...,a, € A we have

vi®ay,. .. a,) = fAay, ... a,)/0
= fA%ay/6,. .. a,/0)

A
= fA%vay, ... vay),
so v is a homomorphism. Clearly v is onto. O

Definition 6.11. The natural homomorphism from an algebra to a quotient of the algebra
is given by the natural map.

Theorem 6.12 (Homomorphism Theorem). Suppose o : A — B is a homomorphism onto
B. Then there is an isomorphism 3 from A/ker(«) to B defined by o = 3 o v, where v is
the natural homomorphism from A to A/ker(«). (See Figure 12).

L ° ° °
r — 0 - " - = o
: :___ - [ ° °
C o o o
A B
v B

A/ kera
Figure 12
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PROOF. First note that if « = o v then we must have 5(a/0) = a(a). The second of these
equalities does indeed define a function (3, and 3 satisfies a = (3 o v. It is not difficult to
verify that (3 is a bijection. To show that ( is actually an isomorphism, suppose f is an

n-ary function symbol and a4, ...,a, € A. Then
6(fA/6(a1/‘97 T an/‘g)) = B(fA(alv T an)/‘g)
= af®(ai,. .., a,)
= fBlaay, ..., aay)
= f2(B(ar/0), ..., Blan/9)).

O

Combining Theorems 6.5 and 6.12 we see that an algebra is a homomorphic image of
an algebra A iff it is isomorphic to a quotient of the algebra A. Thus the “external” prob-
lem of finding all homomorphic images of A reduces to the “internal” problem of finding
all congruences on A. The homomorphism theorem is also called “the first isomorphism
theorem”.

Definition 6.13. Suppose A is an algebra and ¢, € Con A with 6§ C ¢. Then let
¢/0 = {(a/0,b/0) € (A/0)" : (a,b) € }.

Lemma 6.14. If ¢,0 € Con A and 0 C ¢, then ¢/0 is a congruence on A /6.

PROOF. Let f be an n-ary function symbol and suppose {a;/0,b;/6) € ¢/0, 1 <i < n. Then
(a;, b;) € ¢ (why?), so
(fAar, .. an), f2(br, ... b)) € 0,
and thus
(fAay,...,an)/0, f2(by,...,b,)/0) € ¢/0.
From this is follows that

(fA%a1 /0, ... an/0), fA%(b1/6,....b,/0) € ¢/6.
O

Theorem 6.15 (Second Isomorphism Theorem). If ¢, 0 € Con A and 6 C ¢, then the map

a:(A)0)/(¢/0) — Ao
defined by

a((a/0)/(6/0)) = a/¢
is an isomorphism from (A/0)/(¢/0) to A/¢. (See Figure 13.)
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PROOF. Let a,b € A. Then from

(a/0)/(¢/0) = (b/0)/(6/0) iff a/¢=0b/d

it follows that « is a well-defined bijection.

Now, for f an m-ary function symbol and
ai,...,a, € A we have

af A0 (a1/0)/(6/6), ..., (an/0))(8/0)) = a(fA (a1 /6, ..., an/0)/($/))
= a((f*ar; ..., a.)/0)/(6/9))
= fAay, ..., a,)/¢
= [Ma1/¢, ..., an/9)
= fA%a((a1/0)/(/9)), - ., a((an/0)/(8/0))),

SO « is an isomorphism. O

Definition 6.16. Suppose B is a subset of A and 6 is a congruence on A. Let B? = {a €
A:Bna/d # @}. Let BY be the subalgebra of A generated by BY. Also define 0|5 to be

0N B2, the restriction of 6 to B. (See Figure 14, where the dashed-line subdivisions of A are
the equivalence classes of 0.)
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Lemma 6.17. If B is a subalgebra of A and 6 € Con A, then
(a) The universe of B? is BY.

(b) 015 is a congruence on B.

PROOF. Suppose f is an n-ary function symbol. For (a) let a;,
find b,...,b, € B such that

<ai,bi>€6’, 1§z§n,

hence
(fA(ar, ... a,), fA(b1,...,by)) €0,
SO
a1, ... a,) € B

...,an, € BY. Then one can

Thus B is a subuniverse of A. Next, to verify that 65 is a congruence on B is straightfor-

ward.

O

Theorem 6.18 (Third Isomorphism Theorem). If B is a subalgebra of A and 8 € Con A,

then (see Figure 15)
B/015= B’/0]ps .

o C .[3a 4d DI:]I:]
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B/6l; B%6lye
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PROOF. We leave it to the reader to verify that the map a defined by a/(b/0[p) = b/0]pe is
the desired isomorphism. O

The last theorem in this section will be quite important in the subsequent study of
subdirectly irreducible algebras. Before looking at this theorem let us note that if L is a
lattice and a,b € L with a < b then the interval [a, b] is a subuniverse of L.

Definition 6.19. For [a, b] a closed interval of a lattice L, where a < b, let [a, b] denote the
corresponding sublattice of L.

Theorem 6.20 (Correspondence Theorem). Let A be an algebra and let € Con A. Then
the mapping o defined on [0,V 4] by

a(p) = ¢/0

is a lattice isomorphism from [0,V 4] to Con A/, where [0,V 4] is a sublattice of Con A.
(See Figure 16.)

ConA
Figure 16

PROOF. To see that « is one-to-one, let ¢, 9 € [0,V 4] with ¢ # 1. Then, without loss of
generality, we can assume that there are elements a,b € A with (a,b) € ¢ — 1. Thus

(a/0,b/0) € (¢/0) — (v/0),
SO
a(¢) # a(y).
To show that « is onto, let 1) € Con A /6 and define ¢ to be ker(vyvy). Then for a,b € A,
(a/0,0/0) € 6/0
iff (a,b) € ¢
it (a/0,b/0) € 1,
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SO

¢/0 =1

Finally, we will show that a is an isomorphism. If ¢, 1 € [0,V 4] then it is clear that

oW
iff »/0 C /0
iff ap C o).

|

One can readily translate 6.12, 6.15, 6.18, and 6.20 into the (usual) theorems used in
group theory and in ring theory.

EXERCISES §6

1.

§7.

Show that, under composition, the endomorphisms of an algebra form a monoid, and
the automorphisms form a group.

Translate the isomorphism theorems and the correspondence theorem into results about
groups [rings], replacing congruences by normal subgroups [ideals].

Show that a homomorphism « is an embedding iff ker a« = A.

. If 8 € Con A and Con A is a modular [distributive] lattice then show Con A/# is

also a modular [distributive] lattice.

. Let @ : A — B be a homomorphism, and X C A. Show that {(a,b) € O(X) =

(aa, ab)y € O(aX).

Given two homomorphisms o : A — B and §: A — C, if ker 8 C ker a and (3 is onto,
show that there is a homomorphism v : C — B such that a =y o 3.

Direct Products, Factor Congruences, and
Directly Indecomposable Algebras

The constructions we have looked at so far, namely subalgebras and quotient algebras, do
not give a means of creating algebras of larger cardinality than what we start with, or of
combining several algebras into one.
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Definition 7.1. Let A; and A, be two algebras of the same type F. Define the (direct)
product A; x Ay to be the algebra whose universe is the set A; x A,, and such that for
feF,and a; € Ay, a, € Ay, 1 <i<mn,

FAVA (@, at), o ) = (P a0, P2 d),

In general neither A; nor A, is embeddable in A; X Ay, although in special cases like
groups this is possible because there is always a trivial subalgebra. However, both A; and
A, are homomorphic images of A; x As.

Definition 7.2. The mapping
7TZ'ZA1><A2—>AZ‘, iE{l,Q},

defined by
7Ti(<a17a2>) = G,

is called the projection map on the ith coordinate of A; X As.

Theorem 7.3. Fori =1 or2 the mapping m; : Ay X Ay — A; is a surjective homomorphism
from A = A1 X Ay to A;. Furthermore, in Con A; X Ay we have

ker m Nker my = A,

ker m; and ker my permute,

and
ker mm; V ker my = V.

ProOOF. Clearly 7; is surjective. If f € F, and a; € A, a; € Ay, 1 <i <n, then

Wl(fA(<a17a/1>> T <an>a;1>)) = Wl((fAl(ab cee 7an)7 fAQ(a/h s 7aln)>)
= A (ay,. .., an)

= fAl(’/Tl(<a1>a/1>)7 s >7T1(<ama/n>))>

so m; is a homomorphism; and similarly 75 is a homomorphism.

Now
({ay,as), (by,by)) € kerm;
iff mi({a1, az)) = mi((b1, ba))
Thus

ker m; Nker my = A.
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Also if (a1, as), (b1, be) are any two elements of A; x Ay then
<@1, a2> ker 1 <a1, b2> ker Up) <b1, b2>,

SO
V = ker m; o ker 5.

But then ker m; and ker 5 permute, and their join is V. O
The last half of Theorem 7.3 motivates the following definition.

Definition 7.4. A congruence 6 on A is a factor congruence if there is a congruence ¢* on
A such that

00" = A,
oV o =V,

and
f permutes with 6.

The pair 6, 0* is called a pair of factor congruences on A.
Theorem 7.5. If 0,0% is a pair of factor congruences on A, then
A=A/)xA/O

under the map

ala) = {(a/0,a/0%).

PRrOOF. If a,b € A and

afa) = a(b)
then
a/0 =0b/0 and a/0* =b/0",
SO
(a,b) € 6 and (a,b) € 07;
hence

a=b.

This means that « is injective. Next, given a,b € A there is a ¢ € A with

afcd*b;
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hence
a(c) = (¢/0,¢/07)
= (a/0,b/67),
so « is onto. Finally, for f € F,, and a4, ..., a, € A,
afay, ... an) = (fAar,...,an)/0, fAay,. .. a,)/0%)
= (fA%a1/0,...,a,/0), fA" (a1 /0,...,a,/0%))
= [N (0,110,010 /0%, ... (an/0, an/0%))
— fA/OxAL (aay, ..., aap);
hence « is indeed an isomorphism. O

Thus we see that factor congruences come from and give rise to direct products.

Definition 7.6. An algebra A is (directly) indecomposable if A is not isomorphic to a direct
product of two nontrivial algebras.

EXAMPLE. Any finite algebra A with |A| a prime number must be directly indecomposable.
From Theorems 7.3 and 7.5 we have the following.

Corollary 7.7. A is directly indecomposable iff the only factor congruences on A are A
and V.

We can easily generalize the definition of A; x Ay as follows.

Definition 7.8. Let (A;);c; be an indexed family of algebras of type &F. The (direct) product
A =[[,c; A is an algebra with universe [[,., A; and such that for f € &, and a4,...,a, €
HiGI Ai’ A . A . .

FAar, - a)(@) = A @ (), an(0)

for i € I, i.e., f* is defined coordinate-wise. The empty product [[ @ is the trivial algebra
with universe {@}. As before we have projection maps

U HAz — Aj
iel
for j € I defined by
mi(a) = a(j)

which give surjective homomorphisms

Uy HAZ—>A]

i€l
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If I ={1,2,...,n} we also write Ay x --- x A,,. If I is arbitrary but A; = A for all i € I,
then we usually write A! for the direct product, and call it a (direct) power of A. A? is a
trivial algebra.

A direct product [],.,; A; of sets is often visualized as a rectangle with base I and vertical
cross sections A;. An element a of Hie ; A; is then a curve as indicated in Figure 17. Two
elementary facts about direct products are stated next.

Figure 17

Theorem 7.9. If A{, Ay, and Az are of type F then

(a) Ay X Ay = Ay X Ay under a(ay, as)) = {as, ay).
(b) Ay x (A X Aj) = Ay X Ay x Az under a({ay, (as, as))) = (a1, as, as).

PRrooF. (Exercise.) O

In Chapter IV we will see that there is up to isomorphism only one nontrivial directly in-
decomposable Boolean algebra, namely a two-element Boolean algebra, hence by cardinality
considerations it follows that a countably infinite Boolean algebra cannot be isomorphic to
a direct product of directly indecomposable algebras. On the other hand for finite algebras
we have the following.

Theorem 7.10. FEwvery finite algebra is isomorphic to a direct product of directly indecom-
posable algebras.

PROOF. Let A be a finite algebra. If A is trivial then A is indecomposable. We proceed by
induction on the cardinality of A. Suppose A is a nontrivial finite algebra such that for every
B with |B| < |A| we know that B is isomorphic to a product of indecomposable algebras. If
A is indecomposable we are finished. If not, then A =2 A; x Ay with 1 < |A;], |As|. Then,
| A1, |A2| < |Al, so by the induction hypothesis,

xAlgle"'XBm7
AQ%C1><~-><CH,
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where the B; and C; are indecomposable. Consequently,
A=ZB; x---xB,,xC; x---xC,.
O

Using direct products there are two obvious ways (which occur a number of times in
practice) of combining families of homomorphisms into single homomorphisms.

Definition 7.11. (i) If we are given maps «; : A — A;,i € I, then the natural map
a:A— H AZ
il
is defined by
(a) (i) = oa.
(ii) If we are given maps «; : A; — B;, @ € I, then the natural map
o H A — H B;
icl icl
is defined by
(aa)(z) = ai(a(i)).

Theorem 7.12. (a) If oy : A — A, i € I, is an indexed family of homomorphisms, then
the natural map « is a homomorphism from A to A* = [[..; As.

(b) If a; : A; — By, @ € 1, is an indezed family of homomorphisms, then the natural map
a is a homomorphism from A* = [[,.; A; to B* =[], Bs.
PROOF. Suppose «; : A — A; is a homomorphism for ¢ € I. Then for aq,...,a, € A and
f €3, we have, fori € I,

(af™(ay,...,a,))(3) = i f2(as,. .., a,)

= fAi(ay, ..., aap)
= [A((ar) (i), . .., (aan)(i))
= fA*(oazl, ceaay)(i);
hence
&fA(al, cey Q) = fA*(oazl, C,Qay),

so « is indeed a homomorphism in (a) above. Case (b) is a consequence of (a) using the
homomorphisms «; o ;. O
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Definition 7.13. If a;,a9 € A and o : A — B is a map we say « separates a; and ay if
aay # aag.

The maps «; : A — A;,i € I, separate points if for each ay,ay € A with a; # ay there is an
«; such that

ai(al) 7& Oéi(ag).

Lemma 7.14. For an indexed family of maps o; : A — A;, i € I, the following are
equivalent:

(a) The maps «o; separate points.
(b) « is injective (o is the natural map of 7.11(a)).
(€) Nies ker oy = A,

PROOF. (a) = (b): Suppose aj,as € A and a; # as. Then for some 1,

ai(ar) # ai(az);
hence
(avar)(i) # (caz)(i)
aay # aas.

(b) = (c): For ay,as € A with a; # ag, we have
aay # aay;

hence
(aar)(i) # (oaz)(i)
for some i, so
Qay # oy
for some 7, and this implies
{ay,a9) & ker oy,

SO
ﬂ ker oy; = A.
iel

(c) = (a): For aj,as € A with a; # as,

(ay,a9) & ﬂ ker o;

el
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so, for some 1,
(ay,a9) & ker ay;
hence
;a1 7& a;09.

|

Theorem 7.15. If we are given an indexed family of homomorphisms o; - A — A;, i € 1,
then the natural homomorphism o : A — [[,.; A; is an embedding iff (), ker o = A iff the
maps o separate points.

iel

PRrRoOOF. This is immediate from 7.14. O

EXERCISES §7

1. If ,0* € Con A show that they form a pair of factor congruences on A ifft 6 NG* = A
and fo 6" = V.

2. Show that (Con A;) x (Con Aj) can be embedded in Con A; x A,.
3. Give examples of arbitrarily large directly indecomposable finite distributive lattices.

4. If Con A is a distributive lattice show that the factor congruences on A form a com-
plemented sublattice of Con A.

5. Find two algebras A, Ay such that neither can be embedded in A; x As.

88. Subdirect Products, Subdirectly Irreducible
Algebras, and Simple Algebras

Although every finite algebra is isomorphic to a direct product of directly indecomposable
algebras, the same does not hold for infinite algebras in general. For example, we see that a
denumerable vector space over a finite field cannot be isomorphic to a direct product of one-
dimensional spaces by merely considering cardinalities. The quest for general building blocks
in the study of universal algebra led Birkhoff to consider subdirectly irreducible algebras.

Definition 8.1. An algebra A is a subdirect product of an indexed family (A;);c; of algebras

if
(i) A < [Les A
and
(ii) m(A) = A, for each i € 1.
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An embedding o : A — [[,.; A; is subdirect if a(A) is a subdirect product of the A,;.

iel
Note that if [ = @ then A is a subdirect product of @ iff A =[] @, a trivial algebra.

Lemma 8.2. If0; € Con A foric I and(),c;0; = A, then the natural homomorphism
v:A— H A/b;
iel
defined by
v(a)(i) = a/b;
15 a subdirect embedding.
PROOF. Let v; be the natural homomorphism from A to A/6; for i € I. As kery; = 6;,

it follows from 7.15 that v is an embedding. Since each v; is surjective, v is a subdirect
embedding. O

Definition 8.3. An algebra A is subdirectly irreducible if for every subdirect embedding

a:A— HAi
icl
there is an ¢ € [ such that
moa: A — A;

is an isomorphism.

The following characterization of subdirectly irreducible algebras is most useful in prac-
tice.

Theorem 8.4. An algebra A is subdirectly irreducible iff A is trivial or there is a minimum
congruence in Con A — {A}. In the latter case the minimum element is [(Con A — {A}),
a principal congruence, and the congruence lattice of A looks like the diagram in Figure 18.

\Y

J N (Con A -{A})

A
Figure 18
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PROOF. (=) If A is not trivial and Con A —{A} has no minimum element then ()(Con A —
{A}) = A. Let I = Con A — {A}. Then the natural map o : A — [],., A/0 is a subdirect
embedding by Lemma 8.2, and as the natural map A — A /6 is not injective for 6 € I, it
follows that A is not subdirectly irreducible.

(<) If A is trivial and o : A — [[,.; A; is a subdirect embedding then each A; is
trivial; hence each m; o o is an isomorphism. So suppose A is not trivial, and let § =
((Con A—{A}) # A. Choose (a,b) € 0, a #b.If « : A — []..; A is a subdirect embedding
then for some i, (aa)(7) # (ab)(i); hence (m; o a)(a) # (m; o a)(b). Thus (a,b) & ker(m; o a)
so 0 ¢ ker(m; o «). But this implies ker(m; 0o a) = A, so m; 0 : A — A, is an isomorphism.
Consequently A is subdirectly irreducible.

If Con A — {A} has a minimum element # then for @ # b and (a,b) € 6 we have
O(a,b) C 0, hence 0 = O(a,b). O

Using 8.4, we can readily list some subdirectly irreducible algebras.

EXAMPLES. (1) A finite Abelian group G is subdirectly irreducible iff it is cyclic and |G| = p™
for some prime p.
(2) The group Z,e is subdirectly irreducible.
(3) Every simple group is subdirectly irreducible.
(4) A vector space over a field F' is subdirectly irreducible iff it is trivial or one-dimensional.
(5) Any two-element algebra is subdirectly irreducible.

A directly indecomposable algebra need not be subdirectly irreducible. For example
consider a three-element chain as a lattice. But the converse does indeed hold.

Theorem 8.5. A subdirectly irreducible algebra is directly indecomposable.

ProOF. Clearly the only factor congruences on a subdirectly irreducible algebra are A and
V, so by 7.7 such an algebra is directly indecomposable. O

Theorem 8.6 (Birkhoff). Every algebra A is isomorphic to a subdirect product of subdirectly
irreducible algebras (which are homomorphic images of A).

PRrROOF. As trivial algebras are subdirectly irreducible we only need to consider the case of
nontrivial A. For a,b € A with a # b we can find, using Zorn’s lemma, a congruence 6,
on A which is maximal with respect to the property (a,b) & 6,5. Then clearly ©(a,b) V
6, is the smallest congruence in [0,4, V] — {fap}, so by 6.20 and 8.4 we see that A/,
is subdirectly irreducible. As ({0, : @ # b} = A we can apply 8.2 to show that A
is subdirectly embeddable in the product of the indexed family of subdirectly irreducible
algebras (A/0,p)a0-

An immediate consequence of 8.6 is the following.
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Corollary 8.7. FEvery finite algebra is isomorphic to a subdirect product of a finite number
of subdirectly irreducible finite algebras.

Although subdirectly irreducible algebras do form the building blocks of algebra, the
subdirect product construction is so flexible that one is often unable to draw significant
conclusions for a class of algebras by studying its subdirectly irreducible members. In some
special yet interesting cases we can derive an improved version of Birkhoft’s theorem which
permits a much deeper insight—this will be the theme of Chapter IV.

Next we look at a special kind of subdirectly irreducible algebra. This definition extends
the usual notion of a simple group or a simple ring to arbitrary algebras.

Definition 8.8. An algebra A is simple if Con A = {A,V}. A congruence  on an algebra
A is mazimal if the interval [#, V] of Con A has exactly two elements.

Many algebraists prefer to require that a simple algebra be nontrivial. For our devel-
opment, particularly for the material in Chapter IV, we find the discussion smoother by
admitting trivial algebras.

Just as the quotient of a group by a normal subgroup is simple and nontrivial iff the
normal subgroup if maximal, we have a similar result for arbitrary algebras.

Theorem 8.9. Let § € Con A. Then A /0 is a simple algebra iff 0 is a maximal congruence
on A orf=V.

Proor. We know that
Con A/0 = [0,V 4]

by 6.20, so the theorem is an immediate consequence of 8.8. O
REFERENCE

1. G. Birkhoff [1944]

EXERCISES §8

1. Represent the three-element chain as a subdirect product of subdirectly irreducible
lattices.

2. Verify that the examples following 8.4 are indeed subdirectly irreducible algebras.

3. (Wenzel). Describe all subdirectly irreducible mono-unary algebras. [In particular
show that they are countable.]
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. A congruence 6 on A is completely meet irreducible if whenever § =
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. (Taylor). Let A be the set of functions from w to {0, 1}. Define the bi-unary algebra

(A, f,g) by letting

f(@)(?)
9(a)(i) =

Show that A is subdirectly irreducible.

a(i+1)

(0).

(Taylor). Given an infinite cardinal A show that one can construct a unary algebra A
by size 2 with A unary operations such that A is subdirectly irreducible.

Describe all subdirectly irreducible Abelian groups.

If S is a subdirectly irreducible semilattice show that |S| < 2. (Use §5 Exercise 9.)
Hence show that every semilattice is isomorphic to a semilattice of the form (A,N),
where A is a family of sets closed under finite intersection.

ier i 0; € Con A,
we have 0 = 0;, for some i € I. Show that A/ is subdirectly irreducible iff 6 is
completely meet irreducible. (Hence, in particular, A is subdirectly irreducible iff A
is completely meet irreducible.)

If H= (H,V,A,—,0,1) is a Heyting algebra and a € H define 6, = {(b,c) € H* :
(b — ¢) A (¢ — b) > a}. Show that 6, is a congruence on H. From this show that H is
subdirectly irreducible iff |H| = 1 or there is an element e # 1 such that b # 1 =b<e
for b € H.

Show that the lattice of partitions (II(A), C) of a set A is a simple lattice.

If A is an algebra and §; € Con A, i € I, let § = [
subdirectly embedded in [], ., A/6;.

6;. Show that A /6 can be

icl

Class Operators and Varieties

A major theme in universal algebra is the study of classes of algebras of the same type closed
under one or more constructions.

Definition 9.1. We introduce the following operators mapping classes of algebras to classes
of algebras (all of the same type):

A € I(K) iff A is isomorphic to some member of K
A € S(K) iff A is a subalgebra of some member of K
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A € H(K) iff A is a homomorphic image of some member of K
A € P(K) iff A is a direct product of a nonempty family of algebras in K
A € Ps(K) iff A is a subdirect product of a nonempty family of algebras in K.

If O; and O, are two operators on classes of algebras we write O;0, for the composition of
the two operators, and < denotes the usual partial ordering, i.e., O; < Oy if O;(K) C O4(K)
for all classes of algebras K. An operator O is idempotent if O? = O. A class K of algebras
is closed under an operator O if O(K) C K.

Our convention that P and Ps apply only to non-empty indexed families of algebras is the
convention followed by model theorists. Thus for any operator O above, O(&) = &. Many
algebraists prefer to include [] @, guaranteeing that P(K) and Ps(K') always contain a trivial
algebra. However this leads to problems formulating certain preservation theorems—see V§2.
For us [[ @ is really used only in IV§1, §5 and §7.

Lemma 9.2. The following inequalities hold: SH < HS, PS < SP, and PH < HP. Also
the operators, H, S, and I P are idempotent.

PROOF. Suppose A = SH(K). Then for some B € K and onto homomorphism « : B — C,
we have A < C. Thus a'(A) < B, and as a(a™'(A)) = A, we have A € HS(K).

If A€ PS(K)then A =], , A; forsuitable A; < B, € K, i € I. As[[,c; A; < [L;e; Ba
we have A € SP(K).

Next if A € PH(K), then there are algebras B; € K and epimorphisms «; : B; — A;
such that A =[], ; A;. It is easy to check that the mapping o : [[..; Bi — [[;c; A defined
by a(b)(i) = a;(b(7)) is an epimorphism; hence A € HP(K).

Finally it is a routine exercise to verify that H? = H, etc. O

Definition 9.3. A nonempty class K of algebras of type JF is called a variety if it is closed
under subalgebras, homomorphic images, and direct products.

As the intersection of a class of varieties of type J is again a variety, and as all algebras
of type F form a variety, we can conclude that for every class K of algebras of the same type
there is a smallest variety containing K.

Definition 9.4. If K is a class of algebras of the same type let V(K') denote the smallest
variety containing K. We say that V(K) is the variety generated by K. If K has a single
member A we write simply V(A). A variety V' is finitely generated if V = V(K) for some
finite set K of finite algebras.

Theorem 9.5 (Tarski). V = HSP.

PRrROOF. Since HV = SV = IPV =V and I <V it follows that HSP < HSPV = V. From
Lemma 9.2 we see that H(HSP) = HSP,S(HSP) < HSSP = HSP, and P(HSP) <
HPSP < HSPP < HSIPIP = HSIP < HSHP < HHSP = HSP; hence for any
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K, HSP(K) is closed under H, S, and P. As V(K) is the smallest class containing K and
closed under H, S, and P, we must have V = HSP. O

Another description of the operator V will be given at the end of §11. The following
version of Birkhoff’s Theorem 8.6 is useful in studying varieties.

Theorem 9.6. If K s a variety, then every member of K s isomorphic to a subdirect
product of subdirectly irreducible members of K.

Corollary 9.7. A variety is determined by its subdirectly irreducible members.

REFERENCES

1. E. Nelson [1967]
2. D. Pigozzi [1972]
3. A. Tarski [1946]

EXERCISES §9
1. Show that ISP(K) is the smallest class containing K and closed under 7, S, and P.
9. Show HS # SH, HP # IPH, ISP # IPS.
3. Show ISPHS # ISHPS +# [HSP.

4. (Pigozzi). Show that there are 18 distinct class operators of the form IOy - - - O,, where
O; € {H,S,P} for1<i<n.

5. Show that if V' has the CEP (see §5 Exercise 10) then for K CV, HS(K) = SH(K).

§10. Terms, Term Algebras, and Free Algebras

Given an algebra A there are usually many functions besides the fundamental operations
which are compatible with the congruences on A and which “preserve” subalgebras of A. The
most obvious functions of this type are those obtained by compositions of the fundamental
operations. This leads us to the study of terms.

Definition 10.1. Let X be a set of (distinct) objects called variables. Let F be a type of
algebras. The set T'(X) of terms of type F over X is the smallest set such that

(i) X UF, C T(X).
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(i) If p1,...,pn € T(X) and f € F, then the “string” f(p1,...,pn) € T(X).

For a binary function symbol - we usually prefer p;y - ps to -(p1, p2). For p € T(X) we often
write p as p(z1,...,x,) to indicate that the variables occurring in p are among x1, ..., z,. A
term p is n-ary if the number of variables appearing explicitly in p is < n.

EXAMPLES. (1) Let F consist of a single binary function symbol -, and let X = {z,y, z}.
Then

x,y,z,x-y,y-z,x-(y-Z), and (xy)z

are some of the terms over X.
(2) Let F consist of two binary operation symbols + and -, and let X be as before. Then

z,y,2,2- (y+2), and (z-y)+ (x - 2)

are some of the terms over X.

(3) The classical polynomials over the field of real numbers R are really the terms as
defined above of type F consisting of +, -, and — together with a nullary function symbol r
for each r € R.

In elementary algebra one often thinks of an n-ary polynomial over R as a function from
R™ to R for some n. This can be applied to terms as well.

Definition 10.2. Given a term p(z1, ..., x,) of type F over some set X and given an algebra
A of type T we define a mapping p? : A" — A as follows:

(1) if p is a variable x;, then
A

p alwnuan):ai

for ai,...,a, € A, ie., p” is the ith projection map;
(2) if p is of the form f(pi(xy1,...,2n), ..., pk(x1,...,2,)), where f € Fy, then
A

pA(as,. .. an) = AP ar, ... an),. .., 0 (ar, ..., a,)).

In particular if p = f € F then p» = fA. pA is the term function on A corresponding to the
term p. (Often we will drop the superscript A).

The next theorem gives some useful properties of term functions, namely they behave
like fundamental operations insofar as congruences and homomorphisms are concerned, and
they can be used to describe the closure operator Sg of §3 in a most efficient manner.

Theorem 10.3. For any type F and algebras A, B of type F we have the following.
(a) Let p be an n-ary term of type F, let 6 € Con A, and suppose (a;, b;) € 6 for1 <i <mn.
Then

pA(ay, ..., a,)0p™(by, ..., by).
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(b) If p is an n-ary term of type F and a : A — B is a homomorphism, then

ap®(ay, ... a,) = pB(aay,. .., aa,)

foray,...,a, € A.
(c) Let S be a subset of A. Then

Sg(S) = {p*(ay,...,a,) : p is an n-ary term of type F, n < w, and ay, ...,a, € S}.

PROOF. Given a term p define the length [(p) of p to be the number of occurences of n-ary
operation symbols in p for n > 1. Note that I(p) =0 iff p € X U Fy.
(a) We proceed by induction on [(p). If I(p) = 0, then either p = z; for some i, whence

<pA(a17 .- '7an)7pA(bl> .- 7bn)> - <ai7bi> €0

or p = a for some a € Fy, whence
(p™(ar,...,a,),p™(by, ..., b)) = (a® a®) € 0.

Now suppose [(p) > 0 and the assertion holds for every term ¢ with [(¢) < I(p). Then we
know p is of the form

f(pl(xla"'7$n)7“‘7pk(:r17"'7$n))7
and as I(p;) < l(p) we must have, for 1 <1i <k,

<p;'A(a17 e 7an)7pzA(bla c >bn)> € 9;

hence

(fA(pf\(al, ey Q) ,p‘,?(al, cey Q) fA(p?(bl, ceybn)y e ,p‘,?(bl, . bn))) €0,

and consequently
(p™(ay, ... an),p™(by, ..., by)) € 0.
(

(b) The proof of this is an induction argument on I(p).
(¢) Referring to §3 one can give an induction proof, for k > 1, of

E*(S) = {p™(a1,...,a,) : p is an n-ary term, 1(p) <k, n <w, ai,...,a, € S},
and thus

Sg(S) = U E*(S) = {p™(a1,...,an) : p is an n-ary term, n < w,ay,...,a, € S}.

k<oo
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One can, in a natural way, transform the set 7'(X) into an algebra.

Definition 10.4. Given ¥ and X, if T(X) # & then the term algebra of type F over X,
written T(X), has as its universe the set T(X), and the fundamental operations satisfy

fT(X) : <p17"'7pn> — f(p17>pn)
for feF, and p; € T(X), 1 <i<n. (T(2) exists iff Fy # &.)

Note that T(X) is indeed generated by X. Term algebras provide us with the simplest
examples of algebras with the universal mapping property.

Definition 10.5. Let K be a class of algebras of type F and let U(X) be an algebra of type
F which is generated by X. If for every A € K and for every map

a: X — A

there is a homomorphism
f:UX)— A
which extends « (i.e., f(z) = a(z) for z € X), then we say U(X) has the universal mapping

property for K over X, X is called a set of free generators of U(X), and U(X) is said to be
freely generated by X.

Lemma 10.6. Suppose U(X) has the universal mapping property for K over X. Then if
we are given A € K and o : X — A, there is a unique extension 3 of a such that ( is a
homomorphism from U(X) to A.

Proor. This follows simply from noting that a homomorphism is completely determined
by how it maps a set of generators (see 6.2) from the domain. O

The next result says that for a given cardinal m there is, up to isomorphism, at most
one algebra in a class K which has the universal mapping property for K over a set of free
generators of size m.

Theorem 10.7. Suppose Uy (X;) and Uy(Xy) are two algebras in a class K with the univer-
sal mapping property for K over the indicated sets. If | X1| = | X3|, then Ui(X;) = Uy(Xy).

PrROOF. First note that the identity map
1 X; — X, J=12,

has as its unique extension to a homomorphism from U;(X;) to U;(X;) the identity map.
Now let
o Xl — X2
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be a bijection. Then we have a homomorphism

B Ul(Xl) - U2(X2)
extending «, and a homomorphism

7 : Ug(X2) — Ui(Xy)

extending a~'. As o0~ is an endomorphism of Us(X3) extending 15, it follows by 10.6 that
[ o~ is the identity map on Us(X3). Likewise 7y o (3 is the identity map on U;(X;). Thus 3
is a bijection, so Uy (X;) = Uy(Xy). O

Theorem 10.8. For any type F and set X of variables, where X # & if Fy = &, the term

algebra T(X) has the universal mapping property for the class of all algebras of type F over
X.

PRrROOF. Let a: X — A where A is of type F. Define
g:T(X)— A

recursively by
bxr = ax

for x € X, and
ﬁ(f(ph cee 7pn)) = fA(ﬁpla .- 7ﬂpn)

for p1,...,pn € T(X) and f € F,,. Then B(p(z1,...,7,)) = p*(azy,...,ax,), and 3 is the
desired homomorphism extending o. O

Thus given any class K of algebras the term algebras provide algebras which have the
universal mapping property for K. To study properties of classes of algebras we often try to
find special kinds of algebras in these classes which yield the desired information. Directly
indecomposable and subdirectly irreducible algebras are two examples which we have already
encountered. In order to find algebras with the universal mapping property for K which
give more insight into K we will introduce K-free algebras. Unfortunately not every class K
contains algebras with the universal mapping property for K. Nonetheless we will be able to
show that any class closed under I, S| and P contains its K-free algebras. There is reasonable
difficulty in providing transparent descriptions of K-free algebras for most K. However, most
of the applications of K-free algebras come directly from the universal mapping property,
the fact that they exist in varieties, and their relation to identities holding in K (which
we will examine in the next section). A proper understanding of free algebras is essential
in our development of universal algebra—we use them to show varieties are the same as
classes defined by equations (Birkhoff), to give useful characterizations (Mal'cev conditions)
of important properties of varieties, and to show every nontrivial variety contains a nontrivial
simple algebra (Magari).
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Definition 10.9. Let K be a family of algebras of type F. Given a set X of variables define
the congruence 0y (X) on T(X) by

Ok (X) = () @k (X),
where
Pp(X)={p € Con T(X): T(X)/p € IS(K)};
and then define Fg (X), the K-free algebra over X, by

Fr(X) = T(X)/0k(X),

where B

X = X/0k(X).
For x € X we write T for 2/0k(X), and for p = p(x1,...,2,) € T(X) we write p for
p¥e&N(@y, .., T,). If X is finite, say X = {z1,..., 2.}, we often write Fx(T1,...,T,) for

Fy(X). F(X) is the universe of F(X).

Remarks.

(1) Fr(X) exists iff T(X) exists iff X # @ or Fy # @. (2) If Fg(X) exists, then X is a set of
generators of F(X) as X generates T(X). (3) If Fy # &, then the algebra F (D) is often
referred to as an initial object by category theorists and computer scientists. (4) If K = @& or
K consists solely of trivial algebras, then Fy(X) is a trivial algebra as 05 (X) = V. (5) If K
has a nontrivial algebra A and T(X) exists, then X N (z/0x (X)) = {x} as distinct members
z,y of X can be separated by some homomorphism « : T(X) — A. In this case | X| = | X]|.

(6) If | X[ = |V and T(X) exists, then clearly Fx (X) = Fx(Y) under an isomorphism which

maps X to Y as T(X) = T(Y) under an isomorphism mapping X to Y. Thus Fg(X) is
determined, up to isomorphism, by K and | X].

Theorem 10.10 (Birkhoff). Suppose T(X) exists. Then F(X) has the universal mapping
property for K over X.

PROOF. Given A € K let a be a map from X to A. Let v : T(X) — Fg(X) be the
natural homomorphism. Then a o ¥ maps X into A, so by the universal mapping property
of T(X) there is a homomorphism p : T(X) — A extending o v [x . From the definition
of Ok (X) it is clear that 0 (X) C ker u (as ker p € P (X)). Thus there is a homomorphism

B :Fg(X) — A such that u = fowv (see §6 Exercise 6) as kerv = 6 (X). But then, for
r € X,

B(x) = Bov(x)
= p(z)
= aov(r)

= a(7),
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so (3 extends a. Thus Fx(X) has the universal mapping property for K over X. O

If Fx(X) € K then it is, up to isomorphism, the unique algebra in K with the universal
mapping property freely generated by a set of generators of size | X|. Actually every algebra
in K with the universal mapping property for K is isomorphic to a K-free algebra (see
Exercise 6).

ExaMPLES. (1) It is clear that T(X) is isomorphic to the free algebra with respect to the
class K of all algebras of type F over X since 0x(X) = A. The corresponding free algebra
is sometimes called the absolutely free algebra F/(X) of type F.

(2) Given X let X* be the set of finite strings of elements of X, including the empty
string. We can construct a monoid (X*, -, 1) by defining - to be concatenation, and 1 is the
empty string. By checking the universal mapping property one sees that (X*, - 1) is, up to
isomorphism, the free monoid freely generated by X.

Corollary 10.11. If K s a class of algebras of type F and A € K, then for sufficiently

large X, A € H(Fk(X)).

PrOOF. Choose | X| > |A| and let
a: X — A

be a surjection. Then let B
B:Fg(X)— A

be a homomorphism extending a. O

In general Fr(X) is not isomorphic to a member of K (for example, let K = {L} where

L is a two-element lattice; then Fg (7,7) ¢ I(K)). However Fi(X) can be embedded in a
product of members of K.

Theorem 10.12 (Birkhoff). Suppose T(X) exists. Then for K # @, Fr(X) € ISP(K).

Thus if K is closed under I, S, and P, in particular if K is a variety, then Fi(X) € K.

PRrROOF. As
O (X) = ﬂq)K(X)

it follows (see §8 Exercise 11) that
Fr(X) = T(X)/0k(X) € IPs({T(X)/0: 0 € Px(X)}),

SO

Fr(X) € IPIS(K),
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and thus by 9.2 and the fact that Pg < SP,
Fyx(X) € ISP(K).
O

From an earlier theorem of Birkhoff we know that if a variety has a nontrivial algebra in
it then it must have a nontrivial subdirectly irreducible algebra in it. The next result shows
that such a variety must also contain a nontrivial simple algebra.

Theorem 10.13 (Magari). If we are given a variety V with a nontrivial member, then V
contains a nontrivial simple algebra.

PROOF. Let X = {z,y}, and let

S =A{p@):peT{z})},

a subset of Fy/(X). First suppose that ©(S) # V in Con Fy(X). Then by Zorn’s lemma
there is a maximal element in [©(S), V] —{V}. (The key observation for this step is that for
6 € [0(5), V],

o=V iff (z,7) 0.

To see this note that if (Z,7) € 6 and ©(S) C 6, then for any term p(z,y), with F = Fy (X)
we have
P @50 (7, 7)O(S)T
hence § = V.) Let 6y be a maximal element in [©(S), V] — {V}. Then Fy(X)/6, is a simple
algebra by 8.9, and it is in V.
If, however, ©(S) = V, then since O is an algebraic closure operator by 5.5, it follows
that for some finite subset Sy of S we must have (Z,7) € ©(S). Let S be the subalgebra

of Fy (X) with universe S (note that S = Sg({T}) by 10.3(c)). As V is nontrivial we must
have T # 7 in Fy(X), and as (Z,7) € O(S) it follows that S is nontrivial. Now we claim
that Vg = ©(Sp), where O in this case is understood to be the appropriate closure operator

on S. To see this let p(T) € S and let

a:Fy(X)—S
be the homomorphism defined by
a(T) =T
a(y) = p(7)

As
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it follows from 6.6 (see §6 Exercise 5) that

(z,p(T)) € ©(S) inS

as
(0% (S()) = S().

This establishes our claim; hence using Zorn’s lemma we can find a maximal congruence 6

on S as Vj is finitely generated. Hence S/ is a simple algebra in V. O

Let us turn to another application of free algebras.

Definition 10.14. An algebra A is locally finite if every finitely generated subalgebra (see
§3.4) is finite. A class K of algebras is locally finite if every member of K is locally finite.

Theorem 10.15. A variety V is locally finite iff

X| <w=|FX)| <w.

PROOF. The direction (=) is clear as X generates Fy(X). For (<) let A be a finitely
generated member of V, and let B C A be a finite set of generators. Choose X such that we

have a bijection B
a: X — B.

Extend this to a homomorphism B
B:Fy(X)— A.

As B(Fy (X)) is a subalgebra of A containing B, it must equal A. Thus £ is surjective, and

as Fy (X) is finite so is A. O

Theorem 10.16. Let K be a finite set of finite algebras. Then V(K) is a locally finite
variety.

PRrROOF. First verify that P(K) is locally finite. To do this define an equivalence relation
~ on T({zy,...,x,}) by p ~ ¢ if the term functions corresponding to p and ¢ are the
same for each member of K. Use the finiteness conditions to show that ~ has finitely many
equivalence classes. This, combined with 10.3(c), suffices. Then it easily follows that V is
locally finite since every finitely generated member of HSP(K) is a homomorphic image of
a finitely generated member of SP(K). O

REFERENCES
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EXERCISES §10

1.

Let L be the four-element lattice ({0,a,b,1},V,A) where 0 is the least element, 1 is
the largest element, and a Ab =0, a Vb= 1 (the Hasse diagram is Figure 1(c)). Show
that L has the universal mapping property for the class of lattices over the set {a,b}.

. Let A = (w, f) be the mono-unary algebra with f(n) = n+1. Show A has the universal

mapping property for the class of mono-unary algebras over the set {0}.

Let p be a prime number, and let Z, be the set of integers modulo p. Let Z, be
the mono-unary algebra (Z,, f) defined by f(m) = n+ 1. Show Z, has the universal
mapping property for K over {1}, where K is the class of mono-unary algebras (A, f)
satisfying fP(x) ~ x.

Show that the group Z = (Z,+, —,0) of integers has the universal mapping property
for the class of groups over {1}.

If V is a variety and | X| < |Y| show Fy(X) can be embedded in Fy(Y) in a natural
way.

If U(X) € K and U(X) has the universal mapping property for K over X show that

U(X) = Fg(X) under a mapping « such that a(z) = 7.
Show that for any algebra A and a,b € A,0({a,b)) = t*(s({(p(a,¢), p(b,¢)) : p(z,y1,
., Yn) Isaterm, ¢q, ..., c, € A}))UA,, where t*( ) is the transitive closure operator,

ie, for Y C A x A, t*(Y) is the smallest subset of A x A containing Y and closed
under ¢. (See the proof of 5.5.)

§11. Identities, Free Algebras, and Birkhoff’s Theorem

One of the most celebrated theorems of Birkhoff says that the classes of algebras defined
by identities are precisely those which are closed under H, S, and P. In this section we
study identities, their relation to free algebras, and then give several applications, including
Birkhoff’s theorem. We have already seen particular examples of identities, among which are
the commutative law, the associative law, and the distributive laws. Now let us formalize
the general notion of an identity, and the notion of an identity holding in an algebra A, or
in a class of algebras K.

Definition 11.1 An identity of type F over X is an expression of the form

p=q
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where p, ¢ € T(X). Let Id(X) be the set of identities of type F over X. An algebra A of type
F satisfies an identity

p(xla s 7*,1771) ~ Q(l‘l) s 7xn)
(or the identity is true in A, or holds in A), abbreviated by
A ):p(ajla"'?xn) ~ q(xlw"axn)a

or more briefly

AEpmyg,
if for every choice of aq,...,a, € A we have
pA (a1, ... an) = ¢*(aq, ..., an).

A class K of algebras satisfies p ~ ¢, written
Klprq,
if each member of K satisfies p ~ ¢. If ¥ is a set of identities, we say K satisfies 3, written
K EZY,
if K |=p=qforeach p~gqeX. Given K and X let
ldg(X) ={p~qeld(X): K Ep~q}.
We use the symbol £ for “does not satisfy.”

We can reformulate the above definition of satisfaction using the notion of homomor-
phism.

Lemma 11.2. If K s a class of algebras of type F and p = q is an identity of type F over
X, then

KEprq
iff for every A € K and for every homomorphism o : T(X) — A we have

ap = aq.

PROOF. (=) Let p = p(x1,...,2,), ¢ = q(x1,...,2,). Suppose K E p ~q, A € K, and
a:T(X) — A is a homomorphism. Then

Aoy, ..., az,)
T(X)(

pA(axl,...,axn) =q
:>osz(X)(ac1,...,xn):ozq T1yenes Ty)

= ap = aq.
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(<) For the converse choose A € K and ay,...,a, € A. By the universal mapping
property of T(X) there is a homomorphism « : T(X) — A such that

ax; = ay, 1<t <n.
But then
pA(a, ... a,) = p*(aay, ... ax,)

= ap

= aq

= ¢ amy, ..., az,)

_ A

=q (aly ”an)a
so K Ep~q. O

Next we see that the basic class operators preserve identities.

Lemma 11.3. For any class K of type F all of the classes K, 1(K), S(K), H(K), P(K)
and V(K) satisfy the same identities over any set of variables X.

PROOF. Clearly K and I(K) satisfy the same identities. As
I<IS, I<H  and I<IP
we must have
di(X) 2 Mo (X),  Idpao(X),  and  Idpa(X).
For the remainder of the proof suppose
KEp(xy, ... x,) = q(xy, ..., z,).

Then it B< A € K and by,...,b, € B, then as by,...,b, € A we have

pA(bb SRR bn) = qA(bla .. >bn)a

hence
pB(bb n) =q" (brs ..., bn),
SO
BEprg
Thus
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Next suppose a : A — B is a surjective homomorphism with A € K. If by,...,b, € B,
choose aq,...,a, € A such that

alay) = by, ey a(a,) = by.
Then
pHars . an) = ¢Hars - an)
implies
ap™(ar, ..., a,) = aq™(ay, ..., ay);
hence
pP(0r,- . b)) = ¢ by, )
Thus
BEp~rq
SO

Idg (X) = Idg ) (X).
Lastly, suppose A; € K for i € I. Then for ay,...,a, € A=]],.; A; we have

pRi(ai(i),. .., a,(i) = ¢®i(ay (i), . .., an(i));

hence
p2 (a1, ..., a,)(3) = ¢™(ay, ..., ay)(0)
fori € I, so
pA (a1, ... an) = ¢*(as, ..., an).
Thus
Idg(X) = Idpx)(X).
As V = HSP by 9.5, the proof is complete. O

Now we will formulate the crucial connection between K-free algebras and identities.

Theorem 11.4. Given a class K of algebras of type F and terms p,q € T(X) of type F we
have

KEprq
< Fr(X)Ep~g

&p=7g in Fg(X)
< (p,q) € Ox(X).
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PROOF. Let F = Fr(X), p=p(x1,...,7,), ¢=q(z1,...,7,), and let
v:T(X)—F

be the natural homomorphism. Certainly K = p ~ ¢ implies F Ep ~ g as F € ISP(K).
Suppose next that F = p ~ ¢. Then

pF(TD cee 7Tn) = qF(fla e 7§n)7

hence p = q. Now suppose p = q in F. Then

v(p) =P =7=r(q),
(p,q) € kerv = 0 (X).

Finally suppose (p,q) € 0x(X). Given A € K and a4,...,a, € A choose a : T(X) — A
such that ax; = a;, 1 <7< n. Askera € ®x(X) we have

ker v D ker v = 0 (X),

so it follows that there is a homomorphism (3 : F — A such that o« = o v (see §6 Exercise
6). Then

a(p) = Bov(p) =Bov(q) = alq).
Consequently
KEprg
by 11.2. 0

Corollary 11.5. Let K be a class of algebras of type F, and suppose p,q € T(X). Then for
any set of variables Y with |Y| > | X| we have

KEp~q iff Fr(Y)Ep=aq.

PRrROOF. The direction (=) is obvious as F(Y) € ISP(K). For the converse choose Xy O X
such that | Xo| = [Y|. Then

Fr(Xo) =Fk(Y),
and as
KEp~q iff Fr(Xo)Ep=q
by 11.4 it follows that
KEp~q iff Fr(Y)Ep=aq.
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Corollary 11.6. Suppose K is a class of algebras of type F and X is a set of variables.
Then for any infinite set of variables Y,

PrROOF. For p =~ ¢ € Idg(X), say p = p(x1,...,2,), ¢ = q(x1,...,2,), we have p,q €
T({x1,...,xp}). As {z1, ..., 2} <|Y|, by 11.5

KEp~q iff Fr(Y)Ep=q,
so the corollary is proved. O

As we have seen in §1, many of the most popular classes of algebras are defined by
identities.

Definition 11.7. Let 3 be a set of identities of type F, and define M (X) to be the class
of algebras A satisfying . A class K of algebras is an equational class if there is a set of
identities ¥ such that K = M(X). In this case we say that K is defined, or axiomatized, by
hIN

Lemma 11.8. IfV is a variety and X is an infinite set of variables, then V= M (Idy (X)).

PROOF. Let
V' = M(Idy(X)).

Clearly V' is a variety by 11.3, V' D V. and
Idy (X) = Idy (X).

So by 11.4,

Fy (X) =Fy(X).
Now given any infinite set of variables Y, we have by 11.6
Thus again by 11.4,
9‘// (Y) = ev(Y),

hence

Fu (V) = Fy (V).
Now for A € V’ we have (by 10.11), for suitable infinite Y,

A € H(Fy(Y));
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hence
A€ H(FV(?)),

so A € V; hence V' CV, and thus V' = V. O
Now we have all the background needed to prove the famous theorem of Birkhoff.
Theorem 11.9 (Birkhoff). K is an equational class iff K is a variety.

PROOF. (=) Suppose

K=M()
Then
V(K) X
by 11.3; hence
V(K) € M(%),
SO
V(K)=K,
i.e., K is a variety.
(«=) This follows from 11.8. =

We can also use 11.4 to obtain a significant strengthening of 10.12.

Corollary 11.10. Let K be a class of algebras of type F. If T(X) exists and K' is any class
of algebras such that K C K' C V(K), then

Fr(X) = Fr(X).

In particular it follows that
FK/( ) € [SP( )

PROOF. Since Idg(X) = Idyx)(X) by 11.3, it follows that Idx(X) = Idx/(X). Thus
O/ (X) = 0 (X), so Fgi(X) = Fg(X). The last statement of the corollary then follows
from 10.12. a

So far we know that K-free algebras belong to I.SP(K'). The next result partially sharpens
this by showing that large K-free algebras are in [ Pg(K).

Theorem 11.11. Let K be a nonempty class of algebras of type F. Then for some cardinal
m, if | X| > m we have

Fy(X) € IPs(K).
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PROOF. First choose a subset K* of K such that for any X, Idg«(X) = Idg(X). (One can
find such a K* by choosing an infinite set of variables Y and then selecting, for each identity
p~~qin Id(Y) — Idg(Y), an algebra A € K such that A [~ p ~ ¢.) Let m be any infinite
upper bound of {|A] : A € K*}. (Since K* is a set such a cardinal m must exist.)

Next let Vg« (X), for any X, be {¢ € Con T(X) : T(X)/¢ € I(K*)}. Then Vg (X) C
Qg+ (X), hence Vg« (X) D k- (X). To prove equality of these two congruences for | X| > m
suppose (p,q) & Or+(X). Then K* £ p = ¢ by 11.4; hence for some A € K*, A £ p=q.
If p=opxs,...,7,), ¢ = q(x1,...,7,), choose ay,...,a, € A such that p(ay,...,a,) #
q*(ay,...,a,). As |X| > |A| we can find a mapping o : X — A which is onto and az; =
a;, 1 <i < n. Then a can be extended to a surjective homomorphism 3 : Fg«(X) — A,
and [(p) # B(q). Thus (p,q) & kerf € Vg«(X), so (p,q) & (| Vk+(X). Consequently

NV (X) = 0x-(X). As F(X) = Free (X) by 11.4, it follows that Fx (X) = T(X)/ ) ¥x-(X).

Then (see §8 Exercise 11) we see that Fg(X) € I Ps(K*) C I Ps(K). O
Theorem 11.12. V = HPs.

PROOF. As
Pg <SP

we have

HPs < HSP=V.

Given a class K of algebras and sufficiently large X, we have

FV(K)(X) - IPS(K)

by 11.11; hence
V(K) C HPs(K)

by 10.11. Thus
V =HPs.

REFERENCE

1. G. Birkhoff [1935]

EXERCISES §11

1. Given a type ¥ and a set of variables X and p,q € T(X) show that T(X) = p =~ ¢ iff
p = q (thus T(X) does not satisfy any interesting identities).

2. If V is a variety and X is infinite, show V = HSP(Fy(X)).
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3. If X is finite and Idy (X)) defines V' does it follow that V = HSP(Fy(X))?
4. Describe free semilattices.

5. Show that if V = V(A) then, given X # &, Fy(X) can be embedded in AM™. In
particular if A has no proper subalgebras the embedding is also subdirect.

§12. Mal’cev Conditions

One of the most fruitful directions of research was initiated by Mal'cev in the 1950’s when
he showed the connection between permutability of congruences for all algebras in a variety
V' and the existence of a ternary term p such that V' satisfies certain identities involving p.
The characterization of properties in varieties by the existence of certain terms involved in
certain identities we will refer to as Mal’cev conditions. This topic has been significantly
advanced in recent years by Taylor.

Lemma 12.1. Let V' be a variety of type F, and let

p($17"'7xm7y17"'7yn)7
q(xlu"'yxmayly”‘ayn)

be terms such that in F = Fy(X), where
X ={z1, .., T, Y1, -, Un},
we have
P @1y Ty Uy -5 )y @ (Tay oo o Toony Tsee 5 U)) € Oy -5 Un)-

Then
ViEp@y,. o xm s y) gz, T, Yy e Y)e

PrOOF. The homomorphism
a FV(ED - wfmayl)‘ : 7?71) - FV(ED - '7Em7y)

defined by

and
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is such that
@(ylv te 7?71) g kera;

SO

ap(T1, o s T Yps -5 Up) = QQ(T1y e o Ty Uiy e oy U )

thus
Tty Ty Uy oY) = (T4, o Ty Uy - -5 Y)
in Fy(Zy,...,Tm,7), so by 11.4
V |:p(‘r17“‘7$m7y7“‘7y) %q(fljla"wxmaya"'vy)'

|

Theorem 12.2 (Mal'cev). Let V be a variety of type F. The variety V is congruence-
permutable iff there is a term p(x,y, z) such that

VEp(r,z,y) ~y
and

VEp(z,yy) =~z

PROOF. (=) If V is congruence-permutable, then in Fy (7,7, z) we have
73) € 6(.7) 007,
SO
7.7) € 0(7.7) 0 (7. 7).
Hence there is a p(7,v,z) € Fy(Z,7,z) such that
707, 2)p(7.7,2)0 (7.7)7

By 12.1
VEp(zyy) =~z

and
V Ep(r,x,2) ~ 2.

(<) Let A € V and suppose ¢, € Con A. If
(a,b) € g0,

say a¢cib, then
b= p(C, ¢, b)¢p(a7 c, bWP(G; b: b) = a,
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SO
(b,a) € po.
Thus by 5.9
pop =1voa.
O

EXAMPLES. (1) Groups (A, -, ', 1) are congruence-permutable, for let p(x,y,z) be z-y~t- 2.

(2) Rings (R,+,-, —,0) are congruence-permutable, for let p(z,y, 2) be z —y + 2.
(3) Quasigroups (Q,/,-,\) are congruence-permutable, for let p(x,y, z) be (z/(y\y))

(y\2).

Theorem 12.3. Suppose V' is a variety for which there is a ternary term M(x,y,z) such
that
Vi M(z,2,y) =~ M(v,y,2) = M(y, ,v) ~ .

Then V' is congruence-distributive.
PROOF. Let ¢,,x € Con A, where A € V. If

(a,b) € oA (¢ V x)

then (a,b) € ¢ and there exist ¢4, ..., ¢, such that

aypcixcy - - - e, Xb.

But then as
M(a,c;,b)pM(a,c;,a) = a,

for each i, we have
a= M(a,a,b)(p ANY)M(a,c1,b)(d A X)M(a,ca,b) -+ M(a,cn,b)(d A x)M(a,b,b) = b,

SO
(a,b) € (@A) V (¢ AX).
This suffices to show

PN (PVX) = (@AY V(& AX),

so V' is congruence-distributive. O
EXAMPLE. Lattices are congruence-distributive, for let

M(z,y,z) =(xVy) AN(zVz)A(yV z).
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Definition 12.4. A variety V is arithmetical if it is both congruence-distributive and
congruence-permutable.

Theorem 12.5 (Pixley). A wvariety V' is arithmetical iff it satisfies either of the equivalent
conditions

(a) There are terms p and M as in 12.2 and 12.3.

(b) There is a term m(x,y, z) such that

V Em(z,y,z) = m(z,y,y) = m(y,y,z) = .

Proor. If V is arithmetical then there is a term p as V' is congruence-permutable. Let
Fy(Z,7,Z) be the free algebra in V' freely generated by {Z,¥,z}. Then as

(z,z) € ©(T,2)N[O(T,7) vV O(3,2)]

it follows that
(7,7) € [0(7,2) NO(7,7)] vV [O(T,2) N O(7,2)];

hence
(T,Zz) € [O(T,2) NO(T,7)] o [©(F,Z) N O(7, Z)].

Choose M (Z,9,z) € Fy(T,7,Z) such that
767, 7) N O(F, )M (T, 7,2)[0(F, 7) N O(F, D)7

Then by 12.1,
VE M zy)~ Myz)~ My zz)~ 2

If (a) holds then let m(x,y,z) be p(x, M(x,y, z),z). Finally if (b) holds let p(x,y, z) be
m(z,y,z) and let M(x,y, z) be m(x,m(x,y, z), z), and use 12.2 and 12.3. a

EXAMPLES. (1) Boolean algebras are arithmetical, for let
m(x,y,z) =(xA2)V (@AY ALYV (@ Ny A2).
(2) Heyting algebras are arithmetical, for let
m(z,y,z) =[x = y) = 2 N[z = y) =z Az V]
Note that 12.3 is not a Mal’cev condition as it is an implication rather than a character-

ization. Jonsson discovered a Mal’cev condition for congruence-distributive varieties which
we will make considerable use of in the last chapter.
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Theorem 12.6 (Jénsson). A variety V is congruence-distributive iff there is a finite n and
terms po(z,y, 2), ..., pn(x,y, 2) such that V satisfies

(z,y,2) @ 0<i<n
po(r,y,2) ~ x, po(2, Y, 2)
pi(x, 2, y) = pipa(z, ,y) for i even
pi(T,y,y) ~ piy1 (T, Y, y) for i odd.

PROOF. (=) Since
O(,2) A BT, 7) VO, 2)] = [0(,2) AO(T,7)] V [6(T,Z) A O(7,Z)]
in Fy(Z,7,Z) we must have
(z,Z) € [O(7,2) ANO(Z,y)] V [O(Z,2) AO(7,Z))].
Thus for some pi(Z,7, %), .. ., pur(T,5, %) € Fy(T,7,%) we have

z[0(z,2) A O(Z,9)ln (7,7, %)
pl(xvyv )[ (I )/\ ( )]pQ(Evyvz)

Pn—1 (Tv y? E) [@ (E7 f) A G(yv 5)]?,

and from these the desired equations fall out.
(<) For ¢,1,x € Con A, where A € V, we need to show

PNV X) C(@AY)V(dAX),

so let
(a,b) € 9N (Y V x).
Then (a,b) € ¢, and for some ¢, ..., ¢ we have
aerx ... cxb.

From this follows, for 0 < i < n,

pi(a7 a, b)¢pz(a7 (1, b)X s pi(a7 Ct, b)XpZ(a7 b7 b)7

hence
p’i(aa a, b) (¢ A w)pz(aa C1, b)(¢ A X) = ~pi(a7 Ct, b)(¢ A X)pz(aa b> b)a
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SO
pi(a,a,b)[(¢ A) V (& A X)]pi(a, b, b),

0 < i < n. Then in view of the given equations, a[(¢ A 1Y) V (¢ A x)]b, so V is congruence-

distributive. O

By looking at the proofs of 12.2 and 12.6 one easily has the following result.

Theorem 12.7. A variety V is congruence-permutable (respectively, congruence-distributive)
iff Fv(T,Y,Z) has permutable (respectively, distributive) congruences.

For convenience in future discussions we introduce the following definitions.

Definition 12.8. A ternary term p satisfying the conditions in 12.2 for a variety V is called
a Mal’cev term for V, a ternary term M as described in 12.3 is a majority term for V, and a
ternary term m as described in 12.5 is called a %—m@'nom’ty term for V.

The reader will find Mal’cev conditions for congruence-modular varieties in Day [1] below.

REFERENCES

. A. Day [1969]

. B. Jénsson [1967]

. AL Mal'cev [1954]
. AF. Pixley [1963]
. W. Taylor [1973]

Ot = W N

EXERCISES §12
1. Verify the claim that Boolean algebras [Heyting algebras| are arithmetical.

2. Let V' be a variety of rings generated by finitely many finite fields. Show that V' is
arithmetical.

3. Show that the variety of n-valued Post algebras is arithmetical.

4. Show that the variety generated by the six-element ortholattice in Figure 19 is arith-
metical.
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0
Figure 19

§13. The Center of an Algebra

Smith [6] introduced a generalization to any algebra in a congruence-permutable variety of
the commutator for groups. Hagemann and Herrmann [3] then showed that such commuta-
tors exist for any algebra in a congruence-modular variety. Using the commutator one can
define the center of such algebras. Another very simple definition of the center, valid for any
algebra, was given by Freese and McKenzie [1], and we will use it here.

Definition 13.1. Let A be an algebra of type F. The center of A is the binary relation
Z(A) defined by:
(a,b) € Z(A)

iff for every p(x,y1,...,yn) € T(z,91,...,Yyn) and for every ¢1,...,¢p,dy,...,d, € A,

pla,cr,...,cn) =pla,dy,....d,) iff p(bycr,...,ch) =pbd,... d,).

Theorem 13.2. For every algebra A, the center Z(A) is a congruence on A.

PROOF. Certainly Z(A) is reflexive, symmetric, and transitive, hence Z(A) is an equivalence
relation on A. Next let f be an n-ary function symbol, and suppose (a;, b;) € Z(A), 1 <i <
n. Given a term p(z,y1,...,Ym) and elements ¢y, ..., ¢y, dy, 